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IosicHuTe/IbHAA 3anIMCKA

Jns MHOTMX CTYJEHTOB 3HAYUTENIbHYIO TPYAHOCTb MPEACTABISIET pELIEHUE 3aj]ad.
[ToaToMy B TaHHBIX METOAMYECKUX YKa3aHUAX ITIABHOE BHUMAHHE YJIEJICHO PEIICHUIO TUIIOBBIX
MPUMEPOB U 3aj7a4, MOSICHSIOIIMX TeopeTuueckud martepuan. OJIHAKO MpexXae 4eM HayaTh
pemars 3TH NPUMEPbl HAI0 MOOUTHCS TOIHOW SCHOCTH B MOHUMAaHHHM COOTBETCTBYIOIIMX
TTOHSITUM.

B Hauane kaxaol TeMbl KpaTKO H3JIAralOTCd OCHOBHBIE TEOPETUYECKHE CBEICHMS
(ompenencuus, GOpMyIbI), HEOOXOIUMBIC HJsl PEIICHUS IMOCICAYIOMMX 3anad. [IpuBomsTcs
pelIeHus: THIOBBIX MPUMEPOB U 3aAau. JlatoTcs ynpakHeHHs Ha 3aKpPEIJICHUSI TEMBI.

BrImonnHeHne CTyICHTaMU IPAKTHYECKUX padOT HANIPABIICHHO Ha!

- 00001IeHNe, CUCTEMATH3AIIHIO, YTIIyOJIeHUE, 3aKPETUICHUE TTOMYyUYEeHHBIX TEOPETHUECKUX
3HAHUI MO0 KOHKPETHBIM TEMaM;

- ¢popMuUpOBaHUE YMEHUU MPUMEHSTH MMOJYYCHHBIC 3HAHUS HA MPAKTUKE W PEATH3AIHIO
€IMHCTBA UHTEJUICKTYaJIbHON U TIPAKTUIECKOM JCSITEIIbHOCTH;

- pa3BUTHE HHTEIICKTYaJIbHBIX YMEHUU Yy OyAyIIMX CHEIHAIMCTOB: aHAIUTHYECKHX,
MIPOCKTUPOBOYHBIX, KOHCTPYKTUBHBIX H JIP.;

- BBIPaOOTKY INPHU PEIICHUH IMOCTABICHHBIX 33724 TaKUX MPOQPECCHOHAIBHBIX KadecCTB,
KaK CaMOCTOATEIbHOCTh, OTBETCTBEHHOCTh, TOYHOCTh, TBOpYECKAs] HHUIIMATUBA.

B pesynbrare ocBoeHUS yueOHOM NUCIMIUIMHBI O0YYAIOITHIICS JOJIKEH YMETh:

— BBIIIOJHATH ONEpalMd HaJ MaTpULlAMU M pEeIIaThb CHUCTEMbl JIMHEHHBIX
YpPaBHEHUM;

— MPUMEHATH METObI AU epeHIINaTFHOTO U HHTETPATbHOTO UCYUCIICHUS;

— pemath auddepeHInanbHble ypaBHEHUS;

B pesynbprare ocBoeHUS yueOHOM NTUCIMIUIMHBI O0YYAIOIIHIICS JOJIKEH 3HATh:

- OCHOBBI MaTEeMaTUYECKOTO aHallu3a, TUHEHHON anreOpbl U aHAIMTHYECKOM
reOMEeTpHH;

- OCHOBBEI ,Z[H(i)(I)epeHI_[I/IaJ'IBHOFO H UHTCTPAJIbHOI'O UCUUCIICHUS.

IIpakTnueckas padora Ne 1

Tema: Onepauuu Hag MaTPpULIAMHA

Heanb: HayuuTbcs BBIUMCIATH ONEPALMM HAJ MaTPULIAMU.

Teoperudecknii 6,10k Omnpenenenue. Marpurield U3 m CTPOK, N CTOJOIIOB HA3BIBACTCS
NpSAMOYTOJIbHAsl TaOMUIAa YHUCeN ; - 3JEMEHT MaTpUIlbl; 1-HOMEp CTpPOKH; i=l,...,m; j-HOMep
crosbia, j=1,...,n; m, n — nopsaaku Marpuuel. [Ipy m=n - kBagpaTHast MaTpuLa.

Omnpenenenne. OnpenenuTesieM n-ro Nopsaka, COOTBETCTBYIOLIMM MaTpPULIE, HA3bIBAETCS
YHCIIO.

JIy1s BBIUMCIIEHUS ONPEEIIUTENSI MOKHO MCIOIb30BaTh AJIEMEHTHI IPOU3BOJIBHOM CTPOKU
WY cTOJIONA.

OnpeneneHHe. AHF€6paI/I‘{eCKI/IM AOMNOJHCHHUEC J3JICMCHTA HA3bIBACTCA YHUCJIO, PABHOC .

Onpenenenue. JOMoMHUTENBHBIM MHMHOPOM  3JEMEHTa  MaTpulbl  Ha3bIBAETCS
OIpENeNINTEeNIb MATPULBI N-1-TO TOpPsAKA, TMOJyYEHHBIH W3 MaTpULbl BBIYCPKUBAHUEM i-OH
CTPOKH U j-TO CTONONA.

TpaHcrioHMpOBaHNE MaTPHIIBI — TAKOE IPE0Opa30BaHUE MATPUILIBI, IPU KOTOPOM CTPOKHU
CTAHOBATCA CTOHGHaMI/I C COXpaHCHUEM MOPsJaKa CIICAO0OBAHUA.

CBoiicTBa onpeaenuTenei.

[Ipu TpaHCIOHMPOBAHUY MATPULIBI ONIPEACIIUTEIIb HE MEHSACTCH.

[Tpu nepectaHoBKe JTHOOBIX IBYX CTPOK (CTOJOIIOB) ONpPEAETUTENb MEHSIET TOIbKO 3HAK.

[Ipn ymHOMXeHUM CTpOKHU (CTOJIOIA) HA HEKOTOPOE YUCIIO ONPENEIUTENh YMHOKAETCS Ha
3TO YHCIIO.



Benuunna omnpenenurtenss He H3MEHSETCS, €CIU K BJEMEHTaM HEKOTOpPOH CTPOKHU
(cronbia) mpubaBUTH COOTBETCTBYIOIINE SJIEMEHTHI JPYTON CTPOKHU (CTONOIA), YMHOKEHHON Ha
HEKOTOPOE YHCIIO.

Onpenenurens paBeH HYIIO, €CIIU

- BCE AJIEMEHTHI HEKOTOPOI CTPOKH (CTONIOIA) paBHBI HYIIIO.

- IB€ CTPOKH (cTOI011a) OJTMHAKOBBHI.

- IB€ CTPOKH (CTOJ011a) ONpeaeauTeNs IpONOPIUOHATHHBIL.

MeTo/1bI BBIYHCIICHUS ONIPEICTUTEINCH.

1). PaznosxeHue mo CTpoKe WiIn CTOOIy.

2). Meron oOpailieHus B HYJIb BCEX, KpPOME OJIHOTO, RJIEMEHTOB CTPOKH WJIM CTOJOIIA.
MeToa COCTOMT B TOM, YTO C yYE€TOM CBOMCTB OMpEICIUTENS MPH TOMOIIM KaKOro-iuoo
cTosbna (CTpOKH) MyTEM YMHOXKEHHUS €r0 Ha COOTBETCTBYIOIIME YMCIA U BBIUUTAHUS W3
OCTaJbHBIX CTOJOIOB (CTPOK), 3aHYJISIOTCS BCE DJIEMEHTHI BRIOPAHHOUN CTPOKH (CTOJIOIA) KpOMe
OJTHOTO, TIPUHA/IJICKAIIETO BEIYUTAEMOMY CTOJIOITY (CTpPOKE).

3). Meron mnpuBeneHUs K TPEYroJbHOMY BUAY. AJITOPUTM, TMpPEAJIOKEHHBIM B
MpeIbIAyIIeM IYyHKTE, HCHOJb3yeTcs ISl IOCIEeI0BAaTENIbHOTO 3aHYJIEHHUS BCEX JJIEMEHTOB
MIEPBOM CTPOKH (CTOJIOIA) KpOME OJTHOTO, BTOPOM CTPOKH (CTOJIONA) — BCeX KpOMe IBYX U T.1. B
UTOTE OMpEeNeNUTeNh Mpeoldpa3yercs K TpeyroJbHOMY BHUIy. BenumunHa Takoro ompenenuTens
paBHa MPOU3BECHHIO 3JIEMEHTOB IVIABHOM JMaroHaH.

4). BplunciieHHMEe C HCIOJIB30BaHMEM TeopeMbl Jlammaca, COTJIaCHO KOTOPOW
OTIPENIENIUTENh - TO TOPSAIKA paBEeH CyMMe IPOHM3BEICHUI BCEX €ro MHHOPOB -TO IOPsIKa,
CTOSILIMX B BBIICTICHHBIX CTPOKax (CToi0ax), HAa UX anredpanveckue TOMOTHEHHUS.

Martpuiipl, onepanuu HaJl MaTpULIAMU

Omnpenenenue. CymMMOii  MaTpull OJHOTO TMOpsAKa Ha3bIBAeTCsl MaTpHIla c
3JIEMEHTaMH , I/1e

Omnpenenenue. [lpousBeneHneM MaTpullbl Ha YUCIO Ha3bIBAe€TCS MaTpUlla TOTO Ke
MOPSAKA C DIEMEHTAMH .

Omnpenenenue. llpousBeneHueM MaTpullbl Ha MaTpHIly Ha3bIBaeTCs MaTpuiia ¢
AIIEMEHTaMH , T/Ie

3agaHus AJs pelieHUs HA 3aHATHH
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Brerancauts OIPCACIIUTCIIb:

IIpakTHyeckas padora Ne2
Tema: Boruncienue onpenenureneil. Haxosxaenue o6paTHoii MaTpuubl

Heab:  HAYYUTHCA BBIYUCICHUIO OIpPEACIUTEICH, BBIUUCIATH OOpaTHYIO
MAaTpHUILY
Teopernyeckuni 0J10K Omnpenenenue. Onpenenurenem n-ro HOpsJIKa,

COOTBETCTBYIOIIUM MaTPUIIE , HA3BIBACTCS YHCIIO .

JIJist BBIYUCIIGHUST ONIPEICIUTENS] MOKHO MCTIOIB30BaTh AJIEMEHTHI MPOU3BOJILHON CTPOKH
WJIU CTOJIOIIA.

OnpeﬂeneHI/Ie. AHF€6paI/I‘{eCKI/IM AOMNOJHCHHUEC 3JICMCHTA HA3bIBACTCA YHCJIO, PABHOC .

Onpenenenre. J[OMOTHUTETBPHBIM MHHOPOM  3JIEMEHTa  MATPUIBI  HA3bIBACTCS
OIpENIENINTEeNIb MATPULBI N-1-TO TOpPs/AKA, TMOJyYEHHBIH W3 MaTpULbl BBIYCPKUBAHUEM i-OH
CTPOKH H }-TO CTOJOIIA.

TpaHcnioHMpOBaHNE MaTPHIIBI — TAKOE IPEOOpa30BaHUE MATPUIIBI, IPU KOTOPOM CTPOKHU
CTaHOBSTCS CTOJIOIIAMH C COXPAHEHUEM TIOPSIKA CIICIOBAHHMS.

CBoiicTBa onpeaenuTenei.

[Tpu TpaHCTIOHUPOBAHUU MATPUIIBI ONPEIEIUTENb HE MEHSAETCS.



[Tpu nepectaHoBKe JHOOBIX IBYX CTPOK (CTOJOIIOB) ONpEAETUTENh MEHSIET TOIbKO 3HAK.

[Ipu ymMHOXeEHUH CTPOKHU (CTONIOIA) HA HEKOTOPOE YUCIIO OMpPeIeIUTeNh YMHOKASTCS Ha
3TO YHCIIO.

Eciu Bce COOTBETCTBYIONIME DJIEMEHTHI KBAJpPaTHBIX MATPHIl OJHOTO TMOpPSAKA
OJIMHAKOBBI, 32 UCKIIOYEHHEM 3JIEMEHTOB OJIHOM 1-0i CTPOKH, TO

Benuunna ompenenutens HE W3MEHSETCS, €CIIM K DJJEMEHTaM HEKOTOPOH CTpOKHU
(cronbia) mpubaBUTH COOTBETCTBYIOIINE SJIEMEHTHI JPYTON CTPOKHU (CTONOIA), YMHOKEHHON Ha
HEKOTOPOE YHCJIO.

Onpenenurens paBeH HYIIO, €CIIU

- BCE DJIEMEHTHI HEKOTOPOH CTPOKH (CTOJIONA) paBHBI HYITIO.

- IB€ CTPOKH (CTOJOI1a) OTUHAKOBBI.

- IB€ CTPOKH (CTOJIOIA) OMPEASTUTENS IPOTIOPIIUOHATBHBI.

MeTo/1bI BBIYHCIICHUS ONIPEICTUTEINCH.

1). Paznoxenue mo cTpoke WiIu CTOJIOIY.

2). Meron oOpailieHusi B HYJIb BCEX, KPOME OJIHOTO, RJIEMEHTOB CTPOKH WJIM CTOJOIIA.
MeToT COCTOMT B TOM, YTO C yYE€TOM CBOKMCTB ONPEICIUTENS MPH TOMOIIH KaKOTro-JIHOO
cTosbra (CTpoKHd) MyTEM YMHOXKEHHUS €r0 Ha COOTBETCTBYIOIIME YHCIA U BBIUUTAHUS W3
OCTaJIHBIX CTOJIOIOB (CTPOK), 3aHYJISIOTCSI BCE AJIEMEHTHI BEIOpAHHOM CTPOKH (CTOI011a) Kpome
OJTHOTO, TIPUHA/IICHKAIIETO BEIYUTAEMOMY CTOJIOITY (CTpPOKE).

3). Merox mnpuBeACHHS K TPEYroJbHOMY BHUIY. AJITOPUTM, TMPEIJIOKEHHBIA B
MPEIBIIYIIeM ITyHKTE, HCIOIb3yeTCs JUIS TOCICIOBATSIIBHOTO 3aHYJICHHUS BCEX JJICMECHTOB
MepBOI CTPOKH (CTOIOIA) KPOME OJTHOTO, BTOPOM CTPOKH (CTOJIONA) — BCeX KpoMe IBYX | T.1. B
UTOTE OMpEeNeNUTeNh npeoldpa3yercs K TpeyroJbHOMY BHIy. BennunHa Takoro ompenenuTens
paBHa MPOU3BEJCHHUIO JIEMEHTOB IIABHON IHOTOHAIIH.

4). BeplunciieHHe C HCIOJIB30BaHMEM TeopeMbl Jlammaca, COTJIaCHO KOTOPOW
OTpEeAECTUTENb - 0 TMOPAJKAa PaBeH CyMME MPOM3BEACHHI BCEX €r0 MHUHOPOB -TO TOPSJIKA,
CTOSILIMX B BBIICTICHHBIX CTPOKax (CToi0Lax), HAa UX alnredpanveckue TOMOTHEHHUS.

3aganus NJiA pelieHUs HA 3AHATUHN

TpaHcnoHUpOBaTh MAaTPUIIBI:
| 15 —3 1]
—2 '| -1 -1 0
Beruncnuth 00paTHy0 MaTpHILy, BEIIOJHUTE IPOBEPKY:

0
A=11

2 -3 1] 3 -4 5|
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1. A=13 4] 2)B='-1 1 1 3)C:|-3 -5 =1
4 1 1] 2 1 -1l
13 1J ‘3 2 —2|
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I[OMaHIHee 3aJaHue
Berauciute 00paTHYIO MaTpHILy, BBIIIOJTHUTH TPOBEPKY:
- 2 -1 11
-1 2) 3 2 -1
L oA=173 4l gy=12 0

IIpakTnyeckas padbora Ne3
Tema:Pemenne cucreM JMHEHHBbIX yPaBHEHHU I



Heab: npuoOperenne ©6a30BbIX 3HAHUKW B 00IacTH (PyHAAMEHTAJIbHBIX pPAa3fesioB
MareMatuku. IIpoBepka yCBOEHUSI 3HAHMM 10 CHUCTEM N JMHEHHBIX YpaBHEHHM € n
nepeMeHHbIMH 110 ¢popmynam Kpamepa. TloBTOpuUTh U cUCTEMAaTU3HPOBATh 3HAHUS MO JaHHON
TEME.

3anauu:

* pa3BHTHE TBOPUYECKOTO MPOPECCHOHATBHOTO MBINIICHHUS;

* I03HaBaTEeIbHAs MOTUBALINS,

* OBJIJICHUE S3bIKOM HAYKH, HABBIKU OIEPUPOBAHUS TOHATHUSIMU;

* OBJIaJICHUE YMEHUSIMU U HAaBBIKAMH MOCTAHOBKH M PEILIECHUS 3a/1a4;

* yriry0JeHre TeoOpeTHIeCKON U MPAKTUUECKOM MOArOTOBKHY;

* pa3BUTUE MHULIMATUBBI U CAMOCTOSITEIbBHOCTHU CTYJIEHTOB.

X0 MpaKTUIECKOTO 3aHSTHSI.

1.®opMyMpoBaHHE TEMbI 3aHSTHS, TTOSICHEHUE CBSI3U TEMBI C IPYTUMH TeMaMU YIeOHOM
JUCITUTUTHBI,

2.IlpoBepka rOTOBHOCTHU CTY/ICHTOB K 3aHATHUIO;

3.IlpoBeneHue HEMOCPEICTBEHHO 3aHATHSA COTJIACHO TEMAaTWKE M B COOTBETCTBUHU C
pabodeii mporpaMMOoi TUCITUTUTHHEI:

» N3yunth Teoperndeckuili Matepran no teMe «CHCTEMBI n JIMHEHHBIX YPaBHEHUU C h
MIePEMEHHBIMI.

» PaccMoTpeTh mpuMepsl peleHus TUITOBBIX 3aJaHUil.

» BeimomHUTE camocTosaTensHyto padoty o pemenuio CJIAY.

» OTBETUTH Ha KOHTPOJIbHBIE BOTIPOCHI.

TeopeTnueckue cBeEHHUSI U METOIMYECKUE PEKOMEHAAIINN

0 PENICHHUIO 3a/1a4.

Meron Kpamepa.

(I"'a6puens Kpamep (1704-1752) mBeiinapckuii MaTeMaTHK )

JlaHHBIN METOJ TakKe MPUMEHHM TOJIBKO B CIy4yae CHCTEM JIMHEWHBIX ypaBHEHUH,
I/ YUCIIO TIEPEMEHHBIX COBMAJaeT C YHCIOM ypaBHeHH. Kpome Toro, HeoOXoauMoO BBECTH
orpaHuyeHus Ha KO3PGuIueHTs cuctemMbl. HeoO0xoaumo, yToObl BCE ypaBHEHUS OBLIN JIMHEHHO
HE3aBHCHUMBI, T.€. HU OJIHO YPaBHEHHE HE SIBIISUIOCH ObI JINHEHHOM KOMOMHAIIMEH OCTATbHBIX.

Jiist 3TOr0 HE0OX0IMMO, YTOOBI OTIPEACIUTENIb MATPHIIBI CHCTEMBI He paBHsuICA 0.

det A = 0;

JleficTBUTENTHLHO, €CM Kakoe- JTMOO ypaBHEHUE CHCTEMbl €CTh JIMHEHHas KOMOWHAIIMS
OCTaJbHBIX, TO €CIM K DJJIEMEHTaM KakKoh- JMOO CTPOKM NpUOaBUTH 3JIEMEHTHI JIPYTOW,
YMHO>KEHHbIE Ha KaKoe- TUOO0 YHCII0, C TOMOIIBIO TUHEHHBIX MPe0Opa30BaHU MOXKHO MOTYYHUTh
HYJIEBYIO CTpOKY. OIpeneauTens B 3TOM cilydae 0yJeT paBeH HYJIIO.

Teopema. (ITpaBuno Kpamepa):

Teopema. CucteMa U3 n ypaBHEHUM C N HEU3BECTHBIMU

B Cllydae, €l ONpeeNIUTEb MATPUILIBI CUCTEMBI HE PaBEH HYIIIO, UMEET €AMHCTBEHHOE
pElIeHre U 3TO PelIeHHe HaXOAUTCs 10 hopMyiam:

X1 = Al, raeA/

A =det A, a Ai— ompenenuTeab MaTPHUIIBI, MTOJYy4aeMON U3 MaTPHUIbI CUCTEMBI 3aMEHOM
cTosb1a i cToI010M CBOOOIHBIX YJIEHOB bi.

Al =

[Tpumep.

AA=; 1A=; 2A=; 3=;

x1A = 1/detA; X2A = 2/detA,; x3A = 3/detA;

[Ipumep. Haiitu penieHne CUCTEMBI YpaBHEHUN:
==54-9)+2-12)-(3-8)=-25-10+5=-30;A

Al = =(28-48)—(42-32)=-20—-10=-30.



xIA=1=L;A/
A2= =5(28 —48) — (16 — 56) = -100 + 40 = -60.

X2A=2=2;A/
A3 = =5(32—42)+ (16 — 56) = -50 — 40 = -90.
x3A=3=3.A/

Ecnu cucrema omHoponHa, T.e. bi) cuctema uMMeeT €IUHCTBEHHOE HYJEBOE
pemenue x2ZA =0, Tonpu 1 =x2=... =xn=0.
= (0 cuctema uMeeT OECKOHEYHOE MHOXKECTBO pemeHuid. Allpu
Jl71s caMOCTOSITENIBHOTO PELICHMUS:
OtBer: x=0;y=0;z="-2.

»KOHTpOJIbHBIE BOITPOCHI:

1.CucremMa u3 “m’” JUHEHHBIX YPAaBHEHUH C “‘n”’ HEM3BECTHBIMU.
yp

BekTopHo-MaTpuuHas ¢popMa 3ammcH.

2.PacipeHHast MaTpuiia CUCTEMBI.

3.01HOpOIHBIE U HEOJHOPOIHBIE CUCTEMbI YPaBHEHHUM.

IIpakTH4eckas padora Ned

Tema:Pemenue cucrem JiMHeiHbIX ypaBHenni no ¢popmyaam Kpamepa

Heab: npuoOpereHre ©0a30BBIX 3HAHUM B 00jacTH (PyHAaMEHTAJIBHBIX Pa3/IesoB
MatemaTuku. IIpoBepka ycBOeHMS 3HAaHMI 10 CHCTEM N JIMHEHHBIX YPAaBHEHMH C n
nepeMeHHbIMH 110 popmynam Kpamepa. [1oBTOpUTH M cHCTEMaTH3UPOBATh 3HAHUS MO JaHHOU
TEME.

3anauu:

* pa3BUTHE TBOPUECKOTO NMPO(HECCHOHATBEHOI'O MBILICHHS;

* [103HaBaTeIbHAsI MOTUBALMS;

* OBJIQ/ICHUE S3bIKOM HAYKH, HABBIKU ONIEPUPOBAHUS MOHATUSAMU;

* OBJIa/ICHNE YMEHUSMHU U HaBbIKaMH IIOCTAHOBKH M PEIICHUS 33]1a4;

* yIayOJieHHe TEOPETUIECKON U MPAKTUYECKON TTOATOTOBKHY;

* pa3BUTHE MHUIMATHUBBI U CAMOCTOSTEILHOCTH CTYJCHTOB.

X0/l MPaKTUYECKOTO 3AHATHA.

BoInonHuTh caMoCTOSTENBHYIO pa0OTy IO PELICHUIO CUCTEM N JIMHEHHBIX YPaBHEHHH € n
nepeMeHHbIMHE 110 hopmynam Kpamepa.

Bapuanr 1 Bapuant 2

l. 1.
{z4+y+z=4dx+2y+3z=Ta+y+5z ={2z4+y—-22=1lz—y+32=43c+y+z2-

2. 2.
{8z—2y—2=0x43y—22=04z+y+2z{z+y—22=022—-3y+2=02x—-2y—=z

»KoHTpoabHBIE BOMPOCHL:

1.Pemenre ofHOPOIHOM M HEOJHOPOIAHOM cUCTEM MeTOoAOM ['aycca.
2.O1HOPOIHBIE CUCTEMBI U UX CBOMCTBA.

3. OKBHUBAJICHTHEIC CUCTEMBI.

IIpakTHyeckoe 3ansaTHe Ne 5

Tema: Onepanuu HaJ BeKTOpaMH

Heas: HayuuTh cTyzeHTa UCHOJAB30BaTh CBOMCTBA JIMHEHMHBIX ONEpaluid C
FEOMETPUYECKUMHU BEKTOPAMH, CKAJISIPHOIO MPOM3BEICHUS BEKTOPOB Ui PELICHUs 3a]ad
BEKTOPHOH anreOpsl



TeopeTnueckuii 010K

B (Qusuke, MexaHuke, XHMMHUU BCTPEYAIOTCS BEIMYHMHBI, KOTOpbIE MOJHOCTHIO
XapaKTepU3yloTCsd TOJBKO YHCIOBBIM 3HadeHueM (ckamspom). Hampumep, wmacca Tena,
KOHIIEHTpAaLUsl pacTBOpa, JaBJIEHUE ra3a, TeMIeparypa U T. A. Takue BEIWYMHBI Ha3bIBAIOTCS
CKaJIIpHBIMHU. BMecTe ¢ TeM, JUlst 3aJJaHUsl CKOPOCTH, CHJIbI, YCKOPEHUsI HEOOXOIUMO 331aTh He
TOJIBKO MX YHMCJIOBOE 3HAUYEHUE, HO U HAIPaBJICHUE JAEHCTBUS B IPOCTPAHCTBE. Taknue BEIUYMHBI
Ha3bIBAIOTCSI BEKTOPHBIMHU.

BEKTOPHAS AJI'EBPA — pa3gen BEKTOPHOIO HCUHUCIEHMS, B KOTOPOM H3Yy4aroTCs
npocTeire onepauuy Haj (CBOOOIHBIMU) BEKTOPAMH.

Onpenenenue 1. ['eomMeTpuueckMM BEKTOPOM HA3bIBAETCSl HANpPABICHHBIA OTPE30K

IPSIMOM, T. €. OTPE30K, A KOTOPOIrO yKa3aHbl OrPaHMUYMBAIOLIME €r0 TOUKA Hayaja M TOYKa
KOHIIa BEKTOpa.

Ecnu Touka A — Hayano BeKTopa, a Touka B — KoHell BEeKTOpa, TO BEKTOp 0003HAYAETCs
A 4 1L

L1 1 1§
cumsosioMm AE. BekTops! Takke 0003Ha4arOTC MATBIMK JIATHHCKMMH OyKBAMH: ab, oy T. 1.
—»
—
o
AT B
/}
(i
A,
Puc. 1.

Omnpenenenue 2. qI/ICJ'IO, PpaBHOC JJIMHE BEKTOPA, HA3BIBACTCA €0 MOIAYJICM.

T
L
Monyis Bektopa ABo0603nauaercs cumMBonoM | |

BexTop, MOAy b KOTOPOTO PaBeH HYJIIO, HA3bIBAETCS HYJIEBBIM BEKTOPOM U 0003HAUaETCs

A
CHMBOJIOM n(l:]| _l]). HyneBoMy BeKTOpy MOXXHO TMpHIIKCATh JH00OE HampapieHHe. Bce
HYJIEBBIE BEKTOPBI PABHBI APYT IPYTY.
Omnpenenenre 3. BeKTopbl HA3bIBAIOTCS KOJUIMHEAPHBIMU, €CIIM OHH MapajliedbHbl OJHON
npsiMoit (puc.2).

D B C Puc. 2.a Puc. 2.0 -

L.
Ecou  nsa  Bexkropa ABu €D
A KOJIUIMHEAPHbl,  TO  3T0  0003HAYaeTcs

C LT T} [T 11
A D CJICOAYIOIUM O6p8.30M: 'AE| |cﬂ BGKTOpBI,

L1} L1 1]
I/I306pa)KeHHBIe Ha pHucC. 2.8., Ha3bIBAKOTCs COHAIIpAaBJICHHBIMU, 0003HayaeTcs Tak AR | | ﬂﬂ, a
BCKTODHI, I/1306pa)K€‘HHLIe Ha puc 26, HA3bIBAKOTCA IIPOTHBOIIOJIOXKHO HAIIPABJICHHBIMHU.

L1 1| L1 1§
CrmBomaeckn 510 samuceactes Tax A8 T4 CD.
3ameyanue. CoHaIpaBJI€HHBIMH M MPOTUBOIOJIOKHO HAIPaBICHHBIMH MOTYT OBITh
TOJIBKO KOJUTUHEAPHBIE BEKTOPBHI.
Tak kak HyJIeBOW BEKTOp JICKUT Ha JIFOOOH MPsIMOM, TO, IO ONPEAETICHHUIO, OH CUUTACTCS
KOJUTMHEAPHBIM JIF000MY BEKTOPY U MEPIEHAUKYIISPHBIM JIF0O0OMY BEKTODY.
Omnpenenenue 4. BekTopbl Ha3bIBAIOTCS KOMIIAHAPHBIMHU, €CJIM OHU TapasuieIbHbl OJHON

IINIOCKOCTH.
e LR

Onpenienenne 5. JIpa Bektopa ABudII) naspiBatoTcs paBHBIME, €CIlM BBIIOJHEHEI
CJIEIYIOIINE YCIIOBHUS:

1. MoIynu 3TUX BEKTOPOB PABHBI;



2. BCKTOPbI COHAITPAaBJICHEI.
CHUMBOJIHUYECKH 3TO OHpe,Z[CJ'ICHI/Ie MOZKHO 3aliCaTh CJICAYIOIUM 06pa30M:

o  [l4B]- [

Ll Illl
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1 § i
ECJII/I cUuuTaTrh, 4YTO HaA pl/IcyHKe 1 BeKTOpr JexXar B O,HHOIL/’I IIJIOCKOCTH, TO i = ‘:, TO €CTh
i A n m—.

ZFy £- pasHble 0003HAYEHHUs OJHOIO M TOTO e BekTopa. Bektopsl ##u ABnpu paBHbIX JIHHAX
HE paBHEI IPYT JPYTY, TaK KaK IMCIOT pa3HbIC HAIIPABJICHUS.

Takum oOpa3om, IUIs 3afaHus JIOOOTO BEKTOpa JOCTATOYHO yKa3aTh €ro MOAYJIb U
HarpaBiieHue, He (UKCHPYS TOYKY MPHIOKEHHS (HA4YajJ0 BEKTOpa MOXKET HAXOAUTHCS TJIe
yronHo). Mcmone3ysi omnpeneneHHe paBeHCTBA BEKTOPOB, TAaKOW BEKTOpP BCErAa MOXKHO
MEPEMECTUTH TOCTYIATENFHO, C TIOMOILIBIO MApALIENIFHOTO TIEPeHOCca, B TPeOyeMyrO TOUKY
MIPOCTPAHCTBA.

3ameuanwne. MHOrma cB0OO 2 BEKTOpA OrPAHNYMUBACTCS, HATIPUMED:

a) eclIiM KpoMe BEKTOpa 3a/laHa €ro TOYKa MPUIOKEHHS, TO OH Ha3bIBACTCS CBS3aHHBIM
(pammyc-BeKTOD);

0) ecimu KpoMe BEeKTOpa 3a/laHa e€ro TOYKa HalpaBJICHUs, TO OH HA3bIBACTCS CKOIB3SAIINM
(BEKTOp YIJIOBOM CKOPOCTH PACITOJIONKEH IO OCH BpaICHUS);

B) CBOOOJIHBIN BEKTOP HE OTPAaHUYEH HUYEM.

B nanbHeiimem, eciii 3TO HE OrOBOPEHO CHELMaTbHO, MBI OyJeM TOJIb30BaThCS
MOHSTHEM CBOOOIHOTO BEKTOPA.

Jlns moGoro Bektopa ABonpenenim mpoTHBOMONOKHBIA €My BEKTOP, 0003HAYaeMBbIii

BA raxoii, 4T0 MOIYyIM 3TUX BEKTOPOB PaBHBI, OHM KOJUIMHEAPHBI, HO MPOTHBOIOJIOMKHO

L A
HarpaBJieHbl. BEeKTOp, MPOTUBOIOIOKHBINA BEKTOPY £F, 0003HAUaOT —X.
Puc. 3
i A mn

Eciu B IpOCTPaHCTBE 3a/1aHbl 1Ba BEKTOpa &y £#T0, HCHONB3Ys ONpesieleHue PaBEHCTBA
BEKTOPOB, UX MOXKHO MPUBECTH K OJTHOMY Haudaly (puc. 3).

&
S
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Puc. 3.
i 5 i 3 R
Torma yriaoM MexIy BeKTopamu &¥u #¥HaspiBaeTcs HaumMmeHbinmii yron j (GI[0,p]), Ha
i 8 A

KOTOPBIi HY’KHO TIOBEPHYTh BEKTOP £EJI0 COBIAIEHHUS C BEKTOPOM £¥.

['eomeTpryeckue BEKTOPHI SBJISIOTCS MNPEIMETOM TaK Ha3bIBAEMOIO BEKTOPHOI'O
WCYHUCIICHHS, TIOJIOOHO TOMY, KaK 4YHCla SBISIFOTCS TpeameToMm apudmetuku. B BekTOpHOM
UCYMCIICHUM HaJ BEKTOpaMHM MPOU3BOISATCS HEKOTOpBIE OIEepalyu, KOTOPbIE SBISIOTCS
MaTeMaTHYeCKUMU aOCTpakUUsSMU aHAJIOTUYHBIX OMNEpaluid, MPOU3BOAUMBIX C Pa3TUYHBIMU
KOHKPETHBIMU BEKTOPHBIMH BEIMYMHAMHU B (pU3HKeE.

JIluHeiiHbie onepaluu HaJl BEKTOpaMu

JIuHelHBIMU OmepanusiIMA Ha3bIBAIOT OIEPALUIO CJIOKEHUS BEKTOPOB M OIEpaIUio
YMHO>KEHUSI BEKTOpa Ha 4Hcio (cKasip). B OCHOBY uX ompeeneHus MON0KEeHbl U3BECTHBIE U3
MEXaHUKH 3aKOHBI B3aUMOJICHCTBUS BEKTOPHBIX BETUYHH — CUJI, CKOPOCTEH U T. 1.

1. CioxeHne BEKTOPOB.
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| 8 i

Ecau mansl nBa BEKTOpa &EFU -E', TO pacmnoJiaratoT Uux Tak, YyTOOBI HAYaJIo BTOpPOI'O BEKTOpPaA
i i

COBIIAJIO ¢ KOHIIOM NEPBOro BeKTopa. Toraa cyMMoii BeKTopoB £y #¥Ha3pIBaeTCs Takoil BEKTOP,
KOTOPBI COEIMHSAET HAyalo TMEepPBOrO BEKTOpa ¢ KOHIOM BToporo (puc.4). Takoe mpaBuiio
CJIOKEHHS BEKTOPOB Ha3bIBAETCS MPABUIIOM TPEYTrOJIbHHKA.

AHaJOTMYHOE TMPABUIO CIOXEHHUS (IPaBHJIO MHOTOYTOJNbHUKA) MACUCTBYeT U JUIA
HECKOJILKHX BEKTOPOB (pHc. 5).

[ —
3 d

[

S i dte
Puc.4 Puc.5
Ecau 1Ba BekTopa NpUBEAEHBI K OIHOMY Hadaldy, TO HX CYMMOM OyIeT BEKTOp,
00pa3oBaHHBIM JHArOHANIBIO MapaljiejorpaMMa, MOCTPOEHHOIO Ha JTHX BEKTOpaX Kak Ha

CTOpPOHAX, M BBIXOAAIMMK M3 oOmiero Havana (puc. 6). DTO MPaBHIO CIOXKEHHS BEKTOPOB
Ha3bIBAETCS MPABUJIOM MapajuiesiorpamMmma.

7

Puc. 6
W3 BBeIEHHBIX BBIILIE MPABUJI CIOKEHUS BEKTOPOB BBITEKAIOT CIEAYIOIINE CBOMCTBA ATOU
oTepaluu:

l. f!l] +E = E + g — CBOMCTBO KOMMYTaTUBHOCTH OIIEPALIUU CIIOKCHHS,;
Ee5)sf_84E+8) .
2. — CBOMCTBO acCOIMATUBHOCTH OTIE€PAIMH CIIOKEHUS;
-
; Ee(-H)=0_ .
. HaJINYME IPOTHUBOIIOI0KHOTO 3JIEMEHTA;

4, g -I-E = g— HaJIMYHE HYJIEBOTO JIEMEHTA.
2. BrlunuTaHue BEKTOPOB.

a A | 8
Pa3HOCTBIO JIBYX BEKTOPOB &EM &FHA3BIBACTCS BEKTOP, PABHBI CyMMe BEKTOpALEU
i i

BekTopa (-8¥), IPOTUBOMONOKHOrO BEKTOPY&F:
2-5-8-(})

Ecnu BekTopbl mpuBeaeHBI K 00IIeMy Hayally, TO BEKTOp, PaBHBII pPa3HOCTH g —g ,
| 8 A

SABIIACTCA BTOpOﬁ JAWAaroHajibl0 IlapajiiejiorpaMma, IIOCTPOCHHOI'O HAa BEKTOpaX XU -E'KaK Ha
i

cTopoHax. [Ipy 5TOM HauajoM 3TOro BeKTopa ABJseTcs KOHel| BekTopa & (puc. 7).

7

Puc.7
3. YMHOXXEHNE BEKTOPA HA CKAJAD.

i

Onpenenenne 6. IlponsBenaeHneM BeKTOpa &FHA JIEHCTBUTEIHLHOE YHCIO | Ha3bIBaeTCA
i 5 i

HOBBII BEKTOp, 00O3Ha4yaemblii |£F, TakoW, YTO €ro MOJIyJb pPaBE€H MOIYJI0 BeKTopa &F,
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, ¥ BEKTOPHI &XU & conamnpasnens! mpu 1>0

22~ 4]z

YMHOXEHHOMY Ha MOJyJb 4yucia l, T. e.
Y TIPOTUBOIIOJIOKHO HampasJieHsl npu 1<0.

[TponsBeneHne BeKTOpa Ha YHCIO 00NamaeT CBOWCTBAMH, KOTOPBIE JIETKO JOKa3aTh
A A

TrCOMCTPHUYICCKHU. I[J'ISI JIHOOBIX JIECTBUTEIbHBIX YHCE er/I VI/I JIFO0BIX BCKTOPOB £&FU -E'

1.1- tl:l' = tl:l' - YMHOXCHHUE Ha CIMHHMILY,
2. ‘l(vg}z (j'v)‘l;— CBOICTBO aCCOLMATUBHOCTH 110 OTHOIIEHHUIO K YHCIIaM,

3. (‘1 +V)"l; =4 E{-vg_ CBOWCTBO JUCTPUOYTUBHOCTH OTHOCUTEIHHO CIIOKEHHS YUCET,
. AUEE)=a8+ 2

BCKTOPOB.

CBOMCTBO )II/ICTpI/I6YTI/IBHOCTI/I OTHOCHUTCJIIBPHO  CJIOXKCHUA

U3 ONpeCaAcCIICHUA U CBOMCTB BBITEKAIOT CICOYIONIUE ITOJIE3HBIC IJIA IMTPAKTUKU paBEHCTBA
1 -

a a a i
((Da=—x0-a=0; A-0=0.
Envunuuselii  BekTOp. Bekrop, MOAyJlb KOTOPOrO paBeH €AWHMIE, Ha3bIBACTCs

CANHUYHBIM BCKTOPOM.
i

Bekrop, nMmeronuii HampaBje€HUE BEKTOpa £EU MOJYJib, PABHBIA €IUHMIIE, HA3BIBACTCA
L Wy
OpTOM HampaBlieHUs! BeKTOpa ¢¥. OpT 0003HAYAETCS CUMBOJIOM &F
a

I[J'I}I J11000r0 3aJaHHOI'0 BCKTOpaA EEJICTKO IIOJIYYMTh €ro OpT. Z[J'IH 9TOro HeO6XOI[I/IMO

Ll 1§
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BEKTOD £¥pa3/IeIUTh HA €0 MOAYJIb!
Pasnoxxenue Bekropa o 0azucy
Onpenenenne 7. MHOXECTBO BEKTOPOB Ha MPSIMOM HA30BEM OJHOMEPHBIM BEKTOPHBIM

IMPOCTPAHCTBOM, MHOXECTBO BCKTOPOB Ha  IINIOCKOCTH — JBYMCPHBIM  BCKTOPHBIM

IIPOCTPAHCTBOM, B ITPOCTPAHCTBE — TPEXMEPHBIM BEKTOPHBIM IIPOCTPAHCTBOM.
A 1

Jlerko mpoBepuTh, YTO €CIH L xaxoe-to BEKTOPHOE IPOCTPAHCTBO, ﬂjEL,ﬁ —

L 1 £
qucro, 1o a+ b€ Lunffa€L

Onpenenenne 8. JInHelHON koMmOuHaiueil BekTopor .M. e xoddduienTaMu

m L1 1§ (T8
ﬂﬂ ﬂ!l_lﬂ-‘HEBLIBaeTC}I pexrop Ad+ fam +_+ fadks.

Ha pucynke 8 npuBeneHbl IpUMEPHI JIMHEHHBIX KOMOUHAITUH:
i

Puc. 8

- O W a

Bekropsl Ffod. g pucyHke 8 u J#= ABIAIOTCA NMHEHHBIME KOMOMHAIUAMH BEKTOPOB

F=0a+2b-2 d=20-0-% g=a+051+3 h=0a1+0610c
a 1L 1. L1} a
ToBopaT, uTo BekTOp FpackiajpiBaeTcsi M0 BekTopam M., &k ecnu Hrasnsercs

a L1 § [T _§
TUHEHHON KOMOMHALIMEH ATUX BEKTOPOB, T. €. MPEACTaBUM B BHJIE ,E.:ﬂﬂl "'ﬂﬂn "'—"'ﬂﬂ!.
3amMeuaHue.



1 | ] A | B
1) Eciu & # 0, 10 moboii Bektop &¥, Ko/MHeapHbI &£F, TpPEACTaBUM, W HPUYEM

1 i §
eJIMHCTBEHHBIM 00pa3oM, B Buje & = Ad, Trie Jr p—
i A mn L
2) Iycts &2y F1Ba HekommMHeapHEIX BekTopa. Toraa 060l BEKTOp £, KOMIIAHAPHBIH
i A L L
¢ BeKTOpamu £y B, packnazpiBaercs 1o Hum: € =EF+ BB ppaem equHCTBEHHBIM 06pasoM.
a mn i A m
3) Iycts £, 1 &— HexommaHapHBIe BekTOphl. Torma mo6oii Bextop e packnapiBa-
i 3 i 3 i 8

€TCs 110 3TUM BEKTOPAaM: d =aa+ fb+ F€ npuuem eIMHCTBEHHBIM 0OPA30M.

Takum 006pazom, B JTF000M BEKTOPHOM MPOCTPAHCTBE JIFOOOH Pa3MEepHOCTH €CTh CHCTEMa
BEKTOPOB, 110 KOTOPOU PACKIIAABIBAETCS KX BEKTOP MPOCTPAHCTBA, IPUUYEM EAMHCTBEHHBIM
oOpazom.

Onpenenenne 9.  basucoM  BEKTOPHOrO  IPOCTPAHCTBA L6YIIGM Ha3bIBaTh

YHOPSAOYEHHYIO CHCTEMY BEKTOPOB IPOCTPAHCTBA, COCTOSIIYIO: M3 OJHOTO HEHYJEBOIO
BEKTOpa, €CJIM MPOCTPAHCTBO OJIHOMEPHOE; M3 JBYX HEKOJUIMHEAPHBIX BEKTOPOB, €CIHU
MIPOCTPAHCTBO JIBYMEPHOE; W3 TPEeX HEKOMIUIAHAPHBIX BEKTOPOB, €CJIM MPOCTPAHCTBO
TpeXMEepHOe.

