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1. Ileanb H 320294 H3YYeHHSA THCIHILITHHBI

[lenp gHcHHIUIMHBEL, (QopMHpoBaHHEe HalOopa OOIEeNpopeCcCHOHAIBHBIX KOMITeTEHI[HIA
OakanaBpa I10 HarpaBiIeHHIO IToAroToBKH 10.03.01 MHpopMaInioHHa s 6€30IT1acHOCTD.

3agaur OCBOeHHSI JUCIHIUIHHEL: ()OPMHPOBaHHE IIPeJCTaBIICHHI O PO H MeCTe MaTeMaTHKH
B COBPEMEHHOM MHpe, 5STalnax pasBHTHSI, VYHHBEPCAIBHOCTH €€ IIOHATHH M IIPeJCTaBIIeHHI,
() OpMHPOBaHHE YMEHHI HCIIOIIB30BaTh HeOOXOHMEIE MaTeMaTHYECKHE MeTOABI IS PellleHHS 3ajad
Npo()eCCHOHATIBHOH JeSITEIbHOCTH.

[{enpro IPOREIEHIS ITPAKTHYECKHX 3aHSITHIL 110 AHCIMIUIHHE SBIIIETCS Pa3BHTHE JIOTHYECKOIO
H aITOPHTMHYECKOrO MBINIIEHHS, (POPMHPOBAaHHE 3HAHHII IT0 OCHOBHBIM pa3fellaM JIHCIHIDIHHEI,
HeOOXOAHMBIM CTYAeHTaM KakK IS OCBOSHHMS Oa30BBIX M CIEIHAIbHBIX MJHCIMIUIMH, TaK H IS
TalIbHEHIIIEH CaMOCTOSATEIILHOH PabOoTHI.

B XoJe IpakTHYECKOrO 3aHATHSI CTYAEHT VUHICS JIOTHYHO, SCHO, 4YeTKO, I'PaMOTHBIM
MaTeMaTHYEeCKHM S3BIKOM H3JIaraTh CBOH MBICIH, IIPHBOJHTH JOBOJBI, (POPMYIIHPOBATh apryMeHTHI B

3alTTyY CBOEH ITO3HI[HH.
Ha 3aHgaTHH CTYVACHT OIIHPACTCA Ha CBOH KOHCIICKTBI, CACIIAHHBIC Ha JICKITHI, cOOCTBEHHBIE

BBIITHCKH H3 YYeOHHKOB H CIIOBAPHO-CIIPABOYHYIO JIHTEPATYPY.

2. OdopyaoBaHHe H MATEPHAJIBI

IIpakTHueckre paloTHl 110 JUCIHIUIMHE «MareMaTHYeCKHH aHall3» IPOBOAITCS B YueOHOM
ayTUTOPHH C MYJIbTHMeIHa 000pyA0BAHHEM: ITPOEKTOP, KOMIIBIOTED, SKPaH HACTEHHEI.

3. HamMeHoBaHHe NPAKTHYIECKHX PadoT

No HauMeHOBAHHE TeM JHCIHHIJIMHbI, HX KPATKOe COJep:KAHHE Oobbem 3 HHX NpaKTHYeCKAS
TeMbI YACOB NOJAr OTOBKA, YACOB
THCI[H
IJIHH

bl

1 cemecTp
1. Crioco®Obl 3aJjaHHA ITOCI€q0BaTeIbHOCTH. BhIuHcIIeHHE ITp efena 1 1
2 [10CJIENOBATENLHOCTH € MOMOIIBK OMp efeIeHHA. Orp aHHYEHHbIE
H HEOrpaHHY€HHBIE I10 CJIEN0BATEILHOCTH.
2 2. BpIUHCIIEHHE [TPEeNna Mo cIeqoBaTENPHOCTH. YHCIIO €. 1 1
2 3-4 BeiuHicneHHe mpefena GyvHKIHH. OJHOCTOPOHHHE TIPEJIEIbI 1 1
by HKLIHET.
2 5.3ameuaTesNbHBIE P €/leJbl. JKBHBaJIEHTHbIE OECKOHEUHO MaJlbIe., 1 1
3 6-7. IIpoH3BonHbIE  HEKOTOPBIX  SJIEMEHTAPHBIX  (PyHKLIHIL 1 1
OcHOBHBI€ INpaBHiIa JH( epeHLIHP 0 BaHHA.
3 8-9.JTHd (rep eHLIHp OBaHHE CJI0KHOH H 00paTHOH (YHKLIHH. 1 1
3 10.I"'eoMeTpHYECKHI H MEXAHHYECKHIA CMbBICJI ITP OH3BOTHOH. 1,5 1.5
3 11-12. IuddepeHimpoBadHiie HEABHbIX H  IIapaMeTPHYECKH 1 1
3afaHHbIX (QyHKLMH. JlorapHdmiueckoe aH(pdepeHLHp OBaHHE.
[IpoH3BOOHBIE BBIC ITHX IMOPAIKOB.
4 13.Ilpa %ME‘H?%M aH PACKPBITHA — HEOIpeJIeleHHOCTEH. 1.5 1.5
Dopmy HAEKT efinepa NpIHarierowieHa. Dopmyna Tenopa i
CepmmdvaTTIp SERBE T OAEPR IR TH7 BAS00060000043E
Sngpeneut 1 ANSO5P A0 GHEe S TP 6RBae  GyHKIMIL  DKCTpeMyM 1 1
(vHKIHH. Bbinykinocth rpaduxa ¢yHkipH. TouxH rneperHoa.
gemmmgnﬁmm@k EpadrEc dhy HI I
16.MccnenoBanie (yHKIE IIpH TIOMOINH IIPOH3BOJHBIX H 1,5 1,5
MOCTPOEHHE HX rpa()HKOB.




5 17-18. Iuddeperiman yHKIHH. ['eoMeTpHYECKHIT  CMBICI 1 1
nupdepeHIHana (PYHKILHH. OCHOBHBIE  TEOP EMBI 0

nH(pdepeHIHaTaX. I IpriMeHeHHE nHd g ep eHIHaa K
MPHOMIKEHHBIM ~ BbIUHCIIEHHAM. J[H(pepeHIHambl  BbICHIHX

TTOPAIOKOB.

HMtorosal cemectp 13.5 13.5
6 19-20.TabmHifa OCHOBHBIX  HEOINpPEJENeHHBIX  HHTEIPAaJoB. 3 3
[IpocTerime CBOFICTBA HEOIp EIETIEHHOT O HHTETIp aa.
HertocpencTBEHHOE HHTETPHPOBaHHE.

7 21.3amMeHa TMepeMEHHOH B  HEOMNPENEIeHHOM  HHTEIPaJIE. 1.5 1,5
HTerpHpoBaHHe 110 Yac TAM.

7 22 VMIHTerpHpoBaHHe 53JieMeHTapHbIX ApoOei. IIHTerpHp oBaHHe 1.5 1.5
paLHOHAIbHBIX (DYHKILHI

8 23.Crioco0bI BBIYHCIIEHHA OMpeneIeHHOro HHTerpana. @opMyna 1.5 1.5

HeioToHa-JIefibHHI[a. 3ameHa TIIepeMEHHOH B OIMpeaelecHHOM
HuTerpane.  @opmyla  HHTErpHPOBAHHA TII0 4YacTAM B
OTIPENENEHHOM HHTETpAJIE.

9 24.I'eoMeTpHYECKHE TIPHIOKEHHA OIpENEEHHOr0 HHTErpana. 1.5 1.5
IInomanpe rmockoid ¢urypel. O6beM Tena. J[mHHa AyIH KpHBOM.
[ Imoniage MoBepXHOC TH Bpall] €HHA.

10 25.YacTHelE TMPOHM3BOAHBIE TIEPBOro  IropsAgka.  HacTHBIE 1,5 1,5
MPOH3BOJHbIE BBRICIIHX TIopAAkoB. IlomHeIA aH¢depeHIpan

Py HKILHH. g ¢ep eHLIHATIBI] BBICIIHX TIOPAJIKOB.
g pepeHLHpoBaHHE CI0KHBIX H HEABHBIX (PYHKILIHI.

10 26.KacaTenpHad H HopManb K TOBEpXHOCTH. IIpoH3BomHasA I10 1,5 1,5
HarpapJIeHHIO. I paJIHEHT.

11 27.OkcTpeMyM (PYHKIHH JIBYX ITepeMeHHbIX. HeoOxomumbie H 1.5 1.5
JOCTAaTOYHbIE YCIIOBHA 3KcTpeMyMa. HaHOonblnee H HaHMeHbIIIEe
3HaYeHHA (PYHKIHH B 3aMKHyToi oOmacTiH. VY CIIOBHBIH
sKCTp eMyM. MeTon MHOKHTENEH JlarpaHika.

12 28.CBoHcTBAa H METOOBI BBRIMHCIEHHA [BOHHOI0 HHTErpana. 1.5 1.5
3amMeHa IMepEMEHHBIX B JIBOHHOM HHTErPAJIE.

13 29 IIpunokeHHa ABOHHOIO HHTErpasa. 1.5 1.5

14 30. InddepeHipianbHbie  ypaBHEHHA ¢ pasfeAON[HMHCA 1.5 1.5

riep eMEHHBIMH. OHOPOHBIE YpaBHEHHA. JIMHEHHBIE YpaBHEHHA.
YpaBHEHH:A, IMPHBOIHMBIE K JIHHEHHBIM.

15 31.VpaBHEHHA BBICIIEro IIOpAAKA, OITYCKAKIHE TIOHHIAKEHHE 1,5 1,5
ropAagka. JIuHefiHble gH(¢epeHIHaNbHbIE YpaBHEHHA BbICIIHX
TIOPAJIKOB.

16 32.Cuctembl  mH(QepeHIHaNbHBIX  YpPaBHEHHI, OCHOBHbIE 1,5 1,5

MOHATHA. IIHTErpHpoBaHHE HOPMANIbHBIX CHCTEM. CHCTEMBI
ypaBHEHHI ¢ MOCTOAHHBIMH K03 (hpHI [HEHTaMH.

17 33.CxomimocTth paAfga. HeoOxoguMbIi TMpH3HAK CXOJHMOCTH 1.5 1.5
YHCIOBOrO  pAxga. JlocTaTouHbIE  TMPH3HAKH  CXOQHMOCTH
3HAKOIIOCTOAHHBIX PAOOB. TIPH3HAKH CpPaBHEHH:A, IIPH3HAK
HanmamOepa, nprsHakH Komu OO000meHHBIH rapMOHHYECKH

pA.

17 34.3Hakouepeny OIHECAd H 3HaKOIEpEMEHHbIE pAnpl. IIpH3HaK 1.5 1.5
Jleifibnmia. OOmMA  JocTaTOYHBIH  IMPH3HAK — CXOJHMOCTH
3HAK OIep EMEHHBIX pAI0oB. AOCOMIOTHAA H YCI0BHAA ¢XOOHMOCTH
YH CJIOBBIX PAOB.

I1oro3a 2 ceMecTp 24 24

4. Conepranug IPARTHUECKAX padoT

Pasgen l.cBpeienite B alayrpri 00043e
TEMA2 “TIp efeihy i netip ep pB ot

IIpakTHyecKkoe 3anATHe 2.1. Cnoco0bI 3aJaHHA NMOCJIeOBATeILHOCTH. BhIMHCIeHHe Mpe/esia Moc/IeJ0BaTe IbHOCTH
CIHOMOIHLI ORPe JesIe g 0 OrpaHHYe HHbIe H He OTPAaH HUeHHbIe NMOCJIeJOBAT e IbHOCTH.

EcH 110 HEKOTOPOMY 3aKOHY KakKIoMy HaTypalbHOMY A ITOCTABJIEHO B COOTBETCTBHE BIIOIHE OIIpeeleHHOoe
YHCJIIO ¢, TO TOBOPAT, UTO 3aJjaHa YHCJIOBasA ITOC/IeOBATENNbHOCTD: {ah}: a1, @b, ..., Gy, ...



ady — WICHBI TTIOCIICOBATCIIBHOCTH 3aHYMCEP OBaHbI BCCMH HaTypaJIbHbIMH YHCOTAMH H paclioJNIOACHBI B TTOPAIKE
BO3pacTaHHA HOMCEDOB.
Hp HMCEPBI YHCITOBBIX TTOCIICIOB aTeJIbHOCTEH:

1) aa+d, ..,6 at(n-1)d, ... - apppmMeTHUECKas IPOTP eCCHA.
2) b, bq, ... bg-’, ... - reoMeTpHYECKasA [IPOTP ECCHIL
3) 14, 141, 1414, 14142, ... - [OcCIegOBaTENbHOCTh JMECATHYHBIX TIIPHOMDKEHHH K xf*'_g, CO BCe

BO3pacTalolll € TOYHOCTHIO.

I1Hornda rocneqoBaTeNbHOCTD 3a/jaeTcA TEM, UYTO YKa3aHO HEMOoCP €/ICTBEHHO BbIpak eHHEM 1A a, (ripHmep 1, 2). B
OPYIHX cIydasx HaM MOKeT ObITh HEH3BECTHO BbIpaKeHHE [JiA oOIlero wieHa ,, KaKk B npHMepe 3. Tem He MeHee:
MOCJIENOBATEIbHOCTh CYHTAETCA 3aJaHHOH, €CJIH Mbl BIaJieeM IMPaBHJIOM, I10 KOTOPOMY MOKET ObITh BbIYHCIIEH JIH00O0I
YJIeH MOCJIEN0BATENIbHOCTH JHIIb TOJIBKO H3BECTEH Er0 HOMED.

Hp €1e]1 YHCII0BOH IMTOCIeJ0BaTEIBHOC TH

'_ l L
JlaHa rocienoBaTeNbHOCTh ’{] + g } . BRITHIIIEM €€ WIEHEI
H
n=1 =2 n=3 =4 n=> H=06 n=
0 3 2 S 1 7 6
! 2 T3 4 5 6 7

H3 ﬂﬁpmuu WIEHBL ITNOIL 1LOC/IE0 06 (M ESILHOCINIL HAL ULICI0 6011 OCIL:

a, @ a4 9 a 4 a,
0 > 4 &1 7 S 3
3 5 7 s A >

MO/KHO 3aMETHTb, YTO WIEHBI ITOCIEJOBATEIbHOCTH ¢, C POCTOM M KaK VrogHo OJH3KO0 MpHOIDKAKTCA K
enuHHLIE. [IpH 3TOM abCcoM0THAA BETHYHHA PAa3HOCTH  |di-1| cTAHOBHTCA BCe MEHbINE H MeHbIIE. J[efcCTBHTEIBHO:

3 1 2 1
a;-1] =[0-1] =1 -1 =] -1| = ja-1=]|_ -1|= _ utn
2 2 3 3
- 1)” I
la-1| = ]+(—’- Il =—, Te. ¢ poctoM n |a,-1] Gymer MeHblle M0OOro CKOIb YIOAHO MAJOro

Fl1 Fl
IMOJIOAIHTCIIBHOI'O T CIIA.
Yncno A HazbIBaeTCA IpcaciiomM YHCJIOBOH IMMOCJICHOBATCIIbBHOCTH {Hn} CCJIH OJIA JMO0Oro cKoJb YTOoOHO MaJIoro

MONOKHTENBHOrO 4YHcia €>0 cymecTByeT Takoil Homep N (3aBHcAmHMiE oT £) N = N,, 4TO 1A BCEX WIEHOB
OCJIEN0BAaTEIbHOCTH ¢ HOMEpaMH #>IN BEpHO HEpaBEHCTBO |a,-Al<s

IIp ezt YHCIIOBOH I10CIeN0BaTENBHOCTH 0003HAYAETCA 11111 4 = A a — Anpufl 2 L.

e e
|

9y ! |
I1Horma roBopsT, YTO €CIH A €CTb Ipefen YHCIIOBOH M0CIEN0BAaTENIBHOCTH | { | , TO 3Ta IOCIENOBATEILHOCTD
cxomHTea K A. CMBICT orpefeneHHs TMpeenaa YHCI0OBOH IT0CTIEN0BAaTENbHOCTH COCTOHMT B TOM, YTO JJIA JOCTATOYHO
|
OOMBIIHX 1N WIEHbI MOCIENOBATENIBHOCTH | ¢! | KaK YrofiHO Majlo OTIHYaloTCs OT YHcsa A. BakHo OTMETHTD, UTO HOMED

N, BooGIe ropops, He MoKeT ObITh VKa3aH pa3 H HaBCernda: OH 3aBHCHT OT BblGopa uHciaa & . IIpH yMmeHbIneHHH & ,
COOTBETCTBYIOIIHIH HoMep N., BooOII[e roBopA VBeTHUHBAETCA.
JIna  reoMeTpHYECKOH HHTEPIIPETALHMH TMIOHATHA I[IPEaena 4YHCIOBOH I10CIENOBATEIRHOCTH  pPacITHIIEM
HEpPaBEHCTBO:
|u“ - A<
- ',-:1 { ﬂ“ - r_..-‘l‘ -:: {|_'._-
A-e<a, <A+«
IT300pasum uwHcna A, A + ¢ A-e H 3HaueHHe (I, TOYKaMH Ha 4YHCJI0OBOH ocH. Ilomyuum HarmsgHo

IFr'COMCTPHUCCKOC HCTOJIKOBAHK C I'TP CACIa ITOCIICTOBAaTCIIBHOCTH:

A-g A A+te
[ ] [ ) [ ]

. . (1 .
Kakoii 0b1 Manblii OTpe30K (IJIHHBI 2€) ¢ LIEHTPOM B TOUKE A HH B3ATh, Bc€ TOUKH (I, HaYHHafA ¢ HEKOTOP OH H3

HHX JIOJTKHBI TTOTIACThGHY:- TR 2FeRQ: oTpe3Ka (TaK, 9T0 BHE €10 MOKET OCTAThCsA JHIIEL KOHETHOE YHCIIO 3THX TOYEK).
I IpHvep SNEKTPOH HOW NoanMCLIO
CepidnTTonbsyACh orp eliEHer 1eM TP e eita TT0Ce[oBaTeNbHOCTH, JI0Ka3aTh, UTO
F neL llleG3vxoBa T I ThHAHAa HADOBHA

lim a,, = a.
i — o0
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1. [To onpeaeneHno 9UCTO @ HABBIBACTCA NPededoM UCA0601 nocae-
dosameavnocmu {ay }, ecan

We >0 dN(g): n> N(g) = |a, — a| <=.

JTo o3uavaer, 9T0 Ve > () HepaBeHCTBO |a, — a| < £ MMeer pemenue
n > N(eg).
2. Hangenm, npu xakux n copaBelInBO HEPABEHCTBO

a, —a| < &,

T.€. PEIINM 3TO HEPABEHCTEBO O0THOCHTEILHO 7.

3. Eca pemenwe mvmeer sug n > N(g), To a — mnpegen 4uc/IoBOR
HOCTE J0BATEILHOCTH {ay, }.

JAMEYAHMUE. Ecmm PELHICHHE HEPABCHCTEA |r1ﬂ — tl| < £ HEeJbL3A IIpea-
CTABUTE B BHAE 1. > N(£), TO 9HCIO @ He ABIALTCA TpeseaoM I0CTe T0Ba-
TEILHOCTH {ay, |

I[TPuMEP. Ilome3ysice onpejeneHwmeM Ipejena IMOCTe 0BATEILHOCTH,

MOKa3aTh, ITO

Ind
lim — = 2.
Jm

PEIIEHHAE.
1. Tlo onpexereHn0 YACT0 2 HA3BIBACTCA MPEAEJIOM YHCIOBOM MOCIe-

2n?
AOBATEIBHOCTH { —3 - ¢, €C/IN
n° — 2

2n°

Sl
nd — 2

Ve >0 dN(g): n > N(g) = < E.

2. HangeMm, npn Kaknx 7 CpaBelINBO HEPABEHCTBO
2n°
nd — 2

T.€. PEIlInM 3T0O HEPABEHCTBO OTHOCHTEILHO M.
3. HepaBencTBo mmeeT pemnrerune n > N () = 31,-"4’."5 + 2. CrenoBaTennb-

— 2| < g,

" I3
HO, 2 — Tpeje] YUCIOBOU TOCTeJ0BATeNLHOCTH {— .

nd — 2
OTeeT. n > ‘2;’4/’5%—2.

3anauH
3anaya 1. TTonp3ysach OIp eeeHHEM IIpeJiena IocIe[0BaTeNbHOCTH, JOKa3aTh, YTO
lim a, = a.
n— 5
2n — 2 2 dn — 2
1. a, = ——, a= —. 2, Gp=—o a=2
" 3n—1’ 3 "oon+ 3’
3 3n + 2 3 4 on + 2 5
by — — il = —. . gy — ——— = —.
1] 2 " 3n+ 1] 3
5n + 2 4n® +1
D, ay, = ———— a = D. 6. a, = a = 4,
3 —nd bn — 2
7y, = ——, a=-1. 8 a,=—, a=3.
14 nd Toon+1]
3 -+ 8n? 3n
NOKYMEHT idoresd ————, a = 2. 10. a, = La = 2.
ANEKTPOHHOW Nofnvckiol + 4n? n+1
Ceptudmkar:  2C0000043E9ABBBY52205E7BA500060000043E

Braneney 3agaga-2:Harmcarh TiocAefoBaTEIbHOCTH ¢ OOITHMH YIeHAMH:
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1) £ =53 2) x,=nl,  3) x, =
N ' 1 et
4} ,;;__'2_.2-"' 5] In_'ETT E}xrt_":_l_lr
sin nr
B 1 . 8 2
N =mm—nearn: 85"
I
— AR N HEeYeTHRIX; T
9) x =1{", 10} x, =~

oy AIA A HETHRIX;

Bﬂﬂﬂliﬂ 3. Harmcartsp dJDphfI}fﬂ}’ DGH.[EFD ICHa IocJIiCoBaTCIIBHOCTH I'TO JTaHHBIM €€ TICP EBIM "WICHAM .
L ] 1 I

1
!}Ev ﬁr ﬁ- 1_2- Ei LU |
| 1 i |
2) J:-47 B, v-8B' 9.10" "0

EI

3y L, S LN Bo

g T1° 18 T* W/ "'
g T o051 :

5* & 11* T4' 17" "¢
5~ 4+ 1 1 1 ] :

3r G+ FF+ I T4 T Ot
' i 2 3 4 5
)0 3. 3 5 T T

3 12 T2

Borip ocel
1. JlaiiTe orpeeneHHe YHCI0BOH IMOCIENOBaTEIBHOCTH.
2. IlepeuricmTe criocoObl 3aJJaHHA THCIOBOH ITOCTIEN0BaTENIBHOCTH.
3. Kakad T110cNeqoBaTEIbHOCTE Ha3bIBAETCAd  OrpaHHYEHHOH, OIpaHHYEHHOH CBEpPXY, OrpaHHYEHHOH CHH3Y,
HeorpaHHYeHHOH? 1 IpHBEOHTE IIPHMEPEI MEPEUHCIIEHHBIX IMTOCIEN0BATEIBHOCTEH.
4. JlaATe OrpeaeNeHHe Ipenena rnocJaeqoBaTeIbHOC TH.
5. Kak HaspIBaeTCA IIOCIEN0BATENBHOCTD, HMEIad KOHEYHBIH I1p enen’?
6. Kakas rocie1oBaTelbHOCTh HA3hIBAETCA MOHOTOHH O ?
7. IIpHBECTH IIPHMEPHI
1) Bo3pacTarmei orpaHH4YeHHOH I10C1e0BaTENbHOCTH,
2) Bo3pacTarolell Heorp aHHYeHHOI [10C/1e/{0BATEIBHOCTH,
3) yOnIBaromiel orpaHH4YeHHOI I10c/I€0BaTeIbBHOCTH,
4) yObIBaoei HeorpaHHYeHHOH I10¢JIe0BaTeIbHOCTH.

IIpakTHYecKOe 3aHATHe 2.2. BbIUHC/IeHHe NMpeeia mMocJie J0BaT eJIbHOCTH. UHcJI0 e.
ITocnemoBaTenbHOCTE &, HMeEIOIasd cBOHM ITp efieoM 0 HasbiBaeTcA OeckoHeYHO Maoi BeJIHYHHOH HIH, TIPocCTo,

OeckoHeYHO MaJoH.
JIemmvibl 0 OeckoHEeYHO MaJlbIX.
Jlemmia 1. C}’NMH Mo0oro KoHeyHoro yHcia 6eckoHeYHOTo MalbIX €CTh Takyke BelHYHHA OecKoHe4YHO MaJasl.

Jlemma 2. IIpoHsBefeHHe orpaHHYeHHOH IEpeMeHHOH X', Ha OecKOHeYHO Malylo ¥, €cTb BeIHYHHA OeCKOHEYHO
MaJIasi.
| [ "]
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Teopemel o0 mpesenax. IIpeaensHEII ITIEPeX0] B paBEHCTBAX H HEPaBEHCTBAX
| |

1. Ecnu fBe rocienoBaTenbHOCTH | X, H |V, T[PH BCEX HX H3MEHEHHAX paBHbI. X, =}V, [IPHYEM

KaxKIasg H3 HHX HMEET KOHEUHBIH Ip eflen lim A, — A lm ¥ = , TO PaBHbI H 3TH Ipeensl A= B.
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1. JafiTe orpeneneHHe OeckoHe4HO Maloi rocaeqopaTenbHOCTH. [IpHBEqHTE IIPHMED.

2. CdopmymHpyiTe TeMMBI 0 0eCKOHEUYHO MAJIbIX.

3. Kakad rocinenoBaTellbHOCTE Ha3bIBaeTcsl OeckoHeuHOo OOoIbIoH?

4. OxapaKkTepH3yHTe B3aHMOCBA3b MEKIY OeckoHeuHO 0ombmIoH H OecKOHEeYHO MaJIoH IMocIe]0BaTeIbHOCTAMH.

5. Kakue aprmeTHYECKHE OrepaLiH MOKHO BbIITOJHATE HaJ IocaeoBaTe IbHOCTAMH? OIMHIIHTE alropHTM
BBITIOJIHEHHA apH(pMeTHYeCKHX ortepaLiHii Hajl IocJIeI0BaTeIbHO CTAMH.

6. CdopmymHpyiiTe OCHOBHbIE TE€OP EMBI O TP efeNnax.

IIpakTHYecKoOe 3aHATHe 2.3-2.4. BeruHcIeHHe npege)ia (PYHKIHH. OQHOCTOP OHHHe npee bl (DYHKI[HA.
Uncno A HasbIBaeTcs IIpefenoM (yHKLHH y=I(X) MpH X cTpeMAleMca K ¢, eclIH Ui Jwboro >0 cylecTBYeT
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DyHKIHA 0(X) HasblBaeTesA OecKOHeUHO Maloil TIpH X—a, ecliH [1m ﬂ'(ﬁ:] =0, 1e. ecm gua Ve>0 CYILECTBYET
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TakKe OecKOHEeUYHO MasioH BETHYHHOH.
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1. JaiiTe omnpeneneHHe rpejena (pyHKLHH, IMp efieaa (yHKILHMH cleBa (cIipasa).
2. JlaiiTe nnpe;[enem{e djy}mm y=1(X) nMpH Xx—wo.

3. Cdopmymi eneHHe OeckoHeuHo Manoii (0eckoHeuHOo O0NBIIOH) (PYHKIEH.
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4. Tlepeunc %%HHD MaJTbIX (PYHKLIHIA.
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YtoObI cpaBHHUTD J1BE OECKOHEUHO Masible (JYHKLIHH HyKHO HaHTH Ip €71€J1 HX OTHOIIEHHA, T.€.
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SKBHBaJIEHTHbIE GecKOHEYHO Malble o603HauatoTea ¢ X ) ~ [F(X).
Teopema. IIycth a(x) ~ o' (x) 1 P(x) ~ P (x). EcH cylecTBYET Mpeen OTHONIEHH: JIBYX OeCKOHEUHO
MalbIX o(x) H P(x), To OH paBeH MpENeay OTHOIIEHHA COOTBETCTBYION[HX HM 5KBHBAJEHTHBIX OE€CKOHEYHO
MaJlbIX, T.€.
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Tﬂﬁﬂ}ﬂ_[ﬂ 9KBHBAJIEHTHbIX 0€CKOHEYHO MallbIX.
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Boripochl
1. CdopmympyiiTe repBbiii 3aMedaTeIbHBIH TP €7IEN.
2. CdopmymHpyiTe BTOpOH 3aMevaTebHbIH IMpeIel.
3. Kak cpaBHHBawOT OecKOHEYHO Mabie?
4. KakHe 6ecKoHeUYHO Mallble HAa3bIBalOT 3KBHBAJIEHTHLIMH 7
5. CdopMmymHpyHTe TEOPEMY 0 3aMEHE SKBHBaIEHTHbIMH O€CKOHEUYHO MaJlbIMH.

Pasznea 2. JIudpdepeHunanbHoe ucunciaeHue (pyHKIHUH 0JHOH NepeMeHHOH

Tema 3. In(pepeHIHATILHOE HCYHCIEHHE (DYHKI[HH OJHOMH IepeMeHHOM.
IIpakTH4Yeckoe 3ansaTHe 3.1-3.2. IIpoH3BOAHBIe HEeKOTOPbLIX 3YJIeMeHTAPHBIX (PYHKHHH. OCHOBHBI¢ NpPaBHJIA
OTH(pPepeHIHPOBAHHKS.

IIpaBHIa BbIYHCIEHHS IPOH3BOIHBIX, CBA3aHHbIE ¢ apH(MeTHYECKHMH JeiiCTBHAMH Hafl (PYHKLIHAMH.

1. IlocmoAHHBIT MHOMCUINETL MOMCHO 6bIHECTIN 3¢l 3HAK NPOU3600HOII. HrbiML cnoeamil, ecii QVHKYUA 1t = r,:c:-{ x)

tmeent € mouxke X HPOU3EOOHVIO If , MO 6 MOl MouKe

,

(Cu) =Cu’ (C =const) .
I Ipumep

1 =35¢0s8 X, 1V =(5cosx) =5lcosx) =-5sin x.

-

II. Ilpouszeoonan on anzebpanieckoli cyMMsl 08YX (DVHKLLT PASHA alze OPaLiecKoll cyMMe HPOLI3600HBIX Ol HNILIX

GvHKLLII.
bonee TouHo: eclH PYyHKLHH 1 :f;@(ﬂ HV ='§.#L’( x) HMEIOT B TOUKE X TIPOH3IBOOHBIE, TO

(10 =v) =0 +v".
IIpumep
y=x"-3x"+2x-1,
v =0) - B3] +(20) - (1) =54 - 6x+2.
III. Ecnu pyurkyuu v :r,:c:-{ x)uv :?,ffr(x) LMeront € moyke X HPOU3EOOHbIE, MO CHPAGEONEA POPMYI

(eev) =wv+ v’

HEHMEE AOKYMEHT MNOANMCAH
p = r;ﬁ'ﬂtg HHOW TIOLQNTVMCBHO
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A% =(x- x- 2)(x- 3).



y =(x- 20x- 3)+(x- Nx-3)+(x- Nx- 2)

IV, Ecnu yuxiyin :a;r-(,t:] uv :g;r(.k:) LUMeront € Moyke X Hpou3eooHble, NPLYEeM 8 3oLl NoYKe V =0, mo
cHpaseonuea Gopmyic
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y=Vu; §= ;

y=a% ¢y =a"-ma-u’ y=e4 y=cu'; ax0, a+l;

: N R L
= log,u; Y o= uloge = ——0;
. S T
y=Inu; y = —u';
y = sinu; y' =cosu - u
i = COS U, y' = —sinu - u';
1 .
y:tgu:. yr;cﬂstuﬂ" :
_ : r__ 1 r.
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. | .
= arcsin &; g e
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; ’ l ’
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Y Y Ve
I —_— & !ﬂ__ | r,
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Y = arcelg ; y' = o u',
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3amada 1. Haiimi ripoH3BoaHY 0 QyHKLHH B Touke X=0:
__ - _2 - (_n('ﬂ,' l)) . £
. O T , : In| 1—tg | = sin . oxFE 0,
I f(x) = &1T1 (..'; + & a.m:r)‘ c#£0, 4 flz) = .
0, z=10. 0, a =0
I 2 .t D o . - b (;{' '.:iiIlE)-. xr #1,
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| 0. z=0. 0, x =10
i . 1 ] a1 P
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3amada 2. HaiitH ripoH3BoAHbIe (PYHKILHI:
1. 1. v=2x" +35x"-Tx- 4

—

2. y =+ x AOKYMEHT MNOANMMCAH
- ANEKTPOHHOW NOAMNMUCBLIO

P == ofu X -
Cepriebukat  TC0dohSM3EdABABI52205E7BA500060000043E

Bnaneneu: |_|£'q3}'KL‘-[—.'-H TaTesaHa AnekcaHapoBHa
4. v =—
X
,El,f;-'.-'-:ssn'r:.'|r:H£’_t*;I.[]&q.EGEE no 19.08.2023
- —}I_T _.1.'.I -Fx-

6. ) =5sinx +3Ccosx



Boripocsl
1. CdopmymapyiiTe 3ajjauH, IIPHBOOAIIHE K MOHATHIO TP OH3BOHOI.
2. JlaiiTe orpejeneHHe NMPOH3BOAHOH (PYHKILIHH B TOUKE.
3. CdopmymipyHTe OCHOBHBIE MpaBHIa JH(GEp eHIHp OBaHHA.

IIpakTHueckoe 3aHaTHe 3.3-3.4. JInpdepeHIHPOBAHKE CJI0KHOMN H 00paTHOM (Y HKI|HI.
IIycTh maHbl (PYHKLIHA _f'(u.) aprymeHTa I W (QyHKIIHA 1;35’(1) aprymedHra X . C HX TMOMONIBK MOXKHO
oOpa3oBaTh CIOXKHY K0 (PYHKLIHIO

£lglx))
aprymeHTa X . B 3ToM ciydyae roBOpPAT, YTO Mbl «B3AJMH (PYHKLIHIO OT (PYHKIHH» HIH MPOH3BENIH «CYIIEPIIO3HLIHIO»
(yHKLHIA. ToYHBIA CMBICT TaKOB: I10 3ajaHHOMY X HaxOIUTCA YHCJIIO -:;?.?(x); 3TO YHCJI0 Oeperca B KauecTBe 3HaYeHH:A

apryMeHTa 411 Gy HKLHH f(u} TO, YTO TPH STOM TTOIYUYHTCSH, H €CTh 3HAYEHHE f({}f{:{,)) 11 JaHHoro X .
["OBOPAT €ll€, YTO (PYHKLIHA f( (:{,J} TOJIy4aeTCs H3 /1) ¢ momompio nonctanosku u =gl x).
[Iprvep - =i . EcIH B3ATh 3 —x° - 3x + |, TO Oy 4HM CJIOKHYIO GYHKIHIO 7 :[_1;2 - 3x + _l_) 3

IIpuMep v =~'ur, 4t =2 - x.Torma v =2 - x.

1 , l
— 7, 4 =S x.Tormga vV —
1+ ut

IIprmep V =

I x + |.*_~1in x|

VCcTaHOBHM BaAHY IO TCOPCMY, I103 BOJIAIOIIY KO BECBEMaA TIPOCTO BBIMHCIIATE ITP OH3 BOJHBIC CIIOMHBIX d)}fl-llﬂ_[[‘]ﬁ

Teopema. IIycth V¥ —_/'{'x.f,], rae i :Q?(A:). EcmH 118 cOOTBETCTBYIOIMIHX NpyTr Apyry 3HaueHHil I u X
CYIIECTBY FOT KOHEYHbIE ITIp OH3BOJIHbIE f’(u] U 3{ , TO CYIIECTBYET H KoHeuHas IpoH3BoaHasA oT .V 1o X , [IpHYeM
v = a1 e

dv  dyv du
dx  du dx’

Lipumep :[l + I:::]ﬁ- [TonokuM v =2, 3 =] + x”. v =5u"u :5(.1 +A’2]4{1 +A.‘E) 210:{'{1 +.!s.'2]4-

[Ipumep V =sIN3x T e )V =SINH e ¢4 =3x. v =cosuu =cos3x (3x) =3cos3x.

B cimydae CclIOXKHOH (YHKIHH, TIOIYYEHHOH B PE3YyIbTaTe HecKOIbKUX CYIIePIHO3HIHIL,
IIPON3BOAHAS HAaXOQHTCS IIOBTOPHEIM IIPHMEHEHHEM (DOPMYJIIBI HECKOIBKO pas.

[Ipumep i% =(1+sin2x)",
v =3(1+sin2x) (1 +sin2x) =301 +sin2x) cos2x(2x) =61 +sin2x) cos2x.
ITycTh JaHa QyHKIHA V = [ x) (omHO3HauHaA), f. - ee obnacTh3agaHHA, & - 00JacTh H3MEHEHH.
Bo3sbmem Kafcne-miﬁyﬂh 3HaYeHHEe V3 obnacTH H3MeHEHHA & Ecnn (PYHKLHA

¥ :f{.ﬂ go3pacmeronjaa (Wi y6siearonjai), To B3ATOMy V' OTBeYaeT JHINb OfHO 3HaueHHe X 3 £, 1A KOTOpOro
v = f1x), u Tem cavpv mp1 [OJTy 4aeM HEKOTOpyIo ofHOsHauHy o dyHxapio x = gl 1) koTopyo HasbiBatoT 0GpaTHOI

o QYHKLHH ) Zj'{x}. OHa UMeeT cBoei 06IacThiO 3aJaHHA MHOXKECTBO & , a 00JacThio H3MeHeHHa . F H &
TTOMEHSAIIHC b P OJIAMH.

