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Meroanueckue ykazaHus Uil MPAaKTUUECKUX 3aHATUNA MO JUCHUIUIMHE J[MCKpeTHass MaTeMaTuKa C
3JIEMEHTAMH MaTeMaTHYEeCKOM JIOTUKHM COCTaBJeHBI B cooTBeTCcTBUU ¢ TpeboBanusmu GI'OC CIIO.

[Ipeana3zHaueHsl 1J1s1 CTYIEHTOB, oOydvaronuxcs no crnenuanbHoctd 09.02.07 MabopmanroHHbIE
CUCTCMBI U HpOI‘paMMI/IpOBaHI/Ie.

IMosicHuTe/IbHAS 3aMKCKA
JlaHHBIE METOIMYECKHE YKa3aHWs MNpeJAHA3HAYCHbI IS 3aKPEIICHUS TEOPETHYCCKUX 3HAHHWN
npruoOpeTeHsi HeOOXOAMMBIX MPAKTUYECKUX HABBIKOB M YMEHHMH MO MPOTrpamMMe JUCHIUTUINHBI
"Iluckpetnass marematuka" mns crnermansHocTd CIIO 09.02.07 WHbOpManuoOHHBIE CHUCTEMBI U
pOrpaMMHpPOBAHHE.
[IpakTHyecknue 3aHATHS COCTABICHBI B COOTBETCTBHM C TpeOoBaHusiMu DeneparbHOTO

roCyJapCTBEHHOT'0 00pa30oBaTeIbHOIO CTaHAapTa. B pesynabrate ocBOeHUsT yueOHOM JUCHUIUINHBI
00y4aroIUiCs T0JIKEH YMETh:



u (I)OpMYJ'IPIpOBaTL 3aa4yu JIOTHUYCCKOIO XapakKTeépa UW IMPUMCHATL CpCACTBa

a MaTeMaTHYeCKOi
o o JIOTUKU JUIA UX pemeHHﬂ;D
o o

a

IMPUMCHSATH 3aKOHBI aJ'IF€6pI)I J'IOFI/IKI/I;EI

OIIPpCACIIATL THIIbL l"paq)OB U JgaBaTb HX Xa}f)aKTepI/ICTI/IKI/I;|:I

CTPOUTH HpOCTGfIH.IHC ABTOMAThI, O

B pesynbrate ocBOeHUS Y4eOHOM NUCIUIUIMHBI 00YYaIOUIHICs T0JDKEH 3HATH:

o o O

OCHOBHBIC IMMOHATHA U IPHUCMBIL IIHCKpGTHOﬁ MaTeMaTI/IKI/I;EI

o a
JIOTHYCCKHUC OIICpaluu, (bOpMYJ'IBI JIOT'NKH, 3aKOHBI anre6pbl J'IOFI/IKI/I;EI

OCHOBHBIE KIIACCHI (DYHKIHIL, IOMHOTY MHOKecTBa (yHKImii, Teopemy [Tocra; U

O OCHOBHBIC ITOHATHA TCOPHUU MHOXKECTB, TCOPCTUKO-MHOKCCTBCHHBIC OIICPAIMN U UX CBA3b C

JIOTUYCCKUMMU OICpalluAMM, O

o o .,
JIOTUKY MPEANKATOB, OMHAPHBIX OTHOIICHUH U MX ISHL
O O . 0
3JIEMEHTHI TEOPHH OTOOpaKEHUHN 1 alNreOphl MOJACTAHOBOK;
O O y .0
METO/I MaTeMaTH4Ye€CKOW UHTYKIIHH;
o 0O

AITOPUTMHUYCCKOC MEPECUNCIICHUC OCHOBHBIX KOM6I/IHaTOpHBIX O6T)€KTOB;D

OCHOBHBIC MOHATHA TCOPUU Tpa(I)OB, 9JICMCHTEI TCOPUU ElBTOMa.TOBl:I

IIpakTyeckas padora Ne 1

Tema: [locTpoenne Ta0JIUIl MCTUHHOCTH JJOTHYECKUX (DYHKIIMHA.

Bapmuanr 1
1. CocTaButh TabNIUILYy MCTUHHOCTHU JIOTHYECKOI'0 BBIPAKEHHUS
fA&B)<(—B - —4)XOR 4
—AvEB) An(—Bv—A)

(~A &B)V(A&—-BV(A&B)

2. ITocTpouTh JIOTMYECKYIO CXEMY byHKIIIN

3. YIpOoCTUTH JIOTUYECKOE BBIPAKEHUE



4. Ornpenenurs, SIBISIIOTCS JIM J1Ba BbICKa3bIBaHUs SKBUBAJIEHTHBIMU A & ("B v (C)u A & B

& —C
5. Onpenenuth UCTUHHOCTh WM JIOXKHOCTH BbICKa3bIBaHUH ((X<5) v (X<3)) & ((X<2) v
(X<1)) mpu X=1

Bapuanr 2

L. CocTaButh TabnUIly HMCTUHHOCTH JIOTHYECKOTO BBIPAKEHUS

(~B&A )< (4—>—B)XORB
(A&B)v((AvBE) A—A)

2. [TocTponTh JIOTMYECKYIO CXEM ; . :
P y Y —(~AVB) &A) A(~Av—p) DYHKIH
3. YIpOoCTUTH JIOTUYECKOE BhIPAKEHUE
4, Ornpenenuts, SBISIFOTCS JU JBa BbICKa3biBaHUs SKkBUBaJeHTHBIME —(—A&BVA& (Bv —C)) u
—B& (—AvC)
5. OnpenenuTs UCTUHHOCTh WM JIOXKHOCTh BbICKa3bIBaHUU ((X<5) v (X<3)) & ((X<2) v

(X<1) npu X=3

Bapuant 3

1. CocTaBuTh TaOIUILY HWCTUHHOCTHU JIOTUYECKOTO BBIPAKCHUS
—(Bwv A ~+{—4—>B)XOR 4

(~A&—B)v(—~A&B)

2. Toctpouts noruueckyto cxemy ( AVB AANVTBIAB VA pyuxyuu
3. YHIpoCcTUTh JIOTUYECKOE BBIPAKCHUE
4, Ornpenenutb, ABJISIFOTCS JIM JIBa BhICKa3bIBaHUs SKBUBaJIEHTHBIMU —Cv ~Bv =(Av —C) u
—~A&Bv ~C&B
5. OnpenenuTh UCTUHHOCTh WIJIM JIOKHOCTH BbICKa3blBaHUN X>1 & (—(X<5) v (X<3)) npu
X=2
Bapuanr 4
1. CoctaBuTh TabIUILY WCTUHHOCTHU JIOTHYECKOTO BBIPAXKCHUS

(~4—>—B) < (B&A)XOR B
—((—Av B) A(—B v A))

2. Moctponts normdeckyro cxemy ((AVBIATBVA))VANVE)  dyukuum

3. YIpOoCTUTH JIOTUYECKOE BbIpasKEHUE



4. Omnpenenuts, ABIAIOTCS JH 1Ba BBICKAa3bIBaHUS SKBHBaNeHTHBIMU (A v —B) v "B&C n ~A& (BC)

5. OnpenenuTh UCTUHHOCTh WM JIOKHOCTH BbICKa3bIBaHUN —((X>2) v (X<2)) v (X>4) npu
X=1
Bapuant 5
1. CoctaBuTh TabIUILY HUCTUHHOCTY JIOTUYECKOTO BBIPAKCHUS

(A&B) < (—A &B)XOR B
~(A&B)v(—(B vA)

2. [TocTpouTh JOTHUYECKYIO CXEMY byHKIIIN
—“AvBv—-(—BvA)vA&B
3. Yupoctutb JIOTUYECKOE BBIpa)KCHHE
4. OrnpenenuTb, SBJISIFOTCS JIU JIBa BBICKA3bIBAHUS YKBUBAJICHTHBIMU
5. Ornpenenutb UCTUHHOCTh WJIM JIOKHOCThH BbICKa3biBaHUU X>1 & (—(X<5) v (X<3)) mpu
X=2

IIpakTyeckas padora Ne 2

Tema: MUHHUMH3ALNA JJOTHYECKHX (l)yHKlll/lﬁ o 3aKOHaM anreﬁpbl JIOTHKMH.

Heabr paborhl 00001IeHNE, CUCTeMaTH3alMs, YIAyOleHHe, 3aKpeIuieHHe TMOTyYeHHBIX
3HaHHMH MO TeMe YTpoiieHue GopmyJs1 JOTHKH.

Teopernyeckue OCHOBbI: Bompochl [ akTyaiau3aluy ONOPHBIX 3HaHW: YUTO Takoe
paBHOCHIIbHBIE BbIpakeHus? Ilepeuncnuth PaBHOCHMIBHOCTH, BBIpaXKaloIIWe OJHU JIOTHYECKHE
omeparuu uyepe3 napyrue. 3. YcrHo Ilycte a = “aro yTpo sicHoe”, a b = “3T0 yTpOo Temioe”.
Bripazute crnenyromme Gopmyisl Ha 00bIYHOM si3bike: OTBET: a) “ITO yTpO sSCHOE U TEIUIOE”; XK)
“3TO yTPO HE SICHOE WK He TEImI0e”’; 0) “ITO YTPO SICHOE U OHO HE TEMI0E”; 3) “9TO yTPO HE SICHOE U
He TEmoe”’; B) “9TO yTpO HE SICHOE M OHO HE TEMIoe”; M) “ITO YTPO SICHOE WM He TEmIoe”’; T) “3TO
YTPO HE SICHOE WM OHO TEIUIOE”; K) “€ClIM 3TO TPO SICHOE, TO OHO HE TEMIoe”; a) “ITO yTPO SACHOE
WM OHO He TETIoe™; J1) “eCu 3TO YTPO HE SICHOE, TO OHO TEMI0e”’; €) “ITO YTPO HE SICHOE UITU OHO
He TEémmoe”; M) “9To yTpo sicHoe u He Témiaoe”. 4. [IpolTh KOMILJIEKC TECTOBBIX 3aJaHui
npeseHtanus [IpoBepounas4.ppt 3amaHus AJii NPAKTHYECKOTO 3aHATHUS M HHCTPYKTaX IO HX
BBITNIOJTHEHHIO 3aIncaTh TEOPETHUECKHE CBEJIEHUS B TeTpaib. Pa3obpaTs MaTepuai npe3eHTaluu mno
naHHoM Teme YmpomieHue.ppt. Pa3zobpare mpumepsl. BBIMOTHUTE THUCHMEHHO MPAKTUYECKHE
3alaHMsl 110 JaHHOM Teme. Teopermyeckue cBeneHus JUIg yHpoOIICHUS JIOTMYECKUX BBIPAKECHUU
UCTIONB3YIOT 3aKOHBI anreOphl JIoTuku. OHU GOPMYIUPYIOTCS TSl 0A30BBIX JIOTHUECKUX OMEpaInii

— "HE", "U" u "WJIN". Ucnonb3ys 3aKOHBI JIOTMKH, (OPMYJbl CKJIEUBAHUS W MOIJIOUICHUS U
CBOMCTBA JIOTMYECKHUX OIEpaluil, MOXXHO CIOXHYI JIOIMYECKYI0 (YyHKIHMIO 3aMEHHUTh Oolee
IPOCTOM, HO PaBHOCWIBHON eil (QyHKIMeH. DTOT mpolecc Ha3blBaeTCs MUHUMH3AIMEN (QyHKIHH.
MunuMuzanus HeoOXoauma Juis TOro, 4YToObl (YHKIMOHAJIBHBIE CXEMbl HE OBUIM CIHIIKOM
IPOMO3JIKUMH U HE UCIOJIb30BAIM JIMIIHUX 3JI€MEHTOB. YeM MeHblle B (QyHKIMH, TOTy4aeMol Ipu
MHUHMMU3ALUM, BXOJHBIX IE€PEMEHHBIX M HCIOJIb3YEMBIX JIOTHYECKUX OIepaluid, TeM Mpolle
JOTMYecKasl CXeMa, MEHbIIC B HEW JIOTMYECKHX 3JIEMEHTOB. MUHHMMH3aLUs HEoOXoauma WU TpU
COCTaBJICHUH CJOXHBIX JIOTHYECKUX BbIpakeHUi B mporpammax. [Ipumep 1. Ympoctuts dopmyiy

(A+B)-(A+C) Pemenme. C+B-A+B-C HOOOOOO a)  packpoem ckobkn  (A+B)-(A+C)
oo ooooo
cienoBarenbHo, 0)I1o 3akony uaemmnorentTHoctd A-A C+B-A+B-C C+B-A+B-cHO0000



B) B BroickazbBanusix A u A-C BblHeceM 3a CKOOKM A U HCHONB3Yys CBOWMCTBO

C 8NGO, 5 W L W DA LOANEHAG- HHE HIAHEY B) seirecem 3a ckoGkiHBpICKasbiBanme A. T
CcCC 00 00000 000000000 Dooooood

Taxum 00pa3oM, MbI J10Ka3aJId 3aKOH JUCTPUOYTUBHOCTH (pacrnpenenutenbhblii). [IpeobpazoBanus

“mornomenne” u “‘cknenBanue’” - moromenue OOO00000000000Pemenne. OOOOMMpumep 2.

VYrpoctuts BeIpaxkeHne A - PHARHE] QWE@D Yrpocturs EH%%%EM CKJIeMBaHHE Bceskyro

dbopMyITyMOKHO TipeoOpa3oBaTh Tak, YTO B HEWl He OyJeT OTPHUIIAHUN CIOKHBIX BBICKA3bIBAHUU -
BCE OTpullaHus OyAyT TPUMEHSThCS TOMBKO K TPOCTBIM BBICKa3piBaHusM. I[lpumep 4.
[IpeobpazoBarh popmyiry Tak, 4ToOBl HE OBUIO OTPUIIAHUHN CIIOXKHBIX BBICKa3bIBaHUU. Pemenue. 1.
Bocnone3zyemcst popmynoit ne Moprana, momyuum: 2. [l BbIpakeHHUS NPUMEHHM €Ie pa3
dopmyny ne Moprana, nomxyunm: JItoOyio GopMmylly MOKHO TOXKIECTBEHHO IpeoOpa3oBaTh Tak,

4TO B HEH He OyAyT MCIIOJIB30BAHbI: - 3HAKH JIOTHYECKOTO
5

CJIOX

€HUS;
- 3HAKU JIOTMYECKOI0 YMHOXEHHs, a OyIyT HCIIOJIb30BAHBI: - 3HAKM OTPULAHHS M JIOTHYECKOIO
YMHOXXCHHS - 3HAKH OTPUILIAaHMsI U Jiormdeckoro cioxkenus. [Ipumep 5. [IpeobpazoBars hopmymy
TaK, 4YTOObI B HEl He HMCIOJIb30BAINCH 3HAKH JIOTUYECKOro ciiokeHus. Pemenue. Bocnonb3yemcs
3aKOHOM JIBOMHOro OTpuLaHus, a 3areM ¢(opmynoir ne Moprana. [Ipumep 6. IlpeoOpasoBath
GopMyi1y Tak, 4yTOOBI B HEM HE HCIOJIb30BAINCH 3HAKM JIOTMYECKOro YMHOXeHHs. Pemenue.
Hcnionb3ys popmyiel 1e Moprana v 3aKOH JBOWHOTO OTPUIIAHUS TOJYYHM: 3aMeHa SKBUBAJICHIIUN
Y MMIUIMKAUU Ha KOHBIOHKIMIO, JU3BIOHKIMIO WU OTpulaHue. /[0 cuX mop Mbl 3aHMMAaJKCh
paBHOCWIIBHBIMU TIpeoOpa3oBanusiMu hopmyd, He . Celfuac mokaxem, “ u O

“[Eomeprkamyx 3HAKOB MMILIMKALIH 1 SKBUBAICHIMH * , MOKHO 3aMCHHTH PABHOCHIILHOM el nm
Hro BCAKYIO (opMyiy, colepkailyro (GopMmynoi, He coaepiKailed 3TUX 3HakoB. MIMEHT MecTo
CIEAYIOIIE paBHOCI/IJIBHOCTI/IZDq@PDPZ) I[Bllpd%M paBHOCHIBHOCTE (1) ¢ TOMONIBIO TAOTHUITBI
nerunmoer: X Y X 001 190 14 11000011101

IZIIZI goooooogog
TJTHK aumo I/I3 nonydaeM X Y (4)

U UM
ooooognoon
9c¢pe3 KOHBIOHK umo JU3BIOHKIIMIO U OTPULIAHUE.

OKBUBAJICHLUS BBIPAXKAETCA Y€PE3 KOHBIOHKIIMIO
onooooooon - Oon - 0
OTa paBHOCWJIBHOCTD BbIpakacT SKBUBAJICHLIUIO

W3 paBHOCHIBHOCTEN

(3) u (2) nomyyaem paBHOCHIBHOCTS , 5 J@Epaxca}omaﬁ SKBHUBAJICHIIUIO Yepe3 KOHBIOHKIHUIO U
orpunianvie. BeiBoa: B anreOpe JOTHKH BCAKYIO JIOTUYECKYIO (PYHKIIMIO MOXHO BBIPA3HTh depes
JpyTHE JOTHYecKne (YHKIUH, HO WX JOJDKHO OBITh, 10 MEHBIICH Mepe, 2 Omepaiyu, Mpu dTOM
OJIHOM M3 HHUX 0053aTeNbHO JOHKHO OBITh OTPUIIaHUE.

AOB)&(ALDC)

IIpumep 1. Yopocturs AB+B, BC+C, AC' + BC bopmyy
IIpumep 2. YIpOCTUTH BBIPAKEHUS

TakK, YTOOBbl B MOJYYEHHBIX (POpPMYJaX HE COAECPKAIOCH OTPUIAHMS CIIOKHBIX BBICKA3bIBAHUU.
KonTposabHbIe BOPOCHI:

1. Yro 3HauuT popManu3oBaTh BHICKA3bIBaHUE?



2. Ckonpko OyAeT CTpOK B TaOiHIle UCTUHHOCTH, €CITM B BBICKA3bIBaHUE 2 MEPEeMEHHBIX? 3

MepEMEHHBIX?
3. Jlatp onpeanenenue UMIMKanuu. YTo Takoe SKBUBaJIEHTHOCTD?

4. Onpenenure TUN BBICKA3bIBAHUS W BHUJ JIOTMYECKOW OINEpallMd C COOTBETCTBYIONIEH
JIOTUYECKOM CBI3KOM:

a) Bceskuit NpAMOYT'OJIBHUK UMECT IPAMBIC YTJIbI U IIAPAJIICIIbHBIC ITPOTUBOIIOJIOKHBIC CTOPOHBI;

6) TPCYFOJ'IBHI/IKI/I C paBHbBIMU CTOPOHAMU HC SABJIAFOTCH paBHO6eIlpeHHBIMI/I;

B) Ha cnenyromem ypoke Oyner 1160 uctopusi, 1100 XUMHS;

r) 3aBTpa 5 MOHAY B LIKOIY U 6ubnuoreky; 1) JInbo on
3a00s1e, 1100 3a0bUT O HAIlIeH TIOTOBOPEHHOCTH;

€) YTpoM MbI OOBIYHO XOAWMM Ha JIBIXKAX WM KaTaeMCsl Ha KOHbKaX.

IIpakTuyeckas padora Ne 3
Tema: [Hoayuyenne CKH® u C/IH® no Ttadauue MCTUHHOCTH U MX MUHUMM3AIHA.

He.]'lb paﬁDTbI: HayLII/ITLCSI MHUHUMH3UPOBATDH JIOTUYCCKHUC (byHKI_[I/II/I Pa3sHbIMU METOJaMHU

Teopernueckass uyactb: Paccmorpum OyneBbl (QYHKIMH, B BHIE CYNEPHO3UIMU
anementapubix ¢yHkiuil. 1 NI, HE. VMcnonb3yst 3akoHBI anreOpbl JIOTUKH MOKHO 3aMEHUTh
rpomo3akue OyneBbl (YHKIMH MM pPaBHOCHWIBHBIMH, HO Oojiee MpocThIMH. Takoil mporecc
Ha3bIBaeTCsI MUHUMU3anui OyneBbiX ¢GyHKuui. Ero mpoBoAsT [uisi yHOpOIIEHHS CIOMXKHBIX6
JIOTUYECKHUX BBIPaXXEHHH B MpOrpaMMax, a TakKe A TOro, 4ToObl MOCTPOEHHBbIE HA MX OCHOBE
(yHKIMOHATBHBIE CXEMbI HE COJICPIKAIHN JTUIITHUX HJIEMEHTOB.

