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BBE/IEHHUE

1. Iesb H 323290 H3Y4YeHH A THCIHILIHHDI

[lenp mucipomummHEL: (QopMHpoBaHHEe HaOopa OOIIENpo()eCCHOHAIBHBIX KOMIIETECHIIHI
Oakanagpa 110 HarpapjIeHHIO ITOATOTOBKH 08.03.01 « CTpOHTEIILCTBOY.

3agayd OCBOEHHS JHCHHIUIMHBLI. (DOPMHPOBAHHE IIPEACTABRIEHHH O POIH H MEeCTe
MaTeMaTHKH B COBPEMEHHOM MHpe, 5STanax pasBUTHS, VYHHBEPCAIBHOCTH €€ IIOHATHH H
IIpeICTaBIeHHH, (OPMHPOBAHHE YMEHHH KOHCTPYHPOBAaHHS H aHaIH3a MaTeMaTHYeCKHX
MoJienell 00BbeKTOB, CHCTEM H MPOI[ECCOB ITPH PEHISHHH 3aJay, CBI3aHHBIX CO cepoil OyayIIei
Npo()eCCHOHAIIBHON JIeITeIbHOCTH, OBJIAJleHHEe HaBBIKAMH TOYHOI'O H CKaTOrO BBIpaKeHHS
MaTeMaTHYeCKOH MBICIH B YCTHOM H IMMCBMEHHOM H3JIOKEHHH, C HCIIOIb30BAaHHEM
COOTBETCTBVYIOIIEN CHMBOJIHKI.

B pesyJibTatTe 0CBOCHNA JHCOHILIHHBI CTYACHT bl 10JIKHbI.

3HATD: OCHOBHBIE IIOHATHS ~ AHAIHTHYECKOH  TI€OMETPHH, JIHHEHHOH arreOpeI,
TH(epeHIHAIPHOTO H HHTETPAIIbHOIO HCYHCIeHHS (PYHKIHMH OJHOH IIepeMeHHOH, TEeOpPHH
(PYHKIIHH HECKOIBKHX I€PeMEHHBIX, TCOPHH (DYHKIHII KOMILIEKCHOIO IIePEMEHHOI0, TEOPHH
PSIOB, TeopHH AU} PepeHIHATLHEIX YPaBHEHHI, TEOPHH BEPOSTHOCTEH H MaTeMaTH4YeCKOH
CTATHCTHKH, YHCIIEHHBIX METOJIOB.

Ymerb: 3(peKTHBHO HCIIOIB30BaTh METOJBI aHATHTHYECKOH I'eOMETPHH, ITHHEHHOH anreOphl,
TH(epeHITHAIBHOTO M HHTErPAlIbHOIO0 HCYHCIIEHHS (PYHKIHMH OJHOH IlepeMeHHOH, TEeOpPHH
(PYHKIIHH HECKOJBKHX IIePeMEHHBIX, TECOPHH (QYHKIHMH KOMIUIEKCHOI'O IIePEMEHHOIO, TEOPHH
PSIOB, TeopHH AU} PepeHIHATLHEIX YPaBHEHHI, TEOPHH BEPOSTHOCTEH H MaTeMaTH4YeCKOH
CTaTHCTHKH, YHCIEHHBIX METOJOB. IIPH PellleHHH 3ajay, CBS3aHHBIX CO cepoi
IIpo)eCCHOHATIBHOH JAeSITeIbHOCTH.

BJuiajerb: HaBBRIKaMH HCITOIIB30BAaHH S METO0B aHAJIMTHYECKOH TeOMETPHH, THHEHHON areOpsl,
TH(depeHIAaTbHOTO H HHTETPAIbHOIO HCYHCIEHHS (PYHKILHH OJHOH IIepeMEHHOH, TEOpPHH
(PYHKI[THH HECKOIIBKHX IIePEMEHHBIX, TEOPHH (DYHKI[HII KOMITIEKCHOIO IepeMeHHOr0, TeOPHH
PSIOB, TeOpHH IH(]pPepeHIHAIbHEIX YPaBHEHHI, TEOPHH BEPOSTHOCTEH H MaTeMaTHYeCKOH
CTaTHCTHKH, 4YHCIIEHHBIX METOAOB IIPH PpelleHHH 3aJay, CBSI3aHHBIX CO Cc(epoi
IIpo)eCCHOHATIBHOH JeSITeIbHOCTH.

2. ObopyaoBaHNe H MATEPHAIBI

HpﬂI{TH‘IECI{HE pﬂﬁDTLI 10 JHCIHIUIHHE «MareMaTHKa» IIPOBOIATCA B KOMIIBHOTCPHOM
KJIIaccc C MYIIbTHMCIHaA Gﬁﬂp}fﬂﬂEﬂHHEMZ ITPOCKTOP., KOMIIBHOTCP., S3KPaH HACTEeHHBIH.

3. HamMeHoBaHHeE NPAKT HIECKHX PadoOT

No HammveHoOBaHHE TeM JTHCIFIUIHHBI, HX KPATKOe COMIEPKaHIeE Ob0reM 13 HUX ITpaKTHYe CKad
T eMEBI YyacoB IIOIr OTOBKA, YACOR
IHCITH
TLITHH
BI
2 ceMecTp
10 Tabmmra  OCHOBHBIX ~ HEOIIPEJIEIEHHBIX  HHTETrPaloB. 1.5
"1 NOKYMEHT MNOArMCAH TO HHTerpaia.
SNEKTPOHHOW NOANMCBLIO
Ceptudukar: 12000002A633E3D113AD425FB50002000002A6 OM  FHTErpae. 15
Bnapeneu: lLebayxoea TatesaHa AnekcaHgpoeHa .
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3MeMeHTapHBIX MpoOeil. IHTerpHpoBaHHe PAIHOHATHHEIX
()Y HKIHIT

12 CrrocoOBI  BBIUMCIEHHS  OIIPENIEIEHHOrO  HHTErpalia. 1.5
@opmyna HrroToHa-JIeiiOHII[a. 3amMeHa IIepeMeHHOI B
OIlpeJieIeHHOM HHTerpame. @opMmyina HHTETPHPOBAHHA IIO
JACcTAM B OIIpeJelIeHHOM HHTET palle.

13 ["'eoMeTpHUeCKIEe IIPHIIOKEHHA OIIpPeeIeHHOr0 HHTErpaia. 1.5
[Tmomame 1orockoil gurypel. O0BeM Tena. JlmiHA IYTH
KpHBOH. I11M01IMa 1k ITOBEPXHOCTH BPAIlEHH .

15 HacTHRIE TIIPOH3BOJHEIE IIEPBOTO IOpAnIKa. YacTHEIe 1.5
IIPOH3BOIHBIE BBICIIIX MOPAIKOB. ITomHent muddepertman

()Y HKITHH. JuddepeHIHalsl  BBRICIHX  ITOPSAIKOB.
HuddepeHIpIpoBaHHE CIOKHBIX H HEABHBIX () YVHKI[HIA.

16 KacarearHad H HOpMAllh K IIOBEPXHOCTH. IIpom3BoHAA 11O 1.5

HallpaBIIeHHI0. [ pajieHT. OKcTpeMyM  (PYVHKIHH
HECKOIBKHX IlepeMeHHBIX. HaunOGolblllee M HamMeHbIIIEe

3HAUEHH (QYHKIDH. Y CTOBHELT 3KCTPEMYM.

17 CBOHCTBA H METOJBI BBRIUNCIEHHI JIBOHHOTO HHTErpaia. 1.5
3aMeHa NepeMeHHBIX B JIBOITHOM HHTETPATE.
18 HuddepeHHaTbHbIE YpaBHEHHS C  Pa3flellArOIHMICA 1.5

IepeMeHHRIMH. OJTHOPOOHBIE VpaBHEHHI. JIMHEeHHEIE
YPaBHEHH. Y PaBHEHHA, MPHBOIHMEIE K JIHHEHHBIM.

19 YpaBHeHHS BEICIIIETO ITOPAAKA, JOITYCKAFOIIIE ITOHIKEHHE 1.5
nopaaka. JImHeimele guddepeHIMAIFHEIE YpaBHEeHIA
BEICIIIHX ITOPAJIKOB.

20 Cucremsl H(@epeHIHAIBHEIX VPaBHEHHII, OCHOBHEIE 1.5
IMMOHATHA. FIHTerpHpOBaHIe HOPMAITEHEIX CHCTEM. CHCTEMEI
YPaBHEHHI C TIOCTOSHHEIMH KO3 () (PHITIEHTAMH.

21 CxomiMocTh paga. HeoOXommmMeni IIPH3HAK CXOIHMOCTH 1.5
UHCIOBOIO PAda. JlocTaTouHble IIPH3HAKH CXOIHMOCTH
3HAKOIIOCTOAHHEIX PAMOB. IIPH3HAKH CPAaBHEHHA, IIPH3HAK

HamamOepa, ITPH3HAKH K orrmi. O00011[e HHBIT
T apMOHHYECKIHH DAL,
22 3HaKOUepe IYIOIITHECT H 3HAKOIIEPeEMEHHEIE PAIEL. [IpH3HAK 1.5

JleitGHma. OOIMMIT JOCTATOUHBOI IIPH3HAK CXOIHMOCTH
3HAKOIIEPeMEHHBIX PATOB. AOCOMIOTHAI H  YCIOBHAA
CXOJHUMOCTH YHCIIOBEIX PSAJIOB.

23 B LIUTICIIE HIIE BEPOATHOCTH COOBITHS 1.5

24 BapHalioOHHEIE PAOEl H HX I'padHyecKoe H300pakeHHe. 1.5
B 510 0p OUHEIIT METOT,

25 ToueuHrle oleHKH. IIOHATHE HHTEPBATIBLHOIO OIEHHBAHHI. 1.5
JloBepHTEIIbHAS BEPOATHOCTE H IIpeflelbHAd oOImi0OKa
BEIOOPKI. OrneHKa XapaKTePHCTHK reHepalbHOIT
COBOKYITHOCTH ITO MaIOi BEIOOpPKE.

26 | CtarHcTHYecKasd IIPOBepKa IHITOTE3. 1,5

Hrtoro 3a 2 cemectp 24

4. Cogep:xanHe NPaKTHYECKHX padoT

Ipakmuueckasa paboma 1. Tabnuuya ocHo6HBIX HeonpeodeleHHbIX uHmMezpanos. Ilpocmeiiniue
ceoiicmea HeonpeoeleHHozo unmezpana. HenocpedcmeeHHoe UHMeZPUPOEAHIUE.

AOKYMEHT NOANMCAH IO HHTETPHPOBAHH S (DYHKIIH C HCIIOJIb30BaHIE
SNEKTPOHHOW NOANMMUCELIO | TpHp ¢ oy
Ceptudbnkar: | 12000002A633E3D113AD425FB50002000002A6 ATh  IIOIIYHUEHHBIE  YMEHHSA IIPH  PCEHICHHH
Bnapeneu: Webayxoea TateaHa AnekcaHgpoBHa
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[TepBooOpa3Has (hYHKIHS.

Oyukimsa F(x) HazpiBaeTcsI mepBoodpasnon pynknuen (yHKIHH f(X) Ha oTpeske [a,b],
eCIIH B IIFOOOH TOYKE ATOr0 OTpe3Ka BEPHO paBeHCTBO:F (x) = f(x).

Hamo OTMeTHTB, YTO IepBOOOPA3HBIX IS OTHOH H TOH Xe (PYHKIIHH MOKeT OBIThH
O0eCKOHeYHO MHOr0. OHH OYIYT OTJIMYATHCS APYT OT APYyra Ha HEKOTOPOE ITOCTOSHHOE YHCIIO.

Fi(x) = Fa(x) + C.
HeorpeierneHHBII HHTETPA.
HeonpeneenHbiM  HHTErpajgoM  (QyHiimH  f(X) Ha3sbpIBaeTCcs  COBOKYIIHOCTD

IepBO00OPpa3HBIX () YHKI[HIL, KOTOPEIE OITpeelIeHbl COOTHOIIIEHHEM:
F(x) + C.

3aIiChIBAIOT; I f(x)dx=F(x)+C.

YCIOBHEM CVYIIECTBOBAHHS HEOIIPEAESIIEHHOIO HHTErpala Ha HEKOTOPOM OTpe3Ke
SIBIISIETC S HETIPEPBIBHOCTD (PYHKIIHH Ha 3TOM OTPE3Ke.
CBOHCTBA:

L ([ reds) = e+ 0y = 7o

2. dl[ f(ae)= fx)d.

3. [dF (x)= F(x)+C:

4. I(u +v—w)dx = Iudx + Ivdx— I1ud.1; TJe U, Vv, W — HEeKOTOphIe (PYHKI[HH OT X.
5.[C- fx)dx=C- [ f(x)dx.

[ Iprmvep: J.(:::.:j —2sm x+1)dx = Ixjdx— 2_[51'1'1 xdx+ _[a’x = %xa +2cosx+ x+C,

g ymoOcTBa 3HAYEHHS HEOIIPEMEIIEHHBIX HHTErPAIOB OOJIBINMHHCTBA 3IIEMeHTApPHBIX
(YHKIHH cOOpaHEI B CIIELHAIbHBIE TAOIHIBI HHTETPAIOB, KOTOPBIE OBIBAIOT HHOIJA BEChHMA
O0OBEMHBIMH. B HHX BKIIIOUEHBI pa3IHYHBIe HAaHOOIee YacTO BCTPEeYaroIHecs KOMOHHAI[HH
¢yHKIMi. Ho OOIBINMHCTBO TIIPeACTAaBIEHHBIX B HTHX TaOmHIax QopMyl SBISIOTCS
CIEACTBHAMH IpPYI ApPyra, IIOSTOMY HIJKE IIPHBeJeM TaOlIHIly OCHOBHBIX HMHTEIPAOB, C
ITOMOIIBIO KOTOPOH MOJKHO TIONYYHTH 3HAYEHHS HEOIPEACJIEHHBIX HHTETPAIOB PasIIHUHBIX

(p YHKIIHIA.
3HaUeHHe HMHTerpan 3HaUueHHeE
HMHuTterpan
| [rgxdx -In | cosx | +C 9 J.e"cﬁr e* + C
2 | [crgxdx In | sinx |+ C 10 | [cosxas sinx + C
31 [a*dx a” 11 J‘Sjll xcdx -cosx + C
. —+C
na
4 dx ] X 12 1 tex + C
I - - —arctg—+C I —dx 5
a + x° a a Cos™ X
5 dx | X+ 13 1 -ctgx + C
J. 7 n —]Il —I_ C I . " fi}:
X —da 2a |x—a S - X
6 d:x ln‘x+\/x2iﬂj|—l—C 14 I (ix arcgini +C
"!fl’.'j‘l‘ﬂj Jﬂj_xj Cl
OOKYMEHT MOANMCAH
SNEKTPOHHOW NOANMUCLIO 15 1 7 X T
Ceptudmkar: 12000002A633E3D113AD425FB50002000002A6 I X Injtgl —+— | +C
COS X 2 4
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8 dx ]11|x|+C' 16 I 1

—dx Injte 2|+ C
X S X 2

MeTox HENMOCPEeACTBEHHOIO HHTETPHPOBAHHSA OCHOBAaH Ha IIPEAIIONIOKEHHH O
BO3MOKHOM 3HAYE€HHH IIepBOOOPa3HOI (DYHKIHMH C JAaIbHEHINEH ITPOBEPKOH 3TOr0 3HAYEHHS

g pepeHIIpoBaHHeM. BooOmie, 3amMeTHM, 4TO JH((epeHIIHpoBaHHe SBISETCS MOIIHBIM
HHCTPYMEHTOM ITIPOBEPKH Pe3yIIbTaTOB HHTETPHPOBAHHS.

PHGGMG'I‘IJIM ITPHMEHEHHE 3TOI'O METO/Jd Ha ITPHMEPEC!

- dx
TpebyeTcs HalTH 3HaUeHHE HHTeTpajia I . Ha ocHOBe H3BeCTHOH (POPMYIIBI
X
]
TH}PepeHITHPOBAaHHS (]11 .x) = — MOJKHO CJ[€lIaTh BBHIBOJI, YTO HCKOMBIH HHTET'pajl PaBeH
X

Inx+C,rae C — Hemmpcre IOCTOSIHHOE YHCI0. OJHAKO, C IPYTOH CTOPOHEBI

(]I](—J:)) = —— ( 1) = — . TaxuM oOGpa3oM, OKOHYATEIIHFHO MOJKHO CAENATh BEIBOJ:
d-
@ _ nix|+C
X

3aMeTHM, YTO B OTIHYHEe OT AH(]PepeHIHpPOBaHHS, IJle JUIS HaxXOKIeHHI ITPOH3BOIHOM
HCITIOJIb30BAIHCh YETKHE ITPHEMBI H METOMBI, ITpaBHJIa HaXOXJICHHS ITPOH3BOAHOH, HAKOHEI]
OIpelelIeHHe TIPOH3BOMHOM, I HHTETPHPOBAHHS TaKHE MeTOABI HeJOCTYIIHBI. ECIH IIpH
HAXO0KIEHHH ITPOH3BOMHON MBI IIOIB30BAIMCh, TAaK CKa3aTh, KOHCTPYKTHBHBIMH METOIAMH,
KOTOpEIe, OasHpysach Ha ONPeIelIEeHHBIX IIpaBWIaX, IPHBOMIWIH K Pe3yiIbTaTy, TO IIpH
HaXOXKIEHHH IIEPBOOOPA3sHOH IIPHXOZHUTICS B OCHOBHOM OITHpaTbCsSd Ha 3HAHHI TalOImHif
ITPOM3BOJIHBIX H IIEPBOOOPA3HBIX.

YTo KacaeTcsd MeTOZa HEIOCPEACTBEHHOI O HHTETPHPOBAHHS, TO OH ITPHMEHHM TOIBLKO
JUISI HEKOTOPHIX BeChbMa OrpaHHYeHHBIX KiIaccoB (PYHKI[HI. (DYHKIMHI, JUIS KOTOPBIX MOKHO C
XOIY HaHTH IepBOOOpasHyI0 O4YeHb Mano. IlosToMy B OONBIIHHCTBE CIy4YaeB ITPHMEHSIOTCS
APYTHe CIIOCOOBI HHTETPHPOBAHH L.
Bonpocst u 3a0 auu:
3amava | .HanTH HeollpeielneHHbIE HHTETPAJIBI:

1}5{13_33:34_51;4] dx;

2) [ (3% £ 522 —8) (92 & 10wy dx; 3) | V6 - 20 dlxs

4) j(ﬁx! + 7)3x dx; 5) ﬁr’fﬂﬂx* dx; 6) E V a® — x® xdx.
3amava 2. HanTH HeoIlpeAeIeHHEBIE I]HTEI‘pElJ]LIZ

lljm”dx ) jVInde a)j' ez - i‘f-il:fEI dx:

sin? x P"l___ = V1 —x
y arclg x _ sectx sin 2x 2vdx
5) j"’l 22 i, 6) Jp,ndx, 7) jw_@ dx; 8) j e
9) jﬁh“,rchmi-: 10) j“’“‘f d
V::tg.r
3agaya 3. BEIWNCITE HHTETPaIb: 1)_[ X
x+a
[OKYMEHT MNOAMNWUCAH

SNEKTPOHHOW NOAMUCHIO
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2X Sim X d
i‘--:'[ 'idr ?}j‘i-k:nsx ol 4:'{|...._.f= ol

Jalnx dx;
6) T I x Ed-} 3x®

X _ ‘ x
_.rtnrr, 9) | goedn 10) | 2,

Bﬂnpncm

Yrto Takoe neppoodpa3Has (PpyHKIHI?

YT0 Ha3BIBaeTCA HEOIIPEAETIEHHBIM HHTEIPAIIOM?

[IepeuricimTe OCHOBHBIE CBOICTBA HEOMPEAESIIEHHOI O HHTEI pala.
3aImHIImTe 10 IMaMSITH TaOJIMIy OCHOBHBIX HEOITPEAEIEHHBIX HHTETPaJIOB.
B ueM COCTONT MeTOJi HEITOCPEACTBEHHOI'O HHTETPHPOBAHII?

SNbh N

Ilpakmuueckana pavboma 2. 3ameHa NEepeMeHHOIl 6 HeONpeoeleHHOM UHmezpale.
Humezpuposeanue no uwacmam. Humezpuposeanue 3nemeHmdapHsix opodeu. Humezpuposariie

PAUUHOHATIbHBIX (DYHKUUIL.
Ilens: chopmipoBaTh YMEHHE BBIYHCIISATH HeOIIpeJeleHHBII HHTErpall C ITOMONIBIO 3aMeHBI

HEpEMEI—H—IGﬁ H IIO HaCTAM, HHTICIPHPOBATE 3JIICMCHTAPHBIC ,[[pﬂﬁH H PallHOHAJIBHBIC (1)}*'1—]1{[_[]?]1[:,
IIPHMEHATD ITIOJIYICHHBIC YMCHHA ITPH PCIICHIT ITPAKTHYCCKIX 3d/4'.

TEHPEHHFIECHIIH yacmb.
3aMeHa IepeMeHHOH B HeOIIPeleIeHHOM HHTErpalle.

Teopema: Ecmi TpebyeTcsa HAHTH HHTETPal J. f(x)dx , HO CIIOKHO OTEICKATh IMepBOOOPas3HYIO,

TO C ITOMOIIBIO 3aMCHEI X = (p(t) H dx = (p’(t)dt TIOITY4aeTC s
[ F e = [ 1 (@)@ @)t

I Iprvep. HaliTi HeolnmpeeaeHHBIH HHT el Pall I-..;‘ sm x cos xdx.

CremnaeM 3aMeHY [ = sinx, df = cosxdkt.

J'\/?drzj'r”jdrzzﬁ”+C:25j113”x+c.
3 3
[IprMeD. Ix(:c +1)° ax
. dt
BaMeHa f=x" +1, dt=2xdx, dx= 2—; [Tomyuaem:
X
J‘I’;;ﬁlﬂ:_." ’;;jdr_i E X C_ ﬂl C: (I3+1)ﬁfl +C
2 2 5 5 5

HMHTerpupoBaHie 10 YaCTSIM.

Crioco0 OCHOBaH Ha H3BECTHOH (POPMYyJIe IPOH3BOMIHOM IIPOM3BEAeHHA: (uv) = u'v + v'u,
IJle UH V — HEKOTOpBIe PYHKIIHH OT X. B muddepennmamsaoi ¢popme: d(uv) = udv + vdu.

[ IpOHHTEIrpHPOBAB, IIOIYYAEM: J'd(uv):_[udwrj‘vdu, a B COOTBETCTBHH C

ITPHBEACHHBIMH BBIIIIE CBOHCTBAMH HEOIIPEAEIICEHHOIO HHTErpana: uyv = Iudv + Ivdu TN
Iua"v = Uy — leﬁ/t;

[Tonywinn ¢QopMylTy HHTETPHPOBAHHS IIO 4YacTsM, KOTOpas IIO3BOILIET HaXOIHTh
HHTEerpabl MHOTHX ATIeMeHTapPHBIX (DYHKITHI.

u=x", dv=sn xdx,
[ [prMeD. f.x S xdx = 4’ o

[IOKYMEHT MOAMWUCAH Zxd —COS X
3NEKTPOHHOW NMNOAMUCHIO
Ceptudukar: 12000002A633E3D113AD425FB50002000002A6

Bnapeneu: Lebayxoea. TateAaHa AnekcaHgpoBHa

— —x COoSx+ Icnsx D xdx =

- Isﬁ1 xdx]: —x cosx+2xsm x+2cosx+C.
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Kaxk BHJIHO, ITOCIICHOBATCIIbBHOC IIPHMCHCHIC QJGPI\-I}*'HBI HHTCITPHPOBAHITA IIO YH4CTAM
ITO3BOJIACT ITOCTEIICHHO YIIPOCTHTD (b}"HICL[I[EG H ITPHBECTH HHTCI'PAIIl K Tﬂﬁﬂl[lﬂ{ﬂw.

Ix Ix

., u=e", du=2edx e _ ,.

[TprMep. Ie"‘ cos xdx = ’ 7 b=esm x—Isnlx-Ze‘*dx:
dv=cosxdx, v=smx

Ix Ix
u=e", du=2e"dx oy \ ) e
= o ’ =e”’ sm .:-4:—2[—{-3-"T cmsx—_[— cosx-2e "dx|[=e" smx+
dv =sm xdx, v=-cosx,

M M
+2e" cos x— 4_[005 xe dx

BupgHo, 4TO B pe3ynbTraTe IIOBTOPHOIO IIPHMEHEHHS HHTETPHPOBAHHSI IIO YaCTSIM
(YHKIHIO He VYAAJ0Ch YIIPOCTHTh K TaOIHYHOMY BHAY. OJHAKO, ITOCIIEQHHH ITOTYYEHHBIH
HHTErpaJl HHYEM He OTJIIHYaeTcsS OT HCXOAHOro. IloaToMy IlepeHeceM €ro B JIEBYIO YacTh
PaBEHCTRA.

SJle” cosxdx—e (sm x+ 2cosXx)

2x

0%
5
Taxmmv oO6pa3oM, HHTerpal HanieH BooOIe Oe3 ITpHMeHEHH S TaOIIHI HHTEIPaIOB.

HUyTerpupoBaHHe 3lIeMeHTapPHBIX ApooOel.
JJIeMeHTAPHbLIMH HA3BIBAIOTCS APOOH CIEAVIOIHMX YEThIPEX THIIOB:

(sm x+2cosx)+C.

Ieh COS xdx =

L m, AN
ax+b ax” +bx+c
] Mx+ N
I, . IV. —
(ax+b) (ax” + bx+ c)

m, n — HaTypaIbHble yHeIa (m = 2, n > 2) u b? — 4ac <0.

[IepBhIe ABa THITA HHTETPAIOB OT AJIeMEHTAPHBIX APOOEH JOBOIBLHO ITPOCTO IIPHBOI ST CS
K TaOIHYHBIM ITOACTAHOBKOH t=ax+ b.

I. Ii:l ﬁzlh\rHC:lm\erbHC.
ax+b a’t a a

T ax  _Llpdr_ 1 —+C=- : _+C,
(ax+b)" a’t” a(m—1t" a(m-1)(ax+b)"

PaccMOTpHM MeTOJ HHTEIPHPOBAHH S 3JIeMeHTapHBIX Apoder Buaa II1.
HMuterpan apodu Buga Il MmoXeT OBITE IIPEACTABIEH B BHE:
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£(2x+p)+[ _A_p]
d:

J-ﬁA.erB (ﬁ:jz 2 T:AJ- 2x+ p dH[B_Ap]I dx
X"+ px+gq X"+ px+gq 27 x° +p1:+q 2 Fx +px+gq
A A S
[T-FE] + q_p_ \/461—}?
2 4

25
arctg TP +C

Vg - p

31ech B 00IIEM BH/IE TIOKA3aHO IIPHBEAeHHE HHTerpana ApodH suaa Il xk gsym
TaOJIHYHBIM HHTET PaIaM.
PaccMoTprM MpHMeHeHHE YKa3aHHOH BhIIE (DOPMYITIBI Ha IIPHMEpax.

[ IpiMep.
(11=6x-5, du=6dx;,
7x-2 R4x — 24 R4x - 24 MR TS AR
I 5 (fx:J‘ 5 d:x:-'. ; (ix:-:: H‘|‘5 e =
3x"—5x+4 36x” — 60x + 48 (6x—5)" +23 X= - ;,
:lj-l-’-luir?(]—l’-ld“__]- 1du 23J- i :—h](u +23)4 23 arcte 7 oo
u +23 u +23 u>+23 6 3423 v’g

J23 6x— 5

= z]n‘36.1:: —60x+ 48‘ + ——arctg
6 3

t’\/ﬁ

3 7
BooO11ie roBops, ecli y TpexXwieHa ax” + bx + ¢ BeIpaxkeHHe b — 4ac >0, To apobp 110
OTPEAEIIEHHIO He SBJISIETCS 3JIEMEHTApPHOIN, OJHAKO, TEM He MEHee €& MOKHO HHTEIPHPOBaTh

YKd3dHHbIM BEIIIIC CITocOOOM.

+ C.

[ IprMep.
J- qu—B dx:_[ 5.1:?3 T — u=x+3;, du= dx, :ISHTIS_B"&‘_SJ. 1du
x +6x—40 (x+3)" —49 X=u-3; u- —49 u®— 49
—18j —Eln\uf—aw\—18111”_7|+c:§1n\x3+6x—40\—31n adniad PG

u>—49 2 u+7| 2 7 |x+10

[ IprmMep.

=x-3 d

J- 3x4r4 fﬁf—j 3x+4 qd—{i X— L= } J-3u+9+4f&£ 3_[ udu
V7 - x> +6x \XI(S (x—3)° X=u+3, V16—’ \/16—1;
+13 B 316-u’ +13arcsin Y+ C = —3J7— x" — 6x + 13aresin 2+ C.

‘\/16—1.!" 4 4

PaccMOTpHM TeIleph METOMBI HHTEI PHPOBAHHS ITPOCTEIIINX Apoben IV TiIA.
CHayana pacCMOTPHM YaCTHEIH ciaydyad ipHu M =0, N = 1.
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dx

Torga mHTerpam BHAA I - — MOJMHO ITyTEM BBIJIENIEHHS B 3HaMEHaTelle
(ax” +bx+c)
di
IIOJIHOT'O KBajipaTa IIPeICTaBHThL B BHJE I( - )n . CnenaeMm cnemyromiee ImpeoOpa3oBaHHE:
U +s

J- du _lJ-SJruj—u _J- __J- w’ du
(w’ +5)" (u” + )" (u” + 3)” 1 '’ + )"

Bropoii HHTETpal, BXOJISIIHI B 3TO PaBEHCTBO, 6y,[[em OpaTh IO YaCTSIM.

d
dv, = i —, u, =u, du, = du,
>+
OO0O03HAYNM: < (" +5) -
udu 1 _
vl — I 2 H - 2 n-17?
\ (1™ +5) 2n—1)u +s)"
J- wdu ~ u N ] J- du
u’ +s)" Qun—-2)w’ +5)"" 2n-27@w +s)""

,HJIH HCXOJHOI'O HHICI' PaJjld ITOJIYHdCM.

1 | J' du

du
,, ~|— + : _ :
I @ +s5)" s I W’ +5)"" sQn-2)w +5)"  sQ2n-2)7 W’ +s5)""

J‘ dut — U n 2n—3 I dut

(* +5)"  sQu-Dw’ +)"" s2n-2)? (u* +s5)""

[lomyyeHHass QopMyna Ha3BIBAETCS PeKYPPeHTHOM. EcIH IIPHMeHHTh €€ n-1 pas, TO
du

s
BepHeMcs Teneph K I]H'I‘erpaﬂy OT B3IeMeHTapHOH ApodH BHaa IV B o01ieM ciryyae.

ITOIIYHHTCH TaOIIHYHBIH HHTCIPAJI I

Vo N Vet N u=2ax+b; du="2adx;
I - - fb:: ¢l I T_*i H_b e
(ax” +bx+c) [(Zﬂerb) +(4ac —b- )] X = 7, , s=dac-Db";
M(u—b)
(4.{1) J- +Nd'u— (4a)” M_[ 1d N ZﬂN—MbI du
(u +5)" 2a (" +5)” 2a (u” +s)"

B ITOJIVHCHHOM PABCHCTBC HEPELIﬁ HHTETPall ¢ TIOMOINBIO IIOACTAaHOBKH [ = HE + 5

[
IIPHBOAHTCA K TﬂﬁHH‘IHﬂI\{}" .[_” , d KO BTOPOMY HHTCI'PAly ITPHMCHACTCA PACCMOTPCHHAA BEIIIIC
!

pPeKyppeHTHas (pOpMYyIIa.
HecmoTps Ha KaKYIIYIOCS CIOKHOCTh HHTETPHPOBAHHS 3JIeMEHTapHOH ApoOH

BHA 1V, Ha IPAaKTHKE €ro JOCTATOYHO JIETKO IIPHMEHSITH I ApoOeH ¢ HeOONBIIIOH CTEIIEHBIO 1,
a YHHBEPCAIBHOCThL M OOIIMHOCTH IOAXOMAA JelnaeT BO3MOJKHBIM OYEHBH IIPOCTVIO PEAIHM3aI[HIO

3TOro MeToJa Ha DBM.
[ Iprvep:
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di =

3x+5 3x+5 u=x-2, du=dx 3u+6+5
I M ”'d-r:.[ B ”'fix’.: :I M B
(x —4x+7)" (x—2)" +3)° X=u+2 (" +3)°

t=u +3
:3_[ f!t‘fu ’?+llj ﬁci'u 1’ _Ejﬁﬂl z.: N 1 I :cfu
(™ +3)° (u’ +3)° ffr:2udu; 291 3-2(u"+3) 3-2°u"+3

:_3 1 14 11 arcte iJrC— 3 N 11(x-2) 11 HFCIUI_Z

21‘ 6(1.! +3) 6\/_ \/_ 2(.1: —4x+7) 6(.1: —4x+7) 6\/_ \E

+C.