Teopema. Ilycte Vv = f“{x:] H X :0( w] - B3aHMHO oOpaTHble, Bo3pacTarolHe (MM VObIBawIHE) H
HerpepbIBHbIE (PYHKIHH, 3a7jaHHbleé B HEKOTOPBIX IpoMekyTkKax. EciH B Touke X CyIIeCTBYET KOHEYHasA ITp OH3BOHaA
¥a (x) =0 , TO B COOTBETCTBYIOMIEH TouKe V' (pyHKLHA s.{( ) TaK’Ke HMEET [TPOH3 BOHYIO (110 .V ), IpHUIeM

[IOKYMEHT MOAMUCAH o 1) !
3NEKTPOHHOW MOAMUCHIO g\ = T

Ceprvpukatr: 2C0000043ESABBBO52205E7BAS00060000043E
UTeNMOKH O SaFke aTk M-Take: AnekcadapoeHa

Heicteutenen: ¢ 19.08.2022 no 19.08.2023 {31:].-’ l:rt{]-’:' .




EcnH (yHKIHA HMeeT HyJIEBY0 HIH O€CKOHEYHYIO IIPOH3BOJHYI0, TO oOpaTHad ()YHKLHA B COOTBETCTBY IOMIEH
TOYKE HMEET OECKOH €YHY F0 HITH COOTBETCTBEHHO HY JIEBY IO ITPOH3 BOJTHY 0.

JamauH
3agaua 1. Haiimi ripoH3BoiHbIE 3aaHHbIX (DYHKLIHIA:
l. y= viEr g y=In{x++v1+2%). 3. y=In*(1-cosa).
3 (sinx + cosxln 3) sh 2
4. y = In(arcsin/T). 5. 1 _ . b.oy :
) { ) Y 1+ 103 ‘ ch®2r
1 .
T. 4 = arcsin — § w=arctgd3’". O y=In{l+viha),
v E
0s° T
10, y = lnsn 3 — “_b .
5111 T

3aganHe 2. BIYHCIHTD MPOH3 BOJHYIO (Py HKILIHH
a) y =5" +xInx.sTouke X, =1:

| .
6) v(x) :? X - EI - 4x7 + 5, B Touke X, =1;
. — 1
B) / (x) =2xV X - —= B Touke X =4,
N X

D f(x) —=4x° +6x +3 B Touxe X, =1

3agaHie 3. BeIYHCIHMTE I[TPOH3 BOOHLIE:

a)

1) y=arcsinbx; 2) y=arcsin} x(x>0); 3) y = arcsinmx;
4) y = arccos by, D) Y= arccos(l — x®); 6) y = am:asi ;
6)

1) y = arctg bx; 2) y=arcig—;  3) y= arctgdx¥;

4) y = Varelgx; 5) y= arccigmx; * B) arccig I-I[x"
B)

1) y = Inax -+ b); 2) y = In® x; 3) y = Insin x;

4) y = Inarctgx; Dl = xlnx E)y---E

T y=In{x-+ V1 -+ ) 8) y = In{Inx).
Boripocsl

1. Kakas (pyHKLHA Ha3bIBAETCA CJIOKHOM?
2. O0BAcHHTE ITp aBHIa JH(depeHIHpoBaHHA CI0KHOH (PYHKLIHH.
3. Kakaa (pyHKLHA Ha3bIBaeTCcA oOpaTHOH NaHHOH?

4. KaxkoBbI npaBHiIa qH(p ¢ep eHLIHpOoBaHHA 00p aTHOH (yHKILIHH?

IIpakTHYecKoOe 3aHATHe 3.5. 'eoMeTpHYeCKHH H MeXAHHYe CKHR CMbBICJI MPOH3BOJHOM.
CkopocTe V' ToukH )\ , nBHKYwefics 10 [PAMOLT, eCThb [P OH3BOIHAA OT PaccTOSHHA S no BpeMeHH f , T. €.

s
dt

VrnoBoi ko3(pHIEeHT KacaTenbHOH K HEMpephbIBHOH KPHBOH ¥ :j'[x) €CTh IpoH3BOgHaA oT » mo X (B
COOTBETCTBYIOIIEH TOUKE):

- =

rgr’,i:’ :I],F'I
HJTH
7AL
[gor ———.
X

IIpH 5TOM €CIH CyIECTBy €T KacaTellbHas, TO €y ECTBY €T H IPOH3BOAHas, H HaobopoT. Ciyuaro KacaTeJIbHOH, He
HT NOArMCAH
TapaJLIelnbHOM Dgﬁqm %LWEIH{HH [POH3BOJJHAA, CIyYal0 KacaTelbHOMH, IapasulenabHoil ocH (), oTBedaer
OeckoHeYHAasD [P O3 BONHAM: 9522055 7BAS00060000043E

SraneneuTppnfep” TOUR A HBAKETCH" nrh TIpAMOH I10 3aKOHYy ¢ —yf- (IIyTh S H3MepsAerca B MeTpax, Bpema I - B
CE:I-C}i’H,I[HK) Haiit1 ee CKD[]DCTI: B MOMEHT { =35.
NencteuTenex: ¢ 19.08.2022 no 19.08.2023 tif._‘. .
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fff



ITostoMy V| ,_. =3 5~ =75 .m/lcex.

IIpunmep Touka, ocTaBaichk Ha IpAMOH, cOBepilaeT KoiedaTelbHOE JIBIUKEHHE IT0 3aKOHY & —sin /. B kakue
MOMEHTHI BpeMeHH CKOpOCThL o0pal[aeTcs B Hy JIb?
PemenHe. CKopocTh B 1H000H MOMEHT HMeET 3HaueHHe

(s
¥ —=—— =CO8 {
cdt
Yrpu £ =2 + 1) 7 5 =
[Tostomy v =() npu ¢ =\2n +1 EJI =0.1.2....
5 5 1 1
[Ipumep HarmicaTh ypaBHEHHA KacaTeIbHOH H HOPMAJIH K KPHBOH ¥ — B TOUKE =5 |
X 2 )
PemenHe. YrnoBoi ko3 pHILMeHT KacaTenbHOI B M1000i Touke JaeTca ¢ opmyoi
: I
k =y =- —

R

k =

|
- I Kak H3BeCcTHO H3 aHAJHTHYECKOH TeOMETPHH, YpaBHeHHe IPAMOH,

[IPOXOOAILIEH YEPE3 JAaHHY IO TOUKY (In : V0 ) C YIJI0BBIM K03(p PHLIHEHTOM K, HMeeT BHA

f ]
[TosTOMY [y TOYKH [2‘.:5

v=y, =klx- IU}_

B Hamem CJIyHac MBI I1OJIYYAaEM

1 1
y- = =-—(x-2),
T2 4
HITH
x+4y-4 =0,
3TO H €CTh YpaBHEHHE HCKOMOIH KacaTeJIbHOH, H300p akeHHOH Ha pHCYHKE.
y N
T
®
0 1 / 2 X >

.
Vrnosofi ko3 GHLEEHT HOpMaJH K KPHBOI B TOUukKe | 2., = | HMeeT 3HaueHHe

]
i —4
(B CHUTY YCJIOBHA TEPIIEHIHKYIAPHOCTH By X NPAMBIX). ClIenoBaTeNbHO, YpaBHEHHE Hy AKHOH HaM HOpMAaIIH HMEET BH]

V- ]— —4(x- 2)
2

SrAFR

HITH
Sx- 2v-15=0,

JanauH

MEHT NOANWCAH — B 372 ) 4
3azauda i.&%}ﬁﬂf}ﬂﬂ#ﬂﬁmmﬂ [pAMOH I10 3aKOHY S = ot 3t + 4, rme IIyTh S H3MEPAETCA B
CaHTHMETpaxCooa04BpeMasoskoos=78mooceRyHaax. HafmH  cpeqHIOl0 CKOPOCTh 3a IIPOMEKYTOK BPEMEHH OT

reasrel pd fyeee (e Aryeraes A = 0,5; 0,3; 0,1. OrpeqemMTh TakAke HCTHHHYIO CKOPOCTh B MOMEHT t = 1

CCK. ] )
.ﬂ,,fﬁf.kﬁ EHIH_“E:IIE:IIHaﬂTH ﬂs; 2-} If',.cp -l i"‘?.

3amada 2. CocTaBHTh YpaBHEHHE KacaTeIbHOH H HOPMAaIH K IpaHKy (PYHKLHH V B TOUKE:



. y=x—-2z2%, a=1. 2. y=x+xc+1, a=-1.

. y=x"+7x, a=1. 4. w=+vr—2, a=4.
5. oy=a°+vVad, a=1. 6. — Vr?-9, a=-27
2+
7. = oa=29. B, y=232 VVr -, = 16.
S A i d N
2
2 B ot —2dr 42 B
9 y=zxz"—x—1, a . 10). " , @ = 2.
3amaua 3. COCTaBHTh YpaBHEHH KacaTelbHOH H HOpMAIH K rpadHikaM (PyHKLIHI, 3afaHHbIM ITapaMeTPHYECKH::

] #o={—sint, 5 @ o= 2+ 12

' y=1-=cost, iy=m/2 ' y=2t -3, ig=1.
g | = icost, r=1t—1t,

" I,I':Ei“x, Ilj—nlllf:l' y—f_ti E.Ll—l.

: T =tcost, 6.

' y =tsint, tp=m/2 gin’ E fo = ”.'Tl."“i.

- [ a=v1-#, = In(1 + ¢},

© | y=arcsint, f5= i = arctgt, fty = 1.

9 ; r=ln tgl, 0.1 T= tsint + cost,

"] y=1/sin*t, 1y =n/d. y=sint —tcost, ty = w/4.
Boripocsl

1. KakoB reoMeTpHYECKHH CMbICJI ITPOH3BOIHOM?
2. KaxkoB MeXaHHYECKHH CMbICJI ITPOH3BOHOH 7
3. 3anumHTe ypaBHEHHE KacaTelbHOH K rpa(HKy (PyHKIIHH B 00II1eM BHJE.

IIpakTH4Yeckoe 3aHaTHe 3.6-3.7. Jud(epeHUHPOBAHHe HeSBHLIX H NApAMETPHYECKH 3aJAHHBIX (DYHKIIHMH.
Jlorapu(pmudeckoe THQ(pepeHIIHpoBaHHe. 1Ip OH3B 0IHbIE BBLICIIHX MOPSIKOB.
ITycTh HEOOXOAHMO BBIYHCIHTL IPOH3BOAHY 0 (PYHKLEH, 3aJjaHHO ITapaMeTpHYecKH, €CJIH 3aBHCHMOCTh V OT X

Ja/ldH4qa HDCHE,[[CTBQM IapamMcETpa t:
{ £ f{lt:"u

y = g(t),
TO 3ABHCHMOCTE §f' OT I 33 Ja8TCA NOCPEICTBOM TAPAMeTPa ¢t hOpPMYIAME
£ = £(t),
=9 (t) (1)
F(t)
Brramenmsen f'(t) n g' (), mogerasasen s dropuyay (1) n sanmcrsaen
OTBOT.
I IpHnmep

e ™ lr L |
Hawe nponssognyo i), ecan

{ r=Inl#+ 1+ £%),

N / 2
=1+ - YD

PEINEHHE. Buaramcagess:

dar 1 { 1
— ] —— — .
et fq—ﬁ|+zﬂ( M]—t;) W1+ #2

le

' ! a
MEHT NOANWCAH — (1 + 4/ 1+12)
4y ane &:::-HHGM noarficbio V1 + 2 Vi +1
Cepucbukar:  ABD000GHIEIABBBIS5329557TBASCEDE0000043E {2 t

Bnapeneu: L.JLUJ xoBa [aThkaHa AnexkcadgpoBHa )
[MoacTasing [ICLl‘i"lI;'J].-lHJ:-I'l" PEIVABTATHL B (hOpMyaLy {1],. IOVTY e M

x = In{t + /1 + 2],
1+ ¢
P
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Ecmi He3aBHcHMasA repeMeHHaa X H (PYHKLHA y CBA3aHbl ypaBHeHHeM BHAa fix,v)=0, KOTOpOe He
paspelieHo OTHOCHTEIbHO V, TO V Has3blBaeTcA HeABHOH (yHkiHeHd x. HecmoTpsa Ha To, 4To ypaBHEHHe f{x,y/=0 He
paspelieHo OTHOCHTEIbHO Y, OKa3bIBAa€TCA BO3MOKHBIM HAHTH ITP OH3BOIHY K0 OT ¥ I10 X. IIpHeM BbIYHCIEHHA [TPOH3BOIHOH
HEABHOH (JYHKIHH COCTOHT B TOM, YTO 00€ 4YacTH ypaBHeHHA f{x,v)=0 mH(depeHLIHPYIOTCA 0 X ¢ YYETOM, 9TO V €CTh

(yHramA x. 113 romyyeHHOTo ypaBHEHHA OTPENENAETc )

IIpumep HaitmH rpoH3sBOgHYIO OT HeABHOH PyHKLIHH Sx+3y-7=0.
HHbdepeHLiHpy s 110 X 00€ JacTH paBeHCTBa H Y UHTbIBasdA, YTO: 1) Y €cTh ()yHKLHsA X H 4TO 2) MPOH3BOHAasA [1p aBOH

5
3
I[Iycth dyHKIHA V Z_f}[:,‘f) HMEET KOHEUHYIO ITPOH3BOJIHYIO /p’:f’(ﬂ B Kakoi TOYKE HEKOTOPOro

lf = — -

5 g— J— ,
yacTH paBeHCcTBa paBHa 0, rmonyaem ' 1 3y’ =0, 3y = —5

MpoMEKYTKa. DTa IIp OM3BOHAA caMa ABIAETCA dyHKyueli oT X' H, MOKET ObITh, B CBOK OYEpPedh HMEET ITP OH3 BOJHY 0.
I[IpoH3BOJHYI0 OT (YHKIHH V —f (x) Ha3bIBAIOT GMOpPOoli TIPOU3BOJHOH (HIH IIpOM3BOJHOH 6MOopozo0 HOPAOKd) OT
(QYHKLHH V' = f{ ) u 06o3HawAIOT OJIHHM H3 CHMBOJIOB

. dy
Y

A . ""Ii: * - ™ b a o,
dy’ dx” dx”
MoKeT CIAyUHThCA, YTO H BTOpas IPOH3BOJHAA B CBOIO OUYEPENbh HMEET IPOH3BOIHYIO, 3Ty IIPOH3BOHYIO

Ha3bIBAIOT MIpentbeti TPOH3BOMHOI (FHIIH ITp OH3BOHOMH nipenibe2o NoOpAOKd) oT PyHKIHH V — / (x) H 0003HAYAIOT KaKHM-
JTHO0 H3 CHMBOJIOB

rr E-?r i J'J
Vo,

ar

', DS
dx dx” dx

AHanorH4YHO BBOOHTCA YemeepmdA, HAMAA H JIPyrHe IPOH3BOAHBbIE - IIpOH3BOAHbIE NMoOoro mopsaaka. A
0003Ha4YeHH:A TP OH3BOIHOH N-T0 MOPAAKA YIIOTPe0JIATCA CHMBOJII:

o a" ¥ }{[ nl {I}q dllf{l) d" fﬂ(l) .

L

f(.l') .

" dx' T dy"
HHorna A7 yKa3aHHA TOH I1ep eMeHHOHH, 110 KDTD[]DH Gep €TCs TIp OH3BOJJHAsA, TTHIIYT

.} ix® .F_J:.r.'.: 2

HIH, Ooee KOpOTKO,
, ”

Vi Vi,
HDHMEE |
y=2x, v =ex’, y =l2x, »" =12, ¥ =¥ = =0
prmdgp
=247 -5+ L =67 - 10k, v =12x-10, w7 =12, WV =0 = =0.
LIprvep
y=sinx., ¥ =cosx. ¥y =-slnx, ¥ =-cCOS.uX, _1--*"; =sl1x, 3HaueHHd TIOCHENYIOUHX  IIPOH3BOJHBIX

HEPEOy IOTCA B TOM JKE TTOPAIKE.

f; :'
Y100bI HMEIO CMBICII IMOBOPHTE O KOHCEYTHOM HITH OecKOHEYHOM 3HAaYeHHH % !

B TOUKE .X(,, HY’KHO, UTOOBLI
Ju{”' " Kak QgyHxkimA ot X Oblia orpefieneHa H KOHEUHa B HEKOTOPOM IIPOMEKY TKE, COJIEp/KallleM TOUKY .X . TaKkHM
oOpa3oM, KOI7la TOBOPAT, YTO B TOYKE X HMeEETCA KOHEYHasd HIH OeCcKOHEYHas H-A TPOH3BOJHAA, TO TEM CaMbIM

oJipa3syMeEBalOT CYIeCTBOBaHHE KOHEYH O (s - 1) [POH3BOJIHOH B HEKOTOPOM I[IPOMEAKY TKE, COIEPIKALIEM TOUKY X

JamauH
3agadva 1. BeIYHCIHT MPOH3BOJIHY 0 (PYHKLIHH:

1) {,rg_u].._(l _—T-—-J—-:iivzi'ﬂ <4 2 arclg ifﬂ)

1 (lﬂ | -—.l:]-".E-FJr’ :V’E)
I+ 24 1t
I!—"rﬁ)

a1 L
3 “‘_._ (Vlﬂﬁlﬁ oA 2 arcty
G)eprucikar:  2C00000 3E9ABBBI52205E7BA500060000043E

SNEKTPC JF ArNUCBLIO
BInanernesg ._,.-:-l.':'. XOoBd ITeEHHA .-"'-._"lz CAHMNDOBHA

l. ¥ = (sinx)¥". 2, y=a"3v",

- 2 arctg
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_':;l. .|:|' — |::‘-:‘.E:.ii':|ln'r. . = .;L""'r.T -Ez-uin L

T = Ti;‘!'“_ | . M. Uy = BT

.|.J'

9,y = (sin 3z =" 1, y==x" 3%
3aganye 2. Haiimi rp oH3 BoHbIE N-T0 TIopAAKa 3aJaHHbIX (PYHKLIHI:

1. p=sin2e+cosde. 2, y=sinlde + 1)+ cos2e, 3.y = 277,

& T4 1
= In(dx + 0.y = . =
4. y=In(2r + 4). 3= 6. —
7oy =371 8.y = ln(3x + 1). TR
10,y = /.

Boripocsl

1. Kakas (pyHKLHA cuMTaeTcA 3aJaHH Ol HEABHO?

2. 3armmuTe Gopmy bl AH} dep eHLHp oBaHHA (PYHKLIHH, 3aJaHH O HEARHO.

3. Jma pguddepeHiMpoBaHHA KakHxX (YHKI[HI LienecooOpa3HO IIpHMEHEHHE METofla  JIorapH(MHUYECKOro
nHddep eHLIHp oBaHHA 7

4. JlafiTe ornpeneneHHe TipoH3BogHOIH riopanka n. Kak o0o3HayaroTeA MPoH3 BOJHbBIE BRICIITHX IMOPAIKOB?

5. OrmnmiTe ocobeHHOCTH AH( ¢ep eHILHP OBaHHA (DYHKLIHE, 3 a/laHHBIX IMTapaMeTPHYECKH.

Tema 4. IIp H10:KeHHS MPOM3IBOIHOI.
IIpakTHyeckoe 3aHaTHe 4.1. IIpaBuwao JIonmHTa/ I pacKpbITHA Heonmpede/ieHHocTeH. Popmysa Telaopa s
MHorowieHa. opmyiia TelJiopa AJ1d NP OH3BOJIbHOR (DYHKITHH.

Peun r1ofeT 0 BhIYMCIEHHH IIp €/leJia OTHOLIEHHA JBYX OeCKOHEYHO MaJbIX HIH JABYX OecKoHeuHO OonbIHxX. B

0O
[EPBOM CIIy4a€ TOBOPAT, YTO HMEIOT [EelI0 ¢ <«HEOIPeNeIEHHOCThI0O THIITA — », BO BTOPOM CIIy4ae — C
- (_] e
«HeOoIpeIeNIeHHOCThI0 THITAa — ». KoHewHo, camH 1o ceGe cHMBOJIBI H — JHIIEHbI CMBICIA, H HX HCITOMb3Y 0T
JHIIb U151 0003HaYeHHs THITa HEOTTP e eleHHOCTH.
. SInJzX O
Iprmep. 1M ——— —HeorpeneneHHocTs THITA —
— lI]_.JL' (]
. X +5x-1 .
ITprmep. [1im - — HEOIPE/eNeHHOCTh THITA —__ .
e 2y 43
Cnexymoomas TeopeMa OCHOBBIBAa€TCS Ha TeopeMe KOIIH H AaeT I1oj€3HOe oflnee MpaBHIO I PacKpbITHA
O |
HEOITp ejeJIEHHOCTEH BHIa = U — -, B JIMTEpaType 0GbIYHO Ha3bIBalOLI eecs Hpaegiiom JIonumana:
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Hei MoKeT € Iy HHTbCS, . W10, OTHOLIEHHE TPOH3BOIHBIX OIATh MPHBOAHT K HeorpeneneHHocTH. Ho K oTHoIIeHHIO

HpﬂHEEGI[I—IhIK MOKHO CHOBa IIpHMCHHTE YCTaHOBICHHOC TIPpaBIIIO (EC.]'[H KOHCYTHO, BbBITIOJIIHEHBI VCIOBHA CI'O
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IEPEXOIHM K TPCEThHM IIPOH3BOIHBIM, H T . Komnb CKOPO Ha KaKOM-TO IIare Mbl ITOJIY"YMHM IIPpCOcCil, I{D'I'Dphlﬁ CMOAKEM
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Taxrmv obpazoM, kakoeo Obl Hil ObLIO A, MHOZOYIEH CIIENeHL N 6Ce20a MOMNCHO 3anticams 6 eude (3). OTa (popMyia HOCHT

Ha3BaHHe gopwmyist Teilopa Myt MHOTOWIEHA H coflepkHT dopMyity (2) Kak dacTHbIHA ciayyail (mpu ¢ =0); dopmymny (2)
Ha3bIBAIOT HacTo gpopmvynoli Maxnopera.

Dopmyna Tefnopa i mo0oi n pas qHG gep eHLHpY eMoi (PYHKLHH:

'f”{ﬂ) f[ﬂ) + £ Ma) () )] L(:}

(b= a)+: (h-a) +...... _ -al o+
I 2! (- 1) 7!

ol

(h-a).

@Dopmyna Teimopa HMMeeT BaKHbIE TMPHMEHEHHA BO MHOIHX BOMpOcaX MAaTEMAaTHYECKOr0 aHa/HM3a H €ro
MPHIOKEHH. B 4acTHOCTH, BO MHOIHX CNIy4YadAX OHa IT03BOJIAET (PYHKLIHIO CJIOMHOH TIPHPObl ¢ OONBINOH CTEMEHbIO
TOYHOCTH 3aMEHHTh MHOIOWIEHOM, T.€. (pyHKLHeH OoJiee IpocToiH, JaeT IpocToH crmocod IMpHOMLKEHHOTO BbIMHCIIEHHA

3HaUYEHHH Py HKILHH.
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3amaua 5. Pa3snoKHTE MHOTOYJIEH I10 CTEMEHAM X = X, €CJIH:
3 2 :
a) P(x) =x" +4x" - 6x-8, x, =-1;

6) P(x) =x"-3x"+7x+2, x, =2.

1

3anada 6. Paznoxuts o dopmyne Tefinopa ¢pyHkimo f (x) =—B Touke X, =1.

X
3amaua 7. PaznoxkuTh 1o dopmyie Tefinopa dyHxampio f(x) =2 B Touke x, =log, 3.
Borpoch! [IOKYMEHT MNOAMWCAH

SNEKTPOHHOW NOANKUCHIO .
ook GOOPMYIPYITE TDABHIO, LG TTALA A paCKPBITH HEOTpeTeeHHOCTel
Anandne, T1EOTPEAETIEHHOCTH KAKOL0 BHAa MOKHO «pacKpbIBaTh» IIPH ITOMOIIH IpaBHiIa Jlormras?
3. 3armicath Gopmyy Teitnopa A MHorowieHa. [IpHBeCTH IPHMEp TPAKTHYECKOr0 MPHIOAKEHHSA (OopMyJIbL.
4.  Sarmmure popmy iy MaknopeHa. O0bAcCHHTE B3aHMOCBA3b Gopmyna Tefnopa H MakopeHa 1711 MHOTO4JIeHa.

D |

Aeres e SanpmiTe poprry my Tefinopa s nro6oit mHddepeHIHpyeMoii n pa3 (y HKLHH.



IIpakTH4YecKoe 3aHATHe 4.2-4.3. BospacTanie H YObIBaHHe (PYHKIHI. DKCcTpeMyM (PYHKIHH. BhINYKJI0cTh rpadHKa
(QYHKRIHH. ToukH nmeperuda. ACHMNOTOTBI rpadgHKa PYHKIHH.
Touku, 6 KOMOpPsIX (QVHKYUA UMeent SKCHIPeMyMsbl, clledvenl UCKANL cpeoll nex eHVIPEeHHUN MoYeK ee obnacnui

sadanua, 20e o f(‘f) =0, mubo f(Jr:J =, mibo f'[.?f:) He cyvugecmevent. Bee 3TH cilydaH peanH3y FoTcs, HalpHMEp,

-1

* —_—

st yHKIME v =x~, y =x ', ¥ = X|, Kakgas H3 KOTOPbIX HMEET MHHHMYM IpH X = ().
ToukH ykazaHHOrO BHJa VCJIOBHMCA Ha3bIBaTh KPHTHYECKHMH ToukamH. He B Kakgoii KpHTHYECKOH TOUKe

[ [ [ [ 3
oOs3aTensHO OyieT sKeTpemyM. J[efcTBHTENBHO, Touka X = 0 GygeT KpHTHYecKoH I KaxgoH H3 GyHKIMA 1 =x (
P S s— ol om o
v =3x",y =0 mpux=0), v =3/x (¥ —E.r , V' =2C pu x=0),
ClleqyIOL[HE TEOPEMDI TO3BOJEIOT OIPENENHTb, HMEETCA B JAHHOH KPHTHYECKOH TOUKE SKCTPEMYM HIH HET, H
€CJIH HMEETCA, TO MAaKCHMYM HJIH MHHHMYM.

Teopema 1. [Tvems X o, —Kpunmiteckas moyxa u gyuxyua | (x) HenpepsleHd € 3Moti modxe. Ecnu € Hekomopoti

OKpeciHoci motix "T'D .

D f x) >0 npux< Xou (x) <0 npu x> X, N e. npu nepexooe 4epes Mo4Ky X HPOU3E0OHAA MeHAeN!
SHAK ¢ WII0CA HA MUHYC, 1L

2) f (x) <0 npux< Xq u f (x)>0 HpU X< X, DL e. HpU nepexooe depe3 X, HPOU3BOOHAA MeHACHL 3HAK C
MUHYCA HA NTIOC, UL

3) NPOU360OHAA He MeHAeNL 3HAKA NPU Nepexooe epe3 X o, Mo € CAyyae 1) uveent Mecmo Maxkcumym, € cayiae 2)
—MUHUMYM, 6 CIvuae 3) IKCHIpeMymda Hell.

Ipimep. f{x) =x* - 3x +1. Oymama secrony mddepeHippyema. CleToBaTeTbHO, Bce KPHTHUECKHE TOUKH
HaXOMATCA H3 yPaBHEHHA

£ 1x) =3x" - 3 =0.

OTcrona
x-1=0,%x =1, x, =
— JIB€ KPHTHYECKHE TOUKH.
1) x; == 1L.Ipux<—1meem: /(x) =3x"-3>0:mpux>—- 1 (Hox<1): )‘TL] < (). CnenoBatennHo, B
Touke X, —- | mmeer MecTo maxcuvym.
2) X, =1.Tpux<l (o x> — 1): 7(x) =3x7 - 3 <0; npux>1 Humeem: f{r) > (). CrieqjoBaTenbHO, B TOUKE
X5 =I nmeer mecto munHLMYM.

TEDDEMH 1 Mo3BOJAET BbICKA3ATh CJIICOVIOHIHE TP aKTHUYCCKH ITOJICSHBIC CDDﬁp AAHKEHHA.

[TycTh peub HAET 00 OTHICKAHHH 3KCTPEMyMOB (YHKIIHH [ (x,} HETIPEPBLIBHOH B HEKOTOPOM ITPpOMEKYTKE H

HMEI‘DH_[Eﬁ E HCEM KOHEYHOE MHOAKCCTBEO KPHTHYCCKHX TOYCK.
Hﬂﬁﬂﬂ BECC KPHTHUYCCKHC TOYKH, PAacCIIONOHIM HX B ITOPAIKC BO3paCTaHIA HSCL[HCCZ

Q<X <X, <..<Xx_ <X, <D (1)
(a1 H — KOHLIBI paccMaTPHBAaEMOTO [Ip OMEKY TKa). B KasKIOM H3 HHTEPBAJIOB
[a,,x:] ),,(;f, _ﬁxz)...._.,(,r”_ X, ).(x,,b) 2)

= - lll! ’ -
CYLIECTBY €T KOHEUHas f"(:t') #() (rockonpKy Bce TOUKH, ITIE f(‘f) =0, f(:t’] =0C WM I7e f”{I) HE CYIECTBYET,
BOIIH B UHCJIO ToueK -X;, X, ..., X, ). IIpenronaras ‘_f'r(;f] HETIp epbIBHOI B KaKOM H3 YaCTHYHBIX HHTEpBaJoB (2)
— Ha MpPaKTHKE 3To 06bIYHO TaK H ObIBAET, — HETPYAHO MPHITH K BBIBOAY, 4T0 [ ) coxparAent 3HAK BHY TPH KaKI0ro

TaKoro HHTepBada (eciH Obl /[ (t} MeHANA 3HaK BHYTPH Kakoro-HHOyap H3 HHTepBaioB (2), To II0 CBOHCTBY

HEMpepbIBHLIX (YHKLIHE oHa oOpainanack Obl B HyJIb B HEKOTOPOH €HVHIpeHHe i TOUKE 3TOT0 HHTEP BaJla, UYTO HEBO3MOMKHO).
Yrobbl HaHTH 53TOT 3HAK, JOCTAaTOYHO, HarpHMeEpP, YCTAaHOBHTh €ro A KakoH-HHOV/Ib KOHMKpemHOli TOYKH
COOTBETCTBYHOII[EN0 HHTEP BaJia.

B pesyneraTe HHTepBanam (2) OymeT COOTBETCTBOBaTh HEKOTOpasA IMOCJIENOBATENBHOCTh 3HAKOB TUIIOC H MHHYC,
XapaKTep HepeNoBaHHA KOTOPhIX B CHITY T€OPEMbI 1 ITO3BOJAET CYOUTh O HAJTHYHH MaKCHMyMa (CMeHa IUIca Ha MHHYC),
MHHHMyMa (CMeHa MHHY ca Ha IUTHOC ) HUIH 00 OTCY TCTBHH SKCTpeMyMa (coXpaHeHHE 3HaKa) B COOTBETC TBYIOL[HX TOUKaX.

2

[Iprmep. f{_x] =(x+1)7(x-1). DOYHKILMA 3a7jaHa M He[pepbiBHA BO BceM OECKOHEYHOM ITPOMEKYTKE

(- o0, ). Ee [IPpOH3BOIHAsA
JOKYMEHT MNOAMNMUCAH ‘
NEKTRQHHOM noan

A . | o 2 (. Vo 2o B 3 2l |‘_
-éeg%hé:ﬁa%!"‘zéﬂl)!}%ﬁE ABEBIBZS0 E]fgiﬁﬁﬂ_ﬂﬁaflﬂ[)[ﬁgé + Dl - D75+ 1) =5l Dle- 17 e 5 )

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
BCIOOY CYIICCTBYET H KOHEYHA. C.]'IEI[DEETE.]'IIJHD, KPHTHYCECKHMH TOYK aMIH 6}FI[}FT JiHHL TE, IJIA KOTOPBIX
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I
X, =-1, %, = -, xy =1.

-

IIp omexky TOK 3a7aHHA (PYHKLIHH TeEM caMbIM pa30HBaeTcA Ha HHTEP Balbl

-~

| 1
(- sc- 1. |- 1-=|.|-=.1]. L +).
% 5L 5
l:‘:i.fl'!lil'!TEl‘.i:'I‘l.'.!TB‘_‘,ir HoHIaA ITOCIIEOBATCIIBHOCTE 3HAKOB l'IpDPBED,II;HDﬁ HMECT BHI
+ . = +=. + .
= () (- 1) = "
CrnenoBaTeNnbHO, B TOUKE .X| —- | (PYHKLIHA FASs HMEET MaKCHMYM, IMPHYEM J\- 1) =0" B Touke X, =-

5
| 16 216 _ 3456
25 125 3125

Teopema 2. ITvemes € xpunuideckoti moyke X @vuxyus [ (x) n pas ouggepenyupvema (n > 1), npuyem

, BTOUKE X; =1 5KcTpeMyma HeT

| 1
- MHHHMYM, TIPHYEM f[ "

”Xu] :f'”(;,;u) = . :..fl[ ”'”(IU} =0, no fr‘”’-l(_x'”J #(). Ecnu n yemuoe, no umeent Mecnlo KCipemym, d UMeHHO. NP

[n][

% )Ir[r;'_' [Iﬂ] < () —marcumm, npuf Iﬂ] > () —mumumym Ecnu dce R HedeniHoe, MO IKCHIPEeMYM Henl.

OThICKaHHE HaH O0NIBIIHX H HaHMEHb IMTHX 3HAYeHHH (YHKIHI

IIycTh (PYHKIHA f(x} 3aJlaHa H HEIpEPhIBHA B HEKOTOPOM IMPOMEKYTKE. ECIH 3TOT MpoMEXKy TOK HE ABIIAETCA

OTPE3KOM, TO, KaK MbI 3HAeM, CPEIH 3HaueHHH [ () MoKeT M He GbITh HAMGOMBIIET0 HITH HAHMEHBIIETO. OHaKo MOMHO

yKa3aTh IIPOCTOH MpH3HAK, KOITa TakHe 3HauYe€HHA 3aBE€NOMO CYIIECTBY OT.
Teopema 3. Ecnu € OGHHOM HPOMEXCVIIIKE LME EMNCA eOUHCII6EHHBILI IKCIIPeMYM, N0 COONEENICIILEVIOlee 3HAYEHLIe
Gvuxyuu 6voem aubo Hauboms M, 1160 HAUMEHBUILM, CMOMPA RO oMy, OVOen au 3Mont IKCHIPEMYM MAKCUMYMOM 1T

EcnH HauOonbIIee HIH HaHMeHbIIee 3HAUYeHHEe HOCTHIACTCA BO E.F{}PHJ;?EHHE?IE TOUKEC OTPC3Ka, TO OHO Heobxoo0UMO

OyzeT oJHUM H3 MaKCHMYyMOB HJIH MHHHMYMOB H, cJI€/IoBaTeJIbHO, OVIeT JocTHraThea B OJJHOH H3 KpHTHUeCcKHX Touek. Ho
OHO MOJKET JOCTHrathcAd H B KoOHLIe oTpeska. OTcroa cleQyeT, YTo A OThICKAaHHA HaHOOJbIIEro HIH HaHMeHBIIEro

3HAY eHHIA f(‘t} JIOCTaTOYHO CPaBHHTb MEKIY cOoOOH ee 3HAYEHHS BO BCeX KPHTHYECKHX TOUKaX H B Toukax ( H P

Hauborbitee H3 BCEX HTHX YHCE G}VI[ET HAUOOMs UM 3HAYEHLIEM }((’L} Ha OTPC3KC _ﬂ,,f}_ . HCIMEHD Hiee H3 3THX YHCCI

NAaCT HAUMEHBUICE SHAYCHLE ™ {: T }

IIprmviep. OyHKIHA f(,r) :1_.*"[1 = ."-cz]{_l + E',xz} HMEET o0OmacThi0 cCyljecTBOBaHHA oTpe3ok [-1,1]. Ee
HaHOOmbIlIEE H HAaHMEHbIIEE 3HAYEHHA, OYEBHAHO, JOCTHTAlOTCA B TeX K€ Toukax, 4YT0 H [JIA (YHKLHH
(x) :(l - J{CE)(] + 2x° } (paccMaTpHBaEMO Ha YITOMSAHY TOM OTpe3ke). 113 ypaBHEHHA

olx) =- 2l +2x2 )+ (1 - IE} 4y =2x01 - 4x%) =0
- 0.5, x; =0,5. B >11x Toukax g(r) HMEET 3HAUEHHA:
«(0) =1, (- 0.5) =¢l0.5) =1,125.
EclIH corocTaBHM 3TH 3Ha4Y€HHA €O 3HAYEHHAMH B KOHL[AX g{- 1) =Ls._{[1) =0, To yBHAHM, YTO HAHOOJIBLIHM 3HAYEHHEM
1A g{r) Ha otpeske [-1, 1] Oymer 1,125 (mpu x==*0,5), HanmeHbIIHM OyaeTr O (ipH x=*= 1). Jna (yHKLHH /(ﬂ
HAHG OB IHM 3HaUeHHeM GyfeT Torma /1.1 25 (mpH x=+0,5), HAHMeHBIIHM — ITo-TIpeskHeMy 0 (rpH x =+ 1).

iF
L

Haxogum X, =0, x,

IIycTh KpHBasd 3ajjaHa ypaBHEHHEM V =,f'(_r) H B TOUKE C abOCLHCCOH X HMEET KacaTellbHylo, He

rapajiebHy 0 ocH Oy,

Ecii B HEKOTOPOH OKPECTHOCTH TOYKH X KpHBas JIEKHUT HaJl 3TOH KacaTellbHOH, TO I'OBOPST,
YTO KpPHBAasd B TOUKE X BBIIIYKIIA BHU3. AHANO2UYHO, ecliil 8 HEeKOMOPOil OKpecmHocmil X Kpueas
nexcum TIOH KacamenvHoll, no 2080pant, 4No OHA 6 mouyke X BEHIIYKIA BBEpPX. ECIH B HEKOTOpPOH
OKPECTHOCTH TOYKH X CIIEBA OT X KPHBas JIEKHT IO OAHY CTOPOHY YIIOMSHYTOH KacaTeIbHOH, a
CIIpaBa OT X _ﬂﬂ{fﬁ mggﬁﬂ SEIPPGH}J; TO TOBOPAT, UTO X €CTh Mouka nepeilba KPUBOH.

