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BBE/IEHHUE

1. Iesb H 323290 H3Y4YeHH A THCIHILIHHDI

[lenp mucipomummHEL: (QopMHpoBaHHEe HaOopa OOIIENpo()eCCHOHAIBHBIX KOMIIETECHIIHI
0akanagpa I10 HallpaBJIeHHIO ITOATOTOBKH 13.03.02 DJuieKTpodHeprer ika H JIEKTPOTEXHHKA.

3agayd OCBOEHHS JIHCIHIUINHBL. (POPMHPOBAHHE IIPEJCTABICHHI O POIH H MeCTe
MaTeMaTHKH B COBPEMEHHOM MHpe, 53Tallax PasBUTHS, YHHBEPCAIBPHOCTH €€ IIOHATHH H
NIpeICTaBIeHHH, (POPMHPOBAHHE YMEHHH KOHCTPYHPOBAaHHS H aHaJH3a MaTeMaTHYeCKHX
MoJienell 00BbeKTOB, CHCTEM H MPOI[ECCOB ITPH PEHISHHH 3aJay, CBI3aHHBIX CO cepoil OyayIIei
Npo(eCCHOHAIBHON JIeATeIbHOCTH, OBJIAJIeHHEe HAaBBIKAMH TOYHOI'O H CXKATOrO BBIPAKEHHS
MaTeMaTHYeCKOH MBICIH B YCTHOM H IMMCBMEHHOM H3JIOKEHHH, C HCIIOIb30BAaHHEM
COOTBETCTBVYIOIIEN CHMBOJIHKI.

B pesyJibTatTe 0CBOCHNA JHCOHILIHHBI CTYACHT bl 10JIKHbI.

3HATD: OCHOBHBIE IIOHATHS ~ AHAIHTHYECKOH  TI€OMETPHH, JIHHEHHOH arreOpeI,
TH(epeHIHAIPHOTO H HHTETPAIIbHOIO HCYHCIeHHS (PYHKIHMH OJHOH IIepeMeHHOH, TEeOpPHH
(PYHKIIHH HECKOJBKHX IIePeMEHHBIX, TECOPHH (QYHKIHMH KOMIUIEKCHOI'O IIePEMEHHOIO, TEOPHH
PSIOB, TeopHH AU} PepeHIHATLHEIX YpPaBHEHHI, TEOPHH BepPOSTHOCTEH M MaTeMaTHYeCKOH
CTATHCTHKH, YHCIIEHHBIX METOJIOB.

Ymerb: 3(pQeKTHBHO HCIIOIB30BaTh METOJBI aHATHTHYECKOH I'eOMETPHH, ITHHEHHOH anreOpsl,
TH(epeHIHAIPHOTO H HHTETPAIIbHOIO HCYHCIeHHS (PYHKIHMH OJHOH IIepeMeHHOH, TEeOpPHH
(PYHKIIHH HECKOIBKHX II€PeMEHHBIX, TEOPHH (PYHKIHII KOMIUIEKCHOIO IIePEMEHHOI0, TEOPHH
PSIOB, TeopHH AU} PepeHIHATLHEIX YPaBHEHHI, TEOPHH BEPOSTHOCTEH H MaTeMaTH4YeCKOH
CTaTHCTHKH, YHCIEHHBIX METOJOB. IIPH PellleHHH 3ajady, CBS3aHHBIX CO C(epoi
IIpo)eCCHOHATIBHOH JAeSITeIbHOCTH.

BJuiajerb: HaBBRIKaMH HCITOIIB30BAaHH S METOL0B aHAJIMTHYECKOH TeOMETPHH, THHEHHON alre0psl,
TH(depeHIAaTbHOTO H HHTETPAIbHOIO HCYHCIEHHS (PYHKILHH OJHOH IIepeMEHHOH, TEOpPHH
(PYHKIITHH HECKOIIBKHX IIePeMEHHBIX, TEOPHH (PYHKI[HI KOMIUIEKCHOTO IEPEMEHHOI0, TeOPHH
PSIOB, TeOpHH IH(]pPepeHIHAIbHEIX YpPaBHEHHIH, TEOPHH BepOSTHOCTEH H MaTeMaTHYeCKOH
CTaTHCTHKH, 4YHCIIEHHBIX METOAOB IIPH PpelleHHH 3aJay, CBSI3aHHBIX CO Cc(epoi
IIpo)eCCHOHATIBHOH JeSITeIbHOCTH.

2. ObopyaoBaHNe H MATEPHAIBI

HpﬂI{TH‘IECI{HE pﬂﬁDTLI 10 JHCIHIUIHHE «MareMaTHKa» IIPOBOAATCA B KOMIIBIOTCPHOM
KJIIaccc C MYIIbTHMCIHaA Gﬁﬂp}fﬂﬂEﬂHHEMZ ITPOCKTOP., KOMIIBHOTCP., S3KPaH HACTEeHHBIH.

3. HamMeHoBaHHeE NPAKT HIECKHX PadoOT

Ne HanMeHOBaHHE TeM JUCIHHILIHHBI, HX KpaTKoOe Oodobem N3 Hux
Tem coJepKaHue YacoB NPaKTHYeCKas
bl IMOAroT 0BKAa, 4acoB
JHCI]
HILIN
HbI
1 cemecTp
I _ﬂ_eﬁmmrg HTFI[E[,HI'I L%Tﬁ]mr_amr_ BrIunclieHHe paHra 1.5 1.5
an'[rls?rrr{mHHnﬂ NOANMMUCHIO - PasIIOKCHIEM
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MaTpuipl. PellleHHe CHCTEM JIMHEHHBIX VpaBHEHII
METOIOM ['aycca.

3 JIMHeHHEBIEe OIlepal[i Haja BeKTopaMH. PasiokeHue
BEKTOpa II0 OpTaM KOOPAHHATHBIX OCeH. JleHCTBHSI
HaJl BEKTOPaMH, 3aJaHHBIMH ITpOeKIHIMH. CKalIsIpHOE,
BEKTOPHOE H CMEIIIAHHOE ITPOH3BEIEHHS BEKTOPOB.

1,5

1,5

4 [IpsiMast THMHMS Ha IIOCKOCTH. VPaBHEHHE TIPSMOH C
VTIIOBEIM  Koa(pduipieHTOM, 00IMee  ypaBHEHHeE
IIPSIMOH, VYPaBHEHHE IIPSAMOH, IIPOXOMAIIEH Yepes
TAaHHYIO TOYKY B JAaHHOM HaIlpaBIIeHHH, YpaBHEHHE
IIPSMOM, IIPOXOMSIINEH Yepe3 JIBE JaHHBIE TOYKI,
VpaBHEHHE IIPAMOH B OTPE3KaxX. YTOII MEXKIAY ABYMS
TTPSIMBIMH. YcaoBHs Iapavie/IbHOCTH H
MEPIIEHAHKYIISIPHOCTH JIBYX IIPSAMBIX. PaccrogHme or
TOYKH IO ITPSIMOH.

1,5

1,5

2 OKpyKHOCTh. OmmrIic. ['urnepoomna. Ilapadoma. OOmiee
yYpaBHEHHE JIMHHII BTOPOrO ITOPSAKA.

1.5

1,5

5 OOI11ee ypaBHEHHE TUIOCKOCTH. Y PaBHEHHE TUIOCKOCTH
B OTpe3kax. HopmampbHOe VypaBHEHHE IUIOCKOCTH.
PaccTossHHE OT TOYKHM JO IUIOCKOCTH. YTOII MEXKIY
IBYMS IUIOCKOCTSMI. Y CIIOBHS ITApPajUIelIbHOCTH H
MEPITEHIHK VISIPHOCTH ABYX INIOCKOCTEHN.

1,5

1,5

5 [IpsiMast mHHS B IIpocTpaHCcTBe. [lapameTpHyecKHe H
KAaHOHHYECKHE  VYPaBHEHHSA IIPSIMOH.  YpPaBHEHHSA
IIPSIMOH, IIPOXOMIIEH dYepe3 [aBe TOYKH. OOImgie
YPaBHEHHS IIPSIMOH. YTOJI MeEXIAY ABYMS ITPSMBIMH.
PaccTosHHE OT TOYKH [0 IIpsaMOH. Kparuyariiiee
PACCTOSIHHE MEXKAY JIBYMS TNPSAMBIMH. YTOI MEXKIY
ITPSIMOH U IIIOCKOCTBIO.

1,5

1,5

8 [Ipon3BomHEIE HEKOTOPBIX BJIEMEHTAPHBIX (DYHKI[HIL.
OCHOBHEBIE IIpaBIUIa ITH} pepeHIHP OBAHHS.
JIluddepeHiupopanie  CIOKHOH H  0OpaTHOH

() YHKITHIA.

1,5

1,5

9 Bospacranne H yObIBaHHE (QYHKIHI. OKCTpPeMyM

QyHKIHH. BHRINYKIOCTh Tpaduka (PyHKIHH. TouykH
Teperuba. ACHMIITOTH I'papHKa (yHKIIHI.

1.5

1,5

10 TaOmiiia OCHOBHBIX HEOITPECACIICHHBIX HHICI PAJIOB.
HPGCTEﬁHﬂIE CBOHCTBa HCOIIPECACIICHHOI'O HHTCI'PAJIA.
HEHGEI}EI[GTEEHHGE HHTCI'PHPOBAHIIC.

1,5

1,5

11 3aMeHa IIepeMeHHOH B HEeOIpedelIEHHOM HHTEIrpalle.
MHuTerpupoBanme 10 4YacTsMm. MHTerpHpoBaHHE
3JIEMEHTapPHBIX Ipo0eH. HMHTerpupoBanue

PaIFOHAIIBHBIX () YHKI[HIT

1.5

1,5

12 | CrtocoOBl BBIYHCIIEHHS OIPEAEIIEHHOIO HHTErpala.
Qopmyna HeroroHa-JlenOHHIIa. 3aMeHa IIepeMeHHOH B
OIpedeIIEHHOM HHTerpane. MopMyia HHTETPHPOBAHH
I10 YaCTSM B OIpPe/Ie]IEHHOM HHTErpalle.

1,5

1,5

T HOKIMERT OBNMCAR " 77T T OIIPENCIICHHOTO
SNEKTPOHHOW MOANUCHIO . O0BeM Tena.
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15 | YacTHBIE IIPOM3BOJHEBIE TIEPBOrO IOpsaKa. YacTHBIE 1,5 1,5
TIPOH3BOTHEIE BRICIIHX  TIOPSIKOB. [Tommsri
muddepeHHan GyHKIHH. J[Hd]epeHIansl BBICIIHX
nopsaakoB.  J[updepeHLIMpOBaHHE  CIIOKHBIX H
HEeSIBHBIX () VHKI[HI.

16 | KacarempHast H  HOpMalh K  IIOBEPXHOCTH. 1.5 1.5
[IponsBogHass 1O  HaIIPaBJIEHHIO. ['pajeHT.
OKcTpeMyM (YHKIHH HECKOIBKHX IIePEeMEHHBIX.
HanGomnbillee W HauMeHbINee 3HAYEHHS (DYHKIHH.
Y CIIOBHBIH 3KCTPEMYM.

17 CBOHCTBA M  MeTOAbl  BBIUMCIIEHHS  JBOHHOIO 1.5 1.5
HHTErpana. 3aMeHa TIIEPeMEHHEIX B JIBOHHOM
HHTETpajle.

18 | JInddepeHimanbHbple YPaBHEHHS C Pa3JelISIOIHMICS 1.5 1.5

IepeMeHHEIMH. OJHOPOAHBIE YpaBHEHHS. JIHHEHHBIE
VPaBHEHHS. Y PAaBHEHH L, TIPHBOIHMBIE K JIMHEHHBIM.

19 | YpaBHeHHsS  BBICIIETO  IIOPSAKa, JOIIYCKArOIIHe 1.5 1.5
ITOHIDKEHHe TTopsaaKka. JInHeHHble AH(QepeHIIHaTbHEIE
YpaBHEHHS BEICIIIX ITOPSIKOB.

Hroro 3a 1 cemectp | 27 27
2 cemecCTp
21 CXOIHUMOCTB pama. HeobxomMeIi IIPH3HAK 1.5 1.5

CXOJHMMOCTH YHCIIOBOTO psaa. JloCTaTOUYHEIE ITPH3HAKH
CXOJMMOCTH 3HAKOIIOCTOSHHBIX PSAOB. ITPH3HAKH
CpaBHEHHS, IpH3HaK JlamamOepa, mpuH3HakKu Korm.
OOO0O0IEHHBIN I'ApPMOHHYECKHH PSII.

22 | 3HAKOUEPEAVIOIHECS M 3HAKOIIEPEMEHHEIE PSIBI. 1,5 1,5
[IpusHak JlenOnmia. OOIMH JOCTAaTOYHBIH ITPH3HAK
CXOQUMOCTH 3HAKOIIEPEMEHHBIX PSAAOB. AOGCOMIOTHASA
H YCIIOBHAS CXOAHMMOCTH YHCIJIOBEIX PSIOB.

23 | BerumcneHne BeposSITHOCTH COOBITH S 1.5 1.5
24 | BapmampioHHbIe  psAaBl M HX  I'padHyeckoe 1.5 1.5
n300paxeHne. BRIOOPOUHBINT METO/I.
25 | Touyeunwsle  oneHKH. lIOHATHE  HHTEPBAIBLHOIO 3 3
OllcHHMBaHHS.  J[OBepHTelIbHAsd  BEPOSTHOCTHE  H
IIpeie/ibHas OITHOKa BEIOOPKH. OlleHKa
XaPaKTEPHCTHK I'eHEPaIbHOI COBOKYITHOCTH ITO MaJIOH
BEIOOPKE.
26 | CraTHCTHYECKAS IIPOBEPKA THITOTES. 3 3
Hroro 3a 2 cemecTp 12 12
Hr1oro: 39 39

4. Coapep:xanHe NPaKTHIECKHX padoT

Ilpakmuueckaa paboma Ne 1. Jleticmeua Had mampuuyami. BsiuucieHue pavza
mampuusl. Bosiuucnenue onpedenumeneil paziodceHuem no JjleMeHmam cmpoxu
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Ilens: pripaboTaTh yMeHHe IIPHMEHSATh AaNTOPHTM BHITIONHEHHSI [eiCTBHIT HaJ MAaTpHI[AMH H

BREITHCICHHA PaHI'a MATPHIIEI H IIPHMECHATE YMCHHA A PEIICHHA ITPAKTHYECEHX 3aJ1ay, BHPH@DTHTI:
VYMCEHHE IIPDHMEHATE alllOPHTMEI BRIYHCICHHA OIIPEIOCIHTCIA N-IT'O ITOPAIOKA H DﬁpﬂTHDfI MATPHITEI H
ITPpHMEHATE YMECHHE JUIA PEIICHHA ITPAKTHUCCKHX 3ada.

T eopemuieckdn Hacmso

[IpsoyromeHass TaOmmIa M3 m - 1 YHCEN, COJepsKalmas m — CTPOK H n CTOIOLIOB
HasbIBACTCS Mampiijeii H 0003HAYAETC

[ B B ] rl/ [ I B \lll

lﬂll ﬂll iﬂlu ﬂll ﬂll lﬂIH

ﬂﬂ ﬂ’n "t ﬂ*:n” ﬂﬂ ﬂ’m e ﬂ*:n”

A= ~ B llmum A= -~ - -
ﬂml ﬂmj Tt ﬂm” Il\ﬂm'l ﬂml Tt ﬂm” /I

HIIH KOPOTKO MaTPHILY 0003HAYAIOT 4 = || a;
CI10KeHHE MATPHIL.

IlycTes gaHBl aBe MaTpHibl A4 M B OZHHAKOBOIO CTPOeHHSA. MX CYMMOH Has3bIBacTCS
MaTpuia C = A + B TOro Ke CTPOEHHS, IEMeHThl KOTOPOH PaBHBI CYMMAM COOTBETCTBYIOIIHX

Ja=12,....om;j=12,..., n.

BIIeMeHTOB MaTpHIl A H B, T.e. ecin A = ||ajl|, B = ||bijl|, ToA + B = C = ||eyj]].
o A 1 -2 5 B (2 1 -3
puMep: A = : = , TOTJIa
4 1 3 1 -2 4

1+2 —-2+1 5-3) (3 -1 2
A+B=C=| ~ = 7
441 1-2 3+4) |5 -1 7
OTMETHM:, HTO CKJIAABIBATE MOKHO TOJIBKO MATPHIIBI C OJHHAKOBBIM THCJIOM CTPOK H C
OJHHAKOBBIM YHCIIOM CTGH@HDE. ﬂEﬁCTEHE CIIOKCHHSA MaTPHI[ MOKET OBITH PacCIIPpOCTPAaHEHO

Ha GH}"IEIIUI TTF0O0ro KOHEYHOI'O YHCIIa cllaracMbIX OJHHAKOBBIX ETpDEHIIﬁ.

Pasnocteio B - 4 marpuil B u A (OIHHAKOBBRIX CTPOEHHI) Ha3bIBaeTCs Takas MaTpHia X,

HTO
A+X=B.
o A — 2 1 4 B_ 3 5 7 .
dIIPHMED., — B 2 3 1 . — 2 _1 4 1 arjga
3 5 7 2 1 4 1 4 3

2 —1 4 -2 3 1 4 —4 3
Martpuna (O, Bce B3JIEMEHTHI KOTOPOH PaBHBI HYIKO HA3BIBAETCS HYJIIEBOH MAaTpPHIIEH.
OueBHIHO, A + O =4, A—A4A=0.
PasHocTe O — A4 obosHavaeTcsa depes —4. MarpHila —4 Has3BIBACTCS 1pPONILLGONOIONCH Oll
MaTpHIE 4.
YMHOKEHHE MaTPHIL.

El) YMHOKeHHEe MATPHIIBEI Hd YHCIIO. YT100RI YMHOXHTE MAaTPHITY Ha "HCIIO O, HaJ0 YMHOMHTD
Ha 5TO YHCIIO KaKIbIH SIIeMEeHT MATPHIIBL

| aj|| = || ca;l
| 2 —1) (6 -3
[Ipumep. A = , a=3,0A=3 =
3 5. 3 5 a,\g 15
[IOKYMEHT NOAMWUCAH

SNEKTPOHHOW NOANMUCHIO
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OneMeHT MaTpHIlbl C = B - A, pacIONOKeHHBIN B i-0i CTpoke H j —oM crondiie (T.e. Cjj)
pPaBeH CYMME ITPOH3BEIEHHH 3JIEMEHTOB [ — OH CTPOKH MATpPHIBI B Ha COOTBETCTBVIOIIHE
3JIEMEHTEHI j — 'O CTONOI[a MaTPHIEI A.

CIleIyeT OTMETHTD, YTO YMHOJKEHHE MATPHI[ HE KOMMYTAaTHBHO, T.€. AB # BA.

. | 1 2 . —2 1

HMNE — H —

TPREP AT 3 3 5

UneeMm

. [2Y-2 1) (1:(2+2:3 1-1+2:5 ) (4 11
=1 303 5) |—1-(-2)+3-3 1-(-1)+3-5) |—11 14

. 2 1Y 1 2) (-2-1-1-1 2:(-2)+1-3) (-3 -1
3 5)-1 3) (31+45.(-1) 3-2+5-3 ) (-2 21

AB + BA

PaccMOTPHM HEKOTODYIO, He obszamemsHo keadpamuyio Matpuiry A . BribepeM kakie-

HHOYIb § HOMEPOB CTPOK fl,fz,...,f

¢ H § HOMEpOB CTOIIOLIOB J1s Joseees Jg-

Onpegnenetue. Munopom nopsioxa S Matpuiibl A (COOTBETCTBYIOIIIM BbIGPAHHBIM

CTPOKdM H GTGH@HHI&I) Has3bIBAeTCS OIIPeAeIUTEeNlb TIOpSaKa .S, DﬁpﬂBGEﬁI—H—IB]IUI JJICMCHTAMI,
CTOAIIIHMMI Ha IICPECCHCHHH ELIﬁpElHHBIX CTPOK H CTGH@HGE: T.€. HHCIIO

Aijy Y, 4 j,
fod, iyjy  Dipjy - Yiyj,
Jieds

a'!s J’I als jl a'i’lh «"'a

Kaxmas MaTpPHIIa HMCECT CTOJIBKO MITHOPOB JdHHOI'O ITOPAIKA S, CKOJIIbKHMH crrocobamMH

MOZKHO BEIOPATh HOMEpPA CTPOK fl,fz.,,...,fj H cTOIIOITOB jl.}jz,..., ja

Onpenenennie. B marpme A pasmepoB M1 X 71 MHHOpP TIOpSIKa S HasBIBaeTCH
6asiicHbim, €CITH OH OT/IIYEH OT HyIISL, a Bee MIHOPHI ropsaka S + | paBHEI HyrTro mimt MimopoB

opsymka S + 1 y marprmer A BooGIme Her.
SIcHO, 4TO B MaTrpHIle MOKeT OBITh HECKOIBKO Pa3HBIX Oa3HCHBIX MHHOPOB, HO BCE
0a3HCHBIE MHHOPEI HMEOT OJHH H TOT JKe MOPSANOK. J[eHCTBHTEIILHO, ECIIH BCE MHHOPEHI ITOPSIKa

s + 1 paBHEI HyTTIO, TO PaBHBI HYIFO U BCe MUHOPHI TTOpsAKa S + 2, a, clleZoBaTelnbHO, H Beex
OOIbIIMX ITOPSIIKOB.

Omnpenenenne. Panzom mampuiysl HazbIBaeTCs MOPSIOK Ga3HCHOrO MHHOpPaA, HIIH, HHa4e,
CaMBIH OONBINOI MOPSIOK, IS KOTOPOrO CYIIECTBYIOT OTIMYHEIE OT HYIIS MHHOPHI. Ecmi Bce
SIIeMeHTHl MaTPHIIBI PaBHBI HYIIO, TO PaHT TaKOH MATPHIIBI, II0 ONpelelIeHHIO, CUHTAIOT HYIIEM.

Paur marpuusl A 6GymeM o603HAYaTh CHMBOIOM F‘(A). M3 ompeneneHUs paHra

CIICOVET, qTo JIIS1 MaTPHITBEL A pPa3MEPOB nm xXn CIIpaBEIIINBO COOTHOIIICHHC
0<r(A)<min(m,n).

PaccMoTpHM cI1ocOOBI BEIMHCIIEHH ST PAHTa MaTPHIIHL:
a) Memoo oxaiimnsaouix Munopoe

— ax T

NOKYMEHT NOAMNMMUCAH [ -T'0 IOpsaKa, OTIIHYHEIN OT HYIISL. PaccMoTpuM

ANEKTPOHHOW NOAMUCHIO . . .

Ceprudukar: 12000002A633E3D113AD425FB50002000002A6 sIe cofiepxar B ceGe (OKaiMIAIOT) MHHOP M :
Bnapeneu; Lebayxoea TatkAHa AnekcaHapoBHa
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OKAHMISFOIMX MHHOPOB HAHIAETCS HEHYIIEBOH MHHOP (k + 1) -TO TIOpSAKa, H BCS IIpOLedypa

TIOBTOPSIETCSL.
[Iprvep. Haiiti parr MaTprmsl A MeTOI0M OKAiIMISIONIIX MITHOPOB.

(—1 2 3O
A=|—-2 5 4|
-1 2

Br6epeM MuHOp BToporo mopsgka M ) = # (). CymecTByeT TONBKO OJMH MHHOP

TPETHET 0 TTOPSIKA, OKAFMISFOIIIT BeIOpaHHbIit MiHOp M , . Berumcmim ero.

~1 2 3
My=|-2 5 4=(=1)-5-7+2-4-(-3)+3-7-(=2)—
-3 7 7
—3-5:(=3)=4-7-(=1)—=2-(=2)-7=-35-24—-42+45+28+28=0.

3uaunt, MuHop M , GasHCHBI, a paHT MATPHIIEL PaBeH ero mopsanky, T.e. 1(A) = 2.

ScHO, yTO NepedupaTh TaKHM CITOCOOOM MHHOPEHI B ITOHCKaX Oa3HCHOIO — 3ajaya,
CBSA3aHHAas ¢ OONBIIIMMH BEIYHCIIEHHSMH, €CIIH pa3MepPhl MaTPHIILI HE OUeHbh Mallbl. CYINECTBYET,
OJHaKO, 6oree IMPOCTON CII0cO0 HAaXOKIEHH S PaHTa MATPHI[BI — ITIPH TTIOMOIIH 3IIEMEHTAPHBIX
IpeoOpa3oBaHHH.

0) Memoo snemenmaprvix npeobpasoeariiii
OnpefeleHHe. DnemeHmapHvimil Npeobpazoeansamit Mampiilypl Ha3bIBAIOT CIIeIYIOIIHE
IpeoOpa3oBaHHs:
1) YMHOKEHIHE CTPOKH Ha YIHCIIO, OTJIMYHOE OT HYII,
2) mpudaBIeHHE K OJHOH CTPOKE APYIOH CTPOKH,
3) IepecTaHOBKY CTPOK,
4) TakHe Ke IpeodpasoBaHH CTOIOIOB.
[IpeoGpaszopanis 1 1 2 BEITIOIHSIOTCS ITO3IIEMEHTHO.
KomOuHHpy$ 1mpeodpa3zoBaHHs IIEPBOrO H BTOPOI'O BHJIA, MBI MOKEM K JIFOOOH CTPOKE
IPHOABHUTH JIMHEHHYIO KOMOHHAITHIO OCTAILHBIX CTPOK.

Teopema. Dnemenmaprvie npeobpazoeanis He MEHAION PAH2a MAMpLifbl.
HMpaes mpakTHyeCcKOro MeTOAa BEIYMCIIEHH S PaHIa MaTPHIBI

4 ™\
app 4y e Ay
e e - l
21 22 2n
A=
\ﬂml amZ amﬂ J
3aKITIOYAeTCS B TOM, YTO C TIOMOIIBIO SIIEMEHTAPHBIX ITPeoOpa3oBaHIil JaHHYI0 Marpuiry A

JOKYMEHT NoAarnncAH
SNEKTPOHHOW NOAMUCHIO
Ceptudukar: 12000002A633E3D113AD425FBS50002000002A6
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(bll blZ .- blr bl,r—|—l bln A
0 b22 bZr bE,r—I—l b2n
B = 0 0 brr br,r—l—l bf‘ﬂ ﬁ
0 O .. O 0 . 0O
L0 0 .. 0 0 .. 0,

B KOTOPOM <«IHA4AI OHAJIbHBIC) 3IICMCHTEBI bl | » b22 yeosny b

pp OTIIHYHBI OT HYIA, a 3JICMCHTBL,

PACIIOIIOKCHHBIC HIKE {(JHAI'OHAJIbHBIX), PdBHBI HYIIHO. Y CIIOBHMCSI Ha3BIBATH MATPHILY B
TAKOI'O BHIOA4 TpE}TGJ]LHGﬁ (:I]HE]HE:, €€ HA3BIBAIOT ,[[HElI‘GHElJILHGﬁ:, TpElHEI_[IIEEH,[[HGﬁ HIITH

necTHHYHOIL). TTocre TpHBeeHHT MaTpUIl A K TpeyronsHOMY BHAY MOKHO Cpasy 3aImHcaTh,
yro r(A)=r.
B camom zene, 7'(A) = r(B) (1.x. aneMeHTapHEIE IIPe0Gpa30BaHI He MEHSIOT PAaHTa).

Ho y Matpuel B cymmecTByeT OTIHYHEBII OT HYIIL MIHOp IOpAnKa 7 :

b” b]Z b]r
0 by .. b

22 \=p, by b, 0,
0 0 .. b,

a mo6oit MiHOp nopsiaka ¥ + 1 comepauT HymeByIO CTPOKY H ITOATOMY PaBeH HYIIIO.
ChopMyIIHpYeM Telleph IPAKTHYECKOE mpaeuno ewiuicieHus pavea MaTpmisl A ¢

TTOMOIIBIO AIIEMEHTAPHBIX IPe0OpasoBaHMil: IS HAXOXKIEHHI paHra MaTpmisl A crexyer c

TTOMOIIBIO 3IIEMEHTAPHBIX ITPe00paz0OBaHHIl IIPHBECTH ee K TpeyroasHoMy BHAY B . Torga paHr

MaTpHIEl A GyIeT paBeH YHCITY HEHYIIEBEIX CTPOK B IIOTyUeHHOIT Marprie B .

[Iprmep: Haifti panr Matpuisl A MeTo0M 3leMeHTapHBIX TPeo6pa3oBaHHil:

(2 -5 8 5
1 -2 3 4
-1 2-3-4
3 -7 11 9,

Permmenne: [IoMeHsseM MecTaMH IIEPBYIO H BTOPYEO CTPOKY (T.K. IIEPBBIH 3JIEMEHT BTOPOH CTPOKH
—]1 u ¢ Hell OyAeT yAO0OHO BBINIOIHATH ITpeoOpazoBaHHI). B pe3ynbTare IOIYYHM MAaTPHILY,

JKBHBAJICHTHYIO JIAaHHOH.

(1 =2 3 4 )

2 -5 8 5
A= )
-1 2-3—4
(3 -7 11 9,
)0 QQWMEHT'nnnnHCAH - C ;- Ham HeoOXOomHMMO IIPHBECTH HCXOIHVIO
SNEKTPOHHOW NOAMWUCHLIO -
Ceptudukatt ' 12000002A633E3D113AD425FB50002000002A6 ITPOKY OyZeM CUYHTaTh BeAYIIEeH, OHa OYHeT
Bnapened: LieBayxora TareaAHa AnekcaHpoBHA | ocTaeTcd 0e3 H3MeHEeHHH.
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Ha mepBOoM 5Tarie BBIIIOITHHM Mpeo0pa3oBaHHs, ITO3BOILSIOINHE IMTOTYYHTh B IIEPBOM CTOIOIE
HYJIH, KPOME IIepPBOrO 3IeMeHTa. [[JIS 3TOro M3 BTOPOH CTPOKH BEIYTEM ITEPBYIO, YMHOKEHHYIO

Ha 2 (Cz —2C| ) , K TPETBEHN CTPOKE ITPHOABHM IIEPBVIO (C3 + Cl):- a U3 TPEThEH BEIUTEM

IIEPBYIO, YMHOKEHHYIO Ha 3 (C3 —3C1). [Tomy4aeM MaTpHI[y, paHT KOTOPOH COBITafaeT ¢

PAHT OM JAaHHOI MaTpHIIEL. OG03HAUHM ee TOil ke 6ykBoit A :

(1 -2 3 4)
—1 2—

a_| 0 3|
0 0 0 O

L0 -1 2-3,

BrIuTeM H3 YeTBEpPTOH CTPOKH BTOPYIO. IIpH 3TOM HMeeM:

(1 =2 3 4
0 -1 2-3
0 0 0 0
L0 0 0 0,

[TomydyeHa MaTpPHI[a TPEYTOIBHOTO BHA, M MOKHO Cenarh BRIBoA, uro 7'(A) =2, 1. e. unciy
HEHYIEBBIX CTPOK. KOpOTKO penreH e 3aaul MOXHO 3aIicaTh CIIeAYIOIHM 00pa30oM:

A =

(2 -5 8§ 5 (1 -2 3 4
A= 1 -2 3 4 C, xC, S 2 =5 8 5 C,-2C;,C3+C,,C3-3C, S
-1 2-3-4 -1 2-3-4
3 -7 11 9, 3 -7 11 9,
(1 =2 3 4 (1 =2 3 4
0 -1 2-3| coc, |0 —1 2-3
0O 0 O O 0O 0 0 O
L0 -1 2-3, L0 0 0 0,
BeIUHCIIEHHE OIIpellelIHTeIeH
Eciin B MaTpHIlE YHCIIO CTPOK PAaBHIETCS YHCITY CTOIOIIOB, T.€. m = 1, TO MaTpHI[a
HA3BIBACTCS K8AOP At Oll.
Ir/ﬂ'll ﬂll iﬂlu \I
lﬂ'll HEZ ﬂlu
A=
I"\I{IJ'H ﬂul e ﬂ”” /I
NOKYMEHT NMOANMUCAH TOB KBaJpaTHOH MaTpHIIBI (0e3 IepecTaHOBOK)

SNEKTPOHHOW NOANMUCHIO
Ceptudurkar: 12000002A633E3D113AD425FB50002000002A6

Bnapeneu: lLebayxoea TateAHa AnekcaHapoBHa
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10



2 N7

LA LM

A(A) =|

nl n2 nn

BE]LIETIM: HYTO HC KBaAPdTHAA MATPHIId HC HMCCT OIIPEACIIITCIIA.
YuHcimo a1 a» - a»1 a2 Ha3bIBaeTcd OITPEACIOITCIIEM BTOPOI'O IIOPAAKA H o003HauvaeTcsA

CHMBOJIOM A = = a0y, — A0,

ay Ay
OrnpeIenuTeneM TPEThEro IIOPSAKA HA3bIBAETCS YHCIIO!
a;; 4y 4y

A=la,, a,, G,|=0,,0,,0,,+0,0,0,,+0,0,,0, —0y0,,0 = A A3,0 ) — Ay, A0

sy Ay

-t

33

CxeMaTHYeCKH (prIVI}"Hﬂ AJI A BBIMHICIICHHA OIIPCACIIHTCIIA TPETBEI'O ITOPAAKA BBITTIAIHT
TaK:

OnpefenTelb TPeThero IMOpsSAKa TakKkKe paBeH CyYMMe IIPOH3BeJeHHI 5SI1eMeHTOB
HEKOTOPOH CTPOKH (cTonOI[a) Ha anreOpam4ecKHe JOIMOITHEHH I STHX 3I1eMEHTOB, T.€.

A= HIIAII +ﬂ|2‘4|2 _|"'5"|f~5"i1|5'.;r A= HIIAII +HE|A2| +ﬂ3|‘43|
A=a, A, +a,A,, +a,A,;; A=a,A, +a,A,, +a;A,,
A=ay Ay +ay Ay, +Haqgg Ay, A=a A, +a,A,,+asgs A,
HarmpruMep, pasiokeHHe OIPeAeHTENS 110 SIIEMEHTAM IIEPBOI CTPOKH:
l

a,, a a

a
23 g 1+3 521 221 _
+a;;-(—1) =
31 Qa3 Uy Agy

[ P
A=a;, -(-D"| ~
as;

sy,

a
= (A5 — A30,,)— A, (A A5 — Ay 055) a5 (Ay,05, —dyya,,) =
= A\ Ay Uyy T A1y Aoy T A 305 Ay — A1 Uyp 0oy — Q505 A3y — Q3050

PEISHG}KEHHEM I1IO 3JIIEMCcHTAaM CTPGI‘UI HITH GTGH@HH MOXHO BEIYMCIIFITE GHPE,[[EHHTEHB

n1r000ro ITOPAIKA. B xadecTtBe IMpHMEP4a PacCMOTPHM OIIPCACIIMTCIIE HETBEPTOI'o IIOPAAKA H
PA3II0AIIM €I'0 11O 3JICEMCHTAM HEPEDﬁ CTPOKH.

] -1 2 3
1 —1 4 1 -1 4
l - .-D"'3 1 3[+=D-D"*2 1 3
— - | — -|— — « | — - _|_
2 3 1 3
1 0 5 3 0 5
3 0 5
1 1 4 1 1 -1
+2. (D2 3 3[+3--D"2 3 1|[=15+0-3-4-0+15)+
3 1 5 3 1 0
NOKYMEHT NoanncAH 1—3(0—2+3+9-0-1)=

SNEKTPOHHOW NOAMUCLIO
Ceptudukar: 12000002A633E3D113AD425FBS50002000002A6
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PacCMOTpeHHBIH ONpelleINTelh MOKHO BBIYHCIHTL JAPYTHM CIIOCOOOM. A HMEHHO,
YMHOKHM 3JIEMEHTHI ITIePBOH CTPOKH Ha (-1) H CIOXHM C 3JIeMeHTaMH BTOPOH CTPOKH, 3aTeM
YMHOXHM 53JIEMEHTHI IIEPBOH CTPOKH Ha (-2) M CIOKHM C COOTBETCTBYIOIIHMH 3JIeMEHTaMH
TpeTbeH CTPOKH H, HAKOHEI, YMHOXHM 3JIEMEHTHI IIEPBOH CTPOKH Ha (-3) H CIIOXKHM C
COOTBETCTBYIOIIMMH C 3JIEMEHTAMH 4YEeTBEPTOH CTPOKH. Torjla IOIYYHM OIIpPeAelIHTENs 4-To

IIOPAAKa, B IIEPBOM cTONOIlE KOT Oporo CToAT HYIIH, KPOMEC HEpEGﬁ CTPOKH, T.C. HMCCM
OITPECACIIMTCIIb.

I -1 2 3 |
| 2 -3 1
0 2 -3 1 | |
0 s _a _qm@A=1S =3 —3=24-30+36+12-36-60=-54
4 -6 -4
0 4 -6 -4

[TycTh 3aJJaHO HEKOTOPOE YHCIIO a M ITYCTh CYI[eCTBYET TaKOe YHCIOo m, uTo am = 1. Yuciao
I B 3TOM CIIy4ae Ha3bIBaeTcsd OOpaTHBIM I a. Ecm, Temepb, pacCMOTPHM KBaJpaTHYIO
MaTpHITy N-TO MOPSJKa, TO efHHHYHAaS MaTpHIla E OyeT HrpaTh poib eIHHHIKGI. EcTecTBEeHHO
IIOCTABHTh BOIIPOC O CYIIECTBOBAHHH OOpPaTHOH MAaTPHIIBI, T.e. TAKOH MAaTPHIBI, KOTOpas B
TIPOH3BEJeHHH C JaHHOH JaeT eJHHHYHYIO MaTpHITY E.

[TycTtp A — KBajpaTHas MaTpHIa N-ro rmopsaka. KagpatHas Marpriia X (TOro e IopsiaKa
1) Ha3pIBaeTcsa oOpatHom I A, ecmi AX = XA =E.

KBagpaTHass MaTpmHiia n-ro MopsaKa Ha3bIBaeTCS OCOOEHHOH (BBIPOJKIAECHHOI), €CIH ee
onpejenuTens paBeH Hynro. Ecmu ke A (A) # 0, To A HaspBaeTcd HeCOOCTBEHHOM
(HEBBIPOJKJIEHHOH) MaTPHIIEH.

JII1s1 HaxX O IeHHSS 0OpaTHOH MAaTPHIBI, PAaCCMOTPHM MAaTPHIY TPETHET O ITOPSIKa

A
/ﬂll ﬂ'l? ﬂl?_‘. l‘:'Fil"ll ﬂl? ﬂ’lfﬁ
A=\|a, a, a, A(A) =la,, a, a,|#0
"\ﬂ'm a;, ﬂ'fﬁfﬁj H ITyCTh a,, as, a,,
O6patHoii MarpHieii A 6ymer MaTpHiia:
/All AE[ i\]
‘{4& A& A‘ﬁ /All A"'l A’H\l
3 7 . 1 ) |
A_l — = — - — Al"' A’m A’;’: 5
A A A Al - -
AH AH AH \Am Azrs Arsrs J
A A A

rJe A1) ecTh anreGpaHyecKoe JOIOTHEHHE 3jIeMeHTa al] onpefenureass A = A (A).
[Tprmep. Haitti oGpaTtHyro MaTpuLy A, ecan

(22 3
A= 1 -1 0
n\—l 2 1 )
Perennie: HaieM orpeaetHTenbh MaTPHI{BL
2 2 3
A=|1 -1 0=-2+6+0-3-0-2=-1=0
,Elﬂi{YMEﬁHT MOAMVCAH

SNEKTPOHHOW NOANMUCLIO
12000002A633E3D113AD425FB50002000002A6

lLleBayxoea TateAHa AnekcaHapoBHa

CepTtudmkar:
Bnapeneu:
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-1 0 1 0 1 -1
A = — 1 A = - =1 A = =)
2 1 " —1 1 ' -1 2
A, = 2 3— (2-6)=4 A —2 3—5 A, = . 2—6
o2 I S O | S
2 3 2 3 2 2
A, = =3 A, =— =3 A, = =4
T 0 2700 -1
ClegoBaTelbHO,
(A A A (-1 4 3\ (1 -4 -3
iAli A, A, Ll_l J 3= =5 -3
A-l — "\Alfi AEE AH}' _ \ 1 _6 _4/,' l.\_l 6 4 J

IIpoeepka: A A-1 =E
(2 2 31 -4 -3} (2+2-3 —-8-10+18 —-6-6+12)
1 -1 01 -5 -3|=|1-140 —-4+5+0 -3+3+0 |=
-1 2 1)-1 6 4 ) \~-1+2-1 4-10+6 3-6+4

1 0 0)
10 1 0O|=E
0 0 1,

Bonpocst u 3a0 auu.
3amaua 1. /{aHBI KBagpaTHEIE MAaTPHIEI 2—Or0 IIOPSIKa

2 1 [0
A=[0 3j I B:[—l —zj*

Brruricimre clueayriogie BEIpakKeHH .
a) A+B;

0) A-B.

3amava 2. /{aHBI MaTPHIIBL

5 2 1 2 23 I -1 2 —2
A=| 1 04| B=|-1 41| Ccg 0 14| D=(-123) F=| 3|.
-3 72 530 -5 36 1

BrIurcmiTe clIeayroIe MaTpHYHbBIE BRIpakKeHH ] (eCIIH KaKasg—HHOYIb OIlepalis He
oInpejieieHa, OOBICHHTE, IIOUEMY):

a) A+B;

6) B-D;

B) A+B—C;

T) AT+B;
) DT+F;
e) FT+A.
T Y O RYMERT NOAAVCAR 7T T T TpaKa

SNEKTPOHHOW NOAMUCLIO _
Ceptudukar: 12000002A633E3D113AD425FBS0002000002A6 - B= -1 =2 )

Bnapgeneu: llebayxoea TateAHa AnekcaHapoBHa
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a) A—2B;

0) 3A+2B;

B) 2A—4B.

3amaua 4. JlaHbI MaTPHIIBL

521 2 23 I -1 2 —2
A= | 04,} B=| -1 41 , C= 0 14_} D:(—]_}Z.}?})_} X = 3.
-3 72 5-30 5 36 |

BrluricuTe cleAyIOI[He MaTpPHYHBIE BHIpakeHHS (eclIH KaKagd—HHOYAb oOIlepalid He
oInpejieieHa, OOBICHHTE, IIOUEMY):

a) 2A+B;

0) 2B-D;

B) A+2B-3C;

T) 3AT+B;

) DT+2X;
e) 2X-D.
3amaya 5. JlaHbI KBaJpaTHBEIE MAaTPHIEI 2— Oro IopsaKa

> 1 10
A= [0 3] n  B= [—1 —zj

Beruncomre A-B, B'A n A-B-B-A.
3agaya 0. JlaHBI MaTpPHIIBI
5 21 2 273 1 -1 2 1213 —2
A= 1 04| B=|-1 41|, C-= 0]4_}[):[045)? F = 3
-3 72 530 -5 36 1
3agaya 7. BRIMHCIHTE CIEIYIOIHE MaTPHYHBIE BEIpakeHHT (eCIIH KaKas—HHOYIb ONepaIfs He
OIpeieIcHa, OOBSICHHTE, IIOYEMY):
a) A'B u B-A;
6) D-C u C-D;
B) A'F m F-A;
r)D'F u F-D;
n) F-A;

T
e) F -A.
3amaya 8. BEIYHCIHTE PaHT MAaTPHIEGI ABYMS CIIOCOOAMH: C TIOMOIIBIO AIIEMEHTAPHBIX
Ipeodpa3oBaHHH H METOJOM OKAaNMIEHHS MHHOPOB.

(1 =6 2 4 8 (1 2 =7 13 0
A=|-3 18 -6 =12 -24|;A=| 7 7 -6 3 12
L0 6 7 23 11) |-16 =11 =17 56 =36,

21 I O
3amauva 9. JlaHBI KBaJpaTHBIE MATPHIIEI 2— Oro Iopsaka A = [ 0 3 j H B= [ 1 j

BrIurcoiTe clueayroIie BeIpakeHHT:
a) detA;
0) detB
B) det(A-B).
TOTTTT T nOKYMEHT NOARNCAH

1T

SNEKTPOHHOW NOANMUCEIO PAOKa
Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6
Bnapeneu: lLebayxoea TateAHa AnekcaHapoBHa
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5 21 2 23
A = 1 04 u B= | -1 41
-3 72 5-30

Brerumcimire CIICAYIOIIHE BBIPAAKCHH A

a) detA;
0) detB
B) det(A-B).
[IpoBeppTe, uro det(A-B)= detA-detB.
2 3 5 | | | | | |
3agaya 10. Berumcnure onpegemmTermd: a) |1 4 —-2/:0)(x vy z|:B)|l 1+a 1 |,I)
-1 0 1 x* oy 7 1 1 1+h
1 -1 2 —2
-5 1 -4 1
| I -1 2 |
14_15-)2 1 3 -2 1
-4 1 -8 —1jﬂ
3 2 1 -2 3
3 2 6 2
-2 1 3 4 5
Sagaya 11.
8 6 41 93
PemuTh MaTpHYHOE YpaBHEHHE - X — —
1 2 48 155
3 —1 4 19
- X — = :
| ) 19 15
2 6 1 7
- X — = .
-3 1 0 14

Ilpakmuueckaa paboma Ne 2. PeuueHile HeEEbIpOMNCOEHHBIX CUCMEM JIUHEUHbIX
ypasHeHUui memooom Kpamepa, memooom odpamuou mampuusl. Peuienue cucmem
JIUHEUHbIX YpasHeHUil Mmemooom 1 aycca.

Ilens: pripaboTaTh yMeHHe pelllaTh HeBRIPOXKIeHHEIe CJIY MaTpHUHEIM MeTofoM, MeToaoM Kpamepa,
MeTOJIOM ["aycca H IpHMeHATh YMeHHS I pellleHH I IIPaKTHYeCKIX 3a]ad.

TEﬂpEHHFIECKﬂH yacmbob
H}’CTB IlaHa cHCTeMa /1 TIMHeHHBIX }TﬂEHEI—HIﬁ C J1 HEHU3BECTHEIMI.

A-X =B,
rJe
/ Y\ SV o
ayp dpp ... dyy X1 b,
dry dpyy ... doy %) b,
A= , X = , B= )
OOKYMEHT MOANWCAH Tanl/ Xn \bn y.
SNEKTPOHHOWM NOoANUCHIO | A
CepTudukar: ' 12000002A633E3D113AD425FB50002000002A6 'BHAi MATPHIIa HEBBIPOKICHHAA.
Bnapeneu: lLebayxoea TateAHa AnekcaHapoBHa

MHOKHB MaTpHuHoe ypaBHeHHe A - X — B Ha
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—1 - -
MaTpHIY A = cleBa, MOTYYHM (POPMYITY, Ha KOTOPOH OCHOBAH MATPHYHBIN METOJ PEIeHH S
CHCTEM IIMHEHHBIX VPaBHEHHII:

X=A"1B
3ameyaHHe. OTMETHM, YTO MATPHYHBIH METOJ PEIEHHS CHCTEM IHMHENHBIX YVPaBHEHHH B
OTJIMYME OT MeToja I'aycca MMeeT OrpaHHUYEHHOE ITPHMEHEHHE: 3THM METOAOM MOTI'YT OBITh

PEIICHBI TOJIIBKO T4dKHE CHCTCMbI JIMHEHHBIX }’I)E].BHEHI]I‘L Y KOTOPEBIX, BO-IICPBBIX, HYHCIIO
HCH3BCCTHBIX PAaBHO HYHCIIY }fI)E],EHEI-]IIﬁ:. d BO-BTOPBIX, OCHOBHAA MATPHILA HEBBIPOKJACHHAA.

I Ipumep. Pernrs CHCTCMY JTHHEHHBIX }fpﬂBHEHI]ﬁ MATPHYHBIM MCTOOOM.
Sx;— xy— x3 =0,

¢ X+ 2x5 + 3x5 =14,

Ax)+ 3xy + 2x5 = 16.

3aJlaHa CHCTeMA TPEX JIMHEIHBIX ypaBHeHMII ¢ TpeMs HenssecTHEIMH A - X = B, rae

(5 —1 —=1) /xl\ [0 )
A=|1 2 3| X=|x,|B=]14|

OCHOBHAs MATPHIIA CHCTCMBI }"I)ElBHEHIIﬁ HEBBIPOAJACHHAA, ITOCKOJIBKY ee OITPEACIIHTCIIb
OTJIHYCH OT HYILA

S -1 -1
detA=|1 2 3|=-30.
4 3 2

—1
OOpaTHYIO MaTpHIly A =~ COCTaBHM OJHHM H3 METOJOB, OIMCAHHEIX B ITYHKTE 3.

(1 | 1

6 30 30

g 7 3
315 15
1D 1l

6 30 30,

[To ¢ opmyIe MAaTPHYHOTO METO/IA PEIIEHH S CHCTEM JINHEHHBIX YPaBHEHHH ITOITYYHM

(1 1 1

(5 -1 —1\| 6 30 30| (1)

X=/1 2 3 -—% —% % =1 2|

G 2) 01 19 11 3y
.6 30 30,

Teopema (rmpaBmno Kpamepa). Eciin onmpefenuTens MaTpHIBL CHCTEMBI OTJIMYEH OT HYIISA, TO
CHCTeMa HMeeT pelleHHe H IIPHTOM TOIBKO OJHO. OTO pellleHHe OpeenseTcs (popMyITaMH:

OJOKYMEHT NoanmvucAH

SNEKTPOHHOW NOANWMCHIO CHCTEMBI H Ay — OITPEACIINTCIIb MATPHIIBI,
Ceptuchukar: 12000002A633E3D113AD425FB50002000002A6
Bnageneu: llebayxoea TaTteaHa AmeKkcaHapoBHa TO [:Tgnﬁ]_[a CT(}JIﬁI_[GM CROOO JIHBIX YUJIEHOB.

101b3Yys (popMyTIbl Kpamepa.
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A,

(x+2y-3z=5
2x—-3y+2z=3
h4x+ y—2z=10

Perennie: HaigeM OCHOBHON M JOIIOJIHHTEIIBLHEIE OIPEIEIIHT I,

1 2 -3
A=12 -3 1[=6-6+8-36—-1+8=-21
4 1 =2
5 2 -3
A =13 -3 1|=30-9+20-90-5+12=-42
10 1 -2
1 5 -3
A,=2 3 1|=-6-60+20+36-10+20=0
4 10 -2
1 2 5
A =12 -3 3|=-30+10+24+60-3-40=21
4 1 10
ITo popmymnam Kpamepa nMeeMm
xziz_—‘iz:& y:i:L:{]; z:&: = 21 = —1.
A =21 A =21 A =21

Oteer: x=2,v=0,z=-1.
[IpaKkTHYeCKH A1 PEIEHH S CHCTEM JIHHEHHBIX YPaBHEHHI Yallle BCEr O IIPHMEHSIETCS
MeTOJ ['aycca, COCTOMIIMI B TTOCIIES0BATEILHOM HCKITHOUEHIH HEN3BECTHEIX.

[IycTh 3aaHa cHCTEMA JIMHEHHBIX alIreOpanyeCcKHX YPaBHEHHH:

a,, X, + a,x, +++a, X, =6,

ln " n

Ay X, +aypX, +---+a,, X, =6,

Ff}

kaml‘xl + aml‘xl Tt amn‘xn — Sm
B}",I[EM ITPOH3BOJHTE HAJ CHCTEMOH CIIEAYIOIHE 3JICMCHTAPHBIC HpEGﬁpﬂBGEEH—]IIHZ

1. Brryepkupanue ypaBHeHHSABHAA O-x, +0-x, +---+0-x_=0.

2. [IpubaBneHHe K OJHOMY VpPaBHEHHIO JIPYIOrO YPaBHEHHS, YMHOXKEHHOTO Ha
ITPOH3BOIIBHOE YHCIIO.

3. IlepeMeHa MecTaMH JBYX VPaBHEHHII.

ITycts Temeps a,, # 0.(Ecau a,, = 0,TO MBI IIOMEHAEM MECTAMH IIEPBOE YPABHEHHE C TEM

YPaBHEHHEM, TJ€ KO3(] QHIHEHT IIPH x, OTIIHYEH OT HyIs). MCKirounM Terneps x, U3 Beex

ypPaBHEHHI CHCTEMBI, HAUHHAasA CO BTOPOro. J[JI5I 3TOro Ko BTOPOMY YPaBHEHHIO ITPHOABHM

a
TIEPBOE YpaBHEHHE, YMHOKEHHOE Ha (— —=), 3aTeM ITIPHOAaBHM K TPEThEMY YPaBHEHHIO TIEPBOE,

Iﬂlll

a
mmnwmwﬁ%ﬁdﬁmﬁgﬁﬁ T TTocTe THANY VAR HEHHIO IIpHOaBHUM TEPBOE, YMHOXKEHHOE Ha (

SNEKTPOHHOW NOANMUCHIO

CepTtudhumkar;
Bnageneu;

12000002A633E3D113AD425FBS50002000002A6
LleBayxoea TateaHa AnekcaHapoeHa
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(€)X, +CpXy +oo 0 X, 4, X, =,

ln~"n

C 5%, +"'+er.1fr +eet+C, X = d,

21N

Cm?'xi Tt Cmr'xr ot Cmnxn — ﬂm

e

Jlanmee, IIpHMeHHB Te K€ PACCYKIEHHS K ITOIYYEeHHOH CHCTeMe, HCKITFOUHM H3
YPaBHEHHI, HAUHHAS C TPETBETO X, H T.1.

[Ipomormkas 3TOT ITPoLECC, MBI IIPHAEM K OJHOMY H3 JIBYX CIIYYacB:

. JIubo T1ocIe OINpefelneHHOIo Iara IIONYYHTBCS CHCIEMA, COAeprKallas
ypaBHeHHe Buga O-x, +0-x,+---+0-x, =6 H ¢# (. Torma Hallta cHCTeEMa He HMeeT PEINECHHI,

T.€. HCCOBMCCTHA.