O4eBUIHO, YTO B JIFOOOM BEKTOPHOM MPOCTPAHCTBE MOKHO BBHIOpATh OECKOHEUHO MHOTO

0a3HCOoB, YKMCIIO BEKTOPOB B KAYKIOM M3 HUX PABHO pa3MEPHOCTH IPOCTPAHCTBA.
a | L LT}

Omnpenenenne 10. Koopaunaramu (MM KOMIIOHEHTaMH) BeKTopa LXB 6a3nce B8, &

I 1 uw i

Ha3bIBAIOTCS KOA(PPHUIIMEHTHI m ﬂz:ﬁﬂﬂpamomeﬁuﬁ & = {ha ‘HEE! +_ +ﬂsﬂtBeKTopa £XTI0

BEKTOpaM Oa3zuca.
i

I[J'ISI YKa3aHus, 4YTO BCKTOp EFHMMECT KOOPAHHAThI m-:!m:!_.!m:!I/ICHOJII:?;yeTCSI 3aIlluCh

4
alth, &, as),

O‘ICBI/IILHO, YyTO B q)HKCHpOBaHHOM 6&31/106 Ka)I(I[LIﬁ BGKTOp HUMECT CBOI71, CZ[HHCTBGHHBIP'I,
Habop koopauHat. Eciu jke B34Th Ipyroit 6a3uc, ToO KOOPAMHATH BEKTOpa, B 00IIEM, H3MEHSTCSI.
CJ'IO)KCHI/IC BCKTOpOB n yMHO)KeHI/Ie HUX Ha 4YUCJIIO0 CBiA3aHBbI C dAaHAJIOT'HNYHBIMU HeﬁCTBHﬂMH C Ux
KOOpAWHAaTaMHu.

HHHeﬁHLIe Ol'IepaI_[I/II/I Hanqg BCKTOpaMI/I

B KOOpJIMHATHOH (hopme
O um L1}

[TycTs B BEKTOPHOM npOCTpaHCTBe LBBI6paH 6a3Hc ﬂaﬂLﬁﬁn 3az[aHLI KOOpI[I/IHaTBI
4 L

BeKTOpOB . B € Ly 510m Gasuce: ﬂ ﬂia +a’zﬂz +_ -I-ﬂ’.;ﬁ ﬁ ,ﬂﬂ "'ﬂm! +_— +ﬁi&
Torna
- IIPY YyMHOYKEHUM BEKTOPA HA YKMCIIO BCE €r0 KOOPAMHATHI YMHOMKAKOTCS HA 3TO YHCIO:

Aa(im, Az, _Ad)

- HpI/I CJIO)KeHI/II/I BCKTOPOB CKJIIAABIBAIOTCA UX COOTBCTCTBYIOIIMUEC KOOPAUHATHI:
1

c=ath = c(m+,ﬂ Otfh, &t )

3ameuanue. Bece KoopMHATHI HYJIEBOTO BEKTOpa B JIIOOOM 0a3uce paBHBI HYJIIO.

3ameuanue. ba3ucHelil BEKTOp ¢ HOMEPOM dunveer KOOpAUHATY C HOMEPOM 3 , paBHy1O 1,
a BCC OCTAJIBHBIC KOOp)II/IHaTI)I — Hy.]'IeBBIe.

3ameuaHue. Y KOJIMHEApHbIX BEKTOPOB KOOPAUHATHI IPONOPILMOHATbHBI:

I I iX
alp & L2 %



Cucrema KOOpAHHAT.
KoopaunaTsl BeKTOpa B OpPTOHOPMUPOBAHHOM Oazuce
PaccmoTpum ciydaii TpeXMEpHOro BEKTOPHOIO TMPOCTpPaHCTBa (Ha IUJIOCKOCTH BCE

IIOCTPOEHHUSI aHAIOTMUHBI). DUKCUPYEM HEKOTOPYIO TOUKy O M BO3BMEM MPOU3BOJIBHYIO TOUKY
Ll 1T}

M. Pa,[[I/ch—BeKTOPOM TOYKH M 1o oTHOmEHHIO K Touke O Ha3bIBaeTCs BCKTODp GH
L1113

Ecnu B npoctpancTBe BhIOpaH 6aswuc, To Bextop EMM packnansiBaercs no sTomy 6asucy.
Takum o0pazom, Touke M MOXKHO CONOCTaBUTH YIOPSAIAOYEHHYIO TPOMKYy uucen (X, y, z) —
KOOPJIMHATHI €€ paJinyC-BeKTOpa.

Onpenenenue 11. JlekapTOoBOH CHUCTEMOW KOOPAMHAT B IPOCTPAHCTBE HA3BIBAETCS
COBOKYITHOCTb TOUKH U Oa3uca.

Touka O HOCHT Ha3BaHWE Havana koopauHat; npsmeie X/X , Y/Y , Z/Z, npoxoxsiiue
yepe3 Hayajlo KOOPJAMHAT B HAINPABICHUH OA3MCHBIX BEKTOPOB, HA3bIBAIOTCA OCSIMHU KOOPIHMHAT.
IlepBass X/X — ockio abcumcc, BTopast Y/Y — OCbIO OpIUHAT, TPeTbs Z/Z — OChIO amlIUIMKaT.
[TnockocTy, MPOXOASIINE Yepe3 OCH KOOPIMHAT, Ha3bIBAIOT KOOPAUHATHBIMU TIOCKOCTSIMH.

Omnpenenenue 12. Koopaunats! (X, y, zZ) paauyc — BEKTOpa TOYKHM M IO OTHOILEHUIO K
Hayaly KOOPJAMHAT HAa3bIBAIOTCA KOOpAMHATAMH TOYKM M B paccMaTpuBaeMoOl CHCTEME
KOOp/MHAT.

[lepBas xoopauHaTa X Has3bIBaeTCs aOCIUCCOM, BTOpas y — OpAWHATOH, TPEThsl Z —
arIMKaToM.

AHAJIOTUYHO OTPENENSIOTCA JIEKAPTOBBI KOOPAWHATHI HA IUIOCKOCTH: TOYKAa HMEET
TOJIBKO JIB€ KOOPJMHATHl X U Yy— aOCLUCCY U OpJIUHATY.

Onpenenenue 13. JlekapToBa cucTeMa KOOPIMHAT Ha3bIBA€TCSl MPSMOYTOJbHOW, €Clu
0a3uc 3a1aeTcsl €AMHUYHBIMU U [IONAPHO OPTOTOHAIBHBIMU (MIE€PIEHAUKYIISIPHBIMU) APYT IPYTy

L w wm

BEKTOpaMH — Oa3UCHBIMHU OpTaMHU 1.7.k1(1,00) opt ocu OX;
Jo1;0) opt ocu OY;

k(0D.0:1)_ opt ocu OZ.

A 1A 1
Bazuc (¥ =F J-') Ha3bIBAETCS OPTOHOPMHUPOBAHHBIM.
B nanbHeiimeM OyeT HCTIONB30BATHCS AEKAPTOBA MPAMOYTOJbHAs CHCTEMA KOOPIMHAT.

Ha puc. 9 mnokazan crmoco6 wu3oOpaxenus Ttouku A(-1;2;3) mo ee KoopauHaTaM
A WA W

OTHOCHTEJIBHO OPTOHOPMHUPOBAHHOTO Gasuca ¥ =F .

F 3
z L ACL 2D
eI e !
| L i

Puc. 9
VrBepxkaenue. Ecom Toukm A w B 3amaHbl cBOMMHM  KOOpAMHATaMH

-
A w;2).B(x; ;7)1 ABOe— 2532 - piz2—2),

T. e. nus onpenesneHUs KOOPAUHAT BEKTOpA HYXKHO M3 KOOPAMHAT €ro KOHIA BBIYECTh
KOOp,Z[I/IHaTBI HayaJia.



[Ipoekiuu BekTOpa

[TycTth B mpocTpaHCTBE 3a7jaHa HEKOTOpasi OCh 1, TO ecTh mpsiMas, Ha KOTOPOW OTMeueHa
(dukcupoBanHas Touka O W 3a7aHBl HANIPABJICHUE W €IUHUIA JJIMHBI. TOraa KaKI0i TOYKE OCH
COOTBETCTBYET HEKOTOPOE YHUCIIO.

Omnpenenenne 14. Ilpoekiueit Touku A Ha och | HA3BIBAETCS YMCIIO, COOTBETCTBYIOIIEE

OCHOBAHUIO NIepHeHIUKYIsIpa AB, omynieHHoOro Ha ock | 3 Touku A.

Omnpenenenne 15. Ipoeknueit BekTopa .ABHa och | Ha3pBaeTCs pa3sHOCTh MPOCKIIUI

KOHIIa BEKTOpPAa U €TI0 HaydaJja.

[Ipoexkius o6o3HavYaeTcs Hp 4B 1, puc. 10 IpAB=f-a
I

[ £ | o ,|B br |
Puc. 10. IIpoexius BekTopa Ha OCh

. s
A8 =HPICD, TO CCTb IPOCKIHA HC 3aBUCUT
OT IIOJIOKCHUA Havdalla BEKTOp4a, a 3aBUCUT TOJIBKO OT CaMOTI'0 BEKTOpaA.

Jlerko nposeputs, uto eciiu AB=CH, 1o Iip,;

Vr1eepxnenue. Ilycts P yroi, oOpa3oBaHHbII BekTOopoM €Fc ocbto 1. Torma
I I
Hp,a=|ﬂ|nusw
Takum o00pa3oM, NpPOEKIMs BEKTOpa Ha OCh €CTh YHCIO, KOTOpPOE MOXKET ObITh
I10JIO’KUTENBHBIM, OTPULIATEIbHBIM U HyJIEM (puc 11).

i
J \
o7 IE [ I
Hp,a=ﬁ—zz,
LU | u i ]
lipa=-a-§

L
ﬂ’p;a= 0
Puc. 11
YTBer(I[eHI/Ie HpOCKHI/I}I Ha ocr, CYMMBI BeKTOpOB paBHa CyMMe€ UX MPOEKIIHA:

le(a+b+ +t:) Hp,a+ﬂ’p,b+ +Hp,c

Vr1Bepxkaenue. Ilpoexkuuss Ha OChb BEKTOpa, YMHOXXEHHOTO Ha YHUCJIO, pPaBHA

MPOU3BEICHUIO TPOEKIMH BEKTOpa Ha JTO YHCIO: Hpﬁﬂ=wF.OHDeﬂeﬂeHHe 16.
mw mw L [ §

[Mpoekiueii Bekropa &rua Bekrop &, @= i, HasbBacTcs Mpoekiys BekTopa IHa JIFOOYI0 OCh,
mw

IMapajuICJIbHYI0 BEKTOPY ¥ MMCIOLIYIO HAIIPABJICHUE, COBIIANAIONICe C HAIIPABJICHUEM BCKTOpaA
| ]

.



n [ 8 m b

L3
[Ipoekumst BekTopa JHa BEKTOp EFOOO3HAYACTCS a . OwueBumHo, d4TO
u L}
ip_ b =>b COS @ ="
a , Tj1e ¥ — yroJl MEKy BEKTOpaMu eXu K.

A 11 NR
KoopauHaTel BEKTOpa SBISAIOTCS KOI(PPHUIMEHTAMH €r0 PasjIoKeHUs 1Mo opram ¥ = "
KOOPAMHATHBIX OCEM:

;(aI 2, .3 ) © ::=uI l:'+aj _1,1F+.::x l.i:

YrBepkaenue. [Ipoekiy BeKTOpa Ha KOOPAMHATHBIC OCH PaBHBI KOOPIHHATAM BEKTOpA:
L L x
Hpgy a=a, gy =0 Hpy a=a,
[ 8

ITomecTnm BCKTOp #¥B Ha4YaJO0 KOOpAMHAT M 0003HaYUM qcpe3 alﬁ I?rer'IBI,
n

00pa3oBaHHBIC BEKTOPOM IFC TOJIOKUTENBHBIM HampasieHueM oceil OX, OY, OZ. Otu yrisl
mw

HA3bIBAKOTCA HAIIPABJIAIONIUMHU yIJIaMH BEKTOpa .
Onpenenenne 17. KocuHychl yrioB, 0Opa30BaHHBIX BEKTOPOM C OCSMHM KOOPAMHAT,

HA3bIBAIOTCA HAIIPaBJIAIOIIMMHU KOCHMHYCaMH BCKTOpPA.
z

Puc. 12

mw
B cootBercTBUM ¢ puc. 12, HampaBISIOIMMH KOCUHYCAMH BEKTOpa EFSBIISIOTCA
Cosx,Cos sy

OTMeTHM Ba)KHOE CBOMCTBO HaIlpaBJIAOINUX KOCUHYCOB!

cos’ z+o0s ﬂ+|:nsz y=1

yTBep)KI[eHI/Ie. KOOp,I[I/IHaTBI BCKTOpa pPaBHbl C€ro0 HAIpaBJIAIOIIHM KOCHHYCaM,
YMHO>KCHHBIM Ha OJIMHY BCKTOpA:

Ecau BCKTOp e,[[HHH‘IHLIﬁ, TO €ro KOOpAUHATAMU CIIYKAT HAIIPABJIAIOIHWE KOCHUHYChI:

CKaJIHpHOG IMPOU3BCACHUC BEKTOPOB U €TI0 MPUITIOKCHUC

KpOMe onepaunﬁ CJIOKCHUA MW YMHOXCHHA Ha YHCIO Ha MHOXCECTBEC BCKTOPOB
OIpPCACIICHbI CHIC HCCKOJIBKO onepaunﬁ. OI[Ha N3 HUX — CKAJEIPHOC TMPOU3BCIACHUC,
MO3BOJIAIOIICC HAXOAUTHh IJIMHBI BCKTOPOB HW YIJIBI MCXKIAY BCKTOpaMMU II0 KOOpJAWHATaM

BEKTOPOB.
mw m

Omnpenenenvie 18. CKalApHBIM TPOU3BEJIECHHEM BEKTOPOB IFU JAHA3BIBACTCSA YHCIIO,

7 )

a2
¥y YTOJl MEXKLy BEKTOpAMU Xyl

COos @
, TIe

paBHOE

3ameuanune. Ecniu oguH U3 BEKTOPOB HYJEBOW, TO YToil [ T onpeaeneH. CkanspHoe
MIPOM3BEICHUE B ATOM CIIy4ae CUYMTAETCS PABHBIM HYJIIO.



L = L oL L 1

CkassipHOE MMPOU3BE/ICHHE BEKTOPOB eXu Hobo3HavyaeTcs & - B, win (a.5) CkansipHoe

Howe.,  o-84)

MIPOM3BEIeHNE BEKTOpa Ha ceOs & - @: =&k .
I I
CkanspHoe npou3Be/ieHHe 00J1aaeT CBOMCTBaMU, KOTOpbe OyayT chopMyarpoBaHbl B

a-b=

Takum 00pa3oM, COTJIaCHO OIPEICIICHHIO,

BUJC TCOPEMBI.
n L

Teopema. J{jist IOOBIX BEKTOPOBEX U ABBLIMTOIHEHBI CIIEAYIONINE COOTHOIIEHHUS:
L L [ A [ A

1.@-B=5-a- cBOICTBO KOMMYTaTHBHOCTH;

a i a A 1 A 1

2. @-(B+c)=a-b+a-c_cpoiicrro JTUCTPUOYTUBHOCTH;

3.(Aa)-b=A(a-b ), rie A_qncno;

Iy L L
4. a »>lupua=+o,
T3

-2
a -
5. ;

6. Een - YTOJl MEK/Iy BEKTOpaMU EXidd, TO

a-b
COSQP—
H(l)
L L
7. &-b=Wrorna u ToaBEKO TOrA, KOrIa BEKTOPHI U SAOPTOrOHAIBHEI.

I I I I
T
. a-b=\a|flp & -t
8. 'eomeTpuyeckuii CMbICI: , €CIIN I # O

Tr
[

9. MexaHM4eCKuii CMBICI: CKaISpHOE NMPOM3BeNAeHHe cuiibl JF Ha BeKTOp FpaBHo pabore
L3 1n -

A DTOl CHJIBI P NIEPEMEILEHUHE MATEPUAILHON TOYKH 110 BEKTOPY &, T. . A= -§.

W3 onpeneneHus CKaIpHOTO MPOU3BEICHUS BBITEKACT CIEAYIOIIas TaOIUIa YMHOXKEHUS
A 1AL W

oproB ¥ 2.F :'I:KOOpLLI/IHaTHLIX oCel:

=g d=0.F-k=k-i=0, j-k=k-j=0,
i-i=j-j=k-k=1.

m

Ecnu BekTopsl @ BB OPTOHOPMUPOBAHHOM Ga3uce 3aaHbl CBOMMH KOODIAMHATAMH:
) )
a(th; &, a3), Hﬁ;ﬁ;ﬁl TO (opMya JJisi BBIYUCICHUS CKAJIIPHOTO MPOU3BEICHUSI BEKTOPOB

@y B0 KoOpAMHATaM COMHOKHUTENEH UMEET BH

f ! f !
a-b=om p +oy By +oq By (o)
T. €. CKaJsIPHOE MPOM3BEJICHHEC BEKTOPOB PABHO CyMME IPOM3BEICHUIN OIHOMMEHHBIX

MIPOEKIUH.
Iy

a =|a
Tak kak | ’2, TO, IPUMEHSISI PABEHCTBO (2), TOIyduM GOpMYITy IS
[ B

OIIPCACIICHUS JUIMHBI BEKTOpA X!

o ]

I
iz




Bripaxas yncnutens 1 3HaMeHaTeb GopMyIisl (1) mocpencTBOM KOOPAUHAT BEKTOPOB X
mw

u B, npumensist hopmysl (2) u (3), HaxoaUM

B+ By tog By
jol vl ol (g 1Bl B

HYCTB B IIpOCTPAHCTBEC 3aJaHbI TOYKH A‘n; -‘l‘; ﬂ)HE(n; }lz; z:) Torma

oS Q=

L1 1}
AB(e - yp—-wn—a) Jlnuna Bektopa ABGyner pasna | |1/1 u3 ¢opmyinsl (3) cienyer,
9TO

48| = i —a) +(n )+ )

CBezieM OCHOBHBIE PE3YJIbTAThl B TAOJIHILY:

Tabmuna 1
CkaisipHOe MIPOU3BEICHUE
B BEKTOPOB
U] IPOU3BEACHUS .
ol 3y x5 Yyt
KA. A B)
O0o3HaueHue ﬂ
[ousTre 18- mm(g_n
[TpencraBieHne B KOOpIUHATAX & ﬁl i, .ﬂz ta, .ﬂs
B

mr: ﬂ'-;
Dy FH
El-0ofif

IIpunoxxenue p
&L

2
3 4=F %

KoHTposbHBIE BONIPOCHI

1) OmnpeneneHue BekTopa. JIuHelHbIe omepanmuu HajJ BEKTOpaMH, CBOWCTBA JTHX
onepanum.

2) [Ipoekuuu BekTOpa Ha 0Ch. CBOWCTBA MPOCKIIUH.

3) Paznoxenue BekTOpa 1o KOOpAUHATHBIM opTaM. KoopauHaTel BEKTOpA.

4) Paguyc-BekTop Touku. Moaynb BekTopa. PaccrosiHre MeXay ABYMsI TOUKAMH.

IIpakTH4eckoe 3ansaTHEe Ne 6

Tema: CkajisipHoe pou3Be/ieHNe BEKTOPOB

Heas: HayuuTp cCTyneHTa UCHNONIB30BaTh CBOMCTBA JIMHEHMHBIX ONEpaluid C
F€OMETPUYECKUMH BEKTOpPaMH, CKaJsIpHOTO MPOU3BEACHHUS BEKTOPOB MJIA pEUIeHUs 3a]ay
BEKTOPHOMU ayreOpbl

IIpakTH4eckuii 010K

Pemenne THITOBBIX IIpUMCPOB
-. I ] L 1 i 1

Ipumep Ne 1. KosnwHeapHbl M BEKTOPBI p=6a-2b g="3a+b

;[1;2;316{2;—1;11].

Pemenue.
. L

1) Haiinem xoopauHaThl BekTopoB #u &, Mob3ysich TeM, 9TO MPH CIIOKCHUM BEKTOPOB
X KOOPIMHATHI CKJIQJBIBAIOTCS, & MPU YMHOXCHHHM BEKTOpAa HA YHCIIO €ro KOOPIAWHATHI
YMHOKAIOTCSL HA 9TO YUCIIO:



;(E-l—li!;ﬁ-l—l-(—l);ﬁ-?p—l-ﬂ] ;(—3i1+1;—1 2-1:-3-340)

PLIAIE) g(1:-7:9) 2) Tak kax
2 14 18
-1 -T 9

TO KoopauHathl BekTopoB u Brponopuronansael. CiemnoBaTenbHo, BekTopsl Ay &
KOJUTHHEAPHBI.

m m

Ortset. Bekrops! 21 WxosmiHeapHsl.

[Tpumep Ne 2. JlaHb1 BEPIIUHBI TPEyroJibHHUKA:
A( -1 _1 4 ]:E (_4 1] " )-C ( 3 —2; 1 ]‘H&I/L[[I/ITC JUTUHY CTOPOHBI ABy LrBAC
Pemienue.

1) Beruncnsiem koopauHatel Bektopos ABu 4L

48[4 (] 52-(-230-4) £6(3-(-kg (2)51-4)
LB[-3.0:-4) AC[4:03)
2) ITo popmynam mi1st ATUHBI BEKTOPA U CKAISPHOTO IIPOU3BEICHUSI BEKTOPOB UMEEM

£=E=J(—3]1 +0 +{4) =5ed_ S
AB-AC=-3-4+0-0+(—4)-(3)=0 © 4Bl AC,
v o ZBAC=9"

OrtBer. AB=5 en. £B.iﬂ=9|ln

ITpumep Ne 3. Onpenenuts yros Mexy JUaroHaas MM IapajuleIorpaMma, HOCTPOCHHOTO

L m L L wm [ w 1

Ha BeKTOpax 3=2M —Au B=m +2 R, ric M . e UHUYHBIE BEKTOPBI, YTOJI MEX/Y KOTOPBIMU

0
paBeH ol
Pemenue. CnenaB cxeMaTHUECKUI PUCYHOK,

o~

yOexIaeMcs, 4YTO BEKTOP oy , COOTBETCTBYIOIIIUI OJHOM TUArOHAIM MapajuieIorpaMMa,
HAXOJUTCA 1O popMyJie
L. E s i

d =a+b’

a Apyrou —
4,-b-a
Otcrona
5}3’1’#:’&

d, =—m+3 N

B cuny cBoiicta 50 (Teopema 1) ckansipHOro HpOI/I3Be}IeHI/I$I l'IOJ'Iy‘{I/IM
2 Wy u T L% T 1y
F‘ = —(3:!-“!)2 =9m 4+bm-minm —EF‘ -IEH :nﬂll H':H-

‘9"5“?’5'*1 Be? = m xlﬁ'cﬂ" "

AHanoruyso,



37 W w WEI I3
‘T =dy, =[- ll+3n] =m —-Om-nmi9n —‘

=1-5-1-1-5fﬂ"+9=ha1 = ‘;"=1Jﬁlﬂ_ 4 -4
=42

Haitnem  ckamspHoe

NIPOM3BEICHUE BEKTOPOB d y @&y Vuuremas csoiictso 10 KOMMYTAaTUBHOCTH CKAJSIPHOTO
npou3BeieHus U (4), uMeeM

o U Tr T T Wy I WI Ty

d -dy=(3m+n)(—-m+3n)="3m —mriImn+tin =
o o, T EW I

=—3- ur +E|Ju ncos{n.m )43 =—3-14+8-1-1-1/2+3-1=4_

Taxk kak

ms(dldz)i—:zt

i

| Um 4 o U
w0 419 & (d .d, )=auces(0,419)
V'E 7 OtBerT.

I TN
(d .d )=aceas(D,419).

[Tpumep Ne 4. Tlon nedictBuem cuibl B 20 H maTtepuanbHasi Touka mepeMecTuiach Io

npssMoii Ha 2 M. Haiitm paboTy, coBeplIaeMyr STOH CHJION, €CIM Yrojd MEXIy CHUJIOW u

HaIpaBJICHUECM PAaBCH 3’" .
Pemenue. Pabota A Beruucisiercs mo gpopmyie

TwY TN
A=F-S- M }s‘mu? 5)

rae & — Bexrop aeiicTByroleit cubl, S— BexTop myTta. [Tonydnm
A=20-2-cos30° =20 J:;'gh_

Orser. 4= 3% .

3ajaun Ui peleHus
T T T T T .f
== a—-28h, —b-3a, —a+—-b_
1. ITo naHHBIM BeKTOpaMﬂ'I/I .EIHOCTpOHTL BEKTOPBI 2 4 4

2. JIaHbI BEKTOPBI ﬂ{ 2170 ]-b{ 2:3:1 ) Buucnurs:
Iz

a) b ;

6)(3 a—Ib} {ﬂ+b}.

Otger. a) 14; 6) -12.

i i i i i i i 4

3. Onpenenuts npu KakoM 3HadeHnn LEBexropsr @=%1—3 f+2 ky b=i+2j-ak
OPTOTOHAJIBHBI.

Otger. = 4.

4. BblucnuTh Kakylo paGoTy mpomssogur cuma & (313 )orma ee Touxa

MPWIOXKEHUS, ABUTAasCh II0 MPsAMOM, NEPEMECTWIACh W3 TOYKH ‘i{ 1-3H4 )B TOYKY

B(3:-11)



Ortser. 27 ez[ pao.

5. Bektop fZcocTaBiseT ¢ OCAMH KOOPAMHAT OCTpPBIE YIJIBI x ﬂ Yy anpuueM = 450
I

= ﬂ]n al=3
)8 — ™ HaiiTy ero KOOpAMHATEHI, €CIINA
I
Orper. 2(3/42:3/2:3/2)
F 3 I I
.= — al=3, b{= 1,
6. Bekropsl &@u H0oOpazyoT yroiu 3 . 3nas, uro HaWTU JUIMHY BEKTOpa
c=3a+2h
F’: =14 .73
OTBeT. ell.
3amaun JUIsi CaMOCTOSTEIHLHOM pabOThI

1. Beruncnuth CKaJSIPHOC MPOMU3BEACHHUE BEKTOPOB U b, CCIIn
I I I I

=4 b=41-3 f, .=
Yol MeXy BekTopamu eFu Bpasen 600;

a)
6)a=2i+j—3i:, (1;:0;+4)
Ortger. a) 10; 6) 14.

2. KonmseapHsl 1u Bektoper P=3 2+ b.g=—a+lh rea(l:2:-3), b (1:0:-1),
Ortger. Her.

3. Haiitu yronm Mexay AMaroHajIsIMU MapajuielorpaMma, IMOCTPOEHHOIO Ha BEKTOpPax
a4 i i i i 4

a=2i+j, b=—j+2 Kk

Orser. (‘gg) =0

a a a 1 A a a a a

4. ansl Bexrops @=21=3 j+6 ky b=—1i+2 j-2k NPWIOKEHHBIE K 00IIeil TouKe.

Haiitu opt 6I/ICC€KTpI/ICBI yriia Mexy e¥u B,

OTBeTf-' (- ”\l’_z 51'\',_ ;4/42)

5. Tloctpouts TOYKH 4 ( 4 ):B ( 335 ):c (_l -4 )-D ( 0:0 ) Ecnu TOukM moOCTpOEHBI

MpaBUJIILHO, TO TIOJYYEeH KBaapar. Uemy paBHa JUIMHA CTOPOHBI 3TOro kBaapara? KakoBa ero
riomaas? HallTu KoopiMHATHI CEpeIMHBI CTOPOH KBajipaTa.

OrtBerT. 2= ”en., S=”KB. en.,
Mg (3.53)Mye (1450 Mgy (A52)Mg (205

6. Haiitu BexTOp X, MIEpIIEHIUKYJISIPHBIN BekTOpaM & =i+ &u b=2 j—K.cciu U3BECTHO,
4 a a a

4TO ero mpoekis Ha Bekrop E=F+2Z jf+2 Ii:paBHa 1.
mw

Otser. X(-3/2; 3/4; 3/2).

KoHTpopHbBIE BOITPOCHI

1) CkansipHoe mpou3BeieHne BEKTOPOB, ero Gusnieckoe ToakoBanue. CBoiicTBa

CKaJISIPHOTO IIPOU3BEICHUSI.

2) Ilpoekuuss BeKTOpa Ha BEKTOp. YTOJI MeXIy BekTopamu. HeoOxomumoe u
JOCTaTOYHOE YCIIOBUE MEPIEHAUKYIISIPHOCTH BEKTOPOB.

3) CkansipHoe pou3BeIcHUE BEKTOPOB B KOOPAUHATHOM (popme.



IIpakTHyeckas padora Ne 7
Tema: CocraBjieHue ypaBHEeHUH NPAMOii
Leab: oTpaboTaTh YMEHHE COCTABIIATh YpaBHEHHE NPSMOM, 3aJaHHON pa3IMYHBIMHU
croco0amu; NepexXoAUTh OT OJJHOTO BU/Ia ypaBHEHUS NPSAMOM K Jpyromy

Teoperuyeckre OCHOBBI: HOPMAJbHBIM BEKTOP IIPSIMOW, HAINPABISAIOMIMN BEKTOP
IpSAMOii, CIOCOOBI 3a7jaHusl IPSMOM, BUIbI YPaBHEHUS MIPSIMOH.

B nexaproBoii mpsimoyrosibHOU cucteme koopauHat OXY Ha mI0cKocTH jrobast mpsmast
MOJKET OBITh 3a/1aHa YPaBHEHUEM B BUJIC

Ax+By+ C=0

rae kodpdummentst n = ( A,B ) - KOOpaWUHATHI BEKTOpa MEPHEHAUKYISPHOTO K
3aJJaHHOW NpPSIMOW. DTOT BEKTOpP HA3bIBAIOT HOPMAJbHBIM BEKTOpoM mpsimod. Eciu B, TO
ypaBHEHHE IIPSIMOM Ha IJIOCKOCTU MOKHO IIPEACTABUTH B BUJE

y=kx+b (k=1tg)
3T0 ypaBHEHHE Ha3bIBACTCS ypaBHEHHEM MPSMON C TIIaBHBIM KO3 PHUIIUEHTOM.
PaccmoTpum citydan B3aMMHO pacIiofiosKeHUeE ABYX MPSMBIX Ha MIOCKOCTH
1. Ecniu mpsiMble 3a7jaHHble OOIMMU YPaBHEHUSIMU
A1x+B1y+ C] =0 n A2x+B2y+ C2=0 y
2. Ecnu ypaBHeHue 3aJjaHbl € YIIIOBBIMH KO3 puiineHTaMmu
y=kx+b, u y =kx-+b, ,

IIpumep 1. Haiitm ypaBHEeHHME NpSIMOW, NMPOXOIALIEH 4Yepe3 TOUKY Mo(4,-3) u
00pa3yromuii ¢ OCSIMM KOOPAUHAT TPEYTOJIbHUK IUIOMAAbIO 3.

Tak kak 3agaHHast TOYKa JEKUT B IV yeTBepTH TO MCKOMas mpsMas JOJDKEH OTCEKaTh
oTpuLaTenbHyo 4acte ocu OY u mnonoxurenpHyro 4actb ocu OX. Hammmewm ypaBHeHue Ha
OTpE3KaX NPOXOASAILYI0 Yepe3 JaHHYIO TOUKY.

Ecnu mbl mopbepeM a=2 u 6=-3, TO MOJy4YUM MpPSIMYIO YAOBJIECTBOPSIOLICH YyCIOBUE
3ajaun. Takas npsiMast He OJlHa.

Ilpumep 2 . 3anucaTbs ypaBHEHHE INPSIMOW, MPOXOIALIEH uyepe3 Hadajao KOOpAUHAT U
oOpasyromuii yron 45° ¢ npsamoit y=2x+5.

Tak Kak yrosi Mexay npsMbiMd 45° | TO 3anKCHIBAEM [[Ba YPABHEHHS C HEU3BECTHBIMH K
nu kz.

Torma ypaBHEHMS NPSIMON MPOXOIAIIECH 4YEpe3 HA4yajlo KOOPAMHAT WU YIJIOBBIMH
kodpPuuuentamu k,=-3 u k= OyxyT COOTBETCTBEHHO

ILnockocTh

OcHoBHasi TeopeMa. B  0exapmogvix NpaMOy20NbHbIX KOOPOUHAMAX YpAGHeHUe
000U NAOCKOCMU NPUBOOUMBCSL K 8UOY

VYpaBHeHHUE HazbIBaeTCs obwum ypasHeHuem niaockocmu . KooppuuueHTs! SBISAIOTCS
KOOpJIMHATaMU BEKTOpa K, NEPIEHAMKYJISPHOIO K IUIOCKOCTH, 3aJaHHOW ypaBHeHHEM. OH
Ha3bIBACTCSI HOPMATbHLIM 6€KMOPOM 3TOU TUNIOCKOCTH U ONPEEIIIeT OPUEHTALMIO TUNIOCKOCTH B
MIPOCTPAHCTBE OTHOCUTENILHO CUCTEMbI KOOPIUHAT.

Cy1iecTBYIOT pa3iMyHble CIOCOOBI 3aJaHUs IUIOCKOCTU U COOTBETCTBYIOIIME MM BHJIbI
YPaBHEHHHS .

1. Vpaenenue naockocmu no mouxe u HopmaneHomy 6exmopy. Eciv IIOCKOCTS
IIPOXOJUT Yepe3 TOUKY U MEPIEHAUKYIISIPHA K BEKTOPY

2. Vpasnenue niockocmu 6 «ompeskaxy . ECIU IMIOCKOCTh EPECEKAET OCU KOOPAUHAT
B TOYKAaX COOTBETCTBEHHO

3. Ypasuenue nnockocmu no mpem moukam. Ecnu NI0CKOCTh NIPOXOAUT YEPE3 TOUKH ,
HE JIe)Kallle Ha OJTHOM ITPSAMOM

Ipumep 1 CocTaBuUTh ypaBHEHHUE TIIOCKOCTH, MMapalIeTbHON BEKTOPY



s = (2,1,-1) u orcexarommx Ha ocsix OX u OY OTpe3ku a =3, b= -2.
(OtBet:  2x-3y+z-6=0)
Hckomoe ypaBHEHHE TIUIOCKOCTH HAaXOJWM W3 YCJIOBHS KOMIUIAHAPHOCTU TpeEX
BekTopoB MM, MM, s , a ToukM UMeeT KoopauHatsl M(x,y,z), Mi(a,0,0), M(0,6,0) . 1lo
yCIIOBHIO 3aJauu a=2, 6= -3. Torna
U OKOHYATEJbHO moiydaeM 2x -3y +z=0.
[pumep 2. BeIYUCTUTh paCCTOSHUE MEXKAY MapaICIbHBIMU MIIOCKOCTIMU
3x+3y+2z-15=0 wu 3x+3y+2z+13=0.
Jlist perieHun 3a/1a4il HaXOUM JIFOOYI0 TOUKY MPHUHAJUICKAIIYI0 HA OJHOW M3
IUIOCKOCTH, Hanpumep cuutas y = z= 0 U3 ypaBHEHUS NEPBOU IJIOCKOCTU HAXOJUM , 4TO X=5
Torma mo ¢opmyrne HaxOoXIEHHS pPAacCTOSAHUS OT JaHHOW Touku  My(5,0,0) 1o BTOpOH
IUIOCKOCTA HaxomuM d= 4
Ayoumopnuvie 3anamus:

1. ITo naHHBIM ypaBHEHUSM MTOCTPOHTH MPSMBIC, HAUTH UX YTIIOBBIC KO (DHUIIMEHTHI 1

OTPE3KH OTCEKAEMbl€ UMH Ha OCSIX KOOPJIUHAT.

2.3anucarth ypaBHEHHsI MPSMBIX, HA KOTOPBIX JIeXkKAT CTOPOHBI pPaBHOOEAPEHHOM
Tparenyu, 3Has, 9T0 OCHOBaHUs ee paBHBI 10 u 6, a GOKOBBIE CTOPOHBI 00PA3YIOT C OOJIBIIUM
ocHOBaHueM yroi .bosbiiee ocHOBaHuUE JIEKUT Ha OcH abcuuce, a OCh CUMMETPUH Tpamnenuu —
Ha OCU OpJMHAT

3. Cuia npuiokeHa K TOYKE . 3alucaTh ypaBHEHHE NPSIMOM, BJOJb KOTOPOMH
HaIpaBJieHa 3Ta CUJIA.

4. 3anucaTh ypaBHEHUE NPSIMBIX, KOTOPbIE MPOXOAST Uepe3 TOUKY U MapajuleNbHBL: a)
ocu abcumcc; 0) ocu OpAWHAT, B) OUCCEKTPHUCE IMEPBOIO0 KOOPAMHATHOTO YTJa; T) TPSIMOM
y=3x+9. 5.3anucaTh ypaBHEHHE MPSAMOI, TPOXOIAIICH Yepe3 TOUKH

6. JIyu cBeTa HampaBJiieH 1Mo npsamMoil HaillTu koopArMHATEI TOUKKM BCTPEUH JIyda C OChIO
U ypaBHEHHUE OTPAKEHHOTO JIyya.

7. Touka A(-2,3) NEKAT HA TPSAMOHN, MEPICHIUKYIIPHON K Tpsamoit 2x-3y+8=0.
3anucarh ypaBHEHUE 3TOHN NPSMOIL.

8. Touka A(2,-5) sBnsieTcsl BEPIIMHON KBaipaTa, OJIHA U3 CTOPOH KOTOPOTO JIEKUT Ha
npsiMoit x-2y-7=0. Beruncnute miomane kBajgpara. (Omeem: S)

9. 3anucaTh ypaBHEHUE U IOCTPOUTH INIOCKOCTH:!
a) napajuiesibHyo m1ockoctu OXZ u npoxoasiryto yepe3 Touky Mo(7,-3,5)
0) mpoxopsryto yepe3 ock OZ u Touky A(-3,1,-2)
B) napayuienbHyo ocu OX U mpoxosiryto yepes ase Touku M;(4,0,-2),
M,(5,1,7)
T') MPOXOAIIYI0 uepe3 Touky B(2,1,-1) u umeronnyto HopMaIbHBIA BEKTOP
n=(1,-2,3)
1) mpoxosiryto yepes3 Touky C(3,4,-5) mapamiensHO ABYM BEKTOpaM
a=(3,1,-1) u 6=(1,-2,1)
Otset: a) y+3=0; 6) x+3y=0; 8)9y-7-2=0; 2) x-2y+37+3=0; 0) x+4y+77+16=0.
10. CocraBuTh ypaBHEHHE OJHON W3 IpaHed TeTpas’ipa, 3aJaHHOTO BEpILIMHAMHU.
A(5,4,3), B(2,3,-2), C(3,4,2),/A(-1,2,1). [IpoBepuTh MpaBHUIHHOCTD IMOTYUYEHHOTO YPaBHCHHUS.
11. CocTaBuTh YpaBHEHUE IJIOCKOCTH:
a) mpoxojsmiei yepes Touku M;(1,1,1), M»(2,3,4) neprieHIuKyIsIpHO K
MJIOCKOCTH. 2Xx-7y+5z+9=0,
0) mpoxopsmiei yepes Touky Mo(7,-5,1) u oTcekaroieit Ha OCSX KOOpIUHAT paBHBIC
noJIokuTeNbHbIC 0Tpe3ku. (OTBer : a) 31x+y- 11721 =0
0)x+y+z-3=0)
12. BeIUUCIUTD YTOd MEXIY MUIOCKOCTIMU X - 2y +27—3=0 u 3x -4y +5=0
(OtBer : )



13. 3anucarth ypaBHEHHE IUIOCKOCTEH, JENSIUX JABYXIPaHHBIE YIJIBI MEXIY

WIOCKOCTAMM 3X-y+7z-4=0 u 5x+3y-5z+2=0 ( OtBer: x+2y-6z=0,

4x+y+z-1=0)

Homawnue 3a0anun:

1.HaiiTu ypaBHeHue mpsmMoii, mpoxonsuieit yepe3 Touky Mo( -2,3) u oOpasyromuii ¢
OCSIMHM KOOpJMHAT TPEYTOJIbHUK IUIOIIABIO 4.

2.3anucaTh ypaBHEHHE MPSAMOI, MPOXOAAIIEH Yepe3 Haualo KOOPJUHAT U 00pa3yromuii
yroa 30° ¢ mpsamoii y= - 3x+1.

3.3anucaTh ypaBHEHUE IpsIMOM mpoxosuieit uepe3 Touky P(5, 2) u oTcekaronieil paBHbIe
OTpE3KH Ha ocsix koopauHatr. (Omeem: x +y -7=0.)

4.Haiitn ypaBHEHUE NpsMOM, NapamienbHOl npaMon 12x+5y-52=0 u orcrosiiieit ot Hee
Ha pacctosaue 2. (Omeem: 12x+5y-26=0 nmu 12x+5y-78=0.)

5.BbluMcauTh BEIUUYMHY MEHBUIETO yria Mexay npsambeiMu 3x+4y-2=0 u 8x+6y+5=0.
Jlokazatp, 4TO TOUKa JIEKHUT Ha OMCCEKTPUCE ITOTO YIVia, U CAENaTh PUCYHOK.

6. CocraBuTh ypaBHEHHE IIOcKocTH uepe3 Touky P(1,0,2) mnepneHAMKYISIpHO
K JIBYM TuiockocTsM 2x-y+3z-1=0 u 3x+6y+3z=0.

7. CocTaBUTh ypaBHEHUE IUIOCKOCTH, NEPIEHAUKYISIPHON K INIOCKOCTH 2X-2y+47-5=0 u
otrcekaromierd Ha ocsix OX u OY otpeskn  a=-2, 6= COOTBETCTBEHHO.

8. CocTaBUTh ypaBHEHUE IUIOCKOCTH, MapajljiesibHOi BekTopy s = (5,0,-2) u oTcekaromux
Haocax OX u OY oTpe3ku a=-4, b=1.

9. BoruncnuTh paccTosHUE MEXy MapaylieIbHbIMU IJIOCKOCTAMU

x-2y+4z—-1=0 wun 2x-5y+2z+12=0.

IIpakTH4eckasn padora Ne 8
Tema: CocraB/jieHHe YPABHEHHH IJIOCKOCTH
Heab: orpaboTaTh yMEHHE COCTABIATH ypaBHEHHUE MPSAMOM, 3aJaHHOW DPa3IUYHBIMU
croco6aMu; MepexoITh OT OJTHOTO BUA YPAaBHEHUS MPSIMOU K PyroMy
Teopernyeckue 0CHOBBI:
IIpsimasi ¥ I0CKOCTH

B 3aBucumoctu ot cmoco0a 3amaHus MPSMOM B MPOCTPAHCTBE MOXKHO paccMaTpUBATh
pa3iNyHbIC €e ypaBHEHUSI.

1. BexmopHo-napamempuueckoe ypasHnenue npamoti. IlycTb npsiMas NpOXOAUT Yepes3
TOYKY TapajieIbHO BEKTOPY, a Jr00asi TOUKa 3TOH MpsSMOii .

KOTOpOE€ TOJYy4YaeTcss MO TMPaBHIy CJIOXKEHHUS BEKTOPOB. YpaBHEHHE  Ha3bIBAaeTCA
8EKMOPHO-NApaMempuieckum ypasHeHuem npamou, —HaIrpaBJsSIFOIIMM BEKTOPOM MPsIMON 2.
Ilapamempuueckue ypasHenus npsamotl.