Te op em@ T ECRHHOMBYREVSHIO cyupec mevem KoneuHaa NpoU3e0OHAA f( Iﬂ], npuiem j 1 ”(Iﬂ]?} 0, mo & mouxe
Ceprudmkar: ECDDGGGdSEBABBEBEEEDEETBASD&DEHD?DMSE ‘
Y0

Argnupusan WMM$MHMP9€H X/ <0 mo Kpueasa esInyKI 66epX.
Teopema 5. IIvems | {I} cyufecmeyem U KOHeYH( € HeKOMOPOU OKpecmHocmu Mmoyku Xy . Heml f {I}
Agsicramenen. ¢ 19.08,2022 no 19.08.2023 m( )
eHAeIN SHAK NPt Hepexooe X tepes Mouky X, Mo X —moixka nepeuba. Ecnu dice J \x) e oxpecmnocnu X 0

COXPArAen! 3HAK, MO € Mo4ke X Hepeuda Hemt



Hp ep. Hamrm ToOukm riepernfa M HCCIEAOBAarh XapaKTEp BRIMYKIOCTH  KPHBOH

v =x-3x" +1. BeumcageM: y =3x" - 6x, ¥V =6x- 6 VYpapHemne ¥ =0x- 6 =0 gaer x =I.
[Ipu x <1, oueBHpHO, ¥ <0 (kxpHBasg BEITyKIa BBEPX), €CITH XKe X >1, To » >0 (kpHBasg BHITYKIa
BHH3). Touka X =1 sBIseTcs TOUKOH Ieperuoa.

OTEBICKaHIE aCHMIITOT
IIycTh KpHBadA 3ajjaHa ypaBHEHHEM V Z_I(I) . MoxkeT cmyuHThes, yTo nipH X — T2 pumunpu X — -~ kpHBas
HEOrpaHHYEHHO IPHOMTKaeTcA K HEKOTOpoi (HKCHpOBaHHOH mpsMoil V —AX + D | HaspiBaeMoil acummmoniofi 1
naHHoi kpHuBoi. TouHee rosops, npamaa ¥V —hX + b uassieaemca acuvmmomoti ona xpueoti v = [ (x) mpH X — +0

(i pu X — =00 ), ecim 1]111“‘( )' kx - .-E?_ :U_
X— +C
I13 BBICKA3aHHOTO OIPENENEHHA CJIEYET, YTo KpHBag V — f (x) umeer 20PUBOHINANBHYIO ACHMITIOTy V —0
TOr7a H TOJIBKO TOrTa, Korma I]_“ILJ({’L) =h (WM cooTBeTcTBEHHO pH X — =30 ).
JInA cylecTBOBaHHA HAKJIOHHOH acHMITOTHI )V —AX + £ HeoOXOmMMO H JOCTATOYHO, YTOOBI CYIECTBOBAJH

X -
KOHEYHbIE TIPENEbl 1M /(%) =hkn ]]m‘f (x)- kx =b (Ilpu & =() rmonyuyaem oOMATh TOPH3OHTAIBHY IO

r— +an X A=+

aCHMIITOTY. )
2 —
. X°+3x+5
IIprmep. HafiTH acHMITTOTHI rpadpHKa (PyHKLIHH 0 = :
’ x+1
- 2 -
: X . X" +3x+5
k= lhm /(%) = lim =1
X X N X -+ ]
: . ' : x° +3x+5
h = lnn[;(.r)— fox = lim - x| =2
y— o ' AN— 4 X + ]
CrnefioBaTeNbHO, HMEeTesA acHMITTOTa (MIpH X — +Cunpu X — -0 ) » =x + 2

[ Iprmvep. OripepermiM HaHO ollblllee H HaHMeHbIIee 3HaUeHHA (PyHKLHH [ ( x) =x" - 2x” + 3 Ha ompeske [-2:1].

Pemenne. @yuxima flx) HempephiBHa Ha 3ajaHHoOM oTpeske [-2;1], xak mHoroumneH. ITosTomy rio Teopeme
BefiepmTpacca oHa JOCTHIa€T Ha 3TOM OTpPE3K€e HaHOOIbII €€ H HAHMEHbIIIEe 3HaYEHHA.

Hafigem KpHTHYECKHE TOUKH, JJIA Yero rpoaHddepeHIHpY eM (PyHKLIHIO.
F(x) =4x" - 4x =4x(x" - 1)
Torma / (x) =0, ecmix =0mwmx =-1 wmx=1.

ITomy4HmH nBe KpHTHYecKHe TOUKH X = 0 H X = -1 npHHagexaImHe JaHHoMy rpoMexyTky [-2;1]. Touka x =1 He
ABIAETCA BHY TP EHHEH H IT03TOMY HE KPHTHYECK s
BbIuH cJIHM 3HaueHHA (PYHKLIHMH Ha KOHL[AX ITP OMEKYTKA H B KPHTHYECKHX TOYKaxX H BbIOepeM H3 HHX HaHOOJIbIIEe

H HAaHMCHELBIICC.
D) =(-2Y-2(-2)° +3=16- 8+ 3 =11
f(H=1-2+3=
F(0) =3
f(-)=l-2+3=2

CrenoBaTeIbRHO, T‘[}llﬁlf(‘f) f(n 2 lﬂﬂaf( f(’f) f ) _H

3ajauyn
e 0
3amaua 1. Haitti 3HaueHHA X , IpH KOTOPBIX QYHKIMHA [ (X ) =4x + — HMEET 5KCTP EMyMBI.
X
48

3amava 2. Hafimi 3HaueHHs X , NMpH KOTOPBIX GYHKIMA [  x ) —3x% + HMEET SKCTP EMY MBbL.
X

. 9 | 5
3agava 3. HaiimH HHTepBaJibl MOHOTOHHOI'O YObIBaHHA (DY HKLIHH - —x7 +1,5x2% + 2.

OOKYMEHT ﬂDﬂHHCHH X 3 5
3agada 4. HaiimH PREErsaii RIOBTTOREOro yObIiBaHHA (y HKLIHH y="—- 2x° +3x+]
Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E 3
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa 3 2
s X X

33,‘-‘.’[3‘13 5. Haifii HHTCEPBaJIbl MOHOTOHHOI'O }FﬁhIEﬂHHH (1]}’1—]111]}114 Vo= + - .

’ 3 4
Heicreutenen: ¢ 19.08.2022 no 19.08.2023 S

- 3x° - 5x-4

3amava 6. Hafimi ypaBHeHHe HAaKJIOHHOH acCHMIITOTBI rpadHka QyHKIHH 1 =

x + 1



- .
. - - xX- +3x-12
3amava 7. HaitTH ypaBHeHHe HaKIOHHOH acHMITTOTHI Ipadika QyHKIpI | = .

x+5
- L 2
3amgada 8. Haiimi Bce KpHTHYECKHE TOYKH PYHKIHH f(xJ) =2x° - 6.x + l| + 5

3amaua 9. HaifTH Bce KPHTHYECKHE TOUKH X QYHKLHH 7/ X ) =x~

Boripocsl

1.Cdopmy MHpYITE YCIOBHA MOHOTOHHOCTH (Y HKLIHH.

2. Kakiie TOUKH Ha3bIBalOTCA CTALMOHAPHBIMH, KPHTHYECKHMH, TOYKaMH 3KC TpeMyMa?
3. CpopmymHpyHTE HEOOX OJHMBIE Y CJIOBHE 3KCTPEMYMa.

4. Kakas (pyHKLHA Ha3bIBA€TCA BBITYKIOH BBEPX (BBITTYKIIOH BHH3)?

5. YTo Takoe TouKa riepertoa?

6. CpopMmyHpyHTE JOCTATOUHOE V CJIOBHE BBITTYKJIOCTH BBEPX (BHH3 ).

7. CpopmymHpyHTE HEOOX OJHMOE Y CJIOBHE TOYKH IIeperHoa.

8. Uto Takoe acHMIITOTa rpadrka ¢pyHxkipH? Kakie BHABI acHMIITOT Bel 3HaeTe?

9. Kak orip e1enHTh HaITHYHE BEPTHKAJIBHOH aCHMITTOTHI?

1

0. B kakoM cayuae npsmass Vv =4Ax + D gpisieTcs HAKJIOHHOE acHMITTOTOH rpadHka QyHKLHH?

IIpakTH4YecKoe 3aHATHe 4.4. Hccaegopanne QYHKI[HI IIP H MOMOII[H MPOH3B OAHLIX H MOCTPOeHH e HX I'P APHKOB.
CxeMa Hccle1oBaHHA (PyHKLIHH

1. HaiitH obGnacTh ornpeaeneHHs (iyHKLHH, TOYKH pa3pbiBa H HHTEpPBaJbl HEITPEPbIBHOCTH.

2. UccnenoBaTh (PyHKLIHIO Ha Y€THOCTh, HEUETHOCTD H IIEPHOIHYHOCTH (I7€ BOZMOMKHO).

3. HaliTH ToYKH I1epecedeHHA rpadgHka GyHKLHH ¢ 0CAMH KOOPAHHAT H HHTEPBabl 3HAKOTIOCTOAHCTBA (PYHKLIHH.

4. OrnpenemiTh HHTEPBaIbhl MOHOTOHHOCTH, TOYKH JIOKAJIbHBIX SKCTPEMYMOB, SKCTPEMANbHbIE 3HaYEHHA
(py HKILHH.

5. HaiiTi ToukH reperHda rpadguka (yHKIIHH, BBIYHCJIHTL 3HaueHHA (YHKIHH 5THX TOYKaX, VCTaHOBHTB
HHTEPBaJb] BBIIIYKJIOCTH H BOTHYTOCTH rpadHKa by HKLIHH.

6. HMccinenoBaTh rioBefeHHe (PYHKIHH Ha rpaHHLaX €€ oOnacTd ompegeneHHA. Hafimi acHmITTotel rpadHia
(py HKILHH.

7. BIYHCIHMTD IT0 HE0 OXOAHMOCTH 3HaUY€HHA (PYHKLIHH B HEKOTOPBIX JTOMOMHHTETBHBIX TOUKAX.

8. Hcrionp3ya Bee IoydeHHbIe ¢BOFCTBA B ITYHKTax 1-7, ocTp oHMTh rpa(HK (PYHKILHAL

OTOT MOPAMOK IMPH HCCIEN0BaHHH Py HKITHH MOKHO H3MEHATh.

IIprvep. ITocTpoiiTe rpadHK Py HKLHH:

-
A

X
L y=—1
x -9
HccneqopaHie.
1) DyHKIHA Orpenenera H HelIpepbIBHA IPH Beex X € (-o0 ;- 3) U (- 3:3) W (3:+0).
(- JL} L
2) OyHKIHA HEYETHAA, TK. ' —- ,te. f(-x) =- f(x).

(-x)° -9 x- 9
CnegoBaTenbHo, TrpaHK (PYHKIHH CHMMETPHYEH OTHOCHTEIBHO Hadvalda KOOPJHHAT, IT03TOMY JOCTAaTOYHO
HcceqoBaTh PyHKLIHIO Ha rpoMexy Tke [0;+oo), Jlerko 3ameTHTh , 4yTo Touka O(0;0) - eqHHCTBEHHAA TOUKA IMEPECedeHHA ¢
OCSAMH KOOPJHHAT.
3) Haiigem acHMITTOTHI.

3 3

. X . X

hm — =-o¢, lIm —— =+x.
=30 y% - Q —3+0 2 - Q

ITosToMmy ripAMan x=3 ABIAETCA BEPTHKAIBLHOH aCHMITTOTOH.
HaiieM Terepb HAKIOHHYIO acHMITTOTY V —AX + [

- 2
. f(x . X
k = lim - () = Iim — =1
Y— 4wy r—4m e - O
. . X | . 9.x
h=lm(f{x)- kx)=Ilm|——-9| =lim —— =0.
A S ' - . B i '1'; - 9 AR _;1':" - 9

I Toy YHIH HAaKJIOHHY 10 aCHMITTOTY V=X.
4) Haiinem HHTepBaJibl MOHOTOHHOCTH (DYHKLIHH H TOUKH 5KCTpPEMyMa, JIJIA Yero rnpoaHddepeHIHpyeM ee:

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMWUCHEIO
CepTudmkar: ECDE?[?E?EMBEEABBEQEEEDEETEAEGDDEDDDDMEE 4 a2 . . o v -
Bna,qcncu . J.I.ll{:ﬁayxﬁsa Tafbsda ;&ka’;ah,u,pcal-t)a} 2xx” _3x7F 27x" - 2x xo - 27x YT - 2Y)

"

X -9 (x"-9) (x" - 9) (x -9 (x - 9)
NeicrenrehOERA0 I8 2556k €0HA=0 WIH v —3+/3 H ) He cymecTByer, e x =3. Ho X =3 € (). ITosTomy
KPHTHYECKHMH ToukaMH ABIaoTea ¥ —=() H x =3+/3 . CocTaBHM TabmHITy.



X 0 (0:3) (3:3~/3) 3 (33 :14+50)
},! 0 - - 0 +

. 943
Y 0 L L min = : > T

6) BbI1uHc/IMM 3HAaUEHHE dJ}VI-II{LIIf]I‘I B HCKOTOPBIX OOITOJIHHTCIIBHBIX TOUKAX.

o & 3 . 4 64. |
2 —_ =a _:—1_? 4y = - —[}_
e I A e I B

7) Hcrnonb3ys p e3yJabTaThl HCCIIEIOBaHHA, CTP OHM Ip aHK:

Tema S. JIn(ppepenuuat pyHKIHH.
IIpakTH4yeckoe 3anaTHe S5.1-5.2. Juddepenunan GpyHKUHH. ' eoMeTpHUeCKHR CMBICTI JHPQepeHIHAIA (PYHKIIHH.

OcHoBHBI¢ TeopemMbl 0 AHQpPepeHnHanax. IIpumMeHeHHe aAHGdepeHIHAIA K NPHO/MMKe HHBIM BbIYMHCJIIC HHAM.
JIn(depeHHAIILI BRICIIIHX MOP AAKOB.

ITpHpamenHe QYHKITHH V =_f(.1') , HMeIoIIei B TOUKE X KOHEYHYIO TP OH3BOJHY 10, [PENCTaBHMO B BHIE
Av =1 (x)Ax + aAx
rae o - 6eckoHeyHo Manas rpH Ax — ().

IlepBoe crnaraemoe [ Tx)Ax B IpaBoi 4acTH (OpMyIIb] TIp OITOPLIHOHANIBHO BelHuHHe AYX  (Ko3dHLHEHTOM

TIPOIMOPLIMOHATBHOCTH CJIY/KHT YHCI0 [ (.JL]) Ecm [ (x )iﬂ TO

. fix}&x

Avs0 0 Ay
a 5TO O3HAYaeT, YTO 3a HCKIIOYEHHEM cIIydas, KOITa j‘(T) =(, ynomaHyToe crmaraemMoe [ (x)Ax sBmerca TpH

=1 (x) #0,

Ax — () GeckoHeuHo MaIOi nmeu Jfce TIOpSAKA, YTO H /X .

Hnﬂaraamﬂg&MEJT ﬂ%ﬂﬂm’tIﬁIHHHEGEEM 3Ty BEJIHYHHY H(pepeHIHAIOM (QYHKIHH V —/( ) B Touke x. s

,[[H(l)(l)ﬂpf:l—]].[ﬂﬂ.]’[ﬂ ?Wéﬁﬁﬁéﬁéﬁ%ﬁﬁﬁ%%ﬁmﬂaqeme df (x). Tud depeHrHaTIoM He3aBHCHMOMH ITep eMeHHOI X Ha3bIBalOT
.................. 1 A8 Q06000004 3E

e@ qpﬂpameﬁna T €. mrgaqqmm ‘11

CrenoBaTelbHO, MOKEM ITHCATh t:fl’ = ,f( x)dx

Hesorano LAKHM, 0bpazom, oudghe peHyuanom GyHKyUL € MOUKe X HA3b16ACMNCA HPOU36eOe HIe NPOUZEOOHOI! & IMOLl MoYiKe
HA @ugbqbepem;um He3a8UCUMOIT HEpB.MEHHﬂH (L. e. Ha npuUpanjeHLie He3ABUCUMOLI HepeMeHHOLT).

Harprmep, 1yt GyHKIHH v —.x° qUddep eHLpan B 1000 Touke X JgaeTcs §opMyJioi



v =2xddy

OObIYHO cTpYKTYpa mHpdepeHIHana (YHKIHH 3HAYHTEIBHO IIPOIIE CTPYKTYPhI €€ MpHpaIleHHA, K IT03TOMY
(hopMy IO MHPOKO ITOJIB3YIOTCA B MPHOJIKEHHBIX BbIYHC JIEHHAX.

Haripamep, ins GyHIAHH ) =X~

Ay =lx +Ax)’ - ¥ =337 Ax +3x AT + Ax,

B TO BpeMsA Kak
dy =3x° -Ax.

Ecmu B3aTh x=2, Ax =0.,01, 1o

Ay =3-4-0,01+3-2-0,0001 +0,000001 =0,120601,

dv—=3-4-0,01=0,12.
Taximv obpa3som, abcomoTHasA omHOKa
ldyv - Ay| =0.000601,

OTHOCHTEJIbHAsA OIIHOKA
y

v - Ay| _0,000601
Ay 0,120601

Korna xoTaT BbIYHCIHTH 3Hat1emfie,f'(3: + .&1:], 3Hasd f(..t}? TO YacTO IMOCTYIIAOT TaK: MOYHOEe PaBEHCTBO

!

R
mﬂ_ﬁu_ﬁ‘ — %
2

Flx+ Ax) =__,f"(_1':' + AV 3aMeHAIT TPHOJHAKEHHBIM PaBEHCTBOM f(x + Ax) %f(x) + a_ﬁz H 5THM VIIPOIIAKOT

BBIKJTAKH.
(x + Ax) = + 37 rAx
Tax, Bo3BpamasAch OATh K YHKIHH ' —.x , [T0Jy 4aeM A * SR T Lrl@‘l
AL
H, B YacTHOCTH, (2,01)’=(2+0,01)*~2*+0,12=8,12.
|

f !
_ X+ .""\L!I: SR — ':'1';3{.'
. — [ f} |II -
Ecm v =+/x, TO FNE [
dyv
H, B YaCTHOCTH, .| + Ay ~] + Ax JI0BOJIbHO H3BECTHasA NMPHOIMHKEHHas (opMy JIa.

I"'eomeTpHuecKkHiA cMbicn gU(depeHipiana:; 3HaueHHe AHpQepeHLHana (YHKIHH, OTBEYalollee HEKOTOPOMY
MpHpaIeHHI0 He3aBHCHMOH ITepeMeHHOH, COBIIAJaeT C COOTBETCTBYIOUIHM IIpHpamleHHEM OpJHHAaThl KacaTeJbHOH K

rpapHKy v HKLIHH.
OcHOBHBbIE IMpaBHJIa BhIYHCIEHH MU dep eHI Hana GyHKLIHH:

1. dC =0(C =const). . d\Cu) =CdulC =const).
L dly +v) =du +dv. v, dluv) =du v +u -dv.
ul du v udv 1] dv
V. d|—| = - . w.d—J:— =
e 1 v v
o — =1 — dn
VIL ) =o' du. viir. dlu) =2
2
IX. f.f[r.z”} =a" Ina -du X. d(cf”] =" e .
(a =const >0, a #1).
i it
XL dllg, u) =""lg, e. XIL dllnu) =
X} ¥
XL d{sinu) =cosu -du. X1v. dlcosu) =- sinu -du.
elit i
XV. d{tgu): —. XVI. {f(ctgz.ﬂ == —.
COS ™ i SIN "~ ¥
. e el
xviL. dlaresinu) = J = sy dlarccosu) =- .- =
V- A1-u”
i it
XIX. dlarctgu) = . xX. dlarccigu) =- -
| 1+~ 1+~
: NOMIVICAH . P T
XXI. d{shAPSa nopgrcAr xxiL. d{chu) =shu du.
Ceptudmkar,  2C0000Q43E ABSBESR205E 7BA500060000043E i i
Bnanene&ixnﬁjeéﬁiﬁg - TﬁHaﬁ.ﬂEHcEHﬂpDEHa XXIV. d(':th”) —- h-; -
ch™ i SN

Beroay 3geck I{ 1 V' — ripoH3BoJibHbIE U (EpeHI[HPY eMble (PYHKLIHH OT X.
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(Ir > ] dlx? - 1) xdx
dWx" - |/ =—— =—.
2a0x7 -1 fx -1
LIprmep.
. dsinx  cosxdx
dlInsin x) = , = =ctgxdy.
SIN X SIN X
IIprmvep.
dlshe’) =che'dle’) =che™ ¢ -dx.
3anauH
3agada 1. Haiimi quddep eHipanb! GyHKIHH:
~ 3cigx _ (gx .

a) y = . 6) y =In(ax” +bx +c):® v = D)V =etgx; )y =————;€ ¥y =In"x; %K

n’x e - SN x + 2

2 -2 o VI - e
\ et - e . 2x+4 : 1 + xarctgy
—dI*LLU'-y[ = ) 3) V== — H) v =In 51N I{) Y= € ;.]'I) V= ; -
¢ +e x+1 A I+ x°

3agaua 2. BeIuHCcIHTE IPpHOIKEHHO ¢ IToMoIIbI0 JH(p g epeHiiHaNa 3HaUeHHe PyHKIHH B JJaHHOH TOUKE:

l. y=x", x=2001. 2. y=+dr -3, ==1098

3. y=vr3, =r=1,02 4. y=x*, x=2,000

5 y= vz, x=1,03. 6. y=T, =3 996

7. y=+1+4sinx, ==0,02 B, y=+2r +cosr, x=0,01.

' . M —
2 y—{.-!t—'ﬂm?: r=103 10y=+dr4+1, =x=1707

Boripocsl

1. Uto Takoe quddeperipian pyHKIRI?

2. KakoB reomMeTpHUYeCcKHIA cMbIc qH(depeHLpana?

3. IlpuBemuTe hopMyIIy A4 BhIUHCIeHHA JH(¢epeHIHaTa (YHKIHH.
4. Kak onpefenanTca qH(pdep eHLHaNb] BEICITHX MTOPAIKOB?

5. IlpHBemiTE MPHUMEPDI MPAKTHYE CKOI0 IIPHIOKEHHA TH((epeHLHaNla.

Paszgen 3. IHTerpanbHoe HcuucjaeHHe (PYHKIMHU 0JHOH I1epeMeHHOH
Tema 6. Heonpeae/IeHHBIA HHTerpaJL
IIpakTH4YecKkoe 3aHATHe 6.1-6.2. TaOJHma OCHOBHBIX HeOoNpeJe/IeHHbIX HHTerpajoB. IIpocTeiilline cBoiicTBa
He OIpe /e ,IEeHHOT0 HHTerpaJia. Hemocpe cTBeHHOe HHT eIPHPOBAHHE.
IleppooOp a3Had QYHKIIHA.

DyHkiHA F(X) HasbIBaeTcA mepBoodpasHoi pyHkmuei (yHkipH f(X) Ha oTpeske [a,b], ecr B mobo0ii Touke
3TOTO OTpe3ka BepHo paBeHCcTBO. F ' (X) = {(%).

Hago oTMETHTD, UTO IIEpBO0Op a3HBIX JJIA OJJHOH H TOH e (Jy HKLJHH MOKET ObITh DecCKOHeUHO MHOT0. OHH OYAyT
OTIHYAThCA JIPYT OT Apyra Ha HEKOTOPOE IMOCTOAHHOE YHCJIO.

F1(E) — Fg(}i) + C.

HeonpeneneHHbI HHTECPA.
Heomnpeae JleHHbIM HHTerpajoM (pyHKLHH f(X) Ha3bIBaeTCA COBOKYITHOCTh II€pB0o0Opa3HbIX (PYHKIHI, KOTOPbIE

OImpeaciiCHbI COOTHOMICHH CM.

F(x) + C.
3armHCchIBAIOT: l[}'"{-.t').:ﬂt = (x)+ C.

VCIIOBHEM CYIIECTBOBAHHA HEOIP €AEIEHHOI0 HHTErpaja Ha HEKOTOPOM OTPE3KE SABIAETCA HEIIP €PbIBHOCTD
(pVHKIIHH Ha 3TOM OTPE3KE.
(CBOHCTEA:

L[rnae) =(Feo+¢) =700y
2 ff( Jr el R

N43E9ABBRO52205ETBAS00060000043E

ﬁff’lf"{") —f’(ﬁ.}"‘ L. KCaHap
4. ﬁu +v- wdy = Ji,ed_r + J'\.-*.:ix' - J'1-1-*.':?’J:; I7l€ U, V, W — HEKOTOpbIE (PYHKIIHH OT X.
5 e 7Oy 2T J‘f (XY



1
T[Ipumep: J'{:u -751n1+1)r31—f1 cfn-’?’f5111uh+ u"l;:—3 "+ 2cosx+x+C;

IIna ypgoOcTBa 3Ha4YeHHA HeoIlpeelieHHBIX HHTerpajoB OOJILIIHHCTBA SJeMeHTapHBbIX (PYHKIMH coOpaHbl B
crielfHajibHble TaOJHIBI HHTErpaloB, KOoTopble ObIBalOT HHOITIa BechbMa 00beMHBIMH. B HHX BKIIOUEHBI pa3jIHYHbIE
HaHOoNee YacTo BeTpedaronHecs KoMOHHaLMH (yHKIHH. Ho OonbIIHHCTBO TIpeicTaBIeHHBIX B ATHX Ta0mHLax dopmyn
ABJIAIOTCA CHEACTBHAMH JIPYT Jpyra, Io3ToOMy HIKe IPHBeJeM TaOJHLy OCHOBHBIX HHTEIPAJOB, ¢ IOMOI[bIO KOTOPOH

MOZHO ITOJIYV UHTE 3Ha1CHIHA HEOIIPEOCJICHHBIX HHTCIPAJIOB pPasJIHUYHBIX dJ}FHl{LI;['IIfL:I

Hurerpan 3HaueHHE Iurerpan 3HaueHHE
ﬁf::l'c:"l’ -Inicosx 1+C 9 Jc cdx e"+C
J:fj-f_q_r,:ix Inisinx 1+ C 10 J‘cr_ﬁ Yl v ginx + C
JerTedx a’ 11 [sin xelx -cosx + C

+
Ina
dx 1 X 12 | tgx +C
[——= —arctg ~ +C [
a” +x° u (! cnq“ ;
. | X+ a 13 -ctgx + C
I _ ax _ e In + J’
X" - a <t X d sin”
ax Inlx + va~ —=a” |+ 14 X
— = ‘ J' arcsin — + C
VXx© Ea” ‘a® - 2 ol
7 N edx y ! 15 (X m
.r - +C,o0 #=- 1 J‘ Infe| —+—||+C
o+ 1 CO 2 4
8 1x 11'1|_'-'E| + 16 \ ]
J'( J' Injzg —| + C
X SN I 2

MeToq HerocpelacTBEHHOIO0 HHTEIPHPOBaHHA OCHOBAaH Ha IIPEMIONokKeHHH O BO3MOKHOM 3HaueHHH
repBoodOpasHoH (yHKIMH ¢ JanbHelmeH rpoBepkoil 3Toro 3HadeHHA AH(depeHIppoBaHHeM. Boolie, 3aMeTHM, YTO
nHddep eHLHp OBaHHE ABIAETCA MOIIHBIM HHCTPYMEHTOM IMPOBEPKH pe3y IbTaTOB HHTETPHP OBAHHS.

PaccMoTpHM IpHMeHeHHE 5TOro MeTo[a Ha IIpHMEp €:

1 ]
TpeOy eTca HaliTH 3HaYEHHE HHTEIPaa JL— Ha ocHoBe u3BecTHOIH (popMyibl AHddepeHLHp 0BaHHA (Inx) =—
X X

MOJKHO cJIeNlaTh BbIBOJ], YTO HCKOMBIH HHTerpan paBeH [n .x + ', rge C — HeEKOTOpOE MOCTOAHHOE YHCeI0. ONIHAKO, ¢
| |

— (- 1) =—. Taxm o6pa3oM, OKOHYATEITBHO MOKHO CJ[€JIaTh BbIBOJ:

A X
I ]
|— —In .x:‘ +C
X

3aMeTHM, YTO B OTJIHYHE OT JH((EpPEeHIHPOBaHHA, IMe /1A HaxX0:KIeHH:A [TpOH3 BOJHOH HCITONb30BAHCh YETKHE
[MPHEMBbI H METO/IBI, MpaBHIa HAXOKIEHHA IIPOHM3IBOAHOH, HAKOHEL] OIMpENENeHHE TIPOH3BOMHOH, A HHTErpHPOBaHHA
TaKHE METObI HENOCTYIMHBL. EcIH IMpH HaXO0XKIEHHH 1P OH3BOOHOH MbI IMOJIB30BAIHCh, TAK CKa3aTh, KOHCTPYKTHBHBIMH
METOHaMH, KOTopble, OasHpPyACh Ha OIpefeieHHbIX TpaBHNax, MPHBOOHIH K Pe3yIbTaTy, TO TIPH HAXO0MKIEHHH
repBoo0p a3HOH MMPHXOAHUTCA B OCHOBHOM OIMHPaThCA Ha 3HAHHA TaOJHIL] IIPOH3BOIHBIX H I1€p BOOOpa3HbIX.

Y10 KacaeTca METO/a HEMOCP €IC TBEHHOIO HHTEITPHPOBAHHA, TO OH IMPHMEHHM TOJBKO JI1 HEKOTOPBIX BECHMA
OTPaHHYEHHbIX KIaccoB (PyHKIHH. PyHKLIHH, J/1A KOTOPhIX MOKHO ¢ X0y HaHTH repBooOpasHy 10 o4eHb Maio. ITosToMy B
OONMBIIHHCTBE CIyYaeB MPHMEHAOTCA APYTHE cr1ocoObl HHTETPHPOBAHHAL
JamauH:
3amaua 1.HaHTH Heorip €qeneHHbIE HHTETP AJIbI:

I}gif‘*—ﬁﬂﬁuﬁxLi} dx;

Py FOH CTOPOHBI [11’1(— _:1;)) -

2) § (3" + 5t —8) (9 + 10y dx; 3) | VF 16 - 2xdx;
4 {2 + ) et nbyiatal Batdx; 6) | VaF —xd.

ANEKTPOHHOW ﬂnnncblﬂ _
%&E &ﬁﬂ}éﬁﬂdﬂ&ﬂ%ﬁ 043E . L
EIII"I KPi—xi J VYT —x
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Vigx 7 — cos? T — 3"

9) j’shﬂ;chxm 10) E‘E £
ctg x

5) jmdx: 6) J Sect X 7) jlv,i"_.ﬂi.. .dx; 8) j F"l‘-"‘"“

X
3agada 3. BeIUHCIHTE HHTErpabl: 1) J‘—:
X + o
2x sinx -
2) rm—' gd.t:, 3) ji—l—:nsde )l =—x
xe¢
9) jlﬂ—x 5) _j:ill:].l:' 7) jld—f-ﬁﬂdx’
X ) ; : x
) FE*‘rEdL 5—5—:’.‘;&'::' 10} P
Boripocsr:
1. Yto Takoe repBooOpasHaA (yHKIHA?
2.  UYto HaspIBaeTCA HEOIIPENEIEHHBIM HHTEP alloM”?
3. IlepeurcimTE OCHOBHBIE CBOHCTBA HEOIIPEIEIEHHOIO HHTETD alla.
4. 3armMIiHTe 1o MaMATH TaOMHLy 0CHOBHBIX HEOITP €]eJI€HHbIX HHTEIP aJIOB.
5. B 4eM cOCTOHT METOJ] HETTOCP €ZICTBEHHOI0 HHTETPHP OBaHHA?

Tena 7. MeToABI H CNOCOOBI HHTEIPHP OB AHHA.
IIpakTHYeckoe 3aHaTHe 7.1. 3aMeHA MepeMeHHON B HeonmpedeJIeHHOM HHTerpaJie. HIHTerpHpoBaHHe IO YACTHAM.
3aMeHa [epeMEHHOH B HEOMPENEIEHHOM HHTELD A€,

Teopema: Ecin Tpelby eTca HaiiTH HHTETp ajl J‘_f"('-‘-f]fi-t‘- , HO CJIO/KHO OTBICKATh Iep BooOpa3Hy 10, TO ¢ TTOMOIIbIO 3aMeHbI

X = @(t) 1 dx = ¢ (t)dt momyuaercs:
[ G = [/ (@tene i
LIpumep. HaidtH HeorpeneneHHbIH HHTErpall fw’;f.%iﬂ X Ccos xdx

Crenaem 3aMeHy § = sinx, df = cosxdf.

— F 2 70 - 2 : B -
L’hif :J}]"'rz’f ==+ C==sin" " x+C.
3 3

ITpumep. [x(x S+ 1) dx.

| dt
Samena { =x° +1; di =2xdx; dx =2—; ITosy yaem:
X
aodt 1 L, 1 2 .., A o (xT+D ,
J} = J?" g =t 2 pe=" 1o =l )
2 2 2 5 5 3

HHTErpHpPOBAaHHE 10 YaCTAM.
Crioco0 ocHOBaH Ha H3BECTHOH (opMyJie IMp OH3BOJHOH IMPOH3BENEHHA: (UV) =u'v+ v'u, I'7le U H V — HEKOTOpPBIE
(pVHKIHH 0T X. B mHddeperimanbHoil dopme: d(uv) =udv + vdu.

IIpoHHTErpHpPOBaB, 1Oy Ya€M: Jﬂ"(lﬂ"} :Juffv“* Jﬁf't’flf, a B COOTBETCTBHH C TIPHBEEHHLIMH BbIIIE

CBOFICTBAME HEOTPE/IENIEHHOTO HHTerpana: uv = [udv + [vdu  nm Judv =uv - (vdu,

ITomyuyimd ¢opMyJly HHTErPHPOBAaHHA II0 4YacTAM, KOTopaA I103BONAET HAxXOJHTh HHTErpaabl MHOTHX
3JIEMEHTAPHBIX (Py HKLIHE.

- i cf W T S0 ved v - -
HHHMEE It Sitn vedn — [ ' " — - & COs_x -+ ls.'_‘.f:-s; S S R —
lffu — P Al Voe— = SO S N -
|u - cefv —Coos el l . . - . . . _
= - - == X CcOsx + |l xrsin v - ]5111 Aedv| =m—- ryxTCcos .y + 2 aosin.y + 2oos. v+
l::t’u — i V=S J . :

Kak BHOHO, IOCIIENOBATENbHOE IPHMeHEHHE (POpPMYyIbI HHTErpHpPOBaHHA IO 4YacTAM I103BOJIAET TOCTEIIEHHO
VIPOCTHTh ()Y HKLIHIO H MPHBECTH HHTErpal K TaOJHYHOMY .

