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MeTtoanyeckue ykazaHus
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JUTSL CTYJICHTOB HAIPABJICHUS MOATOTOBKH /CIICIIMATEHOCTH
38.02.04 KOMMEPIIMS (ITO OTPACJISIM)

H_II/I(bp W HAMMCHOBAHUC HAIIpaBJICHUA HO,Z[FOTOBKI/I/ CIICHHUAJIBHOCTHU




MeTtonnueckue ykazaHus JUIsl IPaKTUUYECKUX padoT M0 AUCLMIUINHE
«Mamemamukay coctaBiieHbl B cooTBeTcTBUM ¢ TpeboBanussmu OI'OC CIIO.
[Ipeana3zHayeHsl 151 CTYJEHTOB, O0OYYaIOIIMXCA M0 CIEIUATBHOCTH:
38.02.04 Kommepius (110 oTpacisim)

Paccmotpeno na 3acemannu [11K komnemxka [Iaturopckoro nacturyta (punuar) CKOY



Hosacnumenvnasn 3anucka

Meroanueckue peKOMEHJAuuy MPU3BaHbl OKa3bIBaTh MOMOIIb CTYJEHTAM B H3Y4EHUH
OCHOBHBIX TOHSTHH, WJEH, TEOPUN U MOJIOKEHUN NUCUMUIUIMHBI «MaTeMaTukay, U3y4aeMbIX B
X0J1e KOHKPETHOTO 3aHSTHSI, CIOCOOCTBOBATH PA3BUTHIO UX YMEHH, HABBIKOB U SBJIIOTCS] OJTHUM
U3 CIIOCOOOB MPOBEPKH 3HAHUN CTYJEHTOB.

BrimonHenue yuamuMucs NpakTHYecKuX padoT HarpaBJIeHHO Ha!

- 000011eHNe, CHCTEMAaTHU3alIMI0, YIIIyOIeHne, 3aKpeIeHHEe TOTYYEHHBIX TEOPETHIECKUX
3HaHUM 110 KOHKPETHBIM TEMaM;

- (popmupoBaHuEe yMEHHUI MPUMEHSTH MOJyYCHHbIC 3HAHUS HA MPAKTHKE W PEaTU3alIHIo
€IMHCTBA MHTEJUIEKTYAJIbHOW U ITPAKTUYECKON JEeSATENbHOCTH;

- pa3BUTHE MHTEJUICKTYAIbHBIX YMEHUH y OyAylIMX CHEIHAIMCTOB: aHAIUTUYECKUX,
MIPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX H JIp.;

- BBIPaOOTKY MpHU PELICHUH MTOCTABIEHHBIX 33/1a4 TaKUX MPOECCHOHATBHBIX KaueCTB, KaK
CaMOCTOSITENIbHOCTb, OTBETCTBEHHOCTh, TOYHOCTh, TBOPUECKAs HHULIMATUBA.

Ocoboe 3HaueHHWe AUCUUIUIMHA HMEEeT MpH (OPMHUPOBAHMM M PA3BUTHU OOIINX
KoMrieTeHuii B coorserctBun ¢ ®I'OC:

OK 01. BsiOupats cmocoObl pemeHus 3anad MNpo(ecCHOHAIBHOW eSTeIbHOCTH
NPUMEHUTEIBHO K Pa3IMUHbIM KOHTEKCTaM.

OK 02. HMcnonp3oBaThb COBPEMEHHBIE CpPEICTBA IOMCKA, aHajlu3a M HHTEpIpeTaluu
uH(popMalui, U UH(GOPMALIMOHHBIE TEXHOJOTUU JUIS BBIMOJTHEHUS 3a7ad MPoQecCHOHANIbHON
JIeATEIBbHOCTH.

OK 03. [TnanupoBaTh 1 pean30BbIBaTh COOCTBEHHOE MPO(PECCHOHATBHOE U INYHOCTHOE
pa3BUTHE, MPEANPUHUMATEIbCKYIO AESITEIbHOCTh B MPOQPECCHOHANBHON cdepe, HCIONb30BaTh
3HaHMS 110 PUHAHCOBOI I'PAMOTHOCTHU B PA3JIMYHBIX )KU3HEHHBIX CUTYalLUSX.

OK 04. O¢pdexTnBHO B3aMMOIEHCTBOBATh U padOTaTh B KOJUIEKTUBE U KOMaH/E.

OK 05. OcymiecTBisiTh YCTHYIO M NMHCbMEHHYI0 KOMMYHHUKALIMIO Ha TOCYJapCTBEHHOM
a3bike Poccuiickoit denepariu ¢ yaeToMm 0coOEHHOCTEH COIMAbHOTO U KYJIbTYPHOTO KOHTEKCTA.

OK 06. IIposBiATe TIpakJaHCKO-MATPUOTUYECKYIO MO3ULHUI0, JIEMOHCTPUPOBATH
OCO3HaHHOE MOBEICHNE Ha OCHOBE TPAJUIIMOHHBIX OOIIEUEIOBEUECKUX LIEHHOCTEH, B TOM YHuCIie
C Y4eTOM TapMOHHU3ALMA MEKHALMOHAJIBHBIX M MEXPEIUTHO3HBIX OTHOLICHWM, NPHUMEHSTH
CTaH/IapThl aHTUKOPPYILIMOHHOTO OBEICHNUS.

OK 07. ConeilcTBOBaTh COXpPAaHEHHMIO OKPYKAIOIIEH Cpelbl, MPUMEHSITh 3HAHUS 00
M3MEHEHUHU KJIMMara, MPUHIMIBI OepexIIMBOro MPOU3BOACTBA, 3(PPEKTUBHO IeCTBOBATH B
Ype3BbIYAITHBIX CUTYAIUX.

B pamkax nporpaMMbl  y4eOHOW  JAMCHUIUIMHBI ~ OCBaMBAIOTCA  JIMYHOCTHBIE,
MeTaIpeIMETHbIE U IPeAMETHBIE Pe3yJIbTaThl B cOOTBETCTBUHU ¢ TpeboBanusmMu ®I'OC cpennero
o011ero o0pa3oBaHus.

IInanupyemblie  pe3yabTaTbl  OCBOCHHMSI JAUCHHUIVIMHBI:  JU4HOCTHBIE  (JIP),
metanpeametneie (MP), mpenmernsie s 6a3oBoro ypoBHs uzyuenus (I1P).

Jluunocmmuvie gxaouaiom:

JIP 05. CpopMuUpOBaHHOCTH OCHOB CAaMOPA3BUTHS U CAMOBOCITUTAHUS B COOTBETCTBUH C
o0lIeYeIOBEUECKUMH I[IEHHOCTSIMM W HJlealaMU TPaKJaHCKOTO OOIIEecTBa; TOTOBHOCTh U
CIIOCOOHOCTH K CaMOCTOSITENIbHOM, TBOPUYECKOM U OTBETCTBEHHOM €SI TEIbHOCTH.

JIP 07. HaBblkM COTpYOHMYECTBA CO CBEPCTHUKAaMH, IETbMHM MIIQJIIET0 BO3pacTa,



B3pOCIBIMH B 00pa3oBaTeIbHOM, OOIIECTBEHHO TMOJE3HOW, Y4eOHO-HCCIIEI0BATEIbCKOM,
MIPOEKTHOM U IPYyTrUX BUJAX JIEATEIbHOCTH.

JIP 08. HpaBCTBEeHHOE CO3HAHWE M MOBEJCHHE HA OCHOBE YCBOCHHS OOIICYETOBEYECKUX
LIEHHOCTEMN.

JIP 09. I'oToBHOCTB M CIOCOOHOCTH K 00pa30BaHUIO, B TOM YHCIIE CaMO0Opa30BaHUIO, Ha
NPOTSKEHUH BCEW MKU3HU; CO3HATEIHHOE OTHOIICHHE K HEMPEephIBHOMY OOpa30BaHUIO Kak
YCIIOBUIO YCIIEUIHOM MpodeccnoHalbHOM U 001IECTBEHHON e TeIbHOCTH.

JIP 13. Oco3HanHbIii BbIOOp Oynymied mnpodeccun M BO3MOXKHOCTEH pear3aiuu
COOCTBEHHBIX M3HEHHBIX IUIAHOB; OTHOIICHHE K MPOPECCHOHATBHON IEesITebHOCTH Kak
BO3MOXKHOCTH  y4aCTHsl B  PCIICHWW  JIMYHBIX, OOINECTBEHHBIX, TIOCYJapCTBEHHBIX,
0O0IIeHAIIMOHAIBHBIX POOJIEM.

JIP 14. CdopMUPOBAaHHOCTh OKOJIOTHYECKOTO MBIIUICHHS, TIOHUMAHUS BIIASHUS
COIIMAIbHO-9KOHOMHUYECKHUX IMPOIIECCOB HAa COCTOSHUE MPUPOJHOW U COIHUAIBHOM CpEIbI;
MPUOOPETEHHUE OIBITA HKOJIOTO-HAMPABICHHON A TETbHOCTH.

MemanpeomemHuuvie:

MP 01. CamocTosTensHO GOpMYIUPOBATH U aKTYaIU3UPOBAThH MPOOIEMy, paccCMaTpUBaTh
€€ BCECTOPOHHE.

MP 02. VYcranaBnuBaTh CYIIECTBEHHBIM NPU3HAK WIM OCHOBAaHMUS [yl CpPaBHEHUS,
KJIAaCCU(UKAUU U 00OOIICHHUS.

MP 03. Ompenensite LeIM JA€ATEIbHOCTH, 3aJaBaTh IApaMeTpbl U KPUTEPUH HX
JIOCTHOKCHHUS.

MP 04. BpIsSIBISATS 3aKOHOMEPHOCTH U IPOTUBOPEUHNS B pACCMATPUBAEMBIX SIBJICHUSX.

MP 06. BnageTs HaBbIKaMU yueOHO-HCCIIENOBATENLCKOW U MPOEKTHOW NESTENbHOCTH,
HABBIKAMU pa3perieHus mpooiIeMm.

MP 07. CiocoOHOCTh M TOTOBHOCTh K CaMOCTOSITEIbHOMY TMOHWCKY METOIOB PEIICHUS
MPaKTUYECKUX 3a/1a4, IPUMEHEHUIO Pa3IUYHbIX METOJIOB [TO3HAHMS.

MP 08. Osnamenue BUIaMU JAESITEIBHOCTH 110 TOJYYEHHUIO HOBOTO 3HAHHUA, €ro
WHTEPIPETAINK, MPeoOpPa30BaHUI0 U MPUMEHEHUIO B PA3HYHBIX YUEOHBIX CUTYyalHSIX, B TOM
YUCJIE MPU CO3/IaHUU YI€OHBIX U COIMATIBHBIX MTPOEKTOB.

MP 09. ®opmupoBaHue HAyYHOTO TUTIA MBIIIICHUS], BJIaICHUE HAYYHOW TEPMUHOJIOTHEH,
KJIFOUEBBIMU MOHATUSMHU U METOJAMHU.

MP 11. BpIgBIsATP NPUYMHHO-CIEICTBEHHBbIE CBA3M M aKTyaJlM3UpOBaTh 3ajady,
BBIJIBUTaTh THUIOTE3y €€ PpEIICHUs, HaXOOUTh apryMEHThl MJid JI0Ka3aTelbCTBAa CBOUX
YTBEPKJICHHH, 3a1aBaTh apaMeTPbl U KPUTEPUU PELICHUS.

Ilpeomemnvie:

I[TP O1. Bmamerp MeTOmaMu [10Ka3aTeNIbCTB, AJITOPUTMAMHU DPEIICHUS 337a4; YMEHHUE
(bOopMyITUPOBATh ONPEICIICHHS, aKCHOMBI M TEOPEMBI, TPUMEHATH UX, TPOBOJUTH JOKA3aTEIbHbIE
pacCyXKJIeHUsI B XOJI€ pEUICHHUs 3a/1a4.

ITP 02. YMmeTh omepupoBaTh MOHITHSIMH: CTENEHb YWCIA, JOTapu(M YUCIA; YMEHHE
BHITIOJTHATh BBIUMCIICHHE 3HAUYCHUW U TMpeoOpa3oBaHMsl BBIPAKECHHA CO CTENEHSIMU U
norapudmamu, mpeodpazoBaHus APOOHO-PAMOHATBEHBIX BBIPAXKCHHH.

I[P 03. VYwmerp omnepupoBaTh MOHATUSMU: paAlUOHAIbHBIE, HPPALMOHAIIBHEIE,
MoKa3aTeNbHbIC, CTENEHHBbIE, JOTapu(OMHUYECKHUE, TPUTOHOMETPUUYECKUE YpaBHEHUA U
HEPaBEHCTBA, UX CUCTEMBI.

ITP 04. YMeTb oniepupoBaTh NOHATHSAMU: GYHKITHSA, HETIPEphIBHAS (DYHKIIHS, TPOU3BOIHAS,



nepBooOpa3Has, OINpeAeTCHHBIH HHTErpaj; YMEHHE HAaXOIUTh MPOM3BOAHBIE 3JIEMEHTAPHBIX
(GyHKUIUH, UCTIONB3YS CIIPABOYHBIC MAaTEPHAIIBL; UCCIEA0BATh B IPOCTEUIINX CIy4asiX B (YHKIIUU
Ha MOHOTOHHOCTb, HAXO/AUTh HAaHOOJIbIINE U HANMEHbIINE 3HaYeHNs QyHKIHiT; CTpouTh rpaduKu
MHOTOYJIEHOB € MCIOJIb30BAaHMEM allapaTa MaTeMaTHYECKOI'O aHalIM3a; I[PUMEHSATh
IIPOM3BOJHYIO IIPU PELIEHUU 3a/1ad Ha JIBUKEHUE; PEIIaTh IPaKTUKO-OPUEHTUPOBAHHBIE 3a7jaun
Ha HauOOJIbIINE U HAaUMEHBIIINE 3HAUYCHUS], HA HAaX0X/ICHHUE ITyTH, CKOPOCTH U YCKOPEHHUSI.

I[IP 05. YmeHue omepupoBaTh MOHATHAMH: pallMOHAIbHAs (YHKIH, IMOKa3aTeIbHAs
byHKIMS, cTerneHHas (QyHKIus, jgorapudMuyeckas (QpyHKIUSA, TPUTOHOMETpUUYECKUE (YHKIINH,
obOpaTHble (QYHKIIMH; YMEHHUE CTPOUTH IrpadMKH M3YYCHHBIX (PYHKIIUH, UCIIOIB30BaTh TpaduKu
IPY U3YYSHUH MIPOIIECCOB U 3aBUCUMOCTEH, IPU PELICHUH 33124 U3 IPYTUX YIEOHBIX IPEIMETOB
¥ 33124 U3 PeaJbHOM JKU3HU; BRIpaXKaTh (HOpMyIaMH 3aBHCUMOCTH MEXIY BETUYNHAMH.

I1P 06. YMeHue pemarb TEKCTOBBIE 331a4U PA3JIUYHbBIX TUIIOB (B TOM UMCIIE HA NIPOLIEHTHI,
JIOJIM ¥ 4acTH, HA JBM)KEHHUE, padOTy, CTOMMOCTh TOBAapOB M YCIIYT, HAJOTH, 33/1a4 U3 00JacTu
yIOpaBiIeHUS JHUYHBIMH M CEMEWHBIMH (DMHAHCAMH); COCTABJIATH BBIPAKEHUS, YpPAaBHEHUS,
HEpPaBEHCTBA M MX CHCTEMbI II0 YCIOBHMIO 3a/1ayd, HCCJIENO0BATh IOJYYECHHBIC PEIICHUS U
OILICHUBATH MPABAONOI00HOCTh PE3yIbTATOB.

I[P 07. Ymenue omnepupoBaTh MOHATUSAMU: CpeaHee apudMeThdyeckoe, MeIHaHa,
HauOoJIbIlIee U HAMMEHBIIEE 3HAaYCHMSI, pa3Max, JUCIIEPCHUsl, CTaHAAPTHOE OTKJIOHEHUE YHCIOBOIO
Habopa; yMeHHE U3BJIEKaTh, HHTEPIPETUPOBATh HH(POPMAIIHIO, IPEACTABICHHYIO B TAOIUIIAX, HA
auarpaMmax, rpagukax, OTpakaroulyo CBOMCTBA peabHBIX MPOIIECCOB H SIBIICHUI; IPEICTaBIATh
MH(OpPMALIMIO C MOMOILBIO TaOIMIl U JAUAarpaMM; MCCJIEI0BaTh CTAaTUCTUUYECKHUE JaHHBIE, B TOM
qHclie C MPUMEHEHHEM rpauuecKux METOAOB U 3JIEKTPOHHBIX CPEJICTB.

[P 08. YMmeHue onepupoBaTh MOHATUSAMH: CIyYailHBIN ONBIT M CilydaiiHOe COOBITHE,
BEPOSITHOCTh CIY4allHOTO COOBITHS; YMEHHME BBIYHCIATH BEPOATHOCTh C HCHOJIb30BAHHUEM
rpadU4ecKux METO/I0B; NPUMEHSTh (OPMYJbI CIOKEHUS M YMHOXEHHMsS BEpOATHOCTEH,
KOMOMHATOpHbIE (akThl U (OPMYJIBl MPU PELICHUM 33/1a4; OLIEHUBATh BEPOSITHOCTb PEAbHBIX
COOBITHI{; 3HAKOMCTBO CO CIIy4alHBIMHU BEIMUMHAMU; YMEHHE MPUBOAUTH NPUMEPHI IPOSBICHUS
3aKOHA OOJIBIIMX YKCEN B IPUPOIHBIX U OOLIECTBEHHBIX SIBICHUSX.

ITP 09. YMmenue onepupoBaTh NOHITUSMU: TOUKA, MpsiMasi, MJIOCKOCTh, B MPOCTPAHCTBO,
JBYTPaHHbBIN yroJl, CKpEIIUBAIOIIMECs MPSMBbIE, TapaJlJIeIbHOCTh U NEPIIEHIUKYISIPHOCTD MPSMBIX
U IUIOCKOCTEH, Yroja MeXAy NpsAMBIMH, yrojl MEXAY NpsMOM M IUIOCKOCTBIO, Yrojl MEXIy
IUIOCKOCTSIMH, PAaCCTOSIHUE OT TOYKHU A0 IUIOCKOCTH, PACCTOSIHUE MEXAY NPSAMBIMH, PaCCTOSHUE
MEXy IUIOCKOCTSIMHU; YMEHHE UCIOIb30BaTh MIPU PELICHUHU 3aj1au U3yYeHHbIE (PAKThI U TEOPEMBbI
IUIAHUMETPHUH; YMEHHUE OLIEHUBATh Pa3Mepbl 00bEKTOB OKPYKAIOIIETO MUPA.

I1P 10. YMmeHue onepupoBaTh MOHATUSMU: MHOTOTPaHHUK, CEY€HHE MHOTOTPaHHUKa, KYO,
napajuiesienune, npusma, nupamuaa, Gurypa u moBepxXHOCTh BpalleHUs, WINH]p, KOHYC, HIap,
cdepa, cedeHus] (GUIYpbl BpallleHHUs, IUIOCKOCTb, Kacaromiasicss c@epbl, LMIUHApPA, KOHYCA;
IUIONIA/Ib TMOBEPXHOCTH MHUPAaMUIbI, MPU3MbI, KOHYCA, IMJIMHJpA, 11apa; YMEHHE H300pakaThb
MHOTOTPaHHUKM M IIOBEPXHOCTH BpAIEHUS, UX CEYEHUS OT PYKH, C IOMOIIBIO UYEPTEIKHBIX
MHCTPYMEHTOB U 3JIEKTPOHHBIX CPEJCTB; YMEHHE paclo3HaBaTh CUMMETPHUIO B IPOCTPAHCTBE;
YMEHHE paclo3HaBaTh IPaBUIIbHbBIE MHOITOTPAHHUKH.

I1P 11. YMenue onepupoBaTh HOHATUSAMU: ABH)KEHHE B IPOCTPAHCTBE, MO100HBIE (PUTYPBHI
B NPOCTPAHCTBE; HMCMOJIb30BaTh OTHOIICHHE IJIOLIA/IeH MOBEPXHOCTEH M O0OBEMOB MOAOOHBIX
buryp npu penieHuu 3aaad.

ITP 12. YMeHue BBIYUCISTH TEOMETPUUSCKHIE BETUYUHBI (JUTMHA, YTOJ, TIOMAas, 00beM,



IUIOINAb TOBEPXHOCTH), UCHIOJIb3Yys N3yUEHHBbIE (POPMYIIBI U METOABI.

IIP 13. YmMeHue omnepupoBaTh MOHATUSAMU: INPSAMOYrOJbHAs CHCTEMa KOOpAMHAT,
KOOpJMHAThl TOYKH, BEKTOP, KOOPIMHATBI BEKTOPA, CKAISPHOE IIPOU3BENEHUE, Yroll MEXIy
BEKTOPAMM, CyMMa BEKTOPOB, IPOM3BEIEHHE BEKTOpa Ha YMCIO; HAXOIUTh C IOMOIIBIO
U3y4EHHBIX (DOPMYJT KOOPIMHATHI CEPEAMHBI OTPE3Ka, PACCTOSHUE MEXKIY TBYMS TOUKAMH.

I[IP 14. Ymenue BbIOMpaTh MOAXOMSIIMA HM3yYEHHBIH METON IS pEIICHUs 3aJayH,
pacrio3HaBaTh MareMaTHyeckue (akTbl M MaTeMaTH4YeCKUe MOJEIM B NPUPOAHBIX U
OOIIIECTBEHHBIX SBJIEHUSAX, B MCKYCCTBE; YMEHHE INPUBOIUTH INPUMEPbl MaTEeMaTUYECKHX
OTKpbITUI POCCUICKON 1 MUPOBON MaTeMaTUYECKON HAYKH.

[Tpu nmpoBeAeHNN MPAKTUYECKUX PAObOT ydeOHas TpyIna MOXKET JEUTHCS Ha MOATPYIIIIbI
YHUCJIEHHOCTHIO HE MEHBIIIE § UEIOBEK.

Kaxnas npaktudeckas paboTa cOCTaBiIeHa ¢ BEAYIICH AUJAKTHUECKON IEIBIO -
(opMUpOBaHKE IPAKTUUECKUX YMEHUH.

ConeprkaHue NpakTHYECKUX pabOT HALEJICHO U Ha pa3BUTHE NPOQPECCHOHATBHBIX YMEHHM
U HaBbIKOB. BbinonHeHwe  pacuéToB, uepTexed, HHCTPYKTUBHBIMU  MaTepHalaMu,
CIPaBOYHUKAMH, yMEHue H0JIb30BaThCs COBPEMEHHBIMU MH(pOPMAaLMOHHO-
KOMMYHHMKAIIMOHHBIMU TexHoslorusiMu. Hapsiny, ¢ ¢gopmupoBaHueM yMEHUH M HaBBIKOB, B
IpoIIecce BHIMOIHEHUS MTPAKTUYECKUX paboT 0000IIAI0OTCs, CHCTEMATU3UPYIOTCS, YIITYOJISIOTCS U
KOHKPETU3UPYIOTCS TEOPETUYECKHE 3HAHHUS, BbIPAOATHIBAETCSI CHOCOOHOCTh U TOTOBHOCTh
UCII0JIb30BaTh TEOPETUUECKNE 3HAHUS Ha MPAKTUKE, Pa3BUBAIOTCS NHTEIUIEKTyaJIbHbIE YMEHHUSI.

B 1aHHBIX METOAMYECKMX YyKa3aHUSAX B Haydaje KaKJIOM TeMbl KpaTKO H3JIararoTcs
OCHOBHBIC TEOPETUYECKHE CBEICHMs (ompeaeneHus, (GpopMmyiibl), HECOOXOAUMBIE JUISl PELICHUs
nociaeayomux 3aaad. [IpuBoaaTcs peleHns TUIIOBBIX IPUMEPOB U 3a1ad. JlaroTcs ynpaKHEeHUS
JUISL 3aKpEIUIEHUS] MaTepUaa.



IMpakTnyeckas padora Nel.
Tema 1.1: Ilenu u 3a1aun MaTEMAaTUKU IIPY OCBOEHUH CIIELIUATBHOCTH.

Heab: OnpeneneHre OCHOBHBIX LI€ICH U 3a/1a4 U3yYEHHUS] MATEMAaTUKH IIPH OCBOCHHUH
npodeccuu; aKTyalIn3anus 1 CHCTEMaTH3aIisl OCHOBHBIX 3HAHUIN M3 IIKOJILHOTO Kypca
MaTeMaTUKH

Teopernueckasi 4acTh:

I'maBHass 0cOOEHHOCTH 0OPA30BATEIBHOM CHUCTEMBI 3aKJIIOUAETCS B TOM, YTO OCHOBHOM
LENbI0, CTOSMIeH mepea Y4eOHBIMH 3aBEICHUSIMH CHUCTEMBI CpPEIHEro MpogecCHOHATHLHOTO
o0Opa3oBaHus, SBISETCS MOJATOTOBKA BBICOKOKBATU(UIIMPOBAHHOTO CIEIUAINCTA B JaHHON
o0nacTH.

Lenb u3yueHuss MaTeMaTHKU B CPEIHUX CHELHMAIBHBIX YYEOHBIX 3aBEACHUSIX COCTOUT B
TOM, YTOOBI YIIIyOWTh 3HAHMA 1O W3YYEHHBIM B CPEIHEH LIKOJIE pa3/ielaM U O3HAKOMHTBHCS C
HEKOTOPBIMU HOBBIMU pa3/ielaMH MaTeMaTHKU (aHAJTUTHUYECKONH TreoMeTpHueil, Teopuei
Qg epeHnaIbHbIX yPaBHEHUH, TEOPUEH BEPOSTHOCTEH, U 1p.), KOTOPBIE 000TamamT 00Ny
KYJIBTYPY, Pa3BUBAIOT JIOTMUECKOE MBINIJICHHE U HIMPOKO HCIOIB3YIOTCS B MaTeMaTHUECKOM
MOJICIIMPOBAHUH 3a/1a4, C KOTOPBIMH BCTPEUACTCS COBPEMEHHBIN CIIEUAIUCT B CBOECH
JEeSTeNIbHOCTH. [ TaBHAs 11eb U3YYeHHs] MAaTEMAaTHKHU CTYJIEHTaMHU CPEIHUX MpodeccroHaIbHbBIX
y4eOHBIX 3aBEJICHUN COCTOMT B TOM, YTOOBI MaTeMAaTUKy MOKHO OBLIO MPUMEHATh. MIMeroTcs B
BUJy NMPUMEHEHHUS B CAMOM IIMPOKOM IUJIaHE: HE TOJIbKO Ha MPOM3BOJACTBE, HO U B JPYTUX
JTUCHUTUTMHAX, TPU YTCHWU CHEIHUAIbHOH M TOMYJSPHOW JUTEpaTypbl, B OBITY; KpOME TOTO,
OCHOBHBIE MaTeMaTUYECKUE TOHSATHS MO3BOJIIOT TIy0XE OCMBICIHMBATH DPA3IHUYHbIE (DAKTHI,
BUJETh MX OOIME YePThI; HABBIKA PAa3yMHON TOYHOCTH MOTYT IOMOYb ()OPMYITHMPOBATEH MBICIH H.
T. II.

- OOydeHusi mMareMaTHKe JOJDKHO O0JiafaTh CBOWCTBaM (yHIAMEHTaNbHOCTH. Llenb
oOecrieueHns (yHIaMEHTAIbHON MaTeMaTH4YeCKOM MOATOTOBKH B CpeJHEM MPOpECCHOHATILHOM
00pa30BaHUM U CIIEIUANN3ALNH, IT0 KOTOPOH MPOUCXOAUT O0YYEHHE, COCTOUT B TOM, YTO KypC
MaTeMaTHKH JOJDKEH O3HAKOMHUTHb CTYAEHTOB C OCHOBOIOJArarollMMU MaTeMaTHYEeCKUMHU
NOHATUAMH U (hakTaMH, 00eCTeunuTh YpPOBEHb MAaTEMATWYECKHX 3HAHWHA, YMEHWH W HaBBIKOB,
rapaHTUPYIOUIMX OBJa/JeHUe (PyHIaMEHTOM CHEIHATbHBIX JUCLUIUINH.

- Bropas nens - opueHTaImst MaTeMaTHIeCKOH MOITOTOBKH Ha CIICIUABHYIO TIOJTOTOBKY
CTYA€HTa, TO €CTh HEOOXOAMMOCTh B Ipolecce OOyuyeHHs OpUEHTHUPOBAThCS Ha TIyOOKOe U
MIOJTHOE YCBOGHHWE CTYIEHTAMH PAa3/IelIOB MaTeMaTHKH, SBIISTIONIMXCS 0a30i I OCBOSHUS psiia
CHelHaNbHbIX TUCHMIUIMH. [Ipy 3TOM 3HaHUS CTYJJEHTOB 10 OCTAIBHBIM pa3JiesiaM Kypca JI0JIKHbI
OBITH TOCTATOYHBIMH JISI OCBOCHHUS TPOPECCHOHATIFHO 3HAUNMBIX 3HAHUH.

- TpeTbst 1enb MaTeMaTH4ecKoro oopa3oBaHus B CPEAHUX MPOPECCHOHATBHBIX YUeOHBIX
3aBEJICHHSX - MOJTOTOBKA CTYJEHTOB K UX MPO(GECCHOHATBHON JAEATEIbHOCTH, HAlIPaBICHHON Ha
yMeHue OyAymuX CHEHUAIUCTOB TNPUMEHATh MaTeMaTHYecKue 3HaHUS B CBOEH
npodeCCHOHATBFHON NIesTeNbHOCTH. J{JIs ee peanm3anuu cieayeT HalOIHUTh MPOPECCHOHATHLHO
Ba)XKHbIe pa3zensl Kypca «MaremaTuka» 3agadyaMu IpodeccuoHaiabHOro cozepxkanus. Kypc
MaTeMaTHKH B CpeIHEM Mpo(ecCHOHATLHOM 00pa30BaHWU HECET ABOWHYIO Harpy3Ky — Kak
CaMOCTOSITENIbHBIA y4eOHBIH MpeaMeT, B KOTOPOM JOJKHA COOIOAAThCS CTporasi JIOTHUecKas
MIOCJIEIOBATEIFHOCTD U3JIOKEHUSI MaTepraia, ¥ Kak amnmapar Jisi ITAPOKOTO IPUMEHEHHUs ero B
CHeUMaNbHbIX JUCHMIUIMHAX. V3ydeHne MareMaTuku B cpelHeM MNpoeCCHOHATHLHOM
00pa3oBaHNM HAMPABJICHO HA (OPMHUPOBAHUE OOIIECYICOHBIX KOMIETEHITUN IO YEThIPEeM OJI0KaM:
caMOOpraHu3aly, caMoo0y4YeHus, HH(POPMALIMOHHOMY, KOMMYHUKAaTUBHOMY, a Ha UX OCHOBE
oOumx komnereHuui. OOume kommereHiuu (OK) dopmupyrorcs B mporecce yueOHOW U
BHEAYAUTOPHOW CAaMOCTOATENBbHOM JIeATENTbHOCTH CTYIEHTOB IPH M3YYEHUH MpPEIMETa.
[Iporpamma y4eOHOTO TmpenMeTa OpPWUEHTHPOBAaHA HA JOCTIDKEHHE CIEAYIONINX IeNei: —
oOecrieyeHrne chOPMUPOBAHHOCTHU MPEACTABICHUH O COLUAIBHBIX, KYJIbTYPHBIX U UCTOPUYECKHX
(dakTOopax CTAaHOBJICHHS MAaTEMAaTHKH; — o0ecredeHue CcHOPMUPOBAHHOCTH JIOTHYECKOTO,



ITOPUTMUYECKOTO M MATEMaTHUECKOTO MBIIUICHHUS; — 00ecredeHrne chOpMUPOBAHHOCTH YMEHU I
OPUMEHATh [OJIyYEHHbIE 3HAHMsS TIpU pEIIeHUM pa3M4yHbIX 3aJad; — obecredyeHue
c(OPMHPOBAHHOCTH TIPEACTABICHUI O MaTeMaTUKE KaK YacTH OOLICYEIIOBEUECKOW KYJIbTYpHI,
YHHUBEPCAJIBHOM fA3bIKE HAayKH, IO3BOJISIOIEM ONMCHIBATH M M3y4yaTb peaJbHbIE MPOLECCHl U
apneHus. ['maBHOM 3amauelt oOpaszoBanuss B cucreme CIIO sBiseTrcs MOATrOTOBKA
BBICOKOKBJIN()MIIMPOBAHHBIX CIELUATUCTOB, KOTOPbIE JOJDKHBI 3aHATh CBOE MECTO Ha
KOHKYPEHTHOM PBIHKE TPYJa.

Bonpocsr:
1) HazoBuTe 1enp u3ydeHus MaTeMaTHKU B CPEIHUX CHEIHATBHBIX YYEOHBIX 3aBEACHUSIX
2) B uem cocrout rnaBHas 3agava oopazoBanus B cuctreme CI1O?
3) IlpuBenuTe mpuMepsl UCMIOIB30BAHUSI MATEMATHKH B Balllel Oyayiiei npodeccuu

Pelnenne 3axanui:

B1. [Toka3anust cueTunka anekrposneprun 1 Mast cocraisu 37192 kBt /4, a 1 uronst — 37 292 kBt
/4. CKOJBKO HYXHO 3aIIaTUTh 32 3JIEKTPO3HEPTHIo 3a Maid, ecnu 1 kBT /4 anekTposHepruu crout
4 py6. 17 xon.?

B2. Ha pucyHKke >KUpHBIMH TOYKaMH TIOKa3aHO CYTOYHOE KOJIMYECTBO OCAJKOB, BBINAJABIINX B
Kazanu ¢ 3 nmo 15 ¢espans 1909 ronma. Ilo ropuzoHTanu ykasbpIBalOTCS 4YUCiIa MecsUa, IO
BEPTHKAIN — KOJIMYECTBO OCA/IKOB, BHIIIABIINX B COOTBETCTBYIOIIUH JICHb, B MIJUTUMETpax. s
HATrJSITHOCTH JKUPHBIE TOUYKH Ha PUCYHKE COSAMHEHBI IMHUEH. ONpenesnTe Mo pUucyHKY, CKOJIBKO
JIHE! W3 JaHHOTO TepHOo/ia BhINaaso 0oee 3 MUUIMMETPOB OCAIKOB.
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B3.Haiinute 3HaueHne BbIpaKeHUS ab nput = 0, 8; b=1 ,5; c=0, 34.

B4. /{5 TpaHCOPTHPOBKU 3 TOHH Ipy3a Ha 50 KM MOYKHO BOCITIOJIb30BAThCS YCIIyTaMU OJHOM U3
Tpex ¢(upm-nepeBo3uukoB. CTOMMOCTh MEPEBO3KM M IPY30MOJBEMHOCTh aBTOMOOMIIEH IS
KaXJIOTO TMepeBOo3urKa ykazaHa B TaOmuie. CKoJIbKo pyOliel mpuiercs 3arjiaTHTh 3a cCaMyro
JIEIIEBYIO IEPEBO3KY?

IlepeBo3uuk | CToMMOCTH nepeBoO3KHU onnum | I'py3onoabemMHoOCTh
aBTOMOOHMJIEM aBTOMOOHMIEH
(pyo0. Ha 10 km) (TOHH)

A 110 2,2

b 140 2,8

B 160 3,2

BS. Ha kiieruaroit 6ymare ¢ pazmepoM kieTku 1x 1 nzobpaxkén yron. Haiinure TaHreHc sToro
yria.



B6 HaiianuTe KOpeHb ypaBHEHHA +2x +31 =9,

B7.B copeBHOBaHUSX IO TOJKAHUIO fApa ydacTByoT 4 crnoprcMeHa u3 PuunsHauu, 7
crioprcMeHoB u3 Jlanuu, 9 cnopremenoB u3 [Benuu u 5 — u3 Hopseruu. [lopsinok, B koTopom
BBICTYIAIOT CIIOPTCMEHBI, olpeaesaeTcs xpedreM. Haliqute BEposSsTHOCTh TOr0, UTO CIIOPTCMEH,
KOTOPBI BBICTYIAET MOCIeIHNM, okaxkeTcs u3 llIBenuu.

B Tpeyronsauke ABC yron C pasen 90°, sin A = % Haiipure cos B.

B

A ¢

BS.

B9.. MoTopHas 10/1ka npoluia NpoTUB Te4eHUst peku 112 KM 1 BepHYJIach B yHKT OTIPaBIEHUS,
3aTpaTUB Ha 0OpaTHBIM MyTh Ha 6 yacoB MeHble. Haliure cCKOpOCTh TeUeHUsI, €ClIi CKOPOCTh
JIOJIKM B HETIOJIBMKHOM Bozie paBHa 11 km/4. OTBeT maiiTe B KM/4.

3aBucuMOCTb 00BEMa cnpoca ¢ (Teic. py0.) Ha IPOAYKIHIO TIPEHIIpH-
SATHA-MOHOMOJIMCTA OT HeHH p (Teic. py0.) 3amaércs dopmMyaoit
g = 160 — 10p. Beipyuka npeanpuaTusi 3a mecan r (B Teic. py6.)
BbIYHCJIseTCa 1o dopmyae r (p) = ¢q - p. Oupenennre HeHy p, mpu Ko-
TOpO# MecA4YHada Beipyuka r (p) cocraBur 280 Thic. pyb. OTBeT HpHBe-

B10. JuTEe B ThIC. Py0.

IIpakTnyeckas padora Ne2
Tema 1.2: Yucna w BeMHCICHHS. BwlpakeHus u mpeoOpasoBaHus. [IporeHTHBIC
BBIUNCIICHHUS
Heab: OOoOmeHne W cuctemMarusalus 3HAHWN, YMEHMH, HAaBBIKOB Yy4allluXcs MpU
BBIMOJIHEHUH apu(METHYECKUX JeHCTBUN HajJ OOBIKHOBEHHBIMM M JECATHYHBIMU JpOOSMU;
MPOLIEHTHBIE BBIUYUCIICHUS

Teopernyeckas 4acThb:
Harypanbnble yncna, noiayyaeMble IpU €CTECTBEHHOM CUETE; MHOKECTBO HATYypaJIbHBIX
gyucen obo3naygaercss N; N= {0, 1,2, 3, ...}.
llenple dncna, mMody4aeMble OOBEIMHEHHEM HATYPalbHBIX YHCET C MHOXECTBOM
OTPHUIIATEIBHBIX YUCET U HYJIEM, 0003HAYAIOTCSA
Z={2,-1,0,1,2,...}.
PammonansHbIe yncna — Yuca, MpeACTaBICHHBIC B BUaAE apodu m/n (n # 0), rme m —
1[EJI0€ YUCII0, @ N — HATYPaJIbHOE YHUCIIO.
JIist parmoHANBHBIX YWCET OMpPENENeHbl YEeThIPpe «KJIACCHUECKHEe» apu(METUUECKHEe
JEHCTBUS: CIIO)KEHUE, BRIYUTAHUE, YMHOXKECHHE U JelieHue (KpoMe JIeJICHHsI Ha HOIIb).
st 0003HaYCHHS parMoHATBHBIX qHUCeN HCIIOB3YETCS 3HaK
n Ll
@:{—:nE&,mEN}.
m
JlelicTBUTENbHBIE (BELIECTBEHHBIE) YMCIIAa IPEACTABISIOT COO0H paciinpeHrne MHOKECTBA
paloHaIbHBIX Yucesl. MHOXECTBO BEIECTBEHHBIX Unces 0003Havyaercs R.

Q.



Kpome pammoHanbHBIX uucesl, R BKIIOYAaeT MHOKECTBO HPPALMOHAIBHBIX YHCET, HE
IpPEJCTaBUMBIX B BHUJAE OTHOUIEHUs LenblX. Kpome mnoapasjeneHuss Ha palMOHalbHbIE U
UppalnyoHaJIbHbIE, ACUCTBUTEIbHBIC YHCIA TAaKKe MOAPA3CIAIOTCS Ha anredpanyecKkue u
TpaHCLEeHJeHTHbIe. [Ipy 3TOM Ka)10e TPaHCLEHACHTHOE YUCIO SBISETCS UPPALUOHAIbHBIM,
KaX/10€ PallMOHAIBLHOE YUCIIO — ANreOpanyecKiM.

WppannoHaibHble YnCIa.

1) moboe panmoHaIbHOE YUCIO N300pakaeTcs OECKOHEUHOM NEeCATUYHOM TpoObIo;

2) BCSIKOE MPpALMOHAIBHOE YHCIIO0 U300paxaeTcss 0ECKOHEYHOM eCATUYHON APO0bIo;

3) mo0oe EHCTBUTENBHOE YHCIO MOMKET OBITh IMPEICTaBICHO B BUJEC OCCKOHEYHOM
JECATUYHOMN 1podu;

4) Bcskas OeckOHEYHas JAECATHYHAS ApOOb TPEACTABIACT ACUCTBUTEIBHOE YHCIIO
(oOpaTtHOE yTBEPI)KJICHHUE).

O6o3HaueHue (MM) UTto 03HaUaeT UM
MHOXeCTBO HaTypaJIbHBIX YHCET
MHOXeCTBO LIEIbIX YHCENT
MHOXeCTBO pallMOHAIBHBIX YHCET
MHOXeCTBO JIeHICTBUTENBHBIX YUCEIl

DONIZ

delicTBHA ¢ APOOSAMU:
1. Cnoorcenue. Cymmoir apobeli ¢ OJHUM M TE€M K€ 3HAMEHATeJIeM Ha3bIBalOT JPOOb,
UMEIOIIYIO TOT )K€ 3HaMEHAaTellb, a YACIUTENIh PAaBeH CyMME YUCIIUTENeH JTaHHBIX Ipo0ei, T.e.

aba+b

N g

370 ompeneneHne MOXXHO c(hOpMyTUPOBATh TAKXKE B BUJIE CIECTYIOMIETO ITPABHIIA.

UToOBI CIIOXKUTH IPOOH C OJIMHAKOBBLIMHU 3HAMEHATEIISIMU, HAJI0 CJIOKUTh UX YUCITUTEINH, a
3HaAMEHATEb OCTaBUTh TOT XKe€.

ITpumep. ? 7 7 7.

YroObI CIIOKUTH APOOH C Pa3HBIMH 3HAMEHATEIISIMH, HAJI0 MPUBECTU UX K HAUMCHBIIIEMY
o0I1IeMy 3HaMEHATEN0, a 3aTeM CJOXHTh TMOJIYUYCHHBIC YHUCIUTEIN M TOJ CYMMOW MOJIKCATh
00IIIMH 3HAMEHATEb.

5 7 15 14 15+14 129 5
—_t — = —+4 _—=_=1_

TIpumep. 8 12 24 24 24 24 24
5 N 7 15+14 29 -1 5
Kopoue 3anuceiBaror Tak: 3 12 24 24 24
UToOBl CIOXHUTH CMEIIaHHBIE YHCIIA, HY)KHO OTIEIBbHO HAUTH CYMMY IENBIX U CYMMY
JIpoOHBIX yacTel. JlelicTBUe 3aruCchIBaeTCs TaK:

a7 111l gt a2l T 205 1532 1,7
15 45 9 45 45

2. Buiuumanue. Beruntanue apoOeil MOXHO ONpeNeNuTh Kak JAeHCTBHE, oOpaTHOe
CIIOKEHHIO Jpobeil. BeruecTh U3 0JHOr0 IpoOHOT0 YKciia BTOPOE ATO 3HAUUT HAWTH TPEThE YNCIIO,
KOTOpPOE B CyMME€ CO BTOPBIM JaeT nepBoe. M3 a3Toro onpenenenus ciaenyeT NpaBuio:

Uro06bl BbIYECTH APOOM C OAMHAKOBBIMU 3HAMEHATEISIMU, HYKHO BBIUECTh YHCIIUTENb
BBIUNTAEMOr0 W3 YMCIUTENS] YMEHBIIAEMOIO M OCTAaBUTh NPEXHUI 3HameHarenb. JlelicTBhe
3aMKChIBAIOT TaK:
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Uro0Obl BBIYECTh APOOM C pa3HBIMH 3HAMEHATENSIMH, HYXXHO CHaudajga MPHUBECTH UX K
HaWMEHBIIIEMY 00IIeMy 3HAMEHATENIO0, 3aTeM U3 YUCIUTENS YMEHBIIIAEMOTO BBIYECTh YHCIIUTEIh
BBIYMTAEMOTO U TIOJ] KX Pa3HOCTHIO TIOJITUCATh OOIIUI 3HAMeHaTelNb. J[eficTBHE 3aiChIBAIOT TaK:

11 5 _22-15 7
12 8 24 24

Ecnu Hy»HO BBIYECTh OJJHO CMEIIAHHOE YMCJIO U3 IPYrOro CMEIAHHOIO YKcia, TO, €CIH
MOYKHO, BBIYMTAIOT IPO0b U3 Apodu, a 1esnoe u3 1enoro. JleldcTBre 3anmuchiBaoT Tak:

9 3 36-33 9
8 ——5— =3 —=3—
11 4 44 44
Ecnu ke 1po6b BEIUuTaeMoro 0oJbie IpodHu yMEHBIIaeMoro, TO OepyT OHY €AHHHULLY U3
IeJIOT0 YHCJIa YMEHBIIAEMOro, Pa3Apo0IIIOT ee B HaUISKAIIUE J0JU M MPHOABISIOT K APOOH

YMCHBIIACMOI'0, ITOCJIC YCTO MOCTYNAI0T, KaK OIMMCAHO BBIIIC. I[ef/'ICTBI/Ie 3allMChIBAIOT TaK:

4 11 16-33 _52-33 19

5—-1—=14 =3 =3
9 12 36 36 36
AHaJOTMYHO MOCTYMAIOT, KOTJIa HaJI0 BBIYECTh U3 LIEJIOT0 YUCIa JpOoOHOE.
3_32_32 53 2
IIpumep. 3 3 3 3,

3. Pacnpocmpanenue ce0ticme ciodiceHus u 8blvumaHnus Ha OpobHvle yucia. Bee 3aKoHBI
W CBOMCTBA CJIOKCHHS M BBIUMTAHUS HAaTypaJbHbIX YUCCII CIIPABCAJINBLL U JJIsL ,Z[pO6HBIX YHCCII.
Nx IMPUMCHCHHUEC BO MHOTHX CJIydasaX 3HAUYUTCIIbHO YIIPOIIACT IMMPOLECC BLIYHUCIICHHA.
3 7 3 2 7 1 3 1 7 _2
4—+1—4+2—+5—-+—+3—=|4—+3— |+|1-+353- |+
4 % 12 9 12 4 4 4 9 9

+ Ei+1 =8+7+3=18
12

[Ipumep 1. [ 12

3I[eCI) HCITIOJIb30BaHbI HepeMeCTHTGHBHBIfI M COYETATCIIbHBIN 3aKOHBI CIIOKCHHUS.

5 7 {3 31 33 5 1 7 53 3£=
720 144 720 '?20 720 144
31 12 +31 5 43

6
=2—+3 =5 =
Mpuvep2. 72 144 144 144

3,[[60]3 HCIIOJIb30BAHO ITPABUIIO HpI/I6aBJ'IeHI/I$I CYMMEBI K YHUCITY.

132 (151041 (4322 5100 41 g5l 4l g
6 2 36 36, 2 2 2

177 (226l ]=(177 61 ] 22-11-22-382
5 8 8 5 5

[Ipumep 4. 8 5

3/1ech UCTOJIb30BaHbl MPaBUJIa BEBIUUTAHUS U3 YUCIIa PA3HOCTU U CYyMMBI.

4. YmHoorcenue. YMHOXKEHHE TpOOW HA IIEJIO€ YHMCIO MOXKHO TMOHMMATh TaK K€, KaK W
YMHOKEHHE 11eJIOT0 YKCIIa Ha LIeJI0e, T.€. KaK CII0KEHUE OJIMHAKOBBIX ciaraeMbix. Hampumep,

25.2,2,2.22

3 3 3 3 3 13
Ho nns yMHOXeHuss Ha JpoOb Takoe TOJKOBAaHME HE MOAXoAuT. Hampuwmep,

3 2 3 2

ITpumep 3.

YMHOXast 7 pa 3 , HEeJIb3s CKa3aTh, 4YTO 371eCh " 7 HaJ0 B3ATh 3 pasa cnaraembiM".
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3nech HeOOXOMMO J1aTh HOBOE OIpe/IeIICHHE.
[IpousBenennem npoOeli Ha3BIBAIOT TaKyl JpoOb, YHCIUTEIh KOTOPOH paBeH
MIPOU3BE/ICHUIO YUCITUTENCH TaHHbBIX Ipo0Oeii, a 3HAaMEeHAaTellb - MPOU3BEICHUIO UX 3HAMEHATENeH,

Te. 1 T FIH | yro6b1 yMHOXHTH 1po0b Ha APOOb, HYKHO YMHOXHTH YHCIIUTEIb Ha
YUCIIUTENb, & 3HAMEHATENb HA 3HAMEHATENb M NIEPBOE MPOM3BEICHUE CHENATh YMCIUTEIEM, &

fa [

BTOPOE - 3HAMCHATEIIEM: bd bd
[Ipu ymHOXeHuUU cienyer AenaTh (€CIU BO3MOXHO) COKpaLIEHHE.

12 19 1219 2

Ecnu ydecTh, 4TO I€]I0€ YMCIIO MPEACTABIsAET COOOW IpoOb CO 3HaMeHareyneM 1, TO
YMHOKCHHEC ,Z[pOGI/I Ha [EJI0€ YMUCIJIO U 1ICJIOro 4uciia Ha ,I[p06b MOKHO BBITIOJIHATE IIO3TOMY K€
HpaBuUIY.

5 6 5 30
Mpumeps, 12 112 12 2

5. Vmnoowcenue cmewannvix yucen. YToObl MEPEMHONKUTH CMELIAHHBIC YUCIA, HYKHO
MPEBAPUTEILHO OOpaTUTh WX B HEMPABUJIBHBIC IPOOH M TIOTOM IMEPEMHOXATh IO MPABUITY
YMHOXEHUS Ipo0eit.

211 _216_30 g4

Mpuvep. 2 5 2 5 10
ECJ'II/I XE HepeMHO)KaIOT CMCUIaHHOC YHCJIO Ha IICJIOC, TO npome MHOXHUTHb OTOCIIBHO
I_ICJ'IYIO 4yaCThb U ,Z[p06HYIO 4HacCTh.

22.3-62_7%

ITpumep. 3 3 3

6. Pacnpocmpanenue c80uicme yMHOJCeHUs. Ha OpoOHble uucia. CBONCTBA YMHOKEHHS
HATypaJIbHBIX YHCEN CIpaBeIJIMBBI U Ui Apobeii. VX ucnonp3oBaHuE YHpPOIIAE€T yCTHBIE U
MMMCbMEHHBIEC BHIYUCIICHHUS.

T£-3ﬂ=['?+£]-33=213+4=214
[Ipumep 1. 15 15
7 7

0_-8=9-8+_—-8=T2+7=T70
ITpumep 2. 3

E.[qi.llg,]:[E.E].qizl.qizqi
Momep3. 4 L 31 37 L43) 31 31 31

[12%.431].3:[E.i}.{gi:z.qgi:aﬁm
Tprmep 4. 5 17 y 31 5 31 17 17 17
7. Henenue opobeii. [Ins nenenust qpodeil coxpaHseTcsl TO K€ OmpeeNieHue, 4To U s

JIETICHUS 1IEJIBIX YUCEN: ITO - AEHCTBUE MOCPEACTBOM KOTOPOTO MO TAHHOMY MPOU3BEICHHIO JBYX
COMHOXHUTEJIEW U OJHOMY M3 OTHUX COMHOXHUTEIEH OTBICKMBACTCS BTOPOM COMHOKHTEIND.
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PaznenuTh 0HO YMCIIO HA BTOPOE - 3HAYUT HAMTH TaKOE TPEThE YUCII0, KOTOPOE MPH YMHOKEHUH
Ha BTOPOE JaeT IepBoe. BRIMomHsIOT Aenenue apodeii 1o ciaeayomeMy IpaBuiy.

YroObl paznenuTs OpoOb Ha JpoOb, HY)KHO YHCIUTEIb NEPBOM APOOM yMHOXUTH Ha
3HAMEHaTelb BTOPOH, a 3HAaMEHATeIb NMEPBOW HA YUCIUTENb BTOPOH U IEpPBOE MPOHM3BEICHUE

a_ o ad

3alucaTb YUCIUTEIIEM, a BTOPOC - 3BHAMCHATCIIEM: b d bc .

6 9 610 60 20

ITo 3TOMy € IpaBUIy MOXKHO BBIIIOJIHATH JEJIEHHE APOOH Ha LEJI0E YUCIIO U LIEJI0ro Ha
IpoOb, ecIi MPeICTAaBUTh 1eJI0€ YUCIIO B BUIE APOOH cO 3HaMeHaTesneM 1.

IIpumepsl.
7 17 1. 1
8 82 81 4
13 131 13.2 13
OI[HaKO B IIOCJIICAHEM anMepe npome qUCIINTCIIb paS,Z[eJ'II/ITB Ha 1Iej10€ 4Yuciio:
3 8:2 4
13 13 13

8. [lenenue cmewannvix yucen. YtoObl BBIIOIHUTH JCIEHHE CMEMIAHHBIX YHCEN, HX
MMpeaABapUTCIbHO O6paH.[aIOT B HCIIPABUJIbHBIC ,I[pO6I/I 1 3aTEM ACIIAT 11O IpaBUITy ACJICHUS Z[p06eﬁ
3.1 63 21 63-20
12—:1 —=—;. —=—=12
OI[HaKO npu ACJICHUHU CMCIIAaHHOI'0 4YHCJia Ha 1EJI0C ObBIBaeT y2106HeI>i JACIIUTh OTACIBHO
OCJIYI0 4aCTh U OTACIIBHO ,Z[p06Hy}O qaCcTb CMCIIAHHOT'O YHCJia.

3'.':15:5=|‘5l

ITpumep. 7 7,
9. 3amena oOenenus ymuoxcenuem. Ecin B KakoH-HUOYIb NIpOOM MOMEHATH MECTaMHU
YUCIUTENIb W 3HAMEHATelb, IMOJYYUTCS HOBas JpoOb, oOparHas maHHOW. Hampumep, mis

8 7

Ipodu 7 oOpaTHast 1poOb OyeT 8
OdeBHIHO, YTO MTPOU3BENCHUE ABYX B3aUMHO 0OpaTHBIX JApoOeit paBHO 1.

YuutbeiBas 3T0, MOKHO JIEJIEHUE BBIMOJHATH MO CIEAYIONIEMY MTPABUITY.
UToOB! pa3aenuTh OJHO YUCIIO Ha IPYTroe, HY>KHO AeIMMOE YMHOXKHTh Ha YHCII0, 00paTHOE
JIETUTEITIO.

25 27 11
HpI/IMepl.:'!I 7 335 15
[Tpumep 2. 3 7 7
4_51_4_1ﬁ_4_3_3
Mpuvep3. 7 3 7 3 7 16 28
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10. Ilpumepvl Ha 6ce Oelicmeusi ¢ 0ObIKHOBeHHbIMU OpoOsMu. PellieHne mpruMepoB Ha BCE
JEWCTBUSL ¢ APOOSMH BBITOJIHSIOT C TIOMOIIBIO 3aIIMCH O OTACIHHBIM JCHCTBHUSIM HIIH 3aIHCH
LIEITOYKOM.

[Ipnmep. BelauciauTh:

3 5 15 5 1 1
—_t—— 22— -
521 288, 2 3 1 16

5%+1n 1.5,1.936 35
Perienue mo 4actsaM.

3 5 3.5 1 1 1
P =" -, 3)-49-0";
5 21 5.21 7 7 7
15 5 15-34 1
2)—: —=—=9; 4Y5: —=10;

28 84 28-5 2
3110 +10=20;

1 64 16 1 1
6)9—:20=——=—;11)—:3=—;

7 7-20 33 3

1 1 1 13
7)2:—=4; 1) -+ -=—";

2 4 89 a6
8}3:1=9; 13}13:E=ﬂ=36;
3 a6 13
0)4+9=13; 14)36. 1 -1,
a6

1 1 16 16
10)—:2=—; 15y —+1-—-=1

2 4 35 35
Orser. 1.

IIpnMep BBIUMCIIEHUS [IETTOYKOM:

g2 313l (3l 7,7 1,1 1.3
4 4 2+ a8 & & 3 2 4 5
1
&

+
5—*‘-1E 10 2‘.—1E :3):l E:llfll E:3.
3 8 8 3 3

152 58 15

27,45 _17 2 250
- -7 . 242.5-22 0=
31 58 31 7

510 825 50 5
352 +10-452

7 7

IIpoueHTHbIE BLIYUCICHHUS.

Korma MbI onmchiBaeM pa3HblE YacTH IEJIOTO, MBI WCIIONB3yeM TaKHe MOHATHS, Kak
nosnosuHa (1/2), Tpets (1/3), uerBepTh (1/4). TO YNOOHO: OTpE3aTh MOJIOBUHY MUPOTa, IPOUTH
TPETh ITyTH, 3aKOHYHUTH TIEPBYIO YETBEPTH B IIKOJIE.
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YroObl Ha3bIBATh COTHIE JOJH, NpuayMaiu npoueHT (1/100): ¢ 1aTuHCKOTO sI3bIKa — «3a
CTO».

[IporieHT — 3TO O/1HA COTast YacTh OT JitoOoro ynucia. Ob6o3HavaeTcs BOT Tak: %o.
1%=1/100=0,01

Kak mepeBectu mpoIeHTHl B AecATUYHYIO ApoOb? HyxHO yOpaTh 3HaK % U pa3lieiuTh
gyucio Ha 100. Hanpumep, 18% — 310 18 : 100 =0,18.

A eciu HY)KHO TIEPEBECTH JACCITHYHYIO IpOOb B MPOIEHTH — yMHOXKaeM apook Ha 100 u
nobasmsiem 3HaK %. Hampumep:

0,18=10,18 - 100% = 18%.

A BOT, KaK IIEpeBECTH MPOIEHTHI B ACCATUYHYIO TPOOh — OOPATHBIM JIeHCTBUEM:

18% : 100% = 0,18.

Beipasute npoObp B mpomenTtax mpocto. /s mepeBoga cHayana NpeBpaTUM €€ B
JNECATHUUHYIO Tpo0b, a MOTOM HCIOJIb3YeM Mpelblayllee MPaBuilo U MepeBeleM ACCATHUHYIO
IpoOb B MPOIICHTHI:

2/5=0,4

0,4-100%=40%

8/25=0,32

0,32-100%=32%

Tunel 3a1a4 Ha IMPOLCHTLI

Tun 1. HaxoxxaeHue npoieHTa ot yucia

UToOb! HAITH MPOLIEHT OT YKCIIA, HY>)KHO YUCIIO YMHOXUTh HA MIPOLIECHT.

3apauva. biorep 3anucan 500 Buzeo AJisi TUKTOKA, HO €ro mpojtocep ckazani, 4yto 20% u3
HUX — OTCTOM. CKOJILKO POJIMKOB MPUJIETCS TIepe3anucarh oaorepy?

Kak pemaem: Hy>kHO HaiiTu 20% OT 00111ero KoJuuecTBa CHATHIX poiukoB (500).

20%=0,2

500 * 0,2 =100

OTBeT: 13 001Iero KOJUYECTBA CHATHIX POJIMKOB Mporocep 3adpakoBai 100 mryk.

Tun 2. Haxox1eHre 4ucia 1o ero mpoieHTy

UtoObl HAWTH YMCIIO MO €ro MPOIEHTY, HY>KHO €r0 M3BECTHYIO 4acTh pa3/eiuTh Ha TO,
CKOJIBKO TTPOIIEHTOB OHA COCTABJISIET OT YHCIIA.

3aa4yy Mo MOMCKY MPOIIEHTA MO YKUCITY U YHUCIIA MO €ro MPOIEHTY OYeHb MOX0XKH. UTOOBI
HEC nepenyTaTL — BHHUMATCJIIBHO 4YHWTACM YCJ'IOBI/H[, NHA4Ye 3aI\/JI)1€M B TYIUK WA p€IHI/IM
HENpaBWIbHO. EcCiM B 3aJaHUM €CTh CIIOBA «KOTOPBIM», «UTO COCTAaBISIET» U «KOTOPBIN
COCTaBJIIET» — MEPE HAMH 3a]1aya M0 HaX0KJICHUIO YHCIIA 110 €r0 MPOLIEHTY.

3amaua. [lIkonsHuk permm 40 3amad u3 yueOnuka. Uto cocrapnser 16% uucia Bcex 3amaqd
B kHHre. CKOJIBKO BCEro 3a7a4 coOpaHo B TOM yueOHUKe?

Kak pemraem: MbI He 3HaeM, CKOJIBKO BCETO 3aj1a4 B yueOHuke. Ho Ham u3BecTHO, uTo 40
3ama4d cocTaBisaoT 16% ot obmero xonmuwdectBa. 3amumeM 16% B Buae npodu: 0,16. [lanee
M3BECTHYIO HAM YacTh IIEJIOTO Pa3JIeIMM Ha Ty J0JII0, KOTOPYIO OHA COCTABJISIET OT BCETO IEJIOTO.

40:0,16=40-100:16 =250

Otsert: 250 3amau coOpaHO B 3TOM y4eOHUKE.

Tun 3. HaxoxaeHue NpoueHTHOrO OTHOIICHUS JBYX YHUCEI

Uto0Ob! HAlITH, CKOJIBKO MPOILIEHTOB OJTHO YUCIIO COCTABISIET OT APYroro, HY>KHO Ty 4acThb,
0 KOTOPO# CHpaIInBaeTCs, pa3ieTuTh Ha 00Iee KOTMIeCTBO U YMHOXHUTH Ha 100%.

3amaua. B cexperHom uatuke 25 yenoBek. 10 u3 HuX — aeBOYKU. CKOJIBKO MPOIEHTOB
JIEBOYEK B yaTe?
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Kak permaem: nogenum 10 Ha 25, momydeHHYIO IpoOb TIEpPEBEEM B TPOIICHTEHI.
10/25 * 100% = 2/5 * 100% = 2 * 100/5 = 40%
Otser: B uatuke 40% neBoOYEK.

Tun 4. YBenuueHnue 4uciia Ha MPOLEHT

UToObl yBEIMUYUTH YUCIO HA HEKOTOPOE KOJUYECTBO MPOIEHTOB, MOKHO HAWTH YHCIIO,
KOTOPOE BbIPaXaeT HYKHOE KOJIMYECTBO IIPOLIEHTOB OT JAHHOI'O YMCJIA, U CII0XKUThH €r0 C JaHHBIM
YUCIIOM.

A MOHO BOCIIOJIB30BaThCs (HOPMYITOW:

a=b- (1 +c:100),

IJIE€ @ — YUCI0, KOTOPOE HYKHO HAlTH,

b — nepBoHaYanbHOE 3HAYCHHE,

C — IIPOILICHTHI.

3amaua. B npomom Mmecsie ctukeprak crown 110 py6neit. A B aTom mecsitie Ha 12%
6ombiie. CKOTBKO CTOUT CTUKEp-TIaK?

Kak pemaem: Mmoxxno Haiitu 12% ot 110:

0,12 - 110=13,2.

[TprGaBUTh K UCXOTHOMY YHCITY:

110 + 13,2 = 123,2 py6us.

Wnu MOKHO BOCTIONB30BaThCs (DOPMYJIION, TOTAA!

110 - (1+12:100)=110 - 1,12 =123,2.

OTBeT: CTOMMOCTh CTHKEpIIaka B 3TOM Mecsie — 123 pyois 20 komeexk.

Tun 5. YMeHbl1IEHME Ynciia Ha IPOLEHT

UtoObl YMEHBUIUTH YUCIO HAa HECKOJBKO MPOIEHTOB, MOXXHO HANTH YHCIIO, KOTOpPOE
BBIPAKAET HY)KHOE KOJIMYECTBO MPOIIEHTOB JAHHOTO YKCJIA, M BBIUECTh €0 OT JAaHHOTO YHCIa.

A MOHO BOCITIOJIb30BaThcs (HOPMYIIOH:

a=b-(1-c:100),

I71e @ — YHUCJ0, KOTOPOE HY>KHO HaWTH,

b — mepBoHavagbHOE 3HAUCHHE,

C — IPOLICHTHI.

3anada. B nponuiom roxay mikoiy 3akoH4uan 100 pedar. A B 3TOM roay BbIITYCKHUKOB Ha
25% wmenbiie. CKOJIBKO BBIITYCKHUKOB B 3TOM roy?

Kak pemaem: MoxxHO Haiith 25% ot 100:

0,25 - 100 = 25.

Beruects u3 ncxogsoro uucia 100 — 25 = 75 yenosek.

Wi MoxHO BOCTIOIB30BaThCS OPMYIIO, Tora:

100 - (1 —25:100) =75/p>

OtBeT: 75 BBIMYCKHUKOB B 3TOM TOJY.

Tun 6. 3amaun Ha TPOCTHIE MTPOLEHTHI

[IpocTeie MPOIIEHTH — METO/T pacueTa MPOIEHTOB, TPYU KOTOPOM HAYUCTICHHSI TIPOUCXOIST
Ha TIEPBOHAYATIFHYI0 CYMMY BKJIaJa WIIH J0JITa.

dopmyna pacyera BBITISIUT TaK:

S=a-(1+y-x:100),

TJie a — WCXOJIHAsl CyMMa,

S — cymmMma, KoTOpasi HapaluBaeTcs,

X — TIPOLIEHTHAs CTaBKa,

Y — KOJMYECTBO MEPHUOI0B HAUYNCIICHUS TTPOIICHTA.
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3amada. Mapuu cpo4YHO MOHAIOOMINCH IEHBIW M OHA B3su1a Ha oguH rox B poir 70 000
py6ueii mox 8% exxemecsyHo. CKOJIBKO JIEHET OHa BEpHET uepe3 roa?

Kak pemaem: mojcraBum B (popMyiTy JaHHBIC U3 YCIOBUI 3a/1a4H.

70 000 - (1+12-8:100)=137 200

Otset: 137 200 py6ueit Bepuer Mapus uepes ro/.

Tun 7. 3agaun Ha CIOKHBIE TPOLEHTHI

CrnoxxHble MPOLIEHTHI — 3TO METOJ pacueTa MPOIEHTOB, KOrjaa MPOLEHTbl NPUOBLIU
NpuOaBIISIOT K CyMME Ha OCTaTKe KaXKJbli Mecsll. B cieayrommii pa3 mpoleHThl HAYUCISIOT Ha
3Ty HOBYIO CYMMY.

@®opMyita pacyeTa BBITIIAIUT TaK:

S=a-(1+x:100),

rje S — HapaiuBaemas CyMma,

a — UCXOJIHAas,

X — TPOLICHTHAs CTaBKa,

Y — KOJMYECTBO MEPUOI0B HAUNCIICHUS MTPOLICHTA.

3amaua. AHTOH xoueT opopmuTth Bkian 10 000 pybneit Ha 5 neT B 6aHKe, KOTOPBIN TaeT
10% ronosbix. Kakyto cymMMy cHEUMET AHTOH 4epe3 5 JIeT XpaHEeHHUs IEHET B ’TOM OaHKe?

Kak pemraem: npocto nogcraBum B popMyiy JaHHBIC U3 YCIOBHM 3a/1a4H:

10000 - (1 +10:100)3 =13 310

Otger: 13 310 py6uneit cHUMET AHTOH Yepe3 rol.

CriocoObl HaX0XKACHUS MTPOLIEHTA

- Jenenue uncna Ha 100

[Ipu nenenun va 100 nomyyaercs 1% ot 3Toro yucna. ITo NpaBUIIO0 MOKHO UCIIOJIb30BAThH
no-pazHomy. Hanpumep, 4ToObI y3HATh POLIEHT OT CYMMBI, HY’)KHO YMHOKUTB UX Ha pa3mep 1%.
A 4TOOBI TIEpEeBECTH M3BECTHOE 3HAYEHUE, CIENYET Pa3JeiuTh ero Ha pazMep 1%. IToT meTon
OTJIMYHO IIOMOTAET B BONPOCE, KaK MEPEBECTH 1IeJI0€ YUCIIO B MPOLIEHTHI.

[IpencraBbTe, 4TO BBI MPUILLIM B Mara3uH 3a 1mokosagoM. O6s19Ho oH cTouT 250 pyounei,
HO cerojHs ckuaka 15%. Ecau y Bac ecTh TUCKOHTHAs KapTa MarasuHa, Iokosiaz o0oiiercst Bam
B 225 pyO:neiil. YUem OyneT BbIro/IHEE BOCIIONb30BATHCS: CKUAKONW MM KapTOi?

Kak pemaem:

[Tepesenem 15% B pyOnu:

250 :100 = 2,5 — 9310 1% OT CTOMMOCTH LIOKOJA/a,

3Hayut 2,5 X 15=37,5 — s10 15%.

250 - 37,5=2125.

212,5 < 225.

OTBeT: BBIFOJIHEE BOCIIONB30BATHCS CKUAKON 15%.

- CocraneHue nponopuun
[Tponopust — onpeneeHHOE COOTHOLIEHUE YacTeH Mexkay cOOOH.

C moMoIIp10 METO/1a MPOMOPIIMH MOKHO PacCYUTaTh M00bIe %. BRITISAUT 3TO Tak:

a:b=c:d.

Uwuraercs: a oTHOCHTCA K b Tak, Kak ¢ oTtHocutcs K d. Takxke BaXKHO MOMHHTH, UTO
MPOM3BENICHNE KPAalHUX WICHOB PaBHO MPOU3BEIACHUIO CpeaHnX. UTOOBI y3HATh HEM3BECTHOE U3
ATOr0 PaBEHCTBA, HY’KHO PELIUTH MPOCTEilIlIee ypaBHEHHUE.

Paccmorpum mpumep. Ha ckosibko BBITOAHO TMOKYINATh CHOPTHUBHYIO GyTOONKY 32 1390
pyOJieii py yCIIOBUH, UTO B Mara3uHe B 4e€CTh JHS BCEX BIIOOJICHHBIX AeHCTBYeT ckuaka 14%?

Kak pemraem:

Y3HaeM CKoJbKO cTouT (hyTOOIKa ceiiyac B % COOTHOIICHHH:
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100 - 14 = 86,
3HauuT 1390 pyOieit aTo 86%.

CocTraBUM IPOITOPIIHIO:

1390 : 100 =x : 86,

x =86 * (1390 : 100),

x =1195.4.

1390 - 1195,4 = 194,6.

OTBet: KynuTh CIOpPTUBHYIO (hyTOONKY BBITOIHEE Ha 194,6 pyOuIs.

- COOTHOIICHUS YHCEI

EcTb ciydan, korjja HalTH IPOIEHT OT YHCJIa IIPOIIIE, €CIIU MPEJACTABUTh MPOIICHTHI B BUJIC
npocThIX ApoOeil. B TakoMm cityuae Oyaem UCKaTh 4acTh YUCTa.

10% — pecaras dacth nenoro. UroObl HaWTH necsaTh %, MOHAZOOUTCS H3BECTHOE
pasznenuts Ha 10.

20% — nsTas yacTh 1enoro. YToObl BEIYUCIUTD BAILATh % OT U3BECTHOIO, €ro HY)KHO
pa3aenuTh Ha S.

25% — getBepTh 11e510T0. UTOOBI BBIYMCIUTD ABAIIATE AT %0, TOHAIOOUTCS U3BECTHOE
pa3nenuts Ha 4.

50% — mostoBMHA 11€710T0. UTOOBI BEIYHCIIUTH MTOJIOBUHY, HY)KHO H3BECTHOE Pa3/ICTUTh Ha
2.

75% — Tpu "eTBepTH 1EIOTO0. YTOOBI BEIYUCIUTH CEMBACCAT MATh %, HY)KHO U3BECTHOE
3HAYCHUE Pa3JICUTh Ha 4 M1 YMHOXXHUTH Ha 3.

3ajaya s TPEHUPOBKU. B 4epHyI0 MATHUIY BbI HAIIM OTJIMYHBIN MHAJHKAK CO CKUIKON
25%. B o0brunbIii 1eHs oH ctout 8500 pybnelt, HO ceituac ¢ coboit ecth Toibko 6400 pybreit.
XBaTUT JIM CPENICTB AJIs OKYIIKHU?

Kak pemraem:

100 - 25 =75,

3HAYUT HYKHO 3a1IaTuTh 75% OT nepBOHaYaIbHON LEHBI.

Hcnonp3yeM npaBUiI0 COOTHOIIEHUS YU CEIL:

8500 : 4 * 3 =6375.

OTBeT: CpeACTB XBaTUT, TaK KaK MUKaK CTOUT 6375 pyOieil.

Penrenne 3agavu:

2
1. Boga 3anumaer 3 mnoBepxHocTH 3emid. [losTomy 3emiro Ha3bIBalOT «TOIYyOOH
1
miaHeToi». Kakyro yacTh 3eMHOM IOBEpXHOCTH 3aHUMaeT cyma? OTeer: 3 cymia.
2
2. Oty 42 rona, a BO3pacT CblHA COCTaBIIAeT 7 Bo3pacTa oTHa. CKOJIBKO JIET ChIHY?
Ortser: 12 JIeT.

3
3. HpCHeHLHHﬁ BO3pacT Ociku 6 JIET, YTO COCTABISIET S MMpeaACIIbHOTO BO3pacTa 3aifa. CKOIIBKO

JIET MOKET MpOoKUTh 3as1? Oteet: 10 ner.
5 25

4. Jlnuna ctopoHsl kBagpata 9 am. Kakosa ero miomans? Oteer: 81 M2,

5.PaGounii MOKET BBIMOTHUTH TPOU3BOJACTBEHHOE 3aJJaHUE 32 5 YacOB, a €r0 YUCHHK — 3a
13

8 yacoB. Kakyr 4YacTb paboThl OHU BBINIOJHAT BMeECTe mociie 4yaca pabotei? Oteer: 40 4.
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2 1
6. B mepBbIii wac aBTOOyC mpoIIen 5 BCEro MyTH, BO BTOPOH 3 IMyTH, a B TPETUH —
ocrampHple 28 kM. Kakoe  paccrosHme — mpomen ~— aBTodyc 3a  Tpu  daca?

2 1 11
1)5 + 3 = 15 (y) —3a aBa 4aca.
14
2)1- 15 = 15 (4)— mporea B TpeTui yac. 4
4
3) 28 : 15 =105 (kM) — 3a Tpu 4aca.
Otser: 105 KM MPOLIEI aBToOYyC 3a TpHU yaca.
3
7. Kakoe paccrosHue ynuTka 3a 6 yaca, eciM OHa OygeT TMON3TH €O
3 1
CKOpocThIO 250 km/u? OTBeT: 100 KM.
2
8. M3 Ooukum c OEH3WMHOM BHAYajle OTIMWIM 28 BCEro HMEIOIIErocsi TaM OeH3HHa,

2
noTOM 7 Bcero O€H3MHA U MOCTE 3TOT0 B 60UKe ocTanock 99 nutpoB 6eH3nHa. CKOIBKO TUTPOB
OcH3uHa ObLUTO B OOYKE IMEPBOHAYATHHO?

o 2 17
1) 28 + 7 = 28 (4)— OTJIWIH.
17 11
2)1- 28 = 28 (4)-— 0CTaJIOCH.
11

3)99: 28 =252 (1) — OBLIO MEPBOHAYAILHO.
Otsert: 252 1 6eH3uHa OBLIO B O0YKE MEPBOHAYAIIBHO.

3amaua 1. Opranusm B3pocioro yenoBeka Ha 70% coctouT u3 Boabl. KakoBa Macca BOJIbI
B TEJIE YelIOBeKa, KOTOPBINA BecuT 76 Kr?

Kak pemraem:

76 - 0,7=153,2 kr

OrtBert: Macca BOJBI 53,2 Kr

3anayva 2. Ilena ToBapa nonusunacek Ha 40%, 3atem emie Ha 25%. Ha ckoJbKO MPOLIEHTOB
MOHU3UJIACH 1I€HA TOBapa 10 CPABHEHUIO C MEPBOHAYAIBHOU LIEHON?

Kak pemraem:

O603HaunM MepBOHAUATBHYIO IIEHY ToBapa depes X. llocie mepBoro moHMKEHUS IieHa
CTaHET paBHOII.

x - 0,4x =0,6x

Bropoe nonmxenue 1ieHsl coctasisieT 25% ot HoBoi 11eHb! 0,6X, TOATOMY MTOCJIE BTOPOTO
MOHUKEHUS TOJIYYHUM:

0,6x - 0,25 * 0,6x = 0,45x

[Tocne nByX NOHMKEHHUI U3MEHEHUE LIEHBI COCTABUT:

x - 0,45x =0,55x

Tak kak Bennunna 0,55x coctaBisier 55% OT BENMMUYUHBI X, TO IIeHa TOBapa MOHU3UJIACh HA
55%.

OrtBet: 55%.

3amaua 3. Yerslpe mapbl OproK JiemieBie oJHOro nansTo Ha 8%. Ha ckoybko mporeHToB

IATh Nap OPIOK CTOST JOPOXKE, YEM OAHO MAIBTO?
Kak pemaem:
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[To ycnoBusAM 3a7auil CTOMMOCTD YeThIpeX map Oprok — 370 92% OT CTOMMOCTH MaJIbTO

100-8=92

[Tosygaercsi, 9TO CTOMMOCTB OJTHOM Mapbl OpPrOK — 3T0 23% CTOMMOCTH MAaJbTO.

92:4=23

Teneps YMHOKMM CTOMMOCTH OJTHOM Tapbl OPIOK Ha MATh U Y3HAEM, YTO MATh Map OproK
oboriayres B 115% cTommMocTH nmaybTo.

23*5=115

Otgert: naTh nap Oprok Ha 15% gopoxe, yeM 0JJHO MajIbTo.

3anaya 4. CeMbsi COCTOUT U3 TPEX YEJIOBEK: MYK, ’KEHA U I04b-CTy/IeHTKa. Eciu 3apriara
My>Ka BBIpACTET B J[Ba pa3a, oOmui 1oxo4 ceMbu Bo3pacTteT Ha 67%. Ecnu nodyepu B Tpu pasza
YPEXKYT CTUICH/IHIO, OO TOXO 3TOW CeMbH YMEHBITUTCS Ha 4%. BIUUCINTD, KaKOM MPOLICHT
B OO 10X0/ CEMbU IPUHOCUT 3apa0O0TOK KEHBI.

Kak pemraem:

[To ycnoBusim 3amaun OOIIMI JOXOJ CEMbH HAIPSMYIO 3aBUCUT OT JIOXOJIOB MY¥XKa.
bnarogaps yBenuueHuto 3apriaTel OOIIKMK TOXOI ceMbU BbIpacTeT Ha 67%. 3HauuT, 3apmiarta
MyXa COCTaBJIsIeT Kak pa3 67% oT o01ero qoxosa.

Ecnu ctunennus noyepu yMeHbIIUTCS B TpH pasa (T.e. Ha 1/3), octanercs 2/3 — 310 U
ecTb 4%, Ha KOTOPble YMEHBILIWICSA Obl CEMEIHBIX JI0XO/.

MO3KHO COCTaBUThH MPOCTYIO MPOIMOPIIUIO U BBISICHUTH, UTO pa3 2/3 crunenauu — 310 4%
J10X071a, TO BCA cTUIIEHAUS — 3T0 6%.

A Temepb OTHUMEM OT BCErO J0XO/a BKJIAJ MYyKa U JOYEPHU U y3HAeM, KaKoW MpPOIECHT
COCTaBIISIET 3apabOTOK XKEHBI B 001IeM oxozae cembu: 100 — 67 — 6 = 27.

OTBerT: 3apaboTOK KeHbI cocTaBmsieT 27%.

3anaua 5. B cBexux abpukocax 90% Bnaru, a B cyxoppykre Kypare Tojbko 5%. CKOIbKO
KUJIOTPaMMOB a0pHUKOCOB HYXHO, 4YTOOBI NOIYyYUTh 20 KUIOrpaMMOB Kyparu?

Kak pemaem:

Ucxonst w3 ycnoBusi, B abOpukocax 10% mnuTaTenbHOro BeEIIeCTBa, a B Kypare B
KOHIIEHTpHUPOBaHHOM BHzie — 95%.

[Toatomy B 20 kunorpammax kyparu 20 * 0,95 = 19 kr nutateabHOro BELECTBA.

3HauuT, 19 KUIOrpaMMOB UTATENBHOTO BellecTBa B abpukocax — 3To 10% Beca cBexHX
abpukocoB. Haiijem 4ncio no mpoueHTy.

19:0,1=190

Otget: 190 kr cBexxux abpuKocoB noTpedyercs 11 u3rotopieHus 20 Kr Kyparu.

IIpakTnueckas padora Ne3

Tema 1.3: YpaBHeHust u HepaBeHCTBa. CHCTEMBI YpaBHEHUH 1 HEPABEHCTB
Heanb: O600IUTH M CHCTEMATU3MPOBATh 3HAHUS, YMEHHUS ydYalluxcs NpH DPELICHUU
JIMHENHBIX U KBAaJPATUYHBIX YPABHEHUN U HEPABEHCTB

Teopernyeckas 4acThb:
JInnelnHbIe ypaBHEHUs
JInHEeHBIM ypaBHEHHEM OTHOCUTEIIBHO MEPEMEHHON X Ha3bIBAETCA YpPAaBHEHUE MEPBOM
crenean kx + b =0 (1), tne K u b —npousBosbHbIC BeleCcTBEHHBIC YHCIIA.
B ciiydae k # 0 ypaBHenue (1) UMeeT eTMHCTBEHHOE PEILICHHUE TPU JTFOOOM 3HaYeHUH Db :
X =——

k
B ciyugae, korma k = 0,b # 0 ypaBHenwue (1) penieHuii He HMeeT.
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B cnyyae, korma k= 0, b= 0, peuennem ypaBuenus (1) siBisercs io0oe YUCIO
X € (—c0; + ).
Ecnu n3HavyanbHO 3a1aHO ypaBHEHUE, CO/IEpIKalliee IEPEMEHHYIO B 3HAMEHATEIIE, TO Iepe]t

peleHrneM HeoOXOAMMO YKa3aTh 00JacTh OIpeNeNIeHusl, UCKIIOUUTh M3 OTBETa KOPHH, IPH
KOTOPBIX BBIPQ)KEHUE HE UMEET CMBbICTIA.

Hpuamep 1
3x=6 ITpunep 4
=2 5 5x+15_,
3 x+4
x=2 D x4
Ipurep 2
PUAMED 5x+15-[x+4j=4-[x+4)
3x=-2 x+4
-2 Sx+15=4x+16
r=—
r=-1
x:—% Cearm x=—1
3
Hpiiatep 5
Hpumep 3 5x+15
8(x—1)+2x = 2(4- 2x) 3
Bx—8+Z2x=8-4x 0 xz—3
Bx+2x+4x=848
rerTer Tt 3 =4 (x43)
Brx+ex+4dx=84+8 x+4
14x =16 Sx+15=4x+12
16 8 x==3
4 7 Orgern . nem wophet

JInHelHbIC HEPABEHCTBA

JInHEeHBIM HEpPaBEHCTBOM OTHOCHUTEJIBHO MEPEMEHHOM X HA3bIBAETCS HEPABEHCTBO,
MIPUHAJIEKAILEE K OTHOMY U3 CIEAYIOIIUX THUIIOB:

kx+b =0,
kx+b >0,
kx+b <0,
kx+b <0,

rme Kk ub — MPOU3BOJIBHBIC BEIIECTBEHHBIC YHCIIA.

Pemras nuHeliHble, 7a U HE TOJIBKO JIMHEHHBIE, HEPABEHCTBA, CIEAYET MOMHUTh, YTO MIPU
YMHOXE€HUM WIM JICJICHUM HEPABEHCTBA HA IIOJIOKUTEIIBHOE YHCIO 3HAK HEPaBEHCTBA
COXpaHsSIeTCsl, a MPU YMHOKCHUU WM JCJICHUU HEPABEHCTBA HA OTPHUIIATENIBHOE YHCIIO 3HAK
HEPABEHCTBA MEHAETCS HA MTPOTUBOIIOIOKHBIM.

B cootBeTcTBUUM C 3TUM pelIeHHE JIMHEWHBIX HEPABEHCTB, B 3aBUCHMOCTH OT 3HAYEHUU
koddunuentoB K u b, mpencraBneno B cnenyromeii Tadmure 1.

Tabnuia 1. — Perienne HepaBeHCTB MEPBOM CTENEHU

kx+Bb20 [kx +b>0 | kx+Bb=0 [kx +b<0
k>0 3HaK HEPABEHCTBA COXPAHSIETCS
b b b b
Xz—— X>—— X=—— X<——
k k k k
k=0, b<0| & 2 xe(-w;+w). | xe(—w;+w).
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k=0, b=0 | xe(-w;+w). | & XE (-0 + ). | &
k=0, b>0| xe(-w;+w). | xe(-w;+®). | & (&
k<0 3HaK HEpPaBEHCTBA MEHSIETCS] HA IPOTHUBOIOJIOKHBIN
xi—g xﬁ—E xE—E xb—g
k k k k

CucTeMbl TUHEUHBIX HEPABCHCTB
PaccmoTpum pelieHne cucTeM JIMHEWHBIX HEPABEHCTB Ha IPUMEPAX.

2x-3=20,
-3x+11=0

[Tpumep 1. Pemnth cuctemMy HEpaBEHCTB
Pemenue. Pemm kaxioe U3 HEpaBEHCTB CUCTEMBbI:

3

=

2x-320, 2x 23, =3
= =

“3x+11>0, “3x = -11, 11

I{E.

N300pa3uB Ha omHON KoopauHaTHOW mpsimor (Puc. 1) 00a TOYEHYHBIX MHOXKECTBA,
COCTaBIISIIOLIUX MOCIEIHIOI0 CUCTEMY, MTOJIy4aeM OTBET IpUMepa.

- -

{{_‘_.—-" L _,,-f'-:{,-’f’:f’f"\if%{“\;:\ \\ \\-\ }{
o 3 11
2

w

Sx+4<0,
2x-720.
[Ipumep 2. Pemnth cucteMy HEPABEHCTB
Pemenue. Pemnm kaxioe u3 HEPAaBEHCTB CUCTEMBI:

5x+4<0, Sx<—4, -y
=

g
—2x-7 20 -2x27, 7
XE——.
2
N300pa3uB Ha omHON KoopauHaTHOW mpsimod (Puc. 2) o06a TOYEUHBIX MHOXKECTBA,
COCTABJISIFOIIUX TOCIEAHIOI CUCTEMY, IIOJIy4aeM OTBET MPUMeEpA.
N300pa3uB Ha omHON koopauHaTHOW mpsimod (Puc. 1) o6a TOUEUHBIX MHOXKECTBA,
COCTABJISIFOIIUX TMOCIEAHIOI CUCTEMY, ITOJIy4aeM OTBET MPUMeEpA.

x
L
é
™,
,
\,
%,
\"‘\.
-'\\
-
.
-4

Puc.2
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7

XE|—oh——
Ortser:
[Tpumep 3. Pemuth cucteMy HEPaBEHCTB
6x-7 =0,
4x+13<0.
Pemenue. Pemum kaxnoe U3 HEpaBEHCTB CUCTEMBI:
X > 7
6x—7 >0, 6x>7, 6
— —
4x+13 <0, dx <-13, e 13

N300pa3uB Ha oaHON KoopauHAaTHOW mpsimMoii (Puc. 3) o00a TOYEUHBIX MHOXKECTBA,

COCTaBJIAOMIUX IMOCICAHIOI CUCTEMY, ITOJYUIaCM OTBCT IIpHUMEpPaA

./ _._,-"" ‘_.z"-}
AN — ¥
_13 07
4 6

Puc.3
Orser: &
Omnpenenenue
Keaopamnoe ypasHeHue — 3TO ypaBHEHUE Buza ax’ + bx +c =0, rae

k03 durMeHTs! a, b u ¢ — npou3BosbHbIE uKca, npudeM a # 0.

Hpexcz[e, YCM U3y4aTb KOHKPETHBIC MCTOAbI PCIICHHA, 3aMCTHM, YTO BCC KBAaApPATHBIC

YpaBHEHHUS MO>KHO YCJIIOBHO pa3/IeIUTh Ha TPU Kilacca:

He nmerot xopHei;

HMeroT poBHO OJIMH KOPEHB;

HwMeroT aBa pa3nu4HbIX KOPHS.

JIuckprMHUHAHT

Onpenenenue

[lycTs nmaHO KBajpaTHOe ypaBHeHHme ax? +bx +c=0. Torma ouckpumumnanm — 3T0

npocto uncio D = b? — 4ac.

Oty ¢opMmyny Hamo 3HaThb Hau3ycTh. OTKyga oHa Oepercs — ceiluac HEBaXKHO.

BaxxHo apyroe: 1Mo 3HaKy JUCKPUMHMHAHTA MOKHO OIIPENEIUTH, CKOJBKO KOPHEM UMeeT
KBaJIpaTHOE ypaBHEHUE. A UIMEHHO:

Ecmu D < 0, kopHeii HeT;

Ecnu D =0, ecTb pOBHO O/IUH KOPEHb;

Ecnu D > 0, kopueit Oynert aBa.

OOparuTe BHUMaHKE: TUCKPUMUHAHT yKa3bIBaeT Ha KOJMYECTBO KOPHEH, a BOBCE HE HA MX

3HAKH, KaK IOUYCMY-TO MHOTUC CUUTALOT. Barsaure Ha IpUMEPLI — U CaMH BCC rnoiimere:

3agaua

CKOJIbKO KOpHEH UMEIOT KBaIpaTHBIC YPaBHEHHS:
X>—8x+12=0;

5x°+3x+7=0;

x> —6x+9=0.

Pemenne

Bemmumem ko3¢ (UIMEHTH U IEPBOTO  YpaBHEHHMS W HaiieM JMCKPUMHUHAHT:

,b=-8,¢c=12;
—8)2—4-1-12=64—-48=16
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KOPHSIL.

YHUCJIO,

Wtak, AMCKPUMHUHAHT TMOJOKUTEIbHBIN, MO3TOMY YpPaBHEHHME HMEET JBa Pa3IUUYHBIX
AHanoruuHo pazoupaeM BTOpOE YpaBHEHHE:

a=5b=3;c=7,

D=32-4-5-7=9-140=—131.

JIMCKpUMMHAHT OTpULIATENbHBIN, KOpHEN HeT. OcTanoch MOCIEHEE YpaBHEHUE:
a=1l;b=-6;c=9;

D=(-6)?-4-1-9=36-36=0.

JIMCKpUMHHAHT paBeH HYJII0O — KOpPEHb Oy/eT OJIUH.

OTtser

1) 2 xopHs1; 2) HET KOPHEH; 3) OJUH KOPEHb.

Kopnu kBagpatHOro ypaBHEHUS

—b++D —b—+D
1 2a ' 2 2a
Korna D = 0, MOHO HUCII0JIB30BaTh JIO0YIO U3 3TUX POPMYI — MOIYUUTCS OAHO U TO XKe
KoTopoe u Oyner orBeroM. Hakoner, eciiu D < 0, kopHel HET — HUYEro CUUTATh HE HAJIO.
3anava
Pemuth kBagpaTHbIC YpaBHEHHUS:
X>—2x—3=0;
15— 2x— x? = 0;
x>+ 12x + 36 = 0.
Pemenue
IIepBoe ypaBHEHuE:
X*-2x—-3=0=>a=1b=-2;¢c=-3;
D=(2)y-4-1-(-3)=16.
D > 0 = ypaBHeHue umeer Ba KopHs. Halinem ux:

2 ++16 2 —+16 .
T T R T T
Bropoe ypaBHeHue:
15-2x—-x*=0=>a=-1;b=-2;c=15;
D=(2)?—4-(-1) - 15=64.
D > 0 = ypaBHeHue cHOBa UMeeT J1Ba KopHsl. Halinem ux:

24464 _2-464
T2 7 T

HaKOHeH, TpeTBe ypaBHeHHe:
X2 +12x+36=0= a=1: b=12: c =36:

Xq

D=122-4-1-36=0.

D =0= ypaBHeHHEe UMeEET OAUH KOpeHb. MOXXHO HCIONB30BATh JIOOYIO (GopMymy.

Hampumep, nepsytro:

—12+Jﬁ_
2-1

X =

OtBeT

Dxe=3;x2=-1;2) x1=-5; X2 =3; 3) x=—6.

Henonnsle kBagpaTHbIE ypaBHEHUS

briBaet , 4TO KBaApPaTHOC YPAaBHCHUC HCECKOJIBKO OTINYACTCA OT TOro, 4YTO [JaHO

B onpenenenun. Hampumep:

X2+ 9x=0:
x2—16 = 0.
HCCJ'IO)KHO 3aMCTUTDH, YTO B 3THUX ypaBHeHI/IﬂX OTcyTCTByeT OOJHO U3 CjlaracMhbIX. TaKI/IC

KBaJIpaTHbIE YPaBHEHHUS PEUIAOTCs Jake Jierde, YeM CTaHJIapTHhHIE: B HUX Jake He MoTpedyercs
CUMUTATh AUCKPUMUHAHT.
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Omnpenenenue

Vpasrenue ax? + bX + ¢ = 0 HA3BIBACTCS HENONHLIM KEAOPAMHBIM ypagHeHuem, ecia b = 0
i € = 0, T.e. KOOQPHUIMEHT MPH MEPEMEHHON X WM CBOOOIHBIN 3JIEMEHT PaBEH HYIIIO.

Pazymeercs, BO3MOKEH COBCEM TsDKETBIN cydal, Korjaa o0a aTux K03 QuiirenTa paBHsl
Hymo: b = ¢ = 0. B 3ToMm ciyuae ypaBHeHHe IpHHEMAeT BH ax> = 0. O4eBHIHO, TAKOE yPABHEHHE
UMEeT eIUHCTBEHHBINH KOpeHb: X = 0.

Paccmorpum ocranpHbie ciydau. [Tycts b =0, Torma moiyduM HEMOJIHOE KBaJpaTHOE

ypaBHenue Buzia ax’ + ¢ = 0. Hemnoro npeoGpasyem ero:
2 2 C C
ax+c=0=2x"=——=2x=% |——
a a

Ilockonbky  apudMeTHUeCKMIl  KBaJpaTHbIA  KOpEHb  CYLIECTBYET  TOJBKO
U3 HEOTPULATEIIBHOTO  4YWCJa, IIOCIEJHEE PaBEHCTBO HMMEET CMBICI  HCKIIOUUTEIBHO
npu (—c/a) > 0. BeiBo:

Eciu B HENMONHOM KBAJPaTHOM YPaBHEHMH BMa aX’ + C =( BBIIOIHEHO HEPABEHCTBO
(—cla) > 0, xopueii Oyzaet nBa. Popmyria 1aHa BbIILE,

Ecnu xe (—c/a) < 0, xkopHeii HeT.

Kak Buure, 1MCKpUMHUHAHT HE MOTPeOOBaICsS — B HEMOJHBIX KBAaJPATHBIX YpPaBHEHUX
BOOOIlE HET CJOXHBIX BbluMciaeHuil. Hacamom pene pgaxe HeoOs3aTEIbHO IIOMHUTH
HepaBeHCTBO (—C/a) > 0. JJoCTaTOuHO BBIPA3HThH BEIMUMHY X2 M OCMOTPETh, UTO CTOUT C APYroii
CTOPOHBI OT 3HaKa paBEHCTBA. Eciu TaMm MONOXKHUTENbHOE 4YUCIIO — KOpHeW Oyner nBa. Eciu
OTpHLIATENIbHOE — KOpHEH He OyneT BooOIe.

Teneps pasbepeMcsi ¢ ypaBHEHHAMH BuAa ax’ + bX = 0, B KOTOPHIX CBOOOIHBIN dIEeMEHT
paBeH Hyito. TyT Bce mpocTo: KopHel Bcerna Oyzaer aBa. JocTaToyHO pa3iokHUTh MHOTOUYIECH
HA MHOYKUTEIIN: b

ax?+bx=0=2x-(ax+b)=0=2x,=0; x, = ——
a
HpOI/I3BeI[eHI/Ie paBHO HYIIIO, KOr'Ja XOTA 6]31 OJUH U3 MHOXHUTEIEN PaBEH HYIIIO. OTCIOI[a

HaxXOoJATCs KOpHU. B 3akimoueHne pazdepeM HECKOJIBKO TaKUX YPaBHEHMIA:

3anaqa

Pemmte kBagpaTHBIE ypaBHEHUS:

X>—7x=0;

5x2 +30=0;

4x>-9=0.

Pemenue

X=7x=0=2Xx-(X—7)=0=2>x1=0; X2 =—(-7)/1=7.

5x2 +30 =0 = 5x?=-30 = x* = —6. KopHeii HeT, T.K. KBaJpaT He MOXKeET ObITh PaBEH
OTPHIIATEILHOMY YHUCITY.

4 -9=0=24x>=9=2x2=9/4=>x=3/2=15, x2=—1,5.

OtBer

X1 = 0; x2 = 7; 2) xopHeii Her; 3) X1 = 1,5; xo =1,5.

Pemienue KBaapaTHYHBIX CHCTEM YPABHEHMH

L[ x=y=1
IIpumep 1. Pemute cucreMy ypaBHEHHI .
X°+y°=41.
Pemenue. BrlpazuB X U3 IepBOro ypaBHEHMs CUCTEMBI U MOJCTABUB BO BTOPOE, MOJIy4YUM
X=Yy+1,
2y>+2y—-40=0.
PaBHOCHJIBHYIO CUCTEMY y Y= A0 =0 (1)
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Pemas BTOpoe ypaBHeHue cucrembl (1), HaxoauM JBa 3HAYEHUS MEPEMEHHON Y:

Yi=%4Y, = _5, IIOJICTABJIsAs ATH 3HAYEHUS B IIEPBOE ypaBHEHME cucTemsl (1), momydaeM naBa

3HAYCHHS [IGPEMEHHOM X: & 5%, =4

Ortser: (5; 4),(-4; -5).
_|2x-3y—-xy=4
IMpumep 2. Pemnts cucreMmy ypaBHEHUH
3x+y+3xy=3
Pemenue. Cpasy BbIpa3uTh OJIHY NEPEMEHHYIO 4Yepe3 JAPYrylo B JaHHOM cCiydae
3aTpyJHUTENbHO, MEIIaeT ciaraeMoe Xy. YToObl M30aBUTHCS OT 3TOTO CJIaraeMoro YMHOXHM
MEepBOE YpaBHEHUE CUCTEMBbI Ha 3 U CIOXHM CO BTOpPHIM ypaBHeHUEM. [Ipu sTomM momyyum
2x -3y —xy =4,

PaBHOCWJIBHYIO CUCTEMY YpaBHEHMM ¢ =~ ... 2)
9x -8y =15.

. 15+8y
N3 BTOporo ypaBHeHMs moiydaeM: x = — = . [loaCcTaBUB 3TO BBIpaKEHHE B IIEPBOE
9

15+8x
yYpaBHEHHE CUCTEMBI (2) MOJy4YUM YpaBHEHHUE 2T —

3y — y@ = 4 . [IpeobpazoBas ero,

2
ToTyunM KBaapaTHOe ypasHenue otHocutensHo y: 4Y" +13y+3=0. Kopuu sroro ypasnenus

1 13
y,=-3,Y, = 2 MOJCTaBUM B (POPMYITY JUIS X, U MIOJIYYUM X, = —1,X, = o

Ortser: (-1; -3),(13/9; -1/4).

x*(x+y) =80,

x*(2x —3y) = 80.

Pemenne. B 51eBBIX 4YacTSAX YpaBHEHHM CHCTEMBI CTOST IIPOM3BEICHUSA JIBYX

COMHOXUTEJIEH, a CIpaBa YUCJIO OTJIMYHOE OT HYJsA, MO3TOMY, OYEBUIHO, HU OJIHUH U3
COMHOKMUTEJIEH JIEBBIX YacTel YypaBHEHH HE MOXKET OBITh paBeH Hy0. Takum o0Opaszom,

IIpumep 3. Pemuts cucremy ypaBHEHUN

3
nojy4aem, yro X # Oy ox— 3y 0= x = - y . Paznienum nepBoe ypaBHEHHE CHCTEMBI HA BTOPOE

MOWICHHO, B CHJIY CACIAaHHOTO BbIIC 3aMCYaHUA, TIIOJYYUM PABHOCHUIIBHYIO CHUCTEMY
X+Yy

2x -3y . BeIpa3zum u3 mepBOro ypaBHEHHS MMOJTYYCHHON CHCTEMBI BBIPA3UM X: X = 4y .
[xz(x+ y) =80.
IlogcraBuM 3TO 3Ha4eHUWE BO BTOPOE YpPAaBHEHHME CHUCTEMbl M Hauaem y =1, Torga X =4,

Ortgert: (4; 1).

KBanpaTHOe HepaBEHCTBO — 3TO HEPABEHCTBO, B JIEBOM 4aCTH KOTOPOTO CTOUT KBAJPATHBIH
TPEXYJIEH, B JIEBOM — HYJIb.

To ecTh, KBaipaTHBIC HEPABEHCTBA OBIBAIOT CIEAYIOIIUX BHUJIOB:

ax’+bx+c>0, ax®+bx+c>0, ax*>+bx+c<0, ax’+bx+c<0.

Pemmth kBagpaTHOE ypaBHEHHE MOKHO C TTIOMOIIIBIO METO]a HHTEPBAJIOB.

Jist 3TOTO HEOOXOIUMO CHAYaJIa HAWTH KOPHU KBAJIPAaTHOT'O HEPAaBEHCTBA (BMECTO 3HAKA
HEpaBEHCTBA TTOCTABUTH «=» M PENINTh ypaBHeHHe ax’ + bx + ¢ = 0). Kopueii MoxeT GBITH 160
nBa, MO0 oauH, MO0 HEe OBITh BoOOIIE. JlanpHelNe qeCTBUS 3aBUCAT OT KOJTUYSCTBA KOPHEH:

1. Eciu ypaBHeHHe nMeeT Ba KOPHS, HEOOXOAMMO HAaHECTH WX HA YHCIOBYIO MPSMYIO.
OHu pa3zoOplOT €e Ha Tpu TOpoMexyTka. HyxkHo Oymer ompenenuTb  3HAKU
BBIPAKEHHS aX? + bX + C HA KaXIOM U3 HPOMEKYTKOB (KOHKPETHBEI NpUMep pEIIeHHS BbI
MO’KETe TIOCMOTPETh, BBE/IA B (hOPMY BBIIIE KaKoe-THO0 HEpaBEeHCTBO, HApuMep SX° + 2X — 7>

0):
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- eclu a > 0, TO 3HAKU oynyr  +, - + (cmeBa  Hamparo);
- ecnu a < 0, To 3HaKM OyayT —, +, — (CJIeBa Hampago).

B citydae, ecnu 3HaK HEpaBEHCTBA > WM >, OTBETOM OYAYT MPOMEXYTKU CO 3HAKOM «1».
Ecnu ke 3HaK < Uiy <, TO OTBETOM OyAyT OTpHULATEIbHbBIE IPOMEKYTKH.

Ecnu 3Hak HepaBeHCTBA > WM <, TO TOYKHU-TPAHHIIBI MPOMEXYTKOB 3allMCBIBAIOTCS B
KpyriblX ckoOkax. Ecim ke 3Hak > wiM <, TO IpaHUIbl NPOMEXKYTKOB 3alMCHIBAIOTCS B
KBaJPaTHBIX CKOOKaX.

2. Ecin ypaBHeHHe MMeeT OJUH KOPeHb, TO HYKHO TAaK)K€ HAHECTH €ro Ha YUCIIOBYIO
IPSAMYIO ¥ ONpENeIUTh 3HAKM BBIpaKeHHUs ax® + bX + C Ha KaxIoM M3 HpoMexkyTKoB. Kopenb
pas3enauT NpsIMyIO Ha JIBa IPOMEXYTKA, 3HAKU B KOTOPBHIX OYIyT OJUHAKOBBIMU (B 3aBUCUMOCTH
ot ko3 dunneHTa a):

- ecnu @ > 0, To 3Haku OynyT +, +. B 3TOM cityuae, ecinu 3HaK HEpaBEHCTBA >, TO OTBETOM
OyzeT BCst YMCIIOBas psMasi, KpOMe TOUKH-TPAHUIIBI TPOMEexyTKa. Eciin jxe 3HaK HepaBeHCTBaA >,
TO OTBET — BCS YKMCIIOBas npsmas. Eciau 3Hak HepaBeHCTBa <, TO OTBET — ITyCTOE MHOXKecTBO. Eciu
3HaK HEPaBEHCTBA <, TO OTBET — OJHA TOYKA — TPaHHUIA MEXAY IMPOMEKYTKAMH.
- eciu a < 0, To 3Haku OynyT —, — B 3TOM citydae, eciiu 3HaK HEpaBeHCTBA >, TO OTBETOM OyneT
IyCTOE MHOKECTBO. ECIH 7ke 3HaK HEpaBEHCTBA >, TO OTBET — OJJHA TOUKA — IPAHMIIA TPOMEXKYTKA.
Ecnu 3Hak HepaBeHCTBa <, TO OTBET — BCS YUCIIOBAsI IPsAMasi, KpOME TOUKU-TPAHUIIBI IPOMEXKYTKA.
Ecnu 3HaK HepaBeHCTBA <, TO OTBET — BCS YUCIIOBAS MPSMast.

3. Eciiu ypaBHeHHMe KOPHell He HMeeT, TO HUYEro Ha KOOPAMHATHYIO OCh M HE HY)XHO
HAHOCHTB: HAJI0 HPOCTO ONPEIETHTh 3HAK BRIpaKeHHs ax’ + bX + C Ha Bceil uncioBoil IpAMOii:

- ecau a > 0, To 3HaK Oyzer +. B 3ToM citydae: eciiy 3HaK HEpaBEHCTBA > WIIK =, TO OTBETOM
Oyzer BCst 4rcIoBas IpsiMasi. B IpoTHBHOM ciydae — eciiv 3HaK < WM < — OTBETOM OyJIeT IyCToe
MHOXECTBO.