MHTerprpoBaHie PaIioOHATLHBIX (DVHKIIHIL.
HuTerpupoBaHHe paiiOHAJIbHEIX IP0O0eH.
J1715 TOro, YTOORI IIPOHHTEIPHPOBATh PAIIHOHAIIBHYIO APO0h HEOOXOIHMO
Pa3I0KHTh €€ Ha BIIeMEHTApHEIE APOOH.

O(x)

P(x)

P(x) xOTOpOIl NpeAcTaBlIeH B BHIE IIPOHM3BEAECHHS IHHEHHBIX M KBaJPATHUYHBIX MHOKHUTEIEH
(OTMETHM, YTO JIOOOH MHOTOWIEH C JefCTBHTEIBHBIMH KO3()(QHIMMEHTAMH MOKET OBITh
TIPEICTABIIEH B TAKOM BHIE: P(x) = (x - a)%...(x - b)A(X* + px + g)*... (x> + rx + s)*), To 5Ta ApoOhb
MOJKET OBITh PasIoKeHa Ha 3IIeEMEHTAPHBIE 110 CIEAYIOLIEH CXEME:

O(x) A4 A, A B, B, By M, x+ N,
= +—2—t .+ +..+ +—=—t ..+ +— +
P(x) x-a ((x-a) (x—a)” (x—b) (x-b) (x-b)* x*+px+gqg
M .,x+ N, M,x+ N, Rx+S, R.x+S, R x+S,
= = + + ...+ + = =

(x" +px+q)° (x* + px+¢g)* x +rx+s (x+rx+s) (x™ +rx+s)"

Teopema: Ecmi R(x) = - IIPaBHIIbHAS PalHOHAJIbHASA AP0o0h, 3HAMEHATEIID

rae Ai, Bi, Mi, Ni, Ri, Si — HEKOTOpEIE ITIOCTOSHHBIE BEITHYHHEL
[Ipn HHTErpHPOBAaHHMH PalMOHAIBHBEIX ApoOeH IIPpHOEraroT K Pas3IoKeHHIO
HCXOMHOH ApOOH Ha 3leMeHTapHbIe. J[1g HaxoxaeHHns BenmuuH Ai, Bi, Mi, Ni, Ri, Si mpuMeHsroT
TaK Ha3bIBACMBIH MeTO0 HeompedeeHHbIX K03()(PHIHEHTOB, CYTh KOTOPOIO COCTOHT B TOM.,
YTO JJIS TOr O, YTOOHI IBa MHOI'OYIeHa OBIIIH TOKAECTBEHHO PaBHEL, HEOOXOMHMO H JOCTAaTOYHO,
yTOOKI OBIJIH PaBHBI KO3()(PHIHEHTEI IIPH OJHHAKOBBIX CTEIEHIX X.
[ IprMeHeHHEe 3TOr0 MeTOIa PacCMOTPHM Ha KOHKPETHOM ITPHMEPE.
[ Iprmep.

J-9x3—30x3+28x—88dx
(x’ —6x+8)(x" +4)

Tk (x°=6x+8)(x" +4)=(x—2(x—4)(x" +4), 10
9x’ —30x" +28x-88 4 . B Cx+D
(x—2)x—B(x"+4) x-2 x-4 x +4

HPI[BG,I[H K GﬁH.[EI%I}" SHAMCHATCIIIO H ITPHPABHHEAA COOTBETCTBYIOIIHE YHCJIITCIIH,
ITOIIYHaA CM.

Ax—Dx" +D+B(x-D)(x* + D+ (Cx+D)(x” —6x+8)=9x” —30x" +28x—88
(A+B+C)x’ +(-44-2B-6C + D)x” + (44 +4B +8C — 6D)x + (-16A4-8B+8D) =

=0y’ —30x" +28x— 8K
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(A+B+C =9 (C=9-A4-B

~44-2B-6C+D = -30 D=-30+44+2B+54—64-6B
|44+ 4B +8C — 6D = 28 124+ 2B +4C -3D =14
_164-8B+8D = -88 24+B-D=11

(C=9-A4-B (C=9-4-B
D=24-24- 4B D=24-24-4B
124+ 2B +36-44—4B—72+6A4+12B =14 144+10B = 50
24+B-24+24+4B =11 4A4+5B =35
(C=9-A-B (C=9-A4-B (4=5
D=24-24-4B D=24-24-4B B=3
| 44+10B = 50 144+10B = 50 lc=1

50— 10B+5B = 35 B=3 D=2
HTGFG'

_[ d's:+_[ aﬁ:JrI X+ 2 d*!:—S]n‘r 2‘4—3]11‘1: 4‘+I d1:+_[ dx =
x—2 x'+4 x*+4 x*+4

= 5In|x-2|+3|x- 4\+51n(f +4) + arctg >

Bonpocst u 3a0 auu:
3amava 1. BeIYHCIMTE HHTETPAJIBI:

1. /hl_.r = 1)e” dx. 2.
3. )(-J" sin r dir.
5. jh.r In & dx,

j- 2F cos ¢ di.
jLEiHLIlI{f.i':. 10. jl.rl‘h-sra'.r.

3agaya 2. BEIUMNMCITE HHTETPAIbL:

. : H i
b. 3
sin” r

=]
]

9.

1) ‘“S{&H?}F

dr.

+ C.
2

]i arcsin r dx.

4. j (z* + 2x + J)cosrdr.

. i |
5. j xr* arctgx dr.

(noncranonka x—=z9);

|
2:, [HGLETEHDBHH J:=—z-:]_
,:rfn"-—:-:‘
ax
3 fy =
' jmn-ﬁp’#mn’x—ﬂtnsx

{nn,umanum-:a ::tg X == 7),

3amauva 3. Pa3noXHUTh Ha IIPOCTEHIIHE APOOH CIEIVIOIIHE PallOHAIIbHEIE JIPOOH:

OJOKYMEHT NoanmvucAH

SNEKTPOHHOWM NOAMNUCHIO
CepTtudmkar:
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llx—4

”ﬂ+m-
YKasaHue: 3HaMeHateb PAsOKHTE HA MHOKHTENH.
2) Ex‘—]—él_x_—~$l _ 3) ¥ — 2453 — 41x - 20
(x — 1) {x - 3) (x—4)" [I+!}{¥——EJ{#—3JEI~?}
8 Ex? — P54 26 5) 1ix 440
(x—ix—2)(x—J)° -2
6) X LA
(x4+2)(x1 3) (x—4)°
Sazaua 4.
BBIYHCINTE:
d:r
Ij K.tf——ja' .!' - 3:' J-‘!—Tﬂf' 4}53_3:‘.1- S}j‘u__g
3aziaya .
BBIYHCITNTE !

dx dx . - dx .
D fi:x[:t Tt 2 h= jx"‘+x——1 » 3) ‘r=_5xt+3x.|_ﬁ*

d. _ _ dx _ o dx
1) "‘:jxi—ﬂx-pi'ﬁ-' °) Iy _'J"E:*T-m*ﬁ}f“_'jx’—;-kld'

3agaya 6.
BEIUHCITHTE:

dx , dx .
1} 5 Bx? 4 Gy -} 10 2) S fx¥*—3x 145"

dx _ dx
?) 59ﬂ+x+lﬂ ' 4 L[ 6xt 4 7x - 15"

dx
) j:agl;llxwf'

BoITpOoCHI:

armmTe (pOpMYITY 3aMeHBI IIepeMEHHOH B HeOolpeAelIcHHOM HHTeIpalle.
OIMHIIIMTE METOA HHTETPHPOBAHIMS TI0 YaCTSIM.

B Kaxmx ciy4yasx 1ienecoo0pasHo IMIPHMEHITh METO HHTETPHPOBAHI IT0 YacTIM?
Kakue apo0H Ha3kIBAIOT IIPOCTEHIIIHMH?

Kakasg npo0p Ha3pIBaeTCA palfHOHAIIBHOH?

6. Kaxkag partnoHanbpHas ApoOb HA3BIBAETCS IIPABIIEHOH?

KaK pasnoxHTh IIPaBIIbHYIO APO0b Ha ITPOCTEHIIIHE?

8. B ueM cyIHOCTh MeTO[a HeonpeAeleHHBIX KO3 (P(HIIHEHTOR?

I S

-~

Ilpakmuueckaa paboma 3. Cnocoodslt eblMUCIEHUA ONPeEOeIeHHO20 UHmezpand. Popmyna
Horomona-/lelitbnuya. 3ameHa nepemMeHHOU 6 onpedeleHHOM UuHmezpaie. Popmyna
HHMeZpUp o6 AHUA N0 YACMAM 6 Onped eJieHHOM UHmezpaJie.

Ilens: copMHpOBAaTh YMeHHE BBIYHCISITH ONpeJelIeHHBIH HHTErpajl ¢ ITOMOMIBIO (POPMYIIBI
HerotoHa-JIeOHMIA, HCITOB30BATh METO/ 3aMeHEI IIEPEMEHHOH H HHTETPHPOBAHHE IT0 YACTSIM,
ITPHMEHSTE ITOJIYYEHHBIE YMEHHS ITPH PEIeHHH ITPaKTHYECKHX 3a1a4.

Teopemuueckan wacms:
O6o3HaunM m H M HaHMeHbIIIee H HaHOOoIbINee 3HaYeHHe (PYHKIIHH Ha oTpe3kKe [a, b] .

AOKYMEHT NoanmncAH
SNEKTPOHHOW NOAMUCLIO
Ceptudukar: 12000002A633E3D113AD425FBS50002000002A6

Bnapeneu: lLleBayxoea TateAHa AnekcaHapoBHa

Nencreutened: ¢ 20.08.2021 no 20.08.2022
13



=

0 a Xi b X

Pazo0beM oTpe3ok [a, b] Ha yacTH (He o0sA3aTeIbHO OJHHAKOBBIE) N TOUKAMH.
X0 < X1 S$X2< ... <Xp
Torma x1 —Xo=AxXx1, X2 — X1 = AX2, ... Xn— Xn1 = AXp;
Ha xaxgoM 13 IOITyYeHHBIX OTPE3KOB HaHAeM HaHMeHbIIee H HaHOONIbINee 3HaYeHHE () YHKI[HH.
[X0, X1] = my, My; [x1, X2] = mo, M2, ... [Xp1, Xa] = ma, M.

CocTaBHM CYMNMBI.

f
S o =miAX1 + mAX2 + ... +maAXa= ) m,AX,
i=1

S o= MiAX1 + MoAXa + ... + MaAx, = ZMi&Tj
i=1

CyMma S HasbIBaeTCsI HH/KHeH HHTerpajbHOH CYMMOH, a cymMma S — BepxHeH
HHTErpajabHOA CYMMOMH.

TEKmM<M,T0 Sa<Sn a mb-a)<S,<S.<Mb-a)
BHYTpPH KaKI0ro oTpeska BEIOepeM HEKOTOPYIO TOUKY €.

X0 <€ <X1, X1<€< X2, ... ,Xpl <€KXp.

Haiimem 3HayeHHS (QYHKIIHH B STHX TOYKaX H COCTaBHM BEIpaKeHHE, KOTOpPOe
Ha3bIBACTCSI HHTErpajabHoi cymMmoH 119 QyHKIHH f(X) Ha oTpesKe [a, b].

Sn=f(e)Ax1 + f(e2)Ax2+ ... + {(en)AXn = Zf(Ej )Ax.
i=1
Torma MOXKHO 3armcath. miAx; < f{&)Axi < MiAx;
CrenoBaTelbHO, ijfﬁxi < Z f(g,)Ax, < ZM Ax
i=1 i=1 i=1

S <8 <8,

[‘eoMeTpHYEeCKH 5TO IIPeACTaBIETCS CIEAYIOMIMM oOpa3zoM: rpaduk (QyHKImHH f(Xx)
OrPaHHYEH CBEPXY OIMMCAHHOH JIOMAaHOH JIMHIEH, a CHH3Y — BITHCAHHOH JTOMaHOH.

OOKYMEHT NOAn1cAH | g .
) 30K pa3z0HeHHd, a minAx; — HaHMeHbBIIHH. EciH

SNEKTPOHHOW NMOANnChLIO b ? !

Ceprudpmkat:  12000002A633E3D113AD425FBS0002000002A6 3Ka [3., b] CTPCMIITCAHA K OeCKOHEYHOCTH.
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Zf(s )Ax, =

Ecmu S, = i f(g)Ax, , 10
1 e ﬂr —(]
Ecmi nipu mr00BIX pa30HeHHsIX oTpeska [a, b] Takux, uyro maxAx;— 0 H IIPOH3BOIBHOM
BRIOOpE TOYEK € HHTEIpPalbHAs CyMMa O, = Z f(g,)Ax, cTpeMHTCSA K IIpeleny S, KOTOPBII
=1
Ha3BIBAETCS OIIPEMEIIEHHBIM HHTETIPajIoM OT f( x)j Ha OTpe3Ke [a, b].

b
O0o03HaYeHHE I f(x)dx.

a — HIDKHHH TIpeJiell, b — BepXHHI IIpefieN, X — IIepeMeHHass HHTETPHPOBaHHSL [a, b] — oTpe30ok
HHTET PHPOBAHH L.

Ecmi ana ¢yukupm f(X) CyIecTByeT IIpeliell Z f(g,)Ax, —I f(x)dx, TO

11150 ﬁ_r —l

() VHKIIHS Ha3bIBAeTCSI HHTErPHPYEMOH Ha OTpe3Ke [a, b].

Tak’ke BEpHBI YTBEPXKIeHH: n m . Zm Ax, = I f(x)dx,

ZM Ax, = j F(x)dx

nﬂxﬂw

CBOHCTBA OITpeJIeIeHHOI O HHTerpaa.

D [4f()dx =4[ f (.
2) [(fi)* f(x)dx = [ f,(x)dx + [ f,(x)dx
3) j F(x)dx=0

b b
4) Ecmm f(x) < ¢(x) Ha orpe3ke [a, b] a <b, Tcr_[f(;r)dx < I(p(x)dx

5) Ecmi m 1 M — cOOTBeTCTBEHHO HaHMeHbIllee H HaHOOIbIIee 3HaYeHHI PYHKIMH f(X) Ha
oTpe3ke [a, b], To:

m(b - a) < j F(x)dx <M(b - a)

6) Teopema o cpeanem. Ecin ¢yHking f(x) HempepblBHa Ha OTpe3Ke [a, b], To Ha 3ToM
OTPE3Ke CYIIECTBYET TOUKA € TAKas, UTO

[ f(x)dx = (b-a)f(e)

NOKYMEHT NoanncAH
SNEKTPOHHOW NOANUCHIO BO PABEHCTBO.
Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6
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[ (e = [ e+ [ f)a

PEIB}"MEETGH:, 3TO PABCHCTEBO BHIITOIIHACTCA, CCIIH CYILIICCTBYCT KaXIbIH H3 BXOISIIHX B
HCT'O HHTCI'PAJIOB.

) [ (v =—[ f(x)a

Teopema HproroHa-JlenOHHUIIA.

Teopema: (Teopema HrroToHa — JlelOHMIIA)

Ecm ¢pyHkima F(x) — kakas- mHoo neppoobpasHas OT HEMPEPhIBHOM () YHKIIHH f(X), TO
b
[ f(x)dx=F ()~ F(a)

3TO BEIpaKeHHE H3BECTHO 10T Ha3BaHHeM (popMymbl HeroToHa — JleHOHHIIA.

b
HMuorma mpumersror obosHaueHHe F(b) —F(a) = F(:s;)| .

Qopmyna HrerotoHa — JlenOHmifa mnpexacraBiasdeT coOOH OOIMH IOAXOA K HaXOXKIESHHIO
OITPEJIEJIEHHBIX HHTETPAJIOB.

YTO KacaeTcs IPHEMOB BBIYHMCIIEHHS OIPEAEIIEHHBIX HHTEIPAlIOB, TO OHH ITPAKTHYECKH
HHYEM HE OTJIMYAIOTCS OT BCEX TEX IPHEMOB H METOJOB, KOTOpEIE OBUIH PaCCMOTPEHBI BBIIIIE
ITPH HAXOXKJISHHH HEOIIpPeIe/IEHHBIX HHTEIPalIOB.

ToyHO Tak Ke NIPHMEHSIOTCS METOIBI TIOJCTAHOBKH (3aMeHBbl IIEPEMEHHOH), METOJ
HHTETPHPOBAHHS II0 4YacTaM, Te JKe IIpHEMBl HaXOXIEHHS TepBOOOPA3HBIX  JUIA
TPHT OHOMETPHYECKHX, HPPAIlHOHAHBIX H TpPaHCLEHJeHTHBRIX QyHKIHH. OcOO0eHHOCTBIO
SBIIETCA TOINBKO TO, 4YTO IIPH IIPHMEHEHHH HSTHX TIIPHEMOB HAA0 PacCIpOCTPAHSITH
IpeoOpa3oBaHHE He TOINBKO Ha IIOJBIHTErpalbHYI0 (DYHKIHIO, HO H Ha IIpelelbl

HHTCI' PHPOBAHIA. 3aMeH I IICPEMEHHYIO HHTCIPHPOBAHIA, HE 3a0BITH H3MCHHTB
b

COOTBETCTBEHHO IIpeJielIbl HHTerpHpoBaHHA. [IycTh 3ajaH HHTerpan I f(x)dx, toe f(x) —

&l

HeIlpephIBHAsS (PYHKIMS Ha oTpeske [a, b]. BBegeM HOBYIO IlepeMEHHYIO B COOTBETCTBHH C
dpopmymoii x = ¢(t). Torma ecmm

Do) =a, ¢P)=Db

2) ¢(t) 1 @'(t) HEIPEPBIBHEI Ha OTpe3Ke [a, B]

3) f(p(t)) ompeneneHa Ha orpeske [a., B], TO

b B
| f()adx = [ oo ()dr

5 B
Torna If (oD@’ (dt = Flo®)]| = Flo®)]- Fle(a)] = F (b) - F(a)

Cl

I Iprmep.
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1 - I:Sjllf' /2 /2 m’"
fxfl—x‘dx:{ :' } I\/l—sm t costdt = fcns rdr—— I(1+0052r)dr—
0

a=0,p=m/2 )

1 1 Y T m
= —|t+=sin2t|| =—+—snm=—.
AN . 4 4 4

[Ipn 3amMeHe IepeMeHHOH B OIpeJie]IEHHOM HHTerpaie clIeAyeT MOMHHTh O TOM, YTO
BBOAHMAS (DYHKIHSA (B PacCCMOTPEHHOM IIPHMEpPe 3TO (DYHKIHS Sin) JOJKHA OBITh HEelIpephIBHA
Ha OTpe3Ke HHTEIrPHPOBAaHHA. B IIpOoTHBHOM cioydae (opMalbHOE NIPHMEHEHHE (DOPMYIIBI
IIPHBOAHT K aOCYPIy.

I Iprmvep.
. T
Idx = X T, C IPYTOH CTOPOHBI, ECIIH IIPHMEHHTH TPHIOHOMET PHYECKVIO IO CTaHORKY,
0 1]
T T 0

dx dx dt

J.(fx J. :I . . :{fg:}:: }:J. f,,:U
d sin®x+cos’x 7 cos’ x(1+1g’x) "1+ 1

T.e. 1Ba crioco0a HAXOXKAEHNS HHTerpajla JarT pa3iIHYHbIE Pe3YIbTaThl. OTO IPOH3OIIIO H3-3a
TOrO, YTO He OBUI YYTEH TOT (paKT, YTO BBEACHHAS IIEpEMeHHas tgX HMeeT Ha OTpe3Ke
HHTETPHPOBAaHHUS pa3phlB (B Touke X = 7/2). IloaTOoMy B JaHHOM ciIydae TakKas ITOJICTAHOBKA

HEITPHMCHIMA. HpH 3dMCHCE HEpEMEI—H—IDﬁ B OIIPpESACIICHHOM HHICI'PAJIC CIICAYET BHIMATCJIBHO
CIICOHTDE 3a BEOIOITHEHHEM IICPCHICIICHHBIX BEBIIIIC }*’CHGEHﬁ.

HMHTerpHpoBaHHE ITO YACT SIM.

Ecrm ¢yHKImH u = @(x) H v = Y(X) HeIpepbIlBHBI Ha OTpe3ke [a, b], a Taxxke
HeITPePBIBHEI Ha 3TOM OTPe3Ke HX IIPOH3BOJHBIE, TO CIIPaBeAIIHBa (pOpMyIa HHTETPHPOBAHH I 11O

YJACTSIM:
b L b
Izsdv — zw| — Ivdu.
e1 o €1

Bonpocet u 3a0 auu:

3amava | .BeIYHCIHMTE OnpeelIeHHbIE HHTETPAJIbI.

0 0
1. I (x> +5x+6)cos 2xdx. 2. I cos 3xdx.
0 ﬂ- ]
3, I X +4x+3)cosxdx 4. I(I-I— 2)' cos3xdx.
—1 -2
0 T
5. I(f +7x+12)cosxdx. 6. J-(sz +4x+ 7)0052xdx.
4 0
NOKYMEHT NoanncAH
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7. T(Qf +9x+1 l)cos3xdx.
0

ii(sz +16x+ 17)cos4xdx.
0

9. T(Bf -I-S)COS 2 xdx.
(0

11. T(fﬁ—h:2 )CGSQde.
(0

13. ]l(f +2x+ l)sin3xdx.

-1

15. T(f —3x+ 2)Si11 xdx.
0

17.]1 ;t: +6x+9)sm2xdx

(1 S5x° )Sil‘l xdx.

:r"-—-.mlﬁ

3agaya 2.
BBIWHCIIMTE OIpeielIeHHbIE HHTETPabl.

. T'1+ln(x—1)

dx.
e+ I—l
. j-4arctgx—xdx
*ﬂ 1+ x° |

r X+cosx |,
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10. j (2):2 —15)cos3xdx.

0
12. T(l —8x )CGS 4 xdx.

14. i(f —3X)Si11 2xdx.

0

16. (x —S5x+ 6)8111 3xdx.

:J'-—-.I«.ilﬁ

7
4

x +17 5 sin 2 xdx.

:"-—-.

0. | (3x—x)sin2xdx.

x+1

M
:J'-—-.'—'

x +3x+1)

2cosx+3sin x
6. I ( dx.

. 3
2sin x —3cos x)

[



1/2

N ISX_MCt%Zxdx. .
- 1+4x ] (\/;+x)
1 V8

9 _[ J:dx 10. _[ x+1/xdx.
0 +1 ﬁ\/.}l’: +1
V8 V3

1. I ! l/xdx. 12 Iardngxdx.
ﬁ‘\/xz+1 0 1+ x°
N 4 1 3

13. jx (arctﬂgx) dx 14 j ;x* dx
7 1+ x° X" +1
sin | . 2 1 3 .

15. I(MCSIHI i dx. 16..[ : \/; dx.
y NI=x , \/;(x+1)
J8 e

17. I dx 18. jl+lnxdx.
ng\/xj | X

19. _[ x : 20. J.I-HHI- dx.
@x\/xz—l | A

BGHPDCBIZ

I. PHGKpGﬁTE CMBICII ITOHATHA OITPEACIICHHOI'O HHTCI'PaJIa.
FEGMETPHIIECI{HI‘T CMBICJI OITPEACIICHHOI'O HHTCI'Palia.
HEPE‘HICH}ITE OCHOBHBIE CBOHCTBA OITPpEACIICHHOI'O HHTCI'PdJIA.

TeopeMa o cpefHEM.
IIpomsBOHAA OMpENEIEHHOro HHTEIpasa 1o BEPpXHEMY IIp €ZIEITY.
Dopmyna HeioToHa — JlefibHHI1a.

3aMeHa HEpEMEHHDﬁ H HHTCI'PHPOBAHIC ITO H4ACTAM B OIIPCACIICHHOM HHTCIPAJIC.

Nens BN

IHpakmuueckas paboma 4. I'eomempuueckite npulodiceHus onpeo eieHHO20 UHmezpaid.
ITnowaos nnockoit puzypel. Ovvem mena. /{nuna oyzu kpueou. Ilnowads nosepxnocmu
6pAIEeHUA.

Ilens: chopMHpOBaTE YMeHHE BBIYHCIATH IIOMIAAH IUIOCKHX (DHIYP, JJIHHY JVTH KPHBOH,
00BeM Tejra, OOBEM Tejla BPaIlleHHMS, IUIOIAAb ITOBEPXHOCTH Tella BpallleHHS ITPH ITOMOIIII
OIpEZIelIEHHOr 0 HHTEerpala H IIPHMEHATH ITONYYEHHBIE YMEHHS ITPH PEIleHHH IIPaKTHYeCKHX
3aj1au.

Teopemuueckan wacms:

BrruuciIeHHe IuIoimaaeH IIOCKHX QHIVP.
NOKYMEHT NOANMCAH
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I/IBEECTHG: HTO GHPE,I[EJIEHI—[BIﬁ HHTCI'PAJI Hda OTPE3KE IIPCACTABIIACT coOOH IIIOIAagb

KPHBOJIMHEHHOH TparelllH, OrpaHHYeHHOH IrpadukoM QyHKIHH f(X). Ecmi rpadHk pacItonoxkeH

HIDKe ocH OXx, T.e. f(x) < 0, To mIomaap MMeeT 3HaK ‘-, eCIIM Ipa(HK PacIIONOKeH BBIIIIE OCH
Ox, T.e. f(x) > 0, To IIoIaah HMeeT 3HaK “+ .

b
J1g HaxX 0K AeHN S CYMMAapPHOH ITIOMI[AIH HCIIOIb3yeTca (popMyna S = I f(x)dx.

o

[Imomane (QUIyphl, OrpaHHYeHHOH HEKOTOPHIMH IIHHHSIMH MOKeT OBITh HaljeHa C
ITOMOIIBIO ONpeelIeHHBIX HHTETPAJIOB, €CIIH H3BECTHBI YPaBHEHH S STHX JIHHHIA.
wn e 7
[IprMvep. Halitu roommaas GUIypHl, OrpaHHYEHHON JIMHUSAMHA Y = X, ¥ = X~, X = 2,

M ckomas mmonap (3aTpHxoBaHa Ha PHCYHKE) MOKeT OBITh HalifileHa 110 (popMyTIe:

2 2 3 p 2
, x> x| 8 4 1 1 5
S=[xdv—[xdv=|—-=| =Z-=-= +—==(en)
1 1 3 20, 3 2 3 2 6
HHXG}I{I[EHHE TUIOITa I I{DI[BGJ'JIIHEﬁHGTG CECKTOPA.
,HHH HaXOXJICHIA I1IIOIIa 11 KpI[BGHI]HEﬁHGTO CEKTOpPa BBCACM IIOIAPHYIO CHCTCMY

KOOPIHHAT. YIJEIBHEHHE KpI[BDﬁ:, DI‘pElHHLII[BElIDH_[Eﬁ CEKTOP B 3TOH CHCTEME KOOpPAIHHAT, HMCCT

BUJ p = (), rie p - ANIHHA pagHyC — BEKTOPA, COSIUHSIOIIErO ITOIFOC ¢ IIPOM3BOIILHON TOYKOH
KPHBOIL, a (p - YTOII HAKIIOHA 3TOr0 Pagiyc —BEKTOPa K ITOISPHOH OCH.
[Tnomaas KpHBOITHHEHHOIO CEKTOpa MOKeT OBITh HalijleHa 10 (popMyTIe:

NOKYMEHT NoanncAH
SNEKTPOHHOWM NOANUCHLIO ;Fj ((p)d‘(p
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BEIUclIeHHe JUTHHBL YTH KPHBOIL.

vl v = Lz

A% Thy,
A B

w

a b ¥

S = [V1+(f'@) dv

Ecnn ypaBHeHHe KpHBOH 3aJaHO ITapaMeTPHYECKH, TO C YYeTOM IPaBHJI BEIUHCIIEHHS
IIPOH3BOIHOH ITapaMeTPHYeCKH 3aJaHHOH () YHKI[HH ITOJTy4aeM:

EI 1 1
s =[Vlo®f +[v@] dr.

rae X =@(t) 1y =y(t).
Ecmi 3agaHa mpocTpaHcTBeHHAA KPpHBaA, H X = ¢p(t), y = y(t) u z = Z(t), TO

§
= [Voo] +lw®] +[z'@)] d
Ecmu KPpHBasA 3a/ldHa B MOJIAPHBIX KOOPpJJHHATAX, TO

8
S=I&f“wf&m p =)

[Tprnep: HaifTi JIIHHY OKPYKHOCTH, 3aJaHHOI YpaBHEHHEM X~ + y* = 17,

1 cmoco®. BrIpa3uM H3 ypaBHEHHS IEPEMEHHYIO V. V= \/ r’ —x° . HaiieM ITpOH3BOIHYIO

P X
Y =7 = .
\/r‘ — X
1 f l x’ f r x| I
Torma —Q— [ 1. A — [ dv—yp.arcsm—| =r—. Torga S = 27r. Ilomyumm
[NOKYMEHT NOAMUCAH rl
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2 CﬂﬂCﬂﬁ. EC.’I’IH ]'[pEt,[[CTElEHTL 3aJaHHOC }IIJEIEHEHHE B HGHﬂpHGﬁ CHCTEMEC I{GGP,I[I]}I&T:, TO

. df(p)

p = o— .
dop

2

g g T o= ]
TIOIIYIHM: I°COS“(P + I°SIn“ = r°, T.e. KITH S = f(p) = r,
3

S:Tw.-‘UJrrjd(p:er(p:Zﬂr.
0 q

(0 Torma

BrIurciaeHHe 00BLEMOB TETI.

BeaHcneHHe o0beMa Tella I10 H3BECTHBIM IUIOIIASIM e 0 ITapallIelIbHbIX CeUeHHH.

o *\ e
II" I. II H'_I. .,I "
I| I'. i J i
in 1 N !
L 1 | I E - i -~ -
IH‘"H._ L I"_I 1:' : P

f,.f-"‘
// a Hi] / %

IIvctes mMeercsa Termo oObemMa V. llmommazaps 1ro0oro momnepeyHoro cedeHusa teiaa Q,
H3BeCTHa KaK HerpepbIBHAS (VYHKIHI Q = Q(x). PazoOpeM Temo Ha ““cIOH’ TOIePeYHBIMH
CEUEHHSIMH, ITPOXOMSIIHMH 4Yepe3 TOUYKH X; pa3OHeHHd oTpeska [a, b]. T.k. Ha xakoM- JTHOO
IIPOMEeXYTOUHOM OTpe3Ke pa30OHeHHd [Xi.1, Xi] QyHKIHI Q(X) HelpepblBHA, TO IMPHHHMAaeT Ha
HEM HaHOOJIbIIIEE H HANMEHbIIee 3HaUeHH 1. O003HaUNM HX COOTBETCTBEHHO Mi H m.

Ecrt Ha »THX HaHOOIBINEM M HAHMEHBIIEM CEUYEHHSIX IIOCTPOHUTH I[WIMHAPHL C
O0pasVIOIMMH, ITapallIeIbHBIMH OCH X, TO OOBEMBI 3THX IUIHHAPOB OVAYT COOTBETCTBEHHO
paBHBI MiAX; 1 miAX; 371eCh AXj = Xi - Xi-1.

[Iponssens Takme IIOCTPOEHHS JUIA BCEX OTPE3KOB pa3zOHMeHHs, TTOMYYHM I[HIHHIPEL,

[
N

! "
00BbEMEI KOTOPHIX PABHEI COOTBETCTBEHHO ZM Ax, w ijﬂ:rj :

i=1 i=1
[IpH cTpeMIIeHHH K HYIIFO I1ara pasOHeHHs A, 3TH CYMMBI HMEFOT OOIIMI ITpeae:

n n

b
]:En ;Mf.&.xi = ]:a].ll}u gmi&xf = ﬂJ.Q(x)cfx

Taxm oOpa3oM, 00beM Tejla MOJKeT OBITh HaiiJieH 110 (pOpMYIIE:
b
V= [O(x)dx .

HemoctaTkoM 3TOH (OPMYIIBI SBISETCS TO, YTO IS HAXOKIEeHHS o0beMa HeOOXOIHMO
3HaTh PYHKIHIO (Q(X), YTO BecbMa ITPOoOJIEMaTHYHO JAJIS CIIOKHBIX Tell.
I IprMep: Hamtn oOseM 1mapa paminyca R.