2. THOO CHCTEeMa He COAEPXKHUT ypaBHeHHE BHAA O-x, +0-x, +---+0-x =e H ¢#0.
Tormga paHo WIH MO3AHO MBI IIPHIEM K CHCTEME

(¢, X, +CoX, +ote, X, + e, X, = a,

2n¥n

CyyXy +ort+Cy X+ -+ Cy X, = a,

. rr - r o R
B o3MOXHBI ABa CIIYViaAd.

a) r=n. Torma nocuenHee ypaBHEHHE IOCIEHEH CHCTEMBI HMEET BHA. ¢, X, = @,

a.'r’.l

OTKYAa X, = sk IMpEAITOCIICAHCIO YPABHCHHA HAXOAHM X, _, H T.4. H3 IICPBOI'O YPABHCHHA

C

n
CHCTEMBI HAXOMHM X, .
b) r<mn.Torga cucrema UMeeT OECUHCIIEHHOE MHOXKECTBO PEIIICHHI.
3ameuaHue. C IMpaKTHYeCKOH TOYKH 3PeHI ITPOL[ECC PEILIEHH I CHCTEMBI MOKHO
OOJIErYHTh, €CIIH BMECTO IIpeo0pa3zoBaHHH HAJl CaMOH CHCTEMOH ITIPOH3BOIUTH ITpe0Opa3oBaHHI
HaJ[ COOTBETCTBYVIOIIEN pacIMPeHHON MaTPHIIEH CHCTEMEL.

I IprMep. Penmts cHcTeMy MeTOAOM l'ayccea.

(2%, +x, —x,+x, =1
3x, —2x, +2x,—-3x, =2
Sx, +x, —x, +2x, =1

2x,—x,+x,—3x, =4
PerreHne. PacCMOTPHM pacIlMpPeHH YO MaTPHILY
(2 1 -1 1 1)
3 -2 2 -3 2

B =
5 1 -1 2 -1
.2 -1 1 -3 4/
3 d
AOKYMEHT NMOANUCAH [ YMHOJKHB TIEPBYIO CTPOKY Ha — —, HAKOHEII,
SNEKTPOHHOW NOAMUCHIO 2
Bnapeneu: lebayxoea TateAHa AnekcaHapoBHa | ’
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I
[—

A

1 p | . BN
. 77 9 1 2 1 -1 1 1
7 7 2 . 2 | o -7 7 -9 1
0 — 33 1 7 0O -3 3 -1 -7
2 2 2 2 _ _
0 -2 2 -4 3 0 -2 2 43
B 1mociie fHeEH MaTPHIE MBI YMHOZKIUIH BTOPYIO H TPETHIO CTPOKY Ha 2. Jlanee 1 u 2
3
CTPOKH OocTaBIsgeM Oe3 u3MeHeHHA. CIiepBa YMHOXKHM BTOPYIO CTPOKY Ha — = H CIIOXKHM C
TPEThEH CTPOKOH, 3aTeM YMHOKHM BTOPYIO CTPOKY Ha — % H CIIOKHM C YETBEPTOH CTPOKOH.
[Tomyurmv
2 1 —1 | 1 f’z 1 1 1 1 3
o -7 7 -9 1
5-lo o o 20 2| o -7 7 -9 1
- A O 0 0 20 -352
T 10 19
0o 0o o -V D O 0 0 -—= —
\ 7 7 \, 7 I,
2 1 -1 1 1Yy (2 1 -1 1 1)
o -7 7 -9 1 o -7 7 -9 1
O 0 0 20 -52 0O 0 0 20 -52
o o0 o0 -10 19, {0 0 O 0 -7

1
IlocrnemHIo0 MATPHIY MBI ITOJIVHIUIH, YMHOZIIB TPETBIO CTPOKY Ha E H CIIOXKHB C

YETBEPTOH CTPOKOH. IIocineqHssI YeTBepTasd CTPOKa O3HAYAET, YTO MBI HMEEM YPABHEHHE:
0-x,+0-x,+0-x,+0-x, =7
CIIEIOBATEILHO, ITO CKa3aHHOMY BBIIIIE CHCTEMA HECOBMECTHA.

[IprMep. Penmts MeTo0M ['aycca CHCTEMY YPaBHEHHH.

(x, +2x, - 3x, +5x, =1
x, +3x, —13x, +22x, = -1
3x, +5x, +x,—2x, =35

kle +3x, +4x,-7x, =4

Pemenre. PaccMOoTpHM pacIMpeHHYIO MAaTPHILY CHCTEMBI

1 2 -3 5 1)

1 3 —-13 22 -1
B =

35 1 -2 5

2 3 4 -7 4

YMHOKHM CITepBa ITIePBYIO cTPOKY Ha (— 1) H CIIOkIM co BTOPOIl CTPOKOIL, 3aTeM

AOKYMEHT TNOANMMCAH TPEThEH CTPOKOH H, HAKOHEIL[, YMHOXHM
SNEKTPOHHOM NOANWUCHLIO | 1T
12000002A633E3D113AD425FB50002000002A6 CIPOKOH. 110]TyHHM

lLleBayxoea TateAHa AnekcaHapoBHa

Ceptudnkar:
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12 -3 5 1Y (1 2 -3 5 1)
0O 1 -10 17 =2 01 -10 17 -2
0 -1 10 -17 2 00 O 0 0
0o -1 10 -17 2 ) 00 0O 0 O

J

BTopyro MaTpHITY MBI IIOITYYHM CIOKHB CIIEPBAa BTOPYIO CTPOUKY C TPEThEi, 3aTeM

CIIOKHB BTOPVIO CTPOUKY C 4eTBepTOH. HyreBrle cTpOYKH BEIOpackIiBacM. OcTaeTcsd CHCTEMA
YpaBHEHHH

{7“51 +2x, —3x,+5x, = 1 -
x, —10x, +17x, = -2

bynem cunrarh x, H x, CBOOOJHBIMH HEH3BECTHBIMH, OOO3HAYasA HX: x, =&, x, = [

M3 BTOpOrO ypaBHEHHS CHCTEMEI (*) HAlIEM X,

x, =10x—17 (-2

[lomcTaBHB x, B IIEPBOE YpaBHEHHE, ITOITYYHM:

x, +2(10a-17-2)-3c+5=1 HIH

x, +20a-34p-4-3a+5F=1 HIH

x,=—17a¢+296+5.

T aximm GﬁpﬂSGM, IaHHAS CHCTeMa HMeeT OeCUHCIIeHHOE MHOKECTBO pEH.[EI—]IIﬁZ

x =—17a+296+)5
| p o E(R)
x,=10a-174-2
Bonpocet u 3a0 auu.
Perrnrs CJIY MaTpHYHBIM METOLOM H MeTO10M Kpamepa:
f3.x|+2.x3+.x3:5 ( X, —2x,+3x, =6 ( 2x,—x,—x, =4
a) «2x, +3x,+x,=1 :0){2x,+3x, —4x, =20.B) <3x, +4x, —2x, =11
2x, +x, +3x; =11 3x, —2x, —5x; =6 3x, —2x, +4x, =11

-

DYx+3x—x; =1L 3™y + x, — x3 =2, 39

A,

X~ 2xy + 2x3 =7 4x; + x,—-3x3 =-5 2x — xp— x3=-9
PelnTe CHCTEMEBI IIMHENHBIX VPaBHEHHI MeTOLOM ['aycca:

(3x, +2x,+x, =5 [ x,—2x,+3x,=6 [ 2x,—x,—x,=4
a) «2x, +3x,+x,=1 ,0){2x,+3x, —4x, =20.B) <3x, +4x, —2x, =11

2x, +x, +3x; =11 3x, —2x, —5x; =6 3x, —2x, +4x, =11

(2x, +4x, +4x, +6x, =18

AOKYMEHT MOAMMCAH
ANEKTPOHHOM MOAMNWCHIO
Ceptudpukar: + 12000002A633E3D113AD425FB50002000002A6
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Ilpakmuueckana paboma Ne 3. /Iunelinole onepaunuu Hao eéekmopamu. Paznoscernue éekmopa
no opmam KoOOpOuHAmMHbsIX oceil. /[elicmeéus HAO 6eKmMoOpaAMu, 3A0AHHLIMU NPOEKUUAMIL
CKanapHoe, 6 eEKMOPHOE U CMEMULAHHOE NPOU36E0EeHUA 6EKHO0P06.

HEJII’:.' EBIpElﬁlDTElTL YMCHHE BBIITOJIIHATD JIHHEHHBIE OIICpalliiii HaJ BCKTOPAMI, IEeHCTBHS HaJ
BEKTOPAMH, 3dJddHHBIMI IIPOCKITHAMII, IIPHMCHATL IIPpH PCHOICHHH 3a/JdY CKaJIAPHOC, BCKTOPHOC H
CMEIIaHHOC ITPOH3BCACHHA BCKTOPOB.

Teopemuueckasa wacmo
HarrpaBiieHHBIH OTpe30K Oy[eM Ha3bIBaTh BEKTOPOM H 0003HaYaTh AB, CD unu a, e, ...

BEI{TGP Ha3bIBACTCA HYJICBBIM, CCIIH CI'0 HAY4JIO H KOHCIL] COBIIAAAIOT H 0003Ha4YarT o .

HymeBoii BeKTOp He HMeeT ONpeJleJIEHHOI'O HaITpaBJIeHHSI H HMeeT JUIHHY PaBHYIO HYIIIO.
BekTophl Ha3pBaIOTCS KOIMIMHEeapHBIMH, eCIH OHH JIeKaT Ha OXHOH ITpsMoii, THOO Ha

ITapaIe]IbHBIX IIPSIMBIX. /IBa BeKTOpa Ha3bIBAKOTCSI PaBHBIMI, €CIIH BBIIIOIHEHBI CIIeAYIOIIHE TPH

YCJIOBHSL. 1) JUIMHBI BEKTOPOB PaBHBI, 2) BEKTOPHI INapalllelbHBI (KOIIIMHEApHBI), 3) BEKTOPEI

HalTpaBIIeHBI B OJHY H TY K& CTOPOHY.
1. CroxeHHe BEKTOPOB

CymMMOH a + B JBYX BEKTOpPOB a I B Ha3bIBAeTCSA BEKTOP, HAVIIHI H3 Hayajla BEeKTOpa

a B KOHEI[ BEKTOpa D IIPH YCIIOBHH, YTO BEKTOP D IIPIIIOKEH K KOHILY BeKTopa a (IIPaBIIIO

TPeyrolbHHKA) H 3aICHIBAOT C =a + b.

CI1oKeHHe BEKTOPOB oOmnagaeT CIICAVIOIIIIMH OCHOBHBIMII CBOHCTBAMI:

1. KoMmMmyratmBHOCTE: a+ b =b + a
2. ACCOIMAaTHBHOCTB: JUI JIIOOBIX BEKTOPOB a4, D M C BBHIIONHAETCA PaBEHCTBO
a+(b+c)=(a+b)+c

3. IlpuOaBlIeHHe HYIIEBOrO BeKTOpa K IMOOOMY BEKTOPY a HeE MeHSET ITOCHEIHETO!
a+0=a.
4. CyMMa BEKTOpa a H IPOTHBOIIONIOKHOIO BEKTOpa a | paBHa HYIEBOMY BEKTOPY, T. €.

a+al=0

Gk BTOpPOI'o CBOFCTBA CIICAVYCET, HTO €CIO1 JaHBI BEKTOPEI Hl:, HE g e Eln:, PacCIIOIIOKCHHDBIC
TdK, YUTO KOHCL IIPECABIAVIICIO BECKTOpa ABIIACTCA HaAYAJIOM IIOCIICAVIOIIEIO, TO CYMMaA

a, +a, +...+a,, OyAeT IpeACTaBIATh COOOH BEKTOP, HAYIIHI H3 Hayala BEKTOpa a | B

KOHEL BEKTOpa 4a n.

AOKYMEHT NoanmncAH
SNEKTPOHHOW NOAMUCHIO
Ceptudukar: 12000002A633E3D113AD425FBS50002000002A6
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a+a,+a,+...+a,

2. Beruutanume EEI{TDDGE

PEIBHIDCTBID ,[[E}”X BEKTOPOB 4 H b Has3bIBAETCS TAKOH TpETI]II BCKTODP C , UTO 4 —b + C

1 oOo3HayaeT a - b C. UtobOBI M3 OTHOTO BEKTOPaA BBIYUCCTDb ,I[p}’TlDH:, HYKHO HX OTHECTH K
GﬁH_[EI\{y Ha'ddlly H ITPOBECTH BCKTOP H3 KOHEYHOH TOYKH BEKTOPd — BBRIMHTACMOI'O B KOHCYHYHO
TOYKY BEKTOPA — YMCHBIIACMOI'O.

3ameuanne. Hapsay ¢ mpaBIiIoM TPeyrOIbHHKA YacTO ITOIb3YEOTCS (pElBHGGHJIBHLIM eMy)

ITPpaBHIIOM ITapalUICIIOIPpaMMa. €CIIH BEKTOPEL d H b

MIpHBeIeHBI K 00IeMy Havyaly M Ha HHX ITIOCTPOEH IMapauiellorpaMM, TO CyMMa a + b
eCTh BEKTOp, COBIIAQJAIOINHII C JHArOHAIIbIO 5TOr0
Tapa/uienorpaMMa, HAyIiel w3 oGIIero  Havama

BEKTOPOB 4 H b d BTOpPasda ,[[IIEII‘IDHEIJ]L HAYIIAaAd ].313

KOHIda BCKTOPa b B KOHEIL[ BEKTOpPa 4 €CTh Pa3sHOCTE 4

) b,

3. HDGHBEE,I[EHHE EEKTGD& Ha 'LIHCJIG

[TponzpeneHnem o a (wim a -:1) BEKTOPa a Ha BEINECTPEHHOE YHCIO O HA3pIBACICA
BEKTOP b , KOINIMHEapHBIH BEKTOPY a , (IpHYeM BEKTOP b mMeer JUDTHY, PaBHYIO ‘ o ‘ ‘ a ‘)

H HMEIOIIHH HaITpaBIIEHHE, COBIIAOAIOINIEE C HAIIpaBIIEHHEM BEKTOpa aB ciaydae OL) 0 u
IIPOTHBOITOIIOXKHOE HAIIPaBIIEHHE B CcIIy4ae Ol 0.
FEGMETPH‘IEGI{HI“I CMBICII OITEPAIlHH YMHOMKCHIA BEKTOPA Ha YHCIIO MOYHO BbIPA3HTE TdK.

IIPH YMHOKEHHH BeKTOpa a Ha YHCIIO OL BEeKTOp @ pacTsaruBaeTcs (CKHMaeTcs) B CL pas.

IIpu sToMm, ecnu CL» 1, TO a pactsarueaercs, ecii 0< O <], TO BEKTOp a CKHMAaeTcs H

[OKYMEHT NOAONMUCAH U BEKTOpP 4.
SNEKTPOHHOW NOANUCHLIO |
Ceprudukar: 12000002A633E3D113AD425FB50002000002A6 1ICTCA ITPH ‘ 0 ‘ » 1 H CXKIIMAETC S ITPH ‘ Cl ‘{ 1
Bnapeneu: leBayxoBa TateAHa AnekcaHapoBHa [ Ha ITPOTHEOIIOJIOKHOC.

> 00MafaeT CIEAVIOIIIMIL CBOHCT BAMH:
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. o(a+b)=cta + o b (pacrpenenHrensHOe CBOICTBO YHCIOBOIO COMHOKHTEILT
OTHOCHTEIIFHO CYMMBI BEKTOPOB).

2. ( +P) a=o0a + Pa (pacrnpemselHTeIbHOE CBOHCTBO BEKTOPHOIO COMHOXKHTEIIS
OTHOCHTETIBHO CYMMBI YHCEI).

3. a(p a) = (o) a (couyeTaTelIbHOE CBOHCTBO YHCIIOBBIX COMHOIKHTENEH).

Tak Kak IO OIpeJelNeHHI0 BeKTOp €CTh HallpaBIEHHBIH OTPe30K, a IIPOEKI[HH
HaITpaBIIEHHOTO OTPe3Ka Ha OCH KOOpAHHAT HaXOJST KaK PasHOCTH OFHOHMMEHHBIX KOOPIHHAT
KOHI[a H Hayalla HalpaBIEHHOIO OTPe3Ka, TO TOYHO TaKKe HaXOJIT ITPOeKIHH BeKTopa Ha
KOOPAHHATHBIE OCH. OTH ITPOEKITHH H Ha3bIBAIOTCSA KOOPIHHATAMH BEKTOPA.

Hanpumep, mmycTs JaHel ToukH A3, -2, 5) H B( 1, 2, 3). Torga xoopgHHaTaMH BeKTOpa

ABﬁy,I[yT -1-3=-4; 2-(-2)=4, 3-5=-2 u obo3Hauvaror AB ={-4, 4, -2}.

B mambHeiiineM, KOOpAHHATHL (IIPOEKIMH Ha OCH) MBI OyjieM o003Ha4yaTh a ={X, Yy, Z}.
OTMETHM, YTO JEHCTBHUSI Ha/Jl BEKTOPaMH MOXKHO IIPOH3BECTH B KOOPAHHATAX.

HycTL JJaHbI BEKTOPHI B KOOPAHHATAX: & = {x[, yi, Zi} B b = {x2, y2, 22}.

Torma: a +b —{}L|+}L’:.‘. Y1 + ¥2, Z[+Z’:}, a - b ={x[-}i3, Y1 - Y2, 21-23}, cLa = {{1};[,
ol yi, OLz1}.
CI{EIJIHDHGE ITPOH3BCICHIIC EEI{TODOE

[TycTh maHEI IBa BEKTOpa a H b CKaJIIpHBIMH ITPOH3BEAEHHSIMH JBYX BEKTOPOB aub
Ha3bIBAETCS YHCJIO, PaBHOE NPOH3BEIEHHIO JJIHH 3THX BEKTOPOB, YMHOXXEHHOMY Ha KOCHHYC
yITIa MeXy HIMH:

(QE) = ‘5‘ - HCDS $, rme ¥ — yroi MexIy BeKTOpaMH

MoxHO JaTh Jpyroe OIpelelleHHE CKaJIIPHOIO ITPOH3BEJEHHS JBYX BEKTOPOB. M3
TEOPHH ITPOEKIHI H3BECTHO, UYTO

np;a = |£1" cosd Hnp-b= ‘b‘ COS 9.
T.0. CKalsIpHOE ITPOM3BEIEHHE ABYX BEKTOPOB €CTh YHCIIO, PAaBHOE ITPOHM3BEEHHIO
JUIHHBI OJHOT'O M3 THX BEKTOPOB Ha IIPOEKIHIO APYTOro BEKTOPA Ha IEPBBIH BEKTOP.
(ab) = ‘b‘np};ﬂ wit  (ab) = ‘ﬂ‘np; b.
CKaJIIpHOE ITPOM3BEIEHHE BEKTOPOB 00IafacT CIEeAYIOIHMMH OCHOBHBIMH CBOHCTBAaMI:

1. CxamspHOe IPOM3BeeHHE IBYX BEKTOPOB @ H D ofpaluaercs B HylIb B TOM CIy4ae, KOI/a
ITO KpaliHeH Mepe OJHH H3 BEKTOPOB SBIIIETCS HYIIEBBIM HIIH €CJIH BEKTOPEI ITEPITEHHK YIISIPHBEI.

2. CI{EIJIHPHGE ITPOHU3SBEACHHE JABYX BEKTOPOB 4d I b PdAaBHO IIPOH3BCACHHIO JJIHH 3THX
BEKTOPOB, €CIIH JdHHBIC BEKTOPLI ITdPAJUICIIBHBL, T. €. 0 = 0.

(a )= [ablcos0 = ] o
OTcroma CIIEAYCT, YTO CKAJIAPHOC ITPOH3IBCACHIC BEKTOPA Hd CaMOI'O ceds PABHO KBAAP4ATVy

S —
JUTHHBI ATOrO BEKTOpa, T. €. (:51- a ): ‘a‘

3. CkamipHOe TIIPOM3BENEHHE IBYX BEKTOPOB OONMAmaeT IIEPEMECTHTEIBHBEIM CBOHCTBOM
YMHOK EHHT: (a b ): (ba )
4. CraIspHOe TIPOH3BE/IEHIE 00MA/IaeT PACTIPEIENHTENBHEIM CBOHCTBOM OTHOCHTENBHO CYMMBI

sextopon: (2 +b)- 0 (2 )+ (bc)

AOKYMEHT NOANUCAH oy { : } 5 { : }
SNEKTPOHHOW NOANMUCHIO SA= Y 45U b X2, V2, 22
Ceprudimgar: | 12000002A633E3D113AD425FB50002000002A6 ' CYMME Hpg}[gﬁeﬂem[ﬁ HX OJHOHMMEHHEBIX
Bnapeneu; Webayxoea TaTeAHa AnekcaHgpoBHa
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BeKTopHOe IIPOH3BeAcHHE BEKTOPOB

BEI{TGPI{BIM IIPOU3BeeHHEM OBYX BEKTOPOB U U b Has3bIBAETCSI TaKOH TpETHﬁ BEKTOP

C I{GT IDPBIH oOmagaet CIIC I YIOII HMH GEGHGTEMI

l) C J_ all CJ_b TO €CThb BEKTOP ﬂ IIEPIIEHAHKYIIAPCH K IUTIOCKOCTH, I'IC JICHKAT BCKTOpPaA

aub;

2) JlmnHa BekTOpa € YHCIIEHHO paBHA IUIOINAIH ITapalulelIorpaMmMa, ITIOCTPOeHHOIO Ha BEKTOPpax

aub, e b|sin ¢, rIe @ — yroaMexay BeKTopaMud u b ;

3) BekTOp C HAaIPaBIIeH B TAKyI0 CTOPOHY, YTOOBI KPAaTYAHIIIIIT TOBOPOT OT MEPBOTO BEKTOpa d

K BTOPOMY BEKTOPY D BOKPYT BEKTOpa C TIPEICTABIIAICA MPOHCXOASAMIM MPOTHB JaCOBOH

CTPEIKH, €CIIH CMOTPETE H3 KOHI[a BeKTopa C .

BekTopHOe nmponsBeieHIEe 0003HaYar0T CHMBOJIOM C = [ﬂb unuc=axb.
a) OCHOBHEIE CBOHCTBA BEKTOPHOI'O ITPOH3BEICHUS:

1. BekTopHOe IIPOH3BEJeHHE IBYX BEKTOPOB d U b paBHO HYIEBOMY BEKTOPY B TOM H

TOJIbBKO B TOM CIIVHAC, KOI'ld 3TH BCKTOPHI ITaPalllICJIBHEL.
M3 5TOro CBOHCTBA CIICAYCT, YTO BCKTOPHOC IIPOH3BCACHIIC 1rod0ro BCKTOPd Ha CaMOI'O GE@H:,

Te. Lfm = ().
2 BEKTGPHGE HPGHBEE,I[EHIIE ,[I;B}"X EEETGPGE HHTIIKGI\MVTE],THEHG d HMcCHHO.
[ab = ba]

3. BEI{TGI}HOE ITPOH3BCACHHE oOnmamaeT CBOHCTBAMH COYETaTeIIbHOCTH OTHOCHTEIbHO

YHCIIOBOI'O MHOXKHTEIIT., X ab] = [(xa . b] UL [a . (Zb],
4. BekTopHOe TIIPOHM3BEJIcHHE BEKTOPOB OONIAJacT PacIpelelMTeIbHBIM CBOHCTBOM

OTHOCHTEJIFHO BEKTOPOB.
BektopHoe MPOM3BeJIeHHe BEKTOPOB B KOOPIHHATAX

[TycTs BekTOpEI O U baa,z[aHLI B KOOpAHHATaX (d = {X] » Vi Z]} b= {xz, Vs, ZE}

r ™

Vi<l (&%) X5 Y
Tc:r,[[a[ab —C% l l; l l; L > .

| Y222 |22 X2| X2 LVZ
I IprMep. I1ycTh JaHBI BEKTOPEI a {2 —1, 4}34! b {3 1 0}
J!II IE IE
[EE =2 -14/=0+20, +121, +3Il, — 41, = -4l +121, +5I..

310
T.€. \ab‘= C = {— 4, 12, 5}.
IIyCTh OaHBl TPH BEKTOpa E 5 c . Ecmmi u3 TpE:K BEKTOPOB OORIE [Ba EEI{Tﬂpa

YMHOXHTbh BEKTOPHO, a 3aTeM ITOJIYYEHHBIH BEKTOP d = [a b] YMHOKHTh Ha TPETHH BEKTOpP C

CKaJIADHO. TO B DE3IVIIBTATC MBI IIOJIVHHM YHCIO, KOTOPOC H HA3BIBACTCHA CMCIIaHHBIM
AOKYMEHT NoanmncAH — — =

SNEKTPOHHOW NoONMUCLIO modo a b C, J'JIIﬁG ([ﬂ b E’)
Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6
Bnapeneu: ebayxora TaTeAana AnexkcaHgpoeHa HbIX BCKTOPOB H 3 b H C IO MOJYJIIO paBHO
IX BEKTOpPax.
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CMeIaHHOE ITPOH3BeJIeHHe BEKTOPOB ¢ | b c PAaBHO HYIIIO TOrJIa H TOIBKO TOIJa, KOrja
5TH BEKTOPHI KOMILJIAHAPHEL.

CMEIIaHHOE ITPOH3BEAEHHIE BEKTOPOB B KOOPAHHATAX.

[TycTh maHBI TPH BeKTOpa B KOOPAHHATAX

a=1{x.y,.z,}.b=1{x,,y,.2, }.c={x,,y,,2,}. Torma cMelraHHOe IIPOH3BEIEHHE 5THX

BEKTOPOB MOXHO BBEITHCIIHTD ITO (prIVI}"HEZ

xl -}!l Zl
(lable)=|x, vy, zZ,|.
'xfi .}!3 Zfﬁ
MHOrHe 3ajaydl TeOMETPHHM, (M3HMKH, MEXAHHKH PeINaloTcs MeTOLaMH BeKTOPHOIN

anreOpel.

[IpuMep. BRIUMCINTD, KaKylo paboTy IMPOH3BOAMT cHia [ = {3, -5, -2} xorga ee Touka
IIPHIIOKEHHSL, IBHTASICh ITPSMOIHHENHO, IIepeEMEIAeTCs H3 MOI0KeHHS A (2, 5, -3) B ITIOJIOKEHHE

B (3,-1,-2).
Perenne. HamnjgeM KOOpAHHATEI BEKTOPaA 3 = IB’
S = {3-2: -1-5:-243) = {1: -6: 1}
Torga BeTHYHHa HCKOMOH padoTa paBHA CKaJISPHOMY ITPOH3BEIEHHIO (? .S ), T.e.
W=(F §)=31+(-56)-21=3l.
[ IpuMep. Hartu yromn, o8pa3oBaHHBI BEKTOPAMH: E:{S,O,-r—l} 151 E:{-],],-Z}.
3-(-D+0-1+(—4) - (-2) _i_i
3 H0+4 )+ P+ (-2 56 V6

[Tpumep. JlaHbI KOOpAHHATH BepinmHH TpeyrombHHKa A(1,2,0), B(3,0,-3) u C(5,2,6). Haiitn
TJIOINAAb STOr0 TPEYTOIIEHHKA.

Perienme. COSQ =

Peruenme. HafieM xooparHatsl BektopoB AB u AC .

AB = (3-1,0-2, -3-0} = {2, -2, -3}
AC ={5-1,2-0,6-0} = {4, 0, 6)

HarjeM BEKTOpPHOE ITPOU3BENEHHE BEKTOPOB E n AC : [AB-AC1=(2 -2 -3

=—12e, —12¢, +8e, —12¢, = —12¢, — 24, + 8e,
Urak, [AB-AC | = d = {-12,-24, 8).

Haiigem MOJIVYIIb BEKTOPHOI'O ITPOH3BCACHITA

[[AB- AC]|H d |£ /(—12)* + (—24)* + 8% = /144 + 576 + 64 = /784 = 28.

HMckomas roromanb TPEYI'OJIbHHKA. SMBE

:%‘[AB-AC]‘ :%-28 — 14 xB. e

[TpuMep. BerurcmiTs 00beM TeTpasapa, BEPIIHHEI KOTOPOro HaxoAarcsa B Toukax O(1,1,2),
A(2,3.-1), B(2,-2,4), C(-1,1,3).

AOKYMEHT FOANUCAH 1x OA, OB u OC HaiigeM KOOpIHHATHI 3THX
SNMEKTPOHHOW NMOANUCHIO

Ceptudchmkar:  12000002A633E3D113AD425FBS0002000002A6
Bnapeneu: LlleGayxoera TaTtbAHa AnekcaHapoBHa

C ={-2,0,1}. Torna ncxomeiit 06beM:
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| 2 -3
| | | |
:—\([OA-OB]-OC]:— Il -3 2|=—=|-3-8+18- 2|_— 5-2
6 6 6 6
-2 0 |

5
V=— Kky0. ex.

6 —_—
I IpuMep. BEIUMCIHTE MOAYIL BEKTOpa d = {6,3,-2}.
PerreHnie. Eciii gaH BEKTOP E = {x, v, 2}, TO |a| = \/.r + }? + 7~ . CrnegoBaTelbHO,

HMEEM
a|= J6 +32+(=2)> =/49 =7.
| IpuMep. BEIMHCIIMTE HAIIPABIISIOLIIE KOCHHYCEI BEKTOPA E = {12,-15,-16}.
Pernerue. |E| = \/122 +(—15)* +(-16)° = J625 =
cosa = —~— — lz;cnsﬁ: 4 :_15:—2;0135;/:4:_—16

la| 25 la| 25 5 la| 25

[Ipumep. BekTophl awub 06pasyroT yroi ¢ = 60", mpHyeM |E| =5Hu |5| = 8. OnpeaenTs

|:i_1 +5|H|£_I-5|.

Pernerme. PaccMoTpHM ckamsapHoe npomsBeferne (a + b)u (a + b) t.e.

_ _ - _ _ 1
(a+byY=(aa)+2(ab)+(bb)= |a|3+2|a|-|b|-c0560“+|b|3=25+2-5-8-5+64= 129,

CIIeI0BATEIbHO |E + 5| = /129 .

AHaJIOTHYHO, paccmm‘prm(a b)“

(a-bY=|al-2(ab)+|bP =25-2-5-8-%+64=49. la - b|=+49 =7,

Bonpocst u 3a0 auu.

—> y —>
3agaya 1. Ilo maHHBIM BekTOpaM @ U b nmocmpoume eekmopbl a+ b, a—b, b—a u
—> > a —
_a_b / X‘

3amaya 2. Ilo JaHHBIM BEKTOpaM ? u ? IIOCTPOITE BEKTOPHI 3?, —1 1’23 uzza+ 1;’3?.

ST~

-
3agaya 3. KakoMy YCIOBHIO JOJIKHBI VIOBIETBOPSTH BEKTOPEL & u b yTOOBI BEKTOPHL & + D
AQKYMEHT TOATIMCAH eCKHIT CMBICT HMeeT 3TO YCIOBHE?
SNEKTPOHHOW NOANMCbIO | Y '
CepTudukar: 12000002A633E3D113AD425FB50002000002A6 —>

Bnapeneu: Lebayxoea TateaHa AnekcaHgpoeHa XTOpa a= {3!1 !_2}:' €CJIM €I'0 KOHEI] COBITaJacT
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3agaua 5. IIycTh B HeKoTOpoM Oa3zHce ?= {2;-1:3} u ?= {1,—-2;—4}. Haiignte KOOpIHHATEI

—> AP
BEKTOpa a8 + 2 b B 3TOM 0a3smuce.

3amaua 6. OmpeennTh, IIPH KaKHX 3HAYeHHIX o. H B BekTopel a={-2, 3, B} u b={a, -6, 2}
KOJUTHHEAPHHI.

3amauya /. JIaHBI TpH BEKTOpa ; = {3.-2,1}, a = {-1,1,-2}, ; = {2,1,-3}. Haritu pasnoxeHue

BEKTOpa c = {11,-6,5} o Gazucy p, E, ;',

b| = 1, BRIYHCITHTE

— S ﬂ' —
3amaua 8. BekTOpel @ H b 006pa3yroT yron @ = E 3Has, 4uTo |a | = \/§.,.

VTOII & MEXAY BEKTOpaMH P = a +bu q = a-b.

3amaua 9. BEIMHCIMTH IIPOEKI[HIO BEKTOPA a = {5,2,5} Ha och BeKTOpa b = {2,-1.2}.
3agaua 10. JlaHel BepimHEI TeTpasapa: A(2,3,1), B(4,1,-2), C(6,3,7), D(-5,-4,8). Haiitn mniuHy
€0 BBICOTBI, OIIYIIIEHHOMH M3 BEPIIHHEL D.

3ajmaua 11. Haittu opr Bektopa a = 3e, +4e, —12e,.
Bamava 12. HaliTu BeMHUHHY IDIOMAIH MTapalljieorpaMMa, CTOPOHAMH KOTOPOTO SBIISEOTCS

BekTOopel a ={1,-3,1}u b ={2,-1,3}.

3agaya 13. BEIYHCIINTE BHYTPEHHHE VITIBI TPEYTONBHHKA ¢ BeprimHaMu A(1:2;1), B(3:;-1:7)
H C(7:4;-2). YOeIUThCS, YTO 3TOT TPEYTOIIbHHK paBHOOeApeHHBIH. CIenarh YepTeiK.

3amaya 14. 3Hasg OJHY H3 BepIIHH TpeyrolbHHKa A(2;-5.3) H BEeKTOPHI, COBIIAJAIONTHE C

IBYMS ero cropoHamu AB = {412} u E = {3:-2;5}. HaliTu ocTaabHbIe BEPIIHHBI H

KoopaHHaTH BekTopa CA .

Ipakmuueckaa paboma Ne 4. [Ipamaa muHUA HA NJIOCKOCMIL: YDPAGHEHIE NPAMOIUL C

Y2I066IM KO3 (h(huntiermom,; ooduiee ypasHeHue npAMoOI, ypaeHeHlle npAMOIU, npoxoodauiell
yepes 0aHHYI0 MOUKY 6 0AHHOM HANPAGJEeHUU, VP ASHEHUE NPAMOIL, RPOX00Aulell uepes 06e
0 AHHblE MOYKU, YPAGHEHIE NPAMOIL 6 OMPEIKAX. Y2071 MeXHCOY 06YMA NPAMBIMU. Y clloeus
napaieibHOCMU U NEPRnEeHOUKyIapHocmu 06yx npamelx. Paccmoanue om mouku 00
nPpAMOIL.
Ilens: chopMupoBaTh IIpeicTaBIIEHHE O BO3MOXHBIX CIIOCOOaX 3aJaHHS IIPSIMOH Ha
IUIOCKOCTH, BEIPaboTaTh YMEHHE BHEIOHPATh COOTBETCTBVIOIIEE YpPaBHEHHE JJI1 KOHKPETHOM
3aJlaul, HAXOAWUTh BEIMYHHY VIJIAa MEXIY IBYMS IPSAMBIMH H PACCTOSHHE OT TOYKH JO
TTPSIMOH.

TEﬂpEHHHIECHIIH yacmb
B ﬂEKHI]TDEDI:'I CHCTEMC KOOPAOHHAT Ha ITUTOCKOCTH Kaxkad TIpAMaA OIrpCaciIACTCA VP aBHCHHCM 1 -1 cTerieHH

4, 00paTHO, KaXKJ0e YPaBHEHHE 11 CTEIIEHH OIPENEIISET ITPSIMYIO.

YpaBHEHHE TIPIMOM C VITIOBBIM KO3(duipieHTOM: y=kx+b, TIe Kk — VyITIOBOM
KO3(P(HITHEHT IIPSMOH, b — HavyalIbHasI OpAHHATa.

IIprmep: Harmicate VypaBHEHHE IIPSAMOH, ITPOXOMIMIIEH uepe3 TOuKy Mo(-2;1) H
00pasyromen ¢ IMpsaMoH 3x —y + 2 = 0 yroll B 45°.

PerieHHe.

YpaBHEHHE IIPSIMOH, IIPOXOASIIEH Yepes3 TOUKY M,(Xo, Vo) HMEET BHI:

v—vyo=ki(x—xp).T.e.y—1 =ki(x + 2)

AOKYMEHT MNMOANUCAH [Tb YITIOBOH KO3(QHIIHEHT & 1 3TOrO
ANEKTPOHHOW NOAMUCLIO | T (11(1) n Lok a
Ceptudpukar:|'12000002A633E3D113AD425FB50002000002A6 1 00pa3yeT ¢ JJTaHHOH IIPSAMOH 3x—y+2=(0 yron B
Bnageneyw: Webayxoea TaresHa AnekcadHapoeHa = 3. T(}I‘,I[El HMCCM.
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k,—k _
tg45° = ——— ym 1= 5K, :
I+ kok, 1+ 3k,

otkyaa I + 3k; = 3 —k;, um k; =— . llogcraBus k; = — , MONIYUHM: y— [ = E (x + 2) WIH x —

2y + 4 = () —HCKOMOE YpaBHEHHE ITPSIMOHI.
OOree ypaBHeHHe nTpsMoi: Ax+By+C=0,tae A, B, C —IIpOH3BOJILHEIE YHCIIA.
OueBHgHO, A H B He MOI'yT OBITH OJTHOBPEMEHHO PABHEI HYIIIO.
9 X vy
YpaBHeHHe IIPSMOH B OTpe3Kax. — + > =1, rae a, b — BeIMMYHHBI OTPE3KOB,
a
OTCEKAEMBIX ITPSMOH Ha KOOPAHHATHBIX OCSX.

3aMeYaHIE. HPHIMIEIH JINMHHA B OTPC3KdX OTCCKACT OT KOOPAHHATHOI'O YIIad

9 - 1
IIPSIMOYTOJIBHBIH TPEYTOIBHHK, ITIOMIaAb KOTOPOIo ONpeelsaeTcs popMyIon S, = Elﬂ”b‘ :

[Tpumep. Jana mpsmsvast Sx-3y-30=0. HatiTu rmommaae TpeyroibHHKa, OTCEKAEMOL O
IIPSIMOH OT KOOPJAHMHATHBIX OCEH.

PeltleHre. 3armiImneM YPABHEHHE Hpﬂlﬂﬂﬁ B OTPE3KdX, pa3JdcJIHB BCC UJICHbBI JdHHOI'O

ypaBHeHH I Ha 30: e IJ:)

= 1. M3 ypaBHeHH S BHIHO, YTO a=6:b=-10. CrnegoBaTeIbHO,
1
S, = E|6||— 10/ =30 xB.ex.

HopmansHoe ypaBHEHHE IIPSAMOH: xcos&+ ysin&d- P =0, rae 0 - yroi, KOTOPBIH
o0pasyeT mpsaMasi ¢ ITOIOKHTEIIBHBIM HaIIpaBJIeHHEM OCH OX.

IIpumep. JlaHo ypaBHeHHE IIPAMOH SX — 12y + 26 = 0. [IpuBecTH K HOpMAIIbHOMY BHIY.

Perrenue. s repexoa or o0IINeEro ypaBHEHHS IPSIMOH K HOPMaJIbHOMY HeoOXoaumMo 00e

|
+JA*+ B>

3HaK BeIOHpaeTCsa IIPOTHBOIIOIOAKHEIM 3HaKy C. B 1aHHOM ypaBHeHHH A=5, B=-12, C=26.
Tak xak C>0, TO HOPMHPYIOIIHH MHOKHTEIEL OEpPEM CO 3HAKOM MHHYC, T.€.

JacTH OOIIEr0 YpaBHEHH S YMHOKHTh Ha HOPMHPYIOIIHI MHOKHTEIbh M =

| ] 1
M =— — —— . YMHOXHIB Ha M = — — JIaHHOE YpaBHEHHE, TTOTYYUHM:
+25+144 13 13
5 12 . S5
——X+—y—2=0 -HopManbHOe YpaBHEHHE MPIMOii: cosf= — —, sinf= —, P =2,
13 13 13 13
y=kx+ b,
[IycTh TaHBI IBE IIPSMBIE " " YTOI MEXIY ABYMS IIPSIMBIMH Ha IITIOCKOCTH
y=k,x + b,
k, — k,

MO’KET OBITh BBEIYHCIIEH ITO (POpMYTIE: (g = 1 = Pl
+ "2

HeoOxXoaMBIM H JOCTaTOYHBIM YCIIOBHEM IAPAJNIEIIbHOCTH JABYX ITPSIMBIX SBIISETCS
PaBEHCTBO HX YIIIOBBIX KO3 dHImMeHTOB: ki=k, HeoOxommmoe 1 JOCTaTOUYHOE YCIIOBHEM

NOKYMEHT NOANMUCAH LCTCA B TOM, HUTO ITPOH3BEACHHC HX YVITIOBBIX

SNEKTPOHHOW NMOAMUCHIO
Ceptudukar: 12000002A633E3D113AD425FBS50002000002A6

Bnapeneu: lLebayxoea TateAHa AnekcaHapoBHa
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3ameuaHHe. ECIH ypaBHEHHA ABYX IIPSAMBIX 3aJaHEI B 00IeEM BHAE A1x+B1y+Ci=0 u
Al

Axx+Bay+C>=0, To yrmoBsie KO3(h(QHIHEHTHI 3THX ITPSAMBIX OYAYT UIMETh BHI: k, = — 2
|

| A A
1) IIycTe nmpsmele nmapamineabHel. Torga k=K, win 2 = B_ , T.€. €CIIH B YPaBHEHMSIX JIBYX
| 2

ITPAMBIX COOTBCTCTBVYIOIIIHE KGB(l)(bI]I[HEHTLI IIPH TEKYIHIHX KOOPAHHATaX ITPOITIOPIHOHAIIBHEL, TO
A B C

ITPAMBIC  ITAPAJIIICIIBHEL. Ecm IpH  5TOM HMEEM OTHOIIICHHE — = —= l:, TO IIPAMBIC

A, B, C,

COBIIAJAFOT.
2) Ilycts mpsAMbIe MEPHEHIHKYISIPHBL. TOrja BHIIONHSAETCSA PaBeHCTBO K, -k, = —1

Al AE
JBl BE
IICPIIEHIHKYIIAPHOCTH JABYX ITPAMBIX, YPABHCHHIA KOTOPBIX 34/IdHbI B 0O0II[EM BHIIE.

IIpuMep. JJaHbl ypaBHEHUS ABYX IPSIMBIX: 2X —y +3 =01 4x — 2y + 5 =0. Kak
PACIIONOXKEHEI ATH IpsMble? 3aech Ay =2, B1=-1,Ci=3,A2=4, B, =-2, C,= 5. 31¢ece

2 -1 3
BBITOJTHSIEOTCS COOTHOIIEHHI. — = —— # — | T.€. IIPSAMBIE ITapallIEIbHEI.
4 -2 5
IIpuMep. JlaHbl ypaBHEHHS ABYX MPAMBIX 3X — 2y + 1 =0 u 2x + 3y + 4 =0. Kak
PACIIONIOKEHEL 3TH IIPSMBIE?

=—] wm A1A2 + Bi1B> = (0 - 3TO0 ecTh HeOOXOQHMOE H JOCTATOYHOE YCIIOBHE

Pemenne. BermnmeM ko3 IIHeHTHI IIPH ITepeMeHHBIX x Hv: A =3 B =-2, Ci1=1, A»
=2, B> =3, C2 = 4. PaccMOTpHM BEITIOJIHEHH E YVCIIOBHE TIEPIIEHIUKYIIIPHOCTH. UMeeM: A1A2
+ BB, =3-2 -2:3=0. YcJI0BHE BHIIIOIHEHO. CIIeOBATEIBHO, JaHHEBIE IIPSMBIE

e PIIEH JUKYIISIPHBI.
UTOGH HAalTH paccTOAHHE OT TOUKH Mo(xo,y0) 4O IIPSMOI, HEOOXOAMMO: 1 )ypaBHeHHe

JaHHOH ITPSMOH ITIPHBECTH K HOPMAJIEHOMY BHAY, 2)IIOJACTAaBHTL BMeCTO TeKYIIHX KOOPJAHHAT,
KOOPAHMHATHI TOUKH Mo(x0,v0).

ld| = | xocos 6+ ypsin& - P|

[ [pumep. HaitTu paccTossHHE OT TOUKH Mo(-2,3) 10 ITpsaMoH 3x — 4y — 2 = 0.
Pemennie. IIpuBOAMM JaHHOe VpaBHEHHE K HOPMalbHOMY BHIY, VYMHOXasd ero Ha
HOPMHPVIOIIHH MHOXHTEIIb

M=__1 1
V3T 4475
[ lomyynM HOpMaJIbHOE YPaBHEHHE 3 x_ 4 y— 2 ~-0-
d S d
Torma oTkinoHeHHE d = E.(_Q)_ig_z __6 12 2 20_ _4
5 5 5 5 5 5 5
(R OTpHIIaTE]IbHOE 3HAYEHHE IS OTKIIOHEHHS d,
Mo(- YKa3bIBaeT Ha TO, YTO JaHHAsS TOYKa Mo( -2.,3)
f , TIEKUT OT JaHHOH IIPSIMOH € TOH K€ CTOPOHEL, YTO
[IOKYMEHT MOAMUCAH 14aJI0 KOOpAHHAT. FICKOMOe paccTOsHIe
ANEKTPOHHOW NOANUCLIO = |-4] = 4.

Ceptuchukar: 12000002A633E3D113AD425FBS0002000002A6
Bnapeneu: lebayxoea TarbAHa AnekcaHapoBHa
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Bonpocet u 3a0 auu.

3agaua 1. /laHo oOmee ypaBHeHe IpsMoH 3x — 2y + 12=0. CocTaBbTe YpaBHEHHE STOMH
IIPSIMOH C YTIIOBBIM KO3(]) (PHIHEHTOM H YpPaBHEHHE B OTpe3Kax.

3agauya 2. CocTaBbTe ypaBHEHHE IIPSMOH C YITIOBBIM KO3(pdHIfHeHTOM K =2, IpoXojsIiei
yepes TOUKY M(—1;2).

3amava 3. CocTaBbTE YPaBHEHHE ITPSIMOH, IIPOXOAMIIEH Yepe3 TOUKH M](Z;l) 51 Mz(l —3).

3amaua 4. J[aHo oOiee ypaBHeHHe IIpsMoH /2x — 5y — 60 = (. Harmicars:

1) ypaBHeHHE C YITIOBBIM KO3()(PHIHEHTOM,

2) YpaBHEHHE B OTPE3KaX,

3) HOPMAaJIbHOE YpPaBHEHIE.
3amaua 5. IIpsMas Ha TUIOCKOCTH OTCEKAaeT Ha OCSX KOOPAMHAT PaBHBIE IIOJIOKHTEIILHEIE
OTpe3KH. COCTaBUTh YpaBHEHHE IIPSIMOI, €CIIH IUIOIaAb TPEYTOIbHIKA, 00pa30BaHHOr O IPSAMOI
C OCSMH KOOPJHHAT, paBHA &8 KB.€].
3aJTaHus:
1. lIpoectH d4epe3 TOUKY IIepecedyeHHsI IIPSIMBIX x—)y—3=0, 2x+3y—11=0, 1mpsmyro,
ITapalIeIbHYIO IIPSMOH dx — 4y — 17 = 0.
2. JIy4 cBeTa, IPOXOASIHH yepes TOUKY M;(3,—1), oTpaxaeTcs OT IIpsAMOH  2x—y-/=0 U I10CIe
3TOT'O MPOXOIUT Uepes3 TOUKY M>(5;3). Hamucars ypaBHeHHS ITaJarollero M OTpakeHHOr o JIyUeH.
3. Hantu nmpoekigiro TOUKH M(3;2) Ha IIpsaMyro 3x — 2y + 1 = 0.
4. JlaHBI BEPIMHHEI TPEYTONbHUKA: A(3,1), B(-5; -5), C(-1;4). Haritn ypaBHEHHUA OUCCEKTPHUC ETO
BHYTPEHHETO H BHEIIHET'O VITIOB IIPH BEPIIHHE A.
5. JlaHel BepIIHHBI TpeyrojipHuka: A(l;-1), B(-2;1) u ((3;5). CocTaBHTh VYpaBHEHHE
TEPIIEHANKYIISIPA, OIYINEHHOIO U3 BEPIIHHLI A Ha MEJIHAHY, IIPOBEAEHHYIO H3 BEPIIIMHEL B.
0. He BBMHCISA KOOPAMHATEL BEPIIMH TPEYIOIbHHKA, HAIMcaTh VYPaBHEHHS IIPSMBIX,
IIPOBEJAEHHBIX Yepe3 HSTH BEPIIHHBI ITApalIelIbHO ITPOTHBOIEXkKAIIHM CTOpOHaM. CTOPOHEI
TPEYTOIIbHHKA 3aJIaHbl YPaBHEHHAMH: Sx—2y+6=0; 4x—y+3=0 u x+3y—/=0.
7. CoCTaBHTh YpaBHEHHE IIPSIMOH, KOTOpas IPOXOMHUT 4Yepe3 TOUKy P(8;6) M OTceKaer or
KOOPAUHATHOI'O yIJIa TPEYT OJIBHHUK C IUIOII[AbF0, PABHOH 12 KB.€J.
8. CoCTaBHThL VpaBHEHHE IIPAMOH, IPOXOMSIEH dYepe3 TOYKY P(-2;3) Ha OIHHAKOBBIX
PaCCTOSHH X OT TOUeK A(S; -1)u B(3; 7).
9. BRrumcimTh paccTosHue d MeXKIY ITaparlIeIbHBIMI IIPSMBIMI: 3x — 4y — 10 = 0; 6x — 8y+5=0.
Borrpocsr:
1. Jlaite ompemeneHHe VyIla MeXay ABYMS MpsAMBIMH. Kak oOmnpefensercs KOCHHYC — VYIJIa
MEKIY ABYMS ITPSIMBIMI Ha ITIOCKOCTH?
2. CdopmymHpyiiTe TPH3HAKH ITapalyIeIbHOCTH H IEPHEeHAHKYIIIPHOCTH IIPSMBIX, 3aJaHHBIX
a) OOIIMMH YpaBHEHHSIMH, 0) YpaBHEHHSIMH C YTIIOBBIM KO3 (PHITHEHT OM.
3. Kak omnpezenurs paccTOSHHe MeXKIY a) TOYKOH H IIPSIMOH, O) ABYMS ITapalIeIbHBIMH
TTPSIMBIMI?

AI B 1 CI

4, MOXKHO JIM CUHTATh YCIIOBHE — = — C IIPH3HAKOM IIdPaJUICIIBHOCTH ]’[pﬂI‘vIBI}{?
A*: B*: .

£ £ .

5. Uto Takoe YITIIOBOH KO3((HIMEHT IIPAMOH Ha INIOCKOCTH? 3alMIIHTE YpaBHEHHE ITPSMOH C
YTTIOBBIM KO3((PHIHEHT OM.

6. JI11s KaKiX MPSIMBIX YITIOBOH KO3()(PHIHEHT He OIpeJelIIeTcs?

7. UccnegoBanme oOIEro YpaBHEHHS IIPSMOH Ha TTIOCKOCTH.

8. Kakon BHJ HMeeT ypaBHEHHE IIPSMOH B OTpe3Kax”?

Ilpakmuueckaa paboma Ne 5. Oxkpyycrocmes. Innunc. Tunepoona. [lapadona. Obduiee

AOKYMEHT MNOATNMCAH
QNNEKTPOHHOW NMoAarnnceio
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Ilens: cdopmupoBaTs IpefcTaBlIeHHe 00 YypaBHEHHH KpPHBOH BTOPOTO IIOPAJKA, VpaBHEHHAX

OKPYAKHOCTH, 3ILIHIICA, THIIepOOIEl H ITapalolkl, HAYUHTHCS OIPeJlelaTh OCHOBHBIE ITapaMeTpPhl KPHBBIX
110 3aJJaHHOMY YPaBHEHIIO.

TEﬂpEHHFIECKﬂH yacmbob
OI{p}"}I(HGCTLIG HA3bIBACTCH I'COMCTPHYCCKOE MECTO TOUCK, PABHOYVAAIICHHBIX OT OJTHOH H
TOH A TOYKI, Ha3bIBaeMOH IIECHTPOM. KaHoHHUYecKoe YPABHCHHC OKPYAHOCTH

(x—x,)"+(y—y,)’ =R*.Ecm xo = yo= 0, TO IleHTP OKPYKHOCTH HAXOJHTCS B HAYae
KOOPIHHAT H YpaBHEHHE HMeeT BHI X~ + y° = R’

[Ipumep. OrmpeaemTs IEHTP W pPaguyc OKPYKHOCTH, JaHHOH  VpPaBHEHHEM:

X+ y —8x+6y+21=0

PerieHnie. /[aHHOE ypaBHEHHE IIPeJCTaBIIIET OKPYKHOCTH, TaK KaK OTCYTCTBYET YIEH C
IIPOHM3BEIeHHEM KOOPAHHAT H KO3(P(pHI[HEHTHI IIPH KBaJpaTax KOOPAHHAT PaBHBI MeKIY COOOH.
[IpuBOAMM MaHHOE VYpaBHEHHE K KaHOHHYECKOMY BHAY. /[ 3TOro IeperuieM JaHHOE
YPaBHEHHE B BHJIE:

(x* —8x)+ (_';-'1 +6y)+21=0 wnmH

(x" —8x+16)+ (v’ +6y+9N+21-16-9=0 wHmMm

(x—4)y +(y+3)° =4

OTKya 3aKI04YaeM, UTO IIeHTP OKPYKHOCTH HMeeT KoopAHHATH C(4,-3) H R = 2.

DOIITHIICOM HAa3bIBAaeTCsl I'COMETPHYCCKOE MECTO TOHUEK, CYMMa pﬂCCTGHHI]fI KOTOPBIX JO
ABYX HdHHBIX TOYCK, HA3BIBACMbBIX (bDK}"GHMI: €CThb BCJIHYHHA IIOCTOMHHAA, PdBHAA 2a.

4

KaHOHHYeCKOe VpaBHEHHE SJIIIHIICA: X +y —1. EcnH a = b, TO HIIHMIIC CTaHOBHUICH
a- b
OKPV/KHOCTEIO.
C
BenmumHa — Ha3pBaeTCA SKCIHEHTPHCHTETOM 3IIJIHIICA H 0003HaYaeTCsa yepes OYKBY &£.
da

a -
HPMIE X = £ —, NEpPNEHIHKYIBIPHBIE K (bOI{ElJILHGH OCH 3JIIHIICA H OTCTOAIIIE HA
E

a
PaCCTOAHIH — OT €I'0 IICHTP4d, HA3bIBAIOTCA JHPCKTPHCAMITI 3SJLIIFIICA. ,HHPE:I{TIJHCLI JJIITHTIICA

g
0o0MaJaroT CBOICTBOM: OTHOINEHHE PacCTOSHMI JIFO00H TOYKHM HSIUIHIICa A0 (oKyca H
COOTBETCTBYIOIIEH TUPEKTPHCH €CTh BEIMYIHA IIOCTOSHHAS, PaBHAS SKCI[EHTPHCHTETY.

