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IosicHuTe/IbHAA 3anIMCKA

s MHOTMX CTYJEHTOB 3HAYUTENIbHYIO TPYAHOCTb MPEACTABISIET pELIEHUE 3aj]ad.
[TosTOMY B IaHHBIX METOAMYECKUX YKA3aHUSAX IJIaBHOE BHUMAHHUE YJIEJICHO PEIICHUIO THUIOBBIX
MPUMEPOB U 3aj]a4, MOSICHSIOIIMX TeopeTuueckud martepuan. OJIHAKO MpexXae 4eM HayaTh
pemars 3TH NPUMEPbl HAI0 MOOUTHCS TOIHOW SCHOCTHM B MOHUMAHHHM COOTBETCTBYIOIIMX
TTOHSITUM.

B Hauane kaxaol TeMbl KpaTKO H3JIAralOTCd OCHOBHBIE TEOPETUYECKHE CBEICHMS
(ompenencuus, GOpMyIbI), HEOOXOIUMBIC HIJsi PEIICHUsS IMOCIEAYIOIMX 3anad. [IpuBomsTcs
pelIeHusl THIOBBIX MPUMEPOB U 3aAau. JlatoTcs ynpakHeHHs Ha 3aKpPEIJICHUSI TEMBI.

BrimonnHeHUe CTyICHTaMU IPAKTHYECKUX padOT HATIPABIICHHO Ha!

- 00001IeHNe, CUCTEMATH3AIIHIO, YIIIyOlIeHUE, 3aKPETUICHUE TTOMYyUYEeHHBIX TEOPETUUECKUX
3HAHUI MO0 KOHKPETHBIM TEMaM;

- ¢popMuUpOBaHUE YMEHUU MPUMEHSTH MMOJYYCHHBIC 3HAHUS HAa MPAKTUKE W PEATH3AIHIO
€IMHCTBA UHTEJUICKTYaJIbHON U TIPAKTUIECKOM JESITEIIbHOCTH;

- pa3BUTHE HHTEIICKTYaJIbHBIX YMEHUU Yy OyAylIUMX CHEIHAIMCTOB: aHAIUTHYECKHUX,
MIPOCKTUPOBOYHBIX, KOHCTPYKTUBHBIX H JIP.;

- BBIPaOOTKY NPHU PEIICHUH IMOCTABICHHBIX 3374 TaKWUX MPOQPECCHOHAIBHBIX KAauecCTB,
KaK CaMOCTOSATENIbHOCTh, OTBETCTBEHHOCTh, TOYHOCTh, TBOPYECKAsI NHULIMATHBA.

B pesynbrate ocBOeHUS yueOHON AUCIMIUIMHBI O0YYArOITUICS JOJIKEH YMETh:

¢ T[IPUMCHATH COBp €MEHHBIN MaTeMaTHYEeCKUI I/IHCTp}IMeHTapI/Iﬁ JJIA peiCHuA
MMPAKTUYCCKUX 3a1a4;

® IIPUMEHATh METOAMKY IOCTPOEHHUS W aHAIN3a MAaTEeMATUYECKUX MOJENIEH UIsl OLEHKU
COCTOSIHHS SIBJICHMM M IIPOLIECCOB B YacTU MAaTEMaTUYECKOrO aHajuu3a, JIMHEHHOU
anreopsl.
B pesynbrare ocBoeHUs yueOHON AMCHUIUTMHBI 00YYarOIUICs TOKEH 3HATh:
® OCHOBBI JINHEHHOH anreOppl U aHATUTUYECKON TeoMEeTpUn
e OCHOBHI AU PEepeHINATHLHOTO U HHTErPAaIbHOTO UCUUCIICHHUS,

® OCHOBBI TCOPHU KOMIIJICKCHBIX YHCCII.



IIpakTnyeckas padora Ne 1

Tema: Onepanuu HaJ MATPULAMH

Heab: HayuuThCs BBIYUCIATH OTMIEPAIlUU HAJl MATPULIAMHU.

Teopernueckmii 60k Onpenenenue. MaTpuiieif U3 m CTPOK, N CTOJOLIOB Ha3bIBAETCS
MPsIMOYTOJIbHAS TaONHWIAa 4YHCEN ; - DJIIEMEHT MATPHIBI; 1-HOMEp CTpPOKH; i=1,...,m; j-HOMEep
ctozbua, j=1,...,n; m, n — nopsaAKu Matpuisl. [lpuy m=n - kBagpaTHas MaTpHIIa.

Omnpenenenue. OnpeaenuTeneM nN-ro NopsiaKa, COOTBETCTBYIOIIUM MaTpPHUIIE, Ha3bIBACTCS
YHCJIO.

J1J1s1 BBIUMCIIEHUS! OTIPESIIUTENST MOKHO MCIIOTIB30BATh JIEMEHTHI TPOU3BOJIBLHON CTPOKH
WJIH CTOJIOTIA.

Omnpenenenue. Anredpandeckium JONOJHEHHE 3JIEMEHTa Ha3blBa€TCs YMCIIO, PABHOE .

Onpenenenue. JIONOJTHUTENBHBIM  MHUHOPOM  3JIEMEHTa  MAaTpPUIBl  HA3bIBAETCS
OTIPEIENIUTENIb MAaTPUIBI N-1-TO TOps/AKA, TOJYYEeHHBIH W3 MAaTPHUIBI BBYCPKUBAHUEM i-OH
CTPOKH | j-TO CTOJIOTA.

TpaHCTIOHHPOBaHNE MATPHIIBI — TAKOE TIPEOOPa30BaHUE MATPHIIBI, TPU KOTOPOM CTPOKH
CTaHOBSITCS CTOJIOIAMH C COXPAaHEHUEM TIOPSIKA CIICTOBAHMS.

CBolicTBa ONpeeTuTeNe.

[Tpu TpaHCTIOHMPOBAHWYU MATPHIIBI OTIPEACTUTEHh HE MEHSETCS.

[Tpu nepectaHoBKe JTHOOBIX IBYX CTPOK (CTOJOIIOB) ONMpEAETUTENh MEHSIET TOIbKO 3HAK.

[Tpu yMHOKXEHMH CTPOKH (CTOJIO11a) HA HEKOTOPOE YUCIIO ONPECIUTENb YMHOXKAETCS Ha
3TO YHCIIO.

Bennunna onpenenurenss He HM3MEHSETCS, €CIU K BJEMEHTaM HEKOTOpPOH CTPOKHU
(cronbia) mpubGaBUTH COOTBETCTBYIOIINE SJIEMEHTHI APYTON CTPOKHU (CTONOIA), YMHOKEHHON Ha
HEKOTOPOE YHCIIO.

Omnpeznenurenb paBeH HYJIIO, €CIH

- BCE AJIEMEHTHI HEKOTOPOI CTPOKH (CTONIOIA) paBHBI HYIIIO.

- IB€ CTPOKH (cTO011a) OJTMHAKOBHI.

- JIB€ CTPOKH (CTOJ011a) ONpeaeauTeNs IpOnOPIUOHATHHBIL.

MeTo1bl BBIYUCIIEHHUS ONPEICITUTEIICH.

1). PaznosxeHue mo CTpoKe Win CTOJOIy.

2). Meroa oOpaiieHuss B HyJIb BCEX, KPOME OJIHOTO, JIEMEHTOB CTPOKH MJIM CTOJIOLA.
MeToa COCTOMT B TOM, YTO C Y4E€TOM CBOMCTB OIpeeNUTeNss MPH TOMOIIM KaKoro-iuoo
cTosiona (CTpoKHd) MyTEM YMHOXKEHHUSI €r0 Ha COOTBETCTBYIOIIME YMCIA U BBIUUTAHUS W3
OCTaJbHBIX CTOJOIOB (CTPOK), 3aHYJISIOTCS BCE DJIEMEHTHI BRIOPAHHOM CTPOKH (CTONOIA) KpoMe
OJTHOTO, TIPUHA/IJICKAIIETO BEIYUTAEMOMY CTOJIOIY (CTpPOKE).

3). Meron mnpuBeneHHs K TPEYroJbHOMY BUAY. AJITOPUTM, MPEAJIOKEHHBIM B
IpeIBIAYIIEeM MYHKTE, HCIIONB3YeTCsS Ul MOCIEIOBATEIBHOTO 3aHYJICHHS BCEX JIIEMEHTOB
MIEPBOM CTPOKH (CTOJIOIA) KpOME OJTHOTO, BTOPOM CTPOKH (CTOJIOIA) — BCEX KpOoMe JBYX U T.J1. B
UTOTE OIPENEIUTENh MPeodpazyeTcss K TPEyroJIbHOMY BHIy. BenndmHa Takoro OmpeaeiuTes
paBHa MIPOU3BEACHUIO AIIEMEHTOB TJIABHOM THAarOHAIH.

4). BeplunciieHHne C HCMOJIB30BaHMEM TeopeMbl Jlammaca, COTJIaCHO KOTOPOWM
OTIPENIENIUTENh - TO TOPSAIKAa paBEeH CyMME IPOHM3BEICHUI BCEX €ro MHHOPOB -TO IOPSIKA,
CTOSILIMX B BBIICTICHHBIX CTPOKax (CToi0LaX), HA UX alnredpanvyeckue TOMOTHEHHUS.

Marpupbl, oniepanuy HaJl MaTpHIIAMHU

Omnpenenenne. CymMMOii  MaTpull OJHOTO TMOpsAKa Ha3bIBAeTCsl MaTpHIla c
3IIEMEHTaMH , T/1e

Omnpenenenue. [lpousBeneHneM MaTpuilbl Ha YHCIO Ha3bIBae€TCS MaTpulla TOTO K€
MOPSAIKA C DJIEMEHTAMH .



Onpenenenne. [IpowsBeneHneM MaTpuilbl  Ha MaTpUIly Ha3bIBaeTCs MaTpuila  C
3JIEMEHTaMHU , I'JIe
3apanus AJs pemeHus HA 3aHATHHI
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BIUUCIIUTD ONPEEIINTEND:

IIpakTnyeckas padora Ne2
Tema: Borunciaenue onpenenureneil. Haxoxaenue oopaTHoii MaTpuubl

Ileab:  HAYYUTHCS BBIYUCIICHUIO OINPEASIUTENCH, BBIYUCISITE OOpPaTHYIO
MAaTpHUILY
Teopernyeckui 0J10K Omnpenenenue. Onpenenurenem n-ro HopsJIKa,

COOTBETCTBYIOIIUM MaTpHIIE , HA3bIBACTCS YUCIIO .

JUJ1s1 BBIUMCIIEHUS! OIIPESIIUTENsT MOKHO HCIIOIB30BATh 3JIEMEHTHI IPOU3BOJIBLHON CTPOKH
WM CTOJNOIIA.

Omnpenenenue. Anredpandeckium JOIOJHEHUE 3JIEMEHTa Ha3bIBAE€TCS YHMCIIO, PABHOE .

Onpenenenue. JIONOTHUTENBHBIM  MHUHOPOM  3JIEMEHTa  MAaTpPUIBl  HA3bIBAETCS
OTIpEIENIUTENIb MAaTPHUIBI N-1-TO TOps/Ka, TOJYYEHHBIH W3 MaTpUIbl BBYCPKUBAHUEM i-OH
CTPOKH U j-TO CTONOIA.

TpaHCTIOHHpPOBaHNE MATPHIIBI — TAKOE MPEOOPa30BaHUE MATPHIIBI, TPU KOTOPOM CTPOKH
CTAHOBSITCS CTOJOLAMH C COXPAaHEHHUEM TOPSIIKA CIICOBAHUSL.

CBoiicTBa onpeaenuTenei.

[Ipu TpaHCTIOHUPOBAHUN MATPHIIBI ONIPECITUTEIh HE MEHSIETCSI.

[Tpu nepectaHoOBKE JTHOOBIX IBYX CTPOK (CTOJIOIIOB) ONpEAETUTENh MEHSIET TOIbKO 3HAK.

[Ipn ymHOXkeHUM CTpOKHU (CTOJIOIa) HA HEKOTOPOE YKCIIO ONpPENEIUTENh YMHOKAETCS Ha
3TO YHCIIO.

Ecnmu Bce COOTBETCTBYIOIIME JJIEMEHTHI KBAJPATHBIX MAaTpPHUI] OJHOTO TOpPsAKa
OJIMHAKOBBI, 32 UCKIIOYCHHEM 3JIEMEHTOB OJIHOM 1-0i1 CTPOKH, TO

Bennunnaa ompenenuTens HE W3MEHSETCS, €CIM K DJIEMEHTaM HEKOTOPOH CTPOKH
(cTonb11a) mpuOaBUTH COOTBETCTBYIOIIME AIEMEHTBI IPYTOH CTPOKH (CTOJIONA), YMHOKCHHON HA
HEKOTOPOE YHCIIO.

Omnpenenurens paBeH HYJIIO, €CIIU

- BCE 3JIEMEHTbI HEKOTOPOI CTPOKH (CTOJIONA) paBHBI HYIIIO.

- JIB€ CTPOKH (CTOJIO11a) OTUHAKOBBI.

- JIB€ CTPOKH (CTOJ011a) ONpeaeauTeNs IpONOPIUOHATbHBI.

MeTobl BBIYUCIICHUS OIIpeaeIuTeNei.

1). PaznosxxeHue mo CTpoKe Win CTOJOIY.

2). Meton oOpaiieHus B HyJb BCEX, KPOME OJIHOTO, 3JIEMEHTOB CTPOKH WM CTOJOIA.
MeTtoa COCTOMT B TOM, YTO C Y4E€TOM CBOMCTB OIIpeleNUTeNss MPH IOMOIIM KaKoro-iuoo
cTosibna (CTpOKHd) MyTEM YMHOXEHHUSI €r0 Ha COOTBETCTBYIOIIME YMCIA U BBIUUTAHUS W3
OCTaJIbHBIX CTOJOIOB (CTPOK), 3aHYJISIOTCS BCE JIEMEHTHI BEIOPaHHOW CTPOKHU (CTOJ01Ia) KpoMe
OJIHOTO, TIPUHA/IICKAIIETO BEIYUTAEMOMY CTOJIOIY (CTpOKE).

3). Meron mnpuBeneHHs K TPEYroJbHOMY BUAY. AJITOpUTM, MPEAJIOKEHHBIM B
NpeIbIAYIIeM MYHKTE, HCIIONB3YeTCsS Ul TOCIEIOBATEIBHOTO 3aHYJICHHS BCEX JIIEMEHTOB
MEePBOM CTPOKH (CTOJIOIA) KpOME OJTHOTO, BTOPOM CTPOKH (CTONIOIA) — BCeX KpoMe IBYX U T.JA. B
UTOTE OIPENEIUTENb MPeoOpazyeTcss K TPEyroJbHOMY BHIy. BenndmHa Takoro OmpeaeiuTes
paBHa MIPOU3BEACHHUIO AIIEMEHTOB TJIABHOM JTUOTOHAIIH.

4). BeprlunciieHne ¢ HCIOJIB30BAHMEM TeopeMbl Jlammaca, COTJIaCHO  KOTOPOWM
OTIPENIENIUTENh - TO TOPSAIKAa PaBE€H CyMMe IPOHM3BEICHUI BCEX €ro MHHOPOB -TO TOPSIKA,
CTOSIIIUX B BBIJICIICHHBIX CTPOKAX (CTONOIaX), HA UX aNTreOpandecKue TOTOTHEHHUS.

3agaHus 1JIA pelieHus HA 3aHATUHN

TpaHcniOHUPOBATh MAaTPULIBI:
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IIpakTnyeckas padora Ne3
Tema:Pemenue cucreM JIMHEHHBIX YPABHEHUH
Heasb: npuoOpereHre ©0a30BBIX 3HAHUM B o00JacTH (PyHIAaMEHTAJIBHBIX pa3/IesioB
MatemaTuku. [IpoBepka ycBOeHMS 3HaHMII 10 CHCTEM N JIMHEHHBIX YPAaBHEHMH C n
nepeMeHHbIMH 110 hopmynam Kpamepa. [1oBTOpUTE M cCHCTEMaTH3UPOBATh 3HAHUS 1O JaHHOU
TEME.
3anauu:
* pa3BUTHE TBOPUECKOTO NMPO(HECCHOHATBFHOI'O MBILICHHS;
* I03HaBaTeIbHAsI MOTUBALUS;
* OBJIQ/ICHUE S3bIKOM HAYKH, HABBIKH ONIEPUPOBAHUS MOHATUSIMUY;
* OBJIa/ICHNE YMEHUSMHU U HaBbIKaMH IIOCTAHOBKH M PEIICHUs 3a/]aY;
* yIayOJieHHE TEOPETUIECKON M MPAKTUYECKON TOATOTOBKHY;
* pa3BUTHE MHUIMATUBBI U CAMOCTOSTEILHOCTU CTYJCHTOB.
X0/ MpaKTUYECKOT O 3aHATHUS.
1.®opMynMpoBaHUEe TEMBbI 3aHATHS, TOSICHEHNE CBSI3U TEMbI C IPYTUMH TeMaMU y4eOHOM
JUCLUIIIINHBL;
2.1TpoBepka roTOBHOCTH CTYJICHTOB K 3aHSTHIO;
3.IlpoBenieHue HEMOCPEACTBEHHO 3aHATHUSA COIJIACHO TEMAaTUKE U B COOTBETCTBUHU C
paboueii mporpaMMoi TUCIUIUIUHEIL:
» 3yunth TeopeTndeckuii mMatepuan no temMe «CUCTEMBI N JUHEHHBIX YpaBHEHHWH C n
IIEPEMEHHBIMM.
» PaccMoTpeTh npuMepbl pelieHrs TUIOBBIX 3aJaHUM.
> BBIMONHUTE caMmocTosITeNnbHY0 paboTy no peuenuto CJIAY.
» OTBETUTHh Ha KOHTPOJIBHBIE BOIIPOCHI.
TeopeTnueckne CBEIEHNSI U METOINYECKUE PEKOMEHIALIAN
I10 PELICHHUIO 3a/1a4.
Meroa Kpamepa.
(T"'abpuens Kpamep (1704-1752) mBeiiniapckuii MaTeMaTHK )
JIaHHBII METOJ TaK)Ke IPUMEHUM TOJIBKO B CIIy4ae CUCTEM JIMHEHHBIX ypaBHEHUH,
IJle YMCIIO MEPEMEHHBIX COBIAJAET C YUCIOM ypaBHeHHH. Kpome Toro, He0OX0IuMO BBECTH



orpaHuyeHus Ha KO3puueHTs cuctemMbl. HeoO0xoaumo, yToObl BCe ypaBHEHUS OBLIN JIMHEHHO
HE3aBHCHUMBI, T.€. HU OJIHO YPaBHEHHE HE SIBIISUIOCH ObI JIMHEHHOM KOMOMHAIIMEH OCTaTbHBIX.
Jl51s 5TOr0 HEe0OX0IMMO, YTOOBI OTIPEAETUTENIb MATPUIIBI CHCTEMbI He paBHsuIcA 0.

det A = 0;

JleficTBUTENHHO, €CIM Kakoe- JMOO ypaBHEHUE CHCTEMBl €CTh JIMHEHHas KOMOWHAIIMS
OCTaJbHBIX, TO €CIM K DJJIEMEHTaM Kakoh- JMOO CTPOKM NpUOaBUTh 3JIEMEHTHI JIPYTOH,
YMHO>KEHHbIE Ha KaKoe- MO0 YHCII0, C TOMOIIBIO TUHEHHBIX MPeoOpa30BaHUM MOXKHO MOIYYHUTh
HYJIEBYIO CTPOKY. OIpeneauTens B 3TOM cilydae OyJ1eT paBeH HyJIIO.

Teopema. (IlpaBuno Kpamepa):

Teopema. CucteMa 13 n ypaBHEHHH ¢ N HEU3BECTHBIMU

B Cllydae, €CIi ONpeesIUTEeIb MATPUILIbI CUCTEMBI HE PaBEH HYJIIO, UMEET €AMHCTBEHHOE
pelIeHre U 3TO pelIeHne HaXOAUTCs 1o popMyiaM:

X1 = Al, raeA/

A =det A, a Al — omnpenenauTens MaTPUIIbI, TOJy4aeMOil U3 MaTPHUIbl CUCTEMbI 3aMEHOM
cTOJI0IA 1 CTOJIOIIOM CBOOOIHBIX YWIEHOB bi.

Ai=

[Tpumep.

AA=; 1A=; 2A=; 3=;

x1A = 1/detA; X2A = 2/detA; x3A = 3/detA;

IIpumep. Haiitu penieHue CUCTEMBI YpaBHEHUN:
==54-9)+(2-12)-(3-8)=-25-10+5=-30;A

Al = =(28-48)—-(42-32)=-20-10=-30.

xIA=1=1;A/
A2 = =528 — 48) — (16 — 56) = -100 + 40 = -60.
X2A=2=2;A/
A3 = =5(32—42)+ (16— 56) = -50 — 40 = -90.
x3A=3=3.A/

Ecnmu cucrema omHoponHa, T.e. bi) cucrema MMeeT €IWHCTBEHHOE HYJIEBOE
pemenne x2ZA =0, Tonpu 1 =x2=... =xn=0.
= (0 cuctema uMeeT OECKOHEYHOE MHOXKECTBO pemeHuid. Allpu
J171s1 caMOCTOSITENIBHOTO PELICHHUS:
OtBer: x=0;y=0; z=-2.

»KOoHTpOsIbHBIE BOIPOCHI:

1.CucreMa u3 “m” TMHENHBIX YPABHEHUH C “N” HEM3BECTHBIMH.
BekropHo-MaTpuyHas ¢popma 3arucH.

2.PacimmmpeHHas MaTpUlia CUCTEMBI.

3.01HOpOIHBIE U HEOJHOPOIHBIE CUCTEMBI YPABHEHHH.

IIpakTH4eckas padora Ned

Tema:Pemenue cucreM JUHEHHbIX ypaBHeHHi o ¢popmyaam Kpamepa

Heasb: npuoOpereHre ©0a30BBIX 3HAHUM B o00JacTH (PyHAaMEHTAJIBHBIX pa3/IesioB
MareMaTtuku. [IpoBepka yCBOEHMS 3HAaHMM II0 CHUCTEM N JIMHEHMHBIX YpPaBHEHMM € n
nepeMeHHbIMH 110 popmynam Kpamepa. [1oBTOpUTE M cHCTEMaTH3UPOBATh 3HAHUS 1O JaHHOU
TEME.

3ajgauu:

* pa3BUTHE TBOPUYECKOTO MPOPECCHOHAIBHOIO MBIIIICHHUS;

* [I03HAaBaTEIbHAs MOTUBALINS,

* OBJIaJICHUE S3BIKOM HAYKH, HABBIKU OIIEPUPOBAHUS TOHATHUAMU;



¢ OBJIaICHUC YMCHUAMHU U HaBbIKaMU IIOCTAHOBKH U PCIICHHA 3a1a4,

° erIyGHeHI/Ie TeOpeTI/IquKOﬁ u HpaKTquCKOﬁ IIOATrOTOBKH,

® Pa3BUTHC MHUIUATHUBLI U CAMOCTOATCIIbHOCTHU CTYACHTOB.

XOII MPAKTHUYCCKOI'O 3aHATUA.

BrinoaHuTth CaMOCTOATCIIBHYIO pa60Ty 10 PCIICHNUIO CUCTEM N JIMHEUHBIX ypaBHeHHI’I cn
nepeMeHHbIME TI0 popmysiam Kpamepa.

Bapuant 1 Bapuant 2

1. 1.
{e+y+z=da+2y+3z2=Ta+y+52=2zx+y—22:=1lz—y+32=43x+y+z-

2. 2.
{3z—2y—2=0zx4+3y—22=04z+y+22{z+y—22=022-3y+2=02x—-2y—=

»KoHTpOJIbHBIE BOITPOCHL:

1.Pemenre oTHOPOIHOM M HEOTHOPOAHOM cUCTEM METOAOM ['aycca.
2.OIHOPOIHbIE CUCTEMBI U UX CBOMCTBA.

3. OKBHUBAJICHTHEIC CUCTEMBI.

IIpakTnueckoe 3ansitue Ne 5

Tema: Onepauuu HaJ BeKTOPpaMH

Heasb: HayunTh cTyJeHTa HCHONB30BATh CBOMCTBA JIMHEHHBIX —omepamui ¢
TE€OMETPUUECKUMH BEKTOpaMH, CKaJSIPHOIO IIPOM3BENEHHMs BEKTOPOB JUIsl pPELIeHHs 3ahad
BEKTOPHOMN aJire0pbl

Teopernueckuii 010K

B (Qusuke, MexaHuke, XHMMUU BCTPEYAIOTCS BEJIMYHMHBI, KOTOpbIE MOJIHOCTHIO
XapaKTepU3yloTCsd TOJBKO YHCIOBBIM 3HadeHueM (ckamspom). Hampumep, wmacca Tena,
KOHIIEHTpalUsl pacTBOpa, JaBJIEHUE ra3a, TeMIeparypa U T. A. Takue BEIWYMHBI Ha3bIBAIOTCS
CKaJIApHBIMHU. BMecTe ¢ TeM, JUIsl 3aJJaHHsl CKOPOCTH, CHJIbI, YCKOPEHUsI HEOOXOIUMO 331aTh He
TOJIBKO MX YHMCJIOBOE 3HAUYEHUE, HO U HAIPaBJIEHUE JAEHCTBUS B IPOCTPAHCTBE. Takue BEIUYMHBI
Ha3bIBAIOTCSl BEKTOPHBIMHU.

BEKTOPHAS AJI'EBPA — pa3gen BEKTOPHOIO HCUHUCIEHMS, B KOTOPOM H3Yy4aroTCs
npocTeire onepanuu Haj (CBOOOIHBIMU) BEKTOPAMH.

Onpenenenue 1. ['eomeTpuuyecKMM BEKTOPOM Ha3bIBA€TCSl HANpaBICHHBIM OTPE30K

IPSIMOM, T. €. OTPE30K, A KOTOPOIrO yKa3aHbl OrPaHMUYMBAIOLIME €r0 TOUKA Hayaja M TOUYKa
KOHIIa BEKTOpa.
Ecnu Touka A — Hayano BEeKTopa, a Touka B — KoHell BEeKTOpa, TO BEKTOp 0003HAYAETCs

L1 1 1§ L L=
cumsosioM AE. BekTops! Takke 0003Ha4arOTC MATBIMK JIATHHCKIMH OyKBAMH: ab, oy T. II.
—»
—
o
AT B
/}
(i
A,
Puc. 1.

Omnpenenenue 2. qI/ICJ'IO, paBHOC JJIMHE BEKTOPA, HA3BIBACTCA €0 MOAYJIEM.

T
L
Mopnyis Bektopa AB0603nauaercs cumMBonoM | |



BCKTOP, MOAYJIb KOTOPOI'O paB€H HYJIIO, HA3BIBACTCA HYJIICBBIM BEKTOPOM U o0o3HayaeTcs

n| =0
CUMBOJIOM n(ll ). HyneBoMmy BEKTOpPYy MOMHO IIPUIMCaTh JIH00O€ HampasjeHue. Bce
HYJIEBbIE BEKTOPBI PaBHBI APYT APYTY.

Onpenenenvie 3. BekTopsl HAa3BIBAIOTCS KOJUIMHEAPHBIMHE, €CIIM OHU MapajuIeIbHbI OJTHOM

npsiMoi (puc.2).

D C Puc. 2.a Puc. 2.6
B LT [iliihin %
Ecou  gsa  Bektopa .ABu €D
KOIUIMHEApHBI,  TO  3TO0  00O3Hayaercs

A L LT A
c 4B | |'[:I"I Bexkropsl,

A D cleqyromuM o0pa3om:

M300pakeHHbIe HAa PHC. 2.2, HA3HIBAIOTCS COHAIpPaBJIEeHHBIMHU, 0003Hauaercs Tak AR ™M €D, a
BEKTOpBI, HW300paK€HHbIE Ha puc 2.0, HA3BIBAIOTCS MPOTHBOMOJOKHO HAMPABICHHBIMH.

CHMBOJIMYECKH 3TO 3anuchiBaercs Tak A8 T'lv Ch.

3ameuanue. CoHaIlpaBI€HHBIMM M IPOTUBOIOJIOKHO HAIPaBICHHBIMHU MOTYT OBITh
TOJIBKO KOHHI/IHeapHI:Ie BCKTOpBI.

Tak kak HyJI€BOUW BEKTOp JIKHUT Ha JIFOOOU MPSIMOM, TO, O ONPEICICHUIO, OH CUUTACTCS
KOJUIMHEAPHBIM JIF0OOMY BEKTOPY U MEPIEHAUKYIISIPHBIM JIFOOOMY BEKTODY.

Omnpenenenre 4. BekTopbl Ha3bIBAIOTCSI KOMILIAHAPHBIMU, €CIM OHU NapasuieIbHbl OJHOMN

IINIOCKOCTH.
immnm LHEN

Onpenenenne 5. Jlpa Bektopa ABuE) naseBarorcs paBHBIME, €cllM BBINOIHEHB

CJIEYIOIINE YCIOBUS:
1. MOIynu 3TUX BEKTOPOB PABHBI;
2. BEKTOpBI COHAIIPABJICHBI.
CHUMBOJIMYECKH 3TO onpeneneHHe MO>KHO 3aIMCaTh CIAEAYIOUIIM 00pa3oM:

. s Ef\-,,,_
ARTtCh.

| ]

ECJII/I CUMTaTh, 4YTO HaA pncyHKe 1 BeKTOpBI JICKAaT B OI[HOﬁ IIJIOCKOCTH, TO = I':, TO €CTh
i A n m—.

ZFy £2- pasHble 0003HAYEHHUs OJHOIO M TOTO e BeKTopa. Bektopsl 1 ABrnpu paBHBIX JIHHAX
HE paBHBI IPYT PYTY, TaK KaK UMEIOT pa3Hble HaIIPaBJICHUS.

Takum oOpa3om, ais 3aJaHus JIIOOOrO0 BEKTOpa JOCTaTOYHO yKa3aTh €ro MOIyJb U
HarpaBiieHue, He (UKCHPYS TOUKY MPHIOKEHHS (HAYaJ0 BEKTOpPAa MOXKET HAXOAUTHCS TJe
yroaHo). Hcrmonb3ys onpeleneHue paBeHCTBA BEKTOPOB, TaKOW BEKTOP BCEr/a MOXKHO
MIEPEMECTUTH TOCTYIATEIbHO, € TOMOIIBI0 MapaieIbHOIO IMepeHoca, B TpeOyeMyro TOUKY
IIPOCTPAHCTBA.

3amevanue. MHOrMa cB0001a BEKTOpPA OTPAaHUYUBACTCS, HATIPUMED:

a) eciau KpoMe BEKTOpa 3a/laHa €ro TOYKa MPUIIOKEHMsI, TO OH Ha3bIBA€TCSl CBSI3aHHBIM
(paamyc-BeKTop);

0) ecau KpoMe BEKTOpa 3ajJjaHa €ro TOYKa HallpaBJIeHUs, TO OH HAa3bIBAETCS CKOJB3SIINUM
(BEKTOp YIJIOBOM CKOPOCTH PACITOJIONKEH IO OCH BpAICHUS);

B) CBOOOJIHBIN BEKTOP HE OTPAaHUYEH HUYEM.

B nanbHeiilem, eciii 3TO HE OrOBOPEHO CHELMaIbHO, MBI OyJeM TOJIb30BaThCs
MOHSTHEM CBOOOIHOTO BEKTOPA.

Jlns moGoro Bektopa ABonpenenim mpoTHBOMONOKHBIA €My BEKTOP, 0003HaYaeMbIii

BA  raxoii, 4To MOAYyIM 3TUX BEKTOPOB PABHBI, OHM KOJUIMHEAPHBI, HO MPOTHUBOIOJIOMKHO
i 5 A

HarpasiieHbl. BeKTop, MpOTHUBOINOIOKHBIN BEKTOPY £F, 0003HaUatoT —X.



Puc. 3

| B A
Ecau B IIPOCTPAHCTBE 3aJIaHbl JIBa BEKTOpA &EU -E'TO, HCIOJIB3YyA OIMPEACIICHUC PAaBCHCTBA

BEKTOPOB, UX MOXKHO MPUBECTH K OJTHOMY Haudamy (puc. 3).

&
SN
._,__ﬂf__ﬂ \3&)
Puc. 3.
| 8 A .
Torma yrioM Mexay BeKTopamu &EW #¥HaspiBaeTcs HaumMmeHbinmit yron j (GI[0,p]), Ha
i 8 A

KOTOPKI HyKHO IIOBEPHYTh BEKTOD &0 COBNAAEHHS C BEKTOpOM I¥.

['eomeTpuyeckue BEKTOPHI SBJISIOTCS MNPEIMETOM TaK Ha3bIBAEMOIO BEKTOPHOI'O
UCYMCIICHUS, MOJOOHO TOMY, KaK 4HWCla SBISIOTCS npeaMmeTroMm apudmeruku. B BexkTopHOM
UCUYMCIICHUM HaJ BEKTOpaMH MPOU3BOJISATCS HEKOTOpbIE OIEepalyu, KOTOPbIE SIBISIOTCS
MaTeMaTU4YCCKUMHU a6CTpaKHI/I$IMI/I AHAJIOTUYHBIX onepalmﬁ, IMPONU3BOAMUMBIX C pPa3IUMYHBIMU
KOHKPETHBIMU BEKTOPHBIMH BEIMYMHAMHU B (pU3HKeE.

JIuHeiiHbIe onepaluy HaJl BEKTOpaMu

JIMHEeHbIMU OmNepalysMyd Ha3bIBAIOT OMEPAIUIO CII0KEHHUS BEKTOPOB M OIMEPAIUI0
YMHO>KEHUSI BEKTOpa Ha 4Hcio (CKasip). B oCHOBY ux ompeneneHus MoiokKeHbl U3BECTHBIE U3
MEXaHUKH 3aKOHbI B3aUMOJICHCTBUS BEKTOPHBIX BETUYUH — CUJI, CKOPOCTEH U T. 1.

1. CnoXeHHE BEKTOPOB.
i A m
Ecnu nansl 18a BekTOpa EEU & 10 pacrosiararoT ux Tak, 4To0bl Ha4aja0 BTOPOTO BEKTOpa
i A o

COBIIAJIO ¢ KOHIIOM IIEPBOT'O BCKTOPA. Torma CYMMOﬁ BCKTOPOB &FU -E'Ha3LIBaeTC}I Takoi BCKTOp,

KOTOPBIA COCJMHSET HAyajlo TEPBOr0 BEKTOpa ¢ KOHIIOM BToporo (puc.4). Takoe mpaBHIIO
CJI0)KEHHS BEKTOPOB HA3bIBAETCS MPABUIIOM TPEYTOJIbHUKA.

AHAJIOTUYHOE TIPAaBHJIO CIIOXKEHHs (TPAaBWJIO MHOTOYTOJNbHUKA) JCHCTBYET W IS
HECKOJIbKHX BEKTOPOB (puc. 5).

[ —
3 d

d

-y B da
Puc.4 Puc.5
Ecim nBa BekTOpa mpuBENeHBI K OJHOMY Hadally, TO UX CyMMOH OyjaeT BEKTOp,

00pa30BaHHBIN TUArOHANBIO MapajieiorpaMma, MOCTPOSHHOTO Ha ATHX BEKTOpax Kak Ha
CTOpPOHAX, M BBIXOASAIMNA M3 oOmiero Havana (puc. 6). DTO MPaBUIO CIOXKEHHS BEKTOPOB
HA3bIBAETCS MPABUIIOM MapajuieiorpaMma.

7

Puc. 6
13 BBeICHHBIX BBIIIIE MPABHJI CJI0KEHHS BEKTOPOB BBITEKAIOT CIICAYIOINIHE CBOWCTBA TOM
OTIepaInu:

l. fg +F = F + g — CBOMCTBO KOMMYTaTUBHOCTH OIIEPALIUU CIIOKECHHS;

2. (g-l- FJ-I- g = £+ G'-I- g)— CBOMCTBO aCCOLIMAaTUBHOCTH Oonepatu CJI0XKCHUS,


http://pandia.ru/text/category/abstraktciya/

-
3. g-l- (_ g) = u— HAJIUYIUC IIPOTUBOIIOJIOKHOTO 3JICMCHTA,

4, g -I-E = g— HaJIMYKE HYJICBOTO DJIEMCHTA.
2. BrlunWTaHNE BEKTOPOB.

i i L}
PazHocThIO JABYX BCKTOPOB EEU -E'HEBBIB&GTCH BCKTOp, paBHLIfI CYMMEC BCKTOpaEEFU
A i 8

BekTOpa (-8¥), MPOTHBOMONOKHOTO BEKTOpYHF:

£-L-8-(})

Ecnu BekTopbl mpuBeneHbl K 00IeMy Hayally, TO BEKTOp, PaBHbIIl pPa3HOCTH g —g ,
| 8 A

SABIIACTCA BTOpOfI JAUaroHajibl0 IlapajuiejiorpamMma, IIOCTPOCHHOI'O HAa BEKTOpaX XU -E'KaK Ha
i

cTopoHax. IIpy 5TOM HayajaoM 3TOro BEKTOpa ABJseTcs KOHel BekTopa & (puc. 7).

1

Puc.7
3. YMHOXKEHHE BEKTOpA Ha CKAJLIP.

i
Onpenenenne 6. IlponsBenaeHnemM BEKTOpa EFHA JIEHCTBUTEIHLHOE YHCIO | Ha3bIBaeTCA

L} i
HOBBIII BEKTOp, 00O3Ha4yaemblii l£F, TakoW, YTO €ro MOJIyJib pPaBE€H MOIYJI0 BeKTopa X,
I I
= 2 a1
YMHOKEHHOMY Ha MOJYJIb yHucia 1, T. e. , 1 BEKTODPHI £FU eF coHampasiieHsl pu >0

Y TIPOTHBOIIOIIOKHO HampasieHsbl mpu 1<0.

[TpousBeneHne BeKTOpa Ha YHCIO O00JadaeT CBOWCTBAMH, KOTOPBIE JIETKO JOKa3aTh
i A

reOMCTPHUYICCKHU. I[J'DI JIFOOBIX HGﬁCTBHTGJ’IBHBIX YHUCECII er/I vH JIFOOBIX BCKTOPOB £XU -E'

1.1- E = tl:l' - YMHOXXCHHUE Ha €IMHHUILY,
2. 1(;;5): (lv)‘l;- CBOMCTBO aCCOIIMATUBHOCTHU IO OTHOIICHHIO K YHCIIaM,

3. (‘1 'H’r)'y =4 ‘l:'l'vg- CBOWCTBO JUCTPHOYTUBHOCTH OTHOCUTEIHHO CIIOKEHHSI YUCET,
. AEE)-aB+ah

BEKTOPOB.

J% k3 OMpCACIICHUA U CBOMCTB BBITEKAIOT CJICOYIOIIUEC ITOJIC3HBIC JIA ITPAKTUKU paBCHCTBA
1 m

i i i i
(-Da=—x0-a=0; A-0=0.
Envnnuselii  BekTOop. Bekrop, MOAyJb KOTOPOrO paBeH €AWHMIE, Ha3bIBACTCs
€IMHUYHBIM BEKTOPOM.

CBOMCTBO JIUCTPUOYTUBHOCTU OTHOCUTEIBHO  CIIOKCHHS

i
Bekrop, nMmeronuii HanpaBJIeHUE BEKTOpa £EW MOAYJb, PABHBIM €IMHHIIE, HA3bIBACTCS
a Wy
OpTOM HampasyieHUs BekTopa £X. OpT 0003Ha4YaeTCsi CUMBOJIOM EF
i

I[J'IH JIF000Tr0 3aJaHHOI'0 BEKTOpa EEJICTKO IIOJIYYUTh €ro OpT. HJ’IH 9TOTI'O H606XOI[I/IMO

mm
Wy X

2 =
. |ﬂ:
BEKTOD £Epa3eiIuTh Ha €r0 MOAYJIb:
PaznoxeHune BekTopa 1o 6asucy
Onpenenenne 7. MHOXECTBO BEKTOPOB Ha MPSIMOW HAa30BEM OJHOMEPHBIM BEKTOPHBIM

IIPOCTPAHCTBOM, MHOXKECTBO BEKTOPOB HAa IUIOCKOCTH  — JBYMEPHBIM  BEKTOPHBIM
IIPOCTPAHCTBOM, B IIPOCTPAHCTBE — TPEXMEPHBIM BEKTOPHBIM IIPOCTPAHCTBOM.



Jlerko mnpoBepuTh, YTO €CIH L xaxoe-to BEKTOPHOE IPOCTPAHCTBO, ﬂjEL,ﬁ —

L 1 £
qucro, o g+ b€ Lnfa€L

Omnpeneneure 8. JluHeliHOW komOuHanueid BekTopoB .2, dic kodddurrenTamu

LT} LT} LT}
ﬂu ﬂ’l—lﬂ-‘HEBLIBaeTCH pexrop Ad+ o +_+ fsais.

Ha pucynke 8 nmpuBeneHbl IpUMeps! JTMHEHHBIX KOMOWHAIIUA:

s

Puc. 8

LS B a

Bekropsr Ffod.gua pucyHke 8 u J#= SABIAIOTCSA TMHEHHBIMM KOMOMHAIMSAMM BEKTOPOB

a.b.c
m a i 1 8 Lo a i i m 1 A 1 8 1 A i a i 1 8
F=0a+28-2 d=20-0-"% g=a+03%1+3 h=0a+0610c
a 1L 1. L1} a
T'oBopaT, 4To BekTOp FpackiajpiBaeTcsi MO BekTopam M2, &k ecnu Brasnsercs
a i LT 8 LT}
JUHEHHOU KOMOMHAIMEN 3TUX BEKTOPOB, T. €. IPEACTaBUM B BHJIE h-fatphot +fa
3ameuaHue.
i i | A | 8
1) Eciu & # @, To moboii BekTop ¥, KonnuHeapHbI &, NpeACTABUM, U IIpUYEM
i ) i
eJIMHCTBEHHBIM 00pa3oM, B Buze & = Ad, rie jﬁ YHCII0
| 8 A A
2) Iycts &y 182 HekoJUIMHEapHBIX BekTopa. Toraa Mo0oil BEKTOp &=, KOMIUIaHAPHBIi
i A L L L
¢ BekTopamu i &, packiazpiBactes o Hum: € =&E+ BB npyyem emHCTBEHHBIM 06pasoM.
4 A I Livi
3) IycTs &, £ £ nexommuanapusie BekTophl. Torma mo6oii BexkTop ef packiabiBa-
- a a a

ercst no >t Bektopam: @ =@+ BB+ Y pyuenm enpmcTBenmBIM 06pazoM.

Takum 06pa3om, B IIOGOM BEKTOPHOM MPOCTPAHCTBE JIHOOOH pa3MEPHOCTH €CTh CHCTEMA
BEKTOPOB, 110 KOTOPOH PacKIabIBAeTCs KaX/Iblii BEKTOpP MPOCTPAHCTBA, IPHUEM €MHCTBEHHBIM
obpazom.

Onpenenenne 9.  ba3sucoM  BEKTOPHOTO  MPOCTPAHCTBA L6yz[eM Ha3bIBaTh

YIOPSAJOYEHHYIO CHCTEMY BEKTOPOB IIPOCTPAHCTBA, COCTOALLYH: M3 OJHOIO HEHYJIEBOIO
BEKTOpa, €CIM IIPOCTPAHCTBO OJHOMEPHOE; M3 [BYX HEKOJUIMHEAPHBIX BEKTOPOB, €CIU
IIPOCTPAHCTBO JABYMEPHOE; U3 TPEX HEKOMIUIAHAPHBIX BEKTOPOB, €CIU IPOCTPAHCTBO
TPEXMEPHOE.

OueBUIHO, YTO B JTFOOOM BEKTOPHOM IMPOCTPAHCTBE MOXKHO BBIOpaTh OECKOHEYHO MHOTO

6a3I/ICOB, YHUCJIO BEKTOPOB B KAXKIOM U3 HUX PABHO Pa3MCPHOCTHU IMTPOCTPAHCTBA.
a m am wm

Onpenenenne 10. Koopaunatamu (WM KOMIIOHEHTaMH) BEKTOpa £XB Oa3uce El.E2, Bk

1 w - L i

Ha3bIBAIOTCS KO3 UIIMEHTHI m: m:—JmpaSHO)KCHI/I}I & =aa +@a +__+ & sespexropa o

BEKTOpaM Oasmca.
i 8

ﬂJ’IH YKa3aHus, 4YTO BEKTOp EFHMMECT KOOPAHHAThI m':!m:!_.!m:!I/ICl'IOJ'IBE}yCTCSI 3aIlluCh

:I(mam,_,m).

O4eBUIHO, YTO B (PUKCUPOBAHHOM 0a3vce KaXKJIbIii BEKTOP UMEET CBOM, CTMHCTBEHHBIH,
Habop KoopauHaT. Eciu ke B3sTh Ipyroi 0a3uc, To KOOPAUHATHI BEKTOPA, B 00IIIEM, H3MEHSTCS.