OOKYMEHT NnoarnmncAH
SNEKTPOHHOW NOANMUCHIO
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I
s
P
=
L
P4

B IomnepeyHsIX CedeHHSX IIapa IOTY4YaloTCSA OKPYKHOCTH ITepeMeHHOro pajgmyca y. B

|

3aBHCHMOCTH OT TeKyIleH KOOPAHHATHI X 3TOT PaJHyC BBIpakaeTcs IO (POpMYIIe JR? —x7 .

Torma yHKIIHA ITIOINAAeH ceueHHH HMeeT BHA: Q(X) = 'JI(R2 — .xj).
[Ionyuyaem oOBEM IIapa:
R i R 3 3 3
V= [nR’ - x")de=nRx- )| =m R A (S e
b R 3 3 3

O0BeM Tell BpallleHH 1.
PaccMoTpHM KpHBYIO, 3ajlaHHYIO ypaBHeHHeM y = f(x). IIpemamomoxum, 4ro (QpyHKI[HI
f(x) HerpeprIBHA Ha OTpes3Ke [a, b|. EcH COOTBETCTRYIOIIYIO €l KPHBOIHHEHNHYIO TPAIIEIHIO C
OCHOBAHMSIMH a U b BpaIraTe BOKpPYT ocH OX, TO ITOIIYYHM TaK Ha3bIBAEMOE TeJI0 BPallleH .

y = f(x)

1.
Y

T K. Kakgoe cedyeHHe Tela ITIOCKOCTRIO X = const IPEACTABIIACT coOOH KpyT paJiiyca

R=|f(x)

, TO 00BbeM Tela BpalliICHHA MOMKCT OBITh JIETKO HaHIeH IIO HDH}“IEI—H—IDﬁ BBIITIC

popMmye:
b
V=mn j FA(x)dx.
[}
[Imomna s MOBEPXHOCTH Tejla BpaIlleHH.
[NOKYMEHT NOAMNMCAH
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T
i

ILomaapb0 MOBEPXHOCTH BpamieHHs KpHBOH AB BOKPYI JaHHOH OCH HAa3BIBAIOT
IPeJIel, K KOTOPOMY CTPEMSTCS IUIOIAAH ITOBEPXHOCTEH BpaIleHHS JTOMAHBLIX, BITHCAHHBIX B
KpHBYIO AB, IIpH cTpeMIIEHHH K HYITFO HAHOOIIBIINX U3 JIJINH 3BEHLEB 3THX JIOMAHBIX.

[ [imoraaep ImoBepXHOCTH, OIMMCAHHOH JIOMaHOH paBHA:

H
P, =n> (f(x )+ F)NI+ £ (5)Ax, |
i=l1
QTEI, C}Wﬂ HE ABIIICTCH IIHTE:I‘I)EIJ]LHGﬁ HO MOZFHO ITIOKd34Th, UTO

P= lm = (f(.xI D+ LWL+ £, )JAx, = m ﬂZZf(E Wi+ £ (,)Ax, .

e Ax; —

Torma P = 211_[ f (I)J 1+ £ (x)dx - GopMyIIa BEIYHCIIEHHS IJIOLIAXH OBEPXHOCTH

TeJ1a BpallleHHsl.
Bonpocuot u 3a0 auu:
3agava 1. BeramcimTh 1omomaau o0acTel, orpaHmYeHHBIX I'PpapHKaMH 3aJaHHbBIX () YHKIHH:

l. y = 32 — z°, y = —4ux.

2. y = 3/, y =3/, r = 4.

3. r=>5—1y>, r = —4y.

4. y=+ver -1, y=10, r = Ind4.

D. y = sin x, y=coszr, x=0 (z2>0).

6. y = , y=1/x, r = 16.
7 r=27T-9%, =z by
. ¥ = sin T, ¥ = COST, =0 (x<0)
9. wy=vV9-z% y=0, r=0, =x=3/2
0. u=2/r. = 5", y=2, y=0>5

3amaya 2. BRIWCIMTE JIHHEL VT 33JaHHBIX KPHUBBIX.

AOKYMEHT NoanmncAH
SNEKTPOHHOW NOAMUCLIO
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l. yv=Inz, 2.2 < x < 2/6.

2 y=Incosr, 0<r<x/6.
3. y=¢e", Inv3 < x < Invs.
4. y = Insinr, mid<x< w2
3 = 2./, 1/3<x<1/8

6. y= chr, 0<x=<1

7. y=1x%/2 D<xr<l

B. y=1-Inux, Vi < x < WA
9 y=1- chr, 0<zr<3

10. y = v'1 = x#? + arcsinx, 0<x<1/2

3amaya 3. BEIWCIMTE JUIHHEL IVI 33JaHHBIX KPHBBIX.

L {I tosint, o oo
¥=1-—cost,

2.

{ r= 2cost, 0<t<x/3.

y = 2sinti,

= rnad
3 { o't gcr<a
¥ = s &,

L = ‘Erlu:ai' r::m:.i’i. 0<t< 9
y = dsinf — sin 2L,
BN —
c { ,r—ett._cm, D<i<l
U= ¢ sint,

3&,[[&11.& 4. BRIYHCIINTE O0BEMEBI TCIL, OI'PAHHYCHHBIX 3dJdHHBIMI ITOBCPXHOCTAMIIL.
1. 2=42%+9y° > = 6.

2. z=9z°+4y?,

L
I

3. z=2x°+ 8y°, z = 4.
yﬂ 22
4-f+E+I:L 2=0, z=2
2 2
5. %-I—yzﬁ-%:l: z=0, z=23.
:1:2
6--§+y?-&3:L =0, z=1
yz
7. mz-i-ﬁ—ﬁ,zz:], z=0, =z=1.

3amaya 5. BBIYHCIHTE 00BeMEBI Tell, 00pa30BaHHBEIX BpalllcHHEM BOKPYI ocH OX oOjacTem,
OrpaHHYEHHBIX I'pa(pHKaMHA 3aJaHHBIX ()YHKIIHIA.

AOKYMEHT NOANMCAH
QNEKTPOHHOW NMoArnncbio
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. y=uzx i = /T 4. y==x° U )
J. Y =C08T, y=smzxr, =0 (U=xr=<nmrid).
6. y=sin®r, iy = [, r==n/2 (0<zx<x/2).
7. y=e', y= 1, =],
. T In . i 0, x i,
2
9 vy ; i 1, xr =1,
"
10. y = cos® x, y=10 (=x/2 < <7w/2).
Borpocsr.

1. 3armmmre H3BeCTHBIE BaM (DOPMYJIIbI BEIUHCIIEHHS ITIOM[aAeH TUIOCKHX (DPHTYP.

2. Kak BeIMHCIISETCS IDIOMAAb TNIOCKOH (PHTYPBI IIPH ITOMOIIH OITPeIe]IEHHOIO HHTerpana’?

3. Urto TaKkoe KpHBOJIMHENHAS TpareIis’

4. Kax BBEIYMCIHTE IUIOIIAAL KPHBOIHHEHHON TPaIeIfii, OrpaHHYeHHON CBEPXY KPHBOM,
3aJaHHOH ITapaMeTPHYECKH?

5. Urto Takoe KpHBOJMHENHBIH CeKTOP? KaK BEIUHCIIHMTE IUIOINAAh KPHBOJIMHENHOI O
ceKkTopa”?

6. Kax BEIWHCIMTE JJINHY IYTH KPHBOH?

7. Kak BEIUHCIHTE 00BEM TeNa IIPH ITIOMOIIH OIIPeAe/IEeHHOrO HHTerpaia?

8. Kaxk HanTH ruomans IMoOBEpXHOCTH BpalleHIS?

9. Kakmne pmsnyeckHe (MeXaHHYeCKHe) IIPHIIOKeHHS OIIPeIelIeHHOTO HHTeTpalla BbI
3HaeTe?

Ilpakmuueckaa paboma 3. Hacmuble npouszeodmnnle nepeozo nopaoxka. Hacmroie
Npou3600Hble 6blCHIUX NOPAOKo6. llonnbli ougghepenunan Gyuxuuu. /[ugpeperunanst
6bICHAUX NOPAOKOS. /[uhhepeHuUp 06 aHULE CIOMHCHBIX I HEAGHBIX (DYHKUUIL
Ilens: chopMHpOBaTE YMEHHE BBIYHCIIATH YaCTHBIE ITPOH3BOAHEIE H AH(depeHIHan (QyHKIHH
HECKOIIBKHX TIEPEMEHHBIX H ITPHUMEHSATH ITONYUYEHHBIE VMEHHS TPH PEIleHHH IIPaKTHYECKHX
3aj]1a4.
Teopemuueckan uvacms:

[Iycth B HekoTOpoM oOmacTH 3ajaHa (QyHKIUS z = f(X, y). Bo3pMeM IIPOH3BOIBHYIO
TouKy M(X, V) U 3aJ1aJuM ITpHpaleHne AX K riepeMeHHoN X. Toraa BenndnHa Axz = f( X + AX, y)
— {(X, y) Ha3pIBAacTCA YACT HBIM NpHpaleHneM QPyHKIHHA 110 X.

MOXKHO 3aIIHcaTh

A JxtAxy) - fxp)

Ax Ax
Torma Eﬂn i:; Ha3bIBACTCS YACTHOI MpPoM3BoaHoI QyHKIIMH 7z = f(X, y) ITo X.
OOGO3HAUYEHHE :
% =¥ af(;y) . flx).

AHaJIOTHYHO OIIPEACIIACTCA YdCTHAA ITPOH3BOAHAA (byHKL[HH IIO Y.

%: m f(.x:,er&y)—f(x:,y) *

AOKYMEHT NoanmncAH ,ﬁy
SNEKTPOHHOW NOAMUCHIO
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- - o=
I'eoMeTpHYeCKHM CMBICJIOM YacTHOH ITPOH3BOJHOH (JOITYCTHM 8_) SBIISIeTCS TaHTeHC
X

yIila HAKJIOHA KacaTelbHOH, MPOBeAeHHOH B TOo4YkKe No(Xo, Yo, Zo) K CEUEHHIO ITOBEPXHOCTH
INIOCKOCTBIO ¥ = Y.

Al e ey upos e KoARaIIi L
1. Bcnu £ 7 f(:’:: J"): ::::}:(I)J Y= .}"(r)’TD

do _ of dx__&f dy
2 Sxoxt By dt

? BEcmom £ =f(x= .:"?)1 K= x(.if, .'_-T), f:}?(ﬁ, S)!Tl::u:

dz_of dx o dy
zt B oxt By dt

CA N
e Bxds Ava

&= B = E s B
& g

o guddepennuaom QyHxkuym z = f(X, y) Ha3zpIBaeTcs ITIaBHAs JIMHEHHAd
OTHOCHTEIIFHO AX H Ay IpHpaIteHn I QyHKIHHA Az B TO4Ke (X, Y):

dz = fl(x,y)dx+ f.(x,y)dy.
Jina QyHKITHH ITIPOH3BOIBHOTO Yk ClIa IIepeMeHHbBIX:

df (x,v,z,....,1) = g(ix-l— g(i'er...Jrg(i'.!‘.
ox cy ot

- - 2
[Tprmep. Haitt monHeIi gud hepeHIman GyHKIHE 1 = x° .

Ol O Ol
{ﬁ{:—£[£x+—£dy+—£d:
Ox oy 0=
@ _ yj:xf:_l; @: .:»:J’j:mx-Zy:; % — .xJ’j:]l’lx'yj;
Ox 0y 0=

) :2-—— :lj'— 1 :lj'—
du=yzx"""dxc+2x"" yexdy+ y X" I xds
YacrHbIe NPON3BOAHbIE BHICHINX MOPAIKOB:

zi{ B -:i {i] HIH f-ﬁr' B [j;rjjr}
™oy ()

gf Bs(ef e
ﬁxs_ﬁx[&zjmnﬁf; :[

rr f
f;E =
]

Ay alatr) e
NOKYMEHT MOANUCAH la Fa, = ( 1 ] -
ANEKTPOHHOWM NMOANUCHIO p
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o Gy oy
] M I
gn =S et 0T g oio ™
rem QR - >, Him— k)l

L
o G omepatop TEPHEpeHIHpPOBARKA

rie d

Bonpocet u 3a0 auu:
3amxada 1.
HaliTH yacTHbIe IPOH3BOAHEIE IO BTOPOIO MOPSIKa BKIFOUHTEIIFHO 3aJaHHBIX ()YHKIIHIL:

1. z=¢e"" 2. z==zn(z/y).

3. z = sin(zy) 4. z = e* cosy.

5. z= 2%+ 3> 6. z=In(z%+y).

7. z=+/2zy + > 8. z=In ¥zy.

9. z=xcosy+ysinz. 10.z=(1+z)%(1+y)L
3azgaya 2.
HaiiTn mpoH3BOgHbIE PYHKIHH z=Z(U,V):

¥ f

o ol

2wz w=u(z,y) uv=o(y).
-

1. z=wu*+v%, wu=z+y, v==2z—1.

2, z=In(v*+v%)., u=uzxy v = r/y.

g 2 u", U = sinx, U= COS 1.

- u® + 2, u=r* _I{'II. o o= gt

3. =arctg(u/v), w=rsiny, I = ICos Y.

6. z = Inlu=v?), o= I - ", TR

T. z=u"+v" u=Inx*+y* v=arctgly/z).

., = m.-"ur', A In(z?* < y"], i ..I'Ir,ru.

9. z=eg"" # = Inzx. o = Iny.

10D, z In(u/v), 1 sin (x/w), i -.I__-"'-J'I_-"g,l_
3ajgava 3.
Haiitn mpon3BogHbIe (DYHKINHI, 3aJaHHBIX HESBHO:

1. y* = x¥. 2. v=1+y".

3 p=r+Iny. 4. z+y=¢e""Y4,

5. rle® — yleft =, . r—y+arctgy = 0.

7. ysinr — cos(x —y) = (. 8. sin|xy) — e —x°y = 0.

9 1+ 2y —In(e™ +e ) =0, 10.2° = 2zy+9*+x+y - 2=0.

BoITpOoCHI:
1.JlafiTe orpejelieHHe YaCTHOI O ITPHPAIeHHS (DYHKI[HH IT0 HE3aBHCHMOMH ITepeMeHHOH.
s T 1 s NP
NOKYMEHT MOONWCAH THH?
SNEKTPOHHOW NOAMUCHIO (YHKIIHH HECKOJBKHX IlepeMeHHBIX? Kak
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5.Yto Takoe guddepeHIman ¢yHKIIHA HECKOIbKHX MepPeMeHHBIX ?

6.UTo Takoe mMHeapH3aIHs (P YHKIH ?

7.I1osmuTe nmpapwia JH((epeHILHPOBaHHS CIIOKHBIX H HESIBHBIX (DYHKIIHI.
8. Kak HalTH YaCTHEIE IIPOH3BOIAHBIE BTOPOr' O, TPETBETO,. .., N-T'O ITOPSAKa?

9. 3armmmre GOpMYyITYy JJIS BEIYHCIEHHA JH(depeHI[Hala BTOPOro Mopsaka (pyHKIHH
JIBYX ITepeMeHHBIX.

Ilpakmuueckaa paboma 6. KacamenbHaa u HOpMAIb K noséepxrHocmu. Ilpouszeoonas no
HanpaseaeHuw. I paduenm. IKcmpemym YHKUUU HECKONLKUX nepemeHHblx. Haubvonvuiee u
HAUMEHbULEee 3HAUCHUA (PYHKUUI. Y CJI06HbBIIL IKCMPEMYM.

I[ens: chopMHpoBaTh YMEHHE HAXOIHTH ITPOH3BOJHYIO 10 HAIIPABIEHHIO H IPaJHeHT () YHKITHH,
ypaBHEHHS KacaTelIbHOH H HOPMalH K ITOBEPXHOCTH, HCCIEeAOBaTh (PYHKI[HIO HECKOIbKHX
IIEPEMEHHBIX M ITPHMEHSTE ITOJIYYEHHEIE YMEHH ITPH PEIeHHH ITPaKTHYECKHX 3a]1a4.
Teopemuueckana vacms:

Iop ANk

=~ -~
- -~
Pl Eaca—enedad JJoefoTr

IIyctb N u Np — TOUKM JaHHOH ITOBepXHOCTH. IIposemem mpsmyro NNo. IIIMockocTs,
KOTOpas IPOXOAUT 4epes3 TOUKY No, Ha3hIBAeTCS KACATEJAbHOH IUIOCKOCTBIO K ITOBEPXHOCTH,
ECIIH YTOII MeXIY ceKvIIeH NNo H 3TOH IUIOCKOCTBIO CTPEMHTCS K HYIIIO, KOIZa CTPEMMTICS K
HYIIIO paccTosHie NNo.

HopMaJiblo K ITOBEPXHOCTH B TOUKE N HazbIBacTCS IPAMasL, ITPOXOASIIas Yepes3 TOUKY
No IepreHIHKYIISPHO KacaTelIbHOH ITIOCKOCTH K 3TOH ITOBEPXHOCTH.

B kakol — 60 TOUKe IMOBEPXHOCTh HMEET, JIMOO0 TOIBKO OJHY KacaTeIbHVYIO IIOCKOCTE,
100 HE HMEET €€ BOBCE.

Ecrmi moBepxHOCTh 3ajaHa ypaBHeHHEM z = f(x, y), rae f(x, y) — QyHKumA,
nuddepeHippyeMass B Touke Mo(Xo, Yo), KacaTellbHas IUIOCKOCTh B TO4Ke No(Xo,Yo.(Xo0,Y0))
CYILIECTBYET H HMEET YPaBHEHHE:

i f(xn:'yn) = f;(xn:-yu)(x_ xn)+ f:(xn:}"n)(}"_ yu) .
ypﬂEHEHIIE HOPMAJII K ITOBEPXHOCTH B 3TOI TOUKE:

I_IIZI _ y_yu _:_:D

f;(xnyn) f:(-xn:yn) -1
FEHMETPH‘IEEHHM CMbLICJIOM IIOIIHOI'O ,I[H(b(bEpEHl[HElﬂﬂ (1)}"]-]1{1_[1111 ABYX IICPCMCHHBIX
f(}i, }’) B TOYKEC (X{]: }"{]) ABIIACTCSA IIPHPAIICHHE aIlIUIHKAThI (I{GGP,I[IIHE],TLI Z) KacaTellbHOH
IIJNIOCKOCTH K ITOBEPXHOCTH IIPH IIEPEXOAC OT TOUKH (K{]:. }"{]) K TOYKC (X{]hﬁ?ij }"{]hﬁ}f) Kak
BHJIHO, I‘EGMETPH‘IECIG]IUI CMBICII ITOJIHOI'O I[H(l)(l)EpEHl[HElﬂa QJ}HICL[IIII ABYX IICPEMCHHBIX
SABICICTCSA ITPOCTPAaHCTBCHHBEIM aHAJIOI'OM I'COMCTPHYCCKOI'O CMBICIIA I[II(I)(l)EpEHL[HElJI& (1)}31-[1*’.'_[[}]1[

OJHOH IIEPEMEHHOH.
[Iprvep. Halith ypaBHEHHS KacaTeIbHOH ITIOCKOCTH H HOPMAIH K IIOBEPXHOCTH

s=x" —2xy+ v —x+2y

AOKYMEHT NoanmncAH
SNEKTPOHHOWM NOoANUChLIO -
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0=
ox|,, oy
YpaBHEHIE KacaTeIbHOH ITIOCKOCTH:

c—1==(x-D+2(y-1); x—2y+z=0;
YpaBHeHIe HOPMAaIIH:

|
|
—
- -

x-1 y-1 =-1

~1 2 -1’
I'pamenT ()YHKIHH BRIYHCIIIETCS IO (POpPMYyTIE:

grad f = 'Zj;;+§;}

[IprMep. HaitTh rpajiieHT (pYHKIHH

u =z — arctg (y + 2)
B Touke M (2,1.1).

1. Haxogum gacTHEIE OPOM3BOHLIE (DVHKIHA 1 = r? — arctg (y +
df 0 af 1 df 1
—_— ..,I:.., _— 3 & — "
ox - dy 1+ (y+ 2)? 0z 1+ (y+2)?

z):

.
2. BeraucageMm 9acTHBIE TPOM3BOAHBIE G YHKINN u = &~ — arctg (y+ 2)
B Touke M(2,1,1):

1 1
21,1 =4, f(2,1,1)=-=, f(21,1)=--
| 5 5
J. DBeramciasem rpainesaT QyHKUHHE U z? — arctg (y + z) B Touke
M(2,1,1):
- ] “f r | ]
grad f {f2(2,1,1), fl(2,1,1), fI(2,1,1)} =<4, —=, —= .
(2,1,1) ‘ ) )

OTeer. grad f

o |

] ]
— {-“1.. F } .
(2,1,1) J

Hp OH3BOHAHA IO HAIIPABJCHHID, OITPCACIIACMOMY BCKTOPOM.

f=cosa-i+sina-]
OITPEACIACTCA KaK.

o _ & 5 ¥
R

cosa+——sina, —=—=grad fl.
A % o - &at
Ecm png yHKIm z =

f(x, y), OIpelelleHHON B HEKOTOPOH OONACTH, B HEKOTOPOM
OKPECTHOCTH TOYKH Mo(Xo, Yo) BEpHO HEPABEHCTBO

J (X, 30) > f(x, ).

TO Touka M Ha3kIBaeTCA TOYKOH MAKCHMYMaA.

Ecm mig dyHkipmm z = f(x, y), ONpelelleHHON B HEKOTOPOH OO0IacTH, B HEKOTOPOM
OKPeCTHOCTH TOYKH Mo(Xo, Vo) BEpHO HEPAaBEHCTBO

J (X, ) < f(x,3),

TO TOuKa Mo Ha3bpIBAaETCA TOYKOH MHHHMYMA.
Teopema. (Heo0xoaumblie YCJI0BHSA IKCT PEMYMA).

Ecm ¢pyHkimsg f(x,y) B Touke (Xo, Yo) HMEeT 3KCTPEMYM, TO B 3TOM TOUKe ITHOO 00e ee
JaCcTHBIE IPOH3BOJHBEIC TEPBOTO ITOpSIKa paBHEI Hymro f(x,,v,) =0,

S (x5 ¥) =0, mibo
ST U AOKYMEHT MOAMUCAH ) 5
INEKTPOHHOWM MOANMACHIO MMYeCKOH TOYKOMN.
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[TycTh B OKPeCTHOCTH KPUTHYECKOH TOUKH (X0, Vo) QYHKIHA f(X, y) HMeeT HellpephIBHBIE
JaCTHBIE ITPOH3BOIHEIE IO BTOPOrO ITOPSAKA BKIFOUHTEIIEHO. PacCMOTPHM BBIPaKeHHE:

D(x, y) = £4 (6 0)- £ )~ [ )]
1) Ecmn D(xo, yo) > 0, TOo B Touke (X0, Yo) QyHKIHA f(X, y) HMEET BKCTPEMYM, ECIIH

S (xg,¥5) <0 - MakcumyM, ecriit £ (xg, vy) > 0 - MEHHMyM.

2) Ecmu D(xo, yo) < 0, TO B TOUKe (Xo, Vo) PyHKIIHA f(X, y) HE HMEET SKCTPEMyMa.

B cnyuae, ecti D = 0, BRIBOJ, 0 HATHYHH 3KCTPEMYMa CeIaTh Hellb35L.

Y cJI0BHBII AKCTPEMYM HaxXOJHTCS, KOrJla ITIepeMeHHBIE X H Y, BXOASIIHE B () VHKIIHIO U
= f( X, y), He SBILTIOTCS HE3aBHCHMBIMH, T.€. CYHIECTBYET HEKOTOPOE COOTHOINMEeHHE P(X,y)=0,
KOTOPOE Ha3LIBACTCS YPABHEHHEM CBSI3H.

Torma 13 nepeMeHHBIX X H Y TOTBKO OJHA OyIeT He3aBHCHMOIL, T.K. Apyras MOKeT OBITH
BEIpa’KeHa Yepe3 Hee H3 YPaBHEHHS CBSI3H.

Torma u = f(x, y(x)).
du Of N of dy
dx Ox Oydx

B Toukax skcTpeMyMa:

du_of o dv_,

(D)
dx Ox Oy dx

Kpome Toro:

o, Sedy_, 2)
ox Oy dx
YMHOKHM paBeHCTBO (2) Ha YHCIIO A H CIOXKHM C paBeHCTBOM (1).

[6f+ of dy]m[a(h op dy] 0

ox Oy dx ox Oy dx

[ngla—(p]Jr ng}La(p dy:ﬂ
ox ox oy dy | dx

JJIS1 BEITIOIIHEHH ST 3TOI'O YCIIOBHS BO BCEX TOUKAX HaHIeM HEOIpeelIeHHEIH
KO3(P(HITHEHT A TaK, YTOOKI BRIITOJIHSIIACH CHCTEMA TPEX VPaBHEHHI:

ngla—(p:O
ox ox
ﬁg—l—la—(pztj
ay oy
P(x,y)=0

e

[lonmyuyeHHasd cHCTeMa YpaBHEHMIl SBISIETCS HEOOXOAHMBIMH VCIIOBHSAMH YCIOBHOIO
sKcTpemyMa. ODHAKO ATO VCIIOBHE He SBJISETCS JOCTAaTOYHBIM. [losTOMY ITpH HaXOXKIeHHH
KPHTHYECKHX TOYEK TPeOyeTCs HX JOMOJHUTEILHOE HCCIEA0OBAHIE HA SKCTPEMYM.

Bripaxenne u = f(x, y) + A@(X, y) HazpBaeTcsa pyHKiuen Jlarpan:xa.

[Ipimvep. Haritu sxctpemyM (yHKIHHA f(X, y) = XYy, ECIIH YPaBHEHHE CBSI3H:

2x +3y—-5=0
u=xy+M2x+3y-95)
oul out _
NOKYMEHT MOANUCAH — = x+3A,
SNEKTPOHHOW MOANMUCHIO oy
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y+20=0
+x+3AL=0
2x+3y—-5=0
5 5 5
T e Tw
Taxmv o6pa3oM, (PYHKIHS HMeeT SKCTPEMYM B TOYKE [% Ej *

Hcrons3oBanne ¢yHkpm Jlarpamka OIS HaxXOXKAeHHS TOYEK SKCTpeMyMa (DYHKI[HH
HasbIBACTCS TAKKe METOJ0M MHoOkHTe el Jlarpan:xka.

Bonpocuet u 3a0 auu:
Sagadya 1.
Hariti ypaBHeHHS KacaTeIbHOH IUTOCKOCTH H HOPMAIIH K ITIOBEPXHOCTH B 3aJlaHHON TOYKEe M.

l. z=a*+y*, M(1,-2,5).

rt oyt z2° _
2. o+ g =0, M(4,3,4),
3. z=sinzcosy, M(w/4,7/4,1/2).
4, z=e"v  M(1,m1/e).
b, z=ytge, M(n/4,1,1).
6. z=arctg(xz/y), MI(1,1,7/4).
7. z(y+ 2)(z—2xy) =8, M(2,1,3).
8. 2%/z 4 2v/z =8, M(2,2,1).
0. 22 +42+22-16=0, M(2,2,2V2).

10. 2% +y2 — 22 = -1, M(2,2,3).

Sagaya 2.

Haiiti rpagHeHT (YHKIIHH B TOYKE.
1. u==z+1In(2*+y%), M(2,1,1).

u = %y — \/my-kzﬁ, M(1,5,—2).

u = sin(x + 2y) + 2 /xyz, M(w/2,37/2,3).
u=a"+ y?+ 2% M(1,1,0).
u=ay+v9—2% M(1,1,0).

6. u=1In(3—-z%) +azy®z, M(L,3,2).

7. u=zy’z2—In(z—-1), M(1,1,2).
8

9

Ll S

cm

u=In(z?+y*), M(1,-1,2).
u=zy—x/z, M(-4,3,-1).

10. u = In(z + /22 + %), M(1,-3,4).
3agadya 3.

T T""E"!"-:""'!"‘T_" TS IO AR T e ."'1."".! TETYT Ty YY 2% 10 e RTres s 'l'.; ol T
OOKYMEHT MNOANMUCAH TaITIPpaBJICHHIO K TOYKE B.
SNEKTPOHHOW NOANMUCBIO
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1. u=z+In(z%+ y?), A(2,1,1), B(0,2,0).
2. u—afzy—-‘;‘my—l—;zi A(1,5, —-2), B(1,7,—4).

T 37 T 0y
=— ". J ‘} o i’ L  — — _— — —_— k
3. u =sin(x + 2y) + 2,/Tyz, A(g. 5 .3) . B(_,;l 4, - 3..3) .

4. u =123+ /y2 +22, A(1,1,0), B(1,2,-1).

5. u= Ty +V9— 22, A(1,1,0), B(3,3,-1).

6. u=Imn(3—z?) +zy’z, A(1,3,2), B(0,5,0).

7. u=z2y’2z —In(z - 1), A(1,1,2), B(6,—5,2v/5 + 2).

8. u=In(z* +y?), A(1,-1,2), B(2,-2,3).

9. u=In(z+ /22 + y2), A(1,-3,4), B(-1,-4.5).

10. u =y — £, A(-4,3,-1), B(1,4,-2).

3agaua 4. HaiiTi skcTpeMyM () YHKI[HH:

l. 2 = a* — ay + ¥~ 2.z =x* — 2y — Y~

Jz=a° -2y +20° + 2. 4. z=x*+9y* —x? - 22y — °.
B,z = av — 2y3 — 3z + 6y. 6. 2 = 4 + 2y — x* — y*.

7.2 =o' 4+ y* — 15xy. 8. 2 = x4+ 2y + y* — 3z — 6.
9. 2 = a® + 4y® - 2zy + 4. 10. z=xz/y+1/z+y.

3agaua 5. HalTH yCIOBHBIH AKCTPeMyM () YHKIIHH:
Dz=x+y —xy+x+y+3=0npa x+ y+3=0;
NDNu=xyzmpu x+2y+3z=12(x>0,y >0,z > 0);
3) z=x+2y 1pu x° +y° = 5.

Borrpocsr:

1. JlafiTe ornpejeeHHe TOKAIbHOIO MaKCHMYyMa (MHHHMYMAa) (DYHKITHH B TOUKE.
2.ChopMyImHpyHTE HEOOXOMHMEIE YCIOBHS SKCTPEMYyMa.

3. ChopMyIHpYIHTE JOCTaTOYHEIE YCIIOBHI SKCTPEMYyMa.

4. OOBSACHUTE TIOHATHE 3KCTPeMyMa (PYHKIIHH B OOIACTH.

5.UT0 Takoe KacarelIbHas INIOCKOCTE K IIOBEPXHOCTH?

0.YTo Takoe HOpMaJIb?

7.Kak cocTaBHTh YpaBHEHHE KacaTEIbHOH ITIOCKOCTH H HOPMAIIH?

8. JlaliTe oIpeeneHe TpaJiieHTa (PYHKIHH.

0. JlaiiTe oImpejelleHHe ITPOH3BOIHOH 10 HAIIPaBIeHHIO IS (PYHKI[HH HECKOIbKHX ITepeMeHHBIX.
3aImHIINTEe COOTBETCTBYIOIHE (P OPMYIIHL.

Ipakmuueckana paboma 7. Ceoucmea u Memoobl 6bIUUC/ICHUA 060UHO20 UHMeZPAld. 3aMeHa
NEePEeMEHHBIX 6 060UHOM UHMeEZpAle.

Ilens: chopMEpoBaTh yYMEHHE BBIYHCIATHL JBOHHOH HHTErpal H IIPHMEHSTHh IIOTyYeHHBIE
YMEHHS ITIPH PelleHHH ITPAaKTHYECKHX 3a1a4.

Teopemuueckana uacms:

PaccMOTpHM Ha ITIOCKOCTH HEKOTOPYIO 3aMKHYT VIO KPHBYIO, YPaBHEHHE KOTOPOH
f(x,y)=0.

AOKYMEHT NoanmncAH
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COBOKVYITHOCTh BCEX TOUYEK, JIEKAIIUX BHYTPH KPHBOH H Ha CaMOH KPHBOH HA30BEM
3aMKHYTOH 001acThro A. Ecinu BEIOpaTh TOUKH 00J1acTH 0e3 yueTa TOYEK, JIeKaIIHX Ha KPHBOM,

00mmacTh OVAET HAa3BIBAETCS HE3AMKHYTOH 001acTh A. C reoOMeTpHYECKON TOYKH 3PEHHST A -
TIIONIAAb (PHTYPEI, OTPAaHHYEHHOH KOHTYPOM.

