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BBE/IEHHUE

1. Iesb H 323290 H3Y4YeHH A THCIHILIHHDI

[lenp mucipomummHEL: (QopMHpoBaHHEe HaOopa OOIIENpo()eCCHOHAIBHBIX KOMIIETECHIIHI
Oakanagpa 110 HarpapjIeHHIO ITOATOTOBKH 08.03.01 « CTpOHTEIILCTBOY.

3agayd OCBOEHHS JHCHHIUIMHBLI. (DOPMHPOBAHHE IIPEACTABRIEHHH O POIH H MEeCTe
MaTeMaTHKH B COBPEMEHHOM MHpe, 5STanax pasBUTHS, VYHHBEPCAIBHOCTH €€ IIOHATHH H
IIpeICTaBIeHHH, (OPMHPOBAHHE YMEHHH KOHCTPYHPOBAaHHS H aHaIH3a MaTeMaTHYeCKHX
MoJienell 00BbeKTOB, CHCTEM H MPOI[ECCOB ITPH PEHISHHH 3aJay, CBI3aHHBIX CO cepoil OyayIIei
Npo()eCCHOHAIIBHON JIeITeIbHOCTH, OBJIAJleHHEe HaBBIKAMH TOYHOI'O H CKaTOrO BBIpaKeHHS
MaTeMaTHYeCKOH MBICIH B YCTHOM H IMMCBMEHHOM H3JIOKEHHH, C HCIIOIb30BAaHHEM
COOTBETCTBVYIOIIEN CHMBOJIHKI.

B pesyJibTatTe 0CBOCHNA JHCOHILIHHBI CTYACHT bl 10JIKHbI.

3HATD: OCHOBHBIE IIOHATHS ~ AHAIHTHYECKOH  TI€OMETPHH, JIHHEHHOH arreOpeI,
TH(epeHIHAIPHOTO H HHTETPAIIbHOIO HCYHCIeHHS (PYHKIHMH OJHOH IIepeMeHHOH, TEeOpPHH
(PYHKIIHH HECKOIBKHX I€PeMEHHBIX, TCOPHH (DYHKIHII KOMILIEKCHOIO IIePEMEHHOI0, TEOPHH
PSIOB, TeopHH AU} PepeHIHATLHEIX YPaBHEHHI, TEOPHH BEPOSTHOCTEH H MaTeMaTH4YeCKOH
CTATHCTHKH, YHCIIEHHBIX METOJIOB.

Ymerb: 3(peKTHBHO HCIIOIB30BaTh METOJBI aHATHTHYECKOH I'eOMETPHH, ITHHEHHOH anreOphl,
TH(epeHITHAIBHOTO M HHTErPAlIbHOIO0 HCYHCIIEHHS (PYHKIHMH OJHOH IlepeMeHHOH, TEeOpPHH
(PYHKIIHH HECKOJBKHX IIePeMEHHBIX, TECOPHH (QYHKIHMH KOMIUIEKCHOI'O IIePEMEHHOIO, TEOPHH
PSIOB, TeopHH AU} PepeHIHATLHEIX YPaBHEHHI, TEOPHH BEPOSTHOCTEH H MaTeMaTH4YeCKOH
CTaTHCTHKH, YHCIEHHBIX METOJOB. IIPH PellleHHH 3ajay, CBS3aHHBIX CO cepoi
IIpo)eCCHOHATIBHOH JAeSITeIbHOCTH.

BJuiajerb: HaBBRIKaMH HCITOIIB30BAaHH S METO0B aHAJIMTHYECKOH TeOMETPHH, THHEHHON areOpsl,
TH(depeHIAaTbHOTO H HHTETPAIbHOIO HCYHCIEHHS (PYHKILHH OJHOH IIepeMEHHOH, TEOpPHH
(PYHKI[THH HECKOIIBKHX IIePEMEHHBIX, TEOPHH (DYHKI[HII KOMITIEKCHOIO IepeMeHHOr0, TeOPHH
PSIOB, TeOpHH IH(]pPepeHIHAIbHEIX YPaBHEHHI, TEOPHH BEPOSTHOCTEH H MaTeMaTHYeCKOH
CTaTHCTHKH, 4YHCIIEHHBIX METOAOB IIPH PpelleHHH 3aJay, CBSI3aHHBIX CO Cc(epoi
IIpo)eCCHOHATIBHOH JeSITeIbHOCTH.

2. ObopyaoBaHNe H MATEPHAIBI

HpﬂI{TH‘IECI{HE pﬂﬁDTLI 10 JHCIHIUIHHE «MareMaTHKa» IIPOBOIATCA B KOMIIBHOTCPHOM
KJIIaccc C MYIIbTHMCIHaA Gﬁﬂp}fﬂﬂEﬂHHEMZ ITPOCKTOP., KOMIIBHOTCP., S3KPaH HACTEeHHBIH.

3. HamMeHoBaHHeE NPAKT HIECKHX PadoOT

No HammeHoBaHIEe TeM JHCIHOUIHHEL, HX KPaTKOe COJIEpKaHIe Ob0reM 13 HHX IIpaKTHYE CKAd
T eMBI JAacOB IO OTOBKA, UACOB
ITHCITH
IIIOMH
bl
2 ceMecTp
10 Tabmmra  OCHOBHBIX ~ HEOIIPEJIEIEHHBIX  HHTETrPaloB. 1,5
I1 IIEHIEE[-H]IIEI.EI,HI-'IIE(H[CTBH HEOIIPE ACIIEHHOI'O  HHTEI Palla.
K
Brandneu: 1 1 wee ayaai’ﬂ&ﬁﬂﬂHamﬁmMﬁTﬁgﬂﬁgI B HEOIpE/IETEHHOM HHTETPAIE. 1.5
IHTerpHpOBaHHE 10 YACTAM. M HTeTpHpOBaHHe
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3MeMeHTapHBIX MpoOeil. IHTerpHpoBaHHe PAIHOHATHHEIX
()Y HKIHIT

12 CrrocoOBI  BBIUMCIEHHS  OIIPENIEIEHHOrO  HHTErpalia. 1.5
@opmyna HrroToHa-JIeiiOHII[a. 3amMeHa IIepeMeHHOI B
OIlpeJieIeHHOM HHTerpame. @opMmyina HHTETPHPOBAHHA IIO
JACcTAM B OIIpeJelIeHHOM HHTET palle.

13 ["'eoMeTpHUeCKIEe IIPHIIOKEHHA OIIpPeeIeHHOr0 HHTErpaia. 1.5
[Tmomame 1orockoil gurypel. O0BeM Tena. JlmiHA IYTH
KpHBOH. I11M01IMa 1k ITOBEPXHOCTH BPAIlEHH .

15 HacTHRIE TIIPOH3BOJHEIE IIEPBOTO IOpAnIKa. YacTHEIe 1.5
IIPOH3BOIHBIE BBICIIIX MOPAIKOB. ITomHent muddepertman

()Y HKITHH. JuddepeHIHalsl  BBRICIHX  ITOPSAIKOB.
HuddepeHIpIpoBaHHE CIOKHBIX H HEABHBIX () YVHKI[HIA.

16 KacarearHad H HOpMAllh K IIOBEPXHOCTH. IIpom3BoHAA 11O 1.5

HallpaBIIeHHI0. [ pajieHT. OKcTpeMyM  (PYVHKIHH
HECKOIBKHX IlepeMeHHBIX. HaunOGolblllee M HamMeHbIIIEe

3HAUEHH (QYHKIDH. Y CTOBHELT 3KCTPEMYM.

17 CBOHCTBA H METOJBI BBRIUNCIEHHI JIBOHHOTO HHTErpaia. 1.5
3aMeHa NepeMeHHBIX B JIBOITHOM HHTETPATE.
18 HuddepeHHaTbHbIE YpaBHEHHS C  Pa3flellArOIHMICA 1.5

IepeMeHHRIMH. OJTHOPOOHBIE VpaBHEHHI. JIMHEeHHEIE
YPaBHEHH. Y PaBHEHHA, MPHBOIHMEIE K JIHHEHHBIM.

19 YpaBHeHHS BEICIIIETO ITOPAAKA, JOITYCKAFOIIIE ITOHIKEHHE 1.5
nopaaka. JImHeimele guddepeHIMAIFHEIE YpaBHEeHIA
BEICIIIHX ITOPAJIKOB.

20 Cucremsl H(@epeHIHAIBHEIX VPaBHEHHII, OCHOBHEIE 1.5
IMMOHATHA. FIHTerpHpOBaHIe HOPMAITEHEIX CHCTEM. CHCTEMEI
YPaBHEHHI C TIOCTOSHHEIMH KO3 () (PHITIEHTAMH.

21 CxomiMocTh paga. HeoOXommmMeni IIPH3HAK CXOIHMOCTH 1.5
UHCIOBOIO PAda. JlocTaTouHble IIPH3HAKH CXOIHMOCTH
3HAKOIIOCTOAHHEIX PAMOB. IIPH3HAKH CPAaBHEHHA, IIPH3HAK

HamamOepa, ITPH3HAKH K orrmi. O00011[e HHBIT
T apMOHHYECKIHH DAL,
22 3HaKOUepe IYIOIITHECT H 3HAKOIIEPeEMEHHEIE PAIEL. [IpH3HAK 1.5

JleitGHma. OOIMMIT JOCTATOUHBOI IIPH3HAK CXOIHMOCTH
3HAKOIIEPeMEHHBIX PATOB. AOCOMIOTHAI H  YCIOBHAA
CXOJHUMOCTH YHCIIOBEIX PSAJIOB.

23 B LIUTICIIE HIIE BEPOATHOCTH COOBITHS 1.5

24 BapHalioOHHEIE PAOEl H HX I'padHyecKoe H300pakeHHe. 1.5
B 510 0p OUHEIIT METOT,

25 ToueuHrle oleHKH. IIOHATHE HHTEPBATIBLHOIO OIEHHBAHHI. 1.5
JloBepHTEIIbHAS BEPOATHOCTE H IIpeflelbHAd oOImi0OKa
BEIOOPKI. OrneHKa XapaKTePHCTHK reHepalbHOIT
COBOKYITHOCTH ITO MaIOi BEIOOpPKE.

26 | CtarHcTHYecKasd IIPOBepKa IHITOTE3. 1,5

Hrtoro 3a 2 cemectp 24

4. Cogep:xanHe NPaKTHYECKHX padoT

Ipakmuueckasa paboma 1. Tabnuuya ocHo6HBIX HeonpeodeleHHbIX uHmMezpanos. Ilpocmeiiniue
ceoiicmea HeonpeoeleHHozo unmezpana. HenocpedcmeeHHoe UHMeZPUPO6AHIUE.

NACAH
Ilens: ctbﬁ%ﬂ%m&%ﬁﬁﬁﬂ{e HEIIOCPEICTBEHHOI O HHTEIPHPOBAaHH I (DYHKIIHH C HCIIOJIb30BaHHE
CepTvd FEPO CABHIINIER 9ABOBOIICTBBASIHHTEIPATEA, TIPHMEHATh IIONYYeHHBbIE YMEHHS IIPH  PelleHHH

Bnanen ?]'f p aﬂfﬁé&ﬁf&bﬁ%ﬁc aHOpoBHa

T eopemuieckan 1acmb.
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[TepBooOpa3Has (hYHKIHS.

Oyukimsa F(x) HazpiBaeTcsI mepBoodpasnon pynknuen (yHKIHH f(X) Ha oTpeske [a,b],
eCIIH B IIFOOOH TOYKE ATOr0 OTpe3Ka BEPHO paBeHCTBO:F (x) = f(x).

Hamo OTMeTHTB, YTO IepBOOOPA3HBIX IS OTHOH H TOH Xe (PYHKIIHH MOKeT OBIThH
O0eCKOHeYHO MHOr0. OHH OYIYT OTJIMYATHCS APYT OT APYyra Ha HEKOTOPOE ITOCTOSHHOE YHCIIO.

Fi(x) = Fa(x) + C.
HeorpeierneHHBII HHTETPA.
HeonpeneenHbiM  HHTErpajgoM  (QyHiimH  f(X) Ha3sbpIBaeTCcs  COBOKYIIHOCTD

IepBO00OPpa3HBIX () YHKI[HIL, KOTOPEIE OITpeelIeHbl COOTHOIIIEHHEM:
F(x) + C.

3aIiChIBAIOT; _[ f(x)dx=F(x)+C.

YCIOBHEM CVYIIECTBOBAHHS HEOIIPEAESIIEHHOIO HHTErpala Ha HEKOTOPOM OTpe3Ke
SIBIISIETC S HETIPEPBIBHOCTD (PYHKIIHH Ha 3TOM OTPE3Ke.
CBOHCTBA:

L ([ fae) = (Feo+CY = £,
2. d([ f()ax)= f(x)a.
3. j dF(x) = F(x)+C;
4, I(u +v—w)dx = Iud.x + J'vct'x— J'wfi'x; Ie U, V, W — HEKOTOPBIE (PYHKI[HH OT X.
5. I C- f(x)dx=C- j f(x)dx,
1

[TprMep: | (x° —2sin x+1Ddx = |x*dx—2|smh xdx+ |dx==x" + 2cosx+x+C,
3

s ymoOcTBa 3HAYEHHS HeOIIPEAEIIEHHBIX HHTErPaIOB OOJBIIMHHCTBA 3IEMeHTapPHBIX
(YHKIHI cOOpaHBEI B CIIELHAIbHBIE TAOIHIBI HHTETPaloB, KOTOphle OBIBAIOT HHOIJA BeChMa
O0BEMHBIMH. B HHX BKIIIOUEHBI pa3iIHYHbBIe HAaHOOIee YacTO BCTPEYaroIHecs KOMOHHAI[HH
¢yHKIMi. Ho OOIBINMHCTBO TIpPeACTaBIEHHBIX B HTHX TaOmHIax QoOpMylI SBILTIOTCS
CIEACTBHAMH IPYI Apyra, IIO3TOMY HIKE IIPHUBEJeM TaOlIHMIly OCHOBHBIX HHTEIPalOB, C
ITOMOINBIO KOTOPOH MOJKHO TIONYYHTH 3HAUYEHHS HEOIPeAeIeHHBIX HHTETPAlIOB PasIIHUHBIX

() VHKIIHIA.
3HaUeHHE HMHTerpan 3HaUeHHE
HMHuTerpan
1 'rgxdx -In ‘ cosx | +C 9 J'g-‘fdx e’ +C
2 ‘cfg:xdx In | sinx |+ C 10 Icns xx sinx + C
Ina
2 dx 1 ; 12 1 tgx + C
I - - —ﬂf‘tffgi-l-c I —dx 5
a +x° a a COs™ X
5 dx ; 13 1 -ctgx + C
X —a 2a I_x—ﬂl SIN -~ x
6 J' ﬁdx : ln‘x+\/x3iaj‘+0 14 I a’x : arcs&ini +C
X t+a Jﬂ* — X a
AOKYMEHT ROBAMCAH _
7 ;wa OHHOW MOANUCHF! 15 1 X T
Ceprucyar: |2@0000043E9ABBBI52205E [BA50006000004 8, #~ — I dx Injtgl =+ = |+C
Bna,u,enqu: lleBayxosa TateAHa Anekcadnp@gsé | CO5 X 2 4
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+C
SI X

8 Iﬁ 111‘x|+C 16 I_l dx hl‘fgi
X 7

MeTo HemoCpeACTBEHHOIO HHISTPHPOBAaHHSA OCHOBAaH Ha IIPEATIONIONKEHHH O
BO3MOKHOM 3HA4YeHHH IIepBOOOPa3HOH (PYHKIHH C JaldbHEHINEH ITPOBEPKOH 3TOr0 3HAYEHHS
madpepeHIIpoBaHHeM. BooOmie, 3amMeTHM, 4TO JH(pQepeHIHpoBaHHe SBISETCS MOIITHBIM
HHCTPYMEHTOM IIPOBEPKH Pe3yIIbTaTOB HHTEIPHPOBAHHA.

PaccMOTpHM ITPHMEHEHHE 3TOr0 METOJIa Ha IIPHMEPE:

. dx .
TpeOyeTcs HAHTH 3HaUYeHHe HHTETpala j— Ha ocHOBe H3BeCTHOH (POPMYIIBI
X
w1
muddeperIppoBanis (In x) = — MOKHO c/eIaTh BRIBOX, UTO HCKOMBIil HHTErpall PaBeH
X

Inx+C,rae C — HEKGTGPGE IIOCTOSTHHOE YHCII0. OJTHAKO, C APYTOH CTOPOHEI

(In(-x)) = —— ( 1) = —. Taxmmm 0Opa3oM, OKOHYATEITLHO MOKHO CIelIaTh BBIBO:

[E s+ C
X

3aMeTHM, YTO B OTIHYHe OT AH(pPEPEHIMPOBAHH, TAe JUII HaXOKIAEeHHI IIPOH3BOIHOH
HCIIOJIb30BAINCh YETKHE ITPHEMBI H METOMBI, ITpaBHJIa HaXOXJIEHHS IIPOH3BOAHOH, HaKOHEI]
OIIPEJIeJIEHHE IIPOM3BOMHOM, IS HMHTEIPHPOBAHHMS TaKHe METOIBl HEIOCTYIIHBIL. Eciu I1pu
HAaXOKIEHHH IIPOH3BOAHOH MBI IIOIB30BAJINCh, TaK CKa3aTh, KOHCTPYKTHBHBIMH METOIAMH,
KOTOpBIE, OasHpysaChk Ha OIPEACIEHHBIX IIpaBHIaxX, IPHBOAWIN K Pe3VIbTaTy, TO IIPH
HaXOKICHHH II€pBOOOPA3sHOH IIPHXOAHUICS B OCHOBHOM OIIHpPaThbCsS Ha 3HAHHSA TaOJmif
ITPOM3BO/IHEIX H IIEPBOOOPA3HEBIX.

YTO Kacaercsa MeTOJa HEMOCPEACTBEHHOIO HHTEIPHPOBAHHS, TO OH IIPHMEHHM TOJIBKO
JUISI HEKOTOPHIX BeChMa OrpaHHYeHHBIX KinaccoB (PYHKI[HH. OYHKIHH, U1 KOTOPBIX MOKHO C
XOAY HAHTH IIepBOOOpasHyrO OueHb Maino. IlosToMy B OONBIIHHCTBE CIIYYAEB ITPHMEHSIOTCS
APYIHE CIIOCOOBI HHTEIPHPOBAHH L.
Bonpocst u 3a0 auu:
3amava |.HalTH HeollpegenneHHbIE HHTETPAJIBI:

1) 5 (x* — 342 4 Bx — 4) du:
2) V(3 + 52— 8) (92 4+ 10x) di; 3) | VE 6 - 2o d;

4§ Ve L 7)teds 5) [V T 8atax 6) [ Veor—cxdx
3amgada 2. Hairtu HeONpeIelIeHHbIE HHTETPaIbl:

) [Ges o [Van s [ 2 | 1:*:'?;:

g }-’t a::‘r:tg.l:dr & J‘ E-l.‘:-lz".ar;lﬁIT | j‘ sin 2x j‘ 2x dx
}j‘ T % ] Vigx % ) 'Lf"ri'—-lzur;z Vi —an'
9) jﬁhi’lxchxit‘; 10) j“’“"”dxi
Velgx
dx

3ajaya 3. BeIMHCIINTh HHTETPAIIHL: 1) I ;
X+ da

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO
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2x Sie X d
i‘--:'[ 'idr 3) jli-l-:nsx % 4) “Ir—.i:’ ol
5) jl:h]x; Ed-} Ja® d;

X x
s Q}XEiﬁdx: m;jxj‘__g

Bﬂnpncm

Yrto Takoe neppoodpa3Has (PpyHKIHI?

YT0 Ha3BIBaeTCA HEOIIPEAETIEHHBIM HHTEIPAIIOM?

[IepeuricimTe OCHOBHBIE CBOICTBA HEOMPEAESIIEHHOI O HHTEI pala.
3aImHIImTe 10 IMaMSITH TaOJIMIy OCHOBHBIX HEOITPEAEIEHHBIX HHTETPaJIOB.
B ueM COCTONT MeTOJi HEITOCPEACTBEHHOI'O HHTETPHPOBAHII?

SNbh N

Ilpakmuueckana pavboma 2. 3ameHa NEepeMeHHOIl 6 HeONpeoeleHHOM UHmezpale.
Humezpuposeanue no uwacmam. Humezpuposeanue 3nemeHmdapHsix opodeu. Humezpuposariie

PAUUHOHATIbHBIX (DYHKUUIL.
Ilens: chopmipoBaTh YMEHHE BBIYHCIISATH HeOIIpeJeleHHBII HHTErpall C ITOMONIBIO 3aMeHBI

HEpEMEI—H—IGﬁ H IIO HaCTAM, HHTICIPHPOBATE 3JIICMCHTAPHBIC ,[[pﬂﬁH H PallHOHAJIBHBIC (1)}*'1—]1{[_[]?]1[:,
IIPHMEHATD ITIOJIYICHHBIC YMCHHA ITPH PCIICHIT ITPAKTHYCCKIX 3d/4'.

TEHPEHHFIECHIIH yacmb.
3aMeHa IepeMeHHOH B HeOIIPeleIeHHOM HHTErpalle.

Teopema: Ecmi TpeOyeTcs HAHTH HHTETPal J' f(x)dx , HO CIIOKHO OTBICKATh IIEPBOOOPA3HYIO,

TO C TIOMOIIIBIO 3aMEHBI X = (1) 1 dx = ¢(t)dt rTomyaeres:
[ /()= [ 1 (@) @)t .

I Iprvep. HaliTi HeonmpeaeaeHHBIH HHT el pall _H S X cos xdx.

CremnaeM 3aMeHY [ = sinx, df = cosxdkt.
) 2 AT
[Nedt= [+ dt == 3 ngsm“‘ﬁc.

[TprMep. J‘::a:(.:w:2 +1)° dx.

) dt
3aMeHa t=x" +1, dt=2xdx, dx—z— [Tomyuaem:
X
2 3/2
J.I?’”——_J.rwdr—lg' +C—"r— C:(‘I ) +C.
2 5

HMHTETpHPOBAHHE IO YACT SIM.
Crioco0 OCHOBAH Ha H3BECTHOH (popMyTie IMPOH3BOIHON MpoM3BeAeHHI: (uv) = u'v + v'u,
IJle UH V — HEKOTOpBIe PYHKIIHH OT X. B muddepennmamsaoi ¢popme: d(uv) = udv + vdu.

I IpOHHTErpHpPOBAB, IIOIIYYAEM: J‘d(uv):_[udwrj‘wﬁ;.} a B COOTBETCTBHH C

ITPHBEAEHHBIMH BEIIIE CBOMCTBAMH HeOlPeAelleHHOI O HHTErpana: uy = Iudv+ Ivdu HITH
J.udv = UV — J.vdu;

[Tooywmn (opMylTy HHTIETPHPOBAHHS IIO YacTsSM, KOTopas ITO3BOISIET HaXOIHTh
HHTErPaJIbl MHOTHX 3JIEMEHTAPHBIX (DYHKITHI.

- u=x>: dv=smn xdx \
[ Iprmvep. 7[.1:‘ sm xdx = ’ ’ :—x‘cﬂsx+Icﬂsx-2xdx:
NOKYMEHT MOANVCAH diu=2xdx, v=-cosx

3NEKTPOHHOWM MOANMUCHIO

Ceptudukar m@mgmadmafamsmﬁa 500060090043E _ 3 _
Bnapenem: e6ayxgea Tatbama Anekcanappsra— X COS X + 2|xsm x — Ism xdx|=—-x cosx+2xsm x+2cosx+ C.

{=dx, V=35lI1X

Nencteutened: ¢ 19.08.2022 no 19.08.2023



Kaxk BHJIHO, ITOCIICHOBATCIIbBHOC IIPHMCHCHIC QJGPI\-I}*'HBI HHTCITPHPOBAHITA IIO YH4CTAM
ITO3BOJIACT ITOCTEIICHHO YIIPOCTHTD (b}"HICL[I[EG H ITPHBECTH HHTCI'PAIIl K Tﬂﬁﬂl[lﬂ{ﬂw.

Ix Ix
; u=e", du=22e " dx: . . )
[ IprmMep. Ie‘”‘msxcﬁr: :' o :e‘xsmx—fsmx-Ze”(ﬁr:
dv=cosxdx, v=smx

u=e, du=2edx, e - - .
= . —e "smx-—2|-e CDSI—I—GGSI-ZE dx|=e " smx+
dv=sm xdx, v=-cosx,

+2e-" cos x— 4_[(:05 xe dx

BupgHo, 4ro B pe3ynbTraTe IIOBTOPHOIO IIPHMEHEHHS HHTETPHPOBAHHSI IIO YaCTSIM
(QYHKIHIO He YAAJ0Ch YIIPOCTHTh K TaOIHYHOMY BHAY. OJHAKO, ITOCIIEQHHI ITOTYYEHHBIH
HHTErpaJl HHYEM He OTJIIHYaeTcsS OT HCXOAHOro. IloaToMy IlepeHeceM €ro B JIEBYIO YacTh
PaBEHCTRA.

Sjle”‘ cos xdx =e " (sm x + 2 cos x)

-y

AX

o2
5
TaximM oOpas3oM, HHTErpajl HaHaeH BOOOIIE 663 IMIpHMeHeHH I TaOIHI[ HHTETPalIoB.

HuTerpupoBaHHe 3lIeMeHTapHBIX Ipo0eH.
JJIeMeHTAPHbLIMH HA3BIBAIOTCS APOOH CIEAVIOIHX YEThIPEX THIIOB:

(sm x+2cosx)+C.

J.e” cos xdx =

L — m, N
ax+b ax” +bx+c
] Mx+ N
I1. _. IV, i
(ax +b)" (ax” +bx+c)”

m, n — HaTypaIbHble yHeIa (m = 2, n > 2) u b? — 4ac <0.

[IepBhIe ABa THITA HHTETPAIOB OT AJIeMEHTAPHBIX APOOEH JOBOIBLHO ITPOCTO IIPHBOI ST CS
K TaOIHYHBIM ITOACTAHOBKOH t=ax+ b.

I. Ii:l ﬁ:lhl‘f‘JrC:lhﬂﬂerbHC.
ax+b a’t a a

. I = =[S : 7= : —+C;
(ax+b)" a“t” a(m—1)t" a(m—1)(ax+b)"

PaccMOTpHM MeTOJ HHTEIPHPOBAHH S 3JIeMeHTapHBIX Apoder Buaa II1.
HMuterpan apodu Buga Il MmoxeT OBITE IIPeACTaBIEH B BHE:

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
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Ax+ B 5(2“p)+[ _A_;] A 2 4 d
A g2 T v LR o
X"+ px+q X"+ px+q 27 x° +p1:+q 2 ) x +px+q
DS P N
[:s:+£] +|g-E- Via-p’
2 4
arctg X+ p +C
Vg - p

31ech B 00IIEM BHJIE TIOKA3aHO IIPHBEAeHHE HHTerpana Apodu suaa Il xk gsym
TaOIHYHBIM HHTET PajlaM.
PaccMoTpHM ITpHMeHeHHE YKa3aHHOH BBIIE (DOPMYIIBI Ha IIPHMEpPax.

[ Iprmep.
(1u=6x-5, du=6dx,
7x-2 84x - 24 84x - 24 He T AT
I 3 dx:_[ j dx:_[ . dx = < u+5 P =
3x"—5x+4 36x" —60x+ 48 (6x—5)" +23 X= 6 )

_lJ-MHJrTO 24 __J- tidu 231- du U oo
u’ +23 u’ +23 u’ +23 6 3J_ \/_
_ z]n\%f — 60x + 48‘+ V23 arctg x> e

6 J23

BooOIIe TOBOPSL, €CIIH Y TPeXwIeHa ax” + bx + ¢ BEIpaxkeHHe b” — 4ac >0, To ApoOh IO
OITPENIETIEHNIO HE SBJISIETCS BIIEMEHTAPHOMN, OJHAKO, TEM HE MEHEe €€ MOKHO HHTEIPHPOBATH
YKa3aHHBIM BEIIIE CITOCOOOM.

[ Iprmep.
_ _ = x+3. du=dx ~15-—
J- ,,SI 3 fﬁ:j 53:’?3 Ty = U=x+53 du= ax, :_[51215 3{1’1{25_[ f.tcfu -
x~ +6x—40 (x+3)" —49 x=u-3 u- —49 u- —49
- 18 fﬁ* =§h1|u3—49‘—18h11£_7|+c——]11‘r L 6x— 40\—— il )
- —49 2 u+7| x+10
[ Iprmep.
u=x-3 du=dx
_[ BIer dx—j 3x+4 q:’,fx:{ }szHJFngddu—Bj tdu
V7 - x* +6x \/16 (x—3)° X=u+3 V16— \/16—1.!
+13I\/ ch - :—Bx/lﬁ—u +133rcsin%+€-—3\/7—x3—6x+13mcsﬁ1x;3+c.
16 —u-

PaccMOTpHM TeIleph METOMBI HHTEI PHPOBAHHS ITPOCTEIIINX Apoben IV TiIA.

CHayana pacCMOTPHM YaCTHEIH ciaydyad ipHu M =0, N = 1.

dx
M A
Topna T Byna I 3 — MOJXHO ITyT€EM BBIJIETIEHHA B 3HAMEHATelle

Ceptuidmkar: EEDGG[IIMSEEABBBQEEEDEETBASGGﬂEGﬂﬂGGdggx T bI T C)
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa dH
ITIOIIHOT'O KBaJdpaTa ITPEACTABHTE B BHJC I ( . )n . C,[[EJIE]EM CIICIYIOOICC HpEGﬁpﬂBDEﬂHHEZ
u +s

Nencteutened: ¢ 19.08.2022 no 19.08.2023

9



du l ps+u’ —u’ 1 du
j __'[ (u’ + )" :_I(u +S)”1__'[(1£ +s5)"

(w’ +s)"
Bropoit HHTETpPal, BXOJISIIHIL B 3TO PaBEHCTBO, 6y,[[em OpaTh IO YaCTSM.
d
dv, = — ) u, =, du, = du;
(u” +5)"
O0O03HAUYHM: < .
ud 1
Vi = I 2 n - 2 n-1 ’
i (1" +5) 2D +s)"
1° du 1 1 du
_[ 2 n - 2 n—1 + _[ 2 n—1 ’
(1" +5) 2n—2)(u" +s) 2n—2Y W +s)

I[JIH HCXOOAHOI'O HHTICI PdJId ITOJIYHACM:

J- dii B __[ d N 1 B 1 _[ du
@ +s5)"  s?@W+s)" sQn-2D)w’+s)" sQ2n-2)7 W’ +s)"

[ du__ _ u L n-3 I i
(uj +5)"  s(2n- 2)(;,,;j 1 3)“‘1 s(2n—2) (uj N S)n—l

[Tomy4yennass dbopMyna HasbIBAaeTCS peKyppeHTHOH. EcCIH IIpHMeHHTL ee n-1 pas, To
i

u'+s
BepHeMcs Teneph K HHTErpany OT 3IeMeHTapHOH Apodu BHaa IV B ol1eM ciryyae.

ITOIIYHHTCH TaOIIHYHBIH HHTCIPAJI I

(u=2ax+b, du=22adx;
J- il/f:x—l—N H{.{T— 4{1 J- Mx+ N ) I L
(ax” +bx+c) [(2.{11:+b) +(4ac —b- )] X = 7, , s=4dac-Db";
M(u—b) A7
(4.{1) J- " P (4a)” I 1d ZﬂN—MbI du
(u +.8)" 2a (u” +s5)" 2a (" +s5)"

B ITOJIYHCHHOM pﬂBEHGTEE HEPELIﬁ HHTETPall ¢ TIOMOINBIO IIOACTAaHOBKH [ = w o+ s

IIPHBOAHTCA K TElﬁHHLIHGI\rI}" I— d KO BTOPOMY HHICIPAIIY ITPHMCHACTCA PAaCCMOTPCHHAA BBIIIIC

pPeKyppeHTHas (pOpMYyIIa.
HecmoTps Ha KaKYIIYIOCS CIOKHOCTh HHTETPHPOBAHHS 3JIeMEHTapHOH ApoOH

BHA 1V, Ha IPAaKTHKE €ro JOCTATOYHO JIETKO IIPHMEHSITH I ApoOeH ¢ HeOONBIIIOH CTEIIEHBIO 1,
a YHHBEPCAIBHOCThL M OOIIMHOCTH IOAXOMAA JelnaeT BO3MOJKHBIM OYEHBH IIPOCTVIO PEAIHM3aI[HIO

3TOro MeToJa Ha DBM.
[ Iprvep:

dii =

3x+5 3x+5 u=x-2, du=dx,| 3u+6+5
I 4 ’ﬁdt:j ks "Id;r: :I 4 ks
(x —4x+7)" (x—2)" +3)° X=u+2, (” +3)°

du dii t=u +3; 3 .dt ) 1 du
:3j : ,,+11j = =~ [=+11 SR j :
(™ +3)° (" +3)° dt = 2udu,| 271t 3-2(u"+3) 3-27u" +3

3 11 11 7 3 11(x-2) 11 x—2

= ——arctg—+(C = + + arctg
an% ﬁi%%mﬁf °J3 2(.3: —Ax+7) 6(x"—4x+7) 6-/3 J3

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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HuTerpupoBaHHe pallHOHATILRHEIX AP0Oell.

J[1151 TOro, 4TOOKI IIPOHHTETPHPOBATh PAIHOHAIIEHYIO Ap00bh HEOOXOIHMO
Pa3I0XKNTh ee Ha 3JIeMeHTapHbIe JPOOH.

