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Meronuueckue ykKazaHus IS MPAKTHYECKHM 3aHATUM 1O JUCHUIUIMHE «DJIEMEHTHI
BhICIIEH MartemaTuku» coctaBieHbl B coorBeTcTBUU ¢ OI'OC CIIO. IlpeanaznaueHsl s
CTyAEHTOB, oOydatromxcsi mo cnemuaigbHocT 09.02.07 MuHpOpMaluMOHHBIE CHUCTEMBI H
porpaMMHUpOBaHUE.

Paccmotpens! Ha 3acenanuu 11K Komnemka [Tsituropekoro nueruryta (pummnana) CKOY

[TpoToxomn Ne 8 ot «22» mapta 2021r.



HosicHuTeAbHASA 3aNIMCKA
JIJ1st MHOTHX CTYJEHTOB 3HAUUTENbHYIO TPYAHOCTh MPEACTABISIET PEIICHUE 3aad.
[ToaTOMY B IaHHBIX METOJUYECKUX YKA3aHUSX TJIABHOE BHUMAHUE YJIEJICHO PEIICHUIO TUITOBBIX
MPUMEPOB W 3aJa4, MOSICHSIOIIUX TeopeTHdyeckuid martepuan. OJHAKO TPEXAEe YeM HayaTh
peliate 3TH NPUMEPHl HAA0 JOOUTHCS TOJHOW SCHOCTHM B MOHUMAaHUM COOTBETCTBYIOIIUX
MOHSATUH.

B Hauane kaxa0i TeMbl KpaTKO M3JIaraloTcsl OCHOBHBIE TEOPETUUYECKUE CBEJICHUS
(ompenenenus, Gopmyiibl), HEOOXOTUMBIE NJIsl PEIIeHUs MOcienyromux 3anad. llpuBogsTcs
pellleHus] TUIIOBBIX MPUMEPOB U 33/1a4. J{aroTcs ynpakHeHHs Ha 3aKpEeTICHHS TEMBI.

BrinonHenue cTyieHTaMu IPaKTUUECKUX padOT HAMPaBIECHHO Ha!

- 0000I1IeHHEe, CUCTEMATH3AIINIO, YTITYOJIeHUE, 3aKPETUICHHE TTOTyYeHHBIX TEOPETHICCKUX
3HAHUM IO KOHKPETHBIM TEMaM;

- popMUpOBaHUE YMEHHN MPUMEHSITH MOJTYYCHHBIC 3HAHUS HA MPAKTHKE M PeaTn3aIliio
€JIMHCTBA MHTEJUICKTYyJIbHON U NTPAKTUYECKOMN JACSITEIIbHOCTH;

- pa3BUTHE MHTEJUICKTYAIbHBIX YMEHUN y OyAylIMX CHEIHAIMCTOB: aHAIUTUYECKUX,
MIPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX U JIP.;

- BBIPAOOTKY IMpPHU PEHICHHH IOCTABIEHHBIX 3a7a4 TaKuX MPOQPECCHOHANbHBIX KauecTB,
KaK CaMOCTOATEIbHOCTh, OTBETCTBEHHOCTh, TOYHOCTh, TBOpUYECKAs] HHUIIMATHUBA.

B pesynbrare ocBoeHUS yueOHOM NUCIMIUIMHBI O0YyYAIOIINICS JOIKEH YMETh:

— BBITIOJIHATH OMEpalMy HaJl MaTPULIAMH U pPElIaTh CUCTEMBI JIMHEHHBIX

ypaBHEHUI;

— NPUMEHSATh ~ MeTOAbl  AUGPEpPeHIUATIBHOTO U HHTETPAIBbHOTO

HCUYUCIICHUS;

— pemath auddepeHnnanbHbe ypaBHEHUS;

B pesynbrare ocBoeHuUs yueOHON NUCHUTUIMHBI 00YYaIONIHIICS TOMKEH 3HATH:

— OCHOBBI MaT€MaTHYECKOTO aHalu3a, JIMHEWHOW anreOpbl U aHATUTHYECKOU

reoOMEeTpHH;

—  OCHOBBHI qU(PepeHInaTEHOT0 U HHTETPATBLHOT'O0 UCYUCIICHUS .

IIpakTnueckas padora Ne 1

Tema: MaTpuusl

Hesab: HayunTbcs BBIUMCIATH ONEPALUH HAJl MaTPULIAMH.

Teopernueckuii 6,0k Omnpenenenue. Marpuieit U3 m CTPOK, N CTOJIOLIOB HA3bIBAETCS
OpsSAMOYTOJIbHAsl TabJMIia YHuCeNl ; - 3JIEMEHT MaTpHULbl; 1-HOMep CTPOKH; i=1,...,m; j-HOMep
cronbua, j=1,...,n; m, n — nopsiaku Matpuisl. [Ipy m=n - kBajgpaTHas MaTpuLa.

Onpenenenue. OnpeaenuTeneM n-ro MOpsAaKa, COOTBETCTBYIOUIMM MaTpHUIIE, Ha3bIBAETCS
YHCIIO.

Jlj1s BBIYMCIIEHUS! OIPEEIUTENS MOKHO MUCIIOIb30BaTh AJIEMEHTHI MPOU3BOJIBHON CTPOKU
WM CTOJIOMA.

Omnpenenenue. AnreOpandeckuM JIOMOJTHEHUE 3JIEMEHTa Ha3bIBAETCS YHCIIO0, PABHOE .

Onpenenenue. [loNONHUTENBHBIM  MHMHOPOM  3JIEMEHTa  MaTpUIbl  Ha3bIBAETCS
OTpeNieNUTeNb MaTpHUlbl N-1-rO mopsaka, MOJYYEHHBIM M3 MaTpUIbl BBHIYEPKHUBAHHUEM 1-OM
CTPOKH U j-TO cTOJIONA.

TpancnioHrpoBaHHEe MaTPHULBl — TaKOE MPEoOpa3oBaHUE MATPHIIBI, IPU KOTOPOM CTPOKH
CTaHOBSITCS CTOJIOIIAMH C COXPAaHEHUEM MOPSAIKA CIETOBaHUS.

CBoiicTBa onpeenuTenei.

[Ipu TpaHCIOHMPOBAHUN MATPUILIBI ONIPEACITUTENh HE MEHSETCSI.

[Ipu nepecTaHoBKe MHOOBIX ABYX CTPOK (CTOJOIOB) OMPEAETUTETh MEHSIET TOJIBKO 3HAK.



[Ipu ymMHOXEHUU CTPOKHU (CTOI0IA) HA HEKOTOPOE YKCIIO ONPEASTUTENIb YMHOXKACTCS Ha
3TO YHCIIO.

Benuunna onpenenutens He HM3MEHSETCS, €CIM K D3JEMEHTaM HEKOTOPOH CTpOKHU
(ctonbua) npubaBUTh COOTBETCTBYIOIINE JIEMEHTHI APYTON CTPOKH (CTOJIONA), YMHOKEHHON Ha
HEKOTOPOE YHCIIO.

OmnpenenuTens paBeH HYJIIO, €CIH

- BCE AJIEMEHTHI HEKOTOPOU CTPOKH (CTOJIONA) PABHBI HYIIIO.

- IB€ CTPOKH (CTOIOIa) OJTUHAKOBBHI.

- IB€ CTPOKH (cTo01a) OnpeaeauTess IpOnopIuOHATbHBL.

MeTo/1bl BEIYUCIIEHUS ONPEICTUTEICH.

1). Paznoskenue no cTpoKe WK CTOJOILY.

2). Metoa obparmieHust B HyJIb BCE€X, KDOME OJHOIO, 3JIEMEHTOB CTPOKHU WM CTOJOIIA.
MeToa COCTOMT B TOM, YTO C YYETOM CBOWCTB ONPEACIUTENs MPU IMOMOIIM KaKoro-iubo
crosidna (CTpOKH) MyTEM YMHOXEHHUS €ro Ha COOTBETCTBYIOIIME YMCJA U BBIUUTAHUS U3
OCTaJIbHBIX CTOJIOIOB (CTPOK), 3aHYJISFOTCS BCE AJIEMEHTHI BEIOPAHHOM CTPOKH (CTONOIA) KpoMe
OJIHOTO, TIPUHAICIKAIIETO BHIYUTAEMOMY CTOJIONY (CTPOKE).

3). Meton mnpuBeneHUS K TPEYroibHOMY BUAY. AJTOpUTM, TNPEUIOKEHHBIH B
IOpeIbIIyIeM IyHKTe, HCHOJb3yeTcs IS TOCIEJI0BAaTENIbHOIO 3aHYJICHHSI BCEX DJIEMEHTOB
NepBOM CTPOKH (CTONIOIA) KpOME OJTHOTO, BTOPOU CTPOKH (CTOJIOIa) — BCEX KpOMe JIBYX H T.1. B
UTOTE OIpeNeIuTeNsb npeodpa3yercs K TpeyrojibHOMYy BHAY. BennyuHa Takoro omnpeneauTens
paBHa MTPOU3BEJCHUIO HIEMEHTOB TJIABHOM THArOHAaJIH.