MunumMu3npoBathk OyJeBbl (YHKIIMH HAAO0 TMPUBOAS MX K TaK Ha3bIBAEMON HOPMAaIbHOM
dopme. CyliecTByl0T 2 pasHOBUAHOCTH HOPMaibHBIX (hopMm: 1 —TU3BIOHKTUBHAsS HOpPMallbHAs
dopma (JJHD), u 2 — xonbroHKTHBHAS HOpMasibHas GyHKIUs (KHD).

DJieMeHTApHOIl KOHbIOHKIMeN Ha3bIBAETCS KOHBIOHKIIMS, COCTaBJICHHAs M3 MEPEMEHHBIX
WIN UX OTPULIAHUH, B KOTOPOH Kaxxaasi IepeMeHHast BcTpedaeTcsi He 0osiee 0IHOTO pasa.

JAu3bI0HKTUBHOI HOpMabHOU ¢opmoii (IH®D) naseiBaeTcs Gopmyna, uUMerOIas BHI
JU3BIOHKIIMM 3JIEMEHTAPHBIX KOHBIOHKLIUH(B BBIPOXKIECHHOM Cly4yae 3TO MOXeET ObIThb OJHa
KOHBIOHKITHS ).

aﬂeMeHTapHOﬁ I[I/IS'LIOHKIII/Ieﬁ Ha3bIBACTCA AU3BIOHKIUA, COCTABJICHHAA W3 NEPEMCEHHBIX
nIn ux OTpHHaHHﬁ, B KOTOpOfI KaxxJas rnepeMeHHasi BCTpEUACTCA HE boiee OZHOT'O pas3a.

KonbronkTusHoii HopMajabHO# (opmoii (KH®) HazbBaeTcs gopmyina, uMeromas BUi
KOHBIOHKLIUM 3JIEMEHTapHBIX JAU3BIOHKUUN (B BBIPOXKICHHOM Clyyae 3TO MOXET OBITh OJHA
JTU3BIOHKIINS ).

Jns kaxaoil GopMynbl JIOTUKM BbICKa3blBaHMM (yHKIuM F umMeercst paBHOcWIbHas ei
JTU3BIOHKTUBHASI HOpMaJibH asd popma (IH®D) u konbroHkTHBHast HOpManibHas popma (KHD).

AJaroput™m npuseaeHust ¢gopmy.i Joruku BpickaspiBanuii k JH® (KH®D)



1.136aBUTbCS OT BCEX JIOTMUECKUX OIEpaluii, comaepxammxcs B (popmyiie, 3aMEHHB HX
OCHOBHBIMM: KOHBIOHKIMEH, IU3BIOHKIMEH W OTpPULAHHMEM. ODTO MOXKHO CJHIeNaTh, HMCIOJb3Ys
paBHOCWIIBHBIE (POPMYJIBI.

2. 3aMEHUTh 3HAK OTPHUIAHUS, OTHOCSIIMKCS K BBIPAKECHHSAM BHJA 3HAKAMHU
OTpI/II_[aHI/ISI, OTHOCAIIINMCA K OTACIIBHBIM HepeMeHHbIM BBICKA3bIBAHHUA HaA OCHOBAHHHU
3akoHOB /e Moprana.

3. N306aBuTHCS OT 3HAKOB IBOWHOTO OTPUIIAHHUS.

4.IlpuMEHUTh €CIM HY)XHO K OIEpalnusM KOHBIOHKIMH U TU3BIOHKIIMH CBOWCTBA
TUCTPUOYTUBHOCTHU M (DOPMYJIIBI TTOTJIOIIEHHS.

CoBepiieHHOI TM3BIOHKTUBHONH HOpMaJibHOI (opmoii (C/IH®D) Ha3biBaeTcs Takas qu3b
IOHKTHBHAsI HOpMaJibHas (popma, y KOTOPOH B KaXkAyI0 KOHBIOHKIIUIO BXOJSTBCE IEpEMEHHBIC TaHH
oro cnucka (Jimbo camu, JIMOO X OTPHULIAHHS), IPUYEM B OJHOM H TOM K€ TOPSIJIKE.

CaoiictBa CIH®:

1. JIH® He comepXHT ABYX OJWHAKOBBIX KOHBIOHKIMH (M3 GopMynbl yaaneHsl OJuHAKOBBIC
3JIeMEHTapHbIE KOHBIOHKIIMU, KPOME OJTHOM, COTJIACHO MPaBUIy UEMIIOTEHTHOCTH.

2. Hu o1Ha KOHBIOHKIIMS HE COACPKUT OJJHOBPEMEHHO JABYX OJMHAKOBBIX MepeMeHHbIX. 3. Hu
OJIHA KOHBIOHKIIMSI HE COJEPKUT OJHOBPEMEHHO HEKOTOPYIO TMEepeMEeHHYI W ee orpunanue (M3
(bOopMyJIBI yIalIeHbI dJIEMEHTAPHBIC KOHBIOHKITUH, BKIIOUYAIOIINE OJTHOBPEMEHHO IEPEMEHHYIO U €€
OTPHUIIAHKE, COTJIACHO 3aKOHY WHBEPCUN).

4. Kaxnas xonbtoHkuss CIIH® comepxutr nubo mnepeMeHHylo, JUOO €€ OTpUIlaHue s

BCEX MEPEMEHHBIX, BXOAAMUX B (hopMyiy (T.e. Kaxkaas dJIeMeHTapHasi KOHbIOHKIMS BKJIIOYAET BCE
JIOTHYECKHE MepEeMEHHbIE, BXOSIINE B 3Ty (hopMyiy).

Ecnu B noruyeckoit (yHKIMM HE BBIIOJHIETCS MOCieqHee TpeOOBaHUE, TO B HETOJHYIO
9JIEMEHTAPHYI0 KOHBIOHKLUIO HEOOXOIMMO BBECTH JOIOJHHUTEIbHBII MHOKUTENb, BKJIIOYAOIINN
JU3BIOHKIMIO OTCYTCTBYIOIIEH IEPEMEHHOM M €€ OTpULaHue. OTO BCErJa MOXHO CHEeJaTh,
COIIACHO 3aKOHY MHBEPCHH.

7

ITepexon or JH® x CHH®: ecau B Kako-TO MPOCTONW KOHBIOHKIIMU HEIOCTAET MEPEMEHHOM,
HalpuMep, Z, BCTABJISIEM B HEE BBIPAKECHUE kil ,JIOCTIE YEero pacKpbiBaeM CKOOKH (Tpu
3TOM MOBTOPSIOIINECS TU3bIOHKTHBIE CJIAaraeMble HE MULIEM).

CoBepuieHHON KOHBIOHKTHBHOI HOopMaabHO# ¢opmoii (CKH®) nazpiBaeTcs Takast
KH®, y k0TOpo#l B Ka)XAyI0 IPOCTYIO IU3BIOHKIMIO BXOIAT BCE IEPEMEHHBIC JTaHHOIO CIIMCKA
(6o camu, MO0 UX OTPUIIAHHUS ), TPUYEM B OJIMHAKOBOM TTOPSIIKE.

Caoiicrea CKH®:
1. KH® He conepKuT 1ByX OJUHAKOBBIX JU3BbIOHKIUH.
2. Hu onHa W3 NIM3BIOHKIMI HE COJNEPKUT OJHOBPEMEHHO  JBYX OJHMHAKOBBIX

IIEPEMEHHBIX.



3. Hu onna u3 AU3BIOHKIUN HE COACPIKUT OAHOBPEMCHHO HCKOTOPYHO ICPEMCHHYIO U

ee OTpHIIaHHE.

4. Kaxnas quspronkuus CKH® conepxut mmubo nepeMeHnyro, 1ubo ee OTpuIianue Juis

BCEX IMEPEMEHHBIX, BXOAAIIUX B (hopmyy.

Ecnu nornueckas ¢pynkuus umeer Bua KH®, To npusectu ee k Bumy cosepuieHHoit KHD
(coxpamienHHo CKH®) MOHO, JOMONHHUB KaXXIyH 3JIEMEHTapHYI AU3BIOHKLNIO JIOTHYECKUM
HYJIEM, KOTOPBIA B CJICIYIOIIEM IIAre 3aMEHSCTCS Ha KOHBIOHKLIMIO HEIOCTAOUIEH MEPEMEHHON U

ee orputianue. [loaydennas HopManbHasi KOHBIOHKTUBHAS (JOpMa SBISIETCS COBEPILICHHOIA.

[Tepexon or KH® k CKH®: ecnu B mpocToil AMZBIOHKIIMU HE XBAaTACT KAKOW-TO MEPEMEHHON

(HampuMep, z, TO 100aBIIIEM B HEE BBIPAXKEHHE << — 0 (3TO HE MEHsAeT caMOM JU3BIOHKITUN),
MI0CJI€ YEeTO PACKPBIBAEM CKOOKH C MCIOJIB30BAHUEM PACTIPEICTUTEIHHOTO 3aKOHA)

MunuMuszanus Jornyeckux pynkuuii no kapram Kapno.

KapTBI KapHO - 9TO rpaq)nquKoe MNpEaACTaBJICHUC onepaum?l IOIIapHOIr'0 HEIIOJIHOT'O
CKJICUBAHHUA U 3JICMCHTAPHOI'O IMOTJIOMICHUA.

Kaptsl KapHo paccmaTpuBaroTCst Kak MepecTpOSHHAsi COOTBETCTBYIOIIMM 00pa3oM Tabiuia
UCTUHHOCTH ()yHKITHH.

Kaptsr Kapho - onpeznenennas miockast pa3BepTka n-MepHoro 0ysiena Kyoa.

Crpoutrcss Tabiuiia HMCTUHHOCTH (YHKIMH OIpeneieHHbIM obOpazom. Kaxmas kieTka
TaOIUIBI COOTBETCTBYET BIIOJHE OMNpeAeNieHHOW BepuiuHe OyneBa kyOa. HyneBble 3HaueHHs He
3aMUChIBAIOTCS.

Kapra Kapno n1s pyHKImu 4-x nepeMeHHbIX:

"1‘*‘2-
_ oo || o1 || 11 || 10
[t

og || 1 1 1

a1 1
11 1
10 || 1 1

bnaronaps ncnonb3oBanuto koja I'pest B Hell BepXHsisl CTpOKa SABJISIETCS] COCEIHEH ¢ HIDKHEH,
a mpaBblil cTONOEL cOCeAHUU C JIEeBbIM, T.e. KapTa KapHO paccmaTpuBaercs Kak IMOBEPXHOCTb
¢urypsl nox HazBaHueM Top ("OyOnmk"). p-KiIeTKH - KiIeTku KapTel KapHo, cooTBeTcTBYIOLIME
€IMHUYHOMY 3HAUYCHHIO (QYHKIIUH.
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Cocemnrie HaOOpBI - HAOOPBI, KOTOPBIE PA3TMYAOTCS TOJIBKO OJHUM apryMEHTOM (OIHOM
opOuUTOIN).

IIpaBuia CKIeHKH:

O o
CKIICMKY KJIICTOK KapThbl KapHo MOXHO OCYHECCTBJIATL II0 CAWHHULAM (GCJ'II/I

HeoOxoumo noayunts JJH®) nnu no Hyssm (ecnu Tpedyercs I(Hq));EI =



O

n CKJICUBATh
MO>KHO TOJIKO MPSIMOYTOJIbHBIE O0JIACTH C YUCIIOM eAMHUIL (HyJel) 2 , rie

n
— nenoe yucio. st xapT KapHo ¢ umciaom nepeMeHHbIX 0oiiee YeThIpEX MOTYT MOIydaThes Oosee
CJIOXkHBIE 001acTH, 0 4€M OyIeT CKa3aHO B CJAEAYIOLIUX pa3/eliax;

O 00J1aCTh, KOTOpAs MOJABEPTaeTCs CKICHKE TOJDKHA COIEPKATH TOJIBKO €TMHUIIBI
000 (’ynm); KpailHME KIETKM KaXJIOW TOPU3OHTAIM M KaXJAOW BEpPTHKAIU TaKXKe

rPaHUYAT MEXIY 0 co6oit u MOTYT OOBEAUHATHCA B MPAMOYTOJbHUKU. CIIEICTBHEM ATOrO MpaBuia

ABJIIETCSI CMEKHOCTh BCEX UETBHIPEX YrioBbIX sueek KapThl Kapuo nns N=4. Eciu Bo Bcex ueThIpéx

YIJIOBBIX SYEMKaX CTOAT €JMHULBI (HYJIH) OHM MOTYT OBITh OOBCAMHEHBI B KBAJpaT; BCE €IUHMIIBI
0  (Hyau) ZOJDKHBI ONACTh B KaKyrO-TMO0 00J1acTh; a

a ¢ Touku 3perus muauMaiabHocTu JJH® (KH®) yncno obnacreit 10KHO OBITH Kak
MOYKHO MeEHbIIe (Kaxkmas o0JacTh NpEACTaBIsieT COOOHW TepM), a YHCIO KIETOK B

00JIaCTH JTOJIKHO al OBITh KaK MOJKHO Oo0JjbIne (4eM OOJbIIe KJIETOK B 00JIACTH, TEM MCHBIIC

TEPEMEHHBIX CONEPIKHT n STUeeK conep ut N—n mepemennsix); Tepm. Tepm pasmepom 20

O . o
oJHa syeiika kapTel KapHO MOXKET BXOIUTH Cpa3y B HECKOJIBKO o0nacTei. 1o
ClIelyeT W3 OYEBHMJHOTO CBOWCTBAa OyJeBBIX (YHKIMI: TOBTOPEHUE YXKE€ CYHIECTBYIOLIETO

oo
cJiaracémMoro

AN A=A:A- A= 4.
(COMHOXXHUTEIIS1) HE BAMSET Ha (DYHKIIMIO: ;

a

B otnuune ot CJJTH® (CKH®), JIH® (KH®D) He enuHcTBEHHBI. BO3MOXKHO HECKOIBKO

SKBUBANEHTHBIX Apyr apyry JH® (KH®), koTopbie COOTBETCTBYIOT Pa3HBIM CIIOCOOAM TOKPBITHS
KapTel KapHO NpsMOyTOIBHBIMU obmnacTamu.” =

[Tocne 3anonnenus Kaptel KapHo 3HaueHusMu u3 TaOIuIbl UCTUHHOCTU OepéM NEpBYIO
001aCTh U CMOTPUM, KaKHe IEPEMEHHbIE HE MEHSIOTCA B Mpejeiax 3TOW 00JIaCTH, BBITUCHIBAEM

KOHBIOHKITHIO 3TUX TIEPEMEHHBIX; €CITM HEMEHSIOIASACS TIePEMEHHAs HyneBafi,EI O
IpOCTaBIIsieM Haja Hel uHBepcuio. bepém cienytonryto 001acTh, BHIIOIHSAEM TO K€ CaMO€, 4TO U JJIs

O nepBoii, u T. A. A1 Bcex obnacteil. KonbroHkmu obnacreit oobeanHseM musbronkieii. U

Jnga KH® Bcé To e camoe, TOJIKO paccMaTpUBaeM KIIETKH C HYJISIMU, HEMEHSIOIINECS
IIEpEMEHHBIE B MpeJienax OJHOM 00acTH 0ObeANHAEM B AU3bIOHKINN (MHBEPCUU ITPOCTABIISAEM HAJ|
€IMHUYHBIMU II€PEMEHHBIMH), a AU3BIOHKLIMU oOnacTel oO0beauHsAeM B KOHBIOHKIMIO. Ha sTomM

MHUHHUMMHM3aAUA CYUTACTCA 3aKOHYCHHOIA. 0o o

O

IMpumep 1 O

Y manbuuka Konu ects Mama, nmama, negyuika u 6adymka. Konst moitnér rysate Ha ynmuy,':I
eciu u TOJIBKO €CIIM €My  paspelar XOTs Obl  JIBOE POJICTBEHHUKOB.

I[J'IH KpaTKOCTHU 0003HAYUM POACTBCHHUKOB Komu qcpes3 6yKBLII

mama — x1



nana — x2  JAeaymikKa —
x3 0alymka — x4

VcnosumMcsa 0003Ha4aTh coryiacue POACTBCHHUKOB CHHHHHGﬁ, HECOrj1aCue - HyneM

BosMoskHOCTB MOMTH TOTYIIsATE 0003HaunM OykBoi f, Komst unér rynsre — f = 1, Kons rynsate He
unér — f=0.

CoctaBuM TaOIUIly HCTHHHOCTH:

Ne | X1 [X2 [X3 [X4 |f
0 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 1 1 1
4 0 1 0 0 0
5 0 1 0 1 1
6 0 1 1 0 1
7 0 1 1 1 1
8 1 0 0 0 0
9 1 0 0 1 1
10 |1 0 1 0 1
11 |1 0 1 1 1
12 |1 1 0 0 1
13 |1 1 0 1 1
14 |1 1 1 0 1
15 |1 1 1 1 1

[Tepepucyem TaOMUIy WMCTUHHOCTH B 2-X MEpHBIM BHJ, MEPECTaBUM B HEH CTPOKH U
CTOJIOLIBI B COOTBETCTBHHU € KOAOM ['pest ¥ 3an0aHNM €€ 3HaUYCHUSIMU U3 TaOIUIbl UCTUHHOCTH:

X3 Xk

X1 x2x_ [00/0111 10
00{0 010
01{0]111]1
{11111
100111111

MI/IHI/IMI/ISI/IpyeM B COOTBETCTBHHU C MPpaBUJIaAaMH CKJICHKH: O

Bce 00yiacTu coaepkar 2”'\n KneTOK;D

O rak kax Kapta KapHo Ha yeTbIpe nepeMeHHbIe, OCH PACIoaratoTcs Ha rpaHulax KapTH':I

U HUX HEC BUIHO,

TaK KaK KapTa KapHo Ha 4YC€ThIPC NCPECMCHHBIC, BCC obnactu CUMMCTPUYIHO ocell —



a

Oemesxnbie MEXITY 006017I;Do6nacm S3, S4, S5, S6
MakcuMaibHo 6osbimme;d  Bee oGmactu MePECeKar0TCsI

a
(Hefegﬂ%agenwoe YCJIOBHE). O

X1x2\_|00[0111710]
000 /0lmal,
0110 [ 1 JAl1]
1A 11
110 1R,
B JAHHOM cjIydace paI_[I/IOHaJ'IBHHﬁ BapUaHT TOJIBKO

F(X1,X2,X3,X4)=S1v 52V S3v S4v S5V 56 =
— X3X4 v X1X2 v X2X4 v X1X4 v X1X3 v X2X3

CocraBuM muH. KHO:

X3 X

X1 X2~ .100[01]11[10

0 (0IN0)
= 0170/
1
1

—s |||
-
7 \

_s D\

11
100

f(X1,X2,X3,X4) = (51) (52) (S3) (54) =
= (X1V X2V X3)(X1V X3V X4)(X2V X3V X4)(X1V X2V X4)

3alIaHI/Iﬂ NJIA IPAKTUYIECKOI'0 3aHATHSA:

1.

GyHKIMM U3 TaOJIMIIbI

COOTBETCTBYIOIIIEH

CBOCTO BapHaHTAa,

CIIeTyFoIIIee: O

TaOJIUIly UCTUHHOCTH;

OJIVH.

1,

HOMEPY

BBITIOJTHUTD

COCTaBHUTDb

3almucaTb

CAH® u CKH® ¢ynkuuu;

J0Ka3aTb OKBHUBAJICHTHOCTH

CIH® nu CKH®. Tabmuma 1 -

BapuanTe! 3a1anus



N BapuanTa Oyukums
l _f{.l‘._\'.:]:;'&yv(m)
2 fleyz)=z>lxvy)
3 fleyz)=x&y-> ‘ﬁ)
4 ﬂ.\',_l'.:i=(‘.‘&_1‘&.:'"-l;’\a‘_l-‘]
3 flx,y,z)= [;VT}- ¥

0 CocTaBuTb Ta6nmu,y UCTUHHOCTWU.

0 3anucats COH® 1 CKH® pyHKumM.