Pa3006reM 06macTs A Ha n YaCTHYHBIX OONIACTEH CETKOMH IIPSAMBIX, OTCTOSIIHX JIPYT OT

APyra I10 OCH X Ha pacCcTosHHE AX;i, a 10 ocH Y — Ha Ay;. BooOI11e roBopsi, TaKOH ITOPSIIOK
pa30HeHH I HeoOg3aTeleH, BO3MOKHO pa3OHeHHe 00IacTH Ha YaCTHYHEBIE YUaCTKH
IIPOH3BONBHOH (POPMEI H pa3Mepa.

[Tomy4yaeM, 4YTO IUTOMIAAb S JEIHUTCS Ha 3JIEMEHTAPHBIE TIPSIMOYTOJIbLHHKH, TUIOIIA[H
KOTOPEIX PABHEL Si = Axj - Ay .

B xaoi1 yacTHYHO# 00JI1acTH BO3bMEM ITPOU3BOIBHYIO TOUKY P(Xi, yi) H COCTaBHM
HHTETPATIbHYIO CYMMY

if(xpyi)-&;
i=1

rhe f — (b}*'HICL[IIH HEIIPEPBIBHAA H OJHO3HAYTHAS I BCCX TOYUCK oOmmacTH A.

Eciau 6eckoHEeUHO YBCIIHMYHBATh KOJIMYCCTBO YaCTHYHBIX obnmacTeH &ij TOr g4, OUCBHJIHO,
IIomaab Kaz ao0ro 4HaCTHYHOI'O YHACTKaA Si CTPEMHTCAH K HYIIIO.

ECrmi IIpH cTpeMIIEHHH K HVIIRO IIara pa3oHeHHs o0acTH A HHTEerpajJIbHbIE CYMMEI
i=n
Z f(x,,v,) S, MMeIOT KOHEUHBIII IIPeEll, TO STOT IIPeAell Ha3bIBaeTCs ABOIHbBIM HHTETPAJIOM

i=1

oT (pyHKIMH f(X, y) 110 oOmacTH A:
lim 3" (x5S, = [ f(x, y)dedy .
i=1 A

C YyYETOM TOI'0, YTO Si = AX;j - Ay; HOITy4aeM:

i=n i=n

If:f(xr:yr)sr = 2. 2. S (. y)Ay,Ax,

i=]l i=l

B HpI[EE,I[EI—H—IGﬁ BBIITIC 34ITHCH HMCHOTCAH JBd SHAKA Z:, T.K. CYMMHPOBaAHIIC ITPOH3BOAHNTCA
11O ABYM IICPEMCHHBIM X H V.

T K. IeneHne o0jIacTH HHTETPHPOBAHHS IIPOH3BOIBHO, TAKKE IIPOH3BOJIEH H BRIOOP
Touek Pi. To. cunTas Bce IUIOIanH Si OXHHAKOBEIMH, ITOITy4aeM (pOpMYIIy:

NOKYMEHT NoanncAH
3NEKTPOHHOW NnoanCeio ; \
x. VIAVAx.
Ceptudukar: 12000002A633E3D113AD425FB50002000002A6 Zﬁz J(x, )Ay
Bnapeneu: lLleBayxoea TateAHa AnekcaHapoBHa
NevicTeutenen: ¢ 20.08.2021 o 20.08.2022 YHICCTBOBaHHA IBOHHOI'O HHTEI'PaJla.
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1. Ecin dyrkams f(x, y) HelpepeIBHA B 3aMKHYTOH 06I1acTH A, TO ABOHHOI HHTETPAl
J] f(x,y)dA CYIIECTBYET.

A

2. Ecim pyHkimd f(x, y) orpaHiyeHa B 3aMKHYTOH 00lIacTH A M HeIIpephIBHA B HEH BCIOLY,

KPOME KOHEYHOI'O YHCIIa KYCOYHO — ITIaKNUX JIMHII, TO JBOHHON HHTETPall II f(x, y)dA
A
CYIIECTBYET.

(CBOHCTBA IBOHHOI'O HHTeIrpasa.

D [[[£ G+ £, 3)= £Gondvax = ([ £ p)dvds + ([ £, (x v)dvdx = [[ £, y)dvex.

2) [[kf G, »)dyax = k[ £(x, 3)dvels .

3) Ecmt A = A1 + A2, TO
|| £ yydvax = |[ £ (x, y)dvax + [ f(x, y)dvax.

4) Teopema o cpegHeM. /[BOIHOM HHTerpal oT (pyHKIMH f(X, y) paBeH IIPOU3BEACHNIO 3HAUECHH
STOI (PYHKI[HH B HEKOTOPOI TOUKe 00TacTH HHTETPHPOBAaHHI Ha TUIOIMAAb OOTacTH
HHTET PHPOBAHH L.

|| f Gy = f(xg,9,)-S

5) Ecmu f(x, y) = 0 B o0Gmactu A, TO II f(x,y)dydx = 0.
A

6) Ecimt f1(x, y) < fa(x, y), TO ﬂ £, (x, y)dydx < ﬂ £, (x, y)dydsx.

7)

[[ f(x, y)dyax

< m f(x,9)|dvex .

BrIumcieHe IBOHHOIO HHTErpaa.

Teopema. Ecru chyuxyua f(x, v) nenpepwiena e 3amknymoii obaacmit A, oepaHituerHoii
AuHUAMU X =a, x = b, (a < b), y = @x), v = Yx), 20e @u Y- HenpepviHble QYHKLLIL 1L

@ < Y, mozoa

b yi(x) b w(x)
[[ /G yydedy=| [ [ /(. y)ddex = [ax [ f(x.0)dy.

ol x) a  @(x)

&
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¥ y = 1{x

il

~_\

7= (plx)

g
o
=

[ [prMep. BEIYHCIHTE HHTETpal II (x— y)dxdy, ecrin o0nmacTh A orpaHHYeHa JIHHUSIMH: y = (), y
A

L J

2 X 2 1 =yl
[[ £ (x ydxdy =[x [(x- y)dy = [ (=) I

A 0 0

2 4 2
=I(x3—x—)dx=[x -7 JI -
) 2 4 10

=4-32=08

Teopema. Ecau @yuxyus f(x, y) Henpepsiena e 3amxHymoii obiacmu A, oepaniideHH ol
munuamu y = ¢, y =d (¢ <d), x = Ay), x = Hy) (NAy) < ‘Hy)), mo

()

[[ f(x,p)dxdy=[dy [ f(x,y)dx

c Pl

[IprMep. BEIUmHcIHTE HHTETpal _l]l(:,ss:j + vy )dxdy, ecim 0671acTh A OrpaHHUYEHa JTHHISIMH
A

y=x,x=0,y=1,y=2.

ir.:}!:
KV
d ;

i ¥

"

2 2 _2 [/ 2 :ji e :d£3 4 4 _ 04 4:
”(x +y )dxdy—jdyjl(x + v~ )dx J{3+y x)lndy I vdy 5

- } 37 TR T D
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[IprmMep. BRIMHCIHTH HHTETPall J.J. (3x" — 2xy+ y)dxdy, ecrm 06l1acTh HHTETPHPOBAHNA
A

A orpaHmdeHa THHISIME X = 0, X =y, y = 2.

-

J].(E‘n.:!n:j — 2xy+ y)dxdy=idyjj(3xj —2xy+ y)dx = j(f —yxj +y:c)T dy =
A 0 0 0 0

2 7 4 5
=-!'(yﬁ — 35+ 93 dy = [}’? )|D _ 244
Bonpocet u 3a0auu:
Ba,ual{a 1. HSME:HHTL HGpH,[[GK HHTETPHPOBAHHS:
2/x
. /dr/f[:*ydy-%/dr/fry
4 2 4
2. fdyff (z,y dI—F/dg/f[ﬂ:,g]dg.
1/4 1/y 1y?
-3 36—y? 0 V-y2-12y
3. /dy / flz,y) dﬂ:-i—/dy / flz,y)dy.
-6 ] -3 0
16 ] 32 0
4. fdy f(=z, y]r:i'r-l-/dy f flz,y)dz.
0 —y/4 16 VIi—y
V6 V6x? 2v3  V12-z2
9. / x / flx,y)dy + /dT f flz,y)dy.
0 0 V6 0
! N 2
6 f-:h; / f{i.g}ff.ﬁ—%fthf f flx,y)da
0 y | —\/"ly—u
3amaya 2. BRIWHMCIHTE ABOHHBIE HHTErpaibl II0 oOmacTsM D, orpaHHYeHHBIM 3alaHHBIMI
JTHHHSIMH:

/ (2z — y) dx dy, y=a’, y=/r.
D
2. /f{m—y}dmdy, y=2-x°, y=2z—1.

1

f (yInx)dz dy, y=—, y=+z, =2
T

D
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4., // (cos 2z + sin y) dx dy, Yy =

B

D
5. // sin(x + y) dx dy, y=x, y=

D

P e 1
6. //i—,..{f:l‘.‘tf_i;l'. y=-—, y=x, =2
JJ oy r
1
- [ / (x* +y)dedy, y=2z°, y=Vz
/.
Borrpocsr:

1. JlariTe omnmpeaereHHe JBOMHOIO HHTETpaa.

2. [TosgcHuTe reoMeTpHYE CKII CMBICTI JIBOHHOI'O HHTETpaJa.

3 Ilepeuncmire CBOHCTBA JBOHHOIO HHTEIrpaa.

4 .YT0 TakKoe IMOBTOPHBIH HHTErpan?

5.OImuImTe IpoIecC BEIYMCIEHHS JBOHHOIO HHTErpala B JeKapTOBEIX KOOPAHHATAX.

Ilpakmuueckaa paooma 8. Augppepenuuansrsie ypasHeHUA ¢ pa30eaLOMUMIUCA
nepemeHHsiMU. O0HOpOOHbIe YypasHeHUA. JIuHellHble YpaA6HEeHUA. YPA6HeHUA, NPUEOOUMBLE K
JIUHEHHBIM.

Ilens: chopMHpoBaTE YMEHHE OINPEAEIITh M permaTth Y ¢ pa3felBIolMHICS IIepeEMEHHBIMH,

OomHOpomHBIe JIY, mmHeHHBIE JIY M IIpHUMEHSATH TIONYUEHHBIE VYMEHHS IIPH PEIICHHH
ITPaKTHYECKHX 3a/1ay.
Teopemuueckan wacmeo:

qnddepeHHAILHLIM  YPaBHEHHEM  Has3bIBaeTCAd  YpPaBHEHHE,  CBSA3BIBAIOIIEE

HE3aBHCHMBIE IIepeMeHHble, HMX (YHKIMH H IIPOH3BOAHBIE (WM JH(QEPEHIHAIBI) STOMH

¢yHKHH. Ecnn guddepeHIaIbHOe YpaBHEHHE HMeeT OJHY HE3aBHCHMYIO IIEPEMEHHYIO, TO
OHO Ha3bIBAETCS 00bIKHOBEeHHbIM JH((epeHIHAIbHBIM YPABHEHHEM, €CIIH K€ HE3aBHCHMBIX
IIepeMeHHBIX JBe MWIH Oolee, TO Takoe JH((epeHIHaIbHOE YpaBHEHHE Ha3bIBAETCH
aagPepeHNIHATLHBIM YpPABHEHHEM B YACTHBIX NPOM3BOJHBbIX. HauBRICIIIGT ITOPSAOK
IIPOM3BOJHBIX, BXOMSINHX B YpaBHEHHE, HA3BIBAeTCSI MNMOpAAKOM JH(Pp(epeHIHATBHOIO
YPABHEHHS.
[ Iprmep.
x°y'+8y—x+5=0 - oObIkHOBeHHOe H(pQepeHINAIbHOE YpaBHEHHE | — IO IOpsuKa. B

00ImEeM BHJE 3armchIBacTcesS F(x,y,v') = 0.

P

X (j{xy +xy@+x3 = y - OOBIKHOBeHHOe AU} (epeHIMaIbHOe YpaBHeHHe 2 — I'o MOpsSaKa. B
o01eM BHe 3armceiBacTesI F(x, v, v, v") =0

v’ % + xyg—; =0 - muddepeHIIHAIFHOE YpaBHEHHE B YAaCTHBIX IIPOH3BOIHBIX IIEPBOIO
TTOpSIKa.

O0mmM pemienneM JTH}(pepeHIIHAIFHOTO YpaBHEHHSI Ha3bIBaeTCs Takas JH(p(pepeHIHpyeMas
pyHKHA ¥ = @(x, C), KOTOpas IIpH ITOJACTAaHOBKE B MCXOJHOE YpPaBHEHHE BMeCTO HEH3BECTHOM
(YHKI[HH o0pallaeT YpaBHEHHE B TOXKIECTBO.

JInddepeHIaTEHEIE YPABHEHHS IIEPBOIO ITOPSJIKA.

OOKYMEHT NOANMCAH

! [€EPBOro MnMoOpHAKAa HA3BIBACTCA COOTHOIICHHC,
QNIEKTPOHHOW INoAarnncbio
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YpaBHeHHA ¢ pa3ge/IAIONIMHCA NepeMeHHbIMH
nddepeHinanbHoe ypaBHEHHe V' = f(x, y) Ha3pIBaeTCI YPaBHEHHEM € Pa3Jae IsIION[HMHCH

NEpeMEHHbIMHA, CCJIIH €I'0 MOKHO 34ITHCATh B BHJC

V= a(x)B(y).

—2x
[Tprmep. Hafiti o61ree perenne qud GepeHIHAILHOIO YPaBHEHHT: VY =
COS y
yCcos y @ = -2x
dx

vcos vdy = —2xdx
chns ydy = —ijdx

=1y, dv=cosydy,

chﬂsydy: :ys:iny—_l.s:inydy:ysiﬂy+msy

du=dy, v=smy
ysin y+cosy=—x"+C
ysin y+cosy+x +C=0

- 5TO ecTh OONMMH HHTerpal HCXOAHOIro AH(]p]epeHIMaTbHOrO ypaBHEHHS, T.K. HCKOMAas

(YHKIMS H He BBIpakeHa uepe3 He3aBHCHMYIO IIepeMeHHYI0. B 3TOM H 3aKIodaeTcs
oTJIHYHe OO0IIero (YacTHOr0) HHTErpaJa oT o0mero (YJacTHOro) peleHns.

[Iprvep. Penmite ypaBHEHHE Y’ = y% . % = ij
y ey = dx
Iy_%dy = Iffx
Sy% =x+C
27y = (x+C)’- oOImil HHTETpa
y= ;—7(x+ C)’ - obmiee peleHMe

JIMHEeHHBIE VDABHEHHS.
JInddepeHaTbHOE ypaBHEHHE Ha3bIBAeTCS JIHHEHHBIM OTHOCHTEIIBHO HEeH3BECTHOH
() YHKIITHH H €€ IIPOH3BOIHOH, €CJTH OHO MOKET OBITh 3aITHCAaHO B BHJIE:
V' +P(x)y = 0(x),
ITPH ATOM, €CIIH IIpaBasg 4acTh (J(x) paBHa HYIIIO, TO TaKOe YPaBHEHHE HA3BIBAETCH JIHHEHHBIM
OJHOPOHbIM JH(]p(epeHIHATFHEIM YPaBHEHHEM, €CIIH ITpaBas 4acTb (J(x) He paBHA HYIIIO, TO
TaKOe YpaBHEHHE Ha3bIBAcTCS JIMHEHHbIM HeoJHOPOIHbIM JH() (pepeHIHaIbHBIM YPaBHEHHEM.
JI11 HHTerpHpPOBaHHS THHEHHBIX HEOJHOPOJHBIX ypaBHeHHH (Q(x)=0) NMPHMeHSIOTCS B
OCHOBHOM JBa MeTOa: MeToX bepHyimH u MeTon JlarpaHxa.
Mertox bepHYIUH.
CyTh MeTOAAa 3aKIIOYacTCd B TOM, YTO HCKOMas (PYHKIHS IIPeJCTaBIIeTCS B BHIE

IIPOM3BEIEHHS ABYX PYHKIIHH Y = uv .

, dv du
[IpH 3TOM OYEBHIHO, UTO V' =2 -— + v-— - qH(pPepeHIIHpPOBaHNE TI0 YACT M.
dx dx
HQ,I[CTHEHHH B HCXOJHOC YPaBHCHIC, ITOIIYHACM.
dv du
11—+ v—+ P(x)uv = O(x)
NOKYMEHT NoanncAH
SNEKTPOHHOW NOANMMCHLIO
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,HELTIEE CIICAVYET BaXHOC 3aMCHaHHC — T.K. IICPBOHAYAJIbHaAA (I)}*’I—]I{I_[HH OBITIa IPEACTAaBICHA
HaMH B BHJAC ITPOH3BCACHHA, TO Ka KIbIH H3 GGI»H—IGH{HTEHETI: BXOJAIIIX B 3TO ITPOH3BCACHIIC,
MOKeT OBITh ITPOH3BOIIBHBIM, ELI@I)EIHHI:-IM 11O HAIIIEMY YCMOTPCHHIO.

HarpuMep, QyHKIMS v = 2x° MOXKET OBITh IIPeJACTaBlleHa Kak y=1-2x"; y=2-x";
y=2x-x, U T.IL

Taxmv 00pa3zoM, MOKHO OJHY H3 COCTaBJIIIOIIIX ITPOH3BeAcHHE (PYHKIIHI BEIOpPATh TaK,

dut
YTO BBIPAKEHHE I-I—P(I)H =0. Taxkum oOpa3oM, BO3MOXKHO IIOIYYHTh (PYHKIHIO U,

X
IIPOHHTETPHPOBAB, ITOTYYEHHOE COOTHOINEHHE KaK OJHOPOAHOe TH(PepeHIIHaIbHOE YPaBHEHHE
ITO OITHCAHHOH BBHIIIIE CXEME:

M pdx,  [H

1 1

[P(x)dx,  Ifu|= - [P(x)dx:

-[P(x)ax

In|C,|+ | =—[P(x)dv, u=Ce’ ", C=1/C;

,HJIH HAXOXICHHA ETﬂpGﬁ HeH3BECTHOH (by'HIG_[I]II Vv ITOACTABHM ITOYHUCHHOC BBIPAXKCHHC

dv du
19 QYHKIIMH 4 B HCXOJTHOE YpaBHEHHE HE-I-V —+P(x)u |=0(x) ¢ y4eTOM TOro, 4TO

X dx
BRIpaKeHHe, CTOsMIIee B CKOOKaxX, paBHO HYIIIO.

CE_IP{x}dI % = 0(x); Cdv = Q(x)ejp{x}dxdt;
X

HMHTerpupys, MoKeM HaiTH QYHKIHIO v:
[ P(x)dx

1
Cv = IQ(I)E' dx+C; V= EIQ(x)e

T.e. Oblna ITOIIYHEHA BTOPpasd COCTABJIAIOINAA IIPOH3BCACHHA Yy =uv, KOTOPOC H

OIPEIeIIET HCKOMYIO (DYHKIIHIO.
[Toxpcrarmsaa momydeHHBIE 3HAYEHHS, ITOITy4aeM:

Pix)dx
J dx+C,;

y=uv= Ce 17O -é[IQ(E)EI PO e C 3)

OKOHYATEIILHO TIOTy4aeM (pOPMYILY:
y = I .[IQ(I)EI PO e+ Cj) . Ca - IPOM3BONBHEIT KO3()(PHIMEHT.

OTO COOTHOIIEHHE MOKET CUHMTATBCSI PEMIEHHEM HEOTHOPOJHOIO JIMHEHHOI'O
TH(pPepeHIHaIbHOIO YPaBHEHHS B OOIIEM BHJIE 110 CITOCO0Y bepHYIIIH.
Bonpocst u 3a0 auu:
3agaua 1. Haiitn HHTerpaapHble KPHBEIE JH((epeHITHAIFHBIX YPaBHEHHH:

AOKYMEHT NoanmncAH
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l. ydzr+ (14 x2%)dy =D

[ L

y =tgrigy.

3. ¥y y= —2rsecy. 4, o +sinfxr + y) = sin{x — y).

) |

T

T

p(l+z®)y +2(14+9?)=0. 6. efdr—(1+e*)ydy=0.

= 2e" cos . 8. ¢ =ulny.
plia 1
= - 1. ¥ = :
1 + &~ vt — 1

3agaya 2. Haittn oGimee pemeHni gH(QepeHIIHATbHOIO YpaBHEHH:

.- Co o 2" ot
l. ¢ =¥/ ™ + 4 2.y Y 1. s oy = xy + yte™ Y,
T x

) ) .I.Ir ; 4!.|r = ] iy i .

L. zeos = dy+ [x — yeos j dr=(. 5b. (x= 4+ 2xy)dr 4+ zydy=I0.
T T
' , uy u - . e g _ _
6. zv'In| = r+yln|=]. (.yder+(2,/7y —z)dy = 0.
: 4 X

. : i

B. (dy*+x%)y' = xy. Q. ry' sin LJ‘) Fa=ysin {J‘) .
£ £

10, zy+y* =(22° 4+ ) v

3agaua 3. Haiitn perneHns 3aga4 Ko i qudgpepeHIaabHBIX YPaBHEHHH:

1. xy +=y=e* =0, y(1) = 0.
1
2. ¥y —ytgx = . y(0) = 0.
o
3. y’n“n:ﬂp-"' Ir+y=1ige, y(0) = 0.
1. y —ythr= ch” T, y (0] = (.
Iy e
= i '
3.1 =rlnzr, yle) = —.
- yle) 5
6. y'sinz —ycosz = 1, y(5)=0.
T. ¥ —ytgxr =cosr, y(0) = 0.
Borrpocsr:
1. Jlaitite onpenenenne AudQepeHIINaIbHOIO YPaBHEHHS.
2. Kak omnpegensgercs mopsaok AuddepeHIHATLHOTO YPaBHEHH?
3. Uro Ha3pIBarOT OOLIHM (YaCTHBIM) pellleHHeM JH( ] epeHIIHAaTbHOT O YPaBHEHHA?
4. B yeM cymHocTs 3amaun Kormm?
5. IlpmBegnre mpuMep  AHQQepeHIHAILHOIO  YVPpaBHEHHA C  Pas3JlellsEOIIHMHCS
IIEPEMEHHBIMH.
6. Ommmmre xXof permmeHHS JIH(Q(EpPeHIHAIFHOIO YPaBHEHHS C  Pa3JelIsrOIHMICS
IIepeMEHHBIMH.
7. Kakoe qudpepeHIHaIbHOE YpaBHEHHE Ha3bIBAIOT OXHOPOIHBIM?
8. Kaxkoe guddepeHipanbHOe YpaBHEHHE HA3bIBAIOT JIHHEHHBIM?
9. Omnmmmre MeTOl bepHYIUIH pellleHHs THHEHHBIX JH((epeHIHaIbHbIX YPaBHEHHH.

Ilpakmuueckana padoma 9. VpasHeHus 6bicuiez0 NOPAOKA, 00NYCKAOU{le NOHUMCEHILE
nopaoka. Jluneiinole oughhepenunanbHole ypasHeHUA 6bLCHIUX NOPAOKOE.

Ilens: chopmipoBaTh YMeHHe OIpeAeiaTh BHA JY H BeIOHpaTh cIrocol pemeHHs /IY BEICIIETO
ITOPSAKa, IIPHMEHSTH MTONTYYEHHBIE YMEHHS ITPH PEIleHHH MPaKTHYECKHX 3a1ay.

AOKYMEHT NoArnncAH
SNEKTPOHHOW NOAMNUCHIO
Ceptucbukar: 12000002A633E3D113AD425FB50002000002A6 PAIKA n Ha3bIBASTCA YPpaBHEHHE BH/IA:
Bnapeneu: Uebayxoea TatbAHa AnekcaHopoBHa _}‘[H]) ~0
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B HEKOTOPBIX CIIyYasX 5TO YpaBHEHHE MOKHO pa3pellTh OTHOCHTENBHO Y™

(n) _ J (n-1)
y _f(x:vy:y :"':y )
Tak Xe KaKk 1 YPaBHCHHC IICPBOI'O ITOPAAKA., YPAaBHCHIHA BEICHIHX ITOPAJAKOB HMCIOT
OeCKOHEUYHOe KOJIMYECTRO pEH_[EHI]ﬁ.

JInddepeHIaTbHEIE YPaBHEHHS BBHICIIHX ITOPSIKOB, PEIleHHe KOTOPBIX MOJKET OBIThH

HaHIeHO aHAIMTHYECKH, MOJKHO Pas3JIelINTh Ha HECKOIIBLKO OCHOBHBIX THIIOB.
YpaBHEHHS, JIOITYCKAFOIIIE ITOHMKEHIE ITOPSIIKA.

[ToHmxkeHne mopsaka THQPepeHIaIbHOTO YpPaBHEHHS — OCHOBHOH METOJ PEIleHHS
YPaBHEHHH BBICHIHX ITOPSIKOB. OTOT METOJ JAeT BO3MOKHOCTH CPABHUTEIBHO JIETKO HAXOUTh
pEIlleHHe, OQHAKO, OH IPHMEHNM JIaJIeKO HEe KO BCEM YpaBHEHMSIM. PaccMOTpHM ciyyaH, Korja
BO3MOJKHO ITOHHKEHHE TIOPSIIKA.

VpaBHenus Buga v = fix).

Ecm f(x) — pYHKINSI HelmpephIBHAS Ha HEKOTOPOM ITPOMEXYTKe a < X < b, TO pelleHHe

MOJKET OBITh HaHIEHO ITOCIIEA0BATEIBHEIM HHTETPHPOBAHHEM.

Y = [f(dx+Cy
v = [([ fdx+ €, e +C, = [dx[ f(x)dx+Cx+C

v=[dxfds..[ fde+C, ﬁmj (:_ dz)! o

L -
[IprMep. PenmiTe ypaBHeHHe y" = e~ ¢ Ha4aJIbHBIMH YCIIOBHSAMH Xxp = 0; yo = I;

yp=-1, y;=0.

na

b | ]. b |
Y= Ie”dtJrCl = Ee” +C,;

2

r__ 1 2x _1 2x .
y_-[[EE +C1]d's:—ge +Cx+C,;

1 2x _1 2x 1 2 .
y—I[He‘ +CII+C3]—§€ +ECIJ: +C,x+Cy;

IlogcTaBHM HauyaIbHbBIE YCIIOBHAL

1:l+03; —1:l+C,,; 0:l+Cl;
8 4 ) 2
Clz_l; Cq:_é; ngz;
2 ) 4 8
1 ., 1 . 5 7
[Toryyaem yacTHOE pemeHHe (pelneHne 3aga4n Kommr): y = 2 e — H:s:‘ 7 X+ e

YpaBHeHHS, He COJIep Kalllie SSBHO HCKOMOM (DVHKIINH H ee ITPON3BOJIHEIX JIO ITOPSIIKa k —
!/ BKITIOUHTEIILHO.

St0 ypaBHeHHS Buaa: F(x, vy, y*V  y™)=0.
B ypaBHEHHSIX TaKOro THITA BO3MOKHO IOHIDKEHHE MOpsAaKa Ha k eguHHIl. J[JI9 3TOro
IIPOH3BOIAT 3aMeHY Iepe MeHHOI:

(k) _ . (k1) _ . (r) _ _(nk)
_j/ - .-i: -]/ T - ' -)/ T u
AOKYMEHT NOAMUCAH
3NEKTPOHHOWM NOANUCHIO
Ceprtudukar:  12000002A633E3D113AD425FB50002000002A6 ICIJEPEPHIHELTEBHGE YPaBHCHIEC IIPOHHTEI PHPOBAHO
Bnapeneu; Liebayxora TatesHa AnekcaHapoBHa HOITIeHHEM:
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c=y(x,C,,C,,....C ).

LC L)
k pas,

Jlenass oOpaTHYIO ITOJICTAaHOBKY, HMEEM:
(k) _

y o= qJ(x:,CI,Cj:,..

COOTHOIIIEHHE IIOCIIEAOBATEILHO

IIOJIYHacM

WMHTerpupyqa IIOIYy4YeHHOE
OKOHYATEILHBIH OTBET:
v=0ox,C,,C,,...C)).
14
y

w

[IprMep. Hafitn ofIliee pereHne ypaBHEHHST V"
X
[IprmMeHdeM MOJACTAHOBKY = = V', =’ = y";
I d= = d= dx J-cf:_ dx
Ty dx x’ - x ot x
hlz|=hx+hC,; z=Cx
[IponsBens oOpaTHYIO 3aMeHY, ITOITYYaeM:
C, ,
V' =C\x; y':JlCIxtﬁxz?lx‘ +C,;
C
=—Lx’+C,x+C;;

G e
y—_[[?x +ijdx— -

OO0Imee perreHne HCXOAHOro JH(PepeHIIHAIFHOTO YPaBHEHH .
y=Cx’ +C,x+Cy;
OTMETHM, YTO 3TO COOTHOIIIEHHE SBIISIETCS PEIIEHHEM M1 BCeX 3HAYEHII IIEPeEMEHHOH X

KpoMe 3HauyeHHI x =0,
VYpaBHEHH S, He COAeprKalllie SIBHO He3aBHCHMOM IIepeMeHHOI.

T0 ypaBHEeHHS BHAa F(v,y',..., ™) =0.
[Topsamok TakuxX ypaBHeHHIT MO)KeT OBITH IOHMI)KEH Ha eJHHHIY C ITOMOIIBIO 3aMeHBI

TIEpEMEHHEIX V' = p.
y_dv _dy' dy _dp
y = = . = —p:
dx dyv dx dy
d,
&' dy B d{d_pp} d’ )
m a4 ) .
y:L: y.y: yp: p= {jpd#——p p;I[T.I[.
dc dy dx dy dy dy- dy
[TogcTaRisaa 5TH 3HaUYeHHS B HCXOAHOe JH(depeHIMaTbHOe YPaBHEeHHE, ITOTYYaeM:
dp dﬂ—lp
Flyv.p,—/,..,—|=0
dy dy

Ecmi 3T0 ypaBHeHHe IpOHHTErpupoBarsh, H @(y, p,C,,C,,...,C )= 0- COBOKYITHOCTb
ero pelleHHi, TO JII PelleHHs JAaHHOTrO JH((epeHIIHAIbHOIO YPaBHEHHS OCTAeTCS PEIHTh

ypaBHEHHE ITEpPBOT0 MOPSIIKA:
@o(y,y,C,,C,,...C,_)=0.
[TprMep. Haiitn ob1ee pemmenne ypaBHeHHSI w" — (3')° — 4y’ = 0.
o
._p:

/

OJOKYMEHT NoanmvucAH

INEKTPOHHOW NOANMUCHIO
12000002A633E3D113AD425FB50002000002A6

CepTtudmkar:
Bnapeneu: lLebayxoea TateAHa AnekcaHapoBHa
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d, \ d
yp—p—p‘—4yp=0; p y—p—p—4y =0;
dy dy

1) y@—p—ﬂu’:ﬂ; @=4+£;
dy dy y

J{11s1 pereHHs orydYeHHOr o JH( () epeHITHATIBHOIO YPaBHEHHS IIPOH3BEAEM 3aMeHY ITepeMeHHOMH:

H:E.

Y
u+@y:4+u; du:-‘il@;
dy y
J.(fuz-ﬂj‘ﬁ; = 4]1’1‘y|+4]1’1C1; szh’llCly;
Yy
p=4yh|Cy1,
C y4eTOM TOTO, YTO P = % , TIOTTy4YaeM:
X
dy dy
— = 4ymh|C, y: = | dx:

_1ledWiCo) 1 |
=3 In|Cy] g+ o

OGIIHiT HHTErPall HMeeT BHII; ]11‘]11|-:Z'1 y” — 4x+C,

2) p=0, »y'=0; y=C;
Taxmm o0pa3oM, IMOIYUYIIH ABa OOIIX pelIeHH.
JInHeHHbIM JH(@epeHIIHATBHBIM YPABHEHHEM 1 — I'0 MOPHAAKA HA3bIBaeTCH JIFOOOE

ypaBHEHIe TIePBOii CTeNIeHH OTHOCHTEIBHO (DYHKIIHH y U e€ TIPOH3BOIHBIX ', V",..., v BHIA;

poy” +p ¥ + oy 4 p, Y+ Py = f(2);
TIE po, Pi, ...,Pn — QYHKIHMH OT X HIIH ITOCTOSHHBIE BEITHUHHEL, IIpHYeM pg = .
OTMETHM OJHO Ba)KHOE CBOHCTBO JIMHEHHBIX YPaBHEHHH BBICIIIX IIOPSIKOB, KOTOPOE
OTJIMYAEeT MX OT HEIMMHEHHBIX. /I HEIMHEHHBIX YPaBHEHHH YaCTHBIH HHTErPall HaXOMHTCS H3
OO0IIEro, a I JIMHEHHBIX — HA000pOT, OOIMI HHTErpajl COCTARISETCA U3 YaCTHRIX. JIMHEHHEIE

ypaBHeHH ITPeACTABILIIOT cOO0H HanOolee H3YUeHHBIH KIace JH(MPepeHIIHATIbHEIX YPaBHEHHH
BBICIIIHX ITOPSAKOB. OTO OOBACHIETCS CPaBHHTEILHOH ITPOCTOTON HAXO0KIeHHS pellleHH. Ecim

IIPH pEIIeHHH KakuxX — JIH0O0 IIPaKTHYECKHX 3agad TpeOyeTcs PpelmTh HeIHMHEHHOoe
madPepeHIHaIbHOE YpPaBHEHHE, TO YacTO IIPHMEHSIOTCS IIPHONMIDKEHHBIE  MeTOJIbI,
ITO3BOJISIFOLIHE 3aMEHHTE TaKOE YPaBHEHHE “ONH3KHM ~ K HEMY JIHHEHHBIM.