[.r.r et ol ST el I -

N . . - - -
HDHMED _j_'*' oS vady = ) — 7 Y sin x - J':;ln W -2 Vol =
: ].:..I‘r'u' O el e = R [

. . JOKYMEHT NOANCAH
J“ =e":  GNERFROHHOAYIONNACHIO = v - 2= eV cos .y - Iq— cos .y 2o f..'!'.r] ==t sin & +

Cephrahmkars i 2CAUAAISEIABSBIG22Q5EZBA500060000043E
Bn ajqen Ll, llleGay iglnE]aLTaTbﬂHa ﬂi.:nE;_cE aHOpoBHa

-

LA I W LI Y

BHHO, 4TO B p €3yJIbTaTe MOBTOPHOI0 MPHMEHEHHA HHTErPHPOBAHHA 110 YacTAM (PYHKLIHIO HE YalI0Ch YIIPOCTHTD
KleTaGarreiony© BHERY2 nOfHA 2 TIocIeqHHIA 1Moy YeHHbIH HHTerpal HHYEM He OTIHYaeTcsad OT HcxojHoro. IlosTomy
TIEPEHECEM €0 B JIEBY 10 YaCcTh paBEHCTEA.



5 JE” cosxdy —e F(sinx + 2cosx)

1

i L

€

JE " cosxdx =——(sinx +2cosx)+ C.

Taxim oOpa3 oM, HHTerpasn HaleH BooOIne 0e3 rnmpHMeHeHHA TaOJIHL] HHTETPaJIoB.
3amauH:
3amaua 1. BeIuHMCIIHTE HHTErpasibl.

. (z + 1)e” dz. 2. j.‘ll’i"iil'l..l'df.r'.

3. JJ( x* sin z dr. L. f”--’ +2r + 3)cos rdx.
_ . | v
5. axlnrdr. 6. e (¥,
sin”
- : :'r i -3
. f¢-" C0s T i, 5. J{I' arctg = dr.

Xl j:siu In = dz. 10. }I.E'.'IEI:II..I'.

3amaua 2. BeIYHCIIHTE HHTErpasbl:

dx
1. :5—- MOACTAHOBKA X=27);
)-hy {Ex—i—?iﬁ( |

d
2) 1= Xy @ — i

ax
3 :l —— T —— e e no CTE.HGEHH Ert X = 7},
) 1s jsin.rp"-lajn’.t—-ﬂcnst.r{ i : E’ )

l
(nun-:Tat-:nﬂHﬂ £ = —z-) .

Boripochr:
1. 3armmuTre hopMy Ty 3aMEHBI TIEPEMEHHOH B HEOITPEEIEHHOM HHTErpalle.
2. OIMHIIHTE METOJ HHTETPHPOBAHHA I10 YacTAM.
3. B kaxux ciy4asax 1ienecoodp asHo MPHMEHATh METOJ HHTEIPHP OBaHHA 10 JacTAM?

IIpakTHYecKoe 3aHATHe 7.2. HHTerp HpoBaHHe 3JIeMeHTAPHBIX Jpo0eii. HIHTerpHp oBaAHHe PAITHOHAJILHBIX (DY HKIIHI.

HIHTerpHpOBaHHE 3JEMEHTAPHBIX JIPo0ei.
DJIeMe HTAP HBIMH Ha3bIBalOTCA IPOOH CIEYIOIHX YEThIP €X THITOB:

[ _"I'l-’(jr X + ;"'\'I'Ir
L I1I. ’ :
ax + b ax” +bx+c
S S . Mz + N
C(ax + b)Y C (ax” +bhx+ )"

m, N —HaTypaJibHble yHca (m = 2, n = 2) 1 b — 4ac <0.

IlepBbI€ NIBa THITAa HHTEIPAJIOB OT 3JeMEHTapHbIX Apobei TOBOJIBHO IMP OCTO IPHBOJIATC A K TaOJIHYHBIM
I10/ICTAHOBK OI1 t=ax+ b.

I. ].::i—x: :l fﬁ :l In‘r‘ + :l]ﬂ‘ﬂl‘ + h‘ + C.
Jax+b adr a e

mo N :l_ldﬁ — : o FO =0 . 4
(ax+hH)" aJt” a(m- 1" a(m- 1 ax+h)"

PaccMOTpHM MeTolT HHTETPHPOBaHHA 3J1eMeHTapHbIX Jpo0Oefi BHaa I11.
HHTerpan apodH BHja 111 MosxeT ObITh Ip €/icTaBeH B BHIE:

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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~I Ap
4 B 2x+ p)+| B- 1 y , ) r
AX + Va s =X + : Iy Cx
[— dr = [ : ~dv == [ _ava| B- 2B [ =
JXT+ px+g X"+ px+g 295"+ px+yg 2 )Ix" 4+ px+g
fl . .’LU | l.’j". ;;I . ES = J'_I
:?ln‘.r tpx+gl+| B- — j' —— = lt]‘x‘ + px + gl +— p:
= = ol N - Ay - p-
,.].‘ i + l q — 4 -"i.ll fi’ p
2x+ p .
UICLE — / =+ C
vdg- p°

3nech B 00IeM BHJIE MOKa3aHO MpHBeNeHHe HHTerpana ApooH Buja I k 1ByM TaOIHYHBIM HHTETP aJ1aM.
PaccMoTpHM MpHMeHEHHE YKa3aHHOH BblIle (GopMy bl Ha TIPHMEPaX.

LIpHmMep.
_ _ t —Gx - 5 du —=6dy:
. Tx-2 . B4 - 24 . Bdx - 24 |
l _ v = l _ _ v = l : : —dx = o+ 5 ==
J3Iv - Sx + 4 J3Iox - 60y + 48 J(ox - 5) + 23 X = p ;
-
* - -+ -}_ Ell - -:F ._; - . “} . :2 o
= l_ ]H” i 7t 4.{2’:1 — l _f“ “ l _1':{“ = ? In(~ + 23) + arctoe Y e =
G - - + 23 3 Y- +23 3 Yy +23 O 323 W23
7 ; 23 6x- 5 :
—=—In|36x " arcly b
3 V23

Boob1ie roops, €clH y TpexuieHa ax- + bx + ¢ BbIpaskeHHe b* — 4ac >0, To po6b 110 OIpeneneHHIo He ABIETC

BJ'IEMEH'I‘H[]HDFI, OJJHAKO, TCM HC MCHCC €C MOKHO HHTCI'PHP OBATh YKa3aHHBIM BLIIIIC criocobom.

I Iprmep.
. Sy - 13 . Sx- 13 (i =+ 3 du =dx; S - 15-
J . \_ ’ o x ;J _1 i} ZAS ;J | { { {—J “ . : u‘u _ﬂj ud -
X’ +6x- 40 (x+3)" - 49 |x =u- 3 | u’ - 49 - 49
4 5 . I8, (-7 5 -4
- 18 ﬁf “ : :—In‘u - 49‘ - In / —+C =—Inlx~ + O6x - 40‘ —11'11— + (.
Jgo - 49 2 14 o+ 2 xr+10
IIprmMep.
Iv+ 4 Iv+4 (1 —x - 3 du _:f,t‘:- 3+ + 4 el
J' , : ‘f‘":J‘.' —x = B :J‘ — du —BJ'
V7 - X7 +06x J16- (x - 3)° X =u+ 3 N16 - - N16- 1’
+13J‘ . au — =- 3416 - - +13arcsin & +C —-347- % - 61 + 13arcsin o3 + .
xfl{i- 0 4 4

PaccMoTpHM Terep b METO/Ibl HHTETPHPOBaHHA MpocTeH X npodei IV THra.
CHayasna paccMOTPHM YaCTHRIA ciydad ripH M =0, N = 1.

cx
TDFI[H HH'I‘EF[]E].H BHa ‘_r( + +f + ], MOEHO l_l}rTEM BBIACIIEHHA B 3SHAaAMCEHATCIIE ITOJHOI'O KEHI[I]HT’H
ax X+ C

el
MPENCTaBHTh B BHJIE J.( > . X . CnenaeM creny rouee rp eodpas oBaHHE:
1 )
I ¥
J, it 1 J.5+u.‘ - y 1 . it udi
— di = J J
2 s 2z i i- |
(11" + 5) s Y (U +5) 5 (u +5) (n: + 5)"
BTopoii HHTerpall, BXOJIAIIHE B 5TO paBeHCTBO, OyieM OpaThb I10 YacTAM.
ir'.ﬁ.'l :{ f“;“ T : e, T i efne, —olfis; ‘
O003HaUHM: - . ““,E'f' : :
et _-l(.:.r2 “+ &) o 2(er — 1 32e™ 4+ 530! J
J. w du b N 1 J. clit _
(1- (2n- D%~ +)"7" 2n-2 J(w® +5)"
JIna HexoqHOro HHTerpana I'ID.]T_‘,”IEIE:MZ
1y BOKYME T”Uﬂ” T 1 it
AnEKT blO + - J
os(2n- 2) Yu w5y

nog
Cepmd:mﬁa?' ( HCDGBQB%EEABEE'}EEZ{JEE:}E&ﬁijﬂdEﬂﬂﬂﬂ{fiEEi‘ - HJLH + w

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

cli 7
+

2n-3 dut
,D.EF'HCTEHTE!]'IJ:EEET'EH_E E:]EE no 18{1%%{323 2)(”- + 1.',)" | '-T,(:ZH - "PJ .J1

u1+r.}



ITonydeHHaa ¢opMysia Ha3bIBaeTCA PeKYppPeHTHoMH. EclH rpHMEHHTh €€ n-1 pa3, TO MOJyYHTCA TaOJIHYHBIH

i

HHTErpan .f?— }
1+ N

BepHeMcs Teriepb K HHTErpaly OT 3JeMeHTapHOoH Ap obH BHa IV B ob1em ¢y yae.

o o u =2ax +b: du =2adx;
Jr__ J:Hl +’h —-dx =(4a)” J" 1_1?1 s —dx =1 u- b . =
(ax’ +bx +c) (Qax +b)* + (dac - b) ¥ =i s =dac- b
Miu-5H) N
_ (da)” J, ;._ri; ] = (da)' | M J. HHE?’H N 2aN - Mb f Hif!f
2a (1= +5) 2a 2a (v +5)" 2d (17 +5)"

B rmosay4eHHOM paBeHCTBE IIE€PBbIIl HHTErpaa ¢ IMOMOIIbIO TMOJICTAHOBKH [ = i + § IIPHBOOHTCA K TaOJIUYHOMY

i7
J’d— . d KO BTOPpOMY HHTCTPAJIY IPHMEHACTCA PAaCcCMOTP €HHAA BBIIIEC PEKYPP CHTHAA (IJD[]M}’.]'IH.
4

HecMoTpa Ha KaKyIIYIOCA CJIOKHOCTh HHTETPHPOBaHHA 31eMeHTapHoH ApoOH BHa 'V, Ha rpaKkTHKeE ero
JOCTATOYHO JIErko IMPHMEHATh N1 Jp odeli ¢ HeOoJbIIoil cTereHbo 71, @ YHHBEPCaIbHOCTh H OOIHOCTD IMOX0/a JeNaeT

BO3SMOKHBIM OUCHD I'IPOCTY O pCalH3IalHIO 3TOIro METOOa Ha SBM.

LIpumep:
3X +5 3X+5 0 =x- 2, du =dx; 3u+06+5
j dx =J' i —dx = | =J'L i —du =
(x~=-4dx+7)" ((x=-2) +3) o=+ 2 (te” +3)°
. udu . du t =u- +3; L3 ¥, 1 . du
::‘J - - ] J — = P = I — + 11 - + J - —
(i~ +3) (¢~ +3)° ﬂ(?ii’ :ZH(fH:_J 247 3-2(u”+3) 3 2Ju +3
R I Lt I 1 I 3 [ I {x- 2 [ | x- 2
= — +— +——arcic —+C =- . — + — ﬁ{ ), —arclg ——+C.
2t 0olu" +2) 6403 A3 2(x =-Adx+7) O6(x -4dx+7) 642 N
IHHTE OBaHHE P aLTH OHAJILHBIX 1.

HHTerpHpoBaHHe palfHoHAIBHbIX Jpo0eti.

J[s1 Toro, 4ToOBI IMPOMHTErPHP OBaTh PaLiHOHAIbHY O p0o0b HEOOXOAHMO P a3I0KHTh €€ Ha
3JIEMEHTapPHBIE JIp 00H.

N — @) }

Teopema: Ecm R(x) = P(x) - TpaBHIbHAA palHOHAalbHasA Jpo0b, 3HaMeHaTeNnbh P(X) koTopoii
X

MpencTaBlIeH B BHJE ITPOH3BEAEHHA JHHEHHBIX H KBaJpaTHYHBIX MHOKHTeNe (oTMeTHM, 4TO J1000H MHOTOWIEH C

efCTBHTENbHBIMH K03(h(HITHEHTAMH MOKET ObITh [P €ICTaBIEH B TAKOM BHIE: P(x) = (X - @)®...(x - B)A(x" + px + g)*...(x°

+ rx + §)#), TOo 3Ta poOb MOKET ObITh pa3JioKEHA Ha 3JIEMEHTApPHBIE I10 CIEAYIOIIEH cXeMe:

(){1} .’I] ..’In, ,’I” H] Hq BI": LLI ].T + ;""h"l-]
—— = + —— + ...+ —+...+ + ——+...+ — + — —
Pix) x-a (x-a) (x - a)” (x-b) (x-b) (x=-b)" x "+ px+yg
‘l’jrﬁr + ;'h\"rﬁ *LII ]l + ;-Il.'nlr R]]l + S] Rﬂ.-]l. —|— Sq R'.l"T + S.l
+ 1 B _."'I +111+ } ‘ .- +111+ "I + i - _."'I +111+ } .
(x~+ px+g)° (x~ + pr+gq)” X" +ix+s (xT+rv+s)e (x~ +rx+s)"

rae A, Bi, M;, Ni, Ry, S; — HEKOTOpbIE MOCTOAHHBIE BEJIMYHHEI.

IIpH HHTErpHPOBaHHH palLHOHANBHBIX Jpobel mnpHOeraldT K pa3fioKeHHI0 HCXoaHoH JpodH Ha
aNneMeHTapHbIe. I HaxoxgeHHA BenHYHH A;, By, M, N Ri, S; IIpHMEHAIOT TaK Ha3bIBa€MbI1 MeTOJ HeOmp eJe Ie HHLIX
KOY((PpHIHEeHTOB, CYyTh KOTOPOr'0 COCTOHT B TOM, YTO A TOro, uToOBI JIBa MHOrowieHa ObLIH TOMJIECTBEHHO PaBHBI,
HeoOX0MO H JJOCTATOUHO, YTOObI OBIJIH paBHbI KO3(p(PHLIMEHTHI ITPH OJHHAKOBBIX CTEMEHAX X.

IIprMeHeHH e 3TOro METO/la pacCMOTPHM Ha KOHKPETHOM IIPHMED €.

[ Ipumep.
Fﬁu-‘ - 30x +28x- 88
J(x? - 6x+8)(x7 +4)

T O 3 Sk, =0 D A 4w

Oy’ - FOERTEONRQULNQRNVNCHIOL B Cx+ D
Ceptudmkar TEASEEsea0H06s— +

ar—Z2C0000043E0ABBES52265E 5
Bnageney; (X Lﬂeaa}(cﬂéa' T‘Q'rl&uhé_ﬂ.i'eﬂ:}ampoﬁs 2 x=-4 ¥~ +4

HpHEL'}I[H K Dﬁ].[IEM}’ SHaMCHATCIIO H IIPHPAaBHHEBAA COOTBETCTBYHOIIHE YHCIIHTCIIH, ITOJIY HacM.
ﬂ,EHCTEHTE]‘Fé—(ﬁE TB&!SEGEE 1% ‘I"@hﬁ@ﬁﬁx - E){_I: + "” + {;(1"" + E}H‘IZ - Ox + H} :{’]I: - 30:"1 + 28x - 88




(A+B+C)x " +(-44-2B- 6C+D)x" +(4A+4B+8C- 6D)x+(-16.1- SB+8D) =
:9.1--"—30.1- +28x - 88.

- —
|
— — = o —
— —

—— e — —— —_—

Hroro:

. D 3 + 2 . 2
J r:?’x+J {L\+J dx —Sln;a-"’|+.:- 4‘+J : n".r+J : dx =

x- 2 x- 4 x° +4 v- +4 - +4
:Sln‘r— 2‘+3[n‘r - 4 +?Iﬂ{';sf2 +4'}+m*ﬂ‘g§+{'ﬁ
JagauH:
3agada 1. Pa3no:KHTh Ha rpoc TEHITHE Jp 00H CIEy IoIHE palfHoHaIbHbIE Jpo0H:

! llx—4

) xt | 2 —8

ViEaszsanue: 3HaMeHaTedb PaziOHTE Had MHOMHTENH.

2 Ex‘-]—-il::: 91 3:1 da® — 2453 — 41x - 20

) (x— 1) (x+3) (2 {x—i] ;.::—|-!}{-:+2j|‘,x——3}{.=—2}

4 but — oy -1-26 g Hix4-40

) (x—=1)(x—2)(x—1T)' ) 1z —HNx+2)°

6) da¥ e Zdx - 28

I3 (x—4a)
3agaua 2.
BBIYHCIHTE:
dx

) 25 9 Jets 9 (% y |75 5) | .
3amaua 3.
BBIYHCIHTE:

dx ) dx _ dx .
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Borpocsr:

1. Kaxkuie npo0OH Ha3bIBaOT MPOC TEHITHMH?

2. Kalacaﬂ 00b HEEI:IBHE:TCH paLHOHAIBHOH?
3 MEHT NoarnncaH 9
: Q@p HazbIBaeTCA [IPABHIIBHOM

C.Epmd:muélr. zﬁmmmwﬁmﬂmﬁam TP OC TEHIIHE?
Brageneys. LBoieneeyTHIHOCTE METOMaHE OIp €/1e JeHHBIX KO3 (PPHLIHEHTOB?

ﬁ%ﬁ%ﬁ%ﬁﬁﬂ%“ﬁ%&"&ﬁ'ﬂ‘#&ﬂé‘E'aTErH&““ 5
pakTH4YecKoe 3aHATHe 8.1. Cmoco0bl BBIMHCJIEHHA onpeJe/IeHHOro HHTerpaJa. ®opmy.a HelotoHa-JleliOHHIA.
3aMeHA NepeMeHHOH B OIpeJe/IeHHOM HHTerpaje. dopMyJia HHTerpHPOBAHHA MO 4YACTAM B OIpeJde IeHHOM

HHT eI'pP AJIE.



O06o3HauHM m H M HaHMeHbIllee H HaHO onbiee 3HaueHHe PyHKIHH Ha oTpeske [a, b] .
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Pazo0beM oTpe3ok [a, b] Ha yacTH (He 00sM3aTeIbHO OJJHHAKOBBIE) 11 TOUKAMEH.
X=X <Xx<...<Xp
Torgax: —xXo = AX1, 0 —X1 = AXo, ... X — X1 = AXy
Ha xax1oM H3 IMoy4YeHHBIX OTPe3KOB HaiijieM HaHMeHbIIee H HaHO oMbl ee 3HaUeHHe by HKLHH.
[0, X1] = my, My, [, X2] = mo, Mo o [Xut, Xo] — my, M,
CocTaBHM CYMMBI:

iy

S mmAx A L AR = 2 m Ax,
i=l

U
-5' n— Mlﬂ-xl + M]M] + ...+ Muﬂxn = f"l"f; AJ:{.

=l
CymMMa 5 Ha3bIBaeTCsd HHKHe i HHTerpaJbHOM CYMMOIi, a cyMMa .S — BepXHelf HHTerpAJIbHOR CYMMOI.

Tekm=M,T0 S.=< S, a mb-a)=sS5.< S.=Mb-a)

BHYTpH Kaqoro oTpe3ka BblbepeM HEKOTOPYIO TOUKY €.
X< E1<X1, XI<E< X3y ... ,Xnl <€ <X

Hafinem 3HaueHHA (QYHKIIHH B 3THX TOUKaX H COCTAaBHM BbIpakeHHe, KOTOpPOE Ha3bIBA€TCA HHTeErpa bHOI
cymmoii qia pyHkipH f(X) Ha otpeske [a, b].

S, =f(e)Ax; + (&A% + ... + A, = Y [(€,)Ax,
=

Torga MoskHO 3arHcaTh: mAY; < fig) Ax, < M Ax;

i

H i
CrenoBaTelbHO, Z m,Ax, EZ f(e)Ax "-_‘iZ M Ax,
i —

i =l

5. =5 =5
-7 -
L5 L = e

I"'eoMeTpHYECKH 3TO MpEACcTaBIAETCA CIEIy IIHM obpaszoM: rpadHk ¢yHKIH f(X) orpaHHYeH cBepXy OIMHCAHHOMH
JIOMaHOH JIHHHEH, a CHH3Y — BITHCAaHHOH JIOMAaHOH.

O0o3HauHM max Ax; — HaHOOJNBIIHIE OTpe30K pa3OdHeHHsA, a minAx; — HaHMeHbIIHHA. Ecim max Ax;— 0, To 4HcIIo
OTPE3KOB pa30dHeHHsA oTpe3ka [a, b] cTpeMHTCA K 6€CKOHEYHOCTH.

A n
T Fan ) . - .
Ecm S, —Zn[(t!}ﬁl{ . TO fl_ll]_’l_ Z-f(E.-'J‘&‘L.r =9.
AOKIMEHT NOAMNCAH ¥+~ 955
ANEKTPOHHOW NOAMUCHIO
CepmdndBCTHE MIPH 4 1100bIN o pas OHeHWA) s0Tpe3ka [a, b] Taxix, uro maxAx,— 0 H NPOH3BOJNEHOM BbIOOpE TOYEK E;

3 Ia0erey 3y x Ha AReKCaHaOpoBHa

HHTErp aJibHasA CyMMa S” :Z‘]"(E_,-_}ﬁxr- CTPEMHTCA K IMPEIENy S, KOTOPbIH Ha3bIBAETCA OIIP € eIEHHbIM HHTErPAaJIOM OT

A=

lairoaenes;. 16,06.2092 w 19



O003HAIEHHE J’,f‘(x)-:z'xi
a — HIDKHHIH 1pefient, b — BepXHHIA rIp efjer, X — rep eMeHHas HHTErPHp OBaHHs, [a, b] — oTpe3s ok HHTErpHp OBaHH.
i 4
Ecm ana gymaps f(x) cymecTtsyeT npegen  11m jZ{(F YAx, = L[f‘(_:.;)cir, TO (PYHKL[HA Ha3bIBaeTCA
s Ay, — |
o
HHTerp HpyeMoii Ha oTpeske [a, b].

b
Taroke BepHBI YTBEP/KIAEHHA: 111N me Ax, = jjf'(_l?.)d.r?

s S — 0
' ¢ =

)

B
lim ¥ M, Ax, = [/ ()l

max Ay, — (05
: ;

CBOHCTBaA orpeaeleHHOro HHTerpaa.

b b
1) Jf-ff{.x- )dx = A J‘_;‘{x)dx;
2) ﬁ)ﬂ (x) = /L (x))dx = J'j‘ (x)dx = J-fj (x)cdx

3) J‘ F(xX)dx =0

F £

4) Eemuf(x) < @(x) Ha otpeske [a, b] a<b, 10 |/ {(x)dx = ﬁ'l::(_x)fir

)

5) Ecmum u M — cooTBETCTBEHHO HaHMEHbIIee H HaHOonbInee 3HaYeHHA PyHKIHH f(X) Ha oTpeske [a, b], To:

1
m(b-a) = v[f*(_r)::fx =M(b- a)

6) Teopema o cpegnem. Eciu ¢yHrkipia f(X) HerpepriBHa Ha oTpe3Ke [a, b], To Ha 3ToM OTpe3Ke CYI[ECTBYET TOUKA €
TaKas, 4To

j.ff{.vl?)f-'ﬁ-’- =(b- a)f(e)
7) J17151 POH3BONBHBIX YHCEN @, b, ¢ CIIpaBeIIHBO PaBEHCTBO:
5 i M
JT f(x)dx = f F(x)dx + If‘(x_)dx
PazyMeeTcs, 5TO PABEHCTBO BIMONHAETCA, €CJIH CYNIECTBY €T KaKIbIi H3 BXOMIANIHX B HETO HHTErPAJIOB.
g o
8 _[f (xX)dx =- f F(x)dx

Teopema HrioToHa-JIefiOHHI1a.
Teopema: (Teopema HrtoToHa — JIefibHIMI[a)

Ecmi gyHxpa F(X) — kakasa- mi0o riep BooOpa3Haa oT Herp epblBHOH pyHKIH f(X), TO

[IOKYMEHT NOANWUCAH ;

SNEKTPOHHOW MOAMNMCHIO e B
Ceprudbukat:  2C0000043E9ABSBI52205E7BA5000600000 H(x)dx =F(b)- F(a)

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa i

3TO BbIpake€HHE H3BECTHO 10 Ha3BaHHEeM (opmy bl HbloToHa — JIeHOHHIA.
Nencteutened: ¢ 19.08.2022 no 19.08.2023 5
HHorga nprveHAoT obosHaueHHe F(b) — F(a) = F(x) | :

r



@Dopmyna HetoToHa — JlefiOHHLIa rpecTaBiaAeT coOoH o0 LMl Moxo ] K HAX0KIeHHIO Orpe/eneHHbIX HHTErpasos.

YTo Kacaercs I[TPHEMOB BbIYHCIICHIA OIIPCOCJICHHBIX HHTETPAJIOB, TO OHH IMPAKTHYCCKH HHYCM HE OTIIHHYAKOTCH OT
BCCX TEX IIPHEMOE H MCTOHOB, KOTOPBIC ObLITH PacCMOTP CHbI BbILIC TIPH HAXO0AOCHHH HCOIP €I CJICHHBIX HHTCTP AJIOB.

To4YHO Tak Ke TIPHMCEHAKOTCA MCETOIbBI ITOJC TaHO BKI (EEMEHLI HEDEMEHHDH), MCETOI HHTCI'PHP OBAHHA IIO YaCTAM,
TC A€ IMPHCMbI HaX O CHHA nepﬂnnﬁp d3HbIX IJIA TPHIOHOMCTPHYICCKIIX, HPppaLliHOHAJIBHBIX H TpaH CLICHIICHTHDBIX QJ}FI-]I{LHJI‘:.I
Oco0eHHOCTBIO ABIAETCA TOJIBKO TO, 4UTO IIPpH TIpPHMCHCHIH 3THX IIPHEMOE HaIO PacripoCTpPpaHATDb l'IpE:Gﬁp d30BAHIIEC HC

TOJIBKO Ha INOJHHTCTPAJIBHY IO QJ}’I-H{LIHID, HO H Ha TIp COcilbl HHTCIPHP OBaHHA. 3aMeHAA IIEP EMCHHY KO HHTCTPHPOBaHIHA, HE
£

3a0bITh M3MEHHTb COOTBETCTBEHHO TIIpeAeibl HHTerpHpoBaHHA. IIycTh 3amaH HHTerpan j/ (x)dx, me fx) —

)

HerpepbIBHaA (JYHKIHA Ha oTpeske [a, b]. BregeM HOBYIO MepeMEHHYI0 B COOTBETCTBHH ¢ (popmyJioii X = ¢(t). Torma eciu
1) 9(e) =a, @()=b

2) @(t) 1 @ (t) HerpepbIBHBI Ha oTpe3ke [, ]
3) f(g(t)) orpeneneHa Ha oTpeske [, ], To

5 E
[/ (dx = [fTao(D)]e ()

;
Torna J"f[[]tn(!')]qtm’('f.:]df. :!-’[[]t:{'.'”)H =P - #lg(c)] =4H(h)- FF(a)

S

"y -

— l-x,fl - sin~ 7 costdr = l'-;:r:rs‘ tdt :E r(l +Ccos 21 )dr =
[ [ ()

a =0;p=m/2

IIpH 3ameHe IepeMeHHOI B OIpeaeIeHHOM HHTerpajie CIEAYET IOMHHTL O TOM, YTO BBOJHMAadA (PYHKIHA (B
paccMOTPEHHOM IIpHMEPE 3T0 (PYHKIMA Sin) Jo/bKHa ObITh HEMpepbIBHA Ha OTPE3Ke HHTErpHpOoBaHHA. B IMpoTHBHOM

ciaydae popManbHOE Ip HMeEHeHHE () OpMYJIbI TIPHBOJHT K adcypay.
IIpumep.

aT
J‘ﬂ!-{r- — X ‘ —JL, ¢ APY rod CTOpPOHDbI, €CJIH TIIPHMCHHTDE TPHI'OHOMCETPHYICCKYHO ITTOOCTAaHOBKY ,

¥ (]
m M ) T _ i )
x ax | | (it
Jdx = | == — = e e = = - =0
. dsimT x +cos” x o deos” x(l +1g7x) S+

T.e. nBa crocoba HaxoKAeHHA HHTErpasaa JaloT pas3HuHble Pe3yJIbTaThl. DTO IMPOH3OILI0 H3-3a TOr0, YTO He OBLT YUTeH
TOT (paKT, YTO BBeJIeHHasA repeMeHHaA tgX HMMeeT Ha OTpe3Ke HHTErpHp oBaHHA pa3pbiB (B Touke X = 5t/2). ITosTomy B
JaHHOM cJIlyyae TaKas IM0JcTaHOBKA HerpHMeHHMa. IIpH 3amMeHe rnepemMeHHOH B oripefesieHHOM HHTerpane clelyeT
BHHMATEIBHO CJIEHTh 3a BhITTOJIHEHHEM I1€P €YHC JIEHHBIX BbIIIE Y CJIOBHI.

HIHTErpHp OBAHHE I10 YacTAM.

Ecm ¢pyHKIHH u = @(X) H v = (X) HerpepbIBHBI Ha oTpe3ke [a, b], a Takoke Hermp eppIBHBI Ha 3TOM OTPE3KE HX
TPOH3 BOJIHBIE, TO CIIpaBEIIHBa (pOPMYJIa HHTETPHP OBAaHHA 110 YacTAM:

Fa b h
NOKYMEHT NOAMNWCAH j}.;d v =y - J' vl
ot )

SNEKTPOHHOW NOAMNUCHLIO
Ceptudmkar: 2C0000043E9AB8BI52205E7BA500060000043E

SEd}fﬁﬂf” llleGayxoea TaTeAHa AnexkcaHgpoBHa

3amaua 1.BeIuHCIIHTE onpeeneHHbIe HHTErpaJbl.
Nencteutened: ¢ 19.08.2022 no 19.08.2023



f( +5x +6)cos 2xdx.

0

3 J(.?‘LZ +4x + 3) Ccos xdx.

-1

0

5. J(.,r +7,1L+12)meci'f
-4

7. J(()_x +91+11]L0531d1.

9 ﬂ:%f +5)C(}52xdx.

2T
1. J{S- 7x3)0052xdx.

()

13. J(;r‘z +2x + 1) sin 3xdx.

-1

A

. 1
15. J(.x“ - 3x + 2) sin xdx.

()

()
; _
17. ﬂ X~ +6x+ 9) S1n 2 xdx.

-
-2

12 ) sin xdx.

Te ra | =
—
|
thn
,3.1

3amada 2.
BBIYHCIHTE OIMpeeeHHbIE€ HHTErpasibl.

"4 in(x-1)

L. J' — dx.

¢+]
AOKYMEHT MNOANMCAH
SIE OHHOW NOANWUCBLIO
iep ¢I'I'1HET §&U&D[ﬁ 952205E7BAS00060000043E
nageneuy; llleGayxoea Ta g AnekcaHgpoBHa

+x‘

Nencteutened: ¢ 19.08.2022 no 19.08.2023

0

.
2. J(x“ - 4)00531‘01’.1‘?.

-7

0

4 J( X+ 2)2 cos 3xdx.

_ "
2

6. J( 2x7 +4x + 7) Cos 2xdx.
8 J( 8x” +16x + 17) cos 4 xdx.
10. Mﬂ 2x° - 15) cos 3xdXx.

2T
g
12. ﬂl- 8f)cos4.xdx.

3
2 .
14 J(JC - 3x)81n 2 xdx.

0

, :
16 [ v+° - Sx + 6) sin 3xdx.

S;F____kmﬁq

18 J(f + 1 7_,,5) sin 2xdx.

0

0 J( 3x - 5111 2xdx.

: (.3:2 +1)d1::

2.

Jx* +3x+1)
> 3
X dx
4. J" S
ﬂx“+4




5.

7.

0.

13.

15.

17.

19.

2
T X +CoSx
f dx.

7 .
Jx+ 281N X
12

: 2
g 1+4x

cx.

]

J.xd.x
4.1

JX + ]

.Jr:
'[\fx + 1

"~.,-" 3

4

X - (dr(,tg x)

f —x.
I+ x°

()

s1n |

(arcsin _r)z +1

f o dx.

()

—_—

"~.,-"I 8

J. dx
5 .x*xf x° +1
2

ax

x'!r\/ x -

o 2cosx +3sinxy
6. f dx

¢ (2sin x - 3cosx)’
1/ 24/x) +1
RN}

dx.

J8
x+1 X
10. J' dx.
NE

\f:s: + 1

arctex + x
12 J‘ &

-\_!-||-|

dx.

J o1+ X
13

14. ‘[ ——X.
5 x +1

dx.

16. J‘\/? x+1

g
+Inx
18, JJ dx.

Boripocsr:
1. PackpoHTe cMBICII MOHATHA OIpP €IEIEHHOT0 HHTEIpP aJla.
2. T'eomeTpHYeCKHIH CMBICI OIIp €AEIEHHOro HHTErpaa.
3. IlepeuHc/HTE OCHOBHBIE CBOHCTBA OIIPENEISHHOr0 HHTErpaa.
4. Teopema O cCpemHEM.
5. TIpomsBogHaA OMpeae/IeHHOTO HHTErpala 1o BepXHeMY ITIpeIely.
6. @opmyna HetoToHa — JlefibHHLIA.
7.

Temva 9. IIp HiT0:KeHHS ONpeae e HHOI0 HHTerpaJia.
IIpakTHYecKoOe 3aHATHe 9.1. 'eoMeTpHUYeCKHEe MPHJIOKEHHS ONpP eJeJIEHHOI0 HHT erp aga. ILonaas nmiiock ol

3ameHa T'cp eMEHHOH H HHTCTPHPOBAHHE ITO YaCTAM B OIIp €OCJICHHOM HHTET'PAJIC.

(Gurypbl. OobeM Te1a. J[JmHAa IYTH KpHBoi. IL1011a b NOBepXHOCTH BpAllle HHAL

BrluHcneHHe rutomanei rnockix QUryp.

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceprudomkar: 2C0000043ESABBES52205E7BAS00060000043E

Bnaneneu:

llleGayxoea TaTeAHa AnexkcaHgpoBHa

Nencteutened: ¢ 19.08.2022 no 19.08.2023
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I13BecTHO, 4TO OrIpeeieHHbIH HHTeIrpaa Ha OTpe3Ke MpefcTaBaAeT co0oi ruiomanab KPHBOMHHEHHOH TparieLH,
orpaHH4YeHHoH rpadHkomM ¢pyHxkiH f(X). EcH rpadgik pacronoxked HipKe ocH Ox, T.e. f(x) < 0, To rinomagk HMeET 3HaK

bk kR

-““, ecJIH rpa(pHK pacriofiozeH Beime ocH Ox, T.e. f(x) > 0, To ruomagk HMeeT 3HaK 1.
T Hax0KAEHHA ¢y MMapHOH IO agH HCIons3yeTcs GopMynna S = jf (x)dx|.

IInomanpk (pUIYPBI, OrpaHH4YeHHOH HEKOTOPBIMH JHHHAMH MOKeT ObITh HaliJleHa ¢ ITOMOII[bI OIp €/leleHHbIX
HHTEIP aJioB, €CJIH H3BeCTHBI YPaBHEHHA 3THX JIHHHI,

[pumep. HaiitH roomazns GHrypsl, orpaHHYeHHOH THHHAMH Y = X,V = X°, X = 2.

Hckomas rutomazhb (3amTpHX0oBaHa Ha pHCYHKE) MOKET ObITh HalizieHa 110 (popMyTie:
] 1 -1 ] -

L s I“I“Sélllﬁj
S = ff'cﬁ? - ﬁ:c:f}f — - ‘ = - - + - = (eg)
_ l 32| 3 2 3 2 6

HaxosgeHH e rutoiiaaHd KpHBOJIHMHEHHOIO CEKTOopa.

JnA HaxoXKOeHHA IUlon[agH KPHBOJIHHEHHOrO CEKTOpa BBEJEM IIOJAPHYIO CHCTEMY KOOpPAHHAT. Y paBHEHHE
KPHBOH, orpaHHYHBawIIleH ceKTop B 3TOH cHcTeMe KoopaHHaT, HMeeT BHI P = f(¢), rme p - AnMHHa pagHyc — BeKTopa,
COEQHUHAIOIIETO TTOKOC ¢ IIP OM3BOJIBHOH TOYKOH KPHBOH, a ( - YT0JI HAKJIOHA 3TOr0 pagHy ¢ — BEKTOPa K IOJIAPHOH OCH.