3. Kanonuueckue ypasnenus npsamot. Pa3pelasi ypaBHEHUS! B CAICTEME OTHOCHUTEIIBHO
{ ¥ IpYpaBHUBAs TIOJYyYEHHbIE OTHOIIEHUS, IPUXOIUM K KOHEUHbIM YPAGHEHUAM NPAMOU.

4. Ypasnenus npamoii 6 npocmpancmee, npoxoosauell uepes 08e mouKu.

5.0bwue ypasHenuss npsamoti 8 nNpoCmMpancmae.

Tenepp MOXXHO 3amMcaTh YCJIOBHE MEPHEHAUKYJSIPHOCTH TMPSMBIX | @ YCJIOBHE
MapauieIbHOCTH , @ YCJIOBUS WX coBmaaeHus , rae Mi(xyyizi) , Mx(x:y.22) , a S1,S2 —
HaIPaBJISIONINE BEKTOPHI.

YVenom mednrcoy npsamoii u niockocmspro Ha3bIBACTCS YTOJ MEXITY MPSAMOI

¥ OPTOTOHAJLHOM MPOEKIMEH Ha MIIOCKOCTb.

[Tpumep 1. CocTaBUTh ypaBHEHUE TUIOCKOCTH, MIPOXOIAIICH Yepe3 TOUKY

P(1,0,2) neprieHAuKyISIPHO K IBYM IIOCKOCTSIM

2x—-y+3z—1=0 unu 3x+6y+3z-5=0



Tak kak K03(pPUIMEHTHI MIOCKOCTEH HE MPONOPIHOHAIBHBI, TO OHHM IE€PECEeKaroTCs,
TOT/la HaNpaBIISIIONINI BEKTOp JIMHUWA NMEPECeUEHUs HAXOJIUM M3 BEKTOPHOIO IPOU3BEIACHUS
HOpMaJiel IByX IJIOCKOCTEH T.€.

Torna 3ToT BekTOp OyJIeT HOpMaibi0 MCKOMOW IUIOCKOCTH U MO (opMmyse (2) HaXoAuM
7x—y-5z=0.

IIpumep 2. 3anucaTh ypaBHEHUE INIOCKOCTH, IPOXOISAIIEH Yepe3 MPSIMYIO

NEPIIEHIUKYJIAPHO K m1ockoctu x+4y-3z+7=0.

Hckomas TUIOCKOCTH MPOXOAWUTH Yepe3 TOUkH mpsaMoil  Mo(2,3,-1) U 4epes
HaIpaBJIAIOUMI BeKTOp npsiMoit s(5,1,2) u uepe3 HopManu JaHHOU miockocty n(1,4,-3). Toroa
U3 yCJIOBHS KOMILIAHAPHOCTH TpeX BEKTOpoB MyM, § W N HaxoauM

u IIx-17y-197+10=0.

3ananus

1.Haiitu ypaBHeHHe mpsiMoH, npoxojsmiel yepe3 Touky Mo -2,3) u obpa3zyrommuii ¢
OCSIMU KOOPJMHAT TPEYTOJIbHUK IUIOMIA IO 4.

2.3anucath ypaBHEHUE MpPSIMOW, IPOXOAIIEH Yepe3 Hayallo KOOPAWHAT U 00pa3yromuil
yroun 30° ¢ mpamoit y= - 3x+1.

3.3anucath ypaBHEHHE NpIMOM npoxoasiel yepe3 Touky P(5, 2) u orcekaroieil paBHbIe
OTpE3KH Ha ocsiX koopauHat. (Omeem: x +y -7=0.)

4. Haiitu ypaBHEHHE IIPSAMOM, MapauieapHol npamon 12x+5y-52=0 u orcrosmieit ot Hee
Ha pacctosaue 2. (Omeem: 12x+5y-26=0 nmu 12x+5y-78=0.)

5.BBIYMCINTh BEIMYMHY MEHBIIEr0 yria Mexay npambiMu  3x+4y-2=0 u 8x+6y+5=0.
JlokazaTh, YTO TOUKa JIEKUT HA OUCCEKTPHUCE 3TOTO YIJIa, U CAeNIaTh pUCYHOK. (Omeem: .)

6.CocTaBuTh ypaBHEHHE IUIOCKOCTH depe3 Touky P(1,0,2) meprneHaukyIsspHO
K IBYM IIOCKOCTAM 2x-y+32-1=0 u 3x+6y+3z=0. ( OtBer: 7x-y-5x-z+3=0)

7.CocTaBUTh YpaBHEHUE TUIOCKOCTH, MEPIEHAUKYISIPHON K TUIOCKOCTH 2X-2y+47z-5=0 u
orcekaromei Ha ocsix OX um OY orpe3ku a=-2, ¢g= cooTBeTCTBEHHO. (OTBET: X-3y-
27+2=0)

8.CocTaBUTh ypaBHEHHE IUIOCKOCTHU, MapajuiesibHOM BekTopy § = (5,0,-2) U oTceKaromux
Haocax OX u OY otpe3ku a=-4, b=1.

9. BbluMCIUTh pacCTOSHUE MEXY NapajlieIbHBIMU IJIOCKOCTSMU

xX-2y+4z-1=0 wun 2x-5y+2z+12=0.

10. 3anucath ypaBHEHHE IUIOCKOCTH, MPOXOASIIEH Yepe3 MpsMYyI0 MEPHEeHAUKYISIPHO K
IJIOCKOCTH .

11.Berayucnuth paccrosinue Mexay npssMmeiMua - ( Omeem: . )

12.I1epecekarorcst u nipsimble U ( Omeem: HET. )

Bomnpocs! k Teme:

l. JlaiiTe onpezesnieHre HOpMaIbHOIO BEKTOPA MPSAMOH.

2. JlaiiTe onpezenenre HanpaBIIAIOIIEro BEKTOPa IPSIMOM.

3. Kakvum HaGopoM 371€eMEHTOB MOKHO 337aTh MIPSAMYI0?

4. Kakoii Bug MOXKET UMETh YpaBHEHHE MPAMOU Ha TIIOCKOCTH?

5. Kaxk coctaBuTh ypaBHEHUE IPSIMONA:

- IO HaIPaBJISIOIIEMY BEKTOPY U TOUKE,

- II0 ABYM TOYKaMm,

- TI0 HOPMaJbHOMY BEKTOpPY M TOUKE,

- 1O OTpEe3KaM, OTCEKaeMbIM MPSIMOM Ha OCAX KOOpAUHAT?

6. UTo MOXHO cKa3aTh O MOJIOKEHHUU MPSMOM Ha KOOPAUHATHOM IUIOCKOCTH, IO €€
YPaBHEHHUIO:

- KAaHOHHUYCCKOMY
- IIapaMCTPpUICCKUM



“B oTpe3kax”’

C YIJIOBBIM KO3 GUIIMEHTOM
Kak nepeiiTu oT 0JIHOTO BHJIa ypaBHEHUS TIPSIMOM K APyromy BUIY?
UYTo MOXKHO paccka3aTh 110 YPAaBHEHHUIO O MOJIOXKEHUH MPSAMOM Ha IIIOCKOCTH?
Kak ompenenuts B3auMHOE PacmoiokeHHe TOUKH U MPSIMOii?

= 2 ©

0.  Kak ompenenuts TOUKy NEpeceYEHUs IBYX MPSAMBIX?

IIpakTH4eckas padora 9

Tema: Haxosxkaenue npenenos (PyHKIMH U TOYEK pa3pbiBa.

Heas: npuoOperenue 0a30BBIX 3HAHWKA B 00NacTH (yHIAMEHTAIBHBIX pa3ZeiioB
MaTeMaTHKH. [IpoBepka ycBOSHMs 3HAHUHM MO BBIUMCIEHUIO TpeaenoB QyHkiuil. [loBTOopuTh M
CUCTEMATU3UPOBATh 3HAHUSA 110 TaHHOU TEME.

Teopernueckmnii 6,10k
YToObI BEIYMCIUTH NIpesien PYHKIUY B TOUKE, HAJO:

1) IloacTaBuTh BMECTO IEPEMEHHOM X TO, K UEMY X CTPEMUTCSI.
0

2) Ecnu nocie BBIMOJHEHUS MyHKTa 1) MOMydnM HEOINpeneIeHHOCTh BUa [Dl, TO HaJ0
YUCIUTENIb W 3HAMEHaTelb ApOoOU pa3NokKUTh HAa MHOXKHUTEIW U COKPAaTUTh JpoOb, WU
YHUCIUTENIb U 3HAMEHATeNlb JOMHOXHTbh Ha COMNPSKEHHOE U IOCJIE 3TOr0 COKPaTHTh JPOOb.

3ameTuM, 4TO ApoOb Bceraa OyJIeT COKpallaThes, €CM B BhIPAXKEHUU X_ia CTPEJKY 3aMEHUTD

Ha MUHYC: (X-a).

o
3) Ecnu nocne BBINOJHEHUS IMyHKTa 1) MOIy4YHM HEONpeAeNeHHOCTh BUAa [;H, TO HAI0
YUCJIMTENb W 3HAMEHATeJIb JpOOM pa3leiuTh Ha CTapIIyId CTENEHb HEW3BECTHOTO, WU
claraeMoe C camMoil OOJIBIIION CTENEHBI0O B UWCIUTENIC pa3/IeUTh Ha CllaraéMoe C Ccamou
OOJIBITION CTETICHBIO B 3HAMEHATEIIC U B3STh MPECI OT pe3yabTaTa JACIICHHUS.

0
4) Ecaum mnocne BBINOJIHEHHS IyHKTa 1) IOJydyuM HEONPEAEIEHHOCTh BHUAA [“l
CBSI3aHHAs C 3HAYEHUSMHU TPUTOHOMETPUYECKHX (YHKLHMI, Hal0 BOCIOJIb30BAaThCS MEPBHIM
3aMeyaTeNbHbIM IIPEAETIOM.
Omnpenenenue. [lepBpIM 3aMeuaTeNIbHBIM IPEAEIOM Ha3bIBACTCS NIPEIEI

i

-] ]

Ilepeuviti 3ameuamenvhblii npeden pagen
n
In—=]
i N

=0 ]

5) Onpeodenenue: Bmopvim 3ameuamenbHbiM npeoeiom Ha3vl8aemcs npeoei



m

1
e= lim [1+ —
n—oo 7L

Yucio e, 3a0amnoe Smum NpeoeioM, uzpaem oueHb OO0NbUuYl0 polb KAk 6
MamemamuyeckomM ananuze, mak u 6 opyeux paszoenrax mamemamuxu. Yucno €wnasvisaiom
oCcHOBaHUeM

log N =In
HAMypanbHuIX 102apu@dmos ( : ).

Teopema. Bmopoii 3ameuamenvuviii npeden cywecmeyem. Eeo 3mauenue -- uucio,
Jedxcaujee medxncoy u .

bonee noopobnoe uzyuenue wucna enokaszvieaem, umo €-- UPPAYUOHATbHOE HUCTO,
HeCKOJIbKO Nepeblx 0eCAMUYHbIX 3HAKO8 KOMOPO20 MAKOBbL:

e = 2,7182818285. ..

IIpakTH4eckas padora 10

Tema: YacTHbIe ciIyyad BHIYUCICHHS NpelesoB (PYHKIHMH.

Heasb: npuoOpereHue 0a30BbIX 3HAHMKW B 00MacTH (yHIAMEHTAIBHBIX pa3feioB
MaTeMaTHKH. [IpoBepka yCBOSHMS 3HAHWH 1O BBIUMCIECHUIO TpeaenoB GyHkiui. [loBTOopuTh M
CUCTEMATU3UPOBATh 3HAHUA 110 JTaHHOU TEME.

C2xt-3x-5
]JI'ﬂ ]
Brrunciuts npeaen ¥+« 1+x+3x

CornacHo HaleMy MpaBHUITy HOIBITAEMCS MOJICTABUTHh OECKOHEUHOCTh B pyHKIHMIO. UTO Y Hac
noy4aetcsi BBepxy? beckoneuHocTh. A 4To moiydaercs BHU3Y? Toxke OECKOHEYHOCTb.
ca

Takum 00pa3om, y HaC €CTh TaK Ha3bIBacMasi HEOTPeIeJICHHOCTh BuAa 00, MokHO OBLITO ObI
W)
— =00
MOAYMAaTh, 4yTo [0 , 1 OTBET FOTOB, HO B OOIIIEM CIIyyae 3TO BOBCE HE TaK, U HY>KHO
IIPUMEHUTH HEKOTOPBIN IIPUEM PELLICHHUS, KOTOPBIA MBI CEMYAC U PACCMOTPHUM.

Crauaza MBI CMOTPHM Ha YHCIIHTENb U HAXOJUM X B crapueii crenenu:
. X35

lim —= —
x=se | 4 X4 32"

Crapiasi CTeeHb B YUCJINUTENE paBHA JABYM.

Teneps CMOTPUM Ha 3HAMEHATENb M TOKE HAXOIUM XB CTapIiei cTerneHu:
o s LR

lim =

x| 4+ x4-3x" )

Crapiuas cTeneHb 3HaMEHATEeNs paBHA JIBYM.

3aTeM MbI BEIOMpaeM caMylo CTapIIyIO CTENEeHb YHCIUTENS U 3HAMEHATEIS: B JAHHOM
IIPUMEPE OHU COBIIAJIAIOT U PABHBI JABOMKE.

o

Wrak, meToj perieHus caeayouuii: 1Jisi TOro, 4To0bl pACKpPbITh HeolpeieJeHHOCTh [
HE00X0AUMO pa3JeJuTh YHCIAUTEIb U 3HAMEHaTe/1b Ha Xs crapuiei CTeneHu.



y

L 2x"=3x-5 "
o -3 -~

e 14+ x4+ 3x £

Pa3I[eJ'H/IM YUCIHUTCIIb U 3HAMCHATCJIb HA .'-'f

oxt —3x— 5 oxt 35 370 50
R S S
(x}_ el 1+X+3.‘-’fi T 1 I 3?[2 T e 1 =0 1—}0 _E
— —+tg+5 — t= 43
X X X A x X
[pumep 2
TR 15 49+

o 4 a
Haiitu npegen ¥+« Syt +ExT-3x-4
CHOBA B YMCIIMTENIE U 3HAMEHATENE HAXOAUM . B CTapIIei cTeneHu:

T H15x% +9v +1
lum st

=00 Sy

-
H Gy —=3x—4
MaxkcumaiibHas CTENEHDb B YUCIUTENIE: 3

MaxkcuManbHas cTereHb B 3HaMeHaTene: 4
Bri6upaem HanboJib1Iee 3Hau€HUE, B IAaHHOM CIIy4ae YETBEPKY.

CornacHo Hallemy aJirOpuTMY, AJIs PACKPBITHS HEONPEAEIeHHOCTH 0 1eJI1M YUCIUTENb U

3HaMEHATeNb Ha & .
[TorHOE OopMITeHHE 3a1aHKST MOKET BBITJISIETh TaK:

TR 152+ 9x+1
]J_'['ﬂ =—=
s 5xt 462 —3x—4 )

Pazgenum dyuciauTeab U 3HaMEHATENIb Ha &

72 +152 +9x+1 E%BFEfD+EfD+l:W
(F)=lm — ?; = lim & xiu xju x-iu =
e hx 46— 3x—4 row 5+£ _i _i

1'4 Xz X3 X4
0404040 _ 0
T 5+0-0-0 5
[pumep 3
- 2xt-3x-5

Haiitu mpegen *==  x+1
MakcHMaTbHAsl CTETIEHb «UKCay» B YHUCIHTENE: 2

1
MakcumanbHas CTENEHb «MKCa» B 3HaAMeHarene: 1 (I MO’KHO 3amucarh Kak A )
oo

Jost ‘%aCKpBITI/ISI HEONpeIeIeHHOCTH 0 He0OX0MMO pa3IeIuTh YUCIUTETh U 3HAMECHATEIh

Ha X . YucroBoi BapHaHT PpCIICHUSA MOKCET BbIITIAACTD TAK:

o 2x'-3%x-5% w
m —— = —=1(*)

e x+l

Pa3)1€J'H/IM YHCINUTEIb U 3HAMCHATEIIh Ha &

oxt —3x—5 370 g0
g L T@ o
O —a W o T

) - t+—=
X x b
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Ilop 3ammchio D nmoapa3zyMeBacTCd HE ACJICHHUE HAa HOJIb (I[GJ'II/ITB Ha HOJIb HGJ'II)3$I), a JICJICHUC
Ha OECKOHEYHO MaJIO€ YHUCIIO.

o

Taxum 00pa3oM, pH pacKpbITUU HEONPEAETICHHOCTH BuAa B0 y HaC MOXKeT
HOJIyYUThCSl KOHEYHOE YUCI0, HOJIb WA OECKOHEUHOCTb.

[

IIpenesibl ¢ HeoNMpeaeJeHHOCTHIO BHIA ) 4 meTox ux peuienusi

[Ipumep 4
. oxt—3x-5

Pemmts npepen ¥+-1 x+1
Cuauana nonpo0OyeM MoJCTaBUTh -1 B 1poOb:

2-1*-3-(-1-5_0
~1+1 0

0

B JaHHOM CJIydac IIoJIydy€Ha TaK Ha3bIBacMas HCOIIPCACIICHHOCTD [:l

O01ee npaBWJI0: €CJIM B YUCIIUTENE U 3HAMEHATEIIE HAXOIATCSI MHOTOYJICHBI, U UMEETCS

HEONMPECACIICHHOCTH BUaa D, TO AJId €€ PACKPBITHUA HYKHO Pa3J0KUTDh YUC/IUTEID U
3HaAMEHaTeJIb HA MHOKHUTEJIH.

JIi1st 5TOTO Yalle BCero Hy»KHO PEeIINTh KBAJAPaTHOE YpaBHEHUE U (MJIH) MCIIOIb30BaTh
(hOopMYJIBI COKpAIIEHHOTO YMHOKEHUSI.
2
2x°=3x-5 10 )
-l x4 0
Pa3noxum 4uciuTenh ¥ 3HaMEHATEe b Ha MHOKUTEITH

Jj1s TOro 4yTOOBI Pa3I0KUTh UNCIUTEIh HA MHOXKUTEIH, HY>KHO PELINTh KBaJApaTHOE
ypaBHeHHe

ot =3x=5=0

CHayana HaXOAUM TUCKPUMHUHAHT:
=(-3F-4.2.(-5)=9+40=49
W kBanpaTHbI KOPEHB U3 HETO: "JE = ‘f@ =7

B ciiywae ecnu quckpuMuHaHT 00Jib1I0#, HanpuMep 361, UCTONb3yeM KalbKyJISITOP,
(GyHKIUS U3BICUYCHUS KBAIPATHOTO KOPHS €CTh Ha CAMOM MPOCTOM KaJbKyJIATOPE.

! Ecnu kopenv He uzenekaemcs Hayeno (noayiaemcs OpooHoe Yucio ¢ 3animoii), 04eHs
8EPOAMHO, YMO OUCKPUMUHAHTN BLIYUCTIEH HEBEPHO TUOO 8 3a0aHUU ONe4amKa.

I[anee HaxO0JUM KOPHHU:

—4
xn= =—
3§+? 47 1
2.2 i 4

.'-'fg—

5
2
Taxum o6pazom:

25t —3x-5=2{x-(-1)) -3 =2{x+1). x—g ={x+1)- {2z -3)

Bcé. Yucnurennb Ha MHOXKUTEIN PA3JIOKEH.



3HameHaTenb. 3HameHatens X T 1 YK€ SBIISIETCS MPOCTEUITUM MHOXKUTENIEM, H YIIPOCTHTH €T0
HUKAaK HEIb3s.

() = (x+1)-{2x-3)

x=-1 x+1

="

x+1).

OLIeBI/I)IHO, qTO MOXHO COKpaTI/ITL Ha{
(*)= lm (2x-5)= (%
r=-1

Tenepb U IOACTAaBJISIEM —1 B BLIpa)KeHI/Ie, KOTOpOC OCTaJIOCHh IO 3HAKOM npenena:
=2 (-1)-5=-2-5=-7
B qUCTOBOM BapI/IaHTe 0(1)OpMJ'IeHI/Ie JOJIP)KHO BBITJIAACTH HpI/IMepHO TakK:

2r'=3x-5 0 _
r=-1 +1 0
PaSJIO)KI/IM YUCIIUTCJIb HA MHOXUTCIIU.

2
2xt - 3:{2—5 =]
D=(-3"-4.2.(-5)=9+40=49
JD=J49=7
(=3)

-(-3-7 3-7 -4
R=— o= =—=-]
x_—(—35+?=3+?_ﬂ=§
o2 4 4 2
2xt —3x-5 2(x+1}-[x ]={x+1} (2% -35)

kx4 12x -5 .
(*}=11i11_1( }xil }=?]{Jin_1(2x—5)=—2— =7
[Ipumep 5

8—ox

]
Beraucnuts npegen 2 x° +4x —12
CHayajia «4uCTOBOIY» BapUAHT PEIICHUS

y
B-2x 0 )
2— = —_=
=iyt +dx-12 0
Pa3HO)KI/IM YUCJIIUTCIIb U 3HAMCHATCIIb HA MHOXHUTCIIN.

Unemrens: 8= 2% = 2(4=1")= 202~ 12 +1)

3HaMeHaTeJ‘IL

*M@ g




I Chak /| CA% B ok s Col B | G
=2 (x+6)0(x—2) =2 (x+6)(x—2) 3 (x+6)(x—2)

{2+x}__24_
C Tesi(z46) 8
Ilpumep 1

lim, _, ﬁ f—i'l
=-4

Mput 6ocnonvzosanuco npasuiom 1) u noocmaguiu 6Mecmo X mo, K yemy X Cmpemumscsi,
m. e. x=2.

Illpumep 2
I 2 4x—6 0] _ Ii (x—2)(x+3 , x+3 2+
I, .2 -2 —lo —m, =7 _ x—2 = 1]=5
IIpumep 3
. — , (x—5)(xta+3
it [ty GO, D
My s z33-3_Lo 3‘_’5|__«,-m—3]{«;'m+:i}: [«;x+4 —EI‘_} _
lim (x—E)(~=F2+3 lim (x—5) (+TF2+3 .
x5 (x+a-9) |= * 8 (x-5) | lm,_(Vx+ 4+ 31=3+3=6
Ilpumep 4
1' %-l-vi;—_% 4+‘:_i_ 4+‘J.Lp15.c‘:—‘_llp'5lc
axtx—6| [eoff UM, .. 772 lim I T
i ] LA W . -—
hmx_j'm 2x*+7x— 4—|:EHZ T Tat 3 e x3_ +vh_r-Tglcx ;;h_n-glc:r_
Ipumep 5
1 Sl Ehl.l.mv D!Lﬂﬁu
sin 1m “
hmx_,[, % 3lim,_, _E 5
Ilpumep 6

)lim, .. (1+2)7 =lim,__. (1 +ij4“1L E%

lrn (1+3]x = [1°]= tim [1+3]5 e

K= x = x
0)
'
7 4 P
]jm[1+i] =[1* |= fim [1+_] PE
=¥ x K= x
6)
] 1 x4 3“"33
i (2537 =[1° J<lim (1425 - 4337 =lme 7 =4
2) ™ X1

3. 3axpennenue 3HaHutl, yMeHUll U HABLIKOG.
Boinoninums camocmosmenbHyo pabomy no 8blYUCIEHUIO NPeoeios PYHKYUL.

Bapuanr 1 Bapuant 2
Brruncnute npeaen GpyHKIUM: Boruncnute npeaen GpyHKIuM:
3.1:2 4x— 3.1:2 +4x—
1. H-x2+ﬁx— 1 - 6x” +x-5]
2 —5x

m

En 21:2—5.1:—3

9 e _Syyl| 9 =yt 57 4
En xz—l\ o -1 \
3. =l p6x-1. 3 =l 42—




x ix

Im — En
4. I—}ﬂm ) 4 I—}ﬂtg .
cig cigd
Em
= 5x i“..- &x
5. 2 . 5 72 _
EAI;-[I—EJ" - I_gJI
6. ¥ x+2 . 6. I xt3 _
EnQ+l) 1
32 m (1+-)
7' x | 7 -3 x
sn 6 <n
8 =0 Sy g E—?ntg
oxt ‘
Em e En SI-I;
9 x—0 %x 9 x—0 2x
1 x
_Z 5
Em (HEJ 3 Em [1+;]
10 x>®y X | 10. ¥

IIpakTHyeckas padora 11

Tema: Bblumcienue npenesoB (QYHKIUM METOAOM YMHOKEHUSI YUCIUTENS H
3HAMeHATeJIs1 Ha CONPSIKeHHOe BbIpa:KeHue.

Heab: npuobpereHre 0a30BbIX 3HAHUK B o0nacTu (yHIAMEHTAIBHBIX pPa3iesioB
MareMaTuku. [IpoBepka yCBOEHUSI 3HAHUH 1O BBIYHCICHUIO TIpeaenoB QyHkiui. [ToBToputh 1
CUCTEMAaTHU3UPOBATh 3HAHMUSI 110 TaHHOM TeMe.

Cnepytowmii TUN Npeaenos Noxox Ha npeabiayLwmi Tun. EquHcTBeHHoe, NoMUMo
MHOrOYSIeHOB, y Hac [06aBATCS KOPHW.

Mpumep 6
i Jr+6-a10x-21
Hantu npegen *-+3 5x-15

HaunHaem peliatsb.
CHavana npo6yeM noactaBUTb 3B BblpaxeHne noa 3Hakom rnpeperna
S+6-fl03-21 p- 0

5.3-15  15-15 0

[l

I'Ionyqua HeonpeaesieHHOCTb Buaa D, KOTOPYIO HY>XXHO YCTPaHATD.

]jmq;'rx+6—~.|"1[]x—21=[]

= 5115 L

Korga B uncnutene (3HaMmeHaTene) HaxoaMTCs Pa3HOCTb KOPHEN (UN KOPpeHb MUHYC
I

KaKOG-HI/I6y,D,b LIVICJ'IO), TO AnA pacKkpbliTUA HeonpeaerneHHOCTn D MCNOJ1b3YIOT METOA
YMHOKCHHUA YUCTUTEIA U SHAMEHATEC/IA HA CONPHAKCHHOC BbIPaKCeHHUE.



BcnomuHaem Hawy HeTJ'IeHHy}O (})opmyny pas3HoOCTU
KBaApaToB: (@-Blatd)=a

YMHO:KaeM YMCJINTEIb HA CONPSKCHHOE BbIPpaKeHHE.

Jx+5 J0x=21) (464105 -21)
Hz 5515

O6paTtute BHMMaHWe, YTO NOA KOPHSIMU NpY 3TOW onepauun Mbl HAYEro He TpOraem.

Xopoluo, ('51 +"E':' Mbl OpraHu3oBanu, HO Bblpa)keHne-To Nno 3HaKom npeaena
nameHunocb! A anst Toro, YTobbl OHO HE MEHSNOCH, HY)XKHO €ero pasaenuTb Ha TO Xe

camoe, T.e. Ha ':'fl +E:'

(ﬂfx+6 AJ0x =210 (x+6 +10x - 21)
s (51 =150 (Jx+6 +4/102-21)

TO €CTb, MBI YMHOKHAJIHA YUCJIIUTEDb U 3BHAMECHATEJIb HA CONPSAKEHHOE BBIPAKCHUE.
B n3BeCcTHOM CTeNeHN, 3TO UCKYCCTBEHHbLIN MPUEM.

)= ="

YMHOXunn. Tenepb calvloe2 Bpeglvm NPUMEHUTL BBEPXY
opmyny l@-b)lath)=a"-b"
(x4 60 = (f10x - 213

#=3(5x —15). (Jx+6 +-/10x - 21)_

x+6-(10x-21) _
=3 (5x—15) (Wx+6 ++10x—21)

x+6-10x+21
H3(5x 15) ({dx+6 +10x - 21)
— 9x+27

= lim, = (%)
=3 (51 —15) (Jx+6 + 4102 -21)

[l

HeonpepenenHocTs ) He nponana (nonpobyiiTe NoAcTaBuUTb TPOMKY), Ada U KOPHM
TOXe He ncyesnun. Ho ¢ cymmoii KOpHeEN BCE 3HaA4YNTENBbHO NpoLle, ee MOXHO
npeBpaTUTb B NOCTOAHHOE YUCO

—9x+27
(*) = lim
=3 (5x—15) (3464410 3 21)
—9x+27 . —9x+27
= ]_1_'[‘_[1 =
o, (5x =15 (J94+49) 35215 (3+3)
1, -9x+27
i T o
S 6w Sx—15 =0
L'|I/ICJ'IO, KakK y>Xe OoTMe4darioCb paHee, Jiydue BbIHECTU 3a 3HAYOK npeaerna.

(*) = lim

Tenepb ocTanocb pasnoXnTb YUCNUTENb U 3HAMEHATENb HA MHOXUTENN K
COKpaTUTb «BUHOBHMKOBY» HeonpeaeneHHOCTU, Hy a Npeaen KOHCTaHTbl — paBeH
caM017| KOHCTaHTe:

Sx-5 1, -% 1 (-9 3
T _hm_z_.( J ]

6?{—}3 5(;{ 3} fr=3 5 £
lMpumepHo Tak:

- afx+6—JIDx—21=E
¥+3 5x—15 0

5

10

=%




YMHOXUM YncnuTenb N 3HaMeHaTenb Ha conps>XeHHo€e BblpaKeHne.

(/x+6- 102 -21) (/x +6+4/10x-21) _

(*3'—

=3 S(x—3) (Jx+6 +4/10x-21)
1 x+6—(10z—21) )
5503 x_3) (a6 44105 —21 )
11 a#6-10x+21 1. -9x+27
5 613 (x-3) 303 (1-3)

_ 1y -%-3) _-9_ 3
30w (x-3) 30 10

Mpumep 7
2
o oxt+x-Z
i —e ———
Haiti npegen ">~z +6 -2
X tx-2 El

H-EJF 2o

Pasnommm yncnmTernb Ha MHOXUTENN:

*f‘+82 :

-13_2

1
Pr-2=(x+0x-1)

YMHOXUM YncnuTenb N 3HaMeHaTesNb Ha Cornps>xeHHO€E BblpakeHune

(x+20x-Difx+6+2)
liny =
=2 (2 +6 - 2(Jx+6+2)

o (et 2)(x—1}(ﬂ,m*2+2)=4m (x+2)(x=T1) _
¥=2 x+6-4 P2 x4 2
= 4lim (x-1)=4. (-3 =12

X =
s

(=

IIpakTnyeckas padora 12
Tema: Haxosxaenue npon3BoAHbIX PyHKIMIA.

Heab: [IpoBepuTh Ha NpaKTUKE 3HAHUE IOHATUS IPOU3BOJHOM (QYHKIMH, yMEHHE
HaXOJUTh NPOU3BOIHBIE 3JEMEHTAPHBIX (DYHKUUH, CIOXKHBIX (QyHKUUH, 0OpaTHBIX (YHKIH,
NOJIb3YsICh TaOIMILEeN MPOU3BOAHBIX U IpaBUiIaMu AU(p(epeHIUpOBaHUs, OHATHEM CII0XKHAs U
oOpatHas QyHKUUS, YMEHHUE IPUMEHSATh IPOU3BOHYIO JUIsl HCCIIe0BaHUS (DYyHKIMIL.
1.TeopeTudeckuii MaTepuaJ U NPpUMepPbl HAXO0KIEHUS MPOU3BOAHON PyHKIMUM.
Onpenenenune: IlpousBognoit ynkumu f(x) (f(X)) B Touke X HazbIBaeTcs mpezen

OTHOILIGHUSI MpHUpanieHuss PYHKIUH K MPUPAIICHUI0 apryMeHTa Mpu MpHpaAIIeHUH apryMeHTa

CTpeMsIIeMCs K HyJIO:

. A
]‘lm.ﬂx—}ﬂ i=f’(x)

IIpousBoaHbIe 3j1eMeHTAPHBIX QYHKIM.



e Fix)
c — const 0
s ! gt~ 1
g g™
Pl 2" lna
1
= -
X
log = 1
4 2l 3
Siny COS M
Cos i - Sin
1
tox 5
CoOs™ ¥

IpaBuaa nudpepeHupoBaHus.

Ecmu y ynkuuit f(x) 1 g(X) CymecTByrOT MPOU3BOAHBIE, TO
1.C'=0

2. (utv)=u"+v'

3. (uwv)'=u'v+v'u

4. (C-u)'=C-u’, rme C=const

A U VP—1u

v w2
5.( )=
6. IIpousBoaHas CIOKHON PyHKINH:
f'(g(x)=f(g)-g'(x)
2. Ilpumepsl.

x? + Zi
1. HaiiTy 3Ha4YeHHE MPOU3BOTHON QYHKIINN:Y=3 -4x+8.
Pemenue:

[To mpaBuTy HaX0XACHUS TPOU3BOHOMN anredpandeckoit cymmsbl GyHKIUH (popmyna 2):

xz—FZi xz)u+(2x1 Zilni 21
y= (3 4x+8)= (3 -(4x)+@8)=3-2x+ I l-4-1+0=6x+ I

mz-T

2. Haiitu 3HaueHue NPOU3BOAHON QYHKIUH: Y =

x® (sin Ji
+4).
Pemenue:

x8, v = sinxi
DYyHKIUS MPECTABIAET COOON MPOU3BEICHHUE JIBYX MHOXHUTEIICH: U= +4.

[To popmyme 3:
(x®(sinx (xf’}'(sinﬂi x®(sinx x> (sinx xT CoS X
y'= +4)y = 4yt +4)=6 4yt
3x—-5
4™ —

3. Haiitu 3HaUueHHE MPOU3BOTHON QYHKIINU: Y=
Pewienue:

3x—b,ve

OyHKIMS TPEACTaBiIsgeT cOO0M YacTHOE JABYX BBIPAKEHMH: U=

(

ITo dopmyme 5: y'=

4g¥—3 (4’ —3)7 ‘ (4 -2)%

3x_5 }| (3x-5) (46" —3) (46" -3) - (3x—F) 3(ae"-3)-426"(3x-5)

4

i



y = sinf 4% - 1) w = L
6 B TO4dER 9 12

Pemrenune. Haiinem mpou3BoaHYHO JaHHOW (YHKIMU 1O mpaBwiy auddepeHnnpoBaHus
cnoxHoi ¢pyHkuuu (hopmyna 6):

Y =[5ir{4x - ED = [4>< - lT] -CDS[4->< —lT]= 4|::|:|s[4>< - E]
a] [a] a] [a]

A T T T, -3

ﬁ;[ﬁj-ﬂrcus[ﬁ}-— —]—4EDS——4-?—E-\E

5

_Ez_ 3

Ex«f;

y=3— =G =3 ) =-2a

5. Eciu Jx , TO W 2

6. y=x3—-3x2 + 5x + 2. Haitnem y '(-1).

y '=3x2 — 6x+ 5. CnenoBatenbHo, y '(—1) = 14.

7Ecmmy=Inx-cosx,T0y'=(Inx)"'cos x +1Inx (cos x)'=1/xcos x—Inx - sin x.
x . (xS) Cos x—x3{cos x}r 3 3xlcosx+x sin x

: 2 2
8. Cos X cos X cos X

[Tycte nana ¢ynkuus. s e€ uccineqoBanus HyXKHO:

1) Haiitu e€ obmacte onpenenenus. Ecinu 3T0 HE CIMIIKOM CIIOKHO, TO TMOJE3HO HANTH
Takke o0nacTh 3HaueHui. (OIHAKO, BO MHOTHX CIIy4asX, BOIPOC HAXOKIACHMS OTKJIAJbIBAETCS
710 HAXO0XICHUS SKCTPEMYMOB (YHKIIHH. )

2) BbisIcHUTH O0ImME CBOWCTBA (YHKUIUH, KOTOpPHIE TIOMOTYT B OINPEACICHUU €&
NOBEJCHUA: He sBsercs Ju (yHKOUS 4YETHOW JMOO HE4ETHOM, HEe sBIAETCd JIM OHa
MIEPUOIUYECKOM.

3) BrbiAcHuTh, Kak BeAET ceds (QyHKIMs MpU NMPUOIMKEHUU apryMeHTa K I'pPaHHMYHBIM
TOYKaM 00JIAaCTH OIpe/ielIeHHs, €CIM TaKue IpaHuYHble TOUKU uMeroTcs. Ecian gyHnkuus nmeer
TOUYKHU pa3pbliBa, TO 3T TOYKHU TOXKE MPOBEPUTH HA HAINYHME BEPTUKAIBHBIX ACUMIOTOT (YHKIUH.
HaliTn HaKJIOHHBIE AaCUMIITOTBHI.

4) Haiitn Touku mepecedeHus: rpaduka ¢ OCSIMM KOOpIMHAT, YTO COCTOUT B HPOCTOM
BBIUMCIICHUH 3Ha4eHUs (PYHKIMU IPU YCIOBUU:

C ockro OX: y=0;

C ocero OY: x=0.

HaxoxxaeHue Todek mepeceyeHHst ¢ OCbI0 MOXET MPUBECTH K HEOOXOAMMOCTU PEIIUTh
CJIO’)KHOE ajredpanyeckoe ypaBHEHHE, YTO, ObITh MOXKET, YIacTCs CAeNaTh JIUIIb NPUOIMKEHHO.
OTbICKaB KOpHU (YHKIMU U TOYKH Pa3pbiBa, Mbl MOKEM OIPENEIUTh 3HAK (PYHKIIMH HA KaXI0M
U3 UHTEPBAIOB MEXIY AITHUMU TOYKAaMH. ODTO MOXKHO CJieNaTh JIMOO BBIUMCIUB 3HAaYCHUE
(GyHKIMU B KaKoW-HUOY1b U3 TOUEK HHTEPBAIA, JINOO MPUMEHHUB METO HHTEPBAJIOB.

5)HaiiTn npoMeXyTKM MOHOTOHHOCTH. JIJIf 3TOro HaxoAsT NPOM3BOJAHYIO U pELIar0T
HEPaBEHCTBO:

f (x])lii. Ha npomMexyTkax, IJie 3T0 HEpaBEHCTBO BBINOJIHEHO, (GYHKIUSA Bo3pacTaeT. Tam,

/1€ BBIITOJIHEHO HEPABEHCTBO f (x) {d, byHKIMS yOBIBAET.

Haiins unTepBasbl MOHOTOHHOCTH, MBI MOXXEM Cpa3y OINpPENEIUTh TOYKU JIOKAIBHOTO
JKCTpeMyMa: TaM, [Jie BO3pacTaHHe CMEHsieTcsl yObIBaHMEM, pAacIoJIaratoTcsl JIOKaJIbHbIE
MaKCHMYMBI, a TaM, TJi¢ yObIBaHHE CMEHSETCS BO3PACTAHUEM - JIOKAJIbHbIE MUHUMYMBI.

6) HaxoxneHue MHTEpPBAJIOB BBIMTYKJIOCTH M BOTHYTOCTHU BEAETCS C MOMOIIBIO BTOPOM

npousBoaHoN. Haiins f '[xﬁ, MBI OIIPEACIISIEM 3HAKU f '[“ﬁHa HMHTEpBajax:
ecm [ '(2ﬁ>0, TO KpuBas rpaduka GyHKINU BOTHYTA,

.i
e f (3ﬁ<0, TO KpuBas rpaduka (yHKIUN BITYKIAs.
3a01HO ompenenseM TOYKH Ieperruda Kak Te€ TOYKHM, B KOTOPBIX (YHKIMS MeEHseT
HarpaBJIeHUE BBITYKIOCTHU (U HETIPEPHIBHA).



7) Haxomz[eHHe TOYCK IIEPECCUCHUA l"pa(bI/IKa C aCUMIITOTON H JOITIOJIHUTCIIbHBIX TOYCK.

9T0T IIYHKT HC HOCUT 00513aTEeNIBHOTO XapaKkTepa, OJHAKO HAXOXKACHUC TAKUX TOYCK HpI/I,[[aéT

UCCIeIOBaHMIO (PYHKIIMH U TOCTPOCHHOMY €€ rpaduKy 3aKOHYEHHOCTH U MOJIHOTY.

3aMeTI/IM, 4TO IOJy4daromuecsa B IMPOHCCCC HCCIICAOBAHUA (I)YHKI_II/II/I TOYKH Ha OCAX
KOOpJAWHAT U Ha rpa(bHKe IMMOJIC3HO Cpa3y KE€ HAHOCHUTH Ha qepTéxc. OTO0 TIOMOTaeT 110 Xoay Aaejia

YSCHATH BUJ Ipaduka.

3. BpinojiHUTE CAMOCTOSATEIBHO:

Ne Haiitn NPOU3BOIHYIO Ne Haiitu NMPOU3BOJIHYIO
Ba | QYHKIHHU y: Bap | pyHKuMHU y:
puaHTa HaHTa
1 6
1. y=6x1- 1. y=-6xdi-
3cnsx—|—8x—‘$ ?cnsx—l—x—lil
e
2. y=€3‘i(5x+7) 2. y=F i(x+17)
1nj 6—21n
3. y=sin 3. y= sin 2x
x 10—x
4. y=3 Ei 4. y=IEI 1
5 yzwisin 2% s yz,rsin(ﬁx —5 i
2 1. y=—7x1—1 ! 1. y=-7x1-13‘3tgx +x—5
3ctgx +x — 51 2. y=4)i(5x+7]‘n ’%)
2. y=49i(5x+7ln jﬁ‘) Ei
e 3. y=51n
3 y=51n1 4. y=In(6x-3)
4. y=In(6x-3) s y:fa’ (Bx— ’?Ji
5 y:ff (3x— ?]i
3 1.y=4x-3tgx+6x-8 8 l.y=-5x+2ctgx+3x-2
2. y=e}cosx 2. y=87 cos(—4x)
Ex—j Sx—4
3.y=5-4% 3.y=15-2%
4y=(6%— 9] 4y=(2x = 7%
4 I y=7x-9% 1412 9 I y=5x-7X 1410
2. y=x" (7 cosx — 8) 5 yzﬁ- (4 cosx — 3]
tgx ctgx I
3. y=5Inx+ 3. y= cosx+
4 y= J10g,(5x — 8) 4y J/sin(2x® — 4))
5. y= 60054‘]& 5 153—2::05511
. - . y:
5 10

1.y=6lnx-3,6€08 X + 4

2 y=(3x-4)- 12577
ﬂi

3.y= &*

4y=(X17x+5).c08 44

1.y=16X-0,6CGS X+ "-”TU%
2. y=(7x-9)- 2 Jm_'i

Stgx—-3x+
3.y= e i

4y=(—5%1.x)-cos 84




5.y=V 5x — 4xf 5.y=V 156X — 4x17, tgxf
4.BbINOJIHUTE CAMOCTOSITEIBLHO:
Bapuant Nel Bapuant Ne2
HccnenoBathb byHKLHIO Ha HccnenoBath byHKIHIO Ha
MOHOTOHHOCTb U 3KCTPEMYM: MOHOTOHHOCTb M KCTPEMYM:
3 2 1
1 y=X T3 44 —xa—x2—3x+51
A 1. y=2 3
5-2
2 X |
2. y:?(-' - 2. y:x 2_
Bapuant Ne3 Bapuant Ne4
Uccnenosarts byHKIHIIO Ha Uccnenosatn GbyHKIHIIO Ha
MOHOTOHHOCTb U 3KCTPEMYM: MOHOTOHHOCTb M 3KCTPEMYM:
3 2 3 2
—x*+3x —$ —x*+3x —¢
Ly= 1. y=
.'X-'z .'7(-'3
2. y=x*%- 2. y=x7%-
Bapuant Ne5 Bapuant Ne6
HccnenoBath GyHKIIIO Ha HccenenoBars GbyHKIIIO Ha
MOHOTOHHOCTb U 3KCTPEMYM: MOHOTOHHOCTb M 3KCTPEMYM:
3 _ 3 _
1y=X —12x +6 1, y=X 12¢9 9,4
2x 1
2. y=x?+ 2. y=x3+
Bapuant Ne7 Bapuant Ne8
HccnenoBathb byHKLHIO Ha HccnenoBath byHKIHIO Ha
MOHOTOHHOCTb U 3KCTPEMYM: MOHOTOHHOCTb M KCTPEMYM:
3 _ 2 _ 3 _
| y=X —6x"+9x & R 1227 g,
2x 2
2. y:xz"‘i 2. y=x7+
Bapuant Ne9 Bapuant NelO
HccnenoBathb GbyHKLHIO Ha HccnenoBath GbyHKLHIO Ha
MOHOTOHHOCTb U 3KCTPEMYM: MOHOTOHHOCTb M 3KCTPEMYM:
| y=XT +9x% +24x + 12 Ex3+1x2i 1
- 1. y:g 2 -2X-
H .2 I
2. y=6x +1
y 2. y=*~
5. KoHTpoJIbHBIE BONIPOCHI:
2 P Brrunciaenue
P = 1+ 7 9MO NOLYUEHUe U3 6XOOHBIX OAHHBIX HOB020 3HAHUSL
xy

1. Cdopmynupyiite mnpaBwiIa HaXOXJACHUS TIPOU3BOJHON CYMMBI, IPOWU3BEICHUS,

YaCTHOTIO.