- ecim a <0, To 3HaK OyneT — B 3ToM citydae: eciiu 3HaK HEpaBeHCTBA < HIIH <, TO OTBETOM
Oyzer Bcs uncioBas mpsiMas. B mpoTUBHOM ciydae — eciiv 3HaK > WM > — OTBETOM OyJIeT mycToe
MHOXECTBO.

IIpumep 1. PemuTe HEpaBEeHCTBO 2x2+4x — 6> 0.

KBanparHslii TpexuiieH 2X° + 4X — 6 uMeeT Ba IeHCTBUTENBHBIX KOPHS X1 = —3, Xz =1.
TosTomy mapabona y = 2X2 + 4X — 6 TiepeceKaeT oCh X B IBYX TOUKAX, a0CIUCCHI KOTOPBIX PABHbI
—3 u 1. ITockonbky ko3hduImenT pu X> Gomnblne Hyis, mapadona y = 2x> + 4X — 6 HampaBieHa
BBEPX

U3 pucyHKa BUAHO, 9TO TpexulieH 2X2 + 4X — 6 MOI0XHTeNeH IpH X < — 3 u ripu x >1.

IIpumep 2. Pemmth HEpaBEHCTBO

—x?+x—1>0.

JIMCKpUMHHAHT KBaJpaTHOTo TpexuneHna — X2 + X — 1 orpunarenen: D = —3. [Tostomy
TpM BCeX X 3HaYeHMs QYHKIUU y = — X% + X — 1 UMEIOT OJIMH M TOT e 3HaK, a MMEHHO 3HaK
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ko3 duimenta opu X?, To ecTh Munyc. CleI0BaTeIbHO, HEPABEHCTBO — X2+ X — 1> 0 He
BBITOJIHACTCS HA ITPU KaKUX 3HAYCHUSAX X.
Ipumep 3. BBISICHUTD, IPH KAaKUX 3HAYEHUSX X JIPOOb
#2 4-2x =3
2y — x?

IMOJIOKHUTCIIbHA W TIIPU KaKUX — OTpULATCIIbHA.

CHavana yka3aHHBIM BBIIIE CIHOCOOOM OINpEACTNM 3HAKH YHCIUTEIS U 3HAMEHATes
JaHHOU IpoOH, a 3aTeM CPaBHUM HX.

Yucmutens X2 + 2X? — 3 monoxuTeNneH Ipu X < —3 M Ipu x> 1, a oTpuuareneH npu
—3<x<1 (puc. BEepXHss YUCIOBas OChb).

4-3-2~1 0 1.2 3

e kit
i
/) 2

3uamenarens 2x — X? monoxuTenen npu 0 < x < 2 u oTpuuarened npu x < 0 u mpu x >2
(puc. , HYDKHSS YKrCIoBast ocb). VI3 pucyHKa BUHO, YTO JJaHHAS IPOOb OyIET MMOJ0KUTEIbHA TIPH
— 3 <x< 0 (B 9oTOM cCny4yae YHCIHUTENb ¥ 3HAMEHATENb OTPHULATEIBHBI) W TPH
1< X <2 (B 3TOM ciTydae YUCIUTETb U 3HAMEHATEIb TIOJI0KUTEIbHBI); OTPULIATEIBHON OHA OyIeT
npu x <. —3 (YUCIUTEIH MOJOKUTENIEH, 3HAMEHaTe b oTpuIaresieH), npu 0 <x < 1 (yuciurens
OTpHULIATENICH, 3HAMEHATEIIb TIOJIOKUTEJICH) U IIPU X > 2 (YUCITUTENb MTOJIOKUTEINICH, 3HAMEHATEb
OTpHUIIATEIICH).

Pemienue 3aganmii:
Nel. Pemnth nanHbie cucteMbl HepaBeHCTB (Ne 179 —184):

2c—1>1, 5x +3>8,
179. 181.
{ 3—x>0. {0,7—3.:%-—'2.5.
180. { 1 —2x<<—09, 182. {2::—-3::‘::——3.
x4+ 1< 13. 4x+3>8—=x
183, {3):-]—7‘,;»9—{—2& 184. {x+4{2x'
5+ x> 2x+ 2 l—x>—2.
Ne2. Pemuth HepaBeHCTBa:
(2x+3) (2—2x) > 0.
(2—m) (2x — 15) (x + 4) > 0.
x>%,
3x -4 >0, 3x 4, 3 N 6 4
i sev650,  |ls=>-6 _||F7 75 777
Grod) (x>0 77 e e >x<i o e
Sx+ 60, Sx {6 ) 3’ 5
&
T4 -—=
L 5

Ne3. Pemnth ypaBHEHHUS:
1. x*-8x?-9=0
2. x®*-15x*-16=0
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3. (x*=2x-5)-2(x* -2x-3)-4=0

No4. Pemiuth cCuCTEMbl YPaBHEHUM:

1 Xy =2,
lox? +y? =13,

X°+y=2
yo+x=2
1 + L =2,
X+y X-—y

3 + 4 =7
X+Y X+y

No5. Pemiuth JaHHbIE HEPABEHCTBA:

1. x> —4x+3>0. 5 x2 +x+1<0.

2. x> —6x+5<0. 6.x2 —x+1>0.
3. —5x°+3x+2>0. 7.x>—6x+10<0.
4, x(1—x)>0. 8. —3x% +2x+1>0.

No6. BBITTOJIHUTE 3aIaHUA:

1. Pemuth HEpaBEHCTBO:

8x2-6Xx+1>0

2. HaliTn HanMeHbIIIee MOIOKHUTEIILHOE IIeJI0e PelIeHue HipaBeHCTBRA:
X2+ 2x>-3

3. Permuth HepaBEeHCTRBO:

x2+3x+8>0

4. PemmuTh HEPaBEHCTBO:

X2-4x+4>0

5. Pemuth HepaBEeHCTBO:

X2-4x+4>0

6. HaiiTi Bce 3HaUeHUS X, HE SBJISIONINECS PEIICHUEM HEPABCHCTBA:
x*>16

IIpakTyeckas padora Ned

Tema 1.4: dynkuuu: auHeiHast, 00paTHas MPOMOPIUOHAIBHOCTD, KBaApaTUYHAas

byHKIIUS

easn: 3akpenuTh y yyaluxcs 3HaHUS ¥ YMEHUS IOCTPOSHUS IpaduKOB (PyHKIIHIA

Teopernyeckas 4acThb:

CBoiicTBa nuHeHON QyHKIMU Yy = kx + b.

1. Obnactp omnpeneneHus: PyHKIUU — MHOXKECTBO BCEX JEHCTBUTEIBHBIX YUCE].

2. OOmacth u3MeHeHHMs (YHKIUM TpU ycIoBHH, 4YTO k # 0 — MHOXKECTBO BCeX

neiicTBuTeNnbHBIX yucell. Ecimm k = 0, To MHOXXeCTBO 3HAYeHUH (DYHKIMU COCTOUT W3 OJHOMU
TOYKH b.

3.1Ipu k # 0, b # 0 pyHKums He sIBISIETCS HUA YeTHOH, HY HeueTHoH. Ecin k = 0 (b moboe)

— ¢ynknust getHast. Ecimm b = 0 (k m060€) hyHKINS HedeTHas.

4. ITpu k > 0 ¢ynaxuus Bozpacraet npu 1ro0bIx x. [Ipu k < 0 pynkus yosiBaet npu

mo0bix X . [Ipu k = 0 yHKIMA TOCTOSIHHA.
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Ilpumep. IToctpoutsb rpaduk GyHKIUU y=2x+4 .
Pewenue. I'padukom siBiseTcs npsMasi TuHuA. [ e€ moCTpoeHHs JOCTaTOYHO HAWTH

TOYKM IIEPECCUCHUSA C OCSAMU KOOPJAMHAT: IIpU X = 0’ y= 4 X = —Z,y =0

A(0:4)  B(-20)

U IIpU . Takum

o0pa3om, npsiMasi IPOXOAUT YEPE3 TOUKHU

v

_/)"—'2.\'+4

_ax+b

/ 0
y =
OyHKIMS BUAA €xX+ a , e &, b . d — TIOCTOSIHHBIC YHCJIA, TPUYEM cz0

'ﬂd + bﬂ', Ha3bIBACTCS OpPOOHO-TuHennou @yuxkyuein. OyHKUUS ONpeAeieHa BCIOAY, KpoMe

X = —i
3HAYEHHSI € . Eem @=0 €= 1 : d= 0, TO HOJIYYMM YaCTHBIN CITydaii JPOOHO-TMHEHHON
_b
byHKIMN X . O6macte ompeneneHus Takoi (DyHKIMHU X € (_ cﬂ,ﬂ)U (0,4—::0). I'padrikom
_b
byHKIIH X sBnsercs kpuBas, cocTosimas M3 JBYX BETBEH, CHMMETPHYHBEIX OTHOCHTENHHO

Havdalla KOOpAWHAT. Takas KpuBasi Ha3bIBACTCA zunepﬁoﬂoﬁ. Ecmu b:} 0, TO BCTBU FPIHep6OJ'IBI

pacrnionoxkensl B I u III koopAMHATHBIX YETBEPTAX; €CIIU JKE b<0 , T0 Bo II m IV koopauHaTHBIX
yetBepTsIX. [ unepbosa He UMeeT OOIIMX TOYEK C OCIMH KOOPIMHAT,  JIMIIb CKOJIBKO YTOJHO OJIU3KO K

_b
HUM  npuOmokaercs.  DyHKIms X pewermas. Ha pucynke u300paskeH  rpaduk
runepoosbI X s cydas b> 0
Y,
A
» X
S ax® 1bhx ¢ ¥, X
OyHKIWMS, 3aJlaHHas bopmynoit , rae = ' —
IIEPEMEHHBIE, ab.c _ sajanmple  uncia, & F U, Ha3bIBACTCS K6AOPAMUUHON (PyHKyue.

O06nacTeio OIIPCACIICHUA KBaﬂpaTHQHOﬁ (pYHKI_II/II/I SIBIISIETCS MHOXKECTBO JIEHCTBUTEIIHLHBIX YHCEIL.

2

y=ax“+bx+c

I'papuxom  ¢yHKIMK sBisiercs napabona. Ecmu @ > 0 , TO BETBU
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napaloJibl HampaBjeHbl BBEpX; €CIU a"’:ﬂ, TO BETBU Napaboiibl HampaBieHbl BHU3. OcCbio

b

X =-—
CUMMETPUU TMapalojbl SBISETCS TpsMast za. Koopaunatel BepmuHbl  1apabOoIIbI
b [ ] Aac — B°
X =——— = X = =0 =
2a Yo =¥ A¢x

OTIpeNeNAI0TCs o hopMyIam

Jliis moctpoenust napadoiibl yA00HO BHIOpATh CIEAYIONINE TPU TOUKHU:

a) TOYKY TNepecedeHHs Mapadoibl C OCHIO Qy , IpA x=0 TOJTYYUM ¥ , TaKuM
o0pa3oM, rmepBasi Touka C(O’E) ;
y =f . X= 0
0) Touky Ha mapabose npu , TO ecTb J100 TOYKY ¢ abciuccon (Touka
x=-b B (ﬁ; c)
C), 1ubo Touky c abcuuccon @ | takum 06pa3om, BTOpas TOUKa a .

Ax,,,) X, =—5%

B) BEpIIMHY napaboJIbI TOUKY , e

=33, )- 22t

MOXHO TaKK€ B Ka4CCTBE OCHOBHEIX TOYCK BI)I6paTI) TOYKHU IECPCCCUCHUA Hapa6OJH)I C

o _—btb*—dac _-b+D

L2
oceio O% 71 2a 2@ ecim TakMe CymECTBYIOT, TO €CTh
JUCKPUMHWHAHT KBAJIPATHOT'O TPEXYJICHA HQOTpI/IHaTeJ'II)HI)II\/'I.

2
Ilpumep. Iloctpouts rpaduk GyHKIUU Y= 2x° +2x+2 .
C{0,2) B-1,2) A(-0,51,5)

OrmeTum TPpU TOYKH
a>0)

. BerBu mapabosbl HampaBIeHbI

x=-0)5

BBEPX ( . [lapabosia cuMMeTprUYHA OTHOCUTENBHO IPSAMOM

v

Pemenne 3aganmii:
Nel. TToctpoiite rpaduxu QyHKIIHIHA:

ly=3x+4
2.y=%x—1
3.y=5—4x
42y —4x =6
53x +4y =2

3
6.y=;

2
7:)/:;
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1
8.y = ; ,
9y = —; + 2
10y =4+
No2. Tloctpoiite rpaduku KBaipaTUIHOW (DYHKITHH:
1. y=x>—4x+3. 5. y=x> +x+1.
2. y=X>—6x+5. 6.y=x> —x+1.
3.y=—5x2+3x+2. 7.y=x>—6x+10.
4, y=x (1—X). 8.y=—3x> +2x+1.
Ne3. TToctpoiite rpaduxu QyHKITHIHA:
l.y=4x-5
2
2.y=3-— 3%
.y=2 —%
Ned. TToctpotite rpaduku KBagpaTUIHON ()YHKIIHH:
1.y=8x?-6x+1
2.y=-X2+2x +3
3.y=x*+3x+8
4. y=x%-4x+ 4
5.y=x2-4x+4

IIpakTuyeckast pabora NeS
Tema 1.5: I'eomeTpust Ha MIOCKOCTU
Heas: OnpenenuTs HANPABICHUS MPAKTUYECKOIO MPUMEHEHUs 3HAaHUM MJIaHMMETpUU B
npohecCuOHATbHON NeSTENbHOCTH.

Teopernyeckas 4acThb:

I'ne BcTpeuyarorcs reomerpuyeckue GUIypbl B Hamei mKu3Hu?

Kaxnpiit 3 Hac — U B3poCiblid, U peOEHOK — 3ameyal, Kak MHOTO T'€OMETPUYECKUX
buryp cymecTByeT BOKpYr Hac. Mbl BCTpedaeMcsi ¢ HUMHU Be37l€, BO BCEX OKPYXAIOIIUX Hac
npeaMerax.

Jlronn MaBHO 3aMHTEPECOBAIMCH pPa3HOOOpa3ueM reomerpuueckux ¢uryp. Emé s
NEPBOOBITHBIX JIOAEH Ba)KHYIO pOJIb Urpaja (opMa OKpY)KaBIIUX MX IpeameToB. OBnaaeBas
MHUpPOM, JIOAM 3HAKOMWINCH C MpocTeHmuMH reoMerpudyeckumu ¢opmamu. CHayana OHU
W3TOTaBIMBAIN OpYyIUs TpyJla OTHOCUTENBHO MPaBUWIbHOM (OPMBI, MOTOM HAYUYMIIUCh HX
coBepIIeHCTBOBaTh. CrelManbHbIX HAa3BaHUU JJI T€OMETPHUUECKUX (QUIyp TOIr/a, KOHEYHO, He
obu10. VX mpuymManu 3Ha4uTeNRHO 1Mo3ke. Korma oA ctamu CTpouTh IoMa, UM TTPUIILIOCH eIl
riry0xe pa3Ouparbcsi B OCOOEHHOCTSAX Pa3HbIX (Uryp, 4TOOBI MOHATH, Kakylo (Gopmy ciexyer
IpHUIaBaTh CTE€HAM M Kpblllie, Kakoi (OpMbI JOJKHBI ObITh OpEBHA WIIM KaMeHHbIE IIbIOBI. Cam
TOTO HE 3Has, 4YeJIOBEK BCE BpeMs 3aHUMANICA HM3y4eHHEM (UTyp: KEHIIUHBI, W3rOTaBIMBas
OJIeX /1y, OXOTHUKU — HAKOHEUHHUKH JUIsl KOMUN WM OyMEpaHTu CII0KHON (OpPMBI, PHIOOJIOBHI,
Jienasi Takue KProUKH U3 KOCTH, 4TOOBI pbIOa C HUX HE CPhIBAJIACh.

U B coBpeMeHHOM Mupe 0€3 3TUX 3HAHUN HE MPOXKUTb.

I'ne :xe BcTpedaroTcsi reomeTpuyeckue (pUrypbl B HaLIeH sKU3HA ?

B03MOXHO, KTO-TO CUMTAET, YTO PA3IMYHbIE TUHUHU QUTYPBI «BOJATCSI» TOIBKO B KHUTAX
y4€HBIX MaTeMaTukoB. OHAKO, €CIM MOCMOTPETh BOKPYI, CTAHOBHUTCS IMOHSTHO, YTO MHOTHE
npeaMeTsl UMeroT (opMy, MOX0XKYI0 Ha OCHOBHBbIE reomeTpuyeckue ¢urypsl. [Ipocto mbl He
BCerga 7TO 3aMedyaeM. Hemano 3aMedarenbHBIX TE€OMETPUYECKUX (UTYyp BCTpedaeTcs B
OKpy>Karotiei Hac npupose. [lone umeet hopmy IpsSIMOYyrobHIKA, peKa — KPUBOW JIMHUH, 03€PO
— KpYyTra, KpUCTayu1 coiau — (Gopmy KyOa, 0ObIYHasi TOPOIIMHKA, Kanelbka pockl — (GopMy IIapa.
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KpacuBbl 1 pa3HO0Opa3Hbl MHOTOTPaHHUKH — KPUCTAJUIBI TOPHOTO XpycTais. Ho u B mpuBBIYHON
’KH3HU OCHOBHBIE T€OMETPHUECKHUE PUTYPHI TOKE MOBCIOY. DTO 3/1aHusl, CTPOEHUS, TPAHCIIOPT,
UHTEphEpP KBApTHUPBI, JaXKe MOCyJa U MpeaAMeThl ofexanl. K mpumepy, skeHckas ro0ka — 3T0
Tparneuus, Tapeaka — Kpyr, 1OM — KBaJpaT U TPEYTOJbHUK, a B TPyOe — IMIIUHID.

3HaTe Bce (UTypHl, MX BUJBI, Ha3BaHUS M CBOMCTBA OYeHb BakHO. CHCTEMaTH3HpYyET
3HaHHUSA O TEOMETpPHUYeCKUX (uUrypax M HM3ydaeT HMX CBOWCTBa MareMaTHYecKas Hayka —
reomerpus. Hayka 3Ta oueHp BakHas, €€ MPUMEHEHHE MPOCTO OECLIEHHO BO BCE BPEMEHA U
He3aBUCHUMO OT npodeccuu. bes 3HaHmii reoMmeTpun He 0OXOIUTCS HU pabOUuuil, HU UHXKEHEP, HU
apXUTEKTOP, HU XyI0KHUK. /1 0ueHb BaXKHO HA4aTh OCBAaUBaTh 3Ty HAyKy B paHHEM BO3pacTe.

Y KakoM ¢uUrypbl 4 BepLUUHbBI?

3 iISMART

Bbibepu ocTpble yribi.

_

3t ISMART

Hrak,
FEOMETP UMECKUE OUTYPbI
L
Touka Mpamasn Otpesok Nyuy Yron
TpeyroneHWK MpAMOYronbHNK OKpYXHOCTb Kpyr

IIpocreiimme BuAbI puryp

JIBe ocHOBHBIE (DUTYpBI — ATO TOYKa M JIMHUs. CKOIUICHHE TOYEK W JIMHUN o0pa3yer
pa3nuuHble TeomeTpuueckue Qurypel. Kaxknas w3 HUX MHIUBUIyaldbHA, OTIWYACTCS CBOMMH
napaMeTrpamMu, uX (QOpMbl OYeHb pa3zHOOOpa3Hbl. PUTYypbl OBIBAIOT MPOCTHIMU M CIIOKHBIMHU,
TUIOCKUMH U 00BEMHBIMHU.

Touka
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Touka — 3TO camblii MUHUMAaJIbHBIA, HO B TO K€ BpEMsl CaMblii TJIAaBHBIH OOBEKT B
reoMeTpuu. OTO camMas Majas reoMeTpuyeckas (urypa, Ho UMEHHO OHa HeoOXoauma s
MOCTPOCHUS IPYTHX (PUTYp Ha MIOCKOCTH U SBISIETCS OCHOBOM /ist Beex Apyrux ¢uryp. OHa He
COJICP’KUT TAaKMX CBOMCTB, KaK JJIMHA, BbICOTA, O0BEM, IIIOIIA[ b, HE UMEET MU3MEPHUTEIbHBIX
O0COOCHHOCTEH M XapaKTepUCTHK. BakHO TONBKO TO, T/Ie OHA pacmonoxkera. O003HaYaeTCst TOUKa
3arjaBHOM OYKBOM JlaTHHCKOTO andasuta b0 urciaom. Hanpumep, A, B, C wiu 1, 2, 3.

Besikas Gonee ciiokHas reoMeTpudeckas (uUrypa — 3TO MHOXECTBO MmoOuYeK, KOTOPBIC
00J1a/1a10T ONPEICIIEHHBIM CBOMCTBOM, XapaKTEPHBIM TOJIBKO Ui 3TOU (QUTYPBHI.

CaMbIMH IPOCTEUITUMU (PUTYPaAMU SBIISIOTCS Iy H OTPE30K.

e Jlyy — d4acTh NPAMON, y KOTOpPOM €CTh HadalibHasg TOYKa, HO HET KOHIA. ITO
MPOJIOJKEHHE B OJTHY CTOPOHY.

e Ompe3ox — COCTaBHAasl 4acTb NIPSIMOM, KOTOpas orpaHuyeHa AByMms Toukamu. OH
MMEEeT HayaJlo U KOHEL, M03TOMYy u3Mepsiercs. [IMHy oTpe3ka MOXKHO OINpeeinTh, U3MEPUB
PacCTOSIHUE MEXY €ro KOHIIaMHU.

JIunust

Jlunust oOpa3yercss U3 MHOXKECTBA TOYEK, MOCIEIOBATENBLHO PACIOJIOKEHHBIX JIPYT 3a
JIPYroM W COEAMHEHHBIX MEXAy co0oi. JIuHMM OBIBAIOT 3aMKHYTBIMH W Pa30MKHYTHIMU,
MPSIMBIMU ¥ KPUBBIMH, & TAKKE JIOMAHBIMHU.

e 3amkHymas — KOTrJa B OJHOW TOYKE pACIOJIOKEHA HadajbHas W KOHEYHAs 4YacTb
HanpaBieHus. V3 He3aMKHYTON JIMHUM MTOJTy4atoT 0OpaTHBIN BapHUaHT.

Pazomxnymas — xorja Ha4asio ¥ OKOHYAHUE JTUHUU HE COCJIUHEHBI.
IIpsamas — HenpepbIBHAS JTUHUS 0€3 N3MEHEHUH.

Kpueas — otTiinuHas OT NPSIMOU JIMHUU.

Jlomanas — xorja coelMHEeHbl OTPE3KU He 1o yriom 180 rpaaycos.

\

Yepes 0/1Hy TOUKY MOXKHO IPOBECTH OECKOHEYHOE YMCIIO JIUHUH, a Yepe3 JIBe — TOJIbKO
OJIHY NPSIMYIO U1 MHOXKECTBO KPUBBIX.

OcHoBHbBIE reoMeTpUYecKue (purypsbl

CoenuuénHble MeXIy cOoOO0H TOYKM OOpasyloT JIMHUHM, a COSAMHEHHBIE MEXAY CO00i
JIMHUU — OCHOBHBIE T€OMETpHUYECKHE (PUTYPHI HA TIIOCKOCTH.

I'eomerpuueckue ¢urypsl OBIBAIOT IJIOCKHE WU JABYXMepHble (2D) u 00bEMHBIE
IpOCTpaHCTBEHHbBIE, WU TpéxMepHble (3D). OHu orpaHMyYeHbI 3aMKHYTOM MOBEPXHOCTHIO CBOEH
Hapy’>KHOH! I'PaHHUIIBI.

Ecnu Bce Touku (pUrypbl HAXOATCS B OTHON MJIOCKOCTH, 3HAYUT, OHA SBJISIETCS TUIOCKOM.
[Tnockue Qurypbl, KOTOpble 3HAIOT BCE: TOYKA, KBAaJApaT, MPSMOYTOJIbHUK, TPEYrOJIbHUK, KPYT,
HOJYKPYT, OKPY’KHOCTb, OBaJI, pOMO, Tpamerus.

A ecni y TeOMETpUUYECKON (PUTYPHI BCE TOUKH HE HAXOAATCS B OJTHOM TIJIOCKOCTH, TO OHA
o0béMHast. K HUM oTHOCATCS 1map, KOHYC, UIUHD, cdepa, MupaMuaa u ap.

Paz6epém mmockue Gurypsi.
Tpeyroabuuk
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Tpeyzonvhuxk — 310 Qurypa, Koropasi oOpasyercsi, Koraa TpU OTpe3Ka COSAUHSIOT TPH
TOYKH, HE JISKAIINE Ha OJHOM MPSMOW. DTH TPU TOYKU HA3bIBAIOTCS BEPUIMHAMH, & OTPE3KA —
CTOPOHAMH.

EcTb Tpu BuIa TPpEyroabHUKOB:

o [IpamoyeonvHulil — KOTJIa OIUH YTOJI MPSIMOM, Ipyrue aBa MeHblie 90 rpaaycos.

Ocmpoyzonvusili — Koraa rpaayc ero yriaos Oounbiie 0, Ho MeHbIe 90 rpaaycos.
TynoyeonvHeiii — KOTJIa OIWH YTOJI TYIOMH, TO ecTh OobIre 90 rpamgycos, a Ba Ipyrux

— OCTpBIE.
TpeyronbHUKM UMEIOT CIELYIOLINE CBOMCTBA!

B TPEYrOJIbHHUKE HAIIPOTHB OOJIBILETO YIJia JEKUT OOJIbIIas CTOPOHA U HA00OPOT;
CyMMa YyTJI0OB TpeyrojbHUKa Bcernaa paBHa 180 rpagycam;

BCE YIJIbl PABHOCTOPOHHETO TPEyrojbHKUKa paBHbI 60 rpagycam;

B IPAMOYTOJBHOM TpPEYIrOJbHUKE KBaJpaT TUIIOTEHY3bl pPaBE€H CyMME KBaJpaToB

KaTeTOB (HO 3TO M3y4YaeTcs YK€ B CTAPILUX KIaccax).

BepmmHbl TpeyroibHUKOB 0003HAYAIOTCS 3arJIaBHBIMU OYKBaMH JIATHHCKOTO ali()aBUTA!
A, B, Cu np.

Ipumepsr mpeyeonvbHUKO08:

1) 2)
M

R
A K
N

T
Q
5)

C
4)
F
\/ O G
E

3 ISMART

D

OxpyxHOCTH

35



OxpystcHocmbs — TeoMeTphuecKkas gurypa, oOpa3oBaHHasi 3aMKHYTOH KpHUBOH JIMHHEH,
BCE TOYKH KOTOPOH HaxXoJsATCS Ha OJMHAKOBOM OT IICHTPA PACCTOSHUM.

Kpyr

YacTp MI0OCKOCTH, HAXOMAILIASICS BHYTPU OKPYKHOCTH, HasblBaeTcs kpyzom. To ecTs,
OKPYXKHOCTh — 3TO TPaHMIIA Kpyra. A paccTOSHUE OT IIEHTPa OKPYKHOCTHU JI0 JHOOO0N TOUKHU Ha
Hell Ha3bIBaeTCs paanycoM. J(nameTp Kpyra — 3TO OTPE30K, KOTOPBIM COECIUHSET ABE TOUKH Ha
OKPYKHOCTH M MPOXOAUT uepe3 e€ LeHTp. luamerp kpyra paBeH ABYM €ro pajilycam.

IIpsAMoOYroJbHUK

IIpamoyzonvruk — 310 (urypa, cocrosimas U3 YEThIPEX CTOPOH U UYETBIPEX MPSIMBIX
YIJIOB, Y KOTOPOW:

e IIPOTUBOMNOJIOKHBIE CTOPOHBI PABHBI MEX]Y COOOM;
e JIMaroHAJIA PaBHBI U JEIATCA B TOUKE IIEPECEUCHHUS MOTI0aM;

® OKOJIO ONPpAMOYT'OJIbBHUKA MOKHO OITMCATh OKPYKHOCTD C ICHTPOM B TOUKE INEPECCCUCHUA
€ro I[I/IaFOHaHefl " pagnycoMm, KOTOpLIfI PaBCH IIOJIOBUHEC ﬂHaFOHaHCﬁ.

KBaapar

Keaopam — 310 TOT k€ MPSIMOYTOJIBHUK, Y KOTOPOTO:
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e BCE CTOPOHBI PaBHBI;

e BCE YIUIbl PaBHBI U COCTaBIAIOT 90 Tpanycos;

e JUAaroHaJIU PaBHBI U IEPIEHIUKYIIAPHEL,

e I[EHTPHl BIUCAHHOW M OINHUCAHHOM OKPYXHOCTH COBMAJAIOT U HAXOISATCS B TOYKE
IIEPECEUCHMS €T0 AUaroHaie.

Tpaneuus

YeTpIpEXyroapbHUK, y KOTOPOTrO JBE CTOPOHBI MapajulebHbl, a JBE — HeT,
Ha3bIBaeTCs mpaneyueti. Ecnu cymma IJIMH OCHOBaHMM Tpamnelyy paBHa CyMMeE JUIMH OOKOBBIX
CTOPOH, B HE€ MOXKHO BIUCATh OKPY>KHOCTb.

IMapajnesorpamMmm u pomMo

Iapannenoecpamm — 4eTHIPEXYTOJIBHUK, TPOTUBOINOIOXKHBIE CTOPOHBI KOTOPOTO MOMAapHO
napauieNbHBI.

Pom6 — 310 napanienorpaMM ¢ paBHbIMH CTOPOHaMHU.
[TapanmnenorpaMm UMEET CIENYIOINE CBOMCTBA:

e IIPOTUBOMNOJIOKHBIE CTOPOHBI U YIJIbI PABHBI,

e CyMMa JBYX JIIOOBIX cOCeTHHX yrioB paBHa 180 rpamgycawm;

e JIMaroHaJlu MEePECcEeKaroTCsa U TOUKOM MepecedeHus AesTcs Nomoam;
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e KaXKJas IMaroHalb JEIUT (GUTypy Ha JIBAa paBHBIX TPEYTOJIbHUKA.

OcHOBHbIE BeJIMYMHBI U UX (POPMYJIbI

Bce reomerpuueckne GUrypsl IMEIOT CBOU XapaKTEPUCTUKHU M COOCTBEHHYIO BEJTHUUHY.
CaMbIMH pacpOCTpPAaHEHHBIMU SIBJISIOTCS TAKME BEIMYMHBI KakK IUIOmanbs U nepumerp. OHu
UCTIOJIB3YIOTCS] B TIOBCETHEBHOM JKM3HU, B CTPOUTENILCTBE U B Ipyrux obnactsax. Hampumep, Bo
BpEeMsl PEMOHTa WJIM HOBOI'O CTPOMTEILCTBA, KOJIUYECTBO HEOOXOAMMBIX MaTepHalloB U 00BEM
paboT HE ONPENEIINTh, HE BHIYMCIUB 3apaHee MJI0LAAb U IEPUMETP.

IMepumerp

[lepumeTpoM Ha3bIBaeTCs 3aMKHYTas TpaHUIA IJIOCKOM TE€OMETPUYECKOH (HUrypsl,
KOTOpas OTAesieT e€ BHYTPEHHIOK 00sacTh oT BHewHel. [lepumerp ecthb y m1000i 3aMKHYTOM
reOMETPUIECKOi (pUrypsi:

I3 O I

3 ISMART

Ha pucyHke mepumerpsl BblIEICHBI KpacHOM JiMHMEHR. [lepuMerp OKpyKHOCTH 4acTo
Ha3bIBAIOT JAJIMHOM.

[lepumeTrp u3mepsieTcst B €AMHAIIAX U3MEPEHUS [UTMHBL: MM, CM, IM, M, KM.

O06o03HayvaeTcs 3aryiaBHOM JaTUHCKON P.

Bbiuncienue nepumMeTpa M MJIOIAIN

Ilepumemp — >TO JAIMHA 3aMKHYTOrO KOHTYypa TeOMeTpHuecKoil ¢urypsl. MoxxHo,
KOHEYHO, U3MEPUTh JTUHENKOM JJIMHBI BCEX CTOPOH M CIOXUTH uX. Ho mydie Bocnonab3oBaThCs
crielManbHBIMH (POPMyIaMHU Uil BBIYMCICHHS IEPUMETPa, 3TO 3HAYUTEIBHO YIPOCTUT 3a/1ady.

o KBganpat: nepumerp =4 * cropoHa.

o TpeyronabHUK: epuMeTp = cTopoHa 1 + cTopoHa 2 + cropoHa 3.

o HenpaBuibHbII MHOTOYTOJIBHUK: IEPUMETP = CYMME BCEX CTOPOH MHOTOYTOJIbHHKA.

o Kpyr: mnmHa okpyxkHocTu = 2 * m * paguyc = n * nuamerp (rze T — 3TO YUCIO MU
(koHCTaHTa, MpUMEPHO paBHasd 3,14), paguyc — 3TO AJMHA OTPE3Ka, COEOUHSIOLIETO LIEHTP
OKPYKHOCTH U JIIOOYIO TOUKY, JIEXKAIYI0O Ha 3TOH OKPYXHOCTH, AMaMETp — 3TO JIJIMHA OTpe3Ka,
MPOXOJAIIETO Yepe3 LEHTP OKPYKHOCTH M COESTUHSIOLIETO JIF0ObIE IBE TOUKH, JIeKAIUe Ha 3TON
OKPY>KHOCTH).

Jlst BRIUuCaeHUs niaowaou GUTypsl TakKe MoTpedyeTcss cooTBeTcTBYomas ¢opmyna. K
pasHbIM (pUrypaM NPUMEHSIOTCS pa3Hble GopMyiibl. J[1s BEIYMCIEHUS TUIOMAAM CTaHAAPTHBIX
reOMEeTPUUECKUX (GUTYP MOKHO BOCIIOIB30BAThCS CIAEAYIOUIMME (pOpMyIamMu:

o [lapannenorpaMm: miomaab = OCHOBaHUE * BpICOTA
KBanpar: miomaap = cropona 1 * cropona 2
TpeyronapHUK: MmiIomane = 2 * ocHOBaHUE * BBICOTA

o Kpyr: mnomans =t * paguyc? (rae paauyc —3To JJIMHA OTPe3Ka, COSIUHSIONIET0 HEHTP
OKPY)KHOCTH U JIIO0YIO TOUKY, JISKAIIYI0 Ha 3TOI OKpyXHOCTU. KBasipart paanyca — 3To 3HaUeHUe
paanyca, yMHOKEHHOE caMO Ha ce0s).
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: S =q*
- P =4a P — cymMa cTopoH ¢purypbl
xaa;pa‘r d=aVv2 d— aanHa quaroHanu
d " S=a-b
= d = \/a? + b2

a
NPAMOYFONbHUK

b‘pi "7 S

a rm— - . 1 pr— L2
o ABTEaH S=a-b-sing h — BbIcoTa
Ssavh
3
@ S=a?-sing  h-—BbicoTa
1
pom6 S= % dy-d; d, ud, — AuaroHanu
b a+b
S'= -h  awub-— ocnoBanus
m 2
h h — BbICOTA
a a+b
Tpaneyva m= > — CpeJHsis JIMHHUA

S =nR?
L=2rR=nD D - puamerp

Kpyr L — A/1MHA OKPYKHOCTH
b
A\ L
.2 = S = E ca+h
1
h[k S=5-a-b-sing
PR 3 2
/@\ S=p-r p-noaynepumerp

I — pajnyc BIUCAHOH OKPYKHOCTH
TPEYronbHUK

39



S==-a-b
Mk e 2
C a B S — 1 . C . h
NPAMOYTONbHbINA 2
TPeYronbHuK
c? = a? + b?

Pemenue 3ananui:
3apanue 1. Haittu miiomanp y4actka, OTBEICHHOTO 11O CTPOUTEILCTBO:

8 cm. 12cm

3cm

10cm

4cm

5¢cm

3ananme 2. /Ian miian KOMHATBI. BeI4ucinTh:
1)S cren=
2) S moronka=

3) S momna=

L 4m
noTornoK

CTeHa CTeHa CTeHa

3m

im

3ananmue 3.
M3BectHO uTo: 1) S cTen= 67 M 2 2)S motosika= 32 m 2 3) S mos1a=32 m 2

Haiit cTOouMOCTh peMOHTa 3KOHOM KJIACCA, UCTIOJIL3YS TaHHBIC TAOJINIIbI:
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HaumenoBanue Ilena KonuuectBo CTouMOCTh
O6owu, 1 Tpydbka=10m 2 500p.

Jlamunat, 1m 2 500 p.

Kpacka, | 6anka Ha 10m 2 1000 p.

PeMoHT cBOMMHU pyKamMu

Hmoczo:

Haiiti ctoumocTth PEMOHTA ou3Hec KJacca, MCII0JIb3YyA JaHHBIC Ta6J'II/II_[I)IZ

HaumenoBanue Ilena KomnuectBo | CTouMocTh
O6owu, 1 Tpydbka=10m 2 2000p.
Jlamunar, 1m 2 1500 p.
Kpacka, 1 6anka na 10m 2 | 2000 p.

PemoHT BEIMOTHSIOT pa60qne, CJICAOBATCIIbHO, CTOMMOCTH HYKHO YMHOXXHWUTH HA 2.

Hmozo:

IIpakTnueckas padora Ne6
Tema 1.6: BxognHast KOHTpoOIBHAs paboTa
Hean: IIpoBepuTh ypoBeHb YCBOEHUS TAaHHOTO Marepuaina mo pasuaeny 1 «lloBropenue
Kypca MaTeMaTUKH OCHOBHOM IIKOJIBI»

Ilpu pewenuu 3ad0anuit 1-4 3anuwiume npasuIbHLLL oOmeem U3 Uemvlpex
npeo10HCceHHbIX.

1. (1 6amm) Packpoiite GOpMyITy COKpAIIEHHOTO YMHOXKEHHs a2-b:

A) a%-2ab+b?; B) (a-b)(a+b); B) a’+2ab-b?; T) (a-b)(a-b)

2. (1 6ann) [Inomaap TpeyroabHUKA BEIYUCISAETCS 11O GopMyJie:

A) S=a*b; b) S=(a*b)/2; B) S=2a*b; I') S=(a*b)/3.

3. (1 6amr) Kakoe u3 ciaeayrommx 4uce 3aKII0UeHO MEXTy YUCIIaMU g " g?

A)0,4;5)0,5;B)0,6;T) 0,7

4. (1 6ann) Jaus! rpaduxu pynkumii. Kakas ¢popmyna coorBeTcTByeT rpaguky 3):

1) 2) 3)

| T )2
i._ HHE _\_i_}_ + _ % 1 [ ]

| ' AT
|
ENENENE j&%‘ —HHHHH yimmus poz
i | || pebory —
A)y=§x—6;5)y:x2—8x+11; B)y=—§;F)y=x+5.

| =
]

N

Ilpu evinonnenuu 3ad0anuil 5-8 3anumiume xo00 peuieHus U NOJYUEHHbLIL OMmeem.
1 11
5. (2 6anna) Beraucnute St

6. (2 6anna) Pemmre ypaBuenue x2 - 7x + 10 = 0. Eciiu ypaBHeHHe uMeeT 60J1ee 0HOTO
KOpH$, B OTBET 3allUIINTE MEHBIIUIN U3 KOPHEH.
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7. (2 Oamna) [lmomane 3emMenb KPECTBIHCKOTO XO3SMCTBA, OTBEICHHAS IOJ TOCAIKY
KYCTapHUKOB U LIBETHUKOB, COCTaBJISET 24 ra u paclpenenacHa Mexay HUMH B OTHOUIEHUH 5:3.
CKOJIBKO TeKTapOB 3aHUMAIOT LIBETHUKU?

8. (2 6amna) Bricora BH mapamnenorpamma ABCD nenut ero ctopony AD Ha OTpe3kH
AH = 2 u HD = 32. Jluaronanp mnapamienorpamma BD pasuna 40. Haiigurte momans

HapaﬂneﬂorpaMMa.
3maﬂ0ﬂbl omeemoe.
Howmep 1 2 3 4 5 6 7 8
3adaHUuA
OTtBer b b B A 2,7 2 9 816

IIpakTuyeckas padora Ne7

Tema 2.2: OcHOBHBIE TPUTOHOMETPUYECKHE TOXKAeCTBA. DOPMYIIbI MPUBEICHUS
Heas: Hayunth uConbp30BaTh OCHOBHBIE TPUTOHOMETPUYECKHE TOXKIECTBA B (HOPMYJIBI
MPUBEICHUS ITPU MIPEOOPA30BAHUU BBIPAKEHUI

Teopernyeckasi 4acTh:

Dopmynvl npusedenus

Cpa3y nepeducinM OCHOBHBbIE TPUTOHOMETPUYECKHE TOXKAECTBA, KOTOphIE pa3dbepeM B
9TOM cTarbe. 3amuiieM uX B TaONMIly, a HIDKE JaJUM BBIBOA 3THUX (GOPMYN M TNpHUBEIEM
HE0OXO0UMbIE TTOSICHEHUS.

sin‘a+cos’ a=1

Sin o COS
leat=———. clea=——
COSeY sin ¢

tgc-ctear =1

2 1 2 1
e +l=——— l+cig o=—7F

cCos™ o Sin o

CBs3b MeK1y CHHYCOM M KOCHHYCOM OJHOI0 YIJIa
WNuoraa roBopsT He 00 OCHOBHBIX TPUTOHOMETPUUECKUX TOKIECTBaX, MEPEUNCICHHBIX B
tTabnauie  Bblle, a 00 OAHOM  €JMHCTBEHHOM OCHOBHOM  TPHIOHOMETPHYECKOM

sin“a+cos”  a=1 _
TOXK/JeCTBe BHJa . OObsacaenne HTOMYy (PaKTy JOCTATOYHO TIPOCTOE:

2 1 2 !
g a+l=———, l+ctg a=———
paBeHCTBa cos o S & pomywarorcs u3 OCHOBHOT'O
TPHUTOHOMETPUYECKOTO TOXIECTBA nocrne NeeHus 06enx ero vacTei
N - 2
Cos ¢ smt @
Ha u COOTBETCTBEHHO, a

COsc

S &
e = . Cclga=— |
PaBCHCTBA cosa sma y fga-cigor= CIIEIYIOT U3 OIIpEICIICHUN
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CHHYCa, KOCHHYCa, TaHreHca M KoTaHreHca. [logpoOHee 00 3TOM MOTOBOPHUM B CIEIYIOLIUX
IIYHKTaXx.

T . sin”~ o +eos  a=1
O €CTb, OCO6BII/I I/IHTepeC HpeﬂCTaBHHCT HNMCHHO paBeHCTBO ,

KOTOPOMY U JaJIM Ha3BaHHWE OCHOBHOT'O TPUTOHOMETPHUYECKOI'O TOXK/ECTBA.
[Ipexxne ueM JokazaTh OCHOBHOE TPUTOHOMETPUYECKOE TOXKIECTBO, JMAAJUM €O
(GOpMYIUPOBKY: CyMMa KBaJpaTOB CHHYCa M KOCHHYCa OJIHOTO yIjla TOXKJIECTBEHHO paBHa
eauuuie. Tenepp JOKaKEM €ro.
OOpatuMcs K eAMHUYHOM OKpyXHOCTH. [lycTh HavanpHast Touka A(1, 0) mociie moBopora
Ha Yroji x nepexoauT B Touky A1. B cuiy omnpeznenenuii cunyca U KocuHyca Touka A1 uMeer
(cos e sin ) y
KOOPAUHATEI . bonee Toro, Touka A1 JIEXKUT Ha EIUHUYHOM OKPYXKHOCTH,
CJIeI0BATENIbHO, €€ KOOPIAUHATHI JIOJDKHBI YJIOBICTBOPSTH YPABHEHUIO €IUHUYHON OKPYKHOCTH,
KOTOpO€e HMEET BU X°+Yy?=1. To €CTb, JIOJDKHO OBITh CIIpaBEJIUBO

1 4 2
cos g+sm o=1
paBeHCTBO . 9TI/IM JOKAa3aHO OCHOBHOC TpI/IFOHOMeTpI/I‘IeCKOG TOXIOCCTBO

JUIA JIFOOBIX YTJI0OB MOBOPOTaA o .

- 2 2
sin” a+cos” a=1 y
PaBenctBO 4acTo Ha3bIBAIOT TEOPEMOU [Tudaropa B
TpuroHomerpuu. [10ICHUM 3TOT MOMEHT.

Bo3bMeM enuHWYHYIO OKpyx)HOCTh. lloBepHeM HauanbHyto TOouky A(l, 0) Bokpyr

touku O Ha yron o [Tycth TOYKa A mocje 3TOro MOBOPOTa MepexoauT B TOYKY Ai(X, Y).
Onyctum u3 Touku Ax nepnesukyisp AiH Ha npsamyro OX.

Y

Jwww.cleverstudents.ru

Paccmorpum mpsimoyronbeHbiit TpeyronbHuK OA1H. Xopomo BHIHO, YTO B HEM JUIMHBI
kateToB A1H 1 OH paBHBI COOTBETCTBEHHO MOJYJIIO OPIAMHATEI M a0CHUCCHI TOYKH A1, TO
ectb, |[A1H|=|y| u |OH|=|x|, a nnuna runoreny3sr OA1 paBHa paanycy eIMHUYHON OKPYKHOCTH,
10 ecTh, |OA1|=1. Teopema ITughazopa mo3Bonser 3anmcath pasenctso |[AiH|*+|OH|>=|OA1[?,
KOTOpO€e MBI MOXKEM nepenucarb Kkax |y|2+|x|?=12 um y?+x2=1. Ho o

sing =y , COsI=x

OIIpCACIICHUIO , TOrJa OT PABCHCTBA y2+X2:1 MBI MOXCEM HepeﬁTH K

- 2 2
smm - a+cos  ag=1
paBEHCTBY .

OCHOBHOe TpPIl"OHOM@TpPI‘IGCKOC TOXKICCTBO 3a1a€T CBA3b MG)K)Iy CI/IHyCOM %1 KOCI/IHyCOM

OJHOT'O yrna. 9TO ITIO3BOJISICT BBIYUCIIATH CI/IHyC yrna, KOorga U3BECTCH KOCI/IHYC 3TOTI'0 yrna, nu

BBIYUCIIATH KOCI/IHyc yrna, Koraga HN3BECTCH CI/IHyc yrna. 21.]'[51 3TOTO JOCTAaTOYHO
= 2 2
simm - g+ecos  ag=1

paBeHCTBO pa3peHlI/ITB OTHOCHUTCIIBHO CI/IHyca n KOCI/IHyca
s =x+1-cos" ¢ cosg==x+1-35n"&
COOTBETCTBEHHO: u . 3HaK 1meper KOpHEM
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3aBHCUT OT BEJIMYMHBI yIJa a. ITonpobHee 00 3TOM MBI MOTOBOPUM B pa3jiesie BEIYUCICHHE
CUHYCa, KOCUHYCA, TAHI'€HCA U KOTAHT€HCA C UCII0JIb30BAaHHEM TPUTOHOMETPUUECKUX (HOPMYII.

OCHOBHOE  TPUTOHOMETPUYECKOE  TOXKIECTBO  OUYEHb  YacTO  HCIOJb3YyeTCs
IPU npeodpasoeanuu mpueoHomempudeckux evipaxcenuti. OHO TIO3BOJSIET CyMMY KBaJpaToB
CHHyca W KOCHMHYCa OJHOTO yIJla 3aMeHsATh eauHuieil. He MeHee dwacTto OCHOBHOE
TPUTOHOMETPHYECKOE TOXKJIECTBO HCIOIB3YEeTCAd M B OOpaTHOM MOPSIKE: €IUHUIA 3aMEHSAETCS
CYMMOIi KBaJpaTOB CHHYCA M KOCHHYCa KaKoro-i1udo yria.

TaHreHc U KOTaHreHC Yepe3 CHHYC M KOCHHYC

ToxnecTBa, CBA3BIBAIONINE TAHTCHC M KOTAHTEHC C CHHYCOM U KOCHHYCOM OJHOTO yTja

S O COscx
tea=—— cloot=——
BUA COSL y Sl & cpasy chnenyroT M3 ONPENCICHUN CHHYcCa, KOCHHYCca,
TaHreHca ¥ KOTaHreHca. JlelCTBUTEIRHO, 110 ONPEACICHHIO CHHYC €CTh OpANHATA Y, KOCHHYC €CTh
¥ o singa
tear===——
a0ciucca X, TAHIEHC €CTh OTHOIICHHE OPJMHATHI K a0CIMCCE, TO €CTh, X COSt a

X cosa
clga=—=——

KOTaHI'€HC €CTh OTHOILIIEHUE a0CITUCCHI K OpAMHATE, TO €CTh, v osina
sin o COSc
lea=—— cloga=——
bnarogapss Takoi  OYEBHIHOCTH  TOXJIECTB COsL » S & yacro
OTpe/IeIIeHUs TAHT'CHCA M KOTAHT'CHCA JIAI0T HE Yepe3 OTHOIICHHE aOCIIMCChI U OPIMHATEI, a yepe3
OTHOIICHUE CHHYCA M KOCHHYca. Tak TaHreHCOM yrjia Ha3bIBAIOT OTHOIICHUE CHHYCA K KOCUHYCY
3TOrO yIjia, a KOTAHT€HCOM — OTHOIIIEHUE KOCHHYCA K CHHYCY.

B 3aKITIOYCHHE 3TOr0 MYHKTa cleayer OTMETHTb, 4TO
sin o cos
tea=—— cloat=—— o
TOKECTBA COS S € yMeroT MeCTO A BCEX TaKUX YIJIOB ~, TIpU
KOTOPBIX BXOMMIIME B HUX TPUTOHOMETpUYECKHE (GYHKIHH HMEIOT CMBICA. Tak
sin o T
tga=—— o —+ 7Tz

dopmyna COS cnpasemmmBa o MOOBIX &, OTHMUHBIX OT 2 (vHaue B

COsd

clgor=——
3HaMeHarese OyeT Hylb, a JeJICHHe Ha HYJIb MBI HE ONPEIeIsIn), a hopmysa s -

nmsBeex & | ormmumsix or T Z | re z - mo6oe nestoe o,

CBs3b MEXKTY TAHI'CHCOM M KOTAHI€HCOM
Eme Oolee OYCBUAHBIM TPUT'OHOMCTPHUYCCKUM TOXIACCTBOM, YCM JIBa IMPCABIAYIINX,

ABJIACTCA TOXIACCTBO, CBA3ZBIBAIOIICC TAHI'CHC W KOTAHI'CHC OJHOI'0 Yrjia BHUJa fgﬂf Cf“g - ]'

T
o it

TTOHATHO, YTO OHO UMEET MECTO /ISl IIOOBIX YITIOB ™ , OTIIMYHBIX OT 2, B IPOTHBHOM CITydae
100 TaHTeHC, TMO0 KOTAaHT€HC HE ONPEIEIICHBI.

Jloka3aTenbCcTBO hopMyITBI fga-ctga=1 OYEHb MpOCTO. ITo

, X P X
;gg_:l ctga = — rg{x-cfgazl-—zl

OIIPEACIICHUIO X u y, OTKyZJa Y . MoxHo ObUIO
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sin o cosa
lgea=—— clgag=——

JIOKA3aTeIbCTBO IMPOBECTH M HEMHOT0 HHade. Tak Kak COSLE » s oo

sin o cosa

fea -cltga = 1

TO COScy sm &

Wtak, TaHreHC ¥ KOTAaHT€HC OJTHOTO yTiia, P KOTOPOM OHU UMEIOT CMBICII, €CTh B3aUMHO
oOpaTHbIC Ynca.

TaHreHc U KOCMHYC, KOTAHT€HC U CHHYC

Hakonern, Mbl OpHUIOUIM K JBYM IIOCICAHMM W3 OCHOBHBIX TPHUTOHOMETPUYECKHX

. 1 5 1
g o+l=———, l+cigo=—7—
TOXIIECTB Cos o Sl &  OHu CBA3BIBAIOT TAHTEHC U KOCUHYC, 4

TaK)K€ KOTAHI'€HC ¥ CHHYC OJHOIO yria.

[TpuBenem ux GopMyIHPOBKH: CyMMa KBaJipaTa TaHTEHCA YIJla U €IWHUIIBI PaBHA YHCIY,
00paTHOMY KBaJipaTy KOCHHYCa 3TOr0 YIJla, a CyMMa eIMHUIIbI U KBaJjpaTa KOTaHI'€HCa yIJla paBHa
YHCITy, 0OpaTHOMY KBaJpaTy CHHYCa 3TOTO yIJia.

BbiBoj  ykazaHHBIX (OpPMYNT MOXKHO IPOBECTH, OTTAIKHBAasChb OT OCHOBHOI'O

sin“ @ +cos  a=1
TpI/IFOHOMeTpI/ILIeCKOFO TOXOCCTBA BUIa . ECJH/I pa3I[CJ'II/ITI) 066 qaCcTHu 3TOoro

ol o)

08 o cos o

c
paBeHCTBa Ha (Ipu 3TOM, KOHEYHO, JOJDKCH OBITh OTIMYCH OT HYJIS), TO MBI

5 1
g a+l=—-7F—
MOJTy9UM bopmyiry Cos o Ecmn xKe obe JacTH
sin“ a+cos” a=1 sm- & sm- o
paBeHCTBa pa3zenuTs Ha (mpu 3TOM JIOJKEH  OBITh
3 1

l+ctgiat =———

M

(]

OTJIMYCH OT HyJ'IfI), TO MbI IPUACM K TOKACCTBY

2 1
g o+l=——F5—
cOs O &
Wrak, TOXIECTBO UMeeT MecTO i JoOBIX ~, OTIMYHBIX
T 3 1
Tz l+cigiada=—-—
or 2 , @ TOXKJIECTBO S & py mo6eIx x , OTJIMYHBIX oT 7 "<,
DopMysbl IPUBEACHHUSA:
Onpeodenenue. PopMynaMy TPUBEIEHUS HA3bIBAIOT (HOPMYIIbI, KOTOPBIE MO3BOJISIIOT
nepenTH oT TPUTOHOMETPUUECKHUX byHKUInH
Jries : 18z, _ TR _ T /
sm(— a). cos(— T a) tg ta), cigl— o)
2 2 o
BUJA K ¢(ysxmusm aprymenta . C ux
MIOMOUIbI0 CHHYC, KOCUHYC, TAHT€HC U KOTAHI€HC IPOU3BOJIBHOIO yIja MOXHO IPHUBECTH K

CHHYCY, KOCHHYCY, TaHT€HCY W KOTaHTeHCy yria u3 uHTepBasia oT 0 mo 90 rpamycoB (oT

0 10 > pamuan). Takum 06pa3oM, GOPMYIIBI IIPUBEIEHHUS MO3BOJISIOT HAM IIEPEXOIUTh K paboTe
¢ yrinamu B mipezenax 90 rpamycoB, 4To, HECOMHEHHO, OYEHb yI00HO.
Dopmynvl npugedenun:
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sin(90° —a) = cosa cos(90°— a) = sina

sin(90° + a) = cos o

cos(90°+ a) = — sina
sin(180°— a) = sina cos(180°—a) = —cosa
sin(180°+ a) = —sina cos(180°+ a) = —cosa
sin(270°—a) = —cosa cos(270°—a) = —sina
sin(270°4+ a) = —cosa cos(270°+ a) = sina
sin(360°— a) = —sina cos(360°—a) = cosa
sin(360°+ a) = sina cos(360°+ a) = cosa

Jna ucnonvzoeanusn hopmyn npueedenusn cyujecmeyem 06a npagua.

1. Ecnu yrost MOXHO MpeCTaBUTh B BUiE (1/2 +a) unu (3*1/2 +a), To Ha3BaHHe (PYHKIHH
MeHsieTcsl Sin Ha cos, COS Ha sin, tg Ha ctg, ctg Ha tg. Eciu ke yros MO>KHO MpeICTaBUTh B BHJIE
(m +a) umu (2*m £a), To Ha3BaHWe (PYHKUHHU OCcTaeTcs 0e3 H3MeHEeHHIi.

HOCMOTpI/ITe Ha pUCYHOK HMIKEC, TaM CXECMAaTUYHO H306pa>1<eH0, Koraga CjacayCeT MCHATH
3HAK, a KOraa HET

s ABMEHSIEM

dyHKLMIO

c— HE H3MEHSEM

dyHKLIMIO

2. 3HaKk npueedennoul yHkyuu octaetrcs npexxHuM. Ecim mucxomHas QyHKIUS uUMerna
3HAK «IUTFOCY, TO U TIpUBEeHHAs! QYHKIINS UMEET 3HaK «TUTIoCcy. Ecu cxonHas QyHKIUS uMena
3HAK «MHHYC», TO U TIpUBEJeHHAsT (DYHKIINS UMEET 3HAK «MUHYCY.

Ha PUCYHKC HUIKC MPCACTABIICHBI 3HAKU OCHOBHBIX TPUTOHOMCTPHUYCCKUX (I)yHKI_II/Iﬁ B
3aBUCUMOCTH OT UCTBECPTH.
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Pelenue 3aganuid:
Nel.Haitaute sin @, eciu U3BECTHO CIEAYIOIIEE:

coscx=—3f;_1; (IEG;TE)

Pemenue

Ham wu3BecTeH KOCHHYC, HO Hem3BecTeH cHHYC. (OCHOBHOE TPUTOHOMETPUYECKOE
TOXKAECTBO (B «YUCTOM) BHJIE) CBA3BIBACT KaK Pa3 3TU (PYHKILUH, IOATOMY OyZeM paboTaTh ¢ HUM.
Nwmeewm:

sin? a + cos? o = 1 = sin? @ + 99/100 = 1 = sin? o = 1/100 =sin o = £1/10 = +0,1.

Jns  pemieHuss  3aJayd OCTaJOCh ~ HAWTH  3HAK  cHHyca.  [lOCKOJIBKY
yroi a €(n/2; ), To B TpajiyCHO# Mepe 3TO 3amucbiBacTes Tak: a € (90°; 180°).

CrnemoBatenbHO, Yroii o JIGKUT BO |l KOOpAMHATHON 4YETBEpPTH — BCE CHHYCHI TaM
noJa0XKHUTeabHBI. [ToaTomy Sin a = 0,1.
Orser: 0,1

No2.Haiinute cos a, eciu U3BECTHO CIEIyIOIIee:

o \f§_ E(_Sn)
sina = ——-; @ € (7

Pemenue

Wrak, HaMm U3BECTEH CHHYC, a Ha/I0 HaiiTh KocuHyc. O0€ 3TN (QYHKIHUU €CTh B OCHOBHOM
TPUTOHOMETpHYECKOM ToxaecTBe. [loncraisem:

sina +cos? o =1 = 3/4+cos? a=1= cos? a=1/4 = cos a=+1/2=+0,5.

Octanoch pa3zobpaThCsi €O 3HAKOM Tiepen] poObto. UTo BBIOpaTh: MIIIOC WA MUHYC?
[To yciioBHIO, YroJl o IPUHAUICKUT TPOMEKYTKY (7 37/2). [lepeBenemM yribl u3 paadaHHON
Mephl B TpaaycHyto — noxyyuMm: o € (180°; 270°). OueBunno, sto Il koopauHaTHAsI YETBEPTH,
/i€ Bce KOCMHYChI oTpuliatenbHbl. [loaTomy €OS o = —0,5.

OtBet:—0,5

Ne3.Haiigure tg a, ecnyu U3BECTHO CIELYIOIIEE:

1 3m
cose =—; @ € (—;Zn)

v10 2
Pemenue
Tanrenc U KOCUHYC CBSI3aHBI YpPaBHEHUEM, CIEAYOLIUM 13 OCHOBHOI'O
TPUTOHOMCTPUYICCKOT'O TOKACCTBA:
tcca+l=——=2tg“a=10—-1=9

Cos“ &

[Monyuaem: tg o = +3. 3HaK TaHTeHCa ompeesseM mo yriy a. 3sectho,uro o € (37/2;
2r). [lepeBeieM yriibl W3 paJdaHHON Mepbl B rpaaycHyto — moiyduM a € (270°; 360°).
OueBuaHO, 310 IV KOOpAMHATHAS YETBEPTH, IJI€ BCE TAHIE€HCHI OTpULaTesbHbL. [loaToMy tg o =
-3.

Otser: —3

Ne4 . Haitaute cos o, €ciau U3BECTHO CIEAYIOIIEe:

) 3m
sine=—-0,8; a € (?, 2?’[)

Pemenue

CHOBa M3BECTEH CHHYC ¥ HEM3BECTEH KOCHHYC. 3aIMIIIEM OCHOBHOE TPUTOHOMETPHIECKOE
TOXJIECTBO:

sina+cos’a=1=0,64+cos’a=1=cos’a=0,36 = cos a==+0,6.

3nak omnpezensieM 1o yriuy. Umeem: o € (37/2; 2x). [lepeBeneM yribl 3 rpaayCHOMR MepbI

B paguaHHyo: a € (270° 360°) —o710 |V KoopaMHaTHas YeTBepTh, KOCHHYCHI TaM
nonoxxurenbHel. CemoBaTensHo, COS a = 0,6.
OtBeT:0,6
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No5.HaiinuTe sin o, ecu H3BECTHO CIEAYIOIIee:
A
ctga = Zv{g; a e (O;E)

Pemenue:
3anumem (Gopmyiy, KoTopas ciaeAyeT U3 OCHOBHOTO TPUTOHOMETPHUYECKOTO TOXKICCTBA
nu HaHpHMyIO CBA3BIBACT CI/IHyC N KOTAHI'CHC:

1 1
agfa+l=———=—-—5-=24+1=125
SIn-= o SIn- &
Otcroza monydaem, 4to sin® a = 1/25, T.e. sin a = +1/5 = £0,2. U3BecTHO, 4TO yron a €
(0; #/2). B rpagycHoii Mepe 310 3anuceiBaeTcs Tak: o € (0°; 90°) —I kooparHATHAS YETBEPTb.
Wrak, yrom Haxomutrcs B | KOOpIUHATHOW YETBEPTH — BCE TPUTOHOMETPUYCCKHE
(YHKIMH TaM TOJIOKUTENBHBI, T03ToMy Sin o = 0,2.

Ortser: 0,2
Ne6.Haitnute sina u tga, ecnu cosa =

vl
= wlm

Ne7.Haitnure cosa v tga, ecnusin a =
o . 4
Ne8.Haitnute sina u tga, ecnu cosa = -

o . 8 3T
Ne9.Haitnure cosa u tga, ecnusin a = —um <a< >

. . 3
NelO.Haiinure cosa usin a,ecmntga = —1lun < a < 7”
Nell. YmpoctuTs BelpaxkeHHE:

- 1] icigzﬂ

1 (cosj &
Perienue:

1
( = —l]-czgz.&:{1+£g2&—1)-c.fgz&:1
cos® &

2 g eofon— {r.g-::E ®Cos .::E}I2

Pemenne:

zg&-cﬁgﬁr—{zg&-cosﬁr}j =l-sin‘@=rcos’a

l-sin 8  cosd
3 cosd  l+sm &
Pemenue:

1-sin & cos @ l-sin® S-cos’ 8
cos 8 1+sinﬁ_ cos Bl +sin &) -

Nel2. YmpoctuTte BelpaxeHue

1. 1= cos? o
coss .::E+(1— sin’ .::1’)
2.

3 [cos a:E—l) [1+|:c::s -::E:l

4 cos® & — (1— 2sin’ cr)
S:Sin &-cosdociga—1
cos® @
6. cos® @—1
l-cos® @

7. 1-sin’ @
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8 sin® @4cos” at+iga
it &y
9 fgc

SI1M G- COS

1—

10 ciga

Nel3. IIpeoOpazoBarh, UCTIOIB3YS (HOPMYJIIBI IPUBEICHHUS:
V3

. 13m . T . T
sin— = sm(Z - 2T +—) =sin—-=—
3 3 3 2

131 T . T 1
coSs— = cos(2-2n+—) =sin-=-
3 3 3 2

tgli)—nztg(2-2n+§) =tg§=\/§
ctglngz ctg(2-2n+§) =ctg§=\/%

Nel4. Beruucnure:
a) cos105%  6)sin105°;  B)cos75°; r)sin75° o) tg75°;  e)sin15°
Nel5. HaiinguTe 3HaueHuE BbIpaXKEHUS,
2)sin240°; 6)c0s300°; B) tg(—225%); 1) ctge
Nel6. IIpeoOpa3syiite BbIpaKEHUE:
cos(—a)-cos(180%+a)
sin(—a)-sin(90%+a)

IIpakTnyeckas padora Ne§
Tema 2.4: ®opmyiibl IOJOBUHHOTO yria. @opMyibl IOHMKEHUS CTEIIEHH
Henab: Hayuntbes ucnonb3oBath (OpMyIbl MOJOBUHHOTO yria NMpU NpeoOpa3oBaHUU
TPUTOHOMETPHUECKUX BBIPAKEHUN

Teopernyeckas 4acTh!
®opmyJibl  MOJOBHHHOIO YyrJa (MX eme Ha3bBalT ¢GopMylaMu  IOJOBHHHOTO

(44

apryMeHTa) BbIpaXarOT CHHYC, KOCHUHYC, TaHF€HC UM  KOTaHIeHC yIJa 2 yepes

TPUTOHOMETpHUECKHE PYHKIIMH CaMOT0 yriia &y tem cambv MPEJICTABISAIOT COO0H HEKOTOPYIO
IPOTUBONOJIOXKHOCTH (pOpMysiaM JBOMHOIO yria.

. 2 1—Ccosw
smT—=—

-
-

1+ cosw

(]

1+ coso

2
v
2
o 1—cose
2
o l+cosa
P

1-cosw

Pemenue 3ananui:
Nel. Jloka3aThb:
¥ Sina
tg -—=—————.
2 1+ cosa
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JlokazaTenbCcTBO:

. a . . a ] ]
a Sins 28in—+ 28N+ cCos = sina sina
Eg —_— = % . 2 = 2 i E = = .
2 coss 2cos= 2cos? = ,.1zcosa 1+ cosa
2 2 2 2
cﬂsg = 0.
Ne2. JlokazaThb:
. a 1—cosa
937 sina
HOK&S&TGJ’IBCTBOZ
. .o . o, 1— cosa
a smi 251n 2 2sin? 2 2 N 1 — cosa
‘9 2 05 25sin% 2sinZcosE sina " sina
2 2 2 2
cos— =0 sin= #0
Ananus: Kpome 2 noGasseTcs 2 , uto cyxkaer OJ13.
12
cosa = — —
13
37
T<a< =,
Ne3. Jlano: 2
HaiiTu:
a a a a

sin—, cos—, tg—, ctg—.
2 2 gE ‘gE

AHanus ycnoBus: Yrod 3a7ad OAHO3HAYHO, CM. puc.l.

yl\
a
. yan 3
7>
X
Pa
%
2
Puc. 1.

VYkazanue: Bce (YHKIIMH TOJOBHHHOTO apryMEeHTa MOXHO BBIYHCISATH 4Yepe3 KOCHHYC
MOJIHOTO apryMeHTa.

Pemenne:
12
L, a l+cosa 1-73 1
sin® —= = =—,
3 2 2 26
3T T o 3m
T<a<— —< —<—
TO 2 2 4 | T.c. yron Bropoii ueTBepTH, IJe CHHYC BEIMYMHA
ITOJIOKUTCIJIbHAA.
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. 5
51N — — —

OTtBeT: 1"'26.
12
a 1+cosa 1 —13 1
05— = = = —
2 2 2 2 2
o
Beire mokasainu, 4To 2 HaXOJHUTCS BO BTOPOHM YETBEPTH, IJC €ro KOCHHYC BEIIMYMHA
OTpHIATEIIbHAS.
C-‘I—'Sﬂf - - 1
OTtBeT: 1.*26.
IIposepka:
-2a+ Ea 1(5)24—( 1)2 1
Sin- — cas™ —= 1,| —(— T =1,
2 2 V26 V26
1=1.
Sin a 5
a =
2 cos— 1
2 BN
3) W 26
tg— = —b5.
OtBer 2
. a 1 1
cdg-—=—7=—=
g 2 fg E 5
4) 2
i
ctg— = ——=
OTBeT: g 2 5,
Ned. Tario: sine = 0,2.
.2 T o
sin —-—— — .
Haiitu: (4' 2)
Pemrenue:
T
5 (?r a) 1 _CC’S(E""I) 1+sine 1+02 1,2 0.6
sin“ |———) = — — — = 0,6.
4 2 2 2 2 2
OtBeT: "

IIpakTHyeckas padora Ne9

Tema 2.7: OnricaHue MPOU3BOACTBEHHBIX MPOIECCOB C TOMOIIBIO TPAPUKOB PYHKITHI
Heab: HayunTthes npuMeHITh PyHKUINN B pelIEHUH MPO(eCcCCHOHATBHBIX 33a1a4

Teopernyeckas 4acThb:

[IyTe k TOSIBIEHWIO TOHATHS (QYHKIHHM 3aJOXKWIA B 17 Beke ¢paHIly3CKUE YUYEHBIC
O®pancya Buer u Pene Jlekapt; oHH paszpaboTaivd eAuHYI0 OYKBEHHYIO MAaTeMaTHYECKYIO
CHUMBOJIMKY, KOTOpasi BCKOpe IMoiyuujia BceoOulee mnpu3HaHue. BpeneHo Obulo eanHoe
0003HaYCHHE: HEU3BECTHBIX - MOCICTHUMHU OYKBAMU JIATUHCKOTO an(aBuTA - X, Y, Z, H3BECTHBIX -
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HavYaIbHBIMH OyKBaMH TOro ke andaButa - a, b, ¢, ... u T.4. [lox kKaxmoii OykBoOil cTano
BO3MOJKHBIM IIOHUMATh HE TOJIBKO KOHKPETHBIE JAHHBIC, HO U MHOTME APYrH€; B MATEMATHKY
NpUILIA HJes I3MEHEHUs. TeM caMbIM MOSBUIIACH BO3MOKHOCTh 3alMChIBATh 00IIHe (hOPMYIIHI.

Kpome Toro, y Jlekapra u ®@epma (1601-1665) B reomeTpudeckux paboTax MOSIBISETCS
OTUYETJINBOE MPECTABICHUE IEPEMEHHON BEJIMUMHBI U MPSMOYIOJIbHOM CUCTEMBI KOOpAUHAT. B
cBoeit «I'eomerpun» B 1637 roxy JlekapT naet moHaTHe QYHKIHMH, KaK U3MEHEHUE OPJAMHATHI
TOYKU B 3aBUCHMOCTH OT U3MEHEHHS €€ a0CIMCChI; OH CUCTEMAaTHYECKH pacCMaTpUBaIl JIUIIb T€
KpUBBIE, KOTOpPBIE MOYKHO TOYHO TPEICTaBUTh C IIOMOIIbI0 ypPaBHEHUH, MPUTOM
peuMyIIecTBEHHO anredpanyeckux. [locreneHHO MOHATHE (DYHKIIMH CTAlIO0 OTOXKIECTBISATHCS,
TaKUM 00pa3zoM, ¢ MOHITHEM aHATUTUYECKOTO BBIPAXKEHUS (DOPMYIIBI.

Yro Takoe GpyHKIusA? PazHbie yueHbIe BBIABUTAIN pa3Hble MbICTH. HO MBI OCTaHOBHMCS Ha
onpeneneHun @PyHKIMEH HaA3bIBAIOT COOTBETCTBHE, NPU KOTOPOM KaXJAOMYy D>JIEMEHTY W3
MHO’K€CTBa X COOTBETCTBYET €IMHCTBEHHOE 3HaUEHUE U3 MHOXKecTBa Y. [lpu 3TOM 311€MEHT U3
MHOXkeCTBa X HAa3bIBAlOT apryMEHTOM, a JJIEMEHT W3 MHOXXECTBa Y Ha3bIBalOT 3aBUCHUMOU
nepeMeHHol. DYHKIHS - OHO U3 OCHOBHBIX MaTEMAaTUIECKUX U OOIIEHAYYHBIX TOHATHI. OHO
CBITPAJIO ¥ MIOHBIHE UTPAeT OOJIBIIYIO POJIb B MO3HAHUU peabHOT0 Mupa. DYHKIUS 3TO HE TOJIBKO
MaTeMaTHYECKOE MOHITHE, HO U: (QYHKIHSA 3TO padoTa, MPOU3BOIMMAs OPraHOM, OPraHH3MOM;
pOJIb, 3HAUEHUE Yero-n00; QyHKIUs B MAaTEMaTUKE 3TO 3aKOH 3aBUCUMOCTH OJJHOW BETMYUHBI OT
Jpyroii; PyHKIUS 3TO BO3MOXHOCTb, OMIHSA, YMEHHUE MPOTPaMMbl MM TPUOOpa; QyHKIHS 3TO
00s13aHHOCTh, KpPYr JA€ATEeIbHOCTH; (GYHKIUS IEpCOHa)xka B JIMTEPATYpHOM IIPOU3BEIICHUU;
(GyHKIHMS 3TO BHJI TOANPOTpaMMBbl B HH(pOpMaTHKE coanbHast (QyHKITHS.

Kaxxnas obGmacte 3HaHmii: Qu3uka, XUMHsI, OUOJIOTHUS, COLIMOJIOTHS, TUHTBUCTUKA HUMEET
CBOM OOBEKTHI M3YyUCHHsI, yCTAHABIIMBACT CBOMCTBA U, YTO OCOOCHHO BaXKHO, B3aMMOCBSI3U ITHX
00BEKTOB.

B pasznmuHbIX Haykax M 00JIaCTSX UEJIOBEYECKOM JIEATENbHOCTH BO3HUKAIOT
KOJIMYECTBEHHBIE COOTHOILICHHUS], U MAaTEMATUKA U3Y4aeT UX B BUJI€ CBOWMCTB YUCEI.

Matematuka co3aeT yCIOBUS AJIsl pa3BUTUSI YMEHHUS IPUMEHSTh TEOPETUUECKUE 3HAHUS
JUISL pelIeHUs NPAaKTUYECKUX 3a/1ad, OPUEHTUPOBATHCSA B OKPYXKAKOLIEW HAc JEHCTBUTEIBHOCTH.
Ham kaxercs, yTo (hyHKUIHMOHAJIbHbIE 3aBUCUMOCTH MOTYT KacaTbCs CaMbIX pPa3HOOOpa3HBIX
ABJICHUN TIPUPOIBI M OKpyXkaromew cpensl. KaxaoMy uYenoBeKy B €ro IOBCEIHEBHOM
MPAKTUYECKON EATEIbHOCTH MPUXOIUTCS MPUMEHATh NPAKTUYECKUE MPUEMBI TEOMETPUUECKUX
U3MEPEHUN U MOCTPOCHUH, YUTAaTh UH(OPMAIIHIO, TPEACTABICHHYIO B BUE TaOIMII, Uarpamm,
rpaduxoB. be3 KOHKPETHBIX MaTeMaTHMYECKUX 3HAHUM 3aTPyJAHEHO MOHMMAaHUE W BOCHPUSTHE
Hay4YHbIX 3HAHUH, pa3HOOOpa3HOW  COLMAIBbHOM, HSKOHOMUYECKOH, TEXHOJIOTHYECKOH
uH(pOpMaLIHH.

CBo0o/1HOE BIIaJICHUE TEXHUKOW MOCTPOEHUS IpaIKOB YAaCTO MOMOTAET PeIIaTh MHOTHE
3a/1a4M, a MIOPOH ABJIIETCS €CTECTBEHHBIM CPEJICTBOM UX pelIeHHs. MaTeMaTuKa siBIsieTcs sI3bIKOM
pa3IMYHbIX 001acTe HAyKU U HaleH KU3HHU.

DKojoruueckre npoOiaeMbl SBISIOTCSA NI0O0ATBHBIMU NMPOOJIEMaMH YE€IOBEYECTBA, BCEX
CTpaH HE3aBUCUMO OT Pa3MEPOB TEPPUTOPHH, YUCIEHHOCTH HACEIEHHUS, YPOBHS SKOHOMHUYECKOTO
pa3Butus. C ¢pyHKIME MBI BCTpeuaeMmcsl Kaxblil 1eHb. [Ipumep:

[] exxeIHEBHAs TEMIIEpaTypa Ha YJIHIle eCTh PYHKIIMS OT BpeMeHHU. B 071HO U TO ke Bpemsi
TEMIEpaTypa HE MOXKET MPUHUMATh OoJiee OJTHOTO 3HAUYEHHUS U ObITh OJJHOBpeMEeHHO -30 u -45.

[J TToxox B Mmara3uH. CTOMMOCTh MOKYIIKH BO3PACTAET C POCTOM KOJIMUECTBA TOBAPOB.

Crnioco0rl 3a1anust QyHKIUH.

[0 AHAJIMTHYECKUA,

[ I'padpuueckuid,

(0 TaGauuHBbIH,

1 CnoBecHBIH.

Ananutudeckuii. Camblii paclipOCTpaHEHHBIH CrOCO0, MPU KOTOPOM (YHKLHUS 33JaeTcs
dbopMyIoii, ycTaHaBIMBAIOUICH, KaKhe BBIYUCIUTEIbHBIE OMEPALMHd HAI0 MPOU3BECTH HAI X,
9TOOBI HANTH Y.
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I'padpuueckuii. I'paduueckuii ciocod COCTOUT B MPOBEACHUU JIMHUH, Y KOTOPOI a0CIIUCCHI
M300paXkaroT 3HAYCHUS apTyMEHTA, a OpJMHATHl — COOTBETCTBYIOIIUE 3HAYCHUS (PYHKIHUU. DTOT
Croco0 MO3BOJISIET HATIATHO PEACTaBUTh (PYHKIIMOHAIBHYIO 3aBHCUMOCTD

Tabmuunerii. [Ipu TabnuaHoM crocobe 3amanus GYHKIMS 3a/1aeTcs B BUAC TaOJUIBI, B
KOTOPOW JUIsl KaKJIOTO 3HAYCHHS apTyYMEHTA YKa3bIBae€TCS COOTBETCTBYIOIIEE €My 3HAUCHUE
byHKIUHA

CnosecHaiii. C IOMOIIBIO CIIOBECHOT'O OIMCAHHSL.

Pemenue 3aganmii:

Nel. IlpousBonactBenHas ¢yHkuus ¢upmbl umeer Bua: Q=5 XY. Ilena enuHHIBI
pecypca X= 10 py6., emununsl pecypca Y = 20 py6. Pupma pacmonaraeT ACHEKHBIMU
cpeactBamu B pasmepe 40 Teic. py0. Omnpenenure MakKCHMalbHO BO3MOXKHBIA 00BEM
MIPOU3BO/ICTBA.

Pemenne: MakcuMU3HpOBaTh BBINYCK MPU JaHHBIX M3JEP)KKAX IO3BOJISET MpsMas
paBHBIX u3nepkek, wim n3okocta C = Px X X+ Py x Y. IloacTasiisist HCXOIHBIC JaHHBIS, ITOTYIHM
ypaBHeHue: 10X+20Y=40000. Haxonum u3 ypaBaenuss X=4000-2Y. IloncraBum 310 3HaUY€HUE B
3amanHoe ypasHeHne Q = 5XY. IMomyuaem Q= 20000y-10y* OyHKIMS COBOKYITHOTO TIPOIYKTa
JOCTUTAaeT MaKCHUMyMa, Korja (YyHKIHS MpeAeNbHOro mpoaykra paBHa Hymo MPx = 0.
[TpenenbHBIA TPOAYKT €CTh TEpBas MPOU3BOIHAS COBOKYITHOTO IMPOJYKTAa IO TEPEMEHHOMY
dakropy. MPx = Q’ (X). MPx = 20000-20Y= 0. Otcroga Y=1 000, X=2 000.

Torma makcuMmanbHO BO3MOXKHBIM 00beM mpousBoictBa Q = 5 XY =10 muH. en.
MPOTYKIIHH.

No2. TIpennpuHUMATEH OCYIIECTBIISET MPOMBIIIIICHHOE TIPOU3BOACTBO HA KOHKYPEHTHOM
pBIHKE B pailoHe, IJie TOCTUTHYTa MOJIHAS 3aHATOCTb. [Ipy 5TOM UMEI0TCs cieyronue JaHHbIe:

Umcno paboTaromux CTaHKOB 112 |3 |4 |5 |6 [7 |8

Beimyck npoaykuuu B ThIC. IIT. 615|123 |30 |36 |42 |46 |48

[Ipn kakoil cTenmeHW 3arpy3Kd CTaHOYHOIO Mapka OyJeT JOCTUTHYT C TOYKH 3pEHUs
IOpenpUHUMATENs ONTUMANIbHBIA 00beM MPOU3BOACTBA? ByeT a1 OH TakuM Ke ¢ TOUKH 3pEHUs
oOmiectBa?

Ne3. TTopcuuraiite cpetHUI U NpeaeabHbIN NPOIYKT (GUPMBI.

Uucno | Cookynubiil | Cpennuit | [lpenenbHblit
pabouux | IPOAYKT IPOAYKT | MPOIYKT

L TP AP MP

1 30

2 70

3 100

4 120

5 130

Ne4, 3amomaute IMPOITYCKH B T3.6J'II/II_[C, OTpaXXaromue 3aBUCUMOCTL PC3YJIbTATUBHOCTH
IMPOMU3BOJACTBA OT obneMa HCII0JIB3YEMOI'O Tpyaa.

O6beM | O0beM HpenensHsiit | Cpenuuii

TpyZa | BBIIIyCKa ;ISSE;IKT ;ISSE;IKT
L Q MPL APL
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1 1000
2 1000

3 2790

4 610

5 770

Ne5. IlpenenbHast HOpMa TEXHMUYECKOTO 3aMEILEHUs TpyAa KamurtajioM pasHa 2. g
obecrieueHus MPEKHEro 00beMa MPOU3BOJCTBA MPOAYKIUU MPU COKPAIICHUU HCIOJIB30BaHUS
TpyZa Ha 4 €QUHMIIBI HAa CKOJIBKO €AMHUI] HEOOXOIMMO YBEIUYUTD KarluTam?

No6. 3amoHUTE TaOIUILY MPOU3BOICTBEHHBIX MTOKA3aTEIICH:

KoJ-Bo equnun TP | MP | AP
pecypea, L

1 4

2 7

3 8

4 1

5 3,2

Ne7. 3amomHuTe mMpoOmMycKH B Ta0NWIE, OTPAaXKAroOIIeH 3aBUCUMOCTh PE3YJIbTAaTOB
IPOM3BOJICTBA OT 00bEMa NCIOIB3yEMOT0 KanuTaa:

EOJI-BO eIMHHMIL pecypea, | - | 16 | Ap
1 10
2 22
3 36
4 11,5
5 55
6 63

No8. TlycTh TEXHONOTHSI HEKOTOPOTO MPOM3BOJICTBEHHOTO Mporiecca 3amaHa (QyHKIHeH
Q=10KL. Ha mpousBojicTBe 3aHATO 5 4yenoBeK. TpedyeTcst OleHUTh HOPMY 3aMEIICHUs] OJTHOTO
pabOTHHKA TOTIOJHUTEIBLHBIM KOJUYECTBOM 000PYI0BAaHHUS, YTOOBI OOBEM BBIITYCKAa COXPAHSIICS
Ha ypoBHe Q = 500 ez. npoAyKIMU B ACHb.

Ne9. IIpousBoacreennas pynkuus Gupmel umeet Bua: Q=5 XY. Llena eauHuIs! pecypca
X = 10 py6., enuaunbl pecypca Y= 4 py6. Kakoe coueranue pecypcoB obecneuuT ¢pupme
MaKCHUMaJIbHBIM 00BEM BBIITYCKA, €CIIU 3aTpaThl Ha MpuodpeTaeMbie (GaKTOPhI MPOU3BOJICTBA HE
noixHbl ipeBbiate 5000 pyo. B cMeHy?

Nel0. UnxenepHoit Mepoit 3¢ (GEKTHBHOCTH MAIUHBI ABJISETCS OTHOLIEHHE BBIyCKa
PHEpPruM K ee 3arparam. [Ipenmnonoxum, UMEITCs Be MaIIWHbBI, TepBas — ¢ 3 (HEKTHBHOCTHIO
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10%, BTOpast — 20%. MoxeT 11, ¢ SKOHOMHUYECKOW TOUKH 3pEeHHs, IepBas MalliuHa ObITh Ooiee
s exTuBHOM, YeM BTOpas?

Nell. TexHonorust HEKOTOPOH PUPMBI TAKOBA, YTO COOTHOIIICHUE MEXKIY 3aTpaTaMu Tpyaa
U Kaluranaa JOJDKHO ObITh cTporo (QukcupoBaHHbIM: 1 crtaHok - 3 pabGoTHuKa. Pecypcsl
MIPOM3BO/JICTBA HE SIBJISIFOTCS] B3AMMO3aMEHSIEMBIMH, TO3TOMY H30BITOYHOE KOJIMUYECTBO JIFOO0TO U3
pecypcoB He MOBbIMIAeT BbIMyck. [lomyctum, uto ¢dupma apeHaoBaia Ha Mecsl 4 cTaHKa.
Mecsunas craka 3apriatsl 900 en., MmecsiuHas apeHHast 1iarta 3a craHok 300 en., ieHa eIUHULIbI
npoaykuuu (UKCUpOBaHA M paBHa 15 en. 3a JeHb C OJHOTO CTaHKAa CHUMaeTcs 15 eauHuIl
nponayknuu, a B Mmecsne 20 pabounmx gHeit. Omnpenenute o0ObeM MPOU3BOJCTBA, (DMHAHCOBBIN
pe3ynbTaT (MPUOBLIb UK YOBITKH) B JAHHOM MeECSIe Y (PUpPMBL.

Nel2. JIBurasch co CKOpocThiO V=3 M/c, TpakTop Tamut camu ¢ cwmioi F=50 kH,
HAIpPaBJIEHHOW IO OCTPHIM YIJIOM o0 K TOPU30HTY. MOIIHOCTh, pa3BUBaeMasi TPaKTOPOM,
Beaucisercs mo gopmyne N=Fvcosa. Haiinute, nmpu kakom yriie o (B rpaaycax) 3Ta MOITHOCTb
Oyner 75 kBT.

IIpakTnyeckas padora Nel(
Tema 2.7: Onucanue NIpon3BOJICTBEHHBIX POLIECCOB € MOMOIIBIO TpadukoB HyHKINI
Henb: Hayunthes ucnonp3oBaTh rpaduku (QyHKIUN B pEUIEHMM MPUKIAIHBIX 3a7ad

Teopernyeckas 4acThb:

[Tpumenenne TMHEHHON (QYHKIIMH MPOCIEKUBACTCS MPAKTUYECKH BO Beex cdepax Haien
#u3HU. [IpuMeps! TMHENHON QYHKIMY B KU3HU!

[JPacuer B Mara3uHe 3a KyIUIGHHBIE TOBaphl. Bce MBI coBepiaeM MOKYIKH, YTOOBI
YIIOBJIETBOPUTH CBOM MOTpeOHOCTU. UeM Oosbllie Mbl KYyIIUM BEIIEH, TeM OO0JIbIlie Mbl 3aIIaTUM
3a MOKYTIKY.

UTlotpebienue 3MeKTpodHepruu. AGCOIIOTHO BCE MOJIB3YIOTCS deKTponpudopamu. OHI
HOTPEOIIAIOT SHEPTUI0. YeM J0JIbIle MbI UCTIONIb3YeM IEKTPOIIpUOOpHI, TeM O0JIblIe MOTpedIsieM
sHeprun. COOTBETCTBEHHO M IJIATUM OOJIBIIE. DTa 3aBUCUMOCTD BhIpaxkaercs hopmymnoit [TI=k*N,
IJie K- CTOMMOCTb OJTHOTO KHUJIOBaTT-yaca, N- KOJIMYECTBO YacoB.)

(1B DxoHomuke. PaboTHHKYM MOTyYaroT 3apIuiaTy U elle OHU IUIaTAT I0I0XO/AHbII HaJor.
1 gem Gonblile HaYKMCICHHAs 3apIuiaTa, TeM OOJIbIIe BEIMYMHA MOJOXOJHOTO Haiora. JlaHHble
BEJIMYMHBI CBsi3aHbl cienyromei popmynoit: [TH=0,13*D (ITH- BennunHa noJ0X0IHOTO HAJIOTa,
D- BenmnuuHa 10x0/1a).

[J Ilorpebnenne mumm. Bcem He0OXOIMMO €CTh, UTOOBI Y HAC OBLITU CHJIBI U SHEPTHS IS
paboThl. DTy SHEPrUI0 MbI MOJTy4aeM U3 eabl. UeM 0oJblie Mbl CheUM, TeM OOJIbIIe SHEPrUU
MOJIyYUM.

[J IIpoBepka 3nanmii. Korja Mbl yuumcs, Mbl y3HaeM 49TO- TO HoBoe. Ho HeoOxoammo
NePUOANYECKU MPOBOJUTH MPOBEPKY TOTO, KAK MbI BBIYUWIM MaTepuai. 3a 3TH IPOBEPOUYHbIE
paboThI HaM CTaBAT OlLeHKU. UeM Ooubliie omnboK B paboTe, TEM HUXKE OLICHKA.

(1 JIBmwxeHue (U3NYECKOTO Tejla C MOCTOSIHHOM CKOpOCThIO. BeceM HaM mepuoamuecku
OPUXOAUTCA OBITh y4YaCTHUKAMHU JBIDKEHHs. PaccTosHuMe Npu JBMKEHHUM C TOCTOSHHOMN
CKOPOCTBIO 3aBUCUT OT BPEMEHH JIBUKEHUS, YeM JOJIbIIEe Mbl HAXOAUMCS B IyTH, TeM OoJibliee
paccrosiHue npoiaeM. J[aHHbIe BEIMYMHBI CBA3aHbI cienyromeil Gpopmynoit: S=vt (v- ckopocTb
JBUKEHMUSI, t- BpeMsl IBUKEHUS ).

Bo Bcex mnpuBeneHHBIX NpuMepax Mbl HaOdronaeM JuHEHHyo (yHKIu0. MHorue
peasibHble CHUTYyallUd ONMCHIBAIOTCSA MaTEeMaTHYECKMMHM MOJEISIMHU, MPEACTaBISIONIUMU
TUHEHHYIO (QYHKIIHIO.

KBanpatnunas ¢QyHkuus sBisercs Haubojiee XOpOUIO H3Y4eHHOM (yHKIueW, oHa
JIOBOJIBHO 4acTO BCTpedaeTcs Ha HpakThuke. OHa HAXOAWUT IIMPOKOE NPUMEHEHUE B Pa3HBIX
pa3zenax MareMaTHK{, U IPYrux oOjacTax Hayku. lIMeeT TeopeTHUecKylo U MPaKTUYECKYIO
3HaYMMOCTb. Beib MOUTH BCe, UTO OKPY’KACT YeslOBeKa TaK WIIM MHA4Ye CBSA3aHO C MapaboIIoi.
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XopoIo HW3BECTHO, YTO TPACKTOpHsl KaMHs, OpOIIEHHOTO TOJ YIJIOM K TOPH30HTY,
aersmiero  (GpyTOONBHOTO Ms4a, CTPYH BOJIBI, BBHINYIIEHHOW W3 [UIAHTa, IapallioTUCTA,
BBINPBHITHYBIIETO M3 TOPU30HTAIBHO JIETALIETO CaMoJIeTa, apTUIUICPUHCKOro cHapsaa, Oyxaer
napabosioil (Mpu OTCYTCTBHM COINPOTUBIICHUS BO3ayxa). MI3BECTHO Takke, YTO MHOTHE 3aKOHbI
IIPUPOJBI BBIPAXKAIOTCA B BUAE KBAIPATUYHON 3aBUCUMOCTH.

[1 3ameudaTenbHOE CBOMCTBO MapaboJibl HMIMPOKO MCHOJIB3YeTCs B HayKe M TEXHHKE,
Harpumep, mapadboamyeckas apka; CBOJ MOCTa.

CBolicTBO MapaboNMUEcKUX 3€pKaJl HCHOJB3YIOT NPU KOHCTPYMPOBAHUHU COJIHEUHBIX
neyel, COTHEUHBIX 3JIEKTPOCTAHIINM, OTpaXKaTeIbHBIX TEJIECKOIOB - Pe(IEKTOPOB.

Pemenue 3ananuii:

Nel. Ha pucyHke wu3zo0pakeH TrpaduK 3aBUCUMOCTH KOOPJIHWHATHI OT BPEMEHHU
KOJIEOTIOIIerocs Tena.

A\

/ \ /

Axcm
2

2

ITo rpaduky onpenenure: 1) ammuTyay KojiebaHuis; 2) mepro Kojaebanuil; 3) 4acToTy
KosebaHuii; 4) 3aMuIuTe ypaBHEHNUE KOOPAMHATHI.

No2. 'apmoHHMUYecKkoe KoJieOaHWEe OMUCHIBACTCS yPAaBHECHUEM
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9 cin cim (Tpa T
x=2sinsin(t+-) . .
4 4/ Yemy paBHBI LUKIMYECKass YacTOTa KojeOaHUM, nuHeiiHas
gacToTa KojiebaHuii, HadyaabHas ¢a3a KoueOaHuit?
Ne3. Ectb MraoBerHas GpoTtorpadus BOJIHbBI B PE3UHOBOM IIHYPE.

Onpenenure: 1) uiMHY BOJIHBL; 2) aMIUIMTYAY KOJI€OaHUM YaCTUYEK LIHYpa.

Ne4. Tlo mpencraBieHHOMY TpaduKy ONPEISIIHTE AMIUIUTYAy W IEPUOJ KOJICOAHMIA
HUTSIHOTO MasiTHUKA.

x,cm 4

1 % 'y
0 >
2\ tc¢

-1

No5. Tlo ypaBHEHHIO TapMOHUYECKUX KOJeOaHUN OINpeneauTh aMIUIUTYAY, YIJIOBYIO
CKOpOCTb, IIEPHOA U 4acTOTy. HauepTuTh rpadmk JAHHOTO TAPMOHUYECKOTO KOJIeOaHMsI.

1) x =15 sin 3xt

2) x = 8 sin /3t

3) x =10 sin mt

Ne6. HekoTopas TOYKa ABHKETCS BIONH OCH X IO 3aKOHY X = a sin? (ot - w/4).
Haiitu: amnnutyay u nepuoa kosnebdanuit; u300pazuth rpaduxk x (t).

No7. HamumuTe ypaBHEHHE TapMOHMUYECKHX KoyieOaHui, ecnu yactora paBHa 0,5 I,
ammutyaa 80 cm. HauanbHas ¢a3za konebaHuil paBHa HYJIIO.

IIpakTnyeckas padora Nell
Tema 2.10: IIpocrelinye TPUTOHOMETPUIESCKHE HEPABCHCTBA
Hean: HayunThes pemaTh npocTeiime TpHroHoMeTpuyeckie HepaBeHCTBa

Teoperuyeckast 4acThb: ]
HPGL—FEHLIJMWH TPUTOHOMETPHUYECKWMMKM HEP3BEHCTEBAMKM H3ZbIEQKTCA HEPaBEHCTEA EWAG
sinc WV a,
CosT N,
tgx \ a,
ctgr VvV a,

roe V' — OOWH W3 3Hakoe <, =, =, =, a € K.
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1. MpumMepsbl pelleHns NpocTenLImnX
TPUrOHOMETPUYECKNX HepPaBEHCTB

C MOMOLLBIO eAUNHNYHOW

C NOMOLLbIO rpachrkoB

OKPY>XHOCTH
y
y _1 s
P e 3 y-'z 2 N A
n—%=% _é_ N\, I 5i\ 7
o 0on
: U
\y t i
sinx>é E+21tli:<x<%’t+21tk,lazeZ
Y
2n 2n EElon
"y 3 \ 3 /\
o I/ 0 N\ v N\ ¥
N A I N y=__;_
t
cosx>—% —2?”+2nk<x<2?"+2nk,kez
Y
y=tgx

/—n _% 0 % /1t x

tgx2—1 —§+nk<x<§+nk,kez

\y=ctgx \

ofa

ctgx<\/§

%+nk<x<n+nk,kez
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Cnocobbl peLleHnd Donee CNOXHbIX TPUTrOHOMETPUYHECKNX HepaBeHCTB

a)

0)

Hemonbp30BaHMe pPaBHOCHJIBHBIX IIpeoOpa3oBaHMW W, B YaCTHOCTH,

ceedeHUue MPUZOHOMEMPUYECKO020 HepaseHcmea kK aJgzebpauyveckomy Hepa-

eeHcmaey no cxeme: 1) k o0Homy apeymenmy, 2) Kk 00HOU QyHKUUU, 3) 3a-

MeHa nepemeHHOU (aHAJIOTUYHO cCXeMe pemieHHs TPUTOHOMETPUYECKUX

ypaBHEHUIl, IpuBeAeHHON Ha c. 249) u nocaedyrnuwee peuleHue NOAYLCHHBLX

npocmetluiux mpuUzOHOMEMPUYCCKUX HEPABCHCME.

Hemoap3oBaHue MeTOa MHTEPBAJIOB

(nocae ceedernusn Hepasencmea k eudy f (x) < 0) no cxeme:

1) Haiitu O/I3 HepaBeHCTBA.

2) HaiiTu obmiuii mepuos (ecyid OH CYIIECTBYET) AJIsA BCceX (DYHKIIUI, BXOMI -
mUX B HEPaBEHCTBO, TO ecTh mepuoa pyHkmuu f (x).

3) Haiitu mynu pyaxmun: f(x) = 0.

4) Orverutrs Hyau ¢yHrmuu Ha O/I3 Ha ogHOM mepHode M HAWTH 3HAK
¢yarmuu f(x) B KakaAoM U3 MPOMEKYTKOB, HAa KOTOpbIe pa30uBaeTcd
OJI3 (Ha omHOM mepHuoje).

5) 3ammcaTh OTBeT, YYHUTHIBasg 3HAK 3aJaHHOTO HepaBeHCTBA U TIEPHO/
dyaRIIUT [ (X).

PelweHune npoaeﬂwmx TPUroHOMeTpU4eCKNX HepaBeHCTB B obuem Bnae

3HayeHus a PelleHne

1. HepaBencTBo sin x > a

-1<ax<1 arcsin a + 21k < x < W — arcsin a + 2nk,
rae k — aroboe mesoe gucio (k € Z).
a>1 Penteruii Her.
a<-1 X — JII000€e IeHCTBUTEJIbHOE YHCJIO.

2. HepaBeHcTBO sin x > a

-l1<axl1 arcsin a + 2nk < x < — arcsin a + 2nk, k€ Z.
a>1 Pemteruit Her.
a=1 x:%+2nk,ke Z.
a< -1 X — JIr00oe IeHfCTBUTEIbHOE UHCJIO.

3. HepaBeHcTBO sin x < a

-1<ax1l —71 — aresin a + 2nk < x < arcsin a + 2nk, k € Z.
a =] Pemrenuii HeT.
a>1 x — J1000€e JeHCTBUTEIbHOE YHCJIIO.
4. HepaBeHcTBoO sin x < a
-1<a<l1 —7m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
a< -1 Permtenuii HeT.
a=-1 x:—g+2nk,ke Z.
a=1 X — J1000€ JeHCTBUTEJIbHOE YHCJIIO.
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5. HepaBeHCTBO cos x > a
-1<a<1 — arccos a + 2nk < x < arccos a + 27k, k € Z.
a>1 Permteruii Her.
a<-1 x — J0boe JelcTBUTEIbHOE YHCJIIO.
6. HepaBeHCTBO cos x = a
-1<ax<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Pemenuii =Her.
a= x=2nk,ke Z.
a< -1 x — noboe JeliCcTBUTEJIbHOE YHCJIO.
7. HepaBeHCTBO cos x < a
-1<ax1 arccos a + 2nk < x < 2n — arccos a + 2nk, k€ Z.
a>A x — Jr000e AedCTBUTETbHOE YUCIO.
a< -1 Pemmenuii HET.
8. HepaBeHCTBO €0Ss x < a
-l1<axl1 arccos a + 2nk < x < 2 — arccos a + 2nk, k € Z.
a<-1 Pemrenuit HeT.
a=-1 x=m+2nk, kc Z.
a>1 x — nboe IeiiCTBUTEIbHOE YHCJIO.

9. HepaBeHncTBo tg x > a

a — n1000e NeCTBUTEb-
Hoe uucyo (a € R)

arctga+7tk<x<g+nk, ke 2

10. HepaBencTBo tg x = a

ac R arctga+7tk<x<%+nk, ke Z.
11. HepaBenctBo tg x < @
ace R -%+nk<x<arctga+nk,ke Z.
12. Hepasencrso tg x < a
ac R —%+nk<x<arctga+nk,kez.
13. HepaBeHcTBO ctg x > a
a€ R nk < x < arcctga + Tk, ke Z.
14. HepaseHcTBo ctg x > a
ac R mk < x < arcctg a + 7k, ke Z.
15. HepaBeHcTBO ctg x < a
a€ R arcctga+nk<x<mn+ 7k, ke Z.
16. HepaBencTso ctg x < a
ac R arcctga + k< x <mn+nk, ke Z.
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Pelenue 3aganuid:
Nel. BEIIOJHUTE 3a0aHUS:

1. PeWwWTb HEPABEHCTBO: SINT < —%.
OTeeT!:

(—3% +27n; —% +27n), n€ Z
2. PeWwnTb HEPABEHCTBO: COST > — %
OTBerT:

(--2—;- + 27n; %’: +2mn), n€ Z
3. PewuTb HepaseHcTBo: sine > —1.
OTeer:

(—o0; +00)

4. PewwTb HepaseHcTso: sinT = (.
OTeeT:

[2mn; 7 + 2mn, n € Z)

5. PewwnTb HepasencTeo: cost < (0, 2.
OTser:

larccos0, 2 + 27n; 27 — arecos0,2 + 2mn, n € Z)
Ne2. BLIITOJIHUTE 3aaHus:
1. PewwuTb HepaseHcTeo: Lgr > —1.

OTBeT:
-3 +mn:5+7n),neZ

2. PewunTb HepaseHcTso: Clgr < — 71=3

OTBerT:

[5,: +mn;w+7n), n€ Z

3. PewnTb HEepaBeHCTBO!: I,g.'l.' Z 3.
OTBerT:

(=3 +mn;arctg3 +mn), n € Z
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IpakTnyeckas padora Nel2
Tema 2.12: KourpombHas pabota mno pasgeny 2 «OCHOBBI TPUTOHOMETPHH.
Tpuronomerpudeckue GyHKIAN
Heas: IIpoBepuTh YpoBEHb YCBOCHHS NAHHOTO Marepuaia 1o pasaeny 2 «OCHOBBI
Tpuronomerpuu. Tpuronomerpuueckue GyHKIUIY

Ilpu pewenuu 3adanuii 1-4 3anuwiume npPasuIvbHLIL OmMeem U3 Yembvlpex
nPeOI0HCEHHBIX.
AB

1. (1 6aym) B AABC sinC = o

A) AB; b) AC; B) BC; I') CB.

2. (1 6amn) Yriom kakoi 4eTBepTH siBisieTcst yron oa=400°?

A)IL;B) I B)IIL; T') IV.

3. (1 6amn) Kakue u3 QyHKIUH SIBISIFOTCS] YETHBIMUA?

A) y=sin x; B) y=cos x; B) y=tg x; I') y= ctg x.

4. (1 6ann) Kakue u3 uncen sBISIFOTCS KOPHEM YPaBHEHUS COS X = %’?
_T. = _T —2r

A)X—6,E)X 3,B)X 2,1"))( -

Ilpu évinonnenuu 3adanuit 5-8 3anuwiume xo00 pewienus u nOJAYYEHHbLI OMEem.

Kakas u3 ctopoH siBnsiercst runorenysoit AABC?

5. (2 6amna) Beramcnure: sin % + COS %

. V2 . V2
6. (2 6anna) HaiinuTe 3HaYeHNE BBIPAYKEHUS 4arccos7 - 4arcs1n(—7)

7. (2 6amna) JlokaxuTe TOXKIAECTBO: 2sin(m/2+a)+ cos(m — a)= cosa.
8. (2 6anna) Pemmte ypaBHeHue: sin’x - 4 sinx + 3 =0.

IDmanonvt omeemos:

Homep 1 2 3 4 5 6 7 8
3aJaHUS
T
OTtBeT b A B b 1 2n - 5 + 2wk, keZ

IIpakTuyeckas padora Nel3
Tema 3.4: IIpeoOpa3zoBaHue UppalMOHATBHBIX BBIPAKEHUIH
Heasn: Hayuntbes ynpoiars BeIpaskeHUs, CoJieprKalliue KOpHH

Teopernyeckas 4acThb:
Yro Takoe HPPALMOHAIbHBIC BHIPAKEHUA?

WppatmonanbHble BEIpaKEHUS HAUMHAIOT BCTPEYaThCs Ha ATare 3HaKOMCTBA C KOPHEM U3
qucia, 4To 0OBIYHO MPOUCXOIMUT Ha ypOKax anreOpsl B 8 kiacce. 3/1ech MHTYUIUS 110/ICKa3bIBAET,
4YTO WPPALMOHAIBHBIE BBIPAKEHUS KaK-TO CBSA3aHbl C KOPHSMM, U 3TO JIEHCTBUTEJIBHO Tak.
Crnenyroliee onpeeneHue MOATBEPKAAET HAIly JOTaIKYy:

HppanuoHajibHBIMH BbIPA’KEHUSIMHU HA3bIBAIOT BBIPAKEHUS, COJAEPIKAIIME OINEPALHIO
W3BJICUEHHS] KOpHA. JlpyrMMHU CJOBaMH, MPpPALMOHAJIBHBIE BBIPAKEHUS — OTO BBIPAKEHUS C
panukanaMu (BbIpaKe€HHUs, COJIEprKalllie B CBOEH 3aluCu 3HAKU KOPHS).
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oo ova—1
Ha ero ocHoBe MBI MOKEM MPUBECTH MPUMEPHI UPPALMOHAIBHBIX BBIPAKCHUMN:

4-a* .l d’

3 & 1
B ) Va e

"y " T.1I.

