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Meroanueckue ykazaHUsl ISl NPAKTUYECKUW 3aHATUN 1O JUCHUIUIMHE «JIEMEHTBI
BbICIIE MaTeMaThku» cocTaBiieHbl B cooTBeTcTBUM ¢ DPI'OC CIIO. IlpennazHauensl st
CTyeHTOB, oOyuatommxcst mo crneuuansHoctd 09.02.07 WHbopmalMoHHBIE CHCTEMBI U
MIPOrpaMMHUPOBAHHUE.



IMosicHuTEIbHASA 32ANIMCKA

J{1s1 MHOTHX CTYZ€HTOB 3HAYUTENbHYIO TPYIHOCTh MPEACTABISAET PEIICHUE 3a1a4.
[TosTOMy B TaHHBIX METOAMYECKUX YKA3aHUSAX IJIaBHOE BHUMAHUE YJIEJICHO PEIICHUIO THUIOBBIX
MPUMEPOB U 3a7a4, NOSCHSIOIIMX TeopeTHuyeckud martepuan. OIHAKO MpexXae 4eM HayaTh
pemaTrb 3TH MPUMEPbl HAZ0 JOOUTHCS TOJHOW SICHOCTH B MOHMMAHHMU COOTBETCTBYIOLIMX
TIOHATHM.

B Hauazne ka0l TeMbl KpaTKO M3J1aratoTcsi OCHOBHBIE TEOPETUUECKUE CBEICHUS
(onpenenenus, (Gopmyiel), HEOOXOMUMBIE IJIS PELICHUs MOCIEAYIOMHUX 3aaad. [IpuBonsTcs
pEIIeHNs] TUIIOBBIX IPUMEPOB U 331a4. JlaroTcs ynpaXHEHNUs Ha 3aKpEIICHUS TEMBI.

BrinonHenue cTyieHTaMu IPaKTHYECKUX padOT HANIPABIEHHO Ha!
- 00001IeHNe, CHCTEMAaTH3alINIO, YTITyOJIeHNHe, 3aKPETICHHE TTOTYYSHHBIX TEOPETHIECKUX
3HAaHUU 110 KOHKPETHBIM TEMaM;
- (poopMUpOBaHNE YMEHUU MPUMEHSTH MOJYUYEHHbIE 3HAHUS HAa MPAKTUKE U pealn3aluio
€IMHCTBA MHTEIUIEKTYaJIbHOW U IPAKTUYECKOH EATEIbHOCTH;
- pa3BUTHE HMHTEUIEKTyaJIbHbIX YMEHHUH y OyIylIMX CHENHaIUCTOB: AHAJUTHYECKUX,
MIPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX H JIP.;
- BBIpaOOTKYy NpHU pPEUIeHUH IMOCTABJIEHHBIX 3a7[ady TaKuX NMPOQecCHOHAIBHBIX KauecTB,
KaK CaMOCTOSATEIbHOCTh, OTBETCTBEHHOCTb, TOYHOCTh, TBOpYECKAsi HHUIIMATUBA.
B pe3ynbraTe ocBoeHHs y4eOHOM TUCIUILUIMHBI 00YYarOIIUiCs TOIKEH YMeThb:
- BBIIIOJIHATH ONEpPAlMM HaJ MaTpULaMU M pPEIIaTh CHUCTEMbI JIMHEHHBIX
YpaBHEHUH;
— OPUMEHATh  METOAbl  nudepeHuanbHOr0o ¥ HWHTErpPalbHOTO
VCYHCIICHUS;
- pemath auddepeHuaIbHble YPaBHEHHUS;
B pesynbpTaTe ocBoeHMSs YUeOHOM TUCIUTIIIMHBI 00YYaIOIIUIACS TOKEH 3HATD:
- OCHOBBI MaTeMaTUYECKOTO aHAJIHM3a, JMHEWHON anreOpbl U aHATUTHYECKOU
reOMETPHUH;

- OCHOBBI ,Z[I/I(I)(I)CPGHI_II/IB.JIBHOFO " UHTCTPAJIbHOT'O UCUUCIICHUS.

IIpakTHyeckas padora Ne 1

Tema: MaTpuubl

Heab: HayuuThCs BBIYUCIATH OTMIEPAIlUN HAJl MATPUIIAMHU.

Teoperudecknii 6,10k Onpenenenue. Marpuliield U3 m CTPOK, n CTOJIOIIOB HA3bIBACTCS
MPSIMOYTOJIbHAS TaONMWIla YHCEN ; - DJIIEMEHT MATpPHIBI; 1-HOMEp CTpPOKH; i=1,...,m; j-HOMEep
cTosbma, j=1,...,n; m, n — TOpsSAKU MaTpuIlsl. [Ipm m=n - KkBaipaTHas MaTpHIIA.

Omnpenenenne. OnpeaenuTesieM n-ro MoOpsIKa, COOTBETCTBYIONINM MAaTpPHUIIE, HA3BIBACTCS
YHCII0.

JIJist BBIYUCIICHUST OTIPEICITUTENSI MOKHO MCTIOIB30BATh JIEMEHTHI MPOU3BOJILHON CTPOKH
WJIU CTOJIOIIA.

Onpenenenne. AnreOpandecKuM JIOMOJIHEHUE 3JIEMEHTa Ha3bIBAETCS YUCIIO, PABHOE .

Onpenenenue. JoMoOAHUTENBHBIM MHHOPOM  3J€MEHTa  MaTpUIbl  Ha3bIBAeTCS
OTIPECTUTENIb MATPUIBI N-1-TO TIOpsAIKA, MOJYYCHHBIM W3 MaTPUIBI BBIYCPKUBAHUEM 1-OH
CTPOKH H }-TO CTOJIOIIA.

TpaHCITIOHHpPOBAHME MATPHIIBI — TAKOE TIPEOOPA30BAHUE MATPHIIBI, TIPU KOTOPOM CTPOKH
CTaHOBATCS CTOJIOIIAMU C COXPaHEHUEM TOPSIKA CIICJOBAHMUS.

CBolicTBa ONpeeTuTeNeH.

[Tpu TpaHCTIOHUPOBAHUU MATPUIIBI ONPEIEIUTENh HE MEHSIETCS.

[Tpu nepectaHoOBKE JHOOBIX IBYX CTPOK (CTOJOIIOB) ONpEAETUTENh MEHSIET TOIbKO 3HAK.



[Tpu ymMHOKEHHH CTPOKH (CTOJOIIa) HA HEKOTOPOE YUCIIO ONPEICIUTENb YMHOXKACTCS Ha
9TO YUCJIO.

Benuunna omnpenenurtenss He H3MEHSETCS, €CIU K DJEMEHTaM HEKOTOpPOW CTpPOKHU
(cronbua) npubaBUTH COOTBETCTBYIOIINE JIEMEHTHI APYTON CTPOKH (CTOJIONA), YMHOKEHHOH Ha
HEKOTOPOE YHCIIO.

Omnpenenurens paBeH HYJIIO, €CIIH

- BCE€ DJIEMEHThI HEKOTOPOM CTPOKH (CTOJIO0LA) paBHBI HYIIIO.

- IB€ CTPOKH (CcTONIO1a) OMHAKOBBI.

- IB€ CTPOKH (CTOJIOIA) OMpeaeIuTeNs IPOIOPLUOHATIbHEI.

MeToab! BBIYHCICHUS ONPEaeIIUTENeH.

1). PaznosxeHue mo CTpoKe WK CTOJOIY.

2). Metoxn oOpaiieHus B HyJb BCEX, KPOME OJIHOTO, AJIEMEHTOB CTPOKH MJIM CTOJIONA.
MeTtoa COCTOMT B TOM, YTO C YYE€TOM CBOMCTB OIPENENIUTENs IMPH TOMOIIM KaKOro-au0o
cTonbna (CTpokHd) MyTEM YMHOXEHHUS €ro Ha COOTBETCTBYIONIME YHCIA W BBIUUTAHUS W3
OCTaJIbHBIX CTOJOIOB (CTPOK), 3aHYJISIOTCS BCE DJIEMEHTHI BRIOPAHHOHN CTPOKH (CTOJIOA) KpOMe
OJTHOTO, TIPUHA/IJICHKAIIETO BEIYUTAEMOMY CTOJIOITY (CTpPOKE).

3). Meron mnpuBeneHHs K TpPEYroJbHOMY BUAY. AJTOPUTM, MPEAJIOKEHHBIM B
MpeIbIayIleM IyHKTe, HCIOJb3yeTcs ISl MOCIeI0BAaTENIbHOTO 3aHYJIEHHUS BCEX JJIEMEHTOB
MepBOI CTPOKH (CTOIOIA) KPOME OJTHOTO, BTOPOM CTPOKH (CTOJIONA) — BCEX KpoMe ABYX | T.1. B
UTOTE OMpEeNeNUTeNb npeoldpa3yercs K TpeyroJbHOMY BHUIy. BennmunHa Takoro ompenenuTens
paBHa MIPOU3BEACHUIO DIIEMEHTOB TJTABHOM THAarOHAIH.

4). Bpluucrnenue ¢ HUCHONB30BaHHWEM TeopeMbl Jlammaca, cormacHO KOTOpPOM
OTpeeNUTeNb - 0 MOpPAJKAa paBeH CyMMeE MPOM3BEACHHMI BCEX €ro MHUHOPOB -TO TOPSJIKA,
CTOSILIMX B BBIIETIEHHBIX CTPOKax (CTonOLax), HAa UX anredpanvecKue TOMOTHEHHS.

Martpuiisl, onepanuu HaJl MaTpULIaMU

Onpenenenue. CyMMOil MaTpull OJHOTO HOpPsIKA Ha3bIBAETCSl MaTpula c
AIIEMEHTaMH , T/Ie

Omnpenenenue. [IpousBeneHrneM MaTpUIbl Ha YHCIO Ha3bIBaeTCS MaTpulla TOTO Ke
MOPSAKA C DIEMEHTAMH .

Omnpenenenue. IlpousBeneHreM MaTpullbl  Ha MaTpHUIly HA3bIBae€TCs Marpula C
3JIEMEHTaMH , 1€

3agaHus 105 pelieHus Ha 3aHATHH

-9 o (8 -6 1]
i
Onpexemnre un matpu: | 1 210 4 =6
[all (2 5 7|
s |—9 8 44
32 1 12]4l0/]50112 =5 6
|6 —4 0 -1
‘ 3 =2 -2 5
Haiitn 3A+2B, eciiu A= =1 5]  B=" 4 0
[ 2 _l|‘ - EII II_? _4I||
Haiitu 2A+3B-C, ecoin A=~ ‘51 0/ c=\18 —8
—1 —3|‘
Haiitu A’- 3A+5E, ecau A—' Z
HaiiTu npounsBeienne MATPHIIL:
2 31 | |
0 -2 (1 -1 03 |

I)A: |_—1 4| u B= |_2 1 —2—41



1 2 0-1l

(1 2 -3 2 1 1—2‘
)A=16 0 2| ,p-13 1 02
'U 1|
3) A= S 05 3 I/IB_ L9

Yo6eaurech, uto AB # BA, ecan:

: 1"|\
1)A=12 3]
1 -1 0 1
‘—1 0 2 ‘2 -1 1
2)A='-D -2 1|| p=!1 0 =7
1 -3 20 |2 5 sl
3 -4 1 |l 2 5‘
3)A='-2 -5 3] p_11 3 2
BoryucauTes onpeaeuTem:
4 =5 cosx  sinx a+e @ a* as
1) 3 =3 2) —SinX  Cosx 3) a—8|| 4) as &
23-34 3—-142
1 2 3 2 0 0 2 3 -4 21-12 5201
4 5 6 0 5 0 > 6 7 6210 021-3
5)?896)00—47)3038)2305 9)5293
JlomaniHee 3aganue
5 8 —4 3 2 sl
A=l6 9 -5 4 =1 3
Haiitu npousseneHrne MaTpuL: 4 7 -3 uB= 9 6 3
1234
5678
9101112
13141516

Bpruncnuts onpenenuTens:

IIpakTnyeckas padora Ne2

Tema: Onpeneanrtesnn

Heas: HAy4YUTHCA BBIUUCICHUIO OMPEACIUTENCH, BBIUUCIATH OOPATHYIO
MaTpuLy

TeopeTnueckmnii 0J10K Omnpenenenue. Omnpenenurenem n-ro Hops/Ka,
COOTBETCTBYIOIIUM MaTPHIIE , HA3BIBACTCS YHCJIO .

JIJist BBIYUCIICHUST OTIPEICITUTENSI MOKHO MCTIOIB30BATh AJIEMEHTHI MPOU3BOJILHON CTPOKH
WJIU CTOJIOIIA.

Ornpenenenne. AnreOpandecKuM JIOMOJIHEHUE 3JIEMEHTa Ha3bIBAETCS YUCIIO, PABHOE .

Onpenenenue. JoMoOAHUTENBHBIM MHHOPOM  3J€MEHTa  MaTpUIbl  Ha3bIBAeTCS
OTIPECTUTENIb MATPUIBI N-1-rO TIOpsAIKA, MOJYYCHHBIM W3 MaTPHUIBI BBIYCPKUBAHUEM 1-OH
CTPOKH H }-TO CTOJIOIIA.

TpaHCITIOHHpPOBAHME MATPHIIBI — TAKOE TIPEOOPA30BAHUE MATPHIIBI, TIPU KOTOPOM CTPOKH
CTaHOBATCS CTOJIOIIAMU C COXPaHEHUEM TOPSIKA CIICJOBAHMUS.

CBolicTBa ONnpeneTuTeNe.

[Ipu TpaHCTIOHUPOBAHUU MATPHUIIBI ONIPENETUTENh HE MEHSIETCS.



[Tpu nepectaHoBKe JHOOBIX IBYX CTPOK (CTOJOIIOB) ONpEAETUTENh MEHSIET TOIbKO 3HAK.

[Ipu ymMHOXeEHUH CTPOKHU (CTONIOIA) HA HEKOTOPOE YUCIIO OMpPeIeIUTeNh YMHOKASTCS Ha
3TO YHCIIO.

Eciu Bce COOTBETCTBYIONIME DJIEMEHTHI KBAJpPaTHBIX MATPHIl OJHOTO TMOpPSAKA
OJIMHAKOBBI, 32 UCKIIOYEHHEM 3JIEMEHTOB OJIHOM 1-0i CTPOKH, TO

Benuunna ompenenutens HE W3MEHSETCS, €CIIM K DJJEMEHTaM HEKOTOPOH CTpOKHU
(cronbia) mpubaBUTH COOTBETCTBYIOIINE SJIEMEHTHI JPYTON CTPOKHU (CTONOIA), YMHOKEHHON Ha
HEKOTOPOE YHCJIO.

Onpenenurens paBeH HYIIO, €CIIU

- BCE DJIEMEHTHI HEKOTOPOH CTPOKH (CTOJIONA) paBHBI HYITIO.

- IB€ CTPOKH (CTOJOI1a) OTUHAKOBBI.

- IB€ CTPOKH (CTOJIOIA) OMPEASTUTENS IPOTIOPIIUOHATBHBI.

MeTo/1bI BBIYHCIICHUS ONIPEICTUTEINCH.

1). Paznoxenue mo cTpoke WiIu CTOJIOIY.

2). Meron oOpailieHusi B HYJIb BCEX, KPOME OJIHOTO, RJIEMEHTOB CTPOKH WJIM CTOJOIIA.
MeToT COCTOMT B TOM, YTO C yYE€TOM CBOKMCTB ONPEICIUTENS MPH TOMOIIH KaKOTro-JIHOO
cTosbra (CTpoKHd) MyTEM YMHOXKEHHUS €r0 Ha COOTBETCTBYIOIIME YHCIA U BBIUUTAHUS W3
OCTaJIHBIX CTOJIOIOB (CTPOK), 3aHYJISIOTCSI BCE AJIEMEHTHI BEIOpAHHOM CTPOKH (CTOI011a) Kpome
OJTHOTO, TIPUHA/IICHKAIIETO BEIYUTAEMOMY CTOJIOITY (CTpPOKE).

3). Merox mnpuBeACHHS K TPEYroJbHOMY BHUIY. AJITOPUTM, TMPEIJIOKEHHBIA B
MPEIBIIYIIeM ITyHKTE, HCIOIb3yeTCs JUIS TOCICIOBATSIIBHOTO 3aHYJICHHUS BCEX JJICMECHTOB
MepBOI CTPOKH (CTOIOIA) KPOME OJTHOTO, BTOPOM CTPOKH (CTOJIONA) — BCeX KpoMe IBYX | T.1. B
UTOTE OMpEeNeNUTeNh npeoldpa3yercs K TpeyroJbHOMY BHIy. BennunHa Takoro ompenenuTens
paBHa MPOU3BEJCHHUIO JIEMEHTOB IIABHON IHOTOHAIIH.

4). BeplunciieHHe C HCIOJIB30BaHMEM TeopeMbl Jlammaca, COTJIaCHO KOTOPOW
OTpEeAECTUTENb - 0 TMOPAJKAa PaBeH CyMME MPOM3BEACHHI BCEX €r0 MHUHOPOB -TO TOPSJIKA,
CTOSILIMX B BBIICTICHHBIX CTPOKax (CToi0Lax), HAa UX alnredpanveckue TOMOTHEHHUS.

3aganus NJiA pelieHUs HA 3AHATUHN

TpaHcIOHMPOBATH MaTPULIBIL:

| | 15 -3 1
|'U —2‘| —1 -1 0
A= |_1 4 A 2) B= | 0 7 J.
Brruucnuth 00paTtHy0 MaTpHILy, BEITOTHUTE TPOBEPKY:
- 2 -3 1 3 -4 5|
|'1 7 ‘3 1 0 2 -3 1
1. A=|_3 4_| 2)B:|J. 1 J. 3)C=|3 -5 —1]
4 1 1l 2 1 -1l
1 3 1J 3 2 -2
4)D='-l 1 2] 5)F='-l -1 2|

I[OMaHIHee 3aJaHue
Brruucnuth 00paTHy0 MaTpHILy, BEIOJHUTE IPOBEPKY:
| | 2 -1 1!
-1 2 3 2 -1
. A=173 4l gp=12 0

IIpakTHyeckas padora Ne3
Tema:Pemenue cucreM JIMHEeHHBbIX YPABHEHHH.



Heab: npuoOperenne ©6a30BbIX 3HAHUKW B 00IacTH (PyHAAMEHTAJIbHBIX pPAa3fesioB
MareMatuku. IIpoBepka yCBOEHUSI 3HAHMM 10 CHUCTEM N JMHEHHBIX YpaBHEHHM € n
nepeMeHHbIMH 110 ¢popmynam Kpamepa. TloBTOpuUTh U cUCTEMAaTU3HPOBATh 3HAHUS MO JaHHON
TEME.

3anauu:

* pa3BHTHE TBOPUYECKOTO MPOPECCHOHATBHOTO MBINIICHHUS;

* I03HaBaTEeIbHAs MOTUBALINS,

* OBJIJICHUE S3bIKOM HAYKH, HABBIKU OIEPUPOBAHUS TOHATHUSIMU;

* OBJIaJICHUE YMEHUSIMU U HAaBBIKAMH MOCTAHOBKH M PEILIECHUS 3a/1a4;

* yriry0JeHre TeoOpeTHIeCKON U MPAKTUUECKOM MOArOTOBKHY;

* pa3BUTUE MHULIMATUBBI U CAMOCTOSITEIbBHOCTHU CTYJIEHTOB.

X0 MpaKTUIECKOTO 3aHSTHSI.

1.®opMyMpoBaHHE TEMbI 3aHSTHS, TTOSICHEHUE CBSI3U TEMBI C IPYTUMH TeMaMU YIeOHOM
JUCITUTUTHBI,

2.IlpoBepka rOTOBHOCTHU CTY/ICHTOB K 3aHATHUIO;

3.IlpoBeneHue HEMOCPEICTBEHHO 3aHATHSA COTJIACHO TEMAaTWKE M B COOTBETCTBUHU C
pabodeii mporpaMMOoi TUCITUTUTHHEI:

» N3yunth Teoperndeckuili Matepran no teMe «CHCTEMBI n JIMHEHHBIX YPaBHEHUU C h
MIePEMEHHBIMI.

» PaccMoTpeTh mpuMepsl peleHus TUITOBBIX 3aJaHUil.

» BeimomHUTE camocTosaTensHyto padoty o pemenuio CJIAY.

» OTBETUTH Ha KOHTPOJIbHBIE BOTIPOCHI.

TeopeTnueckue cBeEHHUSI U METOIMYECKUE PEKOMEHAAIINN

0 PENICHHUIO 3a/1a4.

Meron Kpamepa.

(I"'a6puens Kpamep (1704-1752) mBeiinapckuii MaTeMaTHK )

JlaHHBIN METOJ TakKe MPUMEHHM TOJIBKO B CIy4yae CHCTEM JIMHEWHBIX ypaBHEHUH,
I/ YUCIIO TIEPEMEHHBIX COBMAJaeT C YHCIOM ypaBHeHH. Kpome Toro, HeoOXoauMoO BBECTH
orpaHuyeHus Ha KO3PGuIueHTs cuctemMbl. HeoO0xoaumo, yToObl BCE ypaBHEHUS OBLIN JIMHEHHO
HE3aBHCHUMBI, T.€. HU OJIHO YPaBHEHHE HE SIBIISUIOCH ObI JINHEHHOM KOMOMHAIIMEH OCTATbHBIX.

Jiist 3TOr0 HE0OX0IMMO, YTOOBI OTIPEACIUTENIb MATPHIIBI CHCTEMBI He paBHsuICA 0.

det A = 0;

JleficTBUTENTHLHO, €CM Kakoe- JTMOO ypaBHEHUE CHCTEMbl €CTh JIMHEHHas KOMOWHAIIMS
OCTaJbHBIX, TO €CIM K DJJIEMEHTaM KakKoh- JMOO CTPOKM NpUOaBUTH 3JIEMEHTHI JIPYTOW,
YMHO>KEHHbIE Ha KaKoe- TUOO0 YHCII0, C TOMOIIBIO TUHEHHBIX MPe0Opa30BaHU MOXKHO MOTYYHUTh
HYJIEBYIO CTpOKY. OIpeneauTens B 3TOM cilydae 0yJeT paBeH HYJIIO.

Teopema. (ITpaBuno Kpamepa):

Teopema. CucteMa U3 n ypaBHEHUM C N HEU3BECTHBIMU

B Cllydae, €l ONpeeNIUTEb MATPUILIBI CUCTEMBI HE PaBEH HYIIIO, UMEET €AMHCTBEHHOE
pElIeHre U 3TO PelIeHHe HaXOAUTCs 10 hopMyiam:

X1 = Al, raeA/

A =det A, a Ai— ompenenuTeab MaTPHUIIBI, MTOJYy4aeMON U3 MaTPHUIbI CUCTEMBI 3aMEHOM
cTosb1a i cToI010M CBOOOIHBIX YJIEHOB bi.

Al =

[Tpumep.

AA=; 1A=; 2A=; 3=;

x1A = 1/detA; X2A = 2/detA,; x3A = 3/detA;

[Ipumep. Haiitu penieHne CUCTEMBI YpaBHEHUN:
==54-9)+2-12)-(3-8)=-25-10+5=-30;A

Al = =(28-48)—(42-32)=-20—-10=-30.



xIA=1=L;A/
A2= =5(28 —48) — (16 — 56) = -100 + 40 = -60.

X2A=2=2;A/
A3 = =5(32—42)+ (16 — 56) = -50 — 40 = -90.
x3A=3=3.A/

Ecnu cucrema omHoponHa, T.e. bi) cuctema uMMeeT €IUHCTBEHHOE HYJEBOE
pemenue x2ZA =0, Tonpu 1 =x2=... =xn=0.
= (0 cuctema uMeeT OECKOHEYHOE MHOXKECTBO pemeHuid. Allpu
Jl71s caMOCTOSITENIBHOTO PELICHMUS:
OtBer: x=0;y=0;z="-2.

»KOHTpOJIbHBIE BOITPOCHI:

1.CucremMa u3 “m’” JUHEHHBIX YPAaBHEHUH C “‘n”’ HEM3BECTHBIMU.
yp

BekTopHo-MaTpuuHas ¢popMa 3ammcH.

2.PacipeHHast MaTpuiia CUCTEMBI.

3.01HOpOIHBIE U HEOJHOPOIHBIE CUCTEMbI YPaBHEHHUM.

IIpakTH4eckas padora Ned

Tema:Pemenue cucrem JMHeiHbIX ypaBHeHuid o ¢popmyaam Kpamepa.

Heab: npuoOpereHre ©0a30BBIX 3HAHUM B 00jacTH (PyHAaMEHTAJIBHBIX Pa3/IesoB
MatemaTuku. IIpoBepka ycBOeHMS 3HAaHMI 10 CHCTEM N JIMHEHHBIX YPAaBHEHMH C n
nepeMeHHbIMH. [IOBTOPUTH M CHCTEMATU3UPOBATh 3HAHUSA 10 JTaHHOU TEME.

3agaun:

* pa3BUTHE TBOPUECKOTO MPO(HECCHOHATFHOTO MBILICHHS;

* [I03HABaTeIbHAsI MOTUBALMS;

* OBJIQ/ICHUE S3bIKOM HAYKH, HABBIKU OIIEPUPOBAHUSI IOHATUSIMUY;

* OBJIQ/ICHNE YMEHUSMHU U HaBbIKaMH IIOCTAHOBKH M PEIICHUS 33/]a4;

* yriry0JeHre TeOpeTUYeCKON U MPAKTUYECKOM MOArOTOBKHY;

* pa3BUTHE MHUIMATHUBBI U CAMOCTOSTEIBLHOCTH CTYJCHTOB.

X0/ MpaKTUYECKOT0 3aHATHUS.

BrInoHUTE caMOCTOSITENBHYIO PA0OTyY IO PEIIEHUIO CUCTEM N JIMHEHHBIX YPaBHEHUII C n
nepeMeHHbIMH 110 popMmysiam Kpamepa.

Bapuanr 1 Bapwuant 2

1. l.
{z+y+z=4z+2y+32=Tax+y+52 ={2z4+y—22=1lx—y+32=43z+y+2z2:

2. 2.

{3z —2y—z=0z+4+3y—22=04c+y+2z{z+y—-2:=022—-3y+2=02x—-2y—=z

»KoHTpOJIbHBIE BOITPOCHL:

1.Pemenre oTHOPOIHOM M HEOTHOPOIAHOM cUCTEM METOAOM ['aycca.
2.OIHOPOIHBIE CUCTEMBI U UX CBOMCTBA.

3. OKBHBAJICHTHEIC CUCTEMBI.

IIpakTnueckoe 3ansitue Ne 5

Tema: Onepauuu HaJ BeKTOPpaMH

Hens: Hayuuth cTygeHTa UCHONB30BaTh CBOMCTBA JIMHEWHBIX OMNEpaluid ¢
reOMETPUYECKUMHU BEKTOPaMH, CKaJSIPHOTO TPOU3BEICHMSI BEKTOPOB [UIsl pEIICHUs 3a]ad
BEKTOPHOM anreOpsl

TeopeTnueckuii 010K



B ¢usuke, MexaHuke, XHMMHUHU BCTPEHYAIOTCS BEJIWYMHBI, KOTOpBIE HOJIHOCTHIO
XapaKTepU3ylTCsd TOJbKO YHCIOBBIM 3HaueHueM (ckamsgpom). Hampumep, wmacca Tena,
KOHIIEHTpalLUsl pacTBOpa, JaBJIEHUE ras3a, TeMIleparypa U T. 1. Takue BEIMYUHBI Ha3bIBAKOTCS
CKaJIIpHBIMHU. BMecTe ¢ TeM, JUIs 3aJJaHUs CKOPOCTH, CHJIbI, YCKOPEHUsI HEOOXOIUMO 331aTh He
TOJIbKO MX YHMCJIOBOE 3Hau€HHe, HO U HalpaBlieHHe JEeHCTBHs B IPOCTpaHCTBE. Takue BeTUUMHbBI
Ha3bIBAIOTCSl BEKTOPHBIMHU.

BEKTOPHAS AJI'EBPA — pa3gen BEKTOPHOIO HCUHUCIEHMS, B KOTOPOM H3Yy4arOTCs
IpocTeiiine onepanuu HaJl (CBOOOIHBIMH) BEKTOPAMH.

Onpenenenne 1. I'eomMeTpudyecKMM BEKTOPOM Ha3bIBA€TCSl HANpABICHHBIA OTPE30K

IPSIMOH, T. €. OTPE30K, A KOTOPOro yKa3aHbl OTpaHMYMBAIOLIME €r0 TOYKA Hayaja M TOYKa
KOHI[a BEKTOpA.
Ecnu Touka A — Havano BEKTOpa, a Touka B — KoHel| BeKTopa, TO BEKTOp 0003HavaeTcs

A A &
CHMBOJIOM ABI BexkTops! Takke 0003HAYAOTCSI MAJIBIMH JIATHHCKUMHU OYKBaMU: a.b.c U T I
b
—
a
AT EF
/"
[
A

Puc. 1.
Onpenenenue 2. Yuco, paBHOE UIMHE BEKTOPA, HA3BIBACTCS €I0 MOJIYJICM.

L
T 45
Monynb BekTOpa 43|0603HaqaeTcsI CHUMBOJIOM .
BexTop, MOAy b KOTOPOTO PaBEH HYJIIO, HA3bIBAETCS HYJIEBBIM BEKTOPOM U 0003HAUaETCs

1 —
CHUMBOJIOM 'I(H _u‘). HyneBoMy BeKTOpy MOXKHO TMpHIHCaTh J100Oe HampaBieHue. Bce
HYJICBBIC BEKTOPHI PAaBHBI APYT JIPYTY.
Omnpenenenre 3. BeKTOpbl HA3BIBAIOTCS KOJUIMHEAPHBIMU, €CIIM OHH MapaieIbHbl OJHON
npsiMoit (puc.2).

Puc. 2.a Puc. 2.0

B D B Cc
/ / - .
A C A D Ecnmu nBa BekTopa A‘BII/I CdKOJIJII/IHeapHBI, TO 3TO

48| |CD|
0003HavaeTcss CIEAYIOIUM 00pa3oM: . Bexropel, u3obpakeHHBlE Ha puc. 2.a,

L1 11 Illm-
HAa3bIBAKOTCA COHAIIPABJICHHBIMU, 0003HaYaeTcs TaK AB I(:"I“I““.I, a BCKTOPHI, I/1306pa)KCHHBIe Ha
puc 26, HAa3bIBAIOTCS IIPOTHUBOIIOJIOXKHO HAIIPABJIICHHLIMU. CHUMBOIMYECKHA 3TO 3alHCHIBACTCS

rax 48 N.CD|

3ameuanue. CoHanpaBi€HHbIMH M HPOTHBOIOJIOXKHO HANpPABICHHBIMH MOTYT OBITh
TOJIBKO KOJUIMHEAPHBIE BEKTOPBI.

Tak kKak HyJIeBOI BEKTOp JIKHUT Ha JIF0OOOH MPSMOH, TO, MO OMpPEACIICHUIO, OH CYUTACTCS
KOJUIMHEAPHBIM JIF00OMY BEKTOPY U NMEPIEHANUKYIISIPHBIM JIFOOOMY BEKTODY.

Omnpenenenre 4. BekTopbl Ha3bIBAIOTCSI KOMILJIAHAPHBIMU, €CJIM OHU NapajuleIbHbl OHON

IIJIOCKOCTH.

- L.
Onpenenennie 5. JIBa BekTopa ABII/IGd HAa3bIBAIOTCS PABHBIMHU, €CJIM BBIIOJIHEHBI
CJIEYIOIINE YCIOBUS:

1. MoOIynu 3THX BEKTOPOB PAaBHBI;
2. BEKTOpBI COHAIIPABIICHBI.
CHMBOIMYECKHU 3TO ONPEEICHUE MOYXKHO 3aIHCaTh CIEAYIOIINM 00pa3oM:



wm um  [l4B]= CD|
ABTTCD.

| R |
Eciu CUHUTAaTh, YTO HA PUCYHKC 1 BCKTOPLI JICXKAT B OJHOM IIJIOCKOCTH, TO ﬂ=ﬂl, TO €CTb

A A A LT 1§
41/1 ‘:I- pa3Hbie 0003HAYEHHS OJIHOTO U TOTO K€ BEKTOpa. BekTopsl EII/I ABipy paBHBIX JIMHAX
HE paBHEI IPYT JPYTY, TaK KaK IMCIOT pa3HbIC HAIIPABJICHUS.

Takum oOpa3om, Ui 3afaHus JIOOOTO BEKTOpa JOCTATOYHO yKa3aTh €ro MOAYJIb U
HarpaBiIeHue, He (UKCHPYS TOYKY MPHIOKEHHS (HA4YajJ0 BEKTOpa MOXKET HAXOAUTHCS TJIe
yronHo). Mcmone3ysi omnpeneneHHe paBeHCTBA BEKTOPOB, TAaKOW BEKTOpP BCErAa MOXKHO
MEPEMECTUTH TOCTYIATENFHO, C TIOMOILIBIO MApaLIENIFHOTO TIEPeHOCca, B TPeOyeMyr0 TOUKY
MIPOCTPAHCTBA.

3ameuanwne. MHOrma cB0OOa BEKTOpA OTPAHNYMUBACTCS, HATIPUMED:

a) ecliM KpoMe BEKTOpa 3a/laHa €ro TOYKa MPUIIOKEHHS, TO OH Ha3bIBACTCS CBS3aHHBIM
(pammyc-BeKTOD);

0) ecimu KpoMe BEKTOpa 3a/1aHa €ro TOYKa HalpaBJICHUs, TO OH HA3bIBACTCS CKOIB3SAIINM
(BEKTOp YIJIOBOW CKOPOCTH PACITOJIONKEH IO OCH BpaICHUS);

B) CBOOOJIHBIN BEKTOP HE OTPAaHUYEH HUYEM.

B nanbHeiimem, eciii 3TO HE OrOBOPEHO CHELMaIbHO, MBI OyJeM TOJIb30BaThCS
MOHSITHEM CBOOOIHOTO BEKTOPA.

LT Y
Jlnis mo6oro BeKTOpa ABIonpezleJmM MIPOTUBOMOJIOXKHBIA €My BEKTOp, 0003HauaeMbIit

B4

, TaKOfI, 4TO MOAYJIHU I3THUX BEKTOPOB pPaBHBI, OHHU KOJUIMHCAPHBI, HO IIPOTHUBOIIOJIOXKHO

i ! 1
HarpaBJeHbl. BEKTOp, IPOTUBONOJIOKHBINA BEKTOPY 4, 0003Ha4Yar0T —4.
Puc. 3

1 1 1
Ecnu B mpocTpaHCTBE 3a/1aHbI JBa BEKTOpA 41/1 EITO, UCTIONB3Ys OTpe/IeTICHNEe PAaBeHCTBA
BEKTOPOB, UX MOYKHO MPUBECTH K OJTHOMY Hadaly (puc. 3).

Puc. 3.
1 1 1 1
Torma yrioMm Mexay BEKTOpamu 41/1 EIHaSBIBaeTCSI Haumenbmid yron j (JI[0,p]), Ha

i 1 A

KOTOPBIN HY>KHO ITOBEPHYTh BEKTOP 4210 COBIIaJIEHUA C BEKTOPOM EI

['eomeTpryecKkrue BEKTOPHI SBJSIOTCS MPEIMETOM TaK Ha3bIBAEMOI'O BEKTOPHOI'O
WCYHCIICHHS, TMOJ00HO TOMY, KaK YHClIa SBJISIOTCS MpeaMeToM apudmernkn. B BekTOpHOM
WCYUCIICHUM HAJl BEKTOPAMHU MPOU3BOMAATCS HEKOTOPHIC OIEPalldh, KOTOPBIC SIBIISIOTCS
MaTEeMaTHYECKUMU a0CTPaKIUsAMU aHAJIOTHYHBIX OIEPalUid, MPOM3BOJAUMBIX C Pa3IUYHBIMU
KOHKPETHBIMU BEKTOPHBIMH BEIMYMHAMHU B (pHU3HKeE.

JIuHEeWHbIC Onepaluy Hajl BEKTOpaMHU

JIMHEWHBIMU OmepalysIMyd Ha3bIBAIOT OMEPAIUI0 CII0KEHUS BEKTOPOB M  OIMEPAIUI0
YMHOXKEHUSI BEKTOpa Ha YMCIO (CKajsp). B OCHOBY WX omnpeeneHusl MOJIOKEHbI W3BECTHBIE M3
MCXAaHHUKH 3aKOHBbI B3aHMOHCﬁCTBHH BCKTOpHLIX BCJINYHH — CUJI, CKOpOCTCﬁ nT. O.

1. CnokeHre BEKTOPOB.

1 1
Ecimu AaHbl ABa BCKTOPaA 41/1 EI, TO pacrojararoT Ux Tak, yTOOBI HAYAJIO BTOpPOT'O BCKTOpPA

1 i !
COBIIAJIO C KOHIIOM IIEpBOro BeKTOpa. Torxa cyMMoi BEKTOPOB 41/1 EIHaSBIBaeTCSI TaKOW BEKTOP,


http://pandia.ru/text/category/abstraktciya/

KOTOPBI COEIMHSAET HAyajlo MEepBOr0 BEKTOpa ¢ KOHIOM BToporo (puc.4). Takoe mpaBuio

CJIOKEHUSI BEKTOPOB HA3bIBAECTCS MPABUIIOM TPEYTOJIbHUKA.
AHaJOTMYHOE TMPaBUIO CIOXKEHHUS (IPaBUJIO MHOTOYTOJbHUKA) JACUCTBYeT U JUIA

HECKOJIbKMX BEKTOPOB (puc. 5).

Z

z
4

7
+E BB iR

Puc.4 Puc.5

Ecnun nBa BekTopa NHpuBEAEHB K OJHOMY Hadaly, TO HX CyYMMOH OyJeT BeKTOp,
00pa3oBaHHbBII JAMaroHajlbl0 MapajuleJorpaMma, MOCTPOEHHOIO Ha 3THX BEKTOpax KakK Ha
CTOpPOHAX, M BBIXOJAIIMK W3 o0mero Havana (puc. 6). ITO MPaBUIIO CIIOKEHHS BEKTOPOB

Ha3bIBACTCA IIPAaBUJIOM IIapaJlICjIorpaMma.

7

Puc. 6
W3 BBEJICHHBIX BBIIIE MPABHII CIIOKEHUSI BEKTOPOB BBITEKAIOT CIICAYIOIINE CBOMCTBA 3TOM

oreparyu:

1 E+b-5 8 CBOMCTBO KOMMYTaTHBHOCTH OIIEPALIMH CIIOKEHHS;
. b
@) |
: — CBOWCTBO acCCOLMATUBHOCTH OIIEPAIIMH CIOKEHHMS;
3. b+ - ,lj') = EI» HaJIMYUE TPOTUBOIIOIOKHOTO 3JIEMEHTA;

4. £4b- $ — HaJIM4YKE HyJEBOIO 3JIEMEHTA.
2. BelunTanue BEKTOPOB.

1 i 1
Pa3HoCTBIO JBYX BEKTOpOB 41/1 EIHaSBIBaeTCH BEKTOp, PAaBHBIM CyMMe BeKTopaﬁIH

i ! i
BEKTOpa (-EI), MIPOTHUBOIIOJIOKHOIO BeKTopyEI:
Ecnn BekTopbl mpuBeaeHbl K 00IleMy Hayally, TO BEKTOp, PaBHbIIl pa3HOCTH £ _H ,

1 Il
SABIIACTCA BTOpOI\/’I JUaroHajiblo IapajjcjiorpaMma, IMOCTPOCHHOTO Ha BCKTOpax JI/I EIK&K Ha

1|
ctopoHax. [Ipu 3ToM HayanoM 3TOro BEKTOpa sBJSETCS KOHEL] BEKTOpa EI(pI/IC. 7).

Puc.7

3. YMHOXXEHHE BEKTOPA Ha CKAJISP.

1
Onpenenenne 6. HpOI/ISBeI[eHI/IeM BCKTOpa JHa HeﬁCTBHTeHBHoe ypciio | HaspIBaeTcs

i 1 A
HOBBIA BEKTOp, 0003HAUYAEMBIil 14, TaKoOH, 4TO €ro MOAYJb pPaBeH MOJIYJI0 BEKTOpa 4,

I
Aa|=|1]

I
X

i 1 A
YMHOXEHHOMY Ha MOJyJIb yHcha I, T. e. , U BEKTOPBI 41/1 14 coHarmpasieHsl rpu >0 u

MIPOTUBOMOJIOKHO HarpasieHs! mpu 1<0.



HpOI/ISBeI[eHI/Ie BCKTOpa Ha 4YHCIO 06J1a)1aeT CBOﬁCTBaMH, KOTOPBIC JICTKO J10Ka3aTb

1] 1
IrC€OMETPHUYCCKHU. I[J'IH JIFOOBIX HGfICTBHTGJ’IBHHX YHUCCII 4’ n l*I/I JIFOOBIX BCKTOpPOB JI/I EI

1. 1-&= H- YMHOKE€HHE Ha €IUHUILY,

2. l{VH}: {1V}¥- CBOMCTBO ACCONMAaTNBHOCTH 110 OTHOIICHHIO K YHCJIaM,

3 (2+v)i=2 5+vE

- CBOMCTBO ,Z[I/ICTpI/I6yTI/IBHOCTI/I OTHOCHUTCIBHO CJIOXKCHUA YHUCCII,

4. 1 (3+ B'J: ks JEI- CBOMCTBO JIUCTPUOYTUBHOCTU OTHOCUTEJIBHO  CIOXKEHHS
BEKTOPOB.

W3 onpenenieHnst U CBOMCTB BBITEKAIOT CIEAYIOIINE MTOJIE3HbIE IS IPAKTUKN PABEHCTBA

(-Da=—xz 0 a=0; -0=0.

Envunnuselii  BekTOp. Bekrop, MOIyJb KOTOPOrO paBeH €AWHMIE, Ha3bIBACTCs

CANHUYHBIM BCKTOPOM.

i !
BekTop, nMeromumii HanpaBJIeHHE BEKTOpa 41/1 MOZYJIb, PaBHBIN €IMHMIIEC, HA3bIBACTCS

o
1
OpPTOM HaIpaBJIEHUS] BEKTOPA 4 Opt 0003Ha4YaeTcs CHMBOJIOM "1.

1
I[J'ISI JIF000Tr0 3aaHHOIr'o0 BCKTOpa JHGFKO MOJIYYUTb €ro OpT. I[J'ISI 9TOTI'O HeO6XOI[I/IMO

o

LT}
0 gy
2 =
1 a
BeKTOp Mpaszgennts Ha €ero MOAYIb:
Pasnoxxenue Bektopa mo 6azucy
Onpenenenne 7. MHOXECTBO BEKTOPOB Ha MPSMOW Ha30BEM OJJHOMEPHBIM BEKTOPHBIM

MNpoCTPAHCTBOM, MHOKCCTBO BCKTOPOB Ha  INIOCKOCTH — JABYMCPHBIM  BCKTOPHBIM
MMPOCTPAHCTBOM, B IIPOCTPAHCTBC — TPCXMCPHBIM BCKTOPHBIM IIPOCTPAHCTBOM.

4
Jlerko mpoBepUTH, UTO €CIU £ xaxoe-to BEKTOPHOE IPOCTPAHCTBO, a.be ,ﬂ

1 1 L
ypucino, to ¥ E'EIIH‘E € L|.

Onpenenenue 8. JIuHEWHONW KOMOWHAIMEW BEKTOPOB A&, . th

ﬁ-ﬂl—-qua%lBaeTca pexrop A+ fm "'—"'J&q.

Ha pucynke 8 nmpuBeneHbl IpUMepH! JTMHEHHBIX KOMOWHAIIUA:

c xodddurmenramu

Puc. 8

L Y 1
BeKTopBI f’d’gHa PUCYHKEC 8 n 4: SIBJISIFOTCS JIMHEHHBIMUA KOM6I/IH3HI/IHMI/I BCKTOpPOB

F=0at26-2%; d=2a—b-% g=at055+3 h=0a+0510d

L,

1 1
FOBOprT, 4TO BCKTOp ElpacmantaeTcsl Mo BCKTOpamM , €CJIN 4$[BJ'I$I€TCSI

1 i L. LT 3
JTUHEHHON KOMOMHAIIMEH ITUX BEKTOPOB, T. €. IPEJACTAaBUM B BHJIC EI:ﬁﬂl thaot _tfAa |

3amMeuaHue.
1

a A
1) Ecmn '“‘EJP, TO J11000i BEKTOp EI, KOJUIMHEAPHBII 4, IIPEACTaBUM, U IPUYEM

i
€IMHCTBEHHBIM 00pa3oM, B BUJIE b= d! , TIie 4— — YHUCIIO



i A A
2) Ilycte 41/1 4;{Ba HEKOJUIMHEapHBIX BekTopa. Torna mo6oit BekTop ‘:I, KOMILIAHAPHBIN
L

T+

A 1 [ 8 L
C BEKTOpamMu 41/1 EI, PAaCKJIaBIBAETCS 110 HUM: & = , IPUYEeM €MHCTBEHHBIM 00pa3oM.

1 1 1
3) Ilycts 4, EII/I ‘:L HEKOMIUTaHapHbIE BEKTOPHI. Torma jaro0o0il BEKTOP }paCKHaI[HBa-

= 1 a1
€TCsI TI0 3TUM BEKTOPAM: d =aat+Fo+ ?‘:I, IIPHYEM STMHCTBEHHBIM 00pa3oM.

Takum 00pazom, B JJFOOOM BEKTOPHOM MPOCTPAHCTBE JIIOOOH Pa3MEPHOCTH €CTh CHCTEMa
BEKTOPOB, IT0 KOTOPOU pacKJIaJbIBACTCS KX BEKTOP MPOCTPAHCTBA, IPUYEM EAMHCTBEHHBIM
obOpazom.

Onpenenenre 9.  ba3sucoM  BEKTOPHOrO  IPOCTPAHCTBA J¢6yz[eM Ha3bIBaTh

YHOPSAJAOYEHHYIO CHCTEMY BEKTOPOB IIPOCTPAHCTBA, COCTOSIIYIO: M3 OIHOIO HEHYJIEBOI'O
BEKTOpa, €CJIM IPOCTPAHCTBO OJHOMEPHOE; M3 JBYX HEKOJIMHEAPHBIX BEKTOPOB, €CIU
IIPOCTPAHCTBO JIBYMEPHOE; W3 TPEX HEKOMIUIAHAPHBIX BEKTOPOB, €CJIM IPOCTPAaHCTBO
TpPEXMEpHOE.

