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Meroandeckue ykazaHus IS MPAKTHYECKUX 3aHATHNA MO AUCIUIUIMHE «MaTreMaThkay
coctaBieHsl B cooTBeTcTBUU ¢ TpeboBanusMu DPI'OC CIIO k mOAroToBKE BBITYyCKA s
nonyyenus kBanmupukanmu byxrantep. [IpemHasHaueHsl [UIsi CTYACHTOB, OOYYarOIIUXCS II0

cnenuanbHoCcTH: 38.02.01 DKOHOMUKA U OyXTaNTePCKUH y4eT (10 OTpacysam).



IMosicuuTeILHAS 3aNIMCKA

Meroanueckue yKazaHMs NPU3BaHbl OKa3blBaTh IIOMOIIb CTYA€HTaM B HW3Y4YEHHUH
OCHOBHBIX ITOHATHI, UAEH, TEOPUI U TIOJIOKEHUI JUCUUILIAHBI, U3y4Ya€MbIX B XOJ€ KOHKPETHOIO
3aHATHA, CIOCOOCTBOBAThH PA3BUTHIO MX YMEHUI, HABBIKOB U MPO(ecCHOHATBbHBIX KOMIETEHIIUHA.

B manHOM y4eOHOM IMOCOOMU COTTIACHO CIeU(DUKe TUCITUTUIMHBI U TPOMTUCHIBAOTCS:

CoBpemeHnHble TpeOOBaHUS K Y4yeOHOMY MpPOIECCY OPHEHTHUPYIOT IMpernojaBareis Ha
MPOBEPKY 3HAHUMN, YMEHHI, HABBIKOB Y€pe3 JIEATEIbHOCTh yUallUXCsl.

[TpakTHdeckoe 3aHATHE MOXKET OBITh ONpeelicHa KaK JeATEIbHOCTh, HAMPABICHHAS Ha
pPUMEHEHUE, YIIIyOJIeHuEe U Pa3BUTHE TEOPETUUYECKUX 3HAHUN B KOMILUIEKCE C (popMHUpOBaHUEM
HEOOXOJUMBIX JJIi 3TOr0 YMEHHUW W HAaBBIKOB, CAMOCTOSITEIILHOE WCIIONh30BaHUE YYCOHUKA,
HaTJISAHBIX TOCOOUH, OMOJIOTMYECKUX MPUOOPOB U MAaTEPUAJIOB U T.J..

BrinosiHEHNE TPAKTUYECKUX 3aHATHI HAIIPABIICHO HA:

- 00001eHue, CHUCTEMaTHU3AIHIO, yriayOnenue, 3aKpEIUICHUE MOJIyYEHHBIX
TEOPETHUECKUX 3HAHUM 10 KOHKPETHBIM TE€MaM M3y4aeMbIX TUCIHUILINH,

- (opmupoBaHNe yMEHMI MPUMEHATH MOJIYYCHHBIC 3HAHUS HA MPAKTUKE, peaIU3aliio
€IMHCTBA MHTEJUICKTYJIbHOU U MIPAKTUYECKON JEATEIHHOCTH,

- pa3BUTUE HHTEJUIEKTyaJIbHBIX yYMEHUN: AHAJIUTUYECKHX, [POEKTUPOBOUHBIX;
KOHCTPYKTUBHBIX H JIP.;

- BBIpa0OTKY MpHU pEIICHUU MOCTABIECHHBIX 3aJady TaKHX, KaK CaMOCTOSTEIbHOCTb,
OTBETCTBEHHOCTh, TOUHOCTh, TBOPUYECKASI MHUITNATHBA.

JIMCUMIUTUHBL, IO KOTOPBIM TUIAHUPYIOTCS MIPAKTUYECKUX PabOThl U KOJIMYECTBO YacoOB,
OTBOJIUMOE Ha MX BBITIOJHEHHE, OTPECIIIOTCS pab0YrM YICOHBIM IITIAHOM.

B pesynbrare uzydenus o0s3aTenbHON YacTH y4eOHOro HUKIIA 00yUYaIOLIUICs T0KEH

YMETb:

- pemaTh NPUKIAIHbIEC 3a/1a4K B 00JACTH MPOPECCHOHATBHON ACSITENFHOCTH;

- TNPUMEHATH TMPOCThIE MaTEMAaTUYECKUE MOJEIM CHUCTEM M TPOIECCOB B cdepe
npodecCHOHaNBHOM NesTeNbHOCTH;

B pesynbpraTe u3ydeHus 00s3aTebHON YacTH y4eOHOTO IUKJIA OOYyYaroUIUCs JOKEH
3HaTh:

- 3HaU€HUE MaTeMaTUKH B MPoQecCHOHAIBHOM AeaTenbHocTH U pu ocBoeHuu [ITICC3;

- OCHOBHBIE MOHATHUA M METOJbl MAaTEMaTUYECKOrO0 aHajIu3a, TEOPUU BEPOATHOCTEH M
MaTEeMaTUYECKON CTAaTUCTUKH;

- OCHOBHBIE MaTeMaTHYeCKHE METOJbl pEeUIeHUS NPUKIATHBIX 3a7ad B 00JIacTH
poeCCHOHAIBHON e TEHHOCTH

IpakTHyeckoe 3ansaTue Ne 1

Tema 1.2: Berunicnenue npeenoB GpyHKITUH.
Heas: ChopmupoBaTh yMEHHE HAXOAUTH MpeAesbl GYHKINN, UCIIOIB30BATh 3aMeYaTeNIbHbIC
IpeJieNbl A1 HaX0XKIEHUS ITPEJIENIOB.

TeopeTnyeckas 4acTh

Iim A(x) =A
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DIIpenennl ¢ HEONPENAEIEHHOCTRIO BUAA 1 METOJ UX pellleHus

1) neneHue Ha X B cTapiliel CTENEHHU:

IIpumep 1:
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CHauajia MBI CMOTpPHUM Ha YHUCJIMTECIIb U HAXOUM x B CTapHIGﬁ CTCIICHU.
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Crapias cTerneHb B UUCIUTENIE paBHA JABYM.

X

Tenepb CMOTPUM Ha 3HAMCHATCJIb U TOKC HAXOAUM B CTapIHQfI CTCIICHHU:

2%t 3% =5
lhim ————
-0 ]+ x+3x")

CTapma;I CTCIICHb 3HAMCHATCJIA paBHA ABYM.

3areM MBI BBI6I/IpaeM CaMyIO CTapmyr CTCIICHb YHUCIWUTCIIA U 3HAMCHATECIA: B JaHHOM IIPHUMEPEC
OHU COBIIAZAIOT U PAaBHBI JIBOMKE.
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Utak, METOA peUIeHUs CIEAYIOMMUIA: IS TOr0, YTOOBI PACKPHITH HEONPEAETIEHHOCTh ©°

H€O6XOI[I/IMO PasaCIUTb YUCIUTCIIb U 3BHAMCHATCIIb HA B CTﬁpIJ.ICfI CTCIICHU.
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CHoBa B yHCIUTENIC U 3HAMEHATEIe HaXoJuM 1 B CTB.leICﬁ CTCIICHMU:
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MakcuMainbHas CTeIICHb B YUCIUTENE: 3
MakcuMainbHas CTeTICHb B 3HaMeHatele: 4

BriOupaem Hanbobiiee 3HaU€HNUE, B JAHHOM CIIy4ae Y€TBEPKY.

4
PazgenuM dyuciadTenb U 3HaMeHaTellb Ha X

7R +154 +9x41 770 1570 97t !
4 . +_3 = +_4
I:*:I=]_1ﬂ1 X :I & s X g =
Y= 5:!:4 +5xz —3x—4 ¥ 3 =t 3 " 4 "
x4 5+—2 - = - ¥
x x A
_0+0+040 _0_
54+40-0-0 5
0,235 g IT pumep 3
i —— == =~ == (%)
X x4+ 1 e8] HaﬁTH Hpe,ﬂeﬂ

1
Pazaenum 4yucIuTeNb U 3HAMEHaTelb Ha ~



0 1]
2x*—3x-5 37 57
7 L TE 2
= ].'lﬂl = ]_1_'[11 = — =00
™ P x+1 rw 1—>IZI 1 -0 ]
3 - +—
& x =
(£ ]
HpI/I paCKprTI/II/I HCOHpeI[eJIeHHOCTI/I BHU1a o y HaC MOXCT HOJIy‘-II/ITBCSI KOHEeYHoe 4Yucio, HOJb

WJIH OECKOHEYHOCTb.
0
2. [Ipenernsl ¢ HEONPEACIICHHOCThIO BUIA 0 meron nx perieHus
1) paznokeHue YUCIUTENS U 3HAMEHATENST HA MHOXKUTEIH.
[Tpumep 4
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PaznoxuM 4ucanTeIh U 3HAMEHATEIIhL Ha MHOXKHUTCIN

I[J'I}I TOT'O I{TO6I:.I paBHO)KI/ITL YUCJINTCIIb Ha MHOXKHNTCIIN, Hy)I(HO peLHI/ITL KBa,I[paTHoe ypaBHeHI/Ie:
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D=(-3%=4.2.(=5)=9+40= 49

U xBagpaTHbIA KOPEHb U3 HETO: SO =.J49 =7
-(-3-7 3-7 -4
x]. = = e
2.2 4 4

3
=-1 x, —_=—
Jlanee HaxoauM KOpHH: z

oxt —3x-5=2x— (1) (x—g] =2(x+1)- (x—g] ={x+1) {2x-5)

Taxum oOpazom:

Yucaurens Ha MHOXKHUTEITH Pa3JI0KCH.

3nameHatenb. 3Hamenarens © 1] yXKe SABIJIIETCS MPOCTEUIINM MHOXHUTEIEM, U YIPOCTUTH €ro
HUKAaK Helb3s.

o fx+1)f2x-5)
e ()
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Teneps n nojcrasisieM -1 B BeIpakeHUE, KOTOPOE OCTAIOCh MO/ 3HAKOM

=2 (--5=-2-5=-7
npejena:

G B9y orm5)e—2m 527

1 r+1 ¥=-1

(*) = L

2) YMHOKCHHUC YUCIIUTECIIA U 3HAMCHATEJI HAa CONPSAKCHHOC BBIPAKCHUC.
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YMHOXaeM YHUCJIUTCIIb u 3HaMCHAaTCIIb Ha COIIPAKCHHOC
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) HeonpenenenHocts © He mnponana (mompoOyiite
MIOJICTaBUTh TPOMKY), la U KOpPHU Toke He ucue3nu. Ho ¢ cymmoii KopHell BCE€ 3HAUUTEIBHO
IIpoule, €€ MOXKHO IIPEBPATUTh B NMOCTOsIHHOE yMcio. Kak 3to caenars? Jla mpocTo MOACTaBUTh
TPOUKY MO KOPHHU:
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qI/ICJ’[O, KaK YK€ OTMCYAJIOCh paHEC, JIy4IIC BBIHCCTH 3a 3HAYOK IMpCaciia.

Tenepb OCTAJIOCh PA3JIOKUTH YHUCIUTCIIb W 3HAMCHATCJIb HAa MHOXHWUTCIUW HW COKpPATUTHh
«BHHOBHHUKOB» HCOHpeI[eJ'IéHHOCTI/I HYy a Mnpeacili KOHCTAHTBI — PaBCH caMoil KOHCTaHTe:
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Pemenne JaHHOTO IMPUMEpPa B YUCTOBOM BAPHUAHTC BBITJIAAWUT TAK:

- Mx46-10x-21 0

7> 5x—15 =5~

VYMHOXKXHUM YHCIUTEIb M 3HAMEHaTEeIb Ha COMIPS’KCHHOC BBIPAKCHUC.

o SE oy (46102 -21) (x4 6 +10x-21)
= b, S(x— 3 (Fx+6 +-10x-21)
x+6- (mx 21)

1
5 *3(;; 3z 16 +AT0r—21 )
1
5

1 x+6—10x+21 1 ]Jm—9x+2?
£ X3 I:X—B:I 0 x=3 I:I 3)
_ 1, -%x-3)_-9_ 3
T 30x3 (x—3) 30 10




3) ucnonb3oBaHue 1-ro 3aMeuaTeIHLHOTO TIpeesa

lirn st 7 x [pumep 6
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Bblpa)KeHI/Ie 1101 3HAaKOM ITpe€aciia MOX0KEC Ha HCpBBIfI 3aMeUaTeIbHBIN npeacii, HO 3TO HE

3% Haittu npejen

Tx

COBCCM OH, ITOA CMHYCOM HaxOIHUTCs

HYKHO MOJIYYUTh 7X»

A nenaercs 3TO O4YCHB mpocCTO:

[Ipumep 7

Haiitu npenen

syt 0
lim———— = —=lm

x—0

N

X
S —
~

[Tpumep 8

Haittu npenen

lirn fg2x _ 0

fin 2x

w |

-

X~~~ X

S — | 81—
o1 o)

> ]

S 2x

¥—=0 2}[—2

_ sinEx:]jml

=l Dy x—=0 ;
[Tpumep 9
Haiitu npenen

1—cos4x_ 0

i N
¥—=0 Sx [ ==0 Sx

2].11‘!1 s 2):_2

2. s 2x-smn 2x

5 x=0 lzx
2

ITpumep 10

Haiitu npenen

— =00

0

3
. Zamn 2x_2h.m

B Ex—}lil

E ¥l 1
2

X

0 xe02x% (cos2x)~! "0 o0

sin 2 2x

2lim (sin 22070 = 4
x=0 5

, @ B 3HaMeHaTese 3 B NOJOOHBIX CITy4asx MEpBBINA
3aMeyaTelIbHBIN Npeiesl HaM HY)KHO OPraHU30BaTh CaMOCTOSTEIBHO, HCIIOIb3Ysl NCKYCCTBEHHBIN
npueM. X0 paccyKICHUI MOKET ObITh TAKUM: «II0Jl CHHYCOM 7X, 3Ha4UT, B 3HAMEHATEJIE TOXKE
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BTopoii 3ameuaTenbHbIi Mpeaesn
B teopun MmaTemaTnueckoro aHaauza JoKa3zaHo, 4To:

1 ]
i [1+—| =¢
o o
JaHHbIH (pakT HOCUT Ha3BaHKE BTOPOT'O 3aMeYaTeIbHOIO Mpeaea.

e=2,718281828. .

Cl’lpdSKCl.’ — Mo uppayuoHalIbHoe 4Yuciuo.

B kauectBe nmapamMeTpa & MOKCT BBICTYIIATb HE TOJIBKO IICPCMCHHAA x , HO M CJIOXHasA
(bYHKL[I/IH. Baxno JINIIb, YTOOBI OHA CTPpECMUIIACh K OECKOHEUYHOCTH.
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3x JlanHass HEoMpeIeIeHHOCTh KaK pa3 U PACKPBIBACTCS C MOMOIIBIO BTOPOTO
3aMCUAaTCIIbHOTO mpcciia. HO, KakK 4acTo 6I>IBaeT, BTOpOfI 3aMeydaTeIbHbIN MNpeacii Hy>KHO
MCKYCCTBEHHO OpTraHM30BaTh. PaccyXnaTh MOXHO CIEIYIONIMM O00pa3oM: B JaHHOM MpUMEpe

ITpumep 11

napameTp @ =3x , BHAYUT, B IIOKA34ATCJIC TOXKC HY>KHO OPIraHN30BAaTh 3x . I[J'ISI 9TOro BO3BOAUM
1

OCHOBAHUE B CTCIICHb 3x , U, YTOOBI BBIPAXXCHUC HEC U3BMCHUJIOCH — BO3BOAWM B CTCIICHB 3x .

1 4x 1 3x %"H
]jm(1+—] =1 =l (1+—]

¥=w S ¥—=m ix

CTpaIllHasi CTENEHb PEBPATUIIACH B CUMITATHYHYIO OYKBY © :

HpI/I 3TOM CaM 3HA4yOK Ipeaeia nepeMeniacM B IMOoKa3aTeib.
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1. Boeraucnuth npenensl QyHKIHN:

. X¥-9.. xX¥-1.. XxX-5x+6
Iim™—= 1lim lim

3 x-3 »1 x=1 »3x¥- 7x+10
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Berurcnute npenensl GyHKIMMA, UCIIOIb3YS 3aMeydaTeIbHbIe TPEIETIbI.
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IIpakTuyeckoe 3ansaTue Ne 2

Tema 1.3: [Ipon3BoHAast AIIeMEHTAPHON M CJIONKHON (PYHKITUH.
Hess: HayunTh BBIYUCIATH MPOU3BOAHBIE U MU (epeHIInalbl BBICIIMX (QYHKINH.

Teopernyeckas 4acTb
[Tpou3BoHOM (HYyHKIIMK HA3BIBACTCS MIPEIENT OTHOMICHHSI IPUpAIIeHIs (PYHKITUH K
MPUPALLEHUIO aPTyMEHTA, KOT1a MPUpAIleHUe apryMeHTa CTPEMUTHCS K HYITIO.
OcHoBHbIe TipaBUiIa TU(PPEepeHInPOBAHUS:
1. C¢'=0,roe C — const
2. (f+9)'=f"+4g
3. (-9 =fg+f-4g

N\ _ rg-fg’'
4 (5) =25



5 (f-C) =f"-C,rue C — const

ITpou3sBoaHas CIOXKHON (PYHKLIMHU paBHA MIPOU3BOAHOM 3TON (PYHKLMH 110 POMEKYTOUHOMY
apryMeHTy, YMHOKEHHOHN Ha MPOU3BOAHYIO ATOTO apryMEHTa M0 HE3aBUCUMOM MTEPEMEHHOIA.