CnoxeHue BCKTOPOB MU YMHOXXCHHEC UX HaA 4YHCJIO CBsA3aHblI C aHAJIOTMYHBIMU HeﬁCTBHHMH C UX
KOOpAUHaTaMHu.
JInHeiHble orepanru HaJa BEKTOpaMH

B KOOPAMHATHOM opme
L L1 §

[TycTh B BEKTOPHOM IPOCTPAHCTBE LBLI6paH Oazuc B, 82, By 3a1aHBI KOOPIUHATHI
4 L

" w um . [} L} L} jin 1R
BEKTOPOB &b € Ly 5rom Gasice: a= ha + @mer +_+ AT B=fatphat_+fe
Torna
- IPU YMHOKEHHH BEKTOpa Ha YMCIIO BCE €r0 KOOPAWHATHI YMHOXAIOTCS HA 3TO YHCIIO:

Aa(im, Az, Ad)

- IIPpH CIIOKCHUHN BEKTOPOB CKJIAAbIBAIOTCS UX COOTBETCTBYIOIINEC KOOPANHATEI:
1

i i i

c=atd = cl@mtA.@mth,_&ti)

3ameuanue. Bce KoopiMHATHI HYJIEBOTO BEKTOpa B JIF0OOM Oa3uce paBHbI HYJIIO.

3ameuanue. ba3ucHelil BEKTOp ¢ HOMEPOM dunveer KOOpAUHATY ¢ HOMEPOM 3 , paBHYyIO 1,
a BCE OCTAJIHBIE KOOPJINHATHI — HYJIEBBIE.

3amedanue. Y KOJUIMHEAPHBIX BEKTOPOB KOOPAMHATHI PONIOPIINOHAIBHBI:

r r ix

e BT %

A B B

Cucrema KoopAMHAT.

KoopaunaTsl BeKTOpa B OpPTOHOPMUPOBAHHOM Oazuce

PaccMoTpuMm ciywail TpeXxMepHOro BEKTOPHOIO IIPOCTPAHCTBA (HA IUIOCKOCTU BCE

MIOCTPOCHUS aHAJIOTHYHBI). DUKCHUPYyeM HEKOTOpYIo TOUKy O M BO3bMEM NPOU3BOJIbHYIO TOUKY
L1113

M. Pa,[[I/ch—BeKTOPOM TOYKH M 1o oTHOmEHHIO K Touke O Ha3bIBaeTCs BCKTODp GM
L1113

Ecnu B npoctpancTBe BoiOpan 6asuc, To Bexkrop EMM packnansiBaercs mo stomy 6asucy.
Takum oOpazom, Touke M MOMKHO CONOCTaBUTH YIMOPSAAOYEHHYIO TPOMKYy uucen (X, y, z) —
KOOP/JMHATHI €€ painyC-BEKTOpa.

Onpenenenue 11. JlekapToBOH CHUCTEMOW KOOPAMHAT B IPOCTPAHCTBE HA3bIBAETCS

COBOKYITHOCTb TOUKH U Oa3uca.

Touka O HOCHT Ha3BaHWE Havana koopauHat; npsmeie X/X , Y/Y , Z/Z, npoxoxsiiue
Yyepe3 Hayallo KOOPAWHAT B HAINIPABICHUH OA3MCHBIX BEKTOPOB, HA3BIBAIOTCS OCSIMHU KOOPIMHAT.
IlepBass X/X — ockio abcumcc, BTopast Y/Y — OCbIO OpAUHAT, TPEThs Z/Z — OCBIO amlIuIMKaT.
[TmockocTH, MPOXOSIIINE Yepe3 OCH KOOPIMHAT, Ha3bIBAIOT KOOPIUHATHBIMU TUTOCKOCTSIMH.

Omnpenenenue 12. Koopaunats! (X, y, zZ) paauyc — BEKTOpa TOYKHM M IO OTHOILEHUIO K
Hayaly KOOpJAMHAT Ha3bIBAlOTCS KOOpAMHAaTaMM TOYKM M B paccMaTpuBaeMol cHcTeMe
KOOp/MHAT.

[lepBass koopauHaTa X Ha3bIBaeTcs aOCIMCCOM, BTOpas y — OPAMHATOM, TpeTbi Z —
arIMKaTOM.

AHaJIOTUYHO OMNpENEeNsIOTCA JAEKAPTOBbl KOOPAMHATHI HA IIJIOCKOCTU: TOYKA HMEET
TOJIBKO JIB€ KOOPJMHATHI X U Yy— aOCLUCCY U OpJIUHATY.

Omnpenenenue 13. JlekaproBa cucTemMa KOOPAWHAT Ha3bIBA€TCsl MPSAMOYTOJIBbHOM, eciu

0a3uc 3a/aeTcsl eAUHUYHBIMU U TOMAPHO OPTOTOHATBHBIMU (MIEPHEHIUKYISIPHBIMU) APYT IPYTY

L w wm

BEKTOpaMH — 6a3ucHbIME opTamn § =F o i(1,0.0) opt ocu OX;
J(0:1:0) opt ocu OY;
k(0:0:1) opt ocu OZ.

basuc (¥ -4 J-') Ha3bIBACTCS OPTOHOPMHUPOBAHHBIM.



B ,Z[aJ'II:HefII.HGM 6yz[eT HCIIOJIB30BATHCA ACKAPTOBA IIPAMOYT'OJIbHAsA CUCTEMA KOOpAMWHAT.

Ha puc. 9 mnokasan cnoco6 wu3zoOpaxenuss touku A(-1;2;3) mo ee KoopauHAaTam
A WA W

OTHOCHTEJIBEHO OPTOHOPMHUPOBAHHOTO Gasuca ¥ =JF N 2

ot 3

P ) )

- 1

N o |

1

1

1

1

1

K |

rd 1

| £ SR )
S Sy -
[ 2 W

Puc. 9
VYtBepxkaenne. Ecim  Toukm A 9w B 3amaHbl CBOMMH  KOOpAMHATaMHU

(1 1 _§

A p:2).B00; 1:2) 1 AB(e-np-w;2-2)

T. €. A OHpeI[eHeHI/IH KOOp,ZlI/IHaT BGKTOpa HY)KHO n3 KOOpI[I/IHaT €ro KOHIa BBIYCCTH
KOOp,Z[I/IHaTbI HayaJia.

HpOCKI_[I/II/I BGKTOpa

[Tycts B mpocTpaHCTBE 3a7aHa HEKOTOpast Och |, TO ecTh mpsiMasi, Ha KOTOPOH OTMeueHa
¢ukcupoBanHas Touka O U 3a/7aHbl HaNpaBJIeHUE U €JUHULA JUTMHBL. Toraa Kaxmoi Touke ocH
COOTBGTCTByeT HCKOTOpOG qUuCJIo.

Omnpenenenue 14. Ilpoexnuerd TOYKH A Ha OCh | Ha3pIBaETCS YMCIIO, COOTBETCTBYIOIIEE

OCHOBaHMIO NIepHeHANKYsipa AB, omymieaHoro Ha och | U3 Touku A.
L1 1}

Ompenenenne 15. TIpoeknueii Bekropa .ABra och | Ha3zpiBaeTCss pa3sHOCTh MPOCKIIHI

KOHIIa BEKTOPa U €T0 Ha4daJ1ia.

[Tpoekmust 0603HavaeTCs Hp A8 1, puc. 10 IpAB=f-a
B

[ | X 5B 1
Puc. 10. IIpoekuus BeKTOpa HA OCh
AB=HpCD

OT IIOJIOKCHUA Havdalla BEKTOpa, a 3aBUCUT TOJIBKO OT CaMOI'0 BEKTOpaA.

L. L.
Jlerko mposepuTth, uto ecnu AB==C0 1o Iip, , TO €CTh ITPOEKIIHS HE 3aBUCHT

[ 5
YrBepxkaenue. Ilyctob [ yroi, o0pa3oBaHHBIM BekTopoM €Fc ocbto 1. Torma

I I

Hpa=|a

Takum 00pa3oM, TPOCKIUS BEKTOpa HA OCh €CTh YHCIO, KOTOPOE MOXKET OBITh
MOJIO’KUTEIBHBIM, OTPULIATEIbHBIM U HyJIeM (puc 11).

Cosg

iZ.
/ .
[ | T [} '
lipa= 8- =3
[ | . i i



L
Hp;a= 0
Puc. 11
YTBer(I[eHI/Ie HpoeKuHﬂ Ha OCB CYMMBI BeKTopOB paBHa CyMMe€ WX TPOEKIIHA:

le(a+b+ +r:) Hp,a+ﬂrp,b+ +Hp,c

Vr1Bepxkaenue. Ilpoexkuuss Ha OChb BEKTOpPa, YMHOXXEHHOTO Ha YHUCIO, pPaBHA
L'

MIPOU3BEICHUIO TPOEKIMH BEKTOpa Ha JTO YHUCIIO: HFTAE=WF.OHDCHGHGHI/IG 16.
mw mw L [ §

[Mpoekiueit Bektopa &rHa Bekrop &, @= i, HaspiBacTCs Mpoekims BekTopa FHa JIFOOYI0 OCh,
mw

MapajuICJIbHYI0 BEKTOPY ¥ MMCIOLIYI0 HAIPABJICHUE, COBIIANAIOMICe C HAIIPABJICHUEM BCKTOpaA
| ]

[
4
n [ 8 m - b
[Ipoekimst BekTopa J&Ha BEKTOp EFOOO3HAYACTCS a . OueBupHo, HuTO
u L}
ip_ & =>b COS P - "
a , T7ie P YIOJI MEXKLy BEKTOpaMU e I3,

.
L, B

H"ﬂ

Koopaunatsl BekTopa sIBIAIOTCS KOA(PGUIMEHTAMH €r0 Pas3JIoKEHHs M0 OpTaM
KOOPJMHATHBIX OCEH:
a

ala 2, .3 ) © ::=uI l:'+aj _1,1F+.::x l.i:

YTBer(I[eHI/Ie HpoeKuHH BeKTopa Ha KOOPJMHATHBIE OCU paBHbI KOOPAMHATaM BEKTOpa:

Tooy =2, M =% Ty a-c,

[TomectumM BekTOp €FB HaAyaJlo KOOPJAMHAT M 0003HAUMM 4Yepe3 ﬂ,ﬂ Y yTJIbI,
mw

00pa3oBaHHBIE BEKTOPOM IFC TOJIOKUTENBHBIM HampasieHueMm oceid OX, OY, OZ. Otu yribl
mw

HA3bIBAIOTCS HANPABIISIOIIUMH YTIJIaMU BEKTOpA .
Onpenenenne 17. KocuHychl yrioB, oOpa30BaHHBIX BEKTOPOM C OCSIMH KOOpIHMHAT,

HAa3bIBAKOTCA HaIlpaBJIAOIUMHU KOCHMHYCaMH BEKTOpPA.
z

Puc. 12

[ 8
B cootBeTcTBUM C pHuc. 12, HalIpaBJLIIOIMMMHA  KOCHMHYCAaMHM BCKTOpa EXSABIIAIOTCA
Cosx,Cos sy
OTMeTHM Ba)kKHOE CBOMCTBO HAIPABJISIONINX KOCUHYCOB:

cos’ z+o0s ﬂ+|:nsz y=1

YTBep)KI[eHI/IC. KOOpI[I/IHaTLI BCKTOpa paBHBI Cro HaMpaBJIAKIIUM KOCHHYCaM,
YMHOKCHHBIM Ha AJIMHY BCKTOpPA:



Ecmm BCKTODp C,Z[I/IHPI‘lelﬁ, TO €T0 KOOpAUHATAMMU CJIYKAT HAIIPABJIAIOIINEC KOCHUHYCBI:

CKaJ]ﬂpHOC IMPOU3BCACHUC BEKTOPOB U €TI0 MPUTIOKCHUC

KpOMe onepaunﬁ CJIOKCHUS MW YMHOXCHHUA Ha 4YHCIO Ha MHOXCCTBC BCKTOPOB
OIMPCACIICHBI CHIC HCCKOJIBKO OHepaHHﬁ. O,Z[Ha N3 HUX — CKAJEIPHOC TIPOU3BCIACHHC,
MO3BOJIAIOIICEC HaXOAUTh IJIMHBI BCKTOPOB HW YIJIBI MCXKAY BCKTOpaMMU II0 KOOpJAWHATaAM

BEKTOPOB.
mw m

Omnpenenenvie 18. CKaJspHBIM TNPOU3BEICHUEM BEKTOPOB @K JAHA3BIBAETCA YHCIIO,
: F,

a|\b|cos g
¥y YTOJl MEXKLy BEKTOpAMU Vil

» TIC

paBHOE
[ 8 [ 8

3ameuanue. Ecnu onvH M3 BEKTOPOB HYJIEBOW, TO YIoOJ e onpeneneH. CkalsipHOe
IMPOU3BCIACHUC B 3TOM CJIyda€ CHUTACTCA paBHBIM HYJIIO.

[ 3 n L oL L x
CxansipHOE TTpOM3Be/ICHNE BEKTOPOB K Hobo3HavaeTcs & -8, nim (a.8) CkanspHoe
v v I3
MIPOM3BEICHNE BEKTOpA Ha ceOs & - @: =42 .
I I I

a- b=

Takum 00pa3oM, COTJIaCHO OIPEICIICHHIO,

bows o 88)

CkansipHoe mpom3BeieHHe 001aaeT CBOWCTBAMU, KOTOpbIe OyayT cpopMysmpoBaHBI B

BUJC TCOPEMBI.

TeopeMa. [[J'ISI JIFOOBIX BEKTOPOBIEX U JIBBINIOTHEHEI CJICAYIOIHUEC COOTHOLICHUA:
L L L1

1.@-b=58- a- cBoiicTBO KOMMYTaTUBHOCTH;

A 41 1 i 1 i 1

2. @-(B+c)=a-b+a-c_cpoiicrro JTUCTPUOYTUBHOCTH;

3.(Aa)-b=A(ab ), rie ..Il_tmcno;

Iy [ L
4. a >bopua=o,
T3

-2
a -
5. ;

6. Ecu - YTOJI MEKLy BEKTOpaMU @ udd, TO

-B

a
COSQP= 5+
ﬂr
L L (1)

7. a-B={rorna u Tonkko TOrIa, KOTIa BEKTOPHI K SAOPTOTOHAIIBHEL.

I I I I
T
a-b=\a|flp & -t
o o
8. 'eomeTpuyeckuii CMbICI: , €CIIN @ O
(T8 L]
9. MexaHMYeCKHii CMBICIT: CKaJsIpHOE MPOM3BeAeHe cuiibl JF Ha BeKTOp FpaBHO pabore
L] 1 -

A 5TOM CHIIBI TP NIEPEMEIICHAH MaTEPUATIbHOM TOUKH 0 BEKTOPY¥, T. €. A=F -§.

W3 onpeneneHus CKaIIpHOTO MPOU3BEICHUS BBITEKACT CIEAYIOIIasi TaOIUIa YMHOXKEHUS
A 1A

oproB ¥ 2.F :tKOOp,ZLI/IHaTHLIX ocel:

fo=d¢=0.F-k=k-i=0, j-k=k j=0,
P-i=j- j=k-k=1_



mw m
Eciu BekTOphl @u HB OPTOHOPMUPOBAHHOM 0a3uce 3aJaHbl CBOMMM KOOPIMHATAMM:
4 4
a(th; &5 @), WA o ), 10 popmyna s BEIMHCITERHS CKATAPHOTO TIPOM3BEICHNS BEKTOPOB
[ 8 | B

@u Bro KOOpAuHaTaMm COMHOXKHUTEJIEH UMEET BU]T
4 1

a-b=m B v By +oq By (0)
T. €. CKaJSIpHOE NPOMU3BEICHHE BEKTOPOB PABHO CyMME INPOU3BEACHUN OJHOMMEHHBIX

MIPOCKLU.
T2 —
Tak kak , TO, IPUMEHSISI PAaBEHCTBO (2), moTyduM (HopMyITy st
mw

OIIpECIICHUS NJINHBI BEKTOpA I
2
o e

Brlpakas uncnurens v 3HaMeHartenb GopMyiibl (1) MocpeacTBOM KOOPAUHAT BEKTOPOB &F

I
iz

u B, npumensist popmyisl (2) u (3), HaXoAUM

i By iy By +og fy
yol vl ol (g gl B

HyCTB B IMPOCTPAHCTBEC 3aJaHbI TOYKH .1{.“; .‘l‘; ﬂ}I/IB.(n; F; z:) Torma

COs p=

L1 1 |
AB(2—m y2— W22 —A) Jnuna exropa ABGyner pasna | |I/I u3 popmyisl (3) crenyer,
4TOo

48| = i —a) +(n )+ )"

CBenieM OCHOBHBIE PE3yJIbTAThI B TAOJIHUILY:

Tabmuma 1
CkanspHoe MIPOM3BE/ICHUE
B BEKTOPOB
U] IPOU3BEACHHUS .
a3y i 8 )1
KA A B)
O0o3HaueHne ﬂ
[onsTue |§1 ) mm{g_n
[IpencraBieHre B KOOpIUHATAX & ﬂl +i, 52 +i, %
2]

m': ﬂ'-;
1) (14
Bl-0olil

IIpunoxenue p
&L

2
3 4=F %

KoHTpospHbBIE BOITPOCHI

1) Omnpenenenue BekTopa. JIMHelHble omepauuu HaJX BEKTOpaMH, CBOMCTBA 3THUX
onepanui.

2) IIpoexkuun BekTOpa Ha ocb. CBOWCTBA IPOEKLIUN.

3) Pa3noxenue BekTopa o KOOpAMHATHEIM opTaM. KoopanHaThl BEKTOpA.

4) Paguyc-BexkTop Touku. Moaynb BekTopa. PaccrosiHie Mexay ABYMsI TOUKaMH.



IIpakTueckoe 3ansitue Ne 6

Tema: CxansipHoe Npou3BeleHNE BEKTOPOB

Henas: Hayuute cTygeHTa HUCHONB30BaTh CBOMCTBA JIMHEWHBIX OMNEpaluid ¢
Tr€OMETPUYECKUMHU BEKTOPAaMH, CKaJSIPHOTO IPOM3BEACHMS BEKTOPOB JUIsl pEIICHHs 3a]ad
BEKTOPHOH anreOpsl

IIpakTH4eckuii 010k

Pemenne THIOBBIX IIPUMCPOB
- I ] L 1 i 1

HpI/IMep Ne 1. KonnuHeapHsl U BEKTOPBI p=6a-15_gq--3a+b aTJIe

u[l 2: 31&{2 —1:0)

Pemenue.
. L

1) Haiinem xoopauHaThl BekTopoB #u &, monp3ysick TeM, 9TO MPU CIOKCHUH BEKTOPOB
X KOOPIMHATHI CKJIQJBIBAIOTCS, & MPH YMHOXCHHHM BEKTOpa HA YHCIIO €ro KOOPIAWHATHI
YMHOKAIOTCS HA 9TO YUCIIO:

PU61-22:6-2-2(-1)6-3-20) ;(—3i1+1;—11—1;—3-3+u]

p2:14:18) gi1:-7:-9) 2) Tak kak
2 14 13
—l —'.T —9

TO KoopauHathl BekTopoB u Brponopumonansael. CiemoBaTenbHO, BekTophl Sy &F
KOJUTHHEAPHBI.

Ortsert. Bekrops! £u WxomnHeapHsr.

[Tpumep Ne 2. Jlanbl BEPILINHbI TPEyroJbHUKA:
A( -13-1:4 ]:E (_4 20 ):c ( 3:-2:1 )‘HaI/IJII/ITe JUIUHY CTOPOHBI AB, /BAC
Pemenue.

1) Beraucisiem koopauHatel BekTopos ABu AT

4B (4 (521 (-2)0—4) 2€ (3 (kg (21-4)
2B(-3:0:4) £0(43053)

2) Ilo ¢popmynam 1ist ATUHBI BEKTOPA U CKAJIIPHOTO MPOU3BEICHUS BEKTOPOB NUMEEM
T

JE=}IAIE =J{—3 ¥ +0F +(4) =5ed_

T TH T

AB-AC=-3-4+0-0+(—4)-(—3)=0 © 4B 1 4C,

r e ZBAC=90"

OtBet. AB=5 en. iﬂﬂ=9ﬂn

[Tpumep Ne 3. Ompenenuts yroa MeX.y AUaroHaIsIMHU NapajuieJorpaMMa, OCTPOSHHOTO

Ha BeKTOpax 3=2M —Au B=m +2 R, ric M . eUHUYHBIE BEKTOPBI, YTOJI MEXY KOTOPHIMU

p

4

g/

-4
Puc. 13.

yOexIIaeMcs, 4YTO BEKTOP ) , COOTBETCTBYIOIIUI OJHOM TUArOHAIH MapajuieIorpaMMa,
HaxoJUTCA 1Mo hopmyJie



d =at+h
az[pyrop“l—,

4, ~b-a
Orcrona
5}3’1’#;&

d, =—m+3 n(4)

B cuny cBoiictBa 50 (Teopema 1) ckaisipHOTO HpOI/IBBeI[eHI/I}I l'IOJ'Iy‘II/IM
2 Wy W T LY T 1y
F‘ = —(3!-}!)2 =9m +bm-minm —EF‘ -IEH i:ndll ﬂ']-l-

_9+511ﬁq'+1 Be® o m xlﬁnﬂ'l "

AHaJorn4HoO,

2 -1 L s u 3
‘T =dy, =[- ll+3n] —ll —&m- n'+9n —‘j

=1-5-1-1-5fﬂ"+9=ha1 T Jred 2 -
=42

Haitnem  ckamspHoe

MIPOU3BEAECHUE BEKTOPOB "i u dz . YuuTeiBasi CBOWCTBO 10 KOMMYTaTMBHOCTH CKAJIPHOTO
npou3BeieHus U (4), uMeeM

or mm Tor T T M T WIT I3

d -dy=(3m+n)(-m+3n)="Tm —mr+Imniin =
w w T EW I 7

=-3- ur +B|Ju ncos{n.m)+3n =—73-14+8-1-1-1/2+3-1=4.

T TN
sl 419 & [q dz )=arccos(0,419)
V'E T OTtBer.

I TN
(d .d )=aceas(D,419).

[Tpumep Ne 4. Ilon nedictBuem cuibl B 20 H maTtepuanbHas Touka NepeMecTuiach Io

npsiMmoit Ha 2 M. Haiftu paboTy, coBeplIaemMyro 5TOM CHUJION, €CIM Yrojd MEXIy CUJION u

HaIpaBIIEHUEM PaBEH 30°.
Pemenue. Pabora A Beruucisiercs mo gpopmyie

TwY TN

A-F-5- M }s‘m{F 5)

rae & — Bekrop aeiicTByoNIEH Critbl, &— BekTop myTH. [Tomydnm
A=20-2-cos30° =20 J_';gh

Orser. 4= 3/ .

3amauu JUIsl perieHus
I T 4T T T .r
= a-28k, —b-3a, —a+-hb.
1. TTo maHHBIM BEKTOPaMEFH BHTOCTPOUTH BEKTOPHI 2 4 4



2. I[aHLI BEKTOpHI & (2:-1:0).5( 231 ) Buyuchurs:
Iy

a) & ;

6)(3 a—Ib} {ﬂ+b}.

Ortger. a) 14; 6) -12.

a i 1§ a a a a 4
3. Onpenenuts npu KakoM 3HadeHun LEBexropsr @=%1—3 f+2 ky b=1+2j-ak
OPTOTOHAJIBHBI.

Ortger. = 4.

4. BbluucnuTh Kakylo paGory mpomssoaur cuma & (313 )orma ee Touxa
NPWIOKEHUS, JIBUrasich IO TPSAMOM, MepeMecTuiach W3 TOUYKH ‘i{ 1-3H4 )B TOUKY
B(3:20)

Otser. 27 ez[ pao.

5. BekTop #FcocTaBisieT C OCSIMH KOOPAHUHAT OCTPBIE YIJIBI X ﬁ Y ampudem K= 450
I

— 6P al—3

}8 — % . Haiitu ero KOOpAMHATHI, €CIIH

Ommer. (3/42:3/2:3/2),

q I |
.= - al=3, b{= 4,

6. Bextops! @u Bo6pasyror yron F. 3mas, urto HalTU JUIMHY BEKTOpa

c=3a+2b
F: 14 73
OTBeT. en.
3agauu s cCaMOCTOSITENbHOM paboThI

1. BBIYUCIHTD CKaIAPHOE NPOU3BEIECHUE BEKTOPOB iy I, eciu
I I I I

=4 b=41-3 F, .=
yroJl MEKy BekTopamu u Bpasen 600;

a)
6)a=21‘+j—3i:, B(1:0;4)
Otser. a) 10; 6) 14.

- i i 14 i i a4

2. KonnmseapHs! nu Bextopsl P=3 2+ b.g=—a+lh , e (1:2-3)y b (1;0:-1)
Otser. Her.
3. Haittu yrom MexIy IHAroHaIsIMH MapajuiesorpaMma, MOCTPOSHHOTO Ha BEKTOPax

a a a a a i

a=2i+j b=—j+21k

Orser. (3,5] =0

i 4 i i 4 i 4 i

4. Jlaubl Bextopsr @=21—3 j+6 ky b=—1i+2 j-2Kk NPWIOKEHHBIE K OO0IIeil TodYKe.

Haiitu opt 6I/ICCGKTpI/ICH yriia MexIy Fu B,

OTBeTc (- ”r\l’_2 5-"rV|,_ ol TRV v }

5. IocTpouts TOYKH 4 ( 41 )-E ( 35 )-C (_1 4 )-ﬂ ( 0:0 ) Ecnu Touku mocTpoeHsl

IIpaBUJIbHO, TO IIOJYYCH KBa/Jpar. IIeMy paBHA JJIMHA CTOPOHBLI 3TOI'O KBaz[paTa? KaxoBa ero
rmomazu;? Haiitu KOOpAHUHATHI CEPCANHBI CTOPOH KBaJgpara.



OTBeT. 2= \Eez{., 5= ”KB. enl.,
Mg (3.53) M3 (14.5) M (D52)Mp (205

6. Haiitu BexTOp X, IIEpIIEHUKYJISIPHBIN BeKTOpaM & = i+ &u b=2 j—K.ccm U3BECTHO,

4 i i i

4T0 ero mpoexuus Ha sexrop E=I+2 j+12 Ii:pzuz.Ha 1.
[ 8

Otger. Xx(-3/2; 3/4; 3/2).

KoHntposbHbIE BOITPOCHI

1) CxansipHO€ IpoM3BeIeHHE BEKTOPOB, €ro pu3ndeckoe ToakoBanue. CBoiicTBa

CKaJISIPHOTO IIPOU3BEICHUS.

2) Ilpoekuusi BeKTOpa Ha BEKTOp. YTroid MexAy BekTopamu. HeobGxomumoe u
JOCTaTOYHOE yCJIOBUE MEPIEHAUKYJIIIPHOCTH BEKTOPOB.

3) CkanspHoe npou3BeieHHEe BEKTOPOB B KOOPJAMHATHON (opMme.

IIpakTHyeckas padora Ne 7
Tema: CocraB/jieHue ypaBHEeHUH NPAMOii
Heab: orpaboTaTh yMEHHE COCTABJIATH ypaBHEHHUE MNPSAMOM, 3aJaHHOW pPa3IUYHBIMU
crioco0amu; NePexoAUTh OT OJHOTIO BU/IAa ypaBHEHUS IPSAMOM K Jpyromy

Teoperuyeckre OCHOBBI: HOPMAJbHBIM BEKTOP NPSIMOW, HAINPABISAIOMMN BEKTOP
IpSAMOii, cIOCOOBI 3a7jaHNsl IPSAMOM, BU/bI YPaBHEHUs NIPSIMOH.

B nexaproBoii mpsimoyrosibHOU cucteMe koopauHaT OXY Ha MIIOCKOCTH Jro0ast mpsiMast
MOJKET OBITh 3a/l1aHa YPaBHEHUEM B BUJIE

Ax+By+ C=0

rae kodpduuuentsl n = ( A,B) - KOOpAMHATBI BEKTOpa MEPIEHAUKYJSIPHOIO K
3aJaHHOW IPSIMOH. DTOT BEKTOP Ha3bIBAlOT HOPMAJIBHBIM BEKTOpPOM mIpsmou. Ecimm B, TO
ypaBHEHUE NPAMOM Ha MJIOCKOCTU MOYKHO IIPEJICTaBUTh B BHUJIE

y=kx+b (k=1tg)
3TO0 ypaBHEHHE Ha3bIBACTCS ypAaBHEHHEM MPSMOM C TIIaBHBIM KO3 PHUIIUEHTOM.
PaccMoTpuM citydyan B3aMMHO paclioyioKEHHUE JBYX IPSMbIX Ha IUIOCKOCTH
1. Ecnu nipsiMble 3a1aHHBIE OOIUMHE YpaBHEHUSIMU
A1x+BIy+ C] =0 u A2x+Bgy+ C2=0 y
2. Ecnu ypaBHEHHE 33aJjaHbI C YTIOBBIMU K03 puiimeHTaMu
y=kx+b, u y =kx-+b; ,

[pumep 1. Haiitu ypaBHeHue mnpsMON, NPOXOAsIIEH dYepe3 TOUKY Mo(4,-3) wu
00pa3yromuii ¢ 0OCIMU KOOPIAMHAT TPEYTOIBHUK TUIOIIA IO 3.

Tak kak 3a7aHHas TOYKa JEXKUT B [V ueTBepTH TO MCKOMas mpsAMas JOJDKEH OTCEKaTh
oTpuLarenabHyo 4actb ocu OY u mnonoxurenpHyto d4actb ocu OX. Hamumem ypaBHeHue Ha
OTpe3Kax MPOXOALIYI0 Yepe3 TaHHYIO TOUKY.

Ecnu MBI mogbepeM a=2 u 6=-3, TO MOJIYYHUM TPSIMYIO YIOBJICTBOPSAIOIICH yCIOBUE
3agaun. Takasa npsimas HE OJlHA.

[Mpumep 2 . 3amnucaTh ypaBHEHUE NPSIMOM, NPOXOJSIIEH yepe3 Hayalo KOOpAMHAT U
o6pasyrommii yron 45° ¢ npsaMoit y=2x+5.

Tak Kak yrosn Mexay npsaMbiMa 45° , TO 3anKCHIBaEM [[Ba YPAaBHEHHS C HEU3BECTHBIMH K
nu kz.

Torma ypaBHEHHMS MpPSMONl TMPOXOIAIICH dYepe3 Hadyajlo KOOpAMHAT U  YIIIOBBIMH
koadpunmentamu k,=-3 u k;= OynyT cOOTBETCTBEHHO



IlnockocTn

OcHoBHasi TeopeMa. B  0exkapmosvix NpPAMOY20JIbHbIX KOOPOUHAMAX YPABHEHUe
000U NAOCKOCMU NPUBOOUMBCSL K BUOY

YpaBHeHHE Ha3bIBACTCS 0Owum ypasnenuem niaockocmu . KodduimeHTsl sSBISIOTCS
KOOpJMHATAMU BEKTOpa K, MEPIEHANKYISPHOTO K IUIOCKOCTH, 3aJaHHOW ypaBHeHHeM. OH
HA3BIBACTCSI HOPMAIbHLIM BEKMOPOM dTOU TUIOCKOCTH U OTPEEIIIeT OPUEHTAIUIO TUIOCKOCTH B
MPOCTPAHCTBE OTHOCUTEIHLHO CUCTEMBI KOOPIUHAT.

CyIIecTBYIOT pa3iHyHbIe CIIOCOOBI 3aJaHUS TUIOCKOCTH U COOTBETCTBYIOIIME MM BUJIBI
ypaBHEHUS .

1. Vpaenenue naockocmu no mouxe u HopmaneHomy 6exmopy. Eciv IIOCKOCT
MIPOXOJUT Yepe3 TOUKY U MEePHEHAUKYIISIPHA K BEKTOPY

2. VYpasuenue nnockocmu 6 «ompeskaxy . Eciu mII0CKOCTh IiepecekaeT 0CH KOOPHHAT
B TOYKaX COOTBETCTBEHHO

3. Ypasuenue nnockocmu no mpem moukam. Ecny NIOCKOCTb NPOXOAMT YEPE3 TOUKH ,
HE JIe)Kallle Ha OJXTHOU MPSAMOM

Ipumep 1 CocTaBUTh ypaBHEHHE IUNIOCKOCTH, APAJIIEIBHON BEKTOPY

s = (2,1,-1) u orcexarommx Ha ocsix OX u OY oTpesku a =3, b= -2.
(OtBetr:  2x-3y+z-6=0)

VckoMoe ypaBHEHHE IUIOCKOCTH HAaxXOIMM M3 YCJIOBUS KOMIUIAHAPHOCTH Tpex

BekTopoB MM, MM, s , a Touku uUMeeT Koopaunatel M(x,y,z), Mi(a,0,0), M(0,6,0) . Tlo
yCIOBHIO 3a/1auu a=2, 6= -3. Toraa

U OKOHYATEJHHO mojydyaeM 2x -3y +z=0.

Ipumep 2. BeraucauTe paccTossHie MEXy HapajiebHBIMU MIOCKOCTSIMU
3x+3y+2z-15=0 wu 3x+3y+2z+13=0.
Jlnis pemieHNH 3a7auu HaXOAUM JIFOOYI0 TOUYKY TPWUHAISKAILYI0 HAa OAHOHN U3
IUIOCKOCTH, Hanpumep cuutas y = z= 0 U3 ypaBHEHUS MEPBON IJIOCKOCTU HAXOJUM , 4TO X=35
Torma mo ¢opmyrne HaxOXISHHS PAcCTOSHUS OT HaHHOW Touku  My(5,0,0) 1o BTOpOH
IUIOCKOCTH HaxoauM d= 4
Ayoumopmuwvie 3anamus:

1. [To naHHBIM ypaBHEHUSM MOCTPOUTH MPSIMbIE, HAUTH UX YIIIOBbIe KOA((DULIUEHTHI U

OTPE3KH OTCEKaeMble MU Ha OCSX KOOPIUHAT.

2.3anucath ypaBHEHHs MPSMBIX, HA KOTOPBIX JIekKAT CTOPOHBI pPaBHOOEAPEHHOM
Tpamnenuu, 3Has, 9T0 OCHOBaHUs ee paBHbI 10 u 6, a GOKOBBIE CTOPOHBI 0OPA3yIOT C OOJBITUM
OocHOBaHUeM yroi .bombliiee ocHOBaHUE JIEKHUT HAa OCH abCIHCC, @ OCh CHMMETPUH Tpamneluu —
Ha OCH OpJMHAT

3. Cuna mpuiioXKeHa K TOYKe . 3amucaTh ypaBHEHHE NPSAMOMN, BJIOJIb KOTOPOM
HaIpaBlieHa 3Ta CUJIA.

4. 3anucaTh ypaBHEHUE NPSAMBIX, KOTOpPBIE MIPOXOAAT Yepe3 TOUKY U MapaulebHbL: a)
ocu abcmucc; 0) ocu OpAMHAT; B) OHMCCEKTpUCE TMEPBOTO KOOPAWHATHOTO yTria; T) MpsMOU
y=3x+9. 5.3anucaTth ypaBHEHHE NIPSIMON, IPOXOAIIEH Yepe3 TOUKH

6. JIyu cBeTa HampasiieH 1o npsaMoil HaiiTu KoopAMHATBI TOYKH BCTPEUH Jyda C OChIO
U YpaBHEHHUE OTPAKEHHOTO JIyya.

7. Touka A(-2,3) neXHUT Ha NPSIMOM, MEPHNEHIUKYISAPHON K mpsiMoit 2x-3y+8=0.
3anucaTh ypaBHEHHE 3TON MIPSIMOIA.

8. Touka A(2,-5) sBnseTCs BEPIIMHON KBaJpaTa, OJHA U3 CTOPOH KOTOPOTI'O JIEKUT Ha
npsimoit x-2y-7=0. Beraucnuts miomans kBaapara. (Omeem: 5)

9. 3anucaTh ypaBHEHHE U MOCTPOUTH IIOCKOCTH:

a) mapajuieNbHy0 m1ockocTu OXZ u mpoxoasiryto yepe3 Touky Mo(7,-3,5)
0) npoxozsulyto uepes ock OZ u Touky A(-3,1,-2)

B) mapayuienbHyo oc OX u mpoxo sy yepe3 ape Touku M;(4,0,-2),



Mx(5,1,7)
I') npoxosulyto uepe3 Touky B(2,1,-1) u umeronyto HopMaibHbIi BEKTOP
n=(1,-2,3)
1) npoxonauryto uepes3 Touky C(3,4,-5) napamienbHo JByM BEKTOpam
a=(3,1,-1) nue6=(1,-2,1)
Otsert: a) y+3=0; 0) x+3y=0; 6)9y-7-2=0; 2) x-2y+37+3=0; 0) x+4y+7z+16=0.
10. CocTaBuTh ypaBHEHHE OJHOW M3 IpaHEll TeTpal’japa, 3aJaHHOIO  BEPLIMHAMM.
A(5.,4,3), B(2,3,-2), C(3,4,2),A(-1,2,1). [IpoBepuTh NpaBUILHOCTD MMOTYYEHHOTO YPAaBHEHHUSI.
11. CocTtaBUTh ypaBHEHNE TUIOCKOCTH:
a) npoxosauieit uepes Touku M;(1,1,1), M2(2,3,4) nepneHukynsipHO K
IJIOCKOCTH. 2x-7y+57+9=0,
0) mpoxopsieit uepe3 Touky Mo(7,-5,1) u oTcekaromieil Ha OcsIX KOOpPJIHWHAT PaBHBIE
noJyioxkuTenbHble 0Tpe3ku. (OtBer : a) 31x+y-117—21=0
0)x+y+z-3=0)
12. BBIUNCINUTD YOI MEXAY TUIOCKOCTAMU X -2y +27—3=0 u 3x-4y +5=0

(OtBer: )

13. 3anucaTh ypaBHEHUE IUIOCKOCTEW, JENALIMX JBYXI'PAaHHBIE VYIJbl MEXIY
miockocTIMu 3x-y+7z-4=0 u 5x+3y-5z+2=0 ( OtBeT: x+2y-6z=0,

4x+y+z-1=0)

Homauwinue 3a0anusn:

1.Haiitu ypaBHeHue npsimoii, mpoxonsuieil yepe3 Touky Mo( -2,3) u oOpasyrouuii ¢
OCSMH KOOPJMHAT TPEYTOJIbHUK IIIOMIA/bI0 4.

2.3anucarh ypaBHEHHE MPSAMOM, MPOXOIAIIEH Yepe3 HadaJlo KOOPAWHAT U 00pa3yOIIHiA
yroa 30° ¢ mpsamoii y= - 3x+1.

3.3anucaTh ypaBHEHUE PSIMON MpoxXo et uepes Touky P(5, 2) u oTcekaromieii paBHbIC
OTpPE3KH Ha ocsAX KoopAuHAT. (Omeem: x +y -7=0.)

4 Haiitn ypaBHEeHHE TIPSIMOM, NapauieabHOi npsiMoi 12x+5y-52=0 u oTcTosIIel oT Hee
Ha pacctosaue 2. (Omeem: 12x+5y-26=0 unu 12x+5y-78=0.)

5.BBIUMCANTE BEIMUYMHY MEHBIIETO yIia MexIy npsaMmbiMH 3x+4y-2=0 n 8x+6y+5=0.
Jloka3aTbh, 4TO TOUKA JIEKHUT Ha OMCCEKTPHUCE 3TOTO YIVIa, U CAETaTh PUCYHOK.

6. CoctaBuTh ypaBHEHHME IUIOCKOCTH uepe3 Touky P(1,0,2) mnepneHaukyiIspHO
K JBYM IDIOCKOCTSIM 2X-y+3z-1=0 u 3x+6y+3z=0.

7. CocTaBUTh ypaBHEHUE IUIOCKOCTH, NEPIEHANKYJIIPHON K IUNIOCKOCTH 2X-2y+4z-5=0 n
orcekatomiet Ha ocsix OX u OY oTpesku a=-2, 6= COOTBETCTBEHHO.

8. CocTaBUTh ypaBHEHHUE IJIOCKOCTH, MapasuieibHON BekTopy § = (5,0,-2) U oTCeKaromux
Haocix OX wu OY oTpe3ku a=-4, b=1.

9. BoluMCcIUTh pacCTOSHUE MEXY NapajlIeIbHBIMU IJIOCKOCTAMU

xX-2y+4z-1=0 wun 2x-S5y+2z+12=0.

IIpakTHyeckas padora Ne 8
Tema: CocTraBiieHHe ypaBHeHHUI NJIOCKOCTH
Hean: orpaboTaTh yMEHHE COCTABJISITH YpaBHEHHE TPSAMOM, 3aJaHHOW Pa3TUYHBIMU
croco6aMu; MepexoIuTh OT OJIHOTO BUAA YPABHEHUS MIPSIMOU K JPyroMy
TeopeTnyeckue 0OCHOBBI:
IIpsimasi ¥ VIOCKOCTH
B 3aBucumocTtu oT crocoba 3agaHus MPSMON B MPOCTPAHCTBE MOYKHO paccMaTpUBaTh
pa3inyHble ee ypaBHEHUSI.
1. BexmopHo-napamempuueckoe ypasnenue npsamou. IlycTb mpsmas IpOXOIUT yepe3
TOYKY NapajieIbHO BEKTOPY, a Jro0asi TOuKa 3TOM MpsMoii .



KOTOpO€ TIOJIy4aeTcsl IO IMpPaBWIly CJOKEHHMsS BEKTOPOB. YpaBHEHHE  Ha3bIBaeTCs
BEKMOPHO-NAPAMEeMPUIECKUM YPAGHEHUEM NPAMOU, —HAIIPABJISIIOIIMM BEKTOPOM IpsIMOM 2.
Ilapamempuueckue ypasHerus npsamotl.

3. Kanonuueckue ypasuenus npsamoti. Pazpemas ypaBHEHUS! B CACTEME OTHOCHUTEIIBHO
{ ¥ IPUPaBHUBAs TTOJTyYE€HHbIE OTHOIIECHUS, IPUXOIUM K KOHEUHbIM YPAGHEHUAM NPAMOU.

4. Ypaenenus npamoii 6 npocmpancmee, npoxoosueu uepes 08e mouKu.

5.06wue ypaenenus npamoii 6 npocmpancmee.

Tenepp MOKHO 3amMcaTh YCJIOBHE NEPIEHAMKYJISPHOCTH NPSAMBIX | a YCIOBHE
MapaJuIeIbHOCTH , @ YCJIOBUSL HX COBHAJeHus , rae Mi(xyyiz) , Ma(x:y2%2) , a  Sp82 —
HaIpPAaBJIAIOIINE BEKTOPHI.

Yenom mesncoy npamoii u niockocmupio Ha3bIBACTCS YIOJI MEXKAY MPSIMOM

Y OPTOrOHAJIBHON MPOEKLKEN Ha MIIOCKOCTb.

Ipumep 1. CocTaBuTh ypaBHEHHE MJIOCKOCTH, IPOXOAAIIEH YepPeE3 TOUKY

P(1,0,2) neprieHANKYJISIPHO K IBYM INIOCKOCTSAM

2x—y+3z—-1=0 u 3x+6y+37-5=0

Tak kak K03(pPUIMEHTHI MIOCKOCTEH HE MPONOPIHOHAIBHBI, TO OHM IE€PECEeKaroTCs,
TOTJa HANpaBJSAIOLIMN BEKTOP JIMHUN NEpEeceueHus HaxoIuM W3 BEKTOPHOTO IMPOU3BEIEHUS
HOpMaJjiel JBYX IJIOCKOCTEH T.€.

Toraa 3ToT BekTOp OyJIeT HOPMaIbI0 UCKOMOM IJIOCKOCTH U 1o Gopmyne (2) Haxoaum
7x—-y-5z=0.

[Tpumep 2. 3amucaTh ypaBHEHHE IJIOCKOCTH, MPOXOASIIEH yepe3 IpsIMyo

MEPIECHIUKYJISIPHO K MITOCKOCTH X+4y-37+7=0.

Hckomass mMIOCKOCTh MPOXOAUTH Yepe3 TOUkH mpsmoir  Mo(2,3,-1) U uepe3
HaIpaBJISIOMUNA BEKTOp npsiMoi s(5,1,2) u uepe3 HopManu JaHHOU rockocT n(1,4,-3). Torna
U3 YCJIOBUS KOMIUIAHAPHOCTH TPEX BEKTOpoB MyM, § W N Haxoaum

u 1lx-17y-19z7+10=0.

3ananus

1.Haiitu ypaBHeHue mpsiMoi, npoxojsmiel yepe3 Touky Mo -2,3) u obpa3zyromwuii ¢
OCSIMHU KOOPJIMHAT TPEYTOJIbHUK ILIOMIA/bI0 4.

2.3anucaTh ypaBHEHHE MPSIMOM, MPOXOAAIICH Yepe3 Haualo KOOPJUHAT M 00pa3yromuii
yroi 30° ¢ mpsmoii y= - 3x+1.

3.3anucath ypaBHEeHUE NpAMOM npoxoasie yepe3 Touky P(5, 2) u orcekaroleil paBHbIe
OTpE3KH Ha ocsix koopauHatr. (Omeem: x +y -7=0.)

4.Haiitu ypaBHEHUE NpsAMOi, napamienbHol npaMoi 12x+5y-52=0 u orcrosiiieit ot Hee
Ha pacctosuue 2. (Omeem: 12x+5y-26=0 unu 12x+5y-78=0.)

5.BbluMcnuTh BEIMUMHY MEHBIIETO yria Mexay npsaMbiMu  3x+4y-2=0 u 8x+6y+5=0.
Jlokazatb, YTO TOUKA JIEKUT HA OUCCEKTPHUCE ATOTO YIJIa, U CAeNaTh pUCYHOK. (Omeem: .)