O(x)

P(x)

P(x) KOTOpOIl IpeJCcTaBlIeH B BHIE ITPOM3BENEHHS JHHEIHBIX H KBaJpaTHYHBIX MHOKHTEIIENT
(orMeTHM, 4YTO JIHOOOH MHOTOWIEH C JAefCTBHTENBHBIMH KO3((HIIIEHTAMH MOXET OBITH
TIPe/iCTaBIIeH B TAKOM BHIE: P(x) = (x - a)%...(x - b)P(X* + px + g)*... (X’ + rx + s)*), TO 3Ta IPoOH
MOJKeT OBITh Pa3lIo’KeHa Ha 3IEMEHTapHEIE 110 CIIEAYIOMEN CXeMe:

Teopema: Ecmi R(x) = - IIpaBHJIbHAA palliOHAIbHAS P00k, 3HAMEHATEID

O(x) A4 A, A B, B, B, M x+ N,
= + -+ 4+ +..+ + o+ +—

P(x) x-a ((x-a) (x—a)” (x-b) (x->b) (x-b)* x*+px+gqg
M. x+ N, M.x+ N, R x+S§, R.x+ 8, RLLIJFSM
+—1 SR — =+ — 4 — L+ — L
(x"+px+q)° (x" +px+q) X +rx+s (x +rx+s) (x"+rx+s)

rae Ai, Bi, Mi, Ni, Ri, S — HEKOTOpEIE IIOCTOSHHBIE BEIIHUHHEIL
[Ipy HHTErpHPOBAHHMH PaIlMOHAIBHBEIX Apo0eH IIpHOEraroT K PasIoKeHHIO
HCXOMHOH ApOoOH Ha aleMeHTapHbIe. [ HaxoxaeHHs BenmuuH Ai, Bi, Mi, Ni, Ri, Si mpuMeHsroT
TaK Ha3bIBAEMbBIN MeTO0]] HeollpeJeJieHHbIX K0Y(P(PHIHEHTOB, CYTh KOTOPOI'O COCTOHT B TOM.,

YTO JUISI TOr O, YTOOBI IBa MHOTO4YJIeHA OBLIIH TOXAECTBEHHO PaBHBI, HEOOXOIMMO H JOCTaTOYHO,
yTOOBI OBIJIH PaBHBI KO3()(PHIHEHTEI IIPH OJHHAKOBBIX CTEIEHIX X.

[IprmeHeHHe 3TOro MeTo4a PacCMOTPHM Ha KOHKPETHOM ITPHMEPE.
I Tprmvep.

19x3—30x3+28x—88
(x* —6x+8)(x” + 4)
Tk (x"—6x+8)(x" +4)=(x-2)(x—4)(x" +4), 10
9x” ~30x" +28x-88 4 . B  Cx+D

(x—D(x—D(x*+4) x-2 x-4 x+4

HpI[BG,[[H K GﬁH_[EIﬁ.{}*' SHAMCHATCIIIO H ITPHPaBHIIBAS COOTBCTCTBYIOIIHE W CIOITCII,
ITOIIYHACM.

Ax—D(x" +D+Bx-2)(x" + )+ (Cx+D)x" —6x+8)=9x" —30x" +28x — 88
(A+B+C)x> +(-44-2B—-6C +D)x" + (44 + 4B +8C — 6D)x+ (-164— 8B +8D) =
= 9x” —30x’ +28x—88.

dx

(A+B+C=9 (C=9-A4-B

_44-2B-6C+D =-30 D=-30+44+2B+54—6A— 6B

|44+ 4B +8C — 6D = 28 12442B+4C-3D =14
164-8B+8D = 88 24+B-D=11

(C=9-A4-B (C=9-A-B
D=24-24-4B D=24-24-14B

124+ 2B+36—44-4B—-72+64+12B = 14 144+10B = 50
24+B-24+24+4B=11 44+ 5B =35
OOKYMEHT NoarincCAaH

3NEKTPOHHOW NOANMCLIO

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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(C=9-A-B (C=9-A4-B (A=5

D=24-24-4B D=24-24- 4B B=3

144+10B = 50 144+10B = 50 lc=1

50~ 10B + 5B = 35 B=3 D=2

HTGFG'

[— Y2 = Stnfv— 2|+ 3infx— 4|+ [ —dv+ [——dx -
x—2 x +4 x*+4 x*+4

= 5]11‘.1:— 2|+3]n‘.:s:— -‘11|+5]I](xj +4)+arcrg§+ C.

Bonpocet u 3a0 auu:
3amava 1. BeIYMCIMTE HHTETPAJIBI:

. J{I_I v 1)e” dr. 2. f&LFi‘HiIJ.I'H'J'.
3. }I x* sin r dz. 4. J{-I_r-" + 2r + 3)cosrdx.
= i o IF.
5. j x Inx dx, 6. jl — (.
sin” T
7. / -2 o8  di. K. [.:": arctgx azr.
9. j:siu lnx de. 10. ‘[:"Ferd:.

3agaya 2. BEIUMNMCITE HHTETPAIbL:

-

(moncrasoska x=2z7%);

s
1}'!‘“S£5x+£ﬁ
A

dax
3 I, = — - (noacTaHoBka cig x = 7).

!
(nu_u,c'rm-mm-:a X = —z-:] )

3amauva 3. Pa3noXHUTh Ha IIPOCTEHIIHE APOOH CIEIVIOIIHE PallOHAIIbHEIE JIPOOH:

| 1lx—4
)ﬂ+m-'
YHazaHume: 3Haueua1*e.r|b PA3NOMHTE HA MHOXKHTENH.
2 2x 4 4lx—91 3) - drf — 242 — 41520
(c— ) (x-3) [ [I—'H (=D {x4+2)(x—3)(x—2)°
4 het — 254126 5) Ilx4-40
(x—1)(x—2)(x—I)° (x—H x4 2)°
g S22
xF+2)(xL3)(x—4)°
Sagaya 4.
BBIYMCITHTE:
dx dx
) L*m? ) jlu-—ifl.‘ﬂ' 3) Lﬁm- 4}5 = E'Jj,h.___g'
3agada .

BB cIi TsicymeHT noanmcar
SNEKTPOHHOW MOAMMCHIO

Ceptvdmkar: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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dx . _ dx _ . dx )
) h={aream 2 h=) e 9 f:—f;=+;x+-s~

d d )
O h={aed i b= gm0 L= =2

3agaya 6.
BEIUHCITUTE:

|

1}.5‘ dx . 2} dx .
T dx 10" | Tx¥—=3x+5 '

dx . dx .
%) 59?‘”+I+1.‘3 ' g J Bxt 4 Tx - 15"

2 [3;’— ;T:r 4 17°

3y
BoITpoCHI:

1. 3armmmre GopMyITy 3aMEHEI IIEPEMEHHON B HEOIIPEAEIIEHHOM HHTETpaJle.

2. OnuimiTe METOX HHTETPHPOBAHILS I10 YaCTSIM.

3. B xaxux cinydyasx 1enecoodpasHo IMPHMEHATE METOL HHTETPHPOBAHI ITO YacTIM?

4. Kaxkwue apo0H Ha3BIBAIOT IIPOCTEHIIINMH?

5. Kaxkasg npoOp Ha3kIBAETCS Pal[HOHAIEHOH?

6. Kakag paiinoHanbHas ApoOp HA3BIBAETCS IIPABIJIEHOH?

7. Kak paszinoXHTe IMPaBIILHYIO Ip0o0k Ha ITPOCTEHIIIHE?

8. B 4em cymHoCTh MeTO[a HeoNnpeAeleHHBIX KO3 (P(HIHEHT OB ?

Ilpakmuueckaa paboma 3. Cnocoodst eblMUCIEHUA ONPeOeleHHO20 UHmezpand. Popmyna
Horomona-/lIeubnuya. 3ameHa nepemMeHHOU 6 oOnpedeleHHoOM UuHmezpaie. Popmyna
UHMeZPUP o6 AHUA NO YACMAM 6 ONpPed eJICHHOM UHmMezZpaJie.
Ilens: copMHpOBaTh YMEHHE BBIYHCISTH ONpPeJelIeHHBIH HHTErpajl ¢ ITOMOMIBIO (POPMYIIBI
HproroHa-JIeHOHHIA, HCIIOMB30BaTh METO/ 3aMEHBI IIEPEMEHHON H HHTETPUPOBAHHE TI0 YaCTSIM,
ITPUMEHSATH TIOTYUYEHHBIE YMEHHS ITPH PEIEHHH ITPAKTHYECKHX 3a0aY.
Teopemuueckan uvacms:

O6o3HauMM m H M HaHMeHbIIIee H HaHOO bINlee 3HaUeHHe ()YHKI[HH Ha OTpe3Ke [a, b] .

xu
M i [momm=— _ _ _

0 a X, b x

Pazo0beM oTpe3ok [a, b] Ha yacTH (He o0sA3aTeIbHO OJHHAKOBBIE) N TOUKAMH.
X0 < X1 S$X2< ... <Xp
Torma x; —Xo=AxX1, X2 — X1 = AX2, ... . Xn — Xn1 = AXp;

AOKYMEHT MNOANMCAH
Ha KaKIOM N3 TTONYUEHHBIR OTPE3KOB HaHleM HaHMeHBIIEE H HaHOOIbIIIee 3HAUECHHE (b}"HICL[I]II.
kAt 2C000!

':::l.;.'.'l]: ~O0000043ESABBEBO52205ET7TBASDOOE00D0O0D43E
S, X172 M M I mo, M2, L0 [Xoor, Xa] = ma, M.
COCTaBHM CYMMBT:

22 N0 19.08. 2023
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fl
S n=mAX + mAx2 + ... +mpAxy = ZHII,&II
i=1

Sn=MiAx1 + MoAxz+ .. + MaAxa = > M, Ax,
i=1

Cymma S Has3bIBacTCS HHAHEH HHTerpaJbHOH CYMMOH, a cymMmMa S — BepxHel
HHTErPajJbHOH CYMMOMH.

TK mi<M;T0 §i < En, a mb-a)<Sy< EniM(b—a)

BHYTpH KaKIoro oTpeska BEIGEPEM HEKOTOPYIO TOUKY E.
X0 <€ <X1, X1<eg< X2, ... ,Xpl <E€<XXp.

Halizem 3HaueHHS (QYHKIIHH B 5STHX TOYKAaX H COCTAaBHM BEIpakeHHe, KOTOpPOe
Ha3bIBaeTCS HHTEr pajibHoll cymmoi 11 pyHKIMH f(X) Ha oTpeske [a, b].

So=fe)Ax1 + f(e2)Ax2+ ... + f{(en)AXxn = Z f(g,)Ax,
i=1

Torma MOXKHO 3armcath. miAx; < f{&)Axi < MiAx;

CrenoatenmbHo, » mAx, < > f(g,)Ax, < > M Ax,
i=1 i=1 i=1

S <8 <8,

[‘eoMeTpHYEeCKH 5TO IIPeACTaBIETCS CIEAYIOMIMM oOpa3zoM: rpaduk (QyHKImHH f(Xx)
OIpaHHYEH CBEPXY OIMMCAHHOH JIOMAaHOH JIMHIEH, a CHH3Y — BITHCAHHOH JTOMaHOH.
O0603HaUNM maxAx; — HAHOOJIBIIII OTPE30K pa3OHeHH, a minAx; — HaUMEHB I . Ecrm

maxAxi— 0, TO YHCIIO OTPE3KOB pa30HeHH OTpe3Ka [a, b] cTpeMHTCA K 0eCKOHEUHOCTH.

Ecin S, = ;f(ei)&xj , TO mhﬂ_}n;f(ej)&rj =S

Ecm nipu 1r00BIX pa30HeHHsIX oTpeska [a, b] Taknux, uyro maxAxi— 0 H IIPOH3BOIIBHOM
by

BHIOOpPE TOYEK & HMHTErPalbHAs CyMMa O = Z f(e,)Ax, cTpeMHTCS K TIpeJlely S, KOTOPBIi
i=]

HasbIBAETCS OIpeelIeHHBIM HHTerpaloM oT f(X) Ha oTpe3ke [a, b].

b
O0o03HaYeHHE I f(x)dx.

a — HIDKHHI TIpeJiell, b — BepXHHII IIpefiel, X — IlepeMeHHas HHTETPHPOBaHHL, [a, b] — oTpe30ok
HHTET PHPOBAHH L.

et Ax; —0 ;

n b
Ecm mig ¢yaximm f(x) cymmecTByeT mnpeaen  lm z f(g,)Ax, :I f(x)dx, TO
— .

() YHKIIHSI Ha3bIBAeTCSI HHTETPHPYEMOH Ha OTpe3Ke [a, b].

TR ety gtpxnerss:  lim imj&xj = i f(x)dx,

nax Av,— [
Cepmudomkatr: 2C0000043ESABBB952205E7/BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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lim iMjaxj - i £(x)dx

nax Ay — 0

CBOHCTBA OITPEJIEIEHHOr O HHTerpaja.

D [4f()ds = Af f(x)dx,
2) [0+ fi(dx= [ fi(x)dx + [ £ (x)dx
3) j F(x)dx=0

b b
4) Ecmu f(x) < ¢(x) Ha orpeske [a, b] a<b, TGIf(x)de < I(p(x)dx

5) Ecmi m u M — cOOTBeTCTBEHHO HaHMeHbINlee H HaHOOINbIIee 3HaueHHI QYHKIMH f(X) Ha
oTpe3ke |[a, b], To:

m(b—a) < | f(x)dx <M (b - a)

6) Teopema o cpegnem. Ecimn (yHxima f(x) HempepblBHa Ha OTpe3ke [a, b], TO Ha »ToM
OTpe3Ke CYIIECTBYET TOUKA € TAKas, UTO

[f(x)dx=(b-a)f(e)

7) JI1st IpOM3BOIBHBIX YHCETL 4, b, ¢ CIIpaBeJIHBO PaBEHCTBO:
b C b
[ f(dx = [ f(x)dx+ [ f(x)dx

PﬂS}MEETGHj 3TO PAaBEHCTBO BBIIIOJIHACTCSA, CCJIH CYIIECTBYCT KaXIbIH H3 BXOISIIHX B
HCI'O HHTCI'PAJIOB.

) [ £ = [ fGx)d

Teopema HproroHa-JlenOHmHIIA.

Teopema: (Teopema HrroToHa — JIeHOHHIIA)

Ecm ¢pyHakima F(x) — kakas- mHoOo neppooOpa3Has OT HEMPEPEIBHOM () YHKIIHH f(X), TO
b
[ f(x)dx=F(b)- F(a)

ATO BEIpaKEHHE H3BECTHO IT0JT Ha3BaHHEeM (popMyikl HeroToHa — JIeHiOHHIIA.

b

HMHorma nmpuMeHstor obo3HadyeHHe F(b) — F(a) = F(x)‘ *
NOKYMEHT NMOAMMCAH
3NEKTPOHHOW MOAMNUCHIO

S PBopMyITd C HIBIOTOHA " JICHGHIA TpeacTaBIdeT COGOH OO IMOAXOX K HAXOXIEHHIO

Bnapenei;: yXoBa ekcaHapoBHa

OITPEACJICHHBIX HHTCT PAJIOB.

il

Nencteutened: ¢ 19.08.2022 no 19.08.2023
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Yro KacaeTcs MPHEMOB BBIYHCIIEHHS OINpeJeleHHBIX HHTErPaloB, TO OHH IMPAaKTHUYECKH
HHYEM He OTJIHYAIOTCS OT BCeX TeX IPHEMOB H METOJIOB, KOTOphle OBUIH PacCMOTPEHEI BHIIIE
TIIPH HAXOJKJIEHHH HeoIpeJeleHHBIX HHTEIPaJIOB.

TOYHO Tak ’Ke IPHMEHSIOTCS MEeTOJBI ITOJACTAHOBKH (3aMEHBI IIEPEMEHHOH), METOJ
HHTETPHPOBAHMS IO 4YacTsM, Te JKe TIIpHEMBl HaxXOKIEHHS IIepBOOOpasHBIX IS
TPHTOHOMETPHYECKHX, HPPAl[HOHAIIBHBIX M TPAaHCIEHAEHTHBIX (YHKIHI. OCOOEHHOCTBIO
SBISIETCSA TOJIBKO TO, YTO IIPH TIPHMEHEHHH 5STHX IIPHEMOB HAJ0 PaclpPOCTPaHSATh
npeoOpa3oBaHHEe He TOIBKO Ha IIOABIHTEIPAIbHYIO (PYHKIHIO, HO H Ha IIpelelbl
HHTETPHPOBAHHMS.  3aMeHssI IIEpeMEHHYED  HHTEIPHPOBAHHS, He  3a0BITh  H3MEHHTH

b
COOTBETCTBEHHO IIpeJielIbl HHTeIrpHpoBaHHSA. IIycTh 3ajaH HHTerpan I f(x)dx, toe f(x) —

HEIpepbIlBHAS (DYHKIHS Ha OTpe3ke [a, b]. BBeaeM HOBYIO IIepEMEHHVIO B COOTBETCTBHH C
dopmymoi x = @(t). Torma ecmmn

D) p(a) =a, @P)=b

2) ¢(t) 1 @'(t) HelIpepBIBHEI Ha OTpe3Ke [a, B]

3) f(p(t)) orpeneneHa Ha oTpeske [o, B], TO

b &
[ f@)dx = [ flod)e (t)dr

B B
Torma If [o(D]@'()dt = Flo(0)]| = Flo(P)] - F[p(o)] = F(b) — F (a)

[ Iprmvep.
1 I:Sjllf' /2 /2 limfi
J.\H—xjdx: :' = IJl—smjrcﬂsrdr: Icﬂsj tdt = — I(1+cﬂ52r)dr:
: a=0,p=m/2 > a 2

1 1 R | S T
— —| t+ —sn 2t — —+—Smm=—.
2 2 o 4 4 4

HPH 3dMCHC HEPEMEHHGﬁ B OIIPpCACIICHHOM HHTCIPAJIC CIIEAYCET IIOMHHIbL O TOM, HTO

BBOAHMAS (DYHKIHSA (B PacCCMOTPEHHOM IIPHMEpPe 3TO (DYHKIHA Sin) JOJDKHA OBITh HellpephIBHA
Ha OTpe3Ke HHIEIPHPOBAHHSA. B IpoTHBHOM cioydae (oOpMalbHOE IPHMEHEHHE (DOPMYIIBI
TIPHBOAHT K aOCYpIy.

[ Iprmep.

L T
J.dx =X | =T.C ,I[p}’TDﬁ CTOPOHEBL, €CIIH ITPHMEHHTDL TPHIOHOMETPHYCCKYIO ITOACTAHOBKY,
0 0

i _11 dx _“.II dx ~ ~ _[l df ~
l-!ldx_ -,!lsinj.:w:+c-.::-s;2 X _-!lcﬂij(lJrrgjx) - {ng_r}_f =0

T.e. mBa crrocoba HaxXoXIeHH I HHTCI'Palla JAaIOT Pa3JIHYHBIC PC3VIIBTATHIL. 910 ITPOH30IIIO H3-3a
TOI'0, YTO HC OBIII YUTCH TOT QJHET:, YTO BBEJACHHAA IICPEMEHHAA (ZX HMEET Ha OTPE3KE

HHTEeTPHPOBAHHUS pa3phIB (B Touke X = 7/2). Ilo3ToMy B JaHHOM cIydae TaKas ITOJICTAaHOBKa
HelpHMeHHMa. [IpH 3aMeHe IlepeMeHHOH B OIpeielIeHHOM HHTerpaje cilelyeT BHHMATEIbHO

CIICIHTDE 34 BEIOIOIIHEHHEM IICPCYH CIICHHBIX BBIIIIC ’_’;-"CHGEHﬁ.
OOKYMEHT NognmncaH

AEKTPOHHON NOArMCHIO HTerpHpoOBaHHeE TI0 YACTSIM.
Cepmudomkatr: 2C0000043ESABBBO952205E7/BAS00060000083E

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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Ecrm dyHximm u = @(x) H v = Y(X) HelpephIBHEI Ha OTpe3ke [a, b], a Taxke
HelIPePBIBHEI Ha 3TOM OTPe3Ke HX ITPOH3BOJHBIE, TO CIIpaBeJIHBa (pOpMyIIa HHTeTPHPOBAHHS 1O

YACTSIM:
h h h
Iztdv — uv‘ — Ivdu.
el o el

Bonpocst u 3a0 auu:

3amava | .BeIYuCIMTE OnpeelIeHHBIE HHTETPAJIbl.

1. jj.(;v;:2 +5x+6)cos 2xdx. 2. _{f(f —4)(:05 3xdx.
,

3. J.(x2+4x+3)cesxdx. 4, I(x+ 2) cos 3xdx.
—1 -2

5. j.(x2 +7x+12)cesxdx. 6. ]T. 2x° +4x+ 7)0052xdx.
"4 0

7. (9x +9x+11)0053xdx. 8.

:,l._..:;.:]

T(sz +16x+ 17)005 4 xdx.
0

2 2
j 3x +5 cos 2 xdx. 10. J.(Zf —15)cos3xdx.
0 0
2
j (3 7 x* )CDS 2 xdx. 12. j (1 —8x° )cos 4 xdx.
0
3
13. _[(f +2x+1)sin3xdx. I x° —3x sm 2xdx.
1
s
™ 2
15. J.(xz —3x+ 2)sinxdx. 16. _[(x —5x+ 6)51n3xdx
0 0
o
0 4
EHT nc.- CAH
;@"E I(x +17 5)51n2xdx
EEpTHd}HHaT GGGG-#SEEABBEQEEEDS TBAE‘D‘IIIEEEIEIGHEI&SE
Bnaneneu: 1Bebayxoea TatbaHa AnekcaHapoBHa ()

Nencteutened: ¢ 19.08.2022 no 19.08.2023
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(l 5x° )sin xdx.

:i'-—-.ml-?‘:‘l

Sagaya 2.

BEIUHMCITHTD OITPEACIICHHBIC HHTCI'PAJIbI.

LT'Hln(x—l)

dx.
e+1 x_l
|
4arctg x —
\ [Aacte oz,
p 1+ x°
2 +
LU
* X" +2sinx
1/2
—arcte 2
?*J-Sx arc% X
1+4x”
. -][ xdx
N
X +1
5B
—1
11. j x = /Idx.
J;.,T\/x' |
NG 4
X—(arctex
13. j ( 5 ) dx.
| 1+ x

dx.

" J-(arcsmx) +1

| 0 \h—-’fz

VB dx

17.

\/gx\/x1+1.

2
ﬂ.gégE HT UDD,H NCAH
: Nnoanceo
Ceptidm Kar: 000004 3ESABSB! 52205E7BA500060000043E
Bnaneneu: ﬁﬁﬁ ATarssmalAnexc aHOpoBHa

Nencteutened: ¢ 19.08.2022 no 19.08.2023

(3}: x° )sin 2 xdx.

hli‘ﬂl‘-—-.m

x+ldx

I

x +3x+l)

' 2cos x+ 3sin x
6. j 3dx.
2smx 3cosx)

41/ (2v/x)+1
(Vaex)

B
+1
10. A /xdx.

,jngf+1

dx.

18



BoOITpocCHI:

1. PackporiTe CMBICI ITOHATHS OIPeJdelIEHHOI0 HHTETPaa.
['eoMeTpHYECKHIT CMBICTI OITPEIeIIEHHOTO HHTerpaa.
[lepeuriciiTe OCHOBHBIE CBOHCTBA OIPEALIIEHHOIO HHTErPala.

TeopeMa O CpeTHEM.
IIpou3BOHAA OIpeNeIeHHOro HHTEIpasa o BepXHeMY IIp €Z1eTy.
dopmyna HeioToHa — JlefibHHI1a.

3aMeHa HEpEMEHHGﬁ H HHTCI'PHPOBAHIC ITO H4CTAM B OIIPCACIICHHOM HHTCIPAJIC.

RO U W

Ipakmuueckasa paboma 4. I'eomempuuecKkiie npulodceHUs onpeo eleHHO20 UHmMezpaid.
ITnowaos nnockoit guzypel. Obvem mena. /{nuna oyzu kpueou. Ilnouads nosepxnocmiu
8pALEHA.
Ilens: copMHpOBaTh YMEHHE BBIYHCISTH IUIOINAMH IDIOCKHX (HIYpP, JUIHHY JYTH KPHBOH,
00beM Tena, OOBEM Tela BpalleHIs, IUIOIMAAb ITOBEPXHOCTH Tejla BPaIeHHS IIPH ITOMOIIH
ONMPEHEIIEHHOI O MHTEerpaia H IPHUMEHSITH ITIONYYEHHBIE YMEHHS IIPH PEelleHHH IIPAKTHYECKIX
3a11a4.
Teopemuueckan wacms:

BrIUHCIeHHE INIOoIaJeH IIOCKHX (DHIVP.

M3BeCTHO, YTO OIpPEeIcIeHHBIN HHTErpal Ha OTPe3Ke IpeAcTaBIsgeT cOOOH IIIOIIAIb
KPHBOJIMHEHHOH TparellHi, orpaHmYeHHOH rpadukoM QyHKIHH f(X). Ecmi rpaduk pacrionoxeH
Lo QG

HIKe ocH OXx, T.e. f(x) < 0, TO IUIomaap HMeeT 3HaK ‘-, eCIIH Ipa()HK PacIIOIOKeH BBIIIIE OCH
Ox, 1.e. f(x) > 0, To mmomamge HMeeT 3HaK “+ .

b
J1a HaxX 0K AeHH I CYMMAapPHOH TUIOIIAH HCIIOIb3yeTcs (hopMyna S = I f(x)dx| .

[[momanes (QHIYPE, OrpaHHYeHHOH HEKOTOPBIMH IHHHSMH MOXET OBITh HaieHa C
TTOMOII[BIO OIPeielIeHHBIX HHTETPAJIOB, €CIIH H3BECTHRI YPAaBHEHH S STHX JIHHHII.
[IprMep. Haliti rotommaas (GUIYpsl, OrpaHHYEHHOH JIMHUAMHA Y = X, Y = X%, x =2,

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

Nencteutened: ¢ 19.08.2022 no 19.08.2023

19



AN

HMckomas romonazp (3aTpHxoBaHa Ha PHCYHKE) MOKET OBITh HaleHa 110 (POpPMYIIE:
2 2 3 T |
; x> x| 8 4 1 1 5
S:Jlx‘fﬁx—fx(ﬁx: - ‘ +—=
1 1 3 210 3 2 3 2 6
HaxoXIeHHe TUTOIMAa N KPHBOJIMHENHOL O CEKTOPA.

JIIsT HaxXOKIeHHS IUIOM[AJH KPHBOIHHEHHOTO CEKTOpa BBEIEM IIOISPHYIO CHCTEMY
KOOPAHUHAT. Y pPaBHEHHe KPHBOH, OTPAaHHYMBAIOIIEH CEKTOP B 3TOH CHCTEME KOOPJIHHAT, HMEeT
BUI p = f(p), TJie p - IIHHA pagHyC — BEKTOPA, COEAMHSIOIIETO ITOIIOC C IIPOU3BOIBHON TOYKOH
KPHBOM, a (p - YT'OJI HAKIIOHA HTOr0 PaJHyCc —BEKTOpa K ITOISPHOH OCH.

[Tnomaas KpHBOITHHEHHOIO CEKTOpa MOKeT OBITh HalijleHa 10 (popMyTIe:

_lﬂ 2
S—Eif (@) do

BEIUMCIIEHHE JUIHHBL IYTH KPHBOH.

OOKYMEHT NMoanncAaH
ANEKTPOHHOM NOONMUCEID

whbukaT: 2C0000043E9ABSBO52205ETBAS00060000043E

E Ia0erey LIeD3yxoBd iTeHHE Ad1eKCaHdDOBHLS
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a b X

S = [J1+(£'() dx

Ecnn ypaBHeHHe KpHBOH 3aJaHO ITapaMeTPHYECKH, TO C YYeTOM IPaBHJI BEIUHCIIEHHS
IIPOH3BOHOH MapaMeTPHYECKH 3aJaHHOH () YHKI[HH ITOJTy4aeM:

; n q
s=[lo® +[v®] ar.

rae X =@(t) 1y =y(t).
Ecmi 3agaHa mpocTpaHcTBeHHAA KPpHBaA, H X = ¢p(t), y = y(t) u z = Z(t), TO

§
s=[oo] +w @] +[z'0)] dr

Ecm KPpHBaAs 3a/IdHa B MOJIAPHBIX KOOPJHHATAX, TO

g
5= I\/p” +p dp, p=1().

[Tprvep: Haifti JHHY OKPY/KHOCTH, 3aJaHHOI YpaBHEHHEM X~ + y* = 17,

1 cmocod. BeripasHM H3 ypaBHEHHS IIEPeMEHHYIO V. V= \/r3 — x° . Haiigem npoH3BOIHYIO
, X

'JF_.. . J:_'.
r

Torma lS:IJl—l— ,,xd ,_,dx:.ll qr q dx=r-arcsin 2| =r> Torma S = 2mr. [Tomyymm
4 X D\/FJ — X 2

. roo— ro

Y

OOIEH3BECTHYIO ()OPMYITY JJIHHBEI OKPYKHOCTH.

2 cmoco0. Ecou IPEACTABHTDL 3d4JdHHOC YPABHCHHE B HDHﬂpHﬂﬁ CHCTEME KOOPAHHAT, TO

df (p)
do

2

MOIMYUINM: r’cos’@ + r’sin“ge = 1, Te. QyHKuua p = f(@) = 1, p' = =0 Torma

S = T\J(]Jrrjd(p: er(p: 2nr .
0 0

BrruiciaeHHe 00LeMOB Tell.

Bbggm;m%@gggma TCIIa ITO H3BCCTHEBIM TUIOIIAJANM CT O ITapaJlJICIIEHEIX CEeUeHHH.
3NEKTPOHHOW NOONMCLIO

icbukaTt _'I:_' A {El'!-'.".l:';'"::';I:_':-_I:-_I:':_II_TEI-'..'u:_" 1CIOVWE D000 I"E

LIeD3yxoBd iTeHHE Ad1eKCaHdDOBHLS
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m O

i1

[Iycte uMeerca Termo oObema V. Ilmommaaps mr000ro IOMEPEYHOro cedeHHS Tema Q,
H3BeCTHa KaK HellpepbIBHasS (QYHKIHA Q = Q(x). PazoOpeM Temo Ha “‘clIoH” TOIepPeYHBIMH
CEUEHHSAMH, ITPOXOMSINHMH 4Yepe3 TOUYKH X; pa3OHeHHS oTpeska [a, b]. T.k. Ha xKakoM- JTHOO
ITPOMEKYTOUHOM OTpe3Ke pa3zOHeHHS [Xi-1, Xi] QyHKIHI Q(X) HelpephIlBHa, TO IIPHHHMAET Ha
HeM HanOoJIbIlee H HaHMeHbIIee 3HaueHH L. O003HaUHM HX COOTBETCTBEHHO M H m;.

Ecmi Ha »THX HaHOOIbINEM H HAHMEHBIIEM CEYEHHSIX IIOCTPOHUTH IWIHHAPHL C
00pa3yIOIMMH, ITaparljIeIbHBIMH OCH X, TO O0BEMBI ATHX IUIHHAPOB OVAYT COOTBETCTBEHHO
paBHBI MiAXi H miAX; 31eCh AXi = Xj - Xi-1.

[IponsBens Takme IIOCTPOEHHS JUIA BCeX OTPEe3KOB pazOHeHHS, ITOIYYHM IHJIHHIPEL,

0GbEMbI KOTOPBIX PaBHBI COOTBETCTBEHHO » M Ax, m ) m,Ax, .
i=1 i=1

[IpH cTpeMIIEHHH K HYIIFO II1ara pa3sOHeHHs A, 3TH -:::}meI HMEIOT OOIIMI IIPEIETT:

ZMﬂx HDZHJ&J IQ(x)dx

Taxmm o6pazoM, 00beEM Tejla MOKET OBITh HAHJIEH 110 (prM}fHE:

= IQ(x)cix ,

HemoctaTkoM 3TOH (POPMYIIEI SBISETCS TO, YTO IS HAXOKIEHHS 00beMa HeOOXOIHMO
3HaTh PYHKI[HIO (Q(X), YTO BeChMa ITPOOIIEMaTHYHO A1 CIIO/KHBIX Tell.

[IprMep: Hantn oObseM 1mapa pamiryca R.
¥,

A—0

B monepeyHbIX cedeHHSX IIapa ITOIY4YaroTCS OKPYKHOCTH ITepeMeHHOro pajgnyca y. B

3aBHCHMOE! HTPDHH{%@ﬂKGGpﬂIM&TH X 5TOT pajJHyc BBEIpakacTcs IO (pOpMyTie \f R’

.-r

.,._,,T.Dma q;\yr—H{E[HE{ TIHQHIQHEH CEUEHMI UMeeT BHI: Q(X) = 'JT(R“ - X )

Tlomyuaem 0GBeM Iapa:

iTenad: ¢ 19.08 202 no 19 .08 A0
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R i R
V= Iﬂ(Rj—xE)dx:ﬂ(ij—x—ﬂ 15 - S B - S
J 370 3

OOBEM TEN BPAI[EHU L.
PaccMoTpHM KpHBYIO, 3ajlaHHYIO ypaBHeHHeM y = f(x). IIpemamomoxum, 4ro (QpyHKI[HI
f(x) HenpeprIBHA Ha OTpe3Ke [a, b|. ECM COOTBETCTRYIOIIYIO €l KPHBOIHHENHYIO TPAIIEIHIO C
OCHOBAHMSIMH a U b BpaIraTe BOKpPYT ocH OX, TO ITOIIYYHM TaK Ha3bIBAEMOE TeJI0 BPallleH .

y = f(x)

T.K. Kaxaoe ceyeHHe Tella INIOCKOCTBI0 X = const IIPEJCTaBIseT cOO0H KPyr pajuyca
R = | f(x)|, To oObeM Tena BpalleHHsT MOJeT OBITh JIETKO HaMJeH II0 ITOIYYEHHON BBIIIE

hopmye:

V:njfﬂ(x)dx.