[Ipoun3BogHBIE BBICIIUX TOPSIKOB.
[MpousBoanasy’ = f'(x)Ha3biBaeTCs MPOU3BOIHON 1-r0 HOpPSIKA, WK IEPBOH TPOU3BOIHOM.
[Tpou3BoHOI BTOPOro MOpsiAKa Ha3bIBACTCA MIPOU3BOIHAS OT €€ MepBOil MPOU3BOIHON U
obo3Havaercs y''. AHAJOTMYHO OIPEAEIIAIOTCS TPOU3BOAHBIE 3-T0, 4-T0,. .., OPsIKA.

Pemenne ynpaxxHenuni
2
X

Ly =i
2 y=2 [FX
RN FWe
3. y= 5\/x + xVx
4. y = cosin(1 — x?)
. 1sin?3x
5. y =sinV/3 + cgser
_ 3 _1cos 4x
6. ¥y= Ctg\/g 8sin8x
7. y = arcsin3V4 — 5x
8 _ x%-4
. Y = arccos j=—

2 3x—1
9. y—\/;arctg NG

. 2x+4
10. y = lnsmm

11. y = Intg G + ;—C)
12. y = In3(1 + cos4x)

1 X—V2
13. y—x+\/—ilnx+\/E

14. y = Inarcsinv1 — e?*
15.y = e *"cos3(2x + 3)

427"

16. y = e¥3 - arctg?2x

17.y = (x2-16)+/(4+x2)

- 120x5
1

18.y = (sinx/f)ex
19. y=(19)*""x19
20. y = (ctgx)™%

IIpakTHyeckoe 3anaTHE Ne3

Tema 1.4: IlpaBuna BbIYHCIEHUS TPOU3BOJHON (QYHKIIUH.
Ienn: HayunTe BEIUNCIATH IPOU3BOAHBIE

Teopernyeckas 4acTh:

Omnpenenenne Nnpon3BOAHOMN

[Iycre 3anana dyukuus f(x) Ha naTepBaie (a.b). 3adbukcupyeM ToYky X BHYTpH (a.b) u
npuaaauM X npupamenne Ax, MP cekymas, npupamenue dyakimmn Ay = f(x+Ax)-f(x).
PaccMoTpuM oTHOLIIEHUE




X X +Ax

M(x, f(x))
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Ax Ax 9TO TAaHI'€HC yIJIa HakJIoHa cexymed MP. oH 3aBUCHT OT AX.

Onpenenenue. [1pon3BoAHON HA3BIBAETCS IPEAE OTHOIIEHUS IpUpanieHnus GyHKINT K
[IPUPALLEHUIO apI'YMEHTA , KOr'/[a IPUpALIEHUE apr'yYMEHTa CTPEMUTCS K HYJIIO:
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IIo OIpCACICHHNTIO u_}nﬂ'rVCTDeMI/IM TOYKY M k touke P ., 9TO S3KBHUBAJICHTHO

crpemenmio A0

IIpenenbHoe noJioskeHue cekymeilr MP 3To kacarelnbHast K KpUBOM B ToYke M , ee yIJIoBOU

k= Hp = Fm be(E =
K02 () (DULIMEHT paBeH Ar—0
g AV
=B =™

CHGHOB&TGHLHO, IIPOU3BOAHAA B TOUYKE X paBHA TAHI'CHCY YIJla HAKJIOHA KacaTeJabHOM B ATOM
TOYKC.

YpaBHEHHE KacaTeIbHOM B TOUKE * HUMCCT BUJ ¥=¥%= t(I— % )’ Fo = f(lh), T.K.

k=f [I] TO YpaBHEHHE KACATEIbHON IpuMeT Bug © 70 'ﬂ:r“ II_I“). Haiem

YpaBHEHME HOPMAJIM, MEPICHAUKYJIIPHOM JAaHHOM KacaTeJIbHON U MPOXOSIIECH yepe3 TOUKY xﬂl

W3 ycnoBus NepHeHANKYJISAPHOCTH TPIMBIX ek =-1 YIJ10BOU KOG (GUIIMEHT HOPMAJIU paBEH
1

f‘(lh) ., a4 YPABHCHHUEC HOpPMAJIM B TOYKE *o OPUMET BU

1
Y- = f,{rn){ J’.i])

MexaHM4YeCKHH CMBICJ MPOU3BOIHOM

[IycTh OpsIMOJIMHENHOE IBIDKEHNE MaTEPHAIbHON TOYKHU 3a4aH0 3aKk0HOM S = S(t). I1yTs,

AS
KOTOPBIH [POCIIEAYET ToUKa 3a BpeMs A paBer AS = S(t+At)-S( t). Cpeansis cKopocTh ectb A |

W)= Em == =510

MI'HOBCHHAsA CKOPOCTH

[Tpumep.

.2
IlycTh J1aH 3aKOH ABMIKEHUS MAaTEPUAILHON TOYKH S(t)_t , HAUTH CKOPOCTH TOUYKH uepe3 t = 3
CEK.

v=57)=(7] =22 w®=-23-62

Jinddepenuuan dyHKuumu

IIycTre 3amana v = f(x) Ha uaTepBase (a.b). ®yvakuus v = f(x) HazsiBaercs nuddbepeHImpyeMon B
TOUKE X, ecai Ay MOYKHO IIPEACTABUTH C IIOMOIIIBIO CIAEAVIONIETO BBIPAKECHUS:

Ay = AAX + a(A)AX

a(Ax) >0 Ax >0

rae A= const mpu GUKCUPOBAHHOM X U npu
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Teopema. g nuddepermmpyeMocti HYHKIIMKA B TOYKE X HEOOXOJIUMO U JIOCTATOYHO, YTOOBI
(QVHKIMA ©UMena B 3TOU TOYKE KOHEYHYIO [IPOU3BOIHVIO.

Jluddepenrmanom dyakimu v = f(X) Ha3plBaeTcs BhIpakeHue Bruaa dy=A AXx _ 510 rnasnas

JIMHEWHAs 4acTh IpuparieHns Ay . Ha OCHOBAHWU NPENBIIYILEN TEOPEMBI dy = f‘{I}Ati
0003HauuB quddepeHnral He3aBUCUMON ITIEpEMEHHON Yyepe3 dX=AX, ITIOJIYYUM BBLIPAKEHUE SIS
nuddepennuana:

dy = f(x)dx

FGOMCTDI/I‘-IGCKI/Iﬁ CMBICJI Z[I/I(bd)eDeHHI/IaJIa BUJACH U3 CJICAYIOIICTO PUCYHKA

Fl)=tga, PQ=MPiga=f" {I}t T.e. muddepennman byakimu paBed orpe3ky PQ 31o
PM,

IpUpaIICHUES OPANHATRI KACATEILHOM, a MpUpalieHue Ay 3TO OTPE30K

Dopmyanl nuddepeHIUPOBAHNSA
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IIpaBuiia BbIYMC/ICeHHUS TPOM3BOAHBIX
Bapmnanr 1

1. HaiiguTe npon3BoHY0 QyHKIMH:

. T
a) x° +2x; 6)12x° —45; 8)sin x —3 oS X; 2) cos [4x—§]
5., 2
a)(x2—3)(x+x3]; 0) X X
2. HaiignTe Npou3BOAHYIO (QYHKIIUU: x+1

3. Haiigure 3HaueHue MpoOM3BOAHON PyHKIMH

/A /4
x)=0,5sin| 2x¥ — | B TOUKe =—
F(0 [ 6} .

4. Haiiute 3HAYEHUS X , IPU KOTOPHIX 3HAUCHUS NPOM3BOAHOM pyHkiun [ (X) =6x— x+/x
MOJIOKHUTEIIHHBI.



y= \/—
5. Haiigure npou3BoaHyI0 QyHKIIMU X

4 3
6. Ilpu KaKuX 3HAYEHUSAX X TPOU3BOIAHAS PYHKIUH Y ~ (5-3x)*(3x~1)

OTpULATCIIbHBIC 3HAUCHUA ?

IIpUuHHUMACT

IIpakTnueckoe 3ansaTne Ne 4
Tema 1.5: IIpaBwia BeIYUCICHUS TPOU3BOAHON (DYHKITHH.
Henn: HayunTs npaBuiiaM BBIYUCIICHUS IIPOU3BOJIHOM.
TeopeTnyeckasi 4acThb.
Ipoun3Boanas (PyHKIMU B TOYKE) — OCHOBHOE MOHATHE AU(D(DEPEHINAILHOTO HCUYUCICHHUS,
XapaKTepu3ylollee CKOpOCTb M3MEHeHus (QyHKuuu (B JaHHOW Touke). Omnpexaensercs
KaK Mpeaes OTHOWIEHHs PUPAIICHUS (YHKINHU K TPUPAIICHUIO €€ apryMEHTa MPU CTPEMIICHUN
OpUpALCHUs] apryMeHTa K HYyJI0, €ClIU Takoi mpenen cymecTByeT. DYHKIHIO, HMEIONIYIO
KOHEUHYIO0 IMPOU3BOJHYIO (B HEKOTOPOH Touke), Ha3biBaloT auddepeHurpyemoir (B AaHHOM
TOYKE).

[Ipouecc  BbluMCIEHUS  MPOU3BOJHOW  Has3biBaeTcs AuddepenuyipopanneMm. OOpaTHbIN
IpolecCc — Hax0oXkJIeHHe epBO0OPa3HON — MHTETrpUPOBaHUE.

I/IJ'IJ'IIOCTpaI_[I/IH IIOHATHA HpOPI3BO,Z[HOI>1

f>

f(x2)

Onpenesnenue Npou3BOIHOM (YHKIIUH Yepe3 npeaet

ITycTts B HEKOTOPOU OKPECTHOCTH Toukn L0 € R ompeneneHa byHKIUSA

f:U (Iﬂ) CR— R'HpOH3BOI[HOﬁ (I)yHKuHHf B Touke ‘L0 Ha3bIBaeTCs Tpenes, eciu OH
CYIIECTBYET,

F(zo) = lim f(x) — f(zxo) — lim flxo+ Az) — f(Icr)_

r—x r — Iy Ar—0 Ax

O61enpuHsTHIE 0003HAUYEHUS TPOU3BOIHON (DYHKIIUN Y= f (I) B Touke 40

@) = fi(wo) = Df (w0) = T(wo) = L =j(a0)

=T

3aMeTHM, YTO TOCIEHEee OOBIYHO 0003HAYaeT MPOU3BOJHYIO MO BpEeMEHHU (B TEOPETHYCCKOMH
MEXaHHKE).

Tabmuia mpou3BOIHBIX

IIpousBoanbIe IIpousBoanbie 00paTHBIX
TPUTOHOMETPHYECKHX TPUTOHOMETPHYECKHX
byHkumi byHkumi

IIpousBoaHble CTeNEeHHBIX
GyHkumi




. |
(¢)) =0 (sinz)’ = cosx (arcsinx) = A=
9 =az"" "= s (arccosz) = b
(z%) =az (cosz) = —sinx = —
! ; , 1
(") =a*Ina (tanx) = ::0519 . (arctanz) = T2
’ ]- P ]_ P 1
(log, z) = T lna (ctgz) = TR (arcctgr) = 1522

[TpaBuna quddepeHurpoBanus

Omnepanusi HaXOXKJICHHUS MPOM3BOAHON Ha3biBaeTcs auddepenuupoBanuemM. [Ipu BoioIHEHUN
ATOM OMNEpalud YacTOo NPHUXOMUTCS paboTaTh C YACTHBIMH, CyMMaMmH, IPOU3BEICHUSMU
byHkuii, a Takke ¢ «PyHKIUAMU (QyHKIUNE», TO €cTh CIOXKHbIMH (yHKIusMu. cxons us
oTpeieNIeHUs] TPOU3BOTHOM, MOKHO BBIBECTH TpaBIIIa qU(HepeHIIMPOBAHIS, 00JICTYaONUe 3Ty
pabory. Ecimu C — mocrosanoe umcio u f=f(x), g=g(X) — HekoTopsic mupdepeHupyemoie
(GYHKINH, TO CIIPABEUINBEI CIEAYIONIUE Npasula OugdepeHyuposanus.:

. C'=0
. =1
. (fre)=f+4
. (fg) =fa+fd
..(g#0)
(g#0)

3ananue: Beraucinure npon3BOIHBIE CAEAYIONINX (PYHKITU:

4 2 i
1. 1a)5x* —35x% +x+6; 4. a)2xl°+0,05x4—%x+0,3;
8 2 .
) (;H j\/; 0) (4—x2)cosx;
1+X sin x
. B) .
& 4 - x? 2-x3
2. a)E—x3+\&+3; a)%x4—%x3+1x2_x+5,
X
6) (x> —3x - 2\x ; Y
1-x* ' x? —3x
B) . B)
1-x° 1-2x
> a) 0.7x —2x3 4 075x% + -+ ; 6. |a) 2" +Igx-3;
° 10 0) (2—\/;)-tgx;
6) (x+2)sinx; )
2 B) 2X
B) . 3-x
X+3




IIpakTHyeckoe 3ansaTue Ne 5
Tema 1.6: IIpaBuiia BEIYUCIECHHS IPOU3BOAHOM CIOKHON (QPYHKITUH.
Hean: Hayunts mpaBujiaM BEIYMCICHUS COXKHOM MTPOU3BOIHOM.
Teopernyeckasi 4acThb.

IIpaBui10 1J1s1 BBIYMC/IEHUS IPOU3BOAHOM CJI0KHOM PyHKIMHU

Nwmes nBe pynkuuu f(z) u g(x), Mmoxxno obpazoBars crnoxuyto Gynkuuto h(x) = f(g(x)). [Tpu stom
Ba)KHO 3aMETHUTh, YTO IIPH BBHIYUCICHUHN 3HAYCHUS /i(x) ipu x = X0 cHavasa BEIYKCIISIETCSI
3HaueHune pyHkuuu g(x) B Touke X0, a 3arem 3HaueHue GyHkuuu f(Z) BeraucseTcs yxe B TOUKe
z0 = g(x0). CoOTBETCTBEHHO NPABUJIO BBIYMCICHHS IPOM3BOIHOMU citokHOM ¢yHkiuu f(g(X)) B
TOYKEd MCIOJIb3YeT 3HAUCHHE TIPOU3BOIHON QYHKIIMU g(X) B TOUKE d M 3HAUYCHHUE TPOU3BOTHON
¢yukuuu f(z) B Touke b = g(a).

Cdopmynupyem npaBUIo BEIYUCICHUS MPOU3BOIHON CII0OKHON (YHKITHH.

Ilycmo ¢hynxyus g(x) umeem npouz800uyr0 8 mouke a, hynkyus f(z) umeem npouszsoonyio 6
mouke b= g(a). Tocoa ¢pynkyus h(x) = f(g(x)) umeem npouszeoonyto 6 mouxe a u

Ra)=7fb)gita)

IIpumep 1. Borancnuts npou3BoaHYI0 QYyHKIIUU

sin{ 3x — L)
py X = a.
sin(3r— Sy = sinl g(x))  glr)=3r—=
Pemenue. 3 , TJIe 3 . T109TOMY HY’KHO BBIYHCIIHTD 3HAUCHHE
ﬂ- T ;71'— r
(SiIl Z::Ir (3(1 __:' g (x:' = (3:&’——) =3
g(X) B TOUKE a U 3HAaYECHHE B Touke b = g(a) = 3. Tak KaK 3 :
. T T

o glla)=3 (sm 2173 — =) = cos(3a — =)

(sin z)' = cosz , TO 3 . Orcrona

((sing 3x—g))ﬁ:aj = (cos(3a —g)) 3= 3cos(a —g)

[z
Mpumep 2. Beruncuts nponssoauyio Gpyrakimu ¥ X T X npy x = a.

1
Nxttx = fe(x) = (g

r f
3HaueHHE & (x) B TOUYKE a U 3HAYCHUE (/2) B Touke b = a2+a. Tak kak (x2+x)' = 2x+1,

1 1
1 1 1
(Wz)'=(z2)'= -
2va’ +a . Orcrona

_ 2
Pemenne, ,re = (m)=x"+ x [ToaTOMY HY>KHO BBIYMCIIUTH

— gta)=2a+1l(z]a’ +a) =
2z 1q

,.,|2+ f =;_2+1=ﬂ
B+t 2fa’ +a a+h 244':12+|:1_

Jlokazamenvcmeo hopmynst 0151 nPOU3IEOOHOU CIOHCHOU PYHKUUU 0N CYUAA MOHOMOHHBIX
¢ynxyui



B mom cnyuae, koeoa ¢ynkyus g(x) cmpoeco MOHOMOHHA, NPABUNLO BLIYUCTEHUS. NPOUBOOHOU
CNLOJCHOU YYHKYUU MOIHCHO O0KA3AMb CAeOVIOWUM 00PA30M.

¥—a r—a i z—b

Ilycmo u . B cuny monomonnocmu

g(x)—gla) = anu X#& [Toomomy

i SN — flgla) . Slel)) - flgla)) gx)-—gl@) _

wea x-a e glx)-gila) x-a

i FE@ - SE@) | gW-e@ S -IO)
S gW-gl@) e e oe g(n-b

—tim ZO°TE o) = 1) g'ta).

= a

b

B obwem ciyuae 0okazamenbcmeo npaguila 8bl4UCIeHUs NPOUZBOOHOU CIONHCHOU DYHKYUU
Henpocmoe, U Mbl €20 He NPUBOOUM.