S

UtoObl B JajgbHEWIIEM HE BO3HUKAJIO IYTAHUIBI, JaBaiiTeé OOCYIUM OJMH MOMEHT.

x-(x—ﬁ]-(x+«ﬁ]
338
X¥—|-x——
PaccmoTpum BhIpakeHue 2 3 u3 kauru [1, c¢. 19]. I3 KOHTeKcTa MOHATHO,

4TO 3TO PALUOHATIBHOE BBIPAKEHUE, OHO NOAXOAUT IO COOTBETCTBYMOILEEe onpeencHue. Ho B
9TOM BBIPQKEHUU IPHUCYTCTBYIOT KOpPHH, 3HAUUT, COIJIACHO BBEJCHHOMY B 3TOM ITyHKTE
OIpeIeIEHUI0 OHO UppalroHaiIbHOe. Tak Kakoe 3TO BhIpa)KEHUE Ha caMOM JieJie: PalliOHaIbHOe
WIN UppaLlioOHaIbHOE?

OTO He CyTb BaXHO. DTHUM MbI XOTHUM CKa3aTh, YTO HE CTOUT (PaHATUYHO MOAXOIUTH
K pa30MeHHIO BBIPAKCHHWI HA BUABI, TaK KaK 3Ta KJIACCU(UKAIMI HE JOCTAaTOYHO cTporas (B
OTIIMYME OT KJIAcCU(PUKALMU YHUCeN, BEeAb HATypaJlbHble, LElble, pallOHaJIbHbIE,
UppalMOHATIbHbIE, JCUCTBUTENbHBIE YHCIA ONPEJEJIEHbl CTPOro, U €CIU JIaHHOE YHUCIIO
pannoHaIBHOE, TO OHO yX TOYHO HE HPPAllMOHAIBHOE U HA000pOT). BeIpaxeHus moapasnessor
Ha paluOHalbHbIe, UPPALMOHATbHbIE U T.I1. IO OOJIBIIEH YacTu JUIsl y00CTBA MPEACTaBICHUS U
onucanus Matepuaia. Harmpumep, Mbl uMeeM €10 ¢ palliOHAIbHBIMU BBIPQXKEHUSIMH BCE BpEM,
[OKa yyuMcs paboTaTh ¢ MHOTOUJIEHAMHU U areOpandeckuMu Ipo0siMHU. A K UppalMOHAIbHBIM
BBIPQKEHUSM MBI IIEPEXOJIUM TOT/AA, KOT/Ia CTAJIKMBAEMCsl ¢ HEOOXOMMOCThIO IPOBECTH KaKHe-
TO omepanuuu ¢ KopHsAMmu. HauHeMm u3yuaTh jorapuM — CTOJKHEMCS C .J102apupmMuyecKumu
svipadxcenusmu. W Tak panee. BooOie, ecnmu HET TBEpAOM YBEPEHHOCTH B TOM, KaKoro BHJA
BbIp@XXEHHE HAXOAMUTCA IEepe] HaMM, TO JIydllle CKa3aThb MPOCTO BBIpAXXEHHE, HE N00aBiss
YTOUHSIOLIEE ONPENIEICHHUE.

3aBepias HH(HOPMALIMIO 3TOTO ITYHKTA, 3aMETUM, YTO B IIKOJIE TEPMUH «UPPALUOHATILHBIE
BBIPQKEHUS» HCHOJB3YIOT Majio, OOjbllle TOBOPAT O BBIPAKEHUAX, COAEPXKAIIMX KOPHHU
(BO3MOJKHO, 3TO JIeaeTcsl BO M30€KaHHe CTOJIKHOBEHUS C OTOBOPEHHBIMHU BBIIIE HIOAHCAMH).

OcHoBHBIC BHbI NPE0OPA30BAHUI HPPALMOHAIBHBIX BbIPAKECHHI

KaKk U IpH NpeoOpa3oBaHUM JIOOBIX JPYTrUX BBIPAKEHHH, HAI0 YYUTHIBATh 00JacTb
nomyctumbix 3HaueHui (O/[3) u He nomyckath ee CyKeHHs.

C uppaloHaJbHBIMU BBIPRKEHUSAMHU, KaK U C BBIPAKEHHUSIMH JIPYTMX BHJAOB, MOXHO
IIPOBOAMTH JIFOOBIE U3 OCHOBHBIX TOXKJECTBEHHBIX MpeoOpa3zoBaHuii, Oy/b TO pacCKpbhITHE CKOOOK,
rPYNIUPOBKA U MPUBEIEHUE MOJOOHBIX CIaraeMbIX U T.I1. ITO U MOHATHO, TaK KaK B OCHOBE ATHX
npeoOpa3oBaHuil 1exaT Takue CBOMCTBA JACHCTBUI C UHMCIaMu, KOTOPBIE SIBISIOTCS OOIIMMU ISt
quceN pa3HbIX BUJOB. Takke MOHATHO, YTO IPU MPOBEICHUH MTPeoOpa30BaHnil UPPALMOHATBHBIX
BBIPQXEHUM COXpaHAETCSl NMPHUHATHIN NOPSAAOK BBINOIHEHUS neicTBUil. Ilokaxem pemieHus
HECKOJIbKUX ITPUMEPOB.

Ilpumep.
0+33-2+4-33+1-2-33

[IpeoOpasyiiTe upparoHaNIbHOE BBIPAXKEHUE .
Pewenue.
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Jnst Hayama 3aMeHMM KopeHb u3 81 ero 3HadeHueM 9 (mpu  HEOOXOIUMOCTH
CMOTpPUTE U3BJICUCHHUE KOpHEH), HMeeM

V8143324433 +1-2.43=
=9+33-2+4.3341-2.33

OLIGBI/I,I[HO, B IIOJIYUYEHHOM BBIPAXXCHHUHU IMPUCYTCTBYIOT HO,Z[O6HBI€ cjiara€MbI€, I1I02TOMY
uenecooGpa3Ho BBIIIOJTHUTD ux IIPUBCACHUC!

0+33-2+4.43+1-2-33=
=(9—2+1}+{-°{E+4-%@—2-{E]=
—8+3-i3

Omeem:
0+33 24433412243 =8+3.43
Ilpumep.
Hcnonb3ys GopMysbl  COKPAIICHHOTO YMHOXCHHsS, MPEACTaBbTEC HpPpaIlMOHAIBLHOES

(Gl

BBIPAKECHUE B BHUJIC MTPOU3BEIICHUS JABYX HPPAIMOHAIBHBIX
BBIPAKCHU.
Pewenue.

OueBuaHO, MpPpAalMOHATIBHOE BBIpAKEHHE B CKOOKAaxX NpeACTaBsieT co0oil KBaapaT

fxs3-1)

-
o

PAa3HOCTH, TO €CTh, €ro MOXHO 3aMCHHUTH Ha
-

Umf—lmﬂj—g:
~{x=3-1) -9

A TCIICPb JACBATKY MOXKHO IICPCIINCATh KaK 32, IIOCJIC 4Y€Tr0 BOCIIOJIb30BATHCA (bOpMyHOﬁ

, MIOATOMY

Pa3HOCTb KBaApaToOB:

(ﬁ—lf—9=(ﬁ x+3—]]2—33=
=(ﬁ-1-3)-(§/ﬁ—1+3]=
=(ﬁ-4}-[{/m+2]

B pesynbpTaTe mpojieaHHBIX TOKIECTBEHHBIX MPEOOpa30BaHUN MBI MIPUIILTH K HY>KHOMY
HaM TIPOM3BENICHUIO IBYX UPPAIMOHATBHBIX BHIPAKCHUM.
Omeem:

((mf—E-M+lj—g=
:(M—4](m+2]

CymectByeT eme psja NpeoOpa3oBaHUM, OTHOCSAIIMXCS MMEHHO K HMPpPalMOHAIbHBIM
BbIpaXEHUSIM. PaccMOTpUM OCHOBHBIE U3 HUX.
IIpeoOpa3zoBaHue NOAKOPEHHOT0 BbIPAKEHUSI
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OmHO W3 BaXHEWIIUX MPeoOpa3oBaHUl HMPPAIMOHAIBHBIX BBIPAKEHUN COCTOUT B
CJIEAYIOIIEM: BBIPAKEHHE IO 3HAKOM KOPHS MOXHO 3aMEHHUTH TOXKJIECTBEHHO paBHBIM
BBIPAXKCHUCM. Cuhauaina MPUBCACM ITPUMCPELI €TI0 BBIIIOJIHCHUS, ITOCJIC YCTO MMOSACHUM, HA YCM OHO
Oazupyercs.

DTO yTBEpXKIEHUE AaeT BO3MOXXHOCTH paboTaTh C MOJAKOPEHHBIMU BBIPAKEHUSIMHU.

146

Hampumep, 0HO 1O3BOJISIET CyMMY 107, KOPHEM B BBIPA’KEHUU 3aMEHUTh €€ 3HAUYCHUEM,
TO €CTb, MepEenTH K KOPHIO . Hpyroi puMep: HppALMOHAIIBHOE
4 5
27— 6
BBIPAXXCHUC MOXHO 3aMCHUTH TOXIACCTBCHHO PaBHBIM cMy

4 4
2-a -a—=6
BLIpa)KeHI/IeM .

[Touemy manHoe mpeoOpa3oBaHue umeer Mecto? Jleno B TOM, YTO KOTJa MBI J1aBaliu
orpezieNieHue KOPHS U3 YUCIIa a, TO MBI CKa3ajH O €ro eAMHCTBEHHOCTH. T0 €CcTh, HE CYIIECTBYET
qrcia a1, OTJIMYHOTO OT &, JUIsl KOTOPOTro CIPaBEAJIUBO PaBEHCTBO , 9TO PaBEHCTBO
BO3MOJXHO JIMIIb IIpH a=aj. Taxxe MBI 3HACM, UYTO 3HAYCHUA TOXICCTBCHHO paBHbIX
BbIpakeHUI A 11 A1 paBHBI TP JIIOOBIX JOIYCTUMBIX 3HAYECHHUSX MepeMeHHbIX. M3 aTux ¢axToB
cleyeT pa3doupaeMoe yTBEPKICHHE.

Hcnoab3oBanue CBOMCTB KOPHeH

Jlis  TOXAECTBEHHBIX MpeoOpa3oBaHUN  HUPPALMOHAIBHBIX BBIPAKEHUNW  IIHPOKO

Jab=dab

UCIIOJIB3YIOTCS CBOMCTBA  KOpHeW. Hampumep, HcCIons3ys  CBONCTBO

]+\E--JIE

rae a>0, b>0, oT uppaMOHATLHOTO BEIPAKEHUS MOKHO TIEPEUTH K TOXKIECTBEHHO
mimf o CRCTRR)
enfdo = o
1+43-12 .
pPaBHOMY BBIPAKEHUIO . A cBoiicTBO , TIe a>(), mo3BoseT

2 3la
i+ 4 2 ir{_
'\./_ 1o+ 2 4
BI)Ipa}KCHI/Ie nepelmcaT b KaK .

Hpeo6pa30BaHHe I/IppaI_[I/IOHaJ'IBHLIX BLIpa)KeHPIfI, conepmamnx 104 3HaKaMHu KOpHGfI

OTpI/ILIaTeJ'IBHHe quciia u BHpa)KeHI/I}I C HepeMeHHLIMI/I, COHpH)KeHO C pf[,[[OM HIOAHCOB. HaHpI/IMep,
=7
481

MBI HC MMEEM IIpaBa 3anucaTrb pPaBCHCTBO Ha OCHOBAHMM CBOWCTBA KOpHEW,
o Ria

- =
b
. Jleno B ToM, 4YTO yka3aHHas Qopmyla AaHa s
HEOTPHUIIATEIILHOTO YHCIIA @ U MOJIOKUTENBHOTO b, a —7 u —81 — oTpuniatensHbie ynucaa. Ho ecnu
MpeABAPUTEIILHO 3aMEHHUTH JPOOK 1101 3HAKOM KOPHS paBHOM €if 1poObio 7/81, To manbiine MOKHO

%

BBIPQKEHHOTO  (POpPMYIIOi

.
&)
—

IMPUMCHATH YIIOMSAHYTOC CBOMCTBO KOpHCfI U IEPCXOINUTD K BBIPAKCHHUIO BUJa
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[TogoOHBIE TOHKOCTH B JIETaIsAX pa3o0paHbl B CTaThe MPeoOpa3oBaHUE UPPAITMOHATBHBIX
BBIPAKEHUM C UCIIOJIb30BAHUEM CBOMCTB KOPHEM.

CBolicTBa KOpHEH J€KaT B OCHOBE JBYX CJIEAYIOLUIMX IpeoOpa3oBaHUll, Ha3bIBaEMBIX
BHECEHHUEM I10/] 3HAK KOPHS M BBIHECEHUEM U3-110]1 3HaKa KOPHSI, K PACCMOTPEHUIO KOTOPBIX MBI U
HEPEXOIUM.

BHecenne MHOKMTeISI IO 3HAK KOPHS

B-iC

BHecenne MHOXUTENSI TIOJ 3HAK TMOApPa3yMeBAaeT 3aMEHY BBIpKEHUS ,
rae B u C — HekoTophie Ynclia WM BBIPAKEHUS, a N — HATYPaJTbHOE YUCIIO, OOJbIIee CIUHUIIBI,

F H F L
vB -C —alBs O
TOXKJECTBEHHO PaBHBIM BBIPAKCHHEM, UMCIOIIM BH{ WIN .

2-3x

HaanMep, HPppallMOHAJIbHOC BbIPAKCHUC I1I0OCJIC BHCECCHHA MHOXHUTCIIA 2 mon
N2 x
3HAK KOPHA IIPHUHUMACT BU/I
BrpiHecenne MHOKHTEIA H3-110J1 3BHAKA KOPHSH
[IpeoOpa3oBaHreM, B M3BECTHOM CMBICIIC OOpAaTHBIM BHECCHHIO MHOXHUTEIS IMOJ 3HAK
KOpH?[, ABJISICTCA BBIHCCCHUEC MHOXKUTCIIA U3-I10J 3HAKaA KOpHSI. OHO COCTOHUT B HpeIlCTaBJIeHI/II/I

rtll'Bn_C B-’{/{E

KOPHA B BUIC IIPOU3BCACHUA IIpu HEYETHBIX N WIn B BUIC

|B1-5/Ic]
IIPOU3BEIECHUS npu 4eTHbIX N, rae B u C — HekoTophle uncia Wil BEIpaKeHUsl.
3a IIPUMEPOM BEpHEMCH B IIPEABI YN IIyHKT: UPPALMOHAIIBHOE

2Pk 2-3fx

BBIPAXKCHUC MMOCJIC BBIHCCCHUA MHOXKUTECIIA U3-T10/] 3HAKA KOPHS IPUHUMACT BUJ

«.lf(x Sl 1)2 -7

. Z[perfI MMPpUMEP: BEBIHECCCHUC MHOKHUTCIIA U3-T10 3HAKAa KOPHA B BBIPAKCHUU JacT

|x+]|- |T| |x+1|-ﬁ

MMPOU3BCACHUC , KOTOPOC MOXKHO IIEPCTINCaTh B BUJIC

Pemenue 3ananuid:

Nel.

Mpumep 1. Ynpocmume ebipaxeHue:
s 244
a) Ja'b

\/u_\/h_x =ab’:
'I ()(]‘ I ()Hl = 4(7:

Vo’ Jopt  3b’

lMpumep 2: BoiHecmu MHOXUMENL U3-Nod 3Haka
K8adpamHo20 KOPHSA.

a) \/xm:\/?l-\/ﬁzo\/;;
6) V32a°=16-a* -2 =16 Na® 2 = 4a2:

é) \/9(1./)(: \,v’(‘)-a" ca-b'-b=

=\o-a* Na-b* b

-
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Ne2.
YHpoc'm're BbIPAKECHHA:

a) 4v2 +50 - V18 ; a) TV3 - V48 + 27 ;
6) V3-(2V3 +V12); 6) V2(V8 +442);

5) (V5-2); ») (V3+5) ;
) (V3 -2)(VB +2). ) (V5 +B)(V5 - VB)..

Neo3. BeUUCIUTE:

R
? | lo-va7] 7]
> | [V2—io] +|[Vio-4]
MR

~

7| =] o2

IIpakTnyeckas padora Nel4
Tema 3.4: [IpeoOpa3zoBaHue HppalMOHATBHBIX BIPAKEHUH
Hean: Hayuntbest npeoOpa3oBbIBaTh APOOHBIE HPPALIMOHAIBHBIE BBIPAXKEHUS

Teopernyeckas 4acThb:

IIpeoOpa3oBanue apodeii, coaepKamIuX KOPHU

HppanuoHaibHbie BBIPAXKEHUS MOTYT COACPIKATh APOOH, B YUCIUTENC M 3HAMEHATEIe
KOTOPBIX MNPUCYTCTBYIOT KOpHH. C TakuMH JApOOSIMH MOXKHO TPOBOJUTH JIIOOBIE W3
OCHOBHBIX MO0}COeCmEeHHbIX Npeodpazoeanuli Opooeil.

Bo-rmepBbix, HUYTO HE MemaeT paboTaTh C BRIPAKCHUSIMHU B YHCIIMTENE U 3HaMeHarene. B

(2+3)-4x

3 2

X +5
KayecTBe IpUMepa pacCMOTPUM JIpOOb . UppanmonanbHOE BbIpaKEHUE B YUCIIUTEIE,
Afx
OYCBHUJHO, TOXKJICCTBEHHO PaBHO , a, OOpaTUBIIKCH K CBOMCTBaM KOpHEH, BBIpRXKEHUE B
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x +5
3HaAMCHATCJIC MOXKHO 3aMCHUTH KOpHeM . B pGSYHBTaTe HUCXOOHaA I[p06b Hp606p8.3yeTC}I

5.4/x
K BUIY E\-'Iz"'j.

BO-BTOpHX, MOXHO HM3MCHUTH 3HAK IICPCa I[pO6bIO, HN3MCHHB 3HAK 4YHCIIUTCIA HIIU
3HaMCHAaTCJIA. HaanMep, HUMCKOT MECTO  TaKuce HpeO6p330BaHI/IH HppanuoHaJIbHOI'O

B x+2-J§ _ x+2-J§ __x+2~J§
—3-x3+ﬂ? -—Lﬁ~x?+ﬂ?J 3-xy—ﬂ?

BBIPpAXKCHUA: .

B-Tperbux, WHOr/a BO3MOXHO M IE€JIECOO0pa3HO MPOBECTH CoOkparieHue apodou. K
3. 3xed-1)fx
Grra-1f

3eafx

EE L (¥r+4—ﬂ
MPPALHOHAILHOE BHIPAKEHHE , B pe3yJIbTaTe moTydaem ' ¥- )

HOH?ITHO, 4TO BO MHOTHX Clydasx, HOpCKAC YCM BbLIIIOJIHUTH COKpPAOICHUC I[pO6I/I,

NpuMepy, KakK OTKa3aTb cebe B YAOBOJIbCTBUU COKPATUTH ,Z[p06b Ha

-
i

BBIPQXECHUS B €€ YHUCIUTENE U 3HAMEHATeNe MPUXOAUTCS PACKIIAbIBATh HA MHOXHTEIH, YETO B
IOPOCTBIX CIIyyasiX HO3BOJSIIOT JOOUTbCA (OPMYNBI COKPALIEHHOIO YMHOXEHHsA. A HHOrza
COKpaTUTh JApoOb IOMOraeT 3aMeHa IIepEeMEHHOH, MO3BOJAIOIAs OT MCXOJHOM Ipodu ¢
UPPalMOHATIBHOCTBIO MEPEeHTH K palMoOHaIbHON ApoOu, paboTaTh C KOTOpPOH KOMQOpTHee U
HpUBbIYHEE.

X—y
2 . &
NI+ LY
Hns npumepa BO3bMEM BBIpaKCHHUE . Brenem HOBBIE
U=Aafx V= '\J{;
IIEPEMEHHBIE u , B OTHUX TEPEMEHHBIX MCXOAHOE BBIPAXKEHHE HMEET
H - _ 1.2
2.Vl
BU/T U=V Brmonnus B unciutene pa3oKeHUue MHOTO4JIEeHa Ha MHOXHUTENHU 1o hopMyJie
pa3HOCTH KBaJpaToB, OJIy4aemM BO3MOKHOCTb COKpaTUTh IpoOb Ha U+v,
ut —v? Uu—v)-\u+v
2 _o. (el )=2-@—r}
nMeeM u+1 H=1 . BpimonnuB  oOpaTHyi0  3aMmeHy,
2- (Ve =)
MPUXOJUM K  BBIPAKEHUIO ", KOTOpOE€ TOXKIECTBEHHO PABHO HCXOIHOMY

MppaLMOHaIbHOMY BhIpaxkeHHro Ha O/13.
B-ueTBepThIX, 1poOH ¢ UPPALMOHATBHOCTHIO MOKHO IPUBOANUTH K HOBOMY 3HAMEHATEIIO,
YMHO)XKasl €€ YUCIINTENb U 3HAMEHATelb Ha JIONOJHUTENIbHBIA MHOXHUTEIb. Hanpumep, npuseaeM

-1

5.
I[pOGB []:'_ X K HOBOMy 3HAMECHAaTEIIO X. I[HSI 3TOI'0 €€ YUCIUTCIIb U 3HAMCHATCJIIb cne,uyeT
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24%

YMHO)KI/ITB Ha I/IppaI_[I/IOHaHLHOC BI:Ipa)KeHI/IC y
V-1 24x[{r-1) 2x R -1)
0.5-+x  05-x-2:4/x x

MMEEM
HanmomamM, 9TO BBHIMOJHATH COKpAIICHHE ApOOCH WM mpuBeneHUEe ApoOell K HOBOMY

3HaMeHarenro Heooxoaumo Ha O/]3 mepeMeHHBIX 171 HCXOIHOM IpooHu.

YMHOKEHHE 4YHCITUTENs W 3HaMeHaTens JpoOM Ha HEKOTOpOoe HppalroHaIbHOE
BBIPQXCHHE YaCTO MCIIOIB3YeTCs ISl TPOBEACHHSI peoOpa3oBaHusl, HA3bIBAEMOT0 N30aBIeHUEM
OT UPPALMOHATILHOCTH B 3HaMeHarene. PazdepeM, kak OHO IPOBOAUTCSI.

HN306aBieHUE OT HPPANMOHAJIBHOCTH B 3HAMEHAaTeJ1e

N30aBneHnemM OT UppaliOHAIBLHOCTH B 3HAMEHaTesle Ha3bIBAIOT MpeoOpa3oBaHue, MpU
KOTOPOM Jpo0b 3aMEHSETCsS] TOXKIIECTBEHHO PaBHOW IpoObI0, HE COAepKalleil B 3HAMEHaTelne

3HAKOB KOpPHEM.
A9 -x

Laz
=P

3
Hanpuwmep, 3aMeHa Ipobu IpoObIO €CTb 0CBOOOKIEHHE oT
UPPALUOHATILHOCTH B 3HAMEHATEIIE.
ITepexon oT KOpHeii K cTeneHAM

[lepexon oT KOpHEW K cTEMeHsM MpH MpeoOpa3oBaHUM HPPALMOHATBHBIX BBIPAKEHUN

R iz

IpoBOAUTCA Ha 0a3ze paBEHCTBA , C IIOMOIIBI0 KOTOPOIO JaeTcs OIpeleIeHUue
CTENEHU C palMOHAIBbHBIM MoKa3aTeneM. VM 6e30053HEHHO MOXHO MOJb30BaThCs, KOTJa a —
32
5
HOJIOKHUTEIBHOE YHCII0, M — [eJ0e YHcio, a N - HaTypainbHoe. Hanpumep, kopeHb MO>KHO

2
<73

3aMCHHUTDB CTCIICHBIO C ,Z[pO6HBIM IIOKa3aTcJIEM BHU A
Ecnu xe nion KOPHEM HaXOAUTC OTPULATCIIbHOC YUCIIO UJIN BBIPAKCHUE C ICPEMCHHBIMU,

H P
a =a”
TO opMyJIOit HaJI0 M0JIb30BaThCs aKKypaTHO. HarpruMep, Mbl He nMeeM npasa cpasy
3 2
- 7 - -
S8 4c16) (=8)s (<16):
3aMCHHUTH KOpHI/I " CTCIICHAMU BHUa nu , TaK KakK
i
nl _m -
a =a”
dbopmyna HE UMEET CMBICIIA UL OTPUIATENIBHEBIX a.

Pemrenue 3axanmii:
Nel. ITpeoOpasoBathk ApooOb:

avfea .h.ﬁ
o
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) afa+343 =(a) +(V5) = (V=B (Va) -5+ |-
=( Va5 ){a=3a+3);

) {Jﬁmﬂ} 3 = [{#]'uz\fﬁ-m(qﬁ}"]@m:
={;_2ﬁ+3+ﬁ=

Ne2. ITpeoOpa3oBaTh BbIpaKEHHE:

a) x - 104/x + 25 2Jx - 10
3fx+12 ~ x-16 "'

8 1-a +u+4JEi4b_
4Ja + 8\b 3-8Ja

B) ¢-25  3Jc+18,
c+12Jc + 36 2Jc +10

r)5Jm -10Jn _4n-4Jmn +m
Jm-5 = 15-3/m

Ne3. BLIToJHUTE 3aaHus:

® 1. Yopocture BheIpa)keHue:
a) ﬁvf§+~J2_7—3\/_- 6) (V50 -2V2)V2;  B) (2-V3)2
e 2. CpaBHHTe —~V12 u lr

3. Cokparure npoﬁb.

3-3 ., a-2\Va
2) V515’ ©) 3Va-6"

4. OcBobogure npobk OT 3HAKA KOpPHA B 3HAMeHarTeJe:

a) ——; ) =5

3V10 Ve+V2
5. IMoxaure, 4T0 3HAYeHHEe BBIPAKeHHA
11
2V7-1 2V7+1

eCTh YHCI0 panmHoOHaAJBHOE,

6. IIpu KakuHx 3HaA4YeHUAX X ApoOb ﬁ:f NpUHUMAaeT
HauboJblIee 3HAYEeHHe?
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IpakTnyeckas padora NelS
Tema 3.5: Pemienue uppaiyioHanbHbIX YPAaBHEHUN U HEPABEHCTB
Henanb: Hayuutbes pemars nppallioHaIbHbIE YPAaBHEHUS U HEPABEHCTBA

Teopernueckas 4acThb:

Onpenenenne. UppanuoHaJbHBIM Ha3bIBaeTCs yPaBHEHHE, B KOTOPOM HeH3BeCTHOE
(mepeMeHHas1) COIEPKUTCH MO 3HAKOM KOPHSI MJIM MO/ 3HAKOM OIlepalMy BO3BeJAeHUS B
PALMOHAJIBHYIO (IPO0HYI0) CTENeHb.

Jis perieHuss HppalMoOHANIbHBIX YpaBHEHHH OOBIUHO MCIOJB3YIOTCS CIEIYIOIINE
IIPUEMBI:

1)Bo3BeieHrE B COOTBETCTBYIOIIYIO CTETIEHb 00€ YacTH ypaBHEHUS;

2) BBeJICHUE HOBOM NMEPEMEHHOM;

3) cBelleHHE K CUCTEME YPaBHCHU;

4) npuMeHeHrne CBOUCTB (DYHKIMIA, BXOSIIMX B ypaBHEHHUE.

[Tpu pemieHnn uppanoHaIbHBIX YpaBHEHHMI HeoOXoauMa MpPOBEpKa BCEX HalIEHHBIX
KOpHEW IyTeM MX IOACTaHOBKU B MCXOJHOE ypaBHEHHE Win HaxoxzaeHue O3 u ciuemyromuii
aHaJIU3 KOpHEW (IpHU pEelIeHMH METOJOM MPHUBEACHUS K PABHOCUIBHOW CMEIIAHHOW CHUCTEME
YpaBHEHUH U HEPABEHCTB HEOOXOJUMOCTb B 3TOM OTIIJIAET).

[IpocreiimmmM nppalioHaIbHBIM YPaBHEHUEM SIBIISIETCSl ypaBHEHUE BUJIA:

7@ - 2(x)

IIpU PCIICHUHU KOTOPOTO BAXKHYIO POJIb UTPACT YCTHOCTh MJIU HEUYCTHOCTH N.
Ecmu n- HCYCTHOC, TO JaHHOC YPAaBHCHUC PABHOCUJIBHO YPAaBHCHUIO

f)=(gl)"

Ecmu n - YCTHOC, TO, TaK KaK KOPCHb CUUTACTCA apI/ICI)MeTI/I‘-IeCKI/IM, HeO6XO,[[I/IMO

= af =
yuuthiBath O/I3 (001acTh JOMYCTUMBIX 3HAYEHUI): f (I)_ 0 . YpaBHEeHHE 7(x)=2(2) 5 yrom
Cllydae paBHOCUIJIBHO CUCTEME:

J&)= (=)
2(x)>0
IIpumep 1.

Pemute ypaBHeHHe VX — 3 = 5.
Pemenne. Tak xak N=2 - yeTHOe, TO 00€ YacTU YpaBHEHUS BO3BOJIUM BO 210 CTEIEHb!

(Vx—3)2=5%2e x-3=25 ©x=128

OtBet: 28
IIpumep 2.

3/ 3
Pewnts ypasuenue vX —2¥+1=1

Pemenue. Tak Kak B JaHHOM npuMepe n=3 - HCYCTHOC, TO IIOCJIC BO3BCIACHUA o0eux

qaCTeﬁ ypaBHeHI/Iﬂ B TpeTI)IO CTCIICHb HOJ’Iy‘II/IM
paBHOCI/IHBHOC IIaHHOMy ypaBHCHI/Ie:

3 3 x=0 x=0
C-x+1=PPorf-2x-0 >

I1—2=ﬂ I:i‘\E

Orger: *1~ —/2, xy =0,x3 = 2 :
IIpumep 3.
Pemmnts ypaBHerue ¥ % +tl=2-x
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Peme}me. TaK KakK n:2 - Y€THOC, TO HCXOJHOC ypaBHeHHe paBHOCI/IJIBHO CUCTCMC.
2 y
x+1=12—x X+l=4-4x+x X*—5x+3=0
( )2 i i
2—x=20 x=<2 =2

<> =,
x=<2

x=(5—13)/2

EESIES __5-B
-

OTtBeT:

] _n
YpaBHEeHHS BUIA "'/f(x) “";‘g(x) , PEIIAIOTCS CIETYIONNM 00pa3oM:
N — HeueTHOE = f(X) = g(x)

L fe-s) (-t

x)>0 g(x)>0

Peumnts ypaBHenue: V5 — x = Vdx + 2

IIpumep 4.

5-x=0 xX<5
{ 4x+2=>20 = {XZ—O,S =
5—x=4x+2 x =06

Otsert: 0,6
ITpumep 5.
Pewmts ypaBHenue: V2x+6 —vVx+1 =10
Pemenne. 3anunieM JaHHOE ypaBHEHHME B Buie: V2x + 6 = Vx + 1. Bossoas obe
x+1 =0
2x+6 =20
KOTOPOI'O €CTh X = -5 — HE Y/I0BJIETBOPSET BHIMUCAHHOMY YCJIOBHUIO. 3HAUUT, JaHHOE YpaBHEHUE
HE UMEET PEIICHUM.

OrtBer: HET peleHni

Ecnu uppanmonanbHOe ypaBHEHHE COJIEPKHUT HECKOJIBKO paJnKaioB. B aTom ciydae mis
n30aBJIeHUs] OT PAJAMKAJIOB ypaBHEHHME MPUXOJUTCS BO3BOJIUTH B COOTBETCTBYIOIIYIO CTEIEHb
HECKOJIBKO pa3. [Ipu 3ToM mpeaBapuTebHO YEIUHSIOT OMH U3 PaIUKAIOB TaK, YTOOBI 00€ YacTH
YpaBHEHMsI CTaJld HeoTpuuareabHbIMU. Oco0oe BHUMaHME ClIeAyeT OOpaTUTh Ha NpPaBHIBLHOE
Haxoxaenue O/13.

IIpumep 6.

YacTH B KBaJpaT U YUUTHIBAs, 4TO { NOJyYuM ypaBHeHHE 2x+6=x+], pelieHne

2x-9 —+x-3=1

Pemnte ypaBHEHHE

Pemenne. 3anuiieM ypaBHeHHE B BUAE: ¥ 2x-9=1+~X=3 Tp xax Teneps 006e
YaCTH MOJIyYEHHOT'O0 YPaBHEHMSI HEOTPULIATENbHBI, TO BO3BEJEM MX B KBaJpar:

2x-9=1+x-3+2/x-3 & x-T7=-/x-3 .

[TonyyeHHOEe ypaBHEHHE PaBHOCWJIBHO HCXOMHOMY. [l €ro pemieHus pacCMOTPUM
CHCTEMY:

x-720 x=27 x=7
— —
(x—7) =4{x-3) x’—14x+49=4x-12 x* -18x+61=0

72

o



x=>7
x=9i@

Orger: ¥ =9++20

BBenenue HOBOM IIEPEMEHHOM B PSI€ CIIy4acB IO3BOJIIET IEPEUTU OT UPPALUOHATIBHOTO
YPaBHEHHUs K PallUOHAJIbHOMY YPaBHECHMUIO.
Ipumep 7.

Lo x=9+n’ﬁ

2 2
PelunTh ypaBHEHHE X +3x+4x " +3x—-5=10 _

Pemenne. Bo3BeneHue naHHOro ypaBHEHHMS B KBaJpaT IPHUBEIO Obl K YpaBHEHHIO
YETBEPTOM  CTENEHW, YTO  HepauuoHanbHO. IlosTomy  3amummeMm — ypaBHeHHE B

2 z _
puge X F 3x—-5+4Jx"+3x-5=5 BBEJIEM «HOBYIO» MIEPEMEHHYIO:

y= x? +3x-5 y=0
=1
y1+4y—5=ﬂ — [y
[Tonyuum y:_ﬁ.

f 2 _ f 2 _
BepHeMcsi K  «CTapbIM» IEPEeMEHHbBIM ¥ X +3x-5=1,,, Vx" +3x-5=-5

BTOpOG N3 TMOJYYCHHBIX ypaBHeHI/II‘/JI peH_IeHI/Iﬁ HC HMCCT, a PpCIICHUA IICPBOIO €CTb
—-3+33
r=-———-.
qucia 2

-3-.33 ~3+-33
N=——— X3 =——

OTBerT: 2 : 2 .

Wuorna npu penieHuu UppalmoHalIbHOTO YpaBHEHUS BO3HUKAET HEOOXOIMMOCTh  BBECTHU
HEC OI[Hy, a HECKOJIBKO <«HOBBIX» HCpCMCHHBIX. TaKaH chyaum{ BO3HUKACT, HaHpI/IMep, HpI/I
pELIEHUN YPaBHEHH, COAEPKALUX PAIUKAIIbl PA3HBIX CTEIIECHEH.

[Tpumep 8.
3 —
Pewmuts ypaBHeHHE ”&_ 2 +'\hl —x =1

_ _ 3
Pemrenne. ITycts ¥ = x-220,v=31-x Torma #+¥=1 ¢ Apyroi

2
cropons! ¥ +v =x—2+11-x= 9 Honyuaem cncremy
utv=1 u=1-v u=1-v
o <
u v =9 (1—v)1+v3:9 Vv —2v-8=0
Pemmm nocnenxee ypaBHEHHE CUCTEMBI:
Vivi-2v-8=0 < (¥-8)+v(v-2)=0c

v=2
(v—21v1+2v+4+v)=ﬂ < |, & v=2
¥ +3w+4=0

Monyaum, uwro¥=2, a rorpa#=1-¥v=-1<0_ 110  ycnosmo ¥=0

CJIEI0BATEIILHO UCXOIHOE YPABHEHUE PELICHUIN HE UMEET.
OTBeT: HET peleHUN.
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[Ipn pemieHUM HEKOTOPHIX HWPPAIMOHATBHBIX YPABHCHHA HAXOXACHHE O00JacTh
JOIYCTUMBIX 3HAUEHUN BXOISIIMX B ypaBHEHHE HEU3BECTHBIX MOXKET CYIIECTBEHHO OOJIErdyuTh
peleHre ypaBHEHHUS.

[Ipn pemenun uppalMOHAIBHBIX YpaBHEHUH OBIBa€T TMOJIE3HO BOCIOJIb30BATHCA
MOHOTOHHOCTBIO (DYHKITHH.

[Tpumep 10.

x+6)=6-3x+6

Pemenne. OquH KOPEHb JaHHOTO ypaBHeHUs ¥ = 2 jerxo naittu nogoopom. ITokaxem,

JUx+6)+3x+6=6

Pemuth ypaBHeHMe

YTO APYTUX KOpHEH HeT. 3anuileM ypaBHEHHE B BUJIE

ITo CBOWCTBY CTETIEHHBIX byHKIMIA
— J2x+6) 3
byHKIIIN ¥ l(x) x+6 u? (I) x+6 SABIISAIOTCA BO3PaCTaOIIUMU Ha
—f; o0
IPOMEXKYTKE [ ), rae OHHU o0e OTIpe/ieNICHBI. [ToaTomy ux

y(x)= J2(x+6)+§fx+6
cymma Ha 3TOM NPOMEXKYTKE TaKXe€ BO3pACTaeT, CJeI0BATENIbHO,
OHa NPUHUMAET KaXJ0€ CBOE 3HaueHue (B TOM uucie u 6) Toiabko oauH pa3. [loatomy npyrux
KOpHEH HeT.

Otger: X =2

Onpenenenue: [log MppauMoHAIbHBIM HEPABEHCTBOM MOHUMAETCS HEPABEHCTBO, B
KOTOPOM HeHM3BeCTHbIe BeJMYHMHbI (MJIM HEKOTOpble (PYHKUMU BeJHYNH) HAXOASATCS IO/
3HAKOM paJuKaJja.

OCHOBHBIM METO/IOM PEIICHHS] UPPAMOHATILHBIX HEPABEHCTB SBIISECTCS METOJ CBEICHHS
MCXOJIHOTO HEPABEHCTBA K PAaBHOCHJILHOM CUCTEME HEPABEHCTB MJIM COBOKYITHOCTH TAKUX CUCTEM,
HE COJIEpKAIINUX UPPAIIHIOHATHHBIX BBIPAKEHUH.

CxeMmbl penieHus:

1) f(x) <yg(x) < 9 20,

f(X) <g(x), neN.
f(x) >0,
2) 3ff(x) <g(x) = 1909 >0,
[f(x) <@®)*,neN.

g(¥) >0,

3 4/ () > g(x) ) > (@X) “;
g(x) <0,
| [f(x)>0.

IIpumep 1. Pemnts HepaBeHCTBO
AR T 3 <1.

Pemrenne.
066 qacTu HepaBeHCTBa HeOTpI/IIIaTeJ'II)HBI, MO>XXHO BO3BOJAUTEH B KBaHpaT, 3Ha‘-II/IT,

x=520 P

=
x-5<l. X<6; SEx<b
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Orser: [56!
IIpumep 2. Pemnts HEpaBEeHCTBO

"-.I'X"‘B >-1.

Pemenue.

JlonmycTuMble 3HaYeHUs HEPABEHCTBA!
>0

x+8< % x= — 8.

JleBas JacTh HEOTpULATECIbHA, IpaBasd — OTpULATCIIbHA, T.€. HEPABCHCTBO BBLIIIOJIHACTCA
IIpHU BCCX TONYCTHUMBIX X.

OtBerT: [-8i+el.

IIpumep 3. Pemnth HepaBeHCTBO
A 9 =20 oy

Penrenne.
JlonycTuMble 3HaU€HUs HEPABEHCTBA!

Bx-20209x2 20, 22%

[IpaBast yacTb HepaBEHCTBA MOXET OBITb OTPHULATEIBHOM, HO C YYETOM JONYCTUMBIX
3Ha4YeHU#, 00e 4acTH HeoTpHULaTelbHbl. Bo3BoIMM B KBajpar:

2

23, 2_: 23:
x2 9 Xz 9 r> 9
9x—-20< x° - x+9x-20< 0 x<d, x5,

El

2
[2—;4] W11
Ortser:
IIpumep 4. Pemnth HepaBeHCTBO

Nxtblex 45

Pemennue.

JlomycTuMBble 3HaYEHUs1 HEPABEHCTBA:

46120 2z -61.

[IpaBast yacTh HEpaBEHCTBA MOKET ObITh OTPUILIATEIHHOM.
Paccmotpum nBa ciayyast.

x+520, x2 -5, x2-5

£

l-l"x+61|2<'x+5'2; x+61< x2+1|3x+25; x4 +9x-36 >0,

x 2 -5

< -12.15 3 328

2 x+5 <10
B srom cimydae neBas 4acTb MCXOAHOIO HEPAaBEHCTBA HEOTPULIATENIBHA, a IIpaBas
oTpunarenbHa. Het pemenuii.
|5 4 i
Orser: '/
IIpumep S. Pemnte HepaBEeHCTBO

NI TSy,

Pelnenmne.
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JlomycTruMble 3HaYeHUs HEPABEHCTBA:
x+7x0,x 277

IIpaBast 4acTh HEpaBEHCTBA MOXKET ObITh OTPULATEIBHOM.
Paccmorpum aBa cirygast.

x+1210, x2 -1 x 2 -1,
1.
'--"x+?'2}'x+1'j; x+7 x4 2zx+] i +x-640,
xz2-1
1=
~3<x< 2 tex<2
2. ¥*1<0. 1 ¢ nepas wacts MCXO/IHOTO HEPABEHCTBA HEOTPHIATENbHA, a IpaBas

OoTpUuLarcibHa. CJICI[OB&TCJIBHO, Ta 4aCThb paCCMaTprUBACMOr'o y4yaCTKa, KOTopas BXOJUT B o0J1acTh

JIOMYCTUMBIX 3HAYCHHI UCXOJTHOTO HEPABEHCTBA, SIBJISICTCS €0 PEIICHUEM.
xz2-7 xzx-,

x+1<C0 x<-L _72 501

OObeMHUM OTBETHI B IIEPBOM M BO BTOPOM CIIydasixX:

Ortger: [-7:21

Pemiarte uppanuoHa/JbHbIe HEPaBEHCTBA MOKHO, IPHAEPKMBAsICh, HalpuMep,
CJICAYIOIIEro aIropuTMa:

1.Haiiti 001acTh TOMYCTHMBIX 3HAUEHUH 3aJaHHOTO HEPABEHCTBA.

2.PyKOBOACTBYSCh NPEUIOKECHUSIMU O PaBHOCHIBHOCTHA HEPABEHCTB, PEIIMTH 33JaHHOE
HEPaBEHCTBO.

3.13 HaliieHHBIX pelieHuil 0ToOpaTh 3HaUe€HUE MEepeMEHHON, MpUHaaIeKallee o0IacTH
OIpeEIICHNUs 3aJaHHOTO HEPABEHCTBA.

Pemenue 3aganmii:
Nel. Pemth ypaBHEHHS:

1) VE-2=1

2) YJr—1= —31

3) Vx-1=-3,
(L _:2

4) \Ns-2¢ 3

Ne2. Pemth ypaBHEHHS:
1) =72 —17x = —x

2) Vxat+ix—2=6-x

3) Vil—x—6=+-2x

Ne3. Pemuts ypaBHEHHS:
1) Vi+24+4/3x—2=4

2) x-’x—1+x-’x+2=x-’11—x.

Ne4. Pemnth ypaBHEHHUS:
4 Vets 5
1) Vw2 5

76



2) Vx—2+23x—-2=3
f2—x llm_m

| + =
3) Axt3d 4l2-x 3

Ne5. Pemnts ypaBHEHHUS:
1) (x2—4x +3)Wox—2 —2x2 =0,

2) Yrx—14yx —24x—3 =0

No6. Peminth HEepaBeHCTBA:
1) Y3i—x=x+3

2) Vx*-3x-18>4-x

Ne7. PemiuTe CUCTEMBL:
{2& +3/y=7
) R Vr=5

{‘{,-"x +y+yx—y=2
y WrFy-Jx=y=s

{ Jr+y—-1=1
3) \,-x—}-‘+2=2}-‘—2

IIpakTnyeckas padora Nel6
Tema 3.6: KonrponbHas pabdora no pasaeny 3 «Crenenu u kopHu. CTeneHHas QyHKIUSI»
Hean: IIpoBeputh ypoBeHb YCBOEHHUS JAaHHOIO MaTepHaia Ho pasgeny 3 «CTemeHu u
kopHH. CTeneHHas QyHKIUS»

Ilpu pewenuu 3a0anuii 1-4 3anuwiume npaguibHLIL OmMEem U3 UYemblpex
npeo10IHCceHHbIX.

1. (1 6amr) MexIy KakuMU JIBYMs HATYPaTbHBIMHE YHCIAMH HAXOIUTCS 9HCio 3/19?

A)19u20;5)2u3;B)18ul9; )3 u4.

2. (1 6amm) OnpesienuTe KOpeHb ypaBHeHUs X°=125

A)3.;b)-3;B)-5;1)5.

3. (1 Gamr) Pacrionoxute B mopsiake Bo3pactanus uncia: 2; V5; V17

A)2; V5, Y17; ) 2; V17; ¥/5; 3 B) ¥5; 2; ¥17:T) V17; 2; /5;

4. (1 6amn) YMHOXKas 9uciIa ¢ OAMHAKOBBIM OCHOBAaHUEM, UX CTETICHH. ..

A) ymHoxxaeM; b) nenum; B) cknanpiBaem; I') oTHuMaem.

Ilpu evinonnenuu 3ad0anuil 5-8 3anumiume xo00 peuwieHus U NOJYUEeHHbLIL Omeem.
5,58.,2,9
255892,

5. (2 6anna) Haitnure 3HaueHue BHIpAYKEHUS —as 1IPH a=7.

2
(Vi2+v8)
10+v96
7. (2 6amma) PaccrostHue oT HaOMIOAATelNs, HAXOJMSAIIETOCs Ha HEOOJBIIOW BbICOTE h

6. (2 6amra) Haiinure 3HaUYe€HNUE BRIPpOKCHUS

KUJIOMETPOB HaJl 3eMJIEH, 10 HaOII01aeMOoil UM JIMHUU TOPU30HTA BBIUUCIISIETCA 10 Gopmyne [ =
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V2Rh, rne R=6400 kM — panuyc 3emnu. C Kakoil BHICOTHI TOPU3OHT BHJIEH Ha PAcCTOSHUU 48
KujioMeTpoB? OTBET BbIpa3UTE B KMJIOMETPaX.

8. (2 6ama) Pemure ypaBHeHue V—32 — x = 2.

Smanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aaHuA
OtBer b r B B 49 2 0,18 -36

IIpakTnyeckas padora Nel7
Tema 4.2 Penienne nmoka3aTeabHbIX YPaBHEHUN U HEPABEHCTB
Henab: Hayuntbes pemars nokasareabHble ypaBHEHUS

Teopernyeckasi 4acTh:

Onpeoenenue YpaBHEeHUE, B KOTOPOM TIEpEeMEHHAasi COACPKUTCS B TOKa3aTelie CTEIeHH,
Ha3bIBACTCA ITOKA3aTCIIbHBIM.

[Ipumepsl oka3aTeabHbIX YPaBHEHUM:

1 2°=4;

5. 4% 42F 41=0,
6. 9% —43.2% 4677 =0,
BriGepuTe mokazarenbHble ypaBHEHHUS:
D2x? =x+3=0,
D3 =2 =0,
11
33

4257 -5"4+2=0,

3)

Cnoco0bI penieHnsi MOKa3aTeJbHBIX YPaBHEHHIA

Beiensior e rpynmsl cnoco00B: TpaguecKuil 1 aHATUTUYECKUE.
BcnomuanM cyTh rpadgudeckoro crocoda perieHus: ypaBHEHH:

1. Iloctpouts rpaduku 1ByX (YHKUUH (JIeBas U MpaBasi YaCTU ypaBHEHHUS);
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2. Haiitu aOcruccnl Touek nepeceyeHust rpaukoB;
3. 3amucarb OTBET.
Paccmotpum rpaduueckuii crocod pereHus: Ha npumepe ypaBuenus 2* = 4 Tloctponm

rpaduku byHkuuii y = 2%,y = 4 u HaiieM aOCIUCCY TOYKH IepecedeHus rpapukos: X = 2.
vé n?.-_;'f

¥

v=4

OtBer: X =2
I'padmyeckuii cocod MOXHO TPUMEHHTH HE BCEraa, MOITOMY paccMOTpuM Ooiiee
YHHUBEpPCaIbHbIE OCHOBHBIE aHATUTUYECKHE CIIOCOOBI pelIeHHsI TOKA3aTeIbHBIX YPaBHEHH .
AHaJIATHYECKHE CIIOCOOBI:
1. [IpupaBHUBaHME MOKA3aTEICH;
2. Brinecenne o01mero MHOXKHUTEIS 3a CKOOKH;
3. BBenenue HOBOI IEpEeMEHHOMT;
4. Vicnonb30BaHUE OJTHOPOTHOCTH.
PaccmoTpuM kakbIil ciocod nmopoOHee U pa3depeM Ha mpuMepe.
1. [IpupaBHUBaHNE TOKA3aTENEH.
Cytp MeToaa:
1. Yenunuts cnaraemoe, coqiepkaiiee nepeMeHHyIo;
2. IlpuBecTH CTETIEHU K OJTHOMY OCHOBaHHUIO;
3. [IpupaBHATH NMOKA3aTENH;
4. Pemnth NMOJy4YEHHOE YPABHEHHUE;
5. 3ammcaTh OTBET.
IIpumep:
3F_27=0
3" =27,
3:': — 33;
x=73
OtBer: X =3

2. BriHecenne 0011ero MHOKHUTEIS 3a CKOOKHU
[Ipumeuanue: BEBIHOCUM 32 CKOOKH MHOXHUTEIb C MEHBIIIUM TTOKa3aTEJIEM.

[Tpumep:
33 =78
3(1-3)=-73
3F{1-27)=-78
3 (- 26)= —73;
3 =3

=1

OtBer: X =1

3. BBeneHue HOBOM IIEpeMEHHON
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Kaxk MpaBUJI0, YPAaBHCHUS, pCHIACMbBIC 3THM CHOCOGOM, CBOIATCA K KBAAPATHBIM.
2 3 _

Tpnviep: 47 =5-4" +4=0

HYCTB 4X = a Toraa ypaBHCHHEC MOXXHO 3alIiCaTh B BHJIC:

a’—Sa+4=0
D=25-16=9
@) = E =4
2
5-3

=——n=1
Cnenaem oOpaTHYIO 3aMEHY:
4 =4 wm 4* =1,

x=1 wmx=0
Omer: x=1wmx=0

4. Vicnonb30BaHUE OJTHOPOTHOCTH
LI g 00
Onpeoenenue Tloka3aTenbHble YpaBHEHHS BUA = Ha3bIBAIOTCS OJTHOPOIHBIMU.

CYTB MmeTtoja: Tak Kak mokaszaTelibHas (1)YHKI_[I/IH HC MOXXCT IIPUHUMATb 3HAYCHUC, PaBHOC

HYJIIO, U 00e yacTu YpaBHCHUA MOXXHO ACJIIMTbL HA OAHO U TO K€ HC PABHOC HYJIIO YHUCJIO, pa3aciinuM

fx)
00e yacTu ypaBHEHUS, HAIpUMED, Ha &

[Mpumep: 2% = 3*

Pasnenum 00e yacTu ypaBHEHHUS Ha 3=
2t 30

33

y-

=10
OtBer: X=0

Pemenue 3aganmii:
Nel. Pemmts ypaBHEHHS:
12" =16,

205° = 0125 75 = vk
. -
34°F = —. )2 = 4,
16 s
1y 93 = - .|-
1) =| =36 Sl
WO s .
5y10° = Y100, 1067 =216%
1000 1139 . 5= L

=

6103 = ——;
-

Ne2.Pemute ypaBHeHuUeE:

13 273X
a)(E) :25; T+ 3T = 295 432,
545 +25—-20=10. p3—2= —2x+3
p 5 —7-52=90.

Ne3.Pemute ypaBHeHue:
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o (0772 =10, 33+ 3% = 5254 —17. 2%

x—2 ,
(5) "= 2x+1
3 "

6)9"‘—?'-3"—18={];
| g4 —3-42=52.
No4. Peminth ypaBHEHHUE:
p(02) =25 54" -12.2"+32=0
X—y=4,

5" =25,

n)

No5. Pemuth cucremy ypaBHEHUH
No6.Pemnth ypaBHEHUE

n7"" +5-7" =588
2) 3% + 4.3 =279

IIpakTnyeckas padora Nel8
Tema 4.2: Pemenne nokas3areiabHBIX YPaBHEHUN 1 HEPABEHCTB
Hean: HayuuTscs pemars nokazareabHble HEPABEHCTBA

Teopernyeckas 4acThb:
[Ipocreiiiiee moka3zaTeJbHOE HEPABEHCTBO MMEET B/
fi=) g {x)
f A ,rae V - oIMH U3 3HAKOB: <,>,<, WU >,
Uro0bl pemuTh NOKa3aTelbHOe HEPABEHCTBO, HAM HYXHO OT CpPaBHEHHUS CTEIEHEH
MEPEeUTH K CPABHCHHIO ITOKA3aTeNeH.
f{=)

Kak MBI TOMHHM, TOKasaTenbHas (yHkmms 7 ° BO3pacTaeT IpH BCEX

I[el‘;ICTBI/ITeHBHBIX 3HAa4YCHUAX L , €CIIN a>1 . D10 3HA4YUT, 4TO 6OHBHIeMy SHAYCHUIO apryMcHTa
COOTBETCTBYCT 0oJIbIlIce 3HAUECHUE (bYHKIII/II/I To ects u3 HCPAaBCHCTBA

fx g Y

a h ]:::‘ h ] .f l._:“ 1

a =g {x)
cleayeT HEpaBeHCTBO FTE

A

AHaNOrMyHO, TaKk Kak Moka3aTenbHas (yHKUHs yObIBaeT, eciu U<a<l , U OoJbIIEMY
3HAUEHUIO apTyMEHTa COOTBETCTBYET MEHbIIIee 3HaUeHUE (PYHKIINH, U3 HEPaBEHCTBA

Iz gz W P

a ]:3 ) clenyeT HEpaBEeHCTBO Flz)<g(z)

To ecTb mpu pelleHUH NPOCTEHIINX MOKA3ATEJIbHBIX HEPABEHCTB IMpekae 4YeM
CPaBHUBATDH BBIPAKCHUSA, CTOALIIUE B IOKa3aTe/Ji€ CTCNNCHU, HYKHO CPaABHUTL C e)mrmuei/i
OCHOBaHHUE CTEIEeHEeH.

Emé pa3, 310 BaxHO:

€CIIi OCHOBAaHMe CTeNneHu 001bIie eIMHULBI, TO ITPHU NIEPEX0/Ie K BRIPAKESHUSM, CTOSIIIIAM
B [TOKa3aTelie, 3HAK HEPABEHCTBA COXPAHAETCS

€CJIM OCHOBAHHME CTeleHW 0oJible HYJI, HO MeHbIle eJUHHIbI, TO [P MEPEXO/e K
BBIPpAXKCHUAM, CTOAIINWM B ITOKA3aTCJIC, 3HAK HEPABECHCTBA MECHACTCH HaA IIpOTP[BOHOJIO)KHbIﬁ.

Bce moxkazarenpHBIE HEpaBEHCTBA JIFOOOTO YPOBHS CIOKHOCTH, B KOHEUHOM HTOTE,
CBOIATCA K pCHICHUTO HpOCTeI\/IIIHI/IX IMMOKAa3aTCJIbHBIX HCPABCHCTB.

PaccMoTpuM HECKOJIBKO MTPUMEPOB.

1. Pemum HepaBeHCTBO:
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@ 1]

; ooy d-2 i A v -1
(0.3)7% <(0,3)

Tak kak OCHOBaHHE CTEIICHEH []";{:1, Ipru HepeXoac K BBIPpAXKCHUAM, CTOAIIUM B

IMMOKa3aTeii€, 3HaK HCPABCHCTBA MCHACTCA Ha HpOTPIBOHOJIO)KHLIﬁI
T ]
~

-2 7 x-1

[lepeHeceM Bce BJIEBO, M PUBEIEM K OOILEMY 3HAMEHATEIIO:
T i

_ =l

-2 x-1

x(x-1)-6({x-2)

: ()

(1) (z-2)

2
x -Taw+12
L orErls g
(1) (x-2)
Kopun uncnurens:
r =3 x =4

1 2
(=3 (-4
# =)
(z-1)(z-2)

PeriM HepaBeHCTBO METOJIOM HHTEPBAJIOB: HAHECEM KOPHH YHUCIIUTEIS U 3HAMEHATeNs Ha
YHCIIOBYIO OCh M PACCTAaBUM 3HAKHU:

<l Yeox=3 1>d

Otser:
2. PemiuM HEpaBEeHCTBO:
T . _r
20 <bxh -0
IlepeneceM Bce cnaraemble BJIEBO U Ppa3OKUM OCHOBAHMSI CTENEHEH Ha IpPOCThIE
MHOKUTEHN:
LR
noo-bxh 40 <=0
Ecnu 651 5T0 ObUIO ypaBHEHUE, MbI periaan Obl €ro ¢ MOMOIIBIO 3aMEHbI EPEMEHHOM.
[TocTtynum Takxe.

BooOrie, moka3arenbHbIe HEPABEHCTBA JIESTCS HA T€ K€ THUIIBL, YTO U IMOKA3aTeNbHBIC
YpaBHEHUS, U PEIIAIOTCS TEMU K€ CIIOCOOaMH.

Buumanmne! Eciin Mbl peliaeM HepaBeHCTBO € NMOMOIIbI0 3aMeHbI NIEPEMEHHBIX, TO
HY’KHO pelmaThb OTHOCHTEJbHO 3aMeHbl 0 MNOJYy4YeHHsl TPOCTeilllero HepaBeHCTBA.
[TosicHum Ha 3TOM TIpHUMeEpeE.

£
BBejieM 3aMeHY: t=5 =0
[Tosy4rM CHCTEMY HEPABEHCTB:
FE—[H+5 =)
£ =)
Orcropa:
1<t <D

L=
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https://ege-ok.ru/2012/01/23/reshenie-pokazatelnyih-uravneniy/

To ecTb 1<t <5

3anumeM ,I[BOﬁHOC HEPAaBCHCTBO B BUAC CUCTEMBEI:

{ =1
[ =h

Bort Teneps Mbl MOXKEM BEPHYTBCS K HCXOJIHON NIEPEMEHHOM:

Orcrona: r=l rl
OTBeT: I i |

Pemrenue 3axanmii:
Nel. Pemnte HepaBeHCTBO:

3 Xxt+6 1

3 _

6)(()2 g 7
23X —4

B)(la) =1

Ne3. Pemnte HEpaBeHCTBO:

a) 5% =125

6) 0,01 <10%* <10000
(E)ax—s <(§)x73

B 3 9

n 1 <6 <216

No4 .BEITIOJIIHATD 3alaHAS

A) CpaBHuTe uncia M u N, ecau:

1) 19.8]">(98)"; 2) (0.6]"<(0,6]".
b) CpaBuure uncna a u b, eciu:

1) (76)°>(7.6)"; 2y (0,3)°<(0.3)".

¥2 +2%—15

73 s <1

r) X
I[)5-4"—%2-25" < ?'-1'[]".

¥ —Ox+14

05 =3 =1

T) X

)

2- 4% 4 25%03 = 7. 10%

Ne5. Haiinute MHOXKECTBO PEIICHHUI HEPABEHCTBA

i 15 { 13x—5
| Y
E‘ - E‘

1) E_, 1 E_,
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(3| £(£|

2) |3 |3

No6. Pemnite HepaBeHCTBO:
x—2x—24

1) 02 ** <£0,0016; ) 2°7'—5-2"+220 .
K415

3) 0,3 % =20,027; 4) 5 '-2-5"-75=20 |

IIpakTnyeckas padora Nel9
Tema 4.3: CucteMbl oKa3aTeIbHBIX YPaBHEHUN
Leas: Hayuntbes pematb CUCTEMBI TOKa3aTEIbHBIX YPAaBHEHUN

Teopernyeckas 4acThb:

M3BecTHble BaM CHOCOOBI peLIeHUs aiareOpandyeckux ypaBHEHHUH (II0JICTaHOBKA,
CJI0OKEHME, BBEJICHUE HOBBIX NIEPEMEHHBIX) IPUMEHSIOTCS U K PELICHUIO0 CUCTEM, COAEpIKAIUX
noka3zarenabHylo QyHKUUIO. /laBaiiTe pacCMOTpUM pelleHHe CUCTEM IOKa3aTelbHbIX YpaBHEHUH
Ha IpuMepax.

3aganume 1. Pemnre cucreMy ypaBHEHM.

{2X-3P=24,
2Y - 3% = h4,
Penienmne.
24 =23.3
54=2-.33
2% .37 = 24, 2%¥.3¥ =23.3, x+y=4, x=4-y, x=4-y,
{2?-3”=54,‘:’{zy-3f=2«33,'E'{x—y=2,ﬁ{x—y=2.=' 4-y-y=2,"
2¥.2¥.3Y.3¥=2%.2.3.33 2¥:2Y.3Y:3¥=2%:2-3:3°%
2.1'+}l' '31'{’_}«' _ 24 . 34 2x—y . gy—_i' _ 22 . 3—2
6.1’+}"=64 E"'_y_ 32
B™-0
x—y=2
2¥.3Y =24, _ [27-3V =233, x+ty=4, _ [x=4-y, _ [x=4-y o
2Y.3% = 54, 2?-3X=2-33.=' x—y=2 x—y=2 4d—-y-y=2

x=4-y, x =73
= =
y=1, y=1

Ortser: PCHICHUCM HCXOJHON CHCTEMBI ypaBHCHI/Iﬁ ABJBICTCA  YyHOPSAAOUCHHAs I1apa
qUCCII {:3* 1]

3ananue 2. Pemte cucremy ypaBHEHUH.

G- -5
2 3 - 36’
xy—x+y=118.

Pewenue.

KA 2y*7Y 65 e v —
G -G 'E*@{x y=2 8@{*"’ y =2,
xy—x+y =118, xy —x+y =113,
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(f)x_y =t,t>0

_1_65
t 36
1 65
t 36—0| 36t
36t 65-36
t-36t — -2 — £
r 36

- -

xy—x+y =118,

x=2+y,
24+ y)y =120,

Y1ty =2 ly, =12, Ty, = —12.
Yi+y2 = —120
yl = 1[}, yz = _12
He 3abynmem 3amucaTh OTBET: pEIIEHWEM HAIIeW WCXOJHOM CHCTEMBI SBISIOTCS
YHOPSAJOYEHHBIE AP YUCEI (12;10),(-10; -1 ZJ.
3aganue 3. Pemnre cucreMy ypaBHEHH.
{32"— 2Y =725,
¥
3% — 22 = 25,
Pewienue.
3 —2r =725, _ (3 - 22)(33' +22) =725, _ |25. (31 +22) =725,
y
3* -2z =25, 3% 22_25 3 — 22—25
¥ y y
35 +22=29, |3*+22+(3x—22) =294+25 (23" =54 (3*=27,
— ¥ y y — ¥ — ¥ —
3r—22=25  (3%+22-(37-22)=20-25 (2-22=4  (22=2
3* = 33. x =3, ¥ =3
=1y =y =0T
2z = 21, >=1 {}’=2'
3anuiieM OTBET: pEIIeHUEM HCXOJHON CHUCTEMbI YPAaBHEHHH SIBISIETCS YIOPSIOYCHHAS
napa gmceln @3; 2].

Pemrenue 3axanmii:
ITepssiii gapuanm

|3x+1.—6
Yo =1
4710 — 16,
5) {3_
x—10v=4
(277 =4,
. .
}11—4}'=5.
(1077 =100
n |17
55150 125

Bmopoii eapuanm

36t% — 65t — 36 = 0 (_)r‘" =9
()

D = (—65)*—4-36-(—36) = 9409 NV g3y 2
i 65419409 2 ‘(E)
12_‘) 236 x—y=2
t ==

=0 ! ‘
tz=_a

65

& (x-y=2 x-y=2 _ (x=2+y,

3 g{xy—ery:llS,‘:.[xy:lZU, ﬁ{xy=120.@

y2 +2y—120 =0, v, = 10, y, = 10,
y2+2y—120=0

{x=2+y, ﬁ{x1=2+10.={x1=12,

Tpemuii gapuanm Yemeepmotii 6aPUAHM

]3\+1—9 ‘..\+'|.—6 ‘3\+1.—?
Y Nog =1 10 533 Y Nos =1
—1 — —1 - 9] ) —1 -
5) [1357 169, 5) [11 =121, 5) [127% =144,
l4x—35y=14 l4x—5y=1 l4x—2y=14
[10*" =1000, [47 =64, 557 =125,
B B)
|x-3v =10, lx—9y=7. |x-3y=7
]3&" =81 [3% =27, 537 =125
T B T
) |105# =1000. ) 535 125 ) |3 =1
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(2" =64,

2" =1024, _ 277 =512 277 =128
:} 1\||—1 +1 L ﬂ} lf.l.\l:.._h-_l_i ,H) Ir.l\i— r—l_i ﬂ) Ir.l\i_-_n-_l_i
1' 2) 32 1 ’w‘ 16 hz; 16 Lz; 16
[0.7%.0.7" =0.7. £.0,9" =09, (0.6 .06" =0.6 [0.5% .05 =05
) 1"“ 27 =32, ) l 27 =32, ) le *.27 =32 ) ‘125“ 27 =32
Is‘ 2" =1, 4727 =1, 472" =1 1287 .27 =1,
el V=3 1Y s (LY 8" =2 (1) 2437 =3
3; \3) \2) L3/
]3'+31 =30, ]"r +27 =3, 27 +27 =12 [3"+3" =10,
3) 39,
13' 30 = l”r —2 =1, 2727 =4 |3 -3" =s.
Omeembi:
Ilepgstii sapuanm  Bmopoii sapuanm Tpemuii sapuanm  Temeepmustil
sapuanm
a) (0,75:3,75) a) (1,125:5.625) a) (1,2:3.6) a) (0.875:4.375)
6) (1.5:0.05) 6) (1.2:0 ) 6) (1.2:0.16) 6) (1.2:0.4)
B) (2.6:-0.6) B) (4.75,-1.?5) B) (3.4:-0.4) B) (4:-1)
r) (0:-2) r) (1,9:-0.2) r) (1.35:-0.3) r) (1.25:-0.5)
1) (16:6) x) (9:3) x) (6:15) 1) (4:11)
e) (1.5:-2) e) (0.75:-2.75) e) (0.75:-1.25) ¢) (0.75:-0.5)
x) y=0.5:v=-0.6: %) (-0.4:0.2) ) u=-0.4:t=0.2:  x) |- 1'“; 11_1‘
3) t=3:y=1: 3) (1:0) 3) t=3; y=2; 3) u=0:;v=2.

IIpakTuyeckas padora Ne2(
Tema 4.4: KontponbHas padora no pasneny 4 «[lokazarenbHas QyHKIHS»
Heas: [IpoBepuTh ypoBeHb YCBOSHHSI JAHHOTO MaTepuaia 1o paszaeny 4 «llokazarenbHas
byHKIHS

Ilpu pewenuu 3a0anuni 1-4 3anuwiume npaguibHLIL oOmMeem U3 UYemulpex
nPeo10IHCceHHbIX.

1. (1 6ann) [Ipu kakom 3HaueHUH a PyHKIMS y=a* ObIBaeT Ha Bcel 00J1acTH onpeieneHus ?
A) a=§; b) a=8,25; B) a=§; I) a=\3.

2. (1 6amn) Ha pucynke u300paxén rpadpuk pynkuun Buga f(x)=a*. Haiiaute 3HaueHue

f(2).

Wl

—g’(r)—a"-/f

SRSl

-

| Opelyeri &)
A) 25; B) 5; B) 32; I') Het BepHOTO OTBETA.
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3. (1 6amn) Oynkus 3agana GopMynou: f(x)=(%)x. Yemy pasHo f(-2)?
A) =1 B) -4, B) 4 1) 2.

4. (1 6amn) Kopenb ypaBHeHUs (%)X " = 3?
A) 12,5;b) 13; B) 14;T') 15.
Ilpu evinonnenuu 3ad0anuil 5-8 3anumiume xo00 peuieHus u NOJYUEeHHbLIL OMeem.
5. (2 6anna) Haiiaute kopeHs ypaBHeHHs 3% 2-5%3*=12
6. (2 6amra) CKOJBKO IENBIX PEIICHMI UMeeT HepaBeHeTBo 1 < 751 < 4972
7. (2 6anna) Haiinute Touky MakcuMyMma GyHKIUU Yy = 25-8x—x*

8. (2 6ama) B xoze pacnaga paJuoakKTHBHOTO U30TOIA €r0 MacCa YMEHBIIIACTCS 110 3aKOHY
m(t) = mo - 2T rie mo — HawanmbHas Macca W30TOMNa, t — BpeMsi, MPOIIEIIIee OT Ha9aJIbHOTO
MoMeHTa, T — mepuoa nonypacnajga. B HauanbHbBIME MOMEHT BpeMEHU Macca u3oTorna 184 wr.
Ilepuon ero nosypacnana cocrasisier 7 MuH. Halinure, yepe3 CKOJIBKO MUHYT Macca M30TOIa

Oynet paBHa 23 Mr.

Imanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3adaHuA
OtBeTr B A B A 1 2 -4 21

IIpakTuyeckas padora Ne2l
Tema 5.1: Jlorapudm uucna. CoiicTsa orapupMoB
Heab: HayunTbcs BBIYUCHATH JOrapudMbl W YOPOIIATh BBIPAKEHUS, COJIEpIKAIINe
aorapupm

Teopernyeckas 4acThb:

Jlorapugm uncna b no ocHoBanHuIO @ OMpenenseTCs Kak MOKa3aTelb CTENeHH, B KOTOPYIO
HaJ0 BO3BECTH 4HCIO (I, uTOOBI MOMyuuTh umcio b (Jlorapudm cymecTByeT TONBKO Y
HOJIOKHUTETBHBIX YHCEN).

Jlorapudm B mepeBoje C TIpeyecKoro OyKBaJbHO O3Ha4yaeT 'duciao, W3MEHSIoIee
OTHOLIEHHE".

CneuuajbHble 0003HAYEHUS:

1. Hatypanbusiit norapudm e - norapudm no ocuopanuio €,

2. JlecATHUHBIN JoTapu(pm lga . Jorapudm mno ocHoBanuto 10.

CaoiicTBa orapugmos:

log, b
1° a”" = b- ochoHoe JOTapupMHUECKOE TOKIECTBO.

20 log,a=1a=0a+#1
l=0.a=0.a#1

Jlorapugm eIuHHIIBI 0 JTF000MY MOJOKHUTEIHLHOMY, OTIMYHOMY OT 1, OCHOBaHHIO paBeH
HYJI0. DTO BO3MOXKHO MOTOMY, YTO M3 JIIOOOTrO JEWCTBUTEIBHOTO YHCIIAa MOKHO MOJIYYHUTH |
TOJIBKO BO3BEJISl €T0 B HYJIEBYIO CTEIIEHb.

g0 log, (be) =log, b+ log, ¢

Jlorapum npousBeeHNs paBeH cyMMe JIOTapu(pMOB COMHOKUTENEH.

30 log

e

P

50 log,, o= log, b—log, ¢

Jlorapudm yactHOTO (IpOOH) paBEH pa3HOCTH JIOTapU(YMOB COMHOKUTEIIECH.
o log, b" =p-log

6 B p-log

e =
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Jlorapugm cTerneHu paBeH NPOM3BEACHUIO IOKa3aTels CTENeHW Ha Jorapudm ee
OCHOBAHHS.

1
log, . b= T log, b

1
log, b=
80 log, @
log b
log, b= B
9° log.a - Mepexo/i K HOBOMY OCHOBAHHUIO.

Pemenue 3aganuid:
Nel. Haiinute 3HaueHUE BbIpaKEHUS:

6 * lﬂg? 3??

Hcnons3oBanu:
™

an = yam

mo__ .
log . b™ =m-log, b

Ortger: 2
Ne2. Haiigure 3Hauenue Beipakerus 10gog 3 - 10931,25
logos3 - log, 1,25 log, 1 logs 1,25
oo v 10T . — OO0 . — —
50,8 o3 1 g3 ﬂ,B o3 ]_Di:lz {},8
1 1,25 =1 1 > 1 > 1 1
= [OgF ; = |04 — = DCF-'S'-._:I'_:_‘ 09— = — g = —
o0.2 tlgq_ UILI | 4 _1 D14
Hcnons3oBanu:
| 1
o9 =
= log,a
log.b
= =log, b
log.a
1
lagapb::E~lﬂgab
Otger: —1
Ne3.HaiinuTe 3HaueHNE BBIPAKECHMUS:
510g25 49

glogzs49 — 5]cg25?2 — § 2logas7 — ('52}]og25? _

— 25legzs7 = 7
Otger: 7
Ne4. Haninute 3HaU€HUE BBIPAKECHHUS:
g2 logg 3

gZ-loge3 _ (Blagsaf e
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Ortser: 9
No5.Haiinute 3HaueHUE BHIPAKEHHUS:

6410%9 V3

641083 _ (8- g)logs V3 _ gloge\3 , glogsv3 _ V3.4/3=3

Ortser: 3
Ne6. Halinute 3HaueHue BbIpaXKEHUS:
24
3log; 2
24 24 12
3legz2 2
Ortger: 12
Ne7. Halinnre 3Ha4eHHE BBIpAXKCHUS:
—_—
log1 V13
13

_ ) 1 i

log1 V13 =log;3-+ 139° = 1 log1313%°=—-1-0,5=-0,5
13 —

Otser: — 0,5

Ne8 . Haitnure 3HaueHue Boipakenust 109z 8,1 + 10gs10.

log,8,1+1log,10 =log,(8,1-10) =log,81 =4

Ortsert: 4
Ne9. Halinute 3HaYeHUE BBIPAKEHHUS:

10g5 V13

log, 13
log,\13 _ .
e 13 =108:13VI3 =log;;137=2=05
o6

Ortser: 0,5

Nel0. Boluncnure 3Ha4eHHE BHIPAKEHUS:
&,
(3103_2 3)10,:,a 2

(S]GEZEJ]QEEZ — (Slugzz)]cgzz — ologz3 _ 3

OtBer: 3
Nel 1. Haitaure 3Hauenue Beipaxenns 10ga(ab®), ecmm logs a = 1/7.
[Ipeobpaszyem nmaHHOE BBIPAKEHUE:
13 — 3 _
log (ab®*) =log_a+log b*=1+3log b
Omnpenenum 3HavueHure BoipakeHns 10gab. Ham usBectHO, 9TO

1
log,a = 7

Hcnonb3yeM cBOMCTBO:
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log_b
1 B 1
7 log. b

CaemoBarenbao 10gab=7.
Takum oOpazom:

1+3log,b=1+3-7=22

Ortser: 22
Nel2. Haiimure loga(a:b®), ecm loga b = 5.
a
lﬂgaﬁ =log,a —log b*=1—3log, b =
—1-3.5=-14
Otset: —14

Nel3. Haitnure loga(a®b®), ecim loga b = 2.
log, (a*b?®)=log,a* +log, b* =2log,a +3log, b =
—2-1+3log,h=2+3-(—2)=—4

Otser: —4
Nel4. Haiimute 3Hauenne Beipaxkenus 10ga(a*b®), ecim logs a = 1/3.

log (a*h®) =log a* + log b® = 4log, a+ 9log, b =

=4.1+9log_ b

1
log,a = 3
l = . = log,b=3
o5, O = —_ = (] =
27" log.b 3 log.b =
4.1+9log,h=4+9-3=31
Ortgert: 31
Nel5. Haitmure loga(a”:b%), ecu loga b = 10.
a’
lngaﬁ =log.a” —log, b® =7log a—3log. b=

=7+1—-3-10= —23
OtgeT: —23
Nel6. Haitmure loga(ab®®), ecom loga b =7.

log_(ab?®) =log_ a+log b®=1+10log b =

=1+10-7=71
Ortser: 71
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IpakTnyeckas padbora Ne22
Tema 5.3: Pemenne norapuMuuecKux ypaBHEHUN 1 HEPABEHCTB
Heas: Hayuntbes pemars gorapuMuyeckie ypaBHEHHS U HEPaBEHCTBA

Teopernyeckas 4acThb:

Teopema 1. Eciu f(X) > 0 ug(X) > 0, To jorapudmuueckoe ypaBHeHue logaf(x) =
log a g(X) (rme @a >0, a # 1) paBHoCcHIBbHO ypaBHeHHIO f(X) = g(X).

IMpumep 1. Pemute ypaBHeHue:
2 _ =
lg(x® — 6) = lg(8 + Hx).
Pemenne. B o0mnacte 1OmMycCTMMBIX 3HAUEHHUH BXOIAT TOJBKO TE X, IPU KOTOPBIX

BbIpa)KEHUE, HaXo1s1Ieecs M0 3HaKoM Jiorapugma, 6oiblie Hylsd. DTH 3Ha4eHUs ONPEeIIAIOTCS
CJIEYIOLEH CUCTEMON HEPABEHCTB:

22 6 >0, x? > 6,
—
&+bhr =10 r > —1.6.

x € (—00; —V6) U (V6; +00),
re(—1,6;+0c).

C ydetoM TOTO, 4TO

—1,6 = —/2,56 > —/6,

HOJIy4aeM IPOMEKYTOK, OHPEIESIONMiA 00JIacTh JOMYCTHMBIX 3HAYECHHH JIaHHOTO
JOTapu(PMHUECKOTO YPAaBHEHHS:

z € (V6; +00).
Ha ocHoBanumu TCOPCMbI 1, BCC YCJIOBUA KOTOpOﬁ 3AC€Ch BBIIIOJIHCHBI, IIEPEXOAUM K
CJIEAYIOIIEMY PABHOCUIIBHOMY KBaJIpATUYHOMY YPaBHEHUIO:
2 6=8+5 P bz —-14=0
r" —0=0+4+0T I —oT — =U =

ry =17, 10 = —2.
B 0b6nacTh 1omycTUMBIX 3HaYEHUI BXOAUT TOJBKO MEPBbII KOPEHb.
OtBer: X =7.

IIpumep 2. Pemnte ypaBHeHMeE:
logy o(—2?% + 4x + 5) = logg o (—a — 31).

Pemienne. OGacTb JIOMyCTHUMBIX 3HAYEHUH YpaBHEHHUS OINpPENENseTcs CUCTEMOM
HEPaBEHCTB:

—x? 44+ 5> 0, - —1<gx<h,
—x—31 =10 T < —31.

OueBuHO, YTO 3TH JBAa YCIIOBHS NMPOTHUBOpEUYAT APYr Apyry. To ecTh HET HU OJHOIO
TaKOT0 3HA4YEeHHUs X, IPU KOTOPOM OJIHOBPEMEHHO BBITIOIHSIUCH Obl 00a HepaBeHCTBa. O0OnacTh
JIOITyCTUMBIX 3HAYE€HUI YPAaBHEHHUSI SIBIISIECTCA ITyCTHIM MHOXECTBOM, a 3HAYUT PEIICHUN Y TAHHOTO
JOrapu(pMHUECKOTO YPAaBHEHHS HET.

OTBeT: KOpHE HET.

OOparuTe BHHUMaHUE, YTO B ATOM 33JlaHUM HaM BOOOIE HE MPHUILIOCh MCKATh KOPHU
ypaBHeHHUA. J[OCTaTOYHO OKa3ajioch ONPEAETUTh, YTO €ro 00JIacTh JONMYCTUMBIX 3HAYEHHUH He
COJIEP)KUT HHM OJHOTO JEHCTBUTENBHO 4YHCHIA. OTO OAHO M3 MPEUMYLIECTB TaKOM
NIOCJIEIOBATEIBHOCTH PELICHUs] JIOTapU(PMUYECKUX YpaBHEHMH W HEpaBEHCTB (HAYMHATH C
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orpeneneHuss O0JacTH JOIMYCTUMBIX 3HAYeHUWH YpaBHEHHUS, a 3aTeéM pellarb €ro IyTem
PaBHOCHJIBHBIX MTPE0OpPa30BaHMIA).
IIpumer 3. Pemute ypaBHeHue:

3103%1—#510&1—2:0.
5 )

Pemenne. OGmacTh JOMYCTUMBIX 3HAUCHUH YPaBHEHHUS OTPEIEIIICTCS 311eCh JieTko: X > 0.
Hcnonb3yeM noJCTaHOBKY:

t = log% T
YpaBHEHHE IPUHUMAET BUJ:
1
t1 = 7,
3 4t —2=0s |, %
ty = —2.
OO6parHas moJIcTaHOBKa:
logi ¢ = L. =1
53 R o I Bk
logi x = -2 r = 4.

p)
O6a oTBeTa BXOJAT B 00JIACTh JOMYCTUMbBIX 3HAYCHHUI YPaBHEHHUSI, IOCKOJIBKY SIBIISIFOTCS
MOJIOKUTEIBHBIMU YUCIIAMH.
IIpumep 4. Pemute ypaBHeHue:

logp 4(x + 2) + logg 4 (v + 3) = logg 4 (1 — x).

Pemtenne. BHOBb HauHeM pemieHue C OmpeaeieHus 00JacTh JONMYCTHMBIX 3HAYCHHNA
ypaBHeHuA. OHa onpenesseTcs Caeayoue CHCTEMO HEPaBEHCTB:

r+2 =0, r > —2,
r+3>0, ©{rx>-3 <axec(-21).
1l—x =10 r <1

Bocnonp30BaBIINCE PAaBUIIOM CIIOKEHUS JIOTrapu(pMOB, IEPEXOIUM K PaBHOCUIBHOMY B
00J1aCTH JIOTTYCTUMBIX 3HAUYCHUH YPaBHEHHUIO:

logg 4(x + 2)(x + 3) = logp4(1 — ) =

OcHoBaHus Jorapu(pMoB 0JIMHAKOBBI, TI03TOMY B 00J1aCTH AOMYCTUMBIX 3HAYEHUH MOXKHO
NEPENUTH K CIENYIOIIEMY KBaJIpaTHOMY YPaBHEHHUIO:

(z+2)(z+3)=(1-z)=s’+6z+5=0<
x] = —0,
r9 = —1.
IlepBbIif KOpeHb HE BXOAMT B O0JIACTH JOMYCTUMBIX 3HAYEHUN YpaBHEHUs, BTOPOH —
BXOJIUT.
Oteer: X = -1.
IIpumep S. Pemure ypaBHeHuMe:
r1o83T = 81,
Pemenne. bynem nckath pemrenust B mpomexyTke X > 0, X#1. [IpeoGpazyem ypaBHEHHE K

PaBHOCHUJIIBHOMY:
1

T_lﬂg;; T _ TlﬂgrEl = T_lﬂg;; T _ ylogze o

loggx =2 - T =

2 ) ,
logar =4 < logs & = —2 -
Oq T :

[Tl ]

O0a oTBeTa BXOJAT B 00/1aCTh NOMYCTUMBIX 3HAUEHUH ypaBHEHMUS.
IIpumep 6. Pemvite ypaBHeHue:

92



logy(x 4+ 12) -log,. 2 = 1.
Pemenue. Cuctema HEpaBEHCTB, OMpeAesdmonias o00JacTh JOMYCTUMBIX 3HAYCHHI
YpaBHEHHUS, UMEET Ha ATOT pa3 BUJ:

r+12 =0,
x =0, x>0, # 1.
xF# 1

Hcnonb3ys cBoiicTBa jorapudma, npeodpazyeM ypaBHEHHE K paBHOCHIBHOMY B 001aCTH
JIOIYCTUMBIX 3HAYCHUH YPaBHEHUIO:

logy(x+ 12)

=1.
2logy x
Hcnonb3ys popmyiny nepexosa K HOBOMY OCHOBAHHUIO JIOTapr(pma, moTydaeM:
rp = 4,
log, (x+12)=2=2’ —2-12=0< Tl F
= —a.

B o6macth nonmycTUMBIX 3HAUEHUM BXOAUT TOJIBKO OJIUH OTBET: X = 4.

[lepeiinem Teneps K.102apugpmuueckum Hepagencmeam. ITO Kak pa3 TO, ¢ YEM BaMm
npuaercs umerh aeno Ha EI'D mo martemartuke. i pemieHusi JanbHEHIIMX TPUMEPOB HaM
notpedyeTcs cineayromas Teopema:

Teopema 2.

Ecmu f(x) > 0 u g(X) > 0, To:

npu @ > 1 norapupmuyeckoe HepaBeHCTBO logaf(x) > logag(X) paBHOCHIBHO
HepaBeHCTBY TOro e cMbicia: f(X) > g(x);

npu 0 <a< 1norapupmuueckoe HepaBeHCTBO logaf(X) > logag(X) paBHOCHIBHO
HEPaBEHCTBY MPOTHBOMOIOXKHOTO cMbicia: f(X) < g(X).

IIpumep 7. Pemure HEpaBEeHCTBO:
logg 5 (22 4+ = — 6) = logy 5(x + 4).

Pemienne. Haunem c omnpeneneHus o0nacTd JOMYCTUMBIX 3HAUEHUH HEPaBEHCTBA.
Boipaxkenue, crosiiee moja 3HaKOM JorapuMuyeckol (QpyHKINHU, JOIKHO NMPUHUMATh TOJIBKO
MOJIOKUTEbHBIE 3HAU€HHUs. OJTO 3HAUUT, YTO HCKOMas OOJIaCTh JOMYCTHUMBIX 3HAuYCHUI
ONPEAEISIETCA CIEAYIONIEH CUCTEMO HEPABEHCTB:

22+ —6>0, - xr € (—o00;—3)U(2;+0x),
r+4=10 x> —4
S are(—4-3)U (2 +00).

Tak xak B OCHOBaHHWH JioraprdmMa CTOUT YUCIO, MEHbBIIIEE SANHHIIBI, COOTBETCTBYIOIIAS
norapupmuueckas GyHkius Oyaer yObIBaOIIEH, a TOTOMY PaBHOCHJIBHBIM T10 TeopeMe 2 OyeT
Nepexo] K CIASAYIOIIEMY KBaJpaTUYHOMY HEPABEHCTBY:

P +r-—6<r+4er?<10s e [—V10;V10].
OKOHYATENBHO, C YYETOM OOJIACTH AOMYCTUMBIX 3HAYEHHH MOTy9aeM OTBET:
z € [—V10; —3) U (2; V10].
IIpumep 8. Pemnite HEpaBEeHCTBO:
{T . 9}11
r—3

Pemenue. BHOBS HauHEM C ompeiesieHHs 00IacTH TOMyCTUMBIX 3HAUYCHUMN:

11 - logg (2% — 122 + 27) < 12 + logg
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v? —12x 427 > 0,
[T_glll
r—3 >0
Ha wMHOXecTBe MJOMYCTHMBIX 3HAYCHWH HEPABEHCTBA IPOBOJMM PaBHOCHUJIBHBIC
peoOpa3oBaHus:

e (—ood)U (9 +00).

_ qll
11 - logg(z — 9)(x — 3) —1ogg¥ <12
xr —.
_gyll
logg [(z — 9)'(x — 3)1] — log, % <12
Tr —
(= 3)(x—9) 12
logg z _ o < logg 977,

[Tocne cokparienus U nepexoa K paBHOCUJILHOMY I10 TEOpeMe 2 HEPABEHCTBY MOJIY4aeM:
(z-3)2 <9« 9<r-3<9e xe|-—612.

C y4eTOM oOJactu AOITYCTUMBIX 3HAYCHUH nojrygacm OKOHYATEJILHELIA OTBET:
xr e [—6;3)U(9;12].

IMpumep 9. l?eH_II/ITe Jorapu(MUIEecKoe HEPaBEHCTRBO:
log, .1 (2® + 322 + 2x) < 2.

Pemenne. OGnacTp JOMyCTUMBIX 3HAYEHWI HEpPaBEHCTBA OIPEAEISETCS CleayroIen
CHUCTEMO:

r+1>0,
r+1#1, e x € (0;400).
w(x + 1)(x+2) =0

Bunno, uto B 005acTH MOMYyCTUMBIX 3HAYEHUH BBIPAKEHHUE, CTOSIIEE B OCHOBAHHUH
norapudma, Bceraa 0oIblile eIUHUIIBI, a TOTOMY PAaBHOCHIIBHBIM 10 TeopeMe 2 OyIeT mepexo K
CJIEIyIOIIEMY HEPABEHCTBY:

:1"-3—|—3:1"-2—|—2:I"-{:172+2:11—|—1-#}:1"-3—|—2:r-2—1{U-#}
(z+ (22 +rx-1) <0

145 Vb -1
g JU{h T

C Y4CTOM o0ractu JOIMMYCTUMBIX 3HAYCHUH nojrygacm OKOHYATEIbHBINA OTBET:

Vvh -1
2

IIpumep 10. Pemure HEpaBeHCTBO:
2logg(2? — 4x)
logy x?

Tr e | —oo;

x e |0

< 1.

Peuienue.
OO6nacTh TOMyCTUMBIX 3HAYCHHUI HEPaBEHCTBA OIPEIEIsIeTCS CUCTEMOM HEPaBEHCTB:
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2 —dx > 0,
2 >0, s (—oo;—1)U(=1;0) U (4; +00).
22 # 1

I cnmoco®. Bocrionb3yemest opMynoit mepexoga K HOBOMY OCHOBAHHIO Jiorapudma u
nepenieM K paBHOCHJIBHOMY B 00JIACTH JIOMYCTUMBIX 3HaYCHHI HEPABEHCTBY:

log,»(2? — 4a)? < 1.

L}
HepaBeHnctBo Oynet paBHOCHIBHO IBYM cucteMam. [lepBoii:

x e (—1;0), - r e (—1;0),

(22 — 4x)% = 2° 22 (x —5)(z—3) =0
x e (—1;0).
U BTOpoii:

xr € (—oo;—1)U (4; +00),
22z —5)(x—3) <0
WTak, OKOHYATEIIHHBIN OTBET:
xr e (—1;0) U (4;5].
IT cnoco6. Pemmaem metoiom uHTEpBaioB. [IpeoOpasyeM HEpaBEeHCTBO K BULY:
2 lr::aggl[:r.2 — dx) — logy 22

& x € (4;5].

l 5 <0<
0gq T
Bbrutem u3 3HaMeHartens lﬁgﬂ L. OTO HUYETrO HE U3MEHUT, TIOCKOJIbKY ngH 1=10.
l:::ggl[:r.2 — il:r.]l2 — logs 72 <0
logg r? — logy 1 -
C yderoM TOro, 4YTO BBIPAXKEHUS 1033 f— lﬂgﬁg nf —9— OJTHOTO 3HakKa

npu I 9> 0,5 o6nacru JIOTTYCTUMBIX 3HAUCHHUH MMEET MECTO CIICIYIOIIUI PaBHOCHIIBHBIM
Hepexo:

{:1".2 — il:r.]l2 — 22

R < 0=
Tre —

(2 — bx)(2? — 3z2) )
2 —1 S0

- —. - -

-1 [i] 1 2 3 4 5
MHOXECTBO peI_HCHI/Iﬁ JaHHOI'O HCPABCHCTBA

. . F
Urak, €(-L1Hu [3' ‘J] ’a ¢ y4eToM O0JIaCTH JIOMYCTHMBIX 3HAU€HHH MoTydaem

e (—1;0)uU(4;5].

TOT XK€ pe3yJibTarT.

Pemenue 3aganmii:
Nel. Pemmts ypaBHEHHS:
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1. log,(2x + 1) =log, 3 + 1: 6. log-(x — 1) =log,; 2 +log- 3;
2. log-2—-1=—log,(5—x): 7. loga(2x — 1) —log: 16 = 5;
i 2 z
3. Jlogz(3x —2) =3 8. lg(5x +2) = 1g36 + 1g2:
4. logos(3x — 1) = —3; 9. logix —5log,x +4=0:
5. 2logz 2 —logz(x — 1) =1 + log; 5;

10.0g7x=3—2lzx.

No2. Pemiuth ypaBHEHUS:

Dig(x+4)-lg (x — 3) = 1g 8;
Dlg(x+2)-1lghb=1g (x — 6);
Nlg(x—-2)+1gx=1g 8;

4)lg Jx — 7 +1g J3x — 8 = 1:
5) log, (x + 10) = 2;

6)log, 2 + log, 3 -

Ne3. Pemuts HEPABCHCTBA:

1. log, (2x—-6)<log, x
- 3

1
7 -

N
NS v
>

|
wu

v/
!

4. log, {18x-2)20

e

"'.ﬂ

log,, x +log,,(x—19) < 1

IIpakTyeckas padora Ne23
Tema 5.4: CucteMsl JOorapupMUUECKUX ypaBHEHUN
Heas: Hayuntbes pemarb CUCTEMBI JTOTapu(pMUUECKUE YPAaBHEHHS

Teopernyeckas 4acThb:

Cucrembl JorapupMuyecKuX ypaBHEHMil pelIalOTCSs TEMH € METOJaMU, 4YTO HU
CUCTEMBI ITOKa3aTeIbHBIX ypaBHeHUH (ypok «lloka3aTenbHbIC ypaBHEHHWs, HEPaBEHCTBA U WX
CUCTEMBI»).

Camble TPOCThIE CUCTEMBI JIOTapH(PMUIECKUX YPAaBHEHHUH — 3TO CUCHeMbl, 8 KOMOPbIX 00a
VPasHeHus: c800AmMCcsA K npocmelwum. B nanpHeimeM nomyyaercs oOblUHAs CUCTEMA U3 JIBYX
YPaBHEHUH C JIByMsI HEU3BECTHBIMH, KOTOPYIO MBI YK€ YMEEM PeIaTh.

{bg:(x +3y) =2

[Ipumep Takoi CUCTEMBI: logzxy =1
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Emé omuH Tum cucteM mnorapuMHYECKUX YpaBHEHHH — 3TO cucmembl, KOMOpble
{ log,x —log;y =2

o 4log,x—5S5log,v=7
CB00SIMCSL K 0OBIYHBIM ¢ NOMOWbIO 3amenbl. [IpuMep TaKkoi CUCTEMBI: 82 CED )

IMpumep 1
log z(2y—x) =2

. {lﬂgl[:,v —x)=—
PemnTh cucremy ypaBHeHMIA: z

Kak BuanM, 00a ypaBHEHHS SIBISIOTCS IPOCTEHITNMHU, TO3TOMY UCIIOIb3YEM OIpPEIeIICHUE
jorapudma 1 mosryyaeM CUCTEMY JIMHEHHBIX ypaBHEHUI:

2y —x = [\-’E):

Ilposepka: (=3:1) _ HOJIXOJTHT.
Orser: (—3:i1)

IIpumep 2
{ log,x —log;y =2
Peunith cHCTeMy ypaBHeHmii: log,x —5Slogzy =7

Kak BU UM, nepeMeHHa;Ix B CHCTCMC BCTPCYACTCA TOJIBKO B BBIPpA)KCHUU 1Dg2x

a
]
Ie v log. v
pemenHas ¥ TOJIBKO B BbIpaKeHUn 053 HO9TOMY c MIOMOIIBIO

samensr: [082% = @ 1083Y = b rappag crcrema cBosmTCs K CHCTeMe THHEHHBIX ypaBHEHUI:

{ a—b= 2

4a — b = ?
{4b +8— 5b =7

a =3

b = 1

{}r =3
Ilposepxa:

(8:3) _ MMOIXOINT.

OTBeT: (8;3) .

IMpumep 3.

x+ty=6

¥4 X + ¥4 = 3
Pemmre cucremy ypaBHeHHNI 105‘ x+lo g2) -

Pemenue:
HOHSTHO, 4T0 *> 0 Yso.

N3 nepBoro ypaBHEHUsI CUCTEMBI ITOITYIUM Y-g_x , A3 BTOPOTO MOJy4UM lﬂgj (I-} ! )

—31/1J1Hx1‘ 8.
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y=6—x
xy =38

Takum  obOpazoMm, moydaeM CI/ICTeMy{ [ToncraBum V=6 X

ypaBHEHHE XV-8 Torna IIOJTyYMM KBAJPATHOE ypaBHEHHE X +6x + 8 =0 gro KOPHSIMHU

7 H }
ABISIOTCS ymcya X 1= 2, X2=y4, IToncraBuMm ux B V= 6— X, MOJTyYUM Yiz 4, V2 2.
Pemenuem nanHoi cuctemsl sBisieTcs napa (2; 4) u (4; 2).
IIpumep 4.
loga(x—y)=1
. I+l —
Pemnre cucreMy ypaBHeHUI 273 =72
Pemenue:
W3 TEpBOTO YpaBHEHHs CHCTEMBI MMeeM ¥ — Y= 2. Bemonmum 3aMeHy: BO BTOpOE

e 3_1'+ 1

ypaBHEHUE 2 72 BMeCTO *mojcTaBUM V= 2+ -] Torma  MOXHO

v+ 1. v+ 1 v+ 1 — £2 7
3anmcarhb 3 2 = 36. Orcroma 6 =6 U [IOJIy4YHM, YTO g 1. Torma X= 3.
Takum 006pa3om, pereHueM JaHHOW CHCTEMBI siBiiseTcs mapa (3; 1).

Pemenue 3ananuii:
Pemmts cucremy norapuMUIecKux ypaBHEHUI:

1(x+y=34 2. |log,(x+y)=2
log, x+log, y=6 (log;x+log,y=2+log,7

3. 4.
log,(x+y)=2 |logyx—log;y=0

10g3(x_y):2 x2_5y2+4:()

o. 6.
log, y+2log,x=4 lo(x*+)") =1+1g13

g, (x> +y%)=5  (gx+y)=lg(x-y)+]g8

IIpakTnyeckas padora Ne24
Tema 5.5: Jlorapu¢msl B mpupojie ¥ TEXHUKE
Heawb: Hayuutbcest BBISBISATH IPOSBIECHUE JTOTapUPMUUECKON CIUPATIH B IPUPOJE.

Teopernyeckas 4acThb:

Ha npotsbxenuu 16 Beka ObICTpO BO3pacTaio KOJUYECTBO MPUOIMKEHHBIX BBIUMCICHUH,
IPEeXJie BCEro, B aCTpPOHOMUHU. MHOTHE paboThl TpeOOBAIM KOJIOCCAIBHBIX, HHOT' 1A MHOTOJIETHUX,
pacueToB. ACTpOHOMaM Tpo3uiia peaibHas ONAaCHOCTh YTOHYTh B HEBBIIIOJIHEHHBIX pacyeTax.
Torna MmareMaTHKH JUTsl 00JeTYeHUsT BRIYUCIECHUH mpuryManu jgorapudmsl. 1 B 1614 roay Obuiu
ONMyOJIMKOBaHbl ~ MepBble  Jorapudmuyueckue  TaOIUIBI, COCTaBICHHBbIE  IIOTJIAHICKUM
matematukoM Jl>xonom Henepom (1550-1617), oHn Bepoii u nmpaBaoi CIy>KUJIM aCTpOHOMaM U
WH)XXCHEpaM, Ie0JIe3UCTaM U MOPSIKaM, COKpallast BpeMsl Ha BBIYUCIICHU.
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Psn sBneHuit mpupo bl MOMOTAET OMUCaTh UMEHHO JorapudMudeckas 3aBUCUMOCTh. Jl1ist
COCTaBJICHUS MaTeMaTUYeCKOM MOJeNd TOro WM HMHOrO SIBJIEHUS 4YacTo oOpaifaroTcs K
norapudmuueckoit pynkuun. OgHUM U3 HaUOOJee HATVISAIHBIX MPUMEPOB TAKOTO OOpaIIeHUs
ABIIsETCS JorapupmMuyeckas cnupaib. Jlorapupmudeckas cnupanb — 3TO IJI0CKask KpUBast JIMHUS
MHOTOKpPATHO 00XO0JIA1Iast OJJHY U3 TOYEK Ha TIOCKOCTH.

I'ne ke npumensitoTcs Jorapupmbi?

IIpumeHeHNe B aCTPOHOMHUH.

B actponomuu norapudmsl UMEIOT O4eHb OOUIMPHOE pacrpocTpaHeHue. B 3Toit Hayke
3a[eiiCTBOBaHbl OYEeHb OoJbinne MacmTadbl. llo norapugMuyeckuM CHUpPaIsIM 3aKpyYeHbI
MHOTHE TaJaKTUKHU, B YAaCTHOCTH [ amakThka, KOTOPON MpPUHAIJICKHUT COJHEYHAs CHCTEMA.
ACTPOHOMBI paclpeneNsaioT 3Be3Ibl M0 CTENEHSIM BHIMMOW SPKOCTM HAa CBETHJIA IEpPBOU
BEJIMYMHBI, BTOPOW BeNUYMHBI, TpeThbedl u T.1. [locrmenoBarenbHble 3BE3IHBIC BETUUYHHBI
BOCIIPHHUMAIOTCS TJ1a30M, KaK WIeHbI apupmeTndeckoi nporpeccun. Ho pusnyeckas spkocTh ux
U3MEHSAETCS 10 HHOMY 3aKOHY: OOBEKTHBHBIE SIPKOCTH COCTaBISIOT T€OMETPUYECKYIO
MIPOTPECCHIO CO 3HaMeHaresneM 2,5. JIETKO MOHATh, YTO «BEIMYMHAY 3BE3]IbI MPEICTABIISET COOOM
HE YTO MHOE, Kak jJorapudm ee ¢pusznueckoil sspkoctu. [Ipaktuyecku kaxnaas BTopas Gopmyna B
aCTPOHOMHMH, acTPO(U3UKE U IPYTUX MMEPEKPECTHHIX HayKaxX He 00xoxasaTcs 0e3 morapudma.

IIpumenenne B 0MOJIOTHH.

PakoBUHBI MHOTHX MOJUTIOCKOB, YJIHTOK, a TakKXe pora apxapoB (TOpHBIE KO3JIbI),
3aKpy4eHsbl 1o Jiorapudmudeckoii cimpanu. [1o morapudmuueckoit crivpaiv o4epyeHbl He TOJIBKO
paxoBunbl. [layk omelpa, cruietas NayTHHY, 3aKpy4dBaeT HHTH BOKPYT LIEHTpa IO
Jorapu(pMHUUECKUM CIUPATISM.

IIpumeHeHne B My3bIKe

Korna my3blkaHT urpaet Ha posiie, COOCTBEHHO TOBOpsI, OH UrpaeT Ha jorapudmax. Tak
Ha3bIBAEMBIC «CTYINEHM» TEMIEPUPOBAHHOW XPOMATHYECKOW TaMMbl MPEACTABISIIOT COOOU
norapudmbl ITUX BEJIMYKH. OcHoBaHue 3TUX norapudmon paBHO 2.
Homepa xnaBuimedd posuisi TPENCTaBISIOT co00#  jiorapudMbl  4ducen — KoJeOaHuit
COOTBETCTBYIOIIMX 3BYKOB (YMHOXEHHBIC Ha 12). MBI 1a)ke MOKEM CKa3aTh, YTO HOMEP OKTaBbI
MIPEACTABISIET COOOM LETYI0 YacTh (XapaKTEepUCTHUKY) JIoraprudma drciia KoyiedaHuid 3TOro TOHa,
a HOMep 3ByKa B JaHHOW OKTaBe, NEeNeHHbI Ha 12 — npoOHy0 YacTh (MaHTHCCY) 3TOTO
norapudma.

IIpumeHeHune B NCUXOJIOTHH.

I'pOMKOCTh 3ByKa H3MEpSIOT B Jerubenax, KOTOpbIe MPOMOPIMOHAIBHBI JOTapupMy
MOIITHOCTH 3BYyKa, BO3JCHCTBYIOIIEr0 Ha yxo. YmnorpeOieHue JorapupMuUyYecKux MIKal
MPOJUKTOBAHO 0COOCHHOCTSIMH HAIIIMX OPTaHOB YYBCTB: 3pEHUS, CIIyXa U T.JI. YelroBeueCcKuit Mo3r
BOCTIPUHUMAET Pa3ApaXeHHUsI OT OPraHOB YYBCTB HE MPOIMOPIMOHAIBLHO CHUIIE Pa3Apa)KUTENs, a
JWIIB TPONOPIIMOHAIIFHO ee Jorapudmy. IMEHHO MO3TOMY yXO OAMHAKOBO CIIOCOOHO CIIBIIIATH
HIOPOX JINCTHEB U HE OTJIOXHYTh OT TPOMKOTO yapa CTaHKa Ha 3aBojie. A ria3 MOKET 3aMETHUTh,
KakK OJISCTHT CHET Ha CBETY M HE OCJICIHYTh, €CIIH MOCMOTPUT Ha COIHIIE, KOTOPOE B MIJUTAAPIBI
pa3 spue. OnucaHHbIE BBIIIE CBEACHUS OOBEIUHSAIOTCS 3aKOHOM MICUXO(PU3UKH, YCTAHOBICHHBIM
dexHepoM, KOTOPBIF TOBOPHUT, YTO Mepa ONTYIICHHUS MPOMOPIHOHANIbHAS JoTrapu(dMy BeTHIHHBI
paspaskeHusl.

IIpuMeHeHne B ceTbCKOM X0351iiCTBe

Kak okazanoce, U B CeJbCKOM X03siiicTBe He obouutock 6e3 sorapudpmon. Hampumep,
UCCIICIOBAaB POXKACHUE TEJAT, OKAa3aJoCh, YTO HMX BEC MOXKHO BBIUHCISITH M C TIOMOIIBIO
J0rapuQmoB.

OOnacte mpuMeHeHHs JIorapu(MOB HE OTrpaHHUYMBACTCS JIUIIb PACCMOTPEHHBIMH
HayKaMH, TaK’Ke OHA UTPaeT BXXHYIO POJIb B TUTEepaType, HHPOpMaTHKe, UCTOPHH, PUCOBAHUU U
MHOTUX JIpyrux. Jlorapupmudeckas GyHKIHS TaeT HAM BO3MOXXHOCTB TIO-JJPYTOMY B3TJITHYTh Ha
MacIITaOHbIE TTPOIECCHI, TPOUCXOSAIINE B OTPOMHBIX MPOCTPAHCTBAX U BPEMEHHBIX MHTEPBAJIaX
JUTSI TOHUMAaHUsI U OCMBICITICHHSI 00111el KapTUHBI.
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Pemrenue 3axanuii:
Nel. TlpuBenute mpuMepbl MPOSBICHUS JIOTAPU(DMHUYECKON CIHpaId B OKPYKAIOIIEM
MHUpE.