4). BeplunciieHHMe C HCIOJIb30BaHMEM Teopembl Jlamimaca, COIMVIaCHO — KOTOpO#t
OTIPECIIUTENh - TO TOpPSAKAa paBeH CyMME NPOW3BEICHHUH BCEX €ro MHUHOPOB -TO IOPSJIKa,
CTOSIIIIMX B BBIJICJICHHBIX CTPOKaxX (CTOJIONAX), HAa UX aJIreOpandecKue TOMOJIHCHHUS.

Martpuliibl, onepanuu HaJl MaTpULlaMu

Omnpenenenue. CyMMO MaTpuIl OAHOTO MOPSIAKA HA3bIBAETCS MaTpHIlA C AJIEMEHTaMU
, Te

Onpenenenue. [lpousBeneHneM MaTpuilbl Ha YUCIO HAa3bIBACTCA MAaTpUIla TOTO Ke
MOpSI/IKA C DIIEMEHTaMH .

Onpenenenne. IlpousBeneHueM MaTpuIlbl HAa MaTPHIy Ha3bIBaeTCA MaTpulla ¢
DJIEMEHTAMH , TJIC

3agaHus 1J1s pelieHus HA 3aHATHH
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BprancnuTe onpeaenuTens:

IIpakTnueckas padora Ne2

Tema: Onpeaeanresnn

Ilenb:  HAYYUTHCS BBIYMCICHUIO ONPENCIUTENCH, BBIUUCIATH OOpaTHYIO
MaTpHUILY

Teoperuuecknii 0J10K Omnpenenenne. Onpenenurenem n-ro MOPSIZIKA,
COOTBETCTBYIOIIUM MaTpPHIIE , HA3bIBAETCS YHUCIIO .

21.]'[5{ BBIYUCIICHUSA OMPEACIUTEII MOXHO HUCITIOJIB30BATh 3JICMCHTBI HpOI/IBBOJ'IBHOI\/’I CTPOKHU
WM CTOJIOMA.

Omnpenenenue. AnreOpandeckuM JIOMOJTHEHUE 3JIEMEHTa Ha3bIBAETCS YHCIIO0, PABHOE .

Onpenenenue. [loNONHUTENBHBIM MHMHOPOM  3JIEMEHTAa  MaTpUIbl  Ha3bIBAETCS
OTpeNieNUTeNb MaTpHULbl N-1-rO mopsaka, MOJYYEHHBIM M3 MaTpUIbl BBIYEPKHUBAHHUEM 1-OM
CTPOKH U j-TO cTOJNOLA.

TpancnoHnupoBaHue MaTpHIIbl — TAKOE IPE0Opa30BaHNE MATPHUIIBL, IPU KOTOPOM CTPOKHU
CTaHOBSITCS CTOJIOIIAMH C COXpPAaHEHHUEM MOPSIKA CIETOBaHMUSI.

CBoiicTBa onpeenuTenei.

IIpu TpaHCIOHMPOBAHUN MATPUILIBI OIIPEAEITUTENh HE MEHSETCSI.



[Tpu nepecTaHoBKe MHOOBIX ABYX CTPOK (CTOJOIOB) OMPEAEIUTENh MEHSET TOJIHKO 3HAK.

[Ipu yMHOXEHUU CTPOKHU (CTOJI0IA) HA HEKOTOPOE YHCIIO OMPEACIUTENh YMHOXKACTCS HA
3TO YHCIIO.

Ecnmu Bce COOTBETCTBYIOIIME SJIEMEHTHI KBAJIpAaTHBIX MATPUI[ OJHOTO MOPSIKa
OJIMHAKOBEI, 32 HCKIIFOUEHUEM JIEMEHTOB OJTHOH 1-0i CTPOKH, TO

Bennuuna onpenenuTens HE HU3MEHSETCSA, €CIM K JJIEMEHTaM HEKOTOPOW CTPOKHU
(ctonbua) npubaBUTh COOTBETCTBYIOIINE JIEMEHTHI APYTON CTPOKH (CTOJIONA), YMHOKEHHON Ha
HEKOTOPOE YHCIIO.

Omnpenenurens paBeH HYJIIO, €CIIU

- BCE AJIEMEHThI HEKOTOPOI CTPOKH (CTOJIONA) paBHBI HYIIIO.

- IB€ CTPOKH (CTOJIOIA) OJTUHAKOBBHI.

- IB€ CTPOKH (cTO01a) OnpeaeanTeNs IPOnOpIUOHATBHBL.

MeTo1bI BEIYHCTICHUS ONIPeIeIUTENeH.

1). Paznoxenue no cTpoke Wi CTOJOILY.

2). Meton oOpamieHust B HyJb BCE€X, KPOME OJHOTO, BJIEMEHTOB CTPOKH HIIM CTOJIOLA.
MeToa COCTOMT B TOM, YTO C YYETOM CBOWCTB ONPEACIHUTENS MPU IMOMOIIM KaKoro-iubo
cTonbua (CTpoku) MyTEM YMHOXKEHHUSI €ro Ha COOTBETCTBYIOIIME YHCIAa M BBIYUTAHUS U3
OCTaJIbHBIX CTOJIOIOB (CTPOK), 3aHYIIAIOTCS BCE IEMEHTHI BEIOPAHHOM CTPOKH (CTONOIA) KpoMe
OJIHOTO, MPUHA/IIEKAIIETO BEBIYUTAEMOMY CTOJIOIY (CTpPOKeE).

3). Merton mnpuBeneHUs K TPEYrojibHOMY BUAY. AJTOpUTM, TMPEUIOKEHHBIH B
OpeIbIAYIIeM MYHKTE, HCIOJB3YeTCS Ui MOCIENOBATEIBHOTO 3aHYJICHHS BCEX HJIEMEHTOB
MepBOi CTPOKH (CTONOIA) KPOME OJIHOTO, BTOPOUM CTPOKH (CTOJ011a) — BCEX KpOME JBYX U T.1. B
UTOTE OIPENeIUTENb IpeodpazyeTcs K TPEYrojdbHOMY BUAY. BenmumHa Takoro onpenenuTelis
paBHa MTPOU3BEICHUIO HIEMEHTOB TIIABHOM TUOTOHAIIH.

4). BpbluucieHue ¢ HUCIOJNb30BaHMEM Teopembl Jlammaca, COIJIacHO  KOTOpOM
OTpeAeNuTeNb - TO MOpsAKa paBeH CyMME€ IpPOM3BEICHUN BCEX €ro MUHOPOB -TO TMOPSJIKa,
CTOSIIHUX B BBIJCNIEHHBIX CTPOKaX (CTONOIAX), HAa UX alredpandecKkue NOMOTHEHUS.

3ananus QUi pelieHnsi HA 3aHATHH

TpaHcOHMPOBATH MATPUILIBI:
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IIpakTnyeckas padora Ne3
Tema:Pemienne cucreM JTUHEHHBIX YPABHEHHH.



Heanb: mnpuoOpereHre 0a30BBIX 3HAHUKW B 00JacCTH (PYHIAMEHTAIBHBIX pa3lesioB
MaremaTuku. I[IpoBepka yCBOEHMS 3HAHMH 1O CHCTEM N JIMHEWHBIX YypaBHEHUH C n
nepeMeHHbIMH TI0 opmynam Kpamepa. [ToBTOpUTE M CHCTEMaTH3MPOBATH 3HAHUS IO JTaHHOU
TEME.

3anaum:

* pa3BUTHE TBOPYECKOTO MPO(HECCHOHAIEHOTO MBIIICHHS;

* [I03HaBaTEeJIbHAsI MOTUBALUS;

* OBJIaJICHUE S3bIKOM HAYKH, HABBIKU ONEPUPOBAHUS MOHATUSIMU;

* OBJIa/ICHUE YMEHHUSMHU U HaBbIKAMH IMOCTAHOBKH U PEILICHUS 33/]a4;

* yriyOJeHne TeOpeTUYeCKol U MPAKTHUECKOM MOArOTOBKH;

* pa3BUTHE UHUIIMATHUBBI U CAMOCTOSITEILHOCTU CTYJICHTOB.

X0/ MpaKTUYECKOT0 3aHATHUS.

1.®opMynHupoBaHUE TEMBI 3aHATHS, TOSICHEHHE CBSI3M TEMBI C IPYTUMHU TeMaMU y4eOHO
JUCLIUIINHBL,

2.1IpoBepka rOTOBHOCTH CTYJIEHTOB K 3aHATHIO;

3.IlpoBeneHue HEMOCPEICTBEHHO 3aHSATHSI COIJIACHO TEMAaTHUKE M B COOTBETCTBUHM C
paboueii mporpaMMoil TUCIUTIIMHBIL:

» U3yunuth Teoperuueckuil marepuan no teme «CUCTeMbl n JTUHEHHBIX YpPaBHEHUN C n
MEPEMEHHBIMI.