Bonpoc. Kak 6 npusedennom doxkazamenbcmee UCHOIb308aAN0Ch C80UCMB0 MOHOMOHHOCMU
Pynxyuu g(x)?

Hnozoa npasuno eviuucieHus Rpou3800HOU CLONCHOU PYHKYUU 3ANUCHIBAION 8 CLeOVIOUieM
guoe:

(flglx))' = fZlglx) g'(x).

Ilpu smom npeononazaemcs, umo 3uaverue npouz8ooOHou hyukyuu f(g(x)) eviuucisemcs 8
moyKe X, npou3800Has GyHKyuu f(z) evluucisiemcs no nepemerHHou z, a 3amem 6Mecmo z
noocmasnsiemcs g(X), npouzsooHas GyHkyuu g(x) 6bIuUCIAEMCs 8 MOYKe X.

iIn(sin x))' ={ln z); (sin x) (5tn 2)'= —— cosx = ?Sx:ctgx
Ilpumep 3. sin X sif X
(x) = ™)' = (") (aln x)f = o™ D=zt Do gpt
Ilpumep 4. x x
it ¥ Enib_ x
Bonpoc. Kax uz pasencmesa CR 8bl8ECMUL, UMO @’ )=a -lna,

Hcnonw3sys npasuno oughgepenyuposanus ciodcHou GyHKYuu, MO*CHO 8bIYUCTUMD
NPOU3600HbIE OOPAMHBIX MPUSOHOMEMPUYECKUX QYHKYUIL.

sthiatcsin x)=x mo 1=(x)" = (smlarcsi n x))" = cosfarcsin x) - (arcsin x)°
o 1 1 1

{arcsin x)' = , = =

cos(arcsm x N'rl— sin 2 (arcsin x) m.lrl—x2

Ilpumep 5. Tax kax

omkyoa
Jlozapugpmuueckas npouszeoonas u ee npumenenue

C nomowbto npasuil, UsNOAHCEHHLIX 8 YPOKAX 2 u 3 Hacmosweli membl MONHCHO HAUMU
NPOU3800HbIE NPAKMUYECKU 6CeX dlleMenmaphulx ynxkyuil. He énonne sicno noxa, kax naumu

— E(x)
nPoOU3B0OHYI0 (DYHKYUU MUNa h(x)=f(x) , eoe f(x) > 0. [{ns omvickanus npou3eo0Hou
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Maxou GyHKYUu MOXCHO UCHOTL308ANMb MAK HA3BIBAEMYIO 102APUPDMUYECKYIO NPOUZBOOHYTO,
U, UHAYe 2080Ps, NPOU3BOOHYIO OM JI02APUPMA PYHKYUU.

HeticmeumenvbHo, GbIYUCIUM NPOUZBOOHYIO OM YHKYUU o #(x) npasuiam
r 1 r
(Bn Bl x )} = ;2—»*2 (x)
oughghepenyuposanus croscrou pyukyuu. Iomyuum (x) , OMKYOa

R x) =k x ) bix))"

_ Elx]
Iloocmasnsia meneps h{x)=7(x) , ROJLYYUM

S(x)
Jfix)

Bix)= FOx) T @ (S50 = Fx )y P gl )in Fx)) = Sx) T g (x)in fx)+ gl 7) J

Sinox

_ o 1.,
(™ = x"™enx) mxtanx —)=x"frosx Inx+
x

J

Pemuts YHOpaKHCHHA.

1. Hatimu npou3600Hyt0 (pyHKyuu:

a) In 5x; 6) In2 x; 6) sin 3x; 2) tg(x2 - 1);

2
0)N2X + 3+ o) esin x; o) arccos 2x; 3) ¥AE —16

u) tg2 x, k) tg x + ctg2 x.

2. H306pa3zums epaghuxu ¢hynxyuil In x, In 2x, In 3x u noxazame, umo oHu nepecexaom npamyio
x = 1 noo yenom 45°.

— r
3. Haiimu npouzeoduyio gynxyuu * ~ * .

4. [lpeononazas cywecmeosanue npou3800HOU U NOIb3YACH NPABGUIOM GbIMUCLEHUSL NPOU3EOOHOU
COJACHOU DYHKYUU, HAUMU NPOU3BOOHYVIO (DYHKYUU.

a) y = Inx; 6) y = aeccos x; 8) y = arctg x.
IIpakTnyeckoe 3ansTHe Ne 6.

Tema 1.7: IlpumeHeHne NPOU3BOJHOM K PEIICHUIO MPUKIATHBIX 3a]1a4.

Henanb: HayunTs onpenensTe HENPepbIBHOCTh (QYHKITHH.

Teopernueckas 4acTb.

IIpuMeHeHust HeMPEPHIBHOCTH

OyHKLMs Ha3bIBaeTCs HenpepbIiBHOU B Touke X0, ecnn f(x) ctpemuTtcs k f(x0) npu crpemnennn x
Kk X0. ITpu atom f(x) — A = f(X) — f(x0) = Af. Eciiu pynxkims f HenmpeppiBHA B KaXK/I0H TOUKE
HEKOTOPOTO MPOMEXYTKa A, TO 3Ta PyHKLUS OyAET SIBIATHCS HENIPEPHIBHON HA BCEM
POMEXKYTKE A. A caMm MPOMEXKYTOK A, Ha3bIBAIOT B TAKOM CIIy4ae MPOMeKYTKOM
HenpepbIBHOCTH GyHKINY f.

['padux HETTPEPBIBHBIX (QYHKINH, N3y9aeMBIX B ITKOJFHOM KypCe MaTeMAaTHKH, MOKHO
HApUCOBATh «HE OTPbIBasi KapaHIaIl OT OyMarm», Tak Kak OH MPEACTaBIsIeT COOOH CILTOUIHYIO
nuauto. Ecou Ha HEKoTOpoM mHTEpBasie (a;b) Gpynkus f HempepbIBHA U HE oOpaIaeTcs B HYJIb,
TO HA 3TOM MHTEpBaJIe OHA Oy/IeT COXPaHATh NOCTOSIHHBIN 3HAK.



DTO CBOMCTBO OYEHB JIETKO 7151 NOHUMaHus. QyHKIUsA, PacoioKeHHas Bollie ocu OX, UMeeT
3HAK «IUTIOCY, QYHKIMS, pacnofioskeHHas: Huke ocu OX, IMeeT 3HaK «MUHYC». Ecin nuHus
bynkuun He niepecedet ock Ox (Ha ocu Ox GyHKIMS paBHA HYJIO), TO OHA SIBHO HE H3MEHUT
CBOM 3HAK.

MeToa MHTEPBAJIOB

OnHUM U3 SIPKUX TIPUMEHEHUH CBOWCTB HEMPEPHIBHOCTU (YHKIIHH SIBJISIETCS METO]] HHTEPBAJIOB,
KOTOPBI UCIOJIB3YETCS 7Sl pelIeHHs] HEpaBEHCTB ¢ OAHOM nepeMeHHoM. [TycTh HekoTopas
(GYHKIIUM HETIPEphIBHA Ha UHTEpBaJIe A ¥ 0OpamiaeTcs B HyJIb B KOHEYHOM YHCIIE TOYCK
MPUHAJISKAIINX ITOMY UHTEpBAIy.

Hcnonb3yst CBOMCTBO, IPUBEICHHOE BHIIIE, 3TH TOYKH OyIyT pa30uBaTh BECh MHTEpBalI A Ha
MIPOMEXKYTKH, B KOTOPBIX QYHKIUS OyAE€T COXpaHITh CBOM 3HAK. UTOOBI ONpeeuTh 3HaAKU BCEX
MIPOMEXKYTKOB, JOCTATOYHO 3HATH 3HAK OJJHOTO JFOOOTO M3 3TUX UHTEPBAJIOB.

Ipumep pyHKIMU, KOTOPAsi He SABJISETCS HENPEPbIBHOM

J1o cux mop MBI CTATKUBAINCh TOJBKO ¢ HEMPEPBIBHBIMU QyHKIUsAMEI. HO cyliecTBytoT
GyHKIIUHM, KOTOpPBIE HE SBISIOTCS HEMPEPHIBHBIMU B KaXK/10i TOUKE, B KOTOPOIl OHU OIpE/IEICHBI.
Hanpuwmep, pynkuus f(x) = {x}, rne {x} — ects npoOHast yacTh uncna X. E€ rpaduk nzo0paxen
HAa CIIEYIOIIEM PUCYHKE.

YA

LA

Jlerko 3aMeTuTh, 9TO OCHOBHOE CBOMCTBO HEMPEPHIBHOCTH (pyHKIHH B Touke X0 paBHOE JIFOOOMY
[[EJIOMY YHUCITy, He OyaeT BhIMonHAThbCA. Ho B Toxke Bpemst pynkuus f(x) = {x} HenpepbIBHA BO
BCEX JIPYTMX TOYKAX, HA KOTOPBIX OHA OTpeielieHa, KpOMe TOUEK, TIe X PABHO IEJIOMY

yrcny. Ha rpaduke Takue TOUKM OTMEUEHBI BHIKOJIOTBIMU KPY>KKaMH.

DyHKIUH HenpepbIBHbIE, HO He TH((epeHIUPYeMble B JaHHOU TOYKe

EcTb pyHKIMM KOTOpBIE SBISAIOTCS HEMPEPHIBHBIMU B KaXKA0M TOUKE CBOEH 00s1acTi
omnpenenenusi. Ho npu aToM He OyayT MMETh POU3BOHBIE B HEKOTOPHIX ToUKax. Hampumep,
GbyHKIMS y=|X| HempephIBHA Ha BCE YUCIIOBOM OCH, HO MPH 3TOM He AuddepeHrpyeMa B TOUKe
x = 0. Huxe npezacrasieH rpaduk 3Toi QyHKIHUH.



y=|x|

0 x

Hccnenyiite GyHKIMIO HA HEMTPEPBIBHOCTD U MIOCTPOUTE CXEMAaTHUECKU TpaduK.

x+5 ecnux <1
Fix= x2+3,ecJIH15x-::2
Sx+5ecnux =2

Pemenne. Kaxxnas ornenbHas GyHKIUS, BXOJAIIAs B ICXOIHYIO, HETIPEPBIBHA, CIIEI0BATEIBHO,
Pa3pbIBbl MOTYT BOBHUKHYTH JIMILIb B TOUKAX, IIPU NIEPEXOJIEC YEPE3 KOTOPHIE OHO BBIPAKEHUE
CMEHSETCS IPYTHM, T.€. B TOUKax X = —1 u X = 2. PaccmoTpum, kak BeA€T ceOst GyHKIHS B
OKPECTHOCTH TOYKH X = —1.

NHx=-1

lime_1(x+5)=4

lime 1+(x>*+3) =4

CrnenoBaTenbHO, B TOUKE X = —1 (DyHKIIMS HEMpEephIBHA.
2)x=2

limy——2—(x*+3)=7

limy—2+(3x +5) =11

CrnenoBaTenbHO, B TOUKE (DYHKITHS UMEET pa3psiB | posa.




Pucynox 1

2 . Haiimute obnacTh onpeneneHus GyHKIIUH.

fx2+?x+12
.}?: —_—
X

Pemenne. Tak kak apuMeTndeckuii KBaJpaTHbIM KOPEHb MOXKHO BBIYUCIHUTD U3

2
P +Tx+12 50

HCOTPpULATCIIbHOTO Y1 JIa, TO X

fy= FTTHI2 D(f) =00, 0) U (0; +00).
BBoaum ¢yHKIHIO x ,

Haxomum mymn gyskuun f (X) =, Torma X2 + 7x + 12 = 0; mo Teopeme Buera u 06paTHOii K Heif:
X1+ Xo=—7
X1 Xo=12

noJrydaem X1 = —3, Xo = —4

B 4 -?.l —
Pucynok 2
x €[4 =3] W (0; +oo)
Oteer: D{y) = [4; -3](0; +o0).
3.
: Rl 43— 2
lfr gy o 2
a) Jlokaxxure, 4TO 1+2+.. .+
P —6x+5
lim .5 X obxto
0) Beruncure: X =25

a) B 3namenarene n1pobu noj 3HaKOM Ipejiesia CTOUT CyMMa WIEHOB apu(METHUECKOM
2
_ o ta *n=1+n* _nttan

IPOrPECCHH, TOITOMY €€ MOXKHO 3aIncaTh KaK 2 2 2 rtorma
2 2
. i 4Em—-2 . i+ Ee—-2
lim n—pe0 ——— =1 L
I+2+.. . +a 2t +n

2



& 4
2 -
=l g e 2n ':6}2_4 =H = 1it1 e M lnj =E=2
Ho+n [c0] 11 1
n
2
T I 0 TR €. ) it VO
6) =25 [0] (x-5)(x+3
=1 X—1_4_2
=l 5 =__= _
x+5 10 5

4 . JTokaxwuTe, 4TO ypaBHeHHe X° — 3X+ 1 uMeer KopeHp Ha otpeske [0; 1] u HaiiauTe ero ¢
TOYHOCTRIO 110 0,1.

Pemenne. Beeném dynkumo f (X) = X3 — 3x+ 1, oHa HenpepbIBHA Ha Beeil UMCIOBOI TIPSAMO, a
eé 3navenus f (0) = 1; f (1) = —1.Tak kak QyHKIMS pa3HbIX 3HAKOB HA KOHIIAX OTPE3Ka, TO Ha
ATOM MHTEpPBaJIe OHA MOXKET OOPATUTHCS B HYJIb XOTsI ObI B 0JJHOH Touke. Pa3oObem unTepBa [0;
1] Ha Gosiee MeJIKHE OTPE3KH U COCTABUM TaOIIHILY:

x 0002 04 0,6 08 |1
f(x)|10,408 0,135 0,584 0,888 -1

BoiBoa. Tak kak ¢pyHkuus MensieT 3Hak Ha otpeske [0,2; 0,4], To KopeHb ypaBHEHUS C
TouHocThio 10 0,1 Oyner pasen X = 0,3.

Oteer: X =0,3.
2
+Tx+12 _
5 . PemuTh HEPaBEHCTBO: x
3
Fy=E2 D EHI) D)= (0 —3) L (3, +oo).
Pemenne. Beogum GyHKIHIO (x+3)

Haitném mymu dyskmun f (X) = 0, cnenosarensHo, (X — 2)3(x + 5) =0, Torga X = 2, X = 5.

Pucynoxk 3
(3-20% 245
=2 T T e
) (34 3° 7
£(3) = (3_2}3(3”3’:-0

(3+3)7



—216c:

=D’ ’

Ji=h=

D

Fi=6)=

x € (—oo, —5] W [2; +oo)
Oreer: x € (—o0, —5] [2; +oo).
IIpakTnyeckoe 3ansaTue Ne /

Tema 1.9: Heonpenenennslii nuaTerpai. Boruncienne HeonpeaeIeHHbIX HHTETPAJIOB.
Hesab: HayunTh BEIYUCIISATH HEONPEACICHHBIN HHTETPAIbI

Teopernveckasi 4acThb

Heonpenesenublii HHTErpaJ
F(x) - mepBoodpa3nas s f(X) nHa muokectBe X eciu F'(X) = f(X) s Bcex XEX. Eciu F(X)
- nepBooOpasnas s f(X) Ha MmaokecTBe X, TO F(X) + C - MHOXKECTBO BCEX MEPBOOOPa3HBIX
aust f(X) Ha MHOKecTBe X. DTO MHOKECTBE IIEPBOOOPA3HBIX HA3BIBAIOT HEOIPEICICHHBIM

MHTErpaioM 1 0003HaYaI0T j f (x)dx=F(x)+C.

OcHOBHBIE CBOICTBA HEOTIPEIETICHHOTO UHTErpaja
1. Heomnpenenenuslit uuterpan ot nuddepenimana GyHKIUN paBeH 3TON QYHKIIUH ILTIOC
MIPOM3BOJIbHAS TIOCTOSTHHAS

de(x) =F(x)+C

2. Juddepenunan HeolpeIeIeHHOT0 HHTErpala paBeH MObIHTErPaJIbHOMY BBIPRXKEHUIO, a
IIPOM3BOIHAS HEOIIPEIETICHHOIO UHTErpala paBHA MOABIHTETPAIbHON (PYHKIIMU:

d [ Fd@) = F@de)

3. Heomnpenenennslii uHTErpan anreOpanyeckoi CyMMbl (yHKIMNA paBeH alreOpandeckoi
CyMMe€ HEeOIpeAeIEHHbIX HHTETPAJIOB 3TUX (PYHKIIMA:

j (0 + o(0]d(x) = f FG)dG) + j P (0)d(x)

4. TIoCTOSTHHBIH MHOKUTEIb MOJIBIHTETPAIILHOTO BHIPAKEHHSI MOYKHO BBIHOCHTH 32 3HAK
UHTerpaja:

[ ar@dw =a [ r@dw

OcrogHble hopmynbl UHMEPUPOSanUs
1.fdx=x+C
n+1
2. [x"dx ==
dx n+1
3. [==lnx+C
x X
4. [a*dx =—+C
lna
5 [e*dx=e*+C
6. [ sinxdx = —cosx + C
7[ cosx dx = sinx + C

+C

8.[ dx =tgx+C
' coszx_gx



9. [ = —ctgx+C

smzx
1
10f x2- a2_2a E-"C
11fJ— ln|x+\/x2ia2|+C
12. f\/—zarcsin§+c

18 [ 5
OmnpeneneHubIM HHTETpaoM oT hyHkuuu f(x) Ha oTpeske [a; b] Ha3pIBaeTCs Tpeen
HHTETPAIBLHON CYMMBI TIPH YCIIOBHH, YTO JJIMHA HAUOOJIBILETO M3 JIEMEHTAPHBIX
OTPE3KOB CTPEMHUTHCS K HYIIIO.