A2\ F2(-C.0) X
NOKYMEHT MNOANUCAH
SNEKTPOHHOM NOANUCHIO t
Ceptuchukar: 12000002A633E3D113AD425FBS0002000002A6 1 X= —
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[Iprmmep. CtopoHa pomOba paBHa > H BeIcoTa 4.8. Uepes ABe BEPIIHHBI ITPOXOIHUT 3JUIHIIC,
(pOKYCHI KOTOPOIO COBMIAJAKOT C ABYMS APYTHMH BepIIHHAMH pomOa. COCTaBHTh YpaBHEHHE
3JUIHIICA, TIPHHSAB JHaroHaaIn pomoOa 3a OCH KOOPIHHAT.

Pemmennie: Ilo vyemoBmro 3zamaumn AF;=5 u AK =448 Torma 1momaaer pomda
S=AF;AK =485 =24.

ANy
A
F> X
\ o/ >
B

C JIpyroifi CTOpPOHBI, KaK H3BECTHO, IUIOIIAJb PaBHa IIOIOBHHE ITPOH3BEJCHH I
. /
IHaroHalei, T.e. S:E.AB.FIFE; HO AB =2b, FiF>=2c. Torna S =2bc= 24, orkyaa

2, .2
1z Tanee, AO® + OF" = AF/ wm b~ + ¢~ =25 . CrefjoBaTenbHo, LI OMpPeIeeHIs ¢

HMEEM: ﬁJr c2=25 WIH ¢’ —25¢°+144 =0,
'

O6o3HaunM ¢ =¢ . Torma mmeem: 1~ — 25t + 144 =0 ;

25++/625-576 25+7
[, = > = 5 ;f‘,:]63f2:9*

Tak xkak ¢ >0, 10 ¢; =3, c2=4. Torma b; =4, b>=3. U3BecTHO, UTO I SIIIHIICA

:b‘?+£‘25mr;[a a’=4"+3"=254=5

2 2

. X y
MckoMBIMH ypaBHEHHSIMH SIUIHIICA OYIYT: T + 7 ! (ecam (oKyCH IIeKaT Ha OCH
I.E" 1}}.Z-.'
Ox) n o + ”25 = | (ecmn (pOKYCHI JIEKAT Ha ocH OY).

FIIHEI}ﬁDHOﬁ HA3BIBACTCA TI'COMCTPHYCCKOE MECTO TOYUECK IUIOCKOCTH, /I KOTOPBIX
Pa3HOCTD pﬂGCTDH}]IIH A0 JBYX TOHUCK, HA3BIBACMbIX (1)DK}"GE1I‘E§III cCTh BCIIHYIHA ITOCTOMHHAA,

paBHasg 2a. KaHOHHYECKOe YpaBHEHHE THIIEPOOJIBI: x Y _ 1. Ecim runiepborna 3aziaHa CBOHM
a’ b’
KAaHOHMYECKHM YPaBHEHHEM, TO ITIABHBIMH OCSMH THIIEPOOIBI SBISIOTCS OCH KOOPAHHAT, a

I[EHTP THIIePOOIIEl HaXOMUTCSA B Hayalle KOOPIHHAT.
[ IpAMOYTOIIBHHK CO CTOPOHAMH 2a M 2b, pacIlONOXKeHHBIH CHMMETPHYHO OTHOCHTEIIEHO

ocell THIepOOIbl H KacaroIHIICSd €€ B BEpIINHHE, HA3BIBAETCS OCHOBHEIM ITPSMOYIOJIbHHKOM
rurepOonbl. J|aHHBIH ITPSIMOYIOJIbHHK HMEET BEPIIMHEI B TOUKaxX A (a, b), Az (a, -b), Az (-a, -b),
A4 (-a, b). JlmaroHaaIb OCHOBHOI'O ITPSMOYTOIBPHHKA Ha3bIBAIOTCS aCHMIITOTaMH I'HIIEPOOIHL.

YPEIBHEHIIH dCHMIITOT HMCHOT BH]T: y = EI H y = —EI .
a a
— _a >
NOKYMEHT noannucAH QJGI{HJ]LHDH OCH I‘I]]TEP@GJILI H OTCTOMIIIE Ha

SNEKTPOHHOW NOAMUCHIO
Ceptudukar: 12000002A633E3D113AD425FB50002000002A6
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[Tapabomoil Ha3pIBacTCAd TEOMETPHUYECKOE MECTO TOYEK IUIOCKOCTH, PABHOCTOMIIMX OT
OJHOH TOYKH, Ha3bpIBaeMOH (POKycoM, H JaHHOH IIPSIMOH, HAa3bIBAEMOH JIHPEKTPHCOH.

2
KaHoHIYecKOe ypaBHeHHE ITapadolel: V- = 2pX.

Bonpocst u 3a0 auu.
Bajaua 1. JlaHo ypaBHeHHe »imIca: 25x° + 169y = 4225. BBMHMCINTH JUIMHBL OCEil,

KOOPIHHATEI (bGK}*'CGE H SKCIHEHTPHCHTET 3JUIHIICA.
2 2

X e —

3agava 2. B smmnc +2__ ] BrmcaH NIPaBHIILHBIN (PaBHOCTOPOHHHI) TPEYTOIbHHK, OTHA H3
36 9

BEPIIIMH KOTOPOI'O COBIIAMAET C IIPAaBOH BEPINMHOHN OONIBINON OCH. HalTH KOOpAHMHATHEL IBVX

IPYTHX BEPIIHH TPEYrONbHHKA.

2 2
Bamaua 3. B smwmme XY _ ; BIHcAaH NPSMOYTOIBHHK, ABE ITPOTHBOIIONOMKHBEIE CTOPOHEL
49 24
KOTOPOr'0 MPOXOAAT Upe3 (pOKYCH. BEMHCIHTE IIIOMAAb 3TOr0 MPSIMOYTOIbHHIKA.
2 2
A Y
3amauva 4. Ha runepbore —2 s — —2 P = 1 B3gra TOUKa, abcIfHcca KOTOpoH paeHa 10 m opamHara
ITOJIOKUTEIbHA. BEIYHCIIHTD (DOKAIIbHEIE PaJHyC-BEKTOPEI 3TOH TOYKH H YT O MEKIY HHMH.
X.E 2
3amava 5. CocTaBHTh YpaBHEHHE KacaTeIbHOH K SIUTHIICY —5 + 2 — I B TOouke Mo(x0,v0).
a

3agaua 6. BHMMCIHTG TTapaMeTp IMapabombl y° = 2px, eclOH H3BECTHO, YTO OHA KacaeTcs
IPSMOH. x — 2y +5=20.

3agaya 7. MocToBas apka HMeeT (opMy Hapadoibel. ONpelelnHTh ITapaMeTp 3TOH Iapalolml,
3HaS, YTO IIPOJIET apKH paBeH 24 M, a BEICOTa — 6 M.
3agaua 8. CTpyd BOABI, BeIOpackiBacMasl (POHTaHOM, ITPHHHMAET (popMY ITapaboybl, ITapaMeT]p
KotopoH p =0,1 m. Ompenermite BBICOTY CTPYH, €CIIH M3BECTHO, YTO OHA ITajJacT B OacCelH Ha
pacCcTOSHHE 2 M OT MECTa BBIXOA.
BoITpocHI.

1. 3armimmre oOlee ypaBHEHHE KPHBOH BTOPOro MOPSIKA.

2. Uro Takoe OKPYXKHOCTL? 3alMINHTE KAHOHHYECKOE YpaBHEHHE OKPYKHOCTH. Kakme
OCOOEHHOCTH HMeEeT O0Ilee YpaBHEHHE OKPYKHOCTH?

3. JlanTe ompeelieHHe SIJIMIICA. 3allHIINTE €r0 KaHOHHYECKOE ypaBHeHHe. IIpoeeaure c

AOKYMEHT MOANWUCAH dHHE (bl:}pMBI AJIJIHIICA.
INEKTPOHHOW NOAMNCbLIO BI AIITTHIICA?
Ceptuchmkar:. 12000002A633E3D113AD425FBS0002000002A6 | 9
, - DIJIIIMIICA
Bnapeneu: lLlebayxoea TateAHa AnekcaHOpoBHa
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6. Jlamnte ompeneneHHe THIEpOONBI. 3alniiire KaHOHHYECKOE YpaBHEHHE THITEPOOJIHI.
Kakas rurep0omia Ha3bIBAETCS COIMPSDKEHHOH JTaHHOM?

7. CphemanTe yepTeX rurnepOorsl. HarmummiTe ypaBHEHH I aCHMITTOT THITEPOOIIEI.

8. JlanTe omnpeneneHHe ImapaloiIbl. 3alHMINNTE KaHOHHYECKOE YpaBHEHHE ITapaldonbl. UYTo
TaKoOe IapaMeTp napadosInl?

IIpaxkmuueckasa paboma Ne 6. Obduiee ypasHeHue NilOCKOCHI. YPAasHeHIe NIL0OCKOCMU
6 ompesxkax. HopmanvHoe ypasHeHue niockocmu. Paccmosanue om mouku 00 njiockocmi.
Yeon medxncoy 06yma niaockocmamu. Yciosusa napauleibHOCHI U REPREHOUKYIAPHOCHIU
06yX NJIOCKOCHEIL.

Ilens: chopmipoRaTs IpeACTARIeHHE O Pa3MTHUHBIX CIoco0axX 3alaHHA IDIOCKOCTH, HAYYHTHCS

OIIPEOCIIATE PACIIONOAECHHE INIOCKOCTH B ITPOCTPAHCTEE IO 3aJldHHOMY VPABHCHHE), PACCTOAHHE OT
TOUKH OO0 INIOCKOCTH, YI'OII MCAEIY OBYMA IIITOCKOCTAMI.

Teopemuueckasa wacmo
Ecmi (uKcHpoBaHa ITIPOH3BOJBbHASA JleKapToBa NPSIMOYIOJIbHAS CHCTEMa KOOPJAHHAT, TO
IDIOCKOCTh (P) omnpenenseTrcsd ypaBHeHHeM IIEPBOH CTeleHH OTHOCHTEIbHO COBOKYITHOCTH
IIEPEMEHHEIX X, V, Z.
OOI11ee ypaBHEHHE IUIOCKOCTH: Ax + By + Cz + D = 0, te

A, B, C, D nmpoH3BOJIbHEIE ITOCTOSHHEIE, ITPHYEM XOTS OBl OJTHO H3 T (A B ()
ypcen A, B, C ormmuHo or Hynsa, Bekrop N = {A, B, C} / | /
TTEPIIEHNK YT IPHBIIH IaHHOMH IUIOCKOCTH, Ha3bIBAETCH

HOPMaJIbHBIM BEKTOPOM IINIOCKOCTH.
YacTHeIe CIIYHUAH 00I1EeTO YPABHEHIA INIOCKOCTH.

L. CBOOOIHBIN WIEH PaBeH HYIIO, T. €. | INIOCKOCTh ITPOXOIAUT Yepe3 Haualo KOOPAHHAT
D=0: Ax+By+Cz=0

2. OguH 13 K03} PHITHEHTOB MMPH TEKYIIHX KOOPAHHATaX paBeH 0 H

a) D # (), Toraa INTIOCKOCTh MapajUiellbHa COOTBETCTBYIOIEH KOOPAHHATHON OCH:

A=0, mozoa By+Cz+ D=0 IIOCKOCTB ITapaiiienbHa ocu Ox
B=0, mocoa Ax+Cz+ D=0 IIOCKOCTS ITapariennbHa ocH Oy
C=0, mozoa Ax+By+D=1( IIOCKOCTD ITapaiielbHa ocH 02
0) D =0, Toraa IDIOCKOCTh ITPOXOJHUT Yepe3 COOTBETCTBYIOI[YIO KOOPAHHATHYIO OCh:
A=0, moezoa By+Cz=10 ) ILITOCKOCTD ITPOXOUT Yepes ochk Ox
B=0, mozoa Ax+Cz=0 IIOCKOCTh IIPOXOIUT Yepes ock Oy
C=0, moezoa Ax+ By=0 IIJIOCKOCTB ITPOXOIHUT Yepes och Oz

3. /IBa Ko3()(HIHEHTa ITPH TEKYIIHX KOOP/HHATaX PaBHEIL 0 U

El) D=0 ., 10I'1a ITIOCKOCTD ITapaJUICIIbHA GDOTEETGTE}’IOH_[Eﬁ KGOPI[IIHHTHGﬁ TINTOCKOCTH.

B=0, C=0, mozoa Ax+D=10 IDIOCKOCTh IapajulellbHa IUIOCKOCTH (Oyz (IepleHIHKYISpHa
ocH Ox)
A=0, C=0, mozoa By+D=0 IUIOCKOCTh IapajulellbHa IUIOCKOCTH Oxz (IepreHIHKYISpHa
ocu Oy)
A=0, B=0, moeooa C-+D=1( IUIOCKOCTh TapalliejIbHa IIOCKOCTH Oxy (IepleHIHKYILIpHA
ocH O7)
[ | 6-Db—"0 TOKYMEFT HOAANMCAR =T8T o enaTn STCTBYIOIIEH KOOPAHHATHOH ITTOCKOCTBIO:
| SNEKTPOHHOW NOANUCHIO e TDIOCKOCTH Oz
— Cepruchvkar: 12000002A633E3D113AD425FB50002000002A6

| 'Bnapereyu:  LWe63yxoea TatbaHa AneKcaHapoBHa He TUTOCKOCTH OxZ

HE TUIOCKOCTH OXxy
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PasnuuHble BHIBI YPaBHEHHH ITIOCKOCTH

1. YpaBHEeHHE IITIOCKOCTH B OTPe3Kax

[IyCTh IUIOCKOCTH HE IIPOXOAHUT Yepe3 HayvajJlo KOOpJAHHAT, a OTCEeKaeT OT OCeH
KOOPAHHAT COOTBETCTBEHHO OTPE3KH a, b, ¢, T. €. IUIOCKOCTh IIPOXOJHUT Yepe3 TOUKH M(a,0,0),
N(0,b,0) 1 R(0,0,c).

) X Y. Z_y
VpaBHEHHE TaKO INIOCKOCTH: — T 5 +—=1,
a C

2. HopmarmpHoe ypaBHEHHE INIOCKOCTH. X COS X + Y COS LB+zcosy—P=0,

3. YpaBHEHHE IUIOCKOCTH, IIPOXOIAIIEH Yepe3 JaHHYIO TOUKY: A (X - Xo) + B (Vv - vo) +
C(z-20)=0

4, YpaBHeHHe IUIOCKOCTH, IIPOXOSINEH 4Yepe3 TPH JdaHHbIe TOYKH  Mi(x1,y1,21),
M>(x2,v2,22), M3(x3,v3,23), HE TI€XKaIMe HA OXHOH ITPSMOH:

A — X A L&
((MlM'Mle)'MIME):XE_xl Yo — Vi <o T4 :0.
Ay =X Y3 =V 4374

I Iprvep. CocTaBHTE YpaBHEHHE IUIOCKOCTH, ITPOXOASIIEN yepes3 TpH TOUKH A(2,1,3), B(1,0,4) u

C(1,1,5).
PerreHue.

x—=2 y—-1 z-3 [x-2 y-1 z-3

1-2 0-1 4-3=| -1 -1 I|=-2(x-2)—1(y—1)-1(z-3)+2(y—1)=
1-2 1-1 5-3 — 1 0 2

=—2x+4—y+1—-z+3+2y-2=—2x+y—2z+6=0 Wi

2x—y+ z—6 =0 —HCKOMOE YPaBHEHHE TUIOCKOCTH.

IIyCTh JaHbBI ABE TUIOCKOCTH (P;) U (P2). I1ycTh TaHbBI X OOIIHE VPaBHEHIS:
Ax+Biy+ Ciz+Dir=0 " Axx + By + Coz + D2 = 0. YIIoM MeXIy ABYMS ITIOCKOCTSIMH
OyaeM HaspBaTh JIIOOOH M3 JBYX CMEKHBIX JBYIPAHHBIX VIJIOB, OOpPa30BAHHBIX HSTHMH

(nn,) AA,+ BB, +CC,

rockocTavi. [Tpu atom COSP = =7 1= 1~ T > > > » S .
‘”1"‘”2 JA;+B;+C1“ -JA2“+Bg+Cg
AOKYMEHT NoanmncAH
SNEKTPOHHOW NOAMUCLIO Al . Bl B Cl
Ceptudbukar: 12000002A633E30113AD425FB50002000002A6 — — . —
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YcinoBHe IepleHIHKYISIPHOCTH IIIIOCKOCTEH : A;AE +B,B, + C IC 5 = 0.
PacctostHne  OT  TOYKH  Mo(Xo,V0,20)J80  INMOCKOCTH  Ax+ By+ Cz+ D = 0:

 |Ax, + By, +Cz, + D|
JAZ+B +C?

[IprmMep. Breiuncants paccTosHHe 0T TOYKH M(-9,6,6) 10 tutockocTH 2X — 6y — 3z +9 =0.

d

2:(-9)-6-6-3-6+9 63

=9,
22+ (=67 +(=3)> 7
[Iprvep. HalTH OCTPBIN YTOI MEKIY IIJIOCKOCT SIMH:
dc-3r+dz-4=0,(1)
dx-dy-22+5=0,(2)
Pewenue: 11o popmye

Peutentie: d =

B A AL+ 55, + 05,
R Jﬂz 2 2 2 2 2
2 Bl O il e B o O
COSg= At ke g r:c:znzf,t:-——]9 '
450 /29| 5458

cosg= 04220, @= 6004’

Bonpocst u 3a0 auu.
3amaya 1. Jlanel aBe Touku M (3, -1;2) u M>(4; -2; -1). COCTaBHTbL VpaBHEHHE IUIOCKOCTH,

IIPOXOJSINEI Yepes TOUKY IepIIeHANKYIIpHO Bektopy M M , .

3amaua 2. CoCTaBHTh VYpaBHEHHE IUIOCKOCTH, KOTOpas IIPOXOJHT 4Yepe3 TOUYKY
Mo(3; -2; -7) mapajIeIbHO IDIOCKOCTH 2x —Z + 5 = (.

3agaya 3. B myuke mmmockocTeH 2x— 3y +z—3+ A(x+ 3y + 2z + 1) =0 HalTH IIIOCKOCTb,
KOTOpas. IMPOXOJHUT 4epe3 TOukKy M;(l; -2; 3), napamienbHa ocH Ox, IapauienbHa ocH Oy,
TapajiyieabHa ocH Oz.

3amaua 4. CoCTaBHTh YpaBHEHHE IUIOCKOCTH, IIPOXOMsINeH uepes Touky M(0;2;1) u

TTapaslIeNIbHOI BeKTopaM d = {1; 1;1}ub={I1;1,—1).

3amaua 5. CoOCTaBHTh VpaBHEHHE IUIOCKOCTH, IIPOXOMAMIIEH 4Yepe3 JBE JaHHBIE TOYKH
Mi(x1; yi; zi) H M2(x2; y2; 72) IEPIEHAHKVIISIPHO JaHHOH ITJIOCKOCTH.

3amaua 0. /|Be rpanm Kyda jIeKaT Ha INIOCKOCTIX: 2x — 2y + z — 1 = 0 n 2x—2y+z+5= 0.
Breruncimre 00beM 3TOro Kyoa.

3agaya 7. COCTAaBHTE YpaBHEHHE IIIOCKOCTH, ITPOXOASIIEH uepes ock Oy H TOUKY (G(4,2.-3).
3agaya 8. BEIYHCIMTE paccTOSHHE OT TOYKH M 110 mimockocTH <, ecnd: 1) M (-2,7,1), a: 2x-
Oy+3z+1=0;

)M (1,-34), a:2x-6y-3z+27=0.

3ajmaua 9. HafTH BETHYHHY OCTPOTO YIiIa MEKIY INIOCKOCT SIMH:

11x-8y-7z-15=0, 4x-10y+2z-2=0; 2) 2x+3y-4z+4=0, 5x-2y+2z-3=0.

3agaua 10. HarmicaTe ypaBHeHHE IUIOCKOCTH, ITPOXOoAameil yepe3 aBe Touku M1 (0,0,2) u M2
(0,1,0) u oOpasyrommei yroia 45 rpagaycoB ¢ ITIOocKocThio OYZ.

NOKYMEHT NoanmcAH
SNEKTPOHHOW NOANMUCHIO |
Ceprucbukar: ~ 12000002A633E3D113AD425FB50002000002A6 IOCKOCTH.
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3. ITlokaxuTe, YTO BCSAKOE YpPaBHEHHE IIEPBOH CTEIIEHH OTHOCHTEIIbHO COBOKYITHOCTH
IIEPEMEHHBIX X, y, Z OIPEeHelsIeT IUIOCKOCTh B IIPSAMOYIOIBHOH CHCTEME KOOPAHHAT B
TPeXMEPHOM ITPOCTPAHCTBE.

4. 1.Kak omnpelennurs BeJIMYHHY YITIa MEXKAY ABYMS INIOCKOCT SIMH?

5. 2.ChopMyIHpYHTE YCIIOBHS ITAapalJIeIbBHOCTH H NIEPIEHAHK YIISIPHOCTH JIBYX INIOCKOCTEH.

A B C D

6. 3.MoxHO 1IH cUHTaTh YCIIOBHC - - C - D IIPH3HAKOM II4PAJIIICIIBHOCTH
7 7

A, B,

—_— —_— —_— —_—

1

IIocKocTeH? UTo MOKHO cKazaTh 00 3THX ITIOCKOCTIX?

7. 4.Kak Brl gyMaeTe, KaKkoe U3 MPHUBEACHHBIX HIKE YPaBHEHHI COOTBETCTBYET ITJIOCKOCTH,
npoxoasei yepes ToukH M(0,-3,2) n N(5,4,-1) mapamienbHoO ocH Oy: 3x+5z-10 = 0, 3y-
7-10=0, 2x-5y+10 =0, 3x-5z+10 = 0?

Ilpakmuueckasa paboma Ne 7. Ilpamaa nunusa 6 npocmparcmee. Ilapamempuueckue
U KAHOHUYECKUE YPACHEHUA NPAMOIU. YPAGHEHUA nNPAMOI, nNPOXooauleil uepes 06e mouKku.
Obuue ypasHeHua npaAmoi. Y2071 mexcoy 0eyma npamoimu. Paccmosanue om mouku 00
npamoil. Kpamuaiiuiee paccmosaHue mexncoy 06yMA NPAMBIMIL. Y201 Mexc0y npamoil u
NJLOCKOCHIb10.
Ilens: chopMHpOBATE YMEHHE COCTABIIITh HEOOXOJHMOE YpaBHEHHE IIPSIMOH B ITPOCTPAHCTBE,
OTPENENSTh IMMapaMeTPhl IIPSIMOM II0 VPaBHEHHIO M TIIPHMEHSATH VYMEHHE IS PEIleHH S
IIPAaKTHYECKHX 3aJady. C(POpMHpPOBATh YMEHHE BBIYHCIIATH YIOII MeXAY ABYMS IIPSIMBEIMH B
IIPOCTPAHCTBE, PACCTOSHHE OT TOYKH JO IIPSIMOM, KpaTdaHIllee PacCTOSHHE MEXKAY IBYMSA
IPSMBIMH, VIO MEXIAY IIPIMOH M IUIOCKOCTBIO H IIPHMEHSATH YMEHHE IIPH PEIEHHH
IIPaKTHYECKHX 3aa4 ITPO(eCCHOHAIBHOH JAeSITEIIEHOCTH.

TEﬂpEHHHIECKﬂH yacmb
I lonoxeHme l’[pﬂI‘vIDﬁ B TPEXMCPHOM IIPOCTPAHCTBC 6}",I[ET BITOJIIHE OIIPEACIICHO, CCIIH 3ad4/THM

Ha ]'[pjﬂ‘viﬂﬁ OIIpCACIICHHYIO TOYKY Mo ITPH ITOMOIIII €€ PaJHYyC — BCKTOPa Zﬂ H BCKTOP 5 =0 \

KOTOPOMY ITpsIMas MapalyielbHa. BekTop § IIpH 3TOM Ha3bIBAETCS HAITPABIISIOIICI.

/E[j,m 1)

x=x, +1tl

[TapameTpHyecKHe YpaBHEHHS IIPSAMOH B IIPOCTPAHCTBE. y = y, + M ¢, KAHOHHYECKHUE

z2=2z, +nt
I_..--‘:” }1‘_ _1‘“ E_Eﬁ

NOKYMEHT I'ID,Ij,I'IHCAH ' HIA ]’[pﬂIﬂGﬁj HpﬂXGl[ﬁIH.[Eﬁ HEPE3 ABE 3a/ldHHbBIC

SNEKTPOHHOW NOAMUCHIO
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JItoGast 1TpsMast B TPEeXMEpPHOM IIPOCTPAHCTBE MOXKET OBITh BBIpakKeHa TaKkKe
Ax+B,y+C,z+ D, =0,

VPaBHEHHSIMH IBYX IUIOCKOCTEH: ,
Ax+B,y+C,z+ D, =0

KOTOpPBIC OIIPCACIIAIOT oOI1ee

YPABHEHHE l'[pHI‘vf[Dﬁ B IIPOCTPAHCTBE, C€CJIM IINIOCKOCTH, OIIPCACIIACMbBIC J3THMH YPABHCHIAMIL,
Pa3IIHuHEBI H HE ITapaJlICIIbHbI.

2x—3y+z—-5=0,
3x+y-2z-2=0

I Iprvep. /laHo oQ1iee ypaBHEHHE ITPSIMOH {

TpebyeTcsa IIPHBECTH JaHHOe YpaBHEHHE K KaHOHHYECKOMY BHIY. IS 3TOro CHavasia
HaHIeM TOUKY M y(Xo,Vo,20), JIEKAIIYIO HA JAHHOH ITPSIMOH.
[IonmoxHM z=zp=0 B H PelIIM CHCTEMY JBYX YPaBHEHHH:

2x—3y =),
3x+y=2

YMHOKHB BTOPOE YPaBHEHHE HA 3 H CIOXKHB C IIEPBLIM YPaBHEHHEM, ITOIYUYHM [/x=11,
x=1. M3 BrOporo ypaBHeHHs y=2—3x=2—3=—1. Urtak, Touka M,(1,—1,0) HanicHa.

HaxomM  HampaBmommpii BekTop S=[n,n,], rtme n,={2;-3;1},

n,={3;1;—2).

If 32 E3‘
S5=12 =3 1=61,+30,+2l,+91,—1,+4l,=51,+7,+ 111,
3 1 2

Utak, Touka M,(1,—1,0)u § = {5, 7; 11} waiinens1. KaHoHHYeckoe ypaBHEHHE TIPAMOL
HMeeT BHL:
x—1 y+1 z
5 7 11
Yenom mesicoy devmsa npamsimii B IIPOCTPaHCTBe OyJeM Ha3bIBaTh JIFOOOH M3 VIJIOB,

GﬁpﬂSGEﬁHH&IX ABYMA ITPAMBIMI, IIPOBEACHHBIMH HUCPC3 IIPOH3BOJIBHYIO TOYKY IIAPAJlJICIIBHO
HJaHHBIM. O'LIEEIL[[HD:, 3@ Yroial @ MCxEAY IIPAMBIMH @ MOXXHO B3ATb VIO MCHEIY HX

HaIIPaBILIOIMMH BekTopamu: S, ={l,,m, n,} u s, ={l,,m,, n,}, xocunyc koroporo
MOKHO HAilTH IT0 (pOPMYIIE:
L,l,+mm, +nn,

COSQP = T
i’ le+m‘?+ﬂ‘?-\ﬂz+m2+n2
/ / / 2 2 2

X=X, Y=YV, 1—%
= — —  HIUIOCKOCTBRO Ax + By + Cz + D =
[ m n

0 OyzeM Ha3bIBaTh IFOOOH M3 JIBYX CMEKHBIX VITIOB, OOpa30BaHHBIX IIPSMOH H €€ ITPOeKI[HeEN Ha
IIIOCKOCTE.

YTII0M MEXKAY IIPSAMOI

| Al + Bm+Cn|

A +B +C AP +m +n°
Al+Bm+Cn=0 — VCIIOBHE ITapAUIEIIEHOCTH IIPSIMOH M TUIOCKOCTH.

OJOKYMEHT NoanmncAH
SNEKTPOHHOW NOANUCHIO

co‘;(f— )=Sine =
35 P)=Ssne N
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Bonpocet u 3a0 auu.
2x+3y—z—4=0,
3amaua 1. CocTaBHThE ITapaMETPHUYECKHE VPaBHEHHS  IIPSMEBIX:
3x+5v+2z+1=0,
xX+2y+4z-8=0,
6x+3y+2z—-18=0.

x+y+z+1=0
3agaua 2. OnpeJeauTs KOOPAHHATE HaIIPaBILIIOIIET O BEKTOPpa IIPSIMOH 1) ?

2x+vy-z =0
2 2I+}?—E+5:0.3) 3x—y+T7z-1=0
3x+2y+4z+7=0" " |-x+2y+11z+5=0
3ajaya 3. BRI CIMTE KOCHHYC VITIa MEXKAY ITPSIMBIMI:
| | (x=5t-4 X ; (x=t-3
—_ _1-_|_ E- —_ ¥ E-_
I)I =27 % H<y=-2t X Z)I =2= Hy=5t+1;
2 1 5 -2 3 1
z=-1+1 (z=-1+2
X 1 . (x=2t-1 1 X 1 (x=—t+1
— +1 z- - '+ Z-
3)”1: _ X H<y=-3t+2; 4)”1: =2 = H<y=2t+1
1 2 1 5 3 -2
z=-1+4 (2=
- . x—1 y+2 z-1
3agauya 4. Harru TOUKY nepecedyeHHs IPSIMOT 3 = 2 = H IDIOCKOCTH x+y-z-3 = 0.

BoITpocHl.
1. 3armIimmre H3BECTHBIE BaM ypaBHeHHS IIPSMOH JIHHHH B IIPOCTPAHCTRE.

2. UYTo Takoe HaMparRJISIOIIHH BEKTOP IIPSMOH?

3. Kak omnpegemiTes KOOPAHHATEI HAIIPABIISIOIIETO BEKTOpa IIPSAMOH IIO0 OOINEMY €€
YPaBHEHHIO?

4. Kak nmpeobpasorath 00I1ee YpaBHEHHE ITPSIMOH K KaHOHHYECKOMY?

5. Kaxk ompenemiTs yroin Mexay IBYMS IPSMBIMH B IIPOCTPAaHCTBE?

6. KaxoBEI YCIIOBHS ITAPAIUIEILHOCTH H IIEPIIEHHUKYIISPHOCTH JIBYX ITPSIMBIX B TPEXMEPHOM
IIPOCTPAHCTBE?

7. Kak HalTH TOYKY IIEpeCeUeHNS IPSMOH H ITIOCKOCTH B TPEXMEPHOM ITPOCTPAHCTBE?

8. CdopMmynmHpyiTe VCIOBHS IMapalIeIbHOCTH H IEPHeHIHKYIIPHOCTH TIPSIMOH H
TLIOCKOCTH.

IIpakmuueckasa paboma Ne 8. IIpou3e00Hble HEKOMOPBLIX IIEMEHMAPHLIX (PYHKULLIL.
OcHoéHble npasuia ouggepenuyuposarus. /Jugphpeperuuposarue ciodcHou U oo0pamHou

PyHKULLIL
I[ens: chopmMHpoBaTh YMEHHE BEIYHCIISITh IPOH3BOJHBIE AIeMEHTAPHBIX (DYHKIHH, CIOKHOH H
oOpatTHOH (DYHKI[HII H IIPHMEHSTh YMeHHe TIpH pellleHHH IPaKTHYECKHX 3ajad

ITPO(¢)e CCHOHAIIBHOH JeSITEIIbHOCTH.

TEﬂpEHHFIECKﬂH yacmbob
HpﬂBHJIEl BBITHCIICHHA ITPOH3BOJHBIX, CBA3dHHBIC C ﬂpII(l)METH‘IECKI]MII IEHCTBHISMH HaJl

(D YHKITHSIMH.
I. Ilocmosnublil MHOMCLMENb MONCHO 8bIHECHIL 3A 3HAK NPou36800HOoIll. Huvimil cnoeami,
| ' .
prmi dhvurinia 11— o v\ 131mu00m 6 mAuve Y ﬂﬂﬂﬂgggd;{y;{} U , mo e mmoii mouxe

OOKYMEHT NnoarcAH
SNEKTPOHHOW NOANMUCHIO

CepTtudmkar:
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II. Ilpouszeoonas om anzebpauueckoil cymmuvl 06VX (DVHKYUIL paeHa anzedpaideckoil
CYMMe NPOL3EOOH bIX O SMUX DYHKLLIL.

boree TOYHO: eciH QJ}II-[IG_[I]II I — (p(.ﬁ'(f) H V= W(I) HMEIOT B TOUKE X IIPOH3BOIOHEBIE, TO

(e + '.s)F =u' +v'.
[ Iprnvep

y:x5—3x3+2x—1,
v =(x") =(32%) +(2x) = (1) = 5x* - 6x+2.
Il Ecnu ¢pyuxyuu u = q::(,r) u v= I,U(x) uMelonm 6 mouke X NpPou38OO0Hble, MO
cnpaeeoniiea popmyna

f

(uv) =u'v+uv,
[ IprMep
y = (f - 3,1:)Si1‘1 X,

f r

y' = (J[:2 — 3.1:) SIn X + (f — BIISiH x) =(2x—3)sin x+ (.1:2 — 3.1:)::{}5,1: :

I Iprnep

y=(x—1)x—2)x-3),
y=(x=2) x=3)+(x-1)x-3)+(x—1)x—-2)
IV. Ecnu ¢pynxyuu U = go(x) uy= g[f(x) umerom € mouke X HpPOU3GOOHbIe, NPUUEM @

smoil mouxe vV =0, mo cnpaeeonuea ¢opmyna
r

[u ] w'v—uy
N — - )
V V-

I Ippmnep
x+1 -
y = —1 . B cooTBeTCcTBHE ¢ (DOPMYIIOI HaXOIHM
I —
}},:(.Hl)(.x—l)—(.ﬁlxx—l) _ -2 (;ril).

(x—1) (x—1)

[TpH BEIYH CIIEHHH ITPOH3BOIHOMH () YHKIHH I[eIec000pa3HO MTOIb30BaThCA CIIeIYFOIHMHI
(b OpMYyITaMH:

AOKYMEHT NoanmncAH
SNEKTPOHHOW NOAMUCLIO
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a a -
Yy=—; Y =— 5 u (@— nocToAHHAS BeJHUHHA),

y=um y ="~
(n — mofoe AeHCTBHTENBHOE YHCM0)

1 .
= i == i,
Y=} u; y Eﬁ
y=ﬂﬂ;y‘=ﬂu']ﬂﬂlﬂhhg=ﬂ'": y*r__eﬂn’;ﬂ}ﬂ!d%]:
_ i | i’
m— ' r:—- d = ¥
y = logu; Y=g logee = s
5 r 1 fa
y=Inu, y o= U,
y = sinu; y = cosu-u’;
I = cos u; _.;.r':-sinu-u*;
S
i = tgu; y'; I:.I]E:Elui ]
_ o | ’,
y=ctgu; ¥ == tmra”"
iy = sec il g =secutgu- u'
y = cosec i; = —cosecu - ctogu - u';
X 1 '
= aresin u: - o
Y PTVT=E
I i
§ = arccos &; Y = —
l — ut
1
i = arctg u; y'ﬂj—_ﬁ;#f'p
[ :i of
Ij = arEEtE E-I'-.; ] T .

[Tycte maHbl QyHKIHS [ (u) apryMeHTa U H (QYHKIHS go(x) aprymeHTra X. C HX
TTOMOIIBIO MOKHO 00pa30BaTh CIOKHYIO (P YHKIHIO

f(@(x))

apryMeHTa X . B 3TOM ciIydyae TOBOPST, YTO MBI «B3SUIH () YHKITHIO OT (DYHKIHH» HIIH ITPOH3BEIH
«CYIEPITO3ZHITHIO» (DYHKI[HI. T OYHBIH CMBICI TaKOB: IO 3aJJaHHOMY X HaXOIHUTCS YHCIIO rp(x);

JTO HICIIO 6EPETCH B KAaUCCTBC 3HAUCHHA dPI'YMCHTa [IJIA (1)}’]—[31[]?]1[ f(hi); TO, HTO IIPpH 5TOM
ITOIIYVHHTCAH, H €CTh 3HAYUCHHC f(go(x)) I TaHHOTrO X .

['oBopsT emme, yro QpyHKUNA [ ((p(.x)) IOITy4YaeTcsa 3 f (u) C ITOMOIIBIO ITOACTAaHOBKH
u=olx).

Ipuvep y=u". Ecmm B3amb 4 =Xx" —3x+1, To TIONydIHM CIOKHYR (YHKIIIO
_!:(x2—3x+1)3*

HDI]MED":\/;,H:2—I.TOI‘,I[& y=42—Xx.

[Tprmvep }-’z#ﬁu:sinx.Tﬂrﬂa y = :

SIN X+ [sm ,rl

U+ ‘u
YGTHHGEIM EHJI{H}’TO TEOPEI\-{}G HGBEOJIHIGH_[}’TO BECEMA HPGCTG BEIYHCIIHATE HPGIISEG,IEHBIE
CTIOKHBIX (DYHKI[HIL.

Teopema. Ilyctp y= f (H): The U= (p(.x). Ecrmu 1151 cOOTBETCTBYIONMX APYT APYIY
SHaYeHHI U H X CYINECTBYIOT KOHEYHBIE ITPOH3BOAHBIE [ '(H) H U, TO CylIecTBYeT W

AOKYMEHT MOAMUCAH y'= fuu,T.
ANEKTPOHHOW MOAMUCHIO
Ceprucpukat: 12000002A633E3D113AD425FB50002000002A6
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[Ipumep y = (l + x° )S [Tomoxum y=u’, u=1+x".

f

y' =5u’u' = 5(l+.x2)4(l+f) ZIUI(I—I—IE)‘.

y

[IprnMep y=SIN3x,T.e. y=SInu ,r1e u=3x.y =cosu u':cnﬂ3x-(3,r) = 3cos3x.

B cryyae cioKHOH (PYHKIIHH, IIOJTYYEeHHOH B Pe3YIIbTaTe HeCcKomb Kiix CYIIEPITO3HITHIA,

ITPOH3BOAHAA HAXOIHTCA ITOBTOPHBIM ITPHMCHCHHEM (1)(}1)1\{}"]]1)1 HECKOJIBKO pP4a3.

[IpuMep y = (1+sin 2x)’,

r

y' =3(1+sin 23:)j (1+sin 2x) = 3(1+sin 2.:=:)j COS 2.:::(2:1:)r = 6(1 + sin 2;-:)j cos2x.
[lycth mana QpyHKIHA YV = f(x) (omHO3HauHas), E - ee oOmacTh 3afaHUd, £ - 00JIacTh

H3MCHCHI A.
Bo3sMeM KEIKGE-HII@}*’,[[B SHa4YCHHCS V H3 obmacTH m3MeHeHHI & . Ecmm QJ}VHICL[HH

y= f(x) eospacmarowas (W y6viearouas), TO B3ATOMY Yy OTBEYAET JIMIINb OXHO 3HAUEHHE X

n3 FE, mwia xoroporo y= [ (x) H TeM CaMbIM MbI ITOJIY4aeM HEKOTOPYEO OXHO3HAYHYEO

pyHKIIIO X = g(y):, KOTOPYIO Ha3BIBAaIOT oOpaTHOIl HsI GpyHKkim y = f(x). OHa MMeeT cBoeii

00JIaCThIO 3aJaHHI MHOKECTBO &£ , a 00IacCThIO H3MeHeHH F; E U £ IIOMEHSUIHCEH POIISIMH.
Teopema. llyctes y=f (,r) H Xx= g(y) - B3aHMHO OOpaTHBIe, BO3pacTaroInue (HIH

yOBIBAIOIIHME) H HEIPepbIBHbIE (DYHKIHH, 3aJaHHbIe B HEKOTOPHIX ITPOMeXYyTKaX. ECi B Touke

X CYILECTBYeT KOHEYHas IPOU3BOAHAT | (x)?i 0, To B coOTBETCIBYIOMIEH TOUKe Yy (PyHKLMA

g ( y) TaKKe HMEET IIPOU3BOJHYIO (TI0 Y ), ITPHYEM

- 1
YTO MOXEHO 3aIliCaTh H TakK.
dx 1
dy dy
dx

Ecmm QyHKIHS HMeeT HYJIEBYIO HIIH OeCKOHEUHYIO ITPOH3BOAHYIO, TO OOpaTHAas (PYHKIIHS B
COOTBETCTBYIOIIEH TOUKe HMeeT OECKOHEUHYIO HIIH COOTBETCTBEHHO HYJIEBYIO IIPOH3BOIHYIO.

Bonpocet u 3a0 auu.
3agaua 1. HaitTi rmpon3BoIHYIO (DYHKIHH B TOYKe X=0:

_ . o |
u l:]! £ — I:L I . I = 1L
_ 22 cos — Ip £ : - Ly (.‘r' S i) . ox 0,

2. flx)= g [:-r COS . +2r, r#0, 5 flr)= N -
L0, z=10 0, =10

i ALes CC0S : . |II re o ! 4
3. fx) Arcsin (.n: COS E) , a0, 6. fla) = vl - 1n (l o sin ]) i, 20,

[IOKYMEHT MOANNCAH 0, z=0.
SMNEKTPOHHOWM MOAMUCHIO
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2. y=Ax

3. y=—ctgx—x

1
4, _}’:—2

X
S. yz%ff

6. y=23sm x+3cos x
7. y=5(tg x—x)

1
8. y=—
e +1

9. y= 2
10. y=x/x
3agaua 3. HaiTH IpoH3BOIHEIE 3aJaHHBIX (DYHKIHH:
1 y=2v%* 2 y=In{z++v1+2?). 3 y=In*(1-cosz).

. 3 (sina 4 cos o ln d) sh 2
4. ¢y = In(arcsin+/z). 5. 1 (. 1 .
g { ve) v 1+ 13 J ch?2z
.1
7. 4 = arcsin T . 8 y=arctg3". 9 y=In(l+ vthax).
I
10, y = Ilnsin 3 — H:IE"I .
sin T

3aganiie 4. BEIMHMCIHTE IMTPOH3BOHYIO (DYHKITHH
a) y=5" +xInx,BTouke x, =1;

6) y(x}:gﬁ—lx —4x% 4+ 5. BTOUKE X, = 1

B)f(.r}zz,;\/}_% B TOuKe X, = 4
X

r) f(x)=4x’+6x+3 B Touke x,=1.
3aganre 5. BEIYHCIHTE ITPON3BOAHEIE:

a)
) y=arcsinbx; 2) y=arcsin} x(x>0); 3) y= arcsin mx;
4) y = arccos bx; D) y = arccos (1 — x3); 6) y =‘af¢::ﬁs.}1- .
0)
1} y = arcigbx; 2) Y= arr:tg-:?: 3) y = arctg 3x%;
4) y = Varclgx; 0) y= arccig mx; ¢ B) arccig T-IE_::'
B)
1) y = In{ax 4+ b); 2} y = In®x; 3) y = Insinx;
4) y= Inarcigux, o) = xlnx Ejy=-]nT'f;
) w=In{x + T L+ &% 8) y — In{Inx).
Borrpocksl
1. ChhonmviiunviiTe Ranaui_ TTDHROTAIIHE K TIOHSTHIO TTPOH3BOTHOH.
AOKYMEHT I:ID.III'I NCAH TV B TOUKE
SNEKTPOHHOW NOANUCHIO 1 '
Ceprudukar: . 12000002A633E3D113AD425FB50002000002A6 pepeHIMPOBAHH L.
Bnapeneu: Llebayxoea TateAHa AnekcaHapoBHa

151 CTIOKHOH (D YHKI[HH.
43

Heicreutened: ¢ 20.08.2021 no 20.08.2022



6. Kaxkag ¢pyHKISI HazpIBaeTcsI 0OpaTHOH JaHHOI?
7. KaxoBrl rTpaBHiIa TH(pdepeHIHPOBAHHSI 00paTHOH () YHKITHH?

IIpaxkmuueckaa paboma Ne 9. Bo3pacmanue u yoviéanue QyHKuui. IKcmpemym
gyuxkuyuu. Boinyknocms cpaguxka @QyHxkuuu. Touxku nepecuda. Acumnmomosl Zpaguka

PyHKuuL.
Ilens: chopmipoBaTh YMeHHE ITPHMEHSTh IPOH3BOAHYIO (DYHKI[HH IIPH €€ HCCIeJOBaHHH H

ITOCTPOEHHH I'padHKa.

Teopemuueckasa uacmeo
Touki, 6 komopwvlx @QYHKYUs UMeem 3SKCMpeMyMbl, cledyent uckams cpeou mnex

GHYMPEHHUX mouex ee obnacmit 3a0anus, 20e 1ubo | '(.13): 0, mubo f '(.If) — o0, mbo [ r(.I:) He

- 2 2/3
cyujecmeyem. Bce 3TH cllydaH pealM3yIOTCS, HAIlpHUMep, IS QYHKIHMH YV = X, y:xf :,

J:r:‘_x

. Ka:xJaAd H3 KOTOPBIX HMCCT MIHHIIMYM IIPH X = 0.

TOUKM yKa3aHHOI'O BHJA YCIIOBHMCS Ha3bIBaTh KPUTHYECKHMMH TOYKAMH. He B KaxIom
KPHTHYECKOH TOUYKe OOS3arelIbHO OyaeT SKCTpeMyM. JIeHCTBHTENBbHO, TOukKa X = 0 Oymer

,
KPHTHYECKOH JUIS KaXTOH H3 (DYHKIHH _-*:xg (y':?}x':,y':(} mpH x=0), '?:?{E (

|
_}Fi:_x 2/3

CHE,[[}’TOH_[HE TCOPCMBI ITO3BOJIAIOT OIIPCACIINTE., HMCCTCAH B IIaHHOH KPIITIIIIECI{Gﬁ TOYKE
IJKCTPCMYM HIOI HET, H €CJIIH HMCCTCA, TO MaKCHMYM HIIIT MIHIIMYM.

Teopema 1. Ilycmv X,—xpumuyeckas mouxa u QYHKyUs f(.r) HenpepvleHa 6 MOl

¥ = o0 1mpit x=0),

mouxke. Ecnii 6 HEKGHIGPDI? OKpecmiHocnid no4dxKid X{} .

1) f'(.II):} 0 npu x< X, u f'(x)ii O npu x> Xx,, m. e. npu nepexode uepes mouxy X,
NPOU3B800HAS MEHAEN] 3HAK C NI0CA HA MUHYC, LWL
2) f'(l?){ﬂ npu x< X, u f'(lf):}ﬂ npu x< X,, m. e. npu nepexooe uepez X,

NpOL3BOOHAS MeHAen! 3HAK ¢ MUHYCA Ha NIOC, UL
3) npouzeooras He MeHsen 3HaKa Npu nepexooe yepes X, mo 6 ciyiae 1) umeem mecno

MAKCUMYM, € cAyYae 2)—MUHUMYM, @ ciyude 3) SKcmpemyMa Hel.

[Ipumep. f (x): x*=3x+1 Oyaximsa Bcropy gHpepeHiHpyeMa. ClieloBaTelIbHO,
BCE KPHTHYECKHE TOYKH HaXOASTCS H3 YPaBHEHHS

f(x)=3x>-3=0.

OTcrona
x°=1=0,x,=-1,x,=1
— JIBe KPHTHYECKIE TOUKH.
1) x;=—1. Ilpu x < — 1 umeem f’(.x?):f.’rf —~3>0; nmpu x»>—1 (#Ho x<1):

f '(J:) < (. CneoBarensHo, B TOUKe X; = — | MMeeT MecTo maxcumym.

2) x, =1. Ilpu x<1 (#o x> —1): f'(x):?}f —3<0; mpu x>1 mveem: f'(x)>0.

CreJOBaTENbHO, B TOUKE X, = | mMeeT MecTO mumimym.

Tﬂ:""‘.‘!""".ﬂ".'.-.!'-"'& 1 hm falehnfahondada iclh o hdh Fikhfoilalalck SN i hn fafhe s dhidfal
ROSMERT TORTCAT IT[He TIPAKTHYE CKHU TIONTE3HBIE COOOPaKEHH S )
SNEKTPOHHOM MOANMACHIO TpeMyMOB (VHKIDH | (x) HETIPEPHIBHOH B
Ceprudukar: 12000002A633E3D113AD425FB50002000002A6

'YHoe MHOAKCCTBO KPHTHHYCCKHX TOYUCK.
ATIM HX B ITOPAITKE BO3PACT aHI A aOcCITHCC:

Bnapeneu: Webayxosa TaTeaHa AnexkcaHapoeHa
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aA<Xy <X, <..<X, ,<Xx,<b (1)

(an b — KOHIIBI paccMaTpHBAEMOLO IPOMEKYTKA). B KaKIoM H3 HHTEPBAIIOB

(a?‘xl )’(‘xl ?‘I:E )""’(‘x}l—l ?‘xﬂ )’(‘xn ?b) (2)

CyIIecTBYeT KOHeYHas | "(.1:)?& 0 (mockombKy Bce TOYKH, THe [ '(x): 0, f '(x): o0 WIIH THE

r r
f (.xr) HE CYIIECTBYET, BOIIUIM B YHCIO TOYEK X;, X,, .. , X,). llpenmomaras f (.1:)
HEIPEPEIBHOH B Ka)XKAOM M3 YAaCTHYHBIX HHTEPBANIOB (2) — Ha IIPaKTHKe 5TO OOBMMHO TaK H
OBIBaeT, — HETPYIHO IPHITH K BEIBOAY, YTO [ ’(.1’:) coxpansem 3Hax BHYTPH KaXKJZOTrO TaKOIO

F
HHTepBana (ecam OBl [ (.1:) MeHsna 3HAaK BHYTPH KaKoro-HHOyIb H3 HHTepBajioB (2), TO IIO

CBOICTBY HEIIPePBhIBHEIX (PYHKIMIT OHa oOparralnack OBl B HYIIb B HEKOTOPOH eHympeHHeii TOUKE
5TOr0 HMHTepBala, 4YTO HEBO3MOXKHO). UTOOBI HaHTH 5TOT 3HAK, JOCTAaTOYHO, HAITPHMED,

YCTAaHOBHTD €TI0 IS KaKOH-HHOY/Ib KOHKpenHoti TOUKH COOTBETCTBYIOMIErO HHTEPBAJIA.

B pesynerare HHTEpBanam (2) OyJeT COOTBETCTBOBATh HEKOTOPAs ITOCIENOBATEIbHOCTh
3HAKOB IIIFOC H MHHYC, XapaKTep YepeJOBaHH S KOTOPEIX B CHIIY TEOPEMEI 1 ITO3BOIISET CYIHTE O
HaIIMYHH MaKCHMyMa (CMeHa IUTI0oca Ha MHHYC), MHHHMYMa (CMeHa MHHYCa Ha IIIFOC) HIH 00
OTCYTCTBHH 3KCTpeMyMa (COXpaHeHHE 3HaKa) B COOTBETCTBYIOLIHX TOYKAX.

Ipmvep.  f(x)=(x+ l)z(x—l)g. OYHKIMS 3aJaHa W HEMpephIBHA BO BCEM

OECKOHEYHOM ITPOMEKYTKE (— o0, GD). Ee rmponsBoaHas
flx)=2x+1)x=1) +3x+1)(x=1F =(x+ 1) x—1)(5x+1)=5(x+ 1 )x — 1)3[.1-+ %] 3)

BCHOAY CYHICCTBYECT H KOHCYHA. CHE,[[DEE],TEJ]LHG: KPHTHYCCKIMH TOYKaMH 6}’1[}"1‘ Junds Tc, 1A

KOTOPEBIX

x=—1x=—=,x;=1

[TpoMeKyTOK 3aaHHs (DYHKITHH TeM caMbIM pa30HBaET CsI Ha HHT e PBaJIbl

(~oo1). | ~1z |, [~ 2], (Lso0)
5 5
CGGTEETCTE}*’IOH[HH ITOCIICAOBAT CIIBHOCTE 3HAKOB HpGIIBEG,[[HGﬁ HMCCT BH]
+ -+ +.
CneroBarelbHO, B Touke X, ——1 ¢yrxkuna f (x) HMEET MAKCHMYM, IIPHYEM
1 1) 16 216 3456

f(—l):U;BTc:HI{e X5 :—g - MHHHMYM, IIpHYeM f| —— |=— B TOYKE

5) 25 125  3125°
x; = | sxcrpemyma HeT.
Teopema 2. [Tycmb € xkpumuueckoii mouxe x gyuxyus f (x) n pas ouggepenrppvema (n

> 1), npuuem ff(xﬂ ): f"(xﬂ ): e = f[*n ”(xﬂ ): 0, wo f[‘n*](.kfﬂ )?ﬁ 0. Ecru n yemnoe, mo
HUMeemn Mecmo SKcmpemMyM, d HMeHHO: Hpil f ) (.kfﬂ )f:i 0 —MAaKCUMYM, HNpu f (n) (Xﬂ ) > () —
AOKYMEHT NoanncAH |
SNEKTPOHHOW MOAMNUCHIO a Hemt.
Ceptuchukar: 12000002A633E3D113AD425FB50002000002A6 HaHMeHBbIIHX 3Ha4yeHHH (b}GII{L[IIﬁ
Bnapeneu: lLebayxoea TateAHa AnekcaHapoBHa
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[Tycts QyHKImSA [ (x) 3aJlaHa M HellpepblBHA B HEKOTOPOM ITPOMEXYyTKe. Ecimm sTor

ITPOMERYTOK HE ABIIICTCA OTPE3KOM, TO, KdK MbI 3HACM, CPCAH 3HAYEeHHH f(x ) MOJKeT H He OBITh

HAHOONBIIEr0 HIIM HAaHMEHBINEro. OJHAKO MOXKHO VYKa3arh IIPOCTOHM ITPH3HAK, KOIMa TaKHe
3HAYEHHS 3aBeJOMO CYII[ECTBYIOT.

Teopema 3. Eciu e dannom npomescymre umeenicsi eOUHCHIGEHHDIIL SKCMIPeMyM, o
coomeemcmeyruee sHaderiie QyHkyuu 6ydem abo Haubons uM, b0 HalMeHbULLIM, CMOMPS
no momy, 6Gvoem i 31Mmom IKCMpemym MAaKCUMYMOM UL MUHLMYMOM.