0 Ynpoctutb BbiparkeHue ana CAH® n CKH®, ncnonbsya kapty KapHo.

0 CocTaBUTb CXemy YCTPOKCTBa, peanusytowero 3agaHHyio CAH® n CAH® nocne

2. Hns
¢byHkmun w3 tabnuMubl - 2,
COOTBETCTBYIOILIEH  HOMEpY
CBOETO BAapHUaHTA,

BBITIIOJIHUTH CICOYIOIIEC:

YIIPOLLEHHUS.
Ne | CocrostHue Bxona Oynkuus f mo BapuanTam
Tabnupa 2 - BapuaHTh! 3a1aHus
X1l X2 (X3 |X4 |1 2 3 4 5
0 0 0 0 0 1 0 0 0 1
1 0 0 0 1 1 0 1 0 0
2 0 0 1 0 0 0 0 0 0
3 0 0 1 1 0 0 1 0 1
4 0 1 0 0 0 1 0 0 0
5 0 1 0 1 0 1 0 1 0
6 0 1 1 0 0 0 1 0 0
7 0 1 1 1 0 0 1 1 1
8 1 0 0 0 1 0 0 0 1
9 1 0 0 1 1 0 1 0 1
10 1 0 1 0 0 0 0 0 0
11 1 0 1 1 0 0 1 0 1
12 1 1 0 0 0 1 0 1 0
13 1 1 0 1 1 1 0 1 0
14 1 1 1 0 1 0 0 1 0
15 1 1 1 1 0 0 0 1 0
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KoHnTpo/ibHBIE BONIPOCHI:

1. UYto Ha3pIBalOT NPOCTON KOHBIOHKIUEHN U MPOCTOM TU3BIOHKINEN?
2. Uro Ttakoe JIH® u KH®D?

3. B uem otiimune CJIH®/CKH® ot IHO/KHD?

4. J1s 4ero Hy’>kHO MMHUMHU3UPOBATh Joruyeckue GpyHkuun?

5. Kakue anrebpanueckue npeodpazoBaHus HauboIee 4acTo UCHOIb3YIOTCS MPU

MUHUMU3AIU ¥ QyHKIAN?

6. B gem cyts MeTona kapt Kapuo?

IIpakTnyeckas padora Ne 4
Tema: OnpenesieHue TOXKAECTBEHHOCTH JOTHIECKUX QYHKIIUH.
Llens padoThI: M3yYUTh 3aKOHBI ONPEACICHHS TOXICCTBEHHO MCTHHHBIX M TOXJIECTBEHHO
JIO’KHBIX (OPMYIT

Teopernueckass 4yactb: Bce Qopmynsl anredpsl JOTMKM AENATCS Ha TOXKIECTBEHHO
VCTUHHBIE, TOXKJECTBEHHO JIOXKHBIE M BBINOIHUMBIE. OnpeneneHus: TOXKIECTBEHHO HCTHUHHBIX U
TOKIECTBEHHO JIOKHBIX (JOPMYJI JAHBI BBIIIIE.



®opmyny F Ha3bIBAIOT BBHIIOIHUMOM, €CIIM OHA MPUHUMAET 3HaueHue “nctuHa’ (1) XoTs Obl
Ha OJHOM Habope 3HAa4YeHWH BXOJIMIMX B HEE NEPEMEHHBIX U HE SBISIETCS TOXIECTBEHHO
VCTUHHOM.

B cBs3u ¢ 3THM BO3HHUKaeT 3aa4a IOJYYCHUA OTBCTa HaA BOIIPOC: K KAKOMY KJIACCY

OTHOCHUTCS JlaHHasA hopmymna?
Ora 3a/1a4a Ha3bIBAETCs MPOOIEMON Pa3pelIiMOCTH.

OueBuaHO, YTO MpobIIeMa Pa3peIIUMOCTH alNredphl IOTUKU pa3pernma.

JeiictButensHo, sl Kaxaoi ¢GopMynbl anreOpbl JIOTUKA MOXKET OBbITh COCTaBJIeHa Tadiuia
UCTUHHOCTH, KOTOpas U AAaCT OTBET HA MOCTaBJIEHHBIN Bonpoc. OHAKO MPaKTUYECKOE
VCIIOB30BAHME TAOIIHI] HCTUHHOCTH TIPH GOJIBIIOM KOJIMYECTBE MEPEMEHHBIX — ~ o1
3aTPyIHUTENIBHO.

CymiecTByeT apyroi croco0, Mo3BOJISIOMINN, HE UCIIONIBb3Ys TAOIUIBI HICTUHHOCTH,
OIpEeNIeNIUTh, K KAaKOMY KJlaccy oTHocuTcs (popmyia F. D10t criocod ocHOBaH Ha NpUBEICHUH
dbopmynsl k HOpManbHO# Gopme (JHD nnn KH®) 1 ucnons3oBaHUM alropuT™Ma, KOTOPBIA
MIO3BOJISET ONPEAEIUTD, SIBJIAETCS JIM paccMaTpuBaemasi GopMyJia TOXKAECTBEHHO UICTUHHOM UK HE
apisieTcsa. OTHOBPEMEHHO € ATUM PELIAETCs BOIIPOC O TOM, OyJeT M (opMysia A BBIITOJIHUMOM.
[Tpenmnonoxum, 4To Mbl UMEEM KPUTEPHIA TOXKAESCTBEHHON UCTUHHOCTH 151 OPMYIT anredpsl

PaccmoTpum mMexaHu3M ero npuMeHeHus. llpuMeHnM Kkputepuil TOXKAECTBEHHOM 12

UCTHHHOCTH K dopMmyIie A Ecm OK@XKETCsl, UTO/ fq (hopMyna — TOXKJIECTBEHHO MCTHUHHASI, TO

3ajava pemieHa. Ecnu ke okaxkercs, uro ¢opmyia H‘ﬁ TOXJIECTBEHHO WCTHHHA, TO MPUMEHUM

KPUTEpUN TOXKIECTBEHHOM HCTHMHHOCTH K (poplvfﬁle . Ecnn okaxercs, yto ¢opmyna A
TOKJECTBEHHO UCTHUHHAs, TO SICHO, YTO (hopMyJIa - TOXKIAECTBEHHO JIOJKHAsI, U 3a7aua peuieHa. Ecin

xe ¢opMmyna He A TOXJECTBEHHO UCTUHHAS, TO OCTAETCS €AUHCTBEHHBIA BO3MOXKHBIN

pe3ynbTar: A dhopmyna BBIIIOJTHUMA.

VYcraHoBUM  Tenmepb  KPUTEPUM  TOXAECTBEHHOM  HMCTUHHOCTHU
pOU3BOJIBHON (hopMyibl anreOpsl jJorukd. C 3TOH Lenblo MpeABapUTeIbHO CHOPMYIHUPYEM U
JIOKQ)KEM KPUTEPUI TOXKIAECTBEHHOW MCTUHHOCTH 3JIEMEHTAPHON JU3BIOHKIWH.

Teopema 1.
Jli1s Toro, 4TOObI ANIeMEHTapHask TU3BbIOHKIMS ObUla TOKAECTBEHHO UCTUHHOM, HEOOXOAMMO

n J0CTAaTO4YHO, 4yTOOBI B HEH CoZCpKalIaCh NIEPCMCHHAA U eé OTpULIAHUC.

Jloka3aTenbcTBO HEOOXOAUMOCTH.

HyCTI) SJICMECHTApHAA AU3BIOHKOHUA TOXACCTBCHHO HMCTHHHA, HO B Heé OOIHOBPEMCHHO HEC
BXOJUT HEKOTOpas mepeMeHHas U €€ orpuuanue. llpumagum Kaxaou NepeMEeHHOW, BXOMSIIECH B
AJIEMEHTAPHYIO JTU3BIOHKIMIO 0€3 3HaKa OTPHIIAHWsS, 3HAYCHHWE “JIOKB~, a KaKIOW MEePEeMEHHOM,

BXOJISIIIICH B DJIEMEHTAPHYIO JU3BIOHKITUIO TI0JT 3HAKOM OTpHUIIaHMs - 3HavyeHHe “‘ncruHa’. Torma,



OYCBUAHO, BCAd OBJIICMCHTAPHAA JU3BIOHKIHA MNPHUMET 3HAYCHUC

JIOKB”, YTO TNPOTHUBOPEUUT
YCIIOBHIO.

HOK&S&TGJ’IBCTBO JOCTaTOYHOCTH.

[Iycts Teneps aneMeHTapHast AM3BIOHKIUS COAEPKUT NMIEPEMEHHYIO U €€ oTpuuanue. Tak

X, v xi =1
Kak

, TO U BCA DJICMCHTapHasi JU3bHOHKIIUA 6y,ZleT TOXJIECTBEHHO UCTUHHOM.
KpI/ITepI/II/I TOXXIECTBEHHON NCTUHHOCTH SHCMGHTapHOﬁ JU3BIOHKIUHA ITO3BOJIACT C(bOpMyanOBaTL

U JI0Ka3aTh KPUTEPHUM TOKIECTBEHHOW HCTUHHOCTH MPOU3BOJIILHON (POPMYJIBI aareOphl JIOTUKH

Teopema 2.

Jlnst Toro, uyToObl (opMysa anredpsl JOrUKH A ObUIa TOXJIECTBEHHO MCTHHHA, HEOOXOIUMO U

JIOCTaTOYHO, YTOOBI JF00asi DJIEMEHTapHas JU3BIOHKIMS, Bxonsmas B KHD A , comepxaia
nepeMeHHy1o u e€ orpunianue. JlokazareabCTBO HEOOXOAUMOCTH.

A A

TOXAECTRAHHN UCTUHHA Tarna u KHO

[Iycte - TOXZIECTBEHHO
=A ANA, A...ANA A, MICTHHHA.
A 1 2 n

KHO® rae
Ho - 3JIeMEHTapHbIE JTU3bIOHKIUU
( )

— A = — 1. n

Tak kak KH® . Ho Torza 1o TeopeMe 1 Kamz[asll , TO l,

OJIEMCHTApHAasA JIU3BIOHKIHNA COACPXKUT IECPEMEHHYIO U eé OTpHULIAHHUC.

[oxa3arenbcTBO
JIOCTaTOYHOCTH.
[Tyctp mro6ast anemMenTapHast BxoaAwaa 8 KHO JU3BIOHKIMUA , COACPKUT
. A‘[- —_— z — 1’ Y v
NEPEMEHHYI0 U €€ OTPULIAHUE. 1, Torpa no teopeme 1
. = = A =
A=SYVYAXVXAY 3
HaanMep nuorumnn apnaaoaTra nia rhnnnn\/n:
A= yvyACXVXDf(yvy)A(yVXVX) ITpu >Tom 1 KHO 1.
3V N y B gl S el B TOXIECTBEHHO
aNleMeHTapHanA AU3bIOHKLMA ’ HUCTHHHOM
A=,
Tak kak TO SICHO,
4TO
KaXxKaast

Bxosmas B KHO A ,

COJIEP’KUT NIEpeMEHHYI0 U €€ oTpunanue. CieoBaTeabHo,

AHAJIOTUYHO MMEIOT MECTO TEOPEMbl, IAlOIIUEe KPUTEPUH TOXKICCTBEHHOW JIO)KHOCTHU
AIIEMEHTAPHON KOHBIOHKIMH U JIF000H (hOPMYJIBI anreOpbl JOTHKH.

Teopema 3.



Jnist Toro, 4TOOBI AJNEMEHTapHas KOHBIOHKIMS ObLIa TOXIECTBEHHO JIOKHOHM, HE00XoauMo u
JIOCTaTOYHO, YTOOBI B HEH co/iepKanach EpeMeHHas U €€ OTPUIIAHU €.

Teopema 4.

Hns Toro, 4roObl hopmyina anredpsl JIOTUKU A Guina TOKJECTBEHHO JIO)KHOW, HEOOXOAUMO U
JIOCTATOYHO, YTOOBI J1100ast KOHBIOHKIMS, BXoadmas B JJHO A | COJZIepKaJIa IEPEMEHHYIO U €€
OTpHIIaHUE.

IIpakTH4yeckas 4acTh:

[Tpumep. [IpoBepuTH TOXKIECTBEHHOCTD JJOTUYECKUX (DYHKITHIA:

Flixx x3 )(xx2 xxv x I

12 23 1 2 3

3 ﬂxz (X1 x Mxs );

PO x x ).
2 3

1

[Tpumep. [IpoBepuTh TOKIECTBEHHOCTh JIOTHUECKUX (DYHKITHIA:

- - - - [
DX1le:|X2X3 DDx1x2DX1X3DX2X3 D Vlfl:l

F= X1, X2, X3 , KOTOpas IPUHUMAET EAUHUYHBIE
3HaYeHUs Ha Habopax 2, 3.

[Tpumep. IIpoBepUTh TOKIECTBEHHOCTh JIOTHYECKUX (PYHKIIMNA:

Flx )My )b fix,x2,x3).

®ynkuus f IMeeT ceayromyo MUHEMaIbHY0 Gopmy £ By yH xz O

[Tpumep. IlyTéM TOXIECTBEHHBIX NpPeoOpa30BaHUM MMOJYYUTh MHUHUMAJIbHYIO (QOpMY 3alucu
norunyeckor Gynkuuu F1 u mpoBeputs, ABISETCA JIM OHA TOXAECTBeHHOH (yHkimu F2. 3amanbi
¢yukunu F1 u F2:

FIOXIX2 MIX3 XZX3)(X1X3 X2XB);

F2 X2 XB

[Mpumep. IlyTém TOXIOECTBEHHBIX MpeoOpazoBaHuii jormueckoi ¢(ynkmumu F1  momyunts e
MUHUMAJIbHYI0 (OpMYy 3alKMCH W TPOBEPHUTH, SBJISETCS JU OHA TOXKISCTBEHHOW (yHKIimu F2,
onpeeEHHON Ha TaHH bIX HaOopax. 3amanbl pyHkiuu F1 u F2:

F1 @X2X1 XBX1 X I 2)( X2X3 X1XB); F2=1 na naGopax 4, 5, 6.

[Tpumep. 3agansl pynkuu F1 u F2:
F1=0 na natope 0, 2, 3,4, 5, 6, 7,



F2 Y 2X1 MDX3)(X1X2 XIX3 X1XB)

[Tpumep. Jlornyeckue ¢pynkiuu F1 u F2 3amansl Tabnuyno (Ha Habopax):
F1=0 na na6opax 0, 4, 6, F2=0
Ha Habopax 0, 3, 6, 7.

Heo0Oxoaumo moy4uts uX MUHUMaJIbHYIO (POpMY 3aIucHu.

Ipumep. 3anana Gpynkuus F2 anamarnuecku. F2 QX1X2 XRX 3)(X1X2 X1F3 X 2X13)

Heobxonumo momy4uts € Tabiauily HCTHHHOCTH.

1) XIX2 XIX3 XDX3 XIN2 X1 K3 ADX3 X1LX2 X0 X3(1 K2) O O
OO0x10x20x 3,

2) (x1x20x2x3)(x10x20x3)0x2x3x10x1x20x1x 2x30x1x 2x 30 x1x 2(1 O x 3)
u|

Oxix 2x 3 0x1x 2

IIpakTHyeckas padora Ne 5
Tema: BbinoJiHeHHe OMHAPHBIX aJred0pan4ecKux onepanuii HaJ MHOKEeCTBAMHU

Lesab paboTbl: U3yyeHHEe OCHOBHBIX (DOPM MpecTaBIeHUs] OMHAPHOIO OTHOILEHUS, aHAIIU3
CBOMCTB OMHAPHBIX OTHOLIEHU, BBIMIOJIHEHHUE ONepaluii Ha 1 OMHAPHBIMU OTHOILIECHUSMHU.

Teopernyeckoe 060CHOBaHHE
KopTrex — 3T0 ynopsio4eHHas OCIeI0BaTEIbHOCTD JIEMEHTOB C BO3MOKHBIMHU ITOBTOPCHUSMH.

DJeMeHTBl KOpTerKa MepeunciistoTcs B yrioBbix ckoOkax. Ilpumep 1. <a, b, c>

[Topsmok 3anmucu uMeeT 3HaueHue: < a, b > He paBHO < b, a >
[ToBTOpHI MMeEIOT 3HaueHHE: < a, b > He paBHO < a, b, a >  [lnuHa
KOpTEKa— 9TO YHCJIO DJICMECHTOB B HEM.

IIpsimoe (1ekapTOBO) MPOM3BEACHHE MHOKECTB A U B — 3T0 MHOKECTBO BCEX KOPTEKEU
JUIMHBI 2, B KOTOPBIX IIEPBBIA 3JIEMEHT IPUHAUIEKUT MHOKECTBY A, BTOPOU 3IIEMEHT—MHOKECTBY
B.

O0o3HaueHmue:
A xB — npsiMoe npousBeaeHne MHOKECTB A U B.

BI/IHapHOG OTHOHICHUE MEKITY ABYMHA MHOKECTBAMU—OTO ITIOAMHOXECTBO UX IMTPAMOI'O

MMPOU3BCACHUA.
BUHAPHOE OTHOUWEHHUE MEKAY MHO>KECTBAMH
A={a,b}
B={c,d,e}
1 Rc AxB A nB.
R={a,c), (a,e), (b,e)}

®<h,c>

15 llpumep 2.

R

<a.c>

ST N

o @

4 A




Bmlapnoe OTHOILII€HUE MEKAY MHOKeCTBaAaMU

A=1a,b,c,d}— MHOXKECTBO CTYIEHTOB
B ={x,y,2z} — MHOKECTBO CIIOPTHBHBIX CEKIIHi
R c© AX B — GuHapHOC OTHOIICHUC MCKIY MHOKccTBaMu A U B
R={a,y),{a,z),{c,z), (d,y)} — GunapHOe OTHOMIEHUE

«CTY/IEHT 3aHUMAETCsl B CEKIUU»
Harnpumep: (a, y) — CTY/JICHT a 3aHUMACTCS B CEKIUM Y

a\ ®
b @

¢ @ Y
A d O z B

Bcero ects 2 B crenien | A | | B | OMHapHBIX OTHOIIEHUI MEX/1y KOHEYHBIMU MHOXXECTBAMHU
AnB.

Ecmu RUA M 1o R —570 GuHaproe oTHOmEHNE Ha MHOKECTBE A.

Ipumep 3.
BunapHoe 0THOIIEHHE HA MHOKECTBE

A=1{a,b,c,d } — muoxkecTBO GOKCEPOB
R ¢ AX A — OGuHapHOC OTHOTICHHC HA MHOXKCCTBC A
R= {(a,h}, (a,c),(d, af} — OMHApHOC OTHOIICHHUC «BBIHTPAJI»

Hanpuwmep: (a,b) — Gokcep a Bemurpan y 6okcepa b

A c @ d

Cnoco0bl 3a1aHuA

HepeLH/ICJ'IeHI/Ie BCCX map u3 0a30BOro MHOXKecTBa A 1 6a30BOro MHOXecTBa B
A:{al Daz} B:{b17b27b3}9 :{(alo bl)a (al 9b3)9 (aZ: bl)}

2
OTHoeHus: MOTYT 3a/aBaThes hopmynamu. @opmynsl y = x~ +5x - 6 Wi X + y< 5 3a7a10T
OMHapHbIE OTHOILLIEHUS HA MHOYKECTBE JC€HCTBUTENIBHBIX YUCEIL. I'paduueckuii meToq
3aaHus

a= {(a, d), (a, ©), (b, b), (c, a), (e,d), (¢, )}

4 a &
b '
b 16
I'pa & < j (dhoBoe mpecTaBIeHNE
d d -
e a

abcde a beocde



I'pad - purypa cocrosimas U3 To4eK

(BepInH) COCTMHEHHBIX TUHUAMH (nyramu). BepiinHel rpada
COOTBETCTBYIOT JIEMEHTAM MHOKECTBA A,

TO €CTh Xi, @ HAIMYUE IOyTH, COCAUHSAIONIECH BEPUIMHBI Xi U Xj, O3HAYAET, YTO (Xi,xd]R. Y1005l
MOTYEPKHYTH YIOPSTOYCHHOCTD Maphl HA IyTe CTABUTCS CTPENIKA.
A={(a, b), (a, ¢), (b, d), (c, e), (e,), (e, )}
a b

97

Marpuunas Gpopma 3agaHus (MaTpyulia CMEXHOCTH OMHAPHOTO OTHOIICHH)
[lycth Ha HEKOTOPOM KOHEYHOM MHOXKECTBe X 3aJaHO OTHOWICHWE A. YHopsaouum
KaKUMJIMOO 00pa3oM 3JIeMEHTBl MHOXecTBa X = {x/, X2, ..., Xn} H OIPEACIUM MATPHILY

oTHOLIeHnAA

[aij] cneayrommm oGpazom:

@ b o d e

alld 1 1 0 0

e o0 0 i 0

A=cft 0 0 0 |

- 1, ecrma (ix,,x ;) NPHHAIEK HT &, dlo 0 000
0, ecmH (x;,x ) He IPHHAAIEKHT & .o 7 0 0 !

Martpuna 3anucsiBaeTcs B JBOMHBIX BEPTUKAIBHBIX YEPTOUKAX

Onepanuu HaJ OMHAPHBIMM OTHOILIEHUSIMH: o nepecevyeHne IByX OMHApPHBIX OTHOHICHII:/llﬁ Ri
1 R2 - 310 oTHOIIEHHE R1 R2 =

{(%y)]
x,yRiun(x,y) R }. 0  o6benunenne nByx 6unapbix oTHOmeHui Ri u R2 - 5T0 oTHOIEHHKE
OR/ R, = O
{(%y)]
(R, y) R wmu (x, y) RE}. O
O pasHoCTbIO OTHOIIeHUH R1 1 R2 Ha3piBaeTcs Takoe oTHOIIEHUE, 4To: Ri\R2 = {

N Rim(xy) B} 0O
o JIOTOJIHEHHe K oTHomeHmo R={ (x, y) | (x, y)dA A)\R}. O



oOpartHoe oTHoleHne R 1 { (X y)](, x)q{}. .