JIs1st BEIYMCIICHUS! ONIPEIEIEHHOT0 HHTerpaia ot GpyHkuuu f (X) B TOM ciydae, Kormaa
MOKHO HalTH COOTBETCTBYIOIINM HEONPEAEIICHHBIA HHTErPaJI, CIYKUT hopMyJia
Herorona-Jleiibnuna:

xX—a

1 X
=—arctg=+ C

[ rwae =@ = Fo) - F@

Pemenue ynpakHeHui:

1. | xdx 3dx

2 jjzdx 15.]W

’ 5 16I 4dx

3. Ix5dx sin (3—2X)
4, j?xedx

, 17.J.23 (7-3x)*dx
5. j(7x+1) dx

6. [10sin5xdx 18. fxz -
7. I3(5x+1)2dx 19. fxz 75
8. [ (2x-1)dx 20. [ =
d 21f 2dx
9. .[_)3( Vl x
y 2. | = m
10. j4vx3dx 23. f
5 3255352
X 24. |
11. . 2
J JB5x—7 - ffg ax
12.j3c053xdx V2 Va—x?
. 26 f\/_ dx
2
13. [4(5-6) dx SR
27. fn’ - )

coszx sinZx

14.[%



IIpakTuyeckoe 3ansiTue Ne 8

Tema 1.13: OcHOBHBIC METOIbI BEIYMCIICHHUS] HHTETPAJIOB

Hesanb: Hayunts BEIYUCHATD HHTETPAJIBI

Tema: IlepBooOpa3znas pynkuu. HeonpeneneHHslii UHTErpal. Beraucienne HeonpeaeIeHHbIX
HUHTErPaJIoB.

Heab: HayunTh BEIYUCIISATH HEONPEACICHHBIN HHTETPAIbI

TeopeTnyeckas 4acThb

HeonpeneseHHblii HHTErpaJ
F(X) - nepBoodpasznas mis f(X) Ha muoxkectBe X eciu F'(X) = f(X) s Bcex XEX. Ecnu F(X)
- nepBooOpasnas s f(X) Ha MHOKecTBe X, TO F(X) + C - MHOXECTBO BCeX NMEPBOOOPA3HBIX
s f(X) Ha MHOMXKecTBe X. DTO MHOYKECTBE MEPBOOOPA3HBIX HA3BIBAKOT HEOMPEICICHHBIM

WHTErPaJIoM U 0003HAYaIOT I f (x)dx =F(x)+C.

OcHOBHBIE CBOWCTBA HEONPEAEICHHOI0 HHTErpaja
5. Heomnpenenennsiit uarerpai ot auddepennnana GpyHKIUN paBeH 3Toi (HyHKIMH TUTIOC
HPOU3BOJIbHAS TOCTOSHHAS

de(x) =F(x)+C

6. Hduddepenunan HeonpeaeIeHHOTO HHTETpaia paBeH MOBIHTETPAILHOMY BBIPXKEHUIO, a
IPOM3BO/IHAsS HEONIPEIEIICHHOI0 HHTETpajia paBHA NOABIHTErPAIbHON (PYHKLUU:

d [ Fde) = F@de)

7. HeompeneneHHslit HHTErpai anredpandeckoil cyMmbl GYHKINN paBeH aaredpandeckoi
CyMMe€ HEOIpeAeIEHHbIX HHTETPAJIOB 3TUX (PYHKIIMMA:

f ) + 9()]d(x) = f FGO A0 + f o ()

8. ITocTOAHHBIN MHOXHUTEND MOABIHTEIPAJIBHOI'O BEIPAKCHHA MOKHO BBIHOCUTD 3a 3HAK
HHTCIrpaia:

[ r@aw =a [ rwaw

Ochogibie hopmynbl uHmMepUPOEanUs.
1.fdx=x+C

n+1
2. [x"dx == -

dx n+1

3.[—=lnx+C
4, [a*dx = L,

lna
5 [e*dx=e*+C
6. [ sinxdx = —cosx + C
7[ cosx dx = sinx + C

+C

8-[ dx =tgx+C
' coszx_gx

9[ dx t +C
. = —Cctgx
sin?x g

dx 1 x-a

10'f x2—a? _ 2a x+a +C

ll.f\/%zln|x+\/x2ia2|+6




12.f% = arcsin §+C

13.fxi—xa2 = iarctg§+ C

OmnpeneneHubIM HHTErpaioM oT hyHkuuu f(x) Ha orpeske [a; b] HasbIBaeTCs Ipeaen
MHTETPAIBHON CyMMBI IIPH YCIIOBHH, YTO JUIMHA HAUOOJIBIIETO U3 AIEMEHTAPHBIX
OTPE3KOB CTPEMUTHCS K HYJIIO.

JIst BBIYMCIICHUS ONPEIeIEHHOro nHTerpana ot GpyHkuuu f(x) B TOM cirydae, Koraa

MO’KHO HaiTH COOTBETCTBYIONIUI HEOMPEAEICHHBI HHTErPall, CIIYKUT (opMyiia
Herorona-Jlelouuua;

b
[ r@ac =reo = F) - F@

Pemenue ynpaxkHeHui:

1J.de 18 fxz 9
2. J.ldX 19. fxz 25
° 20. [
3. Ix5dx 2. [ o
4, j?dex Vi x
3 22 f\/ —4x2
5. j(7x+1) dx 23.f dx
2542
6. I103h15xdx 24 f3 dx
0 9—x2
7. | 3(5x +1)%dx V3 _ax
8 jj(z 1°d 515 s
. X— X \/_ dx 1
dx 26f 2 f(cosz smzx)
9 [Z22
. jx3
10. I4\/x3dx
11-_[ 5dx

Bx—7"

12. j 3¢0s 3xdx

3
13. j4(5—6x) dx

17. [ 2°\(7-3x)"dx
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Tema 1.15: OnpeneneHHbIN HHTETPA KaK MIPEAET MHTETPUPOBaHMsI CyMMbl. Beruncienue
OIpeIeNIEHHOr0 UHTErpaa.
Heanb: HayunTe BIUUCIATH ONPEIEICHHBIE HHTETPAJIBI

TeopeaneCKaﬂ 4acTb.

[TousiTHE OnpeIeIeHHOr0 HHTErpaia BBOAUTCS CIeAyIomuM oopasom. ITycTs Ha oTpeske [, b]
onpenenena Gpyuknus f(X). Pazoosem oTpesok [a, b] Ha N gacTei Toukamu a = Xo < X1<...<Xp = b.
W3 xaxxaoro narepsaia (Xi-1, Xi) BO3bMEM IMPOU3BOIBHYIO TOUYKY Xil COCTABUM CyMMY

* L f(©)Ax;, tae, AXi = X - Xi-1. Cymma Bupay. .-, f (§)Ax;, i Ha3sIBaETCS UHmME2PANLHOU
cymmoll, a ee Tpeaes mpu A = maxAXi— 0, eciii OH CyIIeCTBYET U KOHEYEH, Ha3hIBACTCS
onpeodenennvim unmeepanom dpyukuuu f(X) or a go b u odbo3navaercs:

b n
[ £eodx =tim Y pera

Oyukiws f(X) B 3TOM citydae Ha3bIBACTCS UHMESPUPYEMOLL HA OMPe3Ke
[a, b],uncna a u b HOCST Ha3BaHuUe HudICHE20 U 6epxHEcO Npedena unmezpaa.

Jl1s onpeiesIeHHOro MHTErpaja ClipaBeJIiBhI CIEAYOIINE CBOMCTBA:

}f(x)dx - }f(z)dz = }f(t)dt

1

}f(x)dx =0
}f(xjdx = }f(x)dx
[} - b

}kf(x)dx =k ]_J[f(x)dx
, (k= const keR);

J'(f(‘x} glxz))dz = If(X)dX+Ig(X)dX
_[f(x}dx = _[f{x)dx +jf(x)c1x_

h

[fl=)dz =

: f(8)(b-a) (S€a,b]).

[TocnenHee CBOWCTBO HA3BIBACTCS MEOPEMOll O CPeOHeM 3HAYEeHUU.

[Tycts f(X) HenmpepwiBHA Ha [a, b]. Torma Ha 3TOM OTpe3Ke CYIIECTBYET HEONPEIETICHHbIN
AHTErpaI

Jf(x) dx = F(x) + C

U UMeeT MecTo gpopmyna Hetomona-Jletibnuya, CBS3bIBAIOIIAs ONIPEICIIEHHBI HHTErpal C
HEOIPE/ICICHHBIM:

2 f@)d(x) = F(x) = F(b) - F(a) (2)



b

[fiz)d=
I'eomeTpuyeckas HHTEpIIpETalUs: OIIPEACICHHBIN UHTETpal * IIpEJICTaBISIET COOOM
IUIOIIA/ b KPUBOJIMHEHHOM Tparnelyy, OrpaHUYeHHON cBepXy KpuBoil Y=f(X), mpsMbIMu X = @ U X
= b u orpe3kom ocu OX.
Pemenue ynpxHeHuii.
1. Berunciuts | dx/(x+2).

2. Haiitu | tgxdx.

3. Haiitu [ dx/sinx.

o

. 1
4, Haiitm & — &

2

5. Haiitn [ arctgxdx.

6. Beruucauts | Inxdx.

7. Beraucauts | e¥sinxdx.

Mpumep3.37. Borancants J = | cos(Inx)dx/x.

Pewenue. Tax kak dx/x = d(Inx), To J=[ cos(Inx)d(Inx). 3amersist InX depes t, mpuxoaum K
TaGmuuHOoMy HHTerpany J = | costdt = sint + C = sin(Inx) + C.

e

J—
8. Berumcauts J = A4 - In? x )

10
[ 1 - cos2zdx

9. Beruncnuth unterpan J = o :

3 odx

4
10. MosHo i ipuMeHuTh Gopmyity Hetorona-JleiiGuura k uarerpany E-4)" 9

w
-%
[z dx
11. Beraucnute unTErpan ¢

IpakTnyeckoe 3ansaTue Ne 10

Tema 2.2: KBangparHas matpuia. Oniepanuy HaJl MaTPHIIAMH.
Heab: Hayunts pemars onpeaensts 3HaYSHUS MaTPUIL.

TeopeTnyeckas 4acTh:



Tema: Onepaunu Hag MaTpuliamMu. Beruucienue onpenenureneil. HaxoxaeHnue
00paTHOM MaTpPHULIbI
Heab: OcBouTh cr1OCOOBI BBIMOJHEHUS ONEpallid HaJl MaTPHULIAMH, dJIEMEHTApPHbIC
npeoOpa3oBaHus MaTPHUII, HAXO0XKIEHUSI OOPATHON MaTPHUIIBI
Teopernueckast 4aCThb
Onepanuu Haj MaTpuLaMu
Cnoscenue mampuy. CymMMOil ABYX MaTpuULl A:(aij) u B :(bij) OTHOU M TOM

K€ pa3MEpHOCTH MxN Ha3biBaeTcs marpuia C :(cij) TOU K€ Pa3MEPHOCTH TaKas,
4TO C; =8 +bij )
Nrtak, MOXHO CKJIaJbIBaTh TOJBKO MATPHUIIbl OJHOM U TOM K€ pa3MEPHOCTH.

[Ipu ciioxkeHun MaTpHUIl CKJIAJIbIBAIOTCS COOTBETCTBYIOIINUE SJIEMEHTHI.
IMpumep 1.

32 -3 -2
Haitgure cymmy matpung A=|-1 0|uB=| 1 0
11 -1 -1

3-3 2-2) (0 O
C=A+B=|-1+1 0+0|=|0 O|— HyJIb-MaTpHUILa pa3MEPHOCTU 3x2.

1-1 1-1 00

W3 onpenesieHns CyMMBI CIIELYET, YTO CII0KEHUE MATPULL ITOAYUHEHO:

a) KOMMYTaTUBHOMY 3aKOHY A+B=B+A;

0) accOMaTUBHOMY 3aKOHY

A+B+C=(A+B)+C=A+(B+C);
B) A +0_ _=A_ — 3aKOH IIOIJIOLICHUS HYJIA.
Ymnoowcenue mampuyvr na uucno. IlpousseneHueM martpuubl A= (aij ) Ha

guciao A (mnm A Ha Matpuily A) Ha3bIBaeTcs Marpuiia B :(bij ), riue bij :ﬂaij, T.€.
MIPU YMHO>KEHUU MATPUIbl HA YKCIIO HAJ0 BCE JIEMEHThI MATPHULIBI YMHOXHUThH Ha
9TO YMCIIO.
IMpumep 2

2'[3 0)2(6 OJ.

14 2 8

Ceoucmea onepayuu YMHOINCEHUS MAMPUYBL HA YUCTLO:

a) (Au)A=A(uA) (acconraTuBHOCTD);

0) (1 + u)A=JA+ pA (AUCTPUOYTUBHOCTH OTHOCUTENIBHO CIIOKEHHS YHCEN);

B) A(A+B)=4A+AB  (aucTpHOYyTHBHOCTH OTHOCHUTEIILHO  CIIOKCHHSI
MaTpHul);

r)1- A=A,
IIpumep 3

. 1 2 3 -2 30
Hanigute 2A+3B, roe A= , B= .
01 -1 2 11

1 2 3 -2 30
2A+3B=2- +3. =
(0 1 —1} (2 1 1]



2 4 6) (-6 9 0) (2-6 4+9 60
:(0 2 —2}{6 3 3j=[0+6 2+3 —2+3j:
~4 13 6
:[6 5 1}'
Ymnooswcenue mampuy. TlpousBereHuemM MaTpuipl A= (aij ) pa3MepHOCTH NxM

na Marpuiy B=(b; ) pasmeproctu mx pHasbisaetes Marpuna C = (¢, Jpasmeproctu
m

Nx p TaKas, 9To C; =8 -by; +a;, b, +..+a, b => ab,, i=12..,n, j=12,..,p.
k=1

YMHO)kaTh Marpunbl A M B MOXKHO JIMIIb B TOM Clly4ae, KOTJa YHUCIO
CTOJIOLIOB TEPBOTO COMHOXMTENIA A (YUCIO DSJIEMEHTOB B KaXIOH CTPOKE
MaTpuipl A) COBMNAJAET C YHUCIOM CTPOK BTOPOrO COMHOXHTENs B (uumcio
AJIEMEHTOB B KaXXIOoM cTosidoue B). B uyacTHocTM 1 KBaJpaTHBIX MaTpUIL
OJIMHAKOBOI'O TIOPsiAKA ompejiesieHbl 00a mpousBeneHuss AB u BA, u MaTpuiibl
MPOU3BEACHUS ABIIAIOTCSI MAaTPULIAMU TOI'0 K€ MOPsAIKA

3 4 5
1 2
IIpumep 4 Ilyctb A:(l 0 J, B=|6 0 -2|. Haiinute nmpousBenenus AB u
7 1 8

BBIIEISIOTCS 1 - 51 cTpoka Matpuipl A4

Y TIePBBIN cTOJI0CI MaTpuIl B,

COOTBETCTBYIOIIUC DJICMCHTEI TICPEMHOXKAIO TCH,

a MPOMBBEACHMA CKIAAbIBAIOT C
(11-3+2:6+3-7  1.4+2.0+31  1.5+2-(-2)+3.8 )
(1:3+0-6+(-1)-7 1.440-0+(-1)1 1.5+0-(-2)+(-1)-8)

(36 7 25
-4 3 -3)

[TpousBenenue BA He CylIecTBYeT, TaK Kak YHCIO CTOJIOIIOB MaTpullbl B He
COBIIAJIAET C YUCIIOM CTPOK MaTpuIibl A (3% 2).
-1
IMpumep 5 Ilycts A=(3 2 -1),B=| 1 |. Haiigute npoussemenust AB u BA
2

(ecyii 3TO BO3MOJKHO).
AB=3-(-1)+2-1+(-1)-2=-3+2-2=-3.

-1 -1.3 -1.2 -1.(-1)) (-3 -2 1
BA=| 1 -3 2-1)=| 1.3 1.2 1.(-1) |5/ 3 2 -1].
2 2.3 2.2 2:(-) 6 4 -2

W3 npuBeACHHBIX BHIIIE TPUMEPOB SICHO, UTO B 00ILIEM citydae AB # BA. .



Kommymupyrowumu Ha3pIBaloT MaTpuilbl A U B, eciu JJ1s1 HUX BBITIOJIHEHO

ycinoBue AB =BA.

