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1. HE.]I]:. H 3ada49H H3VUYCHHHA THCIHHILTHHLI

Llene mgucuunouner:  ¢QopmupoBanne Habopa o00mienpo(ecCHOHANBHBIX  KOMIETEHIIMI
Oakanaspa no HanpasiaeHuto moaroroBku 09.03.02 «MugopmannoHHEIE CHCTEMEI M TEXHOJIOT ).

3amadu OCBOEHUA TUCHMILIMHEL: (POPMUPOBAHUE MIPEACTABIEHUN O POIU U MECTE MATEMATHKH
B COBPEMEHHOM MHPE, STamax pa3BUTHA, YHUBEPCAIBHOCTH €€ TMOHATHH W MPEICTaBICHHH;
(opMIIpOBAHNE YMEHUI KOHCTPYUPOBAHUA M AHATW3a MATEMATHIECKUX MOJIENEN 00BEKTOB, CUCTEM U
MPOLECCOB MPH PEMIEHUN 34144, CBA3AHHEIX CO cepoit Oyaymien mpo(pecCuoHaIbHON IEATENBHOCTH;
OBIAEHHE HABBEIKAMM TOYHOTO W CKATOTO BBEIPAKEHUSA MATEMATHYECKOM MBICIM B YCTHOM H
MUCEMEHHOM M3JI0KEHHUH, C UCIOJIE30BAHUEM COOTBETCTBYIONIEH CUMBOIMKH.

[lensro mpoBeneHUS MPAKTUUECKUX 3aHATUH MO JUCLMIIIMHE SABISAETCS PA3BUTHE JTOTHYECKOTO
U QITOPUTMHUUECKOTO MBINUIEHUS, (DOPMHUPOBAHUE 3HAHUM IO OCHOBHBEIM pazfenaMm JUCIMILTUHEL,
HEOOXOOUMBIM CTYIEHTAM KAaK A OCBOEHMS Oa30BBIX U CHEHUANBHBIX OUCIMIUIAH, TAK U I
DATBHEUIIEN CAMOCTOATENLHON PA0OOTHI.

B Xxome mnpakTUUECKOTO 3aHATUA CTYACHT YYWUTCA JIOTMYHO, SACHO, YETKO, T'PAMOTHBEIM
MATEMATHUECKUM S3BIKOM HW3JIaraTh CBOW MEICIIH, OPUBOIUTE JOBOJEI, (POPMYIHPOBATE APTYMEHTEHI B
3ANIATY CBOEU MTO3UIINN.

Ha 3aHaTiu CTyZeHT OmMpaercs Ha CBOM KOHCIIEKTHI, CAETAHHBIE HA JIEKIHMH, COOCTBEHHBIE
BBIMMCKU M3 YUEOHUKOB U CIIOBAPHO-COPABOYHYIO JTUTEPATYPY.

2. ObdopynoRaHHe H MATEePHAJIbI
[Tpaktraeckue paborer mo mucnuruimHe «Maremarudeckul aHaamsy MPOBOOATCA B y4EOHOU

ay IUTOPHUH C MyJIbTAUMEINA 000pyIOBAHUEM: ITPOEKTOP, KOMITBIOTEP, SKPAH HACTEHHEIM.

3. HanMeHOBaHHe NMPAKTHYECKHX padoT
CTyneHTsl 3a04HOH (pOpMBI 00ydeHMs BRITOIHAT padorer Ne 3-4, 6-7, 8-9, 14-15, 21, 23, 25, 31

Ne HauMeHOBaHHE TeM JHCHHINIHHLL, HX KPATKOE collep:RaHHe ObdbeMm W3 HUX nNpakTHYecKas
Tembl YACOB MoJAr 0OTOBKA, YACOB
THCITH
ITHH

bl

| cemectp
l. [Tpenensl ©W  HENPEPLIBHOCTE. Crocobel  3ajaHHsd 1,5 1,5
2 MOCJIEOBATENBHOCTH, Bemucienue Ipejena

MOCIICJOBATCIIEHOCTH C ITOMOIIBEHY OIPECICHHA. O IPAHHYCHHEIC
H HCOIpaHHYCHHEIC ITOCIICJOBATCIIEHOCTH.

2 2. Ilpenenslt ©  HenpepbIBHOCTE. BreMHclIeHHE Ipejena 1,5 1,5
[moc/Ie/10BaTebHOCTH. YHCIIO €.

2 3-4. Ilpegensl H HelNpepbIBHOCTL. BrMHCIeHHE Ipejena 3 3
(pyHKUIMH, OJHOCTOPOHHHE ITPEIeib] (DYHKIIHH.

2 5. Ilpenensl M HempepeIBHOCTL. 3aMedaTelIbHBIE IpeJIeNbL 1,5 1,5
JKBHBAJIEHTHbIE DECKOHETHO MAJIBIE.

3 6-7. JuddepeHuuansHOe  HCIHCIEHHE  (YHKIHH  OJHOH 3 3

[IEPEMEHHO M. [TpoHu3BOJIHEIE  HEKOTOPBIX  3JIEMEHTAPHBIX
(hyHKIMH. OCHOBHEIE MpaBiiIa JTH(MhEPEHIHMP OBAHHS.

3 8-9.  JuddepeHuuancHoe  HCYHCIEHHE  (YHKLHH  OJHOH 3 3
nmepeMeHHOH. {u(depeHnpoBaHie CIOKHOH H  0DpaTHOH
(hy HKITHH.
3 10. I'eoMeTpHuecKHl H MEXAHHMYECKHI CMBICI ITPOU3IBOJHOM. 1,5 1,5
3 11-12. TudpepenpoBaHie  HesIBHBIX ImapaMeTpHIECKH 3 3
H%Wnﬂmﬁﬂqymmecme ,[[H[lJElJEpEHLIHpDEHHHE

PaHFBQAHBIE BBICIIHAX MO RSHIR B0 44
Bramdneu: | 10eddpuionkertsia mposzpodaroi. [Ipasuino JlomuTansa pacKkpbITHS 1,5 1,5

HeonpeneneHHocTeH. Q@opmyna Teiviopa [0 MHOTOWIEHA.
Qopmyiia Ternopa s MpoH3BOJIEHON (DYHKIHH,
deErl 1B TeliEH UZZ2TI0 19002023 r

4 14-15 o3pacTaHHe ¢ yObIBaHHE  (PYHKLUMH. DJKCTpeMyM 3 3
(pyHKOHH. BrimyknocTe rpaduka QyHKIHH. TodkH meperuoda.

ACHUMITTOTEI rpapMKa (PYHKIHH.




16. Obmas cxeMa HcCIeJOBaHHA (YHKIHH M ITOCTPOSHHS
rpa)uKoB.

1,5

1,5

17-18. HudpdepeHiman ¢yHruuH. ['eoMeTpHIECKHMH CMBICT
aHp pepenana (by HKLTHH. OCHOBHEIE  TEOPEMEI 0
aHp peperHanax. [TpumeHeHne aubdepenuana K
MpHOMIKEHHEIM  BeMHCIeHHAM. uddepeHnHanel  BEICIINX
ITOPSIJIKOB.

HToro 3a 1 cemectp

27

27

19-20. Tabnuua OCHOBHBEIX HEOIpEJeNeHHBIX HHTErPajoB.
[TpocTeine CBOHCTBA HEOIPE/IEIEHHOTO HHTErpala.
Hemocpe/IcCTBEHHOE HHTEPHP OBAHHE.

21. 3aMeHa 1mlepeMeHHOH B HeONpeJe/leHHOM HHTerpale.
HuaTerprpoBaHHe 110 JacTAM.

1,5

1,5

22. UHTerpupoBaHHe 3JIeMeHTapHBIX Jipoded. MHTerpHpoBaHHe
palMOHAIBHBIX ()Y HKIIHIH

1,5

1,5

23. Crioco0Orl BEMHCIIEHHS olpejieieHHoro HHTerpana. @opmyia
HeroToHa-JlelOHHMIA. 3aMeHa NEpeMEHHOH B ONpe/IelIcHHOM
uHTErpasie. @opMmyla HMHTEIPHPOBAHHSA [0  4HacTsAM B
OIpeJIeIEHHOM HHTETpale.

1,5

1,5

24. T'eomeTpHuecKHe NMPHIOKEHHS ONPEJIEIEeHHOI0 HWHTErpasa.
[Tnomage muocko ¢gurypel. OdkeMm Tena. [nuHa JIyTH KpHBOIA.
[Tnonaie MOBEPXHOCTH BpAILIEHHL.

1,5

1,5

10

25. YacTHbele MNpOH3BOJIHEIE IE€pBOro Iopsiika. YacTHeIe
[IPOU3BOJIHLIE BRICIUMX IMopsJKoB. IlonHeni guddepennnan
(bY HKLIMH. HuddepeHmansl BBICILIHX TOPS/IKOB.
Judpepenumposanre CI0¥HBIX H HEIBHEIX (PYHKIHH.

1,5

1,5

10

20. KacaTenbHasd M HOpMalb K MoBepXHOCTH. [IpoM3BOjHAas 1Mo
HanpasJIeHHI0. ['palHeHT.

1,5

1,5

11

27. DkcTpeMyM — (PYHKUHMH ~ HECKOIBKHX  I€pPEMEHHBIX.
HeoOxouMEBIeE M JIOCTATOYHEIE  YCJIOBHSA — HKCTpEMyMa.
Haubomneiiee U HauMeHBIIee 3HAYEHHA (PYHKIHH B 3aMKHYTOH
obacTH. Y CIIOBHBIH SKeTpeMyM. MeTo MHoHTENEH Jlarpamka.

1,5

1,5

12

28. CBoOHCTBa JBOHHOIO MHTeIpaia. BeMHCIEHHE B [IEKApPTOBLIX
KOOpJHHATAaX.

1,5

1,5

13

29. Ilproxkenust JJBOHHOTO HHTErpaa.

1,5

1,5

14

30. HuddepeHHaAIBHEIE VPABHEHHS C  pa3eisiOLIUMHCS
nmepeMeHHBIMH. OJJTHOpO/HEIE YpaBHEHHA. JITHHEHHEIE YpaBHEHHS.
YpaBHeHHs], TPHBOJIUMBIE K JIHHEHHBIM.

1,5

1,5

15

31. YpaBHeHHsa BBICLIETO IMOpsKa, JOIMYCKAIOIIHE MOHIKEHHE
mopsaaka. JIuHeiHele JH(p(epeHHAILHBIE YPAaBHEHHS BEICIIHX
ITOPsI/IKOB.

1,5

1,5

16

32. CucteMbl JU((epeHIHATEHEIX VPaBHEHHH, OCHOBHEIE
MOHATHA. HMHTerpupoBaHHE HOPMAIBHBIX CHCTEM. CHCTEMEI
VPABHEHHH ¢ IMOCTOSHHBIMH KO3(O(PHUIHMEHTAMH.

1,5

1,5

17

33. IlpHzHAKH CXOJHMMOCTH 4YHCIOBRIX psijgoB. HeoOXoquMmEni
MPU3HAK CXOJIMMOCTH YHCIOBOro psAja. JlocTaTo4HBIE NMPH3IHAKH
CXOJ/IMMOCTH 3HAKOITOCTOSHHBIX PsAJOB: ITPU3HAKH CpaBHEHMS,
npuzHak  [JlamamOepa, npuzHakd  Komm.  OOO0OILIEHHEIH
rapMOHHYECKHH PsiI.

1,5

1,5

17

34. 3Hakouyepe/VIOLHMECS H 3HAKONlepeMeHHEle psjibl. [TpHzHak
Jleitbupnma.  OOmMMI  JJOCTATOYHEIH  NMPH3HAK  CXOJHUMOCTH
3HAKOIEPEMEHHBIX PsI0B. AOCOIMIOTHASA H YCIOBHASA CXOJJHMOCTH
YHCJIOBBIX PsJIOB.

1,5

1,5

HToro za 2 ceMecTp

24

24

4. Conep:xanue ARAKFHALCKEX padoT

Patmen

EPTH MKdl.

1, BHERETHY BoAifa 3.
2C0000043E9ABBBI52205E 7BAS00060000043E

Eena 2. TIp enedapl i HEUD EPLIBHOCTE,
IIpakTHueckoe 3aHaTHe 2.1. IIpenennl H Henmpep bLIBHOCTL. CrocoObl 3aJaHUSA NMOCTIET0BATEILHOCTH. BoluncieHne

1p efena

MOC/IEOBATEILHOCTH ¢ TMOMOHILI0  OMNpeJie/IeHHsl.

6 CHBAG R TeA% HorR 0 19.08.2023

Ecm no HCEKOTOPOMY 3dKOHY EKaKIOMY HATYpalIbHOMY n ITOCTABJICHO B COOTBCTCTBHE BIIOIIHE OIPC/CICHHOC

YHCIIO @,, TO TOBOPSIT, 4TO 3aJ]aHA YUCIIOBAs MOCJIE/[OBATEILHOCTD: {d,}: a;, Qz, ...

OrpannueHHbIE

:,H,I]:, " s wm

H

HeOoIp AHHYEHHBI e



@, — YJEHB! MMOCIENOBATENBHOCTH 3aHYMEPOBAHEI BCEMH HATYPAJILHBIMH YHCIAMH M PAaCHOJIOKEHE] B IOPsJIKe
BO3pacTaHHsI HOMEPOB.

[IpuMepE! YHCIOBBIX MMOCIIE]0BATEILHOCTEH:

1) a,a+d,...,a+(n-1)d, ... - apupmMeTHIECKas1 MPOTPECCHS.

2) b, bq,...bg"", ... - reOMETpHYECKAs IPOTPECCHS.

|

3) 1.4, 1,41, 1,414, 1,4142, ... - mocnefoBaTEeNLHOCTE JIECATHYHEIX IPHOMIDKEHHH K \/2 , CO Bce
BO3PaCTAIILEH TOYHOCTEIO.

HMHor1a nocneqoBaTenbHOCTE 3aJaeTCsl TEM, YTO YKA3aHO HEIMOCPEICTBEHHO BRIpaKEHHEM 11 a, (puMmep 1, 2). B
OPYTHUX CIy4asX HaM MOXeT OBITh HEM3BECTHO BEIpAXEHHE I 00LIero 4ieHa a,, Kak B npumepe 3. Tem He MmeHee:
ITOCIE/I0BATE/ILHOCTE CYHMTACTCS 3a/IaHHOM, €CIH MBI BJIAJEEeM ITPABHIIOM, IO KOTOPOMY MOKET OBITE BEMHCIEH JIHODOI
4JIEH ITOCJIE]OBATENBHOCTH JIMIIE TOJIBKO H3BECTEH €r0 HOMED.

HpE,IIEJ] YU CJI0OBOH ITOCJIEIOBATEILHOCTH
3

#

(-1)"
L 1 + ]
Jlana mocnejoBaTENLHOCTE M) Bemwmewm ee unens:
n=1 n=2 n=3 n=4 n=> n=06 n=
3 2 5
a;=0 a= 2 a= I a~ 4 a= 9
7 6
ag b ar= 7
H3obpazum unenvl 3moi nOCIE006AMETbHOCHIU HA YUCTIOGOU OCU:
€t £ = = a, a, a,
0 1

Mox)HO 3aME€THTh, YTO 4WIEHBI ITOCIENOBATENILHOCTH @, C POCTOM n KakK YIroJHO OJIM3KO NMpHOMIDKAlTCd K
enuHHLE. [Tpu 5ToM abcontoTHas BETHIHHA PasHOCTH  |a,-1| CTAaHOBHTCA Bce MEHBILIE U MeHbIIE. JIeHCTBUTENLHO:

3 1 2 1

a;-1]=10-1|=1 = & -1)= 2 arlj=| 9 -1|= 3 wurn

‘14.&_ 1‘=l

la.-1| = n n , T.e. ¢ poctoM n |a,-1| Oyger MeHelne JIOOOr0 CKONbL YIOJHO MAalioro
MOJIOKHTEILHOTO YHCIIA,

Yucno A HazeIBaeTCs NpeJeioM YHCIOBOH MOCHEN0BATEILHOCTH {a,} €CIH I JII00ro CKOJIb YIOJHO MAaloro
MOJMOMHUTENRHOIO 4YHcna €>0 cymiecTsyeT TakoH Homep N (zaBuesammid or €) N = N, 49To Jyisd BcexX 4YJIEHOB
ITOCJIEOBATEILHOCTH C HOMEpPAMH n>N BEPHO HEPABEHCTBO |a,-A|<€e

lima =A a - A

[Ipenen 4ucaoBOil MOC/IeOBATEILBHOCTH 0003HaYaeTest N2 WJIH mpu N> 0

§ a |
HHDFHH FDEDpHT, qTO €CJIH A cCTE HPE,IIE:J] JHCITOBOH MOCIHCTOBATCIBEHOCTH | ﬂ.l . TO 3Ta IMMoClC JO0BATCIEHOCTE

cxonquTesa K A. CMbIcH ONpEIciIcHA ITpeciia JUCIOBOH IMOCIENOBATEILHOCTH COCTOMT B TOM, 4TO IS JOCTATOYHO

a |
DOJIBILHMX h YJIeHBI MOCHeIOBATCIIEHOCTH o n KaK YIroJHO Malo OT/IMYarTCd OT YHCiIa A. Baxuno OTMETHTL, 9TO

HOMCP N, BOODIIE roBOps, HC MOWCT OBITE YKasaH pas " HaBCcerjla: OH 3aBHCHT OT BBIﬁCIpﬂ JHCIA € . l_[pH YMCHBIICHHH

€ \ EDI’.]TEETETE}}IDH_’[Hﬁ HOMCP N., BoobI1IE IFoBOpA YBCIIHIHBACTCA.
,[[JIH reOMCTPpHY eCKOH HHTCPpIIpCTallHH  ITOHATHA  [IpC/ciia JUCIIOBOH  ITOCIENOBATEILHOCTH PacITHIIEM

HCPABCHCTBO!

a —Al<e

AOKYMEHT MOANUCAH —&<da — A<eg
3NEKTPOHHOW MOAMMCHIO

Ceprudmkar:  2C0000043E9ABBBI52205E7BA500060000043E A — E<d . <A+¢

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
a
Hzobpazum uucia A, A + ¢, A-¢ U 3HAYEeHHE T ToykaMH Ha YHUCI0BOH ocH. IToiydum HAarJsiTHO
[EOMTEPHYSCKOMHeIINKOBAMII® TR e/Ie)1a IT0C/Ie/[0BAaTEILHOCTH:
s o A A+




o o a o
Kaxkoi OBl MaJkIH OTpE30K (JIITHHEI 2¢) ¢ LIEHTPOM B TOYKe A HH B3STh, BCe TOYKH T HaYHMHAasA ¢ HEKOTOPOH M3
HHX JJOJDKHEI [TONTACTE BHYTPh 3TOr0 OTpe3Ka (Tak, 4TO BHE €ro MOMET OCTAThCS JIHIIL KOHETHOE THCIIO HTHX TOYEK ).

ITpumep
[Toneaysicek onmpeieieHHEM Mpejena MocaeI0BaTeIEHOCTH, JOKa3aTh, YTO
lim a, = a.
TL—r OG5
[Tnau pelieHus:

1. ITo onpemeneHno YHCIO G HA3LIBACTCA NPedesoM YUCA0680T Nocle-
dosameavnocmu {a, }, ecom

Ve >0 IdN(e): n> N(g) = |ap, —a| <e.

2710 o3HavaeT, 4T0 Ve > () HepaBeHCTBO |a, — a| < £ UMeer pemenne
n > N(e).

2. Hamgem, npyu Kakux n CIpaBeliuBO HEPABEHCTBO
a, = a| <&,

T.2. PpCllliM oTO HCPaBCHCTBO OTHOCHTCGIBHO 1.

3. Ecm pemmenme mvmeer BAg n > N(=), To a — mnpejen 9HCIOBOH
[IOCJIE IOBATEILHOCTH {0y, }.

JAMEYAHHE. Ecau penrenne HepapeHcTBa |a,, — @| < £ HEIL3d MIPE]-

CTABUTH B BHAEe n > N (&), TO IHCI0 @ He ABIASTCA MPEIEIOM TTOCIE I0Ba-
TeTbHOCTH {ay, }.

[TpuMEP. [loae3ysick onpejgeeHHeM Mpejena [MOCHIeJ0BATEIEHOCTH,
JNO0Ka3aTk, 4TO

, 2n3
i

PENIEHHME.
1. TTo onpegenenny YUCIO0 2 HARLIBACTCA IPeIeI0OM YHCIOBOM TOCIE-

In3
NOBATEIBHOCTH § ——— ¢, €CJIHA

ns — 2
2n?
Ve >0 HN(E) H}N(E):} ‘.?13—2_2 < E.
2. Haujgem, npn Kakux n crpaBeJIMBO HEPABEHCTBO
2n3
——— — 2| < g,
n3 — 2

T.€. PelluM DT0 HEPaBeHCTBO OTHOCHTEJILHO M.
3. HepasencTro umeet pemenue n> N () = {/4/e + 2. CaegopaTens-

} 2n3
HO, 2 — mpefes YUCAOBON MOCIe0BAT eTLHOCTH {— .

nd — 2
OTteeT. n > 3/4/e + 2.

3ajauu
3ajaga 1. [Tosnk3ysAck onpejlelieHHEM IIpejiena [ToCIe]0BaTeILHOCTH, JJOKAa3aTh, 4TO
lim a, = «a.
TE—r OO

OOKYMEHT NMoanncAaH
SNEKTPOHHOW NOANKCLIO
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2n — 2 2 4n — 2
l. a, = —— 1= —. 2. 4, = —— = 2.
" 3n -1 3 " n 4+ 3]
3 In + 2 3 4 on + 2 D
s gy — —— ia = —. . lyy — —— = —.
"+ 1 2 T 3n 41 3
5n + 2 4n? 4+ 1
5., Gy = ———., a = d. 6. a, = a — 4
" op41 Y- ) B
3—nd 6n — 2
7. gy = ——, a=—1 B, Ay = ——, = 3.
" 14 n3 "9 +1
3 + 8n? 3n
9. ap = ——>, a=2. 10. a,, = , a=3J3
" 14 4n? R |
3ajada 2. Hanucars nocie oBaTe/IbHOCTH ¢ O0MIMMH YJIEHAMH:
2n 1
1} "xﬂl_'ﬁﬂ_—ﬂ.; 2) Inzﬂl: 3) .t'ﬂ:?':'-,
1 nt—1
4} Inz_‘?u;. 5} ‘tﬂ="27f Ei}'l:rt'—_ '—|—l;
it
7) Xp = i 8) Xy = ——
nT Aa—D@n+1)° nT T
1
- AR fi HEHYeTHBLX; 1+ (—1y
9) X, = n ) 10 Xy = —5 .
e IR M YETHHIX
3ajaga 3. Hamucats (hopMyity oOlILero 4wieHa 1mociieJoBaTeIbHOCTH 110 JIAHHEIM €€ ITEPBBIM YIeHaM:
pl L 1 1 1 _
li" BT o9 IZ* 15 v
Pt 1 i ]
dF3q Fer TE TI0
I 4 7 10 13 _
a} B 11 18* 31+ 9gr ==" 1
3 T 1l L5 19
Vg &0 @ om0
4 L 1 1 1 1 :
A+ 9+ 27+ BTt D43 7 "o
' I 2 3 4 5
E} DI iy ¥ Tt ?. _E;': Tir'p - ¥
3 12 7 48 75
) §* I7* 37" ®5' 1oi* "*-

Bormpocker
1. JTaiiTe onpe/ieneHHe YUCIOBOH MMOCIE]OBATEIEHOCTH.
2. Ilepeuncimnte criocoOI 3aJaHHs YHCIIOBOH IMOCIE]0OBATEIEHOCTH.
3. Kakasg mocneJoBaTeILHOCTE HA3BIBAETCA  OIPAaHMYEHHOH; OIpaHHYEHHOH
HeorpaHudeHHOH? [TpuBeuTe MpHMEPEI NEped HCJIEHHBIX ITOCIE0BATENBEHOCTEH.
4. IlaitiTe onpejeeHne npejiena mocie0BaTeILHOCTH.
5. Kak HazeIBaeTCs MOCIEI0BATEIEHOCTE, HMERILAA KOHEY HEIH [Tpeest?
6. Kakast mociie/oBaTe/IbHOCTE HAZLIBASTCS MOHOTOHHOH?
7. IlpuBecTH MPUMEPEL
1) BOzpacTarolled orpaHMYeHHOH TOCIE0BATENEHOCTH;
2) BO3pacTarOlLer HEOTPAHWYEHHOM TOCIIE]0BATEIEHOCTH;
3) yORIBarOILEN OTpaHHYEHHOH TOCIE0BATEIEHOCTH;
4) yOrIBaOIIEH HEOIPAHHY €HHOH ITOCTIE]0BATEIEHOCTH.

OI'paHHY €HHOH CHH3Y .

CBEPXY;

ITpakTHueckoe 3aHsaTHe 2.2, IIpeneasl 1 Henp ep LIBHOCTL. BuIuHC/1eHHEe NMpeaeIa nocjieqoBaTeILHOCTH. HHelo e,
[TocnegoBaTelIbHOCTE @, UMEROILAst CBOMM IpejiesioM 0 HaspIBaeTCs DECKOHEYHO MaJIoH BEIWYHHOH WIH, ITPOCTO,

DECKOHETHO MATOHOKYMEHT MNOANUCAH
SNEKTPOHHOW NOANUCBIO JleMMEI 0 DeCKOHeTHO MAJIBIX.

J!éﬂhiﬁ 1. Cﬁﬁ%ﬂﬁ%ﬁﬁ%ﬁ%ﬁé@nﬁﬁ? HHCHTA GECKOHETHOT0 MATIBIX €CTh TAKKE BEJTHY MHA HECKOHETHO MATAs,

nanenewy. E03YX0Ed 1dTekHHa AJIeRCaHOpOBHA

elcTEUTElEHSC 1 8 [ 9 08 2023 w ar X a
JTenMA 2 TTponsse fiéHtie ol patitueHHOl mepeMeHHOif N Ha GECKOHEYHO MaTyl M

MaJIa.

eCThE BeJIMYHHA DECKOHEYHO



(v |
x !' e _ar
beckoneunas 1o CIACTOBATCIIEHOCTE | n| HasbIBAeTCsd OeCKOHEeYHO OO0JIBIIO H, €CJIH OHa IIO abco0THOH

BEJIMIMHE CTAHOBUTCA M OCTAeTcsd OONBIIEH CKOJIb YI'OIHO OOJBIIETO Harepel sajJaHHOIro YHCIIa E}D, Ha9HHad C

‘Xn‘} E (,[[HH H}NE)

HCKOTOPOI'o MECTa

[y ]
X o o
Ecinu mocnejoBaTe/1LHOCTE n|  gpnsercs HecKOHEYHO HONBLIION U COXpaHsieT OITpe/IeJIEHHEIH 3HaAK (+ WIH -)
fx -!.
TO B COOTBETCTBHH CO 3HAKOM, TOBOPAT, 4TO MOCIENOBATENLHOCTE | M) HMMeeT mpejen +oo WIH -0 | MUY T
lim x =o0 Xx >0
=¥ o0
lim x,=—o0
=¥ o0
(v ] a,=
X
Ecm |1 sgiserca GeCKOHEYHO OONBIIOH, TO ee oOpaTHasd BelIHYHHA n OyJleT DECKOHEYHO

MaJIOH (BepHO H 00paTHO).
[locaedosamenvHocmb MOYCK PACUIUPCHHOU YUCT060U NPAMOU MOJNCEM UMCMb HA 3MOU NPAMOU MOJbKO 0OUH
npeoei.

Teopemsr 0 npenenax. [IpenensHeii mepexon B paBEHCTBAX 1 HEPABEHCTBAX

| | _
X v | L X —
o In PH BCEX MX U3MEHEHMSX PABHEL N Yn |

Imx =A lim y =B

1. Eciau ase nocieqoBaTe/lbHOCTH

MpHYEM KakIast U3 HUX UMEET KOHEYHBIH npejjen N2« n-= oo , TO paBHEI M 5TH npejienel A= B.
o ()
X )
2. Ecnu jgns JIBYX IOceNoBaTeNIbHOCTEH ‘ nj wu ‘uy“J BCET/la BBIMOMHAETCS HEPABEHCTBO
X >y ) Iim x =A lim y =B
n N ppuyeM Kaxlas U3 HUX UMeeT KOHeYHBIH mpejen: N2 n= o ,To A = B.
x | ‘ y | "z |
3. Ecau g nocnenoparensHocTeir L M ow | nj , L M Bcerja BEIMOTHSIOTCS HEPABEHCTBA
[y |
X <y <7 x >A z > A V.
n yﬂ n  ppHaeMm n n (T.e. K 00OIIEMY Ipejienty A), TO U MOCIEJOBATENEHOCTE |.y“J
limy =A
MMEET TOT KE NMpejen, T.e. N>
ApHpmeTHIECKHE ONepalliH HAJl [TOJICIE]0BATENLHOCTAMH
"x 1_ “y |_ lim x =a lim y =b
l.Ecrm "1 w YN pmeloT KOHEYHEIE MpeIeNb n-= o n-wo , TO U cyMMma
§ lim (x,+y, |=a+h
(pa3HOCTB) X TAKKe UMeeT KOHEYHEIH MpeJiedn, fl n
‘“x 1_ ‘*y ]_ lim x_=a lim y =b
2. Ecmm " w1V yMeoT KOHEYHEIe Mpeener; N2 n=w , TO HX
§ lim x y =a‘b
[TPOH3BEIEHHE TAKKE UMEIT KOHETHBIH ITpejien n-n
X 1_ |‘y ]_ lim x_=a lim y =b
3.Ecorm L n w YNl ygeroT KoHewHsle mpesieer; 170 n=oo mpudgeM b#0, To
. Xﬂ — ﬂ
lim I
MX OTHOLIEHHE TAKKe HUMeeT KOHEY HEIH Ipejen Y
1 n
lim |1+—| =e~2,718281
n=>w n - UppaIMOHAILHOE TUCIIO.
[Tpunmep
BEMHCIHTE NpeIen:

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceptvdmkar: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

Nencteutened: ¢ 19.08.2022 no 19.08.2023



o (2n+1)° —{n+l}
lim
s 00 :I'.L2+Tl.+]_

PEWEHEME. 3aeck (2n+ 1)* — (n+1)? = 3n? + 2n — umorowien sTo-
pOH cTeneHn (GecKOHeHHO GOIBIIAT NOCIEI0BATEIRHOCTE MODIKA ‘.ri',ﬂ} H
n° +n+ 1 — MHOrOWIeH BTOPOH CTENeH:n [DeckoReTHO DOIRIIAS MOCTe-
AOBATEILHOCTE NOPIIKA ni].

1. BriHeces B 9HCIHTEIE MHEOKUTETE 1%, TIOJTY SHM

[?‘ﬂ.—l—]]?—[ﬂ—l- 1]:l =’ (E‘.—l— %) .

2

2. BrHeceM B 3HAMEHATEIE MHOKHTEIL Tl , HOJTYHHM

1 1
n+n+1=mn’ (1+ + )

nooont
3. Hueem
lim l|:21't+1]2—{1u+l}E ~ lim 2[3 +2/n)
=g s +i1n41 = oG 112[:1 == llf'i'l =+ llf'if:tE:I

4. Coxkpamasg n® ¥ HCNOIBLAYVA TEOPEMY O NPEJeTe TACTHOTO, TOTV TR

T l]lj —(n+1)* lim, (3 +2/n) _ 3
— o 2 np+1 ]1m,,_}1,u|:1 +1/n+ 1|."'ﬂ.g} '
2 _ 2
Oreer. lim (2n + 1) (n+ 1) _ 3
e n? +n-+1

3ajga4y. BEMUCIHTE NpeJIENEL:

3anaga 1.
_ 2 - R Ry
T i Mk Gk P O C ) e )
n=voo (5 —n)? = (5 +n)? nroo (1= n) = (2 4+ )3
i 5 B , 1
J. lim B—n) —(2—n) _ 4. lim (2 —m)” — -|-'i"5] _
n—oo (1 —ﬂ.:||3 1 + H‘J,:i- nteo (1 -I—“.IT,F (2 'TB]E
(3+n)* —(24+n) (4207 — (n+2)°
5. lim (2+7n)2—(1—n) 6. lim n— 2) ﬂ+ 23
3ajgada 2.
24" % gy
1. lim (i) | 5 i ( n+ )
n—ao v om— 1 m—oo \ 20+ 3
"
ﬁ-g <+ 1 " Enﬂ + 3 T
J. lim . 4. lim
o —r o n2 A 5o 1
|
) nt a3y’ ‘ — m4-3
g. lim 6. lim
n—oo b B2 4+ 41— 1 n—oo \ 7L 4 D
7. lim gn? — 20\ 8. lim Im? £+ 5"
naoe \ 3nd —2n 45 n—oo \ 2né +n 4+ 1 |
! !
. nd " _ n 4 1337+
0. lim (HE_E) - 10. ﬂgg(n_l) |
ajaqa 3. OOKYMEHT NOANWUCAH

EH.'I'F' MACHIO
Heé! 2 bbb B30 3#¥BAS00060000043E

ETFEPFWWETEHF AnekcaHapoBHa

i+ &

3ajgaqa 4.
Nencteutened: ¢ 19.08.2022 no 19.08.2023
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ofE =5 g
Bornpockl

1. JaiiTe onpejeneHre DeCKOHETHO MaIIOH NoceoBaTesHOCTH. [IpuBenuTe mpumep.

2. ChopMymHupyHTe TEMMEI 0 DECKOHETHO MAIBIX.

3. Kaxkas nmociie/1oBaTeIbHOCTE HaskIBaeTCd O0ecKoHeYHO O0NBIIoH?

4. OxapakTepH3yHTe B3aUMOCBSI3E MEX/IY DECKOHEYHO OOJIBIIION H DECKOHETHO MAIOH ITOCIEJ0BATENEHOCTIMHU.

5. Kakue apupmeTHaecKkHe onepalii MO}KHO BERITOIHIATE HAJI ITOCIEJOBATENEHOCTAMH? OIMUIIHTE AT OpHUTM
BEITOJIHEHUS apU(PMETHIECKUX OIEpaLlHui HaJl ITOCIEJOBATEILHOCTSIM .

6. CdopMyaHpyHTe OCHOBHEIE TEOPEMEI O IIpejIenax.

IIpakTH4yeckoe 3aHaTHE 2.3-2.4. IIpeneinl H Henp ep bLIBHOCThL. BriuHcIeHHe npegeaa GyHKIHNH. OQHOCTOPOHHHE
p efne/ibl (PYHKIHHH.

Yuciio A HazeiBaeTcs npejenoM GyHKIuM y=1(X) npu X cTpemsieMcs K ¢, eciau s mobdoro €0 cyliecTByer
gucno 0(e)>0, Takoe, 9TO NpH 1X-¢1<0(¢e) BeIMOIHSIEM HepaBeHCTBO 1f(X)-A 1<e.

lim f (x|=A
B sTOM ciiydae muiryT X=a :
Yuciio A HazwpIBaeTCs MPaBOCTOPOHHHUM IIPENIEJIOM WIH TpejieiioMm crnpaea GpyHKIuH f(X) B Touke X=q eciH [1Jis

lim f (x|=A
Ve=0 3 8(¢)=0, uto mpu 0<x-a<0(¢e) BeIMoONHsAETCS HepaBeHCTBO f(x)-A 1<e. [Tumyt x> a+
Hucno A HasbIBACTCs JICBOCTOPOHHUM TIPEJICNIOM WM TpejieioM clieBa (yHKIMH f(X) B TOYKAX X=a, €CIH [
lim f [x|=A
nwboro €0 3 6(¢)=0, ato npu 0<g-x<0(e) BeIMonHAETCH HepaBeHCTBO [f(X)-A 1<e. [Tumytr x> a-
& 2
lim x =1
[Tpumep. ITokazate, 4T0 X1 :
[Tycte €0 — mpoussojHoe aucno. Haligem Takoe gucno 6>0 9To 115 BeeX X, YJIOBIETBOPSIOIIMX HEPABEHCTBY

0<1x-1 1<0 BBIMOMHSIOCHE OBl HEPABEHCTBO x*-11<e
x*-1i=1(x-1)(x+1) 1= 1(x-D)(x-14+2) 1= 1(x-1 P +H2(x-1)1 < 1(x-1) 14+2]x-1| < §+26<¢
0° +26-e<0 0° +28-e=0

o1 V1tE -1 FVl+e mk §>0
13

T.e. mo Jwbomy =03 o6=1+
lim al(x|/=0
OyHKHA o(X) HazeBaeTcsd OECKOHEYHO MAlOH IMpH X—a, ecl  X2d , T.e. ecin g Ve>0

cymectByeT 0=0, 9T0 11 BeeX (0<IX-a1<0, BEITOJHAETCS HEPABEHCTBO |-:1(x} | <e. Beckoneyno MaTVI0 (QYHKIIHIO ||‘.’1(}:} |
HA3LIBAKOT TAaK¥Ke 0ECKOHETHO MAJIOH BEJIHYHHOM.

e lh.
Oyukims f(x) HazepBaercs OGeckoHedHo OonblIoN mpH X—a, ecnu st * M>0 cyiectByer Takoe 0>0, 49TO

70| > lim f (x) ==
' " IJIs BeeX X, YOBICTBOPSIONIMX HepaBeHCTBY 0<Ix-a <0, obosHadaeTcs =
IIpuMepr! BEM HUCIEHUS [TPeIena
2
. X 1
[im > =|—~]|=®
1) x211—X
X“+3x [0 x( x+3)
l[im = 0 =lim =—3
2)  x30 X —X x>0 X(X N 1) (pazjIokeHHEe Ha MHOKHUTENH ).
- x—4-2_[0 (Vx—4-2)(Vx—4+2) _  (x—4-4) 1
3) xﬁ%DWﬁEHTUDﬂﬂM H x=28 (X_B)( X_4+2) x—}B(X—B)(fo—4+2) 4
(yMHAOKEAHE Ha donpsaiccine).
Ceptucoukar:  2C0000043E9AB8BI52205E7BAS0006§000043E
Bnaneneu: llleGayxoea TaTeAHa .5.:|UH:EJH;_1;;E3]:|:-.I- _———
. X*+3x—1_ .. X x* 1
[im > = [im =3
HeicTeuTenex: c 1 Eﬁﬂ%?ﬁ'ﬂﬂﬁ% *Iﬂ-lf?é 2023% 7@ 4 —
4) X (JleJIeHHe Ha CTapIy IO CTENEHE).