Ecimn HanOompillee WIH HaNMeHbIIee 3HaYeHHEe JOCTHIaeTCS BO GHyMpeHHeil TOYKe
OTpe3Ka, TO OHO Heobxooumo OyIeT OJHHM H3 MaKCHMYMOB HIIH MHHHMYMOB H, CIIeJOBaTeIbHO,
OyZIeT JOCTHIaThCsSI B OJHOM H3 KPHTHYECKHMX To4eK. HO OHO MOKeT JOCTHrarbCs H B KOHIIE
orpeska. OTcroga cileayeT, YTO JJIS OTHICKAHHS HAaHOONIBINErO MM HaHMEHBIIErO 3HAYEHHH

f (x) JIOCTaTOYHO CPAaBHHTL MeXAy coOOH ee 3HAauyeHHSI BO BceX KPHTHYECKHX TOYKAaX H B
TOuKaX d H b naubonvuiee M3 BCEX STHX YHCEN OYAET Haubonvuwm 3Havexuem | (J:) Ha

OTpe3Ke [ﬂ,b]; HauMeHbuLee H3 STHX YHCEN TACT HauMens uiee 3Havenue | (.:x:)

Hpivep. Oyuxums  f(x)= \/ (1 — X’ Il +2x° ) HMeeT OOGNacThiO CYINEeCTBOBAHI

orpe3ok [-1,1]. Ee HanOonbIlee H HaHMEHbBIIEE 3HAYEHHS, OYEBHIHO, JOCTHTAIOTCA B TEX XKe
TOYKAX, YTO H I (PYHKI[HH g(x): (l —x’ Xl + 21:2) (paccMaTrpHBaeMOH Ha YIIOMSHYTOM
oTpeske). 3 ypaBHeHHA
g'(x): —2x(1 +2x* )+ (1 — x? ) 4x= 2x(1 — 4x° ): 0
Haxomm X, =0, x, =—0,5, x; =0,5. B 311X Touxax g(x) HMEET 3HAUEHHS
g(0)=1, g(—0,5)=g(0,5)=1,125
EciM coItocTaBHM 5TH 3HAUEHHS CO 3HAYEHHSMH B KOHI[AX g(— 1): g(l): 0, TO YBHHM, 4TO

HAHOOJIBIIINM 3HAYEHHEM JIJIS g(x) Ha orpeske [—1, 1] 6ymer 1,125 (mpu x=+0,5), HaHMeHBIIIHM

oymet 0 (ipu x=+ 1). Jlng pyuxpm [ (x) HaHOOIBIIMM 3HaYeHHeM OymeT torma /1,125 (1pn
x=+£0,5), HaUMeHb MM — ITO-TIpexkHeMy O (MpH x ==+ 1).
[IycTh KpHBas 3ajaHa ypaBHeHHeM y= f(X) o B Touke ¢ aGCIMCCO X, HMeeT

KacaTellbHYIO, He IapauieIbHYI0 ocH Oy.
EciH B HEKOTOPOH OKPECTHOCTH TOUKH X, KPHBAs JIEXKNUT HaJ 5TOH KacaTeIbHOMH, TO

TOBOPST, UTO KPHBas B TOUKE X, BBIIIYKIIA BHU3. AHan0214HO, eclil 8 HeKONOpOil
OKpPeCHHOCH x{} Kptieds aescunt 110 KEIC{HHE‘JIE:HDILEJ Hio c06OpPAN, Yo OHd 6 NMoYkKe X{}
BBITYKJIa BBEPX. ECIIH B HEKOTOPOH OKPECTHOCTH TOUKH X, CIIEBA OT X KPHBas JIEKHT II0
OHY CTOPOHY YITOMSHYTOH KacaTelbHOI, a CIIpaBa OT X, — II0 JPYT'YIO CTOPOHY, TO TOBOPAT,

UTO X, €CTb moyka nepeziiba KPUBOH.

L
Teopema 4. Ecnu ¢ mouke X, cyujecmeyem KOHeuyHas Npou3eooHas | (xﬂ)J npudem

r L
f (_J:ﬂ )I} 0, mo @ mouke X, KpuU6as GbINVKIA GHU3, eciil dce | (xﬂ )'iO, mo Kpueas evlnyxia

NOKYMEHT NoanncAH
SNEKTPOHHOWM NOANUCLIO
Ceprudcmkar: 12000002A633E3D113AD425FB50002000002A6 ' 1l KOHeuYHl € Hexgn;gpgﬁ: OKpecnHocmil NMoYKLL
Bnapeneu: lebayxopa TateAHa AnekcaHapoBHa

epe3 mouky Xg, mo Xo—mouxa nepezuba. Ecnu
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"
oce | (.1:) @ okpecmuocmu X, cOXpaHseni 3Hax, no 6 mouke X, nepezuba Hem.

[ IpuMep. Hanth TOUKH riepernda 1 HCCIIEAOBAaTh XapaKTeP BRITYKIOCTH KPHBOH

y= x> —3x” + 1. Bermcmsen: y' = 3x” — 6x, y" = 6x— 6. VpaBHeHHE
y'=6x—6=0 gaer x=1.TIpu x <1, oueBugno, y" <0 (xpuBas BEITYKIIa BBEPX), &CITH

ke X >1,10 V" >0 (xpuBas BemTyKiIa BHH3). Touka X = 1 sSBiIgercs TOUKOIt epernoa.

OTBICKaHHE aCHMIITOT

[IycTp KpHBas 3ajJlaHa ypaBHeHHeM y = [ (.1:) MoxeT CIyYHTBCS, UTO MPH X —» +00
HIIH IIPH X —»—00 KpHBasd HEOIPaHHYEHHO ITPHOIHKAaeTCcsI K HEKOTOPOH (PHKCHPOBAHHOMH
IIpsMOit y = kX + b, Ha3BIBaeMOIl acumnmomoii 18 JaHHOH KpHBOi. TOUHEe TOBOPSL, Mpamas

y=kx+b wuazvicaemca acumnmomoii ona xpueoii V= f (.1:) MpH X —» +00 (WIH IIpH

X —»—00), ecm Im [f(x)—kx—b]:ﬂ.

-

13 BEICKa3aHHOTO ONPeAEIEHHS CTIEAYET, YTO KpuBast V = [ (.1:) HMEET 20PU30HINAL HYIO

dCHMIITOTY y:b TOTJd H TOIIBKO TOI'J4, KOI'J4 Iim f(I):b(HHH COOTBECTCTBCHHO IIPH
X—1 00

X —>—00).
JIIsT CYILECTBOBAHNS HAKIIOHHOH ACHMIITOTEI VY = kx + b Heobxomumo u JIOCTaTOYHO,

4yTOOLI CYINECTBOBAIHM KOHEUHBIE IMPeAeiBl  lim UC) —ku lIm [ f (x)—kx]: b. (Ilpu

X—=+@ X X+

k = 0 mmomy4aeM OITITH TOPH30HTAILHYIO aCHMIITOTY. )

y x> +3x+5
HDIMED. HaiTH acHMITTOTEI I‘pﬂ(l)HI{El (1)}3HE{III]II ‘y’ — 1
X+
ppn SO X345
X—=>+w X I—}+Cv‘]_ x+1 )
. . x2+3x+5
b= lim | f(x)—kx|= lim — =)
X—+oD T—3+o0 X _|_

CreJOBaTEbHO, UMEETCS aCHMITTOTa (M IPH X —> +00 HIIPH X —» —00): y =X+ 2.
[Iprvep.  OmnpememM — HapOOIBIeE M HAaMMEHBINEEe — 3HAYeHHd  (PYHKIMH
.
f(x)=x"—2x° + 3 na orpeske [-2:1].

Pemennie. OYHKIHA f(x) HeIpepblBHa Ha 3aJJaHHOM OTpe3ke [-2;1], KaKk MHOrowieH.
[Iostomy 1o TeopeMme Bemepirpacca OHa IOCTHTAaeT Ha 3TOM OTpPe3Ke HauOoIbIlnee H
HalNMEHBIIEE 3HAUESHH.

HaiieM KpHTHYeCKHE TOYKH, JUIS 4ero NpoauddepeHImpyeM (QYHKIHIO.
fl(x)=4x" —4x=4x(x" -1)

Torma f'(x)=0,ecmux=0mmx=-lwmx=1.

[Tomyuymnn aBe KpHTHYECKHE TOYKH x = 0 M x = -1 IIpHHagIexalme IJaHHOMY
npoMeXxyTKYy [-2;1]. Touka x = 1 He sBIAeTCSI BHYTPpeHHEH H ITO3TOMY He KPHTHYECKas.
Rrruuemoms ruauvauura dhvieeTiom Ua wnurray IIpOMeKYTKa H B KPHTHYECKHX TOUYKaxX H

AOKYMEHT NoarnncAH
SNEKTPOHHOW MOANMUCHIO
. L2
Cepmdmr{jew. 12000002A633E3D113AD425FB50002000002A6 )<+ 3 _ 16 o 8 + 3 —11
Bnapeneu: lLlebayxoea TateAHa AnekcaHapoBHa
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f(0)=3
=) =1-2+3=2

Clle 1oBaTeIbHO, ]inni[ f(x)=f(1)=2, I[naji( f(x)y=f(-2)=11.
—-2:1 —2:1

Bonpocst u 3a0 auu.
9
Bamava 1. HafiTu 3sHaueHHT X , TPH KOTOPHRIX GyHKIMS f( X )= 4X + — HMeeT 5KCTPEMYMBEI.
X
48
Bamava 2. HafiT 3HaUeHHs X , IIPH KOTOPHIX QYHKIMI f( X )= 3Jc + —— HMeEeT 3KCTPEMYMEI.
X

3ajava 3. HaiiTu HHTepBallbl MOHOTOHHOI' O YOBIBAHH S (PYHKIIHH Y = Jr:3 + l,,5x2 + 2.

.I3 2

3agaya 4. Haifri HHTepBaIbl MOHOTOHHOI'O YOBIBAHUA GyHKIMH y =— —2X~ + 3x+ 1.

X x?

3amayva 5. HaiiTh mHTepBalibl MOHOTOHHOI'O YOBIBaHUS PYHKIIMH Y = — + — — X

6 4
2

—3x° —5x—4
x+1 *

2

x +3x—12
x+5 *

3ajmauva 6. HaiiTh ypaBHeHHe HAaKIIOHHOH aCHMITTOTHI T'padrka (QyHKI[HH Y =

3agauva 7. HaiiTu ypaBHeHNe HaKJIIOHHOH aCHMIITOTHI I'paprKa () yHKIHH Y =

Bamaua 8. Hailti Bce KpHTHYecKHE TOUKH QyHKInM f( X )= 2x2 — 6‘)«: + l| +3.

Bazaua 9. Hailti Bce KpHTHYECKHE TOUKH X QyHKIHH f( X )= x2 — 5‘}«:‘ + 6.

Borpocer

1.ChopMmymmpyiTe YCIOBHSI MOHOTOHHOCTH (DYHKITHH.

2. Kakue TOUKH HA3BRIBAKOTCS CTAI[HOHAPHBIMH ; KPHTHYECKHMH , TOUKaMH 3KCTpEMyMa?
3. ChopMynmHpyIHTe HeOOXOIHMbBIE YCIOBHE SKCTPeMyMa.

4. Kakas (pyHKITH S Ha3bIBAeTC I BRITYKIIOH BBEPX (BBITYKIIOH BHH3)?

5. Uto Takoe TOuKa Iepernda?

6. ChopMyITHPYHTE JOCTATOYHOE YCIOBHE BBHIITYKIOCTH BBEPX (BHH3).

7. ChopMyTHpYITEe HeOOXOMHMOe YCIOBHE TOUKH IIeperuoa.

8. Uto Takoe acuMIITOTa rpadguka QyHkipm? Kakme BHALI acHMIITOT BrI 3HaeTe?

9. Kax ornpeiemTe Hallm4une BEPTHKAIbHOH aCHMITTOTHI?

1

0. B xakoM cimydae mpsMast Y = kx + b SBIISIeTCS HaKIIOHHOM aCHMITTOT O rpaduka (yHKIIHH?

Ilpakmuueckaa padvoma 10. Tabnuua oOCHOBHBIX HEONPEOENEeHHbIX UHMEZPAl06.
Ilpocmeiiniue ceolcmeda Heonpeo eieHH020 HHmMezpaa. Henocpeocmeenmnoe
UHMeZpup 06 aHile.

I[ens: chopMHpoOBaTh YMeHHE HETIOCPEACTBEHHOIO HHTETPHPOBAHH S (DYHKITHH C HCIIOIb30BaHHE
IIPOCTEHINMMX CBONCTB HHTErpana, IIPHMEHSITh ITONYYEHHbIE YMeHHS IIPH  PpelleHHH

ITPAKTHYCCKHX 3a/1d1.
[IOKYMEHT TIOANUCAH
SNEKTPOHHOWM NOANUCHLIO as djmm[ﬂ
Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6 I - w f 2.b
Bnapeneu: lebayxoea TaTeAHa AnekcaHapoBHa fon (I)FHEHHE“ (1)}31-[I{T_[I]II (x) Hd OTPEsKe [d‘*‘ ]‘*‘

cTBO:F' (x) = f(x).
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Hamo OTMeTHTB, UTO MNepBOOOPasHBEIX I OJHOH H TOH Ke (PYHKIIHH MOKET OBITh
O0eCKOHEYHO MHOr0. OHH OyIyT OTJIMYATHCS APYT OT APyra Ha HEKOTOPOE ITOCTOSHHOE YHCIIO.
Fi(x) = Fa(x) + C.
HeortrpegeieHHBII HHTerpal.
HeonpenesieHHbIM  HHTErpajgoM (QyHKimH  f(X) Ha3pBaeTCI  COBOKYIIHOCTH
IepBOOOPA3HEIX (DYHKITHI, KOTOPBIE OITpeelIeHbl COOTHOIIIEHHEM:
F(x) + C.

3aImCchIBalOT: Jif(x)«ix = F(x)+ C.

Y clIoBHEM CYHIECTBOBAHHA HCOIIPSACIICHHOI'O HHTCIPAIId Hd HCKOTOPOM OTPE3KE

SIBIISIETC S HENIPEPBIBHOCTE (DYHKIIHH Ha 3TOM OTPE3KE.
CBOHCTBA:

L ([ f@) = Fe 0y = £,

2. d([ f(D)dx)= f(x)dx,

3. [dF (x) = F(x)+C;

4. I(u +v—w)dx = _[uder _[vdx— dex; I7le u, V, W — HEKOTOphIe (PYHKIHH OT X.
5.jc F(X)dx=C- j f(x)dx,

[IprMeD: _ll(.:afj —2sin x+1)dx = Ixjdx— 2_[51'1’1 xdx+ fdx = %xﬁ +2cosx+x+C;

s ynmoOcTBa 3HAYEHHS HEOIIPEMAEIIEHHBIX HHTErPAIOB OOJBIIMHCTBA 3JIEMEHTAPHBIX
(YHKIHH cOOpaHEI B CIIELHAIbHBIE TAOIHIBI HHTETPAIOB, KOTOPBIE OBIBAIOT HHOIJA BEChHMA
OOBEMHBIMH. B HHX BKIIFOUEHBI pas3iIHYHBIe HAaHOOIEe YacTO BCTPEYarolecs KOMOHHAIHH
¢yHKIMi. Ho OOIBINMHCTBO TIIPeACTAaBIEHHBIX B HTHX TaOmHIax QopMyl SBISIOTCS
CIEACTBHAMH IpPYI ApPyra, IIOSTOMY HIJKE IIPHBeJeM TaOlIHIly OCHOBHBIX HMHTEIPAOB, C
ITOMOIIBIO KOTOPOH MOJKHO TIONYYHTH 3HAYEHHS HEOIPEACJIEHHBIX HHTETPAIOB PasIIHUHBIX

(b VHKITHIA.
3HaUeHHe HMHTerpan 3HaUueHHeE
HMHuTterpan
1 .fg_xdx -In ‘ cosx | +C 9 J‘exdr e* + C
30 [a¥dx a” 11 IS]’H xclx -cosx + C
. —+C
Ina
4 dx 1 X 12 1 tox + C
I - - —arctg—+C I —dXx g
a +x° a a CosS™ X
5 dx 1 x4+ a 13 1 -ctex + C
I — — +C I ——dXx g
X —a 2a |x—a ST X
6| - ; y 14 .o
dx lnx+\/x‘iﬂ‘ +C I dx arcsin = + C
) Jx‘ia‘ :\/ﬂ‘—x‘ ¢
7 " o ot 15 |
X dx X X T
. +C,a # -1 I dx Inftgl =+ —||+C
o+ 1 COos X 2 4
OOKYMEHT NOONMMCAH 6
SNEKTPOHHOW NOONUCHLIO J‘ ] Ay Inls X s
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MeTo HemoCpeACTBEHHOIO HHISTPHPOBAaHHSA OCHOBAaH Ha IIPEATIONIONKEHHH O
BO3MOJKHOM 3HA4YeHHH IIepBOOOPa3HOH (PYHKIHH C JaldbHEHINEH ITPOBEPKOH 3TOr0 3HAYEHHS
mHdepeHIIpoBaHHeEM. BooOmie, 3aMeTHM, 4YTO JH(p(epeHIHpPOBaHHE SBIISETCS MOITHBIM
HHCTPYMEHTOM IIPOBEPKH PE3YIIbTaTOB HHTEI PHPOBAHHA.

PHGCMGIPIM ITPHMCHCHHE 3TOI'O MCTO/J4 Hd ITPHMCEPC

- dx
TpebOyercs HailTH 3HAUYEHHE HHTeTpaia I . Ha ocHOBe H3BecTHOH (POPMYIIBI

X

S|
nuddepenimpoannsg (In x) = — MOXHO C/€lIaTh BEIBOJ, YTO HCKOMbII HHTEIPal PaBeH

X
In x+ C, rae C — HEKOTOPOE MOCTOSHHOE YHCI10. OQHAKO, C APYTOH CTOPOHEI

(In(-x)) = L (-1)= l Taxmv 0o6pa3oM, OKOHUYATEMbHO MOKHO CJIeJIaTh BEIBOJ:

X X
cft

X

3aMeTHM, YTO B OTJIHYHE OT AH(P(PepeHIIHPOBAHUS, Te IS HaXOXKIASHHS IIPOH3BOIHOMN
HCITOJIb30BAIMCh YeTKHE IIPHEMBI H METOZBI, ITPaBHJIA HAXOKAEHHS ITPOH3BOJIHOH, HAKOHEII
OIpeJie]IeHHe ITPOH3BOMHOMN, JJII HHTEIPHPOBAHHS TakKHe MeTOAbl HEJNOCTVYIHEL Ecimn mpH
HaXO0KAESHHH TIPOH3BOJHOH MBI ITOIB30BAINCh, TaK CKa3aTh, KOHCTPYKTHBHBIMH METOHaMIH,
KOTOpEIe, Oa3Hpysich Ha OIpeJeleHHBIX IIpaBIIaX, IMPHBOAWIH K pPe3ylbTaTy, TO IIpH
HaXO0XKAEHHH IIepBOOOpAa3sHOH IPHXOAHICS B OCHOBHOM OITHPaTbCs Ha 3HAHHS TaOIIHII
IIPOM3BOJIHEIX H IIEPBOOOPA3HEIX.

Yro KacaeTcsa MeTOZa HEIOCPEeNCTBEHHOIO HHTErPHPOBAHHS, TO OH IIPHMEHHM TOIBKO
JUI1 HEKOTOPBIX BEChMa OIPaHHYEHHBIX KiIaccoB (PpyHKIHH. (DYHKIMHH, IS KOTOPEIX MOKHO C
XOJy HaHTH IIepBOOOPasHYK O4YeHb Mano. [Io3ToMy B OONBIIHHCTBE CIIYYaeB ITPHMEHSIOTCS
IPYTHE CIIOCOOBI HHTETPHPOBAHH L.

Bonpocet u 3a0 auu:
3agaya 1 .HantH HeomnpeaeneHHEIE HHTETPAIIHL:

1}5{f~3ﬁ+51~4] dx;

2) [ (3 £ 522 —8) (92 & 10x)dx; 3) | V6 - 20 dlxs

4) j(ﬁxﬂ + 7)3x dx; 5) ﬁ’f—*ﬁxﬂ dx; 6) E V a® — % xdx.
3amava 2. HalTH HeolpeaelleHHbIE HHTEIPalIbI:

b fimaee o [Ean 9 [ i o [

sin 2x Py dx

E}Iﬁﬂ_ﬁ?m EJJM_IHL 7) jw_m: s Byjm_m.
Q}J’shﬂxchxd.-: 10) jt'ﬂ”

]fl:tg.r
dx
3agaya 3. BeIuncimTh HHTETpansl: 1) _[ X
xX+a
2 sim X g “
2) ixﬂ-:-ﬁdx' 5) ji+cnsx o) Vr—adr
dx xt
. f L [ g ,
) ﬁ},:lnx' [ Feer-L
&
a [ g o L e e [ 4
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3. HEI}ET-]IICJ]IITE: OCHOBHEIE CBOHCTBaA HEOIIPCACIICHHOI'O HHTCI'Pp4dJIa.
4. 3armMImmTe 1o IMaMsITH TﬂﬁJ]III_[}" OCHOBHBIX HEOIIPCACIICHHBIX HHTCI'PAJIOB.
5. B 4eM coCTOHT MeTO[I HEITOCPCACTBCHHOI'O IH—ITEI‘[)IIPDEE]HI[H?

Ipakmuueckaa padooma 11. 3ameHa nepemMeHHOIl 6 HeonpeoeleHHOM UHmezZpale.
Humezpuposarnue no uacmam. Humezpupoearie yiemeHmapHsix opooveu. Humezpupoearue
PAUUOHAILHBIX (DYHKUUIL.

Ilens: chopmHpoBaTh YMEHHE BBIYHCIISITH HEOIpeJeleHHBIH HHTErpall ¢ ITOMOIIBID 3aMeHBI
IIeEpeMEeHHOH M II0 4YacTSAM, HHIETPHPOBATh BIIEMEHTAapHBIE APOOH H pallHOHAIIBHEIE (DYHKIIHH,

ITPHMCEHATD IIOJIIYUCHHBIC YMCHHA ITPH PCIICHII ITPAKTHYCCKITX 34/ 14'.
TEﬂpEHHHIECHIIE yacmb.

3aMeHa IepeMeHHOH B HeolIpelelleHHOM HHTerpalle.

Teopema: Ecmi TpeOyeTcs HAHTH HHTETPal I f(x)dx , HO CIIOKHO OTBICKATh ITIEPBOOOPA3HYVIO,

TO C IIOMOIIBIO 3aMeHEI X = p(t) B dx = ¢'(t)dt momy4yaercs:
[f(x)dx = [ fe@)o' ().
[Ipivep. Hantu HeollpeieIeHHBIH HHTET Pal '[m‘ SINn X COs xdx .

CrenaeM 3aMeHy ¢ = sinXx, dt = cosxdt.

J.«/;dfz J.r”fdr: %rﬁ” +C = %s:irﬁ” x+C.

[ IprMep. _[:Au:(.::c2 +1)3’rj dx.

3aMeHa = x~ +1; dt=2xdx, dx:?;nﬂﬂ}anM:
X
o d 1 . 1 2 .. 512 2 4 1)32
Ir3"—r:—jr3"dr:—-—r""‘+C:r—+C:(‘x 1 +C.
2 2 25 5 5

HMHTEIPHPOBAHHE IT0 YACT SIM.
Crioco0 OCHOBaH Ha H3BECTHOH (popMYyJTle ITPOH3BOAHOH MPOH3BEAeHNI: (uv) = u'v + v'u,
IJle UH V — HEKOTOpBIe PYHKIIHH OT X. B muddepennmamsaomi popme: d(uv) = udv + vdu.

[IponHTErpHPOBAB, IIOIYYaEM: Id(uv):judwrjvdu, a B COOTBETCTBHH C

IIPHBeJIeHHBIMH BHIIIE CBOMCTBAMH HEOIIPeJelIEHHOIO MHTerpana: uv = judwr Ivdu HIH
Iudv = uv — Ivdu :
[Toryumnn ¢(opMyIIy HHIETPHPOBAHHSA IIO dYacTSIM, KOTopas IIO3BOISIeT HaXOIHTh
HHTErPajIbl MHOTHX AlIeMeHTapHBIX (DYHKITHI.
B .
u=x;, dv=smn xdx;

[ Iprep. _[::«c:j s xdx = — —x’Ccosx+ Icﬂsx 2 xdx =
diu=2xdx, v=-cosx

1 =x, dv=cosxdx, . _ _ . _
= _ =—x" cﬂsx+2xsu1x—jsu1xdx:—x‘ cosx+2xsmx+2cosx+C.
du=dx, v=smx

Kaxk BHJIHO, ITOCIICHOBATCIIbBHOC IIPHMCHCHIC QJGPI\-I}*'HBI HHTCITPHPOBAHITA IIO YH4CTAM
ITO3BOJIACT ITOCTEIICHHO YIIPOCTHTD (b}"HICL[I[EG H ITPHBECTH HHTCI'PAIIl K Tﬂﬁﬂl[lﬂ{ﬂw.

. u=e", du=2edx; . . -
[ IprMep. Ie "cosxdx = ,,; ,; _ =e 'snlx—jsnlx-Ze “dx =
I sy — Ml as e v:sn’lx
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2 2
{u —e", du=2e"dx;

| =e¢""smn x—Zl—eh cc:-sx—_[— cosx-2e dx|=e " sin x +
dv=sm xdx, v=-cosx;

+2e’* cosx— 4_[0:::5 xe *dx

BugHOo, yTO B pe3ynbTaTe IIOBTOPHOIO IIPHMEHEHHS HMHTETPHPOBAHHSI IIO0 YaCTIM
(YHKI[HEO HE YJAJI0Ch VIIPOCTHTh K TaOIHYHOMY BHAY. OJHAKO, ITOCIEIHHH ITOTYYEHHBIH
HHTerpal HHYeM He OTIHYaeTcsd OT HcXoaHoro. IlosToMy IlepeHeceM ero B JIEBYIO 4YacTh
PaBEHCTRA.

5_[@3"’ cosxdx = e’ " (sin x+ 2 cos x)

2x
) e’ .
Ie"" COS xdx = ?(511'1 x+2cosx)+C.

Taxmnv oOpa3oM, HHTerpail HalaeH BooOIe 0e3 ITpHMeHEHH S TaOIHI[ HHTETPAIIOB.
HMHTerpHpOoBaHHE 3JIEMEHTAPHBIX JIPOOEH.
DJIEMEHTAPHbLIME HA3BIBAIOTCS IPOOH CIEAVIOIHX YETBIPEX THIIOB:

Lt m,  _MEN
ax+b ax~ +bx+rc
| 1 . v, :MrJrN _
(ax+Db)" (ax” +bx+¢)”

]
m, N — HaTypalabHbIe YHcla (m = 2, n > 2) H b” — 4ac <0.

[IepBhIe ABa THITA HHTETPAIOB OT AJIeMEHTAPHBIX APOOeH JOBOIBLHO ITPOCTO IIPHBOISATCS
K TaOJIMUHBIM ITOACTAHOBKOH t=ax+ b.

[. J‘ dx :l ﬁ_lh1|r|+c:lh1|ﬂx+bl+c_
fH‘|‘b ‘l { (1 l

II, I (ix - :l ﬁ:— 1 __1—|—C:— 1 __1_|_C-:'
(ax+b)" a’t" a(m— D™ a(m —1(ax+ b)”

PaccMOTpHM MeTOJ HHTEIPHPOBAHH S 3JIeMeHTapHBIX Apoder Buaa II1.
HMuterpan apodu Buga Il MmoxeT OBITE IIPeACTaBIEH B BHE:

é(2x+p)+[ _A_p] y

J' ,,AI—FB dx:jz : 2 _ J' qZI—I—p dx+[B—Ap]J. : dx
X +px+q X +px+q 2x +px+q 2 Fx +px+q
=§]I1‘xj+}?x+q‘+[ _ATPJJ. jdx - :?hlijrprrq‘Jr ZB_A%
[.HE] +[q_p_] \/4‘?_
2 4
-arctg 2I+pﬁ +C
Jiq- p’

31ech B 00IIEM BH/IE TIOKA3aHO IIPHBEAeHHE HHTerpana ApodH suaa Il xk gsym
TAOJIHYHBIM HHTETPAJIaM.

Pac jﬂﬁﬁ_E_HT_ndﬁﬁﬁéEﬁ_ VEKASATHOH BEIIIE (prI%I}"HBI Had ITPHMEPAX.
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u=06x-5, du=6dx,
7x-2 R4x — 24 R4x - 24 MR T AR
I 2 deI 2 dx:I ; dx = 4 u+5 =
3x"—5x+4 36x” — 60x + 48 (6x—5)" +23 X = - ;
:1_'.14I£T70_24dz£——_|. 1 23J- cut :_]H(H +23)1 23 arcte U_ o~
u +23 u +23 u +23 6 3423 J23

J23 6x— 5

= E]nbé.xf —60x+ 48‘ + X272 arete
6 3

b\/ﬁ

g 3
BooO11ie roBops, ecli v TpexwieHa ax” + bx + ¢ BeIpaxkeHne b — 4ac >0, To apolp 110
OIPEHEIIEHHIO HE SBJIIETCS 3JIEMEHTAPHOMN, OJHAKO, TEM HE MEHEE €€ MOXKHO HHTEIPHPOBATH

YKa3dHHbBIM BEIIIIC CITOCOOOM.

+ .

[ Iprnep.
— - =x+3, du-= dx, 15—

J- qu 3 dx:_[ 5xq3 g U=Xx { :J-Suqlﬁ 30&;—5_[ e
x +6x—40 (x+3)" —49 X=u-3; u- —49 u®— 49

—18j zéhl‘u:—f—w‘—18h11£_7|+C:§]n‘x:+6x—40‘—2h1 adnied W)

u>—49 2 u+7| 2 7 |x+10
[ Iprmep.
=x—3. du=dx:

J- 3x+ 4 e J- 3x+4 qu:{u x— 3 { ,}:J-Bu-l—9+4(f” 3_[ 1du
V7 - x* +6x Jl(ﬁ (x—3)° X=u+3, V16— \/16—1{
5 i q:—3\{16—14:3+13&rcsi11%+6:—3x/?—x3—6x+133rcsj1'1I;3+C.

16—

PaccMoTpHM Teleps MeETOIBI HHTET PHPOBAHHSA ITPOCTeHIIHX Apoden IV THIIA.
CHayana pacCMOTPHM YacTHEIH ciydyad ipHu M =0, N = 1.

dx
Torma mHTerpam BHIA I - — MOJKHO ITyTEM BBIIEIECHHS B 3HaMEHATEIE
(ax” +bx+c)
dii
IIOJTHOT'O KBaJpaTa IIPeICTaBHTEL B BHJIE I ” )_ﬂ . CremaeM ciieayroliee peoOpa3oBaHHE:
u-+s

J- du IJ‘S—l—Hj —u’ J- J- 1" du

(u’ +5)” (1’ +5)" (1’ + 3) s+ s)"
Bropoit HHTETpal, BXOJISIIIHIL B 5TO PaBEHCTBO, Gy,[[EM OpaTh IO YaCTSM.

1du
dv, = . u, =u, du, = du,
(i’ +5)”
OO0O03HAUHM: < >
1udu 1
Vl — I 2 - - 2 - :'
(" +5)" 2n—Dw’ +5)"" )

J- wdu u N ] J- du

w’ +s)" Qun—-2)wu*+5)"" 2n—2° W’ +5)""

AOKYMEHT MOANMCAH
SNEKTPOHHOM NOANMUCHIO 1 &
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J- dut 7 2n—3 J- du

(1 +5)" S(ZH 2)(u® +3)’” s2n-2)Y w’ +s)""

[TomyyeHHass (opMmyiia Has3bIBAaeTCsS peKyppeHTHoil. EcaH IpHMeHHTH ee n-1 pas, To
du

u + s
BepHeMcs Teleph K HHTerpaay oT 3lIeMeHTapHOH ApodHu BHaa 1V B 0011eM ciyyae.

(u=2ax+b;, du=2adx;

ITOIIVHIITCA TaOIIHYHBIH HHTCI'PAJI I

Mx+ N . Mx+ N
[— —dx = (4a)" |7 1 b=
(ax” +bx+c) [(2{13:+b) + (d4ac - b- )] X = Vi s=4ac-b",
M(H—b) A
(4{1) J- " P (4a)” M_[ 1d N ZﬂN—MbI du
(u +5)" 2a | 2a? (u” +s)” 2a (" +5)”

B ITIOJIVHCHHOM PdBCHCTBC HEPELIfI HHTETPall ¢ IIOMOINBIO IIOACTAaHOBKHM [ = HE + §

IIPHBOJHTCA K TﬂﬁJ]IIl]HOI\-I}" .[_"‘ ., d KO BTOPOMY HHTCI'PAIIy ITPHMCHACTCAH PACCMOTPCHHAA BBIIIIC
I

peKyppeHTHas (popMyIIa.
HecmoTpss Ha KaKVIIYIOCS CIOKHOCTh HHTETPHPOBAHHS 3JIEMEHTAPHOH JIPOOH

BHa IV, Ha IMpaKTHKE €ro JOCTaTOYHO JIETKO IIPHMEHSTE JI IP0oOeH ¢ HEQOIBIIIOH CTEIIEHBIO 11,
a YHHBEPCAIBHOCTHL M OOIIMHOCTH IOAXOMAA JelaceT BO3MOJKHBIM OUYEHBH IIPOCTYIO PEAIH3aI[HIO
3TOro MeTojJia Ha D BM.

[ [prvep:
= x—2. du=dx
J- ,,3'x+5 ,, T:.[ 3.3:4:5 iy = U=X—4, au=ax, :IEITGJF?JHZ
(x~ —4x+7)" ((.x—Z)‘JrB)‘ X=u+2 (™ +3)°
t=u +3;

:3_[ f.tdu "‘“I T —Ejﬁ—l—ll H,, N 1 I :cfu _

(" +3)° (u’ +3) dt = 2udu,) 271t 32w +3) 3-2Yu"+3
:—3+ 11 N 11 oo Lo 3 11(x-2) 11 arcte

_I_
20x” —Ax+7) 6(x°—4x+7) 6\/_

MHTerpHpoBaHHe PaIHOHAIbHBIX (DVHKITHIAL.
HHTerpupoBaHie pallioOHATILHEIX IpoOell.

J[1151 TOro, YTOOKI IIPOHHTETPHPOBATh PAIHOHAIIEHYIO P00 HEOOXOIHMO
Pa3I0XKNTh ee Ha 3JIeMeHTapHbIe JPOOH.

O(x)
P(x)
P(x) KOTOpOIl IpeJCcTaBlIeH B BHIE ITPOM3BENEHHS JHHEIHBIX H KBaJpaTHYHBIX MHOKHTEIIENT
(orMeTHM, 4YTO JIHOOOH MHOTOWIEH C JAefCTBHTENBHBIMH KO3((HIIIEHTAMH MOXET OBITH
TIPe/iCTaBIIeH B TAKOM BHIE: P(x) = (x - a)%...(x - b)P(X* + px + g)*... (X’ + rx + s)*), TO 3Ta IPoOH
MOJKeT OBITh Pa3lIo’KeHa Ha 3IIeMeHTapHEIE 110 CIIEeAYIOME cXeMe:

Teopema: Ecin R(x) = - IIpaBHJIbHAA PallHOHAIbHASA APo0k, 3HAMEHATEIb

OOKYMEHT NnoarnmncAH
SNEKTPOHHOW NOANMUCHIO
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O(x) 4 " A, A, I B, B, BB M x+ N,

= — L+ + — L+ +— +
P(x) x-a ((x-a) (x—a)” (x-b) (x->b) (x-b* x+px+g
M .,x+ N, M,x+ N, R x+§, R, x+ S, R x+S,

R Sp— — L — R— L L
(1: + px+q)° (x” + px+q) X +rx+s (x +rx+s)° (x" +rx+s)

rae Ai, Bi, Mi, Ni, Ri, Si — HEKOTOpEIE TTIOCTOSHHBIE BEITHYHHEL
[Ipn HHTErpHpPOBAaHMH pallHOHAIBHBIX JApPoOel IPHOEraroT K Pas3iIoKeHHIO
HCXOMHOH ApOOH Ha 3leMeHTapHbIe. J[1g HaxoxaeHHns BenmuuH Ai, Bi, Mi, Ni, Ri, Si mpuMeHsroT
TaK Ha3bIBACMBIH MeTO0 HeompedeeHHbIX K03()(PHIHEHTOB, CYTh KOTOPOIO COCTOHT B TOM.,
YTO JJIS TOr O, YTOOBI JIBa MHOI'OWIEHA OBIIIM TOKAECTBEHHO PABHBI, HEOOXOAMMO H JOCTAaTOYHO,
yTOOKI OBIJIH PaBHBI KO3()(PHIHEHTEI IIPH OJHHAKOBBIX CTEIEHIX X.
[ IprMeHeHHEe 3TOr0 MeTOIa PacCMOTPHM Ha KOHKPETHOM ITPHMEPE.
[ Iprmep.
J-Qf —~30x" +28x—88
(x’ —6x+8)(x" +4)
Tk (x°=6x+8)(x" +4)=(x—2)(x— (x> +4), 10
Ox’ —30x" +28x-88 A4 N B N Cx+D
(x—D(x—D(x*+4) x-2 x-4 x+4
[IpuBosI K 001EMY 3HAMEHATEIO H IIPHPABHHUBAS COOTBETCTBYIOIIHE YN CITHTEIH,
ITOITYYAEM:

Ax—Dx" +D+B(x-D)(x* + D+ (Cx+D)(x” —6x+8)=9x” —30x" +28x—88
(A+B+C)x’ +(-44-2B - 6C +D)x" + (44 + 4B +8C — 6D)x+ (-164— 8B +8D) =
=9x’ —30x" +28x—88.

(A4+B+C =9 (C=9-A-B

_44-2B-6C+D =-30 D=-30+44+2B+54—6A4— 6B
|44+ 4B +8C— 6D = 28 124+2B+4C-3D =14

—164—8B +8D = 88 24+B-D=11

(C=9-A-B (C=9-A4-B
D=24-24- 4B D=24-24- 4B
|24+2B+36— 44— 4B—T2+6A4A+12B =14 144+10B = 50
24+B-24+24+4B=11 44+ 5B =35
(C=9-A-B (C=9-A-B (4=5
D=24-24-4B D=24-24-4B B=3

144 +10B = 50 144+10B = 50 lc=1

50— 10B +5B = 35 B=3 D=2
I/ITGI‘G'

[ 2 = Shn— 2]+ 3lnjx— 4+ [ dx+I dx =
x—2 x +4 X x'+4

2 X
= 5]1’1|.x— 2| + 3]1’1|.x— 4| + E]n( x +4)+ arcng + C.
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e

arcsin x da,

1. _/I_,r = 1}e” da., j
3. j r? sin  dar. 4. f
5. f.r ln & dar, 6. f
sin” J"

q- }‘ e*F cos & dI. ~

(z° + 2x + 3) cosr dx.

r? arctg x dz.

-

g jﬁiulu.ﬂi;i;. 10. f:"'-s dr.

3amava 2. BEIYMCIHTE HHTETPAJIBI:

dx
1y I, = MOJCTAHORKA X =2
) S Bx+ 1Y (RoRCTaR0R =) |
dx
3) I;= jsi“ YT I T {nn,umanum-:a r:,tgx = 7).

3agaya 3. PasmoXHTh Ha IIPOCTEHIINE APOOH CIEAVIOIIE pal[HOHAIBHEIE TPOOH:
llx—4
) s =%
YKasaHue: 3HaMeHaTeNb PA3NOKHTE HA MHOMKHTENH.
2 2x3 | 41x — 9] 3) 3x% — 24x? — 41x-- 20
(x— 1) (I 3) (x—2)’ EI—I-!H'=+EHI——3H:—?}
4 be? — 25x | 26 5) Fix 4 ,
x=1x=2){x—=13)° 4fx—4}{rr——2]'
6) 34 23x 28
(x+2rL3)(x—42)°
Sagaua 4.
BRIYHMCIIHTS:

) Kgﬁ: g .[mdjat‘ 3) L 7 4}53#31* 5’]1:—-9'

3agadya J.
BEIUHCITUTE:

dx . _ dx — | ax
Iy Iy =‘_[x=+4x+|4' 2) f“jx!+;_|_1 : 3) Jy= PN P

dx ) B dx _ . d.x
1) =’4=La_gx+25- 5) /1y _‘[.t'—-?.rr-l—l-l‘E}J‘_'j.&’_—x-}-ld'

3agaya 6.
BEIUHCITUTE:

1} j dx . E} S ll‘j_h' ;
T+ Ox - 10° Tx2—3x+5 '

dx . dx .
%) 5 Oxt x4+ 12 7 4) I 6x 4 Tx - 15"

dx
) ja,ﬂ—ux-p'lf'

| B aTaTas b

NOKYMEHT MOAMNUCAH

SNEKTPOHHOW NOANUCHLIO 1B HCOIIPCACIICHHOM HHTCI'PAJIC.
Ceptudumkar. 12000002A633E3D113AD425FB50002000002A6 ST M.
Bnapeneuy; lebayxoea TatkaHa AnekcaHapoBHa 1STh MeTO]] HHTETPHPOBAHHS ITO YacT a?
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5. Kakasg apo0p HaskIBacTCA pal[HOHAIEHOH?

6. Kaxkag partnoHanbpHas Apo0b HA3BIBAETCS IIPABIIEHOH?

7. Kaxk pas3noXHTh ITPaBIIBHYIO AP0o0h HA IIPOCTEHIIIHE?

8. B 4em cyIHoCTs METOZa HeONPEAETIeHHBIX KO3 (P(HIHEHTOB?

Ipakmuueckaa pavboma 12. Cnocodst éblulic/lieHUA OnpeodeleHHOoZ0 UHmezpanda. Popmyna
Horomona-/Ieionuya. 3ameHa nepemMeHHOIl 6 onpeodeneHHoM uHmezpaie. Dopmyna
HHMeZPUPOos aHiA o Lacmam 6 Onpeod eJiecHHOM UHmezpaJie.

Ilens: copMHpOBATE YMEHHE BBIYHCIIATE ONPEIEIIEHHBI HHTErpPall ¢ ITOMOMIBE (DOPMYJIBI
HprotoHa-JIeHOHHIA, HCIIONB30BaTh METO/ 3aMEHBI IIEPEMEHHON H HHTETPHUPOBAHHE TI0 YaCTSIM,
ITPUMEHSTH TIOJTYUYEHHBIE YMEHHS ITPH PEIIEHHH ITPAKTHYECKHX 3a0aY.

Teopemuueckan uvacms:

O0o3HaunM m H M HaHMeHbIIIee H HaHOOoJIbINlee 3HaUeHHe (YHKI[HH Ha OTpe3Ke [a, b] .

}’:'-
M i [y = T

=

0 a X b X

PazoGpeM orpesok [a, b] Ha yacTH (He 00s13aTeIbHO OJHHAKOBEIE) N TOUKAMH.
Xo0< X1 <X2< ... <Xy
Torma x;1 —xo=AX1, X2 — X1 =AX2, ... Xo — Xn-1 = AXgp;
Ha xa)xaoM H3 IoJIydYeHHBIX OTPE3KOB HalAeM HaHMEHbIIee H HAHOONIbIIee 3HAYEHHE (DYHKIIHH.
[X0, X1] — mu, Mi; [x1, X2] = m2, M2, ... [Xn-1, Xa] = ma, My,

CocTaBHM CYMMEI.

H
S o =miAX1 + mAX2 + ... +mpAxa= D m,Ax,
i=1

Sn=MiAX1 + MoAx2 + ... + MaAxa = > M Ax,
i=1

Cymma S Ha3pIBAaeTCSd HHKHEH HHTerpaJbHOH CyMMOH, a cymMma S — BepxHeil
HHTErpaJIbLHON CYMMON.

Tx mi<M;T10 §in< Sa. a m(b—a)< Sy< §H£M(b—a)

BHYTpH KaKI0ro orpe3ka BEIOepeM HEKOTOPYIO TOUKY €.

X0 <€ <X1, X1<€< X2, ... ,Xpl <€< Xp.
IT""E;!'T!'QE.!’ FATTATTY AT TET 5T ."J"".-".':"'!"!"'!'."'!"!"!"!'T'!' ] FLarmTTrE r
NOKYMEHT NOANUCAH TOUKAdX H COCTaBHM BBEIPpAXKCHHE, KOTOPOC
SNEKTPOHHOM MOANUCHIO mH f(x) Ha orpeske |a, b].
Ceptucmkar: 12000002A633E3D113AD425FB50002000002A6
Bnapeneu: lebayxoea TateAHa AnekcaHopoBHa
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Torma MOXKHO 3armcaTth. miAx; < f{&)Axi < MiAx;
" ! Iy
CrenoatenmbHo, » mAx, <> f(g,)Ax, < > M Ax,
i=1 i=1 i=1

S <8 <8

['eoMeTpHYECKH 5TO IIpeAcTaBISIeTCS CIIeAyIOmHM oOpa3zoMm: rpaduk (QyHkHH f(X)
OIPaHHYEH CBEPXY OIMHMCAHHOH JIOMAHOH JIMHHEH, & CHH3Y — BIIHCAHHOH JIOMAHOH.

O003HaYMM maxAx; — HAHOONIBIIHMH OTPE30K pa3zOHeHNs, a minAx; — HAUMeHBIIHH. Ecim
maxAx;— 0, TO YHCIIO OTPe3KOB pa30OHeHHI OTpe3Ka [a, b] cTpemMHTCa K O€CKOHEYHOCTH.

Ecmm S, =) f(e)Ax, ,to lIm > f(g,)Ax, =S.
i=1 =1

e Ax; —0 ;
Ecm nipu 1r00BIX pa30HeHHsIX oTpeska [a, b] Takux, uyro maxAx;— 0 H IIPOH3BOIBHOM
"
BRIOOpPE TOYEK € HHTErpalbHad CyMMa S = Z f(g,)Ax, cTpeMHTCA K IIpelieny S, KOTOPBIHI
i=]

Ha3bIBAETCS OIpeielIeHHBIM HHTEerpaiaoM oT f(X) Ha oTpe3ke [a, b].

b
O003HaYeHHE I f(x)dx.

a — HIDKHHI TIpeJiell, b — BepXHHI IIpefiel, X — IlepeMeHHass HHTETPHPOBaHHSL, [a, b] — oTpe3ok
HHTET PHPOBAHH L.

nmax Ax—0

) b
Ecrm mna yeximm f(x) cymecrByeT Ipefen b Z f(g,)Ax, :I f(x)dx, TO
i=1 a

() YHKIIHSI Ha3bIBAETCSI HHTErPHPYEMOH Ha OTpe3Ke [a, b].

. b
Tak)Xe BepHBI YTBepXKJAeHHI: lmm Zmiﬁxj = I f(x)dx,
i=1 o

et Ao —0

lim ZH:MI.&xI. = j F(x)dx

e Ao —0 :‘

CBOHCTBA OITPEJIEIEHHOr O HHTerpaja.

1) [Af(odx=Af f(x)dx:
2) (/i) £, = [ fi(x)dx+ [ £, (x)dx
3) j f(x)dx=0

b b
4) Ecmm f(x) < ¢(x) Ha orpe3ke [a, b] a<b, TGIf(x)dx < I(p(x)dx

OOKYMEHT MNOAMNUCAH
SNEKTPOHHOM FOANMUCHIO Ilee M HaHOOJbINee 3HaYeHHT QyHKIMHU f(X) Ha

Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6
Bnapeneu: lLlebayxoea TateAHa AnekcaHapoBHa
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m(b — a) < j F(x)dx <M(b - a)

6) Teopema o cpeanem. Ecin yHxima f(x) HempepbplBHa Ha OTpe3ke [a, b], TO Ha aToMm
OTpe3Ke CYIIeCTBYeT TOYKa € TaKas, 4TO

[ f(x)dx = (b-a)f(e)

7) JI7st IpOM3BOIBHBIX YHCETL a, b, ¢ CIIpaBeJIHBO PaBEHCTBO:
b € b
[ f(adx= [ fdx+ [ f(x)ax

PﬂS}MEETGHj 3TO PAaBEHCTBO BBIIIOJIHACTCSA, CCJIH CYIIECTBYCT KaXIbIH H3 BXOISIIHX B
HCI'O HHTCI'PAJIOB.

8) j F(x)dx = —ﬂj £(x)dx

Teopema HprotoHa-JlenOHHIIA.

Teopema: (Teopema HrroToHa — JIeiiOHMIIA)

Ecm ¢pyHkima F(x) — kakas- mHOo neppoobpasHas OT HEMPEPBIBHOM () YHKIIHH f(X), TO
b
[ f(x)dx=F ()~ F(a)

3TO BEIpaKeHHE H3BECTHO 10T Ha3BaHHeM (popMymbl HeroToHa — JleHOHHIIA.

b
HMuorga nmpuMeHsror odosHaueHne F(b) — F(a) = F(:a:)| .

&

Qopmyna HrroroHa — JleHOHHMIA IIpefcTaBisgeT CcOOOH OOIMI IIOAXOHN K HaXOXKJIEHHIO
OITpEeIEIIEHHBIX HHTETPAJIOB.

YTo KacaeTcs IMPHEMOB BEIYMCIIEHHS OIPeAelIEHHBIX HHIEIPAlIOB, TO OHH ITPaKTHYECKH
HHYEM HE OTIHYAIOTCS OT BCEX TeX IIPHEMOB M METOJOB, KOTOPBIE OBLUTH PacCMOTPEHEBI BHIIIIE
ITPH HAXOKJIEHHH HeOIIpeAelIEHHBIX HHTETPajIoB.

TOYHO Tak ’Ke IPHMEHSIOTCS MeTOJBbI ITOACTAHOBKH (3aMEHBI IIEPEMEHHOH), METOJ
HHTETPHUPOBAHMSA TII0 YacTsaM, Te K€ IIpHeMbl HaXOXKIEHHS IIepBOOOpasHBIX IS
TPHT OHOMETPHYECKHX, HPPAl[HOHAIIBHBEIX M TPAaHCIEHAEHTHBIX (YHKIMI. (OCOOEHHOCTBIO
SBIIETCA TOJIBKO TO, YTO TIIPH IIPHMEHEHHH 5STHX IIPHEMOB HAaA0 PaCIIPOCTPaHSITh
npeoOpa3oBaHHEe He TOIBKO Ha IIOABIHTErPAIbHYIO (PYHKIHIO, HO H Ha IIpelelbl

HHTCI PHPOBAHIA. 3aMeH I IICPEMEHHYIHO HHTCIPHPOBAHIA, HE 3a0BITh H3MCHHTB
b

COOTBETCTBEHHO IIpeJie/Ibl HHTEeIrpHpoBaHHA. IlycTh 3aJaH HHTerpail I f(x)dx, toe f(x) —

HelpephIlBHAS (DYHKIHS Ha OTpe3Ke [a, b]. BBeaeM HOBYIO IlepeMEHHYIO B COOTBETCTBHH C
dpopmymoii X = ¢(t). Torma ecmm
Do) =a, oPB)=Db

?ﬁGI{YMEHT ROANMMCAH
SNEKTPOHHOW NOANUCHIO

Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6
Bnapeneu: lLleBayxoea TateAHa AnekcaHapoBHa
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b §
| f(x)ax = | oDl (0)d

§

8
Torna If [o(O]@'(D)dt = F[o(®)]| = Flo)]- Flp(aw)] = F (b) - F (a)

CL

[ Iprmvep.
1 I:Sjllf' /2 /2 1:!"
J.\H—xjdx: :' IJl—sm t costdt = Icﬂs rdr——j(1+ca52r)dr—
: a=0,p=m/2 )
] 1 . HE T 0
= —| t+ —sIn 2t = —+—SMm=—.
2 2 4 4 4

[Ipn 3ameHe IlepeMeHHOH B OIPeJelIEeHHOM HHTerpaie clefyeT IOMHHTB O TOM, YTO
BBOAHMAS (DYHKIHSA (B PacCCMOTPEHHOM IIPHMEpPe 3TO (PYHKIHA Sin) JOJDKHA OBITh HellpephIBHA
Ha OTpe3Ke HHIECIPHPOBAHHSA. B IIPOTHBHOM cioy4ae (OpMalbHOE IPHMEHEHHE (DOPMYIIBI
TIPHBOAHT K aOCYpIy.

[ Iprmep.

:iEa\‘fx:.:'cﬂE

0 0

— M, C ,[[p}TDﬁ CTOPOHBIL, CCJIH IIPHMCHHTE TPHI'OHOMCTPHYCCKYIO ITOJCTAHOBKY,

T T _:r: I o _n dr
_E!.dx -D[sm X+ Cos” .x_!cnij(1+rgjx)_{be_r}_-[hrrj -0

0

T.e. mBa crioco0a HAXOXKAEHNS HHTerpala JaloT pa3lIHYHBIE Pe3ylIbTaThl. 3TO ITPOH3OIIIO H3-3a
TOrO, YTO He OBUI YYTEH TOT (paKT, YTO BBEACHHAS IIEpEMeHHas tgX HMeeT Ha OTpe3Ke
HHTETPHPOBAaHHUS pa3phlB (B Touke X = 7/2). IloaTOoMy B JaHHOM ciIydae TakKas ITOJICTAHOBKA
HelmpHUMeHHMa. [IpH 3aMeHe IIepeEMEHHOH B OIIPEeJEIIeHHOM HHTerpalle CIeAyeT BHHMATEIbHO
CIIEANUTH 3a BBITOITHEHHEM ITePEeYH CIIEHHBIX BEIIIIE YCIOBHIL.

HMHTerpHpoBaHIe 110 YACTSIM.

Ecrm dyHxmm u = @(x) ¥ v = Y(X) HeNpephIBHEI Ha OTpe3ke [a, b], a Taxke
HelTPePBIBHEL HAa 3TOM OTPe3Ke HX ITPOH3BOJHBIE, TO CIIpaBeJIHBa (pOpMYyIIa HHTETr PHPOBAHH ITO

YJACTSIM:
b L b
Izadv — m’l — Ivdu.
el d e

Bonpocst u 3a0 auu:

3amava | .BeIYuCIMTE OnpeelIeHHBIE HHTETPAJIbl.