2. Kax HaiiTi MPOU3BOJHYIO CIIOKHON (HyHKIIMU?

3. Kax npumensercss mnpousBogHas (QYHKIMM [ HCCIeIOBaHUS (QYHKIMM Ha

MOHOTOHHOCTb, IKCTPEMYyM?

IIpakTnueckas padora 13

Tema: HaxoskaeHue NpoM3BOAHBIX CJI0KHBIX (PyHKIMI, BHICIIMX MOPSAIKOB.




Heab: Hayuutbcs BBIYMCIATH NMPOU3BOJHBIC (YHKIMH, CIOKHBIX (YHKIMH, BBICIINX
MOPSIIKOB

TeopeTnueckuii 610K

Ha mpakTtuke ¢ NpOM3BOJHOM CIOXKHOM (YHKUMH MPUXOIUTCS CTAIKUBATHCS OYEHb
4acTo, KorJa Bam naHbl 3ajaHus Ha HAXO0XKICHUE TTPOU3BOIHBIX.

CMmoTtpuMm B Tabnuily Ha mpaBuwio AU dHepeHIupoBaHNs CI0XKHON QyHKIHN:

) =uly) v

Paz6upaemcs. Ilpexxne Bcero, oOpaTuM BHUMaHHWE Ha 3alCh U ':1":' 3nech y Hac ABe
byHKIAN — uV, npuyeM (QyHKIUSA ¥, 00pa3HO TOBOpSI, BIOKEHA B (DYHKIIHIO iL. DyHKIHA
TaKoro BUAa (Korja oaHa (GyHKUHUS BIOXKEHA B IPYTYI0) U Ha3bIBACTCS CIOXKHON (PYHKITHEH.

OyHKIHUIO I{ maseiBaroT BHemHeii ¢pyHkumeit, a QyHKUIUIO VY- BHYTpPEeHHeH (MM
BJIO’KEHHOM) pyHKIUEN.

J151s TOro, YTOOBI MPOSCHUTH CUTYALUIO, PACCMOTPUM:

[Tpumep 1

Haiitu npousBoaHyto GyHKIMK y= Slﬂl: x- 5:'

[Ton cuHycoM y Hac HaXOAWUTCS HE MPOCTO OyKBa «UKC», a II€JI0€ BBIPAKEHUE 3?{ - 5,
[I03TOMY HaWTH MPOU3BOJIHYIO Cpa3y Mo TabJULEe HE MOTyYuTcs. Takxke Mbl 3aMedaeM, YTO 37€Ch
HEBO3MOXKHO PUMEHUTH ME€PBBIE YETHIPE MIPABUIIA, BPOJE OBl €CTh PA3HOCTb, HO JEJI0 B TOM, UTO
«pa3pbIBaTh Ha 4acTu» CUHYC HEJb3S:

SNBSS =sm3 v —==sms

B nanHoM mpumepe yxke U3 MOMX OOBSICHEHUH MHTYUTHBHO MOHSTHO, YTO (PYHKIIMS

F= Slﬂl: 3x- 5) — 9TO CJOXHas (QYHKIMS, MPUYEM MHOTOWIECH 3.1' - 5 SBIIIETCS. BHYTpPEHHEH

¢byHKIMel (BloKeHneM), a 5111( 3x- 5) — BHEIIHeN (QyHKIUeH.

[IepBblii mar, KOTOPBIA HY>KHO BBINIOJHUTH NP HAXOXKACHUM ITPOU3BOAHOU CIIOKHOU
(YHKIIMH COCTOUT B TOM, YTOOBI pa3o0paThes, Kakas (PyHKITUS SIBISICTCS BHYTPEHHEH, a Kakas —
BHEUIHEH.

B ciydae mpocTeIX mpHMEpOB BpoOJE S]III: EI_SJIHOHHTHO, YTO IOJi CHHYC BJIOKEH

MHOTOWIECH 3?{ - 5 A kak xe ObIThb, eciM BcE He o4yeBHAHO? Kak TOYHO ONpenenuTh, Kakas
(byHKUUs SBISETCS BHEIIHEH, a Kakas BHyTpeHHeW? [lyis 3Toro s mpeasararo HCIoJb30BaTh
CIIEYIOIIUN TPUEM, KOTOPBIA MOKHO NMPOBOJUTH MBICIIEHHO WJIM HA YEPHOBHUKE.

[IpencraBuM, 4TO HaM HYXHO BBIYHUCIUTh HA KaJbKYJISTOPE 3HAUYEHUE BBIPAKCHUS

E]Il[: 3x- 5) npu X = ] (BMECTO eIMHUIIBI MOXKET OBITH JIF000E YUCIIO).
YT10 MBI BBIUKMCIIUM B NEPBYIO odepens? B mepByro ouepens HyXHO OyJET BBITOIHUTH

crenyromee JelCTBHE: 3.1-5= ‘2, MOATOMY MHOTOUIECH 35’(‘5?1 Oyner BHYTpEHHEH
byHKuMeH 1

= :‘.»'in

W

Bo BTOpYyI0 oOuepenb HyXHO OyneT HalTH S]I'll: _2), MOSTOMY CHHYC — OyIeT BHEUIHEH
byHKUMEH:



= ;a:in@

W

ur)

f_ r( ) t
[Tocne Toro, mpumeHseM npaBwiIo TupGEepeHINPOBAHNS CIOKHON QYHKIHH (H (1})) =uiv)v
Haunnaem pemats. Mbl TOMHHM, 9TO OQOpMIICHHE PEIIEeHHUs JIOO0O0W TPOU3BOIHOU
BCEI/1a HAUMHAETCS TaK — 3aKJIF0YaeM BbIpaK€HUE B CKOOKU U CTaBHM CIIpaBa BBEPXY ILTPHX:

y' = (st 3x - 32))
t
CHauana HaxoAuUM TPOU3BOJHYIO BHENTHEH QYHKIIUN U (F:' (cuHyca), cMOTpUM Ha

. (L
TaOJIMIly TPOU3BOJHBIX JJIEMEHTapHbIX (YHKIUI W 3amMedaeM, 4YTO I:Slﬂ I) =L0EX Bee
TabauuHble (OPMYJIBI HNPUMEHHMMBI M B TOM, CIIy4ae, €CIH «HUKC» 3aMEHUTb CIOXKHBIM
BBIPAKEHHUEM, B JAHHOM ciyyvae:

1'(v)=cos(3x - 3]
OGparute BHHMaHHE, YTO BHYTPEHHsIS QyHKIms V = 3.7{ - 5 HEe M3MEHWJIach, €€ MBI He
Tporacm.

b {2 Lt
Hy ¥ COBEPIIIEHHO OYEBHIHO, YTO ¥ — (3}" 5)

f gt t
Pesynbrat npumenenus GopmyIbl H(FD = U (1}) 'V B uncToBOM O(OPMICHHN BBITISIAT

Tak:

¥ = (ainf 3x-9)) = cos(3x-5) (3x-13)'

Janee Mbl GepeM MPOU3BOAHYIO BHYTPEHHEH (DyHKIMH, OHA OYEHb IPOCTas:

¥ = (a0 3x= 30" = cos(3x=3) (3r =91 =cos(3x-2). (3=

IMTocTostHHEIN MHOXUTCIIb O6BI‘IHO BBIHOCAT B Ha4yaJio BBIPAXKCHUA:
V=(am(3x- 5 =cos(3x -5 (32 -5 =cos(3x -5 3-0=
= 3cos(3x— 1)

T'otoBo

Ecnu ocranoch kakoe-nu00 HETONOHUMaHUE, TEPENUIInTe pelieHne Ha Oymary u emie
pa3 mpodnTanTe 00BICHEHHS.

[pumep 2

Haiitu npousBoanyto GyHKIMH J = Lok 2x
DTO mpUMED VISl CAMOCTOATEIBLHOTO PEIICHHS (OTBET B KOHIIE YPOKa).

IIpumep 3

_ 5
Haiiti mponsBomyto GyHKImu J = (EI t U
Kak BCerjaa 3aIMUChIBaeM:

¥ = (241

Pazbupaemcs, rae y Hac BHeIHsAs (yHKIMA, a TAe BHyTpeHHss. [[ng storo mpobyem

(2x+ 1)’ -1
(MBICTIEHHO WJIM HA YEPHOBHUKE) BBIYHMCIUTH 3HAYCHHE BBIPAKCHHS npu & = L. Yro
HY>KHO BBIIIOJIHUTh B NEPBYIO odepenp? B mepByro ouepenp HyKHO COCUMTATh Y€MY DPABHO

OCHOBAHHUE: 2 : 1+ 1 = 3, 3HAYUT, MHOI'OYJICH (2?‘- t 1:' — MU €CTb BHYTPEHHSS (PYHKIHMS:
- 5
y=E€x+D
bl

U, TONBKO OTOM BBIIOJHSIETCSI BO3BEACHUE B CTENEHb 35, CJIeZIOBATEIIbHO, CTENIEHHAs! (PYHKLUS
— 3TO BHELIHAA byHKLusA:



y= (@£

W

i
w(v)) =) i i
Cormacao dopmyie - , CHayalla HY»XHO HAaWTU MOPOU3BOJAHYKO OT BHEUIHEH

GyHKIIMM, B JaHHOM Ciyd4ae, OT cTeneHu. PaspickuBaeM B Ta0iuie HYXHYIO (QopMymy:
Byt n-1
() =nx"" . m06as Ta6
. IToBToOpsieM ewie pa3: J0das TadauuHast GopmyJia cipaBelJInBa He TOJbKO /I

«HKC», HO U IJISA CJIOKHOI'0 BBIPA’KCHUS. Taxum 06p330M, PE3YIbTAaT MPUMCHCHU IIpaBHJIa

mddepeHIUpOBaHUS CIOKHON PYHKIIUU (H (F))r = Hr(v) v CIIEIYIOILINN:
Y= (2x+17Y =5 2+t Qx4

)
CHOBa MOYEPKHUBAIO, YTO KOIJA MBI OEPEM IIPOM3BOLHYIO OT BHEIHeH pyHkuun ¥ LV,
BHYTpEHHSIS byHKIISA VY y Hac HE MEHSETCSL:

- i
5-Cx+Dy
HE MEHAETCA

Tenepp ocTanock HaTH COBCEM MPOCTYIO MPOU3BOJIHYIO OT BHYTpPEHHEH (YHKIHMU U HEMHOTO
«TIpUYECcaThy Pe3ysbTar:

Y= ((2x+10YV =5 (24D Qx4 =
=527+ (2+0)=10-(2x+ 1}

T'otoBo.

Ipumep 4
1
Y

Haiitu npousBoanyio GyHKIUU (x ? - 1:'?

OTO0 npuMep ISl CAaMOCTOSATENIBHOTO PELIEHUS (OTBET B KOHIIE YPOKa).

Jlnis 3aKkpervieHns TOHUMAaHUsl TPOU3BOJHOM CIIOXKHOM (YHKUMM NpHUBELy Ipumep 6e3
KOMMEHTApHUEB, MOMPOOYHUTE CaMOCTOSATENILHO Pa300paThCs, MOPACCYkKAATh, I/I€ BHEUIHAS U T1Ie
BHYTPEHHss QYHKIMSA, TOYEMY 3a/laHHsI peIieHbl UMEHHO TakK?

IIpumep S
a) Haittu nponsBoanyo ¢pyskuum J = & cig '-.E

P "_;- = ] ' : = :
Jf—(ﬂfﬂfgﬁ)-lﬁﬁf (/) I+x 2.5 2x(l+%)

6) Haiitn npouseoanyro dpyHKimn & JAFCLER

i f ]' f ]'
=lajarelgk) = —/——-larcigx) =
v = &) 2. farctgx (arcign) 2014 2% Jarctgx

IIpumep 6

—3
Haiftn nponsBoHyio QpyHKuun » — a.|'?f2 +igr+15

3mech y Hac KOpEeHb, a IS TOro, 4TOOBI NpoaudepeHIrpoBaTh KOPEHb, €ro HYKHO
a

nNpeaACTaBUTL B BHAC CTCIICHU Ial. Takum O6p3.30M, CHa4ajla MNpUBOAUM (I)yHKI_II/IIO B

HaIeKAMUN 1711 AU GepeHIINPOBAHNS BH/I;
f



AHanu3upys (yHKIUIO, TPUXOIUM K BBIBOJAY, YTO CyMMa TpeX CllaraéMbIX — 3TO

BHYTpEHHss (PyHKIMs, a BO3BEJCHHE B CTeleHb — BHewHsAs (yHkius. [IpuMensem npaBuio
f ot t
g depeHIPOBaHUS CI0KHOW PyHKINN (Ii (FD =l (‘P) V.

f

¥ =Gfx* +igr+15) = ((xz +£gx+15)%] =

1 2
=3 {xg +£gx+15}3 A5 g +15)

CreneHp CcHOBa IpeACTaBIsIEeM B BHUAE pajukana (KOpHA), a A IPOU3BOAHOM
BHYTpEeHHEH (YHKLUHU PUMEHsIeM NPOCcToe MpaBuio AuddepeHIupoBaHHs CyMMBI:
f

yr:(m)'=([xj+ﬁgx+15)%J -

2
{ : +zgx+15)'§ (% +igr+15) =

[N =

1

ey )=
Afxt +igx

1
= =7 2-(2x+ = J
3.3 +igx+15) cos” X

['oToBOo. MOXHO emie B CKOOKaxX NMPUBECTH BBIPAKEHUE K OOIIEMy 3HAMCHATEII0 U
3amucarh BCE 0IHOW poObio. KpacuBo, KOHEUHO, HO KOT/Ia MOJTyYalOTCsl TPOMO3JIKUE UTMHHBIE
MPOU3BOHBIC — JIYUIIIE ATOTO HE JIeTaTh (JETKO 3amyTaThCs, JOMYCTUTh HEHYKHYIO OITHOKY, 1a
Y TIpernojiaBatesto OyAeT HeyJOOHO TTPOBEPSITH).

IIpumep 7

5
Haiitu npousBoaHyo QyHKIMH Nrtln x

DTO IpUMED JIJIsi CAMOCTOATEILHOTO PEIICHH (OTBET B KOHIIE YPOKA).

WNHTEpecHO OTMETHTh, YTO WHOTJA BMECTO MpaBwia AUPQPEPEHINPOBAHUS CIIOKHOU
f

I f

u] 18— v

2

(GYHKIMM MOKHO MCIOJIb30BaTh MpaBWIO AU(PGEpPEHINPOBAHNUS YaCTHOTO [V v , HO

TaKoe perieHre OyJeT BRITIISACTh Kak-H3BpatteHte He0ObIYHO. BOT XapakTepHbIi IpuMep:
IIpumep 8

g
Haiitu npousBoauyto GpyHKIMM COsX
f
u] _uv—wy

2

31ech MOKHO HCIIONIB30BAaTh MPAaBHIO U PEpEeHIIMPOBAHUS YaCTHOTO ("" v

HO TOpPa3Jl0 BHITOJIHEE HAWUTH IMPOU3BOJAHYIO uepe3 MpaBuio AuddepeHInpoBaHUs CIOKHON
byHKIMN:

(o
Y=~
COSX

[MonroraBnmuBaem ¢yHKOWIO Uit TUQQPEpEeHIMPOBAHUS — BBIHOCUM MHHYC 32 3HaK

9

t

HpOI/ISBOI[HOfI, a KOCMHYC MOJHUMACM B YUCIIUTCIIb:
f f

Fr=(— : ]=—( : ]=—{c.::'s'1x}'
COS X COS X

Kocunyc — BHyTpeHHss (QYHKUMS, BO3BEACHHME B CTENEHb — BHEIIHAS (PyHKUUS.

Hcnons3yem Halie npaBuiio I:Ea! (F))r = ur(‘u:' ' ‘Pr:



f
1 1 -
¥y =|- =— = —(os"'x) =
CosX Cosx

-2

=—(-1) - cos™ "% (cozx)’

Haxomum Ipou3BOAHYIO0 BHYTPEHHEH (yHKIMHI, KOCHHYC cOpackiBaeM 0OpPaTHO BHH3:
f f

1 1
f=| - =— = —(cc:-s'lx}' =
Cosx Cos X
1 : sty X
=—(—1).cos™*x (cosx)' =——— (—sin x)=————
cos® x cost x

l'otoBo. B paccMoTpeHHOM mIpuMepe BaXHO HE 3amyTaThesa B 3Hakax. Kcrarw,
f

1 v —
. | T =
HONpoOYyHTE PELIMTE €r0 ¢ MOMOIIBIO IpaBuia * ¥ v , OTBETHI JOJKHBI COBIIACTD.
Ipumep 9

o 2
Haiitu nponsBoanyto GpyHKIMU ACCOE™ X

OTO0 npuMep JUIsl CaMOCTOSATENIBHOTO PELIEHUs (OTBET B KOHIIE YPOKa).

o cux mop Mbl paccMaTpuBaiy Clydad, KOTJa Y Hac B CJIOKHON (PYHKITUH OBLIO TOJIBKO
OJIHO BJIO’KEHHE. B MpakTHUECKUX K€ 3a/laHusAX YaCTO MOKHO BCTPETUTH IPOU3BOHBIE, TJE, KaK
MaTpEeLIKH, OJTHA B IPYTYIO0, BIIOKEHBI cpa3y 3, a To u 4-5 GpyHKIMil.

[Ipumep 10

_ ?arn:sin! ¥
Haiitu npon3Boanyio GyHKIUU F=
. ?arn:sin! H
Pazbupaemcs Bo BiioxeHuUsAx 310 GyHkuu. [IpoOyemM BBIUHUCIUTE BBIpAXKEHUE C

[TOMOILBIO TIOIONBITHOTO 3HAYEHHS & — 1 Kak Ob1 MBI cunTany Ha KaJabKyJIsaTope?

Crauana HyxHo Haitn df T3l 1, 3HAYMT, APKCHHYC — CaMO€E TIIyOOKOE BIIOKEHHUE:

e

o2
3aTeM 3TOT apKCUHYC €IMHMIIBI CIEAYET BO3BECTH B KBaapar df L5l 1
,

?arn:sin! 1
H, HaKOHEII, CEMEPKY BO3BOJIUM B CTeeHb :

_

To ecTb, B 1aHHOM IIpUMEpe y Hac TPH pa3Hble (PYHKLUUHU U JIBA BIOKEHHs, PH 3TOM, CaMOH
BHYTpeHHEH (yHKIMEH SBISETCS apKCHHYC, a caMOM BHEIIHeH (yHKIMel — mokaszaTesibHas
GbyHKIHS.

Hauunaem pemars

yr _ I:?arcsin! ot
) =u'lv) v

CornacHo mpaBuity - CHayaJla HY’>KHO B35Tb IIPOU3BOJHYIO0 OT BHEIIHEH

¢yskuuu. CMOTpUM B TaOJMIly MPOU3BOJHBIX M HAXOAWM IPOU3BOJAHYIO IOKa3aTelbHOM
(@) '=a"ha
GbyHKIHN: - EnvHCTBEHHOE OTIMYME — BMECTO «HKC» Y HAC CIOXKHOE BBIPAKEHUE
. j .

df il X, uro He oTMeHsieT cripaBeATUBOCTh JaHHOU popmyibl. MTak, pe3ynbraT npUMeHeHus

f ot f
npaswia AUPPepeHInPOBAHUS CI0KHON PyHKINN I:Ea! (F)) =l I:F:' v CJIEIYIOILIHMN:



. .1
ol
yr - (?u‘csm x:lr =?a1'|:5m ¥ ]ﬂ F.'" I: cain I)r
[Tox mTpuxoM y Hac cHoBa cioxHas ¢pyukmusi! Ho oHa yxke mpome. Jlerko yoenurtbcs,

YTO BHYTpeHHss1 (PyHKUIMS — apKCHHYC, BHEHIHssI (YHKIUS — creneHb. CoriacHO MpaBULy
g depeHIpOBaHNs CI0KHOM (PYHKIIMK CHaYaja Hy»HO B3SITh IPOU3BOJIHYIO OT CTETICHHU:

.}?r — {?arn:sin“x}r — ?arn:sinzx 17 I:arc:sin 2 x}r —

= T 107 Darcsin ' x (arcsin x)'

Tenepp Bce NpPOCTO, HAXOAWM IO TaOMUIE NPOU3BOAHYIO apKCHUHyca M HEMHOTO
«TIPUYECHIBAEM) BBIPAKEHUE!

:}?r - (?arcsin!:r)r — a—lll-ar-:s:inzx ]1‘1 ? (arl:sj.ﬂ 4 x)r —

= PR 107 Qarcsin ' x - {arcsm x)' =

= 7R 107 Darcsin x- L _
11—z

27 T aresin x

\h - x
T'oToBo.

Ipumep 11

Haiity nponssoanyio ¢pyukiun J = In : (2I - 1:'

DTO pUMED JIJIsi CAMOCTOATEILHOTO PEIICHH (OTBET B KOHIIE YPOKa).

Ha mpaktuke mnpaBwio muddepeHIMpoBanus CIO0XKHOW (QYHKIIMHM TIOYTH BCeraa
MIPUMEHSETCS B KOMOMHAIINY C OCTaJIBHBIMH MpaBmiIaMu 1A} PEpeHIINPOBAHUS.

[Tpumep 12

2 .
Haiiti npou3sBoHyio QyHKun ¥ — _2:{93:# t (I —4dx+ 3) st 7
y = (=2xe™ + (& —dx+ st Tr)

Y N
CHayasna ucnosab3yem npaBuwio aud@epeHIupoBaHus CyMMBbI ':H —1’1) =U LV sa0mmo B
MEPBOM CJIaraéMOM BBIHOCHM IIOCTOSIHHBIM MHOXKHTENb 32 3HAK IPOU3BOJHOW TO TPABHITY

(Cu)f = C".
t_ €3x ) : t_ 93# f d : f
vy =(=2xg +(x"=dx+3en Tx) =-2(xg ) +((x"—dx+3) e Tx)
B o00oux cnaraembIX mOJ IWITPUXaMH y HAc HAXOAMTCSA IpoU3BeleHHE (YHKIMH,
() = 'y +uy'
CJICAOBATCIIbHO, HY’KHO ABAXX/bl IPUMCHUTDL IIPABUIIO - .
VY= (=2x8" +(x* —dx+3)sin 71 = =20z + (x* —dx + 3sin Tx)' =
= —2((x)e + 2™+ (x* —dx+3'sin Tx+ (2F —dx+ Disin TxY
3
3aMeqaeM, 4TO IO HCKOTOPBIMH HITPHUXAMH Y HAC HAXOIATCA CJIOKHBIC (byHKHI/II/I = i':"

an 7 r KanamOyp, HO 3TO NpOCTeilIne U3 CIOKHLIX (YHKLUHA, U IIPU OMPEAEIEHHOM OIIbITE

pereHus MTPOU3BOIHBIX Brr Oynere JIETKO HAXOJIUTh 170'¢ YCTHO.
(N f
A TI0Ka 3amnuiieM nopoOHO, COTJIACHO MTPaBUITY (H I:FD =U (1’1) v MOJy4aeMm:

¥ = (—2xe + (2 —dx+sin TA = =20z Y + (2" —dx +3sin T2 =
= 20 + 2+ (xF — x4+ 3'sin Tr+(2° —dx + Dsin Tx)' =
=21 & +x. & (3N +2x—4+0sin Tx+(x* —dz+3cosTx (Tx) =

= —20e™ + 32V + (2 - Dsin T+ T (2" —dx+3cosTx
I'oToBo.
[Ipumepsl 1151 CaMOCTOATENIBHOTO PENICHUS

Haiiti mpousBoamyto QyHKun J — '-'Xg +4- ]I'L(SII] I)



(.
Ilpumep 2: y= 2stn 2%
- 14x
- 1 8
Ilpumep 4: (x° =10 viasanue: nepeo ouggepenyuposanuem HeoOX0OUMO

— I
2
nepenecmu Cmenenb Haeepx, CMEeHUB y nokasameiisl 3HaK X

: ! ( 1]
T —
Tpuvep 7: Hix+hx° x
, 2
;|,.? =
Ipumep 9: xh— xarccos” x
. 4l 2x-1)

Y
Ilpumep 11: 2x—1
,_ Xn{sm x) 4 Wxt +4 cosx

Y= .
IIpumep 13: M{J'f +4 s A

IIpakTnueckas padora 14

Tema: IloHsiTMe HeompeaeIeHHOI0 HHTerpaja W ero cpoiictBa. Haxoxaenue
uHTerpasioB ¢yHkumii. HWHTerpupoBaHMe 3aMeHONl NepeMEHHOW W 1O YacTAM.
HNuTerpupoBanne paMoHAJbLHbIX U HPPALMOHAIBHBIX PyHKIMI

Henb: Hayuntbes BBIYUCIAT, WHTETpasl PYHKIIMUA U UHTETPUPOBAHUIO PAITMOHATIBHBIX U
UpPALMOHATIBHBIX (PYHKIIHIA

Teoperudecknii 010K

Onpeodenenue. @ynkuus F(x) Ha3biBaeTcsl nepBooOpazHoil ¢yHkumen QyHKIuM f(x) Ha
oTpeske [a, b], eciiu B 1F000# TOUKE ITOTO OTPE3Ka BEPHO PABEHCTBO F¢(x) = f(x).

Onpeoenenue. HeonpeneneHHbIM HHTETpajIoM (YHKIHUH f(X) Ha3bIBA€TCS COBOKYMHOCTh
epBOOOpa3HbIX (YHKIUH, KOTOpPHIE OMpPENENeHB COOTHOIeHueM F(x) + C. 3ammchIBaIoOT:

| f@de= R+

CaoiicTaa: ,

{708 = F@+oy=1ia

), 4J )= rigac

3 [F@=F@+C

4 I(u+v—1l')dc =_|.lﬂr+_|'“if‘_|."‘t=me U, v, W — HeKOTOpbIe (yHKIUH OT X;
5\ C-1de=C[ sy

B tabnune 2 npencraBieHbsl OCHOBHBIE 3HAUEHUS HEOIPEICIEHHBIX HHTETPAJIOB.
Tabnuma 2 — Tabnuia HeonpeIeIEHHBIX HHTETPAIOB
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Teopema. Ecam Tpebyercs HaWTH HWHTErpai I I [ﬂdr, HO CJIO)HO OTBICKaTh

MepBOOOPaA3HYIO, TO C IIOMOIIBIO 3aMEHBI X = j(¢) U dx = j¢(¢)dt momyunm
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MeToa MHTErpUpOBaHUS IO YacTAM OCHOBaH Ha HW3BECTHOH (opMyie NpOU3BOAHOIN

npousBeneHus (uv)¢ = u¢v + véu, Tae u U v — HeKoTopble GyHKUUU oT x. B nuddepennmanbHoi
dbopme: d(uv)=udv+vdu.

[IpouHTErpNpOBaB, NOTyYaEM I (zn)
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B cootBeTcTBHM CO CBOMCTBaMHU HEOINPEIEIECHHOTO HHTErpaia

s

HOJIy‘lI/IHI/I (I)OpMy.Hy HHTCIPUPOBAHUA 110 YaCTAM, KOTOpad MNO3BOJILACT HAXOAUTb

MHTETPaJIbl MHOTUX 3JIEMEHTAPHBIX ()YHKITHIA.
2.1.2 [Ipumepbl pewieHust 3adau
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paIMOHATM3UPYETCS C IIOMOIIBIO TTOJICTAHOBKY | x4

Ecnu B coctaB mppanuoHaabHON (YHKIMH BXOAAT KOPHU PAa3IMYHBIX CTETEHEH, TO B
KAaueCTBE HOBOM IIEPEMEHHOM PalMOHAIBHO B3ATh KOPEHb CTEIIEHH, PAaBHOW HauMMEHbLIEMY
o0I1IeMy KpaTHOMY CTeTIeHEeH KOpHEH, BXOISIINX B BEIPAKEHUE.

Onpeodenenue. buHOMUHANBHBIM au(GEpPEHIINATOM Ha3bIBACTCsA BBIpaXkeHue xm(a +
bxn)pdx, Tne m, n, u p — panMoHaIbHBIC Yucia. HTerpasl oT OMHOMUHAIBHOTO AuQdepeHnnana
MOJKET OBITh BBIPAYKEH Uepe3 AJIEMEHTapHbIe (PYHKIMH B CIEAYIOLINX TPEX CIydasx:

1) ecnu p — uenoe 4uciao, TO UHTErpal paluoOHAIU3UPYETCS ¢ MOMOUIbIO MOJCTAHOBKHU

d
t= NE , T1ie 1 — o0muii 3HaMeHarenb m u n;
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2) ecnu W — 1eN0€ YHCIO, TO HWHTErpal palMOHAIU3UPYETCsl IOACTaHOBKOM

X
{="ag+ix" , TJIe § — 3HAaMEHATeNb IpOOH p;

m+l+p i a+ "

3) ecnru  ®m — IEJI0€ YHCIIO0, TO HMCIOIB3YETCs MOJCTAaHOBKA ™ roes —

3HaMeHaTeNb JIpodH p.
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WuTerpaiel Buga ITyTEeM BBIJICIICHHS TIOJTHOTO KBaJpaTa MOTYT OBITh

MNPUBCACHBI K OTHOMY U3 CICAYIOIHUX TPEX TUIIOB:
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MHTETpaly OT pallHOHAILHON (DYHKIIMHA OTHOCUTENILHO Sinf MK COS.

Rt Ve _ _
Hnrerpan  Bunma I (e ) MOJICTaHOBKOM H_HHI/IHI/I H_MHCBOI[I/ITCH K

MHTErpaly OT pallMOHAIIbLHOW ()YHKIIMHA OTHOCUTEINIBHO Sinf U COSt.
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Hurerpan  Buma I‘E(H' w'-m )thOHCTaHOBKOﬁ st cosfCBOIUTCS K
MHTErpaly OT PallMOHAJIbHON (QYHKIIMU OTHOCUTENIBHO SN WK COSL.

[ToncTanoBku Disiepa UCHONB3YIOT IPU CIEAYIOMIUX YCIOBHUIX:
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1) ecau a>0, To uHTErpan BUIA palMOHAIU3UPYETCSl TOICTAHOBKOM

Vo +brte = tipﬁ;
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2) ecmm a<0 m ¢>0, TO uWHTErpa; BHUIA palMOHATIU3UPYETCS
T0JICTAHOBKOM e +hrve = ik ﬁ."'E;

3) eciu a<0, a MOJKOPEHHOE BBIPAYKCHHE packiaabiBa-
eTcsi Ha  JelcTBUTENbHBIE  MHOXuTenu a(x — xl)(x — x2), TO  uHTer-

*‘lJﬂ.'lI +ix+ ) o —Hy—
pai Buaa l Hx, ) palMOHATM3UPYETCS TOACTAHOBKOM ﬂl tix+c _t(r Il).
PaccMOTpUM MHTETpaIbl CIEIYIONUX TPEX THITOB:
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x-a)f Jol +ix +c
rae P(x) — MHOrOWwIeH, n — HaTypaidbHoe umcio. I[lpmuem wuHTerpambl Il wm

III TumoB MoryT OBITH PUBEIEHBI K BUAY HHTErpasa | Tuma.
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B 3TOM BbIpa)XKeHUU (J(X) — HEKOTOPbI MHOIOWIEH, CTENEHb KOTOPOIO0 HM)KE CTEHNEHH
MHoroujaeHa P(x) Ha equHHUILy, a | — HeKOoTOpasi MOCTOsTHHAs BEJIMYMHA.

JUis  HaxoXJIeHHs HEONpEeAETIeHHbIX KOA(QQHUIUEHTOB MHOrowieHa Q((x), CTeneHb
KOTOPOTO0 HIKE CTeNeHH MHorowieHa P(x), nuddepeHIHpyIOT 00€ YacTu MOJyYEHHOTO

BBIPAXXEHHUS, 3aTEM YMHOXXAIOT Ha \'ﬂ2+h+ﬂn, CpaBHUBasi KOO(PPHUIMEHTH PU OJMHAKOBBIX
CTETNEHSX X, ONIPEACIAIOT BeanunHy | 1 kordumueaTsr MHOTOWIeHa O(X).
IIpumepbl peweHust 3adau
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Tema. OmnpenesieHHbI HHTerpaJj. BblumncieHne onpeneeHHOr0 HHTerpaJa.
Boruunciienue niomagei puryp u 00beMoB TeJl

Heab: 3akpenutb yMEHUs CTYACHTOB PelIaTh 3aJa4y MO BHIYUCICHUIO HHTETPAJIOB
Teoperuuecknii 010k

m Z f(z)Ar,

Onpedeﬂenue Ecim st dynkupm f{x) cymectByer mpegen s , PaBHBIM

fim 3 fle)Ax -I S,

=—=ila TO QYHKIMS HA3BIBAETCS HHTETPUPYEMOii Ha oTpeske [a, b].
CBOI/ICTBa onpeneneHHoro WHTErpana:
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4) ecnu f(x) £ j(x) Ha oTpe3ke [a, b], Tme a < b, TO
[ ] [ ]

[ride< [ata
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5) ecim m u M — COOTBETCTBEHHO HaWMEHbIIICE U HaUOOJIbIIICe 3HAYCHUST (PYHKIUH f{X)
Ha oTpeske [a, b], To
]
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6) meopema o cpeonem: ecnu GyHKIUS f(x) HEMpEpbIBHA HA OTpe3Ke [a, b], TO HA ITOM
OTpPE3KE CYIIECTBYET TOYKA € TaKasi, 4YTO
i

[ fexde = G-
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7) A IPOU3BONIBHBIX YUCEI d, b, ¢ CIIPaBEUIMBO PABEHCTBO
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Teopema Hbiomona—ﬂeﬁ6Huua. Ecmn dynknus F(x) — kakas-1u60 mepBooOpaszHasi OT
HenpepsIBHON QYHKINH f{x), TO
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HpI/IeMBI BBIYUCIICHUA OIMPCACIICHHBIX MHTCTPAJIOB MMPAKTHYCCKU HC OTIIMYAIOTCA OT BCCX
TeX TMPUEMOB M METOJOB, KOTOpbIC OBLIM PACCMOTPEHBI MPU HAXOXKJIECHHUHM HEONpeIeCHHBIX
HHTErPAJIOB.

TouHO Tak € NPUMEHSIOTCS METOJbl MOJCTAHOBKH (3aMEHBI MEPEMEHHOM), METO]
HHTCTPUPOBAHUA 110 qacCTiaM, TC XKeE IMPUEMBbI HaXO0XJICHU HepBOO6p3,3HI)IX JIIA
TPUTOHOMETPUYECKHX, HWPPAIMOHATBHBIX W TPAHCHEHACHTHHIX (yHKIMA. OcoOeHHOCTHIO
ABJICTCA TOJIBKO TO, 4YTO IpHU MNPUMCHCHHH OJOTHX IIPUEMOB HAJ0 paclpoCTpaHATb
npeoOpa3oBaHHe HE TOJNBKO Ha TMOJBIHTETPATbHYI0 (YHKUIMIO, HO H Ha Tpeeibl
MHTETPUPOBAHUSL.
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[lycTtp 3amaH uHTErpan o , Tne f(x) — HenpepbIBHasi (YHKLUS Ha OTpeske [a, b].
BBeneM HOBYIO IEPEMEHHYIO B COOTBETCTBUU C Gopmyoii x=j(¢). Ecmu:
1) j(a) = a, j(b) = b;
2) j(t) m j¢(¢) HempepbIBHBI Ha OTpe3Ke [a, b];
3) f(j(t)) onpenenena Ha otpeske [a, b,
TO

b B
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Iﬂ?(ﬂh'{!}ff = Flo(0l| = Flo@)]- Flp(a)] = F(&)- F(a)
a |
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Onpeoenenue. Ecnam cyliecTByeT KOHEYHBIN Mpeaen o , TO O3TOT TMpenen
Ha3bIBACTCSI HECOOCTBEHHBIM MHTETpajoM OT GyHKIUHU f(x) HA uHTEpBaNe [a, ¥). O003HaYCHHE:!
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Jm [ reddc= [ fwyac

Ecnu 3TOT mpenen cyuiecTByeT U KOHEUEH, TO FOBOPAT, YTO HECOOCTBEHHBIN MHTErpa
CXOJIUTCS, €CIM TpeleN He CYIECTBYeT WIM OECKOHEYeH, TO HECOOCTBEHHBIN HHTErpas
pacxoautcs. AHaJIOTHUHBIE PACCYXKICHUS MOXKHO MPUBECTH ISl HECOOCTBEHHBIX MHTErPAoOB

BUJA
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Teopema. Ecnn st Bcex x (xa) BBINOJNHSETCA YCIOBHE “if(rli “I]I/I HHTErpai
= m
[ a0 | e
a CXOAUTCA, TO & TaK)KE€ CXOAUTCS.
-
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Teopema. Ecnu myist Bcex x (x3a) BBITIOHSIETCS YCIIOBUE s “I]—f(rln UHTErpal a
m
[ rede
pacxoaurcs, TO TaKKE PaCXOJUTCSL.
Ecnu B Touke x = ¢ ¢pyHKIHs 1100 HE ompeieseHa, 1100 pa3pbeIBHA, TO
c ]
[rood= mm [ rod
o o .
b [
[reoa [ reex
Ecnu unrerpan a CYILIECTBYET, TO HMHTErpajl o CXOAMTCS, €CIU UHTerpal
b [
[ roga [
o HE CYLIECTBYET, TO & pacxoauTcs.

Ecnu B TOuke x = a QyHKIHS TEPIUT pa3phiB, TO

iﬂx}dr= fm if(rlffr
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Ecim ¢ynkums f(x) wumeer pasphlB B TOYke b Ha TPOMEXyTKe [a, c¢], TO

£ [ £
[reade= [ sty | fixde
a a 3 . Takux To4yek BHYTpH OTpe3Ka MOXKET OBITh HECKOJbKo. Ecim
CXOJISATCS BCE MHTETPAIIBI, BXOJSIIAE B CYMMY, TO CXOJUTCS U CYMMapHBI MHTETrpaJl.
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Taxk kak npeznen OECKOHEYHbIHN, TO JAHHBIN UHTErpajil pacXOqUTCs.
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No 000 [4]. 3agaHO KOMIUIEKCHOE YHCIIO B +i . Haiitu anredpanveckylo,

TPUTOHOMETPUYECKYIO U TIOKA3aTEIbHYIO (POPMBI 3a1UCH.
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ApPryMeHT HaxoJIUTCs B IIEPBOM YETBEPTH
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Tpuconomempuueckas gpopma yucia
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Tokazamenvras ¢popma uucna
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2) mid peleHus ypaBHEHUS 'I!1+I= Dreo6xoamMo BEIIMCATS TPU 3HAYCHHS KOPHS

KyOHYeCKOTo U3 4ucia.
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[Tomy4eHHbI apryMeHT Yucia He SBISETCS TJIaBHBIM 3HAUYCHUEM, MO3TOMY, MOJb3YSICh
MePUOANYHOCTRI0  PyHKImi WPy m, MOXKEM TepedTH K JpyroMy apryMeHry,
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IIpakTnyeckas padora Ne 16
Tema: BorunciieHHe YaCTHBIX IPOM3BOIHbIX.

Heas: DopmupoBaHHE NPAKTUYECKUX HABBIKOB HAXOXIEHHUS HDKCTPEMYMOB
(hYHKITMM MHOTHX HE3aBHCHMBIX ITEPEMCHHBIX.

Teoperuyecknii 010K

UYactaple mnpomsBoaHbie. [uddepennman, ero cBiI3b ¢  YaCTHBIMHU
MPOU3BOIHBIMU. [ €OMETPUIECKHUI CMBICIT YaCTHBIX MMPOU3BOIHBIX U nuddepeHiana.
Hlocratounoe ycnosue mguddepeHupyeMocTr. ['pagueHT W MPOU3BOJHAS IIO
HarpaBiieHut0. HeoOXxoauMmble M IOCTAaTOYHBIE YCIOBUSA OKCTpeMyMa (yHKIHUH
HECKOJIbKHUX IEPEMEHHBIX.



[Tpupamienue, kotopoe noiyyaet GyHkius Z=f(x, y), KOrja u3MEeHAETCs TOJIBKO OJHA U3
NIEPEMEHHBIX, HA3bIBACTCS YAaCTHBIM IpHUpalieHueM (YHKIMH 1O COOTBETCTBYIOILEH
nepeMeHHo: A Z=f(x+Ax,y)-{(X,y), AyZ=t(x,y+Ay)-f(X,y).

OIIPE/JIEJIEHME: Yactaeim auddepenuumanom no x ¢ynkumu Z=f(X, y) Ha3bIBaeTcs
rNIaBHAs 4acTh 4acTHOro npuparieHus AZ=f(x+Ax,y)-f(X,y), nponopiuoHaibHas NPUPALICHUIO
AX HE3aBUCUMOM NMEPEMEHHOHN X. AHATIOTHYHO OIpeIessieTcsl YaCTHBIN quddepeHnuai mno y, T.e.
AZ=(y+Ay )-f(x,y).

Juddepennnansl He3aBUCUMBIX MEPEMEHHBIX X M Y MPOCTO PaBHBI UX MPUPALICHUSM,
T.e. dx=Ax, dy=Ay. Yactaeie muddepeHuuansl oOo3HavawTCa Tak: d.Z -4acTHBIN
muddepennuan no X, d,Z - gactaelii quddepermnuan mo y. [Tpu sTom:

dxz :ri_zdt d‘z =(:_Z d}.
cx : cy

Takum oOpa3om, vacTHbIN nuddepeHan GyHKIUU ABYX HE3aBUCUMBIX ME€PEMEHHbIX
paBeH NPOM3BEIECHUIO COOTBETCTBYIOIIEH YacTHOW NpPOM3BOJHOM Ha JuddepeHnuan 3Ton
[IEPEMEHHOM.

Takum >xe o0pa3zoMm, Kak Juid (QyHKIOMM JBYX MEPEMEHHBIX, ONPEAEISAIOTCS YacTHBIE
NPUpPALICHNS U YaCTHbIE Tu(epeHIransl GyHKINH JIF000r0 YUCiIa He3aBUCHMbIX IEPEMEHHBIX.

[Ipupamenue, kotopoe noiydaer ¢pyHkuus Z=f(x,y) npu NpoU3BOJIBHBIX COBMECTHBIX
M3MEHEHHUSAX €€ 00OUX apTyMEHTOB HA3bIBACTCS TOJHBIM MIPUPAILICHHEM:

AZ={(x+AXx,y+Ay)-f(x,y)

OITPEJIEJIEHME: [omueiM muddepennmanoM (GpyHKIHH IBYX MEPEMEHHBIX Ha3bIBACTCS
rJIaBHasE YacTh TOJIHOTO TMpupameHus (yHKIHUM, JUHEHHas OTHOCUTEIbHO TpHUpaIleHuit
HE3aBUCHMBIX IEPEMEHHBIX.