I Lnomagb KpHBOIHHEHHOr0 cEKTOPa MOKET ObITh HalzieHa 110 gopMyie:

L1
\ —E&ff (@)dp

OOKYMEHT NOANWMCAH
3NEKTPOHHOW NOONMCLIO

= . &

B TT e T IAIEQARRROGEIINEE TR A ENnnnin e =
Ceptuduka 2 43E9ABBBO52205E7BAS ] 13E

\nanent ebayxoea TaTeAHa AnekcaHapoBHa



BriwHcaeHHe JIHHBI IV I KPHBOH.

L'
-

¥ v = L[z _

AS Ty
-

il

a b X

Szjﬁuifnﬂﬁ¢r

Ecim ypaBHEHHE KpPHBOH 3a7aHO I1apaMETPHYEeCKH, TO C VUETOM [IpaBHJI BbIYHCIEHHA I1pOH3BOJHOMH
rnapamMeTpHYeCcKH 3alaHHO (PYHKLIHH IT0JTY YaeM:

L : -
S = f«.h.f'l_rp’(f}_z +Ilp r(ﬁ]_ldf ,

rae X = @(t) Hy =y(b).
EcH 3aj1aHa mpocTpaHcTBeHHAss KpHBas, HX = (), y =y () Hz =Z(1), To

& 0 T
= W@l [yl [z d

Ecm KPHEBaA 3aJaHa B MOJIHPHBIX KOOPDIAHHAT AX, TO

I}

S = [\p? +pide, p=te)

[pumep: HafitH JHHY OKPYKHOCTH, 3aaHHOH ypaBHEHHEM X~ + y° =17

_ : X
1 ciocod. BripasHM H3 ypaBHEHHA ITEPEMEHHYI0Y. 10 =+~ - x~ . HaimeM npomssoHyto V' —~ ——= = .
VT - XxT
. v 1 p o
1 . ] X F . oX T
Torma 5 = J' 1+ TAY :j — - X =4 -arcsin =+ . Torga S = 2nr. ITony4rmH oOIIeH3BECTHY 10
4 I':_l \f .!IH_ = ..]r_ r:l -l,lifll'r""';- - _1'_. 17" |:| Z

(hopMyITy IJHHBI OKPYAKHOCTH.

e g 3 7.7 !
2 cmocod. EciH mpeicTaBUTD 3aJJaHHOE YpaBHEHHE B MOMAPHOH CHCTEME KOOPAHHAT, TO ITOJYYHM: I'COS (@ + r'sin‘g =1,

7

R 2 T
OKYMEHT Nodifi€Ag) T ; =T |
T.e. Qyrxipa p =fpyr=ayHpnFoiricsio=1 torga S = fxfﬂ +r dp =r ﬁ’fq;l =2,
Ceprudukar ;HLLLLIliEHﬁEHBHﬂEEHﬂfg A500060000043E 0 ()
Bnaneneu llebayxosa TateaHa AnekcaHaopoBHa
Oeiicteutenex: ¢ 19.08.2022 no 19.08.2023 BriutcieHie USLEMUE TEJL

BrIuHciaeHHe o0beMa Tena [10 H3BeCTHhIM TUTOHTATAM €10 TapaJLJICJIBHBIX CEYEHHH.
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IIycTh HMeeTca Teno obbema V. ITnmomians nwboro roriepedyHoro cedeHHA Tena (Q, H3BeCTHA KaK HETIp epblBHAA
¢pyvaxuHA Q = Q(x). PasoObeM Termo Ha “cjioH” IorepevHbIMH C¢eYeHHAMH, IPOXOAAINIHMH 4Yepe3 TOUKH Xi pa3OHeHHA
oTpe3ka [a, b]. T.x. Ha KakoM- JHOO INpPOMEKYTOUHOM OTpe3ke pa3dHeHHA [Xii, x| PyHKIpMA Q(X) HerpephIBHA, TO
MpHHHMA €T Ha HEM HaHOoNblllee H HaHMeHbIIee 3HaueHHA. O003HaYHM HX COOTBETCTBEHHO M; H m;.

EcmH Ha 5THX HaHOonbIleM H HaHMeHbIIIEM CeueHHAX ITOCTPOHTh LIHH/PEI ¢ 00pa3yIoNHMH, ITapasuieIbHbIMH
OCH X, TO 00beMBI 3THX LITHHIP OB OYJIYT cOOTBETCTBEHHO paBHbI MiAX; H mAX; 371ech AX; = X - Xi1.

IIpom3Bena TakHe ITOCTPOEHHA A BCeX OTPE3KOB pa30HeHHsA, IMOJYYHM IHIHHApPBI, 00beMbl KOTOPBIX PAaBHbI

N

£l [
COOTBETCTBEHHO E M Ax, u E moAx,
=1 =l
IIpH cTp eMiIleHHH K HyJIO Iara pasoHeHHs )., 3TH CyMMbI HMEIOT OOIIHI ITp efle:

¢

lim Z M. Ax, =lim Z m,Ax, = ijQ(x)dr _
| ol

r— 0 % P

=i i =

TaxziM oOpa3zom, 00bEM TeJla MOMKET ObITh HAHJIEH I10 (popMyIE:
= IQ(J::_)(I’X .

HenocTatkom 3ToH (popMy bl ABIAETCA TO, YTO IJIA HaX 0KqeHHA o0bemMa HeoO0xXoqHMO 3HaTh (PYHKLHIO Q(X), 4TO
BeChMa IMPoOIeMaTHYHO JIIA CJI0KHBIX TEL
[Ipumep: Hafimi oObem mapa pamyca R.

B rorepevHbIx ceYEHHAX MIapa IT0JyYaloTCA OKPYKHOCTH MEPEMEHHOIO paJHyca V. B 3aBHCHMOCTH OT TeKy Iiei

KOOP/JHHATHI X 3TOT PajHy ¢ BhIpakaeTes 1o GopMyne g - »° . Torma GyHKIHA ruiomaneii ¢ eueH i HMeeT BHA: Q(x) =

:T(R:' - x° ]
[Tonyuaem oOBeM mIapa:

i iR f 3 1 3
[ — J'J'L(R'j - ¥ )dy =m(R x - i )| =1 R - K. - R +fi zﬂ
[OK¥MEHT MNOAMMUCAH s ~ 7 3
ANEKTPOHHOW NOANUCHIO
r at ._'i.j::._:-.:.:::::j. |:_“|::I‘u:"|:‘ 600000 .':"EOG'I:E:M Tell BDallen
o ""Paccum'ﬁ'iﬁﬁfﬁ K[]IHB}?IID,EH,I[I HY 10 ypaBHeHHeM y = {(X). IIpen , uT0 (pyHKLHA {(X) HerpepbIBHAa Ha OTP €3Ke
[a, b]. Ecmi cooTBeTcTBYIOIIVIO (€1 KPHBOJHHEHHYIO TparielHio c HHAMH a U b Bpamate Bokpyr ocH OX, To

TTOJTY SN TAK HASEIBAEMO € “TEII0 B ALHe HU - >

y =1(x)



T.K. KaXKJJO€ ceuYeHHe TeNa IUIOCKOCThI0 X = const MpecTaBieT coboil Kpyr paguyca & =|7(x)|, To o6bem
T€J1a BpallleHHA MOKET ObITh JIETKO HaFJeH I10 MOJIy YeHHOKH Bbllle (popMy JIe:

£
V== J:i‘"j (xX)dx.

ILnomanpk rMOBepXHOCTH Tella Bp allleHH .

L
e

ILmomaab0 NMOBePXHOCTH BpalleHHs KpHBOH AB BOKpYr OaHHOH OCH HasbIBalOT TIPpeell, K KOTOpPOMY
CTPEMATCA IUION[AAH TIOBEPXHOCTEH BpallleHHA JIOMaHbIX, BIMHCAHHBIX B KpHBYKY AB, INpH cTpeMIeHHH K HYJIO
HaHOONIBIIHX H3 JIJIHH 3 BeHbeB HTHX JIOMaHBIX.

IInomazae MoBEpPXHOCTH, OMHCAHHOH JIOMaHOH paBHa.

P =Tti‘(‘/‘(.x:}._ O+ f(x }).h,"fl + f rl([‘-,)_._},ﬁ,;;}. _
S|

JTa CYMMa HE ABJIACTCA HHTCIP EI.]'ILHDﬁ, HO MOAHO ITOKA3aTh, HTO

P = Iim _Ig(qf'['x: O+ fx }],jlff"z{'ea}m‘f = lm -[E lj'{f:f}wjl+.f”3['al, JAx
P A — o e s Ay — 0 o

II'I|

| - I'I. ~ ]
Torma I =2m ff (.1:}1_,"[ +/ (x)dx - hopMyJ1a BbIYHCIEHHA NJIOMIAH MOBEPXHOCTH TeJIa Bp All[e HHA.
3amauH;
3agaua 1. BeiuHcIHTh ruomanH obaacTei, orpaHHYeHHbIX IpadHKaMH 3a7jaHHbIX )y HKILHE:
# y=32-z° y=-4z.

2. y=3x, y = 3/x, z = 4.
3. r=5—y°, r = —4y.
4. y=+ver—-1. =0 r = Ind4.

5. y=sinz, poxvgerTeRsMcaHr =0 (z = 0).
ANEKTPOHHOW MOAMMCHIO
GeprudbbkaT V2@6000043E94858987E7BA5B0FE0bB8043E
Ler

E.'I-C'L'Ik;.”'-.;.- O3YX0OEd 1dTekHHa AJIERCaHOpOBHA
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oL
5. y =sinr Yy = COsT, r=0 (z <0)
) y=+v0—-=x2 y=0, z=0, z=3§3
10, y=2/x y = 5e*, y=2, g=>5

3amaua 2. BeIYHMCJIHTE JUTHHBI YT 3a7aHHbIX KPHBbIX.

. y=Inz, 2,2 < x < 2,/6. 6. y= chz, D< < 1.
2. w=Incospx, 0<r<n/6 7. y=12%/2, 0<r<l.
3. p=¢" Inva < zr<Invs. B. y=1-Inz, V3 <z < Ve
4. y=Insinz, r/3<x< /2 9. y=1- chz, 0<zx <l
9. y=2/z, 1/3<x<1/8. 10. y = +/1 — x? + arcsin x, 0<2<1/2
3agaua 3. BeIYHMCIHTE JUTHHBI YT 3a0aHHbIX KPHBbIX.
1. {I=!:—51uﬁ. 0 << P
y = 1 — cosd,
9 Fr= 2cost, 0<t<x/3
) y = 2sin £, - '
v
3, {*T'“_f"}"' 0<t<m
y==m i,
r=2cosi — cos 2f, o
= { y = 2sinf — sin 21, 0stxdx
B i
5. { mEeen  ensi
v= ¢ sint,

3?1}:[21‘121 4. BhIYHCIHTE 00BEMBI TCJI, OITPaHHYICHHDBIX 3aJaHHbIMI ITOBCP XHO CTAMI.

1. z=4x?+ 992 o=
2. z=9z°+ 4y°, z=6.
3. z=2z°+8y° =
2 2
4 xz+%+%:1 y=0 z=2
2 2
T 5 Z
2ol _:]_! = (), —
5 1ﬁ+y+9 z=10 z2=3J
42
0 ?-1-3;2—3;:2:1, z=0 z=1
2
1 ;1:2+E—2’;::2:, z=0, z2=1.

3agada 5. BeiuHcIHTE 00beMBI Tes, 00pa3oBaHHBIX BpallleHHeM BOKpPYT ocH OX obmactel, orpaHH4YeHHBIX IpadHKamH
3aJJaHHBIX (PYHKILIHE.

. y==241, y=0. 2. y=sin(x2/2), y==.
o y= IJ., Y= -g'".r_ 4. y = .1:1., Y= 2T,
3. Y =0CO0ST, y=snzr, =0 (0<z<r/4).

6. y=sin’r, poxivEnProgivcal= T2 0=z < x/2).
} i 3NEKTPOHHOW NMoAnuMchbio
Ceprubbuiiat 2C0000043E9AB8BY52205E78A500060000043E

aneneu; Webayxoea TaTbﬂHat.{-mEutaHﬂpcm Ha
o= I Jd, i = U, = .

2
Beiicréenen;c 19.08.2022 @b 19.ds.2023 & = 1.
: -

10. y = cos® x, p=0 (—x/2 <a < n/2).



Bonpocel

1. 3armmHTe H3BECTHbIE BaM (pOPMY JIbl BbIUHCIIEHHA TUTOM[ael IUT0CKHX (PUIVP.

2.  Kak BbIYUHCNIAETCA IUTOMIaAb IUTOCK 0i (PHUIYpPhI MPH IMOMOIIH OIIp €7]eJIEHHOTr0 HHTerpana?

3. Urt0 Takoe KpHBOJHHEHHAA Tparierpa?

4.  Kax BhIYHCIIHTB IUIOMIAbh KPHBOIHHEAHOH TparielHH, orpaHHYEHHOH CBEPXY KPHBOH, 3a]aHHOH
riapamMe TpHYECKH?

5. YTo0 Takoe KpHBOJHHEHHBIA ceKTOop ? KaKk BRIYHCIIHTE IUION[ Ak KPHBOJHHEHHOTO CEKTOpa?

6. Kak BBIYHCIHTE JUTHHY Iy IH KPHBOH?

7. Kak BbIMHCIHTD 00bEM TeJIa MPH IMOMOIIH OIIp €AeJIEHHOr0 HHTErpana?

8. Kak HaiTH ruioinaak rroBepXHOCTH BpaleHHA?

0. Kakue (3HYeckHe (MeXaHHYeCKHE) MPHI0KEHH OIp eeJIEHHOr0 HHTerpana Bbl 3HaETe?

Paszgen 4. ®YHKIUH HECKOJIbKHX IepeMeHHbIX

Tema 10. IIponsBoaubie H THQ(epeHIHAILI QYHKIHH HeCKOJIbKHX Iep eMe HHbIX.

IIpakTHuyeckoe 3ansaTHe 10.1. YacTHbIe NPOH3IBOAHLIC NePBOro mopAAKAa. YacTHble NPOH3IBOAHLIE BBLICIIHX
nopsaakos. lloanbii aH(pQepeHnuan (GYHKOHH. IHdepeHOIHATILI BBICIIHX NopaakoB. IH(depeHnHpoBaAHHe
CJIOKHBIX H HeSIBHBIX (DYHKI[HA.

IIycTh B HekoTOpoii oOnacTH 3afgaHa GyHKIHA z = {(X, v). Bo3bpMeM IpoH3BOIBHY 0 TouKy M(X, V) H 3amagHMm
npUpameHHe AxX K nepemeHHoil X. Torma BenHuHHa Az = f( X + AX, v) — {(X, y¥) Ha3bIBaeTCcsA YacTHbIM NMPHP allle HHeM
(QYHKIHH IO X.

MoxHO 3armicaTh

Az _ fx+Ax,y)- f(x,»)
Ax Ax
. Az _ _
Torma Iim \ Ha3bIBaeTCA YACT HOM Mp oM3BogHOK (yHKIHH Z = {(X, v) 110 X. ODo3HaueHHE:
Av— () X

Gz .. ey,

R :_1,- . - " /(1. ("T? ]’1)

CX CX

AHaIOrHYHO OMpeIENAeTc s YacTHaA [POH3BOHAA (DYHKLHH I10 .
dz _ .. flx,y+Ay)- f(x.»)
— = him ~— ' — _
[’]" Ay— ) .&}

—

=

I'eoMeTpHUYECKHM CMBICJIOM YacTHOH TITpOH3BOAHOH (IormycTHM ) ABIAETCA TAHMEHC VIJIa HaKIOHA

ey

X
KacaTe/IbHOH, IPoBeieHHOH B ToukKe No(Xo, Vo, Zg) K C€4E€HHIO TTOBEPXHOCTH IUIOCKOCTBIO ¥ = 0.
LR D DepaMNyDO B RIS HOMNO ILYTN

1 Ecnm £ = f(;':= .;"’)= I:I(fl i .}’(fl To

iz _ofds_of dy
ot Broxt By dt

2 BEonwm E:f(:x, -}i)= I:I(ir El = JJI:L 51 TO:
ﬁf2= -5'fatx+@fﬁ1’y
ot xoxt By dt

x_Fm
& By &

B B By F e B2y
& ey @& &

IlombiM aH(depennmuaTom (yHKUHH z = f(X, y) HasbIBaeTcA IJlaBHad JIHMHeHHad OTHOCHTENBHO AX H Ay

pHpaLeHIt by A Ac

CepTudmkar: Ef:t::-[:u:u::m3E9ABBE~,95EznﬁE?BAmDDEDG%DEEf1- (x, y)dx + f_l, (x. J")Ef}’ :
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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: df (x. J

O e
V. Zoent) =——dx + dy + ...+t
o | ox cy ct




[Ipumep. Haiti nosHbii qHddepeHiman pyHKIHH 4, — vz

.J-|-| ! |
il et Citd
diyy =—dx + dy + —dz
cx v oz
O : c : c :
— =y ', —=x""Inx-2yz; —=x""Inx-y;
CX oV Oz

2 STl Tt 2 L
du =vzx' T dx+2x7 yzlnxdv+ v x o Inxdz
YacTHbIe NIPOH3B OJJHbIE BHICIIHX MOPSAKOB :

- 22 s =[]
26§ s ),
8o )

JIugpep e HIHAIIBI BHICIIHX IOP ATKOB:

3 2 2
g f=TL g 228 gy O Ly,
! oy %

" _H i amf koo om—k B il
Ef f_zcm axla;a}!m_li:ﬂfx du]" b Cﬁ'ﬂ B .&'I(}'ﬂ—j—:}ﬁ
k=i -
A i
d*f=| Zaxs—ay| 7,
I [&i y y} ¥
a = 2 2 + . )
jyi (= . ay ¥ - oneparoep DHDQepeEIHPOBAHHA,
JamauH:
Janaua 1.

HaiiTH YacTHbIE MPOH3BOHBIE [0 BTOPOTO MOPSKA BKIIOMHTENBHO 3aJaHHbIX (DYHKLIHIA:
L 3 =g, 2. z=zln(z/y).
3. 2z =sin(xy). 4
5. z=+a?+ 32 6.
i zz\/Zmeryi. 8

9. 2=xcosy+ysinz. 10.

= €' Ccosy.

-
.

= In(z* + ).

4

z = In {xy.

O

= (1+z)*(1 + p)*.

3amaua 2.
HaifiTH rip o3 BoJiHBIE Gy HKLHH Z=Z(U,V):

:i, u L‘; U = u(;{r, y} U v = "U(.’L'._ yj

a

i_l;
l. 2=u*+1v%, u=zx+y, v=1x-—1.

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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3 3 ', [ AES d COS8 iy.
. z=u®4+ ? = Tt — Y y = gtV
2. s =arctglufv), u=rsiny, U= T CO8 .

B 32 In{u — v*=), i T 4+ y*, U=y,

y. 2 e == = i In \ r* +y*., v =arctg(y/x).

]

N, 2 AL u = ln{x® + y*), i .f'll,fl_l.

. 2 el T In . i ]”.'.f-

10, z = In(u/v), i = sin{x/y), U= 2y
3amada 3.
HaiiTH rip ol3 BoJIHbIE (by HKLIHIA, 3a/]aHHBIX HEABHO:

1. 3 =Z". 2. =144 v".

3. p=x+Iny. . zt+ty=e"" V.

5. eV — yle®® =, 6. r—y+ arctgy = 0.

1. psinr — cos(z — y) = (. 8. sin(zry) —e™ — "y =0

9. 1+ rxy—In{e®™ 4+ e~ *)=0, 10. 2 —2xp+y*+x+y-2=0.
Borpocsr:

1. lafiTe orpegeneHHe YacTHOro rMpHpaeHHa (yHKLHH 110 He3aBHCHMOH repeMeHHOH.

2.Yro TakKoe MoJHoe ripHpauieHHe ¢y HKLHH?

3.Uro Takoe dYacTHasd IIpOH3BOAHAA (WHKIIMH HECKOJbKHX TIlepeMeHHbIX? Kak o0o3HayaeTca 4acTHaA
I1pOH3 BOHaA?

4.IToACHHTE reOMETPHYECKHH CMBICIT YaCTHOH ITp OH3BOJHOH.

5.Yro Takoe mquddep eHLHaN PYHKLIHH HECKOJIBKHX ITep EMEHHBIX?
6.Yro Takoe MHHeapH3alA Py HKILHI?

7.IlosaHuTe ripaBHia U dep HLIHP OBaHHA CJI0KHBIX H HEABHBIX (DYHKI[HIA.
8. Kak HalHTH 4YacTHBIE ITp OH3BOJHBIE BTOP Oro, TPETHETO,. .., N-I'0 riopAaKa?

9. 3armmuTe GopMy Ty A BRIYHCIIEHHA TH(epeHLHala BTOp oro rnopAAxKa (pyHKIHH JIBYX Mep EMEHHbIX.

IIpakTH4Yeckoe 3ansaTHe 10.2. Kacare/IlbHAS H HOPMAJIb K MOBePXHOCTH. [IpoH3IBOIHAS M0 HAINP ABJIEHHIO.
I'paguenr.
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" kacaTSIREAA ChockerTs e

IIycte N H Ny — TOYKH JaHHOH IMOBEPXHOCTH. IIpoBeneM rpamyry NINp. ILT0CKOCTh, KOTOpas IIPOXOIHT 4YeEpPEs
TOUYKY INp, Ha3bIBAe€TCA KAcaTeJIbHOH MJIOCKOCThI0 K [TOBEPXHOCTH, €CIH Yol MeKIOY cekyuied NNy H 3TOH TLUTI0CKOCTbIO
CTPEMHTCA K HYJIK0, KOTZ[a CTP EMHTCA K HYJIHO paccTosAHHE NINp.

HopMa/ibio K TIOBEPXHOCTH B TOYKE Ny HasbIBAeTCA MpAMAdA, IIPOXOJAIaA 4Yepe3 TOUKy Ny IIeprieHIHKY JIAPHO
KacaTelbHOH IUTOCKOCTH K 3TOH ITOBEPXHOCTH.

B Kakoii — mH00 TOYKE MOBEPXHOCTh HMEET, THOO TOJNBKO OJJHY KacaTebHY 10 ITJIOCKOCTD, IHOO HE HMEET €€ BOBCE.

EcmH noBepxHocTh 3amaHa ypaBHeHHeM z = {(X, v), rae {(X, v) — pyHkImA, mHddepeHiiHpy emasn B Touke Mp(xo,
Vo), KacaTelbHaA IUTOCKOCTh B TOUKE Np(Xy,Vo,(X0,¥o)) CYIIECTBY €T H HMEET Yp aBHEHHE:

z- (x5, 10) =F, (. ye ) x - x5) + f_}.-‘(I::] Vo Xy = Yo

[NOKYMEHT NOArMCAH .
Y paBHeHHIE HOPMAIE ROMREPSEIOCTH B 5TOH TOUKE!

Ceptudmkar: ECDGGGGdE‘rEEﬁ.BBBQEEEDSETBASDQEEEEQ@ﬂd%ﬁ - };U - - :ijJ
L L I_ . o . E—

./‘w_-r(*]"“f] J’jr_m) ./;(In > Vi ) - |

Neiicraneh & OMETPHHECKHM ) EMBICJIOM TToJHOro AH(depeHiHana QyHKIMH ABYX repemeHHbIX (X, y) B Touke (Xo, Yo)
ABIIAETCA TIPHpall[eHHE allfUIHKaThl (KOOpJHHATHLI Z) KacaTelIbHOH IUTOCKOCTH K MOBEPXHOCTH IIPH IMepexXofie oT TOUKH (X,

Vo) K Touke (XgtAX, yotAy). Kak BHAHO, IeoOMETpPHYECKHH CcMBICT IMoJHOro pAH(depeHIHana (VHKIIHH [JBYX

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa




MEPEMEHHBIX ABIAETCA IMPOCTPAHCTBEHHBIM aHAJIONOM IE€OMETPHYECKOro cMbIcia AH(depeHIHana (QyHKLHH OJHOI
[1epEMEHHOH.
IIpumep. HaidTH ypaBHEHHA KacaTelIbHOH IUTOCKOCTH H HOPpMAJIH K ITOBEPXHOCTH
z=x -2xy+y - x+2v
B Touke M(1, 1, 1).

(7 cz
—2x-2v-1 —=2x+2y+2
lx ay
= -
(= (A=
- — -] — E_L
x|, v,

VpaBHEHHE KacaTEIbHOH IUIOCK OCTH:
z-1=-(x-1)+2(v- 1) x-2y+z=0;

VpaBHEHHE HOPMAIIH:
x-1 _ v-1_z-1
- 1 2 -1
I'pagueHT QYHKIHH BbIYHCIIAETCA 10 (hopMyJIE:
grad [ = ££+E}
ox o

IIpumep. Haiimi rpagpeHT QyHKLIFH
u =z~ — arctg (y + z)

B Touke M (2,1,1).
1. Haxogum gacTasie npomssogusie Gyaxkumm © = x> — arctg (y + 2):
af'__EI of 1 of 1
8 ' Oy 1+ (y+2)2 8z 1+ (y+2)?

" |
2. BerHmcaseM 4acTHBIE TPOU3BOHBIE (hyHEKIMN ©w = - —arctg (y+ 2)
B Touke M(2,1,1):

,fi(2,1,1) = -

| e

fi(2,1,1) =4, fi(2,1,1) = -

i )
3. Beramcasem rpagmenTt Gyakumm u = x° — arctg (y + z) B Touke
Mi2.1.1):

ad f| = (£ 10), f2.1,1), £211) {4. -3 -3}
(2,1,1) L 5

)
1 1
(2,1,1) v a

HpDHEBD,[[HHH MO HANMIPABJIEHHID, OIIPCOCIIACMOMY BCKTOPOM.

OTteer. grad f

| =cosq-I+sIl & J
OIIpe/IeNAeTCs KakK:

E=8f i @r=gmdf-f.

——cosa+——sma, ——

8 o By G)

3amauH:
3agaua 1.
Haiimi ypaBHEHHA KacaTENbHOH ITIOCKOCTH H HOPMAJIH K TTOBEPXHOCTH B 3aJaHHOH TouKe M.

AOKYMEHT MNOANMCAH
SNEKTPOHHOW NOAMNWMCLIO

Ceptvdmkar: 2C0000043E9ABBB952205E7BAS00060000043E
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
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1. z=x*+9%, M(1,-2,5).

,‘,.2 q’r:" e
), — === M(1.34).
16 9 N (4,3,4)

z2=sinzcosy, M(n/4,7/4,1/2).
2=ec""% M(l,r,l/e).

r=ytgz, M(n/4,1,1).

z = arctg (z/y), M (1,1,7/4).
z(y+2z)(z—2xy)=8, M(21,3).
2=/s 4 v/z =8, M(2,2,1).

2+ +22-16=0, M(2,2,2V2).

10. 28 + 92 — 22 = -1, M(2,2,3).

3agaua 2.
HaiiTH rpagHeHT yVHKLHH B TOUKE.
l, u=a+ 111(:2 4 yg), M(2,1,1).

u =2y — ey + 22, M(1,5,-2).

2
3. u=sin(z+ 2y) + 2,/Tyz, M(n/2,37/2,3).
4. u=az*+/y?+22, M(1,1,0).

- B

5, uw=,/zy+vV9-2%, M(1,1,0).

6. u=1In(3-=z%)+zy’z, M(L,3,2).

7. u=xy’z2—-In(z-1), M(1,1,2).

8. u=In(z*+9%), M(1,-1,2).

9, u=zy—x/z, M(—4,3,-1).

10. w = In(z + /22 + y2), M(1,-3,4).

Jamaua 3.

HaiiTH rip oH3 BoIHY 10 (JYHKLIHH U B TOUKe A IT0 Harlp aBJIeHHIO K Touke B.
1. u=z+In(2%+y?), A(2,1,1), B(0,2,0).

2. u=2zxy— \xy+ 22, A(1,5,-2), B(1,7,-4).

3 3
3. u=sin(z + 2y) + 2,/ZYz, A(f.—”._ ) 3(5—4,—"7 +3,3).

27 2 2 2
4. u=z*+ y® + 22, A(1,1,0), B(1,2,-1).
5. u=Ty+ V9 - 22, A(1,1,0), B(3.3,-1).
6. u=In(3 — z?) + zy’z, A(1,3,2), B(0,5,0).
7. u=z%y’z —In(z - 1), A(1,1,2), B(6,—5,2v5 + 2).
8. u=In(z?+ y?), A(1,-1,2), B(2,-2,3).
0. uw=In(z+ /22 +12), A(1,-3,4), B(-1,-4,5).
10. u =zy — £, A(—4,3,-1), B(1,4,-2).
Boripocsr:

1.Yto Takoe Kacaﬁw%wm TTOBEPXHOCTH?

2.Uro TaKoe HOPNARKTPOHHOW MOAMMUCHIO
T KaKicoeTaBaTey paBHe B KAaCF Fe B BHUHAIIDCKEE TH H HOPpMaJIH?

BrHafTe onpéseneaéarpamienTa GV ERHAHH.

5. Jlafite orpefeseHHe IIPOH3BOJHOH TIT0 HarpaBleHHI A1 (PYHKIHH HECKOJBKHX TIIepeMeHHbBIX. 3arHIIHTe

CQOTRETCTRY IOMIEE, MODMYTBL -

Tema 11. HcciremopaHue (DYHKIHH HeCK OJIBKHX Iep eMe HHBIX.



IIpakTH4YecKkoe 3aHATHe 11.1. DKcTpeMyM (PYHKIHH JBYX NepeMeHHbIX. Heo0XoqHMbIe H JOCTATOYHbIE YCJIOBHS
IKcTpeMyMa. Hando/bliee H HAHMeHbIIee 3HAYEHHSI (PYHKIHH B 3aMKHYTOH 00JIACTH. YCJIOBHBIH 3KCTpeMYyM.
MeToa MHOKHT eJie i JIarp anska.

Ecnu ama pyHkapH z = £(x, y), onp efiesieHHoH B HeKoTop ol 00acTH, B HEKOTOPOH OKpec THOCTH TOYKH M(Xp, Vo)
BE€pPHO HepaBEHCTBO

.f“(xm.l”n) = ~f~{-']:*}?.} .
TO TouKa My Ha3bIBaeTCA TOYKOH MAKCHMYMA.

Ecm qima ¢yHrkuHH z = (X, ), orpeneneHHoH B HEKOTopoii 00J1acTH, B HEKOTOPOH OKpec THOCTH ToukKH Mo(Xg, Vo)
BE€pPHO HEPABEHCTBO

J(xy,v)< f(x,y),
TO TouKa My HaspIBaeTCA TOYKOH MHHHMYMA.

TEDEEMH. IEEUGIDQHI’EIBIE VCJIOBHA BEETEEM!MHI.

Ecnn dyvaxkima £(x,y) B Touke (Xg, Yo) HMEET 3KCTPEMyM, TO B 3ToH Touke JHOO0 00e €e JacTHbIE IMPOH3BOJHbIE

TIEPBOIO IopAAKa paBHbI Hy JIIO f;{l"q : Vo ) =0, _f,'(.l‘n ‘_L-‘l-,} =0 , JTHO0O X0TA ObI O7JHA H3 HHX HE CYIIECTBY€T.

DTy TOUKY (Xg, Vo) OyJieM Ha3bIBaTh KPHTHYECKOMH TOYKOI.

Teopema. (JlocTaTOYHBIE VCJIOBHA YKCTP eMYMaA).

IIycTh B OKpECTHOCTH KPHTHYECKOH TOUKH (Xp, Vo) pyvHKIHA (X, ¥v) HMeeT HerpepbIBHBIE YacTHBIE TIPOH3BOIHbBIE
710 BTOPOTO MOpAJKa BKIIOUHTENBHO. PaccMOTPHM BhIp aKeHHE:

D(x.y) = £ (xew) S ()= [ 1] (e

1) Ecmi D(Xp, vo) = 0, To B Touke (Xo, Vo) ¢yvHKIMA (X, V) HMEET 3KCTPEMYyM, €CJIH fr {:-l’ﬂ,_l’ﬂ) <0 -

MaKCHMyM, €ClH | r (X4, %) > 0 - vy,

2) Ecm D(xg, vo) < 0, To B Touke (Xg, Vo) GyHKIHA (X, ¥) HE HMeeT 3KcTpeMy Ma.

B ciyuae, ecoi D = 0, BRIBOZT 0 HAIHYHH SKCTPEMyMa cJIeNIaTh HEIb3 4.
VcJIOBHBIRK KCTPeMYM HaxOJHTCS, Korja IiepeMeHHble X H Y, BXofdmHe B ¢yHKip u = f( X, y), He ABIAOTCA
He3aBHCHMBIMH, T.€. CYI[ECTBY €T HEKOTOpPOE COOTHOIIEHHe (p(X,y J=0, KOTOp O€ HAa3hbIBAETCS YPABHEH HEeM CBSI3H.

Torga 13 repeMeHHBIX X HY TONBKO ofiHa OyJleT He3aBHCHMOMH, T.K. Jpyrasd MosKeT ObITh BbIpakeHa uepe3 Hee H3
ypaBHEHHA CBA3H.

Torga u =1(x, y(x)).

du _of N of ey

dx cx oy dx
B To4kax 3KcTpeMyMa:

du _of N cf dv

(1)

edx  dx  ov dx
Kpome Toro:
S N o dy
ax  Ov o dx

YMHOKHM paBEHCTBO (2) Ha YHCIIO A H CJI0KHM ¢ paBeHCTBOM (1).

i

=0 )

-
!

of of dy oqg oy dv

:f+:f L P (L ECT R
oy dx ox oy dx

{ = = i s = k

of . oo C .o | dy
‘iq-h ﬁq‘+ i+h 4 = =)
L CX cy v | dx

s

J{nA BBITIOMHEHHA 3TOr0 ¥ CJIOBHA BO BCEX TOUKAX HaiiieM HeorlpeeleHHbIH Ko3(p(HLIHEHT . TaK, YTOOBI
BBITOJIHAIACH CHCTEMA TPeX yPaBHEHHIH:

_=_-_ D o _=_--\'- e =l =
- T - =

- - - Tom

i il —— o = — &

- | -_— = m
I = == == = = " =

l_IIIZ'!.]'I‘_‘,-F YEHHaA CHCTCMa Yp ABHEHHH ABIACTCA HEDGKGI[HI‘V[I:II‘VIH YCIOBHAMHM YCIIOBHOI'O 3KCTPCMyMa. OmHako 3To
YCIOBHE HC HABJIACTCHA JOCTATOYHDBIM. HGETDM}’ IPH HaXOKOCHHH KPHTHYCCKHX TOYUCK TDES}FE'I‘CH HX HOIIOJHHTCIIBHOC
HCCIICTOBAHHE Ha SKCTP CMyM.

BLIDHEEWE%W ) Ha3pIBaeTcA (PyHKIHed Jlarpan:xa.
cgpmd}m%w@ AR Vel @gim_%/m = Xy, €CJIH ypaBHEHHE CBA3H:

. f(x. )
043E9ABBES BAS00060000043E I5+ 3 5=0
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa X y—2-—
 =xy+r(2x+3v-3)
i O .
NeiicteuteneH: ¢ 19.08.2022 no 19.08.2023 = v+ 2M; =x + 3



Taxrv oOpa3 oM, (PYHKLHA HMEET 3KCTP EMYM B TOUKE

-
-

6

N, s

Hcrnonw3oBaHHe QyHKIEH Jlarparka /1A Hax oAJIeHHA TOUEK 3KCTpeMyMa (PYHKLIHH Ha3bIBA€TCA TAakKEe MeTOJ0M
MH O;KHTeJ1eH JIarp an:ka.

3amauH:

1. HaifimH skcTtpemMyM by HKLIHH:

l. z =x* = Ty + ¥°. 2. 2 =z° -y - ¥°.
dz=a‘—-20y+20°+2z. 4 z2z=2"+y —z* - 22y — 9

“3

5. z = a¥ — 2y¥ — 3z + 6y. 6. z =4z + 2y - s — y“.

i

:*-I

)

[ i o) '] . .
z° + y* = 15zy. 8.z2=x"+zxy+y" —3r - 0y.

O.z=z*+4y* - 2zy+4. 10.z=z/y+1/z+v.
2. HaiiTH vy cJIOBHBIA 3KCTP EMyM (PYHKLIHIA:

Dz =x*+v'-xy+x+yp+3=0mpu x+y+3 =0;

Du =xy zopux+2y+3z=12(x>0,y >0,z >0);

3) z =x + 2y IpH x° +1];: —5.

Boripocsr:

1. {afiTe orpeeneHHe JOKaIbHOro MakcHMyMa (MHHHMyMa) (PYHKLIHH B TOUKE.
2.Copmy mHpyHTE HEOOX OHMBbIE Y CJIOBHA 3K CTPEMYMa.

3. CpopmymHpyHTE JOCTaTOUHbBIE Y CJIOBHSA 3KCTPEMYMa.

4. OOBACHHUTE NMOHATHE 3KCTP eMyMa (PYHKILIHH B 00/1acTH.

Tema 12. IBOHHOH HHTeIpaJL
IIpakTH4yeckoe 3aHaATHe 12.1. CBolicTEa H MeT0/Jbl BHIMHCJICHHS JBOHHON0 HHTerpaJa. 3aMeHA NMepeMeéHHBIX B

JTBOIHOM HHTeIp aJIe.
PaccMOTPHM Ha IUI0CKOCTH HEKOTOPY 0 3aMKHY Ty 10 KPHBY 10, Y paBHeHHE KoTop off f(x,y)=0.