Ceoticmea onepayuu YMHONCEHUSL MAMPUY:

a) aCCOIMATHBHOCTB: €CIIU OIPEIEICHO OHO U3 Mpou3BencHui (AB)C win
A(BC), TO ONpeENIeHO TaKKe W BTOPOE MPOM3BEICHUE, M MMEET MECTO
BBILIIE IPUBEIEHHOE PaBeHCTBO (AB)C = A(BC)=A-B-C;

0) nucTpuOyTMBHOCTH: ecnu C-— Takas MaTpHla, YTO OMPEIEIICHO
npousBeneHne AC, TO OIpeAeieHbl Ipou3BeacHus BC u (A+ B)C U
BepHO paBeHCTBO(A+B)C=AC+BC (A u B — MaTpHIbl OJMHAKOBBIX
pa3MepoB);

B) JIUCTPUOYTUBHOCTH: €clii A— Takas MaTpulia, YTO OMPEIEICHO
npousBegeHue AB, To onpeneneHsl IpousBeacHus AC u A(B+C)I/I

BepHO paBeHCTBO A(B+C)=AB+AC (B u C — MaTpHIlbl OJHHAKOBBIX
pa3MepoB);

I‘)Amxn'En :Em'Amxn :Amxn'

TpaHcrioHMpOBaHHASI MAaTPULA
TpaHCOHMpPOBAaHMEM MaTpPHUIIBI Ha3bIBA€TCSl Takoe e€ mpeoOpa3oBaHUe, IpU
KOTOPOM CTPOKH 3TON MaTpPHIIbI CTAHOBATCS €€ CTOJIOLAMU C TEMH )K€ HOMEpaMHu.

all a12 aln all a21 aml
_ a21 a22 aZn AT _ a12 a22 amZ
Amxn - ! nxm
a a a a a a

ml m2 " mn 1n 2n "t mn

TpancnorupoBaHHas MaTpuLa o0o3HauaeTcs A'mmm A’ .

Ecmu AT =A, T.c. a; =a,

i ,TO MaTpHlla Ha3bIBACTCA CMMMempM'{BCKOIZ.

1 2 3
IMpumep 6TpancnoHupyiiTe MaTpuIry A:(4 c 6]'

AT =

w N -
o o1 b

BbruucsieHue onpeaesuresaei.

Onpenenenue 1
OrnpenenuTeieM MaTPHUIlbl HA3bIBAETCSI HEKOTOpas MaTeMaTuueckas (PyHKIus
AJIEMEHTOB KBaJIpaTHON MaTPHIIbI, pe3yJIbTaTOM KOTOPOM SIBJISIETCS YUCIIO.
O0o3HayeHue:

1 0 35
l4|=det A= |4 4 -1

12 1 10



— omnpenenuTens 3- ro nopsijaka (T.K. MaTpuiia pasmepa 3 Ha 3) MaTpulibl A.
Boruuciienue onpeesuTesieii mepBoro MoOpsaKa.

Matpuna pasmepa 1*1 310 mpocro uncno. OnpenenuTeneM TaKoH MaTPHIbI
SBJISIETCS CaMO ATO YHCIIO.

Hpumep:

3=3

BorunciieHue onpeaenuresieil BTOPOro nopsaKa
Onpenenurens BTOPOTro NopsAiKa (MAaTpULbl pa3Mepa 2 Ha 2) BBIYUCIIAETCS 110
paBUITy

4y dp|

= iy T @iy
231
IIpumep 7:

3 -3
4 1

‘:3-1—4[—3] =3+12=15

Boiuuciienue onpenesuresieii TpeTbero nopsiaka
OnpenenuTenb TPETHETO MOPsAKa (MAaTpUIIbl pa3Mepa 3 Ha 3) BBIYHUCIISIETCS 110
MpaBUITY

thy dp dyp
@y gy gz | sy tagdaaity) Fdy sy — a3yl — Ayt — ) dpds,

s Bay s

3anOMHUTH MOPSATOK COMHOXKUTEIIEH MOYKHO, UCIIOJIb3YS IPABWIO TPEYTOJILHUKOB

IIpumep 8.
Breraucnuth onpenenuTens:

2 3 -1
11 21 -5
4 & 9

Penienue:



Bocnonb3yemcst mpaBuioM TPEYrobHUKA

. 8 W =g i, = 202183 =378

8=, = 3-[—5]-4 = —&0

| | | = ‘313'5321'5132 = 11l(—1}l6 = —66

W =g, = {—1}-21-4 =—54

| | ] — 413421‘333 = 3-1 1!9 = 29?

. O = dpydd, = 2'(_5)'6 =-60

2 3 -1
11 21 -5/=378-60-66—(-84+297-60)=108
4 & 9

Otser 108



Haxo:xaeHue oOpaTHOM MaTPULbI

PaccMOTpHM KBagpaTHYIO Matpuily 4. O6paTHy0 MaTpuiy 4= MOXKHO HAHTH IO
ciemytomiei hopmyre:

atelog .

4 , TIe 4 onpenenuTens Matpuusl 4, % — rpanconupoBaHHas
MaTpHIA aNre0pandecKux JOMOIHEHUH COOTBETCTBYIOIIMX 3JIEMEHTOB
MaTpusl A,

IToHsTHE OOPATHON MATPHIIBI CYIIECTBYET TOJNBKO JUIS KBAPATHBIX MATPHII,
MaTpHI] «JBa Ha JBA», «TPH HA TPU» M T.1I.

-1
oOpatHasi MmaTpuiia 0003Ha4aeTCsl HAJICTPOYHBIM UHACKCOM

Ipumep 9:
- 4
A=
Haiitu oOpaTHy0 MaTpuIly /Ui MaTPHUIIBL 34
Pemraem.

1) CHauana HaxOUM ONPEAETUTENb MATPULIBI.

v
4= =1.4-3.2=4-6=-2
4

1
£
B tom ciiyuae, ecnu onpenenurens Matpuiibl paBeH HYJIFO — obpartHoii
MaTpHIIbl HE CYIIECTBYET.

2) Haiinem maTpuiy Munopos ¥

Marpuia MUHOPOB MMEET TaKHUE JKe Pa3Mephl, KaK U MaTpuIa “1, To ecTh B

E -
M=
* X
JAHHOM cnyqae .
OCTaJIOCh HaI>'ITI/I quBIpe quciia U IMOCTAaBUTh UX BMCCTO 3BEC310UYCK.

1 2
A=13 4
Bo3sBpamiaemcs K Halel MaTpuie

Chauana pacCMOTPHM JIEBBIA BEPXHUU DJIEMEHT:
Ly:2
5 4)

Kak naiitu ero MuHop?
MBICIEHHO BBIYEPKHUBAEM CTPOKY M CTOJIOCI, B KOTOPOM HaXOAUTCS JaHHBIN
AIIEMEHT:

b2
i
OcraBiieecst YUCJIO U SIBISETCS MUHOPOM JIAHHOTO 3JIEMEHTA, KOTOPOE
3aMUChIBa€M B HAlly MATPUILy MUHOPOB:



1 (2

MBEICIIEHHO BBIUEPKHUBAEM CTPOKY U CTOJIOCI], B KOTOPOM CTOMT JaHHBII JIEMEHT:
+@)

5 1]

TO, 4TO OCTAJI0Ch, U CCTh MUHOP JAHHOI'O 3JICMCHTA, KOTOpBIﬁ 3aIlIUChIBACM B

HaIly MaTPHILY:

o W D

AHaJIOTUYHO paccMaTpuBacM 3JICMCHTEI BTOpOﬁ CTPOKH M HAXOOUM UX MHHOPHGI:
1 [2)

-—
>

43’

M= ]
Goge
4 3
M=,
— ManI/I]_Ia MI/IHOpOB COOTBCTCTByIOH_[I/IX DJICMCHTOB ManI/II_U::I A .

3) HaxoauMm Matpuily anreOpandecKkux AOMOTHEHUM A

9TO HpOCTO. B ManI/II_Ie MI/IHOpOB HY)KHO IIOMCHATH 3HaKI/Iy IIBYX YHUCCII:
¥ %\

M :} e o |
[ *) *|

4 -3
“=l2
- — MaTpHuIla AredpanyecKux AOMOTHEHUI COOTBETCTBYIOIIUX

5JIEMEHTOB MaTpHUIIbI <.

I
4) Haxoaum TpaHCIIOHUPOBAHHYIO MATPUIly aIreOpandecKuX JOMOTHEHUN 4

jﬁ,z(4 -2

-3 1 J y
— TPaHCIOHUPOBAHHAS MaTPHIIA aJIreOpandecKux JOMOTHEHUN

COOTBCTCTBYIOIIIHX 3JICMCHTOB MATPHUIIbI A .



5) OtBer.

P 4 -2
o2l-3 1

Kak npoBeputs pemienue?

-1 -1
Heo6Xx01MMO BBITOJHATH MATPHIHOE YMHOKeHHE A4~ oo 44
[IpoBepka:

P (_1] 4 -2y 1 (144263 1(D+21
3 oa)lo2) -3 1T 203444 -3 3D +41

=3y - )2

[TosrydyaeM eAMHUYHYIO MAaTpUILy (C €IMHULIAMHU 110 TJIABHOM JUAroHaJIu U HyJISIMU
B OCTQJIBHBIX MECTAX).

Takum 00pa3om, oOpaTHasi MaTpuIla Half/IeHa MPaBUIHHO.

IIpumep10HaiiTu oOpaTHyI0 MaTpHUIly AJIE MATPULIBI

2 5 7
E=|6 3 4
5 -2 =3
AJITOPUTM TOYHO TaKOM K€, KaK U JIJIS CIy4asl «J1Ba Ha JIBaY.
=l gr
OOpaTHy10 MaTpuily HaiijieM no Gopmyre: 2 , T1Ie B _

TPaHCIOHMPOBAHHAA MAaTPUILIA ANreOpandyecKuX JOTMOJHEHUN COOTBETCTBYOIIMX
5JIEMEHTOB MaTpUIIbl & .
1) Haxonum onpenenuTenb MaTpULIbL.

2 5 7
34 & 4 6 3
IBl=p 3 4|=2 -5 +7 =
2 -3 " -3 -2
5 -2 -3

=2 (=94+8 -5 (-18-200+7 (-12-15)==-2+130-18% =-1
2) HaxomuM MaTpuIly MEHOPOB

E

Mz***

£

Martpuua MUHOPOB HMEET Pa3MEPHOCTh «TPHU HA TPU» , U HAM HY’KHO HAWTH
JIEBSITh YUCE.
PaccmoTpum crnenyrommii 3J1eMEHT MaTPULLbIL:

™ 5 -

B=|6 3 4

3 -
S =2 =3

MBICIIEHHO BBIYEPKUBAEM CTPOKY U CTOJIOEI], B KOTOPOM HAXOJUTCS JaHHBIN



OJICMCHT.

—tR
n

B= (? 3 4
\y -2 -3,
OcraBIiyecs 4eThIPE YHCIIA 3aIMCHIBAEM B ONPEIECINTEND «IBa Ha JIBaY»
" :‘;i 2
P 34
B=|6 |3 4
3
b b 3] B

OTOT OIpCACIINTCIIb «JIBA HA ABa» U ABJIICTCA MUHOPOM AAHHOI'O 3JICMCHTA. Ero

HY’>KHO BBIYHCJINTD!
&

B:; % 1

\
5 -2 -3

3
=3-(-3)-(-2)-4=-9+8=-1

-

— -3

Bcé, MuHOp HalIeH, 3alIUChIBAEM €TI0 B HAIlly MATPUILY MUHOPOB:

ge L
B=fti 340 | _4%:3~(~3)—<—:»-4:—9+3:—1
5 -2 -3,
_l # *
V=] * * #
* * ®

31 b [7
1 ~ -
B=(6| 3 1 L- JI:Z-J—G-':S—JZ=~3J
5—=25—=3 ’

* —34 %)
OKOHYaTENbHBIN PE3YINITAT:
-1 -3 =27
M=|-1 -41 -2%
~1 -34 —24

— MaTpuna MUHOPOB COOTBCTCTBYIOINX 3JICMCHTOB MaTPHIIbI 5 .
TO, 4dTO BCC MUHOPBI IMOJYUUIINCh OTPUHATCIbHBIMHA — YHUCTAast CJ'Iy‘-IElfIHOCTB.

3) HaxoauMm Matpuiry anredpandecKkux AOMOTHESHUM 3.

B marpuiie MUHOPOB HEOOXOIMMO CMEHUTH 3HAKH CTPOTO y CIEIYIOIINX

JJIEMCHTOB:
% ( )—f %\



B nannom ciyuae:

~1 38 -27
Bo=[1 -41 29
-1 34 -24

— MaTpula anre6pandecKuX JOMOIHEHHI COOTBETCTBYOIIUX
5JIEMEHTOB MaTpUIIbl &
I
4) HaxoauM TPaHCIIOHHPOBAHHYKO MATPHILy AIreOpantyecKix TOMOIHEHNUIT 2° .
-1 1 -1
Bl =| 38 -41 34

-27 25 24
— TPAHCIIOHMPOBAHHAs MaTPUILIA AIreOpandecKux

I[OHOJ'IHCHI/Iﬁ COOTBCTCTBYIOIIUX 3JICMCHTOB MATPHUIIbI B .

5) OtBer:
-1 1 -1 1 -1 1
3-1=|E1|.gf"=il. 38 —41 34 |=|-38 41 -34
—27 28 —24 27 —-2% 24
[IpoBepka:

2 5 7 1 -1 1

BEl=|6 3 4| |-38 41 -34|=
5 —2 -3}l 27 -20 24

2145 (34727 2.(=D+5 4147 (=29 2145 (=341 +7. 24
=6 143 (=39 +4.27 6. (-1+3 4144 (=290 6. 1+3 (-3 +4. 24 |=
5.1-2.(=38)-3.27 5.(-1)-2.41-3.(-29) 5.1-2. (=3 -3.24
1 0 0
=0 1 0|=E&
0 0 1

Takum 00pa3om, 0OpaTHast MaTpuLia HallJIeHa IPABUIIBHO.

3axanue 11 BHINOJHEHUA MPAKTHYECKON padoThI
3aganue 1. Beruncnuts 3A+2B

3amanue 2. Beruncnouts AB

3amanue 3. Haiitu oOpaTHy0 MaTpuity s Matpuilel A u B

[E

1.
2 -1 0 -2 0 3 3 -1 -1 0 2 1
A=-1 2 of,B=[ 4 1 2 A=|l0 2 -1|,B=|-3 0
1 -1 1 -2 1 0 0 -1 2 1 2 3

w

5 -1 -1 1 4 1 2 0 -1 -2 1 -3
A=|0 4 -1),B={0 3 1 A=|l1 1 -1),BF o0 0
0 -1 4 2 1 0 -1 0 2 1 2 -1




3 2 1 0 0 -2 -1 4 1 0 0 2 3
A=(1 ) 0>,B=<3 : 2) A=(1 . 0>,B=<1 " 3)
-1 1 3 2 1 0 -1 1 5 2 4 2
4,
7 2 -2 1 2 -1 9 0 0 -2 1 0
A=<4 : —2>,B=<0 | 3) Az(z ; _4),13:(_1 ) 3)
00 3 2 0 -5 2 -2 5 2 1 1
5.
3 0 0 0 3 1 5 0 0 0 1 2
A=<1 2 —1>,B=<1 —2 4) A=<1 4 —1>,B=(2 1 3)
1 -1 2 2 1 1 1 -1 4 0 3 1

IIpakTuyeckoe 3ansaTue Ne 11
Tema 2.3: Metox 'aycca u meton Kpamepa npu pemieHun cucrem.

Leab: OcBouTh CIOCOOBI pelIeHHs CUCTEM JIMHEWHBIX ypaBHEHUH 1o npasuity Kpamepa u
MetoqoM ["aycca.

TeopeTqucxaﬁ qacCTb

{:;tlx+ by =g
o | x+h =2
PaccMOTPHM CHCTEMy ypaBHEHHiT 2" 2~ %2
A= a &
2, b
Boeruucnum onpenenurens , €T0 HA3BIBAIOT 2IA6HbIM Onpedenumesem

cucmembi.
Ecmm £ =0 10 cucrema nMeer 6eCKOHEUHO MHOTO PElICHHIT HITH HECOBMECTHA (He
uMeeT pelieHuii). B atom ciiydae npaBunio Kpamepa He MOMOXKET, HYKHO
MCMOJIb30BaTh MeTo ['aycca.

Ecmu £# 0 10 cicTeMa UMeeT eIMHCTBEHHOE PEIIeHIE, U IS HAaXOXKICHHUS
KOPHEHN Mbl JOJKHBI BBIYUCIUTH €I1I€ J1BA OMPEIETUTENS:

A, = 5 b ﬂ"‘y _ t‘l 5
& oy " 2 Fa2
KopHu ypaBHEHUS HaXOAMM 110 GopMyJiam:
_ ﬂ"x _ ﬁ}'
il Fil

)

PaccmorpumnpasunoKpamepa 1ist cUCTEMBI TPEX YpaBHEHUM C TPEMS
HEU3BECTHBIMU:

ax thx ok =8

@, % + i, toyx =5

% Hiux, ok =5
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HaXO,Z[I/IM TJIaBHBIN ONnpecACIUTCIIb CUCTCMBI:

: By oo

Ecmn £=0 1o cucrema nMeeT 6eCKOHEYHO MHOTO PELICHNH I HECOBMECTHA (He
uMeeT pelienuii). B atom ciydae npaBunio Kpamepa He MOMOKET, HY>KHO
uCIoJib30BaTh MeTo1 ["aycca.