]
Ipumep 4. JTano maoxectBo A = { 1,2,3,4,5,6 } N. Ha Hem 3aiano OuHapHOE OTHOIIICHUE P

«Gombmme», T. e. (x,y)Hp<=>x > y. Ioctpouts rpad um rpadux sToro oTHOIeHHs. Kakumu

cBoOMcTBaAaMM 00J1a1a€T 3TO OTHOLIEHUE?.

17

I'pad ykazaHHOTO OTHOLICHUS rpauK 3TOr0 OTHOLICHUS

PednexcuBHOCTh; ECtit 661 3TO OTHOMIEHNE OBLITO OBI PEIIEKCUBHBIM, TO X >X Mg ¥ 4.

Hampumep, Op110 Ob1 BepHOo 2 > 2 ( JIOKBb ). 3HAYUT OTHOIIEHHWE « > » Ha A HE SBIsAETCS
pedIICKCHBHBIM.

CummetrpuuHocTh: Eciu Obl 3TO OTHOIIEHHE OBIJIO ObI CUMMETPUYHBIM HAa MHOXKECTBE A, TO
X >y =>y >Xx. Hanpumep, 3>2 => 2>3(J10kb),. 3HAYUT, OTHOIIICHHUE « > » Ha A HE SIBISACTCS
CUMMETPUYHBIM.

TpansutuBHOCTH: Eciau Obl 3T0 OTHOIIEHHE ObUIO ObI TPAaH3UTUBHBIM Ha MHOXECTBE A, TO X
>y, y >z =>X>z.OT0 yTBEep)KJ€HHE UCTUHHO JIs JIIOOBIX HaTypaJIbHBIX YUCEN, T. €. U YhCel U3 A.

3Ha‘{I/IT, OTHOIIIEHHE « > » Ha A sIBIAETCS TPAH3UTHUBHBIM.

ACI/IMMCTpI/I‘{HOCTBI Hu nna xkakux 4uc en A HE MOXET OBIThH OIHOBPEMCHHO I/ICTI/IHHBIMQ

DHDD , T. €. OTHOLIEHHE ‘“>" Ha A acuMMeTpuuyHO. OTHOIIEHHUE ‘>" Ha MHOXECTBE A
SIBJISIETCA yx OTHOHUICHHUEM CTPOIOIro nopsAjaKa T. K. OHO aCUMMETPHUYHO U TPAH3UTUBHO.
0,0,
A o 00 O .
CaazHOCTB: J114 MI00BIX ABYX 2JI€EMEHTOB X ,)  BEPHO: Y X T. €. OTHOLIEHHUE “>
Ha

00 0y



MHOKECTBE A ABIAETCA CBA3HBIM. . K. OTHOLIECHHE ‘> Ha MHOXECTBE A CBA3HOE U IBIIAETCS

OTHOIICHHUEM CTPOIoro mopsAaka, T0 OHO €CTb OTHOIICHUE CTPOTOIro JIMHEITHOTO ImopsaKa.

IIpakTnueckasi padora Ne 6

Tema: BolnmojiHeHHne onepalmifl HaJa 6HHapHLIMH MHOKECTBaAaMH

Leab padoThl: U3yueHHEe OCHOBHBIX (POPM MpeACTaBICHUS OMHAPHOTO OTHOIICHUS, aHATIN3

CBOMCTB 6I/IHapHI)IX OTHOH.ICHHIZ, BBITIOJTHEHHEC onepaunﬁ Hanqg 6I/IHapHBIMI/I OTHOIICHUAMMU.

3ananus AJ15 NPAKTUYECKOIr0 3aHATHUS:
JlaHo MHOXeCTBO HaTypalbHbIX uncen X ={1, 2, 3, 4, 5, 6, 7} u onpenenéHHple HA HEM

OounapHbie oTHOIIeHUs R1 u Ro.

No Bapuanta | OtHomenue R1 OtHomenne R2
Bapuanr 1 1)beITh GoOJBIIIE 1)beITh MeHBIIIE
2)BBITh 3KBUBaAJICHTHBIM 110 mod 3 2)bBITh TeTUMBIM
BapuanT 2 1)beITh GoJBIIIE 1)BBITh 5KBHUBaIEHTHBIM 110 mod 2
2)bBITh MEeHBIIIE 2)bBITh 3KBUBaJICHTHBIM 110 mod 3
18
Bapwanr 3 1)bbITh OonbIIE 1)BbbITh 3KBUBasIEHTHBIM 110 mod 3
2)bbITh MeHbIIIE 2)bbITh 2KBUBAIEHTHBIM 0 mod 2
Bapuant 4 1)bBITh 3KBUBaJIEHTHBIM 110 mod 2 1)/lenuThbes Ha 2
2)[enutbes Ha 3 2)bbBITh AETUMBIM
Bapwuanr 5 1)BbITh SKBHUBaNEHTHBIM 110 mod 3 1)[denutecs Ha 3
2)bBITh MeHBIIIE 2)[denutbes Ha 2

1.IlpencraButh kaxaoe OMHAPHOE OTHOIIIEHHUE BO BCeX (hopmax:

O rpaduueckas (I)OpMa;EI
d d

rpad; J  marpura emexsoctn.U

2.0xapakTepr3oBaTh KaXKJ10€ OMHAPHOE OTHOIICHHUE 3JIEMEHTAPHBIMU CBOMCTBAMHU:

O pe(bJ'IeKCI/IBHOCTB;D O

CUMMCTPUYHOCTD, 0o O

TPAH3UTHBHOCTD. o

3. BemomHuTh cienyromue OuHapHbIe onepary Haja oTHOImeHus MU R1 uR2:

a O6T>€I[I/IH6HI/IC; I;IepeCE‘HGHI/IC;




O pasmocte RI\R2 u RB\RI; CUMMETPHUYECKasl Pa3HOCTb;

npousBeneHre (komrmosumms) R1 B uRr2RE

KoHTposabHbIE BONPOCHI:

1. Uro Takoe OMHapHOE OTHOLICHHWE Ha MHOXKECTBE?
2. Kak MoxHO 3anucaTh OMHapHOE OTHOIIEHHE?

3. Kakoe oTHoOIIeHHE Ha3bIBAIOT PEBICKCUBHBIM?

4. Kakoe OTHOILIEHHE SBISAETCS aHTUPE(DICKCUBHBIM?
5. Kakoe oTHOLIEHNE HAa3bIBAIOT CUMMETPUYHBIM?

6. Kakoe oTHOLIEHHUE SABIISIETCS aHTUCUMMETPUYHBIM ?

7. Kakoe oTHOIIIEHIE HAa3hIBAIOT TpaHSI/ITI/IBHLIM?

8. UTo Takoe SKBUBAJICHTHOCTH Ha MHOJKECTBE?

IIpakTnyeckas padora Ne7
Tema: IlocTpoenne nuarpamm Jiliepa—Benna.
I_Ie.m, paﬁoTblI IMO3HAKOMUTH CTYACHTOB C TAKUMH IOHATUAMHU, KAK MHOKCCTBO, 3JICMCHTLBIL
MHOJMXECTB, 6yneaH, YHHUBCPCAJIbHOC MHOXKXECTBO, MOIIIHOCTE MHOXKECTBA, ONICpallvui HA

MHOXECTBAaMH, IMPEJICTABICHUS MHOXECTB C T[OMOIIbIO JuarpamMm, (opMupys y HHX
TEPMUHOJIOTMYECKUH 3a11ac.

Teopernuyeckoe 000cHOBaHUE

Jlroboe mMOHSATHE IUCKPETHON MaTEeMATHKH MOXKHO ONPEIEIUTh C TOMOIIBIO TOHSTHS
MHOkecTBa. [loJg MHOXKECTBOM TOHHMMAIOT OOBEIWHEHHE B OIHO oO0IIee OOBEKTOB, XOPOIIO
pa3nIuyaeMbIX Hallel MHTYUIUEH WM Hamleld MbICIIbI0. OOBEKTHI, KOTOPhIE 00pa3yIOT MHOXECTBO,
6y21€M Ha3BIBATh DJIEMEHTAMN MHOXKECTBAa U 0003HAYATh MAJIBIMU GYKBaMI/I JIJATUHCKOTI' O aﬂgllaBI/ITa. 19
MHOKECTBO U €ro 3J1IeMeHThl 0003HAYAIOTCS CIEAYIOIIUM 00pa3oM:

A = {al, a2, a3} — MHOXECTBO, COCTOSIIIIEE U3 TPEX IIEMECHTOB;

A = {al, a2, ...} — MHOXeCTBO, COCTOsIIIIee U3 OECKOHEUHOT0 YHUCIIa AIEMEHTOB. MHOXECTBO
MOXKET COCTOATH U3 JJICMCHTOB, KOTOPBLIC CaMU ABJIAIOTCA MHOXCCTBaMMU. HY)KHO pasinvyaTb
9JIEMEHT a M MHOKECTBO, COCTOSIIEE M3 €IUHCTBEHHOIO AJIEMEHTA a.

[Tpumep. MuoxectBo A = {1, 2} COCTOMT W3 ABYX JJIEMEHTOB 1, 2; HO MHOXECTBO {A}

COCTOHUT U3 OJHOI'O 3JICMCHTA A.

Ecnu >eMeHT a IPHHAUIEKHT MHOKECTBY A, 9TO 3aIlHCHIBAETCA CIeAyIONTNM 06pasoM: a 1
A. Ecnu s1eMeHT a He IIPMHAJIEKUT MHOKECTBY A, TO 3aIMCHIBAIOT Tak: a I A. Eciu kakoe-n1u60
MHOXECTBO A BKIIIOUEHO B JPYroe MHOXECTBO B, To mcrmons3yercs 3amuchk A I B. MuoxkecTBo,
coJieprkaliee KOHEYHOE YHCIIO DJIEMEHTOB, Ha3bIBACTCS KOHEYHBIM, €CJIM MHOXKECTBO HE COJEPIKUT



HU OJIHOTO DJIEMEHTa, TO OHO Ha3bIBaeTCs MyCThIM M oOo3Haudaercs A. [IpuHATO cuuTaTh, 4TO
MyCTO€ MHOXKECTBO SBJISIETCS TMOIMHOKECTBOM JIO0OTO MHOXecTBa: ZE i A, tne A — moboe
MHOeCTBO. TakuMm 00pa3oM, BCSKOE€ MHOKECTBO COJIEPKHT B KauyeCTBE CBOMX ITOJIMHOXKECTB
IyCTO€ MHOXECTBO U Camo ceOsl.

[Tpumep. 1. MHOXXECTBO KOpHEH ypaBHEHUS Sin X = 2 SBISAETCS MYCTHIM.

2. Ilycte A1 — MHOECTBO IIPOCTHIX uncesd, A2 — MHOKECTBO LiebIX yncel, a =4. Torna a [

A2,al Al
MHOXeCTBO CUMTAETCS 3aJaHHBIM, €CJIM KaKMM-IHOO 00pa3oM yKa3aHO HEKOTOpoe
CBOICTBO, KOTOPBIM 00J1a/1al0T BCE €0 3JIEMEHTHI U HE 00J1aJat0T HUKaKue Apyrue 0ObEeKThI.

MHOXeCTBO MOXET OBITh 33aJaHO Pa3TUYHBIMH CHOCO0aMU: TMEPEUHCICHHEM 3JIEMEHTOB
(KOHEYHBbIE MHOJXKECTBA) WM YKa3aHUEM HMX CBOWCTB (IIPH 3TOM B OOOMX CIIy4asx MpH 3aJlaHUH
MHOKECTB UCIOJIb3YIOT (DUTYPHBIE CKOOKH).

[Tpumeps! 3amaHust MHOecTB. 1. MHOoxectBo M mudp necstuuHoro andaBuTa MOXKHO
3aaath B Buge: M = {0, 1, ..., 9} wmu M = {x | x —uenoe, 0 £ x £ 9}, re cnpaBa OT BEpTUKAILHON
YepThl YKa3bIBAIOT CBOICTBO 3JEMEHTOB ATOr0 MHOXeCTBa. MHOecTBO M 4ETHBIX 4YMCed MOXKHO
3amucath B Buae: M = {x | X —4ETHOE YUCIIO}.

2. Ecnmu R — MHOXKECTBO TOUYEK UMCIIOBOM HpPsIMOM, TO Rn — MHOXXECTBO TOUEK N-MEPHOTO
apru(MEeTHYECKOro MPOCTPAHCTBA; B YaCTHOCTH, R2 — MHOXKECTBO TOYeK IUIOCKOCTH, R3 —
MHO’KECTBO TOYEK IPOCTPAHCTBA TPEX U3MEPEHUIA.

Jns xkaxaoro MHOXecTBa M CyIIECTBYeT MHOXKECTBO, 3JIEMEHTaMH KOTOPOTO SBIISIOTCS
MOJIMHOXKECTBA MHOXeCTBa M W TOIBKO OHU. Takoe MHOXKECTBO OyJeM Ha3blBaTh CEMEWCTBOM
MHOXecTBa M wunu OyseaHoM 3TOTO MHOXKecTBa W oOo3HauaTth B(M), a MHOkecTBO M Oynem
Ha3bIBaTh YHUBEPCAIBHBIM (YHHBEPCYMOM WJIM TPOCTPAaHCTBOM) M oOo3Hauath 1 wmm U.
MuoxectBO M (yHHBepcaabHOE) HE JODKHO OBITh YK€ OOBEAMHEHHUS pPaccMaTPUBAEMBIX
MHOKECTB, T. €. OHO JIOJDKHO OBITh PAaBHO WM COJAEPXaTh OOBEAMHEHHE pPacCMaTpPUBAEMbBIX
MHO>KECTB.

[Ipumep. [Tycts MHOXecTBO A = {1, 2} cocTouT U3 ABYX 31eMeHTOB 1, 2. Torga MHOXECTBO
B(A) Bxirouaet B ce0s mycToe MHOKeCTBO A, Ba 0OTHOAIEMEHTHBIX MHOXecTBa {1} u {2} u camo
MHOkecTBO A = {1, 2}, T. e.



B(A) = {&, {1}, {2}, {1, 2}}. MbI Buaum, 4yT0 MHOXeCTBO B(A) cOCTOMUT U3 4YeThIpex
aeMeHTOB (4 = 22).
[lpuBenem cTaHgapTHBIE O0O3HAUYEHUS JUISI HEKOTOPHIX Hanbosee YNoTpeOUTEeNbHBIX YUCIOBBIX
MHOYECTB:

N — MHOKECTBO HaTypaJIbHBIX YHUCEII (PIHOF,I[a €ro Ha4YMHarKT C 1, nHoraa C 0; OOBIYHO 3TO

OroBapUBaETCH);
P — npocteie uncna;
7. — MHOXXECTBO OEJIBIX YUCCI (HOJIO)KI/IT@JII:HI)IC, OTpHULATCIIBHBIC U

0); R — MHOXecTBO neicTBUTENBHBIX urces. OueBuanoe cooTHomenue: N [ Z [ R.

PaccmoTpuM MeToABI MONYYEHUS HOBBIX MHOXKECTB M3 YK€ CYIIECTBYIOIIMX Ha IpUMEpE
IIPOCTPaHCTBA WM MHOXKecTBa U, ornpenenus B HEM 4 ornepalyy HaJ MHOXecTBaMHu A 1 B:

O6”J':>6,[[I/IHCHI/IC, nepeceucHue, pasHoCTb, JOIIOJIHEHUC.

1.2. Onepanuu HaJl MHOKECTBAMHU

O6nenuHenreM A u B HaspiBaetrcs MHOkecTBO A E B, Bce neMeHTBI KOTOPOTO SIBJISIFOTCS
3JIEMEHTAMU XOTS OBI OJTHOTO U3 MHOKECTB A i B:

AEB={x¢xIAu/umxIB}.
N3 onpenenenus ciegyer, 4ro A I AEBuBIAE B. Auanornuno OIIpEeIEeIISIETCS
00beTMHEHNE HECKOJIBKIUX MHOMECTB.

Hpumep. 1. Iycts A = {4, 5,6}, B={2,4,6}. Torna AEB = {2,4, 5, 6}.

2. Ilycth A — MHOKECTBO YHCEJI, KOTOPBIC JENATCS Ha 2, a B — MHOXKECTBO 4mce, KOTOPbIE
nensarcs Ha 3: A = {2,4,6, ...}, B={3,6,9, ...}. Torma A E B — MHOXeCTBO umcel, KOTOpBIC
menstes Ha 2 wimHa 3: AEB = {2,3,4,6,8,9,10, ...}.

[lepeceuennem mHoxectB A u B HasbiBaeTcss MHOXkecTBO A C B, Bce a11€MEHTBI KOTOPOTO
SABJISIOTCS dIeMeHTaMH o0omux MHOxkecTB A 1 B: A C B = {x ¢ x I A n x I B}. U3 onpenencuus
cnenyer, uto ACBI A, ACBIBuA CBI AE B. Ananoruuno onpesensercs nepecedeHue
HECKOJIbKMX MHOKECTB.

[Tpumep. 1. Ilycts A = {4, 5,6}, B={2,4,6}. Torna A C B = {4, 6}.

2. Ilycth A — MHOXKECTBO YMCEJ, KOTOpPBIE ACNATCS Ha 2, a B — MHOXKECTBO YuCell, KOTOphIE
nenstess Ha 3: A = {2,4,6, ...}, B=1{3,6,9, ...}. Torna A C B — MHOXXECTBO 4nces, KOTOpbIE
nensrcsiviua2, uual3: AEB= {6,12, 18, ...}.

MokeT oKa3aThCsl, YTO MHOKECTBA HE UMEIOT HU OJTHOTO 0011ero snieMenTta. Toraa ropopsr,

YTO MHOXKECTBA HC MEPCCCKAIOTCA WKW YTO UX NEPCCCUCHUC — ITYCTOC MHOKECTBO. HpHMep.

Tycrs A = {1,2}, B={2,3},C={3,4}. Torna A C B C C=Z.



Pa3nocTbi0 (OTHOCHUTEIBHBIM JIOMIOJIHEHHEM) MHOXKeCTBa B 10 MHOXkecTBa A Ha3bIBaeTcCs
MHOecTBO A \ B, Bce 311eMEeHThI KOTOPOTO SBJISIOTCS JIEMEHTaMU MHOXKECTBA A, HO HE SIBJISIOTCS

3JIEeMEHTaMHU MHOXKecTBa B:
A\B={x¢xIAuxIB}.

[Mpumep. 1. A={4,5,6},B=1{2,4,6}. A\B= {5}, B\ A= {2}.
2.A=1{2,4,6,...}, B=1{3,6,9, ...}. Torna A \ B — MHOXECTBO 4HceJ, KOTOPBIC IEIATCS

Ha 2, HO He nensaTcs Ha 3, a B\ A — MHOXKeCTBO uncen, KOTOpbIe AeNITCs Ha 3, HO HE JIEJISATCS Ha 2:
A\B=1{2,4,8,10,14, ...}.B\A={3,9,15,21,27,...}.
CuMMeTpHuuecKoil pa3HOCThIO MHOKECTB A U B Ha3biBaeTcs MHOecTBO A + B: A+ B =(A
\B)E (B\ A).
[Tpumep.1. A=1{4,5,6},B={2,4,6}. A\B={5},B\A={2}, A+B={2,5}. 2. A
={2,4,6,...},B=1{3,6,9,...},A\B=1{2,4,8,10,14, ...}. B\A={3,9, 15, 21, 27,
..}, A+ B=1{2 34,8 9, ..}, [HomonnennemM M MHOXecTBa M sBIseTCS

MHOXECTBO M =
{mi | mi [ M},
[Tpumep. 3agansl MHOKecTBa A = {1,2, 5,6} u B = {2, 3,4, 6} Ha yHuBepcaiibHoM MHOxecTBe U
={1,2,3,5,6,7}. Beimonuuts onepauu A, B.
Pemienne. B pe3ynbrare BBINOJHEHUS 3aJaHHBIX OINEpalUdid MOTydYuM cieayronme?l
MHOXkecTBa: A= {3,7};B={1,5,7}.
JIisi KOHEUHBIX MHOXXECTB CYIIECTBYET IMOHSITHE: MOIIHOCTh MHOXECTBA A — YHCIO €ro
sneMeHTOB. O003HaYat0T MOLITHOCTh MHOKECTBA |A|.
[Tpumep. A = {1, 2, 5, 6}, Toraa momHOCTh MHOXKECTBa |[A| =n(A) =4; |E|=0; [{&£}| = 1.
Taxe CIpaBeUINBHI ClIeyIONIIe (pOPMyIbI: Js TI06bIX MHOKeCTB A 1 B b |A E B| = |A| +
|B] —|A C B|, To ecTb yunThIBatoTCs 001IME 1T 000UX MHOKECTB JIE€MEHTHI.