E—J E

Y
b

-
W
¥

CoOBOKYTHOCTh BCEX TOYEK, JIE/Kal[HX BHYTPH KPHBOH H Ha caMOi KPHBOH Ha30BeM 3aMKHyTOH obnacTeio A. EciiH
BbIOpaTh TOUKH 00JacTH 0€3 yueTa Touek, JeKalllHX Ha KpHBOKH, 00JacTh OVeT Ha3bIBaeTCA He3aMKHYTOH obmacTh A. C
reoMETPHYECKOH TOUKH 3pEeHHA A - TU1omaab (PHrypbl, OrpaHHYEHHOH KOHTY POM.

Pa3zo0bemM obmacTh A Ha n YaCTHYHBIX 00JIacTeH CETKOH MPAMbBIX, OTCTOAIHX APYT OT IPyTa I10 OCH X Ha
paccTosHHE AX;, a 10 ocH ¥ — Ha Ay;. BooO1e rosops, Takoil ropamok pas0OHeHHA HeoOs3aTeIeH, BO3MOKHO pa30HeHHe

o0macTH Ha YacTHYHbIE YYaCTKH TP OH3 BOJIBHOI (DOPMBI H pa3Mepa.

HD.]'I‘_‘,”IEIE:M, YTO IUIOLAAb S JeTHTCA Ha 3IeMeEHTApPHbIE TP AMOYTOJIBHHKH, U0 aAH KOTOPbIX paBHBI 5= A - ﬂ.}fi
OOKYMEHT NOANWMCAH
3NEKTPOHHOW NOONMCLIO
Ceptuchux B KangmoH I:IHI!'IHHHGH;GGHHEIIH-EGBbME:M-DpDPBEDﬂLH}fID TOUKY P(Ki, }fi) H COCTAaBHM HHTEIPAIBHY IO CYVMMY

XOBA4a

DIalerneil LLIE03Yy ol iTeHHE AJ1eKCAHODOBH:

'ﬂ- .'--'::\-."'Z_“':'i i -._: f . _:I __ 10 '|_! ::.": _-::_- 3 II.:]

rae { — gyHKA HermpepbIBHAA H OHO3HAYHAasA JIA BceX ToueK o0macTH A.



Ecm 0eckoHeYHOo YBeIHYHBATh KOIHYEeCTBO YacTHYHBIX obOnacTeil A, Toraa, o4eBHIHO, IUION[a/lh KAy 0o
JacTHYHOIO yUacTKa S; CTP eMHTCA K HYJIIO.

[

EcIH rpH cTpeMIeHHH K HyJIIo I1ara pa3oHeHH:A o01acTH A HHTerp ajbHbI€ CYMMBbI Z J(x., ¥, ) S, HMeroT KOHeuHbIi
|'._|.

rpefen, To 3TOT Ipeell Ha3bIBaeTcA JB 0l HbIM HHT erpajioM oT QyHKLHH (X, y) ro obmacTH A:

="

lim > f(x,,»,)S, = [ fx,»)dxdy .
i 1

C yueToM Toro, 4to S; = Ax; - Ay; nmoaydaem:

Sf( Xs VS, _S‘Zjlf(:t,,l YAV, Ax,

B npHBeAeHHOI BBIIII € 3aITHCH HMEIOTCA J]Ba 3HaKa X, T.K. CYMMHpPOBaHHE IMPOH3BOJJHTCA I10 JIBYM IepeMeHHbIM X
HY.

T.k. geneHHe 00J1acTH HHTETPHPOBAHHA IMPOH3BONIBHO, TAK/KE IIp OH3BOJIEH H BbIOOpP Touek Pi, To, cuHTasA Bece
rion[agu S; OJJHHAKOBBIMH, TTOJTy YaeM (opMy Iy :

J' __f(_:r V)elvedx = lnn ZZ F(x, v ),ﬂnglx

i"..l —U

CdopMy JIHpyeM JOCTaTOUYHbIE YCIJIOBHA CY IIeCTBOBAaHHA ABOHHOI0 HHTErpalla.

1. Ecmi ¢yHxkpsa (X, v) HerpepbIBHa B 3aMKHY Toi o06nacTi A, To JBOHHOH HHTErpa I I(Iv V)IAA
A

CY IIECTBY €T.

2. Ecm gyHxapa f(x, y) orpaHH4eHa B 3aMKHYTOH o01acTH A H Herp epbIBHA B HEH BCIOTY, KpOME KOHEYHOI0 YHCJIA

KYCOYHO — rNagKHX JIHHHHA, TO JBOHHOH HHTEIpasl _r -I(I* V)A CY LI[ECTBYET.
A

CBOHCTBa JIBOHHOI0 HHTEIP aJIa.

1) fljﬂ (x, )+ f.(x, v)- Fi(x, _v)]a’_vd,\: = f‘ﬁ (x, V)dvdx + ‘[ f (x, v)dvdx - j f.](:r‘_v)d_vdx_

2) ‘! -‘r{f'(ﬁfn V)dyvdx =k -! _f(_l‘j Jf"}ﬂf]-;ilfx_

3) Ecmi A=A+ Ay, TO

[ e, v)dvdx = [ f(x, Wdydx + [ f(x,v)dvdx
‘;!:“rl"pﬂli‘{' i']‘j‘tlf}f,l :{[‘fl}ﬂ%f\,.

4) Teopema o cpenHeM. J[BoiiHOH HHTerpan oT (yHKIHH f(X, ¥) paBeH MpoH3BeNeHHIO 3HAYEHHA 3TOH (PYHKLIHH B
HEKOTOpOH ToUKe 00J1acTH HHTErPHP OBAaHHA Ha IUTON[ab 001acTH HHTErPHP OBAHH.

If(l .]-’)ﬂf}a’fir :f(;.;{”‘},“} S
A
5) Ecm f(:"::- }r) > (0 B obnmacTH ﬂ? TO J-. “f[ X, F]_:)Eﬁ{"_;ﬂfx =) |
A

6) Ecm fi(x, ¥) < fi(x, ¥), To jj.(1 y)dydx {ff (x, v)dvdx

AOKYMEHT MNOOIMCAH
3NEKTPOHHOW NOANMCLIO

eprmgeukar. 2C0000043 EF'-.BBE 5 T-"BP-.SD 00004 3E
Rl G e
na VXoBa EITI:HHE. H,:l,ﬁrcﬂa
BbIuHCIEHHE JIBOHHOrO HHTErpaa.
Nencteutened: ¢ 19.08.2022 no 19.08.2023

Teopema. Ecnu pyuxyua fix, v) HenpepuleHda € 3aMKHYmoLl obnacniu A, 02paHudeHHON TuHuAMU X = a, X = b, (a <
b, v=qx), v = y(x), 20e @ u Y - HenpepoieHsvie QVHKLLL U



@ = Y. moeoda

1)

Al pla] | 5
.[ f (x, y)dxdy = If (x, y)dy |dx = Id_x If“( x, v)dy .

a i) a i )

Fi
¥ = p(x)
a b x
[Iprmep. BeIuHcIHTE HHTEMPal _f g - y)dxdy , €CJIH 00macTh A orpaHHYeHa HHHAMH: y =0,y = X°, X = 2.
&
A
4_
_ it
o] 2 “x
>y > - ! |
(x, vidxdy = |dx |(x- v)dy = |(xv- ") =[x - dv=| - =
” Pdy = b flem oy = om0 | = Jlee ) 110!

—4- 32 =03

Teopema. Ecmu ¢pyuxyua fix, v) HenpepoieHa € 3aMKHYMOL obaacin A, ozpanude HHO IuHUAMU Y =c¢, V = d (¢ <

d), x =Dy, x =Py (Dy < Ty), mo

) )

J“f(\, Vv )dxdy :fifl J‘f(:r V)edx

<1

LIpumep. BoIYHCIHTE HHTETP all j EFE_ + ¥ )dxdy , €CIIH o0macTh A orpaHHYeHa THHHAMH Y =X, X=0,y =1,y

Y
= 2.
¥
E
ﬂ./
1//
() 'z
NOKYMEHT MOAMVCAH
ONEKTPOHHOV MOAMACHIO ﬁ
akat: 26000004 IEE """" 4 4 = 64 4
+ 1 Ny = —+l { —J:L-"d-'— pt = —- =5
oo i sy = f T o)t = .‘“" BTt T e

fut



2 - * ¥
[Iprmep. BoIuHcIHTE HHTETPal _r Ep-"’ 2xy + y)dxdy , €CJIH 00JIacTh HHTErpHpP OBaHHA A orpaHHYeHa
Fat

MHHHAMH X =0, X =y°,y = 2.

2 2 v g .2
I@J{‘L - 2.#:_}! -+ J.?)ﬂilt.‘(}lf}?: J}j} J'(BX* _ EIJ-*' + }-’}t‘f.ﬁi _ J..(I.:_. _ J._!I:r +_'L"I)‘ ff}f’ _
: o i (0 0

2 T B 492 .
5 1 \/ ) V' L-44
= (V"= Dy = -
: 7 6 4|, 21
3amauH;
3amaua 1. II3MeHHTH ropAA0K HHTETPHP O BaHHA:
16 0 32 0

2/x 4. [dy [ f(m._y)d:r+fdy / flz,y)dx.
: /n’:.r/fur y) dy + fdrff:z y)d 0 —y/4 16 _. /3=y

V6 EI’F 23 V12—x2
. /dy/m dﬁfdyffw . [ [ s dy+fd1'ff:ry
0 0
1/y
3 v/ 36—y2 0 v —yi-12y l -
0. d1 T, 1Y) dr + / / xr,y) dz.
3. fdy f f(m,y)dIJrfdy f f(z,y)dy. [ g f( v Al
—6 0 3 0 g v : —\/2y—y?

33,[[3‘13 2. BeIYHCIIHTD ,I[EDﬁI—IhIE HHTCIP aJIbI TIO obnacTaM D, OI'p aHH" CHHbIM 3 aJaHHbIMI JIHHHAMI.

/f{?.r — y) dzx dy, y =1z, y=+r.

D

[/{.1:—3;}(1?.1*(@. y=2-1°, y=2r-1.
o

[[{y]uw} dx dy, y = fllﬂ Yy
.Dn. L

- | -
4, /j (cos 2z + sin y) dx dy, f = 1 Z, ¥v=0, =1

|
=
os |
|
b

b= | =

j/ sin(x + y) dx dy, y=&; Y=

1
ff—xiwdy., Y= — =2, =2
.
f{iﬂuy}dxdy, =% j=-yx.
D

Boripochr:

1.J1afiTe orpeaeneHHe qBOHHOr0 HHTErp aa.

2. IToACHHTE reOMETPHYECKHH CMBICI JIBOHHOT0O HHTErpaJia.

3.IlepeyHcIMTE CBOHCTBA JJBOHHOIO HHTErpaia.

4.YT0 TaKo€e ITOBTOPHBIH HHTErp asn?

5.OrHImHTE rp oL{eCcC BRIYHCIIEHHA BOHHONO HHTErpasia B JIEKAPTOBhIX KOOPJHHATAX.

Tema 13. IIpHIGKEHEABROHHOFAMHT eID AJIA.
IIpakT HuecKoe FNIBITHE T AP FoiRe Hust B 0fiHOr0 HHTErp AJIA.

Ceprudukary BERTC Fetr1e TR ST e e HERAPFOBE TR KoopaHHATAX.

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

Nencteutened: ¢ 19.08.2022 no 19.08.2023



¥ = Oz
s
hall

¥ = (=) ‘
a b T X

ILnomans S, rMoka3zaHHasA Ha PHCYHKE, MO/KET ObITh BBIUHCIIEHA ¢ ITOMOIIbIO IBOHHOIO HHTErPaia 1o gpopmMyie:

froapla)

S = f ﬁfydx,

a Flxl
[IpuMep. BbIYHCIHTE [UIOMAAL (PHIYPBI, OTPaHHYEHHOH THHHAMH Y- = 4x+ 4, x+y -2 =0.

ITocTporM rpadHKH 3a7aHHBIX (Y HKLIHE:

JIMHHH 11ep ecekaloTeA B ABYX Toukax — (0, 2) 1 (8, -6). Taxrm obpa3om, ob1acTh HHTErpHP OBaHH:A Orp aHHYEHa T10

v - 4
ocH Ox rpadHKaMH KPHBBIX OT ¥ ==——— nox =2 —y, a1o ocH Oy — ot —6 f10 2. Torga HcKomas Iuioniaghb paBHa:
Y 9 . ,_ . . . . ,
P , . y© - 4 4 8-4dy- v"+4 |
g — f [ dydy = || 2- yv- —|dv = - dy =— [ﬁ- vo-dy+ 12){{15 =
- B 5% , 4 4 4 by
-0 4 - iy . = i : =i
1
1| b 4y” |2 1{ 8 366 4 -3 N S| 1
= |- L2 oy =2]- 28424 : : 13*@H=—« 88- = | =21
413 2 1o 40 3 2 2 I 4 > =

2) BreiumcieHHe romomaneii B MoJApHbBIX KOOpAHHATAX.

0, i)

S = J' Erdpffﬂ = J' E[wz’.x = I jpdpdﬂ
r A

0, {0
3) BrIuHcieHHe 00BHeMOB TelL

IIycThb TEMO orpaHHYEHO CHH3Y TLUIOCKOCTBIO XY, @ CBEPXY— IMOBEPXHOCThIO Z = f(X.y), a ¢ OOKOB —
LIWIHHAPHYECKOH MOBEPXHOCThI0. Takoe Teao Ha3bIBAETCA IHJIHHAP OHJI.

Ko Vo
v=lim ZZ zZAyAx = ‘fj‘cﬁfdx = ‘[J‘:dvdx
[OKYMEHT NOANUCAH ="~ A L e
ANEKTPOHHOW MNOANUCHIO o
Ceprudbukar: 20 43E9AB8B952205E7BA500060000043E

AV XOBd iTeHHE Ad1eKCaHdDOBHLS
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[TpuMep. BoIYHCIHTD 00bEM, OrpaHHYEHHBIE MOBEPXHOCTAMH: X°+ v° =1; X +v + z =3 H ruockocThio XOY.
LIpHMED. rp cp y y

IIpenenst HHTEIPHpPOBaHKA: 110 0cH OX: v =-y/1- x°; 1y, =~J1- x°

nmoocHOY:x;=-1; xx=1;

x,l—‘[

j ﬁ - x - ¥)dydx =:

5
- -.,‘."l—'u

4) BeraHcieHHe ruiomagH KpHBOH MOBEPXHOCTH.

EclH noBepxXHOCTh 3a71aHa ypaBHeHHeM: (X, v, z) = 0, To rutomajib €€ rIoBepXHOCTH HaX0qUTCA 1Mo (popMyJIe:

e mn s 2 o )2 o 2
I o o s

f‘ f +‘ ;f |
Oy GV i

S = f }L — ——dvdx

—
iy
{' i
-
i

Ny

-
L)

|.'-.'|

EcJIH roBepXHOCTh 3a7jaHa B HEABHOM BHJE, T.€. YPaBHEHHeM Z = (X, V), TO IUTOIIaAb 3TOH [TOBEPXHOCTH
BBIYHCIIAETCA 10 hOPMYJIE:
|
— [ @ | +
K

5)BbItHCcI€HHE MOMEHTOB HHEPLIHH IUIOMIa e IMIOCKHX (PHIyp.

~
5L

Iy cTh rmomags rutockoii pHrype! (obmacte A) orpaHHueHa JTHHHeH, ypaBHeHHe KoTopoii f(x,y) = 0. Torma
MOMEHTBI HHEPLIHH 3TOi (PHIYpbl HAXOOATCA 110 (DOPMYIIaM:

- oTHOCHTeNBHO ocu Ox: L+ = I j‘ dvdx

A~ dvdx
:[]PE"H X

= -+ -
- OTHOCHTCIIBHO Havalla KOOPIHHAT: j'u' !.T. I

- OTHOCHTCIIBEHO OCH D}’Z !

f (J}. +7)dVAX _ sror MomenT HHEPLHH Ha3bIBaIOT €llle
M

nNOJIHPHBIM MOMEHTOM HHEPIIHH.

6) BeriHcIeHHE LIEHTP OB TAKECTH IUToMaz e IUI0CKHX (PHTYP.
[OKYMEHT MOANWCAH

KGD}],II;HI—IE'I‘I:I ueﬂﬁ#ﬁﬁiﬁdﬁﬁfﬁﬁ Hﬁé&ﬁﬂh%&l I10 dmpn«ryﬂam
2C00000 JE9ABBB952205E7BA500060000043

E lageney H.-:'-::-. xoBa TaTeAHa AnekcaHapoBHa J ‘.L:rldl X ur 'I;f"u’ff’l ex

X 1 =

Oeicreutenen: ¢ 19.08.2022 no 19.08.2023 f Ar_[d'l’d«l - Jljdu?{r




371eCh W —IMOBEPXHOCTHAA IUIOTHOCTH (am = waydx —macca 37eMeHTa ITJI0 I aH).
3amauH;

3agada 1. Haitmi o6beMbI T, orpaHHYE€HHBIX 3 aJJaHHbIMH ITOBEPXHOCTAMH:

1. z=.,/1, r=2/v, z=1-y, z =

2, p=./m, y=2./=, z=6-=z, z = (.

3. Y= ST, y=0, z=1, z=z+4+y+1l, z=0.

4. y=x y=1, z = x% + 3%, z= (.

5 y==6-23x/2, y=6-3z, y=0, z=6—-z-y, 2=0
6. z°+y° =4, 2 = Iy, z = (x>0, y > 0)

7. y=\/m, y = 2=4-2-12, z=

8 z¢+y°—-4y=0, z=4-z2° =1

0. 22+94*-2x=0, 2 =x° 4+ y°, =10,

10. =% + y'}' — 2z = (), z = 2%, z =4z,

3agada 2. Haiimi rimomany ¢Hryp, orpaHHYeHHBIX 3ajaHHbIMH JTHHHAMH:
l. y=2/z, y=4e*, y=2, y=4.

v v=lld v=20 . g=l. v=2

3. y=2/z, y=2/z, ¢ =4.

4. 22 +9y° =2, y=—-=z% (y <0).

h: g=yiz, y=0. z=41

6. =2—1y°% z=—u.

7. y=s8inzx, y=cosz, =0, z=n/4.

8. y=2z*-1, y=r=.

9. z=+/4—-92, z=1y/3.

10. y=lnz, y=e¢/z, z=1.
3amaua 3. HaiitH Maccy roacTHHBI D ¢ TToBepXHOCTHOH ILUTOTHOCTBIO ¢ , rae D orpaHH4YeHa 3aAaHHbIMH JIHHHAMH:

1. jp— 2z +9°, x—4, y—0, y— .

2. #.::3:2_'_1;’ 3;:]_1 y:O yzzvﬁ_
3. u=z"1 2y t=0, y=4, y=2° (z>0)
4. p=z+y*, r=0 y=1, y=z*/4 (x> 0)
T — Y . . .
on= g =0 y=0. a*+y' =1 a*—y*=9Y
(z >0, y <0).
2"{} £ 3 f: o .
6. = a =1, =0, »“+y =3, a"+y =05Hh
H 22 4 3}’? 3 T Y . Y
(o = 0 Y = 0)
~ y — & 2 2 2 2
= =0 =0, 2?+y>—4, a®~+y®—16
R~ + EﬂDK?MEI:ILT [IDD.I'“II-"ICHH Y LT
NEKTPOHHOW NOANMUCEIO I:..[' < () y > U’]
Ceptwcoukatr: 2C0000043ESABBBY952205E7BAS00060000043E - -
Bnaneneu: LWebayxora TateAHa AnexkcaHgpoBHa . 9 . 2
8. F(*‘L:‘y}zy Ef:ﬂu Q=~LV’3: 1*2_%:1 Jej JIZ'J
[eiicteutenex: c 19.08.2022 no 19.08.2023 [y >0, y < ﬁ./ﬁ)

Boripocsr:



1.ITepeurcMTe reoMeTpHYECKHE H (PH3HYECKHE MPHIOKEHHA JBOHHOr0 HHTErpara.

2.OrMmuUTe, KaK BhIYHCIHTD TUIONalh KPHBOH MOBEPXHOCTH ¢ ITOMOIbIO JJBOHHOIO HHTErpasa.
3.YTo0 TaKoe roJapHbIA MOMEHT HHEPLIHH ? KaK MOKHO BhIYH CJIHTE MMOJIAPHBIA MOMEHT HHEPLIHH?
4. 3armmuTe GopMy Ty 1A BbIYHCIEHHA LIEHTP OB TAKEeC TH IUIomaei IockHX QUIyp.

Paszngea 5. JIudpdpepeHunanbHbIe ypaBHEHHSI.
Tema 14. JInddepe HIHATILHbIe YPABHEHHS MEePBOro MOpAAKA._

IIpakTH4yeckoe 3anaTHe 14.1. In(depeHIHAMLHBIE YPABHEHHS ¢ Pa3Je IMIOIIHMHECH NepeMeHHBIMH. OIHOpPOIHbIE
YPABHeHHS. JIHHe iHbIe YPABHeHHS. YPABHEeHHS, NP HBOAHMbI¢ K JIHHE HHbIM.

JTu(depeHIHAILHBIM YPABHeHHeM Ha3bIBaeTcA VpaBHeEHHe, CBA3BIBAIOIIEEe He3aBHCHMBIE TlepeMeHHbIE, HX
()VHKITHH H IIpoH3BoAHbIe (HH AH(¢epeHIHambl) >ToH (QyHKIMHH. EciH middepeHIManbHOe ypaBHEHHe HMeEET OJHY
HEe3aBHCHMYIO [IepeMEHHVI0, TO OHO Ha3bIBaeTcAd OObIKHOBeHHBIM JHQ(epeHIHAILHLIM YPABHeHHEM, €CJIH JKe
He3aBHCHMBIX I1ep eMeHHBIX JIBe HIH Oonee, To Takoe JHpdepeHIHanbHoe ypaBHeHHEe Ha3bIBaeTcA JHQ(ep eHIHAIbLHBIM
YpaBHeHHeM B YACTHBIX NPOH3BOAHBIX. HaHBLICIIHI IOPAAOK IPOH3BOJHBIX, BXOJAIN[HX B ypaBHEHHE, Ha3bIBaeTCH
nopARKoM JHQ(ep eHIHATHLHOIO YP ABHE HH 5.

L Ipumep.
x° vy +8y- x+5 =0 - 0ObIKHOBEHHOE mH ep eHLpanEHOE YpaBHeHHe 1 — ro ropsAgka. B o0memM BHAe 3armichiBaeTCA

F(x,y,v) =0

d - V ffl: 1

X——+xy—+x =y - oOblkHOBeHHoe H(pdepeHiHanbHOE ypaBHEHHe 2 — ro riopAnaka. B obimem BHfe
dx® T dx )

sarmcbiBaercs £ (X, v, v,y ) =0
e iz

- P + X)) o =0 - guddepeHiHanbHOE ypaBHEHHE B YacTHBIX ITP OH3 BOJHbIX ITEPBOT0 ITOPAIKA.

OO0mHM pemnreHHeM MH(epeHLMaIbHOr0 ypaBHeHHA HasbIBaeTcAd Takad JH(depeHIMpyemasas (yHKIMA v = (X, O),
KOTOp as MpH MoJIcTAaHOBKE B HCXOJJHOE YpaBHEHHE BMECTO HeH3BeCcTHOH (PYHKLIHH o0palljaeT ypaBHeHHE B TOKJIECTBO.
€HI[HaJIbHbI€ Y PaBHEHHA ITEPBOTro I1op AKA.

T depeHIHATLHBIM YPABHeHHeM MepPBOro Mopsika Ha3bIBaeTCsd COOTHOIIEHHE, CBA3bIBalOIIEe (PYHKLIHIO, €€
MEPBY IO 1P OH3 BOJHY 10 H HE3aBHCHMY 10 MEPEM EHHY 10, T.€. COOTHOILIEHHE BH/A:

F(x,p,v) =0
YPHBHEHHH C PATCJIHIOINMHMHCH MepeMe HHBIMH
Tudbdeperipanstoe ypasHene ¥ = / (X, V') HasbIBaeTcs ypaBHEHHeEM ¢ Pa3/Ie ISHOIIHMICS TP eMeHHbIMH, €CJTH €T0
MOAHO 3aITHCAaTh B BHIC

y o =a(x)P(y).

¥ -
. - AX
IIpumep. Haiimi obujee pemedHe qudpdep eHLHaIBHOIO ypaBHeHHA: V) :—-:: o5 v
dV
yeosy — =-2x
lx
vcos vdy =-2xdx
J:‘J-*’ cos ydy =-2 J:\:d_r
- J-:.r i T cf v COoSs vedrl . . )
'_1'{1(.'-5_1.*;.{1' =1 e = cfrre  —win 4 — v =111 ) - 1511-_1 ey = v oEin v A s e
. £ — ¥ — = . ) )
ysiny+cosy =-x" +C

y 2 —
vsiny+cosy+x +C =0

- 3TO ecThb 0OHIHIT HHTErpas HexoaHoro JH(¢epeHIHaIbHOIO YpaBHEHHA, T.K. HCKoMasA (PYHKIHA H He BbIpakeHa uep €3

He3aBHCHMY 10 TTepeMeHHY 0. B 3ToM H 3aksIodaeTcs oTJIHYHe o01ero (4acTHOro) HHTerpaJia ot oduero (4acTHOro)

pelleHHs.
[pumep. Pemuts ypasHerte 1" — 73 =y
’ dx
LY
NOKYMEHT MOANUCAH v 3 dv =dy
3NEKTPOHHOWM MOAMMCHIO ) 3 .

Cepmudomkatr: 2C0000043ESABBB952205E7/BAS00060000043E —22

Bnapneney: llleGayxoea TaTeAHa AnekcaHfpoBHa J.V o d ' — J‘ﬂif
];:':

[eiicTeuTenex: ¢ 19.08.2022 no 19.08.2023 31" T =x+C

¥

27v =(x + )" - obupii vHTETPAN



1 .
Yy =—(x+ () - obmee penreHHe

27
JIHHeHHbIE VpaBHEHHA.
I depeHiinanbHoe ypaBHEHHE Ha3bIBaeTcAd JIHMHeHHBIM OTHOCHTE/IBHO HEH3BECTHOH (YHKIIHH H €€
TMPOH3BOAHOH, €CJIH OHO MOJKET ObITh 3aIlHcaHO B BHJIE!

v+ L)y =0(x),
MpH 3TOM, €CJIH IIpaBad dYacTh (fx) paBHa HYyJIO, TO TaKOE€ YpaBHEHHE Ha3bIBA€TCA JIMHeHHBIM OJHOPOIHLIM
nHU(dep eHLHAaIBHBIM YpaBHEHHEM, €CJIH IIpaBad dyacTb (fXx) HE paBHa HYJI0, TO TAKOE YpaBHEHHE Ha3bIBAETCA JIHHeHHbBIM
He OJJHOP oAHbIM JH(pdEpEHILHATBHBIM YpP aBHEHHEM.
Jna HHTerpHpOoBaHHA JTHHEHHBIX HEOJHOPOJHBIX ypaBHeHHH (O(x) #0) NMPHMEHAKTCA B OCHOBHOM J[Ba METO/A:
MeTol bepHym 1 meToy Jlarparnka.

Metoa bepHyLIH.
CyTb METOJIa 3aKJIFOYAETCA B TOM, YTO HCKOMaA (PyHKLHA IMPEICTABIAETCA B BHJIE I OH3BEAEHHA ABYX (Y HKLHIA

V =uv.

, dv du
ITpH 5TOM OYEBHJHO, UTO V —U f_ + a’_ - G depeHLHpP OBaHHE T10 YaCTAM.
clx X
TTonmcTaBisisd B HCXOJHOE YpaBHEHHE, ITOJTY YaeM:
dv it o
u— +v— + P(x)uvy =0(x)
x X
dv du |
u—+ vl —+ P(x)u | =0(x)
adx Ly |

Jlanee crenqyeT BakKHOE 3amMedaHHe — T.K. TI€pBOHaudanbHasd (PYyHKIHA OblNa IIpeJicTaBleHa HaMH B BHJE
MPOH3BEAEHHA, TO KaKbIH H3 ¢ OMHOKHTENEH, BXOJAIIHX B 3TO MPOH3BENEHHE, MOKET OBITh IMP OH3BOJIBHBIM, BhIOpP aHHBIM
10 HallleMy Y CMOTPEHHIO.

HartprMep, GyHKLHA ' —2x~ MOKeT ObITb IpefcTaBlIeHa kak v =1 -2x7; ¥ =2 :x°; Vv =2.X ‘X! HTIL
Takiv oOpasom, MOXKHO OOHY H3 COCTABJAIONIHX TPOH3BeNeHHE (VHKIHH BbIOpaTh TaK, YTO BhIpaKeHHE

L)

—

ol
e + P(x)i =0. TakuMm o0pa3oM, BO3MOAKHO TTOJYUHTh (PYHKLHIO 2, TIPOHHTETPHPOBaB, I1OJy4YeHHOE COOTHOLIEHHE
X

KaK ofHopoaHoe AHP( epeHLHAILHOE VP aBHEHHE I10 OITHCAHHOI BbIIIE CXEME:

A i . .

— == P(x)dx; — =- JP{_I){J[E; ]n‘u.‘ =- JP{I_}.:I[‘{;

1 1t

In | +Injy =- J'F'{ x)elx: u =Ce Jriv O =1/C;

A HaxoKOeHHA BTOPOH HEH3BECTHOH (PYHKILHH Vv TIOJACTAaBHM IIOYUY€HHOE BbIpaKeHHE INA (PYHKIHH 4 B

7AL di o |
HCXO0/JHOE ypaBHEHHE HT + v o + ’(x)u | =((Xx) c yyeroM TOro, 4To BbIpaKeHHE, CTOSIIEE B CKOOKAX, paBHO

clx | X
HY JTIO.

- [Pl A% o . | [Py
Ce =(x); Cdv =0Q(x)e - dx;
X
HIHTEerpHpY A, MOKEM HaHTH (PYHKLIHIO v
T Yala ] | o R TE -,
(v = l"g_)(_rjc?-l' T dx + O Vv :.C* J'{_){T)E‘f dx + C,;

T.e. Gblna oMy veHa BTOpasA COCTABIAIOIIAs [P oM3BeeHHa V' —HV | koTopoe H orpefensaeT HCKOMY 10 (PYHKI[HIO.
ITomcTaBmAA MOJTy YeHHbIE 3HAYEHHA, T10TYYaeM:

. Py ] ] Py .
v =uwv =C¢ I —‘ IQ{ xX)e ) dx + ]
'l _
[OKYMEHT MNOAMNUCAH
OxoHYaEHHABTHIRUEEN tHopMY Ty :
Ceptuchukar:  2C0000043E9ABBERG2306E7BAS)0060000043E. ) s o _
Branenew LleBayxoka Tatstin .ﬂ.nEHEEH.‘EI.kF*CELE‘D Q[’ X)e - dx + ] , C5- 1P OH3BOJIBHBIH KUE'de)I’ﬂ-IHEHT.
3DTO COOTHOIIEHHE MOKET CUHTATLCA pelleHHeM HeoJHOp oqHOro JHHeHHoro qHd¢ep eHLHaIbHOrO YpaBHEHHA B
OfIILeM BHIEJ10 6H10200Y hepiByaiH.
3amauH:

3agada 1. Haiimi HHTErpanbHble KpHBble MG dep eHLIHaNbHBIX YV PaBHEHHI:



1. ydz+ {1+ z*)dy =0.

o
]

y' =tgxtgy.
3. ¥ y= —2rsecy. 4. ¢ +sin{x+ y) =sin(x — y).

p(l+z))y +2(1+9*)=0. 6. e*dr—(1+e*)ydy=0.

[y |

7. ¥ =2 cosx. B. ¥ =ylny.
b i —— 10. 3 !
. ¢y = = Y= —= :
1 4 24 v —1
3amaua 2. Haiimi obuyee p emeHH qH¢depeHLHAILHOr0 YpaBHeHHA :
__ : : 4 .
-|_ -|l|-'| efi® _| 'Ili[_ "2_ ﬂr i = -l__ R. I|r""I I|_||I| .J'y - :'.l'_." _".lnl-l_
- x
¥ o 2 | .,
1. rcos=dy+ |r — ycos dr=(. b. (z°+4 2zy)dx 4 zydy=I).
4 T
oy Y e
6. ry'In| = r+yln|=]. . ydr+ (2,/zy — x)dy = 0.
: 4 T
‘B g F " ! " :!
B. (dy°*+x°)y = xy. O.xry sin { ’rj =1y sin ( ’rj .
T T

10. Ty 4 !,F.'! = (22" 4 zp) v

3amada 3. Haiti pemenys 3agad Ko g maddepeHIHanbHBIX VP aBHEHHI:

1. ' +y—e* =10, y(l) = 0.
1
2. ¥ —yplge = - s y(0) =0,
COS8 I
3. Yeos'iz+y=1tgz, y(0) =0
i. y —ythz= ch? 3, i (0) = 0.
Lf ['E
5. —— =rlnm, yle) = —,
S e vie) = 3
6. y'sinx —ycosx =1, iy _r-l = 0.
ra ."J' ylgr =cosz, H':H]' = [].
Boripocsr:
1. Jaiite onpeneneHye qH¢QepeHIIHAIBHOIO YpaBHEHH:.
2. Kak onpegenAerca nopAgok mH¢depeHHanIbHOTO VP aBHEHHA?
3.  Yto Ha3bpIBalOT 00IMHM (YacTHBLIM) p eleHHeM JH( ¢ epeHIHaIbHOMO VP aBHeHHA?
4. B yem cyuHocTs 3agayH KomrH?
5. TIlpuseaute npumep qHpdepeHLHATBHONO YPaBHEHHA ¢ Pa3JIeIA0MHMHCA TI€PEMEHHbIMH.
6. OnumHTE X071 pemeHHs qHp(epeHIHaTbHON0 YPpaBHEHHA ¢ pa3eIAMIHMHCA TP eMEHHbIMH.
7.  Kakoe quddepeHianbHOe ypaBHEHHE Ha3bIBalOT OJJHOP OHBIM?
8. Kakoe guddepeHipansHoe ypaBHEHHE Ha3bIBalOT THHEHHBIM?
9.  OnumHTe MeTo[] BepHy M peneHHa MTHHEHHBIX TH(p(epeHLHMaTbHBIX VP aBHEHHI.

Tema 15. Iuddepe HIHATLHBbIE YPABHEHHS BLICIIHX IOP AAKOB.
IIpakTH4Yeckoe 3aHATHe 15.1. YpaBHeHHS BBICIIEr0 MOPHAAKA, JONYCKAKIIHEe NOHHKeHHe NMOpAAKAa. JIHHeHHbLIe
AH(pdepeHIHATLHLIE YPABHeHHS BhICIIHX MOP AAKOB.

Jdu((pepeHnHATBHLIM YPABHeHHeM MOPSIAKA 12 Ha3bIBa€TCA YPaBHEHHE BHIIA:

, . oae NS
F(‘rﬁ"}':ﬁ‘]; 3“':-}’ ) _{}
B HEKOTOPBIX CIIyYadAX 3TO YPaBHECHHE MOMXHO pa3pE€lIHTb OTHOCHTEIIBHO }’fﬂ}:

v =,y e v

Tak e KaKk H YPaBHCHHE IICPBOT O ITOPAIKA, VPaBHCHHA BbICITHX IMTOPAIKOE HMCHOT OeckoHeuYHoe KOJIHYECTBO

p ELIEHHI.
[JOKYMEHT NOANMCAH

AfBINGE YYaBYieria BhICIIHX ITOPAKOB, pelleHHE KOTOPBIX MOMKET ObITh HaJeHO aHAIHTHYECKH,

A
MGHHE Pz n eI Ha HECKOMPKS GCHOBHBIX THTOB.

Bnanenel: llleGayxoea TaTenAHa Anekc EH,D,FJ@E

Ha
pPaBHEHHA, JIOITY CKAIOUIHE MOHHKEHH € MOPAIKa.
IToHiDkeHHe TMopanka MH(depeHIHMaIbHOIO VPaBHEHHA — OCHOBHOH METO]l pellleHHA YpPaBHEHHI BbICIIHX

Dﬁﬂﬁﬂiﬂﬂe@ﬂﬂﬂﬂﬂﬂfﬂnﬂﬂﬂfﬂﬂﬁﬂiﬂﬂﬁ CPpaBHHTCIIBHO JICTKO HaXOIHTh PCIOCHIC, OQHAaKO, OH IMPHMCHHM JaJICKO HE KO
BCCM ¥V paBHCHHAM. Pa CCMOTPHM CJIY YaH, KOTda BO3SMOAHO ITOHILACHEC ITOPAIKA.

VpaBHeHHs Buma v = fix).