OueBUIHO, YTO B JTFOOOM BEKTOPHOM MPOCTPAHCTBE MOXKHO BBIOpaTh OECKOHEYHO MHOTO

ﬂaﬂl,ﬁq
i w - - 1

Ha3bIBAIOTCS KOA(UIECHTHI ﬂl,ﬂ'a,ﬁf# paznoxkenus E=@aA+ @@+ _+ & gorropy Ao

0a31COB, YHCIIO BEKTOPOB B KAXJIOM M3 HUX PABHO Pa3MEPHOCTH MPOCTPAHCTBA.

A
Omnpenenenne 10. KoopauHatamu (MM KOMIIOHEHTaMU) BEKTOpa 413 Oazuce

BEKTOpam Oasmuca.

. i,

1
I[J'I}I YKa3aHus, 4YTO BCKTOP JI/IMCGT KOOPAWHATHI a“lmcnonmyeTcs{ 3aIlluCh

o,

OueBuHO, YTO B (PUKCHPOBAHHOM 0a3uce KaKIbId BEKTOP MMEET CBOW, €AMHCTBEHHBIMH,
Habop koopauHaT. Eciu ke B3sTh Ipyroi 6a3uc, To KOOPAUHATHI BEKTOPa, B 00IIEM, H3MEHSITCS.
CrnoxeHre BEKTOPOB W YMHOXKCHHE WX Ha YHCIIO CBSI3aHBI C aHAJOTUYHBIMH JCHCTBUSMHU C UX
KOOpJMHATAMHU.

JIuHeiiHble onepaluy HaJl BEKTOpaMu

B KOOPAMHATHOI opme

81,82

IIyctb B BEKTOPHOM MPOCTPAHCTBE J¢-131316paH Oaszuc ’*qn 3a7aHbl KOOPAWHATHI

4 4

a - i f— - LT} . -
a be  g= B=AatBHet_+1+He
BEKTOPOB B OTOM Oasuce: @ = dha t e+ + dats A=fatp e

Torna
- TIpU YMHOXCHHH BEKTOpa Ha YMCIIO BCE €r0 KOOPJIWHATHI YMHOXAIOTCS HAa 3TO YHCIIO:

Aa(Aar, A, A
- IIPpH CIIOKCHUHN BEKTOPOB CKIIAABIBAIOTCS UX COOTBETCTBYIOIINEC KOOPANHATHI:
c=ath = d@tf.adtp gt f]

3amevanue. Bce koopanHaTHI HyJIEBOTO BEKTOpa B JIFOOOM Oa3Kce paBHBI HYJIIO.

3ameuanue. ba3ucHbI BEKTOp C HOMEPOM Funieer KOOpJIMHATy C HOMEPOM q paBHy1o 1,
a BCE OCTaJIbHbIE KOOPIUHATHI — HYJIEBBIE.

3ameuaHue. Y KOJUIMHEAPHBIX BEKTOPOB KOOPAUHATHI IIPOIIOPLIMOHAIbHBI:

r 1 X
ap o 2 5

A B A
Cucrema KoopuHar.
KoopaunaTsl BeKTOpa B OpPTOHOPMUPOBAHHOM 0azuce
PaccmoTpuM citydaili TpeXMEpHOro BEKTOPHOTO IPOCTPAHCTBAa (Ha IJIOCKOCTH BCe

IIOCTPOEHHUSI aHAIOTMUHBI). DUKCUPYEM HEKOTOPYIO TOUKy O M BO3BMEM NPOU3BOJIBHYIO TOUKY
imEE.

M. Pannyc-BexkTopoM Touku M 1o oTHOUIeHHIO K Touke O Ha3pIBaeTCsA BEKTOP oM



Eciu B ipoctpancTse Bbibpan Gasuc, To Bekrop M packmansisaercst o stomy 6asucy.
Takum o6pazom, Touke M MOMKHO CONOCTaBUTH YIOPAIAOYEHHYIO TPOMKYy uucen (X, y, z) —
KOOpJMHATHI €€ paJinyC-BEKTOpa.

Onpenenenne 11. JlekapTOBOMH CHUCTEMOW KOOPAMHAT B IPOCTPAHCTBE HA3bIBAETCS

COBOKYITHOCTb TOUKH U Oa3uca.

Touka O HOCHT Ha3BaHHWe Hauyayna koopauHaT; npsmbie X/X , Y/Y , Z/Z, npoxoasiye
gyepe3 Hayallo KOOPAWHAT B HAINPABICHHH OA3MCHBIX BEKTOPOB, HA3BIBAIOTCA OCSIMHU KOOPIMHAT.
IlepBass X/X — ockio abcumcc, BTopast Y/Y — OCbIO OpAUHAT, TPeThs Z/Z — OChIO amllIuIMKaT.
[TockocTH, MPOXOSIINE Yepe3 OCH KOOPIMHAT, Ha3bIBAIOT KOOPIUHATHBIMU TUIOCKOCTSIMH.

Omnpenenenue 12. Koopaunats! (X, y, zZ) paauyc — BEKTOpa TOYKM M 110 OTHOILIEHUIO K
Havaly KOOPJIWHAT Ha3bIBAIOTCS KOOpJMHATAMH TOYKH M B paccMaTpuBaeMoOH CHCTEMeE
KOOp/MHAT.

[lepBass koopauWHaTa X Ha3bIBaeTCS AOCITUCCOM, BTOpas y — OPAMHATOW, TPEThI Z —
aIIMKaTOM.

AHaJIOTUYHO ONpPENEeNsIIoTCA JAEKAPTOBbl KOOPAMHATHI HA IJIOCKOCTU: TOYKA HMEET
TOJIBKO JTBE KOOPJMHATHI X U Y— a0CIMCCY U OpJIUHATY.

Omnpenenenue 13. JlekaproBa cucTeMa KOOPAMHAT Ha3bIBAeTCsl MPSAMOYTOJIBHOM, eciu
0a3uc 3a1aeTcsl eAMHUYHBIMU M MIONAPHO OPTOrOHAIBHBIMHU (IIE€PIEHAUKYISAPHBIMU) APYT APYTY

3(1,0.0)

BEKTOPAMH — Ga3UCHBIME opTamu © = = opt ocu OX;

j(";l;"i»opT ocu OY;

k(0:0:1 )L opt ocu OZ.

A

i.7.K
basuc ( ) Ha3bIBAaETCs OPTOHOPMHUPOBAHHBIM.
B nanpHeiimem OyeT HCHOIB30BATHCS JAEKAPTOBA MPSAMOYTOJIbHAS CUCTEMa KOOPAMHAT.
Ha puc. 9 mnokazan cmoco0 wuzoOpaxenuss touku A(-1;2;3) mo ee koopAauHaTam

OTHOCHTEJILHO OPTOHOPMHpPOBAHHOTO Gasuca * =¥ =%

L ALTY
3 !
¥ 2 E'F
F J’
I
Puc. 9

Vreepxkaenue. Eciu Toukm A w B 3amaHbl cBOMMH  KOOpAMHATaMH
—

A(xl;}l;zl),.ﬂ(n;}u;z:)L o AB0e — W — W2 —A)|

T. e. ma onpeneneHus KOOPAUHAT BEKTOPAa HY)KHO U3 KOOPJIMHAT €ro KOHIIA BBIUECTh
KOOPJIMHATHI Havaa.

[Ipoekuuu BekTOpa

[TycTh B IpoCTpaHCTBE 3a7]aHa HEKOTOpast OCh 1, TO ecTh MpsMas, Ha KOTOPOW OTMEUeHa
¢ukcupoBanHas Touka O ¥ 3aJaHbl HaMpaBieHUE U €IUHUIA ATUHBL. Torna Kaxaoil Touke ocH
COOTBETCTBYET HEKOTOPOE YHCIIO.

Onpenenenue 14. Ilpoekueil Touku A Ha och | Ha3bIBAETCS YMCIIO, COOTBETCTBYIOIIEE
OCHOBaHMIO TIepHeHANKYsipa AB, omymieHHoro Ha och | U3 Touku A.




Omnpenenenne 15. Tlpoekumeii Bextopa 48ma och 1 HaseIBaeTcs PasHOCTH MPOEKIUI
KOHIIa BEKTOpa U ero Hayaja.

[Ipoexkius o603HavaeTcs Ip 48y, puc. 10 UpAB=F- IE"'|.
B
T o ‘B

Puc. 10. IIpoexus BekTopa Ha OCh

L. L
45-&0| ., OpAB-IpCH
HGFKO HpOBepI/ITb, qgTO €CJIn 5 TO 5 TO €CTh HpOCKHI/IH HC 3aBUCUT
OT IIOJIOKCHU HayaJia BeKTOpa, a 3aBUCUT TOJIBKO OT CaMOro BeKTOpa.

Yreepxkaenue. Ilycts q- yroa, oOpa30BaHHBIA BEKTOPOM 40 oceto |. Torma
I I
IIa,a=|a|msp
Takum o00pa3oMm, MNpoeKIMs BEKTOpa HAa OCh €CTh YHUCIO, KOTOPOE MOXKET OBITH
MOJIOKUTEIBHBIM, OTPUILIATENIHBIM U HyJeM (puc 11).

[ | K B "|I
Opa-$-q

L | u i
Hp,:1=m—j{

d

iy
7 ] i |

Iipa= q
Puc. 11
YTBep)KL[eHI/Ie HpoeKuI/Iﬂ Ha OCL CYMMBI BEKTOPOB PaBHA CYMME UX MPOEKLINN:

le(a+b+ +t:) I@F+Hprb+ +Hp,t:|

YTBCp)KI[eHI/IC. HpOGKHI/Iﬂ Ha OCb BCKTOpa, YMHOXCHHOI'O Ha 4YHCJIO, paBHaA

HIpda =AHp |
MPOM3BEJACHUIO MPOEKUMU BEKTOpAa HA 3TO YHUCIO: PA 2| Onpenenenue  16.

| L 1 [
[Ipoekuuelr BekTopa llHa BEKTOD 4, “*d, Ha3bIBAETCS MPOEKLUS BEKTOPA ZIHa 100y10 OCb,
[
HapajuIelIbHYl0 BEKTOPY 41/1 HMEIOIIYI0 HAIlPaBJICHHUE, COBIAAAOLIEE C HANIPaBIEHUEM BEKTOpa
d
fp .

| 1 L
IIpoexuuss  BekTOpa llHa BEKTOP ﬁI0603HaqaeTcsI - % OueBunHO, YTO

“"':*;:};

Cos
+, rac q— yroj MCXKAYy BCKTOpaMHU JI/I ll

A A
Koopaunatel BekTOpa SIBISIFOTCS KOA((UIIMEHTAMH €ro Pa3JIoKEeHUs MO OpTam I j
KOOPAMHATHBIX OCEM:
i

ala, 2, .2, ) = a=a i+a, j+a, k.

YTBep)KI[eHI/IC. HpOGKHI/II/I BCKTOpa HA KOOPAWHATHBIC OCH paBHBI KOOpAHWHATaM BEKTOpa:



L L a
i ﬂ=ﬂx‘; Ny tI=ﬂl; Hpgy a=aj‘
|
ITomecTnm BEKTOP JB Hadyajl0 KOOpAWHAT U 0003HaYUM qepes u’ﬁ'dyrﬂbl,

|
00pa3oBaHHBIC BEKTOPOM ﬂlc MOJIOKUTENbHBIM HampabieHueM oceit OX, OY, OZ. Otu yrisl

|
Ha3bIBAIOTCSl HAIIPABJISAIOLIMMU YIJIaMU BEKTOPA 4
Onpenenenue 17. KocuHychl yrioB, oOpa30BaHHBIX BEKTOPOM C OCSMU KOOpIMHAT,

HA3bIBAKOTCA HAIPABJIAIOIIMMHU KOCHUHYCaMH BCKTOPA.
z

Puc. 12

L
B coorBercTtBUM ¢ puc. 12, HanpaBISIOUIMMU KOCHHYCaMH BEKTOpa “IﬂBﬂﬂ}OTCﬁ
u,msﬁ,ms;rl

OTMeTHUM Ba)KHOE CBOMCTBO HAIPABJISIOLIMX KOCUHYCOB:

cos® @+ ons? ,,\'3'+l:|1r.°;2 y=L|

Vr1eepxkaenue. KoopaumHaTel BeKTOpa paBHbBl €ro  HANpaBJSIOLIMM  KOCHHYCawm,
YMHOX>XEHHBIM Ha JUIMHY BEKTOpa:

Ecnu BEKTOp €AMHUYHBIM, TO €70 KOOPAUHATAMMU CIIYKAT HAIIPABJISIOIIUE KOCUHYCBI:

CkansipHO€ MPOU3BEICHUE BEKTOPOB U €r0 MPUIIOKEHUE

Kpome omepauuii crnokeHHss U YMHOXKEHHUS Ha 4YHCIO Ha MHOXECTBE BEKTOpPOB
OMpeNeeHbl elIe HEeCKOJAbKo onepanuii. OnHa M3 HUX — CKaSIPHOE NPOU3BEICHUE,
IO3BOJIAIONICE HAaXOAUTH [UIMHBI BEKTOPOB M YIJIBI MEXAY BEKTOpAMH II0 KOOpAMHATAM
BEKTOPOB.

[ ] L
Onpenenenne 18. CkalsipHbIM NPOU3BEACHUEM BEKTOPOB 41/1 dHaSBIBaeTCH YHUCIIO,
I F’

a| b cos g
q YTOJ MEXy BEKTOpaMu 41/14

, Tae

paBHOE

3ameuanue. Eciou OIWH K3 BCKTOPOB HyHeBOﬁ, TO YIoJ qu OIIPCACIICH. CKaJ'IHpHOC
MMPOU3BCACHUC B 3TOM CJIydaC CHHUTACTCA paBHBIM HYJIIO.

L a4 i

[ Y r1
MIPOM3BE/IEHUE BEKTOpa Ha cels "-"‘I =a]

L [ § L

CkanspHoe Mpou3Be/IeHHEe BEKTOPOB 41/1 40603HaqaeTc;I ‘I'll, un (2-8) CkansapHoe
I I
a-b=

Taxkum 0Opa3oM, COrsIacHO ONpPeEeNCHHIO, F, e (‘ng
CkansipHoe mpowu3BesieHHe 00J1aJaeT CBOMCTBAMU, KOTOpble OyayT copMysIMpoBaHBI B

2| £2) DS g

BUJC TCOPECMEI.

| |
Teopema. st m00BIX BeKTopOB‘I u llenonHeHH CIEQYIOIINE COOTHOUIEHNS

| [ § [ § [ §
1. a-b=5h- ﬂI— CBOICTBO KOMMYTaTUBHOCTH;

i a i i i i i

0 @ (btc)=a-bra-c_ . 0, TUCTPUOYTUBHOCTH;



L (nbea(ad
L L
4, a }xnpn II‘”“'l;

Tz _z
5E=H

6. Ecm - YTOJI MEX/1y BEKTOpaMu 41/14, TO

a4 4

ﬂ, rie 4 _Itmcno;

3

-
T
[4]

Cs =

(1)
L L L L

7. @-5=%rorna u ToNBKO TOrMA, KOT/IA BEKTOPHI 414 llopTOFOHaJ'ILHBI.
I X I

12 e

o
, ecau T+ 0,
L1}

I
a-b=a
9. MeXaHU4eCKH CMBICIT: CKalIAPHOE NPOM3BEICHUE CUIIBI & Ha BEKTOp JpaBHo pabore

8. 'eoMeTpuyecKuid CMBICI:

L1} -
A 3TO¥ CUIIBI IPU MIEpeMEIIeHUN MaTepUaIbHONU TOYKHU IO BeKTopyJ, T.¢. A=F-§|
W3 onpenenenus CKaIsIpHOTO MPOU3BEICHUS BHITEKAET CIIEAYIOIAas Ta0Inila YMHOKEHUS

OpTOB I-J- KOOpAWHATHBIX ocelt:

Fd=dd=0.4 k=k-i=0, 7-k=k- =10
P-i=j-j=k-k=1_

L} L
Ecnu BekTopbl 41/1 IIB OPTOHOPMHPOBAHHOM 0a3uce 3alaHbl CBOMMH KOOPJIMHATAMHU:
i i
(T 22 ). E(‘ﬁ’ﬁz’ﬁi, TO (opMyia AJs BBIYUCICHUS CKAJIPHOTO MPOU3BEJCHUS BEKTOPOB

[ ¥ [ ¥
JI/I IIHO KOOpAuHaTaM COMHOKHTEJICH NMEeT BU

i i
wh%ﬁ+%ﬁ+%ﬂxm

T. €. CKaJSIpHOE NMPOU3BEICHHE BEKTOPOB PABHO CYMME MPOM3BEACHHUI OJHOMMEHHBIX
MIPOEKIUH.

rz _

a
Taxk xak
onpeAeseHus IJIMHbI BeKTopa A:

e

[ ¥
Beripaxas uyncnutens ¥ 3HaMeHaTenb popMydsl (1) mocpeacTBoM KOOpAUHAT BEKTOPOB 4

, TO, IPUMEHSISI PAaBEHCTBO (2), MoIyduM GOopMyITy JUIs

T
[

u 4, npumenss Gopmyssl (2) u (3), HaxoAUM

o By 0y By +0g 8,
Vo vl BB B

Ilycte B MPOCTPAaHCTBE  3aJaHbl  TOYKU A(x';-“;zdu B(H;P;H)L Torma

COS @=

1N
AB(o—®. 32—~ W22 —A) JIuya pexropa ABI6y,ueT paBHa |AB| u u3 popmyisl (3) ciemyer,
qTO0

e 2 2 ]|
|AB| :\’(n —a) +(»n-—-n) +t(=—=a) |
CBeZieM OCHOBHBIE Pe3yJIbTaThl B TAOIUILY:
Tabmuna 1



CkansipHoe MIPOU3BE/ICHUE
B BEKTOPOB
U/ TPOU3BEIICHUS im;m;mﬂn
KA B
O0o3HaueHne £ f]
[Tonsitue |-ﬁ - m-:ml:-g.q'
[TpencraBieHne B KOOpIUHATAX o e B e ﬁ;{
conp = Hﬂ
1)
El-0ef1]
IIpunoxenne
lb.ﬁ——)lﬂ
2)
3) 4=F.§

KoHTpopHbBIE BOITPOCHI

1) Omnpenenenue Bekropa. JIMHelHble omepauuu HaJX BEKTOpaMH, CBOMCTBA 3THUX
onepanuu.

2) IIpoexkuun BekTOpa Ha ocb. CBONCTBA IPOEKLINN.

3) Pa3noxenue BekTopa Mo KOOPAMHATHEIM opTaM. KoopanHaThl BEKTOpA.

4) Paguyc-BexkTop Touku. Moaynb BekTopa. PaccrosiHie Mexay ABYMsI TOUKaMH.

IIpakTH4eckoe 3ansaTHE Ne 6

Tema: CxanspHoe NIpou3BeJECHUE BEKTOPOB.

Henb: Hayuuts cTyaeHTa UMCIOJIB30BaTh CBOMCTBA JIMHEHHBIX  ONEpAalMi  C
TrE€OMETPUUYECKUMHU BEKTOPAaMH, CKaJSIPHOTO IPOM3BEACHMS BEKTOPOB JUIsl pEIICHHs 3a]ad
BEKTOPHOM areopsl

IIpakTH4eckuii 010k

Pemenue TUIIOBBIX MpUMEPOB

- a a a

Hpumep Ne 1. Kommmeapus! 1u  Bektopsl ¥ =6z-1h.g="3a+k

;(1;2;311&(2;—1;111_

rac

Pemenue.

1) Haiimem KOOpAMHATHI BEKTOPOB ;I/I 4, HOJIB3YSICh TEM, YTO TPH CIIOKCHUU BEKTOPOB
nux KOOpIII/IHaTI:I CKJIaAbIBAlOTCA, a HpI/I yMHO)KeHI/II/I BeKTOpa Ha 4YHCIIO €Tr0 KOOpIII/IHaTBI
YMHOJKAIOTCSI Ha 3TO YHUCIIO:

;( 6-1-22;6-2-2-(—1)6-3-2.0) ;'[—31-_1-}1;—3- 2-1 ;—3-3+u|

P2 M) g(-1-7:-9) 2) Tak Kak

2 14%
1 -7 ,

A
TO KOOpAWHATBI BCKTOPOB }I/I JHpOHOpHI/IOHaHBHbI. CJIGI[OBaTeJII)HO, BCKTOPLI }I/I 4

KOJUIMHCAPHBEIL.

Otget. BekTopsl } u JKOHJII/IHeapHBI.

[Mpumep Ne 2. JlaHbI BEPIIHHBI TPEYTONbHUKA:
A(-1;-2:4).8(—4:-2:0).C(3;-2:1 llHameTe nuny cropons! 48y £BAq|
Pewenne.

1) Berancisiem koopuHaThl Bektopos 4By AC|:



4B (4 —(5])-3—[-2L0—4) 20 (3 (kg (2214
AB[-3:0-4) £C[4:0.-3)

2) Ilo ¢popmynam 11t ATUHBI BEKTOPA U CKAJIIPHOTO MPOU3BEICHUS BEKTOPOB UMEEM
T

JB=#B‘=»J{—3]1 +0F +(4) =5ed_

TN T 1T

AB- AC=-3-4+0-0+(—4)-(—3)=0 &> AB1 AC

.o, LBAC=90]

Otser. AB=5 ¢, £B4C =9"1’.
[Ipumep Ne 3. Onpenenuts yroa Mexay AMaroHaIsIMU NapajuieIorpaMmMa, IOCTPOEHHOTO

Ha BekTopax @=2M—Ry B=m+2R ;o m -"L €IMHUYHBIC BEKTOPBI, YTOJI MEXIY KOTOPHIMHU

dBCH |.

=
Puc. 13.

yOexaemMcs, 4To BEKTOp ;T, COOTBETCTBYIOIIMI OJIHOM IMaroHalu napajiesnorpamma,
HaxoauTcs 1o Gopmyie

|

a Ipyrou —
2, -4

Orcrona

$.= Imin,
T T
=—m+3in
% )
B cuny cBoiicta 50 (Teopema 1) ckaisipHOTO HpOI/IBBe,Z[eHI/I}I MOJTY4YUM
T2

s w T L3 T Ty

E|2=d, =(3man) =9m +6m mim —9F| +5H
_9+511ﬂ+1 1302 = m Jl_aea" "

cudll ﬂ']-l-

AHanoruyso,

2 Wy T w3 w3
|T =dy, =(- ll-l-?nr] =m —Em n+9ﬂ —|j
H

=1-6.1-1-cpapll +9=7 3 T Jreo. 2 4
=42

Haitnem  ckanspHoe

IIPOU3BEAECHUE BEKTOPOB ;TI/I 2y . YuurbiBasg cBoHCTBO 10 KOMMYTaTMBHOCTH CKaJspPHOTO
npousBenieHus u (4), umeem

or um L g § T T wy I WI Iy

d -dy =(3m+n)(—mi3n)=—7S3m —-m-r+Im-ni3n
o w, T Fu 2

=—3- mr +B‘m ncos{ 2. m)+3n =—3-1+8-1-1-1/24+3-1=4

Tak xak



TH TN
s0,419 & (d ,d, )—accos(0,419)

Jl_?' 'J; OTBeET.

(?,g)ﬂmﬂn,uﬂ)l

[Ipumep Ne 4. Ilon nelictBueMm cuibl B 20 H MarepuanbHas Touka NnepemMecTUIach IO

cos{ 4, d; )=

npsmoii Ha 2 M. Haiitu paboty, coBepmiaemyio 3TOW CHIIOH, €CIM Yrojd MEXIy CWIOH u

309)
HaIpPaBJICHUEM PAaBEH .
Pemenue. Pabota A Beruucisiercs mo ¢popmye

4F-5=[F|[Sloost 5,

rae ¥ — pekTop nelicTByOIIEN CHITBI, J— BekTop myTH. [Tomyunm

A=-2-cos30° =20 VE;&L
Orger, 4=20 ‘Eﬂ!ﬁ" “

3amauu U1 pelieHus
T f T T T of

4 4 a—2h, —b—-3a, —a+-5
1. TTo naHHBIM BEKTOpaM MOCTPOUTD BEKTOPBI 2 4+ 4

2. JlaHbI BeKTOPBI 2 (2:-1:0 }'b{ 2331 ﬂBH‘II/ICJ‘II/ITB
a) bzl;

6) (3a-28)( a+b)l

Otser. a) 14; 6) -12.

3. OnpeneiuTh NPH KAakoM 3HaucHWH % Bekropsr 2 % -3 7+12 }H b=1+1j-o kl

OpPTOTOHAIbHBI.
Otser. &=—6.
L1}
4. BplUMCIATh KaKyr paboOTy NPOM3BOAMWT CHIIA F(3:1 ’5}’K01"I[a ee TOodYKa
. A(2:-3:4]
MNPpUIIOXKCHUA, [ABUIAACh 110 MNPAMOH, IMCPEMECTUIIACH U3 TOUYKHU B TOUYKY

B(3:—21 )|
Otger. 27 en. pao.

X —
5. Bekrop JCOCTaBJ'ISIeT C OCSIMH KOOpPJIUHAT OCTPBIE YIJIBI T 4 ‘Inpnqu I“‘—"—r":||,
I *

€2
T

B=60°

. HaiiTu ero koopaAnHaTHhI, €CIIU
1 §

Orger. (3422372 ;yzi

I
1.1 : 41
6. Bexropsr Au HMobpasyror yron 3| 3mas, uro HAlTH AJMHY BEKTOpa

|14 ,’ﬂl
C.

c=3a4+2

OrTBeT. r
3amaun JUIsl CaMOCTOSTENHHOM pabOThI

L L1
1. BeruucauTh cKajsipHOE IPOU3BEIEHUE BEKTOPOB 41/1 4, eciu



—4,b=-4i-37,

a) YIOJ MEXJy BEKTOpaMu 41/1 llpaBeH 600;

6) a=2i+j—3k,b{l;ﬂ;—4)|
Ortger. a) 10; 6) 14.

2. KommneapHs! 11 BeKTopsl £ 3at+6b.g——a+l 4, rae 2 (1:2:3 }‘I/I £(1:0:1 b
Otser. Her.

3. Haittu yrom Mexay AMaroHajsIMU MapajielorpaMmma, MOCTPOEHHOTO Ha BEKTOpax

a=2i+j b=—j+2 k

Orser. (35):!1 L

a=21—-3 j+6 41/1 B=—1i+2 §

a a

i
—24 i
4. JlaHbl BEKTOpPBI , TIPHJIOXKEHHbIE K OOIIeH TOuKe.

Haiiti opT GuCCEeKTpHUCHI yIiia MEXIy 41/1 4

Ortser. ;u {_”JE ;51\[4_2 ;4!@ 4

5. Tloctpouth TOYKH A(4:1).B(3:5)C(-1:4).D(0:0 1 Ecnu Touku mocTtpoeHbl
MPaBUIIbHO, TO TMOJy4YeH KBajapaT. UeMmy paBHa AJIMHA CTOPOHBI 3TOro kBaapaTta? KakoBa ero
wiomaab? HallT koopAMHATHI cepeluHbl CTOPOH KBaJpaTa.

OTtBer. a=y17 e., S=17p el.,
My (3.53)Mpe (1:4,5) M, (0.52) M4 (2:0.5)

L L L a L a l
6. Haiitu BexTOp ’I, TEpNEeHINKYJIAPHBINA BekTopam 2 =1 +E|I/I b=2 7k 4o U3BECTHO,

i L L L

=i+2 j+2 Kk

4TO €Tro MPOCKIUsS HA BEKTOP ¢ paBHa 1.
L

Ortger. 1I(-3/2; 3/4; 3/2).

KoHTpospHbBIE BOITPOCHI

1) CkanspHoe mpou3BeieHnE BEKTOPOB, €ro Gpusnieckoe TojakoBanue. CBoiicTBa

CKaJIIPHOTO IIPOU3BEICHUS.

2) Ilpoexkuuss BekTopa Ha BEKTOp. YTol Mexay BekTopamu. HeoOxomumoe u
JOCTaTOYHOE yCJIOBHE MEPHEHIUKYIIIPHOCTH BEKTOPOB.

3) CkanspHOe NMPOM3BEICHUE BEKTOPOB B KOOPAUHATHOU (popme.

IIpakTnueckasi padora Ne 7
Tema: CocTtaBiieHue ypaBHeHHIl PSIMOit
Leab: oTpaboTaTh yMEHHE COCTABJIATh YpaBHEHHE HPSMOM, 3aJaHHON pa3IMYHBIMU
croco0amMu; MEPeXoAUTh OT OJHOTO BUIAa YpaBHEHHUS IPSIMOM K Jpyromy
Teoperuyeckre OCHOBBI: HOPMAJbHBIM BEKTOP IMPSIMOW, HAINPABIAIOIIMN BEKTOP
IIPSIMOM, CIOCOOBI 3a1aHUS IPSIMOM, BUJIbI YPABHEHUS IIPSIMOM.
B nexaptoBoii mpsiMoyrosibHO# cucteMe koopauHat OXY Ha MIOCKOCTH Jr00ast mpsmast
MO>KET OBITh 33J1aHa YPAaBHEHHUEM B BUJIE
Ax+By+ C=0
rae kodpdummeHtsl n = ( A,B ) - KOOpOMHATBI BEKTOpa MEPIEHAUKYISIPHOTO K
3aJaHHOW IPSIMOH. DTOT BEKTOpP HA3bIBAIOT HOPMAJIbHBIM BEKTOpoM mIpsimod. Ecim B, TO
ypaBHEHHUE IIPSIMOM Ha INIOCKOCTH MOKHO IIPEICTABUTh B BUJE
y=kx+b (k=tg)
OT0 ypaBHEHHE HA3bIBAETCS YpaBHEHHEM IMPSMOM € TJIaBHBIM KO3 (PUIIMEHTOM.



PaccmoTpum citydan B3aMMHO PacIioyio;KeHUeE ABYX MPSMBIX Ha TIOCKOCTU
1. Ecnu mpsiMble 3ajaHHbIe OOIIMMH YPaBHEHUSIMU
A1x+Bly+ C] =0 n A2x+Bzy+ C2=0 9
2. Ecnu ypaBHeHuUe 3a7jaHbl C YIIIOBBIME KO3 pHiimeHTaMmu
y=kx+b, u y =kx+b; ,

Ipumep 1. Haiitu ypaBHeHue npsMOH, NPOXOASAIIEH dYepe3 TOUKY Mo(4,-3) u
00pa3yromui ¢ 0OCIMU KOOPAMHAT TPEYTOJIbHUK TUIOMIA B0 3.

Tak kak 3aJaHHasi TOYKa JISKUT B [V yeTBepTH TO MCKOMas MpsAMas JOJKEH OTCEKaTh
oTpuuareiabHyto yacte ocu OY um mnonoxurenbHyto 4acth ocu OX. Hanumiem ypaBHeHHe Ha
OTpe3Kax MPOXOIAIIYI0 Yepe3 IaHHYIO TOUKY.

Ecnu mb1 mopbepem a=2 u 6=-3, TO MONYYNUM TMPSAMYIO YAOBIETBOPSIONIEH yCIOBUE
3agaun. Takasd npsimas HE OJHA.

Ipumep 2 . 3anucarh ypaBHEHHE IpPSIMOW, MPOXOJALIEH uepe3 Hadajao KOOpAUHAT U
o0Opasyromuii yrox 45° ¢ npsamoit y=2x+5.

Tax kak yrosn Mexay IpsambiMu 45° | TO 3amKMCBHIBAEM [Ba yPABHEHHMS C HEM3BECTHBIMHU K
%1 kz.

Torma ypaBHEHHMS NpPSIMONl MPOXOIAIIEH dYepe3 Hadajlo KOOPAMHAT W YTJIOBBIMH
koddurmentamu k=-3 u k= OymyT COOTBETCTBEHHO

ILnockocTh

OcHoBHasi TeopeMa. B  0exkapmosvix NpPAMOY20JbHbIX KOOPOUHAMAX YPAGHEHUe
000U NAOCKOCMU NPUBOOUMBCSL K 8UOY

YpaBHeHHE Ha3bIBACTCS 0Owum ypaeuenuem niockocmu . KodphuueHTsl SBISIOTCS
KOOpJIMHATaMU BEKTOpa K, MEPIEHAUKYJISPHOrO K IUIOCKOCTH, 3aJaHHOW ypaBHeHHeM. OH
HA3BIBACTCS] HOPMATbHLIM 6eKMOPOM STOU TUIOCKOCTU U OMpEeNsieT OPHUEHTAIUIO TUIOCKOCTH B
MIPOCTPAHCTBE OTHOCUTEIHLHO CUCTEMBI KOOPIUHAT.

CyIIecTBYIOT pa3inyHbIe CIIOCOOBI 3aJaHUS TUIOCKOCTH U COOTBETCTBYIOIIME MM BUJIbI
YpaBHEHUS .

1. Ypaenenue naockocmu no mouke u HopmanvHomy 6exmopy. Eciu IIOCKOCTH
MIPOXOAMT Yepe3 TOUKY U MEPICHANKYJISIPHA K BEKTOPY

2. Vpasnenue naockocmu 6 «ompesxaxy . ECIu MIOCKOCTh epecekaeT 0CH KOOPAUHAT
B TOYKaX COOTBETCTBEHHO

3. Ypasuenue nnockocmu no mpem moukam. Eciu MIoCcKOCTh IPOXOAUT Yepe3 TOUKH ,
HE JIe)Kalllie Ha OJTHOW MPAMO

[Ipumep 1 CoctaBUThH ypaBHEHHUE MIIOCKOCTH, TApaIeIbHONU BEKTOPY

s = (2,1,-1) u orcexarommx Ha ocsix OX u OY OTpe3ku a =3, b= -2.
(OtBet:  2x-3y+z-6=0)

Hckomoe ypaBHEHHE TIUIOCKOCTH HAaXOJWM W3 YCJIOBHS KOMIUIAHAPHOCTU TpeEX
BekTopoB MM, MM, s , a TOUKM UMeeT KoopauHatel M(x,y,z), Mi(a,0,0), M(0,6,0) . 1lo
yCIIOBHIO 3aJauu a=2, 6= -3. Torna
U OKOHYATEJIbHO moiydaeM 2x -3y +z=0.

[Ipumep 2. BoIYUCAUTD pacCcTOSIHUE MEXKY MapalieIbHbIMU IUIOCKOCTAMHU

3x+3y+2z—-15=0 wu 3x+3y+2z+13=0.

Jlist pemieHnn 3a/1a4il HaXOUM JIFO0YI0 TOUKY MPHUHAJUICKAIIYIO HA OJHOW W3
IJIOCKOCTH, Hampumep cuutas y = z= (0 u3 ypaBHEHHs MEPBOM IMIOCKOCTH HAXOJIUM , YTO X=3
Torma mo ¢opmyrne HaxoXIEHHS pPAacCTOSAHUS OT HaHHOW Touku  My(5,0,0) 1o BTOpOH
IUIOCKOCTA HaxomauM d= 4

Ayoumopnwvie 3anamus:

1. Ilo maHHBIM ypaBHEHUSM MOCTPOUTH MPSIMbIC, HANTH MX YIJIOBBIE KOA(DPHUITUEHTHI 1
OTPE3KH OTCEKAaeMbIE€ UMU Ha OCSIX KOOpJIMHAT.



2.3anucaTh ypaBHEHUs MpPSMbIX, HAa KOTOPBIX JIEKAaT CTOPOHBI PaBHOOEIPEHHOM
Tpamenuu, 3Has, 4To OCHOBaHMs ee paBHbI 10 u 6, a GOKOBBIE CTOPOHBI 00PA3yIOT C OOJIBIIUM
OCHOBaHHEM yroJl .bosbliee OCHOBaHUE JIEKUT HA OCH aOCLHCC, @ OCh CUMMETPUH Tpanenuu —
Ha OCH OpJMHAT

3. Cuna mnpuiokeHa K TOYKe . 3amucaTh ypaBHEHHME HPSMOM, BIOIb KOTOPOMH
HarpaBJIeHa 3Ta CHJIA.

4. 3anucaTh ypaBHEHUE NPSAMBIX, KOTOPBIE IPOXOAAT Yepe3 TOUKY U MapaulebHbL: a)
ocu abcmucc; 0) ocu OpAWHAT; B) OUCCEKTpUCE IMEPBOrO KOOPAWHATHOTO YIJa; T) TPSAMOMU
y=3x+9. 5. 3anucaTth ypaBHEHHE NPIMON, IPOXOIAIIEH YepE3 TOUKH

6. JIyu cBeta HampaBiieH 1o npsiMoil HaiiTu KoopiMHATHI TOYKK BCTPEUH JIyda C OCHIO
U YpaBHEHHUE OTPAKEHHOTO JTyYa.

7. Touka A(-2,3) neXUT HA NPSAMOH, NMEPHEHIUKYISPHON K mpsaMoi 2x-3y+8=0.
3anucaTh ypaBHEHHE 3TON MIPSIMOIA.

8. Touka A(2,-5) sBnsieTcsl BEpIIMHON KBaipaTa, 0/iHa U3 CTOPOH KOTOPOTI'O JIEKUT Ha
npsimoit x-2y-7=0. Beraucnuts miomans kaapara. (Omeem: 5)

9. 3amnucaTh ypaBHEHHE U TOCTPOUTH MIOCKOCTb:
a) mapajuienbHyo miockocTu OXZ u mpoxoasiryto yepe3 Touky Mo(7,-3,5)
0) mpoxozsmryro uepes ock OZ u Touky A(-3,1,-2)
B) mapayenbHyo ocu OX 1 mpoxo sy yepes ase Touku M;(4,0,-2),
Mx(5,1,7)
I') MpoxosuIyto yepe3 Touky B(2,1,-1) u uMeronryro HOpMallbHbII BEKTOP
n=(1,-2,3)
1) mpoxosiryto yepe3 Touky C(3,4,-5) mapamiensHO ABYM BEKTOpaM
a=(3,1,-1) nu6=(1,-2,1)
Otsert: a) y+3=0; 6) x+3y=0; ¢)9y-7-2=0; 2) x-2y+37+3=0; 0) x+4y+77+16=0.
10. CoctaBuTh ypaBHEHHE OJHOM M3 TrpaHeill TeTpasapa, 3aJaHHOIO BEpIIMHAMU.
A(5.,4,3), B(2,3,-2), C(3,4,2),/1(-1,2,1). [IpoBepuTh MPaBHUIHHOCTD IMOTYUYEHHOTO YPABHCHHUS.
11. CocTtaBUTh ypaBHEHNE TUIOCKOCTH:
a) npoxozsuieit uepe3 Touku M;(1,1,1), Mx(2,3,4) nepneHauKyIsipHO K
IJIOCKOCTH. 2x-7y+57+9=0,
0) mpoxopsiieit yepes Touky Mo(7,-5,1) u oTcekaromeil Ha OcsSX KOOpAUHAT paBHBIC
noJyioxkuTenbHbie 0Tpe3ku. (OtBer : a) 31x+y-117—21=0
0)x+y+z-3=0)
12. BBIUNCINUTD YOI MEXAY TUIOCKOCTAMU X -2y +27—3=0 u 3x-4y +5=0

(OtBer : )

13. 3anucaTh ypaBHEHUE IUIOCKOCTEW, JENALIMX JBYXI'PAaHHBIE VYIJbl MEXIY
IUVIOCKOCTAMM 3X-y+7z-4=0 n 5x+3y-5z+2=0 ( OtBerT: x+2y-6z=0,

4x+y+z-1=0)

Homawinue 3a0anusn:

1.Haiitu ypaBHeHue npsimoii, mpoxonsuieil yepe3 Touky Mo( -2,3) u obpasyrouuii ¢
OCSIMHU KOOpPJIMHAT TPEYTOJIbHUK IUIOIMIAbIO 4.

2.3anucarb ypaBHEHHE MPSMOU, IPOXOIAIIEH Yepe3 HadaJlo KOOPIAWHAT U 00pa3yOIIHid
yron 30° ¢ mpsamoii y= - 3x+1.

3.3anucaTh ypaBHEHHUE IPSIMON MpoxXo et uepes Touky P(5, 2) u oTcekaromieii paBHbIC
OTpE3KH Ha ocsiX koopauHat. (Omeem: x +y -7=0.)

4 Haiitn ypaBHEeHUE NPSIMOM, NapauieabHOi npsiMoi 12x+5y-52=0 u oTcTosIIel OT Hee
Ha pacctosaue 2. (Omeem: 12x+5y-26=0 nmm 12x+5y-78=0.)



5.BBIYMCINTD BEMYMHY MEHBIIETO yria Mexay npsaMbIMH  3x+4y-2=0 u 8x+6y+5=0.
Jloka3aTb, 4TO TOUKA JIEXKHUT HAa OMCCEKTPHUCE 3TOTO yIUIa, U CAEIaTh PUCYHOK.

6. CocraBuTh YypaBHEHHE IUIOCKOCTH dYepe3 Touky P(1,0,2) mneprneHaukyasspHO
K JBYM IJIOCKOCTSIM 2X-y+3z-1=0 u 3x+6y+3z=0.

7. CocTaBUTh ypaBHEHUE IUIOCKOCTH, NEPIEHANKYJIIPHON K INIOCKOCTH 2X-2y+4z-5=0 n
orcekatomie Ha ocsix OX u OY oTpe3sku a=-2, 6= COOTBETCTBEHHO.

8. CocTaBUTh ypaBHEHHE IUIOCKOCTH, MapajlieNbHOM BeKTopy § = (5,0,-2) U OTCeKaromux
Haocax OX u OY orpeskun a=-4, b=1.

9. BeluMCcIUTh pacCTOSHUE MEXY NapajlIeIbHBIMU IJIOCKOCTAMU

X-2y+4z-1=0 wu 2x-S5y+2z+12=0.

IIpakTHyeckas padora Ne 8
Tema: CocTtaBiieHHe ypaBHEHHUIl NIJIOCKOCTH.
Heab: orpaboTaTh yMEHHE COCTABJIATH ypaBHEHHUE MNPSAMOM, 3aJaHHOW pPa3INYHBIMU
Croco0aMu; MepexoIuTh OT OJIHOTO BUA YPABHEHHUS MIPSIMOU K JPyroMy
TeopeTnyeckue 0OCHOBBI:
IIpsimasi ¥ VIOCKOCTH

B 3aBucumocTH oT crnoco6a 3agaHus NMPSMOIM B NMPOCTPAHCTBE MOXKHO paccMaTpUBaTh
pa3inyuHbIe €e ypaBHEHUSI.

1. Bexmopno-napamempuueckoe ypasuenue npamou. IlycTh mpsiMas IpOXOOUT yepes
TOYKY NapajieIbHO BEKTOPY, a Jrodasi Touka 3TOM MpsMoif .

KOTOpO€ TMOJIy4aeTcsl IO TNpaBWIly CIOKEHHMsS BEKTOPOB. YpaBHEHHE  Ha3bIBaeTC
8EKMOPHO-NAPAMEMPULECKUM YPAGHEHUEM NPAMOU, —HANPABISIIOIUM BEKTOPOM MpsiMOH 2.
Ilapamempuueckue ypasHenus npsamotl.

3. Kanonuueckue ypasuenus npsamoil. Pazpeiasi ypaBHEHUS] B CHCTEME OTHOCUTEIIBHO
{ Yl IpYpaBHUBAs NIOJYyYEHHBIE OTHOIIEHUS, IPUXOIUM K KOHEUHbIM YPAGHEHUAM NPAMOU.

4. Vpasnenus npsamou 6 npocmpancmee, npoxoosuell yepes 08e moyKu.

5.06wue ypasnenus npamoii € npocmpancmee.

Tenepp MOXXHO 3amucaTh yCIOBHE MEPHEHAUKYSIPHOCTH MPSAMBIX | a YCJIOBUE
NMapajyieIbHOCTH , a YCJIOBHS WX coBmageHus , rae Mi(x,yizi) , Ma(x:y.2:) , a 81,82 —
HaIPAaBJISAIOINE BEKTOPBI.

Yenom mesncoy npsamoui u nnockocmuio Ha3bIBA€TCSA YOl MEXKIY MPSIMON

Y OPTOrOHAJIBHON MPOEKLNEN Ha MIIOCKOCTb.

Hpumep 1. CocTaBuTh ypaBHEHHE MJIOCKOCTH, IPOXOAAIIEH Yepe3 TOUKY

P(1,0,2) neprnieHAUKYJISIPHO K IBYM INIOCKOCTSAM

2x—-y+3z—1=0 u 3x+6y+3z-5=0

Tak kak K03()(UIMEHTHI IIOCKOCTEH HE MPONOPIHUOHAIBHBI, TO OHH IEPECEKaroTCs,
TOTJa HANpaBJSAIOLIUN BEKTOP JIMHUN NEpEeceueHus: HaxOoIuM W3 BEKTOPHOTO IPOU3BEICHUS
HOpMAJIEH BYX INIOCKOCTEH T.€.

Torma 31oT BekTOp OyJIeT HOpMalbi0 MCKOMOM IJIOCKOCTH U 1o gopmyse (2) Haxoaum
7x—y-5z=0.

[Ipumep 2. 3anucath ypaBHEHUE ITIOCKOCTH, MPOXOAIICH Yepe3 MpsMYyIo

MEPIECHIUKYJISIPHO K MITOCKOCTH X+4y-37+7=0.

Hckomast TUIOCKOCTh TPOXOAHWTH Yepe3 TOUKH Tpsimort  M(2,3,-1) U yepes
HaIpaBJISIOMUNA BEKTOp npsiMoi s(5,1,2) u depe3 HopManu JaHHOU rtockocTH n(1,4,-3). Torma
13 YCJIOBHS KOMILJIAHAPHOCTH TpeX BEKTOpoB MyM, § MW N HaxoauMm

u 1ix-17y-19z7+10=0.

3aganus



1.Haiiti ypaBHeHHE TpsSMOH, mpoxoasieid yepe3 Touky My( -2,3) u obOpasyromuii ¢
OCSIMM KOOpJMHAT TPEYTOJIbHUK IUIOIIABIO 4.

2.3amucarh ypaBHEHHE MPSAMOH, MPOXOIAIIEH Yepe3 Hadalo KOOPJIAWHAT U 00pa3yrOIIHii
yroi 30° ¢ mpsmoit y= - 3x+1.

3.3amucarh ypaBHeHHE NpsAMOi Ipoxoasiiei yepe3 Touky P(5, 2) u orcekaromiei paBHble
OTpE3KH Ha ocsix koopauHatr. (Omeem: x +y -7=0.)

4.Haiitn ypaBHEHHUE NPSAMOM, NapauienbHON npAMoi 12x+5y-52=0 n orcrosiei oT Hee
Ha pacctosnue 2. (Omeem: 12x+5y-26=0 unu 12x+5y-78=0.)

5.BbluMcauTh BETMUMHY MEHBIIETO yria Mexay npsameiMu  3x+4y-2=0 n 8x+6y+5=0.
Jlokazatb, YTO TOUKA JIEKUT HA OUCCEKTPHUCE ATOTO YIJIa, U CAeNaTh pUCYHOK. (Omeem: .)