6.CocTaBuTh ypaBHEHHE IUIOCKocTH yepe3 Touky P(1,0,2) mnepneHaukyasipHO
K JBYM IIOCKOCTSIM 2x-p+3z-1=0 u 3x+6y+37=0. ( OtBet: 7x-y-5x-z+3=0)

7.CocTaBUTh YpaBHEHUE IUIOCKOCTH, MEPIEHANKYISIPHON K IUIOCKOCTH 2X-2y+4z-5=0 u
orcekaromieid Ha ocsix OX u OY otpeskun  a=-2, 6= cootBeTcTBeHHO. (OTBET: X-3Y-
27+2=0)

8.CocTaBUTh ypaBHEHHE TUIOCKOCTH, MapayljiesibHoi BekTopy s = (5,0,-2) U oTcekaroumux
Haocax OX u OY oTpe3ku a=-4, b=1.

9. BoluncnuTh paccTosHUE MEXy MapayliebHBIMU IJIOCKOCTAMU

x-2y+4z—-1=0 wn 2x-5p+2z+12=0.

10. 3anucath ypaBHEHHE IUIOCKOCTH, MPOXOASIIEH Yyepe3 NpsMYy0 HEepIeHINKYISIPHO K
IJIOCKOCTH .

11.Beraucnuth paccTossHue MKy npssMbiMu U ( Omeem: . )



12.ITepecekarorcs i npsimble U ( Omeem: HET. )

Bomnpocs! k Teme:

JlaiiTe onpezeneHre HOPMAILHOTO BEKTOpa MPSIMOI.

JlaiiTe onpeziesieHHe HApaBJIAIOLIEro BEKTOpa MPsSMO.
KakuM HaOOpoM 371eMEHTOB MOXKHO 3a/1aTh NPsAMYI0?

Kaxoii BUJ1 MOXET UMETh ypaBHEHNE NIPSIMOM Ha IIIOCKOCTU?

MEF S e

Kak cocTaBuTh YpaBHCHHC HpHMOﬁI

10 HAIPAaBJISIIOLIEMY BEKTOPY U TOUKE,
110 IBYM TOYKaM,

- 10 HOPMAJIIBHOMY BEKTOPY U TOYKE,

- 110 OTpPEe3KaM, OTCEKAaEeMbIM IPSIMOM Ha OCAX KOOPIUHAT?

6. YUTo MOKHO CKa3aTh O MOJIOKEHUH MPSMOM HA KOOPIAMHATHOM IJIOCKOCTH, MO €€
YPaBHEHUIO:

- KaHOHHYECKOMY

- mapameTpuyecKuM

- “BoTpe3kax”’

C YIVIOBBIM KO3 (punineHToM
Kak nepeiiTu oT 0JTHOTO BHJa ypaBHEHHS MIPSIMOM K APyromy BUIY?
UTo MOXKHO paccka3aTh 110 YPaBHEHHUIO O MOJIO0XKEHUH MPSAMOM Ha MIIOCKOCTH?
Kak ompenenuts B3auMHOE pacroiokeHHe TOUKH U MPsIMOii?

= o 0

0.  Kak onpenenuts TOUKy NepecedeHus IByX NpsAMBbIX?

IIpakTnueckas padora 9

Tema: Haxoxxaenue npenenoB PyHKIUH M TOYEK pa3pbiBa.

Heab: npuoOpereHue 0a30BbIX 3HAHMM B 00JaCTH (yHIAMEHTAJIbHBIX pa3ZeiioB
MaTeMaTHKu. [IpoBepka ycBOeHMs 3HAHUHM IO BbIUMCIIEHUIO npezaenoB GyHkuuil. [loBTOoputh M
CHUCTEMAaTU3UPOBATh 3HAHMSI 110 TAHHOM TeMe.

Teoperudecknii 010K
YToObl BEIYUCIUTH TIpesien PyHKIUU B TOUKE, HAJIO:

1) IloacTaBuTh BMECTO NEPEMEHHOM X TO, K UEMY X CTPEMUTCHI.
0

2) Ecnu nocie BBIIOJHEHUS MyHKTa 1) MOJydynM HEOINpEneIeHHOCTh BUa [E’l TO HAJO
YUCIUTENb W 3HAMEHATENIh JPOOM pAa3NOKUTh HAa MHOXXHUTEIH W COKPATUTh JpoOb, WU

YUCJIUTCIIb W 3HAMCHATCIIb JOMHOXHWUTH Ha COIIPSXKCHHOC H IIOCJIC 3TOr0 COKPATHUTH )IpO6B.

3aMeTuMm, 4TO JIpoOb Beerna OyAeT COKpAIlaThCs, €CIM B BBIPAKECHUH x_ia CTpEJIKY 3aMCHUTh
Ha MUHYC: (X-a).

P
3) Ecnu nocne BBINOJHEHUS MyHKTa 1) MOIy4YMM HEONpeAeIeHHOCTh BUAA [;I], TO HAJ0
YUCIWTENb W 3HAMEHATeNb JpoOW pa3leNuTh Ha CTaplIyl0 CTENeHb HEW3BECTHOIO, WU
cllaraeMoe C caMoil OOJIbLIOW CTENEeHbI0 B YHUCIWTENE pa3feliuTh Ha cjaraéMoe ¢ camoi
OO0JIBLION CTENEHBIO B 3HAMEHATEJIE U B3ATh MPEe OT pe3yIbTara JeICHuUsI.

0
4) Ecau mnocne BBHINOJIHEHHUS IMyHKTa 1) IOJy4yuM HEONpEAENeHHOCTh BHUAA [ﬂl
CBSI3aHHAs C 3HAYEHUSMHU TPUTOHOMETPUYECKUX (YHKLUMI, Hal0 BOCIOJIb30BAaThCS HEPBBIM
3aMey4aTesIbHbIM IPEETIOM.
Onpenenenue. [lepBbIM 3aMedaTeIbHBIM MIPEETIOM Ha3bIBAETCS Mpee



i

-0 ]

Ilepsbiii 3ameuamenvhblii npeden paseH
n
In—=]
= &l

=0 ]

5) Onpeodenenue: Bmopvim 3ameuamenbhbiM Npeoeiom Ha3bl8aemcs npeoei
]

T—o0

e= lim :I.—I—l
n

Yucno e, 3adamHoe >mum npeoeiom, uzpaem oueHb O0IbULI0 pONb KAK 8
MamemMamuyeckom auaniuze, max u 6 opyeux pasoenax mamemamuxu. Hucno enasvigarom

OCHOBAHUeEM

log. N =In
HamypanibHuix 102apugmos ( : ).

Teopema. Bmopoui 3ameuamenvhuiii npeden cywecmsyem. Eeo snauenue -- uucho,
Jedcauyee mMexHcoy u .

Bonee noopobnoe usyuenue uucia enoxasvieaem, ymo €-- UPPAYUOHATLHOE YUCIO,

HeCKOIbKO Nepeblx OeCAMUYHbIX 3HAKO8 KOMOPO20 MAKOBbL.
e = 2,7182818285...

IIpakTHyeckas padora 10

Tema: YacTHble ciiy4an BIYMC/ICHHS NPeiesioB pyHKIMH.

Heab: npuobpereHre 0a30BbIX 3HAHUM B oOnacTu (yHIAMEHTAIbHBIX pa3esioB
MaTeMaTHKH. [IpoBepka yCBOSHHS 3HAHWH O BBIUMCIECHUIO TpeaenoB GyHkiuit. [ToBTOpUTh M
CUCTEMAaTHU3UPOBATh 3HAHMSI 110 TaHHOM TeMe.

S
]JIH 2
Brrunciuts npeaen ¥+« 1+x+3x

CornacHo HameMy MpaBHITy HOIBITAEMCS MOJICTABUTh OECKOHEUHOCTh B pyHKLHMIO. UTO Y Hac
nory4aeTcst BBepxy? beckoHeuHocTh. A 4TO moiydaercs BHU3Y? Toxke OECKOHEYHOCTb.
(18]

Takum O6p330MéDy HAC €CThb TaK Ha3bIBaCMasl HEOIIPCACIICHHOCTb BUIa 0. Mo>xHO OBLIO OBI

— =00
noxymats, yto [0 , 1 OTBET FOTOB, HO B OOIIIEM CIIyyae 3TO BOBCE HE TaK, U HY>KHO
IIPUMEHUTH HEKOTOPBIN IIPUEM PELICHUS, KOTOPBIA MBI CEMYAaC U PACCMOTPUM.



CHaanIa MBI CMOTpI/IM Ha YUCJIUTECJIb U HAXOUM :'I;.- B CTapH.IeI\/'I CTCIICHH.
Ay 3y — _”_*

lum

X—pta l+ x+3x°

CTapH_IaH CTCIICHb B YHUCJIUTCIIC PABHA JABYM.

Temneps CMOTPHM Ha 3HAMEHATENb M TOXKE HAXOJUM As cTaplIiel CTENeHH:
2x"—3x-5
lim =
e I3 X438

CTapma;I CTCIICHb 3HAMCHATCJIA paBHA IBYM.
3aTeM MBI BBI6I/IpaCM CaMYIO CTapIIyrO CTCIICHb YHUCINUTECII U 3HAMCHATECIIA: B JTAHHOM

IIpUMEPE OHU COBIIAJAIOT U PABHBI JABOMKE.
o

Htak, MeTo pemeHus CIeayOIIHi: 1JIsl TOr0, YTO0bI PACKPBITH HeoNpeaeJeHHOCTh C0
HEe00X0UMO pPa3/ieIuTh YNCJIUTE]b U 3HAMEHaTe/Ib Ha As cTapuiei CTeneHu.

b 2xj—3x—5_m

- =
e 14 x4+ 3% o
Pa3I[eJ'H/IM YUCINUTECIIb U 3HAMCHATECIIb Ha I

oxt —3x—5 oxt 35 ; 370 50
- I —a3 Tz 3 - T3 o
= litn. X = litn X X = litrn X X =
(*:I e 14 x4 3y r=w ] X 3.’[2 ¥ ] =0 1_}0 3
X X x X X A
Ipumep 2
Tx +152  + 92 +1

. § 2
Haittu npenen *=» 5% +6x° - 3x -4
CHoBa B YUCIIATENIE X 3HAMEHATENIE HAXOTUM X B crapmeii crenenn:
o) lﬂm +9x+1
lim —=;
e §y* 4 6yt = 3x -4

MakcuMalbHas CTENEHb B YUCIUATENE: 3
MaxkcumanbHas CTeleHb B 3HaMeHarene:; 4
BriOupaem HamboJIbIIIee 3HAUCHUE, B IAHHOM CJTydac YeTBEPKY.

CormacHo HaleMy ajiroputmy, i paCKpbITHUS HCOIIPECACICHHOCTU X0 eJIuM YUCITUTENb U

3HaMeHaTelb Ha & .
[TonHOE O opMITEeHHE 3aTaHKSI MOKET BBITJISICTh TaK:

=(%

T +15x° +9x+1 o
o 5t 46x -31-4 ®

Pa3I[eJ'H/IM YHUCINUTEIb U 3HAMCHATEIIh Ha &

75 +152 +9x +1 ?*”+15*”+9*”+1*”
: - tz t3 Tt
=]jm X =]jm X X X X —
(*) 7“”“53{44‘5:{2—3:{—4 P 5+6—}D_3—>0_4—>0
.7.’4 xg X3 X4
_ 0404040 _0_
54+40-0-0 5

[pumep 3



2
b 2xt=3x-5
Haittu npepen *—*= r+1
MaxkcuMalbHas CTENEHD «UKCA» B UUCIUTENE: 2

1
MakcuManbsHas CTENEHb «UKCa» B 3HaMeHaTese: 1 (:'I;.- MO>KHO 3amnucaTh Kak X )
ca

s %aCKpBITI/ISI HeolpeaeaeHHOCTH B0 Heo0X0AUMO pa3AeIuTh YNCIUTEIb U 3HAMEHATEIh

Ha X . UuCTOBOM BapUaHT PELICHUs MOXKET BBITJIAETD TaK:

oo 2x'-3x-5 w
i ——— = —=1(*

e r+l

Pa3I[eJ'H/IM YHCINUTEIb U 3HAMCHATEIIh Ha &

2%t —3x—5 370 50
e e
e o1 0
?fz x xz

o

Mo 3amuceio [ oJipa3yMeBacTCs He JeJICHUE Ha HOJIb (JIeITUTh Ha HOJIb HENb3s), a JeIICHUS
Ha OECKOHEYHO MAaJIOE YUCIIO.

Co

Taxum oOpa3om, Ipu pacKpbITUN HEONPEAEICHHOCTH BUia [ y Hac MOKeT
MOJIYYUTbCSl KOHEYHOE YUCI0, HOJb WA OECKOHEUHOCTb.

[

IIpenesbl ¢ Heonmpeae1eHHOCTHIO BHAA 2! 4 MmeTox ux peleHust

[Ipumep 4
. oxt =3x-5

Pemmts mpemen *+-1 x+1
Cuayvasa nomnpo0yeM MoJCTaBuTh -1 B 1po0k:

2= -3(-)-5_0
~1+1 0

o

B manHom CJIy4dac MojiydycHa TakK Ha3bIBaCMas HCOIIPCACIICHHOCTb [:l

O6mee NpaBuJI0: €CJIKU B YUCIUTEIIC U BHAMECHATEIIC HAXOAATCA MHOI'OUJICHBI, U UMECTCA

HCOIIPCACICHHOCTH BU A D, TO AJId €€ PAaCKPBITUA HYKHO PA3J0KUTD YUC/IUTEIDb U
3JHAMEHaTeJ/Ib HA MHOKUTCEJIN.

J171s 5TOTO Yalle BCero Hy>KHO PEIIUTh KBaIpaTHOE ypaBHEHUE U (MIJIH) UCTIOTIb30BATh
(hopMyJIIBI COKpPAIIIEHHOTO YMHOXKEHHUS.

Lo 2x=3x-5 0
]j_'[Il—:—:
¥3-1 i+1 0 )

PaznoxuM yuciauTens M 3HaMeHaTelIh Ha MHOKUTEIH

Jj1s TOro 4yTOOBI Pa3I0KUTh YUUCIUTEIh HA MHOXKUTEIH, HY>KHO PELINTh KBaJApaTHOE
ypaBHEHHUE:

ot -3x-5=0

Cnaugaja HaxoanmMm JUCKPUMHWHAHT:



=(-3*-4.2.(-5)=9+40=49
W xBazpaTHBII KOPEHb U3 HETO: 'JE =49 ="

B cnyuae ecnu nuckpuMuHaAHT O0JbIION, HanpuMep 361, HCMoNb3yeM KalbKyIsaTop,
(GyHKIMS U3BJICUSHHS KBAJIPATHOTO KOPHS €CTh HA CaMOM MIPOCTOM KaJIbKYJISITOPE.

! Ecnu kopeHnwv He usgnexkaemcs Hayeno (noayiaemcs OpooHoe YUCIo ¢ 3ansimoll), 04eHdb
8EPOSIMHO, YMO OUCKPUMUHAHM 8bIYUUCTIEH He8ePHO TUOO0 8 3a0aHUU Onevyamxa.

Hanee HaXOIII/IM KOPHHU:

st e
3§+? 3+? it

.xz - _——
22 4 4
Takum o6pazom:

2xt = 3x-5=2{x- {—1)).(;:—3 = 2{x+1). [x—gj =[x +1)-(2x-3)

Bcé. Yncnurenb Ha MHOXKUTEIU PA3JIOKEH.

X =

E
2

3HaMeHarTenb. 3HaMeHaTelb X + 1 YKC SABJIACTCA HpOCTCfIIJ.IHM MHOXUTCIIEM, U YIIPOCTUTL €TI0
HUKaK HCJIb34.

o fx+1)-(2x-3)
S

=(")

{x + 1]:

O‘leBI/IL[HO, YTO MOXHO COKpaTI/ITB Ha
(%= lm (22-5)=(%
-1

Tenepb U IIOACTAaBJISIEM —1 B BBIPAKCHUC, KOTOPOC OCTAJIOCH 110/ 3HAKOM IIPpCACia:
=2-(-1)-53=-2-3=-1
B uncroBom Bapuante opopMIICHHE JOIDKHO BBITIISAACTh IPUMEPHO TaK:

2r'=3x-5 0 _®
Y= —IT B E B

Pa3noxum ynciurens Ha MHOXKHUTEIIH.
o' -32-5=0)
D=(-3-4.2.(-5)=9+40=49

— (- —?_3—?_—4_1
- _ I
4
x_—(—3§+?_3+? ﬁ_g
: 5.9 4 4 9

8—2x
BrruucauTs npeaen ¥4 #+dx-12

CHayana «4MCTOBON» BapHUaHT PCIICHUA



-2 0

=i xt +4r—12 0

PaznoxuM 4uCInUTENs U 3HAMEHATEIIh HA MHOKHUTEIIH.

dnemrens: 8= 2% = 2(4-1")=202- 92 +1)

3HaMeHaTeJ‘IL'

Dzl

JE 3

P Hax-12=(x+6)(x-2)

L 2A2-R2+n
=l (x+6)(x-2)

b 2-DEtn)
11 (x +6)(x - 2)

B (2+x) 9 4
C TEs2(x46) 8
Ipumep 1

lim,_, ﬁ f
=4

b — G2+
=2 (x+6)(x—2)

Mpwi 6ocnonvzosanuce npasuiom 1) u noocmagunu 6mMecmo x mo, K yemy X Cmpemumncsl,

(x—5)(xta+3
—5 —_— -
* (Vesa©-3%)

m. e. x=2.
llpumep 2
. xt+x—6 0] _ . (x—20(x+3] .. x+3 2+
lim, ., — =[E]—hmx_,2 p— =11mx_,2—2|= s
Ilpumep 3
x—5 ol (x-8)EFE43) | lim
hmx—:E = 3_|:|}] 11mx—:5|:x.'m_3:||:_“.m+4}:
Ii (x—5)(~Vx+2+3 Ii (x—5) (vx+E+3
e R :1imx—:5[*v“x+4+3j:3+3:6
Ipumep 4

Ilpumep 5
5in &3
hm Blimy,_q Blimy o
]-lmx—il}% o Bin Ellmx_:D!L::g :EZZ
IIpumep 6

)lim, .. (1+2)7 =lim,__. (1 +ij4“1L E%

2

lrn (1+3]x = [1°]= tim [1+3]5 e

3w

[T
I
]
w4

firn [1+i]§ =[1* |= fim [1+i]E
K= x ¥—=rm x

4+ lim = Jim ;f’—
2+ lim — llm:]'— E

XX X0y



3. 3akpennenue 3HaHut, yMeHUl U HABBLIKOS.
Buvinonnums camocmoamenvhyto pabomy no 8bluUCiIeHUI0 NPeoenos QyHKYuULl.

Bapuant 1 Bapuant 2
Breruncnute npeaen GyHKIUN: Brruncnute npeaen GyHKIUN:
Em I —4x— I +4x—
1 == x? +6x-5| 1w 6 +x-5]
2x” —5x

e —
7 =y S5y

- -1
3 r+1x2+ﬁx—5|,

2 —5x-8
_E'Ex4—512+5|_
¥ -1

'Elxz+2r—4_

En -x En 4x
4' I—}ﬂm ' I—}ntg- .
hctg hctg*l
= 5x -
5.7 . il
E‘;_[I_EJ.‘ - =3
6. mxt2/| E x+3]_
1 1
inﬂ’r—)‘i i +_-i
7. T2 x 1 r—}!ﬂ I)
h:ilﬁ <n
8. =0 Sy E—?ntg
En oxt - Sx+
3
90 x—0 4x x>0 2x°

bt |

- [HE]
10. x»m% X

IIpakTHyeckas padora 11

x
- (Hi]
10. x—»m X

Tema: BbluucieHue npeaejaoB (l)yHKIII/II/I METOAOM YMHOKCHUSI YUCIUTEIA H

SHAMCHATEIHA Ha CONPHKCHHOEC BbIPAKCHUE.

Heab: npuoOpereHne 0a30BbIX 3HAHUM B o0nacTu (yHIAMEHTAIbHBIX pa3AesioB

MareMaTuku. [IpoBepka yCBOEHUsSI 3HAHUH 1O BBIYHCICHUIO TIpenenoB QyHkiui. [ToBToputh 1

CUCTCMATU3UPOBATHL 3HAHHUA 110 JI&HHOfI TEMCE.

Cﬂe,D,y}OU.lMVI TN NpeaesioB Noxox Ha I'Ipe,D,bI,D,yLIJMVI Tvn. EAMHCTBEHHOE, MOMUMO

MHOIO4SIEHOB, Yy Hac [06aBATCS KOPHW.

Mpumep 6
i N6 —A10x-21
Hawitn npegen *-3 Sx-15

HaunHaem peliatsb.



CHavana npobyem noactaButb 3 B BblpaXkeHue nog 3HakoM npeaena

S3+6-.103-21 p-5 0

5.3-15 T 15-15 0

[

MonyyeHa HeonpeaeneHHoCTb Buaa [, KOTOpyIo HYXXKHO YCTPaHATb.

drt6-J10x=21 0
=—=(*
¥+3 5x—15 0

Korga B uncnutene (3HameHaTtesie) HaxoAUTCS Pas3HOCTb KOPHEN (M KOPEHb MUHYC
I

Kakoe-HUBY/1b YMCro), TO AN packpbiTus HeonpeaeneHHoctn [ ncnonbayoT meton
YMHOKCHUSA YUCIUTEA M SHAMCHATEIA HA CONMPHAKCHHOC BLIPAYKCHUC.

BcnomunHaem Hawly HeTneHHyro q)opwlyny pasHOCTU
KBaJpaToB: (a-B)lath)=a

YMHOKaeM YHCJIUTEIb HA COINPSIKEHHO€E BbIpasKeHue.

Jx+5 J102=21) (fx +6 44102 -21)
Hz Sx—15

06paTMTe BHMMaHue, 41O noa KOpHAMU Nnpu 3TOM onepaunn Mmbl HU4Ero He TporaeMm.

XopolLuo, ':'51 'l"-E:') Mbl OpraH13oBanm, HO Bblipa)KeHne-To Nnoa 3HaKoMm npeaena
nameHunocb! A ans Toro, YTobbl OHO HE MEHSINOCH, HYXXHO €ro pasaennTb Ha TO Xe

camoe, T.e. Ha (@+é
(qfx+6 J0x=21) (fx+6 + 102 - 21)
. (52 =15) (/246 +4/102-21)

To €CTb, Mbl YMHOKWJIM YUCJIUTE]Ib H 3HAMEHATE/Ib HA CONPSIZKEHHOE BhIPaXKEHHUE.
B nssectHom cTeneHun, aTo I/ICKyCCTBeHHbII\/'I npuem.

%)= = ("]

YMHOXMnKU. Tenepb camoe BpeMsi MPUMEHNUTb BBEPXY

copmyny (@-D)(a+4) = & _E:'g:
(% +6)% = (W10x - 21)°

"3 (5 —15). (fx+6 +-f10x - 21)—
x+6—(10x-21) _
=3 (5x—15). (2 +6 ++/10x-21)

(*) = lim

3 x+6-10x+21
H3(5x 15). (4246 + 05 —21)
—9x427
= lim ="
=3 (5x —15). (Jx+6 + /102 - 21)
0

HeonpenenenHocTb [ He nponana (nonpobynTte NoacTaBUTh TPOMKY), A U KOPHM
TOXe He ucyesnun. Ho ¢ cymmoii KOpHEN BCE 3HAYUTENBHO MPOLLE, ee MOXHO
NpeBpaTUTb B MOCTOAHHOE YUCIIO



—9x+27
lim
3 (5x—=15) (3464410 3= 21}

—9x+27 _ —9x+27
= ]_1_'[‘_[1 =
?f—>3{5x 151 (W9 +409) w3052 -15). (3+3)

1, —8x+27
i T o
S G Ax—15 ®

Yucno, kak y>XKe OTMe4alrioCb paHee, ny4vlle BbIHECTU 3a 3HAYOK npeaerna.

Tenepb 0CTanocb pPasnoXnTb YUCNUTENb U 3HAMEHaTENb Ha MHOXUTENN N
COKpPaTUTb «BUHOBHUKOBY» HEeonpeaenéHHOCTU, Hy a Npeaen KOHCTaHTbl — paBeH
caMOVl KOHCTaHTeE:

9x-3) 1, -9 1(—9}_3

5

=i 0D Ly L =

fr ¥=3 5{;{ 3} fr=3 5 £
MpuMepHO Tak:

dr+6=A10x-21 0
=—=(*
¥+3 5r-15 0

YMHOXUM YNCnNuTEnb N 3HaMEHaTESb Ha COnps>XeHHO€E BblpaKeHne.

(qfx+6 JTox =21 (Jfx +6 +/T0x-21)
= Sx—3) (Wx+6 +/10x-21)
_ L x+6—93[]x—21) .
SFH o) (Wr+6 +410x-21 )
_1 1 x+6-10x+21 1. —9x+427
5 §rs3 (x—3) 3073 (x—3)
1y ~%-3 _-9_ 3
T30 (z-3) 30 10

Mpumep 7

i -2
Haiitn npepgen ">~ lx +6 -2
.
i 225720

2. z16-2 0

Pasnoxum yncnuternb Ha MHOXUTENN:

Yrx-2=0
%f@:a

Pr-2=(x+Dx-1)

YMHOXUM YncnuTenb N 3HaMeHaTenb Ha conpsa>XeHHoe BblpaXeHune



o (xx-DxHE+D)
0=, (Jx+6 -2(Jx+6+2)

o G2 -DEEHET 4, (=D
¥l x+6-4 -2 x+2
= 4lim (x-1)=4 (-3 =12

IIpakTHyeckas padora 12

Tema: Haxo:xaeHue npou3sBoAHbIX QYHKIUM.

Heanb: [IpoBepuTh Ha NpPaKTUKE 3HAHUE IOHATUS IPOU3BOJHOM (PYHKIMH, yMEHHE
HAXOJUTh TPOM3BOJIHBIC IJIEMEHTAPHBIX (YHKUMUH, CIOXKHBIX (YHKUIWH, OOpaTHBIX (YHKLUH,
MOJIB3YsICh TaOJHIIeH POM3BOIHBIX U TpaBWiIaMu AU epeHIupoBaHHs, IOHATHEM CIIOXKHAS U
oOpatHast pyHKIHSI, yMEHUE IPUMEHATH IPOU3BOAHYIO IS HCCIIEOBaHUS (PYHKLIUH.

1.Teopernyecknii MaTepual U NpUMepPbl HAX0KAECHUS NNPOU3BOAHOM (PYHKLIMH.

Onpenenenune: IlpomsBognoit ¢ynkumu f(x) (f(x)) B Touke X Has3pIBaeTcs NpeAes
OTHOILIEHUSI MpHUpalieHuss QYHKIUHM K MPUPAIICHUI0 apryMeHTa MpU MpHpaAIIeHUH apryMeHTa
CTPEMSIIEMCS K HYJIIO:

. A
]‘lmﬂx—m iZf(x)

IIpousBoaHbIe 3j1eMeHTAPHBIX QYHKIM.

fl) Fix)
¢ —const 0
50 a1
g e
Pl 2% lna
1
s -
X
log = 1
d ulna
Sin s COS %
CosS % - Sinx
1
tgx 5
COs= ¥

IIpaBuaa nudgdepeHupoBaHus.

Ecmn y pynkumit f(x) u g(X) cymecTBytoT Npou3BOIHBIE, TO
1.C'=0

2. (utv)=u"+v'

3. (uwv)'=u'v+v'u

4. (C-u)'=C-u’, rne C=const

ul

L5
5.( )=
6. [Ipon3BoHAs CIIOKHOM (QYHKIIUU:
f'(g(x)=f(g)-g'(x)

2. [Ipumepsl.
x* + Zi
1. Haiitu 3HaueHUE MPOU3BOAHON QYHKITUH:Y=3 -4x+8.
Pewenne:
[To mpaBuiTy Hax0X/IeHUs MPOU3BOIHON alireOpanyeckor cyMMbl GyHKIUHN (hopmyna 2):



xz—FZT xz)u+(2x1 Zilni 21
y= (3 4x+8)= (3 -(4x)+@8)=3-2x+ I l-4-1+0=6x+ I

mz-T

2. Haiitu 3HaueHue MPOU3BOAHON QYHKIUH: Y =

x® (sin Ji
+4).
Pemenue:

x8, v = sinxi
DyHKIUS MPECTABIAET COOON MPOU3BEICHHUE JBYX MHOXHUTEIICH: U= +4.
ITo dpopmyme 3:

(x®(sinx (xf’}'(sinﬂi x®(sinx x> (sinx xT COS X
y' = +4)) = +4)+ +4)'=6 +4)+
3x—3
dg® —
3. HaiiTu 3HaUueHHE MPOU3BOTHON QYHKIIUU: Y=

Pemenue:
3x—5,vF &* —i
4

OyHKIMS TPEACTaBiIsIeT cOO0M YacTHOE JABYX BBIPAKEHHN: U=

2x—5 ] 3x—35)-(4e*-3)-(4¢"-3)-(3x-3) 2(ae"—3)-2e"(3x-5)
(49,1-_3) (4% —3)2 ‘ (4% -3)2
ITo dopmyme 5: y'= = =
y = sinf 4% - 1) w = L

6 B TO4dER 9 12

Pemenue. HaiinemM npou3BoaHyto JaHHOM (QYHKIHMM IO MpaBuily IuddepeHmpoBaHus
cnoxxHo# ¢pyHkuuu (hopmyna 6):

roofong) (-5 g enfor-)

™ ™ T ™ il
| Zl=dcoda. = - Dl-acost=a .22 - 2.3
y[lE] I:DS[ ] cos 2 5

1 , 1., -1 3
y=334 ¥'= G =30 == x
5. Eciu 1 10 W

6. y=x3—3x2 + 5x + 2. Haitnem y '(-1).
y'=3x2 — 6x+ 5. CnenoBatenbHo, y '(—1) = 14.
TEcitmy=Inx-cosx,T0y'=(Inx)"'cosx+Inx (cos x)'=1/x-cos x—In x - sin X.

_Ex«f;

! t
x . (xS) Cos x—x3{cos x} 3xlcosx+x sin x
8. cosx cost x cosx

[Tycts mana ¢ynkuus. s e€ uccineqoBanus HyXKHO:

1) Haiitu e€ obnacth onpenenenus. Eciii 3TO HE CIUIIKOM CJIOKHO, TO IOJIC3HO HANTH
Takke o0iacth 3HaueHui. (OHAKO, BO MHOTHX CIIy4asX, BOIPOC HAXOXKIACHHS OTKJIAJbIBAETCS
710 HAXOXKACHUS SKCTPEMYMOB (DyHKIIHH. )

2) BbiacHuTh 0OLIME CBOMCTBA (YHKIMH, KOTOpbIE TOMOTYT B OINpEAeNieHuu e&
MOBEJCHHUSA: He sBJsieTcss 1 (QyHKOWS 4YE€THOW 10O HEYETHOW, HE SBIISETCS JIM OHA
MEePUOTUYECKOM.

3) BbisicHutb, kak BeA€T cebs QyHKUUS NpU MPUOIMKEHUU apryMeHTa K rpaHUYHBIM
TOYKaM 00JIACTH ONpPE/EICHUs, €CIM TaKue IpaHuYHble TOUKU uMerorcsa. Ecnu ¢yHkuusa nmeer
TOYKH Pa3pbiBa, TO 3T TOYKU TOXKE MPOBEPUTH HA HAJIMUNE BEPTHUKAIbHBIX aCUMITOT (QYHKIUH.
HaliTn HaKJIIOHHBIE AaCUMIITOTBHI.



4) Haiitu Touku nepeceyeHus rpauka ¢ OCSIMH KOOPIUHAT, YTO COCTOUT B MPOCTOM
BBIYHCIICHUH 3HAUYCHUS QYHKIUH TIPU YCIOBHUHU:

C ochro OX: y=0;

C ocpro OY: x=0.

Haxoxzaenne Touek mepecedeHus C OChbI0 MOXKET MPHUBECTH K HEOOXOAMMOCTH PEIIUTh
CIIO)KHOE airedpandeckoe ypaBHEHHE, 4TO, ObITh MOXKET, YAACTCS CAENATh JIUIIb MPUOIMKEHHO.
OTpicKkaB KOpHU (DYHKIIMU U TOUKH pa3pbiBa, Mbl MOXKEM OMPEIEIUTh 3HAK (DYHKIIMU HA KaXKIOM
U3 HMHTEPBAJIOB MEXAY OSTHUMH TOYKAMHU. IJTO MOXHO CJeNaTh JTUOO0 BBIYHCIUB 3HAYCHHE
GYHKIUHN B KaKOH-HUOY b U3 TOUEK UHTEpBalIa, JIN0O MPUMEHHB METO/ HUHTEPBAJIOB.

S)Haiitu mpoMeXyTKHM MOHOTOHHOCTH. J[Jii 3TOro HaxoAST MPOU3BOJHYIO M pEIIaloT
HEPaBEHCTBO:

f (x])lii. Ha npomMexyTkax, rJie 3T0 HEpaBEHCTBO BBINOJIHEHO, GYHKIUA Bo3pacTaeT. Tam,

I'JI€ BBITTOJTHEHO HEPAaBEHCTBO f (x) {d, GbyHKIMS yOBIBaET.

Ha¥inst maTepBaIbl MOHOTOHHOCTH, MBI MOXKEM Cpa3y OIPEICIHTh TOYKH JIOKAITBHOTO
IKCTpEMyMa: TaM, TJe BO3paCTaHHE CMEHSCTCS YOBIBAaHMEM, pAacIOJIaraloTcsl JIOKAJIbHbBIE
MaKCUMYMBI, a TaM, I/ie yObIBaHUE CMEHSETCSI BO3PACTAHUEM - JIOKAJIbHBIE MUHUMYMBI.

6) HaxoxmeHue MHTEPBAIOB BBIMYKJIOCTH W BOTHYTOCTH BEIETCS C IMOMOIIBI BTOPOW

npousBoaHoW. Haiins f T“ﬁ, MBI OIIPEACIISIEM 3HAKU f '[lﬁHa HMHTEpBaIax:
ecrm [ T“ﬁ)O, TO KpuBas rpaduka GyHKINU BOTHYTa,

e f '(lﬁ<0, TO KpuBas rpaduka (yHKIUN BBITYKIas.

3a01HO ompenenseM TOYKH Ieperuda Kak T€ TOYKH, B KOTOPBIX (DYHKIMS MeEHseT
HarpaBJIeHUE BBITYKIOCTHU (U HETIPEPhIBHA).

7) HaxoxneHue Toyek nepecedeHus rpaduka ¢ aCMMOTOTON M JOMOJHUTENbHBIX TOYEK.
OTOT MyHKT HE HOCHUT O0S3aTEIbHOIO XapaKTepa, OJHAKO HAXOXJIEHUE TaKUX TOYEK MpHUIAET
UCCIIEIOBAaHMIO (DYHKIIH U TIOCTPOCHHOMY €€ TrpadiKy 3aKOHYEHHOCTh M MOJHOTY.

3aMeTHM, YTO MOJyYaroIluecss B MpoIlecce HCCIeAOBaHMS (YHKUIMU TOYKH Ha OCSX
KOOPJMHAT U Ha TpaduKe MOJIE3HO Cpa3y ke HAHOCUTh Ha YEPTEK. DTO IOMOraeT 10 XoAy Aeia
YSCHATH BUJ rpaduka.

3. Boino/tHUTE CAMOCTOSATEIbHO:

Ne Haiitn NPOU3BOIHYIO Ne Haiitu NMPOU3BOAHYIO
Ba | pyHkuum y: Bap | yHKUMHU y:
puaHTa HaHTa
1 6
] y-6*1 L <1
3cosx—|—8x—$ ?cosx—l—x—lil
x—
2. y=€3‘i(5x+7) 2. y=F 1(x+17)
1nj 6—21In
3. y=sin 3. y= sin Exi
x 10—x
4. y=3 E'i 4. yzg 1
5 yzwism 2% 5 y:,xsm(ﬁx -5 !
2 1. 2 ! 1. y=-7f”51-13Ctgjlc +x—5
3ctgx +x — 51 2. y=‘r'1'}i(5x+7]‘Il :%)
2. y=49i(5x+7ln jﬁ‘) Ei
e 3 y:sm
3. y=sin 4. y=In(6x-3)
4. y=In(6x-3)




5 y:U(SX—?j 5 y:U(SX—?]

1.y=4x-3tgx+6x-8 8 1.y=-5x+2ctgx+3x-2

2. y:e"i.cos X 2 yZSJi.cns( —4x)
Ex—j Sx—4

3.y=5-4% 3.y=15-2%

4y=(6x—9) 4y=2x =74

5'},:,; (sin xﬂ

5_},:?; (sin x]i

1. y=7x-9x5i+12
_x% - (7 cosx — 8)

tgx

2.y
3. y=5Inx+

4 y= J10g,(5x — 8)
5 y= 6::054‘?:

9 1. y=-5x-7x5i+10
5 yzﬁ- (4 cosx — 3]

ctgx
3. y= c-::lsx+:!|
4 y= J/sin(2x3 — 4))
5 y= 153—2::95511

1y=6lnx-3,6C0S X + 4 10 1 y=16x-0,6C08 X + 41n|
— Aar—
2. y=(3x-4) 12% F 2. y=(7x-9)- 2% 'i
Sctyg Stgx—3x+
3.y= &* i 3.y= S i
4y=(*17x+5)-cos 43} 4y=(—5%.x)-cos 8
5_y:1"f S5x — 4xF 5.},:1.,#9 15x — 4x11|+tgx?’
4.BbINoTHUTE CAMOCTOSATE/IBHO:
Bapuant Nel Bapuant Ne2
Hccnenosath (byHKIHIO Ha Hccnenosatsb byHKIHIO Ha
MOHOTOHHOCTb U 3KCTPEMYM: MOHOTOHHOCTb M 3KCTPEMYM:
1 :XE—SXZ +4 Exg—xz —3x 4+
5-2 :
2 X |
2. y:x - 2. y:x 2 _
Bapuant Ne3 Bapuant N4
HccnenoBathb byHKLHIO Ha HccnenoBath byHKLIHIO Ha
MOHOTOHHOCTb U SKCTPEMYM: MOHOTOHHOCTH M SKCTPEMYM:
43 2 _ 43 2 _
1y="% +3x $ 1y="% +3x $
x2 | x? |
2. y=x7- 2. y=*7%-
Bapuant No5 Bapuant Ne6
UccnenoBath GbyHKIIIO Ha HccnenoBath GyHKIIIO Ha
MOHOTOHHOCTb U SKCTPEMYM: MOHOTOHHOCTH M SKCTPEMYM:
3 _ 3 _
1oy=X —12x +§ 1. y=¥ 1227 g, 41
2x 1
2. y=x?+ 2. y=x7%+
Bapuant No7 Bapuant Ne§
Hccnenosath (byHKIHIO Ha Hccnenosatsb byHKIHIO Ha

MOHOTOHHOCTb U 3KCTPEMYM:

L y:x3 —6x% + 9x—$

MOHOTOHHOCTB U SKCTPEMYM!

3 _
1. y=x L er:zi-9x+l




2x P
2. y:x2+: 2. y:x2+:
Bapuant Ne9 Bapuant Nel0
Hccnenosath (byHKIHIO Ha Hccnenosarhb byHKIHIO Ha
MOHOTOHHOCTb U 3KCTPEMYM: MOHOTOHHOCTb U 3KCTPEMYM:
| yX% X%+ 24 + 12 Exa+lx2i 1
2 1. y=32 2 12x-
* ! z
—6x +1 %
2.y 2. y=x-

5. KoHTpOJIbHBIE BONIPOCHI:

2r, Brruncnenue

v _— - @
kk
1+ ey

amo nojlyyeHue us BXOOHBIX OAHHBIX HOBO20 3HAHUSL

1. Cdopmynupyiite mnpaBuia HaXO0XACHUS MPOU3BOJHOM CYMMBI, IPOU3BENCHUS,
YacTHOTO.

2. Kak HaliTi TpOU3BOAHYIO CIIOKHOW (PYHKITUN?

3. Kak mnpumensercss mnpousBogHas (GYHKIMM [T HCCIAENAOBaHUS (PYHKIMH Ha
MOHOTOHHOCTb, SKCTpEMyM?

IIpakTHyeckas padora 13

Tema: HaxoskaeHue NpOM3BOAHBIX CJI0KHBIX (PyHKIUI, BLICIIUX IOPHAIKOB.

Heanb: HayuyuTbcs BBIYHCIATH NMPOM3BOJIHBIC (DYHKIMH, CIOXKHBIX (DYHKIMHA, BBICIINX
MOPSIIKOB

Teopernueckmii 6,10k

Ha mpakTtuke ¢ MpOM3BOJAHON CIOXKHOM (YHKUIMU MPUXOIUTCS CTAIKUBATHCS OYEHBb
yacTo, korja Bam naHbl 3a1aHusl HA HAXOKIEHUE TPOU3BO/IHBIX.

CMmoTtpuMm B Tabiuily Ha mpaBuwio AU HepeHIupoBaHNS CI0XHON (PyHKIHN:

) =u'(v) v

Pazoupaemcs. Tlpexae Bcero, oOpatuM BHUMAaHHE HA 3aIUCh U (1":' 3meck y Hac aBe
byHKIUU — uV, npuyeM QyHKIUS Y, 00pa3HO TOBOpS, BIIOKEHA B (PYHKIIHIO id. DyHKINA
TaKOro BUJa (KOrja o/Ha ()YHKLHUS BIOXKEHA B JIPYTyI0) U Ha3bIBAETCsl CIOKHON (PyHKIIUEH.

DyHKIUIO I{ maspBaror BHemmeii ¢pyHkumeii, a QyHKUUIO ¥ BHYTpPeHHel (Wi
BJIOKeHHOM) pyHKIHeI.

Ji1st TOro, YTOOBI MPOSICHUTH CUTYAIIUIO, PACCMOTPHUM:

[Ipumep 1

Haiitu npousBoaHyto GyHKIMU y= S]III: 3x- 5)

[Tox cuHycoMm y Hac HaxoIUTCsS HE MPOCTO OyKBa «HMKC», a LIE€JI0€ BBIPAKCHUE EI - 5,
MIO3TOMY HalTH MPOU3BOJIHYIO Cpa3y MO TabnuLe He ModyuyuTcs. Takke Mbl 3aMeyaeM, 4To 3/1eCh
HEBO3MOXKHO NPUMEHUTH MEPBbIE YETHIPE MIPaBUIIA, BPOJEe OBl €CTh Pa3HOCTb, HO JEJI0 B TOM, UTO
«pa3pbIBaTh Ha qacTn» CHUHYC HEJNb3s:

B nanHOM mpumepe yke U3 MOUX OOBSICHEHHH MHTYUTHBHO HOHSATHO, YTO (DYyHKIIHS

F= S]III: Ix- 5) — 9TO CJOXHas (QYHKIMs, TPUYEM MHOTOYICH 3:-'( - 5 ABIIIETCS. BHYTpPEHHEH

(dbyHKIHEH (BIIOKEHUEM), & S]Il( x- 5) — BHeITHEH (QYHKIIHEH.



[lepBbIii 1m1ar, KOTOPBI HY>KHO BBIMNOJHUTH MPU HAXOXKIACHUU MPOU3BOJHON CIIOKHOU
(YHKIIUM COCTOUT B TOM, YTOOBI pa3o0paThces, Kakast GyHKIUS sSBISETCS BHYTPEHHEH, a Kakas —
BHEIIIHEH.

B ciyyae mpocThIX NpUMEPOB BpOJE S]III: 3I—5:IHOH$ITHO, YTO TOJI CHHYC BJOXKEH
MHOTOWIECH 3?{ - 5 A kak ke ObITh, eciii Bc€ He oueBHAHO? Kak TOYHO ompenenuTh, Kakas
GyHKIUS gBIISETCS BHEIIHEH, a Kakas BHYTpeHHeW? i 3Toro s mpejuiarar0 MCIOJIb30BaTh

CJ'IeI[y}OH_II/Iﬁ IIpUeM, KOTOpBIﬁ MOXXHO IIPOBOAUTE MBICIICHHO WJIM HA YEPHOBUKCE.
HpeJICTaBI/IM, 4YTO HaM HYXHO BBIYHCIWUTL Ha KaJbKYJIATOPEC 3HAUCHHUEC BBIPAXKCHUA

Slﬂ( 3x- 5) npu X = ] (BMECTO eAMHHULIBI MOXKET OBITH JIH000€ YHCIIO).
Yo MBI BBIYMCIUM B NEPBYIO ouepenb? B mepByio odepear HYXHO OyIeT BBHIITOJHHUTH

clenymwlee JACUCTBUE: 31— 5= —2, [IO3TOMY MHOTOYJIEH 3.'-'(‘51/1 Oyzer BHYyTpeHHEH
byHKIHEH 1

1 =811

{ IE

Bo BTOpy ouepenb HyXHO Oyner HaWTH S]III: _2), MMOATOMY CHHYC — OyJeT BHEIIHEH
byHKIUMEH:

= -111®

W

U

f gt t
[Tocne Toro, npumensiem npaBuiio quddepeHIMPOBaHUS CI0KHON QyHKINU (H (1}):' =l (F) v

Haunnaem pemars. Mbl moMHUM, 4TO OGOpMIICHHE pELIEeHUS JH000W MPOU3BOAHOMN
BCEI/la HAUMHAETCS TaK — 3aKJIF0YaeM BbIpaK€HHE B CKOOKU U CTaBHM CIIpaBa BBEPXY IITPHX:

¥ =(an 3x - 5))
f
CHayana HAXOAMM IPOM3BOIHYIO BHCIUHEH (GyHKUuM ¥ (F:' (cunyca), CMOTpPUM Ha

; (L
TaOJIMIly TPOU3BOJHBIX JJIEMEHTapHbIX (YHKIUI U 3amMedaeM, 4YTO I:Sltl I) =L0IX Bee
TabnuyHble (QOpMyNbl TPUMEHHMBI M B TOM, CIy4yae, €CIU «HKC» 3aMEHHUTb CIOKHBIM
BBIpAKCHHUEM, B JTAaHHOM ciydJae:

1'(v) = cos(3x = 3]
OGparure BHUMaHHE, YTO BHYTPEHHsII QyHKIus V = 3.7{ - 5 HE M3MEHWJIAch, €€ MbI HE
Tporacm.

i _ &t
Hy u coBepiiieHHO 0Y€BHIHO, UTO V= GI 5)

f gt t
Pesynbrat npumenenus GpopmyJibl (I*': (PD = U (‘P) 'V B ancToBOM O(OPMICHHH BBITISIAT

¥ = (sinf 3x-9)) = cos(3x-5). (3x-13)'

Janee MbI GepeM MPOU3BOAHYIO BHYTpPEHHEH (DyHKIMH, OHA OYEHb POCTas:

v = (a0 3x= 30" = cos(3x=3) (3r=0)" =cos(3x-2). (3=

ITocTosHHBIN MHOXHUTEJIb 00BIYHO BBIHOCST B Ha4valio BBIPAXCHUA:
V=(en 3x- 5 =cos(3x -5 (32 -5 =cos(3x -5 3-0=
= 3cos(3x—10)

T'otoBO

TakK:



Ecnu ocranochs kakoe-1100 HEAONMOHMMAHME, MEPENUIINTE pelleHne Ha Oymary u eue
pa3 mpodnTanTe 00BICHEHHS.