0 0
1. I (x> +5x+6)cos 2xdx. 2. I cos?axdx
_9 )
r ﬂ 2
N = 2
TIOKYMEHT nn,qnncﬂH 4. j (J: + 2) cos3xdx.
3NEKTPOHHOM MOANUCHIO ]

Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6
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CepTtudmkar:

5. jl(f + 7x+12)cosxdx.
4

7. ]T.(sz +9x+1 I)COSBde.
0

?(81‘2 +16x + 17)005 4 xdx.
0

2

9. j (3,1:2 + 5)005 2 xdx.

0

2

11. j (3— 7x’ )CDS 2 xdx.

0

13. jl(.vc:2 + 2x+ l)sin 3xdx.
~1

15. T(f —3x+ 2)sin xdx.
0

11} ;r +6x+9)sm2xdx

(1 S5x° )sin xdx.

:J'-—-.mlfv‘:l

3agaya 2.

BEIUHCITHMTE OITPpCACIICHHBIC HHTCIPAJIbBL.

£3+] _
1* J- 1+111(x l)dx.
x—1

e+ 1

]!-4arctgx—x_4

NOKYMEHT rNoanucAH
SNEKTPOHHOW NOANUCHIO

-~
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6. T(sz +4x+ 7)005 2xdx.
0

2

10. j (23':2 —15)0053xdx.

0

12. T(l —8x )CGS 4 xdx.
0

3
I x° —3.1: sin 2 xdx.

16. (x —S5x+ 6)5111 3xdx.

:i"-—-.ld-l?fl

il
4

x +17 5 sin 2 xdx.

::J"-—1

(Bx b )5in2xdx.

x+1dx

g

x +3x+1)

*dx
X +4




2
XTCOSX
5. j - dx.
E
T

1/2

+2s8In x

1 1/(24/x ) +1
8x —arctg2x / ( )
7. j % dx. 8. —dXx.
8
¢ xdx ¥ x+ 1/ x
9. j — 10. I : dx.
) 41 AN +1
8 3
J_x—l/x ”/_arctgx+x
11. I : dx. 12 I —dXx.
NG \/ x +1 o I+x
4
ﬁx—(arctgx) X
13. I . 14 I —dXx
7 1+ x o X" +1
2 (arcsinx) +1 L 1—+/x
15. I =—dx. 16 I dx.
0 A1=x ' x(x+1)
8 e
v dx l+1Inx
17. j j 18 j dx.
N x\/ x +1 X
2 e 7 2
dx X +Inx”
19. : 20. _[ dx.
2
NG x\/ x -1 | X
Borrpocsr:
1. PacKpoHTe CMBICI ITOHATHS ONPeAelIEHHOI O HHTerpaia.
2. I'eoMeTpHYeCKHH CMEBICI OITPEEIIEHHOIO HHTETPaIa.
3. llepeuncimTe OCHOBHBIE CBOMCTBA OIIPEIEIIEHHOIO HHTErpala.
4. Teopema 0 cpeIHEM.
5. IlpomseogHasA orpeaeeHHOro HHTErpalia 1o BEpXHEMY 1P €€y .
6. @Dopmyna HetoToHa — JIefiOHHILIA.
7. 3aMeHa IIepeMEHHOI H HHTETPHPOBAHHE T10 YaCTSM B OIPEIEIIEHHOM HHTEI PaJle.

" 2cosx+ 3sin x

o |

o (2sinx—3cos x)3

dx.

Ipakmuueckasa paboma 13. I'eomempuuecKkue nPUIOHCEeHUL ONPeOeIeHHOZ0 UHmMezpald.
Ilnowaos nnockoii pueypsr. Ovvem mena. /nuna 0yzu kpueoi. Ilnowads nosepxrnocmu

6 pA{EeHUA.

Ilens: copMHpOBAaTh YMEHHE BBIYHCIATH IUIOINAAH IUIOCKHX (PHIYpP, JUIHHY JYTH KPHBOH,
b ITOBEPXHOCTH Tella BPaIlleHHS IIPH ITOMOIIH
YeHHbIE YMEHHS IIPH PeIIeHHH ITPaKTHYeCKHX

NATanT TaTra

Ceptudukar:
Bnagenedu;

[NencrBUTENEH:

AOKYMEHT nogrmCAH
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g A

I/IBEECTHG: HTO GHPE,I[EJIEHHBIﬁ HHTCI'PpdII Hd OTPC3KEC IIPCACTABIIACT coOOH IIIoIaab

KPHBOIMHEHHOH Tpanellii, orpaHmdeHHOH rpadpukoM pyHKIMH f(x). Ecmi rpaduk pacronoxeH
HIKe ocH OXx, T.e. f(x) < 0, TO IUIoImaab HMeeT 3HaK -, eCIIH Ipa()HK PacIIOIOKeH BBIIIIE OCH
Ox, T.e. f(x) > 0, To IIoIaAh HMeET 3HaK “+ .

b
J1s HaxX 0K AeHH I CYMMapHOH IDIONIAIH HCIIONIB3YeTCs popMylia S = I f(x)dx .

[Inomaae (HUIYPE, OrpaHHYeHHOH HEKOTOPHIMH JIHHHSMH MOKeT OBITh HaijleHa C
TIOMOIIBIO OITPeJe/IEHHBIX HHTETPAIOB, €CIIH H3BECTHEI YPaBHEHH S 3THX JIMHII.
[Ipimep. Halitu roiomaae GUIYpPHL, OrPaHHYEHHOH JTHHUAMH Y = X, Y = x*, x =2.

HMckomas rmonap (3alITpHxXoBaHa Ha PHCYHKE) MOKeT OBITh HalieHa 110 (popMyIIe:

2 2 3 2 A
) x x| 8 4 1 1 5 ,
S=\|x"dx— |xdx= — = ————— +—==(en"
'!. -lll 3 2 ‘1 3 2 3 2 6(ﬂ)

HaxoskIeHHe TDIOIA N KPHBOIIMHEHHOI O CEKTOPA.
Il HaxoKIeHHS IUIOM[aJH KPHBOIHHEHHOTO CeKTOpa BBEAEM IIONISIPHYIKD CHCTEMY
KOOpPAHHAT. Y paBHEHHE KPHBOH, OIPaHHYHBAIOIIEH CEKTOP B 3TOH CHCTEMe KOOPAHHAT, HMEeT
BHJ p = f(), Tlie p - AIHHA pagHyc — BEKTOPa, COeJHHSIOIMErO ITOIIOC C ITPOH3BOIBHON TOYKOMH

KPHBOH, a (p - YTOJI HAKJIOHA 3TOr0 PajHyc — BeKTOpa K IOISPHOH OCH.

OOKYMEHT NOANMUCAH eT OBITH HallJlcHa 110 (POPMYIIE:
3NEKTPOHHOW NOANUCHLIO i bop
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BreIUMCcIIeHHE JUIHHBL JIYTH KPHBOH.

vl v = [z

ATy,
A A

a b X

S = [1+(£'()) dx

Ecn ypaBHeHHe KpHBOH 3aJaHO ITapaMeTPHYECKH, TO C YYETOM ITPaBHJI BEIYHCIIEHHS
IIPOH3BOIHOH ITapaMeTPHYeCKH 3aJaHHOH () YHKI[HH ITOJTy4aeM:

EI 7 7
S = H o O] +ly®] at,

rae X =@(t) 1y =y(t).
Ecm 3aaHa mpocTpaHCTBeHHAA KPpHUBaA, H X = @(t), y = y(t) 1 z = Z(t), TO

&
s= o] +lvl +[z@] d

Ecm KPHEA4A 3daJdHd B IIOJIHPHbBIX KOOPDIAHHATAX, TO

§
S = Hp” +p do, p=1f(g).

o ) i i i)
| IppMep: Harliti HIIHHY OKPYAHOCTH, 3aldHHOH YPABHCHHEM X~ + VY =1,

1 cmoco®. BrIpasHM H3 ypaBHEHHS IEPeMeHHYIO V. V= «frj — x° . Haiizem ImmpoH3BOIHYIO

p X

y - | A )
Jri—x
i ~
NOKYMEHT NOANMUCAH - Cox) T
SNEKTPOHHOWM MOANMMUCHIO r-arcsm—| =r—. Torma S = 2nr. lomywimm
Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6 F o 2
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2 cmocod. Ecmu IPEACTABHTL 3aJdHHOC YPABHCHHC B HﬂﬂﬂpHﬂﬁ CHCTEMEC KOOPAHMHAT, TO
o= df () _

0 Torma
o

g g T e ] g
IMOTYYHM: I°COS™(p + rsin“gp = r°, T.e. pynkuua p = f(p) = r,

SszJUJrrjd(p:er(p:Zﬂr.
0 0

BrrurciaeHHe 0O0BLEMOB TETI.

BeaHcneHHe o0beMa Tella I10 H3BECTHBIM IUIOIASIM T 0 ITapallIelIbHbIX CeUeHHI.

IIl
I". | , LT -
:1"-.,_\‘.-. -I.I"'-._ pll II'I_ :{1} : ._'__'_,.-"_.

I ] , - 1 - ’

|
i
i
|
|
|
I

¥
- —— o —

f,f“
" a

IIycte mMeercda Termo oObema V. llmommagps mMr000ro IIONEPEYHOrO cedeHHs Terna Q,
H3BeCTHa KaK HerpepbIBHAS (VYHKIHI Q = Q(x). PazoOpeM Temo Ha ““cIOH’ TOIePeYHBIMH
CEUEHHSIMH, ITPOXOMSIIMHMH 4Yepe3 TOUKH X; pa3OHeHHS orpeska [a, b]. T.x. Ha xakoM- J1HOO
IIPOMEeKYTOUHOM OTpe3Ke pa30OHeHHd [Xi.1, Xi] QyHKIHI Q(X) HelpepblBHA, TO IMPHHHMAaeT Ha
HeM HanOoJIbIIEe H HaNMeHbIIee 3HaUeHH 1. O003HaUNM HX COOTBETCTBEHHO Mi H m.

Ecimt Ha 5THX HaHOOIBINEM H HAHMEHBIIEM CEUYEHHSIX IIOCTPOHUTH I[WIMHIPEL C
O00pasVyIOIMMH, ITaparlIeIbHBIMH OCH X, TO OOBEMBI 3THX IUIHHAPOB OVAYT COOTBETCTBEHHO
paBHBI MiAX; 1 miAX; 371eCh AXj = Xi - Xi-1.

[Iponseens Takme ITOCTPOEHHUS JUIA BCEX OTPE3KOB pazOHMeHHsS, TTOMYYHMM IHIHHIPEL,

>(
e
¥

i

! H
00BEMBI KOTOPEIX PAaBHBI COOTBETCTBEHHO » M, Ax, H > m,Ax, .

i=1 i=1
[IpH cTpeMIIEHHH K HYIIFO IIara pa3OHeHHs A, 3TH CYMMBI HMEIOT OOIIII ITpee:

H M

b
];E.ln;Mfo = ]?ngllngmj&xf = !Q(x)dx

Taxm oOpa3oM, 00beM Tejla MOJKeT OBITh HaiiJieH 110 (pOpMYIIE:
b
V= [0(x)dx .

HemoctaTkoM 3TOH (OPMYIIBI SBISETCS TO, YTO IS HAXOKIEeHHS o0beMa HeOOXOIHMO
3HaTh PYHKIHIO (Q(X), YTO BecbMa ITPOOIeMaTHYHO AJIS CIIOKHBIX Tell.
I IprMep: Hamtu oO6bseM 1mmapa paminyca R.

OOKYMEHT NnoarnmncAH
SNEKTPOHHOW NOANMUCHIO
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B IomnepeyHsIX CedeHHSX IIapa IOTY4YaloTCSA OKPYKHOCTH ITepeMeHHOro pajgmyca y. B

-y

3aBHCHMOCTH OT TeKYIIEeH KOOPAHHATBHI X 5TOT PaHyC BBIPaKaceTcCS IO (DOPMYIIE JR> —x".

P

Torma ¢ yHKIIHS IIOINAAeH ceueHHH HMeeT BH: Q(X) = ﬂ(R‘ — .xj).
[IonmydyaeM oOBeM IIapa:

R i R 3 3 3
V:jn(ﬁf—fjdxzn(ﬁfx—%n S S ) P P L
—R -R

3 3 3

O0BeM Tell BpallleHH S
PaccMoTpHM KpHBYIO, 3alaHHYIO ypaBHeHHeM y = f(x). [Ipemamomoxum, 4ro (QpyHKI[HS
f(x) HenpeprIBHA Ha OTpe3Ke [a, b|. ECM COOTBETCTRYIOIIYIO €l KPHBOIHHENHYIO TPAIIEIHIO C
OCHOBaAHMSMH a U b BpaIrate BOKpPYT ocH OX, TO ITOIYYHM TaK Ha3bIBacMOE Te€JI0 BpallleH M.

y = f(x)

— 1.
U

T K. Kakgoe cedyeHHe Tela ITIOCKOCTBIO X = const IPEACTABIIACT coOOH KpyT paJiiyca

R:| f(x)|, To oObeM Tela BpallleHHS MO)KET OBITh JIEeTKO HaiJeH II0 ITOIYYEHHOH BBIIIIE
dopmye:
b
V= —nj £ (x)dx.
)
[ [1oImaap IMOBEPXHOCTH Tella BPAILEHHS.
[AOKYMEHT NOANUCAH

SNEKTPOHHOW NOAMUCHIO
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ILiomaapb0 MOBEPXHOCTH BpalleHHs KpHBOH AB BOKPYI JaHHOH OCH HAa3BIBAXOT
IPeJIel, K KOTOPOMY CTPEMSTCS IUIOIAAH ITOBEPXHOCTEH BpaIleHHS JTOMAHBLIX, BITHCAHHBIX B
KpHBYIO AB, IIpH cTpeMIIEHHH K HYITFO HAHOOIIBIINX U3 JIJINH 3BEHLEB 3THX JIOMAHBIX.

[ [imoraaep ImoBepXHOCTH, OIMMCAHHOH JIOMaHOH paBHA:

H
P =1 (F(x )+ FGONL+ £ (e)Ax, .
i=1
QTEI, C}Wﬂ HE ABIIACTCH ]EIHTEI‘I)EIJ]LHOﬁ: HO MOZFHO ITIOKd34Th, YHTO

P= lm ﬂi(f(:ﬁ-_l)+f(x;-))\/1+f”(8;-)fﬁxf = m%’g;giﬂ(&h/“f”(ﬁf)ﬂ% .

ez A, —0

b
Torma P = 211_[ f (x)Jl + £ (x)dx - GopMyTIa BEIUHCIEHHS IJIOINA/XH TOBEPXHOCTH

TEJIa BpPpalllcHHA.

Bonpocst u 3a0 auu:
3agava 1. BeramcimTe 1omomagu o0IacTel, orpaHHmYeHHBIX I'papHKaMH 3aJaHHbBIX () YHKIHH:

L. Yy = 32 — x°, y = —4zx.

2. y = 3/, y =3/, T =4d.

3. r=>5—y>, r = —4y.

4. y=+ve* -1, y=10, r = In4,.

. Yy = sinx, Yy = Cos T, r=0 (z>0).

6. Yy = /1, y=1/x, r = 16.
. z==2T-p° x=-6y
K. y = sin T, Yy = COST, =0 (x<0)
9. y=v9-1z% y=0, r=0, =32
0. w=2/1. = He”, y=2, =29

3amava 2. BEIYMCIMTE JUIHHBL YT 3aJJaHHBIX KPHBBIX.

OJOKYMEHT NoanmvucAH

SNEKTPOHHOW NOAMUCLIO
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l. yv=Inz, 2.2 < x < 2/6.

2 y=Incosr, 0<r<x/6.
3. y=¢e", Inv3 < x < Invs.
4. y = Insinr, mid<x< w2
3 = 2./, 1/3<x<1/8

6. y= chr, 0<x=<1

7. y=1x%/2 D<xr<l

B. y=1-Inux, Vi < x < WA
9 y=1- chr, 0<zr<3

10. y = v'1 = x#? + arcsinx, 0<x<1/2

3amaya 3. BEIWCIMTE JUIHHEL IVI 33JaHHBIX KPHBBIX.

L {I tosint, o oo
¥=1-—cost,

2.

{ r= 2cost, 0<t<x/3.

y = 2sinti,

= rnad
3 { o't gcr<a
¥ = s &,

L = ‘Erlu:ai' r::m:.i’i. 0<t< 9
y = dsinf — sin 2L,
BN —
c { ,r—ett._cm, D<i<l
U= ¢ sint,

3&,[[&11.& 4. BRIYHCIINTE O0BEMEBI TCIL, OI'PAHHYCHHBIX 3dJdHHBIMI ITOBCPXHOCTAMIIL.
1. 2=42%+9y° > = 6.

2. z=9z°+4y?,

L
I

3. z=2x°+ 8y°, z = 4.
yﬂ 22
4-f+E+I:L 2=0, z=2
2 2
5. %-I—yzﬁ-%:l: z=0, z=23.
:1:2
6--§+y?-&3:L =0, z=1
yz
7. mz-i-ﬁ—ﬁ,zz:], z=0, =z=1.

3amaya 5. BBIYHCIHTE 00BeMEBI Tell, 00pa30BaHHBEIX BpalllcHHEM BOKPYI ocH OX oOjacTem,
OrpaHHYEHHBIX I'pa(pHKaMHA 3aJaHHBIX ()YHKIIHIA.

AOKYMEHT NOANMCAH
QNEKTPOHHOW NMoArnncbio
Ceptudurkar: 12000002A633E3D113AD425FB50002000002A6
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. y=uzx i = /T 4. y==x° U )
J. Y =C08T, y=smzxr, =0 (U=xr=<nmrid).
6. y=sin®r, iy = [, r==n/2 (0<zx<x/2).
7. y=e', y= 1, =],
. T In . i 0, x i,
2
9 vy ; i 1, xr =1,
"
10. y = cos® x, y=10 (=x/2 < <7w/2).
Borpocsr.

1. 3armmmre H3BeCTHBIE BaM (DOPMYJIIbI BEIUHCIIEHHS ITIOM[aAeH TUIOCKHX (DPHTYP.

2. Kak BeIMHCIISETCS IDIOMAAb TNIOCKOH (PHTYPBI IIPH ITOMOIIH OITPeIe]IEHHOIO HHTerpana’?

3. Urto TaKkoe KpHBOJIMHENHAS TpareIis’

4. Kax BBEIYMCIHTE IUIOIIAAL KPHBOIHHEHHON TPaIeIfii, OrpaHHYeHHON CBEPXY KPHBOM,
3aJaHHOH ITapaMeTPHYECKH?

5. Urto Takoe KpHBOJMHENHBIH CeKTOP? KaK BEIUHCIIHMTE IUIOINAAh KPHBOJIMHENHOI O
ceKkTopa”?

6. Kax BEIWHCIMTE JJINHY IYTH KPHBOH?

7. Kak BEIUHCIHTE 00BEM TeNa IIPH ITIOMOIIH OIIPeAe/IEeHHOrO HHTerpaia?

8. Kaxk HanTH ruomans IMoOBEpXHOCTH BpalleHIS?

9. Kakmne pmsnyeckHe (MeXaHHYeCKHe) IIPHIIOKeHHS OIIPeIelIeHHOTO HHTeTpalla BbI
3HaeTe?

Ilpakmuueckaa paboma 14. Hacmuble npouseooHsvle nepeozo nopaoxkd. HYacmmwuole
Npou3600Hble 6blCHIUX NOPAOKo6. llonnbli ougghepenunan Gyuxuuu. /[ugpeperunanst
6bICHAUX NOPAOKOS. /[uhhepeHuUp 06 aHULE CIOMHCHBIX I HEAGHBIX (DYHKUUIL
Ilens: chopMHpOBaTE YMEHHE BBIYHCIIATH YaCTHBIE ITPOH3BOAHEIE H AH(depeHIHan (QyHKIHH
HECKOIIBKHX TIEPEMEHHBIX H ITPHUMEHSATH ITONYUYEHHBIE VMEHHS TPH PEIleHHH IIPaKTHYECKHX
3aj]1a4.
Teopemuueckan uvacms:

[Iycth B HekoTOpoM oOmacTH 3ajaHa QyHKIUS z = f(X, y). Bo3pMeEM IIPOH3BOIBHYIO
TouKy M(X, V) 1 3aJ1aiiM IIpHpaleHne AX K riepeMeHHol X. Toraa BenmnmunHa Az = f( x + AX, y)
— {(X, y) Ha3pIBAacTCA YACT HBIM NpHpaleHneM QPyHKIHHA 110 X.

MOXKHO 3aIIHcaTh

Az _fa+rAxny) - f(xy)
Ax Ax

Az

Torma hm
=0 Ax

O0o3HaUeHHE:

Ha3bIBACTCS YACTHOI MPOM3B0aHOI QyHKIIMH 7z = f(X, ) IO X.

Oz . Of(x,p) ,
—; I s fo(x).
ox ox

AHAITOTHYHO OIIPEACIIACTCA HaCTHaA ITPOH3BOAHAA d)yHICL[HH IO Y.
0z _ o SOyt Ay) - f(x, p)
NOKYMEHT NoanncAH f'_\.y
SNEKTPOHHOWM NOANUCHLIO
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- . o=
I'eomeTpHYeCKHM CMBICJIOM YacTHOH ITPOH3BOJHOH (JIOITYCTHM 8_) SBIISIETCI TAHTeHC
X

YI'llda HAKJIOHA I{E],GHTE:HLHD]?I:, HpﬂEEI[EI—H—IDﬁ B TOYKE N{](K{l, Yo, Z{]) K CCHCHHIO ITOBCPXHOCTH

ITIIOCKOCTBIO ¥V = Y.
S DPEDen U P oeEHIEE KO MIPET I

1. Ecnu €7 f(}: J’)s ;=:=}:(.if), }’=J’(ﬁlm

de _of dx  9f dy
zt Sxoxt Bydr

2 EBenu € = f'[?f, .J-”l X = H{-ﬁ, E]', ¥ = y(.ﬁ, 5]', o

dz_of ax o dy
zt B xt By dt

oz _of ox  of 9y
B Bxds Ava

oy R
o a o

o auddepennuanom QyHkimm z = f(X, y) HazbpIBaeTcs TITaBHasl JIMHEHAS
OTHOCHTENIEHO AX H Ay IpHpareHHs QYHKIHH Az B TOUKe (X, V):

& = f1(x,y)dx+ f1(x, y)dy.
JI1s1 QYHKIIHH ITIPOH3BOIBHOTO YHCIIA IIEPEMEHHBIX:

df(x,v,z,..,1) = gdx—l— gder ...+@dr.
ox cy ot

" L ] Jj'_
[Iprmep. Haitt monHeIi gud dhepeHIMan QyHKIHH 4 = X° .

du = %der%der%d:

ox dy o=

2= 81' 2. ,,
=x" "Inx-2yz —izxj‘hlx-y‘;
oy o=

a2 2. a2
di= vy =x""de+2x" vy xdv+ v T Inxd-
YacTHbIe NPOH3BOAHbIE BLICHIHX MOPSAIKOB:

Zi{ N -sf [i] MITH ff" B (ﬁ‘rlr?
2 2(8) o (5);

ff;:ﬁ[?f] 2 (

-

_:y:r .

ox

@H " J’j:—l _ @H

P e | A’ Hnﬁf; — J';Ej .

gf afar) 5 R
NOKYMEHT NOANWUCAH m Fay = (fxz ] st

SNEKTPOHHOWM NOANUCHIO ’
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Bonpocet u 3a0 auu:
3amxada 1.
HaliTH yacTHbIe IPOH3BOAHEIE IO BTOPOIO MOPSIKa BKIFOUHTEIIFHO 3aJaHHBIX ()YHKIIHIL:

1. z=¢e"" 2. z==zn(z/y).

3. z = sin(zy) 4. z = e* cosy.

5. z= 2%+ 3> 6. z=In(z%+y).

7. z=+/2zy + > 8. z=In ¥zy.

9. z=xcosy+ysinz. 10.z=(1+z)%(1+y)L
3azgaya 2.
HaiiTn mpoH3BOgHbIE PYHKIHH z=Z(U,V):

¥ f

o ol

2wz w=u(z,y) uv=o(y).
-

1. z=wu*+v%, wu=z+y, v==2z—1.

2, z=In(v*+v%)., u=uzxy v = r/y.

g 2 u", U = sinx, U= COS 1.

- u® + 2, u=r* _I{'II. o o= gt

3. =arctg(u/v), w=rsiny, I = ICos Y.

6. z = Inlu=v?), o= I - ", TR

T. z=u"+v" u=Inx*+y* v=arctgly/z).

., = m.-"ur', A In(z?* < y"], i ..I'Ir,ru.

9. z=eg"" # = Inzx. o = Iny.

10D, z In(u/v), 1 sin (x/w), i -.I__-"'-J'I_-"g,l_
3ajgava 3.
Haiitn mpon3BogHbIe (DYHKINHI, 3aJaHHBIX HESBHO:

1. y* = x¥. 2. v=1+y".

3 p=r+Iny. 4. z+y=¢e""Y4,

5. rle® — yleft =, . r—y+arctgy = 0.

7. ysinr — cos(x —y) = (. 8. sin|xy) — e —x°y = 0.

9 1+ 2y —In(e™ +e ) =0, 10.2° = 2zy+9*+x+y - 2=0.

BoITpocCHI:
1.JlafiTe orpejelieHHe YaCTHOI O ITPHPAIeHHS (DYHKI[HH IT0 HE3aBHCHMOMH ITepeMeHHOH.
s T 1 s NP
NOKYMEHT MOONWCAH THH?
SNEKTPOHHOW NOAMUCHIO (YHKIIHH HECKOJBKHX IlepeMeHHBIX? Kak
CepTudpukat:, . 12000002A633E3D113AD425FB50002000002A6
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5.Yto Takoe guddepeHIman ¢yHKIIHA HECKOIbKHX MepPeMeHHBIX ?

6.UTo Takoe mMHeapH3aIHs (P YHKIH ?

7.I1osmuTe nmpapwia JH((epeHIHPOBaHHS CIIOKHBIX H HESIBHBIX (DYHKIIHI.
8. Kak HalTH YaCTHEIE IIPOH3BOIAHBIE BTOPOr' O, TPETBETO,. .., N-T'O ITOPSAKa?

9. 3armmmre GOpMYyITYy JJIS BEIYHCIEHHA JH(depeHI[Hala BTOPOro Mopsaka (pyHKIHH
JIBYX ITepeMeHHBIX.

Ilpaxkmuueckaa paboma 15. Kacamensnaa u Hopmais K noséepxHocmu. Ilpousséoonas no
HanpaseaeHuw. I paduenm. IKcmpemym YHKUUU HECKONLKUX nepemeHHblx. Haubvonvuiee u
HAUMEHbULEee 3HAUCHUA (PYHKUUI. Y CJI06HbBIIL IKCMPEMYM.

I[ens: chopMHpoBaTh YMEHHE HAXOAHTH ITPOH3BOJHYIO 1O HAIIPABIIEHHIO H I'PaJHeHT () YHKI[HH,
ypaBHEHHS KacaTeJIbHOH H HOPMalIH K IIOBEPXHOCTH, HCCIEeAOBaTh (PYHKI[HIO HeCKOJIBKHX
IIEPEMEHHBIX M ITPHMEHSTE ITOJIYYEHHEIE YMEHH ITPH PEIeHHH ITPaKTHYECKHX 3a]1a4.
Teopemuueckana vacms:

Iop ANk

=~ -~
- -~
Pl Eaca—enedad JJoefoTr

IIyctb N u Np — TOUKHM JaHHOH ITOBepXHOCTH. IIposemem mpsmyro NNo. IIIIOCKOCTB,
KOTOpas IPOXOAUT 4epes3 TOUKY No, Ha3hIBAeTCS KACATEJAbHOH IUIOCKOCTBIO K ITOBEPXHOCTH,
ECIIH YTOII MeXIY ceKvIIeH NNo H 3TOH IUIOCKOCTBIO CTPEMHTCS K HYIIIO, KOIZa CTPEMMTICS K
HYIIIO paccTosHie NNo.

HopMaJiblo K ITOBEPXHOCTH B TOUKE No HazbIBacTCA IIpAMasd, ITPOXOASIIas Yepe3 TOUKY
No IepreHIHKYIISPHO KacaTelIbHOH IIIOCKOCTH K 3TOH ITOBEPXHOCTH.

B kakol — 60 TOUKe IMOBEPXHOCTh HMEET, JIMOO0 TOIBKO OJHY KacaTeIbHVYIO IIOCKOCTE,
100 HE HMEET €€ BOBCE.

Ecrmi moBepxHOCTh 3ajaHa ypaBHeHHEM z = f(x, y), rae f(x, y) — QyHKumA,
nuddepeHippyeMass B Touke Mo(Xo, Yo), KacaTellbHas IUIOCKOCTh B ToukKe No(Xo,Yo,(Xo0,Y0))
CYILIECTBYET H HMEET YPaBHEHHE:

z—f(xp, ) = Jf::(xn:-yu)(x_xn)+f]f(xu:yn)(y_yn) *
YPH,EHEHI[E HOPMAJIH K ITOBECPXHOCTH B ATOH TOYKE:

X—Xp V=V 7=

NENT f;:(xnn.}’n) -1

I'eoMeTpHYecCKHM CMBICJIOM IIOHOrO JH(ppepeHIHaIa (PYHKIHMH JBYX IepeMeHHBIX
f(x, y) B Touke (X0, Yo) SBISETCS IIpPUPAILCHHE aIllUINKaThl (KOOPAWHATHL Z) KacaTellbHOM
IUIOCKOCTH K ITOBEPXHOCTH IIPH IepeXojie OT TOUKH (Xo, Vo) K TOUke (Xo+AX, yo+AY). Kak
BHJIHO, TeOMETPHYECKHII CMBICI IIONMHOro JIH((epeHIMana (YHKIMH JBYX IlepeMeHHBIX
SIBIISIETCS TIPOCTPAHCTBEHHBIM aHAJIOIOM I'eOMeTPHYEeCKOro cMbIcia JH( pepeHImana (yHKIIHH
OJHOH ITEPEMEHHOH.

[Iprmep. Halith ypaBHEHHS KacaTeIbHOH ITIOCKOCTH H HOPMAIH K IIOBEPXHOCTH

c=x —2xy+y —x+2y

AOKYMEHT NoarnmncAH
SNEKTPOHHOWM NOANUCLIO o-
Ceptuchukar: 12000002A633E3D113AD425FBS0002000002A6 — = x4+ Zy + 2
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o= =
. — _1? 6_ — 2?
0x /|, |,

YpaBHeHHE KacaTeIbHOH ITIOCKOCTH

c—1==(x-D+2(y-1); x—2y+z=0;

YpaBHEHHE HOPMAIIH:
x-1 y-1 =-1

—1 2 -1
I'pameHT (PYHKIMH BEIYHCIIETCS IO (popMyTIe:

5 - of -
dif:= + .
grad f o T o

[TprMep. HaiiTh rpajieHT (pYHKIHH

u=z° — arctg (y + z)
B Touke M (2,1.1).

1. Haxo gum 9acTHBIE TPOU3BOHLIE (hyHKIHA u = - — arctg (y +

z):

af - af 1 Jf |
oxr 7 Oy 14(y+2)2 0z 1+ (y+2)*
2. Borameasem gacTHbIe TPOM3BOAHBIE hyHKINM u = =~ — arctg (y + 2)
B Touke M(2,1,1):

1 1
f2(2,1,1) =4, fi(2,1,1)=—=, fl(2,1,1)= ——.
' | 5 D
3. Brramcasem rpaguenT (GpyHKIHHM u z? — arctg (y + z) B Touke
M(2,1,1):
] 1
;u;rmlj" {fi(2,1,1), fl(2,1,1), fI(2,1,1)] {-L ——, —;}‘
(2.1.1) * 3] D

Ovteer. grad f

[ 1
(2,1,1) 20

Hp OH3BOHAHA IO HAIIPABJICHHID, OITPCACIIICMOMY BCKTOPOM.

!=cosai+sina-;
OIIPEACIIACTCHA KadK.

il = @F-:Dsawgsinr:ﬁ, & = grad {1
Bl o By &

Ecm mig ¢pyHkipm z = f(x, y), OIpPedelleHHON B HEKOTOPOH OO0IAacTH, B HEKOTOPOM
OKpecTHOCTH TOYKH Mo(Xo, Yo) BEpHO HepaBEeHCTBO

f (x5, v9) > f(x,9),

TO TOuKa My Ha3kIBAcTCS TOUYKOH MAKCHMYMaA.

Ecm mig ¢dyHkimn z = f(x, y), OINpelelleHHON B HEKOTOPOH OO0NIacTH, B HEKOTOPOM
OKpPEeCTHOCTH TOYKH Mo(Xo, Yo) BEpHO HEPAaBEHCTBO

J (X, p0) < f(x, ),

TO Touka Mo Ha3kIBaeTCA TOUKOH MHHHMY Ma.

Teopema. (Heo0XoauMble YCI0BHSA SKCT PEMYMA).

Ecmi ¢pyHkima f(x,y) B TOUke (Xo, Yo) HMEET 3KCTPEMYM, TO B 3TOH TOUKe b0 00e ee
YaCTHBIE ITPOH3BOJHEIE IEPBOIO IOPSAKA PaBHBEI HYMO f,(x5,vy) =0, f/(x4,1,) =0, mbo

" AOKYMEHT MOAMUCAH ; )
INEKTPOHHOM MOANMNUCHIO MMYeCKOH TOYKOMN.
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[TycTh B OKPeCTHOCTH KPUTHYECKOH TOUKH (X0, Vo) QYHKIHA f(X, y) HMeeT HellpephIBHBIE
JaCTHBIE ITPOH3BOIHEIE IO BTOPOrO ITOPSAKA BKIFOUHTEIIEHO. PacCMOTPHM BBIPaKeHHE:

D(x,3) = f4(x0)- £5 )~ [f1 )]

1) Ecmu D(xo, yo) > 0, To B Touke (Xo, Yo) QyHKIHS f(X, y) HMEET BKCTPEMYM, ECIH
S (xg,¥) <0 - MakcHMyM, ecnu [, (Xg, vp) > 0 - MIHHHMYM.

2) Ecmu D(xo, yo) < 0, TO B TOUKe (Xo, Vo) PyHKIIHA f(X, y) HE HUMEET SKCTpPeMyMa.

B cirydae, eciau D = 0, BBIBOJ] O HAIHYHH SKCTPEMYMA CIEIaTh Hellb35.

Y c/I0BHBIH 3KCTPEeMYM HAaXOIHTCS, KOrJa IepeMeHHbIe X H Y, BXOASIIHE B (DYHKIIHIO U
= f( X, y), He ABILIIOTCS HE3aBHCHUMBIMH, T.€. CYIIECTBYET HEKOTOPOE COOTHOINEHHe ¢O(X,y)=0,
KOTOPOE Ha3BIBAETCS YPABHEHHEM CBSI3H.

Torga u3 NepeMeHHBIX X H Y TOIIBKO OJHA OYJIEeT He3aBHCHMOMH, T.K. APYras MOXKeET OBITh
BBIPa’kKeHa Yepe3 Hee H3 YPaBHEHHS CBS3H.

Torma u = f(x, y(x)).

du Of N of dy
dx Ox Oydx

B Toukax sKcTpeMyMa:

du_of of dv_

(D)
dx 6.3: Jy dx

Kpome Toro:
X, 0d_ (2)
ox Oy dx
YMHOKHM PaBeHCTBO (2) Ha YHCIIO A H CIOXKHM C paBeHCTBOM (1).
6f+6fdy Y 6(p+6(pdy _
ox Oy dx ox Oy dx

[gm@‘p] /AN A L
oy dy | dx

JJ1S1 BEITIOIHEHH ST 3TOI'0 YCIIOBHSA BO BCEX TOUKAX HaHeM HeOIllpelelIeHHBIH
KO3(P(pHIIHEHT A TaK, YTOOKI BRIITOJIHSIIACH CHCTEMA TPEX YPaBHEHHI:

o 00
ox 61:
1 af — 0
6y 6‘y
P(x,y)=0

e

[lonmyyeHHas cCHCTEMa YpPaBHEHHH SBIISIETCS HeOOXOAMMBIMH YCIOBHSAMH VCIIOBHOIO
sKcTpeMyMa. OIHAKO 53TO VCIIOBHE HE SBISETCH MOCTAaTOUYHBIM. II0ATOMY TIpH HaXOKIEHHH
KPHTHYECKHX TOYEK TPeOyeTcs HX JOIMOHHTEIPHOE HCCIIEIOBAHHE Ha SKCTPEMYM.

Bripaxenne u = f(x, y) + A@(X, y) HazbBaeTcs QpyHKiuei Jlarpan:xka.

[Iprmep. Hatitu sxcTpemyM (yHKIHHA f(X, y) = XY, ECIIH YpaBHEHHE CBSI3H:

2x +3y—-5=0
u=xy+A2x+3y-25)
i o1
[IOKYMEHT MNMOAONWCAH — =x+3A,;
3NEKTPOHHOW MOAMUCHLIO oy
Ceprudukar: 12000002A633E3D113AD425FB50002000002A6
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(y+24=0
¢x+3A=0
2x+3y—-5=0
5 5 5
?.,,:——; X=—; = —;
12 4 4 6

46

Hcmons3oBanne (QyHkpM JlarpaHka IS HaXOXKJAeHHS TOYEeK SKCTpeMyMa (PYHKI[HH
HasbIBAETCS TAKXKEe MeTOJ0M MHOKHTeJel Jlarpan:xka.

55
Taxrm oOpa3oM, (PYHKIHSI HMEET SKCTPeMYM B TOUKE [— ;—] :

Bonpocst u 3a0 auu:
Sagaya 1.
Hariti ypaBHEeHHS KacaTeIbHOH IDIOCKOCTH H HOPMAIIH K IIOBEPXHOCTH B 3aJJaHHOH TOUYKe M.

1. z=a*4y*, M(1,-2,5).

2 g? 22 |
2 et o — g =00 M(4,3,4)
3. z=sinzxcosy, M (n/d,x/4,1/2).
4. z =€ M (1,7 1/e).
5. z=ytge, M(n/4,1,1).
6. z=arctg(z/y), MI(1l,1,7/4).
7. z(y+2z)(z—xzy)=8, M(2,1,3).
R, 2%/ y v/ =8  M(2,2,1).
9. 2 +y*+22-16=0, M(2,2,2V2).

10, 22 +9y° — 2° = -1, M(2,2,3).

3agaya 2.

HaiiTu rpagueHT yHKIIHH B TOUKE.
1. w=a+In(2*+y%), M(21,1).

2, u=ax’y—\Jxy+22, M(1,5,—2).

3. u=sin(z + 2y) + 2 /zyz, M(w/2,37/2,3).
4. uw=a"+ y? + 22, M(1,1,0).

. u=/xy+v9-2z2, M(1,1,0).

6. u=In(3 - 2%) +xy*z, M(1,3,2).
7. u=zy’z—In(z—-1), M(L,1,2).
8. u=In(z*+y%), M(1,-1,2).
9. w=azy—=x/z, M(—-4,3,-1).

10. u = In(z + /22 +¢2), M(1,-3,4).
3agaya 3.

Hatitir rmnumpnmorutn chvoermm o rrarra A 11n HalpaBJIEHHIO K TOUKE B
AOKYMEHT NMoOArnncAH
SNEKTPOHHOW NOAMMACBIO

Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6
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1. u=z+In(z%+ y?), A(2,1,1), B(0,2,0).
2. u—afzy—-‘;‘my—l—;zi A(1,5, —-2), B(1,7,—4).

T 37 T 0y
=— ". J ‘} o i’ L  — — _— — —_— k
3. u =sin(x + 2y) + 2,/Tyz, A(g. 5 .3) . B(_,;l 4, - 3..3) .

4. u =123+ /y2 +22, A(1,1,0), B(1,2,-1).

5. u= Ty +V9— 22, A(1,1,0), B(3,3,-1).

6. u=Imn(3—z?) +zy’z, A(1,3,2), B(0,5,0).

7. u=z2y’2z —In(z - 1), A(1,1,2), B(6,—5,2v/5 + 2).

8. u=In(z* +y?), A(1,-1,2), B(2,-2,3).

9. u=In(z+ /22 + y2), A(1,-3,4), B(-1,-4.5).

10. u =y — £, A(-4,3,-1), B(1,4,-2).

3agaua 4. HaiiTi skcTpeMyM () YHKI[HH:

l. 2 = a* — ay + ¥~ 2.z =x* — 2y — Y~

Jz=a° -2y +20° + 2. 4. z=x*+9y* —x? - 22y — °.
B,z = av — 2y3 — 3z + 6y. 6. 2 = 4 + 2y — x* — y*.

7.2 =o' 4+ y* — 15xy. 8. 2 = x4+ 2y + y* — 3z — 6.
9. 2 = a® + 4y® - 2zy + 4. 10. z=xz/y+1/z+y.

3agaua 5. HalTH yCIOBHBIH AKCTPeMyM () YHKIIHH:
Dz=x>+y —xy+x+y+3=0npu x+y+3=0;
2) u= .xyjzﬁnpﬂ x+2y+3z=12(x>0,y >0,z >0);
3) z=x+2y mpu x~ +y” =5.

Borrpocsr:

1. JlafiTe ornpejeeHHe TOKAIbHOIO MaKCHMYyMa (MHHHMYMAa) (DYHKITHH B TOUKE.
2.ChopMyImHpyHTE HEOOXOMHMEIE YCIOBHS SKCTPEMYyMa.

3. ChopMyIHpYIHTE JOCTaTOYHEIE YCIIOBHI SKCTPEMYyMa.

4. OOBSACHUTE TIOHATHE 3KCTPeMyMa (PYHKIIHH B OOIACTH.

5.UT0 Takoe KacarelIbHas INIOCKOCTE K IIOBEPXHOCTH?

0.YTo Takoe HOpMaJIb?

7.Kak cocTaBHTh YpaBHEHHE KacaTEIbHOH ITIOCKOCTH H HOPMAIIH?

8. JlaliTe oIpeeneHe TpaJiieHTa (PYHKIHH.

0. JlaiiTe oImpejelleHHe ITPOH3BOIHOH 10 HAIIPaBIeHHIO IS (PYHKI[HH HECKOIbKHX ITepeMeHHBIX.
3aImHIINTEe COOTBETCTBYIOIHE (P OPMYIIHL.

Ipakmuueckaa paboma 16. Ceolicmea u memoosl 6bIUUC/IEHUA 060UHOZ0 UHMEZPAIA.
3ameHa nepemMeHHbIX 6 060UHOM UHmMezpalle.
Ilens: chopMupoBaTh yMEHHE BBIYHCIATHL JBOHHOH HHTErpal H IIPHMEHSTHh IIOJTYYeHHBIE
YMEHHS ITIPH PelleHHH ITPAaKTHYECKHX 3a1a4.
Teopemuueckana uacms:

PaccMOTpHM Ha ITIOCKOCTH HEKOTOPVIO 3aMKHYT VIO KPHBVIO, YPaBHEHHE KOTOPOH
f(x,y)=0.

AOKYMEHT NoanmncAH
SNEKTPOHHOW NOAMUCLIO
Ceptudukar: 12000002A633E3D113AD425FBS50002000002A6
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COBOKVYITHOCTh BCEX TOUYEK, JIEKAIIUX BHYTPH KPHBOH H Ha CaMOH KPHBOH HA30BEM
3aMKHYTOH 001acThro A. Ecinu BEIOpaTh TOUKH 00J1acTH 0e3 yueTa TOYEK, JIeKaIIHX Ha KPHBOM,

00mmacTh OVAET HAa3BIBAETCS HE3AMKHYTOH 001acTh A. C reoOMeTpHYECKON TOYKH 3PEHHST A -
TIIONIAAb (PHTYPEI, OTPAaHHYEHHOH KOHTYPOM.

Pa3006reM 06macTs A Ha n YaCTHYHBIX OONIACTEH CETKOMH IIPSAMBIX, OTCTOSIIHX JIPYT OT

APyra I10 OCH X Ha pacCcTosHHE AX;i, a 10 ocH Y — Ha Ay;. BooOI11e roBopsi, TaKOH ITOPSIIOK
pa30HeHH I HeoOg3aTeleH, BO3MOKHO pa3OHeHHe 00IacTH Ha YaCTHYHEBIE YUaCTKH
IIPOH3BONBHOH (POPMEI H pa3Mepa.

[Tomy4yaeM, 4YTO IUTOMIAAb S JEIHUTCS Ha 3JIEMEHTAPHBIE TIPSIMOYTOJIbLHHKH, TUIOIIA[H
KOTOPEIX PABHEL Si = Axj - Ay .

B xaoi1 yacTHYHO# 00JI1acTH BO3bMEM ITPOU3BOIBHYIO TOUKY P(Xi, yi) H COCTaBHM
HHTETPATIbHYIO CYMMY

S F(x,3,)-S;;
i=1

rae f — (1)}"HKL[IIH HEIIPEPBIBHAA H OJHO3HAYTHAA JJIA BCCX TOYUCK oOmmacTH A.

EcmnH 6ecKOHEYHO YBCIIHYHBATDh KOJIMYCCTBO Y4CTHYHBIX oOmacTen fﬁi, TOrg4d, OUCBHIHO,
IIomaab Kaz 0o HaCTHYHOI'O YHACTKaA Si CTPEMHTCAH K HYJIIO.

Ecrm 1pu cTpeMIIEHHH K HYIIIO Ifara pa3oHeHHs 00inacTH A HHTEIrpalbHbBIE CYMMEI
I=i
Z f(x,,v,) S, UMeIOT KOHEUHBIH TIPEJET, TO 3TOT IIPeJiell Ha3bIBAETCS ABOMHBIM HHT erPaJioM

i=1

oT pyHKIHH f(X, y) 110 oOmacTH A:

Fi—00

im 3° 75,38, = [[ fx ey

C YyYETOM TOI'0, YTO Si = AX;j - Ay; HOITy4aeM:

i=n i=n

DIV CRALED IITCRPINHS

i=1 i=1

B HpI[BE,I[EI—H—IDﬁ BBIITIC 34ITHCH HMCHTCH JBd 3HAKA 2:, T.K. CYMMHPOBAHIIC ITPOH3BOAHTCA
11O ABYM IICPEMCHHBIM X H Y.

T K. IeneHne o0JacTH HHTETPHPOBAHHS IIPOH3BOJIBHO, TAKXKe IIPOH3BOIIEH H BEIOOD
Touek Pi, TO, cCUHTas BCe ITIOMAAH Si OAHHAKOBEIMH, ITOITy4aeM (POpPMYIIY:

ONOKYMEHT NoanncAH
SMEKTPOHHOM NOAMUCHIO > > fxy)AyAx.
Ceptucukar: 12000002A633E3D113AD425F B50002000002A6 A
Bnapeneu: lLleBayxoea TateAHa AnekcaHapoBHa
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1. Ecin dyrkams f(x, y) HelpepeIBHA B 3aMKHYTOH 06I1acTH A, TO ABOHHOI HHTETPAl
J] f(x,y)dA\ CYIIECTBYET.

A

2. Ecim pyHkimd f(x, y) orpaHiYeHa B 3aMKHYTOH 00lIacTH A M HETIPEPBIBHA B HEH BCIOLY,

KPOMe KOHEYHOT'0 YHCIla KyCOUHO — TTIAAKHX JINHII, TO JBOHHOI HHTErpall ﬂ f(x, v)dA
A
CYILECTBYET.

CBOHCTBA JBOHHOI'O HHTEerpasa.

D [[[fi G+ £.Gon) = fien)ldvae = ([ f,Ge y)dvdx + [[ £ (x, y)dvdx— ([ £, (e, y)dvex.

2) [[#f(x, v)dvdx = k[ f(x, y)dvdx.
3) Ecrm A = A + Az, TO

[[ /£ (x, pydyax = ([ f G, p)dvete + [[ £ (x, »)dya .

4) Teopema o cpegHeM. /[BOIHOM HHTerpal oT PyHKIMH f(X, y) paBeH IIPOU3BEICHUIO 3HAUYECHH S
ATOH (DYHKI[HH B HEKOTOPOH TOYKE 00IacTH HHTEIPHPOBAHHMS Ha IUIOMIaAb 00IacTH
HHTET PHPOBAHH L.

|| f(x, )y = f(x0,3,)-S

Fa

5) Ecmu f(x, y) = 0 B o0mactu A, TO II f(x,v)dyvdx = 0.
A

6) Ecrmt fi(x, y) < f2(x, y), TO j j £, (x, y)dydx < j j £, (x, y)dvx .

T [ £ mdva| < [[] £ x, p)ldvax.

fa

BrerumciieHHe ABOHHOI'O HHTeIrpala.

Teopema. Ecnu pyuxyuia f(x, y) nenpepuviena ¢ 3amxHymoii oonacmit A, oepantivenH oii
MHuAMU X =a, x = b, (a < b), y = @x), y = Yx), 20e @u - HenpepvieHvle QYHKLLILL 1L

@ < Y, mozoa

b wi(x) b wy(x)
[[ f(x,y)dxdy = | [ [ f(x, y)ddex = [ax [ f(x9)dv.

p(x) a  @lx)

&l

AOKYMEHT NoanmncAH
SNEKTPOHHOW NOAMUCLIO
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¥ y = 1{x

il

~_\

7= (plx)

g
o
=

I IprMep. BEIYHCIHTE HHTETPa II (x — v)dxdy, ecrmt o0nacTe A orpanmyeHa THHHAMI: y =0, y
A

° 3

2 X 2 2 = 4 52
J. 3 — - — Y ) ‘ I(I ——)(ix [ — Y JI —
A 0 0 0 2 y=10 0 4 10

=4-32=08

Teopema. Ecau @yuxyus f(x, y) Henpepsiena e 3amxHymoii obiacmu A, oepaniideHH ol
munuamu y = ¢, y =d (¢ <d), x = Ay), x = Hy) (NAy) < ‘Hy)), mo

Fiy)
jjf(x y)dxdy = jdy [ f(x,3)dx
c Py

[Tprmep. BeruncenuTs HHTErpa H (x> + y*)dxdy, ecu 00IMacTh A OrpaHHYeHa JTHHHIMH
Fa

y=x.x=0,y=1,y=2.

1

ﬂ/

D 4

4 af 64 4

- _ =5
12 120 12

_U(x + vy )dxdy = J.dy_l.(x + vy )dx = J.{—er x]l dy = I—y dy =—

NOKYMEHT I'IDD,I'I WCAH
SNEKTPOHHOW NOAMUCLIO
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[TprmMep. BBEIUHCIHTE HHTETPal J'J.(ij — 2xy+ y)dxdy, eclii 00IIacTh HHTETPHPOBAHILS

A orpaHmyeHa THHIIMH X = 0, X =y, y = 2.

2

J.J.(E}J::2 —2xy+ y)a‘:';«faf"y=j..::J?_;V;]_Fll(f?tx2 —2xy+ y)dx = j.(x3 —yx2 + yx)‘J dy =
A 0 0 0 0

3 TS oyt 244
_ N SN N S S S I _ 24
j;(y v’ +y7)dy [7 - 4|D

Bonpocet u 3a0auu:

Ba,ualia l. HBMEHHTL m::-pﬂ,um:: HHTEeTPHPOBAHHS:
2/x

[dr/f[rydy+/drffry

4

2. fdyjf (z,y dx—l—/dy/f[m,y]dy.

/4 1)y y*
-3 36—y? 0 v~y 12y
. [ay [ fewas [a [ @y
—B 0 -3 0
16 0 32 0
4. fdy f(=z, y]r:i'r-l-/dy f flz,y)dz.
0 —y/4 16 VIT=y

23 Vv12—x2

fandy+ [dz [ fu)dy
0

on
‘~--..__.ﬁ
L_’

0 VG
! 0 2 0
6. frfy / flx,y)dx +ff!y f flz,y)dzx.
0 y ' -/ 2y—y?
3amaya 2. BRIWHMCIHTE ABOHHBIE HHTErpaibl II0 oOmacTsM D, orpaHMYeHHBIM 3aJlaHHBIMI

JIFTHH NI

/ (2z — y)dedy, y=2z° y=+r
D
[ (x — y)dxdy, y=2—-x%, y=2z—1.

1

f (yInx)dzdy, y=—, y=+z, z=2.
T

D

AOKYMEHT NoanmncAH
SNEKTPOHHOW NOAMUCLIO
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4., // (cos 2z + sin y) dx dy, Yy =

B

D
5. // sin(x + ) da dy, y=x, ¥y=

D

ot 1
6. //—n{ﬁ?!i_tj. y=—, y=x, =2
JJ oy r
1
- [/ (x* +y)dedy, y=2z°, y=Vz
/.
Borrpocsr:

1. JlariTe omnmpeaereHHe JBOMHOIO HHTETpaa.

2. [TosgcHuTe reoMeTpHYE CKII CMBICTI JIBOHHOI'O HHTETpaJa.

3 Ilepeuncmire CBOHCTBA JBOHHOIO HHTEIrpaa.

4 .YT0 TakKoe IMOBTOPHBIH HHTErpan?

5.OImuImTe IpoIecC BEIYMCIEHHS JBOHHOIO HHTErpala B JeKapTOBEIX KOOPAHHATAX.

Ipakmuueckaa pavoma 17. Augppepenuuansrsle ypasHeHun ¢ pazodenLOUMIUCA
nepemeHHsiMU. O0HOpOOHbIe YypasHeHUA. /IuHellHble YypasHeHUA. YPA6HeHUA, NPUEOOUMBLE K
JIUHEHHBIM.

Ilens: chopMHpoBaTE YMEHHE OINPEAEIITh M permaTth Y ¢ pa3felBIolMHICS IIepeEMEHHBIMH,

OomHOpomHBIe JIY, mmHeHHBIE JIY M IIpHUMEHSATH TIONYUEHHBIE VYMEHHS IIPH PEIICHHH
ITPaKTHYECKHX 3a/1ay.
Teopemuueckan wacmeo:

qnddepeHHAILHLIM  YPaBHEHHEM  Has3bIBaeTCAd  YpPaBHEHHE,  CBSA3BIBAIOIIEE

HE3aBHCHMBIE IIepeMeHHble, HMX (YHKIMH H IIPOH3BOAHBIE (WM JH(QEPEHIHAIBI) STOMH

¢yHKImH. Ecnn guddepeHIaIbHOE YpaBHEHHE HMEET OJHY HE3aBHCHMYIO IIEPEMEHHYIO, TO
OHO HAa3bIBAETCS 00LIKHOBEHHbLIM AU depeHIHAITBHBIM YPABHEHHEM, €CIIH K& He3aBHCHMBIX

IIEpeMEHHBIX JIBe MWIH Oonee, TO Takoe JH((epeHIHaTIbHOE YpaBHeHHe Ha3bIBAeTCH
aAQPepeHIHATBHBIM YPABHEHHEM B YACTHBLIX MNPOH3BOMHLIX. HaNBRICIIONI ITOPSIOK
IIPOM3BOMAHBIX, BXOJSIMX B VpPaBHEHHE, HA3BIBACTCSI NOPSAKOM JU((pepeHIHATLHOTO
YPaBHEHHS.