No2. B nauanbpHbIif MOMEHT BpeMeHH ObuT0 § OakTepuil. Uepes 2 yaca mocie moMereHus
OaxTepuil B MUTATENbHYIO Cpey, UX 4uncio Bo3pociio 10 100. Yepes ckoiabKO BpeMEHN ¢ MOMEHTA
pa3MeIIeHHs B MUTATENbHYIO CPey ClAeaAyeT oxuaath nosiinenus 500 6akrepuii?

Pemenue.

Jlnis peuieHust JaHHOM 3a7a4u, HEOOXOAMMO BCIOMHUTD MOHSTHUSI CKOPOCTU M YCKOPEHHUSL.

BLINO -8
1 usMeHerne. - o0 }=>8%= 100 => x=log,100

= Ig‘gsloo — KOHEMHOE 3HAYEHWE CKOPOCTH pacnpocTpaHeHna GaKkTepui Npy NeEPBOM U3MEHEHWH -

|4

®oH. 1.

Bbino -8
2 ioMeHerne: ~__ o 0n 1 =>8Y =500=> y = log,500

=> [0g, 100 —KoHe4Hoe 3HaYeHUE CKOPOCTU PacnpoCTpaHeHuA GaKTepHii Npk BTOPOM H3MEHEHHH -

VKDH.E.'

[lepeiinem k HaTypaibHOMY OCHOBAHHIO JIOTapu(MOB, IJs TOrO, YTOOBI MOKHO OBLIO
BOCII0JIb30BaThCs TAOJUYHBIMU 3HAUEHUSIMHU:
In100—Iin8 In500—In8

2%In8 L*n8
. 2+ (In500—In8)
17 100
In (=g7)

OrtBer: npubaM3uTENILHO 3 yaca 15 MUHYT.

IIpakTnyeckas padora Ne25
Tema 5.5: Jlorapu¢mel B mpupojie U TEXHUKE
Heas: Hayuntscs ncnonb3oBath JIorapugMbl B pEIIEHIH TPUKIAIHBIX 3a/1ad.

Teopernyeckas 4acThb:

Jlorapudmuueckue GyHKIIUN pacpOCTPAHEHbI YPE3BbIUAHO HIMPOKO KaK B MaTeMaTHKeE,
Tak ¥ B €CTECTBEHHBIX HayKaX. [IpuBenémM HEeCKOIbKO MPUMEPOB UCIOIB30BaHUS JTOTapH(PMOB B
pa3HOOOpa3HBIX HAyKaX.

B cratuctuke u Teopun BeposTHOCTEH Jorapudm BXOIUT B P MPAKTHUECKU BAXKHBIX
BEPOATHOCTHBIX pacnpezenenuii. Hanpumep, norapudpmuyeckoe pacnpeesneHue UCIoiIb3yeTcs B
reHeTuke U ¢usnke. JIOTHOpMaNbHOE paclpeeNieHue YacTo BCTPEYaeTCs B CUTYAIUsX, KOrna
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uccieayeMas BEJIMYMHA €CTh IPOU3BEICHHE HECKOJBKUX HE3aBUCUMBIX MOJIOXKHUTEIbHBIX
CIIy4aifHbIX NT€PEMEHHBIX.

3akon bendopna («3akoH mepBod HHQPH») ONMUCHIBAET BEPOSTHOCTH IMOSBICHHUS
ornpeaenéHHON nepBoii 3Havamel nudpsl Mpu U3MEPEHUHN pPeabHbIX BEIUYHH.

JUis OLEHKHM HEW3BECTHOI'O IapameTpa LIMPOKO IMPUMEHSIOTCS METOJ MaKCUMaJbHOI'O
MPaBao0NOI00Us U CBA3aHHAS C HUM Jiorapudmudeckas QyHKIIHS MPaBIONOA00MS .

@OnyKTyanuu npu cirydyailHoM OJyKJIaHHH OMHCHIBAET 3aKOH XuH4KMHA-Koamoroposa.

B undopmaruke: eqununa usmepenus uabopmanuu (ourt). Hanpumep, 11 XpaHeHus B
KOMIIbIoTepe HaTypanbHOro ymcia N (B OOBIYHOM /il KOMIBIOTEpa ABOMYHOM (opmare)
nonagoourcs logoN + 1 6uros.

WudopmanroHHas 3HTPONUS — Mepa KOJIMYecTBa HHPOPMAITUH.

OneHka acHMIITOTHYECKON CIOXHOCTU PEKYPCHUBHBIX aQJITOPUTMOB, OCHOBAaHHBIX Ha
NPUHIUIE «Pa3/eNsaid ¥ BIACTBYIH» — TaKUX KakK OBICTpasi COPTUPOBKA, OBICTPOE MPpeodOpa3oBaHue
®dypbe U T. 1.

OOBIYHO  YMCIIOBBIE  3HAYEHUS  XpaHATCS B HaMsITH  KOMIIbIOTEpa WM
CHEIHaIM3UPOBAHHOTO MIpolieccopa B popmaTe ¢ ruiaBarolieii 3amsatoi. Eciu, onHako, crioxxeHnue
Y BBIYMTAHUE JUIsl TPYIIIbI JAHHBIX BBIMOIHSIOTCS PEIKO, & YMHOXKEHHE, JI€JICHUE, BO3BEICHUE B
CTENEeHb U U3BJICUECHUE KOPHS — ropasJio yalie, TOrJa IMEEeT CMBICI PACCMOTPETh BO3MOXHOCTh
XpaHEHHS TaKUX JaHHBIX B JJorapummuueckoM popmare. B 3ToM cirydae BMeCTO 4rcia XpaHUTCS
jgorapumM ero Moaynas M 3HaK, U CKOPOCTh BBIYUCIICHHUN Onaromaps cBoWcTBaM Jlorapudma
3HAYUTEIbHO ToOBbImaeTcs. Jlorapupmuueckuii ¢dopmar xpaHeHHss ObUT HCIONB30BaH B
HECKOJIbKUX CHUCTeMaXx, TJIe 10Ka3all CBOIO 3(PPEKTUBHOCTD

[Ipuaiun bosibiiMaHa B CTAaTHCTUYECKOW TEPMOJAMHAMUKE — OJHA W3 BAKHEHUIIUX
GyHKIMI ~ COCTOSHUS TEPMOAMHAMMYECKON CHUCTEMbI, XapaKTepU3YIOIIas CTENeHb ¢
XaO0TUYHOCTH.

®opmyna LIH0IKOBCKOTO MpUMEHseTCs sl pacy€Ta CKOPOCTH PAKETHI.

VYpaaenue HepHcTa CBA3BIBAET OKUCIUTENBHO-BOCCTAHOBUTEIBHBIN MOTEHI[MAJ CUCTEMBI
C AaKTHUBHOCTSIMU BEIIECTB, BXOIAIIMX B DJIEKTPOXMMHUYECKOE YypaBHEHHE, a TakkKe CO
CTaHJIapTHBIMU JIEKTPOIHBIMH MTOTEHIIMATIAMH OKUCIUTEIbHO-BOCCTAHOBUTEIBHBIX TIap.

Jlorapudm ucmonb3yercs B ONpeAeTeHUsIX TaKUX BETUYMH, KaK MOKa3aTellb KOHCTAHTHI
aBTONPOTONM3a (CAMOMOHHM3ALMKM MOJIEKYJIbI) W BOJOPOAHBIM IOKa3aTenb (KUCIOTHOCTU
pacTBopa).

Jlorapugmuueckas crivpalib epeceKaeT CBOM paanyc-BEKTOPHI MO MOCTOSTHHBIM YTJIOM.
Ha ocHOBaHMM 3TOrO €€ Ha3bIBalOT PaBHOYTOJIBHOW. DTO CBOMCTBO HAXOIUT CBOE NIPUMEHEHHUE B
TexHHKE. Jles10 B TOM, 4TO B TEXHHMKE YaCTO MPUMEHSIOTCS Bpalarouecs Hoxu. Cuia ¢ KoTopoi
OHM JIaBSIT HAa pa3pe3aeMblil MaTepHall, 3aBUCUT OT yIJla Pe3aHusl, T.€. yria Mexay J€3BUEM HOXKa
Y HalpaBJIeHUEM CKOPOCTH BpalleHHs. /{15l MOCTOSHHOTO 1aBle€HUs! HYKHO, YTOOBI Yo pe3aHust
COXpaHsJI MOCTOSIHHOE 3HaUeHHUe, a 3TO OyJIeT B TOM cily4ae, €cii Je3BUS HOXKeH OdepueHbl 10
nyre Jjorapupmuueckoi cnupaiv. BenuumHa yria pesaHuss 3aBHCUT OT 0OpabaThIBaeMOro
Marepuana.

B rugporexnuke mo porapuMAYECKON CIIUPATH M3THOAIOT TPYOy, MPOBOMASIIYIO MTOTOK
BOJBI K JlomacTsM TypOuHbl. braromaps takoit ¢opme TpyOBbl MOTEPH SHEPTUU HA U3MEHEHHUE
HaIpaBJIEHUs! TEYEHHs] B TpyOe OKa3bIBAIOTCS MUHUMAJIbHBIMH U HAIMop BOJbI HCIOIb3YETCS C
MaKCUMaJIbHOU MPOU3BOUTEIBHOCTHIO.

Haxumass Ha KIaBUIIM COBPEMEHHOIO pOSUIsl, MbI, MOXXHO CKa3aTh, HIpaeM Ha
Jorapugpmax.

Pemrenue 3axanmii:

Nel. Jlns oGorpeBa moMemIeHHMs, TemiepaTypa B KoTopoM paBHa Tn= 20°C, uepes
pajMaTop OTOIJIEHHMS, IIPONYCKAIOT TOpAdylo Boxy Temmeparypoii Ts= 100°C. Pacxon
npoxosme yepe3 TpyOy Boael m = 0,2 kr/c. Ilpoxoas mo TpybGe paccrosiHme X (M), Boaa
oxnaxaaercs 10 Temneparypbl T°C, mpu uém
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cm | T. — T,
X = 0T,
y T°T-T,
riae ¢ = 4200x/kr*C — TeII0eMKOCTh BOJIbI
v =42 Br/™m " °C— ko>ddunment teroodmMena
a=1,4 — nmocrosiHHAsL.

Jlo kakoit Temnepatrypsl (B rpagycax Llenbcust) oxmaauTes Boaa, €Ciy JjIuHa TpyOb! 28 m?
(OtBert: 60°)

No2. Omnpenenuts MHGOPMAIUIO, KOTOPYIO HECET B ceOe OJMH CHMBOJI B KOJHUPOBKAX
ASCII u Unicode.

Pemenue.

1) B andasute ASCII mpegycMmoTpeHo 256 pa3audHbIX CHMBOJIOB, T.€.

M =256, al=1log2 256 = 8 Out = 1 GaiT

Otser: 1 Gaiir.

2) B cospemennoii koampoBke Unicode 3amoxeHO ropas3mo OoJblee KOIUYECTBO
CUMBOJIOB. B Hell onpeneneHo 256 andaBUTHBIX CTPaHHUIL 110 256 CUMBOJIOB B KaXIOM.

Takum o6pazom:

| =logz (256 * 256) = 8 + 8 = 16 6ur = 2 Oaiita

Otsert: 2 Gaiira.

IpakTnyeckas padora Ne26
Tema 5.6: Konrpombnas pabota mo pazmeny S5 «Jlorapudmsl. Jlorapudmmueckas
byHKIHS

Heasn: IIpoBepuTh ypoBEeHb YCBOEHUS JAaHHOTO Marepuaja Ho pasjeny 5 «Jlorapupmsl.
Jlorapudmuueckas GyHKIUD»

Ilpu pewenuu 3adanuit 1-4 3anuwiume npPaAGUNbLHLIL OMEEmM U3 uUemblpex
npeooIceHHbIX.
1. (1 6ann) Kakas u3 ¢pyHkuuii Bo3pactaeT Ha Bcel o01acTu onpeseseHus?
A) f(x)=logs x; B) f(x)=0,7%; B) f(x)=x% T') f(x)=log1 x.
2

2. (1 6amn) Ykaxute o61acTh onpenenenus Gynkuuu f(x)=lg 2XX+_73

A) (-7; 1,5); B) (-o0; -1,5), (7; +90).; B) (-1,5; 7); T') (-0; -7), (1,5; +o0).
3. (1 6ann) Pacnonoxuts B nopsake Bospactanus: logg s 4; logg s 0,4; logg 5 %.

A) loggs 4; 10gg 5 0,4 ; 10go,s i; b) logo,s 4; logo,sii logo,s 0,4;

B) logg s i; logo50,4;logos4; ") loggs0,4; logo,sii logo s 4.

4. (1 6anm) Haiinure xopeHs ypaBHeHUs log, (5 — x) = 2.

A)11;b)-11;B)-3;T) 3.

Ilpu évinoanenuu 3a0anuil 5-8 3anuwiume x00 pewienusn u nOJy4eHHbLL OMEEm.

5. (2 6anma) Onpenenure 3HaUeHKE BEIpaxenns logg 2 + logg 3 + 210824,

6. (2 Oanna) Ykaxute HauMeHbIIIEe 11eJ10€ pellleHUue HepaBeHCcTBa: log; (6x — 4) > 2.

7. (2 6amna) Haiigure Touky Mmakcumyma GyHkimn y = 8In(x + 7) — 8x + 3

8. (2 Gaynna) [Ina oborpeBa MOMeEIICHHUs, TEMIIEpaTypa B KOTOPOM TOJIEPKUBACTCA HA
ypoBHe T,=15° uepe3 pamuaTop OTOIUJICHUS MPOMYCKAIOT ropsiayo Boay. Pacxon mpoxosieit
yepe3 TpyOy paauaropa Bojsl m = 0,6 kr/c. [Ipoxoas mo TpyOe paccTosiHUE X, BOJIa OXJIaXJaeTCs

o —a10 . cm Tg—Tq
oT HavaiabHOU Temmepatypsl Tx=91° no Temmeparypsr T, npuuém x = a710g2 T TAe ¢ =
— I
Btc . Bt
4200 o — TEIUIOEMKOCTE BOJIBI, ¥ = 28 % KO3 unueHT terwioodmena, a o = 0,8 —
Kr- M
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nocrosiHHas. Halinute, 1o xakoil temmeparypsl (B rpaaycax Lleabcus) oxnmaaurcs Bona, €Ciu
JUTMHA TpYOBI paauaropa paBHa 144 M.

Imanonvt omeemoes:

Howmep 1 2 3 4 5 6 7 8
3aaHuA
OtBer A I A b 5 3 -6 34

IIpakTnyeckas padora Ne27
Tema 6.1: PaBHOCHIIBHOCTh YpaBHEHUH 1 HEpaBeHCTB. OOIIME METO/IBI PELICHUS
Hean: HayuuTscs onpenensaTe paBHOCUIBHOCTh YPABHEHUN.

TeopeTnyeckas 4acThb:

Onpenenenue. /[Ba ypaBHeHHS ¢ 0HON niepeMeHHO# f(X) = g(X) u p(x) = h(X) Ha3pIBaIOT
PaBHOCUJIIBHBIMHU, €CJIM MHOKECTBA MX KOPHEH COBMAAIOT.

WHpiMu croBamu, [1Ba YpaBHEHHMSI HA3bIBAlOT PaBHOCUJIBHBIMU, €CIM OHU HMEIOT
OJIMHAKOBbIE KOPHU HIIM €clii 00a ypaBHEHHS HE UMEIOT KOPHEH.

IMpumepsl

1) VpapHenns 4% — 3 = 22+ 3 U 2X = 6 papHOCHIIBHBI, T.K. KAKJ0€ U3 HUX HMEET TOJIBKO
OJMH KOpPEHb X=3.

2) YpaBHeHUs (x=2)(x+5)=0ux’+3x—10 = 0 pypuee PaBHOCWIIBHBL, T.K. Y HUX OJHU
¥ T e KOpHH ¥1 = 2,X2 = =5,

3) A BOT ypaBHeHus 5X = 6H 4x? =16 ye PAaBHOCUIIBHBI, IIOTOMY 4YTO Y II€PBOIO
ypaBHEHHS KOPEHb X=2, a y BTOPOT'O YPaBHEHUS JIBA KOPHS X=2 U X=-2.

W3 onpeneneHns paBHOCUIBHOCTH CIIEAYET, YTO JBa YPABHEHMsI PAaBHOCHWIIBHBI, €CIH
KaXKblii KOPEHb [IEPBOTO YPAaBHEHUS SIBIISIETCS KOPHEM BTOPOTO YpaBHEHUSI, U HA000pOT.

Pemenne ypaBHeHHs OCYIIeCTBJISACTCS B TPH JTana.

[TepBerit aTan — TexHuveckuid. Ha 3Tom sTame ocymiecTBIisoT mpeodpa3oBaHus O CXeMe
(1) > (2) - 3)> (4) — ... ¥ HaXOJIT KOPHU MOCIETHETO (CaMOro MPOCTOT0) YpaBHEHHS
YKa3aHHOM LIENIOYKH.

Bropoit sram — ananmu3 pemenus. Ha 3Tom arame, aHanu3upys IIPOBEIEHHBIE
npeoOpa3oBaHus, OTBEYAIOT Ha BOIIPOC, BCE JIM OHU OBLJIM PaBHOCHIIBHBIMH.

Tpernii 3Tan — npoBepka. Ecau ananu3, npoBeIeHHBIM Ha BTOPOM 3Tarle, MOKa3bIBaeT,
YTO HEKOTOpbIE MpeoOpa3oBaHUsi MOTJIM MPHUBECTH K YPaBHEHUIO-CIEACTBHIO, TO O0s3aTelbHA
IIPOBEPKA BCEX HAWJEHHBIX KOPHEHN MX IOJICTAHOBKOW B NCXOJHOE YPaBHEHUE.

Peasm3anms 3T0ro njiaHa cBsi3aHa ¢ NOMCKaMHU OTBETOB HA YeThbIpe BOIpoca.

o Kak y3Hatp, sABISETCS M NEPEXOA OT OJHOTO YPAaBHEHHS K JIPYrOMY PaBHOCUIIbHBIM
npeobpazoBaHrueM?

o Kakue npeobpa3oBaHusi MOTYT MIEPEBECTH JJAaHHOE YPAaBHEHHE B ypaBHEHHE-CIIeCTBHE?

o Ecnu Mbl B KOHEYHOM UTOTE PELINIIM ypaBHEHUE-CIIEACTBHE, TO KaK CAeIaTh MPOBEPKY
B CJIy4ae, KOI'/la OHa CONpPsKEHA CO 3HAYUTEIbHBIMU BBIUNCIUTEIbHBIMUA TPYAHOCTAMU?

e B kakux ciyuasix mpu nepexojie OT OAHOIO YpaBHEHHs K APYTrOMY MOXKET MPOU30UTH
1OTepsl KOPHEN U KaK 3TOr0 HE I0IyCTUTh?

W3 xypca cpeaHeil KOkl Mbl 3HAEM, YTO MOKHO CZeJaTh CIeayIolIe Ipeodpa3oBaHus
yYpaBHEHMIA: JTF000 WieH ypaBHEHUsI MOYKHO MEPEHECTH U3 OJTHON YacTH B IPYT'YIO, H3MEHUB €ro
3HAK Ha MIPOTUBOMOJIOKHBIMH.

O0e yacTu ypaBHEHHsI MOKHO YMHOXXUTh WJIM Pa3/IeMTh HA OJHOM M TO K€ YMCIO, He
paBHOE HYIIIO.

Ecnu npu nepexoze 0T OAHOIO ypaBHEHUS K JPYrOMy ITOTEPU KOPHEW HE IIPOUCXOIUT, TO
BTOpPOE ypaBHEHUE HA3BIBACT CIIEJICTBUEM MEPBOro ypaBHeHUs. M Haue, eciu Bce KOPHU MEPBOTO
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YPaBHEHHUS SBJISIIOTCS KOPHSMHM BTOPOTO YpPaBHEHHs, TO BTOPOE YpPaBHEHUS Ha3bIBAETCS
CJIEJICTBUEM TIEPBOTr0 YPaBHEHUS.

W3 aToro onpenenenys 1 onpeaeacHusl paBHOCWIBHOCTH YPAaBHEHUH CJEyeT, YTo:

1. ecnu Ba ypaBHEHUS PaBHOCUJIbHBI, TO KaX10€ U3 HUX SIBIISICTCS CIEACTBHEM IPYIOro;

2. ecly KaXJ0€ U3 JBYX YPaBHEHUIl SIBIISETCS CIEICTBHEM JPYroro, TO 3TH YpaBHEHHS
PaBHOCUJIbHBI.

[Ipu pemreHny ypaBHEHUH IIIaBHOE- HE NTOTEPSITh KOPHU, & HAIMYNE IOCTOPOHHUX KOpHEH
MO’KHO YCTaHOBUTBH IpoBepKoil. [I03TOMy Ba)kHO cleIuTh 3a TeM, 4TOObI MpU IPeodpa30oBaHUU
YpaBHEHHSI KOXKA0€ CIeIyloliee ypaBHEHHE ObLIO CIIEACTBUEM MPEIBITYIIETO.

CTOUT OTMETUTH, YTO MOCTOPOHHUE KOPHU MOTYT MOJYUUTHCS NMPU YMHOKEHUU 00EUX
yacTell ypaBHEHMsI Ha BBbIpaXXEHHE, COZAEpIKalllee HEU3BECTHOE; a BOT IOTEpPs KOPHEH MOKET
MIPOM30MTH MPH JAETICHUH 00€UX YacTell ypaBHEHHS Ha BBIPAXKEHUE, CO/IepIKalllee HEM3BECTHOE.

Wtak, cpopMmynupyeM OCHOBHBIE TEOPEMBbI, KOTOPHIE HCIIOJIB3YIOTCS TPH PELICHUU
PaBHOCUJIBHBIX YpaBHEHHI:

Omnpeneaenne. O6nacteio omnpenenenus ypaBHeHuss f(x) = g(x) wiu 00gacTbIO
JIOMYCTUMBIX 3HaueHuWd mnepemeHHoi (OJ[3) Ha3pIBalOT MHOXKECTBO TeX 3HAUYECHUU
MEPEMEHHOM X, TPU KOTOPHIX OJHOBPEMEHHO UMEIOT CMBICT BhIpaxkeHus f(x) u g(x).

Teopema 1. Ecnu xakoi-nu0o 4jieH ypaBHEHHS IEPEHECTH U3 OJHOW YacTH ypaBHEHUS B
JPYTYIO C IPOTUBOIOIO0KHBIM 3HAKOM, TO MOJYYUTCS YpaBHEHHUE, PABHOCUIILHOE JTAaHHOMY.

Teopema 2. Ecnu 00e yacTu ypaBHEHUSI BO3BECTU B OJJHY U TYK€ HEUETHYIO CTEIEeHb, TO
MOJIYYUTCS] ypaBHEHUE, PABHOCUIIbLHOE JTAaHHOMY.

Teopema 3. [oxasarensroe ypasuenne @ ) = a?™*) (rpe a > 0, a#l)

paBHOCHUIILHO ypaBHEeHHIO f(X) = g(x).

Teopema 4. Eciiu 00e wactu ypaBHeHus f(x) = g(X) yMHOXHTh Ha OZHO U TO XKe
BBIpakeHue h(x), koTopoe:

a) UMEeT CMBICT BCIOAY B oOiactu ompezeneHus (B o0iacTv JOMYCTHUMBIX 3HAUEHUM)
ypaBHeHus f(x) = g(x)

0) Hurae B 3Toi obstactu He oOpartaercs B 0, To monyuntcs ypasHenue f(x)h(x) = g(x)h(x),
paBHOCHIIBHOE JaHHOMY B ero O/13.

CaencrBueM TeopeMbl 4: eciii 00€ YaCTH YpaBHEHUS YMHOXKHUTD WM Pa3esiuTh Ha OJHO
U TO K€ OTJINYHOE OT HYJI YHUCJIO, TO MOJYYUTCsl yPAaBHEHNE, PABHOCWIIBHOE TAHHOMY.

Teopema 5. Ecnu 06e uactu ypaBHenus f(x)=g(x) Heorpunarensusl B OJ13 ypaBHeHuUs, TO
nocjie BO3BeleHHs O0erX ero yacted B OJHY M Ty JK€ YETHYIO CTENeHb N MOJY4YHUTCS

ypaBHEHUE ()™ = (g(=)" paBHOCHIIbHOE qaHHOMY B ero O/]3.
Kparkas 3anucs Teopem 4, 5.
4. f(X) = g(x) ©h(x)f(x) = h(x)g(x), rae h(x) #0
u h(x) umeet cmbica B O/]3 naHHOTO ypaBHEHUSI.
5. f(x) = g(x) & TEN™ = (D" | rre f(x)>0, g(x)>0
u n=2k (4€THOe uncmo).
Hanpumep, x —1=3;x=4
YMHO)UM 00€ YacTH Ha (X — 2):
(x—2)(x—1)=3(x—-2); x =4 u X =2 — NIOCTOPOHHUI KOPEHb= MPOBepKa!
PaBHOCHILHOCTH HEPABEHCTB C HEU3BECTHBIM OMPEIEISIeTCS aHATOTHYHO.
HepaBeHcTBa, IMEIOIIHE OJTHO M TO YK€ MHOXKECTBO PEIICHUH, HA3bIBAIOT PABHOCHIIEHBIMH.
HepaBeHcTBa, He UMEIOIINE PEIICHUM, TAKKE SIBISIOTCS] PABHOCHILHBIMH.

Pemenue 3aganuid:
IIpumep 1.

v — % —
PeuriM ypasuenue: VX =X~ 2
Bo3sBeznem B kBajipaT 00¢ YacTH YpaBHEHHSI, TOTYIUM:
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— _ 2
x=(x—-2)° KOTOpO€ HE OyJeT PaBHOCUIBHO HMCXOJHOMY ypPaBHEHHUIO, MOTOMY YTO Y
3TOTO ypaBHeHHs 1Ba KopHs X1 = L, X2 = 4 3 y nepBoHavaIbHOTO ypaBHEHMS TOIBKO OIMH KOPEHb
x=4.
IIpumep 2.
x—3
— =10
1. HepaBencrBa ¥~ +1 U X-3<0 paBHOCHJIbHBI, TaK KaK HMEIOT OJHO U TO XK€

MHO’KECTBO pelIeHU X<3.
2x

=1
2. HepaBenctBa x — 1 n 2x>X-1 He paBHOCWIIBHBI, TaK KaK PELICHUSIMH IEPBOIO
ABIIAIOTCA yncia X<-1 m x>1, a pemeHus MU BTOporo- uucia x>-1. Ilpu pemenun HepaBeHCTB
0OBIYHO IaHHOE HEPAaBEHCTBO MPeoOpa3zyeTcs B eMy PaBHOCUIIBHOE.

Nel.
EBLITepH PAEHOCHNEHLIG YPABHEHHA.
2l 3z—-6=9u7-12c=1
]l ; T 1
—1—-F=1Hl —— = ——
ol -3 71
B o(g—1x+2)=0u(z+1)xz=2)=0
r (2zr—18)(4,240,7x) = 0w (bz + 30)(54 —8z) =0
7
a (& 1y —(z+43)= =
(22 1) (zi3)=zun_— T
e (Zr-1)-(z+3) =z —4n "2 1
' ! a -4

Ne2. HaiiTi (yHKIMIO, 0OPATHYIO K JAHHOMN: a) y =—3X +2; 6) y =2 — x°
Ne3. BbIsICHUTH paBHOCHUJIbHBI JIM YPABHEHUS:
a)2x?-9x —5=0ux(6x — 13) = 14x +15
0)5x*+4x—-1=0umx(2x +11)=-6-x%x2
Ne4. Peminth ypaBHeHueE:
3 4x-1 x*+5

a)x-l- x+1 x*-1
x+2 3+4x _2(x-2)
6)x-2 x'-4  x+2

IIpakTnyeckas padora Ne28
Tema 6.2: I'paduyeckuii MeTo pelieHHs ypaBHEHHH, HEpaBEHCTB
Ieasn: Pa3BuTh HaBBIKK TpapUUECKOrO PELIeHNs ypaBHEHUH U HEPABEHCTB.

Teopernyeckas 4acThb:
x=0
UtoObl  pemmTh  ypaBHEHHE  BHJA S , HYXHO  TIOCTPOUTHb  Tpaduk

= f(x
dyskrmn ¥ S U TIOCMOTPETH, TJIe OH IMEpPECceKaeT ocb abcyucc. Tam U HaXOIATCS KOPHHU.
Ecnu Towek mepeceyeHHss HET, TO YpPAaBHEHHE HE MMEET JIEUCTBUTENIbHBIX PEIICHUN.

2 -
Tak, npu pelieHnH KBaJAPaTHOTO ypaBHeHHs * — &~ 2=0 yepe3 TUCKPUMUHAHT MBI OJTYIHITH

n=-—lx=>=2 N
KopHHU 1 2 , HO 3]1eCh MOXKHO MPOCTO TOCTPOHUTH Tapaboiy, u BCE TOHITHO O3

KOMMCHTApPUCB.
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.......................................

=0
Pemiennem  HepaBeHCTBa S (x) SBIISIIOTCSL  T€  MPOMEKYTKH, Ha  KOTOPBIX

rpaduk S (=) BbiIIe ocu L |
1, Ha000POT,

Flx)=0

2
Takum 00pa3om, BMECTO TOTO, YTOOBI BBIMy4HBaTh HEPABEHCTBO * — &~ 220 yeromom
xei—oo -1 (2 oo

rei-1, 2).

— Tam, rae rpadux J(x) HUKE OCH.

HHTCPBAJIOB, IIPOCTO CMOTpUM Ha l"pa(i)I/IK n OTBCT TOTOB:

2
COOTBETCTBEHHO, PEIIICHUEM HepaBeHcTBa * — 4~ 2 <0 gpngercs WHTEpBAI

2 2
—x—2= —x—2=
B ciyuae necmpozux Hepagencms * % 220, ' —x-250 pElIeHUsIM HYXHO

,I[O68.BI/ITB MMOTPpAHUYHBIC TOUYKH: %< {_ ;= 1]U [2’ +DD] u xe [_ 1; 2] COOTBCTCTBCHHO.

A ecni BaM HE XOUYETCSI BOSUTHCS C HAXOXKICHUEM OIIOPHBIX TOUCK, «ThIKAs B HUX HAYTaI»
(Benp mapaboibl OBIBAIOT OOJbIIIKE, PA3MAIIUCTBIE), TO €CTh OOILIUI CITyyai:

YT1o06BI pEeIINUTDH YpaBHCHUC f (x} - g(x} . HYXHO IIOCTPOUTH

= x = x o
l“pa(bI/IKI/I F f( :I’ ¥ gl: :I U HAUTU HUX TOYKHU HepecequI/Iﬂ. «HKCOBBIC» KOOp)]I/IHaTLI 3TUX
TOYCK U 6yI[yT peHICHI/IﬂMI/I. ECHH r‘pa(bI/IKI/I HEC HepeceKaIOTCﬂ, TO )ICI\/’ICTBI/ITCHI)HI)IX peIHeHI/Iﬁ HCT.

4 —
Takum o0Opa3oM, BMECTO pEUICHUS YypaBHEHHS * —x=2=0 BBIYEPUYNBAHUEM

2 _
napabokl, IPeICTaBuM ero B Buae * = * 7+ 2

A

U U300pa3uM >JIeMEeHTapHbIe rpaduKu:

HOII‘-IépKI/IBaeM elé pas, 4TO PCUHICHUECM SBJIAIOTCA «UKCOBBICY» KOOPAUHATHI TOUYCK MMEPCCCUCHUS.

Jix) = glx)

Pemenuem  HepaBeHCTBa SBIISIIOTCA ~ T€  TMPOMEXKYTKH, Ha KOTOPBIX
rpaduk S (=) BBIIIIE TpaduKa g(x) , ", Hao000poT: Fxl<glx) _ Tam, rae

— glx)

2
Tax, penreHreM HepaBeHcTBa X = X1 2 gBIsIOTCSA IPOMEKYTKH
— TMIOCKOJIBKY Ha HHUX Mapaboyia pacrojo)KeHa BbIIe npsiMoid. M, HaoOOpoT, pelieHHeM

4 .
xe(-12
HepaBeHCTBA + =X t2 gpngercs MIPOMEKYTOK -1 ), TaKk Kak 3Jech mapaboiia

pacrosoxeHa HUKe IpsAMOoN. AHAJIOTUYHO JJI HECMpO2UX HEPABEHCTB.

HIDKE Tpaduka
x € (—o0, — Tj 2 (2 +00)
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3 001mx

KaK
IIpaBuJIa

JIN IIOHATHO,
YJaCTHBIC
=o(xr1=0
y=g(x) _aora

Kcrarn, BCEM
npapin § (0= (3, F(0) > g, f(R) <8 o1 waiores
u Jlx)<0 ? DnemeHTapHO. JTO TOT Clly4ail, Korjaa

JUIA

byHkuus 3a0aéT 0Ch
1
—=0

OX
x {0, +oo)

Sx)=0,f{x)>0
Korna yno6Ho ucnonb3oBath rpadudeckuit meron? Ilpexne Bcero, B MpOCTHIX CIyYasx.
IPOILE MBICIIEHHO NPEACTaBUTh TUIEPOOIy, HEXKEIH

Tak, mpu peuieHuH HepaBeHCTBA *
MCIIOJIb30BaTh METOJ] MHTEepBaioB. [ e runepbosa Bhile OCU X 9 Ha HUHTEpBaJe
1
— =0
HepaBenctBy * COOTBETCTBYET  JieBasi  BE€TBb,  KOTOpasi  JIGXKHT IOJ OChIO,  Ha
xe(—eo 0 ..
WHTEpBaje (=02, 0) . 1 emé aToT MeToa XOpouI st Ty4YIero NOHUMaHUsI MaTeMaTUKH.
WNuorna rpaduka 3ppexTHBHA B YPaBHCHUSX «PA3HOPOJHBIMHUY» (YHKIUSAMH. Tak, s
pelieHus ypaBaeHus + 5 A= 0 e CYIIECTBYET CTAaHJAPTHBIX AHATTUTHYECKUX METO/I0B, HO ATO
¥==x Y= x
He Oena. MbIcneHHO npeacTaBisieM rpapuk u rpaduk cuHyca , TIOCJIe Yero cpaszy
HOHSTHO, YTO YPaBHEHHE UMEET AMHCTBEHHbIH KOpeHb + = 0.
Kcrartu, B HeKOTOpBIX 331a4aX HY>KHO IIPOCTO ONPEIEIUTh KOJIUYECTBO KOPHEN U / WM UX

MPUOJIM3UTEIHHOE PACTIONOKEHHUE, U Ha 3TOT BOIPOC 3a4aCTYIO JIETKO OTBETUT YepTEK!
Pazymeercs, rpaduku 10JKHBI OBITh MPOCTHIMU — 3TO BaXKHEHIIee YCIOBUE TPUMEHEHUS
2
rix+2
(x4 L
— 3aTest Kak-TO

X (x+2)
=1

x—1 JUISL peIICHUs

rpaduueckoro meroaa. 6o crpoutsb
HE 04eHb. Jlyullle ucrnoib30BaTh METO HHTEPBAJIOB.
%" =3 —2x

Penrenne 3agannii:
[Tpumep 1. I'paduyecku pennTh ypaBHEHHE:
Pemenne:

A ::\'5 ny= 33— EK(PI/IC 1)
npoxoAdsmas 4epes

IToctpoum rpaduku pyHKIMHA -
-
Ipapuxom ¢ynkmuu ~ —
(—L—10,(0:00, (1317,
I'paduk GyHKmmn~ 3- 2=
3
x p—
0 2
¥13|0

TOYKHU

ABJICTCA  TIAp 360.)'[8.,

— MpsiMast, IOCTPOUM €€ 1o TalIuLe.
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(11

I'paduku mepecekaroTcsi B TOYKE " Ipyrux Todek TIepeceuyeHuss HeT, T.K.

- r=3 — 2%
dyrkmus ¥ T ¥ MoHOTOHHO Bo3pactaer, QYHKIHUS © “ MOHOTOHHO YOBIBaeT, a, 3HAYUT,
UX TOYKA [1epEeCceUYeHUs SABISAETCA €ANHCTBEHHOM.

x= L
Orger:
[Ipumep 2. Pemiuth HEPAaBEHCTBO

52 .,

q X - 3—2xn
.5 = — -

h. X = 3 —2x

Pemenue:

jrl" = '5

a. UToObI BBIMOJIHSIOCH HEPABEHCTBO, rpaduk (yHKIUU JIOJDKEH pacIojiaratbes

Ly =3— 2x x> 1.
HaJl IPAMOM ¥ (Puc. 1). Dro BeIMONHAETCS MTPH
'1rl" = ‘5 -~
b. B aTom ciydae, Haobopot, mapabona~ ~ ~* JOJDKHA HAXOAUTHCS TOJ MPSMOMH. ITO
x= 1.
BBITIOJIHSICTCS TIPU ~~ —
Ortger:
x> 1;
a.
b oo L .I..
X0 = 2x — 1.
[Ipumep 3. Pemiuth HEpaBEHCTBO
Pemenue:
1
u}r:: H}rzzx— 1
[Toctpoum rpaduxu GyHKIH * (Puc. 2).
A
g
1]
1
[ | |P==
, |
‘ | y 2x—-1
J \
(-1:1) |
-
— y —— >
0 :
”’,
Pwc. 2
1
o T2~ L x< 0 .
Haiinem KOpPEHb ypaBHEHHUS * IIpu - HET pELICHU.
x=0 x=1
[Ipu CYILECTBYET OJIHO PEILICHUE .
1 1
E_::—EJ'—_[_ 1r'=j
UtoOsl BBITIOJIHSIIOCH HEPaBEHCTBO * runepOona * IOoJDKHA

Ly =2x—1
pacnosiaraTbCsi HaJl IPsIMOU ¥

e (-0 ui0; 1,

. D<x<1lmx=<20
OTO BBIIOJIHSETCS IIPH .

OTtBeT:

[Tpumep 4. Pemuts rpaduuecku HEpaBeHCTBO:

a ¥ =V

b X ZVx

Pemenue.

LE =0,
OO6mactp onpeaeeHus:
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o ig = = .
Hocrpoum rpadukn Gyrxrmit - 0¥ = VE g =0 (Puc. 3).

A
&
y=x3
» - ﬁ
(1; 1)
(0; 0) %
Puc. 3 X
}.' = -3 }.' = f;
a. [I'pabuk ¢yHKIIUK JOJDKEH —pacmojlaraTbCsi Toa  rpaduKoM V510
x € [0;1].
BBITIOJIHSCTCS TIPH
— a3 —_ I
r= Pt LT )
b. Tpapux ¢yuxuun ¥ — * pacronoxen max rpaduxom” V7 mpu < = L Ho 1x. B
CIIOBHH HMEEM HECTPOTHH 3HAK, BaXKHO HE OTEPATh H30TMPOBAHHbIH KOPEHb 0.
Yy |y P p P
Ortser:
a X e[0;1].

IIpakTnyeckas padora Ne29
Tema 6.3: YpaBHEHHS U HEPABEHCTBA C MOJIYJIEM
Heas: Hayuntbes pemats ypaBHEHUs. U HEPAaBEHCTBA, COJIEprKaIie 3HAK MOYJISL.

Teopernyeckasi 4acThb:

1. Pewwenue ypasHeHWA W HEPaBEHCTE,
COAEP¥ALLMX 3HAK MOOynA

€ MCIOALIOEBAHHEM

0 OIPEIeIeHH
MOy I

reoMmeTrpHYeCcEorg
CMBICIA MO ILH

a, ecom a > 0,
|@| =10, ecnm a=0,
—a, ecan a < 0.

| a| — pacemosnue na
YUCAOG0I NMPAMOLL Om
moyrcu O do moyiu a.

1. |7 (=) | =a.
2. 1= |=lg=|
3. |f(x)| >a.
4. |f(=x)]| <a.

no obmei cxeme

1. Hairrm OJ13.

2, HaliTh HBYAR EBcex
DOQMOIY XL HEEX
hymrpmii.

3. OrmeTHTE: HYOH Ha
0]I3 m paztars OJ13
HA NPOMEeIYTIH.

4. HajiTh pemenne B
EKAXKIOM NPOMERKYTRS
(M NpOREPHTE, EXOHT
AH 9TO pelmeHHe B
paccCMATPHEBAEMELH
NPOMEeIYTOK).

€ HCHOJALIOBAHNEM
CHENHANABHLIX COOTHOIIEHHN
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2. Ucnonk3oBaHme reoMeTpuHeckoro cveicna mogyna (npua = 0)

|[t|=a |[t|=ua
| ¢ -ul |t] < a llrl - a
-a 0 a P
1.|,|F(-.] a & Filx) = a wom F(x) a.
2. | fix) | g (x) | &= Fix) = g(x) mam fix) £ (x).
3,|,|Ffl.] i &= Fx) < —a mau F(x)>a.
4. |f(x)| f(x) 1(0>~4,
B X i = —i X il =
[f(x)<a.
OBobujeHue

T [g(x)=0,
5. 11N =8@) &) o) wam 1(2)--g(®).

6. |fix)|> g(x) = fx)<—g(x) wan f(x) > g (x).
[f(x)>—g(x),

T |f(x)<g@es-g@<fo)<gx)= “{;){g[x).

3. Mcnonk3oBaHue cneumansHLIX CooTHOLEHMA

1. |u|=u=uz0.

2. |lu|=—u=us<o.

3. |u|=|v|eu=1.

4. |u|>|v|e=2 u?>v’. Torga |u|- |v|>0 < u® - v*>0;

FHak pasHocmu modynell deyx swpameHull cosnadaem co FHAKOM pas-
HOCMU UX KEA0pAmos.

:H}'}!
5. |u|+|u|=u+u<=1--;y}ﬂ‘
[us (),
6. |u,|+|u|=—u—v=rclug“.
7. Ju|+|v|=|lut+v|euv 0.
8. |u|l+|v|=lu-v|=2ur<o.
9. |x-a|+|x-b|=b-—a=2axx<braea<h.

OObsicHeHHE 1 000CHOBaHHE

Pemrates mo60e ypaBHEHHE WM HEPABEHCTBO, COJIEpIKaIlee 3HAK MO, MOXKHO OTHHUM
U3 TPEX OCHOBHBIX CIIOCOOOB: MO OMPEAETICHUI0 MOIYJS, HCXOS M3 T€OMETPUUYECKOIO CMbICIIA
MOJyJIs WU o o01elt cxeme. HekoTopelie ypaBHEHMsI MJIM HEPABEHCTBA C MOAYJIEM MOTYT OBITh
TaKXe PeLIeHbI C CIIOJIb30BAHNEM CIIEIIUAIBHBIX COOTHOLICHUH.

B 3aBrcuMOCTH OT BRIOPAHHOTO CITOCO0A PENICHHS MTOTyYaeM Pa3HbIE 3aIHCH PEIICHUSI.

IIpumep 1. Pemnte ypaBuenue | 2X — 4 | = 6.

| cioco0 (1o onpeeeHno MOy )

110



Pemenne KomMeHTapmid

1) Eciim 2x—4=0, (1) | Y1oObl pacKphiTh 3HAK MOIYIA IO

ONpelleleHHD,  PacCMOTPHM  [IBa
TO MOTy4YaeM ypaBHeHHe 2X — 4 = 0. | ciyyas:

Torma X = 5, 9TO0 VIOBISTBOPHAET I
VCIIOBHIO (1). 2x—4>0 H 2x—4<0

2) Ecnn 2x—-4<0, (2) |IIo OIpeIeIeHHID MOJIYIIEM
TOJIOAIITENIBHOTO (HeOTPHIATEIBHOIO )
TO TONy4aeM ypaBHeHHe —(2X —4) = 6. | qiicna sBAfeTcA caMo 3T0 9ICIO, 2
Torma x = —1, 9TO YIOBNETBOPAST H | MomyleM  OTPHIATENBHOIO  9IHCIA
VCIOBHIO (2). ABIAETICH  IPOTHBOIOINOXKHOE — €MY
qicno. IToatomy

OteeT: 5; —1.
npu2x—-4>0, [2x—4|=2x-4,a

mpu 2x— 4 <|0, [2x—4|=—(2x—4).

B KazI0M cIIydae pelaeM IoTydeHHoe
YpaBHEHIIE I BEIACHAEM,
VIOBNETBOpAET M  KaXKIBIH I3
HallIeHHEIX KOpHell TOMY VCIIOBHIO,
IIPH KOTOPOM MBI €70 HaXO0 IILIIL

Il crtoco6 (ucIoIp30BaHNE TEOMETPUUECKOTO CMBICIA MOIYIISA)

Pemenne KomMmeHTapHid

2x—4=6 umum 2x—-4=-06, C reomeTpidecKkoil TOYKH 3peHHA
|2x — 4| — 3T0 paccTosHHe OT TOUKI 0
110 TOYKH 2X — 4.

2x=10 mwm 2x=-2, Ilo ycrnoBIro ypaBHEeHIA OHO PaBHO 6,
HO paccTofHHe 6 MOXKeT OBITh
OTJIO:KeHO oT 0 Kak BIPaBO (IIOIydIaem
X=35 wm x=-1. 4HCI0 6), TaK I BIEBO (IIOTyIasM JICIo
—6).

Taxum oOpazom, paBeHCTBO

OteeT: 5; 1. | 2x — 4 | = 6 BO3MOKHO TOT/1a I TOJIEKO
TOrHa, korga 2x—4=6mm2x 4=
—6.

3ameuanme. [Ipu perieHnn ypaBHEHHs C MCIIOJB30BAaHHMEM I'€OMETPUUYECKOI'O CMBICIA
MOJTYJIsl 3HaK MOJYJSI PAaCKpPBIBAETCSI HESIBHO, TO €CTh OINpEIesIeHHNe MOJYJsl B SIBHOM BHIE He
MPUMEHSETCS.

OOmiast cxema pemieHus] ypaBHEHUH W HEPaBEHCTB, COJEPXKAIIUX 3HAK MOIYJSI — 3TO
(akTHUECKM HEMHOTO M3MEHEHHBIH MeToJl MHTepBasoB. [losicHUM cozep:kaHue 3TOH cXxeMbl Ha
pUMepe YpaBHEHUS C IByMsI MOJIYJISIMU BHJIA

If Ol +1g (¥)[=a (a>0).

UTo0bl pemuTh 3TO ypaBHEHHE, HEOOXOJIUMO PACKPBITh 3HAKU MOJYyJEH, a JJii 3TOro
HeoOxomumo 3Hath, Thae ¢yHkuuu f (X) m g (X) OyayT MONOXKUTENBHBIMU, a TIAE —
OTpHIATENbHBIMA. TO €CTh (PaKTHUECKU MBI TOJDKHBI PEIIUTh HEPABEHCTBA

f (X) > nm <0, 1)

g (X) > umm <0. (2)

Kaxmoe u3 3THX HEpPaBEHCTB MBI YMEEM pellaTh METOJ0M HHTepBaioB. Ilepectpoum
NpUEM pelIeHUs] HEPaBeHCTB METOJIOM HWHTEPBAIOB TaKUM OOpa3oM, YTOOBI OH JaBai
BO3MOXXHOCTh OJHOBPEMEHHO peIIaTh KaXJ0€ M3 TOCIEIHHX HepaBeHCTB. Kak H3BecCTHO,
pemicare HepaBeHcTBa (1) MeTOIOM MHTEpBAIOB HaunWHaeTcs ¢ HaxoxaeHus ero OJI3 (To ecth
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obmactu onpenenenus Gynkuu f (X)), a penrenue HepaBeHcTBa (2) — ¢ Haxoxaenus ero O/13
(To ecth obmactu ompeaencaus Gyaxiuu ¢ (X)). UToObl HauaTh OAHOBPEMEHHO pemiaTh 00a
HEPaBEHCTBA, HEOOXOIMMO HalTH 00IIyI0 00acTh onpeaesneHus it pyuakuuii T (X) u g (X), To
ects HaliTH O[3 nanHOro ypaBHeHMs (3TO M €CTb nepavlll U3 OpueHmupos HeoOXOaUMON
CXEMBI).

Yrobsl npomoinkuth pernenne HepaBeHCTB T (X) >wmu<0 u g (X) >mwm< 0 meromom
UHTEpBaJIOB, HeoOxoaumo HaiTu Hymu (yskumid f (X) u g (X), TO ecThb HAWTH HYJH Bcex
MOAMOAYJILHBIX (PYHKIHUI (3TO M €CTh 6MOpoIl OpueHmup).

Ecnu nanee npuMeHUTH CXeMyY METO/Ia UHTEPBAJIOB OJJHOBPEMEHHO IS IByX HEPaBEHCTB,
HeoOxoaumo HAa O3 oTMeTHTHh HYJM NOAMOAYJBHBIX (yHkumMii W pa3outs OJ/I3 Ha
NPOMEKYTKH (3TO mpemuii opuenmup).

B kaxmoMm u3 moiydeHHBIX MpoMeKyTkoB 3Haku (yakmmii f (X) u g (X) He moryr
U3MEHUTBCA. Torga Mbpl MOXKEM HAWTH 3HAKH MNOAMOAYJIbHBIX (YHKIMI Ha KaXKIOM
NMpoMexyTKe (B JIF000 TOYKE 3TOTO IMPOMEKYTKA), PACKPBHIThH 3HAKH MOAYJeld W HAWTH
pellleHHe JAHHOTO YPABHEHHS] B KaXKJIOM M3 ITHX NPOMEKYTKOB (3TO M €CTh Yemeepmulil
opuenmup ooweil cxemo).

ObocHOBaHME BO3MOXHOCTH IIPUMEHEHHUS IPHUBEICHHON CXEMbI K PEIICHUI0 HEPABEHCTB
C MOJYJISIMU TIPOBOJUTCS AHAJIOTHYHO.

3agaua 2° Pewrnre ypassenne |x — 5+ |2x + 5| = 3x.
Pemenne KomMmmenrapnit

P IMockoaery 3x =(x — 5) + (2x + 5), Bemnt obosmHaunmTs x — & = u o
TO JAHHOE VDPABHEHNE HMeeT BHI 2x+ b=v, T0Uu + v = 3x U gaHHOE
|uw|+ |v|= u + v, Ho s10 pamenmcTBOo | ypasmemme mmeer Bug |u| + |v]| =
MOMET BRINOMHATHCA TOTIA M TOABKO =u + v, A 00 COOTHOLIEHMIO D TaKOe
TOTHA, KOTOA YHMCTA U ¥ U — oba HeoT- | YpABHEHNE  DABHOCHILHO  CHCTEME
pHnaresabie. CaegopaTe bio, JaHHOES (=0,
YpABHeHNE — DABHOCHIBHGO  CHOTEME 1"3"
Pe xz5h
{.-1'—-13'“. Oretona ! JaMeTHM, HTO JAHHOE YDADHEHIE
By +520, 1.1‘ _E_ MOMHO DELIATE I o obirefl cxeme, HO
- ‘ L)

2 Torga petmenme 6yvaer Goaee rpoMozd-
Taxmum cbpasom, x # 0. KITM.

Omaeent: [5: +99). <]

dagaua 3 Pemrnre mepaseserso | 2x — 5|5 7.

Femersne Komumesrtapmit

P VuNTHIBEA TeoMEeTDHHYecHKHH CMBICT
MOOVAA, DOXVIaeM, 9TO GAJAHHOE He-
PABEHCTEO PABHOCHIBHC HEDABEHETBY

-T% 2x-56+% T. (1)
Torga —2 % 2x = 12, TaxkuM obpasomM,
-1 x= 6.

Omeem: [-1; 6]. <]

HepaseHcTBD BROA |f(x} | % a (rge
a > () voobHO pelIaTs, HCOoIbSYHE Ieo-
mMerTpHuYecknil cmecn mogyvaa. Ilo-
CHOIBKY SAOAHHOE HEPABEHCTEO — 3TO
HepaseHeTEo Buza |t| € 7, a mogyme
UMCIA — BT0 PACCTOAHNE HA KOODIH-
HaTHOR npamoil or Touwm, msobpasxa-
wmelf gaEHECE YHeT0, Do ToukHm 0, To
SAMAHHOMY HEDABEHCTEY VIOBIETBODH-
0T BCE TOUKH, HAXOOAINECA B ODOME-
myTtwe [-7; 7). Tammm obpasom,
-7 % t = 7. Econ BOSHHNKAIOT SATDYVI-
HEHHA ¢ PEIIEeHNEeM ABORHOTO HEDABEH-
crea (1), To ero saMEeHANT HE PABHO-

[2x-53 -7,

CHILHYIO CHCTEMY N
121‘ =BT,
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Penrenne 3agannii:

Permre ypaBHEHUS ¥ HEPABEHCTBA, coaep Kaniie 3HaK moayis (1-15).

1. 1) |8x-5|=T;
2. 1)|2x - 3|> 5;
3. 1)|x=-2 =-2x-1=10;
4. ) |x-1|+|x—-3|=2;

B x+5|+|x—-8|=13.
5 1) |x+ 3|-:::x—2;

H|x+3|+|x—-1|<|6-3x|

6. 1) Vx'-2e+1+|x-2|=1;

7. 1) Jxi-dx+4 +«J?=B;

I.rﬂ—dx|—3_ X
.:rg-l-lx—E-l_ '

9. 1)||x-1]|-2|=1;
10. 1) | x® — 4x | < 5;

11. 1) 3 [x -1 |+ - T=0;

12, 1) sl g
42

13. D ||x-1|-5|< 2Z;
14. 1) |x - 2£°|> 22° — x;

8. 1)

2) |8 - 4x|=6;

2)|8-5x|<T; )

3) |x® - 5x|=6.

ﬂ‘}ﬁ: 4)

x+1
2+ 3x+ |x+ 3| =0.

2x_ri|
=—_———l<1.
x=-h

2}|x+ 1|+|x—5|=2ﬂ;
2 |x+1|+|x—-2|= 2x—1;

2) Jx'+dx+4+|x|=x+5.

2) J16—-8x+x? +/x?+2¢+1=5.

4
) |[z=1]|-2
2}||2x—4 -5 |=3
2| xF-x—-6|=>4.
2)|x-6|22"-5x+9.
}|r|1_:i{é‘
2 |x=-1]+|x+2]|-|x-3|>4.
2)[x*+x-20|< 25+ x— 20.

=|x+1|.

4

>|x+2; 2) ﬁklr-ll-

s

IIpakTnyeckas padora Ne3(
Tema 6.4: YpaBHEeHUs U HEPABEHCTBA C TapaMeTpamMH
Heasn: Hayuntbes pemars ypaBHEHUs M HEPaBEHCTBA, COJIEprKalllue TapameTp.

Teopernyeckas 4acThb:
HamoMHuM cMBICTT BBIpaXXEHHUS! «PELIUTh C MapaMETPOM» — MOKHO peliaTh ypaBHEHUS,
HEPAaBEHCTBA, CUCTEMBI C IAPAMETPOM.

x,a)=10 x,a)=0
Pemnte 3amady, HampuMmep ypaBHEHHE f(x.a) WU HEPaBEHCTBO flx,a) = c
apaMeTpoM a — O3HAYaeT «1epedpaThy» BCe 3HAUCHUS MapaMeTpa U s KaXk/I0T0 U3 HUX yKa3aTh
OTBET.
1. Pemienne ypaBHEHUN ¢ mapamMeTpoM
ITosicHMM Ha NPOCTENIINX ITpUMEpPAX.
[Ipumep 1 — pemnTe ypaBHEHUE C TAPAMETPOM:
ax=1
a
3amada COCTOUT B TOM, YTOOBI JJIS KQXJOTO 3HAYCHUs MapameTpa = pPelInTb ypaBHEHHE
X
OTHOCHTEIIBHO ~ .
a=12 o o
[Iycts , TOTJ1a IMEEM IPOCTeMIIee TNHENHOE YPAaBHEHUE:!
2Zx=1lex=—
2
B o0miem ciiydae B JaHHOM ypaBHEHHH BO3MOXHBI /1B BApUAHTA PEILIEHUS — KOTAa MOKHO
JeNUTh Ha KO((UIIMEHT a U KOTJa Hellb3s, He00X0AUMO 1epedparh Bce JOMyCTUMbIC 3HAYCHUS

aER
napameTpa a ( )
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a=2=0
PaccmoTpum nBa cayuas. Ilpu Mbl HE MMEEM MpaBa pPa3AeiauTh CIWHUIY Ha

KOX(P(UIIMEHT a, OATOMY IOJICTABIIsIEM 3HAYCHUE HOJb B 33/IaHHOC YPaBHCHHE W M3Y4aeM €ro.
[Tpu MrOOBIX APYTUX 3HAYCHUSX & UMEEM ITPaBO BBIMOJHUTH JCICHHE:
a=~0 a==>0 a==0 {EI =0
{ax=1 {ﬂ#x=1 {III=1 XEQ

{a¢ﬂ+* a0 “|@a=z0"|ax0

ax=1 w = 1 = 1 ¥ = 1
a a a
a= [:] o a ¢ ':' N = E
OTtBeT: IIpu PEIICHUHU HET, ITPU 2

PaccmoTpuM penieHre npocTeniinero HEpaBeHCTBA ¢ MapaMeETPOM.
2. Penienrie HepaBeHCTBA C MAPaMETPOM

PaccmoTpuM penienre npocTeniinero HEpaBeHCTBA € MapaMeTPOM.
[Ipumep 2 — peinTh HEPABEHCTBO C APAMETPOM:

ax =1

Ecim a — KOHKpPETHOE YHCIIO0, MBI MOXEM JIETKO PEIIUTh 3aJaHHOE€ HEPaBEHCTBO,
HaIpuMep:

1 1
a=2:2x> 19:{?:5;3:—2: —Ex:::lfr}x:::—i

y Hac ke ecTb ko3 duuueHT a B o0mmem Bune. Paccmorpum Tpu ciryyast:

[ a==>0 {E'ZD a=10
{ax}l ﬂzé i%
{aaa‘:l](—} a 1(—} a 1
x>=1 X< — X <=
az>=0 2 a
{a -1 a=0 a=>0
Llax
{xl‘:l x}l
L a L a
1 1
- a=0 oo a<0X< a>0%">
OtBert: npu pELIEHN HET; IPU ; IpU

IIpumep 3 — pemnTh ypaBHEHHE C TAPAMETPOM:
—a

x—5
JlpoOb paBHa HYTIO TOTJa M TOJBKO TOTJA, KOTJA YWCIHTENh €€ pPaBeH HYIo, a
3HAMEHATEb HE PABEH HYIIIO:

{x —a=20 o {x =a
x—5#0 X#F5
3HaueHue napameTpa MoKeT ObITh JIIoObIM. PaccMoTpuM ABa ciyyasi:
a=>5
x—5
x—s5 0
a#s
X—a _
—5 0

. XxX=a
[Ipu 5TOM MoJIydaeMm B IEPBOM ClIydae: X C OJHOW CTOPOHBI PaBEH IIAATH, T. K. ,ac
JIPYroi CTOpOHBI HE paBeH MATH, T. K. 3HAMEHATENb APOOU HE MOXKET ObITh paBeH HYJIO, KpoMe
0
- = |:|
TOTO MOJTy4aeM BhIpakeHue ° , @ TAKOTO BBIPAXKEHUS HE CYILIECTBYET.

a*bhbx=a

Korga , IPOTUBOPEYN HE BOZHUKAET

. a=2>5 . aFbhbx=—a
OtBert: npu pELIEHHI HET, IPU

IIpumep 4 — pemuTh ypaBHEHHE C TAPAMETPOM:
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—

YyE=a
3HaueHue a MOKET OBITh JIFOOBIM, HO KBAAPATHBINA KOPEHb — 3TO CTPOT'0 HEOTPHUIATEIILHOE

yrciao. Clie10BaTelIbHO, pacCMaTPUBACM JBa CIydast:
{ a=0 { a=0

w.,."§=EI x = a’
—3
{afiﬂ {Elﬁiﬂ
v’;:a XEE'
o . az=0x=a’ a<0xe@
TBET: MpHU ; Ipu

3. Pelienue uppanroHaiIbLHOIO yPaBHEHUS ¢ IAPAMETPOM

Pemmm uppanioHanib,HOE HEPABEHCTBO C APAMETPOM.

[IpuMep 5 — pelIuTh HEPABEHCTBO C APAMETPOM:

\."E =a

I/ICCHGHyeM AaHHOC HCPABCHCTBO.

X CTOUT IIOJA 3HAKOM KBaJApPaTHOI'O KOPHS, 3HAYUT AOMMYCTUMBIC 3HAUCHUSA IO X - BCC

HEOTPUIIATEIIbHBIC 3HAUCHHUS. & MOKET MPUHUMAThH JIFOObIE 3HAUEHHUS. PACCMOTPUM TPHU CIIyYasl.
a a==0 .
Ecnu © meHbllIe HYJIA U KOPEHDb CYIIECTBYET, TO HEPABEHCTBO BBINOJHsETCA. Ecnu , JI000H

o a
HCOTPpULATCIIbHBIN X YJOBJICTBOPSICT HCPABCHCTBY. Ecmu ke © Gonblire HYJIsI, UMECM IIpaBoO
BO3BCCTH B KBaapar:

_’EI::G -{Elcc:ﬂ
L&Ea XES

- a =

a==0 =>0
Wx=a ‘”K—ﬂ

r KE

a'_,‘.:ﬂ {a}l]
L~ = -
Wxza |]y= 2
0 . a=0x=0 a>0x=a’
TBET: IIPU ; IpHA

PaccmoTpuM pelnieHne JaHHOTO HEpaBEeHCTBA rpau4ecKUM MeToioM. Jliist aToro cHavana

o o = n'x o
crpouM rpaduk GyHKIHMH, crosmeil B JeBOH wacth: ¥ | ¥, 061acTh OIpENCIeHHs TaHHOI

x=0 o =a
byHKIUM . Paccexkaem nmosiy4yeHHYIO KPUBYIO CEMEMCTBOM MPSMBIX y U HaXOJIUM TOUKH

HIepECCUCHUSL.

X—
-1 0 1 2 3 4 5 & 7 g ] 10

a="0

Ilo pucyHky 0OY4E€BUIHO, YTO KOTIa , KpUBasi HaxOAWTCsS HaJ INpPsSMOM IIPU BCEX
JOIIyCTUMBIX X, TO €CTh IIPU BCEX JOIYCTUMBIX X HEPABEHCTBO BBITIOJIHAETCS.

Ecnamn a monoxurenbHO, KpUBass UMEET €AUHCTBEHHYIO TOUKY IEPECEYEHUs] C MPSIMOUA U
KpUBas HAXOJUTCS BBIIIE NPSAMOM mpaBee TOYKM IepecedeHus, abcuucca TOUYKH
TePECeUeH s~ ° , I03TOMY PCLICHHEM HEPABEHCTBA SBIISCTCS - =a

OueBUAHO, YTO OTBET COBIA/IAET C OTBETOM IPU PELICHUH aHATUTUYECKUM CIIOCOOOM.
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[Ipumep 6 — pemInTh ypaBHEHHE C TAPAMETPOM:
Eh,,"; =0

HpOI/I?;BeI[eHI/IC ABYX MHOXHUTENEH PpaBHO HYJIIO TOI'Ida U TOJIBKO TOT'ld, KOTrAa XOTA OBl OJJWH

U3 MHOXKUTEJIEH paBeH HYIII0, @ BTOPOIl PU 3TOM CYIIECTBYET.

a=~1n0
PaccmarpuBaem nBa BapuanTa — 1060 , HO KOPEHB IMPH 3TOM JIOJIKEH CYIIIECTBOBATb,

x=10 .
100 , B TAKOM CJIy4ae a — Jr000¢e Ynco:

a=2=o0
=0
x=0
ER

OTBGT'HpI/IazDKE[ﬂ:—i_m:]‘ ax0x=20

; IPU

Pemenue 3ananuii:

Nel. Pemnth ypaBHEHHE € TApaMETPOM:

a) ax+ 2 = —5;

6) —3ax = 4,

z |"_ — i}

B) ayx—>5 III;
Ix+a

r) x—& - ’

No2. Pemiuth HEpaBEHCTBO C ITAPaAMETPOM:
—dax < 5,

a) :

EI\,‘."E ==
0) L
ax+1 = 0
B) x+3 1

r)a-l- Vx= 1;

IIpakTnyeckas padora Ne31
Tema 6.5: TexcroBble 3a1aun MPOHECCHOHATBHOTO COACPIKAHUS
Hean: HayunThes pemars 3aa4u Ha MPOIEHTE B MPO(HECCUOHATBLHOM TSI TEIbHOCTH.

Teopernyeckas 4acThb:

JIns pemieHus 3a1a4 Ha MPOLIEHTHI, CMECH, CIIJIaBbI HaM MTOHAT00STCSL:

1. Onpenenenue npouenta: 1% uncna — 3to ero 1/100 yacts.

2. OmnpeneneHne KOHIEHTPAIMH (MacCOBOM JIOJN): KOHIIEHTPALIUS BELIECTBA B PACTBOPE

(cmecwH, cruiaBe) — ATO OTHOIICHUE Macchl (00beMa) ATOTO BellecTBa K obmeld Macce (00beMy)
pactBopa (cMecH, ciiaBa), yMmHoxkeHHOoe Ha 100%:

n =% 100% = ¢ x 100%, rae

N- KOHIIEHTPAITKs BEIIeCTBAa B pacTBOPE (CMECH, CILIaBe),

M- Macca BelecTBa,

M- Macca pacTBopa (cMecH, criiaBa),

V- 00beM BEIIeCTBa,

V- 06beM pacTBOpa (CMecH, CIIIaBa).

3. MaccoBas 707151 — 9TO OTHOIIIEHHE Macchl (00beMa) BeriecTBa k oo1ieit macce (00bemMy)

pacTBopa (cMecH, CIjiaBa):
m

w = _VFG
_M_V, pi

W - MaccoBas 1074,
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M- Macca BeIecTBa,

M- Macca pacTBopa (cMecH, cIjiaBa),

V- 00BEM BEILIECTBA,

V- 06bemM pacTBopa (CMecH, CIIIaBa).

Hanpuwmep, ecnmu 10r comu pactBopuium B 90T Bompl, TO obmas Macca pacTBopa
paBna 100 r, a KOHIIEHTpALIUS COJIH B HEM:

10
n= 100 100 % =10 9%
4. Tlpu cmemeHuH pacTBOPOB (CIUIABOB): Macca (00BEM) CMECH paBHa CyMME Macc
(00BEMOB) MCXOMHBIX BEIIECTB; Macca (00beM) pacTBOPEHHOTO (PacIUIaBICHHOTO) BEIIECTBA B
CMECH paBHa CyMMe MacC (00ObEMOB) pacTBOPCHHBIX (PACILIABICHHBIX) BEIIECTB B MCXOJHBIX
pacTBopax (criaBax).
Hanpumep: ecimu cmemmuBatot 20 T 10%-ro pactBopa conu u 30  20%-ro pactBopa conw,
TO B pe3yinbrate mnoayyaroT 50r pactBopa comu. YUToObl HalTH KOHLEHTPALMIO COJIM B
MOJTYYHMBILIEMCSI PACTBOPE, HAWIEM MacCy COJIM B KaXJIOM U3 PaCTBOPOB:
1. B nepBom:
10 % ot 20 = 10-{1%0T2ﬂ]=1ﬂ-(i-20)=2r
100

2. Bo Bropom: 20 ot 30:

20 % or 30 = 20- (1 % oT 30) = zn-(i-:m): 6T
100

Htoro: B nepBoM U BTOPOM pacTBopax OblI0 2+6=8 r cosn, 3HaYUT, B UTOTOBOM PacTBOpe
comu Takxke Oyner 8 r. KoHneHTpamnus coiau B U'TOTOBOM PacTBOpE:

8

il 0 100% = 16 %

3amaya 1. Mmeercs nBa cruaBa. llepBblil cmiaB coOOepX uT 10% HUKeJs, BTOpOH
—30% nHukens. M3 OTHX JOBYX CIUIAaBOB MONy4Ymsid Tpetud cruaB  maccoid 200 kr,
conepxanuii 25% Hukensa. Ha ckoyibko K Macca epBoro crjiaBa MeHbIle MacChl BTOporo?

Pemenne:

1. AHanus ycnoBus

N3 1Byx cruiaBoB NOJyYuiv TpeTuil. Macca nmojay4eHHOro CruiaBa, COOTBETCTBEHHO, paBHA
CyMMe Macc IBYX UCXOJHBIX. [Ipu 3TOM Macca HUKels B OTY4YEHHOM CIIJIaBe TaK)Ke paBHA CyMMe
Macc HUKEJS B HICXOJHBIX crutaBax (puc. 1).

30% 25%
10%
- + -
cnnas 1 cnnas 2 cnnae 3 200 kr

Pucynok 1 - Wnmoctpanus k 3agaue 1

2. CocraBiieHrE MOJEIIH
[ crnaae 1 + conae 2 = cnnae 3

10 % conmaea 1 + 30 % comaea 2 = 25 % comaea 3
3. Pemenue 3amaun

200

Macca ciuiaBa 3 HaMm JgaHa: kr. Jlns yno6cTBa 0003HaUMM Maccy cruraBa 1 kak X kr, a

Maccy ciiaBa 2 kak ¥ KI' coOTBeTCTBEHHO. U TIePETHIIEM ITOJIYICHHBIC YCIOBHS B HOBBIX
0003HaYEHUIX

101
10% =10-1%=10-— = — = 0,1
" " 100 10



1 3
30%=30-1% = EG-E—E—G,E
25 25-1 25 ! 22 0,25

i % 100 100
Torna:
x+ y= 200
{ﬂ,lx + 03y =025-200

[Tonydaem cuctemy U3 IBYX JMHEHHBIX YPAaBHEHUH C IBYMsI HEU3BECTHBIMU, KOTOPYIO MbI

YK€ YMEEM pelIaTh:

( x+y =200

0,1x + 0,3y =50

Pemaem ee n1r006bIM Y100HBIM CITOCOOOM:
[ x=200—vy
10,1(200 — ¥) + 0,3y = 50

[ x=200—vy

(20 — 0,1y + 0,3y = 50

(x =200— v
L 0,2y =30
((x =50
v = 150

T.e. mepBoro crutaBa B3smu 50 kr, a Broporo — 150 kr. B ycnoBum cnpammBanoch, Ha
CKOJIBKO KMJIOTPaMMOB MEHBILIE B3sUTH IIEPBOTO CILIABA:

150-50=100

Otger: Ha 100 kr.

[Tpu sTOoM 00OpaTuTe BHUMAaHWE, YTO METO]| PEIICHHs] HE MOMEHSETCS, €CIIi MBI OyaeM
CMeIINBaTh JAPYyrue METalibl, pacTBOPHI )KUJKOCTEH U T. A. BakHa uzes perieHus Takux 3aaady:
IpU CMEIICHWW JIBYX BEUIECTB O0IIAas Macca MOJYyYMBIIErocCs BEUIECTBA paBHA CyMME Macc
UCXOJIHBIX BeIlecTB. [leficTBUTENBHO, B pACCMOTPEHHOM 3a/1a4e Mbl COCTaBHIIM CUCTEMY M3 JIBYX
ypaBHeHmid. [lepBoe 03Hauano, 4To CymMMa Macc JABYX CIUTABOB paBHA Macce OOIIero cruiaBa, a
BTOPOE, UTO CyMMa MaccC HHUKEJIS B IByX CIJIaBaX paBHA Macce HUKEIs B OOIEM CIIIaBe.

Penrenne 3agannii:
Nel, B 2008 roJly B FOPOJICKOM KBapTalle MpPOXKUBAJIO 40000 yeJoBek. B 2009 roay

o
B pesyanaTe CTPOUTECIIBCTBA HOBBIX JOMOB YHCJIO JKUTENCH BBIPOCJIO HA 8 (‘f ,aB = 9{]1[] rooy —

Ha.9 U mo CpPaBHCHHIO C < 9[][]9 ToJ0M. CKOIBKO 4YeJIOBEK CTajlo NIpOKHUBATHL B KBApTaJC
8 2010 roy?

IIo YCJIOBUIO, 32[][]9 roay 4ucio JKUTeNnen BBIPOCJIIO Ha 8(;{5, TO €CTh  CTaJIO

pamio 2000 - 1,08 = 43200 wenopex.

o
AB []1[] roJly 4YHCJIO JKUTEIEH BBIPOCIO Ha 9% U, Temepp yXe IO CPaBHEHHIO
2009 TOJIOM. [Tonyuaem, 9TO s 2010 TOay B KBapTaie CTano

Hpommmuuu 1.08- 1,09 = 47088 ,rroner

No2 B nomenmenbHMk akumy KOMIAHMU IIOJOPOKAIH HA HEKOTOPOE KOIMYECTBO
MIPOIICHTOB, a BO BTOPHHUK IOJCIIECBENIM Ha TO K€ CaMOe KOJIMYECTBO MPOIEHTOB. B pe3ynbrare
OHM CTaJHd CTOMTHL Ha 4% JIENIeBJIe, YeM MPU OTKPHITHM TOProB B MOHEAENbHHUK. Ha CKOIbKO
MIPOLICHTOB MOJOPOKAINA AKIIUU KOMIIAHUHU B MOHEEIbHUK?

Ha mepBbIit B3TJ1511 Ka)KeTCsl, UTO B YCJIOBHM OIMMOKA M II€HA aKIMil BOOOIE HE JOJIKHA
U3MEHUThHCA. Beap OHM MOAOpOXKAJIM U MOJELIEBETH HAa OJTHO U TO XK€ YHUCIO MPOLEHTOB!

Ho ne 6yaem cniemmuts. [1ycTh mpu OTKPBITUH TOPTOB B MOHEACIBHUK aKIIMA CTOWIIH L' pyOIIeH.
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P
% + —
K Beuepy moHenenbHHKa OHH mogopoxamd Ha 1’70 y cram crouts 100/. Teneps
0
y)K€ JTa BelIMYMHA MpPUHUMAETCs 3a 100 ff;, U K Beuepy BTOpPHMKA aKLWW IOJICHIeBeNn

0
na I i 110 CPaBHEHUIO 3TOH BenmnunHOi. CobepeM JaHHbIE B TaOIUILY:

B NOHeQeNbHWK YTPOM B NoHedenbHWK Be4epom BO BTOPDHWUK BE4epoMm

CTOMMOCTE aKUWit x € - (1 + %) T (1 - ﬁ) (1 B %)

497
Ilo YCJIOBUIO, aKIIUW B UTOI'C MMOACHICBCIIM HA _l /{
[Tonyyaem, uro

| N py_ A
! (1'+ 100) (1'_ 100) - (1 100)

[Mogenum obe yvactu ypaBHeHus! Ha I (Beib OH HE paBeH HYJIO) W MPHUMEHHM B JICBOW YacTH
(bopMyITy COKpPAIIEHHOTO YMHOKCHHUS:

pg _1 l |
1007 100°
2 ]
pe 4
1002 100
20

ITo CMBICITY 3a1a"4y, BEIINYNHA p IIOJIOKUTCIIbHA. HonyqaeM, 4qTo P = &Y

Ne3 | Ilena xomomunpHMKa B MarasuHe €KEroJHO yMEHBIIACTCS HA OJHO H TO XKe UHCIIO
IIPOLEHTOB  OT IpeAplaymel ueHsl. Ompenenure, Ha CKOJIBKO MPOLEHTOB KaXIbld TOJ
yYMEHbILIANACh 1IEHA XOJIOAMUIBHUKA, €CJIH, BHICTABICHHBIN Ha POJAXy 3a 2000 pyoneii, yepes
J1Ba rojia ObLI MPOJIaH 3a 15842 pyOneii.

Ora 3ajaya TOXE pelaeTrcsl o OJHOW W3 pOopMys, MPHUBEACHHBIX B Hayalleé CTaTbH.

0
XOJIOIUIBHUK CTOMII 20000 pyOreil. Ero nena aBa pa3a ymMeHbIIMJIACh Ha P Y, v Teneps oHa
paBHa:

P2
20000 (1 — L) = 15842
( 100) ?

(1_ p )2_15842
100/~ 20000°
n o2 709
(1_ p) _ fﬂull
100 10000
pr _ 89
100 100°
p=11.

Ned Yerpipe pyGamku nemreBne KypTku Ha 8%. Ha ckoibpKO IpOIIEHTOB MATH pyOalex
JIOPOKE KypTKH?

ITycTh cTromMocTh pybamkm paBHa &, crommocTh Kyptkm Y. Kak Bcerma, mpuHEMaeM
3a CTO IIPOLICHTOB Ty BEIUYHMHY, C KOTOPOH CPABHUBAEM, TO €CTh LICHY KYPTKH. TOr1a CTOMMOCTb
YeThIpeX pyOallek CoCTaBIIsSET 92% OT LIEHBI KYPTKH, TO €CTh da =0, 92;{;.
CroumocTb 0J1HOM pyOamku — B 1 pasa MeHbIIIE:

x =1, 23y.

A CTOMMOCTH MATH pyOallex:
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he =1, 15y = Too? = 115%y.
=L
[Momy4wiu, 4To MATH pyOaIiek Ha 15% JIOPOXKE KYPTKH.
=
Otser: 19,
Ne5. Cembsi COCTOUT M3 MYyXa, )KEHBI U UX JOYepPH-CTyNeHTKH. Eciu Obl 3apruiata mMyxa
0
YBEJIMYMIIACH BIBOE, OOMIMI JOXOJ CEMbU BBIPOC OBI HaGlr "’}[ Ecnu 61 cTumeHmust mouepu
40
YMEHBIIMJIACh BTpPOE, OOIIMH JOXOJ CEMbU COKpATHJICS Obl Ha A%. CKOJIBKO TIPOIICHTOB
0T OOIIEro J0X0/a CEMbH COCTABIISICT 3apIljiaTa )KeHbI?
Hapucyem Tabmuity. CuTyanum, 0 KOTOPBIX TOBOPUTCSI B 3ajade («eciu Obl 3apruiara

MyXa YBCIWYMIaChb, €CIIN OBI CTUIICHIHUA OOYKH }’MCHI)H_II/IJ'IaCB...») HA30BEM «CUTYyalUs ‘4'))
H «CUTyalusa B ».

MYX JKeHa 0Yb OO0wmuH 1oxoxn
B peanbHOCTH T Uy z r+y+ =z
Curyanus A 2r Uy 2 1,67 (x+y + ;}

Curyamus B T U > 0,96 (x + y + =)

L] =

Ocranoce 3anucaTh CUCTEMY YPaBHEHUM:
2e+y+z2=167T(x+y+2)
1 :
r+y+ 3% = 0,96 (x +y + z)

Ho uto e mbl Bupum? JlBa ypaBHEHMsI M Tpu Heu3BecTHBIX! Mbl He cMoxeM HaiTu &
, ¥ u Z no ornensroctu. IpaBna, HaM 5To u He HyxkHO. JIydile BO3bMEM TIEPBOE ypaBHEHHE
¥ 13 00eHX ero yactei BeraTeM cymmy £ T Y + 2,

Monyam: & = 0,96 (x +y + z).

= ()
DTO 3HAYMT, YTO 3apIUIaTa MyXka COCTABIISET 67% or o6mero moxona cembr.
Bo BTOPOM ypaBHEHHH Mbl TOKE BBIYTEM M3 00eHMX wuacteil Bbipakenme L T+ I + 2
YIIPOCTUM U MOIYYHM, YTO

x=0,006(x+y+ z).

|""'.
3HAYNUT, CTUIIEHANUS JOYKHU COCTAaBJISET 6% oT o0miero joxona ceMbu. Torma 3apruiata

JKEHbI COCTABJISIET 27% o011ero 10xoja.

Orser: 27.

Ne6 PesepByap 3anomnnsiercs Ha 95 %. Paccuutars, MoxeT Jiu 6eH30B03 00beMOM 4 KyOa
CJIUTH TOIUTMBO B Pe3epByap, €CiIu B HEM ocTasiock 75% ToruBa, a 00beM pezepByapa 10 kyooB.

Pewrenue:

1)10 xy6 : 95% = 0,1xy0 npuxoautcs Hal %

2)0,1ky6 x 95% = 9,5 xyba TomnMBa HaXOAUTCS B pe3epByape

3)0,1 xy0 x 75% = 7,5 xy0a ToTuiMBa 0CTaJI0Ch B pe3epByape

4)9,5xy0 -7,5ky0 = 2 Kyba MOXKHO JAOJIUTH B pe3epByap

OtgerT: 4 KyOa CIUTH HETb3S.

Ne7. TInotHocTh »nekTpoiuTa moyHOCThIO 3apsbkeHHOM AKB — 1,27 r1/em3. Ilpu
ouepenHoMm TO-2 mokazanusi ammnepmerpa — 1,22 r/cm3. Ha ckoibKO MpOLIEHTOB pa3psauiiach
Oarapest U JIOIyCKaeTCs JIM ee SKCIUTyaTalusl B 3MMHee Bpemsi?
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IIpakTnyeckas padora Ne32
Tema 6.5: TexkcToBbie 3a1aun TPOPECCUOHATHBHOTO COJEPIKAHUS
Heas: Hayuntbes pemarh 3aau Ha ABMXKEHHE B IPOPECCUOHATIBHOM 1S TETbHOCTH.

TeopeTnueckast 4acTh:

Crnenyrouuii TN 3a7a4, KOTOPhIE Mbl PACCMOTPHM, — 3a/1a4yll Ha ABMxkeHue. [Ipu atom
IIOKa MBI OCTAHOBHUMCS Ha 3ajlayax, I'Jie HeT ABMKEHHSI 110 Bojie (peKe, 03epy U T. A.). s pemenus
3aJa4 Ha JABM)KCHHUE HAM MOHAJO0UTCS: OINpeieJIeHue CKOPOCTU IPU PABHOMEPHOM JBUKCHUHU:

V= %, rae

V-CKOpPOCTb,

t-Bpems,

S-paccrosiHuEE.

13 KOTOPOTO MOKHO TMOJIYYUTH emle 1B (hOpMYIIbl AJI1 HAXOXKACHUS ITyTH U BpEMEHH MpHU
PaBHOMEPHOM JIBH)KECHUU:

S =vt, rne

V-CKOpOCTb,

t-Bpems,

S-paccrosiHume.

t= E, rae

\'4

V-CKOpOCTb,

t-Bpems,

S-paccrosiHume.

3amaua 2. /[Ba BeJOCHIENUCTa OJHOBPEMEHHO OTHPAaBUINCH B 240-KHJIOMETPOBBIN
npoOer. IlepBbIii €xall cO CKOPOCThIO, HAa 1 KM/4 OOJIBIIECH, YeM CKOPOCTh BTOPOTO, M MPUOBLI K
¢unury Ha 1 yac panemie Broporo. HailT CKOpOCTh BEIOCUTICANCTA, MPUIICANIETO K (GUHUIILY
nepBbIM. OTBET JaiiTe B KM/4.

Pemenue

1. AHanus ycnoBus

PaccrosiHue, KoTOpoe mpoexaiy BeTOCHIICTUCTHL: S.

CkopocTb IepBoro: Vi, CKOpocTb BTOPOTo: V2.

Bpewms nBuxenus nepsoro: ti.

Bpewms nuxxenus BToporo: te.

2. CocraBieHre MOJIETU

Bpemst IBMKEHUS IEPBOTO BEIOCHIICNCTA!
13
t, = —
J- ¥
vy

Bpewms 1BHkeHNs BTOPOTO BEJIOCUIIEANCTA!

CkopocTb nepBoro Besocuneaucta Ha 1 km/4 60siblIe CKOpoCTH BTOPOro:

v, =1 —1

Bpewms aBHKeHMsI IEPBOTO BEJIOCUIIENCTA HA 1 yac MeHbIlIe BpEMEHHU IBUYKEHHSI BTOPOTO
BEJIOCUIIEIMCTA!

HOZ[CTaBI/IB TNICPBLIC TPU YCIIOBUA B HETBCPTOC, IOJTYyH4aCM YPABHCHHC!
5 5

_:—_1
vy vy, — 1

3. Pemenue 3amaun
Ham pano paccrosiame: S=240xkM. HaiiTh HeE0OXOIMMO CKOPOCTh BEJOCHIICINCTA,
KM
MpUIIeAnero K GuHUITy nepsbimM: Vi—. st yno6cTBa 0603HaYMM:
q

121



i'.Jl .

240 240

T B x—1

[Tonygaem npoOHO-pAllOHAIIFHOE YpaBHEHHE, KOTOPOE MBI yXKE€ yMeeM pelmarb —
nepeHoch BCC cCJI1aracmMmani€ B OZIHY CTOPOHY U IIPUBOAUM I[p06I/I K O6H_[eMy 3HAMCHATCJIIIO:

240%"t 240 W

-1

— - + 1wl =g
x r—1
240(x—1]—24ﬂx+x[x—1]_ﬂ
x(x—1) B
240x — 240 — 240x + x* — x
=0
x(x—1)
x%—x— 240
x(x—1) N

[TpupaBauBaeM unciurens Apobu k O (mpu atom X£0;1 , T. K. 3HamMeHaTes He paBeH 0):

x*—x—240=0

[ x, =16

CkopocTh He MOKET OBbITh OTPULIATEIHHON, TIO3TOMY OTBET B JAHHOM 3a/1aue — CKOPOCTh
NepBOTO BejocunenucTa 16 km/4.

Ortser: 16 xM/4.

Pewenue 3a0anuitii:

Nel Heobxonmumo paccumuTaTh KOIMUecTBO TorumBa Ha peiic (Tpacca «Kypck-Mockay,
pacxoj aBromoouis Mmapku «Man» 10 1/100kMm. ), eciiu paccrosnue ot Kypcka 1o Mockssl — 830
KM.

Pewrenue:

MuHuMabHOE  KOJHMYECTBO TOIUIMBA, KOTOpOE CIIEAyeT 3aluTh B OeH300ak
830:100%10=83x.

No2 JIns MamvHbl, ABHXKYIIEHCS cO CKOpocThio 30 M/C, TOPMO3HOM TyTh ONpPEACNISIeTCs
dopmymoit s(t) =30t—16t%, rae s(t) — myTh B MeTpax, t — BpeMs TOPMOKEHHS B CeKyHaax. B
TEYEHUH KaKOTO BPEMEHH OCYIIECTBIISICTCS TOPMOKEHHE 10 TIOJTHOM OCTaHOBKH MammmHbl? Kakoe
paccTosiHUe MPOUIET MaIllMHA C Hadaia TOPMOXKEHHUS J0 MOJTHOM ee OCTaHOBKU?

Ne3. OmpenenuT MUHUMAIBHO O€30TMaCHOE PACCTOSHUE JI0 aBTOMOOWIISI, €CJIM IIMPUHA
npoe3kel 4acTH, Ha KOTOPOH OH Mpe/ICTaBIIsET OMACHOCTh — 8 M, CKOPOCTh aBTOMOOMIIS 60 KkM/4
(17 m/cek), ckopocTsb nemexona — 1 M/cexk.

Ned. Onpenenutp Ge30macHbIl MHTEPBAT MEXIY ABIKYIIUMHCS B OJHOM HaIlpaBICHUU
apromobmismu 3UJI u KamA3. Ckopocts aBromMo6mist 3UJI — 60 km/4, CKOPOCTh aBTOMOOUJIS
KamA3 — 90 km/4.

IIpakTnyeckas padora Ne33
Tema 6.5: TexkcToBbie 3a1aun TPOPECCUOHATHBHOTO COJEPIKAHUS
Heas: HayuuThcs pemaTh 3agaud Ha COBMECTHYIO paboTy B mpodeccHOHaTbHOU
JeSITEIbHOCTH.

Teopernyeckas 4acThb:

PaccMmoTpuM npumepsl TEKCTOBBIX 33124 Ha COBMECTHYIO padoTy.

3amava 3. 3aka3 Ha 110 meraneir mepBbIii pabounii BeITIONHSAET Ha 1 gac ObIcTpee, Yem
BTOpoi. CKOJBKO JieTanell B 4ac JeNlaeT BTOPOil paboumii, €Cii M3BECTHO, YTO IMEPBHII 3a Yac

JIeJaeT Ha 1 JeTalb OOJIbIIE?
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Pemienue

1. Ananu3s ycnoBusi.

KommuectBo neraneit: S.

Ckopoctb paboThl epBoro padouero: Vi. Bpems ero paboTsi: ts.
Ckopoctb paboTsl BTOporo padbodero: Vz2.Bpemst ero paboTsi: to.
2. CocTaBiieHue MOOEIHN

S
Bpewms paGotsl mepBoro pabovero: L=
1

S
Bpewms pabotsl BToporo pabouero: t=—
2

[Tpu 3TOM 1O YCIIOBHIO, IIEPBHII BHIIOIHSET paboTy Ha 1 1 OpicTpee BToporo: t1=tz2-1

ITo ycnoBuio cKOpoCTh HEPBOTr0 paboyero, KOTOPbIM M3roTaBiuBaeT Ha 1 nerans B yac
Oombie: V1=Va+1l

IToncrasnsiem nepBoe U TpeTbe ycioBue Bo BTopoe. [lonyuaem ypaBHeHMe:

110 110 .

v, + 1 v,

3. Pemienue 3agauu

[lonyunnu npoOGHO-pallMOHANIBHOE YpaBHEHHE, KOTOPOE MbI YXKE YMEEM pellaTh.
[TepeHocum Bce ciiaraeMble B OJJHY CTOPOHY, 3aT€M IIPUBOAUM ApOOH K 001IeMy 3HaMEHATEIO:

110 W= 11n‘~"=“Jr W ¥ — g
v, + 1 N
110v, — 110v, — 110+ v5 +v,
v, (v, + 1) B
vy + v, — 110 _
vy (v, + 1) B

[MpupaBuuBaem uucaurens K O (mpu 3ToM Vo#-1,0, T. K. 3HaMeHartenb He paseH 0).
vi+ v, —110=10
v, = 10
[uz =-—11
T. x. pabounii HE MOKET U3rOTaBIMBATh OTPHULIATEILHOE KOJIMYECTBO AETAJIEH B 4ac, TO
NOJIy4aeM, YTO BTOPOH paboUMii M3roTaBIMBaEeT JeTalel B yac.
OtBert: BTOpO# pabouwmii m3rorasnuBaeT 10 neraneii B vac.

Pemenue 3aganmii:

Nel. Kommanus «beToH-mapTHep» AOCTaBIsSET OETOH MJsl CTPOUTENbCTBA OOBEKTOB
Kypckomy 3aBogy KIIJI- Mukcepamu BMecTUTENbHOCTHIO MO 5 U 10 kyboB. 3a oaMH yac
cTpoutenu MoryT npuHsTh He 6onee 10 KAMA3oB, npu 3Tom He 6onee § KAMA30B 1o 5 kyOoB
u He 6onee 6 KAMA3oB o 10 ky6oB. Cxonpko KAMA3o0B 110 5 1 10 ky00B HYKHO OTIPaBIATh
Ha CTPOUTENBHYIO TUIOMIAAKY 32 1 yac, yToObI IepeBO3UTh HAaUOOJIbIIIEe KOJIMYeCTBO OeToHa?

Bcero 3a onun vyac nepeBo3utcs 5x +10y kyooB 6eToHa. 3amava cBeIach K HaXO0XKICHUIO
HauOOJIbIIEro 3HAUCHUS TuHEeHHOoN ¢yHKmu: S(X ; y) = 5x + 10y. B xoxe pemenus momyunm:4
KAMA3a no 5 ky6oB u 6 KAMA3o0B no 10 kyb6oB 6eToHa.

Ne2. Tlpu moaBojKe Tra3a K JOMY HMCIOJB3YIOT TPYOBl pa3MepoM 3 U 5 METpOB, HYKHO
npoioxuTh 40M. Ckoibko TpyO pa3HOTO pa3Mepa HYXKHO HCIOJIb30BaTh, YTOOBI OBLIO
HalMEHbIIIee KOJIMYECTBO CBAPOYHBIX IIBOB?

Pemenne. O603HaYMM X —4uCa0 3-X METPOBBIX TPYO, y —4HCIO 5-TH METPOBBIX TPYO.
Pemraem ypaBHeHue 3x +5y = 40 B LenbIX 4yHMciax, BbIpa3uB, HAIpUMEp, IEPEMEHHYIO Y depe3
MEPEMEHHYIO X.

Ne3. JIBoe pabounx, paboTast BMECTE, MOT'YT BBIIIOJHUTH ITPOU3BOICTBEHHOE 3a/laHHE 32
20 mHei. 3a CKOJIBKO JHEH MOYKET BBITIOJIHUTD 3aJJaHUE KaXKIbIN U3 HUX, pa00Tasi CaMOCTOSITEIIBHO,
€CIIM OJJTHOMY M3 HUX JJIS 3TOT0 Ha/I0 Ha 9 nqHel Oosnblie, yeM Apyromy?
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Pemenue:
[Ipumem Bce 3amanue 3a eqununy. [lycts II pabounii, pabotas caMOCTOATEITHLHO, MOXKET
BBIIIOJIHUTH BCE 3aJlaHue 3a X AHel, Torna I — 3a x+9 gue.

Bpewms [Ipon3BoaUTENBHOCTD O6bem
paboThl Tpyza paboThl
I paGounii X+9 %—H‘I 1
1
II paGounii X — 1
I
Bwmecte 3a 1 nenp paboune BBITIOJIHSIOT
1 1
_|_ —_
r+9 =z
3aganud. 3a 20 1Heil BMeCTe OHM BBINIOJIHAT Bee 3ajanne. CocTaBUM ypaBHEHHE:
1 1,
200 ([ ——+—-)=1
l” r+9 .?.'J
T .".. 10
200 N 20\ z+9) B 1"~,r{r+.‘J‘J 0
r+9 T
20+ 20(x +9) — x(x + 9) 0
x(x+9) N
20 + 20 + 180 — 22 — 9 0
r(r+9) N
—r? +31r +180 0w | P+ 3le+ 180 =0
z(xr +9) N r(x+9) #£0

r(r+9)£0,=x£0x#£ -9
w* —31r — 180 =0
1 =ab,r9 = —5h.

Bropoii kopeHb HE MOAXOAUT MO CMBICIY 3aJaud (TaKk Kak BpeMsl HE MOXET ObITh
OTPHIIATENIbHBIM YHCIIOM). 3HAUUT, II paboumnii, paboTas caMOCTOATENbHO, MOXKET BBINOJIHUTH BCIO
pabory 3a 36 nuei, a [ — 3a 36+9=45 nneii.

OrTBer: 3a 45 nqHel U 36 qHEN.

W emie onHa 3a1aua Ha COBMECTHYIO padoTy.

Ned4. Ogun Hacoc MOXKET HAOJIHUTH OacceltH Ha 24 yaca ObicTpee, ueM apyroil. Uepes 8
4acoB I0OCJI€ TOTO, Kak ObUI BKJIIOYEH BTOPON HAacocC, BKJIIOYWJIM NEpBbIM, u yepe3 20 yacoB
COBMECTHOM paboThl OKa3zajoch, YTO 3amojHeHo 2/3 OacceliHa. 3a CKOJBKO YacoB MOXKET
HaIOJIHUTH 0ACCEMH KaX bl HAcOC, paboTast CaMOCTOSTEIHLHO?

Pewrenue:

ITpumem Bech Gacceitn 3a 1. Ilycts I Hacoc, paboTast caMOCTOSATETHEHO, MOYKET HAITOJTHUTH
BeCh OacceliH 3a X yacoB, Toraa Il — 3a x+24 yaca.

Bpewms [Ipon3BoIUTENBHOCTH O6bem
paboThI TpyAa paboThI
I Hacoc X % 1
1
II Hacoc X+24 —_— 1
xr + 24

N3zBectHo, uTo Il Hacoc Obut BkItoueH 8+20=28 gacoB, a [ — 20 gacoB, u 3a 3TO BpeMs

OHM HanoJHUIH 2/3 O6acceitHa. CoCTaBUM U PEIINM YpaBHEHHUE:
20 28 2

4+ =
T T4 24 3
OG6e yacTH ypaBHEHHS IC]IUM HOWIEHHO Ha 2 U IEPEHOCHM BCE ClIaraeMble B JIEBYIO YacTh:
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1043 lz+24) 143 1 \zlz+24)

+ — = =0
T r+24 3
30(x+ 24) + 427 — x(x + 24) _0
3r(x+9)
30z + 720+ 427 — 2% — 24z )
3z(r + 24)
30z + 720+ 427 — 2% — 24z )
3x(r + 24)
—x? + 48z + 720 [ —2? 48+ T20=0
3z(r+24) { 3x(r + 24) £ 0

3rx(r+24)#£0, = #0:x £ —24
—rt 482+ T20 =0
22 — 48z — 720 =0
1 = 60,10 = —12.
Bropoit kopeHb — mocropoHHMH. 3HauuT, | HAacoc MOXKET HANOJHUTHb OacceH

camocTosaTenbHO 3a 60 yacos, a II — 3a 60+24=84 yaca.
OrtBert: 3a 60 yacoB u 84 yaca.

IIpakTnyeckas padora Ne34
Tema 6.6: KonrponbHas pabdora 1o pasaeny 6 «YpaBHEHHs 1 HEpaBEHCTBa»

Heas: [IpoBepuTh ypOBeHb YCBOCHHS AAHHOTO MaTepHaja Mo paszuerny 6 «YpaBHEHUS U
HEPaBEHCTBA»

IIpu pewenuu 3ad0anuit 1-4 3anuwiume npasunbHLLL omeem U3 Uemvlpex
nPeOIONHCEHHBIX:

1. (1 6amm) Kakoe u3 uncen sBisieTcst KopHeM ypaBHeHHs log, (x + 1) = 1

A)-1;5)2;B) 1;I) 0.

2. (1 6ann) Kakue n3 ypaBHEeHMI UMEIOT Oojiee 0JTHOTO KOPHs?

A) x2-6x+5=0; B) 3¥?=9; B) (x-4)(x+3)(x-8)=0; I') 2x-7=0.

3. (1 6amn) Onpenenute BU ypaBHEHUs V—32 — X = 2

A) nuneiinoe; b) kBanpatHoe; B) uppanuonansHoe; I') pannonanbHoe.

4. (1 6amn) OnpesienuTe HaMMEHBIIEE ENOE PElleHHe HepaBeHcTBa 5¥2<1?

A)-3;B5)0;B)3;T) -4.

Ilpu ¢vinonnenuu 3ad0anuii 5-8 3anuuwiume x00 pewieHusA U NOJIYUEHHbLIL Omeent.

5. (2 6anna) Haliagute KopeHb ypaBHEHUS | x-3 | =2

—y =38,

6. (2 6anna) Pemute cuctemy ypaBHeHUIH {;_33} — 16,
2_

7. (2 6amna) Pemute HepaBeHCTBO 2 < x

x-3

8. (2 6ayuta) Pemmte ypaBuenune (2x — 3)V3x? —5x—2 =0

Idmanonvt omeemoes:

Homep |y 2 3 4 5 6 7 8
3adaHUuA
OtBet B B B A 1,5 | (10;2) (-0; 0]; [2; 3) -1;6
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IIpakTnyeckas padora Ne35
Tema 7.2: Tlonstre o mpou3BOAHON PYHKITUN
Heﬂb: OHpGI[eJII/ITb CYIIHOCTb IOHATUA I[POU3BOAHASA, HAYYUTHBCA  BbBIYUCIIATH
MIPOU3BOHYIO, UCIIOJIB3YS MIPEIEIbI.

TeopeTnyeckas 4acThb:

[IpousBoaHas - riiaBHeillIee MOHATUE MaTeMaTH4ecKoro aHanu3a. OHa xapakTepU3yeT
u3MeHeHue (QYHKIUU apryMeHTa X B HeKOTopo# Touke. [Ipu 3ToM 1 cama npou3BoaHas SABISETCS
¢byHKUMel oT aprymenTa X

« = X
Ipouseoonoii gynxyuu * S :IB To4Ke * Ha3pIBaeTCs mpeaei (€Ciau OH CYIIECTBYET U
KOHEYEH) OTHOLICHHS MpupaiieHus (yHKIUM K ITPUPAIICHUIO apryMeHTa IMPU YCIOBUH, YTO
IIOCJIEIHEE CTPEMUTCS K HYJIIO.

To ecTs,
Fixy = lim 2 o g SETAD =S
ax—0 ﬂ; x ax—0 &x
HauGonee ynorpeOuTenbHbI CICTYIOINE 0003HAUEHUSL RPOU3BOOHOIL:

dy (II'
.}’ f (x) dx’  dx
AJITOpUTM HaXOXKIEHUS IPOU3BOIHON

f(xo)

Ji1st Toro yToOBI HANTH HYXXHO:

1) 3apmate mnpuparieHue Ax _ 9TO IpHUpalleHUe aprymeHTa BBIUUCIIUTh
y A Xo + Ax X
COOTBETCTBYIOIEE TIPHPAILCHHE (1)yHKIII/II/I Y v f=1x )= I( ':")
Af
2) Haiit pa3HOCTHOE COOTHOIIEHHE 4%, yIIPOCTHTEH €r0 U COKPAaTHTh Ha

Af
Ax —= 0

3) Ecau otHomenue 4% mpu CTPEMHUTCSI K KaKOMY-TO YHCIy, TO 3TO YHUCIO

fJ(xu)_

Oyzner

Pemienue 3aganmii:
IIpumep 1. [Tons3ysck onpeaeseHueM NPOU3BOAHOM, HAUTH IPOU3BOIHYIO (PYHKIMH
y=nfx+1
Pemenue. N3 onpenesieHnst MpoOM3BOAHON BBITEKAET CIECAYIOMIAs CXeMa €€ BBIYMCICHUS.
Jlamum apryMeHTy npupalieHue (1enbTa) U Haiém npupaieHue QyHKIum:
Ay =afxt+hx+l—nfz+1
Haiiném oTHomeHnue npuparienus GyHKINU K TPUPAIICHUIO apryMeHTa:
Ly w'rx+£-.x+1—\.'rx+1 _
Fi¥s Ax

(q,u"x+,-i-.x+ 1 —«fx+1)(\fx+ﬁx+1+~,u'rx+l)

ﬁx(\-’x+ﬁx+1+«fx+ 1)

T+hx+l-(x+1)

ﬂx(-qr'x+ﬁ.x+1 +-Jx+1) B
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Ax

- ﬂx(u{x+ﬂx+1 +qfx+1)

1

Jx+ﬂx+1+\.'rx+1 '
Bpruncium mpenen 3TOr0 OTHOLIEHUS IPU YCIOBHM, YTO MPHUPALICHUE apTryMEHTa
CTPEMUTCS K HYJIIO, TO €CTh TPEOYEMYIO B YCIIOBHH 33J1a4H MIPOU3BOIHYIO:

: 1
litn =
ix—0 Jx+1&x+1+—\.'rx+%

N TSN T RPN e

Ipumep 2. Haiitu npou3BoaHYI0 (yHKIIUH

y= fix)=2x"+1.

Pemienne. M3 omnpeneneHuss NpPOU3BOJHOM BBITEKAET CIEAYIOIIAs cxeMa s €€
BBIYHCIICHUS.

Har 1. lTaaum aprymeHTy npupalieHue A%y Haiiném
y+hy = flx+Axn)=20x+Mx) +1=

= 2xi fdxehn+2(Ax0° +1.

ar 2. Haiiném npupaiienue GyHKINH:

Ay = f[x+ﬂx:l—f[x:l:

=2 +dxenr+2(ax) +1]- (247 +1)=

= dxehr+2(Ax)"

Hlar 3. Haiiném oTHOIIEHNE NpUpaIIeHus] GYHKIUHU K IPUPAIIEHUIO apryMeHTa:
by dxehx+2(Ax)  Ax(dx+24x)
Ax Ax  Ax
=dx+2hx

[ar 4. BeruncnuMm npeen 3Toro OTHOLEHUS Ipu 4x =0 10 ects MIPOU3BOJIHYIO:
y=F(x)= lim (4z+247) =4x

o =X o o
Mpumep 3. Haiitn npomssoguyio dyHKmmm » U 3HA4YE€HUE OTOW NPOU3BOIAHOMU

npu * = 9
Pemenue. Bocnonb3yemcs cxemoil, npuBeIEHHON B ipumepe 1.
[Iar 1.
y+ihv= flx+Ax)=Jx+Ax
[IIar 2.
Ay = Flx+ix) — F(x) =z +Ax —fx.
[Iar 3.
by  fxthx-— ﬁ
Ax Ax '
[Iar 4.

v = £ = lim 2 = tim —M_
a0 1"1':.?{ ax—0 1"_I"|..'-'f
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Bripaxkenue 1o 3HakoMm Ipefena He ONPEIeSICHO MpU bx=0 (HeompenenEHHOCTh BUIA
0/0), moaTomMy mpeoOpaszyeM ero, U30aBUBIIMCH OT WPPANMOHAIBLHOCTH B YUCIIHMTENC U 3aTeM
COKpaTHUB JIpO0b:

i («#x+&x—ﬁ)(ﬂx+&x+ﬁ)_
I BTN v

Mz

= lim =

0 aart hr 4]

: 1 1
RN N N

Haiiném 3HaueHue mpou3BoaHOM pu + = 9.

yoa=F@=1/2401=1/6.

IIpakTuyeckas padora Ne36
Tema 7.3: ®opmynsl u npaBuiia auddepeHInpoBaHMS
Hean: HayauTbes BBIYUCIATH IPOU3BOAHYIO (QYHKIMH, UCTIONB3Ys (GOPMYIIBI U MTpaBUIIa
Qg epeHIpOBaHUS.

Teopernyeckas 4acThb:
dopmynsl auddepeHInpoBaHUS

].. r: = . 4
c _'0, ¢ = const 12. (arcsin x) = 1 :
2. (x”) = ! 1-x~
g ' 1
3 (ar) —Fha 13. (arccosx) =— —
.- —x
x| _ X r
4. (e ) € 14. (arctgx) = ! .
5. (log, x) = ' L+x
| xlna 15. (arcetgx) = ———
x 16. (shx) =chx
7. (sinx) = cosx 17. (ch :qc)r =shx
8. X) =—sin: '
(cos:c) lsmr 18, (thx) = l,,
0. (&) :F ch“x
v 19. (thx) =——
10. (tgx) = —= sh“x
cos“ x
11. (ctg:c)' =—— 1,)
SIn” x

IIpu BBIYUCIICHUU MIPOU3BOHOMN HCIIOIB3YIOTCS CIeoyIoIue IpaBUIIa
nuddepennmpoBanus. [lpaBuio nuddepeHuupoBanusi cyMMbl ABYX ()YHKITHI.
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[TpousBomHas CyMMBI paBHa cymMMe TTpou3BoaHBIX: (f(X) + g(x))' = f'(x) + g'(x).