I [moraab NMOBEPXHOCTH TEIAa BPaIlleHH .

T
i

ILiomaap0 MOBEPXHOCTH BpalmleHHs KpHBOH AB BOKPYI JaHHOH OCH Ha3BIBAIOT
IPEEN, K KOTOPOMY CTPEMSTCS IUIOIIAMH ITOBEPXHOCTEH BpAaIllEHHS JIOMAHBIX, BIIMCAHHBIX B
KPHBYIO AB, IIpH cTpeMIEHNH K HYITFO HAHOOIBIIHMX U3 JJIHMH 3BEHBEB 3THX TOMAaHBIX.

[ Ioisae TIOBREPXHOCTH, OIIMCAHHOH JIOMAaHOH paBHA:
SNEKTPOHHOW NOONUCHLIO

Ceprudmkar ._'n:_':-:._::::::::-'. ~:[*!.-"=.Ei.--:55'::-:::':'-E?E-.-"-.:'* PH — ‘]‘[ZHE (f(‘x:'—l) + f(.l"l. ) )—Jl + fr - (EI. )&II. .
i=1

E Ia0erey LIeD3yxoBd T iTeHHE Ad1eKCaHdDOBHLS

JTa CYNMMd HE ABJIACTCA IIHTEI‘IJEIJ]LHGI?'I: HO MOZFHO ITIOKd34Th, YHTO
Nencteutenex: ¢ 19.08.2022 no 19.08.2023
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ma Ay, —

P=im w>(£(s)+ fG)WIT /(e )Ax = T w>"2 7 i+ 7 (E)Ax,

b
Torma P = 2'11_[ f (.x)\/ 1+ 7 (x)dx - bopmMyma BEIUICIEHHS IIJIOLIA M OBEPXHOCTH

TeJ1a BpallleHHsl.

Bonpocet u 3a0 auu:

3agava 1. BeramcimTh 1omomaau o0acTel, orpaHmYeHHBIX I'PpapHKaMH 3aJaHHbBIX () YHKIHH:
y=32-z% y= —4z.

y = 3/, y =3/, T

1
=

1.
2.
3. r=5—1y°, r = —4y.
4

y=+ver -1, y=010, r = In4.

5. y = sinz, y=-cosz, x=0 (z>=0).

6. y=+z, y=1/x, r = 16.
7. r=27 -y x=—6y.
X, ¥ = sin T, Y = COST, =0 (x=0)
9. y=v9-z, y=0 r=0, x=3/2
10. w=2/x, y = He”, y=2, y=29

3amaya 2. BEIWCIMTE JJIHHEL IVT 33JaHHBIX KPHBBIX.
l. y=Inmz, 12 < r < /6.

2. v =Incosz, 0<z<n/6.
J. y=e", In -l.,-"ﬁ < < Iy 8.

4. v = Insinx, wid<zr<mi

=

y = 2/x, 1/3<x<1/8.
6. y= cher, < x<1.

LA
i

7. y=a%/2, 0<xr<1.
B. y=1-Inx, V3 < x < VA,

9 y=1- chz, 0<z<3.

10. ¥ = v'1 — ¢ + arcsin r, 0<zx<1/2

3amaya 3. BEIWCIMTE JUIHHEL IVI 33JaHHBIX KPHBBIX.

r=1t—sint,
<t <IN
1. {;,- 1 — cost, 0sts2
fpmim esreen
-
3. {'r E.”:#' 0<t <=
y = sm" &,

I { r = 2cost = cos 2t, St
; MEHT [J CAH <~ < LN,
HSH%EIHDH UCLIO

Ceptudmkar: [l[l[l[l[l-iﬂ? 9ABBB952205E7BAS00060000043E
Bn afenes;

eﬁgyf_{jaﬁ 'I“E‘l'ﬁ'?'lrfla AJ'IEHEEITFH?EEE{ 1.

y = e sint,

Heicteutened: ¢ 19.08.2022 no 19.08.2023
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3amaya 4. BEIUMCIIHTE 00BEMEL TCJI, OI'PpaHHYCHHBIX 3aJaHHBIMH ITOBCPXHOCT SIMI.

1. 2=4x*+9y°, z = 6.

2. z=0z%} 4y°, z = 6.

3. z=2z°+8y°, z =4
s  Yy: 27

4. .T'+9+4_l z=0, z=2
2 2

EI- F_Uz+9:] ::U- ::4?1
2
T . |

6. ?—yz—ﬁ?:':l z=0, =z=1
> TE ~ D :

7. I"*L—':'_l._ z =0, z=1.

3agaya >. BelumcimThk 00BeMEI Tell, 00pa3OBaHHEIX BpalllcHHEM BOKpYr ocH OX olmnacrem,
OrpaHHYEHHBIX I'pa(pHKaMH 3aJaHHBIX () YHKI[II.

. y=-2"+1, y=0. 2. y=sin(zz/2), yv=r
. y=1x° y = J/I. 4, y=zr°, y=2r.
§ i COs I, i 510 2, £ =1 (0 < x> < w/4).
6. y= sin® r. y =0, c=x/2 (0D<x<xw/2).
i. y=e", =1, x = 1,
5. y=Inax, iy =, T = &.
2
9. v . y =1, xr =1,
T
10. w CO8* T, y=10 ( r/2 < x < w/2).
Borrpocer.

1. 3armmmmre H3BeCTHBIE BaM (DOPMYIIBI BEIUHCIIEHHS ITIOMIaAeH TUIOCKHX (DHTY]P.

2. Kak BRIMHCISETCS IDIOMAAb IIIOCKOH (PHTYPHI ITPH ITOMOIIH OIpeIe]IEHHOIO HHTerpana?

3. Uro Takoe KpHBOJMHENHAS TPareIHs?

4. Kax BRIYHCIIHMTS IUIOIAAb KPHBOIHHEHHOH TPaIel{ii, OrpaHHYeHHOH CBEPXY KPHBOH,
3aJIaHHOH ITapaMeTPHYECKH?

5. UYto0 TaKoe KpHBOJMHENHBIN CeKTOP? KaK BEIMHCIINTE ILIOIAAb KPHBOIHHEHHOLI O
ceKkTopa?

6. Kak BEIYMCIHTE JJIHHY IYTH KPHBOH?

7. Kak BEIUMCIHTE 0OBEM TeNa IIPH ITIOMOIIH OIIPede/IEHHOrO HHTerpaia?

8. Kaxk HanTH ruiomanes IMoBEpXHOCTH BpalleHHS?

9. Kakme dpmsnyeckHe (MeXaHHYeCKHe) IMIPHIOKeHHS OIpelelIeHHOTO HHTeTpalla BhI
3HaeTe?

Ilpakmuueckans pavoma 5. Hacmusie npouszeéodHsle nepeozo nopaoxka. Yacmmuoie
NpouU3600Hble 6bICHIUX NOPAOKo6. [lonnviii Oouggpepenunan Gyukuuu. /[ugepenunuanst
6bICIUUX NOPAOKOS. /ughhepeHuup 06 aniie CLOHCHBIX 1 HEAGHBIX (DYHKUUIL.

I[ens: copMupoOBaTh YMEHHE BBIYHCIIATH YacTHBIE ITPOH3BOAHEBIE H JH(depeHIHan (PyHKIHH
HECKOIIPKHX TIEPEMEHHBIX H TIPHUMEHATH ITONIYYEHHBIE YMeHHS IIPH PEIIEHHH IIPAKTHYECKIX

Sallat. [OKYMEHT MNOAMNUCAH
T eop emaeGRAH HUEINYICHIO

Ceptucomkatr: 2C0 A 0 _
Bnaneneu; mﬂﬁzﬁéﬁTﬁﬁﬁiﬂ Dﬂz’ﬁ V6dcTH 3a/1aHa dJyTHmILHuz = f(x, y). Bo3spMeEM IIPOH3BOIBHYIO
TouKy M(X, V) 1 3aaJuM ITpHpaiieHne AX K riepeMeHHoN X. Torga BennunHa Axz = f( x + AX, y)

NencTe m;anfz‘a KE Dg—IEEIIj%%%%q' EEBGEHD EI%RCT HbIM “p HpﬂmEHH EMZ(EFHE“HH no Xx.



M 0OKHO 3arTHcaTh
Az flx+Ax,y) - f(x,y)

Ax Ax
. Az - .
Torma Emﬂ &; Ha3bIBACTCS YACTHOM MPOM3BOAHON QYHKIMH z = f(X, y) ITO X.
OOO3HAYEHHE :
oz, . Jxy). L
— I [ (x).
ox ox

AHaJIOTHYHO OIpeJiesaeTcs YyacTHas IMPOH3BOAHAS (PYHKIHH 10 V.
Oy Sy +Ay) - fx )
ay Ay —l ‘ﬁy

g - oz
I'eoMeTpHYeCKHM CMbBICJIOM YaCTHOH ITPOH3BOJHOH (JIOITYCTHM 6_) SBIISETCS TAHTEHC
¥

yIJla HAaKIOHAa KacaTeIbHOMH, ITPOBEAeHHOH B Touke No(Xo, Yo, Zo) K CEUEHHIO ITOBEPXHOCTH

ITIIOCKOCTBIO ¥V = Y.
S DPEDeH U P OEEHIEE Ko MIEaT I

1. Ecnu €7 J'r(:‘: J’Js ;=:=;=:(.if), }’=J"('f)~’rc:

de _of dx  9f dy
t dxoxt dydt

2 Eenm 2 =f'[?f, .J-”l A= H{E, S), ;F=y'[.ﬁ, 5']', e
2 _of dr_ o dy
gzt B¢ xt Ovdt

oz _of ox  of 9y
B Bxds By &

o= L By Ep  E g
S

oo guddepennuaiom QyHxiym z = f(X, y) HazbIBaeTcs ITIaBHAsl JIMHEHHAS
OTHOCHTEIBHO AX H Ay IpHpareHHs QYHKIHH Az B TOUKe (X, V):

& = fl(x, y)dx+ f](x,y)dy.
T QYHKIHH ITPOH3BONBHOTO YHCIIa IIEpeMeHHBIX:
0 0 0
df (x,v,z,..,1) = iderider Lt idr.
ox dy ot

[Tprvep. Hafiti mmonHerit qud GepeHIman G yHKIHT 2 = x° .

du = %dﬁ:Jr%der%d:
ox oy o=

82:‘! _ 2 _ _'19:—1. _ yj: _ a” _ yj: 2.
— =y zx —=x""Inx-2yz; —=x""Inx-vy
0 © 0 T 0 :'
X y it

JOKYMEHT MNMOANCcAH

SNEKTPOHHOW Nognu ) I B L | piz i 3y
Ceptupukatr: 2C0000043ESABBB952205E7 @E&ﬁﬂﬁSE {fr +2x Y= ]Il .ICI_?)/ T y X 111 I{t

Bnageneu,. UettlacTHLIE HpOoH3BoAHbIEC BBICIHIHX NMOPAIKOB:
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Ff 8
et B

&f _a(e z

a{c@) a]: ay HIIH i

— ﬁ E
o

o) ()’

;;; - ;[ii{] HJIH J{;E;um = (fxz"];,.

A nddepeHHAIBLI BBICIIHAX nupﬂ,[umﬂ'

= |

&f
63:3

) 2
Cf f e fdxﬂ faryﬂ?
CELTY o
b b I
A" f=ct TS g, b M
B Hm— k)
dmf = [ atx+—cfy] £,
o
i .cz’x+ a? _
roe . ay ¥ - oneparop guddepEENHpOBAHKA
Bonpocet u 3a0 auu:
3amayva 1.
HaiiTi yacTHBIE TPON3BOIHEBIE IO BTOPOIO MOPSIKA BKIFOUHTEIBFHO 3aJaHHBIX ()YHKIIHIL:
1. z=e"Y, 2. z=uxInlz/y).
3. 2 = sin(zy). 4. z =¢e"cosy.
5. 2= /a? + 32 6. z=In(z?+y).
7. 2= +/2xy + y>. 8. z=In ¥zy.
9. z=gwcosy+ysinz. 10.z=(1+2z)%(1+y)L

3ajaya 2.
HaiiTi mpoH3BOAHEIE (PYHKIHMH z=Z(u,V):

l-" ' -u'r
Zp w2, u=ulr,y) uv=o(zy).
2

1. z=u’+v%, u=z+y, v=zx-—y.

2, z=In(u®+v*), u=zy, U= 2/y.

J. 2 " i = sin.x. = CO8 1.

. u* + 2, u=r -y, o= gtV

2. z=arctg(u/v), w= rsiny, U= I COs 1.

b, = ]u[ i L :I 1 re _lll'?, L 1.

i ut + v, = In/z* +y*, v =anarctgly/z).

8. == v, u = lnfx* + y*), v=ay°.

OOKYMEHT NOANMNCAH

SnEkTPOHHOM Nognncblo i = ln x, v = lny.
CepTudukar: EEGDD.PHﬂSEEAB?EBﬁEEDE TBAEGGGEG'DEIEIEI&IE!E' | "
Bnapeneuy; lLleBayxoBa TEITI:HHE .ﬂ._;'fém':aﬁ,u, ogHa A LESE V-

3ajgada 3.
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Haiitn mpon3BogHbIe (DYHKINHI, 3aJaHHBIX HESBHO:

"y

l. & = x¥. 2. v=1<+y".

3. =+ Iny. . z4+y=¢""%,

3. rfe™ — ytett =10, 6. r—y+arctgy = 0.

1. wsinx — cos{x —y) = (. 8. sin(ry) — eV —x y = 0.

0 1+xy—In(e™ + e~ =0, 10.2° -2ey+v*+x+y-—2=0,
BoITpOoCHI:

1.JlafiTe orpejelieHHe YaCTHOI O ITPHPAIeHHS (DYHKI[HH IT0 HE3aBHCHMOMH ITepeMeHHOH.
2.YT0 TakKoe IONMHOe ITpHpalleHHe (YHKIHH?

3.Uro Takoe 4YacTHas IIPOM3BOAHAS (PYHKI[HH HECKOIBKHX IlepeMeHHBIX? Kak
0003HAYaeTCs YacTHAS ITPOH3BOIHAS?

4 IlosicHHTE TeOMETPHYECKHI CMBICIT YaCTHOH ITPOH3BOIHOH.

5.Yto Takoe guddepeHIHan §yHKIIHA HECKOIbKHX ITepeMEHHBIX ?

6.YT0 Takoe MHHeapH3aIH I (yHKIHI?

7.IlosmuTe nmpapiia JH((epeHIPOBAHIS CIOKHBIX H HESIBHBIX (DYHKIIHIL.

8. Kaxk HalTH YaCTHEIE IIPOH3BOAHEIE BTOPOr 0, TPETHETO,. .., N-T'O ITOPSAKa?

9. 3armnmTe (QOpMYITY JJIS BEIYHCIEHHS AH(PepeHIHana BTOPOro Mopsaka () yHKIHH
IBYX IIEPEMEHHBIX.

Ilpakmuueckaa paboma 6. KacamenbHaa u HOpMALL K noéepxHocmu. Ilpouzeéodnaa no
HanpasaeHuw. I paduenm. Ikcmpemym PyHKUUN HECKONLKUX nepemeHHblx. Haubvonvuiee u
HAaUMeEHblUlee 3HAYCHUA PYHKUUN. Y CII06HbLIUL IKCIP EMYM.

Ilens: chopMHpoBaTh YMEHHE HAXOIHTH ITIPOH3BOIHYIO 10 HAIIPABIEHHIO H I'PaJHEHT () YHKITHH,
ypaBHEHHS KacaTelIbHOH H HOPMalIH K ITOBEPXHOCTH, HCCIEAOBaTh (DYHKI[HIO HECKOIBKIX
TIEPEMEHHBIX U IIPHMEHATH ITOITYYEHHEIE YMEHHS ITPH PeIlleHHH ITPaKTHYECKUX 3a/1au.
Teopemuueckan wacms:

HOp ANk —

- )
N -
s h ~
e g N\ .
. '.-_ __________ -'-.-‘.
/ N 7 f ~ e
! X ad e
—_— — _;___1;_...-~ ) jf:-f - f"'-
e~ i i e
e (o 1T e
LT -
a -~ o~
~ - s
~ e -
~"  pacaTencdad IJoefosTr e

IIyctb N 1 Np — TOUKHM JaHHOH ITOBEpPXHOCTH. IIposemem rpsmyro NNp. IIIIOCKOCTB,
KOTOpas IPOXOIHUT Yepes3 TOUKY No, Ha3hIBaeTCSd KACATEJbHOH ILUIOCKOCTBIO K TTOBEPXHOCTH,
ECIIH YTOII MeXIYy ceKvIneH NNo H 3TOH IUIOCKOCTBIO CTPEMHTCS K HYIIIO, KOTZa CTPEMMTICS K
HYI0 pacctosHue NNo.

HopMmauiblo K ITOBEPXHOCTH B TOYKe Ny Ha3bIBaeTCA ITpsAMas, ITPOXOASINas Yyepe3 TOUKY
No IIEPIEHIHKYIIIPHO KacaTeIbHOH ITIOCKOCTH K 3TOH ITOBEPXHOCTH.

B kakoif — mi60 TOYKe IMTOBEPXHOCTh HMeeT, THOO TOIIBKO OAHY KacaTelIbHYIO INIOCKOCTE,
THOO He HMeeT €€ BOBCE.

Ecmi moBepxHOCTh 3aJjaHa ypaBHeHHeM z = f(x, y), rae f(x, y) — QyHKIms,
nuddepeHimpyeMas B Touke Mo(Xo, Vo), KacaTellbHas IUIOCKOCTh B TO4Ke No(Xo,Yo.(Xo0,Y0))

CYHICCTBYCT H HMCCT dBHCHIIEC.
OOKYMEHT MNMogriMcAH

ANEKTPOHHON NARMGDX, , vy ) = £ (Xg, o (X — Xg) + f; (Xg, v )V — ¥y)

Ceptvpmkatr: 2C0000043ESABBBO52205E7BAS00060000043E -
Bnageneu; meﬁ};ﬁaﬁiﬁmimw K ITOBEPXHOCTH B 5TOH TOYKE!
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X-Xx, V-V, I—ZI

JNENTY f_-;(xn:-yn) -1
I"eoMeTpHYECKHM CMbICJIOM IIOJHOro rHddepeHIHana GYyHKIMH ABYX IIEPEMEHHBIX
f(x, y) B Touke (Xo, Yo) SBISETCS ITPHpAIlEHHEe AaNlUIMKAThl (KOOPAHMHATHI z) KacaTelbHOI
TUIOCKOCTH K IIOBEPXHOCTH TIPH IIEPEXOE OT TOUKH (Xo, Vo) K TOUKe (Xo+AX, Yo+AY). Kax
BHHO, TeOMETPHUECKHMII CMBICI IIOMHOro JubdepeHnHana GYHKIMH ABYX IIEPEMEHHBIX
ABTIAETCS IIPOCTPAHCTBEHHBIM aHAJIOTOM TeOMETPHUYECKOro cMbIcia IHpdepeHImana (yHKIIHH

OJHOH IIEPEMEHHOH.
[Iprmep. HaliTh ypaBHeHHS KacaTeIbHOH ITIOCKOCTH H HOPMAIH K IIOBEPXHOCTH

s=x = 2xy4+ vy —x+2y
B Touke M(1,1,1).

o= o=
—=2x-2y-1;, —=-2x+2y+2
ox oy

o= -

= =-1 o = 2.

ox|,, |y,

YpaBHeHHE KacaTelIbHOI ITIOCKOCTH:
c-1==(x-1D+2(y-1); x—2y+z-=0;
YpaBHeHHE HOPMAJIH:
x-1 y-1 =-1
-1 2 -1
I'pamenT (PYHKIMH BEIYHCIIIETCS IO (popMyTIe:

erad ;= zﬁg}

[TprMep. HaiiTh rpajieHT (pYHKIHH
u =z — arctg (y + 2)

B Touke M (2,1.1).
1. HaxomuM 9acTHBIE TPOU3BOIHbIE (hbyHKIHEE u = x> — arctg (y + 2):
of ., Of 1 af 1
= J2r, = — , = = :
Ox - Oy 14 (y+2)* 02 1+ (y + 2)?

.
2. BorameaseM 9acTHBIE TPOM3BOAHBIE GYHKIINM u = &~ —arctg (y + 2)
B Touxe M(2,1,1):

2,1,1)

1 1
fA2.1,1) =4, f(2,1,1)=-=, f(21,1)=—
| 5 D
3. DBpramciasem rpaineHT QyHKUHH U z? — arctg (y + z) B Touke
M(2,1,1):
' r w r ] ].
grad {fi(2,1,1), fl(2,1,1), fl(2,1,1)} 4, —=, —= ¢ .
( ‘ 0 D

OTeer. grad f

5

] 1
(2,1,1) 2

Hp OH3BOHAA IO HAIIPABJICHHID, OITPCACIIICMOMY BCKTOPOM.
f=cosq-T+sing:-]

OIPpCACTICTCH KaK.
[OKYMEHT NMOANWCAH _
SNEKTPOHHOW MNOAMUCHIO of — o COS Y+ ism ¥, i = grad { .
Ceptudukar: 2C0000043E9ABSBI52205E7BA500060000438x &y o

Snaneneu: ORI AN APVHIGTINE z = f(X, y), OIIPe[eleHHOl B HEKOTOPOIH OOTIacTH, B HEKOTOPOIL

OKpecTHOCTH TOUYKH Mo(Xo, Yo) BEpHO HepPaBEHCTBO
Nencteutened: ¢ 19.08.2022 no 19.08.2023
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S (xg.39) > f(x,).,

TO Touka M Ha3bIBaeTCI TOUKOH MAKCHMYMaA.

Ecm mig ¢pyHkipm z = f(x, y), OIpPedelleHHON B HEKOTOPOH OO0IAacTH, B HEKOTOPOM
OKpecTHOCTH TOYKH Mo(Xo, Yo) BEpHO HepaBEeHCTBO

S(xg,y0) < f(x),

TO TOuKa Mo Ha3BIBaeTCSA TOYKOH MHHHAMYMA.

Teopema. (Heo0xoaumbIe YCJI0BHSA IKCT PEMYMA).

Ecm ¢pyHkimsg f(x,y) B ToUke (Xo, Yo) HMEET 3KCTPEMYM, TO B 3TOM TOUKe ITHOO 00e ee
YaCTHBIE IPOM3BOAHBIE IIEPBOTO IOPSAIKA PABHBI HYTIO f(xg,¥y)=0, f;(xy,y) =0, mibo

XOTS OBI OJIHA M3 HHX HE CYIIECTBYET.
BTy TOUKY (Xo, Yo) OyZIeM Ha3bIBaTh KPATHIECKOH TOYKOH.
1 eopema. (/locTaTouHbIe YCI0BHA YIKCTPEMYMa).

[IycTh B OKpeCTHOCTH KPUTHYECKOH TOUKH (X0, Vo) QYHKIA f(X, V) HMEET HEIIPEPHIBHBIE
YaCTHBIE IIPOH3BOIHBIE JIO BTOPOr O ITOPSAAKa BKIFOUHTETLHO. PacCMOTPHM BEIpaKeHHE:

D(x,y) = £4(x,3) f1(x3) - | fo (o)

1) Ecmu D(xo, yo) > 0, To B Touke (Xo, Yo) QyHKIHS f(X, y) HMEET BKCTPEMYM, ECIH
S5 (xp,¥y) <0 - MakcuMyM, eciit [ (Xg, V) > 0 - MITHHMYM.

2) Ecmu D(xo, yo) < 0, TO B TOUKe (Xo, Vo) PyHKIIHA f(X, y) HE HMEET SKCTPEMyMa.

B cirydae, eciau D = 0, BBIBOJ] O HAIHYHH SKCTPEMYMa CIEIaTh HEllb35.

YcI0BHBIH YKCTPEMYM HAXOIHTCS, KOrJa IIepeMeHHEBIE X H Y, BXOASIIHE B () YHKI[HIO U
= f( X, y), He ABILIIOTCS HE3ABHCHMBIMH, T.€. CYIIECTBYET HEKOTOPOE COOTHOIINEHHE ¢(X,y)=0,
KOTOPOE Ha3BIBAETCS YPABHEHHEM CBSI3H.

Torma u3 nepeMeHHBIX X H Y TOIIBKO OJHA OyIeT He3aBHCHMOMH, T.K. APYras MOKeT OBITh

BRIPAKEHA Yepes3 Hee U3 YPABHEHHS CBS3H.
Torma u = f(x, y(x)).

du of N of dy
dx Ox Ovdx

B Toukax skcTpeMyMa:

du of Of dy 0

= = (1)
dcx Ox Oydx
Kpome Toro:
o, Sedy_ (2)
ox Oy dx

YMHOKHM PaBeHCTBO (2) Ha YHCIIO A H CIOXKHM C paBeHCTBOM (1).

of O dy), . 09 0pdy
ox Oy dx ox Oy dx

gﬁiu@ + ng?La(p dy:o
ox Ox oy oy ) dx

T[S BEITIOIHEHH ST 3TOI'0 YCIIOBHSA BO BCeX TOYKaX HaieM HeollpelelIeHHBIH
KO3(p(HITHEHT A TaK, YTOOKI BRIITOIHSTIACH CHCTEMA TPEX YPaBHEHHIA:

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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ng}La—(p:O
ox ox
<g+la—(p:0
oy 0oy
P(x,y)=0

L

[lonmyueHHass cHCTEMa VYpaBHEHHH SBIISIETCS HEOOXOMUMBIMH VCIIOBHSMH YCIOBHOI'O
sKcTpemMyMa. ODHAKO BTO VYCIIOBHE HE SBIISETCSA JOCTAaTOYHBIM. [losTOMy IpH HaXOXIcHHH
KPHTHYECKHX TOYEK TPeOyeTCs X JIOTIOJIHHUTEIFHOE HCCIEMOBAHIE HA SKCTPEMYM.

Bripaxenne u = f(x, y) + A@(X, y) HazbBaeTcsa pyHKiue Jlarpan:xka.

[Ipimep. Hatitu sxcTpemyM GyHKIHH f(X, y) = XY, ECIIH YpaBHEHHE CBS3H:

2x +3y—-5=0
u=xy+AM2x+3y-25)
%:erZl; %:erBR;
ox oy
(y+2A=0
sx+3A=0
2x+3y-5=0
5 S S
12 4 Y 0

55
TaxrM oOpa3oM, (PYHKIHS HMEET SKCTPeMyM B TOUKE [H ; g] :

Hcrons3oBanne ¢yHkipm JlarpaHka IJId HaXOXJAeHHS TOYEK SKCTpPeMyMa (DYHKI[HH
Ha3bIBAETCS TAKXKE METOJ0M MHOHTe el JIlarpan:xa.

Bonpocet u 3a0 auu:
3amauva 1.
Haiiti ypaBHEHHA KacaTeIbHOH IUIOCKOCTH H HOPMAIIH K ITOBEPXHOCTH B 3aJaHHOH TOYKe M.

. z=a%+y* M(1,=205).

;1'2 '-l'fE :E
+ L 0, M(4,3,4).
TR R }

3. z=sinxcosy, M(r/d,7/4,1/2).
4. z=e" v M (1,7, 1/e).

-

s =ytge, M(n/4,1,1).

6. z=arctg(z/y), M(1l,1,7/4).

7. z(y+2)(z—xzy)=8, M(2,1,3).

R, 2¢/= yov/z =8  M(2,2,1).

9. 2 +y*+22—-16=0, M(2,2,2V2).

)
-

10, 22 + 92 — 22 = -1, M(2,2,3).

Sajlata 2. [IOKYMEHT, NOANWCAH
HaiiTH I paggetrHdiyHKIIEB TOYKE.

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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1. w=z+In(z2+4%), M(21,1).

u =%y — Jry+ 22, M(1,5-2).

u = sin(z + 2y) + 2 /xyz, M(m/2,3n/2,3).
u=a"+ /y?+ 22, M(1,1,0).

u = /Ty + vO—22, M(1,1,0).

6. u=In(3 - 2%) +xy*z, M(1,3,2).

7. u=zy’z—In(z—-1), M(L,1,2).
8
9

Ll S

Cm

u=In(z? +y*), M(1,-1,2).
u=ay—=x/z, M(—4,3,-1).
10. u = In(z + /22 +42), M(1,-3,4).

Sagaya 3.
Haliti mpon3BogHYO (DYHKI[HH U B TOYKe A ITO HaIIpaBIIeHHIO K TOYKe B.
1. u=z+In(2?+y?), A(2,1,1), B(0,2,0).

2. u=z’y— xy+ 22, A(1,5,-2), B(1,7,-4).
3 3n
3. u=sin(z + 2y) + 2,/ZYz. (E Sl ) BG+4.§+3,3).

4. u =23+ /y® + 22, A(1,1,0), B(1,2,-1).

5. u= Ty + V9 - 22, A(1,1,0), B(3,3,-1).

6. u=In(3—2%) +zy°z, A(l1,3,2), B(0,5,0).

7. u=2%y*z —In(z - 1), A(1,1,2), B(6, —5,2v5 + 2).
8. u=In(z®+ y?), A(1,-1,2), B(2,-2,3).

9. u=1In(z+ 2%+ y?), A(1,-3,4), B(-1,-4,5).

10. u =y — £, A(-4,3,-1), B(1,4,-2).

3agaua 4. HaiiTH S3KkcTpeMyM (p YHKI[HH:

l.z2=2a°—zy+y 2.z =x° — 2y — Y*.
3.z=a 20y +20° +20. 4d.z2=2"+9y° -2’ - 2zy — >
Boz=a—=2y =3 +6y. 6.z=4dx+2y—a’—y°.

o0

" : » 2 ‘
c 2 =a" + y° — 15ay. 2 =x+axy +y° - 3z — Oy.

7

0 2=a4+4° -2zy+4. 10.z==z/y+1/z+y.
3agauva 5. HalTH yCIOBHBIH SKCTpPeMyM () YHKIIHIH:
Dz=x"+y' —xy+x+y+3=010pu x+y+3=0;
NDu=xyz’ mpi x+2y+3z=12(x>0,y> 0,z > 0):
3) z=x+2y mpH x° +y° = 5.

Borrpocsr:
1. JaiiTe ompejeneHHe TOKaIbHOIO MaKCHMyMa ( MHHHMYMa) () YHKIIHH B TOYKE.

2.ChopMyImHpYHTE HEOOXOIHMEIE YCIOBHS SKCTPeMyMa.

3. ChopMyIIHpYHTE JOCTaTOYHBIE YCIIOBHSI SKCTPEMYMa.

4. OOBSIC HIINEOH APR @ OKRCTPEMYMA KI[HH B 00JIacTH.
SNEKTPOHHOW MO I'IHEI:IOP byH

Coprupmear L - THNSHACATHIRH AL IHQGKQRTS K TIOBEPXHOCTH?

Bnanendy; UT OlsPaK@E HOPMAITEk-AHposHa
7.Kak cocTaBHTh YpaBHEHHE KacaTeIIbHOH ITIOCKOCTH H HOPMAIIH?
Heicteutened: ¢ 19.08.2022 no 19.08.2023
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8. JlaliTe oIpeeneHe TpaJiieHTa (PYHKIHH.
0. JlaliTe ompeeneHHe ITPOH3BOIHOH IT0 HAITPABIEHHIO I (DYHKIHH HECKOIIBKHX ITepeMeHHbBIX.

3aIHIIHITe COOTBETCTBYIOIIHE () OPMYIIHI.

Ipakmuueckana paboma 7. Ceoucmea u Memoobl 6bIUUC/ICHUA 060UHO20 UHMeZPAld. 3aMeHa
NEePEeMEHHBIX 6 060UHOM UHMeEZpAle.
Ilens: chopMEpoBaTh yYMEHHE BBIYHCIATHL JBOHHOH HHTErpal H IIPHMEHSTHh IIOTyYeHHBIE
YMEHHS ITIPH PelleHHH ITPAaKTHYECKHX 3a1a4.
Teopemuueckana uacms:

PaccMOTpHM Ha ITIOCKOCTH HEKOTOPVIO 3aMKHYT VIO KPHBYIO, YPaBHEHHE KOTOPOH
f(x,y)=0.

E: o+

R_H_’H_ql\
Y
\ g

-
W
¥

COBOKYIIHOCTh BCEX TOUEK, JIEKAIMX BHYTPH KPHBOH H Ha CaMOH KPHBOIH HA30BEM
3aMKHYTOH 00J1acThIO A. Ecin BRIOpaTh TOUKH OOIACTH 0e3 yuyeTa TOUEK, JIEKAIIHX Ha KPHBOMH,

o0macTes OyJIeT Ha3BIBAETCA HE3aMKHYTOH o0nacTh A. C reoOMeTpHUYECKOH TOYKH 3PEHHS A -
TUIOMIaAb (PHTYPEI, OrpaHHYEHHOH KOHTYPOM.