3ajga4y. BEMHCIHTE npejien (QYHKIHH:



3amaga 1. )

o Bt Ta® B —
R T

(X 44 (x4 5)
o lm =

- ALy 12
3) llm.l:*ﬂ.r-|—1'

£ = bl

. Tt 4 2% — 14
°) im e s 1

K= =

3anada 2.

, P2 + 11z + 15 , 3rc + 2 — 8
1. Lim - =" lirr —
x—>— T+ 3 x—*—32 T+ 2
G + 5r — 1 Or? + 12z + 3
I | = —1. 4. b = fi.
etz x4 1,2 poo1/s &+ 1/3

e
L ]

10,

o 34 x—2 ot x5
5. lim — —h. i l[1mn — 5.
z—2—1 r 41 23 r—3

it — O 4z? — 15z
lim fir e + 3 = 3 . lim - o7 + 9 —

] xr — 1 T3 r— 3

9.

=]

[}

Ga® + 20x + 6 S — 3 2
9. lm - - = —16. 10. lim - I = T.
2=5=3 T+ 3 —y T —1

|;fr+E—3: 9 lim Véq-r—2 .

ey AT 27

. VE—F#—2
4) |:_lf'rl 1=

Bornpockl

1. aiiTe onpejeneHue npejenia pyHKLUHH, Mpejena (pyHKLIHH clieBa (cIipaBa).
Haiite onpeenenue GyHKIMH y=1(X) mpu x—oo.
CopmynupyHTe onpefielieHHe OecKOHeTHO MaloH (OecKoHeYHO OONBIIOH) (PYHKLIHH.
[TepednciiiTe cBOHCTBA DECKOHETHO MAIBIX (PYHKLIHIA.
OxapakTepH3yHTe CBA3L MEXY 0€CKOHEYHO OONMBIIHMH M 0€CKOHETHO MAIBEIMH (DYHKIIHAMH.
CopMyIHpYHTE OCHOBHBIE TEOPEMEI O MpeEJIenax.

A e

ITpakTHueckoe 3ausaTue 2.5. Ilpegensl H HeNnpep LIBHOCTL. 3aMeuaTe/IbHbIE NP eIeIbl. JKBHBATIEHTHLIC DECKOHEUHO
MA/IbIE.
[TepBrIil 3aMedaTeNIbHBIH MTpeJIen:

lim S =1 v
0

x>0 X (pacKphIBaeT HEONPEIENEHHOCTE THITA

).

BTopoii zamedaTensHEIH [Tpee:

lim (1+%T..—.e

X = oa

BosMoxHO Takxe I[MPHMCHCHHE CIICIYIOIIHX El)DpM}{I[:

1

lin (14 %)%= e

£ = 0

lim {l + E—)Iz e

¥ & a3

OOKYMEHT NMoanncAaH
SNEKTPOHHOW NOANKCLIO |

Ceptvdmkatr: 2C0000043E9ABBBO952205E7BAS00060000044 s
perey  WeBavxoes Tateana Anexcaulbont: im (1 4 kx) = e~
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa R
-

YT10o0OEBI CPABHHUTE [1BE DECKOHEYHO MAaJlkle (v HKLIHH HO HAHTH mpeel HX OTHOIIEHHS, T.€.
HNencteutenax: ¢ 19.08.2022 no %.IIIE_EEIEE A Cb}f HYXK pei .



JKBHBAICHTHEIE DECKOHEYHO MaJible 0003HAYAKTCH ﬂr(x) ~ B(X)
Teopema. Ilyete a(x) ~ o'(x) 1 P(x) ~ pP'(x). Eciu cymecTByeT mpejes OTHOIIEHHS JIBYX O€CKOHEYHO
MaIbIX C(x) © [(x), TO OH paBeH MpeJesy OTHOLIEHUS COOTBETCTBYIOIIHMX MM SKBHBAJIEHTHBIX OECKOHEYHO
MAJIBIX, T.C.
al x a | x
lim —]—11 )

x=2a ﬁ |X] Xx2a ﬁ |X}
TabmHia YKBHBAJICHTHLIX OECKOHEYHO MABIX.

sin ax) ~ ox)

tg alx) ~ afx)

arcsin au(x) ~ oux)

arctg au(x) ~ olx)

-] ~ alx)

In (1+au(x)) ~ afx)

arcsin 7 x —lim 7x_7

lim
Mpumep. *20  3X  x30 3x 3
3aga4d. BEMUCIHTE Ipejien:
3ajada 1.
. 2 )
L tim In(1 :I—E-LI:I .EJ:]I_ 9 tim 3.:.'. - ﬁ..r:_
z—+0 gin 3» x—s0  SINJE
5 —1 1 —cos2r
4. lim 4. lIim .
e—0 Il +x) x—0 cos B — cos Ja
1 — cos 2 VO 4+ x — 3
B, hm 6. lim
r—+0 e2r? _ ] I —s0 Earttgﬂﬂt‘
te 2 . 1= /eosx
7 = 8 lim —Yy
e | z==0 s o
sl 2 arcsin 2r
9. i 10, 1 .
b In(1 — 2x) ) Infe — 22) —1
3ajaga 2.
3 _
a0 — 1 1 4+ cos 5
1. lim ——. 3. lim —
N w® §in” o
1 4 cos 2mx Sin 3TE
3. him 5 . 4. lim
r—172  tg“2mr r—2 gin 8rx
rZ—pr—-1-1 b Har
5 lim Y . 6. Lm B
=2 111(1‘ — ]j e /2 LE Ja
1 — z® R R
7. lim 8 lim . :
¥l sl T #—+1 S0 T
to b 2T — 4
9. lim - 10. lim

r—ru SIN .3.1: NIOKYMEHT MOAMWUCAH r—2 S0 'i'T.J::

35.,;[1&'1%1 3 ANEKTPOHHOW NOAMUCHIO
Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

Nencteutened: ¢ 19.08.2022 no 19.08.2023



f ot . .- E;r
o (1Al L/s N rge s T
. J:I—Itl:l 1+ x2* . . .r.l—lllll 1 + =4~ ’

. 1/ =i A
(1 +r-;-1n:t"|:‘.c-33.1') (

1/ gin® =
| +sinrcos2x

4. lim

r—l

4. lim (1 — Incosx)

r—l

. .

5. lim (2 — 5% =)t 6. lim (cosa)'/™"
r—ll F—ill
Bornpockl
CpopMyaHpyHTE NEPBRIH 3aMedaTelbHBIH ITpejiel.
CpopMyTHpYHTE BTOPOH 3aMedaTelbHbIH IpeJien.
Kak cpaBHHBalOT BECKOHETHO Masble?
Kakue HeCKOHETHO Mallble HA3bIBAKOT YKBHBAIEHTHBIMH

CopMyITHpYHTE TEOPEMY O 3aMEHE HKBHBAJIEHTHEIMH OECKOHEYHO MAJTBIMH.

ok =

Paznea 2. JluddepennuaisHoe HCHHCTeHHE (DYHKIIUH OTHOH MepeMeHHOoMl
Tema 3. Tuddep eHunainHOoe HCUHETIeHHe (PYHKIHE OHOM Mep eMeHHOH.
ITpakTHueckoe 3ausaTHe 3.1-3.2. IlpoHM3BOAHBLIE HEKOTOPLIX JIeMEHTAPHBIX (YHKIHHA. OcCHOBHBbIE IMpPABHIA
nHppep eHIIHpOBAHHS.
[Tpasnia BEMHUCIEHHS IPOU3BO/IHEIX, CBS3AHHEBIE ¢ apU(PMETHYECKHUMH JIEHCTBUSAMH HaJl (PYHKIMAMH.

I. HocmoawHHblll MHOMCUIMCTIL MOJICHO 6bIHCCMU 34 3HAK NpousgooHou. Huvimu croeamu, ecciu Qyukyus
U= ¢| X| umeem 6 mouxe X  npouseoouyro U | mo 6 a3moii mouxe
Cu/=Cu |C=const]| .
[Tpumep
y=5c0sx, Yy =[5c08x|=5|cosx| =—>5sinx.
II. TIpouszsodnas om anzeopauueckol cymMmbl O8VX OyHKYUL pasHa alzeopauyeckol cymMme npou3eooHbIX om 3mux
hyHKY L. |
bonee TouHO: ecnH PYHKLUHH U= ¢' |~X | H v _w |'-x-| HMEIOT B TOYKe X  IPOH3BOJIHEIE, TO
luxv|/=uzxv
[Tpumep
5 2
y=x"—-3x+2x—-1

N -1 S P R P U PR Uy
y =lx°) =13x7 +2x] 1] =5x" —6x+2
I Echu ghynrkyuu U:tﬁl}'{] u Vv :wlxj umecrom 6 mouke X  npouzeoowwle, mo cnpaseonusa opmyia
uv| =u v+uy
[Tpumep
y=|x*—3 x/sin x

3

y =[x"—3x } sin x+|:_x2—3x} sinx| =[2x=3/sinx+/x"=3 x}cus X

y=|x—1/|x-2|[x-3],

y =[x=2/[x=3/+/x=1|[x=3)+(x—1/[x—2]

— | | —w' |
V. Ecnu ghvuryuu u flbtx-' u 4 |X| UMEIOm 6 MouKe *  Npou3eoOHbIC, NPUUEM 6 IMOU MOUKE

VA o CPAGRATHEHE DOPMITL

ANEKTPOHHOW NOAMUCHLIO ' ' '
Ceprudbmkat: 2C0000043E9AB8BY52205E7BA5000600000436 | U] _ U V—UV
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa 1 )
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x+1) [ x—1)=x+1][x-1 =2

y = - —= o
x—1) x—1/ x#1)

HpH BEMMTHCIICHHH ITPOH3BO/] HOH (PYHEKLIHH [OCTICC DDEpﬂS HO IMOJIB30BAaTECA CIICIYHOIITHMH E])UpM}JJ]ﬂMHZ

a o '
y=—: Y = —5-4 (a— nocTosHHas BeIHYHHA);
y = y" — {'IH"_J' - ur

{(n — moGoe AeACTBHTENLHOE YHCIO)

1
y=Vu; ETEVJ
y=o0% gy =a* -Ina -u’; y= E“"H“E”u ax>0, a+l;
' — u
Y = logau; ¥ _ﬁu logee = o
: | -
4= Inu; y' =l
y = sinu; y" cnsu~u':
i} = COS U} y'= —sinu - u';
1 .
yr-tgﬂ". :!!' ﬂc_ﬂgluﬁ:*
_ . 1 ',
y=rclgu; Y = St
Y = Sec u; y =secutgu- u';
[ == COSEC i ‘Y = —cosec - ttgﬁ‘u*;
. | 1 ;
y = arcsin ¥} y =-ﬁ—-—-—-ry..l_ﬂlu,
f = Arecos ) y' = l T
l — u?
1
Ky = arctg u; FJEWHF;
; 1 ’
Y = arcetg u; Y =—13ak

3ajauu
3agada 1. Haiti mpon3BoHYI0 (PYHKLIHH B ToYKe X=0:

i o i - 2 _ ( —_ 0T ( 4 1 i)j -
: . R R ; . Im| 1 —tz | ®° sin =1,
| f(x) S1TL (1: + = sin .T) , %0, 4,  flx) = i ) T
0, @& =1 LY T -

g 3
Jb ]_ = H — b
g (:t" cos o— ) +2r, £ 0, 5 flz)= ' | x sin 1-) » 270,

£
0. = =10 | 0, z=0.

B
' ' 1 ‘ | 2 = L 4
3. f(z) arcsin (-ﬂ ‘:‘355)- r#= 0, 6. flx) = nU'l t1n (1 - a® sin .r.} 1, = #0,
U, & =10, 0 =1

3agada 2. HaiiTi MpoH3BOHEIE () YHKIHH:

1 1. y:2X3+5X2_7X_4

. y=ix

3. Y=g X=X

e

3 2
5. y:JX
6 V=5SIAXRBEOSORMCAH

EHEHF’DHHGH NnoancCeO
Ceptyudmkar: yZC"S#fgl ﬁMﬁFEJ 02205E7BAS00060000043E
Bnanéneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

y= 1
X
NeirciuTenaH: c "I&IIE'hU-]EE no 19.08.2023

9, J’ZZX2




0. Y=XVX

Bornpockl
1. CdopmynupyHTe 3a/1a9H, IPHBO/ISILIHE K IOHATHIO ITPOU3BOTHOH.
2. JaiiTe onpejielieHHE TPOU3IBOJHON (PYHKLHH B TOYKE.
3. CdopMmynHpyiTe OCHOBHEIE MpaBHIa JH(PQEpEeHIHPOBAHHS .,

IIpakTHueckoe 3ansaTHe 3.3-3.4. [JuddepeHunansHoe HCUHCIeHHe (PYHKIHH  OJHOH  IepeMeHHOH.
HuddepeHmp oBaHHE CTI0KHOH H 00paTHOH (PYHKIIHIAL.

ITycTe gaHe! yHKIHA f'-.u-' aprymerra Y wu dyHkims ¢'|X| apryMeHTa X C ux nomompio
MOIKHO 00paz0BaTh CIIOKHYIO (PYHKIHIO
flolx)

apryMeHTa A B sToM cJydae TOBOPAT, YTO MBI «B3fIH (PYHKIHIO OT (PVHKLHH» HIH ITPOH3BENH «CYIIEPIO3HLIHION
(pyHKMI. TOYHEI CMEICT TAaKOB: 110 3aJaHHOMY A HAaXOJIMTCS YHCIIO ¢|-X | ; 9TO 4Hcio OepeTcss B KadyecTBe

| X
JHAYCHHA ElpI}’MEI—ITEl TS ElJ}’I—H{LIHH f | u-l - TO, 9TO I[pH STOM HDJI}"—I HTCH, H CCTh 3HAYCHHC f '-¢. - 'l ! J1 JaHHOTO
iy

| | =
[oBoOpAT enle, 4TO PYHKIHs f '-t;bl-x-' /' mojrydaeTcs U3 f |-.u-' C IMOMOILIBIO ITOJICTAHOBKH u tf)[

[Tpumep y:U . Ecau  B35TH u=x"—3x+1 , TO TMOJYYHM  CIOWHVIO  (DYHKLIHIO
y=Ix*=3x+1)°

p— 'II_ _ II|"_
Ilpumep y_ﬂ”fu : U=2—Xx .Torna y—%'Z_X _
1 1
Ve | y=—
[Iprvep “""U‘ CU=SINX o Sin X +/sin x|

YeTaHOBHM BaXHY KO TCOpEMY, ITO3BOJIAIOLLY KO BECEMA ITPOCTO BEMHCIATE IIPOH3IBOJIHBIC CIIOWHBIX El)}’]—l'KLIHf;I.

=fly =
Teopema. IlycTe y f U , e u {Pl-x-' . Ecav 11 COOTBETCTBYIOILMX JIpYT ApyTy 3Hadenuit U

|
X CYIICCTBY HOT KOHCYHEIC IIPOH3BOJIHEIC f U H u , TO CYILICCTBYCT H KOHCHUHAasA IMPOH3BOJHaA OT y Imo

X mpusen y=flulu
dy _dy du
dx du dx
— 5 2
[Tpumep y_(-l-l-x -'| ‘ [TonowHuM y=u u=1+x

. 4 |' 2‘,_1' 2_r |' 24
y =5u u=514x" [14x7 =10x!1+x7)
Momep  Y=SIN3X . y=sinu . u=3x ) =Cosu u=cos3x:3x| =3cos3x

B ciayuyae ci0xkHOW (PYHKIHH, MOJYYEHHOH B Pe3yJbTATe HECKOJIbKUX
CYNEPIO3HIIHH, MPOU3BOAHAA HAXOAHMTCH IOBTOPHLIM IPHMEHEHHEM (POpMY.JIibI
HECKOJIbKO pas3.

y:|1+sin2xl3

y 3|1+51n2x| |1+sm2x| 3|1+sm2x| c052x|2x| 6|1+sm2x| C0S2 X
AOKYMEHT NMOAMWUCAH

SNEKTPOHHOWM W ' E
Ceprudh¥E TR AHA (P IFISHESD52205E 7 ASﬂﬂdﬁﬂﬂ{(ﬁEﬂB@dHﬂ‘IHﬂﬂ} - ee o0macts safianmst, € - 06IACTE M3MCHEHMHS.
SnanenBosp el PR AR GE RO R P " Aaue nue Y 'mz  obmacth  M3MeHeHHs € . Eom  dyskuus

f|X | X . E
ﬂE“mHTEHEH . 1@0:@;»%52 nﬁ%%‘% EEHJ]H voblarowas ), TO BasITOMY Y oTeewaer yumm OJ[HO 3HAYEHHE | Hj , I

KOTOpoOro y — I ., H TCM CaMbBIM MEI ITOJYYHacM HCEKOTOPYHY OJHOZHAYHYHD ElJ}’I—H{LIHID X_g |y | » KOTOPYIO



HA3BIBAKOT 00paTHOM Ui (PYHKLIMH y_fl.x | . OHa uMeeT cBoeil 00IacTRIO 2a/laHUs MHOKECTBO € | a of1acTeio

H3IMCHCHHA E : E u € MOMCHAIHCE POJIAMH.

Teopema. Ilycts Y _f |-.X-| H X_gly -| - B3aHMMHO OOpaTHEIE, BO3pacTarwollHe (MIH YOBIBAKOIIHE) H
HenpepbIBHbIE (DYHKIIMH, 3a/JaHHBIE B HEKOTOPBIX MpoMexyTKax. Eciin B Touke X cyllecTBYEeT KOHEYHAs ITPOU3BO/IHAS

f(x]#0

, TO B COOTBeTcTBYIOmEH Touke J  pyHKIms g |-y | TAKXKe MMEET MPOU3BOJHYIO (IO Yo,

MpUIeM
glyl=—
T flx) :
gTO MOWHO 3alTHCATE U TakK:
dx 1
dy Q
dx

Ecnu (pyHKIHA HMeeT HYJIEBYH HWIH ODECKOHEYHYH IMPOH3BOJHYH, TO oOpaTHasd (YHKLHA B COOTBETCTBYIOILEH
TOYKE UMeeT DECKOHEYHY 0 WIH COOTBETCTBEHHO HYJIEBYIO ITPOH3BO/IHYIO.
3ajadu
3agada 1. HailTh mpoH3BOIHEIE 3aJaHHBIX (DYHKIHH:

1. y=2v%= 2 y=In(z++1+2?). 3 y=In%*1—cosz).

, Py _ F(sinc +cosxlnd) sh 2

4, y = In{arcsin/z). 5 ¥ R . 1 Wop

7. 3 = arcsin ﬁ . 8 y=arctg3V". O y=In{l+ +thz).

10, y = lnsinj — ::-:js":r .

Si1 T
3aganue 2. BEMHCITHTE NPOH3BOJHYIO (DY HKLHH
vy =5"+xlnx v, =l
a) , B Touke :
2 7 1 7
ylx)]==x"—=x—4x"+5 -
0) 3 5 ., B TO4Ke i | :
. l

i(x) :3.1'-.f;— — R
B) \ﬁ B TOYKE Y ;
) fixy=4x +6x+3 - rorme Xe =] |
Jaganue 3. BEMHCITHTE NPOH3BO/IHEIE:
a)

1) y=arcsinbx; 2) y=arcsin) x(x>0); 3) y= arcsinmyx;
4) y = arccosbx; D) y = arccos (1 — x®); 6) y z‘aru:c;:s.}!a .
0)

1} ¥ = arcig bx; 2) y = arctg -Jr—; 3) p= arcig 3x?;

_— |

4) y = Vﬂmtgx; 5} y = arcclg mx; 6) arcctg T
B)

) y = In{ax + b); 2) iy = In®x; 3) y = Insinx;
4) y=Inarcigx 5 y=xlnx; E}y:llf;

TV w=In{x-+ 1T+ 2 8) 4= In(Inx).
Bornpockl

OOKYMEHT NMoanncAaH

|. Kakas () yHKIMS/BATHIBAETOA CIPWHDID!

200 BACHUTE NP ABIUID PP EpeHIIHPOBARTE CHOWHOH (DYHKIIHH.
FREAs Gy HasEBASTCA OBPATHON TanHoii?

4. KakoBel mpaBuiia JH(pGepeHMPOBaAHHS 00paTHOH (PYHKIHH?

Nencteutened: ¢ 19.08.2022 no 19.08.2023
ITpakTHueckoe 3aHATHE 3.5. T'eoMeTp HUECKHIT H MeXaHHYECKHI CMBICT MPOH3BOTHOM.

Cropocte VY TOYKH M JIBIDKYIIEHCS MO MPAMOil, €CTh NMPOU3BOJHAA OT PACCTOSHUA 5  nO BPEMEHH



Y1noBoH KO3((HLUMEHT KacaTeIbHOH K HENPEPBIBHOH KpPHBOH Y _f |-.X-| €CTh ITPOM3BOJIHAA OT Y 1o
X (B COOTBETCTBYIOILIEH TOUKE):

r

Ig = y
HJIH
dy
tgo=—=
ga dx

HPH STOM CCJIIH CYILUCCTBYCT KacaTCclibHad, TO CYILCCTBYCT H ITPOH3BOJIHAA, H HﬂDﬁﬂpDT. CH}{‘:IHH] KacaTelIbHOH, HE

[mapajijicia LHOH OCH Oy , OTBCHACT KOHCTHAA ITpOH3BOJIHAsA; CIIYIAK KacaTCIIEH Dﬁ, [mapajijicia LHOH OCH Oy ., OTBCHACT
DecKoHeu Has IMPpOHU3BOTHAL.

_3
[Tpumep Touka JBIDKETCA 110 MPSIMOH 10 3aKOHY S=t (myTe 5  wW3MepseTcd B METpax, BpeMs L g
cekyHjax ). HallTi ee CKOpoCTE B MOMEHT =5
ds
v=—=3 t°
Pemenne. CKopocTs B JIFOOOH MOMEHT t paBHa: dt

_ 2__
V|_-=3-5"=75 m/cexk
[TosToMy =

ITpumep Touka, ocTaBasick Ha IMPSIMOI, coBepllaeT KojiedaTenbHOE JIBIDKEHHE 10 3aKOHY S=sint . B kakue
MOMEHTBI BPEMEHH CKOPOCTEL 00palaeTcst B HyJIb?
Pemenue. CKOpOCTE B JIH0O0H MOMEHT HMEET 3HAYEHHE

_ds

V=—=C0os [
dt

t:[2n+1]g,n20,1,2,...

MMosTomy Y =0 IpH

y = — ) ,—
ITpumep HammucaTe ypaBHEHHA KacaTeJIbHOH H HOpMaJIH K KpHBOH X g Touke 2
Pemenne. Yool Kos((pHUIIMEHT KacaTeIbHOH B JII000H TOYKe JaeTcst (popMyIoH

- 1
k —y=——
xz
1 1
2,= | k=—=
[TosTOMY IS TOYKH 2 4 . Kak M3BeCcTHO H3 aHAIHTHYECKOH TeOMETpHH, YpaBHEHHE IMPAMOH,
X
ITPOX OJIALLEH Yepe3 JaHHYI TOYKY ( 0> Y EJ C YIJIOBEIM KO3(phpHIIHEHTOM k , UMEEeT BHJ]
y—Yo=k{x—x,|
B HameMm cirydae Mbl ImoJiydaem
1 1, .
——=—=(x-2]
Y 7 4 |
HJTA
x+4y—4=0

JTO H €CTh YpaBHEHHE HCKOMOH KacaTellbHOH, H300paeHHOH Ha pHCYHKE.

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceptvdmkar: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

Heicteutened: ¢ 19.08.2022 no 19.08.2023



1
2,5
Y1noBoH Koy PHLIMEHT HOPMAJIH K KPHBOH B TOYKE HMEET 3HA4Y CHHE
1
knnpw__ k =4
Kac
(B CHIIY YCIIOBHSA IEPIEHIUKYIAPHOCTH JIBYX MPAMEIX). ClieoBAaTEILHO, YPABHEHHE HY HOH HAM HOPMAIH HMEET BHJ]
1 . .
y—==4[x-2
2
HJIH
8x—2y—-15=0
3aJjadH .
e J =
Jagada |. Touka [ABIKeTca MO MNPAMOH [0 3aKOHY S =5 — 3t + 4r rjae IyTe S H3MepsieTcs B
CAaHTHMETpax, a BpemMad t — B ceKyHJgax. HalTH cpefHIO CKOPOCTER 34 IPOMEXKYTOK BpeMEHH OT

f,=1 a0 s = (1 + Af), cauras At = 0,5; 0,3; 0,1. OnpeenuTs TaKKe HCTHHHYID CKOPOCTE B MOMEHT t = |

CEeK.
' ' ' AS
Yxasanmne. 1) Haftrn AS; 2) 'Ir"tp=5—:-.
3ajada 2. CocTaBHUTE YpaBHEHHE KacaTelIbHON U HOPMAIIH K TpaUKy (PYHKLIMH y B TOYKE:
l. y=z 2%, a=1. 2. y=zl+z+1, e=-1.
3. y=x+2, a=L 4. y=+vr—2 a=4d.
5. y=x> +vad, a=1 6. w= Va?—9 a=—27.
7. 0= .o =9, 8. =32 Ve =2, a=16.
O A Yy
2
rs — 2o 42
0 y=r"—x—1, a=1. 10, u= 3+ , a=32
&

3ajgada 3. CocTaBUTE YpaBHEHHS KacaTelbHOH U HOpMAaIH K rpaukaM (pYHKLHH, 3a/JaHHBIM [TapaMeTPHY €CKH:
[AOKYMEHT MOANWCAH

. {‘ x = ¢ — @REKTPOHHOW NOAMKUCHIO T = 2t + #2
BpTbUEAT_ iCC'C'%%%EBABﬁ EEEZI,IF' v BAS00066000003E, EE L? fn = 1
Bnane mF llleBayxoea '?'arbﬂl-c?a A.‘lUHEApUBHa Eg ! 0

Nencteutened: ¢ 19.08.2022 no 19.08.2023



9 r=3cost, 1 -.l=il'-—i!L-:"]

y =sinf, iy=m/b. | y=t—1t*, f5=1
=, r=1tcost, G r=cos” |

y=tsint, fo==/2. = | y=sin*t, ty=mn/4
. = /1 — 2, g x = In(1 + %),

— arcsint, ft;= -1, | i — arctgt, ty— 1.
9 r=In tgl, 10 xr = tsint + cost,
"] y=1/sint, tg =w/4. "] y=sint - tcost, ty=7x/4d

Bornpockl

1. KaxoB reoMeTpHYE€CKHI CMEICT IIPOH3BOIHON?
2. Kakos MexaHH4eCKHH CMEICII IIPOH3BOITHOH?
3. 3anmuiuTe ypaBHeHHE KacaTelbHOH K TpaHuKy (PYHKIHH B 0DILIEM BHJIE.

IIpakTHyeckoe 3aHaTHe 3.6-3.7. [duddepeHuuHporaHHe HEABHbLIX H MMapaMeTPHYECKH 3aJaHHbLIX (YyHKIHH.
Jorapudpmuueckoe nudpepenmuporanue. IIpousBoaHbIe BLICHIHX MOPSIKOB.,
[TycTe HEOOXOMMO BEMHCIHTE NMPOH3BOJHYI (PYHKIHH, 3aJaHHOH ITapaMeTpHYECKH, €CIH 3aBHCHMOCTE V OT X

3da/laHa HGCQE:L[CTEQM nmapaMcTpa i:
{ r=f {-t:"-

y = g(t),
TOD AAEHMCHMOCTE Ill‘r 0T .F 34 7A0TCH MOCE ACTROM Héi]'h"‘lfl.—llf?TFI:'].l!: l'_lJ{]'p:'p[}'J'.[u'T.:lrIH
r = £1)
gy = T (1)
Fii)
Bermemren f(t) n g'(t). nogcrapiaen B dopyyay (1) n sanmcusaem
OTECT.
ITpumep

HanTe nponssognyio y,,, eciom

y=1 1% =1 1+“I

PEMEHHE. Brrawmcagen:;

d:{r 1 (]_ t )_ 1

& irvite N viie) T vire
* 7 o

dy_ ; ; \,ﬂ"l+t'-*_u+wl_t}_'u"-.ifg—l

+v1+ 182 1 t

bt V1+8 1

[Hoacrasias MOAyHeHHLIE PE3YILTATH B chopayay (1), monyaaes

r = In(t + /1 +12),
1+ ¢
—

Ecinn HezaBucuUMasi IepeMeHHas x M (PYHKOMS y CBsi3aHbLl ypaBHeHHeM BHJA f(x,y)=0, KoTopoe He
pazpelieH0 OTHOCHTENIBLHO Vy, TO y HasblBaeTcd HesBHOHM (yHkimeil x. Hecmotps Ha To, 94TO ypaBHeHHe f(x,y)=0 He
pazpereHo OTHOCHTENLHO y, OKa3bIBAeTCAd BO3MOMKHBIM HAMTH ITPOH3BOJIHYIO OT y 110 x. ITpHeM BEMHCIEHHS ITPOH3BOIHOH
HESBHOH (DYHKLIMM COCTOUT B TOM, 4To 0be dacTu ypaBHeHUA f(x,y)=0 muddepeHuupyoTes Mo x ¢ y4eToM, 9TO V €CTh

i

v =

(pyuxums x. M3 monyueHHOro ypaBHeHHs onpejenserca Y
[Ipumep HailTH NMpou3BOIHYIO OT HESBHOH ()YHKLIHH Sx+3y 7=0.

,I[Hcpq)epﬂﬂgmmm%ﬂ@ﬁ&qmn paBeHCTBA U VYUTEIBAsE, 4TO: l} y €CTh (DYHKIMS X W 9TO 2) [IPOMU3BO/IHAs NPaBOi
SNEKTPOHHOW NOANMACHIO 5

Cepruduiar:  200000043E9AB8B952205E 7 BAFOOYS baze () 3y = ._...5 —
qE?m,_LurEaEEHERJJ OBa |c.ru§+|-l|-£P E%]EI-M[LF_.HH? D&i? "; 3

'|
[TycTs (hYHKIMS y= f X HMeeT KOHETHYIO ITPOH3BOTHYIO y f (X B K&KJI0M TOYKE HEKOTOPOTO
HSOMIRYTRA. DT ﬁﬂi&}ﬁﬁﬂﬁﬁ&ﬁ?@ama H_EJIHE.“TCH yukyuew OT X W, MOWET OBITE, B CBOIO O9epelb HMeeT ITPOH3BOJHYIO.

[TponzBOHYIO OT (PYHKIHH f XJ HA3BIBAKT 6Mopoi NMPOH3BOJHON (WIH NMPOHU3BOJHOH emopozo nopaodka) OT



El)}fI-II{I_IHH y= f [x-:l 1 0003HAYAIOT OJHHM H3 CHMBOJIOB

d’y . dflxl &
) X/, ; | X

dx~ fix dx” dx* Fix]

MoweT CIVIHUTECHA, 9TO H BTOpad IIPOH3IBOJHAA B CBOK OHEpPCIE HMCCT IMPOH3IBOJHYIY, 5TY IPOH3IBOJHYEO

Yo

—f x|
HAa3BIBAKOT mpembeli MPOU3IBOHON (HMIH IMPOU3BOJHON mpembezo nopaodka) OT (PYHKLIMHU y f [.XJ M 0003HAYAOT
KaKHUM-TTH0O0 M2 CHMBOJIOB
3 3¢ 3
d’y . dflx d ,
’ f X/, s 13 f X
3 VY 3 g
dx dx dx |
AHAIOrHYHO BBOJIUTCA uemecpmas, namad W JIPyrHe MPOH3BOJIHEIE - MMPOH3BOJIHEIE Moboro mnopsjaka. s
0003HAY€HUS MPOU3BOJIHOH N-TO MOPAJIKA YIIOTPeOIISIIOTCS CUMBOJBL

= n (1 . nely n
n d _}J” f'nl|xl, d ftxl d

Yy

y 3 , ¥ fl:.'xl
dx" dx" dx"
WHorga Ui yKaszaHus TOH [TepeMEHHOMH, 110 KOTOPOH depeTcst MpOoH3BOIHAast, ITHIIYT
y.x:x! y.x:xx-"
UK, Dojiee KOpOTKO,
Y25 Yas oo
[Tpumep
_2 3 r_ 2 rr_ Hr_ |4:,_ |5:|_ _
y=2x", y=6x", y =12x, y =12, y =y " =...=0
[Tpumep

y=2x-5x*+1, y=6x’—10x, y =12x—-10, y =12, y*'=y°'=...=0
[Tpumep

_— r_ r —_— - r — 4| s
y=sinx, y=C0sx, y ——SlX, y =—CO5X, Yy —=SIX  ;yagenus ITOCIIEVIOIIHUX ITPOH3BOJIHEIX
qepeIyIOTC B TOM *K e ITOPsIJIKE.

r rr

Ini
VY X
YTOOEI IMEJIO CMBICI TOBOPHTE 0 KOHEYHOM HIN OECKOHEY HOM 3HAYEHUH Y BTOYKE U | HYKHO, YTOOEI
n-1 X
Y Kak GyHkips or X 6plUIa onpejieieHa M KOHETHA B HEKOTOPOM IPOMEKYTKE, COJIEPHKAIIEM TOUKY 0

X
Taxum DﬁpﬂSDM, KOIJ]a TOBOpAT, 9TO B TOYEEC 0 HMeeTCsl KOHeYHasd MM OecKoHedHast n-s [MPOH3BO/JHAaA, TO TEM

n=1|

CaMbIM ITOJpasyMCBaOT CYILICCTBOBAHHE KOHCY HOH

X
Toyky U

3ajauu
3agada |. BEMUCIHTE NPOH3BO/IHYIO (DYHKLIHH:

a)

-i MPOUZBO/IHOM B HEKOTOPOM MPOMEKYTKE, COJIEPKALLIEM

| —xV 24 | — x%

0)
1. ¥ = (sin ,r]‘ﬁ, 2,y = T3V,
'3 H — “.g.;l"]llu“l.. ﬁ. :"4' — .'I:,-,.,-‘U' -zhiu iL'_
TI IIJ _ lz:.EI'.'H..F . ﬁl LI — .J:Eg:'-
OOKYMEHT NOANWCAH

. o ROBEHOV =8
g, g = (sin JFHERORHONTIONNNCHYGy 4 — 2% 3=,
Ceprudomkar: 2C0000043E9ABBES52205E7TBAS00060000043E

Jaganme 2. HaitTi amp 0Ha BOJIHBIE N-T0, HOPSAIKA 3aJAHHBIX (DYHKIIHH:

Nencteutened: ¢ 19.08.2022 no 19.08.2023



l. y=sin2r+cosde. 2. y=sin{dz + 1) +cos2e. 3. y= 2%,

T 41
4. y=In{2z + 4). 5.y = . 6.y =
y = lIn(2e+d) Y r YT x4 3
7.y = 327+, 8. y = In(3z + 1). g, y = 54,
10,y = 'z,

Bornpockl

l. Kakas ¢pyHKIMSI caHUTaeTCs 3a/IaHHON HESIBHO?

2. 3amurute popmyiel JUppepeHLHp oBaHHS (PYHKLIHH, 3a/[AHHON HESIBHO.

3. b  jguddepeHuHpoBaHHS  KakMX  (QYVHKIMA  LenecoodpazHO  NpHMEHEHHE  METojJa  Jorapu(pMHYecKOoro
nudppepeHLIpoBaHs?

4. JlaitTe onpejeneHne Mpou3BOJHON nmopsyika n. Kak 0bozHaga0TCs MIPOU3BO/IHEIE BEICIIIHX MOPSKOB?

5. OmuumTe ocodbeHHOCTH U pepeHIHp OBaHUS (PYHKLIHH, 3aJJaHHEIX ITapaMeTpHI eCKH.

Tema 4. Ilpuno:keHust MpoH3BOTHOI.
ITpakTuueckoe 3ausitue 4.1. Ilpunoxenuss npouseogHoi. Ilpaewno Jlomuranas packpeIiTHS Heonpene/1eHHOCTEH.
®opmyia Teitopa q11st MHorowieHa. @opmya Teitopa 1Jist 1p OM3BROJILHONH (QyHKIIHH.

Pedr moiIeT 0 BEMUCIEHHH IpeJlena OTHOIIEHHS JIBYX OeCKOHEeYHO MANBIX WIH JIBYX OecKoHedHo OoeInHX. B

[MEpBOM  ClIydac TOBOpAT, HTO HMCHT JElI0 C© «HCOIPpCIC/ICHHOCTEH) THIIA [] », BO BTOpOM CJlIydac — C
«HCOIIPE/JCIICHHOCTEIO THIIA w », KDHE‘:IHD, caMHM Imo cebe CHMBOJIEI [] H m JHIICHEI CMEICITIA, H HX
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MowxeT CAYYHUTBCH, HTO OTHOLICHHE IIPOH3IBOIHBIX OITATE IMPHBOJIHT K HCOIPCIACICHHOCTH. Ho x oTHomeHHo
[TPOH3BOJHBIX MOWHO CHOBa IIPpHMCHHTE YCTaHOBICHHOC IIpaBHIIO (EEJ]H, KOHCYHO, BBIHIOJIHCHEI YCIOBHA CIO



HpHMEHHMDC’I’H}, T.C. l'[epEﬁTH K OTHOLICHHIO BTOPBIX ITPOH3BOJHEIX. Ecin u 3nece MOJIYIacTCd HCOIIPCCIICHHOCTL, TO

MEPEXOIUM K TPETHUM IPOHU3BOIHBEIM, U T. JI. Kok CKOpO HAa KAKOM-TO ILIare MBI ITOJYYHM [peet, KOTOPBIH CMOXKEM
BBYUCIUTE, TO HAHIEHHOE €ro 3Had€HHE U OYJIET MCKOMBIM ITPENIETOM OTHOLICHHS (Y HKLIMH.
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Gopmyna Telnopa st MHOTo4JieHa
PaccMOTpHUM MHOTO4YJIEH n-H CTENEHH
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Gopmyna Telnopa HMeeT BaXHBIE NPHUMEHEHHS BO MHOIHMX BOIpOCaxX MaTeMaTHYECKOr0 aHalH3a M €ero
MPHIOKEHHH. B 4acTHOCTH, BO MHOIMX ClIy4asX OHAa I03BO/AET (PYHKLHMIO CJIOKHOH IPHPOJEI ¢ DOJNBIION CTENEHBH
TOYHOCTH 3aMEHHTE MHOIOWIEHOM, T.€. (PpYHKIHeH Oojiee MpoOCTOH, JaeT MPOCTOH Crocod MpHOIMKEHHOIO BEMHCIIEHHS
3HaYeHHH (PYHKIHH.
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3agada 6. Paznoxute 1o gopmyne Telnopa pyHKLIHIO
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3agaqa 7. Paznoxute nmo popmyiie TeHnopa ¢yHKLHIO f (X ) =2 B TOUKE Xﬂ_lﬂgz
Bornpockl
CpopmynupyHTe MpaBuino JIomuTand [ pacKpeITHA HEONpPe/Ie/IeHHOCTEH.
HeonpeaeneHHOCTH KaKoTO BHAa MOXHO «pacKphIBaThy ITPH TOMOILH paBHia JTomuTans?
Jamucate opmyny Teisiopa st MHorowieHa. [TpuBecTH MpUMep NMpaKTHIECKOI'0 MIPHIOKEHH (pOPMYJIEL
Jamuunte popmyity Maknopena. O0bsicHHTE B3auM oCBs3b (hopMya Telnopa U MaxkinopeHa J1711 MHOIO4JIeHaA.
Jarmuurute popmyiy Telnopa s 10d0H U depeHHPYEMOH n pa3 (yHKLHH.
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IIpakTH4ecKkoe 3aHATHE 4.2-4.3. Bo3zpacTaHHe H YObIBAHHE (DYHKIIHH. JKcTpeMyM (PYHKIHH. BrinmyK1ocTh rpapuka
(pyHKIHH. TouKH Nepernda. ACHMIOTOTHI TpadHKa PYHKIITHH.
Touku, 6 ﬂ:ﬂmﬂpb!x QVHKYUA UMEC IKCIPEMYMbI, C1E0VECM UCKAMb cpeou Mex 6HYMPCHHUX MOoYeK e odlacmu
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3q0aHus, 20¢ aubo f XJ_U , Jaubo f [XJ—UD , aubo f le He cyujecmeyem. Bcee »TH cirydau
_ _ 213 ‘ ‘

peasn3yIOTCs, HapHMep, JUIs (PYyHKLUH y=X y=X , K&KJlas U3 KOTOPBIX UMEeT MUHHMYM

nmpux = 0.