[Togpo6HO 3TO CBOWCTBO TPOM3BOAHOU (dopmynupyercs Tak: Ecom kaxmas wu3
dynkuu f(X) 1 g(x) MMeeT MPOM3BOJHYIO, TO MX CyMMa TaKKe WMEET IPOU3BOJAHYI W
crnpaseuBa Gopmyiia.

[Tpon3BoaHasi CyMMBI HECKOJIBKUX (DYHKIIMU paBHA CYMME IIPOU3BOIHBIX 3TUX (DYHKIIMHU:

(f(x) +...+ gx))' =f'(x) +...+ g'(x).

[Tpou3sBoaHas pa3HOCTH paBHa pa3HoCTH npou3BoaAHbIX: (f(X) - g(X))' = f'(X) - g'(X).

A Terepb paccMOTpPHUM IPUMEP MTPUMEHEHHSI JAHHOTO MpaBwiia MU GepeHITUPOBAHMUS.

Paccmotpum BTOpOe mpaBuiio nuddepeHmpoBaHus:

[TocToSIHHBIIT MHOYKUTETh MOYKHO BBIHECTH 32 3HAK MPOU3BOIHOMN:

(cf(x))'=cf " (x)

[lepexoaum k TpeTbemy mpaBuiy auddepenuupoanus. [IpousBoaHas mpou3BeACHUS
paBHA NIPOU3BEICHUIO IIEPBOIO MHOXKUTENS HA BTOPOU IUIFOC IIEPBBIM MHOKHUTEINb, YMHOXKEHHBII
Ha pou3BOAHYI0 BTOporo. (f(x)-g(x)) '=f' (x)-g(x)+{(x)-g' (X)

YerBepToe mnpaBwio AuddepeHUHPOBAHUS: IPOU3BOJHAS  YAaCTHOIO  paBHA
NPOM3BOJIHOW YHCJIMTENS YMHOKEHHOIO Ha 3HAMEHATENhb MHHYC YHCIUTEIh YMHOXXCHHBIH Ha
NIPOM3BOIHYIO 3HAMEHATEISI U BCE ATO JCJICHHOE Ha KBaJpaT 3HAMEHATEIIs.

(f(x} ) g — Fx)g'(x)
glx)) g°(x)

Pemenue 3ananuii:

Mpumep 1.

Haiinem mponsBoanyio dyukmm: | () = 2x% + 4x

Pemenue:

NPOM3BOJHAS CyMMbl paBHa CyMME INPOW3BOIHBIX. HaifieM NpOM3BOAHYIO KaKIOTO
CITaraeMoro

Fiix)=02x2+4x)" = (2x%)" + (4x)’

filx)=4x+4

Orper: f'(x) =4x +4

IIpumep 2.

Haittu nipoussoanyro ynxiuun f(X)=8x3+3x2-x.

Pemenne:

f(x)=8x3+3x2-x

£ (x)=(8x%)’+(3x%)’x’

PaccMoTpuM Kaskaplif 4ieH MHOTOUWIEHA M0 OTACIBHOCTH

(8x3) '=8(x3) '=8-3x2=24x?

(3x?) '=3(x?) '=3-x=6x

(-x) '=-(x) =-1

' (x)=(8x3) '+(3x?) '-x'=24x%+6x-1.

Otser: f (x)=24x%+6X-1.

IIpumep 3.

Haiitu npoussoanyto pynkimu f(X)=(3x-4)(4-5x).

Pewrenue:

Bocnonszyemcs popmyiioit mpou3BOgHOM MPOU3BEICHUS :

f (x)=(3x-4) ' (4-5x) + (3x-4)(4-5x) '=3(4-5x)-5(3x-4)=12-15x-15x+20= 32

Ortsert: f' (x)=32

IIpumep 4.
3x—2
X)) =
Haiitu nponsBoaHy0 QyHKIMH x+3
Pemenue:

Bocnonb3yemcst popmyinoit mpon3BoAHOM YaCTHOTO:
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G —2)"(x+3)—CBx—-2)(x +3) 3 3(x+3)—(3x+2)  3x+9-3x—-2 7
(x +3)° B (x+3)° B (x+3)° C(x +3)2

f'{x) =
7
OtBer: Fe) = (x +3)°

IIpakTuyeckasi pa6ora Ne37
Tema 7.6: ®u3nueckuil U FeOMETPUUYECKUI CMBICI IIPOU3BOJIHON
Hean: Onpenenuts (U3NYSCKUM W TEOMETPUYECCKUN CMBICI MPOU3BOJHON, HAYYUTHCS
pemaTh 3a/1a4y Ha MPUMEHEHHe (PU3MYECKOr0 M TeOMETPUIECKOTO CMBICTIA.

TeopeTn'{eCRaﬂ 4acCThb:

I'eomeTpuyecknii cCMbICJI IPOU3BOIHOM
——————— ¢ B
Af
AJ 1C

ECnu Mbl paccMOTPMM NpAMOYronbHbii TpeyronsHuk A B, To sametum, uto %i- ectb tgBAC.

A npu cTpemnedmnmn AT K Hynio, Touka B 6yaet npubnnxatecs k Touke A u cexywan AB «npespatutca» B
KacaTensHyio K rpaduky dynkumm f(x) 8 Touke A(zg; fzo)).

MosTomy FBOMETDM‘IECKHﬁ CMbICH I'I|J0H3BOHHOI7I TaKDB:

MpousBoAHas B TOYKE Xy PaBHa TAHTEHCy YIfla HAaKMOHa KacaTenbHOW K rpaduky dyHkuMu (&) B 3ToRA
TOUKE:

f'(z0) = tge,

rAe (x — ¥yron HaKnoHa KacatensHol {(NpoBejeHHOR K _,f(’z:} B T..Xpn)

KacareiabHas

=
é
P
13
>

Du3HYeCKUN CMBICJ IPOU3BOIHOM

Ecnw Touka ABVMMKETCH BAONb OCKM T M €€ KOOpAWHATblI M3MEHAKTCA MO 38KOHY :!.'(f), TO MTHOBEHH&A CKOPOCTb
TOYKW:

o(t) = o/(t),
a ycKkoperne:
a(t) =v'(t) = 2"(1)

~ e e
MpuMep. MaTepuansHas TOUKa JBIDKETCH NpAMonuMHeiHo no sakory &(t) = 68° — 481 + 17, rae (1) —
PACCTCAHWE OT TOUKW OTCYETa B METpaX, I — BpeMs B CeKyHOaX, M3MEpPEHHOEe C HaYana gBixeHus. Haigute
ee CKOpoCTb (B METPax B CeKyHOy) B MOMeHT epeMenn T = 9.
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v(t) = 2/ (t) = 12t — 48;
v(9) =129 — 48 = 60 m/c

OTeeT: 6.

Pelnenne 3axanui:

Nel. Haiigure yrioBoi ko3 duumeHT kacaTenbHON, MPOBEACHHOM K rpaduky QyHKIUN
f(x) = 14x - x2 + 5 B Touke ¢ abcmuccoit x0 = 3.

No2. Haitnure TaHreHC yria HakJIOHa KacaTeabHOH K rpaduky pynknuuf(x) =+ 12x -3 B
TOYKE C abcuuccoi Xo = 2.

Ne3. TIpu nBrKEeHUU Tema Mo MPsIMOi paccTosiHre S (B METpax) OT HAYaIbHOW TOUKU
M3MeHseTcs 1o 3akony S(t) = - 4t2+ 15t + 2 (t - Bpems ABIWKeHHUs B ceKyHax). Haiftu ckopocTs

(m/c) Tena yepes 3 CeKyH/IbI ITOCIIC Havajia JIBHKSHUSI.

Ne 4. BBITOTHUTD 3a1aHUS

BapuaHT Ne |

1. Haiinute  yrmoBoil KO3 QUIHEHT
KacaTeIbHOH, TPOBEICHHON K rpaduky
dynxmun f(x) = 5x3- 3x2- 7 B Touke ¢
abcruccoit xo = - 1.

2. HaiiguTe TaHreHC yrjia  HakJIOHA
KacateibHOU K rpaduky dynkium f(X) = 4
- Sin X Touke ¢ abCIMCCol Xo = 6.

3. Ilpm nBwXeHuum Tera MO HOPSIMOU
paccrosHue S (B MeTpax) OT HadalbHOU
TOYKH M3MeHseTcs 1o 3akoHy S(t) =t - 3t +
1 (t - Bpemst aBmwKeHUs B cekyHaax). Haiitu
CKOpPOCTh (M/C) Terna uepe3 6 CEeKyH] IMocie
Hayaja JIBUKEHUS.

BapuaHT Ne 2

1. Haitnure  yrioBoit ko3 duumeHt
KacaTeNbHOH, TIPOBEIEHHOH K Tpaduxy
dynkmun f(x) = 2x*+3x%-5 B Touke c
abcruccoit xo = -2.

2. HaiiguTte TaHreHc yriia HakJIOHa

KacateJabpHOU K rpaduky ¢pynkuuu f(x) = 10
- COS X B TOUYKE ¢ a0CIMCCOM X0 = .

3. Ilpu pBWXeHHMH Tena MO TNPSAMOKN
paccrosiHue S (B MeTpax) OT HadaabHOU
TOYKH M3MeHseTcs 110 3aKoHy S(t) =t + 15t +
2 (t- Bpems nmBWKeHHs B CeKyHIax). Haitu
CKOpOCTh (M/C) Tena yepe3 8 CeKyHJ| Mocie
Hayaja JBHKEHUS.

NeS. Haiture aberuccy Touku rpaduka GyHKIUK y = X2 + 7X - 9, B KOTOPOii KacaTesbHas,
IpOBEJEHHAs K 3TOMY I'paduKy, napaieiabHa npsaMoi y = -5x.

Ne6. Touka JBHXKeETCA TI0 KOOPAMHATHOH MpAMOi cormacHo 3akoHy X(t) = 1,5t + 7t -11,
rae x(t) - koopMHaTa TOYKH B MOMEHT BpeMeHH t. B kakoifi MOMEHT BpeMeHH CKOPOCTh TOYKH
Oyner paBHa 137

Ne7. BoibpaTh BEpHBIil OTBET:

BapuanTt Ne 1

1. Touka ABMXKETCS MPSAMOJMHEHHO 1Mo 3akoHy S(t) = t3- 2t Bribepute, xakoit u3
(dhopMyI1 3a1aeTCsl CKOPOCTH IBUKEHHSI 3TOM TOUKM B MOMEHT BpeMeHHU t.

1) 3t? - 2 2) t? -4t 3) - 4) 3t% -4t

2. Haliaute TaHreHc yrila HakJIOHa KacaTellbHOH K rpaduky GyHKIuu y = X(X - 2) B
TOUKe ¢ abcuuccoit Xo =4.

1)82)63)44)0

3. Ilpu mnpsAMOIMHEHHOM JBHMXXEHHMU Tena MmyTh S(t) (B MeTpax) H3MeHseTcs IO
3akony S(t) = 5t° - 15t? +12. B kaKoii MOMEHT BpeMeHH YCKOPEHHE Tela Oy/IeT paBHO HyTI0?
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1) 1c 2) Oc 3) 2c 4) 0,5¢

4. Tlox KakuM YIJIOM K MOJIOKUTEILHOMY HAmpaBlIEHUIO OCH abcuucc HaKJIOHEHa
KacaTebHas, IPOBEIeHHAs B 000 TouKe KpHBOH y = -2X° - X° - 4x +10007?

1) ocTpbIM 2) TynbIM

3) mpsimbim 4) napaiienbHa ocu Ox

Bapuant Ne2

1. Touka ABIXKETCS MPAMONHMHEHHO 10 3aKkoHy S(t) = t° - 2t? BeiGepute, Kakoil u3
(hopMyII 3a1a€TCsI CKOPOCTH IBUKEHHSI 3TOM TOYKH B MOMEHT BpEeMEHHU {.

1) 5t - 2 2) t* -t 3) - 4) 5t* -4t

2. Haiigute TaHTeHC yriia HaKJIOHA KacaTelbHOH K rpaduky QyHKmmm y = x(x + 3) B
TOYKe ¢ adCImccon Xo = 2.

1)12)53)74)10

3. Ilpu mpsMonuHENHHOM MABM)XKEHHUU Tena myTh S(t) (B MeTpax) H3MEHseTCs IO
3akony S(t) = 2t3 - 6t +12. B kaKoii MOMEHT BpeMeHH YCKOPEHHE Tella OyIeT PaBHO HYIIIO?

1) 1c 2) Oc 3) 2c 4) 0,5¢

4. Tlox KaKuM YIJIOM K TMOJOXHUTEIHHOMY HAINpPaBICHHIO OCH aOCHMCC HAKIOHEHA
KacaTenbHas, IPOBeJIeHHas B 000l Touke KpHBoil y =2x° + x° + 4x +1000?

1) octpbIM 2) TymbIM

3) npsmbim 4) napamienbHa ocu Ox

IIpakTuyeckas padora Ne38
Tema 7.7: YpaBHeHue KacaTenbHOH K rpaduky QyHKINN
Henab: HayunThcs coCTaBIsSATh ypaBHEHUE KacaTeNbHOU K rpaduKy PYHKIIMH U IPUMEHSATH
dbopmyy st TPUOTHUKEHHBIX BHIYUCICHUHN 3HAYCHU I BBIPAKEHUN.

Teopernyeckas 4acThb:

Bcnomuum reomerpuyeckmii CMBICJI MMPOU3BOJTHOM: ecnu K rpaduky
y=F|z) z,
byHKIIUN . /B TOUKe MpoBeJieHa KacaTelbHas, TO KO3((UIMEHT HaKJIOHa
KacaTeJbHON (paBHBIM TAHIEHCY YIJla MEXKIy KacaTeJIbHOM M MOJIOKUTEIbHBIM HAIpaBlIEHUEM
- T
OX - 0
ocHu ) PaBeH NPOU3BOAHOM QYHKIIMH B TOUKE .

@---------

=
S
n

X)L

sl k=tga=f .I:U

EX'AY

Bo3pMeM Ha kacarenbHON TPOU3BOJIBHYIO TOUKY C KOOPJIWHATAMH ' I
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y=kx+b

i e o

ABC.

U paccMOTpuM IPSIMOYTOJIBHBIN TPEYTOJIbHUK
P

-
|
o ---

He--—------

y-f(xn)
tga:BC =—=f'(:ro)

AB T-T
B sTtom TpeyronbHuKe

REOOS

%0054

i) oo

y—f(r J
DTO U ecThb ypaBHEHHE KacaTelbHOM, MpOBEACHHON K rpaduky (QyHKUIHUU ( B

T,
TOYKE .
ANTOpUTM ITOCTPOEHHUS KacaTelbHON

War 1. HaitTh 3HaueHKne (yHKUKMW B TOYKe KacaHua f(zg)

LWar 2. Haittv obuiee ypaBHeHue nponssofHoi f'(z)

War 3. HailTh 3Ha4YeHne NPON3BOAHON B ToUke KacaHua f'(xq)

War 4. 3an1caTh ypaBHeHKWe KacatensHol y = f'(zo)(z — xp) + f(zo), npuBecTy ero Kk enmy
y=kx+b

Ha Bbixope: ypaBHeHWe KacaTenbHoi B BuAe y = kx + b
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Mycts f(x) = 2% + 3.
Halioem KacaTenbHyk K 3ToM napabone & Touke zg = 1.
(1,4
flmo) =12+3=4
fl(z) =2z
fllzg)=2-1=2
VpaBHeHWe KacaTelbHow:
y=2(zx—1)+4=22—-24+4=2z+2

Orger:y =2z + 2

Npumep: f (z) = 2> — 2z + 3,

Anropntm
P Iy = 3

1. Belumcaum f(xp) flz)=f(3)=32-2.3+3=6

2. Haligém dopmyny nponssogHom

fl(z)= (2 —2z+3) =22 -2

yrkunn f' (z)

3. Boiuncm f' () ff(®)=f(B3)=2-3—-2=4

4. Moactasum o, f(zo) n f' (zo)e | y=f (o) - (z —z0) + f(20) =
dopMyny ypaBHeHWs KacaTenbHOoW =4(z—-3)+6=4z—-12+6 =
y=f"(20) - (z —z0) + f (o) =4z —6

Pemrenune 3aganuii:
Nel. BermmosiguTh 3a1anne

1 Bapnaunt | 2 Bapuant
1. Cocrasbre ypasuenue Kacare1bnoii K rpaguky pyukunn f(x) B rouxe rpaduxa ¢ x.
a)fix)=x xg=1 a)f(x) =x* x,=2
6)f(x)=i—z—-x: Xo =2 6)f(x)=%2—2x: xp =—1
B) f(x) =Vadx —x%; x, =2 B) f(x) =VxZ +3x; xp =1

_ .2
Ne2. CocraBbTe ypaBHEHHE KacaTelbHOW K rpaduky (GyHKIHU fix|=x"=2X g rouke ¢
abcruccoit X0 = 3.
2
Ne3. CocraBbTe ypaBHEHHE KacaTelbHOH K TpaduKy QyHKIHH fixI=x"=3X g touke ¢

aberuccoit X0 =4,
Ned 3anumunTe ypaBHeHUE KacaTenbHOM K rpaduky ¢pyHkuuu f(x) = sin X -3X + 2 B Touke

xo=0.

o 3 2
No5.HanucaTs ypaBHEeHHE KacaTenbHOM K rpaduky dyHknun f(x) =x = +2x = + 3 B TOUukKe

Xo=2,

v 3 2
Ne6.HanmcaTh ypaBHeHHE KacaTenbHOM K rpaduky GyHkiun f(x) =x ~ +4x = — 6X B TOUKe

Xo0=-2.
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- 3 o

Ne7. Haiigute aOcmuccy Touku Trpaduka (QyHKUIUU fixl=x"—x+3, g KOTOpOii

npoBeEHHAs K HEMY KacaTelibHasi 00pa3yeT C IOJIOKUTEIbHBIM HAIPaBICHUEM OCH a0CIHCC yroi
30°.

- &} .

Ne8. Haiinute aOcuuccy Ttouku rpaduka QYHKIHH fixl=x"+4x7V3, g KOTOpOii

npoBeEHHAs K HEMY KacaTelibHasi 00pa3yeT C IMOJIOKUTEIbHBIM HAIPaBICHUEM OCH a0CIHCC yro
60°.

.
Ne9. Haifute ypaBHeHue kacatenpHoii k rpaduky dynxuun [ X=X +3X—8, ecny o1a
KacaTelIbHas napauienbHa npsavoi Y =2X+1

_ 2
Nel0. Haiinure ypaBHEeHHE KacaTelbHOH K rpaduKy GyHKIUU fix|=x"=4x+6, ccim o1a
KacaTelbHasl IapaulenbHa opsMoil Y =2X—8

o 3 2
Nel1.Haitnure Touku rpaduka ynkmuu f(x)=x = - 4X = , B KOTOpPHIX KacaTelbHas K HEMY
napaiesibHa OcH abcuucc.

IIpakTnyeckas padora Ne39
Tema 7.8: MonotoHHOCTh (hyHKIIMU. TOUYKH SKCTpeMyma
Heas: Hayuntbes uccnenoBath GyHKIMHA HA MOHOTOHHOCTB M 9KCTPEMYMBI.

Teopernyeckasi 4acTh:

Onpenenenne « MOHOTOHHBIC (DYHKITUN

MonoTonHo Bo3pacTtaromasi GyHKIUS — 3T0 (PYHKIHS, Y KOTOpOil OosblIeMy 3HAYECHUIO
apryMeHTa COOTBETCTBYET OOJIbIIICE 3HAUCHUE (PYHKIIHH.

MounoTtonHo yObiBatomiasi GyHKIUS — 3TO (QyHKLHSA, Y KOTOPOW OOIbLIEMY 3HAUYECHHUIO
apryMeHTa COOTBETCTBYET MEHBIIICE 3HAUCHUE (PYHKITHH.

CBsi3b TPOU3BOJHON U MPOMEKYTKOB MOHOTOHHOCTU (DYHKITUU

Ax =0 Ay . Xy
Ecin , TO 3HaK IpUpALIEHUs - W 3HaK MPOU3BOJHOH B TOYKE COBIIAJIacT CO

f(x0) £ (o) » Ay =0
3HAKOM . To ecTb ecinn MMpOU3BOJAHAA B DTOH TOYKE OOJIBIIIE HYJIsI, TO -~ u
IIOHATHO, 4YTO (I)yHKI_II/IH B OKPCCTHOCTU 9TOM TOYKU 6yHeT BO3pacTaTh. A ecim MMpou3BOaAHAA

Ay =10 .
MEHBIIIE HYJIs, 3HAYUT, - U TIOHSATHO, YTO B OKPECTHOCTH AITOM TOYKH (pyHKIMs Oymer

yOBIBaTH.
Xx o
Jlanee, mpou3BoiHasl B TOUKe ~ © eCTh TaHI'€HC yIJia HaKJOHa KacarenbHOU. KacarenpHas

ONMCHIBACTCS JUHEHHON (QyHKuMeW. B OKpecTHOCTH TOYKH *o KpuBas M JUHEHHas (QyHKIuUs
MOYTH COBMAJAIOT. EcaM yron HakjioHa OCTpbIM, TaHT€HC OyIeT MOJOXKHUTEIbHBIM, YIJIOBON
KO3 QUIMEHT — BeJWYHMHA TOJIOKUTENbHAS, U JUHEHHass (DyHKIMsS BO3pAcTaeT, a 3HA4YuT, B
OKPECTHOCTH 3TOM TOUKH U cama (PYHKIIMsI BO3pACTaeT:

fllg)=0=f)T

W naobopoT, ecnu nuHEHHass (QYHKIUS YOBIBAeT, yrojl TYNOW, TaHI€HC — BEJIWYHHA

y = F(x)

OTpHIIATENbHAS, 3HAYUT, TUHEHHas QyHKIMS yObIBaeT, a ¢ Hel yObIBaeT PyHKIUSA

flx) <0 =f(x)l

8
y=1fx)
fix, + Ax) ,
tA
flx, ) A e
; Ax |
; e
b X xi\xx

o X
YTo51 HaKJIOHA KacaTeJbHOU B TOUke = ¥
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x
Tak coOBITHS pa3BUBAIOTCS B OKPECTHOCTSAX TOYKH ~ C. DTH COOBITHUS TOTUUHSIOTCS
F€OMETPUUECKOMY CMBICITY MIPOU3BOTHOM (ee duznueckomy CMBICITY,

] ! .
cootromermo 2 ¥ f' (%0) Axy.

HccnenoBanue mpoMesKyTKOB MOHOTOHHOCTH (DYHKIIMU C TIOMOIIBIO TIPOU3BOTHOMN
Paccmorpum dynkmuio u ee nosenenue Ha Beeit O/13. [Ipeanonoxum, 9To 3T0 rpaduk
UCCIIeTyeMOl (PyHKITHH.

y=f) [/

v =flx
I'padux GpyHKIINY - fx)
*1 &
Ectp Touka “1. KacarenpHas HakJIOHEHa TOJ OCTPbIM YrjaoM . 3HauuT, B

Xy
Touke ~ 1 (pyHKIMS BO3pacTaer.

1

o X
Vron HakiIoHa KacaTeJIbHOH B TOUKE ~ 1

Xq Ox Xq
B touke " kacarenbHas napajuiesibHa OCH , 3HAUMT TOYKa = 2 — To4Ka 3KkcTpemyma. 06
9TOM MBI ITIOTOBOPHUM OTJIEIBHO.

Xaq
< — TOYKa 3KCTpEMyMa

x o . .
B Touke 3 yron "2 HakioOHa KacaTelbHON OyleT TYNbIM, TaHT€HC OyIeT BEeJINYMHOU
OTpULATENIbHOM, 3HAYUT, IPOU3BO/IHAS OTpUILIaTeNIbHAsA U QYHKIIHUS 37€Ch YObIBaeT.

=3
>
ok et
e

o x
VYTroJ HaKJIOHa KacaTebHON B TOUKE = 3
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Xx
W, nakone1, B Touke ~ # MPOU3BOJIHAS PABHO HYJIIO U Jajblie (yHKIUS BO3pacTaeT.

VT0JI HAKJIOHA KACATENLHOM B TOUKE ~ % — TOUKE AKCTpEMyMa

Briscusietcs, 4to GyHKIMS BO3pacTaeT Ha HHTEpBajiaX, Ie MPOU3BOAHAs OOIbIIIE HYIIS:

filx)=tga; =0 = flx )T

Ecnu e 3Ha4YeHne IPOU3BOIHON OTPHUIIATEILHOE, TO (DYHKIUS yOBIBACT:

fllxg) =tgag; <0 = f(xz) L

Bes OJI3 coctonT M3 OTACNBHBIX TOYEK, 3HAYUT, HAJIO BBIACIUTH T€ WHTEPBAJIbI, HA
KOTOPBIX MPOU3BOAHASI MEHBIIIE HYJIS, HA KOTOPBIX MTPOU3BOIHAS OOJIbIIE HYJISI, U OHU OTPEACIISAT

te yuactku OJ13, Ha KOTOPBIX (YHKIUS JIMOO BO3pacTaeT, TUO0 yObIBacT. DTOT KE BBIBOJ MBI

Ay & f'(x,) - Ax
IOJTy4UM, PAcCMaTpHBas COOTHOLICHHE - .

Fixg) Av =10
POM3BOIHASL MEHBILIE HYJS, -

flx

Ha Ttex oOnactsix, Ha KOTOPBIX
¢ynkiust  yosiBaer. COOTBETCTBEHHO, Ha TeX

obnactsax OJ13, rae npousBoHas o) OombIIIE HYIIA, Ay <0 (yHKIUS BO3pacTaerT.

Tenepb MBI I'OTOBBI HaItycaThb, A€ Y6LIBaeT, a rac BO3pacTacT AaHHass HaM (bYHKIII/I?IZ

P

y=fG1

x € (—00;x,], [x, + )

X X X

[TpomexyTku Bo3pacTaHus PyHKIIHH y =f(x)
Teneps BbIACHUM, T€ NaHHas QyHKIUs yObIBAET:

y = F) Ly x € begixy]

X

3 e

o B s

Heewonasamas

=f(x)

o Xa
ToHkMit MOMEHT: BKJIIOYATh JIM 3HAUCHUS B TOUKAX ~ =

[TpomexxyTku yObiBaHUS (DYHKITH Y
X409
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Fi(x) < 0,x € (x5,%,)
Xy M X,
: HE BKJIIOYAEM, IIOTOMY YTO B HUX [IPOM3BOHAS PaBHA HYIIIO, & MbI paCCMaTPHBAEM

. x
TOT CITy4aid, KOrjia MPOM3BOAHAs MeHbIle Hyiss. Ho ¢yHKius yObIBaeT, KOrjaa = MPHUHAICKHUT

Xar X
OTpE3KY [x2; 4].
[Tpu 5TOM 3TH TOYKHM BKIIFOUEHBI TAKXKE B HHTEPBAIIBI, KOTJa QYHKIIHUS BO3PACTAET.

'
X
HpI/IXOI[I/IM K BaXHOMY BbIBOAY: HWHTCPBAJIbI 3HaKOHOCTOHHCTBaf( jS'IB.]ISIIOTCSI

MHTEpPBaJlaMd MOHOTOHHOCTHU f [xj.

Lenb ypoka: HAy4UTbCS HAXOJUTh MPOMEXKYTKH BO3pacTaHUs U YObIBaHUS (YHKIIMH C
MOMOIIIBIO TPOU3BOAHON. BhICHSIETCS, UYTO HA/I0 HAWTH MTPOU3BOIHYIO, BBIACIUTD €€ HHTEPBAJIbI
3HAKOIIOCTOSIHCTBA M TEM CaMbIM MBI y3HaeM, rje 3Ta (yHKIUsS MOHOTOHHO YOBIBaeT U IJe OHa
MOHOTOHHO BO3pacTaerT.

Jlanee Hac MHTEPECYIOT TOUKHU IKCTpeMyMOB (GyHKIMU. MBI paccMOTpenu ciiyyau, Korjaa
MPOU3BOJHAS MEHBIIE HYJA, KOTJa OHAa OOJbIIE HYJs, TakKXKe BaXXHBIM Cclydald, Korjaa
MIPOM3BO/IHAS paBHA HYIIIO.

Bcnomunm, 4To Takoe TOYka MakCUMyMa M TOYKa MUHUMYMa ()yHKITUH.

X, X, X X

] g
y=fl(x)
XA
Paccmotpum pucynok. Touka *2 — Touka MakcuMyMa (QyHKIMHU (max), €ClU CYLECTBYET

OKPCCTHOCTL TOYKU *2 HJIA KOTOpOfI f(xzj = f(xj TO €CTb €CJIM 3HAYCHUC (I)YHKI_II/II/I B 3TOH
b 3
TOYKC 6OJ'ILI_HG, YCM 3HAUCHUC (bYHKI_II/II/I B JIFO0O0OH TOYKE ee OKPCECTHOCTH.

X

Touku s3KcTpeMyMOB (pYHKLUU

X
Amnanorudtoe OIPEACIICHUC Ui TOYKHM MHUHHUMYMaA. Touka “# — TOYKa MUHUMYMa

¢GyHKIMHM (min), €CIM CYIIECTBYET OKPECTHOCTh TOUKHU *e s KOTOpOH flxg) <f [xj’ TO €CTh
ecliu 3HaueHue (YHKLIMU B 3TOW TOYKE MEHbIE, YeM 3HaueHue (QyHKIUH B JI000H TOUKe ee
OKPECTHOCTH.

ITpu nmoucke HanOOJIBIIETO U HAMMEHBIIIEro 3HaueHus GyHkuuu Ha Beeit O[3, To ecTh ee
IJ100aJbHBIX 9KCTPEMYMOB, CJI€1yeT NOHUMATh, YTO OHU MOTYT HE COBIAJaTh C €€ JIOKATbHBIMU
AKCTpPEMyMaMH, TOUKaMH, I1€ TPOU3BO/IHAS MEHSET 3HAK.

[Ipumep n0KaIBLHOTO U IN100ATBHOTO 3KCTPEMyMa

PaccMoTpuM dyHKIHIO © 2x%(x"—1),x €[-2;2]

x=0
31ech ToUKa — TOYKA JIOKAIBbHOTrO MakcuMmyMa. DyHKIKMS 3/1€Ch paBHA HYJIIO.

x=42
Touka — TOYKa I1100aIbHOr0 MaKCUMyMa, B HUX (YHKIIHS paBHseTCs 24.
2x*x*-1);x€ [-2; 2]
y

No|—
[N]

N

I'papux q’}’HKLII/H/IJ'F =2x*(x*—1),x € [-2;2]
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Ha nanHOM ypoke, Korja roBOpUTCS 00 3KCTpeMyMax, IMOJpa3yMeBAaIOTCs JIOKaJIbHBIC
9KCTPEMYMBI.
Kak y3nartb, rae Touka MakcuMmyma, a r€ TOYKa MUHUMYMa, MOJCKaXET MPOU3BOAHAS.

X, o
Bepnemcs k Touke ~ 2. Ha prcyHKe HariasiiHO OKa3aHo, 4TO J0 STOW TOUKH (PYHKIUS BO3PACTAET,

! !
HpOI/ISBOI[HaHf (x) > D, a 1mocye 3TOi Touku (DYHKIHS yOBbIBaerT, HpOI/ISBOI[HaSIf (x) < 0 A

v
o X, x,) =10 o
3HAYEHUE TMPOU3BOJHON B TOUKE = 2! Fi( *:] . MBI mosy4uiaum JOCTATOYHBINA MPHU3HAK
MaKCHMyMa: MPOU3BOJHAS paBHA HYJIO W MPHU ATOM 3HAK MPOM3BOJAHOM MEHSIETCS C IUIIOCAa Ha

Xaq
MUHYC [IPH NIEPEX0ie apryMeHTa Yepe3 TOUKy ~ 2.

x o x.) =10

Paccmorpum Touky “ 4. IlpousBoaHast B 3TOM TOUKe flxy) . Ho sBnsercs nu nanHas
TOYKa TOYKOM skcTpemyma? IIpousBoaHast ciieBa OT 3TOM TOUKM OTpHUIATENbHA, KacaTeabHas
HAaKJIOHEHa MOJ TynbiM yriaoM. lIpous3BoaHas crpaBa MOJOXHUTENbHAs, 3HAYUT, MMPOU3BOJHAS

MEHSET 3HAK C MHMHYCa Ha IUIIOC IIPU IEPEXOJIE 4Yepe3 TOUKY *4 3Haunt, Touka 4 — TOUKA
MUHUMYMa.

Hrak, Mbl paccMOTpenIu TOYKY MUHUMYMa U TOYKY MaKCUMyMa M JOCTaTOYHBIA IIPU3HAK
TOYKM MUHHMYyMa U TOYKH MakKCUMyMa.

Kak y3Hatp, sBisieTcs JaM TOYKa TOUYKOW MUHUMYyMa WIM TOUKoM Makcumyma? HyxHo

. X, X
B35Th NMPOU3BOAHYIO M IPUPABHATH €€ K HyJro. Toraa Mbl Haijem TOYku = 2, "#u T. 1. OTO
BHYTPEHHUE TOYKHU 00JIacTU ONpeeseHuUs], B KOTOPbIX POU3BOIHAS PABHA HYJIIO.

Kputnueckast Touka GyHKIUHU — 3TO BHYTPEHH:SA TOUKa 00J1aCTH ONpeeNIeHHs], B KOTOPOH

Xq Xx
IMPOU3BOJHAs paBHA HYJIIO UJIN HC CYLICCTBYCT. To ecTth TOUKHM "2 1 ™% — KPUTHYCCKHUEC TOYKH.

e
2 — 1. max.

x .
2 _ 7. min.

Ho Tak mpoucxonur He Bceraa.
Touxka neperuda
Paccmotpum crenyromyto QyHKITHIO:

y = fix)

I/IJ'IJ'IIOCTpaI_II/ISI TOYKHU IICP eruba

f') =0 ox

X
HpOI/I3BOI[Ha$I B TOUke ~ 2 paBHaA HYJIIO: , KaCcaTCjibHas IMapauiCiibHa OCHU

i ? ? *o
SBnsiercs nmu oHa Toukoi 3kctpemyma? Her. Ilouemy? Ilotomy uto 10 ToukH ~ ¢ mpou3BOgHAS
MOJIOKUTENbHA, (QYHKIIUS BO3pPACTAET:

y=f(x)

Bospacranue ¢pyHKIMM 10 TOUYKH reperunda
[Tocne 3To¥ TOYKH MPOU3BOAHASA TAKKE MOJT0KHUTEIbHA:
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y=fx)

Bospacranue ¢pyHKIMM 1ociae TOYKU nepernda

x .
OyHKIMA BO3pacTaeT W ClieBa, M CIpaBa OT TOYKH, 3HAUUT,  © HE SBISAETCA TOUYKOM
IKCTpEMYyMa.
Jlemma @epma

Ecnu dynxus f(x) MMEET IPOU3BOJAHYIO U B TOUKE *0 pmeer AKCTPEMYM, TO 3HAYEHUE
MPOU3BOAHON B 3TOM Touke paBHO 0.

D10 HEOOXOUMBIN MOITHBIN MPU3HAK, U3 HETO MBI BBISCHSAEM, KAKUE TOUYKH HAM HY>KHBI
JUIsl McciieioBaHus. Bee ocTanbHble OTMETaeM.

Eme pa3 nmoguepkHeM, 4TO HaM WJUTFOCTPUPYET AAHHBIM PUCYHOK: PAaBEHCTBO HYJIIO — 3TO
JUIIb HeOOXOIUMBIN MPU3HAK AKCTPEMYMa, HO HE JOCTATOYHBIH.

Touka nepern6a, JTOKaIbHBIN XapaKTep TOUEK IKCTPEMyMa

PaccmoTpuM B KadecTBe pumepa QyHKIHUIO, rpaduK KOTOPOi H300pakeH Ha PUCYHKE.

4

y

I'paduk QyHKIINN C HECKOJIBKUMU JIOKATBHBIMH SKCTPEMYMaMU
x X, x
1 — TOYKAaMUHHUMYMa, % — TOYKAMAKCUMyMa, = * — TAKXKETOYKAMUHUMYMa.

Xx
1 TOYKaMUHUMYMaA, 3HAYUT, CYHICCTBYCT HCKAA OKPCCTHOCTDL, I'’/IC 3HAUCHUC (I)YHKI_[I/II/I
ABJIACTCA HAMMCHBIIINM, HO CYIIECTBYCT TAKIKEC BTOPAA TOUYKA MUHHUMYMaA.

}’(xlj = }’(xal 6 6 -
TakKUM 00pa3oM, r106anbHO, HAUMEHBIITUM 3HaYeHHeM (YHKIIMU Ha BCei

x
O/13 siBnsieTcst 3HaYeHHne GYHKLIUU B TOUKeE ~ 2.
X5 .
2 — TOYKaMaKCUMyMa, HO HauOOJbIIEr0 3HAYEHUs JaHHOW (YHKIMM HE CYLIECTBYET,

Xq
MOTOMY YTO €CTh TOYKH, B KOTOPBIX 3HaU€HUE (YHKIIMH 3HAUUTEIHHO OOJIbIIE, YeM B TOUKE ~ 2.
Takum 00pa3oM, AaHHBIM PUCYHKOM MBI TOJYEPKHBAEM JIOKABHBIM XapaKTep TOYEK
3KcTpeMyMa. MoXeM 3anucaTh:

Vi = V(%305 ¥(x4) < v(x)

To ecTh 3HaUeHHE (YHKIIMH B TOUKE * 3 MEHbIIE TGO PABHO 3HAYCHHIO QYHKIHH B 060
apyroi touke O/13.

AnroputM

MpI 3HaeM, Kak 0 3HaKy MPOU3BOAHON HaTH HHTEPBAJIbl MOHOTOHHOTO BO3pACTaHUSI WIIH
yObIBaHUS (QYHKIIMH, 3HAEM, KAKUM 00pa3oM ONpeeTUuTh TOUKH MaKCUMyMa U TOYKH MUHUMYyMa
¢ynkuuu. [TycTs TEneps ecThb 3a1a4a UCCIE0BATh (PYHKIMIO HA SKCTPEMYMBI U HA MOHOTOHHOCTh
C IIOMOIIBIO IIPOU3BOJIHOM.
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ANTOpUTM TaKOB:

!
o x
1. Haittu Fi( j
f'(x)
2. BplgenuTs HHTEpBaJIbl 3HAKOIOCTOSHCTBA . OHu ompenenar WHTEPBAJIbI
fx)
MOHOTOHHOCTH .
. ff=0
3. Haiitu kputmyeckue Touku (BHyTpeHHuEe Touku OJI3, B KOTOpBIX WM He
CYILIECTBYET).
4. BpIaenuTh U3 KPUTHYECKUX TOUYEK U KOHLIOB OTPE3Ka TOUKH KCTPEMyMa U UCCIIE0BaTh
uX.
3amaua
— a2 '
o V=X v
Haiitu nHTEpBanbl MOHOTOHHOCTH M TOYKH 3KCTpeMyMa (DYHKIMH - C TIOMOLIBIO -
Haiinem nmpousBoanyto:
y' =2x
[IpupaBHUBaeM ee K HYJIIO U HAXOJAUM €MHCTBEHHOE PELICHUE:
y' =0
2x=10
x=0
x=0
— €IMHCTBEHHAs! KPUTUYECKAs TOUKA.
Ha pucyHnke B HIKHeH 9acTi H300paxeH rpaduK MPOU3BOTHOM.
W=X°
y
AN S\ S
0 X
/
}/‘ y (X): 2X
/ /
y <0 y >0
& o
0 X
y=x% vy =2x
I'paduku pynkunmii - u-
Ha unTtepBane neBee mpou3BoHAs OTpHUIIATENbHA, (PYHKITUS yObIBACT.
S
: V=X
yl y'(x)=2x y
y'<0 y'>0 /
A |'I
y\ y/ \ i
A 0 \ ] ]}
0 X LA A .
0 X
JleBb1i1 MHTEPBAN MPOU3BOIHOMN JleBslii nHTEpBaN QYHKIIUU

Ha unTepBane npasee npon3BoHast MONOKHUTENbHA , PYHKIIHS BO3pacTaeT.
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yl ¥ (X)=2x WX

Y
y'<0 y >0 \
y \ . y/ .._I. IIII'I
/10 7 ol LP 1
0 X

[TpaBbiii nHTEpBaN npou3BoaHOW | [IpaBbiii HHTEpBaN QYHKINU

OTBeT:
2 v=x>T npux e [0; +m)
3. x:':'—T.min.}rmjzcI

Wtak, Mbl pemmian 3agady, UCCIEAOBAIM (YHKLHIO C IOMOIIBIO MPOU3BOAHOM, HO MBI
3HAJM CBOWCTBA 3TOW (DYHKIMH, 3HAJM, TJI€ OHA BO3pacTaer, rie yObIBaeT, W 3HAIA TOYKY
JKCTpEeMyMa.

BunumMm, 4ro pe3ynbTaThl, KOTOpPbIE MOIYYEHBI C TOMOIIBIO POU3BOIHOM, COBIANAIOT C
pe3ysbTaTaMH, HallIeHHBIMU paHee.

3aoaua.

Hajitu 5kcTpeMymbl pynkmuu y = X3-(X — 1).

Pewenue.

DKcTpeMyMbl PYHKIUH - 3TO €€ MaKCUMYMbl 1 MUHUMYMBI. [Ipexie uem HaxoauTh
AKCTPEMAJIbHBIE 3HAYEHUS] (PYHKIIMH, HY’)KHO HaliTU 3HaYEHUs apIryMEHTa, B KOTOPhIX OHU
JOCTUTAOTCS, T.€. TOUKU 3KCTPEMYMOB.

B Touke skcTpemyMa mpou3BoHas GYHKIIMH paBHA HYIIO.

Haxonum npounsBoaHyto:

1) no mpasuiy nuddepeHnpoBaHns TPOU3BEACHNUSA:
y' =) (x=1) +x*-(x - 1)}

2) no Tabsniie TPOU3BOJHBIX:

(x3)' = 3x?,
(x-1)=1-0;
3) mpeobpazyem:

y' =3x%(x— 1) + x3(1 - 0) = 3x3 — 3x? + x3 = 4x3 - 3x2.

[IpupaBHUBaeM MPOU3BOJIHYIO K HYJIIO U PEIIa€M YPaBHEHHUE OTHOCUTEINIBHO X:

4x3 —3x° =0;

X?-(4x—3) = 0.

31eCh KOPHH JIETKO ONPEIEISIOTCS PA3JIOKEHUEM Ha MHOKHUTENH - IPOU3BEICHUE PABHO HYJIIO,
€CJIM XOTs1 OBl OJIMH U3 COMHOXKHUTEJIEH paBeH HYIIO.

X1=0wux2=3/4=0,75.

Ha yucnoBoii mpsiMmoit 0TMeUaeM HallJIEcHHbIE 3HAYEHUST apryMeHTa X. B aTux Toukax
MpOM3BOIHAS QYHKIIMK paBHA HY/II0. Mex a1y HUMU (Ha HHTepBajiaX) OHa CoXpaHseT 3Hak "+"
wian "—". YToOBI OnpeIeIuTh MOJIOKUTEIbHA WIIH OTPHIIAaTEIIbHA MPOU3BOIHAS (DYHKIIMHK Ha
KOHKPETHOM WHTEpBAaJe, MOJICTaBIsieM B (POPMYITY ISl POU3BOIHOM TPOU3BOJILHOE 3HAUCHHE
13 3TOr0 MHTEpBaja.

y' = 4x3 - 3x%;

y' (1) =4(-1)°-3(-1)?=-4-3<0;

y' (0,5)=4-(0,5)®-3-(0,5)2=0,5-0,75<0;
Yy (1)=4-12-3-12=4-3>0.
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Taxum 00pa3oM, TOUKH, B KOTOPBIX MPOU3BOHAS PABHAETCS HYIIIO, pa30MIId YHCIOBYIO
IPSIMYIO Ha TPU MHTEpBaja. B mepBoM v BTOPOM U3 HUX NIPOU3BOJHAS OTPHULATEIbHA, B TPETHEM
10JIOKUTENbHA. OTMEYaeM 3TO Ha YHCIOBOM IPSAMOM.

@DyHKIMS BO3pacTacT Ha HHTEPBAJIE, €CIU €€ IPOU3BOIHASA HA 9TOM UHTEPBAJIC
IIOJIOKUTCJIbHA, U y6LIBaeT, CCJIM ITPpOU3BOAHAA OTpHULATCIIbHA. OTMETHM 3TO CTPCJIOYKAaMHU C
COOTBETCTBYIOIIUM HAKJIOHOM, COOTHOCS UX CO 3HAKaMU IIPOU3BOJHOM.

[Tonyuniin ClIenyOIIYIO CXEMY:

f N\ N o/
[ = -+

X 0 0,75

ITo cxeme BUIHO, 4TO B Touke X1 = 0 SKCTpeMyMa HeT, GyHKLUs yObIBAaeT U IpaBee, u
aeBee 3Toi Touku. B Touke X2 = 0,75 QyHKIMS MEHsET XapakTep MOHOTOHHOCTH C YOBIBAaHHS Ha
BO3pAacTaHUE, 3HAYUT 3Ta TOYKA SBJISIETCS TOUKOW MUHUMYMA.

OmnpexensieM MUHIMAaJIbHOE 3HaUCHUE (DYHKIIHH:
y=x*(x~1);

y(0,75) = (0,75)3:(0,75 — 1) = -0,10546875 =~ -0,11.

OtBet: Ymin ~—0,11.

)

Penrenue 3aganmne:

. y=1n(xj—6x+1l:l:l
Nel. Haiitu skcTpeMyMbl (yHKITUN .

8
y=—+—=
No2. Haiitu skcTpeMyMbl pyHKITHH 2 x
y= ®_ 2x +3x4+1
Ne3. Haiitu sxcTpeMyMbl pyHKIIHH 3
T . )
Ned. Haitrn sxcTpemMymsl GyHKIMH ~ — 1-x
3
y=[(x-1) .

NeS. Haiitu sxcTpeMyMbl pyHKINN

_ Lt 3
Ne6. Haittu sxcTpemymbl pynkimm & — * 2-x
2
T, [x) _x +1

Ne7. Haiitu mpoMexXyTKH BO3pacTaHus U yObIBaHUS (QYHKIUU x=1,

f[xj: 2x*=Inx

Ne9. Haiit mpoMexyTKH BO3pacTaHus U yObIBaHUS (QYHKIIUU J [x) =2 462" +9x
Nel0. MccnenoBate Ha MOHOTOHHOCTB M 9KCTPEMYMBI CIeyIOIue (PyHKIUH:

1) flx) =2x +x~°

o) F0) =27

3) flx)=x+x*+ 16

4) flx) =x* —8x*?

Ne§8. Haiitu mpoMexyTKH BO3pacTaHHs U yObIBaHUS (YHKIIUH

IIpakTnyeckas pa6ora Ned0
Tema 7.9: NccnenoBanue GyHKIUN U TOCTPOEHHUE UX I'PadUKOB
Heasn: Hayuntbes uccnenoBats GyHKIMU U CTPOUTH UX IPadUKH.
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Teopernyeckas 4acThb:

HccnenoBanue GpyHKIMA 3aHMMAaeT HEMAJIO BPEMEHHU IIPU PEILIEHUN KOHTPOJIbHBIX,
JOMAIIIHUX 3aJJaHUi U 4TOOBI HAYYUTHCS OBICTPO peIIaTh HY)KHA HHCTPYKLUS OOBSICHAIONIAs
MOPSAIOK NEUCTBUIN U JIJISl UETrO 3TO HYXKHO. Takas MHCTPYKLUS pa3padoTaHa MaTeMaTUKaMU U
00o011eHa Ha BCe TUTIBI (DYHKIMINA y>Ke TaBHO, & MBI €€ Ha3bIBaeM — 00IIas cXeMa UCCIe0BaHuUs

GyHKIUH.
y=7(x)
Uto0s!I ucciienoBarh HyHKIIHIO Y TIOCTPOUTH €€ TpaPuK HEOOXOTUMO:
1) naiitu o6sacTh onpeneneHus QyHKIUH, TO €CTh MHOXKECTBO BCEX TOUYCK IS KOTOPBIX
CYIIECTBYET 3HaUeHUE (PYHKIINY;
2) HaiiTH (eCJii OHH CYIIECTBYIOT) TOUKH HepeceveHusl rpaprka ¢ KOOPANHATHBIMH
y=1(x)

OoCsIMH. /{71 3TOro Hy’)KHO B YpaBHEHUE TIOJICTABUTh apTYMEHT *+ — 0 2 raroke

Fx)=0
pELIUTh YPaBHEHUE JUISL OTBICKAHUS TOUYEK MEPECEUECHUS C OChIO Ox ;
3) uccienoBarh GYHKIHMIO HA TIEPHOMYHOCTD, YSTHOCTh M HEYETHOCTh. B HEKOTOPBIX
CIIy4asiX 3TO MOKHO CJIeaTh BU3YyalbHO MO caMOMy BUIY (DYHKIIMHU, €CIIU HET, TO MPOBECTU

MIPOBEPKY:
1. f(_x) - f(x) — (yHKIIMS YeTHas;
2. f(_x) - _f (x) — GyHKIIUS HeUeTHas;
2 f(.x-l—f’):f(.x)

— GyHKIMS epuoanyecKas, r_ nepuos pyHKIIH.

Taxum oOpa3oM, eciu UMeeM MapHyIo PYHKLUIO y=7 (x) TO TOCTaTOYHO MOCTPOUTH
ee JUTs TTONIOKUTETBHBIX 3HAYCHHH ~* = 0 , TIOCJIE Y€ro OTPa3uTh €€ CUMMETPUYIHO
OTHOCHTEJIBHO OCH abCLMCC Ha IPYTYIO YacTh. B ciydae HeueTHOH QyHKIMM rpaduk Oyaer
CUMMETPUYEH OTHOCUTEIBHO Hayaja KkoopauHat. Hanpumep, ecinu nMeeT HeUeTHYIO (QYHKIIUIO
rpaduK KOTOPOI MPUHAUICKUT IIEPBOM YETBEPTU BTOPYIO MOJIOBUHY MOJYYUM IIOBOPOTOM
nepBoii yeTBepTd Ha 180 rpagycoB (TpeTbsi YUETBEPTD).

[lepuonnyeckuMu SBISIOTCS MPEUMYIIECTBEHHO (YHKIIUU COCTABICHHBIE U3 MTPOCTHIX
TPUTOHOMETPUUECKHUX U HEKOTOPbIE MapaMeTPUUECKH 3aJaHHbIE (YHKITHH.

4) HaiiTH TOYKH pa3pbiBa U UCCIIENOBATh UX (TAKUMH TOUKAMH SIBIISTFOTCS Kpast
MHTEPBAJIOB OIpeieeHUs PYHKIINN);

5) HaliTH UHTEPBAJIbI MOHOTOHHOCTH, TOUYKH SKCTPEMYMOB U 3HAYCHHS (DYHKIIUHU B ITUX
TOUKaXx;

6) HaliTH MHTEPBAJIBI BBITYKJIOCTH, BMSITUHBI M TOYKH MEPernoa;

7) HAWTH aCUMIITOTHI KPUBOIA;

8) moctpouth rpaduK GYHKIHH.

BoJIbIIIMHCTBO M3 ATUX IMMYHKTOB OBUIO PACCMOTPEHO Ha MPAKTHKE B MPEIbLAYIINX
CTaThsIX, IO3TOMY MOJIPOOHO pacluChIBaTh Mbl UX He OyzeM. Takke He nepexxuBaire, eciu
Haii/ieTe IJIaH B IUTepaType WK HHTEpHETe, KOTOPBINA COAEPKUT Ooiee WM MeHee ITyHKTOB.
[TomHUTE, 4TO 11ETH MX BCEX - TOMOYB IIPH MocTpoeHnu rpaduka Gynkiuu. [lepeiaem k
NPaKTUYECKON YaCTH U MCCIIEyeM 10 cxeMe (PyHKIUIO.

IIpumep.
HccnenoBaTh GyHKIMIO U IOCTPOUTH €€ Ipaduk
. 2
y=
2(x-1)

144



Pemenue:
1) ®yHKIMS ONpeiesieHa 1Mo BCIOAY KPOME TOYKH B KOTOPOU 3HAMEHATENh TPEBPAIacTCs

B HOJIb (* = 1 ). OGnacth onpesesieHus: COCTOUT U3 JIByX UHTEPBAJIOB

D(y): (=, 1)U (1 +e0).

2) Ipu HO,I[CTaHOBKe snavenns ¥ = U TIOITY4UM
y(0)=

Takyto ke TOUKY MOJTyYrM eCIIH TpUpaBHsieM QYHKIHIO K Hyt0. Touka
€IMHCTBCHHAS TOYKA IEPECEYCHUS C OCSIMH KOOPIUHAT.
3) [IpoBepsieM QyHKIHMIO HA YETHOCTh

2(0 1)
x=0

T I

2(-x-1) 2(.x+1);

y(=x)2 (=), y(-x)#-y(x).
I/ITaK (bYHKI_II/IH HHU 4CTHas1, HU HCUCTHAasI, HeHepI/IOI[I/I‘IeCKaH.

4) B nanHOM ciy4ae UMeeM OJIHY TOUKY pa3pbiBa x=1 . Berunciym rpaHuIisl ciieBa u
CIipaBa OT 3TOU TOYKH
2
. e
lm ——=-
r—1-02 (x — 1)

.3.'2

inII}-DZ(.x 1) -

Urak * =1 1ouxa paspbiBa BTOPOIo poJa.
5) [lnst oThICKaHUSI MHTEPBAJIOB MOHOTOHHOCTHU BBIUUCIISIEM MIEPBYIO MPOU3BOIHYIO

byHKIIUN

F

5 :Zx{}—dj—xz__x(x—Z).

2x-1F  2(x-1)

HpI/IpaBHI/IBaH €C K HYJIIO ITOJTYYHMM TOYKHU MMOJO3PUTCIIbHBIC HA

x=0x=2

JKCTPEMYM . OHu pa30uBaOT 00J1aCTh ONpEIEICHHs Ha CIeIYIOIINe UHTEPBAJIbI
MOHOTOHHOCTH

(—e0; 03U (0, 1)U (1:2) U (2, +0).

I/Iccne;[yeM IIOBCACHUC HpOI/I3BOI{HOI71 CJICBA U CIIpaBa OT Haﬁ,[[eHHLIX TOYCK pa36I/IeHI/I${
-1(-1-2) _

v ———

2(-1-1)° 4"

0,5(0,5-2)

2{0,5-1)°

.?

—-15<0;

y'(0.5)=
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15(L5-2)
—————=-15<0;
2(L5-1)
, 3(3-2) 3
¥ (3)= (—)2 ==>0.
2(3-1)° 8
Fpa(bI/I‘ICCIfI/I WHTEPBaJIbl MOHOTOHHOCTH OYyT UMETh BUJT

y
-+ - N+

0 >
I/IccnenyeMaﬁ (bYHKI_[I/ISI BO3pacCTacT Ha UHTCpBaJIax

0:1).(1:2).

Touka * = 0 _ TOYKA JIOKAIHHOTO MaKCUMYyMa, x=2_ JIOKaJIbHOTO MUHUMYMa.
Haiinem 3Hauenue QyHkuuu

y'(15)=

(-0:0).(2:40) |

yObIBaeT

22
= IjJ = =2
J’len 2 (2 _ 1)
6) J1i1st OTBICKaHMSI MHTEPBAJIOB BBITYKJIOCTH HAWEM BTOPYIO TPOU3BOIHYIO
. (2= (x-1Y —2x(z-2){x-1) 1
y'= = .
2(x-1)" (x-1)°

Takmx HWHTCPBAJIOB HCT, ITOCKOJIBKY BTOpasda MPOU3BOAHAA HC MPUHUMACT HYJICBBIX
3HAYCHHUH B 00J1aCTH OIIPECACIICHUS.

Yz

7) Touka * = 1 BEpTUKAJIbHASA aCUMIITOTA (YHKIMHU. Y paBHEHUE HAKIIOHHOM
ACUMIITOTBI UIMEET BUJL

y=kx+b
re b IPaHUIBI KOTOPBIE BEIYUCISIOTCS 110 TIPABUITY
b1
&= lim f( );
r—tom X
b= lim x)—kx].
X—stoo (f( ) )
HaxouM HyXHbIe TPAHHIIBI
2 2
F=lim — = lim — =
st Z.x(.x—l) x—steo ng [1_1 2
A
2 2
) ) — -1
f}: l]_-[n ("x—_l_x): l]ﬂl * I(I ):
x—steo 2(.3: — 1) 2 x—steo 2(.x — 1)
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lim =1
xﬁimZ(.x—l)_ 2

Koneunslit BUs1 npsaMoit clie1yromii

J
8)

= —x+-.
P 2

Ha ocHoBe npoBeeHHOro aHalIM3a BBINOHSAEM ocTpoeHue rpaduka GyHkuuu. [

9TOro CHavdaJla CTpOUM BCPTUKAJIBHLIC 1 HAKJIOHHBIC aCUMIITOTHI, 3aTEM HAXOAUM 3HAUCHUC

byHKIUHA

B HCCKOJIBKHX TOYKaXx U 110 HUX IIPOBOJUM ITOCTPOCHUCE.

4.

y=(x+1)/2

x=1

Pemenue 3aganuii:
1.Uccrnenyiite GpyHKIMIO U MOCTpoiiTe e Tpaduk: y = X2 (x — 2)(X + 2).

2.

O 0 3 N LD AW

Uccnenyiite GyHKImio u moctpoiite eé rpaduk: y = x* — 2x3 — 1.

. Uccnenyiite ynkmuio u moctpoiite eé rpaduk: y = (x2 + 1),

. Uccnenyiite Gyrkmuio u noctpoiite eé rpaduk: y = 0,125(x3 — 12x).
. Uccnenyiite GyHKINIO M MOCTpoiiTe €8 rpaduk: y = (x2 + 4x — 3)°.

. Uccnenyiite ¢pyHkuuio u nocrpoite e€ rpaduk: y = sin (2x + 3).

. Uccnenyiite GyHKIMIO M TOCTpOiiTE €8 rpaduk: y = 3x2 + 5x — 2.

. Uccnenyiite GyHKIuio u noctpoiite eé rpadguk: y = x + x .

. Uccrnenyiite GyHKIMIO U TIOCTpoiiTe €€ rpaduk: y = 8x? - 2x + 1.

10. Uccrenyiite GyHKIMIO U TIOCTPOMTE eé rpaduk: y = 2x° - 6x + 3.

11. Uccnenyiite GpyHKIMIO U IOCTpoiiTe e rpaduk: y = - 0,5x° + x + 4.
12. Uccnenyiite GyHKIMIO U IOCTpoiiTe eé rpadmk: y = x - 1,25,

13. UccnenyiiTe pyHKIHMIO U TOCTpoiiTe eé rpaduk: y = (2x + 1)(3 —x)™L.
14. ViccnenyiiTe GyHKIMIO U TOCTpoiiTe eé rpadmk: y =4 + x L.

15. Uccnenyiite pyHKIMIO U mocTpoiiTe eé rpaduk: y = 3(1 —2x)™.

16. Uccnenyiite GyHKIMIO U TIOCTpOiiTe eé rpaduk: y = 2x(x? + 1)L,

IIpakTnyeckas padora Nedl

Tema 7.10: Haubonbiiee u HaMeHbllIee 3HaYeHUs (PYHKLINN
Heas: HayunThcs HaX0AUTh HaNOOJIbIIIEe U HAMMEHbIIIee 3HaYeHUs (PYHKIIMH Ha OTpeE3Ke.

Teopernyeckas 4acThb:
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Haxoxnenne Han0o0/1b1Ier0 1 HAMMEHbIET0 3HAYeHNH QYHKIIMH Ha OTPe3Ke.

1. Ecniu QyHkuus HempephlBHA Ha OTpe3Ke, TO OHAa JOCTUTaeT HAa HEM CBOEro
HanOOJIBIIET0 M CBOETO HAUMEHBIIETO 3HAYCHUSI.

2. Hanbonpiiero 1 HauMEHBIIET0 3HaYCHU HempepblBHAs (YHKIUS MOXKET JTOCTHIaTh
KaK Ha KOHIIaX OTPe3Ka, TaK U BHYTPHU HETO.

3. Ecnu nanbonbinee (HauMeHblee) 3HaUeHUE G YHKIMK JOCTUTAETCS BHYTPH OTPE3Ka, TO
TOJIBKO B CTAllMOHAPHON MJIM KPUTHYECKOM TOUKE.

AJNTOPUTM HaxOXXJIEHUs HanOOJBIIETO U HaWMEHbIEro 3HaYeHui ¢pyHkuun y = f(X) Ha
otpeske [a; b]:

1. Haiitu o6macts onpenenenus Gynakiuu D(f).

2. Haiitn mpousBoanyio f* (x).

3. Haiitu crauuoHapHble ¥ KpUTHYECKUE TOUKH (PYHKIIMH, MIPUHAJJICKAIINE UHTEPBATY
(a; b).

4. Haititu f(a), f(b) m 3HavyeHnss QyHKIMHM B CTAIMOHAPHBIX TOYKAX, MPUHAJJIC)KAIIUX
uHTEepBaIy (a; b).

5. Cpenu Mony4eHHbIX 3HaYE€HUI BBIOpAaTh HanOoJIbIllee U HAMMEHBIIIEE.

IIpumepsI u pa3dop pelieHus 3aJaHUI TPEHUPOBOYHOTO MOTYJIS

Nel.Haiiti Hau6onblnee 1 HaUMeHbIIee 3Hauenus Gpyskuun f (x) = 2x° — 9x% + 12X — 2 Ha
orpeske [0; 3]

Pemenue. JleiicTByeM B COOTBETCTBUH C aJITOPUTMOM.

1) D(f) = (-o0; +o0).

2) f' (x) = 6x%— 18x + 12

3) CranmonapHsie TOUKH: X = 1; X = 2.

1€(0;3; 2 € (0; 3)

4) £(0) = -2
f(3)=7
f(1)=3
f(2) =2

5) fuaum.=f(0) = -2

Fuans.=F(3) = 7.

OrtBer: fham= -2

fHaMG.: 7.

Ne2.Haiinure 1Ba MOJMOKUTENBHBIX YHCTa, CyMMa KOTOPBIX paBHa 16, a mpou3BeneHUe
HauOOoJIbIICE.

Pemenue.

IlycTs mepBoe uncio pasHo X, * = 0
Torza BrOpOE uncno - (16 — %), 16 - x>0

CrnenoBarenbho, 0 <X <16

[TpousBeneHue 3tux yncen paBHo X(16 — x).

CocTaBuM QyHKIIHIO:

f(x) = x(16 — x)

flix)=—-2x+16

X = 8 — emuHCTBEHHAas cTalioHapHas Touka Ha uHTepBaie (0; 16), oHa SABIsSETCS TOUKOU
MaKCHUMyMa.

CrnenoBatenbHo, B 3T0M Touke QyHkmus F(x) = x(16 — X) mpuHHMaeT HauOOJbIIee
3HAYCHHE.

CrnenoBaTenbHO, Ba MOJIOKUTEIBHBIX YHUCIIA, CYyMMa KOTOPBIX paBHA 16, a mpou3BeieHne
HauOobIIee, 3T0 8 U 8.

Otser: 8 u 8

Penrenue 3agannii:
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I
Ne 1. Haiitn HamMeHpmiee u mHambombmiee 3mauerms Qymxmmm ¥ = F 0% Ty

orpeske [-1, 2].

. 2
Ne 2. Haiit HauMeHbpllee W HauOONbIIee 3HAYCHUA (YHKIHH © 843 ha

orpeske [-3, 3].

Ne 3. Haiith HauMeHpllee ¥ HamOONbIIGE 3HAYCHHUS (BYHKIHH =xtnx Ha
orpeske [0, 4].

4—x*
Ne 4. Haiitn HanMeHbliee W HauOoblee 3HAUYCHUS (QYHKIIMU 4+2" ma orpeske [-
1, 3].
N y=x —3x+3

Ne 5. Haiitn HauMeHbIniee 1 HanOoJbIIee 3HaYCHUs (PYHKIHH Ha OTpe3Ke
3
-3 =
2

1=+ X

Fy= 7
Ne 6. Haiitu HauMmenbliee M HauOoJbliee 3HaYeHHs (QYHKLIUH 1+x—x" pa

[o; 11

OTpe3Ke

. =x—2Jx
Ne 7. Halith HaumMeHblliee U HauOoIblee 3HAYCHHUS (PYHKIIHUH g "'II'_ HA

[0, 4]
OTpe3Ke :
=x'lnx
Ne 8. Haiitu mHammenbliee M HauOombllee 3HAYeHHS (QYHKIHH » Ha
orpeske [1, €].
Ne9. Haifti HanMeHbInee 1 HauOONbIIEe 3HAUCHNS (BYHKIHH < 2x+EOSZX OTpE3Ke

£t

IIpakTnyeckas padora Ned2
Tema 7.11: HaxoxneHne onTUMaIbHOTO pe3ysibTaTa ¢ MOMOIIBIO TPOU3BOIHOM
Heas: HayunThcss HAXOOUTh ONTUMANIBHBIN PE3YJbTAT B TPOU3BOACTBEHHBIX MTPOLIECCAX C
MTOMOUIBIO TPOU3BOTHOM.

Teopernyeckas 4acThb:

Kaxxnpiii yenoBek BpeMsi OT BPEMEHU OKa3bIBaeTCS B CHTYAI[MH, KOTJla HAaJI0 OTHICKAThH
HAaWIy4IIMd CHocoO pemieHus Kakoi-mubo 3anadv, U MareMaTHKa CTAHOBHUTCS CpPEACTBOM
pelieHus mpobieM OpraHU3alliu MPOU3BOJICTBA, MOUCKOB ONTHUMANIBHBIX pelIeHHd. BaxHbIM
YCJIOBUEM IIOBBIIICHUA 3(1)(beKTI/IBHOCTI/I MIPOMU3BOACTBA W YIYUYIICHHA KAa4CCTBa NPOAYKIUH
SBIISIETCS] ITUPOKOE BHEJPEHNE MaTEMaTHUYECKUX METOJIOB B TeXHUKY. Cpeau 3aad MaTeMaTUKH
OOJIBIIYIO POJIb OTBOJAT 3aj7a4aM Ha SKCTPEMYMBI, T. €. 3aJ1a4aM Ha OTBHICKaHWE HaWOOJIBIIETO U
HAUMEHBIIIETO 3HAUYCHUSI, HAWTY4IIIET0, HarnboJee BRITOAHOr0, Hanbosee 3koHOMHOro. C TaKuMu
3aga4yaMi  MPUXOAUTHECA MMCETH [ACJI0 MPCACTABUTCIIAM CaMbIX PA3HBIX CHeHI/IaJ'H)HOCTeI\/'IZ
WHKCHEPBI-TEXHOJIOTH CTapaloTCsl TaK OPraHU30BaTh MPOU3BOJICTBO, YTOOBI MOIYYHIIOCH Kak
MO>KHO OOJIbIIIE MPOIYKIINH, KOHCTPYKTOPHI XOTAT TaK CIJIAHHUPOBATH MPUOOP HA KOCMHUYECKOM
Kopabiie, 4ToOBl Macca TpuOopa OblIa HAMMEHBINEH, YKOHOMHUCTHI CTaparOTCs CIUIAHUPOBATH
MPUKPETTICHUE 3aBO/IOB K UCTOYHHKAM CBHIPbS TaK, YTOOBI TPAHCTIOPTHBIE PACXO/IbI OKA3bIBAIUCH
MHUHUMAaJILHBIMUA. MOKHO CKaszaTb, 4TO 3aJJa4M Ha OTbICKAHHC HAHMMCHBIIIECTO U HanOOJIBIIIETO
3HAUEHUS, UMEIOT OOJIBIIIOE TPAKTHYECKOE ITPUMEHEHHE.

3ajiaya Ha U3roToBJIeHHE Oaka HaubOIbIIEro 00beMa
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[IpencraBbre cebe, YTO BaM MOCTYIWI 3aKa3: M3 KBapaTHOTO JIMCTA kKelle3a HE0OX0IUMMO
H3TOTOBUTH 0aK B popMe MPSMOYTOJIBHOTO MapasuieienuIieia ¢ HanoonbpImM oobemMoM. JlaBaiite
NPaKTUYECKUM IIyTEM OMPEAETNM, KaKhe apaMeTphl JOJDKEH UMETh 3TOT Oak?

Ha xasicovii cmon (2 cmyoenma) vloan OymadicHulil Keaopam co cmoponou 24x24 cm u
PA3UYHOU pa3ZMemKoU (8blpe3ka no Kpasm keaopamos co cmopounamu I1x1, 2x2, 3x3, 4x4x, 5x35,
6x6, 7x7, 8x8, 9x9, 10x10, 11x11cm). Heobxooumo ckieumsv «0axy» u noocuumams e20 0bvem
amnupudeckum nymem. Omeem ghuxcupyemcs Ha 0ocKe u bloOUpaemcs HauboIbuwul 06veM.

Hrak, HanOompmmii 00beM uMeeT 0ak BhICOTOM 4 ¢cM 1 ocHOBaHueM 16x16 cm. s Toro,
9TOO0Bl TPHUTH K O3TOMY pE3yabTaTy, HaM TPUIUIOCh NPAKTHYECKAM IyTEM BBITIOJHUTH
noctpoeHue 12 «0akoB». B XKuU3HM 3TO — HEMO3BOJIUTENbHAs POCKOIIb. T.e. HEOOXOAMMO
npobiieMy  pemuTh  JApyruM  mytem.  Jlug  3TOro MBI IPUMEHUM  3HAHUS U
MPUHIIUIT MATEMATHY€CKOI0 MO/1eTHPOBAHHUSA

3amaun  Ha  ONTHMHU3ALMIO  PEIIAIOT, HCMONb3YyS MPUHLUI  MaTeMaTH4YeCKOTO
MOJIETTUPOBAHUS, KOTOPBII COCTOUT U3 TPEX ITAIOB:

1. CocraBieHne MaTeMaTUYECKON MOenn

2. Pabora ¢ cocTaBieHHON MOJIEIbBIO

3. OtBer Ha BOIPOC 3a/1a4u

Hcnonb3ys MpUHIMIT MATEMAaTUYECKOTO MOJICITMPOBAHMS, PEIINM 337]auy Ha U3TOTOBJICHUE
Oaka HanboIbIIer0 00BEMA.

1 stan: CocTtaBneHue MaTeMaTUYECKOW MOJIETIH:

1) Ilpoananu3upoBaB YCIIOBHS 3a/laud, BBIACIUM ONTHMH3HPYEMYIO BEJIHYHHY, T.C.
BEJIMUMHY, HauOoJblllee WM HauMEHbIllee 3HAUeHHEe KOTOpoW HeoOXoaumo Haiitu. B manHOM
cirydae 3To 00beM 06aka, 0003HaUMM ero V

2) OnHy U3 y4acTBYIOIIMX B 33/1a4e BEIMYUH 0003HAYHUTH 32 HE3aBUCUMYIO NIEPEMEHHYIO
x. IlocrapaTbcs BbIpa3uTh 4epe3 3Ty NEPEMEHHYIO OCTAIbHBIE BEIMYMHBL. B Hamien 3agade
JIOTUYHO 32 HE3aBHCHMYIO TMEPEMEHHYIO X MPHUHATH BBICOTY 0aka, TOrJa OCHOBaHHE Oaka —
KBaJpaT co cTOopoHOU (24-2x). Onpenenum peasibHble TpaHUIBl epeMeHHoN X. JlormuHo, 4to
BbICOTa 0aKa —TOJIOKUTENbHAS BETMYMHA, MEHbITast 12.

3) Ucxons u3 ycnoBus 3a/1a4, BEIpa3uM V yepes X:

V(x)=(24-2x)?x, 0<x<12. MaTteMaTHdecKas MOJENb IOCTPOEHA

2 aran. PaboTa ¢ cocTaBneHHOM MOJIEIBIO

Haiinem HanGonpinee 3Hauenne pynkuuu V(x) Ha uarepsaie (0;12)

V(X)=576Xx-96x%+4x°

Haxoaum npon3BoAHYIO U CTallMOHAPHBIE TOUYKU

V'(X)=576-192x+12x%, 576-192x+12x?=0, x1=12,x,=4.

Tonbko oxHa Touka Xx=4 nmpuHaIexuT uaTepBaiy (0;12), mpuuem npu 0<x<4 V'(x)>0, a
npu 4<x<12 V'(x)<0, T.e. x=4 TOYKa MakCUMyMa, a 3HAYUT, B ATOM Touke PyHKuHA V(X)
MpPUHUMAET HaubOoJblllee 3HAaYCHNUE.

3 oramn. OTBET Ha BONPOC 3a7a4H.

X —9T0 BBICOTA OaKa, T.€. BHICOTA paBHA 4, CTOPOHBI OCHOBaHUs Oaka — 16.

Nrak, 6ak ¢ HanbonbIIMM 00BEMOM HMEET mapaMmeTphl: 16x16x4.

3ajaya 2.

Jlan OGak 0e3 KpbIIKM B (opmMe TpsIMOYTOJBHOTO TMapajuiefienuIiesa, B OCHOBAHHH
KOTOPOTO JIXKHT KBaApaT U 00beM KoToporo paseH 108 ave. ITpu kakux pasmepax 0aka Ha ero
W3TOTOBJICHHE TIOW/IET HAMMEHBIIIee KOJIMIeCTBO MaTeprasia?

1. CocraBisieM MaTEMaTUYECKYIO MOJIEIb

Bormpoc OtBer
Uro sBasieTcst Inowaow oemaneii, us
ONTHUMH3UPYEMON BETHUUHOMN? KOMOpbIX c8apeH 6ax
CKOJIBKO TaKHX JeTajacih? OoHo ocnosanue u 4 60K08bIX
epanu
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Yro npeacrasisieT co0oil THO
Oaxa?

Keaopam

Ero mmomanas?

)CZ, NpUuHA6 CMOpPOHY OCHOBAHUA

3a X

Uro npeacTaBisitoT cooon
OOKOBBIE TpaHu?

4 pagnvix npAMOY20bHUKA

Ux mnomans?

4xh, 20e h — gvicoma 6axa

CKOJIBKO HEU3BECTHBIX

Cmopona ochoganus b6axka u

BEJIMYMH, OT KOTOPBIX 3aBUCUT svicoma
ONTUMU3MpYEeMasi BeTUUrHa?
MO>KHO JIU CBECTH K OJHOMN?
Bripasum BeicoTy huepes x | V=hx?  108=hx*  h=108/x?
Bripazum miomass yepes x S(X)=x2+4x
KakoBsl mapameTpsi x? 0<x<108

HTtak, MmaTemMaTuuecKkas MOJICIIb
3aJa4u

S(X)=x?+4x 0<x<108

2. Pabora ¢ maremaruueckoir Mosienbto. HaliTu HaumeHblee 3HaueHre QyHKIMM S(X) Ha
untepsaie (0;108) mo anropurmy

Bomnpoc Omeem
Haiitu cTannonapHbie TOUKH S'(x)=2x-4
2x-4 =0
2x3=432
x3=216 X=6

CranuoHapHasi TOUKa SBISETCA
TOUKOM skcTpeMyma? (TOUKOH
MaKCHMyMa W MUHUMYMa)
Hanmensbiee 3nauenne GpyHKINH
S(x) mocTuraeTcsi B TOUKE

a, x=6 mouka munumyma

Jla, m.x. ha unmepeaie
(0;108) @ynryus

MUHUMYMa? HenpepvleHa
3. OTBeT Ha BOIIPOC 3aJjauu.
Bomnpoc Omeem

B mannoi 3amaue KaKoM CMBICT
MMeeT HalileHHasT BeJIWYrHA X?
Kakwe enie mapamerpsl uMeeT
oak?
KaxoBo ee 3HaueHUE?

Cmopona ocnoeanus baxa

Bvicoma

H=3
Haumenvuee xonuuecmeso
Mamepuana Ha uzeomoeieHue
baka npu wupuHe 0CHOBAHUSL
6 oM u eblcome 3 OM

OTtBer Ha BOIIpPOC 3a7a4n

Pemenue 3aganmii:

Nel. Cpapummky moCTynmuia 3aka3 BBIIIOJIHUTH OTPa)KICHHE y4YacTKa IUIOMAIbI0 2400Mm?,
pa30dMB ero Ha JBa y4acTKa MPSMOYToJbHOW (hOpMBI Tak, YTOOBI JIMHA OTpaKAeHHUsS ObLIa
HanMmeHble. Hailtu pa3mMepbl y4acTKOB.

No2. Tpebyercst cBapuTh SIIUK C KPBIIKOW 00BEMOM 576 1M?, CTOPOHBI OCHOBAHHUS SITIIMKA
JIOJDKHBI OTHOCHUTHCSI Kak 1:2. Kakolt momkHa OBITH BEIMYMHA €T0 CTOPOH, YTOOBI TOJTHAS
MOBEPXHOCTh ObLIIa HANMEHBIIICH?
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Ne3. Vwyacrtox npsMoyronbHOM (OpMbI OJHOM CTOPOHON MpHJIETaeT K 3AaHuio. Y
cBapmuka ectb 20 MeTpoB u3ropoau. Hamo oropoauts ydacTok Tak, 9TOOBI TUIOMIAAL €r0 Oblia
HanOoJIbIIAs

Ne4. TpeOyeTcsi M3TOTOBUTH OTKPBITBIM JKECTSHOW KOpoO B (opMe NPSIMOYTOIBHOTO
napajuiejenunesa ¢ KBaJgpaTHbIM OCHOBAHMEM, C HAaWMEHBIIMM OOBEMOM, €CIM Ha €ero
M3TOTOBJICHHE MOXHO IOTPATHTH kecTh 300cM?

IIpakTuyeckasi padora Ne43
Tema 7.11: Haxox/ieHHe ONTUMAIBLHOTO PE3YJIbTAaTa C MOMOIIIbIO TPOU3BOAHOM
Heab: HayuuThcs HaXOAUTh ONTUMAIbHBIA pE3yabTaT B MPAKTHUYECKHX 3a/adax C
MMOMOULIBIO TPOU3BOIHOM.

Teopernueckas 4acThb:

[Ipexne uem pewmarh Kakyto - JuM00 KM3HEHHYIO 3aJady, 4elIOBEK CTApaeTcsl B3BECUTh
UMEIOIYIOCS Y HEero nH(pOpMaIHio, BHIOpaTh U3 Hee CyHIecTBEHHYI0. W TOIbKO mOTOM, Korja
cTaHeT OoJjiee MJIM MEHee SICHO, U3 4Yero MCXOAMUTh M Ha KaKOil pe3yiabTaT pPacCUUTHIBATH, OH
IpUCTYNAeT K pelIeHHI0 3a7ayd. YacTo OnmMcaHHBIA MPOLIECC HA3bIBAIOT YCJIOBHEM 3aJayH,
(akTHUECKH >K€ 3TO 3aMEHa MCXOJHOM >KH3HEHHOM 3aJaud ee MOAeNblo. B ocmbicieHuu
IpocTeiIlel )KU3HEHHON CUTYalluy IPUCYTCTBYET MOJIETbHBIN MOXO0, XOTS YeJIOBEK OOBIYHO HE
3aMe4yaeT CBOCH NEATENBHOCTH 10 CO3/IaHUIO0 MOJENEH - HACTOJIBKO OHA JUIsl HErO €CTECTBEHHA.
Wnoe neno, ecnu BO3HUKAIONIAs 3ajada 3aTparuBacT KIIOYEBBIE MOMEHTBHI JKHU3HHM OJIHOTO
YeJI0BEKa MIIM KaKoro - Inbo cooduiectsa jirojaell. Paznoobpa3zue MHPOPMALMOHHBIX aCIIEKTOB B
KaXIOM TaKoi 3a7aye HACTOJIBKO BEIIMKO, YTO OBIBACT CIOXKHO W3 BCETO MHOT000pa3us
uHpopManuu 00 U3yyaeMoM SIBICHUH WM 00bEeKTe BbIOpaTh Hanbosiee cyliecTBeHHble. B Takux
clydasix HEOOXOIUMO cJenaTh YIPOIIAIoIee MPEANOIOKEHNE, YTOOBl BBACTUTh HCXOJHBIC
JAHHbIE, ONPEAEIUTh, YTO OyAET CIYXHUTb PE3yJIbTaTOM M KaKOBa CBS3b MEXJY MCXOIHBIMU
JAaHHBIMU M Pe3yJabTaToOM. Bce 3To - MmpenrnosioxkeHus, UCXOAHbIE JaHHbIE, PE3YJbTaThl, CBI3U
MEXly HUMH - MX Ha3bIBAIOT MOJIENBIO 3aa4u.

Ecnu moctpoeHHas Mojenb JaeT yIOBJIETBOPUTENbHBIE pPE3YyJIbTaThl MPU PELICHUU
KU3HEHHBIX 3a/1a4, TO TOBOPAT, YTO MOJEIb aJeKBaTHAa pacCMaTPUBAEMOMY OOBEKTY, MPOLECCY
wiu  gBieHuto. Hepenko nns  pemeHuss MOAENBHOM  3amaud  TpeOyeTcsi HEKOTOPbII
UHCTPYMEHTApH. DTOT MHCTpyMEHTapuil OOBIYHO OpPraHU3yeTcss B BUJE €JUHOI0 OOBEKTa,
Ha3bIBAEMOT0 UCIIOJIHUTEIEM. UTOOBI HCIIOTHUTEND MOT MOJIYYUTh OTBET, EMY HYKHbI yKa3aHUS,
4YTO M Kak Jenarb. Takue ykazaHHs 4acTO IMPEACTaBISAIOTCS B BHUJE AJITOPUTMa, B KOTOPOM
3a/1al0TCAd MaTeMaTUYeCKUE COOTHOILIEHUS, CBSI3bIBAIOIIME NCXOIHBIE JJAHHBIE U PE3YJIbTaT.

B sTOM ci1yyae roBopsAT 0 NOCTPOEHUH MaTEMaTUYECKON MOJENIN 3aJayH.

PaccmoTpuM npuMepsl UCHOIB30BaHUS MAaTEMAaTUYECKUX MOJENEH B ONTUMHU3ALMOHHBIX
NPaKTUYECKHX 3a/1a4ax, pelieHHe KOTOPhIX TpeOyeT HaX0xkIeHHe TPOU3BOIHON (DYHKIIMH.

3amaua 1. Paccrosiane mexay nByms maxtamu A u B mo mocceitHoit mopore 60 km. Ha
maxte A no6siBaetcst 200 T pynsl B cyTku, Ha maxte B - 100 T B cytku. I'ne HyxHO
MOCTPOUTH 3aBOJ MO THepepaboTKe pyabl, YTOObI ISl €€ MEepPeBO3KU KOJIMYECTBO TOHHO-
KAJIOMETPOB OBUIO HAaUMEHbIINM?

Pemenue. BeisicHsiem, 4TO cymMMapHO€ KOJMYECTBO TOHHO-KHUJIIOMETPOB HM3MEHSETCS B
3aBUCHUMOCTH OT MECTa HaX0XKJI€HUs 3aB0/1a, BBIYHMCIIUB €T0, HAIIPUMED, IS CIIydaeB, KOT1a 3aBOJ
HaxoauTed oT myHkTa A Ha paccrosHun 30 kM, 20 kM, 10 kM.

Jlanee mpucTymnaeM K peleHHIo 3ajaui, 0003HaYMB paccTosiHUE OT 3aBoga C 10 IMIaxThl
A uepe3 x: AC=xuBC=60-Xx.

KoanuecTBo TOHHO-KMIIOMETPOB, IPOMACHHBIX TpaHCOpToM OT A 1o C 3a KaKIbli
neHb, coctapisger 200 x 1/kM, ot B o C - 100 (60 - x) 1/kmM. CymMMapHOE KOJHYECTBO TOHHO-
KUJIOMETpOB BbIpasutcs ¢pynkuueit y =200x + 100 (60 - x) = 100x + 6000, koTopast onpezeneHa
Ha cermenre [0; 60].
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SIcHO, 9TO 3TO YpaBHEHHE MOXKET HMETh OECKOHEYHO MHOro pemieHuil. Bompoc -
HaWTH JCIIEBbIA BapUaHT IEPEBO3OK.

Uccnenys pynkuuro y = 100x + 6000 Ha cermente [0; 60], momydum Ymin = 6000. DTa
nuHerHas QyHKOuUsS OyAeT UMEeTh ~ MUHUMajdbHOEe  3HadeHue npu X = 0, Ymin = 6000 T/kM.
3aB0oJ1 HaJI0 CTPOUTH BO3JIE MIAXTHI A.

JUisa nydimiero NMOHMMAaHMSI 3TOM 3aJauM 11eJIeCO00pa3HO JOMOJIHUTEIHHO BBIACHUTH
BOIIPOC, TJI€ HY>KHO OBI IIOCTPOUTH 3aBO/I, €CIIH OBI:

a) B maxte A nmooOsBasiock 100 T, a B maxte B -200 T pymsr;

0) Bmaxte A-200T, a B maxte B-190T;

B) Bmaxte A u maxte B - mo 200 T pynsr;

YrtoObl pemuTh 3TOT BOIIPOC, HY)KHO HaiiTu Ha cermenTe [0; 60] MUHUMYM (QYHKIIUH:

a) y =100x +200(60 - xX) = - 100x + 12000;

0) y =200x + 190(60 - x) = 10x + 11400;

B) y = 200x + 200(60 - x) = 12000.

OtBet: 13 Bcero 3TOoro MOXHO ceJIaTh TAKOH BBIBOJ: €CIIH B IaxXTe A J00BIBACTCS PyIbI
Oonbile, yeM B maxTe B, To 3aBOJ HaI0 CTPOUTH BO3JIE MIAXTHI A; €CIIU e KOJTUYECTBO PYyIbl B
ATHX LIaXTaX OJMHAKOBOE, TO 3aBOJ MOXHO CTPOUTH B JIFOOOM MecTe BOJM3M  LIOCCEHHOM
Joporu Mexnay maxtamu A u B.

3amaga 2. Ha xkomxo3HoW (epMe HYKHO MPOBECTH BOJONPOBOA IJIHHOW 167 M.
Wmerorcs TpyObl anuHOW S5 M u 7 M. CKOJBKO HYXHO HCIIONIB30BaTh TEX U JIPYTHX TPYoO,
4TOOBI C/IeTIaTh HAaWMEHBIIEe KOJIMYECTBO COCIMHEHUH TPyOBI HE pe3arh)?

Pemenue. YuuThIBas, YTO KOJMYECTBO KAaK OJHUX, TaK U JAPYrUX TpyOd MOXKeT
WU3MEHSTHCS,

KOJIMYECTBO 7 - METPOBBIX TPyO 00O3HAUMM uepe3 X,

KOJIMYECTBO S5 - METPOBBIX — uUepe3 vy,

Torga 7X - AnuHA 7 - METPOBBIX TPYO,

Sy - miMHa 5 - METPOBBIX TpPYO.

[Tonmygyaem ypaBHeHue 7x + Sy = 167. Tak kak X,y € Z, To meromoM mnepedopa
JIETKO HAWTH  COOTBETCTBYIOIIME TMaphbl 3HAYEHHWH X UM Yy, KOTOpPbIE  yIIOBJIETBOPSIOT
ypaBHeHHe 7x +5y=167.

(1; 32), (6;25), (11;18), (16;11), (21;4).

OtBet: M3 »Tux pemeHuil Haubolee BHITOAHOE TMocieaHee, T.e. X=21,y=4.

Pemenue 3aqanmii:

Nel. TpeOyeTcst oropoAUTh MIPSIMOYTOJIBHBIN Y4aCTOK 3€MJTH, UCTIOJB3Ys B KaUECTBE OTHOM
U3 CTOPOH 3a00pa 4acTh CTEHBI AOMa. YUYaCTOK JOJDKEH MMETh OINpelesIeHHYIo Iuiomazs. Kak
clenyeT BhIOpaTh COOTHOLIEHHME MEXIY JJIMHAMH €ro CTOPOH, 4TOObl Ha IMOCTPOIKY 3abopa
MIOIIJIO HAUMEHBIIIEE KOIMYECTBO MaTepuaa?

OtBet: CropoHa 3a0opa, napajuieiabHas CTEHE JOMa, JOJKHA ObITh B /1Ba pa3a JUIMHHEE
OOKOBOI CTOPOHBI.

No2. TpeOyercst oropoauth cetkoil amuHOoW 600 M 30HY OTABIXA MPSAMOYTOJIHHON
dbopmbl, npuseraroiyo kK pexe. Onpeaenure, KAKOBbI JOJDKHBI ObITh JUIMHA U IMIMPHHA YYacTKa,
YTOOBI OH UMEJ HAaUOOJIBLIYIO MJIOIIAb.

OtBet: HanOobIIAs TUIOIIAAb YUacTKa, eciu mupuHalS0 m, umHa 300 M.

Ne 3. Omnpenenuth pazMepsl OTKPBHITOTO GacceitHa 06beMoM 256 M3, MMerommero JHO B
BUJEC KBajJpaTa, TaK YTOObI Ha OOJMIIOBKY €ro CTEH U JHa ObUIO M3PAacX0/I0BAaHO HaWMEHbIlIEe
KOJIMUECTBO MaTepHara.

OtBer: 8 M. 8 M, 4 M.

Ne 4. Ilpuneraroomyro K I0My HOPSIMOYTOJBHYIO IUIOMIA/IKY HYKHO OTPauTh PEHIETKON
mmHo 120 M. OrmpenenuTs pa3Mepbl IUIOUMIAJKH, TaK YTOOBI OHA MMeda HauOOJIBLIYIO
1011 b.

OtseT: 30 M, 60 M.
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IIpakTnyeckas padora Ned4
Tema 7.11: HaxoxneHne onTUMaabHOTO pe3ysibTaTa ¢ TOMOIIBIO TPOU3BOTHOM
Heas: HayunthCs HAXOAWTh ONTHUMAJIbHBIA pE3yJbTaT B SKOHOMUYECKHMX 3aJadyax C
MTOMOIIBIO TTPOU3BOTHOM.

TeopeTnyeckas 4acThb:

JuddepeHnnanbHOoe HCUUCICHUE - ITUPOKO MPUMEHSIEMBIH /1T SKOHOMHUYECKOTO aHaTN3a
MaTemMaTuueckuil amnmapaT. ba3oBoi 3agauell SKOHOMHMUYECKOTO aHaau3a SBISIETCS U3YyYeHUE
CBsI3e DKOHOMHYECKUX BEJIMYHH, 3alMChIBACMBIX B BHJE (QYHKIHA. B KakoM HampaBlieHUU
M3MEHUTCS JIOXOJ TOCyJapCTBa IMPH YBEJIWYEHUH HAJIOrOB WIIM IMPU BBEICHUU HMIIOPTHBIX
NONUIMH? YBEIUYHUTCS WM YMCHBIIUTCS BBIpyYKa (UPMBI TPU TIOBBIIICHUH IICHBI Ha €e
npoaykuuio? B kakoil mpomopuuu  JOMOJHUTENbHOE O00O0pYIOBAHHE MOXKET 3aMEHUTh
BEIOBIBatONMX paboTHUKOB? [[yist pemenus moJo0HbIX 337249 JOKHEI OBITh TOCTPOCHBI (PYHKIIUN
CBS3M BXOJALIMX B HHUX IMEPEMEHHBIX, KOTOpBIE 3aTe€M M3y4yalOTCS C IMOMOIIBIO METOJIOB
i depeHIMATEHOTO UCYHCIICHUS. B 9KOHOMUKE 0YeHb 4acTO TpeOYeTCsl HAWTH HAMITy4IIIee, T
ONTUMAJIFHOE 3HAaYCHHE TOTO UM MHOTO MMOKa3aTeNsi: HAauBBICIIYI0 TMPOU3BOAUTEIBHOCTh TPY/IA,
MaKCUMaJIbHYIO NMPUOBLIb, MAKCUMAJIbHBIN BBITYCK, MHUHUMAJIbHBIC M3ACPKKH U T.1. Kaxnmpri
MOKa3aTeNb MPeICTaBIseT Cco00i (hYHKIHIO OTHOTO MM HECKOJBbKUX apryMeHToB. Hampumep,
BBIITYCK MOXXHO paccMaTpuBaTh Kak (YHKIUIO 3aTpaT TpyJda W Kamurtaia (Kak dTO JeiacTcs B
MPOU3BOJCTBEHHBIX (PYyHKIMAX). Takum o00pa3oM, HaXOXKJIEHHE ONTUMAIBHOTO 3HAYCHUS
MOKa3aTessl CBOJUTCS K HAXOXJIECHHIO dKCTpeMyMa (MakcuMyma WM MUHUMYyMa) (QYyHKIUU
OJIHOM WIIM HECKOJIbKUX IepeMeHHbIX. [[og00HbIe 3aaun MOPOKAAIOT KIACC IKCTPEMATIbHBIX
3a/1a4 B 9KOHOMHKE, PEIICHNE KOTOPBIX TPEOYET HCIOIh30BaHUSA METOI0B AU HEpEeHIINATHEHOTO
ucuncnenus. Ecmu SKOHOMHMYECKUN TMOKa3zaTedb y HYXHO MAaKCUMH3UPOBATh WU
MUHHUMH3UPOBATh KakK (YHKIMIO JAPYroro mokaszaTens X (Hampumep, 3ajadya Ha MaKCUMyM
npuObUIK Kak PyHKIKMK 00beMa BBITyCcKa), TO B ONTUMAIBHON TOUKE (T.€. B TOUKE MaKCUMYyMa)
OTHOIIICHUE TTPUPAIICHUS (DYHKIINH Y K TPUPAIIEHUIO apTyMEHTa X JIOJKHO CTPEMHUTHCS K HYJIO,
KOI/ia MpUpAIlEHUEe apryMEHTa CTPEeMUTCS K Hyto. MHade, eciiu Takoe OTHOILIEHHUE TPUpALEHUI
CTPEMHUTCSI K HEKOTOPOM TMOJIOKUTEIHLHON WM OTPUIATEIHHOM BEIMYMHE, paccMaTpuBaeMas
TOYKA HE SIBJIAETCS ONTUMAIbHOM, MOCKOJIbKY YBEIMYHMB WM YMEHBIIUB apTyMEHT X, MOXHO
W3MEHUTH BEJIMYUHY Y HYKHBIM 00pa3oMm.

B tepmunax nuddepeHanbHOrO0 MCYMCIEHUS 3TO  O3HAYAET, YTO HEOOXOIUMBIM
yCJIOBHEM 3KcTpemMyMma (QyHkiuu y = f(X) ABIsIETCS paBEeHCTBO HYJIIO €€ Mpou3BoAHOW. B
SKOHOMHUKE YaCTO NPUXOJUTCS pEIIaTh 3aJa4yd Ha HKCTPEMYM GYHKIIMI HECKOIBKUX
MEePEMEHHBIX, TTOCKOJIbKY SKOHOMUYECKHE IOKa3aTea OOBIYHO 3aBUCAT OT MHOTHX (DaKkTOpOB.
Takue 3a1a4u XOpOIIO H3y4eHBI TeopUuer PYHKINNA HECKOIbKUX TEPEMEHHBIX, UCTIOIb3YIOMIeH
MeTOo bl TG HepeHIIMATBEHOTO HCUUCIICHUS.

3apaya 1. Mononoit npennpuauMarens Muxaitno IOpuil B cBeTe 3KOHOMHYECKOTO
KpHU3HCa PEIII BRIKYITUTh HEPeHTa0eIbHOE MPOBUHIIMAILHOE TIepepadaThIBAIOIIEE MPETPUSITHE
U npuriiacuil 3konomucra ['ynpaepoa ['epmana moMods ¢ pacueTamMu o ONITUMHU3ALIUN PACXO/I0B.
Onna 13 3a7a4 OCTaBICHHBIX Tiepen ['epmaHom Oblia Ciieyronas: HalTH, MPY KaKUX YCIOBUAX
pacxo/1 )KeCTH Ha M3TOTOBIIEHUE KOHCEPBHBIX OAHOK IIMIIMHIPUYECKON (hOPMBI 3aJaHHOM €MKOCTH
Oy/leT HauMEHBIIIUM.

Pewenue.

Bcnmomanm 3 3Tama MareMaTwuecKoro MOJESIHPOBAHUS, MPUMEHSEMbIE TPH PEIICHUHN
3a/1a4 Ha OMTHMH3AIHIO (I0Ka3 Ha SKPaHE):

¢ 1 stamn. CocraBieHne MaTeEMaTHYECKOM MOJIEITH.

e 2 oran. PaboTa ¢ cocTaBneHHOW MOAEIBIO.

e 3 3tan. OTBET HA BONPOC 33]1a4H.

1 3man. Cocmaenenue mamemamuyecKkoi Mooeu.

CocraBnenre MoJienu 0bJierdaeTcs TeM, 94To u3BecTHa (hopMa OaHKHU i OTOBOPEHO, YTO OHA
JOJKHA OBITh 33/IaHHON €MKOCTU. JTO CYIIECTBEHHO JIs cOcTaBleHust Moaenu. CylecTBEHHBIM
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SBIISIETCS TAKXKE TpeOOBaHUE, YTOOBI PACXOJI )KECTH HA H3TOTOBJICHNE OAHKH OBLIT MUHUMAJTbHBIM.
D10 TpeOOBaHMWE O3HAYAET, YTO IUIOMIA[b IOJHOW TOBEPXHOCTH OaHKH, HMEIoeh ¢GopMmy
WIMHPA, JOJDKHA OBITh HAMMEHBIIEH; CYIIECTBEHHBI U pa3Mepbl Oanku. HecyiecTBeHHBI a7
COCTaBJICHUS] MaTEMaTHYECKON MO KOHKPETHOE (YMCIIEHHOE ) 3HaYeHHE eMKOCTH OaHKH U BUT
KOHCEPBOB (MSICHBIX, OBOILHBIX ), JAJIsl KOTOPBIX OaHKa MpeIHa3HavYeHa.

O603HaunB eMKOCTh OaHkH 4yepe3 V cM?, chopmynupyeM 3agaudy: OnpeaenuTs pazMepbl
IMHApa ¢ 00beMoM V cM? Tak, YTO ObI IUIOMIA/Ih €r0 MOJIHOM MOBEPXHOCTH Obllla HANMEHBIICH.

Jliia pemienus 3a1a4u 0003HAYUM PAJANYC OCHOBAHUS LMJIMHIPA Yepe3 X, a BBICOTY €ro
gepe3 h (Bce uamepenus B cantumerpax). Torna oobeM muianHapa

Vo= ﬂxg}g = h= ig .
o
MonHaA NoBEpPXHOCTL UMNHMHAPA:
S=2mx+2mxh=2Tx+ EJ-‘TXLE = 2K+ v M
Fine x x
Jrax, S = X+
X

Tak KaKk NepeMeHHan X MOXKET NPUHMMATE TONMBKO NONOHWTENEHBIE 3HAYEHWA, PELLEHWE 3a03a4M
CBOOMTCA K HAXOHASHUH HAMMEHBLUEND 3HAYEHWA S(X) Ha (0;ca).

2 sman. PaSoma ¢ cocmasneHHol Modenkero.

Hangem npoM3BogHYH S7(X)

- 2
X

X X

S0 = (nf + EV]r _ [m%— (27 + EV)] _ 4 -~

[nA HAaXOWAEHWA KPUTHYECKUX TONEK PELUMM YpaBHeHWe 37(x) = 0.

KopeHb YpaBHEHWA. X = 3||£ :
a7
Mpux =0 = 3||£ Sx)=0,anpux = 3||£ S(x) =0
27 2T

7
CrnenoeatenbHo, B TOYKE X = 3 ||_ S(x) UMEET MHHHUMYM.
27T

N
X (D:E)

(]

v v
E (:ﬁw)
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CnenoBarentHo, @YHKUWA B 3TOR TOYKE OOCTMIAET HAMMEHLLETD 3HAYEHWA.

Taknm 00pasom, NNowags NoONHOR NOBEPXHOCTA LMNMHAPE, WMerwero odvem V, OyaeT HaumeHbLeR
R I A - T ) . N
npuh=2x=23__ = 3] Te. Korda UWNMHOP DAaBHOCTOPOHHMA.
2T T

3 aman. Omeem na eonpoc 3aoauu.

Haumenbimmii pacxon »eCTH Ha M3TOTOBJIEHHE KOHCEPBHBIX OAHOK IMJIMHJIPUYECKOM
dbopMbI 3a1aHHOIN €MKOCTH OyAeT JOCTUTHYT HPU YCIOBHH, YTO JUAMETP OCHOBAHHUS M BBICOTA
0OaHKH paBHBI MEXy COOOA.

3agaua 2. [leMeHTHBII 3aBO/I MPOU3BOAUT X T IIEMEHTA B JcHb. [10 TOrOoBOpY OH JOKEH
€XKEeJIHEBHO IOCTaBIIATh cTpoutenbHoi ¢upme He mMeHee 20 T nemeHrta. IIpom3BoacTBeHHbIE
MOIIIHOCTH 3aBOJIa TAKOBBI, UTO BBIITYCK LIEMEHTA HE MOXET MpeBbIaTh 90 T leMEHTa B JI€Hb.

Onpenenutsb, Ipu KakoM 00beMe MPOU3BOJICTBA YAENIbHBIE 3aTPaThl OYAyT HAUOOIBIIUMU
(HauMEHBIIUMH)), €M (PYHKIIHS 3aTpaT UMEET BU:

K =—x3 + 98x? + 200X,

a yZIeJIbHbIE 3aTPaThl COCTABSIT:

K/x = -x?+98x + 200 .

Pemenwue: Haiinem HauOosbliee 1 HanMeHbIee 3HadeHne QyHKImu y = —X2 + 98x + 200
Ha npomexyTke [20; 90].

BriBenem x = 49 — kputndeckas Touka ¢pyHkuuu. Haiinem 3HaueHne GyHKIMU Ha KOHIIAX
u B kputnueckoi Touke: f(20) = 1760; £(49) =2601; f(90) = 320.

Wrak, npu Bbilycke 49 T LieMEHTa B JCHb YJAEJbHbIE WU3ACPKKH MaKCUMAaJbHbI (T.€
SKOHOMHYECKHU ITO HE BBITOJHO), a IpH BbIlTycke 90 T B IeHb yJeNbHbIC H3ACPKKA MUHUMAIIbHBI,
3HAUUT 3aBOAY MOKHO paboTaTh Ha Mpele’dbHONM MOIIHOCTU U enié Oosiee yCOBEPIIEHCTBOBATh
CBOM TE€XHOJIOTUH, TIOCKOJIBKY J1ajbllie HAUHET AeHCTBOBATh 3aKOH YOBIBAIOIIEH JOX0AHOCTH U 6e3
HOBOBBE/ICHUH BBIMTYCK MPOIYKIIUN HE MOKET ObITh YBEITUYEH.

3agaua 3. BeiOpats ontuManbHbId 00beM npousBoacTBa N pupMoi, GyHKIUS NprObLIN
KOTOPOif MOKeT OBITh CMOZIETTMPOBaHa 3aBUcHMOCTHIO: F(q) = g - 8q + 10.

Pemenue: OnTumanbHbIi 00bEM IPOU3BOACTBA €CTh IPOU3BOHAS OT (PYHKIIUU IPUOBLUIH,
T.e. N=F(q)

F(@)=R(@-C(@)=29-8=0— gexr =4

ITput q qexr =4 — F'(q)

[Tpu q gextr = 4 — F'(q) 0 u mpubbLTH BO3pacTaer

ITpu q = 4 npuOKLIL IPUHUMAET MUHUMAJIbHOE 3HAUCHHE.

Pemenne 3axau:

Nel. TIpu6suts GupMsI 3a1aHa 3aBHCHMOCTHIO : F(q) = 5q% - 50 + 12. Haiftu onTuMansHsIit
00béM npousBojictBa N (pUPMEL.

Ne2. TIpubsits GupMsI 3a1aHa 3aBHCHMOCTHIO : F(q) =4 q? - 4q + 12. Haiitu onTuMansHsIit
00BEM mpon3BoacTBa N (hUPMBL.

Ne3. Tlycre ynkius crpoca umeet Bua QD = 100 — 20p, moctossaAbIe M3aepxkKH TFC
(total fixed costs) cocrapnsitor 50 ACHEXKHBIX €IWHHUIL, a mepeMeHHbie u3nepxkku TVC (total
variable costs) Ha MPOM3BOJICTBO €AMHUIIHI MMPOAYKIIMH — 2 JIEHEe)KHbIE eNUHUIBI. HallTn 00béM
BBIMTYCKa, MAKCUMU3HUPYIOMIHA MPHUOBLTH MOHOIIOJIKCTA.
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IpakTnyeckas padora NedS
Tema 7.12: KontponsHas pabota o pazneny 7 «IpousBonHas GyHKINH, €€ IPUMEHEHHE»

Hean: [IpoBeputh ypoBeHb YCBOCHHMS TAaHHOTO MaTepuaia 1o paszaeny 7 «l[IpousBogHas
byHKINH, €€ TPUMEHEHUE)

Ilpu pewenuu 3aoanuii 1-4 3anumwiume npasunbHLIL OmMEem U3 UemMblpex
npeo10IHCceHHbIX.
1. (1 6amn) Uemy paBHa Ipor3BOIHAS GYHKIHH Y=COS>X?
A) y'=—sin’k; B) y'= - 2 sin’x; B) y’= -2cos x sin x; I') y'=2cos X.
2. (1 6ayn) ITo xakoit n3 GOpMYIT BEIYUCISAETCS MPOU3BOIHAS TPOU3BEICHUS?
uv—uv

A) (whv)=u"+v'; B) (wv) =u'viuv'; B) () " = 5 T (fe(0) =F (200)*g (%),

3. (1 6amn) Pemmnre ypasuenue f'(x)=0, ecm f(x)=3x? — 6x +4. Beibepure oTBeT.