Ecm {(X) — dyHKIHA HenpepbIBHAsA Ha HEKOTOPOM IIPOMEKYTKE a < X < b, To pemeHHe MokeT ObITh HaiJIeHO
IocJeoBaTeNbHbIM HHTErPHpP OBAHHEM.

T ) = ff (xX)edx + O
yEl = J{‘[}"{I)dx +C, lix + C, = J'dx l[{(.}:)d;r +Cx+C,;

X X7 -

v = |dx |cdx.... | F(x)dx + C + ', — +...+C ;
y = Jd b |10 -1 (-2
[Ipumep. PemHTs ypaBHeHHe )~ —¢ " ¢ HAYaJbHBIMH Y CJIOBHAMH Xg = 0; yo = I;

:_ I; .'l"j[] :{:]q-

s i

” Y i ] L .
) :J'f dx + C Z?e‘” +C;

, |
¥ :J(;E’“ +C|

L,
dx :IE" +C x+C,;

J

(1 . , , | A
Y= ﬂ —e" +Cx+ 1 ——e" +=Cx" +C,x+(C;
4 I8 2 i '
ITozcTaBHM Ha4allbHbIE Y CIIOBHA
| 1 |
|=—+C,: -1=—+C,; 0=—+C;
& ' 4 i 2
I S . b
C] -~ {T? —~ {;1 -,
2 - + R
r ., T 4 5 7
ITomyyaeMm vacTHOe pemieHHe (pemeHHe 3agayd KomH): y =—¢™ - 1;{ - EJ.I + 9

VpaBHEHHA, HE CO JKal[He IBHO HCKOMOH H H €€ IMPOH3BONHBIX 0 ITOPATKA k — 1 BKITIOUHTEIILHO.

£) (k] (2]
Bro ypasHenns Bupa: F(x., v, v Yy =0,
B ypaBHEHHsX TaKOro THIIA BO3MOYKHO TTOHHLKEHHE TOpAAKAa Ha k eqHHHLl. 1A 3TOro IPOH3BONAT 3aMeHy
[1EPEMEHHOH ;

(k) RO VR (m — lan k)

v o=z =z: ... " =z

Torganonyuaem: F(x,z,z ,....,z"""") =0.

Terepp AOMyCTHM, YTO MoaydeHHoe AH((ep eHIHAIBHOE YpaBHEHHE ITp OHHTETPHPOBAHO H COBOKYITHOCThL €I0
p €lI€HHIT BhIpaKaeTcA COOTHOI EHHEM:

z = P(x, CL G, ).
,}_-[E.]'IHH Dﬁp dTHY IO T1I0JCTaHOBKY , HMCCM.
{.". |
I-I-‘I{T([&(ga+1 .f()
I/IHTEI'I]I’II]}’H ITOJIY YHCHHOC COOTHOIICHHC TOCIICTOBATCIIBHO k pas, IoJIy YacM OKOHYATEJIbBHBIH OTBET:

v :[I,‘(_IT, (.1| . C:: seenn C_f” )

FeF -1.-':
IIpyumep. Haiiti obmiee pelieHHe ypaBHEHHA ) —=

Y

IIpHMeHsEM ITOJICTAHOBKY Z =V . Z =}V |

, _ Z dz _z = _dxl - dx
- — . T T T . - 5 - 5
X dy x z X z X

.

ln|z| :]n|_}.:| +InC ; z = x;
HpDIﬂEE:ﬂH DG[]E]’IH}’ID 3dMEHY, TTOJTYYacM:
rr C a1
o =C\x; —Jt xdx =—x" +C,;
2
OOKYMEHT ﬂDﬂHHCHH f (1 (

ANEKTPOHHOW I'ID,EII'IHEFI{L + L H’.li,' :_.1 _1,1 + C.?F._l’ + {11?
Ceptudmkar: 2C0000043E9ABBB952205E7BAS0006 EIEH:MEE (] = -
Bnaneneu: llleGayxoea TaTeAHa AnekcaHgpoBHa ' ’

Ommee pemeHHe HexoqHoTo JH( ¢ epeHIHaIbHOMO YpaBHEHHA

vy =Cx" +C,x+C,;
Nencteutened: ¢ 19.08.2022 no 19.08.2023 ' - -
DTT\.-‘IETP]I\-‘I, YTO 3TO COOTHOMEHHE ABJIACTCA PEIICHHEM AJIA BCEX 3HAYCHHH ITEP EMEHHOH X KPOMCE 3Ha4YCHHA X =0



YpaBHEHH A, HE cOAepKalllHE ABHO HE3ABHCHMOH [IEPEMEHHOH.

STo ypaBHeHHs BHia F (v, v ..., v"") =0.

HD[]HI[DI{ TaKHX YP aBHEHHI1 MOyKeT ObITh IMOHHKeH Ha EOIHHHL]Y C [MOMOIIBIO 3aMEHBI ITep EMEHHBIX V' — ).

dv _dy dv _dp

11 —_— - —_—
- S S

P
dx nf y dx dy

dp
' dy dy dv H“EF 1°p (dp T owurT
y = ay _dy dy _dy p= "= ¢ r.f_ ,'.?j L| 9t D: .
dy dy dxdy day e L dy

IlogcTasnas 3TH 3HAYEHHA B HCXO/THOE I[['IdeJEpEH]_[HE.]'ILHGE YpPpaBHCHHE, TTOJIy TacM.

dp d"'p 1 —0

Folyvop.——.....

dv  dvy"!

EcIH 5To YpaBHEHHE Ip oHHTerpHpoBath, H @ (v, p. C, ., ..., ) =0 - cOBOKYITHOCTb €r0 pELMIEHHT, TO
1714 p eleHHa JaHHoro JH(depeH [HaIpPHOr0 YpaBHEHHA OCTaeTcA P EelIHTh VpaBHEHHE ITep BOT0 IMOPSJIKa:

D(y, v, C,,C,,....,C ) =0.
IIpumep. Hafimi obiiee penieHHe ypaBHeHHA 1) - ( ')1 - 4y =0.

: . dp
3aMeHa riep eMeHHoH: 2 — )V . ¥ :a’_}’ 2
1;}d—] p - 4y =0; o -'dp - p-4y| =0
cy: | dy
d ! '
1) ¥ £ . p- 4y =0; ap _4+£;
dy dv ¥
)
J[n4 pelneHHA 1oy YeHHoro qH¢p gepeHLHanbHOro ypaBHeHHA [P OH3BETeM 3aMeHy Iep eMeHHOI: :% .
d d |
H+i1 =4 +u; it —4—L
dy b

ja‘z.f =4 Jﬂ 7| :4111|_}*‘ +41InC;
y

P =4v In|li."1 Ve

d .'|
C y4eToM Toro, uTo 77 :d_} , TIOJTy 4aEM:
A
1 A%
L —4y1n I S ﬁil
clx 4y l]j]‘{_,.] Vv

|
_.‘nz':1 J'(“ n‘(lll} 1 111‘11’1|C]1|+L3_
InC, v

OO Mt HHTErpan HMeeT BHI: |I1|]ﬂ|(_f| 1|| — 4 x +

2) 3, :U' J.-‘r :[]; v = _T;

Taxrv oOpa3 oM, IOy YHIH JBa 00IHX peIeHHs.
JInHeHHBIM JH(PepeHIHATLHBIM YpPpABHeHHeM 72 — I'0 NMOPSJAKA Ha3blBaeTcA J000OE ypaBHEHHE IIepPBOi

CTEIIEHH OTHOCHTEIIBHO (IJ}FI-IECL[HI*I ¥V H cC IIPOH3BOJHBIX )~ F, r ...V o BHd.
(4} fw-11 (n-2)

poy oyt p y T L y py = ()
7€ Po P, ..., Pn — PYHKIIHH OT X HJIH [TOCTOAHHBIE BETHYHHBI, IIpHYeM py #= 0.

OTMETHM @0 EBARGIPHICABOHCTBO JTHHEHHBIX YpaBHEHHH BBICHIHX ITOPSIKOB, KOTOPOE OTMHYAET HX OT
HelHHeHHbIX. [y HEmaHERaro iyl yacTHbIA HHTErpal HaxogHTCA H3 oOWiero, a [y JHHEHHbIX — HaobopoT,
dﬁﬁiﬂﬁ" ' UebtTasireret 118 Mac e  MiPiHelHble ypaBHEeHHA TIPECTABISIOT coboll HaHOoIee H3yYeHHBIH Kiacc

tﬁﬁ Lbﬂu;ua ’ﬁ%?{rf‘ﬁ RHTeHIT BLICTIIDK MOPAKOB. ITO 00bACHAETCA CPaBHHTEIBHOH MPOCTOTOH HAXO0MAKIEHHA P eIl eHHA.
EC.]'IH MpPH pelleHHH KaKHX — JIHOO0 MpaKTHYECKHX 3a7ja4 TpeOyeTca pemHTh HeMHHelHoe qH(¢epeHIHaTbHOE YpaBHEHHE,
TOeidae e TIPHMEHARYTCA SIPHOIEDKEHHbIE METOMbI, TTO3BOJAIOIIHE 3aMEHHTh TaKO€ YpPaBHEHHE “ONIM3KHM~™ K HeMYy
JTHHEFHBIM.
JamayH.



3agaua 1. Haiimi obmpe pemeHHsa qU¢depeHIHaIbHbIX VP aBHEHHI:

3

1. y” = 1- y". 2. ;4'5,-” - ;_Jr' = 0.
31+ 4+ +1=0. 4 =2 +xy = 1.
b.xy" +y' =14z 6. ﬂr,"”.‘] Ly = 1.
T u'(1+9™*) =" 8. ' =-afy.

9, cxy" +y' +a = 0. 10, 3" = 43"

Sagaua 2. Haiith pemenua 3agau Ko s qudypepeHIHaNbHBIX YpaBHEHHI:
. y"y* =1, y(1/2) =1, y (1/2) = 1.

(0) =1, y(0) = 1.
(0) =2, y'(0) =2
(0) =1, y'(0) = L.

5. 3y =y+yP+1, y(0) = -2, y'(0) = 0.
3agaua 3. Haitth obmue pemenHa qu¢depeHILHanbHbIX VP aBHEHHIA:

9 gir” L ill_n':" J.._ Y
3. ¥ -y*+y¥(y-1)=0, y

L 49" -y =0, y(0

l. o' +y=coszx. 2. ¥y +y — 2y = Bsgin 2r.

3. o =2y +hy=e"c0s2z. 4. _f,n"" +y =Jdsinz.

5. " +y=4rcosz. 6. y'" — 9y = e?* cos.

7. " — 4y = e** sin 2x. B, y' —2y=2re"(cosz —sinzx).

9. ' —y=2sinx —4cosz. 10. y" — 6y 4+ 26y = 2sinx 4 Jcos .
Borip ocer:

1. Kakue pHabl JH(¢ep eHIHATBHBIX VpaBHEHHH, JOITy cCKalo IHX TMOHIUKeHHe rmopAnka Brl 3HaeTe?

2. Kakywo 3ameHy repeMeHHOH HeoO0XoJHMO TpPOBECTH, €CJIH B YpaBHEHHH ABHO HE COAEP/KHTCA HCKOMAsd
(PVHKLIHA, He3aBHCHMas IepeMeHHasA?

3. Kakoe ypaBHeHHE Ha3bIBalOT JHHEHHBLIM C [TOCTOSHHBIMH K03 () (pHLHEHTaMH ?

4. Kak cTpoHTcA oO0mlee pelmeHHE OHOPOAHOr0 JHHEHHOro ypaBHEHHsA BTOPOro IopsAfaKa ¢ IOCTOAHHBIMH
K03 (ppHLIHEHTaMH?

5. Kak HaiiTH o0mee pelieHHe JHHEHHOr0 HEOJHOPOAHOIO YPaBHEHHA BTOPOro IIOpsAJAKa € IMOCTOAHHBIMH
K03 (ppHLIHEHTaMH?

Tema 16. CHcTeMBI AH( QepeHIHATLHLIX YPABHEeHHH.

IIpakTHyeckoe 3anarHe 16.1. CHcTembl AH((epeHNHATLHLIX YPABHeHHH, OCHOBHbI¢ IOHATHSI.
HHTerpHpOBAHH e HOPMAJIbHBLIX CHCTeM. CHCTeMbI YPABHeHHH ¢ MOCTOSSHHBIMH K03 ()(pHIHEeHT AMH.

COBOKYIITHOCTE COOTHOIIEHHH BHA:

— - _ = _ — o mm — _ mm

— - — — _— - _— — _— _— - — - == — . == —

—_— - — —-— - — J— - — -

rje xX- He3aBHCHMAasA [epeMeHHaA, V; Vi, ...,Vn — HCKOMBbIE (YHKLHH, Ha3bIBaeTcsd cHcTeMol JAH(depe HIHATLHBIX
YpaABHeHHI MepBOro mopsjaKa.
Cuctema auddepeHIHAIBHBIX YpaBHEHHI IIEPBOro IOPAAKa, pa3pelleHHbIX OTHOCHTEIBHO IIPOH3BOJHBIX OT

HeH3BeCTHBIX (PYHKL[HIT Ha3bIBaeTCA HOPMAJILHOM cHCT eMok JH(depeHIHAILHBIX YPaBHeHHIA.
Takaa ccTeMa HMEET BH];

- -
- ——
—_ — - -
— -—

——
_— — - ——— - o - =

—_ = —mm —
B — - " . mm — i _— T e
-_— e e

IIna mpHMepa MOKHO CcKas3aTh, 4YTO TIpadHK pelieHHA CHCTeMbl JIBYX JH(pdepeHIHanbHbIX VpaBHEHHH
TMpeJcTaB/IAET o000 HHTErpaibHy 10 KPHBYIO B TP E€XMEPHOM I1P OCTP aHCTBE.
Teopema. (Teopema Komnmi). Ecmu e Hexomopoili obnacnui (n-1) —mepHozo Hpocmpancmed QVHKYLL

(XY VeV, ) fo (X VL Ve Y, ) o S (X0, Y5, V) HenpepbigHBL U LIMeION HeNPePbIEHbIE
YACHIHBIE NPOU3EOOHBIE HO V. Vo s-en V, , MO 014 N10600 MOUKU (X, .V 52 Yoy ae-es V,op ) 9000 0BLGCHIL

Cyljecmeyenl eoUHGINEE MO DAL
SNEKTPOHHOM NOANMUCHIO

=T v, =¢,(x), ... v, =g, (x
CepTudukar: EEGGGGGdSEEABBEQEEEDEE?BA]SDWE*SB@SM)JE Yy ZP.(X), - Py (X)
chcinemsl Olidppeper liars Ny paereriali euoda (1), onpedeneHHoe € HeKONIOPOLl OKPeCHIHOCHIL THOYKL X U

_}P@GE?IEHLEG}JHIHH}EEE HAYATNBHLIM VCIOEHAM -7':;_] -V T % e _}’T,,ﬁ -
Nencteutened: ¢ 19.08.2022 no 19.08.2023



OOImHM pelneHHeM cHcTeMmbl HddepeHIHanbHbBIX ypaBHeHHII BHia (1) OyaeT cOBOKYIMHOCTh (PyHKLIHET
v, =@, (x,C,C,,....,C ), v, =@, (x,C,.C,,....C ), ... v, =¢ (x,C,,C,,....C ), xoTopble IpH
IMOJICTAHOBKE B CHCTEMY 0OpallaloT €€ B TOXIECTBO.

HopwmaJibHble CHCTEMbI JTHHEHHBIX OTHOPOJHBIX JH G epeHITHATBHBIX YPaBHEHHI ¢ IIOCTOAHHBIMH K03 hHI [HEHTAMH.

IIpHu paccMoTpeHHH cHeTeM qH(depeHIHaNbHBIX YpaBHEHHI orp aHHYHMCA ¢JIy4daeM CHCTeMBI TpeX VpaBHEHHI (n
= 3). Bce HIDKeckazaHHOE CITp aBeJIHBO JIJIA CHCTEM I[P OH3 BOJILHOTO ITOp KA.

HopmanbsHasag cHcTemMa JgH(p¢epeHIHAIbHBIX VYpaBHEHHI ¢ TIOCTOAHHBIMH Ko3((QHIHMEeHTaMH Ha3bIBaeTcsA
JIHHeHHOH OJHOPOAHOM, €CJIH €€ MOKHO 3arlHCcaTh B BHJIE:

o ol
[ - = -— S

h
II

a
|

1) Ecmi y, z, u —pemeHHa cHetembl, To Cy, Cz, Cu, e C = const — ToKe ABIAIOTCA p eleHHAMH 3TOH CHCTEMBI.
2) Ecm vy, Z5, 1 UV, 2o, 1> — PEIIEHH CHCTEMBL, TO V1 + Vs, Z1 + 25, U + i — TOMKE ABJIAKOTCA P eleHHAMH CHCTEMBI.

i "

PenteHHs cHCTEMBI HIYTCA B BHAE: 1 =«ae™; z =fe™; u =y, o.p, v,k =const
ITozcTaBIsisA 5TH 3HAUEHHA B CHCTEMY H I1€PEHECS BCe YiIeHbl B OJHY CTOPOHY H COKPaTHB Ha e, [oITyJaeM:

W e —_— . e o= — = -] - 'R = —— - g . Ty = =i_ =

- ] L o= - = o ] "= - - - = = L =

— - - -
-—

- = —_— - - B - | u _— - - B s [ -]

—_— -

,}_-[.]'[H TOrIO, YTOOBI INOoJIYyUCHHAA CHCTEMa HMCIIa HCHYJICBOC PpPCIICHHC HEDGKGMD H JOCTAaTOYHO, YTOOBI
OIMpEaciIMTEIIb CHCTCEMbI OBbLI paBCH HYJIIO, T.C..

ﬂ” = k I::'IE -Ifll.-:
ty a, -k a, | =0
tl) s sy - k

B pe3ynbTaTe BBIYHCIEHHA OINpeEAeIHTENA ITOJyYaeM YypaBHEHHE TpPeThbelH CTereHH OTHOCHTENbHO k. 3TO
ypaBHEHHE HA3bIBAETCA XAPAKTePHCTHYECKHM YPABHeHHeM H HMeET TpH KopHA k;, k:, k;. Kakmomy H3 3THX KopHeH
COOTBETCTBYET HEHYJIEBOE P €lIEHHE CHCTEMBDI:

RN - L=k .\, ki
N __p ok ok
L :—"I"F"" o = ?.5'._,.1' _ . by

JIHHeiHasA KOMOHHALHA STHX PelleHHE ¢ [P OH3BOIBHBIMH K03 () (hHLHEeHTaMH Gy JeT pelleHHEM CHCTEMBI:
y=Ca,e" +Cu,e” +C.ae™;
- |'!.' ¥ - ||!i'-\- - I.-\-.'
z=Cpe" +C,p,e"" +C,pe":

BY L o e
w=Cye" +Cy,e™" +Cye™.

IIpumep. Haiiti obiee pemieHHe cHCTEMBI YpaBHEHHI:

I.‘q.' T — = w2 o

I__'|." — 2w - TE o

CocTaBHM XApaKTCPpHCTHUCCKOC YPaBHCHHC!

5-!( 2 . . ) .
T (5- AN2- A)- 4=0; 10- 5k- 2k +k%- 4 =0:

ko-Tk+6=0; k=l k, =6

PemyM cHCTEMY YpaBHEHHI:

(ew,, — & Do + o7, 3 =}
er o, W Lewd .. — AR — )
o[t e, + 2R =0 [4r, + 23, =0
l}—-[']IH kj. .:'l-:.'.l +i2- 1, =0 lﬁu.. + 5, =0
[Tonaras ¢, =] (mpHHHMaeTcs moboe 3HaUeHHE), ronydyaem: [3, == 2.
C s B, 20 =0 _’— lie, + 23, =0
A ko [2ee, #02- 8, =0 2 - A, =0

I[Tonaras (£, =2 (MpHHHUMaeTCs N060€ 3HaUEHHE), ITomydaem: [}, =1.

Ob1mee pemerie cHSHMFHT IOAMCAH .
SNEKTPOHHOW-FIOFFANCEI6 1 =" + < =<

DEpTHHEPHMED MOKET: ObKES PRULEHEIP X FHVE 000 HOM:

Ipoid pep HEGPTEM TiepBOE YpaBtaettte: x —=5x +2);

ITojicTaBUM B 5TO BbIpazKeHHe NMPOH3BOAHYI0 Vv =2x + 2y H3 BTOPOI0 VP aBHEHH:L.

[eiicTeutene: ¢ 19.08.2022 no 19.08.2023 x =5x +4x +4y;

L G S

dar

HDI[ CTaBHM CIOda V., BbIPpAACHHOC H3 IICPEOI'0 YpaBHCHIA .



v =S5x +4x+2x - 10x
v - 7x +6x =0
k=6 k=

fJF

x =Ae + Be x'=Ade' +6Be";

g { o i = 0
2v =x - S5x =Ae +6Be” - 54’ - 5Be™;

| )
y =-24e" +— Be"':
2

O6osnauwe 4 =C,; — B =C,, monyyaeM pelIeHHe CHCTEMBI: ][ . :i I f €
3aaum.
3amaua 1. Haiimi oOmyee p emeHHi cHeTeMbl JH((epeHIHaTbHBIX YPaBHEHHI:
dy P
=4yt 2sinf —Jdcost

j—i" = e X = Ay 4= Tsint — 20 cos ¢ I

3agaua 2. HaimH p emeHHs cCHCTEM, YIOBJIETBOP AIOIHE 3 aJaHHbIM Y CJIO BHAM:

) x' =yp—27 x(0) =1,
y=x+y: yp()=2
Z=x+2z) z(0)=23

2) x' =bx—T2y - 44z X (0)
§ = —dx 4 4y — 22z iy ()
Z=—6bx4ofy—3lz] z(0)=

9,
0;
7
Boripocsr:

1. JlaiiTe ompeneneHHe cHcTeMb JH((epeHIHATBHBIX VP aBHEHHI TIEP BOTO TTOPAJIKA.

2. Kakasa cuctema g ep eHIHAIbHBIX Yp aBHEHHI Ha3bIBa€TCA HOPMaIbHOH?

3. Yto Ha3bpIBaIOT OOIIHM peleHHeM CHCTeMbI M depeHI [HaNbHbIX VP aBHEHHI?

4. Kakaa cHctema AH(¢epeHHaIbHbIX YpPaBHEHHI C ITOCTOAHHBIMH Ko3(p(HLHMEHTaMH Ha3bIBA€TCA JIHHEHHOH
OIHOPOHOH?

5. Kak cocTaBsieTcsa XapaKTePHCTHYECKOE Yp aBHEHHE CHCTEMbI JH( ] epeHI HATbHBIX VP aBHEHHIT?

6. KakuHmH cBoFicTBaMH 00J1aZialoT p €lIeHHA CHCTeMbI JH(p (ep eHIHAIbHbIX Y paBHEHHIH?

Paznen 6. Psajgsbl.
Tema 17. UHcJ10BBIe pSAABL

IIpakTH4Yeckoe 3aHaTHe 17.1. Cxogumocth paga. HeoOXoguMbIii NPH3HAK CXOJHMOCTH YHCJIOBOro psajaa.

JlocTaToYHbIe NMPH3HAKH CXOJHMOCTH 3HAKONMOCTOSHHBIX PSAOB: NPH3HAKH CpPABHeHHS, NMpH3HAK /lamamoepa,
npusHaKH Komix. O0o01eHHBIR rapMoHHYecCKHI pAA.

CyMmMa uieHOB OeckoHEUHOH YHCIO0BOH ITOCNENOBATENbHOCTH If, .14, .....1{, ,... Ha3bIBaeTci YHCJIOBBIM
P A0M.

i, +u, +. _Z”

[pH 3TOM 4HCcNa £, , 4, ,... OyJleM Ha3blBaTh WIEHAMH PAJA, a 1, — 0OI[HM YJIEHOM psfia.

Cymmpr S, =u, +u, +...+u, :Z”,{ ; n = 1, 2, .. Ha3bIBaIOTCA YACTHBIMH (YACTHYHBIMH) CYMMAMH

pAna.
Pag u, +u, +. —Z !, Ha3bIBAETCA CXOASIIHMCS, €CJIH CXOMHTCA TI0CNIeNoBaTENbHOCTh €ro

JaCTHBIX CY MM. E}'IHI\"IH CXOQHIIErocH paaa — ripcaciariocyic OBaTCIBHOCTH €I'0 YaCTHBIX CYMM.
limS, =35, S =Zu”.

EcH 1ocenoBaTelbHOCTh YacTHRIX CYMM pAJa pacxofHTcA, T.€. HE HMEET Ipefena, HiIH HMeeT OecKOHEUHBIH
rpefen, To pH,I[ Ha3 FIBQCTEA PAUXOASHHMCH H €My HE CTaBAT B COOTBETC TBHE HHKAKOH CYyMMBI.
HoerEEithx ﬁﬂ,unﬂ OrpaHHYHMCA pPacCMOTPEHHEM PANOB ¢ HEOTPHLIATEILHBIMH WIEHAMH,

MHO i =105 31U PATOB
MOZHO ITOJIY HHTh PAIBI C O dTCIIBHBIMI YJICHAMH.
ﬁnaﬁ e 3:-.-‘39 aTeAHa aHOpoBHAa y pAn TPH
PH3HAK CPABHCHHA PANOE C HCOTPHITATCIIBHBIMIA “WICHAMH.

IIycTh JaHeI B pAga 21 U, H 2 V', TIPH Uy, Va = 0.
Nencteutened: ¢ 19.08.2022 no 19. DB 2023




Teopema. Ecnx u, < v, TIpH J11000M #, TO H3 CXOJHMOCTH pAfia E V' CIIEAYEeT CXOAHUMOCTh pAfa E 1, ,am3

P acxoqHMOCTH psjia Z 14, CIEAyeT pacxoJHMOCTh pAfa Z Vo

1 | 1
IIpumep. FccnemoBaTh Ha CXOMHMOCTE PN + +.,.+—+,,.
In2 1In3 In #n
I 1 § l 1
T.K. —— > —, a rapMOHHYECKHH P AL E — PacXOIHUTCA, TO PACXOOHUTCA H PAL .
Inn  ~n Iz I

i 'I
IIpumep. FlcenemaopaTth Ha CXOOHMOCTD PAL Z

e 1127
I I | <
T.K —<-—, apiq 2 —— ¢X07MTcA ( Kak yObIBaromasA reoMeTpHYecKas IIporpeccHs), TO pAx 2 —  TOKE
n2" 2 2 n— 112
CXOIIHTCAL
TarsKe HCTIONb3Y €TCA CIEY IOMIHI IIPH3HAK CXOOHMOCTH:
. ]tr'."! -
Teopema. Ecnu u, >0, v >0 u cyvuecmeyem npeden lim—= =#, 206e h — wucno, omnuunoe om HVIA, MO

[ B = '.__.-"
L)

PAOBL E u, u E V., 620Vl OOUHAKOBO € CMbBIC/E CXOOUMOCHILL

IIpmsHak JTamamOepa.
(JKau JIepon TamamOep (1717 — 1783) — ppaHLy3cKHIT MaTEMaTHK)

Ecmu ona paoa E i, € HOMONCUMENbHLIMI YNeHAMU cyujechnievenm maxoe 4ucilo <1, wmo ona ecex
OoC MAMOYHO OONL UM 1 86INONHACTICA HePABEHC 80
H

s+l

=,
i,

mo pAo E L, CXOOUNICA, ecll Hce ONA 6ceX OOCHIANIOYHO DOMb UiLIX 1 66INOTHACNICA VCIOGLE

ur:-*—l :}]
— la

24

n

mo pAo E M, PACXOOUNICA.
IIp enenbHbIi pH3HaK J{amamdepa.

IIpenenbHbIi npH3Hak Jlanambepa ABIAETCA CIEICTBHEM H3 IIPHBENEHHOI0 Bbillle IpH3HaKa JanamoOepa.
&

T+l

Ecnu cvugecmeyen npeden 11m

o 1_']'
i

— 2, mo npu p < 1 pao cxoounica, anpu p = 1 — pacxoounica. Ecnu p= 1,

Mo Hd 60NpPOC O CXOOUMOCTI OMNEEeNIING Helb3A.

a0

IIpumep. Orip ene/mMTh CXOAHMOCTE PAZla Z S
=]

i

1 1n+1 T Cqn+ 2" n+1 . |
it | H -

U, =—1 U, = hm—= =lim-——-—= = —— < |

2" 2" K I i g 2

iy

-J
I-J

BbIBOI: AL CXOOHTCA.

1 I 1
IIpumep. Orp enemTh CXOAHMOCTh psfga 1 + F + 5 oottt
! ! 7.

I I R TI , #! I I
u =—: #  =——: |lm— =lim——— =hlm =0 <1

SRTY) A PV L A i, e+ ) s a4

BuIBOI: pAn cXOOHTCA.
IIprsHak Ko, (pagHkalibHbIA MMPH3HAK

Eenu ona paoa Z 1, ¢ HeompuyameasHsIMI YleHAMI cYMiecHlgvenl mdakoe 4Huclo <1, 4mo ona ecex

OOC NANOYHO ﬁa}%@%gﬁmmﬂepmemmm

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E g'{ll.'li,f , i:f}’}
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa
o pﬂ@ L ’ E.IG@HHMH, ecil Mee oA 6cex OOCHIANOYHO DONLIILX I 8LINONHAECNICA HePAEEHC 60
|
Heicreutenen: ¢ 19.08.2022 no 19.08.2023 ’4,.‘,.' i, :_:"L.

mo pAao Z M, PACXOOUNICA.



: —
Craencreue. EcH cylIeCTBYET IIpeien [1m AU,

H— X

=, TopH p<1 paAx cXoOUTCA, a MpH P=1 pAx pacXOgHTCA.

T

o| 2n° +1
LIpumep. Orip ene/HTh CXOOHMOCTE PAzla Z 377 15
aol | T+ D
]
2+
. I|'_ . ZHE + 1 . Hj 2
miju, =hm—— =|IIT'|—'5 =—<|
Fi— Fi— ﬂ‘ + S —t ot
3 : 3+
>
BbIBOI: pAl CXOHTCAL
o Fy 1 it
IIpumep. Orip eneHTh CXOAHMOCTD PAZla Z 1 +—
n= i1 A
, — . |
Imgfu, =hm|1+—| =]
M il F1 .

T.e. npr3Hak KollH He NMaeT oTBeTa Ha BOIIPOC O CXOJAHMOCTH psAfa. IIpoBepHM BbINMONHEHHE HEOOXOMHMBIX
y cJIOBHI cxofHMocTH. Kak Obl1o cka3aHo BbIIIE, €CJIH pAJ CXOOHUTCA, TO ODIHH WIeH psAjda ¢ TPEMHTCA K HY JIIO.

no A

: . 1
lim :lll'll[] + —e #0),
FE Moo H

TakKIHM Dﬁp d30M, HEDSKDI[HI‘VIDE YCIOBHEC CXOOQHMOCTH HC BBITTOJIHACTCH, SHAYMHT, PpAd PacxOqHTCAH.

HuyTerpanbHbIi [MpH3HaK KoIH.
Ecnu @fx) — HenpepuieHaa NONOHCUTNENbHAA QVHKYIA, VObIearonidA Ha npomMedcviike [1;00), mo pao @'l) + @(2) +
Lt + L= Z (P 77) U HecobBcmeeHHDILT LUHNEZPAT JEP(_I)cir OOUHAKOEbI 8 CMBICTE CXOOUMOCH
Fr |

I ] I
IIpumep. Pag |+—+—+..+—
2% 3" n'
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3amaua 3. IlcciemoBaTh CXOQHMOCTE PAIOB:
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Boripocsr:
1. Yro Takoe yHcnoBOH pAn?
2.  KakoH psx Ha3bpIBalOT 3HAKOITOCTOAHHBIM?
3. Yrto Takoe cymma pAma?
4.  Kaxko# pAg Ha3bIBalOT CXOAIHMCA ?
5. CdopmymipyiTe HeoOXOIHMBIH MPH3HAK CXOIHMOCTH pAfa.
6. CdopmymipyiiTe H3BecTHbIE BaM qocTaToOUHBIE IPH3HAKH CXOJHMOCTH PANOB.

IIpakTHuyeckoe 3aHATHe 17.2. 3HakodepeayolnHecsa H 3HAKomepeMeHHbIe paAabl IIpusHak Jleiionmua. OOmmmii
JOCTATOYHBLIH NMPH3HAK CXOJHMOCTH 3HAKONEPeMeHHbIX PAT0B. ADCOIOTHAS H YCJIOBHAS CXO0JHMOCTH YHCJIOBBIX

PAIOB.
3HaKouepeay IIHICA pA MOKHO 3allHcaTh B BHJE:

+]
u,o- s, Fu -+ (D" +
rme ¥, >0, n =123
[IpiHak JlefiOHHIIA.
- 1
Ecnu y sHaxkouepedywugeoca pada U, - U, +u, - u, +...+(-1)"u +.. abcomommnsie eenudumsr 1;

Vvosiearon U, >, > i, > ... 1 06wl wiex cmpesmumca k #ymo t, — O, mo pao exoounicA.

[OKYMEHT ﬂﬂﬂﬂmcgwﬁhﬁﬂﬂﬂmﬂﬂ H VCJIOBHAA CXOJIHMOCTD PAJIOB.

PaccMoTPRM FRE G-I DYPTsHf4iedPIepeMeHBIA P (¢ YJIEHaMH [1p OH3 BOIbHBIX 3HAKOB).
Ceptudmkar: 2C0000043E9ABBBI52205E7BA500060000043E
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Teopema. 13 cxooumocnui paoa (2) ciedyent cXoOuUMochy pAoa (1).

UHEEQEJ’[EHHE. Psn E Lt HAa3bIBAETCA A0COMOTHO CXOIHIIMHMCH, CCJIH CXOOHTCA PpALq E |'H'”

OueBHHO, YTO JUIA 3HAKOITOCTOAHHBIX PAJOB INOHATHA CXOQHMOCTH H abcooTHOH CXOITHMOCTH COBITAOakOT.

UHEEQEJ’[EHHE. Psn E i HAa3bIBAETCA YCJIOBHO CXOOAITHMCH, €CJIH OH CXOOHTCA, a pAn E ".!-I”
HEHEHHI{H gﬂﬂﬂMﬁEEﬂ H Ko1iH T SHaK OIEp EMEHHBIX DA OB.

IIycte E 1, - 3HAKOIIEPEMEHHBIH PAI.

i,
e =Y, TO MpH P=<1 paxn Z 1, Oyner abCOIOTHO

Ipuznak Jagaméepa. Ecim cymecTsyer mpegen 11m
B —F ¥ l{f

iy

CXOMANIHMCA, a IPpH P=>1 pazn Oyaert pacxomamMcda. TIpH p=1 npH3HAaK He aeT OTBETa 0 CXOJHMOCTH psjia.

,—

Ilpu3nak Komim. EcaH cyLeCcTBYET IIpefien hl‘ﬂ

CXOANIHMCA, a IPH P=1 pajg Oyaet pacxoaammuMcd. TIpH p=1 [PH3HAaK HE JJaeT OTBETa O CXOOHMOCTH pALa.
CrolicTBa a0COMITHO CXOOANMHXCA PAIOB.

i

=, To ipH pP<1 pax ZH,, Oymer abcomoTHO

1) Teopema. /{na abconomuori cxoouMocmu paod E 14, HeoBXOOUMO U OOCHIANMOYHO, YMOObI €20 MOXCHO ObLIO

HpPeoCcHIAGUNL € 6UOE PASHOCHILL O8YVX CXOOANUXCA PAOOE C HEOMPUYIANIE IbHBIML Wie HAMLL.

CraecTBHe. Y CIOBHO CXOOANIMICA pAI ABIAETCA PasHOCTBIO JBYX pacXoOAUIHXCA PANOB ¢ HEOTPHLIATEIBHbIMH
CTPEMAIHMHCA K HY JIHO WIEHaMH.

2) B cxopamemca page nodas rpyImmHpOBKa 4JIEHOB pAfda, He H3MEHAOIaA HX IMOpAIKa, COXpaHAEeT cXOJHMOCTh
H BEIMYHHY pAa.

3) EcnH pag cxoguTea abcoloTHO, TO PAA, MOy YeHHBIA H3 Hero 11000 repecTaHOBKOH WIEHOB, Takke adCOMI0THO

CXOJIMTCA H HMEET TY KE CYMMY.

IlepecTaHOBKOH YJIEHOB YCIIOBHO CXOIAIIErocA pAda MOMKHO ITOJIYUYHTE VCIIOBHO CXONANIHHCA pAX, HMERIIHHA
nr0YI0 Harepen 3aJaHHY 10 CYMMY, H aKe pacXoamHiica pa.

4) Teopema. ITpu moboti epyHNUPOEKe YNeHOE ADCOMONIHO CXOOANIE20CA PAOA (NP 3MOM YUCAO 2PVHIL MOMCERl
ObING KAK KOHeYHBIM, MAK 1 DeCKOHeYHbIM 1 Y1ICNIO YJIEHOE € 2PVHHEe MOXMcenl Oblib KaK KOHe YHbIM, NMIAK 1 DecKOoHe YHbIM)
ROIVYAEeMcA CXOOANUIICA PAO, CYMMC KOMOPO20 PAEH CYMME HCXO00HO20 PAOd.