Hpumep. A= {1,2,3} |A|=3;B=1{1,2,3,4,5} |B|=5,torraAEB={1,2,3,4,5} |AE
B|=5;ACB= {1, 2,3} |ACB|=3, 1o ectb momyuum pasercrso: |A E B|=|A|+ B|-|A CB|5 =
3+5-3.

Jlst KoHEeYHOTO MHOXEeCTBa M MomHOCTh ero Oyneana |B(M)| pasua 2|M|.
1.3. ITpumenenue aquarpamm Oiiepa-BeHHa py pelneHny NpakTUIEeCKUX 3a71a4

Jlns HarjasgHOrO MpEeNCTaBICHHMS] MHOXKECTB M OTHOIIEHHUH MEXIy HHUMU HCIHOJB3YIOTCS
quarpammbl Oiinepa-BeHnHa. YHUBepcalbHOE MHOXKECTBO M300pakatoT B BHJIE MPSAMOYTOJIbHUKA, a
MHOJKECTBA, BXOJSAIINE B YHUBEPCAJIbHOE MHOKECTBO, B BHJI€ KPYrOB BHYTPH IPSMOYTIOJIBHUKA;
AJIEMEHTY MHOKECTBA COOTBETCTBYET TOUKA BHYTpPHU Kpyra (puc. 1).

C nomompto juarpamMMm Oiiepa-BenHa ynoOHO WUIIOCTpUpPOBATH ONEpalMM  Haj

MHOX€ECTBaMU. Pe3ylbTUpyroIee MHOKECTBO KaKI0M OIepallii BBIJEIECHO IITPUXOBKOM.
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MB\MA MA\MB ‘MA
Puc. 1. IlpeacraBnenue onepanuii HaJl MHOXECTBAaMH C IIOMOIIBIO Iuarpamm Oiliepa-

Benna
[Ipumep. PaccmoTpum omnepanuio JOMOJHEHUS MHOKECTBA, SBJISIOIIETOCS MEpPECeYCHUEM

MHOkecTB MA u MB. Heobxomumo goka3ath, 4To €€ pe3yJIbTaT COBIAIACT C OO0OBEAMHECHHEM
JOIIOJIHEHUI YTUX MHOXKECTB:
Pemenne. M = Ma nMg =—"\[A E'MB.

B aTOoM MOXXHO yOenuThes ¢ MOMOIIBIO quarpamMm Ditnepa-Benna (puc. 2).

I
%
é
MA C MB
]
‘MA ‘MB
Puc. 2

I[J'IH JIFOOBIX HOI[MHO)KGCTBA, B u C YHUBCPCAJIIBHOI'O MHOXKCCTBA U BBINOJIHAIOTCS

CJICAYIOIHEC TOXKACCTBA (OCHOBHBIG TOXICCTBA aJ'Il"C6pBI MHO)KGCTB)Z

1. A EB =B E A (xomvmyrarmBHocTh 1¢. A C B = B C A
(KOMMYTAaTUBHOCTb
E). Q).
2. AEBEC) =(AEB)EC 26.ACB CC)=(A CB)CC
(accouuatBHOCTH E). (accormatuBHOCTH ().
3. AEBCCO=(AEB)C(AEC)3¢.ACBEC)=(ACB)E(ACC)
(muctpuOytuBHOCTH E oTHOCHTENBHO (). (1ucTpuOyTuBHOCTH C 0THOCHUTENBHO E).
4. A E &£ = A (cBOHCTBO HyJIs). 4¢. AC E=E.
5. A E'A = U (CBOHCTBO JIOMOJTHEHNS). S5¢. ACA=£A.
6. AEA=A. 6¢. A C A=A.

7.A E U = U (CBOHCTBO eIHHHULbI). 7¢. ACU=A.



8. AuB =A (CB (zakon ne 8¢. AnB ="A E'B (3akon 1e Moprasa).

Moprana).
0. A E (A C B) = A (3akoH 9¢. A C (A E B) = A (3akon
TTOTJIOIICHHMS ). TTOTJIOIICHHMS ).

10. FEN (uHBOMIOLIUSA).

11.A\B=ACE

[Ipumepsl. 1. PaccMoTpuM mpeAmnosioxKeHne O TOM, YTO MPOM3BOJIbHBIE MHOXKECTBA A U B
nonapso skBuBaneHtHel: 1) AIB;2) ACB=A;3)AEB=B.

Pemenue. Jlokaxkem, 4TO U3 MEPBOTO MPENOI0KEHUS ClieIyeT BTOpoe. JleHCTBUTENBHO, TaK
kak AC B I A, To HOCTAaTOYHO TIOKA3aTh, YTO B TOM ciayyae A A C B. Ho eciiu x IA, oxIB,T

k. A I B n, ciemosarensho, x I A CB.
JlokaskeM, uTo M3 BTOPOTO HPEATIONOKEHH s clenyeT TpeThe. Tak kak ACB=A, 10 AEB=

(A C B) E B. Io 3akony norsomienns (cM. Toxaectso 9) B E (A C B) = B. O1ciofa, HCrosb3ys
3aKOH KOMMYTaTHBHOCTH, noiydaem A E B = B.
JIoKakeM, UTO M3 TPETHEro MpeNoNoXKeHus ciexyer mepsoe. Tax kak A I A E B, a 1o

YCJIOBHIO TPETHETO MPEMONIOKEHUS A E B =B, ToA I B.

IIpakTnueckasi padora Ne 8
Tema: BoinoHeHne ajred0panyecKux onepanui HaJg MHOKeCTBAMH

I_Ie.m) paﬁoTblZ IMIO3HAKOMHUTH CTYJACHTOB C TAKUMH IMMOHATUAMH, KaK MHOXKECTBO, 3JICMCHTBI

MHOXKCECTB, 6yneaH, YHHUBCPCAJIbHOC MHOXKXECTBO, MOIIIHOCTH MHO>KECTBA, OTICpalli HAl

MHOYKECTBaMH, MIPEICTaBICHHUS MHOECTB C IOMOIIBIO Jrarpamm,
bopmupyst y HUX TEPMHUHOJOTHYECKHIA 3arac.
3aganuda

JI71s1 ay TMTOPHBIX 3aHATUI
1.3anmucate MHOXECTBO M IENbIX YHMCEN X, KOTOpPbIE ACNSATCS HAa TPU W HAXOIITCS B
unTepBaie 3 £ x £ 15. 3anucarb 1ByMs criocobamu.

2.3anucath MHOXECTBOA IIEJBIX YKCEN X, KOTOpPbIE AENATCA Ha 2 U Ha 3 U HaxXoHAsTCs B
untepBaiie 20 £ x £ 25. 3anucaTh 1ByMs crioco0amu.

3.IlpuHamiexut 11 X MHOXKECTBY M, eciu:
a)M=1{2,6,8,...,50}; x=35;

6)M=1{2,3,4,6,8,9,10, ..., 100}; x=23; 23 B)M = {-2,2, -4, 4, ..., 120}; x = -30.

3anucathb MPUBCACHHBIC MHOXKCCTBA C YKA3aHUCM CBOMCTB HX 3JIEMEHTOB.

4.Jloxazath HepaBeHcTBO: {{1, 2}, {2,3}} ' {1, 2, 3}.

5 Kakne u3 ClIcayromunx BI)Ipa)KeHI/Iﬁ SABJIIOTCA HCTUHHBIMH U KaKHC JIOKHBIMU !
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a) £1{{E}};06) 1T{{1,2}};8) (1,2} T {{1,2}};0) {1,2} 1 {{1,2}, {1,3},1,2}. 6.
[TpuBectu npumepsl Takux MHOXKECTBA, B, C, yT0OBI ObIITM UICTUHHBIMH CIIEAYIOLINE

BBICKA3bIBAHUA:
a)AIBUBICUAIC;
6)AIBUBICUAIC.
7. Kaxkwne u3 CICOYIOIUX MHOXECTB KOHCYHBI 1 KaKHEC OECKOHEYHEI:
a) {xIRex2-5x+4=0);
6) {x INgx2 - 5x +4>0};
B) {x I N¢x2 /24}.

8. PaBHBI 1 MHOXECTBA!

a) {xRex2-2x—-2=0} m {x[Qg¢x2-2x—-2=0};

6) {x 1 Z¢a/x U 15/x} u {x1Z¢4/x U 15/x} {x 1 Z¢20/x U 30/x}.
9. IlepeuncnuTh 37IEMEHTHI CIEAYIOIUX MHOXKECTB:

a) {xIRex2-3x+2=
0};6) {x IRex2 +1=0};

B) MHOKECTBO BCEX KOpHEH ypaBHeHUs X2 + 6x +9 = 0.
10. [lepeuncauTh Bce AIEMEHTHI KaXJI0T0 U3 CIEAYIOIIUX MHOXKECTB:
a) {xex 1{ 1}}; ) {xex 1 {1,2,3}};
6) {xex I {1, 2}}; 1) {xex I B}. [l
CaMOCTOSITENTLHON pabOTHI
1. [lepeurcanTh IIEMEHTHI CIIETYIONNX MHOKECTB!

a) MHOXKeCTBO 4eTHBIX 4yrcels oT 0 10 20 BKIFOUUTEIBHO;
0) MHO>KECTBO BCEX JABY3HAUHBIX YHCE, NEJSIIUXCS Ha 5 U He Aensmuxcs Ha 10;

B) MHO>KECTBO BCEX IMOCJIEIOBATEILHOCTEH, Co/lepKamux Bee uucna 1, 2, 3, 4, 5 1 ToJbKo
ATH YHUCJIA, B KOTOPBIX YETHBIE U HEUETHBIC YHCIIA YePEaYIOTCS. 2.
PaBHBI M MHOXKECTBa:
a) {2,4,5) 1 {2,4,2,5};6) (1,2} m {{1,2}};8) {1,2,3} n {3, 1,2, 1}};
r) {1, 2,3} u {{1}, {2},{3}}.
3.  IlepeyucauTh NOJIMHOXKECTBA CACTYIOIIUX MHOKECTB:
a) {{1, 2}, {3},4};0) {{5, 2}}; B) {{2}, {6}, {3} }; 1) {{4, 6}, {1}, 1}.
4.  BcraBUTh MEXIYy MHOXKECTBAMU CHUMBOJI [ win 1 Tak, 4ro6sr MOJIYYHJIOCh UCTUHHOE

BBICKAa3bIBAHUC!

a) {1} {1, {1,2}};0) £ {£};8) £ {{£}};1) {1, 2} {1,2, {1, 2}].



5. Haiitu AEB,ACB,AB,B\A, A, B.
a) A={1,2,3}, B=12,3,5.4}, U={1,2,....... o,

0) A={x|x nemuthbcs Ha 2}, B={x|x nemuthcs Ha 3}, U=N.

6.  JlokxaszaTh TOXKACCTBA:

a) (ACB)E (A CB) ¢) ACB=AC(AEB);
=(AEB)C (AE'B); 6)(AEBYCA=AC %) (A EB)\(AC
B) =
B; (A\B)E (B\A);
B) (A\B)\C=(A\ 3) (A\B)E (A\'B)=(A
C)\(B\ C); EB)\ (A CB);
r) A\(BEC)=(A\ 1) (A\V'B)E (B\'A)=(A
B)\C; E B)\ (A C B);
1) A\B=A C'B; k) A\(BEC)=(A\B)
C (A\CQ).

7.  Tloka3aTh ¢ OMOIIb aUarpamMm Diniepa-BeHHa, Kakue U3 CICOYIONIUX YTBEPKICHUN

BEPHBI:
2) (A]‘EB)?C:AE(BCC); B)(A\B)EC=(AEC)\(BEC);6) (A\B)EB= A;r)
(AC'B)E(BC'A)IB.
8.  HaiiTH MOIIHOCTP MHOXKECTB, MOIIHOCT MX OyiaeanoB n |[A E B| - MomHoCTb
00BEIMHEHN MHOKECTB:
a) A={4,5,6}, B={4,5,6,7,8}; 6) A={1,3,5,6}, B={4,5,6,7};
B)A=1{3,5,7},B=1{2,5,6,7,9};1)A4={1,2,3,5},B=1{2,4,5,6,7}.

9.  BCTaBUTh MEXIy MHOXECTBAMH CHMBON 1 Wi I Tak, 4TOGBI MONYYHIOCH HCTHHHOE
BBICKa3bIBaHUE:

a) {1} {1, {1, 2}}; 1) £ {1,2, {1}, {£}};

0) {1,2} {1,2, {1},{2}}; n) £ {{£}};8) {1,2}
{1,2,{1,2}}; ¢) £ {£}.

10. TIpuBectu mpumep MHOXKECTB A, B, C, TakuX, YTOOBI BBIMOJTHSIUCH YCIOBHUS: a) A |
B,BiC,A1C;

6)A1B, A1C,CIB;

B)AIB,BIC AicC.

IpakTnuyeckas padora Ne 9

Tema: Onpenesienne MapIIPyTOB, 1eNeld U HUKJI0B B HECOPMEHTHPOBAHHBIX rpadax
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Heasb padoTbl: yCBOSHHE TAaKHX IMOHATHH, KaK MaplipyT, Iemnb u IUKI Tpada, odpas,
npooOpa3 BepiuH rpada, MUHUMAIBHBINA yTh B rpade, 31iiIepoBbl rpadbl.

Teopernyeckas 4acThb:
Mapwpymel, yenu, yuKot

Mapmpytom B rpade G = (V, E) (nmyrem B tpade D = (V, E)) Ha3wbBaeTCs
MOCJIEIOBATEILHOCTh BepIIMH U péoep (ayr) Buma v0, el, vl, €2, ..., vn-1, en, vn, Te vi ivil [0,
n], ei [E, (vi-1, e1), (vi, eil) i7if [1, n]. Bepmmnsl v0, vn Ha3bIBAIOTCS CBSI3AHHBIMU JAHHBIM
MapuipyToM (WM TMPOCTO CBS3aHHbIMM). Bepmmny v0 Ha3plBalOT HayajioM, a vh — KOHIIOM
mapuipyta. Ecaun vO = vn, TO MapmipyT Ha3bIBAlOT 3aMKHYTHIM. UHWCIIO # Ha3bIBaeTCs IJIMHON
MapuipyTa.

MapuipyT, B KOTOpoM Bce péOpa MOMapHO pa3IWdHblI, HA3bIBACTCS IEMbIO. 3aMKHYTHIN
MapuIpyT, SBISTIONTUNCS TETMbI0, Ha3bIBACTCS IMUKIOM (KOHTypoM). Llens, B KOTOpOil BCce BEPIIMHBI
MIOTTAPHO Pa3IMYHBI, HA3BIBAETCS MPOCTOH IeTbI0. [[MKII, B KOTOPOM BCE BEPIIMHBI, KPOME TIEPBOH U
MOCIICHEH, TIOTTAPHO PA3IMYHBI, HA3bIBACTCS MPOCTHIM ITHKJIOM.

[Ipumepsr: 1. IlocnemoBarenvHocTh V1, el, v2, e3, v4, e4, v3 — MapuipyT AJIUHBI 3,
coeuHstonui BepmuHbl v1, v3 B rpade G (puc. 11); aT0 mpocTast 1emnb, Tak Kak Bce pedpa u
BEPIIHHBI TOMAPH O Pa3INYHBI.

2. v2, €3, v2 —npocToil KOHTYp /ulnHbI | B opueHTHpOoBaHHOMIICeBorpadeD (puc. 10).

3.vl,e2,v2, e4, v3 —iyTh U3 vl B v3 1IMHBI 2 B OpueHTUpOBaHHOMIICEBIOTpadeD 25(puc.

10); 3T0 mpocTas 1enp, Tak Kak Bce AYT'M U BEPIIMHBI IONAPHO Pa3InYHBbI.

e Puc. 10 Puc. 11
il

W2

W3

=
E3 -
ITouck nymeii (mapuipymos)c

hiic] MUHUMATITBHDBIM

=]
B3HMKaeT
w2 yuciom oy
1 £}
£1

HpI/I £s PCIICHUN HCKOTOPBIX NPUKIIAAHBIX 3a/la4 HCPCAKO

s HEOOXOIUMOC
Th HaWTH MHUHUMAJIbHBIN MapUIpyT, COCIUHSIONMINI
3a/laHHbIe BepIIMHEI B rpade. [IpuBeaem anroput™ pemeHus 3Toi

3agauun. [1yts B oprpade D u3

BEPUIMHBI V B BEPILIUHY W
(v'w) Ha3bpIBaeTCA MUHUMAJBHBIM, €CITH OH UMEET MUHUMAJIbHYIO
JUTMHY Cpeii BceX myTei oprpada D u3 BepIIKHBI V B BEPIIMHY W.

AHaJOTUYHO OMpenensieTcs MHUHUMAalIbHBIA MapmpyT B rpade G. ANTOPUTM HAXOXKACHUS
MUHHUMAJIBHOT'O MapIIpyTa COCTOUT U3 CIASAYIONINX IIaroB:

[lar 1. ITomeyaeM BepmmHy v uHAEKcOM (. 3aTeM MOMeYaeM BEPIIMHBI, MPUHAJICKAIINE
o0Opa3y BepmMHBI Vv, WHIEKCOM 1. MHOXecTBO BepIMH ¢ HWHIEKCOM | oOo3Hauaem FWI(v).

ITomaraem k= 1.



Iar 2. Eciu FWk(v) = & nnn Bemonusercs k = n — 1, w I FWk(v), To BepmmHa w He
JOCTHXKUMA U3 vV U paboTa airopuTMa Ha STOM 3aKaHYMBACTCs. B MPOTHBHOM cliydyae MepexoiuM K
mary 3.

Ilar 3. Ecim w I FWk(v), To nepexoaum k miary 4. B IpoTUBHOM ciTydae CyIIeCTBYeT MyTh
U3 Vv B W JJIUHBI k, U 3TOT MyTh SABJISETCS MUHUMaIbHBIM. [locnenoBarenbHOCTh BepInH vwiw?2 ...
wklw, rne wk-1 1 FWk-1(v) C D-1(w); wk-2 1 FWk-2(v) C D-1(wa-1); ... wl IFW1(v) C D-1(w2) u
€CTh UCKOMBIM MUHHUMAabHBIN YTk U3 v B w. Ha 3TOM paboTa anroputma 3akaHYMBaETCS.

[ar 4. Tlomeuaem uHIEKCOM k + 1 BCe HEMOMEUEHHBIC BEPIIUHBI, KOTOPHIE MPUHAJICKAT
0o0pa3y MHOXKECTBa BEpPIIUH C WHIEKCOM k. MHOXECTBO BEpIIUH ¢ MHIECKCOM k + 1 o0o3HadaeM
FWk+1(v). IIpucBauBaem k:= k + 1 u nepexoaum Kk mary 2.

[Ipumep. Mcnonb3yst MpennoKeHHbIA alITOPUTM, ONpEAeTuM MHUHHMAIbHBIA TyTh U3 v1 B v6 B
oprpade D, 3a7aHHOM MaTPHIIEH CMEXHOCTH, TIPEICTABICHHON B Ta0I.

1. TaGmumna 1

JleiicTBys coriacHo alropuTMy, ocieaoBatenbHo onpeaensieM FW1(vl) = {v4, v5};
FW2(vl)=DFEWI(WDH))\{vi,v4v5} ={ v2,v3};
FW3(v1) = DEW2(vI)\{vI, v2, v3, v4, v5} = {v6}. Takum o6pasom, v6] FW3(v/), a 3Haunt
(cM. miar 3) cyuiecTByeT myTh U3 v/ B V6 JUIMHBI 3 U 3TOT MyThb SBISAETCS MUHUMAIbHBIM.

Hailinem Tenepb MUHUMAaNbHBIN YTk U3 v/ B v6. OpeeiuM MHOKECTBO

FW2(vI) C D-1(v6) = {v2,v3} C {v2,v3} = {v2,v3}.

Breibepem mo0yro BepIIMHY W3 HaWJICHHOTO MHOXECTBA, HANpHUMEp BEpIIMHY V3.
Ompenennm nanee maoxectBo FW1(vl) C D-1(v3) = { v4,v5} C {v4,v5, v6 = {v4,v5}. Beibepem
M00Yy10 BEpUIMHY M3 HAJIEHHOTO MHOXKECTBA, HapuMep, Bepuuny v5. Torma vI/v5v3v6 — uCKOMBII
MUHUMAJIbHBIN TIyTh U3 v/ B v6 1uyiiHbI 3 B oprpade D.