Touxu YEa3aHHOI'0 BHJAa YCIOBHMCH HA3BIBATE KPpHTHYCCEKHMH TOYKAaMH. He B I{ﬂ}l{ﬂﬂﬁ KpH’I‘H':IECI{Dﬁ TOYKEC

obsizaTeNlbHO OyIeT HKeTpeMyM. J[eHCTBHTENBHO, To4Ka X = 0 OyaeT KpHTHYECKOH JIJIs Kak 101 U3 (pyHKLHH y =X (
_1 a3
’_3 2 ' 3 yZEX u
y_ X i y_U mpu x=0), y—’\.ﬁx ( : y = mpu x=0),
CrelyrIlHe TEOPEMBI MO3BOISIOT ONPENEIUTE, UMEETCS B JIAHHOH KPUTHYECKOW TOYKE HKCTPEMYM HIH HET, H
€CJIM UIMEETCS, TO MAKCHMYM HJIH MHHHMYM .,
X |
Teopema 1. [lycme U —xpumuueckas mouxa u ynxyus fux-' HenpepbleHa 6 mou mouke. Ecau g
X

HCKOMOPOT 0 KPCCIMHOCMU MOYKU

X X X
1) f ( X -J} 0 npu x< 0w f ( XJ{ 0 npu x> U | m. e. npu nepexode uepes mouxy 0
Npou3600HaAs MCHACM 3HAK € NICA HA MUHYC, UTU
2) f (-X-)<0 npu x< % u
Npou3600HAs MCHACM 3HAK ¢ MUHYCA HA NIIOC, Wil

fx)>0 % %

npu x< , M. €. npu nepexode uepes

X

3) npouszsodunasa He McHsaem 3HAKA npu nepexode uepes V| mo 6 cayuae 1) umeem mecmo MakcumMyMm, 6 ciyiac
2)—MuHuUMyM, 6 cayuae 3) 3r{cmpmﬂ Ma Hem.

S f(,x,?:){ —3x+1

TOYKH Haxo/[JATCH H3 YpaBHCHHA

. ©yHKIHA Berony auddepenmupyeMa. CraeqoBaTellbHO, BCe KpHTHYECKHE

flx|=3x-3=0

OTcroa
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— JIB€ KpUTHYECKHE TOYKH.
i 2 . ,
x.=—1 ( \: — _
1) 1 Mpu x < — 1 nMeem: f X 3}{ 3}0 ; PH x> 1 (HO x<1): f (-X-J{O
X, =—1
CrenoBaTelIbHO, B TOUKE 1 UMeEET MECTO MAKCUMVM.
r 2 . .
x.=1 _ ( | — —
2) 2 . IIpn x<1 (HO X> 1 ): f X 3){ 3{0 ; mpH x>1 umeem: f (-X-J}U
x.=1

Clie/oBaTel/ILHO, B TOYKE 2 HMEET MECTO MUHUMYM.

Teopema | rmo3BossieT BRICKA3aTh CJIEYIOIIHE TPAKTHYECKH ITOJIE3HEIE COO0OpaKeHH.

ITycTe pedb HAET 00 OTBICKAHHH HKCTPEMYMOB (DYHKIIHH f uXJ , HEMPEPEIBHOH B HEKOTOPOM IPOMEKYTKE H
UMelIIe B HeM mﬁgﬁﬁﬁgﬂﬁ%ﬁﬁ&ﬂ KpHTHYECKHX TOYEK.

Haiis soaggyRTHE : 1) pacoIOKHM HX B IOpsJIKE BO3pacTaHHA adCLHCC:
Cepudpukar:  2C0000043E9ABBBI52205E7BAS00060000¢§3E X < X <. . . <X <y < b
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa —1 n (l}

(am b KOHII[BI paccMaTpUBAEMOTO IPOMEXKYTKa). B ICE[‘H{IIDM U3 HHTCPBAJIOB
Oeiicteutenen: ¢ 19.08.2022 no 19.08.2023 (H X, ] (X (X , X '| (X b\

(2)



g T o)
CYILECTBYET KOHECIHas fILxJ.—,éO (ITOCKONIBKY BCe TOYKH, IJIE f(-XJ_U f{xi_m

X X, X f X )
HE CYLIECTBYET, BOILIM B YHUCIO TOYEK , , e, M ). Tpenmonaras A1 HempephIBHOH B KaKIOM H3

2

r I, ||
JACTHYHBIX HHTEPBAJIOB (2) — Ha MMPAKTHKE 3TO O0OBMHO TakK M OBIBAET, — HETPYIHO ITPHHTH K BBIBOJIY, 4TO f | X)

coxpaHAem 3HaK BHYTPH Kax]IOTO TAaKOTO HHTepBaia (eciH ObI f [-X 'l MeHATQ 3HAK BHYTPH Kakoro-HHOYIbL H3
HHTEPBAIOB (2), TO MO CBOHCTBY HENMPEPBLIBHBIX (PYHKIHH OHa obpallanack Obl B HYJIb B HEKOTOPOH 6HYMpcHHEU TOYKE
5TOr0 HHTEpBAJIA, YTO HEBO3MOXKHO). YTOORI HANTH HTOT 3HAK, JJOCTATOYHO, HAITPHUMEpP, YCTAHOBHTE €10 I KaKoH-HHOY/Ib
KO HKpemHo Ui TOYKH COOTBETCTBYIOIIETO HHTEPBAJIA.

B peayneTaTe HHTepBanaMm (2) OyIeT cOOTBETCTBOBATE HEKOTOpas IMOCIE]OBATENLHOCTE 3HAKOB IUIOC H MHHYC,
XapakTep 4epe/IoBaHHS KOTOPEIX B CHIY TEOpPEMEI | IMO3BOSET CYIMTE O HATHYHH MaKCHMyMa (CMeHa IUIIca HA MHHYC),
MHHHMYMa (CME€HA MHHYCA Ha IUIIOC) WIH 00 OTCYTCTBHH SKCTpeMyMa (COXpaHEeHHE 3HAKA) B COOTBETCTBYIOILHMX TOYKAX.

o |2 |3
[Tpumep. f(){l)—()i +1) (X_ 1) . OYHKLMS 3a]]aHa ¥ HEMPEPLIBHA BO BCEM OECKOHEYHOM ITPOMEKYTKE

=00, ) . Ee npousBojiHast

flx|=2(x+1][x—1P+3[x+1x—1/=(x+1]|x—1*5x+1)=5x+1|[x— 1/ x+%
(3)

BCHOJY CYVIICCTBYCT H KOHCHHA. CHEHDEHTIEHLHD, EpHTHYCCKHMH TOYKaMH ﬁ}{'ﬂ}fT AUL TC, 1)1 KOTOPERIX

x,=—1 | 2~ 5 x,=1

HPDME"}KYTDI{ Ja]aHHA Eb}{'I-II{I_IHH TEM CaMEBIM pﬂBﬁHBﬂETﬂH Ha HHTCPpBAJIbI

Lol

—0,—1 5 5 1,40
CGGTEETCTE?I’UH_IHH MOCJICTOBATCIIELHOCTE 3HAKORB HpDI’IBEDﬂHGﬁ HMCCT BH]]
TR
x.=—1 | —1l=
Cle10BaTelLHO, B TOUKE 1 by HKIHS f |uX l HMEET MAKCHUMYM, ITPHYEM f [ 1-' 0 : B TOUKE

-_1 f|-1)=_16 216 _ 3456
R 5/ 25 125 3125 X=1

. B TOUKe

- MHHHMYM, ITPHYCEM IRCTPEMYMa HCT.

Teopema 2. [lyemb 8 kpumuyeckou mouke X PyHKyuUA f txj n paz oughgpepenyupyema (n > 1), npuuem

flxo)=f [Xﬂ]:'--:fln_l:l(xn]:[} o fl'”:l{xn};éo
f!'n]

n
X, ) <0 f
OTeICKaHHE HAUOONIBIINX M HAHMEHBIIHNX 3HAYeHHH (PYHKIHH

Eeau n yemdoc, mo  uwMvecm  Mocmo

xn)::-[]

: MUHUMVM. Ecnu oice n Heuemno C,

IKCIMPEMYM, d UMCHHO: NpU
Mo 3KCIMpP eMyMa Hem.

- —MaKcuMym, npu

H}T.‘TL beI-II{I_IPIH f |! X| 3aJlaHa H HCIPCPBIBHA B HCKOTOPOM ITPOMEHY TEC. Ecin sToT [MPpOMCEHYTOK HE ABJIACTCA

OTpC3KOM, TO, KaK MEI 3HAcM, CpCiH 3HAYCHHH f %X| MOWET H HE OBITHL HAMOOJBIIETO MJIH HAUMEHBIIETO., D,IIHH’[{G
MONKHO YKa3aTb l'[pDE‘TDﬁ IMPHU3HAK, KOr/Ja TAKHC 3HAYCHHA 3aBCJOMO CYIICCTBYHOT.

Teopema 3. Ecau 6 dannom Hgﬂgwnwcym.im UMcCmesa cOUHCIMECHHBIU IKCIMPEMYM, MO COOMBCMCMBY 10U CC 3HAUCHUC
AOKYMEHT NOANMAUCA

pyuryuu oyoem WS THERGEHLINIThES nauvenbvuum, cmompa no momy, Gydem au 3mom 3Kkcmpemym MaKCUMyMOM Ul
Ceprudmkar: 2C0000043ESABEBO52205E7BAS00060000043E

Jﬁﬂw&w. llleGayxoea TaTeAHa AnexkcaHgpoBHa

Ecnu HanOolnbIee WIH HAMMEHBIIEE 3HAYEHHE JOCTHTAETCA BO 6HymMpceHHeu TOUKE OTpes3Ka, TO OHO HeoOxoodumo
Ol ORHHME I3 (M ZRePIMNYMOB JUIH MHHHMYMOB H, CI€/I0BATe/ILHO, OYIEeT JOCTHIaThCsd B OJIHOH H3 KpHTHYECKHX Touek. Ho
OHO MOWET JIOCTHraThCs M B KOHLE oTpeska. OTcrofa cielyeT, 4TO Uil OTBICKAHHS HAUOONBIIEro MIH HAHUMEHBIIETO



3HAY eHHM fﬁx | JOCTATOUHO CPABHHTE MCH]TY cob0M ee 3HAYeHHUS BO BCeEX EpHTHHCCEHX TOYKAX H B TOYKaX a H

b : HQuboabliee U3 BCEX HTHX THCE OVIET HauOOabLUIUM 3HQYCHLIEM f nX] Ha OTPE3KE lﬂ ’ b . HQUMCEHbLICE U3

k] IR L]
e
B, % b, apallem =

STHX HHCC]T JJacCT HAUMCHbBUICC 3HAYCHUC

o] — \/ L2 2
[Tpumep. DyHKLMA ﬂ-x-' (1 X ](1+2X ] uMeeT o0nacTei0 CyIIecTBOBaHHs oTpesok [-1,1]. Ee
HauboblIEE W HAaUMEHBIIEE 3HAYEHHS, OYEBHHO, JOCTHTAKOTCA B TeX K€ TOYKax, 4TO H I8 (PYHKLHH
) |I _.' B 2 { 2
g[.x-'_{l X “‘14‘2}{ J (paccMarpuBaeMoi Ha YIOMSIHYTOM OTpeske). M3 ypasHenus
glx|==2x[142x}+{1-x*-4x=2x[1-4 /=0
=0 X,=—0,5 X;=0,5

HAX0/THUM 1 ) . B 5THX TOuKax g'-xj HMeeT 3HAYEeHHs:

g0j=1  g/-05/=g(05/=1,125
gl—1/=g1/=0

Ecan comocTaBMM 5TH 3HA4EHHMSA CO 3HAYEHMSIMH B KOHIIAxX . TO VYVBHIHM, YTO HaH OOJILIITHM

3HAYEHHEM 15 g'-.XJ Ha orpeske [-1, 1] oyger 1,125 (mmpu x==0,5), HaumensiuM Oyjiet 0 (pu x== 1). st GpyHKLIHHA

f[X | HAWOOJIBIIIHM 3HAYEHUEM OVIIET TOIIA V 1! 125 (mpu x==%0,5), HAUMEHBIIHM — To-NpexxHeMy 0 (ImpH x = +
1).

— | || X
ITycTe KpuBasi 3ajaHa VpaBHEHHEM y f (.X J M B TOUKEe C adCIHMCCOH 0 umeer KacaTellbHY10, He

mapauiesIbHyI0 ocH Oy.

L= X L L
Ecmi B HEKOTOPOU OKPECTHOCTH TOUKH U KpUBAasf JICHKUT HAJ STON KAaCaTEIbHOM, TO TOBOPAT,
X X

4TO KpUBasf B TOUke U BEINMYyKJIA BHU3. AHatozuuHo, eciu 8 Hekomopou okpecmHocmu U kpueas
Jexcum MO KacameibHOU, Mo 2080psim, YMo OHA 6 MOoUKe % BEINTYKJIA BBEPX. Ecinnu B HEKOTOpOU
OKPECTHOCTH TOYKH % cremaor M KPHUBAA JE€KUT N0 OOHY CTOPOHY YIOMSAHYTOM KacaTeIbHOH,
a crpasa OT Y o OPYTYIO0 CTOPOHY, TO TOBOPST, UTO Y ects mouxa nepe2uba KpuBou.

v .
Teopema 4. Eciu ¢ mouke ! CYU{CCINBY CIN KOHCHHASA NPOU3EO0O0HASA f (XD] , npu4em f (XD] = (), mo

rr g rr g

rr

X) fx D]
6 Mmouke Kpueas 6bINYKIA 6HU3, CClU e <(), mo kpueas 6bINYKIA 66CPX.
Fr i i X
Teopema 5. Ilvemo f |lX | cyujecmeyem u KOHCYHA 6 HCKOMOPOU OKpECcMHOCMU MOYKU 0 . Ecau
rr | X X rr L
f lnxj MCHACIM 3HAK NpU Nepexooe X ycpe3 Moyky 0 mo U —mouka nepezuba. Ecau e f LX | 6
Xy %)
OKPCCIMHOCIMu COXPAHACTH FHAK, MO 6 IMOYKC HFPEEHﬁﬂ HCH.
[Tpumep. Haittm Toukm mepernba ¥ MCCAEAOBATH XAPAKTEpP BBIMVKJIOCTH KPHUBOW
3 2 ' 2 X
y=x"-3x+1 Beruncitem: y=3x"-bx , y =6x-6 Vpasuenue

y =6x=6=0 gjaer X=1 _mpu X<1 | ouepmmmo, Y <0 (xpusas seimyxma BBEpX),

rr

ecmm e X1 ,10 Y >0 (KpHUBas BBIMyKJIA4 BHU3). [ouka X=1" gpagerca Touxoit neperuoa.
OTBICKaHWE ACUMIITOT

—f(x)
[lycts KpuBasg 3ajlaHa YpaBHEHHEM y fl.x! . MoxeTr cinyduThes, 4TO IPH X2+00  yy IpH

y=kx+b

HA3BIGACINCA aCUMNMOMol Ol

X2—00 KpHBasg HEOrpaHHYIEHHO [pHOIH¥)AaeTcss K HEKOTOpOoH (PHUKCHPOBAHHOH NPAMOH

y=kx+b

Ha3bIBAEMOH acumw‘h%%@ KpHBOH. TouHee ToBOpsl, npava

CrnjmanHnﬁ MOAMNMChHIO lim [f x| —kx — b] =0
f:eggacﬁmary E-Etﬁ ¥ EEEWBEE%H%@GEUE%%H XF—00 ) eom x+w
naneneuy;: llleGayxoea TaTenHa AnexkcaHgpoBHa i ||
Mz BRICKazaHHOIO OIpCIC/ICHHA CICIYCT, 4YTO KpHBaA y _f I'XJ HMCCT copuU30HMATIbHVID AaCHMIITOTY
Heicteyrened: ¢ 19.08.2022 no 19.08.2023 lj_['['l f I:XJ: b

y_ TOT7A U TOJILKO TOTJIA, Korjqa X2+ (HJIH COOTBETCTBEHHO ITPH X—>—00 ).



J111 CyIecTBOBANIIA HAKJIOHHOM acHMIToTel  J — kx+b
- f(x)
lim ===k 1im [f(x)—ke/=b _
oHemIie mperenst Xt X noXOre . (Ilpu k=0 MoJiy9aeM OMNsTh
FOPH30HTAJILHYIO ACHMITTOTY.)

HeoOX0HMO M JJOCTATOYHO, YTOOR] CYILICCTBOBAJIH

2
X +3x+5
— R
[Tpumep. HaiTn acHMIITOTEI TrpadHKa (pyHKLHHA X :
2
: X . X"+3x+5
k= lim f )2111‘1‘1 =1
x3+m X X3+ x+1
2
, .| X +3x+5
b=lim |f(x)—kx|=lim x|=2
X+ X+ x+1 _
CrefoBaTeslbHO, UMEETCsl aCHMITTOTA (M ITPH X >+o00 H TTpH X2—00 . y:X+2

4 2
[Ipumep. Ompeenum HAHOOIIEIIIEE H HAUMEHLIIIEE 3HAY€HUS (DY HKLIMH f (X )_ X —2X+3 Ha OTpe3ke |-
2;1].
Pemenne. @yHrums flx) HenpepblBHA Ha 3ajaHHOM oTpeske [-2:1], kak mHorousneH. [TosTomy mo Teopeme
BeiiepiTpacca oHa JJOCTHraeT Ha HTOM OTpe3Ke HauboJIblllee H HAUMEHBIIIEE 3HAYEHHS

HaiijieM KpUTHYECKHE TOYKH, JIIst 4ero mpoudppepeHIHpyeM (YHKLHIO.
’ 3 2
f(x)=4x—4x=4x(x"—-1)

Torna f (X) =0 e x=0mwmx=-lumx=1.

[Tonyawim gBe KpuTHYECKHE TOYKH x = 0 M x = -] npuHa/UIexKalHe JaHHOMY poMexyTKy [-2:1]. Touka x = 1 He
SIBJISIETCS BHYTPEHHEH M ITO3TOMY HE KPUTHYECK A,

BemuciinM 3Ha4eHUs (PYHKLIMH HA KOHLAX IMPOMEKYTKA U B KpHTHYECKUX TOYKAaX M BeIOEpEM M3 HHX HauOOJIbLIEe
U HAMMEHLILIEE,

f(=2)=(-2)'-2(-2)+3=16-8+3=11
f(1)=1-2+3=2
f(0)=3
f(—=1)=1-2+3=2

MINs(x)=f(1)=2 MaXf(x)=f(—2)=11
CeoBaTeNsHoO, —2;1] , —2;1]
Jamaun

f(x)=dx+2

3amaga 1. Haiiti sHagenmuss X, pH KOTOPBIX (pyHKIHA X imeer YKCTPEMYMBEL

f(x)=3x2+2

3anaga 2. Haiiti 3nadenust X | pH KOTOPBIX (BYHKLMS X HMeET HSKCTPEMYMEI.

y:x3+1,5 X“+2
3
y=%—2x2+3x+1

3agada 3. HailTh HHTEPBAIEI MOHOTOHHOI'O YORIBAHHS (DY HKLIMH

3agada 4. HailTh HHTEPBAIIEI MOHOTOHHOI'O YORIBAHMS (DY HKLIMH

3 2
NOKYMEHT MOAMMCAH X X
SNEKTPOHHOW MOAMNMUChIO y= c + 1 X
ATy 0 0
A HATH HH TR MONOTOHHORS YObiams (y

2
_—3x—5x—4
Nencteutened: ¢ 19.08.2022 no 19.08.2023 y_ X +1
3agaqa 6. Haiitu ypaBHEeHHE HAKJIOHHOH aCHMITTOTEI rpaduka (y HKIIHIT




X°+3x—12

y:

3agada 7. HailTh ypaBHeHHE HAKIIOHHOH aCHMITTOTEI IpadpHka (pyHKLIMH X +5

f(x)=2x —6|x+1[+5
f(x)=x"=5|x|+6

3ajada 8. HailTh Bce KpUTHYECKHE TOYKH (Y HKLIHH

3ajada 9. HalTH Bce KpUTHYECKHE TOYKH X (DYHKLIHH
Bornpockl
1.ChopmyHpyHTE YCIOBHSI MOHOTOHHOCTH (DY HKLIHH.
2. Kakue TOYKH Ha3bIBAKOTCA CTALMOHAPHBIMH; KpHTHYECKHMH; TOYKAaMH sKcTpeMyma?
3. ChopmymHpyHTe HEOOX OJIUMBIE YCIIOBHE HKCTpEMYMA.
4. Kakast (yHKIIHSI HA3BIBAETCA BRINYKIOH BBEPX (BBITYKIOH BHH3)?
5. Yto Takoe Toyka neperuda?
6. ChopMmyIHpyHTE JOCTATOYHOE Y CIIOBHE BRIMTYKIOCTH BBEPX (BHH3).
7. ChopmyspyHTe HeOOX OJJHMOE YCJIOBHE TOYKH Neperuoa.
8. HUto Takoe acHMIToTa rpapuka ¢pyHKUHH? Kakue BHIBI acuMIITOT Bel 3HaeTe?
9. Kak onpejieuTh HaTHIHE BEPTHKATLHOH aCHMITTOTHI?
10. B xakoM cirydae npsiMast Y= kx+b ABIAETCA HAKJIOHHOH acHMITTOTOH rpadpuka (pyHKIHH?
IIpakTHueckoe 3aHATHe 4.4, O01as cxeMa HecIeqoBaHHS (PYHKIIHI H MOCTP 0eHUSA IPapHKOB.
CxeMa HccneJoBaHHs (PYHKIHH
1. Hatitit obiracte onpefeneHus (yHKIHH, TOYKH Pa3pbiBa H HHTEPBAILI HEITPEPEIBHOCTH.
2. HeeneioBaTe (PYHKLHIO HA Y€THOCTh, HEYETHOCTE U IEPHOJHIHOCTE (IJI€ BO3MOMHO).

3. HaiiTi TOYKH ITepecedeHHs IpapHKa (pYyHKLMH ¢ OCAMH KOOP/IHHAT H HHTEPBAJIbl 3HAKOITOCTOSHCTBA (PYHKIIHH.
4. OnpenenuTs HHTEPBATLI MOHOTOHHOCTH, TOYKH JIOKAJIBHBIX HSKCTPEMYMOB,  SKCTpeMalbHbIE 3HAYEHH:A

(hy HKITHH.

5. HaiitH ToukHM mneperuda rpaduka (PyHKUHH, BBMHCIHTE 3HaYeHHA (PYHKIHH STHX TOYKaX, VCTaHOBHTH

MHTEPBAIEI BRITYKJIOCTH U BOTHYTOCTH Ipadyka (pyHKIHH.

6. HccinegoBaTe MoBeeHHe (PYHKIHH Ha TpaHHLEAX ee obiacTH onpejeneHus. HaWTH acHMNOTOTHI IpadHKa

(hy HKITHH.

7. BEMHCIHTE 110 HEOOXOUMOCTH 3HaY€HHA (DYHKLHH B HEKOTOPBIX JIOMOTHHTENBHBIX TOYKaX.
8. Mcrmone3ys Bee MONyYeHHBIE CBOHCTBA B IMYHKTaX 1-7, MOCTpOUTE rpa(pHK (Y HKIIHSA.

DTOT HMOPAJIOK MPH HCCIEN0BAHHH (DY HKIHH MOKHO H3MEHATh.

[Tpumep. ITocTpoiite rpad UK QyHKLHH:

3
X

y=
Hccenenosanue.

x € (=00;=3)U(=3;3)U(3; +)

1) dyHKIMA olTpe/lelieHa H HElTPEPRIBHA IPH BCeX

2) OyHKLHA HedeTHAs, T.K. (_X)E_Q x* =9 . Te. f(—X):—f(X)

CHEHDBHTEJ]LHD, I‘[}EIEIJHI{ Cb‘_'fHI{LIHH CHMMCTPHICH OTHOCHTCIIEHO Ha4da/la EKOOP/JHHAL, ITO3TOMY JOCTATOTHO

Hcce0BaThk (PYHKIHUIO Ha MpoMexyTke |0;+o0), Jlerko zaMeTHTE , 94To Touka O(0;0) - eqMHCTBEHHAS TOYKA [IEPECEIEHHA C
OCSIMH KOOp/IMHAT.

3) Haiigem acCHMIITOTEL

3 3
. X . X

lim — == lim ———=t®

x23-0X—9 x23+0X —9

3

[TosToMy IpsAMast x=3 ABJIAETCA BEPTHKATBHOH aCHMITTOTOH.

Haiiiem Tereps HAKJIIOHHYIO ACHMIITOTY y — kX+ b
HX D.un CAH xz

k= h!'ﬁF Fenpio =1

Ceptudmkar: 2 EGQPQP:}_EEEEAB%BEEED SEE&E%G%@]QQC@E

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
3
. . X L. O9x
I b= 19[}52022 r(nfa(na 2)3_ = lim 2 9|= lim 2 =0
SeTBTener L N Yo x>+ X —9 x>+0 X" —9

[Tonyduim HAKJIOHHYIO aCHUMITTOTY )/=X.



4) HatileM HHTepBaJIbl MOHOTOHHOCTH (PYHKLIHH H TOYKH SKCTpEMYMa, 715 9ero npoaudpepeHIIHpYeM ee:

Ho

_ X’ _332(22—9)—2XX3_3x4—27x2—2x4_x4—27x2_x2(xz—27)
Y =2 | T 2-9F (X9  (£-9] (¥—9)
Torma Y = . ecnn x=0 mwm };:31}@ Y e cymecteyer, ecm X =93
x=3 € D(y] TosTomy KpuTHaeckuvi Toakamn seastores X =0 x=3"~f§ . COCTABHM TAGIHLLY.
’ 0;3) (3;3\;'5) 3y3 (31@#0&)
0 - - 0 _ B
0 v v min:% $

6) BemuciuM 3HadeHHe (PYHKI[HH B HEKOTOPRIX JOIMOTHHTEIEHBIX TOYKAX.

8 8 3 64 1
== =—1— 4 = =——=9—=
f( ) 4-9 5 5 fl4) 4°-9 7 7

]

7) Hcmome3ys pesynsTaTbl HCCIISIOBAHHA, CTPOMM IPagHK:

y .,

Tema 5. Tuddep eHrmaa pyHKIHH.
IIpakTiueckoe 3ausitue 5.1-5.2. Tuddepenunan pyuxuun. I'eomerpruecknii emuica gud@epeHunaia QyHKIIHH.
OcHoBHbIe Teopembl o nqu(pdepennuanax. Ilpumenenne auddepeHimaa K NPpHOTKEHHBLIM BbIYHCTICHHSIM.
NuddepeHmalibl BoICHIAX 10D SITKOR.

= flx!|
Hpﬂpamewmmhnmé’m f !-xl , IMEIOIIEH B TOYKE X KOHEYHY IO MPOM3BOIHYIO, MPEICTABUMO B BHJIE

ANEKTPOHHOW NOANUELIO ' |' |
Ceptvdmkar: 2C0000043E9ABBB952205E7EAFVOUG DDD&%I‘_AX + [Iﬁx
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa )
Ax=>0

rie o - becKkoHeuHO Mayas IpH

ﬂ‘;_L...:-Hl1'r_§_'|fj}1: c 1 ":IDSEGEE e | E| |:|Ei 2|:|23f |I |
[TepBoe ciaraemoe ‘XJ Ax

Ax

B MpaBoil dYacTH (OpMyJsl MPONOPLHUOHATIEHO BEJIMYHHE

0 (o]
(KO3 (D PHUIIHEHTOM TPOITOPLHOHAIBEHOCTH CIIYKHT YHCIIO f [.X ' ). Ecim f (-XJ#U , TO



lim f'(x)ﬂx:

Ax»0 Ax fr('X)#U

k]

da 3TO 03Ha4vYacT, 4YTO 3a HCKJIKHYCHHCM CIydasd, KoI'Jla f '-X-'_[] , YIIOMAHYTOC CllaracMoc f 'LX| ‘ﬂ'x ABJIHCTCAH

Ax=>0 Ax

mpH OeckoHETHO MaJoil mozo ice MopsjIKa, 9TO U

f [ ]
— | — ||
[Tonaraem d.y _f |'.X ! Ax M HA30BEM 5TY BeJIMUHUHY JH(pdepeHIHATIOM (QYHKLHH Y f I.X ! B TOYKE X.

df | x|

s quddepentnana ymotpebdiasieTes Takxke 0003Ha4eHHE

dx= Ax

. HupdepennanoM He3aBHCHMOH NMEpPEMEHHOH X

Ha3bpIBAKOT CC IIpHPAILICHHEC, T. €. noadacarom

CreloBaTenbHO, MOXKEM ITHCATh dy _f X dx
Takum obpazoM, dughgpeperyuanom yukyuu 6 mouke x HA3blBACMCA NPOUIECOCHUEC NPOUIBOOHOU 6 IMOU MO YKE
Ha oughgheperyuan HezasucUMOU nepeMeHHo U (M. ¢. Ha NPUPauicHU e He3asucUMo i NepeMCHHOL).

L2
Hanpumep, st pyHKLIMH y =X nup depennran B 000 TOUKe x JJaeTcs (opMyIIoH
dy=2 xdx

O0pmM™HO CcTpYKTYpa JU(depeHIHaIa (YHKIHH 3HAYUTENBHO IPOLIE CTPYKTIYPEI €€ IpHpAILEHHs, K [T05TOMY
(hOpMyI10H IITHPOKO MMOJIEIYIOTCA B ITPHOTHKEHHEIX BEIMHCIIEHHSIX .

_ 3
Hanpumep, st YHKLIMH y =X

Ay =[x+ Ax]— x*=3x% Ax+3x-Ax* + Ax® |

B TO BpEMi KakK
dy=3x"Ax
Ax=0,01

Eciau B3gaTEs x=2, , TO

‘dy =3-4-0,01+3-2-0,0001 +0,000001 =0,120601,
dy=3-4-0,01=0,12.

dy~4y[=0,000601

Takum obpazom, abcomroTHas OIHOKA

OTHOCHTEILHAS OLIMOKA

1
5| =%
2

dy—4y,_0,000601
Ay ' 0,120601

flx+dx

KDFHH XOTAT BBEMHCIHTE 3HAYCHHC . 3Had ftx| . TO HacTOo IMOCTVIIAKT TaK: MOoYHOC

f|:lx+ﬂx:| :f|x|+ﬂy f(.l’ + fﬁx) ’f*‘ﬁf(l') +dy

pAaBEHCTBO 3aMEHSIOT NMPHOJIIKEHHBIM PaBEHCTBOM H 5THM
YITPOLLAIOT BBIKIAIKH.
-' 3 3 2
x+Ax[ ~x"+3x" Ax
Tak, BozBpalasichk ONATE K (PYHKLMH y =X , loJIydaeM dy
1, B 9acTHOCTH, (2,01)=(2+0,01) ~2+0,12=8,12.
| ~, 1
Vx+Ax~yx+—=AX
- 2V X
Ecnu y—\i X . TO dy
— AX
V1t Ax~1+—
H, B 4aCTHOCTH, — JIOBOJILHO H3BeCTHas NpHOIIKeHHas (popmyJia.

I'coMeTp R RkAiE HEMBIE AR PEepeHIInaia: 3HaYeHHe JH(QepeHIHala (YHKIHH, OTBEYaIIIEe HEKOTOPOMY
nmpupameHuo HeFABFANORVITEPENEIRTbI, coBmagaeT ¢ COOTBETCTBYIOIIMM IPHPAIIEHHEM OpJMHATBI KacaTeJIbHOH K

W%}fﬁ& 043E9ABBBIS2205E7BA500060000043E
n

afieney; llleBayxoea TatkaHa AnexcaHapoBHa
"0 cHOBHBIE TipaBIa BEMHCIeHHs quddepenHmana G yHKIHH:

dC:[]['C:CUns‘[] | T d[Cu}:Cdu[C:const}

,D,EHETEHTELEH: > 15I'.DIB.EDEE'|'|D_1 9.08.2023
o dlutv|=dutdv v dluv|=du-v+u-dv



u\ du-v—u-dv 1 dv

d —|= d —_— = —
v, \VY v . vi. VY v
a|— . a1 -
v Al =audu d(\/ajzz%‘_
VIII u
~ dla"|=a"lna-du < dle"|=e"du
( a=const>0 azl
o d o
d(lg,uj=""1g,e dlIny/=2
- d{sinu}zcosu-du | «v  dlcosuj=—sinu-du
dltgu)=—2 d|ctgu)=——2
XV cos u XVI sin - u
d|arcsinu|= au d|arccosu |=— Idu
XVIL Vi-u® XVIIL. V1-u’
d|arctg u|= duz dlarcctgu/=— duz
XX 1+u _ XX 1+u
v dlshuj=chu-du «xp  dchu/=shu-du
dthu|= }ffu d|cthu/=— f;!
XXIII. chu XXIV. S u
Beogy zgece Y wm Y — npomsBoseHEIe quddepeHIpyeMblie (hYHKIHH OT X,
[Tpumep.
dl:jﬂllxz—l)—d X —l| xdx
24/ x2 —1 Vx2-
[Tpumep.

. .  dsinx cosxdx
d |Insin x |=— == =Ctg xdx
sin x sin x

[Tpumep.
d|she*/=che*d|e* =che*-e* -dx

3ajadu
3agada 1. Haittn quddepenyanel (yHKIHH:
- l o y :_’%c'ig.a' | L [aX |
a) In" . . 6)- =In(ax= + by +c) g ¢ -l.pt 7Y f!-f-i';m Cosinx+2. ) =In’ X0
o I_-i’-“ - —ins) 2yv+4 - o 1 _ |+ xarctgx
y =arccos|x” - l':I;a} III T | H) Pl Y+l g '1 e+ 1) - JI+x°

3ajaqa 2. BeMUCIHTE MpHOIIDKEHHO ¢ TOMOIIELI JH( (QepeHIIHAla 3HaYeHHE (PYHKIHH B JJAHHOH TOYKE:

1. y=2zx°, x«=2,001 2. y=+4dr-3, x=10098
3. y=+vr =>x=102 d p==" =x=2/999
b u= Ve, g RMETIONC - /5, o= 000

CepTuduK C 43E9ABBBO52205E7/BAS00060000043E
E!-E:-:wﬂlﬂ "n-"lll I_Iu%'_v‘}vcﬁm T A aHapo By = V2e 4 cosx, @ =0,01

f WX -
,D,%F‘-:'EHTUIIEL?L'T" TEI%LEG?E'W ‘IE'JFIZIS_EJE!IH' 10. ¥=v dr+1, x=1,97

Bornpockl
1. Yto Takoe qH(p pepeHMan GyHKIHHA?



2. KakoB reoMeTpH4eCKHH cCMBICH TH(ppepeHIHaa?

3. ITpuseguTe (hopMyITy I BEMHCIEHH JHDDepeHITHATA (DYHKLHH.
4. Kak onpegenstoTesa JU((DepeHIHATEI BRICIIHX TOPSIKOB?

5. ITpuBeguTe MpHUMEPEI MPaKTHIECKOT 0 MPHIMKEHH TH(p PepeHLIHalA.

Pa3nes 3. UHTerpajisHoe HCYHC/IeHHEe (DYHKITHI OTHOM NepeMeHHOM

Tema 6. Heonp ele/1IeHHBIH HHTErpaJl.
IIpakTH4yeckoe 3aHATHe 6.1-6.2. Tadauua OCHOBHBLIX HeomnpedeIeHHbIX HHTerpaioB. IIpocreiiime croiicTBA
Heolmpeae1eHHOro HHTerpaJa. Hemocp encreeHHoe HHTErp HPOBaHHE.,

[TeprooOpaznas (VHKIIHS.

Oyukuua F(X) HazpiBaeTcs nepBoodpa3sHoii pyukimeil pynkuun f(x) Ha oTpeske [a,b], eciu B o060 Touke
3TOT0 OTpe3Ka BepHo paBeHeTBO: F'(x) = f(X).
Hajgo oTMeTHTE, 4TO EPBO0OpAZHEIX [IJIS OJIHOH U TOH e (PYHKIHH MOXET OBITE DeCKOHeYHO MHOTI0. OHH OYIYT
OTJIMYATLCS JIPYT OT JIPYra Ha HEKOTOPOE MMOCTOSIHHOE YHCIIO.
Fi(x) = Fax) + C.

HeonpejeneHHbi HHTETPA.
HeonpeneneHHbIM HHTerpaioM (QyHKUHMH f(X) HazbIBacTCH COBOKYITHOCTL NMepBO0Opa3zHBIX (PYHKIHMH, KOTOpEIE

OIIpe IEJIEHEI COOTHOLIEHHEM:
F(x) + C.