5) EcnH paAnpl 2 M H E VvV cXofsaTcsa adCoMTHO H HX CYMMbBI paBHbI COOTBETCTBEHHO S H O, TO P,

7=l
COCTABJIEHHBIH H3 BCEX IMPOH3BENEHHH BHAa IV, . i,k =1.2,... mamIx B Kakom YIOOHO TIOPAOKE, TaKKE CXOOHTCA
abCOJIIDTHO H €ro CymMMa paBHa S - o - [MPOH3BEIEHHIO CYMM ITEp EMHOKAEMbIX P OB.
Eci Ke TpoH3BOOHTE TIEPEMHOAKEHHE VYCJIOBHO CXOOAINIHXCA PAOOB, TO B PE3YJbTaTE MOKHO ITIOJIYYHTH
pacXoAlIHIACA pAx.

Jagaum.
3amaua 1. IlcciemoBaTh cXOQHMOCTE PAIOB:
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Brnanpneu K aKFOpsaPAAIBIRACTOR SHAROUEp ey IO IITHMC A (3HaKoIepeMeHHbIM)?
2. CdopmympyiiTe ripH3Hak JleH0OHHIIA.
K OFL, P A1 Ha3hIBAETCA A0 COIOTHO CXOAAMMMCS (YCIIOBHO CXOZANIHMCS)?

,D,EHC%EHTE!HEH C
C(IJD]]M}’.]]H[]}’HTE IIPH3HAKH ,HHHHMGE]]H H Konm JJIA SHAKOITCEP EMEHHBIX PAIOB.

5. TlepeurcmmTe cBolicTBa aOCOMIOTHO CXOJANIHXCA PATOB.



S. IlepevyeHb OCHOBHOH H JONOJHHTE/JIBLHOH JHTEPATYPbL, He00X0JHMOMH IS OCBOEHHSA
JHCIHHILIAHLI (MOXY.JI151)

S.1. IlepedeHns 0CHOBHOM JIMTEPATYPLL:

['yvcak, A. A. Maremarnueckuii aHaIH3 H JU(p]epeHIHaTbHbIe YpaBHeHHS. [IpHMephl H
3agaun. yuyeOHoe rmocobne / A. A. I'vcak. — Munck: TerpaCucremc, 2011. — 415 c¢. - Pexam
moctyma: http://www.1prbookshop.ru/28122 html

S.2. llepeveHn JOMOJIHHMT €JILHOH JIMTEPATYPHI:

| MHauBHAYVAIIbHEIE 3aJaHHS II0 BBEICIIEH MareMaTHke. Yacte 1. JIMHeHHas H BEKTOpHas
anreOpa. AHammTHYecKasg TeomeTpHda. JInddepeHImanbHOe HCYHCIEHHE (DYHKIHH  OJHOM
nepeMeHHOH: yueOHoe mmocobue / A. II. PgOymko, B. B. bapxatos, B. B. Jlepxagen, 1. E. IOpyTs;
rmox pemaxkigieit A. 11, Padyiko. — MuHcK: Brimmsimnad mkomna, 2013, — 304 ¢. — PexumM gocrya:
http://www .1prbookshop.ru/20266.html.

2 MHpuBHAVAIIbHBIE 3aJJaHHS 110 BEICIIEH MareMaTtHke. Yacte 2. KOMIUIEKCHBIE YHCIIA.
HeorpeneneHHbIe H ONpeAeIeHHbIE HHTErPaiibl. OYHKI[HH HECKOJIBKHX ITepeMEHHBIX. OOBIKHOBEHHEIE
mH¢epeHIHaIbHEE YpaBHEHHS yieOHoe mocobue / A. II. Pabymmko, B. B. Bbapxarop, B. B.
Hepxaperl, 1. E. IOpyTe; mox pemakiuen A. I1. Pabyiuko. — MuHck: Beisinnas mxomna, 2014, —
397 ¢. — Pexam poctyma: http://www 1prbookshop.1u/35481 html.

3 UHpuBHAVallbHBIE 3aflaHHS II0 BBICIIEH MaTeMmartHke. Yacte 3. Pagel. KpartHele H
KPHBOIHHEHHBIE HMHTETPalbl. DIeMeHTHI TEOPHH IO : yuyeOHoe mocobme / A. II. PaOymko, B. B.
bapxaros, B. B. Jlepxkagen, Y. E. IOpyTs ; mox pemaxkimien A. II. PaOyiuko. — MuHCK: BrInmsmmmnas
mKkona, 2013. — 367 ¢. — Pexam goctyma: http:/www.iprbookshop.1u/2021 1. html.
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1. O0mue moJiokeHHA

CaMocTogrelbHasd pabora - IDIaHHpyeMas yueOHas, yueGHO-HCCIIeJOBaTelbCKass, Hay4dHO-
HCCIIEOBaTeNbCcKasd padoTa CTYAEHTOB, BBINIONMHIEMas BO BHEayAHTOPHOE (ayIHTOPHOE) BpeMs IO
3aJIaHHIO M IIPH METOAHMYECKOM PYKOBOCTBE IIPEIOaBaTeNIsL, HO 0e3 ero HEIIOCPEICTBEHHOIO YYAaCTH
(IIpH YaCTHYHOM HEIIOCPEJCTBEHHOM YYAaCTHH ITpelofaBaTels, OCTaBIIIIOMIEM BeIYINYIO POIIb 3a
paboTOH CTYIEHTOB).

CamocTtosrenbHag padora cryaeHTOB (CPC) B BVY3e sgBIgeTcS BaXHBIM BHAOM Y4eOHOH H
HayYHOH JeATEIIPHOCTH CTyAeHTa. CaMOCTOSATEIbHAS padoTa CTYIEHTOB HI'PacT 3HAUYHTEILHYIO POIIb B
PERTHHIOBOH TEXHOJIIOTHH OOYUYEHHS.

CamocTosTenbHas paboTa SBISeTCS Ba)kHeHImel (OpMoOHl YCBOeHHS 3HaHHH. B Xxoje
CAMOCTOSTENLHOH PaldOTHl CTYAEHTHI VSACHSIOT 3HAHHS IT0 KOHKPETHOH TeMe yueOHOIrO MarepHana,
3aKPEIUISIOT M YTOYHSIOT VK€ H3BECTHBIE M OCBAaHBAIOT HOBBIE KaTeropHH. CTaJKHBasCh C
HEJOCTAaTOYHO IIOHSATHBEIMH 3JIEMEHTAMH TEMBI, CTYAEHTBI CTPEMSTCS HaXOMHTh OTBETHI HIIH
(PHKCHPOBaTh BOITPOCHI JUIS IIOCTAHOBKH H YSCHEHHSI MX Ha KOHCYIILTAI[HH C ITperojlaBaTeneM HIH BO
BPEeMS IIPAKTHYECKOI'O 3aHATH S

3aJa4l caMOCTOSTEIFHOH PadOTHI COCTOSAT B CIIEIYIOIIEM:

1. Pa3BUTH JIOrHYECKOE H AJITOPHTMHYECKOE MBIIIUIEHHE.

2. BrrpaboraTth e pBHYHBIE HABBIKH MaTeMaTHYECKOIO HCCIEOBAaHH ITPHKIIAJHBEIX BOIIPOCOB.

3. BripaboTaTh HAaBBIKH JOBEACHMS PEIIEHHS 3aJayd O IIPHEMIEMOIO ITPAKTHYECKOIO
pe3ynbTaTa — 4YHclIa, I'paHka, TOYHOIO KayeCTBEHHOI'O BBIBOJIa C IIPHMEHEHHEM aJleKBaTHBIX
BEIUHCIIHTENBHBIX CPEJCTB, TaOJHII, CIIPaBOYHHKOB.

4. BripaboraTh YMeHHE CaMOCTOSTEIIPHO pa30upaThCd B MaTreMaTHYECKOM aIlapare,
IIPHMEHSIEMOM B JINTEPATYPE, CBI3aHHOH CO CIIEI[HAIbHOCTBIO CTYIEHTA.

5. Hayuures onepuporars aOCTpakKTHBIMH OOBEKTaMH M aJcKBAaTHO  VIIOTPeOIIATh
MaTeMaTHYECKHE TIIOHSATHS M CHMBOIBI VIS BBIPAKEHHS KOJIHYECTBEHHBIX M KaYeCTBEHHBIX
OTHOIIIEHH.

CaMocTosrelbHasad padora CTyJAeHTa 10 YUYeOHOH MUCIHIUIMHE «MaTeMaTHYeCKHIT aHall3»
BKIIFOYAET ITIOATOTOBKY K TIIPAKTHYECKHM 3aHSTHSAM H BBIIIOIHEHHE IIPAKTHYECKHX 3aaHHH,
CAMOCTOSATEIILHOE H3YVUYEeHHe TeM Y4eOHOro MaTepHaja II0 PEKOMEHAYEMOH IMTepaType H C
HCITOJIb30BaHHEM HH() OPMAIFOHHEIX PECYPCOB.

CHLIGCTDW%D‘R@&QTH [0 JHCHHIUIMHEe «MaTeMaTHUYeCKHH aHalIH3» HaIIpaBJICHA Ha

SNEKTPOHHOW NOONUCHIO -
(b QPMEPOBATIELS (G AROEIIEX: KO MITeF e HINMIL:
B e e

ITnaHHpyeMbIe PE3YILTATHI
Oy4eHH 110 JHCLMIUTHHE
Ko 0 OB ©
ﬂEﬁCTEHTﬁK ﬁ*ﬁ%%%%%ﬁﬁ%ﬂamﬂ Kom, ¢hopmMynHpoBka HHIHKATOPa (MOZIy Jt0), XapaKTepH3Yy IoI[HE
HI 3Tarbl (JOPMHPOBAHHA

KOMITE€TEHLIHH, HH/THKATOp OB




OIIK-3: CriocobeH N/-1onks 3Haer  HeoOxXomumele | [IpmmMeHseT HeOOXOJHMEBIE

HCITONIB30BATh MaTeMaTHYeCKHE METOJIBI IUIS | MaTeEMaTHYECKIHE METOMABI IS
HeOOXOIHMBIE pereHNs 3a]1a4 O0eCIIeYEHH S | PelleHHs 3a71a4
MaTEMATHYECKHE METO/IBI 3AIIHTHL HH( OpPMAL[HH. PO eCCHOHAIIBHOM

IUULSL pEIlleHHs 3a1ay NJ-2onk3 YmMmeer IIPHMEHSTE | AESTEIIBHOCTH.

Ipode CCHOHAIIbHOM COBOKYITHOCTB HeOOXOMMMBIX

IesITellbHOCTH MaTEMaTHYECKHX  MEeTOHAOB  JUIA

pelIeHHs 3a1au oDecIleueHH
3AIHTHI HH() OPMAL[HH.

H-3om3 Hangenen HABBIKAMI
ITPHMCHCHHA COBOKYIIHOCTH
He00X0IHMBIX MATCEMATHYCCEITX

MCTOI OB I PEIICHITA 34044
oOecIieuyeHH 3allHThI I]H(fl)DpMElI_[I]II.

2. Hean u 3232498 CAMOCTOATEIHLHOH PA00ThI

Beayimas e opraHu3aiii H ocyiecTBiIeHHSI CPC coBItagaeT ¢ 1enbro 00yUYeHHS CTYIeHTa —
¢opmupoBaHHe HaOopa OOIIeHAaYYHBIX, Mpo(eCCHOHAIBHBIX M CIEIHAIBHBIX KOMIIETEHI[HIA
Oyayiiero 6akaaaBpa IT0 COOTBETCTBYIOIIEMY HaITPaBIEHIIO ITOATOTOBKH

[Ipn opranmzaipin CPC BaXKHBIM H HEOOXOJHMBIM YCIOBHEM CTAHOBSATCSA (POPMHPOBAHHE
YMEHHS CaMOCTOSTEIIbHOH PaboThl I ITPHOOPETEHHS 3HAHMH, HABRIKOB H  BO3MOKHOCTH
OpraHM3anuyd y4yeOHOH H HAYYHOH JeSTeIbHOCTH. llenpro camMocTOSATEIbHOH paloThl CTYAEHTOB
SIBJIIETCS OBIIaficHHe (PYHAaMeHTaJIbHBIMH 3HAHHSMH, ITpogeCCHOHAIbHBIMH YMEHHSMH H HaBBIKAMH
HESTEIIPHOCTH IO  IPO(IIIO, OIBITOM  TBOPYECKOH,  HCCIIEJOBAaTEIbCKOH  JeSTEIIEHOCTH.
CamocTosrelbHag padoTa CTYAEHTOB CIIOCOOCTBYET Pa3sBHTHIO CAMOCTOSITEIIBHOCTH, OTBETCTBEHHOCTH
H OPraHH30BAaHHOCTH, TBOPYECKOr O IOAXO0Ja K PEIIeHHIO ITpo0jieM yuyeOHOro M ITpo(eCCHOHAIEHOTO
YPOBHSL.

Sagadyanvii CPC IBISIIOTCS:
- CHCTEMATH3AI[MS H 3aKpeIlIeHHE ITONYUYEHHBIX TEOPETHYECKHX 3HAHHH H IIPAKTHYECKIX
YMEHHI CTYAEHTOB,
- yIrIyOleHHE H PACIIHPEHHE TEOPETHYECKHX 3HAHH,
- (popMHpOBaHHE yMEHHH  HCIIOIb30BaTh HOPMATHBHYIO, IIPAaBOBYIO, CITPAaBOYHYIO
ITOKYMEHTAI[HIO U CIIEIHAILHYIO JIHTEPATYPY,
- PasBHTHE II03HABATEIBHBIX CIIOCOOHOCTEH M AKTHBHOCTH CTYIEHTOB. TBOPYECKOH
HHHI[HATHBBI, CAMOCTOATEIIbHOCTH, OTBETCTBEHHOCTH H OPraHN30BaHHOCTH,
- (OpMHpPOBaHHE CaMOCTOSTEIIBHOCTH MBIINIEHHS, CIIOCOOHOCTEH K CaMOpPa3BHTHIO,

CAMOCOBCPHICHCTBOBAHHIO H CaMOPCAJIH3dIITIH,
AOKYMEHT MNOgnncAH

! Emﬂ?’ﬂFﬁ@ ?fﬁl‘ﬂ'fé}gﬁﬂﬁi“éﬂb CKITX YMEHHIH,
CepTudukar: CO000043E9ABEBOS2205E7/BASO006000004

onenenen: S ALY S EARTS * WAt Eprana, cOGpaHHOTO M IIOTYyYEHHOrO B XOAE CaMOCTOSTENbHEIX

W‘EEJ{@&MEME@% ITPAKTHYCCKHX H HﬂﬁﬂpﬂTﬂpI{E}IK 3aFTHAX, TIPH HAIIHCAHIIT KYPCOBBIX H



BBIITYCKHOH KBaIH(HKAI[HOHHOH padoT, Mg 3(peKTHBHOH IOATOTOBKH K HIOIOBBIM 3adyeTaM H
IK3dMCHAM.
3. TexHoJi0rHYeCK A KapTa CaMOCTOHT eJIbHOH pﬂﬁﬂThl CTYIACHTA
O0BbeM 4YacoB, B TOM YHCIIE
Koyt Bun neaTenbHOCTH (2cp.)
CTYIEHTOB CpencTBa H
peam3yeMbIX KoHTakTHas
.. TEXHOJIOTHH
K OMITEeTeHL[HI OLIEHIH CPC paboTa ¢ Beero
I1p er10/laBaTe
JIEM
1 cemecTp
OI'IK-3 IloaroToBka K JIeKLIHAM KonmruiekT 7.2 0.8 8
(-1, 11]1-2, 3a]aHHA H
H]JI-3) BOTTPOCOB II0
TEMaM
IHCLIHIUTHHEI
OI'IK-3 IToaroToBka K KonruiekT
(111, -2, MpaKTHYeCKHM paboTaMm 3a7aHHi |
HJI-3) BOIMPOCOB I10 8.1 0,9 0
TEMaM
IHCLIHTUTHHEI
OIIK-3 CaMoC TOATENRHOE H3YUEHHE Komruiexr
(-1, 11]1-2, JHTEPATYpPhI [10 TeEMaMm 1-5 3aaHHH H
HJI-3) BOTTPOCOB II0 9 1 36,45
TEMaM
ITHCLIHTUTHHEI
Hroro 3a 1 cemecTp 24.3 2.7 27
2 cemMecCTp
OI'IK-3 IloaroToBka K JIeKLIHAM KonmruiekT
(-1, 11]1-2, 3a]aHHA H
H]JI-3) BOTTPOCOB II0 19.8 2.2 22
TEMaM
IHCLIHIUTHHEI
OI'TK-3 ITonroroBka K KomruiekT
(111, -2, MpaKTHYeCKHM paboTaMm 3a7aHHi |
HJI-3) BOIMPOCOB I10 25.2 2.8 28
TEMaM
IHCLIHTUTHHEI
OIIK-3 CaMoC TOATENRHOE H3YUEHHE Komruiexr
(-1, 11]1-2, JHTEPATYpPhI 10 TeMam 6-18 3aaHHH H
HJI-3) BOTTPOCOB II0 9 1 10
TEMaM
IIHCLIHTUTHHBI
Hroro 3a 2 cemecTp 54 6 60
Hroro >4 6 60

4.“0])11[[(][{ BBINOJIHEHHSA CaAMOCTOAT €JIbHOH pﬂﬁﬂ'l'bl CTYACHTOM

4. 1. Memoouueckite pexomenoayiiil no pabome ¢ yuebHoit numnepamypoil

[Tpn pabore ¢ KHHTOH He0OXOMHUMO ITOA00paTh JIHTEPaTYPy, HAYYHTHLCS IIPABHIIEHO €€ YHTaTh,

BECTH B OHOmMHOTeKe HCIIOJIIB3YVIOTCA EIH(I)EIEHTHL]I‘T I

3ATTHICH . OKNIISHT a JINTepaTyphl
SNEKTPOHHOW NOANWUCHIO

CIOTEMATHATE CRPIHERETAFGIITE 7 BAS00060000043E

Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa

BaxHo IIOMHHTB, HYTO PAIlHOHAJIbBHBIC HABBIKH paﬁm‘m C KHHTOH - 5TO Bcerjga OoIbImas

SKOHOMITS BpeMerH H ¢tit.



I IpaBIIbHEIN MTOAO0P YVUESOHHKOB PEKOMEHAYETCS IPEIIoAaBaTeleM, YMTAOIHM JIeKIITHOHHBIH
Kypc. HeoOxommmasa nmureparypa MoXeT OBITH TaKKe VYKaszaHa B METOJHYECKHX pa3paboTKax II0
IaHHOMY KYPCY.

M3y4yasg MaTepHan 1mo yueOHHKY, CIeAyeT MEPEXOIUTH K CIIEAVIOIIEMY BOITPOCY TOIBKO ITIOCIIE
MIPaBHIIBHOIO YSCHEHHS ITPeJbIAYINErO, OIMHCHIBas Ha OyMare BCe BBIKIIAJKH H BBEIYHCIEHHST (B TOM
yHCIIe Te, KOTOphIe B YUeOHHKE OITYIIeHbI HIH Ha JeKIHH JaHbI I CaMOCTOSTEIIFBHOTO BEIBO/IA).

[Ipr u3yuyeHrs 1mroOOH AMCIMIUIMHEL OOJBINYIO H BaXXKHVIO POJIb HIPAET CaMOCTOSTEIIbHAS
HHIHBHIYalIbHas paboTa.

Oco0oe BHHMAaHHE CIeAyeT OOpaTHTh Ha OMpeAelIcHHEe OCHOBHBIX ITOHATHH Kypca. CTYIEHT
IOIDKEH TTOAPOOHO pazOHpaTh ITPHMEPEI, KOTOPBIE IIOSCHSIIOT TaKHe OIpeJelIEHHS, H YMETh CTPOHTH
aHaJIOTMYHBIE TIPHMEPEI CaMOCTOSTENbHO. Hy:KHO JOOHBATBCS TOYHOIO ITPEACTABIIEHHS O TOM, YTO
H3y4yaelb. lI0oNe3HO COCTABILITE OIOPHBIE KOHCHEKTHI. [IpH HM3yUEeHHMH MaTepHala 10 YYeOHHKY
IOJIe3HO B TeTpagH (Ha CIIENHAJIbHO OTBEJEHHBIX ITOJISX) JOIIOIHATh KOHCIIEKT JIEKI[. TaM ke
CIIEAYET OTMEYATh BOIPOCEH], BEIJACIIEHHEIE CTYIEHTOM JJIS1 KOHCYIIBTAL[HH C IPEITOJaBaTEIIEM.

BBIBOEL, TIOIIYUYEHHBIE B Pe3YIIbTaTe H3YUEHHS, PEKOMEHIYETCS B KOHCIIEKTE BBIJIEIIATH, UTOORI
OHH ITPH ITEPEUHTHIBAHNH 3aITHCEH JIYYIIE 3aIIOMHHAIHCE.

OIIBIT ITOKA3BIBAET, YTO MHOTHM CTYZEeHTaM IIOMOraeT COCTABJIEHHE JIHMCTa OIOPHBIX CHTHAJIOB,
coJZleprKaIlero BaKHEeHIITHe M HapOollee 4YacTO YIIOTpeOnseMble ()OPMYIIBI H ITIOHATHS. TakoH JHCT
IIOMOraeT 3allOMHHTh (POPMYIBI, OCHOBHBIE ITIOJIOKEHHS JIEKI[HH, a TaK)Ke MOXKET CIIYKHTb
IIOCTOSIHHBIM CITPAaBOYHHKOM JJIS CTYAEHTA.

YUTeHHe HAY4YHOI'O TEKCTa SBISETCS YaCThIO ITO3HABATEILHONH IedTelIbHOCTH. Ee Ienmp —
H3BJICYEHHE H3 TeKCTa HeoOXommmoHn HH(opmaipm. OT TOro Ha CKOJIBKO OCO3HAHHA YHTAFOIIHM
COOCTBEHHAS BHYTPEHHSA YCTaHOBKA ITPH OOpallleHHH K IIe4aTHOMY CIIOBY (HAHTH HYKHBIE CBEJIEHIS,
YCBOHTH HH()OPMAIIHIO ITOIHOCTHIO HIH YaCTHYHO, KPHTHYECKH ITPOaHAIM3HPOBATh MaTepHal H T.II.)
BO MHOT'OM 33aBHCHT 3()(PeKTHBHOCTH OCYIIECTBIIIEMOr O JEeHCTBHAL

BRIZIETISIOT uemsipe 0CHO6HbBIE YCMAHO6KU 6 UMEHUIL HAYUHO20 MEKCmA.:

HH(OPMAIHOHHO-ITIOHCKOBHIH (3aJauya — HAHTH, BRIASIHTh HCKOMYIO HH(pOPMAIIHIO )

yCBaHBaromias (YCHIHS YHTATEIs] HallpaBIIEHBI HAa TO, YTOOBI KaK MOKHO ITOJIHEE OCO3HATh H
3aIIOMHHTh KaK CAMH CBEJIEHHS H3JIaraéMble aBTOPOM, TaK H BCIO JIOTHKY €0 PacCyKIeHHH)

AHAINTHKO-KPHTHYECKAsE (YHTaTelb CTPEMHTCS KPHTHYECKH OCMBICIIHTE  MaTepHall,
IIPOAaHAIIH3HPOBAB €0, OIPeJeIHB CBOE OTHOIIEHHE K HEMY)

TBOPHYCCKasA (CGB,I[E],ET Y HHTATCIAd I'OTOBHOCTE B TOM HIIH HHOM BHAC — KdK GTHpElBHﬂﬁ ITVHKT

oanucAH -
IIS CBOMX pagﬁ%%%%n%gﬁpm IUIST AEHCTBHS II0 aHAJIOTHH H T.II. — HCIIONIB30BAaTh CYKIEHHA

CepTucomkar: 2C0000043E9ABSBI52205E7BAS00060000043E
aBIPd; XOH5s&HQ THBLE NG Pexsy IbTAT HﬂﬁﬂIGI[EHI[H: paapaﬁm‘ dHHYH) MCTOJHKY, JOIIOJIHHTE HX,

MTOJIBEPrHYTH HOBOH ITPOBEPKE).
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4.2. Memoouueckiie pexomeHOayilL NO NOO20NMOBKE K NPAKMUYECKUM 3AHAMUIM

Jlima Toro 4roOBI IMpaKTHYeCKHE 3aHATHSA IIPHHOCHIH MaKCHMAIbHYIO ITOIIb3Y, HEOOXOIHMO
IIOMHHTB, YTO YIIPaKHEHHE M PelIeHHE 3aJa4 IPOBOASTCS II0 BEIYHTAHHOMY Ha JIEKISIX MaTepHalIy H
CBSI3aHBI, KaK ITPaBIIIO, C JETAJIBHEIM Pa300pOM OTJEIbHBIX BOIPOCOB JIEKIIMOHHOIO Kypca. Clleyer
MTOJYEPKHYTh, YTO TOJBKO ITOCJIE YCBOEHHS JEKI[HOHHOIO MaTepHala C OIpefelIeHHOH TOYKH 3PEHHS
(a HMEHHO ¢ TOH, ¢ KOTOPOH OH H3IIaraeTcs Ha JIEKIHSIX) OH OyAeT 3aKpellIIThcs Ha IPaKTHYECKHX
3aHSATHSIX KaK B pe3yilbTare OOCYXKIeHHS H aHalH3a JIEKI[HOHHOTO MaTepHalla, TaK H C ITOMOIIBIO
pelreHns MpoOIeMHBIX CHTYAIlii, 3aJad. [IpH 3THX YCIIOBHSX CTYAEHT He TOIBKO XOPOIIO YCBOHT
MaTEpHAIL, HO M HaY4YHTCS IIPHMEHSATh €0 Ha IMPaKTHKE, a TaKKe ITOIYYHT JOIIOIHHTEIbHEIN CTHMYII
(M 5TO OYeHb Ba)KHO) JIJISI aKTHBHOH ITPOPa0OTKH JIEKIHH.

CiexyeT IIOMHHTb, 4YTO PeEIleHHe KaXAZoH y4eOHOH 3aJjauyd JOIDKHO JOBOJHTBLCS O
OKOHYATEIBHOIO JIOTHYECKOI'O OTBETa, KOTOPOro TpedyeT YCIOBHE, H II0 BO3MOKHOCTH C BBIBOJOM.
[Tomy4yeHHBII OTBET clIefyeT IPOBEPHTH CITOcOOaMH, BEITEKAIOIMMH H3 CYINECTBa JAHHOH 3aJadv.
[TonesHo Takke (eclIM BO3MOKHO) pellaTh HECKOIBKHMH CIIOCOOAMH H CPaBHHTh ITOIYYEHHBIE
pe3ynbTarhl. PellleHne 3aja4 JaHHOI'O THIIA HY’KHO ITPOAOJIKATh A0 IPHOOPETEHHS TBEPABIX HABBIKOB

B HX PCHOICHHH.

4.3. Memoouueckiie pexomeHoay il o camonpoeepke 3HAaAHLLL

[Tocre n3y4yeHHS OIpeJelleHHOM TeMEI IT0 3aIHCcsaM B KOHCIIEKTEe H YUeOHHKY, a TaKXKe PeIleHHS
JOCTAaTOYHOI'0 KOIHYECTBAa COOTBETCTBYIOIIMX 3aJay Ha IMPAaKTHYECKHX 3aHSATHSIX H CaMOCTOSTEIIHHO
CTYAEHTY PEKOMEHAYETCS, ITPOBECTH CAMOIIPOBEPKY YCBOSHHEIX 3HAHHI, OTBETHB Ha KOHTPOIIBHBIE
BOITPOCKI IT0 H3YYEHHOH TEME.

B ciydyae HeoOXOAHMOCTH HY KHO eIlle pa3 BHHMAaTelIbHO pa300paThbCcs B MaTepHAIIE.

MHorma HemoCTaTOYHOCTE YCBOEHHS TOIO HIIM HHOTO BOIIPOCA BBISCHSETCS TOJBKO ITPH
H3y4YeHHH JalbHEHINEero MaTrepHala. B »ToM ciydae HaJl0 BEPHYThCS HaszaJ H IIOBTOPHTH IDIOXO
YCBOEHHBII MaTepHall. BaKHbIN KpHTepHH YCBOEHHS TEOPETHYECKOIO MaTepHajla - YMEHHE pellaTh
3aJauydl MM IIPOHTH TeCTHPOBAHHE IO NPOHAEHHOMY MaTepHaly. OJHAKO CIEQyeT ITOMHHTB, 4YTO
MIPaBIIIBHOE peIIeHHe 3aJadyH MOKeT IIOIYYHTBCS B Pe3ylbTare IIPHMeHEeHHS MeXaHHYeCKH

3ay4eHHBIX (POpMYII Oe3 IIOHHMAHHS CYIITHOCTH TEOPETHYECKHX ITOTOKEHHIH.

S.KoHTpoJib caMOCTOATEILHOI PA00ThI CTYIEHT OB

B PaMKaXx pEf[TIH—H‘GEGﬁ CHCTCMEBI YCIICBACMOCTDb CTYVICHTOB IIO KaKIOH JHCI[HIUTHHE

OLCHHBACTCH B O HKOHTPOJLA H ]’[pDME}I(}"TGIH-IGﬁ ATTCCTALlIH.
SNEKTPOHHOW NOONMUCLIO

Ceprvdmkatr: 2C0000043E9ABBB952205E7BAS00060000043E TEETIIIHITI EﬂHTpﬂﬂb
Bnaneneu: llleGayxoea TaTeAHa AnexkcaHgpoBHa v

PelITHHroBasi OEHKA 3HAHHUH CTYAEHTA

i C 1908 . LULL TH. ULl
HERTpeR:C "0 "B nesiTenbHOCTH CTYIGHTOB CpokH KomuecTBo
I/TI BbII1OJIH eHH OaruioB
1. IIpaxkTH4YECKOE 3aHATHE 5 5 HenenA 15




2. IIpaxkmH4ueckoe 3aHATHE 10 10 Hemens 20
3. IIpakmH4yeckoe 3aHATHE 15 15 Hemens 20
Htoro a1 cemecTp S8

1. IIpaxkTH4YECKOE 3aHATHE 5 5 HenenA 15
IIpaxmH4ieckoe 3aHATHE 10 O Hemena 20

3. IIpaxTH4eckoe 3aHATHE 15 13 Hemens 20
Htoro 3za 2 cemecTp 35

MakcHMaJIbHO BO3MOKHEBEIN Oaiul 3a BeCh TEKVIIHH KOHTPOJIbF YCTAaHABIHBAETCS PABHBEIM 3.
Tekylnee KOHTPOIIPHOE MEPOITPHUATHE CUHTACTCS CIAHHBIM, ECIIM CTYJIEHT ITOIYYHII 32 HETO HE MEHEE
00% OT VYCTAaHOBJIEHHOIO JUIS 5STOr0 KOHTPOISA MaKCHMAIbHOro Oamia. PeHTHHIOBBIN Oaii,
BBICTABISIEMBIN CTYJEHTY 34 TeKVIIee KOHTPOIBHOE MEPOIPHATHE, CHAHHOE CTYIAEHTOM B
yCTaHOBRJIEHHBbIE TPa(QHKOM KOHTPOJIbHBIX MEPOITPHSATHH CPOKH, OIPeJeIsIeTCS CIeAYIOIHM 00pa3oM:

Ypoeeus evinonvenus konmponvrnozo | Peiimunzoentii dann (6 % om MAKCUMAIbHOZO
3A0aHUA danna 3a KOHmMpoJibHoe 3a0 aHue)
Omauynulil 100
Xopouuuii 80
Yooenemeopumenvruiii 60
Heyooenemeopumensuoiii 0

HpﬂMEH’I}’Tﬂ‘IHﬂH ATTECTAIINA

[IpomexyTouHass arTecTalisi B (opMe HBK3aMeHa TIIpelycMaTpHBaeT ITPOBEJcHHE
00s13aTEILHON PK3aMEHAIMOHHON ITpoleAYPRl M oleHHBaeTcsa 40 dammamu u3 100. B cioyyae
€CIIM PEHTHHIOBBIH Oaril CTYAEHTa II0 IHCI[HIUIMHE II0 HTOraM ceMecTpa paBeH 00, TO
ITPOrpaMMOH aBTOMAaTHUYECKH AO0aBIISAETCS 32 IIpeMHAIbHBIX Oallia M BRICTABISETCS OI[EHKA
«OTIIHYHOY». [lOJIOKHTENBHBIH OTBET CTYAEHTAa HA 5K3aMEHE OILEHHBAETCS PEHTHHIOBBIMH
OammamMmu B aHamnaszoHe or 20 go 40, omneHka MeHblne 20 0OamioB cUHTaeTcsd
HEVIOBJIETBOPHUTEJIFHON.

[IIkama cCOOTBETCTBHA PEHTHHIOBOI'O Oairia 3K3aMeHa S-0alUIbHOH CHCTEME

PeliTHHToBbIN 02171 M0 JHCIIHILTHHE OneHka Mo S5-0a/LILHOM CHCTeMe
35-40 OTIIHYHO
28 — 34 XOpo1Io
20-27 Y IOBJIETBOPHTEJILHO

MToropas oleHka I10 AUCIIUIMHE, H3Yy4aeMOH B OJHOM CeMecTpe, OIpeJelsaeTcs II0
cyMMe OaJu1oB, HaOpaHHBIX 3a pa0OTy B TeUEHHE CeMecTpa, H 0aJUIOB, ITOIYYEHHBIX IIPH clade

sK3aMeEHa.
IIxana nepecuema peiimiin2oo20 b6ania no OUCHLUNILIHE
& OleHKY no 5-banivHoil clicimeme
[OKYMEHT MOANUCAH
SRS Y SNRTRPN S VS STRPSSS
Cepmudmcdr:  2{CHINHHRDEBIEL O ERASIL0s OLECHT ITIHLHE OueHka no -0 autsHoU cucmeme
Bnaneneu: Webayxoea laTeAHa Ane n
88100 Omniyno
,ﬂEﬁCTEHTE““' ~ 14 N8 277 a4 40 N8 Tn?gz-(?? XGPGMG
33-71 Yooenemeopumenvuo
<33 Heyooenemeopumenwvno




6. CnIiCOK JINTEPaTyphl

6.1. IllepedeHn 0CHOBHOM JIMTEPATYPLI:

['yvcak, A. A. Maremarnueckuii aHaIH3 H JU(p]epeHIHaTbHbIe YpaBHeHHS. [IpHMephl H

3agaun. yuyeOHoe rmocobne / A. A. I'vcak. — Munck: TerpaCucremc, 2011. — 415 c¢. - Pexam
moctyma: http://www.1prbookshop.ru/28122 html

6.2. IlepeveHn JOMOJIHUT €JILHOH JIMTEPATYPHI:

| MHauBHAYVAIIbHEIE 3aJaHHS II0 BBEICIIEH MareMaTHke. Yacte 1. JIMHeHHas H BEKTOpHas
anreOpa. AHammTHYecKasg TeomeTpHda. JInddepeHImanbHOe HCYHCIEHHE (DYHKIHH  OJHOM
nepeMeHHOH: yueOHoe mmocobue / A. II. PgOymko, B. B. bapxatos, B. B. Jlepxagen, 1. E. IOpyTs;
rmox pemaxkigieit A. 11, Padyiko. — MuHcK: Brimmsimnad mkomna, 2013, — 304 ¢. — PexumM gocrya:
http://www .1prbookshop.ru/20266.html.

2 MHpuBHAVAIIbHBIE 3aJJaHHS 110 BEICIIEH MareMaTtHke. Yacte 2. KOMIUIEKCHBIE YHCIIA.
HeorpeaeneHHbIe H ONPENENIEHHBIE HHTErPaAbl. (DYHKITHH HECKOJIBKHUX IepeMEHHBIX. OOBIKHOBEHHEIE
mH¢epeHIHaIbHEE YpaBHEHHS yieOHoe mocobue / A. II. Pabymmko, B. B. Bbapxarop, B. B.
Hepxaperl, 1. E. IOpyTe; mox pemakiuen A. I1. Pabyiuko. — MuHck: Beisinnas mxomna, 2014, —
397 ¢. — Pexam poctyma: http://www 1prbookshop.1u/35481 html.

3 UHpuBHAValIbHBIE 3aflaHHS II0 BBICIIEH MaTeMarHke. Yacte 3. Pagel. KpartHele H
KPHBOIHHEHHBIE HMHTETPalbl. DIeMeHTHI TEOPHH IO : yuyeOHoe mocobme / A. II. PaOymko, B. B.
bapxaros, B. B. Jlepxkagen, Y. E. IOpyTs ; mox pemaxkimien A. II. PaOyiuko. — MuHCK: BrInmsmmmnas
mKkona, 2013. — 367 ¢. — Pexam goctyma: http://www.1iprbookshop.1u/20211 html.
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