Bonpocet u 3a0auu:
3agaya 1. Haittu oOrpe pereHus 1H(p pepeHIHATIBHEIX YPaBHEHHI :

B

4" =1- ygz. ry" +y = 0.

3 (1+x8)y' +y +1=0. 4. 23" a2y =1.
.oy +y' =1+ z. G o' +4" =1,

Tu(1+y")=y" 8 ¥ =-z/v.

AOKYMEHT NoarnmnMcAH b
SNEKTPOHHOWM NOANUCHLIO '
Ceptuchukar:  12000002A633E3D113AD425FESN002000002A6 U1 ﬂ}[(b(l)epe}]]_[}[aﬂbﬂﬂ}{ }fI)ElBHEP]IIﬁZ
Bnapeneu: lLebayxoea TateAHa AnekcaHapoBHa
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L oyt =1 y(1/2) =1, ¢ (1/2)=1

2. yy"+y? =1, p(0) =1, y'(0) = 1.

3y -y"+yly-1=0, y0)=2 y'(0) = 2.

L ¥ +y"-29y" =0, y(0) =1, y'(0) = 1.

5 3y =y+y2+1, () = =2, y'(0) = 0.
3agaua 3. Halith oGrie pemeHnd JH¢ pepeHIHAIbHEIX YPaBHEHHI
l. ¢" +y=cosz. 2. ¢y +y =2y = 8sin 2z,

. " — 2y + 06y =eTeos2e. 4. ¥ +y=3sinz.

5 " + 4 = 4xcosx. 6. ¥ — 9y = e cos

7. o" — 4y = €% sin 2z. 8 " — 2y = 2re*(cosx —sinx).

9. y" —y=2sinx —dcosz. 10. y' — Gy" + 26y = 2sinx + 3cos .
Borpocksr:

1. Kaxme Buawpl gudQepeHIHaIbHEIX YPaBHEHHH, JOITYCKAIOMIMX ITOHIDKEHHE ITOPSIKa
BrI 3HaeTe?

2. Kakyro 3aMeHy IlepeMeHHOH HeOOXOAMMO TIPOBECTH, €CIIH B VPaBHEHHH SBHO HE
COIEPKUTCS HCKOMAS (D YHKIIHST, He3aBHCHMAas IlepeMeHHas?

3. Kakoe ypaBHeHHe Ha3bIBAIOT JIMHEHHBIM C ITOCTOSHHBIMH KO3 (PHIHeHTaMH?

4. Kak crpourcs oOIIEe PeELIEHHE OIHOPOMHOIO JIHHEHHOIO VYPaBHEHHUS BTOPOIO
ITOpSAKA C IIOCTOSHHBIMH K03()(PHIHEHTaAMH?

5. Kak HantH o0O0Iee pelleHHe IJIMHEHHOIO HEOAHOPOIHOIO YPaBHEHHS BTOPOIO
ITOpSAKA C IIOCTOSHHBIMH KO3() (PHIHEHTaMH?

Ipakmuueckaa paboma 10. Cucmemol Ou@ppepeHuUAIbHBIX YPAGHEHIUU, OCHO6HbLE
nonamus. Humezpuposarnue HopmansHoIx cucmem. Cucmemsl ypaASHEeHUN ¢ ROCMOAHHbIMU
KO3 puuuenmamii.

Ilens: chopmMHpoBaTh YMEHHE pellaTh HEKOTOPbIE BHIBI cHcTeM Y, IPHMEHSATH IOITYYCHHBIE
YMeHHS IIPH PEIIEHHH ITPAaKTHYEeCKHX 3aay.

TEﬂpEHHFIECKﬂH yacmbob.
CGEGI{}’TIHDCTL COOTHOIIIEHHH BH/A:

rFl (‘Iﬂylﬂyiﬂ"':yn:y;:y;:---:y;) =0
Fj(x:yl:yjn---:yﬂ;.y;:.y;,...jy;) =0

r r Fy
FL (X, ¥, ¥00 0V Vi Vs ¥,) =0
IJle X- He3aBHCHMAsS IlepeMeHHAs, Vi, V2,...,Vn — HCKOMBbIE (DYHKI[HH, Ha3bIBaeTCS CHCTeMOH
AAQPepeHIIHANBHBIX YPABHEHHH IEPBOT 0 MOPAIKA.

Cucrema JgH(pQepeHIHAIbHEIX YPaBHEHHH IIEPBOrO  IIOPSAKa, pa3pelleHHBIX
OTHOCHTEJIPHO ITPOH3BOJHBIX OT HEH3BECTHBIX (PYHKITHI Ha3bIBAcTCS HOPMAJLHOH CHCTEMOH

aaQdepeHIIHANBHBIX YPABHEHHH.
Takas cucremMa IMeeT BHI:

OOKYMEHT NnoarnmncAH
SNEKTPOHHOW NOANMUCHIO

Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6
Bnapeneu: lLebayxoea TateAHa AnekcaHapoBHa
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fdy
1 :ﬁ(I:yI:yE:"':yn)

dx

dy,
— = 2 x: 2 Jama ¥V pm
|y Fr(, 05 90558,)

dy,
:fn(‘x:ylnyjn'":yn)

dx

L

Tl mprvepa MOXKHO CKa3aTh, YTO I'paHK PeIleHH I CHCTEMBI ABYX JH(] pepeHIHambs HbIX
ypaBHEHHIT IIPeICTaBIIeT COO0 HHTErpaTbHYIO KPHBYIO B TPeXMEPHOM ITPOCTPAHCTRBE.
Teopema. (Teopema Kommu). FEcmu e Hexomopoii obracmu (n-1) —mepHozo

HpﬂﬂﬂipﬂHCﬂiﬂﬂ d?_}’HKI‘HHI .fi('x:yl:-yj :"-:yﬂ): fj ('x:-ylnyj:'"-:yﬂ): fﬂ(x:-ylnyj :'"':'yﬂ)
HenpepuleHbl U UMEION HenpepbleHble YacHHble NPOU3800Hble NO YV, V,,..., ¥V, , N0 0112 1000l

MOUKU (Xg. V0> Vags--» V,p) 2MOLL 0ORGCTIU CYUecnIgyem eOUHCINEEHH e peuleHe

Vi = ¢ (x), V. = (Pj(l'), T :(Pﬂ(-x)
cucmemsl oughepentians Huix VpaeHewuil éuoa (1), onpedenennoe € Hexomopoii okpecnHocniL
MOUKLU X0 U YOOGNEMEOPAIOUiee HAYATb HVIM YCAOGUIM XV, g5 Vags-s Vg

O0mmM pemeHHeM cHCTeMBI JH(PEepeHIIHATIbHBIX YpaBHeHHH BHIa (1) Oyzmer
COBOKYIIHOCTD (hyHKIHIT »=¢,xC.C,,..C,), Vv, =9, (x,C,C,,..,C),
v, =@, (x,C,,C,,...,C ), KOTOpbIe IIPH IIOACTAaHOBKE B CHCTEMY OOpaIlafoT €€ B TOXKAECTBO.

HopmanbHble CHC TEMBI JTHHEHHBIX OJHOPOJHBIX I[[{d)d)EDEPH_H{EHhPIhIK YVpaBHEHHI ¢ ITOCTOAHHbIMH

K03 (phHLHEHTaMH.
[Ipun paccMoOTpeHHH cHcTeM JIH(epeHIIHAIbHEIX YPAaBHEHHH OIPaHHYHMCS ClIy4aeM
CHCTEMBI TpeX VypaBHeHHH (n = 3). Bce HIDKecKa3aHHOe CIIPaBeJIMBO IS CHCTEM

ITPOH3BOJIBHOI'O ITOPAIKA.

HopmaneHast  cucTemMa — AH(QQepeHIHAIbHBIX  YPaBHEHHH ¢ ITOCTOSIHHHBIMH
KO3(p(pHI[HEHTaMH Ha3bIBAETCS JJHHEHHOH OHOPOJHOM, £CIIH €€ MOJKHO 3aITHCaTh B BHJIE:

-

dy
dx
d= _

4 — = ﬂ:1y+ ﬂ::.f ‘|‘ﬂ23ﬂ
dui N N
—=a, vta.,z+a.u

3l 32 33
dx

Y

PerreHnsa cucreMsl 001aaroT CIEAYIOIIHMH CBOHCTBAMH:
1) Ecnu y, zz u — pemenns cuctemel, To Cy, Cz, Cu , tne C = const — TOXe SBILTOTCS
PEIEHHSIMH 3TOH CHCTEMBEL.
2) Ecrmt vy, 71, uj M y2, 72, u2 — pelIeHHT CHCTEMBI, TO y; + V2, 27 + 22, U] + u2 — TOXKe SBILTIOTCS
PEIIEHHSIMH CHCTEMBI.
" u=ve™, o,B.,v,k = const
[TomcTaBIsII 5TH 3HAYEHHS B CHCTEMY H ITEPEHECS BCE YWIEHBL B OAHY CTOPOHY H COKPAaTHB Ha e,

PelneHHs CHCTEMBI HIMYTCA B BHIE, v =0oe";, == Pe

TTOITYYaEM:
[(EIH —k)o+a,p+ay=0
[IOKYMEHT MOAMUCAH " KB+ a,;y=0
ANEKTPOHHOW NMNOANMUCHIO Yy =
CepTudukar: 12000002A633E3D113AD425FB50002000002A6 (ay; —k)y=0
Bnageneu: Uebayxoea TatbaHa AnekcaHapoeHa A UMeNla HEHYIEBOE PEIEHHE HEOGXOMNMO M
[eiicTeuTenen: ¢ 20.08.2021 no 20.08.2022 I paBEH HYIIIO, T.C..
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ajl ﬂﬂ.j _k HEE — 0

s 3, i3 — k

B pesyinpTare BBIYHCIEHHUS OIIPEACIIHUTENS IIONIYYAEM VYpPaBHEHHE TPEThEH CTEIEHH
OTHOCHTEJIFHO k. DTO VpaBHEHHE HA3BIBACTCS XAPAKT ePHCTHYECKHM YPAaBHEHHEM H HMEET TPH
KOPHA ki, k2, k3. KaXKIoMy H3 3THX KOPHEH COOTBETCTBYET HEHVIIEBOE PEIIEHHE CHCTEMEI:

_ - ey x _ ey x
Vs =0Use ", =; = PBse”, Uy =7Y;€ " .
JInHeliHasg KOMOHHAIMS STHX PelleHHH ¢ ITPOH3BOINBHBIMH KO3((QHI[HEHTaMH OyeT
PEIEHHEM CHCTEMBI:
y=C e +C o, +Coe"";
- = IC’1[31‘55'1::1']r + ‘i—::B:"Ek}Ir ™ C3B3€kﬁ;
u=Cye™ +Cy,e™ +C,ye™"

I IprMmep. Haniti of1iee pereHne CHCTEMBI YPaBHEHHH:

x'=5x+2y
y'=2x+2y
CocTaBHM XapaKTepPHCTHYECKOE YPaBHEHHE:
5-k 2 |
, k:O; G-k)2-k)-4=0, 10-5k—2k+k’>—4=0:

k>-Tk+6=0, k=1 k =6
Permm cucTeMy YpaBHEHIMIH
(a;, —k)a.+a,p=0

a, 0.+ (a, —k)Bp=0
5-Da,+2B, =0 do., +2B, =0

s k;:
200, +(2-DB, =0 200, +B, =0

[lomaras o, =1 (nmpuHMMaeTcA m000e 3HaUeHNE), TTIonydaeM: B, = —2.
5-6)a, +2B, =0 —lo, +2B, =0

st ko (5-6)a, + 2P, » T2,

200, +(2-6)B, =0 200, —4pB, =0

[lomaras o, = 2 (MpHHHMAaeTCs IEO00E 3HAUEHHE), TTIOTy4aeM: 3, =1.
x=Ce +2C,e"

y=-2Ce" + Cjem

OTOT IMTPHUMEP MOKET OBITEH PEIIEH JPYTHM CIIOCOOOM:
[IpomuddepeHIHpYeM IIEPBOE YpaBHeHHe: X' = 5x'+ 2y,

[IoacTaBHM B 3TO BEIpakeHHE IIPOH3BOAHYIO v’ =2x + 2y H3 BTOPOI'O YPaBHEHHS.
" f .
x =5x +4x+ 4y,
[IoacTaBHM crofia vy, BEIpakKeHHOE H3 IIEPBOr0 YPaBHEHH .

OOI11ee pellIeHHE CHCTEMBI:

[IOKYMEHT NOANUCAH | ' c+2x" —10x
SNEKTPOHHOW NnoancCeio +6x=0
Ceptudukar: 12000002A633E3D113AD425FB50002000002A6
Bnapeneuy: lLleBayxoea TateAHa AnekcaHapoBHa kg =1
x'=Ae' +6Be™:
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2y=x"—5x=Ae +6Be” —54e¢" —5Be”
y=-24¢ +%B€ﬁr;

f 0f
1 x=Cle +2C,e
ObosHaunB 4 =C,; —B=C,,I0oIy4acM pPEIIEHHE CHCTEMBI: : .
2 y=-2Ce +C.e

Bonpocet u 3a0 auu:
3agaua 1. Haittn oO1mee peleHmit cHCTeMbI JHP ) epeHIHATIFHBIX YPaBHEHHII:

j_’:z—x—[- y 4+ 2sinf—3cost
j—i";:—ﬁ.t—iﬂiyl—?‘ilﬂf—mﬂﬂ“-f .

BELI[E]HE], 2. HautH PEHICHITA CHCTEM, YAOBIICTBOPAIOIIHE 3d1dHHBIM YCIIOBH AM.
) ¥ =y—zy x(0)=1;

V=x+y) y(0)=2

F=x+4+z} z(0)=3.

) x = bx—T2y -} 442 x(0)y=9;
' = —dx - 40y — 222} y(0) = 5;

=—6x +ofy—3dlz) z(0)=7

Borrpocsr:

1. JlaiiTe ompepeneHne CHCTEMEL TH(epeHIaIbHbIX YPaBHEHHH IIEPBOTO ITOPSIKA.
2. Kakag cucreMa gudpepeHIHaIbHbIX YPaBHEHHH Ha3bIBAET CSI HOPMAILHOH?

3. UYrto Ha3pIBalOT OOIHM pellleHHeM CHCTeMBI JH( pepeHIHaIbHbIX YpaBHEHH?

4, Kakaa cucreMa aH(QepeHIHAIbHEIX YPaBHEHHH ¢ ITOCTOSHHBIMH KO3()(PHIMEHTAMH
HAa3bIBAETCS JINHEHHON OXHOPOIHOM?

5. Kak cocTaBmsgercs XapaKTepHCTHUYECKOE VYpaBHEHHE CHCTeMBI JH((epeHIHaTbHBIX
YPaBHEHHH ?

6. Kaxumu cBoiicTBaMH 00IaJar0T PelIeHHs CHCTeMBI JH( pepeHIHaTbHEIX YpaBHEeHHIH ?

#

Ilpakmuueckaa paboma 11. Cxooumocms paoa. Heobdbxooumsiii npusHaK cxo0umocmu
yucnoeozo paoa. /locmamouHsle NPUSHAKU CXO0UMOCHIL 3HAKONOCHIOAHHBIX PAOOS:

NPU3HAKU CPASHEeHUA, npu3HaK /[anamdepa, npusnaxku Kowu. Q600 ieHHbLIL 2ApMOHUYECKUIL
pAao.

H eJib. cdmpmmmam YMEHHE ACJIdaTh BBIBOJ O CXOIHMOCTH PAdd Hd OCHOBAHHH HeOOXOIHMOIO
H JOCTATOYHBIX IIPH3HAKOB CXOJHMOCTH 3HAKOIIOCTOAHHBIX PALOB., IIPHMCHATE ITOIYHYCHHDBIC
YMCHHA ITPH PEIICHHI ITPAKTHYCCKIIX 3aa™.

TEﬂpEHHHIECKﬂE yacmbob.

C}*’Iﬁ.ﬂﬁdﬂ YIeHOB OeCKOHEUHOH Y CIIOBOH ITOCIIEI0BATEIIBHOCTH U, ,t,,..., 1, ,... HA3bIBACTCA
TNCI0BBIM DHIA0OM.

o
U, U= > U
n=1
TIPH STOM YHCIA 24,1, ,... OYIEM HA3BIBATh WIEHAMH PSIIA, & U, — OOIIIM WIEHOM PSIIA.

M
CyMMBL S, =+, +...+u, = > u, n = 1, 2, .. Ha3bBalOTCI YACTHBHIMH
k=1

(YACTHYHBLIMH) CYMMAMH PSIa.

oo
Pam  w, +u,+..+u, +..= Y 1, Ha3bpBacTCd CXOMSIMMCSL, €CIH  CXOJHTCH

NOKYMEHT NoanncAH
SNEKTPOHHOW NoanUChLIO _
Ceptucbukar: 12000002A633E3D113AD425FBS0002000002A6 CFMMH cxo/iamerocsn piia Hpeiel
Bnapeneu. Webayxosa TateAHa AnekcaHgpoeHa
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Im S =S, S=>Mu_.

Ecim nmocneioraTeIbHOCTE YaCTHBIX CYMM psda paCXOIHTCHA, T.C. HC HMCECT ITPpCACiia, HIIH
HMeeT OeCKOHEUHBIH Ipcacil, TO P HA3BIBACTCA PacXoddAIIHMCH H cSMY HE CT4BAT B
COOTBETCTBHE HHKAKOH CYMMBI.

HPH H3VUCHHH 3HAKOIIOCTOAHHBIX PAJOB OI'PAHHYHMCAH PACCMOTPEHHEM PAIOB C
HCOTPHLIATCIIbBHBIMH MWJICHAMII, T.K. IIPH IIPOCTOM VYMHOMXCHHIL Ha —1 3 5THX PAOOB MOYKHO
ITOIIVHHTDE PAABRI C OTPHIATCJIIbBHBIMIT MJICHAMIH.

[IpH3HAK CpaBHEHH PSIOB ¢ HEOTPHIATeIIbHBIMH UJIeHAMIL

IIycTh maHwI IBA psma Zuﬂ 151 ZFH TIPH U, Vn = 0.

Teopema. Ecin u, < v, Tipu mr000M n, TO M3 CXOAUMOCTH psia ZFH CIIEIyeT

CXOMMOCTH PAAa Zuﬂ , @ {3 PACXOIHMOCTH Psa Zuﬂ CIIefyeT PacXoIHMOCTh PAAa Zvn .

| 1 1
[Iprmvep. HMcciemoBaTh Ha CXOOHMOCTE PSIT + 4+ —
P2 T m3 "
T K : > : a TApMOHHYECKHH PSIT Z : PACXOUTCSL, TO PACXOIUTCS H PSIT Z :
 Inn n’ 7 nhn
R |
[Ipimvep. UcermeqoBaTh Ha CXOAHMOCTE PSIT Z o
n=1 M
| | 1
T K. > < E a s Z o cxomurcs ( KaK yOBIBaroIas reoMeTpHYecKast IIPOrPECCH ), TO PSIT
7 2
© 1
Z—H TOKE CXOIUTCS.
~'n2

TaxkKe HCIIONB3YeTCs CIIEAVIOIMH ITPH3HAK CXOIHUMOCTH:
. u
Teopema. Eciu 1, >0, v, >0 u cywyecmeyem npeden hm —=h, e0e h — uucno,

R—0 )
11.?'2

ONnUIHYHOEe Onl HYJIA, HIGPH@I:I ZHE I ZFH {?Edyﬂi OOUHAKOBO 8 CMbIC/Ie CXO0OUMOCHILL.

[ IpusHak JlamamMOepa.
(CKan Jlepon /lamamOep (1717 — 1783) — ppaHITy3cKHIT MaTEMaTHK)

Ecnu ona paoa Zuﬂ C NOJIOMCUNIENbHbIMIL YTeHAMIL cyujecmeyen maxoe 4qucio ¢- 1,

ymo OJisi 6cex OOCMan o4O OOMb ULIX 1 8bINONHACNICS HePOaGeHCH GO
1

m+1

< q,
i1

]

mo pﬂd ZHE C.IG@HHICH, eciil Jce O/l ecex 0OCNAamoyHo bonb ULLX 1N @bINOAHACNICS yaiaoglie

I

n+1 }1

- -2
U,

mo pso Zuﬂ Pacxoounics.
[ IpegemsHBIH ITpH3HAK JlamamOepa.

[IpemempHblii mpH3HaK JlamamOepa SBISETCS CIEACTBHEM H3 TIPHBEISHHOI'O BBIIIE
ITpH3HaKa JlamamOepa.

NOKYMEHT NOANWCAH

5 < ~ _
SMEKTPOHHOM MOAMUCHIO mo npu p < 1 pao cxooumces, a npu p > 1

Ceptudukar: 12000002A633E3D113AD425FB50002000002A6
Bnageneu: Lebayxora TaTeaHa AnekcavposHa MoOocmil omeemiuns Helb34.

Nencreutened: ¢ 20.08.2021 no 20.08.2022
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oo

7
[Tprvep. OnpenenTs CXOTHMOCTD psijia Z R

n=l =
1
n n+1 1 (n+1)2" n+l L 1
u,=—; u,, =—-r; m—""==1lm = =—1-_<]
2" 2™ n—w gy on—e QMg 2n 2 2
BEBOI: psim CXOMHTCA.
1 1 |
[Iprmep. OnpeaemTh CXOTHMOCTD psaaa 1+ ﬂ + E + ...+ - + ...
2 7
!
U :i; U :#; b 22— =0 <]
7l (n+1) noe gy e (p41)) noep4]

BLIBOI: psiI CXOMHTCSL.
[ IpusHak Korru, (paaiKansH eI IIPH3HAK)

Ecnu ona paoa Zuﬂ C Heompuyamenb HoIMIL YleHaMll cyujecneyent maxoe ducio g- I,

ymo OJisl 6cex OOCMAan o4O oMb ULIX 1 8bINONHAENICS HepaGeHcnico

e, <

mo pﬂa ZHE EIG(}HHICHJ eciil Jce O 6cex OOCHMAMOYHO OOMbUIX N GbINOAHAENCA

HepPaGeHCMEO

mo pso Zuﬂ pacxooumcs.

CaeacrBue. Ecru cyrecTByeT Ipefen hm Zjz = p, To npu p<l psSa CXOAHTCS, a IIPH
R—0

p>1 psim pacXomHTCAL.

= (2n* +1Y
[Iprmvep. OnpeAemTh CXOAUMOCTD Psjia Z - .
—\3n +5
1
) 2+
. . 2n+1 22
hm %z, = Im 3 5:]11'11—”5:—c::1
no+ 342
g

BBIBOJI: PSIJT CXOMHUTCSI.

oD 1 1
[ IprMep. OnpenemiTh CXOAHMOCTE Psaia Z [1 + —] *
n=1 1

. . 1
Im %/ :]Jm[lJr— =1.
F1—=00 R —00 41
T.e. nmpusHak Kol He maeT OTBETa Ha BOIIPOC O CXOJUMOCTH psga. [Ipoeprm
BBHITIOTHEHHE HEOOXOJNMBIX YCIOBHIT cxXofuMmocTH. Kak OBUIO CKa3aHO BBIIE, €CIH PSI

CXOJHUTCS, TO OOIHIT YJIeH Psla CTPEMHTCS K HYIIIO.

hm 2, :]jm[lJrl) =e=0,
-3 H—3m 7]

TARIINL O :ﬂdehi_EH_Tfl:léﬁh_HéAH_ TIUOTTIT OO TITTTOCTH HE BBIOIONIHACTCA, SHAYHT, PAL PACXOJHTCA.
SNEKTPOHHOM NOAMUCHIO [MpH3HaK KOIm.
Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6
Bnapeneu: lLebayxoea TateAHa AnekcaHapoBHa
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Ecnu @(x) — HenpepvieHas nonoxcumenvHas QYHKyusa, Vovleawoujas HA HPOMedCYNKe

[1;0), mo pao @¢(1) + ¢2) + ...+ @n) + ... = i(p(n) 1l HecobemeeHH viil LUHMe2pan T(p(x)dx
n=1

OOUHAKOBLL 8 CMbBLCIE CXOOUMOCTHILL. |

[Iprvep. Pag 1+ 21!1 +31DL +...+HLR+... cxomurcsa mpH o>1 u pacxomurca o<l T.K
COOTBETCTBYIOIIMI HECOOCTBEHHBIN HHTEIPAll T% CXOIUTCS ITpH o> 1 u pacxomurcs a<l.

=
Psn i Hl—m Ha3bIBaeTCS 0000IeHHBIM FapMOHHYE€CKHM PSIIOM.
n=1
Caeacreue. Ecmm f(x) M ¢fx) — HenpepelBHBEIE (QYHKIMH Ha HHTepBale (a, b] H
b b

I]LI.ED L(j[:((i)) =h, h#0, TO HHTErpalbl I f(x)dx n _[(p(.a:)dx BeAyT ce0s OJHHAKOBO B CMEICIIE
CXOJTHMOCTH. ﬂ ﬂ

Bonpocet u 3a0 auu:
3amauva 1. Hanru cymmy psaga:

==

= 6 3
L. | | 3. i _
zn"—l—?jn—'—ﬁ E_n"—ﬂrr+li

fi=|1 i =1

I e

3
: 5t +5n -6 ' 1112 1

=

. 18 = Oy
5. . . (3. - .
L ne 4+ 3n L An? + 8 — 5

=1 fi=1

) 3 ey i
l“ Omn? — 3n — 2 S l" 1612 — Brp — 3

n=I1 = |

. 3 - G0
9 lr nin+ 1){n+2) 10 l’ (2n + 1)(2n + 3)(2n + 5)

= =1

=]
-

3agauya 2. Mcenemoark CXOANMOCTD PSIOB:

= arctg {'l?.:ill . 4 — 2sinn
1. — . 2. :
Z aln-+2)(n+3) ; o= Inmn

oS .
3 Z 24 cosn y Z n? Inn
LB i: i F " = 3 . F 1
— n 3 —n 2
_ i-}—';‘r.crﬁn. 6 i 2+ sinn
ul F 1 a 1
5 o
=1 AL =1 m 4)
” i Inn q =, cosn
i '
Ty : : 2
oy 2 | ®
Fre= v Ll | n !

Ramarra 2 AremmamnpaTt AmvATIMAINCTL NamnD®

AOKYMEHT NoarmcCAH
SNEKTPOHHOW NOAMUCLIO
Ceptudurkar: 12000002A633E3D113AD425FB50002000002A6

Bnapeneu: lLleBayxoea TateAHa AnekcaHapoBHa
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2 li.ll 1 9

- . 2
L Z?"[T?—l]!- 2, Z{H”:E-

rl—i ll—j k

i

(dn + 2)! | E 2% (n° = 1)

2n(2m + 0)!

= 5™n! = !
k . i]
. l—'| {'.-_JH::I! l_‘: 3" =2
G . 'H.'
n!(2n + 2)! _ 2"n!
7. E . =, E )
| (3m)! (2n)!
=1 n=]
g LU g L

0 3 B f W P e
an- + 1 2nY 4+ m
v Y () 0 2 ()

re=]

_ 2n+2\" _ ~ g (3n+1Y}"
v Z(Eu | l) ' 6. ) n (En | 3) "

_ =, mn - dn — 1\™°
" Z‘“”‘(zn—lj | % Z(ﬂn—]) |

= =1
9 3 10 - gn+l,—n
- Z_.'_f,nil' : Z =

e o | S |

BoOITpocCHI:
1. Yrto Takoe YHCIIOBOH psi?
KakoH psj Ha3pIBarOT 3HAKOIIOCT OSSHHBIM?
YTo Takoe cymma psga?
Kaxomn psa Ha3bIBarOT CXOISIITHMCS?
ChopMyITHpYHTEe HeOOXOIHMBIH ITPH3HAK CXOTHMOCTH Psa.
CopMyITHpYHTE H3BeCTHBIe BaM JJoCcTaTOYHBIE ITPH3HAKH CXOJHMOCTH PSIOB.

ALl o

Ilpakmuueckaa pavoma 12. 3Hakouepelywuiueca U 3HAKONEpeMeHHble pAovl. l[IpusHak
Jeionuya. O0wuii 00CcMAaAmMoOUHbIL NPUIHAK CXO0UMOCHU 3HAKONEPEMEHHbIX pPA0O0SE.
Abconrwmuaa u ycioeHAA CXO00UMOCI YUC/I06bIX PA0OE.
Ilens: copmupoBaTh yMeHHe JienaTh BBIBOJ 00 aOCOMIOTHOH HIIH YCIIOBHOH CXOJHMOCTH
YHCJIOBBIX PSJIOB, IIPHMEHSTE ITOIYUEHHBIE YMEHHS IIPH PellleHHH ITPpaKTHYeCKHX 3a1ay.
Teopemuueckan uvacms:

SHAKOUEPEAVIOIMIICS PST MOXKHO 3aIliCaTh B BHIE!

n+1

u, —u, Fu, —u, +. D",

rae u, >0, n=123,.

[ IpmsHak JlenOHHIIA.

JOKYMENT T1ORNNCALH —u, s, —u, + o+ (D) + 6

I - ... {AOCONIONIHbBIE
INMEKTPOHHOW NMOAMACHLIO - 3 4 ( ) 1

CEDTHdJHHET: 12000002A633E3D113AD425FB50002000002A6 'ﬂﬂ? YieH E”IPEMHHIEH K Hyﬂm 11 %0} o pﬂd
Bnapeneu: LLleBayxoea TateAHa AnekcaHapoBHa "

Heincreutened: ¢ 20.08.2021 no 20.08.2022
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AOCOIIOTHAS H YCIIOBHAS CXOMHMOCTE PSIZIOB.
PaccMOTpHM HEKOTOPEIH 3HAKOIIepeMeHHBIH P (C WIeHaMH ITPOH3BOIIbHEIX 3HAKOB).

u, +u, —I—...—I—HH—I—...:ZHH (1)
n=1

H PSJI, COCTABJIEHHBIH H3 a0COMIOTHBIX BeJIMYHH WIeHOB psaga (1):

co

IR THESNED)

m=1

Teopema. /13 cxooumocmu psaoa (2) cnedyem cxooumocms psoa (1).

|u1| +

i, H,

(2)

OHpE,[[EJIEHHE. Psn ZH-’I Ha3bIBAacTCI aA0COJIIOTHO CXOJHAIIHMMCH, CCIIH CXOOHICA PAL

I

2.
OIIEEILI[HG:, HTO JJId 3HAKOIIOCTOAHHBIX PAOOB ITOHATHA CXOJHMOCTH H a0COIMOTHOH
CXOOHMOCTH COBIIQJ4IOT.

OI[I]E,[[E.]IEHHE. Psn ZHE Ha3bIBACTCAH YGIOBHO CXOOHAIIIHMMCH, CCIIH OH CXOIHTCAH, a PN

Z‘un‘ PACXOIHTCSL.
[ IpuzHarxy /{amamMOepa H Kol 11 3HaKOoIlepeMeHHBIX PSIIOB.

[Tycts )  u, - SHAKOTIEPEMEHHBII PSL.

I

n+l

IIpmsnak /lagamoepa. Ecmu cymecTByeT npegen hm

}—0 Iiﬂ

= p, To mipu p<1 psg ) u,

OyzeT aOCOMIOTHO CXOMAIMMCS, a IIpH p>1 psag OyaeT pacxomsiuumMmcs. [Ipu p=1 mpHsHaK He
IAET OTBETA O CXOMHMOCTH psa.