Teopema. [lomubiit quddepeHnman GyHKIUN BYX HE3aBUCHUMBIX NEPEMEHHBIX paBeH
CyMMe€ TIPOU3BEICHHI YaCTHBIX MPOU3BOAHBIX (DYHKIMH Ha MU (HEPEHITNATBI COOTBETCTBYIOIINX

HC3aBUCUMBIX IICPEMCHHBIX.

dz =% g+ Gzaﬁ

dZ=1(x,y)dx+f,(x,y)dy unm Cx cy
gz dz
Tak xak €Xdx=d,Z u €V dy=d,Z, o dZ=d,Z+d,Z, 1.e. mupdepenman GpyHKIHN IBYX
HE3aBHCUMBIX TIEPEMEHHBIX PaBEH CyMME €€ YaCTHBIX AU(PepeHIINAIIOB.
Onpenenenue muddepeHnmana mepeHoCUTCs Ha QYHKIUH JIF0O0TO YKCiIa HE3aBUCHMBIX
NepEeMEHHBIX.

[Tpumep 7. z=n(y+ JX T -},‘)Hal\/’ITI/I dz

Haiinem yacTHbIE TPOU3BOIHBIE

——[ln(v+ﬂ,lx +v‘jl B {n+ﬁl

|

- 1 A _ X .:
v ey e ey ) ey ly e ey

3
% iy +ofy N PURD S S S
E= (v+ X +y }L_1'+ e Il+mj—ﬁ
£z £z xdx dy

dz = —dx + —dy = ———= .
CrnenoBarensHo, cx oy w{x‘+}"[_}'+qfx‘+§;‘_] Jx*+}r*




IIpakTnyeckas padora Ne 17

Tema: Borunciaenue nuggepeHunaios.

Heab: dopMupoBaHHe NPAKTUYECKUX HABBIKOB HAXOXKIEHUS HKCTPEMYMOB (DYHKIUH
MHOI'MX HE3aBUCUMBIX IIEPEMEHHBIX.

IpakTuyecknii 010K

3aoanue 1

HaiiTu yacTHbIe TPOU3BOIHBIC OT (PYHKIIUM.

1, ¢ == -Bmer2y’ —dm 245

Pewenue

Cumras Z QyHKIMEH TOIBKO OJHOTO apryMEHTa * M MPH 3TOM MoJjaras ¥ = "%  HaX0JIuM
o hopmynam

elz

- T
che

AHaJIOrM4HO, cuuTas = QyHKUUEH TOIbKO ¥ U mosaras = ot | [0y 4YuM

E oy +2
oy

T =arckg ¥ )
1+x*

Pewienue
Cuntas Z QpyHKIMEH TOIBKO OJHOTO apryMEHTa * M MpPH STOM IOJIarasi ¥ =«  HaXOJIUM
o ¢popmysiam

_ w
e _ 1 (¥ _ ol _ 2y
o _1+ ¥y |_1+=" I - a7 w - (L4277 +y
pES l+x%)°

AHaorn4Ho, cuutas z GyHKIMNA TOJIBKO ¥ U Tojaras * =<t | [[0Jly4um
& _ 1 [ T 1 _ 14wt ]
oy 1_! ¥ .'!":1-1'. .I-_ 1 -:c"-i _x-'-" _:-.-' i _I-'-"_:_.-'

11+x” | b +x=f

X ¥

Fi
3. ¥oEox,
Pewenue
Cuntast U ¢dyHKIMEH TOMBKO * M Moyaras ¥.==c=t  3areM — (YHKIHMEH TONbKO ¥ M moyaras
¥z=cond |y TONBKO 2, MOJIAras *.¥ ===  [0Jy4uM

a_1 =z =z 1 o oy 1
oy om? . oy ooz dz 4 m

b b M
3aoanue 2

BblunciuTh 3HAYEHHWE YACTHBIX TPOW3BOAHBIX MAHHBIX (YHKIMHA TPH YKa3aHHBIX
3HAYEHHUAX apIyMEHTOB:

b
1):E-l_,1_..-- = cos mx -rry--.' “dm o ¥=0
B 5 .

Pewenue
[To popmynam auddepeHIupoBaHus HAXOIUM YaCTHBIC MPOU3BOIHBIC

! =-msilmx-ny . {; =nsnimxz-ny
; .

I
[Monaras * zm; ¥=9 HOTy4YuM

f;[:;;u]:-m . fl'l:E;}] i':n.

2

QrFmx vl g =ny y=-1
Pewienue
Haxonum npou3BogHbIe, 3aTEM BBIYHUCIISIEM UX YaCTHBIC 3HAUYCHUS B YKa3aHHOM TOUKE:
T = .2' =i Ty = .2? =
n V n '!:-"
i) =t iz
3
3aoanue 3
lee 1ez_ 2z
xehe e ¥

1. [Toka3atk, yTO QyHKIHS *~¥** ~¥ 'y 10BIETBOPSET ypaBHEHUIO

=5
]

2. Tloka3aTh, 4TO (yHKIMS



X + ¥ .
YIOBIICTBOPSIET yPaBHCHUIO ™ = ¥ ¥
Brruncienne npon3BoHbIX U qudPepeHInanoB CI0KHbIX QyHKITHI

PaccmoTpuM 4ncinoByro QyHKIHIO IBYX MEPEMEHHBIX
=2y

1z ik m

3aJJaHHYIO CIIEAYIOIIUM 00pa3oM:
F=EUV) , Te U= Umrl; V=V (1)
I"oBopsT, uto (1) onpenenser cnoXHy0 (YHKIHMIO IBYX MEPEMEHHBIX.
B cootBercTBUM ¢ hopMyTamMu MpeabIAYIIUX MaparpadoB MOXKEM 3alUCaTh:

bz - EETE.U . g:, AV +0id) . §= JAU AV )

Haiinem yacTHbIe pupalieHus

EE=EE.-’"F = = =
__,ay-u,HpH ——l] .IJ.,U; av=2.7
o B2 4z " n
ﬂ-f—auﬁ-U*ﬁﬂ--“”“'ﬁ-]’ E==\|'I£-.=U'+ﬂ-.ﬂi'.(3)

N o
s — ecTh 0.M. 00JIe€ BBICOKOTO MOPSIKA, YeM O , IPEJICTAaBUM €€ B BUJIC Ox ,TIe &— 0.M.
UI;’:] i; -f IaEU]an.E?F
x ¥ OTKyJa BUJHO, YTO 3Ta BEJIMYMHA CTPEMHUTCS K HYIIO TIPH
8, U U gV v
‘!""*':';TaKKaK“*':',a i} ﬂx; Ay ﬂJ'._

Torna

Paznenum (3) Ha &= u nepeiaém k npeneny mpu b =0 :
N P LU M
p-d bx U gep Dx OV ap dx

BT _ 8Z 84U 4T &V ’
e AU aw ava.(4)

AHaJOTUYHO TIONYyYUM (QOopMyJTy IJIi YaCTHOM TPOW3BOJHOM CIIOXKHOW (DYHKIIMH 10
apryMeHry y:

B _ 8Z AU AZ 4V
AU @y avay'(s)

C momorpro 3TUX (hopMyt 3anuineM moaHbI quddepennman pis pyakmnuu (1)

as as asau | a=av as au _ as av,
dE =" dm + = [ + idm + + Jckr =
£ E AT = AV = AT 3y AV 3y

_3:(3'LT& +S'L'I':h-‘l+ 3:(3\?&“3\?:‘3”_3:&““ a=:'l.V.
aT = S av am S au w dur

[TomyueHHOE paBEHCTBO BBIPAXKAECT CBOMCTBO MHBAPHUAHTHOCTH (popmbl auddepenunaa.
OHO COCTOUT B TOM, UTO MOJHBIN AU depeHnan oIMHAKOBO 3aUCHIBAETCA B claydasx, koraa U
u V — He3aBUCUMBIE TIEPEMEHHBIC WU SBISIOTCS (YHKIUSIMH OT X U Y.

ITo ananoruu ¢ gopmymnamu (4) u (5) MoxxkHO 3ammcath U GopMyisl U PepeHITUPOBAHUS

CJIOKHBIX (PYHKLIMN APYyroro Buja.
Harpumep: 2 =HU% W), U= Uy, V= Visy), W= Wisy)
BT _ 8T AU ATV AI 8w
ax AU dx avaéx oW ax ;(6)

8T _8Z aU 8z av  aIaw
ap AUy av ay away_(7)

Paccmotpum apyroit npumep. [lycts nana ¢pyHkuums
2=V, y), me Us Uk, V=Vigy.

PacnipocTpanuB npeasiayiye pe3yJsbTaTbl HAa 3TOT CIydai, IOJy4YHM, HAIPUMEp, YaCTHYIO

MIPOU3BOIHYIO 110 Y:
D:= az El'l'.T+ az EI‘J+E|Z
Dy 8l @y  av ay 35?'(8)

3amwmch B popme (7) Obl1a ObI HEKOPPEKTHA, TIOITOMY U3MEHUM 0003HAYCHUSI.
D=

3neck: T¥ — 03HaYaeT BHIYMCICHUE YaCTHOW MPOU3BOTHOM MPH * = corst ;

az

8y — 03HAYACT BBIYMCIICHUE YACTHOW MPOU3BOTHON TIpH U= st V = marst

PaccMmoTrpum Teneps Takoi mpuMep.



PaccmarpuBaercst  ciokHas  GyHKOMS ~OAHOM TEepeMeHHOW ==& ompenenéHHas

CIICAYIOIIMM 00pa3oM:
FSHUV,  USUR,  V=Vi.(Q)
d=
B »Tom cjIydac p€db AOJDKHA MATU O BBIYUCICHUHW MPOU3BOJHOU dz KOTOpasi Ha3bIBACTCA

MOJIHOH Mpou3BoAHOI. PopMyity a7 €€ BEIYUCICHHS MOTyYuM U3 (4)
dZ _dZ alb azZ dv
de AU dx OV e _(10)

Emé onun npumep:

-

[TycTp ==M. Vo), e U=Ulx, ¥V =Vl "rorna tMeeM CIASAYIONIYI0 (YHKITUIO OJTHOW MepEeMEHHON

d:_a:dU+a:dV+a:

de eUdx avax ax, (]1)

OueBuaHO, U cienyromed (yHKIMHA OJHOW IMEpEeMEHHOH CBOWCTBO WMHBAPUAHTHOCTH
dbopmel tuddepeHnmana Takke UIMeeT MeCTo.

JeiicTBuTenbHO, yMHOXas Ha 2= (10), mosyunm BeipaxkeHue Buja (6).

3aoanue 4

Haiitu nonnbie nuddepennmans GyHKINN.

-
x-F,

Pewienue

a) HaXOJIMM YaCTHBIE TPOU3BOIHBIC JAHHOW ()yHKITHH:

A _ [yl fe-yi-lx-yi, x4yl x-y-lay 2y
et |% - :.-." - :.-.-' |- :.-.-'

1l

d eyl lx-wi-leow ey x pilxeyl 2
i

iy [z —yi° [z -y fx -y
0) yMHOXasi 4acTHbIE MPOU3BOJIHBIE Ha AU depeHinaIbl COOTBETCTBYIOMIUX apTryMEHTOB,

MOJTyYUM YacTHbIE TudepeHnnansl GyHKIAN:
d.z= Ly de dz= 1 o
|m —y* . |m =) .
b b
B) HUCKOMBIM moONHBIN auddepeHnman (yHKIMM HalAeM Kak CyMMY €€ YacTHBIX
mud depeHnnanos:
dz:E:dy—Eydx=2-=dy—yck-
'K—'!r"_l ':—'!r"_l

2, = =smlxy)
Pewenue
Crnenys yka3aHHOMY IUIaHy, HAXOJUM

ez ez
) P = cosxy) ?';n.h.-' = oSyl X
a L ,
6) dz =y cosxpds . dz=x cosaydy .
b b

B) dr = yros|nyide +xcos xyidy = cosey pde +mdy)

x+Y
3.7 Ry
Pewenue
CJ'IG,Z[YH YKa3aHHOMY IUIaHY, HAXOOUM
& 1 x4y ) _ 0wy ety fL-mp®
L S M 1L —zyr [1-api® +lx +91*
a) -y |
i 1+y 1+y"
1- 2y + %% +x° + 20+ L4xe 4x® 4y
& 1 |r-:-'".[1 xyl +xlx -zl _
dy L py 11wy L [1-=yF L-myl® tlatyl® 1+x? 1+m*
11 —xy | 1-2xpxy? +xf + 2y +y” 1-1":,-"-1"-:.'""
R AR T T T
6) lixfy+x 49 - 1+ 4w +y* - -
b b

[FERT- " R B
B) T laaty? mdap? .
3aoanue 5
Boeruucnuts 3nauenus nmoHoro auddepennnana GyHKIum

n
z =amcig
¥IIPH x =1; ¥=3; dx =001 dy =005



Pewienue
Haxonum 4yacTHbie TIpOM3BOAHBIE, 3aTeM 4YacTHble JuddepeHnuansl ¢ MOTHBIN

g depennran 1anHol QyHKIUu:
i = ¥ . E = X ;dz = xdx — ydy
h x4y e xSl '

[ToncraBnsisi 3agaHHbIE 3HAUEHUS HE3aBUCHUMBIX IMEPEMEHHBIX *, ¥, dx  dr  yHKIHEH

KOTOPBIX SIBJISIETCS MOJHBIN quddepeHnuan 42 , nosryuuam
_1(=0,05)-3 0,01

d
: 1+3

= 0,008

3aoanue 6

Boruncnuts npubinxeHHOE 3HaUeHHE:
sin 149 -arctg0,07

1) 1_.':'31.. ; 2) :_' w

Pewenue

Eciu TpeGyeTcs BBIUMCINTD 3HAYeHHe GyHKIHH (.3t B Touke M%) (1 mpu stoMm
TIPOIIIE PACCUUTATh 3HAYEHUS STOH (DYHKIMM M €€ YACTHBIX MPOM3BOIHBIX B TOuKe Mook --tol
), TO TIPH TOCTATOYHO MAJIbIX 110 a0COMOTHON BEIMUYMHE 3HAYCHUAX PA3HOCTEH *' ~*0 =% Vi-vi=d
.......... , =t =% MOKHO 3aMEHHUTh MOJIHOE TTpUpaliecHre QYHKIUU ee MOJHBIM auddepeHInaiom

£V, = (M, )= M 4 (M e+ M,

U omcro0a Haumu npudIUNCeHHOe 3HAYeHUe UCKOMOU 8elUYUHbL N0 hopmyne

M) (M) +8 M8 My MR (]

1. Tlonaras, 4ro °¥™ ecThb 4acTHOE 3HAauYeHWE (PyHKUIMU f™.¥'=*'B TOUKe M, (1,083,568

BCIIOMOTaTeNbHast Touka Oyaer Myl IOJIYyYUM
fIM == £ (M =y =4 st hes o, =0
2

n 4TO

b 2
e =108-1=008 « dy=39 —d=-004
; .
[Toacrasmsis B hopmyny (1), Haitnem
LO8Y = | ML) +£| L e £ | M iy =1+ 4 0,08=132
s 149 arctg0 07

nl

2. Ilycts €CTh YaCTHOE 3HAYEHHME (DYHKLNU TPEX MEPEMEHHBIX Phy.zl=2"sny artgz g
y YHKI |y P

M.;[— 3750 ]

touke M:!==FFLE0T y pyets, BenmomorarensHas Touka Gyner

=205 [-3)= . 7 . 7 .
Torma & =-295-(-3)=005 ; dy =148 -157=-0,08 ; dz =007 ;
@M= 2 s Tatgl = 0 (M) =2 In2siy - andgz/,,, =0 .

- b ’

TENY _na

III:_-M"-=E- cosy i.lItg?..-'“" =|:|; ';':.'M..' = 1o

[Toncrasmnsas B popmyity (1), momyunm

sin 48 arctgf) 07 _

am 27 087 =001

3aoanue 7
HaiiTi npou3BoiHbIe 4t CIOKHON QYHKIMHU = =) | x =ait) "y = wit)
1. =
r= Eln?

1. , %=t y=cg'e

Pewenue
31ech I ecThb CIIOKHAs (PYHKLUS OJHOM He3aBHUCUMOU nepeMeHHoi t. [Tomyunm

dz 111 & 1 = 1
e

Ty . T .

) 5 ) B
e _ ., 1 a (1
=2tzt = =Txtet| - ——

a~ " ros't ) d g'|, sin’t N
&1 g 4 1 Zcegr gt . O )
& J o't 2y st tg tees t ctg “tsin’t

1o, 0t 1o, 1
] tgteos 't ctgsin t “sintcost  sotcost

2 4

“sitcost snlt

2 z=e* 7 x =sint- y=t
. 5 5 .

Pewienue
- g = Zewar O - cost dy 3t”
" R ey ; ;



dz
dt

et Teast -2 TR =" Vost -6t =™ foost - Bt L

3:un::.i.n| ¥l x=3 w=d'
. . ) .

Pewenue
e i -] i
e T Sz . dt

& 3-r
e

3adanue 8
dz
Haiitu a= | ecim = =t e v ==l

=% 7F
=3 +1
I. =y, rpev =3+,
Pewienue
i _Ixfx” +yl-2xx" -y dxy kR " +yl-lk -y x|
2 o 2 a4 dy 3
. oy oyl ¥ x’ +y wt oyl g T
dz day 2x 3 dwy - b’ 2xf 2y - 3x
dx X ¥ X ':-'- I-':". X :-'

2xffix + 2 -3x 2x|3x +2

w43 +1) x'-3:-:-1-..

2. === rne V=,

Pewienue

- 2xy = =2 W snx
e R oy ;& ;
&

=Ty - sink = 2ncos — X SON
d

3.z=x", THIE ¥ =10%

3aoanue 9

Haiit yacTHBIE MPON3BOIHBIC CIIOKHOU (DYHKITUH
z =flu,¥] , TIe i =cp‘;u1'||, v=wlknl,

1_ ==y -3,-"’ rae == I':l:osq,y:?::i.nl]

=

2. z =hlx’+y’ ,FI[e' :_-_:I.I;!-'- =

IIpakTHyeckas padora 18

Tema: Borumncienue MOBTOPHBIX HHTErpajioB. CBene}me JBOMHBIX HHTErpajioB K

MMOBTOPHBIM. Boruuciienne [[BOﬁHLIX HHTErpajaoB

IIe.m,: Hay‘II/ITI)Cﬂ BBIYUCJIATE TOBTOPHBIC MHTETPAJIbl U CBOAUTDH HBOfIHI:IC HHTCIpaJIbl K

MOBTOPHBIM
Teoperuyeckuii 010K

Borunciienune JABOMHBIX HHTErpaJioB 0asupyercs

NMOHATHUM MOBTOPHOI'O HHTErpajia

¥=mix)

Fi

. L P= )

1 o

1, +

B

. 5 _
R

e

{}E-.

ITycth u’{ { s ‘.}paCCManI/IBaeTCSI

Ha

IUIOCKOM

obnactu E.I/I OHa IMpaBUJIbHAA B HAIIpaBJICHHUH OCHU ~ .+ , T.C. BCAKaA IIpsAMasd, mapajuiCiibHasa OCU

.

CIPOEKTUPOBAThH Ha OCh {h: [Tyctb mpoekuus E}Ha {heCTL {H: bz

.+, mepeceKaeT rpaHuIly 001acTu ﬂHe Oonee yeM B JIByX Toukax. Torma obmacte E}YI[O6HO



1:&2””

184 ) X )
Ecmu - u( I~ ypaBHeHME HWDKHEH IpaHMipbl, a «  +<% f— ypaBHEHHE BEpXHEH

xeiad)

1 —_—

T,
rpanunbl, TO JIIO6OMy o0acTu E}HpI/IHaﬂnemaT T€ TOYKH E P +BCPTUKAJIBHOTO

OTpe3Ka, KOTOpBIE YIOBJIETBOPSIOT
HEPaBEHCTBaM
jﬂixi&
1?’5 (Xjsrsd [:{],(*)
?;- i xi
Jat | fm e
Bripaxxenue BUJIA 4 Hix Ha3bIBAETCS MOBTOPHBIM

HHTEerpajoM oT  (yHKIMH f i L3 .}HO obnacTtu E} OH  BbIUHCHAETCA
CIIEAYIOIIUM 00pa3oM:

11
(

CHayaJla HAaxOJIWTCA BHYTPEHHUM HHTerpan (. — IMEepEeMEHHas WHTErpUpPOBaHHUA, -1—

a. l
(buKcHpOBaHHas), a 3aTeM MOTYYEHHYIO (BYHKIIIO apryMEHTa « L HHTErpHpYeM Ha { e
3Hal'leH1/l€ n06m0pH020 uHmeZpaﬂa — YUcCjuio.

¥l

=2
L ¥
7
AL
< 0 X
¥+ .
IIpumep 1. Brruncnuts MMOBTOPHBIN HUHTErpai
BOCCTaHOBUB 00J1aCTh }D
O o
ey sd

i ’ e
ey 7
N UEE A S e Lrs
2 3 | 302 301 3]
=4E_§=E_§=£g?_m}:§
2 3 1 3 &6 6
AHaIOTUYHO:

€CJIN 06J'IaCTb J‘i__.}— npa@uﬂbHa}Z B HaHpaBJ'IeHI/II/I oCcHu {h, TO €€ y,I[06H0 HpoeKTI/IpOBaTB
Oy > On: e, d] )
Ha OChb . [TycTp HpOGKI_[I/Iﬂ obmactu Ha OCb ~ .~ €CTb OTPE30K i ~ , YPaBHEHHUE JIEBOU

TpaHuIbl 00JIacTH _{f! i ¥ }, a TpaBoOdl TpaHULBI — _{f'll { } j Torma pmasd BCSIKOTrO

. ¥
j'.ﬁ € {E" d]:«sHaquHe X touex Et} v ijHMOPI ‘3 ‘1} NpUHAIICKAIINX  00JIaCTH }:},



YAOBJIETBOPSIET HEpPaBEHCTBaM ' %/ TlooToMy 00IacTh J‘E}MO)KHO

3a/1aTh B BUJIE

(CM. PHCYHOK).

£ iy

o |

TakoMy 3aaHUIO OOJIACTH COOTBETCTBYET HOGMOPHbLIL WHTETpanm *  Fik

..i Flx, vy

Jlis ero BBIYMCIEGHUS HAXOAWTCA CHayala BHYTPEHHHUH WHTErpaj, a 3aTeM BHEIIHUH.
PesynbTat — uncno!

[Ipumep 2. 3aganum o61acTh E}anMepa I, npoektnpys ee Ha OChb S

1= y<2, .
B:i J=J@*J{I+2}*}dx
; & .

B y<v—1. .
+ BLI‘II/ICJ'II/ITL HOBTOpHLII/I I/IHTCFpaJ'I

b

2,2 ]H 25{1‘—ZJ: i
= ; =i: T — P =
;_ti?fz}rj a}_.[; - +2p(v -1} |
Pemenue. ‘L & L i
vo1y 2, Ll 116 0 33 1
gy | [T e
: kN EEY s 4 4
BaMeqaeM, qToO 3HAYCHUA paSJII/I‘lHLIX HOBTOpHLIX I/IHTerpaJIOB

(GYHKINU TI0 00JIACTH OKA3aJIUCh PAaBHBIMHU.
Hoxkazano (cm. [1]) yTBepakaeHue:

4 A
eciu f i.‘r= } }Hel'lpepBIBHa Ha E}, Dck ;  obmacTpb J‘E}HBJ‘IHGTC}I

HpaBHHLHOﬁ B  HallpaBJICHUH ocel KOOpAWHAT, TO 3HAYCHHC ,ZLBOfIHOl"O HHTCIrpaia
-
ijgx, )iy
o

puyeM pe3ysbTaT He 3asucum om nopsoxa
UHMe2pUPOBAHUsL, T.C.

COBIMIAAACT CO 3HAYCHUEM COOTBCTCTBYIOLICTO IMOBTOPHOI'O MHTEIpala,
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IIpumepni:

Botuucnume unmezpaisl.

Jordx[o1(x+y)dy.J01dx]01(x+y)dy.

Pemenue.

Joridx[o1(x+y)dy=[o1((xy+y22)|ll10)dx=Jo1(x+12—0)dx=(x22+12x)||[10
=12+12—-0=1.J01dx[01(x+y)dy=[01((xy+y22)|01)dx=[01(x+12—0)dx=(x22+12x)|
01=12+12-0=1.

OtBerT: 1.



Joz2nd@ [oar2sin2¢dr.J02ndef0ar2sin2¢dr.

Pemenue.

[o2ndfoarzsina@dr=foznl \1 Joarzsinzedr)) \de= foan(sin20rs3lla0)do=
02nsin2@(a33—0)de=[02rnde[0ar2sin2¢dr=/02n([0ar2sin2¢dr)de=/02n(sin2¢r33|
0a)de=[02nsin2¢(a33—0)de=

=a33[o2nl—cos2¢p2dp=a33(12¢p—14sin2¢)|||2ro=a33(122n—14sin4¢—
0)=a3m3.=a33J02n1—cos2¢p2dg=a33(12¢—14sin2¢)|02n=a33(122n—14sindp—0)=a3n3.

OrtBer: asn3.a3n3.

Kakoit 3nak umeet unrerpan [[|x|+|y|=1In(x2+y2)dxdy; [f|x|+|y|<1In(x2+y2)dxdy;

H3menump nopaodok unmezpuposanus 6 cie0yiouux uHmezpanax:

Jo2dx [x2xf(x,y)dy .J02dx[x2xf(x,y)dy.

Peurenmne.

Cnenaem pUCYHOK UHTETpUpYeMOii 001acTH:
&

O65acTh MHTETPUPOBAHMS OIPAHUYEHA NPAMBIMH Y=X,Y=2Xy=xX,y=2X U X=2.x=2.
3ameTnMm, 4TO B TOM 00actu ecau Yy mensercs or 00 1o 2,2, To KoopauHaTa XX MEHIETCS OT
npsaMoit Y=2Xy=2x (w1 X=y2x=y2) 1o Y=X.y=x. Eciu xe Yy mensercs or 22 no 4,4, 1o
KOOpJMHATA XX MEHAETCS OT IPSIMOi Y =2 Xy=2X (X=y2x=y2) 10 X=2.x=2. Takum 06pazom,

Joz2dx [x2xf(x,y)dy=[o2dy [yoxdx+ [2ady [,22dx.J02dx[x2xf(x,y)dy=[02dy[y2xdx+]
24dyly22dx.

Otser: [02dX [x2xf(X,y)dy=[02dy [,xdXx+ [2ady [,22dX.]02dx[x2xf(x,y)dy=/02dy/
y2xdx+24dyly22dx.

1. [12dX [2—-x2x—x2vF(X,y)dy .J12dx[2—x2x—x2f(x,y)dy.

2. Bouncnuts unterpan [[oxy2dxdy, [[Qxy2dxdy, eciu obnacts QQ orpanuuena
napabosoii y2=2pXy2=2px u npamoit X=p/2(p>0).x=p/2(p>0).

3. B ggoitnom wunterpare [[of(x,y)dxdy [[Qf(x,y)dxdy mnepeiitn k mnonspHBIM
KoopauHataM I't u @Q,¢, nonarag X=rcOoS@x=rcosp u y=r. Sin(p,ersin(p, paccTtaBUTh NPECACIIbI
unTerpupoBanus, eciu Q—Q— konpo a2<x2+Yy2=<b2.a2<x2+y2<b2.

4. IlepeliTh K MOJSAPHBIM KOOpAMHATaM, Itu @,p, mnosnaras X=rCOS@X=rcos¢ u
y=r Sin(p,y=rsin(p, M pacCTaBUTh IIPECJACIbl WHTCTPUPOBAHUSA B TOM M APYroM MOPSJIKE B
caenyromeM uuTerpae: [010dX [1-x1-x2vFf(X,y)dy.J01dx[1—x1—-x2f(x,y)dy.

5. Ilpeanonaras, 4ro Itu (,p, - TOJAPHbIE KOOPAUHATHI, W3MEHUThH MOPAIOK

HUHTCTPUPOBAHUA B ClIeayromux HHTCTpalIax:
[=n2n2d@ [oacosef(@,r)dt(a>0)./-n/2n/2del0acosf(p,r)dt(a>0).



6. Ilepexoas K TONSAPHBIM  KOOpPAWMHATAM, BBIYUCIUTH JBOMHOW  MHTErpal
[[x2+y2<aex2+y2—————— Vdxdy. [[x2+y2<a2x2+y2dxdy.

7. BMecro XX M Yy BBECTH HOBBIE IIEpEMEHHBIE Uu M VV ONpPENEIUTbh IIPEIEIbl
MHTETPUPOBAHUS B CIIEYIOIINX JTBOMHBIX MHTerpajiax
Jo2dx [1-x2-xf(x,y)dy,[02dx[1-x2—xf(x,y)dy, ecnu U=X+Y,V=X—Y.u=x+y,v=x—y.

8. Ilpou3Bens cOOTBETCTBYIOIINE 3aMEHbI NIEPEMEHHBIX, CBECTU JIBOMHBIE MHTErpajbl K
onnokpatueiM:  [[of(xy)dxdy, [[Qf(xy)dxdy, rme o6macte QQ orpaHuueHa KpUBHIMH
xy=1,xy=2,y=x,y=4x(x>0,y>0).xy=1 xy=2,y=x,y=4x(x>0,y>0).

IIpakTHyeckas padora Ne 19

Tema: BbluuciieHMe TPOWHBIX HHTerpajoB. PemleHnue 3a1ay Ha NpPUIIOKEHHE
ABOMHBIX, TPOMHBIX HHTEIPAJIOB

Henb: HaydnTbcs BBIYUCIATH TPOWHBIE HHTETPAIBI

Teopernueckmii 060K O0TpaboTaeM TEXHUKY pELIEHUS MPOU3BOJIBHBIX TPOUHBIX

[[[ 7 - 2)drdyaz

UHTETpajioB T , Y KOTOPBIX MOJBIHTErpaibHas (QyHKUUS TPEX MEepeMEHHBIX

H= f('x? .:I'f? E) B O6I.H€M cjIydya€ OTIIMYHa OT KOHCTAaHTbl U HCIIPEPbIBHA B obnactu T, a TaKXKe
ITO3HAKOMHUMCA C (I)I/IBI/I‘ICCKI/IMI/I MMPUITOKCHUAMU TpOfIHOl"O HHTCIrpaJia

u=flxyz)

[pumep 13
Bpruucnuts TPOUHOHN HMHTETpall

”]15.1;;2 + 23 dxdvdz
T
Tz=x+yx+y=Lzx=0y=0z=10

Ha npaktuke Teno Ttakxke 0003Ha4al0T OYKBOMA I!_f’r, HO 3TO BCE-TaKW HE OYEHb XOPOLIUM
BapHaHT, BBy TOTO, OHA «3ape3epBUPOBaHay» MOJ 0003HaUeHUE 00BhEMA.

He HYXHO MNpeaACTaBIATh HHTCIrpall B BU/IC
j” 15(y* + 28 dxdydz = 15[” yidrdvdz +1 5”[ drdydz
r T r . XOTS €CII OYEeHb XOYEeTCs, TO MOXKHO.
B koHIle KOHIIOB, €CTh M HEOOJIBIION IUIIOC — 3aMKCh OyAET XOTh M JUIMHHOW, HO 3aTO MEHEe
3arpoMoxa€HHOM. Ho Takoi moaxox BCE-Taku HE CTaHAAPTEH.

B anroputme pemeHusi HOBU3HBI OyneT HeMHoro. CHayaia HYXKHO pa3oOparbcs C

obnacTbio HTErpupoBanus. IIpoekuus Tena Ha MIOCKOCTb XOF npezacTaBisieT coboit 1o 6omm
3HAKOMBII TPEYTOJIHUK:

CBepxy TeJo OrpaHUYEHO TUIOCKOCTHIO &=x +}’ , KOTOpas MPOXOJIUT Yepe3 Hadaslo KOOpIUHAT.
[IpenBapuTensHO, K CIOBY, HYXKHO 00§13aTeJIbHO MPOBEPUTH (MbICIEHHO TUOO HA YEPHOBUKE),
HE «Cpe3aeT» JH JTa IUJIOCKOCTh YacTh TpPEyroibHHKA. [lIsi 3TOro Haxoaum €€ JIHHHIO
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nepeceueHsl ¢ KOOPAMHATHOH IUIOCKOCTBIO A0F , T.e. pemaeM MpPOCTEUIIYI0 CHUCTEMY:

ZI=x+y
=xrx+y=0=y=-x

z=0 — HeT, JaHHasg MpsaMas (Ha uepmedice OMCYmMCmeyen)
«IPOXOJUT MUMO», U MPOEKLMs Teja Ha INIOCKOCTh X GI.T(! JIeMCTBUTENFHO MPEACTaBIAET cO00i

TPEYTrOJIbHHUK.
He CII0KEH 371€Ch U IIPOCTPAHCTBEHHBIN 4epTEK:

B nelcTBUTETHLHOCTH MOKHO OBUIO OTPAaHUYHMTHCS TOJBKO MM, MOCKOJIBKY MPOEKIHS OYECHb
npocras. ...Hy, uaM TONbKO 4YepTeXOM MHpPOEKIMM, TaK Kak TeJo Toxe mpocroe =) OnHako
COBCEM HHUYETO HE YePTUTh, HATTOMUHAIO — IJIOXON BBIOOD.

BriGepem CIE Y FOIH TIOPSIIOK obxoma Tena:
D=z x+y
D=x=l-y
D=y=l
n nepenaem K IIOBTOPHBIM UHTErpanaM:
1 l-p vty
[[[150" +2*)dxdvez=15[ ay [ [ + 2"k
T 0 00

AKTyaJu3upyeM cJjeayloliee 3JieMeHTapHOe MPaBUJIO:

Korma dynkums ¥ = f (I, Y E) MHTETPUPYETCS MO KaKOH-THOO TEepeMEeHHO#, TO Ba
JOPYIUX apryMEHTa CUUTAIOTCS KOHCTaHTaMu. TO €CTh NPUHLUII TOYHO TAaKOM XKe, KaKk U IIpU
HAXOXKICHHU YaCTHBIX MPOM3BOIHBIX OT QYHKIMU TPEX MEPEMEHHBIX, YTO ECTECTBEHHO.

Paszbupaemcs ¢ uHTErpanaMu:

1)
+y 1 3%

I Nt B T
(v +z Mz =|yz+—
0 3

roy 1 i+ y) 0’ x+y)
0 =.:v2(x+.}*)+%— e =y2(x+y)+%

(1) Ilpu uHTErpUPOBAHUU IO «3ETH X u ¥ cauraorcs xoncranramu. B JTAHHOM Clly4ae

IMPUCYTCTBYET TOJIBKO «HMI'PEK», HO 3TO HE MCHACT J€Ja. COBGTYIO BCCriga MBICIICHHO anbo Ha

YEepHOBUKE  BBIMOJHATH  MpoBepKy. HaiinéMm yacTHy:0  NpPOM3BOAHYIO 1O  «3€T»:

t
3

z 1 1
y:z+? =y (z); +§-(23j; =y -1+§- 3z =yt 427
, 9TO U TPeOOBAIOCH MPOBEPHTb.
(2) Temepp wucnonszyem ¢dopmyny Herorona-Jleiioauna: cnawara BMECTO «3er»

MIOZICTABIISIEM BEPXHMM Npeen UHTETPUPOBAHUS (I +.}? :I, 3aTeM — HWKHUI npeznen (Hoib). B
pe3yabTare OyKBBI «3€T» OCTaThCs HE JOIKHO!
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CHocum Tpodeit B cienyrommii muTerpai. [lo cymiecTBy, pelieHHE CBENOCh K JIBYM

[IEPEMEHHBIM U K IBOMHOMY UHTErpalLy:
1-p

2] _[ (J"E(I+Jﬁ)+( 3“}?) }:fx = T(x+y)cix+ I(x+_yj dx iij

]

1—:»I 11-? 0% 1 Al 11 " (4
P [@rpde )+ [ yPday) = 7 ey 7+ o o) =
1] 0
2 (3 — O )+ () (043 =2 (= Py 4 =y =
2 12 2 12

2 4 4 2 4
1 1 7
y_y Ll oy _ 1y Wy

T2 12 1z 12 2 12

(1) Ucnonb3yem cBoiicTBa JTMHEHHOCTH MHTErpajia, NpUHHMas BO BHUMaHHE TOT (akT,
YTO «UIPEK» CUHUTaeTcss KOHCTaHTOH. Clenyer OTMETUTh, YTO HE BO30paHSETCSd OCTABUTH
UHTErpal €IuHbIM, PAcKpbITb CKOOKM U TPUBECTH IOJOOHBIE claraeMble, HO 3TO MEHee
paloHanbHbIN cI0c00 (MOKeTe MopoOOoBaTh).

(2) Ucnonws3zyem metox mnoxaseneHus noj 3Hak auddepenumana. Eciom paccyxiaeHus
BOCIIPUHUMAIOTCS COBCEM TSDKEJIO, MBICICHHO 3aMEHHTE «HUI'PEK» KaKMM-HUOYIb KOHKPETHBIM
YHCIIOM, HAlIPUMED, KIIATEPKOI».

(3) WnTerpupyem o «CHKC» u BBINOJIHSIEM IPOBEPKY:

2 !

y 2 | s ¥ v, o

k)t —(xty) [r = () = (x40 =

S E ) o (xty) N A x40,

2 3

.1 . 1 x+

=L k) (b A of )= R0+ 0 = R )+
(4) Ucnonbsyem ¢opmyny HbroTona-JleliOnumna. CHauyana BMECTO «HUKC» (nepemenHou, Nno

KOMOpOU Npo8OOUNOCHL UHmMe2puposanue) TOACTABISEM 1- Y, sarem — moms. Ilocme
MOJICTAHOBOK OYKBBI «MKC» OCTaThCSI HE JJOJIKHO!

[TpuuécriBaeM pe3yibTaT U CHOCUM €ro B MOCIEAHUNA MHTErpai, He Tepsis HaXOIAIIyIoCs
TaM KOHCTaHTY:

1y ¥ f 7
15 42—y =15 =15 —+=-————(0+0-10
%) J(lz 712 J Y {12 2.3 12. 5J| [12 6 12.5 ( ]]

:15[1_?] 15 7 8 _,

4 125) 4 4 14
mlﬁ{y + 2 dxdydz = 2
OtBeT: T

PesynbTar 6e3pazmepeH — NpocTo YHUCIIO U BCE.
Crnenyroumii npuMep Jisi CaMOCTOSATEIbHOTO PEIICHHUS

[pumep 14
Bpruucnuts TPOUHOMN HMHTETpall

m (3x + dy)dxdydz

T
T y=xy=Uz=1lz= 5{x2+y2);z=[]
[TpumepHsIii 00paszen opopMiIeHHs 3a]jaul B KOHIE YPOKa.
Jlo cux mop MBI paccMaTpuBalIM JIBa CIIOCO0A pEIIeHUS — A3TO IMPOCIMPOBAHUE HA
IIJIOCKOCTH X DF 1 BbIOOD mopsisika 06xoxaa mpoekuuu. Ho Ha camom niene komOuHanuii 6osbiie

— TEJIO0 MOXHO CIPOCHUPOBaTh Ha JOOYH U3 3-X KOOPIWHATHBIX IUIOCKOCTEH W KaXIyro
MPOEKITMI0 00OWTH 2-Ms MyTsAMU. TakuMm oOpa3om, moiydaercs 6 crocoboB pemeHus. U
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JIOTUYHO TMPEAINOJIOKUTh, YTO B OOLIEM Cilydyae HEKOTOpbIE M3 HHMX IpOlle, a HEKOTOpble —
TpyZIHEE.

Hagsephsika MHOrue obpatuiu BHUMaHue, 4to B Ilpumepe Nel3 g BeiOpan Gosiee penkuit
NOPSIOK 00X0Jla MPOEKUUH, XOTS HUYTO HE MeEIIano MONTH «OOBIYHBIM» MyTEM. DTO He
CIIy4alHOCTb.

?G'+;l-'
1,2 (x+y)
2
[ +2de Pt y) 451
B pesynbTaTe HaxoKIeHWS WHTErpaia o II0JIyY€Ha CyMMa i ,B

KOTOpOﬁ 4YyTb BbII'OAHCC CUYHUTATDH KOHCTAHTON HMEHHO «UTPCK», UYTO IIpU IIPOUYHUX PABHBIX

YCIOBUSIX (U3 VPAGHEHUsT NPAMOU I+.}} - loaunakogo JIe2KO BbIPA3UMb y= 1_ Lx= 1—;1? )
VIPOIIAeT pelIeHne. A B HEKOTOPBIX 3aJadax BbIOOpP TOpsIKAa HHTETPUPOBAHHS U BOBCE
cragoButca OUEHD BaxxHBIM:

[Tpumep 15
Beruucnaurs TPOMHOU HMHTETpall

”I Sy 2o drcvdz
T
T:x——l, y=0, z=0,
x=0, w=2 z=1
Pemenne: 00acTh MHTETPUPOBAHUS OTPAHUYCHA MIECTHIO TUIOCKOCTSIMH H MPEIICTABIISAET
coboi NPAMOY20JIbHbLLL napannenenuneo:

7y
LJ’L'*

i
/
AT e

YV He3aMBICTIOBATHIX 00JIACTEH MOYKHO He 0OpamaTh BHUMaHUs Ha TIPOCKIMIO U IPUACPKUBATHCS

I

CJICAYIOLICTO IIpaBujia: OGXOH TeJa OCYHIECTBJIAACTCHA B HAIIPABJCHUAX KOOPAUHATHBIX ocei.
[Ipenensr WHTETPUPOBAHUS 371€Ch OYEBUIHBI
l=z=], O0=2y22 -1=x=(

Ho BoT ¢ mopsimkoM 00xo1a He Bc€ Tak mpocto. Eciau BeIOpaTh TPaIUIIMOHHBIN MyTh U
CHayajga  MHTErpUpOBaTh IO  «3€T», TO  IOJIy4aeTCs  HENPUATHBIM  MHTErpain
1 1
J-Syzzegmdz = Syzj-zezmdz
i 0 , KOTOPBIA HY)KHO OpaTh MO YacTsM. AHAJOTWYHAs UCTOPHS, €CIIU

’ 3
_I.Sygze'zmdy = 82_[_}:2:32“&‘_}:
HHTCTPUPOBATD 1O «KUTPCK»: 0 0 , TYT AaXXC ABAXK/BI IO YaCTAM.

Haubonee BBITOAHBIM MYTEM SIBIISICTCS MEPBOOYEPETHOE WHTETPUPOBAHHUE IO «HKC», B

2
9TOM CJIydac NNCPCMCHHBIC E’ .:]'.il , d 3HAYUT, U MHOXHTCJIb 8..}? z CUHUTAIOTCA KOHCTaHTaMM:
] ] 1]

1
-[Syzze'jmdx = Sygz-ll e dr=8y'z. — Iegmd (2xyz) = 4y[ezm}‘?1 ={*
-1 -1 E.JE -1
Ilepen TeM, Kak TOJACTABUTH MpeJeibl MHTEIPUPOBAHHsS, HE IOMEUIAET MPOBEPKA:

(4ye'™), = dyle™ ) =dye™ (2ny)l =4ye™ 2z (2, =8y'2™ _

HOJBIHTErpaIbHAs (QYHKIHAL.

MoJIydyCHa HMCXOIHAasA
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(9= 4y ~e" ) = dy(1- ™)
BYKBa «HUKC» UCITapuIaCb, KaK OHO U JOJI’KHO OBITE.