6.CoctaBuTh ypaBHEHHE IIIOCKOocTH uepe3 Touky P(1,0,2) mnepneHaukyasipHO
K JBYM TIOCKOCTSIM 2x-p+3z-1=0 u 3x+6y+37z=0. ( OtBet: 7x-y-5x-z+3=0)

7.CocTaBUTh ypaBHEHUE IIJIOCKOCTH, NEPIEHIUKYIJISIPHON K IIOCKOCTH 2X-2y+4z-5=0 n
orcekaromieid Ha ocsix OX u OY otpeskun  a=-2, 6= cootBeTcTBeHHO. (OTBET: X-3Y-
27+2=0)

8.CocTaBUTh ypaBHEHHE TIOCKOCTH, MapayljiesibHOi BekTopy s = (5,0,-2) 1 oTcekaromux
Haocix OX wu OY oTpe3ku a=-4, b=1.

9. BoluncnuTh paccTosiHUE MEXy MapayliebHBIMU IJIOCKOCTAMU

xX-2y+4z-1=0 wun 2x-S5y+2z+12=0.

10. 3anucath ypaBHEHHE TUIOCKOCTH, MPOXOASIIEH Yyepe3 NpsMy0 HEeprIeHINKYISIPHO K
MJIOCKOCTH .

11.Beraucnuth paccTossHue MKy npssMbiMu U ( Omeem: . )

12.ITepecekarotcst i npsimble U ( Omeem: HET. )

Bomnpocsl k Teme:
Jaiite onpeneneHrne HOpMaJIbHOTO BEKTOpA MPSIMOA.
Jlaiite onpezeieHue HapaBiIAOLIEr0 BEKTOpa IPSIMON.
Kakum HaOOpoM 371EMEHTOB MOKHO 33/1aTh MPSIMYIO?
Kaxoli BUJ1 MOXET UMETh ypaBHEHNE NIPSIMOM Ha IIIOCKOCTH?

A

Kak coctaBuTh ypaBHEHHE MPSIMOI:

10 HAIIPABJISIOLIEMY BEKTOPY U TOUKE,

- IO ABYM TOYKaM,

- II10 HOPMAIILHOMY BEKTOPY U TOUKE,

- IO OTpEe3KaM, OTCEKAaeMBbIM MPSMOM Ha OCAX KOOPAUHAT?

6. YUT0 MOXHO CKa3aTh O IOJOKEHUH NPAMON HAa KOOPAMHATHOW INIOCKOCTH, IO €€
YPaBHEHUIO:

- KaHOHMYECKOMY

- INapaMeTpU4EeCKUM

- “Borpe3kax”

C YIJIOBBIM KO3 PHUIIMEHTOM
Kaxk nepeiiTu oT 0THOTO BHIa ypaBHEHUS MPSMOM K JPYroMy BHILy?
UTo MOXKHO paccka3aTh 110 YPaBHEHHUIO O MOJIO0XKEHUH MPSAMOM Ha MIIOCKOCTH?
Kak onpenenuts B3aMHOE pacnoyiOKeHHE TOUKHU U MIPSAMO?

= o %~

0.  Kak ompenenuts TOUKy NepeceyeHust IByX MpsIMbIX?

IIpakTHyeckas padora Ne9

Tema: Haxo:xxaenue npenaesioB (PyHKIMA U TOYEK Pa3pbiBa.

Heab: npuoOpereHre 0a30BBIX 3HAHWK B 00JacTH (YHIAMEHTAIBHBIX Pa3/IeiioB
MaTemMaTHku. [IpoBepka ycBOEHUsI 3HAHUU IO BBIUKCICHHIO TpenenoB (GyHkuuid. [ToBTOpUTh 1
CUCTEMAaTHU3UPOBATh 3HAHMUSI 110 TAHHOH TeMe.



TeopeTnueckuii 010K
YtoObl BEIYUCIUTH TIpesien PyHKIUU B TOUKE, HAMIO:

1) IloacTaBUTh BMECTO IEPEMEHHOM X TO, K YEMY X CTPEMUTCSI.
0

2) Ecnu nocie BHIIOIHEHUS ITYHKTa 1) MMOJIy4YrM HCOINPCACICHHOCTL BUJA I:D:[, TO HAI0
YUCIUTCIIb MW 3HaAMCHATCIIb I[pO6I/I Pa3I0XUTh Ha MHOXHUTCIU W COKPATUTH l[p06b, Ui

YUCIUTCIIb U 3HAMCHATCJIb JOMHOXHWUTH Ha COIIPSIPKCHHOC W IMOCJIIC 3TOr0 COKPATHUTb I[p06b.

3aMeTnM, 4TO IpoOb Beerna OyAeT COKpamlaThCs, €ClId B BBIPAKEHUH x_ia CTpENKy 3aMEHHUTH
Ha MUHYC: (X-a).

o=
3) Ecnu nocne BBINOTHEHUS MyHKTa 1) MOJyYUM HEONPEIEIEHHOCTh BUIA [;H, TO HAJ0
YUCJIUTENb W 3HAMEHATeIh JpOOM pa3leiuTh Ha CTapIIyI0 CTENEHb HEU3BECTHOTO, WU
cllaraeMoe C caMoOil OOJIbLION CTENEeHbI0 B YHUCIWTENE pa3feliuTh Ha cjaraeMoe ¢ camou
00JIBILION CTENEHBIO B 3HAMEHATEIE U B3STh MPEAEI OT Pe3yJIbTaTa JeJIeHHUS.

0
4) Ecnau mocne BBINOMHEHHUS IyHKTa 1) TOJYYHUM HEONPEAENEeHHOCTh BHJA [D],
CBSI3aHHAs C 3HAYCHUSMHU TPUTOHOMETPUYECKUX (QYHKLHMIH, Hal0 BOCIOJIB30BAaThCS MEPBHIM
3aMeydaTeIbHbIM IIPEIEIOM.
Omnpenenenue. [lepBpIM 3aMeuaTeNbHBIM PEAEIOM Ha3bIBAECTCS NIPEIEI

il
lim—,

-0 ]

Ilepeuiti 3ameuamenvhblii npeden pagew
i
fin— =1
= i

-0 ]

5) Onpeoenenue: Bmopvim 3ameuamenbHbiM NPeoeiom Ha3bleaemcs npeoeil
mn

1
e= lim [1+ —
n—oo T

Yucno €, 3adannoe Smum npedeiom, uzspaem ouehb OOoAbULYI0 pOlb  KAK 6
Mamemamuyeckom aumanuse, maxk u 6 opyeux paszoeiax mamemamuxu. Yucio enaszviearom
ocHosanuem

log V=
HAmMypanbHuIX 102apu@dmos ( : ).

Teopema. Bmopoii 3ameuamenvuulii npeden cywecmeyem. Eeo 3mauenmue -- uucio,
Jedcaujee medxtcoy u .

bonee noopobnoe uzyuenue wucna €nokaszvieaem, umo €-- UPPAYUOHATbHOE HUCITO,
HeCKONIbKO Nepebix 0eCAMUYHbIX 3HAKO8 KOMOPO20 MAKOBbL:

e = 2,7182818285...

2. 3akpennenue u3y4eHHO20 Mamepuad.



Ilpumep 1

lim, _, ﬁ

I\-.'l

7

= 4

Mpui 6ocnonv3osanuce npagunom 1) u noocmaguiu émecmo X mo, K 4emy X Cmpemumcs,

m. e. x=2.
Ilpumep 2

xtx—6
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Ilpumep 4
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Ilpumep 5
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IIpumep 6
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]jm[1+3]x=[1“]=]jm [1+E]5 p
= x b= x
0)
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= x = x
6)
1 1 24 ax-2)
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3. 3axpennenue 3HaHutl, yMeHUll U HABLIKOG.

Boinoanums camocmosamenbHyo pabomy no 8blYUCIeHUI0 NPeoeios QYHKYUL.

Bapuanr 1
Brruncnure npeaen

I —Ax—

1. ™= x? +6x-5]

En 2 —5x
9 R _Sxyl|

. -1
3 r+1x2+ﬁx—5|_

Em

4. 30 o

cig
5x

En

s
2

S.

byHKIHN:

Bapuanr 2
Beraucnure npenen GyHKIuu:

3_1:21-41:—
. - 6x +x-5]

- 2:48—51:—3
w52 47
- -1
I—}lxz.}h_

En Ax

r—}ﬂtg ‘
cigd
5x

Em

=
2



E:l-[x—:i] En I—EJI
6. I x+2 ) 6. I x+3 )

En(]-l——)‘i ha+_)'i
7. -2 ) 7 —3

En sm b En sn
8. 0 R4 8 I—}ﬂtg-

En bx+ En Sxt
9x—0 4 9 x—0 2x°

1 x
_= 5
2y 3 =] (l-l——)
Em (l-l'—] 10 Xx—»m x

10. x»mh X : '

IIpakTHyeckas padora Nel(

Tema: YacTHble ciiyyan BbIYMC/IEHHS NpeiesioB PyHKIMH.

Heab: npuoOpereHne 0a30BbIX 3HAHUM B 00MacTH (yHIAMEHTAIBHBIX pPa3eiioB
MaTemaTuku. [IpoBepka ycBOeHUsl 3HAHUU 1O BbIUMCICHUIO TpenenoB ¢GyHkuui. [ToBTOopuTh 1
CUCTEMAaTU3UPOBATh 3HAHMSI 110 TaHHOM TeMe.

Teoperuyeckuii 0J10K.
4]

Ilpexennl ¢ HeonMpeaeJeHHOCTHIO BHAa © M MeTO] MX pelieHust

MBI paccMOTPUM IPyMITy MpeaenoB, koraa ¥ — % | a GyHkums npeacraBuser coboil 1pook, B
YHUCIIUTENE U 3HAMEHaTelle KOTOPO HaXOAATCS MHOTOUJICHbI

IIpumep:

2xt—3x-5

7
Beruncours npegen F 1+x+5x

CornacHo HameMy MpaBHITY TOMBITAEMCS MOJICTABUTH OECKOHEUHOCTh B PyHKIUIO. UTO ¥ Hac
noxydaercst BBepxy? beckoneunocts. A yro nomy4aercs BHu3y? Toxxe GeckoHeyHOCTh. Takum
€

o6pa30M, Y HaC €CThb TaK Ha3bIBaCMas HCONIPCACICHHOCTh BHUIa €3 Mo>HO ObLIO OBI noaymarhb,

oo
— =00

uro @ , 1 OTBET FOTOB, HO B OOIIIEM CITyyae 3TO BOBCE HE TaK, U HY>KHO IPUMEHUTb
HEKOTOPBIN IIPUEM PELICHHUs, KOTOPBIN MBI CEMYac U PACCMOTPUM.

Kak pemarte npenens! JaHHOTO TUMA?

CHaqaﬂa MBI CMOTPHM Ha YHUCJIWUTECIIb U HAXOAUM B CTapHI€I>'I CTCIICHU:

A3y -5
lim =
o l+1.+~1

CTapma;{ CTCIICHb B YHUCJIIUTCJIC paBHA IBYM.



Tenepb cMOTpUM Ha 3HAMEHATEJb M TOXKE HAXOAMM + B CTapICH CTEICHU:
2= Jx=5

lum =

=50 T3 ¥

Crapiasi cTerneHb 3HaMeHaTeNs paBHA JBYM.

3aTeM MBI BLI6I/Ipa€M CaMyIO CTapmyro CTCIICHDb YHUCIUTCIIA U 3BHAMCHATCIIA: B IAHHOM IIPUMEPE
OHHU COBIIAJAOT U pABHBI I[BOI\/'IKC.

818

I/ITaK, MCTO/ PCIICHUA CJ'IG,Z[YIOIJ_II/II\/'II AJId TOTO, 9TOOBI PACKPLITH HEONMPEACJICHHOCTD
HQOﬁXOIlI/IMO Pas3aeJauTb YUCJIUTE]Ib H 3HAMEHATEJ/Ib HAa LB CTapmeﬁ CTCIICHH.

. Exg—3x—5_m_

e 1+x+32° o

2
Pazgenum yucauTens U 3HaMeHaTellb Ha &

2% —3x—5 2% 3x 5 3?0 50
o E A P E a2
(*)—m T+x+3x w2e 1  x 32 e 170 177 3
X X X X s X
2

BOT OHO KaK, OTBET >, a BOBCE HE OECKOHEUHOCTb.
UTo NpUHIUIHAIBHO BaXXHO B 0POPMIIEHUH PELICHHUS:
Bo-nepBbIX, yka3blBaeM HEONPEIEICHHOCTb, €CIH OHA €CTb.

Bo-BTOpBIX, jK€1aTeabHO MPEepBATh PELIEHUE IS MPOMEKYTOUHBIX O0ObSICHEHUN. S 00BIUHO

HCIIOJIb3YI0 3HAK ) , OH HE HECET HMKAKOTO MaTeMaTHYECKOTO CMBICIIA, 2 0003HAYAET, YTO
pelIeHre IpepBaHo ISl IPOMEKYTOYHOTO O0BICHEHUS.

B-tpetrux, B mpenee xenaTenpHo moMedaTh, 9To U Kyaa crpemutcs. Korga padota
odopmiseTcs OT pykH, yA00HEe 3TO CAeNaTh TaK:
0. .

J1y1st TOMETOK JTydllie UCIOJIb30BaTh MIPOCTOM KapaHalll.

[pumep 2

7641557+ 9x4]
= Tt 5x4+6x2—3x—41
Haittu npenen
CHOBa B UHCIUTENIC U 3HAMEHATEJIC HAXOAUM + B CcTapIlel CTEIICHU:
T .
T A 153" +9x+1
L

o Sy 6yt —3v—4

MakcumanbHasi CTeNeHb B yUcauTene: 3
MaxkcuMmanbHasl cTeneHb B 3HaMeHatene: 4
Bribupaem Haubosblee 3Ha4eHuE, B JAHHOM CIIy4ae YE€TBEPKY.



o
CornacHo HalIeMy aJIrOPUTMY, IS PACKPBITHS HEONPEISIICHHOCTH “ JTeiM YUCIIUTENh |

4
3HaMeHaTeNb Ha &

[TonmHOE OopMIICHHE 3a1aHUsI MOKET BBITJISIIETh TaK:

TR 4152 4+ 9x+1 o

==

e St + 60 —3x—4

4
Paznenum yucnuTens U 3HaMEHATEIb Ha &

724152 +9x +1 ?*”+15"”+ g =" N 1"
4 - ) E) y
=]jm X =]jI‘11 ks X s X —
B=lm 5% +6x —3x—4 e s, 6 R
x" xj J’[3 X
_ 0404040 _0 _
54+40-0-0 5
Ipumep 3
]ijxg—Bx—ﬁ

Haiitn npegen == x+1
MakcuManbHas CTeneHb «MKCa» B YUCIUTeNe: 2

1
MaxkcuManbHasl cTeneHb «MKca» B 3HaMeHaTene: 1 (4 MOKHO 3amucarh Kak * )
oo

HJ’IH PACKPBITHA HCOIMPCACICHHOCTH w HeO6XO,Z[I/IMO pPasaCIuTb YUCJIUTCIIb U 3HAMCHATCJIb Ha

2
L YucroBoi BapUaHT PCUICHHUA MOKCT BbIITIAACTDb TAK:

e zxﬂ—zx—ﬁzgz
rew x4l 6o

2
Paznenum yucnutens U 3HAMEHATEIb Ha &

2% —3x -5 , 370 520
- I - Tz 2
=l —x = i & & = — =
(*)_]:I;ﬂm x+1 ];-'Hlm 17 17 0
- 4+
xg x P
2

ITox 3amuceio U noJipa3yMeBaeTcs He JelIieHUue Ha HOJb (IeTUTh Ha HOJIb HeNb3s), a JIeIeHHe Ha
OECKOHEYHO MaJIOe YHCIIO.

4]

Takum 06pa3om, TIPH PACKPBITHH HEOTPEICICHHOCTH BUAa “? y HAC MOKET MOIYIUThCS
KOHEeYHOe YUCI0, HOJb WA OECKOHEYHOCTb.

IIpakTHyeckas padora Nell
Tema: BpluucieHue mnpenejoB (YHKIUM MeTOAOM YMHOMKEHHS YHCIUTEJIdA H
3HaAMeHaTeJIA HA CONPSIKEHHOE BbIPAKEHHUE



Heab: npuoOpereHue 0a30BbIX 3HAHMM B 00JaCTH (yHIAMEHTAIbHBIX pa3ZeiioB
MaTeMaTHku. [IpoBepka ycBOeHMs 3HAHUHM IO BBIUMCIIEHUIO IpeaenoB GyHkiuil. [loBToputs M
CHCTEMaTU3UPOBATh 3HAHUSA M0 JAHHOM TeMe.

Teoperuueckuii 0J10K.

0
0

IIpenesibl ¢ HeONpeaeJeHHOCTHIO BUAA ~ W METOA X pPelleHust

CJ'IG)IYIOH_[aH Tpynra nopeacjioB 4€EM-TO IMMOX0Ka Ha TOJIBKO YTO paCCMOTPCHHBIC IMTPEACIIBL: B
YUCIUTCIIC U 3HAMCHATCJIC HAXOAATCA MHOT'OYJICHBI, HO «HUKC» CTPEMHUTCA YIKC HC K
6eCKOHeqHOCTH, a K KOHeYHOMY YUCITTY.

[Ipumep 4

o 2xf—3x-

Pewmts npegen *27 x+1
Cnauana nonpo0OyeM MmoACTaBUTh -1 B 1poOb:
2-1°-3.(-)-5 0

~1+1 0

= | o

B nanHomMm CJIydac IMoJjiydyeHa TaK Ha3bIBaCMas HCOIIPCACIICHHOCTb

Oﬁmee MPaBUJI0: €CJIU B YUCINUTEIIC U BHAMCHATEIIC HAXOAATCA MHOT'OUWICHBI, 1 UMECTCA
0

HEOMPECACIICHHOCTH B A 0 , TO IJIs1 €€ PACKPBITHA HYKHO Pa3JIOKHTh YHCJIUTEC/Ib U
3HaAMEHaATeJIb HAa MHOKHUTEJIN.

JU1st 3TOro yaiie BCero Hy»KHO PelIMTh KBaJpaTHOE YpaBHEHHUE U (MJIM) UCTIOIb30BaTh (OPMYIIbI
COKPAIIEHHOT'O YMHOXKEHHS.

Pemraem nipenen
2x*=3x-5 0
===("

H—-1 x+1 0
Pa3noxum yuciuTeNnp U 3HAMEHATED HA MHOKHUTENH.

I[J'[f[ TOIO T-IT06I>I pasnompm) YHUCJIIMTEIb HA MHOXXUTCIIN, HY)KHO p€IHI/ITI) KBa)IpaTHOG ypaBHeHI/Iel
2xt —=3x-5=0

CHaqana HaxXoIuM JUCKPUMUHAHT:

D=(=3%-4.2 (-5)=9+40= 45

W xBaapaTHbIil KOPEHB U3 HETO: JD = ""ﬁ =7,

B ciyuae ecnu nuckpuMuHaHT OoJibLION, HanpuMmep 361, Hcnonb3yeM KalbKyIsaTop, GyHKUIKS
U3BJICYEHUS] KBAJPAaTHOTO KOPHS €CTh HA CAMOM IIPOCTOM KaJIbKYJISITOPE.

! Ecnu kopeHb He uzenekaemcs Hayeno (noayiaemcsi OpooHoe Yucio ¢ 3animoti), 04eHb
8EpOSIMHO, YMO OUCKPUMUHAHM GbIYUCTIEH He8ePHO TUOO0 6 3a0anHUU Onevyamxa.



Z{anee HaXOoIuM KOPHHU:

2.2 4 4
L =T 347 105
o224 42

Takum o6pazom:

oxt —3x-5=2fx— (1) (x—§]= 2{x+1)- (x—§]= (x+1) {2x—5|

Bcé. Yncnurenb Ha MHOXKUTEIU PA3IOKEH.

3HameHaTens. 3HaMeHATENb * +1 YK ABJIACTCA HpOCTCﬁH.IPIM MHOXKHUTCJICM, U YIIPOCTUTH €T'O
HUKaK HCJIb34.

) = lim (x+1).{2x—5}:(,1

x-1 x+1

{x+1]|:

O‘IeBI/II[HO, 4TO MOXKHO COKpPATUTh Ha
(9= lim (2x=5)= %)
r—=-1

Tenepb U IIOACTaBJIsIEM -1B BBIPAXXCHHUEC, KOTOPOC OCTAJIOCH IO 3HAKOM IIpEaciia:

=2 (-1)-5=-2-5=-7
B uncrosom BApHUAHTC 0(1)OpMJ'IeHI/I€ AOJDKHO BBITJIAACTh IPUMCEPHO TaK:

- oxt—3x—5
==l x4

0
=a=":*:"

PaBJ'IO)KI/IM YUCIIUTCJIb HA MHOXHUTCIIN.
2xt—3x—5=0
D=(=3%-4.2 (-5)=9+40= 49

ND =43 =7

_—(—3}—?:3—?:—4:_1‘

xn= —_—
2.2 4 4

L D47 _347 105

o224 42

oxt —3x—5=2{x+1) (x— g] =[x +1) [2x-5)

R Gha ) S, {2x—5}=—2—5=—1

r-1 r+1 !

IIpumep S

o, 8-2x \
BbI4uCIuTh peen © 2 +4x-12

CHayasna «4UMCTOBOI» BapUaHT PEHICHUS



a2
B— 2% 9:(*}

=2xt 44x-12 0
Pazoxnm uncimTens 1 3HaMeHaTeIbh Ha MHOKHUTENH.

Ynemrrens: 5~ 2% = 2(4=2")=2(2-x)(2+=x)
3HaMeHaTeNb:

4dx-12=0

D=16+48= 64

Jo=8

2
F+dx-12=(x+60x-2)

g 22-DRER) L @-nRER) . —(x-22+D)

(") =l =
1 (2O x—2) R (xt6x—2) ™2 (xt6)(x—2)
ST ok, B s S

¥1 (7 + 6) g

UTto BaXXHOTO B JAaHHOM TpuMepe?

Bo-niepBbix, Bbl J0MKHBI XOPOIIIO MOHUMATh, KaK PACKPHIT YUCIUTEb, CHAYaJla MbI BEIHECIIH 32
CKOOKY 2, a 3aTeM UCTOJIb30BaIH (POPMYITy pa3HOCTH KBAJIPaToOB. YK 3TY-TO (POpMYITy HY>KHO
3HATh U BUJICTD.

Pexomenpanus: Ecnu B ipenene (mpakTHYeCKH TOOOTO THUTIA) MOKHO BEIHECTH YHCIIO 32
CKOOKY, TO Bcerja 3To jAenaeM. bojee Toro, Takue 4ncia 1eaecoo0pa3Ho BEBIHOCUTD 3a 3HAYOK
npenena. 3adem? Jla mpocTo 9YTOOBI OHM HE MEIIATHNCH MO HOraMu. [ TaBHOE, TOTOM 3TH YHCIia
HE MOTEPATh MO XOY PEIICHHUS.

O6paTI/IT€ BHUMAHHUEC, YTO HA 3aKJIIOUYUTCIIBHOM 3TallC PCHICHUA s BBIHCC 3a 3HAYOK IIpEaAcia
,[[BOfIKy, a 3aTEM — MUHYC.

! Baxcro

. 2=
]ij

B xoxe pemenust pparment tuna * - & ~ 4 Bcrpeyaercs oueHb 9acTo. CoKpaliaTh TaKkyroo Apoohb
Hesib3sl. CHayvana Hy>KHO IMTOMEHSTh 3HAK y YUCIUTEINS WM Y 3HaMeHaTtens (BbIHECTH -1 3a

CKOOKH).
im 22520 ﬂ:]jm(_g:_

1x—0 T x— 2 .
=ix—2 0 owedox-2 v , TO €CTh IOSBIIAETCS 3HAK «MHHYC», KOTOPBIA [IPpH
BBIYMCICHUM NIPEJIEA YYUTHIBAETCS U TEPATH €0 COBCEM HE HYIKHO.

BOO6IJ_IC, A 3aMCTUJI, YTO YallC BCCIrO0 B HAXOXKICHUHU ITPCACIIOB JaHHOTO THUIIA IPUXOAUTCS
peaTh ABa KBAJAPATHBIX YPABHCHUSA, TO €CTh U B YUCIIUTCIIC U B 3BHAMCHATCJIC HAXOAATCS

KBaApPATHBIC TPCXYJICHDI.

MeTton YMHOKECHUA YUCTUTEIA H 3HAMEHATEJIA HAa CONMPAKCHHOC BBIPAXKCHUE

= |

Hponoml(aeM paccMaTpruBaTb HCONIPCACIICHHOCTD BUAA

Crnenyromnuii THI Mpe/IeoB MOX0XK Ha MPEABITYIIUNA TUIL. EAMHCTBEHHOE, TOMUMO
MHOT'O4JICHOB, Y HAC J00aBATCSI KOPHH.



IIpumep 6

Jr+s—flox—21

Haittu npegen ** 5x—15

Haunnaem pemars.

CHayvana npoOyeM NOJICTaBUTh 3 B BbIpaXEHHE 1101 3HAKOM IIpesena

Sre-A 0321 W55
5.3-15 C15-15

0
[Torydena HeolpeieIeHHOCTh BUAa 0, KOTOPYIO HY)KHO YCTPAHSTh.

o A6 flox—21 :g:(,‘}

K3 Sx-15 0

Korna B uncnutene (3HameHaresne) HaxoUTCs pa3HOCTh KOpHEH (MM KOpeHb MUHYC KaKoe-
0

HI/I6y,HL IH/IC.]'IO), TO UL PACKPBITUA HEOIIPEACIICHHOCTU 0 HCIOJB3YIOT METOA YMHOKCHUSA
YUCJIUTETA U SHAMCECHATEISI HA COMPSIZKCHHOC BBIPAYKCHUC.

N B
Bcnomunaaem dopmyy pasHOCTH KBaJpaToOB: (@—d)a+b)=a"-b
e Jr+6 - Jlox-21

U cMOTpUM Ha Ham mpejen: * - Sx-15

UTo MOXKHO cKa3aTh? (@—&) y HacC B YHCIIUTENIE YK€ eCTh. Tenepsh aiis mpuMeHeHus: popmyIibl

OCTaJIOCh OPraHnU30BaTh (a +b} (KOTOpOC M HA3bIBACTCA CONMPHANKCHHBIM Bblpa)KeHI/IEM).

YMHOKaeM YHCJIUTEIb HA CONPSAKEHHOE BBIPAKCHUE!

o (x4 6= fT0x=2D) (6 + o105 - 27|
x3 5x—15 |

OO6paTtuTe BHUMaHUE, YTO MO KOPHSAMU HPU ATON ONepaiiii Mbl HUUEro HE TPOraeM.

(a+4)

Xoporio, MBI OPraHU30BaJIA, HO BBIPAKEHUE-TO T10J] 3HAKOM IMpefiesia U3MEHMIOCh! A

a+b
JUISL TOTO, YTOOBI OHO HE MEHSIJIOCH, HY)KHO €r0 pa3JIe)IuTh Ha TO XKe caMoe, T.C. Ha ( ) :

—fim (X +6— f10x - 21) (246 + 102 - 21

(9 =lm, (52 =151 (Jx+6 +4/10x-21)

= ("

To ecTb, MBI YMHOKMJIH YMCIUTEb U 3HAMEHATE/Ib HA CONPSKEHHOE BbIPasKeHHE.
B u3BecTHOM cTEneHu, 3TO UCKYCCTBEHHBIN ITPUEM.

_ .3 g
Ymuoxunu. Tenepb camoe BpeMsi IPUMEHUTH BBEPXY GopMyITy l@—&)a+d)=a" —5 :



_ (fx +6)° —(J10x — 21)°
(*)_]’3133(5x—15j-(Jx+6+J10x—21j_
x+6—(10x—21)
H3(5x 15) (Jx+6 +me—21)
i x+6-10x+ 21
"3 (52 —15) (45 +6 + 4107 —21)
_ —9x+27 _

= (5x—15) (Jx+6 +/10x - 21

0

Heonpenenennocts 0 He npomnaina (mornpoOyHTe MOJCTaBUTh TPOHKY), 1a U KOPHU TOXKE HE
rcueznu. Ho ¢ cymMmmoil KopHeil BCE 3HAaUUTENBHO MPOIIE, €€ MOKHO MPEBPATUTh B MOCTOSIHHOE
gucio. Kak 370 cienars? [la mpocTo NOACTaBUTh TPOUKY MO KOPHHU:

) = tim —9x+27
73 (55 =150 (f34+6+/10. 3 21)
—9x+27 . —Gx+27
:]_1_'[11 =]
73 (52— 15) (4 +49) 3 (5215} (3+3)
1. =9x+27
i —— = =
T 623 5x—15 )

qI/ICJ'IO, KaK YK€ OTMCYAJIOCh paHEC, JIYUIIC BBIHCCTHU 3a 3HAYOK MMPCaAcia.

Tenepb OCTAJIOCh PA3JIOKUTH YUCIIUTCIIb U 3HAMCHATCJIb HA MHOXUTCIIN U COKPATUTDH
«BHHOBHHUKOB» HeOHpeI[eJ'IéHHOCTI/I HY a IpCACI KOHCTAHTBI — paBCH caMOM KOHCTaHTE:

9x-3) 1. -9 1 (-9 3
= Ly 223 1, -8 __[_]z__
6123 5(x—3) 63 5 6 L 5 10

Kak 10JKHO BBINTIAAETH pElICHNE JAHHOTO IIpUMepa B UUCTOBOM BapHaHTe?
[IpumepHO Tak:

o A6 05 =21 :%:(,‘l

¥-s3 5x-15

VMHOXUM YHUCIUTENIh U 3HAMCHATESIb Ha COIIPS’KECHHOC BBIPAKCHHUC.

(*) = tim (v/x+6— 102 - 21) (+/x +6 +/10x-21) |
s S(x— 3 (Nx+6 +102-21)
_1 x+6-(10x—21) B
LN s Y T
_1 1 x+6-10x421_ 1, -9x+27
S Gxad (x—3) T (x—3)
1]Jm—9(x H_-9__3
3083 (x-3) 30 10

IIpumep 7

X +x-2
Haiitu npegen 72w x+6 -



CHayana nonpoOyiTe pemuTh ero CaMoCTOATEIbHO.

OxoHYaTeILHOE pPEeIICHUEC TpHUMEpPa MOXKCET BBITJIAJACTE TaK:

lim 2% =22 (n
=246 -2 0

P rx-2 E

Pasioxum unciurens Ha MHOKUTEH:
P x-2=0
D=1+8=9

Jo=3

-1-3
xl:T:_

-1+3
x2= 2 =

Fhr-2=(x+2(x-1

VMHOXUM YHUCIUTENIh U 3HAMEHATEIb Ha COIIPAKEHHOC BBIPAKCHUE

o (xrDx-Dlr 6 +2)
)=, (Jx+6-2(dx+6+2)
g (5 2}{x—1}(ﬁ.n"x+6_ﬂ+2}=4]jm (x+2)(x-1 |

¥l x+6—4 e
=4lim (x-1)=4 (-3 =-12

IIpakTnueckas padora Nel2

Tema: HaxoxneHue npon3BOAHON (YHKITUH.

Heab: [IpoBepuTh Ha NpakTHUKE 3HAHME MOHATUS NPOU3BOJHOM (YHKLUH, YMEHHE
HAXOJIUTh TPOHM3BOJIHBIC IJIEMEHTAPHBIX (YHKUMH, CIOXKHBIX (YHKUIWH, OOpaTHBIX (YHKLUH,
NOJIb3YsICh TabauLel MPOU3BOIHBIX U MpaBuWiIaMu AU depeHIupoBaHHs, TOHATHEM CIO0XKHAs U
oOpatHast pyHKIHSI, yMEHUE IPUMEHATH IPOU3BOIAHYIO ISl HCCIIEOBAHUS (PYHKIUH.

1.TeopeTnyeckuii MaTepuaJ ¥ NPUMePbl HAXO0XKICHUS NPOU3BOAHON pyHKIMH.

Onpenenenune: IlpomsBognoit ¢ynkumu f(x) (f(x)) B Touke X Ha3pIBaeTcs NpeAes

OTHOLICHUS TpUpAIeHUs (YHKIUH K MPHUPAIICHUIO apryMEHTa IpH IMpHUpaIleHHH apryMeHTa
CTPEMSIIIEMCS K HYJIIO:

. A
]‘lm.ﬂx—> ] i:f'(x)

IIpousBoaHbIe 3j1eMeHTAPHBIX PYHKIM.



e Fix)
c — const 0
s ! gt~ 1
g g™
Pl 2" lna
1
= -
X
log = 1
4 2l 3
Siny COS M
Cos i - Sin
1
tox 5
CoOs™ ¥

IpaBuaa nudpepeHupoBaHus.

Ecmu y ynkuuit f(x) 1 g(X) CymecTByrOT MPOU3BOAHBIE, TO
1.C'=0

2. (utv)=u"+v'

3. (uwv)'=u'v+v'u

4. (C-u)'=C-u’, rme C=const

1l

17
5.(=
6. IIpousBoHas CIOKHON PyHKITNH:
f(g(x)=Ff(g)-g'(x)

2. Ilpumepsl.
x* + 21
1. Haiity 3Ha4YeHHE MPOU3BOTHON PYHKINU:Y=3 -4x+8.

Pemenne:

[To mpaBmITy HAXOXKJIEHUS MMPOU3BOIHON anreOpandeckor cyMMbl QyHKIUH (hopmyra 2):

X2 + zi x2)'+ (2*1 z’i 1n1 z’i
y= (3 4x+8)= (3 -(4x)+@8)=3-2x+ I l-4-1+0=6x+ I

x® (sin )i
2. HaiiTi 3HaYeHHE MPOU3BOIHON (DYHKIMU: y = +4).

Pemenne:

x8,v = sinxi
DYHKIUS MPEACTABISET COOON MPOU3BEICHHUE JBYX MHOXHUTEICH: U= +4.

ITo popmyme 3:
(x®(sinx (xf’)'(simi x(sinx x> (sinx xT COS X
y' = +4)) = 4yt +4)=6 14yt
3x—35
4 —

3. Haiit 3HayeHne npou3BOJHON QYHKIUU: Y=
Pemenue:

3x—5v=e

OyHKIMS NpeAcTaBiseT co00il YacTHOE JBYX BBIPAKEHUU: U=

(

ITo popmyne 5: y'=

4g¥ -3

(4e*—3)2 ‘ (4e¥—-3)2

3x_5 )l (3x-5)-(4e” -3) (46" -3) -(3x—-7) 3(s6"—2)—42"(32-5)

4

i



y = sinf 4% - 1) w = L
6 B TO4dER 9 12

Pemrenune. Haiinem mpou3BoaHYHO JaHHOW (YHKIMU 1O mpaBwiy auddepeHnnpoBaHus
cnoxHoi ¢pyHkuuu (hopmyna 6):

Y =[5ir{4x - ED = [4>< - lT] -cus[éi-x —lT]= 4|::|:|E[4>< - E]
] ] ] ]

Ay LA T A3

y[ﬁ]-ﬂrm{d}-ﬁ E]—4cus——4-?-2-\-"§

3

_§=_ 3

Ex«f;

y=3—  y=G =3 Ay=-la

5. Eciu Jx , TO W 2

6. y=x3 —-3x2 + 5x + 2. Haiinem y '(-1).

y'=3x2 — 6x+ 5. CnenoBatenbHo, y '(—1) = 14.

T7Ecimmy=Inx-cosx,T0y'=(InXx)"'cosx+Inx (cos x)'=1/x-cos x—In x - sin X.
x . (x3) COS x—x3{|:os x}r 3 3x% cosx+x s x

8. cos X EOSEX coszx

[Tycts nana @ynkuums. s e€ uccneaoBaHus HYKHO:

1) Haiitu e€ obnacte onpenenenus. Eciu 3T0 HE CIMIIKOM CIIOKHO, TO TMOJE3HO HAWTH
Takke o0jacTh 3HaueHui. (OHAKO, BO MHOTHX CIIy4asiX, BOMPOC HAXOXKIACHUS OTKJIAJbIBAETCS
710 HAXO0X/IEHUS SKCTPEMYMOB (YHKIIHH. )

2) BbiacHuTh 0OLIME CBOMCTBA (PYHKIHMH, KOTOpPbIE TOMOTYT B OINpeAeNieHuu e&
MOBEJCHUSA: He sBisercs Ju (QyHKOUsS 4YETHOW nuOO0 HE4YETHOM, He SBJSeTCs JU OHa
MEePUOIUYECKOM.

3) Breisicauth, kak BeAET ceOst GyHKIUS MPU MPUONIKCHUH apryMeHTa K TPaHHUYHBIM
TOYKaM OOJIAaCTH OIpeNIelIeHHs, eCIM TaKue IpaHuYHbIe TOYKU uMeroTcs. Ecnan QyHkuus nmeer
TOYKH Pa3pbiBa, TO ST TOYKU TOXKE MPOBEPUTH HA HAJTMUME BEPTHUKAIBHBIX aCUMITOT (HYHKIUH.
Haiitn HakJIIOHHBIE ACUMIITOTHI.

4) Haiitu Touku mepeceyeHHs rpaduka ¢ OCSIMH KOOPAUHAT, YTO COCTOUT B MPOCTOM
BBIYHCIICHUH 3HAUCHUS QYHKIUH MPU YCIOBHUHU:

C ocsro OX: y=0;

C ocpro OY: x=0.

HaxoxxaeHue Todek nepeceyeHHst ¢ OCbI0 MOXET MPUBECTH K HEOOXOAMMOCTU PEIIUTh
CIIO’KHOE ajredpanyeckoe ypaBHEHHE, YTO, OBITh MOXKET, YIACTCs CAeNaTh JIUIIb MPUOIIKEHHO.
OTpicKkaB KOpHU (DYHKIIMU U TOUKH pa3pbiBa, Mbl MOXKEM OMPEIEIUTh 3HAK (PYHKIIUU HA KaXKIOM
U3 MHTEPBAJIOB MEXAY OSTHUMH TOYKAaMU. OJTO MOXHO CJeNaTh JUOO BBIYHUCIUB 3HAYCHHUE
(GyHKINU B KaKOW-HUOY1b U3 TOUEK HHTEPBAA, JINOO MPUMEHUB METOJ HHTEPBAJIOB.

S)Haiitu mpoMeXyTKHM MOHOTOHHOCTH. J[Jii 3TOro HaxoAST MPOW3BOIHYIO M pEIIaioT
HEPaBEHCTBO:

f (xj}d. Ha npomMexyTkax, IJie 3T0 HEpaBEHCTBO BBINOJIHEHO, GYHKIUA Bo3pacTaeT. Tam,

IJI€ BBITTOJTHEHO HEPAaBEHCTBO f(x) {d, GbyHKIHS yOBIBaET.

Haiinsg wHTEpBaNbl MOHOTOHHOCTH, MBI MOXEM Cpa3y OIPEICIIUTh TOYKH JIOKAITBHOTO
IKCTpEMyMa: TaM, TJe BO3pAaCTaHUE CMEHSCTCS YOBIBAaHMEM, pAacIOJIaraloTcsl JIOKAJbHbBIE
MaKCUMYMBI, a TaM, IJie yObIBaHUE CMEHSETCSI BO3PACTAHUEM - JIOKAJIbHBIC MUHUMYMBI.

6) HaxoxxneHue MHTEPBAJIOB BBIMYKIOCTH M BOTHYTOCTH BEAETCS C MOMOIIBIO BTOPOM

npousBoaHoW. Haiins f '(xﬁ, MBI OIIPEACIISIEM 3HAKU f '[“ﬁHa HMHTEpBaIax:
ecn [ T“ﬁ)O, TO KpuBas rpaduka GyHKINU BOTHYTA;

.i
ecn f (2ﬁ<0, TO KpuBas rpaduka (yHKINU BBITYKIIas.
3a01HO ompenenseM TOYKH Ieperuda Kak Te€ TOYKH, B KOTOPBIX (DYHKIHS MeEHseT
HarpaBJIEHUE BBITYKIOCTH (U HETPEPHIBHA).



7) Haxomz[eHHe TOYCK IIEPECCUCHUA l"pa(bI/IKa C aCUMIITOTON H JOITIOJIHUTCIIbHBIX TOYCK.

9T0T IIYHKT HC HOCUT 00513aTEeNIBHOTO XapaKkTepa, OJHAKO HAXOXKACHUC TAKUX TOYCK HpI/I,[[aéT

UCCIeIOBaHMIO (PYHKIIMH U TOCTPOCHHOMY €€ rpaduKy 3aKOHYEHHOCTH U MOJIHOTY.

3aMeTI/IM, 4TO IOJy4daromuecsa B IMPOHCCCC HCCIICAOBAHUA (I)YHKI_II/II/I TOYKH Ha OCAX
KOOpJAWHAT U Ha rpa(bHKe IMMOJIC3HO Cpa3y KE€ HAHOCHUTH Ha qepTéxc. OTO0 TIOMOTaeT 110 Xoay Aaejia

YSCHATH BUJ Ipaduka.
3. BoinosiHUTE CAMOCTOSATEIbHO:

Ne Hajitu Ne HajitTu npousBoaHyIo
BAPUHAHT | NMPOM3BOJAHYIO (DYHKIUH y: BapUaHTA | pyHKIUH y:
1 6
1. y=6x1- 1. y=-6x1-
3c05x+8x—$ ?msx—l—x—l;\
e
2. y=€31(5x+7) 2. y=° i(x+17)
lnj 6—2 1nii
3. yzgin 3 y= sin 2x
X 10—x
4. y=3 E'i 4. y=Ig 1
5 y:ﬂsin 2% s y:,xsin(ﬁx -5 i
2 1. y=-7x1-1 / 1. y=-7x1-l
3ctgx—|—x—.'54 3ctgx—|—x—ﬂ
2. y=49i(5x+7ln jﬁ‘) 2. y=4ji(5x+7]‘n 7%)
X— X—
3. y:sini 3. y:sini
4. y=In(6x-3) 4. y=In(6x-3)
& &
5. y=V (3% ?)1 5. v 3% ?)i
3 l.y=4x-3tgx+6x-8 8 l.y=-5x+2ctgx+3x-2
2. y=€'l-cos x 2. y=8).cos(—4x)
3x— Sx—4
3.y=5—j' 3.y=15-2%
4y-(6x—9NY 4y-x =T
S.yzg” (sin xﬂ 5.},:?; (sin xji
4 1 y=7x-9X 12 ? I y=sx7X 110
2. y= 2. y=
x° - (7 cosx — 8) Vx - (4 cosx — 3)
tgx ctgx |
3. y=5inx+ 3. y= cosx+
4. y= 4. y=
J10g,(5x — 8) /sin(2x® — 4)
5.y 66054]% 5.y 153—2cnsaxi
5 1.y=6Inx-3,6 10 1.y=16x-0,6
cosx +4 cos x + 4iny

2 y=(x-4) 125

2 y=(7x-9)-2 47




En:tg._ stgx—3x+3
3y= &* 3.y= e
4y=(T7xt5) 4y=(—5x1x)
cos 4 cos 84
5.y=4'~"5x_ 4x 5.y:‘\.."g 15x— -’-l-xli|+
tgxi
4.BbINOJIHUTE CAMOCTOSITEILHO:
BapuanTt Nel Bapuant Ne2
Uccnenosars dbyHKIHIO Ha Uccnenosats dbyHKIHIO Ha
MOHOTOHHOCTh U IKCTPEMYM: MOHOTOHHOCTH U IKCTPEMYM:
1 :XE—SXE +4 Exg_x2_3x+
5-2 :
Z X
2. y:.'?t-' - 2. y:xz_i
Bapuant Ne3 Bapuant Ne4
UccnenoBath GbyHKIUIO Ha UccnenoBath GbyHKIUIO Ha
MOHOTOHHOCTb U IKCTPEMYM: MOHOTOHHOCTb U 3KCTPEMYM:
- 2 _ .3 2
1 y=% +3x # 1 y=% +3x $
xz .'?(.'3
2. yﬂz—I 2. y=xz—i
Bapuant Ne5 Bapuant Ne6
UccnenoBath GyHKIUIO Ha UccnepoBath GbyHKIUIO Ha
MOHOTOHHOCTb U 3KCTPEMYM: MOHOTOHHOCTb U 3KCTPEMYM:
3 _ 3 _
1oy=X —12x+ § Ly=X 1 229 gy
2x 1
2, y=x7+ 2, y=x*+
Bapuant No7 Bapuant Ne8
Uccnenosarts dbyHKIHIO Ha Uccnenosatn dbyHKIHIO Ha
MOHOTOHHOCTb M SKCTPEMYM: MOHOTOHHOCTH M SKCTPEMYM:
3 _ 2 _ 3 _
] y=X~ —6x"+9x & 1. y=¥ 12x7 g, 1
2x %2
2. y=x2+i 2. y=x32+
Bapuant Ne9 Bapwnant NelO
HccnenoBath GbyHKIUIO Ha HccnenoBath GbyHKIUIO Ha

MOHOTOHHOCTb U OKCTPEMYM:
! yzxg +9x%2+24x + 12

2 !
2. yzﬁx +1

MOHOTOHHOCTB U 3KCTPEMYM!

Zx3 4 EJuczi 1
1. y=2 2 2x-

=
2. y=*—

5. KoHTpoJIbHBIE BONIPOCHI:

2r

Xy

Breraucnenune

Viw = 14+ 7 omo nojiyyeHue us GXOaHle aaHHblx HOB020 3HAHUA
xy

1. CdopmynupyiiTe mpaBuia HaXOXICHHS IPOU3BOJAHOM CYMMBI, HPOH3BEACHUS,
Y4aCTHOTO.
2. Kax HaiiTu MPOU3BOJHYIO CIIOKHOW (QyHKIIMU?



3. Kakx npumensercs mnpousBogHas (QYHKUMM O HCCIEIOBaHUS (PYHKIMHU Ha
MOHOTOHHOCTb, 3KCTPEMYM?

IIpakTH4eckoe 3ansaTHe Ne 13

Tema: Haxoxaenne npousBoaHbix GpyHkuuii. HaxosxaeHne npou3BOIHBIX CJIO0KHBIX
(pyHK1UI, BBICHIHUX ITOPAIKOB

Heab: HayuuTbcs BBIYMCIATH NPOM3BOJHBIC (DYHKIMH, CIOXHBIX (DYHKIMH, BBICIINX
MIOPSIIKOB

Teoperuuecknii 010K

Ha mpakTtuke ¢ TpOM3BOJHON CIIOXKHOM (YHKIMH TPUXOIUTCS CTAIKUBATHCS OYEHBb
qacTo, koraa Bam naHbl 3a1aHus HA HAXOKJAEHUE TPOU3BOIHBIX.