IIpusnak Konm. Ecmi cymecTByeT nmpefgen hm 2

Fl— 00

U,

= P, TOIIpH p<l pan Zun Oyzer

a0COIIOTHO CXOISIIHMMCS, a IIpH p>1 pag Oyaer pacxomsaummcs. [Ipu p=1 npH3Hak He gaer
OTBETa O CXOJUMOCTH PSIa.
CBOHCTBA a0COIMIOTHO CXOISIIIXCS PSIOB.

1) Teopema. /[na abconromuoii cxooumocniil paoa Zuﬂ Heobxoo0UMO 1l 0OCHIAMOYHO,

ymobvl e2o0 MOMCHO OblIO npedcmaeums 6 6loe PAasHOocHil 08YX CXOOAUUXCA pAdoe ¢
Heompiijaniens HolMu YleHaMiL.

CJaeacreue. Y CIOBHO CXOMSIIMIICS PSIIT SBIISIETCS PA3HOCTBIO IBYX PACXOISIIIXCS PSLOB
C HEOTPHI[ATEIBLHEIMH CTPEMSIIIHMICS K HYIIIO YJIeHaMH.

2) B cxomsmmemMcs psjie Tro0asi TPYIITHPOBKA YJIEHOB psjia, HE H3MEHSIOM[ASI HX ITOPSJIKa,

COXPAHACT CXOJHMOCTD H BCIIHYIIHY PAa4d.

3) Ecm psapg cxoguTea abco0THO, TO psAJl, MOJYYeHHbIH H3 Hero IO oI repecTaHOBKOH WIEHOB, TAKKe
abCONMIOTHO CXOAHTCA H HMEET TY /K€ CYMMY.

IlepecTaHOBKOH WIIEHOB VCIIOBHO CXOIMINETOCS PsSda MOMKHO IIOIYYHTH VYCIOBHO
CXOJIAIIMICS PSI, HMEFOIIHH TFO0VIO Hallepe ] 3aJJaHHYI0O CYMMY, H JaKe PACXOMSIIMIICS P,

4) Teopema. I Ipu ni060ii 2pynniupoexe uieHoe abconionto cxoosaue2ocsa paoa (Mpu 3mom
Y1ICI0 2PYNN MOJicem Oblmb KAK KOHEYHbIM, Mak il 6ecKOHeuHblM 1l YiC0 UNeHOE 6 2pYVHHe
Moicem OvlMb KAK KOHeUHbIM, MAK U OecKOHeuHblM) NOoAyuaemcs cxooaujiiics pao, cymmda
KOMOpo20 paeHa cymMme LUCX00H020 paoa.

8 (8
5) Ecim pse ZHH H Zvn cxoaarcsa aOCOMFOTHO H HX CYMMbBI PaBHBI COOTBETCTBEHHO

H=1 =1
{T Tr M~ T ™ TITTT MMM aT» TTATITTT TH’ TIF} THrMOW TITH TTINT O 1 ; o
LIS To naw acorapmarmrniii wm peav mmarmealleHHH BHAA UV, [,k =12,... B3ITHIX B KaKOM
[OKYMEHT NOANUCAH 1 a i, vy, I, P
SNEKTPOHHOW MNOANMUCHIO H ero CyMMa paBHa S-0 - IMPOU3BEAEHHIO CYMM
CepTudmkar:  12000002A633E3D113AD425FB50002000002A6
Bnapeneu; Webayxoea TateAHa AnekcaHgpoBHa
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Ecm xe ITPOHU3BOJHTE IICPCMHOKCHIC YCIIOBHO CXOIAINIXCH PAOAOB, TO B PE3VIILTATC
MOZHO ITOJIVUHTD pﬂGKDﬂHH_[HﬁGH PAL.

Bonpocet u 3a0 auu:
3agauya 1. Mccenemosarsk CXOAMMOCTD PSIOB:

= e e o s

- an <+ 1 - I
. —1n+! . 2, —1)" — , .
L[ : nin + 2) L{ / nt +n* +1

=1 n=|

- d s 3

3 E (1" n p El:_ ]:Ijlf'rl'l:l”n' v in|

s \ ! .' - (5] - ¥ L — !
vn® 4+ 3n* + 2 n?y/mn

n=|

=]
Mr.
| =]
-
‘_*_-‘
i
IH‘"‘I—l-"‘-JI
o

-_ ;i E rL
S (52)

pp = | b ' p == -

b "Nl
q 1 COs T
‘B E 1)" sin® —, 10). \ .
- ][ : A I'L"I v 2
BOITpocCHI:

1. Kakoii psg HazpIBaeTCA 3HaKOUEePeYIOIHMCS (3HAKOIIepeMeHHBIM)?
ChopMyTHpyHTe IpH3HAaK JIeHOHHIIA.

Kaxoi psa HazpIBaeTCSI aOCOMIOTHO CXOASIIHMCS (YCIIOBHO CXOSIITHMCST)?
ChopmynHpyiTe npH3HakH /[amamOepa H Ko 1711 3HaKoIepeMeHHBIX PSZIOB.
[Iepewrcimre cBONCTBA a0COIIOTHO CXOMSIIHXCS PSIOB.

AN

IIpakmuueckan paboma 13. BoluucieHue 6epoamHocmil coobtmuA.
ITens: GpopnvrpoBaHHE 0CHOBHBIX ITOHATHI T€OPHH BEPOATHOCTER.
T eopemuiec KA WICin ..

Bce COOGBRITHS, IIPOHCXOMAINNE B OKPYKAIOIIEM HAC MHPE, MOKHO PaslIeiHTh Ha JIBE
PE3KO OTIIHYAIOIHECS JPYr OT JApyra TPVIINBL. B OTHOIIEHHH OIHHUX COOBITHI MOKHO
NOCTATOYHO TOYHO IIPEIBHIAETh, HACTYILIT OHH IWIH HET, B OTHOIIEHHH JPYIHX — TaKoOe
IIPEBUICHHE HEBO3MOKHO, HACTVIUIEHHE HIIM HEHACTYIUIEHHE TaKHX COOBITHH HOCHT TaK
Ha3bIBAEMBIH «CIIVUAHHBI) XapaKTep.

TeopHss BepOATHOCTEH — MaTeMaTHYecKass HayKa, H3Y4aroIas 3aKOHOMEPHOCTH
CIIYUYAHHBIX SBIEHHH. 101 clIyyarHBIMH SBIIEHHSIMH ITOHHMAIOTCS SBIIEHHS C HEOIIpedelIEHHBIM
HCXOJOM, ITPOHCXOISINHE TIPH HEOMHOKPATHOM BOCIIPOM3BEIECHHH OIPEIAEIIEHHOI0 KOMILIEKCA
YCIIOBHIL.

CVINEeCTBYIOT JBa ITOAXOAAa K M3YUEHHIO ATHX SBIIEHHI. OJHMH H3 HUX — KIaCCHYECKIHII,
COCTOHT B TOM, YTO BBIJIETISIOTCS OCHOBHBIE (DAKTOPBI, OINPeAelIIIOIIHe JaHHOe SBJIEHHEe, a
BIIMSIHHEM MHOXKECTBAa OCTaJIbHBIX, BTOPOCTEIEHHBIX, (PAKTOPOB, ITPHBOASIIHX K CIIyYailHBIM
OTKJIOHEHHMSAM €ro pesyibTara, IMpeHeOperaroT. TakuMm oOpa3oM, BBIJEISETCS OCHOBHAS
3aKOHOMEPHOCTh, CBOHCTBEHHAS JAHHOMY SIBJIEHHIO, ITO3BOJLIIOIIASI OMHO3ZHAYHO IIPEACKa3aTh
pe3yIbTAT II0 3aJaHHBIM VYCIOBHSAM. JTOT IIOAXOJ 4YacTO HCIIONB3YETCAd B ECTECTBEHHBIX
(«TOUHBIX») HayKax.

ﬂmh GEJEQ?FEJ,HM A orHx aemernrii 1 [IpeKJie BCErO, COLHAIbHBIX, TAKOH ITOIXO[

SNEKTPOHHOW NOANMUCHIO IHTBIBATh HE TOJIBKO OCHOBHBIC (bﬁI{TGpLI:, HO H
Ceprudpurar: 1 12000002A633E3D113AD425FB50002000002A6 K CH}ﬂIaIu]]—[LIM HCKaXeHHAM pe3yibTaTa, T.€.
Bnapeneu,. Webayxoea TateAaHa AnekcaHapoBHa HGBTGM}*’ ,I[p‘_’;’TGﬁ TIOIXOI K H3YYEHHIO SRIIEHHIT
MeiicTaUTenen: ¢ 20.08.2021 no 20.08.2022 )CTH, CBOHCTBCHHBIM CIIYVHAdHHBIM MABJIICHIIM H
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00YCIIOBIEHHBIH BTOPOCTENEHHBIMHI (paKTOpaMH, TpeOyeT CIEI[HATbHBIX MeTOJ0B HX H3YUEHHS.
Pa3paboTkoH TaKHX MeTOJOB, H3YYeHHEM CIIeIIH(pHYECKHX 3aKOHOMEPHOCTeH, HaOmo aeMbIX B
CIIYUAHHBIX SBIEHHSX, H 3aHHMAETCS TEOPH S BEPOSTHOCTEH.

OCHOBHBIMH ITOHATHSAMH TEOPHH BEPOATHOCTEHN SBIISIOTCS HCITBITAHHE H COOBITHE.

[Tox mcrmpITaHEM (OIMBITOM, SKCIIEPHMEHTOM) IIOHHMAETCS BEITIOJTHEHHE OIPEIEIIEHHOI O
KOMIUIEKCA YCIIOBHIH, B KOTOPBIX HAOMIOJAeTCs TO HJIIH HHOE SBJIEHHE, (DHKCHPYETCS TOT HIH
HHOH pe3yIIbTar.

CiryJaiHBIM COOBITHEM (HUIH ITPOCTO COOBITHEM) HazbIBaeTCS JIFOOOH (paKT, KOTOPBIH B
PE3YIILTATE HCIBITAHHSI MOJKET ITPOH30NTH HIIH HE MIPOH30HTH. TakuM obpas3oM, coObITHE OVaAET
paccMaTpHBATLCA KaK pPe3yIbTaT HCILITaHM S

CoOBITHE HA3BIBAETCHA JOCTOBEPHBIM, €CIIH B Pe3yibTaTe HCILITAHHS OHO O0S3aTEIIBHO
IOIDKHO IIPOH30HTH. HarpmuMmep, BeInmageHHe or 1 g0 6 OYKOB IIpH OpOCaHHH HIPAIEHOIO
KyOHKa.

CoOBITHE HAa3BIBAETCS HEBO3MOKHBEIM, €CIIH OHO 3aBEJOMO He HacTyIiur. Harrpumep,
H3BIIEYEHHE TPEX YEPHBIX TY30B H3 KOIOHBI KapT.

COOBITHS HAa3bIBAIOTCS HECOBMECTHMBIMH (HECOBMECTHBIMH ), €CIIH BO3MOXKHO TTOSIBICHHE
TOJIILKO OJHOI'O COOBITHS M3 STOH I'PYIIIBI COOBITHH. B IIPOTHBHOM cliydyae COOBITHS Ha3BIBAOT
COBMECTHMBIMH (COBMECTHBIMH). Harmprmep, ImonydyeHHe CTYAEHTOM Ha 5K3aMeHe II0 OJHOH

QHCIIHIIIIHHEC  OLCHOK - «OTJIHYHO», <«XOpOolIo» H  «YAOBICTBOPHICIIBHO» - COOBITHA
HCCOBMCCTHBIC, a IIOJIIVHCHHE TCX JKC OIICHOK Ha 3K3aMCHAX IIO TpEM M CIIIIUIHHaAM — COOBITHA
COBMCCTHEIC.

COOBITHS Ha3BIBAKOTCSI PABHOBO3MOJKHBIMH, €CIIH B PE3YIIbTaTe HCILITAHHS 10 YCIIOBHSM
CHMMETPHH HH OJHO M3 3THX COOBITHIL HE SBISETCSA OOBEKTHBHO 00JIee BO3ZMOKHEIM. Harmprmep,
H3BIICUECHHE Ty3a, KOPOJId, JaMbl IJIH BajleTa H3 KOIOJAbI KapT, JTHOO ITOSBIEHHEe repda IIH
PEILKH ITPH IToA0packIBAHHH MOHETEI — COOBITHS PaBHOBO3MOKHEIE.

JITIs1 TpaKTHYeCKOH AesSTellIbHOCTH BaKHO YMEThH CPaBHHBATh COOBITH S IO CTEIIEHH
BO3MOKHOCTH X HACTYIIJIIEHHS.

[IycTh HCXOABI HEKOTOPOrO HCILITAHHS OOpa3yIoT IIOMHVIO TPVYIINLY COOBITHIL H
PaBHOBO3MOJKHEI, T.€. €JHHCTBEHHO BO3MOKHBI, HECOBMECTHHI H PaBHOBO3MOJKHEI. TakHe
HCXObI HA3BIBAIOTCS AJIEMEHTAPHBIMI HCXOIAMH HIIH CITYYasIMI.

Ciy4yaii Ha3bIBaeTCsS OIarolpHATCTBYIOIHM (OIarolpHSITHEIM) COOBITHIO A, eclIH
ITOSIBIIEHHE ATOr'O CIIy4as BIIEYET 3a COOOH IMOSBIIEHHE COOBITHS A.

Krnaccnueckoe omnpeielieHHe BEPOSTHOCTH. €CJIM CHCTEMA COCTOMT H3 KOHEYHOI'O YHCIIa
eIHHCTBEHHO BO3MO’KHBIX, HECOBMECTHMBIX COOBITHIT, TO BEPOATHOCTHIO COOBITHA A Ha3BIBAIOT
OTHOINIEHHE YHCIIAa M HCXOJOB HCIIBITAHHIL, IPHBOASIHX K COOBITHIO A, K 4YHCIY h BCeX
HCITBITaHHI, T.€.

P(A)= — .

n
I mroGoro coOBITHSI A cripaBeIIHBO HepaBeHCTBO: 0 < P(A) <I.
IIpumep 1:

Jlorepes coctout u3 1000 OrneToB, cpean HUX 200 BEMIPHINHEIX. Hayraj BEIHHMAaeTCA
oxuH ouyeT 3 1000. Uemy paBHA BEPOSTHOCTH TOI'O, YTO 3TOT OHIIET BEIMTPBIIIHBIN?

Pemmenne: pa3ImHMYHEIX HCXOJ0B B 3ToM ITpuMepe 1000 (n=1000). B nHTepecyromee Hac
coOrrTHe A BXomar 200 uexomoB (m=200). Takim oGpazom,
200 _

Ay = 0.2
plh) 00

AOKYMEHT NoanmncAH
SNEKTPOHHOW NOAMUCHIO
Ceptudukar: 12000002A633E3D113AD425FBS50002000002A6

Bnapeneu:  LeBayxosa TatbaHa AnekcaHaposHa 5IX M S0 3eJIeHBIX IMapoB. Hayaauy BEIHHMAETCS
1map 6eJ1oro, KpacHOro HJIH 3€JIeHOr o I[BeTa’?
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Pemenne: PaccMoTprM cOORITHS: A={BBIHYIIH Oelbli Imap }, B={BBHYIH KpacHLIH IIap},
C={BBIHYIH 3eJIeHbIH map }. n=350, Toraa

pay-2-2

350 7

100 2

PB)=— =2,
B350 77

500 1

P(C) =20 =

) 250 7

YacTo 714 pelieHH A 3a1a4 TEOPHH BEPOSTHOCTEH IIPHMEHSIOT KOMOHHAT OPHKY.
IIpamep 3:

3 xomoasl B 36 KapT BRITaCKHBAIOT TPH. KakoBa BEpPOSTHOCTE TOr'O, YTO CPEIH BEIHYTHIX
KapT HET JIECATOK?
Pemienne: B 3ToM npumMepe 31eMeHTapHBIM HCXOAOM SBIISETCS CIIYYAaHHBI Ha0Op H3 TpeX KapT.

3
OO0Illee YHCIIO JJIEMCHTAPHBIX HCXOJOB PdBHO N:C 16 JJIEMCHTAPHBIC HCXOJAbI CHHTACM

PaBHOBO3MOMHBIMIIL. BHEII‘GHPHHI‘ HBIX HCXOJO0B (KGJ’JII‘IECTEG BOSMOMBHBIX HﬂﬁﬂpﬂE ITO TPH KAapPThl

. 3
H3 TOH X< KOIIOABI, HO 0e3 ,I[ECHI‘GI{) 1= C

32

. TakuM oOpaszoM, BEPOSTHOCTE COOBITHSA A

{BrIHyTO 3 KapThI H3 36 H CpeIH HHX HET JEeCITOK | :

Bonpocuet u 3a0 auu:

1 .CTpernmok mpous3Bell 3 BEICTPENA 10 MUIIEHH, A | — ITOITaJaHHe ITPH IIEPBOM BRICTPEINE, Az — ITPH
BTOPOM, A3 — IIpH TpeTheM. BeIpasuTh uepes Ai, Az, Az H HX OTPHI[AHHA CIEAVIOIIHE COOBITHSL
a) OIHO ITOMaJlaHue;, O) TPH IIpOMaxa; B) TPH ITOIIaJaHHg;, T) XOTS ObI OJHH ITPOMAX.

2 MoHera nopOpaceiBaeTca 4 pasza. PaccMarpusaroTcsa cOOBITHS — ITOSBIEHHE repba IIpH 1-OM
roxOpaceiBaHuH (i=1,2,3.,4). IIpeAcTaBHTh B BHJE CYMM, ITPOH3BeAeHHH H CYMM ITPOH3BeIeHHH
COOBITHH Aj CIeIVIOIIHEe COOBITHS. A — ITOSBHIINCE Bee 4 repba;, B — mosBince Bee 4 miudpsr; C
— MOSBHIICS XOTSA OBl OfHH repd; D — moseuimack XoTa OBl ofHa IH(pa; E — MOSBHIICA TOIBKO
ouH repo; F —mosBIiIack TOIBEKO OJIHA ITH(Pa.

3 bpomensl 3 MOHeTBl. COCTaBHTBH COOBITHS, OOpasyIOINHEe IIONHYIO Ipyrary. CKOIBKO
PAaBHOBO3MOJKHEIX HCXOZOB O0OpPasyIOT IIONMHVIO TPVYINLY COOBITHH? YKaXHTe 3JIeMeHTapHBIE
COORITHSL, HE OOPa3VYIOIIIE ITOITHOMH I'PYIIIIEI.

4. I IpuBeaure IMpHMEPHI:

A) Tpex coOBITHI, 00pa3yIOIHX ITOJIHYIO TPYINLY,

B) Tpex coOBITHI, paBHOBO3MOKHBIX H HECOBMECTHBIX, HO He 00pa3yIOIIHX ITOTHOH T'PYIIIHL,

B) mByX CcOOBITHI, HECOBMECTHBIX H OOpa3yIOIIHX IIOIHYIO TPYINIYy COOBITHH, HO He
PaBHOBO3MOKHBIX.

5. bpocarorca OZHOBPEMEHHO [BE HIPAIbHBIE KOCTH. HailTH BEepOATHOCTH CIEMYIOIIIX
COOBITHH. A-CyMMa BBRIIABIIINX OYKOB PaBHa 8, B-IIpoH3Bee HHE BRIOIABIIIHX OUYKOB PABHO 8.

6. B xouBepre cpemu 100 ¢orokaprouek HaxXOmHTCS OJHA pasbIcKHBacMasd K3 koHBepra
Hayjgauy H3BiIedYeHbl 10 kaproyek. HaHTH BEPOSATHOCTE TOrO, YTO CPEAH HHX OKaKeTcCd
PasbICKHBAacMasL.

7. Habupas Homep TenedoHa, aOOHeHT 3a0blI MOCIIeHHE TPH IH(QPHL H, TTOMHS JIHIIb, YTO ATH
IH(pPEl pa3IHyHBL, HaOpal HX HayAady. HaHTH BepOSTHOCTH TOro, YTO HOMep HaOpaH
ITPaBIUILHO.

8. M3 6yke ctoea YPABHEHME BriOupaercsa Hayrang ogHa Oykea. KakoBa BEpPOSTHOCTE, YTO 3Ta

6vikRra BvrmeT: a) rmacHoit_6) cormacHoit R) 6vkrojt [1]7?
OOKYMEHT noarnnucAH

SHEKTPOHHOW NOANUCHIO eH 52 KapThl, Hayra/ BBIOHPAETCSI OAHA KapTa.
Ceprudpnkar: | 112000002A633E3D113AD425FB50002000002A6 51 OyOHOBOI MacTH, 0) OHa OKakeTCs TY30M, B)
Bnapeney: Webayxora TaTeAHa AnekcaHapoBHa 30 Ty3, THOO KOPOJIb, TH6O0 mama, 60 BaJIET,
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10. PeGeHok urpaer ¢ 10 OykBamu paspesHon az0ovkn A, A, A, E, U, K, M, M, T, T. Kakora
BEPOSTHOCTh, YTO IIPH CIIYYAaHHOM PacIoIOKeHHH OVKB B PaA, OH TIIONYYHT CIOBO
MATEMATHUKA?

11. B crapuHHON HHIEHCKOH Hrpe "TOHr" JABa HIpoKa OJHOBPEMEHHO ITOKA3BIBAIOT APYI APYIY
nubdo oamH, mdo aBa, OO TPH Iaublla Ha ITpaBOH pvkKe. ECIH 7T KaXXIoro HIpokKa
PaBHO3HAYHO ITIOKAa3aTbk OJHH, JBa WIH TPH Ialblla, TO YEMY PaBHA BEPOSTHOCTH TOrO, YTO
o0Illee YHCIIO ITOKA3aHHBIX ITalbIEB. a) YETHO, 0) HEYeTHO, B) OONIbINe YeTHIpeX, I') MEHBIIE

IBYX;, 1) IIpOocTOE?

Ipakmuueckas paboma 14. Bapuauuonnsie paost U ux pagpuueckoe u3oopaxcerue.
ITens: GopmHpoBaHHE 0CHOBHBIX I[TOHATHI MaTeMaTHYeCKOH ¢ TATHCTHKH.
T eopemuiec kA WICin ..

MareMaTHYeCcKasad CTaTHCTHKA 3aHHMAETCS YCTAHOBIIEHHEM 3aKOHOMEPHOCTEH, KOTOPEIM
ITOAYMHEHEI MACCOBBIE CIIVUaHHBIE SBIECHHSI, Ha OCHOBe OOpabOTKH CTAaTHCTHYECKNX JAaHHBIX,
IIOIYYEHHBIX B Pe3ylIbTaTe HaOMOAEHHH. J[BYMS OCHOBHBEIMHM 3aJadyaMH MaTeMaTH4eCKOH
CTAaTHCTHKH SIBIISIFOTCSL.

- OIpeaeneHue CrrocodoB cOopa U IPYIIIMPOBKH 3THX CTATHCTHYECKHX JTaHHBIX,
- pa3zpaboTKa METOMOB aHaIH3a ITOIYYEHHBIX JAHHBIX B 3aBHCHMOCTH OT IL[EJIEH HCCIIEIOBAHI, K
KOTOPBIM OTHOCSTCSI:

a) OIlEHKa HEH3BECTHOH BEPOSTHOCTH COOBITHS, OIlEHKAa HEH3BECTHOH (DYHKIHH
pacIIpeie]IeHHs, OIL[€HKAa IlapaMeTpOB PacIIpeielIeHHs, BHJ KOTOPOrO H3BECTEH, OIlcHKa
3aBHCHMOCTH OT APYIHUX CIIYYAHHBIX BEIIHYNH U T.J.,

0) IpoBEpKa CTAaTHCTHYECKHX THIIOTE3 O BHJAE HEH3BECTHOI'O PACIIPEIEIIEHHS WIH O
3HAUEHHSX ITapaMETPOB H3BECTHOI' O PACIIPEIETIEHH .

JIna  pemeHHs B5THX 3aJady  HeoOXOAMMO BEIOpaTh M3 OOJBIIOH COBOKYITHOCTH
OMHOPOJHEIX OOBEKTOB OIPAHHUYEHHOE KOJIMYECTBO OOBEKTOB, IO Pe3yiIbTaTaM H3YVUEHHSI
KOTOPBIX MOJKHO CJIENIaTh IIPOTHO3 OTHOCHTEILHO HCCIENYEMOTO IIPH3HAKA 3THX OOBEKTOB.

OrmpeaelM OCHOBHBIE ITOHSATHS MaTeMAaTHYECKOH CTaTHCTHKIL

I'enepansras cogokynHocnis — BCE MHOKECTBO HMEFOIIHXCS OOBEKTOB.

Buibopxa — Habop 00BEKTOB, CIIy4ailHO OTOOpaHHBIX H3 TeHePaIbHOH COBOKYITHOCTH.

Obvem cenepanvrHoil coeoxynHocmii N H obvem 6vibopkii N — UHCIO OOBEKTOB B
paccMaTpPHBAEMON COBOKYITHOCTH.

BHIBI BEIOOPKI:

[IoBTOpHAS — KaXIBIH OTOOpaHHEIH OOBEKT Iepe] BRIOOPOM CIEAVIOINErO BO3BPAINAETCA
B I'€HEPAIIBHYIO COBOKVITHOCTE,

becroBropHas — oToOpaHHBIH OOBEKT B T€HEPAIbPHYIO COBOKYITHOCTh HE BO3BPAINAETCSL.

s toro, 4TOOBl IO HCCIEJTOBAHHIO BEIOOPKH MOJKHO OBIIIO CJHETATh BBIBOIBL O
IIOBEJICHHH MHTEPECYIOIIETO0 Hac IIPH3HAKa TE€HEPATIbHOM COBOKYIIHOCTH, HYXKHO, UYTOOBI
BBIOOPKA IIPABIIILHO ITPEJICTABIIUIA ITPOIIOPIIHH T€HEPAIbHOH COBOKYIIHOCTH, TO €CTh ObLIa
penpeszenmamiiéHoti  (IIPeACTAaBUTEIBHONH). YYHTBIBas 3aKOH OONIBINMHX YHCEI, MOXHO
YTBEPKAATH, YTO 3TO YCIOBHE BBIMOIHSETCS, €CITH KaXIbIH OOBEKT BBRIOpPAH CIIYVYAHHO, ITPHYEM
IULS TF000r0o 0OBEKTA BEPOATHOCTE ITOIIACTh B BRIOOPKY OJITHAKOBA.

[IycTh HHTEepecyIolas Hac ClIyyarHas BelIMYiHa X IIPHHHUMAET B BEIOOPKE 3HAUEHHE X|

I
nip pas, X2 — N2 pas, ..., Xg — Nx pa3, IIPHIEM Zf’h- —n, rae n — o0beM BBIOOpPKH. Torzga
=1

HaOmroaeMble 3SHaUeHHS CH}”IHIUH-IGﬁ BCIIMYHMHEI X1, X2,..., Xx HA3BIBAIOT BAPDHAHTAMIH, 4 1, n2,...,

Ng — 4YacToTaMH. EciH Pa3JcJIHTh KdXIAVIO HACTOTY Ha 00BeM ELI@DPI{H:, TO IIOIYYHM

[OKYMEHT MOAMWCAH
SNEKTPOHHOWM MOANMUCHIO
Ceptucmkar: 12000002A633E3D113AD425FB50002000002A6

Bnapeneu: lLleBayxoea TateAHa AnekcaHapoBHa
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[locnemoRaTeIbHOCT, BapHaHT, 3allICAHHBIX B IIOPSAKE BO3pacTaHHSI, Ha3bIBAIOT
BAPDHALMOHHBEIM PSAOM, a IIepedeHb BapHaHT H COOTBETCTBVIOIIMHMX WM YacTOT HIIH
OTHOCHTEIBHBIX YACTOT — CTATHCTHUYECKHM PSIOM.

IIpamep 1:

IIpu mmpoBegennn 20 cepun u3 10 OpOCKOB HIPaIbHON KOCTH YHCJIO BBIIAJCHHI INECTH
OYKOB OKazanock paBHeIM 1, 1,4, 0,1,2,1,2,2,0.,5,3,3,1,0,2,2,3,4,1.

CoctaBuM BapHallHOHHBIN psa: 0,1.2.3.4.5. CraTHcTHYeCKHH PsI IS aOCOIIOTHEIX H
OTHOCHTEJIbHBIX YaCTOT HMeeT BHL:

X, 1| 1 2 3 4 =
n 3 b 5 3 2 1
W, 0,13 0,3 0,25 013 0,1 0,04

Ecin nccnemyercsas HEKOTOPBIH HEIPEPBIBHBIN IIPH3HAK, TO BAPHALIHOHHBIN DS MOXKET
COCTOSTh H3 OYeHb OOIBIIOrO KOJMHYecTBA YHCElI. B 3ToM ciaydae yaoOHee HCIIOIb30BaTh
TPYIIMHMPOBAHHVIO BBEIOOPKY. [l ee IIONyYeHHS HHTEPBAJI, B KOTOPOM 3aKIIOYEHBI BCE
HaOIrolacMble 3HAUEHH S IIPH3HAaKa, pa30HBalOT Ha HECKOIBLKO PABHBIX YACTHYHBIX HHTEPBAJIOB
IIHHOM h, a 3aTeM HaxXomAT MII KaXKJ0ro YaCTHYHOI'O HHTepBajla N — CYMMY YacTOT BapHaHT,
IIONABIIMX B 1-H HHTepBan. CocTaBlIeHHas IIO STHM pe3yiIbTaTaM TaOaHIla Ha3bIBaeTCH
2PVRRUP OBAHHBIM CIIAMICIIUYECKUM PAOOM.

JIIIsT HarisygHOTrO IIPEACTABIEHHS O ITOBEAEHHHM HCCIEAYEMOH CIYVUYAHHOH BEIHYHHBI B
BRIOOPKE MOXKHO CTPOHTH pa3lHyHBIe IpapuxH. OTHH H3 HHX — ITOIIHITOH YacTOT: JIOMaHasd,
OTPe3KH KOTOPOH COeQHHSIOT TOYKH C KOOpAHHaTaMH (Xi, np), (X2, n2),..., (Xx, ng), TOe X;
OTKJIabIBAIOTCS Ha OCH aOCI[HCC, a i — HAa OCH OpAHHAT. ECIIH Ha OCH OpAHHAT OTKJIaJABIBATh HE
aOcOoOTHBRIE (Ni), @ OTHOCHTEelIbHBIe (Wi) YacTOTHI, TO ITOTYYHM ITOJIHTOH OTHOCHTEIIbHBIX
JacTOT.

DTarml IIEpBHYHON 00padoTKH BEIOOPKH:

1 .ParyKHpoBaHHe OIBITHRIX JaHHBIX (paclonoKeHHe 3HaYeHHH ITPH3HAKa I0 YOBIBAHHIO
HITH BO3PacTaHHIO).

2 .YacTOTHBIN aHaIIH3 (TIOCTPOEHHE CTaTHCTHYECKOr O psfia, oIpejelieHHe OTHOCHTEIbHBIX
JaCTOT).

3. I'pyrmupoBKa (YacTOTHaS TaOyIIAIHI BEIOOPKH ).

Bonpocuot u 3a0 auu:

1. HMMerorcsa crnenvioiue mgaHHele 00 ycereBaeMOCTH 20 CTVYAEHTOB TPVIIIBL 110
CTaTHCTHKE B JIETHIOIO ceccuro. 4, 4, 3,5, 2, 2,5, 3,3,3,5,3,2,4,3,2,3,5,5, 4. llocTporre:
P pacIpeleIeHHs CTYAEHTOB 1o OauiaM OLIEHOK, PSJ pacIpeelieHHs CTYIEHTOB 10 YPOBHIO
YCIIEBAEMOCTH, BBIACIIHB B HEeM JBe TIPVIIIEI CTYAEHTOB. HEYCIIEBAIOIIHE H VYCIIEBAIOIIHE.
M300pasnuTe KaKabIH H3 PSIOB I'Pa(pHIeCKH.