» PaccMoTpeTh mpuMepsl pelieHus: TUIOBBIX 3a/IaHuH.

> BeimoHuTh camocTosaTenbHyto padoty no pemeHuio CJIAY.

> OTBETUTH Ha KOHTPOJIbHBIE BOIPOCHI.

Teopernueckue cBeACHUS U METOIMYECKUE PEKOMEHIALIUN

10 PELICHHUIO 3a/1a4.

Merton Kpamepa.

(I"'abpuens Kpamep (1704-1752) mBeinapckuii MaTeMaTHK )

JlaHHBII METOJl TaK)Ke€ MPUMEHUM TOJIBKO B CIy4Yae CUCTEM JIMHEHWHBIX YpaBHEHUH,
IJIe YUCIO NEePEMEHHBIX COBIMAJaeT ¢ 4YMCIOM ypaBHeHMHA. Kpome Toro, HeoOXOIMMO BBECTH
orpaHuueHust Ha Koa(pduuueHTsl cucteMbl. HeobxonnmMo, 4ToObl Bce ypaBHEHHUS ObLUIN JTMHEHHO
HE3aBHCHMBI, T.€. HU OJIHO YPaBHEHHE HE SBJISUIOCH Obl INHEHHOW KOMOMHAIIMENH OCTAJIbHBIX.

Jlj1s 5TOr0 HE0OX0IMMO, YTOOBI ONPEAETUTENb MAaTPUILIBI CUCTEMBI HE paBHsuIcs 0.

det A #0;

JIeCTBUTENBHO, €ClIM Kakoe- JTUOO ypaBHEHHE CHCTEMBbl €CTh JIMHEHHas KOMOHMHAIUs
OCTaJIbHBIX, TO €CIIM K D3JEeMEHTaM Kakoh- 1100 CTpOKM MNpHOaBUTH 3IIEMEHTHI JPYTOM,
YMHO’KE€HHbIE Ha KaKoe- TMO0 YKCII0, C TOMOIIIbIO JINHEHHBIX IPe0Opa30BaHUN MOYKHO MOJIYYUTh
HYJIEBYIO CTPOKY. OIpenenauTenb B 3TOM cilydae OyJ1eT paBeH HYJIIO.

Teopema. (ITpaBuno Kpamepa):

Teopema. CucteMa u3 n ypaBHEHHUI C N HEU3BECTHBIMU

B CJly4ae, €CIU ONPEAEIUTENb MAaTPUIIBI CHCTEMBI HE PABEH HYIIIO, UMEET €JUHCTBEHHOE
pellIeHHe U 3TO PelleHre HaXoAuTcs 1Mo (popmyiam:

Xi = Ai, roeA/

A = det A, a Ai— onpeieNuTeNIb MATPHIIBI, TOTYIaeMOI U3 MATPHIIBI CUCTEMbI 3aMEHOMN
cTosbna i cToa01oM cBOOOIHBIX YIEHOB bi.

Al =

[Tpumep.

AA=; 1A=; 2A=; 3=;

X1A = 1/detA;  x2A = 2/detA, X3A = 3/detA,

[Ipumep. Haiitu pemienue cucTemMsl ypaBHEHUN:
==54-9)+(2-12)-(3-8)=-25-10+5=-30;A

Al = = (28 —-48) - (42-32) =-20-10=-30.



x1IA=1=1;A/
A2 = =5(28 —48) — (16 — 56) = -100 + 40 = -60.

X2A=2=2;Al
A3 = =5(32-42) + (16 — 56) = -50 — 40 = -90.
x3A=3=3.A/

Ecnu cucrema ogHoposaHa, T.e. bi0 cucremMa MMeeT €AMHCTBEHHOE HYJIEBOE
pemenue x#A =0, Tonpu 1 =x2=... =xn=0.
= (0 cucrema nmeeT OeCKOHEUYHOE MHOXKECTBO permeHuit. Allpu
JU1 caMOCTOSTENIBHOTO PELICHMS:
Oteer: x=0;y=0; z=-2.

»KOHTpOIBHBIE BOIIPOCHL:

1.Cucrema u3 “m” IMHENHHBIX YpaBHEHUH € “n” HEU3BECTHBIMHU.
BekropHo-MaTpuuHas popma 3arucH.

2.PacuivpeHHasi MaTpuiia CUCTEMBI.

3.01HOpOIHBIE U HEOTHOPOIHBIE CUCTEMBI YPaBHEHU.

IIpakTnyeckas padora Ned

Tema:Pemenue cucreM JiMHeHHbIX ypaBHeHui 110 popmyiaam Kpamepa.

Henab: npuodOpereHne 0a30BbIX 3HAHMM B 00JIaCTH (PYHIAMEHTAIBHBIX pa3/IeiioB
MareMatuku. [IpoBepka ycBOEHMs 3HAaHMM IO CUCTEM N JIMHEHHBIX YPaBHEHHH C 1N
nepeMeHHbIMU. [IOBTOPUTE M CUCTEMATU3UPOBATH 3HAHUS 110 JAHHON TEME.

3anauu:

* pa3BUTHE TBOPUECKOTO MPO(HECCHOHATBHOTO MBIIIICHHUS;

* [I03HaBaTeIbHAs! MOTUBALUS;

* OBJIAJICHUE SI3bIKOM HAYKH, HABBIKU ONIEPUPOBAHUS MOHATUSIMU;

* OBJIAJICHUE YMEHUSMHU U HaBBIKAMM MIOCTAHOBKH M PELICHUS 3a/1a4;

* yriyOJeHre TeOpeTUIeCKol U MPaKTUUECKOH MOATOTOBKHY;

* pa3BUTHE MHULIUATUBBI U CAMOCTOATEIBHOCTH CTYIEHTOB.

X0/ NpaKTUYECKOTO 3aHSTHS.

BBINOTHUTE caMOCTOATENBHYIO paboTy MO PELICHHUIO CUCTEM N IMHEWHBIX YpaBHEHUH C n
nepeMeHHbIMH 110 hopmynam Kpamepa.

Bapuanr 1 Bapuanr 2

1. 1.
{t+y+z=da+2y+32=Ta+y+b2=§2z+y—22=1or—y+32=43z+y+2=4

2 2

{8x—-2y—2=0z4+3y—22=04z+y+22{=z0y—-2:=022-3y+2=022—-2y—2=0

»KOoHTpOIBHBIE BONIPOCHI:

1 Pemenrie 0IHOPOJHON ¥ HEOJHOPOIHOM cucTeM MeToaoM [ aycca.
2.01HOPO/IHBIE CUCTEMBI U UX CBOMCTBA.

3.3KBI/IBaJ'IeHTHI)Ie CHUCTCMHBEI.

IIpakTHyeckoe 3anaTHe Ne 5

Tema: Onepauuu HaJg BeKTOpaMH

Heas: HayuuTp cTyneHTa MCHIOAB30BaTh CBOMCTBA JIMHEHMHBIX ONEpalUMid C
T€OMETPUUYECKUMH BEKTOPAMH, CKAJSIPHOTO IPOU3BEIAEHUSI BEKTOPOB JUISI PEIICHUS 3a1a4
BEKTOPHOU anreOpsl

Teoperuuecknii 010k



B ¢wusuke, mexaHuke, XUMHH BCTPEYAIOTCS BEIUYHMHBI, KOTOPBIE IOJIHOCTHIO
XapaKTepU3yIOTCS TOJbKO UHMCIOBBIM 3HaueHueM (ckaispom). Hampumep, wmacca Tena,
KOHIIEHTpalUsl pacTBOpa, JaBlieHHE rasa, TeMmreparypa u T. A. Takue BeJIMYMHBI HA3bIBAIOTCS
CKalApHBIMU. BMmecTe ¢ Tem, A7 3a1aHUsl CKOPOCTH, CHJIBI, YCKOPEHHUSI He0OXO0AUMO 3a/1aTh HE
TOJILKO MX YHCJIOBOE 3HAUYEHHUE, HO U HalpaBJIEHUE JCHCTBHS B IPOCTpaHCTBE. Takue BeTMUNHBI
Ha3bIBAIOTCS BEKTOPHBIMH.

BEKTOPHAS AJII'EBPA — pa3nen BEKTOPHOTO HCYMCIEHUS, B KOTOPOM HM3y4daroTCs
MpoCTeHIe onepanuu Ha (CBOOOIHBIMHU) BEKTOPaMHU.