A)1;B)-1;B)4;T) -4.

4. (1 6ann) Ha pucynke uzo0OpaxkeH rpaduk npousBoaHoi ¢pyHkiun f(x), onpeneneHHON
Ha uaTepBaie (—10; 8). Haiinure kommdecTBo Touek MakcumymMa pyakmuu f(x) Ha otpeske [—9;6].

YA | | |
/MNVIN/ Ny 70
N \ AN A
\ IRARY /
| AN
~10 ol 1 | /8 [x
SN | |l /
AN
! \l/

A)5;b)4;B)2; 1) 3.

Ilpu évinoanenuu 3a0anuil 5-8 3anuwiume x00 pewienusn u noOJy4eHHbLL OMeem.

5. (2 6amna) MatepuaabHas ToYKa JABMKETCS MPAMONMHENHHO Mo 3akoHy X(t) = -t* + 63 —
4t + 5t — 5 (T71e X — PacCTOSHHE OT TOYKM OTCUETa B METPaX, t — BPeMs B CEKYH/IaX, H3MEPEHHOE
¢ Hauana aBuxkeHus ). Haiiaure ee ckopocts (B M/c) B MOMEHT BpeMeHu t = 3 c.

6. (2 6anna) Ha pucynke n3obpaxén rpadpuk pyHkuuu y = f(x) u kacareiabHas K HEMY B

TouKe ¢ abcuuccoil xo. Halinure 3HaueHne npou3BogHoN GyHKIMH f(X) B TOUKE Xo.
Y /

[

o s

N
|

i
{

(x=2)(x+3)
(x—8)
8. (2 6ama) Uccnenosars gyHknmio f(x) = x° — 3X U MOCTpouTH €8 rpaduk.

7. (2 6amna) Pemmte HepaBEHCTBO: >0

Imanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aaHus
Ortser B b A B 8 1,25 (-3;2); (8;+00) -
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IIpakTnyeckas padora Ne46

Tema 8.1: IlepBooOpa3znas pyukmus. [IpaBuina Hax0XIEHUS IEPBOOOPA3HBIX

Hean: HayunTs HAXOOUTH IEPBOOOPA3ZHBIC

TeopeTnyeckas 4acThb:

IlonsiTHe nepBoOOpPa3HOI

Jlerko  moramatbcs, YTO TEPMHUH  “‘lIepBOOOpa3Has’” MPOUCXOAWT OT  JIBYX
CJIOB: nepswiii M 00pa3. IlepBbiM 00pa3oM y aBTOMOOMIISI ObLIa MOBO3KA, a Y MOpPe — KapTOQeb.

Bepuemcs k matemaruke.

JlaBaiite OBICTPO BCIIOMHUM, 4To HaXOXXJICHHUE MIPOU3BOAHOMN
i quddepeHIUpoBaHNEe — ATO COBEPIICHUE MaTEMaTHUYECKON orepanuu Haa pyHKuue. To
€CTb, CIIEeIys ONpeeICHHBIM paBUiIaM, Jr00as PYHKIUS MOXKET ObITh peoOpa3oBaHa B HOBYIO
byHKIMIO, KOTOpasi U OyIeT MPOU3BOAHOM.

B 00bI4HOI KHU3HH, COBEpIIasi HECKOJIBKO JCHCTBUI, MBI MOXKEM MPEOOpPa30BaTh MYKY B
TECTO, a 3aTeM M B MUPOxKU. Ho pa3oOpaTk roToBbII MUPOKOK Ha MYKY Y HAC YK€ HE MOJIYUYUTCS.
3aTro B MareMaTHKe BCETJa MOXXHO BEPHYTHCS Ha IIAar Ha3aj: CIOKWIM J[BA YHCIA — BBIUTEM
00paTHO, BO3BENH B CTENIEHb — M3BIICYEM KOPEHb.

[ToxoxuM 00pa3oM MbI MOKEM TOCTYITHUTH ¢ (DYHKIIHCH.

BossMeM M0y GyHKIHIO, Hapumep, f(X) = X2 1 HaiizeM 11 Hee Mpon3BoaHY0 f'(X) =
2X — nody4nach HoBas (yHKuA. Teneps At TOro, YTOOBI BEPHYTHCS Ha IIar Ha3a 1, HaM HYXKHO
HalTH nepBooOpa3Hyto OT HOBOM pyHkimH (f'(x) = 2X).

IlepBooOpa3uoii st pyaxum f(x) HaspiBaeTcst Takas QyHkimus F(x), mist KoTopoi
BhINOIHsAETCS paBeHcTBo: F'(X) = f(X).

To ecTb, eciu B3ATh MPOU3BOJHYIO OT IIEPBOOOPA3HON KaKOU-TNO0 (HYHKIIMU, TTOTYIUTCS

caMa JTa (bYHKI_II/IH. Hpouecc HaXO0XACHUA MHOXCCTBa HepBOO6paSHHX
HAa3bIBACTCA HHTCITPUPOBAHUEM.
F'(x) = f(x)

JI71st HaX 0K ACHUS IEPBOOOPA3HBIX CYIIECTBYET CleHalIbHAs Tabauia. B Hell mpuBeeHbI
nepBoOOpasHble s Kax 10l GyHKIMU. A 4TOOBI YOETUTHCS B 3TOM, MO>KHO HATH MPOU3BOHYIO
OT NepBOOOPa3HOM U CpaBHUTH C PyHKIMENH. OHU OyyT OAMHAKOBBIE.

Tabanna nepBoodpasHbIX

Ta6anna nepBoodpasHbIX:

dyuknus f(x)|[lepBoodpaznas F(x)

0 C = const

1 X + C
xn+1

xn#-1 +C
L+ 1

1

—, x> 0 Inlnx+C

COS X sinx + C

sin X -cos X + C

e* e* +C

I'ne C — npou3BOIBHOE YUCIIO

Pemrenue 3axanmii:

Nel.MatepuanbHasi TOYKa JABMKETCS MPAMOJIMHEHHO co ckopocThio V(1)=8t—4. Haiigure
3aKOH JIBWKEHHS TOUKH, €CTH B MOMEHT BpEMEHU t=2C MPOWIEHHBIH MyTh COCTaBHII 4 M.

Pemenue:

Bocronb3yeMcst Onpe/ieNieHneM TIepBooOpasHoii, T.K. S(t)=vot+at?/2

S’(t) = v(t).

Haiiniem Bce mepBooOpasnbie S(t)= -4t+4t2 +c.

[ToacraBuMm t=2¢ 1 poiIeHHBIN TYTh S=4 M.
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4= -8+16+c

C=-4.

CrenoBarenbHO, 3aKOH JIBUKEHUS OY/IET BBITIISJCTD CIEAYIOUIMM 00pa3oM:

s(t)=4t>—4t-4

Otser: s(t)=4t>—4t—4

Ne2. ITo rpaduky nepBooOpaszHoi pynkuu y = F(X) onpeaennure KOJIMYECTBO TOUCK, B
KOTOpPBIX (yHKIHMA y = f(X) paBHa HYIIO.
¥
ALTA

INCTEN

l.I,.,.lli
Py,

Pemenue:

Tak kak F'(x) = f(x) -0 onpenenennio nepBooOpa3HoOii, TO TOUKH, B KOTOPBIX (DYHKITHS
f(x) (mpousBonnas ¢pyHkuu F(x)) — 310 Touku 3kcTpemyma pyHkuuu F(X). A Takux Touek Ha
rpaduke 4.

Ortger: 4.

Ne3, Tlo rpaduky nepBoobpasznoit pyHknuu y = F(X) onpenenute 9ucioBbie MPOMEKYTKH,

Ha KOTopbIX PyHKIMS y = f(X) UMeeT oTpuLaTeIbHbIHN 3HaK.
¥,

/\
/

\ £Fp

Pemenue:

Tax xak F’(x) = f(x)- mo omnpenenenuto nepBooOpa3HOi, TO YUCIOBbIE MPOMEKYTKH, Ha
KoTopbIX ¢yHkuus f(x) (mpousBomnast ¢yHkuuu F(X)) MMeeT oTpHULATENbHBIA 3HAK — 3TO
npoMeXyTKH yObiBaHUs QyHKIMU F(X). Takux mpomexyTkoB Ha gaHHOM rpaduke 2. Ito (-2; 1)
u(2;9).

Otser: (-2; 1); (2; 5).

Neq. Jlokaxwure, uro pyHkus y = F(X) sBnsercs nepsooOpazHoit 11t pyHkumu y = f(x).

F(x) = x?— e™ +2,f(x) = 2x — 2%

Pemenue:

JlokazarenbCcTBO.

F'(x)=(x?-e**+2)'=2x-2e**
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[lo ompenenenuto mepBooOpasznoit, F'(x)=f(x), cmenoBarenpHo, F'(X) u ecThb
nepBoodOpasHas i GpyHkuuu f(x)

NeS. Jlns ¢ynximu f(X) = x 2 HaiiTu nepBoo6pasnyio, rpaduk KOTOPOH IPOXOAUT yepes
touky (-3; 10).

Perenne:
3

x
Haiinem Bce nepBooOpasubie Gpynkiwu f(X) F() = 3 te

Haiinem uucno C, Takoe, uto6s! rpaduk dynkmuu f(X) = x?  mpoxomun yepes Touky (-3;
10). IToxcraBum x = — 3, y = 10, moay4um:
10 = (-3)%/3 +c

C=19
3
X
CrenoBarenabHO, F(x) = 3 +19
3
x
OTgeT: F(x) = 3 +19

IIpakTuyeckas padbora Ne47
Tema 8.2: [Inomans kpuBoauHeitHo! Tpanenuu. ®opmyia Hetotona-JleitoHuma
Henab: HayunTs pemaTs HHTETpalibl, UCHONB3Ys popmyny HeroTona-JIeiiOHuma
Teopernyeckas 4acTb

Dopmyna Heromona-Jlenionuya
[TycTs Gynkuus f (X) HenpepbiBHA Ha 3aMKHYTOM UHTEpBae [a,
b]. Eciiu F (X) - mepBooGpasuas ¢pyukuuu f (X) aa[a, b], To

}f[xjcx‘x=F[xj|z - F(B)-F(a).

Peurenue 3aganuid:

ITpumep 1
2
I( - ) dx
Beryncnuts MHTETpan ’
Pewenue.
[Tpumenss popmyny Herotona-JleiiGHuna, moxydaem
2 s 3y
X —xg).:fx= A= E—§ —U=i.
4 3, 4 3
[Tpumep 2

J({6-F)ar

Brruncautes uaTET pax o

Pewenue.

I(J—J)az— B 1]1

1

_ _(3.2)_,.1
4 3 4 3 12

/+1 /+1

] 233/5]

1]
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ITpumep 3

y=x' y=+x

Haiitu momans Gurypsl, orpaHiueHHON KPUBBIMU u

Pewenue.
CHauana onpeenuM TOYKH MepeceueHus IBYX KPUBBIX (PHUCYHOK 3).

=,
= -Jr=0,
= «E(x%—l)=0,

= =0 x=1

Takum oOpa3om, naHHbIEe KpUBBIE MepecekaroTcs B Toukax (0,0) u (1,1). CnegoBarensHo,

wionaab GUrypsl paBHa
1
1

Ao

1
0

1 3 3
AL |
y
y=—"'x y=2x-x?
X
Puc.3 Puc.4
ITpumep 4
¥=2x-x x+ y=10
Haiiti niomans Gurypsl, orpaHU4eHHYIO rpagukaMu GyHKIUH u .
Pewenue.
Haiinem xoopauHaThl TOUEK NepeceyeHnst KpUBBIX (PUCYHOK 4).
2x-x = -x,
= x-3x=0
= x I':x - 3) =,

= x =0, x=3

_ _ .2
JlanHas 061aCTh OrpaHHUHBAETCA CBepXyY mapabooit ¥ ~ 2X "% | a cuusy - npsamoii

“ =—-X “
nvauei * . CnenoBarenpHO, IUIOMIAIb 3TOM 00JIaCTH paBHA
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S=!(2x—xg —[—xj)dx=ﬁ2x—xg +Jr)r:1!’x=[x2 —%+%]

1

HpI/IMeHeHI/Ie onpeneﬂénnoro HHTErpaJa:

1. HaxoxneHue MJomaau KPpUBOJIUHEHHON Tpaneunuu

¥ : y=fx) ITnomaxe GHrypel, orpaHIaeHHOI

HHMAMH: XY= x=D; y=0 u y=f(x)

»
S=J'flx'dx
a

IInomazae GpUrypbl, orpaHHUEHHOH IMHMAMM: ¥ ={{x ) 1 y=gfx ).
Haifri ToukH riepeceteHa X 1 X, W3 yenosmi: f{x)=gfx)
S= I(ﬂxb— glx)dx

X,

2. HaxoxneHue BeJIMYUHBI CKOPOCTH V 1O 33aJaHHOMY 3aKOHY yckopeHusi a(t) 3a
~t2 ey
NpoOMeKyTOK Bpemenu [t1;t2], T.e =l alBldE
Ipumep: Touka aBmKeTcs: MO 3aKkoHy yckopenusi a(t)=t+1l. Haiitm BeqmumHy ee

CKOPOCTH 32 IPOMEKYTOK BpeMenHu [2;4] cekyH/I.
« 2 2
v(t) = [(t + Dde =2 EH

————=8wmMm/c

Pemenne: 2 2

3. HaxoxkneHue myTH S mo 3aKOHY H3MeHeHHsl ckopoctH V(t) 3a mpoMexyTok
t2 .
S = v(t)dt
Bpemenu [t1;12], T.e. Ju v(®
IIpumep: Haiitu  myTh,  KOTOpBIM  mpoAenaja  MaTepuaJbHas  TOYKa  3a
IIPOMEXYTOK BpeMEHHM [2;4], ABUrasich €O CKOPOCTBbIO, KOTOpas HM3MEHSIACh 10 3aKOHY:
v(t)=2t+2.

4. y )
Pemenne: ° J, (2t + 2)dt = 22 (en. anunbl)

IMpakTnyeckas padora Ned8
Tema 8.3: HeonpeneneHHblil 1 onpeeeHHbIN HHTErpaibl
Henb: HayunTe BEIUNCIATS MHTETPAJIBI
Teopernyeckas 4acTb
IlepBooGpa3nasn
Onpenenenue. HenpepriBHasi pynkuus F(X) Ha3pIBaeTcsl nepBooodpa3Hoi GpyHKIMU

f(X), ecain Ha mpomexxyTKe X, eC/IH s KaXKI0ro PEX o (x) 2 f(x)

Onepanys Hax0XAeHUs epBooOpa3Hoi pyHkumHu f(X), Ha3pIBaeTCS HHTErPHUPOBAHUEM.

HeonpeaejieHHBbI HHTErpPaJl

Heonpeneéunblii HHTErpaa-3To COBOKYITHOCTh BCeX MepBooOpasHbix pyHKuuu f(x). B
o011eM ciryyae, HaX0XX/JIeHHE HeonpeeEHHOr0 MHTErpalla BHITJISAUT CIIEAYIOIIUM 00pa3oM:

[f(x)dx=F(X) + C1

rae f(x)-noasinTerpansHas ¢ynkuus, F(x)-nepBoobpasnas ¢pynkuus ¢pynkmun f(x), dx-
mupdepennman, C-koHcraHTa uHTerpupoBaHus. HeompenenéHHelii MHTErpas HpeiCcTaBiseT
CO0OMH, KaK Obl, «ITy4OK» MEePBOOOPA3HBIX, U3-3a HATMYHS TOCTOSHHON MHTETPUPOBAHUS.
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JAudpepenunan-npousBobHOE,

BCJIMYHHEI.

OECKOHEYHO Majoe IpHpalleHue

CBoiicTBa HeonpeaeaéHHOT0 MHTerpaJia

1. d(J f(x)dx) = f(x)dx
2. [d(F(X))=Fx)+¢C
3. [af(x)dx=a [ f(x)dx

4. [(f(x) + g(x))dx = [ f(x)dx + [ g(x)dx

Taﬁ.lmua OCHOBHBIX HCOHpe)IeJ'[éHHLIX HHTErpajaoB

B Bune
[Fx)dx=FX)+C

[IEPEMEHHOMN

rae f(X)-moapiHTerpanabuas pyukuus, F(X)-neppoodpasnan pynxuus pyuxmuu f(X),
dx-nuddepennuan, C-KOHCTAHTA HHTErPHUPOBAHMSI.

dex=C

fcos xdx =sinx+C

dx
ldx=x+C ——=tgx+C
(cosx)*
xn+1 dx
n - = —ctg: c
fx dx — 1~I-C (sinx)? ctgx +
fdx Injx| + C a5 inx + C
—=In|x ———— = arcsinx
X \jl_xz
dx
fe”dx =e*+C f ~= arctgx + C
xs

al’
J.a“’dx=—+C‘

Ina

fchxdx =shx+C

fsinxdx =—cosx+C

fshxdx =chx+C

OnpeneséHHbIA HHTETPAJI

Onpenenennsiii naTerpas- [Ipupamenue onHoi U3 nepBoodpasneix ¢pyHkuuu f(x) Ha

oTpeske [a;b].

-b
OO01Hii BUJ onpeIeIEHHOr0 HHTerpaJia: Jo FGOdx.
rie  f(X)-mompinTerpanbHas ¢Qynkumus, a u  b-mpemensl uHTerpupoBaHus, dx-

nuddepenmman

CBoiicTBa onpeneIeHHOr0 HHTErpaJia: CM. CB-Ba ONPEIECIEHHOI0 HHTErpaa.
OnpenenéHHblil uHTErpasn BblUMchseTcs 10 popmysie HbroTona

b
[ f()dx = F(b) — F(a)

Penrenue 3aganui:
Boruucnure uHTErpaibl:
Nel

1
1.Ix3dx
-1

N
o
>

P — N O"—.h\a

(@]
o
w
[N}
>

(1+2x)

3.
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No2

1
1._[x5dx
1

dx
sin ?

X

3.| (4 + 2x)x

o C— N o'—.- SN

IIpakTnueckasi padora Ne49

Tema 8.4: OnpeneneHHbI HHTErpaIl B )KU3HU

Heab: HayunThes ucnonp30BaTh UHTETPAI M1 HAXO0XKACHUS (PU3HUECKUX BETUYHH

Teopernyeckas 4acThb:

WuTerpan — 310 MateMaTH4eCKUil OOBEKT, KOTOPBIH BO3HHK HMCTOPUYECKH HA OCHOBE
NOTPEOHOCTH PEUICHUsT pPa3IMYHBIX NPUKIATHBIX 3a7ad (U3MKH M TeXHUKH. Te Qu3nueckue
BEJIMUMHBI, KOTOpBIE OMPEIENAIOTCS C MOMOUIbI0 HHTErpajllia — Kak IpaBHIIO, HA3bIBAIOTCS
MHTETPAITBHBIMH, & T€ BEIMYUHBI, Yepe3 KOTOPHIC BBIPAKAIOTCS WHTETPAJbHBIC BEITHYUHBI —
nuddepeHIMaTbHBIMH.

WHTerpansl HAalIM CBOE MPUMEHEHHE B aCTPOHOMUU (MHTETPANIbl SHEPTUN U TUIOIIA/ICH;
JBUKEHHE 3B€3]1); METUIIHE (KOMITbIOTepHasi ToMorpadusi); Ouonoruu (yCTaHaBIMBAIOT MPUPOCT
YHCJICHHOCTH TMOMYJSIUI; OnomMaccy MONyJSIUiA W CPEeNHIO JUIMHY IyTH (TOJieTa) Hpu
MPOXOXKIACHUHA HEKOTOPOTo (PUKCUPOBAHHOTO Y4aCTKA).

Ha ceropHs HEBO3MOXXHO M3ydeHHE T€MOJIMHAMHUKHN — JIBUKEHHUSI KPOBH IO cocyam 0e3
NPUMEHEHHUs MHTErpaioB. B TeueHHe ATUTENHbHOrO BpPEMEHM KaTeTepHu3alMs MpPaBbIX OTENOB
cepla sBISIACh €MHCTBEHHBIM METOJOM HCCIIEIOBAHMSI, TIO3BOJISBIINM OI[CHUBATH COCTOSTHUS
IPaBbIX OT/EJIOB CepALa U JIeroyHoi aprepuu. C MOMOIIBIO HHTETPAIOB B MEAULIMHE BEIYUCIISAIOT
UHTETPATBHYIO CKOPOCTB JIJISl IIEJIOTO cocyna (apTepUy WM BEHBI), 3HAS JTHMHEWHYIO CKOPOCTh
KPOBOTOKA; TaK K€ pacCUMTBIBACTCS yIapHbIH 00beM (00bEM KPOBH).

[IpencraBnenHbie BbIme (GakThl IEMOHCTPUPYIOT IIUPOKOE MPUMEHEHHE MHTETPAJIOB B
pa3IMYHBIX HAYYHBIX 0OJIACTSX, YTO JI0KA3bIBAET HEOTHEMIIEMYIO BaXKHOCTh HHTETPAIOB B HaIlleH
xu3HH. [IprMeHeHrne omnpeeeHHOro HHTerpajla BO MHOTOM O0JIer4aeT penieHue MPUKIaHbIX
3a/1a4 reOMeTpUH, PU3UKU U APYTUX HAYK.

Pemenue 3apau:

1. 3aAay4a o BEIYUCIEHWHA NYTH

COMacHo HMW3NMYECKOMY CMBICTY NEPBOI NPOW3IBOAHON, NPOM3B0OHAA DYHKLWM B TOYKE CThb
ds

MTHOBEHHAA CKOPOCTE TOYKW, Te. wif) = s'(f) = ——. OTCioda, s = viZ)dt . VIHTErpupyA nonyyeHHoe
i

PABEHCTEO B Npefenax oT tq Ao t, nonydaem

H

Ids = ‘I'v(i}di

1,

Toraa NyTh, NPOAREHHBIA TOYKOR NPY HEPABHOMEDPHOM JBWKEHWM N0 NPAMON C NEPEMEHHON
CKOPOCTBIO L(€) 33 OTPE30K BPEMEHH [ £, £, |BbIPAXAETCA MHTErPaNoM

t
5= | uit)dt. M

t
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Mpumep 1. CKOPOCTE NPAMONMHEAHOMO OBMHEHWA TENa BhipaMaeTCR QopMynon 1w = Zt+3t3{r-.1.*c}.
HaiTi nyTe, NPOROEHHLIA TENOM 338 5 CEKYHL, OT Ha4Yana ABWAEHNA.

PelleHne.

5 5
S=1(2t43t ydt=(t*+7) | =150(m).
a 1}

Mpumep 2. [1Ba TEN3 HAYaNW ABUIaTECA OOHOBPEMEHHOD W3 OOHOA TOYKH B OOHOM HanpaeneHWA No

npAmMoi. MepBoe TeNo ABWAETCA CO CKOPOCTLIo v =(612+21) M/C, BTOPOE — CO CKOPOCTLIO V2=(41+5) mic.
Ha Kakom paccTOAHWA APYT OT APYTa OHW OKaKyTCA Yepes 5 .7

2. 3agaya O BeIYHMCNEHWH paGoTel NepeMeHHON CHNkI

MycTs MaTEpUANBHAR TOMKA NOA, AEACTEMEM CUNbl F IBMKETCA No NpaMoil. EcnK AelcTeyowas cuna
NOCTORHA, & NPORAEHHBIA NYTh PABEH S, TO KAK W3BECTHO M3 KypCa duskkn, paboTta A 3Tol F
EbMMCNASTCA No opMyne;

A=F*s

PafoTy nepeMeHHoR cunbl f{X) Npy NepeMeLledki No ock OX MaTepHansHOR TOYKKM OT X=a 4o x=b,
HaxogumM no popuyne (3):

3
A= If(x)dx (2)

PelleHWH 3a0adq Ha BeIYMCNeHUe paboThbl CUMBl YNIPYTOCTH, CBA3EHHBIX C PACTANKEHWEM W CHATHEM
MpY#MH, OCHOBLIBAETCA Ha 3akoHe Myka. Mo 3akoHy Myka cuna F, pacTAMMBAIOWAA WK CHMMALLAA
MPY#MHY, MPONOPLHOHATNBHAA 3TOMY PACTSHEHMID UMK CKATHIO, T.e. F=kx, rme X — BenuuuHa
DACTAKEHWA UMK CKATUA, K — Ko3(DHOULMEHT NPONOPLMOHANEHOCTH.

Mpumep 1. Cuna ynpyroctd F Npy#MHLl, pacTAHYTOW Ha 11=0,05m, paBHa 3H. Kakyw paboTy Hago
NPOM3BECTH, YTODBI PACTAHYTE NPYHUHY Ha 12 =0.1 M7

PeleHue. MNoaCcTaBME OaHHBIE B opMyny 3akoHa ['yEa, nonydyumM: 3=k*0.05, Te. k=60, cnenosatenksHo,
CHNA YNPYroCTH BLIPEKAETCA COOTHOLWEHHEM F=60x. Haigem padoTy nepeMeHHoA CHnbl No opMyne
(2), nonarad, 4to a=0; b=0,1:

1]

0l 1
A= JSdex= 30;5*’] =0,3 0

3. 3amaua o cuJie JaBJIEHHUSA KUAKOCTH

CornacHo 3akonHy I[lackans BenuunHa P jmaBneHust XUAKOCTH Ha TOPU3OHTAIBHYIO
MJIOMIAKY BhIauciseTcs mo popmyine P=gphS, (4)

I'ne g — yckopeHue CBOGOHOTO MaAeHus B M/c;

P— TLIOTHOCTH KHAKOCTH B KI/M°;

h — r1yOuHa morpy»eHus IJIOIIAAKH B M;

S — momak MIOMAAKH B M2,

ITo aTo#t hopmyre Henmb3si UCKATh JaBICHHUE KUAKOCTU HAa BEPTUKAIBHO MOTPYKEHHYIO
TUTACTHHKY, TaK KaK €e pa3Hble TOYKH JIe)KaT Ha Pa3HbIX ITyOnHaX.

[TycTh B *KHAKOCTH MOTPYKEHA BEPTUKAIBHO TIACTHHA, OTPAaHUYEHHAS THHUSIMH X = a, X
=b, yl =f1(x) u y2=f2(x); cucrema KoopAHAT BbIOpaHa TakK, KaK yKa3aHO Ha PHCYHKE.
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[na peweHWd 3aga4M pasodbem NNAcTMHY HA N YacTel (ManblX ropU30HT anbHLIX NONOCOK) NPAMBIMH,
napannentHeMiA NOBEPXHOCTH AMAKOCTH (T.€. NapannentHeiMi oci OY). Ha rnyOuHe X Bulgenum ogHy
W3 HUX W 0003Ha4MM Yepes (X) ee ANUHY, & Yepes Ax ee LWWMPMHY. NPUHAB NONOCKY 338 NPRAMOYTONbHAUE,
HaxodWM ee nnowaaes & = f(x) Ax.

F=gaofix) Ax x
Hainem oudgeperynan dp atoi MyHKLUUK.
dp = gaf (x) xdx

Torda no 3akoHy MackanA MHTEMpUPYA Nony4YeHHOE PABEHCTEO B Npefenax oT X = a 40 X = b, nony4um

&
F‘=QIPXJ’ (x)dx (3)
Mpumep

AKBAPUYM UMeeT chopMy NPAMOYIONEHOM Napannenenunena. Hamgem cuny AaeneHusa soasl
(NNOTHOCTE BOALI 1000 KF.-"I'-.-'IS:I: HANOMHAKLLER AKBADUYM, H3 OOHY M3 Er0 BEDTUKANEHLIX CTEHOK,
pazmepel KoTopol 0.4 m x 0,7 M.

PelweHne. BrifepeM CUCTEMY KOOPOWHAT TaK, 4T00bI 0CH Oy K OX COOTEETCTEEHHO COOSDMHANK
BEpXHee OCHOBAHWE W DOKOBYI0 CTOPOHY BEPTHMKANLHON CTEHKW AKEaPMyMA. [NA HAXOHOEHWA CUILI
OABNeHWA BOObI HA CTEHKY BOCNONL3yeMcA hopmynoi (3). CTeHka umesT opMy NPAMOYTONEHWES,
noatomy fi{x=0 7= =x<[0,0.4] TaK KaK npeagenbl MHTErpUpoBaHKA a=0 1 b=0,4, TO Nony4Mm:

0.4 2.4
P=g JlUUU*U,?*xdx= 700 %rﬂ =56g = 549H

IIpakTnyeckas padora NeS0
Tema 8.4: OnpeneneHHbI HHTETPAT B KU3HU
Hean: HayunThbest HCnonb30BaTh HHTETPaAl Ul HAXO0KIEHUS 00BEMOB
Teopernyeckas 4acTb:
I[ToMuMO HaXOKAECHUA ILUIOIIAAM IIOCKOH (UIYypBI ¢ NOMOIUBLIO ONPEAEIEHHOIO
HHTerpaJja BaXHEUIINM PUIIOKECHUEM TEMBI ABIISETCS BbIYHCIEHHE 00beMa Te/1a BPpallleHus .

O0bem Tena BpaiieHHst BbIYHCISETCS 10
OJIHOH H3 popmy:

-

v=x[[f(x)]
i 2 , €CJIM BpalleHHE

KPHBOJIMHEHHOH Tpaneniy BOKpYr ocH OX.
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2. V=7t % ecny Bpamenue
KPUBOJMHEHHOH Tpaneurd BOKpyr ocu OY.

Pelnenne 3axanui:

IMpumep 1. Haiitn 00bEéM Tena, oOpa3oBaHHOTO BpalieHueM BOKpyr ocu aociuce (OX)
4

¥
(burypsl, orpaHUuYEHHON TUIIEPOOITOI X, ocblo abcrmce u npsimpivu X =1, x=4
Y A

~a)

Pemenne. O0béM Tena BpamieHus Haaém no Qopmyne (1), B KoTopoii X, a
npejenbl  uHTerpupoBanus @ =1, b = 4. Tlpumensem TaGJu4HbId HHTerpad. I[locTOSHHBIN
MHOXHUTENb 4°=16 BEIHOCUM 32 3HaK uHTerpana. [lomydaem:

4 2 4 4
4 dx 1
v=al| 2| dr=16x] S =167 =
1h 1+

X

1
=12myb en.

IIpumep 2. Haiitn 06béM mapa paguyca R.

Pemenwne. PaccMoTpuM 1ap kak Temo, moirydarieecs Mpu BpaleHUH BOKPYT ocH abciuce
noyrykpyra paauyca R ¢ ieatpom B Hagasie koopauHat. Toraa B ¢hopmyne (1) moasiHTETpaibHas

1 _ p2_ 2
dyHKuMs 3anumercs B Buae ¥ =& -z , a TpeJenamMu MHTErpupoBaHus ciyxaT -Ru R. B
BBIUMCJIEHUSIX paauyc R cuntaercss KOHCTaHTOM (BMECTO HEro MOJKHO IOACTaBUTH JH000€

3Ha4YeHHe JUIS Iapa ¢ JI00bIM paguycoM). [Ipumensiem Tadau4uHbli uHTerpaJ . CienoBarenbHo,

B AL
V= JTI [Rz —xzjdx= J‘T[sz—?J
]

= im’f.
3

-
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Ipumep 3. Haiitu 00bEéM Tena, 0Opa3oBaHHOTO BpalieHHeM BOKpyr ocu adciucce (OX)

oz 2 _ 2
HUrypBI, 3aKITI0UEHHON MEX Ty Tapabonamu < — 3-x b =4 +1.

Pemenwue. IlpencraBuM HCKOMBIM 00BEM Kak pPa3sHOCTh OOBEMOB TeJ, IMOJIYYEHHBIX

BpallleHueM BOKPYT ocu abcuuce kpuBosmmHeWHbIX Tparnenuid ABCDE u ABFDE. O6bEMbI 3THX
ten Haigém mo dopmyne (1). B Helt mpenmenbl MHTErpHUpOBaHUS pPaBHBI %=1 m2= 1
abcruccam touek B u D nepeceuenust mapabon. ITH TOYKK U X aOCIMCChI BUAHBI Ha rpaduke.
TouHo Takxke - Ha rpaduKe - MOKHO OMNPEICIUTh KOOPIAWHATHI TOUYEK MEpeceyeHus JTUHUN U3
Balux 3a1a4. TOJBKO I 3TOTO HY)KHO TOCTPOUTh rpaduk. Temeps MoxkeM HalTH 00BbEM Tea,
MIPUMEHSS BCE TOT K€ TaOJUYHBIA HHTETpaT 7:

1 2 1 2
V= ;?TI (3—;{2) c:t’x—;?TI (xj +'l:l dx =

-1 -1

_ ﬁ_jl[(g_ 2 (7 +1f Jae=

= ;?le[B— 82" )dr = Bfr(x— g} -

-1
2

= — TEvh.en
7 Eyh.en

IIpumep 4. Beruncants 06bEM TOpa (TOpPOM Ha3bIBaeTCs TeNO, MOJydaromieecs MpU
BpAILCHUH KpyTa pajuyca & BOKPYT OCH, JIeXKaIleH B €ro INIOCKOCTH Ha PacCTOSTHUH D OT meHTpa
Kpyra (’5 2 @) QopMy TOpa HMeeT, HaIpuMep, GapaHKa).

¥

C

Pemenue. Ilycts kpyr Bpamaercss Bokpyr ocu OX (puc. 20). O06bEM TOpa MOXKHO
IPEJCTaBUTh KaK pa3HOCTH OOBEMOB TeJ, MOJYYEHHBIX OT BpAIIEHUS KPUBOJIUHEHHBIX
tpanenuiit ABCDE u ABLDE Bokpyr ocu OX.
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VYpaBuenue okpyxnoctu LBCD umeet Bux
4 (y-b)F =g,

npu4éM ypaBHeHue kpuoit BCD

y=xyI(x =b+afa’ —x*,

a ypaBHeH#He KpuBoit BLD
y=rR=b-a 2.

Hcnonb3ys pa3HOCTh OOBEMOB Tel, MOdy4aeM i 00bEMa Topa V BBIpAKEHHE U
BBIUHUCIIIEM MUHTETpall:

= EN_T yidx— EN_T yadx = 2;r.ri (yf — yi)dx =
1]

zﬁj[(mm ! [b J—)} =

0
Txn'a: 2 dr=2math

IMpumep 5. Haiitu 00béM Tena, 00pa3oBaHHOTO BpaiieHHeM BOKpYr ocu opauHat (Oy)
2
=8x y=13x
u :

GHTYpBI, OrpaHMYEHHOH TMHUAME
¥

Pemenue. [lpencraBuM HCKOMBIM 00BEM Kak pa3sHOCTh OOBEMOB TeJ, IMOJIYYEHHBIX
BpallleHUEeM BOKpPYr OCH opAuHaT TpeyroipHuka OBA u kpuBonuHeiHoi Tpanemun OnBA.

w=0_»=3

[TpenenaMu WHTETPUPOBAHUS CITYKAT u - opauHatel Touek O u B mepeceuenus
napaloJibl ¥ MPSMOH, UTO BUJHO HA rpaduKe K 3 ToMy npumepy. Takum o6pazom, momydaem 00bEM
Tena:

3 3

T 4 AT 4
= T[T [ yay=

9!.? by 81!}? y

T 33 T : 2;?? 6
— e =—"E .E
277 |, 405 57 A

IIpakTHyeckas padora NeS1
Tema 8.5: KontponpHas pabora mo pasgeny 8 «llepBooOpazHas (yHKIMH, €€
MPUMEHEHUE»
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Hean: [IpoBeputh ypoBEHB YCBOSHUS JAHHOTO MaTepuara o paszaeny 8 «llepBoodpaznas
byHKLINH, €€ TPUMEHEHUE)

Ilpu pewenuu 3aoanuii 1-4 3anumwiume npasunbHLIL OmMEem U3 Uemblpex
NPeONoHCEHHDIX.

1. (1 6amn) s kakoit n3 pynkumii pyskmms F(x) = x3 - 3x2+ 1 sBasercs nepBooOpa3Hoii?

A) f(x)=3(x2-2); B) f(x)=3x(x?-2); B) f(x)=3x2-6x+1; I') f(x)=3x>-6x.

2. (1 6amn) Jana dynakuus f(x)= 3x%+1. Yemy pasna F(1)

A)2;B)4;B)6;T) 1+.

3. (1 6amr) O6mmit BUI Becex nmepBooodpa3HbIx s f(x)=sinx?

A) F(x)=cosx+C; b) F(x)=-cosx+C; B) F(x)=tgx+C; I') F(x)=-tgx+C.

4. (1 6amn) Beraucnure onpeeaeHHbIN HHTETPaT flz xdx.

A)-1;b)1;B)-1,5;T) 1,5.

Ilpu ¢vinonnenuu 3a0anuii 5-8 3anuuwiume x00 pewieHusA U NOJIY4EeHHbLIL Omeent.

5. (2 6amna) SAsnserca mu F(x)=x3-3x+1 nepsoobpasnoii ans pyrkmun f(x)=3(x2-1)?

6. (2 6amnma) 3anaiite mepBoobpasnyo F(x) mms ¢yskmmm f(x)=3x-2X, €clu N3BECTHBI
koopauHatel Touku M (1, 4) rpaduka F(X).

7. (2 6amma) Ha pucyHke wnzoOpaxeH rpaduk ¢yHkmum y=f(x), ompeaenéHHOW Ha
uaTepBaie (—3; 11). Haliqute Hanmenpee 3HaueHne GyHkuu f(x)Ha orpeske [2; 9,5].

“s y=f{z)

s

1 AR
/
1] 11

LN / \
AV 1

¥ ¥ CLITC L G

8. (2 6anna) Ha pucynke mzobpaxeH rpapuk HekoTopoit (pyHkimu y=f(x). ITomp3ysch

k

o 5
PUCYHKOM, BBIYUCIIUTE OIIPECACIICHHBIN NHTECTPAJl fl xdx.

YA

4 y=f()

0| 1 35X
IDmanonvt omeemos:
H
OMep 1 2 3 4 5 6 7 8
3aaHUuA
OTBeT r A b r na xXX—x°+4 -3 12

170



IIpakTyeckas padora Ne52
Tema 9.3: MuoxecTBO U Tpadbl. PeneHne npukiaaHpIX 3a1aq
Hean: HayunThes ucnonb30BaTh rpadsl P peLICHUN 3a1a4

Teopernueckasi 4acThb:

Teopusi rpadoB - o uH U3 OOIMIUPHEHIINX Pa3ACIIOB JUCKPETHOM MaTeMaTHKH, ITUPOKO
OPUMEHSETCS B PEUICHUH SKOHOMHUYECKHMX M YIPaBICHYECKUX 3a]ad, B MPOTrpaMMHUPOBAHHH,
XUMHUH, KOHCTPYUPOBAHUU U WU3YYEHHH DBJICKTPUUECKUX Ierei, KOMMYHHUKAIUU, TICUXOJIOTHUH,
MICHXOJIOTHH, COIIMOJIOTHH, JIMHTBUCTHKE, JIpyTuX o0macTsx 3nanuii. Teopus
rpa¢oB cUCTEeMaTUYECKH U IOCIIEOBATEIbHO M3y4aeT CBOIcTBa rpadoB, 0 KOTOPBIX MOKHO
CKa3aTh, YTO OHMU COCTOSIT U3 MHOXECTB TOUEK U MHOKECTB JIMHUH, 0TOOPaYKAIOIINX CBSA3H MEKIY
stuMu Toukamu. OcHoBareneM Tteopuu rpadoB cumractes Jleomapn Ditmep (1707-1882),
pemuBIIKi B 1736 roy H3BECTHYIO B TO BpeMsI 3a/1a4y O KEHUTCOEPrCKUX MOCTaX.

I'padbl cTrposiT i1s TOro, 4roObBl OTOOPA3UTH OTHOIICHHUS Ha MHOXecTBax. IlycTb,
HarpuMep, MHoxecTBo A ={al, a2, ... an} - MHOXECTBO JIIOJCH, a KaKAbI 3JICMEHT Oyler
orobpaxén B Bujae Touku. MuoxkectBo B = {bl, b2, ... bm} - MHOXeCTBO cBS30K (IIPSMBIX, YT,
OTPE3KOB - [TOKa He Ba)HO). Ha MHOXecTBe A 3a/1aHO OTHOLICHHE 3HAKOMCTBA MEXTY JIFOJIbMH U3
sToro MHoxkectBa. CTpouM rpa¢ u3 Touek u cBA30K. CBsi3ku OynyT CBSA3BIBATH Maphl JIIOJCH,
3HaKOMBIX MEXIy co00ii. EcTecTBEHHO, YMCII0 3HAKOMBIX Y OJHHX JIIOJIEH MOKET OTIIMYaThCs OT
Yrclia 3HAaKOMBIX y JPYTHX JIIOCH, a HEKOTOPhIE BIOJIHE MOTYT U HE ObITh HU C KEM 3HAKOMBI
(Takue »reMEeHTHI OyIyT TOYKaMH, HE COCIMHEHHBIMH HU C OJHOW Apyroi). Bor m momyumics

rpad!

ag as

To, 9yTO MBI CHauana Ha3BaJIM "TOYKaMH'", CIeAyeT Ha3bIBaTh BEpIIMHAMHU I'pada, a TO, YTO
Ha3bIBaIM "cBsI3KaMu'" - péOpamu rpada.

Teopust rpadoB He YUMTHIBAET KOHKpPETHYIO npuponay MHoxecTB A u B. CymectByer
0OJBIIOE KOJMUYECTBO CaMbIX pPAa3HBIX KOHKPETHBIX 3a/ad, MPH PEIICHUH KOTOPHIX MOKHO
BPEMEHHO 3a0BITh O CIEIU(PUIECKOM COJEP)KAHUU MHOXKECTB U UX IJIEMEHTOB. JTa crenuduka
HUKAaK HE CKa3bIBAeTCS Ha XOJI€ peIlleH s 3a/1aul, He3aBUCUMO OT e€ TpyaHoctu! Hanpumep, npu
pEeIIeHNnH BOMpPOCa O TOM, MOXHO JIM U3 TOYKHU & 100paThCsl O TOYKU €, JBUTASICh TOJIKO IO
COCIMHSIONIUM TOYKH JHMHUSM, HEBOXKHO, UMEEM JIM MBI JEJI0 C JIOJbMH, TOPOJaMH, YHCIaMHU U
T.4. Ho, xorga 3amaya pemieHa, Mbl MOJIydaeM peLIEHHE, BEPHOE IJIs JII0OOro Cojep KaHus,
KOTOpoe OBLIO CMOJIENUPOBaHO B BHJIE rpada. He ynuBuTEeNbHO MO3TOMY, UTO Teopus rpados -
OJIMH M3 CaMbIX BOCTPEOOBAaHHBIX WHCTPYMEHTOB MPHU CO3JIaHWU MCKYCCTBEHHOTO MHTEIIJICKTA!
B€/lb MCKYCCTBEHHBIH HHTEIUIEKT MOXXET OOCYIUTh C COOECeIHHMKOM M BOIPOCH JIOOBH, U
BOIPOCHI MY3bIKH WJIM CIIOPTA, U BOMPOCHI PEIICHUS PA3IMYHBIX 3a/1a4, IpUUYeM JielaeT 3To 0e3
BCSIKOTO Nepexo/ia (epeKIroueHus ), 6e3 KOTOporo B MOAOOHBIX ClIyyasiX He 0OOHTHCH YETOBEKY.

A Tenepp CTporue MaTeMaTHuecKue onpezaeneHus rpagda.

Onpenenenue 1.I'pagom Ha3bIBaeTcs cucteMa OOBEKTOB IMPOU3BOJIBHONW MPUPOIBI
(BepuIMH) U CBA30K (pEOEp), COSTUHSIIOUINX HEKOTOPBIE aphl 3TUX 0OHEKTOB.

Onpenenenue 2. [Tycts V — (HemycToe) MHOKECTBO BEPIIIHH, dJIEMEHTHI VEV — BEpIITHUHEI.
I'pad G = G(V) ¢ MHOKecTBOM BepIInH V eCTh HEKOTOpOE CeMelcTBO map Bujaa: € = (a, b),
rie a,bEV, ykaspiBaromumx, Kakue BEpIIMHBI OCTaOTCs coeqnHéHHbIMU. Kaxas mapa e = (a, b) -
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pebpo rpada. MuoxectBo U - MHOKecTBO pEbep € rpada. BeprimHbl @ 1 b — KOHIIEBBIE TOYKH
pedpa €.

I'pagbl kak cTpykrypa aaHHbIX. [llupokum npumeHenuem Tteopun TpadoB B
KOMIIBIOTEPHBIX HAayKaX M HWH(MOPMALMOHHBIX TEXHOJIOTUSX OOYCIIOBJIEHO J00aBICHHEM K
BBIIIICH3JI0)KEHHBIM OIPEICICHUSIM TOHATHA Tpada KaKk CTPYKTYphl JaHHBIX. B KOMIBIOTEPHBIX
Haykax M HMH(GOPMALMOHHBIX TEXHOJOTHSAX Ipad ompenensercs Kak HeJIMHEWHas CTpyKTypa
JMaHHbIX. YTO e Torja - JUHEWHas CTPYKTypa JaHHBIX M Ye€M OT HUX OTJIMYAITCsA Trpadni?
JIuHeliHble CTPYKTYpPBI JAHHBIX XapaKTEPU3YIOTCS TE€M, YTO CBSI3bIBAIOT 3JIEMEHThI OTHOILIEHUSIMU
Tuna "npocrtoro coceAcTna". JIMHEHHBIMU CTPYKTYpaMH JaHHBIX SBIISIOTCS, HAIIPUMED, MACCHUBBI,
TaOJIMIIBI, CIIUCKHU, OYEPENIH, CTEKU, CTPOKHU. B IPOTHBOIIOI0KHOCTS UM HEJIMHEHHBIE CTPYKTYpPBI
JAHHBIX - TAaKWe, B KOTOPBIX JIEMEHTHl PaclojararoTcs Ha pas3/IMYHBIX YPOBHSX HEPAPXUU U
HOJPa3/eNA0TCs Ha TPU BUJA: HCXOAHBIE, TOPOXKAEHHbIE U 110100HbIe. MTak, rpad - HenuHelHas
CTPYKTYypa JaHHBIX.

CnoBo rpad rpedeckoro mpoucxoxaeHus, oT cJioB "muiry", "onuceiBarw". M3 Havana aToi
CTaThbU U3BECTHO, YTO MMEHHO OIMCHIBACT Ipad: OMHUCHIBAET OH OTHOLICHHUs. T0 ecTh, Tt00oi rpad
OINHUCBIBAaET OTHOUIEHUs. M1 HA000pOT: J1I000€ OTHOLIIEHHE MOXKHO OIUcaTh B BUjE rpada.

OcHoBHbIE NIOHATHS TeOpHHU rpadoB

OTOT ypoK - BBOJHBIA B T€OpHIO IpadoB, NOITOMY JHUIIb MEPEUUCIUM €€ OCHOBHBIE
HOHSTHS, 3a0/lHO AHOHCUPYS Jpyrue ypoku Tembl. OZHO M3 LEHTPAJIBHBIX MOHSATUN TEOpUU
rpa¢oB, ONUPAsACh Ha KOTOPOE CTPOSATCS APYyTue MOHATUS - TOHATHE HHIMACHTHOCTH. pyr Apyry
WHIUICHTHBI JIBE€ BEPINIUHBI rpada, eciau OHM COSIMHEHBI peOpoM; BeplIimHa u pedpo rpada
MHIIMJICHTHBI, €CJIM BEpUIMHA SBJSETCS HAyaJoM MM KOHLOM pebpa. boiee moapoOGHO BHABI
BepIIMH U pédep rpagda ucxoasi U3 MOHATHS MHIMIECHTHOCTH NpPeICTaBJIeHbl B 0TAeJbHOM
ypoke.

A MHorue BUAbI TpadoB OnpenensoTcs TeM, Kakue BHUIbl pEOep W/MiM BEpIIMH 3TH
rpa¢sl copepxat. Ha 3TOM OCHOBaHbBI U MOHATUS OPUEHTUPOBAHHOTO U HEOPUEHTHPOBAHHOTO
rpadoB, KOTOpbIMH 00s3aH BIAJETh KaXKIbli OCBOMBIIMH JUCKPETHYIO MaTeMAaTHKy BOOOIIE U
Teoputo rpadoB. EcTh Takxke rpadpl, KOTOpble ONPEAESIIOTCS HEKOTOPBIMU CHEIU(PHUECKUMU
IPUHILIMIIAMHU TTIOCTPOEHUSI, HApUMeEp, ABYAOIbHBIE Tpadbl, KOTOPbIE pPa300paHbl HA 3TOM ypOKe
B naparpade ¢ 3a7a4ami, a Tak’Ke Ha BCE TOM ke ypoKe 0 BHAaX rpagos.

[ToHsITHE MHIIMIEHTHOCTH HEOOXOIMMO U IIPU COCTABICHUH AJITOPUTMOB PEILIEHUSI MHOTHX
OpakTUYeCKUX 3anad ¢ rpadamu. Hampumep, MOXKHO O3HAKOMHUTBCS C IMPOrPaMMHOMN
peanuzainueil 06xoaa B riiyouHy rpada, npeacTaBjJieHHOro MaTpuleil MHIMIeHTHOCTH. Ves
IpOCTa: MOXKHO JABHUraThCs JIMIIbL Y€pe3 BEPILUHBI, COeNMHEHHBIE pEéOpaMu. A yx eciu péopam
MPUIKCaHbl KaKkue-To 3HaueHus ("Bechl”, dallle BCEro B BUJAE YHMCENl, TaKUe rpadbl HA3bIBAIOTCS
B3BELICHHBIMM MJIM TOMEYEHHBIMH), TO MOXXHO pelIaTh CJIOXHBbIE MNPUKIAJHbIE 3a/1a4H,
HEKOTOpPbIE U3 KOTOPBIX YIOMSHYTHI B 3aBEpILIAIOLIEM Maparpade 3Toro ypoka.

Kunaccnueckne 3ana4uu Teopuu rpadoB U UX pelieHus

OpavH 13 nepBbIX ONMyOIMKOBAaHHBIX MPUMEPOB pabOT MO TEOPUH IpadoB U MPUMEHEHUS
rpa¢os - pabota o "3agaue ¢ Kénurcoeprckumu moctamu” (1736 r.), aBTOPOM KOTOPOil ABIsETCA
BbIIarONMCcAa MaremaTuk 18-ro Beka Jleonapa Ditsiep. B 3amade maHbl peka, OCTpoBa, KOTOPHIE
OMBIBAIOTCA 3TOM pPEKOH, W HECKOJIBKO MOCTOB. Bompoc 3ajgaun: BO3MOXHO JIM, BBIMAA W3
HEKOTOPOTO MyHKTAa, IPONUTH KaKJIbIii MOCT TOJIBKO IO OJHOMY Pa3y M BEpHYTbCS B HaualbHBIN
NyHKT? (PUCYHOK HUXKE)

3amaqyy MOXHO CMOJEIHUPOBATH CIEAYIOIUM 00pa3oM: K KaKIOMY Yy4YacTKy CYIIU
MPUKPEIUISETCS OJHA TOYKA, a JIBE TOYKH COCIUHSIIOTCS JIMHUEHW TOTJa W TOJBKO TOTNA, Korjaa
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COOTBCTCTBYIOIHC YYACTKH CYIIHU COCAUHCHBI MOCTOM (pI/ICYHOK HUWXC, COCAUHUTCIbHBIC TMHUHN
HadyepueHbl MyHKTUPOM). Takum 0O6pa3om, MoCcTpoeH rpad.

!
S 7

OTtBet Diiyiepa Ha BONPOC 3a7a4l COCTOUT B ciieayromieM. Eciau Ob1 y 3T0# 3agaun ObLIO
MOJIOKHUTEIBPHOE pEIICHHe, TO B IOJyYMBIIEMCs Tpade CylecTBOBajd Obl 3aMKHYTBHIM IYyTb,
npoxoaduMii mo péopam M coaepikalMi Kaxaoe pedpo Toabko oauH pa3. Eciu cymectByer
TaKOW MyTh, TO Y KaXJOW BEPUIMHBI JIOJDKHO OBITH TOJNBKO u4€THOe umcino pédep. Ho B
HoJy4uBIIeMcs rpade ecTh BEepLUIMHBI, Y KOTOPBIX HedéTHOe uncio pédep. [loaromy 3amaya He
UMEET IOJIOKHUTEIBHOTO PEIIECHNUS.

ITo ycTosiBlIeHca Tpaauuuu 3iliepoBbIM rpadoM HazblBaeTcsl rpad, B KOTOPOM MOXKHO
000MTH BCce BEPILLIMHBI U IIPU 3TOM IIPOUTH OJJHO PeOPO TOIBKO OAMH pa3. B HEM kaxkas BepiInHa
JIOJDKHA MMETh TOJIBKO 4ETHOE Ynciio pédep. 3ajaua cpeHel TpyIHOCTH Ha 3iiiepoBbl rpadsl - B
marepuaie "OcHOBHBIC BUBI TpadoB”.

B 1847 r. Kupxrod pa3paboran Teopuro AEpEeBbEB IS PEIICHUS COBMECTHON CHCTEMBI
JMHENHBIX anreOpanyecKux ypaBHEHMM, MO3BOJIAIONLYI0 HAWTH 3HAYEHHUE CHIIBI TOKA B KaXKIOM
OPOBOJHHUKE (Ayre) M B KaKIOM KOHType 3JEeKTpUYeckodl uenu. AOcCTparupyscb OT
JIIEKTPUYECKUX CXEM U Leneid, KOTOpble COJEp)KAaT CONPOTHBIICHUS, KOHJEHCATOPBI,
UHAYKTUBHOCTM U T.I., OH paccMaTpuBal COOTBETCTBYIOIIME KOMOWHATOPHBIE CTPYKTYpHI,
CoJIepKalllie TOJIbKO BEpIIMHBI U CBs3U (pE€Opa wiM Ayru), OpudéM JUIsl CBSI3€H HE HYXKHO
YUUTBIBaTh, KAaKUM THUIAM 3JIEKTPUYECKHX 3JEMEHTOB OHU COOTBETCTBYIOT. TakuM oOpazom,
Kupxrod 3amMeHn KaXKayIo 3JeKTPUUECKYIO 1IeTIh COOTBETCTBYIOLIMM IrpadoM U Mmokaszai, yTo JiIs
pELICHHUs] CUCTEMbl yYpaBHEHUH HEOO0s3aTeIbHO paccMaTpuBaTh B OTAEIBHOCTH KaXKIbIH ITHKII
rpada 3neKTpuYecKou Lemnu.

Komu B 1858 r., 3aHMMasCh YUCTO NMPAKTHUYECKUMHU 3a7ayaMU OPraHUYECKOW XHMMHH,
OTKPBUI BaXXHBIN Ki1acc rpadoB, Ha3bIBaeMbIX AepeBbIMU. OH CTPEMUIICS EPEUUCIUTh H30MEPBI
HaCBILIECHHBIX YTJIEBOAOPOAOB, C JAHHBIM 4YHMCIOM aTroMoOB yriepoaa. Koamm mpexnae Bcero
chopMynrpoBall 3a1a4y aOCTPAaKTHO: HaWTH YHCIIO BCEX JIEPEBBEB C P BEPLIMHAMH, KaXI0€ U3
KOTOPBIX UMEET BEPIIMHBI O cTeneHsaMu | u 4. EMy He ynanock cpa3y pemmTh 3Ty 3a4ady, U OH
CTaJl UBMEHATDH €€ GOPMYIUPOBKY TaKUM 00pa3oM, YTOOBI MOKHO ObLIO PELIMTh HOBYIO 33/1a4y O
NIEPEYNCIICHUN!

e KOPHEBBIX JIEPEBBLEB (B KOTOPHIX BBIJEJIEHA OJTHA U3 BEPILUH);

e BCEX JIEPEBHEB;

e JIePEBHEB, Y KOTOPHIX CTENEHU BEPLINH HE MTPEBBILIAIOT 4;

e JIEpPEBHEB, Y KOTOPBIX CTENEHU BEPIUIMH paBHbI | 1 4 (MOCTaHOBKA 3a7aul U3 XUMHH)

|

|

1

|
~

Pemenue 3apau:

Bamaua 1.Ilycts A- muoxectBo umcen 1,2, 3: A={1, 2, 3}. Tloctpouts rpad mis
oTtoOpaxenus otHomeHus "<" ("MeHbIe'") Ha ’TOM MHOXKECTBE.

Pemenne. OueBuano, uro uncna 1, 2, 3 ciaemayeT NMpenCcTaBUTh B BHJE BEPIIMH rpada.
Toraa kaxxayro mapy BepIINH JOJDKHO COSAMHSITH OJHO peOpo. Pemras 3Ty 3amady, Mbl MIPHUILLTH K
TaKUM OCHOBHBIM TOHSTHSAM TEOpPUHU TpadoB, Kak OPUEHTHPOBAHHbIE U HEOPHEHTHUPOBAHHbIE
rpa¢si. HeopuentupoBanHbie rpadsl - Takue, pédpa KOTOPHIX HE UMeNu HampaBieHus. Ynu, kak
roBOPAT ewé yamie, MOpsIOK ABYX KOHIIOB peOpa He cyliecTBeHeH. B camom nerne, rpad,
MOCTPOCHHBII B CAaMOM Hadaje 3TOTO ypoKa M OTOOpaKaBIIUH OTHOIICHHWE 3HAKOMCTBA MEXKIY
JIIOJIbMU, HE HYX/1aeTCsl B HaMpaBJIeHUIX pEéoep, Tak KaKk MO>KHO YTBEPKAATh, YTO "UeIOBEK HOMEP
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1" 3HaKoM c "yenoBexoM Homep 2" B TOM k€ Mepe, Kak U ""'uesioBek HoMmep 2" ¢ "4eI0BEKOM HOMEp
1". B Hammewm ke HbIHENTHEM MMPUMEPE OJHO YHCIIO MEHBIIE IPYroro, HO He Hao0opoT. [ToaTomy
COOTBETCTBYMOIIEEe pedpo Tpada MTODKHO MMETh HAMPABJICHHE, TOKA3BIBAIOIIECE, KAaKOe BCE ke
YHCIIO MeHb1Ie Apyroro. To ecTs, MOpsI0K KOHIIOB pedpa cymiecTBeHeH. Takoii rpad (¢ pé€opamu,
UMEIOIMMH HAMPABJICHHE) HA3bIBACTCS OPUEHTUPOBAHHEBIM rpad)oM Uiu oprpagom.

Hrtak, B HameM MHO)ecTBe A urcio 1 MeHblle yuciaa 2 ¥ 4ucia 3, a Yuciao 2 MEHbIIe
gyrcna 3. OToT (akT oroOpakaem pEéOpamMu, MMEIOIIMMH HAmpaBleHUE, YTO IMOKa3bIBACTCS
crpenkamu. [lomydaem crnemyromnuii rpad:

1

2 3

3amaua 2. [Tycts A - MHOXKeCTBO uucen 2, 4, 6, 14: A ={2, 4, 6, 14}. Tlocrouts rpad mis
OTOOpaXCHHSI OTHOIICHUS "IEJTUTCS HAIEI0 Ha' HAa 9TOM MHOXECTBE.

Pemenue. B aTom npumepe yacte pébep OynyT MMeTh HampaBlieHHE, a HEKOTOpPHIE HE
OyIyT, TO €CTh CTPOUM CMEIIaHHbIN rpad. [lepedncianm OTHOMIEHUS HA MHOXKECTBE: 4 JeIUTCS
HalleJIo Ha 2, 6 AeauTcs Haieno Ha 2, 14 menuTcs Halello Ha 2, ¥ elIé Ka)JI0€ YHMCIIO U3 3TOro
MHO>KECTBA JISIUTCS HAIIETIO HAa CaMO ¢e0s1. ITO OTHOIICHHE, TO €CTh KOT'/1a YUCJIO JSJIUTCS HAIIETIO
Ha caMo ce0s1, OyzeM oroOpaxarh B Bujae pEOep, KOTOPhIE COSTUHSIOT BEPIINHY camy ¢ COOO.
Takue péOpa Ha3bIBAIOTCS NETIIIMHA. B TaHHOM cllydae HET HE0OXOIMMOCTH JaBaTh HAIIPABJICHUE
netiie. Takum 00pa3oM, B HallleM MpUMeEpe TPU OOBIYHBIX HAIMIPABJICHHBIX pedpa U YeThIpe METIIH.
[Tomryuaem cienyromuii rpad:

3anaua 3. [lycte nanel MHOXecTBa A = {a, 3, vy} u B ={a, b, c}. Tloctpouts rpad amus
0TOOpaXeHUsI OTHOLLIEHUS "JIeKapTOBO MPOU3BEICHHE MHOXKECTB" .

Pemenue. Kak n3BecTHO U3 onpesiesieHNs JeKapTOBa MPOU3BEICHUS] MHOXKECTB, B HEM HET
YIIOPSIOYCHHBIX HA0OpPOB M3 3JEMEHTOB OJHOTO M TOTO JX€ MHOXecTBa. TO ecTh B HalieM
OpUMepe HeNb3sl COSIMHITH TPeUeckre OYKBBI C IPEYECKUMH U JATUHCKUE C JATUHCKUMHU. JTOT
dbaxT oToOpakaercs B BUIC ABYIOIBHOTO Ipada, TO ECTh TAKOTO, B KOTOPOM BEPIIUHBI Pa3aeIeHbI
Ha JIB€ YaCTH TaK, YTO BEPIIHMHBI, NPUHA/IeKAIMEe OAHON U TOH K€ YaCTH, HE COSMHEHBI MEXITY
coboii. [Tonydaem caenyromuii rpad:

o a
B b
¥ c
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4. 3agaya KOMMHBOSTKepa

3agadya KOMMUBOSKEpA ABIISETCS OJHOM M3 3HAMEHUTBIX 3ajjad TEOPHUH KOMOMHATOPUKH.
Ona 6bu1a octaniena B 1934 roxy, u 00 He€ 00naMbIBasIy 3yObl JIydIIHe MaTEMaTHKH.

ITocranoBka 3a7iaun cieayrouiast.
KommuBosikep (Opoasiuuii TOproser) JAOJDKEH BBINTH U3 MEPBOTO TOPOAA, MOCETHTH MO pa3zy B
HEM3BECTHOM IHopsake ropoja 2,1, 3..nu BepHYyTbCs B HepBbIi ropoxa. PaccrosHus mexny
ropoZlaMy U3BECTHBI. B KakoM MOpsiiKe ciieayeT 00XOAUTh TOpoJia, YTOObI 3aMKHYTHIM YTh (TYp)
KOMMHMBOSDKEpa ObLT KpaTyanuimm?

Mertoa pemeHns 3a1a4 KOMMHUBOSTKepa

Kaauplii aaropuTm «uau B OJvKalmmi (B KOTOPBIH €11e He BXOIMII) TOPOJI».

«KamHpIM» 3TOT aJIrOpUTM HA3BaH IMOTOMY, YTO Ha MOCJIEIHUX IIarax MPUXOJUTCS
’)KECTOKO PaCIIauuBaTHCS 3a JKaIHOCTD.

PaccmoTpum 11 mpumepa ceTb Ha PUCYHKE, NPEACTaBISIONYI0 y3kui pomO. IlycTth
KOMMUBOSI)KEp CTapTyeT U3 ropojia 1. ANropuT™ «uau B ONMKalIHi rOpoa» BEIBEAET €T0 B TOPOT
2, 3aTteM 3, 3aTeM 4; Ha MOCJIEIHEM IIare MPUIETCS IJIATUTh 3a KaJHOCTh, BO3BPAILAACH IO
JUIMHHOM nuaroHanu pomoOa. B pesynbrare momyduTcs HE KpaTyaliinid, a JIIMHHEUIITU Typ.

5. 3ama4ya o Tpex JOMHKAX M TpeX KOJIOALAX

Tpu cocena uMeOT TpU OOIMIMX KoJoALA. MOXHO JIM MPOBECTU HENEPECEKAIOLIUECs
JIOPOKKH OT KaXKJI0TO JIoMa K KaX10My KOJIoI1y?

Jyist petieHus 3To# 3a1a4u BOCTIONb3yeMcs TEOPEMOi, Toka3zanHo# JleonapaoMm Ditiepom
B 1752 r. Eciu MHOTOyrojabHHMK pa30UT Ha KOHEYHOE YMCIIO MHOTOYrOJIbHUKOB TaK, 4TO JIIOObIE
JIBa MHOTOYT'OJIbHUKA Pa30MEeHNs WM HE UMEIOT 00IIMX TOYEK, MJIM UMEIOT OOII1e BEPILNHBI, WIN
uMmeroT olmue pebpa, ToO UMeeT MecTo paBeHCTBO : B- P + I'=1,rne B— obmee uyncno
BepiinH, P — oOiee uncio pedep, I — 9nciio MHOTOYTOIbHUKOB (TpaHei).
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Pemenue. [Ipeanonoxum, 4To 370 MOXKHO crenatb. OTmMeTuM nqomuku toukamu [, J12,
I3, a konmoguel — Toukamu K1, K2, K3. Kaxayio TOYKy-TOMUK COEAUHUM C KaKJAOW TOUKOM-
konoznem. [lomyuum neBaTh pedep, KOTOphIE MONMApHO HE MepeceKarTcs. DT pedpa o0pa3yroT
Ha TUIOCKOCTH MHOTOYTOJIbHUK, pa3/ieJIeHHbIN Ha Oojiee MeIKue MHOTOYyrojdbHUKU. [ToaTomy st
3TOro pa3OMEHHs JOJHKHO BBIMONHATHCS cooTHomeHue DinepaB - P + I' = 1. JlobaBum
paccMaTpuBaeMbIM TPaHSAM €lle OJIHY — BHEIIHIOI YacTh IUIOCKOCTH. Torna cOoOTHOIIEHHE
Oitnepa npumet Bug B - P +1'= 2, npuuem B — 6 u P = 9. CnenoBarensno, I' = 5. Kaxnas u3
IISITU TpaHell uMeeT Mo KpaiftHeil Mepe ueThipe pedpa, MOCKOIBKY MO YCIOBHUIO 33]]a4l HU OJTHA U3
JIOPOXKEK HE JOHKHA HEMOCPEICTBEHHO COSUMHATD JIBa JOMa HJIM JIBa KOJoa1a. Tak Kak Kaxaoe
pedpo JICKUT POBHO B JIBYX I'PaHsIX, TO KOJMYECTBO pedep MODKHO ObITh HE MeHbIle 5*4:2=10,
YTO MPOTHUBOPEUYHUT YCIOBUIO, MO KOTOPOMY uUX uuciao paBHO 9. IlonyueHHoe mpoTHUBOpeune
MOKA3bIBAET, YTO HEJb35 IPOBECTHU HEMEPECEKAIOIIUECS JOPOKKH OT KaXI0Tr0 IOMHUKA K KOKIOMY
KOJIOALLY.

IIpakTnyeckas padora Ne53

Tema 9.3: MHoxecTBO U rpadbl. PeneHue npukiaaHpIX 3a1a49

Hean: HayanThcs ucnonb3oBath rpadsl B IpoheCCHOHATBHON AEATEIbHOCTH

Teopernyeckasi 4acTh:

Teopus rpadgoB U Ba:kHeillIMe COBPeMEHHbIE IPUKJIAJAHbIE 3212491

Ha ocHoBe Teopuu rpado pa3paboTaHbl METObI pEIICHUS MPUKIIAAHBIX 33724, B KOTOPBIX
B BUJE IpaOB MOJCITUPYIOTCS BEChMa CIIOKHBIC CHCTEMBL. B 3THX MOHENSX Y3JBI COJEpIKAT
OTJIeIbHBIE KOMIIOHEHTBI, a p&0pa OTOOpakaroT CBA3M MeXAy KoMroHeHTamu. OObIYHO IS
MOJIEJIMPOBAaHUS TPAHCIOPTHBIX CETEH, CHCTEM MaccOBOIO OOCIYKHBAaHUS, B CETEBOM
TUTAHUPOBAHUM WCIOJB3YIOTCS B3BELIEHHBIE Tpadbl. MBI 0 HUX YK€ TOBOPHIIH, 3TO rpadsl, B
KOTOPBIM JyraM MPUCBOCHBI BECHI.

I'padbi-nepeBbs MPUMEHSIOTCS, HAPUMED, JIJIsl TOCTPOCHUS AepeBbeB peleHui (Ciryxar
JUISL  aHalli3a pPHUCKOB, aHaJn3a BO3MOXXHBIX TMPUOOPETEHUM U YOBITKOB B  YCIOBHSX
HeonpeaenénHocreit). C  mpumeHeHHMeM Teopuu  TpadoB  pa3paboTaHbl U Apyrue
MHOTOYHCJIEHHbIE MAaTEeMAaTHYeCKHEe MOJIeJIH JIJIsl PEIIeHUs 33/1a4 B KOHKPETHBIX MPEIMETHBIX
o0racTsax.

I'padbl 1 3aga4a 0 morokax

[TocranoBka 3amaun. MimeeTcst cuctemMa BOJONPOBOIHBIX TPYO, MpeacTaBieHHas rpadom
Ha PUCYHKE HUXKE.

S o4 3
S 2 3 2 2 T
\ /
4
2 /?

Kaxnas nyra rpada otoOpaxaer TpyOy. Uwcna Hajg nyramu (BeCchbl) - MPOMYCKHAS
CIOCOOHOCTh TPYO. Y3ibl - MecTa coenuHenust Tpyo. Boga teu€r mo tpybaM TOIBKO B OJTHOM
HANpaBlIeHUU. Y3el S - UCTOYHHK BOJABI, y3el T - cTok. TpebyeTcs MakCUMHU3UPOBaTh 0OBEM
BOJbI, HpOTeKaI-OIIIeﬁ OT UICTOYHHKA K CTOKY.

Jliis petieHus 3a7ja91 O MOTOKAaX MOYKHO BOCIOJIL30BaThCsl MeTojjoM Popaa-DynkepcoHa.
Wnest meroma: MOUCK MaKCHMAaJIbHOTO ITOTOKAa IMPOHM3BOJWUTCSA IO maraM. B Havaime paboThl
aITOpUTMAa MOTOK TOJIAraeTCs paBHBIM HYII0. Ha Ka)KIoM MmocIeayIoleM mare 3HaueHue MoToKa
YBCIUYMUBACTCA, MOJId YE€ro MHHIICTCA )IOHOJ'IH?HOHH/II\/II nyThb, Mo KOTOpOMY IOCTYMHAcCT
JOTIOTHUTENBHBIA TOTOK. OTHM IIard TOBTOPSIFOTCS [0 TeX TOop, I[OKa CYIIECTBYIOT

JOIMOJTHUTCIIBHBIC ITYTH. 33)13‘-13 YCIICIIHO TMPUMCHACTCA B PA3JIMYHBIX pacnpenenéHme
CHUCTEMaAxX:. CHUCTEMaA BHGKTOCH36)KCHI/IH, KOMMYHUKAIIMOHHAA CCTh, CUCTEMaA KCIIC3HBIX NOPOT U

JIPYTHUX.
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Pemrenue 3axanuii:
Ha pucynke m3o0paxéH cereBodl rpaduk crpoutenbcTBa. OmnpeneanTh HAaUMEHBITYIO
BO3MOKHYIO ITPOJIOJKUTENBHOCTh CTPOUTEIHCTBA.

Npoxnaaxa

Npoxneaxa
OO MarWCTP

Npoxnaaxa

MomurTam
CTEM W NEPEXD W iy

Npoxnaaxa
InexIpOCe T

KOTNOBAMS

I'pad, n300pakeHHBII HAa PUCYHKE, HA3bIBACTCS CETEBHIM TPaUKOM CTPOUTENLCTBA. B
JAHHOM Cllydae OH COCTaBJE€H JUIsl CTPOUTENBbCTBA >KHIOrO Joma. BepmwuHbl 3TOoro rpada
0003Ha4YalOT OT/EIbHBIE BUIbI pabOT HA CTPOMKE, KPOME TOTO, €CTh €IIE JBE BEPIIMHbBI: HAYAJI0
CTPOMTENBCTBA U €ro OKoH4YaHue. OKOJI0 BepIInH rpada yka3aHbl Yucia — MPOAOKUTENBHOCTD B
JHSX COOTBETCTBYIOMIEH pa0oThl. Temepp MBI MOXXKEM Y3HATh HAUMEHBIIYIO BO3MOXKHYIO
IPOIOJKUTEIBLHOCTh CTPOUTENBCTBA. J[J1s1 3TOro U3 Beex MmyTei 1o rpady B HalpaBJIEHUHU CTPEIIOK
HYXXHO BBIOpaTh MyTh, Y KOTOPOTO CyMMa 4YHCell IpY BepmuHax HauOombmas. OH Ha3bIBaeTCs
KPUTUYECKUM ITyTeM (Ha PHC. OH BbIJIEJIEH KOPUYHEBBIM I[BETOM). B Hamewm cityuae nomygaem 170
THEH. A eciau COKpaTUTh Bpemsi Mpokiaanku sektpocetd ¢ 40 mo 10 mHel, TO U Bpems
cTpouTenbcTBa Toxke cokparutcs Ha 30 nueit? Her. B aTom ciaydae KpUTHUYECKHid MyTh CTaHET
IPOXOJUTh HE uepe3 3Ty BEpIIMHY, a 4Yepe3 BEPUIMHBI, COOTBETCTBYIOUIHE CTPOUTENIHCTBY
KOTJIOBaHa, yKiajike pyHramenTta u 1.1. M ob1iee BpeMs CTpouTeabcTBa cocTaBUT 160 nHel, T.e.
CPOK COKpaTuTcs Juinb Ha 10 gHei.

IIpakTuyeckas padora Ne54

Tema 9.4: KoutponwsHas pabota mo pazaeny 9 «MHOkecTBa. DIEMEHTHI TEOPUH rpadoBy

Lean: IIpoBepuTh ypoBEeHb YCBOSHUS TAHHOTO MaTepuaia 1o pasaeny 9 «MHoxecTBa.
DneMEeHTHI TeOpUH rpadoB»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL OmMeem U3 Yembvlpex
nPeOnNoHCeHHbIX.

1. (1 6amn) YkaxkuTe uncio, mpuHajiexaiiee MHokecTBy M = {5, 10, 12, 37, 41}.

A) 6;b)5;B) 11;T) 40.

2. (1 6amr) YkaxkuTe BepHOE COOTHOIIIEHUE /Uit MHOXecTB A = {5, 9, 11}; B = {4, 5, 10,
11,12}; C=1{4,5,9,11}?

A)AcB;B)BcC;B)AcC;T')CcB.

3. (1 6amr) MomHOCTS, MHOYKECTBA, COCTOSIIIETO M3 BCEX OYKB pyccKoro ajidasura, paBHa?

A)32;b)33; B) 28; I) 26.
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4. (1 6amn) 3akoHunTte ompeaeneHue: «MHOXECTBO, COJEPIKAIIEE TOJIHKO TE€ DJIEMEHTHI,
IIPUHAJUIEKAIINE U MHOKECTBY A U MHOKECTBY B, Ha3bIBaIoT ...»?

A) nepecedeHreM MHOXECTB; b) 00bequHeHEM MHOXeECTB; B) pasHOCTBIO MHOXKECTB; )
00bEIMHEHHOCTHIO MHOXKECTB.

Ilpu eévinonnenuu 3a0anuii 5-8 3anuuwiume x00 peuwieHus U NOJIY4EeHHbLIL OMmeem.

5. (2 6amra) 3anuImMTe MEPEYUCICHUEM JIEMEHTOB IepeceueHrne MHOXKeCTB A u B, eciu:
A=1{3;57,27;14; 9}, B={9; 3; 7; 27, 14}.

6. (2 6amna) lansel nBa MHOXKecTBa A = {1,2,3,4,6,12} uB={1,2, 3, 6,9, 18}. 3anummure
00beIMHEHNE MHOKECTB.

7. (2 6ayuta) Kax/plil y4eHUK B KJIaCCE M3ydYaeT aHTIIMICKUI WM HEMEIKUH SI3bIK, WK 00a
ATUX S3bIKA. AHTTIMHACKUH s3bIK U3y4aroT 30 yenoBeK, HEMEIKU — 25 4elloBeK, a TOT U ApYyrou
— 15 uenoBek. CKOIBKO BCErO YUYCHHUKOB B Kjiacce?

8. (2 6amna) BemmmuTe Bce meMeHTH MHOXKecTBa F, ecni F — 3TO MHOXXECTBO KOpHEH
ypaBHeHus x2+4x —5=0,

Omanonvt omeemos:

Homep | 4 5 1 5| 4 5 6 7 8
3aaHus
ANB= AUB=
0 B|B|b|A 40| F={5;1
TBeT {3;7;14;27} {1;2;3;4;6;9;12; 18} { ¥

IIpakTnyeckas padora NeSS
Tema 10.3: BeposiTHOCTB B Ipo(heCCHOHAIBHBIX 3a/1a4ax
Henab: HayunTthbes pemaTh NpakTUYECKUE 3a7ja4l HA BEPOSITHOCTh

Teopernyeckas 4acThb:

1. Teopusi BeposiTHOCTeH — pa3iel MaTeMaTHKH, W3y4YalolIMH ciydaiiHble COOBITHS,
Cy4aliHbIe BEJIMYMHBI, UX CBOMCTBA M OIEpaIlMy HaJl HUMH. PacCMOTpUM HEKOTOPBIE KITIOUEBHIE
MOHSATUSA, KOTOPHIE UCIIOJIB3YIOTCSI B TEOPUH BEPOATHOCTEN.

Onpenesienne.

HcenbiTanuem Ha3bIBaeTCs OCYLIECTBICHUE ONPEACICHHBIX ACHCTBUM.

[Tox coObITMEM TOHUMAIOT JIF0O0M (haKT, KOTOPHIA MOXKET MPOM30NTH B pe3yibTaTe
WCIIBITaHUSI.

JIr000i1 pe3yabTaT UCTIBITAHUS HA3bIBAETCS MCXOA0M.

JlocTOBepPHBIM HA3BIBAIOT COOBITHE, KOTOPOE B pe3ylbTaTe HUCIBITAHUS 00S13aTEIbHO
NMPOU30HIET.

HeB03MOKHBIM Ha3bIBAIOT COOBITHE, KOTOPOE 3aBEAOMO He MPOU30iiAET B pe3yibTare
WCITBITAaHUSI.

CoObITust 00bIYHO 0003HAYAIOTCS 3aryIaBHBIMU OykBamu JatuHckoro andasura (A, B, C,
yeut)-

PaccmaTtpuBasi mpuBENEHHBI NpUMEP, MBI MOXEM C(HOPMYIHPOBATh CIEIYIOIINE
3aKITIOYCHUSI.

1. IIporecc mocraBanust MpeaMeTa U3 KOPOOKH SBISETCS UCIILITAHUEM.

2. Pesynbrar qoctaBaHus IpeaMeTa U3 KOP3UHBI SBIISCTCS COOBITHEM.

3. CoObITHE «BBIHYTBIN MPEIMET OKAKETCS KITYOKOMY SIBIISIETCS IOCTOBEPHBIM COOBITHEM.

4. CoObITHS «BBIHYTBIH TIPEAMET HE OKAKETCS KIYOKOM» WM «BBIHYTBHIA TpEaMET
OKaXXeTCS KPACHBIM KITyOKOM) SIBJISIFOTCSI HEBO3MOXXHBIMU COOBITHSIMH.

5. CoObITHE «BBIHYTHIN MPEAMET OKAXETCS 3€JCHBIM KIIYOKOM» SBIISETCS BEPOSITHBIM
COOBITHEM.

D
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A = {BBIHYTBII ITpeIMET OKa3aCs KIyOKOM }.

B = {BBIHYTBII IpeAMET HE OKA3AJICS KIIYOKOM.

C = {BBIHYTBI} TIPEMET OKA3AJICS 3€TCHBIM KITyOKOM } .

D = {BbIHYTHII IpeIMET OKa3aJICs KPACHBIM KITyOKOM } .

2. Onpenenum enie HeCKOJIbKO BAKHBIX MOHSATHI TEOPUU BEPOSTHOCTEH

Onpenesienne

IIpocTpaHcTBO 3jIEMEHTAPHBIX COOBITHH {2— MHOXECTBO BCEX PA3JIMYHBIX HCXOJIOB
MIPOU3BOJIBHOTO UCIIBITAHMUSL.

Hanpuwmep, npu 6pocke 01HOM UTPabHOM KOCTH MPOCTPAHCTBO HJIEMEHTAPHBIX COOBITUI
Q= {w 1, W2, W3, W4, Ws, Ws}, TJI€ Wi- BHIIIQJICHHE 1 OYKOB.

Ecnan coObiTHsI He MOTYT MPOU3OUTH OJIHOBPEMEHHO B OJHOM HCIIBITAHUHU, TO COOBITHS
Ha3bIBAIOTCSI HECOBMECTHBIMU.

Hanpumep, mpu 6pocaHny MOHETHI HE MOT'YT OJTHOBPEMEHHO BhIIacTh «Opém» n «Perikay.

[Ipocreitmmm IPUMEPOM HECOBMECTHBIX COOBITUI SBJISIETCS
rapa NpoOTUBOMOJIOKHBIX COOBITHMN.

IIpoTuBONO/IOKHOE COOBITHE IPOUCXOAUT  TOTJA, KOTJa HMCXOAHOE COOBITHE
A He IIpOUCXOIUT.

Co0bbITHE, MPOTHBOIIOIOKHOE JAHHOMY, OOBIYHO 0003HAUAETCs TOM K€ TATHHCKOM OYKBOI
¢ 4EPTOYKOM CBEPXY.

Hampuwmep:

o A — c1aJl 3K3aMeH 110 MAaTEMATHKE;

e A — He clan 5K3aMeH 10 MaTEMAaTHKE.

Onpenesienne.

IlosHoii rpynmnoii coObITHI Ha3bIBaETCS Takas CUCTeMa COOBITHI, 4TO B pe3yjbTare
WCIIBITaHUSI HEITPEMEHHO MPOU30MIET OJTHO M TOJIBKO OJIHO U3 HHUX.

ITpumep .

Momnety moaOpocuiii ABAXKAbl. YKAXUTE BCE dJIEMEHTApPHBIC COOBITHS TOJHOM TPYIIIIBI
COOBITHIA.

DneMEHTapHBIMHU COOBITHSIMU SIBIISTFOTCSI:

- Beinano aBa «opna»

- Beimano nBe «pemkm»

- Beinas oaMH «open» 1 0JJHa «perKay.

3. UToOBI BBISICHUTH, HACKOJBKO BEPOSTHO TO WM WHOE CIydailHOE COOBITHE, HYKHO
MO/ICUNTATh, KAK YaCTO OHO MPOUCXOIMT.

Onpenesienne.

Yucno ucnpITaHUM, B KOTOPBIX COOBITHE HACTYMHIIO, HA30BEM a0COTIOTHON 4acTOTOH M
0003HauuM n. OO011Iee YUCIIO MPOU3BEACHHBIX UCTBITAaHUI 0003HauuM N.

OtHomieHne  aOCONIOTHOM  YacTOTBl K  YHCIHY  HCHObITaHuii n/N  Ha3bIBaeTcsi
OTHOCHTEJIbHOM YaCTOTOM COOBITHS.

OTHocuTeNnbHAs 4YacTOTa I[IOKAa3bIBAaeT, Kakas JOJisi HCIbITAHUW  3aBEpIIMIIACh
HACTYIUICHHEM JIaHHOTO COOBITHS. DTa OTHOCHUTENbHAS YacTOTa W OMNpEEseT BEPOSTHOCTH
cJIy4aitHoro co0bITus. Ee emie Ha3bIBaIOT CTATUCTUYECKON BEPOSITHOCTHIO COOBITHS.

Crartuctrdeckasi BEpOSITHOCTh COOBITHSI PACCUYUTHIBAETCS OTBITHBIM ITyTEM.

IIpumep.

Eme co Bpemen /[IpeBHero Kutas 3a 2238 ner 1o Hamie 3pel HA OCHOBAaHWHM METPHUK
nemorpadsl 0OHAPYKUIIH, UTO Ha KAXKAYIO THICSTY HOBOPOKIEHHBIX MTPUXOAUTCS 514 ManbunKOB.

DTO 03HaYaeT, 4To BeposSTHOCTh poxkaeHus: Majibunka coctaBiisieT 0,514.

1. Knaccuueckoe ompeaeneHne BepOATHOCTH MPHUMEHSIETCS Ui PABHOBO3MOKHBIX
COOBITHH.

K paBHOBO3MOXXHBIM (PaBHOBEPOSITHOCTHBIM) OTHOCSATCS TaKUE COOBITHS, AJISI KOTOPBIX
HET HUKAKUX OOBEKTHUBHBIX OCHOBAHHM CUMTATh, YTO OJHO SIBJISETCS 0OJiee BO3ZMOXKHBIM, YEM

JpyTHe.
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Hanpuwmep, npu OpocaHuu UrpaibHOTO KyOHMKa COOBITHS BBINAACHUS JTIO00T0 M3 OYKOB
PaBHO BO3MOXHBI.

PaccMoTpuM 1pou3BOIBHBIN SKCIIEPUMEHT.

[IycTb N- 4yucIO BCEX HCXOMOB SKCIEPUMEHTa, KOTOpble O0pa3yioT MOJHYIO TPYIILY
MIOTIAPHO HECOBMECTHBIX M PABHOBO3MOKHBIX COOBITHIA, M — YHCIIO OJIATONPUATHBIX COOBITHIO A

P(4) ="
ucxo/0B. Torga BepoSTHOCTHIO COOBITHA A Ha3bIBAETCS YHCIIO n

CornacHo ompeneNeHnI0 BepOsSTHOCTH HauMEHbIlee 3HaU€HUE BEPOSATHOCTU MPUHUMAET
HEBO3MOXKHOE COOBITHE, TaK KaK OHO HE MOKET HACTYIUTh U 71 Hero m=0, 3HAYUT U BEPOATHOCTh
paBHa 0.

Haubonpiiee 3HaueHWe MPUHUMAET AOCTOBEpHOE coObiTMe. B cmiy Toro, 4ro oHO
rapaHTHPOBAHHO MPOU30MUIET, A1 HETO m=n, P=m/n=n/n=1.

2 .Cymmoii coOpiTuii A u B Ha3zpiBaeTcsi coObiTrie A+B, KOTOpOE COCTOUT B TOM, YTO
HACTYNIUT WM coObITHE A, WM coObiTie B, Hitn 006a COOBITHS OJTHOBPEMEHHO.

IIponsBenenunem coObiTuii A u B Ha3piBaeTcst coObiTHE A*B, cocTosiee B COBMECTHOM
OCYyIIEeCTBIEHUH coObITUI A 1 B.

Hampuwmep:

1. [lycts A - uner noxnap, B - uaer cuer, Torna A + B — «uer cHer win 10X1b»

2. IIpu 3-x BBICTpeNax MO MUIIEHH COOBITUS: Ao— «IIONaJaHuid HET», A1 — «OJTHO
nonagaHuey, A — «iBa monagaHus», toraa A=AotAi1tAz - «Ipou3onuio HE OOJbIIE ABYX
omnaJgaHuiy

3. Ilycts C - u3 ypHbI BeIHYIH Oenblii map, D - u3 ypHbI BeIHYAM O6enbiii map, Toraa C-D -
U3 YPHBI BBIHYJIU JBa O€JbIX 11apa

4. Tlycts C - u3 ypHbI BeIHYIH Genblit map, D - u3 ypHbI BeIHYH Genbiit map, Torga C [
*- U3 YPHBI BbIHYJIM JIBa L1apa: Oesiblii 1 He Oenblii

Teopema c10:keHUs1 BEPOATHOCTE HECOBMECTHBIX COOBITHI: BEPOSTHOCTD MOSIBIICHHUS
OJIHOTO M3 /IByX HeCOBMECTHBIX cOOBbITUI A miu B paBHa cymme BEpOSITHOCTEN 3TUX COOBITHI:

P(A+B)=P(A)+P(B)

IIpumepsl 1 pa3dop pelieHus 3aJaHUI TPEHUPOBOYHOI0 MOIYJIA

IIpumep 1.

N3BecTHa HCTOPHS O TOM, Kak OJHax bl K ['. ["anniero sBUIICS conaaT ¥ MOnpoCcuiI IOMOYb
€My B pellIeHUH HACyIIHOro BoIpoca: Kakas cymMma 9 wiu 10 oukoB mpu OpocaHuu Tpex KocTei
BBITaaeT Jaie”?

MoskeT nmokas3aTbCsi, 4YTO IIAHCBI PaBHBI, TaK Kak Kaxkaas cymma u3 9 u 10 o4koB MOXKeET
OBITH IIOJTyY€HA OJJHUM MX IIECTH CIOCOOO0B:

9=1+2+6=1+3+5=1+4+4=2+2+5=2+3+4=3+3+3;

10=1+3+6=1+4+5=2+2+6=2+3+5=2+4+4=3+3+4.

OpHako ¢ ydyeToM IEpPECTAHOBOK I CyMMBI 9 OYKOB MOJy4aeTcsl 25 pazIudyHbIMU
criocobamu (110 6 crmoco60B 711 IEPBOTO, BTOPOTO, MSATOTO BAPHAHTOB CYMMBI, 10 3 crioco0a AJis
TPEThEro M YeTBEPTOro BapuaHToOB, 1 crocol ams nmocieanero Bapuanta 6 +6+3+3+6+ 1), a
1utst cyMMbl 10 oukoB — 27 paznuusbiMu ciocobamu (6 +6 + 3 + 6 + 3 + 3). Kak BugHO, maHchl
3THUX CIYYalHBIX COOBITUI TOBOJIBHO OJIM3KU MEX1y cOOO0M M OTHOCATCS APYT K IpYTy Kak 25:27,
YTO U BBI3BAJIO 3aTPYAHEHHS COJlaTa.

Taxum oOpa3om, yaie Beinagaer cymma 10.

IIpumep 2. B cpeanue Beka cpeau ¢eonanbHON 3HATH OBLIM MIMPOKO PacpOCTPAHEHBI
azapTHble UTpbl. bonbmmM mrobuTenemM Takux urpa Obl1 ppaniry3 mesanbe ae Mepe. CtpacTHOTO
UTPOKa B KOCTH, MPUABOPHOTO (GPaHIly3CKOT0 KOPOJIs HIeBaJibe e Mepe MOXKHO OTHECTH K YUCITY
«OCHOBATeJIEN» TEOPUH BEPOSTHOCTEN. 3acyra €ro COCTOUT B TOM, YTO OH HACTOMYMBO 3aCTaBJISLI
MaTeMaTUKOB pellaTh pa3jMyHble 3a/ayd, Ha KOTOpble HATAJIKUBAJICI CaM BO BpeMs CBOeH
npakTukd urpsl. OH XOTen pa3zborareTh NMpU MOMOIIM UTPHl B KocTU. [lyg 3TOro meBaibe
IIPUAYMBIBAJ Pa3JIM4YHBIE YCJIOKHEHHBIE INpaBuia UIrpel. CTpacTHOMY MIPOKY, HO IUIOXOMY
MaTeMaTuKy, e Mepe nocuyacTIMBIIOCh UMETh TaKOro Apyra, Kak Ilackans. B 1654 r. meBanbe
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ne Mepe oOparuica k bresy Ilackamio 3a moMoIbi0 B paspelieHuu NpoOseM, CBSI3aHHBIX C
BEPOATHOCTHIO OJIArONPUSITHBIX PE3YAbTATOB MPU OPOCAHUU UTPATBHBIX KOCTEH.

Onna w3 3a1a4 ObUIa MOCTaBJIEHA CIEAYIOIIMM oOpazoMm: MrpanbHas KOCTh OpocaeTcs
yeTbipe pasa. llleBanbe Ouscs 06 3akiaj, YTO IPU 3TOM XOTs Obl OJTUH pa3 BBINAJIET MIECTh OUKOB.
KakoBa BepoATHOCTB BBIMTPHIIIA I HIeBaiIbe? OTBET OKPYTIUTE A0 IECATHIX.

Pemenue:

Tak kak npu KaX10M OpOCaHUU UTPATBLHON KOCTH UMEETCs 6 pa3IMYHBIX BO3MOKHOCTEH,
TO MPHU YEThIPEX OPOCAHUSIX KOCTU YHCIIO PA3IMYHBIX BO3MOXKHBIX CiIy4yaeB Oyaer 6 - 6 - 6 - 6 =
1296.

Cpemu stux 1296 cinydaeB Oyaer S - 5 - 5 - 5 = 625 Takux, r11e MeCTEPKa HE BBINIAJET HU
pasy.

B 1296 — 625 = 671 cnayuyae XoTs Obl OJMH pa3 M3 YETHIPEX BBINMAJACT IIECTEpPKa.
CrnenoBatenbHO, BEPOSITHOCTD BBIMAJCHHUS XOTA Obl OJHOM IIECTEPKH MPH YETBIPEX OpOCaHUIX
KocTu paBHa 671/1296, uyto uyTh 60mbIe 0,5.

Pemenue 3ananuii:

1. U3 1000 coOpaHHBIX HA 3aBO/ie TEJEBU30POB 5 IITYK OpaKOBaHHBIX. JKCIEPT
NMpoBepsieT OAMH HAYra/J BbIOpaHHbIN TesieBU30p U3 310l 1000. HajinnTe BEpOSITHOCTH
TOr0, UTO NIPOBEPsieMbIil TeJIEBU30P OKAKeTCS OPAKOBAHHBIM.

Pewenue. Ilpu evibope menesuzopa nayeao 6o3modichvl 1000 ucxooos, coovimuio A
«8bLOPAHHDLL MeNesU30p — OPAKOBAHHBLILY Oaazonpusmusl 5 ucxo0os. Ilo onpedenenuio
seposmruocmu P(4) = 5+1000 = 0,005. Omsem. 0,005.

2. B ypHe 9 KkpacHBIX, 6 3KEJTBIX U 5 3e1€HBIX mapoB. V3 ypHBI HAyraja 10CTaoT
oauH map. Kakopa BeposiTHOCTb TOI'0, YTO 3TOT AP OKAMKETCH KEITHIM?

Pewenue. Obwee uucno ucxo0os pasno wuciy wapog: 9 + 6 + 5 = 20. Yucno ucxooos,
bnazonpusmcmeyiowux 0aHHomy codvimuio, pasHo 6. Mckomas eepoamuocms pasna 620 =
0,3. Omeem: 0,3.

3. llers, Buka, Karsa, Uropb, AnTOH, [los1MHA Opocniin :Kpednii — KOMY HAYHHATH
urpy. Haiigure BeposTHOCTH TOr0, YTO HAYUHATH UTPY A0JKEH OyIeT MATbYHK.

Pewenue. Beposmnocms cobvimus pasHa OMHOWEHUIO Koauvyecmea O.1a2onpusimHulx
cyyaes K Koauuecmsy ecex cayuaes. brazonpusmuvivu cayuaamu aensaromces 3 caydas, Ko2oa uepy
Hauunaem Ilems, Heopv unu Anmon, a konuuecmeo ecex ciyuaed 6. Ilosmomy uckomoe
omHoweHue pasno 3:6=0,5. Omsem: 0,5.

4. B yemnuonare mupa y4acrBylT 16 xomana. C moMompbio kpedusi UX HYKHO
pa3aeJuTh HA YeThIpe I'PYNNblI MO YeThbipe KOMaHAbl B Kaxaoil. B simuke Bnepememky
Jie)KaT KapTo4YkW ¢ Homepamm rpymm: 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4. KanuTtansl
KOMaH/ TAHYT MO OAHOH KapTouke. KakoBa BeposiTHOCTH TOro, 4ro komanjaa Poccum
OKa’KeTCs BO BTOPOM rpynme?

Pewenue: Oboznauum uepez A cobvimue «komarnoa Poccuu 6o emopoii epynney. Toeoa
KOIUYecmao O1a20npusimuulx coovlmuil m = 4 (uemvipe KapmouKu ¢ HOMepom 2), a ooujee 4ucio
PABHOBO3MONCHBIX cobbimuti n = 16 (16 kapmouek) no onpedeneHuro 8eposmHOCmu P=4:
16 = 0,25. Omgem:0,25

5. Ha kaxasbie 1000 31eKTpryecKuX JamMImodek npuxoaurcs S Opakosanubix. KakoBa
BEPOSAATHOCTH KYNUTH UCIPABHYIO JIAMIOYKY?

Pewenue. Ha xasxcovie 1000 namnouex npuxooumcs 5 Opakosanmuwix, ececo ux 10035.
Beposamuocms kynume ucnpaguyro 1amnoyxy 6yodem pasHa 001e UCHPABHBIX JAMNOYEK Ha
kaxcovle 1005 namnouex, mo ecmo 1000:1005=0,995.0Omesem. 0,995.

7. B rpynmne TypuctoB 8 yenoBek. C moMoIbI0 Kkpedusi OHH BHIOUPAIOT HIeCTePbIX
YyeJIOBEK, KOTOPbIE J0/IKHBI HITH B CeJI0 B Mara3uH 3a npoaykramu. KakoBa BeposiTHOCTb
TOrO, 4yT0 TypHCT /I., BXOASAMIi B cOCTaB rpynnbl, noiaér B marasun? 6 : 8=0,75.
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8. B uemnuonare no ¢yrdoay ydacTBylT 16 KoMaHA, KOTOpbIe KepeObeBKOI
pacnpenenasitorcss Ha 4 rpynnbsi: A, B, C u D. KakoBa BeposiITHOCTH TOro, 4T0 KOMaH/a
Poccuu He monajgaer B rpynny A?

Pewenue. Kasicoas komanoa nonadem 6 epynny ¢ eeposmuocmoio 0,25. Takum obpazom,
8EPOSIMHOCMb MO20, YUMo KoManoa He nonadaem 6 epynny paeua 1-0,25=0,75. Omeem:0,75

9. Ha TypHup mo maxmartam npuobLiIo 26 ydacTHUKOB B TOM unciie Kouas u ToJs.
JL1s1 IpoBe/ieHus kepedbeBKHU NMEePBOro Typa Y4aCTHMKOB CJIy4YaiHbIM 00pa3oM pa30onimn
Ha JABe rpynnsl mo 13 yesosek. Haiitu BepossiTHOCTH TOTO, yTO KoJsisi m ToJsist monaayrt B
pa3Hble rPpynmbl.

Pewenue. Bceeo 26 mecm. [lycmo Kons 3aiimem cuyyaiinoe mecmo 6 ito0ot epynne.
Ocmanemcs 25 mecm, u3z nux 6 opyeou epynne 13. Hcxooom cuumaem 6v160p mecma ons Tonu.
braconpusmuvix ucxooos 13. P=13/25 = 0,52. Omeem:0,52

10. B kiacce 16 yyamuxcsi, cpeau Hux aBa apyra —Bagum u Cepreii. Yuammxest
cJIyyaiiHbIM 00pa3oM pa30ouBalT Ha 4 paBHble rpynnbl. Haiigure BeposTHOCTH TOT0, 4YTO
Baaum n Cepreii okaskyTcsi B 0HOM rpyIie.

Pewenue. Ecnu Cepzero nepeomy oocmanoce Hekomopoe mecmo, mo Onezy ocmaémes 15

mecm. U3 nux 3 — 6 moii sce epynne, 20e Cepeeii. Fckomas geposmuocms pasna 3/15. Omeem: 0,2

IIpakTuyeckasi pabora NeS56
Tema 10.3: BeposiTHOCTE B Ipo)eCCHOHATBHBIX 3a/1a9aX
Henab: HayunThcs pemaTh 3a1a4u Ha MCMOJIB30BaHUE BEPOSTHOCTU B MPO(HECCHOHATBEHOM
JESTSIIbHOCTH

Teopernyeckas 4acThb:

OCHOBBI TEOPUU BEPOATHOCTEW HY)KHO 3HATh KaKIOMY YeNIOBEKY A (HOpMHpOBaAHUS
MPaBUILHOTO MHPOBO33PEHHS, JUISI OCO3HAHUS TOTO, YTO MBI JKHBEM B CIy4ailHOM,
BEPOSITHOCTHOM MHpE.

[lcuxomnorus yenoBeka TakoBa, YTO €MY HEYIOTHO cpeau ciydaiiHocTed. OH Jkaxaer
OTIPEZICIEHHOCTH U CIPABEATUBOCTH, WINET MPUYMH M OOBsicHeHWH. YacTo TakuM oOpazom
BO3HHMKAIOT CyeBEepHUs: HAIpUMED, cpeau ahpUKaAHCKHUX IJIEMEH PacIpOCTPAHEHO MOBEPHE O TOM,
YTO OBIBAIOT MPOCTO JIbBBI U JIbBBI, B KOTOPBIX MEpeceNuInch Aymu ymepmux. [locnennue Ha
o7l He HamagarT. JTo OOBSICHEHHE HE HEeceT MOJIe3HON HH(pOpMalluu, MOCKOJbKY HET
MPU3HAKOB, 110 KOTOPHIM 3apaHee MOKHO OBLIIO OBl OMPEeNUTh, U3 KaKOH KaTerOpUH JIEB, HO OHO
YCTIOKaWBAET MCUXOJIOTHYECKU. TOYHO TaK K€ MOSIBISIOTCS U3BECTHHIE BCEM CyeBEpUs MPH claue
sK3aMeHOB. HekoTopeie cyeBepus, KCTaTH, OCHOBAHBI Ha YaCTOTHBIX COBIAJCHUIX (HAIpHUMeED,
MEJIKUX HEMPHUSATHOCTEH U BCTPEY C UYEPHOM KOIIKOM). ITO OTHOCUTCS U K MPUMETaM, KOTOPbHIE
MOpOM MOAMEYAIOT BEPOATHOCTHBIE 3aKOHOMEpPHOCTH. Tak, moroBopkam «bena Hukoraa He
NPUXOAUT OHa» uiu «Ku3Hb, OHA MoJIocaTas COOTBETCTBYET B TEOPUU BEPOSITHOCTEH 3aKOH
CEpU.

Crnenyetr MOMHHTH U TO, YTO MBI )KUBEM B MUPE, TJI€ MPOUCXOIAT CIIyIaiHbIC COOBITHS, 1
TO, YTO 3aKOHOMEPHOCTH MPOOUBAIOTCS Uepe3 Maccy ciydaitHocTeil. Uem criojkHee cuctema, TeM
TpyZHEEe OOHAPYKUTh 3aKOHOMEPHOCTH. IMEHHO B 3THX ClTydasx W UCIOJB3YIOT BEPOSITHOCTHBIC
METO/IBI.

Takum oOpa3zoM, TeOpHs BEPOSTHOCTH aKTyalbHa B HAIIIM JHU KaK B MATEMaTHUKE U TOYHBIX
HayKax, TaK U B Halleil MOBCEIHEBHOM KU3HHU.

Teopus BeposTHOCTEH H3y4aeT OOBEKTHBHBIE 3aKOHOMEPHOCTH MAaCCOBBIX CIy4YalHBIX
coObiTuii. OHa SBIsETCS TEOpeTHUeCKOM 0a30il Ayii  MareMaTH4ecKOoW CTaTUCTUKH,
3aHUMAIOIIEHCs pa3pabOTKON METOI0B cOOpa, ONTUCAaHMS U 00paOOTKH pe3yabTaTOB HAOIOICHUM.
[Tyrem HabmoeHU (MCOBITAHUN, DKCIIEPUMEHTOB), T.€. OINbITA B IIMPOKOM CMBICIE CIIOBA,
MIPOUCXOAUT IMO3HAHUE SIBJICHUM AEHUCTBUTEIBLHOTO MUPA.

182



Pemrenue 3axanuii:

1. B mara3une Tpu npoaaBua. Kaxkablii U3 HUX 3aHST ¢ KJIMEHTOM € BEPOSITHOCTHIO
0,3. HaiiquTe BepOATHOCTH TOI0, YTO B CJAy4YaiiHbIi MOMEHT BPpeMeHH BCe TPH MpoJaBLA
3aHATHI OJITHOBPEMEHHO (CUNTAliTe, YTO KIMEHTHI 3aX0AAT HE3aBUCHMO JIPYT OT APYra).

Pewenue. Beposmnocme npoussedeHusi He3a8UCUMBIX COOLIMULL PABHA NPOU3BEOEHUIO
seposimuocmeil smux coovimuil. Ilosmomy eposmuocms moeo, ymo ce mpu nPoOaAsya 3aHsMbl
pasna (0,3)> =0,027. Omeem: 0,027.

2. B MarasuHe CTofiT ABA ILIATEKHBIX aBToMaTa. Kakablii M3 HUX MOXKeT OBITH
HeucnpaBeH ¢ BeposiTHOCTBIO (0,05 He3aBucuMo oT jApyroro astomara. Haiigure
BEPOSITHOCTH TOT'0, YTO XOTsI OBbI O/IMH ABTOMAT HCIPABEH.

Pewenue. Haiioem sepoamuocms mo2o, ymo Heucnpagnvl oba agmomama. Imu coovblmus
He3a8UCUMble, BEPOSIMHOCb UX NPOU3BEOCHUSI PABHA NPOU3BEOCHUI0 BEPOSIMHOCMEN IMUX
coovimuti: 0,05 - 0,05 = 0,0025. Cobvimue, cocmosiwyee 6 mom, umo ucnpasen xoms Ovl 0OUH
aemomam, NPOMUBONONONICHOE. CnedosamenvHo, e2o 8EPOSIMHOCTID pasHa
1 - 10,0025 =0,9975. Omeem: 0,9975.

3. B ToproBoM ImeHTpe ABa OMHAKOBBIX aBTOMATa NpoaawT kode. BeposTHOCTH
TOr0, YTO K KOHILYy JHSl B aBTOMAaTe 3aKOHYUTCH Kode, paBHa 0,3. BepositHOCTH TOr0, YTO
Ko(e 3aKOHUMTCA B 000uX aBTOMAaTaX, paBHa 0,12. Haiiiute BepOATHOCTH TOT0, YTO K KOHILY
aHs1 Ko(e ocTaHeTCsA B 000X aBTOMATAX.