Ocranoch 2 HampaBiieHus o00xoja 0=z 51: 0 5.}" = 2, U CIEOyIOUUH HHTETpal

paHI/IOHaJ'IBHee B3ATH 110 «3€T» I-ITO6I)I MHO>XHUTCJIb 4.}? CUHHUTAJICSA KOHCTaHTOI\/'I:
1 1
) ) 1
[4y0-e™)dz= 4y (1- ez = 4y[z b EFJ\; = (%)
0 0 g

[Ipomexyrounas IIpOBEpKa:

[4;{2 +ie‘“’n s = 4;{(2); + LKE'MJLJ = 4,1{1+ et (—Eﬁ);J =
2y 2y 2y

= 4y[1+ Eie'ﬂﬁ : (—23:-1}] =4y(l-™ %)
F

I'yn.

=4y PRLIRC S P N =4y e L =4y +2077 -2
2y 2y 2

B kadecTBe [ONOJHUTENBHOIO KOHTPOJII CHOBA CMOTPUM, HCYe3JIa JIM II0CIe
[I0JICTAHOBKM IIEPEMEHHAs, 10 KOTOPOU MHTETPUPOBAIH («3ET»).

Y .
U, nakoHer1, ocTaBieecs: HaIpaBJiIeHUE 00X0/1a 0= y= 2 Y OCTaBILMICS UHTETpa:
3

[(ay+26% - 2y = 29 - -2 = (%
i
ITposepka: (2-};2 e - 2-:”:';: =2 2y- e ':_2,}’:';. —-2=4y+ % -2

(F=2. 220 (0-¢" - 0)=8-¢" - 441=5-¢"

le/l MOACTAHOBKAX CJEAYyeT NPOABJATL NMOBBLINICHHOC BHUMAaHME, TaK, HAIIPUMED,

IIPU TIOJICTAHOBKE HYJISI B BBIPAXKCHHE 2.}? : —4 - 2.:” BTOPOE CJIAra€MO€ MOYKHO MalllMHAJIbHO
CUECTh 3a HOJIb.

Ha uncToBuKe, KOHEYHO K€, He HY>KHO BCE PACIUCHIBATh TaK MMOJPOOHO, aHAIN3 MOPSIKA
MHTETPUPOBAHUS M IPOMEXKYTOUHBIE IPOBEPKU OCYILIECTBISIOTCS MBICIEHHO JHOO Ha
yepHOBUKe. Perenne opopmisieTcs cTaHAapTHO B 3 MYHKTA, HO YUTATENN C XOPOLIHNM YPOBHEM
MIOITOTOBKH MOTYT 3anucaTh ero " «OOHOM CTPOKOI»:

”_[ By 26" P dxelydz = Bi-yjcfyi- zdz_li- 22 iy = Bi-yjdyj-i : zdz_i-ejmd (2xyz) =
0 0 - 0 0 22 |

|

ycfyi )2, -dz =4Tydyi (1-&)dz = 4Ty(z+2ig-m}|gdy =
0 a0 0 ¥

a
=4 ;{H LI Ei}f_}?= [(ay+2e7 -2y = (2" -7 - 2y =
Y 0

B—et—d4-(0-1-0=5-¢""
I” 8y ze ™ drdydz =5 -7
Otser: T
HaBepHoe, 3TO mNOHATHO, HO Ha BCAKMM ciayyall 3aKOMMEHTHPYIO: OYKBEHHbIE
MHOXHTEIN-KOHCTAHTBl CIIelyeT IepeMelaTh CIpaBa HajeBO IIOCIEAOBAaTeNbHO M 0e3
«TEPECKOKOBY» — JIO TeX MOp, MOKa Kaxkjaas OyKBa «HE BCTPETUT CBOW WHTETrpai». Y CIOBHBIN



puMep:
I” x&" cos zdxdydz = -lldx-lldy-l-xe” coszdz = Idxl xgdy I coszdz = Ix.:ixj Eyciy_ll o3 2dz
T Y m e r o e A A

AHanornynoe 3aIaHuC IJIs1 CaMOCTOATCIIbHOI'O PCIICHHA:

[Tpumep 16
Brrunciurs TPOMHOMI WHTErpan
”I xzsin( xyz)dxdydz
T
=0, y=0 =z=0
7. Y

x=2 y=m z=1
du3nyecKue MPUI0KEHUs TPONHOr0 HHTErpaJia

PaccmoTrpuM  HEOAHOpPOIHOE (nepemeHHOU NAIOMHOCMU) TEIo T Ecnu wmssectna

HenpepbIBHAsE B 00J1acTH T(i)yHKum .-G(In}? :3:' IJIOTHOCTM Te€Ja, TO €ro macca paBHa
CIIeAYIOIIEMY TpoitHOMY UHTErpaty:

m=[[[ otz . 2)drdyiz
r
Bo3MokHO, He BCeM MOHATEH CMbICH (QYHKUUHM IIOTHOCTH. IloscHsro: ecnu B3ATH
(%: 9 2) T
IIPOU3BOJIBHYIK) TOYKY * 02 S0/, mpuHaANeXallyr Tely , TO 3HadeHHe (QyHKIUU

pl] = f{} (I[H Y a- EI]:I OyJzleT paBHO IJIOTHOCTH TeJa B JAHHOM TOYKE.
pumep 17
Bpruucaute Maccy  HEOJHOPOAHOTO — TeJld,  OTPAaHUYCHHOTO  IOBEPXHOCTSIMHU
2 24 .1 2 A .
X +.P = 1: X +.:-” = 23: £= U: P D: F Ed D, €Clli  W3BeCTHa (PYHKIHS €ro IJIOTHOCTH

olx oy z)=10x

2 2
Pelenne: MCKOMOE TeIO OTPAHHYEHO LMIMHAPOM ty —10601( SJIMIITHYECKUM
Y,

1
2 2
z==(x"+y")
napaboIonI0M 2 — CBEpXy M IUIOCKOCTBIO & = [:]— cHu3y. JlomosiHUTENbHBIE

- > .
yemous & = [:],.}r —l:l«3aFOH$IIOT Hac» B l-ii OKTaHT, U MPOEKIHs Tela Ha IUIOCKOCTh XOF
IPEJCTaBIACT co0Ol  COOTBETCTBYIOULIYIO «YETBEPTUHKY» €AMHUYHOTO Kpyra:

Q

AHaIMTHYECKUM MCTOAOM YTOYHHM BBICOTY, Ha KOTOpOﬁ napa6on01/m NepeceKacT HUIIMHAP:

1, .2
4y =2z 1
5 "}?2 =dz=1=z=—
tyi=l 2 u BBITIOJTHUM IIPOCTPAHCTBEHHBIH YepTéX:


http://www.mathprofi.ru/poverhnosti.html
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HpOCKHI/IH Cpa3y K€ HAaBOJAUT Ha MBICJIIb O IIEPEXOJAC K HHHHHHPHHGCKOﬁ CUCTCMC KOOpAWHAT:

X=FrCosg
¥=ran @
z=z

x2+_}’2=1:r’.?'2|3(}52{;9+.?'25ﬁ12d;?=1:},?'2=1:}|r=1

1.2, 2 r
E=—=1x"+ ==
S+ >

ol ni=10x= plrcosg ram @ z) = 10rcos @
[Hopsanox o0xona Tena

| ]
L]

% 1 7
= I”p(x; 3z )dxdydz = IIIlDr cos @- rdrd gz = lﬂlcos .:;:?.::t‘.:;?].rg.:fr I.:;Ez
' Brruncnenus ' : ’ ’
%! ¥ 2 2
1 1 11 1 1
2) JE rdr = 5{#&« = 2= 0-0)=

I

RS E:smg—smrm:l—t}:l

10
Orser: #1 = |80, MaCCHl

Crnenyroumii npuMep Jisi CaMOCTOSATEIbHOTO PEIICHHUS :
[Ipumep 18

310 cos pd = (sih &)

o ey B3] Iy

Brraucauts Maccy HCOAHOPOAHOI'O TCI1a, OrpaHUYCHHOTO

O4YCBHUJCH:

obOpazom:

OJIECMCHTApPHEI:

TMMOBCPXHOCTAMU

S I R o
I=X +.}? ?z =X +.}? Fy:i[:l, €CJIM U3BCCTHA (bYHKI_II/ISI €TI0 IJIOTHOCTHU -'{}(I? .:I';? E)_?[:IL}E
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Kpartkoe penienre B KOHIIE ypoOKa

J4! crapas 1eCHA O I'NITaBHOM:

IenTp THAXKECTH TETA

[MomoOHO TOMY, Kak 3aja4a O BBIYMCICHHU IIEHTPA TKECTH TIUIOCKOH (UTYpBI
BbIYMCJIAJIaCh C IIOMOIIBIO HBOfIHOI‘O HUHTCIrpaJia, 3aja4ya 00 OTBICKAHUU yenmpa msotcecmu TCia
penaeTcsi aHAJIOTHYHBIM CITOCOOOM C TIOMOIIBI0 TPOMHOTO HHTETpaIa.

Uto Takoe HEeHTp TAKECTH Tela, TOBOJBHO yJIauyHO 00bscHMI emé Apxumen. Ecnu teno
MOJABECUTh HA HUTh 3a IIEHTP TSDKECTH, TO OHO OyJIeT COXpaHATh pPaBHOBECHE B JHOOOM
MOJIOKEeHUN (Kak Obl MBI €ro MpeIBapUTEeNIbHO HU TOBEpHYJH). B W3BECTHOH cTereHH He
peanusyemo (Taku IMEHTP TsDKECTH BHYTPH Teja), HO 3aTO OYEeHb MOHATHO. U BmoOjHE B CTHIE
JPEBHETPEUYECKOT0 YYEHOT0, KOTOPBIA MPOCHI JaTh €My TOYKY OIOpPBI, YTOOBI C IMOMOIIBIO
pbldyara nepeBepHyTh 3EMITIO.

LleHTp TsHKECTH M (IEI; Yo & IZl:I HEOJHOPOJIHOTO Teja T paccuuThIBaeTCs 1o Gpopmynam:

[[| 7ot 2yandyaz [[[yotny.dsdyiz [[[z0(n . 2)dxdvez
Ay = L . V= ! . Iy = I
2 i b )
= v Zdxdvdz
e .-':} ': Ly ) — (GYHKIHS TIIOTHOCTH Tefa, a " Iﬂ. p{x Y Z:I i — Macca Tena.

Ecnu Tteno omHopomHOo (3070TOE, cepeOpsHOE, IUIATHHOBOE M T.JI.), TO (OPMYIIBI

ymnpomarTres. Tak Kak IIOTHOCThb g = const NOCTOSHHA, W Macca 7= ,QV_ eCTh

HPOU3BEICHUE IUIOTHOCTH Ha 00BEM, HOJTyYaeM:
”_[ xefxayelz _[” yxdyelz ”I zexdvedz
_xuzr—, J}D:r—, ZI:I= T . .
4 4 4 , a 00BEM Telma pacCUMTHIBACTCS (eufé
V= [” dxdydz
He 3a0blau? =)) ¢ TOMOIIBIO TPOWHOTO UHTETpaja r .

Jl1d neHTpa TSHKECTH OHOPOIHOIO TEJIA CIPABEIIUBEI CICAYIOLINE YTBEPKICHUS:

— €CJIM y TeJla €CTh LIEHTP CUMMETPHH, TO OH SIBJISIETCS] LEHTPOM TSKECTU (npocmeuuiull
npumep — yeHmp wapa);

— €CIM Yy Teda CYHIECTBYET JIMHUS CUMMETPHH, TO LEHTP TSKECTH 0053aTesIbHO
IIPUHAJIEKUT JAHHOM JINHUY;

— €CJIN y TeNa €CTh INIOCKOCTh CHMMETPHH, TO LIEHTP TYKECTH HENPEMEHHO JIEKUT B ATOU
IIJIOCKOCTH.

Kak BuauTe, NpakTHUECKH MOJIHAS aHAJIOTHS C LIEHTPOM TSXKECTH IUIOCKON (UTYPHI.

Hy u, camo co00if, He MOTy He MOpaJJ0BaTh Bac 3aKJIIOYUTEIBHON 3a1auei:

[Ipumep 19
Haiftu 1eHTp TSDKECTH  OJHOPOJHOTO  TeNa, OrPAHUYEHHOTO IOBEPXHOCTIMH

X +.-]'} +z =d (ﬂ # l:l), r= |:|? .-]'} = [:I? = l:l BrimonsuTh YCPTECIKU JAHHOT'O TCJIa U €T0 IIPOCKIUHN Ha

IJIOCKOCTH XGF

Pemenue: nckoMoe TeIo OrpaHUYCHO KOOPAUWHATHBIMU IIJIOCKOCTAMHU W TIJIIOCKOCTHIO

X +.-]'; +z = ﬂ, KOTOPYIO B IEIAX MOCICAYIOMETO MOCTPOCHUA YIIO6HO nNpeaACTaBUThL B OTPE3KaAX:

E+E+£:1

@ @ & . BeiOepeM «a» 3a eauHuily Maciutaba W BBIIOJHUM TPEXMEPHBIH YepTEXK:
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y Wl
Ha qepTen(e y>1<e IIOCTABJICHA I'OTOBAas1 TOYKa IlCHTpa TAXKECTHU, OAHAKO, ITIOKAa MbI eé HC 3HACM.

[Ipoekuus Tena Ha MIOCKOCTh XOF OueBHJHA, HO, TEM HE MEHEE, HAllOMHIO, KaK €&
HAWTH aHAJIUTUYECKH — BE/Ib TAaKHE MPOCTHIC CIydyaW BCTPEYAIOTCS JaieKo He Bceraa. UToObl

HalTU TpPsSMYI, 1O KOTOPOM MEPECEKarTCs IUIOCKOCTH X +.}? Tz =fx=*’¥i:'lF (E’ = U:' HYXXHO
peuunTh CUCTEMY:

rtytz=a
z=1
[MozacTaBisieM 3HaUYeHHE & — D B 1-0e ypaBHEHHE: X +.}; +U =dy oJiydaeM ypaBHCHHEC

Xt J =@ «rnockoii» MPSIMOI:

Koopauuatst Iﬂ’ y IE Eﬂ LEHTpA  TSKECTH Mrena T spmernm 1o bopmynam

”I xddxdvelz I” vexeydz ”Iz.::t‘x.:fy.:iz
_ _ _ Vo= ||| drdvdz
o= TT’ = TT’ 0 TT, rjae 'Ill'll " — 00BbéM Tena.
Bri6epem «CKJIACCUYECKUN» MOPAOK o0Oxopa:

l=zzg—-x-y
OZ=y=a-x
D=x=a
1) Curauana BelunciuM 00bEM Tena. Ero, kcTaTw, MOXHO y3HATh 3apaHee, MOJb3YsCh
M3BECTHOM 3a7aveil reomeTpuu 00 00béMe TeTparapa. O0BEM TeTpadipa paBeH 1/6-oit oObEMa
MPSIMOYTOJIBHOTO TMapaijiesienumea, TOCTPOSHHOT0 Ha ero 3-X CMeXHbIX pEéOpax. B Hamem
cllyyae TapajulesIenuIe]] MPeACTaBiIsIeT co0oii kyO ¢ pedpoM «a», W COOTBETCTBEHHO:
13
%m}mﬂm_gﬂ
OcTajloch ~ aKKypaTHO TMPOBECTH YHCTOBBIC BBIUMCICHHS  (KCIAIONIUE  MOTYT
MOTPEHUPOBATLCS U BBIMIOJIHUTH HX CaMOCTOSITENIbHO). B mpuMepax ¢ TPOMO3IKHMH
peoOpa3oBaHUSIMHA PEKOMCHIYIO 3allMChIBATh PEIICHUE CTOJOMKOM — MEHBIIC IIIAHCOB
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3aI1yTaTbCA:

ﬂ—?{cz'lx —

a:xy—}

{.:1(.:;: X = xla— x}—{a 7) ].:I’x
0

Il
O —fs O —f D —f

=a|la— xdx— _[(czx xjci‘x—l_[(cz le ax =
0
1
6

CR
_ @ e | @&
= 2':'51 -’f;'u (_2 ]
3 3
c 5 i i
Rl o P PO R S | R =
2( & ( ; J (0—a™)
3 3 3 3
_cI _cI _ﬂ =£I
2 & 6 6

IICJ'IO 3a TpeMs TpOﬁHBIMH HWHTCIpaJlaMH. A BbI, HABCPHOC, HC TaK JaBHO U IIPCACTABUTH
cebe He MOTJIH, YTO OKaKCTCCh B SMUICHTPC TAKOI'0 KOIIMapa =)

2) BeIunCIUM «UKCOBBII» UHTErpa:
a a-x a-x=y

”I xdxdvdz = I xdx I dy I dz =
v 0 0 0

xdx I[.::t— x—wdy=

i

2
@y — Xy — %J 0

a-x ::L!"X _

I
Sl 1 O —f D e—
ol

B
T .
Y
|
Nak
|
-
Eaipe
E:e
3}
|

e

a . a lﬂ .
=a| (ax— x dx— (.:zx —x)cix—— (" x — Dax® +x ]la!’x—
| | i
axt . [exr . 1{ &% e ).
=ag| — —|h - | ———=li—= - —g=
2 3 3 4 202 3 4
a a at &t 1fa*t za* &
2 3 3 4 21 2 3 4
4 4 4 4
_8 @ @ _ &
"6 12 24 24

Taxum 00pa3oM, «MKCOBasH» KOOPIUHATA IIEHTPA TSHKECTH:

[[[ xdxayaz 4"



Hy 4To ke, BBEIMISAUT NPaBIoNo100HO, 10 KpaltHe Mepe, MBI «IIOTAJIA BHYTPH TEay.

BBuny cummerpun teTpa’ipa IBe Ipyrue KOOpAUHATHI TOJIKHBI MOJIyUYUTHCS. TAKUMU K.
Teneps ommOOYHBII OTBET MPAKTUYECKU HCKITIOUYEH!

3) Cnenyromasi «IIpOCTBIHS»:

a a-x @ a-%-p
_[_”ycixdyciz = _[cfx _[y.:fy _[dz =
¥ 00 0

dr [ yla—x-y)dy =
a

dx [(ay - xy— y*)dy =
a

= L e L e 1L e 1

2 3
A T
2 2 3
_ a[a—x}z_x(a—sz_{cz—xf s
2 2 3
af 2 1% 5 2 17 3
= (e - 0fdr - = [(a®x-2ax® + 2dx— = [ (@ = xVdx =
2!( ) EDI( ) 3!( )
@ s 1 &x 2axd 2y, 1 tla
= —— — —_— — + — + — — =
5mx:'”2(2 Ry RPN
s 4 4
LT Y AT IR S
& 2 2 3 4 ) 1z
_at & a'_d
6 24 12024
B pe3yJibTare:
4
[[[ vaxdyaz @
yo =L _24_ 4
’ 7 a4
&
4) U 3akimtounTeNbHBIN, 00Jiee KOPOTKUNA UHTErpall:
a a-y a-x¥=¥ a a-x a a-x
_[Ilzdxciyciz: I.:fx _[r::{}f Iz = lldx I{zgj o dy= l_[.:fx I{.:z —x—-Widy=
v o0 0 29 u 2y %
_ 1 1¢ Ila-x g, _ 17 3, 11 s 1 4_'1‘4
——g-E!Iicz—x—yil : dx——g!m—n:a—x:w M=o gla= 0 == (0-aY) =2

[[[zdravaz @

s
zn=f—=_;‘r=3

[0

¥ o
)
OTMeuaeM Ha 4YeEpTEKE HAMICHHYIO TOYKY MIEHTPa TOHKECTH W e Ke 3aluChiBacM B

M(E;E;E]
ormer: 4 44

B cdepuueckux koopauHaTax MOJOKEHUE OO0 TOYKM MNPOCTPAHCTBA OJHO3HAYHO
OTIpEIeNIICTCSI OJIHUM pPAacCTOSHHWEM M JAByMs yriamu. bornee moapoOHyro HHPOpMALUIO H
COOTBETCTBYIOILIME IPUMEPHI MOKHO HAWTU B yUeOHOM JIUTEpaType.



Penienyst ¥ OTBETHI:

Ilpumep 14: Pewenue: uzobpazum npoexyuro OAHHO20 meid HA NIO0CKOCHb XOF :

IIHJ;I
|- ':.J' =}:
—H i
k=4 A
_ 5( 2 + 2)
Csepxy meino 02PAHUYEHO IIUNINUYECKUM napaboioudom =Ty
Buvibepem cnedyrouull nopsi0oK 0b6xo00a:
0=z=5(x" 4+ 3%
D=y=x
0=x=l
Taxum obpasom:

1 xSt et 1 & sirtepty

III{3;|:+ Ay dxdydz = [dx[dy J{3x+4y}dz= Idxl(3x+4y}dy Idz
I 0 0

0 0 non

Ilpumeuanue: 6 «3emogomy» unmezpane cymma (3}: +4}f :' cuumaemcs KOHCMAaumou, no3momy
eé YOOOHO cpa3y GvlHecmu 8 C1eOVIOWULL UHMeSPA.l.

At et . 2
D Jaz=@p " =500 + N - 0=50 + %)
1]
2) 5] (Bx+4y)( % + ¥y )dy = 5](3x3 +dyx? 430 + 457 )dy = 50350y + 207 + 1 + [ =
0 0

=503 x42x x4+t -G 02 00 P 4 0P 0=
SExt et =5 7 = 350

1
3) 35] xtdx = 35%(?)&, =71 -0 =7
1]

m (3% +4y)dxdydz =7
Omeem: T
IIpumep 16: Pewenue: BbINOTHUM yepmeonc:

Buvibepem cnedyrowull NOps00K 06x00a mena:



D=y=ar
D=z=1

0=x=2
Taxum oopazom:

_”_[ x'zsin{ xyz)dxdydz = i- x .::Ex_i- z.;izi sin xvz)dy
T 0

1] 1]

- —i[cos{m.?] -Ni= l(1 —cos(rmz))
xz xz

1 [sin my2)dy = [sin xy2)d (x92) = -

0 iz y
01

2) ]z (1 —cos(7xa))dz =
) XE

_1

X

]
3) _I-xz-l(l—ism{m)}ix—I[x——sm(m:} .:i’x—(x— 1 Gs(m)Jﬁ
1]

Xz

?Hl'—‘

1
kﬂwwﬁlgimmﬁ:
0 X oy

(l—ism(ﬂx) {0— D)] [1——5111(;?1?:}]
iz
2

x m 5 2
:2+%c032f{—(0+%c050] 24 %—ﬂ%:
I” x*zsin{ xyg)dxdydz= 2
Omeem: T

Ilpumep 18: Pewenue: uckomoe meno OSPAHUYEHO DIIUNMUYECKUM NAPAOOIOUOOM

1, .a R
=Xty CHU3Y U KOHUYECKOU NOBEPXHOCMBIO ZEAY ceepxy; napabonoud u KoHyc

4
nepecekaromcs 8 NI0CKocmu £ = 1no oKpyJICcHOCTIUL Ty = ! (8bIKIAOKU U UepméENC — CM. 8
20

Ipumepe Ne9 Ilockonvky F =N mo peub uoém o npasom (OMHOCUMENbHO NIOCKOCMU XDZ)

NOIYnpoCcmpancmee, U npoexyuell meia Ha MNIOCKOCHb XDF ABNAEMCA GEPXHULL NOTYKPYe
eOUHUYHO20 paouyca:

Maccy mena evluucium ¢ NOMOWBIO MPOUHO2O UHMESPANd, UCHONb3YSA YUTUHOPUYECKVIO
cucmemy KOOpOuHam:

X=rcosd

y=rn @

==z

Pryi=1=r=1
z=;f:2+l;|;2 =z=r

Z= xg+_}f2 =>z=w'{r‘_g=r‘

Sl zi="The = plrcosg rsin g 2) = 7lrzsin @
Tlopsoox 00x00a mena:



rlEzy
OD=r=1

D=g=m
Taxum oopaszom:

= m ox, v 2)drdvdz = m?mm sin @ rdrd @iz = ’mfsm Q?dg?_i.rgdrjzdz

T i i 2

|

[ 12?_12_22_12_4
1) r[mfz=5< e = 50" =N =507 ="

].1 2_4 2 _11 4_,5 _]. .?"j_.?"dI 1_1( _ _ _ J 2 ].
2) glet=riytar=3le ”“’“5{? 7J|ﬂ—§ 700 )3 5%

3) 70 -3—15151'11 @de=—2(cos .:;a)|,;' = 2cosT—cos0)=—2(-1-1)=-2.(-2) = 4
0

Omeem: =4 80 Macch

IIpakTH4eckoe 3ansaTHe Ne 20

Tema: UcciienoBanue cX0AUMOCTH PS/I0B

esb: 3akpenuTh y CTYIGHTOB YMEHUSI HAXOUTH CXOAUMOCTD PSIOB

Teopernueckuii 010K

Yucnoswie paowvi.

Onpenenenne. BpipakeHHe Ha3bIBAETCS YHUCIOBBIM PSIOM WU IPOCTO PSIOM,
AJIEMEHTHI HA3bIBAIOTCS WIEHAMU JIaHHOTO pAJa.

Onpenenenne. CymMmma KOHEYHOTO YHUCIA MEPBBIX YICHOB psifa Ha3bIBaeTcsl O
YaCTUYHOU CyMMOit psia. O603HaYMM

PaccmoTpuM nocie10BaTeIbHOCTh YACTHYHBIX CYMM

Omnpenenenne. Psn Ha3plBaeTCs CXOIAIIMMCS, €CIM CXOIUTCS IOCIEA0BATENBHOCTH
YaCTUYHBIX CYMM 3TOTO psJa, T.€. €CIM CYIIECTBYET KOHEUHBIN MpEeJesl MOCIeA0BaTEIbHOCTH
4acTUUHBIX cyMM. llpu sTOoM mpenen (KOHEUHBIH WM OECKOHEUHBIN) MOCIEN0BATEILHOCTH
YaCTUYHBIX CYMM Ha3bIBaeTCs CYMMOM psizia.

IIpumepsl.

3amanne 1.1. YucnoBele psbl 3aJaHbBl CBOMMH IEPBBIMHU MATHIO WwieHaMHd. COCTaBUTH
dhopMyITy 00IIeT0o WieHa I KaKI0ro psijia.

a) 1"'2‘3"‘4—5"'_,

o -1+4-9416-25+_
L1,1,1.1
o A2
o THTHOHI3 4
o 26 H124204304_

3amanne 1.2. YncnoBsie psaabl 3a/1aHbl GOpMyIaMu CBOMX OONTUX WiIeHOB. JIJIsi KaXkoro

55

psila HAaUTH NEPBBIE IIATh YWICHOB U YaACTUYHYIO CyMMY

_ n
a)Hl n-1

3




[z]n—l

ﬂ'l =] —

6) 3
m

_gn
B)tIl 2;

| g, =D
_ ey

R

»
4.

2

n)
3amanue 1.3. [N AaHHBIX PSAOB NPOBEPUTH BBHINOJIHEHHE HEOOXOJMMOTO IpHU3HAKA
CXOAMMOCTH.

i |

a) -IF;
= ntl

2,

5) S12n-3,

-nl

T) n-lzl;

YD 06"
1) el .
3ajaHre Ha JIOM.

1. YucnoBeie psabl 3aJaHbl CBOMMH TEPBBIMH MATHIO uieHaMU. COCTaBUTH (HOpMYITy
o011ero wieHa Jyist KakJ0ro psja.

20— 3H3-TH9-114_;
l-I-E-I-Z-I-E-I-E-I-_

6) 2 2 ;

) - 14+2-0+24-1204 _

2. HucnoBbie psAbl 3aaHbl GOPMYyIaMU CBOMX OOIIMX YIeHOB. [ KaXI0TO0 psAsla HAWTH

MEPBLIC ITATH YJICHOB U YACTUYHYIO CYMMY 3.

"

a)ﬂIll B n-1;

2 a1
ﬂ'lz —_
6) [5] .

3. I[J'IH JaHHBIX PAJ0B IIPOBCPHUTH BBIIIOJIHCHUC H€06XO,Z[I/IMOFO IMpHU3HAKa CXOJAUMOCTH.

= +1
Eh"_
a) md n .
" nt3

G)Eﬁﬂrﬂl_

3ansaTrune 2. IIpu3HaAKH CXOAMMOCTH 3HAKONOJOXKUTEJIbHBIX PpsaaoB. IIpu3Haku
cpaBHenus. [Ipusnak anamoepa. Ilpusnak Kommn.

3aganue 2.1. MccaenoBath psibl HA CXOAUMOCTb.
m
n—4

2,

=1

6)§$;




= nl _4n+l

2

B)n—l zﬂ:'l'ﬂ ;

1
VE,

i.‘w.n"u:—u+3

3ananue 2.2. UccnenoBaTh psiibl HA CXOUMOCTb.
i‘. n-1Y
= pl
6) w16

[ ’ l n

B)éﬂ"'a) ;
=(n-2Y

r)é[z’ﬂ'l] ;
- 3

e)n.-lzl;

= 1
>a-)"

K) sl n .

3) = (rtDntl);

3ajanpe Ha JOM.

HccnenoBarh psbl Ha CXOIUMOCTb.
i 7 +3

2 (@ +D (=12,

6) na 2°+1

= n 45

p) na COST .

1
4/ 5
R
[n
e) E=l l!'|'3;
= 1
K) md ;"-' ntl
3ansaTue 3. 3nakonepemennbie psabl. [Ipusnak Jleitonuua. JlocTaTouHbId NPU3HAK
CXOAUMOCTH. AGCOJIIOTHAS U YCJIOBHASI CXOAUMOCTb.
3aganue 3.1. MccnenoBarh JaHHBIE 3HAKONIEPEMEHHBIE Ps/Ibl HA CXOJUMOCTh. B cityuae
CXOJMMOCTH PsiJia BBISICHUTD €€ XapaKTep.
sl
o
E (_1)
2
a) a1 N 5

Z
r) s




2ntl

N

6) =1 'l(ﬂ+1);
B) E( -I-];

F)é( ]J '\,u';ll -I-l

NS

H)H ﬂ+4
) it
e) n-l
l
(_ l-l-l

Z(_ n+l '("'I'l)
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3ajaHre Ha JIOM.

HCCJ’ICZ{OB&TB Ha CXOOAMMOCTb 3HAKOIICPEMCHHBIC PsAABI.
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3anarue 4. Crenennnle psabl. Pagmyc, uHTEpBas, M 00JaCTh CXOAUMOCTH

CTENeHHOro psajaa.

3ananue 4.1. Haiitu paguyc, nuHTepBal U 00J1acTh CXOJMMOCTH CTETIEHHBIX PSI0B.

=




o D "(x+3™
) é 2n )

3amanue Ha IOM.
Haiitu paguyc, uHTepBaN M 00JIACTh CXOIUMOCTH CTETICHHBIX PSIOB.

- Il‘l—l
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)1 M
3ansarue S. Paznoxenne 3jeMeHTapHBIX (pyHKUUI B psaabl Teisopa u Makiopena.

PaGouue popmy.abi:
®opmyna Teitnopa:

n)
70=1@+ L D T D Al C) 9 a4
ntl) 1
f((H ];'ﬂ( —a) o
i)
ki P
rae (rt+I) - ocTaTOouYHbIN wieH B popme Jlarpanxka.

®opmyna MaknopeHa:

f)= f(0)+f‘(0) fﬂ@xﬁ +f(1mf+’:+l()?x’“_

3ananue S5.1. Pa3n0>1<1/m> naHHele QyHKIMM B pang Teiiyopa mo cTeneHsM X _ﬂ(no

IATOIO YWICHA PAa3JI0KCHUA BKJ'IIO‘-II/ITGJ'H)HO).

f(x):msx,a:;—r_

o F0)=h(xt1,a=1
o f@)=e%.a=1

3amanue 5.2. Pa3noxuTh AaHHble QYHKIOUMM B psiag MakiopeHa (0 MHATOro djeHa
Pa3I0kKEHUS BKIIOYUTEIBHO).

o f()=snx
5 F@=e™
w F0)=-xl

IIpakTHyeckas padora Ne 21

Tema: Haxo:xkaeHue 06,1aCTH CXOAMMOCTH CTENEHHBIX PSIA0B

Hean: Hayuntbest HaX0AUTh 00JaCTh CXOUMOCTH CTETICHHBIX PSIIOB

Teopernueckmii 6,10k

Crnemyet XOpoIio MOHUMATh, YTO TAKOE PSJl, YMETh IPUMEHSTh MPU3HAKU CPABHEHUS JIJIS
HCCIIEIOBAHUS Psifla HA CXOAUMOCTh. Takum 00pa3om, eciii Bbl TONBKO-TOJNIBKO MPUCTYIHUIN K
W3YYEHUI0O TEeMbl WIH SBJSICTECh YallHUKOM B  BBICIICH MaTeMaTHKe, HE0OX0aUMO
MOCJIe0BAaTENbHO MpopaboTaTh TpU Yypoka: Psnel ans waitHukos, Ilpusnax [lamambGepa.
[Tpusnaku Komm u 3Hakouepenyromuecs psaasl. [Ipusnak JleiOnuna. O6s3atenbHo Bce TpH!
Ecnu ecte snemeHTapHble 3HAHWS W HABBIKM PEIIEHUS 3a7a4 C YHCJIOBBIMU psAIaMHU, TO
CHPaBUTbCA C (PYHKUMOHAIBHBIMH pAJaMU OYyIEeT MOBOJIBHO MPOCTO, MOCKOJIBKY HOBOIO
Marepuaia He 0YeHb U MHOTO.
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Ha nmanHOM ypoke MBI pacCMOTPHUM MOHATHE (YHKIHMOHAJIBLHOTO psfa (Y4TO 3TO BOOOIIE
TaKo€), IO3HAKOMHUMCS CO CTETIEHHBIMU PsIIaMH, KOTOpbIE BcTpeyaroTes B 99%-X MpakTHYeCKUX
3aJlaHUil, 1 Hay4YMMCs pellaTh PacHpOCTPAHEHHYIO THUIOBYIO 3aJlady Ha HaXOXKJICHHE pajuyca
CXOJIMMOCTH, UHTEpPBAJIa CXOJAUMOCTH M 00JIaCTH CXOJUMOCTH CTETeHHOro psija. /lanee MOXHO
OyZeT paccMOTpeTh MaTepua O CyMMe CTEIIEHHOTO Psijia U Pa3lioKeHUH (PYHKIUN B CTETICHHbBIE
PAIBL

Ilonamue pynkyuonansnozo paoa u cmenennozo paoa
OOBIYHBII YHUCIIOBOH psij, BCIOMUHAEM, COCTOUT U3 YHCEI:

Zax =ty tagtag o+

Hml
Bce unensr psga ﬂl’ I:IE ! ﬂE’ I:I"r ! ﬂj "' — 310 YUCJIA.
dDyHKuHOHa.nLHHﬁ e psix cocront w3 ®YHKIUN:

Zu ) et X a2 Fuy () +us (X1 +

#=1

B o6muii unen psana L {I] MIOMHMO MHOTOYJIEHOB, ()aKTOpUAJIOB U JPYIHX MOJAPKOB
o :

Z s X
(n+ D). 2
HereMeHHO BXOOUT 6YKOBKa «CHUKC». BI)II"J'ISIHI/IT 9TO, HaHpI/IMep, TaK: =l . KaK nu

YHUCIOBOM psiji, 000N (YHKIMOHATIBHBIA psAZl MOXKHO pacrucaTh B Pa3BEPHYTOM BHJIE:
w

Z. St X sﬁ1x+sﬁ1x+sﬁ1x+sﬁ1x+sﬁ1x+
S 2.0 320 4.2 5.0 6.0
Kak BumuTe, Bce WwieHbl (YYHKITMOHATBLHOTO Psijia ul I:I), HE(IL HE(I)’ u-’r(‘:{)’ HS(‘I)"“ —9T0

GyHKIUH.
HaunOonee nomyssipHON pasHOBUAHOCTBIO (DYHKLMOHAIBHOTO psfa SIBJISETCS CTENEHHON

psm.
Onpenenenue:

CreneHHOW psgq — 9TO psAd, B OO 4ieH iy I:I:I KOTOPOTO BXOJST LIEJIbIE
MOJIOKUTENBHBIE CTENEHW HE3aBUCUMOW IEPEMEHHOMN X YHOpoLeHHO CTENEeHHOM psii BO

o
]
e
MHOTHX Y4YEOHHMKax 3aliCBhIBAIOT TaK: #=l , Tne ~H®— 9TO cTrapas 3HaKOMas «HAYUHKA»
YHUCIOBBIX PSAOB (MHOTOWIEHBI, CTENEHHU, (AKTOpHUasbl, 3aBUCSIINE TOJIBKO OT «3H»).
[Ipocrerimmii MpUAMED:
] 2 E 4 5
X ¥ xr x x
— =t —F—+—+—+..
ey 2 3 4 5
[TocMOTpHM Ha 3TO Pa3yIOKEHUE U €LIE Pa3 OCMBICIMM ONPEIEICHHUE: WICHBI CTEIIEHHOIO

pdaaa  COACPIKAT  «KHUKCBD» B Yeublx - NOJOHCUMETbHbLX (HamypaﬂbH le) CTCIICHAX.

ick (x—a)”

O4eHp YacTo CTEIICHHOM pAa MOKHO BCTPETUTH B CICAYIOIIUX «MOI[I/I(bI/IKaHI/IHX»Z =]

Zc (x+a)

N Ha=l rae I:I — KOHCTaHTa. HaanMep:
© 2*(x+2;| (x+2}ﬁ +23(x+2;|3+2*(x+2;.‘*+25(x+2}5

+2)+
é n =dx+d) o 32 42 5
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Zcx Zr: (x— .:1]

Crporo roBopsi, YNpOILEHHBIE 3alMCH CTEIEHHOIO psaa x-l , B=l 474
Lie)
-
Zr:,, (x+a)
=l HE COBCEM KOPpEKTHHI. B mMokazarene CTEMEHH BMECTO OAMHOKON OYKBBI «IH»
MOYKET pacroJiaraTbcs Oonee CIIO’KHOE BBIPa)KECHHE, Harpumep:
4 6 g 1
el 4 X X X X
Z—— At —+—+.
e od 3 4§
N TaKoOU CTEIIEHHON pax:

5 (2;1)3"'2 _ (x;n +J§-n:;—1:r" ﬁ-(;—lf ﬁ-(;—nl” PR n:;—l:n“ .

H=l1
JIunie OBl ITOKA3aTeENN CTENEHEN IIpA «HUKCaAX» ObLIN HaTypaJIbHBIMHU.

Cxo0umocms cmenennozo paoa.
Humepesan cxooumocmu, paouyc cxooumocmu u 00aacms cXo0UMOCmu
He ny>xHO myrarbcst TaKOro 0OWJIMS TEPMUHOB, OHU UAYT «PSAJIOM JAPYT C APYTOM» U HE
MIPEACTABIISIIOT OCOOBIX CIIOXKHOCTEH NIl TOHMMaHus. Jlydie BeiOepeM Kakoi-HUOYIb TIPOCTOM
MTOJOTIBITHBIA AT ¥ Cpa3y HAUHEM pa3OUpaThCs.
=]
I
2T

[Ipory Jr0OHTH ¥ )KaJIOBATh CTENEHHOU psij #-1
[Iepemennas X mosxer OpUHUMATh J1000€ JEHCTBUTEIbHOE 3HAUYEHUE OT «MHHYC
O0ECKOHEYHOCTH» [0 «IUIIOC OecKoHeYHOCTW». [lojcTaBUM B OOUIMIA 4IEH psiia HECKOJBKO

ITPONU3BOJIBHBIX 3HAYCHUIN «UKCH»:
w 1?1

Z_ZE

Ecru X = ] TO #ul 2 al &

!
Z()

Ecmmd=— 1 TO #=1
w 3?1

3

Ecim X = 3, TO nal??

B 1 w 5 _ ©w 5:! _ w [_
Ecnnx_ 5,T0§ 'S E n Eﬂg'ﬂx

W Tak nanee.

O‘IGBI/II[HO, 9TO, MNOACTAaBJIsAA B # TO HWIM HHOC 3HAYCHHUC «HKC», MBI IOJIy4YacM
Pa3jIMYHbIC YHCJIOBBIC PsAOBI. HeKOTOpHe YUCJIOBBIC PAABI 6y,Z[y'T CXOOUTBCHA, a4 HCKOTOPBIC
PaCXOoaUTHCA. W nama 3agava HaWTH MHOKECTBO 3HAUCHHUH «HUKC», ITPH KOTOPOM CTEIICHHOM paa

o ]

X
X
#=1%  Oyzer cxoauThes. Takoe MHOKECTBO M HA3BIBAETCS 00JIACTHIO CXOAMMOCTH PAJIA.

Jns moboro cremeHHOro psga (BpEMEHHO OTBIEKAaeMCS OT KOHKPETHOTO MpUMeEpa)
BO3MOXKHBI TPU CIIyYas:

1) CrenenHoit psin cxooumcsa abconomno Ha HEKOTOPOM HHTEpBase Iifl,fi' :' WNHupiMu

CJioBaMH, €CJIM MbI BBI6I/IpaeM 000€ 3HAUCHUE «HKC» M3 HHTCPBAaJla I:I:I? ‘E:I;I " 1IoACTaBJIACM €T0



B OOIIMI YIEH CTEIEHHOTO Psijia, TO y HAC MOJYYaeTCsl aOCONMOMHO CXO0AWULICSA YUCIIOBOU PSI.

Takoil unTepBan (fI, b ] Y Ha3bIBACTCSA UHTEPBAIOM CXOJMMOCTH CTEIEHHOIO Psijia.

PaI[I/ch CXOOUMOCTH, ¢€CJIIM COBCEM IIPOCTO, I3TO IIOJIOBMHA [UJIMHBI HWHTCEpBAJa
CXOOHUMOCTH:

b—u
R="—
2
I'eomeTpuuecku cutyanus BBITJISIAUT TaK:
MK MoGoR IHAYEHHN ¥
13 EHHOMD MHT na
'_,f‘_"‘-.."‘-\_iv‘_r'\. e ™
lIHTEpBAN
CHOONMOCTH
CTENEHHOM pALE
B nanHOM ciydae, MHTEpBaJI CXOAUMOCTH psja: (_4; - 2), paguyc CXOIMMOCTH psija:
—2—(-4) -2+4
R = = = 1
z z

[[lupoko pacnpocTpaHeH TPUBUAIBHBIA Cllydad, KOTJa HWHTEPBAI CXOJUMOCTHU
CUMMCETPHUYCH OTHOCUTCIIBHO HYJIA:

Ha aToM HHTaDBAane PAO CEOOWTCH

TN e el ._'— e e O PO e e i
—r o
il ] "
3 0 3 X S

3necb  HMHTEpBAJl  CXOJMMOCTH  psija: ':_1 3:', paauyc  CXOAMMOCTH  psja:

A duro OyJeTr MpouCXOOUTh HAa KOHIAX HMHTEpBala (il, E:' :I? B Toukax & — I:I, X =Ei'
CTETICHHOU PSIJT MOXKET, KaK CXOJUTHCS, TaK U PACXOJUTCS, U JUISI BBISCHEHHUS TOTO HEOOXO0IUMO
MIPOBOJANTH JOTIOJIHUTEIbHOE UccliefoBanue. [locne Takoro uccienoBaHusi pedb HAET yxe 00
00J1aCTH CXOJUMOCTH PAJIa:

— Ecnu ycTaHOBIIEHO, YTO CTENEHHOM PsJI pPACXOIUTCS Ha 00OMX KOHLIaX MHTEpBasa, TO

001aCcTh CXOJUMOCTH PsiJia COBIAIAET C HHTEPBAIIOM CXOJIUMOCTH: I:tI, b :'
— Ecnm ycraHOBIEHO, YTO CTEMEHHOW PsJ CXOAUTCS HA OJHOM KOHIIE WHTEpBaja M
pacxoJUTCs Ha JAPYTroM, TO OOJACTh CXOAUMOCTH psija MPEJCTaBIsieT cOOOM MOTyHMHTEpBAL:

[ &) o b 2]

— Ecnm ycTaHOBI€HO, YTO CTEMEHHOW PsIi CXOMUTCS Ha OOOMX KOHIAX MHTEpBaJia, TO

00J1aCTh CXOIMMOCTH PA/Ia TIPEICTABIISIET COOOH OTPE3OK: [ﬂ; b ]

TepMuHBI OYEHb TIOXOXKH, OO0JACTh CXOIUMOCTH psga — OTO YyTh OoJee
JEeTaTM3UPOBAHHBIA HHTEPBAJI CXOAUMOCTH Psfa.