2.IToCcTpOHTh KPHBYIO H THCTOIPaMMY CYMMbI HAJIOTOBBIX HEYILIAT, 3a(PHKCHPOBAHHBIX
ITO YCIIOBHBIM PETHOHAM CTPaHBIL, JaHHBIE 110 KOTOPEIM ITPHBEJIEHEI B TaOIHIlE (B MIIH. pyO0.):

21 43 72 84
22 54 75 32
26 49 77 45
27 53 78 65
28 54 81 12
OOKYMEHT I:ID,HI'IHCAH 83 34
ANEKTPOHHOW NoAancChbio
Ceptuchukar: 12000002A633E3D113AD425FBS0002000002A6 R4 54
Bnapeneu: lLlebayxoea TateAHa AnekcaHapoOBHa
84 34
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39 68 88 41

3.JlaHa MCXOHAS BRIOOPKA ITO POCTY H BECY CTYAEHTOB I'PYIIIEI:

Poer 160 168 175 B0 170 169 162 LAty 1A% 160 158 173 1h2 173 156
Bee 4% 58 69 f 4 GO 70 51 f 0 t 7 54 48 58 4 4 50 56

Omnpegemte 00beM BBRIOOPKH. COCTAaBhTE PAHKHPOBAHHBIN M BAapHAL[HOHHBIH PSIBL IO
Ka KIOMY H3 ITPH3HAKOB.

4 IIoCTpOUTH THCTOIPaMMY HArpy3KH Ha OJHOrO CJIEIOBATENIS IO PaCCIeIOBAHHBIM
YT OJIOBHBIM J€JIaM I10 JaHHBIM TaOIHI[bL:

["ombl 1995 1996 1997 1998 1999 2000 2001 2001 2003
IIo mmHuH | 63.2 49.6 41 31.5 32.3 32.4 37.9 34.2 36.2
MB/]

IIo mmuuu | 17.2 16,9 15.5 15.1 16 17.7 18.2 18.3 19.7
ITPOKYPaT YPBI

S.TPH BaPHdHTd HCXOJHBIX JaHHBIX TaOJMIBI HIKE — PE3VIIETATDI TEHE(l)GHHLIK
IICPETOBOPOB B MHHVYTAX COTPYIHHKOB TPCX OTACIIBHBIX GH}"}I{ﬁ B TCHUCHHES pﬂﬁGIIETD JHA.

TpeOyeTcs cocTaBUTh HHTEPBAJIbHEIH PSJT pacIpelelIeHH.

No 1 2 3 4 5 6 7 8 9
BEIOOPKH

Cryx06a 1 1,9 2,6 3.1 3.3 2.1 2,0 4.7 0,9 2.8
Cryx0a 2 6,9 1.1 3.6 1,0 7,0 2,1 8,7 1.0 8.0
Crryx06a 3 4,7 6,8 3.8 3.1 1.8 7,1 9,2 8.1 4.0

6. JlaHa BeIOOpKaA 7,3,3,6,4.3,5,1.2.1,3. IlocTpouTts BapHAIMOHHBIN PAx. OIPeIelIHTh
pa3Max BEIOOPKI.

Ilpakmuueckaa paboma 15. Toueunvie ouenku. Ilonamue UHMEPEWILHOZ0
OueHUGaHUA. /[oéepumelbHAA 6€POAMHOCIL U NPedeibHaAA owndKa 6vlooprku. OueHKa
XApaKkmepucmuK 2eHepailbHOI CO60KYRHOCHIU N0 MWL0IU 6bl0 OPKe.

Ilens: popMHpoOBaHHE OCHOBHBIX ITOHSTHIH MaTeMaTHYeCKOH CTaTHCTHKH ITIpH 00paboTKe

PESYIIBTATOB SKCIICPHMCHTA.
T, eopemuiuecKan udacims.;
YHCIOBEIE ITIOKA3dTCIIH, XdPaKTCPH3IVIOIIHC ICHCPAIIbHYIO COBOKYIIHOCTBE, HA3BIBAIOT

napamempami, a UHCIIOBBIE TIOKA3aTellHM, XapaKTePH3VIOIMHE BBIOOPKY,—  6bl100pOUHbIMLL
xapaxmepiucmiuxamit — WIH  cmamucmiukami. — BBIOOPOYHBIE — XAapPaKTEPHCTHKH  SBIISIFOTCS
NMPHOIIKEHHBIMH ~ OI[EHKAaMH ~ TI'eéHepallbHBIX IIApaMETPOB. OTO BeJIHYHHBI CJIy4YaHHBIE,
BApPbHPYIOIHE BOKPYT CBOHX IIapaMeTpoB. OIEHKH Te€HepPaJlbHBIX IIApaMeTpPOB IIO
BEIOOPOYHBIM XapaKTEPHCTHKAM MOT'YT OBITh TOYEYHBIMH H HHTEPBallb HBIMH.

['eHepanbHBIE XapaKTEPHCTHKH, IIH IIapaMeTphl, MPHHITO OO0O3Ha4YaTh OyKBaMH

I'pedyecKoro aadaBHTa, a BBIOOPOYHEIE XapaKTe PHCTHKH - TaTHHCKOro. BeibopouHas cpemras X
ABIISETCS OL[EHKOI TeHepaIbHOH CpelHel a, BRIOOPOYHAS IHCIIEPCHS S)—OLIEHKOH T'eHePaIbHOI

AHCIICPCHH o) _{?:, d CpcAHEC KBaJAPaTHYUYCCKOC OTKIIOHCHHE Sy — OILIEHKOH CTaHAAPTHOI'O

oTKIoHeHHsI O ,, XapaKTepH3YIOMIEr0 TeHEPaIbHYIK) COBOKYIIHOCTh. OTO MOueuHble OljeHKl,
IIPEACTARILIIOINHE COOOH HE HHTEPBAIBI, a 4YHCIA («TOYKHY»), BEMHCISEMBIE IIO CIIYYaiHOMH

AOKYMEHT NoarnncAH
ANEKTPOHHOW MNOAMNCHIO gemble K MOUeUHbIM OUEHKAM.
Ceprudmkar: 12000002A633E3D 113AD425FB50002000002A6 THYHMHEL CIIVYAIIHBIE. BaDBI e BO
Bnapeney:  LleBayxoea TaTbsiHa AnekcaHapoBHa yi ’ PHHPYIO KpyT

OM He COBIAMalOT C HHMH IT0 aOCOIFOTHOH
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BelIMyHHe. {119 TOro 4roOBl CTAaTHCTHYECKHE OI[eHKH JaBalH «XOPOIIHe» ITPHOIHKEHHS
OILIEHHBAEMBIX IIapaMeTPOB, OHH JOIKHBEI VYAOBIIETBOPATH OIPEAEIECHHBIM TpeOOBaHHM M.
OLIEHKH JIOIDKHBI  VIOBJIETBOPSATH II0 MEHBINEH Mepe CIeAVIOIMM TpeOOBaHHSIM. OBITh
COCTOSITEILHBIMH, 3() PeKTHBHEIMH H HeCMEII[EHHBIMH.

ToueyHass OIlEHKa CTAaTHCTHKH HAa3BIBACTCS cocmosamebHoll, €CIH IIPH YBEIIHMYCHIII
00beMa BRIOOPKH OHA CTPEMHTCS K BElIHYHMHE T'eHePaIbHOI'O ITapaMerpa. Tak, IS IreHepaIbHOH
CPEeMHEN COCTOSTEIIFHOH OLIEHKOH SBIISETCS BRIOOPOYHAS CPeIHSIS, JUIS I'eHepaJIbHOH IHCIIEPCHH
COCTOSTEJIbHOH OILIEHKOH OYAeT BEIOOPOYHAS JUCIIEPCH L

ToueyHas OlleHKa Ha3bIBAETCA 2¢hghexmiieHotl, ECIIH OHa HMeeT HaHMEHBIIIYIO JHCIIEPCHIO
BLIOOPOYHOIO PaCIIpele]IEHHSI II0 CPaBHEHHIO C JAPYTHMMH aHAJIOTHYHBIMH OIEHKaMH, T. €.
OOHAPYKHBAET HAMMEHBIIYIO CITYYAHHYIO BapHAI[HIO.

OlleHKa Ha3bIBAETCA HecMeujeHHoil, €CIH MaTeMaTH4YeCKOe OXHIaHHe e¢
BEIOOPOYHOI'O pacpedelIeHH s COBIIaaeT CO 3HaUEHHEM I'eHEePaJIbHOIO IIapaMeTpa.

BbioopouHan cpeaHsn

[IycTy miIg H3y4YeHHS TeHepalbHOH COBOKYIIHOCTH OTHOCHTEIIBHO KOIIHYECTBEHHOIO

IIPpH3HaKa X H3BJIeUueHa BEIOOpPKa 0OBEMA n.

BriGopouHoit cpefHeil X, Ha3BIBAIOT cpefiHee apH(MeTHUYecKOe 3HAUYeHHe ITpH3HaKa

BEIOOPOYHOH COBOKYITHOCTH.

Ecnin Bce 3Hauenms Xx;,X,,...,X, IIPH3HAKa BBIOOPKH O00BEMA n PasIHYHBL, TO

n

X+ Xy ot X,

X, =
n
Ecnn e 3HaueHHs MpH3HaKa X, X,,...,X; HMEIOT COOTBETCTBEHHO YaCTOTHL f,, f,...[,
k
Z%f;
- _ i=l
, TO Xz — .

n

3aMeuanHe. BrIOOpouYHas cpeaHssd, HaHJIEHHAs II0 JAHHBIM OJHOH BBEIOOPKH, €CTh,
OYEBHHO, OIPEACIEHHOE YHCII0. ECIH e HU3BIeKaTh APYrHe BEIOOPKH TOTO Xe 00hEMaA M3 TOH
K€ TeHEpaIbHOH COBOKYITHOCTH, TO BBIOOpPOYHASA CpemHSSI OVIET H3MEHSTHCS OT BEIOOPKH K
BEIOOpKe. TakuM oOpa3zoM, BEIOOPOUYHVIO CPEOHIOID MOKHO paccMaTpHBaTh KakK CIYYaHHVIO
BEIINYHHY, a, CIIEIOBATEIbHO, MOXKHO T'OBOPHUTH O PACIIPEACIEHHSIX BEIOOPOUYHOH CPeJHEH H O
YHCIIOBBIX XapaKTEPHCTHKAX 3TOr0 paclHpejelleHHs (ero Ha3hIBalOT BEIOOPOYHBIM), B YACTHOCTH,
O MaTeMAaTHYECKOM OXHIAHHI H JUCIIEPCHH BEIOOPOYHOI'O PACITPEISIICHH S

BobioopoyHasi qucnepcus
Jlmg Toro, 4YTOOBI  OXapaKTepH30BaTh paccesHHe HaOTOJaeMbIX  3HaYeHHI

KOJIIHYECTBEHHOT'O IIPH3HAaKa BEBIOOPKH BOKPYI CBOETO CPEJHETO 3HAYEHHS X, , BBOAST CBOJHYIO
XapaKTEPHCTHKY — BEIOOPOYHYIO JHCIIEPCHIO.

BriGopounoit micriepcueii ), Ha3BIBalOT cpefHee apH(MeTHYeCKOe KBaJpaToB

OTKJIOHEHHS HaOIrogaeMbIX 3HAYEHHH ITPH3HAKd OT HX CPCIHCI' O 3HAUYCHHA X g *

Ecnu Bee sHaYeHHA X, X, ,..., X, IPH3HaKa BLIGOPKH 00bEMa N PasMYHEL, TO

n 2
Z ('x;' o 'xa ) B
_ =l
D, = -
ONOKYMEHT I_'ID,HI'IMCAH
ANEKTPOHHOW MOANMUCHIO UMEIOT COOTBETCTBEHHO YaCTOTHL [, f5,eees [ s
Ceptudmkar: 12000002A633E3D113AD425FB50002000002A6 B
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JIerko «HCIIPABHTL» EBI@GPO‘]H}’IO AHCIICPCHIO TakK, yroOBI €€ MaTeMaTHYecKoe
OKHOaHHe OBLIO PaBHO FEHEpﬂHBHGﬁ AHCIICPCHH. ﬂGCTﬂTGH}IG A1 3TOI'O YMHOKIITD D ., Ha

n
IpoOk . CIenaB 3TO, ITOIYYHM HCIIPABIEHHYIO JHCIIEPCHIO, KOTOPYIO OOBIYHO 0003HAYAIOT
” I
5
yepesz §
k . k .
Z(Ii_‘fa)_ﬁ Z(Ii_‘fa)_ﬁ
> n n i i=1
S p— _Dg p— p— .

n—1 n—1 n n—1
HcrpaBiieHHas QUCIIEPCH S SBIIIETCS, HECMEIIEHHON OLIEHKOH I'eHePalIbHOH JHCIIEPCHH.
HMtak, B KayecTBe OIEHKH T€HEPaJIbHOH JHCIIEPCHH IIPHHHMAIOT HCIIPABIEHHYIO

S - %) f,

1=1

JHCIIEPCHIO §° = _
n—1

Kpome mucriepcHu A7 XapaKTePHCTHKH PacCesHHS 3HAYeHHH ITpH3HaKa BBHIOOPOYHOI
COBOKYITHOCTH BOKPYI CBOEIO CPEeJHEr0o 3HAYeHHS IONb3YIOTCS CBOJHOH XapaKTEePHCTHKOH —
CPEeIHHM KBaJpaTHYeCKHM OTKIOHEHHEM.

BEIOOpOYHBIM CpeJHHM KBaJpaTHYECKHM OTKIIOHEHHEM (CTaHAAPTHBIM) Ha3BIBAIOT

KBa/[PaTHBIIT KOpEHb U3 BEIOOPOUHOIT AHcIepeHi: O, = /D .

l[JIH OLCHKIT AKC CPCIHCIO KBAAPATHHUCCKOI'O OTKIIOHCHIA I‘EHEPHJ]LHGﬁ COBOKYITHOCTH
HCITOIIB3VIOT  «HCIIPpAaBIICHHOC)» CPCAHEC KBaJPaTHUCCKOS OTKIIOHCHIIC, KOTOPOE PdBHO
k

D (x, X)) f,
KBaIpaTHOMY KOPHIO H3 HCIIPaBIeHHO IHCIIEPCHH: § = \ = 1
n-—
k i k i
(x,—X)" f, 2 =X,
Bameuanie. CpaBHHBasS GOpMyIsl D = = ps® = = 1 , BHJIHM,
n n-

YTO OHH OTJIMYAFOTCS JIMIIb 3HAMeHaTeIsIMH. OYEBHIHO, IIPH JOCTATOYHO OONBINMX 3HAUYEHH X N
00BEMa BRIOOPKH BBRIOOPOYHAS M HCIIPABIIEHHAS QUCIIEPCHH pa3lIMYarorcs Mano. Ha mpakrtHke
ITOIB3YIOTCS UCIIPABIEHHOH JHCIIEPCHEH, eCIIH IIPHMePHO n<30.

IIpumep. Cpean CBHHOMATOK XO3SHCTBA OBIIO BEIOpaHO 04 CBHHOMATKH, JTAHHEIE II0
OITOpPOCaM CPEIH KOTOPBIX CIIEIVIOIIHE:

8:10:6;10;8;5;11:7,10;6:9,7:8,7,9:11,8,9; 10, 8,7, 8: 11, 8,7, 10; 8; 8 5; 11 8;
10; 12;7,5:7:9,7,10;5,8;9,7,12:8,9:6; 7,8, 7, 11; 8,6, 7, 9; 10.

OmnpenenuM cpefHee BBIOOPOYHOE YHCIO TIOpOCSAT B IToMeTaX 04 CBHHOMATOK H
BBIUHCIINM ITOKa3aTeJIM BapHaIlUH I 3TOH BEIOOPKH.

Pemnenne:

BriOopouHas cpeaHss YHCIa ITOPOCIT B OIIOPOCaAX:

X M—SQSIM—SQS
TN "

=
NOKYMEHT NOANMMCAH

SNEKTPOHHOW NOAMUCHIO
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k
—_ 2 o
Z (x; — X )"/ i
D, = = —218/64 =341,
n
BribopouHoe cpeiHee KBaApaTHYECKOE OTKIIOHEHHE YHCIIa IIOPOCAT B OITOPOcax:

O, = ‘\/53 =+/3,41 =1,85 nopocsr.

HCHPE]BHEHHHH ELI@DPD‘]HHH AHCIIEPCHA YHCIIa ITOPOCHAT.

5% = l]DS = 64/63%218 = 3,46
o

I/ICHPEIBHEHHGE CpcAHEC KBAAPATHYCCKOC OTKIIOHCHHE HHCIIA ITOPOCAT B OIIOPOCAX.

s=+/s? =346 =186 nopocsr

HMTak, HaMH HaHJEeHEI CIIEAVIOIHE TOUEYHBIE OL[EHKH 10 JaHHOH BEIOOPKE:

TOYeYHasd OIeHKa CpPeIHEro 4YHciaa IIOpOCIT B OIIOpocax IS TeHepalbHOH
COBOKYITHOCTH (TO €CTh IIO BCEMY XO3SICTBY): 8,25 IMOPOCHT;

TOYEeYHAasd OI[EHKAa CpPeIHEero KBaApaTHUYECKOI0 OTKIOHEHHS 4YHCIIAa IIOPOCAT B
reHEPaJIbHOH COBOKVITHOCTH: 1,80 ImmopocHr.

[Ipu BRIOOpKEe Marmoro oObEMa TOYEeYHAS OI[EHKAa MOJKET 3HAUNTEIBLHO OTIHYATLCH OT
OLIEHHMBAEMOI'0 IIapaMeTpa, T. €. IPHBOAUTHL K I'PyObIM ommoOkaMm. Ilo 3ToOH IpHYHHE ITPpH
HeOobIIOM  O00BEME  BEIOOPKH  CIeAYeT  IIOIB30BATHCS  HHTEPBAILHBIMH  OLIEHKAMH.

HHTEPEE[J]LHDﬁ HA3bIBAIOT OIICHKY, KOTOpPdd OIIPCACIHACTCA ABYMA HYHCIAMI — KOHITdAMH
HHICPBAJIA.

:.k
[TycTh HaiileHHas 10 JaHHBIM BBRIGOPKH CTATHCTHYECKAs XapaKTepHCTHKAa &  CIyKHT
OLIEHKOI HeM3BecTHOro Iapamerpa ® . Bymem cumrars ® mocrosHusmM uncioM (® Moxer

EH
OBITH M CIIy4ailHOIl BermnumHOI). SIcHO, uTo ® TeMm TouHee ompegenseT mmapamerp ® . yem

%
MEHBIIIE aO0COIMIOTHAS BeJIHYHHA Pa3HOCTH ‘@—@ . JIpyrumm cmoBamu, ecnu O >0 m

\@-@*

< (5: TO YHEM MCEHBIIIC (S:, TEeM OIlEHKa TOuYHee. TakKHM DﬁpﬂBDM, ITOIIOXKHTCIIEHOC

YHCIIO O XAPAKTCPH3YET TOUYHOCTE OIICHKIH.
OIHAaKO CTAaTHCTHYECKHE METOIBI HEe II03BOIISIFOT KaTCIOPHYCCKH VIBCPXKI4Tb, YHTO

#® :+c
oleHKa ®  yIOBIETBOPSET HEPABEHCTBY ‘@ —® |<0; MOKHO INIIF TOBOPHTb O
BEPOSTHOCTH ¥ , C KOTOPOH 3TO HEPABEHCTBO OCVYIIECTBIISIETCA.
EH
HagéxHocTpio (OBEPHTENLHOH BEPOATHOCTBIO) OLeHKH G 1o ®  HashBaroT

<O . OBBMYHO

#
BEPOATHOCTD }/:, C KOTOPOH OCVIICCTBIIACTCA HCPABCHCTBO ‘@ —®

HaJEKHOCTh OLIEHKH 3aa€Tcs HallepEN, IMPHYEM B KaueCTBE ) OepyT YHCIO, OIM3KOE K
equHHIe. Hanbomnee yacTo 3aqar0T HAAEKHOCTh, paBHYIO 0,95 0,99 1 0,999.

<O ,paBHa ¥ : P“@—@ﬂc iﬁ‘:}/*

#
[TycTh BEpOSTHOCTD TOTO, uTo (& — &)

B
3aMeHHB HepPaBEeHCTBO ‘@ — ® | <O paBHOCHIIBHBIM €My ABOITHEIM HEPABEHCTBOM

& s s
—0<B-0 <0, FTH ® —0<B<B® +0, HIMEEM
! !
OOKYMEHT NoOnmcAH
SNEKTPOHHOW NOANMCHIO
Ceptudbukar: 12000002A633E3D113AD425FB50002000002A6 ‘b TaK. BEPOATHOCTb TOI'O, HUTO HHTCPBAJI
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JloBEpUTEILHEIM HA3BIBAIOT HHTEPBAI (@J* — 0, ® +65 ), KOTOPBIH IMOKPHIBAET HEH3BECTHBII
TTapaMeTp C 3a{aHHOH HaJEKHOCTBIO ¥ .

JloBepuTe/ibHbIE HMHTEPBAJILI I OMEHKH MATEMATHYECKOr0 OXKMIAHHA
HOPMAJILHOTO pacnpeaejieHHs MPH H3BECTHOM O .

[IycThb KOINHYECTBEHHBIH TIIPH3HAK X TeHepalbHOH COBOKVIIHOCTH PacIpelelleH
HOPMAJIbHO, ITPHYEM CpeJHEe KBaIpaTHUECKOE OTKIIOHEHHE O 3TOr0 paclpelelIeHHSI H3BECTHO.
TpeGyeTcs OIleHHTh HEH3BECTHOE MaTeMaTHYeCKOe OKHIaHHe (¢ II0 BRIOOPOYHOH CpeJHEH X .

IlocTraBHM CBOeH 3agauyeH HAHTH JOBEPHTEIBHBIE HHTEPBAIBI, ITOKPBIBAIOIIHE ITapaMETP d C
HaJEKHOCTBIO ¥ .

Ecinu cydaiiHas BenmHynHa X paclpeleleHa HOPMaIbHO, TO BRIOOpOUHAs CperHst X ,
HaHIeHHas 110 He3aBHCHMBIM HaOMIOJeHHSM, TaKKe paclpelellcHa HOpMalbHO. IlapaMeTpsl

pPacIipcac/ICHHA X TaKOBHI:

M(X)=a, o(X)=—=

v
HPI]H_:IB BO BHHMAHHE, YTO IIO0O YCIOBHIO HaM 3d/ldHa BCPOATHOCTL )7, ITOIIYHdEM

CIIEAYIOIIYEO (POPMYIY (YTOOBI MOITYYHTL Padodyro (pOPMYITY, BEIOOPOYHYIO CPEIHIOI0 BHOBB
0003HAYHM YEpPe3 X )

[ !
Px-2 cacx+ 2 |=20,(1)=7.

I Jn

CMBICII ITOIIYHEHHOI'O COOTHOIICHIA TAKOB. C HaJEKHOCTBIO Y MOKHO YTBCPKIAATDh, 1TO

_ o _ 1o
JOBCPHTCIIBHBEIH HHTCPBAII X——, X+ — ITOKPBIBAET HEH3BECTHBIH IIapaMETp d .,

Vn n

o)
TOUHOCTE OIICHEIL o =——.

Jn
y

VKakeM eIlg, UTO YHCIIO ¢ Ompeiensercs u3 paBeHcTBa 2D (1) = ¥, wm D, (1) = —;

2

o TtaOmiile QyHkIpHM Jlamraca HaxXOAST apryMeHT f, KOTOPOMY COOTBETCTBYET 3HAUECHHE

¢yHx1mm Jlamnaca, paBHOE —.

2

HapgéxHocTh ;VZO:,QS YKa3bIBAET, UTO E€CIIH ITPOM3BEJEHO JOCTATOYHO OOIBIINOE YHCIIO

BBIOOPOK, TO 95% H3 HHX OIpejelsieT TaKHe JOBEPHTelIbHbIe HHTEPBAJIbI, B KOTOPBIX ITApaMeTP
IeHCTBHTEIBHO 3aKIIFOUEH, JIHIIb B 5 % CIIy4aeB OH MOJKET BBIHTH 3a TPAaHHILI JOBEPHTEILHOIO
HHTEpBaa.

JloBepHuTE/IbHBIE HHTEPBAJbI UIA OIEHKH MATEMATHYeCKOI0  OKHJAHHA
HOPMAJILHOTI'O pacnpeae/eHHs] IPH HEN3BECTHOM O

[TycTh KOMHYECTBEHHBIH TMpH3HAK X TeHEepalbHOH COBOKYIIHOCTH paclpeielIcéH
HOPMAJILHO, IIPHYEM CcpejlHee KBaJpaTHUYeCKOe OTKIIOHEHHEe O HEeH3BeCTHO. TpefyeTcsl OLIEHHTh
HEH3BECTHOE MaTeMaTHYeCKOe OXHJIaHHEe ¢ C IIOMOIIBI0 JOBEPHTEILHBIX HHTEPBAJIOB.
PasyMeeTcss, HEBO3MOXKHO BOCIIOIIB30BAThCSI pe3ylbTaTaMH IIPeABIAYINErO Itaparpada, B
KOTOPOM O IIPeIIONarajioch H3BECTHEIM.

OKa3pIBaeTCS, YTO IIO JAaHHBIM BBIOOPKH MOXKHO ITOCTPOHTH CIYYAaHHYIO BEITHYHHY

OOKYMEHT NnoanmncAH
SNEKTPOHHOW NoaArnnCbio - — . SNV :
Ceptuchukar:  12000002A633E3D113AD425FBS0002000002A6 [bIOJCHId € k n-1 crereH L GEG@G'M)I? SACCh
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X - ELI@GPG‘]HEIH CPCIOHAA, S — WHCIIPABJIICHHOC) CPEIHEC KBaJPATHHUCCKOS OTKIIOHCHIIC, N —

00BEM BEIOOPKH.
[Tomp3yace pacnipeaencHiueM CTBIOAEHTA, HAXOHM:
_ 1,8 _ LS
PlX ———<a<X+-— |=7.
AN AR
_ I:?, J..T _ I:?,LT
3HAYNT, JTOBEPHUTEIILHBII HHTEPBAI | X — , X + , TIOKPHIBAeT HEH3BECTHBII

Jn o An

IapaMeTp d ¢ HaJEXHOCTBIO ¥ .

IIpumep. CrnydaiiHas BelIMUHHA X — BEC IOIYTOJOBAIOrO IOPOCEHKa B XO3SHCTBE (TO
eCTh B TeHepaJlIbHOH COBOKYITHOCTH) - paclpejielleHa HopMallbHO. 1o BeIOOpKe 00béMa n = 16
HaH[eHbl BBRIOOpOUHAs cpemHsad x =20,2 KT M «HCIIPABIEHHOE» CPEIHEE KBaJpPaTHYECKOE
OTKIOHEHHE s=0,8 Kkr. OIIEHHThP HEH3BECTHOE MATEMATHYECKOE OXHUIAHHE IIPH ITOMOII
JOBEPHUTEIILHOIO HHTEpBAala ¢ HaJEKHOCTRIO 0,93,

Pemienne: Hangém 7, . [lomp3ysace Tadmmier, mo 9 =0,95 u n = 16 Haxommm [, =2,13.

HarngéM noBepHTEIIBHEBIE TPAHHIIBI:

I 13.

- 000 21308 9974k
Jn J16
I 8 13.

T2 000 2308 o0 66k

Vn V16

Hrak, ¢ HagéxHocThIO 0,95 HEH3BECTHBIH IApaMeTp ¢ 3aKIIOYEH B JOBEPHTEIILHOM
HaTepBaie 19,774<a <20,626 (k).

JloBepHTEIbHbIE HHTEPBAJIBI Il OIEHKH CPeAHero KBaApaTH4ecKoro oTKJIOHeHH A
O HOPMAJILHOIO pacnpene/ieHH s

[IyCcThb KONMHYEeCTBEHHEBIH IIPH3HAK X TeHEPAILHOH COBOKVIIHOCTH pacIpeleléH
HOpPMAIIbHO. TpeOyeTcs OIEHHTh HEH3BECTHOE TeHepallbHOe CpeldHee KBaJpaTHYECKOE
OTKJIOHEHHE O IIO <M CIIPABIEHHOMY» BEIOOPOYHOMY CPeJHEMY KBaAPaTHYECKOMY OTKIIOHEHHIO
S.

J{OBEPHTENBHBII HHTEPBANI, IIOKPBIBAIOIIHMH ITapaMeTp O C 3aJaHHOH HaJIEXKHOCTBIO ¥
HaXOJIST IT0 cIIeayroniei (popMyre:

s(l—qg)<o<s(1+q).

31eCh ITapaMeT]P ¢ OIPEAEIISIOT, IO 3VIOTCA TaOMHIIEH ITPHIIOKEHHS 2, a S HaXOIAIT 10

BEIOOPKE.
IIpumep. CoydaiiHasg BelIHUHHA X — BeC ITOIYTOJ0BAaJIOro IIOPOCeHKa B X03SHCTBE — (TO

eCTh B T'€HEpPaJIbHOH COBOKYIIHOCTH) pacIipelie]IEH HopManbHO. [lo BeIOOpKe 00BEMa n=25
HaHJICHO (JICIIPABIIEHHOE» CpegHee KBaJApaTHyecKoe OTKIOHeHHe s=0,8 kr. Hantu
JOBEPHTEILHEII HHTEPRAII, ITOKPHIBAIOIIHI I'eHepaIbHOE CpeHee KBaApaTHYECKOe OTKIIOHEHHE
O ¢ HaJ&XHOCThIO 0.95.

Pemienne: 11o Tabmmile mo gaHHbEIM 3 =0,95 1 n=25 HangéM q=0,32.

MICKOMBIN JOBEPHTEIBLHBIN HHTEPBAJI TAKOB!
0,8(1-0,32)X 0<0,8 1(1+0,32), mm

0,544< 0 <1,056 (xT).

1 NOKYMEHT MOAMNCAH PHMET BHJL

SNEKTPOHHOW NOAMUCLIO
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3axa4a 1. ITo JaHHBIM BbIOOPKH, YIOBJIETBOPAIONIE HOpMAIEHOMY 3aKOHY pacrp €/leJI€HHs, BbIYHCIIHT:
1) gqoBepHTENBHBI HHTEP Bal 1A MaTeMaTHYeCKOT0 OKHJIaHHA TPH JI0BEPHTEILHOH BepOSTHOCTH 7,
2) noBepHTENBHBIH HHTEP Bal /1A Cp eOHEro KBaJjpaTHUYECKOI0 OTKJIOHEHH 1A TOro Ke 3HauYeHHA .

A) 7=0.999

8.0 -1.1 13.5 10.0 2.4 4.1 20.0 12.4 13.4 48 7.8 0.0 109 13.7 6.6

B) 7= 0.95

31.6 34.9 46.9 42.8 36.0 26.2 28.6 48.5 27.7 45.8 32.0 41.2 39.8 33.1 36.3 53.5 43.9 35.8 32.9 34.4

B) y = 0.999
25.4 31.1 13.2 23.0 19.1 26.5 23.2 29.2 24.8 26.6 29.3 21.4 28.2 38.2 19.9 30.6 24.5 23.2.

3amaya 2. Ilo pgaHHBIM BBIOOPKH, VIOBJIETBOpAMINEl HOpMalbHOMY 3aKOHY paclIpefe/eHHA cO Cp eJHHM
KBaJIpaTHYECKHM OTKJIOHEHHEM 5 , BRIYHCIHTL JIOBEPHTENBHBIH HHTEpPBAJ A1 MAaTEMaTHUYECKOI0 OKHIAAHHA IPH
JIOBEPHTENBHOH BEPOATHOCTH 7.

s=7,7y=0.99

134 8.6 22.1 23 146 13.0 11.1 294 233 1.7 13.6 2.1 216 6.1 8.6 6.6 160 11.6 166 1.6 158
189 10.6 11.9 0.1 10.7 38 -3.6 154 79

4.5 17.7 10.8 19.6 18.5 155 93 21.7 6.6 10.5 104 8.2 16.0 22.6 205 11.6 23.2 230 95 11.3 149
199 134 139 19.5 19.8 21.0 3.2 14.0 19.1

179 8.6 11.2 162 139 16.2 17.1 7.7 12,5 2.7 16,5 20.2 155 145 56 165 123 99 119 176 6.6
203 9.7 13.2 174 5.1 13.0 233 6.8 9.8

15,5 162 184 9.2 57 109 88 74 162 99

Ilpakmuueckas paboma 16. Cmamucmuueckdsa npoeepKa 2UNomes.
Ilens: copMHpoOBaTh IIPeJCTAaBIEHHE O METOZAX M IPHHIHIIAX IIPOBEPKH

CTAaTHCTHYCCEIIX T'HITOTCS.
T eopemuuecKkan 4wiIcmas.

CTaTHCTHYECKOH HA3BIBAIOT THIIOTE3Y O BHJAE HEH3BECTHOIO paclpelelleHHsI, HIH O
ITapaMeTpaxX H3BECTHBIX pacIipelencHui. Hapsay ¢ BRIABHHYTOH TMIIOTE30H pacCMaTpHBAIOT H
IIPOTHBOPEYAIIYIO €H THITOTe3Y. ECIHM BRIABHHYTasI THIIOTe3a OyIeT OTBEPTHYTa, TO HMEET MECTO
IIPOTHBOPeYaIas ruroresa. [1o 3ToH IIpHYMHE 3TH THIIOTE3HI HENec000pa3HO pa3iIHyaTh.