Onpenenenue 1. T'eomeTpuyeckuM BEKTOPOM Ha3bIBAETCS HAMpPaBICHHBIA OTPE30K
OpsIMOM, T. €. OTPE30K, AJII KOTOPOro yKa3aHbl OrpaHMYMBAIOIIME €r0 TOYKa Hayajla ¥ TOYKa

KOHIIa BCKTOPaA.
Ecnmu Touka A — Hagano BCKTOpa, a TOYKa B - KOHCI BEKTOpPaA, TO BEKTOP o0o03HayaeTcs

4 A &
AB b
CHUMBOJIOM . BeKTopBI TaK)Xe 0003HAYAIOTCSA MAJIBIMU JIATHHCKUMU 6y1(BaMI/I. nT. O
b
—
d
A B
,
c
A

Puc. 1.
Onpenenenue 2. Yncno, paBHOE JUTHHE BEKTOPA, HA3BIBACTCS €TI0 MOJTYJICM.

.
T 43|
MO,I[yJ'IB BCKTOpa AB 0003HaYaeTCs CUMBOJIOM .
BeKTOp, MOAYJIb KOTOPOI'O paBC€H HYJIIO, HA3BIBACTCS HYJICBBIM BEKTOPOM U 0003HayaeTcs

1 —
CHMBOJIOM It’(F,| —ﬂ)' HyneBomy BekTOpy MOXHO mpunucarh Jto0oe HampasieHue. Bce
HYJIEBbIE BEKTOPBI PaBHBI APYT APYTY.
Onpenenenue 3. BeKTopbl HAa3bIBAIOTCS KOJUIMHEAPHBIMU, €CJIM OHU NApaJUIEIbHbBI OJJHOU
npsamoii (puc.2).

B D B C Puc. 2.a Puc. 2.0

R/l N
Ecmu JABa BCKTOpPa AB u

-
A ch KOJIJIMHCApPHBI, TO 9TO o0o03HayaeTcs

c A/ D AB| |CD

CIeAyIOmMUM 00pa3om: Bexropsl,

I/I306pa)KeHHBIe Ha puc. 2.21, HAa3bIBAKOTCA COHAIIPABJICHHBIMU, 0003HaUaeTcs Tak AB ch , a
BCKTODPBHI, I/1306pa)KCHHBIC Ha puc 26, Ha3bIBAKOTCA IMPOTHUBOIIOJIOXKHO HAIIPAaBJICHHBIMHU.

LI 1§ NN
CHMBOJIMYECKH 3TO 3amuchiBaeTcs Tak 48 Tco .
3ameuanue. CoOHAMpaBICHHBIMH M TPOTHUBOMOJIOKHO HAMPABICHHBIMH MOTYT OBITh
TOJBKO KOJUIMHEAPHBIE BEKTOPHI.
Tax kak HyneBOW BEKTOp JICKUT Ha JIF0OOH MPsIMOM, TO, IO ONPEAETICHUIO, OH CUUTAETCS
KOJUTHHEAPHBIM JTIOOOMY BEKTOPY M TIEPIICHINKYJISIPHBIM JIFOOOMY BEKTOPY.
Onpenenenne 4. BeKTOpbl Ha3bIBAIOTCA KOMITJIAHAPHBIMHU, €CJIM OHH TapajuieNIbHbI OJTHOU

IIJIOCKOCTH.

ummm  ULOR
Onpenenenue 5. JIBa Bektopa AB €D yaspparores PaBHBIMH, €CIIM BBIIOJHEHBI

CJICYIOLIHNE YCIOBUS:
1. Moaynu 3TUX BEKTOPOB PaBHBI;
2. BEKTOPHI COHAIPABJICHHI.



CHMBOJIIHYECKH DTO onpeneneHI/Ie MO>KHO 3aIUCaTh CJIEIYIONNUM 00pa3oM:

i t‘f|-,.,_
ATt op.

i ) i )

Ecnu cunraTh, 4TO Ha pUCYHKE 1 BEKTOpBI JI€KaT B OJHOU IIIOCKOCTH, TO =€ | TO ecTb
| § | § i 1 (T T 1

@y €. pasHple 0603HAYCHHS OHOTO M TOTO e BekTopa. Bekropsl #u 4B npu paBHbIX ummHax
HE paBHBI IPYT JPYTY, TaK KaK UMEIOT pa3Hble HaIlPaBJICHUS.

Takum oOpazom, Ui 3afaHus JIIOOOTO BEKTOpa JOCTATOYHO YKa3aTb €ro MOAYJIb U
HampaBlieHue, He (UKCUpPYS TOUKY MPUIOKEHHS (HAdyajao BEKTOpa MOXET HAXOIUThCS TJie
yroano). Mcmonb3ys omnpeneieHHe paBEHCTBA BEKTOPOB, TaKOM BEKTOp BCErAa MOXKHO
NEPEMECTUTh MOCTYIMATENbHO, C MOMOUIBI0 MApaUICIIFHOTO TEPEHOca, B TPeOyeMyl0 TOUKY
IPOCTPAHCTBA.

3ameuanue. MHoraa cBo601a BEKTOpa OTpaHUYMBACTCS, HAITPUMED:

a) ecIM KpoMe BEKTOpa 3a/laHa €ro TOYKa MPUJIOKEHHUsS, TO OH HA3bIBAETCS CBS3aHHBIM
(paaunyc-BeKTOp);

0) ecnu KpoMe BEKTOpa 3aJaHa ero TOYka HalpaBJICHUs], TO OH HA3bIBAECTCS CKOJIB3SIIUM
(BEKTOp YIJIOBOI CKOPOCTH PACIIONOKEH 110 OCH BpallleHus);

B) CBOOOJIHBIN BEKTOP HE OTPAaHUYEH HUYEM.

B nanpHeiimeM, eciu 3TO HE OrOBOPEHO CIHEIUAIBHO, Mbl OyJIeM IMOJIb30BaThCA
MOHSITUEM CBOOOJIHOTO BEKTOPA.

—

Jlns mo6oro Bexropa A8 onpenenum npotuBononoxweli emy BekTOp, 0603HaYAEMBIIA

M, TaKOﬁ, 4TO MOAYJH 3THUX BCKTOPOB pPABHBLI, OHW KOJUIMHCAPHBI, HO IMPOTHUBOIIOJIOXHO
1 1

HanpaBlieHbl. BekTop, mpoTuBononoxHeIi BekTopy 4, 0603HavyaroT —&.

Puc. 3

1 1

Eciu B IPOCTpAaHCTBE 3a/1aHbI 1Ba BekTopa 21 #10, Hermons3ys onpesencHie paBeHcTBa
BEKTOPOB, UX MOKHO IIPUBECTH K OJIHOMY Hauaiy (puc. 3).

AP
Ty T

Puc. 3.

i ) i )
Torma yrinom mexnay Bektopamu @u b yasbiBaeTCs HAMMEHbBIIMIA yron j (jI[0,p]), Ha
1 i )

KOTOPBII HY>KHO ITOBEPHYTh BEeKTOp & 10 COBMAICHUSI C BEKTOPOM b

I'eomeTrpuyeckue BEKTOPBI SBIAIOTCA IPEIMETOM TaK Ha3bIBAEMOIO BEKTOPHOI'O
UCUHUCIIEHUS, MMOJ00OHO TOMY, KaK YHCla SBISIOTCS MpeaMeToM apupmeTuku. B BekTopHOM
VUCYUCIICHUM HAJ BEKTOpaMU IIPOU3BOAATCS HEKOTOPBIE OIEpalud, KOTOPBIE SIBIIAIOTCS
MaTeMaTHYECKUMHU a0CTPaKIUsAMH AHAJOTHYHBIX OIepalyii, MPOU3BOAUMBIX C Pa3INYHBIMU
KOHKPETHBIMU BEKTOPHBIMH BEJIMYMHAMHU B (pU3HKeE.

JIunelHple onepanuy HaJ BEKTOpaMu

JInHEeHHBIMU OllepalusMH Ha3bIBAKOT OIEPALMI0 CJIOKEHHS BEKTOPOB U OIEPALHIO
YMHOKEHUSI BEKTOpa Ha 4ucio (cKajsip). B ocHOBY ux ompeneneHus MojJoKeHbl U3BECTHBIE U3
MEXaHUKH 3aKOHBI B3aUMOJEHCTBUS BEKTOPHBIX BEJIMYMH — CUJI, CKOPOCTEHN U T. [I.

1. CnoxeHne BEKTOPOB.
| ) i

Ecnu nanel n1Ba Bektopa Zu b 1o pacroiaraloT UX Tak, YToObl Hayajio BTOPOro BEKTOpa
1 1

COBIIANO C KOHILIOM NIEPBOTO BekTopa. Toraa cyMmoii Bekropo @u & nassiBaercst Takoil BekTop,
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KOTOPBI COEAMHSET Hayalo IMEePBOrO BEKTOpa C KOHIIOM BTOoporo (puc.4). Takoe mpaBwiio
CJIOKEHHSI BEKTOPOB HA3bIBAETCS IPABUIIOM TPEYTOJIbHUKA.
AHaNoruyHoe TMpaBWJIO CIOXKEHUS (MPaBUJIO MHOTOYrOJbHUKA) JEUCTBYeT W MJis

HECKOJIbKUX BEKTOPOB (pHc. D).