Pa3o0peM 0051aCcTh A Ha n YaCTHYHBIX OOJIACTEH CETKOH IIPSAMBIX, OTCTOSIIUX JAPYT OT
APyTa I10 OCH X Ha PacCcTOsHHE AX;, a IT0 oCH YV — Ha Ay;. BooOI1ie roBopsi, TaKOH ITOPSIOK
pa30neHH I HeoOA3aTeleH, BOSMOKHO pa3OHeHHe 00IIacTH Ha YaCTHYHBIE YUYAaCTKH
IIPOM3BOJILHON (POPMEI H pa3Mepa.

[Tomy4yaeM, 4TO IUTOMIAAb S JAEIHUTCS Ha 3JIEMEHTAPHBIE TIPSIMOYTOJIbL HHKH, TUIOIIAH
KOTOPEIX PaBHEL Si = AXj - Ay;j .

B xaxoi yacTH4HO#M 00J1acTH BO3bMEM ITPOU3BOIBHYIO TOUKY P(Xi, yi) H COCTaBHM
HHTETPATIBHVIO CYMMY

if(-xf:.yf)-S,-;
i=1

rae f— (b}q{ICL[IIH HEIIPEPBIBHAA H OJHO3HATHAA I BCCX TOYUCK oOmacTH A.

EcmnH 6ecKOHEYHO YBCIIHYHBATDh KOJIMYCCTBO Y4CTHYHBIX oOmacTen fﬁi, TOrg4d, OUCBHIHO,
IIomaab Kaz 0o HaCTHYHOI'O YHACTKaA Si CTPEMHTCAH K HYJIIO.

Ecm rpu cTpeMIIEHHH K HYIIIO I1ara pa3oHeHHs 00inacTH A HHTEIrpalbHBIE CYMMEI
i=n
Z f(x,,v,) S, HMEIOT KOHEUHEIH ITPeJIET, TO TOT IIPelell Ha3hbIBAeTCI ABOHMHBIM HHTEI PAJIOM

i=1

oT pyHKIHH f(X, y) 110 o0macTH A:

OOKYMEHT NMoanncAaH

SNEKTPOHHOM rogucbio  Iim Zf(xj - Vi )S: — _Uf(x, y)afxa’y,
' .ﬂ.—!ﬂﬂ;-_f,_l A

e e &
|

i ' - L SOy '] I
iKAaT &\ 43E9AB8BBA952205E7/BAS

g IV XOBd iITeEHHA l CAHOADOBHS
C YyYETOM TOI'0, YTO Si = AX; - Ay; HoIy4aeM:

B | } e} 11 i - 1|
Ly () I 10 L] -
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i=n i=n

Zf(:fz:.y;)S = > f(x,.3,)Ap,Ax,

i=l i=1

B HpI[BE,I[EI—H—IGﬁ BBIITIC 34ITHCH HMCHOTCAH JBd 3HAKA E:. T.K. CYMMHPOBAHIIEC ITPOH3BOAHTCA
I1O ABYM IICPCMCHHBIM X H V.

T K. IeneHne o0IacTH HHTETPHPOBAHHS IIPOH3BOIBHO, TaKKe IMPOH3BOJIEH H BRIOOP
Touek Pj, To, cunTas Bce IUIOIAH Si OHHAKOBEIMH, ITOITy4aeM (pOpMYILY:

I [ /Gx, y)dydx = im 22 f(x)ayhx.
ﬂg %EI
CopMyIHpyeM JOCTaTOYHBIE YCIIOBHS CYIIECTBOBAHHS JBOHHOIO HHTEIpaa.

1. Ecnu dyHxam f(x, y) HEIPpephIBHA B 3aMKHYTOI 00IacTH A, TO JBOHHOHN HHTETPATl
J] f(x,y)dA cymecTByer.
A

2. Ecim pyHkimd f(x, y) orpaHiYeHa B 3aMKHYTOH 00lIacTH A M HETIPEPBIBHA B HEH BCIOLY,

KPOMe KOHEYHOI'O YHCIIa KYCOUYHO — ITIaJKHX JIHHHI, TO JBOHHOH HHTEIPall II f(x, v)dA
A
CYIIECTBYET.

(CBOHCTBA IBOHHOI'O HHTeIrpasa.

D [[[£Go)+ £:.Gox) = £ )dva = [[ £.Geyydvae + [[ £.(x, y)dvae = [[ £,(x, »)dyx.

2) [[&f G, yydvee = k([ f (x. y)dyd .

3) Ecm A = A1 + Az, TO
|| f(x, ydvdx = [[ f(x,3)dvax + [[ f(x, y)dvex.

4) Teopema o cpegHeM. /[BOIHOM HHTerpal oT (pyHKIMH f(X, y) paBeH IIPOU3BEACHNIO 3HAUECHH
STOI (PYHKI[HH B HEKOTOPOI TOUKe 00TacTH HHTETPHPOBAaHHI Ha TUIOIMAAb OOTacTH
HHTET PHPOBAHH L.

|| fGe)dydx = f(xq,95)-S

5) Ecmu f(x, y) = 0 B o0mactu A, TO _U f(x,v)dvdx =0,
Fi

6) Ecmn fi(x, y) < f2(x,y), 10 [[ £, (x, )dvdx < ([ £, (x, y)dydx
A A

< I [ | £(x, )|dydx .

OKYMEHT NoganncaH -
an'[éﬂ'rngHgﬁ I'I%,EII'IHEI':I'D BrIUHCIIEHHEe JBOHHOI'O HHTEIpaia.

Ceptudmkar: ECGGGGGdSEEABBBQEEEDEET DDEDDGDDJSE .
Bnageneuy; L|_|e5 ﬂﬂﬁiﬂ I _},J HeNPePLIGHI & ?MKH_}’HIDH Gﬁﬂﬂﬂﬂ!ﬂ ,ﬂ GEpﬂHH‘IEHHGH

MUHUAMIL X = A, X = b, (a<b)y=@x),y=uyx), 20e u Y- HenpepviéHvle PVHKYLIL U
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@ < Y, mozoa

b wix) b w(x)
[[ /G 3)dedy=| [ [/, y)ddex = [ax [ f(x.0)dy.

A a '\ qx) a  @x)

* /‘F;@\
il

7=z

g
-
e

[ IprMep. BeIYMCIHTE HHTETpan II (x— y)dxdy, ecri o0nacTh A orpaHHYeHa TMHASMH: Y =0, y

i

=x>,x=2

o

4_

1 /a

al o Ty
P = [ [ v [ | = - D= Z -2
R I e P
=4—352:0:8

Teopema. Ecau @pyuxyus fix, y) Henpepsiena e zamxHymoii obrnacmu A, oepaniiueHHoil

mHuaMuy = ¢,y =d (c <d), x = Ay), x = Hy) (NAy) < ‘Hy)), mo

d )

[[ f(x, )dedy= [dy [ f(x,y)dx
A ¢ P(y)
) g
[ Iprmep. BEIYHCTHTE HHTErpal II (x” + y " )dxdy, ecrii o0macTe A orpaHHYEHA THHHSIMI
A
y=x.x=0,y=1,y=2.
¥
¥= &
2
i /
OOKYMEHT NOANWCAH
SNEKTPOHHOW NOAMNUCHLIO 1
Ceprudomkar: 2C0000043ESABBESS2205E7TBAS00060000043E /
Bnageney, llleGayxoea TaTeAHa AnexkcaHgpoBHa 0 »
=
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jﬂj(rw )dxdyﬂay!(s‘: +y)dx=lj[%+y x]\ jyafy \1 =5

[TprMep. BRIMHCIIHTH HHTETPall J.J.(ij —2xy+ y)dxdy, ecr 00nacTh HHTETPHPOBAHHI

A orpaHmueHa MHHHSIMH X = 0, X =y%, y = 2.

2

J.J.(ij — 2xy+ y)-::ifx-::i'y=:[-.f:f_};:[(:’;xj —2xy+ y)dx = j(xE — x4 _}—:c)i dy =
A 0 0 0 0

1 7 ¥ 4 1 244
_ 6 _ S Ly DNdv= |2 _
!(y vy’ +y7)dy [,? - ID T8

Bonpocet u 3a0auu:

Ba,ual{a 1. HSME:HHTL HGpH,[[GK HHTETPHPOBAHHS:
2/x

/dr/j’[rydyi/dr/;’ry
2. ]@/fxyﬁ+/@/{LM@.

1/4 1/y
-3 36—y? 0 v~y 12y
. [ay [ fewdes [d [ fewds
—6 0 -3 0
16 32
4. fdy / flz,y) r:i'r-l-/dy f flz,y)dz.
0 ~y/4 16 — /32—y
V6 v’l 6x2 2v'3 Vv12—=z
D / / flx,y)dy + /dT f flz,y)dy
0 0 V6 0
6. frfu / flx,y)dx +f f (z.y)dz.
—1,'/';.2:; y*
3amaya 2. BRIWHMCIHTE ABOHHBIE HHTErpaibl II0 oOmacTsM D, orpaHHYeHHBIM 3alaHHBIMI
JTHHHSMH .

//{21" - '.{J'} dx d;@,n Yy = .1'.'2, y = \/,_r
D

2. //{a:—y}d;ndy, y=2-x°, y=2z—1.
,5

3. ff{yln;ﬂ]d;{rfiy, y:l1 y=+z, =2
T

D AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceptvdmkar: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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4., // (cos 2z + sin y) dx dy, Yy =

D

H. // sin(x + y) dx dy, y=x, y= ; xr=0.
5

[ 2 1

6. //—nii:xrd_t.r. y=—-—, y=x, =2
JJ oy I
D

4 [/ (2° +y)drdy, y=1°, y=vr
x

Borrpocsr:

1. JlariTe omnmpeaereHHe JBOMHOIO HHTETpaa.

2. [TosgcHuTe reoMeTpHYE CKII CMBICTI JIBOHHOI'O HHTETpaJa.

3 Ilepeuncmire CBOHCTBA JBOHHOIO HHTEIrpaa.

4 .YT0 TakKoe IMOBTOPHBIH HHTErpan?

5.OImuImTe IpoIecC BEIYMCIEHHS JBOHHOIO HHTErpala B JeKapTOBEIX KOOPAHHATAX.

Ilpakmuueckaa paooma 8. Augppepenuuansrsie ypasHeHUA ¢ pa30eaLOMUMIUCA
nepemeHHsiMU. O0HOpOOHbIe YypasHeHUA. JIuHellHble YpaA6HEeHUA. YPA6HeHUA, NPUEOOUMBLE K
JIUHEHHBIM.

Ilens: chopMHpOBaTE YMEHHE OIPEAeIITh M pemarh J[Y ¢ pa3ellTIoIIHMICS TIepeMeHHBIMH,
OomHOpomHBIe JIY, mmHeHHBIE JIY M IIpHUMEHSATH TIONYUEHHBIE VYMEHHS IIPH PEIICHHH
ITPaKTHYECKHX 3a/1ay.
Teopemuueckan wacmeo:

qnddepeHHAILHLIM  YPaBHEHHEM  Has3bIBaeTCAd  YpPaBHEHHE,  CBSA3BIBAIOIIEE
HEe3aBHCHMEBIE IlepeMeHHBle, HX (YHKIMH H IIPOH3BOJHBIE (MMM JH(p(epeHIManbl) 3TOH
¢yHKImH. Ecnn guddepeHIaIbHOE YpaBHEHHE HMEET OJHY HE3aBHCHMYIO IIEPEMEHHYIO, TO
OHO HAa3bIBAETCS 00LIKHOBEHHbLIM AU depeHIHAITBHBIM YPABHEHHEM, €CIIH K& He3aBHCHMBIX
IIEpeMEHHBIX JIBe MWIH Oonee, TO Takoe JH((epeHIHaTIbHOE YpaBHeHHe Ha3bIBAeTCH
aAQPepeHIHATBHBIM YPABHEHHEM B YACTHBLIX MNPOH3BOMHBIX. HaNBRICIIOII ITOPSIOK
IIPOM3BOMAHBIX, BXOJSIMX B VpPaBHEHHE, HA3BIBACTCSI NOPSAKOM JU((pepeHIHATLHOTO
YPaBHEHHS.

[ Iprmep.

¥’y +8y—x+5=0 - OOBIKHOBeHHOe AH(dEepeHIIHATBHOE ypaBHeHHe | — ro Topsaka. B
06IeM BHIE 3armiceiBaeTca F(x,y,v')=0.

d’y dy

X 3 +.xyg+ X~ =y - OOBIKHOBeHHOe JH(depeHIMaIbHOE YpaBHEHHe 2 — ro Iopgaka. B
00I1eM BHIe 3armiceIBaeTcsa F(x,y, v, y") =0

v’ %‘l— xyg—; =0 - mddepeHIHAIPHOE YpaBHEHHE B YAaCTHBIX IIPOH3BOAHBIX IIEPBOTO
ITOpSIKa.

O0mmM pemeHneM JH(]epeHIIHATFHOIO YpaBHEHHS HasbIBacTCd Takasd IH(QepeHIppyeMast
pyHKHA y = @(x, C), KoTOpas IIpH ITOJACTAaHOBKE B MCXOJHOE YpPaBHEHHE BMeCTO HEH3BECTHOM
(YHKI[HH oOpallaeT ypaBHeHHeE B TOXIECTBO.

JTuddepeHIHaTEHEIE YPABHEHHS IIEPBOrO ITOPSJIKA.

mgmﬁgm YpaBHEeHHeM IEPBOro NOPSAAKA Ha3bIBAaeTCS COOTHOIIEHHE,

CeprucBFA3BIBAIOHICT\E

00@Co0dI€PBYIO IIPOH3BOJHYIO H

Branenisio OT HSTIHERTE B canaposse

Nencteutened: ¢ 19.08.2022 no 19.08.2023
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YpaBHeHHA ¢ pa3ge/IAIONIMHCA NepeMeHHbIMH
nddepeninanbHoe ypaBHeHHe Yy = f(x, y) Ha3bIBaeTCAd YpaBHEHHEM C Pa3Jae IsIIoN[HMHCH

NEpeMEHHbIMHA, CCJIIH €I'0 MOKHO 34ITHCATh B BHJC

¥ =a(x)B(y).

. —2X
[IprmMep. Haiiti oGrmee permenne gud hpepeHIHATIBPHOIO YPaBHEHHT: VY =
COS y
d
yCcosy AP, ¥
dx

ycos yvdy = —2xdx
ch-:rs vdy = —Ej.xdx

=y, dv=cosydy,

chﬂsydy: :ysiny—jsinycfy:ysiny+cﬂsy

du=dy, v=smy
ysin y+cosy=-x +C
ysin y+cosy+x  +C =0

- 5TO ecTh OONMMI HHTerpal HCXOAHOro AHpdepeHIMATbHOrO ypaBHEHHS, T.K. HCKOMAas

(YHKIMS H He BBIpaKeHa Yepe’ He3aBHCHMYIO IepeMeHHYI. B 3TOM H 3aKIodaeTcs
oTJIHYHe OO0IIero (YacTHOr0) HHTErpaJa oT o0mero (YJacTHOro) peleHns.

7 d 9
IIprvep. PelmiTh ypaBHEHHE Y’ = y"é . gy = yﬁ
Vv Py = ds
J.y_ﬁdy = Ici*r
3y 5 = x+C
27y = (x +C)’ - o6LIMIT HHTETpaIl
V= % (x +C)’ - obImee pelleHHe

JIMHEeHHBIE VDABHEHHS.

JInddepeHaTbHOE ypaBHEHHE Ha3bIBAeTCS JIHHEHHBIM OTHOCHTEIIBHO HEeH3BECTHOH

() YHKIITHH H €€ IIPOH3BOIHOH, ECJIH OHO MOKET OBITh 3aIlHCAaHO B BHJIE:
V' +P(x)y=0(x),

ITPH ATOM, €CIIH IIpaBasg 4acTh (J(x) paBHa HYIIIO, TO TaKOe YPaBHEHHE HA3BIBAETCH JIHHEHHBIM
OJJHOPOHbIM JH(]p(epeHIIHATFHEIM YPaBHEHHEM, €CIIH ITpaBas 4acTb (J(x) He paBHA HYIIIO, TO
TaKOe YpPaBHEHHE Ha3bIBAETCS JIMHEHHbIM HEeOJHOPOAHBIM JH() (pepeHIHaIbHBIM YPaBHEHHEM.

J[11g HHTerpHpPOBaHHS THHEHHBIX HEeOJHOPOJHBIX ypaBHeHHH (Q(x)=(0) NMPHMeHSIOTCS B

OCHOBHOM J[Ba METOAA. METOA bepHYIIIIH M MeTOJ JIarpaHxa.
MeTton bepHVYIDTH.
CyTh MeTOJa 3aKIIOYaeTCS B TOM, YTO HCKOMAaS (PYHKIHS IIpelCTaBISIETCS B BHJIE

IIPOHM3BEIEHHS ABYX PYHKIIHH y = UV,

, dv du
[TpH 3TOM O4YEBHIHO, YTO V' = U -— + v -— - TH(PepeHIIHpPOBaHHE ITO YACT SIM.
dx dx
[TomcTaBIsII B HCXOQHOE YPaBHEHHE, TTOTYYaeM:
dv  du
Uu——+v—+ P(x)uv = 0(x)
NOKYMEHT MOAMWCAH A dx

3NEKTPOHHOW NOANMCLIO

Ceptuidmkar: ECGDGGMBEBABBBBEEEDEETBAEGDDEDGGDDdEE’fF dH P B
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa i TV + (I)H _ Q(I)

dx dx
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Jlanee ciueayeT BaXKHOe 3aMeUaHHe — T.K. TIepBOHavalbHagd QYHKIMA Oblla IIpejicTaBlIeHa
HAaMH B BHJE ITPOH3BEIECHNSA, TO KaXKABI H3 COMHOXHTEIEH, BXOASIIHX B 3TO IIPOH3BEIEHIE,
MOZKET OBITh IIPOM3BOIBHBIM, BEIOPAHHBIM 10 HAIIIEMY YCMOTPEHHIO.

HarmprMep, GyHKIMS v = 2x° MOXKeT OBITh IIpeAcTaBleHa Kak y=1-2x"; y=2.x";
y=2x-x, HT.IL

Taxrm oOpa3oM, MOKHO OJHY H3 COCTABIISIIOINNX ITPOH3BEIeHHE (DYHKI[HIT BEIOpaTh TaK,

di
YTO BBIPaKeHHE IJrP(x)u— 0. TaxmMm o0pa3oM, BO3MOXHO IIOTYYHTL (QYHKIIHIO i,

X
IIPOHHTETPHPOBAB, ITOTYYEHHOE COOTHOINEHHE KaK OJHOPOAHOe TH(PepeHIIHaIbHOE YPaBHEHHE
ITO OITHCAHHOH BBHIIIIE CXEME:

W pyd. [ ~[P(x)dx,  Infu|=-[P(x)dx.

I
In|C,|+ Infu| =~ [P(x)dx, = ce 79" c=1/c;

,HJIH HAXOXRIACHHA ETﬂpDﬁ HeH3BECTHOH (1)}’]—]14.1[}]1[ VvV ITOACTABHM ITOYHUCHHOC BBIPAAKCHHC

dv du
I (PYHKIIHH u# B HCXOJHOE YpaBHEHHE HI—I—t I-FP(T)H =(0(x) ¢ y4eTOM TOr0, 4TO
X X

BBEIPAKCHHC, CTOAIICC B GKG@I{E]K: PABHO HYIJIIO.

_[P{r}dr (f‘v

—=0);  Cdv=0(x)e
HMHTerpupys, MOKeM HAHTH d)yHKT_[HH] v
P(x)dx |
Cv= [0l v+ Cy; v=—Jowe

T.e. Oplma ITOJIYVHCHA BTOpPdd COCTABIIAIOIIAA IIPOH3BCACHIIA VY =uv, KOTOPOC H

onpeAesieT HCKOMYIO (DYHKIHIO.
[Topcrarmsaa momydeHHbIe 3HAYEHHS, ITOTyYaeM:

_[P{r}dr I

2

Pix)dx
J dx+C,;

V=uv = Ce_* [Pad [IQ(I)E Ipmdrdx +C, j

OKOHYATENIHHO ITOIYYaeM (POPMYILY:

x)dx x)dx
y=e e UQ(I)E* T v, ) C» - TIPOH3BOIILHEII KOA( DHI[HEHT.

OTO COOTHOIIEHHE MOKET CUHMTATBCSI PEMIEHHEM HEOTHOPOJHOIO JIMHEHHOI'O
TH(pPepeHIHaIbHOIO YPaBHEHHS B OOIIEM BHJIE 110 CITOCO0Y bepHYIIIH.
Bonpocst u 3a0 auu:
3agaua 1. Haiitn HHTerpaapHble KPHBEIE JH((epeHITHAIFHBIX YPaBHEHHH:

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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l. ydzr+ (14 x2%)dy =D 2, vy =tprigy.

3. ¥y y= —2rsecy. 4, o +sinfxr + y) = sin{x — y).
5., yll+z3)y +2(1+9*)=0. 6. efdr—(1+eX)ygdy=0.
7. ¥ =2e"cosz. 8. ¢ =ulny.
plia 1
9, ¢y = : =, 1. ¥ = )
1 + =2 va? — 1
3agaya 2. Haittn oGimee pemeHni gH(QepeHIIHATbHOIO YpaBHEHH:

1. o

i I 3 “§
i ¥ 2, 4 Y 1 3 oy = ay+y'e
€I L

/]

=y

)

. xrcos = dy+ I:.J'.' 1) GO - j de=0. 5. (z*® + 2zy)dzx + zy dy=0.

ol ol

6. ry'In [E) =1+ yln (E) . . yde+(2,/2y —x)dy = 0.
x T
" p F P _n E " .l
B. (dy*+z)y' = xy. 9. &y sin L j) Fa=ysin { j) .
4 ¥ L

10, zy+y* =(22° 4+ ) v

3agaua 3. Haiitn perneHns 3aga4 Ko i qudgpepeHIaabHBIX YPaBHEHHH:
1. xy +y=e* =10, y(1) = 0.
2, y —ytgz = : . y(0) = 0.
o
3. y’n‘n:n'p-"l Ir+y=1ige, y(0) = 0.
1. y —ythr= ch” T, y (0] = (.
1 I!'2
5.y .1'1:.1 " = rinz, yle) = 5
6. y'sinz —ycosz = 1, y(5)=0.
T. ¥ —ytgxr =cosr, y(0) = 0.
Borrpocsr:
1. Jlaitite onpenenenne AudQepeHIINaIbHOIO YPaBHEHHS.
2. Kak omnpegensgercs mopsaok AuddepeHIHATLHOTO YPaBHEHH?
3. Uro Ha3pIBarOT OOIIHM (YaCTHBIM) pelleHHeM JH(P(epeHIHaIbHOI 0 YPaBHEHHST?
4. B yeM cymHocTs 3amaun Kormm?
5. IlpmBegnre mpuMep  AHQQepeHIHAILHOIO  YVPpaBHEHHA C  Pas3JlellsEOIIHMHCS
IEPEMEHHBIMH.
6. Ommmmre xXof permmeHHS JIH(Q(EpPeHIHAIFHOIO YPaBHEHHS C  Pa3JelIsrOIHMICS
IepeMEeHHBIMH.
7. Kakoe qudpepeHIHaIbHOE YpaBHEHHE Ha3bIBAIOT OXHOPOIHBIM?
8. Kaxkoe guddepeHipanbHOe YpaBHEHHE HA3bIBAIOT JIHHEHHBIM?
9. OnmmmTe MeTOH bepHYIUIH pereHHs THHEHHBIX JTH(PepeHIHAIbHbIX YPaBHEHHH.

Ilpakmuueckana padoma 9. VpasHeHus 6bicuiez0 NOPAOKA, 00NYCKAOU{le NOHUMCEHILE
nopaoka. Jluneiinole oughhepenunanbHole ypasHeHUA 6bLCHIUX NOPAOKOE.

Ilens: chopmipoBaTh YMeHHe OIpeAeiaTh BHA JY H BeIOHpaTh cIrocol pemeHHs /IY BEICIIETO
TTOpsAKa, IIPHMEHSTH MTONTYYEHHEIE YMEHHS ITPH PEIleHHH MPaKTHYECKHX 3a1ay.

JOKYMEHT MNMOANCcAH

T eop emil e R UWHETHY PO

Ceptudmkar: EEE&DG@%&BBEBEEEDSET BAS00060000043E

Bnaneneu: e

Nencteutened: c 19

LHBIM YPaBHEHHEM IOPAIKA 1 Ha3bBAETCS YpaBHEHHE BUJIA:
F(x,v,v',..,y")=0
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B HEKOTOPBIX CIIyYasX 5TO YpaBHEHHE MOKHO pa3pellTh OTHOCHTENBHO Y™

¥ = fx 3 ),

Tak e KaK H YPABHCHHC IICPBOI'O ITOPAAKAd., YPAaBHCHHA BBICIIIHX ITOPAAKOB HMCHOT
OeCKOHEUHOE KOIIHYECTBO pEH_[EHI]ﬁ.

InddepeHaTbHEIE YPaBHEHHS BBICIIHX ITOPSIKOB, PEIleHHEe KOTOPBIX MOJKET OBIThH

HaHeHO aHAIIMTHYeCKH, MOKHO Pa3JIelIHTh Ha HECKOJIbKO OCHOBHBIX THIIOB.
YpaBHeHHS, JOITYCKAFOIIHE ITOHHKEHHE TTOPSJIKA.

[loHmxeHne mnopsaka JH(Q(PEpeHIMAIbHOIO YPaBHEHHS — OCHOBHOH METOJ[ PEINEHHS
ypaBHEHHI BBICIIHX ITOPSAKOB. 3TOT METOJ JaeT BO3MOXKHOCTh CPAaBHHTEIBHO JIETKO HaXOIHTh
pellleHHe, OJHAKO, OH IIPHMEHHM JaleKO He KO BCeM YpaBHEHHSM. PaccMOTpPHM ciIy4yaH, KOrja
BO3MOKHO ITOHHKEHHE ITOPSIIKa.

VpaeHenns Buga v = fix).
Ecm f(x) — pYHKINSI HelmpephIBHAS Ha HEKOTOPOM ITPOMEXYTKe a < X < b, TO pelleHHe
MOJKET OBITh HaHIEHO ITOCIIEA0BATEIBHEIM HHTETPHPOBAHHEM.

Yo = [ f(xax+C,;
v = ([ fodx+ €, i+, = [ax[ f@)dx+Cx+C:

y=[dx[dx.. If(x)derC(H b +C, (H—E)!JFMJFC”;

[TprMep. Penmmits ypaBHeHHe V" = e ¢ HAYaIbHBIMH YCIOBHAMH X0 = 0; yo = 1;

vop=—1 y;=0.

y' = J.ejxdtJrCl = %sz +C;

r 1 Ix _1 Ix i
y—j[ae +C1]fi’5—13 +Cx+C,;

1 2x _1 2x 1 2 .
y—j HE +Cx+C, —ge +EC’1x +C,x+ C;;

IlogcTaBHM HadallbHBIE YCIIOBHAL

1:l+635 —1:l+C,,;, 0:1+Clj
8 4 ) 2
1 5 7
Ci=—, C,=——; C;,=—;
2 ) 4 8
1 .. 1 5, 5 7
[TomyyaeM yacTHOe pelleHHe (pemnieHHe 3agayd Komnmn): y = 3 e — E.x‘ = EI + 3

YpaBHEHHS, He coJeprKallie SBHO HCKOMOH (DVHKITHH H_e€ ITPOH3BOJIHEIX JIO ITOPSIKa k —
|/ BKIIIOUHTEIILHO.

Ato ypaBHeHHd upa: F(x,y™, y*™  y")=0.

B YPABHCHHAX TAKOI'O THIIA BO3MOMKHO IIOHHAKCHIC IIOPAAKd Hd k eIHHII. ,HJIH ITOI'O

ITPOH3BOJAT 3aMCHY HEpEMEHHGﬁZ

y® = o e B

Torna nef¥aEMod tepmcso-= )= 0.

Ceprudmkar:  2CO0PETRIRS ROPRYETIIRN IO PO ueHHOe qH(PepeHIIHAIbHOE YPaBHEHHE IIPOHHTET PHPOBAHO

Bnaneneu: llleGayxoea TaTeAHa .l':"..I'IE!HEEH,.'J,pDEHE -

H COBOKYIIHOCTE €I'0 PCHICHHH BbIPAACTCHA COOTHOIIICHHCM.
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s=y(x,C.C,,..,C ).

Jlenass oOpaTHYIO ITOJICTAHOBKY, HMEEM:
y{Kj — llJ(I:, Cl e Cj R Cat—k )

HUHT CIPHPYA  IIOJIVICHHOE  COOTHOHICHHE  ITIOCIICAOBATCIIBHO k pa3, IIOJIyHacM

OKOHYATEJIbHBIH OTBET:
y=0¢px,C,.C,,..,C).
r

Y

[Tprvep. Haiitu oGinee pemieHie ypaBHEHHT y" =
X

r )

[IprmMeHseM MoACTaHOBKY = = ¥"; ' = ",
- dz = dz dx J-d:

T-
_ k. R
X

y X dx x’ = X
hl‘z‘ :hl‘x|+lnCl; z=0Cx,

[IponsBens oOpaTHYIO 3aMeHY, ITOITYYaeM:
le1

y'=Cx; y':J.Clxdx:?f +C,;

B Cl 7 . Cl 3 .
y= I[?Y +C3]d't:— ?x +C,x+Cy;

OOImee perreHne HCXOAHOro JH(PpepeHIIHAIFHOTO YPaBHEHHS:
y=Cx’ +C,x+C5;

OTMETIIM, HTO 3TO COOTHOIICHIIC ABJIACTCA PCIICHHEM IJIA BCCX 3HaYeHHIH HEpEMEI-H-IDﬁ X

KPOME 3HAa4CHHA X =0.

YpaBHEHHSL HE COAepKallle SBHO He3aBHCHMOK IIepeMeHHOHH.

10 ypaBHeHHS BHaa F (v, ...,y ) =0.
[Topsamok TaKHX YpaBHEHHMIT MOJKET OBITh ITOHMJKEH Ha €HHHI[Y C ITOMOIIBIO 3aMeHBI

ITepeMeHHBIX V' = p.
, ay' dv' dy d
dcx dy dx dy

P = P dy

g g o d[j—p}?] 7 2
mo_ L _ V ) Y _ id D= Y ‘f? : @ pP- HT.I.
dx dy dc dy dy dy”

[Toxpcrarmsa 3TH 3HaUYeHHS B HCXOHOE AU (epeHIMaIbHOE YpaBHEHHE, TTOITYIaeM:
dp dn—lp
Flyv,p,—, .., — =0
n-1
dy dy
Ecmi 310 ypaBHeHHe mpouHTerpupoBath, 0 @(y,p,C,,C,,..,C )= 0- COBOKYITHOCTb
ero pelleHHil, TO JUIS PelleHHs JAHHOTrO JH((epeHIIHAIFHOIO YPaBHEHHS OCTAETCS PEIHTH

ypaBHeHHE IIepPBOT0 MOPSIKa:

@(y,y,C,,C,,...C, _)=0.
[Tprmep. Haiiti o6rmee permermie ypaBHeHHS yy" —(v')° — 439" = 0.

OOKYMEHT DDﬂHHCHH (gv
Iﬁ:% i . "o i
Ceptvdmkar: 2C0000043E9ABEB 2205E rBAS0006 i]EIEIEI-d"gE: y dy p’
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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) d
yp@—p‘—%pzﬂ; plyE-p-ay|=0,

dy dy
d,
1) yﬁ—p— 4y =0, L 4+£;
dy dy y
JI11s perieHs IMOTyYeHHOr O JH( (] epeHIIHAIBHOIO YpaBHEHH IIPOH3BEIEM 3aMeHY ITePeMEHHOM:
I = £
¥y
di d
H+—£y:4+u; d’u:d—y;
dy y

Idu = 4Id—y; 1= 4]1’1‘y| +4InC; 1= 4]1’1‘01}»“;
Y

3

p=4yh|Cy

d
C y4eTOM TOTO, YTO P = gy , TIOJTy4aeM:

dy . dy [
a 4_)/]11"31}/1:. Iﬁly]ll‘Clyi Idx:

1 dm|Cp) 1
x= EI

= —Inm|C vy
m|Cy 4 ‘ Cus

‘+Cj;

OOIHiT HHTErPal HMEET BHJI ]11‘111|-C'1 y” = 4x+C

2) p=0, ¥y =0; y=C,
Taxmv 06pazoM, TTOIYYIIH JABa OOIMHX PEIeHHS.
JInHeHHbIM JH((PepeHIIHATBHBIM YPABHEHHEM 1 — I'0 MOPSAAKA Ha3bIBacTCH JIFOOOE

ypaBHEHHe TepBOil cTeNeHH OTHOCHTEMbHO (QYHKINH y H ee TPOH3BOIHEIX ', v",..., v BHAa:

PV +p "+ p "+ L+ p V' P,y = f(X);
TIE po, Pi, ...,Pn— QYHKIMH OT X IJIH ITOCTOSHHEIE BETHYHHEL IIPHYEM po = 0.