Ecau D=0 , TO CUCTEMA UMCCT CIMHCTBCHHOC PCHICHUC U JJISI HAXOXKICHUA
KOpHCI?I MbI JOJIDKHBI BBITHUCIINTE CIIC TPHU OIIPCACIIUTCIIA:

5 & o 5 0O a B g
Dy=lay & o Ly=p, 5 o =g & s
s B oo R T a; b5

OTtBeT paccuutbiBaeTcs 1Mo hopmyiam:

Ipumep 1
Pemuth cuctemy no ¢popmynam Kpamepa.
3 —2x tdx =21
Smtdx, —Lx, =9
2x—x,— 1 =10
Pemenue: Permiim cucremy o ¢popmynam Kpamepa.
i -2 4

4 =2 5 -2 304
D=3 4 -2=3. +2- +4- =
1 -1 2 =1 2 -1
2 -1 -1

=3 (4-234+2 3+ +4- [-3-8)=-18+2-44 =60 = 0 3pauuT, cHCTEMa HMeeT
CAMHCTBCHHOC PCIICHUC.
21 -2 4

4 -2 9 -2 9 4
o=|% 4 —2=21-L ‘+2-L ‘+4-L ‘:
1 -1 0 -1 0 -1
0 -1 -1
=21-(—4-2}+2. (~9+20)+4 .~ 9-40)=-126+22 - 196 =300
xlzﬂ:ﬂzﬂ
D -0
3021 4
9 -2 3 -2 R
D=3 9 -2/=3. -21. +4. =
0 -1 2 -1 2 10
2 10 -1
=3 {-9+20)-21- (- 3+4)+4. (30 -18)= 33— 21+48= 60
D, &0

D =60
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3 -2 21
4 9 2 2 2 21
D=3 4 9|=3 -3 v 0l

-1 10 -1 10 9
2 -1 10
=3 {40+9)-3 (- 20+ 21+ 2. (- 18-84) =147 - 3 - 284 =60
xE:&:_—m:]_
D —60
Orger; 1=>%="Lx=1
Ipumep 2

Pemuts CUCTEMY C MATPHUYIHBIM MCTOJ0OM

3 - Z2x +dx =21

Pemenne: 3anuiieM cUCTEMY B MaTpUuHOH opme:

3 -2 4 b 21
A=3 4 -2\ X=|x|bs=|9
M:&',rne 2 -1 =1 X3 10

- -1
Hy>kHO HaifTH 06paTHYO MATPHLY 4 U BHIIOIHHTH MATPHYHOE yMHOKEHHE 4 2
OO6paTHyt0 MaTpuily HaiijieMm o Gopmye:

A=l g .
4 , TIe 4 _ TPaHCTIOHUPOBAHHAS MATPHUIIA ANTeOPaANIeCKIX
JIOTIOJTHEHUH COOTBETCTBYIOIMX JIEMEHTOB MATPULBI 4 .
Haitnem onpenenurerns:
2 -2 4

4 -2 3 -2 p 4
4= 4 -2=3 +2 +4. =
1 -1 2 -1 2 -1
2 -1 -1

=3 {-4-2)+2 (-3+4)+4-(-3-8)=-18+2-44 =—60
Ecmu |A| = 0, To 0OpaTHO# MaTPHUIBI HE CYIIECTBYET, U PEIINTH CHCTEMY
MaTPUYHBIM METOJOM HEBO3MOXKHO. B 3TOM Ciiydae cucTeMa perraeTest METO0M

MCKJIIOYEHHUS HEU3BECTHBIX (MeToI0M ["aycca).
Ternepb HYHO BBIYUCIUTH 9 MUHOPOB M 3aMUCATh UX B MATPUILy MUHOPOB

Mn Mu MIE
M= Mﬂl Mzz M::z
le Mzz M33
4 =2
My = =<4-2=-6
1 -1
ERE
Mlg: =—3+4=1

2 -1
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Mo= |=-3-s=-m
P2 -1 -
-2 4
My = =2+4=6
-1 -1
Mp=p tle-3-8=-11
2R o-1 -
o] s O P
o2 -1 -
-2 4
My = =4-16=-12
4 -2
3 4
My = =—6-12=-18
3 -2
a -
My = =12+6=18
3 4

[Topsinok pacueTa MUHOPOB COBEPILIEHHO HE BaXKEH.
-6 1 -11
M= &6 -11 1

-12 -18 18
— MaTpHulla MUHOPOB COOTBETCTBYIOIINX 3JIECMCHTOB

MaTpuisl <,
-6 -1 =11
A=-6 -11 -1

-1z 18 18 o
— MaTpHIla ANreOpandecKux JAOMOTHEHHM.

—§ -6 -12
A= -1 -11 18
~11 -1 18

— TPaHCIIOHUPOBAHHASI MATPHIlA aITreOpandecKux
JTOTIOJTHEHUH.

Teneps 3anuceiBacM 00OpaTHYIO MATPHUILY:

-6 -6 -12 & 6 12

1 r 1 1
A =— -1 =11 18 |[=—| 1 11 -18
&0

At= . 4 =
4] - 60
-11 -1 18 11 -18

[IpoBeneM MaTpuyHOE YMHOKEHUE.



x (56 12 (2

X=|x =J-2r1£-;-=ﬁ 1 11 —-18|.| 9 |=
x, 11 1 -18) L10
6-214+6-9+12-10 300 5

_ L stett 91810 = | —60|= | -1

60 60
11-2141.9-18-10 60 1
Otger: 1= %=L %=1

Haubonee yHuBepcaabHbIM CIIOCOOOM PELIEHUSI CUCTEMBI SIBIISIETCS. METO
UCKIIIOUEHHUS HEU3BeCTHBIX — MeTo ['aycca. CyTh MeTO1a 3aKIH09aeTCs B
IIPUBEICHUM PACIIMPEHHON MATPUILBI CUCTEMBI K CTYIIEHYaTOMY BHUJY, €CITH
CHUCTEMA UMEET EIMHCTBEHHOE PEIIEHUE, TO MAaTPUILA IPUBEIETCS K
TPEYTOJIBHOMY BHLY

IIpumep 3

Pemuth cuctemy JIMHENHBIX ypaBHEHUN METOAOM [ 'aycca
dx+2x,—x=1
Sk +3x, - dx =2
Ext2xn—3x=10

3anuueM paclIMpeHHY0 MaTPUILy CUCTEMBI U C IOMOILBIO 3JIEMEHTAPHBIX
npeoOpa3oBaHuil IPUBEIEM €€ K CTYIIEHYaTOMY BUY:

4 2 -1/
5 3 -2
302 =30

1)K mepBoii cTpoke nprbaBisieM BTOPYIO CTPOKY, YMHOKEHHYTO Ha —1.
4 2 -1/ " -1 -1 11

503 =212|= 5 3 2|2

i 2 =30 i 2 =30

4 2 -1 -1 -1 1}-1 -1 -1 1}-1 1 1 =11
(1) 12 [3) 4]
503 =22 5 03 =22 0o =2 3-3|=0 1 o3 |=
302 =30 32 =310 o -1 0}-3 0 -2 313
-101 11 =11
03 |—=0 03
CRE oo 1

|
L
[ TR Y

—L

2) Ko BTOpOIi cTpoKe mprbaBmin MEPBYIO CTPOKY, yMHOKEHHYI0 Ha 5. K
TPEThEl CTPOKE MPUOABMIIH MEPBYIO CTPOKY, YMHOKCHHYIO Ha 3.
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3) [lepByto CTPOKY YMHOKUJIM Ha —1, B IPUHIIUIIE, 3TO AJIs1 KPACOThL. Y TpeThei
CTPOKH TAKXXE€ CMEHWIH 3HAK U NIEPECTABUIIM €€ Ha BTOPOE MECTO, TAKUM
00pa3oM, Ha BTOPOI «CTyNIEHbKE Y HAC MOSIBUJIACH HYKHAsl €UHULA.

4) K tpetbeii cTpoke npuOaBUIIA BTOPYIO CTPOKY, YMHOKEHHYIO Ha 2.
5) TpeTbio CTPOKY pa3AeiiM Ha 3.

[Tony4gaem:

X =1

Ky =3

Orser; =LA =3%=1

3amanue MU BBINOJTHEHHUS NMPAKTHYECKO padoThI
Pemnth cucTeEMy ypaBHEHHM TpeMsi METOAAMU

1 6
x+2y+3z=1 x+2y+z=4%
{5x+8y—z=7 {3x—5y+3z=1
2x—3y+2z=9 2x+7y—2z=28

A

2x+3y+z=1 2x —y+2z=—4

2 3x+2y+z=5 7 {x+y+22=—1
2x+y+3z=11 dx+y+4z=-2

3 2x—y—z=4 8 2x+y—z=1
{3x+4y—22=11 {x+y+z=6
3x—2y+4z=11 3Ix—y+z=4

4 x+5y+z=-7 9 X—2y+3z=6
{2x—y—z=0 {2x+3y—42=16

X—2y—z=2 3x—2y—5z=12

5 X+5y+z=7 10 2x—y—2z=1
{ 2x—y—z=4% {3x+2y+z=1
3x—-2y+4z=11 2x+3y+3z=0

IMpakTyeckoe 3ansaTue Ne 12

Tema 2.4: PemeHne cucTeM JIMHEHHBIX ypaBHEHUN
Heab: HayuuTs pemats TUHENHHBIE YPaBHEHUS

Teopernyeckasi 4acTb

JIuneitHoe nuddepeHuantbHoe ypaBHEHNE IEPBOTO MOPsiAKa
VpaBHenne Buma y + p(x) = f(x) 1)




rae p(x) u f(x) - HenpepbIBHBIE (PYHKIMHU, HA3BIBACTCS JUHELHbIM OUphpepenyuanbrbim
VpasHenuem nepeozo nopsaoKa.

Ecmu f(x) = 0, T0 ypaBHeHue (1) Ha3bIBACTCS AUHEUHBIM OOHOPOOHBIM YPAGHEHUEM.

Ecimn f(x) # 0, To ypaBHenue (1) Ha3bIBaCTCS uHElHbIM HEOOHOPOOHBIM YPAGHEHUECM.

Jis HaXoKAECHUs OOIIEro PelIeHus] TAKOTO YPaBHEHHUS CHaYalla pelaloT COOTBETCTBYIONIEE
OJTHOPOJIHOE ypaBHeHHEe ¥ + p(x) = 0, a 3aTeM NPUMEHSIOT METOJ] BAPHALIMH TTOCTOSHHOM.
PaccmoTpum Ha npumepe pelieHue JIMHERHbIX AudepeHnanbHbIX HEOAHOPOAHBIX YPABHEHUM
NIEPBOTO MOPSIKA.

[Tpumep.

Haiitu oOmiee pemenne nudepeHInaibHOr0 ypaBHEHHS

y + ycosx = sin2x
Pemenue.
Haiinem obliee penieHne oJHOPOIHOTO ypaBHEHUAY + ycosx = 0. Paszensis nepeMeHHbIe C;—y =

—cosxdx

MHTErpUpys, HaxoauM Iny = —sinx + InC;y = Ce™S"™* . Ob1ee pelenye HEOJHOPOIHOTO
ypaBHeHHs OyeM HcKaTh B BUe Y = C(x)e S MeTom0M BapHalliy MOCTOSHHOI, TO ecTh C
OylleM cuMTaTh HE MIOCTOSIHHOM , 8 HOBOM HeM3BecTHOM (yHKImei ot x. uddepeHunpys,
umeeM y = C e S — cosxCe ™5™ TloacTaBnss B JAHHOE yPABHEHHE BBIPAKEHUS L Y U Y
0Ty 4aeM

C e 5% — cosxCe ™5™ + C(x)e S cosx = sin2xC (x)e 5™ = sin2xC*(x) = e 5™ sin2x

dC = 5™ sin2xdxC(x) = jesm" 25inxcosx

IIpuMeHss MOACTAaHOBKY SinXx = t U UHTEIPUPOBAHUE 110 YACTSAM, ITOIYYUM
C(x) = 2e5™(sinx — 1) + C,
CrnenoBaTenbHO ,06H1ee pCeHICHUC UCXOAHOI'0 YPABHCHUA UMECT BHU/
y = Ce M = (2e5™ (sinx — 1) + C;)e ™5™ = 2(sinx — 1) + C,e™*™*

Pemienue ynpaxHeHui

(2x + 1)dy — y%dx = 0;

0. 2dy+ (y—6x)dx =0
N 1

11. y - ytgx = —

12. xy +y =¢e*

13. xy — ﬁ =x

14. xy + 2y = x?

15. y +2y = 4x

16. y +y = cosx

17.y =x+y

18. y +4y =e%*

1. 1+y)dx—(x—1)dy =0;
2. (1+y?)dx —+xdy =0;
3. 1+yH)dx—xydy=0
4. y — 2y + Dctgx =0
5. A+ x)ydx+ (1 —y)xdy = 0;
6. x?y +y%2=0
7. ydx — (x? —4)dy =0
dx  1+x?
8. —=——
dy 1+y?
9.
1




19. y —y=¢e*

IIpakTnyeckoe 3ansitue Nel3

Tema 2.5: Paznuunbie BUIBI TPUMEHEHUS JTMHEHHBIX YPaBHCHHH.
Hean: M3yunTs pa3inyHble BUABI IPUMEHEHUS JMHENHBIX YPABHEHUMN.

Teoperuueckasi 4acTh
PaccmoTpum BHavase ciydaii, Korja 4Yuciio ypaBHEHH paBHO YUCILy IEPEMEHHBIX, T.€. M = N.
Torga maTpuia CUCTEMBI - KBaIpaTHas, a €€ ONPEAECIUTENb Ha3bIBAlOT OIPEACIUTEIIEM
CHUCTEMBI.
Metox 00paTHOIi MaTpUIIbI
Paccmotpum B o61iem Bujie cucreMy ypaBHeHHI AX = Bc HEBBIpOXKIEHHOM KBapaTHOM
matpuieii A. B 5Tom ciyuae cymiecTByeT obparnas Marpuna AL, JlomHokuM cieBa 06e yacTu
Ha AL [Tomyunm ATAX =A"'B. Orcrona EX=A"'Bu

X =A"B.
[Tocneanee paBeHCTBO MPEACTaBISIET COO0N MATPUUHYIO (POPMYITY JUIS HAXOXKACHUS PEIICHUs
TaKUX CHCTeM ypaBHeHUH. Vcmonp30BaHue 3ToM (HOpMyITpl IOTYyUHIIO HA3BaHUE METOIA
00paTHON MaTPUIIBI

HaHpHMep, peuurM 3TUM METOAO0M CIICAYIOIIYHO CUCTEMY:

Xp— X+ x3= 3

X+ X+ X = 11
X+ X+ 2x3= 8

Oﬁmnam

;_i‘ xl_ 3
X=|x; B=|11]
X3 8

. Toraa B MaTpuuHO# (hopMe NaHHasd cucTeMa uMeeT Bua: AX = B.
Haiinem onpenenutend |4 =5 . Tak xax |4 =0,
TO MaTpulla A — HEBHIPOXIEHHAdA, W CYIIECTBYeT obpaTHad MaTpHLa

1 1 1 3 -2
AT=|-1 1 1| A=|-3 1 1
1 1 2 1 -2 3



1 3 =-2)(3 1 20 4

'X=A’IB:§ -3 1 1|1 =3 10| =121,
' I -2 3/\8 5 1

T.¢. pelieHHe cucTeMnl (4; 2, 1).

B KOHIC pCIICHUSA CUCTEMbI MOXXHO CACIIAaTh NPOBCPKY, ITOACTABUB HaﬁHCHHLIe 3HA4YCHUA B
YpaBHCHUA CUCTEMBIL. HpI/I 3TOM OHH AOJIZKHBI O6paTI/ITBC$I B BCPHBIC PaBCHCTBA.

Jl1s paccMOTpEHHOT 0 IIpUMepa MPOBEIEM IIPOBEPKY:

4-241=3
2%44+24+1=11
4+2+2*1=8

Merton pelieHusi CMCTeM JIMHEHBIX YPABHEHUH € KBaJApaTHOH MaTpuuei no ¢popmysiam
Kpamepa

[lycth n=2:
{allxl +apX, = b
Gy X + apx; = b,
Ecnu 06e yactu nepBoro ypaBHEHUs YMHOXXHUTH Ha a2, @ 00€ YaCTH BTOPOTO — Ha (-a12), U 3aTeM
CIIOXKHUTH HOHy‘IeHHbIC ypaBHeHI/IH, TO MBI UCKJIFOUYHUM HU3 CUCTCMBI HepeMeHHYIOXZ. AHaJ'IOFI/I‘IHO

MO>KHO UCKJTFOUUTH TIEPEMEHHYIOX1(YMHOXKHB 00€ 4acTH MEPBOT0 ypaBHEHUS Ha (-a21), a 00e
YacTH BTOPOTO — Haai1). B pe3yabpTaTe Moiny4nM CUCTEMY:

{(anﬂzz - “21‘?12)1‘1 = bay — bay
(311822 — Gpan )X, = ayby - ayiby

BLIpa)KeHI/IC B CKOOKax eCTh OIPEACIIUTECIIb CUCTECMbI

a4 “12
4 an

A = ayd, — ayap =

0O003HAYNM

2_ 2: » Ay = aypdy —ay by = 11 ﬁj

19

Ay =bay - bay, =

Torma cucrema IMpUMCT BUA:

A'xl =,Al
Ax, =A:



W3 mony4eHHOI cUCTEeMBI CIeIYET, YTO €CIIU OnpeaenuTeab cucteMsl 0, To cucrema OyaeT
COBMECTHOU H#A onpeneneHHol. Ee enMHCTBeHHOE pelieHrne MOYKHO BBIYHCIUTE IO (hOpMYJIaMm:

A= 0, aAEcnu 1A0 n/unu#20, To ypaBHEHUs cUCTEMBI MPpUMYT BUJ 0*x#1A=on/unmn0*x1A=2. B
3TOM cily4yae cucreMa Oy1eT HECOBMECTHOM.