CMmoTtpum B Tabnuiry Ha mpaBwio audHepeHIupoBaHNS CII0KHON (yHKIHH:

(v =) '

Pazbupaemcs. Ilpexxnae Bcero, oOpaTiM BHUMaHHWE Ha 3aIiCh uv), 3nech y Hac ABe
bysakmmu — ¥ u ¥, npuuem Qynkus ¥, o6pasHO roBopsi, BlokeHa B (GyHKIHIO ¥ . OyHKIUsA
Takoro Buja (Korja oaHa (GyHKIIUS BJIOXKEHA B IPYTYIO) M HA3bIBAETCS CIIOKHOW (DYHKIIHEH.

Oynknuo ¥ HaspiBaloT BHelIHed (QyHKuHued, a GyHknuio ¥ — BHYTpPeHHeH (MJu
BJIO’KEHHOM) (pyHKIMEi.

J1s TOro, yToOBI MPOSICHUTH CUTYALIUI0, PACCMOTPHUM:
[pumep 1
HaiiTi npou3BoaHyto GyHKIuE » sm( 35— 3)

[Ton cuHycOM y Hac HaxXOAWUTCS HE MPOCTO OyKBa «UKC», a IEJI0€ BBIPAKEHUE 3x-3,
MO3TOMY HAaWTH MPOU3BOJIHYIO Cpa3y Mo TabJUIE HE MOTyYUTCs. Takxke Mbl 3aMedaeM, YTO 37eCh
HEBO3MOKHO MPUMEHUTH TEPBhIE YEThIPE MpaBUiia, Bpojae Obl €CTh Pa3HOCTh, HO JIETIO0 B TOM, YTO
«pa3pbiBaTh Ha 4acTH» CUHYC HEJb3S:

SB3y="S =sm3 T =SS

B mannom MpuUMEpPE yKC U3 MOHUX 00BSICHEHHH HUHTYUTUBHO IIOHATHO, 4YTO (pYHKI_[I/ISI

=amnf 3x— — o
Y ( 3 _ 3TO CIIOKHAasg (YHKIUS, MPUYEM MHOTOUJICH 3x=35 gpnsercs BHYTpEHHEN

HKIIMEH (BJIOKESHHUEM), a sin 3x—5) _ BHEIIHEN PYHKIIMEHN.
y y

IlepBbIii mar, KOTOPbIA HYKHO BBIMOJHUTH MPU HAXOXKICHUHM MPOWU3BOJHON CIIOKHOU
(GYHKIIUM COCTOUT B TOM, YTOOBI pa3o0parThbcesi, Kakas (PYHKUHS sIBJIseTCS BHYTPEeHHeW, a

KaKasl — BHeIIHEeH.

smi 3x—0)

B clIydyac€ IIPOCTBIX IIPUMEPOB BPOAC IIOHATHO, 4YTO IIOA CHHYC BJIOXKCH

MHOTOUIEH X~ 2. A Kak ke ObITh, ecu Bc€ He ouyeBMAHO? Kak TOYHO ompenenuTh, Kakas
GbyHKIUs SBISICTCS BHEIIHEH, a Kakas BHyTpeHHeW? [lyisg sToro s mpeasyiararo HCIOJIb30BaTh
CHEAYIOUUNA MPUEM, KOTOPbIA MOKHO MPOBOJIUTH MBICIICHHO WJIM HA YEPHOBUKE.

[IpencraBuM, 4TO HaM HYKHO BBIYUCIUTH Ha KAJIbKYJISATOPE 3HAYEHUE BBIPAKCHUS

sinf 3x —5) npu « = 1 (BMeCTO eIMHHIIBI MOXKET OBITh JTF000€ YUCIIO).

Yto MBI BHIYMCIUM B MEPBYIO odepeas? B mepBylo ovepenb HyXHO OyJeT BBINOJHUTH

cremyiomee aeicTBhe: S 1T 2=~ ooTOMy MHOTOWIEH X~y Gymer BHYyTpEHHCH
byHKIMEH Y

= :i»‘i]l

W

Bo BTOpyl0 oOuepenb HyXHO Oyner HaWTH sin _2), MO3TOMY CHHYC — OyJeT BHeEIIHeH



byHKIHECH:

g = sin@

W

U

ITocne toro, kak Mbl PA3SOBPAJIMCD c BHyTpeHHEH U BHEUIHEH (QyHKIUSMU caMOe Bpems

| - r ) r
MPUMEHHUTD TIPaBUiIo AU HepeHInpoBaHHS CIOKHON QYHKITUH (vl =u'(v) "
Haunnaem pemarb. Mbl moMHUM, 4TO OQOpMIIEHHE pELIEeHUS JH000i MPOU3BOAHOMN
BCEr/Jla HAYMHACTCS TaK — 3aKJF0YaeM BBIPA)KEHUE B CKOOKH M CTaBUM CIIpaBa BBEPXY IITPUX:

¥ = (sin{ 3% = 5))'

f
CHauaja HaxOAMM IPOM3BOJHYIO BHEIIHeH GyHKIMH v) (cunyca), cMOTpUM Ha

i
TaOJIMIly TPOM3BOJHBIX JJIEMEHTAapHbIX (YHKIUI W 3amMedaeM, 4YTO (sin x)’ = F95S%  Bee

Ta0JIHYHBIE (l)OpMyJIbI NPpUMEHUMBI U B TOM, CJIy4dae, €CJIH «HKC» 3aMCHHUTH CJ/I0’KHBIM
BBIPAKCHUEM, B JaHHOM cirydae:

w'(v) =cos(3x —5)

OOparure BHMMaHUe, YTO BHYTpPeHHAA (yHKIMA ¥ = 3 =3 He p3MeHMIACh, eé MbI He
TpOTraeM.

Hy " COBCPIICHHO OYCBUHO, UTO

V= (3x— 5

[ Lt
Pesynbrar npumeHenust GopMyIibt vl =" 5 qycropom 0(OPMIICHUU BBITTISIUT

TaK:

¥={an{3x—N" =cos(3x-0) Gz -0

Jlanee Mb1 OepeM MPOU3BOHYIO BHYTPEHHEH (DYHKIIMHU, OHA OYEHB MPOCTAs:

=l 3x—0 =cos(3x—0) (Bx -0 =cos(Bx -0 - (3-0)

[TocTosTHHBIH MHOKHTEITb OOBIYHO BBIHOCSIT B Hayajo BBIPXKCHUS:
¥ = Zx— 5 = cos(3x-5) (3x -9 =cos(3x -5 (3-O
= 3cos(3x—0)

T'otoBo

Ecnu ocranoch kakoe-nu00 HEIONMOHMMAaHUE, MEPENUIINTe pelieHne Ha Oymary u emie
pa3 mpounTanTe 00BICHEHHS.

[pumep 2

Haittu poussoanyto dynximu = — =°F 2x

OTO0 npuMep ISl CAaMOCTOSATENIBHOTO PELIEHUS (OTBET B KOHIIE YPOKa).

[pumep 3
Hai y=(2x+1)
alTH NPOU3BOJIHYIO (QYHKIIUH
Kaxk BcCeraa 3allMChbIBACM:

Y= ({2x+ Y
Pazbupaemcs, rae y Hac BHewHss (yHKIMS, a Tae BHyTpeHHss. [[ng storo mpobOyem

5
(MBICJIEHHO MJIM Ha YEpPHOBUKE) BBIYHCIUTH 3HAYCHHE BBIPAKEHHS (2x+1) npu & =1, Yro
HY’KHO BBIIIOJHUTH B NEpBYI0 ouepens? B mepByio ouepenb HYKHO COCUMTATh YEMY PaBHO

ocHoBamme: < 1T1=3  spauur, wmuOrounen (2x+1) _

y=&+D
i

U €CTh BHYTPEHHSISI (DyHKUUS:



W, TOnpKO MOTOM BBITIOJIHSIETCS BO3BEACHHUE B CTETICHD ¥ , CIIeZIOBaTeIbHO, CTENeHHAs (DyHKITUS
— 3TO BHEUIHSSA byHKIHS:

y=(@&@+D

W

LI

f__ ot ot o o
Cormacao Qopmyie W =u'tv)-v , CHauajga HY)XHO HAWTH TPOW3BOJHYIO OT BHEIIHEH
GyHKIIMM, B JaHHOM Ciy4ae, OT cCTerneHW. Pa3pickuBaeM B Ta0nwie HYXHYIO (QopMmymy:

-1
. HOBTOpHeM CIIC pas: J100as Ta0THYHAS (])opMy.na cnmpaBeaivBa HE TOJbKO IJIs

«HUKC», HO U IJIAA CJIO0KHOT'0 BBLIPAKCHUSA. Takum 06pa30M, pe3yabTaT NPUMCHCHUS IIPpAaBUJIA

(x")' = nx

mudGepeHIMpPOBaHUS CITOKHON (DYHKITIH (@) =u'v) ¥ CIICLYIOLIIHiA:
y=2x 40" =5 (2x+0b 2x+1)

r
CHOBA MOYEPKHUBAIO, UTO KOTJIA MBI O€peM MPOM3BOJHYIO OT BHEIIHeH QyHKIHH * ) ,
BHYTPEHHSS ¢byHKUIMA Yy Hac HE MEHSIeTCS:

JeE

HE MEHAETCA

N

Tenepb ocTanock HaTH COBCEM MPOCTYIO MPOU3BOAHYIO OT BHYTPEHHEH (YHKIHMU U HEMHOTO
«IpHAYEeCcaThy Pe3yJIbTar:

y=(2x+17) =5 Qx+1 2x+1)

=5 (2x+DY (2400=10 (2x+ 1"

I'otoso.

[puwmep 4
1

T

Haiitu npousBoaHyto GyHKIMH

DTO mpUMeED JIJIsi CAMOCTOATEILHOTO PEIICHHS (OTBET B KOHIIE YPOKa).

Jlyist 3aKkperuieHus] IOHUMAaHUsI POU3BOIHON CIOKHOW (PyHKIIMM TipuBeLy mpumep Oe3
KOMMEHTapHUeB, MOMPOOYHTE CaMOCTOATENBHO Pa300paThes, MOPACCYK1aTh, I71€ BHEIIHSS U TIe
BHYTpEHHSs1 (QYHKIUS, TIOYEMY 3aJaHUs PEeIICHBl UMEHHO TaK?

IIpumep S
a) Haiitu npousBoanyto GpyHKIUN y= cxrcﬁgﬁ
1 1 1 1
‘= (arctgfx) = —————  (nfx) = . _
Y = larcig ) 1+ (+fx)* = 2x 2 x4+ %)

= (. r ! : 1
= (WJarcigx) = —/——(arcigx) =
y={ gx) > Freion (arcigx) 20+ ) S
IIpumep 6
3
Haiitu npousBonuyto QpyHKIMM y=3% +gx+15

31ech y HaC KOPEHb, a I TOTro, 4ToObI MpoaudpepeHIpoBaTh KOPEHb, €r0 HYKHO

a

)
npencTaBuTh B Buae crerneHn < . Takum o0pa3oM, cHadana mnpuBoAMM (DYHKIHIO B
HaJyIeKamui 1yt nuddepeHpoBanms BUI:



1
¥ =3 g +15) = ((xg +igx+ 15)5]

Ananuzupys (QYHKUMIO, TPUXOAUM K BBIBOAY, YTO CyMMa TpeX CllaraéMbIX — 3TO
BHYTpEHHsI1 (DYHKIHMSI, a BO3BEJCHHE B CTENeHb — BHemmHss (QyHKws. [IpuMeHsem mpaBuiio

mdepeHIUpPOBaHUS CIOKHON (PYHKIIUU (vl =u'(v) ",

f

fr:(m}r=({xg+igx+15)%J _

1 2
= g-{xg +£gx+15)'3 At egr+15)

Crenenp cHOBa MpEeACTaBIsieM B BUAE paiukana (KOpHs), a I HPOU3BOAHOMN
BHYTpPEHHEH (YHKIUHU MPUMEHSIEM IPOCTOE MpaBUiIo AudGepeHInpOBaHUS CyMMBI:

1 r
¥ =3 g +15) = [{xz +f,gx+15)§J =

]
{ : +.ﬁgx+15)'? (% +igx+15) =

[N et

1

ey 00
S (xS +igx

= 1 : [2x+ - ]
3.3(x? +1gx +15) cos” x
['oToBO. MOXHO eme B CKOOKax MPHUBECTH BBIpAKCHHE K OOILIEMYy 3HAMEHATENIO U
3amucarb BCE 0JIHOM JpoObio. KpacuBo, KOHEUHO, HO KOTJIa MOJIyYaIOTCsl TPOMO3IKUE UTUHHBIC
MIPOM3BOHBIC — JIyUIllle ATOTO HE JAeNaTh (JIETKO 3almyTaThCes, JOMYCTUTh HEHYKHYIO OIIHOKY, 1a
W TIpenojiaBatesto OyaeT HeyI0OHO TTPOBEPSITH).

Ipumep 7

5
T
Haiiti mpou3BOAHYIO (PyHKIIUH xtln x

DT0 mpuUMep ISl CAMOCTOSTEIBHOTO PelieHus (OTBET B KOHIIE YPOKa).
HHuTepecHO OTMETUTH, YTO HWHOTAA BMECTO MpaBmia Aud@epeHIupoBaHusl CI0XKHON

r

i, v —

—| =—
v

v

(GYHKIIMH MOKHO MCIOJIB30BaTh MpaBuio Iu(p(depeHIUpOBaHNs YACTHOTO [ , HO

Takoe pelicHre OyIeT BBITJISIICTh KakH3BpameHte HeOObIYHO. BOT XapaKTepHbIi puMep:

IIpumep 8
1
Y=-
Haiiti npousBoiHy10 QyHKIIMH Losx

r
u] v —

2
31ech MOXKHO MCHOJIb30BaTh MpaBuiio nuddepeHpoBaHusl YaCTHOTO (v v ,

HO TOpa3[0 BBITOJHEC HAWTH TNPOU3BOAHYIO 4epe3 MpaBwio AUQPQGEpPCHIUPOBAHUS CIIOKHOM
byHKIHMM:

(e
¥ =1-
cosx

[TonroraBnuBaeM GyHKUUIO Ui AUQQPEPEeHIUPOBaHNUS — BBIHOCUM MHHYC 3a 3HaK
MIPOM3BOHOMN, @ KOCUHYC MOJHUMAeM B YUCIIUTENb:




o) s
Cos X Cos X

KOCI/IHyC — BHYTPCHHSAA (I)yHKLII/Iﬂ, BO3BCACHHUEC B CTCIICHb — BHCIIHAA (I)yHI(I_[I/IH.

Hcnonb3yeM Hallle MpaBuiIo @) =u'0) v

o e
cos X cos X

=—(-1) - cos™%x (cos x)"

HaxoauMm npou3BoHyI0 BHYTpeHHEH (yHKIUH, KOCHHYC cOpackiBaeM 00paTHO BHU3:

o) ] -
Cos X Cos X

:—(—lj-c-::'s'jx-(cosx}':;z-(—sin x)=——3
cos® x cos’ A

l'otoBo. B paccMoTpeHHOM mIpuMepe BaXHO HE 3amyTtathesa B 3Hakax. Kcrarw,

. 7
P

r
] v —w
v

nonpoOyiiTe peluTh €ro ¢ MOMOIIBIO MTpaBUIIa [ , OTBETHI JOJKHBI COBIIACTb.

Ipumep 9
B 1
. T arrcosix
Haiitu nponsBoanyto GpyHKIMU Arceos X
OTO0 npuMep JUIsl CAaMOCTOSATENIBHOTO PELEHUs (OTBET B KOHIIE YPOKa).
o cux mop Mbl paccMaTpuBaiy Clydad, KOTJa Y Hac B CJIOKHON (PYHKITUH OBLIO TOJIBKO
OJIHO BJIO’KEHHE. B MpakTHUECKUX K€ 3a/laHusAX YaCTO MOKHO BCTPETUTh IPOU3BOHBIE, TJE, KaK
MaTpEeLIKH, OJTHA B IPYTYIO0, BIIOKEHBI cpa3y 3, a To u 4-5 GpyHKIMil.

[pumep 10

_ —arcem® ®

HaiiTi npou3BoaHyto QyHKIuE »
. ?msin! |t
Paz6upaemcs Bo BiokeHHsIX 3Toi QyHKIMU. [IpoOyeM BBIUMCINTD BhIpaK€HHUE c

IIOMOILBIO ITOJIONBITHOrO 3HAYEHUd & = 1. Kak 6b1 MbI cunTamu na KaJIbKYJIITOpE?

CHauaza Hy’>XKHO Haifty 5t 1 3paunr, apKCHHYC — CaMO€ TIyOOKOE BIOKEHHE:

G

L2
3aTeM 3TOT apKCUHYC €IMHUIIBI CJIEAYET BO3BECTH B KBajpar & C5il 1.

,

arcein® |1
U, HaKOHell, CeMepKy BO3BOJIUM B CTENEHb 7 :

_

To ecTb, B 1aHHOM IIpUMepe y Hac TPH pa3Hble (PYHKLUUHU U JIBA BIOKEHHs, MPH 3TOM, CaMOH
BHYTpeHHEH (yHKIMEH SBISETCS apKCHHYC, a caMOM BHEIIHeH (yHKIMel — mokaszaTesbHas

GbyHKIHS.
Hauunaem pemars

¥ ==



(V) =a'(v) -V i
CornacHo mpaBuiTy CHayaja HY>KHO B3ATb MPOU3BOJHYIO OT BHEIIHEH
¢byakmun. CMOTpUM B TaONMIly MPOU3BOJHBIX M HAXOAUM TMPOM3BOAHYIO TMOKa3aTeNbHOM

Ewt _ X
byHKIHN: (@) =a'lna EnuHCTBEeHHOE OTIIMYHME — BMECTO «HKC» Y HAC CIOXKHOE BBIPAKCHHE
ArLEM X gTO HE OTMEHSET CIPaBEeIIMBOCTh MAaHHON (Gopmyibl. MTak, pe3yapTaT mpuMEHEHUs

npaBwiia AU GEpeHIINPOBAHUS CIOKHOU PyHKIINN w(vl)'=u'(v) v CJICTYIOIIIUA:

yr _ (?msin!x:lr _ ?arcsing ¥y 7. (arcsin 2 %)

ITon mwTpuxoMm y Hac cHoBa cioxkHas ¢ynkuusi! Ho oHa yxe mpoue. Jlerko yoenurbces,
9YTO BHYTpPEHHSS (YHKIUS — apKCHHYC, BHEHIHAA (yHKIus — cterneHb. COrlacHO NpaBUITy
i depeHIrpOBaHUs CI0KHON (PYHKIMU CHAYaja HY>KHO B3SITh IPOU3BOJIHYIO OT CTEIECHU:

yr _ (?msin!x:lr _ ?arcsing ¥y 7. (arcsin 2 xjr

= T 107 D arcsin ' x . (arcsin x)'

Tenepb BCC IIPOCTO, HAXOJAUM IIO Ta6J'II/II_[e IIPOU3BOJHYIO ApPKCUHYCa W HCMHOTI'O
«(IIPUICCHIBACM» BBIPAKCHUC!
i3 + 2 .
yr — l:?m:sm x;.lr =a—||,-arcsm L n7- (EI’ESIII 2 x)r _

= T 407 D aresinlx (arcsm x)'=

1

In7 Zarcsn ¥ ——m— =

W1=- %

— ?ar-:sinz ¥
2 _

27T arcsin x

\h —x*
['oToBO.
Ilpumep 11
Haiitu npousBoHyto QyHKIM
OTO0 mpUMep Ui CaMOCTOSTENILHOTO PELIeHUs (OTBET B KOHIIE YpOKa).

Ha mpakrtuke mnpaBwio aud@epeHIrpoBaHUS CIOXKHOM (YHKIMHM TOYTH BCeria
IpUMeHseTCss B KOMOMHALIMY C OCTaJIbHBIMU MTPpaBUIaMU AU(pepeHInpOBaHUs.

Ipumep 12
Haiitu nponsBoanyto GpyHKINN
¥ = (—2xe™ 4+ (x* —dx 4+ 3sin Tx)'

g y=h?2x-1

y=—2x&" +(x* —dx+Nsin Tx

+ f= f+ f
CHauazna ucrnonb3yeMm npaBuiio AudQepeHIrpoBaHus CyMMBbI vy =u'ty , 320/IHO B
[IEPBOM CJIara€MOM BBIHOCHUM TIOCTOSIHHBIH MHOXMHTENb 3a 3HAK IPOU3BOJHONW IO MpaBUILy

(Cu)'=Cu'
¥ = (—2xe” +(x —dx +3)sin Tx) = —2(xe™) + (x° — 4z +3)sin Tx)°

B o00omx cnaraeMpIX TOJ MTPUXaMH y HAC HAXOIWTCS TPOM3BENEHHE (YHKIIHH,

r [ r
CJIEA0BATEIbHO, HYKHO JBaX/bl IPUMEHUTH IPABUIIO @v)' = +uv :

¥'=(=2xe" +(x' —4x+3)sim Tx) = —2(xe" ) + ((x* — 4x + s Tx)’

= —20(x)'™ + x(e™ ) + (x° —4x+3'sin Tx+ (x° —dx+3(sin T2

3x
3aMeqaeM, 4TO IOJ HCKOTOPBIMH ILITpUXAMHU Y HAC HAXOLATCA CJIOKHBIC q)yHKI_[I/II/I g .

sin 7 x KanamOyp, HO 3T0 mpocTeiiine U3 CIOKHBIX (DYHKIMHA, U TPU ONPEAEICHHOM OIIbITE
peuieHus MPOM3BOIHBIX 233 Oynere JIETKO HaXOJIMTh 1754 YCTHO.

=w'{v)

-
A 1I0Ka 3anuniemM l'IOI[pO6HO, COINTACHO ITPpaBUIIY {u I(V:ljl , II0JIy4acM:



Y= (—2xd (2t —dx+Dsin T =20k + (2 —dx+Dsin T =

= =200 + 2NV + (22— dx+D'sin Tx+(x° —dx+Disin TR =
=201 +x & (3N +(2x -4+ 0sin Tx+(x* —dx+ FcosTx (T2) =
= —20e™ 4+ 3™V + (2x—Nsin Tx+ 72" —4x +DcosTx

I'oToBo.

[IpuMeps! 11 CaMOCTOATENIBHOTO PELLICHMS

S 44 Infsn x)

Haiit nponssoanyro Gyukmmu » ~
2. ¥=—2am 2x
. 14x
@Y
Ilpumep 4: x Vkazanue: nepeo ouggepenyuposanuem HeobX00UMO

Ilpumep

1 -
_ﬂ - x
nepenecmu CmeneHb Hasepx, CMEeHUes y noxkasameiisl 3HaK A X

: 1 1
Mpunep 7: d iz +h 2° [1 i x]
. 2 |
a ~,.|'r1— x arn::n:c::s3al
o Alnf 2x-1)
Ilpumep 11: 2x—1
¢ xlnlzin x) 4 «J.m- cosJ{

- Jxi4a 51 X |

Ilpumep 9:

Ilpumep 13:

IIpakTnyeckas padora Ne 14

Tema: Haxoxaenue auddepenunanoB ¢ynkuuid. HcciaenoBanume (yHkumm mo

o01reil cxeMe, mocTpoeHue rpadpuka

Hens: Hayuutbest HaxonuTh auddepenimansl GyHKIUN U TOCTPOSHUIO rpaduKa

TeopeTnueckuii 010K

1. HeoOxoauMoe M JOCTAaTOYHOE YCJIOBUE IIOCTOSHCTBA (DYHKIIMU.

2. MoHoTOHHOCTh (yHKIUU. JJocTaTouHOE YCIOBUE CTPOTOi
MOHOTOHHOCTH. HeoOxommMoe M J10CTaTOYHOE YCIOBUE
MOHOTOHHOCTH.

3. DkerpemyM  ¢yHkmmuu. Heobxomumoe ycioBHe 3KCTpeMyMa.
JlocTatounble ycinoBHs 3KcTpemyma. HamOosnbliee ¥ HauMeHblIee
3HaYeHHEe (PYHKIMM Ha OTpe3Ke.

4. Beimyknocts ¢yHKIMU. JJoctaTouHOe yCIOBHE BBIMYKIOCTH.

5. Touku mepermba. HeoOxomumoe ycioBHE TOUYKH TIeperuoa.
JlocTaTouyHOE YCIIOBHE TOYKH Ieperuoa.

6. AcumnrToTsl rpaguka (QyHKIHU.

7. OOmas cxema wuccienoBaHus (QYHKIMA M TOCTPOEHUS TpaduKoB.

OO6mass cxema wuccienoBaHus (QYHKIMH U TOCTPOEHHsI Tpaduka

I. Onpenenenne oOmero xapakrtepa rpaduka (QyHKIHU:

—HaxoXJeHHe o01acTu omnpeneineHus GQyHKIUH;

—uccieoBanue (QyHKIMA Ha YETHOCTh, HEUETHOCTD,

NIePUOTNIHOCTE;

—HCClIeIOBaHNE (YHKLUMU Ha HENPEephIBHOCTh (YHKUUU U

TOYKH DPa3pbIBa,



—HAaxO0XJCHUE BEPTUKAJIBHBIX, T'OPU3OHTAIBHBIX
U HAKJIOHHBIX AaCHUMOTOT Tpaduka (QyHKIUH,
—HaxoXJCHHE TOYEK MepeceueHus: rpaduka QyHKIUUA C
OCSIMHU  KOOpAMHAT;
—HaxO0XJCHUE HMHTEPBAJIOB 3HAKOIOCTOSHCTBA (DYHKIUY;
—HaxOoXJCHHUE JOMOJHUTENbHBIX TOYEK TIpaduka
GYHKIHIH.
II. YTounenue xapakrepa rpaduka byHKINUN c MIOMONIBIO TIEPBOM
MPOU3BOHOM:
—HaXO0’KJICHHE MHTEPBAJIOB MOHOTOHHOCTH (DYHKITUH;
—HaXO0XJIEHHE TOUEK DJKCTPEMYyMOB (DYyHKIHUH.
ITI. Yrounenue xapakrepa rpaduka GyHKIHUU C TOMOIIBIO BTOPOH  MPOU3BOTHOM:
—HaxO0XJCHUE MHTEPBAJIOB BBIIIYKIOCTH  BBEpX,
BBIITYKJIOCTU BHU3;
—HAaXOKJICHHE TOuYeK Imepernda (QyHKIHH.
KoHTpo/ibHBIE BONPOCHI
1. Oyakmua nuddepeHnupyeMa Ha MPOMEXYTKE W MOHOTOHHA.
Uto MOXHO cKa3aTb O €& NpPOU3BOJHOM?
2. OyHKOUS HMMEET Ha OTPE3KE IMOJOXKHUTEIbHYIO MMPOU3BOJHYIO.
YUTto MOXHO cKa3aTb O €€ MOHOTOHHOCTH?
3. @yHKIUA CTPOr0O MOHOTOHHA Ha oTpe3ke. Moxer nm eé
MPOM3BOJHAS HA JTOM OTpe3ke oOpamarbcs B HOJMb?
4. Moxet nmu ¢yHKIUS B TOYKE JKCTpeMyMa OBITh
HeaudpepeHunpyemMoit?
5. Ilycth (QyHKIUS B TOUYKE X, UMEET MUHUMYM. BepHOo 1H, uTO
e€ Ipou3BOJHAs B OTOW TOYKE paBHA HYJO?
6. Ilycte (QyHKUIHS B TOUYKE X, UMEET MHHHMYM. BepHo nu, 4To OHa
middepeHnupyema B ITOH TOUKe?
7. Ilyctb QyHKIUS B TOYKE X, UMEeT MHUHUMYM. BepHo iu, uTo
€CJIM OHAa HENpPEPBIBHA B ATOM TOYKE, TO €€ MPOU3BOJIHASL B ITOU
TOYKE paBHA HYJO?
8. Ilycte QyHKIUS B TOYKE X, UMEET MHUHUMYM. BepHo im, 4To
ecnu oHa nud¢epeHIupyeMa B 3TOM Touke, TO €€
IIPOM3BOJHAs B JTOM TOYKE paBHA HYJIO?
3agaym 11 NPAKTHYECKUX 3aHATHI
1. Haiitn acuMnTtotel rpaduka (yHKIHU:
X' =2x+3 X
flx)J=—"— flx)=—
a) X +2 . 6) X _2

3

2. HaiiTu npomMeXyTKH MOHOTOHHOCTH (YHKIUH:
3 2 2
2 f(x)=x"—6x+9x-3 5) f(x)=x(x-3) . 5)

fx)=24%

X 2 .3. Haiitu skctpemymbl  (QyHKUIUU:



f(x):x3—27x’ 6 f(x):3'%/;+2'%/;+2; 5

a)
1
s

4. UccnenoBate  Metomamu nuddepeHnaibHOro
UCUUCIICHUS clieAyionme (YyHKIMM € TOCTPOUTH TpaduKu:

f(x):X2_6X+13 f(X)ZM

a) X_3 ; 6) X2+1 :
_lnx 2
B) flx)= X . 5 f(x)=x-e ?

3agaum I CaMOCTOATEJIBLHOM PadoThI
1. Haiitu acumnToTel rpaduka (yHKIHU:
2

_x2—2x+3 X
) ﬂx)___;Ef__; 6)f@@—;j5

2. HallTu npoMeXyTKH MOHOTOHHOCTH (YHKIUH:

2 f(x)=x"-6x+9x-3 5) f(x):xz(x—B); )

>

fx)=242
X . 3. Haiitu skctpemymbl  (yHKIHU:
3 3
) flx=e2mc o flo=3iealon
1

flx)=——
(x=3)°
4. UccnenoBath  Meroaamu auddepeHnaibHOro
UCUUCIICHUS cleAyionme (yHKIMM M TOCTPOUTH TpaduKu:
2
X —6x+13 X
flx)==—"— 2
) X=3 . 5 (1+x)(1-x) .
X' =3x+2 _xz(x—l)
- f ( X)_ 2
5) X+2x+1 . ") X +2x+1

flx)=

IIpakTHyeckas padora Ne 15
Tema: IloHsiTHe HeompeaeleHHOr0 HMHTerpaja u ero cpoiictBa. Haxo:kaenue

uHTerpasoB ¢yukumii. HHTErpHpoBaHMe 3aMeHONl NEepeMEeHHOW W 10 YacTAM.
HNHTerpupoBaHne paMoOHAJbLHbIX U HPPALMOHAIBHBIX PyHKIMI

Heanb: Hayuntbes BHIYUCIATE MHTETpasl PYHKIMUA U UHTETPUPOBAHUIO PALIMOHATIBHBIX U
UPPaALMOHATIBHBIX (PYHKIIHMA

Teoperuyecknii 010K

Onpeoenenue. ®ynkus F(x) Ha3pIBaeTCs rmepBooOpa3Hoi (pyHkuMed GyHKIMU f(x) Ha

oTpeske [a, b], ecau B 1000 TOUKE ITOTO OTpe3Ka BEPHO PaBEHCTBO F'¢(x) = f(x).



Onpeoenenue. HeonpeneneHHbIM HHTErpajioM (GYHKIHH f(X) Ha3bIBA€TCA COBOKYMHOCTh
nepBooOpas3HbIX (YHKIUH, KOTOpPHIE OMpENeNeHbl cooTHoIeHueM F(x) + C. 3ammchIBaIoT:

[roa-rm+]

CBoiicTBa:

D {] ﬂ:idr)' = (F()+Cy'= .r{r#
) 4l fDE)- f@a,
3 [#F@-Fm+q

2 I(ﬂ+v—w}ck =Iﬂd’t+lldr —_I-Ht,‘

5)Je-rega- cf remad

B tabnuue 2 npencraBieHsl OCHOBHBIE 3HAUEHUS HEOPEIeIEHHBIX HHTETPATIOB.
Tab6muma 2 — Tabnuia HeonpeAeIEHHBIX HHTETPAIOB

rne u, v, w — HeKOTopbie (DYHKITUH OT X;

WHurerpan 3HaueHue WHurerpan 3HaueHue
1 [e -In¥cosxo+C | fod ex+C
2 Joteeie InYasinxYs+ C 12 | Joosxad sinx+C
3 [ :_;+c 13 | femxad cosx + C
3 1 x 1 tgx+C
4 | ?ﬁl - uctg;+C| 14 ]u—ﬁ;;#
i 1  |z4a 1
5 Iymt ﬂh; fI 15 Iﬂ__l:;di -ctgx+C
[Ipomomxenue TabIUIBI 2
Wnterpan | 3HaueHue Wuterpan 3HavyeHue
ck 7, 3 i ,
6 Iﬁ ln}x+1.jlr to |+CI 16 Iﬁ| -nuj+ c
= I“"l 1 I X
7 | [ ~—+Caxl 17 _[Edr I- [E+IJ+C
1 x
] I%I In|rj+C 18 IE l+gi|+c‘
9 | fax d’:l chrt C 19 | ""“"* dhrs €
& i g
10 IE’}% tir+d 20 IE’}% —chx+(

Teopema. Ecmu tpebyercss HalTH WHTErpaji I ‘ﬂl}dil, HO CIIO)KHO OTBICKAaTh

epBooOpa3Hyt0, TO C TOMOIIIBIO 3aMeHBI X = () u dx = J¢(¢)dt momyuum
[reoac- [ raowod
Merton HMHTErpHpOBaHUS MO YACTSIM OCHOBAaH Ha WM3BECTHOW (OpMyIie MPOU3BOIHOM

npousBeneHus (uv)¢ = u¢v + véu, Tae u u v — HeKoTopble GyHKIUU OT x. B muddepennmanbHoi
dbopme: d(uv)=udv+vdu.

= | v+ wdl
[IpounTterprupoBas, nojryyaem I Xz} .[ I .
B cooTBeTCTBHM CO CBOMCTBaMHU HEOINPEIEIEHHOIO HHTErpaia




e

[Momyunnu  GopmMyny HWHTETPHUPOBAHUS IO YACTSAM, KOTOpas TO3BOJISIET HAXOIUTh
MHTETpaJibl MHOTHX 3JIEMEHTapHbIX (PYHKIUH.
2.1.2 IIpumepuwl peweHus 3a0a4

l-co=x d‘l
Ne 000 [4]. Hatimu ~ s

Pemenue
j;‘“‘“:dFL‘I_“_’“:‘ ‘=j‘£=—ﬂ+(:=— L _+c
(x—sinx) —cusx)dr—d| * £ —dnr |\ 000 [4].  Haiitn
I ]ﬁl
HEOTPEIENEHHBIM MHTErpal 7t +1)
Pemenne

[onBenem nox 3Hak nuddepenimana 3HaMeHaTeb TTOABIHTETPATBHON Ipodu

1
— (I +1)
1=Ill _1 ImThrﬂ-"l“'=Lh|'h:-q+l|+
Txt+1 nd ety N
ﬁ ‘
Ne 000 [4]. Haiiru = ¥ —6x425
Pemenue

& & 1 (x-3
Ix’—ﬁnn _I(x—?.)‘ns_ Em[T}rcI

Ne 000 [4]. HaliTu HeonpeienEHHbIA HHTETpall
Pemenne

J=_fx*-ﬂl—_3ﬂi{

1
I=——— t&%
4
BBeneM MoacTaHoBKY £= 1—31'1, oTkyna #=-15¢ 9* Torna 15'[ . Haxomum
0/ Ty4eHHbIi Ta0IMYHbI HHTErpal ¥ BO3BPAMIAEMCS K CTApOil HepeMeHoM

1
1.3 4 4
F=——jffdt=— +C=—_Nfrc=—"Ya-3 +
15 S 75

5
&
15 3
4

20
2x+1
Ne 000 [4]. HaliTu HeonpeienEHHBIA HHTETPAIl -.- [ ol ] d’l
Penrenne

Jax+ 1) de={zxe1=r, dr=2a} =jr’"-%ar=%r’-%+c

_@op”

A
= —+
42 42
3anaqu U1l CaMOCTOSATENBHOIO PEILICHUS
. o I= Ildgld{
Ne 000 [4]. Haiitu HeonpenenéHHbIi HHTETpal -.- .
-~ I o Iﬂhmﬂ‘
Ne 000 [4]. HaliTu HeonpeienEHHBIA HHTETPAIl .

Ne 000 [4]. Hatitu II’E&d‘I

art &
I - +d
B HHTErpajlax BHUOA ex , TAe »n — HaTypajJlbHOE YHCIIO, (1)yHKU;I/I${

Ilar+b _|
PALMOHAIM3UPYETCS C IOMOLIBIO MOACTaHOBKK ' extd |



Ecnu B coctaB mppanuoHanbHOW (YHKIUH BXOAAT KOPHU PA3IWYHBIX CTETEHEH, TO B
KayecTBE HOBOM MNEPEMEHHOH palMOHAIBHO B3ATh KOPEHb CTENEHH, PaBHOW HAMMEHBLIEMY
00IeMy KpaTHOMY CTereHel KOpHEH, BXOSIINX B BEIPayKCHHUE.

Onpedenenue. buHOMUHATBHBIM A depeHnanioM Has3bIBaeTcs BblpakeHue xm(a +
bxn)pdx, Tne m, n, u p — panmoHaibHbIe yncna. MuTerpan or GuHOMUHaNIBHOTO AuQdepeHnnana
MOJKET OBITh BBIPAXKEH Yepe3 dJIeMEHTapHbIe (PYHKIMH B CIEAYIOUINX TPEX CIydasK:

1) ecnu p — nenoe 4ucao, TO UHTErpall PalMOHATIU3UPYETCS C MOMOLIbIO MOACTAaHOBKU

i I .
t="x , e 1 — oOmuii 3HaMeHaTens m u u;
m+1

2) ecim ® - 1enoe 4YHMCI0, TO HHTErpayl palMOHAIM3UPYETCs IOACTAaHOBKOMN

X
£ ="la+#x"| e 5 — 3sHamenaTens IpodH p;

mil oz o+ b

il £=

3) ecrm ® — IIeJI0€ YHCIIO, TO HCIIOJIb3YETCs MOJICTAHOBKA = | rme s —
3HaMEHAaTeNb Jpodu p.

I{I,m'mz +ix+ e |n+
I/IHTerpaJ'IBI BUAa IIyTEM BBIJICJICHUA IIOJIHOT'O KBaJ[paTa MOI'YT 6BITI)

IMPUBCACHBI K OTHOMY U3 CIICAYIOIINUX TPEX THUIIOB:

D [ RGe A m? — 2yl
2) Ix[gm}df;
3) Iﬁmm}a&
]x(u.m}#
HMHTETpaly OT PAMOHAIBHON (PYHKIIMH OTHOCUTEIIBHO Sinf HIIN COSY.

i
HUnTerpan Bupa IR(E’ " +ﬂ1]#'

MHTErpaly OT pallMOHAIbHON (QYHKIIMU OTHOCUTENIBHO Sinf U COSt.

Jre =y ; "i—.%' "=i|
Nurterpan Buma IMOJACTAaHOBKOH 1581854 CBOIMTCI K

MHTErpaly OT pallMOHAJIbHON ()YHKIIMH OTHOCUTENBHO Sin/ MU COSL.
[ToncranoBku Dilniepa UCTIONB3YIOT NPH CIAEAYIOIIUX YCIOBUAX:

_[R{r, M}d’llp

WnTerpan Buaa MTOICTAHOBKO# u=msindy #=moosdcponures K

“ = Hﬂ = Mﬂtﬁ
IIOACTaAaHOBKOHU NI CBOIHUTCA K

1) eciu @>0, To uHTErpan BUAA

~..|'m1+.ﬁ:r+c=.fin-'§

AlIMOHAJIN3UPYCTCA HO,Z[CT&HOBKOP'I

2

I.E{r, m:;.inl

2) ecmm a<0 m >0, TO wWHTErpan BHIA

MOICTAHOBKOM o +bxte = -‘-‘i‘\d ;

3) eciu a<0, a IIOJAKOPEHHOE BBIPAKCHUE packiazbiBa-
e€Tcs  Ha  JeHCTBUTENbHBIE  MHOXHTenn a(x — x1)(x — x2), TO  WHTEr-

pa Buza _[R(I,“u'ﬂ'lz+h+¢] Vot B+ =t(r—rli.
PaccMoTpum MHTETpasIbl CISAYIONIMX TPEX TUIIOB:
Ak
I _[ Gm’.’ +Ix+c
I _[P(x}-.l'ar’ +Inx +cdic
m | dx

- o’ +In:+t:r

paloHaIN3UpPyeTCs

[pallOHATM3UPYETCS MOICTAHOBKOM




rae P(x) — wMHOrOwIeH, n — HaTypaidbHoe umcio. I[lpumuem wuHTerpambr Il wu
III TunmoB MoryT OBITH IPUBEIEHBI K BUAY HHTErpaia I tuma.
Beinonaum crienyromniee npeo6pa3OBaHHe'

Pk N |
'I.-\,Ilﬂ:l: ﬁl} et 'I.-.,.' e

B 3TOM BbIpakeHMH (J(X) — HEKOTOPbI MHOIOWIEH, CTEIIEHb KOTOPOTO HUXKE CTEHNEHU
MHOrowIeHa P(x) Ha equHHUILY, a | — HeKOTOpast MOCTOSTHHAS BEJIMYHHA.

Jns  HaxoXJeHUS HEONpeNeNIeHHbIX Ko3(p@uuueHntoB MHorowieHa (J(x), CTeNeHb
KOTOPOr0 HMK€ CTeNeHM MHorowieHa P(x), nudpdepeHIUpyroT 00€ YacTu MOJyYE€HHOTrO

BBIPA)KCHMSI, 3aTEM YMHOKAIOT Ha m::+.hr+1 U, CpaBHMBas KOA(Q(ULIUEHTH MPU OJAMHAKOBBIX
CTETNEHSX X, ONIPEACIAIOT BeMUnHy | 1 koadpummeaTsr MHOTOWIeHa O(X).
IIpumepbl peweHust 3adau
[
-Df1+Yx-1 ]

Ne 000 [4]. Haitt
Pemienue
]' 1481 ke {]'?."E=f;1—1=-l'u;}=
(-1 (1+,j_ ) =121k

(N2 F+f £ £ Y
_j Py _11] d_lz[jmdqmd}

=12 [j[:— m}&+[[l— ﬁ) d‘J= 11_[&—11_[%+11_[d‘-

—llli=6!’+11t—6h{f’+1}—111=tgf+c=

1+£

=65 141230 1— 6Mn{%x— 1+ ) — 1 Zamctg 1+
Ne 000 [4]. Haitt -[ @ _fdtl

Penrenue
I-.,flaz—f&= fx= asnt, di= acos &}
= af J& — & s t costd =

=ajaun’ﬂ=ﬂ—zl-{l+ md_?#‘; u+C

—?+ﬂ:wm+c=§m +— -+

Ne 000 [4]. Haiitn I x'a' +r’|

Pemienue
I x= digt dc= E!—d'; I o _
Qa‘u’ _a cns &g ta
st

—sn’ ) sn £ 1 1
I Iﬂ :in?f Tt At
. & x (@47 o +x
={"“=ﬂ.li‘a=+x==4,,zﬂz}=‘ R .
1C
i

Ne 000 [4]. Haiitu J x4
Pemenne



]- k ={I=Erﬁ— ]Izmmﬂ

o —4y" JT A @ -2-Frgt

1 1 1
-l £ fad

—lJat———jdg*ﬂdga—

1 1 1 1
_ﬁjdgiﬂ=_gm’f_ﬁ [ﬁn_t t—l]ﬁ=—gm’f+ﬁdgf'.

+i+c={dgf= L }=— ! + !

+
32 Jr—a| 1HS-" gl g
+l mz-l-ﬂ
32 x

I 30 -7 +1
Ne 000 [4]. Haiitu = N —2x+53

Ne 000 [4], Haiiru JEF —69E ”“‘I.

IIpakTnueckoe 3ansitue Ne 16

Tema. OnpenejieHHblii MHTerpaj. BbluuciieHue omnpeae/ieHHOT0 HHTerpaJa.
Boruuciienue miomaaei puryp u 00LemMoB TeJl

Hean: 3akpenuTh yMEHUS CTYJIEHTOB PEIIATh 33Ja4y 110 BEIYMCICHUIO UHTETPAJIOB

Teopernueckuii 6,10k

= S

Onpeodenenue. Ecnu 1t GyHKUuM f{X) CylecTByeT mpenen , PaBHBII

3 fie A =Ilf[1}d'n

CBOI/ICTBa OMMPECACIICHHOT'O NHTCrpaia:

]4rmdr— JII{I}EI:I

1)-=

-—ﬂq—ll o
TO (YHKIIHUS Ha3bIBAETCSI HHTEIPUPYEMOM Ha OTpe3ke [a, b].

]
[m{xi+fz(x)1dr Iﬁ{ﬂdl‘*_[fz{ﬂdr{
2) =

b

jfmdr= 0
3) = ;
4) ecmu f(x) £ j(x) Ha oTpe3ke [a, b], Tae a < b, TO

_if (dr < jﬂr}ﬂ+

5) eciu m u M — COOTBETCTBEHHO HaMMEHbBIIIEe W HauOoJIbIlIee 3HaUCHUS (PYHKIUH f{X)

5
Ha oTpeske [a, b], To

m{b— ) Elf{xjdri Mb—a)
o ;
6) meopema o cpeoHem: ecnu (GyHKIUS f{X) HEMpepbIBHA HAa OTpe3ke [a, b], TO HA 3TOM
OTpPE3KE CYIIECTBYET TOYKA € TaKasl, 4YTO

[ A0 - @-a)see

7) Asns IPOU3BOJIBHBIX YUCEN a, b, ¢ CTIpaBeITUBO PABEHCTBO



B £ ]
Jrodac=| r@ac+ [ r0
] o ’
Jroa——[rm
8) o .}
Teopema Hviomouna—J/lenbnuya. Ecin Gynkmus F(x) — xakasg-1mu00 mepBooOpasHas OT
HenpepbIBHON GyHKLUH f{x), TO

]
[rma— Fe)- ¢

[Ipuembl BbIYMCIIEHUS ONPEIECIEHHBIX UHTEIPAJIOB MPAaKTUYECKU HE OTIIMYAIOTCS OT BCEX
Te€X MPUEMOB U METOJIOB, KOTOpbIE OBUIM PACCMOTPEHBI MPU HAXOXKJIEHUH HEONpEeesIEHHBIX
HUHTETpaJioB.