OTMETHM OJHO Ba’KHOE CBOHCTBO JHHEHHBIX YPaBHEHHH BBICIIINX ITOPSIKOB, KOTOPOE
OTJIMYAET MX OT HEIMMHEHHBIX. /711 HEIMHEHHBIX YPaBHEHHH YaCTHBIH HHTErPall HaAXOMHUTCS H3
O0IIEro, a I IHHEHHBIX — HA000pOoT, OOIMI HHTErpajl COCTARISETCSA U3 YaCTHRIX. JIMHEHHEIE
ypaBHeHH ITPeJCTABILIIOT cOO0H HanOolee H3YUeHHBIH KIacce JH(QPepeHIIHaTIbHEIX YPaBHEHHH
BEICIIIX ITOPSAKOB. 2TO OOBSICHSIETCS CPaBHUTEIBLHON ITPOCTOTON HaXOXIeHH PellleHHs. Eci
IIPH pelleHHH KaKHuX — JIHOO IIPaKTHYECKHX 3aJad TpeOyeTcsd pelmTh HelHHeHHOoe
ITHdepeHIIHAIbHOE  YpaBHEHHE, TO YacTO IIPHMeHSIOTCS IPHOIIKEHHBIE  METOJIBI,
ITO3BOJISIFOLIHE 3aMEHHTh TaKO€ YPaBHEHHE “ONH3KHM = K HEMY JIHHEHHBIM.

Bonpocet u 3a0 auu:

3agaua 1. Haiitn oGrpie pemeHnd gud pepeHIHaIbHEIX YPaBHEHHI

1. E,I'”' — 1 Elr.-il :ry” L Hr — 1.

| ¢
o

3 (1 4+22" 44" +1=0. 4. 22" +axy = 1.

==

. 2 3
.oy" +y" =1+z. 6. '+ =1

|'_ I!"'II:I 1 !’ff] IIIJ_l'n'l .;.:- I!IIII.IF _IF'III.I!IIII'-
AOKYMEHT NOANMWCAH

ONEKTPOHHGHAQARMOLIO 10, " = 4",
Ceptucomkatr: 2C0 B 4 e
Bt mﬂgﬁﬁﬁﬁzﬁ@;ﬁﬁﬁgﬁﬁﬁ Janay Komm mis nnddepeHIHanbHbIX YpaBHeHHI:
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L. vy =1, y(1/2) =1, y' (1/2) = 1.

2. gy +y"* =1, gy =1, y'(0) = 1.

3y -y"+yly-1=0, y0)=2 y'(0) = 2.

L ¥ +y"-29y" =0, y(0) =1, y'(0) = 1.

5 3y =y+y2+1, () = =2, y'(0) = 0.
3agaua 3. Halith oGrie pemeHnd JH¢ pepeHIHAIbHEIX YPaBHEHHI
l. ¢" +y=cosz. 2. ¢y +y =2y = 8sin 2z,

. " — 2y + 06y =eTeos2e. 4. ¥ +y=3sinz.

5 " + 4 = 4xcosx. 6. 3" — 9y = &% cos x.

7. o" — 4y = €% sin 2z. 8 " — 2y = 2re*(cosx —sinx).

9. oy —y=2sinr-4dcosz. 10. y'' —6y" 4+ 25y = 2sinx + Jcos .
Borpocksr:

1. Kaxme Buawpl gudQepeHIHaIbHEIX YPaBHEHHH, JOITYCKAIOMIMX ITOHIDKEHHE ITOPSIKa
BrI 3HaeTe?

2. Kakyro 3aMeHy IlepeMeHHOH HeOOXOAMMO TIPOBECTH, €CIIH B VPaBHEHHH SBHO HE
COIEPKUTCS HCKOMAS (D YHKIIHST, He3aBHCHMAas IlepeMeHHas?

3. Kakoe ypaBHeHHe Ha3bIBAIOT JIMHEHHBIM C ITOCTOSHHBIMH KO3 (PHIHeHTaMH?

4. Kak crpourcs oOIIEe PeELIEHHE OIHOPOMHOIO JIHHEHHOIO VYPaBHEHHUS BTOPOIO
ITOpSAKA C IIOCTOSHHBIMH K03()(PHIHEHTaAMH?

5. Kak HantH o0O0Iee pelleHHe IJIMHEHHOIO HEOAHOPOIHOIO YPaBHEHHS BTOPOIO
ITOpSAKA C IIOCTOSHHBIMH KO3() (PHIHEHTaMH?

Ipakmuueckaa paboma 10. Cucmemol Ou@ppepeHuUAIbHBIX YPAGHEHIUU, OCHO6HbLE
nonamus. Humezpuposarnue HopmansHoIx cucmem. Cucmemsl ypaASHEeHUN ¢ ROCMOAHHbIMU
KO3 puuuenmamii.

Ilens: chopmMHpoBaTh YMEHHE pellaTh HEKOTOPbIE BHIBI cHcTeM Y, IPHMEHSATH IOITYYCHHBIE
YMeHHS IIPH PEIIEHHH ITPAaKTHYEeCKHX 3aay.

TEﬂpEHHFIECKﬂH yacmbob.
CGEGI{}’TIHDCTL COOTHOIIIEHHH BH/A:

rFl (X, V)5 VooV, s Vs Vosos V1) = 0
F. (X, 9.V, 0¥, sV Vo0 ¥, ) =0

B (Y5 Y0 Y, Vs Vs 1) = 0
IJle X- He3aBHCHMAs IlepeMeHHasL, Vi, V2, ...,Vn — HCKOMBIe (DYHKIIHH, Ha3bIBaeTCS CHCTeMOH
Aud¢epeHNINAILHBIX YPABHEHHH MIEPBOro MOPAAKA.

Cucrtema Jgu(depeHIMaTbHBIX  VpPaBHEHHII IIEPBOrO  IIOPSAKa,  pa3pellleHHBIX
OTHOCHTEJIPHO ITPOH3BOJHBIX OT HEH3BECTHBIX (PYHKITHI Ha3bIBAcTCS HOPMAJLHOH CHCTEMOH
aaQdepeHIIHANBHBIX YPABHEHHH.

Takasg cucTeMa HMeeT BH/I:

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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rdy
—1 ﬁ(x,yl,yg:---:yn)
dx
dy,
— = 7, X, =R TEEE B
I Fr(X Y05 90558,)
dy,
= £, (%21 2559,)
dx

Tl mprvepa MOXKHO CKa3aTh, YTO I'paHK PeIleHH I CHCTEMBI ABYX JH(] pepeHIHambs HbIX
ypaBHEHHIT IIPeICTaBIIeT COO0 HHTErpaTbHYIO KPHBYIO B TPeXMEPHOM ITPOCTPAHCTRBE.
Teopema. (Teopema Komm). Ecau e wHexomopoii obnacmu (n-1) —mepHozo

npocmpancmea  @yuxkyuu  f,(, Y, V1508, ), (VL Vny), o (YL V0nY,)

HenpepuvleHbl U UMEIONl HeNnpepbleHble Yachuble NPOU3BOOHbIE NO VY ,V,,..., ¥V, , MO 011 n0boii

mouxrit (Xy. V0, Vogo--s V,n) 9MOIl 0bRACHILL CYyUgecneyen eOUHCHIGeHH0e petleHe

y=0,(x), v,=¢,(x), .. vy, =0, (x)
cucmemul ouggepenpans Hvix VpaeHeritii euoa (1), onpedenenHoe ¢ HeKOMOPOIl OKPecmHOCHIiL
MOYKLL X0 U YOOBNEeNBOPAIOUjee HaYalbHbIM YCA0BUAM Xy.Y q> Vags-sV,q-

O0mmpM pelmeHHeM CHCTeMBl JH(QepeHI[HaIbHEIX YpaBHeHHH BHAa (1) Oyaer
COBOKYIIHOCTD yHKIIIHI »=¢,x,C,C,h,....C), Vv, =9, (x,C,C,,...C,),

v, =0, (x,C,,C,,...,C ), KOTOpbIe IIPH IOJICTAHOBKE B CHCTEMY OOpAII[alOT €€ B TOKIECTBO.

HopmanbHbI€ CHC TEMBI JIHHEHHBIX OHOP OJHBIX ,I[Hd)dJEDEI-]]_[HHIIthIK YpaBHEHHH ¢ ITOCTOAHHBIMH

K03 (dH HeHTAMH.
[Ipn paccMmoTpeHHH cHCTeM JH(p(epeHIIHATbHBIX YpPaBHEHHH OTPaHHYHMCS CIIydaeM
CHCTEMBI TpexX VypaBHeHHH (n = 3). Bce HIDKecKa3aHHOE CIIPaBeJJIMBO IS CHCTEM

ITPOH3BOJIBHOI'O ITOPAIKA.

HopmanbHass  cucTemMa — JH(Q(PEpeHIHAIbHBIX  YPaBHEHHH ¢ ITOCTOSHHBIMH
Ko3(praiHeHTaMI Ha3bIBaeTCA JHHEHoH oJHOPOAHOM, eCIIH e MOKHO 3aITHCcaTh B BHJIE:

-

dy

dx

d=

dui N N

—=a, V+a,,z+a.u
3l 32 33

dx

e

PenreHns cucTeMel 00Ialar0T CIIeAVIOIIHMMI CBOHCTBAM:
1) Ecou y, zz u — pemennusa cuctemel, To Cy, Cz, Cu , tne C = const — TOXe SBIITIOTCS
PEIIEHHSIMH 3TOH CHCTEMBI.
2) Ecrmm yi, zi, w1 M y2, 22, u2 — pellieHHT CHCTEMBI, TO y; + V2, 27 + 22, U1 + U2 — TOXKe SBILTIOTCS
PEIIEHHSIMH CHCTEMBI.

fox fox fox
PemreHsg cHCTEMBI HIIYTCIBBHAE: y=0e , -=PBe ., u=ve , o.,B, v,k = const

IlogcTaBiissa STH 3HAYEHH S B CHCTEMY H IICPCHECA BCC UIICHBI B OAHY CTOPOHY H COKPATHB Ha Ek't.,
ITOIIYHaA CM.

ﬂ(ﬂn —k)o+a,B+asy=0

AOKYMEHT MOAMVCAH a,0+(a, —k)B+a,y=0
SNEKTPOHHOW NMOoANHUCBEIO - == 2

Ceptuidmkar: ECGGGGGdSEEABBBQEEEDEETBASGGﬂEGﬂﬂGﬂdEﬁE1(1 -+ (IE"B -+ (ﬂ33 — k)'}" — U
Bnaneneu: lleGayxoea TaTeAHa AnexkcaHgpoBHa -

JIA TOT'O, YTOOERI ITOIIYVHUCHHAA CHCTCMa HMCIIa HCHYIICBOC PCHOICHHC HeOOXOQHMO H

ﬂEHCTEmég?&Tg?E%EIE%Q EI;T%@D%IE DGEIE'[IJE,[[EHIITEHL CHCTCMbI 652-115 PaB€H HYIIIO, T.C..

A




a.—k a =0

21 21 23

as) as, 33 — k

B pe3yiabTare BBIYHCIEHHS OIIPEACIIHTENS IIONYYaeM VYpaBHEHHE TPEThEH CTEllEHH
OTHOCHTEJIBHO k. DTO VPaBHEHHE HA3ZBIBACTCS XAPAKT €PHCTHUYECKHM YPABHEHHEM H HMEET TPH
KOPHA ki, k2, k3. KaXXaoMy H3 3THX KOPHEH COOTBETCTBYET HEHVIIEBOE PEIIEHHE CHCTEMEI:

. .Ii.'-']_.T _ . .Ii:l.T . .Ii:l.T

y, =0o,e ", z, =B, u, ="7e
b x fonx b x
Y, =0, 7, Z, =B.e™, u, =7,e",
_ KX - KX _ KX
V3 =05e, Z; = Pse™, U; =7vse .

JInHelHas KOMOHHAIMSI STHX PeIIeHHH ¢ ITPOH3BOIBHBIMH KO3((HIIHEHTAMH OyJeT
PEIIEHHEM CHCTEMBI:

y=C,o,e™ +C,a.,e”" +C,0.,™";
z=CBe™ +C,B,e™ +Cife™;
u=Cpry.e™ +C,y,e™ +C,y,e™.
I Iprvep. Hamtu oflI1ee pelieHe CHCTEMBI VPaBHEHHI:

x'=5x+2y
Y =2x+2y
CoCTaBHM XapaKTEPHCTHYECKOE YPABHEHHE:
5-k 2 ,,
2 2 k:ﬂ: (5—k)(2—k)—4:0j 10_5k—2k—|—k;—4:0;

k> —Tk+6=0; k=1

1

., k,=6;
PerrnmM cucreMy ypaBHEHHH :

(a, —k)o+a,f=0

a0+ (a, —k)Bp=0

(5-Da, +2B, =0 dou, +2B, =0

s k;:
20, +(2-DB, =0 200, +B, =0

[lomaras o, = 1(nmpuHIMaeTcs mo6oe 3HaYeHHe), ITonyJaeM: 3, = —2.
5-6)a,+2B, =0 —la., +2B, =0

Jns ko ; ; ; )

200, +(2-6)B, =0 200, —4p, =0
[lomaras o., = 2 (rmpuHUMaeTcs I000e 3HaYEHHE ), TIoy4aeM: B, =1.
x=Ce' + ZCEEM
y=-2Cce + Cjem

OTOT IIPHMEP MOKET OBITh PEIEH APYTHM CIIOCOOOM:
[TpomnddepeHimipyeM nmepBoe ypaBHeHHe: x" = S5x'+ 2y,

OO11ee pelIeHHe CHCTEMBI:

[TogcTaBHM B 3TO BRIpaKeHHEe IMPOH3BOJHYIO ¥ =2x + 2y H3 BTOPOr0 YPaBHEHHS.
x"=5x"+4x+ 4y,
[TomcTaBHM CroZla v, BRIpakeHHOE H3 IIEPBOI0 YPaBHEHH .

N r r
[OKYMEHT MOAMMUCAH X =5x +4x+2x —10x
ANEKTPOHHOW NOANMCHIO " f _
x —T7x +6x=0

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa kl — 6: k,l — 1

x=Ae +Be": x' = Ae' +6Be”
46
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2y =x"—5x=Ae' +6Be® —54¢' —5Be”
1
y=-24e¢ +EB€ﬁr;

1 x=Ce +2C,e"
O6o3HaunB A= C,; —B =C,, noory4yaeM pelleHHe CHCTEMBI: L
2 y=-2Ce +C,e

=

Bonpocet u 3a0 auu:
3agaya 1. Haittn oG1mee pemieHmi cHCTeMBl JH( ) epeHIHATIPHBIX YPaBHEHHIH

j_’::—x-[- y+ 2sinf —dJcost
j—f:: --'E'i,lf —-_!-r 4{;|—T‘ilﬂf—mtmf |

3amgaya 2. Haittu PEHICHITA CHCTEM, YAOBIICTBOPAIOIIHE 3d1dHHBIM YCIIOBH AM.

D ¥ =yp—2zy x(0) =1,
YV=x+y;, y(h=2
F=x-42z} z(0)=3.

2) x = bx— T2y -+ 44z x(0)=9;
' = —dx - 40y — 222} g (0)=3;
= —bxJo7y—23lz}) z(U)=T.

Borrpocsr:

1. JlaiiTe ompepeneHne CHCTEMEL TH(epeHIaIbHbIX YPaBHEHHH IIEPBOTO ITOPSIKA.

2. Kakag cucreMa gudpepeHIHaIbHbIX YPaBHEHHH Ha3bIBAeTCSI HOPMAILHOI?

3. Uro Ha3BIBaIOT OOIHM pellleHHeM CHCTeMbI JH( pepeHIHaIbHbIX YpaBHEHHH?

4, Kakaa cucreMa aH(QepeHIHAIbHEIX YPaBHEHHH ¢ ITOCTOSHHBIMH KO3()(PHIMEHTAMH
HAa3bIBAETCS JINHEHHON OXHOPOIHOM?

5. Kak cocTaBmsercss XapaKTepHCTHYECKOE VYpPaBHEHHE CHCTEMBI AH((eEpeHIHaIbHBIX
ypaBHEHHH ?

6. Kaxumu cBoiicTBaMH 00IaJar0T PelIeHHs CHCTeMBI JH( pepeHIHaTbHEIX YpaBHEeHHIH ?

Ilpakmuueckaa paboma 11. Cxooumocms paoa. Heobdbxooumsiii npusHaK cxo0umocmu
yucioeozo pAaoa. JlocmamouHsle NPUSHAKU CXOOUMOCHIL 3HAKONOCHIOAHHLIX pPAOOE:
RNPU3HAKU cCpasHeHU A, npusHak /lanamobepa, npusnaxku Kouwiu. Q6 00 uleHHbLL 2APMOHUYECKIULI
pAao.

Ilens: copMHpoBaTh YMeHHE JeJIaTh BEIBOJ, O CXOQHMMOCTH psiia Ha OCHOBAaHHH HEOOXOIHMOIO

H JOCTATOYHBIX IIPH3HAKOB CXOJHMOCTH 3HAKOIIOCTOAHHBIX PAJOE, IIPHMCHATE ITOIIYVHUCHHBIC
YMCHHA ITPH PEIICHHI ITPAKTHYCCKIIX 3aa™.

TEﬂpEHHFIECHIIE yacmb.
C}"Iﬁ.ﬂﬁ.{ﬂ, YIIeHOB OeCKOHEYHOH YHCIIOBOH ITOCIIEAOBAT EIIEHOCTH U, u,,...,u,,.. Ha3bIBACTCAH

TNCGI0BBIM DHIOM.

(8
Uy iy + U, L= D,
n=1
TIPH 3TOM YHCIIA #, U, ,... OyAeM Ha3bIBaTh WICHAMH PSAA, A Uy, — OOIIIM WIEHOM PSa.
m
CyMMBL S, =u, +u, +..+u, = > u,, n = 1, 2, .. Ha3BIBAaIOTCA YACTHbIMH
P

(YACTHYHBLIMH) CYMMAMH PSIa.

[
Pan u1+u3+...+un+...:ZHH Ha3bIBAeTCqd CXOAMIIMMCH, €eCIIH CXOIHTCH
n=1

AOKYMEHT MNOANMCAH
SANEKTPOHHOW NOAMNWCLKO

CeprndmtAC EAQBALEIRHOE I 5 -7 8L L pps AL EPIX  CYMM. Cymma cxoxasumerocss psaga — TIPeJen
BnafgendfOCIISHOBR&#RTHEHO T ceTOotfaCTHEIX CYMM.
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®
m S, =S, S:ZHn.
n=1

Ecimi nmociie1oBaTeIbHOCTh YaCTHBIX CYMM PSla PaCXOJHTCS, T.€. He HMeeT IIpejiena, HIH
HMeeT OeCKOHEYHBIH IIpelell, TO P Ha3bIBaeTCSd PpACXOASIMMCH H €My He CTaBAT B
COOTBETCTBHE HHKAKOH CYMMEI.

[Ipp H3yYeHHH 3HAKOIIOCTOSHHBIX PSJOB OIPaHHYHMCS PacCMOTPEHHEM PSJIOB C
HEOTPHI[ATEIPHBIMH YJIeHaMH, T.K. IIPH ITPOCTOM YMHOKEHHH Ha —1 H3 5THX PSI0B MOXXHO

ITOIIVHHTDE PAABRI C OTPHIATCJIIbBHBIMIL YJICHAMH.
[ IpH3HAK cpaBHEHH PSIOB ¢ HEOTPHIATeIIbHBIMI UIIeHAMIL

[TycTh maHBI ABA PSLA Zu” 0 Zvn IIPH Uy, Vi = 0.

Teopema. Eciun u, < v, Ipu mobOoM n, TO H3 CXOMHUMOCTH Psa Zvﬂ cleayer

CXOMMOCTD PANA > 24, , & N3 PACXOJMMOCTH PSZIa > 24, CIIEIYET PACXOMUMOCTD PAa > v, .

| | |
[IprMep. Kccrnemorars Ha CXOMUMOCTE PSITI + +.. =t

1 1 - ] ]
Tk T > —, a TaApMOHHYECKHHA PST Z— PacXOUTCSL, TO PACXOIHTCSI H PN Z]n— :
n o n n n

= 1
HDIMED. I/IGCHE,I[GEE],TL Ha CXOJHMOCTD PAI Z X :
n=1 11

1 1 1
Tk < —, a pAx z o cxoxuTcs ( KaK yOBIBArOIasi TeOMeTPHYECKasI IIPOTPECCHS), TO PSIT

n2" 2

=1
Z—n TOKE CXOMUTCSL

n=1 n2
Taxxe HCITIOJIb3YETCA CJIEE,I[}*’IOH_[Hﬁ ITPH3HAK CXOJIMOCTH.

.U
Teopema. Ecau u_ >0, v, >0 u cywecmeyem npeden hm —="h z0e h — uucno,

R—0
vﬂ

OnuilidYH o€ Onl HVJIA, Hiﬂpﬂabl ZH” I ZVH E-'anﬂi OO0UHAKOBO 6 CMbIC/Ie CXOOUMOCHILL

I IpusHak JlanamOepa.
(Kan Jlepon Jlamamoep (1717 — 1783) — ppaHITy3cKIil MaTEMaTHK)

Ecnu ona psaoa ZHH C NONOACUMENbHLIMU YIeHaAMIL CYUujecmeyent maxoe 4qucio -1,

ymo OJisl 6cex OOCMAan o4O oMb ULIX 1 8bINONHAENICS HepaGeHcnico
[

4+l

=q,
U

P

mo pﬂd ZH” CIG@HHICH, eciil Jce O/ ecex 0OCHamoyHo 6onb uiX N GbINOAHACNICA yciociie

1
i+l ~ 1

— &3
I

L]

mo pso Zuﬁ pacxooumnicA.
[IpenenmsHBIN ITpH3HAK Jlaambepa.

[IpepempHBIN mpH3HaK JlamamOepa SBISETCS CIEACTBHEM H3 IIPHBEISHHOI'O BBIIIIE
IpH3HaKa JlamamMOepa.

Eamggmmlgpedaﬂ m il P, mo npu p < 1 pao cxooumcsa, a npu p > 1 —

1 —C0 1

Ceprucmkar: 2C0000043E9ABBBIS2205E7BA500060000043E 1
Branengacxbernres aFem i s=inonro Ha 60NPOC 0 CXOOUMOCHILL OMEEeNLNb Helb35.
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= n
[Ipmmep. OnpeaemTs CXOQUMOCTh psiaa Z o
n=1
1
n n+1 1 (n+1)2" n+l b 1
u, =—: U, =—-;  Im-—""=1lm — = =1 -_<]
2" 2™ n—sw gy oo )T g 2n 2 2
BrIBOA: psim CXOMUTCH.
1 1 1
[ IprMep. OnpenemiTh CXOAHMOCTE psaga 1+ T + > + ...+ - + ...
2 7L
1 | .U . n! . 1
u, =—;, u,, =——:; Im-—"L=lm——=lm ——=0<1
n! (n+ 1) oy nee(pt 1) nmep ]

BEIBOI. psifi CXOMHUTCSL.
[TpusHak Koru. (paaiKansHBIH IIPH3HAK)

Ecnu ona paoa ZMJI C Heompuyameib HbIMIL YiIeHamil cyugecneyem maxoe yucio < 1,

ymo O/ acex 0OCManoyHo OoIb UiLX 11 8bINOJIHACNICS HepaeeHcn 60
Mu, =4,
mo pﬂd ZHH cxooumecesa, ecnil oHce O 6cex OOoCMamoyHo bonvuiix N evinoaHaencs

HepPAaGeHCEO

mo pso Zuﬁ pacxoounics.
CueacrBme. EciH CYINECTBYET IIpefiell hm 4/, = p, TO IIpH p<1 PSIA CXOXHICSH, a IIPH

Fl— 00

p>1 psim pacXogUTCAL.

© (27 41
[ IprMep. OnpenemTh CXOAHMOCTE Psjia Z H,_, .
—\3n +5
1
, 24+ —
lim z/u = lm 2;-12 +1:]1'1'n—”5:2le
1—0 1 —0 3H + 5 n—c0 3 N : 3
n’

BrBOI: PAL CXOOHTCA.

oo 1 n
I Iprvep. OrnpeaermiTh CXOMUMOCTE psjia Z [1 + —] ,
n=1 H

Im 7/ = Im l+l =1.
F—00 Fl—00 H

T.e. ITPH3HAK Kolm He mgaeT oOTBeTa Ha BOIIpOC O CXOIHMOCTH PAIA. HPGEEPIM
BBITIOITHEHHE HeOOXOHMBIX }"GJIGEI]IUI CXOOHMMOCTH. Kak OBIIIO cKazaHO BBIIIC, CCIIH PAL

CXOIHTCA, TO OOIIHH YlIeH pAdd CTPEMHITCA K HYIIHO.

| . 1Y)

Im u, = ]]m[lJr— —e#0,
H—0D HFl—=0D H

TAKHM Gﬁmﬁ%gmwﬂe YCIIOBHE CXOJHMOCTH He BBIOIONIHSIETCS, 3HAUHT, P PACXOIHTC.

SNEKTPOHHOW NOAMNMCHIO HHTerpajbHBIH IpH3HAaK KOIm.
Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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Ecnu @(x) — HenpepvieHas nonoxcumenvHas QYHKyusa, Vovleawoujas HA HPOMedCYNKe

[1;0), mo pao @¢(1) + @2) + ...+ @n) + ... = Z(p(ﬂ) 1l HecobCmeeH Il UHMe2Pal .[(p(x)dx
n=1 |
OOUHAKOBBL 8 CMbLC/IE CXOOUMOCHIIL.
1 1 1
IIprMep. Psn 1+2m +3m +...+—+ ... cxomurca mpuH o>1 H pacxomurcs o<l TK.
n

8]
. . dx
COOTBCTCTBYIHOIIHH HeCcOOCTBEHHBIH HHTCI'Pall .[_DL CXOIOHTCA ITPH o>1 u PaCXOIHTCA o<l.
X
1

<
Psan Z —,, Ha3bIBacTCA 00001eHHBIM TFAaPpMOHHYICCKHM DATOM.
n=1 M

CaencrBue. Ecmm f(x) H ¢(x) — HellpephIBHBIE (PYHKITMH Ha HHTepBane (a, b] u

b b
]jmu J(;((I)) =h, h#0, TO HHTerpaibl I f(x)dx H j(p(x)tir BeIyT ce0s OJUHAKOBO B CMBICIIE
X—a+ X
CXOIIIMOCTH.

Bonpocst u 3a0 auu:
3amava 1. HanTu cymmy psja:

= G J
L. . 2. :
E] it 4+ Hit + 6 E‘_H"] —on+6
2 i 30 1 = 4
T &= 25n% + 5n - 6 =t -1
— 13 = B
0. —_— i} .
: l‘l‘ n..!. + 3i1 :I l: 'Lli.-'!. + 8B =5
= 3 = L6
T : : H. : :
‘ ] On< = 3n - 2 ll’ 16n* ~ 8n - 3
T-l. a - 60
9. : 100 .
e 4 1) + 2) L‘ (27 4 1)(2n + 3)(2n 4 &)

n=1

-
-

|
-

3agauya 2. Mccernemosarsk CXOANMOCTE PSIOB:

. =

arctg (n”) 4 — 28inn
1. ' : 2. :
ZJ-r{w = 2)(n + 3) Z n—Inn

= n=1

'Fi i :-I—I—{'“H-'ﬂ: ._IE i J'l: lIl e
o n? 43 ' nd —-2°

I J

-r
-
=
5

Cru
oot
om
I
ol
-
=i 2
1 i
=

.
| =

E 24+ smn
n(n?+3)

g =1

. Z In q i cost n
— ;:;F . — e <+ 1
- Inn - Inn

i’ Z HET 1 Z m

Fr= 1 fa=]

3ajiaua 3. Eéﬁ?ﬂ?ﬁlr%%’ﬁ SXOAHMOCTD PSIIOB:

ANEKTPOHHOW NOAMUCHIO
Ceptvdmkar: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

Nencteutened: ¢ 19.08.2022 no 19.08.2023

50



- iy, Lo T-w. L 5
a (3n + 2)! | " L- (1 l].

2r(9n + )}

) = 5™n! | = nl
> L (2n)! b- L 30 =2

!]I IIII'I'I I l{l- L .”.” )
s o % e W Fr
dn= + 1 2n° 4+ n
' Z('Jnf L 1) | - Z (iﬂ jl |
,:1. 1 pas
on — & r
3. o . 4. _ :
E(TIJ+1J (‘EH—I!)
2n+21\" ~ g (3n+1Y}"
5. . iB ' .
? Z (Eu | l} Z“ (En : 3)
T an
_ . n dn —1
" Z‘“”‘(znqj | > Z(‘Jn—])
3" +1,
9. Y —0. 10. E 3"

BoOITpocCHI:
1. Yrto Takoe YHCIIOBOH psi?
2. Kakon psg HaseIBarOT 3HAKOITOCT OSTHHEIM?
3. UYro Takoe cymmMma psaga’?
4. KakxoH psg Ha3bIBaIOT CXOJISIITHMCS?
5. CdopmynHpyHTe HeoOXOHMBIH IIPH3HAK CXOIHMOCTH PsIa.
6. CdopmynHpyiTe H3BECTHEIE BaM JOCTaTOYHEIE MPH3HAKH CXOJHMOCTH PSIOB.

Ilpakmuueckaa pavoma 12. 3Hakouepelywuiueca U 3HAKONEpeMeHHble pAovl. l[IpusHak
Jeionuya. O0wuii 00CcMAaAmMoOUHbIL NPUIHAK CXO0UMOCHU 3HAKONEPEMEHHbIX pPA0O0SE.
Abconrwmuaa u ycioeHAA CXO00UMOCI YUC/I06bIX PA0OE.

Ilens: copmupoBaTh yMeHHe JienaTh BBIBOJ 00 aOCOMIOTHOH HIIH YCIIOBHOH CXOJHMOCTH

YHCIIOBBIX PSANOB, IIPHMEHATH ITONTYUYEHHBIE YMEHHS IIPH PEIIeHHH ITPAKTHYECKHX 3a1a4.
T'eopemuueckan uacms:
3HAKOYEPEAYIOINIIICA PAJ MOXKHO 3aIlHCcaTh B BHIE!
i+l
U —U, +; —u, +. (DT,

rae u, >0, n=123,.

I Ipmn3Hak JlenOHIIIA.

%ﬁ#ﬁg&%ﬁm@mwemm paoa u, —u, +u, —u, +...+10)""u, +... abconomuse
B hugAbl  VOsisaiom ) Z W) B > . u obupi unen cmpemumes x wynio u, —> 0, mo pao

Bnapeney 3yX0 Ba TaTesAHa ANEKc aH,u,pD]a Ha .

cXoOO0UNICA.
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AOCOIIOTHAS H YCIIOBHAS CXOMHMOCTE PSIZIOB.
PaccMOTpHM HEKOTOPEIH 3HAKOIIepeMeHHBIH P (C WIeHaMH ITPOH3BOIIbHEIX 3HAKOB).

”1+”3+---+”n+---22”n (1)
n=1

H PSIII, COCTABIIEHHBIN H3 a0COIIOTHBIX BEIIMYHH WIeHOB psaga (1):

oo

+..= ).

n=1
Teopema. /13 cxooumocmu psaoa (2) cnedyem cxooumocms psaoa (1).
Omnpejgenenne. Psn ZHH Ha3bIBAETCS aA0COIIOTHO CXOMAIMIMMCSH, €CIIH CXOIHTCS P

gy |+ |ea, |+ +

U, iU, u, (2)

W

2.
i

OIIEBIL[[HID: HTO JJId 3HAKOIIOCTOAHHBIX PAOOB ITOHATHA CXOJHMOCTH H aOCOIIFOTHOH
CXOJHMOCTH COBIIQJ4IOT.

Onpenenenne. P ZH” HA3LIBAETCS YCJIOBHO CXOAAIIHAMCSH, €CIIH OH CXOJHUTCS, a P
Z|HH
[ IpusHaku JlamamOepa 1 Kol [y 3HAKOIIEPEMEHHBIX PSIJIOB.

[IycTth Zuﬁ - 3HAKOIIEPEMEHHBIH PSII.

PaCxXOITCA.

I£n+1

IIpmsnak /lanamoepa. Ecim cymmecTByeT mpegen hm

A—=w 1
M

= p, T0 TIpH P<1 pax > u,

OyzeT aOCONMIOTHO CXOAAIMMCcS, a IIpH p>1 psag OyaeT pacxomsiumumMmcs. [Ipu p=1 mpHsHak He
IAacT OTBETA O CXOMIMOCTH Psa.

IIpmsnak Konm. Eciau cymmecTByeT nmpegen lm q,‘uﬂ| = p,TOIIpH p<I pax ZHH OyaeT

Fl—»00

a0COJIFOTHO CXOMSIIMMCS, a IpH p>1 pag Oymer pacxomsammMcs. IIpu p=1 mnpHsHax He gaer
OTBETA O CXOIHMOCTH PSIa.
CBOHCTBA a0COMIOTHO CXOMSIIHXCS PSIOB.

1) Teopema. /[na abconromuoii cxooumocniit paoa Zu” Heobxo0UMO 1l OOCHIANOYHO,

ymobvt e20 MOXMCHO OblIO npedcmaeumsv € 6loe PAsHOCHL 08YX CXOOAWUXCA pPAJoE ¢
Heompujameib HolMU YleHaAMIL.

CJeacTBHe. Y CIIOBHO CXOMSIIHIICS PSII SABISETCS PA3HOCTHIO IBYX PACXOISIIHXCS PSIOB
C HEOTPHI[ATEIbHBIMH CTPEMSIIHMIICS K HYIIFO YJIEHAMI.

2) B cxomsmmeMcs psie mro0asi TPYIITHPOBKA YJIEHOB Psjia, HE H3MEHSIOM[ASI HX ITOPSJIKa,

COXPaHsACT CXOJHMOCTD H BCIIHYIIHY Piaa.
3) Ecm psag cxoguTea abcoIIOTHO, TO pAJl, MOy YeHHbIH H3 Hero IO oI repecTaHOBKOH WIEHOB, TAKKE
abCONMTHO CXOAHTCA H HMEET TY K€ CYMMY.