[
3 4

a

a+E F Oy AT
Puc.4 Puc.5
Eciu 1Ba BekTOpa NpHBENEHBI K OJHOMY Hayaly, TO MX CyMMON OyJeT BEKTOD,
00pa3oBaHHBI JHArOHAIBIO IapajlieorpaMma, IIOCTPOEHHOTO Ha OJTHX BEKTOpax Kak Ha
CTOpPOHAX, U BBIXOIALIMH W3 00wiero Havama (puc. 6). DTO NPABUIIO CIOXKEHUS BEKTOPOB

Ha3bIBACTCA IIPAaBUJIOM IIapaJuICiiorpamMma.

7

Puc. 6
W3 BBeICHHBIX BHIIIE MTPABUII CJIOKEHUSI BEKTOPOB BBHITEKAIOT CIIEIYIOIINE CBOMCTBA ATON

OIICpanurm:
1. 3-'- g = g + 3— CBOWCTBO KOMMYTATHUBHOCTH OIICpallN CIIOKCHUAA,
L B BB 8B |
. — CBOMCTBO aCCOIUATHUBHOCTH OIICpallii CIIOKCHUA
-
PR |
3. — HaAJIMYMEC ITPOTHBOIIOJIOKHOTO 3JICMCHTA,

4. 1 "'S =& HaJIMYMe HyJIEBOT'O JIEMEHTA.
2. BelunTanue BEKTOPOB.

1 1 1

Pa3HocTpi0 ABYX BekTOpoB 2%y B yaswiBactes BEKTOp, paBHBIH cyMMe BeKkTOopa@®u
i ) 1

BEKTOpa -9), MIPOTUBOMOJIOKHOTO BeKTOpyb :

£-1-8-(1)

Ecmu BCKTOPbI NPUBEACHBI K O6H.I€My Haydally, TO BCKTOpP, paBHHﬁ Pa3sHOCT
[l

LBt

ABIIACTCA BTOpOfI AUAroHajJibio IlapajuiejiorpaMmMa, IMOCTPOCHHOTO Ha BCKTOpax 2y 'bKaK Ha
[l

ctopoHax. [Ipu 3TOM HayaaoM 3TOro BEKTOpa SIBJISIETCS KOHEL BEKTOpa b (puc. 7).

z

Puc.7
3. YMHOXeHHe BEKTOpa Ha CKaJIAD.

j )

Omnpenenenue 6. [IpousBenenueM BekTopa ®Ha melicTBUTENbHOE 4yHUCIO | Ha3bIBaeTCs
| ) i

HOBBII BEKTOp, OOo3Hadaemblii 1%, Takod, YTO €ro MOIyJdb paBEH MOIYII0 BekTopa o,

I I
[2a]= 2] i
YMHOK€HHOMY Ha MOAYJb uucia L, T. e. , 1 BekTopsl @1 |# conanpasnens! npu [>0 u

IIPOTUBOINOJIOXKHO HarpasiieHbl pu 1<0.



[IponsBeneHrne BeKTOpa Ha YHCIO O00JIaJaeT CBOMCTBAMH, KOTOPBIC JIETKO JIOKA3aTh
i |

reoMeTpuuecku. [{is qro0bIX JeHCTBUTEIBHBIX YHCEI A 1 Vi moGeix BEKTOPOB &1 b

1. 1=k YMHOKE€HHE Ha €AUHULLY,
2. 4 (VH): (‘1 V)"';- CBOMCTBO aCCOIMAaTHUBHOCTH 110 OTHOIIIECHHUIO K YUCIIaM,

3. [j.‘l'V]g: 2 g-l- Vg_ CBOMCTBO ,I[I/ICTpI/I6YTI/IBHOCTI/I OTHOCHTCIIbHO CJIOKCHHS YHCCII,

2(8+8)=28+ 45

CBOWCTBO JTUCTPUOYTHBHOCTH OTHOCHTEIBHO  CIIOXKEHUS
BEKTOPOB.
W3 onpenenenys U CBOMCTB BHITEKAIOT CIIEIYIOIINE [TOJIE3HbIE JIS1 IPAKTUKU PABEHCTBA
a

(Da=-ax 0 a-o 2-0-0.

Enunnynelii  BekTop. Bekrtop, Moaynb KOTOPOrO paBE€H €IUHHULE, Ha3bIBACTCS

CAMHHUYHBIM BECKTOPOM.
1

BeKTOp, I/IMCIOH_[I/Iﬁ HaIlpaBJICHUEC BEKTOpa Ty MOAYJIb, paBHBIfI CAWHUIEC, HAa3bIBACTCsA
m
1 LI}

OpPTOM HaAIIPAaBJICHHA BCKTOpPaA & OpT 0003HaYaeTCs CUMBOJIOM F
1

st mo0oro 3amaHHOTO BeKTOpa ZJIerko MOMyduTh ero opT. s 3Toro HeoOxommumo
Ll _§

2 =
' ]

BEKTOp Zpa3/ieNuTh Ha €ro MOAYJIb:
Paznoxenue BexTopa 1o 6asucy
Onpenenenue 7. MHO0XECTBO BEKTOPOB Ha MPsIMONM HA30BEM OJHOMEPHBIM BEKTOPHBIM

IIPOCTPAHCTBOM, MHOXECTBO BEKTOPOB Ha IUIOCKOCTM  — JIBYMEPHBIM  BEKTOPHBIM
IIPOCTPAHCTBOM, B IIPOCTPAHCTBE — TPEXMEPHBIM BEKTOPHBIM IIPOCTPAHCTBOM.

a
Jlerko HpOBepI/ITb qTO €CJIn L_ KaKOC-TO BCKTOPHOC IIPOCTPAHCTBO, ﬂ,bEL,ﬁ

YKCII0, TO atbel ﬁ"EL
LU LT 1
Omnpenenenue 8. HI/IHel/IHOI/I KOM6I/IHaHI/IeI/I BekTopop M-T2-—
A . — Bs yaspisaeres BEKTOP ﬂﬂ+ﬂ2m +—+ﬂﬁﬂ=
Ha pucynke 8 npuBeneHbl TpuMepPbl THHEHHBIX KOMOWHAIIUN:
£l

¢ koxhdummeHTamu

Puc. &

- 1
BeKTOpBI jl-"dr"gHa PUCYHKE 8 u h— SIBJISIIOTCS. TUHEWNHBIMU KOM6I/IHaHI/I$[MI/I BCKTOPOB

abe.

F=0a42-2 d=21—b-% g=a+055+3c h=0a40+0c

AL,

FOBOpSIT, 4YTO BCKTOp 'E'paCKJ'Ia}IBIBaeTCH 0 BCKTOpaM , €CIIn bﬂBHﬂeTCﬂ
LT} L}

1
JIMHENHOMN KOM6PIH8.I.IPICI>1 9TUX BCKTOPOB, T. €. IPCACTAaBUM B BUIC b :,ﬂﬂ +‘ﬁ2m +_+ﬁﬂs .

JaMeuaHue.
i ) | ) i

1) Ecnu @#¢ 10 moboii BEKTOp E', KOJUTMHEapHbl &, mpencTtaBuM, W TMPUIEM
| § 1

€MHCTBEHHBIM 00pa30M, B BUJE b=Aa , Tae A _gyucno



) 1
2) HyCTb III1/1 b 1Ba HEKOJUIMHEAPHBIX BeKTopa Torna nr060# BekTop £, KOMILIaHAPHBIN

C BEKTOpaMu a u b , PACKJIa/IBIBAETCS 110 HUM: c ~aa-+ i , IPHYEM €THHCTBCHHBIM 06pa30M
1 1 i §

3) Ilyctp 2, bye_ HEKOMIUIaHAPHBIE BEKTOPHI. Toraa 000 BEKTOP IlirpaCKJIam,IBa-
d =aat fbotre

CTCs 110 3TUM BCKTOPAM: , IpUYCM CIUHCTBCHHBIM 06pa30M.

Takum 006pazom, B 1F000M BEKTOPHOM MPOCTPAHCTBE JIIOO0H pa3MEepHOCTH €CTh CHCTEMA
BEKTOPOB, 110 KOTOPOM PaCKJIAAbIBACTCS KaX bl BEKTOP MPOCTPAHCTBA, IPUYEM SIUHCTBEHHBIM
00pazom.