ToyHO Tak e NPUMEHSIOTCS METOJbl MOJCTAHOBKHU (3aMEHbl MEPEMEHHOM), METOJ
UHTETPUPOBAHUS IO 4YacTAM, T€ K€ IPUEMbl HAXOXKJIEHUS MEpBOOOpPA3HbIX IS
TPUTOHOMETPUUYECKUX, HPPALMOHANBHBIX M TpPaHCUEHIACHTHbIX (yHKUIUH. OCOOEHHOCTHIO
SBJIAETCS TOJNBKO TO, YTO TpU MPUMEHEHWH OSTUX [PHUEMOB HAJ0 paCHpPOCTPAHSITh
nmpeoOpa3oBaHWe HE TOJBKO HA TMOABIHTETPAIbHYIO (YHKIMIO, HO W Ha TpPeIelibl
WHTEIPUPOBAHUS.

&
Jrm

[lycTtp 3aman uHTErpan =« , Tae f(x) — HempepbIBHAsE (QYHKUUS Ha OTpe3ke [a, b].

BBeneM HOBYIO IIEPEMEHHYIO B COOTBETCTBUU C popmyiioit x=j(¢). Ecmu:

1) j(a) = a, j(b) = b;

2) j(t) u J¢(¥) HenpepbIBHBI Ha OTpeE3Ke [a, b];

3) f(j(t)) openenena Ha oTpeske [a, b,

TO

& B

[rma- | rivow'@
o 1 9

501040

B B
_[J"[tr(ﬂh'{f)ﬂ = Flgl| = FloP)— Flg{a)] = F(H)— F{a)
o [1 9

&
Eﬁ If (=)
Onpeodenenue. Ecnu cymecTByeT KOHEUHBIH Ipeen o , TO JTOT Tpeaen
Ha3bIBACTCSI HECOOCTBEHHBIM MHTETpajoM OT GyHKIUHU f(x) HA uHTEepBaNE [a, ¥). O003HaUYCHHE:!

. ] m
,:_j f@dc= [ 1)

Ecnu sT0oT mpenen cymecTByeT U KOHEYEH, TO TOBOPST, YTO HECOOCTBEHHBIH MHTErpal
CXOAMTCS, €CIIM Tpelen He CYUIEeCTBYeT WIM OECKOHEYeH, TO HeCOOCTBEHHBIM WHTErpal
pacxoauTcs. AHAJIOTHYHBIC PACCYXKIACHHUS MOXHO TMPHUBECTH JJIsi HECOOCTBEHHBIX HHTETPAJIOB
BHIA

] . m c m
[roa= m [rod [rea= [ [r@

< )=
Teopema. Ecnu nnsi Bcex x (xa) BBINOJHSETCS YCJIOBHUE 02 fE)< (), HHTErpal

Iq:cx)mi [

CXOOUTCi, TO = TAKXKC CXOOQUTCA.



jw{ximi
Teopema. Ecnu nnst Bcex x (X°a) BBIIOJIHSAETCS yCIIOBUE V@)= /(D) MHTErpain

]ﬂ:ximl
pacxonmca, TO @ TAKKC paCXO)II/ITCSI.
Ecnu B Touke x = ¢ pyHKIMsA 1100 HE omnpeeneHa, 100 pa3pbIBHA, TO

if(l)d’r= a?roi fmml |
i 4 fﬂﬂl if[xi

Ecmm HHTCTpall =« CYHICCTBYCT, TO HHTCrpail =« m|CXO,Z[I/ITC$I, CCJIN HHTCTpal

] c
]fmml ]fmml
o HC CYIICCTBYCT, TO ¥ PaCXoqUTCA.

Ecnu B Touke x = @ QyHKIUS TEPIUT pa3phIB, TO
£ £
Jrad- == [rex
8—3aHl
o a
Ecnmm  ¢ynkums f(x) umeer paspphlB B TOYkKe b Ha TPOMEXyTKe [a, c¢], TO

£ -] £
Jrede- ]ﬂﬂdr+]ﬂ-)d+
a a b . Takux Touek BHYTpHM OTpe3Ka MOXKET ObITb HECKOoJbKO. Ecin
CXOJSTCS BCE MHTETPAJIbI, BXOASIIUE B CYMMY, TO CXOJIUTCSI 1 CYMMapHbIN UHTErpall.
IIpumepbl peweHust 3ada4
l- COSX—SMX

Ne 000 [4]. Beraucnuts onpeneaeHHbIN HHTETpa snx)

Pentenune

'nursr—sn_tdr £ cosx— 1- .f! 2
O+sanr)’ 7 " T L™
1-# 2

_[laf_1af 2 _32-u-F)
\( 1y 2 T1af ) a+d
(*mf]

o126 r’)\
Paznoxum npodb a+ Ha IIPOCTEUIINE

24622 4 B c D _
gt 1+t {1+0’ {l+ﬂ’ a+g4*
J[l+t)’+B[l+ﬂ’+C(l+tj+D

a+o*
Kot rBorntrc0rn+D=2—as— 2

D=4, 4-0| B=-2|C=0]

Nmeem

i 2 4 2t
I ey i =l —

ol 0+8 {l+5’ Hl+fH 1+£)0
=—i+1+£—1=1_

iz 3 6
Ne 000 [4]. Beraucnuts onpeieIeHHBIN HHTETPaT
T oo
a Otgzi3)an

Pernenue



'T’ di ‘gr:td s'n2r=%
= + |5
=4 ﬁgr+5)m2r tt:ﬁ:

| 17 @&

1
ol ey L

G5y 2 ey ZH0HS)
1 _ 4, B _ABt+5)+Bt

q3r+5} FRETIT H3645)

1(3:+5}+Bf=1|_
A= l; B=—j~

5 .
HNmeem

Lif1 3 g1 (e *— L a3 mn1d_04mg-
104ke 3645) 10 110

Sl 1,12
0 14 10 7

No 000 [4]. Beruucnuth onpeieieHHbIN HHTETpal “{9 I!)m\

Pemenue

IL=L=’;§ ='EL
@+r) e E+ug )" e ¢
3 =
ade . 3 4+ .0
7 | e [ s B
1
[41—1141(
No 000 [4]. Beruucnuth onpeaeiaeHHbId nHTerpai ®
Pemenne
Iu'll—xzd':={ }= j J1—sin? foostd =
i a=0 p=x/2 )

=2 1:1’2
ol | ms’mt=i | Q+cos2pa -
L1} 1]

=2
= l[nlm'm] | =%+ lsna=
L 2 o 4 4
Ims
No 000 [4]. UccnenoBaTh Ha CXOJIUMOCTH
Penrenne

= ] ]
!mﬁ=g_£mﬂ=gm|n= lim (sinp— sin0) = Jim sin

Tak xak peaci HE CYHICCTBYCT, TO HeCO6CTBeHHBIﬁ HHTCIrpaJl paCXoauTCA.

I

No 000 [4]. UccnenoBaTh Ha CXOJIUMOCTh X
PemeHHe

]'__ tim ]'__ Tim [ ]|:=£_[1+3=1

— UHTErpal CX0-AUTCA.

1
o
=l
Ne 000 [4]. UccnenoBaTh Ha CXOAUMOCTh @ .
Pemenne
Touxa ¥=! spsercs ocoboii TOYKOM, TaK Kak MOABIHTErpaibHas (YHKUIUS UMEET B Hel

O6eckoHeuHbI pa3psiB. [losTOoMy



Tak xak Ipeaci 6CCKOHCHHBIﬁ, TO JAHHBIN HUHTCIrpaJl paCXOaUTCH.

3 +f-3\
T=
No 000 [4]. 3amaHo KOMIUJIEKCHOE YHCIIO B+i | Haiiru anredpandecKyro,
TPUTOHOMETPHUYECKYIO U TIOKAa3aTeIbHYIO (DOPMBI 3aITHCH.

Pemuts ypaBHeHMe whiz=0
Pemenne
1) JIOMHOXXMM YUCIIUTENh ¥ 3HAMEHATEh HA CONPSHKECHHOE 3HAMEHATEII0 KOMIUIEKCHOE

qucno V3 —} U TIPOBEJIEM ajredpanyeckue npeodpazoBaHus

BBl 3+85-8343 648243 3 _.3
tE+a8la-4 341 T 13
3 BRI -1 anrebpanyeckas popma.

Mopyne yncia

ApPryMeHT HaxoJUTCs B IIEPBOM YETBEPTU

qz=,=m[§;;]=m[g§]=

Tpuconomempuueckas gpopma vucia

I =

z= ons —4-ram—

6 6
Ilokazamenvnas ¢opma uucna
X
z=3¢ 5

2) mid pelleHus ypaBHEHUs whez= 4HGO6XOI[I/IMO BBIIIMCATh TPU 3HAYEHUS KOPHS
KyOMUYEeCKOro U3 4ucia.

S o S |

HOJ'Iy‘l@HHLIfI APTYMCHT 4YHUCJIa HC ABJILACTCA TJIABHBIM 3HAYCHUCEM, IIO3TOMY, IIOJIB3YACH

NEePUOANYHOCTBIO  (PYHKIUN m+n “F¥  MoxeM mepeTH K JpPyroMy apryMeHTy,

- <
YIOBIICTBOPSIIOIIEMY YCIOBHIO @I

B G W |

—.E+1h
]
5 ]

1 ; —SI-II']
=3Ea 12

w= ﬁﬂ

Tpu perieHuss KICXOHOTO YpaBHEHUs noxyvatores npu k=0, 1, 2:

: {4 2 (I
1!l=36-a 15 . 1!2=36-a 1', 1&=35-a 15
BeinucanHbslil apryMeHT "IHG SIBIIICTCS TJIABHBIM 3HaueHHeM aprymenta (6ompire ),

RO Cy =3-E_e{—¥-=]|

—30_
nmoaToMy (hopmy uucia 1'5‘|H606>40111/IM0 nmpeoOpa3oBaTh: "y =3

Ne 000 [4]. HaliTu Bce 3Ha4Y€HUSI KOPHSI m'
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Ne 000 [4]. HaiiTu #

IIpakTH4eckas padora Ne 17

Tema: BorunciieHHe YaCTHBIX IPOM3BOIHBIX.

Heab: DopMupoBaHHE NPAKTHUECKUX HABBIKOB HAXOXKACHUS SKCTPEMYMOB (HYHKIIUU
MHOTHX HE3aBUCHMBIX IEPEMEHHBIX.

Teopernueckmii 6,10k

Yactapie mpowmsBoanble. JuddepeHnnan, ero cBsi3p C YaCTHBIMH IPOU3BOIHBIMHU.
['eomeTpryecKrii CMBICT YaCTHBIX NPOM3BOMHBIX M Auddepennnana. JlocraTouyHoe ycioBue
mupdepennmpyemoct. ['pamueHT W TpoW3BOAHAs 1O HamparieHuto. HeoOxoawmbie u
JOCTaTOYHBIC YCIIOBHUS IKCTpeMyMa (PYHKITUH HECKOJIBKUX MTEPEMEHHBIX.

[Tpupamenue, koTopoe nonyyaet GyHkius Z=f(x, y), KOTJa U3BMEHAETCS TOJBKO OJHA U3
NEPEMEHHBIX, HA3bIBA€TCS YACTHBIM TpHUpalieHueM (YHKIMA 1O  COOTBETCTBYIOIIEH
nepeMeHHo: A Z=f(x+Ax,y)-{(x,y), AyZ=t(x,y+Ay)-f(X,y).

OIIPEJIEJIEHME: Yactaeim mauddepenuumanom no x ¢ynkumu Z=f(X, y) Ha3bIBaeTcs
TNIaBHAs 4acTh 4acTHOrO npuparieHus AZ=f(x+Ax,y)-f(X,y), nponopimoHaibHas MPUPALICHUIO
AX HE3aBUCUMOM MEPEMEHHON X. AHAJIOTHYHO OIpeIeseTCsl YaCTHBIN qud depeHnuai mno y, T.c.
AZ=t(y+Ay,x)-f(X,y).

Juddepernnansl He3aBUCUMBIX MEPEMEHHBIX X M Y MPOCTO PaBHBI UX MPUPALICHUSM,
T.e. dx=Ax, dy=Ay. Yactaeie muddepeHnuans o0o3Ha4awTCs Tak: d.Z -4acTHBIN
muddepennran no X, dyZ - yactHelii fuddepenunan no y. [pu stom:

dx2=i—z-d:; d Z =i—2 ey
cx - oy

Takum oOpa3om, yacTHbIM AuQdepeHnnan GyHKIUHU JIBYX HE3aBUCHUMBIX MEPEMEHHBIX
paBeH MPOM3BEACHHUIO COOTBETCTBYIOIIEH dYacTHON mpous3BoaHON Ha nuddepennman >Toi
MIEPEMEHHOM.

Takum xe o0pa3oM, Kak ansi (QYHKIUH JABYX TEPEMEHHBIX, OIpPENeNSIOTCS YacTHBIE
MIPUPAIICHUS W YacTHBIC nuddepeHransl GyHKIHN JIF000T0 YUcia HE3aBUCHUMBIX TIEPEMEHHBIX.

[Tpupamenue, kotopoe moiy4yaer GyHKusS Z=f(X,y) IpH MPOU3BOJBHBIX COBMECTHBIX
M3MEHEHUSX ee 000MX apryMEHTOB Ha3bIBACTCS MOJHBIM IIPUPAIICHUEM:

AZ=f(x+Ax,y+Ay)-f(x,y)

OITPEJEJIEHUE: Tlomaeim muddepennnanom QyHKIIMN IBYX MEPEMEHHBIX Ha3bIBACTCS
rJaBHas 4YacTh TOJIHOTO MpupamieHus (YHKIHMM, JUHEHHas OTHOCUTEIbHO TNpHUpaIleHuit
HE3aBHCHUMBIX MEPEMEHHBIX.

Teopema. [lomublit nuddepenHnman GyHKIUN BYX HE3aBUCHUMBIX NEPEMEHHBIX paBeH
CyMMe€ NPOU3BEICHUI YaCTHBIX MPOU3BOAHBIX (PYHKIMU Ha U depeHranbl COOTBETCTBYOIIUX
HE3aBUCHUMBIX [IEPEMEHHBIX.

iz=La+Z
dZ=t'«(x,y)dx+fy(x,y)dy umu cx cy

-

cz dz
Tak kak €Xdx=d,Z u €Y dy=d,Z, to dZ=d,Z+d,Z, 1.e. nuddepennnan GyHKIMH ABYX
HE3aBUCHMBIX IEPEMEHHBIX PaBEH CyMMe ee YacTHbIX AuddepeHnnanos.

Omnpenenenne muddepeHmana mepeHOCUTCs Ha QYHKIUH JIF0O00TO YHCiIa HE3aBUCHMBIX
[IEPEMEHHBIX.

[Tpumep 7. z=In(y+ X+ }!‘)HaﬁTn dz

Haitnem yacTHbIE TPOM3BOIHBIE
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3
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CrnenoBaTeabHO,

IIpakTHyeckas padora Ne 18

Tema: Borunciienue 1ug¢epeHumnanos.

Heanb: dopMupoBaHue NPAKTUUYECKUX HABBIKOB HAXOXKICHUS HKCTPEMYMOB (DYHKIIHH
MHOTUX HE3aBUCUMBIX IEPEMEHHBIX.

IIpakTH4eckuii 010k

3aoanue 1

Haiitu yacTHBIC MPOU3BOIHBIE OT (PYHKITHI.

1.+ == -t i3 —da r2wef

Pewenue

Cuwnras zlpyHKiueil TOIbKO OAHOTO apryMeHTa *lu mpu 3TOM mojaras ¥ = ==#  HaXOJIuM
o ¢popmynam

i 4|
i .

Amnanornuno, cunras zlpyHkuen Toapko ¥l mosjaras ¥ =<t | 1OIyInM

P " =
a

T =arctg ¥ I
1+x7),

Pewenue
Cuuras ZlpyHKimei TOIbKO OAHOTO aprymMeHTa *lu mpu 5ToM mosaras ¥ == = HaXOAUM

o popmynam
o
__ o
|' ¥ = M Dy
S R P e P R s
A+x7)

de _ 1
ekt ¥ oz
1+ (——
e

AHanoruuno, cumntas ZlpyHkuuit Toapko Iy mosjaras * =t | JoIy4YuM
o 1 (v ot 1 RS |
L '|'.:1'I'- b et g T i x|

l14+x® ] .1_1.-." l

Pewenue
Cunras Wdynknued Tonapko i momaras v==c===t  3arem — ¢yHKOMed Tonbko MM monaras
xr=cong "y TONIBKO Zl, oytaras ®.¥ = en| | royryanm

M1, = b o= 1 m_ oy _1
e '!.r'l'l'l":'_r’ v oozl az ¢ =

b 2 .

3aoanue 2
BbIlUMCcIUTh 3HAYCHHWE YACTHBIX IPOU3BOJIHBIX JaHHBIX (YHKIUH TpH YKa3aHHBIX

3HAYCHUAX apTyYMCHTOB:
1) flu, ¥ =cosmx m-'l’ *Tan ; fr=0

Pewenue
[To popmynam nuddepeHmpoBaHus HAXOIUM YaCTHBIC MPOU3BOIHBIC



f =—msilmz-ny . £, =nsnimx-ny
; .

I
IMonaras ~ 2m; ¥=0 OXy4UM

NI g
f‘|_:*m’u_|' m-f'|_2m’:'_|=“
; .
=z -y . w _h. p=—
2=yl x=p y=
Pewienue

Haxomum MMPOU3BOAHBIC, 3aTCM BBIYUCIISICM UX YACTHBIC 3HAYCHUS B yKaBaHHOﬁ TOYKCE:

. e I . By I

z'\. . ] ] !'. - ] - ]
. V n- '!r"

. 4 . 2

stizn =Y ,-|=\r.:,-—1] -2 |

3aoanue 3

|-
[&

&%

"
e
K

1. Tokasats, uro Gynkums * 4= ~¥{yrosnersopser ypasHennio

' = 1
2. [okazate, 4T0 QyHKIMsA =~ ¥ 2 = ‘t
giie, i :|'|
YIOBIICTBOPSCT yPABHCHHUIO & =~ & ¥

Brranciienue npon3BOoAHBIX U TU(GEPEHINATIOB CII0KHBIX (YHKINH
PaccmoTpuM 4nciioByr0 (QyHKIHIO TBYX TEPEMEHHBIX
2=2imf
3aJaHHYIO CIIEIYIOLIUM 00pa3oM:
==10,¥] , Tae Y=Yl Veaver] (1)
I'oBopsrt, uto (1) onpenenser CI0KHYIO PYHKIHIO IBYX EPEMEHHBIX.
B cootBercTBUM ¢ (hopMyTamMH IPEAbIAYIIUX MaparpadoB MOXKEM 3alUCATh!
az=3 . av o 6 JAU AT Q)
Haitnem yactHble mpupanieHus
2.2=0% bU= 0,0

ly=

Is,HpI/ISTOM ; =4V,
Bz

- az " "
BeZTgp et ﬁﬂ-“‘°""|],|5= = Joa U+ 0, 3)
s — ecTh 0.M. 00JIee BBICOKOTO MOPSIIKA, YeM 3"', MIPEACTaBUM €€ B BUJIC by , Tne - 0.M.
DIﬁI] '5:1: - I[IIIU 2 ﬂxv Y
b "l g T T
x * |, oTKyaa BHJIHO, 9TO 3Ta BEJIMYHHA CTPEMHUTCS K HYJIIO IIPU
AU 80 a Vo4
B *‘E;TaKKaK“*ULa Ny i ; v i

Torna

Paznenum (3) Ha &xlu mepeiiném k npeaeny mpu & -4 :

i B2.02 L U 02

px-o0 O OU0mep Ax OV oo Ax).

aZ _aZald_azZa

B AU ax +a'.raf(4)

AHanoruyHo monyduM (GopMyay IS YAaCTHOM TPOU3BOAHOW CIOKHOW (YHKIMH TIO
apryMEeHTy y:

aZ _ azZ alu . azZ a

AU ay ava«:[_(s)

C nomosio 3TuX hopMyn 3anuieM noaHsiid auddepentuman ans pynkuuu (1)
a as BES'LT“SESV SES'LT+SESV

az =% s - dx +
£ a,-:"r Yarae avas’ (aua,- aw 3’_1&-
as au au azs av awv as as
- an + + da + - diT + W,
au'ae a,-ﬂ@"'J av'a aydw au kY .j_U|

[TonydyeHHOE paBEHCTBO BBIPAXKAET CBOMCTBO MHBAPMAHTHOCTH (popmbl 1uddepennualia.
OHO cOCTOUT B TOM, YTO MOJIHBIN AuddepeHnan oAMHAKOBO 3aKUChIBAaeTCs B ciydasx, korna U
1 V — He3aBUCHUMBIC IEPEMECHHBIC WITH SBIISIOTCS QYHKITUSIMH OT X U .

[To anamorum ¢ popmymnamu (4) u (5) MoxxkHO 3anucath U Gopmyibl TudepeHITPOBaHUS
CJIOXHBIX (PYHKIMNA JPYTOTO BUIA.

Hanpumep: 2 =10V W), U= Uiy), V= Vigy), W= Wi v

a:=a:aU+a:av+a:aaj'
ax AU dx avaéx AW ;(6)



4Z _ 8z aU_azav a

By Al @y av ay aw;j (7)

PaCCMOTpI/IM ,I[py1"01/l IIpUMCEDP. HyCTI) JaHa (bYHKHI/I}I
Z=fU Vv, me U=Uky, V= 1.-'[-,1_..1

PacripocTpanuB mpeapityne pe3ynbTaTel Ha ATOT CIydail, MOJy4YuM, HAallpuMep, YacTHYIO
HPOU3BOHYIO 1O Y:
DZ _ az aT.T az B‘J a
Dy 81 éy &V ay mj(g)
3anuck B popme (7) Obl1a 661 HEKOPPEKTHA, TO3TOMY U3MEHUM 0003HAYEHUSI.
)

3,[[60]32 Di— 03HAYaeT BBIUMCIICHHE YaCTHOM HpOH3BOI[HOfI IpH * = 'I'“Stl;

az

e)’l» O3Ha4yaeT BBIYUCICHHE YACTHOW MPOU3BOIHON Ipy Y =cmst V = cormst],

PaccmoTrpum Teneps Takoi npumep.

PaccmarpuBaercsi  ciokHas QYHKIOUS —OXHOM mnepeMeHHod === ompenenéHuast

CJIEIYIOIIUM 00pa3oM:
I=HUYY USUR,  V=Va ()

d
B 3ToM ciiydae peub J0JKHA UATH O BBIYMCIEHUM IPOU3BOIHOMN dzzl, KOTOpasi Ha3bIBAETCs
NOJIHOM Mpou3BoAHOH. DopMyITy /1715 €€ BBIYMCICHUS MOIYYUM U3 (4)
.1" Az au a8z dvl
TaUd " av & (10)
Emé onun npumep:
[TycTp ==H V), e T=Ux,V =Vl "1orna tMeeM CISAYIONIY0 (PYHKITUIO OHOW MMepEMEHHON

47 _#ZdU  azdv 4z
dx AU dx 8V dx  éx (11)

OueBugHO, s CIeAyromiel (QyHKIMH OJHOW TEPEeMEHHOW CBOMCTBO WHBAPHUAHTHOCTH
dhopmbl quddepennmana Takke UMeeT MeCTO.

JleiicTBuTenbHO, yMHOXKast Ha 4% (10), morydynM BbIpaxkeHue Bujaa (6).

3aoanue 4

Haiitu monnsie quddepeHnnans: GyHKITUN.

=1

Pewienue

a) HaXOJWM YaCTHBIE TTPOU3BOIHBIC JTaHHOW (PYHKITUU:

&y Royi- oy xeyl_xoy-gey oy |
o -y k-yt x-y

0) yMHOXasi 4acTHBIC MPOM3BOJHBIC Ha AU(dEepeHITnaIbl COOTBETCTBYIONUX apTyMEHTOB,
[I0JTy4rM YacTHbIe U depeHiranbl QyHKIUN:

dz=- ¥ gy dz- = __d_.-l
b

|l —” . | =yl
>

B) HUCKOMBIM moONHBIN auddepeHnman (yHKIMM HalAeM Kak CyMMY €€ YacTHBIX
g depeHInanos:

dr = Zndy -2y _ 2fxdy -y
'1—1;"_' .:_y._'

2, = =salxy],
Pewenue
Crnenys yka3aHHOMY IUIaHY, HAXOJUM

e ez
e~ CoSEY v =cosuyl x|
a) - - ;
6) dz=y l:l:l?:'!.-'d:ﬂl. dz=x I:D!?ll_r'ﬂ!r'l,
s s
B) dr = yros|xy de +xcosxyidy =cosmppde +ady)

3 z nrl:tgi.'

Pewenue
Crnenyst yka3aHHOMY IUIaHy, HAXOJUM



|3f:!' _ L -xy) sy i - xyi”
E f:,' 11—y 1=z x4
a)
1+y _ 1+y*
1 Eryf::rf: +2my+y 1+xyt rxd vy
|:|:1-:,- ) B A A —xy?
x4y 1-xpr L -xp +lx+yl” _ lix _ l+x
| 1-2xy+xypf+xf+2ay+y’ 14xy'+xf +yt

R .1.”*'. | dze M

6) 1+xfy +xd 4y 1+x%” +u? +y°
= 11y e+ 1w

B) 1wy +u +y”

b

3aoanue 5
Boruncnuts 3HaueHus noaHoro nuddepennuana GyHKIUN

x
m“?lnpn x=lt; ¥=3; de =001, dy =-0pF
Pewienue
Haxomum 49acTHBIe TIPOM3BOAHBIC, 3aTeM dYacTHble JudQepeHnranibl W MOJHBIN

nuddepeHnran 1aHHol QyHKIUU:
ke _ v |&_ = _d!=l.|i-yd:ﬂ

o l.'l'l-}"lr R l.'l+}"ll.

[ToncraBnsisi 3aaHHBIC 3HAYEHUS HE3aBUCUMBIX mepeMeHHbix X, ¥, dk  dF  pyHkumein

KOTOPBIX SBJISIETCS MOJMHBIA quddepeHnnan 4 , moaydum
1(-0,05)-3 4,01

dz =
! 148

= 0,008

3adanue 6

BbraucnuTh mpuOIMKeHHOS 3HAUCHHE:
sn 148 -arctgl0

1) 1_.'33"“'; 2) .

Pewienue

Ecnu TpeOyeTcst BBIUMCIUTD 3HaUCHUE DYHKIUU £lx o 41 B Touke M F et |(H IIpU 3TOM
MPOIIE PACCYNTATh 3HAYCHUS 3TON (YHKIIUU U €€ YaCTHBIX MPOW3BOIHBIX B TOUKE MW, oeesbi]
), TO TIPH IOCTATOYHO MAJBIX 10 a0CONIFOTHOM BEIMUYMHE 3HAYCHHSIX PA3HOCTEH ¥-Xo= Vi-Va=F
.......... , b=t =2MOKHO 3aMEHUTH MOJIHOE MpUpalleHue QYHKIMU €€ MOAHLIM TruddepeHIraIom

£~ 81 M L M b+ (e D

U 0MCio0a Hamu npubIUNCEHHOE 3HAYEHUE UCKOMOTL Be/IUYUHbL N0 (hopMYyTe
£, = (B )+ B+ B iy e+ +E B (1)

1. Tlonaras, yro 1##"lectp yacTHOE 3HAa4YeHHWE (GYHKIHMHU =¥ =B TOUKE My L0858 1 gro
BcriomorarenbHas touka oyzer Mt | nonyunm

£, =1 =1 B ) =y =4 = =0

b 2 9
dz:j,u:uﬂ—i:::upq; dy =3, - 4=-0,04
[Toncrasmnss B dopmyiy (1), Halinem
LOBY s f | ML) +£7| B, il -+ M iy =1+ 4 0,08= ;31|

sl 48 arctgl

2. Ilycts e €CTh YaCTHOE 3HAYCHUE (YHKIMH TPEX MEPEMEHHBIX ¥,z =2 zny iy

- - M, [ 3 ,ni
Touke Mi(~2FELAB00 MyCTh BCIIOMOTaTeIbHask TOUKa OyneT E §
Torma 8 =-3,85—(-3)=0,0F . dy =149 -157 =008 - dz =07 -
b 2 b
o, =2 I5h;m5':' = i i, (M =2 In2sny - ardgzd, =EI.
2 2

S0y _
1+z°

| M, =T cosy - amtgzs,, =PJ L WM =
2

[Toacrasmnss B hopmyiy (1), momydaum

sin 149 nrl:tElI!,lT -
o =27 07 ts.ni\
3aoanue 7
d=
Haiitu npousBoHble &t ICI0KHOM QyHKImY = =F vl x =alt] | v = wief,
1. =
r==In—|

Pewienue



3nech Zlecth cnokHast GyHKIIMSA OAHOW HE3aBUCUMOM mepeMeHHoi tl. [Tomydynm

dz_ 11 A &1 o= -
. R

2
de_ . 1] & _ L
=Dtgt — =Ietgt| -

a=" L; d g.| sin’t .|;
.:h=1 lgt_'_i:-':tgt: we oo ot
& I ocostt 2F st pgipees t CRELENCE

1 1 1 1
= .+ L=, + —

tgtoos t  ctgisint t smtcost  smtcost
2 4

Tsiteost snlt
2. x=er], x sty v o1,

Pewienue

- =:"I! = = 2w = Ii':=|:|:|=t Ii.'!',=3“':
a= : .
2 3 M
:: =e Moot — e R =" Vst -6 =" st - B° 'I

3' ::m:i.rul.-}", ¥ =Et|’ w -hi'_

Pewenue
ko 1 ko 1

- = | dx _ Ay o,
L A=l - . by -,'Il-ll. -y-f © '%. dt =12t
s s > .

& 3-o
B3

3aoanue 8
dz

Haiitu 2=, eciim = =t=vll pye v =wlxd,

z _* ¥

1. l.'-r'y,l-\ﬂey:?u-ri.

Pewenue

e _2xfx yl-2xlxt -yl dxy Qe _-kC4yl-kC -yl =T

o le? 4 oF NENNG FT |e? 4aaf R 3
%+ X+ X +y %+ |

r]_z= doy Ix* 3=-l-r:.'-E:" =2112:.' -3:|:'=

il ki eyt kvl eyl

=2:lE: +2 -3:'= x|3x + 2)

e + 341l % 43+

2.===%| rge ¥ =%,

Pewenue
e
s ) )
& Dy —u” ginx = 2ucosn -l."s'rl.*
h .

3. z=x1, rge v=1nx|,

3aoanue 9

Haiitu yacTHbIe TPOU3BOAHBIE CIOKHON (PYyHKITUH
==tz vl pre x =w%nll, v =witni,

1. === r:,-i’ rae == iEI:I:ETl’ ¥ = Esinn|

; _E
2. ==hxity]l prex=of; " 11|.

IIpakTnyeckas padora 19

Tema: BpruuciieHue NMOBTOPHBIX MHTerpajoB. CBeleHue IBOMHBIX HHTEIPAJIOB K
NMOBTOPHBIM. BbIYHC/IeHHEe IBOMHBIX HHTEIPAJIOB

Heanb: HayuynTsCst BBIYMCIATH IOBTOPHBIE MHTETPAJIBI U CBOJUTH JBOMHBIE HHTEIPalIbl K

MMOBTOPHBIM
TeopeTnueckuii 010K
Borunciienue JABOMHBIX UHTErpaJioB 0azupyercs Ha

MNOHATHUM MOBTOPHOI'O HHTErpajaa



Y
1
-
T
]
9
e

5]
"LI_"T_‘-._'_T-
—
Y 5
Y
- L
H'I

fix. ik

{};r|
06.HaCTI/I dI/I OHa HpaBI/IJIBHaH B HaHpaBJIeHI/II/I ocu bl 8 T.C. BCAKasda HpHMaSI, HapaJIJIGJIBHaH ocu

Ilyctp paccMarpuBaeTcsd  Ha  IUIOCKOHN

o
<1, mepecekaeT TpaHUIly 00JIaCTH E‘He Oosiee ueM B JIByX Toukax. Tornma obmactb E‘yn06ﬂo

mba
CHpOGKTI/IpOBaTB Ha OChb Qxl HYCTL HpOGKLII/IH HH& QXIGCTL { - .

[ p—

‘=E§~{

é@fL . xi_ .
Ecm -~ ¢ } ypaBHEHHE HWKHEH TpaHulbl, a -~ ‘< ‘b ypaBHEHHE BEpXHEH

A:e[a,bl 5 (x, )
IPaHULBI, TO JTIOOOMY * ") obnactn £AnpuHAnIeKaT Te TOUKH + 7 BepPTHKAJIBHOTO

OTpe3Ka, KOTOPBIE YIOBIETBOPSIOT
HEPaBEHCTBAM
;&ixﬁ&
laix)=y=dix)y,
(*)
2 i
o [ i)
BeipaxkeHue BUjIA s R Ha3bIBACTCS MOBTOPHBIM

'L$}
HHTErpajioM  OoT  (pyHKIHH ALY mo obmcrs D) Om  mermemserca
CIIEYIOIIUM 00pa3oM:

o 1
CHauajga HaxOJUTCS BHYTPEHHUN HHTerpain (* — MepeMeHHas HHTETpUpPOBaHMUS, i

]
(uKcHpoBaHHas), a 3aTEM MOJIYYCHHYI0 (QYHKIUIO apryMeHTa S| MHTEIPUPYEM Ha { . A
3uauenue no8MOPHO2O UHMESPANA — YUCTIO.

¥ =2
¥
L |
_:_-_
J.r=ril ° x
| IIpumep 1. Beruncnuts ITIOBTOPHBIN HHTErpan
széd{x+2;ﬁ§
LS i
BOCCTAHOBHUB 00J1aCTh E"
i -
AR N

T+isys

Pemienne. MHTEerpan Beraucisercs no El: i (CM. pUCYHOK).

o

a b

[2x%~i—x{x+&j—(x+{f]dx

&



] = 3_E> = H
. he = odx+1y b1 8¢ 1
= I‘—E—ft-l'—t——x———{ ) =i i+d—————=— |—i——%=
5 02 3 | 3 2 311 3]
LGl 8.9 8 1o o 1
2 3 1 3 & |
AHaJIOrM4YHO:

€CJIn 06HaCTB }-_'1* npa6uﬂbHa}Z B HaHpaBneHI/II/I ocnu {;h:l, TO €€ y,HO6HO HpOCKTHpOBaTB

o 5 | o lc.d] )

Ha ock - L. Ilycts mpoekums obnacty £Ana och - lecTh OTPE30K , YPaBHEHHE JIEBOM
x=f','1*" . x=z'{1-‘b

TpaHUIBl  00JIACTH LAY , @ TpPaBOW TPaHUIIBI — i . Torma mns Besikoro

yeled]| : =7y
e E{E' ]3Haqu1/1e A Touex EI"} }anMoﬁ © ¥, npuHAIeKAMUX 00JIACTH El,

wﬂyﬁﬂxﬂwﬂﬁj I
YAOBJICTBOPACT HCPABCHCTBAM I B HOBTOMY 00J1aCcTh MOXKHO

3aJaTb B BUJC

r=wiy) _d =w4(y)

(CM. PHCYHOK).

B B,

Frriz
# | o)
TakoMy 3a1aHKI0 00JIACTH COOTBETCTBYET NOGMOPHbLI WHTETPAIl B :
21.]'[5[ €ro BBIYHCJICHUA HaAXOAUTCSA CHa4dajia BHyTpeHHI/IfI HWHTCIpall, a 3aTeM BHEITHUH.

PesynbTar — uncno!

Ipumep 2. 3amagum o00JacTh E‘anMepa I, mpoektupys €€ Ha OCb qgfl’

(1= y=<2, 5 .
FRE ' J=av fix=2y}
p<x<v-1 S S

BpIuncianTs NOBTOPHBII UHTETPA :

i

Pemenue. ‘g” %|_ B =
vty 2 R 33 i
} %5 B R R B SEC AP
;- SN 7 6 6
3aMeHaeM, qTo 3HAUYCHUA pa3JII/I‘~IHI)IX HOBTOpHI)IX I/IHTCFpaJIOB

(byHKIMHU IO 00JIaCTH OKa3aJIUCh PAaBHBIMHU.
Hoxazano (cM. [1]) yrBep:kaeHue:

eciu 7 (RSN FHerepBIBHa Ha El, Dc Rsi; 001acTh E‘ﬁBJI;IeTCH

NIPaBUJIBHOM B HAIpPaBICHUM OCEM KOOpPAMHAT, TO 3HAYEHHE [JBOMHOIO HHTErpasia

ﬂfgnyptﬁr

COBIMAagacT CO 3HAYCHHUCM COOTBCTCTBYIOIICTO IIOBTOPHOI'O MHTCIrpala,



IIprU4EM pe3yiabTart He 3a6ucum om nopﬂdka
Uurnmeecpupoearus, T.c.
& Y

& TiTE d  Fnyi
[ r{xpydedp=jax | fluyydv=Tdr | Fixp)d

i & i x} & B ¥ '

IIpumepsnr:

Buvtuucnume unmecpanot.

Jordx[o1(x+y)dy.J01dxJ01(x+y)dy.

Pemenue.

Joidx[oi1(x+y)dy=[o1((xy+y22)||[10)dx=[01(x+12—0)dx=(x22+12x)]|||10
=12+12-0=1./01dxJ01(x+y)dy=[01((xy+y22)[01)dx=]01(x+12—0)dx=(x22+12x))|
01=12+12—0=1.

Otser: 1.

Joz2rd@[oarz2sin2dr.[02rnde[0ar2sin2¢dr.

Pemenne.

fozndqoanrzsin2g0dr=fozn(\| f0arzsin2(pdr\) 1de=[o02n(sin2¢r33||la0)dep=
02nsin2@(a33—0)de=[02rnde[0ar2sin2¢dr=/02n([0ar2sin2¢dr)de=/02n(sin2¢r33|
0a)de=[02nsin2¢(a33—0)de=

=a33[o2nl—cos2¢p2dp=a33(12¢p—14sin2¢)|||2ro=a33(122n—14sin4¢—
0)=a3mn3.=a33J02n1—cos2¢2dg=a33(12¢—14sin2¢)|02n=a33(122n—14sin4¢—0)=a3n3.

OrtBer: asn3.a3n3.

Kakoit 3nak umeet unrerpan [[|x|+|y|=1In(x2+y2)dxdy; [f|x|+|y|<1In(x2+y2)dxdy;

H3menump nopsidok unmezpuposanus 6 c1e0yiouiux UHmMezpanax:

Jo2dx [x2xf(x,y)dy .J02dx[x2xf(x,y)dy.

Peurenmne.

CrnenaeM pUCYHOK UHTETpHUpyeMOn 00IacTu:
&Y

O6acTh MHTErPUPOBAHKS OrPAaHUYEHA NPSAMBIMU Y=X,Y=2Xy=x,y=2X U X=2.x=2.
3ameTuMm, 4TO B 9TOM 00actu eciu Yy mensercst ot 00 10 2,2, To KoopauHaTa XX MEHSETCS OT
npsamoii Y=2Xy=2x (uu X=y2x=y2) no y=X.y=x. Eciu xe Yy mensercsa or 22 no 4,4, 1o
KOOpAMHATA XX MEHIETCSA OT NpsAMOit Y =2Xy=2x (X=y2x=y2) 1o X=2.x=2. Takum 00pazom,

Jo2dx [x2xf(x,y)dy=[02dy [,2xdx+ [24dy [,22dx.J02dx[x2xf(x,y)dy=]02dy[y2xdx+]
24dyly22dx.

Otser: [020X [x2xf(x,y)dy=[02dy [yoxdx+ [2ady [,22dx.J02dx[x2xf(x,y)dy=]02dy/
y2xdx+24dyly22dx.

1. [12dx[2—-x2x—x2vf(X,y)dy .[12dx[2—x2x—x2f(x,y)dy.



2. Bpruuciauth MHTErpai ffnxyzdxdy, [[Qxy2dxdy, ecnmu obnacte QQ orpannuena
napabosoii y2=2pXy2=2px u npamoit X=p/2(p>0).x=p/2(p>0).

3. B jmoitnom wunterpare [[of(x,y)dxdy [[Qf(x,y)dxdy mnepeiitu k mnonspHBIM
KoopauHataM It u @Q,Q, monarag X=rcoSs@x=rcos¢ u y=r Sin(p,yzrsin(p, paccTaBUTh NPEACIIbl
uHTerpupoBanus, ecin Q—Q— kobio a2<Xx2+y2<b2.a2<x2+y2<b2.

4. IlepeliTh K NOJAPHBIM KOOpAMHATaM, Itu @,p, nonaras X=rCOS@X=rcos¢ u
Y=rSin@,y=rsinQ, ¥ paccTaBuTh NpPEJEIbl MHTEIPUPOBAHUS B TOM M JPYIOM MOPSIKE B
cnenyromeM uuTerpae: [010X [1-x1-x2vF(X,y)dy.J01dx]1—x1-x2f(x,y)dy.

5. Ilpeanonaras, 4ro Ifru (,p, - NOJAPHBIE KOOPAWUHATHI, W3MEHUTbH MOPALOK
MHTETPUPOBAHUS B CJIETYIOIINX UHTerpajiax:
[-ni2r2d @ foacosef(@,r)dt(a>0).]-n/2n/2del0acosef(¢,r)dt(a>0).

6. [Ilepexons K TOJNAPHBIM  KOOpPAMHATAM, BBIYMCIWTH JBOMHON  HMHTErpaji
ffxz +y2=a2X2+y2—————— Vdxdy. [[x2+y2<a2x2+y2dxdy.

7. BMecro XX M Yy BBECTH HOBBIE IIEpEMEHHbIE Uu M VV ONpPENeIuTh IPEIEIbl
UHTETPUPOBAHUSA B CJIEIYFOIINX JBOMHBIX UHTETpajiax
Jo2dx [1-x2-xf(x,y)dy,[02dx[1-x2—xf(x,y)dy, ecmu U=X+Y,V=X—Y.u=x+y,v=x—y.

8. Ilpou3Bens cOOTBETCTBYIOLIME 3aMEHbI IIEPEMEHHBIX, CBECTU JIBOMHBIE MHTErpajbl K
onnokparubiM:  [[Qf(xy)dxdy, [[Qf(xy)dxdy, rme o6aacte QQ orpaHdueHa KpUBBIMHU
xy=1,xy=2,y=X,y=4x(x>0,y>0).xy=1,xy=2,y=x,y=4x(x>0,y>0).

IIpakTnyeckas padora Ne 20

Tema: Bblumcienue TpPoWHbIX MHTerpajoB. PemieHue 3agauy Ha NpUJIOKeHHE
JABOMHBIX, TPOMHBIX HHTETPAJIOB

Heab: HayunThCsl BBIUKACIATH TPOWHBIE HHTETPAIIBI

Teoperudeckuii 0JIOK 0TpadOTaeM TEXHUKY pEHICHUS IPOM3BOJBHBIX TPOMHBIX

[I[ £ & :2)dxay

UHTErpajioB T d1, y KOTOPBIX MOJBIHTETpalibHast (QYHKIHA TPEX MEPEMEHHBIX

u=jfxyz) B 00IIeM ciy4ae OTJIMYHA OT KOHCTAHTBHl M HENpEephIBHA B 00JIACTH T, a raxxe
IIO3HAKOMHMCH C (1)I/I3I/I‘~IGCKI/IMI/I MPUITOKCHUAMU TpOfIHOFO HHTCIrpajia
u=jinyz)

pumep 13
Bpraucnauts TPOMHOU HMHTETpall

[[[1507 +2*)dxdyaz

T
Tiz=x+yx+y=Lx=0y=0z=

Ha npaktuke Teno takxke 0003Ha4al0T OYKBOMA | HO 9TO BCE-TAaKH HE OYCHD XOPOIIHA
BapHaHT, BBy TOTO, OHA «3ape3epBUPOBaHay MOJ 0003HaUeHUE 00BhEMA.
He HY>XHO MIPEACTABIISTH WHTErpa B BHUJIC
”j 150 + 2 dxelydz = 15”[ yidxdvdz +1 5]” zchx.:fydzl
r T T . XOTS €ClIM OYE€Hb XOUYETCs, TO MOXKHO.
B koHIle KOHIIOB, €CTh M HEOOJBIION IUIIOC — 3aMKCh OyAET XOTh M JUIMHHOM, HO 3aTO MEHEe
3arpoMoXAEHHOM. HO Takoil moaxo BCE-Taku HE CTAHAAPTEH.

B anroputme pemenHusi HOBU3HBI OyneT HeMHoro. CHayaia HYXKHO pa3oOparbcs C

oOnacTeio mHTErprupoBaHus. [Ipoekims Tena Ha TIOCKOCTh A0F MpeICTaBIsIeT OO0 10 60yn
3HAKOMBIN TPEYTOJIbHUK:


http://www.mathprofi.ru/chastnye_proizvodnye_funkcii_treh_peremennyh.html

CBepxy Telo OrPAaHUYEHO MIOCKOCTBIO = .~ + KOTOpast TIPOXOTUT Yepe3 Hayajao KOOPIUHAT.
[IpenBapuTenbHO, K CIOBY, HY)KHO 00§13aTeJIbHO MPOBEPUTH (MbICICHHO NUOO HA YEPHOBUKE),

HE «Cpe3aeT» JM 3Ta IUIOCKOCTh YacTh TpeyrojbHUKa. s 3TOro HaxoauM €€ JIUHHIO
MEPECEUYCHUs] C KOOPAMHATHOW IUIOCKOCTHIO A0F | qe. pelraeM MPOCTEUIYI0 CHCTEMY:
z=x+y¥
= x+y=0=y=—x
g =
— HeT, JlaHHasg .npsMmas (Ha uyepmedice Omcymcmeyem)

IIPOXOUT MUMOY, U IIPOCKLHS Te/Ia Ha IIOCKOCTh e [eliCTBUTEIBHO IPEACTABILET COOOM
TPEYTOJIbHUK.

He CJI0’KEH 31eCh u MIPOCTPAHCTBEHHBIN YepTEXK:

B nelicTBUTENBHOCTH MOKHO OBUIO OTPAaHUYHMTHCS TOJBKO WM, MOCKOJBKY TPOEKITUS OYCHD
npoctas. ...Hy, wim Toiapko 4epTe:koM MPOEKIUH, TaK Kak TeJIo Toxe mpoctoe =) OmgHako
COBCEM HUYEro He YepTUTh, HATOMUHAIO — IUIOXON BHIOOD.

Bribepem (o1 (14% 101115051 MOPSIOK obxona Tea:
O=z=x+
D=x=l—w
D=y=1

n nepenIEM K ITIOBTOPHBIM HHTErpaiaMm:

1-p» x+p

[[[150* + 2" dxdydz = 15i dy [ax [ +2hdz
r o0 0

AKTyaJu3upyeM cieaylouiee 3JieMeHTapHoe PaBHJIO:

Korma ¢ynkims u=flxyz) MHTETPUPYETCS IO KaKOW-TMOO MEepeMEeHHOH, TO 1Ba
JIPYIUX apryMEHTa CUMUTAIOTCS KOHCTaHTaMu. TO €CTh NPUHLMUII TOYHO TAaKOM XKe, KaKk U IIpU
HAaXO0XJICHUU YaCTHBIX MIPOM3BOAHBIX OT (DYHKIUH TPEX MEPEMEHHBIX, YTO €CTECTBEHHO.