Ditneposwt zpaghol
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[Tycte G — niceBnorpad. Llens (1ukin) B G Ha3pIBaeTCs SHIEPOBOM, €ClTi OHA (OH) MPOXOIUT
M0 OJIHOMY pa3zy uepe3 Kaxaoe pedpo ncesaorpadad.

[

B

3amaya COCTOUT B CIEAYIONIEM: HAWTH SHICPOB LUKII
B MynbturpageG (puc. 12).
[Ipexe ueM pemars 3a7a4y O BbIICICHUU
SUJIEPOBOM LTI WIIM SMJIEPOBA 1IMKJIA B
niceBaorpade, Hago0 BBISICHUTD, CYIIECTBYIOT JIU OHU.
[IpocrTeiiee HEOOXOAUMOE YCITOBUE

HX CyI€CTBOBaHUA, OYCBHUIHO, 3aKIIIOYACTCA B
cs3HOCTH G. OTBET HAa 3TOT BOIPOC JAIOT
MIPUBOJMMBIE HUXKE TEOPEMBI. DUIIEPOBBIM
Ha3bIBACTCA ITUKII, HpOXOI[?[HII/Iﬁ 10 KaXXJI0MY
pelpy rpada poBHO oauH pas. I'pad,

PI/IC. 12 I/IMefomnxal‘/'mepOB IIUKJI,TOXKE 6y}1eM
Ha3bIBATh JWUIEPOBLIM. B mo6oM siiiepoBoM rpade CTETICHH BCEX BEPITUH YETHBIC.

[TycTh MO HEKOTOPOH BepIIMHE V LUK IPOXOauT k pa3. Ho Tak kak nepen 3Toi BepIIMHON U
nocne He€ UK JOKEeH MPOXOIUTh MO HMHIMISCHTHBIM el péOpam, TO KomudecTBO pEdep,
WHIIMJIEHTHBIX JAHHOW BEPIIMHE, 1O KOTOPHIM MPOXOJUT HUKI — 2 k. Tak Kak UK JIepoB —
pE€06ep, 0 KOTOPBIM MUK HE MPOXOIUT, HET, 3HAYHT 2 k — CTETICHb BEPIIUHEI V.

Ecnu B cBs3HOM rpade cTemeHu BcexX BEpIIMH YETHBIC, TO B rpade CyIIeCTBYET dilliepoB
uukia. B xome nmokasarenbcTBa MBI JAaAUM  QTOPUTM IIOCTPOEHUs Takoro uukia. Hauném ¢
MIPOU3BOJILHOM BEPIIUHBI V M OyZIeM CTPOUTH U3 HEE 11eTIb, TOKA €CTh BO3MOKHOCTH €€ TIPOIOJIKHUTh.
[TycTh B KaKOMTO MOMEHT TTOCTPOEHHSI MBI HAXOJIUMCS B BEPIIIMHE U (HE COBMAIAIONICH C V).

B 3agauax 4acTo BO3HHKaeT HEOOXOAUMOCTh HAX0XKJIEHHs LEMH, POXOISIEH M0 KaKIOMY
peOpy poBHO onuH pa3 (CHMMaercs TpeOOBaHWE 3aMKHYTOCTH). Takue menu OyneM Has3bIBaTh
SUJIEPOBBIMU LICTISIMU.

IIpakTnyeckas padora Ne 10

Tema: MunuMaIbHbIN IyTh B rpade.



Leanb padoThl: yCBOGHHE TaKUX MOHATHHA, KaK MapHIpyT, LleNb U IMKI rpada, obpas, mpoodpa3

BepIIMH Tpada, MUHUMAJIbHBIA MyTh B rpade, 3iinepoBsl rpadsl 3apanus/[na ayoumopHvix

3aHAMUU

1.  3aman rpad G (puc. 13a). Haittu myTh ¢ MUHMMAaJIbHBIM YHCIIOM pebep u3
1 2 R
SN
K VE

Va

s
BEpLIUHEI V] B
BeplIuHy v6 rpada G.
27
a0BabB
Puc. 13
2. Jna rpada

G (puc. 3amucaTh MaTpHIly CMEXKHOCTH UM HAWTH MyTh C MUHUMAaJbHBIM YHUCIOM pedep u3

BEPILMHBI V2 B BEpUIMHY V9.

3. Jlusa oprpada D (puc. 136) 3amucaTh MaTpUIly CMEXKHOCTH M HAWTHU IYTh C

MUHHMMAaJIbHBIM YUCIIOM pedep U3 BeplInHbI v1 B BepuHy V7.

4. Omnpenenuthb, coaepXuT U rpad Ha puc. 13adUIEpoOB NUKI WU SUIEPOBY
LeIb.

. )I

6.  Kak Ha3pIBaeTCsl MyTh, Y KOTOPOT'O HA4YaJO MEPBOM TYTH COBIAIAET C KOHIIOM

nociaeauen?

7. Kak wnHaspiBaeTcs MapmipyT, y KOTOpPOTO TiepBasi BEpIIMHA COBIAJAET C
nocienuen?

8.  IlokazaTp, uTO B M1000M rpad)e KOJTUIECTBO BEPIIUH HEUYETHOW CTETICHH YETHO.

9.  Ilokazarp, 4TO U3 BCSAKOIO 3aMKHYTOI'O MapLIpyTa HEYETHOW IJIMHBI MOKHO
BBIJICJIUTH NPOCTYIO LIETIb.

10. ITlokasatb, uTO pedpo, BXozsmiee B HHUKI rpada, BXOAUT B HEKOTOPHIH €ro

IIPOCTOM IIUKIL.
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s camocmoamenvHou pabomol
1.  3anpan rpad G (puc. 13a). HaifTu myTh ¢ MUHMMAJIBHBIM YUCIOM pe0Oep M3 BEPLIMHBI

vl B BepmmmHy V7 rpada G.

2. Hna rpapa G (puc. 136) 3ammcaTh MaTpUIly CMEKHOCTH UM HAWTH MyTh C
MUHUMAIIBHBIM YHCJIOM peOep U3 BEPIITHHBI vl B BepmuHy V8.

3. Jnarpada G (puc. 136) 3anucaTh MaTpHIy HHIUIESHTHOCTH.

4. Hna oprpada D (puc. 136) 3amucarh MaTpuIly CMEKHOCTH WM HAWTH MYyTh C
MUHUMAJIBHBIM YHCIIOM peOep U3 BEepIIUHBI V] B BEpIIHHY V6.

5.  Tloka3zaTh, uTo Mr00as BEpIINHA, BXOAAIIAS B IIUKII, HE SBISICTCS BHCSIUYEH.

6. Jlokazatb, uTOo eciu B oprpade OTCYyTCTBYIOT BEPIIMHBI C HYJIEBOM IOJIYCTENEHBIO
ucxona ( 3axoza), To B oprpage UMeeTcsi IPOCTON KOHTYP.

7. Jokazate, uto ynaneHue u3 oprpada Bepumssl v ¢ d+(v) < 1 (d-(v) < 1) npuBogur
oprpady, KOHTYpbI KOTOPOTO COBIAIAIOT ¢ KOHTYPaMH HCXOIHOTO oprpada.
8.  IlpuBectu onpenesneHre TPOCTON LETH:

a) Lenb, B KOTOPOIl BEpIINHBI U pedpa MOBTOPSIIOTCS;

0) yepeqO0BaHNE BEPIIMH U pedep; B) LEMb, B KOTOPOH

BCE BEPIIMHBI IONIAPHO PA3JIUYHEI.

9. B ugewm 3akmrodaeTcs IOHITHE CMEKHOCTH?

a) CEXHBIMU SIBJISIOTCS] BEPIIUHBI, HHIIUICHTHBIC OJTHOMY peopy;

0) CMEXHBIMHU SIBISIFOTCS 1Ba peOpa, He UMEIOIIHe OOIIUX BEPIIHH;

B) CMEXHBIMH SIBJISIOTCS BEPIIUHBI, COSTMHEHHBIC HEKOTOPBIM MapmpyTom. 10.
3anmannceBaorpadG. Lens B G Ha3bIBaeTCS SHIEPOBOM, €CIH. ..

a) OHa IPOXOJIUT 110 OJHOMY Pa3y uepe3 KKyl TOUKy ncenorpada;

0) OHa MPOXOJUT MO OJTHOMY pa3zy uyepe3 Kaxaoe pedpo ncesaorpada;
B) OHa MPOXOIMT MO OJTHOMY pa3y 4depe3 BEpIIMHKI U pedpa.

KOHTpOJ’IbeIC BOIIPOCHI:

1. B geMm cocTouT anropuT™m moucKa myTeil ¢ MUHUMAIbHBIM YHUCIIOM JyT?
2. Kaxkoit iukin Ha3pIBaeTCs SUI€pOBbIM?

3. KakoB kputepuii cyimecTBoOBaHMs ditjiepoBa IuKia B rpade?

4. KaxkoB kputepwuii cymecTBoBaHMsI 3JIepoBOi 1iernu B rpade?

5. JlaTb onpeneneHue CaeIyommuX MOHITHI:



_ MapupyT B rpade (IpuBecTd Npumep);

_ 1IeTb U IpocTas Lenb B rpade;
_ IIUKJI ¥ IPOCTOM 1K B Tpade;
— DUJIEPOBOM LIETIb;

— MaTpHuLia CMEKHOCTH rpaga; — CTeNneHb BepIIUHBI Ipada

IIpakTHyeckas padora Ne 11
Tema: OnpenesieHne MapIpyTOB, Heneil 1 IMKJIOB B OPMEHTHPOBAHHBIX rpagax
Lenb:HayuuTh  CTYAEHTOB  OIpPENEICHMIO  MaplIpyToB, LeMed U  [HUKJIOB B
OpUEHTUPOBaHHBIX Ipadax TeopeTnueckas 4acThb:

Ecnu snementsl mHOKecTBa EE rpada G=(V,E)G=(V,E) — ynopsinoueHHbie napsl, TO rpad
HA3bIBACTCSI OPHMEHTHPOBAHHBIM Win oprpagomM. MoXHO cKa3aTh, YTO opepag — 3To Tpad,
pebpaM KOTOPOTo MPUCBOSHO HAlpaBlICHHUE.

Pebpo ee rpada GG Haz3bIBaIOT OPUEHTUPOBAHHBIM, €CJIM OJHY BEPUIMHY CUHUTAIOT HAYaJIOM
pebpa, a Apyryro — KOHIIOM, Ha PUCYHKE €ro M300pa)kaloT CTPEIIKOM MEXTy BepIIMHAMH. Takum
o0pasowm, rpag, Bce pedpa KOTOPOr0 OPUEHTHPOBAHBI, SBJSETCS OPUEHTUPOBAHHBIM IpadoM.

Onna U Ta xe BepirMHa oprpada MOKeT CITy>KHTh HA4aJIOM JJIsl OTHUX peOep M KOHIIOM ISt
JIPYTUX, IOATOMY Pa3IU4aroT ABE CTEIICHU BEPIIMHBI: CTEIICHb BBIXO/Ia U CTE TIE€Hb BXOJA.

Crenennblo BbIX0/1a BECPIIMUHBI Opr pa(ba HAa3bIBACTCA YHCJIO BBIXOAAMUX K3 BCPIIHNHBI pe6ep.
Crenennblo BX01a BEPUIMHBI oprpa(ba Ha3bIBACTCA YUCIIO BXOAAIINX B BEPIIHUHY peGep.

B oprpaq)ax B 3aBUCHUMOCTH OT COUETAHMS CTEIEHEN BX0Ja M BBIXOAa s JaHHOM BCPIINHBI

paccMaTpHUBAIOTCS TPHU CITydast:

° BEpIIMHA HA3bIBACTCA I/I30.TII/Ip0BaHHOI71, €CJIn €€ CTCIICHU BbIXOAa U BXOI[EIEI PpaBHBIL

0;0

° BEpUIMHA HA3BIBACTCA HCTOYHHKOM, €CJIM €€ CTCIICHb BXOJa paBHa 0, a CTCIICHb

BBIXOa 6omnbine 0;0
[}

° BEpIIIMHAa HA3bIBACTCA CTOKOM, €CJIM €€ CTCIICHb BBIXOJa paBHaA 0, a CTCIICHb =

Bx0ja 6ospme 0.0

Ilyrem B oprpade Has3bIBaeTCs MapiupyT 0e3 MOBTOPSIOIIUXCS pedep, mpocToi myrs — 0Oe3 [
MOBTOPSIOUINXCS BEPUIMH. 3aMKHYTBIN ITyTh B oprpade Ha3bIBaeTCs OPUEHTUPOBAHHBIM IIUKIOM WU
KOHTYPOM.

JIMHOI TTyTH Ha3bIBaeTCs YUCIIO pedep B ATOM MYTH.
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I[oHBIM OpPHEHTHPOBAHHBIM TrpadoM Ha3piBaeTcs oprpad, Kaxaas Iapa BepIIMH
KOTOpPOTO0 COEAMHEHAa B TOYHOCTH OJHHUM OpPUEHTUPOBAHHBIM peOpoMm. OueBUIHO, YTO, €CIU C
Ka)/10ro peOpa MmoJHoro oprpada CHATh HalpaBJIeHUE, TO MOJYUYUTCS HEOPUEHTUPOBAHHBII
HOJHBIHN rpad. 29 Ilerneidi Ha3piBaeTca pebdpo, y KOTOPOro HayajlbHas M KOHEYHas
BEpIIMHBI coBNaAaoT. [letns oObuHO

CUHMTACTCA HeOpHeHTHpOBaHHOﬁ.

IIpakTHyeckas padora Ne 12
Tema: IlocTpoeHnue HanpaBJIeHHOI0 rpaga.

Leab: HAYYUTH CTYJEHTOB OIPEAEICHUIO MapUIPyTOB, LIENeil U LIUKIOB B OPUEHTUPOBAHHBIX Tpadax.

IIpakTH4Yeckoe 3a1aHue
[octpoiiTe HampaBieHHBIH Tpad (CBA3aHHBIN JyramMu) ¥ MaTpPUIly CMEXKHOCTH JUIS 3TOTO
rpada ¢ uHpopmanueil o poJICTBEHHUKAX, coJieprKalleiics B TaOIuIIe.

Nwmsa Henymka | Oterg CoiHoBbs | Bpatbs Jsaan [InemsaHHukyM | BHykn
MY KYHHBI
Jles AHjpeit, Anekceit,
ITetp Muxawn,
Oner
AHppeit Jles Anekcenn | Ilerp Muxawun,
Omner
Iletp Jles Muxaun, | Angpeit Anekceit
Onmner
Anexkcerr | Jle Anppeit ITetp
Muxaun Jles Iletp Omner AHppeit
Omner JleB ITetp Muxawnn Anppeit

KoHTpoJibHBIE BONIPOCHI:

1. Jlaiite onpenenenue rpada (onpeneneHue, IpuMep, WUTFOCTPUPYEMBIH PUCYHKOM).

2. Yro Takoe nzomopdHsie rpadpl, OpUCHTUPOBAHHBIE TpadbI?



3. MaiiTe onpexaeneHue NoToka B rpagax.

4. ChopmynupyiiTe IPpUHIIAIT COXPAHSHHS TTOTOKA.

5. IlpuBenute MpUMEpHI CUCTEM, UMEIOLIUX UEPAPXUUECKYIO CTPYKTYPY.

IIpakTHyeckas padora Ne 13

Tema: IIpumep cocraBiieHus: aaropurmos Mapkosa
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He.]'lb paﬁoTbI: HAay4YUTb CTYACHTOB COCTAaBJIATH aJITOPUTMBI MapKOBa

Teopernueckasti 4acThb: [Ipexge Bcero paccMOTpPUM  BO3MOXKHOCTH — peaM3alliu
apru(pMETHIECKUX OTepaIuii ¢ MOMOIIBI0 HOPMAJIBHBIX aNTOpuTMOB MapkoBa. CHadana oOpaTuM BHUMaHHUE
Ha OJIHO OOCTOATENbCTBO, CBA3aHHOE ¢ paboToit grob6oro HAM: HyXHO 1100 BBOAUTH JOMOJHUTEIHHOE
MIPAaBUJIO OCTAHOBKH pabOTHl HOPMAJIBLHOTO aIropuTMa (MHa4Ye B IpUMepe yBEITUUEHHs Yncia Ha | anroputm
MPOJOJDKUT PabOTy M CHOBA OyAeT yBEIMYMBATH MOJTYYECHHBIA pe3yJsbTaT eiie Ha | ¥ T.1. HeOTpaHUYEHHOE
qucio pa3), JMOO Tepex HadaloM padOThl HOPMAJBHOTO —ajiropuTtMa J00aBiSATH K  BXOJHOU
CTpPOKECTICIIATIbHbIE CHMBOJIBI, OTJIMYHBIE OT JAPYIMX CHMBOJIOB CTPOKH, KOTOpBIC YYUTHIBAIOTCS
MOJICTAHOBKAMH QJITOPUTMA B Hayaye ero padoThl M KOTOPbIE yNAIAIOTCSA B KOHIIE paOOTHl aaroputMa. Mel
OyzeM npuaep >KUBATHCS BTOPOTO

crocoba, Kak U 0/iHa U3 HauboJjee yCHelHbIX peau3aluii HOpMalbHbBIX aIropuTMoB Mapkosa B 30
BUJE s3bIKa TporpammupoBanusi Pedan. B kauecTBe n00aBisieMOoro CMMBOJIAa BO3bMEM CHUMBOII
"@". Ilpumep 1. PaccMOTpUM MPOCTEUIIYI0 ONEPAIMIO YBEIUYCHHS IECATUYHOTO uncia Ha 1. B
ATOM CITydae MOYTH BCET/Ia HEOOXOAMMO yBEITMYUTh NMOCIEeTHIO nudpy Ha 1, a mocnexnss uudpa
OTJIIMYAETCS TEM, YTO Tocie Hee uiaeT cuMBol "@". IloaToMy mepBBIMH MOJICTAHOBKAMH JIOJIKHBI
OBITh MOJICTAHOBKH TUTIA

<mucpa> @ —  <mmdpa + 1>,
Ho ecnu sto mudpa 9, To ee HykHO 3ameHuTh 0 U yBenuyeHuWe Ha | TepeHECTH B
MpeAbIYIIUNA pa3psis. ITOMY OTBEUAET MOJICTAaHOBKA

ga — @,
Haxkonen, ecnu unciio HaunHaeTcs ¢ 9 u nepen 3Toi udpoii Hy>KHO IMOCTaBUTH 1, TO ATOMY
OyJeT OTBe4aTh MOJICTAHOBKA

aQ — 1.

a €CJIM 3TO HC TaK, TO B KOHIIC paGOTBI aJIropuTMa CUMBOJIBI @ Haao CTCPCTh, UTO BBIIIOJIHUT

IIOZICTAHOBKA
a — A,
Taxum 00pa3om, Mbl mosrydaem cienyromuitHAM yBennueHus JeCITUYHOTO Yncia Ha 1:
1. 0@ — 1 9.8 — 9
2. 1@ — 2 10. 9@ — @()
3. 20— 3 11. Q@@ — 1

2. @ — A

[TpuBeneM paboOTy NOCTPOEHHOTO alropuT™Ma Juist yucen 79 u 99:
— L) - 5 v Ao
aTga — 7a() — @30 — 80,
: 10) 10) 11
Q99Q — @9Q( — @A — 100.

AHanoruuHeM  00pa3oM pa3pabaThiBaeTCs HOPMANbHBIM ainroput™M MapkoBa IS
yMeHbIeHus yucia Ha 1 (cm. ynpaxsaenue 1.3.1).