3anmuCcLIBAIOT: Jﬂx)dx:F(X)"'C-

VenoBueM CylIECTBOBAHHS HEONPEIEIeHHOr0 HMHTerpala Ha HEKOTOPOM OTpe3Ke SBISIETCS HENpPEephIBHOCTH
(YHKIIMK HA 5TOM OTpe3Ke.

[ xa =(F(x)rc=f(x);
_d|J flx)dx=f(x)dx;

"dF (x)=F(x)+C;

| :(uw—w)dx:_[udx+Jvdx—_[wdx;
. JC-f(X)dx=C-Jf(x)dx;
f(x2—2sinx+1)dx:fxzdx—ZI51nxdx+fdx:%f+2cusx+x+c;

(CBOMCTBA:

rgeu, v, W — HCKOTOpPBIC El)}’]—l'KLIHH OT X.

[Ipumep:
Jnst ygobeTBa 3HA4YEHHs HeONpeeleHHBIX HWHTEIpaloB OONBIIHHCTBA SJIEMEHTAPHBIX (PYHKLMH coOpaHbl B

crrelHajbHble TabJIMIBl HHTErpaloB, KOTOpble OBIBAIOT HHOTJA BechbMa OOBEMHBIMH. B HHX BKJIHOYEHBI pa3IHYHBIE
Haubolee 4acTo BeTpedarolHecss KoMOHHAHMH (pyHKLHI. Ho OONBIIHHCTBO NMpecTaRIEeHHBIX B HTHX TabaHLax (popMy
SIBIIAIOTCS CJENCTBHAMH JpYyT Jpyra, IMO3TOMY HIDKE IMPHBEIEM TaOIHLY OCHOBHBIX HHTEIPAIOB, ¢ ITOMOILBIO KOTOPOH
MOXHO ITOJIYYHTE 3HAY€HHs HeOlpe Je/IEHHBIX HHTETPAJIOB Pa3IMIHBIX (DYHKIIHH.

Huarterpan JHageHue HuaTerpan JHadeHHe
] IQXdX -Inicosx +C 9 F.’de e+ C
i . + il . -|—
2 EIngX Inisinx 1+ C 10 c0s xdx sinx + C
* X * . - 4+
3 ﬂx dX a 11 SJI'IXdX cosx + C
LR + C W
Ina
4 dx 1 X 12 1 tgx + C
f S —arctg—+C J —dx
a - +x a a COS X
5 dx ]_ X+ (1 13 1 -ctgx + C
j 2 2 In | ""C J .2 dx
X—a X—d sin“x
6 SABKTPOHHON MORNNCBLIO 14 dx X
Cepfrcbuar: iﬂﬂﬁMBBBBEEjﬂEE? A500060 EIEI:ISE . 4
anl;eneu: eﬁkw@%&zbﬂm An HcaH;Fﬁj*%l X i a ‘_I_C 4||'III HZ _XQ arcsin (1 e
7 ~[ a a+l 15 1 ' !
. _ X T
Neikraurdnen: 1%.[@"2022 no 19.08.2023 +C,a#—1 J‘ dx ln\tg S ‘+C
a+1 CoS X 74




8 J’ﬁ 1I]‘X‘+C 16 J”de ln\tgghc

MeTo[l HemocpeJCTBEHHOIO HHTEIPHPOBAHHSA OCHOBAH Ha IMPEIITOIONKEHHH O BO3MOXHOM 3HAYeHHH
nmepBooOpazHON (PYHKIHH ¢ JaJIbHEHIIEH MPOBEPKOH »TOro 3HadeHHs JU(pdepeHIHpoBaHHeM. Boo0lie, 3aMeTHM, 49TO
nH(ppepeHLIHpOBaHHE SBISAETCA MOIIHBIM HHCTPYMEHTOM ITPOBEPKH pe3yIbTATOB HHTETPHPOBAHHS .

PaceMOTpHM IIpHUMEHEHHE HTOr0 METO/Ia Ha IPHMEpE:

dx b 1
j — Inx| ==
Tpebyetcst HAllTH 3HAYEHHE UHTETPAlIa X' . Ha ocHOBe H3BECTHOIT (hopMyJIel U] pepeHIIHp OBaHHS X
MOMHO CJI€JIaTh BBIBOJ], YTO HCKOMBIH HHTEIpasl paBeH Inx+C , rje C — HeKoTopoe MOCTOAHHOE YHeII0. OJTHAKO, ¢
- v 1 1
In(—-x)| =—=(-1)==
IpYTo# CTOPOHEI X X Takum o6pazoM, OKOHIATEIEHO MOXKHO C/IEIATE BEIBOS:
dx
—=In|x|+C
X

3aMeTHM, 4TO B OTJIH4HE OT JU(pPepeHLIMpOBaHus, I [ HaX K JIEHHS IIPOU3BOJHOH HCITOIB30BATHCE YETKHE
[TPHEMEBI M METOJBI, MpaBH/Ia HAXOWJIEHHS IPOH3BOJIHOHM, HAKOHELl OIpeJIe/IeHHE IPOH3BOJHOH, I HHTEIPHPOBAHHA
TaKHE METOJIbI HEJOCTYITHEL ECIH NMpH HAXOXIEHHH MPOH3BOJHOH MEI IT0JIE30BAIHCE, TAK CKa3aTh, KOHCTPYKTHBHBIMH
METOJAMH, KOTOpEIE, O0asHpysACkE Ha ONpEIEeleHHBIX [paBHJIaX, NPHBOJWIM K pe3yJbTaTy, TO IIPH HaXOXKIECHHH
1epBOOOpazHOMH ITPHUXOIUTCSH B OCHOBHOM OITMPATLCS HA 3HAHHS TaOJIHL] MPOH3BOJIHEIX H NIEPBOOOPA3HEIX.

YTo KacaeTcs METOJa HEMOCPEJCTBEHHOIO MHTEIPHPOBAHHA, TO OH IPHMEHHM TOJIBKO [IJII HEKOTOPEIX BECHEMA
OTpaHHY €EHHEIX KJ1accoB (DYHKIHH. OYHKIMH, 11 KOTOPEIX MOXHO ¢ XOJIy HAHTH ITepBo00pazHy 0 o4eHE Mano. [TosToMy B
OOJBIIMHCTBE CIYYaeB IMPHUMEHSKOTCS JPYTHE CITOCO0BI HHTETPHPOBAHHS.
3ajjaqu;
3agada | .Haitu Heolnpe/ie/ieHHEIE HHTETPAJIBL

I}E{x‘mﬂx‘+ﬁx;d}dx;

2) | (3x° 4 52— 8) (92 4 10x) dx; 3) [ V'@ 16 - 2 s
4 [ (20 & 7)0xdx; 5) [ V3T F Batdx; 6) | V@B —Prdr.

3anada 2. HaliTH HeompeelIeHHBIE HHTETPAIILL:

cosx , Vinx , .. [ «dx aresin® x
) f a9 [Virtan 3?Irri:_:;- *}J"rz:ﬁ‘“-

b) .[Fslait_fnxdx: E]_JVEI%_;dx; 7} j#’:iiﬁdx; E}.jwii'::i;?:;

9) jshﬂxchxcir; 10) ET_,ETHHL
ctg x

LS
3ajada 3. BEMUCITHTE HHTETpaisl: 1) x+a’
" Dy dy: 3 sin X s ( X e
E] \ _‘-E-_,.i_ﬁ," Ay -] I—I—EDEI b on 4) i |-—-.t:£ X;
dx dx xt
5) jlﬂ__x. ﬁ-}j‘m. 7) jmm
8) f,—-;xdx; 9) jﬁ—fﬁax; 10) Li;dﬂ-

Bornpocsr:
1. Yrto Takoe nepBoodpazHast (pyHKLM?
2. YTo HazeIBaeTCs Heolpee/IeHHBIM HHTETPAIOM?
3. [IlepeuunciuTe OCHOBHBIE CBOHCTBA HEOIPE/IEIEHHOTO HHTEIPAIA.
4,  3anmuiMTe 110 maMsTi Tﬂ.ﬁHHlI__II}' OCHOBHEIX HEONPE/EIEHHBIX HHTEIPAIOB.

OKYMEHT NOAONCA
5. Buewm C%@WMHEEHHDFD HHTETPHPOBAHHS !

Ceptucbmkar:  2C0000043E9ABBBI52205E7BA500060000043E

EenraPuM e o urvE€ fi0e00H HHTETPHP OB AHHSI.

IIpakTH4eckoe 3aHATHE 7.1. 3aMeHa MepeMeHHO B HeompeaeJIeHHOM HHTerpaJje. HHTerpupoBaHHe 1Mo 4acTsM.
3aMeHa epeMeHHOH B Heolpe JeIeHHOM HHTeIpale.
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Teopema: Eciu Tpebyerces HAHTH HHTErpal f f , HO CJIOHO OTEICKATE [TEPBOOOPAZHY IO, TO € [TOMOILIBK 3aMEHE]
X = (t) udx = @ (t)dt monygaeTcs:
| F(x)dx=] f (9

ITpumep. HailTH Heonpe 1eIEeHHBIH HHTErpal J V'sin xcos xdx

CrenaeM 3aMeHy { = sinx, dt = cosxdt.

J'ﬁdt:ft”zdt:§tm+(}:%51n3mx+c.
i fx(x2+1)mdx.
t=x’+1;: dt=2xdx; dx:E'
3ameHa X [Tonygaem:
/
ftmﬁ:l_rtmdr—l Erﬁfz_l_c_t_ C=( +1)° z+C
2 2 25 5 5 '

HuterpupoBanye 1o 4acTsiM.
Croco0 OCHOBAH Ha M3BECTHOMH (hopMylie MPOM3BOAHON MpoM3BeIeHH: (UV) = UV + v U, IJI€ U U V — HEKOTOpBIE

Gyukuun ot X. B muddepentmansoii popme: d(uv) = udv + vdu.

=I udv+j vdu

HpDHHTﬁl"pHpDBﬂE, MOJIYIacM: j , 4 B COOTBETCTBHH C IMPHBCJCHHBEIMH BEILIC

5 uv=Judv+I vdu judvzuv—j vdu
CBOMCTBaAMH HEDH}JEHEJ]EHHDFD HI—ITf:l"pﬂJ]ﬂ: HIITH

[Monygwm (opMyJly HHTEIPHPOBAHHS [0 YacTsAM, KOTOpas ITO3BONSET HAXOJHUTh MHTETPAIBl MHOTIHX
3JIEMEHTAPHEIX (PYHKLIHIA.

) ) ol )
jx sinade=0u=x"; dv=sinadx; (6| = cosx+fcosx-2xdx:
[Tpumep. | |
={ u=x; dv=cosxdx;(l}(',[}z—xzcosxﬂ xsinx—fsinxdx}z—xzcosmxsinx+2c05x+C .

Kak BujgHO, mociejoBaTelbHOE NMpUMEHeHHE (GOPMYJIbl MHTETPHUPOBAHUS MO YacTAM ITO3BOJSET IMOCTEIEHHO
YIPOCTUTE (PYHKLHMIO U MPHUBECTH UHTETPAT K TAOIHIHOMY .

| L. [
Je”cosxdx:qu:ez"; du:2ez"fdx;6cH:ez“51nx—J51nx2ezxdx:

[Tpumep.

|

o .
=(u=ze™; du=2e™dx; 0 0]|=e""sinx- 2{ e~ C0S X~ j—cosx-2ezxdx =¢*'sin x+

+2e”cosx—4_[ cos xe”" d

BH,.T_IHG, 9TO B pC3YJIETATC TIOBTOPHOI'O ITPHMCHCHHA HHTCIPHPOBAHHA 110 HaCTAM Cb}’HI{LIHIﬂ HC YaJI0CE YIIPOCTHTE
K Tabauu HOMY BH]Y. D,IIHHR'D, HDCHEHHHﬁ IMoJay JeHHEIH HHTCIPpal HHUICM HC OTIHYACTCd OT HCXO/HOI'O, HDJTDM}}

[ICPCHCCEM €TI0 B JICBY IO HaCThL paBCHCTBA.
SI e**cos xdx=e*(sin x+2cos x|
2 X
(sinx+2cosx )+C.

e
IEEKCDSXCIX:

Takum obpaszom, HHTErpan HailjieH Bood1e Oe3 nmpuMeHeHHs TabJIHL HHTETPAJIOB.

3ajjaqu;
3ajgaga |. BLHHCHP@MHF&MMCAH

SANEKTPOHHOW NOONWUCEID
Ceprudukar: 2C0000043E9AB8B952205E7BAS00060000043E
Bnapgeneuy; lleBayxoea TaTbAaHa AnekcaHapoBHa

Neicteutenex: ¢ 19.08.2022 no 19.08.2023



arcsin x .,

[
'

l. jl_.r - 1)e” dr.

3. jlr"' sin  dir. 4.

3. j,(.r In = dr. G.

(z* + 2z + 3) cos r da.

r
—— dl»,
sin” x

7- jrﬁ"'rus T . K. x* arctg x dr.
4. j sin In r dx. 10. r2e” dr.

3ajada 2. BEMUCIUTE MHTErPAILL:

(mopcTanoeKa x=z7);

% 'I‘=S{5r+d;1ﬁ .)

ix T —
2) IELX?m [nl:-J],ETﬂI-IﬂBHE X = =

3) Iy = d - {NoACTaHOBKA ctgx = 2).
) 1s ‘[sin:f{:ﬂn’xmﬂtus*:{ II_ o tg )

Bornpocksr:
1. 3amumure GopMyIIy 3aMEHEl NEPEMEHHON B HEOIPEIEIEHHOM HHTErpale,

2. OnmuumHTe METO]] MHTETPHUPOBAHUS IO JACTSIM.
3. B kakux craydasix penecooOpazHo MPUMEHATE METO]I HHTEMPHPOBAHUS 110 9acTsIM 7

ITpakTHueckoe 3aHaTHE 7.2. HHTErp HpoBaHHe 3JIeMEHTAPHLIX Ipoded. MHTErpHp oBaHHE PAIHOHAIBHLIX (DY HK L.
HuTerpupoBanue 3J1eMEHTAPHBIX JPOOEii.

aJ'IEMEHTﬂp HBIMH HAa3BIBAKOTCAH ﬂpUﬁH CICIYIOIIHX YCTRIPpEX THITOB!

1 Mx+N
[ ax+b’ 11 ax’+bx+c
1 Mx+N
o (ax+b)™ v (ax“+bx+c)"

m, h — HATypaJbHele 9Hciia (m = 2, n = 2) u b’ — 4ac <0,

HS}]BBIE JBda THITA HHTCIPAaJIoB OT 3JICMCHTAPHEBIX ﬂpDﬁEﬁ JOBOJIBHO ITPOCTO IMMPHBOJATCA K TAOJIHY HEIM

MMOJICTAHOBKOH t=ax+ b.

Jv dx 1 df:lln‘t‘+C:lln|ﬂx+b|+C.
a

ax+b a’ t a

i _Lpd 1 1o

- )m—l

II. j(ﬂx+b)m_“ " a(m-1)" alm—1)(ax+b

PaccMoTpHM METO]I HHTETPHPOBAHHA AIEMEHTapHEIX Jpodeil Biuja 11,
HWuTterpan gpodu syja I1I MoxeT OBITE IMpejCcTaBlIeH B BHJE:

1:—(2x+p)+ B—zA—p)
A o2 e et L
X"+ px+q X"+ px+q 2 7 X"+ px+g X+ px+q
Liln‘x2+px+q‘+ —A—p J‘dx :j}:.l 1n|x2+px+q‘+2B_AP .
2 2 2 2\ D \/ Ag— b2
P _P_ q—Pp
JOKYMEHT MNOANMCAH X+ + qd
SNEKTPOHHOW MOANMCLIO ) 4
CepTudmkar: zr;:-:::u:-:u:ii?fa395220-55raaamumanaa
E!-HEJ,.'J,CJIC L]. Lﬁuﬁaﬁﬁ [ “rP.-J .-'-..'IUIii:_EJt;ji;JCEHH
\/4q—p2

Hevncrenredyieer, ‘B o6 HeM BH S iokazaHO MpHBeIeHUe HHTerpaia qpoou sujga 111 k 1ByM TabIHIHEIM HHTETpAaIaM.
PaccMOTpUM MpHUMEHEHHE YKa3aHHO BhIie (GopMyJIEI Ha MPHUMEpaXx.

[TpumMep.



dxzé{uzﬁx—S; du:de; b'ﬁ[}:

7x=2 84 x—24 _p84x-24
J ) ) dx—f )
3x ~5x+4 36 x"—60 x+48 (6x-5)7+23

14u+70- 24 7 eudu 23 ¢ du 7 23
b— U=— =" In(u®+23 +——arct —+C—
Ju+23 3Ju+233J | ) ]

’+23 6 3423 V23
o 1n\35x2 50x+43\+@arag5"2‘;5
y

Bnnﬁme FOBOPH, €CTH Y TpeXuiieHa ax~ + bx + ¢ Belpaxenne b® — 4ac >0, To Apo0E M0 oNpeeeHHI0 He ABJIIETCA
3JIEMEHTAPHOM, O/IHAKO, TEM HE MEHEE €€ MOXHO HHTEIPHPOBATE YKA3aHHEIM BEIIIE CITOCOOOM.

[Tpumep.

+C.

f5""3 dx:j5""3 dx=1u=x+3; du:dx;é}é[]:ISU_lS_B du_5f“d“
X*+6 x—40 (x+3)°- 49 u2—49 u*—49
du
-18 =21 u? —49\ \ \ C——ln|x +6x— 40\—
fu—dg U
[Tpumep.
X4 = emilumx-3; dumd;i)if)= 22 =3 M
V7—x"+6x V16— (x -3}’ V16-1? V161
+13fdu =—3w‘16—u2+13.arcsinj—+(?:—3x"w7—x2—6x+133rcsini_—3+C.

1516

PaccmoTpumM Terneps METO/BI HHTETPHPOBAHHS IMPOCTEHIIHX Jpobeil IV THIIa.
CHagasia pacCMOTPHM YacTHBIH cirydaid mpu M = 0, N = 1.

dx
I

TDFﬂﬂ HHTEl'pﬂJ] BH]I4 ax +bX+C) MO HO l'[}JTEM BEICIICHHA B 3IHAMCHATCIIC ITOJTHOI'O I{EﬂﬂpﬂTﬂ
J~ du
(u2+5 )n
Pe/ICTABUTEL B BUJIE Cﬂeﬂaem cﬂeﬂymmee npenﬁpaaﬂBaHHe
J‘ du 1J~s+u—u 1.[ 1 u’ du
2
(u+s)" (u™+s) (u’+s)" (u+s)"

Bropoi HHTE:FpﬂJ], BXOJISILIMH B 3TO paBEHCTBO, OyeM OpaTk 110 9acTsAM.
A

ud .
v =——; u,=u; di=dig i)

Ob0ozHagumMm: (u +S) )
u’ du _ u 1 du
J‘(uz+s)”_ (2n—2)(u2+5)”_1+2n—2'[(u st

,[[I[H HC}CGHHGFD HHTEI']]EIJ]E[ MOJIYVIACM :

1 u 1 du
'[u+s '[u+5 1 s(2n—=2)(u*+s)"! 5(211—2)'[(

S 2n—3 du

J’ ' J -

ﬁﬁﬁﬁﬁ @fgw PRHAY TP +s ) s(2n=2)7 (uP4s)" !
C0000043E94 902205E7BAS0006000004 3E

E:]]Mi,b lhﬂ%’ﬁgggga CEpp,h;[gqq ~HazpIBACTCS pEKyppEHTHnH Eciu MMPHUMEHHTEL €€ n- | pas, TO MMOJYIHTCH TadJ I HEIHA
J' u

HETerpammeH: c (US| no 19.08.2023
BepHeMcs Teneprk K HHTENPAILY OT 3JIEMEHTApHOH JpodH BHjia IV B 0b1em cirydae.




J.MHN (4a iel dx=i/u=2ax+b; du=2adx;( {|=

(ax’+bx+c)' [(2ax+b)2+(4ﬂc—b2)ﬂ
M(u—b)+N |
{4a)" ¢2a 4a)" M (udu 2ﬂN Mb ¢du
6 du= f
2a ¥ (u+s) 20 |2a " (u*+s)" (u+s)"

B moyiyaeHHOM paBeHCTBE IEPBBIH HHTE:rpaﬂ C MOMOILBIO MOJICTAHOBKH { = u° + § anBnnHTCH K TaOJIHYIHOMY
dt
I,n
, @ KO BTOPOMY HHTEIPATy IPHMEHSIETC pacCMOTPEHHAsS BRILIE peEKYppeHTHas (hopMyia.
HecMoTps Ha KaxYILIYIOCH CJIOKHOCTh HHTETPHPOBAaHHA 3JIEMEHTApHOH JApoOH BHa IV, Ha MpakTHKe ero

JOCTATOYHO JIETKO MPUMEHSTE 1 JIpobei ¢ HeGoJIbIIoI CTENeHbI0 1, @ YHHBEPCATLHOCTE M OOIIHOCTE MOIX0/1a JEIacT
BO3MOKHBIM OY€HB IPOCTYIO PeaM3allHI0 3TOro MeTojia Ha DBM.

[Tpumep:
3x+5 3x+5 o .y 3u+6+5
~dx dx=itu=x-2; du=dx;{ |}= du=
I[x 24 x+7 ) I +3 ) | | I(u2+3)2
udu du 9o . 3pd u 1 ¢du
-3 +11 =6lt=u"+3;6[611==— | —+11 + =
f f 3) | U 2 '[t _3*2(u2+3) 3-2 Iu2+3_
. 3 11u 11 3 11(x—2) i —2
-— arctq ~—+C =— + arctg>—=+C.
2t 6[u +3) 6v3 93 2(x?—4x+7) 6(x*—4x+7) 63 93

HHTerpupoBanie palyoHAIbHBIX (Y HKITHH.
HHTerpupoBanne palioHAIBHEIX JIPOOEH.

J71st Toro, 4TOOEI MPOUHTETPHPOBATE PALIMOHAIEHYIO JIPO0E HEODXOJMMO PAzIOKHUTE €€ Ha
3JIEMEHTApHEIE JIPpOOH.

Teopema: Ecinu - IIpaBHILHAS pallMOHAILHAS JpoOb, 3HaMeHaTelnts P(X) KoTopoit
TPEeCTABIEH B BHJE NPOM3BEJICHUS JIMHEHHBIX M KBAJIpATHYHBIX MHOXHTENEH (OTMETHM, 4TO JIH000H MHOTOWIEH C
JIEHCTBUTENLHEIMHA KO3 (DOHIHEHTaAMH MOXET OBITE MMPEJICTABIEH B TAKOM BHjIE: P(x) = (x - a)®..(x - b)f(x’ + px + q)*...(x°
+ rx + §)*), TO 5Ta JJpoOb MOXKET OBITE PA3JIOKEHA HA HIEMEHTAPHEIE 110 CIEIYIOIIEH CXEME!

A A A B B B M x+N
Q[x]: L 42 =4,k TR T S —+. .t B T 21 L+
P(x) x-a (x-a) (x=a)* " (x=b) (x-b) (x=bf’ x*+px+q
+M§X+N2 2ql_“.ql_l"vf[;x+f\1r’Jl . R x+5§5, RE;HS2 -y +RPX+S

( X"+ px+q) (X“+px+q) X +rx+s (X +rx+s) (xX°+rx+s )

rae Ai Bi, Mi, Ni, Ri, S; — HEKOTOpEIE [TOCTOSAHHEIE BEJINY HHEI.
[Tpu HHTEIPHUPOBAHMH PALHOHAIEBHEIX Jipodeill mpHOerawdT K padlioKeHHK HCXOJHOH IpodH Ha
sneMeHTapHele. Jlis HaxoxieHHs BelmauH A;, Bi, My, Ni, Ri, Si IpUMeHsAI0T TaKk HA3bIBAEMBIH METO] HeOoIp e/le/1eHHbIX

KOY((PHIMEHTOB, CYThH KOTOPOr0 COCTOMT B TOM, 4TO JyIsi TOro, 4TOOBI jJiBa MHOrowWieHa OLUIH TOXJIECTBEHHO PABHEIL,
He00XO0 MM O H JJOCTATOYHO, YTOORI OBUTH paBHEI KO3 (HLIMEHTEI IPH OJJHHAKOBLIX CTEIEHIX X.

[TpuMmeHeHHE 3TOr0 METO/IAa PACCMOTPHM HAa KOHKPETHOM ITPHUMEDE.
[Tpumep.

9x’—30 x"+28 x— 88
(X' —6x+8)(x*+4)
e ( X —6x+8)(x*+4)=(x—2)(x—4)(x"+4)

gEHT NOAMNWCAH
9 Xx -EIQBFX H28 xeagBhio A B  Cx+D
CepTudbmkar: 7 ZCOU00YZ3ETABE l(:a SETBR ;ﬂf:lumuuiu

Bnageneuy; (IH"F'"H j(—(?f"fT’d xh::l'n-'il- aHa X _4 X2+4

HpHEG,IIH K DﬁI.L[EM}’ 3HAMCHATCJIIO H IMpHpaBHHBAA COOTBCTCTBYIOIIHC YHCIHTCIH, ITOJIYYacM:

nencromenc (ko) 4 )b B( x—2) ( X*+4)+(Cx+ D)( x*— 6 x+8)=9x>—30 x*+28 x—88

dx

, TO




(A+B+C)x*+(-4A—2B—6C+D)x*+(4 A+4B+8C—6D )x+(—16 A—8B+8 D)=
L9x>—30 x*+28 x—88 .

gt

|

L ek

=

B

J-x;-Z dx=51n|x —2\+31n\x—4|+J' z
X+4

51n |x—2\+31n\ x—4\+2—1n(x3+4)+arctg§+c.

2
dx+ | Vi

‘+4

3aJaqu;
3ajgada 1. PazyiouTe Ha IMpocTeHIHe JpodH cile/y IOIIHE pallHOHAILHEIE JpoOH:
” 1lx—4
Xt 2x—8"°
YEazaHue: EIHEIH'EHBT*E.'I]:- Paz/iOmiTE Had MHOMHTEMNH.
2) 25 4lx — 3} I — 24x2 — 41x-- 20
(x— 1) {x13) [x—*i} Eﬂ:+!}{=——EJiI~BJI{:~E}’
4) be? — x4+ 26 5] Hix 440
(x—1)(x—2H{x—I)' 4[.:—4]{;r—|—2]
6) Hxi—]— 5.*3.':—|— EE
GFDETLHE—3
3amaga 2.
BEMHCITIHTE:
dx dx dx
y L*m: 23 jlﬂ-—&lx: 3‘] j4~?’x: 4) E%ﬂ
3agaga 3.
BEMHCIHTE:

dx . - dx _ | dx .
I} 1y ="_[.|:'+4.t-|—H' 2) f“jx!+;-|_1 » 3) L= PO P L

d dx d
1) f1=.§xi—9:+25; 3) 1 =Jﬂ—?x+14;ﬁ}fﬁ=L’ﬂ"—i‘ﬂ'

3agaga 4.
BEMHCIHNTE:

}jﬁxl+9.:+m' 2) S?J:=—-En+5

3) 5 HD%EHTH nic ‘[
HMEFMHW JlI'IH Gxt 4 7x -+ I5 -I- i'.::+ IE

Cepmwdukat: 2400000 0043E9ABEBBO952205E7BAS00060000043E
E-na,u,enm,:ﬁ:) ef; 2 AlleKcaHpoBHa
- ll:r + 17
33,113113 5.
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dz | _ dx _ dx
b h={oZm 9 h={afa 3 1={afm

Bornpocksr:

Kaxwne Jpodu Ha3BIBAKOT MPOCTEHIIIHM H?

Kaxkas qpodrs HazkIBaeTCs palMOHAIBHOH?

Kaxkas panuoHansHast JIpoOb Ha3kIBaeTCs MPaBHILHOH?

Kaxk paznoxuTE MpaBUILHYIO Jpo0L HA ITpocTeHIIHe?

B geM cyIIHOCTE MeTOo/]a HeollpeIeIEHHBIX KOS (PPHULIMEHTOB?

h W b=

Tema 8. Onp eneIeHHBLIIH HHTErPaJl.
IIpakTHueckoe 3ansTHe 8.1. Crocodul BLIMHCIEHHS oNpeaeleHHoro HHTerpa/ja. @opmyiaa HeoToHa-JIeiidHmIIA.

JameHa nepeMeHHON B omnpene/TeHHoOM HHTerpasie. @opmMya HHTEIPHPOBAHHA [0 YACTAM B OIpeJeIeHHOM
HHTErp ajie.

ObozHauuM m U M HauMeHEIIee H HAHOONIBIIeE 3HAYUEHHE (DVHKIMH Ha OTpe3ke [a, b] .
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Pazobrem oTpez0k [a, b] Ha gacTH (He 00s13aTENIEHO OJHHAKOBEIE) N TOYKAMH.
Xg <X <Xa<...<X,
Tormax; —Xo= AXp, Xo — %) = Ax., ... — Xn1 = AX,:
Ha kaw/J0M 132 MOJIYYEHHEIX OTPE3KOB HAMIEM HAMMEHEIIee H HAUDOJILIIEE 3HAYEHHE (DY HKLIMH.
[Xo, X1] = my, My; [X, X2] = mae, M2z Lo [Xaa, Xa] — my, M,

CoCTaBUM CYMMEI:

g Zmdx

2= MAX + meAX + L FmuAX, = 1F1

ZMﬂx
-

S H=M|M|+M3M3+...+Mnﬂxn=

|y

CyMMma HA3BIBAETCS HIGKHEH HHTEeIP ATLHOH CYMMOH, a cyMMa S — BePXHEH HHTerpaAJIbLHOH CYMMOH.

Tx m =M, 1O 5 n = S w a mb-a) = ‘S n = S » = M(b —a)
BHYTpH KaxJ0r0 0Tpe3Ka BLIOEpEM HEKOTOPYIO TOYKY €.
Xo= £ <X, X1<8< X2 ... ,Xp1 =8 <X,

HaiijjeM 3HadYeHHss (pYHKUHMHM B 5THX TOYKAX M COCTABHM BRIpAKEHHE, KOTOPOE HA3BIBAETCS HHTEIPAJILHOMH
cymmoii i pyukuu f(x) Ha otpeske [a, b].

NOKYMEHT NOANUCAH Z f(Ei)"jxi
SNEKTPOHHOWM M nn&i £
Ceptudmkar: 2'::-:':':-:-:4zEzuaaeaasgzgﬂ X Hg2)AX: + L+ f(e)AX, = i1

TR A Sroxno' SatiEaTs:! ‘ﬁz’!ﬂi‘; =E) AT < M Ax,
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['eoMeTpHYECKH 5TO MPEICTABISETCS CIIeIyIOIMM obpazom: rpaduk GyHkmH f(X) orpanndaeH cBepxy OMHUCaHHON
JTOMaHOH JIMHHEH, a CHU3Y — BITHCAHHOH JIOMaHOH.

O6o03HaYHM maxAx; — HAUDOJILLIHHI OTpe30K pazOHeHust, a min Ax; — HauMeHsIIHH. Ecitn max Axi— (), To 4uciio
OTpe3KOB pazdueHust OTpe3ka [a, b] cTpeMHUTCs K DeCKOHEYHOCTH.

rn in
S, =2 fl&)Ax, lim > f(g)Ax =
Ecmu i=1 TO max Ax. 2 0 j=1
Ecin mpu mo0bX pazOHeHHMsX oTpeska [a, b] Takux, 9To maxAx,— () W NpOH3BOJIBHOM BBEIOOpE TOYEK €
n
S,=2.fle

MHTETpalIbHasE CyMMa i=1 CTPEMHTCS K IIPeJIeNy S, KOTOPRIH HA3LIBAETCSA ONMPeIe/IEHHEIM HHTETPAIOM
oT f(x) Ha oTpezke [a, b].

| f(x)dx.

O0o3HadeHue : @

a — HIDKHHUH npejien, b — BepXHHUH Npejiell, X — epeMeHHasi HHTErPHpOBaHu4, [ a, b| — oTpe3 0K HHTEIpHPOBAHHA.

im Zf ) Ax, = ff[x)dx

Ecm s ¢yskmuu  f(X) cymecTByeT npesen max Ax. 20 =1

Ha3bIBAcTCA HHTEIPHPYeMoH Ha oTpeske [a, b].

TO (PYHKLHA

lim Zmﬂx Jf

TakKe BEpHEI YTBEPKICHHA: o Ax> =1

lim ZMAX If

meu-;ﬂx +0i=1

CBOICTBA ONpEIENEHHOT0 HHTEPATA.

=

b
x)dx:Aff(x dx
) a

b
(1 (x)£f,(x))dx=[ f,(x)dx£ [ f,(x)dx

D e, O O e, O O S—— o

2) a
f(x)dx=
3)
b b
ff(x)dxij'cﬁ(x)dx
4) Ecnuf(x) < @(x) Ha otpeske [a, b] a<b, T0 @ 0

5) Ecaumu M — cOOTBETCTBEHHO HAUMEHBIIIEE H HﬂHﬁDﬂLIﬂEE 3HaueHus (pyHKuH f(X) Ha oTpeske [a, b], To:

m(b—a) {If Jdx<M(b—a)

6) Teopema o cpegnem. Eciu dynkmus f(x) HenpepreiBHa Ha oTpezke [a, b], To Ha 3TOM OTpe3Ke CYILIECTBYET TOYKA €
TaKasd, 9TO  [OOKYMEHT NOANWCAH

ANEKTPOHHOW NOAMUCHIO h
Ceptvdmkatr: 2C0000043E9ABBBO952205E7BAS0006000004 ( ) d _ ( b ) ( )
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b

J‘f(x)dh’:j‘f(x)dx+J‘ fx)dx

{a

PHSYMEETCH, 3TO paBCHCTBO BEIHIOIHACTCH, €CJIH CYILICCTBYCT I{ﬂ}l{,ﬂhlﬁ H3 BXOJIAIIHX B HEI'O HHTCI'PATOB.

J‘f(x)dx:—j]‘f(x dx
g) «d b

Teopema HeroToHa-JTeliOHHUA.

Teopema: (Teopema HeroToHa — JIelHOHMIA)

Ecimm ¢yukims F(x) — kakas- mdo HEpBGDﬁpﬂBHﬂH OT HenpepeIBHOH (yHKIMH f(X), TO

Jf (x)dx=F(b)~F(a)

5TO BREIpAKEHHE HM3BECTHO I10]] HazBaHHeM (popMyinel HetoToHa — JIelidHHLIA.

b

Huora npumenstoT obozHadeHue F(b) —F(a)=F(x) ¢
Gopmyna HetoTona — JlelOHHLA npejicTanisAeT coO0H 0OLIMI MOIX0]] K HAXOWKIEHHIO OIpe/Ie/IEeHHBIX HHTEPAIOB.

YTo KacaeTcs IMPHEMOB BBEMHCICHHA OIIPCIC/ICHHBIX HHTCIPAJIOB, TO OHH IMPaKTHICCKH HHIEM HC OTJIHHATCA OT
BCCX TEX IMPHEMOB H METOJ]0B, KOTOPEIC OBLTH PacCM OTPCHBI BBILIC ITPH HAXOWICHHH HCOIIPCICICHHBIX HHTCTPAIOB.

To4HO Tak ke MPUMEHSIOTCH METO/IBI ITOJICTAHOBKH (3aMEHEI IIEPEMEHHOH), METO] UHTETPHUPOBAHUS ITO0 JacCTsIM,
TE YK€ MPUEMBI HaXOXKIEHH MEPBOOOPa3HBIX JIJIs TPUTOHOMETPHUYECKHX,, HPPALMOHATIBHEIX U TPAHCLEHIEHTHBIX (YHKIIHIA.
OcoOeHHOCTRIO SIBISIETCSL TOJILKO TO, YTO MPH NMPUMEHEHHH STHX IPHEMOB HAJ0 pacnpocTpaHaTh NpeodpazoBaHHe He
TOJILKO HA IMOJUHTErPATEHYI0 (YHKIUIO, HO U HA MPe/Ieibl HHTEIPUPOBAaHUSL. 3aMeHss IEPEMEHHYI0 HHTETPHUPOBAHHS, HE

If[x)dx

3a0BITE M3MEHHTE COOTBETCTBEHHO Mpejienbl HHTerpHpoBaHus. IIycTe 3ajaH HHTErpal a , e f(x) —
HenpepeIBHAas (PYHKLMS Ha oTpeske [a, b]. BeeleM HOBYIO MepeMEHHYIO B COOTBETCTBHH ¢ (POpMYIOH X = ¢(t). Toraa ecnu

) p(a) =a, @(B)=b
2) @(t) 1 @ (t) HEMpEePBLIBHEI HA OTpe3ke [, ]
3) f((t)) onpegenena Ha oTpezke [, P, TO

b B
[ f(x)dxe=] flo(t)]g (¢)de
B
[ F6(6016(c)de=F8(0)]|=F[ 4(B))- Flo(a)}=F (b)~F(a
Torma « u
[Tpumep.

L /2 iy 1 12
fw"l—xzdx:&{xzsint;&;é[}:_[ \1—sin’t costdt= f CDSEIdIZEI (1+cos2t)dt=
0 0 0

nl2
t+ sin %ﬁa p%néﬂw
CepTi -: 2C0000043E9ABBBI52205 ETEHJDDDLDDDDDJSE
E"””“‘”"*‘iﬂpﬁ—"j’ﬁﬁiﬁﬁé*ﬁ%ﬁ'ﬁf’&ﬁﬁﬁﬂﬂiﬁ:aﬁﬁpeneﬂeHHnm HHTETpAIE CJIEAYET IIOMHHTL O TOM, YTO BBOJMMAs (YHKIHUsS (B
PAacCMOTPEHHOM IIpHMeEpe 5TO (PDYHKIMs sin) JODKHA OBITE HENPEPHLIBHA HA OTPE3KE MHTEIPHPOBAHHUS. B IPOTHBHOM
CILYHaE (POPMAIEHOS IPUMEHE HHE (DOPMYJIBI IPHBOJIUT K adCypiy.

[Tpumep.




n m
Idx=x\zn
0

0 , C JIPYTO# CTOPOHBIL, €CITH IPUMEHHTL TPHIOHOMETPHY ECKYIO IT0JICTAHOBKY,

¢ dt
fdx ) _ —rgx=t)= [ 4L
o sin®x+cos’x % cos®x 1+tg X) o 1+t

T.e. nea crocoba HaXOKJIEHHST HHTETPAIa JIAI0T Pa3IHYHEIE Pe3yJbTAaTEl. JTO MPOU3OLLIO H3-3a TOr0, 4YTO HE OBLI YUTEH
TOT (paKT, 4YTO BBEJCHHAs IEPEMEHHAs tgX HMMEeT Ha OTPE3Ke MHTErPHpOBaHHMS pasphiB (B Touke X = m/2). [losTomMy B
JAHHOM CJlydae Takas I10JICTAHOBKa HemnpuMmeHuma. IIpH 3ameHe nepeMeHHON B ONpeeeHHOM HHTErpaie clejyeT
BHHUMATE/ILHO CJIEJIUTE 3a BEITOJIHEHHEM IIEPEYHUCIIEHHEIX BEILIE YCIIOBHI.