[lepeCcTaHOBKOH WYIIEHOB VYCIIOBHO CXOMIMIIETOCS Psga MOXKHO ITONYYHTL VYCIOBHO
CXOJISIIIICS PSI, HMEIOIIHI JTIF00YIO HaTlepe I 3aaHHYI0 CYMMY, H JlaKe PacXOMSIIIIICS PSII.

4) Teopema. [lpi 110601t epynnupoeke YieHoe abconomuo cxo00aue2ocsa paoa (NP 3Nom
YLICI0 2PYNN MOJicem Ovlmb KaK KOHEYHbIM, MaK il OecKOHeuHblM 1l YLCA0 UYeHOE 6 ZpYVhhe
Modicem OblMb KAK KOHeUHbIM, MAK U OecKOHeuHblM) NOAVUdaemcs cXooaujilics paod, cymmda
KONoOp o020 paeHa CyMme LUCXOO0HO020 paoda.

oo oo
5) Ecim pse Z“n H Z V, CXOIATcs aOCOIIIOTHO H HX CYMMEBI PaBHBI COOTBETCTBEHHO

n=1 n=1

S M G, TO PAM, COCTARIEHHBII H3 BCeX NMPOM3BEAeHMIT BUAA u,v,, 1,k=12,.. B3ITHIX B KaKOM

YT OTHO Hﬁﬁﬁ%ﬂgﬁ%ﬁﬁ%mmﬂ a0COIIFOTHO H €ro CyMMa paBHa S -0 - IIPOH3BEJAECHHIO CYMM

Ceptud FIEPCMHAOIRAERMBER “PIEIOB 5AS00060000043E

Bnaneneu:

LR SR TIPOTECHATE TTepeMHOKEHHE YCTIOBHO CXOASIINIKCS PSIOB, TO B Pe3ylIbTaTe
MOKHO TTOITYYHTh PACXOISIIIICS P,
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Bonpocet u 3a0 auu:
3amaua 1. MccnemoBars CXOQHUMOCTD PSIIOB:

an 4+ 1 - n®
| . —I"" . 2. -1 )" — : _
Li nin + 2] L{ ) n® 4+ n® + 1

fi= | fi= |

“+1 sin{n®y/n)
3. ?l’ I}“ j_-.l.' g - q El'L ]:I_.I“-I'Il l.'n' -.L_n'l'Jl

= . m ]
- - WRe 4 3ne 4 2 vl

i (1) r\ i.n:l:lr-,?)

= | b ' el

=1
Mr
J—
[
._*_--h
ot |
o
£

= x

A COS T
9. (—=1)" sin* —. 11. E .

— an o v+ 2

BIDHPGEBI

KaxoH psj HazpIBaeTCs 3HAKOUepeYIOIHMCS (3HAKOIIEpeMEHHBIM)?
CdhopMynHpyHTE MpH3HaK JIeHOHHIIA.

Kaxoii psa HazpIBaeTCI aOCOMIOTHO CXOMSIIHMCS (YCIIOBHO CXOSIITHMCS)?
CdopmynmHpyiTe npH3HakH [[amamGepa H Ko 17151 3HaKoIepeMeHHBIX PSIOB.
[lepeunicimTe CBOHCTBA a0COMIOTHO CXOMSIIHXCS PSIOB.

il N

Ipakmuueckas paboma 13. Boiuucnernue éeposmuocmu coovimui,
ITens: GopnvHpoBaHHE 0CHOBHBIX ITOHATHII TEOPHH BepOATHOCTER.
T eopemuiec kA WICin ..

Bce COOBITHS, IIPOHCXOMMINME B OKPYAKAIOIIEM HAc MHPE, MOXKHO pasJellMTh Ha IBE
PE3KO OTIHYAKOIHECS APYr OT JApyra TPVYIIEI: B OTHOIIEHHH OIHHX COOBITHII MOKHO
IOCTAaTOYHO TOYHO IIPEABHAETH, HACTYILIT OHHM IIH HET, B OTHOIIEHHH JIPYIHX — TaKoOe
IIPEABHACHIE HEBO3MOKHO, HACTYIUIEHHE MM HEHACTYIUIEHHE TaKHX COOBITHI HOCHT TaK
Ha3bIBAEMBIH «CIIYUYAHHBIN XapaKTep.

Teopuss BEPOATHOCTEH — MaTeMaTHYeCKasd HayKa, H3Y4YaroIlasl 3aKOHOMEPHOCTH
CIIVYAHBIX SBIeHHH. [lof crmy4yaiHbEIMH SBIIEHHSMH ITOHHMAIOTCS SBJIEHHS C HeOIllpedelIeHHBIM
HCXOJOM, ITPOHCXOMSINHE IIPH HEOJHOKPATHOM BOCIIPOM3BEIECHHH OITPEIEIIEHHOI0 KOMIUIEKCa
YCIIOBHII.

CVIIECTBYIOT ABa ITOAXOAA K H3YVUYEHHIO ATHX SBIeHMH. OJQHH M3 HUX — KIaCCHYECKHI,
COCTOHT B TOM, YTO BBIJIEJISIOTCS OCHOBHBIE (JAKTOPBI, ONPEAEIIIONIHE JaHHOE SBJIEHHE, a
BIIMSIHHEM MHOXKECTBAa OCTaJIbHBIX, BTOPOCTEINEHHBIX, (PAKTOPOB, IMPHBOAMIIHX K CITyYailHBIM
OTKIIOHEHHSM €ro pesyiabTara, IpeHeOperaror. TaxkmM o0pa3oM, BBIJEISETCS OCHOBHAS
3aKOHOMEPHOCTD, CBOHCTBEHHAS MAHHOMY SBIIEHHIO, ITO3BOJISION[AS OAHO3HAYHO IIPEJNICKA3aTh
pe3yibTaT I10 3aJaHHBIM VCJIOBHSM. JTOT ITOAXOJ YacTO HCIIONB3YETCS B €CTECTBEHHBIX
(«TOYHBIX») HayKaX.

[Ipu HccneqoBaHMM MHOIHX SBJIEHHIT H, IPEXKIE BCETO, COLMAIbHBIX, TAKOH ITOIXO
HelmpHeMJIeM. B 5THX SBIIeHHSIX HeOOXOJHMO YYHTHIBATh HE TOIBKO OCHOBHBIE (PAKTOPEI, HO H

MHOKECTBY, BTOPQCTEIICHHBIX, MPHBOAAIMX K CIyYaHHBIM HCKaXKeHHAM pesynbTaTa, T.e.
BHOCSIIHRERTR@ NP BITeMERTHeOIpeIelIeHHOCTH. [IoaToMyY APYyroi IMOAXO0A K H3YUEHHIO SBIEHHH

Ceptud 00043 4] 0
EﬁbTé&%@yx%&amaﬁ% “ATIENEHT HEOITPEeIeIEHHOCTH, CBOICTBEHHBIT CIIYUAMHEIM SBICHHIM H

Bnapeney eKcaHapoBHa

}*'CJIDEHEHI—[BIH BTOPOCTCIICHHBIMH @ﬂﬂﬂpﬂhﬂ[ TpEﬁyET CIICITHAJIbHBIX METOJ0B HX H3VICHHI.

Nencteutened: ¢ 19.08.2022 no 19.08.2023

33



Pa3paboTkoi TaKHX MeTOJOB, H3YUeHHEM CITeIH(pHUECKHX 3aKOHOMEpPHOCTeH, HaOmoJaeMbIX B
CIIYUAHHBIX SBIIEHHSX, H 3aHIMACTCS TEOPHS BEPOSITHOCTEH.

OCHOBHBIMH ITOHSTHSMH TEOPHH BEPOSATHOCTEH SBISIOTCS HCITBITAHHE M COOBITHE.

[Tox mcrpITaHEM (OIMBITOM, SKCIIEPHMEHTOM) IIOHHMAETCS BEITIOTHEHHE OIIPEEIIEHHOI O
KOMIUIEKCA YCIIOBHI, B KOTOPBIX HAOMIOZAeTCs TO HIIH HHOE SBIIEHHE, (DHKCHPVYETCS TOT HIH
HHOH Pe3yIIbTar.

CiryJaiiHBIM COOBITHEM (HUIH ITPOCTO COOBITHEM) HazbIBaeTCS JIFOOOH (paKT, KOTOPBIH B
PE3YILTATE HCIBITAHHSI MOKET ITPOH30HTH HIIH HE MIPOH30HTH. TakuM obpas3oM, coObITHE OVyaAET
paccMaTpPHBATHCS KaK Pe3yIIbTAaT HCITLITAHH .

CoOBITHE HA3BIBAETCS JIOCTOBEPHBIM, €CIIHM B PE3YILTATE HCILITAHHS OHO O0S3aTEIBHO
IOIDKHO ITPOM30HTH. Harpumep, BeIafeHHe OT 1 10 6 OYKOB IIpH OpOCaHHH HIPAIEHOTO
KyOHKa.

COOBITHE HA3BIBAETCS HEBO3MOKHEIM, €CIIH OHO 3aBeJOMO He HacTymnuT. Harpumep,
H3BIICUYEHHE TPEX YEPHBIX TY30B M3 KOJIOIAEI KaprT.

COOBITHS HAa3bIBAIOTCS HECOBMECTHMBIMH (HECOBMECTHBIMH ), €CITH BO3MOXKHO TTOSIBIICHHE
TOJIILKO OJHOI'O COOBITHS M3 ATOH I'PYIIIBI COOBITHH. B IIPOTHBHOM Cliydyae COOBITHS Ha3BIBAIOT
COBMECTHMBIMH (COBMECTHBIMH). Hamprmep, ImonydyeHHe CTYAEHTOM Ha 5K3aMeHe IO OJHOH

AHCIIOLINHE  OLICHOK - «OTJIHYHOX, <«XOpomio» H  «YIJOBICTBEOPHTICIIBHO» - COOBITHA
HCCOBMCCTHBIC, d ITOJIIYVHCHHC TCX *KC OICHOK Ha 3K3dMCH4AX IIO TPCM JHCIHILUIHHAM — COOBITHS
COBMCCTHEIC.

COOBITHS Ha3BIBAKOTCS PABHOBO3MOKHBIMH, €CIIH B Pe3VIIbTaTe HCILITAHHS I10 YCIIOBHSM
CHMMETPHH HH OJHO M3 3THX COOBITHIT HE SBISeTCS OOBEKTHBHO 00JIee BO3ZMOKHEIM. Harmprmvep,
H3BIIEUYEHHE Ty3a, KOPOJId, JaMbl IIH BajleTa H3 KOJOABI KapT, JTHOO MOsgBIeHHe repba HIH
PELIKH ITPH ITOAOpaCEIBAHHH MOHETEI — COOBITHS PaBHOBO3MOKHBIE.

JIT1s TpaKTHYeCKOH JesSTellbHOCTH BaKHO YMETh CPaBHHBATh COOBITHS IO CTEIIEHH
BO3MOJKHOCTH HX HACTYIIJIIEHHS.

[IycTh HCXOABI HEKOTOPOrO HCILITAHHS OOpa3yioT IIOMHVIO TPVYIILY COOBITHII H
PAaBHOBO3MOKHBI, T.€. E€IHHCTBEHHO BO3MOXKHBEI, HECOBMECTHBI M PaBHOBO3MOJKHBI. Takue
HCXO/bI HA3BIBAKOTCS 3JIEMEHTAPHBIMH HCXOJaMH HIH CIIYYasMH.

Ciy4yaii Ha3bIBaeTCS OIarolpHATCTBYIOIIHM (OIarolpHSITHEIM) COOBITHIO A, ecliH
ITOSIBIIEHHE ATOr'O CIIy4as BIIEYET 3a COOOH IMOSBIIEHHE COOBITHS A.

Krnaccnueckoe omnpefeacHHe BEPOSTHOCTH: €CJIH CHCTEMA COCTOHT M3 KOHEYHOI'O YHCIIa
eIMHCTBEHHO BO3MO’KHBIX, HECOBMECTHMBIX COOBITHIL, TO BEPOATHOCTHIO COOBITHSA A Ha3BIBAIOT
OTHOIIIEHHE 4YHCIIa M HCXOJOB HCIIBITAHHIL, IPHBOASINHX K COOBITHIO A, K 4YHCIY nh BCeX
HCITBITAaHHI, T.€.

P(A)= — .

i

Jlnsa mro6oro coOBITHSI A cripaBeIIHBO HepaBeHCTBO: 0 < P(A) <I.
IIpamep 1:

Jlorepes coctout U3 1000 GreToB, cpeau HUX 200 BEMIPRINHEIX. Hayraj BEIHHMAaeTCA
oxauH Omnet u3 1000. UeMmy paBHa BEPOSTHOCTE TOI'O, UTO ATOT OHJIET BHINTPBILIHEBIN?

Pemenne: pa3mmyHbEIX HCXOZ0B B 3ToM ITpuMepe 1000 (n=1000). B nHTepecyromee Hac
coOrITHe A Bxomsar 200 mexomor (m=200). Takmm oOpazom,

200 _

0,2
1a00

plA) =

IIpamep 2OKYMEHT MOAMMCAH
3NEKTPOHHOW NOANUCHIO

Cepucpukar:  2COPR0R4S REAAT200P6EREIR, 100 KpacHBIX H 50 3eNeHBIX apos. Haypauy BEIHHMAETCS

Bnaneneu: lleGayxoeg JaTeAHa AnexkcaHgpoBHa

OJHH IIIap. HEMY PABHBI BEPOATHOCTH ITOIIYUHTD III4P 66]1(}1"(}:, KPaCHOI'O HIIH 3€JICHOI'O I[BeTa?
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Pemenne: PaccMoTprM cOORITHS: A={BBIHYIIH Oelbli Imap }, B={BBHYIH KpacHLIH IIap},
C={BBIHYIH 3eJIeHbIH map }. n=350, Toraa

pay-2-2

350 7

100 2

PB)=— =2,
B350 77

500 1

P(C) =20 =

) 250 7

YacTo 714 pelieHH A 3a1a4 TEOPHH BEPOSTHOCTEH IIPHMEHSIOT KOMOHHAT OPHKY.
IIpamep 3:

3 xomoasl B 36 KapT BRITaCKHBAIOT TPH. KakoBa BEpPOSTHOCTE TOr'O, YTO CPEIH BEIHYTHIX
KapT HET JIECATOK?
Pemienne: B 3ToM npumMepe 31eMeHTapHBIM HCXOAOM SBIISETCS CIIYYAaHHBI Ha0Op H3 TpeX KapT.

3

OO0I11ee 4YHMCIO B3JIEMEHTAPHBIX HCXOAOB PAaBHO NZCKq o>

SIIEMEHTAPHBIC HCXOJAbI CHHTACM

PaBHOBO3MOMHBIMIIL. BHHI‘GHPHHI‘ HBIX HCXOJO0B (KGJ’JII‘IECTEG BOSMOMBHBIX HﬂﬁﬂpﬂE ITO TPH KAapPThl
3

H3 TOHM e KOIOABI, HO Oe3 jaecarok) m—= (',

. TakuM o0paszoM, BEPOSITHOCTE COOBITHS A

{BrIHyTO 3 KapThI H3 36 H CpeIH HHX HET JEeCITOK | :

Bonpocuet u 3a0 auu:

1 .CTpenok rmpons3Bei 3 BRICTPEIa 110 MHIIEHH, A — ITOIaJaHHeE ITPH IIEPBOM BRICTpENE, Az — IIPH

BTOPOM, A3 — IIpH TpeTheM. BeIpasuTh uepes Ai, Az, Az H HX OTPHI[AHHA CIEAVIOIIHE COOBITHSL

a) OIHO ITOMaJlaHue;, O) TPH IIpOMaxa; B) TPH ITOIIaJaHHg;, T) XOTS ObI OJHH ITPOMAX.

2 MoHerta nogOpaceiBaeTca 4 pasza. PaccMarpusaroTcs cOOBITHS — ITOSBIEHHE repda IIpH 1-OM

rogOpaceiBaHuH (1=1,2,3.4). IIpecTaBHTL B BHJIE CYMM, ITPOH3BeAEHHH H CYMM ITPOH3BeIEHHH

COOBITHH Aj CIeIVIOIIHEe COOBITHS. A — ITOSBHIINCE Bee 4 repba;, B — mosBince Bee 4 miudpsr; C

— MOSBHIICS XOTSA OBl OfHH repd; D — moseuimack XoTa OBl ofHa IH(pa; E — MOSBHIICA TOIBKO

oauH rep0; F —mmosBIiIack TOIBKO OJIHA ITH(Pa.

3 bpomensl 3 MOHeThl. CoOCTaBHTH COOBITHS, OOpasyIOINHE ITIONHYIO Ipyrary. CKOIBKO

PAaBHOBO3MOJKHEIX HCXOZOB O0OpPasyIOT IIONMHVIO TPVYINLY COOBITHH? YKaXHTe 3JIeMeHTapHBIE

COORITHSL, HE OOPa3VYIOIIIE ITOITHOMH I'PYIIIIEI.

4. [IpuBegure IMpHMEDBHI:

A) Tpex coOBITHI, 00pa3yIOINX ITOJIHYIO TPYINLY,

B) Tpex coOBITHI, paBHOBO3MOKHBIX H HECOBMECTHBIX, HO He 00pa3yIOIIHX ITOTHOH T'PYIIIHL,

B) mByX CcOOBITHI, HECOBMECTHBIX H OOpa3yIOIIHX IIOIHYIO TPYINIYy COOBITHH, HO He

PaBHOBO3MOKHBIX.

5. bpocarorca OTHOBPpEMEHHO [BEé HIPAIBHBIE KOCTH. HalTH BEepOATHOCTH CIEIYIOIIHX

COOBITHH. A-CyMMa BBRIIABIIINX OYKOB PaBHa 8, B-IIpoH3Bee HHE BRIOIABIIIHX OUYKOB PABHO 8.

6. B xouBepre cpemu 100 ¢orokaprouek HaxXOmHTCS OJHA pasbIcKHBacMasd K3 koHBepra

Hayjgauy H3BIedYeHbl |0 kaproyek. HaHTH BEPOSTHOCTE TOrO, YTO CPEOH HHX OKaKeTcd

pasbICKHBacMasl.

7. Habupas Homep TenedoHa, aOOHeHT 3a0blI MOCIIeHHE TPH IH(QPHL H, TTOMHS JIHIIb, YTO ATH

IH(pPEl pa3IHyHBL, HaOpal HX HayAady. HaHTH BepOSTHOCTH TOro, YTO HOMep HaOpaH

ITPaBIUILHO.

8. M3 O0yks cnoea YPABHEHHME BrIOHpaeTca Hayrag ogHa OykBa. KakoBa BEPOSTHOCTB, UTO 3Ta

OyKBa OVIET: %%I‘JI&CHG]?I 0) cornacHoii, B) OykBoii 11]?

9. U3 K@%mﬁ KOJIOJBI, COEp KaIler 52 KapThl, HayrajJ BeIOMpaeTcs OQHAa KapTa.
Cepvd AT FHO BEPOSIrHGE TH “ToF0 aF e "Wy *6Ha okakeTcsa OyOHOBOH MacTH, O) OHa OKa)KeTcSI TY30M, B)

Bnaneneu: lleGayxOea TaTeAHa AnexkcaHopoBHa

OHa OKa’KeTCS YEePHOH MACTH, I') 3Ta Kapra JHOO Ty3, IHOO KOpolb, THOO jgamMa, MO0 BalleT,

IHOO0 JlecsTKa.
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10. PeGeHok urpaer ¢ 10 OykBamu paspesHon az0ovkn A, A, A, E, U, K, M, M, T, T. Kakora
BEPOSTHOCTh, YTO IIPH CIIYYAaHHOM PacIoIOKeHHH OVKB B PaA, OH TIIONYYHT CIOBO
MATEMATHUKA?

11. B crapuHHON HHIEHCKOH Hrpe "TOHr" JABa HIpoKa OJHOBPEMEHHO ITOKA3BIBAIOT APYI APYIY
nubdo oamH, mdo aBa, OO TPH Iaublla Ha ITpaBOH pvkKe. ECIH 7T KaXXIoro HIpokKa
PaBHO3HAYHO ITIOKAa3aTbk OJHH, JBa WIH TPH Ialblla, TO YEMY PaBHA BEPOSTHOCTH TOrO, YTO
o0Illee YHCIIO ITOKA3aHHBIX ITalbIEB. a) YETHO, 0) HEYeTHO, B) OONIbINe YeTHIpeX, I') MEHBIIE

IBYX;, 1) IIpOocTOE?

Ipakmuueckas paboma 14. Bapuauuonnsie paost U ux pagpuueckoe u3oopaxcerue.
ITens: GopmHpoBaHHE 0CHOBHBIX I[TOHATHI MaTeMaTHYeCKOH ¢ TATHCTHKH.
T eopemuiec kA WICin ..

MareMaTHYeCcKasad CTaTHCTHKA 3aHHMAETCS YCTAHOBIIEHHEM 3aKOHOMEPHOCTEH, KOTOPEIM
ITOAYMHEHEI MACCOBBIE CIIVUaHHBIE SBIECHHSI, Ha OCHOBe OOpabOTKH CTAaTHCTHYECKNX JAaHHBIX,
IIOIYYEHHBIX B Pe3ylIbTaTe HaOMOAEHHH. J[BYMS OCHOBHBEIMHM 3aJadyaMH MaTeMaTH4eCKOH
CTAaTHCTHKH SIBIISIFOTCSL.

- OIpeaeneHue CrrocodoB cOopa U IPYIIIMPOBKH 3THX CTATHCTHYECKHX JTaHHBIX,
- pa3zpaboTKa METOMOB aHaIH3a ITOIYYEHHBIX JAHHBIX B 3aBHCHMOCTH OT IL[EJIEH HCCIIEIOBAHI, K
KOTOPBIM OTHOCSTCSI:

a) OIlEHKa HEH3BECTHOH BEPOSTHOCTH COOBITHS, OIlEHKAa HEH3BECTHOH (DYHKIHH
pacIIpeie]IeHHs, OIL[€HKAa IlapaMeTpOB PacIIpeielIeHHs, BHJ KOTOPOrO H3BECTEH, OIlcHKa
3aBHCHMOCTH OT APYIHUX CIIYYAHHBIX BEIIHYNH U T.J.,

0) IpoBEpKa CTAaTHCTHYECKHX THIIOTE3 O BHJAE HEH3BECTHOI'O PACIIPEIEIIEHHS WIH O
3HAUEHHSX ITapaMETPOB H3BECTHOI' O PACIIPEIETIEHH .

JIna  pemeHHs B5THX 3aJady  HeoOXOAMMO BEIOpaTh M3 OOJBIIOH COBOKYITHOCTH
OMHOPOJHEIX OOBEKTOB OIPAHHUYEHHOE KOJIMYECTBO OOBEKTOB, IO Pe3yiIbTaTaM H3YVUEHHSI
KOTOPBIX MOJKHO CJIENIaTh IIPOTHO3 OTHOCHTEILHO HCCIENYEMOTO IIPH3HAKA 3THX OOBEKTOB.

OrmpeaelM OCHOBHBIE ITOHSATHS MaTeMAaTHYECKOH CTaTHCTHKIL

I'enepansras cogokynHocnis — BCE MHOKECTBO HMEFOIIHXCS OOBEKTOB.

Buibopxa — Habop 00BEKTOB, CIIy4ailHO OTOOpaHHBIX H3 TeHePaIbHOH COBOKYITHOCTH.

Obvem cenepanvrHoil coeoxynHocmii N H obvem 6vibopkii N — UHCIO OOBEKTOB B
paccMaTpPHBAEMON COBOKYITHOCTH.

BHIBI BEIOOPKI:

[IoBTOpHAS — KaXIBIH OTOOpaHHEIH OOBEKT Iepe] BRIOOPOM CIEAVIOINErO BO3BPAINAETCA
B I'€HEPAIIBHYIO COBOKVITHOCTE,

becroBropHas — oToOpaHHBIH OOBEKT B T€HEPAIbPHYIO COBOKYITHOCTh HE BO3BPAINAETCSL.

s toro, 4TOOBl IO HCCIEJTOBAHHIO BEIOOPKH MOJKHO OBIIIO CJHETATh BBIBOIBL O
IIOBEJICHHH MHTEPECYIOIIETO0 Hac IIPH3HAKa TE€HEPATIbHOM COBOKYIIHOCTH, HYXKHO, UYTOOBI
BBIOOPKA IIPABIIILHO ITPEJICTABIIUIA ITPOIIOPIIHH T€HEPAIbHOH COBOKYIIHOCTH, TO €CTh ObLIa
penpeszenmamiiéHoti  (IIPeACTAaBUTEIBHONH). YYHTBIBas 3aKOH OONIBINMHX YHCEI, MOXHO
YTBEPKAATH, YTO 3TO YCIOBHE BBIMOIHSETCS, €CITH KaXIbIH OOBEKT BBRIOpPAH CIIYVYAHHO, ITPHYEM
IULS TF000r0o 0OBEKTA BEPOATHOCTE ITOIIACTh B BRIOOPKY OJITHAKOBA.

[IycTh HHTEepecyIolas Hac ClIyyarHas BelIMYiHa X IIPHHHUMAET B BEIOOPKE 3HAUEHHE X|

K
n; pas, X2 — N2 pas, ..., Xx — Ng pas, IIPHIEM Z 1n,="n, Tne n — o0keM BHIOOPKH. Torma
i=1

HaOmroaeMble 3SHaUeHH S GH}”IEIIUH-IGﬁ BCIIMYHHEI X1, X2,..., Xxg HA3BIBAIOT BAPDHAHTAMH, 4 11, N2,...,
Ng — 4YacToTaMH. EciH Pa3JcJIHTh KdXIAVIO HACTOTY Ha 00BeM ELI@DPI{H:, TO IIOIYYHM

¥l

Ceptuidmkar: ECDGGGGdBEEABBEQEEEDEETBAEGDDEﬂDDDDJ@E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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21 43 72 84

22 54 75 32

26 49 77 45

27 53 78 65

28 54 81 12

<] hﬂﬁuéﬂﬁ%ﬂﬂﬂém 38 83 34

S e SRR T 84 54
37 65 84 34

[locnemoRaTeIbHOCT, BapHaHT, 3allICAHHBIX B IIOPSAKE BO3pacTaHHSI, Ha3bIBAIOT
BAPDHALMOHHBEIM PSAOM, a IIepedeHb BapHaHT H COOTBETCTBVIOIIMHMX WM YacTOT HIIH
OTHOCHTEIBHBIX YACTOT — CTATHCTHUYECKHM PSIOM.

IIpamep 1:

IIpu mmpoBegennn 20 cepun u3 10 OpOCKOB HIPaIbHON KOCTH YHCJIO BBIIAJCHHI INECTH
OYKOB OKazanock paBHeIM 1, 1,4, 0,1,2,1,2,2,0.,5,3,3,1,0,2,2,3,4,1.

CoctaBuM BapHallHOHHBIN psa: 0,1.2.3.4.5. CraTHcTHYeCKHH PsI IS aOCOIIOTHEIX H
OTHOCHTEJIbHBIX YaCTOT HMeeT BHL:

X, 1| 1 2 3 4 =
n 3 b 5 3 2 1
W, 0,13 0,3 0,25 013 0,1 0,04

Ecin nccnemyercsas HEKOTOPBIH HEIPEPBIBHBIN IIPH3HAK, TO BAPHALIHOHHBIN DS MOXKET
COCTOSTh H3 OYeHb OOIBIIOrO KOJMHYecTBA YHCElI. B 3ToM ciaydae yaoOHee HCIIOIb30BaTh
TPYIIMHMPOBAHHVIO BBEIOOPKY. [l ee IIONyYeHHS HHTEPBAJI, B KOTOPOM 3aKIIOYEHBI BCE
HaOIrolacMble 3HAUEHH S IIPH3HAaKa, pa30HBalOT Ha HECKOIBLKO PABHBIX YACTHYHBIX HHTEPBAJIOB
IIHHOM h, a 3aTeM HaxXomAT MII KaXKJ0ro YaCTHYHOI'O HHTepBajla N — CYMMY YacTOT BapHaHT,
IIONABIIMX B 1-H HHTepBan. CocTaBlIeHHas IIO STHM pe3yiIbTaTaM TaOaHIla Ha3bIBaeTCH
2PVRRUP OBAHHBIM CIIAMICIIUYECKUM PAOOM.

JIIIsT HarisygHOTrO IIPEACTABIEHHS O ITOBEAEHHHM HCCIEAYEMOH CIYVUYAHHOH BEIHYHHBI B
BRIOOPKE MOXKHO CTPOHTH pa3lHyHBIe IpapuxH. OTHH H3 HHX — ITOIIHITOH YacTOT: JIOMaHasd,
OTPe3KH KOTOPOH COeQHHSIOT TOYKH C KOOpAHHaTaMH (Xi, np), (X2, n2),..., (Xx, ng), TOe X;
OTKJIabIBAIOTCS Ha OCH aOCI[HCC, a i — HAa OCH OpAHHAT. ECIIH Ha OCH OpAHHAT OTKJIaJABIBATh HE
aOcOoOTHBRIE (Ni), @ OTHOCHTEelIbHBIe (Wi) YacTOTHI, TO ITOTYYHM ITOJIHTOH OTHOCHTEIIbHBIX
JacTOT.

DTarml IIEpBHYHON 00padoTKH BEIOOPKH:

1 .ParyKHpoBaHHe OIBITHRIX JaHHBIX (paclonoKeHHe 3HaYeHHH ITPH3HAKa I0 YOBIBAHHIO
HITH BO3PacTaHHIO).

2 .YacTOTHBIN aHaIIH3 (TIOCTPOEHHE CTaTHCTHYECKOr O psfia, oIpejelieHHe OTHOCHTEIbHBIX
JaCTOT).

3. I'pyrmupoBKa (YacTOTHaS TaOyIIAIHI BEIOOPKH ).

Bonpocuot u 3a0 auu:

1. HMMerorcsa crnenvioiue mgaHHele 00 ycereBaeMOCTH 20 CTVYAEHTOB TPVIIIBL 110
CTaTHCTHKE B JIETHIOIO ceccuro. 4, 4, 3,5, 2, 2,5, 3,3,3,5,3,2,4,3,2,3,5,5, 4. llocTporre:
P pacIpeleIeHHs CTYAEHTOB 1o OauiaM OLIEHOK, PSJ pacIpeelieHHs CTYIEHTOB 10 YPOBHIO
YCIIEBAEMOCTH, BBIACIIHB B HEeM JBe TIPVIIIEI CTYAEHTOB. HEYCIIEBAIOIIHE H VYCIIEBAIOIIHE.
M300pasnuTe KaKabIH H3 PSIOB I'Pa(pHIeCKH.

2.IToCcTpOHTh KPHBYIO H THCTOIPaMMY CYMMbI HAJIOTOBBIX HEYILIAT, 3a(PHKCHPOBAHHBIX
ITO YCIIOBHBIM PETHOHAM CTPaHBIL, JaHHBIE 110 KOTOPEIM ITPHBEJIEHEI B TaOIHIlE (B MIIH. pyO0.):
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39 68 88 41

3.JlaHa MCXOHAS BRIOOPKA ITO POCTY H BECY CTYAEHTOB I'PYIIIEI:

Poer 160 168 175 B0 170 169 162 LAty 1A% 160 158 173 1h2 173 156
Bee 4% 58 69 f 4 GO 70 51 f 0 t 7 54 48 58 4 4 50 56

Omnpegemte 00beM BBRIOOPKH. COCTAaBhTE PAHKHPOBAHHBIN M BAapHAL[HOHHBIH PSIBL IO
Ka KIOMY H3 ITPH3HAKOB.

4 IIoCTpOUTH THCTOIPaMMY HArpy3KH Ha OJHOrO CJIEIOBATENIS IO PaCCIeIOBAHHBIM
YT OJIOBHBIM J€JIaM I10 JaHHBIM TaOIHI[bL:

["ombl 1995 1996 1997 1998 1999 2000 2001 2001 2003
IIo mmHuH | 63.2 49.6 41 31.5 32.3 32.4 37.9 34.2 36.2
MB/]

IIo mmuuu | 17.2 16,9 15.5 15.1 16 17.7 18.2 18.3 19.7
ITPOKYPaT YPBI

S.TPH BaPHdHTd HCXOJHBIX JaHHBIX TaOJMIBI HIKE — PE3VIIETATDI TEHE(l)GHHLIK
IICPETOBOPOB B MHHVYTAX COTPYIHHKOB TPCX OTACIIBHBIX GH}"}I{ﬁ B TCHUCHHES pﬂﬁGIIETD JHA.

TpeOyeTcs cocTaBUTh HHTEPBAJIbHEIH PSJT pacIpelelIeHH.

No 1 2 3 4 5 6 7 8 9
BEIOOPKH

Cryx06a 1 1,9 2,6 3.1 3.3 2.1 2,0 4.7 0,9 2.8
Cryx0a 2 6,9 1.1 3.6 1,0 7,0 2,1 8,7 1.0 8.0
Crryx06a 3 4,7 6,8 3.8 3.1 1.8 7,1 9,2 8.1 4.0

6. JlaHa BeIOOpKaA 7,3,3,6,4.3,5,1.2.1,3. IlocTpouTts BapHAIMOHHBIN PAx. OIPeIelIHTh
pa3Max BEIOOPKI.

Ilpakmuueckaa paboma 15. Toueunvie ouenku. Ilonamue UHMEPEWILHOZ0
OueHUGaHUA. /[oéepumelbHAA 6€POAMHOCIL U NPedeibHaAA owndKa 6vlooprku. OueHKa
XApaKkmepucmuK 2eHepailbHOI CO60KYRHOCHIU N0 MWL0IU 6bl0 OPKe.