[ Iprmep.

x°y'+8y—-x+5=0 - oObIkHOBeHHOe H(p]epeHINaIbHOe YpaBHEHHE | — IO IIOpsaKa. B

o6ImeM BHIe 3armiceiBaeTca F(x,y,y')=0.

d’ d .
f +xy£+x‘ = y - OOBIKHOBEHHOE JIH((PepeHIIHAIFHOE YpaBHEHHe 2 — IO Iopsaka. B

X

o0I1eM BHIe 3armceiBaeTcd F(x,y,v,y") =10

. 6: 8:
¥ B 8_ + Iya_ =0 - l[II(b d)EpEHI_[IIElJ]LHIDE YPABHCHHE B YdAdCTHBIX IIPOH3BOJHBIX IICPBOIO
X v
ITOPAOKA.

O0mmM pemenneM TH}depeHITHAIFHOIO YpaBHEHHS Ha3bIBaeTCsA Takas AH(pQepeHIHpyeMas
pyHxuHa y = @(x, C), KoTopas IIpH ITOACTAHOBKE B MCXOJHOE YPaBHEHHE BMECTO HEH3BECTHOM
(YHKI[HH oOpalnaeT YpaBHEHHE B TOXKIECTBO.

JInd dpepeHIMaTEHEIE YPaBHEHHS IIEPBOTO TTOPSIIKA.

AOKYMEHT MNOANMMUCAH

! [EPBOT0 HNOPHIAKA HA3SBIBACTCA COOTHOIIICHIIC,
QIIEKTPOHHOMW INoAarnncbio

CepTtudoukar:
Bnapeney:
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Y paBHeHHSA ¢ pa3ge/IAIOIIHMHECS IepeMeHHbIVMH
InddepeHpanbHoe ypaBHeHHe V' = f(x, V) Ha3pIBaeTCI YpPaBHEHHEM C Pa3ae IIOIHMHCH

NnepeMeEeHdbIMHA, CCIIH €1'0 MOHO 34ITHCATh B BHJC

v =a(x)B(y).

—2
[Iprvep. Haliti oO1mee pemenne gudepeHIHaIbHOIO YPaBHEHHS: V)Y’ = x
COS y
dy
cosy-— =—-2x
yeosy 3

vcos vdy = —2xdx

_[y COs vdy = —2_[3:0’3:

=1y, dv=cosydy,

chﬂsydy: :ysiny—jsiny(fy:ysjﬂermsy

du=dy, v=smy
ysin y+cosy=—-x"+C
ysin y+cosy+x° +C =0

- 5TO ecTh OONMMI HHTerpal HCXOAHOro AHpdepeHIMATbHOrO ypaBHEHHS, T.K. HCKOMAas

(YHKIMS H He BBIpakeHa uepe3 He3aBHCHMYIO IIepeMeHHYI0. B 3TOM H 3aKIodaeTcs
oTJIHYHe OO0IIero (YacTHOr0) HHTErpaJa oT o0mero (YJacTHOro) peleHns.

[IprMep. PennmTh ypaBHEHHE V' = y% . % = y%
y_% dy = dx
Iy_%dy = Id’s:
Sy% =x+C
27y = (x+ C)’- obmuit HHTErpan
y= %(.}: +C)’ - oblIuee pereHHe

JIMHEHHBIE VPABHEHHS.

IunddepeHIianbHOE YpaBHEHHE Ha3bIBAECTCS JIMHEHHBIM OTHOCHTEIIFHO HEH3BECTHOH

(P YVHKITHH 1 ee TIPOH3BOJIHOI, €CIIH OHO MOJKET OBITh 3aITHCaHO B BHIE:
¥y +P(x)y=0(x),

IIPH ATOM, €CIIH ITpaBas 4acTh (J(x) paBHa HYIIIO, TO TAKOE YPaBHEHHE HA3LIBAETCS JIHHEHHbLIM
0JJHOPOHBIM JH(](epeHITHAIbHBIM YpaBHEHHEM, €CIIH ITpaBasd 4acTh (J(x) He paBHA HYVIIIO, TO
TaKO€ YpaBHEHHE Ha3bIBACTCS JIHHEHHBIM HEe0JHOPOAHbLIM JH(] (pepeHIHaTIbHEIM YPaBHEHHEM.

JI119 HHTETrpHPOBAaHHS JTHHEHHBIX HEOJHOPOJHBIX ypaBHeHHH (Q(x)=0) IMPpHMEHSIOTCSI B

OCHOBHOM JIBa MeToa: MeToJ bepHyIimH u MeTof JlarpaHxa.
Meton bepHvimmI.
CyTh MeTOJa 3aKIFOYaeTCS B TOM, YTO HCKOMAas (PYHKIHSI IIpelcTaBIIIeTCS B BHJE

IIPOHM3BEIEHHS ABYX (PYHKIIHH Y = UV,

, dv du
HpII 3TOM OYEBHJAHO, YTO V = —+ V- — - ,[[H(I)(l)EpEI-H_[HpOBEIHIIE: ITO HaCT M.
dx dx
HD,I[CT&E.‘IIHH B HCXOJHOC YpaBHCHHC, ITOJIIYHYACM.
dv dut
1 v + P(x)zw — Q(x)
NOKYMEHT NoanncAH
SNEKTPOHHOWM NOANUCHLIO
Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6 P(I)H _ Q(I)
Bnapeneu: lLleBayxoea TateAHa AnekcaHapoBHa |
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,HELTIEE CIICAVYET BaXHOC 3aMCHaHHC — T.K. IICPBOHAYAJIbHaAA (I)}*’I—]I{I_[HH OBITIa IPEACTAaBICHA
HaMH B BHJAC ITPOH3BCACHHA, TO Ka KIbIH H3 GGI»H—IGH{HTEHETI: BXOJAIIIX B 3TO ITPOH3BCACHIIC,
MOKeT OBITh ITPOH3BOIIBHBIM, ELI@I)EIHHI:-IM 11O HAIIIEMY YCMOTPCHHIO.

HarpuMep, QyHKIMS v = 2x° MOXKET OBITh IIpeJACTaBlleHa Kak y=1-2x"; y=2-x";
y=2x-X, HT.IL

Taxrm oOpa3oM, MOKHO OJHY H3 COCTABIISIIOINNX ITPOH3BEIeHHE (DYHKI[HIT BEIOpaTh TaK,

du
YyTO BEIpakeHHe —+ P(x)u=0. TakuMm oOpa3oM, BO3MOXKHO ITOIYYHTh (PYHKIIHIO U,

dx

IIPOHHTETPHPOBAB, ITOTYYEHHOE COOTHOINEHHE KaK OJHOPOAHOe TH(PepeHIIHaIbHOE YPaBHEHHE
ITO OITHCAHHOH BBIIIIE CXEME:

W pdv, [

1 1

=~ [P(x)dv,  Inlu|=-[P(x)dx;

~[P(x)dx

]1’1|C'1 ‘ + ]1’1‘1;‘ = —IP(x)cix; u==Ce , C=1/C;

I[JIH HAXOXRIACHHA ETDpDﬁ HeH3BECTHOH (1)}"]-]14.1[}]1[ VvV ITOACTABHM ITOYUCHHOC BBIPAAKCHHC

dv dui
I (YHKIIHH u# B HCXOJHOE YpaBHEHHE HE—I—F EJrP(x)u =(0(x) ¢ y4eTOM TOrO, 4TO

BBEIPAKCHIIC, CTOAIIICE B CI{OﬁI{ﬂK: PaBHO HYIIIO.

Ce " % -0(x),  Cdv=0(x)e! " dx:
HMHTerpupys, MokeM HaHTH () YHKIIHIO V:
Cly = J.Q(-I)E'rpiﬂdxdx—l— C1 ; V= %IQ(I)EIP{erCﬂ—I— Cj :

T.e. Oblna IIOJIVHCHA BTOpasd COCTABJLAIOIIAA IIPOH3BCACHHA V=WV, KOTOPOC H

OIPEIeIIET HCKOMYIO (DYHKIIHIO.
[Toxpcrarmsaa momydeHHBIE 3HAYEHHS, ITOITy4aeM:

V=uv= Ce_jpmm -é[J‘Q(I)eIP{x]dxfix + Cj)

OKOHUYATENBHO ITOTy4aeM (OPMYILY:
y= RO .[J.Q(J:)e-r PO e+ C:) . Cs - IPOM3BONBHELT KO3 HUIHEHT.

OTO COOTHOIIEHHE MOKET CUMTATBhCSI PEIICHHEM HEOTHOPOAHOIO IJIHHEHHOIO
mHpPpepeHIHaIbHOIO YPaBHEHH B OOIIEM BHJIE IO CITOCOO0Y BepHYIIIH.
Bonpocet u 3a0 auu:
3agaua 1. Haiitn HHTerpaapHble KPHBEIE JH((epeHITHAIFHBIX YPaBHEHHH:

AOKYMEHT NoanmncAH
SNEKTPOHHOW NOAMUCHIO
Ceptudukar: 12000002A633E3D113AD425FBS50002000002A6
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l. ydzr+ (14 x2%)dy =D

[ L

y =tgrigy.

3. ¥y y= —2rsecy. 4, o +sinfxr + y) = sin{x — y).

) |

T

T

p(l+z®)y +2(14+9?)=0. 6. efdr—(1+e*)ydy=0.

= 2e" cos . 8. ¢ =ulny.
plia 1
= - 1. ¥ = :
1 + &~ vt — 1

3agaya 2. Haittn oGimee pemeHni gH(QepeHIIHATbHOIO YpaBHEHH:

.- Co o 2" ot
l. ¢ =¥/ ™ + 4 2.y Y 1. s oy = xy + yte™ Y,
T x

) ) .I.Ir ; 4!.|r = ] iy i .

L. zeos = dy+ [x — yeos j dr=(. 5b. (x= 4+ 2xy)dr 4+ zydy=I0.
T T
' , uy u - . e g _ _
6. zv'In| = r+yln|=]. (.yder+(2,/7y —z)dy = 0.
: 4 X

. : i

B. (dy*+x%)y' = xy. Q. ry' sin LJ‘) Fa=ysin {J‘) .
£ £

10, zy+y* =(22° 4+ ) v

3agaua 3. Haiitn perneHns 3aga4 Ko i qudgpepeHIaabHBIX YPaBHEHHH:

1. xy +=y=e* =0, y(1) = 0.
1
2. ¥y —ytgx = . y(0) = 0.
o
3. y’n“n:ﬂp-"' Ir+y=1ige, y(0) = 0.
1. y —ythr= ch” T, y (0] = (.
Iy e
= i '
3.1 =rlnzr, yle) = —.
- yle) 5
6. y'sinz —ycosz = 1, y(5)=0.
T. ¥ —ytgxr =cosr, y(0) = 0.
Borrpocsr:
1. Jlaitite onpenenenne AudQepeHIINaIbHOIO YPaBHEHHS.
2. Kak omnpegensgercs mopsaok AuddepeHIHATLHOTO YPaBHEHH?
3. Uro Ha3pIBarOT OOLIHM (YaCTHBIM) pellleHHeM JH( ] epeHIIHAaTbHOT O YPaBHEHHA?
4. B yeM cymHocTs 3amaun Kormm?
5. IlpmBegnre mpuMep  AHQQepeHIHAILHOIO  YVPpaBHEHHA C  Pas3JlellsEOIIHMHCS
IIEPEMEHHBIMH.
6. Ommmmre xXof permmeHHS JIH(Q(EpPeHIHAIFHOIO YPaBHEHHS C  Pa3JelIsrOIHMICS
IIepeMEHHBIMH.
7. Kakoe qudpepeHIHaIbHOE YpaBHEHHE Ha3bIBAIOT OXHOPOIHBIM?
8. Kaxkoe guddepeHipanbHOe YpaBHEHHE HA3bIBAIOT JIHHEHHBIM?
9. Omnmmmre MeTOl bepHYIUIH pellleHHs THHEHHBIX JH((epeHIHaIbHbIX YPaBHEHHH.

Ilpakmuueckaa pavboma 18. VpasHeHus evicuiezo nopAaoKd, 00NYCKaOulile NOHUMCEHIE
nopaoka. Jluneinole oughhepenuuanibHole ypasHeHUA 6bLCHIUX NOPAOKOGE.

Ilens: chopmipoBaTh YMeHHe OIpeAeiaTh BHA JY H BeIOHpaTh cIrocol pemeHHs /IY BEICIIETO
IOPSAKA, IIPHMEHSTH ITOIVYEHHBIE YMEHHN ITPH PEINEHHH MPaKTHYECKHX 3a1ay.

Ceptuchukar:  12000002A633E30113AD425FB50002000002A6
Bnapeneu: lleBGayxoea TateAHa AnekcaHapoBHa

OOKYMEHT NnoarnmncAH
SNEKTPOHHOW NOAMUCHIO

PHIAKA i HAa3bIBACTCA YPAaBHCHHEC BH/IA.
(m)y _ 0
LY )=

Nencreutened: ¢ 20.08.2021 no 20.08.2022

54



B HEKOTOPBIX CIIyYasX 5TO YpaBHEHHE MOKHO pa3pellTh OTHOCHTENBHO Y™

(n) _ (n-1)
y _f('x:y:y :"':y )
Tak Xe KaKk 1 YPaBHCHHC IICPBOI'O ITOPAAKA., YPAaBHCHIHA BEICHIHX ITOPAJAKOB HMCIOT
OeCKOHEUYHOe KOJIMYECTRO pEH_[EHI]ﬁ.

JInddepeHIaTbHEIE YPaBHEHHS BBHICIIHX ITOPSIKOB, PEIleHHe KOTOPBIX MOJKET OBIThH

HaHIeHO aHAIMTHYECKH, MOJKHO Pas3JIelINTh Ha HECKOIIBLKO OCHOBHBIX THIIOB.
YpaBHEHHS, JIOITYCKAFOIIIE ITOHMKEHIE ITOPSIIKA.

[ToHmxkeHne mopsaka THQPepeHIaIbHOTO YpPaBHEHHS — OCHOBHOH METOJ PEIleHHS
YPaBHEHHH BBICHIHX ITOPSIKOB. OTOT METOJ JAeT BO3MOKHOCTH CPABHUTEIBHO JIETKO HAXOUTh
pEIlleHHe, OQHAKO, OH IPHMEHNM JIaJIeKO HEe KO BCEM YpaBHEHMSIM. PaccMOTpHM ciyyaH, Korja
BO3MOJKHO ITOHHKEHHE TIOPSIIKA.

VpaBHenus Buga v = fix).

Ecm f(x) — pyHKISI HellpephIBHAS Ha HEKOTOPOM ITPOMEXYTKe a < X < b, TO peleHHe

MOJKET OBITh HaHIEHO ITOCIIEA0BATEIBHEIM HHTETPHPOBAHHEM.

YO = [ f()dx+C;
v = ([ fdx+ C e+ €, = [ax[ fdx+Cx 4 C:

Ia&jf& If(x)d:'x+C(n 5 +C, (H_z)!+...+cn;

[ITprMep. Penmmits ypaBHeHHE y" = e”* ¢ HAaYAIBHBIMH YCIIOBHSMH X0 = 0; yo = I;

vp=-1 v, =0

Ix 1 "r .

V' —f dx + C, _2 +C\;
-] T4 dx—l T LCx+C,
y__[ Ee ! _EE X 1>

1 Tx _1 2x 1 3 .
y—I[Ee +C1x+Cj}—§e +EC’1x +C.x+C4;

IlogcTaBHM HadyallbHBIE YCIIOBHAL

lzl—l—CE; —lzl—l—Cq; Uzl—l—C
8 4 ) 2
1 5 7
Ci=——7 Cy=——; C3=—;
2 ) 4 8
1 .., 1 , 5 7
[TommyuaeM 4acTHOe pellleHHe (pellleHne 3afgayl Konm): y=—e " ——x" — —x+—.

8 4 4 8
YpaBHeHHS, He COJIep Kalllie SSBHO HCKOMOM (DVHKIINH H ee ITPON3BOJIHEIX JIO ITOPSIIKa k —
!/ BKITIOUHTEIILHO.

Or0 ypaBHeHHS Buaa: F(x, y™, y*l  y™)y=0.

B YPABHEHHAX TAKOI'O THIIA BO3SMOMHO IIOHIDKCHIC ITIOPAJIKA Ha k eqHHII. ,HJIH ITOrO
ITPOH3BOIAT 3dMCHY HEpEMEHHOﬁZ

® . el _r. o (k)
-]/ I .ﬂ: -)/ | ? 'R -}f | u
T OOKYMEHT NOONMUCAH
SNEKTPOHHOW MNOANMUCHIO
CepTuchukar:  12000002A633E3D113AD425FB50002000002A6 pepeHIanbHOE ypaBHEHIE POHHTET PHPOBAHO
Bnapened: ' llleBayxosa TateaHa AnekcaHaposHa HOIIICHHEM.
C....C..)
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Jlenmas oOpaTHVIO IIOACTAHOBKY, HMEEM:
Yy =y(x,C,,C,,...C,_.)

HMHTerpupyd IIOIYYEHHOE COOTHOIIEHHE IIOCIIEMOBATEIIBHO Kk  pa3, IIOIy4aeM
OKOHYATEIILHEIH OTBET:
v=0ox,C,,C,,...C)).
)
[IprMep. Haliti of1iee perieHne ypaBHeHHS y" = DA
X

[IpHMeHsIeM TTOCTaHOBKY = = V", =' = y";
E_: ok _de o (d_pd

X

f

—
P p—

3 3 3

dx x z X
In|z|=In[x+In C,; - =Cx;

[TponsBeass oOpaTHYIO 3aMeHY, ITOITYYaeM:

X

V' =C\x; y':J.CI.xtixz%xj +C,;

C, , C
V= I[?lx +C, |dx = ?1.1:3 +C,x+C,;
OOIIee pelieHne HCXOAHOIO JU((epeHIIHAIBHOIO YPaBHEHHIS:
y=Cx’ +C,x+C;;
OTMETHM, YTO 3TO COOTHOIIIEHHE SBIIETCS PEIIEHHEM JIJIA BCEX 3HAYEHHI IIEPEMEHHON X
KpOME 3HaueHHI x =0.

YpaBHEHH S, He cOIeprkallliie SIBHO He3aBHCHMOI IIepeMeHHOIN.

10 ypaBHeHHSI BHAa F(y,y'.....,y™)=0.
[Topsamok TaKHX ypaBHeHHII MOJKET OBITH IOHIJKEH Ha eJHHHIY C ITOMOIIBIO 3aMeHBI
TIEPEMEHHEIX V' = p.

A& Ay dy dp

Yy = Iy dy Iy d_yp:'
&' " dy d[j_ppJ d’ dp )
dx dy dx dy dy dy dy

[Toxpcrarmsa 3TH 3HaUYeHHS B HCXOHOE AU (epeHIMaIbHOE YpaBHEHHE, TTOITYIaeM:
dp dﬂ—lp
Flvp,—s 7 |=0
dy dy
Ecmi 3T0 ypaBHeHHe NpoHHTerpupoBarsk, H @(y, p,C,,C,,...,C )= 0- COBOKYITHOCTb

ero pelleHHi, TO JII PelleHHs JAaHHOTrO JH((epeHIIHAIbHOIO YPaBHEHHS OCTAeTCS PEIHTh
ypaBHEHHE TIEPBOrO MOPSIKA:

D(v,y.C,,C,,...C )=0.
[Tprmep. Haiiti o6rmee pemersie ypasHeHHs yy" — (v')” — 4y = 0.

- d
3aMeHa IIeDeEMEHHOI: p = V' =2 D
NOKYMEHT NoanncAH W
3NEKTPOHHOWM NOoANUCLIO
Ceptucbmkar: 12000002A633E3D113AD425FBS0002000002A6 (fp _
~ ply——p—4y|=0;
Bnapeneu: lebayxoea TateAHa AnekcaHgpoBHa dy
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1) y@—p— 4y = 0; @ _ 1+ £,
dy dy y
Tl pereHHs MOTydYeHHOT O JH( (] epeHITHATIPHOIO YPaBHEHHS ITPOH3BEAEM 3aMeHY ITepeMeHHOMH:
1= E.
Y
u+@y 4+ du =4 dy
dy v
dy
Idu = 4_[—; = -’-1]1’1‘y| +4In C; = 4]1’1|Cly‘;
Y
p=4 yln‘C
dy
C y4eTOM TOr0, YTO p = E , TIOITy4aeM:
X
dx;
-[ 4 y]nlC b I
d(In|C
In|C, 5] 4 ]

OOIHit HHTErpal HMEET BHJT;: ]11‘]11|C1 y” =4x+C,

2) p=0, y'=0; y=C;
Taxmm 06pazoM, ITOIYYIIH JABa OOINMMX PEIIeHHS.
JInHeHHbIM P @epeHIHAILHBIM YPABHEHHEM /1 — I'0 MOPSAAKA Has3bIBacTCS IFO00E

ypaBHEHHE IIEPBOI CTENEHH OTHOCHTEILHO (PYHKIHH y H €€ IIPOH3BOIHBIX V', V' ,..., y‘f“’:I BHA:
Py +p "+ p "+ L+ p, YV + P,y = f(0);
TIE po, Pi, ...,Pn— QYHKIMH OT X IJIH ITOCTOSHHEIE BETHYHHEL IIPHYEM po = 0.

OTMETHM OJHO Ba’XHOE CBOHCTBO JIHHEHHBIX YPaBHEHHH BBICIIHX ITOPSAKOB, KOTOPOE
OTJIMYAET MX OT HENMHMHEHHBIX. /11 HEIMMHEHHBIX YPaBHEHHIH YaCTHBIH HHTErPall HaXOMHTCS H3
OO0IIEro, a I JIHHEHHBIX — HA000pOoT, OOIMI HHTErpajl COCTARISETCSA U3 YaCTHRIX. JIMHEHHEIE
ypaBHEHHS ITPeJCTaBILIIOT cOOOH HanOoIee H3YYEHHBIH Kilacc JH(PpepeHI[HAIbHBIX YPaBHEHHII
BEICIIIX ITOPSAKOB. OTO OOBSICHIETCS CPaBHUTEIBLHON ITPOCTOTON HaXOXIeHHS PellleHHs. Eci
IIPH PEIIEHHH KakKHX — JHOO IIPaKTHYeCKHX 3afay TpedyeTcsa PelmTh HEIHHEHHOe
ITHdepeHIIHAIbHOE  YpaBHEHHE, TO YacTO IIPHMeHSIOTCS IPHOIIKEHHBIE  METOJIBI,
ITO3BOJISIFOLIHE 3aMEHHTE TaKOE YPaBHEHHE “ONH3KHM ~ K HEMY JIHHEHHBIM.

Bonpocet u 3a0 auu:
3agaua 1. Haittu oGre permneHus aud pepeHIMATbHEIX YPaBHEHHIT:

ry" +y = 0.

=

|.:l_',|'”l_ I_H.IE

3 (148" +y +1=0 4. 2%y +zy =1.

boaoy" +y"' =1+ z. 6. '+ =1.

F

(1 +y=) =", 8. y=-z/y.

9. xy" +4' +x=0. 10, " = 43",
3agaua 2. Haiitu permeHns 3aga4 Ko a1 gudpepeHIIHaIbHBIX YPaBHEHHIH:
NOKYMEHT NMOAOnncAH

SNEKTPOHHOW NOAMUCHIO
Ceptudukar: 12000002A633E3D113AD425FBS50002000002A6
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L ¥yt =1, y(1/2)=1, ¢ (1/2)=1
2. yy"+y" =1, y(0) =1, y'(0) = 1.
3y -y"+yly-1=0, y0)=2 y'(0) = 2.
Ly +y" -2y =0, w(0) = 1, y'(0) = 1.

5 3y =y+y2+1, () = =2, y'(0) = 0.
3agaua 3. Halith oGrie pemeHnd JH¢ pepeHIHAIbHEIX YPaBHEHHI

l. ¢" +y=cosz. 2. ¢y +y =2y = 8sin 2z,

. " — 2y + 06y =eTeos2e. 4. ¥ +y=3sinz.

5 " + 4 = 4xcosx. 6. 3" — 9y = &% cos x.

7. o" — 4y = €% sin 2z. 8 " — 2y = 2re*(cosx —sinx).

9. oy —y=2sinr-4dcosz. 10. y'' —6y" 4+ 25y = 2sinx + Jcos .
Borpocksr:

1. Kaxme Buawpl gudQepeHIHaIbHEIX YPaBHEHHH, JOITYCKAIOMIMX ITOHIDKEHHE ITOPSIKa
BrI 3HaeTe?
2. Kakyro 3aMeHy IlepeMeHHOH HeOOXOAMMO TIPOBECTH, €CIIH B VPaBHEHHH SBHO HE
COIEPKUTCS HCKOMAS (D YHKIIHST, He3aBHCHMAas IlepeMeHHas?
3. Kakoe ypaBHeHHe Ha3bIBAIOT JIMHEHHBIM C ITOCTOSHHBIMH KO3 (PHIHeHTaMH?
4. Kak crpourcs oOIIEe PeELIEHHE OIHOPOMHOIO JIHHEHHOIO VYPaBHEHHUS BTOPOIO
ITOpSAKA C IIOCTOSHHBIMH K03()(PHIHEHTaAMH?

5. Kak HautH o0O0Iee pelleHHe IJIMHEHHOIO HEOAHOPOIHOIO YPaBHEHHS BTOPOIrO
ITOpSAKA C IIOCTOSHHBIMH KO3() (PHIHEHTaMH?

Ipakmuueckaa paboma 19. Cxodumocms paoa. Heobdxooumsiii npusHax cxooumocmit
yucnoeozo paoa. /ocmamouHvle NPUIHAKU CXO0UMOCHIL 3HAKONOCHMOAHHBIX PAOOE:
NPU3HAKU CPAsHEeHU A, npusHaK /[anamobepa, npusnaxku Kouwiu. Ob 00 uieHHbLIL 2APMOHUYECKULL
pAao.

Ilens: chopMHpoBaTh YMeHHE JeIaTh BEIBOJ, O CXOAMMOCTH psiia HA OCHOBAaHHH HEOOXOIMMOIO
H JOCTAaTOYHBIX ITPH3HAKOB CXOJHMOCTH 3HAKOIIOCTOSHHBIX PSAOB, IIPHMEHSTH ITOIYUECHHBIE
YMEHHS IIPH PEIIEeHHH ITPaKTHYECKHX 3a1ay.

Teopemuueckan wacms:

CMH YIeHOB OeCKOHEYHOH YHCIIOBOH ITOCIIE0BATEIIBHOCTH i, u,,..u_,.. HASBIBACTCA
TNCGI0OBBIM DHIA0OM.

oo
Uy iy o, = D
n=1
TIPH 5TOM YHCIIA 24, ,1,,... OyJIeM Ha3bIBATh WIEHAMH PSJIa, a Uy — OOIIIM WIEHOM DPSIIa.
!
CymMMmbr S, =y +uy +...+u, = > u,, n = 1, 2, .. HasBIBalOTCSI YACTHbIMH
k=1

(YACTHYHBLIMH) CYMMAMH PSIa.

[
Pan  w +u, +...+un+...:Zun Ha3bIBaeTcd  CXOAAIMMCH, €eCIIH CXOJHTCH
n=1

ITOCIIEAOBATCIIBHOCTE €I'0  HAaCTHBIX  CYMM. C}'MMH CXoadAmieroca pHIa —  IIPCACiI

ITOCIIENOBATCIIBHOCTH €1'0 HaCTHBIX CYMM.
AOKYMEHT NoanmncAH

SMNEKTPOHHOW NOANMUCHIO g — Z”
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E crmi mociefoBaTeIbHOCTh YACTHBIX CYMM PSla PACXOJHTCS, T.€. He HMeeT Ipejiena, HIH
HMeeT OeCKOHEYHBIH IIpeliell, TO PSS Ha3bIBaeTCS PpaCXOAsIMCHA H €My He CTaBAT B
COOTBETCTBHE HHKAKOH CYMMEI.

[Ipy H3yYeHHH 3HAKOIIOCTOSHHBIX PSJOB OIPAaHHYHMCS PacCMOTPEHHEM PSJIOB C
HEOTPHIIAaTENIbHBIMH YJIEHAaMH, T.K. IIPH ITPOCTOM YMHOKEHHH Ha —1 H3 3THX PSIOB MOKHO
TIOJIYYHTh PSAJBI C OTPHIATEIILHBIMH YIIeHAMH.

[ [pH3HAK cpaBHEHHS PSIOB ¢ HEOTPHIIATEILHBIMH YIIeHAMIL.

[TycTh JaHBI JABa psaa Z”ﬂ 51 Zvn IIPH Uy, Vi = 0.

Teopema. Eciu u, < v, IpuH 1r000M n, TO U3 CXOZUMOCTH psga Zvﬂ CleayeT

CXOJHMOCTH psja Zuﬂ , 4 M3 PacXOJHMOCTH Psijia Z”n ClIeAyeT PacXOJHMOCTh Psjia Zvn .
1 1 1

[IprmMep. HccmempoBaTb Ha CXOAHMOCTD P + b —
h2 In3 Inn
1 1 - 1 1
T K. — > —, a TADMOHNYECKII PS> — PACXOJHICS, TO PACXOMUICS I PSIL > ——.
Inn n 7) Inn
21
[Tpivep. HccmenoBaTh Ha CXOQMMOCTD PS> o
n=1 1
1 1 1
T k. o < e a Pl Zq—ﬂ cxozxurcs ( Kak yOBIBaroIas reoMeTpHyecKas IPOrPeccHs), TO PAL
n 2
© 1
> —— TOXe CXOIHTCHL.
n=1 n2

Taxxe HCITOJIb3YETCA CHE,I[}"IOH_[Hﬁ IIPH3HAK CXOJIMOCTH.

. u
Teopema. Ecnu u >0, v, >0 u cywyecmeyem npeden hm —*=~h, 20e h — uucno,

l—o0
v.’f’l

ONUIHYHOEe Onl HYJIA, H.Eﬂpﬂabl ZHH I ZFH {?anﬂi OOUHAKOBO @ CMbICIE CXOOUMOCHIL.

[ Ipn3Hak /[amamOepa.
(CKan Jlepon lamamOep (1717 — 1783) — ppaHITy3cKHIT MaTEMaTHK)

Ecnu ona paoa Z”n C NOJIONCUMEAbHbIMIL YTeHAMIL cyujecmeyent makoe uyucio gx 1,

ymo OJisi ecex OOCHANMOYHO OOMb UILIX 1 8bINONHAENICS HepPAceHCcn 6o

(X8
H+1
< q,

I

Fl

mo pﬂd ZHH CIG@HHICHJ eciiL Jice O/l cex OOCHAmMOYHO oMb ULIX 1 GbINOAHACNICS yciaocgiie

H

n+l > 1:
U,

mo pso ZHH Pacxoounics.

IpegensHEIN mpH3HaK Jlatambepa.

[IpegempHBIN TpH3HaK J[lamamOepa SBISETCS CIEACTBHEM H3 IIPHBEASHHOIO BBIIIIE
IpH3HaKa JlamamMoOepa.

H:r:t+1

Ecnu eyuecmeyem npeoden hm =p, mo npu p < 1 pao cxooumcsa, a npu p > 1 —

H—»C0 Itﬂ

pacxooumcsa. Ecnu p = 1, mo Ha eonpoc o cxooumocniil onieemiiinis Heb34.

AOKYMEHT NoarnnMcAH H
SNEKTPOHHOWM NOANUCHIO r?_n "
Ceptuchmkar: 12000002A633E3D113AD425FBS0002000002A6 n=1 =
Bnapeneu: lLebayxoea TateAHa AnekcaHapoBHa

Nencreutened: ¢ 20.08.2021 no 20.08.2022

59



1

n 1+—
y ! . (n+11)2 :n+1: ”21{1
pA n—w gy n—o QMg 2n 2 2

BBIBOJI: PSIJT CXOMHTCS.

1 1
[Iprvep. OnpeaemTh CXOTHMOCTE psfa 1+ m + o Tt =t
2l 7]

1 1 .U . 71 . 1
, U = o fm——— =m ——=0 <1
(n+1)l e gy e (p4])l nmep 4]
BEIBOI. psifi CXOMHUTCSL.
[TpusHak Koru. (paaiKansHBIH IIPH3HAK)

Ecnu ona paoa Zu_ﬂ C Heompuyamenb HoIMIL YleHaMll cyujecneyent maxoe ducio g- I,

ymo OJisl 6cex OOCMAan o4O oMb ULIX 1 8bINONHAENICS HepaGeHcnico

e, <

o pﬂ@ 2“?1 CIG@HHICH, eciil Jce O ecex OOCMAMOYHO OOMbUILUX N GbINOAHAENICA

”,,’uﬂ =1,

HePAGEHCIEGO

1o pso ZHH pacxooumics.
Caencreme. Eciiu cymecTByeT mmpefien hm %z = p, To IIpH p<1 psa CXOAMUTICH, a IIPH

p>1 psim pacXOgHUTCAL.

©(2n* +1Y
[Iprmvep. OnpegemmTs CXOAHMMOCTh Psijia z - :
—\3n +5
]
. 2+
. . 2n+1 2
Im 2/, = m — :111'11—”5:—{1
3n" +5 3+
1’

BBIBOJI: PSIJT CXOMHTCS.

[ 8] 1 1
I Iprvep. OrnmpeaermTh CXOMUMOCTE psaia Z [1 + —] :
n

r=1

H—»C0 H—»C0 Fl

Im 2/u :]im[lJrl]:l.

T.e. ITPH3HAK Kommm He mgaeT oTBeTa Ha BOIIPpOC O CXOAMMOCTH PpPiAla. HPDEEPHM
BBITIOITHEHHE HEeOOXOHMBIX }"GJIGEI]IUI CXOOHMMOCTH. Kak OBIIIO cKazaHO BBIITIC, CCIIH Pl

CXOJIUTCS, TO OOIHIT WIeH psa CTPEMHTCS K HYIIIO.

]jmu,::]im[lJrl] =e#0,

Fi—H0 H
TakKIHM GﬁpﬂSﬂMj HeoOXOoIHMOoe YCIIOBHE CXOJHMOCTH HE BbIOIOJIHACTCS, 3HAYHT, PJ] PACXOJHTCAL

HUHTerpalbHBIH ITPH3HAK Ko,
Ecnu @(x) — Henpepvienas nonoxcumensHas QvHkyus, yovlieaoujas Ha HpoMedNcynke

ONOKYMEHT I:IDﬂI'IHCAH oo -
ONEKTPOHHOW MOAMNUCHIO > @(n) u HecobecmeenHviil unmMepan I(p(x)a{'s:
Ceptucbmkar: 12000002A633E3D113AD425FBS0002000002A6 - |
Bnapeneu; lebayxoea TateAHa AnekcaHapoBHa
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1 1 1
[Iprnvep. Psng 1+2m +—+..+—+... CXOAHUTCS IpPH o>1 u pacxomurca o<l TK.

3 4]

dx

oo
COOTBETCTBYIOIIHI HECOOCTBEHHEIH HHTEIPAJl .[ CXOauTCs ImpH o.>1 u pacxogurca a<l.

] X

i |
Pan Z — Ha3BIBAETCS 00001IeHHBIM FAPMOHHYE€CKHM PSIIOM.

n=1 1
CaencrBue. Ecm f(x) H ¢(x) — HellpephbIBHBIe (PYHKIHH Ha HHTepBane (a, b] m

b b
=h, h#0, TO HHTETpaJbI _[ f(x)dx n I(p(.l‘)tﬁf BeIyT ce0s OJHHAKOBO B CMBICIIE

CXOJIMOCTH.
Bonpocuot u 3a0 auu:

3amaua 1. Hantu cymmy psja:

s ) " -

G J
1. | | 2 . _
Zn"—l—fm——ﬁ E_n“—urr+l‘j

n=I| n=i

[

-

3 0 1 4
o - 25nt 4+ bn - 6 ' - in? -1
— 18 — 90
5. i . .
] l; nt + 3n ] i: in? + 8n — 5
fus o = -
- 3 ~ |G
7. _ . ., . .
l‘ On< = 3n = 2 l’ 16n* = 8n = 3

fi—=1 fE=
e =

9, : : i
L nirn 4 1)(n + 2) 10 L (2n + 1)(2n + 3)(2n + 5)

n= n=1

3amaua 2. MccnemoBars CXOQHMOCTD PSIOB:

-

— arctg (n”) 4 — 2sinn
1. — : 2. ,
Z n{n=+2)(n+3) ; n=Inn

= :-I +{‘[J'-LTI * J'IE lIl e
:-;I E TE,J:—'—EI 4. ZHE_‘I

Cr
M
l...-l
I
- | | o
ﬁ
|
i
=2
[ ¢
= | w2
:.. }
"l =,

(f S | el | ' :H
_ . Inn . rosin
D> Ypo 5.2 2 + 1
i | =]
- Inn - lnn
9. - . 0. Y 55—
vall +1 = vn+ 3

3amava 3. Mccnemopars CXOQHUMOCTE PSIOB:

AOKYMEHT NoanmncAH
SNEKTPOHHOW NOAMUCLIO
Ceptudurkar: 12000002A633E3D113AD425FB50002000002A6
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2 li.ll 1 9

- . 2
L Z?"[T?—l]!- 2, Z{H”:E-

rl—i ll—j k

i

(dn + 2)! | E 2% (n° = 1)

2n(2m + 0)!

= 5™n! = !
k . i]
. l—'| {'.-_JH::I! l_‘: 3" =2
G . 'H.'
n!(2n + 2)! _ 2"n!
7. E . =, E )
| (3m)! (2n)!
=1 n=]
g LU g L

0 3 B f W P e
an- + 1 2nY 4+ m
v Y () 0 2 ()

re=]

_ 2n+2\" _ ~ g (3n+1Y}"
v Z(Eu | l) ' 6. ) n (En | 3) "

_ =, mn - dn — 1\™°
" Z‘“”‘(zn—lj | % Z(ﬂn—]) |

= =1
9 3 10 - gn+l,—n
- Z_.'_f,nil' : Z =

e o | S |

BoOITpocCHI:
1. Yrto Takoe YHCIIOBOH psi?
KakoH psj Ha3pIBarOT 3HAKOIIOCT OSSHHBIM?
YTo Takoe cymma psga?
Kaxomn psa Ha3bIBarOT CXOISIITHMCS?
ChopMyITHpYHTEe HeOOXOIHMBIH ITPH3HAK CXOTHMOCTH Psa.
CopMyITHpYHTE H3BeCTHBIe BaM JJoCcTaTOYHBIE ITPH3HAKH CXOJHMOCTH PSIOB.

ALl o

Ilpakmuueckaa pavoma 20. 3Harkouepeoywuiueca U 3HAKONepemeHHble paAobl. lIpusHak
Jeionuya. O0wuii 00CcMAaAmMoOUHbIL NPUIHAK CXO0UMOCHU 3HAKONEPEMEHHbIX pPA0O0SE.
Abconrwmuaa u ycioeHAA CX00UMOCMIU YUC/I06bIX PA0OE.
Ilens: copmupoBaTh yMeHHe JienaTh BBIBOJ 00 aOCOMIOTHOH HIIH YCIIOBHOH CXOJHMOCTH
YHCIIOBBIX PSJIOB, IPHMEHSTE ITOIYYEHHBIE YMEHH S IIPH PeIlleHHH ITPaKTHYeCKHX 3a1a4.
Teopemuueckan uvacms:

SHAKOUEPEAVIOIMIICS P MOXKHO 3aIliCaTh B BHJE!

w, — U,y —t, + D

rae u, >0, n=123. .

I IprsHak JlenOHIIIA.

AOKYMERT LIOODNCAN —u, +u, —u, + ...+ (D" u +.. abconomusie
SNEKTPOHHOW NOANUCHLIO -
Ceptudurar: . 12000002A633E3D 113AD425FB50002000002A6 {ull YieH cmpemumcs K Hyawo i, —> 0; 110 pﬂa
Bnapeneu: lLleBayxoea TateAHa AnekcaHapoBHa
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AOCOIIOTHAS H YCIIOBHAS CXOMHMOCTE PSIZIOB.
PaccMOTpHM HEKOTOPEIH 3HAKOIIepeMeHHBIH P (C WIeHaMH ITPOH3BOIIbHEIX 3HAKOB).

ul+uj+...+un+...221£n (D)
n=1

H PSIII, COCTABIIEHHBIN H3 a0COIIOTHBIX BEJIMYHH WIEHOB psaja (1):

[

ot |+ =D e,

=1
Teopema. /13 cxooumocmii pada (2) cnedoyem cxooumocniv paoa (1).
Onpeaenenne. Ps Zun Ha3bIBACTCSI A0COIIOTHO CXOASMIMMMCH, €CIIH CXOIHUTCS P

(2)

|u1 ‘ + ‘uj

L

S
OIIEEILI[HG: HTO 4JIA 3HAKOIIOCTOAHHBIX PAAZOB ITOHATHA CXOJHMOCTH H aOCOIIFOTHOH
CXOJHMOCTH COBIIAJ1aIOT.

OHEEQEJ]EHHE. Psn Zu_ﬂ HA3bIBACTCAH YGIOBHO CXOOHIITHMCH, CCJIIH OH CXOIHTCHA, a PAL

> lu,| pacxomures.
[ IpuzHarxy /{amamMOepa H Kol 11 3HaKOoIlepeMeHHBIX PSIIOB.
[TycTs » u, - 3HAKOTIEPEMEHHBIH P,

1

n+1

IIpm3Hak Jlagam6epa. Ecion cymecTByeT npegen hm

F—00 IIH

= p, To ipu p<1 pam > u,

OyzeT aOCOMIOTHO CXOMAIMMCS, a IIpH p>1 psag OyaeT pacxomsiuumMmcs. [Ipu p=1 mpHsHaK He
IAacT OTBETA O CXOMIMOCTH Psia.

Hpusnak Konmm. Ecmm cymiectsyer npegen m %/l | = p, 1o pu p<1 pax Zuﬂ OyHeT

a0COIIOTHO CXOISIIMMCS, a IpH p=>1 pag Oyaer pacxomsummcs. [Ipu p=1 npH3HaK He gaer
OTBETa O CXOJUMOCTH PSIa.
CBOHCTBA aOCOIFOTHO CXOASIIIIXCSI PSAIOB.

1) TeopeMa. /{na abconomuoili cxooumocmii paoa EHH HeobxXo0UMO 11 0OCHIAMOYHO,

ymobwvl e20 MOXMCHO OblI0 npedcmaeums € 6loe pPA3HOCMIL 08YX CXOO0AUUXCA padoe ¢
Heomplijaniens HolMU YleHAMIL.

CJaeacrBHe. Y CIOBHO CXOMSIIMIICS P SBIISETCS PA3HOCTHIO IBYX PACXOISIIHXCS PSIOB
C HEOTPHI[ATEIBLHEIMH CTPEMSIIIHMICS K HYIIFO YJIEHaAMH.

2) B cxomsmemMcs psjie Tro0asi TPYIITHPOBKA YIIEHOB Psia, HE H3MEHSIOAs HX ITOPSIKa,

COXPaHACT CXOAHNMOCTD H BCIITHHHY PAda.
3) Ecm psag cxouTea abcosI0THO, TO pAJ, IOy YeHHbIH H3 Hero o0 oii repecTaHOBKOH WIEHOB, TaKiKe
a0COIMIOTHO CXOIHTCA H HMEET TY K€ CYMMY.

[lepecTaHOBKOH WYIIEHOB VYCIIOBHO CXOISINETOCS psifla MOXKHO ITOIYYHTL VYCIIOBHO
CXOJIALIIICS PSI, HMEIOIIHI JIF00YIO HATlepel 3aaHHYI0 CYMMY, H JTaKe PaCXOMSIIIIICS PSII.

4) Teopema. /Ipu nioboii epynniupoexe uieHo8 abcomonHo cXoo0saufe2ocs paoa (Mpi 3mom
Y1ICI0 2PYNN MOJcem 0Ovlmb KaK KOHEYHbIM, Mak il OecKOHeuHblM il YUCA0 UYIeHOE 6 2pVHHe
Mocem OviMb KAK KOHeUHLIM, MAK U OecKOHeuHblM) NOAVHAemcs cxXoo0aujuiica pso, cymmd
KONopo2o paeHa cyMme LUCXOO0H020 paoda.

oD 8
5) Ecmm psaje Zuﬂ H Z"’n cxXoaarcs abCOMOTHO H HX CYMMBI PaBHBI COOTBETCTBEHHO

m=1 n=1
S U G, TO psl, COCTABIEHHBII U3 BCEX MPOHU3BeIeHHI BUIA u,v,, 1,k =1,2,... B3IIBIX B KaKOM

[OKYMEHT MNMOAMVICAH
SNEKTPOHHOW NOAMVCHIO
Ceptudpmkar: - 12000002A633E3D113AD425FB50002000002A6
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Bonpocet u 3a0 auu:
3amaua 1. MccnemoBars CXOQHUMOCTD PSIIOB:
l m

- an 4 - In*
|-_ _I]lr'l ) I.;'_ _] F| : I -
Li ’ nin + 2) L{ ) n? +nt+1

fi= | fi= |

. 3 8
+ 1

. .' | 2 A
3. ?l’ I}“ j_.l.' - 1 El'L ]:I_.I“-I'Il i_l. W ”J.

- = vn® + 3n® 4+ 2 ‘I'Il—-||-'-”

i[ 1)" l'\.:'“f::g)u.

= | ' el -

=1
Mr

J—

[
—————

ot |

o

£

= "
=5 i Cis ATl
9. (—1)" sin® —. 0. Y .
; : an I":_'i v+ 2
Borrpocsr:

1. Kaxkoi psg Ha3zpIBaeTCs 3HAKOUepeYIOIHMCS (3HAKOIIEPeMEHHBIM)?
CdhopMynHpyHTE MpH3HaK JIeHOHHIIA.
Kaxoii psa HazpIBaeTCI aOCOMIOTHO CXOMSIIHMCS (YCIIOBHO CXOSIITHMCS)?

CdopmynmHpyiiTe npu3HakH J[amamOepa H KorH 11 3HaKoIepeMeHHBIX PSIOB.
[Iepeuncimre cBoicTBa a0COIIOTHO CXOMSIIHXCS PSIOB.

il

Ipakmuueckas paboma 21. Boiuucnenue éeposmuocmiu codovimui.
I[ens: popmirpoBaHie OCHOBHBIX ITOHSTHIT TEOPHH BEPOSTHOCTEI.
Teopemuueckan wacms:

Bce COOBITHS, TIPOHCXOMMIINME B OKPYKAIOIIEM HAC MHPE, MOXKHO pas3JellMTh Ha JBE
PE3KO OTIHYAKOIHECS APYr OT JApyra TPYIIBI. B OTHOIIEHHH OIHHX COOBITHIL MOKHO
JOCTaTOYHO TOYHO IIPEABHAETH, HACTYILIT OHHM IUIH HET, B OTHOIIEHHH JAPYIHX — TaKoe
IIPEABHACHIE HEBO3MOJKHO, HACTYINIEHHE MM HEHACTYIUIEHHE TaKHX COOBITHH HOCHT TaK
Ha3bIBAEMBIH «CIIVUAHHBI) XapaKTep.

TeopHsa BepOSTHOCTEH — MaTeMaTHYeCKasd HayKa, H3Y4YaroIlas 3aKOHOMEPHOCTH
CIIYYAHHBIX SBIeHHH. [lo ciy4yaiHbEIMH SBIIEHHSMH ITOHHMAIOTCS SBJIEHHS C HEOIIpeAelIeHHBIM
HCXOJOM, ITPOHCXOMSIIHE IIPH HEOJHOKPATHOM BOCIIPOM3BEIECHHH OITPEIEIIEHHOI0 KOMIUIEKCa
YCIIOBHIL.

CVIIECTBYIOT ABa ITOAXOAAa K H3VUEHHIO ATHX SBIeHIMI. OJQHH M3 HUX — KIIaCCHYECKHI,
COCTOHT B TOM, YTO BBIJIETISIOTCS OCHOBHBIE (PAKTOPBI, ONPEAelISIOIIHe JaHHOe SBJIEHHEe, a
BIIMSIHHEM MHOXKECTBAa OCTaJIbHBIX, BTOPOCTEIIEHHBIX, (PAKTOPOB, IMPHBOAMIIHX K CIIyYailHBIM
OTKIIOHEHHSM €ro pesyiabTara, IpeHeOperaror. TakmM oO0pa3oM, BBIJEISETCS OCHOBHAS
3aKOHOMEPHOCTD, CBOMCTBEHHAS MAHHOMY SBIICHHIO, ITO3BOJIIONIAS OAHO3HAYHO IIPEJICKA3aTh
pe3vyibTaT II0 3aJaHHBIM VCIIOBHSM. OTOT IIOAXOJ YacTO HCITONB3YETCS B ECTECTBEHHBIX
(«TOUHBIX») HayKaxX.

[Ipu mccinegqoBaHMM MHOIHX SBJIEHHIT M, IPEXIE BCETO, COIMAIbHBIX, TAKOH ITOIXOI
HenpHeMJIeEM. B 5THX SBIeHHSX HEOOXOJHMO YYHTHIBATh HE TOIBKO OCHOBHBIE (JAKTOPEI, HO H

NOKYMEHT NOAMUCAH K CIyYaHHBEIM HCKaKeHHSM pe3yibTara, T.e.
QNEKTPOHHOW NOANKCHLIO [TosTOoMY APYTOH MOAXOM K H3YUEHHIO SBIICHHI

CepTucmkar: 12000002A633E3D113AD425FB50002000002A6 | M - »
)CTH, CBOHCTBEHHBII CIIYYAHHBIM SBJIEHHSIM H

Bnapeneu: Lebayxoea TateAHa AnekcaHopoeHa
" Tpeﬁ}fET CIICIIHAJIbHBIX MCTOJOB HX H3YVUCHHA.
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Pa3paboTkoi TaKHX MeTOJOB, H3YUeHHEM CITeIH(pHUECKHX 3aKOHOMEpPHOCTeH, HaOmoJaeMbIX B
CIIYUAHHBIX SBIIEHHSX, H 3aHIMACTCS TEOPHS BEPOSITHOCTEH.

OCHOBHBIMH ITOHSTHSMH TEOPHH BEPOSATHOCTEH SBISIOTCS HCITBITAHHE M COOBITHE.

[Tox mcrpITaHEM (OIMBITOM, SKCIIEPHMEHTOM) IIOHHMAETCS BEIOTOITHEHHE OIPEEIIEHHOI O
KOMIUIEKCA YCIIOBHI, B KOTOPBIX HAOMIOZAeTCs TO HIIH HHOE SBIIEHHE, (DHKCHPVYETCS TOT HIH
HHOH Pe3yIIbTar.

CiryJaiiHBIM COOBITHEM (HUIH ITPOCTO COOBITHEM) HazbIBaeTCS JIFOOOH (paKT, KOTOPBIH B
PE3YILTATE HCIBITAHHSI MOKET IIPOH30HTH HIIH HE IMPOH30NTH. Takum obpas3oM, coOkITHE OVyaeT
paccMaTpPHBATHCS KaK Pe3yIIbTAaT HCITLITAHH .

CoOBITHE HA3BIBAETCS JIOCTOBEPHBIM, €CIIHM B PE3YILTATe HCILITAHHS OHO O0S3aTEIBbHO
IOIDKHO ITPOM30HTH. Harpumep, BeIafeHHe OT 1 10 6 OYKOB IIpH OpOCaHHH HIPAIEHOTO
KyOHKa.

COOBITHE HAa3BIBAETCS HEBO3MOKHEIM, €CIIH OHO 3aBeJOMO He HacTymnuT. Hampumep,
H3BIICUYEHHE TPEX YEPHBIX TY30B M3 KOJIOIAEI KaprT.

COOBITHS HAa3bIBAIOTCS HECOBMECTHMBIMH (HECOBMECTHBIMH ), €CITH BO3MOXKHO TTOSIBIICHHE
TOJILKO OJHOI'O COOBITHS M3 ATOH I'PVIIILI COOBITHI. B IIPOTHBHOM ClIyyae COOBITHS HA3BIBAIOT
COBMECTHMBIMH (COBMECTHBIMH). Hamprmep, ImonydyeHHe CTYAEHTOM Ha 5K3aMeHe IO OJHOH

AHCIIOLINHE  OLICHOK - «OTJIHYHOX, <«XOpomio» H  «YIJOBICTBEOPHTICIIBHO» - COOBITHA
HCCOBMCCTHBIC, d ITOJIIYVHCHHC TCX *KC OICHOK Ha 3K3dMCH4AX IIO TPCM JHCIHILUIHHAM — COOBITHS
COBMCCTHEIC.

COOBITHS Ha3BIBAKOTCS PABHOBO3MOKHBIMH, €CIIH B Pe3VIIbTaTe HCILITAHHS I10 YCIIOBHSM
CHMMETPHH HH OJHO M3 3THX COOBITHIT HE SBISeTCS OOBEKTHBHO 00JIee BO3ZMOKHEIM. Harmprmvep,
H3BIIEUYEHHE Ty3a, KOPOJd, JaMbl IIH BajleTa M3 KOJIOABI KapT, NTHOO IIOsSBIeHHEe repba HIIH
PELIKH ITPH ITOAOpaChIBAHHH MOHETEI — COOBITHS PaBHOBO3MOKHBIE.

JIT1s TpaKTHYeCKOH JesSTellbHOCTH BaKHO YMETh CPaBHHBATh COOBITHS IO CTEIIEHH
BO3MOJKHOCTH HX HACTYIIJIIEHHS.

[IycTh HCXOABI HEKOTOPOrO HCILITAHHS OOpa3yioT IIOMHVIO TPVYIILY COOBITHII H
PAaBHOBO3MOKHBI, T.€. E€IHHCTBEHHO BO3MOKHBEI, HECOBMECTHBEI H PaBHOBO3MOXKHBI. Takxme
HCXO/bI HA3BIBAKOTCS 3JIEMEHTaPHBIMH HCXOAaMH HIH CIIYYasMH.,

Ciy4yaii Ha3bIBaeTCS OIarolpHATCTBYIOIIHM (OIarolpHSITHEIM) COOBITHIO A, ecliH
ITOSIBIIEHHE ATOr'O CIIy4as BIIEYET 3a COOOH IMOSBIIEHHE COOBITHS A.