N HTErpHpOBaHHE MO YACTSIM.

Ecimm GpyHKIMH u = @(X) 1 v = Y(X) HENPEPLIBHEI HA OTpe3Ke |[a, b], a Takke HenpeprIBHEI HA HTOM OTpPE3KE HX
ITPOU3BOJIHEIE, TO CITpaBe/JIMBa (POpMYyIa HHTETPHPOBAHUS 110 YaCTSIM:

b y b
fudv:w | —fvdu.
( d q
3ajaqu:
3agada | BeMHCITHTE onpe/ielieHHBIE HHTErPAJIEL.
I(.‘f‘ + 3y + 06)cos2ydy. ﬂ_r - 4] cosdxdx.
1. - 2, "
ﬂ v2 +4x +3) cosxdr. J"l v+ 2) cos3xvdy.
3. - 4. "2
ﬂ XT+ Ty + 12] COS xely. ﬁ 2y +4x + T] cos 2y,
5. "= 6. "
Jr';'_‘r‘ + 9y + 1| 1] cos vy,
7. 8

stf +16x +17) cos4 xdx.

T - -
J{ 3% +5) cos 2 xdv. ﬂ 2% - 15) cos3xdy.
9. 0. "
2T 2T
J{;-*. - 7% ) cos 2 vdlx. ﬂl- Sx* | cosdxdy.
11, “ NOKYMEHT MOAMNWCAH 12, U

SNEKTPOHHOW NOAMNUCHLIO
Ceptudmkar: 2C0000043E9AB8B952205E7BAS00060000043E

Bnapgen Ulebayxpea Tatha AReKkcaHApoRH | 2 .
Tf P A +Tj N 33y Jt_r - 3_1’]5“’1 2 xd.

Iieicréurenen: ¢ 19.08.2022 no 19.08.2023 14,



Jt Y- 3x+ 2] SIN xely.

15, U
ﬂ T +Ox+ 'EJJ sin 2 xdx.
17. -
ﬂ | - 5x° ] sIn velx,
19,
3ajaga 2.

B ucIHTL OITpCICJICHHBIC HHTCIPAJIEI.
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sin | mqg ﬂ'” OANUCLIO
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Y- Sy + (}J SN 3xdy.
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16, !
JI v+ ?{] sin 2 xelx,
18,
ﬁf‘r.\' - X }Sin 2 xelx.
20, *
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Bonpocksr:

PackpoiTe cMBICT ITOHATHS ONPEIETIEHHOT0 HHTErpaa.

I"'eoMeTpHYECKHI CMBICII ONPEENIEHHOr 0 HHTETpaa.

[TepequciiiTe OCHOBHBIE CBOMCTBA OIPEIEIEHHOI 0 HHTErpaa.

Teopema o cpeHeM.

[TpousBoHAsT oNpeeIeHHOTO HHTErpaa 1o BEpXHEMY ITpeemy.

®opmyiia HetoToHa — JleHOHHLIA.

3aMeHa nepeMeHHOH H HHTErPHPOBAHHE 110 YACTSAM B ONpEJIeIeHHOM HHTErpale.

20. -

ARl

Tema 9. IIputo:keHHs onpeneIeHHON0 HHTErpaJa.
ITpakTHueckoe 3aHATHE 9.1. T'eomeTp HUeCcKHe MPHIOKEHHS OMP eleIeHHOr 0 HHTerpaia. Iliomans miockoi
(purypsl. Odbem Teaa. IanHa 1yra kp Heoi. IL1omiaas MoBepXHOCTH BP alll ¢HHSL.

BrMuciaeHue o el IIockux (hH

M3aBecTHO, 4TO ollpejIe]IeHHEIH MHTETPAI HA OTpe3Ke MNpejcTaBiiseT co00H IIOMAlE KpUBOIMHEHHON TpamneLuH,

orpaumHd eHHOoH rpapukoM (yrkimH f(x). Ecim rpaguk pacnonoxen ke ocu Ox, T.e. f(x) < 0, To IIonajs HMEET 3HAK
“.% ecnu TpadMK pacnonokes Beuie ocu OX, T.e. f(X) > 0, To IIoLIa/bE UMEET 3HaK “+.

b
S= \f fx)dx
J7st HaX O JIEHHST CYMMAapHOH IJIOIIAIH HCITOJIE3YeTCs (hopmyia g :
[Tnomane (GUrypel, orpaHMY4eHHOH HEKOTOPBIMH JIMHHAMH MOXET OBITE HaiJIeHAa ¢ IMOMOIUBK OIpee/IeHHBIX
MHTETPATIOB, €CJIH H3BECTHE] YPABHEHHS HTHX JIMHHH.

[Tpumep. HaiiTi miomane GHUrypel, OrpaHHYeHHON THHUSIMH V= X, V = X°, X = 2.

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceptvdmkar: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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HckoMas Imiomaik (3aliTpiXoBaHa Ha pHCYHKE) MOKeT OBITh HaH/IeHa 110 (popMyIIe:
2 2 3 22
7 X~ X 8 4 1 1 5
S=| x“dx— | xdx=|=——=—|] +
1 1 3 2]; 3 2 32 6
Hax o lenne miomaju KpUBOJIHHEHHOIO CEKTOpA.

st HaxowJJeHHs IUIOMIAAH KPHBOJIHHEHHOIO CEKTOpa BBEJEM IMOISPHYIO CHCTEMY KOOpPJHHAT. YpaBHEHHE
KpHUBOH, orpaHM4MBatolLei ceKTop B 3TOH cHcTeMe KoopuHatT, umeeT BHJ p = (), rae p - JUIMHA pajJHyc — BEKTOpa,

COEIHHSIOLLIET O ITOTFOC € MPOHU3BOJIEHON TOYKOH KPHBOMH, a (¢ - YTOJI HAKJIOHA HTOT0 Pa/IHy ¢ — BEKTOPA K MOJISPHOH OCH.

[Tnomaae KpHBOIHHEHHOIO CEKTOPA MOKET OBITE HailjIeHa 10 (popMyIIe:

1
s=2J F(9)ds

BremMucieHHe JUIHHBI TVIH KPHBOH.,

¥ ¥ = f(x] _

A% Ay
A A

OJOKYMEHT NMoanncAaH
3NEKTPOHHOW NOANMCHIO

Ceprudukar: 2C0000043E9AB8B952205E TBEASUUDGPOOUNEIE 1:3
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Ecim ypaBHeHHMe KpHBOH 3a/laHO [apaMeTpHdecKkH, TO ¢ YYE€TOM [paBWI BBMHCICHUS I[POH3IBOIHOM
mapameTpHd ecKH 3a/JaHHOH (YHKLHMH [TOJyd aeM:

R 2 )2
s=J v ()] +y(e)] d

a

rae x = q(t) uy = 1(t).
Ecii 3ajaHa mpocTpaHCcTBeHHAasA KpHBas, H X = @(t), v =Y (t) u z = Z(t), TO

B I," CL 12 C12 CoL 12
S=[ Vg (¢) +w'(t) +z () d
Ecimi kpHuBas 3ajjaHa B MOJISIPHLIX RznanHaTax, TO

S:_[ Vp'+p’de

. p=Ho)
Ipumep: Haiftn JumHy OKpYKHOCTH, 3a/laHHOH YpaBHEHHEM X + Y~ =T,
o X
Y ==
:x/ re—x [.2_ 2
1 crmocood. BLIpﬂBHM U3 YPaBHEHHS IEPEMEHHY 0 Y. y . Haitgem npouzBoiHy 10 VI —X
|
2 r
X I H
ES I I1+ EdX:J‘ ,z—dx I"ElI'CSlIl—|—FE
Torsa r _X o VT —X 0 . Torma S = 2xr. THonyauim

0OILIEH3BECTHYIO q)npmyﬂ}; JJTUHBI OKPY#KHOCTH.

2 cmocod. Eciin npe/ICTaBUTE 3aJaHHOE VpAaBHEHHE B MOJIAPHON CHCTEME KOOP/HHAT, TO MOYIHM: I'COS (@ + I'sin“gp = r,

=48 S= [ \orrdg=r [ dp=2nr

T.€. pynkuud p = f(@) =1, d‘i’ TOraa

Breruciaenue 00beMOB Tel,

Brmucienue odbeMa Tela 110 H3BECTHBIM 1110 SIM €0 MapaLJIeILHEIX CeYeHHH,

R\T
// /Afii-l / % // b o

[Tycte umeeTcs Teno obvema V. [nomians nwbdoro momepeqHoro ceyeHus tena (), M3BeCTHA KaK HelpephIBHAsA
¢pyHEOHs Q = Q(X). PazobbeM Teno Ha ““CJIOH™ IMONEPEYHBIMH CEYEHHAMH, MMPOXOJAIIMMH 4Yepe3 TOYKH X; pa3OHeHH:
oTpeska [a, b]. T.k. Ha kakoM- JIHOO NMPOMEKYTOYHOM OTpeske pazdueHHs [Xi, Xi] QyHKUMA (Q(X) HempepeIBHA, TO
[TPHUHUMAET Ha HEM HaHOOJbIIEe W HAUMEHEIIEE 3HAYeHH. O003HAYUM HX COOTBETCTBEHHO M; H my.

Eciu Ha 5THX HauOONBIIEM W HAMMEHBIIEM CEYEHHAX IMOCTPOUTEH LHIHHIPEI ¢ 00pa3yIOIIMMH, MMapalIeIEHEIMH
OCH X, TO 00BEMEI HTHX, IHIHAAR OB OY/IYT COOTBETCTBEHHO paBHEI MiAX; H miAX; 3]1eCh AX; = Xi- Xi.

[TpouzBEIH TaIHE  POCTPOCIEBD I BceX OTPe3KOB pasOMeHHs, MOIYYIHM IFIHHIPEL, 00LEMEI KOTOPEIX PABHEI

Ceptvdmkatr: 2C0000048E9ABBB952205E7BARD0060000043E
Bnaneneu: LlleGayxo ¥ 33l 1.5..'IUH:EJH,J;JE|E

M AX. m Ax.
COOTBETCTBEHHO (=1 u =1

Neicrentellpr ¢TPeMIEHHH KOHYIRO 1I1ara pﬂBﬁHEHHH A, 5TH CyMMBI HMEROT 0OIIHil Tpejie:



A=20i=1 A=20i=1

b
f f
lim Y, M, Ax.=limY_ m Ax= [ Q(x)dx
a

Taxum obpaszom, 00BeM Tella MOKET OBITE HaHJIEH 110 (pOpMYJIE:

b

V= Q(x)dx
]

HegocTaTkoM 5TOH (popMyJIBI SABISETCA TO, YTO JIIA HAX O JIeHHsA 00beMa HeoOX0JJHMO 3HATE (PYHKLHIO (Q(X), 94TO
BeCbMa ITpodIeMaTHYHO JIJIS CIIOWHBIX Tell.

ITpumep: Haiiti obveM 1iapa pajuyca R.

W

B IMOMNCPpCIHBIX CCHCHHAX MIapa IMOJIYHarnTCAd OKPY#WHOCTH IICPCMCHHOIO pajJHyca V. B zaBHCHMOCTH OT TEK}JI.LIEi:I

Ip2 2
KOOPJIMHATEI X 3TOT paJuyc BeIpaxaercs 1o (opmyle VR™—x . Torpa ¢yHKLMA MIOMIAJIEH cedeHHH MMeeT BUJI:
2 2 |
Q(x) = HLR —X |
[Tomygaem o0weM Hiapa:

R 3 R 3
V:f n(R*=x¥)dx=n(Rx—=-) | =n R-E| _ql-p
J 37 3 37 3

3, RY|_4nR’

O0neM Tel BpallleHHs.
PaccMOTpuM KpUBY10, 3a/laHHY 10 YpaBHeHHeM Y = f(X). [Ipeanmonoxum, aTo pyHkmsa f(X) HempephiBHA Ha OTpe3Ke
[a, b]. Eciii COOTBETCTBYIOILYID €H KpHBOJIHHEHHYIO Tpallel[HI0 ¢ OCHOBAHHSAMH a ¥ b Bpamate BOKpyr ocH OX, TO
TOJIYYHM TAK HA3LIBAEMOE TEI0 BP AlLICHHA.

y = 1(x)

>

T.K. KaxJl0€ ceueHHe Tela IUIOCKOCTRI0 X = const NpeJIcTaBIsAeT codoil Kpyr pajuyca R_‘f ( X)‘ , TO 00LEM
Tejla BpalleHHs MOKET OBITE JIETKO HAMIEH 110 TOJIYYEHHOH BRILIE (POpMYIIE:

b
V:HJ‘fz(x)dx

OOKYMEHT r:IDJJHMEAH
3MEKTPOHHOW NOANMCHIO I[lnoniage IMMOBEPXHOCTH TEId BPAILICHHA,
Ceptvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa



W
K

Ilnomagbw MOBEPXHOCTH BpalleHHs KpuBol AB BOKpyr JaHHOH OCH HasbIBalOT Npejel, K KOTOpOMY
CTpeMATCS IUIOIIAJH ITOBEPXHOCTEH BpallLlEHHs JOMAHEIX, BIIMCAHHBEIX B KpHBYK AB, mpH CcIpeMIeHHH K HYJIO
HAHOOIBIINX M3 JJIHH 3BEHLEB HTHX JIOMAHBIX.

[Tnormaae MoBEpX HOCTH, OITHCAHHOH JIOM AHOH paBHA:

I
| —
P,=m D [f(x,_ )+f(x)]V1+f (e,) Ax,
i=1
G)T‘El C}JMMH HC HABJIHCTCH Pﬂ{TEIpﬂJ]LHDﬁ, HO MOWHO I[MOKa3aThE, 4TO

P= lim Hi(f[xi._1]+f[xi.])y“r1+fi[sl.]ﬂxi.: lim ni2f{£i]ﬂr1+f‘i[si}ﬂxi

ma:i.r_"uxr_-}::l i=1 mzu-:.ﬂxr.-rﬂ i=1

b
P:2njf(x)x.f1+fé(x)dx
Torna a

3ajaqu:
3agada |. BEMHCIHTE II0IIAH 0b1acTeEH, OIpaHHYEeHHEBIX IpaHKaMH 3aJJaHHEBIX (DY HKLHH:

1. y=32-2° y=-4z.

- Eb OpMYyJia BEIMHCIICHHA ITTOHIATH ITOBEPXHOCTH TE/1a BEP alll CHHA.

2 y = 3/, y=3/z, r = 4.

3 r="5—y°, r = —4y.

4, y=ver -1, y=0, z=In4.

5] y = sinz, y=~cosx; =0 (>0}

6 y =z, y=1/z, r = 16.
T r=27—y° x=—6y.
K. i = sin r, y=cosx, x=0 (<0
9. y=v0-z y=0, =0, ==3/2
10. y=2/x, ¥y = de”, y=2, yvy==5

3agada 2. BEMHUCIHTE JVTHHEI YT 3aJaHHBIX KPHBBIX.

. y=Inz 22 < x < 2V/6. 6. y= chz, D<x<1.
2, y=Incos:z, 0 <r<nufb I. ¥y=x/2 v=<r=1
3. y=¢€%, In+v3 <z < Inye. 8. y=1-Inzx, vad < < B,
4. y=Insinz, 7/3<x< /2 9. y=1- chz, <z < i
OOKYMEHT UDJE[HHEAH
= — 9 /= EnEflgfll—_J_Hﬂulpclur}%Gbm R & I - '
‘ff::_m kar-¥ 300000043 SABEEY52305E THA500060000043E 10. y V1 —x* + arcsin z, U=zx= 1"@'
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

3ajada 3. BEMUCIHTE JVITHHEL JIYT 3a]JaHHBIX KPHBEIX.
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r=t—sint.
¥y = 1-=cost,

r=2eost,

y = 2sint,

{

{ z
3 {IZme 0sisw

|

{

b=
1

V= sin” ¢,

2eost — cos 2,
iy = 2sint — sin 2¢,

,'_._:
Il

I:ﬂﬁﬁh D<t<l.
y= ¢ 8simnit,

B

3agada 4. BeMHUCITHTE 00BEMBI TN, OTpaHHYI€HHEBIX 3a/JaHHBIMH ITOBEPXHOCTAMH.

1 3:4$2+9y21 z =0
2. z=0z% 4 4y 7 =
3. z=2z%+8y> z =4,
2
2 Y7 i
4. S e = 1. > = (). z= 2.
tTg Ty T |
5 $—2+ 2+£—1 2=0, z=3
6" Y T9 T - e
2
£ 2
6. i + y° —32° = 2=0, z=1.
Ts IE+%—2;’221, 1=0 =L

3agada 5. BeMHCIHTE 00beMEI Tell, 00paz0BaHHEBIX BpallleHHeM BOKpYT ocH OX olnacTeH, orpaHHYEHHBIX I'padHKaMH
3a/JAHHBIX (PYHKIHH.

. y=-z241, = . 2, y=sin(xz/2), y==.
3 gm2, i = 4/ . y=2, p=i
J. Y =008, y=s8mx, =0 ({U<zx<m/d)
b. y= sin? r, y = [, z=m2 (0<z<n/2).
i i & i 1. o 1,
8 y=Inr, y = 0, &= e.
.
. y=-—, Yy =1, p=1,
" »
10, y = cos® r, y=10 (—x/2 <& < nf2)
Bomnpocsl.

1. 3amumHTe H3BeCTHEIE BaM (POPMYJIBEI BEIMHCIIEHHA IUIOILAJIEH IITTOCKHX (PHIVD.
2.  Kak BEMHCISIETCS IUIOIIA/L INIOCKOH (PUTYPEI IIPH MMOMOILH ONpe/IeIeHHOr 0 HHTerpana?
3. HYTo Takoe KpHBOJHMHEHHAs Tpaneusa’
4.  Kaxk BEMHCIHTE IUIOIIAAE KpHBOIHHEHHON TpallellHH, OrpaHHYeHHOH CBEpXY KPHBOH, 3aaHHOH
mapaMeTpHIeCKH ?
5. HYTo Takoe KpHBOJMHEHHEBIH ceKTop? Kak BEMHCIHUTE IUIONIA/Is KPHBOJIHHEHHOTO ceKTopa’
Kak BEMHUCIHUTE JUIHHY JYTH KPHBOH?
Kak BEMHCIUTE 00BEM Tella IPH MTOMOLLH OITpEeJIe/IEHHOr0 HHTerpana?
Kak HaHTH IUIOIIA/E [TOBEPXHOCTH BpalleHHs !

Kakie qmﬂw %W;FCKHE) MPHIOWKEHHS OITPeJIEIEHHOI0 HHTEIpaia Bel 3HaeTe?
SNEKTPOHHOW NOANWUCLIO

EpTHd}HHaT ﬁﬁ,c 0043E9ABBB952205E7BA500060000043E
ﬁyﬂwmﬂhunx IEPEMCHHLIX

Tema 10. Hpnnaﬂnnﬂme H Tu(pdepeHIHAIBL (PYHKIHH HECKOJILKHX Iep eMeHHbIX,

ﬁﬁﬁgﬂgﬁ ﬁs oS3t THE 01312&23 YacTHble NPOH3BOAHLIE INEPBOro mnopsiaka. YacrHole MPOH3BOJNHLIE BblCHIHX
nopsiikoB. IToaHbIH nml:i epeHiman Qpyukuuu. JduddepenHumnansl Boicminx mnopsakor. JIuddepenuuporanne
CJIOKHLIX H HEeSIBHBIX (DYHKITHH.

6
7.
8.
9



[IycTe B HekoTOpoOH o0nactu 3ajana ¢ynkmmd z = f(x, y). BozeMeMm npouzBosibHY0 Touky M(X, ¥) H 3a7aIuMm
nmpupamenue Ax k nepemenHoit X. Torjga Benmanna Az = f( X + AX, y) — f(X, y) HazpBaeTCd YaCcTHLIM MPHP AUIeHHEM
(pYHKIIHH 10 X.

MoxHO 3armicaTh
Az f(x+ax,y)~f(x,y)
Ax Ax
Az
lim —
Torma Ax=0 AX Ha3bIBACTCS YACTHOM NMp onM3BoaHoI QyHKIMH z = {(X, y) o X. ObozHadeHHe:
02 1y LY y)
a X 2 x? a x X

AHalIOrMIHO ONpejIesaeTcs 4acTHAas MPOU3BOHAS (DYHKLMH 110 Y.

Oz _ . f(x,y+4y)-f(x,y)

0z

o
I'e OMETPpHYECKHM CMBIC/IIOM Hac THOH I[MPpOH3BO]] HOH {,[[ OITY CTHM 0X } ABIIACTCA TaHI'CHC YIJla HaAKJIOHa

KacaTeJILHOMH, ITPOBENEHHOH B TOUKE Ny(Xg, Vo, Zo) K CEHEHHIO ITOBEPXHOCTH IJIOCKOCTRIO YV = V.
LR DEPEHYID RS HIE FOMIO I

1. Ecnu 27 f(:r:, }’:L J:=I(f)? e y(f), TO

_ofdr_of dy
z Booxt Ay dt

® Boom £ f(I J") I(Ir 3),}?=}’(f= S:l’m:
ciz:ﬂfcfx+@i"cfy
ozt B oxt By dt

o _of o of &
B Hxds Ay

B g = e B
T

IMMomusim auddepenmuanom ¢yuknun z = f(X, y) HasplBaeTcsl IJ1aBHasi JIMHEHHass OTHOCHTENBHO AX U Ay
mpHpalleHus (YHKIHH Az B TOYKE (X, V):

dz:f:x[x,y)dx+f;,(x,y)dy

Jst pYVHKLMH TP OU3BOJILHOTO YHCIIA [TEPEMEHHEBIX:

df(x,y,z,.“,t):g—idﬁgdyt.&g—iﬂ

2
Yz
Hpumep. Haittn nosmeni qupdepenuman pyukmpn  U—4X

ou ou ou

du=—-=d d d
T d X X+6y y+az ’
Zi—y xJ’“ 2; ‘Inx-2yz; Zz—xﬁ Inx-y’;

AOKYMEHT MNOANMCAH

-1
ANEKTPOHHOM MO f e “yzln xdy+y %" Inxdz
CEpTHd}HH 20000004 3E9ABBB952205E 7/BASU0D06000004 3E

%%xn@"’ﬁgﬂ hl € BLICIHIHX IMOPHAJIKOB:

Bnapeneuy; aTbAHA  ANEKCcaHapoBHa
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S EAANTA
™ ) (5,
2N A

< ;(i{ } an Sy = (o)

JTud¢ep eHIIHANLI BHICHIHX 0P SIKOB:

2 2 2
arr =2 g 1220 gy T g0,

o * G Gy th ®
W e I
i e P T (L
ek S kb — k)
; -
g = | gy g :
7 [ac > y} 7
o 7,
i {= dimeomrE Ty oHepaTop THODEpEeEUHL OBAHEA.
e oy

3aJjaqu:
3agaga 1.
HaiiTi 9acTHEIE MPOU3BOHEIE IO BTOPOTO MOPSIKA BKIKYUTENBHO 3aJJAHHBIX (PYHKIIWI:

L. 2=, 2. z=zIn(z/y).

3. z =sin(zy). 4. z=e"cosy.

5. z= 22+ 2. 6. z=In(z?+y).

7. 2= +/2zy+ 32 8. z=In ¥xy.

9. z=gzcosy+ysinz. 10. z=(1+x)*(1 +»).
3ajada 2.
HailTH mpoH3BoJIHEIE ()YHKLHH z=Z(1,V):

:fr u :; U = u(:r;, y) uv = -U(;r,y).

3
o — w2 2 _ .
l. z=u"+v°, u=x+y, v==I—UY.

. ¥ i
2. z=In{u*+v*), u=azp U= 2y

g I=1%", u = SN I, U= CO8 .

. z=q+N" =T =, g = gtV

5. z=arctg(u/v), u=rsiny, U= T CO8 .

6. z=In{u-=1?), = I -=+y U= .

7. z=u"+v°, u=Inyz*+y*, v=arctg(y/r).
B. = u=Inlx*+y*), v=uxy’

g 2z=g¢" u=Inz, v = Iny.

10). 2 arﬂﬁypggnggﬂ%gﬂﬁké@m (x/y), I -.Hr!;

CepTwduKkay,; 08004 3E9ABBBO952205E FBAS00060000043E
Saj

Bnaneneu: Jlebayxoea TateAHa AnekcaHapogda
Haiit lﬁ)DIﬂ BOJIHEIC }JI—IKEHH, 3aJJaHHBIX HEABHO:
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1. = =z, 2. y=14+y~.

3. y=x+Iny. 1. z4+y=e""¥.

5. xlelV _ et =1, b. r—y+ arctgy = L.

I. ysinr — cos(x — y) = . 8. sin(ry) — e —ry=I0.

0 14+2y—Infe® 4+ 2=*¥)=0. 10.24 - 2xp+y*+ 24+ y-2=0.
Bompocsr:

1 . JTaiiTe onpejieneHHe YacTHOI O MpHpaIleHHs (PYHKLHH 110 HE3aBHCHMOH ITepeMeHHOH .

2.YTo Takoe NoHOe NMpHpalleHue (yHKLIHH?

3.Uro Takoe wdacTHas MPOH3BOJHAs (YHKLUHMH HECKOJBKHX IepeMeHHBIX? Kak obo3zHadaeTcss dacTHas
TPOU3BO/IHAs?

4 ITosicHHTE reOMETPHY ECKHH CMBICT YACTHOH IMPOH3BO/IHOMH.

5.Yto Takoe gudpepeHHan (YHKIIHH HECKOIBEKHX ITepEMEHHBIX?

6.UTo Takoe JHHeapu3aLMs QyHKIHH?

7.IMossauTe nmpasuia JH( (epeHIHPOBaHH CI0KHBIX H HESBHBIX (DYHKLIHH.

8. Kak HalTH 9acTHEIE IPOHU3BOJIHEIE BTOPOr0, TPETLETO,. .., N-T'0 MopsijiKa?

9. 3ammuiuTte (GopMmyIy JIJIs BEMHCIEHH JH(] (PpepeHIIHaIa BTOPOro MopAaKa (Y HKLUHH JIBYX IIEpEMEHHBIX.

ITpakTiueckoe 3ausaiTHe 10.2. KacareasHasi H HOpMA/Ib K MoBepXHoCTH. IIpou3BoIHAS [0 HANPABJIEHH IO,
I'paauenrt.

o -~

ITyete N 1 No — Touku jgaHHOH noBepxHocTH. [Iposegem mpsmyro NNg. ITnockocTs, KoTOpast TpoXoqHUT depes
TOYKY Ny, HA3BIBAETCS KACATE/ILHOH IJIOCKOCTHLIO K ITOBEPXHOCTH, €CJIH Yol MexIy ceKyieil NNy H 5TOH IUIOCKOCTBIO
CTPEMHTCS K HYJIHO, KOTJ]a CTPEMHUTCA K HYJIIO paccTostHHE NN,

HopMma/iblo K ITOBEpPXHOCTH B To4YKe N; Ha3eIBaeTCs NpsMast, MPOXOaIas depe3 TouKy Ny NepIeHHKYIISIPHO
KacaTeJIEHOH IIOCKOCTH K 3TOH ITOBEPXHOCTH.

B kakoil — 1100 TOYKE MOBEPXHOCTE UM EET, JIMOO TOJIBLKO OJIHY KacaTelbHY IO IIJI0CKOCTE, THO0 HE UMEET €€ BOBCE.

Ecin nmoBepxHOCTE 3ajaHa ypaBHeHueM z = f(x, y), rae f(x, yv) — dyukuwms, guddepenmupyemas B Touke Mo(X,,
Vo), KacaTelbHas INIOCKOCTE B TOUKe No(Xg,Vo(Xo,Vn)) CYILIECTBYET U UMEET YpABHEHHE:

Z_f(XD:J’D):f.;(xD:J’DMX_-"fn)"'ij(xnn}’n)(}’_}’n)
VYpaBHEeHHE HOPM ATH K MOBEPXHOCTH B 3TOH TOYKE:

X=X, Y=Y, _ZI7Z,

folxoyo) f,(x0¥0) —1
TeoMeTpHUecKHM cMBICIOM MMTOJHOTO Au(depeHiana (pyHKIHH JBYX nepeMeHHbIX f(X, ¥v) B Touke (Xo, Vo)
SIBIISIETCS MIPUpAILIEHHE allIlIMKATEl (KOOPHHATEI Z) KacaTeJIbHOH IJIOCKOCTH K ITOBEPXHOCTH ITPH MEPEXojle OT TOYKH (Xo,
Vo) K TOUKE (XotAX, VotAy). Kak BHJIHO, TeoOMeTpHYECKHH CMEBICT MOJMHOTO JH(p(depeHIHala (YHKIHH JIBYX
[TEPEMEHHBIX SBIAETCH IMMPOCTPAHCTBEHHEBIM AHAIOIOM TEeOMETPHYECKOro cMeicia JHu(pdepeHIHana (YHKLHH OIHOMH

ITepeMEHHOH.
[Tpumep. HailTH ypaBHEHHs KacaTelIEHOH IITTOCKOCTH H HOPMAJTH K ITOBEPXHOCTH

z=x2—2xy+y2—x+2y

0z 0z

B Touke M(1, 1, 1).

NOKYMEHT mognncad —— =2X=2y=1; ——=—=2x+2y+2
IANEKTPOHHOM I'IDJ':II'IHEI:-I'@ X a
Ceptvdmkatr: 2C0000043E9ABBBO952205E7BAS0006000004 a
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa —_ _1 . L — 2 .
y &=y

ox™M 7 gy M
Oeiicrantehépan HEMR R 1aral@ AL G NI10CKOCTH:
z—1=—(x—1)+2(y—1); x—2y+z=0;

YpaBHeHHE HOPM ATH:



x—1_y-1_1z-1,
-1 2 -1

I'pagneHT QYHKIIMHM BEMHUCIIETCS IO POpMYyIIE:

rad =270 25
grad f = +®=.F-

[Tpumep. HaitTu rpaguenT QyHKIHH
u = x° — arctg (y + 2)
B Touke M (2,1,1).
1. HaxoauM gacTHEE OPOM3BOAHEE YHKIMH u = r° — arctg (y + 2):
af B af - 1 af B 1
or 8y 1+ (y+2)2 8z 1+(y+2)?
2. Boramcagem 9acTHBIC NPOM3BOAHbIC GYHKINN u = 2~ —arctg (y + 2)
B Touke M(2,1,1):

P

F i 1 i 1
fr{2*]'|1):4‘ fﬁ;{z‘]'l):_ga f;(zq]-rl]:_g

3. Bwramcasem rpaauenT GyHknmn u = r° — arctg (y + 2) B TOuKe

M(2,1,1):
gad f| = {f12,1L1), £ 1,1), 21,1} = {4, = -%}.
(2.1,1) 5] D
1 |
OTeeT. grad f ={4,—--—,—--}.
[2.1;L) 9 D

ITp ou3BOIHAS MO HATIPABJIEHHIO, OTIPEICIASM OMY BEKTOPOM:
[ =cosa-i+sina:f
onpeieNfgeTcs Kak:

E=ﬁf & . ﬁ:gmdf-i—.

——cosa+——smna, ——

8 e &y )

3ajjaqu;
3ajaga |.
HaliTi ypaBHeHHs KacaTelbHOH IIIIOCKOCTH M HOPMAIH K ITOBEPXHOCTH B 3aJJaHHOH Touke M.

1. z=zx*+y% M(1,-2,5).
3 2 2

% Bty

=sinzcosy, M (m/4,7/4,1/2).

—e* Y. M(l.m . 1/€).

z=ytgz, M(n/4,1,1).

z=arctg(z/y), M(1,1,n/4).

r(y+z2)(z—2zy) =8, M(2,1,3).

oufs L ouis =8  M(2,2,1).

2+ +22-16=0, M(2,2 2v2).

10. 2% +¢y2 — 22 = -1, M(2,2,3).
3anada 2.

HaiiTi rpaiienT QYBKIMEHs MOERACAH
1. w=ux+ ln?]Eﬂ onn EF!?*Pl%.
Ceprvpmkar: 2C0000043ESABBBY952205E7BAS00060000043E

Branegeu: ;2YjeGayx0ka FATRAHDANSKRADPEIR — D)
3. u= 5iﬂf11t + 2y) + Qegf-zg, M(m/2,37/2,3).

\Hencteutenex: c 19.08.2022Z no 19.

—=0, M(4,3,4).

[y}

2

2 e Noe ¢ s W




4, u=x" —+—\/y-—-.— 22, M(1,1,0).
u=zy+v9-2% M(1,1,0).
6. uv=1In(3-2%)+xy®z, M(L,3,2).
7. w=2lytr—In(z=1), M({1,1,2).
8
9

g |

u = In(z? + ¢?), M(1,-1,2).
v=zy—x/z, M(-4,3,-1).
10. u = In(z + /22 +32), M(1,-3,4).

3ajada 3.

HaiiTi mpon3Bo/IHYI0 (PYHKIHH U B TOYKE A [0 HAPABIEHHIO K ToYKe B.
1. u=z+In(2%+y?), A(2,1,1), B(0,2,0).

2, u=ay— zy + 22, A(1,5,-2), B(1,7,-4).

3. u=sin(z + 2y) + 2,/ZVz, A(g.%ﬂ. ) BG 4, 3—T+3 3).
4. u=a3+ /4 + 22, A(1,1,0). B2, 1),

5. u=./Ty+ V9 — 22, A(1,1,0), B(3,3,-1).

6. u=1In(3 - z?%) + zy’z, A(1,3,2), B(0,5,0).

7. u=2z%y%z—In(z - 1), A(1,1,2), B(6,—5,2v5+ 2).

8. u=In(z?+ y?), A(1,-1,2), B(2,-2,3).

9. u=In(z++22+92), A(1,-3,4), B(-1,-4,5).

10. u=zy — £, A(-4,3,-1), B(1,4,-2).
Bornpocsr:

|1 UTo Takoe KacaTeJIbHasl INIOCKOCTE K ITOBEPXHOCTH?

2.YTo Takoe HOpMAJIL?

3 .Kak cocTaBUTE YpaBHEHHE KacaTeIbHOH MIOCKOCTH H HOpMAaJIH?

4. [laiiTe onpeeneHne rpajJHeHTa (pYHKLIHH.

5. laiite ompeje/ieHHe MPOH3BOJHOH [0 HaNpaBIeHHIO Ui (YHKIHH HECKOIBKHX I[EpeMEHHBIX. 3allHIIHTE
COOTBETCTBYIOLIHE (POPMYJIBI.

Tema 11. HeenemoBaHHe (PYHKIIHH HECKOJILKHX ITEP €eMeHHBIX.

ITpakTHueckoe 3aHaATHe 11.1. DKeTpemMyM (PYHKIMH JIBYX mepeMeHHbIX. Heo0XoqHMble H JOCTATOYHLIE YCIOBHSA
IKeTpeMyMma. Haudonbiiee H HAHMeHbIIee 3HAYECHHS (PYHKIHH B 3aMKHYTOH 00/1aCcTH. YCIOBHBIA 3KCTpPEeMYM.
MeTtox mHo:kHTeIe#H Jlarp amka.

Ecnu ans pyaxumu z = f(X, y), onpeieieHHOH B HEKOTOpOoH 061acTH, B HEKOTOPOH OKpecTHOCTH TOYKH My(Xo, Vo)

BepI-ID I—IEPHBEI—ICTBD
f(x0,v,)>f( %,y
TO TOYEA I‘hf’Iu HA3BIBACTCH TD'-IEDIL“i MHEEHM}"MH.

Ecmu s pyuxiuu z = (X, v), onpejiesieHHOH B HEKOTOpoil 06J1acTH, B HEKOTOPOH OKPECTHOCTH TOYKH M o(Xq, Vo)
BEPHO HEPABEHCTBO

2

f(XD:yD){f(X:,V)

2

To To9ka M, HazpIBAeTCHd TOYKOH MHHHMYMA.
Teopema. (HeodX 0IHMBIE VCIOBHS JKC Ma).
Ecnu Gyukums f(x,y) B ToUKe (Xo, Yo) HMEET SKCTPEMYM, TO B 5TOi Touke MO0 obe ee 4acTHBIE MPOU3BOJIHEIE

[TEPBOro MOPSAJIKA PABHEI HYJTIO f [ 0 ’yﬂ)_ 0, f (xﬂ’ yﬂ) =0 , INOO XOTs OBI OJTHA M3 HUX HE CYIECTBYET.
Ov/IeM HA3EIBATH KPHTHYECKO I TOUKOI.
%EJH%HHCAH - P

cepmqmuﬂycimmwmmmmﬂmm (Xo, };u} c])yHI-:uHH f(x, y) mMeeT HenmpephIBHEIE YACTHEIE MPOH3BOHEIE
JRBFOpOTO TibyaymasslaEerfrensHopfaecMOTPUM BLIpﬂ}K'EHHE

D(x,y)=f (%, y)}f (% y)=[fy(x,y)]
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f;z(xm}"aj":o

1) Ecmu D(xo, vo) = 0, TOo B TOUKE (X0, Vo) GyHKUMS f(X, V) UMEET HKCTPEMYM, €CIIU

f”z(-’fu:}"u):"o

MAKCHMYM, €CJIH X - MHHHMY M.
2) Ecmu D(xq, vo) < 0, TO B TOUKe (Xq, Yo) GyHEIMS (X, V) HE UIMEET 3KCTpEMyMa.
B cnyuaae, eciin D = 0, BEIBOJI 0 HAIMYHH HKCTpEMYMa CJIEJIAThL HENTB3S.
Yce1oBHBII 3KCTpeMyM HaxoJHTCH, KOIJla MEpPEeMEHHBIE X M Yy, BXogsamme B GyHkmuio u = f{ X, y), He sBisoTCs
HE3aBUCHMEIMH, T.€. CYILIECTBYET HEKOTOPOE COOTHOIIIEHHE (P(X,Y )=0, KOTOpOe HA3LIBAETCS VP ABHEHHEM CBSI3H.
Torja Uz nmepeMeHHBIX X U Y TOJIBKO OJIHA OYJIET HE3ABUCHM O, T.K. JJpyras MOKET OBITh BEIpQKEHA YEPE3 HEE U3
YpaBHEHHS CBSI3U.
Torpa u = fi(x, y(x)).

du ﬁ'f df dy

dx 63{ 0y dx
B Toukax sKcTpeMyMa:
du o f of dy
dX aX a}’ dx —0 (1)
Kpowme Toro:
09, 3 dy _,
ox" y dx 2)

YMHOKHM paBeHCTBO (2) Ha 9HCIO0 A M CIIOKHM C paBeHCTBOM (1).

of ,Of dy), /00,00 dy)_,
0x 0y dx 0x 0y dx

ﬂ+ﬂ@ + a—f+)t 00 | dy =0
ox 0x/| \oy 0y|dx

J1J1st BBITOJIHEHUS STOT0 YCJIOBHS BO BCEX TOUKAX HaleM Heolpe/eleHHBIH Ko (PQHIIMEHT A TaK, 4TOOLI
BEITOJIHSIACE CUCTEMA TPeX YPaBHEHHIH:

[TomyueHHass cHcTeMa YpaBHEHHH SIRISETC HeOOXOJHUMBIMHM YCIOBHSAMH YCJIOBHOTO 3SKcTpeMyMa. OJIHAKO 5TO
VCIIOBHE He SABIIETCA JIOCTATOYHEIM. [TosToMY IIpH HaXOXJIEHHH KPUTHYECKHX TOYeK TpedyeTcs MX JIONMOIHUTENLHOE
HCClle/IJOBAHHE Ha HKCTPEMYM.