Ilens: popMHpoOBaHHE OCHOBHBIX ITOHSTHIH MaTeMaTHYeCKOH CTaTHCTHKH ITIpH 00paboTKe

PESYIIBTATOB SKCIICPHMCHTA.
T, eopemuiuecKan udacims.;
YHCIOBEIE ITIOKA3dTCIIH, XdPaKTCPH3IVIOIIHC ICHCPAIIbHYIO COBOKYIIHOCTBE, HA3BIBAIOT

napamempami, a UHCIIOBBIE TIOKA3aTellHM, XapaKTePH3VIOIMHE BBIOOPKY,—  6bl100pOUHbIMLL
xapaxmepiucmiuxamit — WIH  cmamucmiukami. — BBIOOPOYHBIE — XAapPaKTEPHCTHKH  SBIISIFOTCS
NMPHOIIKEHHBIMH ~ OI[EHKAaMH ~ TI'eéHepallbHBIX IIApaMETPOB. OTO BeJIHYHHBI CJIy4YaHHBIE,
BApPbHPYIOIHE BOKPYT CBOHX IIapaMeTpoB. OIEHKH Te€HepPaJlbHBIX IIApaMeTpPOB IIO
BEIOOPOYHBIM XapaKTEPHCTHKAM MOT'YT OBITh TOYEYHBIMH H HHTEPBallb HBIMH.

['eHepanbHBIE XapaKTEPHCTHKH, IIH IIapaMeTphl, MPHHITO OO0O3Ha4YaTh OyKBaMH

I'pedecKoro aadaBHTa, a BLIOOPOYHEIE XapaKTePHCTHKH - TaTHHCKOro. BeroopouHas cpegasas X
ABIISETCS OL[EHKOI TeHepaIbHOH CpelHel a, BRIOOPOYHAS IHCIIEPCHS S)—OLIEHKOH T'eHePaIbHOI

AHCIICPCHH O-_{?:. d CPEIHEC EKBAAPATHHUCCKOC OTKJIIOHCHHE Sy — OL[EHKOH CTAHAdPTHOI'O

oTkimoHeHnss O ,, XapaKTepH3VIOINETO TeHEPATLHYIO COBOKYITHOCTh. OTO mioueuHbvle OljeHKl,
IIPeACTABILIIOINHE cOOOH He HHTEPBAIbI, a 4YHCIA («TOYKHY»), BEMHCISEMbIE IO CIIYYailHOMH

BBIOODKE. [I0KYMEHT MOAMMCAH

SNEKTPOHHON NMOA 06aHUA, NPeObABILAEMBIE K MOUCUHBIM OUECHKAM.
CepTudukar: Eﬂﬂégﬂﬂd ESABBBO952205E/BAS00060000043E

Bnanenew:  LWe QPOYHBIS XaPAKTEPHCTHKH KaK BEIHYMHBI CIydYailHble, BAapbHPYIOIIHE BOKPYT
CBOHX TeHepalbHBIX ITapaMeTPOB, B OCHOBHOM HE COBIIAJAalOT ¢ HHMH II0 aOCOIIFOTHOMH
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BelIMyHHe. {119 TOro 4roOBl CTAaTHCTHYECKHE OI[eHKH JaBalH «XOPOIIHe» ITPHOIHKEHHS
OILIEHHBAEMBIX IIapaMeTPOB, OHH JOIKHBEI VYAOBIIETBOPATH OIPEAEIECHHBIM TpeOOBaHHM M.
OLIEHKH JIOIDKHBI  VIOBJIETBOPSATH II0 MEHBINEH Mepe CIeAVIOIMM TpeOOBaHHSIM. OBITh
COCTOSITEILHBIMH, 3() PeKTHBHEIMH H HeCMEII[EHHBIMH.

ToueyHass OIlEHKa CTAaTHCTHKH HAa3BIBACTCS cocmosamebHoll, €CIH IIPH YBEIIHMYCHIII
00beMa BRIOOPKH OHA CTPEMHTCS K BElIHYHMHE T'eHePaIbHOI'O ITapaMerpa. Tak, IS IreHepaIbHOH
CPEeMHEN COCTOSTEIIFHOH OLIEHKOH SBIISETCS BRIOOPOYHAS CPeIHSIS, JUIS I'eHepaJIbHOH IHCIIEPCHH
COCTOSTEJIbHOH OILIEHKOH OYAeT BEIOOPOYHAS JUCIIEPCH L

ToueyHas OlleHKa Ha3bIBAETCA 2¢hghexmiieHotl, ECIIH OHa HMeeT HaHMEHBIIIYIO JHCIIEPCHIO
BLIOOPOYHOIO PaCIIpele]IEHHSI II0 CPaBHEHHIO C JAPYTHMMH aHAJIOTHYHBIMH OIEHKaMH, T. €.
OOHAPYKHBAET HAMMEHBIIYIO CITYYAHHYIO BapHAI[HIO.

OlleHKa Ha3bIBAETCA HecMeujeHHoil, €CIH MaTeMaTH4YeCKOe OXHIaHHe e¢
BEIOOPOYHOI'O pacpedelIeHH s COBIIaaeT CO 3HaUEHHEM I'eHEePaJIbHOIO IIapaMeTpa.

BbioopouHan cpeaHsn

[IycTy miIg H3y4YeHHS TeHepalbHOH COBOKYIIHOCTH OTHOCHTEIIBHO KOIIHYECTBEHHOIO

IIPpH3HaKa X H3BJIeUueHa BEIOOpPKa 0OBEMA n.

BriGopouHOil cpefHell X, HasbIBAIOT CPefHee apH(PMeTHYECKOe 3HAYEHHE IIPH3HAKa

BEIOOPOYHONH COBOKYITHOCTH.
Ecmn Bce 3HavYeHHA X;,X,,...,X, IIPH3HaKa BBIOODKH OOBEMa n Pa3IHYHBI, TO

n
X+ Xy +.t X,

X, =
n
Eciy xe 3HaueHH s IPH3HAKA X, X, ,...,X; HMEIOT COOTBETCTBEHHO YacCTOTHL f, f,,...f,
k
2.5
- _ i=l
, TO X; = *

n

3aMeuanHe. BriOopouyHas cpegHssd, HaHJEHHAas II0 JAHHBIM OJHOH BBEIOOPKH, €CTh,
OYEBHIHO, OIMPEeAEIIEHHOE YHCII0. ECIH Ke M3BIIEKATh APYTHe BEIOOPKH TOrO e 00bhEMa M3 TOH
K€ TEHEPAIbHON COBOKYITHOCTH, TO BBIOOpOYHAS CpeaHssd OVIAET H3MEHSATHCS OT BBIOOPKH K
BEIOOpKe. TakuM o0pa3oM, BEIOOPOYHVIO CPEJHIOI0 MOKHO PacCMAarpHBATh KaK CIYYAHHVIO
BEJIMYHHY, 4, CIEIOBATEeIIbHO, MOKHO I'OBOPHTh O pacIpeleleHHSIX BBIOOPOYHOH CPeIHeH H O
YHCIIOBBIX XapaKTEPHCTHKAX 3TOr0 pacHpeelleHHs (ero Ha3hIBalOT BEIOOPOYHBIM), B YACTHOCTH,
O MaTeMaTHYeCKOM OXHIAHHH H JHCIIEPCHH BRIOOPOYHOI'O PACITPEIEIeHH .

BbioopotuHan qucnepcus
Jlma Toro, 4YTOOBI  OXapaKTepH30BaTh paccesHHe HaOIOJaeMbIX  3HAYEHHI

KOJIIMYSCTBCHHOI'O ITPH3H4Ka ELI@GPI{H BOKPYT CBOCT'O CPEIHET O 3HAYCHIA X ¢ » BBOIAT CBOAHYTIO

XapaKTEPHCTHKY — BEIOOPOYHYIO JTHCIIEPCHIO.

BriGopounoii gucrepcHeit [), HasBIBaIOT CpefHee apH(PMETHUECKOE KBaJpaToB

OTKJIIOHeHHS HaOIrogaeMbIX 3HAYESHHH IIPH3HdKa OT HX CPECAHET' O 3HA4YCHIA X 5

Ecnu Bee sHaYeHHd X, X, ,..., X, IPH3HaKa BEIOOPKH 00BbEMA N PA3IIHYHEL, TO

—_ )
Z (If o Ia )
D. i=1
E@ﬂﬂ%ﬁ%&%&%ﬁg&%ﬁﬂ X; X5 ..., X;, HMEKOT COOTBETCTBEHHO YACTOTHI f, f5..... [} »
Ccmed}HHaT 2L0000p43 952205E/BAS0006000004 3E

Bn a,qanE l{ﬁég:y oba T t?ﬂ Ha Anekcakbpos |-|r3I
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JIerko CHCIIPABHTL» EBI@DPD‘]H}"IO AJHCIICEPCHIO TakK, yroObl €€ MaTeMaTHYecKoe
OHIaHHe OBINIO PaBHO FEHEpﬂﬂLHGﬁ AHCIICPCHH. ﬂﬂﬂTﬂTG‘IHG AL 3TOI'0 YMHOYKHTD Ds Ha

H
IpoOk . CIenaB 3TO, ITOIYYHM HCIIPABIEHHYIO JHCIIEPCHIO, KOTOPYIO OOBIYHO 0003HAYAIOT
ﬂ -
2
yepes §
k ] k ]
n n Z(Ii_‘xa')d.fi Z(Ii_xe)d.fi
SEZ_D _ i=1 — i=1 *

n-1 ° n-1 n n—1
HcrnpaBineHHas QHUCIIEPCHS SIBIISIETCSL, HECMEIEHHOH OIIEHKOH I'eHEPAILHOH JHCIIEPCHH.
HMrak, B KayeCTBe OIEHKH T'€HEPalIbHOH MJHCIIEPCHH IIPHHHMAIOT HCIIPABIEHHYIO

k .
{‘Ii - E;L-)dff
|

)
IHCIIEPCHIO §~ =
n-—1

Kpome mucriepcHu A1 XapaKTePHCTHKH PacCesHHS 3HAaYeHHH ITPH3HAKa BBIOOPOYHOM
COBOKYITHOCTH BOKPYI CBOEI'O CPEJHEr0 3HAYEHHS IONb3VEOTCS CBOAHOH XapaKTEePHCTHKOH —
CPEIHHM KBaJApaTHYECKHM OTKIIOHEHHEM.

BEIOOpOYHBIM CpeIHHM KBaJpaTHYECKHM OTKIIOHEHHEM (CTaHAApPTHBIM) Ha3BIBAIOT

KBa[PATHBIIT KOPEHD U3 BRIGOPOYHOIL AUCTIEpCHI: O, = A/ D, .

l[JIH OLCHKIT AKC CPCIHCIO KBAAPATHHUCCKOI'O OTKIIOHCHIA I‘EHEPHJ]LHGﬁ COBOKYITHOCTH
HCITOIIB3VIOT  «HCIIPpAaBIICHHOC)» CPCAHEC KBaJPaTHUCCKOS OTKIIOHCHIIC, KOTOPOE PdBHO
k

z (If' o E&' )2 }(f
KBaJIpaTHOMY KOPHIO H3 HCIIPaBIeHHOH JUCIIEPCHH: § = \ = "
H J—
k . k .
D (x,—%) f, D —x ),
3ameuanue. CpaBHHBASA QpopMyIl D, = ! s = " , BHJIIIM,
n n—

YTO OHH OTJIMYAIOTCS JIHIIb 3HaAMeHaTeIsIMH. O4YeBHIHO, IIPH JOCTATOYHO OONBIINX 3HAUYEHH SIX N
00bEMa BRIOOPKH BBIOOPOYHAS H HCIIPABIIeHHAS JHCIIEPCHH Ppa3IHYaroTCcsa Mamno. Ha mpakrtHke
ITOJIB3YIOTCS HCIIPABIIEHHOM JHCIIEPCHEH, ECIIH ITPHMEPHO n<3().

IIpumep. Cpean CBHHOMATOK XO3sHCTBA OBIIIO BEIOpaHO 04 CBHHOMATKH, JAaHHBIE 110
OITOpPOCaM CPEIH KOTOPBIX CIIEIVIOIIHE:

8:10:6:;10:8:5:11:7:10:6:9:7:8:7:9:11:8:9:10; 8;7:8: 11:8:7:10:8:8:5:11:8;
10; 12:7;5:7:9;7;10;5:8;9;7:;12;8:;9:6;7, 8,7, 11, 8,6, 7,9; 10.

OmnpenenuM cpefHee BBIOOPOYHOE YHCIO IIOPOCSAT B IToMeTaX 04 CBHHOMATOK H
BBIUMCIIHMM ITOKa3aTeJIM BapHallHH 11 3TOH BEIOOPKH.

Pemienne:

BriGopouHas cpeHss YHClIa IIOPOCIT B OIIOPOCaX:

e Z‘Ir’ﬁ'
X, == =528/64=18,25

ite) T MNOANUCAH :
ANEKTPOHHOW MOAMNMCHIO ’

Ceprudukar:  2coBEIOOPOHHAAAHCHSPEHAMIEETIA TTOPOCHT:

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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k
— 52
D (x,—X,)" f,
D, == = 218/64 =3,41
I
BBI@GPGT-]HGE CpEIHESC KBaJPaTHYCCKOC OTKJIOHCHIIC YHCIIA ITOPOCAHAT B OITOPOCAX.

= /D, = /341 =185 nopocsr.

I/IC]'[pE]BJIEHHElH ELI@GPG‘]H&H AHCIICPCIA YHCIIA ITOPOCHT.

~

sT= —]D = 64/63*218 =346,
HcrpaBrieHHOe cpegHee KBaApaTHUECKOE OTKIIOHEHHE YHCIIA IIOPOCAT B OITOPOCAX:

§= \/5‘? = 1/3-,.46 =1,86 IIOPOCHT.

Mrtakx, HaMH HaleHBl CIIeVIOIHEe TOUeUHBIE OI[eHKH IO JaHHOH BEIOOPKE:

TOYeYHasd OIeHKa CpPeIHEro 4YHciaa IIOpOCIT B OIIOpocax IS TeHepalbHOH
COBOKYITHOCTH (TO €CTh IIO BCEMY XO3SICTBY): 8,25 ITOPOCHT;

TOYEYHas OI[€HKAa CPeIHEro KBaApaTHUYECKOI0 OTKIOHEHHS 4YHCIIA IIOPOCAT B
reHepaJbHON COBOKVIIHOCTH: 1,80 ITOpOCHT.

[Ipun BRIOOpKEe Mamoro oO0bEMA TOYEYHAS OL[EHKA MOKET 3HAUHTEIBHO OTIIHYATLCH OT
OLIEHHMBAEMOI'0 IIapaMeTpa, T. €. IPHBOAUTHL K I'pPyObIM ommbOkam. Ilo 3TOH IpHYHHE ITPpH
HeOobIIoM  00BEME  BEIOOPKM  CIEAYET  IIOIB30BATHCS  HHTEPBAILHBIMH  OLIEHKAMH.

HHTEPEE[J]LHGﬁ HA3BIBAIOT OIICHKY, KOTOpPddA OIIPCACIHACTCA JABYMA HYHHCIAMIH — KOHITdAMH
HHTCPBAJIa.

L] ;!i
[IycTh HaiifieHHas IO JaHHBIM BBEIOOPKH CTaTHCTHYeCKas XapaKTepHCTHKa &  CIIyKHT
OIlEHKOH Hem3BecTHoro Iapamerpa ® . Bymem cumrate ® mocrosHHBIM unciaoM (& Moxer

L] L) L) ;k
OBITH M CIIy4ailHOI BEIHYMHOI). SIcHO, uTo ® TeM TouHee ompefersier napamerp ® . yem

MEHbBIIIE aOCOIFOTHAs BeJIMYHHA Pa3HOCTH Npyruvi cnoBam, ect O >0

< 5:, TO HEM MCHBIIIC [S:, TeM OIL[eHKa TO4YHee. 1aKHM DﬁpﬂBDM: ITOIIOAHTCIIBHOC

HHCIIO (5 XdPAaKTCPH3YCT TOYHOCTE OIICHKI.
OIHAaKO CTAaTHCTHYECKHE METOIBI HEe TII03BOIISIIOT KAaTCIOPHYCECKH VYIBCPAAATb, HYTO

£
OIICHKA @ YOAOBIICTBOPACT HCPABCHCIBY < CS; MOXHO JIHIIb TOBOPHIBL O

BEPOATHOCTH j/ , G I{DTGpOﬁ JTO HEPABCHCTBO OCYIIECTBIIACTCA.
£
Hamé®HOCThIO (IOBEPHTENBHOII BEpOSTHOCTHIO) OIeHKH & 1o ®  HaspIBaOT

#:
BEPOSTHOCTE ¥, C KOTOPOH OCYIIECTBIISIETCS HEPABEHCTBO ‘@—@ ‘{ié‘ . OOBIYHO

HaJEKHOCTh OLIEHKH 3aaéTcs HallepEN, IIPHYEM B KayecTBe » OepyT YHCIO, OIH3KOE K
equuuIe. Hanbomnee yacTo 3aqar0T HAAEKHOCTh, paBHYIO 0,95 0,99 1 0,999.

H}"CTL BEPOATHOCTE TOI'O, HTO

{ﬁJ:;’/.

<0 PaBHOCHIIBHBIM €MY IIBOHHBIM HEPABEHCTBOM

3aMeHHB HEPABCHCTBO

—5<O®-0 <S8, HITH O —S5§<®<® +5, HMEEM

P [®$ — éﬂ%@Hﬁ:F@EHtﬂﬁ ] —

CepTudmKar: Eccrf%aolu §3E9§§$§%@%E§DES%%&X I IIOHHMA4Tb TaK. BEPOATHOCTb TOI'O, HUIO HHICPBAI
E‘”EQE”EE@} LeS3o UET%WEHWE],ET B cebe (TIOKPHIBAaeT) HeM3BecTHBIH mapaMerp . paBHa V.

Nencteutened: ¢ 19.08.2022 no 19.08.2023

61



EH EH — —
JloBEpPHTEIBHEIM HazbIBaloT HHTEpBAT (& — O, + ), KOTOPHIH ITOKPHIBAET HEHU3BECTHBI
TTapaMeTp C 33JaHHOIT HAAEKHOCTBIO ¥ .

JloBepuTE/IbHbIE HMHTEPBAJIBI I OHMEHKH MATEMATHYECKOr0 ORMAAHHSA
HOPMAJIBHOT0 pacnpeae/ieHHs IpH H3BeCTHOM O .

[IyCTh KONHMYECTBEHHBIH IIPH3HAK X TeHEPAIBHOH COBOKVIIHOCTH pacIpeleléH
HOPMAJIFHO, ITPHYEM CpeJHee KBAApaTHUYECKOe OTKIIOHEHHE O S3TOr0 PacIIpelelIeHHs H3BECTHO.
TpebGyeTcs OLIEHHTL HEH3BECTHOE MaTEMATHYECKOE OXKHJIaHHE ¢ II0 BRIOOPOYHOM CpegHeil X .
IlocTaBnM cBOEeH 3afadyel HAHTH JOBEPHTEILHBIE HHTEPBANEL, ITOKPBIBAIOIIHE ITapaMeTp d C
HaJI€KHOCTBIO V.

Ecan coyuaitnas BenmynHa X pacIpefielieHa HOPMalbHO, TO BEIOOpOYHasd cpeaHaas X |
HaliJlecHHas TI0 He3aBHCHMBIM HaOIOJeHHSM, TakKe paclipejie]ieHa HOpMallbHO. IlapameTpsl

pacripefeneHuss X TaKOBHI:

M(X)=a, cr(}?):%.

HPI]H_:IB BO BHHMaHHE, YTO IIO YCIIOBHIO HaM 3aJlaHda BEPOATHOCTL )/, IIOIIYYaEM

CIIEAYIONIYIO (popMyTy (UTOOBI ITOIYYHTH pabouyio (pOPMYITY, BRIOOPOYHYIO CPEIHIOIO BHOBB
00O03HAYHM Yepe3 X )

_ 1 _ 1
P x——g-f::ﬂﬂ:;‘er—G- =2P,(t)=y.

Jn Jn

CMBICIT ITOIIYVHCHHOI'O COOTHOIICHITA TAKOB. C HaJEKHOCTBIO Y MOXHO YTBEPXKIAThb, UTO

JOBEPHTEIILHBIIL HHTEPBAI | X — MTOKPBhIBAaCT HEH3BECTHBHIH ITapaMeTp d ;

J_ J_
1O
TOUYHOCTE OIICHEKI 5  r——a

Jn
y

VKaKeM eIé, YTO YHCIO ¢ ONpefernsieTcs u3 papeHcTBa 2D, (1) = ¥, Himt @ﬂ (1)=*:

2

nmo TaOmmie (QyHkpH Jlalraca HaxXOASIT apryMeEHT f, KOTOPOMY COOTBETCTBYET 3HAUEHHE

¢yHk1HH Jlaroiaca, paBHOE — .

Hanpéxxocts ) =0,95 yKaspIBaeT, UTO €CIH IIPOH3BELEHO HOCTATOYHO OONIBIIOE YHCIO

BBIOOPOK, TO 95% H3 HHX OIpejelsieT TaKHe JOBEPHTelIbHbIe HHTEPBAJIbl, B KOTOPBIX ITApaMeTP
JEHCTBHTENBHO 3aKIIFOYEH, JIMIIE B 5 % CIIy4aeB OH MOJKET BBIHTH 3a I'PAHHILI JOBEPHTEILHOIO
HHTEpBaa.

JloBepHuTe/IbHBIE HHTEPBAJbI IA OIEHKH MATEeMATHYECKOI0 OKHJAHHSA
HOPMAJILHOTI'O pacnpeae/IeHHs IIPH HEM3BECTHOM O

[IycTh KONIHYECTBEHHBIH TIIPpH3HAK X TeHEepalbHOH COBOKYIIHOCTH pacIpefelléH
HOPMAaJIbHO, IIPHYEM CpeJHee KBaJpaTHUEeCKOe OTKIOHeHHe O HeH3BEeCTHO. 1pelyercs
OLIEHHTh HEH3BECTHOE MaTeMaTHYECKOe OKHIaHHEe (I C IIOMOIIBIO JOBEPHTEIbHBIX HHTEPBAJIOB.
PasyMeeTcss, HEBO3MOXKHO BOCIOIB30BAaThCSI Pe3yIbTaTaMH IIPEABIAVINETO ITaparpada,
KOTOpPOM O IIPEJIIONIarajaoch H3BECTHBIM.

OI{&BLIEHETCH, HTO 11O OJaHHBIM EBIﬁGpI{H MOXHO IIOCTPOHTD CH}*’LIEIIUH-I}"IO BCIITHYITHY

f KYMEHT MOANWCAH
POHHOW MOAMNUCHIO
HMEET. PACTIPEETIEHHE CTrIOZiIcHTa ¢ kK = n-1 cTerneHsnI cBOOOIBI; 3ECh

CepTudukar: Ef:éﬂt} 43EE£@&£
Bnaneneu: TateAHa AnekcaHgpoBHa

opee
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X - EBI@OIJG‘IHEIH CPECIH, S — CHCIIPABJIICHHOC) CPEIHCC KBaJPATHHUCCKOS OTKIIOHCHIIC, N —

00BEM BEIOOPKH.
[Tomp3yace pacnipeaencHiueM CThIOAEHTA, HAXOHM:

_ t.5 _ t. 8
PX-2_ca<X+2

Jn n )

[, s [,S

- - 4 = 4 -

BHHIIHT:. AOBCPHICIIBHBIH HHICPBAJIL X — _\/— y X T _‘\/— . JTIOKPBIBACT HCH3BCCTHBIH
n n

IapaMeTp d ¢ HaAEXKHOCTBIO ¥/ .
IIpumep. CoydaiiHas BelIMUHHA X — BeC IOIYTOJOBAIOro IMOPOCEHKa B XO3SHCTBe (TO
eCTh B I'eHepaJIbHOH COBOKYITHOCTH) - pacIpejielleHa HOpMallbHO. I1o BeIOOpKe 00BéMa n = 16

HaileHpl BBRIOOpPOYHAs cpedHsad X =20,2 KT H «HCIIPaBIEHHOE» CpeJHee KBaJApPaTHUECKOE
OTKIOHEHHe $=0.8 Kr. OIIEHHTh HEH3BECTHOE MATEMATHYECKOE OXHIAHHE IIPpH ITOMOIIH

JIOBEPHUTEIIBFHOIO HHTEPBAJIA C HAJAEKHOCTEIO 0,95,
Peimenne: Hamnném t,. [Tonp3ysces Tabmuile, mo ¥ =0,95 1 n = 10 HaXxomHM ¢ ) =2.13.

HarngéM noBepHTEIIBHEBIE TPAHHIIBI:

I . 13.

o 000 21308 6274k
Jn J16
I 8 13.

T2 000 208 o 6o6ke.

Vn V16

Hrak, ¢ HagéxHOCTRIO 0,95 HEH3BECTHBIN ITapaMeTp ( 3aKIIFOYEH B JOBEPHTEIIBHOM
HHTepBaie 19,774< a <20,626 (k).

J{oBepHTEIbHbIE HHTEPBAJIbI Ml OIIEHKH CPeAHero KBaApaTH4ecKoro oTKJIOHEeHH S
O HOPMAJILHOIO pacnpeae/ieHHsA

[IycTh KOIMHYEeCTBEHHEBIH IIPH3HAK X TeHEPAJILHOH COBOKVIIHOCTH pacIpeleleéH
HOPMAJIbHO. TpeOyeTcsd OIEHHTh HEH3BECTHOE TeHepajlbHOe CpeldHee KBaJApaTHYECKOE
OTKJIOHEHHE O II0 «HCIIPABIIEHHOMY» BBRIOOPOYHOMY CpeJHEMY KBaAPaTHYeCKOMY OTKIIOHEHHIO
S.

J{OBEPHUTENIBPHEIN HHTEPBAJI, ITOKPHIBAIOMINH MapaMeTp O C 3aJaHHOH HAAEKHOCTRIO V/
HaXOJ ST 11O clIeayIoniei popMyTe:

sl—qg)<o<s(l+q).

31eCh IIapaMeTP ¢ OIPEAETISIOT, IT0Ib3VIOTCA TaOIHIIEH ITPHIIOKEHHS 2, a S HaXOIST 10

BEIOOPKE.
IIpumep. Coy4daiiHas BelIHUHHA X — BeC ITOIYTOJ0BAaIOro ITIOPOCceHKa B X03SHCTBE — (TO

eCTh B TI'e€HepaJIbHOH COBOKYIIHOCTH) pacIipefieIEH HopManbHO. [lo BeIOOpke 00BEMa n=25
HAHJIEHO <@CIIPABIIEHHOE» CpeJHee KBaApaTHYeCcKoe OTKIOHeHHe s=0,8 kr. Hantu
JIIOBEPHUTENBHEIN HHTEPBAN, ITIOKPEIBAIOIIHI I'eHEPAIIbHOE CPEeAHEE KBaJpaTHUECKOE OTKIIOHEHHE
O c HagéxXHocThIO 0.95.

Pemienne: 11o Tabmmife mo gaHHbEIM ¥ =0,95 1 n=25 HangéM q=0,32.

MICKOMBIN JOBEPHTEIBLHBIN HHTEPBAJI TAKOB!

0,8 (1-0,32)< 6<0,8 1(1+0,32), mn

0,544< 6 <1,056 (k).

SaposamHendicuag > 1, TO HEpaBEHCTBO IIPHUMET BH/]L

ot rancoo
Ceptudmkar: ECEI'&!PE? E9A & O5E7BAS00060000043E

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

Bonpocuot u 3a0 auu:
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3axa4a 1. ITo JaHHBIM BbIOOPKH, YIOBJIETBOPAIONIE HOpMAIEHOMY 3aKOHY pacrp €/leJI€HHs, BbIYHCIIHT:
1) gqoBepHTENBHBI HHTEP Bal 1A MaTeMaTHYeCKOT0 OKHJIaHHA TPH JI0BEPHTEILHOH BepOSTHOCTH 7,
2) noBepHTENBHBIH HHTEP Bal /1A Cp eOHEro KBaJjpaTHUYECKOI0 OTKJIOHEHH 1A TOro Ke 3HauYeHHA .

A) 7=0.999

8.0 -1.1 13.5 10.0 2.4 4.1 20.0 12.4 13.4 48 7.8 0.0 109 13.7 6.6

B) 7= 0.95

31.6 34.9 46.9 42.8 36.0 26.2 28.6 48.5 27.7 45.8 32.0 41.2 39.8 33.1 36.3 53.5 43.9 35.8 32.9 34.4

B) y = 0.999
25.4 31.1 13.2 23.0 19.1 26.5 23.2 29.2 24.8 26.6 29.3 21.4 28.2 38.2 19.9 30.6 24.5 23.2.

3amaya 2. Ilo pgaHHBIM BBIOOPKH, VIOBJIETBOpAMINEl HOpMalbHOMY 3aKOHY paclIpefe/eHHA cO Cp eJHHM
KBaJIpaTHYECKHM OTKJIOHEHHEM 5 , BRIYHCIHTL JIOBEPHTENBHBIH HHTEpPBAJ A1 MAaTEMaTHUYECKOI0 OKHIAAHHA IPH
JIOBEPHTENBHOH BEPOATHOCTH 7.

s=7,7y=0.99

134 8.6 22.1 23 146 13.0 11.1 294 233 1.7 13.6 2.1 216 6.1 8.6 6.6 160 11.6 166 1.6 158
189 10.6 11.9 0.1 10.7 38 -3.6 154 79

4.5 17.7 10.8 19.6 18.5 155 93 21.7 6.6 10.5 104 8.2 16.0 22.6 205 11.6 23.2 230 95 11.3 149
199 134 139 19.5 19.8 21.0 3.2 14.0 19.1

179 8.6 11.2 162 139 16.2 17.1 7.7 12,5 2.7 16,5 20.2 155 145 56 165 123 99 119 176 6.6
203 9.7 13.2 174 5.1 13.0 233 6.8 9.8

15,5 162 184 9.2 57 109 88 74 162 99

Ilpakmuueckas paboma 16. Cmamucmuueckdsa npoeepKa 2UNomes.
Ilens: copMHpoOBaTh IIPeJCTAaBIEHHE O METOZAX M IPHHIHIIAX IIPOBEPKH

CTAaTHCTHYCCEIIX T'HITOTCS.
T eopemuuecKkan 4wiIcmas.

CTaTHCTHYECKOH HA3BIBAIOT THIIOTE3Y O BHJAE HEH3BECTHOIO paclpelelleHHsI, HIH O
ITapaMeTpaxX H3BECTHBIX pacIipelencHui. Hapsay ¢ BRIABHHYTOH TMIIOTE30H pacCMaTpHBAIOT H
IIPOTHBOPEYAIIYIO €H THITOTe3Y. ECIHM BRIABHHYTasI THIIOTe3a OyIeT OTBEPTHYTa, TO HMEET MECTO
IIPOTHBOPeYaIas ruroresa. [1o 3ToH IIpHYMHE 3TH THIIOTE3HI HENec000pa3HO pa3iIHyaTh.

Hymnepolt (OCHOBHOI) Ha3bIBAIOT BBEIABHHYTYIO THITOTESY H

KoHkypupyrome (ansTepHaTHBHOI) Ha3pIBAIOT THIIOTE3y H,, KOTOpas IIPOTHBOPEUUT

HYIIEBOH.

BreigBHHYTass THITIOT€3a MOKET OBITH IIPABHJIPHOM MJIM HEIPABIIBHOH, IIO3TOMY
BO3HHKAeT HEOOXOAHMOCTh €€ IIPOBEPKH. 1IOCKOIBKY IPOBEPKY IIPOH3BOASAT CTATHCTHYECKHMI
METOaMH, €€ Ha3bIBalOT CTATHCTHYECKOH. B HTOre cTaTHCTHYECKOI IIPOBEPKH THIIOTE3E B IBYX
CIIy4YasX MOXET OBITh IIPHHATO HEIPABWIbHOE PEIeHHE, T. €. MOI'YT OBITH JOITYILEHBI OIHOKH
IBYX POJIOB.

Onmoka IEpBOro poAa COCTOMT B TOM, YTO OVIET OTBEPrHyTa ITpaBHIIbHAS T'HIIOTE3A.
Orrndka BTOPOro pojia COCTOUT B TOM, UTO OYJIET IIPHHATA HEIIPABIIbHAS THIIOTE3A.

JIIIs1 TIPOBEPKH HYIIEBOH T'HITOTE3BI HMCIIOJIB3VIOT CIIEIHAIBHO ITOAO0PAHHYIO CITYYAHHYIO
BEJIMYHHY, TOYHOE MM ITPHOMIKEHHOE PpaCIIpEdelIcHHE KOTOPOH H3BeCTHO. OO0O03HAUNM 3TV
BETTHYHHY B IIETSIX OOIMHOCTH Yepes K .

Cmamucmuueckum xpumeptiem (JUIH IIPOCTO KPHTEPHEM) HAa3BIBAIOT CIIYYAHHYIO
BelMunHYy K , KOTOpas CITyKHT JIJIS IIPOBEPKH HYIEBOH THIIOTE3H.