IIpumep 2

Haifty nponsBoaHyto GyHKImH &
DT0 mpuUMeEp ISl CAMOCTOSITEIBHOTO PelieHus (OTBET B KOHIIE YPOKa).

Ipumep 3

= COS2X

_ i
Haiiti npou3ssoanyio dyHkimy J = (2I t 1)
Kaxk BCET1a 3aIUCHIBACM:

¥ =1+

PazOupaemcs, rae y Hac BHemHssl GyHKIMS, a TAe BHYTpeHHss. s aToro mpoOyem

5
(MBICIIECHHO WM Ha YEPHOBMKE) BBIYHUCIUTH 3HAUEHUE BBIPAKEHUS (2I+1:' npu X = 1 Uro
HY’KHO BBIIIOJHUTH B NEpBYI0 ouepens? B mepByro ouepenb HYKHO COCUMTATh YEMY PaBHO

OCHOBaHME: 2 ' 1‘|‘ 1 = 3, 3HAYUT, MHOT'OYJICH (23’ t 1) — W ©eCThb BHYTPEHHSS (QyHKIHS:
. L 5
y=@x+D
W

W, TOnbKO MOTOM BBINOJIHAETCS BO3BEJCHUE B CTENIEHB 35, CJIeIOBATENIbHO, CTeNICHHAs! QYHKIUS
— 3TO BHEIIHSAA GyHKIMS:

ye @&+

¥

LI
w(v)'=u'ly) v A 3
Cornacuo ¢dopmyne - , CHadajla HY)XHO HaWTH MNPOWU3BOJHYIO OT BHCIIHEH

GbyHKIIMM, B JaHHOM Ciyd4ae, OT cTeneHu. PaspickuBaeM B Ta0iuie HYXHYIO (QopMmymy:
et -1
':I ) =AY TloBropsiem eme pas: ;o6as Tabam4aHas GopMyJia CpaBeITHBA He TOJILKO IS

«MKC», HO M JUISl CJI0KHOTO BbhIpa:keHusi. TakuMm oOpa3om, pe3ysibTaT MPUMEHEHHUs MpaBHIia
f ot t
i GepeHIMpPOBaHUS CIIOKHON (DYHKITII (H I:‘LJ:I) =u I:F:' v CIEAYIOUIUI:
¥ =2+ =5 2x 40 (2240

)
CHOBa MOUEPKHUBAI0, YTO KOTJIa MBI OepeM MPOU3BOIHYIO OT BHEIIHEH (HyHKIIMU vl
BHYTPEHHSA byHKIUSA 1 y Hac HE MEHSETCS:

Yoy

HE MEHASTCA

vy

Teneppb ocTaoch HATU COBCEM IMPOCTYIO MPOU3BOJHYIO OT BHYTpEHHEH (DYHKLUMU U HEMHOTO
«TIpUYECaThy Pe3yNbTar:

Y= ((2x+17) =5 2+ 2x 41 =
=5 (2x+ Dt 2+0)=10-(2x+ 1)}

I'oToBo.

[Ipuwmep 4
1
F

T2
Haiitu nponsBoanyio GpyHKIMU (z* -1
DTO mpUMED ISl CAMOCTOATEIBLHOTO PEIICHHS (OTBET B KOHIIE YPOKa).



Jlnis 3aKperuieHns OHUMAaHUs IPOU3BOJHOM CIIOXKHOM (YHKLUMM IpHUBELy Ipumep 6e3
KOMMEHTapHUeB, MONPOOYHTE CaMOCTOSATENIBHO Pa300paThbes, MOPACCYkAaTh, I/1€ BHELIHAS U Ilie
BHYTPEHHsAA (QYHKIMA, TOYEMY 3a/laHHsl pellieHbl UMEHHO Tak?

IIpumep 5

a) Haiitu npomsBoxuyto dpynxmum J = @F cig "n'q
1 1 1 1
f f f
¥ =taretgeln)' = —— () = — =
14 (fx) l+x 2fx 24x(1+2)

6) Haiitn npousBonyto ¢pyHKmn & JAFCLER

f f 1 f 1
= (ojarcigk) = ————-(areigx) =
v = 2 2 farctgx (arcign) 2014 2, Jarctgx

IIpumep 6

_ 3
Haiiti npousBoaHyo QyHKIUH Y= ¥ +igr+1

3n1ech y Hac KOpeHb, a JUIsl TOro, 4ToObl npoaudepeHIMpoBaTh KOPEHb, €ro HY>KHO
a

&
npenctaBuTh B Buae crerneHu X . Takum o0pa3oM, cHauaina NpuUBOAMM (YHKIHIO B

Haexamui s 1uddepeHupoBaHus BU:
!

1
¥ =(Gjx +egr+15) = {{;{2 +.ifgx+15)5}
Ananmm3upys (QyHKIMIO, TPUXOIMM K BBIBOJY, YTO CyMMa TPEX CJaraeMbiX — 3TO
BHYTpEHHsSIsI (DYHKIIMS, a BO3BEJEHUE B CTENEHb — BHEIIHsA (QyHKIMA. [[pUMeEHsAEM TPaBUIO

g depeHIPOBaHUS CI0KHON PpyHKINN (I": (v))r = ur(l’) ' Fr:

f

¥ =0Glx tegr+15) = ((xg +£gx+15)%] =

1 2
= 3 {xg +f,g:{+15)_3 (x4 igr+15)

Crenenp cHOBa IpeACTaBiIsieM B BUAE paiukana (KOpHs), a i HPOU3BOAHOMN
BHYTpPEHHEHN (YHKIIMH IPUMEHSIEM MPOCTOE MPaBUiIO AUPPEPEHLIUPOBAHNUS CYMMBI:
i

¥ =G +igr+15) = ((xz +f,gx+15)%] =

]
{ : +zgx+15)'§ (% +gr+15) =

)| —

1

Sy 0T
(xS +igx

1
=7 2-(2x+ = ]
3.3/ +igx+15) cos” x

l'otoBo. MokHO emie B CKOOKax MPUBECTH BBIpAXKEHHE K OOILIEMy 3HAMEHATENI0 U
3anmcaTh BCE€ 0HOI ApoObr0. KpacuBo, KOHEYHO, HO KOT/Ia IOJTy4aroTCsl TPOMO3/IKHE UIMHHBIE
MIPOM3BOJIHBIE — JIYYIIE ATOTO HE AeJaTh (JEerKO 3alyTaThCs, TOIMYCTUTh HEHYXHYIO OMIMOKY, /1a
U MpenojAaBarTento 0yeT HeyJOOHO IPOBEPSATH).

IIpumep 7
5
y T
Haiitu nponsBoanyto GyHKINU x+lnox
OTO0 npuMep ISl CAaMOCTOSATENBHOTO PELIEHUs (OTBET B KOHIIE YPOKa).



HNuTepecHO OTMETUTH, YTO HWHOTAA BMECTO IMpaBmia aud@epeHIupoBaHuUsl CI0XKHON
f

i, ' — v
— | ==
(GYHKIIMH MOYKHO HMCIIONB30BaTh MpaBWiIo AuddepeHIrpoBaHus 4acTHOTO * V¥ v, HO
TaKoe peleHne OyIeT BRIMIISACTh Kak-H3BpatieHte HeoObIYHO. BOT XapakTepHsblil mpumep:
IIpumep &8
v y=-—o
Haiitu npou3BoHy0 QyHKIMH COsX
!
i, 1y — 1
T 2
31ech MOKHO HCITONIB30BATh MPABIIO MU PEpEeHIIMPOBAHUS YaCTHOTO * ¥ v ,

HO TOpa3[0 BBITOJHEC HAWTH TPOU3BOAHYIO 4epe3 MpaBuio AUQPQGEpPEHIUPOBAHUS CIOKHOM
byHKIMH:

1

Cosx

¥=|-

[TonroraBnuBaeM GyHKUUIO Ui AUPPEpPEeHIUpPOBaHNUS — BBIHOCUM MHHYC 3a 3HAK
MPOU3BOHOM, & KOCHHYC TTOJTHUMAEM B YHCIIUTEb:
f f
, 1 1

y=\|- =- = —{cos ™ x)
Cosx Cosx

Kocunyc — BHYTpeHHss (yHKIMs, BO3BEICHHE B CTENEHb — BHELIHSS (QYHKLUS.
f ot f
Hcnons3yem Hamie npaBuiio I:H (1})) =l (F:' V.
f )
1 1 -
¥y =|- =— = —(zos'x) =
CosX Cosx

-2

=—(—T1-cos™*x (cosx)'

Haxomum Ipou3BOAHYIO0 BHYTPEHHEH (GyHKIMH, KOCHHYC cOpacklBaeM 0OpPaTHO BHU3:
f

, 1 1

Y =T == = —(rosx) =
Cos X cosx
1 - sl X
-3
=—(~T) - cos™x (cosx)' =——— (—sin x) =——
cos® X cos’ x

'otoBo. B paccMoTpeHHOM mpuMepe BaXHO HE 3amyTaThbesd B 3Hakax. Kcratw,
f

2 v —
. T
HOnpoOyHTe PEIIUTE €ro ¢ HOMOILBIO paBuia . ¥ v , OTBETHI JOJKHBI COBIIACTD.
ITpumep 9

Haiitu npousBoaHyto GpyHKIMM ArCCost x

DT0 nmpuMep ISl CaMOCTOSITEIBHOTO PELIeHUs (OTBET B KOHIIE YPOKa).

Jlo cux mop MbI pacCMaTpHUBAJIM CITyyaH, KOT/Ia y Hac B CIOKHON (DYHKIMU OBLJIO TOJIBKO
OJIHO BJIO)KEHHE. B MpakTHuecKuXx e 3a/laHusAX 4aCTO MOXKHO BCTPETUTH MTPOU3BOJHBIE, TIE, KaK
MaTpEeIKH, OJHA B JAPYTYI0, BIOKEHBI Cpa3y 3, a To U 4-5 QyHKIUH.

IIpuwmep 10
_ ?r:rcsm! ¥
Haiitu ipousBoamyto Gynxiun F =
. ?arcsm! H
Pazbupaemcst Bo BioskeHUsX 310l QyHKIMH. [I[poOyeM BBIYHCIUTE BBIpAaKEHUE

[IOMOILIBIO TIOIONBITHOTO 3HAYEHHS & — 1 Kak ObI MBI cunTaNH HA KaJIbKyJIATOpE?

Crauana Hy>xHo Haiitu df T3l 1, 3HAYHT, APKCHHYC — CaMOE ITyOOKOE BIOXKCHHUE:



s

2
3aTeM 3TOT apKCUHYC €MHMIIBI CIEAYET BO3BECTH B KBaapar i L5l 1

,

?r:rcsm! 1
H, HaKOHeEII, CEMEPKY BO3BOJIUM B CTEIIEHb :

_

To ecth, B 1aHHOM TpUMepe y HAacC TPU pa3Hble PYHKIMH U JBa BIOXKEHH, TPU STOM, CaMOM
BHYTpeHHEH (yHKIMEH SBISETCS apKCUHYC, a CaMOW BHEIIHEH (yHKIMeW — IMoKa3aTebHas

byHKIHS.
Haumnnaem pemars
1
f_ st Byt
y=("""

(| f
CornacHo mpaBuIy (H ':v:') =Uu (1’1) 'V chauana HYHO B34Th MPOU3BOJHYIO OT BHELIHEH

¢yskuuu. CMOTpuUM B TaOJMIly MPOM3BOJHBIX M HAXOAWM IPOU3BOJAHYIO IOKa3aTelIbHOM

i

¥t ¥
byHKIMN: I: :I =a'ln UE tuHCTBEHHOE OTIHYHE — BMECTO KHKCY» y Hac CIJI0)KHOE BBIpaKCHUE

o2
Tl X, uTo He OTMEHsIET CIpPaBEATUBOCT JaHHOU (opMyIbl. MTak, pe3ynbTaT MpUMEHEHHS

npaBuiia AuQGepeHInPOBaHUS CI0KHOU PyHKINN I:Ee! (F))r = Hr(v) v CJIE Ty FOIITHIA:

.}?r — (?an:sm!x:lr — ?arcsm!x 7 (EIESiII d I)r

[Tox mTpuxoMm y Hac cHoBa cnoxkHasi ¢pyHkius! Ho ona yxe mporre. Jlerko yoeauTbes,
YTO BHYTpeHHssE (PyHKIMS — apKCHUHYC, BHEIIHsSI (YHKIUS — creneHb. COrIacHO MpaBUITy
g hepeHIIUPOBAHUS CTIOKHOW (PYHKIIMM CHaYajIa Hy»KHO B3SITh POU3BOIHYIO OT CTCTICHHU:

yr — (?u'csin!x)r — ﬂ-ll;arcsin! ¥ 10 7 (Eﬂ'CSiﬂ 2 x}r —

= 7™ 107 Qarcein 'z (arcein x)'

Tenepb BC€ IPOCTO, HAXOAHUM IIO Ta6J’II/ILIe IIPOU3BOAHYIO AapKCHHYCa W HEMHOI'O
«IIPUYCCHIBAEM» BBIPAKCHUC!
7 -2 .
yr:( x:lr:?m:sm x_hl?_(arcsmﬂx)r:

= T 107 Daresin!x - (arcsin 1) =

?arcsin

= 7 10 7. 2 arcsin x-#z

1= %

_ Ol 7- 7Y arecin x

\h -z
T'oToso.

ITpumep 11

Haiiti mpousBoamyto dyrkimu F = In : ':2:": - D

DT0 mpuMep ISl CAMOCTOSTENIBHOTO pelieHus (OTBET B KOHIIE YPOKa).

Ha mnpaktuke mnpaBwio auddepeHInpoBaHus CIOKHOW (QYHKIUU TMOYTH BCETIa
MIPUMEHSIETCS B KOMOMHAIIMY C OCTAThHBIMU TpaBuiaMu auddepeHmpoBaHusl.

[Tpumep 12

2 .
Haiiti npou3BoHyto QyHKImy ¥ — _2I93x u (-’T —4x+ 3) st T x
y = (~2xe™ + (2 —dx+ s Tx)



(N
CHauazna ucnonb3yem npaBuiio AudQepeHInpoBaHUs CyMMBI ':H —1’1) =8IV saommo B
[IEPBOM CJIara€MOM BBIHOCHUM IIOCTOSIHHBIH MHOXMHTENb 3a 3HaK IIPOU3BOJHONW IO MpaBUILy

(Cu)f = C"
y = (=218 +(x* - dx+3)sin 70 ==2(xe™) +((x* - 4x +3)sin T2’

B o00oux cnaraempIX TOJ IITPUXaMH y HAC HAXOAMTCSA TPOM3BENEHHE (YHKIIMH,

|/ f
CJICAOBATCIIbHO, HY’KHO ABAXX/Jbl IPUMCHUTDL IIPAaBUIIO I:IA!:P) =uy +Iﬂ-} .

Y= (=2x" + (2" —dx+ s Tx) = 20z + (x* —dx + Jsin Tx)' =
= =20 + 2™+ (= dx+3'sin Tx 4+ (2* — x4+ (ein Tx)
3aMeqaeM, YTO IMOJ HCKOTOPBIMH ILITpUXAMH Y HAC HAXOLATCA CJIOKHBIC (I)yHKIlI/II/I L :':',

sl ?I. KanamOyp, HO 3T0 mpocTeiiine U3 CIOXKHBIX (DYHKIMHA, U MPU ONPEAEICHHOM OIIbITE

pelieHus MIPOU3BOTHBIX Bol Oynere JIETKO HaXOJUTh ux YCTHO.
(| f
A TI0Ka 3amnuiIeM nopoOHO, COTJIACHO TTPaBUITY (H ':v:') =Uu (1’1) v , IOJTy4aeM:

Y= (—2xe 4+ (2 —dx+sin TR = —2(xeV +{(x° —dx+Dsin Tx) =
=20 + 2V (2 — x4+ sn T+ (2 - 4x 4 3isn TR =
=201 & +x & (3N +(2x -4+ 0sin Ta+(x* —dz+cosTx (Tx) =

= —20e™ 4+ 3xe™V + (2 — Dsin Tr+ 7 (2" —dx+3cosTx
T'oToBo.
HpI/IMepLI AJIL CaMOCTOATCIIBHOI'O pCIICHUA

HaiiTi npoussoanyo dyskmmm ¥ = '-'X:2 +4- ]IlI:SIIl I:'

e
Ilpumep 2: Y= 2sm 2%
S 5
Y =""7 1
Ilpumep 4: (x° =10 viasanue: nepeo ouggepenyuposanuem HeoOX0OUMO
1 -
— =%
nepeHecmu cmeneHb Hagepx, CMeHU8 y NoKazames 3HaK X

: ! ( 1]
[ S— | W
HpuMep 7- S«HII:I +1n X:Iﬁ X
, 2
;|,.? =
Ipumep 9: J1- 7 arccos® x
 4n(2x-1)

Y
Ilpumep 11: 2x—1
,_ xlnfsn x) N Wxt +4 cosx

y=— .
IIpumep 13: M{J'f +4 S &

IIpakTnyeckas padora 14

Tema: IlonsiTMe HeompeaeIeHHOI0 HHTerpaja W ero cpoiictBa. Haxoxaenue
uHTerpasoB ¢yukuuii. MHHTErpupoBaHMe 3aMeHONl NEpPeMEHHOH W 10 YacTHAM.
HNuTerpnpoBanne paMoOHAJIbHBIX M HPPALMOHAJIBHBIX (DYHKIMI

Heab: HayunTscs BRIYUCIATh MHTETpall GYHKIMU U UHTETPUPOBAHMIO PALIHOHATBHBIX U
UppalMOHATIBHBIX (DYHKIIMH



TeopeTnueckuii 010K

Onpeodenenue. @ynkuus F(x) Ha3biBaeTcsl nepBooOpazHoil ¢pyHkuuent GyHkuu f(x) Ha
oTpeske [a, b], ecau B 1000 TOYKE ATOTO OTpPEe3Ka BEPHO PaBEHCTBO F'¢(x) = f(x).

Onpedenenue. HeonpeeneHHBIM UHTErpaJioM (YHKIUHU f(X) Ha3bIBAETCS COBOKYIHOCTb
nepBooOpas3HbIX (YHKIUH, KOTOpPHIE OMpeNeleHbl cooTHomeHueM F(x) + C. 3ammchIBaIoT:

| fEde= F(m+C

CsoiicTBa:

. (I ;md-)' = (FA(D+CY'= f(z;

), 4] o) reads

3 [F@=F@+C

5 _I'(u+v—1r)dc =_|.Hdr+_[“if‘_|."‘t=me u, v, w — HeKoTopble QYHKINH OT X;
5| € red=C fga

B taGmuie 2 npeacTaBieHbl OCHOBHBIC 3HAYCHHS HEOMPEEIEHHBIX HHTETPAJIOB.
Tabnuia 2 — Tabnuia HeonpeIeIEHHBIX HHTETPAIOB

Wurerpan 3HaueHHe Wurerpan 3HayeHue
1 [tadx -InYcosy¥s+C 1| Je'& ex+C
2 |t InYasinxls+ C 12 | |cosxdk sinx+ C
F
/] -
3 Ig’d[ —C 13 Iﬂﬂlﬂf cosx+C
Inaz
dk 1 x 1 tgx+C
4 —actg —+C 14 dr
'IIE -I-; a a I;s!;
/4 1 [z4a 1
5 —In +C 15 [ )]—5=& ctgx+C
IP—E g |1—a ‘IIE'II vex

[Iponomkenne TaOIUIBI 2

Wurerpan 3HaueHUe Wurerpan 3HaucHUEe
I
dk 7.3 dr aCsn —
6 Iu'm lll}l-l- r o [4+C 16 I |'_ﬂ':—;l': e o
m=H
7| [ L _sCax- 17 ]Ld: h)n;{f#
ﬁ ail ﬂ:;s_'[ T 4
= hlf+C & h+g£ {
i x H 18 I anr 2 ¥
o |[ard dir+{ o | |ek drt
& dx
10 dx 20 g
= br+l I —thy+(

|
nepBooOpa3Hyt0, TO C MOMOIIBIO 3aMeHBI X = () u dx = J¢(¢)dt momyuum

[ rigde= fiaton' (O

Teopema. Ecmu tpebyercss HaliTH WHTErpaji , HO CIIO)XHO OTBICKaTh



Meron MHTErpUpOBaHUS IO YacTIM OCHOBAaH Ha HM3BECTHOM (opMmyse NpOM3BOAHOM
npousBeneHus (uv)¢ = u¢v + véu, Tae u u v — HeKoTopble GyHKIUU oT x. B nuddepennuanbHoi
dbopme: d(uv)=udvtvdu.

]'d(w)= Im’r+l vl
B cootBeTcTBHM CO CBOMCTBaMU HEOINPEIEIEHHOTO HHTErpasia

s

[IpouHTErpNpOBaB, MOTyYaEM

[Monyunnu QopmMyny UHTETPHUPOBAHUS IO YACTSAM, KOTOpas TO3BOJSET HAXOIUTh
MHTETPAJIbl MHOTUX 3JIEMEHTAPHBIX (DYHKITHA.
2.1.2 [Ipumepbl pewieHust 3adau

1-cosx
—
Ne 000 [4]. Haiimy ~ (x—=mx)
Pemenne
IL'M:*IFL, r-sinx— ‘ [%--risca—L_sc
(x—snx) - GBI)d'I= el r—snr  No (000 [4].  Haiitu

HEONpeeIEHHBIN UHTETpal '[ T+l
Pemenue
HonBeneM noJi 3HaKk nuddepeHirana 3HaMeHaTeNb NOIBIHTEerpaIbHON Jpodu

L it +) 3
.| 1 pd(ic+D)
= I T+l ?f"+1 hlhﬂﬂ|+c

Ne 000 [4]. Haiiru I 11—51+15.

Pemenune
& d -3
I:‘—snn_l(: 3 +1s_4mg[ ] «

Ne 000 [4]. HaliTu HeonpeienEHHBIA HHTETPAIl
Pemenue

= -3k

r——— Yk
BBenem moacTtaHOBKY f= 1—315 , OTKyJa = —1514d|: . Torma I
MOJTyYEHHBIH TAOMWYHBIA MHTETPANl U BO3BpAILIaeMCs K CTapoil mepeMeHon

5

. E
1=—ljﬁa=—l-§+r:=— #fr?+r:=—i{({1—3x ®+C

4

. Haxomum

4
5 5

(2e41)" dr

Ne 000 [4]. Haiitn HeonpenenéHHbIN HHTETpAI ..-
Pemenne

I(II+1)md’r={11+l=f, dt = 2ek) =j:’“-%d= %:’-%+C=

N
' o+
_fee (2x+])
42 42
3amaun sl CaMOCTOSITENFHOTO PEIICHHUS

I- I ractgrdc

Ne 000 [4]. HaliTu HeonpeienEHHbIA HHTETPAIT

No 000 [4]. HaliTu HeonpeienEHHBIA HHTETPaJl

Ne 000 [4]. Haittn II’E&&_



o+ b
[z
B wuHrerpamax Buaa ex+d , TAe€ n — HaTypaJlbHOE YHCIO0, (QYHKIUSA
+5

||ﬂl'.' f
PaluOHAIU3UPYETCA C TOMOIIBIO ITOACTAHOBKHU cxtd

Ecnu B coctaB MppanvoHaJbHON (YHKIMM BXOAST KOPHH PA3IUYHBIX CTENEHEH, TO B
KauecTBE HOBOW IMEPEMEHHON pallOHAIbHO B3ATh KOPEHb CTEIEHU, PaBHOW HAMMEHBILIEMY
o01eMy KpaTHOMY CTEIeHel KOpHEH, BXOIAIINX B BEIPaKCHUE.

Onpeodenenue. buHOMUHANBHBIM Ju(GEpeHIINATOM Ha3bIBaeTCs BhIpakeHUe xm(a +
bxn)pdx, tne m, n, u p — panMoHaNIbHBIC uyncia. uTerpan or OmHOMHHAIBHOTO nuddepeHimara
MOJKET OBITh BBIPAXKEH Yepe3 dIeMEeHTapHbIe QYHKIUH B CIEAYIONIUX TPEX CIydasX:

1) ecnu p — uenoe 4uciao, TO UHTErpai palMoOHATU3UPYETCS ¢ MOMOIIbIO TOJCTAHOBKH

d
=41 , rjie | — o01mii 3HAMeHaTeNb m U n;
m+1

2) €Clin R — ILCI0€ 4YHCIO, TO HHTErpal panuOHAIU3UPYETCA MOACTAaHOBKOM

4
f="at+im" , TJIe § — 3HAaMeHaTelb Apodu p;
m+l s a+ "
—tp =
3) eciu ®m — IEeJOe YHCI0, TO MCIOIb3yeTCs MOACTaHOBKA ™ e s —

3HaMeHaTeNb Ipodu p.

IE[I, Jaxt +brt e Idr
WuTerpaisl Buaa MyTeM BBIJICIICHHS TIOJTHOTO KBaJpaTa MOTYT OBITh

MPUBCACHLI K OTHOMY U3 CIICAYIOIINUX TPEX THUIIOB:

R m?— o),
'R{H. m)rﬁf;
'R(H.m]ah
]x{u.m)@

MHTETpaTy OT pAallOHAILHOW ()YHKIIMH OTHOCUTEIILHO Sinf MK COS.

R, [t + o) _ _
Hurerpan  Buma I {ﬂ' " ) OJICTAaHOBKOU H_HHI/IJII/I H_HHCBOIII/ITCH K

MHTErpaly OT pallMOHAIIbHONW (DYHKIIMHA OTHOCUTEINIBHO Sinf U COSt.
1 1

[ Rt d12— 3l ¥=— =

IOJICTAHOBKOU - T3R8 co=sfcBOIUTCA K

1) |

2) .

3) .

Wuterpan Buaa noacranoskoii H= WSy #=MO0&cromuTces

WHrerpan Buaa
MHTErpaly OT palMOHAIIbLHON ()YHKIIMH OTHOCUTENILHO SIn/ WU COSL.
IToacranoBKM Diisiepa UCHOJIB3YIOT IPH CIEAYIOIMINX YCIOBHIX:

]x(x,wfml +hric)d

1) ecau a>0, To uHTErpan BUIA paLMOHATIN3UPYETCs MOACTaHOBKOM

Vo +brte = tipﬁ;

2) ecim a<0 um >0, TO wWHTerpaid BHIA

T0JICTAHOBKOM jac +brtc=frk "v'E;

3) eciu a<0, a MOJTKOPEHHOE BBIPKCHUE packiaipIBa-
e€Tcsi  Ha  JeHCTBUTENbHbIE  MHOXHTenIn a(x — xl)(x — x2), TO  WHTer-

pai Buja I A ar +h+£)drpaun0HanH3npyeTcsl [IOJCTAHOBKOM "'ﬂl +hr+e =t(r_rl),

PaCCMOTpI/IM HHTCTPaJIbl CIICAYIOMIUX TPEX TUIIOB:

]x(x,wfml +hric)dr

palnroHATIN3UPYyeETCs



Mok |

I I Jaf e
I [P+l +cd,

m | & .
x-a)f Jol +ix +c
rie P(x) — MHorowieH, n — HarypanbHoe uucio. Ilpuuem wunTterpansl II u

III TumoB MoryT OBITH IPUBEACHBI K BUAY MHTerpana | tuma.
Brimonuum crenyroniee npeoGpa30BaHHe

Axdk N e 41
'I.r\ll +.h:+f:=mlj i ‘I.-..' +.ﬁu:+f:

B ATOM BbIpakeHMH (J(X) — HEKOTOPbIII MHOIOWIEH, CTEIIEHb KOTOPOTO HUXKE CTEHNEHU
MHoOrowieHa P(x) Ha equHHULY, a | — HEKOTOpast IOCTOSIHHAS BEJIMYMHA.

Jns  HaxoXJIeHUS HEONpeNeNIeHHbIX Ko3(p@uuueHntoB MHorowieHa (J(x), CTeNeHb
KOTOPOTO HIKE CTENeHH MHorowieHa P(x), muddepeHupyoT o0e YacTd IMOITYyYEHHOTO

BBIP@XKEHMS, 3aTEM YMHOXKAIOT Ha *.'El2+fﬂf+ﬂ1/1, cpaBHMBas KOO(PGUIUEHTHI MIPU OJUHAKOBBIX
CTENEHSX X, ONPEACIAIOT BeanunHy | 1 koaduimenTsr MHOrowieHa Q(x).
[Ipumepyl pewenus 3adau

[ L I
Ne 000 [4]. Haitrn &~ l][lwf_]

Pemienue
'\,II'_1+'\|'r_ {]“:"E =f 1-1= ‘u]
I(I— (1+F) =12k

(+N2E | FAE 4 £ Y
_j T llj'md‘—ll[[ﬁd‘qmd‘]—

= 11[][ H]mj[ ] J=l]]ﬂ—l][%+l]jd—

—11[1=5r’+11:—51:(r’+1)—11mgf+(:=
1+£

=65 14129 1- 61— 1+ D —12amtgYx—1 +C.
Ne 000 [4]. Haittn I Na XL
Pemenne

| Vo~ £ de= fx= asint, dc=acus =
= o] & - o sim’* t costal =

=alauls!.ﬂ‘=a—:j-{l+ md_%#‘; U+C=
—$+fmfmf+c—§um'n—+—«fi L+C

]' dx
Ne 000 [4]. Haiitn = X' @ +x°

Perenue



I 3 _ ¥ =I aoo=iF _
I‘Qﬂt-l-_'r: llﬂ1+I1= a m
_onc’ek 1 (-sn’fHdsns 1 1 3
B E‘a‘u‘f?l an'fé 3a‘m‘15:+a‘a'n:+c_
N & r __[J+:’)“_-.|'J+r’+
‘““ﬁ.li T 37? | dr
W

_ &
Ne 000 [4]. Haitru © 2z~
Pemenue

2 2snt
& |, 2 5in foostd
lie—=" f__d M Im‘u Figt

1 1 1
- g fagd —l}f———[dg’ﬂdgﬂ—
_éldg‘.ﬂe—écg’f ;1_[[1 1]&———ug’r+ dgf+
£ 2 1 1
+§+c={dg=4f—4 =_11(I’—4)‘“+16Jf—4+
1 2
+—anros—+C.

Vi o

Ne 000 [4]. Haiiu wax’—lns

Ne 000 [4]. Hajiru J (A€ ~SINE +3d&

IIpakTHyeckoe 3ansitue Ne 15
Tema. OnpenesneHHblii HHTerpaJ. BpluucieHue omnmpeneJeHHOI0 HHTerpaJa.
Boruuciienue miomaaei puryp u 00LemMoB TeJl
Henab: 3akpenutb yMeHUs CTYACHTOB pellaTh 33a4y 10 BEIUUCICHUIO HHTETPAJIOB
Teopernueckuii 6,10k

Zf ()Ar,

OnpedeﬂeHue Ecim qns dyHkupm f{x) cymectByer mpenen ™ ¥yg , PaBHBIH

fm 3 f(e A —I f(x)ds

=hola TO (DyHKIIMS Ha3bIBAE€TCS MHTETPUPYEMOI Ha oTpeske [a, b].
CBOI/ICTBa onpeneneHHoro UHTErpaa:

[mxidr Jffmdr,
) a

Imwmﬂdx Iﬁ[ﬂdl*Ifz{I}fir
2) a :

[0
3) & ;
4) ecnu f(x) £ j(x) Ha oTpe3ke [a, b], Toe a < b, TO

[riades [ema

5) eciu m u M — COOTBETCTBEHHO HaMMEHbBIIIee W HauOoJIbIee 3HaUCHUS (PYHKIUHU f(X)
Ha oTpeske [a, b], To



-]
m(b—a) ilf(ﬂd’ri M(b-d)
o 5
6) meopema o cpeoHem: ecnu (GyHKIUS f(X) HEMpepbIBHA HAa OTpe3ke [a, b], TO HA 3TOM
OTpe3Ke CYIIECTBYET TOUKA € TaKasi, 4To

i
| e = @-a)f(e)
- ;
7) IU1st TPOU3BOJIBHBIX YUCEN a, b, ¢ CIPaBENINBO PaBEHCTBO

b £ b
[rede=] s@ac+ [ rega

b

L] o
[ r@dc=—[ sy
8) m b
Teopema Hviomona—Jlenbnuya. Ecim dynkuus F(x) — xakas-mu00 mepBooOpaszHas OT
HenpepbsIBHON GyHKIMH f{x), TO
]

[rdc= BB)- F(a)

[TprieMbl BBIYMCIIEHUS ONPEIECIIEHHBIX HHTErPAIOB MPAKTUYECKU HE OTIIMYAIOTCS OT BCEX
TeX MPUEMOB M METOAOB, KOTOPbIE OBUIM PACCMOTPEHBI IPU HAXO0XKJIEHUHM HEONPEAETICHHbIX
UHTETPAJIOB.

To4yHO Tak e NPUMEHSIOTCS METOAbl IMOACTAHOBKM (3aMEHbI INEPEMEHHOH), METOA
UHTETPUPOBAHMUS 1O YacTsM, TE€ JK€ TPUEMbl HAXOXKICHUS MEpBOOOPA3HBIX IS
TPUTOHOMETPUYECKHUX, HUpPpPALMOHAIBHBIX U TPAHCHEHASHTHBIX (yHKIMA. OcoOeHHOCThIO
ABJIAETCA TOJBKO TO, 4YTO IpHU MPUMEHEHHH OSTUX MPUEMOB HAJ0 paCHpPOCTPAHATh
npeoOpa3oBaHHEe HE TOJBKO Ha MOJBIHTETPalbHYIO (YHKLUMIO, HO M Ha Ipelenbl
HUHTETPUPOBAHUS.

b
Jrmac
[IycTs 3aman wHTErpan a , Tne f{x) — HenpepsiBHAs (yHKIUS HA OTpe3ke [a, b].
BBenem HOBYIO IEpeMEHHYIO B COOTBETCTBHU C hopmyriont x=j(¢). Ecmu:
1) j(a) = a, j(b) = b;
2) j(t) m j¢(¢) HeTIpepBIBHBI HA OTpE3Ke [a, b];
3) f(j(¢)) onipenenena Ha oTpe3ke [a, b],
TO

b B
| rwde=[ rivtomtoa
;J'H/I ¢

B B
]-ﬂv(f}h'(ﬂff = Flg(t)l| = Flo®)]- Fle{a)] = F(5)- F{a)
a | &

Ejﬂﬂd’r

Onpeoenenue. Ecau cyliecTByeT KOHEUHBIM Ipeneln o , TO 3TOT TMpenen
Ha3bIBAETCS] HECOOCTBEHHBIM MHTErpasioM OT (yHKIMHU f(x) Ha uHTepBaie [a, ¥). O6o3HayeHue:

& m
Jm [ reade= [ rwa

Ecnu »ToT mpenen cymecTByeT U KOHEUEH, TO TOBOPST, YTO HECOOCTBEHHBIN HMHTErpall
CXOAMTCS, €CIIM Npele] He CYLIECTBYeT WIM OECKOHEYEH, TO HeCOOCTBEHHBIM HHTErpa



pacxouTcs. AHAJTIOTMYHBIC PACCYXKIEHUS MOXHO TPHBECTH ISl HECOOCTBEHHBIX WHTETPAJIOB
BUIA

& & m c m
Jrooq- m [r@d [red- | fnac [ rma

Teopema. Ecnu nnst Bcex x (xa) BBIMONHSETCA YCIOBHE “if(f)iﬁl'(f)n HHTETpal

- m
[ a0 |
a CXOJIUTCS, TO & TaKXe CXOAMUTCS.
]
< “ I P
Teopema. Ecnu a1 Beex x (x*a) BBINOJIHAETCS yCIIOBHUE 0<px)= f(2), UHTErpall a
m
| ride
pacxoauTcs, TO a TaK)Ke PACXOJUTCSL.
Ecnu B Touke x = ¢ pyHKIus 1160 HE omnpeeneHa, Tn0o pa3pbIBHA, TO

c .
[rdc- m [ fradc
o I‘]’ﬁ .

[
[regar [ i
Ecmu HUHTCrpal a CYHICCTBYCT, TO HHTCTpal o CXOOUTCA, €CIIM HHTErpal
b [
[ regd [
o HE CYIIECTBYET, TO o pacxouTCs.

Ecnu B Touke x = @ QyHKIUS TEPIUT pa3phIB, TO
£ £
[ = m [
ol
= [ .
Ecnmm  ¢ynkums f(x) wumeer paspehlB B TOYke b Ha TPOMEXyTKe [a, c¢], TO

£ -] £
[reade= [ sty | fixde
F- | a -] . TaKI/IX TOYCK BHYTPH OTpPE3Ka MOXKET 6BITI: HCCKOJIBKO. ECJ'II/I
CXOIATCA BCEC I/IHTeraJ'H)I, BXOOsIIUE B CYMMy, TO CXOOUTCA U CYMMapHBIfI I/IHTel"paJ'I.
[Ipumepwbl peweHus 3adau
¥ oSy sinx

dx
Ne 000 [4]. BerunciuTe onpeaeneHHbld HHTETpal 0 l:l+§nxj
Pewenne
2 cosT—sinT x 1-£# et 2¢
Qran® }'gf"’ S R e T e |
1-£ 2

_[Lf_1af 2d _g20-u-£)
\[1 2 Y 2| @
[*m*]

12— £)

Paznoxum npodn ﬂ"‘i i Ha MPOCTeHIIHe
1‘“‘1‘:=i+ B, C . D _
a+gt 1+ Qe+t Q48 Qep?
_40+4* + B+ 5+ Q494D

a+g* '
K+ 1B+ +CQ+H 4D =2- 42
D=4 4=0B=-2={.




1

e 2 O I
!{lﬂf ) | 30+89° 1+t)o

=— i+l+i—1 = 1
EE 3 ]
Ne 000 [4]. Beraucnuts onpeneneHHbIN HHTETpal
i Ic
| Gea
i Btect5)snic
Pemenue
'T’ dx 'gr:td sn2r- 2 HP
—_— + =
+5)anly =
T a 17 dt

Bers) £ 345 Be)
.i[jt+5)+ﬂf— 1

== 13 =2
5.
I/IMeeM
1
T ] [f 3:+5] = —u(ln|.l‘|—ln|3(+5|)‘ __.;h;—hl-t 0-+Inf)=
_ LhE 1
10 14 10 7
[ &
Ne 000 [4]. Beraucnuts onpeneneHHbIN HHTETpa 0{9"'1:)5”.
Pewenne
I =L:=3;i =:.r4 3 _
@+x) g @+ ) e £
3 % ade . 3 3 2
= E&——!mﬂ—— 1
1
Jh-rd
No 000 [4]. BeruuciauTh onpeaeaeHHbId HHTerpa o
PGHICHI/IG
=2
— 2 -
j«.fl k= { o pe :ﬂ} ]u 1—sin® ¢ costd
| =2
= [ cos®tdt= — [ Q4 cos2at=
0 29
=2
= l[.f+la'11.fJ | =1+1mrl= il
2\ 2 0 4 4 4
Imsni'_

No 000 [4]. UccnenoBaTh Ha CXOUMOCTD 0
Pemienue

= L] ]
Imnk=wnm1ﬂ:=gain1|n= fim (s~ sin0)= lim sns

Taxk kak npezesn He CyIIEeCTBYET, TO HECOOCTBEHHBIN UHTErpajl pacXOqUTCS.



Ne 000 [4]. UccnenoBaTh Ha CXOJIUMOCTD —m .

Pemenue
T ey 1 1
]?= lim I?= lim [—_]T = Em [1+_)=1
“m b s b/ _ UHTETPAJl CXO-TUTCS.
1
i

o P
Ne 000 [4]. UccnenoBaTh Ha CXOJIUMOCTh (i
Pemmenue

Touka X =lasnsercs ocotoit TOYKOM, TaK Kak MOJAbIHTErpajibHas (QyHKIUS UMEEeT B Hel

_,,,1]=

O6eckoHeuHbI pa3psiB. [losTOMy

s
I—tm _dr —Lim lhl_r -=_1 Eminl "
=03 ] =002 (lax et 2

1

= i{—m—ﬂ} =—m_
Tak kak npezaes 6ECKOHEUYHBIN, TO TaHHBIA UHTErPal PACXOAUTCS.
34i3
2=
Ne 000 [4]. 3amaHO KOMIUIEKCHOE YHCIIO B4+ . Haittn anredpanveckyio,

TPUTOHOMETPUYECKYIO U MIOKA3aTEIbHYI0 (POPMBI 3aMUCH.

Pemuts ypaBHeHUe 1!3+z =0.
Pemenne
1) JIOMHOXXMM YUCIIUTENh ¥ 3HAMEHATEh HA CONPSHKECHHOE 3HAMEHATEII0 KOMIUIEKCHOE

YHCIIO ".'"i —Iy npoBeneM anredpanyeckue npeoOpazoBaHus

iwg+ﬂﬁw§—i; 3+8-3-£343 64243 3 3
= - = = = _—4F—
B+BlB—1 3+l 4 L anreOpandeckas hopma.

Monaynb uncna

ApPryMeHT HaxoJIUTCs B IEPBOM YETBEPTH

— ==dg[;15]=1

212 6

Tpuconomempuyeckasn gpopma yucia

I X
= s —+Hran—
6 6]

Tokazamenvras ¢popma uucna

ix
z=3¢ 5,
2) mid pelleHus ypaBHEHUS 'I!1+I = Dneo6xomuMo BbIIHCATh TP 3HAYCHHS KOPHS

Ky61/1qec1<0r0 13 4ucliia.
7

X
i x i {“i] &
—z=—P3eb =34 ab= 3" ¥=f3a
HOqueHHLIﬁ apryMeHT qucijia HC sABJIACTCA I''IaBHBIM 3HAYCHHUEM, H03TOMy, HOHB?)yﬂCB

EPHOAMYHOCTEI0  (ByHKImi WPy mﬂl MOKEM TepedTH K JpyroMy apryMeHry,

YIOBJIETBOPSIOLIEMY YCIOBUIO k. L I

o) o

—r=



i

—Srl-ll

w= ﬁa = 353
Tpu peH_IeHI/IH I/ICXOI[HOFO ypaBHEHHMs MOJTyyaroTes mpu k=0, 1, 2:
{4 ) 11w
w= 3‘ . W= 3‘ R L
BbIMiCaHHBIA apryMeHT ﬁHe SIBJISICTCSL TJIABHBIM 3HAYCHUCM apryMeHTa (6ompme X),

6. ) _gi Lo g8 e

L]
no3romy opmy yrcna "3H606x0)1HM0 npeobpazopath: W3 = 3

Ne 000 [4]. HaiiTi Bce 3Hau€HUs KOPHSA %T!

Ry
Ne 000 [4]. Halitu & .

IIpakTHyeckas padora Ne 16

Tema: BolunciieHre YaCTHBIX IPOU3BOIHBIX.

Ieab: POpMUPOBAHHE MNPAKTHUYECKUX HABBIKOB HAXOXJCHHS 3KCTPEMYMOB
(hYHKITUM MHOTHX HE3aBHCHMBIX ITEPEMCHHBIX.

Teopernueckuii 010K

Yactueie mnpousBojnbie. Juddepenuuan, ero CcBi3b € YaCTHBIMHU
MPOU3BOIHBIMU. ['€OMETpUYECKUI CMBICI YaCTHBIX MPOU3BOIHBIX U MuddepeHimana.
Hloctatounoe ycnoBue AuddepeHIUpyeMOoCcTH. ['paiueHT W TPOU3BOAHAS IO
HampaBieHuio. HeoOXoaumble MW JOCTATOYHBIE YCIOBHS 3KCTpeMyMa (YyHKIUU
HECKOJIBKUX IEPEMEHHBIX.