Bripaxenue u = f(x, y) + Aq(X, v) HazeiBaeTcs pyHkuuei Jlarpamxa.

[Tpumep. Haitti sketpemym pyHkumH (X, v) = Xy, €clid ypaBHEHHE CBSI3H:

2Xx+3y-5=0
u=xy+A(2x+3y—5)

ou ou
=y+2A; —=x+3A;
0 X =y 0 x*

HEh )Jb

R

A=— X = y==;
[IOKYMEHT MOANWCAH 12 6
IANEKTPOHHOW NOAMNWUCEKD
Ceptvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E 5 . 5
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa 4 L] 6

Takum obpazoMm, PYHKLHS HMEET HSKCTPEMYM B TOYKE
Henonezosanue GyHKIpy Jlarpamia Ui HaX 0k/IEHHS TOTEK SKCTPEMyMa (yHKIHH HA3BIBACTCA TAKKE METOI0OM

ﬁﬁﬁ?ﬁﬁ"ﬂ‘é&fﬁﬁ 1998.0000.00,19°08.2023

3ajjaqu;



| HaitTu skcTpeMyM (pYHKIIHH:

‘2 ¥
=Z° — Yy — Y-

—_—

&)

.:zm‘g—my—ky?‘

:Iii+y:i_rﬁ_2£y_y2_

ol

2 = x° — 22y + 29° + 2x.

[

2.

4.
z =x° — 2y° — 3z + 6y. 6. z=4x + 2y — 2% — y*.
8.

=

.2 =%+ y° — 152y. 2 =2° 4+ 2y + y° — 3z — 6y.

7
9, z = 2% + 4y? = 22y + 4. 10. z=zf/y+ 1/ +y.
2. HalTH yCIIOBHBIH HKCTpEMYM (DYHKLIHH:

) z:x2+y2—xy+x+y+3:0 mpn X+ y+3=0

®

2) u:xy233 mpH x+2y+3z=12(x>0,y>0,2z>0);
3y Z=X+2Y oy x2+y2=5.

Bormpocsr:

1 JlaiiTe onpeeneHue JOKAJILHOIO MaKCHMYMa (MHHHMYMa) (PYHKIHH B TOYKE.
2 .CihopMynHpyHTE HEOOX OJHUMEIE VCJIIOBHSA HKCTpEMYMa.

3. ChopMmyIHpyHTE JOCTATOYHEIE Y CIIOBHS HKCTpEMYMa.

4. O0BACHHUTE MOHATHE HKCTpeMyMa (DYHKIIHH B 00/IaCTH.

Tema 12, /IBoiiHO#H HHTeErpaJl.
IIpakTH4eckoe 3aHATHE 12.1. CBolicTBa TBOIHOT0 HHTErpa/ja. BolvHcIeHHe B JeKaAp TOBbLIX KOOP/IHHATAX.

PaccMOTpHM Ha IJIOCKOCTH HEKOTOPYIO 3aMKHYTY 0 KPUBYIO, YpaBHeHHe KoTopoil f(x,y)=0.

v 1
h\m,__d..———r"—‘*

N
==

COBOKYITHOCTE BCEX TOYEK, JISKAIIMX BHYTPH KPHBOM U HA caMOH KpHBOH HA30BEM 3aMKHYTOH obnacTeio A. Eciiu
BEIOpATE TOYKH 001acTH 0e3 yueTa ToYek, JIewallux Ha KpUBOH, 00J1acTh Oy/IeT Ha3kIBAETCH He3aMKHYTOH obditacTs A. C
reoMeTpHYECKOH TOYKH 3peHHs A - IUI0IIAE (PUTYPEL OIPAHHYEHHOH KOHTYPOM.

PazobreMm obnacte A Ha n YaCTHYHBIX 00JIACTEH CETKOH MPAMEBIX, OTCTOALIMX JApYyT OT JIpyTa I10 OCH X Ha
paccTosiHHe AX;, a 10 ocH ¥ — Ha Ay;. BooO1ue rosops, Takoi mopsjjok pazdueHus HeoOsi3aTeleH, BO3MOXKHO pazdueHHe

o0J1acTH Ha YaCTHYHBIE YYAaCTKH [TPOH3BOILHON (POPMEI U pazmepa.

HDJ]}}H aeM, 4TO IUIOIIAAEL S JEIHTCH Ha ANMEMCHTAPHEBIC IMTPpAMOYTOJIBEHHKH, INIOIIATH KOTOPBIX paBHEBI Si=AX; - ﬂ}’l

B kax/10H 9acTHIHOH 00J1aCTH BO3bMEM MPOH3BOIBHYI0 TOYKY P(X;, Vi) H COCTaBHM HHTETPAIBLHYIO CYMMY

I=n

Zf(xiry:)‘si;

i=1
rje f — pyHKImMsS HenmpeprIBHAY M OJIHO3HAYHAS JIJI4 BCeX ToYeK obnacTu A.

Ecim OeckoHeYHO YBeIHYHBATE KOJTHIECTBO YaCTHIHEIX obnacTeit A;, Torna, 09eBHIHO, IJIOIAIEL Ka¥0Iro

JACTHIHOTO wacﬂ%’hﬂﬁjﬁm{fﬂm JTHO.
SNEKTPOHHOW NOANWUCEIO

Ceptvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E i=n
Bnaneneu: llebayxoea TaTeAHa AnexkcaHapoBHa ( )
o - FUxuyi)S,
Ecan [pH CTPCMIICHHH K HYJIKO [Ialra pﬂSﬁHEHHH oOmacTH A HHTCTPAIBEHEIC CYMMEI i=1 HMEHT

KOHEHHBIL TP e ed, T30 HPeiie/ Ha3bIBAeTCs JBOHHLIM HHTerpagaoM oT GyHKLIHH f(X, y) mo obmacTu A:



lim Y (x,,y,)5,= JJ f(x,) dxdy

n=wi=1 A

C ydeToM Toro, 4To S; = AX; - Ay; nmojaydaem:

1=n

f(xi,y:)S 22 (i, ;) Ay A,

B lTpHEE,IIEI—II—IDﬁ BBIIE 3AITHCH UMEIOTCH JIBa 3HaKa X, T.K. CYMMHPOBaHHEC ITPOH3BOIHTCH ITO JIBYM IICPEMCHHBIM X

1

HYy.

T.x. nenenue 061acTH HHTETPUPOBAHKS IIPOH3BOJIILHO, TAKKE IIPOHU3BOJIEH U BRIOOP Touek P;, To, cauTas Bce
MJIOIIAIH S; OJJHHAKOBBIMH, ITOJTydaeM (popMyIIy:

jjf X,y | dydx= hmmﬁ{ngZf X,y AyAxi

ﬂ}' 0é

CopMymipyeM JTOCTATOYHEIE YCIIOBHS CYILIECTBOBAHHS JJBOIHOIO MHTErpasa.

[ flx,y)da

1. Econ dyuxus f(x, y) HenpepbIBHA B 3aMKHY Toi o6nacTu A, To IBOITHOH MHTErpa
CVILIECTBYET.

2. Ecu dyukims f(x, y) orpaHndeHa B 3aMKHYTO# 00s1acTH A M HEMpepLIBHA B HEMl BCIOJIY, KpOME KOHEYHOIO HCIIa

| flx,y)da

KYCOYHO — IJIaJIKUX JIMHUIA, TO JIBOHHON HHTeTpan 4 CYILECTBYET.

CBOHCTBA JJBOHHOIO HHTEIPATA.

jf[fl(x!y)'l'fz(xzy)_fg(X:y)]dydxzj'ffl(xgY)dydx+jff2(X,y)dde—J]‘fg(X,y)dydx
) 4 A A y

[ kf (x,y )dydx=k [[ f(x, y)dydx
2) 4 A
3) Ectu A=A+ Ay, 1O

JJ F(x,y)dydx=[[ f(x,y)dydx+ [[ f(x, y)dydx

A N 4,

4) Teopema o cpenneM. JIBoitHoit uaTerpan oT GyHKIMU f(X, yv) paBeH MpoH3BEIEHHIO 3HAYEHHS HTOH (PYHKLHUH B
HEKOTOPOH TOUKe 00JI1aCTH HHTErPHPOBAHHS Ha IUIOIIAE 0OJIACTH HHTEIPHP OBAHHS.

J]f(xry)dydxzf(x[}ry[})'s

A

[) f(x,y)dydx=0

5) Ecm f(x, y) = 0 BobnactTu A, TO 4

JI £1(x, y)dydxs [[ £,(x,y ) dydx
6) Ecim £1(X, v) = f5(X, y), TO 4 4

] e,y Jdyax(< [[[f(x,y ldye

NOKYMEHT NOANWCAH
?} A ANEKTPOHHMOW NOONMCHLIO

Ceptvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E .
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa Brmucienue JJBOHHOIO HHTErpaa.

Teopema. Eciu ¢hyukyus f(x, y) Henpepviéna 6 3amMkHymou oonacmu A, ocpanuycHHOU TuHuAMU X = a, x = b, (a <
D a9 15 Wb 200 G A5 HENPEPBIGHBLC PYHKYUL U

@ =< 1, mozoa



b [wix) b wix)
[) f(x,y)dxdy=] ; xf(x ¥ )dy dx:fdx‘g\f X,y )dy
A alelx a X

¥ = p(x)
a b "z
JJ (x=y)dxdy
Hpumep. Berucnnte unterpar 4 , €CJIH 00JTacTE A orpaHmMdeHa THHUSIME: v = 0, v = X°, X = 2,
e
4 -
i
of 2 -
2 X 2 _VE y=x2 2 - A xs. )
_[[f(x,y)dXdy:_[dx_[(x—y)dy:_[(xy——) ‘ :_[(X ——)dx: — ‘
A () () 0 2 y=0 0 2 4 ]_0 0 _

_ 4-3,2=0,8

Teopema. Ecau ¢hyuryua f(x, v) HenpepvisHa 6 3aMkHymo obaacmu A, 02paHuieHHO U TUHUAMU Y =¢, vy = d (¢ <
d), x = @(y), x = Py) () = ¥(y)), mo

d ¥y
I f(x,y)dxdy=]dy | f(x,y)dx

Oly)
ﬂ (x*+y*)dxdy
[Ipumep. Bemucautes uaTerpan 4 , eclii 00macTe A orpaHHdeHa THHUAMH Y = X, X =0,y = 1,
y =2,
¥
A
¥= X
2 e
A /
1 /
»
[IOKYMEHT MOANWCAH 0 2
3NEKTPOHHOW NMOAMUCHIO
Ceptucpukar: 2C0000043E9ABBBIS 52205E7BM500060000043E 2 3 y 2 ')
e 4 4 64 4
g R e N e s
1 0 1 1

Nencteutened: ¢ 19.08.2022 no 19.08.2023



jf(322—2w+y)dxdy

[Tpumep. Bemuciuts uaTerpan 4 , €CJTH 00J1acTh HHTErPHpOBaHHA A orpaHHYeHa
THHHAMH X = 0, X =y, y = 2.

2

2. 2 2
ff(Bx?_zxy+y)dxdy Idyf 3x°=2xy+y) dx:f (x"— yx +yx)[\]dy:
4 - 0 0 0

; 76 L4\2
6_ o4 y3)dy=|do— X4 X ||=234
:‘!(y y+y)y(7 6172

3ajjaqu;
3agada 1. FIaMeHHTE MOpAJOK HHTETPHPOBAHHS

16 0 0
1 2" 2 2z 4. dy / f[.;r:.y]daf—t—fdy f flz,y)d
/d:r/f(r,y}dy T /dr/f(r,y}dy. 0 -y /4 16 /37—y
Dl 14 l " 14 VB  Veax? 23 V12-x?
2 [y [@wde+ [ay [ 1) d 5. [ ds f fawdy+ [de [ @)
1/4  1/y 1 L V6 0
3 4/36—y2 0o V-¥-12y
/dy f fewda+ [a [ty /d”/f“ y ’“’*f f el
ﬂ -3 0 . —\/Ey y?
3aaua 2. BEMUCIHTE [IBOIHEIE HHTErPAILI 110 061acTaM D, orpaHud eHHBIM 3a/JaHHBIMH JIHHHSAMU:
/ (2z — y)dz dy, y =z, y=+t.
I

[{I—y)d:rdy, y=2-z°, y=2cz-1.
1

f (y1Inz)dz dy, y=~=, y=+xz, z=2.
T

D

_ il
f (cos 2z + sin y) dx dy, :.-;:Z-Iﬁ g =1 =1

/f sin(x + vy da dy, U=, U=

|
ff—d:ﬂdm y=— Y=z r=2
i

j](dﬁ? +y)drdy, y==z°, y=+1.

Bormpocsr:

1 JTaiiTe ornpejieneHue IBOHHOr0 HHTErpaia.

2. ITosAcHHUTE reoMeTpHY €CKHI CMEICT JIBOHHOTO HHTErpaJIa.
3 Ilepeuncnute cBOMCTBA JBOHHOIO HHTErpaJa.

4 .YTo TaKoe MOBTOPHBIH HHTETpa?

5.0nUImMTe IMpOLeCC BEMMHCIICHHA JIBOMHOI'O HHTCTpalla B JICKAPTOBRIX KOOpJHHATAX.,
,EI.UK?MEHT ﬂﬂﬂl'll-"lCHH

Tema 13. TIpwioik CHUHsTY £0 1R
]g.e THchuKart: I%EDDD[ID-#EEEIA ?}jﬁﬁfE?BAﬁﬂﬂé&ﬂﬂﬂﬂdSE
@ﬁﬂqﬂtmﬁamgffgg BE.&%EHHH IBOHHOI'O HHTEl"p a/14a.

| ) Berucienue miomajieH B JeKapTOBBIX KOOpJHHATAX.

Heicteutened: ¢ 19.08.2022 no 19.08.2023



¥ = (px)
7 s
s

¥ = f(x) ‘
a |2 g

Rty

[Tnomane S, mokazaHHasi HA PUCYHKE, MOXKET OBITh BEIMHCIEHA C MIOMOIILIO JBOHHOIO HHTErpasia 1o (popMye:
b ¢(x)
s=[ [ dyd
a f(x)

[Ipumep. BremHCIUTE TUIOMIAAE GUIYPEL, OTPAaHMYEHHOH IHHHAMU Y = 4X + 4; x +y -2 =0,

[TocTpouM rpap)HKH 3aJJaHHEIX (DY HKIHH:

JIunuu nepecekarorces B JIByX Toukax — (0, 2) u (8, -6). Takum oOpazoM, 001acTe HHTErPHPOBAHHS OIPaAHHYEHA 110

‘4
X=
ocH OX rpapHMKaMH KpHBBIX OT 4 Jgox = 2—y,ano ock Oy —oT -6 go 2. Torjja HcKoMas IUIOILA/IbL paBHa:
8—4 y—y’+4 1 ¢ |
f f dxdy = f(2 Y- )dy f( ‘y4y dy = flﬁ_—y2—4y+12.|dy:
45
S= 4

3 2 2
LY A oy = -8 ge0a 250 250 45 6)|=L 88— 8|=212
4\ 3 2 ¢ 41 3 4 3 3

2) BemuciaeHHe NIoIajieH B MOJAPHEIX KOOpHHATAX .

-

B, 0(0)

s= [ pdpdo=[[ dydx=[ [ pdpde

A 0, £(0)

'n'.l:.‘-

3) Bemucienue o0BLEMOB TE.

[TycTh TEno OrpaHHYEHO CHHU3Y IJIOCKOCTRIO XY, @ CBEPXY— IMOBEPXHOCTRIO z = f(X,y), a ¢ OOKOB —
[IHIHHPUIECKOH MOBEPXHOCTHIO. Takoe Teno Ha3kIBAETC IIWJIHMHIIP OH]L.

NOKYMEHT NOANUCAH E Z J:[ _J' J'
SNEKTPOHHOW I'IIDJ],I'IHCbKT}lm zAyAx= )| zdydx zdydx
Ceprudmkar:  2C0000043E9ABBBI52205W78A500860000043E X ¥,
Bnapneneuy: llebayxoea TaTeAHa AnekcaHopoBHa

Nencteutenexd: ¢ 19.08.2022 no 19.08.2023



e

[Tpumep. BEMUCINTE 00BeM, OrpaHd eHHEIH MOBEpXHOCTAMHU: X~ + y° = 1; X +y + z=3 u miockocteio XOY.

:—N"Il —XE,‘ yEZ \/Il—XE,'

[Tpeensl HHTETpHpOBaHHA: 110 0cH OX: Y1

nmoocu OY:x,=-1; x.=1;

1 y1-x
v=[ | (3-x—y)dydx=31;
S W

4) BeMHciieHHe IUIOIIAIH KPHBOH MOBEPXHOCTH.

Ecnu noBepXHOCTE 2aj]JaHa YpaBHEHHEM: f(}{, y, z) = 0, To IIOIIa/kL €€ MOBEPXHOCTH HAXOUTCA 1o (hopMyJIe:

f 6]( 2+ ﬂE
6 6‘ 0
G — J;I X a}_fy Z
oz

dydx

Eciii moBepXHOCTH 3ajaHa B HESIBHOM BHJIE, T.€. YPaBHEHHEM z = (X, Y), TO IUIOIIA/b 3TOH MOBEPXHOCTH
BRIMUCISIETCS 1O (hOpMYJIE:

S= jf a’"’ 2—;2@5’){

5)BemMucIeHHe MOMEHTOB HHEPLIUH IIIOLLAJIEH ITTIOCKHX (PUTYD.

I[TycTe miomane miockoi purypel (obmacte A) orpanudeHa JHHHEH, ypasHeHHe KoTopoil f(x,y) = 0. Torga
MOMEHTEI HHEPLIMH HTOH (PUIYPEI HAXO/ISTCS 10 (hOpMYJIaM:

Ifﬂ y* dydx
A

- OTHOCHTEJILHO ocH OX:

I= J;II x* dydx

= OTHOCHTCIIEHO OCH D}’

ID=IK+I}J=J]‘ (x°+ y*)dydx

- OTHOCHTEJIEHO HaYaa THoapiaamcAH A - 3TOT MOMCHT HHCPIHH HAa3EIBAIOT CIIC
HDJ]HPHI:IM MDMW EE'“HCbH]
Ceprvdpmkar: 2C0000043ESABBES52205E7TBAS00060000043E

Snaneneut) BEMHETEHHENEHTPOB TRECTH IUIOIIAEH IIITOCKHX (HTYP.

KGGP,IIHHEITLI HEHTpa TAWECTH HAXOATCA [0 El)DpM}JJ]ﬂM:
Neicteutenex: ¢ 19.08.2022 no 19.08.2023



J]' wxdydx _]]' wydydx

A _ 4 :
J]I wdydx  JeT _[r wdydx ’
A A

3/IECE W — ITOBEPX HOCTHAS IUIOTHOCTE (dm = wdydx —Macca »J1eMeHTa IUIOILAJH).

Xe—

3ajaqu:

3agada 1. Haifth oOBeMEI Tell, OrpaHHYEHHEBIX 2 a/JaHHBIMH [TOBEPX HOCTAM H:

l. ==./y, z = 2./v, z2=1-y, z=0.

2. y=x, y = 2/, 2=6-z, 2=

3. Y =/E, y=0, z=1, z=z+y+1, z2=0.

4. y=z2 y=1, 2 = r? 4 92, z = 0.

5. y=6-3x/2, y=6—-3z, y=0, z=6—-z—y, z=0.
6. z°+y° =4, 2 = Y, 2=0 (=20, y=20).

. g=x/2/2, =10 z2=4—z -2y, z=0.

8. zt+y*—4y=0, z =4 — 2%, =

9. 2°+y?-2zx=0, z =z +y°, 2=0.

10. 2%+ - 2z =0, z =2z, =4z

3agada 2. Haiftu moaau Guryp, orpaHHdeHHbBIX 3a]aHHBIMH JIHHHAMU:
1. y=2/z, y=4€®, y=2, y=4.

e g=l, =2
3. y=2/z, y=2/z, =4

4. 2249y =2, y=-2% (y<0).

. p=y=z, =0, r=4

2. y=1/z, y=2¢

6. z=2—y% z=—y.

- p=anz y=cosz, z=0, z=nx/d
8. y=2z-1, y=uz.

9. z=+/4-9% z=1y°/3.

10 y=Inz, y=e¢/fx, =1,

3ajada 3. Haiiti Mmaccy nacTHHEL D ¢ MOBEpXHOCTHOH IJIOTHOCTREO H .rgeD OTpaHHYeHa 3aJaHHBIMH JIMHHAMH:

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNMCLIO

Ceptvdmkar: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: Webayxora TatTeAHa AnexkcaHgpoBHa

Aewcteutenex: c 19.08.2022 no 19.08.2023



2. u=x"4+my, x=1, y=0, y=2r
3. =z + 2y, r=00 y=4, y=2x° (x> 10).
1. p=z+y>, r=0, y=1, y=a*/4 (z > 0)
- _ -7 _ _ 2 2 _ 2 2 _
= . r =10, =0, =y =4 x| =0
Q. U 22 + g2 Y Yy Yy
["ngay_‘ﬂ)
. BIU_:E 2 a - o g,
b. jn=—F—"3. r=0 y=0 =r»4+y =3 T+y°=>5
e Ty
(<0, y>0)
7 ;az%: r=0 y=0 ©=+y°=41. z°+y*=16
x4 + y*
(2 <0, y=0).
y? Y’
8. mleg) =y, y=0. y=avd @-" =1 @47 =09

(y 20, y<uv3).

Bornpocsr:

| ITepeunciiure reomMeTpHuIecKHe H (PHINIECKHE PIIMKEHHS JBOHHOI O HHTEIpaia.

2.OnmUImuTe, KaK BEMUCITUTE IJIOIA/IE KPHUBOH ITOBEPXHOCTH C ITOMOILBIO JIBOHHOIO MHTErpasia.
3.Uto Takoe nmoysipHEI MOMEHT HHepLMH? Kak MOXHO BEMHUCIHTE IMOJISIPHEIN MOMEHT HHEPLIUH?
4. 3anmuuute GopMyIIy IS BEIIHUCIIEHHS LIEHTPOB TSHKECTH IUIOMIAJEH IIOCKHX (PUTYD.

Pazneua S. JludepennunaisHble ypaBHEeHH .
Tema 14. TuddepeHHATbLHbIE YPABHEHHS IEP BOT0 MOP AAKA.

ITpakTHueckoe 3aHaTHe 14.1. JuddepeHuHaIbHbIE YPABHEHHS ¢ pasie/IHIOLMMHCH [EPpeMeHHLIMH. OTHOpOIHbIE
ypapHeHHs. JIHHEeHHbIE YPpABHEHHA. YPABHEHHS, TP HBOJHMbIE K JTHHEHLIM.

Juddep eHUHATBLHLIM YPABHEHHEM HA3bLIBACTCS YPAaBHEHHE, CBS3BIBAIOIIEE HE3aBHUCHMBIE IIEPEMEHHEBIE, HX
(GVHKIHH M NpOU3BOJHEIE (WIH JU(p(pepeHMalnel) >ToH (QyHEKUHH. Ecinu guddepeHHanbHOE YpaBHEHHE HUMEET OJIHY
HE3aBHCHMYIO IIEPEMEHHYIO, TO OHO HAa3bIBACTCS OOBLIKHOBEHHLIM JTH((epeHIHATLHLIM YPABHEHHEM, €CIH Ke
HE3aBMCUMBIX IEpEMEHHEIX JIB€ WIH Oojee, To Takoe JU(p(epeHLMaTLHOe YpaBHEHHE Ha3bIBaeTesl JU( (ep eHIHAILHBIM
YPAaBHEHHEM B YACTHBLIX MPOH3BOJHLIX. HauBEICIIMI IMTOPSJIOK MPOH3BOJIHBIX, BXO/SIIMX B YpaBHEHHE, HA3bIBAETCH
nopsagKom JugQep eHIHATLHOTO YD ABHE HHSL.

[Tpumep.
y+8y—x+5=0
Xy y—Xto—= - O0DBIKHOBEHHOE JH(ppepeHUHATEHOE YypaBHeHHe | — ro mopsjka. B obdmem Buje
samcemaeres F(X,Y,Y )=0
dzy dy . o
X +Xy —+ X" =
dx? Vi )

- 0DBIKHOBeHHOE JH(p(depeHIHaNbHOE ypaBHeHHE 2 — TO nopsajka. B obmeMm BuHje
3aITHChIBAETCS FH:}’;}’ Y J=0

0X 0 J - Tu(pepeHIHaTEHOE YPAaBHEHHE B YACTHEIX IIPOU3BOJIHEIX [IEPBOrO MOPSIKA.
O0muM pemreHHeM U PEPEHIHATEHOIO YpaBHEHHS HasbIBacTCs Takas JU(pdepeHUMpyeMas (yHKOHA Vv = @(x, C),
KOTOpast IpH IOJICTAHOBKE B HCXOJIHOE YPABHEHHE BMECTO HEH3BECTHOH (DYHKLIMH 00pallaeT ypaBHEHHE B TOXKIECTBO.
HuddepennmalbHble YpaBHEHUS [IEPBOrO MOPSJIKA.

OKYMEHT MNOAONUCcAH
Hudde ABHEHIEM IepPBOro MOPSIKA HA3LIBAETCS COOTHOLIEHHE, CBS3bIBalOLIEE (DYHKIIUIO, €€

TTERBMEGHP OHE BOJIHY I0oHHI€28 BHCHYEAEN INEPEMCHEEY 10, T.C. COOTHOLICHHE BH]IA!
B : lle6 T An N
nageney 2 Ey’KDB-EI dibHHA EHEEIH,EI,FIIDEHEI F( x ’ }"', y )_ U

VpaepHenus ¢ pa3ieasiioliHMHCS MepeMe HHbLIMH

edcTeuTened: ¢ 19.08.2022 no 19.08.2023 y:f(x y)
“%fﬁﬂpeﬂﬂﬂﬂﬂbﬂﬂﬁ YpaBHCHHC 2 Ha3LIBACTCS YPABHEHHEM ¢ pa3Ie/IonHMHCH MepeMeHHBIMH, eClTH

CI'0 MOMKHO 3allTHCATE B BHIC



y=a(x)B(y)

- —2X
yy="——
ITpumep. Haittu obuiee perenue JudQepeHIHAIBEHOIO YPaBHEHHS: COSy
Y
cos y-——=—2x
yCeosy Ix

y cos ydy=—2 xdx
jycnsydy:—2j xdx

yeosydy=Gu=y; dr=cos ydy; i i = ysiny- | sinydy=ysiny +cosy

ysiny+cosy=—x +C
ysin y+ Cos y+x2+C=U

- 5TO ecTh O0OLIMI MHTErpaj UCXOHOTO JH( P epeHIHAIEHOIO YpABHEHH, T.K. HCKOMas (pYHKIHS W HE BEIPAXKEHA Yepe3
HE3aBHCHMYIO ITIEPEMEHHYI0. B 5TOM M 3aKiIr04aeTcss oT/IHYHe 00ILUEro (4acTHOr0) HHTErpa/ia oT o0WIEro (4acTHOTO)
penieHus.

2
7 &_ /5
[pumep. Pemuts ypasuenne Y =Y g dx

y % dy= dx

fy_%dy=fdx
/s

3y =x+C
3
27y:(X+C) - ODIHMH HHTETpA
y=5- = (x+C)?
27 - oDILIee peleHHe

JIMHeHHkIe VPAaBHCHHA.

HudepeHninaibHoe  ypaBHEHHE HasblBaeTCd JHHEHHBLIM OTHOCHTEJIBHO HEH3BECTHOH (YHKLUHMH H ee
I[TPOU3BOJHOH, €CJIH OHO MOKET OBITh 3alTHCAHO B BHJIE:

y+P(x)y=Q[x),
MPH 5TOM, €CJIH IpaBasg 4YacTe (Jfx) paBHA HYI, TO TAKOE YpaBHEHHE HA3LIBACTCS JIMHEHHLIM OJHOPOJIHLIM
nupepeHIHAIEHEIM YPaBHEHHEM, €CITH MpaBasi 4acTek (J(x) He paBHA HYIIIO, TO TAKOE YpPABHEHHE HA3LIBACTCS JIMHEHHBLIM
HEOTHOP OMHBLIM JH(p(EpeHIIHATBEHBIM YPaBHEHHEM.
st MTHTErpHUpOBaHKs JIMHEHHEIX HEOJHOPOHBIX YpaBHEeHHH (((x)#() MpUMEHSIOTCS B OCHOBHOM J[IBa METOjla:
MeTo]] bepHyim u Meto]1 Jlarpamxka.

Mertoj bepnyiiu.

':'_'f’I‘L MCTO/JA 3akJII0YacTCd B TOM, 4YTO HCKOMAad El)}[HKI_IHH [MpECTaB/BICTCAd B BH/IC ITPOH3BCICHHA JIBYX El)}{I—IKI_[Hﬁ
y=uy

, dv du

y =u——+
ITpH 5TOM OYEBHIHO, 4TO dx dx - TP epeHTHpOBAHHE ITO TACTAM.
[TojncTanisist B HCXOJHOE YpaBHEHHE, ITOTYIaEM:

dv  du

UV E+P( xJuv=Q( x|
dv du |
U=+ a*'P( x)u|=Q(x)

Jlanee ciejlyeT BaXHOE 3aMEYaHHe — T.K. [EpBOHAYANLHAs (YHKLIMS ObLIA NPEJCTABICHA HAMH B BHJIE
MPOM3BEJIEHHs, TO KaX Bl H3 COMHOKHUTENEH, BXOAIMX B 3TO MPOHU3BEEHUE, MOKET OLITEH NP OH3BOILHEIM, BEIOPaHHEIM
EHT NOANWCAH
10 HaIIeM cmna:fém J
yy HHOW |'|:::u:u'|L:*lf:;t;;gj

Ceprudukgy,, :.-:':':-:Cl%ﬁflﬁmBHBJwEED)ifEE:: 060000043F e ICTaBIEHA KAK y= 1- 2}{ y= 2 X

=2 XX
Bnaneneu: HEI 03 e\HEJ ThH -m AnNeKcaHopoBeHa y ’
H T.II.

Neicteutenex: ¢ 19.08.2022 no 19.08.2023



Takum DﬁpﬂEDM, MO¥KHO OJHY H3 COCTABJIAIONIHX IIPOH3IBCICHHC [p}’HI{LIHﬁ EBIﬁpﬂTL TaK, YTO BBIpAKCHHC

du
—+P =0
W (x

X . Takum DﬁpﬂSUM, BOZMOWHO ITOJIYYHTE El)}fI-II{L[HI-D u, MMpOHHTCIPHPOBAB, IMOJIY4CHHOC COOTHOIICHHE
EaK OJJHOpPOJHOE ,IIHE])E])EPEHLIHHHLHDE YpaBHCHHE I10 OITHCAHHOM BBIIIIE CXEME:

du du
——P dx * — P dy: 1 — P dx :
» = (X) X, » = I (X) X, H‘U‘— I (X) X,

1n\C1\+ln\u\=—f P(x)dx; u=Ce_Ip[x]dx; C=1/Cy;

Jnst HAX Ok JIEHHSA BTOPOH HEHM3BECTHOH (PYHKLHMH Vv IMOJCTABHM IIOYYEHHOE BBIpAXKEHHE U (PYHKIHH u B

uﬁﬂf @+P(x)u :Q(x]
dx

dx

MCXOJJHOE YpaBHEHHE
HYJIIO,

C YVICTOM TOI'O, HTO BEIpKCHHEC, CTOALICC B CI{DﬁI{ﬂJ{, PaBHO

e Pmd"%:(}(}c); Cdv:Q(x)eI Plx)dx dx:
X

WHTerpupys, MOXeM HAHTH (PYHKLHIO V:

) 1 )
CV:J'Q(x)eJHMdHCI | “:EJQ(*"‘)EM ",

. .
T.e. Opula mosiydeHa BTopas cocTaBisiomias npomssenenuss Y —UV | koTopoe W ompefenseT HCKOMYIO

(P YHKLIHIO.
[TojcTannss MoIy4eHHbIE 3HAYEHHS, [TOJIYIaeM:

~[P(x)dx 1 Pl x)dx |
y:UV:CE‘r | E[IQ(X)EI | dX+Cz)

OKoH4aTEILHO MorydaeM (hopMyITy:

-J P(x) J P(x)d
=e 1] Qlx)e dx+C
y '[ Q( ) : , ;- mpOM3BOIBHBIH KOY((PHUIIHEHT.

JTO COOTHOIIEHHE MOXKET CYUTATECS PELIEHHEM HEOJHOPOHOI0 JTHHEHHOro JuppepeHIHATEHOIO YPaBHEHHS B
od1eM BHjE 10 criocody bepHy .

3ajaqu:
3amada 1. HaliTH HHTErpaibHEIE KPUBEIE JTH((PepEeHIIHAILHBIX YPaBHEHHIH:
1. ydr+(1+ 2%)dy =0. 2. ' =tgxtgy.

3. vy=—2zrsecy. 4. ' +sin(z + y) = sin{z — yp).

6. y(l+z)y +z(1+9°)=0. 6. efdz— (1 +e*)ydy=0.

T. ¥ =2 cosz. 8 ¥ =wlny.
2x 1
0. ¢y = : =, 10. ¥ = — .
1 + a2 Vi —1

3amaga 2. Haiiti oOmee pemenuii quddepeHIHaIEHOT0 YpaBHEHHS :

1. yf =e¥® 4 = 2. 3y = V1. & ry' =2y + yle~ ¥V,
T x
i i 7 .
4. recos = dy 4 (: 1§ COS } de=0. D. (2" 4+ 2zy)dz + sy dy=().
- OOKYMEHT UDﬂl'ﬁ"lCHH
1 "PNEKTPOHHOW NCbIO - o e
EQﬂTHEﬂWéJ“£¢D$CEEEEThBHﬁ§5 %@BAEGGGEGGGGG#EE ydr + (2,/ry —x)dy = 0.
Bnaneneu: I_IJE'an'xDBa TaTeaHa Ane;ccaH,u,pDE Ha
3 “x : L _ [
B. {dy“+z*)y = zy. Q. xy sin [i}-l-.ir:g sin (ﬁ} .
HelcTBUTENEH: C ]P.DB.EDEE ED 19.08.2023
10 T 9§ =128 <+ 75) y"‘.

3ajada 3. Haiitu pernenus zajad Ko jgus fuddepeHIHAIBHEIX YPaBHEHHIH:



1. x4y +=y=e* =10, yil) = 0.
1

2. y-—yigxr= s y(0) =0
COS P
3. ycos*z+y=1tga, y(0) = 0.
iy —ythze = ch® z. y(0) = 0.
o e BN d N
b o= xlnzx, i le) = 5

6. y'sinr—ycosxr=1, y[%] = 1.

7. ¥y —ytgxr =cosz, y(0) =0.

Bornpocsr:

Hatite onpeienenne JHGQEpEeHIHATEHOIO YpaBHEHHS.

Kak onpejgensercs Mopsok Ju(pepeHHaATIBHOI0 YpaBHeHHs !

YTo Ha3bpIBaOT OOIHM (4aCTHBIM) pellieHHeM U PepeHIHAIIBHOTO YpaBHEHHs !

B gem cymHocTs 3aaqd Komu?

[TpuseguTe MpuMep JH(GGEPEHLHATBEHOIO YPABHEHHS ¢ pa3IeAI0ILHMHCS [TEPEMEHHBIMH.
OrnuiuTe XoJ1 pereHus JU(pQpepeHIHATEHOTO YpaBHEHH ¢ pa3/Ie/ISTIOIIHMHCS [TEpeEMEHHBIMH.
Kakoe 1updepeHIHaATEHOE YpaBHEHHE HA3BIBAIOT OJHOPOIHEIM?

Kakoe qu¢dpepeHIHanbEHOE YpaBHEHHE HA3LIBAIOT THHEHHBIM?

OmuiuTe MeTo/1 bepHYIIIH peleHHs THHEHHBIX JHP(QEepeH THATEHEIX YPaBHEHHI.

AR Il

Tema 15. TuddepeHIHATbHbIE YPABHEHHS BLICHIHX IOP IKOB.
ITpakTHueckoe 3aHATHe 15.1. YpaBHeHHsl BbicHIero IMopsdKa, JONYCKAOINIHE MOHIDKeHHe Nopsiaka. JInHeiiHble
nHpPep eHIHATBHBIE VP ABHEHHS BLICHIHX ITOP SIIKOB.

JTuddep eHIHATBHLIM YPABHEHHEM MOPSIIKA 7 HA3BIBASTCS YPAaBHEHHE BUJIA:

F(x,y,yl...,yr‘"ﬁ):[]

B HEKOTOPEIX CIIydasX 5TO YPaBHEHHE MOXKHO PaspeliuTh OTHOCHTENLHO y'™:

(n)_ | (n-1)
y =y, y eyt
Tax e kKak U ypaBHEHHE ITIePBOro MOPAKa, YPaBHEHHS BEICIINX ITOPSJKOB HMEIOT 0€CKOHETHOE KOIHIECTBO
pELIEHHH.

HuddepeHiinanbHple YpaBHEHHS! BBICIIHX MOPSJIKOB, PELICHHE KOTOPBIX MOKET OBbITh HAMJICHO aHAIWTHYECKH,
MOJKHO Pa3/Ie]INTh Ha HECKOJILKO OCHOBHBIX THITOB.