[Iocne BeIOOpa OMpenelEHHOIO KPHUTEPHS MHOKECTBO BCEX €I0 BO3MOXKHBIX 3HAYEHHI
pa30HBarOT Ha [Ba HEIEPECEKAOIMUXCSA ITOAMHOXKECTBA. OIHO M3 HHX COIEPAUT 3HAUCHISI
KPUTE PISLAJEPVEHKOBAPERE HYIIEBAas THIIOTE3a OTBEPracTcsd, a Apyras — IIPH KOTOPBEIX OHAa

OHHOW MOAMUCHIO
CEETHdJHHPIIWi%EﬁﬁBBBQEEEDEETBAEJﬂﬂﬂﬁﬂﬂﬂDDdBE
Bnapeneu; sl PHTHHECKOH QMIACTHI0 HA3BIBAIOT COBOKYITHOCTh 3HAUEHHH KPHUTEPHSI, IIPH KOTOPBIX
HyHEEon THITIOTE3Y OTBEPTaroT.
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OOmacThi0 TMPHHITHA THITOTe3hl (00IacThIO JONMYCTHMBIX 3HAUEeHHI) Ha3BIBAIOT
COBOKVYITHOCTE 3HAUYEHHH KPHTEPHS, ITPH KOTOPBIX I'HITOTE3Y ITPHHHMAFOT.

OCHOBHOH ITPHHIIHIT ITPOBEPKH CTAaTHCTHYECKHX THIIOTE3 MOXKHO C(POPMYIHPOBaTh TaK:
eClIH HaOIroJacMoOe 3HAUeHHE KPHUTEPHS IIPHHAMIIEKHT KPHTHUYECKOH OOIACTH — THIIOTE3Y
OTBEPraroT, €CIIH HaOMOJacEMOE 3HAUEHNE KPUTEPHUS IPHHALJIEKHT OOJIACTH IIPHHSITHS THITOTE35I
— TUITOTE3Y IIPHHHMAFOT.

B obGmactu crarucTHki H GHOMETPHH B YaCTHOCTH ITPHMEHSIOT JBa BHIA CTaTHCTHYECKHX
KPHUTEPHEB. napamvempudeckiie, IIOCTPOEHHBIE HA OCHOBAHHH ITapaMeTPOB JTaHHOH COBOKYITHOCTH

(HaIIpHMEpP, X H sy o IpeICTaBISIONIHE (PYHKIIHMH 3THX ITapaMeTPOB, H Henapamempideckile,
IIPeJICTABILIOIIHE COOOH (DYHKIMH, 3aBHCSIINHE HEIOCPEACTBEHHO OT BapHaHT JaHHOM
COBOKYIIHOCTH C HX 4YacToTaMH. IlepBBIe cIyXKaT g IIPOBEPKH THIIOTE3 O ITapaMeTpax
COBOKVYITHOCTEH, paclpelesseMbIX [0 HOPMAIbHOMY 3aKOHY, BTOpPble — IS IIPOBEPKH PabOUIX
THIIOTe3 HEe3aBHCHMO OT (OPMBI pacIpellelIeHHs COBOKYITHOCTEH, H3 KOTOPBIX B3STHI
CpaBHHBAaeMbIE BEIOOPKH. [ IpHMeHEHHE ITapaMeTPHYECKHX KPHTEPHER CBI3aHO ¢ HEOOXOMHMOCTBIO
BBIUHCIIEHHS BEIOOPOYHBIX XapaKTEPHCTHK — CPEIHEH BEJIMUMHEL M ITOKa3aTe/leH BapHallHH, TOraa
KaK ITpH HCIIONb30BaHHH HellapaMeTPHUYECKHX KPHTEPHEB TaKas HEOOXOAHMOCTh OTIIaJ acT.
t-kpurepui CrbrogeHra (t-pacnpegeieHne). AHITOIICKHIT MareMaTHK B. I'occer
(meyaTaBIIMIiCSI MOJ IiceBAZOHHMMOM CThiOfeHT), B 1908 r. Hamen 3aKoH paclpelelIeHHS

I_ i'Lt L) [
BEIIHYHHBI [ = —\F , B KOTOPOH T'eHepalbHEIH ITapaMeTpP ¢ 3aMeHeH Ha ero BHRIOOPOYHYIO
o/

XapaKTEPHCTHKY Sy, T. €. HAIlIETl 2aKOH pacnpeodenenis 3Ha4en il
X—

s/\n

OTKpRITEIH  CTBIOJIEHTOM M TEOpPeTHYeCKH OOOCHOBaHHBII P. @miuepom 3axon 1-
pacnpeodeneriis CIYAKHT OCHOBOH TaK Has3blBAEMOH TEOPHH MAJIOH BBEIOOPKH, KOTOpas
XapaKTepH3YeT paclpelclieHHe BBRIOOPOYHBIX CPeJHHMX B HOPMAIBHO PaCIPedelIsIOneNCs
COBOKYITHOCTH B 3aBHCHMOCTH OT OObeMa BBIOOPKH. t-paclpelelIeHHE 3aBHCHT TOIBKO OT
YHCIIa CTENeHeH CBOOOMARI k = n—1, IIpHYEM ¢ YBEIHYeHHEM 00beMa BEIOOPKH 71 f-pacIIpe/iclIcHHE
OBICTPO NPHOIMKAET CSI K HOPMalbHOMY ¢ InapaMeTrpaMi 4 =0 H ¢ = 1 H yxe nipu n>30
HE OTJIIMYAETCS OT HET'0. DTO BHIHO M3 TAaOIMIBI HIDKE, B KOT OPOH IIPHBEAEHBI TaOYIIMPOBaHHEIE
3HAYECHHS f-PaCIIPEMENIEHHS H HOPMAJIbHOI'O pacIpedelIeHHs A1 Pa3sHBIX 3HaUYeHHI 1.

[ =

HopvmupoBaHHoe OTKJIOHEHHe /
PacrpeeneHue
0,5 1.0 1.5 2,0 2,5 3,0 3.5

HopmanmbHoe 0,383 | 0,683 | 0,866 | 0,955 | 0,988 0,997 0,9995
CThIOZEHTA IIPH 0,333 | 0,577 | 0,728 | 0,816 | 0,870 0,905 0,927

n=3

n =20 0,377 | 0,670 | 0,850 | 0,940 | 0,978 0,993 0.998

n =30 0,383 | 0,683 | 0,866 [ 0,955 | 0,988 0,997 0,9995

NOKYMEHT MOAMVCAH

HOPAGABMGRA cpeonux. (CpaBHHUBAS APYL C JIPYIOM JIBE He3aBHCHMBIE

g:j;‘;f;ﬁﬁ6@%@?S:ﬁ%ﬁﬁ?gﬁﬁgﬁﬁgﬂﬁﬁfﬂﬁ%aﬁacnpeaenmmnxca COBOKYIIHOCTEH C ITapaMeTpaMH L H

TeAHa AfekcaH

2. PasHOCTBD pt7- 2 3THX IMapaMeTPOB 0003HAYHM yepe3 [, TO ecTh u;- p2=D, a JHCIIepCHIO

‘ 3TOH PAa3HOCTH O‘2 BHEI,'LIEHHH I'CHEPAJIBHBIX IIdPAMCTPOB HCH3BCCTHBI, OJHAKO IIO ELIﬁIDpKElL:I
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MBI MOKeM HaHTH BeITHYHHEI ELIﬁDplD‘IHBIK CPpeIHHX H Pa3HOCTh MCHKIAY HHMH X, —X,,

KOTOPYIO 0003HAYHM d, TO ecTh X — Xy = d.

H}"JIEEHH I'HITOTE3a CBOJHTCH K IIPCAIIONIONRCHHIO, HYTO Wy=i2, TO €CTb D=0.
KPHTEPHEM AL ITPOBCEP K Ho-rHroressl CIIVKHT OTHOIIICHIIC

_d=(— )

I..qII {.I]'

{

IJle [ — IIepeMeHHas BEJIMYHHA, CIEAYIOIas -pacipeacieHH0 CThIOMEHTA ¢ YHCIIOM
CTEIIEHEH CBOOOXBI K = n; +n2 — 2, a sp - omOKa YKa3aHHOH Pa3sHOCTH, a 1; M n2 - OOBEMEI

TIEPBOH M BTOPOH BEIOOPOK COOTBETCTBEHHO.
Tak kxak, cormacHO Ho-rmmorese, w;=u2, TO t-KpPHTEPHIl BRIPAKAETCSI B BHJAE OTHOIIEHHS

Pa3HOCTH ELIﬁGpO‘IHBIK CPECIHHX K CBOEH OI.T.III@I{E:, T. C.

S,

Ho-rrmoTesy oOTBepraror, eclii (PaKTHYeCKH YCTaHOBJIEHHAS BeJIHYHHA [-KPHTEPHS
(obo3HaYaeMas f3) TPEB3OHAET WIM OKaKeTCS PaBHOH KPUTHUYECKOMY 3HAYEHHIO tip 3TOH
BEIIMYHHEI JUIS IIPHHATOr O YPOBHS 3HAYHMOCTH @ H YHCIIa cTelleHeH CBOOOABI k = ny +n2 — 2, T.
e. IIPH YCIIOBHHU g = tip.

OmuOKy pPazHOCTH CPeHHX Sp OMPeAesIIOT 110 (popMyIIe:

[Z(I; -x,)’ +>(x, -x,)’ n, +n,

Sp
\J n+n,—2 nn,

IIpumep. U3yuanu BranusHHe koOalbTa Ha Maccy Tejla KPOIHKOB. OIBIT IIPOBOMIUI Ha
IBYX TPYIMIaX >KHBOTHBIX. OIBITHOH H KOHTPOJILHOM. BBIIH HcclIeJOBaHBI KPOJIHKH B
BO3pacTe OT IIOINYTOpa A0 ABYX MecsaieB, MaccoH Tena 500—600 r. OmeIT IpoaoiIxKancs
ImojaTopa Mecsia. JKHBOTHBIX OOEHX TPVIII COAEPKalH Ha OJHOM H TOM K& KOPMOBOM
paroHe. OJHAKO OIBITHBIE KPOJIHKH B OTIHYHE OT KOHTPOJIBHBIX €KEIHEBHO ITOIYYaIH
n100aBKY K palioOHyY B BHJAE BOAHOro pacrBopa mo 0,06 r xmopucroro xkodansTa Ha 1 Kr
’KHBOH MAacCHI Tella. 3a BpeMs OIIbITa JKHBOTHEIE JalIH CIIeAYIOIHe IMIPHOABKH KHBOH MAaCCHI

Tela:
IIpuBecCEL, T OTKIIOHEHHS OT cpeHeH |KBajapaThl OTKIIOHEHHI
apH(pMeTHYECKOH
OIIBIT KOHTPOIIb OIIBIT KOHTPOJIb OIIBIT KOHTPOJIb
(x; = x,) (x; = x,) (o=x) | (x;—x,)°
580 504 38 22 3364 484
692 560 34 34 2916 1156
700 420 62 106 3844 11236
621 600 17 74 289 3476
640 580 2 34 2 2916
561 530 77 2 5929 16
680 490 42 36 1764 1296
630 580 8 54 64 2916
IOKYMEHT "nuﬂnﬁz& 56 q 3136
ANEKTPOHHOWM MOANUCHIO
Ceprudppkar: 2C0000043ESABBBO52205E7BAS000600P0043E
Bragenpu:  SlieSogip@p(Tateta AneReasgpyau — — 2=18 174 2 =28 632
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—638 x, =526 — — Y =46806

1 2

-

CpenHHe apH(]pMeTHYECKHE IIPHBECOB:
x, =5104/8=638 T,

B OIIBITE X
B KOHTpole x,=4734/9 = 526 r. PasHuma x, —x,=d 112 r. UtoOH

YCTAHOBHTE, AOCTOBCPHA HIIH GH}”IElﬁHEl 3Ta Pd3HHI4, HYMXHO OIIPpCACIIHTDb DH_[Hﬁ]E{}"
Pa3HOCTH CPCAHHX!

5, = 40806 (8+91) _ J736,8 =27.14.
8+9-2 ( 89

Otcroma ty = 112/27,14=4,1.

[To TaGmuaie s ypoBHA 3HaUYHNMOCTH a = (0,01 1 4nciaa crerneHeil CBOOOIBI k = 9+8—2=
15 HaxommM ty, = 2,95, Tak kak f3 > tip, HYIEBas THIIOTE3a OMPOBEPracTCs Ha BLEICOKOM
ypoBHe 3HaynMocTH (P<0,01). PasHmia Mexay cpeIHHMH BelIHYHHaMH OIIBITa H
KOHTPOJS 0Ka3ajlach B BREICIIEH CTEIEHH JOCTOBEPHOMH.

[IpaBHIIEHOE ITPHMEHEHHE ITapaMETPHUYECKIX KPHTEPHER IS IMPOBEPKH CTAaTHCTHYECKIHX
THIIOTE3 OCHOBAHO Ha IIPEAIIONOKEHHH O HOPMAILHOM PacIIpeJelIeHHH COBOKVYITHOCTEH, M3
KOTOPBIX B3STHl CpaBHHBaeMble BEIOOPKH. OJHAKO 3TO HE BCErjla HMeeT MeCTO, TaK KakK He BCe
OMOJIOTHYECKHE ITPHU3HAKH PaCIpPeJelsaioTca HOpMalbHO. HeManoBaKHBIM SBIISIETCS H TO
OOCTOSATENBCTBO, UTO HCCIEOOBATENI0 IPHXOAHUTCS HMMETh JEI0 HE TOIBKO C
KOJIMYECTBEHHLEIMH, HO H C Ka4eCTBEHHBIMH ITPH3HAaKaMH, MHOTHE H3 KOTOPBIX BHIPAKaIOTCS
ITOPSAKOBEIMH HOMEPAMH, HHJEKCAMH H APYTHMH VCIOBHBIMH 3HAaKaMH. B TakmX CIy4asx
He0oOXOIIMO HCITONB30BATh Henapamempiiieckiie Kpumepuild.

M3BecTeH LENBIN Pps HElapaMeTPHYeCKHX KPHTEPHEB, CPeIH KOTOPBIX BHIHOE MECTO
3aHIMAIOT TaK Has3bIBaEMbBIE paHzoebvle Kpumeplil, TIPHMEHEHHE KOTOPBIX OCHOBAaHO Ha
PaHKHPOBAHII WIEHOB CPaBHHBAacMBIX TI'pVII. [IpH 3TOM cpaBHHBalOTCS He caMH IO cele
YJIeHBl PaHXKHPOBAHHBIX PSNOB, a HX IOPSAKOBBIE HOMEPA, HIIM PaHTH. Jlajlee MBI PacCMOTPHM
HEKOTOPBIE HellapaMeTpHYeCKHe KPHTEePHI, TIPHMEHSIEMBIE IJIS IIPOBEPKH HYIIEBOH THIIOTE3EI
IIPH CPaBHEHHH KaK HE3aBHCHMBIX, TAK H 3aBHCHMBIX BEIOOPOYHBIX TPVYIIIL.

1

U . Kpurepuid YWwikoxkcoHa (MaHHa—YurHm). [umoresy o0 TMPHHAIIEKHOCTH
CPaBHHBAa&eMBIX HE3aBHCHMEIX BEIOOPOK K OJHOH M TOH K& I'eHepallbHOH COBOKYITHOCTH HIIH K
COBOKYITHOCTSIM C OJHHAKOBBIMH ITapaMeTpaMiL, T. €. Ho-THIToTe3Yy, MOKHO ITPOBEPHTH C ITOMOIIB O
parn2o6o2o kpumepus Yunkoxcona (Manna—Yumnu).

Jl1s pacuera U -KpHUTEPHSI HEOOXOIHMO:
1. PacmooXuTe 4YHCIOBEIE 3HAUeHHS CPaBHHBAEMBIX BEIOOPOK B BO3pacCTaIOINEM
IMOpSAKE B OAHH OOIMMH PpsSg H IIPOHYMEPOBATh 4YeHBI oO0Imero psmga or 1 1o

N = Hl + ?’lg . (OTH HOMEpa H OYIYT «paHTaMH» YJIEHOB pAja.)
2. OTaensHO A1 KaXJ0H BEIOOPKH HAaHTH CYMMBI PAHTOB H OIPEAEIIHTE BEIIHUHHEL,

n,(n, +1
U =R, - (1)
2
H
U, - R, — n,(n, +1)
OOKYMEHT NOArNMACAH 2

I&Pﬁﬁ?ﬂé”%‘iﬂ HA0T CBSI3p MEKIY CYMMaMH PaHIOB IIEPBOI H BT OPOI BRIOOPKH.

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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3. B kxaudectme U -KPHTCPHA HCIIOJIB30BdTh MCHBIIIVIO BCIHYHHY Ugb , KOTOPVIO
CPAdBHHTE C TaOIHYHBEIM 3HaYeHHEM Ukp YCIIOBHEM I COXPaHCHIA HpIH—[H'TDﬁ Ho-rHrIoressr

CITY’KHT HEPaBEHCTBO U b > U p - KpHTHYECKHE TOYKH U -xpurepus U w NI np, n2 H

IIPHHUMaeMOTI' O YPOBHS 3HAYHMOCTH « coflepKaTcsad B TaOmuie 3 IIpimoxeHH .
IIpumep. Ha aByx rpymmax 1a00OpaTOPHBIX MBINEH — OIIBITHOH (r; = 9) H

KOHTPOIBHON (722 11) — u3y4yajaM BO3JcHCTBHE Ha OpPraHH3M HOBOIO IIpelapara.

McnplTaHue ITpoaoIKanock OOHH Mecsdll. Ilocie 3Toro Macca Teina KHBOTHBIX, BRIpakeHHa s

B I'paMMaXx, BappHpOBaia CIeAYIOIHM 00pa3oM:
B oneiTHOM rpyine 80, 76, 75, 64, 70, 68, 72, 79, &83.

B xoutponpHoH rpymmie 70,78, 60, 80, 62, 68, 73, 60, 71, 66, 69.

Beruncianm o Beridopkam: X; =741 u X, =68.8.

[IpoBepHM C ITOMOIIBIO U -KpUTEPHS, SBJISAETCSA JIH Pa3sHOCTh B Macce Tejla MeXIy
OIIBITHOH H KOHTPOIBHOH I'PYIIIIAMH MBIIIEH CTaTHCTHYECKH JOCTOBEPHOH.

CYMMHPYS PaHTH OTAEIbHO I KaXKIOH I'PYIIIBI, HAXOJHM:

Ri= 44+6+9+12+14+15+17+19+20=112;

Ro= 14243+5+7+8+10+11+13+16+18=94,

[TomcTaBIsgeM 3TH JaHHBIEe B (DOPMYIIHL:

U, _112—9210_67; U3:94—11212:22

MeHpIyio BermuuHy {2 = 22 cpaBHHBaeM ¢ TaOIHYHBIM U kp SHAUYEHHEM IS n;=9,
n2=11 M YpOBHSA 3HAYUMOCTH a=0,01, KOTOpOE paBHO Ukp =109,

[Tockonbky U b >U kp, OTBEPTHYTH IIpoBepseMyro  Ho-rHrmoresy  Hemb3s

ClemoBaTelbHO, pa3IHuHsg, HaOIrogacMble MeXKIY STHMH BBIOOPKaMH, CTaTHCTHYECKH
HENOCTOBEPHEL. BRIOOPKH HE HMEIOT 3HAUMMBIX OT JIYHIA.

Kpurepun 3HakoB z. B Tex cioyyasx, Korga pe3yiabTaThl HaOIIOIeHHH
BRIPaXaOTCSI HE YHCIAaMH, a KaueCTBEHHBIMH IIpH3HAKaMH, IIPHHHMAIOIUMH IBa
pPa3lIHYHBIX 3HayYeHHA (IToMedaeM HX 3HaKaMH IIIoc (+) H MHHYC (—)), pa3IHyHAg
MEKAY TOMAPHO CBS3AHHBIMH YJIEHAMH CPaBHHBAEMBIX BBEIOOPOK OIEHHBAIOT C ITOMOIIBIO
kpumepus 3Haxkoe z. KOHCTPYKIHS 3TOro KpHTepHSA OasHpPYeTCs Ha BecbMa ITPOCTBIX
COOOp@KEHMSX. €CIM IIONAPHO CpaBHHBAacMBIE 3HAYEHHSI JBYX 3aBHCHMBIX BEIOOPOK
CYIIECTBEHHO HE OTIHYAIOTCI APYT OT APYra, TO YHCIIO IIIOCOBBIX H MHHYCOBBIX Pa3sHOCTEH
OKaKeTCS COBEPIINEHHO OAMHAKOBBIM, €CIIH K& 3aMETHO IPeo0IaJaroT IIIFOCHI HIH MHHYCEL, 3TO
OyJeT yKasblBaTh Ha IIOJIOKHTEIIbHOE HIIM OTPHI[aTelIbHOEe AeHCTBHE H3ydaeMOoro (pakTropa Ha
PEe3VIIbTAaTHBHBIN TIPH3HAK. boOjbIlllee YHCIIO OJHO3HAUHBIX PasHOCTEH CIVAKHT B KadecTBE
(paKTHYECKH HaHJACHHOH BEIMYHHBI Z-KpPHTEPHS 3HAKOB. [IpH 3TOM HYyIIeBBIE Pa3HOCTH, T. €.
CIIydal, He JaBIIME HH IIOJIOKHTEIILHOIO, HH OTPHI[ATeIIBbHOr0 pe3yiabTaTra, 0003HadaeMBIE
nudporn 0, B pacyeT He IPHHHMAIOT H YHCIO ITAPHBIX HaOMIOJEHHH COOTBETCTBEHHO
YMEHBIIAETCSL.

Kak M BCIKHH JApPYrOoH BBEIOOPOYHBIH IIOKa3aTellb, Z-KPHTEPHH 3HAKOB SBJISETCS
BEIIHYMHOMN CIIYYAHHOIN, OH CIYKHUT IJIS IMPOBEPKH Ho-THIIOTE3HI, T. €. IIPEAIIONOXKEHHUS O
TOM, 4YTO /CRBOKYNHOOTHE] 3 KOTOPHIX B34THI CpaBHHBacMble BEIOOPKH, MMEIOT OMHAKOBEIE

cmqﬂﬂ%&%ﬁ%ﬁﬁ%ﬁ?ﬁ?@éﬁ “Plo-TTIoTesa OTBEpraeTCs, eclH Zg > Zkp VIS TIPHHATOTO YPOBHS

Bnapens3Had THIMQCEH 16 L Ad6Ida Jiad HbLX Ha OO IeHII F1, B3ATBIX 0e3 HYJIEBBIX pﬂSHGCTEH KPHTHIIECI{HE
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TOUKH Zip OIS ABYX YPOBHEH 3HAUMMOCThL M YHCIA IMapHBIX HAOIMIOJAEHUII COAEpKarcs B
TaOJIHIE.

Bonpocet u 3a0 auu:

1. Jlma u3yuyeHHsS >(Q(EeKTHBHOCTH HOBOIO IIpelapaTra Kejie3a OBIIH BBIOPAaHBL JBE
TPVIINIEL MMAIlHEHTOB C aHEMHeH. B IepBOH TI'pPVINIe MalfHeHTH B TeUeHHE ABYX HEIElb
ITOJIYYalIH HOBHIH ITpelapaT, a BO BTOPOH rpymie - nmoiayuanu rmanebo. Ilocme atoro
OBIJIO ITPOBEJEHO H3MEpPeHHe YPOBHSA TreMorjioOHHa B IepH}epHYecKOH KpoBH. B
IIEPBOH T'PYIIE CPpeJHHH YPOBEHb reMor100HHa cocTaBHI 115,4+1,2 1/11, a BO BTOPOH -
103,7£2,3 r/n (maHHBIe TIpeJAcTaBIeHBI B  ¢opmaTre M+m), CcpaBHHBaeMEIE
COBOKVITHOCTH HMEIOT HOPMAJILHOE pacrnpeaeiaeHHe. [IpH 3TOM UYHCIEHHOCTL IIEPBOH
TPYIIIEL cocTaBuiia 34, a Bropon - 40 mamueHTOB. HeoOXoaMMo caenars BBIBOJ O
CTAaTHCTHYECKOH 3HAYHMOCTH ITOINYYEHHBIX Pa3JIHYHH H 53PQEKTHBHOCTH HOBOTO

IIpCIldpaTad KCJIC34a.

2. Tlocne mpoBeJeHHA BaKLHHAL[HH OT TPHIIIA cpeJH CcTyJeHTOB MeJHLIHHCKOT0 YHHBepcHTeTa OBIJIH
roaBeqeHbpl pe3yabTaThl: H3 500 BakIHHHpPOBaHHBIX B IIepHOJ] 3MHAeMHH 3abonenH rpuHmnroMm 20
yenoBek, H3 1600 oTkazaBmHXcd OT BakKLHMHalHH rpHrmnoM 3abonenH 200 uyenoBek. OLjeHHTe
3((PEeKTHBHOCTh BaKI[HHALIHH OT TPHIIIIA.

3. VyeOHoOH YacThio OoOHOH H3 Kadegp MeJHLIHHCKOI0 YHHBEPCHTETA OBLIIO MPOBEJEHO HCCJIeJOBaHHE
YCIMEBAEMOCTH CTYJAEHTOB B 3aBHCHMOCTH OT IIOCEMaeMOCTH NeKILHH. /InA CcTYJOEHTOB, I0CETHBIIHX
MEHEE MOJIOBHHBI JIEKLIHOHHOTO Kypca (n=36), cpeaHAa olleHKa Ha 3K3aMeHe cocTaBuna 3,2, ¢1=0,2.
11 ¢cTYZeHTOB, NMoceTHBIMHX Oomee 90% nekiyii nmo npeaMmeTty (n=150), cpenHas olleHKa Ha 3K3aMeHe
cocTaBHla 4,5, ¢°=0,5.ChgenaiiTe BbIBOJ O JOCTOBEPHOCTH pa3JHYHH yCIIEBAEMOCTH CTYJEHTOB B
3aBHCHMOCTH OT I10C €IaeéMOCTH JIEKIL[HH IT0 IIp EqMETY .

4. Pe3ybTarhl TECTHPOBAHM A 110 30-0aJIbHOM IIKale A1 IPYIOIEL X H IPVYIIILL Y IIPEeICTaBIIEHE]
B TaOmmile. CpaBHHTE 3P(PeKTHBHOCTh JIBYX MeTOJ0B OOYUeHHSI CTYASHTOB B JBYX I'PYIIIAX IS
YPOBHS CTaTHCTHYECKOH 3HAYHMOCTH [3 = 5%.

X 18 10 7 15 14 11 13
Y 15 20 10 8 16 10 19 7 15 14 129

S. IlepeyeHb OCHOBHOM H JIONOJIHHUTEILHOM JJHTEPATYPbI, HE00X0AMMOI I 0CBOEHHSA

M CHHILTHHbI
IlepeyeHb OCHOBHOH JIMTEPATYPbI
1 I'ycak, A. A. Bricmag marematnka. Tom 1: yueOHMK / A. A. I'yvcak. — MHHCK:
TerpaCucremc, 2009. — 544 ¢. — Pexxamv nocryra: http://www .iprbookshop.1u/28059 html
2.I'ycak, A. A. Bricrmag matematuka. Tom 2: yuyeOHmk / A. A. I'ycak. — MHHCK:

TerpaCucremc, 2009. — 446 ¢. — Pexam goctyma: http://www.iprbookshop. /28060 . html

IlepeyeHb JOIOJTHHT €JILHOM JIMT €PATYPhI

| MHauBHAYanbHEIE 3aJaHHS 110 BRICIIEH MareMaTHKe. YacTth 1. JIMHeHHAas H BeKTOpHasd
anreOpa. AHaMTHYecKasd reoMeTpHsI J(uddepeHImanbHOe HCUYHCIeHHEe (QYHKIMH OIHOM
nepeMeHHOH: yueOHoe mocoOne / A. II. Paoymko, B. B. Bapxaro, B. B. Jlepxasen, 1. E.
IOpyTe, nox penaxkigie A. II. PaOyinko. — MuHck: Beimsrimmnas mkomna, 2013, — 304 ¢. —
Pesxxyv goctyma: http://www .1prbookshop.1u/20266.html.

2 MHpuBHIyanbHEIE 3aJIaHHS I10 BREICIIEH MaTeMarHke. YacTe 2. KOMIIIEKCHEIE YHCIIA.
HeorpenerneHHble H  OIpelelleHHble HHTerpajibl. OVYHKIHMH HECKOIBKHX IepeMEHHBIX.
OOBIKHOBeHHBIE AH((epeHIHMalbHbIE YpaBHEHHS. yueOHoe mocobne / A. II. Paoymko, B. B.
bapxaros, B. B. Jepxapen, M. E. IOpyre, nox pemakimen A. II. Pabyiko. — MHHCK:
BEIsiasmicy veH THKQIAH 2014. — 397 C. — PexamM JIOCTYIIA:

s TEGORRE FA 548 huml

1ec3 MHAHBHAYaTbHbIE - 3a[JaHH 110 BBICINell MaTeMaTHke. UacTh 3. Pampl. KpaTHbele H
KPHBOJIMHEHHEIE HHTErPalbl. DIeMeHTHI TeOpHH 11014 ;. yueOHoe nmocobne / A. I1. PgOymxo, B.
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B. bapxaros, B. B. [Jepxagew, M. E. IOpytes . mox pemakipiein A. 1I. PaOyimko. — MHHCK:
Bremmaiimrasg mxoma, 2013, — 367 ¢. — Pexamv gocrtyma: hitp://www .1prbookshop.mu/2021 1. html.
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MHUHHUCTEPCTBO HAYKHW M BEICHIETI'O OBPASOBAHHWA PO
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Coaep:ranue

BreneHne

JIadoparopHaa padora Nel. JlelicTBHS HaJ MaTpHI[aMH. BrIumciaeHHe paHTra
MaTpHILI. BRIYHCIIEHHE ONpeelMTelleH pas3lIoKeHHeM II0 3IIeMEHTaM CTPOKH
(ctonOrra). OOpaTHas MaTpHIIA.

JIabopaTtopnana padora No2. PemneHHe HeBBIPOXKJIEHHBIX CHCTEM JIHHEHHBIX
YpaBHEHHH MeTOAOM Kpamepa, MeETOZOM OOpatTHOH MaTpPHIIBEL. PellleHHe CHCTEM
JTHHENHBIX YpaBHEHH MeTOI0M ['aycca.

JIaGopaTropnasa padora Ne3. JIuHelHbIe onepalliHd HaJl BeKTopaMH. PasinokeHHe
BEKTOpa 110 OpTaM KOOPAHHATHBIX OCEH. /|efICTBHSI HaJ BEKTOPAMH, 3aaHHBIMI
ITPOeKIMSIMH. CKaIISIpPHOE, BEKTOPHOE H CMEIIAHHOE ITPOH3BEIEHIS BEKTOPOB.
JIadoparopHas padora Ne4. [Ipsvas IHII Ha ITIOCKOCTH: YPaBHEHHE ITPSMOI C
VTTIOBEIM KO3((HIIEHTOM, OOIIee YypaBHEHHE IIPSAMOH;, YpaBHEHHE IIPSMOI,
ITPOXOMAIIEN Yepes JaHHVIO TOUKY B JaHHOM HaIllpaBIIeHHH, YPaBHEHHE IIPSIMOH,
ITPOXOMAIIEN Uepe3 JBE JMaHHBIE TOYKH, YPaBHEHHE IIPSIMOH B OTpe3KaxX. YT Ol
MEKIY ABYMS IIPSMBIMH. Y CIIOBHS IMAPAJUIEIIBHOCTH U IIEPIIEHIUKYIIIPHOCTH IBYX
IPSIMBIX. PacCTOSIHHE OT TOYKH JIO ITPSIMOI.

JIabopaTtopHaa padora NeS. OxpyxHocTh. Omrmric. ['mmep6oma. IlapaGomna.
OOI11ee YpaBHEHHE JIHHHH BTOPOT'O ITOPSIKA.

JIabopaTtopnaa padora Ne6. OOmee ypaBHeHHE IIIIOCKOCTH. YpaBHEHHE
IIOCKOCTH B OTpe3Kax. HopmarmbHOe ypaBHEHHE TUIOCKOCTH. PaccTOSIHHE OT TOUKH
0 IUIOCKOCTH. YTOI MEXKAY JABYMS IUIOCKOCTSMH. Y CIIOBHS IApPaUIEIbHOCTH H
TIEPIIEHANKYIIIPHOCTH IBYX IITIOCKOCT M.

JIabopaTropnana padora Ne7. [Ipsvas miuHHA B IpocTpaHcTBe. [lapaMeTpHyeckie
H KAHOHHYECKHE YPaBHEHH A IIPSMOH. YPaBHEHHS IIPSAMOH, IIPOXOASIIEH Yepes3 IBE
TOUKH. OOIIHEe YpaBHEHHS IMPSMOH. YTOI MEXAY ABYMSI IPSAMBIMH. PaccTosHHE
OT TOYKH OO NpSMOH. Kparyaiiiee pacCTOSHHE MEXKAY ABYMS IIPSIMBIMI. YTOI
MEKIY MPSMOH H TUIOCKOCTEIO.

JIadopaTropnas padora Ne8. I[pon3BoIHEIE HEKOTOPBIX 3l1eMeHTAPHBIX (DYHKI[HIA.
OcHOBHBIE TIpaBWIa JH(P(epeHIHpoBaHHS. J[H(p]epeHIIHpOBaHHE CIIOKHOH H
OOpaTHOH (PYHKIIHIA.

JIabopaTtopnaa padora Ne9. Bospacranne u yObIBaHHE (PYHKI[HII. OKCTpPeMyM
¢yHKIHH. BreimmyknocTs rpadmka  (QyHKIHH. TodykH Iiepern®a. ACHMIITOTEI

rpa(pHKa () YHKI[HH.
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