Pewenue. Paccmompum cobvimued = koge 3axonuumcs 8 nepsom agmomame, B = koge
3aKOHYUMCSL 60 BMOPOM asmomame.

Beposmnocms moeo, umo xoge ocmanemcs 6 nepsom aemomame paseua 1 — 0,3 =0,7.
Beposmuocms mozo, umo koge ocmamemcs 6o emopom asmomame pasua I —0,3=0,7.
Beposimnocms moeo, umo koghe ocmamemcs 6 nepeom uiU GMOPOM ABMOMAMe pPAGHA
1-0,12=0,88. Iockorvky P(A+ B)=P(A)+ P(B) — P(A'B), umeem: 0,88=0,7+0,7 —x,
omkyoa uckomas eeposmuocmov x = 0,52. Omeem: 0,9975.

4. IBe ¢aOpuKku BBbINYCKAIOT OJAWHAKOBbIE CTEKJIAa /Ui ABTOMOOMJIBbHBIX (ap.
IlepBasi ¢gadpuxa Bbpimyckaer 45% H3THX cTekosa, Bropas — 55%. IlepBasa ¢adpuka
BbIycKkaeT 3% OpakoBaHHBIX CTeKo0J, a BTopasg — 1%. Hailinute BeposiTHOCTH TOr0, 4YTO
CJIy4aiiHO KylJICHHOE B Mara3uHe CTeKJI0 OKa:KeTcsi OpaKOBaHHBIM.

Pewenue. Beposmuocms moeo, umo cmeKkio KYNIeHO Ha nepeou ¢habpuxe u OHO
opaxosannoe: 0,45 - 0,03 = 0,0135. Beposmuocmv moeo, 4mo cmeKkio KYNJleHo HA 6Mmopou
¢abpuke u ono opaxosannoe: 0,55 - 0,01 = 0,0055. ITosmomy no gpopmyne noanot gepossmuocmu
BEPOSIMHOCMb MO20, YMO CAVYAUHO KYNIEHHOE 6 MA2d3UHe CMEKIO OKANCemcsi OpaKo8aHHbIM
pasua 0,0135 + 0,0055 = 0,019. Omsem: 0,019.

5. Ilpu M3roToBJIeHNH MOAUIMIHUKOB JUAMETPOM 67 MM BepOSITHOCTH TOrO, YTO
auaMeTp OyaeT OTJMYATHCA OT 3aJlaHHOr0 He OoJibiie, yem Ha 0,01 mm, paBua 0,965.
Haiigute BepOATHOCTH TOr0, YTO CJAYyYaiHbIA MOJAIIUIHUK OyleT MMeTh AUAMeTP MeHbIIe
yeM 66,99 MM niau 6oabiie yem 67,01 mm.

Pewenue. I1o ycnosuro, ouamemp noowuntuka 6ydem nexcams 6 npedenax om 66,99 oo
67,01 mm c seposmuocmoiro 0,965. [losmomy uckomas 6eposmHOCHb NPOMUBONOTOHCHO2O
coovimus pasna 1 — 0,965 = 0,035. Omeem. 0,035.

IIpakTnyeckas padora NeS7
Tema 10.5: 3agaun MaTeMaTHYECKOU CTaTUCTUKU
Heab: HayunThes pemaTts 3a7ja4u MaTeMaTHYECKON CTaTUCTUKA

Teopernyeckas 4acThb:

MareMaTH4eCKOH CTATHCTHKOM HA3bIBA€TCA HAyKa, 3aHUMAIOLIASACA METOJAMU
00paboOTKM HKCHNEPUMEHTAIbHBIX JIAaHHBIX, IOJIYYEHHBIX B pe3ysbTaTe HaOMIOACHUM HaJ
ciyyaitHbIMU siBIeHUsIMH. [lepBast 3a1aua MaTeMaTH4YECKOM CTaTUCTUKU: yKa3aTh CocoObl coopa
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U TPYIIUPOBKH CTATUCTUYECKUX JaHHBIX, MOJYYEHHBIX B Pe3yJibTaTe 3KCIEepUMEHTOB. Bropas
3a/1aya MaTEMaTHYECKON CTAaTUCTUKH: pa3paboTaTh METOJIbI aHAIN3A CTATUCTUYECKUX JTAHHBIX.
Ko BTOpOIii 3a1aue oTHOCATCA:

1. Ouenka HEW3BECTHBIX APAMETPOB (BEPOSITHOCTU COOBITHA, (PYHKIIUH pacHpeeCHHs
U €€ IapaMeTpoB U T.[.) C [IOCTPOEHUEM JOBEPUTEIbHBIX HHTEPBAIOB (METObI OLIEHUBAHHUSA).

2. IlpoBepka CTaTHCTUYECKUX THIIOT€3 O BHJE HEH3BECTHOTO pacHpeieNeHust |
apaMeTpoB pacipenesieHus: (MeTO bl IPOBEPKU TUIIOTES).

IIpu 3TOM permiaroTces caeayoUe B MOPSIIKE CI0KHOCTH U BaXKHOCTH 3aJa4u:

e OnucaHue sBIEHUH, TO €CTb, YNOPAJOYCHHME IOCTYNUBLIETO CTAaTUCTUYECKOTO
MaTepuaia, peICTaBIeHUe ero B Hanboee yIo0HOM JiyIsl 0003pEHHUsS U aHalIM3a BH e (TaOIHIIbI,
rpadukm).

e AHanM3 M NPOTHO3, TO €CTh NPUOIMKEHHAS OLIEHKA XapaKTEpPUCTUK HAa OCHOBAHUU
CTaTUCTHUYECKUX JaHHbIX. Hampumep, npubnuxEéHHas OLlEHKa MaTeMaTHYECKOro OXUIAHUSA U
JUCIIEpCUU HaOJI0JaeMOM CIIy4aiiHOM BEJIMYMHBI U OINIPEIEICHUE TOIPEIIHOCTEN 3TUX OLICHOK.

e BripaGoTka ontumaibHbIX pemeHuid. Hampumep, ompeneneHue 4yucia ONBITOB N,
JOCTAaTOYHOTO JJISl TOTO, YTOOBI OTHOKA OT 3aMEHBI TEOPETHUECKUX YHCITOBBIX XapaKTEPUCTHK UX
SKCHEPUMEHTAJIbHBIMM OLIEHKAMHU HE IIPEBbIIlIANa 3a/JaHHOrO 3HaueHus. B cBA3M ¢ 3TUM
BO3HHUKAET 3aja4a POBEPKH MIPaBA0II01001sI TUIIOTES3 O MapaMeTpax paclpeeIeHUs U 0 3aKOHaxX
pacripesiesieHus] ClIy4ailHOM BEJIMYMHBI, PELIEHUEM KOTOPOH SBISETCS BO3MOXHOCTb C/€IaTh
OJIUH U3 BBIBOJIOB:

— OTOPOCUTH TMIIOTE3Y, KaK IPOTUBOPEYALYIO ONBITHBIM JJAaHHBIM;

— MPUHSTH TUIIOTE3Y, CYNTATH €€ IPUEMIIEMO.

MaremaTnueckasi CTaTUCTMKa IIOMOraeT SKCHEpUMEHTATOpy JIydlle pa3o0parbcsi B
OTBITHBIX JAHHBIX, MOJYYEHHBIX B pe3yjbTare HAONIOACHUN Hal CIy4allHBIMHU SIBJICHUSMU;
OLIEHUTb, 3HAUUMBI UJIM HE 3HAUUMBI HAa0JI0/JaeMble (PaKThl; IPUHATH WIM OTOPOCUTH T€ WU UHBIE
TUIIOTE3BI O MIPUPOJIE CITYUANHBIX SBJICHUMN.

Pemenue 3agau:

3agaua 1.

Ha sx3amMeHe 110 UICTOpUH CTYIEHTHI OJYYHIIN OLICHKH:

344434

343544

552323

344533

545444

[TocTpouTh IUCKpPETHBIN BapUALIMOHHBIA Psiji paclpesesieHus: CTYJEHTOB Mo OajuiaM U
n300pa3uTh ero rpaguyecKu.

Xox pelieHus 3a1aum:

OnpenensieM 21EMEHTHI psiJia pacIpeIeIeHNsI: BApUAHTBI, YaCTOTHI, YaCTOTBHI.

Orenka, 6amutpIKoI-BO CTYZCHTOB C TAKOM OIIEHKOM, YeIOBEK|B MpoIeHTax K UTOTYj
2 2 6,7

3 9 30

4 13 43,3

5 6 20

HMToro 30 100

Tenepy rpadguuecku u300pa3uM AMCKPETHBIM psii pacmpeleieHus: B BUAE MOMIIOHA
pacupeneneHus.
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4
Kom-Bo CTVAEHTOE B A1

TIRONEHT &% K MTOTY

40 -

30 [

20

0 1

MosxHO cJciiatb BBIBOJA O TOM, YTO npeo6nana}omee OOIBIIMHCTBO CTYACHTOB IIOJTY4YHUJIO

«» (43,3 %).
3agaua 2.

Bo Bpemst BEIOOpOYHOH MPOBEPKH OBLIO YCTAHOBIEHO, YTO MPOJOIKUTENILHOCTD OJTHON

S NS

L

-
L

TIOTMHTOH xa CIIpye JemTeHA

¥ OLEHKA, $aTTIBI

IMMOKYIIKHK B KOHAUTCPCKOM OTHACJIC Mara3nuHa OblL1a TaKOM: (CGKYHI[LI).

7770828181
8275807180
8189756778
7376787376
82 69 61 66 84
7274828276
[Toctpouth

MHTEPBaJIbHBIN

BapHalMOHHBIN

psana. U3006pa3uth ero rpaduyuecku, cienarh BHIBO/.
Xoj peneHust 32124 M0 CTATHCTHKE:

OmpenensemM  3JIE€MEHTHI
HAKOIUICHHBIE YaCTOTHI.

psla  pacripenesieHus:

psil  pacmpeseneHusl
IPOIOJDKUTEIBHOCTH, CO3/1aB 4 TPYIIbI ¢ OAMHAKOBBIMU MHTepBasiaMu. O003HAYUTH IIEMEHTHI

BAPUAHTHI,

YaCTOTEI,

ITOKYIIOK

Ho npexne paccuntaem rpanuiibl 4 3aJaHHBIX TPYII C OIMHAKOBBIMU UHTEPBATIAMU:

BeJ’II/ILII/IHy HHTEpBaJIa OIIPCACINM I10 (I)OpMy.]'Ie

b

B namewm cinyuae 4

. 89-61 _

rpaHI/IL[LI rpyIii COOTBETCTBECHHO PaBHBI:

| 61+7=68 (61-68)
1 68+7=75 (68-75)
11l 75+7=82 (75-82)
IV 82+7=89 (82-89)

'T:=_'. - 'T:Er.

M

[ pynmel MOKYIIOK 1O Hucio B nponenrtax k  [HakorieHHbIe
[TPOIOJKUTEIIBHOCTH, CEK. [TOKYIIOK UTOTY 4acTOTBI
61-68 3 10 3

68-75 9 30 12

75-82 16 53,3 28

82-89 2 6,7 30

MToro 30 100

Teneps rpaduueckn oTOOpa3sMM Hall WHTEPBAJIbHBIA BapUAllMOHHBIA psAI B BUIE

TUCTOTPAMMBbI U KyMYJISITHI.
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IPOOOMERTENEH OCTE
TIOKYTIEH, CEE.

ITo Tabnuie u rpaduka MOYKHO CIIENIaTh BHIBOJI O TOM, YTO IpeodIiagaromiee O0IbIINHCTBO
nokymnok (16 unu 53.3%) HaXxoaUTCsl BO BpEMEHHOM HHTepBaje 75-82, cek.

IIpakTuyeckasi pabora NeS8
Tema 10.6: CocraBnenne TaOIHIl ¥ TUarpaMM Ha MPaKTHKE
Hean: HayunThcs pemaTth npocTeiime ctaTHCTUYECKHE 3a1a4K

Teopernyeckasi 4acTh:

Cratuctudeckass CBOJKAa — Hay4dHO o0OpaOOTaHHBIA MaTepHal CTaTHCTUYECKOTO
HAOJI0/ICHUS B IIEJIAX MOTY4YeHHs] 0000IIEHHON XapaKTepUCTUKUA N3Y9aeMOT0 SIBJICHHUS.

['pynnupoBka — pacnpezesieHne eIMHNALL U3y4aeMOro o0beKTa Ha OAHOPOJHbIE TUIIMUHBIE
TPYIIIIBI IO CYIIECTBEHHBIM JJIsl HUX IIPU3HAKAM.

WNHtepBan — pa3HuIia MEXy MaKCHMAJIBbHBIM M MUHMMAJIBHBIM 3HAYCHUEM IIPU3HAKA B
Ka)XJIOH TpyIIIE.

R x_ _—x

i= — Tmax ““min

n n T8

| — BeNIMYKMHA UHTEPBAJIa;

R — pa3max konebanust (R=Xmax-Xmin)

N — MPUHATOE YHCIIO TPYIIIT;

Xmax, Xmin — HanOOJIbIlIee ¥ HAaMMEHbIlIee 3HaUCHHE PU3HAKa B U3y4aeMON COBOKYITHOCTH.
Rom Ko

1,000+3,221g Vv

[ —
i =

, TIe

N — gucio HaOIrOAEHUHT

CraTtucTudeckuii psAx pacrupefeNeHuss — YHOPSJOUYEHHOE pachpe/elieHne eIUHUIL
COBOKYITHOCTHU Ha IPYIIIEI 110 OIIPEAEIEHHOMY BapbUPYIOLIEMY IIPU3HAKY.

JIMCKpeTHBI  BapWAallMOHHBIA  psJl — XapakTepu3yeT pachpeiesieHue  eIuHHII
COBOKYITHOCTH IO TUCKPETHOMY (IIPEPHIBHOMY) NMPU3HAKY.

WuTepBanbHbIl  BapHAllMOHHBIA P — XapaKTepU3yeT paclpeielicHUue eANHHUII

COBOKYITHOCTH TI0 HHTEPBAILHOMY (HETIPEPHIBHOMY) TIPU3HAKY.

Jns n300pakeHus. JUCKPETHBIX BapHUALlMOHHBIX PSAAOB PACHpPEAETICHHsS HCHOJIb3YeTCs
«TOJIMTOH pacupeneneHus». s rpadpudeckoro n300paKeHUss HHTEPBATBHOTO BapHAITHOHHOTO
psiia IPUMEHSIOTCS «TUCTOTPaMMay U «KyMYJISTay.

Cpemnue BENMWYMHBI — 3TO TIOKa3aTeldd. BrIpaxaromue THIIHYHBIE YEepPThl W JAIOT
0000MIAONTYI0 KOJIMYECTBEHHYIO XapaKTEepUCTHKY YPOBHS IpH3HAKa 110 COBOKYITHOCTH
OIHOPOJIHBIX SIBJICHUIA.

1. Cpennsas apupmeTnueckas:
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[

x

x= (mpocTad)

(EsBemeHHad)

Exxf
3
i

X -B4ApIaHTa

f -gacToTa
2. CpenHsisi rapMOHUYECKas:

1’2;1 (mpocTasn)
Z5
- ¥ xx
x == <7 (BapemeHHAT)
"
2

(BapemeHHAT)

4. Cpenssisi XpOHOJIOTUYECKAS:
St a2
2 - 8 7

xXx=

in—1

~
ot

I —HHCIO BapHaHT
. Cpe,Z[H}DI reoMCTpHUICCKaid:
=2fK; * K, * K, * _* K, *100%

= Ol

K1, K2, K3 u Kn — ko3¢ unimeHTsl AUHAMHUKH 110 OTHOIIEHUIO K IPEIBIIYIIEMY MIEPHOTY.

6. MoO/a MHTEPBALHBIX PSAIOB PACTIPEACICHHS BEIYMCIISICTCS 110 CIeNyromel hopmyre:

M,=x,+i !

) (LRSS

x0 — MUHUMaTbHAS TPaHHIA MOJAATLHOTO HHTEPBAJIA;

| — BeNIMYKMHA UHTEPBAJIa,

f2 — yacTora MOaTLHOTO MHTEPBAJIA;

f1 — vactoTa MHTEpBaJIa, MPEIIECCTBYIOIETO MOAATHHOMY;

f3 — yacrora uHTEpBasa, CICIYIOMIETO 32 MOIATBHBIM.

Mopna ansi AMUCKPETHBIX PSAOB pacHpeesieHns — 3TO Haubosee 4acTo BCTpedarolascs
BEJIMYMHA NIPU3HAKA B TAHHOW COBOKYITHOCTH.

7. MenuaHna Al ”HTEPBaJIbHBIX PAIOB pACIpEEICHUs BEIYUCISETCS 10 hopMyIie:
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TOHH

> f

-

—(Bue D
frz

M,=x, +i

X0 — HKHAA rpanriia MEAJUaHHOI'O HHTEPpBAaJia,
| — BeTu4MHa MCIUAHHOTO MHTCPBAJIA,

> f— cymma gacTor psija;

SME-1 — cyMMa HaKOIUIEHHBIX 4acTOT, IPEALIECTBYIOINX MEIUAHHOMY UHTEPBAIY;
fME — yacToTa MeJMaHHOT0 HHTEpBAA.
YroObl onpeaenuTh MEANaHy B TUCKPETHOM BapHalMOHHOM psay. Heo6xoaumo cymmy
4acTOT Pa3/eIUTh IONOJIaM U K IOJIYYEHHOMY pe3yibTaTy J00aBUTh /2.

Pelnenue 3agau:
3ama4va nmo cratucruke 1.

Nmerotcs CJICAYIOIUEC JaHHBIC 00 ypO)KafIHOCTH 3CPHOBLIX KYJIBTYP:

YP0oKallHOCTb 3€pHOBBIX KYJIBTYD
Ho 20
20-30
30-40

40 u BBILIE

OHpeI[eJ'II/ITB CPCAHIOIO ypO}KaﬁHOCTB 3CPHOBLIX KYJIIBTYP, MOAY U MCJIUAHY.

OTtBerT.

cpenusis ypoxkainocts: 30,3 1/ra
mona: 33,3

meanana: 30,8

3anaua 2.
T'onml 97rT. 98r. 99r. 2000r.
[TIpousBoacTBa 3epHa, ThIC. 150 168 179 186

KommdaecTBO X035HMCTB
30
40
60
20

Tpebyercs onpeaenuTh: (LEMHBIM U 0a3UCHBIM CITIOCOOOM):

1) aGconmoTHBIN MPUPOCT;
2) TeMIl pocTa U IPUPOCTa;

3) cpenHuii aOCOTOTHBIA TPUPOCT;

4) cpeaHHE TEMIIBI POCTA U MPUPOCTA.

Ortser 2.

LEMHBIM CIIOCOO0OM
abcomoTHBIN npupoct 18

11

7

5

TeMI pocta 1,12

1,07

1,04

1,03

TeMm npupocra 0,12

0,07

0,04

0,03

cpenHuit abconmoTHbIN npupoct: 31
cpennuil Temn pocra 1,02
cpeanuii Temn npupocrta 0,02
3amaua 3.

0a3MCHBIM CIOCOOOM
a0comoTHBIN npupoct 18
29
36
41
TeMmn pocta 1,12
1,19
1,24
1,27
TeMmn npupocra 0,12
0,19
0,24
0,27
cpenHuit abcomoTHbIN npupocT: 31
cpennuit Temn pocra: 1,05
cpennuii Temn npupocta: 0,05
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MetonoM citydaifHOH MOBTOPHOM BBIOOPKM OBLIO B3STO AJIs MpoBepku Ha Bec 200 miT.
nertaneil. B pesynprare mpoBepku ObUT YCTAHOBJIEH cpenHuid Bec aetanu 30 r. mpu cpeaHeM
kBazparnueckoM oTkioHeHuu 4 1. C BepostHOCThIO 0,954 TpebOyercs ompenenuTh Hpenen B
KOTOPOM HaxOJUTCS CpEAHMIA BeC JeTajieil B reHepaTbHOM COBOKYITHOCTH.

OrtBer.

Cpennuii Bec netanu kosieonercs B mpenenax 29,44 < x < 30,56.

IIpakTnyeckas padora NeS9
Tema 10.6: CocraBnenue TaOnuIl ¥ TUarpaMM Ha MPaKTHKE
Hean: HayanTtbes paboTars ¢ TAONWYHBIMU TAHHBIMU

TeopeTnyeckas 4acThb:

IlonsiTHE 0 CTATHCTUYECKUX TAOIHIIAX

Oco0oe MecTo B CTaTHCTUKE 3aHUMaeT TaOJWYHBIA METOJ, KOTOpBIA HMeeT
yHHUBepcaigbHOe 3HaueHue. C  TMOMOMIBIO  CTAaTHCTUYECKUX  TaOJHII  OCYIIECTBISETCS
MPEJICTAaBICHUE JAaHHBIX PEe3YylIbTaTOB CTATUCTUYECKOTO HAOIIO/ICHUS, CBOJKH U IPYIIHPOBKHU.
HOBTOMy O6I)I‘-IHO CTaTUCTHUYCCKAas Ta6m/ma OIIPCACIIACTCA KaK (1)opMa KOMITaAKTHOT'O HarJisiAtHOIro
MPEJICTABICHUS CTATUCTUYECKUX TaHHBIX.

Ananns Ta6JII/III IMMO3BOJIACT p€lIaTb MHOTHEC 3ala4M ITPU U3YYCHHUU NU3MCHCHUA SIBJICHUH BO
BPEMEHH, CTPYKTYPHI SIBJICHUN U UX B3auMOCBsi3el. Takum oOpa3oM, cTaTHCTUYECKUE TaOIHIIbI
BBITIOJIHSIOT POJIb YHUBEPCAIBHOTO CPENCTBA PAMOHAIBHOTO IPEICTaBICHUs, 0000IIEHUS U
aHaJIM3a CTaTUCTUYECKON MH(POpMAIUH.

Bremine cratuctuyeckasi TabiuIa MpeIcTaBiIsieT COO0H CUCTEMY MOCTPOSHHBIX OCOOBIM
00pa3oM TOpPU3OHTAIBHBIX CTPOK M BEPTUKAIBHBIX CTOJOLIOB, MMEIOIIUX OOIIMH 3arojoBOK,
3arjiaBusd rpa(b " CTPOK, HA ICPECCUCHUU KOTOPBIX U 3AIMUCBIBAIOTCA CTATUCTUYCCKUEC JAHHBIC.

Kaxngas uudpa B craructuyeckux TabaMIax — OSTO KOHKPETHBIM MOKa3aTeb,
XapaKTEepU3yIOIUN pa3Mepbl WIM YPOBHU, JUHAMUKY, CTPYKTYpPY WIH B3aUMOCBSI3H SIBIICHUU B
KOHKPETHBIX YCIOBHSIX MECTa U BPEMEHH, TO €CTh OIpe/eTeHHas! KOJMMYECTBEHHO-KaueCTBEHHAs
XapaKTePUCTUKA U3Yy4aeMOI0 SIBJIICHUS.

Ecnu Tabnuna He 3anoiaHeHa nudpamMu, To €CTh UMEET TOJIBLKO OOIINI 3aroJI0BOK, 3arfaBus
rpadg ¥ CTPOK, TO MBI UMEEM MAaKET CTaTHUCTHYECKOW TaOmuipl. IMEHHO C ero pa3padoTKu u
HAYMHAETCS TIPOIECC COCTABJICHUS CTATUCTUYECKUX TAOJIHII.

OCHOBHBIMHA  DJIEMEHTAMU CTATUCTUYECKOU Ta6J'II/IIH>I SABIIIIOTCA MMOAJIECKAIIEEe H
cKazyemoe Ta0JIuIbI.

[Momexamee TaOIUIBI — 3TO OOBEKT CTATUCTHUECKOTO M3YYEHHUS, TO €CTh OTIEIbHBIC
€MHUIIBI COBOKYITHOCTH, X TPYIIIHI K BCS COBOKYITHOCTD B I[EJIOM.

Ckazyemoe TaOJIUIBI — 3TO CTATUCTHUYECKUE MTOKA3aTENH, XapaKTePU3YIOIIIe U3ydaeMbIil
00BEKT.

[Momnexamee W Mmoka3aTelIH CKa3yeMOTO TaOJHIBI JAOJDKHBI OBITH ONpEAETICHB OYeHb
TouHo. Kak mpaBmiio mojsnexaiiee pacrmojoraeTcsi B JIEBOM 4acTH TaONMUIBI U COCTaBIISET
coJiepKaHne CTPOK, a CKazyeMoe — B MPABOW YaCTH TAOJHUIIBI  COCTABISIET coiepkanue rpad.

[TocTpoeHne aHATUTUYECKUX TAOIIHUIT

[Toctpoenue ananuTuyeckux TabauI] TakoBO. JIo0asi TadaMua COCTOUT U3 TOJIEKAIIETO
u ckazyemoro. llomiexaiiee packpbIBaeT IKOHOMUYECKOE SIBICHHE, O KOTOPOM HJAET pedb B
JIAaHHOW TaOJIMIle W COAEPKUT HAOOp TMOKazaTesel, oToOpaxarmux 3To sBieHue. Ckazyemoe
TaOJIUIIBI MTOSICHSET, KAaKMe MMEHHO TIPU3HAKU OTOOPaXKAIOT MOAJIexKaIlee.

[TpakTHKO# CTaTHCTUKU pa3pabOTaHBI CIETYIOIIHE TPABHIIA COCTABICHHS TaOJIHII:

= Tabnuma nomkHa OBITH BBIPA3UTENBHON W KOMMakTHOH. [losTomMy BMecTO OIHOM
TPOMO3KOH TaOJMIBI TI0O MHOXXECTBY MPH3HAKOB JIydIle CAENaTh HECKOJIHKO HEOOIBIINX IO
00BeMy, HO HaTJISTHBIX, OTBEYAIOIINX 3aj]aue UCCIIeIOBAHUS TAOIIHII.

= Haspanue TaOmmmpl, 3armaBusi rpad u CTpok cieayer (GopmMyrIupoBaTh TOYHO U
JTAaKOHUYHO.

189


https://www.grandars.ru/student/statistika/vidy-statisticheskogo-nablyudeniya.html
https://www.grandars.ru/student/statistika/gruppirovka-statisticheskih-dannyh.html
https://www.grandars.ru/student/statistika/gruppirovka-statisticheskih-dannyh.html

= B Tabnuue o0s13aTeNbHO AOKHBI OBITH YKa3aHbI: M3y4aeMblii 0OBEKT, TEPPUTOPUS, U
BpeMsI K KOTOPBIM OTHOCSITCS] IPUBOAMMBIE B TaOJIHIIE TaHHBIE, €AMHULIBI U3MEPEHUS.

= Ecnu Kakue-To JaHHbIE OTCYTCTBYIOT, TO B TaOJuIle MO0 CTAaBAT MHOTOTOYHE, JTHOO
MUIIYT "HET CBEIEHUI", €CJIM KaKOe-TO SIBJICHUE HE UMEJIO MECTa, TO CTaBSIT TUPE

= 3HadyeHHWs] OJHMX M TeX JK€ TOKa3aTelied MPUBOMATCS B TAOMUIE C OJUHAKOBOM
CTEMEeHbIO0 TOYHOCTH.

» Tabnuma nopKHA WMETh WTOTH 1O TpylmnaMm, MOATPpYyNnaM U B IeloM. Ecmu
CYMMUPOBaHHE JTAHHBIX HEBO3MOXHO, TO B ATOU rpade CTaBsAT 3HAK yMHOXKeHUs "*".

= B Gonbmmx TabauIax mocie KaxablX MATH CTPOK ACISIOT MPOMEXKYTOK, YTOOBI OBLIO
ynoOHee YUTaTh U aHAIU3UPOBAThH TAOJIHILY.

Buabl craTucTHyecKuX Tad M

Cpenn MeTo/10B YKOHOMUYECKOTO aHalln3a HauboJjee pacipoCTpaHeH TaOIWYHBIA METOJ
(crtoco0) oTOOpaXkeHUsT HCCIeayeMbIX NU(PPOBBIX NaHHBIX. Jleno B TOM, YTO KaK HCXOJHBIC
JaHHbIE JJIsl IPOBEACHUSI aHANIN3a, TaK U PA3JIMYHbIC PACUETHI, a TAK)KE PE3YJIbTAaThl IPOBEICHHOTO
UCCIICIOBaHMSI OPOPMIISIFOTCSI B BUJIC QHAMTUYCCKUX TaOmuil. TaOiuIbl mpencTaBisiFoT co00i
BeChbMa 1I€7IECO00pa3Hyl0 M HarisagHylo ¢GopMy OTOOpa)K€HUS YHUCIOBOM uH(pOpMaluy,
UCIIONIB3YEMOW B aHAJIM3EC XO3SHCTBCHHOW JIEATEIBHOCTH. B aHaIMTHYECKUX TaONMIaX B
OTpeieIieHHOM MOpsIKE pacnonaraercs uudponas nHbopMaius 00 U3y4aeMbIX SKOHOMHUYECKUX
sBIICHUSAX. TaONMMuHBIA MaTepual ropa3fao 0osiee WH()OPMATUBEH M HATJIAJEH MO CPABHEHUIO C
TEKCTOBBIM H3JIO)KEHHEM MaTepuana. TaOmuiel MO3BOJSIIOT TMPEACTaBUTh aHATUTHUYECKUE
MaTepUaJIbl B BUAE €AUHON LETOCTHON CUCTEMBI.

Bun cratuctudeckoid TaOIUIBI ONMpEAeNsaTecs XapakTepoM pa3pabOoTKH ToKa3aTeliell ee
MOJISKAIIETO.

Pa3znuyaroT Tpu Buga CTaTUCTHUECKUX TaOIHIIL:

* TIPOCTHIE

= TPYIIIOBBIC

* KOMOHWHAIMOHHBIC

IIpocThie TadMMUBI COlEpKAT MEPEUYCHb OTACNIbHBIX E€IMHUIL, BXOIAIIUX B COCTaB
COBOKYITHOCTH aHAJIM3UPYEMOTO IKOHOMHUYECKOTO SBJICHU. B rpynnoBbIx Tadaunax nudponas
uH(poOpMallisg B pa3pe3e OTAETbHBIX COCTABHBIX YACTeW HMCCIEAyeMOH COBOKYMHOCTH TaHHBIX
0o0BbEMUHSAECTCSI B OMNpENCJIICHHBbIE  TPyNmbl B~ COOTBETCTBUU  C  KAKUM-THOO
npu3HakoM. KoMOMHUpOBaHHbIe TAaOJMIBI COACPXKAT OTHAEIbHBIC TPYIIBI U TOATPYIIbI, Ha
KOTOpBIE  TOJIPA3JIESIOTCS SKOHOMUUECKHE  TIOKa3aTeNH, XapaKTEePHU3YIONIHE H3ydaeMoe
SKOHOMUYECKOE siBlieHue. [Ipu 3TOM Takoe nmoapa3aeneHne OCyeCcTBISIETCS. HE IO OJTHOMY, a 10
HECKOJBKMM TpU3HAKaM. B TPYIMIMOBBIX TaOMUIIAX OCYIIECTBISAETCS MPOCTas TPYMITHPOBKA
MoKasarenieil, a B KOMOMHUPOBAaHHBIX — KOMOMHHUPOBaHHAs TpynmupoBka. [IpocTeie TaOmauIIBI
BOOOIIIE HE COJIEpKAT HUKAKOW TPYNMUPOBKHU ToKazatenen. [locnennuii Bua Tabauil COAEpKUT
JIUIIb HECTPYNIUPOBAHHBINA HAOOP CBEIEHUI 00 aHATM3UPYEMOM SKOHOMHYECKOM SIBJICHHH.

B 3aBucHMOCTH OT 3Tamma cTaTUCTUYECKOTO UCCIIEIOBAHUS TAOJIHIIBI JENISTCS Ha:

= pa3pabdoToyHble (BCTIOMOTATENbHbIC), 1[Eeh KOTOPHIX 0000mUTh HH(DOPMALHIO IO
OT/IENTbHBIM €AMHUIIAM COBOKYITHOCTH JIJIsl TIOJTYYE€HHSI HTOTOBBIX MTOKa3aTeNICH.

* CBO/JHbBIE, 33]1a4a KOTOPBIX TOKA3aTh UTOTH 11O TPYIIIaM U BCE COBOKYITHOCTH B IIEJIOM.

* aHAJMTHYeCKHe TaOJHIIBI, 3a7a9a KOTOPhIX — pacueT 0000MIAIONMINX XapaKTePUCTHK
U MOATOTOBKAa MH(OPMAIMOHHOW 0a3bl AJS aHAIW3a M CTPYKTYpPhl U CTPYKTYPBIHBIX CIABHIOB,
JTUHAMHUKHU U3Y9a€MbIX SIBIICHUN U B3TUMOCBSI3EH MEXKTY MTOKa3aTEeIISIMU.

Wrak, MBI paccMoTpenu TaOIMYHBIA METOA OTOOpaKEHHUS HCCIEAYEeMBIX IU(PPOBHIX
JAHHBIX, IMMPOKO HCIIOIB3YEMBI B XOJ€ TMPOBEACHUS aHAM3a SKOHOMUYECKUX SIBICHHM,
CTATUCTUYECKUX JAHHBIX U XO3SIIICTBEHHOM JESTEIbHOCTU OpTraHU3allHil.

Pemenue 3agau:
3agaua 1.
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YeMnHoHAT MO XOKKEI MPOXOIWJ B YEThIpe Kpyra. AJEKCed CIeI 32 KOJIMYECTBOM
3a0pOIIICHHBIX IIal0 CBOMX JIFOOMMBIX KOMaH/I M 3alMCHIBAJI PE3YIbTaThl B TaOMIy. Mcmonb3ys
JaHHBIC ATOW TaOIUIIBI, OTBETH HA BOIPOC.

HOMeEpI;’?;OBOFO «Metaniaypr» «I%Q.‘nﬂaz:::: «Axk bapc»
[1epBrIii kpyT 32 35 29

Bropoii kpyr 40 45 34

Tpernii kpyr 37 38 30
YeTBEpTHIN KpYT 44 31 46
CkoubKo a6 Ob110 3a0poIIeHO KOMaHa0H «MeTalTypr» B 4eTBEPTOM Kpyre?

3amaua 2.
Hwxe npuBeneHbl JaHHBIC 32 TPU I'0JIa O KOJWYECTBE IO JIMBBIX JTHEH B HIOHE-OKTIOpe

B Crapom Ockose. Mcnosib3ysl 3TH JaHHBIE, OTBETH HA BOINPOC.
Mecsan 2013 rox 2014 ron 2015 ron
Uronb 11 6 8
Hronb 8 3 8
Asrycr 9 5 0
CeHTs0pb 13 4 1
OxkTs0pB 7 3 5
Cxoubko ok auBbIX aHEH Obu1o B Ctapom Ockose B ceHTsiOpe 2014 roga?
3agaua 3.
Ha nrpe KBH cyapn nocraBuim OLIeHKM KOMaHJaM 32 KOHKYPCHI:
baner bayner bayner 3a
Komanna 3a KOHKYpC 32 KOHKYPC | MY3BIKaJIbHbBIN
«IIpuBercTBUE» «CTOM» KOHKYpC
«Jlnoapy 23 20 24
«Tapm» 28 21 22
«bneck» 21 18 27
«JTupukny» 27 22 20

Kakas xomanna Habpana HaubosbIiee yrcio 6amnoB B KoHKypce «IIpuBeTcTBre»?

B omeeme ykasicume 00HO c10860 — HA36aHUE KOMAHObL 8 UMEHUMETbHOM NAoeice.

3amaua 4.

B Ta6J'II/II_[e HpI/IBeJIeHI)I JAaHHBIC O KOJIMYECTBEC NCBOYCK U MAJIBYUKOB B ITSITU LIeTBépTI)IX
KJIaccax MmKoJbl. Mcnosnb3ys 3T JaHHbIE, OTBETHTE HA BOIIPOC.

KonuuecTBo MIKOIBLHUKOB
4 «A» 4 «by» 4 «B» 4 «I'» 4 «J»
Manpunku 13 10 15 16 17
JleBouku 15 14 14 12 9
B kakom kitacce HanOobIas pa3HUIA MEXIY YACIOM MATbUHUKOB U JEBOYEK?
3anaua S.

B Tabnune mpuBeneHBI HaHHBIE O YMCICHHOCTH HaceleHusi Tpéx obOnacteét Poccun B
pasHbIe TOJIbI (B THIC. YeTOBEK). VICmonb3ys 3TH TaHHbBIE, OTBETHTE Ha BOMPOC.
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UKCIIEHHOCTh HaceNeHUs
1970 r. {1979 1. {1990 1.|2000 .| 2010 T.
AcTtpaxaHckas 1400 | 1467 | 1575 | 1390 1230
MypmaHckast 800 965 1191 | 941 795

Kamuaunarpaackas 730 807 881 959 940

B xakoM rojty YMciI€HHOCTh HAceIeHHUS B ACTpaxaHCKOM 00acTH Obljia HAanOOIbIICH?

B omeeme ykaowcume uucio — 200.

3agaua 6.

backerbonbHas KOMaHAa [ETCKOM CHOPTHBHOM MIKOJBI BCTpeYalach € KOMaHIaMHU
HECKOJIbKUX MIKoJA. KomnyecTBo 04koB, HAOpaHHBIX UTPOKaMH, TPEHEP 3alUChIBANl B TAOJIHILY.
Hcnonb3ys Tabnuily, OTBEThTE Ha BOIIPOC.

O061acTh

Homep urpsoi ApTém Tumyp Baagummup
[TepBas urpa 2 9 9
Bropas urpa 6 5 8
Tpetbs urpa 8 2 7
YerBépras urpa 4 10 9

Ckonpko oukoB HaOpan Bnaaumup B TpeTheit urpe?

3anaua 7.
Hwuxe npuBeneHbl JaHHBIE O KOJMYECTBE pPa3jIMUHBIX OTMETOK II0 MaTeMaTHKE 3a

YETBEPTYIO YETBEPTh B PA3HBIX Kjaccax OJHOM IWIKOJbL. VCHOnp3ysd 3TH JaHHBIE, OTBETh Ha
BOIIPOCHI.

Kiace OtMmetka «3» OtMmetka «4» OtMmetka «5»
4 «A» 6 11 6
4 «b» 2 13 8
4 «B» 5 12 5
4 «'» 7 9 10
Ckomnpko naTépok no Mmatematuke B 4 «I'» kiacce?
3anaua 8.

B Tewenue TpE€X €T yuuTenb (PUKCUPOBAT KOJUYECTBO «IIATEPOK» 3a KOHTPOJIbHBIE
paboThl MO MaTeMaTHKe NJs OJHOW M TOH K€ TPyHMbl JeTei. DTU JaHHBbIE MPEJICTaBICHBI B
Ta0JIHIIE.

I'on
Mecsn
2013 rog 2014 roxg 2015 rox
CeHTs6pb 16 14 17
OxkTs0pb 6 4 10
Hos6ps 8 16 5
JexaOpb 16 5 18

B xaxkom mecsirie 2014 roga 66110 HAaHOOIBIIIEE KOTUYECTBO «IIATEPOK»?

B omeeme ykasicume 00HO c1060 — Ha38aHUE MeCAYA 8 UMEHUMENbHOM Nadedice.

3agaua 9.

[1érp MBaHOBMY BBIpALIMBAET MOPKOBbB, JYK U CBEKITY. Kakblii 0BOILl OH BhIpalMBal Ha
OTJEJILHOM y4yacTKe B Te€4eHUH ueTbIpéx JeT. [1éTp MBaHoBHY 3aHOCHUT B TaOnMIly KOJIMYECTBO
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KAJIOTPAaMMOB ypoXasi, KOTOPOE€ OH MOJIy4aeT ¢ KaXA0To ydacTka 3a roj. Mcmons3ys tabnuiy,
OTBETHTE Ha BOIPOC.

I'oabl mo mopsiaky MopkoBb Jyk Ceékia
[lepBslii rog 750 kr 560 kr 690 kr
Bropoii rox 720 xr 380 xr 740 xr
Tperuii rox 630 kr 730 kr 680 kr
YeTBEpTHIN rof 690 xr 710 kr 620 kr

YpoxaifHOCTh KaKOTO OBOIIA OblJIa HAMOOJBIIEH 32 BTOPOi roa?
B omeeme ykaosxcume 00HO c1060 — Ha36aHue 080WaA 6 UMEHUMETILHOM NAOedice.

IIpakTnyeckas padora Ne60
Tema 10.6: CocraBiieHre TaOIMI] M TUarpaMM Ha TIPAKTHKE
Henab: Hayuntses paboTarh ¢ quarpaMmMamu

Teopernyeckas 4acThb:

Haubonee pacrpocTpaHeHHBIM CIIOCOOOM IpaUyecKOro U300paxeHusl CTaTUCTUYECKOM
uH(OpMaIUU SBIISIOTCS AUATPAMMBI.

JlmarpamMMbl IPUHATO MOAPA3ACIATH IO UX (POpME Ha CICAYIONIUE BUIbL:

* CTOJIOMKOBBIE IUArPaMMBlI;

* TI0JIOCOBBIC TUArPAMMBI;

= KPYTOBBIE IUAarPaMMBl;

* JIMHEHHBIC TUATPAMMBbIL;

= (urypHsle 1uarpaMmei;

Jpyrum mpuU3HAKOM TMOJApa3JIeNeHUs TuarpaMm SBIsIeTcs uX cojaepxanue. [lo stomy
MPU3HAKY OHM MOJPA3JEAI0TCS Ha AMArPaAaMMbl CPaBHEHHSl, CTPYKTYPHbIE, JHHAMHYECKHUE,
rpaduku cBsi3u, rpaguKu KOHTPOJIS U Jp.

JuarpaMmMbl cpaBHEHHS OTPAXKAIOT COOTHOILICHUS PA3IUYHBIX UCCIETYEMBIX 00OBEKTOB
B CBSI3M C KaKUM-IHOO IKOHOMHYECKHMM IokazaTeneM. CaMbIMU yAOOHBIMU Tpadukamu, Ha
KOTOPBIX OCYILECTBIIAECTCS CONOCTABICHUE BEJIMYMH HKOHOMHYECKUX I1OKA3aTeNel, SBISAIOTCS
CTOJIOMKOBBIE U TIOJOCOBBIE AuarpaMMmsbl. i n300pa)keHuss TaKUX IUarpaMMm MPUMEHSETCS
MPsIMOYTOJIbHASA cucTeMa KoopauHat. Ha ocu abcumce Takux rpadukoB MOMEIIAeTCsl OCHOBA ISt
OTIPEIETICHHBIX CTOJIOIIOB OJMHAKOBOTO pa3Mepa JJIiI BCEX HCCIeNyeMbIX 00bekTOB. BwicoTa
Ka)KIOT0 X CTOJIOIIOB JJOJIKHA BBIPAkKaTh BETHUNHY TOTO IKOHOMUYECKOTO TTOKAa3aTesl, KOTOPBIH
OTpa)XE€H B OMNpPEIEICHHOM MaciiTabe Ha OCH OpAWHAT. TakoBbl OCOOECHHOCTH CTOJIOMKOBBIX
nuarpamm. [Ipommmoctpupyem ux cieayromen cxeMoit (cMm. cxemy Nel).

IMosi0coBBIe AUArPAMMBI, B OTJIUYHE OT CTOJOMKOBBIX, H300pa)Kat0T MO0 TOPU3OHTAIH:
OCHOBA I0JIOC PACIOJIaraeTcsi Ha OCHU OPJMHAT, a SKOHOMUYECKHE MOKA3aTEeNN B ONPEACICHHOM
Macirabe — Ha ocH abcIucce.

KakoBbl k€ OCOOEHHOCTHM KPYrOBBIX M KBaJIpaTHBIX auarpamm? B psnge cinyuyaes
JIUarpaMMbl CpPaBHEHHS MPEICTABISAIOT COOOW KPYrd JUOO KBAApaThl, WX IUIOMIANb SIBISETCS
MPONOPIUOHAIBHON BEJIMYMHE ONPEICTICHHBIX YJKOHOMUYECKUX MOKa3aTemneH.

durypHble AUATPAMMBI COJIEPKAT COOTHOIIEHUS  OMPEACICHHBIX IKOHOMHUYECKUX
nokasareneil (0ObEKTOB), KOTOpBIE MPEACTABIEHB B YCIOBHOM BHJIE KaK OIpeIeIcHHbIE
XyJI0KECTBEHHBIE (PUTYPHI, HATIPUMED, TOJIOBBI KPYITHOT'O POTATOTO CKOTA, KAaKUE-THOO0 MAIIUHBI,
u np. Takue nuarpaMMbl TIpU MEPBOM K€ B3TIs[Ae HAa HUX (UKCHUPYIOT Ha ceOe BHHMAaHUE, H
MPEACTABISIIOT OMPEJCICHHYI0 YHCIOBYIO HMH(pOpPManui B HaubOoiee IJOXOAYUBOM BHJIC.
CrpyKkTypHble JHarpamMMmbl (MHA4Y€-CEKTOpPHBIE) Jal0T BO3MOXXHOCTb MIPEACTABUTH COCTaB
UCCIIETyeMbIX 3KOHOMHYECKHX TMOKa3aTeled U 100 (YIelbHbI BeCc) KOHKPETHBIX YacTed B
COBOKYITHOM CyMM€ SKOHOMHYECKOro IOKazaTesis. B paccMmarpuBaembix —auarpammax
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HKOHOMHYECKHUE SBJICHUS MPECTABISAIOTCS KaK ONpeieIeHHbIe reoMeTpruuecKkre Gurypsl (Kpyra
WINA KBaJpaThbl), KOTOpbIE pa30OMThl Ha HECKOJBKO CEKTOpoB. Ilmomans kpyra wim KBajpara
NPUHUMAETCSl PAaBHOHM CTa mpoleHTaMm Jnbo enunuue. Ilnomanp xe ar000ro JaHHOTO CEKTOpa
XapaKTepu3yeTcs JoJIeH pacCMaTpUBAEMOM YaCTH B COCTaBE CTa IPOLICHTOB WIN €AVHUIIBI.

JluHaMu4YecKHe JAUMarpamMMbl XapaKTepU3ylOT JAMHAMHUKY, TO €CTb H3MEHEHMUS
KOJIMYECTBEHHOW OLIEHKH JaHHOTO YKOHOMHYECKOIO SIBJICHUS B TEUEHHUE U3BECTHBIX IEPUOIIOB
BpeMeHH. C 3TOM LeNIbl0 MOTYT IPUMEHATHCSA JIIOObIE U3 PACCMOTPEHHBIX BHUJOB JUarpamm
(cTonOUKOBBIE, [10JIOCOBBIE, KPYTOBbIE, KBaJpaTHbIE, GUTypHBIE). BMecTe ¢ TeM uaile Bcero 3/1ech
UCTIONB3YIOTCSl JIMHEHHbIe nauarpammbl (rpadukm). Ha Takux pamarpamMmax HM3MEHEHHE
KOJINYECTBEHHON OLEHKHM 3KOHOMHYECKOrO SIBJICHMs H300pa’kaeTcs OIpPENeIEHHON JIMHUEH,
KOTOpasi BBIpaXKaeT HEMPEPBIBHOCTh MPOUCXOAAIIero mpouecca. Ha ocu abcumcc auHEHHOTO
rpagpuka H300pakaroTCsl OINpENeEeHHbIE IEepPUOAbl BPEMEHH, a Ha OCH OpAMHAT —
COOTBETCTBYIOILINE BEIMYMHBI JAHHOTO SKOHOMUYECKOTO SIBJIEHUS 32 pAaCCMaTPHUBAEMbIE IEPUOABI
BPEMEHU B COOTBETCTBUHU C MPUHATHIM YMCIOBBIM MacIITaboOM.

Penrenne 3agau:
3anaua 1.

I/ICHOHBSYSI AuarpamMmy, OTBETbBTC HAa BOIIPOC.

Yucao A
nereit

PoxpnaemocTts pereid B cene Tpouuxkom

Hun., Des. Mapr Anp. Mait Hwors Hioa Aur. Cenr. Oxrr, Houf. ex.
CKoJIBKO JIeTel pOoIUIIoCh B MapTe?
3agaua 2.
Ha numarpamme moKa3aHO paclpelielicHHE JIHEBHOH HOPMBI THTAHUS, KOTOPYIO

PCKOMCHAYIOT Bpa4iu. HCHOJ‘IB3Y§I AuarpaMmmy, OTBETHTC Ha BOIIPOC.
HopmMa nuTaHua 3a cyTkum

Bropoi sasTpax

3aBsTpak

20

CKOJBKO pa3 B IeHb PEKOMEHAYIOT UTAThCS Bpauu?

B omeeme ykascume yugpy — xonuuecmso pas.

3anaua 3.

N300paxéHHast HUKe uarpaMma Iocajiok B caJly HarJIsJHO [TOKa3bIBaeT, KaKas 4acTh caja
OTBeJIeHa Mo/ I0JI0HH, TPYLIU U KyCThl CMOpPOAUHEL. Mcnonb3ys quarpammy, OTBETHTE Ha BOIIPOC.
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~ KOJIMYCCTBO A010Hb

— KOJIHYCCTBO I'pyLu

-———

® o] — KOJIHYECTBO KYCTOB CMOPOAMHbI

Kakue nepeBbs 3aHUMAIOT OOJIBILYIO YaCTh caaa?

IIpakTuyeckas padora Ne61

Tema 10.7: KontponpHas pabGora mo pazaeny 10 «DieMeHTbl KOMOMHATOPHUKH,
CTaTHCTUKH U TEOPUHU BEPOSTHOCTEH»

Heab: [IpoBepuTh ypoBEHb yCBOEHUS NaHHOTO MaTepuaina mo pazaeny 10 «3ineMeHTsI
KOMOMHATOPHUKH, CTATUCTHKU ¥ TEOPUU BEPOSITHOCTEI

Ilpu pewenuu 3a0anuni 1-4 3anuwiume npaguiIbHLIL OmMEem U3 UYemolpex
npeo10HCceHHbIX.

1. (1 6amn) KomOuHaTtopuka - 3TO pasfesn MaTeMaTUKH, OTBEYAIONIMA Ha BOMPOCHI
CKOJIBKUMU CIIOCOOaMU MOYKHO BBIOPATh JIEMEHTHI ...

A) 3aJlaHHOTO KOHEYHOI'0 MHOXECTBa, b) OeckoHeuHOro mHokecTBa; B) mro6oro
MHOXecTBa; ') MppalmoHaNbHBIX YHCEIL.

2. (1 6ann) CoequHEHUS U3 N AIIEMEHTOB, OTIMYAIOIINECS JPYT OT IPYra TOJIBKO MOPSAKOM
PacIoJIOKEHUSI B HUX JIEMEHTOB, Ha3bIBAIOTCS:

A) nepecranoBkamu; b) coueranusmu; B) pazmemenusivu; [') komOnHanmsamMu.

3. (1 6am) Yucno Bcex BO3MOXKHBIX pa3MeIlleHUH BBIYUCIAETCS 0 (popmye:

MAMAF} =n(n—m);B)Att=n(n—1)..(n—m+1);B) A} = NAY =n(n+

n!

(n-m)?’
m)

4. (1 6ann) I'pynnupoBka — 370. ..

A) ymopsgoueHuWe eIWHHII COBOKYIMHOCTH 10 Tpu3HaKy; b) pa3OuenHue enuHwMIl
COBOKYITHOCTH Ha TpYIIBl M0 MpU3HaKy; B) o0oOmeHne enunnuHbiX (paktoB; 1) 00oOmeHne
eAMHUYHBIX IPU3HAKOB.

Ilpu évinonnenuu 3adanuit 5-8 3anuwiume xo00 pewienus u NOJIYYEHHbLI OMEEm.

5. (2 6anna) B cpemnem u3 2000 camoBBIX HACOCOB, MOCTYMHUBIIUX B TPOJaxy, 6
noaTekaroT. Haliqure BEpOATHOCTh TOTO, YTO OJAWH CIy4ailHO BBIOPAHHBIN JIJIT KOHTPOJIS HACOC
HE NOATEKaeT?

6. (2 6amra) CpaBHUTH BCXOXKECTh CEMSH JIFOOBIX TPEX BHUJIOB OJHOJICTHHUX I[BETOB 3a
nocneanue 3 roga. CocTaBUTh [uarpaMmy o HaIeHHBIM JaHHBIM. CIenaTh BBIBOIBI.

7. (2 6amna) 1IBeTOBOAY MPENJIOKUIM YKPACUTh KIyMOy IBETaMH, MCIIONB3ys 3 BHIA.
CKOIBKO pa3IMYHbIX BAPHAHTOB €CTh Y IBETOBO/IA, €CIIA €CTh BBIOOP U3 5 BUIOB Pa3HOI paccaibl?

8. (2 6amna) CkoIbKUMHU CIIOCOOAMH MOKHO TIOCATUTh 4 KyCTapHUKA B OJIUH Psii?

Imanouvt omeemoes:

Howep 1 2 3 4 5 6 7 8
3aJaHuA
OtBeT A A B A 0,997 - 10 24
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IIpakTyeckas padora Ne62
Tema 11.2: [TapannenbHOCTh OPSIMBIX, MPSIMOM U TIJIOCKOCTH, INTIOCKOCTEHN
Hean: Hayunthes pemaTs 3a1a4u, UCIOJIb3Ysl CBOMCTBA APaJUICIIbHBIX INIOCKOCTEN

Teopernyeckasi 4acTh:

Onpenenenue. [Ipsmas u MI0CKOCTh HA3BIBAIOTCS MMAPAIJICIIBHBIMU, €CIIM OHU HE UMEIOT
001mux ToueK (a || o)

IIpu3Hak napajjieJbHOCTH NPAMO U MJIOCKOCTH.

Teopema. Ecnu nipsimasi, He Jiexalias B JaHHOU IUIOCKOCTH, MapaijielibHa KaKoi-HHOY b

HpHMOﬁ, nemameﬁ B 3TOH IIJIOCKOCTH, TO OHA ITapaJlJICJIbHa CaMOM IIJIOCKOCTH.
a

L allb
b= al|o
b ag o
puc. 1
3ameuaHus.

Ecin minockocTs MPOXOOUT 4epe3 JaHHYK MPsSMYIO,
napaiesIbHyI0 IpYroil MiI0CKOCTH, U MEPECEKAET 3Ty MIOCKOCTb, TO
JIMHUS [IEPECEUCHMS TUIOCKOCTEN MapajulebHa JaHHOU MPSMOM.

Ecnu onHa W3 ABYX mapajulelbHBIX HPSMBIX MapajiesbHa
JAHHOM IUIOCKOCTH, a Apyras IpsMas UMeeT ¢ INIOCKOCTbIO OOLIYIO
TOYKY, TO 3Ta IpsAMas JIKUT B JTaHHOU IIOCKOCTH.

BoiBoabl.

Crnyyan B3aMMHOTO PacHoIOKEHUS MPSIMON U TUIOCKOCTH:
a) mpsiMast JISKUT B TNIOCKOCTH;

0) mpsiMasi ¥ MIOCKOCTh UMEIOT TOJIBKO OAHY OOIIYIO TOUKY;
B) IIpsiMasi ¥ TJIOCKOCTh HE UMEIOT HU OJTHOM OOIIeH TOUKH.

i = Onpenenenne. [Ise IJIOCKOCTH Ha3bIBAIOTCS
— napajulebHBIMHA, €CJIM  OHH HE HWMEIOT OOIHMX  TOYCK.
/ 2 [MapamienbHOCTh TUIOCKOCTEH o M B 0003HAYAETCS TaK: . || B
Sf— 4 PaccmMoTpuM  mpusHak — mapayuIeNbHOCTH — JIBYX — IUIOCKOCTEH.
Teopema. Eciiu  1Be  nepecekaromecs nOpsIMble  OJHOMU

IIJIOCKOCTH COOTBETCTBEHHO MApaJUICIbHBl JIByM IPSMBIM JPYrou
IIJIOCKOCTH, TO 3TH INIOCKOCTH IapaJIICIIbHBI.

Cnyan/I B3aMMHOTO PACIIOJIOKCHUA IUIOCKOCTEH:

puc. 3

IUIOCKOCTH o U P IEPECEKAIOTCS.

puc. 4

/ IUIOCKOCTH o ¥ F mapasuiebHbI.
ol
puc. 5

CaolicTBa napaienbHbIX MNIOCKOCTEH:
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LW/

1. Ecmu ABC MapaJuICIIbHBIC IIJIOCKOCTH TMCPECCUCHLL

- ’ TPEThEH, TO TMHUU UX TEPECEUCHUS TTapaIIICITbHBIL.

puc. 6
E i A
|
AX
2. OTpe3ku napaiesbHbIX IPSIMbIX, 3aKITI0UEHHBIC MEXKITY
/ [ ? MapajuieTbHBIMU TI0CKOCTSMH, PABHBI.

v

puc. 7

Penrenne 3agau:

Han yron AOD u aBe mapajuieibHbIe TNIOCKOCTH o, | [3.
0

Al

ITnockocts o nepecexaer ctopoHsl yriaa OA u OD coorBerctBeHHo B Toukax A u D,
TUTOCKOCTB [3 9TH CTOPOHBI TIEPECEKAET COOTBETCTBEHHO B ToUkax B u C.

Jano:

OB=8

AB=6

BC=9

Cbh=2

Hatitu AD, OD

UYepes touky O, KoTOpas HaxXOIUTCA MEXIY NapajieNbHbIMU IUIOCKOCTSAMU O U f3,
NpOBEJICHBI TIpsiMble C 1 d, TMepecekarlre IMIOCKOCTH Tak, 4To Toukd A u B Haxomsartcs B
1ockocTH o, a Touku C u D - B tutockocTu f AB=18 cm, DO=26 cm u AC=3-A0

Beruucnurs: BD;CD

c d
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[MapanenbHbIe TUIOCKOCTH 0 U 3 iepeceueHbl IpsiMbiMu C 1 d
Croponsl AN mepecekaroT  mapauienbHbie  MIockocTd Bua B  Toukax C,D u A,B.
Beranciu nmuny otpeska AB, ectn NA=13 cm, NC=20 cm u CD=55 cm.
N

B/ A

Croponbl 4N nepecekaroT napajuieiabHble JI0CKOCTU B U o

Jlansl mapamienbHble 1IockocTH o v 3. Touku A u B HaxomsTcss B IUIOCKOCTH 0, a
touku C u D B mutockoctu B. ynmna otpeska AC=7, mimna otpeska BD=12.

CyMMa npoeKIHii ITUX OTPE3KOB B INIOCKOCTH 3 paBHa 8.

Haiitu qymmHy npoekumii 000UX OTPEe3KOB.

A B

IIpakTuyeckas padora Ne63
Tema 11.4: Teopema o Tpex nepneHAuKyisapax. Pemenune 3agau
Hean: Hayunthces pemaTs 3a/1a4u, UCHOJIb3Yys TEOPEMY O TPEX NEPHEHANKYIIAPAX

Teopernyeckas 4acThb:

Nmeem mtockocts o (puc. 1). B miockoctu o jexut npsimast b. AH — nepneHaukymsap K
MJI0CKOCTH 0., AM — HaknoHHasi, MH - mpoeKius HaKJIOHHOU AM Ha IIOCKOCTH 0.

[To TeopeMe 0 Tpex MEPIEHIUKYIIpax, HAKIIOHHAs TIePIEHANKY/IspHa K mpsiMoit b Toraa
U TOJIBKO TOT/Ia, KOT/Ia €€ TIPOCKITHS MEPIEeHANKYISIpHA K MPpsiMoit D.

blAM eb |l HM

Puc. 1

B teopeme uzaer peds Tpex NepHeHANKYIApax. YKaxeM ux:

AH — 3T0 nepneH MKy K TUIOCKOCTH 0, @ 3HAYUT, K IPSIMOit D.
HM — npoekuusi, nepneHAUKYISp K Ipsmoi b.

AM — HakJIOHHAs, IEPIIEHANKYIISAP K MPsAMOii b.
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Yroia Mexay IpsMOH U IUNIOCKOCTBIO

Paccmotpum miiockocTs o u npsamyto a, a = AM (puc. 2). I[lycte npsimast a mepecekaeT
IUIOCKOCTh 0, HO HE NMEpHEHAMUKYIspHa ed. Torga yrioM Mexay NpsSMOM @ U IJIOCKOCTBIO O
Ha3bIBAECTCSI YrOJI MEXIY NPSMON @ U €€ MPOEKIMEN Ha 3Ty IUIOCKOCTb. TO €CTh, yroja Meay

IPsIMOM @ U IJIOCKOCTBIO 0 - 3T0 yroi AMH. Ilycte LAMH = @,.

Puc. 2
CBoiCTBO yriIa MeKAy NPAMOM U ITIOCKOCTHIO
UYepes Touky M B IJIOCKOCTH 0. poBeAeM npsimyro MB (puc. 2). PaccMoTpum yros mMexny

npsMoil a u nipsiMoil MB, Ha3oBeM ero ¢. Torjga no CBOKWCTBY yria MEXAY IPsIMOM U IIIOCKOCThIO
=
MOJIy4aeM, YTO Po =@

Pemrenue 3agau:

3ajaua |
[Ipsimas AK nepneHAUKYJIspHA K IJIOCKOCTH MTPaBUIIBHOTO TpeyronbHuka ABC, Touka M —

cepenunHa croponsl BC.
1) Hokaxwute, utro MK 1L BC
2) Haiigute yron mexay npsimoit KM u rnockoctbio ABC, ecnu AK = a, BC = 2a.

1) Jlano:

AB =BC =CA,

AK 1 ABC,

BM = MC.
Jlokazamv. MK L BC.

M
B

Puc. 3

Jlokazamenvcmeo.
AM - 310 mpoekiuss HakiIoHHOM KM Ha mnmockocTb ABC. AM - menuana. Ilo cBoiicTBY

MIPaBUJILHOTO TpEyroJIbHUKA Meaunana AM sBnsercs 51 BBICOTOMH, TO eCThb

npsimble BC u AM niepneHIuKyIspHBbIL.

[epBsIii criocob:
[Ipsamas BC nepnenaukynspHa AM - npoekuun HaxioHHoW MK. Ilo teopeme o Tpéx

NEepPHIEeHANKYJIsSIpax TModaydaeMm, 4Tto npsiMas BC nepneHauKydspHa W HakJIoHHOW MK, 4to u

TpeOOBAIOCH TI0KA3aTh.
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Bropoii cnioco6:
[Ipsamas AK nepnenaukyisipHa miockoctd ABC, a 3Hauut, U npsmou BC, nexaiieil B

mwiockoctd ABC. Umeem, BC nepnennukynspia AM, BC nepnenaukynspHa AK, 3nauut, BC
NepHeHANKYIJIsIpHA TIockocTu MAK, a 3HauuT, u ipsimoid MK, nexxainiei B 3TOi MIIOCKOCTH, YTO U
TpeOOBAIOCH JOKA3aTh.

2) [lano:

AB = BC = CA,

AK 1 ABC,

BC = 2q,

AK = a,

Haimu: 2(KM; ABC)

Pewenue:

VYTriioM Mexy MpsSIMON U TUIOCKOCTBIO HA3bIBACTCS YTOJI MEXKIY MPSIMOM U €€ MPOEKINEH

Ha MjI0ckocTu. Mbl uMeeM HakJIoHHYI0 MK, nmeeM ee npoekuuto AM. 3Ha4uT, yriioMm Mexay
npsmoit MK u mnockoctero ABC sinsiercs yron AMK.

60°.

4).

Tpeyronbuuk ABC — npaBuiIbHBIN. 3HAUUT, BCe €ro yribl paBHbl 60°. 3Hauut, £ABC =

Pacemotpum tpeyronsauk AMB. OH npsitmoyronbHbli, Tak kKak AM L BC. Haitnem AM:

V3

.f-lM=!—1Es‘-sin.f_ABC=2a-sinE-D°=2a-?=rx\E.

Paccmotpum npsamoyromnbHelil TpeyroabHuk AMK. AK = a, AM = a3,

AKX T a 1
tg LAME = —

AM  ay3 V3

— o
Yron AMK — ocTpblii, 3Ha4HUT, LAME = 30%

Omeem: 30°.
3anava 2
W3 touku M npoBeneH nepneHaukyissp MB k miockocTu npsimoyronbHuka ABCD (puc.

1) HokaxuTte, yto TpeyroiabHUKu AMD n MCD — npsiMOyToJibHbIE.

2) Haiinute yron mexay npsmoit MD u nnockocteio ABC, eciiu CD = 3cwm,
AD =4 cm, MB=5 cMm.
M

Puc. 4

1) Aano: npsmoyronsuuk ABCD, MB L ABC.

Lokazamv: AAMD n AMCD — npssMOyrojbHbI€

Jlokazamenvcmeo.

MB — nepnenaukynsp K 1miaockoctu ABC. MA — HaxkioHHas, B4 - ee mnpoekuus.

IIpoexuusa BA nepneHavKyIIsspHa npssmMoit AD u3 mockoctn ABC. 3HauuT, 51
HakIoHHas MA nepnenaukyssipHa DA (1o TeopeMe o Tpex neprneHaukyispax). Takum obpazom,
TpeyroybHUK AMD - mpsAMOYTOJIBHBIN, TaK Kak yron MAD - npsMon.
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Amnanornuno, MC — wnaknonHasi, BC - mnpoekuust HakioHHoM MC Ha miockocTs ABC.
[Tpoexmusa BC nepriennukyasipaa CD, 3Haunt, W HakiaoHHas MC nepneHaukynspHa CD(mo
TeopeMe O Tpex nepneHaukyispax). Yron MCD npsmoit, TpeyroabHuk MCD npsiMOyTrOJIbHBIH.

2) [lano:

ABCD — npsimoyronsuuk, MD L ABC

CD=3cm, AD =4 cm, MB =5 cmM.

Havimu: £(DM; ABC).

Pewenue:

Yron Mexay npsMOW M IUIOCKOCTBIO - 3TO YIroJl MEXAY MNpsIMOM M €€ MpOEKIuend Ha
I0CKOCTh. DM - HakiioHHasA, DB ee npoekius Ha TIockocTb ABC, ciaeaoBaTesibHO, HAM HY>KHO
Haitu yron MDB. O603Ha4uM €ro 3a .

PaccmorpuMm  mpsiMoyrosbHbIi  TpeyronbHUK BAD. AB=CD= 3 oM  (xaK
MIPOTHUBOIIOJIOKHBIE CTOPOHBI MPpsMOyroibHUKA). Haitnem BD o Teopeme ITudaropa.

BD =+/AB? + AD? = /32 + 42 =5 (o).
PaccmoTrpum npsimoyrosibHbIN TpeyroasHUK MBD. Haiinem yron BDM.

. _MB S5 .
¢ B0 5
J— o
Yron ¢ — oCTpbId, 3HAYUT, @ = 45°
45°

Omeem:.

IIpakTnyeckas padora Ne64
Tema 11.5: [TapamenbHbie, NEPICHIUKYISIPHBIE U CKPEIIUBAIOIINECS TIPSIMbIC
He.]'lb: Hay‘-II/ITI)Cﬂ HaxXoJUuTb YrojJ MCKAY CKpCIIMBAOIMMUCA IIPAMBIMH, MPUBCCTU
NPaKTHYECKHE TPUMEPbI ApAJUIETbHBIX U CKPEIIMBAIOIIUXCS TPSIMBIX

TeopeTnyeckasi 4acTh:
Bo03MOKHBI TpH Cilydast paclooKEHUs NPSIMBIX B IPOCTPAHCTBE:!

o napajieabHoO / / / )

/ a a
o IIEPECEKAIOTCS / b ;
7 }/// 5
e /
’

J CKpEILIHUBAIOTCS

a7

7

-

el

Yeon mercoy ckpewqusarowgumuca npamoimu
Yenom  mescoy ckpewqusarowpumuca - npameimu  Ha3BIBAIOT  YIOJN  MEXIY
MEePECEKAIOIIUMHUCA MPSIMBIMU, COOTBETCTBEHHO MapaUIeIbHBIMU JaHHBIM CKPEIIHMBAIOIIUMCS
MPSIMBIM.
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(0]

b
Ha pucynke u3o0pakeHbl cKpemuBarommecs npsimpie @ u b, [psvas a' mapamiesnbHa
npsMoii a, npsmas b’ mapamrensna npsmoii b. IpsMeie 8" u b’ nepecekarorcs. Yron ¢
SIBJISICTCSL YTJIOM MEX/Ty CKPEIIUBAIOIIMMHUCS TIPSIMBIMA & U D.

Pemienue 3axau:

1) 3aoaua. B xybe ABCDA1B1C1D:1 mnailitu yrom mexnay npsmeima AB1 u BCi.

Pewenue. Tlockonbky mpsimass  AB1  mepecekaeT  IIOCKOCTb BB:C: B
Touke Bi, koropas He nexutr Ha npsmod BCi, TO MmO mNpHU3HAKY CKpENIMBAIOIINXCS
npsMeix npsimeie AB; u BCi  ckpemuBaroTcs.

Dl

=

A B
Hnst Toro, uroObl HalTH yron mexay npsmeiMa AB:1 um  BCi, mpoBemem B kyOe

JnuaroHaib 0oxkoBoii rpann  AD:1 u auaronans BepxHero ocHoBanusi DiBi (puc. 4).
D,

1

<

[To onpenenenuto yriia Mexay CKpeluBaromuMucs npsmeivMu yron Di1AB1  u sBisieTcs
yrinom mexay npsmeiMu AB: u BCi.  Tlockonbky TpeyronasHuk ADiBi paBHOcTOpOHHUH,
yron DiAB: paBen 60°.

Omegem. 60°.

2) IlpuBeanTe MpUMEpHI NApAIISITFHBIX U CKPEUTUBAIOIINXCS TIPSMBIX, BCTPEYAIOIIUXCS B
OKpY’KaloIleM MHpe.

Pemrenne:

[Tpumeps! mapasuienbHBIX MPSMBIX: 1B TPOBO/IA IMHUH AIIEKTPOIepead; IHUpUHA MoJia U
MIMPHHA TOJIKA; JIBE MOJIOCH aBTOMOOMIIBHOM JOPOTH.

IIpakTnyeckas padora Ne6S
Tema 11.5: [TapamtensHble, IEPIEHANKYISPHBIE U CKPEIUBAIOIINECS IPSIMBbIE
Henan: Hayuntecs pemars 3a/1a4M npo¢eccuOHaTbHO-OPUEHTUPOBAHHOM
HaIpPaBJIEHHOCTU

TeopeTnyeckas 4acThb:

Ha miiockoctn nBe mnpsmble WIM TNEPECEKAIOTCs, WM NapauielIbHbl JIPYyr JPYTYy.
A B MPOCTPAHCTBE BO3MOXKEH €IE OAUH CIydail B3aUMHOI'O PACTIOJIOAKEHUS PSIMBIX.
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Pacnono)eHne NnpAMbIX B NPOCTPaHCcTBe (TpW cnyyas)

i
a M C :
i
Im
b d '
P o I——— - } _______ -
s ‘s
e % P
nepeceKkalwTca napannenbHb CKpeWMBaIoTCR
aNb=M c||d m-—=p

/[Be mpsiMble B IPOCTPAHCTBE MNapa/uleJibHbI JAPYr JpYry, HepeceKalTcsi HJIH
CKpeLIUBAKTCS.

Ecnu nBe npsMble napajienbHbl TPEThEN, TO OHU NapaJuleabHbl APYT APYTY.

CkpemuBaromuecsi npsiMble HEe IEPECEKAIOTCST U HE MapajulelbHbl ApYyr apyry. Yepes
HUX HEBO3MOXXHO IMPOBECTU IIOCKOCTh. CKpellMBaroIUecs MpsSMbIE JIEKAT B MapauleIbHbIX
IUIOCKOCTSIX.

Pemenue 3ana4

1. JIBa rpy30BHKa BhIEXAJU B PEIiC 10 B3aNMHO-TIEPIICHIUKYIIPHBIM JoporaMm. CKOpOCTh
otHOTO — 50 KM/4, CKOPOCTH Ipyroro — 60 KM/4, B JAHHBI MOMEHT OHU HaXOJISATCS HA PACCTOSIHUN
7 xm u 10 kM oT Havyana myTH. Yepes Kakoe BpeMsi pacCTOSIHUE MEXy HUMU Oynet 35 km?

2. Ckonbko moTpedyercss O€TOHA JUIsl TOTO YTOOBI 3JIMTH IIBEIUIEp C MapauIeIbHBIMU
rpanamu nosiok 1211 gymunoit 10M?

LUBEMMNEP C YKNOHOM WBENMEF C
BH¥TPEHHWX NFPAHEF NOMNOK NAPANNENBHBINMM FPAHAMM
12 ¥ nonexk 12 N

 } 7|

- 5 4. 8w
F120 mm F120 M

T e

b 52 me

IIpakTuyeckas padora Ne66
Tema 11.6: KoutponsHas padota mmo pazaeny 11 «IIpsiMbie U IIOCKOCTH B TPOCTPAHCTBEY
Heas: [IpoBeputs ypoBEHb YCBOEHMS JaHHOro marepuana no paszeny 11 «lIpsmsie n
MJIOCKOCTH B IPOCTPAHCTBEN»

Ilpu pewenuu 3adanuii 1-4 3anumume npasunbHLIL OmMeem U3 UYembvlpex
npeooIHCceHHbIX.

1. (1 6ayn) PacmmudpyiiTe KpaTKyro 3amuch: acf.

A) Touka a MPUHAVICKUT TIIOCKOCTH f; b) Touka a mpuHauiexuT npsamoii §; B) npsmas a
NPUHAIEKUT TI0CKOCTH ; ') mpsiMast a mepecekaeT mIocKocTh .

2. (1 6ann) [psmeie AB u CJ ckpemunBatorcs. Kakoe pacnonoxxenue umerot npsimeie AC
u BJ1?

A) napamnensHsle; b) nepnennukynspusie; B) ckpemusarores; ') nepecexarorcs.

203



3. (1 6amm) Ilmockoctn a u [ wumeror 1 ob6myro Touky. KakoBo ux B3ammHOE
pacnosoxeHue?

A) mapannensHbl;, b) mepecekatorcs o npsimoii; B) copnagarot; I') ckpemuBaroTcs.

4. (1 6amn) Eciu mpsimasi, IpoBeJCHHAS HA IJIOCKOCTU Yepe3 OCHOBAHHME HAKJIOHHOM,
NEePIEeHIUKYIIApHA €€ IPOEKIUH, TO OHA. ..

A) nepreHIUKyJIspHAa U cCaMOM HaKJIOHHOM; b) mapamnenbHa u camMoil HaKJIOHHOM; B)
CKpEIIMBAETCs C HAKIOHHOM; [') mepneHauKynsipHa OCHOBaHUIO HAKJIOHHOM.

Ilpu évinoanenuu 3a0anuil 5-8 3anuwiume x00 peuwienus u nOJIy4eHHbLL OMEem.

5. (2 6amra) Yepe3 koHIel otpe3ka AB u ero cepenuny M mpoBeneHbl Mapajuie/IbHbIC
IpsIMbIE, TIEPECEKAIOIME HEKOTOPYIO IIIOCKOCTh B TOuKax A1, Bi1 u M1. Haiinure miimny otpeska
MM3, ecniu oTpe3ok AB He nepecekaeT miaockocTh U ecii AA1= 6,8cm, BB1=7,4cMm.

6. (2 6amna) Ipsameie AC, AB u A/l nonapuo nepnenaukyisipasl. Haitnute orpesok C/I,
ecii AB=5cm, BC=13cm, ALl =9 cm.

7. (2 6amna) M3 TOYKM K TIIOCKOCTH TIPOBEJICHBI JIB€ HAKJIOHHBIE. HaliiuTe JIIMHBI 00111eT0
NEPIEeHIUKYIISAPA, €CIIH MPOSKIIMH HAKJIOHHBIX OTHOCSTCS KakK 2:3 U ATMHBI HAKIIOHHBIX PaBHBI 23
cM u 33 cm.

8. (2 6anna) Haueptuts kyd ABC/1A1B1C1/11. [TocTpouts Touky KEAB, Touxy MeI/1:C,
otpe3ok PEEA1B:1C.

Omanonvt omeemos:

Howep 1 2 3 4 5 6 7 8
3adaHUsA
OTtBer B B b A 7,1 15 9 -

IIpakTHyeckas pabora Ne 67
Tema 12.5: bokoBasi u nojgHas MOBEPXHOCTh MPU3MBbI, TUPAMHIbI
Heab: HayuuTh BIYUCAATH OOKOBYIO U MOJIHYIO OBEPXHOCTh MPU3MBbI U MHUPAMUIBI

Teopernyeckas 4acThb:
[Ipusma

ITnowaow nosepxnocmu: S=2SocutSeox, THE Seox — IJIOLIAL OOKOBOH MOBEPXHOCTH,
paBHasi CyMMe ILUIOIIAIEH BCEX IPAHEH.

[Mpsimast mpusmMa — npu3ma, 60KOBOE pedpo KOTOPOI MEePIEeHIUKYIIPHO OCHOBAHUIO.

Obvem: V=Soen'l .

IInowaow 60xoeotl nosepxnocmu: Seox=P-1, TIe P — mepumeTp ocHOBaHMSL.

[IpaBunpHasgs mnpusma— mpsMas MpPU3Ma, OCHOBAaHUME KOTOPOM — TPAaBWIbHBIN
MHOTOYTOJIbHHK.
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A ] B
[Tapamenenunen — mpusMa, OCHOBaHME KOTOpPOM — mapamienorpamMm. Bce rpanu
napaJulelIenuIea ABIAI0TCS NapauleJIOrPAMMAMH.
[IpssMOyTONBHBIN NTapasuIeIenuIe] — IPU3Ma, BCE TPaHU KOTOPOU — IPSIMOYT OJIbHUKH.
Csoticmea ouazonaneii: ACt=BD1=CA1=DB1=d: d2=a+h?+c?.
Inowaow nogepxnocmu: S=2-(ab+ac+bc).

Ky6 — mnpusma, Bce rpaHum KoTopod — KBampaThl (a=b=c). Ky0 sBisercs
napaiesienune oM U 00J1alaeT BCEMHU €ro CBOMCTBaMHU.

- . Q=RA2

d =+3a: s=6a’.

Iupamuaa — 53T0 MHOrorpaHHas oObeMHas (Qurypa, OrpaHWYCHHAs IUIOCKHM

MHOT'OYTOJIbHUKOM (OCHOBOM) U TPEYTOJIbHUKAMH, UMEIOLIUX OOIIYI0O BEePIIMHY, HE JISXKALIYIO B
IUIOCKOCTH OCHOBAHUS.

O0béM 1 III0IA/Ib IOBEPXHOCTH MUPAMM/IBI

@opmyna. O0beM NMPAMHUIBI YEPE3 IJIOUIAIb OCHOBBI U BBICOTY:

V = Soew'H

Onpeodenenue. bBokoBasi MOBEPXHOCTh NMHUPAMMIABI - 3TO COBOKYIIHAs IUIOLIANb BCEX
OOKOBBIX I'paHEl TUPAMU/IBL.

Onpeoenenue. Ilo1Hasi NMOBEPXHOCTh NHPAMMIBI - 3TO COBOKYIHOCTb IUIOIIAJEH
OOKOBOM OBEPXHOCTH U IJIOLIAAN OCHOBAHUS TUPAMUIBI.

@opmyna. ILnomans 00KOBOM MOBEPXHOCTH NPABWIBHON MUPAMM/BI YEPE3 IEPUMETP
OCHOBaHUS U anogemy:

S—lh
b—2p

IIpumep 1. YUeMy paBHa nojHas NOBEPXHOCTh MPSIMOW TPEYrOJBHOW NPHU3MBI, €CIIU €€
BbIcOTa paBHa 50, a cropoHbl ocHOBaHuA 13, 37 u 407

Pewenue:

IIepumerp ocHoBaHus npu3Msl paseH P=13+17+40=90.

[Tnomane 60xK0BOI MOBEPXHOCTH Sso= 90-50=4500.

[Tnomans ocHoBaHus Haiaem no ¢opmyine [epona. Ero momynepumerp p=45 u

See =/45(45-13)(45-37)45-40) =-/45.32.8-5 =240
OcTanoch BBIYUCIUTD MOJHYIO TOBEPXHOCTH NMpU3MbL: S=2-240+4500=4980.

Omesem: 4980.
IIpumep 2. B ocnoBanuu npsimoit npusmsl ABCDA1B1C1D1 nexur xBaapat co ctopoHoi

3 o
2. BokoBoe pebpo MpU3MBI PaBHO N"T . Haligute rpanycHyio Mepy yriia MeXay IUIOCKOCTBIO
TpeyroiapbHuKka AB1C ¥ IIIOCKOCThIO OCHOBAHUS MPU3MEI.

Pewenue:
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[Tnockocts AB1C mepecekaeT miuockocTh ocHoBaHus npo mpsmoid AC. Iloctpoum
JIMHEWHBIN YroJl, COOTBETCTBYIOIIUN YTy MEXAY 3TUMU TuiockocTsiMu. T.k. ABCD — kBaapar, To
ero jamaroHamu mepecekarorcs mox mpsmeiv yriom, T.e. B0 LAC Tamee, T.x. mpusma
npaBuibHas, To0 BiA=B:C. Tpeyronsauk AB1C — paBHoOenpennsiii. Ero meauana B1O siBisercs

TaKX€ €ro BBICOTOM, T.e. BO LAC CienoBaTenbHO, JUHEHHBIN £B,0B paBeH Yy MEXIy
IIJIOCKOCTSIMH.
Paccmotrpum TtpeyronpHuk Bi1OB. Ilockonbky mnpusma — mnpsimas, To yroa B B
1 1
- BO=—BD=-22=./2
TPEYTrOJbHUKE — MPSMOM. BlB:"u"{: 10 YCIIOBHIO 3a/1a4H. 2 2 . T.k. xareTsl B

npsMOyrosibHOM Tpeyrosbauke B1OB paBubl, TO £B,0B 50

Omeem: 45°.

Pelnenne 3axanui:

1.B npsiMoyronpbHOM mapajuielenunese CTOPOHbI OCHOBaHHUS paBHBI 12 ¢cM U 5 cwm.
Juaronaine napasuienenunena oOpa3yer ¢ MIOCKOCTbIO OCHOBaHUs yrou B 45°. Haiiaute 6okoBoe
pebpo nmapauienenunesa.

2.0OcHOBaHuEM MPSAMOro Mapajuienenuneaa spisercs poMo ¢ auaronansimu 10 cm u 24 cm,
a BbIcoTa napaienenurena paHa 10 cm. Haligure 60mb11yto 1uaroHais napasuieenurmesa.

3.CTopoHa OCHOBaHHS MPABHIBHON TPEYyroibHOW MPU3MBI paBHA § cM, 00KOBOE pedpo
paBHO 6 cM. HaiinuTe ruiomans ceueHus, MPOXOASIIEero Yepe3 CTOPOHY BEPXHETO OCHOBAHMS U
MIPOTUBOJICKAIIYIO BEPIINHY HUKHETO OCHOBAHHUS.

4.B npaBWIHHOM N-yrojibHOW IpH3ME CTOPOHA OCHOBAaHHUS paBHA a M BBICOTA paBHA h.
Breruucnure momaayu 60KOBOM U TIOJHOM MOBEPXHOCTH MPU3MBL, eciii: a)n=3,a=10cm, h=15
cM; 0)n=4,a=12am,h=8 am;B)n=6,a=23 cm, h=51m;T)n=5,2a=0,4 M, h=10 cm.

5.0cHOBaHME MPSAMOU MPU3MBI — TPEYTOJIBHUK CO CTOPOHAMU 5 ¢cM U 3 cM U yriom B 120°
Mexay HuMu. Haunbonbiias u3 miomiaaei 60KoBbIX rpaHeit paBHa 35 cm2. Hailiaure miomans
OOKOBOI TTOBEPXHOCTH MPU3MEI.

6.CTOpOHBI OCHOBAHHUS MTPSIMOTO TIapAJUICIICITUIIC/Ia PABHBI 8 CM H 15 ¢M B 00pa3yroT yroi
B 60°. MeHblnas W3 IUIOLIAJEH OUaroHalbHbIX cedeHuil paBHa 130 cm2. Haligurte miomanas
MOBEPXHOCTHU Napasuieenunesa.

7. laHa mpaBUJIbHAs YETHIPEXYroJibHas MUpaMUJa CO CTOPOHOM OCHOBAaHMS 2 CM M
BbICOTOM OOKOBOHM rpann 6 cm. Haiinute momanb

OOKOBOI TMOBEPXHOCTH MHPAMUJIBL.

8. BoicoTa mpaBUIBHOM  YETHIPEXYrOJIbHOW MUpaMHUAbl 7CM, CTOpPOHA OCHOBAHUS
8cm. Omnpenenure OokoBoe pedpO.

9. lano: SO = 4 - Bricora upamuel. ABCD - npsmoyronsauk, AD = BC = 6; AB = DC
= 8. HaiiTu: SnounH., SO0k., V.

Puc. 7

smzéoc-sm su=,]sd+oni;

Pemenne:
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AC=BD=+64+36 =10; AO=0D=5, OM=

=%AD=§=3. SM=16+9 =5. wa=-% 5.

8 20; Spups=20; OK=r- DC
2 (cpennss muuust AADC). OK = 4,

_1 :
SK=\T6eT=aa; S~y 4= o
Soo =2+124/2 +2:20 =242 + 80 = 8 (32 +5); S, = 6 - 8=48; Sy, = S +

F Son =2402 +40 +48=2442 +88=8(11 +32).
1 1

=_3. _—_— =.3. -48 -4 =64, (Otser: 8(3ﬁ +5) 8011 +3J§ % 64.)

IIpakTyeckas padoralNe 68
Tema 12.7: [Ipumepbl cummeTpuii B ipodeccuu
Iean: PaccMOTpeTs IpUMEPBI CAMMETPUU BOKPYT HaC

Teopernyeckas 4acThb:

PaccMoTpuM NoHATHE CUMMETPUU C TEOMETPUYECKON TOUKU 3pEHHUS.

B ydeOHMKe 1O T€OMETPHH TO MOHITHE BBOAUTCS clieayromuM oopasom. Toukn A u Al
Ha3bIBAIOTCS CUMMETPUYHBIMU OTHOCUTENIBHO TOUKH O (LeHTp cuMMeTpun), eciu O — cepearHa
orpe3ka AA1 (puc. 1, a). Touka O cuuTaercs CHMMETPUYIHON camMoii cede.

Touxu A 1 Al Ha3bIBaIOTCS CUMMETPUYHBIMU OTHOCHUTEJIBHO MIPSIMOIL @ (OCh CUMMETPHH),
ecJIM IpsiMasi a MPOXOJUT uepe3 cepenHy oTpe3ka AAl U nepneHAuKyIsipHa K 3TOMY OTPE3KY
(puc. 1, 6). Kaxnas Touka npsiMoi a CAMTAaETCSI CHMMETPHUYHON caMoii cebe.

Toukn A m Al Ha3bpIBatOTCS CHMMETPUYHBIMU OTHOCHUTENIBHO IJIOCKOCTH  (TUIOCKOCTH
CUMMETPUN), €CIIU TUIOCKOCTh  TIIPOXOAMT 4Yepe3 cepeiuHy oTpe3ka AAl M nepneHauKyisipHa
K 3TOMY 0Tpe3Ky (puc.l,B). Kaxkas Touka miI0CKOCTH  CUMTAETCsl CUMMETPUYHOM camoii cede.

Touka (mpsimMasi, TIOCKOCTb) Ha3bIBAeTCS ILIEHTPOM (OCBIO, IJIOCKOCTBIO) CHMMETPHH
burypsl, eciau Kaxxaas Touka QUrypbl CHMMETPUUYHA OTHOCUTEIHLHO HEE HEKOTOPOI TOUKE TOM ke
¢urypsl. Ecau purypa umeer (puc. 1) ueHrp (och, I0CKOCTh CAMMETPUH), TO TOBOPST, YTO OHA
o0JaiaeT 1eHTpaIbHON (0CEBOM, 3epKaIbHON) CUMMETpHUEH.

Bbizensist reoMeTprUUecKyr0 CHMMETPHIO, TOBOPUM O MOJIOKEHHUHU, POpMe, CTPYKType. ITO
Ta CUMMETPUS, KOTOPYIO MOKHO HETIOCPEICTBEHHO BUJIETh.

CuMMeTpHuI0 MOKHO OOHapyXHUTh IOYTH Be3Jle, €ClIM 3HaTh, KaKk €€ MCKaTb. MHOrue
Hapobl C APEBHEHIINX BPEMEH BIIaJI€H MPEJICTABICHUEM O CUMMETPUHU B HIMPOKOM CMBICIIE --
Kak 00 ypaBHOBEIIEHHOCTH M TapMOHUHU. TBOpPYECTBO JIOJIe BO BCEX CBOMX MPOSIBICHUIX
TAroreeT K cumMMmerpuu. llocpencTBoM cHMMETpUM YEJIOBEK BCEr/a MbITANCS, IO CIOBaM
HeMelKoro wmarematuka I'epmana Beins, «noctuub M co3AaTh MOPAJOK, KpacoTy U
coBepieHcTBOY. . Belnb mo cuMMeTpueit moHuMai «kHEM3MEHHOCTh KaKoro-In0o 00beKTa, Ipu
OTIpENIeIEHHOr0, pojia MPeoOpa3oBaHMX; MPEIMET SBISETCS CUMMETPUYHBIM, B TOM cCiydae,
KOI'Jla €ro MOXHO MOJIBEPTHYTh KaKkoW-HUOY/Ib onepaliuu, nocie KOTOpoi OH OYJeT BHITJIAICTD
TaK ke, Kak ¥ 10 npeodpazoBanusy. OnpeneneHnyio riasy I'. Belnb mocBATHI OpHAMEHTHOU
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CUMMETPUU. YTIOPAJOYCHHOCTh M TOJAYMHEHHOCTh OIpEJeNeHHOMY Ha0opy MpaBHI MBI
0oOHapyXHBaeM B y30pax U OpHaMeHTax (cM. puc. 16).

Henb3s He yBHIETh CHUMMETPUI0O UM B OIPAaHEHHBIX JpParolieHHBIX KaMHAX. MHorue
IPAaHWIBLIMKK CTapaloTCs MpuIaTh OpwiuMaHTaM (QopMy TeTpasapa, Kyba, OKTa’[pa WU
uKocadzpa. Tak Kak rpaHaT UMEET T€ >K€ DJIEMEHThI YTO U KyO, OH BBICOKO LIEHUTCS] 3HATOKAMU
JParoleHHbIX KaMHeH. XyJ0KeCTBEHHbIE U3/EIUs U3 IPaHAaTOB ObUIM OOHApY>KEHbI B MOTMJIaX
[pesuero Erunra, oTHOCAIMXCS €11€ K JOJUHACTUYECKOMY IEpUOY (CBBILLIE IBYX ThICAYEIETUN
JI0 H.D.).

B komnexknumsx OpmuTaka 0COOBIM BHHUMAHHUEM TIIOJIB3YIOTCSl 30JI0THIE YKpaIICHUs
npeBHUX cku(oB. HeoObIyaiiHO TOHKA XyJ0KECTBEHHAs pab0Ta 30JI0ThIX BEHKOB, IMAJIEM, IepEBa
U YKpAaICHHBIX AParoleHHbIMUA KPacHO-(PHOJIETOBBIMH I'paHATaMHU.

OnHUM U3 caMbIX HarjsIIHBIX HCIOJIb30BAaHUM 3aKOHOB CUMMETPHM B JKM3HM CIIyXat
CTPOEHHUSI apXUTEKTyphl. JTO TO, YTO 4Yallle BCETO Mbl MOXEM YBHUJETh. B apxurexkrype ocu
CUMMETPHUH HCIONB3YIOTCS KaK CpEICTBA BBIPAXKEHMs apXUTEKTypHOro 3ambicia. ITpumepon
UCIIOJIb30BAaHUSl CHUMMETPUU B apXUTEKTYpE MHOKECTBO, OJJHUM W3 HHUX SBIIETCS MPEKPACHBIN
HoBocuOupckuii Teatp onepsl u Oanera.

Eme onHuM npuMepoM MCIOJIB30BaHUS YEJIOBEKOM CUMMETPUU B CBOEH IPAKTUKE - 3TO
TeXHUKa. B TexHHuKe ocu cuMMeTpuu Hanbosiee 4eTKo 0003HAYar0TCs TaM, Tie TpeOyeTCs OLEHUTh
OTKJIOHEHHE OT HYJIEBOTO IOJIOKEHMSI, HAI[pUMEpP Ha pyJie TPy30BHKa WM Ha LITypBajie KopaoJs.
Wnu ogHO U3 BaKHEHIIMX W300pETEHUI YenoBeyecTBa, UMEIOIIUX LIEHTP CUMMETPHUH, SBIISIETCS
KOJIECO, TAK)KE LIEHTP CUMMETPUU €CTh Y MPOINEIIepa U IPYruX TEXHUUECKUX CPEACTB.

CuMMeTpuI0 MOXHO 3aMETHTh Jake TaM, Ha 4TO HHMKOI/la He oOpalajg BHUMAaHUE.
Hampumep, eciu Bbl momectute OYKBbI IEPE]] 3€pPKAJIOM, PACIIOJI0KUB €T0 MapalieIbHO CTPOKE,
TO 3aMETUTE, YTO T€ U3 HUX, Y KOTOPBIX OCb CUMMETPUHU MPOXOJUT TOPHU3OHTAIBHO, MOKHO
IIpOYECTh U B 3epKaje. A BOT T€, y KOTOPBIX OCbh PAcHOJ0KE€HA BEPTUKAJIBHO MU OTCYTCTBYET
BOBCE, CTAHOBSITCS «HEUMTAOCIbHBIMI.

Cy1ecTBYIOT SI3bIKH, B KOTOPBIX HauepTaHHE 3HAKOB ONUPAETCS Ha HAIMYUE CUMMETPHUHU.
Tak, B KUTaliCKOW MMCbMEHHOCTH MePOrnG 03Ha4aeT MMEHHO UCTUHHYIO CEPEUHY.

CummeTpusi Takke €CTh M B 4YHCIax, Hampumep, v12345678987654321=111111111;
v123454321=11111 u T.1. cuMMeTpHsI LIEHTPAJIbHASL OCEBAsl 3€pKaAJIbHASI TEOMETPHUS

3a/1aﬂne: MMpUBCANUTEC TIPUMCPBI CUMMETPHUH, BCTpG‘lElIOH.ICfICH B )XMU3HHU YCIOBCKA.

IIpakTuyeckas padoraNe 69
Tema 12.7: [Ipumeps! cummeTpuii B mpodeccuu
Iean: PaccMoTpeTs mpuMepbl CHMMETPHUH B ITPOGECCUOHATLHON AEATEIbHOCTH

Teopernyeckas 4acTh.

[Ipumenenne mareMaTUku B Oyaymiedl mpodeccuu — OouyeHb akTyajbHas T€Ma HaIIero
BPEMEHU.

CummMeTpus B mpodeccuu afMUHUCTPATOpa Mara3uHa OJ1eX1bl

B MarasmHe ofekIbl 00S3aHHOCTH aJMUHHUCTpAaTOpa Mara3uHa OyayT 3aKIr4YaTrhCs B
opraHu3alr TOProBbIX IMPOLECCOB. HOHOJ’IHI/IT@J'IBHO B O6${?>aHHOCTI/I AIMUHHUCTpAaTOpa BXOAUT
KOHTPOJIb HaJl pa3MEIICHUEM TOBapa B TOProOBOM 3ajie MarazuHa. M TyT riiaBHBIMH TpUHIUTIAMU
co37aHus OanaHca SIBISIOTCS CHMMETPUSI 1 ACHMMETPHSL.

Kak wucnonb3oBaTh CHMMETPHUIO B MaraswHe oaekael? Tak ke, Kak HaOOp BECOB
YpaBHOBEIIMBAET JIEBOE W MPABOE Ha BecaxX, TAK JieBas MMOJOBHHA BUTPUHBI WM MPOCTPAHCTBA
MarasuHa ypaBHOBEIIMBAETCS MTPaBOM:

® BCIIN U MAHECKCHEI B JIEBOM CTOPOHE BUTPHUHBI OKHA JOJI’KHBI 6aJ'IaHCI/IpOBaTI) C O6’BGMOM
CIIpaBa;

® CTONKH CIIOXCHHBIX (PyTOOJIOK PAaBHOMEPHO M CHMMETPHYHO PpaACIPEACIICHBI 10
OTACIIFHO CTOSIIEMY CTOJY Y BXOJIa B MarasuH,;
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® BUCST BEIIM OJMHAKOBOT'O ACCOPTHUMEHTA CJIeBa U MpaBa.

Cummetpusi (oceBasi) 4acTO HCIONB3YeTCs i OGOPMIICHHS BEIICH B KJIACCHUYECKOM
ctwie. CUMMETpHS TIPUIACT 3JIETAHTHOCTh M (POPMAIBHOCTH BUTPHHBI C MY>KCKOH OJICKIOH;
opopmiieHHEe B JU3aWHEPCKUX Mara3MHax C MHUHUMAQJIMCTUYHBIM JTU3alHOM ; BUTPUHBI C
MaHEKCHaMU ¢ HCOOBIYHOM TU3aitHEPCKOM 0183k 101. OJHAKO CUMMETPUYHOE O(POPMIICHHUE MOYKET
OBITH HEMHOT'O CKYYHBIMU I O0Jiee MOBCETHEBHOM U 0a30BOM 0/1€kKIbI, KOTOPBIE TPEOYIOT Yero
UHTEPECHOTO.

Acummertpus. st pa3menieHust MOBCEAHEBHON U 0a30BOM OAEKIbl OOBIYHO HUCIIOJIB3YIOT
ACUMMCTPUYHBIC BUTPHHEIL. Bnaronap;{ ACUMMCTPHUHU MOJY4YaCTCA HNpCACTaBUTb 6330BBIC BCIIIN
0osiee HEOOBIYHBIMU. ACUMMETPUYHBIN AU3aiiH MOXKET BBI3bIBATh UYBCTBO JABM)KCHUS U Ka3aThCs
Ooiee COBPEMCHHLBIM, YEM CHMMGTpH‘-IHBIﬁ, HO IIpHU BCEM 3TOM CO34aTh IIPABUJIBHBIC ITPOIIOPUU U
3JIEMEHTOB 3/IECh CIIOJKHEE.

Kak wucnomp3oBaTh acMMMETpPHIO B MarasuHe OACKIsI? B KkadecTBe mpumepa
ACUMMETPUYHOI0 OajaHca MOKHO MIPUBECTH CIEIyIOIIee OJIMH MAHEKEH B JIEBOW YaCTH BUTPUHBI,
YPaBHOBEIICHHBIN JIBYMSI MaHCKCHAMH CIIPaBa, CTOSANIUMHU OJHM3KO Ipyr K Apyry. B 1menowm,
rapMoHus Oy/IeT JOCTUTHYTA, TOCKOJIbKY TPU MaHEKeHa yJ00HO 3aMOIHSIOT MPOCTPAHCTBO, XOTS
OHHM U pacrpeielicHbl HEPABHOMEPHO

CummMmetpus B npodeccun Boautens. Bce aBToMoOUIN UMEIOT MPOAOIBHYI0 CHMMETPHUIO
Ky30Ba. He SBIAIOTCS HCKITFOUEHUEM M OOJIBIIIETpY3HBIC MaIIMHEL. [IepBoe, 4TO MPUXOUT Ha YM,
KOrJla peyb UAET O CHMMETPUM aBTOMOOWMIICH, 3TO a’poarHaMuKka. Eciiu neBast U mpaBasi 4acTu
MalIuHbl OyAyT MMETh pa3Hyl (OpMy, TPYIHO IPEIyrajaaTh, Kak IOBEACT ceOs BO3MYIIHBIN
MOTOK Ha OOJIBIION CKOPOCTU. B 3aBUCMMOCTH OT CKOPOCTH BO3JYIIHBIE MacChl IO 00€ CTOPOHBI
Ky30Ba MEHSUTH ObI CBOW yrojl MU HEM3BECTHO KaK IMEPEeCceKaMch OBl MEXIy COOOM, co3maBas
JUIIHKE TpoOieMbl BoauTemto. M3-3a ommboKk mpoekTHpoBaHUS (OPMBI Ky30Ba aBTOMOOMIH
MOTYT TEPATh YCTOMYMBOCTH Ha OOJIBIION CKOPOCTH U JIaXKe TIEPEBOPAYUBATELCS . ITO OCOOCHHO
OMacHO sl OoMbIIerpy3HbIX MamMH. Eciiu mocMoTpeTs Ha Gypy ¢ pa3HBIX CTOPOH, TO MOKHO
3aMETHTh, YTO OHA UMEET Cpa3y HECKOJIBKO oceil cuMMeTpru. HekoTophie neTaiy MaliiH UMEIOT
HEHTPaJbHYI0 CUMMETPUIO: KOJECO aBTOMOOWIIS, IIECTepeHKa W Jp. PyrneBoe koieco mumeeT
oceByro cummeTpuro. [Ipu MoeTupoBaHM aBTOMOOMIIBHBIX TUCKOB, JJIS PAaCUYETOB MPUMEHSIOT
MOBOPOTHYIO CHMMETPHUIO. PerymmpoBka CXOXAEHHS KOJEC aBTOMOOWIISA TPOU3BOAUTCS
OTHOCHUTCIIBHO HpOI[OJ'IBHOfI OoCh CUMMCETpPHUH MalllWHBI. I[J'If{ HAa3€MHOI'0 BHJa TpPaHCIIOpTa B
OoJIbIIIel CTENIEHH BCE OCEeBasi CHMMETPHSL.

3aganme: mnpuBEIUTE NPUMEpPHl CUMMETpPUH, BCTpedarolleiics B Bamed Oyaymei
npodeccuu.

IpakTuyeckas padoraNe 70
Tema 12.13: O6bem Tena. OTHOLIEHHE 00HEMOB MTOIOOHBIX TE
ean: PaccMoTpeTh mpuMepbl HAXO0XKACHUS 00bEMOB TEOMETPUUECKUX TEI
Teopernyeckas 4acThb:
Bce dhopmynbl 00eMOB reOMETPUUECKUX Tell
1. Pacuer o6bpema kyba

a - cTopoHa KyOa
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dopmyna oobema kyba, (V):

2. Haiftu o ¢opmyse, 00beM IpSIMOYTOJIBHOTO Mapajuieienunea

&3

a, b, ¢ - cropons! napasenenunena
Eie nHOT1a CTOPOHY MapasuieienuIie/ia, Ha3bIBAlOT PEOPOM.

dopmyna oobema napaienenunena, (V):

V=abc

3. ®opmyna I BEIYMCIIEHUST 00beMa mapa, cheps

R - pagnyc mapa
n~3.14

ITo dopmyiie, ecitu 1aH paanyc, MOKHO HaiTH oO0beMa mmapa, (V):

4. Kak BBIYUCIUTH 00BEM ITUIHMHAPA ?
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h - BeicoTa nunMHApa
I - pagnyC OCHOBAHHS
n=3.14

[To hopmye HaiiTu 0OBbEMa IMIIUHPA, €CIU U3BECTHBI - €70 PAIUyC OCHOBAHUS U BHICOTA,

(V):

5. Kak naiitn 00beM KoHyca ?

R - pagnyc ocHoBaHus
H - BeicOTa KOHYCa
n~3.14

dopmyna oObeMa KOHYyCa, €CIM U3BECTHBI paanyc U BbicoTa (V):

7. ®opmyna o0beMa yCeUeHHOT0 KOHYca

L l
I - paanyC BEpXHETO OCHOBAHMSI
R - panunyc HUXKHEro OCHOBaHUS

h - BeIcOTa KOHYCA
n~3.14
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dopmyna 00beMa YCEUYCHHOTO KOHYCA, €CIM M3BECTHBI - PaJdyC HUKHETO OCHOBAHWS,
paznyc BEpXHEro OCHOBaHUS U BbicoTa KoHyca (V ):

[IpaBunbHBIN TeTpadap - MNHUpaMUAa Yy KOTOPOMl Bce TpaHH, pPaBHOCTOPOHHHE
TPEYTOJIbHUKH.

a - pebpo TeTparapa

dopmyia, i pacueTa oobeMa mpaBuibHOro TeTpasapa (V):

9. O0BeM MpaBUIBLHON YETHIPEXYTOJIbHON MUPaMHU/IbI
[Mupamuna, y KOTOpoil OCHOBaHME KBagpaT W TpaHU paBHble, paBHOOEIPEHHBIE
TPEYrOJIbHUKH, HA3bIBAETCS ITPABUIIBHON YETHIPEXYTOIbHON TUPAMUION.

a - CTOpOHA OCHOBAHHS
h - BeIcOTa TEpamMu b1

dopmyita a7 BBIYUCICHUS 00beMa PABUIIBHOMN YeThIPEXYroyibHON mupamMusl, (V):

10. O6beM npaBUIIBHOM TPEYTrOJbHONW MTUPAMUIBI
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IInpamuja, y KOTOPOM OCHOBAHME PAaBHOCTOPOHHUN TPEYTrOJIbHUK U TI'PAaHU pPaBHBIE,
paBHOOEAPEHHBIC TPEYTOJbHUKH, HA3bIBACTCS TTPABUIILHON TPEYTOIHHON MUPAMHION.

a - CTOpOHA OCHOBAHUS
h - BeIcOTa TTIpAMUIBI

®opmynna o0beMa MPaBUIILHOW TPEYTrOJIbHON MUPaMUIbI, €CIIU JIaHbI - BBICOTA U CTOPOHA
ocuoBanus (V):

11. Haliti 00beM MpaBHIILHON THPAMUIBI

[InpamMuia B OCHOBaHMH, KOTOPOM JIEKUT IIPABUIIBHBIM MHOTOYTOJIBHUK U I'PAHU PaBHBIE
TPEYrOJIbHUKH, HA3bIBAECTCS IIPABUIIBHOM.

h - BeicOTa Tpamu b1
a - CTOpOHA OCHOBAHHS THPAMUIBI
N - KOJMYECTBO CTOPOH MHOTOYTOJIbHUKA B OCHOBAaHUHT

dopmyna obbeMa MPaBWIBHONH IHUPAMHIBI, 3HAas BBICOTY, CTOPOHY OCHOBAaHHS U
KOJUYeCTBO 3THX cTOpoH (V):

nah

N 180°
12 tg( = )

12. Pacuer o0bema nmupamMubl
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h - BeIcOTa TTIpaMUTBI
S - mromaaes ocHoBauusa ABCDE

dopmyna sl BBIMHCICHHS OObeMa MUPAMHUJBI, €CIM JaHbl - BBICOTa M ILIOLIANb
ocHoBanus (V):

h - BeIcOTa TTIPAMUTBI
Sk - IJIONIAIb HIOKHETO ocHoBaHuA, ABCDE
Seepx - IUTOIIA/Ib BEPXHET0 ocHOBaHus, abcde

dopmyna oobema yceueHHOH nupamusl, (V):

—_—

1
V = § h(Smm: e V{‘ S SBepx r Ssepx)

14. O6beM 1mapoBoro cerMeHTa, hopmyia

[ITapoBbIi1 CerMeHT- 3TO 4YacTh IIapa OTCEYEHHas INIOCKOCThIO. B maHHOM mnpumepe,
miockocTeio ABCD.