ABHEHUS], JJOITYCKAIO[IHE IMOHIKEHHE MTOPS KA.

[TonwxeHnue mnopsaka JTHQPEPEeHUHATEHOTO YPaBHEHHS — OCHOBHOHM METOJ| peLIeHHs YPAaBHEHHH BEICIIIHX
MOPAJKOB. ITOT METOJI JAaeT BO3MOKHOCTE CPABHHTENLHO JIETKO HAXOJHUTH pPellleHHe, OJJHAKO, OH MPUMEHHM JaleKo He KO
BCEM YpaBHEHHSIM. PacCMOTpHM ciIydaH, KOrja BOIMOKHO [TOHIKEHHE ITOPSJIKa.

apHenns sua v = flx).
Ecimm f(x) — pyHKIMS HEmpepbIBHAs HA HEKOTOPOM MPOMEKYTKE a < X < b, TO pemieHne MOKET ObITh HaMIEHO

[MOCJICTOBATC/IEHEIM HHTCTPHPOBAHHCM.
(n=1)_ .
y _Jf(x)dx+clx

y{”_ﬂ:”j f(x)dx+C1]dx+ CEZId)(Jl f(x)dx+C'1x+CE;

n—1 n—2
X X
y:fdxfdx .ff(x)dﬂcl +C, +C
(n—1)!" *(n-2)!
_2x
[Tpumep. Pemtute ypaBHeHHE y =€ C HAYAIBHBIMH YCIOBHAMH X0 = O vo = I,
Yo=—1; yo=0.
: 1
y j— I szdX'}'Cl :E EEI'}' Cl ;
AOKYMEHT MNOANMCAH 1 1
SNEKTPOHHOW MNOANWUCHIO 9 x 1 9y ‘
Ceprudukar: 2C0000043E9AB8BI52205E7BAX00TB EIEI?E +C 1 dx= I e + Cl x+C 23
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
1 1 1
y=J | 5e7+C x+C, |= e+ C X HC x+C ;5
Oeiicteutenen: ¢ 19.08.2022 no 19.08.2023 4 8 )

HDHC’THBHM HAT A/ ILHEIC YCIIOBHA !



[Tonygaem gacTHoe pelieHHe (pelieHue 3a/1a4u Komu):

EQHBHEHHH, HE COJICPHAIIIHE ABHO HCKOMOH QDEHI{L]HH H €€ IIPOHIBOJIHEIX JIO ITOPATKA & — | BKJIKYHTEIELHO,

(k) lk+1) (n)y_
ITO ypaBHEHHS BHJIA: F(X,y y Y TRETS 4 )—U-
B ypaBHeHMSX Takoro THIIA BO3MOWKHO MOHIKEHHE Nopsajgka Ha k enquHu. [[ns 5TOro mpousBoIsT 3aMeHY

[TepeEMEHHO:
(k) (ke1) (m)—,(n=k)

y =L, Y —Z, ...y =1
’ =k _
Torma nojay4aem: F(x,z,z yreeyl )—D.
Teneps JOmMycTHM, 9TO TMOdydeHHOe JH((EpeHIHAILHOE YpAaBHEHHE ITPOMHTETPUPOBAHO H COBOKYITHOCTE €TI0

peLIeHHH BRIPAKAETCA COOTHOLLIEHHEM:
2=9(x,C1,Cy,..., Gyi).
Henast 00paTHYIO IMOJACTAHOBKY, UMEEM
k) '
yY'=y(x,C,,C,,...,.C,_,)
NHuTerpupys MoJiy4eHHOe COOTHOILIEHHE MOCJIEIOBATENLHO &k pa3, MoJydaeM OKOHYATEIbHBIH OTBET:

y=0(x,C;,Cy,...,C, ).

Y
Y X

ITpumep. HaitTu obiee pelieHHe ypaBHEHHS

[Mpumensiem nofcranopgy 2=V 5 Z=Y

- Z dz _z . dz_dx. E:J'dx
’ z

3

X

F =13 —

x  dx x z X
In|zj=In|x|+InC ; z=C, x;
[Tpouzeeiss 00paTHYIO 3aMEHY, IMOIYIAEM:

. . C
y =C,x; Yy :_r Clxdx:?lx2+C2;

C C
y=_r ?li:hfzﬂf,'2 dx=?1 x3+C2x+C3;

Ob1ee pellieHHe HCXOHOTO JHP P EpEHTHATIEHOTO VPaBHEHHS
3
y=Cx"+C,x+C5;

DTMETHM, HTO 3TO COOTHOLICHHEC ABJIACTCA PCIICHHEM JIJIA BCCX 3HAYECHHH HE}JEMEHHDﬁ X KPpOMC 3HAUCHHA X =().

VpapHEeHHs, HE coJIepKallINe IBHO HE3aBUCHMOMN NEPeMEHHO,

’ (n)y—
ITO ypaBHEHHs BHJIA F(}’,}’,---,y" )—D-

HDPH,IIG‘K TaAKHX YPHEHﬂHHﬁ MOM¥ET OBITH MOHHMKEH HA CIHHHLY C ITOMOILIBHO 3aMCHBI ITEPEMCHHBIX y = p .

_dy _dy dy_dp .
YT T dy dx dy D

dp
o dy dy dy _dy dﬁp d’ dp\’
SHERTP ot~ === P= p:_Pp2+ oF ps

OH HQE)EI oan H%IG d X dy dy dy2 dy
Ceptvdmkar: 2C0000043E9ABBB952205E7BAS00060000043E HT.I.
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

ITopcTapisgs 5TH 3HAYEHHS B HCXOTHOE ﬂHq)q)EpEHHHﬂHLHGE YpaBHCHHE, IMOJTYTacM:

dp d"'p|_,
dy dyn—I

Nencteutened: ¢ 19.08.2022 no 19.08.2023

Fl _}";P;



@(y,P,C],CZ,.“.,C _]): e
Ecin sTo YpaBHCHHC IIPOHHTCIPHPOBATE, H n - COBOKYITHOCTE €I'0 pClICHHH, TO
JIJ1SL peLIeHHs] IaHHOTO JTU(pPEPEHLIHATBEHOTO YPABHEHHS OCTAETCS PELIHTE YPaBHEHHUE [IEPBOTO MOPSIKA:

d)(yryJ!CI!CEI"'!Cn—l):o'

[Mpumep. Haittn ob1iee pernenue ypaBHEHUS Yy —(}’ ) _‘4}’}’ =0.

« dp
p y-" .y dyp!

3aMeHa nepeMeHHOH:

dp dp

——p—4 yp=0; ——p—4vy|=0:

ypdyp yp ,pydyp y =0,
dp p p

y——p—4y=0; —-—=4+=;
y o ody y y
u:£.
Jutst periieHHst Moay4eHHOro U PepeHLMAIEHOI0 YpaBHEHHS IIPOU3BEIEM 3aMEHY NTEPEMEHHOM: y
u+@y:4+u; du:4d—y;
dy y

Idu:4f d7y; u=4In|y+4InC,; u=4In

p=4yln|C

_day
P in
C y4eToM TOTrO, 4TO X momywaem:
dy _
~~ =4 yIn|C dx;
dx J }’111\61}’\ j
lnC
j ‘ ”| _—1 Inlc, y[+C,;
47 In|C, y|

In|In|C, y||=4x+C;

OOt HHTErpal UMeeT BUI:

y p=0; y=0; y=C;
Takum obpazoM, MOIYIHIH JIBa OOIIHX peLIeHHs.
JIHHeHHBLIM TH((ep eHIHATLHBIM }i’pﬂEHEHHEM H — ro MOpsiika Ha3eBaeTcs J000OE ypaBHEHHE IEpBOMH
(n)
CTENEHH OTHOCHTENILHO (PYHKIHH y U €€ l'[pDHSED,IIHBI!{ Y y yeees) BUJIA:

PD}"{ "'Pl}"{n "'Pz}"{ J"’---"‘Pn—l}"l"'Pn}":f(x)f

rJI€ Po, Pty -+ P — PYHKIHH OT X WIH ITOCTOSHHEIE BETHYHHEL, IIpHYeEM py = 0.

OTMETHM OJIHO BaKHOE CBOMCTBO JIMHEHHEBIX YpPaBHEHHH BEICIIHX I[TOPSKOB, KOTOPOE€ OTIMYAeT HMX OT
HeJIMHEHHEBIX. JIJ1s1 HEeMMHEHHEIX YpaBHEHHH YacTHEBEIM MHTEIPpAl HAaXOJHUTCS M3 ODIIEro, a Uil JTMHEHHBIX — HAobopoT,
OOIIMH HMHTErpal cOCTaBIAETCS M3 YacTHRIX. JIMHEHHEBIE ypaBHEHHs [TPEJCTAB/SIIOT cODOH Haubolee M3YYEHHBIN Kiacc
nu(ppepeHIHABHEIX YPABHEHHH BEICIIHX IMOPSJIKOB. ITO OOBSICHAETCS CPABHUTENBHOH ITPOCTOTOH HAXOXK/IEHHS PEILIEHHS.
Eciii pH pereHHH Kakux — JIH0O0 IMpakTHYECKHUX 3aj1ad TpedyeTcs pelltuTs HelIMHeHOoe JU(p(epeHIHAILHOE YpaBHEHHE,
TO 4YacTO IMPUMEHSIOTCS IMPUOIDKEHHBIE METO/IBlL, ITO3BOJISIOIIHE 3aMEHHUTE TAKOE YpaBHEHHE “OJIM3IKHM~ K HEMY

JTHHEHHBIM.

3a/1a4H.
3ajgada 1. Haiit odigue pemenus qudpepeHIHaAILHBIX YpaBHEHHH:
1. yu TS E yrfl 9. :.?I‘j_h'” L :!f' — 0.

[OKYMEHT [TOANMCAH _
3. (1 +PEKIPOHHON DORMAGHIO 4. »%y" 4 xy' = 1.
Ceptucmkar:  2C0000043E9AB8BI52205E7BA500060000043E

Bnaneney: 5. Lﬂgﬁ?ymaﬁ*famﬂllaﬂngﬁcaHﬂpDEHa ' ym! g !‘.”E - 1
:l"_ IE‘I.l'l:'-l n yl.-._:] ill'”_ -ltl':_ yF." _."."fyl_
Nencteutened: ¢ 19.08.2022 no 19.08.2023 >
0y :4’11_;” Ty Fxr=1W 1100 H.F-" = 43"

3ajada 2. Haltu petenus 3aja4 Ko st qudpepeHIMaTbHBIX YpaBHEHHIH:



L oyt =1 y(1/2)=1, ¢ (1/2)=1.

2. py'+y" =1, y(0) =1, y'(0) =1

3. ¥V -y"+yly-1)=0, y0)=2 y'(0)=2.
Loy +y" -y =0, w(0) =1, y'(0) =1.

5. Wy'=y+y*+1, y(0)=-2, ¥(0)=0.
3ajada 3. Haltu odiyue perieHust JU(depeHIHATEHBIX YPABHEHHIA:
1. " +¥y=cosz. 2. ¥y +y' —2y=RBsin2y

J ¥y -2y +0y=ecos2z. 4. y" +y=23sinzr.

y" 4y = 4drcosz. 6. 2" -9y =e* cosz.

5 |

I

7. ¥ —dy=e*

sin 2. 8 " —2y=2re"(cosx —sinz).

9. y" —y=2sinx —4cosxz. 10. v — 6y" + 20y = 2sinx + 3cos .

Bormpockr:

1. Kaxkwue Buasl U epeHIHANBHBIX YPABHEHHH, JOITY CKAIOIHX TOHIDKEHHE IMopsijKa Bel 3HaeTe?

2. Kakyw zameHy nepeMeHHOH HeoOXOJHMMO ITPOBECTH, €CJIM B YpPaBHEHHH SBHO HE COJEPKHTCS HCKOMas
(D VHKIHS1; He3aBHCHM asl ITepeMeHHas?

3. Kaxkoe ypaBHeHHE HA3BIBAIOT JIHHEHHBIM C ITOCTOSHHBIMH KO3 (PHIIHEHTaAMH !

4. Kak cTpouTcs odllee peleHHe OJHOPOJHOIO JTHHEHHOIO YpaBHEHHsI BTOPOIO IMOPsJKa ¢ IMOCTOSHHBIMH
Koy (ppHLHEeHTAMH?

5. Kak nHailTH o0mee pelleHHe JHHEHHOIO HEOJHOPOJHOr0 YpaBHEHHsT BTOPOTo IMOpsKa C IMOCTOAHHBIMH
Koy (ppHLHEeHTAMH?

Tema 16. CHcTembl TH(p (ep eHIIHATLHLIX YD ABHEHHIA.

IIpakTiueckoe 3anHaTHe 16.1. CuHcrembl aH(QepeHIHATLHBIX  YPABHEHHH, OCHOBHBLIE IOHATHSL.
HNHTErp Hp oOBaAHHE HOPMAJILHLIX cHeTeM. CHCTEMBI YPaABHEHHH € MOCTOSHHLIMH K03 (PP HIIHEHTAMH.

COBOKYITHOCTE COOTHOILIEHHH BHJIA:

III |'|| 11

(1 I |.'J L

|. III| |IIIIII IIIIII || III| |IIIIII I' IIIIII IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII|||.|.|.

" I‘.I‘I I‘!I"‘I I‘! I' I‘ ‘I I‘!I‘ I‘ | I‘!

rje X- HesaBHCHMas IepeMeHHas, Vi, V2,....Vn — HCKOMBIE (DYHKLMH, HasbIBaeTCsl cHeTeMOoH MH(pdepeHIHATBHBLIX
YpaBHEeHHH IIepBOTo MOpPANKA.

Cucrema aupdepeHIHANBHBIX YPaBHEHHH INEPBOro MOpsIKa, paspelIeHHBIX OTHOCHTEIBHO IPOH3BOJHBIX OT
HEN3BECTHBIX ()YHKLIHH Ha3bIBAaeTCA HOPMAaJIbHOM cHeTeMol TH( (ep eHITHATBLHLIX YPaBHEHHI.

Takas cuctemMa UMeeT BHJI:

: il |!:||'j.:-\ 0l

'illl|'ll|'-llllll|!I : .'-illl|'ll|'-IIII|I| ll IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIl“
MU R

Eut

| |
Jnst nmpuMmepa MOXHO CKazaTk, 49TO TpaUK pelieHusT CHCTEMBI JIBYX JH(PpepeHIHATEHEIX VYpaBHEHHH

IpeJcTaBisieT cob0i HHTErPATBEHY 0 KPHBYIO B TPEXMEPHOM IMPOCTPAHCTEE.
Teopema. (Teopema Koum). Eciu 6 wHekomopol obOaacmu (n-1) —wmepuoco npocmpavcmea pyHkyuu

fl(x’yl’yz’“"X{ﬂl’i’MEHTﬁl&!(ﬂﬂhglhyE’“"y”)’ f”(x’yl’yz’“"y”) HCNPEPBIEHbL U UMCIOM HENP CPblEHbLE
SNEKTPOHHOW MOANMWUCHIO (X )
Mw H%W%%Eﬂﬁ#EED%IEXMUB%EDH 3E o ﬂ_..m TFﬂﬁDH MoyKl D'y].[]’ yED’ ey yn[} gmﬂﬁ Dﬁgacm”

CHHIECTitby entEOCThe BHITO & P ETeHITE ™
Y1=61(x), ¥,=¢,(x), .. y,=0,(x)
c':ll!;'l-‘-:1r:tlf11l:.'ll?_‘: - €419.08.2022 no 19.08.2023 . v
lcmembl ﬁmﬁémpmqumb%ﬁ VpasHeHu euoa (1), onpedencHrHoe 6 HeKOMopou OKPECMHOCIU INOYKU X U

x L [N ] w
YO0 &1CMEOPAIOUICE HAYATBHBIM VCI06UAM U y 1ﬂ’y 20° "y n0



O0mHM pelieHHeM CcHCTeMBI U (epeHLMATBHBIX YypaBHeHMH BHaa (1) OyaeT cOBOKYITHOCTH (pyHKLIHH

y1=6,(x,C;,Cy,..., G, ¥2=6,(%,C,, Gy, C,) Yi=9,(%,C;,Cy,...,C)

a a

MoJCTAaHOBKC B CHCTCMY Gﬁpﬂ]ﬂﬂIﬂT cC B TOKICCTBO.

, KOTOpBIE NpH

HopMadbHEBIE CHCTEMB] THHEHHEBIX OTHOPOJIHBIX JH CHIIHAJIEHEIX ABHEHHH ¢ MOCTOSHHBIMH KO3 HITHCHTAMH.

[Tpu paccMOTpeHHH CHCTEM JH((EpeHITHATEHEIX VPaBHEHHH OTPAHHIHMCS CJIYIAeM CHCTEMEI TpeX YpaBHEHHH (n
= 3). Bee HIDKeCKazaHHOE CIpaBEIHBO JIJIsI CHCTEM IPOH3 BOJILHOTO ITOPSIIKA.

HopMmaneHass cHucTeMa JH(Q(epeHUHAIbHEIX VpaBHEHHH ¢ ITOCTOSHHBIMH KO3(OZ)HUIHEHTAMH Ha3bIBAETCHA
JTHHEHHOH OTHOP OTHOMH, €CJIH €€ MOXHO 3aITUCcaTh B BHJIE:

- +ﬂlutd-:u]y+ﬂﬂl+ﬂ it
| X gl

PereHus cucTeMel 001aal0T ClIEIYIOIMMH CBOHCTBAMH:
1) Ecin y, z, u — perenns cuctemsl, To Cy, Cz, Cu , tje C = const — TO¥e SBIISIHOTCS PELICHHSIMH 3TOH CUCTEMBL
2)Eciu yy, z), u; My, 22, U; — PELIEHUS] CUCTEMEBL, TO V; + Vo, Z; + Z3, Uy + U2 — TOWKE ABISIFOTCS PELLIEHUSIMH CUCTEMBI.

ok ko kx k=
Perenus cucTeMBl MIyTes B Buge: ) — A€, Z= )BE , u=ye , o, B , Y ,K=const
[TojicTABIISIS STH 3HAYEHHS B CHCTEMY M IIEpPEHECS BCE WIEHBI B OJ[HY CTOPOHY M COKPATHB Ha ¢, MOIydaeM:

8

kit

,.[[JIH TOI0O, qTOOLI MOJIYHEHHad CHCTCMa HMCIa HCHYJICBOC PCLICHHE HEDEKDHHMD H JOCTATOYHO, gTOOLI
OITpEIC/IHTC]Ib CHCTEMEI OBLT PAaBCH HYJIH), T.C.:

lﬂu_k a, a,
| 4y  Ayp—k ay =0
sy dyy A3~k

B pesynnTaTe BLMHUCIEHHA ONpEICIHTENS MOIy4aeM YpaBHEHHE TpeThell CTeNneHH OTHOCHTENRHO k. DTo
YpaBHEHHE HA3bIBACTCS XApPAKTEPHCTHYECKHM YpaBHEHHeM U MMeeT TpH KopHs k;, k», ks Kakgomy uz 5TUX KopHeil

COOTBCTCTBYCT HCHYJICBOC pﬂﬂlﬂHHﬂ CHCTEMEI:
Kk, x k., x k. x
J— 1 —_ 1 _ 1
y,=a,e z,=p,e , u=ye |,
k. x k. x k. x
—_ 2 —_— 2 - 2
k. x k. x k. x
—_— 3 —_— 3 — 3
y3—cr3e- 2 Ea_ﬁae ’ ”3_]"38 -

JInneitHas KoMOHHALHA YTHX pelleHHH ¢ MPOU3BOIBHBIMH KO3 (PHUIIHEHTaMH OV JIET pellieHHEM CHCTEMEBL
klx k. x ke x
y=C,a,e +C,a,e” +C,a,e  ;

k., x k. x k., x
_ 1 2 3
k k
1

X klx 4 X
+C2yze +C3yae

[Tpumep. HaitTu obiiee pelieHHe CHCTEMEBI YPpaBHEHHIH:

u=C,y,e

! EEK
el
CocTaBuMm Kﬂpﬂﬂ&%ﬂﬂ;{ﬂ EC‘[{U;: YPaBHCHHC!
N =0; (5-k)(2—k)-4=0; 10-5k-2k+k’—4=0;
‘,D,CQYMEHT}IE,[&HCAH ( ) ( )

SNEKTPOHHOW NOANMCHKD _al . .
Ceptucpmkar: 2C0000043E9ABBBIS52205E7BAS maﬁs%al&t 6=0; I‘51 =1; kz =6;
Penmne cHcTEM Y ypaBHEHH:\1eKcannposna

Oeiictautenen: ¢ 19.08.2022 no 19.08.2023 \ ( ﬂﬂ_k) CH' ﬂlz BZO ! 0 b b



(5-1)a,+28,=04 440

,[[I[H k,r:
[Momaras 1 1 (MpHHHUMAaeTCs JII000e 3HAUEHHE), ITONIYIaeM: ﬁl:_z'
(5-6)a,+2B,=0 i6¢
2 2
,[[I[H k_wl
[Tonaras HE:Z (mpuHHUMaeTcs JIF00e 3HaY€HHE ), TOTYY aeM: BE:l'

| e
X=C 24102 i
Oob11ee pellieHHe CHCTEMBL

ITOT IMPHUMeEP MOKET OBITE peLleH JpYIrHM cnncnﬁnm

[Iponud depeHipyeM nepsoe ypasHeHue: X —5 X +2}’ )
[TojicTaBUM B 5TO BREIpaKEHHE IPOHU3BOIHYIO Vv =2X + 2y U3 BTOPOTO ypaBHEHHSL.

X =5x +4x+4 y;

HU,IICTE[EHM CHOJIA Vv, BEIpAWCHHOC H3 IICPBOI'O YpaBHCHHA!

X =5x+4x+2x —10 x
X —7x+6x=0
k,=6; k,=1
:Aet+Be6t; x':Aet+GBe5t,
2y=x —5x =Ae'+6 Be"'-5A¢'-5Be’’;

y=-2 Ae[+%Beﬁf;

==
==
==
==

|
a=c,; Lp=c 1=C£410,¢"

1°? 2
O60zHa4MB 2 , lIOJIy4aeM pPEIIEHHE CHCTEMBI:
3ajjaqH.
3agada 1. HalTH oOliee pereHH CHCTeMbI IH((EepeHLHAIBHBIX YPABHEHHH!
j—':=—~.x+ -+ 2s5inf—d3cost
ﬁ—f = — Ox -+ 4y - Tsind — 20 cos £
Jamada 2. HaliTH pemeHus CUCTEM, YIOBJIECTBOPAIOIIHE 3a/JaHHBIM YV CIIOBHSIM:
I} x' — & X {ﬂ'] — ].',
¥y = -':—4— y} y(0) = 2
=x4+2] z(0)=
2) x'—ﬁz—?ﬂy—l—dds x(0)=9;
' = —4x 40y —222% y(0) = 5;
z'=—6x | 57y—3lz] z()=T.
Bormpocsr:

1. JlaiTe onpejieneHue cucTeMEI JH(M(EpEeHIHATEHBIX YPABHEHHH [TEPBOIo MOPsJIKA.

2.  Kaxkas cucreMma Ju(pepeHIHANBHLIX YpaBHEHHH HA3LIBAETCSH HOPMAIBHOMH?

3. YTto Ha3wIBAIOT OOILMM peLlieHHEM CHCTEMBI JH(DPepeHIHATLHBIX YPAaBHEHHH?

4. Kakag cucrema JH(pdepeHLHAIEHEIX YPaBHEHHH ¢ MOCTOSHHBIMH KO3((PHIMEHTAMH HA3bIBAeTCs JIMHEHHOH
0JJHOPOJHOH?

5. Kak cocTaBisieTcsi XapakTEPHCTHIECKOE YpaBHEHHE CHCTEMBI JU((pEpeHIIHANBHBIX YpaBHEHHH?

6. KakuMmu cBocTBAMH 001a/1al0T pellieHHs CHCTEMBI JU( (pepeHIHAIBHBIX YPaBHEHHH?

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOANKCLIO

PRSJIE:J;I 6. PSIbL.. 00000050 75450006000004 3¢
Fenta k7. UndrmoBsre AR, AnekcanapoeHa
MpakTiueckoe 3ausitue 17.1. TIpM3HAKHM CXOIMMOCTH YMCIOBLIX psifoR. Heo6XoauMblii NMPH3HAK CXOJUMOCTH

ucpggpm psiaa, JlocTaTouHple NPH3HAKA CXOJHMOCTH 3HAKOMOCTOSIHHBIX PSIIOB: NPH3HAKH CPABHEHUs], NP H3HAK
alaMOepa, Mp H3HAKH ' Ko, O600menn i rapMoOHHYECKHIT pal.



ulzu gaeey U

C};M Ma 9IeHOB OeCKOHEeYHOH YHCIOBOH ITOC/IE0BaATEILHOCTH n'tt’ HAZBIBASTCHd YHCTOBLIM
OM.
pHal "
U +U,+...+u +...= E u,
n=1
3
u 3 u :! LA
MpH 5TOM JHCIIa 1'72 ﬁy,ﬂem HAa3bIBAThL YJICHAMH psfa, a i, — OOIIIMM 9JIeHOM pAa.

n
S =u,+u,+...+u = Z u,
CyMMEI k=1 . n = 1, 2, .. HAa3BBAKTCI YACTHLIMH (YaCTHYHBLIMH)
CYMMAMH psJIa.

oo
u1+u2+---+un+---_ Z un
Ps n=1 HA3BIBAETCS CXOMSIMIMMCeSI, €CJIH CXOJUTCH IMOC/IeOBATENILHOCTE €ro
JAaCTHBIX CYMM. C}FMMH CXOserocs psiga — rnpciacii nmnocjacJoBaTCIbHOCTH €I'0 HaCTHEBIX CYMM.

limS =S, S:i u, .
n=1

Ecin nmocnenoBaTeIbHOCTE YaCTHRIX CYMM psjia pacXoJHTCHA, T.C. HC HMCCT IIpeicia, HIH HMECT DEeCKOHEeY HEIHN
[MpEaci, TO pill HA3BIBACTCA PpaAacCXoJHIIHMCH H CMY HC CTaBAT B COOTBCTCTBHC HHKAKOH CYMMEL

HPH H3YYCHHH 3HAKOIIOCTOAHHBIX PANOB OI'PaHHIHMCH paCcCMOTpCHHCM PAJO0B ¢ HCOTPHUATC/IBHEIMH YJICHAMH,
T.K. [IpH [TpOCTOM YMHONWCHHH Ha —1 13 H>THX PAI0B MOWKHO IMOJIYYHTE pAJEI C OTPHIATC/IEHBIMH YJICHAMH.

[Ipu3HaK cpaBHEHUS PSJIOB C HEOTPUIATENLHEIMH YIIEHAMH.
Qu, LV
[TycTe jJaHEI J1Ba psAja ny N apH u, v, = (0.

V Z U
Teopema. Ecint u, < v, npu moboM n, TO U3 CXOIUMOCTH psijia Z T crueyeT cXOJUMOCTE psjia n . a

13 pacXoUMOCTH psiJia u" CIIEJYET pacXoIUMOCTE psijia Z v" .
1 1 1
+ +...+—+...
[Tpumep. MccnegoBaTe HA CXOJHMOCTE Pl In2 In3 Inn
1.1 Zl 1
T.k. Inn n , & TApMOHUYECKHH PsiI n pPacXOoJIUTCsL, TO PACXOIUTCS U P Inn
o
1

n L]
ITpumep. Mcceneqoeare Ha CXOJUMOCTE Psijl n=1 N2
o
1 1 1 1
< > =
n2" 2" " = nzn

Tk , a pAa CXOJHUTCs ( Kak yOBIBarOILlass reoMeTpHIecKas Iporpeccusi), To psajg "
TOMWE CXOJIUTCH.

Taxxe HCImoIb3yeTes Clie Iy FOLMH IPH3HAK CXOJUMOCTH:

u
lim —=h

UH}U’ Vn:"[] nam V

U cyujecmeyem npeocei n , 20e h — uucino, omiuuHo e om HyiA,

Teopema. Ecau

Lu, LV
Mo pAadbl T u T gedym 0OUHAKOBO 6 CMBICIC CXOOUMOCMU.

[Tpuznak /lamambdepa.
(#Kan Jlepon Hanambep (1717 — 1783) — ppaniy3cKHil MAaTEMATHK)

u
Ecnu ona paoa N ¢ norosCUMeEnbHbIMU YWICHAMU CyWecmeyem makoe uucio g<I, umo oaa ecex
Q0CMAMOYHO DOILUIUX N 6bINOIHACICA HEPABCHC MEO
u
n+l
u

n
Z U OOKYMEHT NOAMNACAH
mo pso n 4 ABACTANTMCERA 6CCX OOCIMAMOYHO DOIbUUUX 1 BLINOIHACMCA VCI06UC

Ceprudomkar: 2C0000043E9ABEBOS52205E7BAS00060000043E L

+
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa n+l

uﬂ

>1

— 1

ﬂEﬁETEHTEﬂEECHQ.DE.EDEE no 19.08.2023
Mo pso N pacxodumca.

[TpenensHbli Mpu3HaK J[anaMbepa.



ITpenensHbIH Mpu3Hak lanambepa sBiAeTCs clecTBHEM H3 PHBEEHHOIO BhIle MpH3Haka [Jamambepa.

ui1+1_

=p

lim
Ecnu cyuyecmsyem npeden 3o Uy,

1, mo Ha eonpoc o cxodumocmu OIMECMUMb HCIb3A.

. mo npu p < I pao cxooumcsa, a npu p > 1 — pacxodumcea. Ecau p =

oo

Z
1
_up_ll HMED. GH}JE}_IEJ]H’I‘L CXO/JHMOCTE pAjla n=1 2

1+l
(n+1)2" _ n+1

1T lim =lim ——— = =—<1
2 n=*oo un nsew 2 n 2n 2 2

BRIBOJI: psijl CXOJIUTCS.

n

n
u,=—; u
2

1 1 1
l+—+—+..+—+...
I 21 nl
[Tpumep. OnpeeauTs CX0IHUMOCTE psijia .
1 1 . u . n! , 1
u = u .. = ; lim ML = lim =lim——=0<1

H—E; n+1 [n+1)" n=ow un n-}m(n+1):’ n=»o n+ 1

BEIBOJI: psiJl CXOIUTCH.
[Tpu3nak Korx MEAJIBLHEIH IIPH3HAK

Lu
Ecnu ona paoa N ¢ HeompuyamelbHbIMU WiCHAMU cyujecmeyem maxoe uucio g=I, umo 0aa ecex
Q0CMAMOYHO DOILUIUX N 6bINOIHACICA HEPABCHC MEO

LU,

Vu,<q

mo psao cX00UmMcA, eciu e 01 6CeX 00CMamoYHo DOIbUUX N 8bINGIHACNCA HEPABCHCINGO
i".l!ll'—
Vu,= 1,
Y u
mo psao N pacxodumca.
lim %’Z= p
Caencreue. Eciii cylliecTBYeT npejien N2> , To ipH p=<1 psg cXOOHTCA, a PH P=>1 psajl pacX OHTCS.
n
i 2n’+1
2
[Tpumep. OnpegenanTs CXOIHUMOCTE psija n=1 3n+5
1
2 2+—
. . 2n°+1 .. n 2
limyu_=lim ——=1lim ==<1
n=» oo n=»o 3”_ +5 n-}.:f_-,3 2 3
nz
BEIBOJI: psiJl CXOIUTCH.

oo

11’1
Zl'l‘;

ITpumep. OnpeieMTs CXOIUMOCTE psaga  1=1

. N . 1
hmy’ru_ﬂ:hm 1+=1|=1.
n=+oo n=* oo n
T.e. mpuznak Kowmm He JaeT oTBeTa Ha BOmpoc O cxoJuMocTH psifa. [IpoBepuM BeIMOIHEHHE HeOOXOIMMBIX

ycinoBHi cxoquMocTH. Kak ObUI0 cKazaHO BEILIE, ECITH PsAJl CXOIUTCS, TO OOLIMIA YIeH psja CTPEMHUTCS K HYJIIO.
n

[OKYMEHT MOANVUCAH Hm Hn =lm|1+—| =e#0
SNEKTPOHHOW MOAMMUCHIO 9o N o n

CeptH mch: 2C0000043E9ABEBO52205E7BAS00060000043E i
E@Hﬁ&p&%aﬁggmm% &%HEIEQQI}{DHHMDCTH HE BBIHTOJHACTCH, 3HATHT, pAl pacXoJHTCH.

HHTerpalbHEIH MpH3HAK Ko,
Eecnu @fx) — HenpepwisHaa noaoxcumenvHaa yvHkyuA, voolearowiaa Ha npomexcymie | 1;00), mo pao ¢(1) + @(2) +
Nencteutened: ¢ 19.08.2622 no 19.08.2023 o

Y 6(n) I 0(x)d

et @m) + .= n=l U HeCODCMEBEHHBIU UHMEZpal O0OUHAKOEb] 6 CMbICIEC CXOOUMOCMU.



1 1 1
1+—+—+.. . +—+...

o # o
[Tpumep. Psaj 2 3 n cxoguTes mpH o>1 u pacxogures o<1 T.K. COOTBETCTBYHOIIHH
ah
dx
X-II
HecOOCTBEHHRIH HHTETpaAT | cXojuTes mpH o1 u pacxojauresa a=<l.
i 1
cr
Psg =11 pazpBaeTca 060GIEHHBIM rap MOHHYECKHM PSIOM.

im L)oo,
Caencreue. Eciu f(x) U ¢(x) — HenpepbIBHEIE (YHKIMH HA HHTEpBaie (a, b u  X?a+0 (Mx) TO

b | b
‘ff[x)dx Iqﬁ(x}dx
HHTEeIpaielr ¢ n 4G

3ajjaqH.
3amaga 1. Haiiti cymmy paa:

BCIAVT ceds OJHHAKOBO B CMEIC]IC CXOJJHMOCTH.

L. i 2 E} - - i 2 f '
amy T Hon+6 amt " R H0

3- n:j 25n* -i“;']'m ~ 6 " H_LZ:| 4”:_ L

: 2 ifa""jf'ﬂu' & ,,ij-': in* :jgu -5

: 2 On? -:i:n, -2’ ) 2 16n! -It;* -3

-2 8 — oo
3. l’:r!lzn F1){n+2) 10 l’ (2n + 1){(2n + 3)(2n + 5)

Tilg T

3amauga 2. MceneioBaTe CX0OJUMOCTE PSJOB:

1 i arctg -[-rr.ﬂ]l 9 i 4 — 2sinn
- Z=ar+2)(n+3) &= a-ln
a8 b o5
2 <+ o8 n-lnn
3. . 4. ]
; n® <+ 3 FIE; nd =2
— 5 —2cosn — 2+ sinn
5. e vtatn) 6. . .
g Vil E n(n® + 3)
o ]11 i = I!‘I]'-III I
n e . Jovn
i ] ""'FH'H mn Iﬂ -_I
— Inn - Inn
!:)'u :: -Il-’n n
g vnll +1 E Vn+3

3agada 3. Mcene1oBaTe CXOJJHMOCTE PSOB:

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNMCLIO

Ceptvdmkar: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: Webayxora TatTeAHa AnexkcaHgpoBHa

Heicteutened: ¢ 19.08.2022 no 19.08.2023



]

3!
- Z 20(a+ 1)1

ri=2

T
-

Fi=]

J =

=

nl(2n + 2)!

1.
1 b 2 E 0 ;'Jri
' E; (n!)?
9.
(3n + 2)! — 2%(n% - 1)
: g,
2 (2n + b)! l_: n!
3.
"r! — n!
’ G. :
(2n)! Z 3n L2
=1
=, nl 7

[z

-
—

. £

=l

Bornpocksr:

A

(3m)!

' — 3™n 0
= 0. .
1 } L ”.l.'

YTo Takoe 4ucI0BOH psj?

Kaxoii psij1 HA2EIBAIOT 3HAKOIIOCTOSHHBIM?
Yto Takoe cymMma psija’?

Kakoii psij] Ha3BIBAOT CXO/IAIIHUMCs?
ChopMyIHpyHTe HEODXOIUMBIH ITPH3IHAK CXOJHUMOCTH psijla.
ChopmynupyiTe H3BecTHRIE BaM JTocTaTOYHEBIE MPH3HAKH CXOJIMMOCTH PsiJIOB.

L0,

IIpakTH4yeckoe 3aHaATHEe 17.2., 3HaKouepenywLHecs H 3HaAKonepeMeHHble psaabl. Ilpusnak JleioHuna. OOumiwmit
J0CTATOYHBLIH MPH3HAK CXOJHMOCTH 3HAKOIEPEMEHHBLIX PANOB. AOCOMIOTHAA H YCIOBHAA CXOJHMOCTH YHCI0BLIX

+...

n aOcoIOMHEBIC 6CTUMUHBL U,

=20

pPAIOB.

3HaKoIepe Iy FOLIHICA Pl MOWHO 3aMHCATE B BUJIE:

+1
Uy—Uy+Us—Uy+...+(—1)" u
e u>0, n=123,...
[Tpuznak JleHdHuULa.
Uy — U+l —U g+ (= 1)+
Ecau y 3Hakouepedyouwiecocs paoa L 72773 74
>Uu.=2uU.>...

yovisarom U= Uy~ Us U 00U YICH CINPEMUMES K HYTHO Un

, MO pAo cX00UMCA.

ADCOIOTHAA U VCIOBHASA CXOIUMOCTE PSJIOB.
PaccMOTpHM HEKOTOPEIH 3HAKONEPEMEHHEIHN Pl (C 4IEHAMH [TPOH3BOILHEIX 3HAKOB).
oo

Uy U+ U+ =) U,

n=1

H PsiJl, COCTABJIEHHBIH H3 a0COJIIOTHRIX BEJTHYHH 4JIEHOB psijia (1):
oo

uy [ +[ug +.. [+, .= ) Ju,)
n=1

Teopema. /3 cxodumocmu pada (2) ciedyem cxooumocmb paoa (1).

Onpenenenne, Psj

u

(D)

(2)

2l
N HazpIBaeTcs A0COTIOTHO CXOSIIIUMCS, €CIIH CXOIUTCS PSI]I L

OgeBHHO, 94TO ISl 3HAKOITOCTOSIHHBIX PSJIOB ITOHSITHS CXOJJUMOCTH M abCOTIOTHOM CXOUMOCTH COBITAJIAIOT.

Onpenenenne. Psj n

PACXOJJHTCH.