Pazbupaemcst ¢ uHTErpaNaMu:


http://www.mathprofi.ru/chastnye_proizvodnye_funkcii_treh_peremennyh.html
http://www.mathprofi.ru/troinye_integraly.html
http://www.mathprofi.ru/uravnenie_pryamoi_na_ploskosti.html
http://www.mathprofi.ru/uravnenie_ploskosti.html

1)
wy () 3
_[(y +20de = (yzz+23]

(1) TIpu MHTErpPUPOBAHMK IO «3eT» % M ¥ CUMTAIOTCS KOHCTAHTAMH. B jaHHOM clyuae

(x+y)°

o [P )] T+ 3 03
ST ) ;} —[y2-0+§ =y (x+ )+ ;

MIPUCYTCTBYET TOJBKO «UTPEK», HO 3TO HEe MeHseT nena. COBETyI0 BCeria MBICICHHO JTHOO Ha

YepHOBUKE  BBHIMONHATH  TPOBepKy. HaiaéMm  d9acTHYHO  TNPOW3BOAHYIO TIO0  «3€T»:
. r

{y22+z—Jx=f- (z);+l-(z3); =y -1+l-322 =y* +2°
g g g , UTO ¥ TPEOOBAIOCH TTPOBEPUTb.

(2) Temepp wucnonszyem ¢opmyny Herorona-Jleionuna: chayaza BMECTO «3er»

o x+ o
MOJICTaBIISIEM BEPXHUM TIPE/IEN] UHTETPUPOBAHUS (x+y) , 3aT€M — HIDKHHMHA mipenen (Homub). B
pe3yibTaTe OYKBBI «3€T» OCTaThCS HE JOHKHO!
CHocuMm Tpodeit B cienyromuii unterpain. Ilo cymiectBy, pelieHue cBeIoch K JIByM

MEPEMEHHBIM U K IBOMTHOMY UHTErpaly:
1-p (x ) - 1- (2]
2 (yg{x+y}+ 3"" de— I(x+y}cix+ I{x+y} dx =
0
e RS B, 1 ap
= [+ [ Yy = 5 Sty +
0

2 a2

(-y+ 2’ I:D+yf:w+%m—y+y)“ 0+ =%(l—f)+%ﬂ—y“) -
7
2

1 i
Z(x +}”:'4|$ Y=

] —

=

Yl 1
2 12 12 12 2 12

(1) HUcmonb3yem cBoOicTBA JTMHEHHOCTH WHTETpaia, MPUHUMAsh BO BHUMaHHE TOT (akxT,
9TO «UTPEK» CUMTAeTCs KOHCTaHTOH. Clemyer OTMETHTh, YTO HE BO30paHSICTCS OCTaBUTH
WHTETpAl €IUHBIM, PACKPBITh CKOOKM W TIPUBECTH IOJOOHBIC cjaraeMble, HO 3TO MEHee
paInMoHaAIBHBIN CITOC00 (MOKETe MONpoOOBaTh).

(2) Ucnonns3zyem Meron monBeneHust moj 3HaK auddepennmana. Ecnu paccyxnenus
BOCIIPHHHUMAIOTCSI COBCEM TSDKEIIO, MBICIICHHO 3aMEHUTE «HIPEK» KaKUM-HUOYIb KOHKPETHBIM
YHCIIOM, HalIpUMED, IIATEPKOI».

3) HuTerpupyem 1o «HKC» u BBITIOJTHSIEM IPOBEPKY:

f

2 2
[%(xwf +%(x+y)‘} = %ccxwf);%((xm“);:

2 3
=2 k) Gt A (2 = S 0) 5+ (4 0 =) k) + T

(4) Ucnonb3yem ¢opmyny HbroTona-JleliOnumna. CHauyana BMECTO «HKC» (nepemenHou, no

KOMOpoU Nnpo8oOUNOCy UHMe2pUuposanue) TOACTaBIsIEM 1=y , 3areM — Houb. Ilocne
MOJICTAHOBOK OYKBBI «UKC» OCTaThCsl HE JOJIKHO!

[TpuuécriBaeM pe3yibTaT U CHOCUM €ro B MOCIEAHUNA MHTErpai, He Tepss HaXOIAIIyIoCs
TaM KOHCTaHTY:

1 1 ] 7 4 3 7
3 15[| -+ -l =15 =+ |— [— S 40— D)]
N1z 2 12 T 23125 126 125
:15[1_ 7 ] 15 7_8_,
4 125) 4 4 4

[[[1507 +2*)dxdyiz = *

OtBer: T
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Pesynbrar 6e3pasmepeH — MpocTo YUCIO U BCE.
Crnenyroumii npuMep Jisi CaMOCTOSATEIbHOTO PEILICHHUS

[Tpumep 14
Beruucnurs TPOMHOU HMHTETpal

”j (3% + dy)dxdvdz

by
Toy=xy=0x=lz= 5(x2+y2);z:0

[TpumepHsIil 00pazer; opopMICHHUS 3a/1a4l B KOHIIE yPOKa.

Jlo cux mop MBI pacCMaTpuUBalid JBa CIIOCO0A PEIICHHWS — 3TO TMPOCHUPOBAHUE HA

mwockocts AT BBIOOp TOopsizika 00xo/1a rpoekiuu. Ho Ha camom aene komOuHanuii 0osbIie
— TENO0 MOXXHO CIHpPOCHHPOBaTH Ha OO0y U3 3-X KOOPAMHATHBIX IUIOCKOCTEH W KaXIyro
MPOCKIMI0 000WTH 2-Ms myTsMU. TakuMm oOpa3om, moiydaercs 6 crocoboB pemeHus. U
JIOTUYHO MPEANONOKUTh, YTO B OOIIEM cllydyae HEKOTOpPbIE M3 HUX IpPOIIE, a HEKOTOphIE —
TpyAHEe.

Hagepnsika MmHOTHE 0OpaTHian BHUMaHue, 4yTo B [Ipumepe Nel3 st BeIOpan Oosee peaxuii
MOpsAI0OK 00X0/Ja MPOEKLHH, XOTS HUYTO HE MeUIaio MONTH «OOBIYHBIM» MYyTEM. DTO He
CIIy4ailHOCTb.

E+} 3
_I-(y2+22]| yﬂ(Hwa
B pesynbprare HaxoxaeHus uHrerpaita " MOJIy4YeHa CyMMma , B
KOTOpPOW UYyTh BBITOJIHEE CUYHTATh KOHCTAHTOW HMMEHHO «HUTPEK», YTO MPH MPOYUX PABHBIX

YCIIOBUAX (U3 YPABHEHUs NpaAMOU xt+y=1 00UHAKOBO 1€2KO GLIPAZUMb =l-xx=1-y )
YIOpOILIaeT peuieHne. A B HEKOTOPBIX 3aJadax BHIOOp MOpsIKa HHTETPUPOBAHHS U BOBCE

cranoButca OUEHD BaxxHBIM:

[pumep 15
Beruucnurs TPOMHOU HMHTETpal
2_ Ine
”I By ze ™™ dadvdz
T
x==-1 y=0, z=10;
T
x=0, wy=2 =z=1
Pemenue: o01acTh MHTEIPUPOBAHUS OIPAaHUYEHA IECTHIO TUNIOCKOCTSIMH M TPEACTABIISET
coboi NPAMOY20IbHbLU napannenenuneo:

= e —

7y

U-____
P

-
/

]

><_ "1..0 : 4

Y He3aMBICTIOBATHIX 00JIACTEW MOKHO HE 00paniaTh BHUMAHHS HA IPOSKIIUIO U MIPUACPKUBATHCS
CJIEIYIOILEro IpaBuia: 00X0A Tesla OCYHIeCTBJISAETCH B HANPABJICHUAX KOOPAUHATHBIX OCeil.
[Ipenenst HWHTETPUPOBAHUSA 371eCh OYEBUIHBI
l=z=1, 0=y=2 —-1=x=0

Ho Bot ¢ mopsinkom o6xona He Bc€ Tak mpocTo. Ecnu BEIOpaTh TpaguIllMOHHBIA MYyTh U
CHaJyaJla  HMHTETPUPOBATh 1O  «3€T», TO  TOJY4YaeTCsl  HENPHUATHBIA  WHTETpaj



1 1

23 2 2
_[8;1: ze gz =8y _[ze e
v v , KOTOpBI HYXHO OpaTh Mo 4acTsaM. AHaJIOTMYHas MCTOpPHUS, €ClU

2 2
_I-Syzzezmdy = BZJ-ygezmdy
WHTETPUPOBATDH MO «UTPEK»: v , TYT JaXe JIBAXJIbI IO YaCTSIM.
HaubGonee BBITOJHBIM MyTEM SIBISIETCS MEPBOOYEPETHOE WHTETPUPOBAHUE MO «UKCY», B
8y 'z

9TOM CJIydac NNICPCMCHHBIC v , d 3HAYUT, U MHOXHTCJIb CUHUTAIOTCA KOHCTaHTaMM:

0 0 0
1
-[Byzzegmdx = Byzz_ll gy = Byz. —— Iezmd{EXﬁ] = 4}»‘(@2“]&1 =(*
-1 -1 E}E -1
[Tepen TeMm, Kak IIOJCTABUTh MPEICTbl HWHTCTPHPOBAHHS, HE I[IOMEINIAET MPOBEpKa:

e _ I _ ine t_ e ] t_ d_ e
(4y€ :Ix _4y(€ :I:r _4y€ (EX_}E}x 4.}’@ 2.}2 (x}x 8}: Ze _ HOHy‘{eHa HUCXOIHAS

MOJIBIHTETPATbHAS (DYHKITHSL.
(4 = 4p( =) = 4y(1 - &)
BbykBa «ukc» ucnapuiack, Kak OHO U JIOJKHO OBITb.
<z=l 0=y= .
Ocranoch 2 HampaBieHuss 00Xxoaa O=z=l0sys=2 , U CIENyIIUNA WHTErpal

PallMOHAIIBHCE B3ATDH 110 «3€T» ‘-ITO6I)I MHOXUTCIIb 4‘}; CUUTAJICSI KOHCTAHTOH:
1 1
] ] 1
[ay-e™)dz = ay[(1— ™)z = 4}{2 tooe ﬂm]ﬂ, = (™
0 0 ¥

[TpomesxyTouHas npoBepKa:

f

[4.}{2' +ie‘”B 5= 4.}{(2]'; + L(Q‘MI'LJ = 4.}{1+ RIS (—E}EJL] -
2y 2y 2y

= 4;{1+ 1 (—2y. 1)] =4yl -2
2y

I'yn.

2y

B kadecTBe [ONOIHUTEIBHOIO KOHTpOJIA CHOBa CMOTpHM, HCUC3JIa JIM IIOCJIC

()= 4}{1+ Eie_gy'l - [D + LE-:‘J"UB = 4;{1+ — ELJ =4y +2e77 -2
¥

MOJICTAHOBKY TIEpEeMEHHas!, 0 KOTOPOU MHTETPUPOBATH («3ET»).

O=y=2

I/I, HAKOHCII, OCTaBIICCCA HAIIPABJICHUC 06XOI[a W OCTaBIIHICS HUHTCTpal:

]
[ay+ee™ —2ap =2y - -2 =
1]

ITposepka: (2y* =™ - Zyyy =2 2y~ e (=2, —2=4y+ De Y — 2

(=222 20— - =8-t—d4+1=5-¢"
le/l MOACTAHOBKAX CJEAYyeT NMPOABJATHL NMOBLINICHHOC BHUMAHME, TaK, HAIIPUMED,

iy
£ 2y BTOpOE cllaraeéMoe MOKHO MallWHaJIbHO

IpUu MOACTAHOBKE HYJISI B BBIPAXKCHUC 2‘}?2
CUYCCTBh 3a HOJIb.

Ha YUCTOBUKE, KOHCYHO K€, HC HYKHO BCE paciucbIBaTh TaK HO,[[pO6HO, aHaJIN3 opssaKa
HHTCTPUPOBAHUA MW TIPOMCIKYTOYHBIC IIPOBCPKH OCYHMICCTBIIAKOTCA MBICICHHO abo Ha

YCPHOBUKE. Pemenue O(I)OpMJI}ICTC}I CTaHAapTHO B 3 IIYHKTA, HO YUTATCIIN C XOPOIIUM YPOBHCM


http://www.mathprofi.ru/integrirovanie_po_chastyam.html

IIOATrOTOBKH MOT'YT 3anucaTtb €ro u ((OHHOﬁ CTpOKOﬁ»:

”I 8y ze" ™ dxdvdz = Si-ygcz’yj- z.:izjl-ejmcix = Siyjdyii - zdz T 2 P53 (2 xyz) 5
T i i 0 0

-1 -1

= 4?_;:@} @™, dz = 4?;:@} (1— e )dz = 4?;{2 + Eie-m]ﬁdy =
b0 10 0 Y

] ]

= 4]_;{1+ Lo» g i}dy =[(ay+267 - 2dy = (2" - - 2yt =
0 2y 2y 0

=8-et4-(0-1-=5-¢""

I”Sygzegmcfxdydz: 5—:3“'

OtrBer: T

HaBepHoe, 3TO mNOHATHO, HO Ha BCAKMM ciayyall 3aKOMMEHTHPYIO: OYKBEHHbIE
MHOXHTEIN-KOHCTAHTBl CIIefyeT IlepeMelaTh CIpaBa HajeBO IOCIEAOBAaTeNbHO M 0e3
«TEPECKOKOBY» — JIO TeX MOp, MOKa Kaxkjaas OyKBa «HE BCTPETUT CBOW WHTETrpai». Y CIOBHBIN
IIpUMep:

L] LLl] * L1 L] * L1l (11

”I xe’ coszdxdvdz = jdxlciyj x& coszdz = Icfxl x&dy I coszdz = I xcij eyd_yj-cosz

I‘ -

Ll L1l -
AHanoruynoe 3aIaHuC OJIs1 CaMOCTOATCIIbHOI'O PCIICHMAA:

[Tpumep 16
Brrunciurs TPOMHOMN UHTErpan

”_[ x*zsin xye)dxdydz
T

x=0, y=0 =z=0
i
x=2 y=m z=1
PDu3nyecKHue NPUJI0KEHU TPONHOI0 HHTerpaa
PaccMOTpPHM HEOIHOPOIHOE (nepemennoli niomuocmu) Tteno 1 . Ecim n3BecTHa

HETpepbIBHAS B OONACTH ¢ (yHKIHUS olx Y z) IUIOTHOCTH Tena, TO €ro macca paBHA
CIIeAYIOIIEMY TpoitHOMY UHTErpaty:

m = [[[ oz v, 2)dxdydz
r

BOSMO}KHO, HE€ BCEM IIOHATCH CMBICII q)YHKI_[I/II/I IUIOTHOCTH. IlOSICHSI0: eclim B3STh

(% Vs Zp)

MIPOU3BOJBHYIO TOUYKY NPUHAISKANIYI0 TeTy 2, TO 3HaueHHe (YHKIHH

= X L2 o
Gy = O(Fy: Yo’ 7o) OyJZeT paBHO IUTOTHOCTH TeJia B JAHHOUW TOYKE.

[pumep 17
Beruucnuth  Maccy  HEOAHOPOJHOTO  Teja, OrPAHMYECHHOTO  IMOBEPXHOCTSIMH

2 2 2 2
rty Lx"+ ° 2z, z=0,x20, Y= 0 , cClin HU3BCCTHA (bYHKHI/IH €ro IINIOTHOCTH

oz ¥, z)=10x
=1
Pemrenne: uckomMoe Teia0 OTpaHUYEHO IWJIMHIPOM Y COOKY, DIUTHITUYECKUM
1
2= 5 ()
napadoIouI0M 2 — CBEpXy M IUIOCKOCTBhIO < =0_ cHU3y. JlomoaHHUTETbHBIE
x=20y=20

YCJI0BUA «3aroHsIOT Hac» B 1-H OKTAaHT, W MPOCKIHUA TCJIa HaA ININIOCKOCTb AOY

MIpEeJICTaBIISIeT co0oit COOTBETCTBYIOIIYIO «YETBEPTUHKY» €AMHUYHOTO Kpyra:


http://www.mathprofi.ru/poverhnosti.html
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AHaIUTUYECKUM METOJIOM YTOYHHUM BBICOTY, Ha KOTOPOH MapaloyoN] MepeceKaeT IMIUHIP:

2 2
4y =2z 1
. Y . = 2r=1=z=—
o+ =1 2 . .
u BBITTIOJTHUM MIPOCTPAHCTBEHHBIN 4epTEK:
A
s ann

HpOCKHI/Iﬂ Cpa3y K€ HAaBOJUT HAa MBICJIIb O IEPEXOJAC K HHHHHHPHHGCKOﬁ CUCTCME KOOpAWHAT:

X=roosg
¥=Famn @
z=z

x2+y2:1:>r2c052{;?+r25ﬁ12¢9=1::r2:1_:>;«:'
2

1 2 2 ¥
= — = F= —
z 2(x +y =z 5

Ly z1=10x = olrcos g ran g z) = 10rcos o

[Hopsanox o0xona Tena OYEBUJICH:
Pl |
0=zl
2
0=r=1
DE@EE
2
Taxum o0OpazoMm:

| -
ka

1

cos c;?da;?_l-rzdr dz
0

B = I” 20x v, 2dxdvdz = ”Il[]r cos g rdrd grfz =10

r r

[ MY
) S
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Brrancnenus QJICMCHTApPHBI:

r? ¥ 2 o2
1 _!.:iz':(z),f:——t]:E

1 2 1

¥ a 1 4 11 5.1 1 1
}!Er’" 2!?"?" 550 h=10-0=

I

2 x

310 %jms@d{p: (sin ¢)|Z = sin

]

A sin0=1-0=]
2

Orger: " = 1ed. agoce

CJ'ICIIYIOIJ_II/Iﬁ IpuUMEp IJIs1 CaMOCTOATCIIBHOI'O PCILICHUA:

IIpumep 18
Bpruucaute  Maccy  HEOJHOPOAHOTO  Tejld,  OTPAaHUYEHHOTO  MOBEPXHOCTSIMHU

2 2 2 2 2
Z x +"}? - X +‘y V= 0 , €CJIM U3BCCTHA (byHK]_II/IH €ro IJIOTHOCTHU "G(x’ & Z:I ?CI‘}E .

KpaTkoe pemieHne B KOHIE ypoKa

U crapas necHs 0 rIaBHOM:

HeHTp THAXKECTH TeJia

[TonobHo ToMy, Kak 3ajada O BBIYMCIEHUU IIEHTpPA TSKECTH IUIOCKON (QUIypbI
BBIYHCIIAIACH C TOMOIIBIO ABOMHOTO MHTErpaia, 3aa4a 00 OTBICKAaHUH YeHmpa maxcecmu Tena
pelaeTcs aHaJIOTHYHBIM CIIOCOOOM € TIOMOIIBIO TPOWHOTO MHTErpaa.

UYro Takoe LIEHTP TSKECTH Tella, JOBOJIBHO yAauyHO 00bsicHMI emé Apxumen. Eciau teno
IIOJBECUTh HAa HUTh 3a LEHTP TSDKECTH, TO OHO OYyIeT COXpaHATh pPaBHOBECHE B JHOOOM
MOJIO)KEHUU (Kak Obl MBI €ro MpeaBapUTEIbHO HHU MOBEpHYNIH). B u3BecTHON cTemeHu He
peanu3yeMo (Taky LEHTP TSHKECTH BHYTPM Teja), HO 3aTO OYeHb MOHATHO. M BHoiHe B cTuie
JPEBHETPEYECKOro y4€HOro, KOTOPBIM MPOCWI AaTh €My TOYKY OIOpPBI, YTOObI C MOMOIIbIO
pbluara nepeBepHyTh 3EMITIO.

Lentp TsKECTH M(%: yo: Z) HEOJJHOPOJHOTO TeNa ¢ PaCCUUTHIBACTCS MO POPMYIaM:
JI] motx. : 2)dndydz [I[ etz . 2)dxdydz J[] zotx. 5. z)cfxdydzl
__T T _ T

g = : Yo = » Eg =
! ! pr

m = [[[ otx. ». 2)drdyaz
r

2

rae elxyz) _ (GYHKIUS TUIOTHOCTH TeTa, a — Macca Tea.

Ecmu Tteno omHopomHO (3070TOE, cepeOpsiHOE, IUIATHHOBOE M T.JI.), TO (OPMYJIBI

ynporiarTces. Tak Kak MI0THOCTb 2 = const II0CTOSIHHA, 1 Macca 7 — &~ V' _ ecs MIPOU3BE/ICHUE
TJIOTHOCTHU Ha 00BEM, MOJTy4aeM:
”I xedxedvedz ”I vddxdviz _[” zalxah
xﬂ:rT’ J_.?D:TT, ZI:I: I V . .
, @ 00BbEM Tena paccuuThIBaeTCS (ewé
r=|[[ .::t’x.:fydzl
He 3a0blau? =)) ¢ TTOMOIIBIO TPOWHOTO UHTETpaja T .

Jns1 neHTpa TKeCTH OHOPOJIHOIO Teja CHPAaBEAIMBbI CIEAYIOIINE YTBEPKICHUS
— €CJIM y TeNa €CTh IIEHTP CUMMETPHUH, TO OH SIBJISIETCSA LIEHTPOM TSKECTU (npocmeuuiuti
npumep — yeHmp wapa);


http://www.mathprofi.ru/dvoinye_integraly_dlya_chainikov.html
http://www.mathprofi.ru/centr_tjazhesti_ploskoi_figury.html

— €ClM y TClla CYHECTBYET IJIMHUA CHMMCTPHHU, TO LCHTP TIAXKCCTH 00s13aTeIbHO
MMPUHATJICIKUT JaHHOM JIMHHUH,

— €CJIM Yy TCJIa €CTh IINIOCKOCTb CUMMCTPHH, TO HCHTP TAKCCTU HCIIPEMCHHO JIC)KUT B JTOM
IIJIOCKOCTH.

Kak BuguTe, npakTHUECKU MOJIHAS aHAJIOTHUS ¢ IEHTPOM TSKECTH IIIOCKOM (DUTypBI.
Hy u, camo co0oif, He MOTy He MOpaJJ0BaTh Bac 3aKJIIOYUTEIBHON 3a1auei:
IIpumep 19

Haiitu 1neHTp TSKECTM  OJHOPOJHOIO  TEld, OIPAHUYEHHOTO  IIOBEPXHOCTAMM

rtytz=ala>0) , = 0.y=0.2=0 B nomuts YEpPTEKM JAHHOTO TEJIA U €r0 IPOEKIUK Ha

IIJIOCKOCTh AOY .

Pemenue: nckoMoe TeIO OTpaHUYCHO KOOPAWHATHBIMU IINIOCKOCTAMHU M ITINIOCKOCTBIO

rtytz=a , KOTOpPYIO B LIEJISIX HOCIEAYIOUIET0 MOCTPOEHUS YA00HO MPEICTaBUTh B OTPE3KaxX:

X =
¢ a a Breibepem «a» 3a emuHUIly MacmTaba ¥ BBIIOIHUM TPEXMEPHBIM YEePTEK:

y .
Ha qepTexce y>1<e IIOCTaBJICHA IOTOBAasgd TOYKaA I_ICHTpa TAXKECCTHU, OAHAKO, IIOKAa MbI eé HEC 3HACM.

HpOCKHI/Iﬂ T€J1a Ha IINIOCKOCTH ACY Oo4yeBHAHA, HO, TEM HE MCHEC, HAIIOMHIO, KaK eé
HAlTH aHAJIUTHUYECKH — BEIb TaKHUe MMPOCTBIC ClIydad BCTPCUHANOTCA HAJICKO HE BCCTAA. Yto0bI

i o x+y+z=a, X0V (z=0
HAWTH MpsMyl0, IO KOTOPOH MEPeceKaroTcsl IIOCKOCTH Y ’ ( )

HYKHO
pelnTh CUCTEMY:
rtytz=
z=10
oxcrasisieM 3nauctne 2 =9 B 1-0e ypaBHEHHUE: xty+0=a, IIOJIy4aeM ypaBHEHUE
THY=2 (mnockoii» IIPSAMOM:

» (S

3=a4-X

——e e
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X . Z
Koopaunatst 0> Yo %o nentpa Tokectn M tema T BeumcmuM  mo  opmymam

I” xelxclvdz ”_[ Yelxdvdz ”Izdxciydz
X == . =1 , Zy=t—— :”_Ildxdydzl
v b v , TIe T — 00BEM Tena.
Bri6epem «KJTACCUYECKUI» HOPSAJIOK o0xopa:
l=z=a—-x—
D=v=a-x
D=x=a

1) Crauana BerynciuM 00BEM Tenma. Ero, kcraTw, MOXHO y3HATh 3apaHee, MOJIb3YsICh
U3BECTHOM 3a/1ayeil reomeTpun 06 00bEMe TeTpasapa. O6bEM TeTpasapa paBeH 1/6-oi 00bEMa
IPSMOYTOJIBHOTO MapajlieNienue a, MOCTPOCHHOTO Ha ero 3-X CMeXHbIX péOpax. B Hamem
cllyyae mapajiesienune]] MpeacTaBiseT coboil kyO ¢ pedpoM «a», U COOTBETCTBEHHO:

1
r

mempadpa g o

Ocranoch aKKypaTHO TPOBECTH YHUCTOBBIE  BBIUMCICHHUS  (KEJIAIOIIME  MOTYT
MOTPEHUPOBATHCS U BBIIIOJIHUTH KX CaMOCTOSITENIbHO). B mpumepax ¢ TpoMO3IKHUMHU
npeoOpa3oBaHUSIMU  PEKOMEHIYIO 3aIlMChIBATh pEHICHUE CTOJIOMKOM — MEHBIIE IIaHCOB
3aIyTaTbCs:

a-x a—x-

= Iljdxdydz=§dx I.:fy !.;;z =

i

I
O Ry f1 D Sy f1 O ey

efx I(a—x—y}dy:
0

2

ay xy— o dx=

=a|ia— x)dx— I(ax x)dx—%i(a x) ‘dx =

a

( (a-x°
alag— 21— xla—x)— 5 dr =
0

@ . lax® 2. 1 z
=-Se-n'p - - i+ sl -
3 3
e 3 s ct
=——(0-ag")-| Z=—=-0|+=(0 =
S(0-a)-| 5 -3 (0-a*)

Jleno 3a Tpemsi TPOWHBIMU UHTErpajlaMH. ...A Bbl, HABEpPHOE, HE TaK /JIaBHO U IPEACTaBUTh
ce0e He MOIJIM, YTO OKa)KeTECh B AMMLIEHTPE TAKOI'0 KollMapa =)
2) BeIuMCIUM «UKCOBBII» UHTErpa:


http://www.mathprofi.ru/vektornoe_proizvedenie_vektorov_smeshannoe_proizvedenie.html

_”I xedxchidz = T xalx _[ dy I .:;z =
v 0 i 0

xelx I(a—x—y]dy=

i

2
—"

I
O e— D e— D e—
Sy
T

a-¥ fix -

a—x}g]dx:
2

azxz Sar xt
- — I T
2 2 3 4
JE ) [ 4 _l E_E_fﬁ{ _
23 4 22 3 4]

4

b
P
N
Y
|
H
|
by
Pt
3]
|
Xal
|

ﬂ_-

o F

5 12 24 E
Taxkum 00pa3om, «MKCOBasH» KOOpPAMHATA IIEHTPA THKECTH:
_”I xedxdhdz £
T _2d
s a

6

XDZ

I | R

Hy 4ro ke, BBITISANT NpaBAonoA00HO, 110 KpaiiHe Mepe, Mbl «IIONAIH BHYTPb TEa».

BBuny cumMeTpun TeTpasipa IBe Jpyrue KOOpAUHATHI JOJDKHBI MOIYYUThCS TAKMMH Ke.
Tenepr ommOOYHBIN OTBET MPAKTUUECKH UCKITIOUEH!

3) Cnenyromiasi «IpOCTHIHS:

”_[ ydxdvdz = _deaﬁyciy _[;fz =
¥ 10 0

dr [y(a=x-ydy =

) S-S SRS Se—S_ Y S—

PN

1]
a-x .
dx I(ﬂy —xy=yT)dy =
0

5)
4 _x(a—x}j _(a—xf}ix:
2 2 3

E.?fl:il —

] ]
SIS
0|8

‘ﬁ

|
S
e

E_ll(cz—szcfx—l_ll(czzx—hxg+x3)dx—l_|.(cz—x)3dx:
2% 22 3%
@ ar 2axr Y, 1
=- - + I+ —=(a-
2 3 4 12
o

4 4
_2i+a_ +l([j—,g4:|:
3 4 12

1
2
ol 3 ].
—-20-g)-—
5 )2[2
ﬂ4_£ 4_(14

i

& 24 12 24
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OTtMeyaeM Ha YCPTEIKE HaﬁHeHHYIO TOUKY MLCHTpa TAKECTH U e€ JKe 3amuchiBacM B

M(E;E;E]
OTBET: 4 4 4

B cdepuueckux koopauHaTaxX MOJOXKEHHE JIIOOOW TOYKM MPOCTPAHCTBA OJHO3HAYHO
OTIpe/IeTIsIeTCSl OJHUM pAcCTOSHUEM W IByMsl yriamu. bornee moapoOHyro wHQOpMaIuio u
COOTBETCTBYIOIIHME MPUMEPHI MOKHO HAlTH B yueOHOM uTepaType.

Permenys 1 OTBETHI:

Ilpumep 14: Pewenue: u306pasum npoexkyuio OaHHO20 mend HAa NIOCKOCMb AOY .

Y
4=X
=g ﬁ
, X=1
z=5(x" +37)
Csepxy meino 02paHU4eHo QNAUNMUYECKUM napabo1oudom .
Buvibepem cnedyruull NOps00K obxooa:
0=z=5(x" +y°
D=y=x
D=x=1
Takum

obpazom:

1 & s+ 1 A+

III(3x+4yjdxdydz:Idedy j(3x+4y)dz:jdxi(3x+4y)dy I.:fz
1]

r 1] a 1] 1] 1]

3x+4 .
Ilpumeuanue: 6 «3emogom» unmezpaie cymma ( Y} cuumaemes KOHCMAHMOLl, NOIMOMY
e€ y0oOHO cpa3y eviHecmu 8 Cle0YIoUWULl UHMe2paJl.
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Ilpumep 16: Pewenue: BbINOJIHUM uepmeénic:
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Buvibepem cneoyrouull Nnopsi0oK 00x00a mena:
O=y=smw
N=z=1
D=x=2
Taxum obpazom:
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”_[ X'z st xyeEladxdvdz = i- x de zdzl sthl] xyz) ey
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Ilpumep 18: Pewenue: uckomoe meno 02PAHUYEHO IITUNMUYECKUM NaApabdoIoudom

{2 2
F= xz +_}r2 o =X +_}’ .
CHU3Y U KOHRUYECKOU NOBEPXHOCNIbIO — ceepxy, napa60ﬂ0u() U KORYC

2 2
nepecexkaromcs 6 niocKkocmu z=1 NnoO OKpYIHCHOCMU rry

=1 (6bIKIAOKU U YEePMENC — CM. 8

Ipumepe Ne9 ITockonvky * ED, mo peub UOém 0 npasom (OMHOCUMENbHO NAOCKOCMU A0Z )

noaAynpocmpancmee, U npoekyueu mena Ha NI0CKOCHIb AOY qensemen BEPXHULL NOTYKPY2

COUHUYHO20

paouyca:

Maccy mejna 6blYucium ¢ Nnomouisbio mpodHoeo unmezcpaia, ucnoib3ys I/[I/UZMHOPUHQCK)/IO

cucmemy

X=rcosg
Y=rsm @

z=z
riyi=l=r=1

Z=x2+y2 =z =

Z= X2+_}i‘2 :}z:m'{r_z:r

2y 21 ="Mz = olreos g ran o z) = 7z
Tlopsook 06x00a
rfPezr

0=r=l

O=g=7

Taxum

= m O(x v, Z)dxdydz = I”?Ur‘z sin - rdrd qelz = ?mjsm @danir?drjzdz
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1) J:zdz = % (z4
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1t 2 a2y 1f.4 e, {7 27 11 1 12
2) 5!& —rhyr cfr—g-!:(r —rdr=g| === fi=glz o5 0-0 =0 =

3 70 .3_15[51'11 $d¢?=—2(cos¢9}|g = —2(cos—cosl) = —2(-1-T1=-2.(-2) = 4
1]

Omeem. =4 e asaoce

IIpakTH4eckoe 3ansaTHe Ne 21

Tema: UcceqoBanue cXoQuMOCTH PSIJI0OB

Henab: 3akpenuTh y CTyACHTOB YMEHUS HAXOAUTH CXOAUMOCTb PSJIOB
Teopernuecknii 010K

Yucnoevie psaowt.

KOOpOUHam:

mena.

obpasom:




Omnpenenenne. BplpakeHHE HaA3bIBAETCSI YHUCIOBBIM DPSOM MM IIPOCTO  PSZOM,
9JIEMEHTBI Ha3bIBAIOTCS WIEHAMU JIaHHOTO psJa.

Omnpenenenne. Cymma KOHEYHOTO 4HUCIIA IIEPBBIX WICHOB psJa Ha3bIBacTCs O
YaCTUYHOM cyMMOii psia. OG03HaUNM

PaCCMOTpI/IM moCjaeaoBaTeJIbHOCTb YaCTUYHBIX CYMM

Onpenenenue. Psg HaspiBaeTcs CXOAALIMMCS, €CIM CXOIUTCS IOCIEN0BATEIbHOCTD
YaCTUYHBIX CYMM 3TOTO psJa, T.€. €CIM CYIIECTBYET KOHEUHBIN MpEeJeNl MOCIEeA0BaTEIbHOCTH
JacTU4YHBIX cyMM. [Ipu 3ToM mpesnen (KOHEUHBIM WM OECKOHEUHBIM) MOCiIea0BaTEIbHOCTH
YaCTUYHBIX CYMM Ha3bIBaeTCsl CYMMOM psija.

IIpumepsbl.

3ananue 1.1. YucnoBble psibl 3a7aHbl CBOMMH MEPBBIMH ISThIO ujieHamMH. COCTaBUTh
(dopMy1y 00ILero uieHa A KaxJ0ro psja.

) 142-3+4-5+ |
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Il h e e e
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p) —1+4-9+416-25+_|
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r) 203 2 51,
o) 14474104134 _,
o) 246412420430+ _|

3ananue 1.2. YncnoBble psabl 3aaHbl (GOpMyJIaMHu CBOUX OOIIMX WiIEHOB. [t Kaxmoro

. 34
pslz[a HAUTHU HepBI)IC II4THh YJICHOB U ‘-IaCTI/ILIHYIO CYMMy .

a 3"—1
al:[g]n—z
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B) W ﬂ;
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3amanue 1.3. Jns AaHHBIX PSAOB NPOBEPUTH BBHINOJIHEHHE HEOOXOJMMOTO IpHU3HAKa
CXOJIUMOCTH.
g |

2

a) -IF

2

= ni2

2

5) =112n -

25

r) =t

Z(—n"‘-u,ﬁf
a) =1 .
3ajanue Ha IOM.

1. YucnoBele psabl 3aJaHbl CBOMMHU IEPBBIMH IATHhIO uieHaMu. CocTaBUTh (hopMyiy
o0111ero 4ieHa A KaxJ0ro psja.



a) —3+5-T+9-11+_|

1+ E+2-I— E+3+‘|
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p) —1+2-6+24-1204_]

2. Yucnosble psAabl 3aaHbl GOPMYyIaMU CBOMX OOIIMX YIeHOB. [ KaXI0T0 pssla HaWTH

b

5]
MEPBLIC ITATH YJICHOB U YACTUYHYIO CYMMY .

o=
a) 2K

(T
6) 37

3. I[J'I}I AAHHBIX pAAOB IIPOBECPUTH BBITIOJIHCHUEC HGO6XOI[I/IMOFO IMpU3HaKa CXOAUMOCTH.

ihn+

a)=1 W

b

o nt3
6) a1 2ntl )
3ansaTne 2. IIpu3Haku CXOAMMOCTH 3HAKOIOJIOKUTEJbHBIX psaaoB. [lpusnaku
cpaBHenus. IIpusnak Jlanmamoepa. IIpusnaxk Komu.
3aganue 2.1. MccaenoBath psibl HA CXOAUMOCTb.
e n—4

a) §h+ﬁ

= 1
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0) =1 VR,

= nl—4An+
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B)-"l Eﬂz‘l'ﬂ .
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3ananue 2.2. VccnenoBaTh psiibl HA CXOUMOCTb.
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el

3ajanue Ha IOM.
WccnenoBath psasibl HA CXOANUMOCTb.
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3ansrTue 3. 3nakonepemennbie paabl. [Ipusnak Jleitonuna. {octaTouHblii NIpU3HAK
CXOAMMOCTH. AOCOJIIOTHASI M YCJIOBHASl CXOAUMOCTb.

3amanue 3.1. MccnenoBarh aHHbIE 3HAKOTIEPEMEHHBIC PSAJBI HA CXOOUMOCTh. B ciydae
CXOJUMOCTH p;ma BBISICHUTB €€ XapakTep.
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> '0’11.

H) Bl
3ajanue Ha IOM.
HccnenoBaTh HAa CXOOUMOCTb 3HAKOIIEPEMEHHBIE PSIIbIL.

> 0,5*

a) =1

Z(—l)'“‘

0) =1 ;

>E

p) =1 7
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1
m-L

Sy ——
I‘) -1 - nt3 .
3anatue 4. Crenennble psiabl. Paamyc, wmHTepBajs, W 00/1aCTh CXOAMMOCTH

CTENEeHHOro psAjA.
3ananue 4.1. Haiitu paguyc, nuHTepBal U 00JI1aCTh CXOJMMOCTH CTETIEHHBIX PSI0B.

Ss

a)

n-

o X
6) = ™
_l)lulxml

Z'.
-l
= (x-D*
r) § n-2° }‘

x+ 1
Z(1)( 7) l

n) s

3ajganye Ha JIOM.

Haiitu paguyc, uatepBai u 006JacTb CXOIUMOCTH CTEIIEHHBIX PSAOB.
i =1

a) = 2n—1
i-‘ x-2)"

6)ma ™

B)

3ansaTue 5. Passioxkenne 3jieMeHTapHbIX pynkumii B psaasl Teiliopa u Makiopena.
PaGoune popmyini:

®opmymna Teinopa:

f‘( ). f(")( ) (e

F@=f@1 7@ f' =

ntl)
¢ an
mel)
el G P ﬂ)..||
rae (n+D! - OCTaTOYHBIH wieH B popme Jlarpanxa.
®opmyna MaknopeHa:

—a) = —(x—




) L)
f(x):f(l])+f‘m)x+ f"(ﬂ)xz,r_,rf( (U)f,rf( &) na
2 m (m+I)
3amanne 5.1. Pa3noxute nanHele QyHKIMU B psag Teinmopa mo cremneHsMm * _4(110
MATOTO WICHA PA3NIOKEHHS BKIIFOUUTEIBHO).

FO)=cosxa=—
a) 3
6) f(I)=HI+2)=ﬂ=1|~

B) f(x)zeh,a:ll

3amanue 5.2. Pa3noxuTh AaHHble QYHKIOUMM B psiag MakiopeHa (10 MHATOro djieHa
Pa3IokKEeHUs BKIIOYUTEIBHO).

a) FO)=sn o
6) Ff=e""
p) F0) = Al

IIpakTHyeckas padora Ne 22

Tema: HaxokaeHue 00/1aCTH CXOAMMOCTH CTENIEHHBIX PSA0B

Hean: Hayuntbcst HaX0AUTh 00JaCTh CXOUMOCTH CTETICHHBIX PSIIOB

Teopernueckuii 010K

Crnemyet XOpouio MOHUMATh, YTO TAKOE PSJI, yMETh IPUMEHSThH MPU3HAKU CPABHEHUS IS
UCCIIEIOBAHMSI Psijia HA CXOJUMOCTh. TakuMm 00pazom, eciii Bbl TONBKO-TOIBKO MPUCTYIHIN K
W3YYEHUI0O TEMbl WIH SBJSICTECh YallHUKOM B  BBICIICH MaTeMaTHKe, HE0OXOaUMO
MoCcNe0BaTeNbHO MpopadboTaTh Tpu Yypoka: Psnel ans waitHukos, [lpusnak [lamamGepa.
[Tpusnaku Komm u 3Hakouepenyromuecs psasl. [Ipusnak JleiiOnumna. O6s3atenbHO Bce TpH!
Ecnu ecTe sneMeHTapHble 3HAHWS M HABBIKM PEIICHUS 3alad C YHCIOBBIMU DPSAAMH, TO
CHPaBUTbCA C (PYHKUMOHAIBHBIMH pAJaMU OYyIEeT MHOBOJIBHO MPOCTO, MOCKOJIBKY HOBOIO
Marepuaia He OYeHb U MHOTO.

Ha nmanHOM ypoke MBI pacCMOTPHUM MOHATHE (YHKIIMOHAIBHOTO psna (Y4TO 3TO BOOOIIE
Takoe), TO3HAKOMUMCS CO CTEIIEHHBIMU PSAaMH, KOTOPbIE BCTpedaroTcs B 99%-X mpaKTHUECKUX
3aJlaHUil, 1 Hay4YMMCS pellaTh PacHpOCTPAHEHHYIO TUIOBYIO 3a/lady Ha HAXOXKJICHHE pajuyca
CXOAMMOCTH, HHTEPBaJIa CXOAMMOCTH M O0JIACTH CXOJUMOCTH CTEIEHHOTro psma. Jlamee MOKHO
OyZeT paccMOTpETh MaTepuajl O CyMMe CTEIIEHHOTO Psijia U Pa3lioKeHUU (PYHKIUN B CTETICHHbBIE
PAIBL.

Ilonamue yynkyuonanvno2o paoa u cmenennoz2o paoa
OOBIYHBIN YUCITOBOM PsiJl, BCIOMHUHAEM, COCTOUT U3 YHCEIL:
Z‘Ix =ty toagtay tas

n=1

Bce unensl psaga Fo 2 %20 G40 B 5p0 YUCTIA.
DyYHKIMOHAIBHBIH Xxe s cocTonT u3 ®YHKIUN:
Zum(:{) =g (%) Fug (X F (X)) Fr, (0 Fus(x0+

Hel

. i, (x
B o6muit unen psana (%) MIOMHMO MHOTOYJIEHOB, ()aKTOPUAJIOB U JPYIHX MOJAPKOB

w

Z s x

]
HENPEMEHHO BXOJUT OYKOBKAa «HKC». BBITISAMT 3TO, Hampumep, Tak: #*-l P+D- 2 gak u


http://www.mathprofi.ru/razlozhenie_funkcij_v_stepennye_ryady.html
http://www.mathprofi.ru/razlozhenie_funkcij_v_stepennye_ryady.html
http://www.mathprofi.ru/priznak_leibnica_primery_reshenii.html
http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html
http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html
http://www.mathprofi.ru/ryady_dlya_chajnikov.html
http://www.mathprofi.ru/osnovy_matematicheskoj_logiki.html

YUCIOBOM psiA, 000K (YHKIMOHANBHBIA psAJ MOXKHO paclucatb B pPa3BepHYTOM BUJE:

i SN X Sin X SN X SMX SN X SN X

= + + + + +.]
e+t 2.2t 30t 420 5.2 6

1) (x), 14 (%), 15 (%), 1y (%), 15(x), . 3TO

Kak Bunute, Bce wieHbl (PyHKIIMOHAIBLHOTO psiaa
byHKIHH.

Haubonee nomynspHOi pa3HOBUAHOCTHIO (PYHKIIMOHAIBHOTO Psiia SIBJISETCS CTETIEHHOM
ps.

Onpenenenue:

o . i, (x
CreneHHOW psoq — O3TO psa, B OOMMIA dJeH » (%) KOTOPOTO BXOJST ILIEJIbIE
MOJIOKUTENIHHBIC CTENEHW HE3aBUCUMOW IMEepEeMEeHHON <+ . VYMpOIIeHHO CTENeHHOW psJ BO

oo

ZC;«IH

o
MHOTUX Y4YeOHMKaX 3alMChIBAIOT TakK: *-1 , THe ® — 3TO cTapas 3HaKoMas «HAYMHKa)»
YHCIOBBIX PSAOB (MHOTOWIEHBI, CTENEHHW, (HAKTOpHUambl, 3aBUCSIIME TOJIBKO OT <«OH»).
[IpocTerimmii puMep:
o 3,3 L4 L3
S R S S S S N |
ol 2 3 4 5

[TocMOoTpHUM Ha 3TO Pa3NIOKEHUE U €lIe Pa3 OCMBICIUM ONPEEIICHNE: YWICHbI CTETIEHHOTO
psga  colepKaT «HKCBI» B  YeablX NONodCUumenvHuvlx  (HamypaibHulx)  CTETCHSX.

ch (x—a)
OdeHb YacTO CTEMEHHOMN PsIi MOYKHO BCTPETUTH B CIEIYIOMINX «MOIUPUKAIIUAK): *-1
Zcu {x+a)
W x-1 , rjae 2 — KOHCTaHTAa. Hanpuwmep:
e x4 )" 2x+2)t  22x420 | Qx+ 2t (x+2)
Z—(zjzz(x+2)+(2j+(2)+(2)+(2)+...
ol 2 2 3 4 5
Zc,ex” ZC:« (x—a)

Crporo roBopsi, YNpOILEHHbIE 3alUCH CTENEHHOro psga *-1 , -1 WIN
Zcm (x+a)
=l HE COBCEM KOPpPEKTHBI. B mokazarene cTEeHH BMECTO OAMHOKOW OYKBBI «3H»
MOXKET pacroJiaratbcs Oonee CJI0KHOE BBIPa)KECHHUE, Harpumep:
w2 I
P i e e e st
ol % 23 4 Al

Wi TaKoOMn CTEIIEHHOMN pan:
IR O o RS SRR L SN L LS I y L IR S | O T b
Z n = + 7 + 3 + 3 + 5 + ..
el 3 3 3 3 3 3

JIvms OBl TOKa3aTeNy CTENeHEeH MPU «MKcax» ObLITN HATYpalbHBIMU.

Cxo0umocmb cmenennozo paoa.