1.0@ — 0«

HavdaJIbHBIE TIOMETKH KOMHP. pa3pdAjia 1 KON YHC/Ia
2. 10 — 1l

3. 0! — 70a

{11 — 21 } KOIMUPOBaHHe paspdjia ¢ 3aMeHoi NoMeTKH paspdiia

5. al) = Oa

7.0 — 0b
8. b1 — 1b

0, ax — =*a

10. bx — =b

6.al — la _ .
nepejpHsKeHe CKOIMHPoOBaHHOI'o paspHd/ia
} OCTAHOBKA Tepe/IBUKeHNS CKOIMPOBAHHOIO pasps/ia

11.7 — ! obpaTHas 3aMeHa MOMeTKN paspsajia
12.a = 0

. {}6])E’J_TIIHFI 3dMEHd CROITHPOBAHHOT'O PaspHdla
3.0 — 1

4. @l — A

Ipumep 2. Tlpexnae, yeM MepelTH K APYTrUM apu(METHUYECKHM OMEpalusM, PacCMOTPUM
KAaK JIOBOJIBHO THUIMYHBIM MpUMEp, HCIONB3YEMBI YacTO B JPYrHUX airopuTMax, airopuTM
KOIUPOBAHUS TBOMYHOTO 4Kcia. B 3ToM ciyyae mpex e BCEero HCXOJHOE U CKOMMPOBAHHOE YHCIIa
pasznenum cumBosioM "*". B pazpabaTeiBaeMOM aNropuTME MBI OyJIeM KOMHMPOBATh Pa3psibl YncCia
o o4epcau, Ha4yuHasg C MJIQJAUICTrO, HO HYXXHO PCHIUTH 2 HpOGHeMBIZ KaK 3aIllIOMHHaTh 3HAUYCHHC
CHUMBOJIA, KOTOprfI MBI KOIMMPYEM, U KaK 3allOMUHATBh MECTO KOIMMPYCMOI'o CMMBOJIA. I[HSI pemicHusd

mmn
M

BTOpOfI Hp06JI€MBI HCIOJIB3YyEM CHMBOJI KOTOPBIM MBI 6y,[[eM OonpeaciIATL CIIC HC

CKOHHpOB&HHBIfI paspaa 4uciia, IIOCJIIC KOTOpPOro M CTOUT I3TOT CHMBOJIL. I[J'IH 3alIOMHMHaHUA

3HAYEHUS KOMUPYEMOro paspsiga Mbl OyneM oOpa3oBbiBaTh st 3HadeHuss 0 cumBon "a", a Juist

nyn

3HaueHus | - cumBoi "b". MeHsis ImyTeM IMOoACTaHOBOK 3TH CUMBOJTHI "'a" wim "b" criocnenyrommmu,
MBI OyzeM nepeaBuraTh paspssl "a" wim "b" B Hauano xomupyemoro uucna (mocie "*"), HO IS
TOro, 4yTOoOBl TOKAa HE MPOUCXOJIWIO KOIMUPOBAHMUE CIEAYIOLIErO pas3psaa CrpaBa, Mbl IHepen

mn

MEPEABIKEHUEM Pa3psifila BPEMEHHO CHMBOJ 3aMEHUM Ha cuMBoOJI "?", a mocie nepenBuKEHUs

caenaeM oOpaTHyio 3ameHy. [locie TOro kak Bce YMCIO OKaKeTCs CKONMHMPOBAaHHBIM B BHJE
nan

cumBosioB "a" um "b", mbl 3ameHuM 5T cuMmBosbl Ha 0 u 1 coorBercTBeHHO. B pesynbrare
HOPMAJIbHBIN QITOPUTM KOTUPOBAHUS IBOMYHOTO YHCIIa MOXKHO OMPEACIUTh CIAEAYIOIIeH

31
MOCJIEI0BATEIbHOCTBIO MOJCTAaHOBOK:  [IpogemMoHCcTpupyeM paboTy anropurMa s yncina 10:

Q10@ - @101% = @170ax — @120 x a - Q110 % a —
Q?1b0 % a — @?10bxa -3 @210 % ba = @10 * ba 3

Q0 *10 3 @10 %10 35 10% 10



Jl1e  1oCTpoeHHs alropuTMa CIOKEHHUS JIByX 4YHCENl MOYKHO HCIOJB30BaTh HJECHO
YMEHBILIEHUSI OJHOTO0 4YMciaa Ha 1 ¢ TIOCIeAyIoUMM yBEIMYEHHEM Jpyroro uucia Ha 1 u
MOBTOPEHHEM 3TOTO JI0 T€X MOp, MOKa YMEHbIIAEMOE YHCIIO HE WCYE3HET MOCJE TOTr0, KaK CTaHeT
paBabiM 0. Ho MOXHO HCIONB30BaTh M 0o0J€e CIOXKHYIO HJICI0 HOPaspsIHOrO CIOXKEHHUS C
nepeHocoM | B paspsp cieBa. IlocTpoeHne 3THX anropuTMoB, a TaKK€ aJTOPUTMOB BbIUHUTAHMS,
YMHOXXCHHS U ICJICHUS BBIJIEIICHO SISl CAMOCTOSTEILHON pabOThl B ypakHeHHsIX 2 - 9 (cm. 1.3).

[IpuBeneHHbIE MpPHUMEpHl MOKA3bIBAIOT TaKKE€ BO3MOXKHOCTH armapara HOpPMaJbHbBIX
aNropuTMOB MapKoBa M0 OpPraHM3alluy BETBIIEHUS W LUKIUYHBIX MPOLIECCOB BBIYUCICHHS. ITO
MIOKA3bIBAET, YTO BCAKHH AJTOPUTM MOKeT ObITh HOPMAJIM30BaH T. €. 33JaH HOPMaJIbHBIM
anroputMoM MapkoBa. B atoM u cocroutr Te3uc MapkoBa, KOTOPBIM CIIEAyeT IOHMMATh Kak
ONpEJIETICHUE AITOPUTMA.

BMmecre ¢ TeM mocTpoeHue alropuTMa B MOCIEIHEM MPUBEIECHHOM IMpUMEpE MOICKa3bIBACT
CJICYIOIIYIO0 METOIUKY pa3padboTkun HAM:

1. [TpousBecTn neKOMIO3MIMIO (pa30UeHNEe Ha YaCTH) CTPOSILIErocs alropuTMa.

B npumepe 310 crenyronme 4acTu:

1. pazzieIeHue UCXOHOTO YHCIIa U KOIINY;

2. KOIIMpPOBaHUE pa3pAaa; 32

3. MMOBTOPEHHUE TPEIBIIYIIEH YacTH 10 TOJHOTO KOMUPOBAHHUS BCEX Pa3psIoB.
2. Pemenue nmpobnem peanmzanuu Kaxaoi yactu. B mpumMepe 370 cieayromue mpoOaeMbl:

1. 3allOMUHAHNE KOIMPYEMOTI0 pa3psia - pa3psal | 3anoMuHaeTcst Kak

cumBoi "a", a paspsn 0 - kak cumBou "b"; 2. 3amOMHMHaHHE MeCTa KOMMPYEMOro pa3psja - TOMETKa eIle
HE CKONMPOBAHHOTO CHMBOJIA JIOMOJHUTEIbHBIM CUMBOJIOM "!" ¢ 3aMeHOI ero Ha CMMBOJ

"?" mpu nepeaBMIKEHUN KOITUPYEMOT0 pa3psiia U 00paTHOM 3aMEHOM MOCIIEe TIePEABUKCHUSI.

3. Ecnu wacte g peanu3anuu  SBISETCS CIOXKHOW, TO OHAa TakkKe IMOABEpraercs
JCKOMITO3UIINHN.
4. COopka peaiv3aliiy B €JUHBIN aJTOPUTM.

IIpakTyeckas padora Ne 14

Tema: Pemmenust 3aaa4 ¢ HCMOJIb30BAHHEM aJIrOpuT™MOB MapKOBa

Leab pa6oThl: HAYYUTH CTYJIEHTOB COCTABJISITh AJITOPUTMBI MapkoBa

YnpaxuHenus
1. Onpenenure HOPMAJIBHBIM aNrOPUTM, KOTOPBIM YMEHBIIAET YWUCIO Ha
EIUHULLY.
2. Onpenenute HOPMalbHBIA AJITOPUTM CIIOKEHUS JABYX JBOWYHBIX YHUCEI

MCTOJOM YMCHBUICHUA OJHOI'O YMUCJIa Ha lu YBCIUMUYCHUEM APYroro 4ucjiia Ha
1 o Tex nop,



I[MOKa YMCHbBIIACMOC YHUCJIIO HC CTAHCT paBHbIM 0.

3. Onpenenure HOPMAJIBHBIN AJITOPUTM JIOTHUECKOTO CIIOKEHHUS IBYX

JABOUYHBIX YHUCCII.

4. Onpenenute HOpMaabHBINA AITOPUTM JIOTHYECKOTO YMHOKEHUS ABYX
JIBONYHBIX YHCEIL.

5. Omnpenenure HOpMaabHBIN AITOPUTM CIIO0KEHUS IO MOAYIIO 2 ABYX
JBOMYHBIX YHCEIL.

6. Onpenenure HOpMaIbHBIN AITOPUTM MOPA3PATHOTO CIOKEHUS ABYX

JBOUYHBIX YHCECII.

7. OnpenenuTe HOpMaIbHBIN AITOPUTMBBIYUTAHHS JIBOUYHBIX YHCEII.

8. Onpenennte HOPMAIBHBIM AJITOPUTM YMHOXKEHUS JBYX JBOWYHBIX YHCET
CTOJIOMKOM.

9. Onpenenute HOPMaIbHBINA AITOPUTM JICICHHS JIBYX JTBOMYHBIX YHCET C

ONIpCACIICHUECM YaCTHOT'O U OCTAaTKa.

10.  Ompenenurte HOPMaNbHBIH AITOPUTM BBIYUCIECHHSI HAUOOJIBIIETO 00IIEro

ACIIUTEIA IBYX IBOUYHBIX YHUCCII.

11.  Ompenenute HOPMAIBHBIN AITOPUTM BBIUKCIEHHS HAUMEHBIIETO 00IIEro

KpaTHOI'O ABYX JIBOWYHBIX YHCCII. KOHTpOJIbeIe BOIIPOCHI:
1. BrinuiuTe moHaTue HOPMAJIBHOT'O aJIrOPUTMA, IMIPUBCIUTE ITPUMCPHI.

2. [Tpumenure anroputM MapkoBa Juist mpeoOpa3zoBanus cTpoku: S kymui kr AoB B T
M. Ancdasur: {a...s, A...5, npoGen, Touka} [IpaBuna:

1. A Bnenscun
2. kr Runorpamm
3. M Marasununke

4. T Gom

5. marasununkel mapeke (3aKTIOUNTETBHAS TTOCTAHOBKA) 6. B TOM JapbKe Hi TOM PhIHKE

IIpakTyeckas padora Ne 15

Tema: Haxosxkaenue Kkparyaiiero nyru Ha rpage meronom ®dopaa
Ilesb padoThI: HAYYUTH CTYIEHTOB HAXOXKICHUIO KpaTyaiiero myTu Ha rpade MeToiomM



dopna

TeopeTnyeckast 4acTh: ANITOPUTM HAXOXKACHUS PACCTOSHUS OT HCTOYHHMKA J0 BCEX BEPLIUH
- merog @opna - bemnmana
JHannsie: OpuentupoBanHblil rpad <V, E> ¢ n BepmmHaMu ¢ BbIIEIEHHBIM HCTOYHUKOM S O V,
matpuna ayr Afu, v], u, v OV (rpad He conepXuT KOHTYPOB OTpULIATENILHON AJTUHBI). Pe3ynbTarsl:
Paccrostaust OT icTOUHMKA 10 BceX BepmuH rpada: D[v]=d(s, v), vO V.
1 begin
2forvO VdoD]|[v]:=A[s, Vv]; D[s]:=0;

3fork:=1ton-2do
4forvO V\ {s} do

5foruO VdoD [v] :=min(D[v], D[u] + A [u, v]) 6 end

JlokaxkeM paBUIILHOCTH 3TOTO anropuTMa. J{is aToro o6o3naunm yepe3 d(m)(v) amuHy
KpaTJaiilero u3 myTel us s B v, cojepkamux He 6osee m ayr (d(m)(v) = [, €ClIM HE CyHIECTBYET
HU oJHOTO Takoro mytn). Torma umeem d(m+1)(v) = min{d(m)(u) +afu, v]: uO V},vO V. (1)

B camom nene, mns xaxmoro uO V oueBugHo umeem d(m+1)(v) €d(m)(u) + afu, v], npuuem
PaBEHCTBO TMOSBISETCS, KOTJIa U  SBISETCS TPEANOCISAHEH BEPIIMHOW MPOWU3BOIBHOTO
KpaT4yauiiero myTy u3 s B v. [lokaxeM Ternepb, YTO €CIIH MPH BXOJIC B OUEPEIHYIO UTCPAIIHIO [TUKIIA
3 d(s,v)éD[v] € d(m)(v) mist Bcex vO V,

(2) TO MO OKOHYaHWHM 3TOM UTEPALUU

d (s, v) € D[v] & d(m+1)(v) s Bcex v O V. (3)

JleficTBUTEILHO, TpEmoJiarasi BEIIOJHEHNUE YCIOBHS (2) M aHAM3HUPYS JACHCTBUE OomepaTropa

B CTPOKE 5, MBI BUMIM, YTO IO OKOHYaHWUU UTepauuu 1ukia 3 umeeM d (s, v) € D[v] € min{d(m)
(u) + aJu, v]: u O V}, uto, mpuHUMas BO BHUMaHHe paBeHCTBO (1) maet ycinosue (3).

OtmetnmM, 4yTo Tipu BXoae B mukia 3 mmeeMm D[v] = d 1 (v), v O V, crnegoBarenbHO, mocie
BBITIOJTHEHHSI N - 2 UTEpaluid ATOrO IUKJIa OyayT BBIMOIHATHCS HepaBeHcTBa d (s, v) € D[v] &d(n-
)(v),vO V.

Teneps gocTaroyHo mokasarb, uto d(n-1)(v) = d (s, v). DTo cnpaBeyIMBO, MOCKOJIbKY KaXIAbIH MyTh
6osiee 4eM c n - 1 gyramu COEpKUT KOHTYP, YCTpaHEHHE KOTOPOTO He YBEJINYHUBACT JUITMHBI TyTH (Belb
MBI TIPEINOJIaracM OTCYTCTBUE KOHTYPOB OTPHUIIATEIILHOM JUTHHBI). TeM caMbIM 3aKOHYCHO

34 JI0Ka3aTeabCTBO KOPPEKTHOCTH AJITOPUTMA.
O4eBHIHO, YTO BPEMEHHAs CIOXKHOCTh aaroputMa ectb O(n3). Mbl MOXKeM, KOHEYHO, 3aKOHYHUTh
BBIYHCJICHHSI, KOTJa BBIMOJTHEHUE LWKIA 4 HEe BBI3BIBACT M3MEHEHHUS HH OJHOW M3 MEPEMEHHBIX
D[v], v O V. D10 MOXeT HacTynuTh g K < n - 2, ogHaKo Takas MOIU(UKAIUS aJIrOpuT™Ma HE
M3MEHSIET CYIIECTBEHHBIM 00pa3oM ero ciokHocTu. Jlyis penkux rpadoB (m << n2) ymoOHee
npenctaBisTh rpad crnuckamu uHIEaeHtHocty TIPEJIII[v], v O V. 3amensst ctpoky 5 Ha for u
OITPEJII[v] do D [v] :=min(D[v], D[u] + A [u, V]), Toxy4aem aJropuTM cO CIOKHOCThIO O(nm).



Pabota anropurma ®opnaa - benmana npousutrocTpupoBaHa Ha cieaytomeM pucynke (V = {1, ...,
5}, Beca Iyr JaHbl 4YHCIaMU B CKOOKaxX, IUKJIbI 4 W 5 BBHINOJHSIOTCS B IMOPAIKE BO3PACTAHUS

HOMEPOB BEPILUH).

- = Ky I3'__! E |
0 ¢ w 3
0 o0 2 3 8 t!“l ,r \\35

A=l ¢ o 1 =5 \ Ii“r ,ul
W W 2 W w

. |3:| x‘ v ﬂ ﬁ \\ i JT
_ﬂl:l 0 ¢ 45 l:i'J_ \_._,f 3/
3 (<)

k D[1] D[2] D[3] D[4] DI[5]
0 1 F F 3

1 0 1 4 4 1
2 0 1 4 3 1
3 0 1 4 3 1

3agaum AJ1sl CAMOCTOSITEJILHOTO peleHust

3aoanue HailTm munHumanbHoeOCTOBHOE IEPEBO, HCTONB3YS alIroput™m 1)

Kpyckana, 2) [Tpuma.

3aoanue Hakitu KpaT‘IafIIHHC IIYTH OT BCPIIMHBI-UCTOYHHKA § JO BCEX OCTAJIbHBIX BCPIIWMH

kak MeronoM Popra-bemnmana, Tak 1 MeTooM JIeHKCTPBI.
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3amaHue Ha 3aHSITHE:
1. OnpenenuTh KpaTuaiime myTH MKy 3aJaHHbIMU BepiirHaMu S U T 17s rpada MmeTogami -

®opna-bennmana - JledkcTpbl

1 2 3
6 2
4 5 6
0
7 8 9 0 45
0 26
2 0 4 1
3 2 04
0 55
1 3 04
2 401

10

Bamanne 1: S=1; T=09.
Bamanne 2: S=9; T =1.

IIpakTnyeckas padora Ne 16

Tema: AIropuTM NOCTpOCHUE MAKCUMAJIBHOI0 MOTOKA



Heﬂb paﬁoTbI! HAay4YUTb CTYACHTOB IIOCTPOCHUIO MAKCHMAJIbHOTO IIOTOKAa Ha CCTAX

Teopenmecxaﬂ yacThb: Beeaem r[zag]z npupancHud I(N’ Q}} ClIcayroumum 06pa30M:

Bepmmnbl B rpade Te ke, 4To U B CeTW, a Ayr B JBa pasa Gombie, npudem "¢ €A
3
1
COOTBETCTBYIOT HOpMaJbHAas ayram  oOpamieHHas Ayra % | JUIMHBI  KOTOPBIX,
OIpeEIICHBI

_[0.¢da) < 8la) ) = 0.¢ka) > afa)  ppapwom: 36 OyIeT MAKCUMAaJIbHBIM,
o O )= 8 MO e = ate) &

vV @ 1w, )
B MNoToK .
HYJICBOU

HET IMyTeu U3

JJINHBI. AJ'IFOpI/ITM MMOCTPOCHUA

MaKCHUMAaJIBbHOI'O ITIOTOKA

1. 3azaHue HayaJabHOIO JOIyCTHUMOI'O IOTOKA @

2. =0
W { .
3. Iloctpoenue rpacda npupaiieHui .4 }
A IV.q)
o B
4. OmpeneneHue KpaTyanmiero paccTostHUST U
COOTBETCTBYIONIEH eMy LIeTIH C;-KpaTqaﬁmero MyTH.
. <00
5. Ecmm , To BeImomHEHHE 11.6, MHAaYE BhIOJHEHHE 11.10.
o C e .
no uenu . Fa =R+
By = @ T10; i=i+1
6. Crpoum MPOCTOM MOTOK

7. (B oOmem cimydae: ).
8.

9.  Ilepexomum k nmyHkTy 3. 10.
OxoHuYaHuE aJIropuT™MA.

AJTOPUTM OTBICKaHMSI MAaKCUMaJIbHOTO MOTOKA B MPOU3BOJBHBIX CETSIX C OIpPaHUYEHHBIMHU
MPOITYCKHBIMH CTIOCOOHOCTSMHU

Ecnun HaM u3BECTEH HEKUU ﬂOHYCTHMBIﬁ IIOTOK B CCTH v , TO 6epeM €ro B KadycCTBC
HAa4YaJIbHOT'O U UCIIOJIb3YyEM Hpenbmymnﬁ AJITOPUTM.

PaCCMOTpI/IM BOITPOC HAXOXACHHA HAYAJIbHOI'O JOIIYCTHUMOI'O ITOTOKA:



I[J'IH HaxXOXIACHUS HAYaJIbHOI'0 IIOTOKAa CTPOUM BCIIOMOIaTCJIbHYIO

1
KOTOPOH  MHOXECTBO BEpIIHH " Brtrouaer, KpoMe Vo eme 2

JOIOJIHUTJIbHBIC BEPIIWHBI

NI {VI ; ﬂl]
CCTh
Yoo Ve

e {v,w]

a MHOXecTBO ayr -1 ompemensercs ciemyomuM oGpa3oM: Kaxaoil ayre —Oymer

COOTBETCTBOBATH 3 IyTHU:

a'ss fuow) as{v,w) a's v

Bles (0, )

7 7

Kpome Toro gobasnsem ayry

[IponyckHbIe CIOCOOHOCTH OMPEIEISIOTCS CISAYIOIUM 00pa3oM:

eila =aia" =a(aM=a't"=0

B'la) = fla) ~ela)
plla") = f'a") = e:la)

“(b) = K
preY=K K

e, 4

Torma cets

Onpenenenue. JlonyCcTUMBII TOTOK

Vsl

- TpaHCIOpTHas.

L]

13 HOBOIO HMCTOYHHKA

vy @'la") = f1a")

Ha3bIBACTCA HACBIIICHHBIM, €CJIU JIA BCCX YT U3

- 0YeHb OOJIBIIIOE [EJIOE YUCIIO.