Krnaccnueckoe omnmpeielieHHe BEPOSTHOCTH. €CIIH CHCTEMA COCTOHT M3 KOHEYHOI'O Yrclia
eIMHCTBEHHO BO3MO’KHBIX, HECOBMECTHMBIX COOBITHIL, TO BEPOATHOCTHIO COOBITHSA A Ha3BIBAIOT
OTHOIIIEHHE 4YHCIIa M HCXOJOB HCIIBITAHHIL, IPHBOASINHX K COOBITHIO A, K 4YHCIY nh BCeX
HCITBITAaHHI, T.€.

mn

p(A= .

n
]l mroGoro coOBITHS A cripaBeJIHBO HepaBeHCTBO: 0 < P(A) <I.
IIpamep 1:

Jlorepes cocrour u3 1000 OmwteroB, cpean HX 200 BEMIPRIIHEIX. Hayrag BEIHIMAETCSI
oxuH ouret 3 1000. YemMy paBHA BEPOSTHOCTH TOr'O, YTO ATOT OHIIET BEIHTPBIIIHBIN?

Pemmenne: pa3mHYHEIX HCXOJ0B B 3ToM ITpHMepe 1000 (n=1000). B nHTepecyromee Hac
coOrrTHe A BxXomar 200 nexomoB (m=200). Takim oGpaz3om,

20]
N =02
e 1000
IT ~ NOKYMEHT NOAMNUCAH
3NEKTPOHHOW NOAMUCHIO |
CepTuchukat: 12000002AB33E3D113AD425FB50002000002A6 »IX M 50 3eNMeHbIX mapoB. Hayaauy BEIHHMaeTCs
Bnapeneuw: |1/ Llle6ayxosa TaTbana AnexkcaHapoBHa 1ap Oenoro, KPacHOIro HIIH 3e€JIeHOr0 I[BeTa’?
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Pemenne: PaccMoTprM cOORITHS: A={BBIHYIIH Oelbli Imap }, B={BBHYIH KpacHLIH IIap},
C={BBIHYIH 3eJIeHbIH map }. n=350, Toraa

pay-2-2

350 7

100 2

PB)=— =2,
B350 77

500 1

P(C) =20 =

) 250 7

YacTo 714 pelieHH A 3a1a4 TEOPHH BEPOSTHOCTEH IIPHMEHSIOT KOMOHHAT OPHKY.
IIpamep 3:

3 xomoasl B 36 KapT BRITaCKHBAIOT TPH. KakoBa BEpOSTHOCTh TOTO, UTO CPEAH BHIHYTHIX
KapT HET JIECATOK?

Pemenne: B 5ToM IIpuMepe 3J1eMeHTapHBIM HCXOZOM SIBJISIETCS CIIy4YaiHbIH Ha0Op M3 TpeX Kapr.
3
67
PaBHOBO3MOKHBIMH. bJIar onmpHsATHEIX HCXOZOB (KOIHYECTBO BO3MOXKHBIX HA0OPOB IO TPH KAPTEI
3
32

{BrIHYTO 3 KapThl H3 36 H cpeJH HUX HET JIECITOK }:
Cl _ 248
s 200

OO0I11ee 4HCIO JNEMEHTAPHBIX HCXOJO0B PaBHO N:C JJIEMCHTAPHBIC HCXOJABI CHIHMTACM

M3 TOH ke KOIOJBI, HO Ge3 mecarok) m= (', . TakiM oGpa3oM, BEPOSTHOCTh COOBITHS A

PlA) =

Bonpocst u 3a0 auu:

1 .CTperok mpous3Bell 3 BEICTPENA 10 MUIIEHH, A | — ITOITaJaHHe ITPH IIEPBOM BEICTPEIe, Az — IIPH
BTOPOM, A3z — IIPH TpeTheM. BrIpasHuTh uepes Aj, Az, Az H HX OTPHI[AHHUS CIEAYIOIIHE COOBITHSL
a) OHO ITOITafaHue;, O) TPH IpOMaxa; B) TPH IOIafaHHs, ') XOTS ObI OHH ITpOMax.

2 MoHerta nopOpaceiBacTca 4 pasza. PaccMarpuearoTcs COOBITHSA — ITOSBIEHHE repda IpH 1-OM
noxOpackiBaHHH (i=1,2,3.4). IIpeicTaBHTL B BHIE CYMM, ITPOH3BEASHIH H CYMM ITPOH3BeIeHHI
COORITHH A; clIeyroIHe cOOBITHS: A — ITOSBHIIMCE Bee 4 repba; B — moseumck Bee 4 mudpsr; C
— MOosSBHIICS XOTSA OBl OffHH rep0; D — nmoseHiiack XoTA OBl OfHA IH(ppa;, E — IMOSBHIICA TOIBKO
oauH rep0; F —mosBIiIack TOIBKO OJIHA ITH(pa.

3 bpommeHsr 3 MOHETBEI. (COCTaBHTBR COOBITHS, OOpasvIOIHE IIONMHVIO Ipyrary. (CKOIBKO
PaBHOBO3MOXHEIX HCXOJIOB O0pPasyiOT IIOMHVIO TPVYIITY COOBITHH? YKaXHTE 3IIEMEHTapHEIE
COOBITH S, HEe 0Opa3yIOIHeE IIOTHOH I'PYIIIIHL.

4. [IpuBeguTre IMPHMEPHI:

A) Tpex coOBITHH, 00pa3yIOINX ITOJIHYIO TPYINLY,

B) Tpex coOBITHH, paBHOBO3MOKHBIX H HECOBMECTHEIX, HO HE 00pa3yIOMIHX ITOTHOH I'PYIHIHL,

B) mByX CcOOBITHII, HECOBMECTHBIX H OOpa3yIOIMX IONHYIO TPYIIIY COOBITHII, HO He
PaBHOBO3MOKHBIX.

5. bpocarorcs OOHOBPpEMEHHO [BE HIpalbHBIE KOCTH. HaWTH BepOATHOCTH CIEAYIOIIHX
COOBITHH. A-CyMMa BBIIABIINX OYKOB PaBHa 8, B-IIpoH3BeeHIE BEITIABIIINX OUYKOB PABHO 8.

6. B xonBepre cpemu 100 QorokapTouek HaxOQHICI OAHa pasblcKkHBacMasa M3 KoHBepTa
Haygauy H3BIeueHbl |0 kaprouek. HalTH BepOSTHOCTE TOrO, YTO CpeAH HHX OKaXeTCHd
pasbICKHBacMasl.

7. Habupas Homep TenedoHa, aO0OHeHT 3a0blII MOCIeHHE TPH IH(QPHL H, ITOMHS JIHIIb, YTO BTH
IH(QPEl pa3IHyHBL, HaOpal HX HayAady. HaHTH BepOSTHOCTH TOro, 4YTO HOMEP HaOpaH
ITPaBIUILHO.

8. M3 6yks cnora YPABHEHHME BrIOHpaeTca Hayrag ogHa OykKBa. KakoBa BepOSTHOCTE, UTO 3Ta

Arvmrma AvrraT: al TTrasATrATT AL AATTTAATTATT 1) A a |||'?

NOKYMEHT NMOAONMCAH _
SNEKTPOHHOW NOANUCHIO €d 52 KapThel, HayraJ BRIOHpaeTcs OQHA KapTa.
Ceprudimkar: 1 12000002A633E3D113AD425FB50002000002A6 q 6}1'6]_[(}]3(}]':"[ MAacCTH, 6) OHa OKa’KETCS TY30M, E)
Bnapeneun; lleGayxoea TateAHa AnekcaHapoBHa

20 Ty3, THOO KOpomk, THOO Jama, OO BaleT,
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10. PebeHok urpaer ¢ 10 OykBamu paspesHoH az0vku A, A, A, E, U, K, M, M, T, T. Kakosa
BEPOSTHOCTh, YTO IIPH CIIYYAaHHOM PaclolIOKeHHH OVKB B P, OH IIOJIYYHT CJIOBO
MATEMATHUKA?

11. B crapuHHON HHIEHCKOH Hrpe "TOHr" JABa HIpoKa OJHOBPEMEHHO ITOKA3BIBAIOT APYI APYIY
nubdo oamH, mdo aBa, OO TPH Iajdblla Ha IpaBOH pPYKe. ECIH I KaXIoro HIpokKa
PaBHO3HAYHO ITOKAa3aThk OJHH, JBA IIH TPH IIalblla, TO YEMY PaBHA BEPOSTHOCTH TOrO, YTO
o0Illee YHCIIO ITOKA3aHHBIX ITalbIEB. a) YETHO, 0) HEYeTHO, B) OONIbINe YeTHIpeX, I') MEHBIIE

IBYX;, 1) IIpOocTOE?

Ipakmuueckas paboma 22. Bapuauuonnsie paost U Ux pagpuueckoe u3oopaxcerue.
I[ens: popMupoBaHHEe OCHOBHBIX ITOHSTHI MaTeMaTHYECKOH CTaTHCTHKH.
Teopemuueckan wacms:

MareMaTH4yecKasa CTaTHCTHKA 3aHHMAaeTCd YCTAHOBJIEHHEM 3aKOHOMEPHOCTEH, KOTOPHIM
ITOAYHHEHBI MACCOBBIE CIIYYAHHBLIE SBIIEHHS, Ha OCHOBe OOpalOTKH CTAaTHCTHYECKHX JAHHBIX,
IIONIYYEHHBIX B pe3ylibTaTe HAOMOAEHHH. J[BYMS OCHOBHBIMHM 3aJadyaMH MaTeMaTH4eCKOH
CTATHCTHKH SBIISFOTCSL
- OIpefelIeHHe CII0cOo00B cOopa H IPYIIIHPOBKH 3THX CTAaTHCTHYECKIX JaHHBIX,

- pa3zpaboTKa MeTOAOB aHalNH3a IIOIYYEeHHBIX JAaHHBIX B 3aBHCHMOCTH OT IIEJIei HCCIIeJOBAaHH S, K
KOTOPBIM OTHOCSTCSI:

a) OIEHKa HEH3BECTHOH BEPOSTHOCTH COOBITHS, OIIEHKAa HEH3BECTHOH (DYHKIIHH
pacIipeJielIeHHs, OL[€HKAa IapaMEeTPOB PaCIPelelIEHHS, BHI KOTOPOIO HM3BECTEH, OI[eHKa
3aBHCHMOCTH OT APYTUX CIIYYAHHBIX BEIHYHH M T.1.,

0) IpoBepKa CTAaTHCTHYECKHX THIIOTE3 O BHAE HEH3BECTHOI'O PaCIIPeelIeHHS HWIH O
3HAUEHISIX ITapaMETPOB H3BECTHOI O PACITPEIETIEHH L.

JIna  perieHHs B5STHX 3aJady  HeoOXOAMMO BEIOpaTh M3 OOJBIIOH COBOKYITHOCTH
OJHOPOIHBIX OOBEKTOB OIPAaHHUYEHHOE KOJMYECTBO OOBEKTOB, IIO PEe3yiIbTaTaM H3YYECHHUS
KOTOPBIX MOKHO CJIEJIaTh ITPOrHO3 OTHOCHTEIIFHO HCCIEAYEMOIO IIPH3HAKA 3THX OOBEKTOB.

OITpeielM OCHOBHBIE TTOHSTHS MaTEMAaTHYECKOM CTaTHCTHKH.

I'enepanvuas cogoxyntocms — BCE MHOXKECTBO HMEIOIIHUXCS 0OBEKTOB.

Buibopxa — HaOop 00BEKTOB, CIIYYaHHO OTOOpAaHHBIX H3 T'eHepaIbHOH COBOKYITHOCTH.

Obvem cenepanvroil coeoxynHocmii N H obvem evibopku N — UHCIO OOBEKTOB B
paccMaTpHBAEMOH COBOKYITHOCTH.

BH1b1 BEIOOPKH:

IIoBTOpHAs — KaXKApIH OTOOpaHHBIN OOBEKT Iepel] BEIOOPOM CIEAVIOINErO BO3BPAINAETCA
B I'€HEPAIIBHYIO COBOKVITHOCTE,

BecrmoBTropHasa — oToOpaHHEIH OOBEKT B TeHEPATILHYIO COBOKYITHOCTE HE BO3BPAILAETCA.

Jmss Toro, 4TtoOBl IO HCCIEAOBAHHIO BEIOOPKH MOXKHO OBLIIO CHENaTh BBIBOABI O
IIOBEAEHHH MHTEPECYIOIETO HAC IIPH3HAKAa TI'eHepalbHOH COBOKYIIHOCTH, HYXKHO, YTOOBI
BRIOOpKA IIPABHIILHO TIPEACTABIIsUIA ITPOIOPIIMM T'E€HEPAIbHOH COBOKYITHOCTH, TO €CTh Oblla
penpeszenmamuieHoii  (IIPeACTAaBUTEIIFHONH). YYHTBIBas 3aKOH OOIBINMHX YHCEI, MOXHO
YTBePKIaTh, YTO BTO YCIIOBHE BBINIOIHSAETCS, €CIIH KaKIbIH OOBEKT BRIOpaH CIIYYaHHO, IIPHYEM
IULSL TF0OO0ro 00BeKTa BEPOSTHOCTE IIOIMACTh B BEIOOPKY OJIMHAKOBA.

[IycTh HHTepecyIolas Hac clIy4yaiiHas BelMyiHa X IMIPHHHMAeT B BEIOOPKE 3HAUEHHE X|

k
n; pas, X2 — N2 pas, ..., Xg — Ng pa3, IIPHUIEM Zm =n, TAe n — oO6beM BBEIOOpKH. Torma
r=1

=

Ny — 4YacToTaMH. EciIH pPa3JciiiNTb KaXIAVIO HAaCTOTY Ha 00BEM ELI@GPI{H:, TO IIOIIVYHYIIM

OOKYMEHT NnoarcAH

SMNEKTPOHHOW NMOANMUCHIO
Ceptudukar: 12000002A633E3D113AD425FB50002000002A6

Bnapeneu: lLleBayxoea TateAHa AnekcaHapoBHa

HaOmroaeMble 3SHaUEHH S GJI}"‘IEIIUH-IGﬁ BCIIMYIIHDBI X, X2,..., Xx HA3BIBAIOT BAPDHAHTAMI, 4 11, 1N2,...,

Nencreutened: ¢ 20.08.2021 no 20.08.2022
97



[locnemoRaTeIbHOCT, BapHaHT, 3allICAHHBIX B IIOPSAKE BO3pacTaHHSI, Ha3bIBAIOT
BAPHALMOHHBEIM PSAOM, a IlepeYeHb BapHaHT M COOTBETCTBVIOIIMX HM YacTOT HIIH
OTHOCHTEIBHBIX YACTOT — CTATHCTHUYECKHM PSIOM.

IIpamep 1:

IIpu mmpoBegennn 20 cepun u3 10 OpOCKOB HIPaIbHON KOCTH YHCJIO BBIIAJCHHI INECTH
OYKOB OKazanock paBHeIM 1, 1,4, 0,1,2,1,2,2,0.,5,3,3,1,0,2,2,3,4,1.

CoctaBuM BapHallmOHHBIN psa: 0,1.2.3.4.5. CratucTHuecKHi psi I aOCOIFOTHEIX H
OTHOCHTEIBHBIX YaCTOT MMEET BHJ:

X, 1| 1 2 3 4 =
n 3 b 5 3 2 1
W, 0,13 0,3 0,25 013 0,1 0,04

Ecin nccnemyercsas HEKOTOPBIH HEIPEPBIBHBIN IIPH3HAK, TO BAPHALIHOHHBIN DS MOXKET
COCTOSTh H3 OYeHb OOIBIIOrO KOJMHYecTBA YHCElI. B 3ToM ciaydae yaoOHee HCIIOIb30BaTh
TPYIIIMHPOBAHHVIO BBEIOOPKY. J[7I ee IOIydYeHHS HHTEPBAI, B KOTOPOM 3aKIIOUYEHBI BCE
HaOIroacMble 3HAUCHH S IPH3HAKa, pa30HBarOT Ha HECKOIBKO PAaBHBIX YAaCTHYHBIX HHTEPBAIIOB
IIHHOM h, a 3aTeM HaxXomAT MII KaXKJ0ro YaCTHYHOI'O HHTepBajla N — CYMMY YacTOT BapHaHT,
IIONABIIMX B 1-H HHTepBan. CocTaBlIeHHas IIO0 STHM pe3yiabTaTaM TaOaHIla Ha3bIBaeTCH
2PDVRRUP OBAHHBIM CIIAMICINUYECKUM PAOOM.

JIIIsT HarisygHOTrO IIPEACTABIEHHS O ITOBEAEHHHM HCCIEAYEMOH CIYVUYAHHOH BEIHYHHBI B
BRIOOPKE MOXKHO CTPOHTH pa3lHyHBIe IpapuxH. OTHH H3 HHX — ITOIIHITOH YacTOT: JIOMaHasd,
OTPe3KH KOTOPOH COeQHHSIOT TOYKH € KOOpAHHAaTaMH (Xi, np), (X2, n2),..., (X, ng), TOe X;
OTKJIabIBAIOTCS Ha OCH aOCI[HCC, a i — HAa OCH OpAHHAT. ECIIH Ha OCH OpAHHAT OTKJIaJABIBATh HE
aOcOoOTHBRIE (Ni), @ OTHOCHTEelIbHBIe (Wi) YacTOTHI, TO ITOTYYHM ITOJIHTOH OTHOCHTEIIbHBIX
JacTOT.

DTarml IIePBHYHON 00padoTKH BEIOOPKH:

1 .PamyKHpoBaHHe OITBITHRIX JaHHBIX (PaclonokKeHHe 3HAYEeHHH IIPH3HAKa 110 YOBRIBAaHHIO
HITH BO3PacTaHHIO).

2 .YacTOTHBIN aHaIIH3 (TIOCTPOEHHE CTaTHCTHYECKOr O psfia, oIpejelieHHe OTHOCHTEIbHBIX
JaCTOT).

3. I'pyrmupoBKa (YacTOTHaS TaOyIIAIHI BEIOOPKH ).

Bonpocst u 3a0 auu:

1. HMMerorcsa crnenyroimue pgaHHele 00 vycereBaeMOCTH 20 CTYAEHTOB TIPYIOIBL 110
CTaTHCTHKE B JIETHIOIO ceccuro. 4, 4, 3,5, 2, 2,5, 3,3,3,5,3,2,4,3,2,3,5,5, 4. llocTporre:
P pacIpeleIeHHs CTYAEHTOB 1o OauiaM OLIEHOK, PSJ pacIpeelleHHs CTYIEHTOB IO YPOBHIO
YCIIEBAEMOCTH, BBIAECIIHNB B HEM JBe TPVIIIEI CTYAEHTOB. HEVYCIIEBAIOIHE H YCIIEBAIOIIME.
M300pasnuTe KaKabIH H3 PSIOB I'Pa(pHIeCKH.

2.IToCcTpOHTh KPHBYIO H THCTOIPaMMY CYMMbI HAJIOTOBBIX HEYILIAT, 3a(PHKCHPOBAHHBIX
ITO YCIIOBHBIM PETHOHAM CTPaHBIL, JJaHHBIE 110 KOTOPEIM ITPHBEIEHE] B TaOIHIlE (B MIIH. pyO0.):

21 43 72 84
22 54 75 32
26 49 77 45
27 53 78 65
28 54 81 12
NOKYMEHT NMNOANnMCAH {3 24
SNEKTPOHHOWM NOANUCHIO
Ceptuchukar: 12000002A633E3D113AD425FBS0002000002A6 R4 54
Bnapeneu: lLebayxoea TateAHa AnekcaHapoOBHa
84 34
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39 68 88 41

3.JlaHa MCXOHAS BRIOOPKA ITO POCTY H BECY CTYAEHTOB I'PYIIIEI:

Poer 160 168 175 B0 170 169 162 LAty 1A% 160 158 173 1h2 173 156
Bee 4% 58 69 f 4 GO 70 51 f 0 t 7 54 48 58 4 4 50 56

Omnpegemte 00beM BBRIOOPKH. COCTABhTE PAaHKHPOBAHHBIN M BAapPHAIMOHHBIN PSABI IO
Ka KIOMY H3 ITPH3HAKOB.

4 IIoCTpOHTH THCTOIpaMMYy HarpysKH Ha OJHOIO CIIEIOBATells II0 PACCIeIOBAHHBIM
YT OJIOBHBIM J€JIaM I10 JaHHBIM TaOIHI[bL:

["ombl 1995 1996 1997 1998 1999 2000 2001 2001 2003
IIo mmHuH | 63.2 49.6 41 31.5 32.3 32.4 37.9 34.2 36.2
MB/]

IIo mmuuu | 17.2 16,9 15.5 15.1 16 17.7 18.2 18.3 19.7
ITPOKYPaT YPBI

S.TPH BaPHdHTd HCXOJHBIX JaHHBIX TaOJMIBI HIKE — PE3VIIETATDI TEHE(l)GHHLIK
IICPETOBOPOB B MHHVYTAX COTPYIHHKOB TPCX OTACIIBHBIX GH}"}I{ﬁ B TCHUCHHES pﬂﬁGIIETD JHA.

TpeOyeTcs cocTaBUTh HHTEPBAIbHEIH PSJT pacIpelelIeHH.

No 1 2 3 4 5 6 7 8 9
BEIOOPKH

Cryx06a 1 1,9 2,6 3.1 3.3 2.1 2,0 4.7 0,9 2.8
Cryx0a 2 6,9 1.1 3.6 1,0 7,0 2,1 8,7 1.0 8.0
Crryx06a 3 4,7 6,8 3.8 3.1 1.8 7,1 9,2 8.1 4.0

6. JlaHa BeIOOpKaA 7,3,3,6,4.3,5,1.2.1,3. IlocTpouTts BapHAIMOHHBIN PAx. OIPeIelIHTh
pa3Max BEIOOPKI.

Ilpakmuueckaa paboma 23-24. Toueunsie oueHxku. Ilonamue UHMEPEWILHOZ0
OueHUGaHUA. /[oéepumelbHAA 6€POAMHOCIL U NPedeibHaAA owndKa 6vlooprku. OueHKa
XAPaKmepucmuK 2eHepaibHOol CO60KYRHOCHI N0 MAJIOIU 6bLOOPKe.

Ilens: popMHpoOBaHHE OCHOBHBIX ITOHSTHIH MaTeMaTHYeCKOH CTaTHCTHKH ITIpH 00paboTKe
PE3VYIIbTATOB SKCIIEPHMEHTA.

Teopemuueckan uacmes:

YicIIoBEIE TIOKa3aTell, XapaKTEPH3VIOIHE TI'eHepalbHYI0 COBOKYITHOCTB, Ha3BIBAIOT
napamempamil, a YHCIIOBBIE TIOKa3aTelM, XapaKTePH3YIOIMHE BBIOOPKY,—  6bl100pOYHbIMIL
xapaxmepucmuxamy — WIH  cmamucmurxavy.. — BBEIOOPOUHBIE — XapPaKTEPHCTHKH  SBIISFOTCS
IMPHOIILKEHHBIMH — OILIEHKAMH  TEHEPAJIbHBIX ITapaMETPOB. ITO BEIHYMHEL  CIIYYaHHBIE,
BAPBHUPVIOIIHE BOKPYIT CBOHMX TItapaMeTpoB. OIEHKH Te€HEPAIBHBIX IIAPaMETPOB IIO
BLIOOPOYHEIM XapaKTepHCTHKAM MOT'YT OBITh TOUEUHEIMH H HHTEPBAIb HBIMH.

['eHepalbHBIE XapaKTEepPHCTHKH, IJIH IIapaMETPBl, IIPHHATO 0003Ha4yaTh OyKBaMIH

I'pedyecKoro aadaBHTa, a BLIOOPOYHEIE XapaKTePHCTHKH - JIATHHCKOro. BerGopounas cpegaas X
ABIISIETCS OLIEHKON T'eHEPAILHOM CPeIHell @, BEIOOPOYHAS AMCIIEPCHS §,—OLEHKOH TeHepanTbHO

AHCIICPCHH O._rzj d CpPCIHEEC KBaJAPATHYCCKOC OTKJIOHCHHE Sy — OL[EHKOH CTaHIapPTHOI'O

oTKIOHeHHSI O y, XapaKTepH3VIOHIETO TI'eHEPaIbHYIO COBOKYITHOCTL. JTO moueyHbvle OljeHKlL,
IIpeJICTaBILIIONHE COOOH HE HHTEPBAIBI, a 4rHciaa («TOYKHY»), BBIMHCIAEMBIE IO CIIYYaHHOH

OOKYMEHT noagnmncAH
SNEKTPOHHOMU NOANNCHIO 1eMmble K moUeUHbIM OUEHKAM.
Ceptudbukar: 12000002A633E3D113AD425FB50002000002A6 | s
Bnapeneu: Liebayxoea TaTbAHa AnekcaHapoBHa ALTHHBL - CILYHaHHbIC, - BapbHPYIOHIHE - BOKPYT

OM HE COBIIAJalOT C HHMH IO aOCOIFOTHOH
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BelIMyHHe. {119 TOro 4roOBl CTAaTHCTHYECKHE OI[eHKH JaBalH «XOPOIIHe» ITPHOIHKEHHS
OILIEHHBAEMBIX IIapaMeTPOB, OHH JOIKHBEI VYAOBIIETBOPATH OIPEAEIECHHBIM TpeOOBaHHM M.
OLIEHKH JIOIDKHBI  VIOBJIETBOPSATH II0 MEHBINEH Mepe CIeAVIOIMM TpeOOBaHHSIM. OBITh
COCTOSITEILHBIMH, 3() PeKTHBHEIMH H HeCMEII[EHHBIMH.

ToueyHass OIlEHKa CTAaTHCTHKH Ha3BIBACTCS cocmosmenvHoll, €CIH IIPH YBEIIMYCHIII
00beMa BRIOOPKH OHA CTPEMHTCS K BEIHYHHE T'eHePalIbHOI'O ITapaMerpa. Tak, UId IreHepaIbHOH
CPEeMHEN COCTOSTEIIFHOH OLIEHKOH SBIISETCS BRIOOPOYHAS CPeIHSIS, JUIS I'eHepaJIbHOH IHCIIEPCHH
COCTOSTEJIbHOH OILIEHKOH OYAeT BEIOOPOYHAS JUCIIEPCH L

ToueyHas OlleHKa Ha3bIBAETCA 2¢hghexmiieHotl, ECIIH OHa HMeeT HaHMEHBIIIYIO JHCIIEPCHIO
BLIOOPOYHOIO PaCIIpele]IEHHSI II0 CPaBHEHHIO C JAPYTHMMH aHAJIOTHYHBIMH OIEHKaMH, T. €.
OOHAPYKHBAET HAMMEHBIIYIO CITYYAHHYIO BapHAI[HIO.

OlleHKa HAa3bIBAETCA HecMeujeHHoli, €CIH MareMaTH4YeCKOoe OJXKHJaHHE ee
BEIOOPOYHOI'O pacpedelIeHH S COBIIaIaeT CO 3HAaUEHHEM I'eHEPATTBHOIO IIapaMeTpa.

BbioopouHan cpeaHsn

[IycTy miIg H3y4YeHHS TeHepalbHOH COBOKYIIHOCTH OTHOCHTEIIBHO KOIIHYECTBEHHOIO

IIPpH3HaKa X H3BJIeUueHa BEIOOpPKa 0OBEMA n.

Ha3bIBAKOT CPCIHEC ﬂpHd)METH‘IECI{GE SHAYUCHHE IIPH3HAKaA

BBIOOpPOYHONH CPENHEH X,

BEIOOPOYHONH COBOKYITHOCTH.

Ecin Bce 3sHaueHHS X, X,,...,X, IIpH3Haka BHEIOOPKH OO0BEMA n PA3IHYHEBL, TO

n

X+ X, +...+ X,

'}:E
n
Ecmy ke 3Ha4YeHHT ITPH3HaKa X, X, ,...,X; HMEIOT COOTBETCTBEHHO YaCTOTH f, f,....f,
k
2.5 S,
— =l
,TO X; = *

n

3aMeuanHe. BriOopouyHas cpegHssd, HaHJEHHAas II0 JAHHBIM OJHOH BBEIOOPKH, €CTh,
OYEBHIHO, OIMPEeAEIIEHHOE YHCII0. ECIH Ke M3BIIEKATh APYTHe BEIOOPKH TOrO e 00bhEMa M3 TOH
K€ TEHEPAIbHON COBOKYITHOCTH, TO BBRIOOpOYHAS CpedHSsa OVIET H3MEHSTHCS OT BBIOOPKH K
BEIOOpKe. TakuM o0pa3oM, BEIOOPOYHVIO CPEJHIOI0 MOKHO PacCMAarpHBATh KaK CIYYAHHVIO
BEJIMYHHY, 4, CIEIOBATEeIIbHO, MOKHO I'OBOPHTh O pacIpeleleHHSIX BBIOOPOYHOH CPeIHeH H O
YHCIIOBBIX XapaKTEPHCTHKAX ATOr0 paclpejelleHHs (ero Ha3bIBalOT BEIOOPOYHEIM), B YaCTHOCTH,
O MaTeMaTHYeCKOM OXHIAHHH H JHCIIEPCHH BRIOOPOYHOI'O PACITPEIEIeHH .

BbioopotuHan qucnepcus
Jlma Toro, 4YTOOBI  OXapaKTepH30BaTh paccesHHe HaOIOJaeMbIX  3HAYEHHI

KOIIHYCCTBCHHOI'O ITPH3HAKA ELI@DPIGI BOKPYI CBOCTO CPCAHCI' O 3HAYCHIA X s » BBOIAT CBOIHYIO

XapaKTEPHCTHKY — BEIOOPOYHYIO JHCIIEPCHIO.

BriGopounoit jucniepcueit ), Ha3bBalOT cpefHee apHQMeTHUYECKOe KBaJpaToB

OTKJIOHEeHHS HaOIogaeMbIX 3HAaYeHHH IIPH3HdAKa OT HX CPEAHET' O 3HAUYCHIA X g

Ecnu Bce 3HaYeHHT X, X5 ,..., X, IIPH3HaKa BLIOOPKH 00BEMA N Pa3IMYHEL, TO

n A
Z ('x:' o 'xa )
_ =l
D, = -
NOKYMEHT MNOANMUCAH
SNEKTPOHHOW MOAMUCHIO HMEIOT COOTBETCTBEHHO YACTOTHL [, f5seees [ »
Ceptudmkar: 12000002A633E3D113AD425FB50002000002A6
Bnapeneu: tlebayxopa TaTeaHa AnekcaHapoBHa

Nencreutened: ¢ 20.08.2021 no 20.08.2022
100



S (x, %) f
D _ i=1

&

n
JIerko CHCIIPABHTL» EBI@GPG‘]H}’TO AHCIICEPCHIO TakK, yroOBI €€ MaTeMaTHYeCKOe

OKHIaHHEe OBIIIO PaBHO FEHEpﬂHBHGﬁ AJHCIICPCHI. ﬂGGTﬂTOIJH'D AL 3TOI'O YMHOZKITD Ds Ha

If
IpoOk . Caenas 3TO, ITOIYYHM HCIIPABIEHHYIO JHCIIEPCHIO, KOTOPYIO OOBIYHO 0003HAYAIOT
H -
2
yepes S
& &
Z(Ii_‘xa')_ﬁ Z(Ii_‘xa)_ﬁ
2 h N i=1
s°=——D,_ = = .

n-—1 n—1 n n-—1
M cripaBiieHHas QUCIIEPCH S SBILIETCS, HECMEIIEHHON OLIEHKOH I'eHEPAIbHOH JHCIIEPCHH.

HTEII{:, B KaUcCTBC OIICHKI I‘EHEpﬂHLHGﬁ AHCIICPCHIT IIPHHHMAIOT HCIIPaBICHHYHO
k

Z{If _Ek)jff

1=l

.
THUCIIEPCHIO § = _
n-—1

Kpome agucriepcHu Al XapaKTepPHCTHKH PacCesHHS 3HAaYeHHH ITPH3HAKa BBHIOOPOYHOMH
COBOKYITHOCTH BOKPYI CBOEI0 CPEJHEr0 3HAYEHHS IONB3VIOTCS CBOJHOH XapaKTEPHCTHKOH —

CPEIHIM KBaJApaTHYECKHM OTKIIOHEHHEM.
BEIOOpOYHBIM CpeJHHM KBaJpaTHYECKHM OTKIIOHEHHEM (CTaHAAPTHBIM) Ha3BIBAIOT

KBa{paTHBIH KOPeHb H3 BRIOOPOUHOIT AHCIIEpCHI: O, = 4/D, .

,HJIH OI€CHEKH XK€ CPCAHCI'O KBAAPATHHUCCKOI'O OTKIIOHCHILIA TE:HEPEIJ]LHGﬁ COBOKYIIHOCTH
HCITOIIB3VHOT  «HCIIPABIICHHOC)» CPCAHCC KBAJPATHHUCCKOC OTKJIIOHCHHE, KOTOPOC PaBHO

k
Z(Ifl o ‘fﬁ')ufr
KBaZPaTHOMY KOPHIO H3 HCITPABIIEHHOMN AUCIIEPCHI: § = \ = l
n-—
k g J:- g
(xf_xs)_ﬁ Z(IE_IL)HJCE
Bameuarne. CpapHuBasg GopMynsl D, = = Hs = = 1 , BHLJIHIM,
n n-

YTO OHHM OTJIMYAOTCS JIMIIIb 3HAMeHaTeIsMH. OUeBHIHO, IIPH JOCTATOYHO OONBIIMX 3HAYEHHSIX N
00BEMa BEIOOPKH BBIOOpOYHAS M HCIIPaBIIeHHAas IHCIIEPCHH pa3lHyarorcsa Mano. Ha ImpakTuHke
ITOJIB3YIOTCS HCIIPABIIEHHOM JHCIIEPCHEH, ECITH ITPHMEPHO n<3(0).

IIpumep. Cpean CBHHOMATOK XO3SHCTBA OBIIO BEIOpaHO 04 CBHHOMATKH, JTaHHEIE II0
OIIopocaM CPeIH KOTOPBIX CIEAVIOIIHE:

8:10:6;10;8;5;11;7,10;6:9,7:8:7,9:11,8;9; 10, 8,7, 8: 11,8, 7; 10; 8; 8, 5, 11 8;
10; 12:7:5:7:9:7:10;5:8:9:7:12:8:9:6:7:8:7:11;8:6:7:9: 10.

OmpenenuM cpegHee BBIOOPOYHOE YHCIO IIOPOCAT B ITOMeTaX 64 CBHHOMATOK H
BBIYMCIIHM ITOKa3aTeJIH BapHaL[HH LI STOH BRIOOPKH.

Pemnenne:

BriGopouHas cpeHssa YHcia IIOPOCAT B OIOpocax:

C 5 a64-80s
BTNy oS
OJOKYMEHT NOoAarnMcAH
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k
— 32
Z (.I'{- o x& ) f‘:
D, == =218/64 =341,
n
BBI@GPG‘H—IG& CpcAHCC KBaJPaTHUCCKOC OTKIIOHCHIIC YHCII4 IIOPOCAT B OIIOPOCAX.

0. =D, =341 =185 yopoest

HC]’[I)E]BJIEHH&H ELIﬁGpG‘]HElH AHCIIEPCHA I CIIa ITOPOCHT.

s?=—"_D =64/63%218=3,46.

n—1
HcripaBiieHHOE CpefHEE KBAAPAaTHYECKOE OTKIIOHEHHE YHCIIA ITIOPOCST B OIOPOCax:

s=1/s7 =/3.46 =1,86 opocsr

HMTak, HaMH HaHJeHBI CIEAVIOINE TOUSYHEBIE OL[EHKH ITO JaHHOH BBIOOpPKE:

TOUEYHAasI OI[EHKa CPEeIHEero 4Ymciaa IIOpOoCST B OIIOpocaxX I TI'eHepallbHOI
COBOKYITHOCTH (TO eCTh IIO BCEMY XO3SICTBY): 8,25 IMOpocCHT;

TOYEeYHAasd OI[EHKAa CpPeIHEero KBaApaTHUYeCKOI0 OTKIOHEHHS 4YHCIIA IIOPOCAT B
reHePalIbHOH COBOKYITHOCTH: 1,80 ImmopocHr.

[Ipn BRIOOpKEe Marmoro oObEMa TOUYeYHas OL[EHKAa MOXKET 3HAYHTEIBHO OTJIMYATHCS OT
OILlEHHMBAacMOIr0 IlapaMeTpa, T. €. IPHBOAHUTHE K I'pyObIM ommoOkaMm. Ilo 3ToH IpHYHHE ITpH
HeOOJBIIOM  O0BEME  BEIOOPKH  CIeAYeT  IIOIB30BATHCS  HHTEPBAILHBIMH  OLIEHKAMH.
MHTepBalIbHOM HA3BIBAIOT OIEHKY, KOTOpas OIPEeAelsSeTcS ABYMS YHCIAMH — KOHI[AMH
HHTEpBaja.

[TycTh HafifleHHas 110 JAHHBIM BEIGOPKH CTaTHCTHYecKas XapaKTepHCTHKAa ®  CIIyKHT
oLleHKoil HemsBecTHoro mapaMerpa ® . Bymem cumrats ® mocrosHuHEIM umcaoMm (® Mmoxer

OBITH M CIIy4ailHOH BelmHumHOI). SIcHO, uTo ® TeMm TouHee ompefendeT IapaMeTp & . uem

. Jpyrmvm crmoBamy, ec O >0 m

4
MEHBIIIE a0COIIOTHAs BEIMYHHA Pa3HOCTH |® - ®

\@—@*

< CS:, TO HEM MCHBIIIC CS‘:, TeM OIlcHKa TOuYHee. TakKHM GﬁpﬂBGM, ITOIIOAHTCIIBHOC

YHCIIO O XAPAKTCPH3YET TOYHOCTE OIICHKI.
OIHAaKO CTaTHCTHYECKHE METOIBI He TII03BOIISIHOT KaTCIOPHYCCKIH VYIBCPHRIATh, YUTO

oreHka ® yIOBIETBOPSIET HEPABEHCTBY |® HONPY . MOXHO JIMIIIb TOBOPHTH O
BEPOATHOCTH ¥, C KOTOPOIH 3TO HEPABEHCTBO OCYIIECTBIIAETCSL.

HaméxHocThIO (OBEPHTEIBLHOI BEPOSTHOCTBIO) OIeHKH ® 110 ®"  Ha3BIBAIOT
BEPOSITHOCTE ¥, C KOTOPOH OCYIUECTBIIIETCSI HEPABEHCTBO ‘@ — @1:‘ < O . OGBIYHO HaZIEKHOCTD

OLIEHKH 3aJaéTcs HallepEN, IIPHYEM B KauecTBe ¥ OepyT YHCIIO, ONM3Koe K eAuHHIle. Hanbomee
YacTO 3aJar0T HAJEKHOCTh, paBHVYIO 0.95; 0,99 1 0,999.

[TycTh BepoATHOCTH Toro, uto |® —® | < S5 | pasma y: P u@) —®

-:cSJ:;v’.

< O PaBHOCIIBHEIM €My JBOIHEIM HEPaBEHCTBOM

P
3aMeHHB HEPABEHCTBO ‘@ —®

# % %
- 6<®-0 <o, FUTH ® -06<B<® +, FIMEEM
r . 1
NOKYMEHT NoanncAH
SNEKTPOHHOWM NOOANUCHIO
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JToBEpHTEIBHEIM HasblBatoT HHTepBAL (&) — O, + O), KOTOPBII ITOKPLIBAET HEH3BECTHBIN
TTapaMeTP C 33/IaHHOI HaJEKHOCTBIO )/ .

JloBepHTEIbHBIE HHTEPBAJIBI I OHNEHKH MATEMATHYECKOI0 ORHMAAHHSA
HOPMAJIBHOT0 pacupeae/IeHHs IIPH H3BeCTHOM O .

IIycTh KONHMYECTBEHHEIH IIPH3HAK X TEeHEPAIBHON COBOKVIIHOCTH pacIpelelEH
HOPMAJIFHO, ITPHYEM CpeJHEe KBaApaTHUYECKOe OTKIIOHEHHE O 3TOr0 PacIIpelelIeHHs H3BECTHO.
TpeOyeTcsa OIleHHTh HEHM3BECTHOE MaTeMaTHYecKoe OKHJAaHHEe ¢ TIO BRIOOPOYHOMH cpefHeil X .
[IocTaBMM cBOeH 3ajayedl HAHTH JOBEPHUTEIBLHBIE HMHTEPBANIbI, ITOKPBIBAIOIIHE ITApAMETP d C

HaJISKHOCTBIO V.

Econ coyuaitnas BenmuynHa X paclipefielleHa HOPMAJIbHO, TO BRIOOPOYHAS CPegHII X |,
Halj[eHHas TI0 He3aBHCHMBIM HaOJIIOJeHHSM, TakKe paclipejie]leHa HOpMallbHO. IlapameTpsl

paclipcaciICHHA X TaKOBHI:

— — o
M(X)=a, o(X)=—.
Jn
HPI]H_H:B BO BHIMA4AHIIC, YTO IIO YCIOBHIO HdM 3dJdHd BEPOATHOCTD J/, ITOJIYH4aCM

CIIEAYIOMIYEO (pOopMyITy (YTOOBI ITOTYYHTH pabouyio (POPMYITY, BRIOOPOYHYIO CPEIHIOD BHOBB
0003HAaYHM Yepe3 X )

Pi-1 cacx+iZ |—20,t0)=7.

Jn Jn

CMBICIT ITOIIYVHEHHOI'O COOTHOMHICHHA TAKOB:. C HaJEXKHOCTBIO Y MOXHO YTIBEPXIATh, UTO

_ 1O _
JOBCPHICIIBHBIH HHTCPEAII X——, X+ — IIOKPBIBAET HEH3BCCTHBIH IIapaMETp d .

to
vn o An

o)
TOYHOCTDL OIICHEH O =——.

Jn
y

VKakeM ellé, YTO YICIO ¢ onpefendercs u3 paBeHcTBa 2D, (1) = ¥, win D, (1) = = ;

2

nmo TaOmmie (QyHkpH Jlalraca HaxXOASIT apryMeEHT f, KOTOPOMY COOTBETCTBYET 3HAUEHHE

¢yHKIHH Jlammaca, papHOe — .

2

Hapgé»xHocTh ;/20:95 YKA3BbIBAET, YTO E€CIH IIPOH3BEAEHO JOCTATOYHO OOJIBIIIOE YHCIIO

BBIOOPOK, TO 95% H3 HHX OmpejeNsaeT TaKHe JOBEPHTelIbHbIe HHTEPBAJIbI, B KOTOPBIX ITapaMeTp
JEeHCTBHTEIBHO 3aKIIFOYEH, JIHIIb B 5 % CIIy4aeB OH MOKET BBIHTH 3a T'PAaHHILI JOBEPHTEILHOI O
HHTEpBaa.

JloBepHuTE/IbHbIE HHTEPBAJbI UIA OIEHKH MAaTEeMATHYECKOI0  O/KHJaHHSA
HOPMAJILHOTI'0 pacnpeae/ieHHs IPH HEN3BECTHOM O

[IycTh KONMHYECTBEHHBIH TIIpH3HAK X TIE€HEPAIbHOH COBOKYIIHOCTH PacIIpelellEH
HOPMAaJILHO, IIPHYEM CpelHee KBaIpaTHUeCKOe OTKIIOHEHHE O HEH3BECTHO. 1pedyeTcs OLEHHTh
HEH3BECTHOE MaTeMaTHYeCKOe OJKHAaHHe ¢ C TIOMOIINBIO JOBEPHTEIBLHBIX HHTEPBAJIOB.
PasyMeeTcss, HEBO3MOXKHO BOCIIOIIB30BAThCSI pe3ylbTaTaMH IIPeABIAYINErO Itaparpada, B
KOTOpOM O TIPeJIIoNarajlioch H3BECTHBIM.

OkaspIBaeTCs, YTO IIO JaHHBIM BBIOOPKH MOXKHO ITOCTPOHTH CIYYaHHYIO BEITHYHHY

OOKYMEHT NoanmncAH
SNEKTPOHHOW NnoanncCbio - — . SNV :
Ceptuchukar:  12000002A633E3D113AD425FBS0002000002A6 [bIOJICHTd € k n-1 crereH L GEG@G'M)I? SACCh
Bnapeneu: lLlebGayxoea TateAHa AnekcaHapoBHa

Nencreutened: ¢ 20.08.2021 no 20.08.2022
103



X - ELI@GPG‘IHHH CPCIOHAA, S — {(HCIIPABJICHHOC» CPCAHCC KBAAPAdTHYCCKOC OTKIIOHCHHC, N —

00BEM BEIOOPKH.
[Tomp3yace pacnipeaencHiueM CTBIOAEHTA, HAXOHM:
_ 1S _ 1,5
PX-—"—<a<X+-2=|=7.
\n A\ n
l,s l,s
3HAYHT, JOBEPHTEIBHBII HHTEpBAI | X — ——,X + —— |, IIOKPHIBAeT HEH3BECTHBII

J_ Jn )

ITapaMeTp d ¢ HaAEXKHOCTBIO ¥ .
IIpumep. CrnoydaiiHas BeIMUHHA X — BEC IOIYTOJ0OBAJIOro IOPOCEHKa B XO3SHCTBE (TO
eCTh B I'eHepaJlbHOH COBOKYITHOCTH) - pacIpejieleHa HopMallbHO. 1o BeIOOpKe 00béMa n = 16

HalifleHbl BBIOOpOYHas cpedHsst X=20,2 KI H «HCIIpaBJIEHHOEe» CpeJHee KBaJpaTHYECKOe
orkiioHeHHe s=0,8 kr. OIIEHHTh HEH3BECTHOE MAaTeMaTHYECKOe OJKHIAHHE IIPH ITOMOIIH

JIOBEPHUTEIILHOIO HHTEpBAala ¢ HaJEKHOCTRIO 0,95,
Pemenne: Hamnném l,. [Tonp3ysices Tabmiien, mo ¥ =0,95 1 n = 16 HaxoaHM , =2.13.

HarigéM qoBepHTEIIBHEBIE TPAHHIIEL:

t,s 13-08
-1 500 2308 g e
Jn J16
I S 13.
120 000 2308 o0 6o6ke.

n V16

Hrak, ¢ HagéxHOCThIO 0,95 HEM3BECTHBIN ITapaMeTp d 3aKIHOUYEH B JOBEPHTEIFHOM
HHTepBaie 19,774<a <20,626 (xr).

JloBepuTe/IbHBIE HHTEPBAJIBI IS OIIEHKH CpPeJHero KBaaApar HYecKoro OTKJIOHeHH A
O HOPMAJILHOI'O pacnpeae/ieHns

[IycThb KOIMHMYECTBEHHBIH TIPH3HAK X TI€HEepaJIbHOH COBOKVIIHOCTH PpacIpelel€H
HOpMaJbHO. TpeOyeTcs OIEHHTR HEH3BECTHOE TEHepajlbHOE CpelHee KBaJApaTHYECKOe
OTKIIOHEHHE O TII0 «HCIIPaBIEHHOMY» BEIOOPOYHOMY CPeIHEMY KBaAPaTHYECKOMY OTKIIOHEHHIO
S.

JOBEPHUTENIBPHEIN HHTEPBAN, ITOKPHIBAIOIIHI ITapaMeTp O C 3aJaHHOH HAJEXHOCTBIO Y
HaXOJST IT0 CIIEAYIOMIEH (POpMYIIE:

s(l—g)<o<s(1+q).

31eCh ImapaMeTpP ¢ OIPEMEISIIOT, ITOIB3YIOTC S TaOIHIIEH IIPHIIOKEHHS 2, a S HAXOMAT I10

BEIOOpPKE.
IIpumep. Coy4daiiHas BelIHUHHA X — BeC ITOIYTOJ0BAaIOro ITIOPOCceHKa B X03SHCTBE — (TO

eCTh B TI'e€HepaJIbHOH COBOKYIIHOCTH) pacIipefieIEH HopManbHO. [lo BeIOOpke o0BEMa n=25
HAHJEHO <@CIIPABIIEHHOE» CpeJHee KBagpaTHYeCKOoe OTKIOHeHHe s=0,8 Kr. Hantu
JIOBEPHTEILHBIN HHTEPBAJI, ITOKPRIBAIOIIHH I'eHEPAIbHOE CPeAHee KBaAPaTHIECKOe OTKIIOHEHHE
O ¢ HaJé»KHOCThIO 0.95.

Pemienne: 1o Ta0mrie mo gaHHEIM ¥ =0,95 i n=25 HangaéM q=0,32.

M CKOMBIN JOBEPHTEIBHBIN HHTEPBAJI TAKOB:
0.8 (1-0,32)< 0<0,8 1(1+0,32), wn
0 544< 0 <1,056 (k).

JJ,GH"J"’MEHT rnoan MCAH PHMET BHA

SNEKTPOHHOW NOAMUCHIO
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3axa4a 1. ITo JaHHBIM BbIOOPKH, YIOBJIETBOPAIONIE HOpMAIEHOMY 3aKOHY pacrp €/leJI€HHs, BbIYHCIIHT:
1) gqoBepHTENBHBI HHTEP Bal 1A MaTeMaTHYeCKOT0 OKHJIaHHA TPH JI0BEPHTEILHOH BepOSTHOCTH 7,
2) noBepHTENBHBIH HHTEP Bal /1A Cp eOHEro KBaJjpaTHUYECKOI0 OTKJIOHEHHA JIJIA TOI'O 7K€ 3Ha4YeHHA ).

A) 7=0.999

8.0 -1.1 13.5 10.0 2.4 4.1 20.0 12.4 13.4 48 7.8 0.0 109 13.7 6.6

B) 7= 0.95

31.6 34.9 46.9 42.8 36.0 26.2 28.6 48.5 27.7 45.8 32.0 41.2 39.8 33.1 36.3 53.5 43.9 35.8 32.9 34.4

B) y = 0.999
25.4 31.1 13.2 23.0 19.1 26.5 23.2 29.2 24.8 26.6 29.3 21.4 28.2 38.2 19.9 30.6 24.5 23.2.

3amaya 2. Ilo pgaHHBIM BBIOOPKH, VIOBJIETBOpPAMIEH HOPMAaIbHOMY 3aKOHY pacrpedeleHHA cO CPeaHHM
KBaJIpaTHYECKHM OTKJIOHEHHEM 5 , BRIYHCIHTL JIOBEPHTENBHBIH HHTEpPBAJ A1 MAaTEMaTHUYECKOIO OKHIAAHHA IMpH
JIOBEPHTENBHOH BEPOATHOCTH 7.

s=7,7y=0.99

134 8.6 22.1 23 146 13.0 11.1 294 233 1.7 13.6 2.1 216 6.1 8.6 66 160 11.6 16,6 1.6 15.8
189 10.6 11.9 0.1 10.7 38 -3.6 154 79

4.5 17.7 10.8 19.6 18.5 155 93 21.7 6.6 10.5 104 8.2 16.0 22.6 205 11.6 23.2 230 95 11.3 149
199 134 139 19.5 19.8 21.0 3.2 14.0 19.1

179 8.6 11.2 162 139 16.2 17.1 7.7 125 2.7 165 20.2 155 145 56 165 123 99 119 17.6 6.6
203 9.7 13.2 174 5.1 13.0 233 6.8 9.8

15,5 162 184 9.2 57 109 88 74 162 99

Ilpakmuueckas paboma 25-26. Cmamucmuueckan nposepKd 2unomes.
Ilens: copMHpoOBaTh IIPeJCTAaBIEHHE O METOZAX M IPHHIHIIAX IIPOBEPKH

CTAaTHCTHYCCEIIX T'HITOTCS.
T eopemuuecKkan 4wiIcmas.

CTaTHCTHYECKOH HA3BIBAIOT THIIOTE3Y O BHJAE HEH3BECTHOIO paclpelelleHHsI, HIH O
ITapaMeTpaxX H3BECTHBIX paclipedencHu. Hapsay ¢ BRIABHHYTOH THIIOTE30H pacCMaTpHBAIOT H
IIPOTHBOPEYAIIYIO €H THITOTe3Y. ECIHM BRIABHHYTasI THIIOTe3a OyIeT OTBEPTHYTa, TO HMEET MECTO
IIPOTHBOPeYaIas ruroresa. [1o 3ToH IIpHYMHE 3TH THIIOTE3HI HENec000pa3HO pa3iIHyaTh.

HyneBoit (OCHOBHOIT) Ha3bIBaIOT BBIIBHHYTYIO THIIOTE3Y H ).

KoHKypupyroleit (anpTepHaTHBHOIT) Ha3bIBalOT THITOTe3y [ |, KOTOpas MPOTHBOPEUHT

HYIIEBOI.

BreigBHHYTass TrHIIOTE3a MOKET OBITH IIPABHJIPHOM MJIM HEIPABHIBHOH, IIO3TOMY
BO3HHKAeT HeOOXOAHMOCTh €& IIPOBePKH. 1I0CKOIBKY ITPOBEPKY IIPOH3BOMAIT CTATHCTHYECKHMI
METOIaMH, €€ Ha3bIBAaIOT CTATHCTHYECKOH. B HTOre CTaTHCTHYECKON ITPOBEPKH THITOTESEl B ABYX
CIIy4YasX MOXET OBITh IIPHHATO HEIPABIWIHHOE PEIIEHHE, T. €. MOI'YT OBITH JOITYILEHBI OIIHOKH
IBYX POJIOB.

Onmoka IIepBOro poAa COCTOMT B TOM, UTO OYJAET OTBEpPrHyTa IIPaBHIILHAS THIIOTE3A.
Orrndka BTOPOro poAa COCTOHT B TOM, UTO OYIIET IIPHHATA HEITPaBIIbHAS THIIOTE3A.

JIIst TIPOBEPKH HYIIEBOH T'HITOTE3BI HCIIOJIB3VIOT CIIEIHAIBLHO ITOMO0PAHHYIO CITYYaHHYIO
BEJIMYHHY, TOUHOE MM ITPHOMIKEHHOE pacIIpefellcHHe KOTOpPOH H3BeCTHO. OO003HAYMM 3TY
BETTHYHHY B IIETSIX OOIHOCTH yepes K .

Cmamucmuyeckum xpumeptem (JUIH IIPOCTO KPHTEPHEM) HAa3BIBAIOT CIIYYAHHYEO
BelIHYHHY K , KOTOpas CIIyKHT JUIS IPOBEPKH HYIEBOH IHITOTE3EI.