Humepean cxooumocmu, paouyc cxooumocmu u 00aacms cXo0UMOCmu

He ny>xHO myrarbcst TaKOro OOWIIMS TEPMUHOB, OHU UAYT «PSJIOM JAPYT C APYTOM» U HE
MPEJICTaBIISIIOT OCOOBIX CIIOXKHOCTEH Ui moHuMaHus. Jlydine BriOepeM KakoW-HUOYAb MPOCTOM
MTOIOTIBITHBIA PSAJT ¥ Cpa3y HAUHEM pa3OupaThCs.



w

2

IIpoury JIHOOUT ¥ KanoBaTh CTENEHHOM psa =17

o
T

[lepemennas + MoOXeT NpPUHHMATH JIO0OE NEHCTBHTENBHOE 3HAYCHHE OT «MHHYC
0ECKOHEYHOCTH» [0 «IUIIOC OeckoHeYHOCTW». [lojcTaBUM B OOUIMIA 4IEH psiia HECKOJBKO
IIPOU3BOJIBHBIX 3HAYECHUN «HKC»:

w 1?€ w 1
Eciu *’f=1-,To§"’22 EMT|
o (=17

2

Ecmm &= —1, 1o =1 #

=} 3?!

2T
Ecimm = 3, TO el 2

(4 s
i=—— = = .

Ecimn 5,1‘0% n* xz.:; e E?ﬂz-ﬁ
U Tax nanee.

OdeBunHO, 4YTO, MOACTABJSSI B # TO WIM HMHOE 3HAYEHHE «HUKC», MBI IOJIYy4aeM
pasnu4Hble 4YMCIOBBIE psiabl. HekoTopble 4MciOBbIE psAAbl OyAyT CXOAWUTHCS, a HEKOTOpbIE
pacxoautbed. M Hamia 3aa4a HaAUTU MHOXKECTBO 3HAYEHUN «HKC», IIPU KOTOPOM CTETIEHHOM psilt
w x?d
2
#=1" | Oyner cxoauThes. Takoe MHOYKECTBO U Ha3bIBAETCS 00JIACTHIO CXOUMOCTH Psijia.

Jns moboro cremeHHOro psga (BpEMEHHO OTBIEKAaeMCS OT KOHKPETHOTO MpUMeEpa)

BO3MOXHBI TPH CITyJast:
1) CreneHHol psnl cxodumcs adconomuo Ha HEKOTOPOM HHTEpBaie (@ 2) | Yrpivm

CIIOBaMH, €CJIM Mbl BbIOMpaeM J1000€ 3HAaUCHUE «UKC» U3 MHTEpBajia (@ 8) IOJICTaBIISIEM €T0
B OOIIMI YIEH CTENEHHOIO Psijia, TO y HAC MOJYyYaeTCsl aOCONMOMHO CXOOAWUNICSA YUCIIOBOU P

Taxkoit HUHTCPpBAJI (ﬂ, bj M Ha3bIBACTCA MHTCPBAJIOM CXOAUMOCTU CTCIICHHOT'O pAda.
PaI[I/IYC CXOQUMOCTH, C€CJIM COBCEM IIPOCTO, OTO IMOJOBHMHA JJIWHBI HWHTCpBAja
CXOJUMOCTH:

bh—a
R =
2
FeOMeTpI/I‘ICCKI/I CUTyalus BBITJIAOWUT TaK:
Mk NDGEGR IHAYEHUW ¥
M3 AAHHOMO WHTEPBANa ,
FHTepBan
CHOAHMOCTH
CTeneHHoro paaa
B nmanHOM ciywae, MHTEpBal CXOAMMOCTH psfa: (-4 -2) , paIuycC CXOJIMMOCTH psija:
D (=4) —2+4

2 2



[upoko pacnpocTpaHeH TPUBUAIBHBIA CIOydal, KOrja MHTEpPBaI CXOAUMOCTH
CUMMETPUYEH OTHOCUTEIIBHO HYJISL:

Ha aTom wHTepBEan:e pAn CxOaWTCA

Ha ATHE HHT abconkaTH
e H__ﬂ-—-a._rxd:}-- - o .._ — = i 'NG-'LF\_/‘F_\'“"_"“_“’-_
-3 0 3 X .
3 N G HC) )
JeCh  HMHTEpPBAll  CXOAUMOCTH  psaa: , paguyc CXOOUMOCTH  psja:
R _&_
2 2

A 4uto OyAeT MPOUCXOIUTh Ha KOHIIAX WHTEpBaja (a;b)? B roukax k=&, x=b
CTEIIEHHON PAOd MOXKCET, KaK CXOOUTBCA, TaK U paCXOAUTCA, U JJIA BBIACHCHHA 3TOI'O H€O6XO)II/IMO
MIPOBOJIUTH JIOMIOJTHUTEIbHOE HccienoBanue. [locne takoro mccienoBaHusi pedb UIET yxe 00
00JIaCTH CXOJUMOCTH PsJIa:

— Ecnu YCTAHOBJICHO, YTO CTETICHHOM paAd pacxoauTCsa Ha oboux KOHIIaxX MHTCpBAJa, TO

a b
0071aCTh CXOJMMOCTH PsJia COBIAIAET C HHTEPBAJIOM CXOJUMOCTH: (a; &)

— Ecimu yCcTaHOBJIEHO, YTO CTENEHHOM s CXOAWTCS Ha OJHOM KOHIIE HHTEpBAlla W
paCXOILI/ITCH Ha I[perM, TO O6HaCTB CXOANMOCTHU pﬂ,[[a HpeI[CTaBJI}IeT CO6OI71 HOJ‘IyI/IHTepBaJ'I:
[ﬁl,b] NJIn {a’bl.

— Eci yCTaHOBJIEHO, YTO CTENEHHOM DA CXOAMTCA Ha 00OMX KOHIAX MHTEPBaNa, TO
[a; 8]

TepMI/IHbI OYCHb ITOXOXKH, O6HaCTB CXO0ONUMOCTHU pSIL[a — 9TO I'IyT]b 60Hee
I[eTaJH/IBI/IpOBaHHHﬁ I/IHTepBaJI CXOANMOCTHU p}II[a.

00J1aCTh CXOJUMOCTH Psi/ia MPEACTABISAET COO0H OTPE30K:

C ABYMs OCTaBIIUMHUCS CIy4assiMU BCE KOPOYE U MPOIIIE:

2) CremneHHOU psia cxooumcs abconomuo Tpu T00oM 3HaueHuu * . To ecTh, Kakoe Obl
3HAYCHUE «UKC» MBI HE TMOJCTABWIIA B OOLIMIA YJICH CTEIIEHHOTO psila — B JIIOOOM ciiy4yae y Hac
MOJIYYUTCSL  abCoMOmMHO cxo0awuticsa 4YUcioBod psia. WHTepBanm cxoaumocTh W 00JacTh

CXOJUMOCTH B JIaHHOM CJIy4ae COBIAJAIOT: (-00; +00) Pamuyc cxomumoctr: & =+ PucyHok
NIPUBOUTH HE OyAy, lyMato, HET HE0OXOIUMOCTH.

o
]
Yo
3) CTGHGHHOﬁ pAa CXOOAUTCA B e,[[I/IHCTBeHHOﬁ Touke. Ecin pAx UMCCT BU 2=l , TO OH
6YI[CT CXOOUTHECA B C,Z[PIHCTB@HHOIZ TOYKEC = I:] . B stom ClIyda€ HHTCpBAJI CXOOAUMOCTHU U

00JIaCTh CXOQMMOCTH PSiJIa TOXKE COBIAAIOT M PABHBI CAMHCTBCHHOMY 4Hcly — Hymo: %= U,

®
Z c,(x—a)
Ecnu psn umeer Bug *=1 , TO OH OyJIeT CXOIUTHCS B €AUHCTBEHHON TOUKe * = & | eciu
=
z e, (x+a)
pSAI UMEET BUJT *-1 , TO, TIOHATHO, — B TOUKE «MHHYC a». Paguyc cXoIMMOCTH psia BO

BCEX CIIyHasix, eCTECTBEHHO, HyeBoit: £ =0
Jpyrux BapuaHToB HeT. O0JacTh CXOAMMOCTH CTEIEHHOIO psAga — 3TO Bcerza JIubo

€IMHCTBEHHAs! TOYKa, JIMOO J1000€ «UKC», JTHO0 MHTEpBa (a, &) (BO3MOXHO MOJYHHTEpBAI,
otpe3ok). [loguepkrBato, 4To AaHHas Kiaccu(UKalKs CIpaBeUINBa JIUIsl CTENEHHBIX psAaoB. Jis
MIPOM3BOJILHOTO (DYHKIIMOHAIBHOTO psifia OHA B OOIIEM Cllydyae SBISICTCS HEBEPHOM.



Hccneoosanue cmenennozo paoa Ha cxooumocms

[Tocrie HEOGONMBIION MOPLUU TEOPETUUYECKOTO MaTepuasia MepexoirM K PaCCMOTPEHHIO
THUTIOBOTO 3aJIaHUS, KOTOPOE MPAKTHYECKH BCETJa BCTpEUYaeTCs Ha 3adeTaXx M dK3aMeHaX I10
BBICIIIEN MaTeMaTHKE.

[Tpumep 1

o

2

Haiiti 00macth CXOAMMOCTH CTETIEHHOTO psija *-1 #

x?d
o7

3anaHue 4acto GopMyIUpPYIOT SKBUBaJIeHTHO: HaliTu MHTEpBaa CXOAMMOCTH CTEIIEHHOTO
psiia ¥ UCCIIEIOBATh €ro CXOAMMOCTb Ha KOHIIAX HAWJIEHHOIO UHTEPBAJIA.

ANTOpUTM pellIeHus JOBOJIBHO Npo3payueH U TpadapeTeH.

Ha nepBom »Tame HaxonuM HMHTEpBal CXOAMMOCTH psina. B OonbinHCTBE 3amaHuit
UCIIONIB3YEeTCSl CXeMa, OCHOBaHHasg Ha mnpusHake JlanmamGepa. TexHMYeCKH HaM HYXHO

a1 I:x)
R+ u:u(x:l . .
BBIYUCIIUTD NPECACIT , 1 C (I)OpMaJ'ILHOI/I TEXHUKON €T0 PCIICHUA BbI YK€ 3HAKOMBI:
+l
1 2|2 2 u+l 3 2 t] 4
]jmﬂm(ﬂ‘j]jm (n+1) i:J]j.m ot B | Atxx )

wssol(n+ )2 x| v (s + 2+ 1) - 2

2

M
. n? 3 en _ . 1
=Wl = o = Pl oy = Pl s o =l 1=l
—— +5 +—
M M

(1) CocraBnsieM OTHOILIEHUE CIAEAYIOIIETO YeHa Psiia K IPeIbIAyLEMY.

(2) N306aBnsgeMcs OT YETHIPEXITAKHOCTH IPOOH.

(3) B uncnurene no mpaBuily ACUCTBUI CO CTENEHSMU «OTIIMIIBIBAEM» OJIMH «UKC». B
3HaMEHaTeJIe BO3BOJUM JIBYWIEH B KBaJpar.

(4) BriHOCMM OCTaBIIMICSA «HKC» 3a 3HAK Mpefelia, MPUYeM, BBIHOCUM €ro BMECTE CO

2
M

. + 2+
3HaKoM Moayisi. [Touemy co 3HakoM Momyis? J[eno B TOM, YTO HAll Mpemes notan+l oy
TakK 6y,ueT HCOTpULATCIIBHBIM, a BOT <«MKC)» BIIOJIHC MOXCT IPUHUMATb OTPULATCIBHBIC

3HA4YCHMUA. HOSTOMy MOJYJb OTHOCHUTCA UMCHHO K HCMY.

Kcratu, nouemy |x| MOXHO B0OOIIEe BBIHECTH 3a 3HaK mpenena? Iloromy dTO
«IMHAMUYECKOI» MEPEeMEHHOI B Mpejieie Y Hac SIBISIETCS «9H», U OT 3TOT0 HallleMy «UKCY» HU
KapKO HU XOJIOJHO.

oo

(5) Ycrpansiem HeonpeneieHHOCTh %2 cTaHAapTHBIM CITIOCOOOM.

[Tocne Toro, kak mpenen HaiIeH, Hy>)KHO MPOAHAJIM3UPOBATh, YTO y HAC TOIYYHIIOCH.
Buumanue! BoluucieHHsiii npenen M UHTEPIPETALUIO ero pe3ynbTatoB (cm. Huowe) HEJIB3S
CUHMTATh WJIM Ha3bIBaTh «mpu3HakoM JlamambOepa». [loguepkHy emé pas, 4To paccMaTtpuBaeMas
cXxema JIMIIb OCHOBaHA (He daroch 8 noopobnocmu) Ha npusHake [lamambepa uisi YUCIOBBIX
PAIOB.

Hrak:

Ecnu B nipenene moiy4yaercst HOJIb, TO aTOPUTM PEIICHUS 3aKaHUYUBAET CBOKO PaboTy, U
MBI J1aéM OKOHYATENbHBIM OTBeT 3amaHus: «OO01acTh CXOIUMOCTH CTEICHHOTO psija:
—00 < x <400, (m060e NeiCTBUTENBHOE YHCIIO — ciydail Ne2 mpeasiymiero maparpada). To
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CCTh, CTEIICHHOM pAaad CXOOUTCA IIpU JTI000M 3HAYeHHH «UKC». OTBET MOXKHO 3aIncaTh

—0o, oo
SKBUBaAJIEHTHO: «Psa cxomurtcs mpu x € (~09, +c0)

HpI/IHaI[J'Ie)KHOCTB).
Ecnu B Mpeacic 1mojydacTcs 6eCKOHe‘IHOCTB, TO AJITOPUTM PCHICHUA TAKXKC 3aKaHYMBACT

» (3Ha4YOK = B MaTeMaTHUKe 00O3HAYaeT

CBOIO paloOTy, U MBI 1aéM OKOHYATEJbHBIN OTBET 3aAanus: «Psn cxoqures npu + = 0y (unu pu
=42 mubo ¥ = ~&y), Cmorpute ciyuait Ne3 nmpeapiayiero maparpada.

Ecniu B mnpenene mosydaeTcss HE HOJIb M HE OECKOHEUYHOCTb, TO y HAac CaMblid
pacmpocTpaHeHHBIN Ha MpakTuke ciaydae Nel — psisi cXOAUTCS Ha HEKOTOPOM MHTEpBale.

X o
B nmaHHOM cnydae mpenen paBeH | | Kak HaiiTu wuHTEpBan CXOAUMOCTH psiga?
CocraBnsiem HEPaBEHCTBO:

|x| =1

B JIIOBOM 3aganuu MaHHOTO TUIIA B JIEBOM YacTU HEPABEHCTBA JIOJDKEH HAXOIUTHCS
pe3yabTaT BBIYMCIICHHS TIpenesia, a B MPaBOM YacTH HEPaBEHCTBA — CTporo enuuuia. He Oymay
OOBSACHATH, MOYEMY HMMEHHO TaKO€ HEPABEHCTBO W TOYEMY CIIpaBa €IUHUIA. YPOKH HOCAT

IMPAKTUYCCKYIO HAIlpaBJICHHOCTb, U YK€ OYCHb XOPOLIO, YTO OT MOHUX PACCKAa30B HCTOBCCHACH
aB CTAJIN IIOHATHEC HEKOTOPBIC TCOPEMBEIL.

Texnuka paboOTBl C MOAyJNeM M pelIeHHs JBOWHBIX HEPAaBEHCTB MOAPOOHO
paccMmarpuBaiach Ha epBOM Kypce B ctaThe O6nacTh onpezeneHus GyHKIUU, HO IS ya100CTBa
s TOCTaparoCh MAaKCUMaIbHO TOAPOOHO 3aKOMMEHTHpPOBATh BCEe JEHCTBUS. PackpbiBaeM

|x|-::cx=>—cx X na

HCPAaBCHCTBO C MOAYJICM I10 IIKOJIBHOMY IIPpaBUITy . B nanaOM cjIydac:

—lax=l _ HWHTEPBAJ CXOAUMOCTH MCCIICTyeMOTO CTETICHHOTO PsJia.
[TonoBuHa myTH no3ajau.
Ha BTOpoM sTame HEOOXOAMMO HCCIENOBaTh CXOAMMOCTh Psiia Ha KOHIIAX HANJAEHHOTO

MHTEpBaJIA.

CHayana GepéM JeBBIi KOHEI[ HHTepBana + = -1y MOJICTaBJIAEM €r0 B HAlll CTEIEHHOMN

oo

2

pAan 2=l

x
T

o =1
r=-1=3%
Ipu nel ¥
[losnyueH uncia0BOM psid, ¥ HAM HYKHO MCCJIEI0BATh €ro Ha CXOAUMOCTD (YK€ 3HAKOMasi
W3 MPEIBIAYIINX YPOKOB 3aa4a).
Hcnonb3yem MIPU3HAK JleitOHunna:
1) Pan SIBJISIETCS 3HAKOYEPEAYOIUMCS.
tim |, |= fim — =0
xthxl_x—}mnz - o Y
2) — YJIeHBl psAga yObIBarOT MO MOy r0. Kaxaplil cnemayronuii uieH psua
10 MOJTYJTIO MEHBIIIE, YeM NpeAbIAYIINH, 3HAYUT, yOIBAHHE MOHOTOHHO.
BeiBOI: psig cxonures.

Hccnemyem pan Ha a0COIIOTHYIO CXOJIMMOCTH:
w w 1
zm#zﬁ v
1=l #=1"| — cxomuTcs (cirydail 0000IIEHHOTO TAPMOHUYECKOTO PAIA).

Takum 00pa3oM, MOSTyUYEHHBIH YUCIOBOU Psi CXOIUTCS aOCOJIFOTHO.

Hanee paccmaTpuBaeM IpaBblii KOHEIl MHTEpBajga + = 1 noncrasnsiem 910 3HaucHue B

>4

Halll CTEIIEHHOM psij =17
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w 1?! m 1
r=1= 2_3 = ZTl
a=1® a1 ® | exonmres.
2.

#=1% | cxomuTcs HAa 00OMX KOHIAX HAHIEHHOTO

IIpu
x?!
T

Takum o00pa3om, CTENEHHOW psI

UHTEpBaJa.

OtBer: OGIACTh CXOAMMOCTH HCCIELYEMOro CTENeHHOro psiga: ~ 1 =X =1
VIMeeT IpaBo Ha XKU3Hb H APYroe ohopMICHHe OTBeTa: Psi cXomuTes, ecim © © [_ L 1]
Wnorga B ycnoBuu 3anaun TpeOyrOT ykKa3zaTh paauyc cxogumoctu. O4yeBUAHO, YTO B

paccMoTpeHHOM mpuMepe & =1,
[Ipumep 2
57
I
Haiitu 06;1acTh CXOAMMOCTH CTETIEHHOTO psifia *-" 3 Ant]
Pemenuie: mHTEpBANT CXOAMMOCTH psijia HAAEM ¢ MOMOIIbI0 pu3Haka Jlamambepa (1o He

110 npusnaxy! — 01 QYHKYUOHATILHBIX PLO0E MAKO20 NPUSHAKA He CYUeCmayem,):

xx+1
e | _ o [t 1| BT et
:'e—>+q:~| uﬁ(xj| B3 o 7" Ao 3?¢+1.’\’{H+2_x?¢
3 n+1

=0

M—H ‘1+
]Jm|x-x”-3”-ﬂ.m+1_ﬂ]jm Jn —H]jm

!
- — o » -
x—}+m|x?4_3.3?4_,"fﬂ+2 ER e "‘-,III.?E+2 3 a—sto 2—}0 3
o 142
Vn "

CocraBisieM cTaHAApTHOE HEPABEHCTBO:

— <l
Pan cxonures npu 3

X
CrneBa HaM HY>KHO OCTaBUTb TOJILKO | |, IO2TOMY YMHOXKaeM 00e Jactu HepaBCHCTBA Ha
3:
|x| <3
|x| Lty ety Bl
141 packpelBaeéM HEPABEHCTBO C MOAYJIEeM IO IIPaBUILy :

~ 3% <3 _ yurepBan CXOAMMOCTH HCCIIEIyEMOTO CTEIICHHOTO Psia.
HccremyeM cX0MMOCTh CTENEHHOTO Psijla Ha KOHIAX HaWJICHHOIO MHTEPBAIA.

I o L N N 1L

x=—-3= =
1) TIpu EBH"\"[”*'l mr AR H_BJ,-»;+1|

OOparutre BHMMaHHE, YTO IMPH TIOJCTAHOBKE 3HAYCHUS x=-3 B CreleHHOM pan

w x?!

Z 1] M
w0 3 At y HAC COKPATHJIACH CTENEHb - . DTO BEpHbI NPU3HAK TOrO, YTO MBI PABHIBHO

HallUIM UHTEPBAJI CXOJAUMOCTH PsIIa.
Uccnenyem nosy4eHHbIN YUCIOBOM Pl HA CXOUMOCTb.

Ucnonszyem TIPU3HAK JletiGHMIA.
— Psn SABJISIETCS 3HAKOYEPEIYOLIUMCS.
: : 1
litn |ax|: litn ——=10
_ e i+l — 4YlleHBl psAfa yObIBalOT Mo Momyito. Kaxkaplid crnemyronmii ieH
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pAoa 1O MOAYJIK MEHbIIE, 4YeM NPeAbIAYIIud, 3HA4YUT, YOBIBAHUE MOHOTOHHO.
BriBoxa: Pag cxomutcs.

I/IccnenyeM paa Ha a6COJ'IIOTHy1-O CXOAUMOCTh.
1
§ e = Z T
2

CpaBHUM JaHHBIN P C PACXOIAIIAMCS PAIOM *=1

I/ICHOJ'IB?)yeM Hpe,[[eﬂbHBIfI IIPU3HAK CpaBHCHHA:
=0
o E’-"x H— o 1 o n Mo kel

Ju+l
2.l

IlonmyyeHO KOHEYHOE YHUCIIO, OTIMYHOE OT HYJA, 3HAYUT, psif =0
w

psaaom »=1

pacxoauTcda BMECTE C

1
Z{)

Takum oOpaszom, psig =0 % +1] cxomures Tonbko YCIIOBHO.

r=5= Z H
2) Ipwu 03" A+l #1 ] _ pacxomgures (o moxazannOMY).

OtBet: O6GnacTh CXOIMMOCTH HCCIEAYEMOTO CTETIEHHOTO psiaa: ~ 3Ex<3, Ilpn += =3
PSA CXOUTCS TOJIBKO YCIIOBHO.

B paccmoTpeHHOM mnpumepe 00JaCThIO CXOAUMOCTH CTENEHHOTO psla SBISETCS

MOJIyUHTEpBaJ, IMPUYEM BO BCEX TOYKAX HHTEpBala (=3.3) crenennoii pan  cxooumcs

abcomomno (cMm. Ilpenpinymmii maparpad), a B Touke * ==3 KaK BBISCHHIOCH — CXOOUMCH
MONBLKO YCIO6HO.

[Ipumep 3
Haiitu mHTEpBas CXOAMMOCTH CTENEHHOTO psifa M HMCCIEN0BATH €ro CXOAMMOCTH Ha
w 2_n

Z X
]
KOHIAX HaiijieHHoTo MHTepBana =1 ¢~ #+1)
DT0 IpUMEp IS CAMOCTOSTENBHOTO PENIEHHS.
PaccMOTpHM Tapy PUMEPOB, KOTOPBIE BCTPEYAIOTCS PEKO, HO BCTPEYAIOTCS.
[Tpumep 4

© .?33 ] (x+4)2?€+1
2

Haiitn 065acTh CXOIUMOCTH psija; *-1 (72 + 1)l



Pemrenue: c IIOMOIIBIO IIPHU3HAKA Z[anaM6epa HaﬁHeM HHTCPBAJI CXOJUMOCTH IJAHHOI'O

psna:
(e + 107 (x+ 4™

i {2} 3 s NiEL
i [Pan @0 3(ﬂ+1+12i+1 &P |(n+31) (x+:1]|1 (2 + DI
rol g (7)) | R w - (x+4) ?¢—>+q:h| 2k r + 2]

(n+1!

. n+1]3_(x+4)2(x+4}3’“1-1-2-3-...-nm+1} (4]
= (x+H™ 1.2.3 e+ Din+ 2|

003 =0

={x+4)" lim +— — | =(x+ — =(x+4" 0=

(x+40° 1 1 ! 1 (x+43° lim L (x+41% 0=0
o # (2 +2) A

(1) CocraBnsieM OTHOILIEHKE CIAEAYIOIIETO YeHa Psiia K IPeIbIAyLEMY.
(2) N3b6aBnsieMcst OT YETHIPEXITAKHOCTH IPOOH.

3 3
(3) KyOn1 (2 +D"  a 10 IPAaBWIYy JEHUCTBHM CO CTEMNEHSMM MOJBOJIUM IOJ €IHHYIO
CTETIEHb. B YHUCIIUTENE XUTPO packiaibIBaeM CTENEHb

FEE X Jn+l+d . 2+l
(x+4) =(x+4) =(x+4)" (x+4) , T.e. PacknanpiBaeM Takum o0Opa3om, 4yTOOBI Ha

I:x + 4:'2?¢+1

CJICAYIOLIEM IIare COKpPaTUTh JpoOb Ha . @akTopuanbl pacIUChIBAEM HOJPOOHO.

1—}0

(4) Tlon xyOoM MOUICHHO ACIUM YHCIUTETh Ha 3HAMEHATENb, yKa3biBas, yto # . B

2
Ipobu cokparaeM Bc€, 4TO MOKHO COKPATHTh. MHOXKHUTEb (x+4) BBIHOCHUM 32 3HAK IMpejena,
€ro MOXHO BBIHECTH, IOCKOJIBKY B HEM HET HHUYEro, 3aBHUCSIIET0 OT «IUHAMUYECKON»

nepeMeHHoi «oH». OOpaTHTe BHUMaHHE, YTO 3HAK MOAYJS HE HApPHUCOBAH — IO TOH MpPUYMHE,

2
x+4

uro (X4 IPUHUMAET HEOTPHUIIATEeIbHbIE 3HAUEHUS TIPH JTI000M «HKC».

B npenene nosydeH HOJb, @ 3HAYUT, MOXKHO JaBaTh OKOHYATENIbHBIH OTBET:

Otger: Psg cxonutcs npu x € (0D, +00)

A cHauana-To Ka3ajoch, 4TO 3TOT PsJ CO «CTPALIHON HAUMHKOW» OyAET TPYAHO PEIINTh.
Honb unn 6ecCKOHEYHOCTh B Ipeiesie — MOYTH MOAAPOK, BEb PeIICHHE 3aMETHO COKpalaercs!

[Tpumep 5
i () (x — 2™

Haiitu 001acth cX0IUMOCTH psia *-1 10’

OTo mpumep i1 CaMOCTOSITENIBHOrO pelieHus. bynpre BHuUMaTenbHbl ;-) IlonHoe
peLIeHUE OTBET B KOHIIE YPOKa.

PaccmoTpuM emie HECKOJIIBKO IMPUMEPOB, COAEPKAIIMX 3JIEMEHT HOBHM3HBI B IUIAHE
HCIIOJIb30BAaHUsl TEXHUYECKUX IIPUEMOB.

[Tpumep 6

Haiitu uHTEpBaJ CXOAMMOCTH psiia M MUCCIENOBATh €r0 CXOAMMOCTh Ha KOHIAX

e =1 (x4 2
2 (3n—11.5°

HaWJICHHOTO MHTEpBaia *-1

1-1
Pemenue: B 06H_[I/II71 WICH CTCIICHHOIO psdda BXOAUT MHOXUTCIIb ( 1) ,
O6€CHC‘II/IBaIOI_LII/II71 3HAKO4YCpPCIOBaHUC. AHFOpI/ITM pemiCHUA MOJHOCTBIO COXPAHACTCA, HO IIPU



E"":'¢+1|(le

H—xtw| 1y x
COCTaBJICHHHU IIpenesa 2 (%) MBI UTHOPUPYEM (HE MUILIEM) 3TOT MHOXHTEIb, IIOCKOJIBKY

MOJYJTb YHUUTOXKAET BCE «MUHYCBHI».
WNHTepBan cXoauMOCTH psna HaWagéM ¢ nomompblo npu3Haka  [lamamoOepa:

(x + 2y
(@ _ |Gt D =15 |+ 2)(x+2)" - (32 - 1)
ol g (x) | vl (x4 207 | (x+2)% 5.5 {3n+2)
(3n—1). 5%
32— 1 - 17"
=|x+2|]Jm 3”_1=E=|x+2|]jm - :|x+2| _ - :|x+2|
5 me4w3p42 o S a2 5 psdw o0 5
— 342
» b
CocraBiseM CTAaHAAPTHOC HEPABCHCTBO:
|x+2|
—
Pan CXOOUTCSI npu 5

CrneBa HaM HYKHO OCTaBHUTh TOJIBKO MOAYJIb, IOATOMY YMHOXaeM 00€¢ 4acTH HEpPaBEHCTBA Ha 5:
h+ﬂ{5
Tenepp packpbIBaeM MOJTYJIb yxKe 3HAKOMBIM CIIOCOOOM:
-S5ex4+22h

B cepennHe ABOMHOTO HEPABEHCTBA HY>KHO OCTAaBHUTh TOJIBKO «HMKC», B ATHUX IEJSIX W3
KaKI0U qacTu HEpaBEHCTBA BBEIUHTAEM 2:
—S5—2ex42-2c5-1

—Taxad_ WHTEpPBaJI CXOJMMOCTH MCCJIEAYEMOr0 CTEIIEHHOTO Psa.

Hccnenyem cxoauMocCTh psiia Ha KOHIIAX HAMJAEHHOTO UHTEpBaa:

5 D G 21
1) [MoxcraBnsiem 3HaueHue + = —7 B Haw crereHHOM psan =1 (Bn=1).5" | :
Z‘;(—U”'I-(—?+E)” I o M G - o VA Gt A
o Em=1 5 =15 o Ge-1D-5"
_ w (_1}?¢—l+?¢ _ w (_1}2?&—1 . w 1
2 (3n—T1 =2, (3 -1 2(3;3—1)

u=l =1 Bl

-1
By,Z[BTe MpEeaACIbHO BHUMATCIIbHHI, MHOXUTCIIb ( lj HC oOecrieunBaeT

-1 _
3HAaKO4YCpECAOBAHUE, IIpHU JIIOOOM HaTypaJbHOM «3H» I: D - 1 HOJ’Iy‘ICHHBIfI MHHYC

BBIHOCHM 3a MpeJienbl psiia U 3a0bIBaeM PO HEro, MOCKOJIbKY OH (Kak M Jiro0asi KOHCTaHTa-
MHOYHTENb) HUKAK HE BIUSET HA CXOJUMOCTb WM PACXOAUMOCTb YHCIOBOTO PAAA.

Eme pa3 3amerpTe, 4TO B XOJ€ IMOJCTAHOBKM 3HAYCHUS x=-7 g o6wmit wien

]
CTEIICHHOTO psiia y HAC COKPATHIICS MHOXHTENb - . ECii GBI 5TOT0 He TPOM3OIILIO, TO 3TO ObI
3HAYMJIIO, YTO MBI MO0 HEBEPHO BBIUMCIIWIM TIPEeN, THO0 HeMPABUIBHO PACKPBUIA MOYJIb.
e 1

Wrak, TpeGyercst ucciaenoBaTh Ha CXOAMMOCTb YHCIOBOM psig #-1 (3n-1) 3neck npole
BCETO MWCHOJB30BaTh MPEACIbHBIM IPU3HAK CPaBHEHUsS W CPaBHUTh JaHHBIM pAx C
pacxogdamumMcsa rapMOHUYCCKUM pPSAIO0M. HO, €CJId 4€CTHO, HpeI[eJ’[BHI:IfI IMMPU3HAK CPaBHCHUA 10
y’kaca MHE HaJI0eJI, TIO3TOMY BHECY HEKOTOpPOE pa3HO0Opasne B pelIeHue.



Hcnonszyem UHTETPaJIbHBIH pU3HAK.

T dx

13x—

IToasIiHTErpaNIbHASA byHKUMSA HEIIpEephIBHA Ha [1;+m].
C1FAGE- 1 TR s Y

(%) = Iﬁ gah_ﬁw[hﬁx 1)}|1_§ahm+m[h1(3& 1 ]112:]—+03‘

1
Takum 06p3.30M, l'IOJ'Iy‘IGHHBIfI YHCI0BOH pax  pacxoguTcsa BMECTC C COOTBCTCTBYHOIIUM
HECOOCTBEHHBIM HHTCIPaJIOM.

2) Hccnenyem BTOPOU KOHELl UHTEpBaja CXOJIUMOCTH.
o (-1 (342 ~ 1]
3o 3 EUT Gy Z:'i )

Ipu S 315 31

Hcnonb3yem IIpU3HAK JleiibHuna:
— Psan SIBITAETCS 3HAKOYEPELYFOIIUMCS.

]Jm 3 1

FZ | | h o o
— — WIeHsI psjaa yObIBatoT 1o MoayJro. Kaxkaplil ciaenyromuii uwieH paaa
M0  MOJYJNIO  MEHbIE, YeM  NpeAbAyIINd,  3HAYUT, YyObIBAHME  MOHOTOHHO.

BeiBOa: psig cxoaurces
PaCCManHBaeMLIﬁ YUCJIOBOW PsiJl HE SBIAETCA aOCONIOTHO CXOJSIIUMCS TOCKOJIBKY

S lal-3

=1 — pacxoauTcst (10 T0Ka3aHHOMY).

Otser: ~ 7= X%3 _ ofnacTh CXOAMMOCTH HCCITELyEMOTO CTENEHHOro psaa, mpu X = 3
PS CXOJUTCS TOIBKO YCIOBHO.
[Ipumep 7
Haiitn wuHTEpBal CXOAMMOCTH psiia M HCCIENOBAaTh €ro CXOAMMOCTh Ha KOHIIAX
Z"; 2 (x+ 3
HalJICHHOTO MHTEpBaa *-L Mon+1

9To MpuUMEp I CaMOCTOATCIIbBHOTI'O PCIICHUS.
Kto YTOMMUIICA, MOXKET CXOAUTH IMOKYPUTH, @ MBI paCCMOTPUM CULIC JIBa IIpUMEpaA.

[Tpumep 8
HaliTu wuHTEpBan CXOAMMOCTH psAda U UCCIEAOBATh €ro CXOAWMOCTh Ha KOHIIAX

© o oa(x— 1"

-] 5
HAWJIEHHOI0 HHTEpPBAIIA xol 8% afu 43

Pemenue: Haitgem HAHTEPBAII CXOJIUMOCTH psna:
(e + 13 x — 1y
e N |(?z+1j(x ™29 i 3]

| g (x) | el a(x—DF *++°°|,-g(x p* o Je+1°+3]
9" i’ +3
. (=D (=D 9 e 43
i 1L -
A (x-1™.9.9" Jiu+1) +3

-1

(=10 o +3 | (x—1)° Nt +3 (x-1f

el g Joa 43| 9w J(m+1}| +3) 9




"-..I'.*zj +3

tn | ——=|=1

e Jorrn 13

nopsioka pocma. bonee norpo6HO 00 ATOM MOMEHTE M «TypOO»-METO/Ie PELIEHHs] YuTaiTe B
crathbe [Ipusnak Jlanam6epa. [Ipuznaku Kommu.

2
-0

Wrak, psig cXoauTcst Ipu 9

[Tpenen 10 TOI MPUYMHE, YTO YUCITUTENb U 3HAMEHATENIb 00HO20

YMHOXaeM o0e 4acTu HEpPaBEHCTBA Ha 9:

(x—1% =9
2
N " ; = ol

H3BnekaeM u3 o0eux yacrei KOpPC€HB, IIPU 3TOM IMOMHHM CTAapbiM IIKOJIBHBIN ITPUKOJI .
Jx=1% <49
|x - 1| <3
PackpriBaem MOJIYJIb:
-3ex-1<3
nu npudaBisieM KO BCEM qacTaM eIMHUILY:

—3+lex-1+123+1

—Zaoxad MHTEPBaJ CXOAUMOCTH UCCIIEyEMOT0 CTEIIEHHOTO ps/ia.
HcenenyeM cXoaMMOCTh CTETICHHOTO psijia Ha KOHIIAX HAWJICHHOTO HHTEpBaJa;

1) Ecim £ = ~2 10 MOJTYYaeTCs CACAYIOIINUA YACIOBOU PAI:

w©w ?3(_2_1]3:! _ w .’3(—3)2” i e (_1)2?& ] (3)2:! _

ol 5 + 3 _:u-l 9”-«4'{325 +3 _:u-l 9”-~..|'rnj+3
I o LR ©

S Stz Dot b4z S 43

an
Mmuoxurens =D OecciieHO Tporai, MOCKOIBKY MpU JTF0OOM HAaTypaJlbHOM 3HAY€HUU
o
«H =07 =1 .
WU B Tpetwii pa3 obpariaro BHUMaHUE Ha TO, YTO B PE3yJIbTaTe MOJACTAHOBKHU COKPATHIIUCH

b
CTCIICHU 8 , 4 3HAYUT, UHTCPBAJI CXOAUMOCTHU HAUJCH IIPAaBUJILHO.

w

M

ITo BceM mpH3HAKAM YIS TOJTYYEHHOTO YHCIOBOTO psijia ™! n’ +3 clIelyeT IPUMEHUTD
MpeAeNbHBINA Tpu3HaK cpaBHeHUs. Kakoi psg mogoOpats st cpaBHeHHs? OO 3TOM METOAMKE 5
yKe paccka3biBai Ha ypoke Psanpl aindg yaitnukos. [ToBropum.

OmnpenensieM CTapilylo CTENEHb 3HaMEHATeNsl, JJI1 TOTO0 MBICIIEHHO WM Ha YEPHOBHKE

-]
OTOpachiBaeM IOJ KOpPHEM BCE, KpPOME CaMOro CTapmiero ciaraemoro: “# = ”F. Takum

2|k

oOpa3oM, cTapiiasi CTeleHb 3HaMeHarenst paBHa * . Crapiuas CTENEeHb YMCIUTENs, OYEBHUIHO,

ER

paBHa 1. U3 CTapIJ_Ieﬁ CTCIICHU 3HAMCHATCJIA BbIYUTACM CTAPIIYIO CTCIICHDb YHUCIUTCIIA: 2

w w
1 1
2T
=1l 7 =1y M
Takum o0pa3om, Hall psii HY’)KHO CPAaBHHUTH CO CXOJASILIUMCS PSIIOM # .
Hcnons3yeM npenenbHbli IPU3HAK CPAaBHEHMS:


http://www.mathprofi.ru/ryady_dlya_chajnikov.html
http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html

mw
f3
[TosyyeHO KOHEYHOE, OTIMYHOE OT HyJSl YHCIIO, 3HAYMUT, psim "L W# + 3] cxomnres BMecte ¢

= 1
2

psgom =1 ¥

2) Yro IIPOUCXOAUT Ha Ipyrom KOHLIE MHTEepBazia?’
x_4:>i ad-10" B a3 B o2 & oa
Tpu L LI T S LB YT e e T S BV VL B CXOHATCAL

A BOT U BO3HarpakJeHue 3a My4yeHus B npeabiayiiem myHkte! Ilomyuuncs TouyHoO Takoi
K€ YUCIIOBOH psAJl, CXOIUMOCTb KOTOPOTO MbI TOJIBKO UTO TOKA3aJH.

OTtBeT: 001aCTh CXOAMMOCTH UCCIIEYEMOTO CTETICHHOTO pssia: — dExz4
YyTh MeHE€e CI0XKHBINA MPUMEP AJISi CAMOCTOSITEIEHOTO PEIIeHHUS:
[Tpumep 9

5201
Haiitn 065acTh cX0MMMOCTH psifa *~1 ztl

JlocTaTo4yHo Jij1s1 HAYaia =)
B 3akmroueHue ocTaHOBIIIOCH HA OJJHOM MOMEHTE. Bo BcexX mpumepax Mbl OIMUPAIUCh Ha

Wapl I:Jf:l

o ux(xj

npusHak J{amambepa U COCTaBISIIM Mpenes . Ho Bcerna nu Hy>kHO nenaTh IMEHHO

tak? [Toutu Bcerga. OqHaKo B HEKOTOPBIX Clydyasx ObIBAET HEBEPOSTHO BHITOAHO MPUBJIEYb HA
hm 3, (x)

MIOMOILb paJuKaJIbHbIA Npu3Hak KommM v cocTaBuTh mpenen **+= , IpPU 3TOM QJIITOPUTM
pemieHus 3agaun octaércs npexHuM! Yto 31O 3a ciyyan? DTo Te ciyyau, KOorja u3 oOLIero
YJieHa CTETIEHHOTO PAJIa «XOPOII0» (TIOJHOCTHIO) U3BIEKACTCS KOPEHb «3HHOID CTENCHH.

Crnenyromuii ypok mo teme — Paznoxxenune (yHKOui B cTemeHHBbIC psabl. [Ipumepsr
pELIEHU.

Kenaro ycnexos!

Pemenust u oTBETHI:

Ilpumep 3: Pewenue: ummepsan cxooumocmu psoa HAUOEM C NOMOWbIO NPUSHAKA

Hanambepa:
(G + 102"
TS EP— X on !
(B _ |7 .;:;g+2) b |z 2" 7" (n +22?2+1](?2+1)|:
il gy (7)) | el R0x" ?4->+W| 27T Rt (m+ 2 |
T e+ 1)
0 0 ntl 1+ ”
I 27 17 Kl % _H
=t [ [1+42 += | 2= |="lm L
T o= M ;32 n+2 ?x—}mv 7
14—
# b

Pso cxooumcest npu


http://www.mathprofi.ru/razlozhenie_funkcij_v_stepennye_ryady.html
http://www.mathprofi.ru/razlozhenie_funkcij_v_stepennye_ryady.html
http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html
http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html

Cnesa HyJiHCHO OCMABUMb MOILKO MOOYIb, NOIMOMY YMHOJCAeM 0be uacmu HepaseHcmeda Ha 7
|x| <7

=7 <X T _ yumepean cxooumocmu uccnedyemozo cmenentozo paoa.

Hccnedyem cxooumocms psaoa Ha KOHYAX HAUOEHHO20 UHMEPBAd.

POy
1) Ilpu 1 2t
2) Hcnonvsyem npuznax Jleibrnuya.

3) — Pso aensemcs 3HAKOYepeOyrUUMCHL.

oo 1
FI| o 1—}IZI+1—}III 0
S il -
% n’* —  YjeHbl pAoa  He

yowigarom
i) MOOYTIIO.

Bui6oo: P50 pacxooumcsi

w .?22

r=7=
2) Hpu n=l (?3"‘1)
P50 pacxooumcs, max kax He 8blnoanen He0OX0OUMBLLU NPUSHAK CXOOUMOCU PSOd.

Omeem: ~ 1 <X <7 _ oGnacme cxooumocmu uccnedyemoco cmenenHo2o psaoa
Ilpumep 5: Pewenue: ¢ nomowpio npusnaxa /larambepa Hauoém uHmepeanl cxooumocmu

paoa:

(208 + 1 (x — 2+
T e e e L]

(Zmilix— 23" ‘_x—>+m| 107 (=2 (2l |
10*

100 (= D(x=-2"1 123 2n-1-22- 2n+D- (20 +2)|

. 10.10% (=21 1.2.3. . (Zn—1)-2n B

(=2) @n D@+ =2 a0
%=+ 10 | 10 2=+ 10

a4l (x:'

14, (%)

N=¥ +Ho M=+

Omeem: P50 cxooumcs npu *= 2
Iouemy nonyuunace 0eouika, a He Homw? Ilepeuumaiime knaccuguxayuio obracmu

CXO0UMOCMU CMeNneHH020 padd. Xoms, HagepHoe, MHO2UE YiHce NOHUMAIOM, NOYEeMY.
Ilpumep  7:  PeweHnue: HatioemM  UHMEPBAN  CXOOUMOCMU  OAHHO20  pAOaA:

2:'¢+1 ] I:x+3:lx+1

thyy (B 2+ +1 . [+ 3G+ 22" Womr1|
| gy (x) | e 2 (2437w (z43.2% 3243

Hom+1

. 2n+1 oo .
= 2|J’E+3L]Ji‘ﬂ+m3 Da4 3 =;=2|x+3|jjfl+m3 Zn+3 -




P50 cxooumcst npu 2|x * 3| <1

1
Crnesa HYJCHO ocmasunmbsv nojlbKo MO()yJZb, YMHOOHCAEM obe uacmu HepaeeHcmea Hda 2

o+ 3 < n
2

—l -::x+3-::1
2 2

B cepeduﬂe HYJICHO ocmasums MmoOJIbKO «UKC», eébldumaem us3 Kascoou uacmu HepaeeHcmeda 3:

—l—3<:x+3—3 -c:l—
2 2

7 5
——=x<- —‘

2 2| - uHmepeal cxooumocmu ucciedyemozo CMENnenHo2o paoa.
Hccneoyem CX00UMOCMb paoa Ha KOHYAX HAUOEHHO20 unmepeana:

® »
T 1 I s B
r=——= =

i, Tpu 2 Zl V2n +1 Z; V2n+1 Zi#zﬁ

k]
Cmenenv 2° cokpamunace, 3uauum, Mbl Ha BEPHOM NYMU.
Hcnonvzyem npusnax Jletionuya.
Pso A67151emcsl 3HAKOUePeOyrOUUMCHL.

1

H+~n3 Sn+1

]Jrn|c:r| =0

— yeHvl psoa yovigarom no mooymo. Kasicovlil credyrowuil uien psoa
10 MOOYII0 MeHble, YeM npeoblOyWull, 3Ha4um, yYovl6aHue MOHOMOHHO.
P50 cxooumcs no npusnaxy Jleiibnuya.

Hcczze()yem §25:%0) Ha abCconOmHyI0 CX00UMOCb!
|"1 | = Z o+l
:'4-1
chozzwyem UHMe2PaIbHbIl NPU3HAK.
Todx
[
1 W2x+1
[1;+0::1
Iloovinmezpanvnas dyHryus HenpepvleHa Ha .

(*}—_I (2x +1)5d(2x+1) = léhm( (EX+1]2]|T=§¢U§HW[3 (25+1}2%m—3@]=+m‘

o
2 fa

Taxum  obpasom, pso =l

pacxodumcg emecme C coomeemcmeyrouum

HecobcmeennvlM  unmezpanom.  Pso n=1 *'2”"'1 CXO0UMCs  MOAbKO — YCIOBHO.
sl e
=-i=3 -3
3 3 3
2)  Ilpu 2 3 iom+ e+l a2+ pacxooumcs  (no

O00KA3aHHOMY).



——wx -
Omeem: Obracmov cX00UMOCMU UCCAEYEMO20 CMENeHH020 psaod 2

21 npu
1
r=-3=
2 PAO CXOO0UMCs MOJILKO YCIOBHO.
1 1
—d—=Zxa-2d—
Obnacmv  cx00uUMOCMU OKOHYAMENbHO MOJNCHO 3aNUCAmMb MAK: L unu
—-35=2x<-25
oaoice mak: ’ .

ad 1

Ilpumeuanue: Pso -1 Jen+ 1] yoxeno Goiio uccnedosamv ma  cxodumocme ¢ NOMOWbIO
npeoeibHO20 NPUSHAKA CPABHEHUSL.