[Ipupamenue, kotropoe noiydaet GyHkius Z=f(x, y), Korjaa U3MeHsIETCsl TOIbKO OJIHA U3
MIEPEMCHHBIX, HAa3bIBACTCSA YACTHBIM IpHUpAIIcHHeM (YHKIMK TI0 COOTBETCTBYIOIMICH
nepemMeHHo: A Z=f(x+AX,y)-f(X,y), AyZ={(X,y+Ay)-f(X,y).

OINPEAEJIEHUE: YactaeiM nuddepenumanom no X pynkuun Z=f(X, y) Ha3bIBaeTcs
TJIaBHAs 9acTh 4acTHOro mpupamieHus A,Z=f(x+Ax,y)-f(X,y), mponopiimoHaibHas MpUPaIICHUIO
AX HE3aBHUCUMOW TIEPEeMEHHON X. AHAJIOTHYHO OTPEAeIIeTCs YacTHRIN AuddepeHiman mo y, T.e.
AZ=(y+Ayx)-(x,y).

Juddepennnansl HE3aBUCUMBIX MEPEMEHHBIX X M Y MPOCTO PaBHBI MX MPUPAIICHUSM,
T.e. dx=Ax, dy=Ay. Yactaeie guddepeHuuansl oOo3Ha4awTCa Tak: d.Z -4acTHBIU
muddepennnan no X, dyZ - yactuslii quddepennnan no y. [Ipu stom:

dxz =ri_zdt d1z =£:_Z drl'l
X : cy

Takum oOpa3om, yacTHbIM AuQdepeHnnan GyHKIUU JIBYX HE3aBHUCHUMBIX MEPEMEHHBIX
paBeH MPOM3BEACHHUIO COOTBETCTBYIOIIEH dYacTHON mpous3BoaHOM Ha nuddepenuuman >Toi
MIEPEMEHHOM.

Takum xe o0pa3oM, Kak ansi (QYHKIUH JABYX TEPEMEHHBIX, OIpPENeSIOTCS YacTHBIE
MIPUPAIICHUS W YacTHBIe nuddepeHransl GyHKIHN JIF000T0 Yucia HE3aBUCUMBIX TIEPEMEHHBIX.

[Tpupamenue, kotopoe moiyyaer GyHKIusS Z=f(X,y) IpH MPOU3BOJBHBIX COBMECTHBIX
M3MEHEHUSX ee 000MX apryMEHTOB Ha3bIBACTCS MOJIHBIM IIPUPAIICHUEM:

AZ=f(x+Ax,y+Ay)-f(x,y)

OITPEJEJIEHUE: TlomaeiM muddepennnanom QyHKIIMN IBYX MEPEMEHHBIX HA3bIBACTCS
TNIaBHAsg dYacTh [MOJIHOTO MpUpalieHUus (QYHKIUH, JTUHEHHAas OTHOCUTEILHO TPHUPAIECHUI
HE3aBUCUMBIX ITIEPEMEHHBIX.



Teopema. Ilonueiii auddepenunan GyHKIUU IBYX HE3aBUCHUMBIX MEPEMEHHBIX paBeH
CyMMe MPOU3BEJICHUN YaCTHBIX MPOU3BOIHBIX (DYHKIIMU Ha U depeHIranbl COOTBETCTBYIOLIUX

HC3aBUCUMBIX IICPCMCHHBIX.

dz =22 gt Gzcﬁ

dZ=f(x,y)dx+fy(x,y)dy nmm cx ey
¢z cz
Tak kak ¢Xdx=d,Z u ©¥ dy=d,Z, o dZ=d,Z+d,Z, T.e. nuddepenuman GyHKIHH IBYX
HE3aBUCHMBIX IEPEMEHHBIX PaBEH CyMMe €€ YacTHbIX AuddepeHnnanos.
Onpenencenre nuddepennnana nepeHocuTess Ha GYHKIUHU JIF0OOOTO YHCIa HE3aBUCHUMBIX

IIEPEMEHHBIX.

Mpumep 7. £~ (Y + /%" + ¥ Maitru dz

Haitnem yacTHbIE TPOU3BOIHBIE

__[lnl[v+ﬂ,lx +v‘)L il +_v {V+Jml

(

- 1 x - X .l
}-‘—«fx: _}_.: '-.‘\u'(xl _}_.: ,-'I q}rl"i: N }_.: |_:-'-_1|JX: N }__: |

B
E ] 1 | W 1 1
—_— r — 1 & | = :
5 [lﬂ(x ozt +y )L el | + g iy et
dr= P+ Py xdx dy
CrenoBatenbHO, Cx &y a.jrx “t+y” [lf_.’-l- Jx “tyT ] \er‘ Ty

IIpakTHyeckas padora Ne 17

Tema: Borunciaenune nudgepeHunaios.

Heanb: dopMupoBaHHe NPAKTUYECKUX HABBIKOB HAXOXKICHUS HKCTPEMYMOB (DYHKIIHH
MHOI'MX HE3aBUCUMBIX IIEPEMEHHBIX.

IIpakTHyeckuii 0J10K

3aoanue 1

Haiitu yacTHBIE MPOU3BOIHBIE OT (PYHKITHIA.

1, =" -Bmwr2y —dm t2pt5

Pewenue

Cumras © QyHKIMEH TOJIBKO OJHOTO apryMEHTa * M MPH 3TOM MoJjaras ¥ =m#  HaX0JIuM
o ¢popmynam

ez
ehe

AHaJIOrM4HO, cuuTas = QPyHKIMEH TOIbKO ¥ 1 moJaras * =<t | [10JIy4uM

L P v
a

- 2x Ty -4

¥

z =arch
g'1+==" X

Pewenue
Cuntas Z QyHKUIMEH TOIBKO OJHOTO apryMEHTa * M MpPH STOM IoJIarasi ¥ =«  HaXOJIUM

o popmynam
_ hw
e _ 1 Voo LTy Zay
& 1+ |1+: I B 42w B L4277+
1+* H+x

AHaJIOTU4HO, cunTas Z QyHKIMNA TOJIBKO ¥ U Tojaras * =<t | [10Jly4uM



Pewienue
Cuuras " yHKIUEH TOJBKO X W mojaras ¥==c=mst  3ateM — (YHKIHEH TOJIBKO ¥ M Toyiaras
xz=cond |y TONBKO 2, [IOJIAras *-¥ ===  [0Jy4uM

Ma_1 oz oA x 1 da_ oy 1
oy xwt . ey ¥z dz 4 m

9 b M
3aoanue 2

Breluncaute 3Ha4Y€HHE 4YaCTHBIX MPOU3BOAHBIX JaHHBIX (I)yHKI_II/Iﬁ IpUu yKa3aHHBbIX
3HAYCHUAX apI'yMEHTOB:

l)f'ln.r" = cosma -rr!f-;‘ am ¥=0,

Pewienue

[To popmynam nuddepeHuupoBanuss HaXOAUM YACTHBIE TIPOU3BOAHbBIE

i) =-msnlmx-nyl . £, =nshlmx-ny
; .

I
x -
[Tomarass =~ 2m; ¥=0 mOoIy4uM

Claope, olmo b

b

2'1.'1|.1l" -y"';==g; ¥ 1
Pewenue
Haxoaum npon3BoaHbIE, 3aTEM BBIYUCIISIEM X YACTHBIC 3HAYEHHUS B YKa3aHHOW TOYKE:
z = .3' Tt .2!" -

L K- ¥
izt =4; iz

3

3aoanue 3

e 1ck z
2 ] —_——t —— T —
1. IToka3atk, uto (GyHKIHS *=¥** ~¥ 'y 1OBIETBOPSCT YpaBHEHHIO * ™ ¥ ¥ ¥

]
]

[y
[y

z=
2. Ilokazatp, 4T0 QyHKIMUSL ¥ 2 = ¥

adz | e _m

Y/IOBIICTBOPSICT yPABHEHHIO = ™ & & ¥’
Brruncienne npou3BoHbIX U qudPepeHInanoB CI0KHbIX QyHKITHI
PaccmoTpuM YnCIIOBYIO (DYHKIHEO IBYX TIEPEMEHHBIX
E=2wmy)
3aJJaHHYIO0 CIIEAYIOIIUM 00pa3oM:
2=4U,V) , Te U= Ukr; V=V (1)
I'oBopsr, uro (1) onpenensietr CI0KHYIO QYHKIHIO TBYX MEPEMEHHBIX.
B cooTBercTBUM ¢ (hopMyIamMu MpeabIAYIIHX MaparpadoB MOXKEM 3aIucaTh:

bz - EETE.U . g:, AV +0id) . §= JAU AV )

HaiineM yacTHbIe pupalieHus

gy _ _
B.E3="3y=0 1oy orom MU= DU, AV=0.V
_az 8z

ba2=gplals ﬁa.‘hﬂm_]’ By =\I|Iﬂ.:UE+ﬂ.:‘JE .(3)

Oy

.. o
s — ecTh 0.M. 00JIee BBICOKOTO MOPSAKA, YeM "+ , TIPEJICTABUM €€ B BUIC Ox ,TIe &— 0.M.

A8 | T R W & A
P el il i s

Torpa , OTKYyJla BUJTHO, YTO 3Ta BEJIMYMHA CTPEMUTCS K HYJIIO IIPU
g, U au gV 8V

‘!""*':';TaKKaK“*':',a by ﬂx; My ﬂJ'._

Paznenum (3) Ha &x u mepeiaéM K mpeaeny npu & =0 :
B0 -’.'-xU+ iz v
px-0 Ox Upe~n 0x 0V a0 Ax

BT _ 8Z 84U 4T &V ’
e AU aw ava.(4)



AHanoruyHo moayyuM (opMylTy [UIsi YacTHOM MPOM3BOAHOM CIOXKHOW (DYHKIHUU IO
apryMeHTy y:

8z _ 8z au  azav
&y Al ay avay_(5)

C nmomompio 3TuX hopMyn 3anuieM noaHbi auddepentuman ans pynkuuu (1)
a2 a= BEET.T‘BEEV EEE'LT‘IEEEV

dS =  dm + e [ idm + Ichr =
=3 hr a1 dm AW dm 81T gy AWV Sy

_3: STJ&.“SU&FJ“3:(3\?&.‘3\"&“._3:&““3:&\'_.

A am £ ELT W ES atr W a1

[TonydyeHHOE paBEHCTBO BBIPAXKAET CBOMCTBO MHBAPMAHTHOCTH (popmbl 1udPepennualia.
OHO COCTOUT B TOM, YTO MOJHBIN AuddepeHman oAMHAKOBO 3aKUChIBAaeTCs B Ciydasx, korna U
1 V — HE3aBUCHUMBbIC TTIEPEMEHHBIC WIIN SABJISIFOTCS (DYHKIMSIMU OT X U Y.

[To anamorum ¢ popmymnamu (4) u (5) MoxxHO 3anucath U Gopmyibl TudepeHIPOBAHUS
CJIOXHBIX (DYHKITHI IpyTOTO BHIA.

HaHpHMep: T=AUVW, U=Uky), V=Viyl, W= Wy

azZ _az aT_T‘_ az av+ aZ aw

B UG AV ax AW ax | (6)

8 _9Z U 9Zav  9Z ow
By AU ay  av ay away'(7)

Paccmotpum apyroit npumep. Ilycts nana ¢pyHkuums
TV, y), me Us Uk, VeVigy.
PacnipocTpanuB npeasiayimye pe3ysbTaTbl HAa 3TOT CIydai, IOJy4YHM, HAPUMEp, YaCTHYIO

IIPONU3BOJIHYIO 110 Y:
DI_ &z au, az av  a:z
Dy~ aUdy oV ey dv (8)

3anuck B popme (7) Obl1a 661 HEKOPPEKTHA, TO3TOMY U3MEHUM 0003HAYEHUSI.
D=
3nech: P¥ — 03HaYaeT BHIYMCICHNUE YaCTHOM MPOU3BOAHOM MpH * = coret ;

az
8¥ — 03HAYaeT BBIYNUCICHUE YACTHOW IPOU3BOJHOMN Mpy U= rorst V= coret |

PaccmoTrpum Teneps Takoi mpumMep.
PaccmatpuBaercss ciokHas ~(QyHKIOUS OQHOM TiepeMeHHOW ===% ompenenéHHAS

CJIEIIOIIUM 00pa3oM:
FSHUY, USUE,  V=Vi.(9)
d=
B »Ttom cliyda€ p€4b OOJDKHA MATH O BBIYMCICHHWHU IPOM3BOMTHOM <= , KOTOpasA Ha3bIBACTCSA

MOJTHOW MPou3BOAHOH. DopMyITy 117151 €€ BEIYMCICHUS TOIYYUM K3 (4)
dI _ a7 U 8z dv
de AU dx AV e _(]O)

Emé onun nmpumep:

[Tyctp ==fM.Va, re U=U ¥ =V& '1orna UMeeM CIEAYIOIY0 (YHKLIHUIO OJTHONW epEMEHHOM

dZ _8zdu 4zdv a:

de U de &Vdx x| (11)

OdeBumHO, IS CleAyrOmIed (QYHKIMA OIHOW IMEPEeMEHHON CBOWCTBO HWHBAPUAHTHOCTHU
dbopmbl quddepeHnmana Takke UMeeT MeCTO.

JleiicTBuTenbHO, yMHOXkast Ha 4* (10), moayuum BelpakeHue Buaa (6).

3aoanue 4

Haiitn nonusle nuddepenmansl GyHKIUU.

g —Et¥
L

Pewenue

a) HaxOoJuM YaCTHBIC IPONU3BOJHLIC JIaHHOM (I)yHKI_II/II/II

&Ry - Ry x4y _x-y-few 2y
& [x-yr -yt -y

0) yMHO>asi YacCTHbIe NMPOU3BOJHBIE Ha NU((dEepeHIInaTbl COOTBETCTBYIOIUX apTyMEHTOB,
MOJTYYMM YacTHbIE AuddepeHnnansl GpyHKIIm:



d.z= Yoode dz= -

B) MCKOMBbIM monHbI guddepeHuran QYHKIMM HaljeM Kak CyMMYy €€ YacTHBIX

g depeHInanoB:
dz = Eady—fyldx - 2-=dy—y:i:-
=y~ |lx=y1"
2, = =sinlxy)
Pewienue
Crnenyst yka3aHHOMY TUIaHY, HAXOJUM

ez ez
) P = cosxy) ?';n.h.,' = oSyl X
a L )
6) dz=ycosxpds . dz=x cosaydy.
2 2

B) dr = yros|nyide +xcos xyidy = cosey pde +mdy)

X+y
3.7 ey,
Pewenue
Cﬂe)lyﬂ YKa3aHHOMY IUIaHY, HAXOOUM
ko 1 |:c-:,'".|:|. x¥] +yix +y [ -t _
PN e L L
a) Loy
_ 1+y 1+y"
1- 2y + %% +x° + 20+ L4xe 4x® 4y
L 1 |r-:-'".[1 xyl +xlx -zl _
e NE _:'.--'.1 xy ) 1 -xyF A -xpl? +lx+yl” i 1+x* 1+x*
11 —xy | 1-2xpxy? +xf + 2y +y” 1-1":,-"-1"-:.'""
de= MY wap= MY 4
6) l+x*y+x +y - 1+ 4 +y* - .
s s

& _'1I1_r".'|i. |'1!l"|?'
B) AR S

3aoanue 5
Boruncnuts 3Hauenus noaHoro nuddepennuana GyHKIuN

n
z =amcig
YIIPH x =1; v=3; dx =01 dy =005

Pewenue
Haxomum 4yacTHble TIpOM3BOAHBIC, 3aTeM 4YacTHble JudQepeHnuansl ¢ TOTHBIN

nuddepennnan 1anHoi QyHKIUu:
E = ¥ . E = x ;dz = xde — ydy
h x4y xSl Xy

[ToxcraBnsst 3aaHHBIC 3HAUEHUS HE3aBUCUMBIX IMEPEMEHHBIX *, ¥, dx  dr  yHKIHEH

KOTOPBIX SIBJISIETCS MOJHBIN quddepeHnuan 42 , mosryuum
_ 1(=0,05)-3-0,01

d
: 1+5

= 0,008

3aoanue 6

BbraucinTh mpubImKeHHOE 3HAUCHHE:
sin49 arctg0,07

1) 1_.':'81.. ; 2) :_' w

Pewenue

Ecmu TpeGyeTcs BBIUMCINTG 3HAYeHHE GyHKIHH (3t B Touke M%) (1 mpu stom
TIPOIIE PACCUMTATh 3HAYEHMS 3TOH (DYHKIMM M €€ YACTHBIX IPOM3BOIHBIX B Touke Mol aku --ital
), TO TIPH AOCTATOYHO MAJIbIX IO aOCOMIOTHON BEIMYMHE 3HAYCHHUSX PA3HOCTEH * ¥ =& Vi-v,=d
.......... , =t =% MOKHO 3aMEHHUTH MOJIHOE MpUpalicHre QYHKIUU ee MOJHBIM auddepeHinaiom

£ M, =B, )£ M 4 (M 4+ o+ M,

U omcro0a Haumu npudIUNHCeHHOe 3HAYeHUe UCKOMOU 8elUYUHbL N0 (hopmyne

M) (M) +8 M 48] My dy e MR

1. Tlomarasi, 4To 195 eCcTh YACTHOE 3HAaueHWE (YHKIMH f=v¥1=x'B Touke ilL08538
B, 01;4)

n 4TO

BCIIOMOTI'aTCJIbHAA TOYKaA 6y,[[€T 5 HOJIy‘II/IM
fIM == £ (M =y =4 sxt e, =0
2

b 2
de=108—1=008 - dy =39 —4=-004
; .

[Toacrasmss B hopmyay (1), Haitnem



L0 =M ) +£7| B ide £ M, iy =1+ 4 0,08=132
sin 1,49 arctg0 07

ER

2. Ilycto €CThb 4acTHOE 3HaueHHe (PYHKIMH TPeX MEepPEeMEHHBIX Mx¥.z!

: - M, [- 370 ]
-2 (T
touke Mi!=2#5800 g pyers, Becmomorarensras Touka 6ymer L 27 ).

= D0C_{_Ti= . _ {57 = . —0n7 -
Torya & =-285-i-3)=005 ; dy =143 -157= 008 ; 4= =007 ;
WM, =2 "sn Tactg0 =0 g’ M= 2 InZsiny ardgz/,,, =0 .

- ) 9

. S 2 S g
(M= 2 cosy mtszr'.“..=f'; v [Ma) = 1+z*

[Toncrasmss B popmyiy (1), momyunm
sin 148 arctgl 07 _

e 27 087 =001
3aoanue 7
d=
Haiit mpou3BoHBIC 4t CIIOKHOU (PYHKITHM = =f =) | x =alt) 'y = wlt]
I= ilni
1' 2 }.-,J»;:tgr,}.-:cgt_
Pewenue
351ech I ecThb CIIOKHAs (PYHKLUS OJJHOM He3aBUCUMOU nepeMeHHoi t. [Tomyunm
d:_11_1 2 31/ =} -
e 2Ey 2 ..|l.|. ¥ 2y
¥ . _? .
2 3
B _opgr 1 H oyl L
T R g| sin’t
d_ 1 Zg 1 g gt gt

= + =
& J o't 2y st tg tees t ctg “tsin’t
1 1 1 1
= .t 2 = . + . =
tgtoos 't ctgtsint t sMtcost  smtcost
2 4

sntcost snlt

2 z=e* " ¥ =sint - =t
. , ) .

Pewenue
o S = =—Z2e >3 Ii’:=|:|:|:t Ii:!r,=3?'|:'I
a . i A .
s s 5
:: =e" Veost -2 TR = e Vost -6t =" Joost - 67

3. :=u.r|:=i.r|.ll.-1_r"x=5t w=de!

Pewenue
iz 1 i 1

= =- du .
e A-lm -yl . L ."'1-|1-1_,1l" © ot =3 Iz’ =12t

b b b

- -3 _ I-12t7

W-(m-a]
3aoanue 8

d=z

Hatitu a= |, ecymm = =tl=v) rye v =mixl
z _X ¥
1. 1'+y’rﬂey=3‘u+1.

Pewienue
e _ 2t twl-2afxt -l | dmy e _ -l -t oyl =

= (. TR A S
B e+l * + 9l oy ? oyl e+l gw .
4 dmy  2x” 3=-I-:|':.'-E:"=2:l2:,'-3:'=
e el Wiyl W eyl eyl

_2xlfx +2-3x)_ 2xl3x +2)

e +3m+1 % 3w+l

.= .-'3,-, rﬂey=ms= .

Pewienue
. de .o odp_
P
s s 5
- ] I 2.
=2y —x" sink = 2NCEN — X SOK
de

3. z=x", rpe ¥=lox
3aoanue 9

Haiitn 9acTHBIE TPOU3BOAHBIE CIOKHON (PYHKITHH
= =the,y) e * =95, v =witnl,

=2"

sy arctgz g



1.- =y Iy",rz[el E:cosq,y Esinn

Jarm

=

2. by prew=m Yy

IIpakTHyeckas padora 18

Tema: BprumciieHne NMOBTOPHBIX MHTerpajoB. CBeleHHe ABOMHBIX HHTErpPajioB K
NMOBTOPHBIM. BbluKciieHne IBOMHBIX HHTETPAJIOB

Heanb: HayuuTbCst BHIYMCIATH IOBTOPHBIE MHTETPAJIbl U CBOJUTH JBOMHBIE MHTErpalbl K
MTOBTOPHBIM

Teopernueckmii 6,10k

Borunciienue JABOMHBIX UHTErpaJioB 0azupyercs Ha
MOHSITHH MOBTOPHOI'0 HHTErpaJa

| y=a(x)
o I S

o

T, =
S

R
’i_-T
-
5,
\\'.
.
.
H'I

! L o
[Tycts f { e .}paCCManI/IBaeTCSI Ha  IIJIOCKOM

QE'\.

obnacTh EH OHa MMpaBUJIbHAA B HAlIPpaBJICHUH OCHU ...-., T.C. BCAKaid NpsAMasd, mapajicjibHasi OCH

{'}g-.

.+, TIlepeceKaeT rpaHuIly 00J1acTu DHe Oonee yeM B JIByX Toukax. Torma obmnacte E}YI[O6HO

CIIPOEKTHPOBATH HA OCh ﬂ'i ITycTe npoekums ﬂHa Q‘i €CcThb {H= bz

A
E .“= (I% . rzﬁjxa .
cmi + iy I— ypaBHeHHMe HIDKHEHW TIpaHUIbL, a © ‘<. f— ypaBHCHHE BEpXHEil
xead) I (x, ¥}
IpaHulbl, TO JIFOOOMY * 7 lobnactu L-/TipuHannexar Te TOUYKH + fBEPTUKAJIbHOTO
OTpe3Ka, KOTOpbIC yIOBJICTBOPSIIOT
HEPaBEHCTBAM
jﬂixiﬁ
L‘% (xjsy= @z[x}'(*)
po dixi
jde | Slxx)d
Beipaxxenne BUJIA 4 Hix Ha3bIBACTCS MOBTOPHBIM

{x, v}

HHTErpajoM  oT  (QyHKIHH f v 'mo  oOmactu E} OH  BBIUMCISETCS
CJIEIYIOIIM 00pa3oM:

4

CHayajga HaxOJUTCS BHYTPEHHUH HHTErpain (.- — IEpEeMEHHas HHTErpUPOBAaHMS, X-

.5}

(buKcHpoBaHHas), a 3aTEM MOJIYYEHHYIO (YHKIUIO apTyMEHTa X WHTErPUpPYEM Ha
3uauenue no6MOPHO20 UHMESPANA — YUCTIO.



| =2
J
7
,Z_l_..
< 0 X
F=r+l

1. Brrancnuth MOBTOPHBIN HUHTErpaj

BOCCTAaHOBHUB 00JIaCThb J‘E}

Pemenne. HTerpan BeluuciaseTcs mo E} i

(poy<l

s V= 2"(CM. PHUCYHOK).

H

J:Jj(&“:;}':]ﬁz!‘m::!ih d-xir+-(x 51 }d =
= I:_;_;‘;I_E_E_ml =§§+4_i_3_§=_ _E_%:
32 3 | 302 301 3]
IDREE T S V|
2 3 1 3 & S T
AHaNIOTUYHO:

ecJi 00J1acTh E}— npaeujibHasA B HAIIpaBJICHUU OCH {h:, TO €€ YJIO6HO IMPOCKTUPOBATH

{}E-.

Ha OCh

. [ycts MPOCKIHA obnactu }:}Ha 0Chb

Ok

c. ] .
+ €CTh OTpeSOK { - . ypaBHeHI/Ie JICBOU

rpaHulbl  00JIacTH _{f! i } }, a MpaBoOil TpaHULBI — _{f'll{}\j Torma mis Besgkoro

Jg € {E" f':Ll]e,HaquI/Ie

ALY
YAOBJIICTBOPSICT HEpaBCHCTBaM ' 1™

3a/1aTh B BUJIE

=

<x<yfy,]

s - .

Yronex L%s 2 D
=L TOUCK o l'IpSIMOI/I HpI/IHaI[J'IG)KaHII/IX O6J'IaCTI/I ,

[TosTomMy obnacte E} MOHO

x= 1w,y

(CM. pHUCYHOK).

TakoMy 3aaHui0 00JIaCTH COOTBETCTBYET NOBMOPHbLILL UHTETpaN *

.qp)"r‘?l

j J f{x v

I[JBI €ro BbIYHMCJICHHUA HaXOAUTCA CHaydajia BHYTpCHHI/II/I HUHTCIpaJl, a 3aTeM BHEIITHUM.

PesynbTar — uncno!



[Ipumep 2. 3aganuM o0061acTh E}an/IMepa 1, mpoekTupys ee Ha OCb —.*,

1<y, .
B:i | J=J@*J{_I+2}*}dx
Ozx= Y- E‘BI)IIH/ICJII/ITI) MTOBTOPHBIN UHTETpas ; & .
ks T AR |
= L 3 = - ? ? s =
f—ji?-rljf‘i_] a}_.[; - +2p(v -1} |
Pewennue. L = L d
ST ] o vy \ |
= u+5$3_1.~~ =E£+E—¢}—{E—i;_ﬁ— +E:35 4 i1
& 307 6 3 Jov3 ) 6 3 T
H s . w - é é .
3ameuaem, 4TO 3HAYCHUS pa3IMYHBIX ITOBTOPHBIX UHTETPAJIOB

(GYHKIIUH 11O 00J1aCTH OKa3allCh PABHBIMH.
Joxazano (cM. [1]) yrBep:kaeHue:

1 A
eciu f i.‘r= } }HenpepHBHa Ha E}, DCR ;  obyacTb E}HBJI}IGTC}I

MIPaBUJIBHOM B HAIpPaBICHUM OCEM KOOpPAMHAT, TO 3HAYEHHE [BOMHOIO UHTErpasia
ijgx,y;dx@
o

[IpU4EM pe3ynbTaT He 3aeucum om nopsoka

COBIMMaAacT CO 3HAYCHUCM COOTBCTCTBYIOLICTO IMOBTOPHOI'0O WHTCIpala,

UHMeZPUPOBanusL, T.e.
i #

L] PR d Sl

J17 (e phdieds = e | flayydv=fay [ flxp)de

i & fin £ g _

IIpumepsr:

Boituucnume unmezpaisl.

Jordx[o1(x+y)dy.J01dx]01(x+y)dy.

Pemenue.

Jordx[o1(x+y)dy=[o1((xy+y22)||l10)dx=[01(x+12—0)dx=(x22+12x)|||10
=12+12-0=1.J01dxJ01(x+y)dy=J01((xy+y22)|01)dx=[01(x+12-0)dx=(x22+12x)|
01=12+12-0=1.

OtBerT: 1.

Jo2rnd@ [oar2sin2¢@dr.J02ndef0ar2sin2¢dr.

Pemenne.

[o2ndfoarzsina@dr=foznl \1 Joarzsinzpdr)) \de= foan(sin20rs3lla0)do=
02nsin2@(a33—0)de=[02nde[0ar2sin2¢dr=/02n([0ar2sin2¢dr)de=/02n(sin2¢r33|
0a)do=[02nsin2¢(a33—0)de=

=a33[02nl—cos2@p2dp=a33(12¢—14sin2¢)|||2ro=a33(122n—14sin4¢—
0)=a3n3.=a33/02n1—cos2¢2dg=a33(12¢—14sin2¢)|02n=a33(122n—14sin4¢—0)=a3n3.

OtBet: a3n3.a3n3.

Kaxoii 3uax umeer unterpan [[ |x|+|y|=1In(x2+y2)dxdy; [[x|+ly|<1In(x2+y2)dxdy;

H3menump nopadox unmezpuposanus 6 cie0yiouux uHmezpanax:

Jo2dx [x2xf(x,y)dy.J02dx[x2xf(x,y)dy.

Pemenne.

CrienaeM pECYHOK MHTETPHPYEMON 00IaCTH:



O6acTh MHTErPUPOBAHKS OrPAaHUYEHA NPSIMBIMU Y=X,Yy=2Xy=xX,y=2X U X=2.x=2.
3ameTnMm, 4TO B 3TOM 00actu eciu Yy mensercst ot 00 10 2,2, To KoopauHaTa XX MEHSETCS OT
npsamoii Y=2Xy=2x (i X=y2x=y2) 1o y=X.y=x. Eciu xe Yy mensiercsa or 22 no 4,4, 1o
KOOpAMHATA XX MEHIETCS OT NpsAMOoi Y =2Xy=2x (X=y2x=y2) 1o X=_2.x=2. Takum 00pazom,

Jo2dx[x2xf(x,y)dy=[02dy [,oxdx+ [24dy [,22dx.J02dx[x2xf(x,y)dy=]02dy[y2xdx+]
24dyly22dx.

Otrser: [020X [x2xf(x,y)dy=[02dy [yoxdx+ [2ady [,22dx.J02dx[x2xf(x,y)dy=]02dy/
y2xdx+24dyly22dx.

1. [12dx[2-x2x—x2vf(X,y)dy .[12dx[2—x2x—x2f(x,y)dy.

2. Bpruncnouth HMHTErpan foxyzdx dy, [[Qxy2dxdy, ecnn obmacte QQ orpannuena
napabosoii y2=2pXy2=2px u npamoit X=p/2(p>0).x=p/2(p>0).

3. B nsoiinom wumrerpane [[Qf(x,y)dxdy [[Qf(x,y)dxdy mnepelitn Kk mOIAPHBIM
KoopauHatam It u @Q,Q, monarag X=rCcoOS@x=rcos¢ u y=r Sin(p,y=rsin(p, paccTaBUTh NPEaCiIbl
unTerpupoBanus, ecimu Q—Q— konpo a2<x2+Yy2=<b2.a2<x2+y2<b2.

4. IlepeiiTh K NOJSPHBIM KOOpJAWHATaM, ITu (,p, mnonaras X=rCOSQX=rcos¢ Hu
y=r Sin(p,yzrsin(p, M pacCTaBUTh IIPEIACIbl WHTCTPUPOBAHHUSA B TOM M APYrOM MNOPSJIKE B
cenyromeM uaTerpae: [010X [1-x1-x2vF(X,y)dy.J01dx[1—x1-x2f(x,y)dy.

5. Ilpeanonaras, 4ro Ifru (,p, - NOJAPHBIE KOOPAWUHATHI, W3MEHUTbH MOPAIOK
MHTETPUPOBAHUS B CIIETYIOIINX UHTerpajax:
[=nr2n2d@ [oacosef(@,r)dt(a>0)./-n/2n/2dpl0acosf(p,r)dt(a>0).

6. Ilepexoms Kk TOJNAPHBIM  KOOpPAWHATAM, BBIUYMCIWTH JBOMHOM  HMHTErpai
[[x2+y2<aex24+y2—————— Vdxdy. [[x2+y2<a2x2+y2dxdy.

7. BMecro XX M Yy BBECTH HOBBIE IIE€PEMEHHBIE Uu W VV ONpENeIuTh IPEIebl
UHTETPUPOBAHUS B CJIETYIOIINX JBOMHBIX UHTETpajiax
Jo2dx [1-x2—-xf(x,y)dy,]02dx[1-x2—xf(x,y)dy, ecnu U=X+Y,V=X—Y.u=x+y,v=x—y.

8. Ilpou3Bens cOOTBETCTBYIOUIME 3aMEHbI NIEPEMEHHBIX, CBECTU JIBOMHBIE MHTErPajbl K
onnokparubiM:  [[Qf(xy)dxdy, [[Qf(xy)dxdy, rme o6aacte QQ orpaHuueHa KpUBBIMHU
xy=1,xy=2,y=X,y=4x(x>0,y>0).xy=1,xy=2,y=x,y=4x(x>0,y>0).

IIpakTnyeckas padora Ne 19

Tema: BpluuciieHMe TPOMHBLIX HHTerpasoB. PemeHue 3aga4 Ha NPHJIOKEHHE
JABOMHBIX, TPOMHBIX HHTETPAJIOB

Heab: HayunThCcs BBIUUCTATH TPOWHBIE HHTETPAIIBI



Teoperudeckuid 0JIOK 0TpabOTaeM TEXHUKY pEIICHUS IPOM3BOJBHBIX TPOMHBIX

[[[ 7 x5 2)drdyetz

UHTErpajioB I , Y KOTOPBIX MOABIHTErpaibHasi (QPYHKIUS TPEX MEPEeMEHHBIX

U= j I:.'-'f, Vi 3) B O0IIEM cilydae OTIIMYHA OT KOHCTAHTHI U HETpephIBHA B 00JacTh T; a TaKxke
MO3HAKOMUMCS ¢ (PU3NUECKUMU MPUIIOKEHUSIMHA TPOHHOTO MHTErpasia

u=fxyz)

ITpumep 13
Berancnuts TpONHOMN HUHTETpai

”]15(;;2 + 2z dxdvdz
T
Tz=x+y,x+y=lx=0y=0z=10
Ha npaktuke teno takxke o603Hauar0T OyKBOM F—, HO 3TO BCE-TaKM HE O4YEHb XOPOILIUN
BapHUaHT, BBUy TOI'O, OHA «3ape3epBUPOBaHa» M0 0003HaUeHUE 00BEMA.
He HY)KHO MIPEJICTABIIATh UHTETpal B BUJIC

”j 15(y* + 28 dxdydz = 15”] Vidrdvdz +1 5”[ drdydz
r T T . XOTs €CJId 0YEHb XOUeTCsl, TO MOYKHO.
B koHIIe KOHIIOB, €CTh M HEOOJIBIION IUIIOC — 3aMKCh OyAET XOTh M JUIMHHOM, HO 3aTO MEHEe
3arpoMoxAEHHOM. HO Takoil moaxo/ BCE-Taku HE CTAHAAPTEH.

B anroputme pemenuss HOBU3HBI OyneT HemHoro. CHauana HYKHO pa3oOpaThes ¢

obsacTbio MHTErpupoBanus. IIpoekuus Tena Ha MIOCKOCTb XDF npezcTaBisieT coboit 1o 6o01u
3HAKOMBIN TPEYTOJIbHUK:

CBepxy Teno OrpaHHYEHO TUIOCKOCTHIO Z=a +}’ , KOTOpasi MPOXOIMT Yepe3 Hadyalo KOOPAWHAT.
[IpeaBapuTenbHO, K CIOBY, HY’)KHO 00513aTeIbHO MPOBEPUTH (MbICIEHHO AUOO HA YEPHOBUKE),
HE «Cpe3aeT» JIM 93Ta IUIOCKOCTh YacTh TpeyroyibHuka. /s 3Toro HaxoauMm e€ JIMHUIO

MEepPECEYCHUs] C KOOPAMHATHOW IUIOCKOCTHIO XOF , T.e. peliaeM IMPOCTEUIIYI0 CHCTEMY:

Z=x+y
=x+y=0=y=—x

z=0 — HeT, JlaHHasg TpsMmas (Ha uepmedice OMCYMCmeEyem)

«IPOXOAUT MUMOY», ¥ TIPOCKIIHS TeJa Ha TUIOCKOCTh X DF JIEHCTBUTEITLHO TPEICTABISIET COOOM

TPEYTrOJIbHUK.


http://www.mathprofi.ru/uravnenie_pryamoi_na_ploskosti.html
http://www.mathprofi.ru/uravnenie_ploskosti.html
http://www.mathprofi.ru/chastnye_proizvodnye_funkcii_treh_peremennyh.html

He CJIOXKEH 311eCh u MIPOCTPAHCTBEHHBIH YepTEXK:

B HCfICTBHTCJ’IBHOCTH MOKHO OBLIO OIPAHUYHUTBLCA TOJBKO MM, IIOCKOJIbKY IIPOCKIUA OYCHDb
mpocras. Hy, WX TOJIBKO YCPTCIKOM IMPOCKIHUH, TAK KaAK TEJIO TOXE IPOCTOC :) O,Z[HaKO
COBCEM HHYCT'O HC YCPTUTH, HAIIOMHUHAIO — IUIOXOM BBI60p.

Bribepem CJIE Ty FOIINN MOPSAI0K o0xona Tena:
Dez=x+y
D=x=l-y
N=y=1
n nepenaem K IIOBTOPHBIM UHTErpanaMm:
e O
[[[150" + 2% dxdyz=15[ ay [an [ + 2"k
T [

AKTyaJmmpyeM cieayrmee 3JIEeMEHTAPHOEC IIPaBUJIO:

Korma QyHkuus ¥ = f (I, Vi E) UHTETPUPYETCS 10 KaKOW-TMOO MEepeMEeHHOH, TO JBa
APYTUX aprymeHTa CHHUTAOTCA KOHCTAHTAMMU. To ectb IPpUHIOUIT TOYHO TaKoH KC, KaK U IIpH
HaXOKIACHUHN YaCTHBIX IPOU3BOJHBIX OT (py'HKI_II/II/I TpéX MNEPEMCHHBIX, UYTO CCTCCTBCHHO.

Pasz0bupaemMcs ¢ HHTErpaiaMu:

1)
r+y 1 3

2, 2 0 1 £
(v +z )z =|yz+—
. 3

vy 1 ) 0 x+y)”
0 =f{x+.}*}+%— e =Jf’3(5f+.}’)+%

(1) Ilpu uHTErpUpPOBAHUU IO «3ETH X u ¥ cauraorcs koncranramn. B JTAHHOM Clly4ae

IIPUCYTCTBYET TOJIBKO «UTPEK», HO 3TO HEe MeHseT aena. CoBeTylo BCerja MbICIEHHO MO0 Ha

YEepHOBUKE  BBIMOJHATH  MpoBepKy. HaiinéM yacTHy:0  NOpPOM3BOAHYIO IO  «3€T»:

t
3

z 1 1
y22+? =y (z); +§-(z3); =y -1+§- 3z =y 427
, 9TO U TPeOOBAIOCH MPOBEPHTb.
(2) Temepp wucnonszyem ¢opmyny Herorona-Jleiionuna: chayanza BMECTO «3er»

IIOJICTABJISIEM BEPXHUI Npeesl UHTErPUPOBaHUS (I Ty ;', 3aTeM — HIWKHHUHA npenen (Houb). B
pe3yibTare OyKBBI «3€T» OCTAThCs HE JOIKHO!

CHocuMm Tpodeit B cienyromuii unterpai. Ilo cymiectBy, pelieHue cBeIOCh K JIBYM
MIEPEMEHHBIM U K IBOHHOMY MHTETpaiy:


http://www.mathprofi.ru/chastnye_proizvodnye_funkcii_treh_peremennyh.html
http://www.mathprofi.ru/troinye_integraly.html

1-p

2) j{fcxw%

]

3 (- -y {2
(x-;y} }:fx =y I(x+y)cix+% I(x+yj3c£x =
0

0
1-p l-p (%)

1 1 .11 _
=5* [t pd o)+ [ryPdlary) =7 Sy 7+ o'y
il a

(4

2 ]
=""’?(ﬂ—y+ﬁ—m+yf:|+%((1—y+y)* 0+ =‘%(l—y:‘)+%(l—f)=

2 4 4 2 4
1 1 7
_z_jf+ y LYy

2 12 12 12 2 12

(1) Ucnonp3yem cBoiicTBa JMHEHHOCTH MHTErpajia, IpUHMMas BO BHUMaHHE TOT (axT,

YTO «HUT'PCK» CUHUTACTCA KOHCTAHTOH. CﬂeayeT OTMCTHUTH, YTO HEC B036paH$I€TC$I OCTaBUTH
MHTErpall €IWHBIM, PAcKpbITh CKOOKM U TPHUBECTH MOJOOHBIE cllaraeéMble, HO 3TO MEHee
paloHaNIbHbIN cI0C00 (MOKETe MOMpoOOBaTh).

(2) Ucnonpzyem Meroa monBeneHuss 1o 3HaK auddepennmana. Ecnu paccyxneHus
BOCIIPUHUMAIOTCA COBCEM TSXKCIIO0, MBICJICHHO 3aMCHUTE «HUI'PEK» KaKI/IM-HI/I6YI[B KOHKPCTHBIM
YHCIIOM, HAlIPUMED, IIATEPKOI».

(3) WNHuTrerpupyem o «HKC» 51 BBIIIOJIHAEM IIPOBEPKY:

f

) 2
Lt o) s = 2P+ ()i

2 3
=2 k) (b AR 4= R0+ f (0 = R )+

(4) Ucnonb3yem ¢opmyny HbroTona-JleliOnumna. CHauyana BMECTO «HKC» (nepemenHou, no

KOMOpOU NpoBOOUNOCHL UHmMe2pUuposanue) TOACTABISEM 1- Y, sarem — mHoms. Ilocie
MIOJICTAHOBOK OYKBBI «MKC» OCTaThCSI HE JOJIKHO!

[TpuuécriBaeM pe3yibTaT U CHOCUM €r0 B NMOCIEAHUNA MHTErpai, He Tepss HaXOIAIIyI0Cs
TaM KOHCTaHTY:

1 2 4 3 5
1y Ty y ooy (1 1 7 ]
15| =4 Lo gy o154 2o g5l s (040-0) |=
? I( J}; [12 33 5 ( :

i 1e 2 12 12 6 12.5
=15[l_LJ=E_E=E=g
4 12.5) 4 4 4
mlﬁrﬁ + 2 dxdyddz = 2
OTBer: T

PesynbTar Ge3pazMepeH — mpocTo YUCIIO U BCE.
Crnenyroumii npuMep Jisi CaMOCTOSATEIbHOTO PEIICHHUS

[pumep 14
Beruucnurs TPOMHOU HUHTETpal

m (3x + dy)dxdydz

r
2 2
Tiy=xy=0zx=Lz=5x"+y")z=0
[TpumepHBIil 00pazer; opopMICHHUS 3a/1a4l B KOHIIE YPOKa.
I[O CUX IOp MbI pacCMaTpuBalil OBa cnoco6a peuiCHusd — 3TO HNPOCHUPOBAHUC HaA

IIJIOCKOCTH XDF 1 BbIOOD nopsiika 06xoxaa nmpoekunu. Ho Ha camom nene komOuHaiuii 60sbliie
— TEJI0 MOXHO CIPOCLUPOBaTh Ha J00YI0 U3 3-X KOOPAMHATHBIX IUIOCKOCTEH U KaXayro
MPOCKITMI0 000WTH 2-Ms TyTsAMU. TakuMm oOpa3om, moiydaercs 6 crocoboB pemeHus. U
JIOTUYHO TMPEAINOJIOKUTh, YTO B OOILIEM Cilydae HEKOTOpbIE M3 HHMX IpOIlle, a HEKOTOpble —

TpyIHee.



http://www.mathprofi.ru/metod_zameny_peremennoi.html
http://www.mathprofi.ru/chto_takoe_integral_teorija_dlja_chainikov.html

HagepHsika mHOTHe oOpaTwim BHUMaHue, uyTo B [Ipumepe Nel3 s BeiOpan Oosee peakuit
MOPSAIOK 00X0/Ja TPOEKIMH, XOTS HUYTO HE MeHIall0 MONTH «OOBIYHBIM» MYyTEM. DTO HE

CIIy4ailHOCTb.
?G'+J-' 3
1,0 (x+y)
2
[ +27dz Py + 2P
B pesynbpraTe HaxokaeHHUs MHTErpayia 0 MoJIydeHa CyMMa 3 ,B

KOTOPOM UyTh BBITOJIHEE CUYUTATh KOHCTAHTOW HMMEHHO «UIPEK», YTO MPH MPOYUX PABHBIX

YCIOBUSIX (U3 VPAGHEHUsT NPAMOU ;H'.:” - loauﬂakogo JIeCKO 8bIPA3UMb y= 1_ Lx= 1_.3; )
VIPOIIAeT pelieHne. A B HEKOTOPBHIX 3aJadax BbIOOp TOpsAIKa WHTETPUPOBAHHS U BOBCE
ctagoButca OUEHD BaxxHBIM:

IIpumep 15
Berunciurs TPONHOMN UHTErpan
2 Inm
By ze V" dxdvdz
T
x==1, y=0, z=10,
i
x=0, w=2 z=1
Pemenne: o01acTh HHTErPUPOBAHUS OIPAaHUYEHA IECTHIO TUNIOCKOCTSIMH M MPEACTABIISET
co0oif NPAMOY20IbHbIU napannenenuneo:

VY He3aMBICIOBaThIX 00JIACTEH MOKHO HE 00paliaTh BHUMAHUS Ha MPOCSKIIHIO U TPHICPKUBATHCS
CJICOAYIOLICTO IIpaBuJia: 06X0}1 TeJa OCYIIECCTBJ/ACTCH B HANIPABJICHUAX KOOPAHHATHBIX ocei.
[Ipenensr WHTETPUPOBAHUS 371€Ch OYEBU/IHBI

l=z=], 0=yl -1=x=(

Ho BoT ¢ mopsimkom 006xoja He BCE Tak mpocTo. Eciu BEIOpaTh TPaaUIIMOHHBIA MTyTh U
CHa4daja HUHTCTpUPOBATH o «3€T», TO IOJIy4acTCs HerHHTHBIﬁ HUHTCIrpal
1 1
J-Syjzegmdz = Syzj-zezmdz
i 0 , KOTOpBIF HY>XHO OpaTh MO 4acTsaM. AHAJOTHYHAs WCTOPHS, €CIIH

’ 3
_I.Sygze'zmdy = Sz_l._}fgéjmdy
HHTCIPUPOBATD IO «KUT'PCK»: 0 0 , TYT OaXXC ABAXK/BI 10 4aCTAM.
Hawnb6osnee BBIT'OJHBIM HYTéM ABJBICTCA TMIEPBOOUYCPCAHOC MHTCTPUPOBAHUC IO «HUKC», B

2
9TOM CJIydac NICPCMCHHBIC E? .}? , 4 3HAYUT, U MHOXXUTCJIb 8..}? Z CUUTAKOTCA KOHCTaHTaMU:
] ] 1]

1
JISygze'jmdx = Syjzjlejmdx =8y'z. — Iejwd@xﬁ] = 4}:(@2“]‘?1 ="
-1 -1 E.JE -1
Ilepen TeMm, Kak MOACTaBUTHL IPEAEIbl HMHTErPUPOBAHMS, HE IIOMEIIAET IIPOBEPKA:

(dye™™ ) = dy(e™), =dye™ . (2xyz), = dye™  2yz-(2), = By'ze™
HOJBIHTErpaIbHas (QYHKIHSL.
()= 4y -y = 4y(1- )

BykBa «ukc» ucnapuiack, Kak OHO U JOJKHO OBITh.