[Iocne BeIOOpa OmpeHell€HHOIO KPHUTEPHS MHOKECTBO BCEX €r0 BO3MOKHBIX 3HAYEHMI
pa30HBarOT Ha [Ba HEIEPECEKAOINMMXCS ITOAMHOXKECTBA. OIHO M3 HHUX COJEPAUT 3HAUCHISI

NOKYMEHT MOANUCAH OTBEPIacTCAaA, a Jpyrad — IIPH KOTOPBIX OHa

SNEKTPOHHOW NOAMUCHIO
Ceptudurkar: 12000002A633E3D113AD425FB50002000002A6
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OOmacThi0 TMPHHITHA THITOTe3hl (00IacThIO JONMYCTHMBIX 3HAUEeHHI) Ha3BIBAIOT
COBOKVYITHOCTE 3HAUYEHHH KPHTEPHS, ITPH KOTOPBIX I'HITOTE3Y ITPHHHMAFOT.

OCHOBHOH ITPHHITHIT IIPOBEPKH CTAaTHCTHYECKHX THIIOTE3 MOXKHO C(POpPMYJIIHPOBaTh TaK:
eClIH HaOroJacMOe 3HAUeHHE KPHUTEPHS IIPHHAMIEKHT KPUTHYECKOH OOIIACTH — THIIOTE3Y
OTBEPraroT, €CIIH HaOMOJacEMOE 3HAUEHNE KPUTEPHUS IPHHALJIEKHT OOJIACTH IIPHHSITHS THITOTE35I
— TUITOTE3Y IIPHHHMAFOT.

B obGmactu crarucTHki H GHOMETPHH B YaCTHOCTH ITPHMEHSIOT JBa BHIA CTaTHCTHYECKHX
KPHUTEPHEB. napamvempudeckiie, IIOCTPOEHHBIE HA OCHOBAHHH ITapaMeTPOB JTaHHOH COBOKYITHOCTH

(HaIIpHMEpP, X H s°) H IIpeJCTaBILIIONTHE (PYHKIHH STHX ITapaMeTpPOB, H Henapamempudeckile,
IIPeJICTABILIOIIHE COOOH (DYHKIMH, 3aBHCSIINHE HEIOCPEACTBEHHO OT BapHaHT JaHHOM
COBOKYIIHOCTH C HX 4YacToTaMH. IlepBBIe cIyXKaT g IIPOBEPKH THIIOTE3 O ITapaMeTpax
COBOKVYITHOCTEH, paclpelesseMbIX [0 HOPMAIbHOMY 3aKOHY, BTOpPble — IS IIPOBEPKH PabOUIX
THIIOTe3 HEe3aBHCHMO OT (OPMBI pacIpellelIeHHs COBOKYITHOCTEH, H3 KOTOPBIX B3STHI
CpaBHHBaeMbIE BEIOOPKH. [ IpHMeHEHHE ITapaMeTPHYECKHX KPHTEPHER CBI3aHO ¢ HEOOXOMHMOCTBIO
BBIUHCIIEHHS BEIOOPOYHBIX XapaKTEPHCTHK — CPEIHEH BEJIMUMHEL M ITOKa3aTelleH BapHallHH, TOraa
KaK ITpH HCIIONb30BaHHH HellapaMeTPHUYECKHX KPHTEPHEB TaKas HEOOXOAHMOCTh OTIIaJ acT.
t-kpurepui CrbrogeHTa (t-pacnpeneieHne). AHITOIICKHIT MareMaTHK B. I'occer
(meyaTaBIIMIiCSI MOJ IiceBAZOHHMMOM CThiOfeHT), B 1908 r. Hamen 3aKoH paclpelelIeHHS

BEJIHYHHEBI [ = B KOTOPOH TIeHepalbHBII MapaMeTP ¢ 3aMeHeH Ha €ro BBIOOPOYHYIO

X—H

2
alin
XApPAKTEPHCTHKY Sy, T. €. HAIIEIl 3aKOH pacnpeoeieniis 3HAYeH Uil

X—

S/\/E‘

OTKpPBITEIH  CTRIOJIEHTOM H TEOPETHYECKH OOOCHOBaHHBIN P. @HIIEpOM 3akoH |-
pacnpeodeneriis CIYXHT OCHOBOH TaK Ha3bIBAEMOH TEOPHH MAJIOH BBIOOPKH, KOTOpas
XapaKTEpH3YeT pachpelelleHHe BBEIOOPOUYHEIX CPEIHMX B HOPMAIBHO PaCITpeIelSOINeCs
COBOKYITHOCTH B 3aBHCHMOCTH OT OObeMa BEIOOPKH. t-paclpefelIeHHe 3aBHCHT TOIBKO OT
YHCIIa CTETNEHEH CBOOOMARI kK = n—1, IIpHYEM C YBEIHYEHHEM 00beMa BEIOOPKH #1 [-PaCIIpeIcIIEHHE
OBICTPO MPHOIDKAET CA K HOPMAIbHOMY C mapaMeTpaMi u =0 H ¢ = 1 H yxKe npH n>30
HEe OTJIMYAEeTCs OT HErO. DTO BHAHO M3 TaOIMIBI HHKE, B KOTOPOH ITPHBEIEHBI Ta0yIIMPOBaHHBIE
3HAYEHH A [-PaCIIPeIeNIeHIS H HOPMAJIbHOTI'O PaCIIpeelIeHHs JJIS Pa3sHEIX 3HAaUEeHHH !.

I-_

HopMvuposaHHoe OTKJIOHEHHE /
PacripeaeneHue
0,5 1.0 1.5 2,0 2,5 3,0 3.5
HopmarmbHoe 0.383 | 0,683 | 0,866 | 0.955 | (0.988 0,997 0,9995
CTBIOZIeHTA TIPH 0,333 | 0,577 | 0,728 | 0.816 | 0.870 0,905 0,927
n=3
n=20 0.377 | 0.670 | 0.850 | 0,940 | 0,978 0,993 0,998
n =30 0,383 | 0,683 | 0.866 | 0.955 | 0.988 0,997 0,9995
NOKYMEHT MNMoanncAH _
SMEKTPOHHOM MOANUCHIO ‘MBasg JOPYr C APYIOM [JBE HE3aBHCHMEIE
Ceprudvkar:  12000002A633E3D113AD425FB50002000002A6 OIIMHXCSI COBOKYITHOCTEI ¢ TTapaMeTpaMH L H
Bnapeneu: Lebayxoea TateAHa AnekcaHgpoBHa YHM Yepes D:, TO eCTh fi;- _1££;3=D:. a JIHCITEPCHIO

paMeTPOB HEH3BECTHBI, OJHAKO ITO0 BEIOOpKaM
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MBI MOXKeM HaHTH BEIHYHHEI ELIﬁGpG‘IHBIX CPSAHHX H Pa3HOCTh MCKAY HHMH X, —.X, ,

KOTOPYIO 0003HAYHM d, TO ecTh A — Xy = d.

H}’HEEHH I'HITOTE3a CBOJHTCH K IIPCAIIOIIONRCHHIO, HYTO Wy=i2, TO CCTb D=0.
KPHTEPHEM AJLA ITPOBEPKH Ho-rHumoressr CIIYHT OTHOIIICHIEC

_d = — )

\)

[

d

IJie ¢ — IepeMeHHas BEIIMYNHA, CIEAYIOas [-pacipeaeineHuo CThIOJEHTa C YHCIIOM
CTeIleHeH CBOOOIRI kK = n; +n2 — 2, a sp - OIMOKa YKa3aHHOM Pa3HOCTH, a n; H n2 - 0OBEMEI
IIEPBOH H BTOPOH BEIOOPOK COOTBETCTBEHHO.

Tak Kak, cormacHO Ho-rwvmorese, wy=u2, TO (-KpHTEPHH BBIPAXKAETCSI B BHJE OTHOIIEHHS
Pa3HOCTH BEIOOPOYHEIX CPEJHHUX K CBOEH OINMOKE, T. €.

A

H{]-I‘I]]’[GTEB}" OTBEPIdOT, CCIH QJHKTI[IIEGKH YCTaHOBJICHHAaA BCJIHYIHA [(-KPHTCPHA

(obo3HauaeMasl f3) IPEB3OHAET WM OKa’KeTCS PaBHOH KPUTHUYECKOMY 3HAYEHHIO tip 3TOMH
BETHYHHBI IS IIPHHSITOr0 YPOBHS 3HAUHMOCTH o M YHCJIa cTelleHeH cBOOOABI k = ny +n2 — 2, T.

e. IIPH YCIIOBHHU g = tip.
OmuOKy pazHOCTH CPeTHHX Sp ONMPeAesIIOT 110 (popMyIIe:

> =)+ - x)”

n+n,—?2

H]+H1

mn,

S \

IIpumep. U3yuyanu BrausHHe KoOalbTa Ha Maccy Tela KPOIHKOB. OIBIT IIPOBOMIUTH Ha
IBYX TpPyIMIaxX >HBOTHBIX. OIBITHOH H KOHTPOJBHOH. BBRIIH HCCIeOBAaHBI KPOJIHKH B
BO3pacTe OT IIOINYTOpa A0 ABYX MecsaieB, MaccoH Tena 500—600 r. OmeIT IpoaoiIxKancs
IojITopa Mecsia. KHBOTHBIX OOEHX TPVYIIIL COAEPKAIH Ha OJHOM H TOM & KOPMOBOM
parpoHe. OJHAKO OIIBITHBIE KPOJIHKH B OTJIHYHE OT KOHTPOIBHBIX EKEIHEBHO ITOIYYalIH
n100aBKY K palioHy B BHAE BOAHOro pacrBopa mo 0,06 r xmopHcTtoro xkobamnsTa Ha 1 Kr
KHUBOH MAacCHI Tella. 3a BpeMs OIThITa KHBOTHBIE AN CIIEIVIOIHE ITPHOABKH KHBOH MacCC bl
Tela:

IIpuBecCEL, T OTKIIOHEHHS OT cpeHeH |KBajapaThl OTKIIOHEHHI
apH(MeTHYECKOMH
OIIBIT KOHTPOIIb OIIBIT KOHTPOIIb OIIBIT KOHTPOJIb
(x, — X)) (x,~ X,) (x,—x) | (x,—-x,)

580 504 38 22 3364 484

692 560 34 34 2916 1156

700 420 62 106 3844 11236

621 600 17 74 289 3476

640 580 2 34 2 2916

561 530 77 2 5929 16

680 490 42 36 1764 1296

630 580 8 54 64 2916

470 56 3136

NOKYMEHT NOANMUCAH
ANEKTPOHHOWM NMNOANUCHIO
CepTudpmkar: 12000002A633E3D113AD425FB50002000002A6 ——
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X, =638 X, =526 — — 3. =46806

£

CpenHue apH(pMeTHYECKHE IIPHBECOB:

B onBITE x, = 5104/8= 0638 T,

B KOHTPOIIE ;324734@ = 520 r. PasHuna ,r-:_,—£=d = 112 r. YtoOH

YCTaHOBHTE, AOCTOBCPHA HIIH CH}*"IEIIUIHE], JTa Pa3HHI4d, HYMXHO OIIPpCACIIHTDb GI_T_[HﬁI{}*'
Pa3HOCTH CPCOHHX!

_ | 46806 (8491 _ 7368 -27.14

Sh -
8+9-2 \ 89

Otcroma ty = 112/27,14=4,1.

[To TaGmmaie st ypoBHA 3HaUNMOCTH a = (0,01 u 4mcia crerneHeil CBOOOABI k = 9+8—2=
15 HaxommM typ, = 2,95. Tak kak f3 > tip, HyIEBas THIIOTE3a OIIPOBEPracTCsI Ha BHICOKOM
ypoBHe 3HauynMocTH (P<0,01). PasHmia MeXay CcpeIHHMH BelIHUYHHAMH OITBITa H
KOHTPOJISA OKa3alach B BBRICIIEH CTEIIEHH JIOCTOBEPHOI.

[IpaBHIIbHOE TNIPHMEHEHHE ITapaMeTPHYECKUX KPHTEPHEB IS IPOBEPKH CTATHCTHYECKIX
THIIOTE3 OCHOBAHO Ha IPEMIONOKEHHH O HOPMAIbHOM PACIPENEIIEHHH COBOKYITHOCTEH, H3
KOTOPBIX B3STHl CPaBHHBacMbI€ BRIOOPKH. OMHAKO 3TO HE BCErla HMEET MECTO, TaK KaK HE BCE
OHMOIIOTHYECKHE IIPH3HAKH PaCIIPEJEIsSIOTCS HOpMalbHO. HeMaloBaXKHBIM SBIIIETCS M TO
OOCTOMTEIIFCTBO, UTO HCCIEHOBATENI0 TMPHXOAHUTCS HMETH JIEI0 HEe TOJIBKO C
KOJIMYEeCTBEHHBIMH, HO H C KaUeCTBEHHBIMH TIPH3HAKaMH, MHOTHE M3 KOTOPBIX BBIPAKaIOTCS
TMOPSZIKOBEIMIH HOMEPAMHM, HHIAEKCAMH M JIPYTHMH VYCIIOBHBIMH 3HaKaMH. B TakKHX CIIy4dasx
HeOoOXOMMO HCIIONB30BATh Henapamenmpiiieckiie KpunepLil.

M3BecTeH LENBIH Pps HellapaMeTPHUYECKHX KPHTEPHEB, CPedH KOTOPHIX BHIHOE MECTO
3aHINMAIOT TaK HasbIBaeMBIE paHnzo6vle Kpumepiil, ITIPHMEHEHHE KOTOPBIX OCHOBAaHO Ha
PAHKHPOBAaHHK WIEHOB CpaBHHBAaeMBIX TIPVII. IIpH 3TOM cpaBHHBArOTCA He caMH IO cebe
YJIEHBI PaHXHPOBAHHBIX PSIOB, a UX ITOPSAKOBBIE HOMEPA, HIIM PaHIH. Jlalee MBI pacCMOTPHM
HEKOTOPEIE HElMapaMeTpHYECKHe KPUTEPHI, IIPHMEHIeMBIE JIJIS TIPOBEPKH HYIIEBOH THIIOTE3BI
IIPH CpaBHEHHUH KaK HE3aBHCHMEBIX, TaK M 3aBHCHMBIX BEIOOPOYHEIX I'PVIIIL.

U . Kparepuii YWwikokcoHa (MamHa—YurHm). [wmoresy o0 IIpHHAIIEKHOCTH
CpaBHHBAaEMBIX HE3aBHCHMBIX BEIOOPOK K OJHOH H TOH K& IeHepaIbHOH COBOKYITHOCTH IIH K
COBOKYITHOCTSIM C OJHHAKOBBIMH ITapaMeTpaMH, T. €. Ho-THIToTe3Y, MOKHO ITPOBEPHTH € IIOMOIIBIO
panzoeozo kpumepus Yunkoxcona (Manna—Yumnuy).

Jl1s pacuera U -KpHTEPHSI HEOOXOIHMO:
1. PacmooXuTe 4YHCIOBEIE 3HAUeHHS CPaBHHBAEMBIX BEIOOPOK B BO3pacCTaIOINEM
IMOpSAKE B OAHH OOIMMH PpsSg H IIPOHYMEPOBATh 4YWIeHBI o0O0Imero psmga or 1 1o

N = N, +N,. (3tn HoMepa H OYAYT «paHTaMH» YIEHOB Psa.)
2. OTaensHO A1 KaXJ0H BEIOOPKH HAaHTH CYMMBI PAHTOB H OIPEAEIIHTE BEIIHUHHEL,

n,(n,+1)
2
H
n,(n,+1)
U-j — R-E - — —
NIOKYMEHT MOANVCAH 2
SNEKTPOHHOW MOAMUCHIO | y y
Cepruchukar: 12000002A633E3D113AD425FB50002000002A6 MMaMH DaHI'OB [IEPBOH H BTOPOH BEICOPKH.
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3. B kadecrtBe U-KPHTEPHH HCIIOJIIb30BdaThk MCHBIIYIO BCIHYHHY U@'J:. KOTOPYIO

CPAdBHHTE C TaOIIHYHEIM 3HaYeHHEM Ukp Y CIIOBHEM IS COXPdHCHIA HPIH-[HTDﬁ Ho-rHrIoressr

CIIVHT HEPABCHCTBO UQ'J > Uﬁ;p. KpHTH‘IECI{HE TOYKH U ~-KPHTCPHA Uﬁ:p HIIA iy, M2 H

IIPHHUMAEMOT O YPOBHSA 3HAUUMOCTH a coJepkarca B Tadnuie 3 IIprwioxeHus.
IIpumep. Ha aByx rpymmax 1a00paTOPHBIX MBIIEH — OIIBITHOH (r; = 9) H

KOHTPOIBHON (72 11) — m3y4yamH BO3JEHCTBHE Ha OPraHH3M HOBOIO IIpernapara.

McneiTanue npoaonKainock oquH Mecsll. 1locine 3Toro Macca Teia JXKHBOTHBIX, BRIPaKeHHa s

B I'paMMaX, BapbHpOBala CIeAVIOIHM 00pa3oM:
B omneiTHOH rpyine 80, 76, 75, 64, 70, 68, 72, 79, 83.
B xoutponpHom rpymmie 70,78, 60, 80, 62, 68, 73, 60, 71, 66, 69.

BerumcnanumMm 1mo BerOopkaMm: X =74,1 u X, =68,8.

[IpoBepHM C ITOMOIIBIO U -KpHTEPHS, SBJSETCS JIH Pa3HOCTh B Macce Tela MexXIy
OIIBITHOH H KOHTPOIBHOH I'PYIIIIAMH MBIIIEH CTaTHCTHYECKH JOCTOBEPHOH.

CYMMHPYS PaHTH OTAENBHO JIISI KaKJOH I'PYIIIIEI, HAXOJHM:

Ri= 4+64+9+12+14+15+17+19+20=112;

Ro= 14243+5+7+8+10+11+13+16+18=94.

[TomcTaBusgeM 3TH JaHHBIE B (DOPMYIIHL:

v —112-219 12

:67 U?:94— 22
2 * ) 2

MeHBIII BelMuHHY U> = 22 cpaBHHBaceM C TaOIHUYHBIM Uk 3HaYeHHeM U1 11;=9,
P

n2=11 M YpOBHSA 3HAYUMOCTH a=0,01, KOTOpOE paBHO Ukp =19.

[Tockonbky Ugb sU kp, OTBEPrHYTb  IIpoBepseMyro  Ho-rHroresy  Hemb3s

CrlaemoBaTelbHO, pasIHuHsd, HaOIrogacMble MeXKAY STHMH BBIOOpPKaMI, CTaTHCTHYECKH
HENOCTOBEPHEL. BRIOOPKH HE HMEIOT 3HAUHMBIX OT JIHYHIA.

Kpurepui 3HakoB z. B Tex cioyyasx, Korga pe3yiabTaThl HaOIIOIeHHH
BRIPa’XKaTCSI HE YHCIAMH, a KaueCTBEHHBIMH IIpH3HAKaMH, IIPHHHMAIOIUMH IBa
Pa3lIHYHBEIX 3HauYeHHI (IMoMedYaeM HX 3HakKaMH IIOc (+) H MHHYC (—)), pa3mH4HI
MeKAY TOMAapHO CBS3aHHBEIMH YJIEHAMH CPaBHHBAeMBIX BBEIOOPOK OIEHHBAIOT C ITOMOIIBIO
kpumepus 3Haxkoeé z. KOHCTPYKIHS 3TOro KpHTepHSA OasHpPYeETCsI Ha BechbMa ITPOCTBIX
COOOp@KEHMSIX. €CIHM IIONApPHO CpaBHHBAacMBIE 3HAYEHHSI JBYX 3aBHCHMBIX BEIOOPOK
CYILECTBEHHO HE OTJIHYAIOTCS APYT OT APYyra, TO YHCIIO INIFOCOBBIX M MHHYCOBBIX Pa3sHOCTEH
OKa’KeTCS COBEPIINEHHO OAMHAKOBBIM, €CIIH K€ 3aMETHO IpeodIafaroT IUIFOCHI M MHHYCEL, 3TO
OyJleT yKa3bIBaTh Ha IIOJIOXKHTEIIbHOE HIIM OTPHI[ATElIbHOEe AEeHCTBHE H3ydaeMOro (pakTopa Ha
Pe3VIIbTAaTHBHBIN TIPH3HAK. bombIlllee YHCIIO OJHO3HAUHBIX PasHOCTEH CIYAKHT B KadecTBE
(paKTHYECKH HaHJAeHHOH BEIMYHHBI Z-KpPHTEpHS 3HAKOB. [IpH 3TOM HYyIIeBBIe Pa3HOCTH, T. €.
CIIy4aM, He JABIIME HH ITOJIOKHTEIILHOIO, HH OTPHI[ATEIIBPHOIr0 pe3yiabTara, 0003HayaeMBIE
nudgpoii 0, B pacyeT He IPHHHMAIOT H YHCIO TAPHBIX HaOMIOJEeHHH COOTBETCTBEHHO
YMEHBIIAETCSL.

Kak H BCIKHH JApYyroH BEIOOPOYHBEIH IIOKa3aTellb, Z-KPHTEPHH 3HAKOB SBJISETCS

DATUIIUIIATT ATNATATATT AT omuruT ana mnaeDKH Ho-THITIOTEeRBL. T. . IIDEIIIONOKEHHSI O
NOKYMEHT NOANUCAH P 0 :' bel

SNEKTPOHHOW MOAMNCHIO CpaBHHBAa&MBIe BBLIOOPKH, MMEIOT OIHMHAKOBLIE
Ceprudhkar: + 12000002A633E3D113AD425FB50002000002A6 AETCS, €CIH Zp > Zip AL TIPHHATOTO YPOBHS
Branensiy, unRRIPRA Teee AT IERrRcRYE B3SATBIX 03 HYyJIEBBIX pasHocTell. Kpuruueckue
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TOUKH Zip OIS ABYX YPOBHEH 3HAUMMOCThL M YHCIIA IAapHBIX HAOMIOAEHUII COAEpPKATCS B
TaOJIHIE.

Bonpocet u 3a0 auu:

1. Jlma u3yuyeHHsS >(Q(EeKTHBHOCTH HOBOIO IIpelapaTra Kejie3a OBIIH BBIOPAaHBL JBE
TPVIINIEL MMAIlHEHTOB C aHEMHeH. B IepBOH TI'pPVINIe MalfHeHTH B TeUeHHE ABYX HEIElb
ITOJIYYalIH HOBHIH ITpelapaT, a BO BTOPOH rpymie - nmoiayuanu rmanebo. Ilocme atoro
OBIJIO ITPOBEJEHO H3MEpPeHHe YPOBHSA TreMorjioOHHa B IepH}epHYecKOH KpoBH. B
IIEPBOH T'PYIIE CPpeJHHH YPOBEHb reMor100HHa cocTaBHI 115,4+1,2 1/11, a BO BTOPOH -
103,7£2,3 r/n (maHHBIe TIpeJAcTaBIeHBI B  ¢opmaTre M+m), CcpaBHHBaeMEIE
COBOKVITHOCTH HMEIOT HOPMAJILHOE pacrnpeaeiaeHHe. [IpH 3TOM UYHCIEHHOCTL IIEPBOH
TPYIIIEL cocTaBuiia 34, a Bropon - 40 mamueHTOB. HeoOXoaMMo caenars BBIBOJ O
CTAaTHCTHYECKOH 3HAYHMOCTH ITOINYYEHHBIX Pa3JIHYHH H 53PQEKTHBHOCTH HOBOTO

IIpCIldpaTad KCJIC34a.

2. Tlocne mpoBeJeHHA BaKLHHAL[HH OT TPHIIIA cpeJH CcTyJeHTOB MeJHLIHHCKOT0 YHHBepcHTeTa OBIJIH
roaBeqeHbpl pe3yabTaThl: H3 500 BakIHHHpPOBaHHBIX B IIepHOJ] 3MHAeMHH 3abonenH rpuHmnroMm 20
yenoBek, H3 1600 oTkazaBmHXcd OT BakKLHMHalHH rpHrmnoM 3abonenH 200 uyenoBek. OLjeHHTe
3((PEeKTHBHOCTh BaKI[HHALIHH OT TPHIIIIA.

3. VyeOHoOH YacThio OoOHOH H3 Kadegp MeJHLIHHCKOI0 YHHBEPCHTETA OBLIIO MPOBEJEHO HCCJIeJOBaHHE
YCIMEBAEMOCTH CTYJAEHTOB B 3aBHCHMOCTH OT IIOCEM[aeMOCTH NeKILHH. /InA CcTYOEHTOB, I0CETHBIIHX
MEHEE MOJIOBHHBI JIEKLIHOHHOTO Kypca (n=36), cpeaHAa olleHKa Ha 3K3aMeHe cocTaBuna 3,2, ¢1=0,2.
11 ¢cTYZeHTOB, NMoceTHBIMHX Oomee 90% nekiyii nmo npeaMmeTty (n=150), cpenHas olleHKa Ha 3K3aMeHe
cocTaBHla 4,5, ¢°=0,5.ChgenaiiTe BbIBOJ O JOCTOBEPHOCTH pa3JHYHH yCIIEBAEMOCTH CTYJEHTOB B
3aBHCHMOCTH OT I10C €IaeéMOCTH JIEKIL[HH IT0 IIp EqMETY .

4. Pe3ypTarhl TECTHPOBAHM A 110 30-0aJIbHOM IIKale A1 IPYIOIEL X H IPVYIIILL Y IIPEICTaBIICHE]
B TaOmmile. CpaBHHTE 3P(PeKTHBHOCTh JIBYX MeTOJ0B OOYUeHHSI CTYASHTOB B JBYX I'PYIIIAX IS
YPOBHS CTaTHCTHYECKOH 3HAYHMOCTH [3 = 5%.

X 18 10 7 15 14 11 13
Y 15 20 10 8 16 10 19 7 15 14 129

5. VueOdHO-MeTOaHIecK0e H HHPOPMAIHOHHOE 00 ecneveHne JUCITHILIHHbI
IlepedyeHb OCHOBHOH JIMT €PATYPhI

l1.I'ycak, A. A. Bricimasg marematnka. Tom 1: yueGHmx / A. A. I'ycak. — MHHCK:
TerpaCucremc, 2009. — 544 ¢. — Pexxam nocrya: http://www .iprbookshop.1u/28059 html
2.I'ycak, A. A. Bricrmag matematnka. Tom 2: yuyeOHmk / A. A. I'ycak. — MHHCK:

TerpaCucremc, 2009. — 446 ¢. — Pexxum gocrtyra: http://www.iprbookshop.ru/28060.html

IlepevyeHnb JOIOJTHHT €JILHOH JIMT €PATYPbI

| MTHOuMBHAVAIbHEIE 3aJaHHS 10 BRICIIEN MaTeMaTHKe. HacTe 1. JIMHeNHHas H BeKTOpHAA
anreOpa. AHaMTHYecKasd TreoMeTpHSI J(uddepeHImanbHOe HCUYHCIeHHe (QYHKIIMH OIHOM
nepeMeHHOH: yueOHoe mocoOne / A. II. Paoymko, B. B. Bapxaros, B. B. Jlepxapen, U. E.
IOpyTh, mox pemakipien A. I1. PaOyinko. — MunHck: Beinmramnasg mkomna, 2013, — 304 ¢ —
Pexrmv moctyma: http://www.1prbookshop.1/20266.hitml.

2 UHaAuBHAVAIIbHEIE 3aJaHHS 10 BEICIIEH MaTeMaTHKe. HacTe 2. KOMIIIEKCHEBIE YICIIA.
HeorpeneneHHsle H OIpelielIeHHbIE HHTerpaibl. @OVYHKIMH HECKOIBKHX IepeMEHHBIX.
OOBIKHOBeHHBIE JH(](epeHIHalbHbBIe YpaBHeHHS. yueOHoe mocobue / A. 1I. Padymko, B. B.
bapxaroe, B. B. Jlepxagen, U. E. IOpyre, mox pemakipen A. II. Pabyiuko. — MHuHCK:

Brinmsrimas IIIKOJIA, 2014. — 397 C. — Pexaim IOCTYVIIA:
hitp7/ AOKYMEHT MOAMUCAH 11
SNEKTPOHHOW NOANUCHIO el Marematuke. Yactes 3. Pagel. KpartHele H

Ceptudcbmkar: 12000002A633E3D113AD425FBS0002000002A6
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B. bapxaros, B. B. /Jlepxagew, M. E. IOpyre ; mox pemakien A. 1I. Pabyiko. — MHHCK:
Bremmaiimrasg mxoma, 2013, — 367 ¢. — Pexamv gocrtyma: hitp://www .1prbookshop.mu/2021 1. html.
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1. O0mme moJ10KeHHA

CaMocTosTellIbHAA paboTa - IDIaHHpyeMas VYueOHas, y4eOHO-HCCIeIOBaTEIbCKAL,
Hay4YHO-HCCIedoBaTeIbCcKas pad0oTa CTYAEHTOB, BBHIIIOJHIeMasI BO BHEAYIHTOPHOE (ayAHTOPHOE)
BpeMd II0 3aJaHHIO H TIPH MeTOAHYECKOM PYKOBOACTBE IIpernojaBarensi, HO 0e3 e€ro
HEITOCPeACTBEHHOIr0 y4acTHSI (IIpH YacTHYHOM HEIIOCPeJCTBEHHOM YYacTHH ITpelojaBaTells,
OCTaBJIIIOMIEM BEIYIIYIO POIb 3a PaOOTOH CTYEHTOB).

CamocTtosarenbHasa padora cTygeHToB (CPC) B BY 3e gBngeTcs BaKHBIM BHAOM Y4eOHOM
H HayYHOH [JedTrelIbHOCTH CTyAeHTa. CaMocTtoarenbHasd padoTa CTYAEHTOB HIpaeT
3HAUNUTEIBHYIO POJIb B PEHTHHIOBOH TEXHOIOIHH OOYUYeHHS.

CamMocTosTenbHAS paboTa SBISETCS BaKHeHIneH (OpMOH YCBOEHHS 3HaHHH. B xoje
CAMOCTOSITEJIbHOM PpaloThl CTYAEHTHl VYSACHSIOT 3HAHMSA II0 KOHKPETHOH TeMe VY4eGHOro
MaTepHalia, 3aKPeIUIsSIOT M YTOYHSIOT VYK€ H3BECTHBIE H OCBAaHBAIOT HOBBIE KaTETOPHH.
CTanKHBasCh ¢ HEJOCTATOYHO ITOHSTHBIMH 3IIEMEHTAMH TeMEI, CTYASHTHI CTPEMSITCS HaXOIHTh
OTBETHI HJIH (PHKCHPOBATH BOIIPOCHL JUIS ITOCTAHOBKHM H VYICHEHHS HX Ha KOHCYIIBTAI[MH C
ITPEerofapaTeieM HIIH BO BpeMs IIPAKTHYECKOI'O 3aHITHS.

3aJayl CaMOCTOSTEIIbHOH PabOTEL COCTOST B CIIEAVIOIIEM:

1. Pa3BHUTE IOrHYeCKOE H aITOPHTMHYECKOE MBIIIUIEHHE.

2. BripaboTaTrh IepBHYHBIE HABBIKH MAaTeMaTHUYeCKOI'O HCCIIEJOBAHMS IIPHKIAJHBIX
BOIIPOCOB.

3. BripaboTars HAaBBIKH JOBEACHHS PEIIEHHS 3aadyd A0 IIPHEMIEMOrO IPaKTHYECKOr O
pe3ynbTaTa — 4HCHa, I'paHKa, TOYHOIO Ka4eCTBEHHOI O BRIBOJA C ITPHMeHEHHeM aJleKBaTHBIX
BBIUH CIIMTEIbHBIX CPEACTB, TaOIHII, CITPABOYHHKOB.

4. Bripa®oraTh YMEHHE CaMOCTOSTEIBHO pa30HpaTrhbCcs B MaTeMaTHYECKOM allapare,
IIPHMEHSIEMOM B JIMTepaType, CBA3aHHOH CO CIIEI[HAIILHOCTBIO CTYIEHTA.

5. Hayuurp onepHpoBaTk aOCTpakKTHEIMH OOBEKTaMH M aJcKBAaTHO VIIOTPEeOISTH
MaTEMAaTHYECKHE IIOHSTHS M CHMBOIBI JJI BBIPaKEHHS KOIMYECTBEHHBIX H KauyeCTBEHHBIX
OTHOIIIEHHII.

CaMocTosTEIbHASA padora CTYAeHTa 10 YUeOHOH JUCIFIIIMHE « MaTeMaTHKa) BKIFOYAET
IIOATOTOBKY K IIPpaKTHYECKHM 3aHATHSIM H  BRINIOJIHEHHE IIPaKTHYECKHX  3aJlaHII,

CAMOCTOAT CIIbHOC H3YHYCHHC TCM }"‘IE@HGI‘G MATCPHA4lla IIO pEI{DMEH,[[}"EMGﬁ JINTCPATYpPC H C

UOTINTTERNR AT AM T hANUATITTNIIHLTY Naeruvnen®R

OJOKYMEHT NoanmvucAH
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[InaHHpyeMBle pe3yIbTaTh
0Oy4YeHHS 1O JHCI[HITIHHE

Koz, dopmymHpoBKa Ko, opMymHpoBKa HHIHKATOPa (MozyTmo),
KOMIIETEHI[HH XapaKTePH3YIOIHE STAIIbI
( OpMHPOBAHH I

KGI'vﬂ’[ETEHI_[Hﬁ: HHAHKATOPOB

OIIK-3: CriocobeH N /1-1omx-3 [Iprvensier | Pemmaer mpodeccHOHAIBHEIE
ITPHMEHSTH MaTeMaTHYeCKII armapar | 3aJadn, IIPHMEH SIS
COOTBETCTBVIOIIHIT aHATIN THYECKOM reOMETPHH, | COOTBETCTBYIOIIHH  (PH3HKO-
(pH3HKO-MaTeMaTHUYECKHH | THHEHHOH armreOpel, | MaTEMAaTHUECKHH — armiapar,
armapaT, MeTOABI aHamn3a | JH(depeHIHaIEHOI O H | METOJIBI aHal3a H
H MOJIETIHPOBAHH L, HHTETPATIbHOI'O HCUHCIIEHHS | MOJEITHPOBAHH,
TEOPETHYECKOTO H () YHKITHH OJHOH ITepeMeHHOM. TEOPETHUYECKOTO 151
3KCIIEPHMEHTAILHOTO N /1-201m-3 [IprmMeHsIeT | BKCIIEPHMEHTATIEHOTO
HCCIIENOBAaHHS IIPH MaTEMaTHUYECKHI arrapar TEOPHH | HCCIEIOBAHIS.
peIeHHH () YHKITHH HECKOJIbKIX
Npo()eCCHOHAIIPHBIX 3aJla4 | IIEpeMEHHBIX, TEOPHH (D YHKI[HI

KOMIUIEKCHOT'O IIePEMEHHOTO,

TEOPHH PSIIOB, TEOPHH

TG pepeHIHAIBHBIX YPaBHEHHI.

N /1-3omx-3 [ IprveHseT

MaTeMaTHYeCKHI dIllIapaT TCOPHH
EEPOHI‘HGGTEﬁ H MaTeMaTHYeCKOH

CTAaTHCTHKH.
N J1-domx-3 [ IprMeHseT
MaTeMaTHYeCKHH arrapar
YHCIIEHHBIX METOHOB.

CepTtudimkar:

2. Ieab M 3212498 CAMOCTOAT€JIbHOH PadoThI

Benyimasg 1enp opraHuszaiiiy M ocyilecTBIeHHS CPC coBmamaer ¢ Ielbio O0yYeHHS
CTyIeHTa — (opmMHpoBaHHe HaOopa OOIIeHAyYHBIX, IPO(eCcCHOHATBHBIX H CIIEI[HaTbHBIX
KOMITETeHINI Oyayiero 6akaiaappa 10 COOTBETCTBYIOIIEMY HAITPaBIIEHHIO ITOITOTOBKH

[Tpu opranmzain CPC BaKHEIM H HEOOXOIHMBIM YCIOBHEM CTAHOBSITCS () OPMHPOBaHHE
YMEHHSI CaMOCTOSATEIBHON PadoThl IJI IPHOOPETEHHS 3HAHHI, HABBIKOB H BO3MOKHOCTH
OpraHM3aIHy Y4eOHOH H HaYYHOH JeSTelIbHOCTH. L]elnbro caMocToSTenbHOH PadoThl CTYAEHTOB
SIBIISIETCSA OBIaJeHHe (DYHJAAaMeHTaIbHBIMH 3HAHHAMH, HPO(eCCHOHAIbHBIMH YMEHHSIMH H

HaBbIKdaMIT  OCATCIIBHOCTH  IIO  IIPO (1)1 [IIO, OIIBLITOM  TBOPHE CI{Gﬁ: HCCleI0oBaTEeIIbCKOH

ACATCIIBHOCTH. CaMOCTOATeIbHAasl paﬁm‘a CTYACHTOB CII GGG@GTE}"ET Pa3BHTIHIO

CAMOCTOAT CIIbHOCTH, OTBCTCTBCHHOCTH H OPI'dHH30BAHHOCTH, TBOPHUCCKOI'O ITOAXO0Ad K PCIICHHIO

npo0ineM y4eOHOI0 H PO eCCHOHAIBHOI O YPOBRHSL

. 1 o s

[IOKYMEHT NOANMUCAH
SNEKTPOHHOW NOANUCLIO

12000002A633E3D113AD425FB50002000002A6 3HAaHHH H

IIOJIVHCHHBIX  TCOPETHHCCKIIX

Bnageneu;
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- VIIyOJIeHHe 1 pacHHpeHHe TeOPeTHYEeCKHX 3HAHHIA,

- (popMHpOBaHHE YMEHHI HCIIOIB30BaTh HOPMATHBHVIO, ITPABOBVIO, CIIPABOYHYIO
JOKYMEHTALIHIO H CIIEIIHATILHYIO JINTEPATYPY,

- pasBHTHE ITO3HABATEIIFHBEIX CIIOCOOHOCTEH M AKTHBHOCTH CTYAEHTOB. TBOPYECKOH
HHHITHATHBEI, CAMOCTOSTEIIbHOCTH, OTBETCTBEHHOCTH H OPraHH30BaHHOCTH,

- (opMIpPOBaHIE CAMOCTOSTEIBHOCTH MBIIIIEHHS, CITOCOOHOCTEH K CaMOpPa3BHTHIO,
CaMOCOBEPIIEHCTBOBAHHIO H CaMOpPealIH3alHH,

- pPa3BHTHE HCCIIELOBATENbCKHX YMEHHII,

- HCIIONIb30BaHHe MaTepHalla, COOPaHHOIO H ITOJIYYEHHOI'O B XOJE CaMOCTOSTEIIbHBIX
3aHSATHH Ha CeMHHapaX, Ha IIpaKTHYeCKHX H 1Ia0OpaTOPHBIX 3aHATHSAX, IIPH HalTHCAHHH
KYPCOBBIX H BBIOTYCKHOH KBalTH(pHKAI[HOHHOH pador, Mg 53(QQeKTHBHOH IIOATOTOBKH K

HTOI'OBBIM 3aYcTaM H SK3aMCHAM.

3.T exHorornveckasn KapTa CaMOCTOHAT eJIbHOH pﬂﬁ OThbI CTYICHTA

Nencreutened: ¢ 20.08.2021 no 20.08.2022

O06beM YacoB, B TOM YHCIIE
BHI negrellbHOCTH (acTp.)
Romr CIYACHTOB CpencTBa H KoHTakTH
peanH3yeMBIX
KOMITeT eHTTt TeXHOJIIOTHH as pabora
OLIEHKH CPC C Bceero
IIpernogara
TelleM
1 cemecTp
OIIK-3 [IoaroroBka K JekIusaM | KoMroiekr 1,215 0.135 1.35
3aJaHHH H
BOITPOCOB I10
paszernam
IHCIHIUIHHEI
OIIK-3 IloaroToBka K Komimiekr
ITPAKTHYECKHM 3aJlaHHH H
3aHATHSIM BOITPOCOB I10 4,86 0,54 5.4
paszzenaMm
JIHCLIHIUIHHEI
OIIK-3 CaMOCT OSITEIIEHOE Komrekr
H3YUEHHE JIMTEPATYPRI 110 | 3aJaHHH U
TemaM 1-20 BOITPOCOB IIO 42.525 4,725 47.25
paszjenam
ITHCLIHITITHHBI
Hroro 3a 1 cemectp 48,6 5.4 54
OIIK-3 IloaroroBka K Bonpocsl Kk 36,45 4,05 40.5
IK3AMEHY IK3aMEHY
2 cemecTp
OIIK-3 | [IoaroToBka K JIEKITHSIM | Komimiekr
NOKYMEHT NMOANUCAH i’
CepTuchukar: 'IEﬂtﬂggzﬂzgggﬂlgﬂ%?g;gﬁcﬂzgGGGGGEAE COB 110 1,08 0,12 1,2
Bnapeneu: lebayxoea TateAHa AnekcaHapoBHa IaM
TUTHHBI
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OIIK-3 IloaroroeBka K Komruiekt 2,16 0,24 2.4
ITPaKTHYECKHM 3aJaHHH 1
3AHSTH M BOITPOCOB IIO
pasenam
JTHCITHIUTHHBI
OIIK-3 (CaMOCT OSITEIIEHOE Komruiekt
H3Y4YEHHE JINTEPATYPEI 110 | 3aJaHH H
TeMaM 21-26 BOITPOCOB IIO 17,685 1.965 19.65
pasaenam
ITHCITHIUTHHEBI
Hrtoro 3a 2 cemectp | 20,925 2,325 23,25
OIIK-3 IloaroroBka K Bonpocsl Kk 30375 3375 33,75
IK3IAMEHY IK3IAMEHY
HToro 136,35 15,15 151,5

4.Hﬂpﬂ,[[ﬂlﬂ BbIIOJIHEHHS CaAMOCT 0ATEJILHOH pﬂﬁﬂ'l' bl CTYACHT OM

4.1. Memoouueckue pexomenoaiiii no pabome ¢ yuebuoil aumepamypoil

[Ipn pabore ¢ KHHIOH HeOOXOMHMO ITOZOOpaTh IHTEPATYPY, HAYYHTLCS IIPABHIIBHO €€
YHTaTh, BECTH 3allHCcH. J[71g mog0opa IUTepaTyphl B OHOIHOTEKe HCIIONMb3YIOTCS al(DaBHTHEIH H
CHCTEMATHYECKIIT KaTalIOlH.

BaXHO IMOMHHTE, YTO Pal[HOHAIbHbIE HABBIKH PadOThl ¢ KHHIOH - 3TO BCerja OOIbIIas
SKOHOMH I BDEMEHH H CHIL.

[IpaBHIBLHEIH TOAOOP VYeOHHKOB PEKOMEHAYETCS IIPeIlofaBaTeileM, YHTAROLIIM
TIEeKIHOHHBIN Kypc. HeoOxommmas miTepaTypa MOXKeT OBITh TaKKe YKa3aHa B METOQHUYECKHX
pa3paboTKax I10 JaHHOMY KYPCY.

M3yyasg maTepHan mo yueOHHKY, CIeAyeT IEPEXOAUTh K CIEAYIOIIEMY BOIIPOCY TOIIBKO
IIOCIIE TIPABWILHOIO VSACHEHHMS TIIPEABIAVIIETO, OIMCHIBAas Ha OyMare BCE BBIKIAIKH H
BBIYHCIIEHHS (B TOM YHCIe Te, KOTOphle B YYeOHHKE OITYINEeHBbl HJIH Ha JIEKIHH JaHbI LT
CaMOCTOST EJIbHOI'O BBIBOJIA).

[Tpu m3yueHHH o000 JUCIFIUIHHEL OOIBINYIO H Ba)KHYIO POIIb HI'PaeT CaMOCTOSTEIbHAS
HHINBHYalIbHas padora.

Ocoboe BHHMaHHE CIeAyeT OOpaTHTh Ha OIIpPelelIeHHE OCHOBHBIX ITOHSTHII Kypca.
CTYIEeHT IOJKEeH IMoApoOHO pa30Hparh ITPHMEPBI, KOTOPEIE IMOSCHSIOT TaKHE OIpedelIeHHS, U
YMETh CTPOHUTh AHAIIOTHYHBIE IIPHMEPHl CAMOCTOSTENbHO. HyKHO J0OHBAaThECS TOYHOIO
IIPEACTABIIEHHS O TOM, 4YTO H3YYacllb. [IOIE3HO COCTABIISATH OIIOPHBIE KOHCIEKTHI. lIpH

[IOKYMEHT NOAMUCAH
SNEKTPOHHOW noanuchIio TCTpalil (HEI, CIICIHHAJIFEHO OTBCICHHBIX HGJIH}{)

Ceptudmkar: 12000002A633E3D113AD425FBS0002000002A6

Branefoit [ ISEexosa Torbatis AnSHoaHTPORHE [ OTMEYATh BOIIPOCHI, BBIJACIICHHBIC CTYIACHTOM
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BEIBOBI, MOTYYeHHEIE B Pe3yIbTaTe H3YUeHHI, PeKOMEHIYeTCS B KOHCIIEKTE BRIJIETIATE,
4TOOBI OHH IIPH ITePEeUYHTBIBAHHH 3aITHCEH JTYYIIle 3aIIOMHHAIIHCh.

ONBIT IOKa3bIBAaET, YTO MHOTHM CTYAEHTaM ITOMOTraeT COCTaBJIEeHHE JIHCTa OITOPHBIX
CHTHAJIOB, COJIep KaIlero BaKHEHIIIHe H HaHOoJIee YacTo yHoTpelOsieMble ()OpPMYIIbI H ITOHSTHS.
Takoif THCT IOMOraeT 3allOMHHTH (DOPMYIBI, OCHOBHEIE ITOJIOKEHHS JIEKI[HH, a TakkKe MOJKET
CITY’KHTB ITOCTOSHHBIM CIIPaBOYHHKOM JUIS CTYAEHTA.

UreHHe Hay4YHOIO TeKCTa SBIIIETCS YacThIO ITO3HABATENIPHOH AeATEIbHOCTH. Ee Iemp —
H3BIeYeHHe M3 TeKcTa HeoOXOoauMOoit HHpopMaiii. OT TOro Ha CKOIbKO OCO3HAHHA YHTAaFOIIHM
coOCTBeHHAasI BHYTPEHHSS yCTaHOBKa ITIpH OOpaIleHHH K Ie4aTHOMY CJIOBY (HAHTH HYy KHBIE
CBeJleHH S, YCBOHTh HH()OPMAIHIO ITOJTHOCTBHIO HIH YAaCTHYHO, KPHTHUYECKH ITPOaHaIH3HPOBAaTh
MaTepHAJI H T.I1.) BO MHOI'OM 3aBHCHT 3()(PeKTHBHOCTh OCYIIECTBIIIEMOrO JIeHCTBH AL

BEIIETISIOT uemsipe 0CHO6HbLE YCIMAHOGKU 6 UWHIEHUI HAYUHOZ0 MeKCmd:

HH(pOPMAaIOHHO-IIOHCKOBBIA (3ajaya — HAaHTH, BBIJIEITHTH HCKOMYIO HH() OpMAIIHIO)

ycBaHBarom[asA (yCHJIMSA YHTaTelIs HaIlpaBlIeHBI Ha TO, YTOOBI KaK MOJKHO IIOITHEE
OCO3HaTh M 3allOMHHTL KaK CcaMH CBeJeHHS H3lIaracMble aBTOPOM, TaK H BCIO JIOTHKY €ero
PacCyKJIeHHI)

aHATUTHKO-KPpHTHYecKasg (YHTaTellb CTPEMHTCSA KPHTHUECKH OCMBICIHTh MaTepHall,
IIPOAHAITH3HPOBAB €I0, OIIPEIEIIHB CBOE OTHOIIEHHE K HEMY)

TBOpUYecKasd (CO3/aeT y YHTATeIsI IT'OTOBHOCTHL B TOM HIIH HHOM BHJIe — KaK OTIIPaBHOM
IIYHKT JJIS CBOMX pacCyXAeHHH, Kak o0pa3 AN AeHCTBHS IO aHAJOTHH H T.II. — HCITOJIh30BaTh
CYKIEHHS aBTOpa, XOJ ero MbICIeH, pe3ylnbTaT HaOmoJeHHS, pa3pabOoTaHHYIO MeTOOHKY,

IOTIOJTHUTH MX, ITOJABEPTHYTH HOBOI ITPOBEPKE).

4.2. Memoouueckie pexomerHoayiil O NOO20MOEKe K NPAKIMUYECKUM 3AHIMUAM

Iims TOoro 4TOOBI IIPAaKTHYECKHE 3aHATHSA IIPHHOCHIH MAaKCHMAIBHVIO IIOJIBb3Y,
HeOOXOANMO ITOMHHTE, UTO VIIpaKHEHHEe H PeIlleHHe 3ajay ITPOBOJSTCS IT0 BEMHTAHHOMY Ha
JIEKIHSIX MaTepHaIy H CBS3aHBI, KaK ITPaBHIIO, C JeTalbHEIM Pa3z00pOM OTAEeIbHBIX BOIIPOCOB
JIEKIIHOHHOTO Kypca. CreayeT ITOAYEPKHYTh, YTO TOJIBKO IIOCIIE YCBOEHHS JIEKI[HOHHOIO
MaTepHalla C OIIpeJlelIEeHHOH TOYKH 3peHHS (a HMEHHO C TOH, C KOTOPOH OH H3JIaraeTcs Ha
TEKIHSX) OH OYAEeT 3aKpeIlVIIThCs Ha MPAaKTHUYECKHX 3aHATHSIX KaK B pe3ylIbTraTe 0OCYKISHHS H
aHaJIM3a JIEKIIHOHHOI O MaTepHala, TaK H ¢ TIOMONIBIO PEIIEHNS ITPOOIeMHBIX CHTYAIIHI, 3aj1ay.
[IpH 3THX YCIIOBHSIX CTYAEHT HE TOIBKO XOPOIIO YCBOHT MaTePHAll, HO H HAYYHTCS IIPHMEHSTh

ero Ha TIDAKTHKE. a TaKXke TIONIVUHT JOTIONTHHUTENbHBIH CTHMYII (H 3TO O4YeHb BaXHO) I
OJOKYMEHT NoAarnncAH
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CremyeT IIOMHHTB, UTO pelleHHe KaKJoH yuyeOHOH 3ajaul JOIKHO JOBOTHTLCS O
OKOHYATEJIbHOIO JIOTHYECKOIO OTBeTa, KOTOporo TpeOyeT YCIOBHE, H IO BO3MOJKHOCTH C
BRIBOJIOM. IlOITydyeHHBIH OTBET CJIeAyeT IIPOBEPHTHL CITOcCOOaMH, BHITEKAIOIIHMH H3 CYIIEeCTBa
naHHOH 3amayd. I[lomesHo Taxke (ecoH BO3MOJKHO) PpellaTh HECKOJBKHMH CITocOO0aMH H
CPaBHHTL ITONY4YeHHBIe pe3ynbTaThl. PellleHHe 3ajay JaHHOIO THIIA HYKHO IIPONOIDKATh 0

]'[pHGﬁpETEHII_H TBEPABIX HABBIKOB B HX PCIIICHHIIL.

4.3. Memoouueckile pexomenoayiiil NO CAMONPOGepKe 3HAHUII

[Tocnme n3y4eHHs OIpeJelIeHHOH TeMBI ITO 3aIlCSIM B KOHCIIEKTe H YUeOHHKY, a TaKXKe
pPELIeHH JTOCTaTOYHOI'0 KOIHYeCTBa COOTBETCTBYIOIIMX 3aJay Ha IPaKTHYECKHX 3aHSITHSIX H
CaMOCTOSTEIIbHO CTYIAEeHTY PeKOMEHAYETCS, IIPOBECTH CaMOIPOBEPKY YCBOEHHBIX 3HAHHI,
OTBETHB Ha KOHTPOIIbHEIE BOIIPOCHI IO H3YYEHHOH TeME.

B ciryyae HeoOXOAMMOCTH HYKHO €Ille pa3 BHHMAaTeJIbHO pa3o0paThcs B MaTepHalIE.

MHorga HeZOCTaTOYHOCTh YCBOEHHS TOrO HIIH HHOI'O BOIIPOCa BBISCHSIETCS TOIBKO ITPH
H3YYEHHH JaJIbHEHIIEr 0 MaTepHala. B 3ToM ciIydae HaJ0 BEPHYTHCSI Ha3al H IIOBTOPHTh TUIOXO
YCBOEHHBIH MaTepHall. BaKHbIiT KPHTEPHH YCBOEHHS TEOPeTHYEeCKOro MaTepHala - YMEHHE
pelllaTh 3ajayd HIH IIPOHTH TEeCTHPOBAaHHE II0 IIPOHAeHHOMY MaTepHany. OIHAaKO clexyeT
IIOMHHTB, YTO ITPAaBHIILHOE PEIleHHEe 3aJauyd MOKeT IIOJIYYHThCS B pe3ylbTaTe ITPHMEHEHHS

MEXAaHHYCCKH 3aYVUCHHBIX Q)GPI\J}’H Oe3 IMTOHHMaHH I CYIITHOCTH TCOPECTHYUYCCKIX TTOTIOKEHHH.

S5.KoHTpoJub camocToATEILHOI padoThI CTY/IEHT 0B

B paMKax pelTHHIOBOH CHCTEMBI YCIIEBAEMOCTh CTYAEHTOB I10 KaKIOH JHCIHILIIHE
OLIEHHBAETCS B XOJ€ TEKYIIEr O KOHTPOIS H ITPOMEKYTOUYHOH aTTeCTal[HH.
Texkymun KOHTpoJIb

PeHTHHroBasl olleHKA 3HAHHH CTY/EHTA

No By nesarenbsHOCTH CTYIEHTOB CpOoKH Komnmuectso
I/TI BEITIOJIHEHH S 0aU1oB
| HPEII{TIFIECI{EIH Paﬁcrra 4 4 Heqgend 15
2. HPEII{TIFIECI{EIH Paﬁcrra 9 O Heqend 20
3. IIpakTiueckas padora 14 14 Hegensg 20
HTtoro 3a 1 cemectp S5
1. | IlpakTiueckas pabora 4 8 Hemend 25
[IpakTHueckas pabora 7 14 Hemena 30
Hroro 3a 2 cemecTp S5
[NOKYMEHT MNOANUCAH
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