Ilpumep 9: Pewenue:

Haiioem uHmepsal cxooumMocmu paoa:
2?¢+1 ] xﬂ(?ﬁl]
EE—— 1 2
HHI(III:]H_H PPy :]jIn|x-x?4.2.2?4.{}g+1]:
re| g {x) CEREE B L xﬂx ?e—3r+m| xﬂ?e L {';3 + 2]
n+1
n+1 17°
1+—
= 2x% i —2— =27 lim —& =25
oo B+ 2 Ny 4o o -
1+—
s #
Pso cxooumcst npu 2 <1
% -f%
1
Al <
«ﬁ
%
— X<
“J_ unmepeal cxooumocmu uccneoyemozo cmenenHo20 paoa.
Hccneoyem CX00UMOCHb pada Ha KOHYax HAUOEHHO20 unmepsana.

H

TS T R

>, >, >—
1) Hpu '\III'_ Hal M +1 Bl ?3+]. =l ?3+]. M_1.’3+

m l|
Cpasnum dannwiii pao ¢ pacxoosuumcs, 2apmonudeckum psoom =1 %L Ucnonvsyem npedenvuuiii
NPU3HAK CPABHEHUSI.

1
— =0
fim %2 i |2 =g 2 g (141 |=
A o E;. B 4o 1 M=o M+ M

#+1

HOﬂylleHO KOHeYHOoe YUcClo, onjiudvHoe om H)Jisd, 3Havum, I’IOJZylleHHbZZZ YUCI0801 p}l@ pacxo@umc;l
emecme Cc

2aPMOHUYECKUM psoom.



o1 »n+1 o1 »n+1  x+l a+l

— pacxooumcs
(no 00KA3aHHOMY).

1 1
-———ax«
Omeem: 06aacmv CXOOUMOCIU UCCAEOYEMO20 CHENEeHHO20 PAoa.: W2

IIpakTHyeckas padora Ne 23

Tema: Pemienne nugdepeHuHaAIbHbIX YPABHEHHUH IEPBOTo NOPAAKA

Hear padotbi: IlpoBepuTh Ha MpakTUKE 3HAHHE MOHATHS AUDPepeHnaIbHOrO
ypaBHEHHs, BHIbl IU(QepeHInaNnbHbIX ypaBHEeHHH, yMeHHe pemath auddepeHnnansabe
ypaBHeHus | nopsiaka, HaX0IUTh OOIIEe U YaCTHOE pEIlICHUE.

TeopeTnyeckas 4acTb

1. IuddepenunanbHoe ypaBHEeHHE 1epB8020 NOPSAOKA, CONEPKUT:

1) He3aBUCHUMYIO TTIEpEMEHHYIO *

2) 3aBHCHMYIO EPEMEHHYIO * ((pyHKIIHIO);

3) mepByI0 MPOU3BOAHYIO GYHKIHMK: ~ .
Pemmuts  npuddepenumanbHoe  ypaBHEHHE — 3TO  3HA4YUT, HAWTU MHOKECTBO

dynxumii ¥~ J (x}+C’ KOTOpBIE€ YJIOBJIETBOPSIOT JaHHOMY ypaBHEHHIO. Takoe MHOXXECTBO
(byHKUMI Ha3bIBaeTCS 00IMM pellieHueM AU depeHINaTBLHOT0 YPABHEHHS.

IIpumep 1
f =
Pemmts auddepeHiuaisHoe ypapaeaue > 2
o
}.? =
d.
)
x & by
dx
B paccmarpuBaeMoM mnpumepe MEpEeMEHHbIE JIErKO pas3elisioTcs IepeKuIbIBaHuEM
MHOKHTENEH 1o IIPaBUILY IIPONOPLIUU:
dy dx
¥ X

HepeMeHHHe pa3aciICHEL. B neBoit yacTu — TOIBKO «UT'PEKU», B npaBoﬁ 4aCTH — TOJIBKO
«HKCBD».

Cnepyromuii  3Tanm  — HHTerpUpoBaHMe  AU(PPepeHIHATBLHOr0  ypaBHEHHS.
HuTerpupyem o0e YacTH:
[2-[<

¥y x
Inly|=ln|x+C
Pemenne muddepeHnnanbHOrO ypaBHEHHS B HESIBHOM BHJIE HA3bIBACTCS OOIIMM
In|y|=In|x+C y
uHTerpajsiom auddepeHIUAIBHOIO YpaBHeHUss. To ecCTb, — 3TO OO0mMi
UHTETpaJl.
Inlyl=nx+C Iny|=In|x|+n|C
Bmecro 3anucu M | | OOBIYHO MUIIYT M | | | |
B JTAaHHOM ciyyJae:

In|y|=In |Z]



y»=0Cx
OyHKIMS PeACTaBIeHA B IBHOM BHJIE. JTO U €CTh 00IIee peleHHe.

. ¥=Cx, roe O =const
MHoxecTBO byHKIMH Y A ABJIIETCS o0ImuMmM pelieHneM

L
muddepeHHaNEHOTO ypaBHeH:S > |
IpuaBas  KOHCTaHTe © pasimdHbIe
MHOTO YACTHBIX pelleHuii 1udpepeHnaIb-Horo ypaBHeHuSI.

IIpumep 2

3Ha4YCHUA, MOKHO  TIOJIYUUTH OCCKOHEYHO

f=-2

HaiiT yacTHOe pemenue quddepeHIMaTbHOr0 ypaBHeHus @ =2 | ylOBIETBOpSIONIEE

HAYaITBHOMY YCIIOBHIO =2
[To ycnoBuro TpeOyercss HalTH YacTHOe pernenue /Y, yIOBIETBOPSIONIEe HAYAIEHOMY

ycnoButo. Takas mocTaHOBKA BOMPOCA TAKXKe Ha3bIBaeTCs 3adaueli Kowiu.
Cnauana HaxoauM 0011ee peIIeHHe.

dy
=9
dx 7
& =—2dx
Y
Hurerpupyem ypaBHEHHUE:!
|2 -—2fs
Y
In|y|=-2x+C"
y= E—E:HC'
y= gc. . é-_le

y= C-g—ﬂx

roe O = const
Hrak, oOmiee pemieHue: - A .

Ha 3aBCpHIAOIICM OTall€ HYXHO

HAlTH YaCTHOE PElIeHNe, YIOBIETBOPSIONIEe 3aJaHHOMY HaYalbHOMY YCIOBHIO * =2

Heo6X0aMMO [0106paTh TAKOE 3HAYCHHE KOHCTAHTBI = , 4TOOBI BBHIIOTHSIOCH 3a/aHHOE

HaYaIbHOE yCIOBHE ¥ =2z
B ofmee pemieHne BMECTO «MKCa» MOJCTABISEM HOJNb, 4 BMECTO «HIPEKa» JBOHKY:

y=Ce™"=" = =2

B obmee pemenne ¥ Ce™ MOJCTABIEM HAWICHHOE 3HAYCHHE KOHCTAHTHI & = 2:
y=2 9TO ¥ €CTh HY)KHOE HaM YaCTHOE peIlecHHE.

IIpumep 3

Pemmites mudepennmansHoe ypaBHeHHE Y+ (2y +Dezgr=0

Pemenue: [lepenuceiBaem HPOU3BOIHYIO B HYKHOM HaM BUJIE:

d—y + {2y + leigr =10
ax

HepeHOCI/IM BTOpPOC cjraracmMoc B IpaByro 4acTb (&) CMEHOM 3HaKa:

.:z!’_y =—(2v+licig
odx

dy
2y +1

= —cigxdx



[lepemennbIe pas3/elieHsl, UHTETPUPYEM o0e YacTHU:

)
_[ Eyi . = —I cﬁgx.:f)i

v Cos Xadx
551

oy +1

sl x
lld(2y+1j__]-d(sﬁ1x}
20 2y+1 ) sinx|

Sin2y +1= ~lnfin a]+nfc

Pemenue pacnuiry OUYEHb MOJIPOOHO:
1
n 2 +17 =Infsin x| +n|C]

In 2y+1=1n#+1n|c
Fin 2]

mﬂxzy+1=m}_ix”
1
o
s —ﬁ

OTBer: 001IMil UHTErpal: Jey+1l.sm x=C, roe ' =const

Hpumeuauue: O6H_[I/II71 HHTCTpaI JIF000T0 YPaBHCHUS MOXKHO 3aIIMCATh HC CIMHCTBCHHBIM
crmocooom. Taxkum 06pa30M, €CJIM y BaC HC COBIIAJI pE3yJIbTAT € 3apaHCC U3BECCTHBIM OTBETOM, TO

3TO ellle HE 3HAYUT, YTO Bbl HEMPABUWIBHO PELIWIN YpaBHEHUE.
IIpumep 4

2
- _
o e’y — 2xdx=10
Haiitn 4vactHOoe pemenne aud@epeHIHaTbHOTO  ypaBHEHUS 2 ,

YIOBJIETBOPSIONIEE HAYATHHOMY YCIOBHIO W=h2 gimomums IIPOBEPKY.
Pemenne: CHauana Hailijem o0miee peunieHue. JJaHHOe ypaBHEHHE YK€ COJIEPKUT

roToBble AU(depeHnanbl Ay dx , a 3HAYNT, PEIICHHUE YITPOILAETCS.
Paznensem IIEpEMEHHBIE:

g’ -e_”!dy— 2xdx= ()
g” -é"”!dy = Zxdx

e¥dy = zfix

e
g’dy = Dxe" dx
WNHuTrerpupyem ypaBHEHHUE:
_l-é'ydy: EIxe"!de
_Ile"’.:i’y = Ie”!d(xzj
e =& + C"|
In e” =In{&" +0)
y=In(e" +C

oOrmiee peleHue:

y= ]Il(é‘x! + 1, roe O = const



Haiinem  wacTHoe  pelieHHe,  COOTBETCTBYIOIIEE  3a/JlaHHOMY  HA4aJbHOMY
M=ln2
ycinoBuio + ©)

In 2=1in(e" +CN
I 2=h(1+C) = =1
O =ie"+ ) =1+ = 2=0C=1

TTofcTaBIIseM HAllICHHOE 3HAYCHNE KOHCTAHTHI —© = 1 B ofmee peueHue.

ot 1
OTBeT: YacTHOE peleHue: * In(e” +1
3anucaTh BbIBOJ

IIpakTHyeckas padora Ne 24

Tema: Pemienne nuddepeHunaabHbIX YPABHEHHH BTOPOI0 MOPAIKA

Heas padorsi: IlpoBepuTh Ha mNpakTHKE 3HAHWE TOHATHA JU(QPEepEeHINATHHOTO
ypaBHEHHUS, BHIbl AUPPEpeHIUANbHbIX YpaBHEHHUH, yMeHue pemarts guddepeHunaibHbe
ypaBaenus 11 —ro nmopsigka, HaX0IUTh 00IIee U YaCTHOE PEIICHHUE.

TeopeTnyeckas 4acThb

2.JInneiinble 1updepeHHATbHbIC YPABHEHHSI BTOPOr0 NMOPSAAKA € MOCTOSTHHBIMH
ko3pdpuumeHTamu

B Teopum wu mnpakTHKe pas3idyarOT JBa THUNA TaKUX YPaBHEHUH — OJHOPOIHOE
YPaBHEHHE 1 HEOAHOPOJHOE YPABHEHHE.

Onnopoanoe /IY BTOporo mopsizka ¢ NOCTOSHHBIMM KO3QPUUMEHTAMH HUMEET
CIEAYIOUIUI BU:

Y+ py' gy =10

— CTPOro HOJIb.

, tne ¥ u? — KkoHcramTel (umcma), a B TpaBOHl YaACTH

Heonnoponnoe JIY BTOPOro mopsaka ¢ NOCTOSHHBIMU KOYGGUIMEHTAMHU MMEET BHI:
i f
+ +ar=70x x
ypita =yl :', rne ¥ u9 - KOHCTaHTHBI, a Fx) (GyHKUMSA, 3aBUCALIASA MOALKO OM

«ukcy. B mpocreiiiem ciydae QyHKIus S (x) MOKET OBITh YHCIIOM, OMIUYHBIM OM HYJIA.

Kaxkas mpicip mpuxoauT B royioBy mocie Oernoro B3misiaa? HeogHoponHoe ypaBHEHUE
KakeTcs cioxkHee. Ha 3ToT pa3 nepBoe BIieyaTieHUe HE MOABOAMT!

Kpome TOro, yto0pl Hay4UThCS pelIaTh HEOJHOPOJHbIE YpaBHEHUS He00X0AMMO YMETh
pemaTh OJHOPOJIHbIE ypaBHeHUs. [1o 3ToM mpuuYMHE CHaydajga pacCMOTPUM QJITOPUTM PEUICHUS

JIMHENHOTO OJTHOPOJIHOT'O YpaBHEHUS BTOPOTO MOpSIIKA:
Yrpy'tgr=_0

Hns TOTO 9TOOBI peIunTh JTaHHOE ay, HY>KHO COCTAaBUTh TaK
Ha3bIBAEMOE XapaKmepucmuieckoe ypaeHeHue:
Ftpitg=0

[Io kakOMy NPUHIHKITY COCTABJIEHO XapaKTEPUCTUYECKOE YPABHEHHE, OTUETIMBO BUIAHO:
BMECTO BTOPOU IIPOU3BOAHOU 3aIIUCBIBAEM f;
BMECTO IepBOM IIPOU3BOJHOU 3aMKCBIBAEM MpOCTO «1AMO Ty »;
BMeCTO (DYHKIMH * HHYEro He 3aliChIBACM.

A+pl+g=0_ 3TO 00bIYHOE KBAaJPATHOE YPaBHEHHE, KOTOPOE IIPEICTOUT PELINTb.

Cy1miecTByIoT TpHU BapHaHTa pa3BUTHS COOBITHI.

OHu fo0Ka3zaHbl B Kypce€ MaT€MaTHYECKOro aHaiu3a, U Ha MpakTUKE Mbl OyJET HCIOIb30BaTh
TOTOBBIE (DOPMYJIBI.


http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html

XapakTepucTuiyecKkoe ypaBHeHHe HMeeT IBa Pa3IHYHbIX JeiicTBUTEJbHBIX KOPHS

F+pltg=0

Ecin XapaKTepUCTHYECKOE ypaBHEHHE uMeeT

JIBa Pa3JIUYHBIX JICUCTBUTEIIbHBIX KOPHS /11, % (T.€., ecld AUCKPUMHUHAHT L D), TO oOuiee
pelieHne OJIHOPOJIHOTO ypaBHEHUS BBITTISIIAT TaK:

= ("W g o
Y 1 2 ,TIe ~1* 2 — KOHCTaHTHI.

B cnywae eciu oauH M3 KOpHEH paBeH HYIIO, pPEIIEHHWE OYEBHIHBIM 00pazom

_ _ 0-x Ao _ ,1!1
YIOPOLIAETCA; IIYyCTh, HAIIPUMED, A4 =0 , TOTJ1a 0011Iee PEIICHHE: y=Ge  +CpM =G+

IIpumep 5
Pemnts muddepeHimansHoe ypaBHeHue » "ty -2y=0
Pemenne: cocraBum u perum XapaKTePUCTHICCKOE ypaBHEHHE:
A+i-2=0
D=1+8=9./D=73
-1-3 -1+3
AT AT

y=Ce™ 4 O’
y=Ce ™ + 0", ade (), 0 —const
OTBerT: o01IEE pelIeHue:
XapakTepucTHYECKOe ypAaBHEHHE HMEeT IBa KPATHBIX 1eiiCTBUTEIbHBIX KOPHS

A +pltg=0

Ecimu XapaKTCPUCTUICCKOC YpPaBHCHUC HNMECT

JIBa KPATHBIX (COBIMABIINX) JEHCTBUTEIBHBIX KOPHS A=A (muckpumunant &= 0) 1o obmee
peleHue OJTHOPOJTHOTO ypaBHEHHUS NPUHUMAET BUJL:

yﬁ$M+Qm%’ 6 S Cs

T KOHCTAHTBI.

Bumecro 4 B (dbopMyIie MOKHO ObLIO HAPUCOBATD A , KOpHH BCE paBHO OJMHAKOBBI.

= = D
Ecnmn o0a KopHS paBHBI HYJIO = , TO o0Iee peleHue OmiTh JKe

y=Ce +Cxd ¥ = O +Cyx y=C+Cx

YIPOILAETC: . Kcrarn, ABIISICTCA OOIIMM PELICHUEM

"
TOr0 CaMOro NPUMHTHBHOTO ypaBHEHHS » U, 0 KOTOpPOM s yIOMHHaJ B Hadajle YpOKa.

2 — (V3
HO‘-IGMY? CocraBuM XapaKTCPUCTUUICCKOC YpPAaBHCHHC!: A=0_ JACUCTBUTCIIbHO, JaHHOC

YpaBHCHHC KaK pa3 U UMCECT COBIIABIINEC HYJICBLIC KOPHHU Al = Az =0 .

IIpumep 6
w_ t —
Pemmts nudQepeHnuanbHoe ypaBHEeHHE » Sy +9y =0
Pemienne: cocraBum u permum XapaKTepUCTUYECKOE ypaBHEHHE:

A_E1+9=10
3,[[605 MOKXHO BBIYUCIIUTH ,Z[I/ICKpI/IMI/IHaHT, l'IOJ'IleI/ITB HOJIb U HaﬁTH KpaTHBIe KOpHI/I. HO MOXHO
HEBO30paHHO TPUMEHHUTHh W3BECTHYIO IIKOJBHYIO (OPMYJy COKPAIIEHHOTO YMHOXCHHUS:

(A-3%=0

[Tomyuensl 1Ba KPaTHBIX TEUCTBUTEIBHBIX KOPHS &r

y=C" +Cyxe” | ade (0, — const
OrtBer: o0Iee penieHue:

XapaKTepl/ICTH‘leCKOC YpaBHEHHUEC UMECT CONPHKCHHBIC KOMIIJICKCHBIC KOPHHA

2 —
Ecnu XapaKTEPUCTHICCKOE ypaBHEHUE At+pitg=0

UMEET CONpsS:KeHHbIe KOMIUIEKCHbIE — KOPHH h=a-a , h=a+ i (IMCKpUMUHAHT Lr=0 ),
TO oOmree pelieHue OJTHOPOJIHOTO ypaBHEHUS IPUHAMAET BUJI:



—_— o i
y=e% {Clcos S +C,sin ﬁ’fl rae CLCy KOHCTAHTBI.

HpuMeuaHue: COnpﬂcheHHble KOMNJIEKCHblE KOpPHU noumu gce20a 3anUCLIBAIOM Kpamko

cnedyrouum 0opasom: Aa =Gt
Eciu o SCERE
YUYAIOTCS YUCMO MHUMblE COTIPSHKCHHBIE KOMIUIEKCHBIC KOPHH: , TO
obrmiee perieHue yIPOIIAeTCS:
y=e"" ) cos fr+Cysin &)= Ccos & + ) sin ,&i
Ipumep 7

Pemmute  omHOpomHOe — muddepeHmHaNbHOE ~— ypaBHEHHWE ~ BTOPOTO  TOpAIKa
P =2y +10y =0

Pemenne: CoctaBum 54 pemum XapaKTEPUCTUUIECCKOE YpaBHEHUE:
Ao2i+10=0
D=4-40=-3§

e
/’!u=2_263=1i3:;

— MOJIYYCHBI COMPSAKCHHBIC KOMIIJICKCHBIC KOPpHU

y=g" (Csin 3x+ C,cos3x), ade C),C, —const
OtBer: o011ee penieHue:

IIpumep 8
Haiitu wuyactHoe pemenne audQepeHInanbHOr0 ypaBHEHHS, YIOBIETBOPSIOLIEE

HaYaIbHBIM yenosusaM ¥ =1 =2
yi—dy=10

Pemenne: cocTaBum u permm XapaKTepPUCTHIECKOE ypaBHEHHE:
F-4=10
(A+2)A-2) =
h=-2 A=2

[TomyyeHbl JBa  pa3aM4YHBIX  JCHCTBUTENBHBIX  KOpHA, TMO3TOMY oOIlee  pelleHue:
y=Ce ™+ z0e C),C,—const

AJITOPUTM HaXOKJIEHUS YACTHOTO PEIICHUS CIIETYFOIIIHI:

CHayvaina HCIIOJIb3YEM HavyaJIbHOE ycnosue =1,
¥ =0 + e = 0+
COr7acHO HA4aTbHOMY YCJIOBHIO, MOJydaeM IIepBOe ypaBHeHHe: O=C+C =1,
C+C =1

n

IPOCTO

_ =2 ax
Jlanee Oepém Hame oOiee pemieHue y=Ce™ + e

¥ = (O™ + 0™ = —20e 7 + 20 ™

U HaxoJuM IIPOU3BOAHYIO:

f —
I/ICHOJ'IBByeM BTOpPOC Ha4dyaJIbHOC YyCJIOBUC ¥ (U) =2 .
PO =—20e™" +20,*" =20 + 20,
CornacHo BTOpPOMY Ha4vaJIbHOMY YCIIOBHIO, II0JIy4aeM BTOPOE
f — — —_ —
YDaBHEHUE: yy=-2C+20; =2 WU TIPOCTO 2Cy+al; =2
CocTaBum u peumum CUCTEMY u3 JBYX HalJICHHBIX YPaBHEHUM:

C+C, =1
— 20 420, = 2



C+Cy =1 C +C, =1
= = 20, =
—20 420, =2 | -0 40, =1
C,=1C,=0
y 0 =00, =1
HOIICTaBI/IM HanuACHHBIC 3HAYCHUA KOHCTaHT ~! 2 B OGH.ICG

_ -2 2
pelenue y=Ce™+Cp :

y=0.74+1.6% ="

OTBeT: YacTHOE peleHue: * e

IIpakmuueckoe 3a0anue:

Bapuanr 1

1. Haiitu oOmee pemenue audQepeHINaIbHOTO YpPaBHEHHS K Pa3AesFOIUMUCS

MepEeMEHHBIMHU.

x}rl -y = l:i

2. Haittu dvactHoe pemieHue MU (GEpPeHIMATLHOTO ypaBHEHUS C Pa3AeTSIONIIMUCS
MepEeMEHHBIMHU.

tgx*y =1+, Er:-‘ml

I

X = 5 ¥V = _i

3.HaiiTu permenne ofHOPOAHOTO AU(HEPESHIINATHHOTO YPaBHEHHUS TIEPBOTO MOPSIKA.

J}J}I =72 y—Xx

4. Haittu oGmiee pemenue qudepeHnnansHoTo ypaBHEHUS 2-T0 MOPSIKA.
y —4y +13y= q

5. Haiiti wactHOe pemienue nuddepeHInaaTbsHOT0 YpaBHEHHS 2-T0 MOPSIIKA.
y'+y' =2y =9

ectu x=0;y=1;y = ﬂ

Bapuanr 2

1. Haiitu o6mee pemenue auddepeHInaIbHOT0 ypaBHEHUS C  Pa3AesSIONIIMUCS
MIEPEMEHHBIMH.

Xy —+ y= l:i

2. Haiitn uyactHOe pemeHue aupQGEepeHINaTLHOTO YPaBHEHHUS C pa3AeisIOIUMUCS
IIEPEMEHHBIMHU.

(l—xzjd—x—l—xw:{] eciux =0,y =4
=0, )

3.HaiiTu perenre oTHOPOAHOTO AU PEPEHINATHLHOTO YPaBHEHUSI IEPBOTO MOPSIKA.
x2+y?—2xy*y = ¢

4. Haiitu obrmiee pemenue qudepeHInaibHOro ypaBHEHUS 2-T0 TIOPsIKa.

y —4y +4y=0

5. Haiitn yactHoe pemienne auGepeHnnantbsHOro ypaBHeHUs 2-T0 TOPS/IKa.

y +4y —5y=0

ectu x=0;y=4;y = 4

Bapuanr 3

1. Haiitu obmee pemenue aup@depeHIaTbHOI0 YPaBHEHUS C Pa3AeisIOIUMUCS
IIEPEMEHHBIMH.



vy +x=4

2. Haiitu vactHoe pemeHue audepeHInaTbHOTO YPaBHEHHS C Pa3aeisTIOITUMUCS
MEePEeMEHHBIMH.

dy+ydyxdx=0,eciu x =0,y = 1

3.HaiiTu permenne oHOPOAHOTO AU(HEPEHIINATHHOTO YPaBHEHHUS TIEPBOTO MOPSIKA.

X%y’ = y? +x))

4. Haittu oGmiee pemenue qudepeHnnaaisHoT0 ypaBHEHHS 2-T0 MOPSIKA.

y —4y=0

5. Haiiti yactHOe pemieHre qudQepeHInatbHOT0 YpaBHEHUS 2-T0 MOPSAKA.

y -4y =0x=0;y=2;y = ﬁ

Bapuanr 4

1. Haittu o60mee pemeHue auddepeHINaTLHOTO YpPaBHEHUS C  Pa3ICSIONTIMUCS

MIEPEMCHHBIMH.
Xy +y =0
2. Haiitu uvactHoe pemieHue U EpEeHIINaTLHOTO YPAaBHEHUSI C Pa3IeisIFOIUMUCS
MIEPEMCHHBIMH.
2x—1 dx
}’T :d_y ,eciu x = 5;y =

3.HaiiTu permenne ofHOPOAHOTO AU(HEPEHIINATHHOTO YPaBHEHHUS TIEPBOTO MOPSIKA.
x2y%y'+yx® =1

4. Haittu oGmiee pemenue qudepeHnnansHoTo ypaBHEHHS 2-T0 MOPSIKA.

y +3y —4y=0

5. Haiiti yactHoe pemieHue qudQepeHInanbHOT0 YpaBHEHHUS 2-T0 MOPSAKA.

y =2y +y=0x=0;y=3;y = 1

Bapuanr 5

1. Haiftu o6mee pemenne audQepeHIIUaATBHOTO YpaBHCHHS K Pa3IesFOIIAMHUCS
MIEPEMCHHBIMH.

y = }{
2. Haiitu uvactHoe pemieHue MuG(GEPEHIMATBLHOTO ypPaBHEHUS C Pa3ACISIONIUMUCS
MepEMEHHBIMHU.

(1+y)dx—(1—x)=0,ectux =0,y = ]|

3.Haiitu permenue ogHOpoAHOTO AU(dEpEeHIINaTbHOTO YPaBHEHHUS IEPBOTO MOPSAIKA.
xyldy = (x* + }rgjd#

4. Haiitu oOmiee pemienue audQepeHuanbHoro ypaBHeHUs 2-ro IopsaKa.

y "y 4_}1' = {i

5. Haiitu wactHOe pemenue auddepeHmaibHOTO YpaBHEHHS 2-T0 MOPSIKA.

y +3y +2y=0,x=0;y=1;y ={1

Bapuanr 6

1. Haiitu oOmee pemenune auddepeHIIMaIbHOTO ypaBHEHUS K Pa3AeNISTIOIIMMUCS
MEepPEMEHHBIMH.

xz:}r + V= q}
2. Haiitu dvactHoe pemeHue audepeHInaTIbHOTO YPaBHEHHS C Pa3aeisTIOITUMUCS
MePEMEHHBIMHU.



2y =y,ecux=0;y = 1

3.Haiitu pemenue omHopoaHoro AuddepeHInaIrHOTO YpaBHEHHS IEPBOTO TOPSIKA.
(x% —2yH)dx + 2xy dy = q]

4. Haiitu oGrmiee pemenue qudepeHnnanisHoT0 ypaBHEHHS 2-T0 MOPSIKA.

y +4y=0

5. Haiiti yactHOe pemieHue qudQepeHInatbHOT0 YpaBHEHUS 2-T0 MOPSAKA.

Y =2 =0x=0y=2y'=4

3amnucars BBIBOJI.

IIpakTHyeckas padora Ne 25
Tema: Anredpauyeckasi, TPUTOHOMeTpHYeCKasi U MOKa3aTeJbHasi (GopMbl 3anmucH

KOMILJIEKCHOT0 YHUCJIA.
Heab pa6oThl: HAYYUTH CTYJICHTOB IIPaBUIaM pabOThl ¢ KOMIUIEKCHBIMU YHCIaMHU

TeopeTnyeckas 4acThb
1.1.1. Anrebpanyeckasi, TpUTOHOMETpUYeCcKass W IOKa3zaTelbHas (OPMbI 3alUCH

KOMIIIICKCHOI'O 4YHuCJia

Uucso BUA: Z = 0, + i HA3BIBAIOT KOMIUIEKCHBIMU, TIE & '\/_—IL MHHMas eIUHUIA, TIPH
2 9

9TOM #o=-1 .

0 — JeHCTBUTENbHAS YaCcTh KOMIUIEKCHOro yncia z. Ee o0o3HauarT: o = ReZ;

B — KOMMYeCTBO MHUMBIX €IMHHMII, MJIM MHAMAsl 4aCTh KOMIUIEKCHOTO YHCIa!

B=ImZ

JIBa KOMIUIEKCHBIX 4YHCJAa CUMUTAKOTCS PaBHBIMHM, €CIM pPaBHbl B OTACIBHOCTH HX
JIEHCTBUTEIbHBIE © MHUMBIC YacTH, T.€.

Zy =y i 7, =0, -i-ffalt

Zy S Iy, €0 Oy, =0 # Py =B

KommnexcHoe uncio 6y;[eT PaBHBIM HYJIIO TOrJa U TOJIBKO TOTAa, KOrjga a = Owu B =0.

=g+l I —z'fa‘|
KommiekcHble — umcna 'loTIMYAoIMecsT  TONBKO — 3HAKOM

MHHUMOM YaCTH, HA3bIBAKOT CONPAINCEHHBIMU.

3anuch KOMILIEKCHOTO YKCla B BHUIC f=u= lEﬁl'IpI/IH}ITO CUHUTaTh €10 anre6pa1/1qec1<0171

bopmoii.

|

®

Z=a+1p3
lz
o
0"
Puc. 1.1.1
KoMmruiekcHbIe Ynciia TeOMETPUYECKH N300pakaroTCsl TOYKAMHU Ha IJIOCKOCTH.

OTnoxuM Ha ocu GIIOTpCSOK, PaBHBIN JEHCTBUTEIBLHOM 4aCTH KOMIUIEKCHOTO YHUCIIA —

{}yl .
o. Ha ocu ~+ |- orpe3ok, paBHbIi uncay MHUMBIX enuHul] . Touka Ha tuiockoctu xOy ¢
koopauHatamMu (a,) SIBISETCS TEOMETPUYECKUM HM300pakeHHEeM KOMIUIEKCHOTO —4HCTa

z=o+ i e 1),



IIpu 3TOM OCBH {}IlHaSHBaIOT JIEHCTBUTEIFHOM OChIO, TaK KaK TOYKH, JIC)KAI[E Ha HEH,
COOTBETCTBYIOT JIEUCTBUTEIBbHBIM 4YMciaM. [locrmenHue MOXHO paccMarpuBaTh Kak 4YacTh
KOMIUIEKCHBIX, Y KOTOPHIX 3 = 0.

{:ns| 'yp
TO‘IKI/I, JIie)Kalmue Ha O0OCu il X COOTBeTCTByIOT qUCTO MHUMBIM 4YHUCJIaM 4 i y

{}zl .
koTopeIx o = 0. [ToaToMy ock ~~ Inomyumnia Ha3BaHHE MHUMOM OCH.

CoeavHUM Hayano KOOPAMHAT Ha KOMIUIEKCHON IJIOCKOCTH C TOYKOU f=u~ ‘Eﬁ(pnc.

1.1.1). IMoxyuum paauyc-BEKTOp {}E{u*ﬁ}l. Mogynb paanyc-BeKTOpa WM ONUHA OMmMpe3Ka,

F =

COCAUHAOUICTO HAaYaJlo KOOPAHWHAT C TOYKOM U iﬁ’ Ha3bIBAIOT MOAYJIEM KOMIIJICKCHOT'O

yucia. OH paBeH:

= oo =B

Moysib KOMIUIEKCHOTO YHCIIA SIBISETCS OetiCm8UmenbHblM YUCTIOM.
Y01, Ha KOTOPBIM HY>KHO TMOBEPHYTHh OCh Ol nonosmurensrom HanpaBieHUH (IPOTHB

4acOBOM CTPEJNKH) 10 COBHIAICHHS C paIdyC-BEKTOPOM 2| paswiBarot apeymenmom
KOMIUICKCHOTO YHCIIa, 0003HAYaloT:

argz= Qi

OueBHUIHO, YTO Yy OJHOTO M TOTO >K€ KOMIUIEKCHOTO 4Yucia Oyner OecyHcIeHHOe
MHOJKECTBO apryMEHTOB. B camom xerne, eciu K yriry ¢ IpHOaBUTH IIEJI0€ YUCIO 000POTOB, TO
MIOJIOKCHHE TOYKM Ha KOMIUIEKCHOHM IUIOCKOCTH HE W3MEHHTCS. YTON () TONYYWJI Ha3BaHUEC
2NaBHO20 3HAYEeHUsl APTYMEHTa KOMIUIEKCHOTO yrcia. Ero 0003HavaroT ¢ MaJleHbKOW OyKBBI:

g7 =0= an"fgﬁ
ol

Bce 3nauenus ApTyMCHTA KOMIUICKCHOI'O YHCJIa 0003HAaYaIOT ¢ OOJBIION 6YKBBII

drgz=e+2ak) 010

z=c¢+£ﬁ

BrIpazum NEHCTBUTENBHYI0O U MHUMYIO 4YacTH YHCIA yepe3 ero MoayJb U

apryMeHT

o= |z|cos(p + 2nk

p=|z|sinfe + 27k}

IToncraBnss 3HaueHus o U B B anredpandeckyro GopMy KOMIUIEKCHOTO YHUCIIA, TOIYYUM:
z =|z|[cos{e + 27k} +isin{o+ Eﬂj:}]l

[Mocnenusist hpopmya sBISETCS TPUTOHOMETPUIECKOH (POPMOIT KOMIUIEKCHOTO YHCTIa
Bripaxxenue Buna
Haoslzy
z=|z|- & I
Ha3BIBAIOT MIOKA3aTeIbHON (hOPMOM KOMIUIEKCHOTO YHCIIa.
WTak, KOMIUIEKCHOE YKCI0 MOKHO MPEACTaBUTh B TpeX GopMax:

anreOpandecKou L= ‘Eﬁ

L Z=|zljcosio « 2rEYy Sisini o+ 20k I
TpI/IFOHOMeTpI/I‘IeCKOI/I | |{ {{%) ’ } { ' ‘ }]
7= |Z| gi{s‘;:n-é—lﬁf{l
I1I0Ka3aTCJIbHONU
IIpumep 1. IIpenctaButh B anredpanyeckoil popme KOMILIEKCHOE YUCIIO



Ed
F=g%

. z|= lI
P€W€Hu€. KOMHHGKCHOG YUCJIO0 OJAaHO B II0Ka3aTCJIbHOU (bOpMe, cro MOI[y.TIL | 5

i
=

apryMeHT . HaiiieM neiCTBUTENBHYIO U MHUMYIO YacCTH:

a,:|z|cescp:casiz
4

N

. . R
ﬁ=|z|s;31{§::=smgz?
o2 R
Takum oOpazom 22

IIpumep 2. IlepeiitTu ot anreOpanyeckoil K Moka3aTeabHON (popMe KOMIUIEKCHOTO Yncia

Z=—1.
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Tema: JlelicTBUSI HA/I KOMILUIEKCHBIMH YHCJIAMHA

Ilesb padoThI: HAYYUTH CTYICHTOB IPAaBUIIaM PAOOTHI C KOMIUIEKCHBIMH YHCIaMU
3agaum 11 CaMOCTOSITEILHOTO PELICHHS .

[IpencraButs B anredpanveckoil popme KOMILIEKCHBIE YUCIIa:

[TepetiTu ot anrebpandeckoi K TPHHOTOMETPUYECKON M IMOKa3aTeIbHOM opMaM:

5 z=-2+ 20311y 2= -343 - 3i]
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1.1.2. JleiicTBus HaJ KOMILJIEKCHBIMHU YHCIIaMHU

CnoxeHre ¥ BBIUMTAHHME KOMINUIEKCHBIX YHCEII yz[06Hee MMpoOBOANTL, KOT'Jda OHHU

3anucaHbl B anreOpanyeckoil Qopme, MpU 3TOM HX JEUCTBUTENIbHbIE M MHUMBIE YacTH
CKJIaJbIBAIOTCS MU BEIYUTAKOTCA.

Mpumep 3. Haittn <t ~ Er—’l, eciu

2 -2, =(3-5+#{5—(-B)=-2-+¢]

PaccMoTpuM yMHOXEHHE KOMITJIEKCHBIX YHCceN B anredpanyeckoit popme.
Jlanbl 1Ba yncna:

z, = oy + 1,

HysxHo Haiitu npousseaenne ~t <2~ {og +Byo, + B, :I

[TepeMHOXHMM JIBYXYJICHBI 110 TIPABHJIaM aJIre¢OpBI:

€CJIM y4ecThb, YTO =Ly s _ll

TO TIOJTYYUM:

2y 2y =gy — BBy - HayB,y + B, 1

Takum o00pa3oMm, YyMHOXXEHHE KOMIUICKCHBIX 4HCel B ajiredpanueckoil ¢opme
MIPOBOJIUTCS MO OOBIYHBIM ANIT€OpPanIeCcKUM MPABUIIAM.

Cne,uyeT OTMCTUTH, YTO MNPOU3BCACHUC COIPSKCHHBIX KOMIIJICKCHBIX YHCCI SABJISACTCA
I[GﬁCTBHTCJ'[BHBIM YHUCJIOM, B CAMOM JCJIC

(a+ @) -B)=o® -  =a? +p]

[TycTh KOMITTIEKCHBIC YUCIIA JaHBI B TIOKAa3aTeIbHON Gopme

=l e 7 =les) o]

Haiinem ux npousBeneHue

Z -7, =|z| |zz|‘3j{¢i+$21

Pe3ynbrar TmepeMHOKEHHS JBYX KOMIUICKCHBIX YHCENl MOXKHO  3alucath B
TPUTOHOMETPHUECKOH opMe:

2, -7, =|z||es [[cos(o, + @) + isin(o, = )]

I/ITaK, IIpu YMHOXXCHHUHN KOMIIJICKCHBIX YHUCCII B MOKa3aTeJIbHOM U TpHFOHOMCTpH‘ICCKOﬁ
(bOpMaX MOIJYJHU MMEPEMHOKAIOTCA, a API'YMCHTBI CKJIIAAbIBAIOTCA.

I[GJIQHI/IC KOMIIJICKCHBIX YHUCCII, TAK K€ KaK WU YMHOXCHHUC, y;[o6Hee MMpoBOAWTH, KOI'la
OHH 3amucaHbl B MOKa3aTeJIbHON HIIN TpHFOHOMCTqueCKOﬁ q)opMax.
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Haitnem yactHOE OT AeleHUs IBYX KOMIUIEKCHBIX YUCEN:
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Taxum o6pa30M, IIpu ACJICHUH KOMIUIEKCHBIX YHCE UX MOIAYJIH ACIATCA, a apryMCHTEI
BBIYHUTAIOTCA.

ILCJ'ICHI/IG KOMIIJICKCHBIX YHUCCJI MOKHO ITPOBOANTL U B anre6pa1/1qec1<0171 (I)OpMe.
PaCCMOTpI/IM 9TO Ha IIPpUMCPE.
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1—i  (1-iy 1-2i<f
T+ {t+ifi-iy 12_¢§ 2
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33)13‘11/1 AJIS CAMOCTOATEC/ILHOI'O PCIICHUS . Brruuciauts:
1. (2 +3i) (3 = 5i);
2.(1+30)Q2+i);
3.3+5i)(3-5i);
2+
4, 3-31.

HpI/I BO3BCICHUHU KOMIIJICKCHOTO 4YHCIa B MHOCJIYIO IOJOXUTCIBbHYIO CTCIICHb B

MOKAa3aTeNbHON WM TPUTOHOMETPHUECKON (opMax ero MOAyjab BO3BOJIUTCS B 3Ty CTENEHb, a
apryMeHT YMHOXAaeTcs Ha JaHHYIO CTETEHb.
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H3Bieuenne KOpH:A n-OM CTEIIEHW M3 KOMIUICKCHOTO YHCJIa MOXKHO pacCMaTpuBaTh KakK

1 H

i o S
OHepaHHIO BO3BCACHUA KOMIIJICKCHOT'O YHCJIa B ,ZIpO6HyIO CTCIICHb il T.C. \/E =2 .
Ecny KOMIUIEKCHOE YHCIIO B TPMTOHOMETPUYECKOH (OpME, TO
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HpI/I)IaBaH k — 3nauenus ot 0 J0 n — 1 IMOJIYYHM 1 — Pa3JIMYHbIX KOMIUICKCHBIX YHCCI, Y

KOTOPBIX MOAYJIN OAVMHAKOBBIC, 4 ApTYMCHTBI PA3HBIC:

&rg%:@*TZz%}:E

Ipu k=0 it H
<271 o Ixm
&I‘g?{[_:—@ = 4 1..-‘
Ipu k=1 7t o n
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Ilocnennee 3HaueHUE ApryMcCHTa YucCiia z COBIIAACT C IICPBBIM IIPU k=0.

Hrak, KOpeHb n-0l CTENEHU W3 KOMIUIEKCHOI'O YHCJIAa UMEEM 1 — PA3JIMYHBIX 3HAYCHHI.

P
Ipu Berarcnenny 3Hadennit ¥ £hmonb3yroTes popMyTaMu IpHBeICHHS:

sin (90° + x) = cos x; sinfl80° = x) = :5331'\' sin (270° £ x) = — cos x;

cos (90° + x) = — sin x; SO B0 = x) = —C08 -11. cos (270° + x) = % sin x;

U TaOJINIIEH:;
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IIpumep 6. Halitu Bce 3HaUeHNs KOPHS 5\/?1'

JleiictBuTenbHOE 4MCIO —] MOXHO paccMaTpuBaTh KaK KOMIUIEKCHOE, Yy KOTOpPOTO
NefCcTBUTEIbHAS YacTh: o = —1, a mauMas f =0, T.e.:

7=-1=-1+i-0|

3anuiieM 3TO YKCJIO B TPUTOHOMETpuueckor ¢gopme. st 3TOro HaiiieM €ro Moayib U
apryMeHT.

lz| = foc < B ;||—Z|=a.||'(—i}: +0° :Z|.

m=m‘ctg§
o

O
arg{—l1=o=arctg =i arct g&i

Puc. 1.1.3

Tak kak tge = 0 npu @ = 0 ¥ @ = 7, MOCTPOUM YHUCIO «—1» HA KOMIJIEKCHON MIOCKOCTH
(puc. 1.1.3), ero aprymeHT paBeH

arg(-1)=¢=m=180°

CJIeZIOBaTeNIbHO, TPUTOHOMETpHUUEcKas opma ymcia «—1» ciemyromnias:

~1=1{cos{180% + 2ak) + isin(180° + 2%k}

CornacHo (opmyiie BBIYMCICHNS KOPHS UMEEM:

4
" 186 - 2xk L 180F L 2w
5-\.1'—% =% [CGSTE%—I'SSE—T :

Kopenp miecToil cTemneHHM HMMEET IMECTh 3HAYEHUM, KOTOPbIE MOYKHO HAWTH, €CIIU
MOJIOKUTH K paBHbIM 0, 1, 2, 3, 4, 5.
N

§—1=1(cos30° +isin 30" = 2= +i=
IMpu k=0 2 2



Tpn k=1 §-1 = H{cos(307 + 60°) + isin(30° = 5@’*}}=|

§-1=1{cos(30°+120% + isin{30° + 120" = —
IIpu k=2 CLERE ST S

V-1 =1(cos(30°+1807) ~ isin(30° + 1807 = -

Tpu k=3 — 05307 — sin 30 2
§1=1(cos(30°+ 2407 + i sin (367 + 240°) = —i
§-1 = H{cos(30°+ 300°) +isin{30° + 3007 = —£+ éi
—_—— — 2 2
Tpu k=5 bl ot byt OO L

Bce mects 3HaueHHN KOPHS é\/__llnMeroT OJIMHAKOBBIE MOAYJIM U OTJIIMYAIOTCS APYr OT
Jpyra TOJIbKO 3Hay€HUEM apryMeHra. Ha KOMIIIEKCHOM INIOCKOCTH OHHU DPAacIOJIOKEHBI B
BEpIINHAX PABUJIBHOIO MIECTUYTOJIbHUKA C LIEHTPOM B Hayajle KOOPAMHAT.

3agayu 11 caMocTOSITeIbHOTO perieHusi. HaliTu Bce 3HaueHUs KOPHS.
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[Ipaktuueckoe 3anarue 1.2. Heonpenenenuslii uaTerpasi. MeToq noaseaeHus noj 3HaK
middepennnana. Mero1 3aMeHbI TEPEMEHHON

OcHoBHasi 1uTepaTypa:

1. KouetkoBa, 1. A. Matematuka. [Ipaktukym [DnekTpoHHbIH pecypce] : yuebHoe nocobue / U.
A. Kouetkona, XK. U. Tumomiko, C. JI. Cene3zeHb. — DJIEKTPOH. TEKCTOBbIE JaHHbIE. — MUHCK :
Pecny6nukanckuil uHCTUTYT npogeccruoHanbHoro oopazosanus (PUIIO), 2018. — 505 c. —
978-985-503-773-7. — Pexxum noctyma: http:// www.iprbookshop.ru/84874.html
2. Pacronuunna O.M. Beiciias marematuka [ DnekTpoHHBIN pecypc] : mpaktukym / O.M.
Pacromumna. — DnekTpoH. TEKCTOBBIE JaHHBIE. — M. : MOCKOBCKHUH Tearoru4ecKkui
rocynapcTBeHHbIN yHuBepceuteT, 2017. — 138 ¢. — 978-5-4263-0534-2. — Pexum nocryna:
http://www.iprbookshop.ru/72486.html

JlonoJiHUTeIbHAS JIUTepaTypa:

1. AnmaroB A.B. MaremaTuka [DneKTpoHHBIH pecypc] : yuebnoe nmocodue ans CI1IO / A.B.
AnmaTtoB. — DJEKTpOH. TeKCToBbIe naHHbIe. — CapatoB: [Ipodobpazosanue, 2017. —
96 c. — 978-5-4488-0150-1. — Pexxum noctyna: http:// www.iprbookshop.ru/65731.html


http://www.iprbookshop.ru/72486.html
http://www.iprbookshop.ru/84874.html

2. I'puropses B.I1. Diements! Briciieir Mmarematuku. —M.: OUL] «Axagemusi», 2016.
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