IoJIydC€Ha HCXOIHasa


http://www.mathprofi.ru/integrirovanie_po_chastyam.html

Ocranoce 2 HaIlpaBJICHUA 06X0,Z[a D Ez E:]'? D E:.J'} E: 2, )51 CJ'IGI[YIOH_[I/Iﬁ HHTCIrpaJl

PpallMOHAJIIBHCEC B3ATH 110 «3€T» I-ITOGI)I MHOXUTEIIb 4..}? CYUTAJICS KOHCTAHTOM:
1 1
i, - 1 .
[4y(1-e )= 4p[1- f*’”)dz=4y[z+2—e 2’“}\3 -9
0 0 Y

IIpomesxyTouHas IIpOBEpKa:

I'yn.

(%= 4y[1+ L2 {DJFLE_MJ] =4y[1+ 1 i} =4y 42077 -2
2y 2y 2y 2y

B kadecTBe [ONOIHUTEIBHOIO KOHTpOJIA CHOBa CMOTpHM, HCUC3JIa JIM IIOCIIC
MMOACTAHOBKU IICPEMCHHAA, 110 KOTOpOﬁ HHTCTPUPOBAIN (((36T»).

W, nakoHer, octaBmieecs: HalpaBJIeHHE 00X0/1a 0= F Ly Y OCTaBILMICS UHTETpa:
2
-1 1 -2 2
[y+2e™ -2ay=2y' e -2p)f = (9
0

[TpoBepka: (2-}}2_?4}'_ 2:-“‘:';: =2 2.3’_5'_2} ' ':_2}’:';.— 2=4y+ 2&'_2'“ -2
(M=2 22 0-(0- -0)=8-¢"-441=5-¢"

le/l MOACTAHOBKAX CJeAyeT NMPOABJATL NMOBBLINICHHOC BHUMAaHME, TaK, HAIIPUMED,

MpY TOJICTAHOBKE HYJISI B BBIpOKCHUE 2.3’1 : —€ - 2.}‘? BTOPOE CJIaraéMo€ MOXHO MallIMHAJIbLHO
CUECTb 32 HOJIb.

Ha uncToBuke, KOHEUHO K€, HE HY)KHO BCE PacHUChIBaTh TaK MOAPOOHO, aHAIIN3 MOPSIKA
WHTETPUPOBAHUST U TPOMEKYTOYHBIE TPOBEPKU OCYIIECTBISAIOTCS MBICICHHO JHOO Ha
yepHoBUKe. Pemenne opopmiisercss craHgapTHO B 3 MyHKTa, HO YATATENU C XOPOIIUM YPOBHEM
HOJATOTOBKH MOTYT 3aIMcaTh €ero u «OJTHOM CTPOKOI»:

”_[ By 26 ™ dxlydz = Si-ygcfyi- zdz_li- 248 gy = Bi-ygdyj-i : zdz-i-egmd (2xyz) =
0 0 0 0 27 .|

|

ycfyi )%y -dz =4Tycfyi (1-& ¥ )dz = 4i-y(z+2ie'235}|édy =
0 a0 0 i

2
=4 ;{H 1 g i}fy = [(dy+2e™ -y = (2" - - 2y)f} =
2y 2y ]
-t —4-(0-1-0=5-¢"*
”I 8y ze  drdydz =5 -
OtBer: T
HaBepHoe, 3TO mNOHATHO, HO Ha BCAKMM cioyyall 3aKOMMEHTHPYIO: OYKBEHHBIE

MHOKUTEJIM-KOHCTAHThl CJIEJyeT IIepeMellarh clipaBa HaJeBO IOCIENOBAaTeIbHO U 0€3
«TEPECKOKOBY» — JIO TeX MOp, MOKa Kaxkjaas OyKBa «HE BCTPETUT CBOW WHTETrpa». Y CIOBHBIM
puMep:

”I xe’ coszdxdvdz = J.cijlcfy]-xé'y coszds = Icfxl xedy I coszdz = Ixcij E”cfyl o3 Zdz
v d

L. Ll L] L Ll * L1 (Ll



AHanoruynoe 3aaHueC 11 CaMOCTOATCIIbHOT'O PCHICHUA:

Ilpumep 16
Berancnuts TpONHOMN WUHTETpai

I” xzsin( xyz)drdvdz

r

x=0, y=0, z=10
T
x=2 y=m z=1

dusznueckue NMPUJIOKECHUSA TpOﬁHOFO HHTErpajaa

PaccMoTpuM HEOJHOPOIHOE (nepeMeHHOU NIOMHOCMUY) TeJo T Ecmn wssectna

HEenpepbpIBHAasE B 00JIAacTH T(I)YHKI_II/I}I £ (Ia.}? :3:' IUIOTHOCTU TeNla, TO €ro Macca paBHa
CIIEyIOIIEMY TPOHHOMY UHTErpay:

m =[] otz v, 2)drdydz
T
BOSMO)KHO, HE€ BCEM IIOHATCH CMBICJ q)YHKI_[I/II/I IIOTHOCTH. IlosIcHSIIO: eciik B3ITh
(% 0 2) T
MPOU3BOJIBHYIO TOYKY »w2 “04) mpUHAIISKANIYI0 Ty , TO 3Ha4YeHWEe (YHKIUU

fq] =P (IEI; Yo EIII:I OyZIeT paBHO IJIOTHOCTH Te€Ja B JAaHHOM TOUKE.

IIpumep 17
Bpruucaute Maccy  HEOJHOPOAHOTO  TeNld,  OTPAaHUYEHHOTO  TOBEPXHOCTSIMHU

d d_q 1AL .
X +u}? - 1? X -|-|4-"|"i| - 23? = U? X 2 U? u}? 2 [:], €ClIn N3BCCTHA (i)yHKHI/Iﬂ €ro INIOTHOCTHU
olx oy z)=10x
2 + 2 —1
Pemenne: MckoMoe Teno orpanmueHo mummaapom & 1Y = lcGoky, ammmmrrueckum
1,3, 4
Z=—(x"+y7) — 0

napabononIoM 2 — CBEpXy M INIOCKOCTBIO Z = W/ — cHu3y. JIOTMONHMTENbHBIE

yernoBus & 2 U:.}? EEl«zaromnor Hac» B 1-M OKTaHT, W MpPOEKUHs Tejaa Ha IUIOCKOCTb XOF
IPEJCTaBIACT co0Ol  COOTBETCTBYIOULIYIO «YETBEPTUHKY» €AMHUYHOTO Kpyra:

"]

u BBIITOJIHUM IIPOCTPAHCTBEHHBIN 4epTeK:


http://www.mathprofi.ru/poverhnosti.html
http://www.mathprofi.ru/poverhnosti.html
http://www.mathprofi.ru/poverhnosti.html

HpOCKHI/IH Cpa3y K€ HAaBOJAUT Ha MBICJIIb O IEPEXOJC K LII/IJIHHZ[I)H‘IGCKOﬁ CUCTCMC KOOpAWHAT:

X=FrCosg
¥=ran @
z=z

x2+_}’2=1:r’.?'2|3(}52{;9+.?'25ﬁ12d;?=1:},?'2=1:}|r=1

1.2, 2 r
E=—=1x"+ ==
S+ >

ol ni=10x= plrcosg ram @ z) = 10rcos @
[Hopsanox o0xona Tena

| ]
L]

% 1 7
= I”p(x; 3z )dxdydz = IIIlDr cos @- rdrd gz = lﬂlcos .:;:?.::t‘.:;?].rg.:fr I.:;Ez
' Brruncnenus ' : ’ ’
%! ¥ 2 2
1 1 11 1 1
2) JE rdr = 5{#&« = 2= 0-0)=

I

RS E:smg—smrm:l—t}:l

10
Orser: # = |80, MaCCHl

Crnenyroumii npuMep Jisi CaMOCTOSATEIbHOTO PEIICHHUS
IIpumep 18

310 cos pd = (sih &)

o ey B3] Iy

Brraucauts Maccy HCOAHOPOAHOI'O TCI1a, OrpaHUYCHHOTO

OYCBHUJCH:

obOpazoMm:

OJIECMCHTApPHEI:

IMMOBCPXHOCTAMU

S I R o
I=X +.}? ?z =X +.}? Fy:i[:l, €CJIM U3BCCTHA (bYHKI_II/ISI €TI0 IJIOTHOCTHU -'{}(I? .:I';? E)_?[:IL}E


http://www.mathprofi.ru/troinye_integraly.html

Kpartkoe penienue B KOHIIE YpOKa

J4! crapas 1eCHA O I'NIaBHOM:

IenTp THAXKECTH TETA

[MomoOHO TOMY, Kak 3aja4a O BBIYMCICHHU IIEHTPA TOKECTH TIUIOCKOH (UTyphI
BbIYHCJIAJIaCh C IIOMOIIBIO HBOfIHOI‘O HHTCIrpaJia, 3ajadya 00 OTBICKAHUU yenmpa msotcecmu TCJa
penaeTcsi aHAJIOTHYHBIM CITOCOOOM C TTIOMOIIBIO TPOMHOTO HHTETpaIa.

Uto Takoe HEHTp TAKECTH Tela, TOBOJBHO yJauyHO 00bscHUI emé Apxumen. Eciu teno
MOJABECUTh HA HUTh 3a IIEHTP TSHKECTH, TO OHO OyIeT COXpaHATh pPaBHOBECHE B JHOOOM
MOJIOKeHUN (Kak Obl MBI €ro MpeIBapUTEeNIbHO HU TOBEpHYJH). B W3BECTHOH cTemeHW He
peanu3yemo (Taku IMEHTP TsHDKECTH BHYTPH Teja), HO 3aTO OYEeHb MOHATHO. U BmojHE B CTHIE
JPEBHETPEUYECKOT0 YYEHOT0, KOTOPHIA MPOCHI JaTh €My TOYKY OIOpPBI, YTOOBI C IMOMOIIBIO
pbldyara nepeBepHyTh 3EMITIO.

LleHTp TSDKECTH M (IEI; Yo & IZl:I HEOJHOPOJIHOTO Teja T paccuuThIBaeTCs 1o Gpopmyam:

[[| 7ot 2yandyaz [[[yotny.dsdyiz [[[z0(n . 2)dxdvez
Ay = L . V= ! . Iy = I
2 i b )
= v Zdxdvdz
e .-':} ': Ly ) — (GYHKIHS TIIOTHOCTH Tefa, a " Iﬂ. p{x Y Z:I i — Macca Tena.

Ecnu Tteno omHopomHo (3070TOE, cepeOpsHOE, IUIATHHOBOE M T.JI.), TO (OPMYIIBI

ympomarTres. Tak Kak IJIOTHOCTb g = const OCTOSHHA, W Macca 7 — ,QV_ eCTh

HPOU3BEICHUE IUIOTHOCTH Ha 00BEM, HOJTyYaeM:
”_[ xefxayelz _[” yxdyelz ”I zexdvedz
_xuzr—, J}D:r—, ZI:I= T . .
4 4 4 , 2 00BEM Telma pacCUMTHIBACTCSH (ewfé
V= [” dxdydz
He 3a0blau? =)) ¢ TOMOIIBIO TPOWHOTO UHTETpaja r .

Jl1d neHTpa TSHKECTH OHOPOIHOIO TENIa CIIPABEIIUBEI CICAYIOLINE YTBEPKICHUS:

— €CJIM y TeJla €CTh LIEHTP CUMMETPHH, TO OH SIBJISIETCS] LEHTPOM TSKECTU (npocmeuuiull
npumep — yeHmp wapa);

— €CIM Yy Teda CYHIECTBYET JIMHUS CUMMETPHH, TO LEHTP TSKECTH 0053aTesbHO
IIPUHAJIEKUT JAHHOM JINHUY;

— €CJIN y TeNa €CTh INIOCKOCTh CHMMETPHH, TO LIEHTP TYKECTH HENPEMEHHO JIEKUT B ATON
IIJIOCKOCTH.

Kak BuauTe, NpakTHUECKH MOJIHAS aHAJIOTHS C LIEHTPOM TSXKECTH IUIOCKON (UTYPHI.

Hy u, camo co0oif, He MOTy He MOpaJJ0BaTh Bac 3aKJIIOYUTEIBHON 3a1auei:

IIpumep 19
Haiftu 1eHTp TSDKECTH  OJHOPOJIHOTO  TeNa, OrPAHUYEHHOTO IOBEPXHOCTIMH

X +.-]'} +z =d (ﬂ # l:l), r= |:|? .-]'} = [:I? = l:l Brimonsuth YCPTECIKU JAHHOT'O TCJIa U €T0 IIPOCKIUHN Ha

IJIOCKOCTH XDF

Pemenue: mnckoMoe TeJo OrpaHUY4CHO KOOPAWHATHBIMU IIJIOCKOCTAMHU H TINIIOCKOCTHIO

X +.-]'; +z = ﬂ, KOTOPYIO B IECIAX MOCICAYIOMECTO MOCTPOCHUA YIIO6HO NpeaACTaBUThL B OTPE3KaX:

E+E+£:1

@ @ & . BeiOepem «a» 3a eauHuily Maciutaba W BBIIOJHUM TPEXMEPHBIA YepTEXK:


http://www.mathprofi.ru/poverhnosti.html
http://www.mathprofi.ru/centr_tjazhesti_ploskoi_figury.html
http://www.mathprofi.ru/dvoinye_integraly_dlya_chainikov.html
http://www.mathprofi.ru/centr_tjazhesti_ploskoi_figury.html

y Wl
Ha qepTen(e y>1<e IIOCTABJICHA I'OTOBAas1 TOYKa IlCHTpa TAXKECTHU, OAHAKO, ITIOKAa MbI eé HC 3HACM.

[Ipoekuus Tena Ha MIOCKOCTh XOF OueBHJHA, HO, TEM HE MEHEE, HAIlOMHIO, KaK €&
HAWTH aHAJIUTUYECKU — BE/Ib TAaKHe MPOCTHIC CIydyaW BCTPEYAIOTCS JaleKo He Bceraa. UToObl

HalTU TMpPsAMYI, MO KOTOPOM MEPECEeKarTCs IUIOCKOCTH X +.}? Tz =fx=*’¥i:'lF (E’ = U:' HYXXHO
peuuTh CUCTEMY:

rtytz=a
z=1
[MozacTaBisieM 3HaYeHHE & — D B 1-0e ypaBHEHHE: X +.}; +U =dy noJiydaeM ypaBHCHHEC

Xt J =@ «rnockoii» MPSIMOM:

Koopauuatst Iﬂ’ y IE Eﬂ LEHTPA  TSKECTH Mrena T soumernm 1o bopmynam

”I xddxdvelz I” vexeydz ”Iz.::t‘x.:fy.:iz
_ _ _ Vo= ||| drdvdz
o= TT’ = TT’ 0 TT, rjae 'Ill'll " — 00BbEM Tena.
Bri6epem «KJIACCUYECKUN» MOPAOK obOxopa:

l=zzg—-x-y
OZ=y=a-x
D=x=a
1) Crauana BelyniciuM 00BEM Tena. Ero, kcTaTw, MOXHO y3HATh 3apaHee, MOJb3YsCh
M3BECTHOM 3a7aveit reomeTpuu 00 00béMe TeTparapa. O0BEM TeTpadapa paBeH 1/6-oif oObEMa
MPSIMOYTOJIBHOTO TMapajieNienuiesia, TOCTPOSHHOT0 Ha ero 3-X CMeXHbIX pEéOpax. B Hamem
cllyyae TapajulesIenuIe]] MPeACTaBiIsIeT co0oil kKyO ¢ pedpoM «a», W COOTBETCTBEHHO:
13
%m}mﬂm_gﬂ
Ocrajioch ~ aKKypaTHO TMPOBECTH YHCTOBBIC BBIUMCICHHS  (KCNAIONIUE  MOTYT
MOTPEHUPOBATLCS U BBIMIOJIHUTH KX CaMOCTOSITENIbHO). B mpuMepax ¢ TPOMO3IKHMH
peoOpa3oBaHUSIMUA PEKOMCHIYIO 3alMChIBATh PEIICHUE CTOJOMKOM — MEHBIIC IIIAHCOB


http://www.mathprofi.ru/vektornoe_proizvedenie_vektorov_smeshannoe_proizvedenie.html
http://www.mathprofi.ru/uravnenie_pryamoi_na_ploskosti.html

3aIlyTaTbCA:

ﬂ—?{cz'lx —

a:xy—}

{.:1(.:;: X = xla— x}—{a 7) ].:I’x
0

Il
O —fs O —f D —f

=a|la— xdx— _[(czx xjci‘x—l_[(cz le ax =
0
1
6

CR
_ @ e | @&
= 2':'51 -’f;'u (_2 ]
3 3
c 5 i i
Rl o P PO R S | R =
2( & ( ; J (0—a™)
3 3 3 3
_cI _cI _ﬂ =£I
2 & 6 6

]_ICJ'IO 3a TpeMs TpOﬁHBIMH HWHTCIpaJIaMH. A BbI, HABCPHOC, HC TaK JaBHO U IIPCACTABUTH
cebe He MOTJIA, YTO OKaKCTECh B IMUICHTPC TAKOI'0 KOIIMapa =)

2) BeIuMCIUM «UKCOBBII UHTErpal:
a a-x a-x=y

”I xdxdvdz = I xdx I dy I dz =
v 0 0 0

xdx I[.::t— x—wdy=

i

2
ay—xy—%}u

a-x ::L!"X _

I
Sl 1 O —f D e—
ol

B
T .
Y
|
Nak
|
-
Eaipe
E:e
3}
|

e

a . a lﬂ .
=a| (ax— x dx— (.:zx —x)cix—— (" x — Dax® +x ]la!’x—
| | i
axt . [exr . 1{ &% e ).
=ag| — —|h - | ———=li—= - —g=
2 3 3 4 202 3 4
a a at &t 1fa*t za* &
2 3 3 4 21 2 3 4
4 4 4 4
_8 @ @ _ &
"6 12 24 24

Taxum 00pa3oM, «MKCOBasH» KOOPIUHATA IIEHTPA TSHKECTH:

[[[ xdxayaz 4"



Hy 4T0 ke, BBEIMIAUT MPaBIoNo100H0, [0 KpalfHe Mepe, MBI «IIOTAJIA BHYTPH TEJay.

BBuny cummerpun teTpa’ipa Be Ipyrue KOOpAUHATHI TOJIKHBI MOJIyUYUTHCS. TAKUMU K.
Teneps ommOOUYHBII OTBET MPAKTUYECKU HCKITIOUYEH!

3) Cnenyromasi «IIpOCTBIHS»:

a a-x @ a-%-p
_[_”ycixdyciz = _[cfx _[y.:fy _[dz =
¥ 00 0

dr [ yla—x-y)dy =
a

dx [(ay - xy— y*)dy =
a

= L e L e 1L e 1

2 3
A T
2 2 3
_ a[a—x}z_x(a—sz_{cz—xf s
2 2 3
af 2 1% 5 2 17 3
= (e - 0fdr - = [(a®x-2ax® + 2dx— = [ (@ = xVdx =
2!( ) EDI( ) 3!( )
@ s 1 &x 2axd 2y, 1 tla
= —— — —_— — + — + — — =
5mx:'”2(2 Ry RPN
s 4 4
LT Y AT IR S
& 2 2 3 4 ) 1z
_at & a'_d
6 24 12024
B pe3yJibTare:
4
[[[ vaxdyaz @
yo =L _24_ 4
’ 7 a4
&
4) U 3akitounTeIbHBIN, 00Jiee KOPOTKUNA UHTErpall:
a a-y a-x¥=¥ a a-x a a-x
_[Ilzdxciyciz: I.:fx _[r::{}f Iz = lldx I{zgj o dy= l_[.:fx I{.:z —x—-Widy=
v o0 0 29 u 2y %
_ 1 1¢ Ila-x g, _ 17 3, 11 s 1 4_'1‘4
——g-E!Iicz—x—yil : dx——g!m—n:a—x:w M=o gla= 0 == (0-aY) =2

[[[zdravaz @

s
zn=f—=_;‘r=3

[0

¥ o
)
OTMeuaeM Ha 4YEpTEKE HAMICHHYIO TOYKY MIEHTpPa TOHKECTH W e Ke 3aluChiBacM B

M(E;E;E]
orser: 4 44

B cdepuueckux koopaMHaTax MOJOKEHUE JIOOONW TOYKM MPOCTPAHCTBA OJHO3HAUHO
OTIpEIENIICTCSl OJHUM pPAacCTOSHHWEM M JAByMs yriamu. bornee moapoOHyro HHPOpMALUIO H
COOTBETCTBYIOIIME IPUMEPHI MOKHO HAWTU B yUeOHOM IUTEpaType.



Penienyst ¥ OTBETHI:

Ilpumep 14: Pewenue: uzobpazum npoexyuro OAHHO20 mead HA NIOCKOCMb XOF :

IIHJ;I
|- ':.J' =}:
—H i
k=4 A
_ 5( 2 + 2)
Csepxy meino 02PAHUYEHO IIUNINUYECKUM napaboioudom =Ty
Buvibepem cnedyrouull nopsi0oK 0b6xo00a:
0=z=5(x" 4+ 3%
D=y=x
0=x=l
Taxum obpasom:

1 xSt et 1 & sirtepty

III{3;|:+ Ay dxdydz = [dx[dy J{3x+4y}dz= Idxl(3x+4y}dy Idz
I 0 0

0 0 non

Ilpumeuanue: 6 «3emogomy» unmezpane cymma (3}: +4}f :' cuumaemcs KOHCMAaumou, no3momy
eé YOOOHO cpa3y GvlHecmu 8 C1eOVIOWULL UHMeSPA.l.

At et . 2
D Jaz=@p " =500 + N - 0=50 + %)
1]
2) 5] (Bx+4y)( % + ¥y )dy = 5](3x3 +dyx? 430 + 457 )dy = 50350y + 207 + 1 + [ =
0 0

=503 x42x x4+t -G 02 00 P 4 0P 0=
SExt et =5 7 = 350

1
3) 35] xtdx = 35%(?)&, =71 -0 =7
1]

m (3% +4y)dxdydz =7
Omeem: T
IIpumep 16: Pewenue: BbINOIHUM yepmeonc:

Buvibepem cnedyruul NOps00K 006x00a mena:



D=y=ar
D=z=1

0=x=2
Taxum oopasom:

_”_[ x'zsin{ xyz)dxdydz = i- x .::Ex_i- z.;izi sin xvz)dy
T 0

1] 1]

- —i[cos{m.?] -Ni= l(1 —cos(rmz))
xz xz

1 [sin my2)dy = [sin xy2)d (x92) = -

0 iz y
01

2) ]z (1 —cos(7xa))dz =
) XE

_1

X

]
3) _I-xz-l(l—ism{m)}ix—I[x——sm(m:} .:i’x—(x— 1 Gs(m)Jﬁ
1]

Xz

?Hl'—‘

1
kﬂwwﬁlgimmﬁ:
0 X oy

(l—ism(ﬂx) {0— D)] [1——5111(;?1?:}]
iz
2

x m 5 2
:2+%c032f{—(0+%c050] 24 %—ﬂ%:
I” x*zsin{ xyg)dxdydz= 2
Omeem.: T

Ilpumep 18: Pewenue: uckomoe meno OSPAHUYEHO DIUNMUYECKUM NAPAOOIOUOOM

1, .a R
=Xty CHU3Y U KOHUYECKOU NOBEPXHOCMBIO ZEAY ceepxy; napabonoud u KoHyc

4
nepecekaromcs 8 N10CKocmu £ = 1no oKpyJICHOCIUL Ty = ! (8bIKIAOKU U UepméNC — CM. 8
20

IIpumepe Ne9 Ilockonvky Y=V mo peub uoém o npasom (OMHOCUMENbHO NJIOCKOCMU XDZ)

NOIYnpocmpancmee, U npoexyuell meia Ha MNIOCKOCHb XDF ABNAEMCA GEPXHULL NOTYKPYe
eOUHUYHO20 paouyca:

Maccy mena evluucium ¢ nOMOWBIO MPOUHO2O UHMESPANd, UCHONb3YSA YUTUHOPUYECKVIO
cucmemy KOOpOUHam:

X=rcosd

y=rn @

==z

Pryi=1=r=1
z=;f:2+l;|;2 =z=r

Z= xg+_}f2 =>z=w'{r‘_g=r‘

Sl zi="The = plrcosg rsin g 2) = 7lrzsin @
Tlopsoox 00x00a mena:



rlEzy
OD=r=1

D=g=m
Taxum oopaszom:

= m ox, v 2)drdvdz = m?mm sin @ rdrd @iz = ’mfsm Q?dg?_i.rgdrjzdz

T i i 2

|

[ 12?_12_22_12_4
1) r[mfz=5< e = 50" =N =507 ="

].1 2_4 2 _11 4_,5 _]. .?"j_.?"dI 1_1( _ _ _ J 2 ].
2) glet=riytar=3le ”“’“5{? 7J|ﬂ—§ 700 )3 5%

3) 70 -3—15151'11 @de=—2(cos .:;a)|,;' = 2cosT—cos0)=—2(-1-1)=-2.(-2) = 4
0

Omeem: =4 80 Macch

IIpakTH4eckoe 3ansaTHe Ne 20

Tema: UcciienoBanue cX0AUMOCTH PS/I0B

Hesb: 3akpenuTh y CTYIGHTOB YMEHUSI HAXOUTh CXOAUMOCTD PSJIOB

Teopernueckuii 010K

Yucnoswvie paowvi.

Onpenenenne. BpipakeHHe HA3bIBAETCS YHUCIOBBIM PSIOM WU IPOCTO  PSIOM,
AJIEMEHTHI HA3bIBAIOTCS WIEHAMU JIaHHOTO psAJa.

Onpenenenne. CymMmma KOHEYHOTO YHUCIA MEPBBIX YICHOB psifa Ha3bIBaeTCcsl O
YaCTUYHOU CyMMOil psa. O603HaYMM

PaccmoTpuM mocie1oBaTeIbHOCTD YACTHYHBIX CYMM

Omnpenenenne. Psn Ha3plBaeTCs CXOIAIIMMCS, €CIM CXOIUTCS IOCIEAO0BATENBHOCTh
YaCTUYHBIX CYMM 3TOTO psJa, T.€. €CIM CYIIECTBYET KOHEUHBIH MpEeJesl MOCIEeA0BaTEIbHOCTH
4acTUUHBIX cyMM. llpum sTOoM mpenen (KOHEUHBIH WM OECKOHEUHBIN) MOCIEI0BATENLHOCTH
YaCTUYHBIX CYMM Ha3bIBaeTCs CYMMOM psizia.

IIpumepsl.

3amanue 1.1. YncnoBele psbpl 3aJaHbl CBOMMH IEPBBIMHU IMATHIO WieHaMHd. COCTaBUTH
dbopMyiTy 00IIeT0 WieHa I KaXKI0ro psijia.

a) 1"'2‘3"‘4—5"'_,

o -1H4-9416-25+_
L1,1,1.1
o A2
o THTHOHI3 4
o 26 H124204304_

3amanne 1.2. YncnoBsie psaabl 3a/1aHbl OpMyIaMu CBOMX OOITUX WieHOB. JIJIsi KaXkIoro

55

psila HAaUTH NEPBBIE IIATh YWICHOB U YACTUYHYI0 CyMMY

_ n
a)Hl n-1

3




[z]n—l

ﬂ'l =] —

6) 3]
m

_gn
B)tIl 2;

| g, =D
_ ey

R

»
4.

2

n)
3amanue 1.3. [l AaHHBIX PSAOB NPOBEPUTH BBHINOJIHEHHE HEOOXOJMMOTO IpHU3HAKa
CXOAMMOCTH.

i |

a) -IF;
= ntl

2,

5) S12n-3,

-nl

T) n-lzl;

YD 06"
1) el .
3ajaHre Ha JIOM.

1. YucnoBeie psabl 3aJaHbl CBOMMH TEPBBIMH MATHIO uieHaMU. COCTaBUTH (OPMYITy
o011ero wieHa Jyist KakJ0ro psja.

20— 3H3-TH9-114_;
l-I-E-I-Z-I-E-I-E-I-_

6) 2 2 ;

) - 14+2-0+24-1204 _

2. Hucnossle psasl 3a7aHbl GOPMYyIaMU CBOMX OOIIUX YIeHOB. [ KaX/I0TO psAsla HAWTH

MEPBLIC ITATH YJICHOB U YaCTUYHYIO CYMMY 3.

"

a)ﬂIll B n-1;

2 a1
ﬂ'lz —_
6) [5] .

3. I[J'IH JaHHBIX PAJ0B IIPOBCPHUTH BBIIIOJIHCHUC H€06XO,Z[I/IMOFO IMpHU3HAKa CXOJAUMOCTH.

= +1
Eh"_
a) md n .
" nt3

G)Eﬁﬂrﬂl_

3ansaTne 2. IIpu3HaKH CXOAMMOCTH 3HAKONOJOXKUTEJIbHBIX PpsaaoB. IIpu3Haku
cpaBHenus. [Ipusnak anamoepa. Ilpusnak Kommu.

3aganue 2.1. MccaenoBath pslibl HA CXOAUMOCTD.
m
n—4

2,

=1

6)§$;




= nl _4n+l

2

B)n—l zﬂ:'l'ﬂ ;

1
JE,

i.‘w.n"u:—u+3

3ananue 2.2. VccnenoBaTh psiibl HA CXOUMOCTb.
i‘. n-1Y
= pl
6) w16

[ ’ l n

B)éﬂ"'a) ;
=(n-2Y

r)é[z’ﬂ'l] ;
- 3

e)n.-lzl;

= 1
>a-)"

K) sl n .

! (rtDntl);

3ajaHpe Ha JOM.

HccnenoBarh psbl Ha CXOIUMOCTb.
i 7 +3

2 (@ +D (=12,

6) na 2°+1

= n 45

p) na COST .

1
4/ 5
R
[n
e) E=l l!'|'3;
= 1
K) md ;"-' ntl
3ansaTue 3. 3nakonepemennbie psabl. [Ipusnak Jleitonuna. JlocTaTouHbId NPU3HAK
CXOAUMOCTH. AGCOJIIOTHAS U YCJIOBHASI CXOAUMOCTb.
3aganue 3.1. MccnenoBarh JaHHBIE 3HAKONIEPEMEHHBIE Ps/Ibl HA CXOJUMOCTh. B ciyuae
CXOJMMOCTH PsiJia BBISICHUTD €€ XapaKTep.
sl
o
E (_1)
2
a) a1 N 5

2
r) s




2ntl

N

6) =1 'l(ﬂ+1);
B) E( -I-];

r)é(_ «,u'n +1.

NS

H)H ﬂ+4
) it
e) n-l
l
(_ l-l-l

Z(_ n+l '("'I'l)

3)n-l n’ ;

Z( D" 1'!(1'l 3)

H)n—l ;

E(—n“‘

K) n.-l ;
Z'.(—I} 0,1

7) sl

3ajaHre Ha JIOM.

HCCJ’ICZ{OB&TB Ha CXOOAMMOCTb 3HAKOIICPEMCHHBIC PAABI.

> 0,5

a)n-l

E(—
0) nd ;
z“?

B) sl 7

3

F D
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3anatue 4. Crenennnle psabl. Pagmyc, uHTEpBas, M 00J1aCTh CXOAUMOCTH

CTENeHHOro psajaa.

3ananue 4.1. Haiitu paguyc, nuHTepBal U 00J1acTh CXOJMMOCTH CTETIEHHBIX PSI0B.

=




o D "(x+3™
) é 2n )

3aganne Ha I0M.
Haiitu paguyc, nHTEpBaN M 00JIACTH CXOIUMOCTH CTETICHHBIX PSIOB.

- Il‘l—l

i -2)"
G)ma M
3ansarue S. Paznoxenne 3ieMeHTapHBIX pyHKUUI B psaabl Teisiopa u Makiopena.

PaGouue popmy.ibi:
®opmyna Teitnopa:

n)
70=1@+ L D T D Al C) 9 a4
ntl) 1
f((H ];'ﬂ( —a) o
i)
ki P
rae (rt+I) - ocTaTOYHbIN wieH B popme Jlarpamxka.

®opmyna MaknopeHa:

f)= f(0)+f‘(0) fﬂ@xﬁ +f(1mf+’:+l()?x’“_

3ananue 5.1. Pa3n0>1<1/m> naHHele QyHKIMH B pan Teiinopa mo cTeneHsM X _ﬂ(no

IATOIO YWICHA PAa3JI0KCHUA BKJ'IIO‘-II/ITGJ'H)HO).

f(x):msx,a:;—r_

o FO)=h(xt1,a=1
o f@)=e%.a=1

3amanue 5.2. Pa3noxuTh AaHHble QYHKIOUMM B psiag MakiopeHa (0 MHATOro 4jeHa
Pa3I0kKEeHUs BKIIOYUTEIBHO).

o f()=snx
5 F@=¢™
w F0)=-xl

IIpakTHyeckas padora Ne 21

Tema: Haxo:xkaeHue 06,1aCTH CXOAMMOCTH CTENEHHBIX PSIA0B

Hean: Hayuntbest HaX0AUTh 00JaCTh CXOUMOCTH CTETICHHBIX PSIIOB

Teopernueckmii 6,10k

Crnemyet XOpoIio MOHUMATh, YTO TAKOE PSJI, YMETh IPUMEHSThH MPU3HAKU CPABHEHUS IS
HCCIIEIOBAHUS Psifla HA CXOAUMOCTh. TakuMm 00pa3om, eciii Bbl TONBKO-TONBKO MPUCTYMUIN K
W3YYEHUI0O TEMbl WIHW SBJSICTECh YallHUKOM B BBICIICH MaTeMaTHKe, HE0OX0auMO
MOCNe0BaTeNbHO MpopadboTaTh TpU Yypoka: Psnel ans waitHukos, Ilpusnax [lamambGepa.
[Tpusnaku Komm u 3Hakouepenyromuecs psaasl. [Ipusnak JleiOnuma. O6s3aTenbHo Bce TpH!
Ecnu ecte »snemenTapHBle 3HAHWS W HABBIKM PEIIEHUS 3a7a4 C YHCJIOBBIMU psAIaMHU, TO
CHpPaBUTbCA C (PYHKIMOHAIBHBIMH pAJaMU OYyIET HOBOJIBHO MPOCTO, MOCKOJIBKY HOBOIO
Marepuaia He 0YeHb U MHOTO.
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Ha nmanHOM ypoke MBI pacCMOTPHUM MOHATHE (YHKIHMOHAIBHOTO psfa (Y4TO 3TO BOOOIIE
TaKo€), IO3HAKOMHUMCS CO CTETIEHHBIMU PsIIaMH, KOTOpbIE BcTpeyaroTes B 99%-X MpakTHYeCKUX
3aJlaHUil, 1 Hay4YMMCs pellaTh PacHpOCTPAHEHHYIO THUIOBYIO 3aJlady Ha HaXOXJICHHE pajuyca
CXOJIMMOCTH, UHTEpPBAJIa CXOJAUMOCTH M 00JaCTH CXOJUMOCTH CTETEHHOro psina. /lanee MOXHO
OyZeT paccMOTpeTh MaTepuaj O CyMMe CTEIIEHHOTO Psijia U Pa3lioKeHUU (PYHKIUN B CTETICHHbBIE
PAIBL.

Ilonamue pynkyuonansnozo paoa u cmenennozo paoa
OOBIYHBII YHUCIIOBOH psiji, BCIOMUHAEM, COCTOUT U3 YHCEI:

Zax =ty tagtag o+

Hml
Bce unensr psga ﬂl’ I:IE ! ﬂE’ I:I"r ! ﬂj "' — 310 YUCJIA.
dDyHKuHOHa.nLHHﬁ e psix coctont w3 ®YHKIUN:

Zu ) et X a2 Fuy () +us (X1 +

#=1

B o0muit unen psana L {I] MIOMHMO MHOTOYJIEHOB, ()aKTOpUAJIOB U JPYIHX MOJAPKOB
o :

Z s X
(n+ D). 2
HereMeHHO BXOOUT 6YKOBKa «HUKC». BI)II"J'ISIHI/IT 9TO, HaHpI/IMep, TaK: =l . KaK nu

YHUCIOBOM psij, 000N (YHKIMOHATIBHBIA psAZl MOXKHO paclucaTh B Pa3BEPHYTOM BHJIE:
w

Z. St X sﬁ1x+sﬁ1x+sﬁ1x+sﬁ1x+sﬁ1x+
S 2.0 320 4.2 5.0 6.0
Kak BuguTe, Bce WwieHbl ()yHKITMOHATBLHOTO Psijia ul I:I), HE(IL HE(I)’ u-’r(‘:{)’ HS(‘I)"“ — 9710

GyHKIUH.
HanOonee nomyssipHON pasHOBUAHOCTBIO (DYHKLMOHAIBHOTO psfa SIBJISETCS CTENEHHON

psm.
Onpenenenue:

CreneHHOW psq — 9TO psAd, B oOmMil 4ieH iy I:I:I KOTOPOTO BXOJST LIEJIbIE
MOJIOKUTENBHBIE CTENEHW HE3aBUCUMOM IEPEMEHHOMN X YHOpoLEeHHO CTENEeHHOM psii BO

o
]
e
MHOTHX Y4YEOHHMKax 3aliCBhIBAIOT TaK: #=l , Tne ~H®— 9TO cTapas 3HaKOMash «HAYUHKA»
YHUCIOBBIX PsSAOB (MHOTOWIEHBI, CTENEHHU, (HaKTOpUasbl, 3aBUCSIINE TOJIBKO OT «BH»).
[Ipocrelimmii MIpAMED:
] 2 E 4 5
X ¥ xr x x
— =t —F—+—+—+..
ey 2 3 4 5
[TocMOTpHM Ha 3TO Pa3yIOKEHUE U €LIE Pa3 OCMBICIIMM ONPEIEICHUE: WICHBI CTEIIEHHOIO

pdaaa  COACPIKAT  «KUKCBD» B Yeublx - NOJOHCUMETbHLLX (HamypaﬂbH le) CTCIICHAX.

ick (x—a)”

O4eHp YacTo CTEIICHHOM pAa MOXKHO BCTPETUTE B CICAYIOIIUX «MOI[I/I(bI/IKaHI/IHX»Z =]

Zc (x+a)

NI Ha=l rae I:I — KOHCTaHTa. HaanMep:
© 2*(x+2;| (x+2}ﬁ +23(x+2;|3+2*(x+2;.‘*+25(x+2}5

+2)+
é n =dx+d) o 32 42 5
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Zcx Zr: (x— .:1]

Crporo roBopsi, YNpOILEHHbIE 3alMCH CTEIEHHOIO psa x-l , B=l 174
Lie)
-
Zr:,, (x+a)
=l HE COBCEM KOPpEKTHHI. B mMokazarene CTEMEHH BMECTO OAMHOKON OYKBBI «IH»
MOYKET pacroJiaraTbcs Oonee CIIO’KHOE BBIPa)KCHHE, Harpumep:
4 6 g 1
el 4 X X X X
Z—— At —+—+.
e od 3 4§
N TaKoOU CTEIIEHHON pax:

5 (2;1)3"'2 _ (x;n +J§-n:;—1:r" ﬁ-(;—lf ﬁ-(;—nl” PR n:;—l:n“ :

H=l1
JIunie OBl ITOKA3aTENN CTENEHEN IIpA «HUKCaAX» ObLIN HaTypaJIbHBIMHU.

Cxo0umocms cmenennozo paoa.
Humepean cxooumocmu, paouyc cxooumocmu u 00aacms cXo0UMOCMU
He ny>xHO myrarbcst TaKOro OOMJIMS TEPMUHOB, OHU UAYT «PSAJIOM JAPYT C APYTOM» U HE
MIPEACTABIISIIOT OCOOBIX CIIOXKHOCTEH NIl TOHMMaHus. Jlydine BeiOepeM Kakoi-HUOYIb TIPOCTOM
MTOOTIBITHBIA AT ¥ Cpa3y HAUHEM pa3OUpaThCs.
=]
I
2T

[Iporiy Jr0OHTH ¥ )KAJIOBATh CTENEHHOU psij #-1
[IepemenHnas X mosxer OpUHUMATh J1000€ JACHCTBUTEIbHOE 3HAUYEHUE OT «MHHYC
0ECKOHEYHOCTH» [0 «IUIIOC OeckoHeYHOCTW». [lojcTaBUM B OOUIMIA 4IEH psiia HECKOJBKO

ITPOU3BOJIBHBIX 3HAYCHUHN «UKCH:
w 1?1

Z_ZE

Ecru X = ] TO #ul 2 al &

!
Z()

Ecmmd=— 1 TO #=1
w 3?1

3

Ecim X = 3, TO nal??

B 1 w 5 _ ©w 5:! _ w [_
Ecnnx_ 5,T0§ 'S E n Eﬂg'ﬂx

W Tak pnanee.

O‘IGBI/II[HO, 9TO, MNOACTAaBJIsAA B A TO HWIM HHOC 3HAYCHHUC «HKC», MBI IOJIy4YacM
Pa3jIMYHbIC YHCJIOBBIC PsAOBI. HeKOTOpHe YUCJIOBBIC PAABI 6y,Z[YT CXOOUTBCHA, a4 HCKOTOPBIC
PaCXOaUTHCA. W nama 3agaga HaWTH MHOKECTBO 3HAUCHUH «HUKC», ITPH KOTOPOM CTEIICHHOM paa

o ]

X
X
#=1%  Oyzer cxoauThes. Takoe MHOKECTBO M HA3BIBAETCS 00JIACTHIO CXOAUMOCTH PAJIA.

Jns moboro cremeHHOro psga (BPEMEHHO OTBIEKAaeMCS OT KOHKPETHOTO MpUMeEpa)
BO3MOXKHBI TPU CITyYas:

1) CrenenHoit psin cxooumcsa abconomno Ha HEKOTOPOM HHTEpBale Iifl,fi' :' WNHpiMu

CJioBaMH, €CJIM MbI BBI6I/IpaeM 000€ 3HAUCHUE «HKC» M3 HHTCPBaJla I:I:I? ‘E:I;I " 1IoACTaBJIACM €T0



B OOIIMI YJIEH CTENEHHOTO Psijia, TO y HAC MOJIYYaeTCsl abCONMOMHO CXO0AWULICSA YUCIIOBOU PSI.

Takoil unTepBan (fI, b ] Y Ha3bIBAE€TCA UHTEPBAJIOM CXOJMMOCTH CTEIEHHOIO Psijia.