HyneBoit (OCHOBHOIT) Ha3bIBalOT BBIBHHYTYIO rHItoresy 1 .

Konkypupyrorei (albTepHaTHBHOIN) Ha3bIBAIOT THIOTe3y [ |, KOTOpas IIPOTHBOPEUHT

HYJIEBOI.

BEIIBHHYTAS THIIOTE3a MOJKET OBITH TIPABHILHOH MM HEMPaBHIBHOH, IIO3TOMY
BO3HHKAET HEOOXOAHUMOCTE €€ ITPOBEPKH. [I0CKOIBKY IMPOBEPKY ITPOH3BOASAT CTATHCTHYECKHMHI
METOHAMH, €€ Ha3bIBAIOT CTATHCTHYECKOH. B HTOre cTaTHCTHYECKOH ITPOBEPKH THIIOTE3El B JBYX
CIIy4YasXx MOKET OBITH IPHHSTO HEMPAaBWIbHOE PEMIEHHE, T. €. MOT'YT OBITh JOITYINEHBI OIIMOKH
IBYX POJIOB.

OmmoKa IMepBOro pofa COCTOHMT B TOM, YTO OVJAET OTBEPrHYTa ITpaBHIIbHAS THIIOTE3a.
OrrndKa BTOPOro pojia COCTOHT B TOM, UTO OVAET ITPHHSITA HEITPABIUILHAS THIIOTE3A.

JIIIs TIPOBEPKH HYIIEBOH TMITOTE3BI HCIIOJIB3VIOT CIIEIHAIIBHO ITOJIOOPAaHHVIO CIIYYAHHVIO
BEIIMYHHY, TOYHOE MM ITPHONIKEHHOE pacIIpelie]IeHHe KOTOPOH H3BECTHO. OOO3HAYMM 53TV
BEIIHYHHY B IIEISIX 0OITHOCTH Yepe3 K .

Cmamucmuyeckum xpumeptem (JUIH IIPOCTO KPHTEPHEM) HAa3BIBAIOT CIIYYAHHYIO
BeIHYHHY K , KOTOpas CIIyKHT JJIS ITPOBEPKH HYIIEBOH ITHIIOTE3HI.

Ilocie BrRIOOpa OMpenelEHHOIO KPHTEPHS MHOKECTBO BCEX €0 BO3MOKHBIX 3HAYECHHH
pa30MBalOT Ha JBa HEIMEPECEKAIOIMMXCA ITOAMHOKECTBA. OIHO H3 HHX COMEPAUT 3HAUYCHHUSA

NOKYMEHT MoanmcAaH OTBEPIACTCA, a4 JPyradd — IIPH KOTOPbBIX OHa
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OOmacThi0 TMPHHITHA THITOTe3hl (00IacThIO JONMYCTHMBIX 3HAUEeHHI) Ha3BIBAIOT
COBOKVYITHOCTE 3HAUYEHHH KPHTEPHS, ITPH KOTOPBIX I'HITOTE3Y ITPHHHMAFOT.

OCHOBHOH ITPHHIIHIT ITPOBEPKH CTAaTHCTHYECKHX THIIOTE3 MOXKHO C(POPMYIHPOBaTh TaK:
eClIH HaOIroJacMoOe 3HAUeHHE KPHUTEPHS IIPHHAMIIEKHT KPHTHUYECKOH OOIACTH — THIIOTE3Y
OTBEPraroT, €CIIH HaOMOJacEMOE 3HAUEHNE KPUTEPHUS IPHHALJIEKHT OOJIACTH IIPHHSITHS THITOTE35I
— TUITOTE3Y IIPHHHMAFOT.

B obGmactu crarucTHki H GHOMETPHH B YaCTHOCTH ITPHMEHSIOT JBa BHIA CTaTHCTHYECKHX
KPHUTEPHEB. napamvempudeckiie, IIOCTPOEHHBIE HA OCHOBAHHH ITapaMeTPOB JTaHHOH COBOKYITHOCTH

(HarpHMep, X H §°y) H IIPEICTABILIOINNE (YHKIHH 5THX IIAaPaMETPOB, H Henapamempliyeckiie,
IIPeJICTABILIOIIHE COOOH (DYHKIMH, 3aBHCSIINHE HEIOCPEACTBEHHO OT BapHaHT JaHHOM
COBOKYIIHOCTH ¢ HX 4YacToTaMH. llepBBle ciayXaT I IIPOBEPKH THIIOTE3 O ITapaMeTpax
COBOKVYITHOCTEH, paclpelesseMbIX [0 HOPMAIbHOMY 3aKOHY, BTOpPble — IS IIPOBEPKH PabOUIX
THIIOTe3 HEe3aBHCHMO OT (OPMBI pacIpellelIeHHs COBOKYITHOCTEH, H3 KOTOPBIX B3STHI
CpaBHHBAaeMbIE BEIOOPKH. [ IpHMeHEHHE ITapaMeTPHYECKHX KPHTEPHER CBI3aHO ¢ HEOOXOMHMOCTBIO
BBIUNCIIEHHS BEIOOPOYHBIX XAPAKTEPHCTHK — CPeIHEH BEIIMUMHBI M IT0OKa3aTelled BapHalliH, TOria
KaK ITpH HCIIONb30BaHHH HellapaMeTPHUYECKHX KPHTEPHEB TaKas HEOOXOAHMOCTh OTIIaJ acT.
t-kpurepui CrbrogeHra (t-pacnpegeieHne). AHITOIICKHIT MareMaTHK B. I'occer
(meyaTaBIIMIiCSI MOJ IiceBAZOHHMMOM CThiOfeHT), B 1908 r. Hamen 3aKoH paclpelelIeHHS

X— U _ _

BeIHYHHBI { = ———=, B KOTOpPOI IeHepaJbHBII IMapaMeTp ¢ 3aMeHeH Ha ero BBIOOPOYHYIO
o/ \/H

XapaKTEPHCTHKY Sy, T. €. HAIlIETl 2aKOH pacnpeodenenis 3Ha4en il

X—

5/\/5’

OTKpBITEIH  CTBIOJIEHTOM M TEOPETHYECKH OOOCHOBaHHBIN P. @miuepoMm 3zaxoH (-
pacnpedeneris CIYAHUT OCHOBOH TaK Ha3bIBAEMOH TEOPHMH MaJIOH BBEIOOPKH, KOTOpas
XapaKTepH3YeT paclpelelieHHe BBIOOPOYHBIX CPeJHHMX B HOPMAaIbHO pacIIpedelIsroercs
COBOKYITHOCTH B 3aBHCHMOCTH OT OO0beMa BBIOOPKH. t-pacIpelelIeHHE 3aBHCHT TOIBKO OT
YHCIIa CTelNeHed CBOOOMARI k = n—1, IIpHYEM ¢ YBEIHYeHHEM 00beMa BEIOOPKH 71 [-pacIIpeiclIeHHE
OBICTPO NPHOIIMKAETCS K HOPMAIbHOMY ¢ ImapaMeTpaMi 4 = 0 H ¢ = 1 H yxe nipu n>30
HE OTJIIMYAETCS OT HErO. DTO BHIHO M3 TAaOIMIBI HIDKE, B KOT OPOH IIPHBEAEHBI TaOYIIMPOBAaHHEIE
3HAYECHHS f-PacIIpeeNIEHHI H HOPMAJIbHOT O paclpedelIcHHS 1S Pa3sHBIX 3HauUeHHIH 1.

I-_

HopMvupoBaHHoOe OTKJIOHEeHHE {
PacrmpeaeneHue
0,5 1.0 1.5 2,0 2.5 3,0 3.5

HopmarmbHoe 0,383 | 0,683 | 0,866 | 0,955 | 0.988 0,997 0,9995
CTBIOZEHTA ITPH 0,333 | 0,577 | 0,728 | 0,816 | 0,870 0,905 0,927

n=3

n=20 0.377 | 0.670 | 0.850 | 0,940 | 0,978 0,993 0,998

n =30 0,383 | 0,683 | 0.866 | 0.955 | 0.988 0,997 0,9995

NOKYMEHT MOanncAH
ANEKTPOHHOW noanuckio (HBad ApYI C JPYIOM [ABE HC34dBHCHMLIC
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MBI MOKEM HaHTH BEITHYHHEI ELI@GPG‘IHLIK CPCcAHHX H PAa3HOCTb MCKIAY HHMH X, — X, .,

KOTOPYIO 0G03HAaYHM d, TO eCTh X] — Ay = d.

H}"JIEEEIH T'HITOTE3a CBOJHTCH K IIPCAIIOIIONCHHIO, HYWTO Wy=i2, TO CCTb D=0.
KPHTEPHEM AL ITPOBEPKH Ho-rHmoressl CIIYHT OTHOIIICHIEC

_ d_(ﬂl _Juz)

L?{f

[

IJle { — IepeMeHHas BEJIMYHHA, CIEAYIOIAs -pacipeacieHH0 CThIOAEHTA ¢ YHCIIOM
CTEIIEHEH CBOOOXLI kK = n; +n2 — 2, a sp - onmOKa yKa3aHHOH Pa3sHOCTH, a n; H n2 - O0OBEMEI
TIEPBOH H BTOPOH BEIOOPOK COOTBETCTBEHHO.

Tak xak, corimacHO Ho-rwmorese, py=u2, TO (-KPHUTEPHI BRIPaXKacTCSd B BHAE OTHOIIEHIS
Pa3HOCTH BEIOOPOUYHBIX CPEAHHX K CBOEH OIIMMOKE, T. €.

Ho-rrmoTesy oOTBepraror, eclii (PaKTHYeCKH YCTaHOBJIEHHAS BeJIHYHHA [-KPHTEPHS
(obo3HaYaeMas f3) TPEB3OHAET WIM OKaKeTCS PaBHOH KPUTHUYECKOMY 3HAYEHHIO tip 3TOH
BEIIMYHHEI JUIS IIPHHATOr O YPOBHS 3HAYHMOCTH @ H YHCIIa cTelleHeH CBOOOABI k = ny +n2 — 2, T.

e. IIPH YCIIOBHHU g = tip.
OmuOKy pPazHOCTH CPeHHX Sp OMPeAesIIOT 110 (popMyIIe:

> =x) 42 (=) (i +m,

Sp
\ n+n,—?2 nn,

IIpumep. M3yyanu BiansHue KobaakTa Ha MaccCy Tella KPOIHKOB. OIBIT IIPOBOMIUIH Ha
IBYX TIPYIOIaX JKHBOTHBIX. OIBITHOM H KOHTPOJBHOH. DBBIIIH HCCIEAOBAHBI KPOIHKH B
BO3pacTe OT IIONYTOpa A0 ABYX MecsaieB, MaccoH Tena 500—600 r. OmeIT mpomoixKaincs
rmonropa Mecsia. JKHBOTHRIX OOeHMX TPVIIIT COJAEpKaIH HAa OJHOM H TOM K& KOPMOBOM
parfHioHe. OJHAKO OINBITHHEIE KPOIHKH B OTIHYHE OT KOHTPOIBHBIX €XKEIHEBHO IIOIYYalIH
n00aBKY K pallHOHY B BHJIe BOAHOro pacreopa 1o 0,06 r xmopuctoro xkodampTra Ha 1 Kr
KHBOI MacCHI Tela. 3a BpeMs OIbITa JKHBOTHBIE TN CIIEAVIOIHE NMTPHOABKH KHBOH MAaCCHI
Tela:

IIpuBecCEL, T OTKIIOHEHHS OT cpeiHeH  |KBajapaThl OTKIIOHEHHI
apH(MeTHIECKOH
OIIBIT KOHTPOJIb OIIBIT KOHTPOJIb OIIBIT KOHTPOJIb
(x, = x,) (x, - x,) (x,—x) | (x,—x,)
580 504 38 22 3364 484
692 560 54 34 2916 1156
700 420 62 106 3844 11236
621 600 17 74 289 5476
640 580 2 34 2 2916
561 530 77 2 3929 16
680 490 42 36 1764 1296
630 580 8 54 64 2916
A70) 56 q 3136
NOKYMEHT NOANMUCAH
ANEKTPOHHOWM NMNOANUCHIO
CepTudpukar: —12000002A633E3D113AD425FB50002000002A6 —
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X, =638 x, =526 — — Y. =46806

CpenHue apH(pMeTHYECKHE IIPHBECOB:

B ombITe x;, =35104/8= 638 T,

B KOHTPOIIE ;3:47343’9 = 526 r. PasHuia E—Z:d = 112 r. YTOO6H

YCTAHOBHTE, AOCTOBCPHA HIIH CH}"‘IEIIUIHH aTa Pa3HHI4d, HYMXHO OIIPEACIIHTDb GH.[H@I{}"
Pd3HOCTH CPCAHIX:

g, = | 20800 (349 m3ce_27.14
8+9-2 { 89

Otcroma ty = 112/27,14=4,1.

[Io TaGmmaie s ypoBHA 3HAUYHNMOCTH a = (0,01 u 4mciaa crerneHeil CBOOOIBI k = 9+8—2=
15 HaxommM tip, = 2,95, Tak kak f3 > tip, HYJIEBas THIIOTE3a OMPOBEPracTCs Ha BLEICOKOM
ypoBHe 3HauHMocTH (P<0,01). PasHuia MeXIy CpeIHHMH BeIHYHHAaMH OIIBITa H
KOHTPOJIS OKa3alach B BBRICIIEH CTENEHH JOCTOBEPHOM.

[IpaBHIIEHOE TIPHMEHEHHE ITapaMeTPHYECKHX KPHTEPHEB IS IMPOBEPKH CTATHCTHYECKHIX
THIIOTE3 OCHOBAHO Ha IPEMIONOKEHHH O HOPMAIbHOM PacHpelielIeHHH COBOKYITHOCTEH, H3
KOTOPBIX B3STHl CpaBHHBaeMbIe BRIOOPKH. OMHAKO 3TO HE BCEr[a HMEET MECTO, TaK KaK He BCE
OHMOIIOTHYECKHE ITPH3HAKH PaCIIPENEIsSIOTCS HOopMalbHO. HeMamopaKHBIM SBIISIETCS H TO
OOCTOSTENILCTBO, UTO HCCIEAOBATENI0 TMNPHXOAHUTCS HMETh JEI0 He TOIBKO C
KOJIHYeCTBEHHBIMH, HO H C KaUeCTBEHHBIMH ITPH3HAKAMH, MHOTHE H3 KOTOPBIX BHIPAKAIOTCS
TTOPSAKOBBIMH HOMEpPaMH, HHAEKCAMH H IPYTHMH VCIOBHBIMH 3HaKaMH. B TakHX cCIy4yasx
He0OXOIHMMO HCITONIb30BATh Henapamvenpiideckiie KpLumepLil.

M3BecTeH LIENBIN Ppsg HellapaMETPHYECKIX KPHIEPHEB, CPEIH KOTOPBIX BHIHOE MECTO
3aHHMAIOT TaK Ha3bIBacMBIE paHzoevle Kpumepial, TIPHMeHEHHE KOTOPBIX OCHOBAaHO Ha
PAHKHPOBAHHH WIEHOB CpaBHHBAaeMBIX I'PVII. [IpH STOM cpaBHHBAIOTCA He caMH IO cele
YJIEHBl PaHKHPOBAHHBIX PSAOB, a HX ITOPSAKOBBIE HOMEPA, HIIM paHIH. J[alee MBI pacCMOTPHM
HEKOTOPEIE HElNMapaMeTpHYECKHe KPUTEPHH, IIPHMEHIeMbIe IJIS MIPOBEPKH HYIIEBOH THIIOTE3BI
IIPH CpaBHEHHH KaK HE3aBHCHMBIX, TaK M 3aBHCHMBIX BEIOOPOYHEIX I'PVIIIL.

U . Kpurepuid YWwikoxkcoHa (ManHa—Yuram). [momoresy o IpHHaAIIeKHOCTH
CpaBHHBAa&eMBIX HE3aBHCHMEIX BHIOOPOK K OJHOI M TOH K& IeHepalbHOH COBOKYITHOCTH HIIH K
COBOKYITHOCTSIM C OJHHAKOBBIMH ITapaMeTpaMI, T. €. Ho-THIToTe3Yy, MOKHO ITPOBEPHTH C ITOMOIIB IO
panzoeozo kpumepus Yunxkoxcona (Manna—Yummnu).

Jis pacueTa U -KpPHTEPHI HEOOXOTHMO:
1. PacmonmoXuTh YHCIIOBEIE 3HAaYeHHS CPaBHHBAeMBIX BEIOOPOK B BO3PacTalomeM
IOpsAAKE B OAHH OOIHH PSI H IIPOHYMEPOBATh WIEHHI OOHIEro psgga oOT 1 1o

N = n, +1N,. (3t HoMepa H OYAYT «PaHTaMH» YIIEHOB psAza.)
2. OTHenpHO OIS KaXI0H BEIOOPKH HAaHTH CYMMEL PAHTOB H OIPEAETHTEH BEIIHYIHEI,

n(n, +1)

NG
H

n,(n, +1)
U,=R, ————
NIOKYMEHT MOANVCAH 2
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3. B kadecrtBe U -KPHTEPHA HCIIOJIb30BdTh MCHBIIIVIO BCIIHYHHY Ugb ., KOTODPYIO
CPABHHTE C TaOIMHYHBIM 3HaUYeHHEM Ukp Y CIIOBHEM TSI COXpPaHCHITA T[pIH—[HTGﬁ Ho-rHImoressl

CITY’KHT HEPaBEHCTBO U b > U kp . KPHTHYECKHE TOYKH U -xputepus U, mng n;, nz u

IIPHHHMAaEeMOI' 0 YPOBHS 3HAYHMOCTH « cojllepKarcsa B Tabnuie 3 IIpiioxeHHs.

IIpumep. Ha aByx rpymmax 1a0OpaTOpPHBIX MBINIEH — OIIBITHOH (r; = 9) H
KOHTPOIBHON (712 11) — u3y4yajaM BO3JAEHCTBHE Ha OpPraHH3M HOBOIO IIpelapara.
McnpiTaHue ImpoaoiKainock OOHH Mecsll. Ilocie 3Toro Macca Tena KHBOTHBIX, BEIpakeHHa s
B I'PaMMax, BapbHpOBalla CIEeIVIOIIHM 00pa3oM:

B oneiTHOM rpyine 80, 76, 75, 64, 70, 68, 72, 79, &83.

B xoutponpHoH rpymre 70,78, 60, 80, 62, 68, 73, 60, 71, 66, 69.

Berumcnnm 1mo BeroopkaMm: A =74,1 u X, =68,8.

[IpoBepHM C ITOMOIIBIO U -KpHTEPHSL, SBISETCS TH Pa3HOCTh B Macce Tela MeXKay
OIIBITHOH H KOHTPOIBHOH I'PYIIIIAMH MBIIIEH CTaTHCTHYECKH JOCTOBEPHOH.

CYMMHPYS PaHTH OTAEINbHO I KaXKIOH I'PYIIIBI, HAXOJHM:

Ri=44+6+9+12+14+15+17+19+20=112;

Ro= 14243+5+7+8+10+11+13+16+18=94,

[TomcTaBIsgeM 3TH JaHHBIEe B (DOPMYIIHL:

Ulzllz—gzﬁ”i; U3:94—“212:

22

MeHpIyIo BelmmuuHy U2 = 22 cpaBHHBaeM ¢ TaOIMYHBIM U,a;p 3HAYEHHEM I n;=9,
ny=11 U YpOBHA 3HAUYUMOCTH a=0,01, KOTOpOE paBHO U,cq;.- =109.

[Tockonbky U i) sU kp, OTBEPTHYIb  IIpoBepseMyro  Ho-THmoresy  Hemb3s

ClemoBaTelbHO, pa3IHuHsg, HaOIrogacMble MeXKIY STHMH BBIOOPKaMH, CTaTHCTHYECKH
HENOCTOBEPHEL. BRIOOPKH HE HMEIOT 3HAUMMBIX OT JIYHIA.

Kpurepun 3HakoB z. B Tex cioyyasx, Korga pe3yiabTaThl HaOIIOIeHHH
BRIPaXaOTCSI HE YHCIAaMH, a KaueCTBEHHBIMH IIpH3HAKaMH, IIPHHHMAIOIUMH IBa
pPa3lIHYHBIX 3HayYeHHA (IToMedaeM HX 3HaKaMH IIIoc (+) H MHHYC (—)), pa3IHyHAg
MEKAY TOMAPHO CBS3AHHBIMH YJIEHAMH CPaBHHBAEMBIX BBEIOOPOK OIEHHBAIOT C ITOMOIIBIO
kpumepus 3Haxkoe z. KOHCTPYKIHS 3TOro KpHTepHSA OasHpPYeTCs Ha BecbMa ITPOCTBIX
COOOp@KEHMSX. €CIM IIONAPHO CpaBHHBAacMBIE 3HAYEHHSI JBYX 3aBHCHMBIX BEIOOPOK
CYIIECTBEHHO HE OTIHYAIOTCI APYT OT APYra, TO YHCIIO IIIOCOBBIX H MHHYCOBBIX Pa3sHOCTEH
OKaKeTCS COBEPIINEHHO OAMHAKOBBIM, €CIIH K& 3aMETHO IPeo0IaJaroT IIIFOCHI HIH MHHYCEL, 3TO
OyJeT yKasblBaTh Ha IIOJIOKHTEIIbHOE HIIM OTPHI[aTelIbHOEe AeHCTBHE H3ydaeMOoro (pakTropa Ha
PEe3VIIbTAaTHBHBIN TIPH3HAK. boOjbIlllee YHCIIO OJHO3HAUHBIX PasHOCTEH CIVAKHT B KadecTBE
(paKTHYECKH HaHJACHHOH BEIMYHHBI Z-KpPHTEPHS 3HAKOB. [IpH 3TOM HYyIIeBBIE Pa3HOCTH, T. €.
CIIydal, He JaBIIME HH IIOJIOKHTEIILHOIO, HH OTPHI[ATeIIBbHOr0 pe3yiabTaTra, 0003HadaeMBIE
nudporn 0, B pacyeT He IPHHHMAIOT H YHCIO ITAPHBIX HaOMIOJEHHH COOTBETCTBEHHO
YMEHBIIAETCSL.

Kak M BCIKHH JApPYrOoH BBEIOOPOYHBIH IIOKa3aTellb, Z-KPHTEPHH 3HAKOB SBJISETCS
BEIIHYMHOMN CIIVYAHHOIN, OH CIVKHUT IS IMPOBEPKH Ho-THIIOTE3HI, T. €. IIPEAIIONOXKEHHUS O

AOKYMEHT T1OATNNCAH CDABHHBAEMBIE BEIGOPKH. HMEIOT OMIMHAKOBEIE

SNEKTPOHHOWM NOANUCHIO P - PKIL, At
Ceprudhukar: 12000002A633E3D113AD425FB50002000002A6 acTCia, CCIINH Zg = Zkp AJIA IIPHHATOI'O YPOBHA
Bnapenel: |1 /lle6ayxosa TaTeaHa AneKcaHaposHa B3SATEIX O€3 HYJIEBBIX pa3HOCTeH. KpHTHUYECKHE
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TOUKH Zip OIS ABYX YPOBHEH 3HAUMMOCThL M YHCIA IMapHBIX HAOIMIOJAEHUII COAEpKarcs B
TaOJIHIE.

Bonpocet u 3a0 auu:

1. Jlma u3yuyeHHsS >(Q(EeKTHBHOCTH HOBOIO IIpelapaTra Kejie3a OBIIH BBIOPAaHBL JBE
TPVIINIEL MMAIlHEHTOB C aHEMHeH. B IepBOH TI'pPVINIe MalfHeHTH B TeUeHHE ABYX HEIElb
ITOJIYYalIH HOBHIH ITpelapaT, a BO BTOPOH rpymie - nmoiayuanu rmanebo. Ilocme atoro
OBIJIO ITPOBEJEHO H3MEpPeHHe YPOBHSA TreMorjioOHHa B IepH}epHYecKOH KpoBH. B
IIEPBOH T'PYIIE CPpeJHHH YPOBEHb reMor100HHa cocTaBHI 115,4+1,2 1/11, a BO BTOPOH -
103,7£2,3 r/n (maHHBIe TIpeJAcTaBIeHBI B  ¢opmaTre M+m), CcpaBHHBaeMEIE
COBOKVITHOCTH HMEIOT HOPMAJILHOE pacrnpeaeiaeHHe. [IpH 3TOM UYHCIEHHOCTL IIEPBOH
TPYIIIEL cocTaBuiia 34, a Bropon - 40 mamueHTOB. HeoOXoaMMo caenars BBIBOJ O
CTAaTHCTHYECKOH 3HAYHMOCTH ITOINYYEHHBIX Pa3JIHYHH H 53PQEKTHBHOCTH HOBOTO

IIpCIldpaTad KCJIC34a.

2. Tlocne mpoBeJeHHA BaKLHHAL[HH OT TPHIIIA cpeJH CcTyJeHTOB MeJHLIHHCKOT0 YHHBepcHTeTa OBIJIH
roaBeqeHbpl pe3yabTaThl: H3 500 BakIHHHpPOBaHHBIX B IIepHOJ] 3MHAeMHH 3abonenH rpuHmnroMm 20
yenoBek, H3 1600 oTkazaBmHXcd OT BakKLHMHalHH rpHrmnoM 3abonenH 200 uyenoBek. OLjeHHTe

3((PEeKTHBHOCTh BaKI[HHALIHH OT TPHIIIIA.

3. VyeOHoOH YacThio OoOHOH H3 Kadegp MeJHLIHHCKOI0 YHHBEPCHTETA OBLIIO MPOBEJEHO HCCJIeJOBaHHE
YCIMEBAEMOCTH CTYJAEHTOB B 3aBHCHMOCTH OT IIOCEMaeMOCTH NeKILHH. /InA CcTYJOEHTOB, I0CETHBIIHX
MEHEE MOJIOBHHBI JIEKLIHOHHOTO Kypca (n=36), cpeaHAa olleHKa Ha 3K3aMeHe cocTaBuna 3,2, ¢1=0,2.
11 ¢cTYZeHTOB, NMoceTHBIMHX Oomee 90% nekiyii nmo npeaMmeTty (n=150), cpenHas olleHKa Ha 3K3aMeHe
cocTaBHla 4,5, ¢°=0,5.ChgenaiiTe BbIBOJ O JOCTOBEPHOCTH pa3JHYHH yCIIEBAEMOCTH CTYJEHTOB B
3aBHCHMOCTH OT I10C €IaeéMOCTH JIEKIL[HH IT0 IIp EqMETY .

4. Pe3ybTarhl TECTHPOBAHM A 110 30-0aJIbHOM IIKale A1 IPYIOIEL X H IPVYIIILL Y IIPEeICTaBIIEHE]
B TaOmmile. CpaBHHTE 3P(PeKTHBHOCTh JIBYX MeTOJ0B OOYUeHHSI CTYASHTOB B JBYX I'PYIIIAX IS
YPOBHS CTaTHCTHYECKOH 3HAYHMOCTH [3 = 5%.

X 18 10 7 15 14 11 13
Y 15 20 10 8 16 10 19 7 15 14 129
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| MHauBHAYanbHEIE 3aJaHHS 110 BRICIIEH MareMaTHKe. YacTth 1. JIMHeHHAas H BeKTOpHasd
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nepeMeHHOH: yueOHoe mocoOne / A. II. Paoymko, B. B. Bapxaro, B. B. Jlepxasen, 1. E.
IOpyTe, nox penaxkigie A. II. PaOyinko. — MuHck: Beimsrimmnas mkomna, 2013, — 304 ¢. —
Pesxxyv goctyma: http://www .1prbookshop.1u/20266.html.

2 MHpuBHIyanbHEIE 3aJIaHHS I10 BREICIIEH MaTeMarHke. YacTe 2. KOMIIIEKCHEIE YHCIIA.
HeorpegeneHHple M OIpeAelleHHble HHTerpamsl. @OVYHKIMH HECKOIBKHX IIepPeMEHHBIX.
OOBIKHOBeHHBIE AH((epeHIHMalbHbIE YpaBHEHHS. yueOHoe mocobne / A. II. Paoymko, B. B.
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Coaep:ranue

BreneHne

JIadoparopHaa padora Nel. JlelicTBHS HaJ MaTpHI[aMH. BrIumciaeHHe paHTra
MaTpHILI. BRIYHCIIEHHE ONpeelMTelleH pas3lIoKeHHeM II0 3IIeMEHTaM CTPOKH
(ctonOrra). OOpaTHas MaTpHIIA.

JIabopaTtopnana padora No2. PemneHHe HeBBIPOXKJIEHHBIX CHCTEM JIHHEHHBIX
YpaBHEHHH MeTOAOM Kpamepa, MeETOZOM OOpatTHOH MaTpPHIIBEL. PellleHHe CHCTEM
JTHHENHBIX YpaBHEHH MeTOI0M ['aycca.

JIaGopaTropnasa padora Ne3. JIuHelHbIe onepalliHd HaJl BeKTopaMH. PasinokeHHe
BEKTOpa 110 OpTaM KOOPAHHATHBIX OCEH. /|efICTBHSI HaJ BEKTOPAMH, 3aaHHBIMI
ITPOeKIMSIMH. CKaIISIpPHOE, BEKTOPHOE H CMEIIAHHOE ITPOH3BEIEHIS BEKTOPOB.
JIadoparopHas padora Ne4. [Ipsvas IHII Ha ITIOCKOCTH: YPaBHEHHE ITPSMOI C
VTTIOBEIM KO3((HIIEHTOM, OOIIee YypaBHEHHE IIPSAMOH;, YpaBHEHHE IIPSMOI,
ITPOXOMAIIEN Yepes JaHHVIO TOUKY B JaHHOM HaIllpaBIIeHHH, YPaBHEHHE IIPSIMOH,
ITPOXOMAIIEN Uepe3 JBE JMaHHBIE TOYKH, YPaBHEHHE IIPSIMOH B OTpe3KaxX. YT Ol
MEKIY ABYMS IIPSMBIMH. Y CIIOBHS IMAPAJUIEIIBHOCTH U IIEPIIEHIUKYIIIPHOCTH IBYX
IPSIMBIX. PacCTOSIHHE OT TOYKH JIO ITPSIMOI.

JIabopaTtopHaa padora NeS. OxpyxHocTh. Omrmric. ['mmep6oma. IlapaGomna.
OOI11ee YpaBHEHHE JIHHHH BTOPOT'O ITOPSIKA.

JIabopaTtopnaa padora Ne6. OOmee ypaBHeHHE IIIIOCKOCTH. YpaBHEHHE
IIOCKOCTH B OTpe3Kax. HopmarmbHOe ypaBHEHHE TUIOCKOCTH. PaccTOSIHHE OT TOUKH
0 IUIOCKOCTH. YTOI MEXKAY JABYMS IUIOCKOCTSMH. Y CIIOBHS IApPaUIEIbHOCTH H
TIEPIIEHANKYIIIPHOCTH IBYX IITIOCKOCT M.

JIabopaTropnana padora Ne7. [Ipsvas miuHHA B IpocTpaHcTBe. [lapaMeTpHyeckie
H KAHOHHYECKHE YPaBHEHH A IIPSMOH. YPaBHEHHS IIPSAMOH, IIPOXOASIIEH Yepes3 IBE
TOUKH. OOIIHEe YpaBHEHHS IMPSMOH. YTOI MEXAY ABYMSI IPSAMBIMH. PaccTosHHE
OT TOYKH OO NpSMOH. Kparyaiiiee pacCTOSHHE MEXKAY ABYMS IIPSIMBIMI. YTOI
MEKIY MPSMOH H TUIOCKOCTEIO.

JIadopaTropnas padora Ne8. I[pon3BoIHEIE HEKOTOPBIX 3l1eMeHTAPHBIX (DYHKI[HIA.
OcHOBHBIE TIpaBWIa JH(P(epeHIHpoBaHHS. J[H(p]epeHIIHpOBaHHE CIIOKHOH H
OOpaTHOH (PYHKIIHIA.

JIabopaTtopnaa padora Ne9. BospacTranne u yOBIBaHHEe (PYHKI[HI. OKCTpPeMyM
¢yHKIHH. BreimmyknocTs rpadmka  (QyHKIHH. TodykH Iiepern®a. ACHMIITOTEI

rpa(pHKa () YHKI[HH.
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