C ABYMS OCTaBIIUMHUCS CIy4assMU BCE KOPOUE U MPOIIIE:

2) CTeneHHOW psAll cxooumcs abconomHo MPH JIIOOOM 3HAYCHHUH X. To ecrn, xakoe Gbl
3HAYCHUE «UKC» MbI HE MOJACTABWIMA B OOLIMIA YJICH CTEIIEHHOTO psila — B JIIOOOM cily4yae y Hac
MONYYUTCS  aOCOMOMHO  CX00suwuticsi 4YUCIoBON psiit. MHTepBanm cxXxomuMocTH W 001acTh

—00; +00)

CXOJIMMOCTH B JJAHHOM CJTy4ae COBIAAIOT: ( . Pamnyc cxomumoctu: R =D, Pucynox

NPUBOAUTH HE OyAy, yMato, HET HE0OXOIUMOCTH.



w
Z CuX

3) CreneHHOM psi CXOAUTCS B €IUHCTBEHHON Touke. Ecnu psin umeeT BUA -1 , TO OH
OyIeT CXOAUTHCA B €IMHCTBEHHOM TOYKe & = [:I B sToM ciyyae uHTEpBaNl CXOAUMOCTH U

00JJaCTh CXOJMMOCTH Psjia TOKE COBIANAIOT M PaBHBI €AUHCTBEHHOMY YHCIY — HYJIIO: & = U

Yeux-a)

Ecnu psg umeer Bup -l , TO OH OyJIeT CXOJUTHCS B €AUHCTBEHHON TOUYKE Y =4, econ
Lin)
]
Z o, (x4
pAaa UMEET BU H=l , TO, IOHATHO, — B TOYKEC «MUHYC a». PaI[I/ch CXOJUMOCTH pAda BO

BCEX CIIy4asix, €CTECTBEHHO, HYJIEBOM: R = [:]
Jpyrux BapuaHToB HeT. O0IacTb CXOIMMOCTH CTEIIEHHOTO psAga — 3TO Bcerza Jubo

€IMHCTBEHHAs TOYKa, JIMOO 11000€ «UKCY, TMO0 MHTEpBal l:iI, b ) (BO3MOXHO MOJYHHTEpBAI,
otpe3ok). IloguepkuBaro, yTo JaHHAs KiaccU(UKalLUs CIpaBeauBa A CTENEeHHbIX psAaoB. s
MIPOU3BOJILHOTO (DYHKIIMOHAIBHOTO psifia OHA B OOIIEM Cllydyae SBISETCS HEBEPHOM.

Hccneoosanue cmenenno2o paoa Ha cxooumocms
[Tocrie HEOONMBIIONW MOPLUU TEOPETUUYECKOTO MaTepualia MEepeXxoirM K PaCCMOTPEHHIO
TUTIOBOTO 3aJIaHUs, KOTOPOE MPAKTUYECKU BCETJa BCTPEUYAETCsS Ha 3ayeTax M HK3aMeHaxX I10
BBICIIICH MaTeMaTHKE.
[Ipumep 1
mw I?!
2T
Haiiti 061acTh CXOIMMOCTH CTEIEHHOTO psaa #=l
3amanne yacto GopMyIUPYIOT SKBUBAICHTHO: HailTh HHTEpBasl CXOMMOCTH CTETIEHHOTO
pslla ¥ UCCIIeIOBaTh €ro CXOJMMOCTh Ha KOHIIAX HAWJIEHHOTO HHTEpBaa.
AJTOPUTM pEIICHHsI TOBOJIBHO MPO3paveH u TpadapeTeH.
Ha mepBoM »Tame HaxoauM HWHTEPBA] CXOJUMOCTH psjfa. B OoJNBIIMHCTBE 3aJaHUA
WCTIONIB3YETCS CXeMa, OCHOBaHHas Ha mnpus3Hake JlamamOepa. TexHWYECKH HaM HYXXHO

| I:I:I

W=+ o o
BBIYUCIIUTE HIPCACII HH(I) , I C q)OpMaJ'H)HOI/I TEXHUKOU €ro pCHICHUA Bbl YKC€ 3HAKOMBI:

H+l

#lom | w2 (4}

| F + 20t D) 2

2

M
M

lim ———=
e nt 4+ 2un+1 o

n o Pl i 1
| | | | 3 = |x| =0 =
wrke 2 4 2n 1 e 270
—— =+
M » #
(1) CocraBisieM OTHOILIEHHE CIIEAYIONIEro YWieHa PAia K IpeblIyIeMy.

(2) N3b6aBnseMcs OT YETHIPEXITAKHOCTH IPOOH.

u:|x|-1:|x|

(3) B uncnurene mo mpaBuly ACHCTBHI CO CTENEHSMU «OTIIMITBIBAEM» OJIMH «UKC». B
3HaMEHATeJIe BO3BOAMM JIBY4YJICH B KBaIparT.

(4) BeIHOCHM OCTaBIIMHCSA «HKC» 3a 3HAK npeacia, Npui4eM, BIHOCUM €TI0 BMCCTC CO

2
M

litn

7
3HakoM Monyns. ITouemy co 3HakoM Moxyns? Jleno B Tom, 4To Ham npefen *+° x° +2dn+1u
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TakK 6yz[eT HCOTpULATCIIbHBIM, a@ BOT «HMKC)» BIIOJHC MOXET IIPUHHUMATh OTPULATCIbHBIC
3HA4YCHHUA. HOBTOMy MOAYJIb OTHOCUTCA UMCHHO K HEMY.

ey
KCTaTI/I, nmoyemMy MOKHO BOO6H.[C BBIHCECTH 3a 3HakK Hpez[ena? HOTOMy 4qTo
«TUHAMHYICCKOM HepeMeHHOI\/'I B IIpCACIIC Y HAC ABJIACTCA «3H», U OT OTOr0 HAIIEMY «HMKCY» HH

’KapKO HHU XOJIOJIHO.
o

(5) Ycrpansiem HeomnpeneneHHOCTh B0 CTaHAapTHBIM CIIOCOOOM.

[Tocne Toro, kak mpesen HalAeH, HYy)KHO MPOAHAIU3UPOBATH, YTO y HAC MOIYYUIIOCH.
Buumanue! BoruucieHHsli npenen U UHTEPIPETANIO ero pe3ynbTatoB (cm. Huowe) HEJIB3S
CUMTATh WIM Ha3bIBaTh «mpusHakoM [lamambepay». [loguepkny emé pas, 4To paccMaTpuBaeMast
cXema JIMIIb OCHOBaHA (He 80aroch 8 noopobrocmu) Ha npusHake [lamambOepa st 4MCIOBBIX
PAIOB.

Nrak:

Ecnu B npenene moiy4yaercss HOJb, TO alTOPUTM PEHICHUS 3aKaHUYMBAET CBOIO PaboTy, U
MBI J1aéM OKOHYaTeNbHBIM oTBeT 3amaHus: «OO0nacTb CXOOUMOCTH CTENEHHOTO psija:
=00 < ¥ < HD, (;moboe nmeiicTBUTENBbHOE YUCTo — ciay4ail Ne2 mpeapiaymero naparpadga). To
€CThb, CTENEHHOH pSAA CXOAWTCS TPH JIOOOM 3HAueHHH «HKC». OTBET MOXKHO 3alucaTh

OKBHBAICHTHO: «PSI CXOAMTCS TpH € (—DEI, -|-L'=:I)» (3Hayok ¥= B MaTemaTuKe 00O3HAYAET
IIPUHA/JIEKHOCTD ).
Ecnu B ipenerne momyyaercsi 66CKOHEYHOCTh, TO aJlTOPUTM PEHICHHUS TAaKXKe 3aKaHUYNBACT

CBOIO pabOTy, U MBI IaéM OKOHYATEJIbHBINA OTBET 3ananus: «Ps cxomurcs npu X = I (wi Tpu
& = 6o X = ~d»). CmotpuTe ciyuaii Ne3 mpensiaymero naparpada.

Eciu B mpesesie TONMydYaeTcss HE HONb M HE OECKOHEYHOCTh, TO y HAC CaMbli
PacIpoCTpaHEHHBIH Ha IPAKTHKE ciaydae Nel — psiji CXOAUTCSA Ha HEKOTOPOM HHTEpBAJIE.

B nmanHOM ciywyae mpenen paBeH |I| Kak waliTu wuHTEpBan cxogumocTu psaa?
Cocrasinsiem HEPaBEHCTBO:

|x| <]
B JIIOBOM 3aganuu 1aHHOTO TUIIA B JIEBOM YacTU HEPABEHCTBA JIOJKEH HAXOIUTHCS
pe3yNbTaT BHIUUCICHHS Tpefena, a B MPaBoil YacTH HEpaBEHCTBA — cTporo enuHuna. He Oyay

O6’b$ICH$ITB, nmo4yeMy HMMCHHO TaKOC HCPABCHCTBO M IMOYCMY CIIpaBa CAWHUIIA. YPOKI/I HOCAT
MPAaKTUYCCKYIO0 HAlIPpaBJICHHOCTb, U YK€ OYCHbL XOPOLIO, YTO OT MOHUX PACCKA30B HECTOBCCHACH

&8 CTaJIl IOHSTHEE HEKOTOPBIE TEOPEMBI.

Texnuka pabOTBI € MOAYJIEM H pEUICHUS JBOHHBIX HEPaBEHCTB MNOJPOOHO
paccMaTpuBaNach Ha IEpBOM Kypce B ctarbe OOnacTh ornpeneneHus GyHKINU, HO s yJ00CTBa
s TIOCTapaloCh MaKCUMaJIbHO MOJPOOHO 3aKOMMEHTHUPOBATh Bce JeHCTBHA. PackpeiBaem

‘x‘-:.:x:}f—.:z < XoCd

HCPABCHCTBO C MOAYJIEM 110 IIKOJIbHOMY IIpaBUITy . B nannom cilIy4dac:

-lexelo MHTEPBAN CXOJMMOCTH HCCIIEyEeMOTO CTETIEHHOTO Ps/Ia.

[TonoBuna nmyTH no3aau.

Ha BTOpOM Tame HEO6XOAMMO HCCIEN0BaTh CXOAMMOCTh PAa HAa KOHIAX HalIeHHOTO
MHTEpBAJIA.

Cuavaya OepéM JIeBbIH KOHEL MHTEpBana X = —1 Y MOJICTABJISIEM €T0 B HAll CTEIEHHOU

e tmg Y

!
[Ipu 3l
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[TosrydeH 4uCIOBOI psijl, 1 HAM HY>KHO HCCIIEIOBATh €ro Ha CXOAUMOCTDH (YK€ 3HaKOMast
U3 MPEeIbIIYIIUX YPOKOB 3a/1a4a).

Ucnonszyem MpU3HAK JletioHMIA:
1) Psan SABIISIETCS 3HAKOYepeTyOLTUMCH.
1
|c1 |— m —=10
2) o r g — 4JIeHBI psfa YObIBAIOT 1O Moayro. Kaxaplid ciaeayromuii WwieH psaa

M0 MOAYJIIO MEHbIIIE, YeM MPEIbIIyIINUN, 3HAYUT, yObIBAHHE MOHOTOHHO.
BrIBO: psig cxoamTes.

Uccnenyem psn Ha a0CONIOTHYIO CXOAMMOCTD:
w w 1
2bal=X—~ V
x=l n=1?" — cxomures (ciydait 0000IIEHHOTO TapMOHIYECKOTO PAIA).

Taxkum 00pa3oM, MOTy4YEHHBIN YUCIOBOU PSIJI CXOUTCS a0COIIOTHO.

Jlanee paccmarpuBaeM MpaBblii KOHEI[ WHTepBaia & = ], MOJICTaBJIsIEM STO 3HAYCHHE B

%) ]

55

Halll CTENIEHHOM sl 21 7

w 1?1 ‘ w ]
x= 12}2 =Y
[pu nl ¥ — CXOI[I/ITCSI
}'f
Z—g
Takum o6paszom, cTeneHHoi psa #-1% cxomurcs Ha 000MX KOHIAX HAMIEHHOTO

HHTCPBAJA.

OtBet: O61aCTh CXOAUMOCTH UCCIIEyEMOI0 CTEIIEHHOTO psiia: ~ 1 R 1

VMeeT NpaBo Ha HU3Hb U Jpyroe opopmieHHe oTBeTa: Psij cxomutes, ecau + < [_ L, 1]

Huorga B ycnoBuu 3amayn TpeOyrOT yka3zaTh paauyc cxogumoctu. O4yeBUAHO, YTO B
paccMOTPEHHOM IIpUMEPE R = 1

[Ipumep 2

m H

X

D
Haiitu 06;1acTh CXOAMMOCTH CTEMIEHHOTO Psifia x=(l 3 oalntl
Pemenue: nHTEpBAN CXOMMMOCTH psifia HAWAEM ¢ MMOMOIIIBIO Npu3HaKa [lanambepa (1o He
110 npusnaxy! — ons pyHkyuoHanbHwvIx pA0068 mako2o NPU3HAKA He CYujecmeyent):

xx+1
A LN T B

m+1(xj| 3x+1-xllr.’2+1+1 —
EAA (L L

?4—}+n:-| il (Ij |_:'4—}+w- #

A
ER |
—"JH_I 1+l_}n
hmlxx* Eam Cr I PO - I PO SR
N
e

N+

,."Illr';g+2 ER L R T 2—>U B g
»

1+
CocTaBIsieM CTaHIapPTHOE HEPABEHCTBO:
x|
— =1
Psn cxomutes npu 5

Cnesa Ham HY>XHO OCTaBUTBH TOJIbKO |I|, MMO3TOMY YMHOXaeM 00€e yacTu HECPAaBCHCTBA Ha

|I| <3



WU packppiBaeM HEpPaBEHCTBO C MOJYJIEM IO MpPaBHIY “I‘ A= X {ﬂ:

= 3 X 3— HHTEPBAJ CXOAUMOCTH MCCIICyEMOT0 CTETICHHOTO PsJia.
Uccnenyem CXO}II/IMOCTB CTeHeHHoro psana Ha KOHuax HaﬁﬂeHHOFO WHTEpBaja.

=Y T ZJHH

1) Ipu 3 ~."[n+1 mrich n."rsz+1

O6parure BHHMaHWE, YTO MPH IOJCTAHOBKE 3HAYEHHSA X — _313 CTENIEHHON psf

w xi’!
Z LI )
Hal] 3 T A +1 Yy HaC COKpaTujaaChb CTCIICHb 3 . 910 BeprIﬁ IIpU3HAK TOIO0, YTO MbI IIPABUIIBHO
HaIllJTi KHTEPBAJI CXOOUMOCTH pAaa.
I/IccneﬂyeM HOJ‘Iy‘leHHHﬁ YUCIIOBOH pAOd Ha CXOOUMOCTb.

Hcnonp3yem MIPU3HAK JleiiGHu1a.
—~ Psint ABJIAETCS 3HAKOYEPETYIOIUMCS.
1
]JIII }:1 |— =1
- *oan+] _ ainens paza yGbBaOT 1o MOy, KaxIblil CIepyrOui wiieH

psga 1O MOAYJIK  MEHbIIE, 4YeM NPeabIAyIIuid, 3HA4uT, YOBIBAHUE MOHOTOHHO.
BriBoa: Psan cxomurcs.
Uccnenyem pan Ha aOCOJIIOTHY1O CXOIUMOCTD:

Tl Y
51

CpaBHUM JaHHBIHN P C PACXOMSIIUMCS PSJIOM #=l W

Hcnonszyem IIPEEIIbHBIN IIpU3HAK CpaBHECHUA:
1
0
a : a+l 17
== = lim =lm | ,J14+— =1
o f M +o 1 o H H— o H

w
2 o]

Honyquo KOHCYHOC YHCIO0, OTIMYHOC OT HYJIS, 3HA4YUT, PO x-0 pacxoauTcsa BMECTE C

Z

psaIOM :u-l
(-1

Takum 06p3.30M pSI)l :'d-l:l oy A +1 CXOI[I/ITCSI TOJIBKO YCJIOBHO.

x= 3:}2 ’\}IF Z

w042+ 1 pacxomures (o noxasannoMy).

2) Ilpu
Otset: O01aCTh CXOAUMOCTH HCCIIEAYEMOrO CTEIIEHHOIO psja: ~ e xal Ipu X = -3

PSI CXOOUTCS TOJIBKO YCIIOBHO.
B paccMoTpeHHOM mipuMepe 0O0NACTBIO CXOAWMOCTH CTENEHHOTO psijia SBISETCS

MOJIYUHTCPBAJ, NpHUYCM BO BCCX TOYUKAX HHTCPBAJIA (_3? 3) CTEIIEHHOM paa cxooumcst

aocontomno (cm. Tlpeapiaymmii maparpad), a B Touke & 2_3, KaK BBISICHUJIOCH — CXOOUMCS
MOJILKO YCI06HO.
[Ipumep 3


http://www.mathprofi.ru/goryachie_formuly.pdf

HaiiTu umHTEpBaJl CXOOUMOCTH CTEIEHHOIO DPsila U MCCIEAO0BAaThb €ro CXOAMMOCTh Ha
I_n
H

KOHIIaX HaliJICHHOTO UHTEpBaja #-l1 (1)

OT0 npuMep JIsl CaMOCTOSATEIBHOTO PELLIEHUS.

PaccMoTpuM napy npuMepoB, KOTOpBIE BCTPEUAIOTCS PEIKO, HO BCTPEYAIOTCSI.

[Ipumep 4

E dn+l

o (x+4)

2

Haiitu 06;1acTh CXOUMOCTH Psijia: -1 (2 + 1l
Pemenue: ¢ momomipio npusHaka JlamamOepa HaleM WHTEPBAT CXOAUMOCTH JTaHHOTO

psaa:
(e + 17 (x5
by ([ 1+l B [+ D® (x D™ G DI
S Hx(x} - H3_{x+4)2?¢+1 :'d—}+u:-| HE_[X+4:|2?¢+1_(H+2:I!
(n+1)
r 1Y D x+4 123 (a4
ol (x+ D™ 1.2.3 aln+Dn+2)
5002 =0
=(x+4) i || 14+— : ={x+4)° i ={x+4)°- 0=10
4o # (2 +2) e gy 4 2
(1) CocraBnsieM OTHOILIEHUE CIIEAYIONIETO YiIeHa psijia K MPeIblIyIIeMy.
(2) N30aBnsieMcst OT YETBIPEXATAKHOCTH JPOOH.
ER
(3) Ky06s1 (H + 1:' u # 10 mpaBWIy JIEUCTBUU CO CTENEHSMM IOABOAUM IOJ €IUHYIO
CTETICHb. B qHCITUTENe XUTPO packiaabIBaeM CTETICHb

I+l +l+d p) n+l
':I‘l"ﬂ') "= (;H"ﬂ') T = (I+4) '(I+4) ?H, T.e. PackmanpiBaeM TakuM 00pa3om, 4TOOBI Ha

sl
CJIEYIOIIEeM IIIare COKpaTuTh ApoOb Ha (I + 4:' . @aKkTopHUAaNBl PACIUCHIBAEM MOAPOOHO.
1]
1 -+

(4) [Mox xyOoOM MOUYNECHHO JETUM YHCIUTENlb Ha 3HaMEHATeNb, YKa3biBas, 4ro ¥ . B

2
I[pO6I/I COKpalacem BCé, 4YTO MOXKXHO COKPATHUTE. MHOXHUTEIh I:I + 4:‘ BBIHOCHUM 34 3HaK Mpeacia,
€ro0 MOJXKXHO BBIHCCTHU, IIOCKOJIBKY B HEM HeET HHUYCro, 3aBHCALICTO OT <<,HHHaMquCKOﬁ>>
nepeMeHHoﬁ «OH». O6paT1/1Te BHUMAHUC, YTO 3HAK MOAYJII HC HApHUCOBAH — IIO TOM IIPUYIHHEC,

2
4TO (I +4:' NPUHUMAET HEOTpUIaTEIbHbIC 3HAYCHHS TTPU JTFOOOM «HKC».
B nipenene nonydeH HOJb, @ 3HAUUT, MOYKHO JJaBaTh OKOHYATEJIbHBIN OTBET:

Otsert: Psa cxoaurces npu Xe (—L’ﬂ; + DEI)
A cHayasa-TO Ka3ajaoch, YTO 3TOT PsiJ CO «CTPALIHONW HAYMHKOW» OyJeT TPYAHO PEIINTh.
Honp nnn 6eckoHeYHOCTh B TIpeiesie — MOYTH MOJapOK, BEIb PEIICHUE 3aMETHO COKpaIiaeTcs!
ITpumep 5
= (2l (x - 2y
2
Haiit 0651aCTh CXOIUMOCTH PSijia #-l 10°
OT0 mpuMmep i CaMOCTOSITENLHOTO pelieHus. byapre BHuUMaTenbHbl ;-) [lomHoe

pelIeHre OTBET B KOHIIE YPOKa.
PaccmoTpuM emie HECKOJIBKO NPUMEPOB, COJEPKAIIMX 3JIEMEHT HOBU3HBI B IUIaHE
UCIIOJIb30BAHUS TEXHUUECKHUX TPHEMOB.
[Ipumep 6



Haiitu HHTCpPBAJI CXOAUMOCTH piaa H HUCCICAOBATH €TI0 CXOJMMOCTb Ha KOHIAX

e =DM (x4 2

2

]
HAWJCHHOTO UHTEpBaja #-1 (Gn-1-5

n-1
Pemenue: B o00muii wWieH CTENEHHOTO psila BXOJAWT MHOXHUTEIb ':_ 1:' ,
o0ecreunBaOINN 3HaKOYepeOBaHUE. AJITOPUTM PEHICHHSI TTOJTHOCTHIO COXPAHSETCs, HO TPH

H:'¢+1|:‘:"-:I

=3+
COCTABJICHMHM IIpeJena 1y (%) Mbl UTHOPUPYEM (HE IMUILIEM) 3TOT MHOXUTEIb, IOCKOJIbKY
MOZYJIb YHUYTOXKAET BCE KMUHYCBD».

WHrepBann cxoauMocTH psga HaiaéM ¢ TnoMomibio  npu3Haka  JlamambOepa:

(x_l_gj:ul
2,070 ‘{3(m+1}—1]-5“1 . |(x+ 20(x+2"- 3301
wssol g (1) | Aok (x+2)" Cesse| (x+2 5 F(3e+2) |
(3 -1). 5*
=0

-1 1
:|x+2|h_m 3H_1:E:|x+2|]jm . :|x+2| _ ;_}D:|x+2|
5 w4 3p4+2 o 5w M2 5 owsdw 9 5

b

e
CocraBiisieM CTaHIaPTHOE HEPABEHCTBO:

|x+2|

<1
Psin CXOIIUTCS npu 5

CneBa HaM HY’KHO OCTaBUTb TOJBKO MOJyJIb, I03TOMY YMHOKaeM 00€ 4acTU HEpPaBEHCTBA Ha 5:

h+ﬂ{5

TenepL paCKpBIBaeM MO,Z[}/'J'IB y>1<e 3HAKOMBIM CHOCO6OMZ
~here )

B CepeI[I/IHC HBOﬁHOFO HepaBeHCTBa Hy)KHO OCTaBUTH TOJIBKO «HKC», B 3THUX LCIAX U3
Ka)KHOﬁ qaCcTu Hep dBCHCTBa BbIUHUTAacM 2 .

-3-lex+l-145-1
- '-|'I| 'i & ': 3 — UHTCPBAJ CXOUMOCTH UCCIICAYEMOI'0 CTCIICHHOI'O pPAaaA.
I/ICCJ'IeIlyeM CXO0OAUMOCTD psiia Ha KOHIAX HaﬁHCHHOFO HHTCpPBAJa:

e (=" x4+ 2"

2

1) IMoxcrasisiem 3HayeHue X = _? B HAIll CTCIICHHOM PSJ #=l (3n-1)- 5
o Y o Vit o) MR G Vo Ve
) Pyl ) e

w1 am—=115 1 lan—=1)15 ml lar—=1)5

_ w (_l:l?d—l+?d _ w {_1)2?!—1 _ _i 1

=R R =1 R V= {EP R

-1
ByﬂBTe HpeHeHBHO BHUMATCIIBHBI, MHOXXHUTCIIb I:_ ]] HC 06eCHeIII/IBaeT
I:— 1)2:'1-1 — _-l .
3HAKOYEpEIOBaHUE, MPH JIFOOOM HATYpPaIbHOM «IH» . Tlomy4yeHHBII MUHYC

BBIHOCHM 3a IIpelieNbl psiia U 3a0bIBa€M IIPO HETO, MOCKOJIBKY OH (KaK M Jr00asi KOHCTaHTa-
MHO’KUTEJb) HUKAK HE BIUSET Ha CXOJUMOCTb WIIM PACXOJUMOCTb YHCIOBOTO PAJa.

Eme pas 3aMersTe, YTO B XOJ€ MOJCTAHOBKM 3HAYEHHS & — _?B o0mmii  uneH

X
CTEIIEHHOI'O pPs/la y HAC COKPATWIICS MHOYKUTEIb 5 . Ecnn GBI 3TOr0 HEe MPOU301ILI0, TO 3TO OBI
3HAYMJIO, YTO MBI JTMOO HEBEPHO BBIUMCIIWIN MIPEeN, TUO0 HEMPABUIBHO PACKPBUIA MOJYJIb.



Z‘”: 1

Hrak, Tpebyercst uccieqoBaTh Ha CXOAUMOCTh YHUCIOBON P #=1 (3n- 1:'. 3neck mporie
BCETO HWCMOJB30BaTh MpEACIbHBIA MPU3HAK CpPaBHEHHUS W CPaBHUTh JaHHBIA pAI C
pacxoJsAiuMcs rapMoHuYeckuM psigom. Ho, ecnu yectHO, npenenbHbld MPU3HAK CPABHEHUS J10
yaca MHE HaJI0€J1, TI0O3TOMY BHECY HEKOTOPOE pa3HOOOpa3ue B PEIICHUE.

Hcnonbzyem MHTETPabHbIN TPU3HAK.
T dx _
1 3x—1
[ToxpIHTErpaIbHAS GyHKIHsA HEenpephIBHA Ha [1;"'03).
=2 2D L o5 =2 i (-7 - )=

39 3x-1 3w 3 b

1
Takum 06pa30M, HOle‘{eHHBII‘;I YHCI0BOH pax  pacxoauTcsa BMECTC C COOTBCTCTBYHOLIUM

HECOOCTBEHHBIM HWHTCIPaJIOM.

2) I/Iccnez(yeM BTOpOi KOHEI WHTEpBaja CXOJUMOCTH.
:u -1 n-1
Sji (3+2} Zn:—l:l

I/IcnonbsyeM MPHU3HAK JletioHMMA:

— Psn SIBJISIETCS 3HAKOYEPEYFOIIUMCSI.
1
=l =

o Gy — ] — YJICHBI Psijia YOBIBAIOT 1O MOTYJTH0. KaXKplid CIeayOIMMiA YiieH psiia
Mo  MOIYJII0  MEHbIIEe, YeM  TMpeAbLAyIIHi,  3HAa4uT,  YyObIBaHWE  MOHOTOHHO.

BBIBO,Z[Z P CXOOUTCA
P aCCManHBaeMLIﬁ YHCJIOBOH pAA HE ABJISICTCA a0COJIIOTHO CXOAIINMCA ITOCKOJIBKY

hl=Y,

#e=l Hel 3?3 1_ pacxoaurcs (110 JOKa3aHHOMY).

Orser: = 1 % X5 31— o6macts CXOIMMOCTH MCCJIELYEMOTO CTENEHHOIO psAja, mpu & = 3
PAJL CXOTUTCS TOJBKO YCIIOBHO.

[Tpumep 7

Haiitnu wWHTEpBan CXOAMMOCTH psila ¥ HCCIENOBATH €ro CXOAMMOCTh Ha KOHIAX

© O* (x+3)

Lo
HalJICHHOTO UHTEpBaJa #=1 Zn+1

OTO0 mpUMep Ui CaMOCTOSTENILHOIO PELICHHUS.

KTto YTOMUIICA, MOXCET CXOAUTH NOKYPUTH, @ Mbl paCCMOTPUM CLIC JIBa IIpUMEpa.

[Ipumep 8

Haiitu wHTEpBanm CXOAMMOCTH psiia M HCCIIEOBAaTh €r0 CXOJUMOCTh Ha KOHIIAX

2
nlx-1"
y x [
HaiiienHoro uaTepBana =19 -~/n’ +3



Penrenue: Hatinem HUHTEpBa CXOJIUMOCTHU psana:

(e + 13z — 1+

o J ) 43| |- o 13|

M 41 (X:I

ey (x) | e a(x—DF _”""“|Pz(x—1)%-9”+l-ﬁf()z+ljj+3|_
9" ofn’ 43

. 1+1*”J_(x—1)2-(x—1)2*-9’“-4;:5+3 _

el ) (=199 e+ 1) 43

=1

. [x—l}g-u'lnj+3|:[x—1)2 - Ja +3 _(x-17

e I e IR O e 9

firn '\.I'Hj+3 _1

kel 417 43 N
Hpez[en 10 TOU PUYIUHEC, YTO YUCIIUTCIIb U 3HAMCHATCIIb 00HO020

nopsioxa pocma. bonee monapo6HO 00 ATOM MOMEHTE M «TypOO»-METO/e PELICHHUs YUTaiTe B
ctathbe [Ipusnak Jlanmam6Gepa. [Ipuznaku Kommn.

2
-1
i—;L{I
WUTak, psia cXoauTcs Ipu
yMHO)KaeM 066 qacTHu HepaBeHCTBa Ha 91

)
(x-1% <9

Va' =l
N3BnekaeMm U3 006erx 4acTeil KOpeHb, IPU 3TOM MOMHHUM CTapbli HIKOJIBHBIN MPUKOI @ =
-1 < o
k-1 <3

PackpsiBacm MOJYJIb:

-3or-1d]

" npubaBisieM KO BCEM 4acTsIM CAVHMUILY:

-l r-141¢04 1

- 2 'i X { 4— HHTCPBAJI CXOAUMOCTHU UCCICAYECMOI'0 CTCTICHHOI'O psAaa.
I/ICCJ'IeIlyeM CXO0AUMOCTDB CTCIICHHOI'O psAJada Ha KOHIIAX HafII[CHHOFO HHTCPBAJIA:

1)Ecm & =~ 2, TO TOJTY4YaeTCsl CIEAYIOIIMN YUCTOBOM PSI;
$ D & DY s DN O
a4+ 3 et q.-'r?zj +3 w1 9 q.u'r?zj +3
GO B 5 N B L S
kN R N e R L
In
MHoxwuTenb (_ 1:' OeccneHO Mpomnall, MOCKOJIbKY U JIFoOOM HaTypalbHOM 3HAYEHUU

(_ DEH _-l

«OH» - L

e TpeTI/Iﬁ pas 06pau1a10 BHUMAHHUC HaA TO, YTO B PE3YJIbTATC NOACTAHOBKU COKPATUIINCH

N
CTCIICHU 9 , 4 3HAYUT, UHTCPBAJl CXOANUMOCTU HaliieH IMpaBUJILHO.
w
H

{5
ITo BceM MpHU3HAKAM JUIS HOJNYYEHHOTO YHCIOBOro psna =1 44~ + 3 cllelyeT IPUMEHUTD
npeaenbHbIi Mpu3Hak cpaBHeHUs. Kakoil psin momgodpars ams cpaBHeHus? O6 3Toil MeToauke s
yKe paccka3biBal Ha ypoke Psanpl aindg yaitnukos. [ToBropum.
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Onpez[enﬂeM CTapmyr0 CTCIICHb 3HAMCHATCIIA, IJII 9TOTO MBICJIICHHO WJIM HAa YCPHOBHKC

5
.. 5 — il
OT6paCLIBaCM oL KOpHEM BCC, KpOMC CaMOro CTapumero CcjaaracMoro: Y M Takum

S

00pa3om, cTapiiasi CTENeHb 3HAMeHaTeNs paBHA . CTapiuas CTENeHb YHCIUTENs, OYEeBHIHO

paBHa 1. VI3 crapiueii cTeneHn 3HaMEHATeIIs BBIYMTAEM CTApIIYIO CTENCHb YUCIUTENS: & 2
' © 12 ]
L -
¥=l 3 ¥=l WK
Takum o0pa3om, Hall Psii HY’)KHO CPAaBHUTh CO CXOJASILIUMCS PSIIOM nt .
Hcnons3yeM npeaeibHbli IPU3HAK CPAaBHEHUS
ol o «,u'ﬁz + o+ 3 =0
litn —* = lim

L_pJ
Tﬂ
. |+
xw'a.»-\.'l

. . 3
= lim =lim /14 =1
?d—}m-bx 2= o :'e © 4. |'3 = 3

W= H H=r E B
A 43
w0

{45
Honyquo KOHeque, OTJIMYHOE OT HYJS YHCIIO, 3HAUYUT, psig *=l W4 +3 CXOJUTCSI BMECTE C

prHOM ?f-l g

IlTo

=

P

IIPOUCXOIUT Ha Apyrom KOHIIC

In w EY w oL
- 4:}2 ad-1) a3y n 9

WHTEepBana?
m

H

9;! ’V{."E +3 x_lg:! J{Pﬂj+3 _H-lgn'*\}rﬂj+3 _EV(H5+3—CXO[[HTC$I

A BOT U BO3HarpakJeHue 3a My4yeHus B npeabiayiem myHkre! Ilomyuuncs TouHo Takoi
K€ YUCIIOBOH PsiJl, CXOJUMOCTh KOTOPOTO MBI TOJIBKO YTO JOKA3aJIn

[Tpun

OTtBeT: 00J1aCTh CXOAMMOCTHU UCCIEAYEMOT0 CTETIEHHOTO psijia

-25154

UyTb MEHEE CIIOKHBIN IIPUMEP I CAMOCTOSTEIIBHOIO PELICHUS

Ilpumep 3: Pewenue: ummepsan cxooumocmu psaoad HAUOEM C HOMOWbIO NPUHAKA
Hanambepa:

(?3+1:|2 H+1
i @] [T 42) |x 2T (0 +2?2+1)(?2+1]|_
| g (x) | mere|  ptx le 7T R (a2 |
T o(n+1)
. L ontl L1
] 2™ 17 x| . ~
="lm ||1+2 += | Eo|="lm —E =
7 onsw » e n+z " 2_} 7
1+—
7 2
P50 cxooumcs npu
d
—
7

Cﬂeea HnyCHO ocmasums moJibKo ManJZb, I’lOSmOMy yMHODfC'aeM 066 yacmu HepaeeHcmea HA 7
|;':| <7

-Taoxed UHMEPBAJL CXOOUMOCIU UCCNe0YeM020 CMENneHH020 psaod

Hccnedyem cxooumocms psaoa Ha KOHYAX HALLOEHHO20 UHMEPBAld



w3 s
NP Ll

1) Ipu w1 (1]
2) Hcnonvsyem npusnax Jletionuya.
3) — Pso aensemcs 3HAKOYepeOyrOUUMCSL.
o
]jm|c1|]jm—ng © i B 1 00
Ao H_H—}mn+1_a_ﬂ—}+w?2+1_?d—}+wl_}u 1_":'___
2 - t—=
# 7 n —  YjgeHvl psoa He
yowiearom
Ilo MOOYIIO.
Bui600: P50 pacxooumcsi
w 2
3
r=7=
2) Ilpu w12t

P50 pacxooumcs, max kax He 8blnoninen HeoOX0OUMbLL NPUSHAK CXOOUMOCIU PSOQ.

Omeem: ~ Texal- 001acMb CXOOUMOCMU UCCNe0YeMO20 CMENEHHO20 Psod
Ilpumep 5: Pewenue: ¢ nomowwto npusHaka /laramodepa Haoém uHmepean cxooumocmu

paoa:
(20 4+ 10z — 2y

thyn ()] 10 e 1O G2 2n 2|

sl g (x) | wewe|  (2)l(x— 2" ‘"»++w| 10 =2 (2! |
10°
i 10" (x=2(x=2" 123 (20 =120 20+ - 20 +2)|
T 10-10° (x—2"1 123 (22—1)- 2n |
_ oy -2 -2

i =2 {zf;mHaIJxm | e (%gmﬂjmzlxm | (e0) = 100

Omeem: P50 cxooumes npu & = 2

Ilouemy noayuunace oOeotika, a He Hoav? Illepeuumatime knaccugukayuio obdbracmu
CXO0UMOCU CMeneHH020 padd. Xoms, HagepHoe, MHO2UE YiHce NOHUMAIOM, NOYeM).

Ilpumep  7:  PeweHnue: HatloemM  UHMEPBAN  CXOOUMOCMU  OAHHO20  pAOaA:

2?¢+1 ] {X‘l‘ 3}?¢+1

tan@|_ 2T |GG+ 2.2 Ao t]]
el g (x) | e 20 (x43)" | (x4 2032043
NVan+1
= 2 +3[m 32 =@ o 3fm =2+ 3l 5 |—2
m=to W DS oo riol| oM+ A=+
M
Pso cxooumcst npu 2|I+3‘ <1
1

Cresa HYJCHO ocmasumbsv niojlbKo MOdy]Zb, YMHOOHCAEM obe uwacmu HepaeeHcmea Hda 2



3 <=
2

—l{x+3{l
2 2

B cepeduHe HYJICHO ocmasums MmoOJIbKO «UKC», eébldumaem us3 Kaocoou yacmu HepaeeHcmeda 3:
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Cmenens 2 COKpamuIacy, 3HA4uUm, Mol Hd 6EPHOM NYMU.
Hcnonwvzyem npusnak Jletionuya.
Pso A6/15emcsl 3HAKOUepeOdyrOUUMCHL.
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e dnt 1 — yeHvl psoa yovigarom no mooymo. Kaoswcowlil credyrowuii uien paoa
1O MOOYJIO MeHbule, YeM npeoblOYWull, 3Ha4um, yobl6aHue MOHOMOHHO.
P50 cxooumcs no npusnaxy Jleiibnuya.

Hcczzec)yem pao Ha abCcoOmuyI0 CX00UMOCTb!
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2 A0 CX0OUMCS MONBKO YCL0BHO.
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Oéﬂacmb CXOOMMOCWIM OKOHUYAMEJNIbHO MOJMCHO 3anucamsb makx. 2 2, uiu
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Ilpumeuanue: Pso n-l 2n+1 yoxcno 6Gvino uccredosamv ma cxodumocms ¢ NOMOWbIO
npeoenrbHO20 NPUSHAKA CPAGHEHUSL.

Ilpumep 9: Pewenue: Haitioem uHmepsal cxooumocmu paoa:
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e — urnmepedai CX00UMOCHU ucmedyeMoeo CmenerHHoco p}zda.
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Hccneoyem CX00UMOCmb paoa Ha KOHYaXx HAllOeHHO20 unmepsaa.
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IIpakTHyeckas padora Ne 22
Tema: Pemenue nuddepeHnuajabHbIX YPABHEHUH EPBOro NMOPsAaKA

LHenb paGorer: [IpoBepuTh Ha MpaKTHKE 3HAHUE MOHATUS AU PEPEeHITUAIBHOTO
ypaBHeHUs, BUABl  auddepeHIHATbHBIX  YpPaBHCHHWM,  YMEHHE  peliarh
nuddepennuanbable ypaBHeHus | mopsika, HaX0AUTh 00IIee U YaCTHOE pelleHHe.

Teopernueckass uyactb 1. JluddepeHunajbHoe  ypaBHEHHE 1EPBO2O
nops0Ka, COMEPKMUT:

1) He3aBUCUMYIO IEPEMEHHYIO ¥ ;

2) 3aBUCUMYIO TIEPEMEHHYIO ¥ ((DYHKIMIO);

3) NepByI0 IPOM3BOAHYIO (yHKIHH: ~ .

Pemutes auddepeHnmanibHoe ypaBHEHHE — 3TO 3HAYHUT, HAWTH MHOKECTBO
$ynxunii ¥ =7+ oroppie  yroenersopsior nammomy ypasheHmio. Takoe
MHOXKECTBO (pyHKUIMH Ha3pIBaeTCs 00IIUM  peunreHueM Ju(depeHnaIbHOro
yYPaBHEHHUS.

Hpumep 1

L
Pernts muddepennmansuoe ypasuenue =Y

o d
.J"—d.

x- % =y

B paccMaTpuBacMOM IIpuMepe IIEPEMCHHBIC JICTKO Pa3aACIAOTCA
MEePEKUIbIBAHUEM MHOXUTEIEH 1o MIPaBUITY MIPOTIOPLIHH:
dy dx
y x

[IepemeHHbIE pa3neseHbl. B 1€BOM 4acTH — TONBKO «UTPEKW», B ITPABOM YaCTH
— TOJIBKO «HUKCBD».

Cnenyromuid 31an — MHTerpupoBanue AuddepeHuuaJIbHOr0 ypaBHEHHUS.
NHurerpupyem o0e 4acTu:

(-4

In|y|=tn|d+C
Pemenne g depeHInanbHOTO ypaBHEHHS B HESABHOM BUJIE
Ha3bIBacTCs O0IUMM  HHTerpajgoM au@@epeHUuaJIbHOI0 ypaBHeHus. 1o

ects, pl=tnfl+C _ 0OIIHif HHTETpal.

Bmecto sammcn pl=tnfel+C OOBIYHO MUILYT ta|=lnfx| +In [C] ,

B JJaHHOM ciayyJae:
In |y = In |Z]

y=0Cx

OyHKIMS TpecTaBIeHa B IBHOM BUE. DTO U €CTh O0IIIee pelieHHe.



o y=0UCx, roe O =const
MHoxecTBO  (yHKImi s SABJISIETCSI  OOIIMM  pellleHHueM

=
nuddepeHnranb-HOro ypapenus © =
[IpunaBas KOHCTaHTe & pasjivuHble 3HAYEHHS, MOKHO MOIYyYUTh OECKOHEUHO
MHOTO YaCTHBIX pemieHuii 1uddepeHuanbHOro ypaBHEeHUS.
IIpumep 2
s y==2y
Haiitu  uactHOoe pemenue nauddepeHIHaTbLHOTO  yYpaBHEHHUS ,

YJI0BJIETBOPSIOLIEE HAYATBHOMY YCIOBUIO ¥ =2

[To ycnmoButo TpeOyercsa HailTh 4yacTHOe pemienue Y, ynoBieTBopsioliee
Ha4yaJIbHOMY YCJIOBHMIO. Takas IOCTaHOBKa BONpOCAa TAKXKE HA3bIBACTCS 3adayell
Kowwu.

CHauajna Hax0JIuM O0IIee PeIICHHE.

dy
& o
dx y‘

d—y =—2dx
¥
HuTerpupyem ypaBHEHUE:
[2=2e]
Y
In|=—2x+"

Y
y=¢e

y= 2 'E_hl

. y=Cé‘_2x, roe O =const
Hrak, oOmee pemeHue: .