A=AB cnyu4ae, koraa 1A=,= 0, cucrema OyJIeT COBMECTHOI U HeomnpeaeneHHo! (OyaeT UMeTh
0ECKOHEUHOE MHOXECTBO PEIICHHIT), TaK KaK MPUMET BHI:

0-)‘1 =0{
0-x2=0

Teopema Kpamepa(nokasarenbcTBo omyctum). Eciin onpenenures He paBeH HYJIIO,
TOAMATPHIIBI CUCTEMBIN yPaBHEHUW CUCTEMa UMEET CIMHCTBEHHOE PEIICHUE, ONPEICIsIEMOe 10
dbopmynam:

A —
Xj=Z,]=1,n

Arjie j- onpeIeNuTeb MaTPHIIBI, TOJyd4aeMOM M3 MAaTPHUIIBI A 3aMEHOH j-ro CTOJI0IIa CTOIOIIOM
CBOOOIHBIX YIEHOB.

Brrnenpusenennsie hopmMyIisl HaseiBatoT opmyiamu Kpamepa.

B kadecTBe mpuMepa penium 3TUM METOJIOM CHCTEMY, KOTOPYIO JIO 3TOTO pelialid METOIOM
0o0paTHON MaTpUIIBL:
Haiinem onpenenutens cucteMsl A = |4 =5 . Tak xak
A # 0, 1o no Teopeme Kpamepa cucreMa uMeeT ¢IHHCTBEHHOE pellie-
HME. '
BeluMcaAMM onpedeMTeN MATPHLl A;,A,,A;, TONYYEHHHIX M3

MATpHLIbI A, 3aMEHOM COOTBETCTBEHHO MEPBOTO, BTOPOTQ M TPETHETO
CcTONOLIOB cTOJO1IOM CBOOONHLIX WieHOB:

3 -1 1 1 3 1] I -1 3
Al= 11 1 1 =20; 5.2= 2 ll 1 :10; A3= 2 1 11 ='5_
8 1 2| 1 8 2| 1 1 8

Tenepe o ¢opmynam Kpamepa
JA 20 B 10, A5
MR T ".‘"a‘j.s“z”‘“a‘s‘l‘

T.€. PELICHHE CUCTEMBI (4: 2; 1.



HenocraTku pacCMOTpEHHBIX METOJIOB:

1) cymiecTBeHHasI TPYIOEMKOCTD (BBIYHUCICHUE ONIPEICTUTENCH U HAX0XKICHHE 00paTHON
MaTpHIbI);

2) orpaHruYeHHas 001aCTh MPUMEHEHUS (U1 CUCTEM C KBaJPaTHON MaTpUIIE).

PeanbHBIX S5KOHOMHUYECKHE CUTYALIUU Yallle MOJCIUPYIOTCS CUCTEMaMH, B KOTOPBIX YHCIIO
YpaBHEHUI U TIEPEMEHHBIX JIOBOJIBHO 3HAYUTEIHLHOE, IPUUYEM YPaBHEHHH OOJIbIIE, 4eM
nepeMmeHHbIX [oaTomMy Ha npakTuke Oosee pacnpocTpaHeH CIAeAyIOUINil METO.

Metoa I'aycca (MeTo/ 1OC/1€10BATEIbHOI0 UCKJIIOYEHHS NepeMeHHbIX)

OTOT METOJ UCIIOJIb3YETCS U1l PELICHHs] CHCTEMBI M JINHEWHBIX YPAaBHEHUH C N IEPEMEHHBIMU B
obuiem Buze. Ero cyTh 3akitoyaercs B IPUMEHEHUH K paCIIMPEHHON MaTpULIE CUCTEMBbI
PaBHOCHJIBHBIX NPe0Opa3oBaHUi, C TOMOILBIO KOTOPBIX CHCTEMa ypaBHEHUI Ipeodpa3yercs K
BUJlY, KOT'Jla €€ PEIICHUs CTAHOBUTCS JIETKO HAWTH (€CJIM OHU €CTh).

OT0 Takol BUJ, B KOTOPOM JieBasi BEPXHSISl YaCTh MATPHUIbI CUCTEMBI OYJET MPEACTABISATH COOOM
CTYIIEHYATYIO0 MaTPHILy. DTOr0 JOOUBAIOTCS C TIOMOIIBIO TE€X K€ MPUEMOB, C IIOMOIIBIO KOTOPBIX
MOJTy4Yasy CTyNeHYaTyI0 MAaTPUILY C IeNIbI0 onpeeneHus panra. [Ipyu 3ToM npuMeHsoT K
pacuIMpeHHOM MaTpuIIe AIEeMEHTapHbIEe TPEOoOpPa30BaHUsl, KOTOPHIE MMO3BOJIAT MOIYIUTh
PaBHOCUIIBHYIO cCcTeMy ypaBHeHHi. [locie 3Toro pacimmpennas MaTpuiia IpuMeT BU/I:

all alZ alr alr+1 aln bl
0 a,, .. a, a,, .. a, b,
O 0 au arr+1 arn br
0 O 0 o0 0 b,
0 0 0 o0 0 b,

HonyquHe TaKkoun MaTpHlbl Ha3bIBAIOT NPAMBIM X0AOMMETO/Ia Faycca.

HaxoxzaeHne n3 cooTBETCTBYIOLIEW CUCTEMBI YPABHEHNH 3HAYEHUN IEPEMEHHBIX Ha3bIBAIOT
o0paTHbIM xXoaomMMeToza ['aycca. PaccmoTpum ero.

OtMeTuM, 4TO NocieHue (M — r) ypaBHEHUH IPUMYT BUJ:
{ 0*x, +0*x,+..+0*x_ =b,, i=r+1,m

Ecim X013t 661 0HO 13 uncen Pi» =T+ 1M ye pappo Hyitro, To COOTBETCTBYIOMIEE PABEHCTBO

6y,Z[CT JIOKHBIM, a BCA CUCTEMA HECOBMECTHOM.

[TosToMy 11 110001 COBMECTHON CHCTEMBI b =0, i=r+1lm By cilydae nocieaHue (m —
I') YPaBHEHMH IIpH JTIOOBIX 3HAUCHUSIX MEPEMEHHBIX Oy1yT ToxkaecTBaMu 0 = 0, 1 UX MOXKHO He
NPUHUMATh BO BHUMAaHHE MIPU PELICHUN CHCTEMBI (IIPOCTO OTOPOCUTH COOTBETCTBYIOIIHE
CTPOKH).



ITocne aToro cucrema IIPpUMET BUA:

* £ kS o o -
a, *x, +a,*x,+..+a, *x +a X, t..+ta, *x, =Db

1 r+l

£ £ * * —
a, *x,+..+a, *x, +a,,, *x.,, +..+a,, *x, =b,

a,*x +a, ., *x,, +..+a,A *x, =b

r+l r

PaccmorpuM BHauane cirydail, korjga r=n. Torzna cucrema npuMeT BHJ:

* * * =
a,, *x,+a,*x,+..+a, *x, =b,

* % —
ay, *x,+..+a, *x, =b,

W3 nocnegHero ypaBHEHUs! CUCTEMBI MOYKHO OJTHO3HAYHO HAWTH Xr.
[Ipeanocneanee ypaBHeHue OyAeT UMETh BUJL:
B sk —
Ay Xy + ar g, X = brfl

r

3Has Xr, U3 HETO MO>KHO OJIHO3HAYHO BBIPA3UThXr-1. 3aTE€M U3 IPEABIAYILEr0 YPABHEHUS,
3HASX[UXr-1, MO’KHO BBIPA3UThXr-24 T.J. J0X1.

Wrak, B 3TOM cityuae cucteMa OyJIeT COBMECTHOM U OTIPEICIICHHOM.
Hanpumep, pemnM cucreMy ypaBHEHUM:

[II'P 2':24‘ 3x3— 2x4|= 6
2+ 4xy- 2x3- 3x4= 18

13".:::]+ - X3+ 2x4= 4
sz]- 3%, + 2x3 + X4 = -8

PaclumMpeHHas MaTpHLa CHCTEME MMEET BHI;
1 2 3 -26
2 4 -2 -318
3 2 -1 2[4
2 -3 2 1[-8



Tak xax a, ':t{_l,__'ro YMHOXas im:apylo, TPEThiO M YeTBep-
TYIO CTPOKM MaTpHMUKl Ha yHcaa (—2), (—3), (—2) n npubasngsa nony-
YeHHBIe CTPOKM COOTBETCTBEHHO KO BTOpOH, TpeTbeil, 4YeTBepTOi
CTPOKaM, MCKIIOYHM IMEPEMEHHYI0 X, M3 BCEX CTPOK, HauMHad co

BTOpOii. 3aMeTHB, YTO B HOBOI MATpHLE 4,y = 0 TMOMEHAEM MeCTaMH
BTOPYIO M TPETHIO CTPOKH:

2 3 -216) (1L 2 3 -2|6
0 -8 1] 6] |0 -4 -10

|
0 8
0 -4 -10 8-14| |0 0 -8 1] 6
0--7 -4 5[20) 0 -7 -4 5

v
b

| . Tax xaKk Teneps '@y, =-4 %0, TO yMHOXad BTOPYIO CTpO-
Kv Ha (—-7/4) ¥ NpHGaBAAS NONYTSHHYIO CTPOKY K YeTBEPTOH, mMc-
KIIOUMM TIEPEMEHHYIO X, M3 BCEX CTPOK, HAUHHAA ¢ TpeThed:

1 2 3 =2| 6
0 -4 -10 8|-14
0 0 -8 1| 6!
0 0 135 9|45,

Ytumﬂaaa 4T0 a3 =-8#0, YMHOXACM TPETLIO CTPOKY

Ha 13, 5{8 27/16, n npuﬁanunﬂ MOAY4SHHYIO c,-rpoxy S qernepmﬁ
HCKJIIOYMM M3 Hee NMEPEMEHHYI0 X3 . DI

(L 2 3 -2] 6)
0 -4 -10 8|-14
0 0 -8 1{ 6

| 117[117
1o 0 0 -——If—
\ - 16| 8 J

IMonyduM cHCTEMY YPaBHCHHH

(% +. 2+ 3%y - 2xy = 6
—4x, - 10x;3 + Bx, = -14

) Bx,+  xy= 6
ll7x _ur
L 6" 8




ncnm[bayn oGpamHﬁ XOll MeToaa I"ayoga Ha.ﬂnzu 1213 YeTBEP-
xq +

TOrO ypaBHeHHs Xq=-2 ; ns'rpe‘mem Xy = 3 - -8 = -1, u3
BTOpGIO X, = -1\4 Bxq +10x; _ -14-8(=2) +10(~1) -2 W u3 nepBo-

mypanﬂem{axl-6+§x xg 2.;:2 6+3(—2) 3(-1)-2-2=1,T1e.
pemerme cuctTeMnl (1: 2; —1; 2 )

Tenepb paccMOTpUM citydaid, koraa r<n. [IepBbie rmepeMeHHbIX OyeM Ha3bIBaTh
0a3MCHBIMH(OCHOBHBIMH ), @ BCE OCTAJIbHBIC —He0a3uCHBIMU(HEOCHOBHBIMH, CBOOOTHBIMH ).
[Tocnennee ypaBHEHHE CUCTEMBI OYET UMETh BU/I:

+..+a, =b

e
a X +ar r+1 r+1 n r

W3 aTOr0 ypaBHEHUS MOKHO BBIPa3UTh 0Aa3MCHYIO MEPEMEHHYIO Xrdepe3 HeOa3uCHBIE:

< = b, —(a, ., *x,,+...+a, *x,)
=

d

T
[Ipeanocneanee ypaBHeHune OyA€T UMETh BUJL:

+a *X +a +..+a,_,, *x,=b

L *
a X r—1 r—1r r r—1 r+l1 r+] n r—1

r—1r—1

HO}ICT&BI/IB B HCTO BMECTO XIIOJTYYCHHOC BBIPAXXCHUC, MOKHO 6yz[eT BbIPA3UTh 6aSI/ICHy10
MEPEMEHHYI0 Xr-14epe3 HebasucHbie. U 1.1. 10 nepemeHHoX1. UTOOBI MOTYYUTh pElIeHHe
CHUCTEMBbI, MOKHO ITPUPABHATH HeOa3KCcHbIE MNEPEMCHHBIC K ITPONU3BOJIbHBIM 3HAUCHUAM U I10CJIC
ATOTO BBIYUCIUTH 0a3UCHBIE TEPEMEHHbIE TI0 TONyuYeHHBIM (hopmynaM. Takum oOpa3om, B 3TOM
ciIy4ae cucteMa OyJ1eT COBMECTHOM U HEonpeeIeHHOM (MMETh 0ECKOHEUYHOE MHOKECTBO
peleHuit).

Hanpumep, pemmm cucteMy ypaBHEHHMN:

i - X+ X - X4= 5
X+ 2% - 2%+ 3x;= -6
3xl + Xp—- X3t qu = -]

ITpeoOpasyeM pacUIMpeHHYIO MATPHIY CHCTEMEI
(,zum yaobcTBa BHYMCIeHH# OepeM B KadecTBe MEPBOM CTPOKH Koaph-

HUMEHTH BTOPOTO ypanaem, y xo*roporo xoa@dnmnem npn .x,
paBeH 1): _ . '

- . AY



2 -1 1 -1 s{<o -5 570170 -5 5 -TI 1|~ ¢ 5 _5lp

3 1 -1 2|-1) lo-5 5-701770 0 0o o]0
OcTaBnsgeM B J¢BOH 9acTH nepemmme X, %, ,

1 2 -2 3]-6\ (1 2-2 3|-6)(1 2-2 3|-6 [1 5 12 3|—-6)'

KoTopuie GepeM 3a OCHOBHHIE - OcTanbHbie HEOCHOBHBIC
NepeMeHHHE X;,X, NEPeHOCHM B NMpaBHe YacTH ypaBHeHHH. B pe-
3yALTaTe NONYYMM CHCTEMY = - -

X+ = -6+ 2x;- 3x,
' —5x2;-‘— 17 - 5134-. 7x¢

OTKyAa
-lz-u: -—=X4 H
Xy = 5 3 5 4 | |
17 7 1.4 1
x1£“-6+2.’l53—3x4—2 ?+x3-§x4 5 5.]:4.

3amaba HEOCHOBHBIM = ITCPOMEHHLIM ITPOH3BOJILHBIE 3HAYCHHMA
X3 = €, X4 =¢;, HaliileM BeCKOHOTHOE MHOXECTBO pellieHHH CHCTe-

4 1 17 7 |
MH | X =7=7€; X3 ==+ =€ X3=Cp; X4=€2 ).

IIpakTuyeckoe 3ansaTue Nel4

Tema 3.2: CBoiicTBa BEpOSITHOCTH.
Hean: N3ydnTh cBOKCTBA BEPOSTHOCTH.

Teopernyeckas 4acThb

CoBOKYIHOCTh OA3UCHBIX IEPEMEHHBIX Oy/1eM Ha3bIBaTh 6azucomcucTeMbl. COBOKYITHOCTb
CTONO10B KOA(h(UIIMEHTOB MPU HUX TOXkKe OyaeM HazbIBaTh0a3mcoM(06a3UCHBIMU CTOIOIIAMN),
WIM0a3MCHBIM MHHOPOMMATPHIIB CHCTEMBI. TO pelIeHre CUCTEMBI, B KOTOPOM Bce HeOa3uCHBIE
NepEeMEHHbIE PaBHbI HYJIO, OyZieM Ha3bIBaTh0A3MCHBIM pelieHHeM.
B npensinymem npumepe 6azucHbIM periennem oyaet (4/5; -17/5; 0; 0) (mepeMeHHbIe X31 X4(C1H
C2) IPUPABHEHBI K HYJIIO, a 0a3MCHbIE IEPEMEHHbIE X1 X2PacCUUTaHbI Yepe3 HUX). YToObI
NIPUBECTH MPUMEP HEOA3MCHOTO PEIICHIsI, HA/I0 IPUPABHATH X3H X4(C1H C2) K IPOU3BOIBHBIM
qucIaM, HEpaBHBIM OJHOBPEMEHHO HYJIIO, U PACCUUTATh Yepe3 HUX OCTaJIbHbIE IIEPEMEHHBIE.
Hampumep, npu c1= 1 u co= 0 noayuum HebazucHoe perienune — (4/5; -12/5; 1; 0).
[ToacTanoBKOM J1€TKO yOeIUThCs, UTO 00a pelIeHUs] — BEPHBIE.
O4eBHIHO, YTO B HEOMPEEIIEHHON crcTeMe He0a3UCHBIX PeIlIeHnH MOKET ObITh OECKOHEUYHO
MHOT0. CKOJIBKO MOXKET ObITh Oa3ucHbIX periennii? Kaxxaoi crpoke mpeoOpa3oBaHHONW MaTPHIIbI
JIOJDKHA COOTBETCTBOBATH OJIHA Oa3MCHas IepeMeHHas. Becero B 3ajade nniepeMeHHBIX, a
0a3uCHBIX CTPOK —I. [I03TOMY YHCIIO BCEBO3MOKHBIX HAOOPOB 0A3UCHBIX MEPEMEHHBIX HE MOXKET
r
TIPEBBICUTH YMCIIO COYETaHH 3nmor>, OHO MOKET OBITh MEHBIIIE, 4eM M, IOTOMY YTO He



BCETIa MOKHO ITPeo0pa3oBaTh CUCTEMY K TaKOMY BHJY, YTOOBI UMEHHO 3TOT HAOOp

MIEPEMEHHBIX OB 0a3HCHBIM.