R - pagnyc mapa
h - BeICOTA cermenTa
n=314

dopmyna a5 pacueTa 00beMa apoBoro cermenra, (V):

1
V= §Tl'hz(3R —h)
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15. O6wvem mapoBoro cekropa

g

=
/

/4

R - pagnyc mapa
h - BeicOTa cermenTa
n~3.14

dopmyia oobema 1rapoBoro cekropa, (V):

h - BbIcOTa 111apOBOTO CI1OS

R - pangnyc HHKHETO OCHOBaHUS
I - painyc BEpXHET0 OCHOBaHHUS
n~3.14

dopmyna oobema maposoro cios, (V):

Pemienue 3axau:

1.CymectByeT 1 npusma, umeroras 50 pédep? 54 pedpa?

Pemenwue: Yucno pedep n — yroibHOM NPU3MBI 3n, TOATOMY MIPU3MBI, uMetotei 50 pedep,
HE CYIIECTBYET, a 54 peOpa umeer 18-yronpHas mpusma.

2. CTOpoHBI OCHOBaHMSI MPSAMOYTOJIBHOTO Tapajijiesienuneaa paBHel 5 ¢cM u 12 cm
JTUaroHaNb MapailelienuIea COCTaBIseT C MIOCKOCThIO ocHOBaHMs yron 60°. Haiiaure 06béM
napasuiesenumnena.

3. OcHoBaHHMEeM NPSIMOW TPU3MBI CIYKUT TPEYrodbHUK co ctoponamu 10, 10, 12.
Junaronans MeHbIel OOKOBOM rpaHU COCTaBIISIET C IJIOCKOCTHIO OCHOBaHUs yroi 60°. Halioure
00BEM ITPU3MBI.
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4. O0veM mHpSIMOYTroOJBHOTO Mapajuienenumena paBeH 2. Yemy Oyaer paBeH o0beM
napajuiesienunen1a, eciiv Kaxaoe ero pedpo yBeauuuTh B 3 pasa.

Pemenue. [lycte peOpa nmaHHOTO mapajiesnenurnena paBHel a, b u c. Torma umeem:
V=abc=2.

[Tocne yBennyeHus Kaxaoro peopa B 3 pasza ero o0bém Oyner paBen V=3a*3b*3c =27
abc=27*2=54.

OrtgerT: 54.

5. AkBapuyM umeeT GopMy IpsSMOYroJIbHOTO Napayuienenuneaa Bpicotoi 30 cMm. Eciiu B
Hero HanuTh 30 JI. BOJBI, TO IO BEPXHET0 Kpas ocTaHercss 5 cM. CKOJIBKO JIMTPOB BOJABI HYXKHO,
YTOOBI HATIOJIHUTH ITYCTOW aKBapuyM JOBEpXy?

Pewenue. Ilycte V 1 H cOOTBETCTBEHHO 00bEM U BBICOTA MapajuIeIIeUIe 1a.

V=SH . Ilo ycnosuro V=30,H=25, Torma 25*S=30.

[Tocne 3amonHenus mycroro akBapuyma aosepxy H=30. 3uauur, 30*S=V.

255 30

Hatigem otHomenue 30S = V| V=36 1.

Orser: 36.

6. Kyouk Becut 10 rp. CKoJIEKO TpaMMOB OyJIET BECUTh KYOHK, peOpo KOTOPOTo B 3 pasa
Oobiie, ueM pedpo nepBoro Kyouka, eciu 00a KyOruka U3roTOBIEHBI M3 OMHAKOBOT'O MaTepHala.

Pewenue. [lycte V- 00béM ganHoro napamienenumnena. [lociae yBeaudeHHs Kaxaoro
pebpa B 3 paza, ero 00bEM Oyzet paBeH 27 V.

v _10
27v. x x=270 rp.
Otset: 270.

7. O06BEM TpsMOYTOJILHOTO mapajuienenunena paseH 32. Yemy Oyzmer paBeH 00BEM
napaesenunesa, eciiu Kaxj0e ero peopo yMeHbIINUTh B 2 pasa.

8. B cocyn, nmeroiuii popmy npaBUILHOM TPEYTroJIbHOM IPU3MBbI, HAIUIIU BOAY. Y POBEHb
BOJIbI jocTuraeT 36 cMm. Ha kakoii BeicoTe OyeT HaXOqUThCsl YPOBEHb BOJIbI, €CIIH €€ IIepesIuTh B
JIpyro# cocya Toil ke (hopMbl, y KOTOPOro CTOPOHA OCHOBAaHHUS B 3 pa3a 0oJiblile, 4UeM y MEPBOTO.
OTBeT BbIpa3uTe B CAHTUMETPAX.

9. 3akpbITHI cOCy1 B BUJIE MPSAMOYTOIBHOTO mapasuienenumnena ¢ peopamu 30, 40 u 45 cm.
CTOUT Ha TOPU30HTAILHON MOBEPXHOCTH TAaKUM 00pa30M, UYTO HAUMEHbIIIast TPaHb SBISAETCS THOM.
B cocyn nanmmmm Bozy 10 ypoBHst 36 cM. Ha kakoMm ypoBHE OKa)KeTCs BOJIA, €CITH COCY/I TIOCTABHUTH
Ha HauOonblIyIo Tpanb? OTBET JaiiTe B CAHTUMETpaXx.

10. Jlao: ABCD - npaBunbras mupamuaa. AB = 3; AD = 2V3 (puc. 3).

Haiitu: a) Soch.; 6) AO; B) DO; r) V.

11. lano: ABCDF - mpasunbHas nupamuaa. £FCO =45°; FO =2 (puc. 4).

Haiitu: a) SocH.; 0) V.

Puc. 4

Pemrenne:

1) Pacemotpum AFOC: 20 = 90°, £C = 45°, 3naunr, £F = 45°. CnenoBarensHo, AFOC -
paBHOOeapenHsbIi, OC =~ FO = 2.

2) AC = 20C = 4.d=AC=ADV2 (o CBOHCTBY AMaroHanu Ksaapara, d2= 2a2).

Ac=i=2ﬁ,

AD =
Torna I; ‘[2_

216



= - (- -

3) ABCD - xBazpar (nmupamuia npaBuibHas). Socw, =AD" = (2‘/5) =8.

ML S v L
4) 3 3 3 3
(OtBert: a) 8; 6) 5-1/3.)
12. lano: ABCDEKF - npasunbnas nupamuga. FO L (ABC), FM L AK, FO=4,FM =5

(puc. 5).

Haiitu: a) SocH.; 6) V.

Puc. §

Pewrenne:
1) Paccmorpum AFOM: £0 = 90° (tak kak FO 1 (ABC), 3nauut, FO L OM)FO =

4,FM = 5, OM= VMF? - FO? (110 Teopeme ITugparopa), FM= J25-16 =49 =3. OM=r(r-

panuyc OKPYKHOCTH, BIIMCAaHHOM B MPaBUIbHBIN
AK = 2r-tg£=2-3tg£=6-£=2\/§.
IIECTHUYTOJBHUK). 6 6 3

2) Suw = 6Sason; s,ox-%AK-OM=%-2J§-3=3J§. Socn. = 6:343=183.

3 Vo= 3 Seon H3 V= 31843-022445.

(OtBer: a) 183, 6) 24V3.)

13. 3agaya: [/lana TpeyronbHas yceueHHas nupamuaa. Ee Beicora h= 10 cM, cTOpoHBI
OJTHOTO M3 OCHOBaHWU paBHbI & = 27 cM, b= 29 cMm, ¢ = 52 cm. [lepumerp BTOpOro OCHOBaHUS
pasusiercss P2=72 cM. Haiiqute o0beM nmupaMubl.

l

|

a

Jlist pacyeTa 06beMa HaM MOTPeOyeTCs TUIOIIAb OCHOBAHWMN. 3HAS JUTMHBI CTOPOH OJTHOTO
TPEeYroJabHUKA, MBI MOKEM pacCUMTaTh oAb mo ¢opmyne ['epona. [ist aToro morpedyercs
HaWTH MOJYIIEPUMETP:

P l=2? +209 452 =108
1008
P =5 =Hdem

Tenepp Haitgem S2:

217


http://2mb.ru/matematika/geometriya/formula-gerona-dlya-ploshhadi-treugolnika/

“{;LZ M,.-’fp {g)-f}. ){p-b ){g)-r: )

S =/ 54(54-27 ) (54-29 ) (54-52 ) = /5427 x25x2 =/ 72900=270cm *

3Has, YTO MUpaMUAa YCEUEHHas, JelaeM BBIBOJ, YTO TPEYrOJbHHKH, JIeXKAaIIlHe B
ocHOBaHMAX MONO0HBL. KodpduuueHT nomodust 3TUX TpPEyrojbHUKOB MOXHO HalTH H3

COOTHOUICHUS epruMeTpoB. OTHOIIECHHE IIIOINA/ACH TPEYTrOIbHUKOB Oy/IeT paBHO KBaApaTy 3TOro
K03 unreHTa:

2 .

Spo P w8 o
S T, 2 .24

2 Pg 72

]: Lq

, |
S ?:T

, dx 270 2
S = C —120em

29

Ternepp, Koraa Mbl HAUIM TUIOMIAJAW OCHOBAHUI YCEYCHHOW MUPAMUJIBI, MOXKEM JIETKO
paccuuTaTh €€ 00BeM:

V:% X 10 (2?u}+ J270%120 +120 ) -

10
3

Takum 00pa3om, BEIMUCIUB KOIPPHUIMECHT MOAO0MS U PACCYUTAB TUIONIAIb OCHOBAHH,
MBI HallUTH 00hEM 33JJAHHOM YCEUCHHOMN MUPaMU/IbI.

14. Jlano: Al1A2A3A4 -pom06, SA1A2A3A4 -mnupamupma, AlA4 = a, «SBO =
B, OB L A3A4, 2A2A10 = a (puc. 6).

Haittu: V-2

10 i
(270+180+120 ) === x570 =1900cm”

Puc. 6
Pemenne:

B

' - :0OB= ina = —asin2a,
1) PaccmoTpum AOA3A, 1 OAy=acosa,  AOA3B: OB = acosasing = 5
2) ASOB: SO= -;-asin 2atgp.

3) Socw. = 4SM)0H4 54";‘0'OB=20'%05iﬂ2(1 =028il\.2d

4) Vg, =§S°,_.,,. -8O, Vip. = %-az sin 2a -%asiu 2augP = %as sin? 2atgf

1 a® sin? 2augh.
(Otger:

15 .Haiinute 00beM IMIUHAPA C BBICOTOM, paBHOM 3CM U TMaMeTpOM OCHOBaHUS — 6CM.

16. TInomanas oceBOro ceueHHs LMUIMHApPA paBHa 2lcM®, miomaae ocHoBaHus - 18m
cm? Haiiaure o6bem UWJIMH]IPA.

17. CeunnoBas Tpy6a (mnotHocTh cBUHIA 11,4 r/cM®) ¢ TONIIMHON CTEHOK 4 MM MMEeT
BHyTpeHHUH auameTp 13 mm. KakoBa macca TpyO#bl, eciiu ee JyinHa paBHa 25 M?
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P=11,4r/cM®

R1=6,5MM + 4mMm = 10,5mMMm = 1,05¢cM (HapyKHBII1)

Rz =6,5mM = 0,65¢cMm

V=Vi-Vz=1 - (1,05)?22500 - ® - 0,65% -2500 =1700™ = 5338 (cm°)

M=PF -V=114-5338 = 6lkr.

18. Kakoe kosm4ecTBO HePTH (B TOHHAX ) BMEUIACT IMIIMHAPHYECKAs IIUCTEpHA TMaMeTpa
18 M 1 BBICOTOI 7 M, €CIM IIIOTHOCTH HeTH paBHa 0,85 r/cm3?

H="7m; d = 1M; Puegru = 0,85 r/em®

m =?

Vi =TR?H=m-927=5671 (M%)

m=V-P = I5131

19. [luaroHanb OCEBOrO CEUYeHHs] LMIMHIPA COCTABISET C IJIOCKOCTbIO OCHOBAaHUS
mwmaapa yron 60°. Haiizute 06beM LIUIMHApA , €M IUIOMAAb OCEBOTO CEUYEHMS paBHA
16 3 em®,

20. Ha ckyiag B MacTepcKod IO MOIIMBY OJEXK[bI MOCTYIHI PYJIOH JIparnoBOi TKaHU B
dopme mmnmuHapa. [Ipu TpaHCIOPTUPOBKE OBLT yTEPSH TOBAPHBIA SPIJBIK C YKa3aHUEM JTHHBI
TKaHU B pyJioHe. HeoOxoaumo ompenenuTs AAMHY TKaHU B pynoHe. [IponsBenn HeoOXxoanMele
M3MEpEHUs], ONIPEIEIUIIN BBICOTY U AuaMeTp pyioHa: 90cm u 30cwm, TonuHa TkaHu 0,2¢M.

21. Cmomy JuIst MPOMBILIUIEHHBIX HYXJ COOMPAIOT, MO/BEUINBAasi KOHMUYECKUE BOPOHKHU K
cocHaM. CkoyibkO BOpOHOK jauameTpoMm 10cMm ¢ obOpasyromieit 13 ¢cM HykHO coOpaTb, 4TOOBI
3aIMOJIHUTH JECSATUIUTPOBOE BeApo?

R=AC/2, R=5cm, H=V132-52=12(cm), V=1/3*3,14*52*12 ~314(cm®) =0,3 14am°

n=10/0,314 =31,8.

Omeem: 32 60poHKU.

22. Cror cena umeet ¢popMy HMIMH]IPA C KOHUYECKUM BepxoM. Paguyc ero ocHoBanus 2,5
M, BbICOTa 4 M, IPUYEM LIMJIMHIPUYECKAs 4acTh CTOra UMeeT BbICOTY 2,2 M. [lmoTtHOCTH cena 0,03
r/cm®. OnpesIeIuTh Maccy CTora ceHa.

Pemrenne:

R=2,5m

01001 = 4m

0:102=2.2m

P =0,03r/cm®

m=P-V; Vy=1-2,5%-2,2 = 13,75 M>= 13750000cm®

V=13 m 2,5 1,8 =3,75m> = 3750000 7 cm®

M =0,03 - 17500000m =0,525T = 1,6 T
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23. CrakaH4MK JUIsI MOPOXKEHOTO KOHUYECKOW (hOpMBI UMEET riyOouny 12 cM u quamerp
BepxHed yactu 5 ¢cM. Ha Hero cBepxy moJIOKWIM J1BE JIOKKA MOPOKEHOI'O B BUJAE MOJYyIIApUN
auaMeTpoMm 5 cM. IlepenosHuT 1M MOpOKEHOE CTAKaHYMK, €CJIM OHO pacTaeT?

OA=12cMm
BC=d=5cm
[lepenonHUT 11 MOPOKEHOE CTAKAHUUK?
5
Vu=4/3%R3(5/2°=125%/6 =20 ¢ 7
2512
Vi=1/3 TR?H=1/3  (5/2)>12= 12 =25%
OtBer: HeT.
24. HaiiTu o6beM mapa panguycom 10 caHTUMETpPOB.
Pewrenue:
JI5st TOrO 4TOOBI BRIYMCIUTH 00BbEeM mapa popMyia UCIONAB3yETCs CIAeayomas:
_4 53
V= 37 R

rae V — uckoMmsit 00bem mapa, © — 3,14, R — paauyc.
Takum o6paszom, nmpu paguyce 10 canTumeTpoB 00beM mapa paBeH:

V = g 3,14 x 10° = 4082 KYOMYECKHUX CAHTUMETPOB.

25. Bo ckoiIbKO pa3 YBCIUIUTCAH 00BeM Iapa, €CJjiv €ro paJuycC yBCIIMYUTL B IECTh pa3‘7

O6beM napa HaxoaAUTCA 1O GopMmyJie:

V : R?
=—T
3
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[Tpu yBenmueHuu paanyca B IIECTh pa3 ero 00bEM Oyer:

4 4
V= E}T(_ER}B =216 *E}TRB

Takum 06pa3om, 00beM 11apa yBenuautces B 216 pas.

Otgert: 216
26. O6weM omHorO Mmapa B 216 pa3 6osbiie oobema BToporo. Bo ckonbpko pas 1miomasis

HOBEPXHOCTH IIEPBOTrO HIapa 0oJblle MIOMAAN IIOBEPXHOCTH BTOPOro?

dopmyna oobéMa mapa:

4 3
V= 3 TR
CDOpMy'J'Ia momaau IMOBEPXHOCTHU 1Iapa:
S = 4nR*?
[TycTh 00EMBI IAPOB COOTBETCTBEHHO PABHBI:
4 3 4 3
Vy =§}TR1 V5 =§}TR2

N3 ycnoBus cnenyer, 4ro:

4 3 4 3
gﬂ:Rl = EIE'EHRE

R,*=216'R,"

To ecTb, MBI YCTaHOBHIIM, YTO pajguyc MEpBOro OoJbIIe pagmyca BToporo B 6 pas. Ecim
panuyc Iapa yMEHbLIMTh B 6 pa3, TO IUIONa/b MOBEPXHOCTU IApa W3MEHUTCS CIETYIOLUIIM

obpazoM:

s (Rf 4R
AV 36

To ectb oHa ymMmeHbIIUTCS B 36 pas.

IMpakTuyeckas padoraNe 71
Tema 12.15: KoMmOuHanMM MHOTOTPAaHHUKOB W Ten BpaiueHus. ['eomerpuueckue

KOMOHMHAIIUY Ha MPAaKTHUKE
Hean: M3yunts 4epTe:ku KOMOMHALMN MHOTOTPAHHUKOB U TEJ BPALLICHUS

221


http://matematikalegko.ru/wp-content/uploads/2013/12/113.g

Teopernyeckas 4acThb:

Msbl  MoOkeM paccMaTpuBaTh KOMOWHAIMM HE TOJBKO TMap «TeJI0 BpalleHHs-
MHOT'OT'paHHUK», HO U OTACIIbHO TCJI BpalllICHUA WJIN OTACJIbHO MHOT'OI'PAaHHUKOB.

Tak B3aMMOOTHOILIEHUS KOHYCa C IMJIMHIPOM OYEHb HAIIOMHHAIOT B3aUMOOTHOIICHUS
nupaMuJbl 1 HUWJIAHIApPA. 910 HCYAUBUTCIIBHO, €CJIM Mbl BCIIOMHHUM, YTO KOHYC — HpGIIGHLHBIfI
ciy4vaii nmupamMuabl. [IOHATHO, YTO B KOHKPETHBINM LUIMHAP MOXKHO BIHCATh TOJIBKO OJUH KOHYC:
C TAKUMH KC paluyCOM U BBEICOTOH. A BOT B KOHYC MOXHO BITUCATh PA3HBIC HUJIMHAPHI.

Cdepa onucana oxoJ10 HUINHAPA, €CITU OKPYKHOCTH €r0 OCHOBAaHUH JiexkaT Ha chepe.

Cdepa Bnucana B ONMJIMHIAP, €CJIM OHAa KacaeTCsl €ro OCHOBAaHUM B €ro LIEHTPax, a
OOKOBOI1 MOBEPXHOCTH 110 OOJBIIOMY KPYTY, apaIeIbBHOMY OCHOBAHHUIO LMIMHAPA (HECTIO0XKHO
JI0Ka3aTh, YTO B 3TOM Clly4yae paauychl chepbl U LWIMH/PA COBIAJAIOT, @ BRICOTA LIMJIMHPA paBHA

muameTpy chepsr) .

Cdepa onncaHa 0K0J10 KOHYCa, €CIIH OKPY)KHOCTh €r0 OCHOBAHUSI M BEPIIMHA JIS)KAT Ha
cepe.

Cdepa Bnucana B KOHYC, €CJIM OHA KacaeTCs €ro OCHOBaHUS B IIEHTpPE, a OOKOBOI
MIOBEPXHOCTH TI0 OKPYKHOCTH.
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He crout 3ay4uBaTh OIPCACICHUA BCCX KOM6I/IHaI_II/II71 BIIMCAHHBIX W OIIMCAHHBbIX TCII.
[Ipocto mpencraBpTe cebe Takyrd KOMOWHAIMIO M BaM HE COCTAaBUT OOJBIIOrO TpyJa NaTh €i

onpeieNIieHuE.
3aganue:

Uro mzobpakeHo Ha pucyHKe? BrpiOepure BepHBIH BapuaHT OTBETAa M BBIJCIUTE €r0

LIBETOM.

ITonckaska

1. Konyc, BnucaHHblii B map

2. IunuHap, onvcaHHbBIA OKOJIO IIapa
3. Ilupammua, BiucaHHas B IIap

IIpakTuyeckas padoraNe 72
Tema 12.15: KoMmOmHanMm MHOTOTPAaHHUKOB W TeN BpamieHus. ['eomerpuueckue

KOM6I/IHaI_II/II/I Ha ITPaKTHKC

Heas: PaccMoTpeTs mpuMepbl KOMOMHAIIMKA MHOTOTPAHHUKOB M TEJl BPALICHUS

Teopernyeckas 4acTh:

Kom0nHanmu MHOTOTPAHHUKOB U TeJI BpallleHUs!

Huaunap - lMpuszma

[{unuHap Ha3bIBaETCS BIMCAHHBIM B
MPU3MY, €CJIA €r0 OCHOBAHUS BITMCAHBI B
OocHOBaHus uiMHApa. [Ipu sToM, mpu3ma
HA3BIBACTCS] OMMCAHHON 0K0JI0 IMJIHH/APA.
CaoiicTBa:

B HpI/I3My MOX>XXHO BIIUCATh III/IJ'II/IHZ[p TOTrga N
TOJIBKO TOTJa, KOT/Ia B €€ OCHOBaHUE MOKHO
BIIUCATh OKPYKHOCTb.

Panuyc ocHOBaHUS IMIIMHpPA PaBeH PaARYCy
OKPY’KHOCTH, BIINCAHHON B OCHOBaHHUE
MPU3MBL.

BI)ICOTa III/IJ'II/IH)Ipa paBHa BBICOTC HpI/ISMBI.

HunuHap Ha3bIBA€TCS OMUCAHHBIM OKOJIO
TIPU3MBI, €CJTH €0 OCHOBAHUS OTIMCAHBI OKOJIO
ocHOBaHu# munuHApa. [Ipu sToM, mpruzma
Ha3bIBACTCS BIUCAHHOM B IIUJIMH/P.
CsoiicTBa:

OKOJI0 MPU3MBI MOXKHO OIUCATH IIWJIUH/ID,
€CJIM OKOJIO €€ OCHOBAHMI MOYKHO OIHCATh
OKPYKHOCTH.

Panuyc ocHOBaHUs IWIMHIpA PaBEH PagnyCcy
OKPYXKHOCTH, OITMCAHHOW OKOJIO OCHOBAHWS
MIPU3MBI.

BI)ICOTa HI/IJ'II/IH)Ipa paBHa BBICOTC HpI/ISMI)I.

Huaunap - Ilupamuaa

HI/IJ'II/IHJIp Ha3bIBACTCA BIIMCAHHBLIM B
MAPAMUAY, €CIU OJHO €T0 OCHOBAHUE
COBITAJIAET C OKPYKHOCTBIO BIIMCAHHOM B
CEYEHHE MUPaMUIbI TIIOCKOCTHIO,
NapaJyIeIbHON OCHOBAaHHUIO, & IPYroe
OCHOBAHHUC NPUHAIJICIKUT OCHOBAHHUIO
APaMUJBL.

[{unuHIp HA3BIBAETCS ONMMCAHHBIM OKOJIO
MIAPAaMU/IbI, €CIIU BEPIIMHA [TUPAMUIbI
MIPUHAJUIEKHUT €r0 OJHOMY OCHOBAHUIO, a
JAPYroe ero OCHOBAHHWE OIUCAHO OKOJIO
OCHOBaHMs nupamuasl. [Ipuuém onucate
LMAJIMHIP OKOJIO IIUPAMHUJIBI MOKHO TOJIBKO
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TOrJ1a, Koraa B OCHOBAHUHW MUPaMUABI —
BITMCAHHBIN MHOT'OYT'OJIbHHUK

Konyc -

Ipu3zma

Konyc BnmcaH B rpusmy, eciiu ero
OCHOBAHME BIIMCAHO B OJHO OCHOBAHHE
HpI/ISMBI, a BepI_HI/IHa JIC)KUT B I[perM
ocHOBaHUU TpU3Mbl. COOTBETCTBEHHO, B
ATOM clly4dae Mpu3Ma OIlKUCcaHa OKOJIO KOHYCA.
CaoiicTBa:

Ecnu koHyC BIMCaH B IPSIMYIO IIPU3MY,
YacTh CeUEHUs KOMOMHAIIUN TE
MJIOCKOCTBIO0, IPOXOASILEH Yepe3 0Ch KOHYCA,
MIPEACTABIIET COOOM MPSIMOYTOJILHUK.

KOHyC Ha3bIBACTCs OITUCAHHBIM OKOJIO
IIPU3MBEI, €CJIU OKPYXXHOCTHE OCHOBaHUA
KOHYCa OIIMCaHa OKOJIO OCHOBAHHS ITPU3MBI.

Konyc - Ilupamuga

Konyc Ha3bIBaeTCsl BHUCAHHBIM B
NUpaMULy, €CJIM UX BEPIIMHEI COBIIAJAIOT, a
OCHOBaHHE KOHYCa BIIUCAHO B OCHOBAaHHUE
HI/IpaMI/IZIBI.

CaoiicTBa:

KOHyC MOXHO BIIMCATh B HI/IpaMI/IIly, €ClInu
anodembl TUPaMUIbI PAaBHBI MEXTY COOOH.

Konyc Ha3pIBaeTCs OMUCAHHBIM BOKPYT
HI/IpaMI/IIlI)I, €CJIN UX BepIHI/IHI)I COBIIaar0T, a
OCHOBaHHUE KOHYCA OIKCaHa BOKPYT
OCHOBaHUA HI/IpaMI/II[I)I.

CsoiicTBa:

Konyc M0KHO onucaTe BOKpYT ITHPaMUbI
eciM, Bce OOKOBBIE peOpa mupamMuIbl paBHbI
MEXIy COOOM.

Cdepa-

Ilpu3ma

Cdepa Ha3pIBacTCS BIMCAHHOM B IIPU3MY,
€CJIM OHAa KacaeTCs KaXX0l rpaHu PHU3MBI.
CaoiicTBa:
B mpu3my MoxkHO BriucaTh cepy Toraa u
TOJIBKO TOr'Ja, KOrjaa B HCpHCHJII/IKy.]'IHpHOG
CEYEeHHE NPU3MbI MOKHO BIIUCATh
OKPY>KHOCTB, a BBICOTa IIPU3MBI paBHa
JUaMETPy 3TON OKPYKHOCTH:

R=r=0,5H,
rae R — paguyc BmMcaHHOTO miapa, I —
paanyc BOUCAHHON OKPYXHOCTH, H — BrIcoTa
MIPU3MBI.

Cdepa Ha3piBacTCd OMUCAHHOM BOKPYT
IpU3Ma, €CIM BCE BEPIIMHBI IPU3MBI JISXKAT
Ha cepe.

CaoiicTBa:

OxoJ10 IpU3MBI MOKHO ONUCaTh cepy Toraa
U TOJIBKO TOTJIa, KOTJ1a Mpu3Ma npsimast u
OKOJIO €€ OCHOBaHHS MOYKHO OTIHCATh
OKPY>KHOCTb.

Cdepa - [lupamuaa

B nmupamury MOXHO BicaTh cdepy Tora,
KOr/ia OMCCEKTOPHBIE TUIOCKOCTH
BHYTPEHHUX JIBYTPAHHBIX YIJI0B MUPAMUIBI
MEePeceKarnTCsl B OAHON TOUKe. JTa TOYKa
OyneT 1eHTpoM cepsl.

OKoJ10 MUpaMHIbl MOKHO OMUCATH chepy
TOT/Ia, KOT/Ia B OCHOBAHUH TTHPAMHU/IbI JICKHUT
MHOTOYTOJILHUK, BOKPYT KOTOPOTO MOYKHO
omHcaTh OKPYKHOCTh. LlenTpom chepsl OyneT
TOYKA MEPECEUCHUS MIIOCKOCTEH,
MPOXOJIAIIUX Yepe3 CepeIuHbI pEdep
MUPAMUJIBI IEPIICHIUKYIISIPHO M.

Pemenne 3a1au:

3agauyn Ha KOMOMHALMH KPYIJIBIX TeJ
1.B mumeap BriMcas map paguyca 8.
Haitaure nomans noJHONW MOBEPXHOCTH
IUATTUHIPA.
2.Paguyc ocHOBaHUs KOHYCa 6, panyc
BIMICAaHHOW B HETO Cephl paBeH 3.

3agaun Ha KOMOMHALIMH KPYTIJIBIX TeJl
1.B nunuup Boucan map paauyca 8. Haiiaure
IJIOLIA/1b ITOJIHOM MMOBEPXHOCTH LMIMHIPA.
2.Pagnyc ocHOBaHHS KOHYCa 6, paanyc
BITMCAHHOM B Hero cepsl paBeH 3. Boruncnure
IJIOMAb OCEBOTO CEYCHMSI KOHYCA.
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BoruncnuTe miomaabs 0CEBOro ceYeHUs
KOHYca.

3.B map Bnucan HUIMHIP, y KOTOPOTO YIoj
MEXy TMaroHAJIIMH OCEBOI'0 CEYCHUS
paBen 60°. OOpa3yrorias MUIMHAPA paBHA
24. Haiinure mo1a s> TOBEPXHOCTH 11apa U
TJIOLIA/1b MTOJIHOM MOBEPXHOCTH LMIHHIIPA.
4.B map BnucaH KOHYC, paJlyC OCHOBaHUs
KoToporo 8, BeicoTa paBHa 6. Haitnure
IJI0IIAIb TTOBEPXHOCTH IIapa.

5.B map Bnucana nupaMua, OCHOBaHHEM
KOTOPOU ABJISIETCS] MPSIMOYTOJIBHUK C
nuaroHaneo 10, kaxaoe 60koBoe pedpo
MUPAMUJIBI COCTABIISIET C TIIIOCKOCTHIO
ocHoBaHus yroiu 60°. Beruuciure miomasb
MMOBEPXHOCTHU IIapa.

3.B map BnucaH MUIMHIP, Y KOTOPOTO Yroj
MEXy IMaroHaJIIMU OCEBOT'O CEUEHUSI paBEH
60°. Obpa3yromas HHIMHIpa paBHA 24.
Haitaure nomans NOBEpXHOCTH 1Iapa v
IUIONIA/Ib MTOJIHOM MOBEPXHOCTH LUIHH]IPA.
4.B map BOucaH KOHYC, paAlyC OCHOBaHUS
KOTOpOTo 8, BbicOTa paBHa 6. Haiinute
IJI0111a]Ih TTIOBEPXHOCTH I1apa.

5.B map Bnucana nupamMuia, OCHOBaHHEM
KOTOPOU SBJISIETCS] IPSIMOYTOJIBHUK C
nuaroHaneio 10, kaxaoe 60KoBoe pedpo
MMUPAMUJIBI COCTABIISIET C TIIOCKOCTHIO
OocHOBaHMs yroi 60°. Beruuciaure miomaab
MMOBEPXHOCTH 11apa.

3agaum Ha KOMOMHALMH KPYIJIBIX TeJl
1.B nmiunap Boimcas map paguyca 8.
Haiigure miomaab mojiHOM MOBEPXHOCTH
HUATUHIPA.
2.Panuyc ocHOBaHUs KOHYCa 6, pagnyc
BIIMCAHHOU B HETo c(epsl paBeH 3.
BrruncnuTe miuomaabs 0OCEBOro ceueHust
KOHYca.
3.B map BnucaH HUIMHIP, Y KOTOPOTO YIoj
MEXy TMaroOHAJIIMH OCEBOT'O CEUCHUS
paseH 60°. OOpa3yromas HUIMHIPA PaBHA
24. HaiinuTe 1mi01aas TOBEPXHOCTH I1apa 1
IJIOIIA/Ib MTOJIHOM MOBEPXHOCTH LMIMH/PA.
4.B map Bn#caH KOHYC, paJnyC OCHOBaHUS
KoToporo &, BeicoTa paBHa 6. Haitnure
TIJI0IAIh TIOBEPXHOCTH II1apa.
5.B map Bnucana nupaMua, OCHOBaHHEM
KOTOPOU ABJISIETCS] MPSIMOYTOJIBHUK C
nuaroHaneto 10, kaxxgoe 60koBoe pedpo
MMUPAMUJIBI COCTABIISIET C TIIIOCKOCTHIO
ocHoBaHus yrou 60°. Beruucnure miomasb
MMOBEPXHOCTH IIapa.

3agaum Ha KOMOMHALIMH KPYIJIBIX TeJl
1.B uununp Boucan map paauyca 8. Haitnure
TJIOMIA/H TTOJTHOM TOBEPXHOCTH ITUITHMH/IPA.
2.Pannyc ocHOBaHUs KOHYca 6, pannyc
BIIMCAHHOMW B HETo cepbl paBeH 3. Beruucnure
TJIOIIAIh OCEBOTO CEUCHMS KOHYCA.
3.B map BnucaH HUIMHIP, Y KOTOPOTO yroi
MEXIYy TUArOHAJIIMU OCEBOT'O CEYCHUS paBeH
60°. O6pazyromas HUIMHApPaA paBHa 24.
Haitaure nnomaas NOBEpXHOCTH 1Iapa u
IJIOIIA/b TTOJIHOM MOBEPXHOCTU LUIMHAPA.
4.B map BOucaH KOHYC, paANyC OCHOBAHUS
KoToporo 8, BeicoTa paBHa 6. Haiinure
TIJTOIIA b TIOBEPXHOCTH IIapa.
5.B map Bnucana nupaMuia, OCHOBaHHEM
KOTOPOM SBJISIETCS] PSIMOYTOJIBHUK C
nuaroHaneo 10, kaxxgoe 60koBoe pedpo
MMUPAMUJIBI COCTABIISIET C TIIOCKOCTHIO
ocHoBaHus yroiu 60°. Beruncnure miomais
TMOBEPXHOCTH I1apa.

IpakTuyeckas padoraNe 73
Tema 12.15: KoMmOuHanMu MHOTOTPAaHHHUKOB M Ten BpamleHus. ['eomerpuueckue

KOM6I/IHaI_[I/II/I Ha MPAaKTHKE

I_Ie.m,: PaCCMOTpeTB IMPUMCPLI PCIICHHUA 3a/la4 Ha KOMGI/IHaLII/II/I MHOT'OI'PaHHUKOB U TECJI

BpaIllCHUS

Teopernyeckas 4acThb:
Ilap u mnozozpannux.

[Iap OyneT BOUCaHHBIM B IPU3MY, KOTJIa OH KacaeTcsl BCEX rpaHel MPU3MBI.

[IpuHATO cuMTaTh, YTO AP OMMCAH BOKPYT IIPU3MbI, HCKIIOYUTEIBHO TOrAA, KOrja
BCE€ BEPLIMHBI PU3MBbI PAa3MEILIEHbI HA TOBEPXHOCTH 111apa.

[ITap cunTaercs BIUCAHHBIM B IUPAMUy, KOTJa OH KAaCaeTCsl BCEX I'PaHEH MUPAMUIBI.
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https://www.calc.ru/Geometricheskiye-Figury-Shar-Sfera.html
https://www.calc.ru/Geometricheskiye-Figury-Prizma-Obyem-Prizmy.html
https://www.calc.ru/Geometricheskiye-Figury-Piramida.html

I'oBopsT, uto map OIMCaH BOKPYT MIApPaMUIBI, Korzaa BCE BEPILIUHBI
IIUPAMHUJIBI pa3MELICHBI Ha IOBEPXHOCTH IIapa

Hununop u mnozozpannuk

VYKa3pIBaIOT, 4TO LWIMHADP BIMCaH B NPSAMYIO NPU3MY, IIPU YCIOBUH, YTO OCHOBAHHUS
LUJIMHPA BIMCaHbl B OCHOBAHHUS IPU3MBI.

CunTaroT, 4TO HWJIMHAP ONKMCAH BOKPYT NPSAMON IPHU3MBI, KOTAA BBIITOJIHAETCSA YCIOBUE -
€ro OCHOBAHUS OIMCAHbI OKOJIO OCHOBAHUN IIPU3MBI.

[IpusaTo ykaspIBaTh, YTO LIWJIMH/P BIKMCAaH B MUPAMUY, KOT/Ia BBINOIHAETCS TpeOOBaHUE,
YTO OJIHO M3 €r0 OCHOBAaHUM OTHOCUTCS K OCHOBAHHUIO IIMpaMUbl, a APYroe €ro OCHOBaHUE
BIIMCAHO B CEYCHME NMUPAMU/IBI INIOCKOCTHIO, TAPAJIJIEIBHON €€ OCHOBAHHUIO.

[MunuHap onucaH OKOJIO MMPAMMBI, KOTJa OCHOBAaHHWE IUPaMUbl BIIMCAHO B OJHO W3
OCHOBaHUM LWINHJPA, @ BEpLIIMHA IUPAMUIbI OTHOCUTCS KO BTOPOMY OCHOBAaHHUIO LIUIMHJPA.

Konyc u mnozozpannux.

Konyc Oyner BnucaH B Ipu3My, KOTJJa OCHOBaHUE KOHYCa BIIMCAHO B OJHO U3 OCHOBAHUM
IIPU3MBI, @ BEPIIMHA KOHYCa OTHOCHUTCS K APYTOMY OCHOBAHUIO IIPU3MBI.

Konyc cunraercs onvcaH OKOJIO NPU3MbI, KOTZA BBIINOJHAETCS YCIOBHE - BEPILIMHBI
OJIHOTO W3 OCHOBAaHMU NPHU3MBI pa3MEIICHbl Ha IOBEPXHOCTH KOHYCA, a BCE BEPIIMHBI APYTrOro
OCHOBaHUs IPU3MBbI OTHOCSTCSI K OCHOBAHHUIO KOHYCA.

VYKa3pIBalOT, 4YTO KOHYC BIHCAH B IHPAaMHUJy, KOIZId OCHOBAHME KOHYCAa BIIMCAHO
B OCHOBaHUE IIMPaMU/bl, IPUYEM BEPLIMHA KOHYCA U IHPAaMUIbI COBMELICHBI.

YKa3bIBaroOT, 4TO KOHYC OyIeT ONrcaH BOKPYT MAPAMUIBI TOT 1A, KOTJ]a OCHOBaHHE KOHYCa
OIMCAHO OKOJIO OCHOBAHUS NUPAMHU/IBL, IPUUYEM BEPILIMHA KOHYCA ¥ IUPAMUIbI COBMELICHBI.

Penrenne 3agau:
3agaya 1. B unnunap Bnucan mwap. Halitu oTHomeHue ux o0beMoB.

Nnnmroctpanus x 3axaue

Pewenue.

Pamuychl muimuHApa U mapa o IMHAKOBBI

R,=R,=R

Bricota munuHIpa paBHa IBYM paguycaM (IuaMeTpy) mmapa:
H=2R=D

O06bem mapa BeIpakaeTcst GOpMYIION:

4
V. = —nR?
3

m

O0bem UIHH/IPA BEIpAKAETCS POPMYITON:
V, = S,eH =R - 2R = 2nR®

Haitnem oTHOIIEHHE OOBEMOB:

4
v, 37R® 2
v;_znﬁﬂ_3
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https://www.calc.ru/Poverkhnosti-Vtorogo-Poryadka-Tsilindricheskiye-Poverkhnosti.html
https://www.calc.ru/Poverkhnosti-Vtorogo-Poryadka-Tsilindricheskiye-Poverkhnosti.html
https://www.calc.ru/Geometricheskiye-Tela-Tsilindr.html
https://www.calc.ru/Mnogougolniki-Konus-Vpisanniy-V-Prizmu.html
https://www.calc.ru/Poverkhnosti-Vtorogo-Poryadka-Konicheskiye-Poverkhnosti.html
https://www.calc.ru/Geometricheskiye-Tela-Konus.html

2

T. e. mrap, BIIUMCAHHBIA B IWJIKHHIP, 3aHUMAET * ero oobema. 3a0lHO OTMETHUM TOT (aKT,
YTO HE B JII000M IIMIIMH/IP MOXKHO BHcaTh map. Heo6xoanmMo, 4To BeIcOTa HUIMH/PA ObliIa paBHA
JUaMeTpy miapa.
2

Otser: 2.

3agaua 2

10 .
Bricora KpyroBoro nmujiuHApa Ha Ooublre paanyca OCHOBAHH:A, a IJIOIIA/J(b ITOJIHOH

MOBEPXHOCTU pPaBHA 1d44m Haiigute paanyc onucanHoi BOKpYT HMIUHAPA ChEPHI.

Nnnroctparnus k 3a1aue
Pewenue.

. 0
HecnoxxHo noka3arh, 4TO IIEHTP ONHCAHHON CQepbl ~ JIGKUT Ha CEpPEIUHE BBICOTHI
HWIMH]IPA, COCIUHSIONIEH HEeHTPhl ero ocHoBaHuil. Eciau Mbl OyzneM 3HaTh BBICOTY U Painyc

LUIMHAPA, TO U3 TPEYTOJIbHUKA AOK 1 HaiizieM paauyc chepsl.
[1nomasap MOIHOM NOBEPXHOCTU LMIIMHJPA BhIpaxaeTcs: GopMyIIoi:
§=2S,.+5S;, =2nr" + 2ar- (r +10) = 144xn

2,
Pemum nonydyennoe ypaBHenue. CokpatuMm o0e 4acTu ypaBHEHUS Ha ~ .

rP+r-(r+10)=72

Packpoem ckoOku, mpuBeieM NoJ00HBIE ClaraeMble:
2r*+10r—72=10

r*+5r—36=0

r=-—9 r=4
u .

Kopan »3TOoro ypaBHeHHs: OTpunatenbHblii HaM HE TOJXOJUT,

r=4
TOrIa .

BricoTa nununapa paBHa:
H=r+10=4+10=14

[TonoBuHa BBICOTHI:
OK =7

Haiinem paauyc cdepsr:
R=424+7" =16+ 49 =65

V65

OtBerT: )

IIpakTnyeckas padora Ne74
Tema 11.6: KonTponbHas pabora mo pazaeny 12 « MHOTOrpaHHUKH U Tejla BPaICHUS
Heab: IlpoBeputh ypoBEHb YCBOCHHSI JAaHHOTO Marepuaina 1o pasgeny 12
«MHOFOFpaHHI/IKI/I H TCJIa BpalICHUA»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL OmMeem U3 Yembvlpex
npeo10IHCceHHbIX.
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1. (1 6am1) B xakux equHMIIAX U3MEPSIETCS TUIOMIAb TOBEPXHOCTH MHOTOTPaHHUKA?

A) B rpanycax; b) B MeTpax; B) B kBagpaTtHbIx MeTpax; I') B AByrpaHHBIX Ipagycax.

2. (1 6ayn) [Tnomaas OOKOBOW MOBEPXHOCTH MTPU3MBI BEIYUCIISETCS 11O OopMyIIe:

A) S = Séox + 2 SOCH; B) Sé6ox = Pocu * H; B) S =beox+ S SOCH; F) S6ox = 2Pocu * H.

3. (1 6amn) Yro siBiIsIeTCss OCEBBIM CEYCHHUEM YCEUEHHOTO KoHyca?

A) paBHOOEIpEHHBIN TPEYrobHUK; b) paBHOOeApeHHas Tpanenus; B) mpsamoyronbauk; )
MPSIMOYTOJIbHAS TPamelus.

4. (1 6amn) Kakas ¢urypa nmonydaercs npu BpallleHUU MPSMOYTOJIBHOIO TPEYroJbHUKA
BOKPYT OJTHOTO U3 CBOUX KaTeTOB?

A) xonyc; b) yceuennslii konyc; B) nupamuja; ') yceuenHas nupamuja.

Ilpu eévinonnenuu 3ad0anuii 5-8 3anuuwiume x00 peuwieHusA U NOJIYUEeHHbLIL Omeent.

5. (2 6amna) PeOpo ocHOBaHUSI MPAaBUIIBHOW TPEyroJbHON MUpaMuisl 3 M, anodema 6Mm.
Haiinute muomanas 00KOBOW MOBEPXHOCTH THPAMUJIBIL.

6. (2 6amna) Jluaronans Ky6a pasHa v/588. Haiiure ero oobem.

7. (2 6amna) [IpsMOYroapbHUK CO CTOpoHamMH 8cM M 3CM Bpalaercss BOKpPYr Oouiblieit
cTopoHnbl. Haiimute 00beM, Tiona M 60KOBOM U MOJHOM MOBEPXHOCTEH MOIYyYEHHOTO Tena.

8. (2 Gamna) BeruMcauTh MOBEPXHOCTh KPOHBI KyCTapHHKa, uMeroniero Gopmy mapa
paauyca 0,5 M. B oTBeT 3anuiuTe 4yucio, 1eJeHHOE Ha T.

Omanonvt omeemos:

Homep |y 2 3 4 5 6 7 8
3a1aHKs
OtBert B b b A 27 2744 72m; 48m; 64 1 1

IIpakTuyeckas padoraNe 75
Tema 13.1: JlekapToBel KOOpAMHAaTHl B IMpocTpaHcTBe. llpocTeilmine 3agaun B
KOOpAMHATAX
Hean: HayuuTscs pemars npocTeiimme 3aa4 B KOOpAuHaTax

Teopernyeckas 4acThb:
®opMyIbl A€NEHHS OTPE3Ka B JAHHOM OTHOIIEHUH Ha MIOCKOCTH

Ecimm wu3BecTHBI JBE€ TOYKH INIOCKOCTHU A g Pa). Blxgiy 3}, TO KOOpPIMHATHI

AdL
TOYKH M(Xpg0 o) , KOoTopasg MOEIuUT OTPE3O0K AE g orHOIIEHUH BAM BBIPAKAOTCS
dbopmynamMu:
g+ A %y Ya+ Ay,
XM = — - at == =

1+ A 1+ A

Peurenue 3agau:

[pumep 1
Haiitu koopauHaThl TOUKH M , ICJISIIIEN OTPE30K AF B orHOmIeHUHN 13 , €CJIA U3BECTHBI

rouxn A3, B3 -1

Ard 1

Pemienue: B nannHoi 3amaude EM 3 Tlo dopmynam jeeHus OTpe3Ka B JaHHOM

o . Mir. . .
OTHOIIICHUH, HAUJIEM TOUKY (Xpes ¥ M}.
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1
Xyt Az 5+§'(_3)_5—1_4E_3
. 1+ 4 .1 4 4
3 3
1 1 &
34— (-1) 3-- =2
_YatA¥s ty )= i_3_83_4
M 1ea 1 L A4 34
3 3 3
OTtBer: M3, 2)

B 3amaue He TpeOyercs CTpPOMTb uYepTexka, HO €ro BCerja IOJE€3HO BBINOJIHUTH Ha
YEPHOBHUKE:!

Avf 1
JleiicTBuTensHo, cootHomenue S 3 ppmonnsercs, To ecth otpesok AM B Tpu pasza
xopoue orpeska £ . Eciam mpomopuust He OYEBUIHA, TO OTPE3KH BCErJa MOKHO HU3MEPHThH

OOBIYHON JINHENUKOM.

Hpumep 2

JlaHBI TOYKH K310 205 6) | Hajiry:

a) Touky H | nemsmryto orpesox &% B oTHOmeHHH 41 7;
6) Touky ¥, nemsiyro otpesox XL B orHomennn 43,

[Ipumep 3
Touka & npumamnexur orpesky L7 . UssectHo, uto oTpesok £*F B nBa pasa miuHHee

8
D24, P[—; 2}
orpeska {7, Haiitu Touxy 7 , ecrim 3/
Pemrenne: M3 ycnoBus criemyer, uro touka & nenut otpesok DT B orHomennn 271,

e
A=——=1
cunTas OT BEPIIUHBI 2 1o €CTh, CIIPaBEIJINBA IIPOIIOPLIUSL: HP . ITo popmynam nenenus
OTpe3Ka B JaHHOM OTHOILLEHUH:
p+d Xy ¥ot+d-¥g
XP = P = -
1+ 4 1+ 4
LD S U T JG S Y JE S S
3 1+2 3
4+ 2y
= S+ iY==Yy =2= ¥y =1
OTBer: {ERY
[pumep 4

Touka M € A5 Orpesox &M B monropa pasa xopoue orpeska AM . Haiitu Touky 4,

CCJIM U3BCCTHBI KOOPAUHAT TOYCK 3(2; D)’M(_l; ljl .
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Pemrenue B xoHue ypoka. OHO, KCTaTH, HE €IUHCTBEHHOE, €CIM MOUAETe OTIAMYHBIM OT
oOpasma myTém, To 3TO He OyAEeT OMMOKOM, TJIABHOE, YTOOBI COBITAIU OTBETHI.

dopMyIibl AENEHHS OTPE3Ka B JAHHOM OTHOIICHUH B IPOCTPAHCTBE

J171st IpOCTPaHCTBEHHBIX OTPE3KOB BCE OYJET TOUYHO TaK K€, TOJBKO JT00aBUTCSA €€ 0/THa
KOOpJIMHATA.

Ecau u3BecTHBI JBE€ TOYKM IPOCTPAHCTBA A%y 7 4524, Bx5: P s ZB;', TO KOOPAUHATHI

Add
touxu M Far Pass Eae) , KoTopas Jemur otpe3ok A5 B oTHOmEHMn EM | pripakaroTcs
dbopmynamMu:
X =xﬂ+£-x3 =yﬂ+,51-y3 - =z}1+/i-zﬂ
MU e M e M e
[Ipumep 5

A(-2,-3,-4), B(Z,

JlaHBI TOYKH -4.0) . HaliTn koopauHAaTHl TOYKH M , IpUHAJIeKAIIEH

otpesky 4, ecnu ussectno, uro AM  BM =4:2

Pemienue:
ITo dbopmynam KOOpJMHAT cepeuHbI OTpe3Ka:
pooT2t22_ 20 -3+2(H) L —4+2.0 4
M4z 5 M 1+2 37 My 3
2 11 4
AL [—; - —J
OtBerT: 3 3 3
[Ipumep 6

JlaHbl TOYKH B-5 23 T4 25 Hajirw KOOpJMHATHl Touku 4, ecnM M3BeCTHO, 4TO
oma nemut otpesok FC B orHomenmn 31,

cDOpMy.]'H:I KOOpAUHAT CCPpCANHBI OTPE3Ka

A | yacme M | yacme B
e 2 1 ®
¥ _Mat X _¥atlVa
M‘T= M‘T

Z[J'ISI MMPOCTPAHCTBECHHOI'O ClIy4das CIIpaBCIJINBA OYCBUAHAA aHAJIOTUA. Ecau nanbsl KOHIIBI

OTpGSKaﬂ(I“l"P 424)- 55, 7 525) , TO KOOPAUHATHI €70 CEPEIUHBI M BBIpa)KaOTCs (OpMYIIaMu:

gt Xp Y¥at¥e gt Ep
X = — = — = = 0= =
3 5 ¥ 5 ot 3
IIpumep 7
[Tapamnenorpamm ABCD 3a/1aH KOOpPJIMHATaMH CBOMX BEpUINH
A(-4,0), B(4,4), C(7; 2), D(-1,-2) . Haiit TO4Ky nepeceyeHus ero 1uaroHajIeu.

Pewrenue:
[lo w3BecTHOMY  CBOMCTBY, JWAaroOHaJu  [apajuleIorpaMMa  CBOEHM  TOYKOM

[
TepeceUeHUs (Xg: Fol JIEJISITCS TIOTI0JIaM, TI0O3TOMY 3a7[a9y MOXKHO PEIINTh IBYMS CIIOCOOaMH.

Crnioco6 mnepBeii: PaccMOTpUM  TPOTHBOMOJIOXKHBIE BEPUIMHBI A4 L2 e

dbopMynaMm aeneHus: oTpe3Ka MmornojaaM HaaEM cepeiHy AUaroHaIn AL
Xyt Ea —4+T 3  Yat¥o U+

?

2 2 27 " 2 2

i
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)
B pesynbrare: 2

Crnoco6 Bropoii: PaccMOTpUM NpPOTHBOIIOJIOKHBIE BEPIIMHBI
GopMymam  neneHus ~— OTpe3ka  MOMONaM  HAWAEM  CepelMHy  auaroHanm 5L

B44), D-L-2) o

e

Takum o6pazom: 2
it

Otser; 2

[Ipumep &
—: 1.0

E E 2 ta

A5afdzm) :
JlaHbl TOUKH 3 4 2 . Haiitu cepenuny & orpeska e

[Ipumep 9
Touka M pemur  orpesox AF momomam.  Haiftu  touky &, ecum  u3BecTHSBI
rourn A% -3, M5 -41)
Pemmenue: Mcnonb3yem (popMyIIbl KOOPIMHAT CEPEIUHBI OTPE3Ka:
Xy + Xy Va+ Vs Z,+2,
xsz‘:T’ M=T= ZM=T

Ham Hen3BecTHBI KOOpIMHATHI *2: 7222 1 cHOBAa MOYHO BBIBECTH obmyro hopmymy amst
MX HaXO0XJACHUS, HO TOpa3io JIeTye cpa3y MOACTaBUTh YuCia. TONBKO MPONOPLUHSIMU BEPTH:

5 _ 2+ xp

=2+xp=10=x=48
—4=—D+23’3:>y3=—3

L S S

2
Orser; Z1& 55
IpakTuyeckas padoraNe 76
Tema 13.2: BexTtopsl B mpocTpaHcTBe. Yroa Mexay Bekropamu. CkanspHoe
IIPOU3BE/IEHNE BEKTOPOB
Henab: Hayuntbest HAXOIUTH CKAISIPHOE IPOU3BEACHNUE BEKTOPOB

Teopernyeckas yacTb
Bexkmop — 310 HanpaBIEHHBIA NPSMOJIUHEUHBIM OTPE30K, TO €CTh OTPE30K, UMEIOIINI
ONpEeNIeTICHHYIO JUIMHY U OIpejAelieHHOoe HampasieHue. [lycTte Touka A — Hadano BeKToOpa, a

TOYyKa B — €ro KOHEII, TOTIa BEKTOP oOo3HayaeTcs cumBosiom 4B wm @ |

BCKTOp B4 HAa3bIBACTCSA RPOMUBONOI0IHCHBIM BCKTODY AB 1 MOJKET OBITh 0003HAYEH a .

Cohopmynupyem psist 6a30BbIX OMPEaSIICHUM.

Jnunoit unm modynem sextopa 4B maspBaeTcsa mMHA OTpe3ska M 0603HAYAETCS ‘ |

BexTop HyneBoli AUHBI (€ETO CYTh - TOYKA) HA3BIBAETCS H)J1€6bIM 0y HaIlpaBJICHUsl HE UMEeT.
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Bekrop € equHMYHON UIMHBI, HA3bIBACTCS eOUHUYUHbIM. EIUHWUYHBIA BEKTOP, HAaIpaBICHHE

KOTOPOIr'o COBNAaAacT C HAIIPAaBJICHUEM BCKTOpA a , HA3bIBACTCA Opmom éeKkmopa a .

BGKTOPBI HAa3bIBAIOTCA KOJL/IUHEeApHbIMU, CCIIM OHU JICKAT Ha O,HHOﬁ HpﬂMOfI WX Ha

al b

MapajulebHBIX  TPSMBIX, 3aMUCBIBAIOT KomiHeapable BEKTOPBI MOTYT HMETh
COBIAJIAIOIIME UITH MTPOTHBOIOJIOKHBIC HarlpaBiieHHst. HyneBoil BEKTOP CUMTAIOT KOJUIMHEAPHBIM
JT000MY BEKTODY.

a= b)

BexTopsl Ha3bIBalOTCA paBHBIMU ( /, €clli OHM KOJUIMHEApHbI, OJUHAKOBO
HAIPABJICHBbl U UMEIOT OJUHAKOBBIC JUIMHBI.

Tpu BekTOpa B IPOCTPAHCTBE HA3BIBAIOTCA KOMHIAAHAPHBIMU, €CIIA OHH JIEXKAT B OJHOU
IUIOCKOCTH WJIM Ha MapajuleNbHBIX IJIOCKOCTX. Ecim cpenu Tpex BEKTOPOB XOTS Obl OJUH
HYJICBOM HJIU J1Ba JIIOOBIE KOJUTMHEAPHBI, TO TAKHUE BEKTOPHI KOMIUIAHAPHBI.

PaccMoTpuM B IIpOCTpaHCTBE NMPSMOYIOJIBHYIO cUCTeEMY KoopaumHar OXyz. Beioennm Ha
ocax  kxoopmuHat  OX, Oy, 0z enuauvHble  BeKkTOpbl  (OpTHI) HM  0003HAYMUM  HX
gepes 1+ J k COOTBETCTBEHHO. BpiGepeM MpOM3BONIbHBIA BEKTOP MPOCTPAHCTBA M COBMECTHM
€ro HayaJlo ¢ HayaJloM KoopauHaT. CIIpOeKTUPYyEeM BEKTOp Ha KOOPAMHATHBIE OCH U 0003HAYUM
IIPOEKLMH Yepe3 ax, dy, 8z COOTBETCTBEHHO. Toraa HETPYyAHO MTOKA3aTh, YTO

a=a, -i+a, - j+a, -k

Orta hopmyna sBISETCS OCHOBHON B BEKTOPHOM MCUUCIICHUN U Ha3bIBACTCS PA3/10MHCEHUEM
6ekmopa no opmam Koopounamuuvix ocei. Yucna ax, dy, ; HA3bIBAIOTCS KOOPOUHAMAMU

sexmopa @ . Taxum 06pa3oM, KOOpAMHATHI BEKTOpAa SBIAIOTCS €ro MPOEKIMAMH HA OCH
KoopauHat. BekTopHOe paBeHCTBO (2.25) 4yacTo 3aMUChIBAIOT B BUEC
a= {ax;ar;a:} HITH a=(_ax;a‘.;a‘. ) M
: : . bl OyzneM HCHoOJb30BaTh OO0O3HAYEHUE
BEKTOpa B (UIypHBIX CKOOKaxX, 4YTOOBI BH3YyalbHO JI€T4e pa3iuyaTh KOOPAUHATHI BEKTOpa U
KoopauHaThl TOYKU. C HCroiab30BaHUEM (OPMYJIbI JJIMHBI OTPE3Ka, U3BECTHOW W3 HIKOJIBHOU
TE€OMETPHUH, MOKHO HAUTH BBIPAKEHHE JUIsl BBIYMCIEHUS MOJYJISl BEKTOPA:

2 2 2

‘a|= a, +a, +a;
TO €CTh MOJ1yJIb BEKTOpPA PaBeH KOPHIO KBaIpaTHOMY U3 CyMMBbI KBaIpaTOB €r0 KOOPAUHAT.
O06o3HauMM  yrabl  MEXIy  BEKTOPOM M OCSAMHU  KOoOpauHar  uyepes a, J,

Y COOTBCTCTBCHHO. KOCMHbel OTHUX YTJIOB HA3BIBAIOTCA IJIA BCKTOPa a HanpaesArOWuUmMU, 1 1J141

P 2 p)
.cos" a+cos” f+cos” y=1
HUX BBINIOJHAETCS COOTHOILIEHHUE: / BepHocTh AaHHOTO paBEHCTBA

MO>KHO TIOKa3aTh C TIOMOIIIbIO CBOMCTBA MPOEKIMH BEKTOpPA HA OCh, KOTOpOe OyIeT pacCMOTPEHO
B HIDKECIIEAYIOIIEM ITYHKTE 4.

[Tyctb B TPEXMEPHOM MPOCTPAHCTBE 3a7aHbl

a=1x,¥,52.}, 0 =10:7:52:}. T=1%3052;3

BEKTOPBI CBOMMM KoopAauHartamu. Hmeror
MECTO CJEAYIOIINE OIepaly HaJl HUMHU: JTUHEHHbIE (CIOKEeHUE, BHIUMTAHUE, YMHOKEHHE Ha
YUCJIO U MPOEKTUPOBAHUE BEKTOpPA HAa OCh WJIM JPYrodl BEKTOp); HE JUHEHHBIE — pa3IMUHbIC
MIPOM3BEICHUS BEKTOPOB (CKAISIPHOE, BEKTOPHOE, CMEIIAHHOE).

1. Cnosrcenue nBYyX BEKTOPOB MPOU3BOIUTCS TOKOOPIUHATHO, TO €CTh €CIIH

¢=a+b,T0 c={x;y5:z;}={x, Y, sz {xas Yz = + 000 + 1152 + 2}
JanHast popMyIia MEET MECTO JUISl IPOM3BOJIEHOIO KOHEYHOT'O YHCIIA CIaraeMblX.
['eoMeTpHYECKH J1Ba BEKTOPA CKJIAABIBAIOTCS 110 ABYM ITPABHJIAM:

a) npaguio mpey2oabHUKa — pe3ylbTUPYIONIUN BEKTOP CYMMBI IBYX BEKTOPOB COEAUHSIET
HayaJio MEpPBOT0 U3 HUX C KOHIIOM BTOPOIO MpPH YCJIOBUH, YTO HAYaJI0 BTOPOrO COBIIAJAET C
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KOHIIOM IEPBOT0 BEKTOPA; JIsl CYMMBbI BEKTOPOB — PE3YJIbTUPYIOIINNA BEKTOP CYMMBI COEIUHSET
HayaJlo NEPBOT0 U3 HUX C KOHLOM MOCIEAHEr0 BEKTOPA-CIAraéMoro Mpu yCJIOBHUH, YTO HA4Yajio
MOCJIEAYIOLIETO CJIAraéMOI'0 COBMAIAET C KOHLIOM MPEbIIYLIETO;

0) npaeuno napannenozpamma (11 IByX BEKTOPOB) — MapajuleiorpaMM CTPOUTCS Ha
BEKTOpax-cllaraéMblX KaK Ha CTOpOHaX, IMPUBEIEHHBIX K OJHOMY Hayally; JHaroHajib
napajuieJiorpaMMa UCXOsIIasi U3 HUX OOIIero Hayana, sIBISeTCS CyMMON BEKTOPOB.

2. Boiuumanue nByx BEKTOPOB MPOU3BOJUTCS MMOKOOPIUHATHO, AHATOTUYHO CII0KEHUIO,

c=a-b
TO €CTh €CIIN , TO

C ={x3:)3:23} = {x1§}": 12—y z = {0 X — 05z — 2, )

I'eomeTpuueckn JBa BEKTOpa CKIAABIBAIOTCS 10 YK€ YIOMSHYTOMY IpaBUILy
napajuleJorpaMMa ¢ y4eTOM TOT0, YTO Pa3HOCThIO BEKTOPOB SIBJISETCS IMAroHaib, COEIUHAIONIAs
KOHIIbI BEKTOPOB, IPUUEM PE3yIbTUPYIOIINUNA BEKTOP HAIMIPABJICH U3 KOHIA BEBIYUTAEMOI'O B KOHEI]
YMEHbIIIAEMOT0 BEKTOPA.

BaxHbIM clieICTBMEM BBIYUTAHHUS BEKTOPOB SIBIISCTCS TOT (PAKT, YTO €CIIM H3BECTHBI
KOOpJMHATHI Hayalla U KOHIIA BEKTOPA, TO 015 8bIYUCIEHUA KOOPOUHAM 86KMOPA HEe0OX00UMO
U3 KOOpouHam e20 KOHUa gvluecmsp KOOpOUHamol €20 Hauana. JIeiicTBUTENbHO, 1000 BEKTOP

npocrpanctBa 45 MoxkeT ObITh NPEACTABIEH B BUIE PA3HOCTH JBYX BEKTOPOB, UCXOMALIUX U3
HayaJjia KOOpIMHAT: AB=0B-04

Koopaunats Bekropos O4 uO9B cosnapator ¢ KOOpJIMHAaTaMu TO4YeK 4 M B, Tak Kak
Havano koopauHat O(0;0;0). Takum o0pa3om, MO MpaBHIY BBIYUTAHUS BEKTOPOB CIEIyET
NPOU3BECTH BEIYMTAHHE KOOPAMHAT TOYKH 4 U3 KOOPJHHAT TOYKH B.

A-a = {ix;; Ay,; Az, }
3. Ymuoocenue 6exmopa na uucno A I0KOOpIAMHATHO! Sy :

Mpu />0 —  sextop 4 conarpasnen @ ;<0 —  pextop *% NPOTHBOMONOKHO
HarpaBJieH a. |A|>1 — nmuHa BekTOpa a YBEITUYHBAETCS B A pas; |4|<1 - JUTMHA
BekTOpa @ yMEHbILACTCS B A Pas.

4. TlycTh B MPOCTPAHCTBE 33JaHa HarpapieHHas npsimas (och l), BekTop a=A4B 3aj1aH

KOOpJMHATaMH KOHI[A ¥ Hadana. O6o3HauuM mpoeknuu Touek A u B Ha ochk | cooTBeTCTBEHHO
yepe3 A’ uB’.

Tt

np ,a 7

. AB

Ilpoexyuei sexmopa ¢ na oce | Ha3EIBaeTCA IIMHA BEKTOPA , B3sTas CO
ZFat

3HAKOM  «+», €CIIH  BEKTOp ~ u och | coHanpaBieHbl, W CO 3HAKOM  «—

Tt

4“1 .B
», €CIH ul IMPOTHUBOIIOJIOKHO HAITPABJICHBI.

Ecnu B kadectBe ocu | B3aTh HeKOTOpHIH Apyroil BekTop ¥ , TO MOMYyYUM MPOCKIIHIO

Bextopa ¢ Ha BexTOp b
PaccMoTpuM HEKOTOPBIE OCHOBHBIE CBOMCTBA MPOEKIIHIL:

1) npoexrus Bekropa ¢ Ha ock | paBHa mpom3BeneHmI0 MOy BekTopa ¢ Ha KOcHHYC
np,a = |E| ‘COSQ
yIiia MeXIy BEKTOPOM U OChIO, TO €CTh ;
2.) mpoeKnus BEKTOpa Ha OCh MOJIOKHUTEIbHA (OTpHUIIATEIbHA), €CIIM BEKTOp 00pa3yeT C
OCBIO OCTpBIH (TYMOM) YroJl, U paBHa HYIIO, €CIH 3TOT YTOJI — MPSMOiA;
3) IpOEKIHsI CyMMBI HECKOJIBKHX BEKTOPOB Ha OJTHY M TY JK€ OCh PaBHA CyMMe MPOCKITHIA
Ha 3Ty OCb.
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Chopmynupyem onpeaesieHus U TEOPEMbI O IPOU3BEICHUSX BEKTOPOB, IPEICTABIISIFOIIINX
HEJIMHEHHBIE Ollepaluy HaJl BEKTOPaMH.

a-b a

5. CKanapuovim npouseedeHuem BexTopoB ¢ n b yaswiBaercs umcno (ckausp),
paBHOE IPOU3BEJCHUIO JUTMH 3TUX BEKTOPOB HA KOCHUHYC YIJIa ¢ MEX]y HUMH, TO €CTh

a-b= |c7|-|b|-cos¢)
OuYeBHIHO, YTO CKAISPHBIM KBaApaT JIF0OOro HEHYJIEBOIO BEKTOpA paBeH KBaIpary €ro

JUTMHBI, TaK KaK B 3TOM CJIy4dae yroJ ¢ , TOATOMY ero kocuHyc (B 2.27) paBeH 1.
Teopema 2.2. HeoOX0AMMBIM M JOCTaTOYHBIM YCJIOBHEM NEPHEHIUKYISPHOCTH IBYX

BEKTOPOB SIBJISICTCS] PABEHCTBO HYJIIO X CKaJSIPHOTO NMpOU3BeeHus *
Cneocmeue. IlonapHple CKaJspHbIE IPOU3BEIEHUS EIUHUYHBIX OPT PaBHBI HYIIO, TO

CCTE i-j=i-k=j-k=0e
Teopema 2.3. CxkansipHoe MIPOU3BEICHUE JBYX BEKTOPOB

a={x;:y:zy.b={x:y:2,}
- - - . 3aJaHHBIX CBOUMHU KOOpI[I/IHaTaMI/I, paBHO

. a-b=x,x,+ Y, y,+z,-z,®
CYMMG HpOI/ISBeZIeHI/II/I X OOJHOMMCHHBIX KOOpI{I/IHaT, TO €CTh % e A = -~

C IMOMOIIIBIO CKAJKIPHOI'O HNPOU3IBCACHHA BCKTOPOB MOXHO BBIYHUCIHUTL YI'OJI MCKAY

HUMMU. Ecnn 3a4aHbI JABa HCHYJICBBIX BCKTOpa CBOUMHA
a={x:yuz}.b ={x;y:2,}
KOOpAWHAaTaMU1 _ - - - - , TO KOCUHYC yTIJIa ¢ MCKIAY HUMU:
a-b
cosp =——, TO €CTh
al-P]
X, X5 + Y, ¥; +2,2;
cosQ = —

OTCIOI[a CJICAYCT YCIIOBUC NCPICHAUKYIAPHOCTH HCHYJICBBIX BEKTOPOB a n b :
XX+ Y1V, +22, =0

Haxoxnaenne MMPOCKIHKN BCKTOpa a Ha HaIpaBJICHUEC, 3aJaHHOC BCKTOPOM ,» MOIKCT
OCYIIECTBISATHCS 1O hopmyIie
- _a-b - XX, +VY, +2,2,
np;a=——, TOCCTb np;a= = = =
b 2 2 2
| Jbt + bl’ + b;’

C IIOMOIIBIO CKaJIIpHOT'O MMPOU3BCACHUA BCKTOPOB HaxogsiaT pa6 oTy

IMOCTOSSHHOM CHIIBI F Ha HpHMOHHHCﬁHOM Y4aCTKEC IIyTH.

[IpennonoxxuMm, 4YTO TOA MAEHCTBUEM TIOCTOSHHOW CHJIBI /3 MaTepualibHas TOYKa

nepeMeniaeTcss MPSIMOJIMHEWHO W3 TOJIOkKEeHUs1 A B monoxkenue B. BekTop cuib F oOpazyer
AB =S

YIroa ¢ C BEKTOPOM IIE€PEMELICHUS ) (p
F S A=F-S-cosp,TOCCTb A=F-S

uc. 2.14). dusmka yrBepxkaaer, 4ro paboTa

CHIJIbI F IIpu NNEpeMEUICHUN S paBHa
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- F
A E B
CJ'IC,I[OB&TGJ'IBHO, pa60Ta MOCTOSHHOU CHUJIBI Ipu HpHMOHHHeﬁHOM MNEPEMCIICHUU TOYKH €€
IIPUIIOKCHUA paBHA CKAJIAPHOMY ITPOU3BCACHUIO BEKTOPA CHUJIbI Ha BCKTOP NCPEMCIICHU .
axb

Bexmopnovim npouseedenuem Bextopa ¢ Ha BekTOp b jaspisaercs BexTop © ,

YZIOBJIETBOPSIOLINI CIEAYIOIUM YCIOBUSIM:

_ €

2

NEPIECHIUKYIAPEH BEKTOpaM “ H b ;
= Psn u
— HMeeT [UIMHY, PaBHYIO ", rae@— yroi, oOpa30BaHHBII

Bextopamu 4 u b ;

a.b u¢e .
— BEKTOpPBI  ° 00pa3yoT NMpaByIo TPOUKY.

Pemrenue 3agau:

[Ipumep 1
. z|=2. [|=5. 4(&;5}:%

HaiiTu ckajsipHOe POU3BEICHUE BEKTOPOB % U & ecmn

Th = }:T| |E| cos (@ B

Pemenne: Vcnonszyem  opmyny B  nmaHHOM  ciydae:

- - T 3
Zh :}:1|-|b|-cosi(a,bj:2-5-::055:10-?:5'\5

OrBer: Zb = 5”‘E
[Ipumep 2

o £ Fl=3 R|=+2 135°
Hatitu , €CIIN , @ YTOJI MEX/Ty BEKTOpaMH PaBEH
YT01 MEeXIy BEKTOPAMH U 3HAYECHUE CKATIPHOTO MTPOU3BEICHUS
B Ilpumepe 1 ckansipHOe MPOU3BEACHUE MONTYIUTIOCH TTOJIOXKUTENBHBIM, a B [Ipumepe 2 —
OTPHIATEIIEHBIM. BBISICHIM, OT 9ero 3aBHCHT 3HAK CKAJISIPHOTO Mpou3BeAcHuss. CMOTPUM Ha HaITy
Th = |§| |5| cos (@, B

s
bopmymy: JlnvHbI HEHYJIEBBIX BEKTOPOB BCeraa

7| = 0, |5| =0
TIOJIOKUTCIIBHBI FI | , I0OOTOMY 3HAK MOXET 3aBUCETH TOJIBKO OT 3HAYCHHA KOCHHYCA.

< Ala b=
yFOJ’I Me>1<)1y BCKTOpaMI/I MOXET UBMCHATHCA B npenenax D _i(ﬂ,b) =4

BO3MOJKHBI CJIICAYIOIIHEC ClIydau:

, ¥ TIPH 3TOM

I
O« 2d b))« —
1) Ecnu yros Mexnay BEKTOpaMH OCTPBIIi: 2 (or 0 mo 90 rpamycos),

To LOSLIE B> D, U CKAJISIpHOE Npou3BedeHHe OyaeT IOJIOKUTEIbHBIM: Zb >0 Ocobblit

CILy4aii: eci BEKTOPBI COHANpAgieHbl, TO Yroll MEXly HUMU CUUTAETCS HYJIeBbIM £(@ 5)=0 , 1
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CKaJIIpHOE IMPOU3BEJCHHUE TaKXke OyIeT MOJOXKHUTEIbHBIM. [locKonbKy cosl=1 "1 dopmyna
z-b=a| p|
YIIPOIIAETCS: .

z <A@ B <
2) Ecnu yroa mexay BEKTOpamMH TYINOM: (or 90 no 180 rpamycos),

To LOSLIFE) {D, U, COOTBETCTBEHHO, CKAJIAPHOEe IpPOU3Be/leHHe OTPHUIATEIbHO! Zh <0
OcoOblii citydaii: eciii BEKTOPbI HANPasieHbl NPOMUEONON0NHCHO, TO YTOJI MEXKY HUMHU CUUTAETCS

DPA36EPHYMBIM. L@ b)=n (180 rpamycos). CkansipHOoe IPOU3BEICHUE TOXKE OTPULIATENEHO, TaK

CrpaBe/UIMBbI U OOpaTHBIE YTBEPKICHUS:

1) Eciu Zh > D, TO YroJl MEXJy JaHHBIMM BEKTOpaMu OCTpblid. Kak BapHaHT, BEKTOpPBI
COHAIIPaBJICHBI.

2) Eciu Th < D, TO YroJl MEXAy AaHHbIMM BEKTOpamu Tynoil. Kak BapuaHT, BEKTOpPBI
HallpaBJICHbI IPOTUBOIIOJIOKHO.
Ho ocoOslif nHTEpec mpencTaBiseT TPEeTHii ciayvail:

I

S(E b= —
3) Ecnu yroa mexny BEKTOpaMH MPSIMOIA: 2 (90 I'paJlyCcoB),

T
cos— =10 -
TO 2 U CKAJIAPHOe NPOM3BeJdeHHEe PABHO HYJIIO: ah =0 OOpaTtHOEe TOXE BEpPHO:
. sz 5 =2

ecmn Z2 =0 10 2 . KommakTHO yTBepyacHHE (opMymupyercss Tak: CKaasipHoe

NMPOU3BEICHHNE IBYX BEKTOPOB PaBHO HYJIO TOrIa U TOJBKO TOIr1a, KOraa 1aHHbI€ BEKTOPLI

OPTOroHaJbHBbI. KOpOTKa}I MaTeéMaTHu4dCCKas 3a11ucCh: gb=0=alb

A uto Oyner, ecinu BEKTOp ¥ yMHOXUTH Ha camoro ce0s? I[loHATHO, YTO BEKTOp
COHANpABJICH caM C COOOMH, MOITOMY TOJIb3YEMCS BBIIIEYKA3aHHOW YIPOIIEHHOW (OpMYIION:
za=f| |2

aa =|af
Wnn:
—_ — -

Yucno ¥ Ha3pIBaeTCS CKAJSIPHBIM KBaAPaToM BekTopa & | m 0003HaUarcs Kak @

Takum 00pa3om, cKAJNSIPHBIN KBaJApaT BeKTOpa ¥ paBeH KBaJApaTy JAJIMHBI JAHHOTO
BeKTOpa:

_ _
z* =a|
W3 nanHOro paBeHCTBa MOXKHO MOJYYUTHh (POPMYNIY AJi BBIUKCICHMS JUIMHBI BEKTOpA!

ol

JInsi pOM3BOJIBHBIX BEKTOPOB a.b.c
CBOMCTBA:

U JIF000ro 4mcia A CIIpaBCAJIMBEI CICAYIOIINEC

1) zh=ba _ [IEPEMECTUTEIIbHBIN UM KOMMYTATHBHBIN 3aKOH CKAJIIPHOTO
IIPOU3BEICHUS.

2) \@+b)e=ar+br _ pacnpenenuTeabHbIi WM AUCTPUOYTHBHBIN 3aKOH CKAJIIPHOTO
IIPOU3BEICHUS.

3) g b=Alab) _ COYETATENbHBI  WJIM ACCOLUMATHBHBIN 3aKOH  CKaJSIPHOTO
npousBeneHus1. KOHCTaHTy MOKHO BBIHECTHU U3 CKAJSIPHOTO IIPOU3BEIEHUS.

[Tpumep 3
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Z—%  ecnu usBecTHoO,

HaifTi cKalsipHOE TPOM3BENEHHE BeKTopop & = —2& +& y d

F|=42. Fl=8 z@&=2
qTo 4.
Pemenue:
F.d=""
=(—2Z+b) (@-&)="1
5.h =¥

=-2a3*+a b+2a b -E =1
=—2a*+3ak -8 ="

= _2|‘7|2 +3 |¢7||5| cosZ(@, &) _|5|2 _ 8

=-23-a+b - a+2a-b-b
2

= -2 (4-/2)* +3-4~J§-8-cos§—82 :—64+96ﬁ-§—64:—32
IToncrasnsieM BBIpaKEHMS BEKTOPOB ¢.d .
PaCKpHBaeM CK06KI/I 110 IIpaBUJ1y YMHOXCHUA MHOT'OYJICHOB

B INEpBOM M MOCICAHCM CJIaraCMOM KOMIIAKTHO 3allMCBIBACM CKAJIAAPHBIC KBaApaTbl

N N
BekTOopop: % % =& bb=5" g, BTOPOM CJIaraéMOM HCIIOJb3YEM IE€PECTaHOBOYHOCTh

CKaJIIPHOT'O IIPOU3BEICHUS: b-@a=a-b

[IpuBOoMM NTOTOOHBIE ClIaraeMbIe: Z-b+2a b =33h

7 =|af
B nepBoM craraemom mcmonb3yeM GopMyIly CKaJIIpHOTO KBajpaTa , 0 KOTOpO#
HE TaK JaBHO YIOMHHAIOCh. B mociemHeM ciaraeMoM, COOTBETCTBEHHO, paboTaeT Ta ke

52 =pf
HITyKa: |b . Bropoe claraemMoe packiiaapIBacM 1o CTaHIapTHOMN
F-b= b cos L@ b
bopmyne |ﬂ| |b| ‘ :I.
— -
[z =4+/2, p;|=3 =2
[MoncraBnsieM  naHHBIE — YCIIOBUS 4 u  mpoBomum
OKOHYATEJIbHBIC BBIYUCIICHUS.

Orger; d =—32
OTpuriarenbHOE 3HAYCHUE CKAISIPHOTO MPOU3BEICHUS KOHCTATUPYET TOT (PaKT, YTO yroJ

MEX]Ty BEKTOpaMH - * a ABJISIETCS TYIIBIM.
Pewrenue ynpaxHeHMiA:

[Ipumep 4
Haift ckanspHOe Mpom3BeieHHe BekTopos & = & T ch yd=-a+b , €CJIM M3BECTHO,

E|=4. [F]=2+5, ﬁ(a;f?):'g
4TO .
IIpumep 5
o g|=3 Fl=2 z@®)=Z
Haiitn 1nuny Bextopa £ =& + 3 ecmn 3

Pemienue
1 2 3 +
H‘:” |—a+35|t:3 J-a+38) O T JFF ~6.[a|- B| cos 2@ By +39- o[ =

J32—6-3-2-c05g+9-22 =J9—36%+36=«Jﬁ=3w‘§
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OT1BeT: |'5_|: BNE en. = 0,20 ex.
IIpumep 6
r=a+k z|=5. PB|=10. ZL@F)==
Haiitu nmuny Bekropa & =< +5& e |‘1| |b|
Ipumep 7

Haiiti yron Mexay BeKTopamu % u
Pemenue: Vcnons3zyem dhopmyiy:

75 2 1 J2 2

=4, P|=2+2, ab =8

, €CJIM U3BCCTHO, YTO FY|

el

cos (@, b= <

DTHR TR R RE 2

cosi(& :I ﬁl'llr_ i(cf; E:I: MECOSE:E

Urak, eciu , TO: 2 4

27 8) =2 pag, = 45°
OtBer: 4
IIpumep 7

7| = 3. b= = Z@dy=2

Jlanbl ’ — JUTMHBI BEKTOPOB # | b oy YIoJl MeXAy HUMU 3 . Haittu

YTOJI MEK1Yy BEKTOpaMu T =-2a+3b , d =4a— b .
3aganue Jlaxe HE CTOJIBKO CJI0KHOE, CKOJIBKO MHOT0XOJIOBOE.
Paz6epém anroputm pemieHus:

1) Tlo ycnoBuio TpeOyeTcss HAWTH Yrosl MeEXay BEKTopamu © u d , TI03TOMY HY>KHO
gd

cos (T, d )= —IEI
UCIIONIE30BaTh GOpMyIy

2) Haxoaum ckansipHO€ MPOU3BEICHNE cd (cm. TIpumepsr NeNo3 4).

3) HaxoauM JIMHY BeKTOpa & U JUTHHY BEKTOpa d (cMm. ITpumepnr NeNe5,6).

4) KoHIIOBKa pellIeHus] COBMAIaeT ¢ HpI/IMepOM Ne7 — Ham u3BeCTHO 4YMCIIO , a
3HAYUT, JIETKO HAWTHU U CaM yTOJI:

Kpartkoe penienue u OTBET B KOHIIE YpOKa.
Bropoii pa3znen ypoka HOCBSILEH TOMY € CKaJIIpHOMY Npou3BeneHuto. KoopauHarsl.
byner nmaxe npoie, 4eM B IEPBOX YacTH.

IIpumep 8
Haittu CKaJISIPHOE MPOU3BEJCHHUE BEKTOPOB:

RECER I

Lz d)= aru:u:os[

0) AB y AT , €CJIM JaHbI TOUKH AL -13). 8501 -2), T -40)
a)@h =-2, 8) AR AC=6

OTBerT:

HpI/I HeKOTOpOM OIIBITC CKaJ'ISIpHOG HpOI/ISBeI[eHI/Ie MOXHO HpI/IHOpOBI/ITLCH CHUTaTh yCTHO.
[pumep 9

JaHbl 4eThIpe TOYKH IIPOCTPaHCTBA

Al=4 =3 =2), B2 -2, =3, C(=8, =5 1), D(d: -3 - 1)

NEPIEHANKYJIAPHBIMU CIIEAYIOLINE IPAMBIE!

BriscHUTD OymnyT M
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2) AR, DC :
6) AT BD .
[Ipumep 10

IIpu xakom 3HaYCHUU A BEKTOPBI
Pemenne: ITo ycnoButo TpebyeTcs HaillTH Takoe 3HaYEHUE TapaMeTpa A , YTOOBI JTaHHbIE

s Ad-2),8e-A4,-15) OY/LyT OPTOrOHAJILHEI?

BEKTOPLI ObLIN OPTOI'OHAJIbHBI. ,HBa BCKTOpa

VLW WM, M
MPOCTPAHCTBA O v; v5), Wy, Wy ) OpPTOTOHAJIBHBI TOrIa 51 TOJIBKO TOrJa,

Korja

vy v, g =0
CocTaBuM ypaBHEHHE:
Fh =0
F2-A+A (-D+(-2)-5=0
PackpbiBaeM CKOOKH U IPUBOJIUM MOAOOHBIE CllaraeMble:
E-31-1-10=10
-4A-4=0
Pemraem npocreiiiiee nuHeiiHOE ypaBHEHHE:
-44i=4
A=-1
Otger: npu A=-1
ITpumep 11

[Ipn kakoMm 3HaYeHUU A CKaJSIpHOE IPOU3BEACHHUE BEKTOPOB a(z )b

-3 Oymer

paBHO —2?

Haiitu ckansipHoe npousBeieHNE BEKTOPOB 3y 2F +d , ecin © 0:=35).d(-410)
DOTO mpumep Il CaMOCTOATENbHOIO pEHIeHUs. 371eChb MOXHO HCIOJIb30BaTh

3= 3(0:— % 5) = (0, - %, 15)

aCCOUMATUBHOCTL OIi€pallu, TO €CTb HE CYHUTATDH , 4 Cpa3y BBIHCCTHU
TpOﬁKy 3a OpeAcCyibl CKAJAPHOr0 MPOU3BCACHUSA U JOMHOXUTH Ha HE€ B MOCJIEIHIOI o4epeab.

Pemenue u oTBET B KOHIIE YpOKa.

B 3akaroueHue naparpa(ba HpOBOKaI_II/IOHHHﬁ IMPpUMEP HA BLIYUCIICHUC AJIMHBI BEKTOPA:

pumep 12
JIaHbI TPU BEPIIUHBI TPEYTOJIBHUKA A-L0), 53, 2). €G- 4) | Hajien L4BC (yrou nipu

Bepuruae & ).

Pemenne: [1o yciaoBuio uepTéx BBINONHITH HE TpeOyeTcs, HO BCE-TaKHU:
4 : : : :

Haiiném BekTOpBHI:
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BA{-1-3,0—-2)= BA(—4, — 2)
BC(5-3-4-2)= BC(2,—6)
Brruncium CKaJIIpHOC ITPOU3BCACHUC!
BA.-BC =—4.2-2.(-61=-8+12=4
W nnvHBI BEKTOPOB:

|ﬁ|= S 420 = [T6+4 = 20=2.5
|ﬁ|= J2 -6 = 4436 = 40 =2./10

Kocunyc yrna:

— — BA.BC 4 1 1
cos B, BC = — = = =
': ) Al [go] 245 210 S50 502
cosi(ﬁ;ﬁ)=iﬂlgc = —42m2 7Y =
BA|- BT J? + (=27 2 + (67
- 84+12 4 4 4 1

T 1644 JA136 20 /40 B00 2042 542

Haiiném cam yrour:

i(ﬁ; E} = arccos e 1 A5 pan, w B2°

1
542
1
SARC = arccos —=m 1,43 pan. s 82°
OTtBeT: 542

[Ipumep 13
B MIPOCTPAHCTBE 3a7aH TPEYrOJIbHUK KOOpJIMHATAMHU CBOMX

BEPIINH ALLD, A (50:0), 42,37 . Halitu yron mexny ctopoHamu A4 A4

[pumep 14
C MOMOIIIBIO CKATISIPHOTO MPOM3BEICHHSI BEKTOPOB HAWTH YTOJ MPH BepiMHE A TapasuieniorpamMma

TR -2 u dc—fr_c_ 1
ABCD, noctpoeHHOro Ha BeKTOpax AB =18;2;0; H AC {3’ 5y
Pewenue. Beraucinum MOy BEKTOPOB M UX CKAIAPHOE MPOU3BEICHHUE O TEOPEME:

AC| = 3% + (= 5) +(=1) =0+25+1 =435;
AB-AC=3-8+2-(-5)+0-(-1)=14.

Ortcrona cornacHo ¢opmyse (2.29) mosydnM KOCUHYC HCKOMOTO yTJia

14
/68 -+f35

cosp= ~0,3. ClegoBaTenbHO, £ ¢ = arccos0.3 ~72°

IIpakTn4yeckasi padbora Ne 77
Tema 13.3: IIpakTHKO-OpUEHTUPOBAHHBIE 33]]a4l HA KOOPAUHATHOM IJIOCKOCTH
Heab: HayuuThbces pemars 3a1a4u Ha KOOPAMHATHOM TIIOCKOCTH

Teopernyeckas 4acThb:
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e TlnocTelnme BEII[EI'-IHB KOODIMHATAEE
1. Koop opmaTei cepemiHET oTpeska

. 2k
2 Ay
. -
A{Ii. Wi 2 A
O (x:432) i
| .
Bi-";- Yz 23) : £
........................... ey . Wi A Ay
X y : ﬂ.j T
. ) H Ay
Foopmuai ThI e emIHET TOKIT (5 X0 Y X : S
EeKTOpa A8 : Fx
EBEBIMECIIAR TCA T G0 PONTTATTE | -
rj Tox, 23?1 Ty 2tz ,I[Jnmnm'ro]nfhf YA

(_‘1 » T BH‘E{CJIFB'I‘CHID:IQD@EE.

Z Z 2 e = w4 ¥ b x?
Famedas koapdiHama cepetiiHel QIPEINT PasHR
FATTVCVALAE OO0 SS I EVIOTLIY, KOAPALHA R 820
HOHYOE, :
e
3. PaccToAHMe MeEKIV TEVMA TOUKAMIT
zy
M2 lEz Yo Zy)
/f’.-‘
Myleyy s ol
........................ -
0 y
.l;‘/”.
Pa (o ToAHIIe MeRTY JEYFA TOUEANIT
H

Penrenue 3agau:

1. Haitaure koopauHathl Bektopa A, ecom A3 ~1idyy #{2 -1 4)

Mano: Pewenue:
-‘liﬁi e ¥ -Z} ARy 1{,)/} M{E i~y {1k 42}
AL ~-54y - PRI KoopauHaTel BeKTOpa MO
..... —— ' JBYM TOYKaM. Haxonum
be y A‘g KOOPJIMHATHI BEKTOPA: U3 KOHIa BEKTOPa BEIYMTACM
5 "[3Hauenue KoOpAMHAT HauasIa BEKTOPA.
Omeem: " AB”" " {—1;0;2}
2. Touka M — cepenuna otpeska A£. Haiiqure KoopaUHATHI
ecmm A3 —di g
{22, 0},
Hegio: Pereriiie:
AL KoopmaTs cepemont sexmoge (dopms):
B 20 200 My e LTS i G s oo
A 2 2 =
e o O B4 2 {edbpd
Mz (o ey
'rf KoL E '/ Lo25m -0

Lo J’if:F{ =120 -2
3. Haiimute mimmHy BEeKTOpa AB, ecnu
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2. J M eKTona (TI0 eT0 K00p IHHA TaM)

TOYKH Af,



Hano: Pewenune:
Af=1:0:2) B0 DosEOpu 10 Sli KOOI 1Y
- e B o + A A A A AT
B{L 23y [AB] = fx® 4 y? 4 z?
Hisfone s 005035 TRE 0K L
i‘,q{;i a ? ‘:Z;E L J:Ixz ..... .x-j; };'_2 };";; z:.r 2_1}
Thoune 2ulssas 1 Eopar sy USRI S K PODRE

A} - f{t; ----- £ (s (g )

ﬁﬁﬁﬁﬁ

AR {1-—{ 1+ (- .;;mrj} FfB e 2w O U0 1R VO
s |;1w§ | w2

4. JlaHbl BeKTOpbI f3; s 11, Bl 51 u -3 2 10 Haiinure jd + B},

Hano: Pewenue:

aft: 2,1} u )
- aI/meM CYMMY COOTBETCTBYIOIIUX KOOPJAUHAT BEKTOPOB:
B2 300) unéwb{im{ AT TS IR S R b P S 4

E{“"Hi 2 1} Jnuna BCK’FQP%_HQ_E}:Q_KOOp[lI/IHaTaM.

§a+f:rE rz+v2+32

%Ei & Ivﬂl gly)

IToacraBuM 3HaYCHUSA KOOpAUHAT:
e
ok Bl 1T 12 27 = 6

Omeem: i“”*’bt =%
3ap,aan95. Hantu naowaab TpeyroJsibHUKa,

BEPLUMHbI KOTOPOro HaxXo4ATcA B Toukax A(2;-3),
8(111)/ C('615)

3agadyy OY€Hb MPOCTO PEIIUTh, BOCIIOIH30BABIIHCH

b opmynoi

1
S z_[('xl _x3)(y2 - Y3)_(X2 _x3)(y1 - y3)]
B KOTOPOM HY’KHO B3sTh X; = 2, X, = 1, x5 = -6,

1=-3,y2= 1,y3=5.
[ToacTapnss 5ty yucia B GopMyIly, TIOITyYUM
S =12 kB. €.

6. [TocTpouts Tpeyronbauk ¢ BepmuHamu 4 (— 4; 2), B (0; — 1) u C (3; 3) u onpenenuthb
€ro TICPUMETP U yTJIHL.

Pewenue. YToObl BBIYUCIUTH TIEPUMETP HEOOXOAWMO HAWTH JIUHBI CTOPOH
TpeyrosbpHuKa. Halimem qymmab! ctopoH no gopmyte (1):

d; =AB =/(0+4)? +(-1- 2)> =16+9 =5

dy =BC =/(3- 0)> +(3+1)> =//9+16 =5_

dy =AC =\/(3+4)% +(3- 2)> =V49+1 =50 =52
[epumeTtp BerurcauM 1Mo Gopmyite p = di + dz + ds, T e.
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p =5+5+5+2 =5(2++/2) =171

BrinosHum ueprex.

Tax kak TpeyroiabHUK paBHOOEAPEHHBIH, TO YIiIbl IPU OCHOBAHUU PaBHBL, T. €. o.="7y. Toraa
B=180—a—a=180—-2-a

[To TeopeMe KOCMHYCOB HaiiieM yroi o

BC?= AC?* + AB*+ 2-AC-AB-cos a.

52 =(5\/§)2 +52- 2552 cosa

- 2
25=50+25-50+2cosaa = cosa :iﬁ zﬁ
50+4/2 2
7T
o =—
T. €. 4= 45° 3naynt B = 180° — 90° = 90°. Cie10BaTENLHO, TPEYTONBHUK SBIAETCS
MPSIMOYTOJIbHBIM.

7. Janbl Bepmunbl TpeyroiabHuka ABC: A (1; 5), B (9; 10); C (10; 3). Omnpenenutsb
KOOPJMHATHI TOUKH TMEepeceueHus MEeANaH TPeYroJbHUKA.

Pewenue. Cnauana HaliieM KOOpAuHaThl TOUKU D cepeanHbl 0qHON U3 CTOPOH, HAaIIpUMEpP
cTOpoHbI AB. JInst aToro Bocmnons3yemes popmysoii (3):

1+9 5+10
x=——=5 y=
2 2

Touka M, B KOTOpO#H mNepecekaroTcss MeauaHsl, nenuT otpe3ok CD B otHomenun 2:1,

cumTtas ot Touku C. CienoBareabHO, KOOPAUHATHI TOUKU M ompenenstoTes no popmynam (2):

=75

L_Xt2xp 10410 20 y3+2yp 3+15

1+2 3 37 YT 14 3 _
MHE;GH
Omegem: 013 1

8. Ussectubl Touku A (—2;5), B (4; 17) — koH1sl oTpe3ka AB. Ha 3ToM oTpe3ke HaXOauTCs
touka C, PacCTOSHUE KOTOPOH OT TOUYKUM A B JiBa pa3a OOJbBIIE pPACCTOSHUS OT TOYKH B.
Onpenenutb KoopauHaTh TOUKH C.
Pewenue. Tax xak |AC| = 2-|CB|, to A = |AC|:|CB| = 2. CnegoBaTensHo,
-2+24 6 5+217 39
X=——=—=2; y=——=—2=13
1+2 3 1+2 3
Omeem: C (2; 13).

IIpakTuyeckas padora Ne78
Tema 13.4: KonTtponbHas pabota mo pazaeny 13 «KoopauHaTsl U BEKTOPHI»

Heasn: IIpoBepuTh YpoBEHb YCBOCHHS TAaHHOTO MaTepuaia mno pasaeny 13 «KoopamHatel
Y BEKTOPBI»

Ilpu pewenuu 3adanuni 1-4 3anuwiume npaguibHbLIL OmMEem U3 UYemblpex
npeo10IHCceHHbIX.
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1. (1 6amr) Jdausr Touku A(1,0,5), B(-2,0,4), C(0,-1,0), Z1(0,0,2). Kakue u3 HUX jJeKar Ha
KOOpAWHATHOU mpsimoit Oy?

A)A;B)B;B)C; ') .

2. (1 6amn) Kakue uz sextopos a(1,0,-1), ¢(1/3,2/3,-2/3), B(1,1,1), p(0,0,-2) sBusroTCs
eIUHUYHBIMA?

A)a;b)c;B)B;I) p.

3. (1 6amn) Kakue u3 Bexropos a(1,2,-3), ¢(3,6,-6), B(2,4,-6) KoJmTuHEapHbI?

A)a, B; b) ¢, B; B) a, c; I') ko/uimHEapHBIX BEKTOPOB HET.

4. (1 6amr) Hamsl Toukm A(2,0,5), B(2,4,-2) C(-2,6,3). CepenuHoii Kakoro oTpe3ka
sBisieTcst Touka M(0,3,4)?

A) AB; b) BC; B) AC; I') CB.

Ilpu evitnonnenuu 3ad0anuil 5-8 3anumiume xo00 peuwieHus u NOJYUEeHHbLIL OMeEem.

5. (2 6amna) Jlaner Bektopsl a(-6,0,8), B(-3,2,-6). Halimute ckansipHOE MpOU3BEIACHUE
BEKTOPOB.

6. (2 6aina) [Ipy KakKMX 3HAYEHUAX 11 BEKTOPHI A (4,11,2), B (1,2,I1) nepueHauKyIspHbI?)

7. (2 6amma) Hamel BekTopsl a(-6,0,8), B(-3,2,-6). Haiimure KOCHHYC Yriia MEXAy
BEKTOPAMH.

8. (2 6aima) Jokaxure, uyTo yeThipéxyroasHuk ABC/] siBisiercst pomOom, eciu:

A(6,7,8), B(8,2,6), C(4,3,2), 1(2,8,4).

Smanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aJaHusAa

OTBeT B B A B -30 -1 -3/7 -
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Jlutepartypa:

OcHoBHasi iUTEpaTypa:

1. A6aymmmna K.P. Maremaruka: yueonuk mius CI1O / A6nymnuna K.P., Myxamernunosa P.I'.
— Caparos: IIpodobpazoBanue, 2021. — 288 c. — ISBN 978-5-4488-0941-5. — Tekcr:
snekrponnsiii / IPR SMART: [caiir]. — URL.: https://www.iprbookshop.ru/99917.html

2. AmmaroB A.B. Maremaruka: yuebnoe nocobue mns CIIO / AmmatoB A.B. — Caparos:
[IpodobpazoBanne, Ait [Tu Op Memma, 2019. — 162 c¢. — ISBN 978-5-4486-0403-4, 978-5-
4488-0215-7. —  Tekct: onexrponnsnii // IPR  SMART: [caiit]. — URL:

https://www.iprbookshop.ru/80328.html

3. Bynmmeixk I'. M. Maremaruka: yueoHoe mocodbue mns CIIO / I'. M. Bynapik. — CaHKT-
[TerepOypr: Jlanb, 2022. — 156 c. — ISBN 978-5-8114-8283-2. — TekcT: 31€KTpOHHBIN //
Jlanb: anekTpoHHO-OnOMoTeunas cucrema. — URL: https://e.lanbook.com/book/187562

4. MarpeeBa T.A. Maremaruka: yueoHoe nocooue mist CI1O / MatseeBa T.A., Peokkosa H.T',
[leseneBa JI.B. — Caparos, ExarepunOypr: IIpodoOpasoBanue, Ypanbckuil ¢enepanbHbIi
yauBepeuteT, 2019. — 215 ¢. — ISBN 978-5-4488-0397-0, 978-5-7996-2868-0. — TekcrT:
anekTponHbii / [IPR SMART: [caiit]. — URL: https://www.iprbookshop.ru/87821.html

5. @umunenko O.B. Maremaruka: yue6Hoe mnocobue / Pumunenko O.B. — MuHck:
PecnyOnukanckuit M”HCTUTYT TpodeccnonanbHoro oopazosanus (PUIIO), 2019. — 268 ¢. —
ISBN 978-985-503-932-8. — Tekct: snextponnsiii // IPR SMART: [caiit]. — URL:

https://www.iprbookshop.ru/94336.html
6. UepnenoB M.M. Maremaruka: yuyeObHoe nmocobue / M.M. UepneuoB [u ap.]. — Mocksa:
Poccuiickuii rocynapcTBeHHBIH yHUBepcuTeT npaBocyaus, 2022. — 336 ¢. — ISBN 978-5-
93916-959-2. —  Tekctr: osnektponnsii // IPR SMART: [caiit]. — URL:
https://www.iprbookshop.ru/122921.html

JlonmoTHUTeIbHAS JIUTepaTypa:

1. bapcykosa JI.B. I'eometpus. [lpaktukym: yue6Hoe nocobue / bapcykosa JI.B. — MuHck:
PecnybnukaHckuil HHCTUTYT npodeccuoHanbHoro oopaszosanus (PUIIO), 2020. — 104 c. —
ISBN 978-985-7234-14-1. — Tekcrt: snekrponnsrid // IPR SMART: [caiit]. — URL:
https://www.iprbookshop.ru/100358.html

2. KopooGeitankoBa M.}O. Marematuka. Teopust BeposiTHOcTel: yueOHOe mocodue mst CITO /
Kopo6eitnukosa N.10., Tpy6eukas I'.A. — Caparos: IIpodobpazoBanue, 2019. — 154 c. —
ISBN 978-5-4488-0344-4. — Tekct: snekrponnsni // IPR SMART: [caiit]. — URL:
https://www.iprbookshop.ru/86073.html

3. KeitmanoB A. M. Maremaruka: ydebHoe mocooue mis CIIO / A. M. Ksitmanos, E. K.
Jleiinaprac, C. I'. MbicnuBen. — 2-e u3f., crep. — Cankr-IlerepOypr: Jlans, 2022. — 288 ¢. —

ISBN 978-5-8114-9447-7. — Tekct: snexTpoHHBIA // JlaHb: 31I€KTPOHHO-OMOIMOTEUHAS
cucrema. — URL.: https://e.lanbook.com/book/195439
4. Maremaruka: ydeOHoe mocodue / M.M. UepnemoB [u np.]. — Mocksa: Poccuiickuit

roCyJapCTBEHHbIN yHUBEpcuTeT npaBocynus, 2022. — 336 ¢. — ISBN 978-5-93916-959-2. —
Tekcr: anextponnsiii // IPR SMART: [caiit]. — URL: https://www.iprbookshop.ru/122921.html
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HNHTepHET-pecypcenl:

1. https://online-olympiad.ru/ - Bcepoccuiickue HHTEPHET-0JIUMITHAIBI

2. http://www.mat/septemba.ru - rasera «Marematuka» wusaarensckoro jgoma «llepBoe
CEHTAOPS»

3. http://school-collection.edu.ru/ - equnas kosekiws nudPOBLIX 00pa30BaTEILHBIX PECYPCOB

245



4. http://www.portalspo.ru/journal/index.php - xypuan «Cpennee mnpodecCHOHAIBHOES
o0paszoBaHHE»

5. http://mpod-00p.pd/ - uaTepHET-M3MaHUE [IpodobpazoBanue- numep B UHGOPMAIMOHHOM
MpocTpaHcTBE NMpodeccunoHanbHOro oopazoBanus Poccun u crpan CHI'

6. http://window.edu.ru/ - wundpopmanmonnas cuctema «EamHOE OKHO JocTyma K
00pa3oBaTeIbHBIM pecypcam»»

7. http://www.mathematics.ru - maremaTuka B OTKPBITOM KOJUIE/IKE

8. https://minobrnauki.gov.ru/ - MunucTtepcTBo 00pa3oBanus 1 Hayku Poccuiickoit denepariuu
9. http://wwwe.elibrary.ru - Hayunas snexTponHas 6ubimorexa (HOB)

10. https://nsportal.ru/ - o6pa3oBaresnbHas colpanbHas CETh

11. http://www/mathnet/ru - obmepoccuiickuii MaTeMaTHYECKUM TTOPTAI

12. https://nauka.club/ - o6pa3oBaTenbHBIH TOPTAT

13. https://mathematics.ru - oTkpsIThIil KOJIEK. MaTemaTuka

14. http://www.bymath.net/ - cpeausis MaTremaTHyecKast HHTEPHET-IIKOJIA

15. http://www.edu.ru/ - henepanbhbiii mopran «Poccuiickoe 0o0pa3oBaHue»

16. http://fcior.edu.ru/ - dhenepanbHblii IIEHTP HHHOPMATUHOHHO-00PA30BATEIBHBIX PECYPCOB

17. https://www.infouroki.net/ - snekTpoHHas OHONHMOTEKAa CIPABOYHBIX MATEPUATIOB LIS
yYaInmxcs U IpernojaaBarerie.

246