[TycTe Zu

2C0000043ESABBBO952205E7BAS00060000043E
llleGayxoea TaTeAHa AnexkcaHgpoBHa

CepTudukar:
Bnaneneu:
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Ipusnak Komu. Ecau cyliecTByeT npejgen N2 , To 1ipH p<1 psj N dyner abCOIIOTHO
CXOJISAIIMMEs, a pH p=>1 psj dyaet pacxoasmmuMcs. ITpu p=1 npuzHaK He J1aeT 0TBETa 0 CXOJIUMOCTH psijia.

CBOHCTBA A0CONOTHO CXOJANIHXCH PAJIOB.

1) TeopeMma. /lna adbcorromuou cxodumocmu paoa Z o HEOOXO00UMO U OOCMAMOUHO, YMODbI €20 MONCHO
ObL10 NpedcmMacumb 6 6UOC PA3HOCIU O6YX CXOOAUUXCA PAAOE ¢ HCOMPUUANMCIbHBIMU YICHAMU .

CaencreHe. YCIOBHO CXOJAIIHHCS Psifl ABISETCS PazHOCTRIO JBYX PacXOJAIMXCs psAJIOB ¢ HEOTPHLIATENBHBIMH
CTPEMSLLIMMHCS K HYJIIO WIEHAMHU.

2) B cxojseMes psijie odast rpyIiirHpoBKa 4IEHOB Psijia, HE H3MEHSIOIAA UX ITOPsJIKa, COXpaHsaeT CXOJHMOCTh
H BEJTHYHHY psija.

3) Ecinu psajg cxoquTess adCOIIOTHO, TO psijl, TOIYYEHHBIH H3 HEro JI00H nepecTaHOBKOH YI€HOB, Takxe adCOJTHO

CXOJIUTCS U UMEET TV KE CYMMY,

[TepecTaHOBKOI YJIEHOB YCIIOBHO CXOJLIErocs psjia MOXKHO ITOJIVYHTE VCIOBHO CXOJSILMHCS PsJI, UMEOIIHIH
A00YI0 HAMepe]] 3aJJaHHYI0 CYMMY, H JJae pacXo/IsIHHc psil.

4) Teopema. [lpu arobou epynnupo6ke wicHO6 abCONIOMHO cxooaujcecoca pada (Npu 3MoM HUCI0 cPYNN MONCCM
ObIMb KAK KOHCYHBIM, MAK U OCCKOHCYHBIM U YUCTO WICHOB 6 ZPVNNEC MOJCCM 0OblMb KAK KOHCYHBLIM, MAK U OCCKOHCYHbIM)
noaVYaACcMcs CXOO0AUUNUCA pﬂd CyMMA KOMOpO20 pAGHA CyMMe UCXOOHO 20 PAOQ.

Yu,  Yv,

5) Ecii psijie n=1 u n=l CXO/ATCA adCOMFOTHO M UX CYMMEI PABHEI COOTBETCTBEHHO S U O, TO ps/l,

i,k=1,2,...

COCTABJIEHHBII M3 BCEX NMPOHM3BEICHUH BHIA i k? B3ATEIX B KAKOM YIOJHO IMOPAJIKE, TAKKE CXOIHUTCH
abCOJIIOTHO M €ro CyMMa paBHa .S - O - ITPOUIBEICHUIO CYMM ITIEPEMHOKAEMEIX PSJIOB.

EciM ke NMPOM3BOJUTE MEPEMHOMEHHE YCJIOBHO CXOJSIIUXCS DPAJOB, TO B PE3YILTATE MOKHO ITOIYIHTH
pacxo/IsILUiics psijl.

3ajjaqH.
3amaga 1. McenenoBaTh CX0JHUMOCTE PSOB:
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Bornpocsr:

Kakoi psj HazbIBaeTCs 3HAKOYepeIYIOIHMCS (3HAKOMEpeM eHHBIM )?
CpopmynupyHTe nmpH3HaK JleHoHHLIA.

Kaxkoi psj HazbBaeTcs aDCONIOTHO CXO/ISIMMCH (VCIO0OBHO CXOJISAILIMMCs )?
CpopmynupyiTe npHzHakH Janambepa 1 Kol 115 3HAKOIEPpEMEHHBIX PsAJIOB.
[TepeunciinTe cBOHCTBA A0COMIOTHO CXOAIIHXCS PSIOB.

5. IlepeyeHs OCHOBHOH M JMONOJHHTEIBHOH JIHTEPATYPbI, HEOOXOMHMOH /I OCBOCHHA
TUHCIHILTHHBLI (MOYJIS)

5.1. “%%%%‘“ﬁ %;Fﬁm JATEepaTyphl:
cepmqmuIY%EBGGQ%EQBEBB%@@E&@E&EWE anam3 U au(@epeHuraibHble ypaBHEHHA. lIpuMepsr u
Fmaary:  yueouoe movebrrecafaeieaA. ['vecak. — Munck: TerpaCucremc, 2011. — 415 c. - Pexum
mocryma: http://www.iprbookshop.ru/28 122 html
feicrevrefa2¢ HepereHE FOTOTHATE/ILHOH JTHTEPATYPSLI:

| UumuBunyaneHeie 3amanus mo BeIcmen maremaruke. Yacrs 1. Jluneinasa u BekTopHas
arreOpa. Awamtnueckas reomerpua. JupdepenrmanpsHoe wcumcieHwe  (PYHKIMHA  OMHOM

o =



nepemeHHou: yuebnoe nmocodue / A. Il. Pabymko, B. B. bapxaros, B. B. [lepxkasen, 1. E. IOpyTs;
non penakmueit A. I1. PaOymko. — Munck: Bermimas mkona, 2013. — 304 ¢. — Pexum gocryma:
http://www.iprbookshop.ru/20266.html.

2. UnnuBunyameueie 3amaHusg mo BeIcmied waremaruke. Yacre 2. KommnekcHeie 4gucina.
Heonpenenennsie n onpeneneHusle MHTErpaibl. OyHKIINN HECKOJIBKNX NEPEMEHHBIX. OOBIKHOBEHHBIE
nudpepeHumansHEe ypaBHeHUA: yueOHoe mocobume / A. II. Padbymxko, B. B. bapxaroe, B. B.
Hepxasen, U. E. IOpyTs; mox pemakuuent A. I1. Pabymko. — Munck: Bermimas mkona, 2014, —
397 ¢. — Pewwum nocryna: http://www .iprbookshop.ru/35481.html.

3.MupuBunyaneHele 3amaHud MO BeIcmen wmaremaruke. Yacrte 3. Pager. Kparweie u
KPUBOJMHEHUHEIE WHTETPAJIBL. JJIEMEHTEI TE€OpUH o : yuebnoe mocodme / A. Il. Pabymko, B. B.
bapxaros, B. B. Jlepxagsen, U. E. IOpyTs ; nox penakimen A. Il. Pabymko. — Munck: Brrmsimas
mkoma, 2013. — 367 ¢c. — Pexum mocryma: http://www.iprbookshop.ru/20211 .html.
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1. O0mmue mookeHHA

CamocroArensHas paboTa - IDIaHupyemas yueOHas, ydeOHO-HCCIEeNOBATEILCKAA, HAYYHO-
MCCIEN0BATENRCKAA padoTa CTYOEHTOB, BBIMOMHAEMAsA BO BHEAYAWUTOPHOE (AYyIAMUTOPHOE) BPEMS IIO
3a0aHUIO U IPU METOAWYECKOM PYKOBOJICTBE IPENOOABATEN A, HO 0€3 €ro HEMOCPEACTBEHHOTO YYaCTHA
(Opy 4YacTUYHOM HEMOCPEACTBEHHOM YUACTUM MPENOOABATENA, OCTAB/LIIONIEM BEAYIIYIO pOIbL 34
paboTOM CTYAEHTOB).

CamocrosarensHas padora crynentoB (CPC) B BY3e aBnderca BaxHbeIM BHIOM y4e€OHOU H
HAYIHOU OEATEIBHOCTHU CcTyaeHTa. CamocToATensHas padora CTyJEHTOB UTPAET 3HAUUTENLHYIO POIb B
PEUTHHTOBOM TEXHOJIOTHN 00yUEHUA.

CamocroarensHas padora sABaAeTca BawxHeumen (OpMOM YyCBOeHMs 3HaHud. B xonme
CAMOCTOATEIBPHON PAaOOTHI CTYAEHTHI VICHSIOT 3HAHUA MO KOHKPETHOM TeMe ydeOHOTO MaTepHuaa,
3AKPEIUIAIOT U YTOUHSAIOT YK€ M3BECTHEIE M OCBAMBAIOT HOBEIE Kareropuu. CTajikuBasce C
HENOCTATOYHO MOHATHBIMM SJI€EMEHTAMHM TEMBI, CTYIEHTHEl CTPEMATCSA HAXOIUTH OTBETHL WIH
(pMKCHPOBATH BOMPOCH V1A MOCTAHOBKYU W YACHEHUS MX HA KOHCYJBTAUWH C MPENOIaBATEIEM HIN BO
BpEMS MPAKTUYECKOTO 3aHATHSL.

3amaun caMOCTOSATENbHOM PadOTEI COCTOST B CIEAYIOMIEM:

1. Pa3BuTh 1OTHYECKOE M ANTOPUTMHUECKOE MBIILICHHUE.

2. BeipaOoTaTs mepBUYHEIE HABBIKM MATEMATHUECKOTO UCCAEI0BAHNS ITPUKJIAHEIX BOIPOCOB.

3. BripaboTare HaBBIKM [OBEOEHWSA pPEIIEHUS 3a0aud [0 HPUEMIEMOTO MPAKTUYECKOTO
pe3yiapTara — 4Mciaa, rpa@uka, TOYHOTO KAYECTBEHHOTO BBIBOAA C HPUMEHEHHEM AaJEKBATHBIX
BBIUMCIIMTEIBHEIX CPENCTB, TA0INI], CIIPABOYHUKOB.

4. Bripabotate yMEHHE CAMOCTOATENHHO pa3zOUpaTeCa B MATEMATHUECKOM ammapare,
IPUMEHAEMOM B JIUTEPATYPE, CBA3ZAHHOU CO CIEHUATBLHOCTEIO CTYACHTA.

5. Hayuurs onepupoBare aOCTpakTHBEIMM OOBEKTAMH W  AIEKBATHO  YIOTPEOIATH
MATEMATHUECKHUE TOHATHA W CHMBOJBI I/ BBIPAKEHUS KOMWYECTBEHHBIX M KAYECTBEHHBIX
OTHOII EHUH.

CamocroarensHas pabora cryaeHta mo ydeOnou muciumumHe «Maremarnaeckimii aHams»
BKIIOUAET MOATOTOBKY K TMPAKTHYECKUM 3aHATUAM W BBHINOJHEHHUE MPAKTHUECKUX 3aJaHUH,
CAMOCTOSATEILHOE H3y4EeHHE TEM yueOHOTO Marepuana Moo PEKOMEHAYEMOM JMTEparype U C

MCIOJIb30BAHUEM HH() OPMAIIMOHHBEIX PECYPCOB.

Camacgg%%ﬁ%ﬁm@ no aucimmmHe «Marematudeckuil aHanu3» HAampaBlI€HA Ha

‘ﬁe tvpukar. 2C0000043ESABEBOS2205E7BAS00060000043E .,

MUPOBRAEHS CHEAVIOHAMX, KOMIIe Te HIH:

Kon, ¢opmymposka | Koz, ¢popmymupoBka | [Imanupyemeie pe3ynsrarel 00ydueHUs MO
RO T 2022 "° 199520 mukaTopa MUCIATIMHE (MO Ty IO ),
XAPAKTEPU3YIONIHE STAMEI




(opmupoBaHUA KOMIIETEHIIN U,
WUHIUKATOPOB
OIIK-1: Cnocoben U /-1onk-1 3HakoMm ¢ ocHOBamu | [IpumenseTr  eCTeCTBEHHOHAYYHBIE U
MPUMEHATD MAaTEMATHKH, (G13uKy, | OOMIEMHIKEHEPHBIE  3HAHWA,  METOIEI
€CTECTBEHHOHAYYHBIE | BEIYMCIMTENBHOM TEXHUKHM M | MATEMATUUYECKOTO  MOIEIMPOBAHUA B
1 00IIENHKEHEPHBIE IPOT PAMMHPOBAHUAL. npo()eCCHOHATBEHOM IEATEMBHOCTH.
3HAHWUA, METO IBI N1-20nk-1 Pemaer
MATEMATHIECKOTO CTAHIAPTHEIE
aHamiza u npo(peCCHOHAMBHBEIE 3a7a4ll C
MO 1ETMPOBAHMA, IPUMEHEHUEM
TEOPETHIECKOTO U €CTECTBEHHOHAYYHBIX 151
SKCTIEPUMEHTAIBHOTO | OOMICMHKEHEPHBIX  3HAHW,
HCCIICOIOBAHHA B MCTOI0OB MATCMATHUYCCKOTO
npo()eCCHOHATIBEHOU aHAIN3a U MOJIEINPOBAHUA.
NEATENBHOCTH

2. lejb u 321a4H CAMOCTOATE/ILHOH padOThI

Bengymas nems opranmsanuu u ocymiecrsiaeHus CPC coBmamaer ¢ nenso 00yueHus CTyIeHTa —
¢popmupoBanue Habopa o0O0mEeHaydHBIX,  OPO(ECCHOHANBHBIX W CIENHAIBHBIX KOMIIETEHIIUH
Oynymiero OakamaBpa Imo COOTBETCTBYIONIEMY HAMPABIECHUIO MMOATOTOBKH

[Tpn opranmzamuu CPC BaXkHBEIM M HEOOXOIUMBIM YCIOBUEM CTAHOBATCA (DOPMHUPOBAHHE
YMEHUS CAMOCTOATENBHOM padOTEl [id TpUOOpeTeHus 3HAHWM, HABBIKOB W BO3MOKHOCTH
OpraHu3anuu y4eOHOM M HAy4YHOM OEATEIbHOCTH. llempro camocTroATensHOM padOTEI CTYAEHTOB
ABJICTCS OBIANECHHE (DYHIAMEHTAILHBEIMU 3HAHUAMHU, NMPO(ECCUOHATBEHEIMA YMEHMAMHU U HABBIKAMU
ONBITOM HCCJIEO0OBATELCKON

AEATCIEHOCTH 1o AJEATCIIEHOCTH.

npo(pumo, TBOPYECKOU,
CamocroarensHad padoTa CTyIEHTOB CITOCOOCTBYET Pa3BUTHIO CAMOCTOSITEIBHOCTH, OTBETCTBEHHOCTH
1 OPTraHU30BAHHOCTH, TBOPUECKOTO MOAXOMA K PEHIEHUIO MPO0IeM yueOHOTO M MPOo(PeCCHOHATBEHOTO
Y POBHS.

3amauamu CPC asagrorc4:
- CUCTEMATH3ALMA W 3AKPEMJIECHUE ITOJyYEHHBIX TEOPETHMUECKUX 3HAHWUNM M IMPAKTHIECKHUX
YMEHUH CTYIEHTOB;

- yriIyOJIEHNE W PACHIMPEHUE TEOPETHUECKHUX 3HAHUM,

- ¢popMupoBaHME yYMEHWH MCHOOIB30BATE HOPMATHBHYIO, IPABOBYIO, CHPABOUHYIO
TOKYMEHTAIUIO U CIIEHUATBHYIO JINTEPATYPY;
- pa3BUTHE TMO3HABATEIBHBEIX CHOCOOHOCTEM W AKTUBHOCTH CTYIEHTOB: TBOPUYECKOU
WHUIHATUBEL, CAMOCTOATEILHOCTH, OTBETCTBEHHOCTH U OPraHU30BAHHOCTH;

AOKYMEHT MOANNCAH o
- ()0 PAIEPOBAHIETONOASKEAETOATENIPHOCTH  MBILLIEHHS, CHOCOOHOCTEM K  CaMOPAa3BUTHIO,

Ceprudomkar: 2C0000043ESABBES52205E7BAS00060000043E
CAMOCOBCPIHEHOTBD BAHIIO IS O AMQD AT 3 AT ;

T pﬂ?.BI«TTHE‘ HCCIICO0BATCIILCKHX }’MEI—H«TE[,
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- MCIIOIE30BAHNE MATepuana, COOPAHHOTO M IIOJYYEHHOTO B XOJ€ CaMOCTOSATEIBHBIX
3aHATUN HA CEeMHHAPaX, HA MPAKTHYECKUX W JA0OPATOPHBIX 3aHATHIX, ITPH HATMMCAHUN KYPCOBBIX U
BEIITYCKHOW KBamM(PUKAMOHHON padoT, mift 3(PPEeKTMBHOW MOATOTOBKM K WTOTOBBIM 3adeTaM M

OK3dMCHAM.

3. Texno/lormyeckasi KapTa caMoCTOATE/ILHOM padoThI CTY/IeHTA

Jlnsa ctynenToB ouHOM (POPMEI 00yUIEHM

OO0beM YacoB, B TOM YHC]IE
Buma nesrensHOCTH
Kojel (acTp.)
CTY/IEHTOB Cpeacrau
peain3yeMbIX KoHrakTHAa
KOMITETCHITH I TEXHOJIOTHH g pabora ¢
OLIEHKH CPC Bcero
mpernojasa
TeJeM
1 cemecTp
OIIK-1 [ToaroroBka K JeKIIHIM KommekT 1,215 0,135 1,35
(NO-1,2) 3a/JaHUuH 1
BOITPOCOB 10
TeMaM
JUCITHIIIHHEI
OIIK-1 I[ToaroroBka k KoMmrnekT
(U-1,2) MpakTHUYeCKUM padoTam 3a/laHuil |
BOITPOCOB 10 2,43 0,27 2,7
TeMaM
JUCITHTIIHHEI
OIIK-1 CamMocTosTelTEHOe KoMiuiekT
(U-1,2) U3yYeHUE JITeparypsl Mo 3a/JaHuil |
TeMaMm 1-5 BOIIPOCOB TIO 32,805 3,645 36,45
TeMaM
JHUCITHIIIHHEI
Htoro 3a 1 cemectp 36,45 4,05 40,5
2 ceMecTp
OITK-1 I[ToaroToBka K JIEKITHAM KoM1uiekT
(U-1,2) 3a/JaHuil |
BOIIPOCOB II0 2,16 0,24 2.4
TeMaM
JUCITATIIHHEI
OITK-1 I[ToaroroBka k KoM1iekT
(NI-1,2) MpakTHYeCKUM padoTam 3a/JaHi 1
BOITPOCOB 10 4,32 0,48 4,8
TeMaM
JUCITATIIHHEI
OINK-1 CaMocTos TelTbHOe KoMIuiekT
(NI-1,2) M3Y4YeHHE JIMTepParypsl 10 3a/JaHUH 1
TeMaM 6-18 BOITPOCOB T10 11,07 1,23 12,3
TeMaM
JUCIIHITIHHEI
HToro 3a 2 cemecTp 17,55 1,95 19.5
IMToaroroBka K ’3x3amMeny | Bonpochbl K 36,45 4,05 40,5
OKMEEIORIACAR IK3IAMEHY
SNEKTPOHHOW MNOANUCHIO
Ceptucmkat: 2C0000043E9ABBBI52205E 7BA500060000043E Hrtoro 90,45 10,05 1005

— Brmageneg—tHetsyxosa TaterAa AerRcaRgpoBHa
Jlns cTyneHToB 3a09HOH (pOpMBI 00ydeHUS

OeicKyoept: ¢ 19.08.p022 rBPReReHTeTbHOCTH CpencrBa u O0OneM 4acos, B TOM YHCIIE
peaM3y EMBIX CTYIEHTOB TEXHOJOTHH (acTp.)




KOMITETEHI U

OIIEHKH

CPC

KonTakta
as pabora
C
MPEIoaIaBna
TEIEM

Bcero

1 cemecTp

OIK-1
(M1-1,2)

[ToaroToBKa K JEKI[HAM

Komriekt
3adaHuil |
BOIIPOCOB TIO
TeMam
TUCIIATLUIUHEI

0,405

0,045

0,45

OIlK-1
(MA-1,2)

[ToaroToBka K
OPAKTUUECKUM padoTam

Komriekt
3amaHuil |
BOIIPOCOB TIO
TeMaMm
TUCIATLUIUHEI

1,08

0,12

1,2

OIlK-1
(MA-1,2)

CamocrogrensHoe
M3YUEHUE JIMTEPATYPHI TIO
TemMam 1-5

Komriekt
3amaHuil |
BOIIPOCOB IIO
TeMaMm
MTUCITATUIUHEI

61,965

6.885

68,85

Hroro 3a 1 cemectp

63,45

7,05

70,5

2 ceMecTp

OIlK-1
(MA-1,2)

[ToaroToBKa K JTEKI[HAM

Komriekt
3a0aHUN U
BOIIPOCOB TIO
TeMaMm
MTUCITATUIUHEI

0,54

0,06

0,6

OIK-1
(M1-1.2)

[TonroToBKA K
OPAKTUUECKUM padoTam

Komrmaekt
3a0aHui |
BOIIPOCOB TIO
TeMaM
MTUCIATLUIHHEI

1,08

0,12

1,2

OIK-1
(MA-1,2)

CamocTosTensHOe
VM3YYEHUE JIMTEPATYPBI 110
TeMam 6-18

Komriekt
3a0aHui |
BOIIPOCOB MO
TeMaM
TUCIIUTUIHHEI

80,19

8,91

87,45

HUroro 3a 2 ceMecTp

80,325

8,925

89,25

IMoaroroBka K 3K3aM cHY

Bonpocel K
IK3aMeHy

6,075

0,675

6,75

HToro

149,85

16,65

166,5

4.1lopsi10K BLINOJTHEHHS CAMOCTOATEILHOH padoThI CTYIeHTOM

4.1. Memoouueckue pekomeHoayuu no pabome ¢ yueoHou aumepamypou
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BaxHO IOMHUTE, 4TO pAIMOHANBEHBEIE HABBIKM pPA0OTEI C KHUTOM - 3TO BCerma Oosbpmias
YKOHOMHSA BPEMEHU U CHIL.

[TpaBwibHEIN MOA0OP YUEOHUKOB PEKOMEHAYETCA MPEMOAABATENEM, YATAIONINM JEKIIMOHHBIN
Kypc. HeobOxomumasa nureparypa MOKET OBITh TAKKE€ YKAa3aHAa B METOOUUECKHUX pa3zpadoTKax mo
JaHHOMY KYPCY.

M3yuasa marepuan mo yueOHUKY, CIEIyeT MEPEXOTUTE K CACAYIONIEMY BOMPOCY TOABKO MMOCIE
NPABWIBHOIO YICHEHUS IMPENBIAYNIETO, ONMUCHIBAA HA OyMare BCE BBIKJIAIKU W BREIYMCICHUA (B TOM
UUCIIE T€, KOTOPEIE B YUEOHHUKE OIMYNIEHEI WM HA JIEKIWW JAHBI /I CAMOCTOATENBHOTO BEIBOIA).

[Tpn m3yuenun moOOH OUCHUIIIMHEL OOJBIIYIO M BAXKHYIO POJIb WUTPAET CAMOCTOATENBHANA
WHAUBUIYATEHAA padoTa.

Ocoboe BHUMAHME CaeAyeT OOpaTuTh HA ONMPENEICHUE OCHOBHBIX MOHATHU Kypca. CTyaeHT
OOJDKEH MOAPOOHO pa3Oupare IMPUMEPEl, KOTOPEIE MOACHAIOT TAKHE OINPENEIECHUA, H YMETh CTPOUTE
AHATOTUYHBIE MMPUMEPHI CAMOCTOATENLHO. HykHO m0OMBATBCA TOYHOTO MPEACTABIEHUS O TOM, YTO
n3yuaenrs. [lone3no cocraBmaTe omopHBIE KOHCHEKTHL. [lpm m3yuennn marepmana mo ydeOHUKY
MONIE3HO B TETpaau (HA CIENMAJEHO OTBEACHHBIX IMOJIAX) HOMOJHATE KOHCIEKT JEeKIuH. lam ke
CIEIYET OTMEUYATh BOMPOCHL, BEIACIECHHEIE CTYAEHTOM AJI1 KOHCYABTAIMHN C TPEHOJABATEIEM.

BEIBOBI, TOJIyYEHHBIE B PE3YILTATE U3YUCHUS, PEKOMEHIYETCA B KOHCIIEKTE BBIAEIATE, UTOOEI
OHM MPU MEPEUNTHIBAHUM 3AMUCEN Ty UIIe 3a0 MUHAINCE.

OIMBIT MOKA3BIBAET, YTO MHOTUM CTYAEHTAM ITOMOTAET COCTABIECHHUE JIMCTA OMOPHBIX CUTHAJIOB,
COOEPIKAIIETO BAXKHEUIINE M HauOonee 4gacto ymorpedmnaemsie ()OpPMynbl U MOHATHA. [akOM JMCT
MOMOTAET 3aMOMHUTE (POPMYIIBI, OCHOBHBIE TOJIOKEHUS JEKIMH, a TAaKKE MOKET CIIYIKHUTh
MOCTOSTHHBIM CIIPABOUYHUKOM IS CTYAEHTA.

Urenue HAYYHOTO TEKCTA fABIAETCA UYACTBIO IMO3HABATEILHOM AedarenbHOCTU. Ee mems —
W3BJIIEYEHUE M3 TEKCTAa HeoOxomumon uH@opmammu. OT TOTO HA CKOJBKO OCO3HAHHA YUTAONIAM
COOCTBEHHAs BHYTPEHHSASA YCTAHOBKA MPH 00panmieHnu K MeYaTHOMY CIOBY (HAWTH HYKHBIE CBEICHMA,
yCBOUTH MH(POPMAIINIO MTOTHOCTHIO MM YACTUYHO, KPUTUUECKHA MPOAHATM3UPOBATh MATEPUAT U T.II.)
BO MHOTOM 3aBUCHUT 3(P(PEKTUBHOCTE OCYIIECTBIAEMOr O AEHCTBUAL.

BriaensaioT uembipe 0CHOGHbBIE YCIMAHOBKU 6 YMEHUU HAVYHO20 MeKCma:

MH(OPMAIIMOHHO-TOUCKOBEIN (3a1a9a — HAUTH, BEIIEIUTE UCKOMYO HH(DOPMAITHIO )

yCBauBaromias (yCUIMSA YUTATENA HAMPABIEHBI HA TO, 4TOOBI KAK MOYKHO ITOJIHEE OCO3HATH U
3aITOMHUTE KAK CAMHU CBEIEHUA M3JIATa€MEIE ABTOPOM, TAK U BCIO JIOTHKY €r0 PaCCykIEHUH )

dHATIUTHKO-KPHTUYICCKAA (T-IHT dTCIIb CTPCMHTCA KPUTHYCCKH OCMBICIINUTE MATEpPHAI,

ITpo aﬂmuzup@ﬁ%gﬁﬂ%%ﬁ@ CBO€ OTHOIICHHE K HEMY)
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aBTOpAa, XOI €ro MEBICICH, pe3ylbTar HAOmMOOEeHUA, pa3padOTAHHYI0 METOAUKY, AOMNOJIHWUTE HX,

MOABEPTrHYTH HOBOU MTPOBEPKE).

4.2. Memoouueckue pekomeHoayuu o NOO20MOBKE K NPAKMUYCCKUM 3AHAMUAM

Jlng Toro 4roOB MPAKTUUYECKUE 3aHATHA HNPUHOCHIM MAKCUMAIBHYK IMOJIB3y, HEOOXOTUMO
TOMHHUTE, UTO YIPAKHEHUE U PENIEHUE 3a1a4 MPOBOJIATCS M0 BEIUUTAHHOMY HA JIEKIMAX MaTepuany u
CBA3AHBI, KAK MIPABWIO, C AETAIBHEIM Pa300pOM OTAEIBHBEIX BOMPOCOB JEKIMOHHOTO Kypca. Cienyer
MOAYEPKHYTh, YTO TOJBKO MOCIE YCBOCHMA JIEKITMOHHOTO MATEpUAIA C OMPEAEICHHON TOYKH 3PEHUSA
(a IMEHHO C TOH, ¢ KOTOPOU OH M3JIArdeTcsA Ha JIEKIWAX) OH OyZeT 3aKperIaThCA Ha NMPAKTHYECKHUX
3aHATUAX KaK B pe3yJbTare OOCYXKIEHHA M aHaau3a JIEKIIMOHHOTO Marepuanad, TaKk U C IMOMOIIBIO
pemenusa npoOJIEMHBIX cUTyauui, 3agad. [Ipyu 5TUX yCrmoBMAX CTYOEHT HE TOJBKO XOPOIIO YCBOMT
MATEPHAI, HO U HAYUUTCS IMMPUMEHATh €T0 HA MPAKTUKE, & TAKKE MOJTYUUT JOMOIHUTEILHBIA CTUMYII
(11 5TO OYEHB BAXKHO ) LA AKTUBHOU ITPOPAOOTKH JIEKIUH.

Cienyer mOMHWTB, 4YTO PEHICHUE KakAO0W Yy4eOHOM 3amauu OOJKHO JOBOIUTHCA 10
OKOHYATENBHOTO JIOTHUECKOTO OTBETA, KOTOPOro TPeOyeT yCrnoBHE, M IO BO3MOKHOCTH C BBIBOJOM.
[TomyueHHBIN OTBET CIEAYET ONPOBEPUTH CIMOCOOAMM, BRITEKAIOMIMMHU M3 CYIIECTBA JAHHOW 3aa4H.
[Tonesno Takxke (ecnum BO3MOKHO) pEmAaTh HECKOJbKUMH CIIOCOOAMHM W CPAaBHUTH ITONYYEHHBIE
pe3ynsTarel. Pemienne 3amad JaHHOTO THITA HYKHO MPOOJIKATE 0 MPUOOPETEHNA TBEPABIX HABBIKOB

B UX PCILICHHH.

4.3. Memoouueckue pekomeHoayuu N0 camonposepKe 3HaHuu

[Tocne n3yueHus onpeneneHHoNn TEMBI 110 3aMUCAM B KOHCIIEKTE U YUYEOHHUKY, a TAKIKE PELICHUS
DOCTATOUYHOTO KOJHMYECTBA COOTBETCTBYIOMIMX 3a4a4 HA MPAKTHUYECKUX 3aHATUAX U CAMOCTOSTEIBHO
CTYOEHTY PEKOMEHAYETCHA, IMPOBECTH CAMONPOBEPKY YCBOEHHEBIX 3HAHWM, OTBETUB HA KOHTPOJIBHEIE
BOIIPOCHL MO M3yYEHHOH TEME.

B cnyuae He0OXO0IMMOCTH HYKHO €I11€ pa3 BHUMATEILHO Pa300paTeCa B MaTEPHAIIE.

Muorna HemoCTaTOYHOCTE YCBOEHWA TOIO MM HHOTO BOMNPOCA BBIACHACTCA TOJBKO IIPH
M3YYEHUN JANBPHEHIIETO Marepuaja. B 3ToOM Cioydyae Hamo0 BEPHYTBCA HA3ad U MOBTOPUTH ILIOXO
YCBOEHHBIM mMarepuan. BaxHeIN KpUTEPHU YCBOEHHUS TEOPETHUECKOTO MATEPHATIA - YMEHUE PEIIAThH
3a0aud WA TMPOWTH TECTUPOBAHUE MO OPOMAEHHOMY Marepuany. OmgHako CIEOyeT MOMHUTE, UYTO
MPABWIBHOE PEHICHUE 3a0a4d  MOKET IOJYUYUTHCA B PE3YILTATE HNPUMEHEHUSA MEXAHWUYECKHU

3ay4eHHBIX (popmyn 0€3 MOHMMAHNA CYIHOCTH TEOPETHUECKUX MOJIOKEHHH.

E,nﬁ-ﬁgﬁﬂgﬁ%ﬂb CAMOCTOSITE/IbHOMH padoThI CTYIEeHTOB
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OLIEHHBACTCS B X0A€ TEIYHIETO KOHTPOJLL U MPOMEKYTOYHON aTTECTALIH.

Texyumiuii KOHTPOJIb




PeliTHHrOBas OLleHKA 3HAHHH CTY/IeHTA

No BuJ1 /1S TeILHOCTH CTY/IeHTOB CpokHu KomnuecTBo
/o BLIITOITHEHUS 0aJioB

1.| ITIpakTHYeckOe 3aHITHE 5 5 Henend 15
2.| TlpakTndeckoe 3anstie 10 10 menens 20
3.| IlpakTHYeckoe 3aHsITHE 15 15 Hemend 20
Hroro 3a 1 cemectp 55
1. [TpakTHdeckoe 3aHATHE 5 5 Henend 15
2. | Ilpaktndeckoe 3anstre 10 9 Henensd 20
3. [Ipaktnueckoe 3ansthe 15 13 Hemend 20
HUToro 3a 2 cemecTp 55

MaxkcumaneHO BO3MOKHBEIN Oamn 3a BECh TEKYIIMH KOHTPOJhL YCTAHABIMUBAECTCS pPAaBHBIM S5.
Tekymee KOHTPOIBEHOE MEPOIIPUATHE CUNTAETCS COAHHBIM, €CJIA CTYIEHT MOJYYHI 34 HETO HE MEHEE
60% OT yCTaHOBIEHHOTO MJIA HTOr0 KOHTPOJA MakCUManpHOro Oamna. PenrunroBein Oaswn,
BBICTABILIEMEI CTYJEHTY 34 TEKYNIE€ KOHTPOJBHOE MEPONPHUATHE, CHAHHOE CTYIEHTOM B
yCTAHOBJIEHHBIE TPAPUKOM KOHTPOIBHBEIX MEPOIPUATHN CPOKH, ONMPEIEAACTCA CIEAYIONIMM 00pa30oM:

Ypoeens gvinonnenuns konmponvnoco | Peumunzoewlit 6ann (¢ % om MakcuUMaibHOZ0
3a00aHUA panna 3a KOHMPOIAbHOE 3a0aHlie)
Omnuunwiu 100
Xopouwuiu 80
Yooesremeopumenvmvii 60
HeyooeremeopumenwHulii 0

Hp OMERVTOYHAA aTTeCTAallHA

[Ipomexkyrounas arrecraipis B (popMe IK3AMEHA MPEIYCMATPUBAECT IPOBEOEHUE
00s3aTEIEHON HK3aMEHAIMOHHON mponenypsl u onenuBaerca 40 Oamwmamu n3 100. B cnyuae
€CIIM PEUTHMHTOBBIM Oa/mt CTyAaeHTa mO OUCIMILUIMHE OO WTOTaMm cemectpa paBeH 60, To
OPOTPAMMON ABTOMATUUYECKU N0OABAeTCA 32 NPEMUAIBHBIX Oaula U BBEICTABILIETCS OILICHKA
«OTINIHOY». [lOMONKWUTENBHBEINT OTBET CTYAEHTA HA 5K3AMEHE OI[EHUBAETCA PEUTHHTOBBIMH
Oammamu B guamazoHe or 20 mo 40, omenka MeHbmie 20 OammoB cuwraercs
HEYIOBIETBOPUTEILHOM.

[IIkana cOOTBETCTBUA PEUTUHIOBOTO Oajuta SK3aMeHa S5-0aIEHOM CUCTEME

PeliTHHrOBBLIH 04J1J1 IO JUCIUILTHHE OneHka nmo 5-0a1JIbHOM CHCTEMe
35-40 OTaugHo

ﬂnwuﬁﬁﬁﬂﬁéumu XDPD o

ANEKTPORKPU MPANUCHIO Y OBJIETBOPUTEIBEHO

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

neiicrenrener IPOBOBAS0 OIIBHKA M0 OUCIMILIMHE, U3yJa€MON B OJHOM CEMECTPE, OMPENEIAETCA IO
cyMMe 0anyioB, HAOpAHHEIX 34 padOTy B TEUEHUE CEMECTPA, U 0AJIOB, MOMYYEHHEIX MIPH CIA4e



SK3dMCHdA:

LlIkana nepecuema peumunzo08020 baiia N0 OUCYUNTIUHE
6 OYEHKY No J-OaLlbHOU cucmeme

Petimurnczoenlit 0ai11 no oucCuuniune Ouenka no S-oannvHoll cucmeme
88-100 Omiauyno
72-87 XGPGH-!D
53-71 Vooeremeopumenvro
<53 HEy@D&-TEmSL}pHm ellbHO

6. Cniicok JTHTepaTyYphl

6.1. IlepeyeHn OCHOBHOH JIHTEPATYPHI:

I'ycak, A. A. Maremarnuecku anami3 u mupdepeHrmanbHele ypaBHEeHUA. [Ipumepsr u
3anaun: yueOnoe mocobue / A. A. I'yvcak. — Munck: TerpaCucremc, 2011. — 415 c. - Pexum
nocryma: http://www.iprbookshop.ru/28 122 html
6.2. IlepeyeHs TONMOJTHUTEILHON JIHTEPATYPbLI:

| . UupuBunyaneHeie 3amanus mo Beicmen maremaruke. Yacres 1. Jlunennasa w BekropHas
anreOpa. Awnamtuueckas reomerpuia. [duddepenmmanenoe wucuucneHue (QyHKIMM — OOHOM
nepemeHHoun: yuebnoe nocobue / A. Il. Pabymxko, B. B. bapxaros, B. B. /lepxasen, 1. E. FOpyTs;
non penakmueint A. I1. PaOymko. — Munck: Bermsimas mkona, 2013. — 304 ¢. — Pewxum gocrymna:
http://www.iprbookshop.ru/20266 .html.

2. UnnuBunyameueie 3amaHus mo BeIcmed waremaruke. Yacre 2. KommnekcHeie 4ducia.
Heonpenenennusie u onpeneneHusie nHTErpaibl. OyHKINN HECKOIBKNX NEPEMEHHBIX. OOBIKHOBEHHEBIE
mud dpepenumaneaele  ypaBHeHus: yuebnoe mocodbue / A. II. Padbymxo, B. B. bapxaros, B. B.
Hepxasen, U. E. FOpyTs; mox pemakuuent A. I1. PasOymko. — Munck: Beimsimas mkona, 2014, —
397 ¢. — Pewmum nocryna: http://www .iprbookshop.ru/35481.html.

3.MupuBuayaneHele 3amaHus MO BeIcmen wMaremaruke. Yacte 3. Pager. Kparweie u
KPUBOJMHEWHBIE WHTETPAIBI. JJIEMEHTEI T€OpUuU monasA : yuebnoe mocodbue / A. Il. PaOymko, B. B.
bapxaros, B. B. [lepxasen, U. E. FOpyTs ; mox pegakument A. I1. PaOymko. — Munck: Bermoimas
mkoma, 2013. — 367 ¢c. — Pexum mocrymna: http://www.iprbookshop.ru/20211 .html.
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