Onpenenenne 9.  bBasumcom  BektopHoro mpocrpactBa  &GymeM  Ha3bIBaTh

YIOPSIOYEHHYI0 CUCTEMY BEKTOPOB IIPOCTPAHCTBA, COCTOSINYIO: U3 OJHOTO HEHYJIEBOI'O
BEKTOpa, €CJIIM IPOCTPAHCTBO OJHOMEPHOE; M3 JByX HEKOJUIMHEAPHBIX BEKTOPOB, €CIIU
IIPOCTPAHCTBO JIBYMEPHOE; W3 TPEX HEKOMIUIAHAPHBIX BEKTOPOB, €CJIM IPOCTPAHCTBO
TPEXMEPHOE.

OueBuaHO, 4TO B JHOOOM BEKTOPHOM IPOCTPAHCTBE MOXHO BbIOpaTh OECKOHEYHO MHOTO

6aSI/ICOB, YHCJIO BEKTOPOB B KAXXJIOM M3 HUX PABHO Pa3MCPHOCTHU IIPOCTPAHCTBA.
[l

Onpenenenue 10. Koopaunaramu (miau KOMIIOHEHTamMH) BekTopa @B 0asuce

L el 8 i
61,62, — & yaspiBaroTCs K09 UIHEHTEI A B2, — s 3 105K HIS
5 w [T - 1
a=mat@det+ _+ & goyxropa 110 BexTOpaM Gazuca.
| §
. &, (I

HJ’IH YKa3aHuA, 4TO BECKTOD 2 ymeer KOOPpAHWHATBI

::(m,aa,ﬁa;) _

* ACIIOJIB3YCTCA 3alllCh

OueBHIHO, YTO B (PUKCUPOBAHHOM 0a3uce KaKIblil BEKTOP UMEET CBOM, €AUHCTBEHHBIN,
Habop koopauHat. Eciu sxe B34Th Ipyroit 6a3uc, To KOOPAUHATHI BEKTOPA, B 00IIEM, U3MEHSTCA.
CrnoxeHue BEKTOPOB M YMHOKEHUE UX HA YUCIO CBS3aHbl C aHAJIOTMYHBIMM JEUCTBUAMHU C UX
KOOpJMHATaMH.

JInnelHble onepanuy HaJ BEKTOpaMHu

B KOOpAMHATHOU hopme

.82,

HyCTb B BEKTOPHOM npOCTpaHCTBe LBBI6paH 6a31/1c M 3aJaHEI KOOPJMHATHI

BeKTOpOBabELB3T0M6aBI/ICC a= et d@e +a.,m ﬁ ,ﬂﬂ-l-ﬁzﬂz-l- -I-ﬁ;g;

Torna
- IPM YMHOXXEHHUH BEKTOpPA HA YMCIIO BCE €r0 KOOPAUHATHl YMHOXKAKOTCS HA 3TO YMCIIO:

Aa(Am Aads,_ _Aa.)
- TIPH CJI0)KEHUU BEKTOPOB CKJIABIBAIOTCS] UX COOTBETCTBYIOIINE KOOPIUHATHI:
c=atds = cmt /A5, atf)

3ameuanue. Bce koopInHaThI HYJIEBOTO BEKTOpa B JIF0OOM 0a3uce paBHBI HYIIIO.

3ameuanue. basucHelil BekTop ¢ HOMepoM J MeeT KoopauHaTy ¢ HomepoM ¥ | paBHylo 1,
a BCE OCTAJIbHBIE KOOPINHATHI — HYJIEBBIE.

3ameuaHue. Y KOJUIMHEAPHBIX BEKTOPOB KOOPIMHATHI IIPONOPLMOHAIIBHBI:

r r X
h e Am_ %

A B £
Cucrema KoOpAMHAT.
KoopaunaTsl BekTOpa B OpTOHOPMHPOBAHHOM Oazuce
PaccmoTpuM ciyyail TpeXMEpHOro BEKTOPHOIO IPOCTPAHCTBA (Ha IJIOCKOCTH BCE
MOCTPOEHHUS aHaNOruuHbl). Oukcupyem HEeKOTOpyro TouKy O M BO3bMEM MPOU3BOJIHYIO TOUKY
1.

M. Paguyc-BekTopoM TOYKKM M 10 OTHOIIEHHIO K TOUKe O Ha3bIBAETCS BEKTOP oM



1nEE.
Ecnu B mpocTpancTBe BBIOpaH 0a3uc, TO BEKTOP oM packiiafipIBacTCs 1Mo 3ToMy 0asucy.

Takum 00pa3om, Touke M MOXHO COMOCTaBUThH YIOPSIOUYEHHYIO TPOWKY 4ducen (X, y, Z) —
KOOPJMHATHI €€ PaJIyC-BeKTOPA.
Onpenenenue 11. JlekapToBOM cHCTEMOM KOOpPAMHAT B IPOCTPAHCTBE HAa3bIBAETCS

COBOKYITHOCTb TOYKH H 0Oa3uca.

Touka O HOCHT Ha3BaHWE Havana KoopauHat; npsmeie X/X , Y/Y , Z/Z, npoxoasiiue
yepe3 Havyajlo KOOpJIWHAT B HaIlpaBJICHUU OA3UCHBIX BEKTOPOB, HA3bIBAIOTCS OCSAMHU KOOPAHMHAT.
[TepBass X/X — ocwio abcrwce, Bropas Y/Y — 0Cbl0 OpAMHAT, TPEThs Z/Z — OCBhIO alIlIHKaT.
[T1nockocTH, MPOXOoAAIIUe Yepe3 OCH KOOPAUHAT, HA3bIBAIOT KOOPAMHATHBIMHU IJIOCKOCTSMHU.

Omnpenenenue 12. Koopaunatel (X, y, zZ) paauyc — BEKTOpa TOYKH M 1O OTHOIICHHIO K

Hayaly KOOpPAMHAT Ha3bIBAIOTCS KOOpAMHATAMU TOYKM M B paccMaTpuBaeMoil cucreme
KOOpPJMHAT.

[lepBas koopauMHaTa X Ha3bIBAE€TCS a0OCHUCCOM, BTOpass y — OpJAMHATOM, TPEThsl Z —
anTUIMKaTOM.

AHAJIOTUYHO ONPEACISIIOTCA JACKapTOBBI KOOPAMHATHI HA TUIOCKOCTH: TOYKA HMMEET
TOJIBKO JIB€ KOOPJAUHATHI X U y— aOCLHCCy U OpJIMHATY.

Omnpenenenue 13. JlekapToBa cucTeMa KOOPJIMHAT Ha3bIBA€TCSl MPSAMOYTOJIBHOM, eciu

basuc 3aaCTCA CAMHUYHBIMU U IIOIIAPHO OPTOI'OHAJIbHBIMHA (HepHeHI[I/IKy.]'IHprIMH) Apyr Opyry

PGk i(100)

BEKTOPAMH — Ga3uCHBIMH opTamu * =7 k. opt ocu OX;

F(0:1:0)_ opt ocu OY;

ECO0:1)_ 00 ocn OZ.

A WA um
Bazuc (¥4 -k ) Ha3bIBAETCS OPTOHOPMHUPOBAHHBIM.
B nanpHeimem OyaeT HCHOIb30BATHCS IEKAPTOBA MPSMOYTOJIbHAS CHUCTEMa KOOPAUHAT.
Ha puc. 9 mnokaszan cmoco0 wuzoOpaxkenus Ttouku A(-1;2;3) mo ee koopawHaTam

OTHOCHUTEJIEHO OPTOHOPMHUPOBAHHOTO Oa3uca i.j.k :
T
IR B
3 L -=—" - :
|
.-'z. :
1 S o
¥ 2 v
- 7
I
Puc. 9

VYrBepxkaenue. Ecim Toukn A 9w B 3amaHel CBOMMHM  KOOpAMHATaMH
LT 1§
A w. ). B0 yv2:2) | AB(x —x:y2 — wizm —2)
s .
T. e. s onpenesieHUss KOOPAUHAT BEKTOPA HYXKHO M3 KOOPAMHAT €ro KOHLA BBIYECTH
KOOPAMHATHI Havyaja.
[Ipoeknun BexTOpa
[TycTs B mpocTpaHCTBE 33/1aHa HEKOTOPAasi OCh |, TO €CTh IpsiMasi, Ha KOTOPO OTMEYeHA
¢bukcupoBanHas Touka O U 3a7aHbl HAMIpaBJICHUE W €IMHUIIA JUTHHBL. Toraa KakaIou TOYKEe OCH
COOTBETCTBYET HEKOTOPOE YHUCIIO.
Ompenenenue 14. Ilpoeknueit Toukn A Ha OCh | Ha3bIBAETCS YKCIIO, COOTBETCTBYIOIIEE

OCHOBAHHIO NeprieHAnKyIsApa AB, onymenHoro Ha ochb | U3 ToukH A.



nmm.
Onpenenenne 15. Tlpoekuueii Bektopa 4BHa och | HasbBaeTcs PasHOCTH MPOEKIMIA

KOHIIa BEKTOpPa U €T0 Ha4daJia.