Ha 3aBepmaroniem sramne
HY>KHO HaWTH 4YaCTHOE pEUICHHWE, YJOBJIETBOPSIONIEE 3aJaHHOMY HadaJlbHOMY

yenosuto Y0 =2,
Heo6x01uM0 mogo0paTh TAKOe 3HAYEHHE KOHCTAHTHI & , 4TOOBI BBHIONHSIOC

3ajlaHHOE HauaIbHOe ycnosue ¥ = 2.
B oOuiee penieHne BMECTO «HKCa» IIOJCTABISEM HOJb, 4 BMECTO «HIPEKa»
JBOWKY:

y=Ce™"=" = =2

_ —2x o
B 06Luee pPCUICHUC Y= Ce IIO0ACTaBJIIACM HanJCHHOC 3HAYCHUC

KOHCTAHThI = 2:

=
— 3TO U €CThb HY)KHOC HaM 4aCTHOC pemeHHe.

Ipumep 3

y=2e

Pewnts muddepennmansaoe ypapaerne ¥ (Y +leigr=0

Pemienme: IlepenuceiBaeM  NPOM3BOJHYHO B HYKHOM  HaM  BUJE:

d—y +(2v+Ncigr =10
adx

HepeHOCI/IM BTOpOC cCjlaracMo¢ B IIpaByYO 4YaCTb CO CMEHOM 3Haka:

@ —(2y+ ljlr:f.gyi
ax



)
Y - —cigxdx
2y +1
[TepemennbIe pasieincHsbl, UHTETPUPYEM obe YJaCTH:

)
_[ 2;:_ " = —I czgx.:fyi

v cos xdx
Erehll|

2y+1

Sl X

lld(zyﬂ)__ld(smx}
20 2y+1 ) x|

Sin2y 1= —lafin a]+ln|c

Pemienue pacrnuury OYECHb oIpOoOHO:
1
In[2y +1F =In|sin 2] +1n |C|

In.f2y+1=In

+hn |

F;inx
111..."2y+1:]n}_£x”
Sl
i
4{2_}’+ —ﬁ

OTBeT: 00mMiA HHTETPA:

ey +1l sm x =", roe O =const

Ilpumeuanue: o6mMit UHTErpan JIOOOr0 ypaBHEHHMsS MOXHO 3amucaTh He
€IMHCTBEHHBIM crnocoboM. Takum o0pa3oMm, €ciii y Bac HE COBHAJ pe3yibTaT C
3apaHee U3BECTHBIM OTBETOM, TO 3TO €IlI€ HE 3HAYUT, YTO Bbl HENPABWIBHO PELLMIH
ypaBHEHUE.

IIpumep 4

pxt oo —
Haiitn wactHoe pemenne audQepeHUMansHOro ypapHenus & &~ 2xdx=0]

YIOBIETBOPSIOIIEE HAYAIBHOMY YCIOBHIO ¥ =2 Bynonuurs MPOBEPKY.
Pemienne: CHauana Haiinem oOmiee perieHue. JlanHoe ypaBHEHUE —YKe

COJIEP>KUT FOTOBbIE TU(PPEepeHIINATBI Ay dx , & 3HAYUT, PELICHHUE YIIPOIAECTCS.
Paznensem IIEPEMEHHBIE:

g’ -e_”!dy— 2xdx= ()
g” -é"”!dy = Zxdx

e¥dy = zfix

e
g’dy = Dxe" dx
WuTerpupyem ypaBHEHUE:
_lle?"’dy = EIxex!de
J-e'“.:iy = Iex! d(x%)

2
g’ =g" +C’|




Ine” =In{e" +0C)

y=lIn(e" +C

obmee perieHue:
y= ]n(.;;':'{2 +CN, e O = const

HaiimeM uacTHOe peIllEHHE, COOTBETCTBYIOIIEE 3aJaHHOMY Ha4ajJbHOMY
yenopuio Y0 =2
In 2=1In(e" +C
h2=h{l+C1=C=1

P =lnfe® +C) =lf 1+ =2 =C=1

[MoacTaBisieM HAMCHHOE 3HAYCHUE KOHCTAHTBI = =1 B 0bImee peleHue.

— x®
OrtBeT: uacTHOE pewenne; ¥ = e +11
3amnucaTh BBIBOJ

IIpakTHyeckas padora Ne 23
Pemenue qudppepeHunaIbHBIX YPABHEHUI BTOPOro MOPsiAKA

Heab paGorer: [IpoBepuTh Ha MpaKTHKE 3HAHHE MOHATUS AU PEpEeHTHATBHOTO
ypaBHEeHMs,  BuAbl  guddepeHuuanbHbIX ~ ypaBHEHWH,  yMEHUE  pelliaTrh
muddepenmanpaple  ypaBHeHus Il —To mopsnka, HaxoauWTh 00IIee W YacTHOE
pelIeHue.

Teopernyeckas 4acTb

B teopun u mpakTHke pa3iavyaroT Ba THUIMA TaKUX YPaBHEHUN — OJTHOPOIHOE
ypaBHEHHE ¥ HEOJHOPOJIHOE YPAaBHEHHUE.

Opnopoanoe 1Y BTOpOro mopsiika ¢ MOCTOSSHHBIMU KO3 (GUIIUEHTaAMU UMEET
CIETYIOLIAN BU:

Y+ py' tgy=10

— CTPOrO0 HOJIb.

, tne ¥ m 9 — KoHCTaHTBl (4McHa), a B IPAaBOM YaCTH

HeoaHopoaHoe N BTOPOT'O OOPSAKa C MOCTOSIHHLIMHU
KoddhbHUIImeHTaMH UMEET BUT:

i r —
Yteytar =y '(x:', rne ¥ u 9 — KOHCTaHTHI, a Sz _ (GYHKLUS, 3aBUCALIAS MOLbKO

om «uxcy. B mpocreiiiieM ciyyae QyHKUUSA J ) Mmoxer GbITh YUCIIOM, OMJIUYHBIM
om HYaA.

Kakag MbICcIb INPpUXOOUT B TOJIOBY IIOCJIC 6CI‘JIOFO BBFHH,Z[a? HeOI[HOPOILHOG
ypaBHEHHUE Ka)keTcs cioxkHee. Ha 3ToT pa3 nepBoe BneyaTaeHue He MOABOIUT!

Kpome TOTO, YTOOBI HAy4YUTBCS pemars HEOJHOPOIHBIE
ypaBHEHHS HEO0XOAUMO yMETh pellaTh OAHOPOAHBIE ypaBHeHUdA. 110 3ToN mpruuuHe
CHAa4ajga pacCMOTPUM QITOPUTM PEUICHUS JIMHEWHOTO OJHOPOJHOIO YPaBHEHUS
BTOPOTO Irnopsaka:
¥ Hpy'+gr=10


http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html
http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html

Jns  Ttoro 49rtoObl pemTh JdaHHoe J[Y, HYXHO COCTaBUTb TakK

HAa3bIBAEMOE XAPAKMEPUCTNUYECKOE ypasHeHue:
Atpitg=0

[Io xakomMy MNOpHUHIMIY COCTABJIEHO XapaKTEpPUCTHUECKOE YpaBHEHHE,
OTYETIIMBO BUHO:
BMECTO BTOpPOH MPOU3BOJHOMN 3aIllChIBAECM /12;
BMECTO IepBOM IIPOU3BOIHOMN 3aIMChIBAEM IIPOCTO «1AMO Y »;
BMECTO QYHKIMU » HUYETO HE 3aIUCHIBAEM.

A+pitg=0_ 3TO 00bIYHOE KBAaJPaTHOE yYpPaBHEHHE, KOTOPOE MPEICTOUT
PELINTH.

CymiecTByroT TpU BApHUaHTA pa3sBUTUA COOBITHH.

Onu AO0Ka3aHbl B KYPCC MATCMATHYCCKOI'O aHalin3da, W Ha IIPAKTHKEC MbI 6YI[€T
HCIIOJIB30BAaTh I'OTOBBIC (1)OpMyJ'IBI.

XapakTepucTu4eckoe ypaBHeHHe MMeeT /IBa PA3JIUYHbIX A€l CTBUTEIbHBIX
KOpHA

Atpltg=0

Ecnu XapaKTepUCTUUYECKOE ypaBHEHHE uMeeT

J(Ba Pa3JIMYHbIX ICHCTBUTEIBHBIX KOPHS ’3‘1, 4 (T.e., ecmu muckpumunant £ = 0) 1o
obiee peuieHue OIHOPOZHOIO ypaBHEHUS BBITJISAIAT TaK:

y= G+ e’ S

, TJC — KOHCTAHTBI.

B ciydae ecnu oguH U3 KOpHEW paBeH HYJIO, PEIICHHE OYEBUIHBIM 00pa3oM

yHpOIIAeTCs; yCTb, HaIpuMmep, A = 0, TOTa oOwree
pewenue: ¥ = G+ Ce™ = O + Cﬂehi
Hpumep 5

Pemmts auddepenuuansroe ypasuerue »* TV 2 =0

Pemienme: cocTaBUM M PENIMM  XapaKTEPUCTUYECKOE  yPaBHEHHUE:
A+a-2=0
D=1+8=%./D =73

%:—1—3:_44%:—1+3:1

2 2
y=Ce™ 4 O’

= Cle ™ + 0", ade ), C, —const
OTBert: oO1Iee pericHue:

XapakTepUCTHYECKOe YPaBHeHHE MMeeT 1BAa KPATHBIX [elCTBUTEIbHBIX
KOPHS

Atpltg=0

Ecnn XapaKTCPUCTUICCKOC YPaBHCHHUC HUMECT

JIBa KPATHBIX (COBMABIINX) ACHCTBUTENIBHBIX KOPHS A=A (muckpumuHanTt &= 0),
TO olmiee  pelieHue OJTHOPOJAHOIO yYpaBHEHUS NPUHUMAET BU/L:

y= G +Cyxef C.C,

) rac KOHCTAHTHI.

Bwmecro 4 B dbopmyiie MOXKHO ObLIO HAPUCOBATH & , KOpHU BCE PaBHO OJMHAKOBBI.



Ecmu 00a KOpHS paBHBI HYIIO A=hH=0"10 obmee pEIlIeHUE OIATh XKe
q ¥ = ™ + CyxdF = ) +00x n, V= )+ Chx

W
pEIIEHUEM TOTO CaMOr0 MPUMUTUBHOIO ypaBHEHHsS » 0 , 0 KOTOPOM 51 YIOMHHAJI B

YIIPOILAETC Kcrar ABJIAETCS  OOIIUM

Hauane ypoka. Ilouemy? COCTaBMM XapaKTEpUCTHYECKOe ypaBHeHme: A =0 —
JIEACTBUTENLHO, JaHHOE YpaBHEHHE Kak pa3 M HMMEET COBIIABIINE HYJIEBBIE
KOPHHU A=Ay =0

Ipumep 6

Pemmts auddepennuansoe ypasaenne * oY 9y =0

PeumeHue: COCTaBUM WM DPEIIMM  XapaKTEPUCTHYECKOE  ypaBHEHHE:
A-61+9=0
31eCh MOKHO BBIYHUCIMTH AMCKPUMHUHAHT, HOJYYUTh HOJIb U HAWTH KPaTHBIE KOPHH.
Ho MOXHO HEBO3ODAaHHO IPUMEHHTH M3BECTHYIO IIKOJBHYIO  (OpMyILy
COKpAIIEHHOIO YMHOKEHHUS:
(A-37=0

o =3
HOqueHBI JABa KpaTHBIX ACUCTBUTCIBHBIX KOPH Au

y=CE™ +Cxe | zde (0,0, — const
OTBert: oO111e€e perieHue:

XapakTepUCTHYECKOe YpPAaBHEHHE HMeeT CONPSKeHHbIe KOMILIEKCHbIE
KOpHHI

2 f—
Ecmn XapaKTEPUCTHICCKOE ypaBHEHHUE A+pitg=0

MUMEET CONMPSKEHHbIE KOMIUIEKCHBIE KOPHHU h=a-f , h=atf

(muckpumunant £ <0) 1o obmee peleHHe OIHOPOJHOTO yPAaBHEHHS MPHHUMAET

BH/I;
- :
=™ [T cos e+ O, 5mm 1 N
Y (Crcos @ +Cysin fix X rme -l -1 — KOHCTAHTHI.
Ilpumeuanue: ConpsiceHnvle KOMNIEKCHble KOPHU NOYMU 6Ce20d 3anucbi8arom
=@t G

KPAMKO C1e0yowum oopasom: A A

Ecmu MOJTyYAIOTCS YUCHO MHUMbLE COTIPSIKCHHBIC KOMILJICKCHBIC

Ay =18

KOPHHU: , TO obmiee peleHue yIPOIIAETCS:
y=e&"" (Clcos G+ Cysin G)=Ccos B+ Csin ,&i

Hpumep 7

Pemmute onHoponHoe nud@depeHnnanbHOe ypaBHEHHUE BTOPOTO MOpsiiKa
¥ =2y +10y =0

PemeHne: COCTaBI/IM nu peHJI/IM XapaKTepI/ICTI/I‘—IeCKOC ypaBHeHI/Ie:
Ao2A410=0
D=4-40=-3§

e
%3:2;&:1iﬁ

— IOJYYCHBI COIIPSAKCHHBIC KOMIIIICKCHBIC KOPHHA

y=g"(Clsmn 3x+C,cos3x), age (.0, —const
OTtBerT: o0I1Iee pelIcCHHE:

Ipumep 8



Haiitu yactHoe pemenne nudPpepeHnnansHOro ypaBHEHUs], Y0BIETBOPSIOIIEE

HAYaJIbHBIM yenopusam Y =1 (0 =2
y=4y=10

Pemienne: cocraBum u peuimm XapaKTCPUCTUICCKOC YPaBHCHUC!
A-4=0
m+mm—a:4
h=-2 1=2

[TonydyeHsl JBa pa3IW4YHBIX JICHCTBHUTEIBHBIX KOPHS, IOTOMY OOIIEEe pEIICHHE:
¥ = C’le_gx +C’222x, ade C),C, —consi

AHFOpHTM HaXO0XKXIACHHUA YaCTHOTO PCIICHUA CJIG,Z[yIOIHHi/Jli

Cnaauaia HCIIOJIb3YyCM Ha4dYaJIbHOC YCJIOBUC Y (D) - 12
¥ = e + e =0+

CorlacHO HayaJbHOMY YCIIOBHIO, ITOJIy4aeM IIEPBOE ypaBHEHHE: O=C+C=1 gy
C+C, =1

POCTO

Ce =y Cjegx

Jlanee  Oepém  Hamie  obmiee  pemienue » ~ U HaxoJIuM

IIPOU3BOJIHYIO:

¥ = (O + e = — 200 + 20, ™

Hcnonb3yem BTOpOE Ha4vaJIbHOE ycnosue ¥ =2,
PO =20 + 200" =20 + 20,

CormacHo BTOpOMY Ha4yaJIbHOMY YCJIOBHIO, M0JIy4aeM BTOPOEC
ypaBHenue: ¥ W=-20+20,=2 ypy poCTO 20y +aly =2

CocraBUM W pemuM CHCTEMY M3 JIBYyX HaWJICHHBIX YpAaBHEHUM:

C+C, =1
40, =1 C 4+, =1
= =20, =
o, =10=0
[TonctaBuM  HalIeHHbIE  3HAYEHUS  KOHCTAHT =00 =14 ob1iee

_ 2% 2
pemenne ¥ = T
y=0.g7 1.5 ="

_ Q¥
OTBer: YacTHOE pemeHue:; » -~ °

Ipakmuueckoe 3adanue:

BapuanTt 1

1. Haiitn obmee pemenre qudpepeHIranb-HOr0 ypaBHEHU K pas e aioIMMHCS
IICPCMCHHBIMMU.

xy —y =0

2. Haiitu yactHOe pemenue aupGepeHiuanIb,HOr0 ypaBHEH s ¢ pasaeIaiOnMMHICs
IICPCMCHHBIMU.

tgx*y =1+7y, ecw



II 1

X = E;J’ = )

3.Haiitu pemenne omHopoaHoro au(QEepeHINATBLHOTO YPaBHEHHUS IEPBOTO
MOpSAJIKA.

Yy =2y-x

4. Haiitu obmee permenue auddepeHnnarIbHOr0 YpaBHEHHS 2-T0 MOpsIKa.

y —4y +13y=0

5. Haiitu yactHoe penienue nuddepeHinaibHOro ypaBHeHUS 2-ro MopsJIKa.

y +y —2y=0

eciu x=0;y=1;y =3

Bapmuanr 2

1. Haiitu obmee pemenne nuddepeHnnaaIrHOr0 YpaBHEHUS ¢ pa3IesIFOITIMUCS
MIePEeMEHHBIMHU.

xy +y =0

2. Haiiti wactHoe pemenne qudGepeHIrnanbHOTO YPaBHEHHS C Pa3IeITIOIIMUCS

NEPEMCHHBIMMU.

—_ zd_x h— 7 — F =
(1 x]dy—l—Jc} Q,eciux=0,y=4

3.Haiitu pemenne onHopoAHOro AUQPGEPEHIMATBEHOTO YPAaBHEHHUS IEPBOTO
MOpsIAKA.

x2+y2—2xy*=y =0

4. Haiitu obiee pemenue nud@epeHnnanbHoro ypaBHEHUS 2-ro Mopsiika.

y —4y +4y=0

5. Haiitu yactHOe pemeHre qudpepeHualbHOro ypaBHeHUs 2-ro nopsiaka.

y +4y —5y=0

eciu x=0;y=4;y =2

Bapuant 3

1. Haiitu obmiee pemienne aud@depeHInalIbHOr0 YPaBHEHUS C pa3AeISTIOITUMUCS
MepEeMEHHBIMHU.

yy +x=0

2. Haiit yactHoe pemenre quddepeHInanbHOr0 YpaBHEHHS C pa3elioLIMUCS
NepeMEHHBIMHU.

dy+vyvdyxdx=0,eciux=0,y=1

3.Haiitu pemenne oaHOpoAHOro AUPHEPEHIMATBEHOTO YPABHEHHUS MEPBOTO
nopsiaKa.

X’y =y*+xy

4. Haiitu oOmee pemenue auddepeHnaibHOro ypaBHEHHS 2-Tr0 MOpsIKa.

y —4y=0

5. HaiiTu yactHoe perienue quddepeHnanbHOro ypaBHeHUS 2-ro MopsiKa.

y' -4y’ =0x=0;y=2y =8

BapuanT 4



1. Haiitu obmee pemenne nud@epeHnnaabHOro ypaBHEHUS ¢ pasIesitoIIMUCs

NIEPEMEHHBIMHU.
X2y +y=0
2. Haiitu yacTHoe penieHue nudPpepeHnnasbHOro ypaBHEHUs ¢ pa3aesioIIMMHUCs
NIEPEMEHHBIMH.
2x—1 dx
m=d—y,emux=5;y={]

3.Haiitm pemenne OAHOPOAHOTO AU(PPEPEHIIUATEHOTO YpaBHEHHS TIEPBOTO
TopsiaKa.

x2y2y' +yxi=1

4. Haiitu obiee pemenue nud@epeHnnaabHoro ypaBHEeHUs 2-ro MopsiKa.

y +3y —4y=0

5. Haiitu yactHOe pemeHne JudepeHnalbHOr0 ypaBHEeHUs 2-ro IopsiaKa.

Y -2y +y=0x=0y=3y =7

Bapuanr 5

1. Haiitu obmee pemenne nuddepeHnnaibHOr0 ypaBHEHUS K pa3IesoIUMUCS
NepEeMEHHBIMHU.

y =Yy

2. Haiitu yactHoe pemierue aAudepeHInaIbHOr0 ypaBHEHUS ¢ pa3AeISIOIUMUCS
NepeMEHHBIMHU.

(1+y)dx—(1—x)=0,ectux=0,y=1

3.Haiitu pemeHue OAHOPOAHOTO AU(PPEPEHIUAIBHOTO YpPaBHEHHSI IIEPBOTO
MopAJIKa.

xy?dy = (x* + y*)dx

4. Haiitu obiee pemenue nud@epeHnnanbHoro ypaBHEeHUs 2-ro Mopsiika.

y +4y =0

5. Haiitu yactHOe pemeHre qudpepeHualbHOro ypaBHeHUs 2-ro Iopsiaka.

y 43y +2y=0x=0;;y=1;y =4

Bapuanr 6

1. Haiitu obmee pemenne nuddepeHnaibHOro ypaBHEHUS K pa3IesoluMUCS
MePEMEHHBIMHU.

X2y +y =0

2. Haiitu wactHOe pemienne nudepeHnnaIrHOro YpaBHEHUS ¢ Pa3IeISTFOITIMUCS
NIEPEMEHHBIMH.

2y =y,ecux=0;y=1

3.Haiitu pemenne OAHOPOAHOTO AU(PPEPEHIUATLHOTO YpPaBHEHHS TIEPBOTO
MOpAJIKA.

(x? —2y*)dx+ 2xy dy =0

4. Haiitu oO1iee pemenue nupdepeHnnaibHoro ypaBHeHus 2-ro MopsKa.

y +4y=0

5. Haiitu yactHOe pemeHne qudepeHualbHOr0 ypaBHeHUs 2-ro IopsiiKa.

y -2y =0x=0y=2y =6

3anucaTh BBIBOI.



IIpakTH4eckas padora Ne 24

Tema: Anredpanveckasi, TPUTOHOMeTPpHYECKAasi U MOKa3aTeJbHasi (opMBbI 3amucH
KOMILIEKCHOTO YHCJIa.

Leapb padoThi: HAYYUTH CTYACHTOB IPaBUIIaM pabOThI C KOMIUIEKCHBIMU YHCIIAMU
TeopeTnyeckas 4acThb

Uwucrno Buaa: z = o + i} Ha3pIBAIOT KOMIUICKCHBIMH, T/IC E=y— I MHHUMas €IUHULA, TTPU

X
3TOM f = —i.

0 — JeHCTBUTENbHAS YaCcTh KOMIUIEKCHOr0 yncia z. Ee o0o3HauarT: o = ReZ;

B — KOMM4YeCTBO MHUMBIX €IMHUII, UJTU MHUMAsl YaCTh KOMILJIEKCHOTO YHCIIA:

B=ImZ

JIBa KOMIUIEKCHBIX YHCJIa CYHUTAIOTCS PABHBIMH, €CIH PaBHbI B OTACIBHOCTH HX
JIEVCTBUTEILHBIE 1 MHUMBIE YaCTH, T.€.

z=o+ 8 ) =0y 41

=0y, ey =y u b=

KomriekcHoe uncio OyneT paBHbIM HyJIIO TOTa U TOJIBKO Torna, korga a=0u = 0.

=g+ I Ui,

MHHMOH YaCTH, Ha3bIBAKOT CONPAMHCEHHbIMU.

KommiekcHele 4ymcna OTJIIMYarImHueCsa TOJBKO 3HAKOM

3anuch KOMIUIEGKCHOTO YHCIIa B BUJC f=U~+ jﬁHpI/IHHTO CUUTaTh €ro anre6pa1/1quK0171

bopmoii.

0—a

Puc. 1.1.1

KowmiekcHrle yncia TCOMCTPHUICCKU I/I306pa)KaIOTCH TOYKaMM Ha IINIOCKOCTH.

OT1n0’)XUM Ha ocu QIOTpesoK, paBHBIN JIEHCTBUTEIBHOW YacTH KOMILICKCHOTO YHCIIA —

i
a. Ha ocu {}} - OTpe30K, paBHbIN uucily MHUMbIX eauHull . Touka Ha miockoctu xOy ¢
KoopauHatamMu  (0,) SIBISIETCS TEOMETPUYECKUM H300paKeHHEM KOMILUIEKCHOTO —YHhcia

fzfﬁiﬁ(pnc. LLI).

IIpu aTOoM oCh G.'J'I.'HazzHBaIOT JEeHUCTBUTEIILHOM OChIO, TaK KaK TOUYKH, JICXKAIl[e Ha HEw,
COOTBETCTBYIOT JEUCTBUTEIBbHBIM 4YHucaaM. [locimenHue MOXHO paccMarpuBaTh Kak 4acTh
KOMIUIEKCHBIX, Y KOTOPBIX 3 = 0.

k] = ]

Touku, nexamye Ha OCHU {}}, COOTBETCTBYIOT YUCTO MHHMBIM YHCIIAM { iﬁy

Che

KOTOPBIX O = 0. HOBTOMy OChb ~ » IOJIy4YHJia HA3BAHUC MHHMMOM OCH.

CoeavHUM Hayalo KOOPAMHAT Ha KOMIUIEKCHON IIJIOCKOCTH C TOYKOH [=U~ lE;S(pmc.

1.1.1). Iloxyuum paauyc-BEKTOD Uz {C‘:E} Monynb paanyc-BEeKTOpa WIH OIUHA OMpesKd,



COEIMHSIONIETO HAYaja0 KOOPAUHAT C TOUYKOM {=U~+ ‘Eﬁ, HA3bIBAIOT MOAYJIEM KOMILIEKCHOTO
ymucia. OH paBeH:

2|= o <,

MOIIYJ'II) KOMIIIEKCHOTO YHCJIa SBJISCTCS OeUCmEUMETbHbIM YUCTOM.

VYrou, Ha KOTOpBIH HY>KHO TIOBEPHYTh OChb (e nonoxurensroM HarpasJIeHUH (TIPOTUB

4acOBOM CTpENKH) [0 COBNAACHUA C paJnyC-BEKTOPOM (z , Ha3bIBAIOT ap2yMeHmOM
KOMIIJIEKCHOT'O YHCIa, 0003HAYAOT:

a1gz =10

O4eBHIHO, YTO Yy OJHOTO M TOTO >K€ KOMIUIEKCHOTO 4Yucia Oyner OecdHcIeHHOe
MHO’KECTBO apryMeHToOB. B camom niene, ecnu K yriy ¢ npuOaBUThH 1LI€J0€ YHCIO0 000POTOB, TO
MIOJIO)KEHNE TOYKM Ha KOMIUJIEKCHOW IUJIOCKOCTH HE M3MEHHUTCS. YTOJ ¢ MOJy4YWJl Ha3BaHHE
2/1a6H020 3HAYeHUs ApTyMEeHTa KOMIUIEKCHOTo yucia. Ero 0603Hauaior ¢ MajieHbKON OyKBBbI:

o,
Bce 3nauenus ApTyMCHTA KOMIUICKCHOI'O YUCJIa 0003HAYaIOT ¢ OOJBIIONH GYKBBIZ

&fgzz@+2f5}f}rnek=o, 1,2...

BrIpazum NEHCTBUTENBHYI0O U MHUMYIO 4YacTH YHCIA

gz =9=qarlg

I=0+1

qupes €ro MOJayJb U
apryMeHT

o= |z|cos(e + 2ak)

B =|z|sinfp + 2rk)
[ToncraBnss 3HaueHus o U B B anredpandeckyro GopMy KOMIUIEKCHOTO YHUCIIA, TOTYYUM:

2= |2 cos(p + 2xk) + isin{@ + 2a1)]

[Mocnenusist hopmyra sBISETCS TPUTOHOMETPUIECKOH (POPMOIT KOMIUIEKCHOTO YHCIIa
Breipaxenue Buna
Hpsin:
—_ L=
L= |E‘ ¥

HA3bIBAIOT NIOKA3aTeJIbHON (OPMOI KOMILJIEKCHOTO YHUCIIA.
WTak, KOMIUIEKCHOE YMCII0 MOXHO MPEJCTAaBUTh B TpeX PopMax:

anreOpandecKou £=U~+ 5‘3

TPUTOHOMETPUUYECKOM £= |ZHCE}S{@ + ZH’%} - E'Siﬂ{f,:} + Eﬂj:)]
7= ‘E‘ gé{sﬁ-&-}‘;ﬁk}

MOKa3aTeIbHOM

le/IMep 1. Hpe,[[CTaBI/ITL B anre6pa1/1qe01<0171 (I)OpMe KOMIIJICKCHOC YHUCJI0
S
Z

7=¢%

. E’|
Pewenue. KOMIUIEKCHOE YMCIIO JAHO B IOKA3aTENBHON (OpPME, €ro MOIYIb | ,

T
o=—

apryMeHT 4 . Haiinem JNEHUCTBUTENHHYIO 1 MHUMYIO YaCTH:

-

o= |2|€GSE§}= C’DSE: B



7

=|z|sice = sns=Y2
E

¥
s

| ‘m

o\
T;——

Takum 06pa30M
IIpumep 2. Ilepelitu ot aﬂre6pqueCK017I K TIOKa3aTeJIbHON (popMe KOMIUIEKCHOTO YHCIa

A
.

Puc. 1.1.2

Pewenue. JIna nannoro yncna o =0; f = —1, HaligeMm ero MOaysIb U apTyMEHT:
2 2 2 2
|f|=\ff:r; f =\f£} (-1 =1

$=—T
2 (puc.1.12)

=i
CnenoBarenbhHo —i = £ 2
3agaym 11 CaMOCTOSTEILHOTO PELICHHS .
[IpencraBute B anredpanveckoil popme KOMILICKCHBIE YUCIIa:

=
23

3.7=#76.7=¢
[lepeiitu oT anredpanyeckoil K TPUHOTOMETPUYECKON U MOKa3aTeNbHON Gopmam:

1=+ 2310 2= =33 =3i
1 3

8.E=—1~j§+3f11.3__5??

0.2=3-33i15 7= =3 4i

1.1.2. JleiicTBUS HaJ KOMILJICKCHBIMH YHCIIaAMU

CnoxxeHue u BBIUMTAHHE KOMIUIEKCHBIX 4YHCeNl YyJaoOHee MpOBOAUTh, KOTJa OHHU
3amucaHbl B anreOpandeckol Qopme, MpU ITOM HX JCHCTBUTEIBHBIE W MHHUMBIE YacTH
CKJIaJbIBAIOTCS WIIM BEIYUTAOTCS.

= I %=3+5fz

Hpamep 3. Haiitn ©1 “, ecom ;€2

" - " -
_T. = —_ ':. ; —_—f— = =4
- =(3-5+i{5-{-3)=-1-+8
PaccMoTpuM yMHOXEHHE KOMILJIEKCHBIX YHCeN B anredpanyeckoit popme.
JlaHbl nBa yncna:



7 =0y + i

_{ . "-.>( X '-.}
Hy>XHO HalTH ITPOU3BEICHHE Zy v dy =y - Iﬁi SN IBE ‘
ITepeMHOKHUM JBYXUJIEHBI 110 IPABUIIAM AJITeOpbI:

f& v ffi = U,;{il + E{iiﬁl -+ If)jl:l + fﬂﬁiﬁ?

€CIIH y4YeCTh, YTO U= ( V™ l j_ = _1=To HOJTY4UM:

7,7y =uyuy -BiB, + KB, - By

Takum o00pa3oM, YMHOXXEHHE KOMIUIEKCHBIX dYHCeNl B anreOpamueckoit ¢opme
MPOBOJIUTCS MO OOBIYHBIM AITEOPANICCKUM MTPABUIIAM.

CJICIIyeT OTMCTUTH, YTO MPOU3BCACHUC COIPSKCHHBIX KOMIIJICKCHBIX YHCCIT SABJISACTCA
HeﬁCTBHTeHBHBIM YHuCJIOM, B CaMOM ACJIC

(e Pia-B)=a’ - P =c f

[TycTh KOMITJIEKCHBIC YUCIIA JaHBI B TIOKa3aTeIbHON Gopme

=lo| €% 2, =|z| ¢

-

Haitnem ux npousseneHue
oy =02}
a el 1 LT :
Zi 1y |3i‘ ‘fé‘g .
Pesynbrar nepeMHOKEHMsSI JIByX KOMIUIEKCHBIX 4YHMCEJl MOXHO 3alHucaTh B
TPUTOHOMETPHUYIECKOU opMme:

2,7, =1,||z, [ cos(p, + ;) + isia(e, + 0,)]

I/ITaK, I[P YMHOXKXCHHUHN KOMIIJICKCHBIX YHCCII B MOKa3aTeIIbHOU U TpHFOHOMCTpH‘lCCKOfI

(I)OpMaX MOAYJIU IICPEMHOKAKOTCS, @ APr'YMCHTHBI CKJIAAbIBAOTCA.

ILCJ'ICHI/IG KOMIIJICKCHBIX YHCCJI, TaK XK€ KaK U YMHOXCHHC, yL[06Hee MMpoOBOANTH, KOr'aa
OHH 3aIlMCaHbl B MOKA3aTEIbHOM HUIIN TpI/IFOHOMeTpI/IquKOI\/'I (I)opMax.

Haiinem yacTHOE OT AeleHus ABYX KOMIIJICKCHBIX YHUCCII:

4 _ 2™ _ |3¥|€?54;:§—:$1}

22 Zz EE‘% = WU

=1 E[ces{:::f; - @)+ sin{e; - 9;)]
7 |z

Takum 00pa3om, npu AeNeHUN KOMIUIEKCHBIX YUCEN UX MOJIYJHU JENATCS, a apryMEHThI
BBIYUTAIOTCS.

Jlenenue KOMIIEKCHBIX YHCEN MOKHO MPOBOJUTH U B airedpandeckoit popme.

Paccmotpum 310 Ha npumepe.

P-1i

IIpumep 4. Beraucnuts b+
Pewenue. YMHOXKMM YHCIUTENh U 3HAMEHATENb HA CONPSHKEHHOE YUCIIO 3HAMEHATENo |

- (-1 1-2+0 2

= prl ___:_;
T+ {1=ii-iy 1P - 2

Taxoif ke pe3ysbTar MoJly4aercs: IpU Mepexo/ie K nokazareiabHol popme




im’ & z
—3 4 —=7 Zxzi
1 szﬁe o T
T+1 i
e

=e0s 27 +isin 270 =-

=
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IIpakTHyeckas padora Ne 25
Tema: JleficTBHSI HAJ KOMILUIEKCHBIMM YHCJIAMU.
Heanb padoThI: HAYYUTH CTYACHTOB NPABHIIAM Pa0OTHI ¢ KOMIICKCHBIMU YHCIIAMU
TeopeTnyeckas 4acThb
3agaum 11 CAMOCTOSITEILHOTO peleHusi. BeranciuTe:
1. (2 + 3i) (3 - 5i);
2.(1+3140) 2+,
3.3+50)(3-51i);
2+1

4.3—ﬂ;

HpI/I BO3BCICHHUHU KOMIIJICKCHOTO 4YHCJIAa B MNOCIYIO IOJOXUTCIBHYIO CTCIICHb B

MoKa3aTeJbHON WU TpPIFOHOMGTpPI‘-ICCKOfI Q)opMax €ro MoayJjib BO3BOAUTCA B 3TY CTCIICHBb, a

apryMeHT YMHOKaeTCsl Ha JaHHYIO CTEIIEHb.

Hasizi

tyers 2 =[2]-€°

yCTh Toraa

& INH 2k 1 Moo Baedlzin

=|[el-¢TE T =l e
4 WA

e i i+ Tk
Z ‘E{ ' '

3anuieM pe3yIbTaT BO3BEICHHUS B IIEIIYIO CTCIICHb B TPUTOHOMETPHUYECKOH opme
N T L
= [{:ﬁs{ H + 25k} + Isintng + Zﬁk}]
Oty hopMmyiy Ha3sIBatOT HOPMYJIOi MyaBpa

(137 (1 BT

= +i— .
2 2

Mpumep 1. Beraucnutsb N x’ 5 s

7
z

)

mlm

e —————

Pewenue. Tlepeiinem K moka3zarenbHOM Qopme. Haiinem Moaynb U apryMmeHt

]

I=—+i—
KOMIIJICKCHOI'O 4YKUCJia .2 E .
; xkf
I\k 3
EE AR .Y B A0
ey 2 ci:r arcig—=weig
i ¥
ks - {:I‘:_ .2’ 1

G=arcigy? =60 = Jg

e

u:l|:}?|

W=(z ¥ =e¢" =cosm+isinn=-1.

3agaum AJ1s1 CAMOCTOSATEILHOTO pelIcHus. Beranciouts

1. (1 - i\/gjj;



{L+1)
2 {1-1y.
1+id3)t
5, (=1
(1—iy
4 1-13Y

W3Bneuenne KOpHA n-OM CTEIICHH M3 KOMIUICKCHOTO YHCJIa MOXXHO paccMaTpruBaTh Kak

1 H

= ;
OICpanrio BO3BCACHUSA KOMIUICKCHOI'O YHUCJIa B IIpO6HYIO creneHs FIT.¢e. =7 .

Ecim KoMIUIEKCHOE YHCIIO B TPUTOHOMETPHUYECKOH opme, TO
§ E Jf r -‘.'l._'

- 3} \:‘- . ham - H

- — w2k . + 2k

a7 = 2% =zl - cale !-3-551313 9T LRR |
oon ) oo g

[Ipunasas k — 3nauenus ot 0 10 7 — 1 nony4uM 7 — pa3nUYHBIX KOMIIJIEKCHBIX YUCEI, Y

KOTOPBIX MOAYJIM OANHAKOBBIC, 4 ApTYMCHTBI PA3HBIC:

&Tgﬁz_
[pu k=0 L i
L7 i
<271 @ I
[Mpu k=1 7 (L
+12x%2 a1
a.rg”F::@ =22
Ipu k=2 il BN
.............. s -
L 2madn-=-1 @ 2%
&rg;\"/—_@ ’ { )_ L+ (H—D
[lpuk=n-1 fl &
. 7
an il @
&rg?’ :{E) =427
[puk=n il L

T
HOCJ’ICI[HCG 3HAYCHUC apryMeHTa 4uciia £ COBIIAAacT C IIEPBBIM IIPU k=0.
I/ITaK, KOpPCHb n-OM CTENEHM M3 KOMILJICKCHOI'O 4YHCJIa UMEEM 1 — Pa3JIMYHBIX 3HAYCHMH.

P
Tpy BHIYKCIICHHH 3HaUYeHHIT ™Y £ IONB3yI0TCA (POPMYIIaMK IPHBEICHHUS:

sin (90° + x) = cos x; Eiﬂ(i 8{36 x f{} =z Siﬂ I; sin (270° = x) =— cos x;
cos (90° + x) = —sin x; EGS{iEOG = I) = —L0s I; cos (270° £+ x) =+ sin x;

Y TaOJIMIIEH:
Tabmmna
T L it 7L
Panman — — — —_
& 4 3 2

I'panyc 30° 45° 60° 90°




sin x i E E
2 2 2
coS x E _E i
2 2 2
1gx % JE -
clg x Jg ﬁ
3

IIpumep 2. Haiitu Bce 3HaueHUs KOPHS m

JleiictBUTENbHOE 4MCIO —] MOXHO paccMaTpuBaTh KaK KOMIUIEKCHOE, Yy KOTOpPOTO
JeicTBUTENbHAsS YacTh: o = —1, a MHuUMas § = 0, T.e.:

7=-l=-1+1-0

3anuieM 3To YKHCIO B TPUTOHOMETpudeckoi dopme. st 3TOro HaiineM ero Moayib U
apryMeHT.

2|=for =B J-t|=(-1y <07 =t

P

ik
g=arctg—arg-li=p= arctg—} =arcted
o, - :

Puc. 1.1.3

Tax kxak tge = 0 npu @ = 0 1 @ = 7, TOCTPOUM YUCIIO «—1» HAa KOMIIJIEKCHOM IJIIOCKOCTH

(puc. 1.1.3), ero aprymMeHT paBeH
arg(—-1)=¢=mn=180°
CJIeZIOBaTeNIbHO, TPUTOHOMETpHUUECKas hopMa yrcia «—1» criemayronias:

~1=1{cos{180° + 2k} + Isin(180° + Ixk)]

CornacHo opmyiie BBIYHCICHNS KOPHS UMEEM:

;
7| 180F+2mb . 1BOS+ 1Rk
Y-1=18 {ces—b —H'Siﬂ—gf

H

KOpeHB IIECTOM CTENEeHH HMEET IIECTh 3Ha‘-IeHI/II71, KOTOPBIC MOXKHO HaﬁTH, €ClIn

NEE

8121 = 1cos30° + isin 30%) = iz

oJIoXuTh K paBubM 0, 1,2, 3,4, 5.

[pu k=0
Mo k= 1 M1 = 1(20s(30° + 60) + dsin(30° = 60%)} = £
81 = 1(cos(30°+ 120 + {sin (30°+ 120%) = _g il

P — Z
[Mpu k=2 G 40 HE 40"



RERS

ﬁ/—_z i{;ﬂ@;{&@%—iﬁﬁ’*’) +sin(30% + 18{%%} =—_" —i_
Tlpu k=3 _cas 3 _ sin 30 2 2

§-1 = 1(cos(307+ 2407 + i sin (30° = 240°)) = i
Tlpu k=4 T 7

§/-1 = 1{cos(30° + 360%) + 1sin {30° + 300%) = —£+si

—_ — 22
Mpu k=5 b i &
-t

Bce mects 3HaueHMI KOpHS
Jpyra TOJIbKO 3HAu€HUEM aprymeHra. Ha KOMIUIEKCHOM IUIOCKOCTM OHH pPAaclOJOXEHbI B

HUMCIOT OJUHAKOBBIC MOAYJIM U OTJIMYAIOTCA APYT OT

BEpIIMHAX IPABUJIBHOIO MIECTUYTOJIbHUKA C LIEHTPOM B Hadajle KOOPAMHAT.
3agaym 11 caMoCTOSITeIbHOTO perieHusi. HaliTu Bce 3HaueHUs! KOPHS.

6.5 —9
7 ji—E
o 3-8+ 83

Pexomenngyemas aureparypa
OcHoBHast iuTEpaTypa:

1. DnemeHTHI BhICIIEH MaTeMaTukH : yueoHoe nmocooue s CI1O / B. U. benoycoga, I'. M.
EpmaxoBa, M. M. Muxanesa [u ap.] ; nog penakuueir b. M. BeperenHukoBa. — 2-¢ 3. —
Caparos, ExatepunOypr : [IpodoOpazoBanue, ¥Ypanbckuii penepanpHelii yausepcuret, 2019. —
296 c. — ISBN 978-5-4488-0395-6, 978-5-7996-2795-9. — TekcT : SJCKTpOHHBIA //
DneKTpOHHO-O0MOIHOTe HAs cucrtema IPR BOOKS : [caiiT]. — URL:
http://www.iprbookshop.ru/87794.html.

2. Anexkcees, I'. B. Bricmas matemaTtuka. Teopust u mpakTuka [DIeKTpOHHBIA pecypc] :
yuebnoe mocobue s CIIO / I'. B. AnekceeB, M. . XonsgBuH. — DIEKTPOH. TEKCTOBBIE
nanable. — Capatos : [Ipodo6paszoBanue, At [Iu Op Menua, 2019. — 236 c. — 978-5-4486-
0755-4, 978-5-4488-0253-9. — Pexxum noctyna: http://www.iprbookshop.ru/81274.html.

3. Pacromunaa O.M. Breicmias matemaTuka [DJIeKTpoHHBIA pecypc] : mpakTtukym / O.M.
PacromunmHa. — DnekTpoH. TeKCToBble naHHble. — M. : MOCKOBCKHMI Meaarornueckuit
rocygapcTBeHHbli ynusepceutet, 2017. — 138 c¢. — 978-5-4263-0534-2. — Pexum nocrymna:
http://www.iprbookshop.ru/72486.html.

JonmosiHnTeIbHAS JIUTEPATypa:

1. CmupHoBa, E. H. JlononHuTenbHbIE II1aBbl MaTeMaTHKH : yueOHoe nmocodue mia CIIO /
E. H. CmupnoBa, H. B. Makcumenko. — Caparos : [IpodobpazoBanue, 2020. — 171 ¢c. —
ISBN 978-5-4488-0535-6. — TeKcT : 3JeKTPOHHBIN // DIeKTpoHHO-OnbnmmoreuHas cucrema [IPR
BOOKS : [caiiT]. — URL: http://www.iprbookshop.ru/91864.html.
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