PaI[I/ch CXOOUMOCTH, ¢€CJIIM COBCEM IIPOCTO, I3TO IIOJIOBMHA [JIMHBI HWHTEpPBAJa
CXOOHUMOCTH:

b—u
R="—
2
I'eomeTpuuecku cutyauus BBITJISIAUT TAK:
MK MoGoR IHAYEHHN ¥
13 EHHOMD MHT na
'_,f‘_"‘-.."‘-\_iv‘_r'\. e ™
lIHTEpBAN
CHOONMOCTH
CTENEHHOM pALE
B nanHOM ciydae, MHTEpBAJ CXOAUMOCTH psjia: (_4; - 2), paguyc CXOIMMOCTH psija:
—2—(-4) -2+4
R = = = 1
z z

[[lupoko pacnpocTpaHeH TPUBUAIBHBIA Cllydad, KOTJa HWHTEPBAI CXOJUMOCTHU
CUMMCETPHUYCH OTHOCUTCIIBHO HYJIA:

Ha aToM HHTaDBAane PAO CEOOWTCH

TN e el ._'— e e O PO e e i
—r o
il ] "
3 0 3 X S

3necb  MHTEpBAJl  CXOJMMOCTH  psija: ':_1 3:', paauyc  CXOAMMOCTH  psjia:

A 4ro OyJeTr MpouCXOOUTh HAa KOHIAX HMHTEpBala (il, E:' :I? B Toukax & — I:I, X =Ei'
CTCIICHHOM PSIJT MOKET, KaK CXOJHUTHCS, TaK U PACXOJUTCS, U JUTSI BBISCHEHHUS TOTO HEOOXO0IUMO
MIPOBOANTH JOTOJIHUTEIbHOE UccliefoBanue. [locnme Takoro uccienoBaHusl pedb HAET yxe 00
00J1aCTH CXOJUMOCTH PsJIa:

— Ecnu ycTaHOBIIEHO, YTO CTENEHHOM PsJI pPACXOIUTCS Ha 00OMX KOHLIaX MHTEpBasa, TO

0071aCTh CXOJUMOCTH PsiJia COBIAIAET C HHTEPBAIIOM CXOJUMOCTH: I:tI, b :'
— Ecnm ycraHOBIEHO, YTO CTENEHHOW PsJ CXOAUTCS HA OJHOM KOHIIE WHTEpBaja M
pacxoJUTCs Ha JAPYTroM, TO OOJACTh CXOAUMOCTH psijia MPEJCTaBisieT coOON MOTyHMHTEpPBAL:

| &) o b 2]

— Ecnm ycTaHOBIE€HO, YTO CTEMEHHOHW PsII CXOMUTCS Ha OOOMX KOHIIAX HHTEpPBaJia, TO

00J1aCTh CXOIMMOCTH PA/Ia TIPEICTABIISIET COOOH OTPE3OK: [ﬂ; b ]

TepMuHBI OYEHb TIOXOXKH, OO0JACTh CXOIUMOCTH psga — OTO YyTh OoJee
JeTaTM3UPOBAHHBIA HHTEPBAJI CXOAUMOCTH Psa.

C AByMs OCTaBIIUMHUCS CIy4assMU BCE KOPOUYE U MPOIIIE:

2) CTeneHHOW psAll cxooumcs abconomHuo MpH JII0OOM 3HAYCHHUH X. To ecrp, xakoe Gbl
3HAYCHUE «UKC» MbI HE MOJACTABWINA B OOLIMIA YJICH CTEIIEHHOTO psila — B JIIOOOM cily4yae y Hac
MONYYUTCS  aOCOMIOMHO  CX00suwuticsi 4YUCIoBON psim. MHTepBanm cxXxomumMocTH W 001acTh

—00; +00)

CXOJIMMOCTH B JJAHHOM CITy4ae COBIAAIOT: ( . Pamnyc cxomumoctu: R =D, Pucynox

IPUBOAUTH HE OyAy, yMato, HET HE0OXOIUMOCTH.



w
Z CuX

3) CreneHHOM psi CXOAUTCS B €TUHCTBEHHON Touke. Ecnu psin umeeT Bua -1 , TO OH
OyJIeT CXOAUTHCA B €IMHCTBEHHOM TOYKe & = [:I B sTOoM ciyyae uHTEpBaN CXOAUMOCTH U

00JaCTh CXOAMMOCTH Psjia TOKE COBIANAIOT M PaBHBI €AWHCTBEHHOMY YHCIY — HYyIIO: & = U

Yeux-a)

Ecnu psag umeer Bup -l , TO OH OyJIeT CXOJUTHCS B €AUHCTBEHHON TOUYKE Y =4, econ
Lin)
]
Z o, (x4
paa UMEET BU H=l , TO, IOHATHO, — B TOYKEC «MUHYC a». PaI[I/ch CXOJUMOCTH pAda BO

BCEX CIIy4asix, €CTECTBEHHO, HYJIEBOM: R = [:]
Jpyrux BapuaHTtoB HeT. OOMacTb CXOIMMOCTH CTEIEHHOTO psAga — 3TO Bcerza Jubo

€IMHCTBEHHAs TOYKa, JIMOO 11000€ «UKC», TMO0 MHTEpBal l:iI, b ) (BO3MOXHO MOJYHHTEpBAI,
otpe3ok). IloguepkuBaro, yTo JaHHas Kiaccu(UKalus CIpaBeAIuBa A CTENEeHHbIX psAaoB. s
MIPOM3BOJILHOTO (DYHKIIMOHAIBHOTO psifia OHA B OOIIEM Cllydyae SBISETCS HEBEPHOM.

Hccneoosanue cmenenno2o paoa Ha cxooumocm
[Tociie HEOONMBIIONW MOPIUU TEOPETUUYECKOTO MaTephalia MEepeXoArM K PACCMOTPEHHIO
TUTIOBOTO 3aJlaHUs, KOTOPOE MPAKTUYECKHU BCETJa BCTPEUYAETCs Ha 3ayeTax MU HK3aMeHaxX I10
BBICIIICH MaTeMaTHKe.
[Ipumep 1
mw I?!
2T
Haiiti 061acTh CXOMMMOCTH CTEIEHHOTO psaa a=l
3amanne yacto GOpMyIUPYIOT SKBUBAICHTHO: HallTh HHTEpBasl CXOAMMOCTH CTETIEHHOTO
pslla U UCCIIeIOBaTh €ro CXOJMMOCTh Ha KOHIIAX HAWJIEHHOTO UHTEpBaa.
AJTOPUTM pEIIeHHsI TOBOJIBHO MPO3paveH u TpadapeTeH.
Ha mepBoM »Tame HaxoauM HWHTEPBA] CXOJUMOCTH psjga. B OoJNbIIMHCTBE 3aJaHUA
WCTIONIB3YETCS CXeMa, OCHOBaHHas Ha mnpuszHake JlamamOepa. TexHWYECKH HaM HYXHO

| I:I:I

W=+ o o
BBIYUCJIIUTE IPCACII HH(I) , I C q)OpMaJ'H)HOI/I TEXHUKOU €ro pCHICHUA Bbl YKC€ 3HAKOMBI:

H+l

#lom | w2 (4}

| F + 20t D) 2

2

M
M

lim ———=
e nt 4+ 2un+1 o

n o Pl i 1
| | | | 3 = |x| =0 =
wrke 2 4 2n 1 e 270
—— =+
M » #
(1) CocraBisieM OTHOIIEHHE CIIEAYIONIEro YWieHa PAia K Ipe/blIyIeMy.

(2) N3b6aBnseMcs OT YETHIPEXITAKHOCTH IPOOH.

u:|x|-1:|x|

(3) B uncnurene mo mpaBuIy ACUCTBHI CO CTENEHSMU «OTIIMITBIBAEM» OJIMH «UKC». B
3HaMEHATeJIe BO3BOAMM JIBYYJICH B KBaIparT.

(4) BreIHOCHM OCTaBIIMHCSA «HKC» 3a 3HAK npeacia, Npui4eM, BIHOCUM €TI0 BMCCTC CO

2
M

litn

7
3HakoM Mmonyns. ITouemy co 3HakoM Moxyns? Jleno B ToMm, 4To Hamn npefed *+° x° +dn+1u
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TakK 6yz[eT HCOTpULATCIIbHBIM, a@ BOT «HMKC)» BIIOJHC MOXET IIPUHHUMATh OTPULATCIbHBIC
3HA4YCHHUA. HOBTOMy MOAYJIb OTHOCUTCA UMCHHO K HEMY.

ey
KCTaTI/I, nmoyemy MOKHO BOO6H.[C BBIHECTH 3a 3HakK Hpez[ena? HOTOMy 4qTo
«TUHAMHYICCKOM HepeMeHHOI\/'I B NIpCACIIC Y HAC ABJIACTCA «3H», U OT OTOr0 HAIIEMY «HMKCY» HH

’KapKoO HHU XOJIOJTHO.
o

(5) Ycrpansiem HeomnpeaeneHHOCTh B0 CTaHAapTHBIM CIIOCOOOM.

[Tocne Toro, kak mpesen HalAeH, HY)KHO MPOAHAIU3UPOBATH, YTO y HAC MOIYYUIIOCH.
Buumanue! BoruucieHHslii npenen u UHTEPIPETANIO ero pe3ynbTatoB (cm. Huowe) HEJIB3S
CUMTATh WIM Ha3bIBaTh «mpusHakoM [lamambepa». [loguepkny emé pas, 4To paccMaTpuBaeMast
cXema JIMIIb OCHOBaHA (He 80aroch 8 noopoornocmu) Ha npusHake [lamambepa st 4UCIOBBIX
PAIOB.

Nrak:

Ecnu B npenene moiy4yaercst HOJb, TO aITOPUTM PEHICHUS 3aKaHUYMUBAET CBOIO PadoTy, U
MBI J1aéM OKOHYaTeNbHBIM oOTBeT 3amaHus: «OO0nacTb CXOOUMOCTH CTENEHHOTO psja:
=00 < ¥ < HD, (;moboe nmeiicTBUTENBbHOE YUCTo — ciay4aid Ne2 mpeapiaymiero naparpada). To
€CThb, CTENEHHOH pSAA CXOAMWTCS TPH JIHOOOM 3HAueHHH «HKC». OTBET MOXKHO 3almcaTh

OKBHBANCHTHO: «PS CXOAMTCS TpH € (—DEI, -|-L'=:I)» (3Hayok ¥~ B MaTemaTuKe 00O3HAYAET
IIPUHA/JIEKHOCTD ).
Ecnu B ipenerne momyyaercss 66CKOHEYHOCTh, TO aJITOPUTM PEHICHHUS TAaKXKE 3aKaHUNBACT

CBOIO pabOTy, U MBI IaéM OKOHYATEJIbHBINA OTBET 3a1anus: «Ps cxomurcs npu X = I (wi tpu
& = 6o X = ~d»). CmotpuTe ciyuaii Ne3 mpensiaymiero naparpada.

Eciu B mpesesie TONMydYaeTcss HE HONb W HE OECKOHEYHOCTh, TO y HAC CaMbli
PacnpoCTpaHEHHBIH Ha PAKTHKe ciaydae Nel — psiji CXOAUTCS HA HEKOTOPOM HHTEpBAJIE.

B nmanHOM ciywyae mpenen paBeH |I| Kak waliTu wuHTEpBan cxoaumocTu psaa?
Cocrasinsiem HEPaBEHCTBO:

|x| <]
B JIIOBOM 3ajganuu 1aHHOTO TUIIA B JIEBOM YaCTU HEPABEHCTBA JIOJKEH HAXOIUTHCS
pe3yNbTaT BBIUMCICHHS Tpefenia, a B MPaBoil YacTH HEpaBEHCTBA — cTporo enuHuna. He Oyay

O6’b$ICH$ITB, nmo4yeMy HMMCHHO TaKOC HCPABCHCTBO W IMOYCMY CIIpaBa CAWHUIIA. YPOKI/I HOCAT
MPAKTUYCCKYIO HAlIPpaBJICHHOCTb, U YK€ OYCHb XOPOLIO, YTO OT MOHUX PACCKA30B HECTOBCCHACH

&8 CTaJIM IOHSTHEE HEKOTOPBIE TEOPEMBI.

Texnuka pabOTBI € MOAYJIEM H pEUICHUs JBOMHBIX HEpPaBEHCTB MOJPOOHO
paccMaTpuBanack Ha IEpBOM Kypce B ctarbe OOnacTh ornpeneneHus GyHKINH, HO sl yJ00CTBa
s TIOCTapaloCh MaKCUMaJIbHO MOAPOOHO 3aKOMMEHTHUPOBATh Bce JeHCTBHA. PackpeiBaem

‘x‘-:.:x:}f—.:z < XoCd

HCPABCHCTBO C MOAYJIEM 110 HIKOJIbHOMY IIpaBUITy . B nanaom cJlIy4dac:

-lexelo MHTEPBAN CXOMMOCTH HCCIIEyEeMOTO CTETIEHHOTO Ps/Ia.

[TonoBuna myTH no3aau.

Ha BTOpOM 5Tame HEO6XOAMMO HCCIEN0BaTh CXOAMMOCTh PAa HAa KOHIAX HalIeHHOTo
MHTEpBAJIA.

Cuavayna OepéM JIeBbIi KOHEL MHTEpBana X = —1 U MOJICTABJISIEM €r0 B HAll CTEIIEHHOU

e tmg Y

!
[Ipu 3l
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[TosrydeH 4uCIOBOI psijl, © HAM HY>KHO HCCIIEIOBATh €ro Ha CXOAUMOCTH (YK€ 3HaKOoMast
U3 MPEIbIIYIIUX YPOKOB 3a/1a4a).

Ucnonszyem MpU3HAK JletioHMMA:
1) Psan SABIISIETCSI 3HAKOYepPEeTyOLTUMCH.
1
|c1 |— m —=10
2) o r g — 4JieHBI psAfa YObIBAIOT 1O Moayr0. Kaxaplid ciaeayromuii WwieH psaa

M0 MOAYJIIO MEHbIIIE, YeM MPEIbIIyIIUN, 3HAYUT, yObIBAHHE MOHOTOHHO.
BrIBO: psig cxoamTes.

Uccnenyem psn Ha a0CONIOTHYIO CXOANMOCTB:
w w 1
2bal=X—~ V
x=l n=1?* — cxomures (cmydait 0000IIEHHOTO TapMOHUYECKOTO PAA).

Takum 00pa3oM, MOTy4YEHHBIN YUCIOBOU PSIJI CXOUTCS a0COIIOTHO.

Jlanee paccmarpuBaeM MpaBblii KOHEI[ WHTepBaia & = ], MOJICTaBJIsIEM STO 3HAYCHHE B

%) ]

55

Halll CTENIEHHOM sl x=1 7

w 1?1 ‘ w ]
x= 12}2 =Y
[pu nl ¥ — CXOI[I/ITCSI
}'f
Z—g
Takum o6pazom, crTeneHHoi psa #-1% cxomurcs Ha 000MX KOHIAX HAMIEHHOTO

HHTCPBAJA.

OtBet: O61aCTh CXOAUMOCTH UCCIIEyEMOI0 CTEIIEHHOTO psiia: ~ 1 R 1

VMeeT NpaBo Ha HU3Hb U Jpyroe opopMieHHe oTBeTa: Psij cxomutes, ecau + < [_ L, 1]

Wnorga B ycnoBuu 3amayn TpeOyrOT ykKa3zaTh paauyc cxogumoctu. O4eBUAHO, YTO B
paccCMOTPECHHOM IIpUMEPE R = 1

[Ipumep 2

m H

X

D
Haiitu 06;1acTh CXOAMMOCTH CTETIEHHOTO Psifla x=(l 3 oalntl
Pemenue: nHTEpBAN CXOMMMOCTH psifia HAWAEM ¢ MTOMOIIIBIO Mpu3HaKa [lanambepa (1o He
110 npusnaxy! — ons pyHkyuoHanbHwIX pA0068 MAK020 NPUSHAKA He CYUiecmeyent):

xx+1
A LN T B

m+1(xj| 3x+1-xllr.’2+1+1 —
EAA (L L

?4—}+n:-| il (Ij |_:'4—}+w- #

A
ER |
—"JH_I 1+l_}n
hmlxx* Eam Cr I PO - I PO SR
N
e

N+

,."Illr';g+2 ER L R T 2—>U B g
»

1+
CocTaBIsieM CTaHIapPTHOE HEPABEHCTBO:
x|
— =1
Psn cxomurcs npu 5

Cnesa Ham HY>XHO OCTaBUTH TOJIbKO |I|, MMO3TOMY YMHOXaeM 00€e yacTu HCPAaBCHCTBA Ha

|I| <3



WU packppiBaeM HEpPaBEeHCTBO C MOJYJIEM IO MpPaBHIY “I‘ A= X {ﬂ:

= 3 X 3— HHTEPBAJ CXOAUMOCTH HCCIIEyEeMOTO CTETICHHOTO PsJia.
Uccnenyem CXO}II/IMOCTB CTeHeHHoro psana Ha KOHHaX HaﬁﬂeHHOFO WHTEpBaja.

=Y T ZJHH

1) Ipu 3 ~."[n+1 mrich n."rsz+1

OGparure BHMMaHWE, YTO MPH IOJCTAHOBKE 3HAYEHHSA X — _313 CTENIEHHON psf

w xi’!
Z LI )
Hal] 3 T A +1 Yy HaC COKpaTujaaChb CTCIICHb 3 . 910 BeprIﬁ IIpU3HAK TOI'O0, YTO MbI ITIPABUIIBHO
HallllTh KHTEPBaAJI CXOOUMOCTH pAaa.
I/IccneﬂyeM HOJ‘Iy‘leHHHﬁ YHUCIIOBOH pAOd HA CXOOUMOCTb.

Hcnonp3yem IIPU3HAK JleiiGHua.
—~ Psint ABJIAETCS 3HAKOYEPELYIOIUMCS.
1
]JIII }:1 |— =1
- *oan+] _ anens paza yGbBaOT 1o Momymo. KaxIblil CIepyromui wieH

psioa 1O MOAYJIK MEHBbIIE, 4YeM NPeabIAyIIuid, 3HA4YUT, YOBIBAHUE MOHOTOHHO.
BriBoa: Psana cxomurces.
Uccnenyem pan Ha aOCOJIIOTHY1O CXOIUMOCTD:

Tl Y
51

CpaBHUM JaHHBIHN P C PACXOASIIUAMCS PSIIOM #=l W

Hcnonszyem IIpEEIbHBIN IIpU3HAK CpPaBHECHUA:
1
0
a : a+l 17
== = lim =lm | ,J14+— =1
o f M +o 1 o H H— o H

w
2 o]

Honyquo KOHCYHOC YHCIO0, OTIMYHOC OT HYJIA, 3HA4YUT, PO x-0 pacxoauTcsa BMECTE C

Z

psaIOM :u-l
(-1

Takum 06p3.30M pSI)l :'d-l:l oy A +1 CXOI[I/ITCSI TOJIBKO YCJIOBHO.

x= 3:}2 ’\}IF Z

w042+ 1 pacxomures (o nokasannomy).

2) Ilpu
Otset: O01aCTh CXOAUMOCTH HCCIIEAYEMOIO CTEIIEHHOIO psja: ~ iexald Ipu X = -3

PSI CXOOUTCS TOJIBKO YCJIIOBHO.
B paccMoTpeHHOM mipuMepe 0O0NACThIO CXOAWMOCTH CTENEHHOTO psijia SBISETCS

MOJIYUHTCPBAJI, NpHUYCM BO BCCX TOYKAX HHTCPBAJIa (_3? 3) CTEIIEHHOM paa cxooumcst

aocontomno (cm. Tpeapiaymmii maparpad), a B Touke & 2_3, KaK BBISICHUJIOCH — CXOOUMCS
MONILKO YCI06HO.
[Ipumep 3
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HaiiTu umHTEpBaJ CXOOUMOCTH CTEIEHHOIO DPsila U MCCIEAO0BAaTb €ro CXOAUMOCTh Ha
I_n
H

KOHIIaX HaliJICHHOTO UHTEpBaja #-l1 (1)

OTO0 npuMep ISl CaMOCTOSATEIBHOTO PELLIEHUS.

PaccMoTpuM napy npuMepoB, KOTOpbIE BCTPEUAIOTCS PEIKO, HO BCTPEYAIOTCSI.

[Ipumep 4

E dn+l

o (x+4)

2

Haiiti 06;1aCcTh CXOUMOCTH PSijia: #-1 (2 + 1l
Pemenue: ¢ momomipio npusHaka JlamamOepa HaleM WHTEpBAT CXOAUMOCTH JTaHHOTO

psaa:
(e + 17 (x5
by ([ 1+l B [+ D® (x D™ G DI
S Hx(x} - H3_{x+4)2?¢+1 :'d—}+u:-| HE_[X+4:|2?¢+1_(H+2:I!
(n+1)
r 1Y D x+4 123 (a4
ol (x+ D™ 1.2.3 aln+Dn+2)
5002 =0
=(x+4)° i || 14+— : ={x+4)° i =x+4)°- 0=10
4o # (2 +2) e gy 4
(1) CocraBnsieM OTHOILIEHUE CIIEAYIONIETO WIeHA psijia K MPeIblIyIIeMy.
(2) N306aBnsieMcst OT YETBIPEXITAKHOCTH JPOOH.
ER
(3) Ky06s1 (H + 1:' u # 1o mpaBwWIy JIECUCTBUH CO CTENEHSMM IOABOAUM IOJ €IUHYIO
CTETICHb. B YHCITUTENe XUTPO packiaabIBacM CTETICHb

I+l +l+d p) n+l
':I‘l"ﬂ') "= (;H"ﬂ') T = (I+4) '(I+4) ?H, T.e. PackmanpiBaeM TakuM 00pa3om, 4TOOBI Ha

sl
CJIEYIOIIEeM IIare COKpaTuTh ApoOb Ha (I + 4:' . @akTopHUAaNBl PACIUCHIBAEM MTOAPOOHO.
1]
1 -+

(4) [Mox xyOoM TMOUYNECHHO AETUM YHCIUTENlb Ha 3HaMEHATeNb, YKa3biBas, uro # . B

2
I[pO6I/I COKpalacm BCé, 4YTO MOXKXHO COKPATHUTE. MHOXHUTEIb I:I + 4:‘ BBIHOCHUM 34 3HaK Mpeacia,
€ro0 MOJXKXHO BBIHCCTH, IIOCKOJIBKY B HEM HeET HHUYCro, 3aBHCAIICTO OT <<,HHHaMquCKOﬁ>>
nepeMeHHoﬁ «OH». O6paT1/1Te BHUMAHUC, YTO 3HAK MOAYJIA HC HApHUCOBAH — IIO TOM IIPUYIHHEC,

2
4TO (I +4:' NPUHUMAET HEOTpUIaTeIbHbIC 3HAYCHHS TTPU JTFOOOM «HKC».
B nipenene nony4eH HOJb, @ 3HAUUT, MOYKHO JJaBaTh OKOHYATEJIbHBIN OTBET:

Otsert: Psaa cxoaurces npu Xe (—L’ﬂ; + DEI)
A cHayasia-TO Ka3ajaoch, YTO 3TOT PsJ CO «CTPALIHONW HAYMHKOW» OyJeT TPYAHO PEIINTh.
Honp v 6eckoHeYHOCTh B TIpeiesie — MOYTH MOJapOK, BEIb PEIICHUE 3aMETHO COKpaIiaeTcs!
ITpumep 5
= (2l (x - 2y
2
Haiit 0651aCTh CXOIUMOCTH Psijia #-l 10°
OT0 mpuMmep s CaMOCTOSITENLHOTO pelleHus. byapre BHuUMaTenbHbl ;-) [lomHoe

pelIeHNe OTBET B KOHIIE YPOKa.
PaccmoTpuM emie HECKOJIBKO NPUMEPOB, COJEPKAIIMX 3JIEMEHT HOBU3HBI B IUIaHE
UCIIOJIb30BAHUS TEXHUUECKHUX TPHEMOB.
[Ipumep 6



Hatitu HHTCPBAJI CXOAMMOCTU psaJa MW HCCIECAO0BATH €ro CXO0AMMOCTb Ha KOHIAX

e =DM (x4 2

2

]
HAWJCHHOTO UHTEpBaja #-1 (Gn-1-5

n-1
Pemenne: B o00muii wWieH CTENEHHOTO psia BXOJAWT MHOXKHUTEIb ':_ 1:' ,
o0ecTnieunBaOINN 3HAKOYepEOBaHUE. AJITOPUTM PEIICHHSI TTOJTHOCTHIO COXPAHSETCs, HO TPH

H:'¢+1|:‘:"-:I

=3+
COCTABJICHHMHM IIpejiena 1y (%) Mbl UTHOPUPYEM (HE IUILIEM) 3TOT MHOXHTEIb, IIOCKOJIbKY
MOZYJIb YHUUTOXKAET BCE KMUHYCBD».

WHrepBann cxoauMocTH psaa HaiaéMm ¢ mnoMolibio  npu3Haka  JlamambGepa:

(x_l_gj:ul
2,070 ‘{3(m+1}—1]-5“1 . |(x+ 20(x+2"- 3301
wssol g (1) | Aok (x+2)" Cesse| (x+2 5 F(3e+2) |
(3 -1). 5*
=0

-1 1
:|x+2|h_m 3H_1:E:|x+2|]jm . :|x+2| _ ;_}D:|x+2|
5 w4 3p4+2 o 5w M2 5 owsdw 9 5

b

e
CocraBiisieM CTaHIaPTHOE HEPABEHCTBO:

|x+2|

<1
Psin CXOIUTCS npu 5

CneBa HaM HY’KHO OCTaBUTb TOJBKO MOJyJIb, I03TOMY YMHOKaeM 00€ 4acTU HEpPaBEHCTBA Ha 5:

h+ﬂ{5

TenepL paCKpHBaeM MO,Z[}/'J'IB y>1<e 3HAKOMBIM CHOCO6OMZ
~here )

B CepeI[I/IHC HBOﬁHOFO HepaBeHCTBa Hy)KHO OCTaBUTH TOJIBKO «HKC», B 3THUX LCIAX U3
Ka)KHOﬁ qacTu Hep dBCHCTBa BbIUHUTAacM 2 .

-3-lex+l-145-1
- '-|'I| 'i & ': 3 — UHTCPBAJ CXOUMOCTH UCCIICAYEMOI'0 CTCIICHHOI'O pAaaA.
I/Iccnez[yeM CXO0OAUMOCTD psiia Ha KOHIAX HaﬁHCHHOFO HHTCpPBAJa:

e (=" x4+ 2"

2

1) Ioxacrassiem 3HayeHue & = _? B HAIll CTCIICHHOM PSJL #=l (3n-1)- 5
o o Y o Vit o) R G Vo Ve
) Pyl ) e

w1 am—=115 1 lan—=1)15 ml lar—=1)5

_ w (_l:l?d—l+?d _ w {_1)2?!—1 _ _i 1

=R R =1 R V= {EP R

-1
ByﬂBTe HpeHeHBHO BHUMATCIIbHBI, MHOXHUTCIIb I:_ ]] HC 06eCHeIII/IBaeT
I:— 1)2:'1-1 — _-l .
3HAKOYEpEIOBaHUE, IPH JIFOOOM HATYpPaIbHOM «IH» . TTomydyeHHBI MHUHYC

BBIHOCHM 3a IIpelieNbl psiia U 3a0bIBa€M IIPO HETO, MOCKOJIBKY OH (KaK M Jr00asi KOHCTaHTa-
MHO’KUTEJb) HUKAK HE BIUSET Ha CXOJUMOCTb WIIM PACXOJAUMOCTb YUCIOBOTO PAJa.

Eme pas 3aMersTe, YTO B XOJ€ MOJCTAHOBKM 3HAYEHHS & — _?B o0mmii  uneH

X
CTEIIEHHOT'O Ps/la y HAC COKPATWIICS MHOYKUTEIb 5 . Ecnn GBI 3TOr0 HE MPOU301ILI0, TO 3TO OBI
3HAYMJIO, YTO MBI JTMOO HEBEPHO BBIUMCIIWIN MIPEeN, THO0 HEMPAaBUIBHO PACKPBUIA MOYJIb.



Z‘”: 1

Hrak, Tpebyercst ucclieqoBaTh Ha CXOAUMOCTh YHUCIOBOM Sl #=1 (3n- 1:'. 3neck mporie
BCETO HWCIOJB30BaTh MPEICIbHBIA TPU3HAK CpPaBHEHUS W CPaBHUTh JaHHBIA pAI C
pacxosAiuMcs rapMoHUYeckuM psigom. Ho, ecniu yectHO, npenenbHbld TPU3HAK CPABHEHUS J10
yaca MHE HaJI0eJ, TI0O3TOMY BHECY HEKOTOPOE pa3HOOOpa3ue B PEIICHUE.

Hcnonbzyem MHTETPaIbHbIN TPU3HAK.
T dx _
1 3x—1
[ToxpIHTErpaIbHAS GyHKIHsA HEnpephIBHA Ha [1;"'03).
=2 2D L o5 =2 i (-7 - )=

39 3x-1 3w 3 b

1
Takum 06pa30M, HOle‘{eHHBII‘;I YHCI0BOH pax  pacxoauTcsa BMECTC C COOTBCTCTBYHOLIUM

HECOOCTBEHHBIM HHTCIPaJIOM.

2) I/Iccnez(yeM BTOpOM KOHEI MHTEpBaja CXOJIUMOCTH.
:u -1 n-1
Sji (3+2} Zn:—l:l

I/IcnonbsyeM MPHU3HAK JletibHMNA:

— Psn SBJISIETCSI 3HAKOYEPEYFOIIUMCSI.
1
=l =

o Gy — ] — YJICHBI Psiia YOBIBAIOT MO MOTYJTH0. KaXaplid CeAyOIMMiA YieH psiia
Mo  MOIYJII0  MEHbIIe, YeM  MpeAblAyIIHMi,  3HA4YWT, YyObIBaHWE  MOHOTOHHO.

BBIBO,Z[Z P CXOOUTCA
P aCCManHBaeMLIﬁ YHUCJIOBOH pAA HE ABJISICTCA a0COJIIOTHO CXOAIINMCA ITOCKOJIBKY

hl=Y,

#e=l Hel 3?3 1_ pacxoaurcs (110 JOKa3aHHOMY).

Orser: = 1 % X5 3 o6macts CXOIMMOCTH MCCJIELYEMOTO CTENEHHOIO psAjaa, mpu & = 3
PAJL CXOTUTCS TOJBKO YCIIOBHO.

[Tpumep 7

Haiitn wWHTEpBan CXOAMMOCTH psila ¥ HCCIENOBATH €ro CXOAMMOCTh Ha KOHIAX

© O* (x+3)

Lo
HalJICHHOTO UHTEpBaja #=l Zn+1

3TO0 mpUMep Ui CaMOCTOSTENILHOIO PELICHHUS.

KTo YTOMUIICA, MOXCET CXOAUTH NOKYPUTH, @ Mbl paCCMOTPUM CHIC JIBa IIpUMEpaA.

[Ipumep 8

Haiitu wHTEpBanm CXOAMMOCTH psila M HCCIENOBAaTh €r0 CXOJUMOCTh Ha KOHIIAX

2
nlx-1"
y x [
HaiiienHoro uaTepsana w19 -~/n’ +3



Penrenue: Hatinem HUHTEpBa CXOJIUMOCTH psana:

(e + 13z — 1+

o J ) 43| |- o 13|

M 41 (X:I

ey (x) | e a(x—DF _”""“|Pz(x—1)%-9”+l-ﬁf()z+ljj+3|_
9" ofn’ 43

. 1+1*”J_(x—1)2-(x—1)2*-9’“-4;:5+3 _

el ) (=199 e+ 1) 43

=1

. [x—l}g-u'lnj+3|:[x—1)2 - Ja +3 _(x-17

e I e IR O e 9

firn '\.I'Hj+3 _1

kel 417 43 N
Hpez[en 10 TOU IPUYIUHEC, YTO YUCIIUTCIIb U 3HAMCHATCIIb 00HO020

nopsioxa pocma. bonee monpo6HO 00 ATOM MOMEHTE M «TypOO»-METO/e PELICHUs] YUTAiTe B
crathbe [Ipusnak Jlamam6Gepa. [Ipuznaku Kommn.

2
-1
i—;L{I
WUTak, psia cCXOauTCa Ipu
yMHO)KaeM 066 qacTHu HepaBeHCTBa Ha 91

)
(x-1% <9

Va' =l
W3Bnekaem U3 006enx 4acTeil KOpeHb, IPU 3TOM MOMHHUM CTapbli HIKOJIBHBIN MPUKOI @ =
-1 < o
k-1 <3

PackpsiBacm MOJYJIb:

-3or-1d]

n npubaBisieM KO BCEM 4acTsIM CAVHMUILLY:

-l r-141¢04 1

- 2 'i X { 4— HHTCPBAJI CXOAUMOCTHU UCCICAYCMOI'0 CTCTICHHOI'O psAaa.
I/ICCJ'IeIlyeM CXO0AUMOCTB CTCIICHHOI'O PsAJada Ha KOHIIAX HafII[CHHOFO HHTCPBAJIA:

1)Ecm & =~ 2, TO TOJTY4YaeTCsl CIEAYIOIMN YUCTOBOM PSI;
$ D & Y s DN O
a4+ 3 et q.-'r?zj +3 w1 9 q.u'r?zj +3
GO B 5 N B L S
kN R N e R L
In
MHoxuTeNnb (_ 1:' OeccneiHO Mpomall, MOCKOJIbKY MpH JIFoOOM HaTypalbHOM 3HAYEHUU

(_ DEH _-l

«OH» - L

e TpeTI/Iﬁ pas 06pau1a10 BHUMAHHUC HaA TO, YTO B PE3YJIbTATC NOACTAHOBKU COKPATUIINCH

N
CTCIICHU 9 , 4 3HAYUT, UHTCPBAJl CXOANUMOCTU HalijieH IMpaBUJILHO.
w
H

{5
ITo BceM MpHM3HAKAM IS HOJNYYEHHOTO YMCIOBOro psja =1 44~ + 3 clielyeT IPUMEHUTD
npeaenbHbIi Mpu3Hak cpaBHeHUs. Kakoil psn momgobpars amns cpaBHeHus? O6 3Toil MeToauke s
yKe paccka3bIBal Ha ypoke Psanpl qindg yaitnukos. [ToBropum.


http://www.mathprofi.ru/ryady_dlya_chajnikov.html
http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html

Onpez[emleM CTapmyro CTCIICHb 3HAMCHATCIIA, OJIA 3TOIO MBICJICHHO HWJIM Ha YCPHOBUKE

5
.. 5 — il
OT6paCLIBaCM ol KOpHEM BCC, KpOMC CaMOro CTapumero CcjaaracMoro: Y M Takum

S

00pa3om, cTapiuasi CTeNeHb 3HAMEHaTeNs paBHA . CTapiias CTENeHb YHCIUTENsS, OYEeBHIHO

paBHa 1. V3 crapueii cTeneHn 3HaMEHATeIIs BBIYMTAEM CTApIIYIO CTENCHb YUCIUTENS: & 2
' © 12 ]
L -
¥=l 3 ¥=l WK
Takum o0pa3om, Hall Psii HY’)KHO CPAaBHUTh CO CXOJASIIUMCS PSIIOM nt .
Hcnons3yeM mpeaeibHbli IPU3HAK CPAaBHEHUS
ol o «,u'ﬁz + o+ 3 =0
litn —* = lim

L_pJ
Tﬂ
. |+
xw'a.»-\.'l

. . 3
= lim =lim /14 =1
?d—}m-bx 2= o :'e © 4. |'3 = 3

W= H H=r E B
A 43
w0

{45
Honyquo KOHeque, OTJIMYHOE OT HYJSl YHCIIO, 3HAUYUT, psig *=l W4 +3 CXOJUTCSI BMECTE C

prHOM ?f-l g

IlTo

=

P

IIPOUCXOIUT Ha Apyrom KOHIIC

In w EY w oL
- 4:}2 ad-1) a3y n 9

WHTEepBana?
m

H

9;! ’V{."E +3 x_lg:! J{Pﬂj+3 _H-lgn'*\}rﬂj+3 _EV(H5+3—CXO[[HTC$I

A BOT U BO3HarpakJeHue 3a My4yeHus B npeabiayiiem myHkte! Ilomyuuncs TouHo Takoi
K€ YUCIIOBOH PsiJl, CXOJUMOCTh KOTOPOTO MBI TOJIBKO YTO JJOKA3aJIn

[Tpun

OTBeT: 00J1aCTh CXOAMMOCTHU UCCIEAYEMOT0 CTETIEHHOTO psijia

-25154

UyTb MEHEE CIIOKHBIN IPUMEP I CAMOCTOSTEIIBHOIO PELICHUS

Ilpumep 3: Pewenue: ummepsan cxooumocmu psod HAUOEM C HOMOWbIO NPUSHAKA
Hanambepa:

(?3+1:|2 H+1
i @] [T 42) |x 2T (0 +2?2+1)(?2+1]|_
| g (x) | mere|  ptx le 7T R (a2 |
T o(n+1)
. ER! L1
] 2™ 17 x| . ~
="lm ||1+2 += | Eo|="lm —E =
7 onsw » e n+z " 2_} 7
1+—
7 2
P50 cxooumcs npu
d
—
7

Cﬂeea HnyCHO ocmasums moJibKo ManJZb, I’lOSmOMy yMHODfC'aeM 066 yacmu HepaeeHcmea HA 7
|;':| <7

-Taoxed UHMEPBAJL CXOOUMOCIU UCCNe0YeM020 CMENneHH020 psaoda

Hccnedyem cxooumocms psaoa Ha KOHYAX HALLOEHHO20 UHMEPBAld



w3 s
NP Ll

1) Ipu w1 (1]
2) Hcnonvsyem npusnax Jletionuya.
3) — Pso aensemcs 3HAKOYepeOyrOUUMCSL.
o
]jm|c1|]jm—ng © i B 1 00
Ao H_H—}mn+1_a_ﬂ—}+w?2+1_?d—}+wl_}u 1_":'___
2 - t—=
# 7 n —  YjgeHel psoa He
yowiearom
Ilo MOOYIIIO.
Bui600: P50 pacxooumcsi
w 2
3
r=7=
2) Ilpu w12t

P50 pacxooumcs, max kax He 8blnoninen HeoOX00UMbLL NPUSHAK CXOOUMOCIU PSOd.

Omeem: ~ Texal- 001aCcMb CXOOUMOCMU UCCNe0YeMO20 CMENEHHO20 Psod
Ilpumep 5: Pewenue: ¢ nomowwto npusHaka /laramodepa Hauoém uHmepean cxooumocmu

paoa:
(20 4+ 10z — 2y

thyn ()] 10 e 1O G2 2n 2|

sl g (x) | wewe|  (2)l(x— 2" ‘"»++w| 10 =2 (2! |
10°
i 10" (x=2(x=2" 123 (20 =120 20+ - 20 +2)|
T 10-10° (x—2"1 123 (22—1)- 2n |
_ oy -2 -2

i =2 {zf;mHaIJxm | e (%gmﬂjmzlxm | (e0) = 100

Omeem: P50 cxooumes npu & = 2

Ilouemy nonyuunace oOeotika, a He Hoav? Illepeuumatime knaccugukayuio obdbracmu
CXOOUMOCTU CMeNneHH020 padd. Xoms, HagepHoe, MHO2UE YiHce NOHUMAIOM, NOYeM).

Ilpumep  7:  PeweHnue: HatloemM  UHMEPBAN  CXOOUMOCMU  OAHHO20  pAod:

2?¢+1 ] {X‘l‘ 3}?¢+1

tan@|_ 2T |GG+ 2.2 Ao t]]
el g (x) | e 20 (x43)" | (x4 2032043
NVan+1
= 2 +3[m 32 =@ o 3fm =2+ 3l 5 |—2
m=to W DS oo riol| oM+ A=+
M
Pso cxooumcst npu 2|I+3‘ <1
1

Cresa HYJCHO ocmasumbs niojlbKo MOdy]Zb, YMHOOHCAEM obe uwacmu HepaeeHcmea Hda 2



3 <=
2

—l{x+3{l
2 2

B cepeduHe HYJICHO ocmasums MmoOJIbKO «UKC», eébldumaem u3 Kaocoou yacmu HepaeeHcmeda 3:

—l—3¢x+3—3<l—3
2 2

7 i
S S
2 2 — unmepsan cxooumocmu uccnedyemoco CMeneHHo2o psoa.
Hccnedyem CX00UMOCMb paoa Ha KOHYAX HAlOEHHO20 unmepsaia:
H b
7 “EH(_%+3] WEP(_l] =
== =
1 Tpu 2 Zl Yon +1 Z; 2n+1 Ziizm

s
Cmenens 2 COKpamuIacy, 3HA4uUm, Mol Hd 6EPHOM NYMU.
Hcnonvzyem npusnax Jletionuya.
Pso A6/15emcsl 3HAKOUepeOdyrOUUMCHL.

1
i o= i —— =0

E . .
e dnt 1 — yeHvl psoa yovigarom no mooymo. Kaoswcowlil credyrowuii uien paoa
1O MOOYIO MeHbule, YeM npeoblOyWull, 3Ha4um, yobleaHue MOHOMOHHO.
P50 cxooumcs no npusnaxy Jleuibnuya.

Hcczzec)yem pao Ha abCcoomuyIo CX00UMOCTb!
AR ZL
Hml
chozzwyejw UHMe2panbHblU NPU3BHAK.

T dx e
1 32r 41

lloovinmezpanvnas @yHryus HenpepvleHa Ha

(%)= % ![zxﬂ}'%d(zxﬂ) = % % lra [,J[zﬁ 1y ]\f - ;.;.“i“m[E Co+1f - 3@] =+®
> Ja

Takum  obpazom, psao  u=l pacxodumc;l emecme ¢ COOMBEMCMBYIOWUM

[1:+00)

Z;r——
HecobCmeeHHbIM UHmMezpaiom. Pao w1 422+ 1 cxooumes MOJILKO VCI08HO.

5:{“:2”'[ i St Bl -3,

r=-
2)  Ilpu 2 Aom+ o A2n+1 3“-.' n+l—  pacxooumes  (no
O0OKA3AHHOMY).
7 5
—— < xg——
Omeem: O6nacmv cXOOUMOCHU UCCIEOYEMO20 CMENeHHO20 padd: & 2, npu

x:—3l

2 A0 CX0OUMCS MONBKO YCL0BHO.



1 1
—A—Exe—i—
Oéﬂacmb CXOOMMOCWIM OKOHUYAMEJNIbHO MOJMCHO 3anucambv makx. 2 2, uiu

oadxce mak: - 3:5 s _2:5.
v 1
3
Ilpumeuanue: Pso »-1 2n+1 yoxcno 6Gvino uccredosams ma cxodumocms ¢ NOMOWbIO
npeoenrbHO20 NPUSHAKA CPAGHEHUSL.

Ilpumep 9: Pewenue: Haitioem uHmepsal cxooumocmu paoa:
2:'¢+1 ] xji:ul:l
HMIEX:IZ n+2 — 1 |x3_x3?¢_2_2?¢_{n+1}_
il g I:?f:l B o o, xg?‘ :u—>+u:»| xg?‘ Lo {.?2 + 2)
n+1
+1 1
? 14—
Aol - B _ 2
=x M]Jflmﬂ 2 2% A e 2_}0 2x
C #
P50 cxooumcs npu
2t <1
xe—
2
1
il <=
2f2
1 1

XS
e — urnmepedai CX00UMOCHU ucmedyeMoeo CmenerHHoco p}zda.

2

Hccneoyem CX00UMOCMmb paoa Ha KOHYax HAllOeHHO20 unmepesaa.

®

an z
1 " an 1 1 ®
Y 2 -0 (—] x|
Z(ﬁ]z 2 _izg_il
w"r_ 2al n+l nal n+1 o A+l oan+l
— 1

Cpasnum 0anuwlii pso ¢ pacxooauumcs 2apmMonudeckum psoom w=1 # . Ucnonvsyem npedenviwlii

1) Ilpu

NPpU3HAaK CDABHEHUAL.

1
— =0
]jmf;; i | 2 =hn”+1=mn[1+l J=1

1 Mo p H— o M
n+1
Tonyueno KoHeuHoe YUcio, OMAULHOE OM HYJIsl, 3HAYUM, NOJYYEHHbIU YUCTI080U P50 PACXOOUMCSL
emecme c 2apMOHUYECKUM PpAOoM.
a ]
I b
o i ot L ot l
=33 23 -
2) Hpu W"f_ ”"‘1 1=l r+] 1 ATl x-l”"‘l— pacxooumcsi
(no O00KA3aHHOMY).
1 1

—— %X
Omeem: obaacms cX00UMOCMU UCCNE0YeMO20 CMENEHHO20 PAOA.: WE

=



IIpakTH4eckas padora Ne 22
Tema: Pemenue nuddepeHnuajabHbIX YPABHEHUH MEPBOro NOPsaKa

Lenb paGorer: [IpoBepuTh Ha MpaKTHKE 3HAHUE MOHATUS AUQPPEPEHITUAIBHOTO
ypaBHeHUs, BUABl  auddepeHIHATbHBIX  YpPaBHCHHWM,  YMEHHE  peliarth
nuddepenuanbable ypaBHeHus | mopsika, HaX0AUTh 00IIee U YaCTHOE pelleHHe.

Teopernueckass uactb 1. JuddepeHunajbHoe  ypaBHEHHE 1EPBOCO
nops0Ka, COMEPKMUT:

1) He3aBUCUMYIO IEPEMEHHYIO ¥ ;

2) 3aBUCUMYIO TIEPEMEHHYIO ¥ ((DYHKIHMIO);

3) NepByI0 IPOM3BOAHYIO (yHKIHH: ~ .

Pemutes auddepeHnmaibHoe ypaBHEHHE — 3TO 3HAYHUT, HAWTH MHOKECTBO
$ynxunii ¥ =7+ oroppie  yroenersopsior nammomy ypashemio. Takoe
MHOXKECTBO (pyHKIMH Ha3pIBaeTcs 00IIUM peunteHueM Ju(depeHInaIbHOro
yYPaBHEHHUS.

Hpumep 1

L
Pernts muddepennmansuoe ypasuenue =

o d
.J"—d.

x- % =y

B paccMaTpuBacMoOM IMpuUMCEpe IIEPEMCHHBIC JICTKO Pa3saACIAOTCA
MEePEKUIbIBAHUEM MHOXUTEIEN 1o MIPaBUITY MIPOTIOPLIHH:
dy dx
y x

[IepemeHHbIE pa3neseHbl. B 1€BOM 4acTH — TONBKO «UTPEKW», B IIPABOM YaCTH
— TOJIBKO «HKCBD».