ITpoexkius o603HayaeTcs Iip 'AE. Ha puc. 10 UpAB=F-=z
B
[ =T B |

Puc. 10. IIpoeknus BekTopa Ha OCh

JIerko nposeputh, uto ecin AB=CL} 10 UpAB-Tp CD

, TO €CTh MMPOCKIHA HE 3aBUCUT
OT IIOJIOKCHHA Hadajla BEKTOpPA, a 3aBUCUT TOJIBKO OT CaMOI'0 BEKTOpa.

[
Vreepxaenne. Ilycts ®— yrom, o6pasoBammeii BekTopom @c ockio 1. Torma
I I
1{0,:!=|ﬂ|msp
Takum o00pa3oMm, NpoeKIMs BEKTOpa Ha OCh €CTh YHUCIO, KOTOPOE MOXKET OBITh
MOJIO’KUTEIBHBIM, OTPULIATEIbHBIM U HyJIEM (puc 11).

o P )
Hpa-f-a

ot ;
Hpa-a-§

(A | ¥ [ i
Hp,a=9
Puc. 11
Yr1Bepxkaenue. [Ipoekius Ha 0Cb CyMMBbI BEKTOPOB PaBHA CYMME UX IIPOECKIIUM:
le(t;+il+_+ ::]=Hj:,;+Hp,EJ +_+ le::
VrBepxkaenue. IIpoekuuwss Ha OCb BEKTOpa, YMHOXEHHOIO Ha YHUCJIO, paBHa

MPOU3BEICHUIO TPOEKIMH BEKTOpa Ha JTO YHCIO: HpAa = Allpa .Omnpenenenue 16.

Ipoeknueii BekTopa ?Ha Bektop @, @+#9  maspaercs mpoekmus BexkTopa P mHa moGyro ock,
[ §

napajuleJIbHyl0 BEKTOpY @M UMEIOUIYI0 HampaBlieHHE, COBMAJAONIee C HaIpaBJIEHUEM
L

BekTopaZ.
L L jm - F.)
[poexuuss Bektopa %PHa Bekrop @ 0G03HAYACTCS - OueBHaHO, YTO
m -
ip . b =>b COS P v

, e ¥— yron mexy Bextopamu Su &
Koopnunatel BekTopa sBIsAOTCS KOA(QPUIMEHTAMU €ro paslioKeHHUs 10 OpTaM

1.7.k KOOPJMHATHBIX OCEH:
a(a, .a, .2, ) © a-a i+a j+a k,

VYrBepxkaenue. IIpoexkunn BeKTOopa Ha KOOPAMHATHBIE OCH PAaBHBI KOOPAWHATaM BEKTOpA!



[ § L f A
Ipyy a=a,. Py a=6, Hp,, a=d
[ 3
IToMectiM BekTOp @B HA4alo KOODAMHAT U OOO3HAYMM 4YEPE3 x.B.y YIIIbI,
| §

oOpa3oBaHHbIe BeKTOpoM Zc mosokutenbHbIM HampasiaeHueMm oceil OX, OY, OZ. Otu yrisl
L

HA3bIBAIOTCS HAMPABISIOIUMU YIJIaMy BeKTopa @ .
Omnpenenenue 17. KocuHychl yrioB, 00pa30BaHHBIX BEKTOPOM C OCSMH KOOpAMHAT,

HAa3bIBAIOTCA HAIIPaBJIAIOIUMHU KOCHUHYCAaMH BEKTOpPA.
z

Puc. 12

B coorBerctBUM ¢ puc. 12, HampaBISIOIIMMH KOCHHycaMu BeKTopa @ saBistoTcs
cosx ,cos f  cosy _

OTMeTHM Ba)KHOE CBOMCTBO HAIPABJISIONINX KOCUHYCOB:
cos® & +ons? ﬂ+|:nsz =L

YrBepxkaenue. KoopauHaTel BEKTOpa paBHBl €r0  HAIPaBIAOIIMM KOCHHYCaM,
YMHO>KEHHBIM Ha JUIMHY BEKTOpA:

Ecnu BeKTOp €IMHUYHBIN, TO €ro KOOPAMHATAMM CIIy>KAaT HAIPABIIAIOIINE KOCUHYCHI:

CkansipHO€ MTPOU3BEICHNE BEKTOPOB U €T0 MPUIIOKEHHE

Kpome omnepanuii cinokeHuss M yMHOXKEHMS Ha YHCIO Ha MHOXKECTBE BEKTOPOB
ONpECIEHbl €lle HECKOJIbKO onepauuid. OnHa U3 HUX — CKaSIPHOE IPOU3BEACHHUE,
MO3BOJIAIOIIEE HAXOAWTHh JJIMHBI BEKTOPOB M YIVIBI MEXKIY BEKTOpaMU II0 KOOpAUHATaM
BEKTOPOB.

Onpenenenne 18. CKaJ'I}IpHBIM IMPOU3BCACHUCM BCKTOPOB a2y 'ﬁHa3BIBaeTC$I qucio,
: F

b
®_ yron mexy BexTopamu Zu

Cos @
, TAC

paBHOE

3ameuanne. Ecau OOWH U3 BCEKTOPOB HYHCBOﬁ, TO yroJl FHC OIIPCACIICH. CKaJ'IHpHOC
MMPOU3BCACHUC B OTOM CJIydac CHUTACTCA paBHBIM HYIIIO.

Lo Lo r o=

CkamsipHoe mpom3Beenne BekTopos 2 u & o6ozxagsaercs @-¥ | ym (a’b}. CkansipHoe
Lo Iy

Mpou3Be/IeHNe BeKTopa Ha cebst -2 =42
I I

a-b= F;|nnsp _
Takum 00pa3om, COTITACHO OTPEAETICHHIO, roe ¥ (3’5')

CkanspHoe npou3Be/ieHHe 00J1aaeT CBOMCTBaMHU, KOTOpble OyayT chopMyIHpoBaHbl B

BUJC TCOPCMBEI.

Teopema. J{ist mo0bIx BekTopoBZ 1 # BBIMONHEHBI CIEAYIONINE COOTHOMICHNUS:
[ [

L § [ §
1. a-B=b-a_ cpoiicTBO KOMMYTaTUBHOCTHY;
a i i A & A 4

2, a-(b+c)=a-bra-c CBOWCTBO AMCTPUOYTUBHOCTH;



i i a4 &

3. (Aa)-b=4 {ﬂ'b}, rae A- YUCIIO;

i Lo
4,2 >Wpp, azo;
T2

. M

6. Ecim ®— yron mexty Bexropamu Fu¥ | to

a-b
COSP=

Hm

7. @-B=01or1a 1 TonBKO TO A, KOT/IA BEKTOpHI 1 b OpPTOTOHAJILHBI.

I X I I
a-b=|a|flp ;b Lo
8. 'eoMeTpUYECKU CMBICIT: ,ecny FF o,
- -
9. MexaHW4ecKHii CMBICIT: CKaIIPHOE IPOM3BEIcHUE cuibl & Ha BEeKTOp 5 paBHO paboTe
- L1 -

A 3TOif CHJIBI TIPU TIEpPEMENICHIN MATEPHANBLHOM TOuKH 1o BekTopy S, 1. ¢, A= -§
W3 onpenenenus CKaasipHOTO MPOU3BEIECHUS BBITEKAET Clelytomiasi Tabaua yMHOKEHUS

opros ' -k KOOPJIHMHATHBIX OCEH:

fo=d4=0.F - k=k-i=0, j-k=k-j=0,
P-i=j- j=k-k=1.

Ecmu Bextopsl Zu B oproHOpMHpOBaHHOM 6asmce 3amaHBl CBOMMH KOOPIMHATAMH:

ﬂ(m;m;@), Hﬁ;ﬁ;ﬁ) , TO q)OpMy.]'Ia AJIs1 BBIYUCIICHUSA CKAJIAPHOI'O IIPOU3BEACHUA BCKTOPOB

2y b 10 KOOpAWHATaAM COMHOXKHUTENEH UMEET BUJT
i i

a-b=o £ +o, B, +r.|'5ﬂg’ @)
T. €. CKaJsIPHOE IPOU3BEIACHHUE BEKTOPOB PAaBHO CyYMME IIPOU3BEAEHUN OJHOMMEHHBIX

IIPOCKIUN.
r

SN
« -l
Tak kak , TO, IPUMEHSISI PAaBEHCTBO (2), moIyduM GOopMyITy JUIst
L
oTpeeNeHus ATUHBI BeKTopa 2 :

g

BBIpa)Ka}I YUCIINUTCIb U 3HAMCHATCIIb q)OpMy.]'IBI (1) moCcpeaACTBOM KOOpPAWHAT BCKTOPOB

T
[+

@y B npumenss popmyist (2) u (3), HaX0TUM

m B oy By +og By
Vo vl vl B2 egE Bl

IlyctTs B  mpocTpaHcTBe  3ajambl  Toukn  ACEMA)y Bloiyrz)  1orp,

Cosp=

111 |
AB(x -1~ W.22—A)  Tyupa sextopa 48 Gyner pasna |AB|I/I u3 popmyisl (3) crenyer,
4TO

e 2 2 2
|AB| =\f(n —na)y t{(»-—n)y t{z=—=a) .
CBeieM OCHOBHBIE PE3yJIbTAThl B TAOJIHILY:
Tab6numa 1



CkalsipHOE TTPOU3BEICHNE BEKTOPOB
Bu nmpousseneHust ol )
KB P )
O603HaueHue £4
[Tonsitue |£1 - mm.(.ﬂ_fj
[IpencraBnenue B KOOpAUHATAX o B e B e By
54
cong =
y
8 fi-00f1l
[Tpunoxenue P Y
ms.a=fﬁ
2)
3) 4=F.§

KoHTtposbHbIE BOITPOCHI

1) Ompenenenue Bekropa. JIMHEWHbIE ollepallMd HaJ BEKTOpaMH, CBOWCTBA ITHX
onepanui.