B HOBBIM CTOK

¢'(a") = §'(a")
n

(nn
g pla) =g'la)+ela)
, TO TOTOK
@ ')
, @ €T0 BeJIMYNHA PaBHIETCS .
).
B CETHU

Teopema. Ecnu ¢ HACBIIIEHHBIN IIOTOK U3

Ya € A gpngerca JIOITyCTUMBIM M3

MV
B
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AT AT
Ecmn ¢ MaKCUMaJIbHbI, HO HEHACHILICHHBIH B CETH ,TOB HET JOILyCTHUMBIX

IIOTOKOB BOOOIIIE.
IIpakTuyeckas pa6ora Ne 17
Tema: IlocTpoeHre MAKCMMAJILHOTO MTOTOKA HA CETHX
ean padoThl: HAYYUTH CTYJIEHTOB MTOCTPOEHUIO MAKCUMAJIBLHOTO MTOTOKA Ha CETSIX

YnpaxHeHus

1. JloGaBbTE CTOMMOCTH B KJIaCC JAOIMYCTUMBIX IMOTOKOB U3 YIPaKHEHUS
22.74. Jlns pemieHUsl 3a1a4d O JOIMYCTUMBIX IMOTOKAaX MHUHUMAaJIbHOM CTOMMOCTH
Bocnoab3yiitech kiaccom MINCOST.

2. [lpuBenure Oonee TOYHYIO BepxHIOW Tpanuiy, dyemM ECM, mns
CTOMMOCTH MaKCHMaJIbHOTO MOTOKa B TPAHCHOPTHOW CETH, HE Bce pedpa KOTOpOH
HUMEIOT

MaKCHUMAaJIbHYO MPOIYCKHYIO CIIOCOOHOCTh U MaKCHMaJIbHYIO CTOUMOCTD.

3. JlokaxxuTe, YTO €CJIM BCE MPOIMYCKHBIC CIMOCOOHOCTH M CTOMMOCTH
BBIPQKEHBI MEJIBIMH YHCIAMH, TO 3aJa4a O MHUHHMAaJIbHOH CTOMMOCTH HMEET
peleHne, B KOTOpOM Bce

INOTOKH MMCIOT ICJIOYHUCICHHBIC 3HAYCHUA.

4. Peanusyiite  QyHKIHIIO negcyc() UL TPOrpaMMbl
22.9,
BOCTIOJIb30BaBIIUCH

anroputMoM bennvana-®opna (cMm. ynpaxuenue 21.134).

5. 3aMeHuTe B rporpamMme 22.9 HHUIMATU3AIMIO0 BEIYUCICHUEM ITOTOKA

Ha

MHUIIAIIA3AIHIO TIOTOKOM B (PUKTHBHOM pedpe.

6. HpI/IBCI[I/ITe BCC BO3MOJKHBIC ITOCJIICAOBATCIIBHOCTU PACHIUPAROIINX

ITUKJIOB,

KOTOpbIE MOTJIH OBl OBITH TOKa3aHbI Ha puc. 22.41.

7. HpI/IBCI[I/ITC BCC BO3MOKHBIC IMOCJICAOBATCIIbHOCTHU PACIIUPAIOIINUX

LIMKJIOB,

KOTOpBIE MOTJIH ObI OBITH MOKa3aHbI Ha pUC. 22.42.

8. [Tokaxkute B ctuie puc. 22.41 NMOTOK M OCTATOYHBIE CETHU IOCIE
KaXXI0Tro

49



paciIMpeHusl MpU HUCIHOJIb30BAaHUM Nporpammbl 22.9 (peanuzanusi airoputMa BbIYEPKUBAHUS
IIUKJIOB) JUIS OTHICKaHUSI TIOTOKAa MUHUMAJIBHON CTOMMOCTH B TPAHCIIOPTHOW CETH, M300pakeHHOU
Ha puc. 22.10. Pebpa 0-2 u 0-3 umerot croumocts 2, pebpa 2-5 u 3-5 - croumocts 3, pebpo 1-4 -
cTouMOCTh 4, a Bce oOcTalbHble pedpa - eIMHUYHYI0 CcTOMMOCTh. Ilpeamonaraercs, 4TO
MaKCHMaJbHBIN MMOTOK BBIYUCIISETCS C IMOMOIIBIO aJlTOPUTMa, KOTOPBIM MCHOJIB3yeT KpaTyailiine
PaCIIUPSIOLINE ITyTH.

0. Bemmonuure  ympaxuenwe 22.112 B OpeAnoiOKEHUH,  YTO
rporpamma

Ha4yMHAeT paboTy ¢ MaKCUMaJIbHBIM MTOTOKOM B (PMKTUBHOM pebpe U3 UCTOKA B CTOK, Kak

MOKa3aHo Ha puc. 22.42.

10.  HdoOaBbTe B pemieHust ynpaxHeHud 22.6 u 22.7 o00pabOTKy
CTOMMOCTEN

B
TPaHCHOPTHBIX CETSIX.

11.  JlobaBbTe B pemeHus ynpaxHenuit 22.9-22.11  o0paboTKy
crouMocTei B ceTsix. HasHaubTe KakaoMy peOpy CTOMMOCTB, MPHUOIHU3UTENBHO
MPONOPLHUOHATIBHYIO €BKIMI0OBOMY PACCTOSHUIO MEXKIY €r0 BepIINHAMU.
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Puc. 22.41. Ocrarouynsie ceTu (BBIYCPKUBAHUE IIUKIIOB)
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Puc. 22.42. BoluepkuBaHue HUKIOB 0€3 HAYAJIIbHOTO MaKCUMaJIbHOI'O TOTOKA

IIpakTHyeckas padora Ne 18

Tema: IlocTpoeHne 0CTOBHOIO epeBa

Leab padoThi: HAYYUTH CTYACHTOB IOCTPOEHUIO OCTOBOT'O JIEPEBA.

Teopernueckas yacthb: [Ipennonoxum, 470 HEOOXOAUMO MPUHATH PEIIEHUE, CBSI3aHHOE C
OpraHM3alel CeTH KOMIBIOTEPOB B PA3IUYHBIX TEPPUTOPUATIBHBIX IyHKTaX. OTO pELIECHHUE
ABJIIETCS IOBOJIBHO CJIOKHBIM M 3aBUCUT OT OOJIBILIOr0 KoJindecTBa (PaKTOPOB, KOTOPBIE BKIHOYAIOT
B ce0sl BBIYMCIIMTENIBHBIE PECYpPChl, JAOCTYIHBIE B KaKOM IYHKTE, COOTBETCTBYIOLIHE YPOBHH
NOTpPeOHOCTEH, MUKOBBIE HArpy3KM Ha CHUCTEMY, BO3MOXKHOE HEI(P(HEKTHBHOE HCIIOIb30BaHUE
OCHOBHOTO pecypca B CHUCTEME M, KpOME TOro, CTOMMOCTh IpejaraeMoil cetu. B 3Ty cTouMocTb
BXOJIIT MpUOOpeTeHre 000pyJOBaHMS, MPOKIAAKA JIMHUN CBSA3H, OOCITY)KMBAHUE CHUCTEMbI U T.H.
Heo0xoanmMo onpeaenuTb CTOMMOCTh TaKOH CETH.

Hetpyano Buaeth, 4to copMyIupoBaHHas 3/€Ch 3aj]aya UMEET MHOTO JIPYTHX aHaJOrOB.
Hampumep, TpeOyeTcsi COeTMHNUTh HECKOIBKO HACENEHHBIX MyHKTOB JIMHUSAMH TeIe(OHHOU CBSI3U
TakuM 00pa3oM, 4TOOBI BCE THU MYHKTHI OBUIHA CBS3aHBI B CETh, H YTOOBI CTOMMOCTH MPOKJIAIKU
KOMMYHHKaIMK ObUTa MUHMMaIbHOM. BMecTo TeneOHHBIX TUHHUIA MOKHO TOBOPUTH O NMPOKIIAJIKE
BOJIONIPOBOHBIX KOMMYHHUKAIIUNA, O CTPOUTENIBCTBE JOPOr W T. 1. PemieHune momoOHBIX 3amad
BO3MOYKHO C MCTIOJIb30BaHHEM Teopuu Ipados (cereid).

ITycts G=(V,E)- CBA3HBIII HECOPUSHTUPOBAHHBIN rpad), CoIEPKAIINKA ITUKIIBI, T.C. 3aMKHYTHIC
MapuIpyTsl, riaeV — MHoOecTBO BepiiuH, a E— mMHOXkecTBO pedep. OCTOBHBIM (IOKPHIBAIOIINM)
JIEpeBOM Ha3zbIBaeTcs noarpad, He COAEp AU ITUKIOB, BKIIOYAIOIINN BCE BEPIIMHBI UCXOIHOTO
rpada, Ui KOTOPOTO CyMMa BecoB pedep MUHIMAJIbHA.

BBeneM noHsATHE IUKIOMATHYECKOTO 4Kcia () MOKa3bIBAIOIIET0, CKOJIBKO pedep Ha rpade
HY>KHO yJaJUTh, YTOOBI B HEM HE OCTAJIOCh HM OJHOTO HMKIia. [{ukiIomMaTHueckoe YUCIIO paBHO,
YBEIIMYEHHOW HAa €IMHUIY Pa3HOCTH MEXIY KOJIMYECTBOM pedep M KOJMYECTBOM BEpIIMH rpada.
Y=1n - m +1, TIen— Koam4ecTBO pedep , m— KOJTUIECTBO BEPIIHH,

Hanpuwmep, s rpada, n300pa’keHHOTO Ha PUCYHKE, IUKIOMAaTHYECKOE YHCIO PaBHO
y=n-m+1=7-5+1=3

SN

7635
6
3TO 3HAUUT , YTO

Tpu pebpa, 10 B
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ecnu Ha rpade yoparts 2 4

HEM HC OCTAaHCTCA HU

OJTHOTO IIMKJIa, a CyMMapHBINA Bec pedep paBeH 14.

JlJ11 mocTpoeHUsl OCTOBHOTO JiepeBa rpada ucnoib3ytorcs anroputmel Kpyckana u Ipuma.

Ha pI/ICI I[MOKa3aHa CXEMa aJiropurMa prCKaJ'Ia.
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Haua1o

SORT e;
i=1
Bribop e;
Hem
Vi ViEW, Bxﬂmq}:mrﬂ e;
W.=W LW
da
Hem
i=i-1 W=V
Ha
Koneu

Pric. 1. Czxema amopHtMa Kpycxae

bnok Sortempennonaraer mnpenBapuUTEIbHYI0 COPTHPOBKY BECOB pebep B HOPSIKE HX
BO3pacTaHus. B Hauanme paboThl anroputMa MpearnoiaraeTes, 9To B HICKOMOM OCTOBE HE ITPOBEICHO

HHU OZIHO peOpo (T.e. OCTOB COCTOUT U3 M30JIMPOBAHHOIO MHOXECTBA BEPIUUHVI, V2, ... Vm, TJCHI-

sl et ol

KOJINYECTBO' B p{,n tpada). IlosTo y}chTaeTCﬂ, 4TO MHOXKeECTBO VY S MMeeT BUJI: , TJIe 0003HAaYaeT
MHOXKECTBO, cocrosimee uY ienuncTBeHndt N3dTiMpoBanHoil Bepmmubl . IIpoBepka mpeamonaraet
ycTaHOBNICHN¥ kB¥KTa: BXOAAT JIM BEPIIMHBI BO MHOXKECTBO KaK W3OJUPOBAHHBIC, WIM OHU CaMH

BXOJIAT B TIOJIMHOKECTBA MOC TETNEHHO yBeInInBaomu¥Xes CHA3HBIX BEPIINH , KaXI0€ U3 KOTOPHIX
umecW, = {...,\qk . } W, = {...,V, ,}

BUJI: "

Ecnu o0e BepmmHbl comepkaTcs B OJHOM M3 MOJMHOXECTB , TO pebpo (k,J)B ocTOB He
BKJIFOUAETCS, B TPOTHBHOM CIy4ae JaHHOE peOpo BKIIOYAETCS B OCTOB, a MHOXECTBA
oobenuHstoTCs. PaGora anropurma Kpyckana 3akaHumMBaeTcsi, KOTJa MHOXKECTBO COBIAAET IO
MOIIIHOCTH C MHOXECTBOM V- MHOKeCTBOM Bcex BepimiuH rpada. HerpyaHo Buaerb, 4TO 3TO
IIPOU30IIET, KOT1a BCE BEPIIUHBI I'pad)a OKaXKyTCs CBA3HBIMHU.

IIpumep 1.IlycTe nana cxema MUKpoOpanoHa.



Heobxonumo coeanauTth 1oma TenedOoHHbIM KadeneM, TaKuM 00pa3oM, 4ToOb! ero JuinHa 42 Obuia
MUHHUMAJILHOM.

Cxemy MUKpOpalioHa MPEICTaBUM B3BEIIEHHBIM

() |
< O N~

/QQQ :

OmnpenenuM nuKIOMaTH4Yeckoe yucio rpagay =n—m+1 =
10-6+1=5,

T.€. Ha Tpade HeoOXOMMO yIaIuTh 5 pedep.
[TepBoHauabHO KaXkJash BEPIIMHA HCXOJHOTO Tpada MOMemaeTcs B OIHOJIEMEHTHOE
MOJIMHOKECTBO, TO €CTh CYMTACM, UTO BCEC BEPIIMHBI H30JIMPOBAHBI, T.€ HE CBSI3aHBI.

Pe6po BKJIFOYACTCS B OCTOBHOC JICPCBO, €CJIM OHO CBA3BIBACT BCPIIMHBI, IIPUHALJICIKAIINUC
Pa3HbBIM MOAMHOXECTBaM, ITPHU 5TOM BECPHINHBI 06’[36211/IH$H-0TC$[ B HOBO€ ITIOAMHOXKECTBO.

Pe6po MHoxecTBa BepIIUH Onepauus
ec

{V15,{V2},{V3},{V4} .{V] (ve}

V2,V3} (V2,V31,{V1},{V4},{V5},1ve! | Bk
(V4,V6} (V2,V31,{V4,V6},{V1},{V5: | Bk
(V1,V4} fV2,V3},{VI,V4,V6!,{V5} Bk

OOy 4e :




V3,V4} {V1,V2,V3,V4,V6},{V5} B

{V2,v4} Hcko.

{V3,V5} {V1,V2,V3,V4,V5,V6} BxuL.

B Ta6J'II/II_Iy IIOCJICA0BATCIBbHO BKIIFOYAIOTCA pe6pa B IIOpAAKE BO3paCTaHUA UX BECOB.

Pebpo{V2,V3} cBsa3biBaeT ABe BEpIIMHBI, IPUHAUIEKAIINE pa3HbIM MoAMHOXKecTBaM{V2} u {V3}.
[TosTomy peOpo BKIIOYaeTCs B OCTOBHOE JIEPEBO, @ BEpIIMHBI OOBEIUHSIOTCS B OJIHO
MOJAMHOXKeCcTBO{ V2,V3}.
Pebpo {V4,V6} Taxke cBA3BIBAET BEPIIMHBI U3 PAa3HBIX MOJMHOKECTB, OHO BKJIIOYAETCS B
OCTOBHOE JIEPEBO, a BEPIUIMHBI 00pa3yroT MoaMHOkecTBO{V4,V6}.
Bepmuaer V2 uV4 HaxomsTcs B OJHOM TMOAMHOXECTBE, To3TOMYy pedbpo {V2,V4}
UCKJII0YaeTCs U3 paCCMOTPEHMSL.

Anroput™M 3akaHuMBaeT paboTy, KOrja BCE BEPIIMHBI OOBENMHSAIOTCA B OJHO MHOXECTBO,
IIPY 3TOM OCTaBIIHECsS pedpa He BKIIOYAIOTCS B OCTOBHOE JIEPEBO.

[TocnenoBarenbHO MpocMaTpUBas TAOIUILY, IIOIYIUM CXEMY COEIWHEHHS Tele()OHHBIM Kabenem

JIOMOB B MUKPOPalOHE.

1 2
2
3
B merone Ilpuma or wucxogHoro rpada

NEPEXoauM K €ro npcacTaBICHUIO

B BUje MaTpuibl cMexHocTH. Ha rpade BeiOupaercs peOpo MuHHMManbHOro Beca. BriOpanHOe
pebpo BMecTe ¢ BepIIMHAMU OOpa3yeT NepBOHAYAIbHBIA ()parMEHT OCTOBHOTO JepeBa. 3aTeM
AHATM3UPYIOTCSA JUIMHBI pedep OT KaKIOH BEpIIMHBI ()parMeHTa JI0 OCTABIIMXCS HEBBIOPAHHBIX
BepiMH. BriOupaercs MUHUMaNbHOE PeOpo U MPUCOCTUHSICTCS K IEPBOHAYAIILHOMY — (pparMeHTy, u
T. II.

[Ipomecc mpomomkaeTcsi 10 TeX IMOp, MOKa B OCTOBHOE JEpeBO He OyIyT BKIIOYCHBI BCE
BEPIITUHBI UCXOHOTO Tpada.

ITIpumep 2. ITycTh nana cxema KOMIIBIOTEPHOM CETH.
Heo6xonumMo coeaMHUTh KOMIBIOTEPHl TaKMM OOpa3oM , YTOOBI JJIMHA NMPOBOAKH OblIa
MUHHUMAJIBHOU.

\/ 12
10 6
34
1
Onpeaennm LMKAOMaTUYecKoe Ynucno rpada:



Y=n—
m+1

=8-5+1=4
HeBbiOpaHHbIe BepIIMHBI
BbiOpannbie
V2
BePIIUHBI
V1 V3 V4
V5 10 6 7 11
sk
V2 1 7 3
Vi * * 2 3
*
V3 * * 3

[Ipy mpocMoTpe CTPOKM TaONMIBI HAXOJWM MHUHUMAJbHYIO BEJIWYMHY Beca pebpa,
BbIIETIsIEM €€ U OOJIBIIIE ATOT CTOJIOCI, B KOTOPOM HAXOAMTCS dTa BEJIMYMHA, B PACCMOTPEHUU HE

y4acTBYeT.

J171st moCTpOeHUsI OCTOBHOTO JiepeBa HEOOXOAMMO MIPOCMOTPETH CTONOIBI TAOIUIIBI CHU3Y
BBEpX U

//\ 3a(pUKCUPOBATH epBoe

MOSBJICHHNE MUHUMAIbHON BEJIMUNHEL.

Aepeso MVIHMMalﬂbHOI'OZBeca. B urore TIONYYNM

6 OCTOBHOC

3

44 3a0anue
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I[J'ISI IMPOBCACHUA pa6OTLI HCO6XOJII/IMO BBIIIOJIHUTB CJICAYIOMIUC JIeHCTBUSL.

1. 3y4nTh OCHOBHBIE TIOHATHS TeOpHUHU TPadoB
[yTts k daitny: D:\UTTOBC\AuCA\OSTOV\Teopus rpagos

2. Bei3Bath cuctemy Ostovl, Briatouaronyto B ce0s n3yuenne MmeronoB Kpyckama u I[Ipuma. ITyTh
¢aiiny: D:\UTTOBC\AuC/I\OSTOV\Ostov1

Cucrema paboTaeT B IMAJIOTOBOM PEXKHME C HCIIOIB30BaHUEM “‘MeHI0”. Best HeoOxoaumast
uH(pOpMaLus BO BpeMst pabOThl CUCTEMBI OTOOpa)kaeTCs Ha KpaHe TUCILIes U He TpeOyeT
CHEIHAbHBIX NOSICHEHUH.

Hns tpados, comepxammx 10 m 12 BepmMH MOCTPOUTH OCTOBHBIC JIE€PEBbS IBYMS
METOIaMHU.

ITo oxoHUanuu paGOTBI BBICTABJISACTCA OLICHKA.
3. Bei3Bath cuctembl Ostov2 u Ostov3 mis uccienoanust MmerogoB Kpyckana u [lpuma. Ilyts k

¢aitny: D:\UITOBC\AuC/I\OSTOV\Ostov2 (Ostov3 ) Pe3ynbraThl 3anucath B TETPab.
TpeGoBanus Kk oryéry OTulT JTOJKEH

COJIePIKaTh:
1. KOHCTICKT JIa0OpaTOpHOU paboTHI;
2. npumMepsl padboTel MeTo10B Kpyckana u [Ipuma;
3. pe3yNbTaThl BHINOTHEHHS paOOTHI;
4. BBIBOJIBI 110 paboTe;

KoHTpoJibHBIE BOOPOCEHI

1.  Yto moHMMAaeTCs MOJ OCTOBHBIM J€pPEeBOM?
2. Kaxkossl ocobennoctu metonioB Kpyckana u [1puma?

3. 3. B 4ém cOCTOMT METOAMKA aHAJIM3a CII0KHOCTH AJITOPUTMOB ITOCTPOEHUS
OCTOBHOTO JiepeBa rpada?
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