Yro 310 32 BUA? ITO TaKo BUJ, KOTJa MaTpuIla, 00pa3oBaHHAs U3 CTOJIOOB KOI(HHUITUECHTOB

IIPH ATUX MIEPEMEHHBIX, OYEeT CTYIIEHYaTOU, ¥ IPU 3TOM OYAET COCTOSTh U3 ICTPOK. T.e. paHr

MaTpHIlbl K03()OUITUEHTOB MPH STHX TIEPEMEHHBIX JIOJDKECH ObITh paBeHr. boJbiero ObITh He

MOYET, TaK KaK YMCIJIO CTOJIOIOB paBHOr. EciM OH OKa)KeTCsl MEHBIIIEr, TO 3TO TOBOPHUT O

JMHEWHOW 3aBUCUMOCTH CTOJIOIOB MPH MEpeMeHHbBIX. Takue CTONOIbI HE MOTYT COCTABUTh

Oasuc.

PaccMmoTpum, Kakue erie 0a3uCcHbIC PEICHUS MOTYT ObITh HA/IEHBI B PACCMOTPEHHOM BBIIIIE

npumepe. [t 3Toro paccMOTpUM BCEBO3MOKHBIE COUETAHUS U3 YETHIPEX MEPEMEHHBIX TI0 JBE
2 A _273%4 o

GasuchbIx. Takux coueTammii 6ymer 212! 2*2 , TIPUYEM OJIHO M3 HUX (X1 X2) yKe

OBLIIO PACCMOTPEHO.

Bo3bMmem nepeMenHbie X111 X3. Haiiiem panr mMatpuiibl Ko3QGUIIMEHTOB MTPH HUX:

2 1 2 1 2 1
1 -2 0O -25|~/0 =25
3 -1 0 —-25

Tak kak OH paBeH JIByM, OHH MOTYT ObITh Oa3ucHbIMH. [IpupaBHsieM HeOa3UCHBIC TIEPEMECHHBIC
X2 X4K HyIH0: X2= X4= 0. Torna u3 popmyssl x1= 4/5 — (1/5)*xacnenyer, uro x1= 4/5, a u3
bopmyibl xo= -17/5 + x3- - (7/5)*x4= -17/5 + x3cnenyet, uto x3=x2+17/5 = 17/5. Takum
o0pa3zoM, MbI TosTyuuM OasucHoe perienue (4/5; 0; 17/5; 0).

AHaIOTMYHO MOKHO TIOJTyYHTh Oa3UCHBIC PEIICHUs T 0A3UCHBIX MepeMeHHbIX X111 X4— (9/7; O;
0; -17/7); x2m xa— (0; -9; 0; 4); x3u x4— (0; 0; 9; 4).

HepeMeHHI)IG X2H1 X3 B OTOM IIPHUMEPEC HEJIL3A B3ATh B KAUCCTBEC 6&31/ICHI>IX, TaK KakK paHT
COOTBGTCTBYI-OH_ICI\/’I MaTpulbl paBCH CAUHUIIC, T.C. MCHBILIC JIBYX:

2 =2) (2 =2
-1 1 0 0 [~(2 1)
1 -1 0 0

Bo3MmorkeH 1 apyroit moJaxo/1 K ONpeIeIEHUI0 TOr0, MO’KHO MJIM HET COCTaBUTh 0a3ucC U3
HEKOTOpPBIX NepeMeHHbIX. [Ipu peiennn npumepa B uTore npeoOpa3zoBaHusl MATPHUIbI CUCTEMBI
K CTYIIEHYaTOMY BHUJly OHA IIPUHSJIA BUL!

1 2 -2 3
o -5 5 =7

Br16upas nmapbl mepeMeHHbIX, MOXKHO OBLIO pacCYUTaTh COOTBETCTBYIOLINE MUHOPHI 3TOM
Matpuilbl. Jlerko yoenuTbces, 4To /Ui BceX map, KpoMe X2M X3, OHU HE paBHBI HYJIIO, T.€.
CTOJIOLIBI JIMHEWHO He3aBUCUMBL. M TONBKO JUIs CTOJIOIOB NP MEPEMEHHBIX X21 X3

2 -2
—5 5

=0
, UYTO TOBOPHUT 00 MX JIMHEHHOU! 3aBUCUMOCTH.

Paccmotpum enie oquH npumep. Pemmm cucremy ypaBHEeHUN



A
'Zx,— 3x2+ Xy = 3
4+ Xy~ Xg= 16

. _I'lpeoﬁpaaym PAcIMPEHHYIO MaTPHLLY CHCTEMBI
1 2 -1 7V (1 2 -i|l 7

1 2 | |
323 ) =7 U3{-11{~|0 -7  3|-11].
la 1 0 -7 3f-12) Lo o o0]-1

Wtak, ypaBHEHHUE, COOTBETCTBYIOIIEE TPEThEH CTPOKE MOCIEAHEH MaTPUIIbl, MPOTUBOPEUUBO -
OHO IIPUBEJIOCHh K HEBEpHOMY paBeHCTBY 0 = -1, ciieoBaTeNIbHO, JaHHAs! CUCTEMa HECOBMECTHA.

BbInoJaHUTDH YnpaKHCHUS.

IIpakTnueckoe 3ansaTue Ne 15

Tema 3.3: Kimaccudukanust coObrtuii. Onepaiiuu Haji COOBITUAMHU.
Iean: HayduTbcst MpOBOAUTD ONEPALMH HA COOBITHSIMHU.

Teopernueckas 4acThb
3aKOH PaBHOMEPHOTO PACIPE/ICICHHSI BEPOSITHOCTEH.
PacnipesienieHne BepoOSITHOCTEH HAa3bIBAETCS PABHOMEPHBIM, €CJIM HAa HHTEPBAJIE, KOTOPOMY

IIPUHAJJIEKAT BCE BO3MOYKHBIE 3HAUEHUS CITydyallHOM BenuuuHbl, 1uddepenimanbias GyHKIus
HMeEET ITOCTOSIHHOE 3HAUYCHHUE.

0,r < a,
— & a b e
f{-rl:l D1bﬂ_:§:rr{ ] f f{r)d_l‘:l, C: 1
LR | — oo E_ﬂ.i
ITycTts T.K. TO
O,r <a,
Flx)=4 f-g,a<z<b,
O,r =b.

ITpumep. [TokazarensHOE pacrpeaeneHue.

Pemenue. [TokazarenbHoe pacnpeneneHue 3anaercs cBoei quddepeHunanbHoi GyHkunen

0,r <0,
f[1)={ de=2 gz >0, TAC A



+oa + oo u] + oo N N Leo
[ flrydr =1. [ flx)dr = [ 0dr + J AMdr = (—e )T =1L
IIposepum, 4TO

O,r <0,
F(z) = { 1—e 2 >0.

[Tpom0IKUTETHLHOCTD CYIIECTBOBAHMSI PAIMOAKTUBHBIX YACTHII OTIMCHIBACTCS IMOKA3aTEIbHBIM
pacnpe/ielieHIeM.

XapaKTepI/ICTI/IKaMI/I ITOJIOKCHUS H.C.B., TaK XK€ KaK U ,Z[PICKpGTHOfI, ABIAKOTCA MaTEMaTHYCCKOC
OXXHJaHUuC, MoJla U MCJIaHa.

MaTteMaTH4YeCKHM 0:KHIAHHEM H.C.B. HA3bIBAIOT YHCIIO
+oa
M[X] = f rf(x)dr,
—i0

flz)

rac - INIOTHOCTB BEPOATHOCTHU, U IIPCAIIOJIAracTCsa, YTO MHTCTPal CXOJUTCA a0COJIFOTHO.

Mopoii H.C.B. Ha3bIBA€TCS 3HAYEHUE C.B., IPU KOTOPOM IUIOTHOCTh BEPOSTHOCTH MaKCUMAaJbHA.
Menunanoii H.c.B. X Ha3bIBaeTCA TaKoOe €€ 3HaueHue M, 94To

P{X }=PB{X M}

OCHOBHBIMHU XapPaKTCPUCTHKAMHA paCCCUBAHHUA H.C.B. SABJIAIOTCA JUCIICPCHUA, ACUMMETPUA U
9KCIIECC.

Hucnepeust H.c.B. D[ X ] HAXOAUTCSI CIEAYIOMIAM 00pa3oM:
+oo + oo
DIX] = [ (- 2Pf()dr DIX] = [ #(e)dz — 227

M[(X — 1)
Ao = B3 — /
I
AcuMMMeTpHA - 3TO YUCIIO I€ @ - CPEIHEE KBAAPATUIHOE

oTkoHeHue ¢.B. X . Ecin pacnpeaciCcHuc CUMMETPUYIHO OTHOCHUTCIIBHO MaTEMAaTHYECKOT' O

E

)
oxkumanus, To A° =0.

M|(X - z)*
E, =8 _3- I Il
o o k
JKcueccoM c.B. X Ha3bIBaeTCS YHUCIIO Yucno E
XapakTepu3yeT "KPyTOCTh" KPUBOM IMJIOTHOCTH BEPOATHOCTH 10 CPAaBHEHUIO ¢ KpuBoi ["aycca.




k k
Jlns HopManbHOTO 3aKoHa pacnpeaenenus E- = 0, mis octpoBepnHHbIX E' - 0, 115 nonorux E

k

1) BBINOJIHUTH yNPaKHEHHS
2) JlaHo cienyrolee pacipeaeieHne JMCKPETHOM CTydaiiHON BEIMYMHBI:

p 02 01 04 03
1 . Haiitu cC JAUCIICPCUTIO nu cp€aHee KBaJApaTHu4HOC OTKJIOHCHHC.

2. B maTH TOProBBIX TOYKax IPOBEPSIETCS TOJIOBOW OajaHC. BeposSTHOCTH MpPaBUIBLHOTO
odopmiieHust Oananca B Kaxaou Touke paBHa 0,7. HallTu maTemaTmyeckoe OXHAAHUE U
JMCTIEPCHIO MTPABHILHO O(hOPMIICHHBIX 0aTaHCOB.

3) Ciyuyaiinas BenuumHa X 3a[aHa IUIOTHOCTBIO BeposiTHOocTH 2X B uHTepBajie (O, 1), «He
storo uHTepBana/(x) = 0. HaiiTu ee MaTeMaTn4eckoe 0>KUJaHUE U TUCTIEPCHIO.

1. Ciiyuaiinas BenuuuHa X sIBJIIETCS HOpMaJIbHO pacripeaeneHHoi. Ee maremMatuueckoe
O’KHMJaHHUE PaBHO 12, a cpegHee KBaApaTUYHOE OTKJIOHEHHE paBHO 3, HaliTu BEpOsATHOCTH TOTO,
YTO B pe3yJIbTaTe UCIIBITAHUS Cy4yaiiHas BeJIMYMHA IPUMET 3HaueHue B uHTepnaie (9, 11).

2. Cnyuaiinas BenuuuHa X sBJISE€TCS HOPMaJbHO paciipesieieHHol. Ee MaTemaTnueckoe
O’KH/IaHuE paBHO 15, a BEposATHOCTH ee nonajanus B uaTepsai (16, 21) pasna 0,98. Haiitu
CcpeaHee KBaJIpaTUYHOE OTKJIIOHEHHUE CITyYaillHOW BETUYMHBI

IpakTuyeckoe 3ansiTue Ne 16.
Tema 3.4: UncnoBble XapaKTEPUCTUKU TUCKPETHOW CITy9aifHOW BEIIMYHHEI.
Heab: HayunTs onpenensaTs YuCIOBbIe XapaKTEPUCTUKHA JUCKPETHOM CIIy4ailHOW BEJIMYMHBI.

TeopeTnueckas 4acTh.

Omnpenesenne: MarematudeckuM oxkuaanuemM M(X)auckpeTHoOU ciaydyallHON BETUYHHBI X
HAa3bIBACTCSI CyMMa MTPOU3BECHUN BCEX €€ 3HAUCHUN Ha COOTBETCTBYIOIINE UM BEPOSTHOCTH:
M(X)=3 Xipi= X1p1 + X2p2+t...+ Xnpn

MareMaTH4eCcKoe OKHIaHue CIIYKUT XapaKTCpI/ICTI/IKOI‘/JI CpCAHCTO 3HAUCHUA cnyqaﬁﬂoﬁ
BCJIIMYHUHEI.

CBoiicTBa MAaTEMaTHYECKOTO OXKUIAHHS:
1)M(C)=C, rae C-nocTossHHasI BEJIMYNHA;
2)M(CX)=CM(X),

IMXEY)=M(X) =M(Y);



HM(XY)=M(X) *M(Y), rne X,Y - HE3aBUCUMBIC CITyYailHbIC BETUYUHBI;
SIM(X£C)=M(X)£C, rae C-nnocTossHHas BEIMYHMHA,

Onpenenenne: [Iucnepcueii D(X)cinyuaiiHON BeTUIMHBI X HAa3bIBAETCS MAaTEMaTHYECKOE
0’KHMJIaHHE KBaJ[paTa OTKJIOHEHUS CIIy4yalHON BEIMYUHBI OT €€ MATEMATUUECKOTO OXKUIAHUS:

D(X)=M(X-M(X))2

CBolicTBa AUCIIEPCUU:

1)D(C)=0, rne C-nmocTosiHHAs BEIMYHHA;

2)D(X)>0, rne X- cayyaliHasi BeIMYUHA;

3)D(C+X)=C2D(X), rne C-mocTosiHHAs BEIIMYNHA;

4)D(X+Y)=D(X)+D(Y), rae X,Y - He3aBUCHMBIE CIIy4aiiHbIE BEINYNHBL;

Jly1st BBIYMCIIEHUS TUCTIEPCHH YacTO ObIBAaET Y00HO MOIb30BaThCs POPMYIIOii:
D(X)=M(X2)-M(X))2,rae M(X)=> xi2pi=x12p1 + x22p2+...+ xn2pn

Omnpenenenue: CpeJHUM KBaAPAaTUIECKUM OTKIOHEHHEM o(X) ciiydailHOW BeTHMUUHBI X
Ha3bIBACTCSI KBAJIPATHBIM KOPEHb U3 TUCIICPCUU:

3anava 2.J{uckpeTHas ciiydaiiHas BelMunHa X 33/1aHa 3aKOHOM pacIpeieleHUs:

x -1
p0,1P20,30,20,3

Haiitu P2, pynkuuto pacnpenenenus F(x) u moctpouts ee rpaduk, a Taxoke M(X),D(X), o(X).

Pemrenne: Tak kak cyMMa BEpOSTHOCTEN BO3MOXKHBIX 3HAYCHHUN CIIy4YallHOM BEJIUYHMHBI X paBHA
1, T0

P2=1- (0,1+0,3+0,2+0,3)=0,1

Haiinem gyukuuro pacpenenenus F(x)=P(X<x).

['eoMeTpuyecKku 3TO paBEHCTBO MOYKHO MCTOJKOBATH Tak: F(X) ecTh BEpOSITHOCTH TOTO, YTO
ClIydJaifHas BETUYHMHA TPUMET 3HAUEHUE, KOTOPOE U300pakaeTCsl Ha YHUCIOBOW OCH TOUYKOM,
JeXKallleu JIeBee TOUKH X.

Ecmm x<-1, to F(x)=0, T.x. Ha (-00; X) HET HU OJTHOTO 3HAYCHHUS IAHHOMN CITy4ailHOW BEJIMYUHBI;

eciu -1<x<0, To F(x)=P(X=-1)=0,1, T.x. B MpOMEXYTOK (-00; X) TTOTIaAaeT TOJIHKO OJTHO 3HAUCHUE
x1=-1,



ecimn 0<x<1, To F(x)=P(X=-1)+P(X=0)=0,1+0,1=0,2, T.K. B TPOMEKYTOK
(-o0; X) momagaroT aBa 3HaucHUs X 1=-1 u x2=0;

ecmn 1<x<2, To F(x)=P(X=-1)+ P(X=0)+P(X=1)=0,1+0,1+0,3=0,5, T.K. B IPOMEXYTOK (-00; X)
nonaaaroT Tpu 3HaueHus x1=-1, x2=0 u x3=1;

ecimu 2<x<3, To F(x)=P(X=-1)+P(X=0)+P(X=1)+P(X=2)= 0,1+0,1+0,3+0,2=0,7, T.k. B
IIPOMEXKYTOK (-00; X) MOMAJAI0T YeTbIpe 3HaueHus x1=-1, x2=0,x3=1 u x4=2;

eciu x>3, To F(x)=P(X=-1)+P(X=0)+P(X=1)+P(X=2)+P(X=3)= 0,1+0,1+0,3+0,2+0,3=1, T.x. B
MIPOMEKYTOK (-00; X) TIOMaIar0T YeThipe 3HaYeHus X 1=-1, x2=0,x3=1,x4=2 u x5=3.

Hrak,

0 mpu x<-1,

0,1 mpm -1<x<0,

0,2 mpu 0<x<1,

F(x)= 0,5 npu 1<x<2,

0,7 mpu 2<x=<3,

1 mpu x>3

HaiineM uncnoBsle XapaKTEPUCTUKU CIIyYallHON BEIMYHMHBI:
M(X)=) xkpk =x1pl + x2p2+...+ xnpn
M(X)=-1¢0,1+020,1+10,3+20,2+30,3=1,5

D(X)= > x2kpk -(M(X))2 = x21pl + x22p2+...+ x2npn —(M(X))2

D(X)=(-1)2 *0,1+12¢3+22+0,2+32+0,3-(1,5)2=1,65.
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