Cnenyromuii 31an — MHTerpupoBaHue AuddepeHuuaJIbHOr0 ypaBHEHHS.
Nurerpupyem o0e 4acTu:

(-4

In|y|=tn|d+C
Pemenne g depeHInanbHOTO ypaBHEHHS B HESABHOM BUJIE
Ha3bIBacTCs O0IUMM  HHTerpajaoM au(@epeHuuaJIbHOr0 ypaBHeHus. 1o

ects, pl=tafl+C _ 0OIIHif HHTETpa.

Bmecto sammcu pl=tnfel+C OOBIYHO MUILYT ta|=lnfx| +In [C] ,

B JJaHHOM ciyyJae:
In |y = In |Z]

y=0Cx

OyHKIMS TpeIcTaBIeHa B IBHOM BUE. DTO U €CTh 00IIIee pelieHHe.



o y=0Cx, roe O =const
MHoxecTBO  (yHKImi s SABJISIETCSI  OOIIMM  pellleHHueM

=
nuddepeHnranbHOro ypapenus © =
[IpunaBas KOHCTaHTe & pasjivyHble 3HAYEHHS, MOKHO MOIYyYUTh OECKOHEUHO
MHOTO YaCTHBIX pemieHuii 1uddepeHuanbHOro ypaBHEeHUS.
IIpumep 2
s y==2y
Haiitu  uactHOoe pemenue auddepeHIHaTLHOTO  yYpaBHEHHUS ,

YJIOBJIETBOPSIOLIEE HAYATBHOMY YCIOBUIO =2

[To ycnmoButo TpeOyercsa HailTh 4yacTHOe peumienue Y, ynoBieTBopsioliee
HayaJIbHOMY YCJIOBHMIO. Takas IOCTaHOBKa BONpOCAa TAKXKE HA3bIBACTCS 3adayell
Kowwu.

CHadajna Hax0JIUM O0IIee PeIICHHE.

dy
& o
dx y‘

d—y =—2dx
¥
HuTerpupyem YpaBHEHUE:
[2=2e]
Y
In|=—2x+"

Y
y=¢e

y= 2 'E_hl

. y=Cé‘_2x, roe O =const
Hrak, oOmee pemeHue: .

Ha 3aBepmaromiem nsramne
HY>KHO HaWTH 4YaCTHOE pEUICHHWE, YJOBJIETBOPSIONIEE 3aJaHHOMY HadallbHOMY

yenoguto Y0 =2,
Heo6x01uMo0 mogo0paTh TAKOe 3HAYEHHE KOHCTAHTHI & , 4TOOBI BBIIONHSIOCH

3ajlaHHOe HauaIbHOe ycnosue ¥ = 2.
B o0uiee pemieHne BMECTO «HKCa» IIOJCTABISEM HOJb, 4 BMECTO «HIPEKa»
JBOWKY:

y=Ce™"=" = =2

_ —2x o
B 06Luee PCUICHUC Y= Ce IIoACTAaBJIIAEM HanJCHHOC 3HAYCHUC

KOHCTAHTHI = 2:

=
— 3TO U €CThb HY)KHOC HaM 4aCTHOC pemeHHe.

Ipumep 3

y=2e

Pewnts audpdepennmansaoe ypapaerne ¥ (Y leigr=0

Pemienme: IlepenucbiBaeM  NpPOM3BOJHYHO B HYKHOM  HaM  BUJE:

d—y +(2v+Ncigr =10
adx

HepeHOCI/IM BTOpOC cCjlaracMoc¢ B IIPpaByl0O 4YaCTb CO CMEHOM 3Haka:

@ —(2y+ ljlr:f.gyi
ax



)
Y - —cigxdx
2y +1
[TepemennbIe paszeicHsbl, UHTETPUPYEM obe YaCTH:

)
_[ 2;:_ " = —I czgx.:fyi

v cos xdx
Erehll|

2y+1

Sl X

lld(zyﬂ)__ld(smx}
20 2y+1 ) x|

Sin2y 1= —lafin a]+ln|c

Pemienue pacrnuury OYCHb oIpOoOHO:
1
In[2y +1F =In|sin 2] +1n |C|

In.f2y+1=In

+hn |

F;inx
111..."2y+1:]n}_£x”
Sl
i
4{2_}’+ —ﬁ

OTBeT: 00mMiA HHTETPA:

ey +1l sm x =", roe O =const

Ilpumeuanue: o6mMii UHTErpan JIOOOr0 ypaBHEHHMsS MOXHO 3amucaTh He
€IMHCTBEHHBIM crnocoboM. Takum o0pa3oMm, €ciiM y Bac HE COBHAJ pe3yibTaT C
3apaHee U3BECTHBIM OTBETOM, TO 3TO €II€ HE 3HAYUT, YTO Bbl HEMPABWIBHO PELINIH
ypaBHEHUE.

IIpumep 4

pxt oo —
Haiitn wactHoe pemenne audQepeHUMansHOro ypapHenus & &~ 2xdx=0]

YIOBIETBOPSIOIIEE HAYAIBHOMY YCIOBHIO ¥ W=h2 Bynonmurs MPOBEPKY.
Pemienne: CHauana Haiinem oOmiee perieHue. JlanHoe ypaBHEHHUE —YKe

COJICP>KUT FOTOBbIE TU(PepeHIInATBI Ay dx , & 3HAYUT, PELICHHUE YIIPOILAECTCS.
Paznensem IIEPEMEHHBIE:

g’ -e_”!dy— 2xdx= ()
g” -é"”!dy = Zxdx

e¥dy = zfix

e
g’dy = Dxe" dx
WuTerpupyem ypaBHEHUE:
_lle?"’dy = EIxex!de
J-e'“.:iy = Iex! d(x%)

2
g’ =g" +C’|




Ine” =In{e" +0C)

y=lIn(e" +C

obmee pernieHue:
y= ]n(.;;':'{2 +CN, e O = const

HaiimeM uacTHOE peIlEHHE, COOTBETCTBYIOIIEE 3aJaHHOMY HavajJbHOMY
yenopuio Y0 =2
In 2=1In(e" +C
h2=h{l+C1=C=1

P =lnfe® +C) =lf 1+ =2 =C=1

[MojcTaBisieM HAMCHHOE 3HAYCHUE KOHCTAHTBI = = 1 B 00Iee peleHue.

— x®
OrtBeT: uacTHOE pewenne; ¥ = e +11
3amnucaTh BBIBOJ

IIpakTHyeckas padora Ne 23
Pemenue nudppepeHunaibHBIX YPABHEHUI BTOPOro MOPsiAKA

Heab paGorer: [IpoBepuTh Ha MpaKkTHKE 3HAHME MOHATUS AU PEpEeHTHATBHOTO
ypaBHEeHMs,  BuAbl  JuddepeHuuanbHbIX ~ ypaBHEHMH,  yMEHUE  pellaTrh
muddepenmanpaple  ypaBHeHus Il —To mopsaka, HaxoauTh 00IIee W YacTHOE
pelIeHue.

Teopernyeckas 4acTb

B teopun u mpakTHke pa3iavyaroT Ba THUIA TaKUX YPaBHEHUN — OJTHOPOIHOE
ypaBHEHHE ¥ HEOJTHOPOJIHOE YPaBHEHHUE.

Opnopoanoe 1Y BTOpOro mopsiika ¢ MOCTOSSHHBIMU KO3 (GUIIUEHTAMU HMEET
CIETYIOIIAN BU:

Y+ py' tgy=10

— CTPOrO0 HOJIb.

, tne ¥ m 9 — KoHCTaHTBI (4McHa), a B IPaBOM YaCTH

HeoaHopoaHoe Y BTOPOTO OOPSAKa C MOCTOSIHHLIMHU
KO bHUIImEeHTAaMH UMEET BUT:

i r —
Yteytar =y '(x:', rne ¥ u 9 — KOHCTaHTHI, a Sz _ (GYHKLUS, 3aBUCALIAS MOLbKO

om «uxcy. B mpocreiiiieM ciyyae QyHKUUSA J ) Moxer GbITh YUCIIOM, OMJIUYHbIM
om HYnA.

Kakasg MbIcib INPpUXOOUT B TOJIOBY IIOCJIC 6CI‘JIOFO BBFHH,Z[a? HeOI[HOPOILHOG
ypaBHEHHUE Ka)keTcs cioxkHee. Ha 3ToT pa3 nepBoe BneyaTieHue He OABOIUT!

Kpome TOTO, YTOOBI HAy4YUTBCS pemars HEOJHOPOIHBIE
ypaBHEHHSI HEO0XOAUMO YMETh pellaTh OAHOPOAHBIE ypaBHEeHUA. 110 3ToN mpruuuHe
CHa4ajga pacCMOTPUM QITOPUTM PEUICHUS JIMHEWHOTO OJHOPOJHOIO YPaBHEHUS
BTOPOTO rnopsaka:
¥ Hpy'+gr=10


http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html
http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html

Hns  toro 4rtoObl pemuTh JdaHHoe J[Y, HYXHO COCTaBUTh TakK

HAa3bIBAEMOE XAPAKMEPUCTNUYECKOE ypasHeHue:
Atpitg=0

[Io xakomMy MNpHUHIMIY COCTAaBJIEHO XapaKTEpPUCTHUECKOE YpaBHEHHE,
OTYETIIMBO BUHO:
BMECTO BTOpPOH MPOU3BOJHOM 3aIlIChIBACM /12;
BMECTO IepBOM IIPOU3BOTHOMN 3aIMCBhIBAEM IIPOCTO «IAMO Y »;
BMECTO QYHKIMU @ HUYETO HE 3aIUCHIBAEM.

A+pitg=0_ 3TO 00bIYHOE KBAaJPaTHOE yYpPaBHEHHE, KOTOPOE MPEICTOUT
PELINTH.

CymiecTByroT TpU BApHUaHTa pa3sBUTUA cOOBITHH.

Onu AO0Ka3aHbl B KYPCC MATCMATHYCCKOI'O aHalii3da, W Ha IIPAKTHKEC MbI 6YI[€T
HCIIOJIB30BAaTh I'OTOBBIC (1)OpMyJ'IBI.

XapakTepucTu4eckoe ypaBHeHHe MMeeT /IBa PA3JIUYHbIX A€ CTBUTEIBHBIX
KOpHA

Atpltg=0

Ecnu XapaKTepUCTUIECKOE ypaBHEHHE uMeeT

J(Ba Pa3JIMYHbIX ICHCTBUTEIbHBIX KOPHS ’3‘1, 4 (T.e., ecmu muckpumunant £ = 0) 1o
obiee peuieHue OIHOPOZHOIO ypaBHEHUSA BBITJISAIAT TaK:

y= G+ e’ S

, TJC — KOHCTAHTBI.

B cnydae ecnu oguH U3 KOpHEW paBeH HYJIO, PEIICHHE OYEBUIHBIM 00pa3oM

yHpOIIAeTCs; yCTb, HaIpuMmep, A = 0, TOT1a oOmiee
pewenue: ¥ = G+ Ce™ = O + Cﬂehi
Hpumep 5

Pemmts uddepenuuansroe ypasuenue » TV 2 =0

Pemienme: COCTaBUM M DPENIMM  XapaKTEPUCTUYECKOE  yPaBHEHHUE:
A+a-2=0
D=1+8=%./D =73

%:—1—3:_44%:—1+3:1

2 2
y=Ce™ 4 O’

= Cle ™ + 0", ade ), C, —const
OTBert: o01ICe pericHue:

XapakTepUCTHYECKOe YPAaBHEHHE MMeeT 1BAa KPATHBIX [eHCTBUTEIbHBIX
KOPHSI

Atpltg=0

Ecnn XapaKTCPUCTUICCKOC YPaBHCHHUC HUMECT

JIBa KPATHBIX (COBMABIINX) ACHCTBUTENIBHBIX KOPHS A=A (muckpumuHanTt &= 0),
TO olmiee  pelieHue OJTHOPOJAHOIO ypaBHEHUS NPUHUMAET BU/I:

y= G +Cyxef C.C,

, rac KOHCTAaHTHI.

Bwmecro 4 B dbopmyiie MOXKHO OBLIO HAPUCOBATH & , KOpHU BCE PaBHO OJMHAKOBBI.



Ecmu 00a KOpHS paBHBI HYIIIO A=h4=0" 10 obmee pEIlIeHUE OIATh XKe
a ¥ = ™ + CyxdF = ) +00x n, V= )+ Chx

W
pEIEHUEM TOTO CaMOr0 MPUMUTUBHOIO ypaBHEHHsS » 0 , 0 KOTOPOM 51 YIOMHHAJI B

YIIPOILAETC Kcrar ABIIAETCS  OOIIUM

Hauane ypoka. Ilouemy? COCTaBMM XapaKTEpUCTHYECKOE ypaBHeHue: A =0 —
JECTBUTENILHO, JaHHOE YpaBHEHHE Kak pa3 M HMMEET COBIABIINE HYJIEBBIE
KOPHHU A=Ay =0

Ipumep 6

Pemmts auddepennuantsoe ypasuenne ¥ 0¥ +9y =0

PemeHue: COCTaBUM W DEIIMM  XapaKTEPUCTHYECKOE  ypaBHEHHE:
A-61+9=0
31eCh MOKHO BBIYHUCIMTH AMCKPUMHUHAHT, HOJYYUTh HOJIb U HAWTH KPATHBIE KOPHH.
Ho MOXHO HEBO3OpDAaHHO IPUMEHHTH M3BECTHYIO IIKOJBHYIO  (OpMyIly
COKPAIIEHHOT'O YMHOKEHHMS:
(A-37=0

o =3
HOqueHBI JABa KpaTHBIX ACUCTBUTCIBHBIX KOPH Au

y=CE™ +Cxe | zde (0,0, — const
OTBert: o0111€€E pEIICHUE:

XapakTepUCTHYECKOEe YpPaBHEHHE HMeeT CONPSKeHHbIe KOMILIEKCHBbIE
KOpHHI

2 f—
Ecmn XapaKTEPUCTHICCKOE ypaBHEHHUE A+pitg=0

UMEET CONMPSIKEHHbIE KOMIUIEKCHBIE KOPHH h=a-f , h=atf

(mucxpumunant £ <0) 1o obmiee pelieHHe OIHOPOJHOTO yPAaBHEHHsS MPHHUMAET

BH/I;
- :
=™ [T cos e+ O, 5mm 1 N
Y (Crcos @ +Cysin fix , rme -l -1 — KOHCTAHTBHI.
Ilpumeuanue: ConpsiceHnbvle KOMNIEKCHble KOPHU HOYMU 6ce20d 3anucbi8arom
=@t G

KPAMKO C1e0yiowum oopasom: A A

Ecmu MOJTYYAIOTCS YUCHO MHUMbLE COTIPSIKCHHBIC KOMILJICKCHBIC

Ay =18

KOPHHU: , TO obmiee peleHue yIPOIIAETCS:
y=e&"" (Clcos G+ Cysin G)=Ccos B+ Csin ,&i

Hpumep 7

Pemmute onHoponHoe nud@depeHnnanbHOe ypaBHEHHUE BTOPOTO MOpsiKa
¥ =2y +10y =0

PemeHne: COCTaBI/IM nu peHJI/IM XapaKTepI/ICTI/I‘—IeCKOC ypaBHeHI/Ie:
Ao2A410=0
D=4-40=-3§

e
%3:2;&:1iﬁ

— HOJYUYCHBI COIIPSAKCHHBIC KOMIIIICKCHBIC KOPHHA

y=g"(Clsmn 3x+C,cos3x), age (.0, —const
OTtBerT: o0I1Iee peHICHHE:

Ipumep 8



Haiitu yactHoe pemenne nudPpepeHnnansHOro ypaBHEHUs], YOBIETBOPSIOIIEE

HAYaJIbHBIM yenopusam YW =1 (0 =2
y=4y=10

Pemienne: cocraBum u peuimm XapaKTCPUCTUICCKOC YPaBHCHUC!
A-4=0
m+mm—a:4
h=-2 1=2

[TosnydyeHsl JBa pa3IM4YHBIX JICHCTBHUTEIBHBIX KOPHS, I[OTOMY OOIIEEe pEIICHHE:
¥ = C’le_gx +C’222x, ade C),C, —consi

AHFOpHTM HaXO0XKXIACHHUA YaCTHOT'O PCIICHUA CJIG,Z[yIOIHHi/Jli

Cnaauaia HCIIOJIb3YCM Ha4dYaJIbHOC YCJIOBUC Y (D) - 12
¥ = e + e =0+

CorylacHO HayaJbHOMY YCIIOBHIO, ITOJIy4aeM IIEPBOE YpaBHEHHE: O=C+C=1 yy
C+C, =1

POCTO

Ce =y Cjegx

Jlanee  Oepém  Hamie  obmiee  pemienue » ~ U HaxoJIuM

IIPOU3BOJIHYIO:

¥ = (O + e = — 200 + 20, ™

Hcnonb3yem BTOpOE Ha4vaJIbHOE ycnosue ¥ =2,
PO =20 + 200" =20 + 20,

CormacHo BTOpOMY Ha4yaJIbHOMY YCJIOBHIO, M0JIy4aeM BTOPOEC
ypaBHenwue: ¥ W=-20+20,=2 ypy poCTO 20y +aly =2

CocraBUM W pemuM CHCTEMY M3 JIByX HaWJICHHBIX YpAaBHEHUM:

C+C, =1
40, =1 C 4+, =1
= =20, =
o, =10=0
[TonctaBuM  HalIEHHbIE  3HAYEHUS  KOHCTAHT =00 =14 ob1ree

_ 2% 2
pemenne ¥ =
y=0.g7 1.5 ="

_ Q¥
OTBeT: YacTHOE pemieHue:; » ~ °

Ipakmuueckoe 3adanue:

BapuanTt 1

1. Haiitn obmee pemenne qudpepeHIranb-HOr0 ypaBHEHU K pas e aioIMMHCS
IICPCMCHHBIMMU.

xy —y =0

2. Haiitu yactHOe pemenue aupGepeHiuanIb,HOr0 ypaBHEH s ¢ pasaeIaiOnMMHIC
IICPCMCHHBIMMU.

tgx*y =1+7y, ecw



II 1

X = E;J’ = )

3.Haiitu pemenne omHopoaHOoro au(QGEPEHINATEHOTO YPAaBHEHHUS IEPBOTO
MOpSAJIKA.

Yy =2y-x

4. Haiitu oOmee pemenue auddepeHnarIbHOr0 YpaBHEHHS 2-T0 MOPsIKa.

y —4y +13y=0

5. Haiitu yactHoe penienue quddepeHinanb,HOro ypaBHeHUS 2-ro MopsJIKa.

y +y —2y=0

eciu x=0;y=1;y =3

Bapmuanr 2

1. Haiitu obmee pemenne nuddepeHnnaIrHOr0 YpaBHEHUS ¢ pa3IesTFIOITUMUCS
TIePEeMEHHBIMHU.

xy +y =0

2. Haiiti wactHOe pemenne qudGepeHIrnanbHOTO YPaBHEHHS C Pa3IeITIOIIMUCS

NEPEMCHHBIMMU.

—_ zd_x h— 7 — F =
(1 x]dy—l—Jc} Q,eciux=0,y=4

3.Haiitu pemenne onHopoAHOro AUQPHEPEHIIMATBEHOTO YPAaBHEHHUS MEPBOTO
MOpsIAKA.

x2+y2—2xy*=y =0

4. Haiitu obiee pemenue nud@pepeHnnanbHoro ypaBHEHUS 2-ro MopsiiKa.

y —4y +4y=0

5. Haiitu yactHOe pemeHre qudpepeHualbHOro ypaBHeHuUs 2-ro nopsiaka.

y +4y —5y=0

eciu x=0;y=4;y =2

Bapuant 3

1. Haiitu obmiee pemienne auddepeHInalIbHOr0 YPaBHEHUS C Pa3ACISTIOITUMUCS
MepEeMEHHBIMHU.

yy +x=0

2. Haiitu yactHoe pemeHre qudGepeHInanbHOr0 YpaBHEHHS C pa3elioLIMUCS
NepEeMEHHBIMHU.

dy+vyvdyxdx=0,eciux=0,y=1

3.Haiitu pemenre oaHOpOAHOrO AUPHEPEHIMATBEHOTO YPABHEHHUS MEPBOTO
nopsiaKa.

X’y =y*+xy

4. Haiitu oOmee pemenue audepeHnarIbHOro ypaBHEHHS 2-Tr0 MOpsIKa.

y —4y=0

5. Haiitu yactHoe penienue quddepeHnanbHOro ypaBHeHUs 2-ro MopsiKa.

y' -4y’ =0x=0;y=2y =8

BapuanT 4



1. Haiitu ob6mee pemenne nud@epeHnnaabHOro ypaBHEHUS ¢ pa3IesioIIMUCs

NIEPEMEHHBIMH.
X2y +y=0
2. Haiitu yacTHOe penieHue nudPpepeHnnasbHOro ypaBHEHUs ¢ pa3esiioIIMMUCs
NIEPEMEHHBIMHU.
2x—1 dx
m=d—y,emux=5;y={]

3.Haiitm pemenne OAHOPOAHOTO AU(PPEPEHIIUATEHOTO YpaBHEHHS TIEPBOTO
TopsiIKa.

x2y2y' +yxi=1

4. Haiitu obiee pemenue nudQepeHnnaabHoro ypaBHEeHUs 2-ro Mopsiika.

y +3y —4y=0

5. Haiitu yactHOe pemenne JudepeHnalbHOr0 ypaBHEHUs 2-r0 opsiaKa.

Y -2y +y=0x=0y=3y =7

Bapuanr 5

1. Haiitu obmee pemenne nuddepeHnaibHOr0 ypaBHEHUS K pa3IesoIUMUCS
NEpPEeMEHHBIMHU.

y =Yy

2. Haiitu yactHoe pemieHue aAudepeHInaIbHOr0 ypaBHEHUS ¢ pa3AeISTIOITUMUCS
NepeMEHHBIMHU.

(1+y)dx—(1—x)=0,ectux=0,y=1

3.Haiitu pemeHue OAHOPOAHOTO AU(PPEPEHIUATBHOTO YpPaBHEHHSI IIEPBOTO
MopAJIKa.

xy?dy = (x* + y*)dx

4. Haiitu obiee pemenue nud@pepeHnnanbHOoro ypaBHEHUS 2-ro MopsiiKa.

y +4y =0

5. Haiitu yactHOe pemeHre qudpepeHualbHOro ypaBHeHUs 2-ro nopsiaka.

y 43y +2y=0x=0;;y=1;y =4

Bapuanr 6

1. Haiitu obmiee pemenne nuddepeHinaibHOr0 ypaBHEHUS K pa3IesoluMUCs
MePEMEHHBIMHU.

X2y +y =0

2. Haiitu wactHOe pemienne nudepeHnnaIrHOro YpaBHEHUS ¢ Pa3IesTFOITIMUCS
NIEPEMEHHBIMH.

2y =y,ecux=0;y=1

3.Haiitu pemenue OAHOPOAHOTO AU(PPEPEHIUATBHOTO YpPaBHEHHS TIEPBOTO
MopAJIKA.

(x? —2y*)dx+ 2xy dy =0

4. Haiitu ob1iee pemenue nupdepeHnnaibHoro ypaBHeHUs 2-ro MopsKa.

y +4y=0

5. Haiitu yactHOe pemeHne qudepeHualbHOr0 ypaBHEeHUs 2-r0 IopsiaKa.

y -2y =0x=0y=2y =6

3anucaTh BBIBOI.



IIpakTHyeckas padora Ne 24

Tema: Anredpanveckasi, TPUTOHOMeTPpHYECKAasi U MOKa3aTeJbHasi (GopMbI 3amucH
KOMILIEKCHOTO Y CJIa.

Leapb padoThi: HAYYUTH CTYACHTOB IPaBUIIaM pabOThl ¢ KOMILIEKCHBIMU YHCIIAMU
TeopeTnyeckas 4acThb

Uwucrno Buaa: z = o + i} Ha3bIBAIOT KOMIUICKCHBIMH, T/IC E=y— I MHHUMas €IUHULA, TTPU

X
3TOM f = —i.

0 — JeHCTBUTENbHAS YacTh KOMIUIEKCHOro yncia z. Ee o0o3HauarT: o = ReZ;

B — KOMU4YeCTBO MHUMBIX €IUHUII, UJTU MHUMAs YaCTh KOMITJIEKCHOTO YHCIIA:

B=1ImZ

JIBa KOMIUIEKCHBIX 4YHCJIa CYHUTAIOTCS PABHBIMH, €CIH PaBHbI B OTHACIBHOCTH HX
JNIEVCTBUTEIbLHBIE 1 MHUMBIE YaCTH, T.€.

z=o+ 8 ) =0y 41

=0y, ey =y u b=

KomiekcHoe uncio OyneT paBHbIM HyJIIO TOT1a U TOJIBKO Torna, korga a=0u = 0.

=g+ I Ui,

MHHMOH YaCTH, Ha3bIBAKOT CONPAMHCEHHLIMU.

KommiekcHele uyumcna OTJIMYAarImMHUECsa TOJBKO 3HAKOM

3anuch KOMIUIEGKCHOTO YHCJIa B BUJC f=U~+ jﬁHpI/IHHTO CUUTaTh €ro anre6pa1/1quK0171

dbopmoii.

0—a

Puc. 1.1.1

KowmmnekcHrle uncia TCOMCTPHUICCKU I/I306pa)KaIOTCH TOYKaMH Ha IINIOCKOCTH.

OT1n0)XUM Ha ocu QIOTpesoK, paBHBIN JIEHCTBUTEIBHON YacTH KOMILICKCHOTO YHCIIa —

i
a. Ha ocu {}} - OTpEe30K, paBHbI uyucily MHUMbIX eauHull . Touka Ha miockoctu xOy ¢
KoopauHatamMu  (0,) SIBISIETCS TEOMETPUYECKUM H300paKeHHEM KOMILUIEKCHOTO YHhcia

fzfﬁiﬁ(pnc. LLI).

IIpu aTOoM ochb G.'J'I.'HazzHBaIOT JEeHCTBUTEIBPHOM OChIO, TaK KaK TOUYKH, JICXKAIl[e Ha HEw,
COOTBETCTBYIOT JE€UCTBUTENBbHBIM 4YHucaaM. [locimenHue MOXHO paccMarpuBaTh Kak 4acTh
KOMIUIEKCHBIX, ¥ KOTOPBIX 3 = 0.

k] = ]

Touku, nexamiye Ha OCH {}}, COOTBETCTBYIOT YUCTO MHHMBIM YHCIIAM { iﬁy

Che

KOTOPBIX O = 0. HOBTOMy OCh ~ » IOJIy4YHJia HA3BaHUC MHHMMOM OCH.

CoeavHUM Hayalo KOOPAMHAT Ha KOMIUIEKCHON IIJIOCKOCTH € TOYKOH [=U~ lE;S(pmc.

1.1.1). Tloxyuum paauyc-BEKTOP Uz {C‘:E} Monynb paanyc-BEeKTOpa WIH OIUHA OMpesKd,



COEIMHSIONIETO HAYaja0 KOOPAUHAT C TOUYKOMH {=U~+ ‘Eﬁ, HA3bIBAIOT MOAYJIEM KOMILIEKCHOTO
ymcia. OH paBeH:

2|= o <,

MOIIYJ'II) KOMIIIEKCHOTO YHCJIa SABJISCTCS OelUCmEUMETbHbIM YUCTOM.

VYrou, Ha KOTOpBIN HY>KHO TIOBEPHYTh OChb (e nonosxurensroM HarpasJIeHUH (TIPOTUB

4acOBOM CTpENKH) [0 COBNAACHUA C pPaJnyC-BEKTOPOM (z , Ha3bIBAIOT ap2yMeHmMOM
KOMIIJIEKCHOT'O YHCIa, 0003HAYAOT:

a1g7 =10

O4eBHUIHO, YTO Yy OJHOTO M TOTO >K€ KOMIUIEKCHOTO 4Yucia Oyner OecyHcIeHHOe
MHO’KECTBO apryMeHToB. B camom niene, ecnu K yriy ¢ npuOaBHUThH LIE€JI0€ YHCIO0 000POTOB, TO
MIOJIO)KEHNE TOYKM Ha KOMILJIEKCHOW IJIOCKOCTH HE M3MEHHUTCS. YTOJl ¢ MOJy4YWsl HazBaHHE
2/1a6H020 3HAYeHUs ApTyMEeHTa KOMIUIEKCHOTo yucia. Ero 0603Hauaior ¢ MajieHbKON OYKBBI:

o,
Bce 3nauenus ApTyMCHTA KOMIUICKCHOI'O YHCJIa 0003HAYaIOT ¢ OOJIBIION GYKBBIZ

&fgzz@+2f5}f}rnek=o, 1,2...

BrIpazum NEHCTBUTENBHYI0O U MHUMYIO 4YacTH YHCIA

gz =9=qarlg

I=0+1

qupes €ro MOJayJb u
apryMeHT

o= |z|cos(e + 2ak)

B =|z|sinfp + 2rk)
[ToncraBnss 3HaueHus o U 3 B anredpandeckyro GopMy KOMIUIEKCHOTO YHUCIIa, TOIYYUM:

2= |e][cos(p + 2xk) + isin{@ + 2a1)]

[Mocnenusist hpopmyra SBISETCS TPUTOHOMETPUIECKOH (POPMOIT KOMIUIEKCHOTO YHCIIa
Beipaxenue Buna
Hpsin:
—_ L=
L= |E‘ ¥

Ha3bIBAIOT NIOKA3aTEeJIbHON (POPMOI KOMILJIEKCHOTO YHUCIIA.
WTak, KOMIUIEKCHOE YMCII0 MOXHO MPEJCTAaBUTh B TpeX GopMax:

anreOpandecKou £=U~+ 5‘3

TPUTOHOMETPUUYECKOM £= |ZHCE}S{@ + ZH’%} - E'Siﬂ{f,:} + Eﬂj:)]
7= ‘E‘ gé{sﬁ-&-}‘;ﬁk}

MOKa3aTeIbHOM

le/IMep 1. Hpe,[[CTaBI/ITL B anre6pa1/1quKOI71 (I)OpMe KOMIIJICKCHOC YHUCJ10
S
Z

7=¢%

. E’|
Pewenue. KOMIUIEKCHOE YMCIIO JAHO B IOKAa3aTENBHOM (OpPME, €ro MOIyIb | ,

T
o=—

apryMeHT 4 . Haiinem JNEHUCTBUTENHHYIO 1 MHUMYIO YaCTH:

-

o= |2|€GSE§}= C’DSE: B



7

=|z|sice = sns=Y2
E

¥
s

| ‘m

o\
T;——

Takum 06pa30M
IIpumep 2. Ilepelitu ot aﬂre6pqueCK017I K TIOKa3aTeJIbHON (popMe KOMIUIEKCHOTO YHCIa

A
.

Puc. 1.1.2

Pewenue. J1na nannoro yncina o =0; f = —1, Haligem ero MOaysIb U apTyMEHT:
2 2 2 2
|f|=\ff:r; f =\f£} (-1 =1

$=—T
2 (puc.1.12)

=i
CnenoBarenbHo —i = £ 2
3agaym 11 CaMOCTOATEILHOTO PELICHHS .
[IpencraButs B anredpanveckoil popme KOMILICKCHBIE YUCIIa:

=
23

3.7=#"6.7=¢
[lepeiitu oT anredpanyeckoil K TPUHOTOMETPUYECKON U TIOKa3aTeNbHON Gopmam:

2 1==2+ 2310 2= =33 =3i
1 3

8.E=—1~j§+3f11.3__5??

0.2=3-33i15 7= <3 4i

1.1.2. JleiicTBus HaJ KOMILJICKCHBIMH YHCIIaAMU

CnoxxeHue u BBIUMTAHHE KOMIUIEKCHBIX 4YHCeNl YyJao0Hee MpOBOAUTh, KOTJAa OHU
3amucaHbl B anreOpandeckol Qopme, MpPU ITOM HX JCHCTBUTEIBHBIE W MHUMBIE YacTH
CKJIaJbIBAIOTCS WM BEIYUTAOTCS.

= I %=3+5fz

Hpumvep 3. Haiitn ©1 “, ecom ;€2

" - " -
_T. = —_ ':. ; —_—f— = =4
- =(3-5+i{5-{-3)=-1-+8
PaccMoTpuM yMHOXEHHE KOMILJIEKCHBIX YHCeN B anredpanyeckoit popme.
JlaHbl nBa yncna:



7 =0y + i

_{ . "-.>( X '-.}
Hy>XHO HaliTH ITPOM3BEICHHE Zy v dy =y - Iﬁi SN IBE ’
ITepeMHOKHUM JBYXUJIEHBI [0 IPABUIIAM AJITeOpbI:

f& v ffi = U,;{il + E{iiﬁl -+ If)jl:l + fﬂﬁiﬁ?

€CIIH y4YeCTh, YTO U= ( V™ l j_ = _1=To HOJTY4UM:

7,7y =uyuy -BiB, + KB, - By

Takum o00pa3oM, YMHOXXEHHE KOMIUICGKCHBIX dYHCENl B anreOpamueckoit ¢opme
MPOBOIUTCS MO OOBIYHBIM AJIT€OPANICCKUM MTPABUIIAM.

CJICIIyeT OTMCTUTH, YTO MPOU3BCACHUC COIPSKCHHBIX KOMIIJICKCHBIX YHCCIT SABJISACTCA
HeﬁCTBHTeHBHBIM YuCJIOM, B CaMOM ACJIC

(e Pia-B)=a’ - P =c f

[TycTh KOMITJIEKCHBIC YUCIIA JaHBI B TIOKA3aTeIbHON Gopme

=lo| €% 2, =|z| ¢

-

Haitnem ux npousseneHue
oy =02}
a el 1 LT :
Zi 1y |3i‘ ‘fé‘g .
Pesynbrar nepeMHOKEHMsSI JIByX KOMIUIEKCHBIX 4YHMCEJI MOXHO 3alucaTth B
TPUTOHOMETPHYECKOU opMme:

2,7, =1,||z, [ cos(p, + ;) + isia(e, + 0,)]

I/ITaK, IIpU YMHOXXCHHUHN KOMIIJICKCHBIX YHCCII B MOKa3aTeIIbHOU U TpHFOHOMCTpH‘lCCKOfI

(I)OpMaX MOAYJIU IICPEMHOKAKOTC, @ APr'YMCHTBI CKJIAAbIBAOTCA.

ILCJ'ICHI/IG KOMIIJICKCHBIX YHCCJI, TaK XK€ KaK U YMHOXCHHC, yL[06Hee MMpoOBOANTH, KOr'aa
OHH 3allMCaHbl B MOKA3aTEIbHOM HUIIN TpI/IFOHOMeTpI/IquKOI\/'I (I)opMax.

Haiinem yacTHOeE OT AeleHus ABYX KOMIIJICKCHBIX YHUCCII:

4 _ 2™ _ |3¥|€?54;:§—:$1}

22 Zz EE‘% = WU

=1 E[ces{:::f; - @)+ sin{e; - 9;)]
7 |z

Takum 00pa3om, npu AeNeHUN KOMIUIEKCHBIX YUCEN UX MOIYJHU JENATCS, a apTyMEHThI
BBIYHUTAIOTCS.

Jlenenue KOMIIEKCHBIX YHCEN MOKHO MPOBOJIUTH U B airedpandeckoit popme.

Paccmotpum 310 Ha npumepe.

P-1i

IIpumep 4. Beraucnuts b+
Pewenue. YMHOXKMM YHCIUTENh U 3HAMEHATENb HA CONPSHKEHHOE YUCIIO 3HAMEHATENo |

- (-1 1-2+0 2

= prl ___:_;
T+ {1=ii-iy 1P - 2

Taxoif »xe pe3ysbTar MoJly4aercsi IpH Mepexo/ie K nokazareiabHol hopme




im’ & z
—3 4 —=7 Zxzi
1 szaﬁe e
T+1 i
e

=e0s 27 +isin 270 =-

=
Wl

Fud | Laa

£

IIpakTHyeckas padora Ne 25
Tema: JlelicTBHSI HAJ KOMILUIEKCHBIMHM YHCJIAMU.
Heanb padoThI: HAYYUTH CTYACHTOB NPABHIIAM Pa0OTHI ¢ KOMIICKCHBIMU YHCIIAMHU
TeopeTnyeckas 4acThb
3agaum 11 CAaMOCTOSITEILHOTO peleHusi. BerauciuTe:
1. (2 + 3i) (3 - 5i);
2.(1+310) 2+,
3.3+50)(3-51i);
2+1

4.3—ﬂ;

HpI/I BO3BCICHHUHU KOMIIJICKCHOTO 4YHCIAa B MNOCIYIO IOJOXUTCIBHYIO CTCIICHb B

MoKa3aTeJbHON WU TpPIFOHOMGTpPI‘-ICCKOfI Q)opMax €ro MoayJjib BO3BOAUTCA B 3TY CTCIICHBb, a4

apryMeHT YMHOKaeTCsl Ha JaHHYIO CTEIICHb.

Hasizi

tyers 2 =[2]-€°

yCTh Toraa

& INH 2k 1 Moo Baedlzin

=|[el-¢TE T =l e
4 WA

e i i+ Tk
Z ‘E{ ' '

3anuineM pe3yIbTaT BO3BEICHHUS B IICIIYIO CTEIICHb B TPUTOHOMETPHUYECKOH opme
N T L
= [{:ﬁs{ H + 25k} + Isintng + Zﬁk}]
Oty hopMmyiy Ha3sIBatOT HOPMYJIOi MyaBpa

(137 (1 BT

= +i— .
2 2

IMpumep 1. Boraucnutsb N x’ 5 s

7
z

)

mlm

e —————

Pewenue. Tlepeiinem K mokazarenbHOM Qopme. Haiinem Moaynab U apryMmeHt

]

I=—+i—
KOMIIJICKCHOI'O YHCJia .2 E .
; xkf
I\k 3
EE AR .Y B A0
ey 2 ci:r arcig—=weig
i ¥
ks - {:I‘:_ .2’ 1

G=arcigy? =60 = Jg

e

u:l|:}?|

W=(z ¥ =e¢" =cosm+isinn=-1.

3agaum AJ1s1 CAMOCTOSATEILHOTO peIIcHus. Beranciauts

1. (1 - i\/gjj;



{L+1)
2 {1-1Y .
1+id3)t
5, (=1
(1—iy
4 1-13Y

W3BneueHne KOpHA n-OM CTEIICHH M3 KOMIUICKCHOTO YHCJIa MOXKHO paccMaTpruBaTh Kak

1 H

= ;
OICpanrio BO3BCACHUSA KOMIUICKCHOT'O YMUCJIa B IIpO6HYIO creneHs FIT.e. =7 .

Ecnn KoMIUIEKCHOE YHCIIO B TPUTOHOMETPHUYECKOH opme, TO
§ E Jf r -‘.'l._'

- 3} \:‘- . ham - H

- — w2k . + 2k

a7 = 2% =zl - cale !-3-551313 9T LRR |
oon ) oo g

[Ipunasas k — 3Hauenus ot 0 10 7 — 1 nony4uM 7 — pa3nUYHBIX KOMIIJIEKCHBIX YUCEIN, Y

KOTOPBIX MOAYJIM OANHAKOBBIC, 4 ApTYMCHTBI PA3HBIC:

&Tgﬁz_
[pu k=0 L i
L7 i
<271 @ I
[Mpu k=1 7 (L
+12x%2 a1
a.rg”F::@ =22
Ipu k=2 il BN
.............. s -
L 2madn-=-1 @ 2%
&rg;\"/—_@ ’ { )_ L+ (H—D
[lpuk=n-1 fl &
. 7
an il @
&rg?’ :{E) =427
[puk=n il L

T
HOCJ’ICI[HCG 3HAYCHUC apryMeHTa 4uciia £ COBIIAAacT C IIEPBBIM IIPU k=0.
I/ITaK, KOpPCHb n-OM CTENEHM M3 KOMILJICKCHOI'O 4YHCJIa UMEEM 1 — Pa3JIMYHBIX 3HAYCHMH.

P
Tpy BHIYKCIICHHH 3HaUYeHHi ™Y £ HONB3yI0TCA (POPMYIaMH IPHBEICHHUS:

sin (90° + x) = cos x; Eiﬂ(i 8{36 x f{} =z Siﬂ I; sin (270° = x) = — cos x;
cos (90° + x) = —sin x; EGS{iEOG = I) = —L0s I; cos (270° £+ x) =+ sin x;

1 TaOJIMIIEH:
Tabnnna
T L it 7L
Panman — — — —_
& 4 3 2

I'panyc 30° 45° 60° 90°




sin x i E E
2 2 2
coS x E _E i
2 2 2
1gx % JE -
ctg x Jg ﬁ
3

IIpumep 2. Haiitu Bce 3HaueHUs! KOPHS m

JleiictBUTENbHOE 4MCIO —] MOXHO paccMaTpuBaTh KaK KOMIUIEKCHOE, Yy KOTOpPOTO
JeicTBUTENbHAS YacTh: o = —1, a MHuUMas § = 0, T.e.:

7=-l=-1+1-0

3anuieM 3TO YKHCIO B TPUTOHOMETpudeckoi dopme. st 3TOro HaiineM ero MOayih U
apryMeHT.

2|=for =B J-t|=(-1y <07 =t

P

ik
g=arctg—arg-li=p= arctg—} =arcted
o, - :

Puc. 1.1.3

Tax kxak tge = 0 npu @ = 0 1 @ = 7, IOCTPOUM UYUCIO «—1» HAa KOMIIJIEKCHOM IIIOCKOCTH

(puc. 1.1.3), ero aprymMeHT paBeH
arg(-1)=¢=mn=180°
CJIeZIOBaTeNIbHO, TPUTOHOMETpHUUECcKas opma yrcia «—1» criemayronias:

~1=1{cos{180° + 2k} + Isin(180° + Ixk)]

CornacHo (opmyiie BRIYHCICHNS KOPHS UMEEM:

;
7| 180F+2mb . 1BOS+ 1Rk
Y-1=18 {ces—b —H'Siﬂ—gf

H

KOpeHB IIECTOM CTENEeHH HMMEET IIECTh 3Ha‘-IeHI/II71, KOTOPBIC MOXHO HaﬁTH, €ClIn

NEE

8121 = 1cos30° + isin 30%) = iz

osIoxuTh K paBubM 0, 1,2, 3,4, 5.

[pu k=0
Mo k= 1 41 = 1(0s(30° + 607) + dsin(30° = 60%)} = £
81 = 1(cos(30°+ 120 + {sin (30°+ 120%) = _g il

P — Z
[Mpu k=2 HE 40 HE 40T



RERS

ﬁ/—_z i{;ﬂ@;{&@%—iﬁﬁ’*’) +sin(30% + 18{%%} =—_" —i_
Tlpu k=3 _cas 3 _ sin 30 2 2

§-1 = 1(cos(307+ 2407 + i sin (30° = 240°)) = i
Tlpu k=4 T 7

§/-1 = 1{cos(30° + 360%) + 1sin {30° + 300%) = —£+si

—_ — 22
Mpu k=5 b i &
-t

Bce mects 3HaueHMI KOpHS
Jpyra TOJIbKO 3HAu€HUEM aprymeHra. Ha KOMIUIEKCHOM IUIOCKOCTH OHH pPacloOJOXEHbI B

HUMCIOT OJUHAKOBBLIC MOAYJIM U OTIIMYAIOTCA APYT OT

BEpIINHAX IPABUJIBHOIO IECTUYTOJIbHUKA C LIEHTPOM B Hayajle KOOPAMUHAT.
3agaym 11 caMoCTOSITeIbHOTO perieHusi. HaliTu Bce 3HaueHUs KOPHS.

6.5 —9
7 ji—E
o 3-8+ 83

Pexomennyemas jaureparypa
OcHoBHast iuTEepaTypa:

1. DnemeHTHI BhICIIEH MaTeMaTukd : yueoHoe nmocooue s CI1O / B. U. benoycoga, I'. M.
EpmaxoBa, M. M. Muxanesa [u ap.] ; nog penakuueir b. M. BeperenHukoBa. — 2-€ 3. —
Caparos, ExatepunOypr : [IpodoOpazoBanue, ¥Ypanbckuii penepanbHelii yausepcuret, 2019. —
296 c. — ISBN 978-5-4488-0395-6, 978-5-7996-2795-9. — TekcT : SJCKTpOHHBIA //
DneKTpOHHO-OMOIMOTEeYHAs cucrtema IPR BOOKS : [caiiT]. — URL:
http://www.iprbookshop.ru/87794.html.

2. Anexkcees, I'. B. Bricias matemaTtuka. Teopust u mpakTuka [DIeKTpOHHBIA pecypc] :
yuebnoe mocobue mis CIIO / I'. B. AnekceeB, . . XonsgBuH. — DIEKTPOH. TEKCTOBBIE
nanable. — Capatos : [Ipodo6pazoBanue, At [Iu Op Menua, 2019. — 236 c. — 978-5-4486-
0755-4, 978-5-4488-0253-9. — Pexxum noctyna: http://www.iprbookshop.ru/81274.html.

3. Pacromunaa O.M. Beicmias matemaTuka [DJeKTpoHHBIA pecypc] : mpakTukym / O.M.
PacromunmHa. — DnekTpoH. TekcToBble naaHHble. — M. : MOCKOBCKHMI Meaarornueckuit
rocygapcTBeHHbli ynusepceutet, 2017. — 138 ¢. — 978-5-4263-0534-2. — Pexum noctymna:
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