2) Ilpoexnuu BekTopa Ha ock. CBOMCTBA MPOEKIIMH.

3) Pa3noxxenue BeKTOpa o KOOpAUHATHBIM opTaM. KoopanHaTsl BeKTOpa.

4) Pagnyc-Bexktop Toukd. Moaysb BekTopa. PaccTosHue Mexay 1ByMs TOUKaMHU.

IIpakTnyeckoe 3ansaTue Ne 6

Tema: CxansipHO€ POU3BEICHUE BEKTOPOB.

Hean: Hayuute cCTyzeHTa HCHONB30BAaTh CBOWCTBA JIMHEHWHBIX —OIEpaluid C
F€OMETPUUECKUMU BEKTOpPaMM, CKaJSPHOIO IPOU3BENEHUS BEKTOPOB JMJIs pELIEHUS 3ajad
BEKTOPHOMN ayire0pbl

IMpakTuyeckunii 610K

Pemennie TUIIOBBIX IPUMEPOB

p=tba-2% g=TFa+hk

IIpumep Ne 1. KomnuHeapHbl 1M BEKTOpBI *TIe

a{l;E;B],b{E;—l;ll]_

Pemenue.

1) Haiigem KOOpAWHATBI BEKTOPOB JpI/I 7 , [IOJIB3YACh TEM, YTO IIPU CIOKCHHUU BEKTOPOB
HUX KOOpAUHATBI CKJIAABIBAKOTCA, a MIpPHU YMHOXCHHM BCKTOpa Ha YHUCIO €TI0 KOOPAWHATHI
YMHOKAKTCA Ha 9TO YUCJIIO:

PI61-22:6-2-2(—1%6-3-2-0) ;(—31-1-}1;—3-1—1;—3-34}0]

p(24:18) g(d:-7-9) 2) Tak Kak
2 14 18
p—y

TO KOOPAHWHATBI BCEKTOPOB J,::;I/I quOHOpHI/IOHaHBHLI. CJ'ICI[OB&TCJ'IBHO, BCKTOPLI ‘pI/I

7 KOJUIMHCApPHBEI.

- a

Ortger. Bexropsl P u ¥ xommuneapusr.

[Tpumep Ne 2. JlaHb1 BEPILLIMHBI TpEyroJIbHUKA:

A(-1:-2:4).B(4:-2:0).C(3:2:1 }‘Haﬁ)J;I/ITe JUTHHY CTOPOHBI ABy £BAC

Pemenue.

1) Borancsiem koopauHaTs! Bektopos 4By 4C



48 (4 (5] 51— (-230-4) 26 (3-(-1kgh (2)1-4)
AB(-3;0;4) 2C(4;0;-3)

2) Ilo dhbopmynam 11t ATMHBI BEKTOPA U CKAJSIPHOTO MPOU3BEACHHUS BEKTOPOB UMEEM
T

.JE=[L1'B‘='J[—3 ¥ 4+ (4 =5ed._

T TH T

AB-AC=—3-44+0-0+(—4)-(3)=0 & AB1 AC,

T o £ZBAC=90°

OtBetr. AB=5 en. LEJC=9"0.
[Tpumep Ne 3. OnpenenuTs yroa Mexay TUaroHaIIMH HapajijieiorpaMma, ToOCTPOSHHOTO

Ha BekTOpax @=2M—Ry B=m+2R ;0 M.R_ oryyyyple BEKTOPBI, YIOJI MEXKILY KOTOPBIMH

0
pasen O
Pemenue. CnenaB cxemMaTU4E€CKUA PUCYHOK,

=
Puc. 13.

sl

yOexaaeMcsi, 4To BEKTOp 1 , COOTBETCTBYIOILIMIA OJJHOM JMaroHaau mapajuienorpamma,
HAXOIHUTCS 10 hopMyIie
LT T N i i

d —a+b

a Apyrou —,
iy
Otcroma

é:= 3 ?r+ ; T

dz =—m+3 n_(4)

B cuiy cBoiictBa 50 (Teopema 1) ckansipHOTO nponsBeneHm MOJIyYUM
2 W3 W T Lt W T T3 W]
F| =d; =(3min)Y =9m +6m-min _9F| +5H

_9+511ﬁ+1 1360 = m Jl_aea" "

cudll ﬂ']-l-

Amnanorudso,

7 Wy T w3 w2
|T =dy —(—ll+3n'] =m —Ell n+9n —|j
4

—1-6.1-1-cpafl +9=7 3 T Jrea. 2 4
=12

Haitnem  ckansipHoe

MMPOU3BCACHUC BCKTOPOB q )41 dz . YuurniBasg cBoiictBo 10 KOMMYTATHBHOCTHU CKAJIIPHOI'O

npousBenieHud U (4), umMeeM

o o T r T T w; WrI Wwr Iy

d -dy=(3mi+n)(-mi+3n)="3m —-ma+9mni3in =
w w T Fu Tz

=—3- nr ‘ ncos{ 2. m)+3n =—3-14+8-1-1-1/2+3-1=4_




TO

cacld; .y )

s 419 & {;,::]=zmus{ﬂ,419]

‘fl—g \f; OTBeT.
THE TN

(d .4, )=axces(0,419 ).
[Tpumep Ne 4. Ilon nevictBuem cuiibl B 20 H maTepuanbHas Touka mepemMecTUsIach Mo
npssMoii Ha 2 M. Haittm paboTy, coBeplraeMyr STOH CHIIOH, €CIM Yroj MEXIy CHUJIOW u

20
HallpaBJICHUEM PaBEH .
Pemenue. Pabora A Beruucisiercs mo gopmyie
T T u
A-F-S— }FHs|m[F 5),

rae ¥ — Bektop meiicTByrommeit cHitbl, S — BekTop myTH. [Tomyunm

A=1-2-cos30° =20 ME;R

Orser. 4=20 V3P

3aia4u U1 pereHust
I I I I I 3f

LI a—28h, b-3a, —a+—b_
1. ITo nauusv BekTopam@ u ¥ moctpouts BekTOpEH! 2 1+ 4

2. JlaHbBI BEKTOPBI a(2:-1:0).5(2:3:1 ]'BLI‘II/IC.HI/ITI)Z
Iy
a) & ;

6) (3a-258)-( a+:‘1}_
Ortser. a) 14; 0) -12.

a i i i

3. OnpenenuTh  OpH  KakoM  3HaueHmn  ®pekroper & * -3 j+2k,
i a a i
b=1+2j-o kOpTOFOHaJ'II)HI)I.

Orger. =6

m
4. BBIYHCIHTh KaKyl0 paboTy MPOHU3BOIMUT CHIIA FO3:135) orma ee rouxa
i A4(2:-3:4)

IPUIOKCHHS, JBHTasCh MO TPSIMOM, MEPEMECTHIACh W3 TOYKH B TOYKY

B(3:-2:1)
Otser. 27 ex. pao.

5. Bekrop @cocraBisieT ¢ OCAMU KOOPJAMHAT OCTPBIE YIJIbI x.B.7 ‘npuyem *= “50,
I

al=3

£=6 . HaiiTu ero xoopivHaThl, €CJIA

Ormer, @(3/42:3/2:3/2)

T

I
=
6. Bektopsr @u ¥ o6pasyior yronr 3. 3mas, uro HaWTH JIJIMHY BEKTOpa

c=3a+2bh

F’: =14 .73
OrtBer. el.

3agauu A1 caMOCTOSITEIbHON pabOThI

1. Boluncnuth ckanspHoe Ipousseenue Bextopos u ¥ ecrm



I I I
—4 b=4i-37, =
yron mexy Bektopamu 2 u ¥ pasen 600;

a)
6) a=2i+ i3k, &(1;0;4)
Otser. a) 10; 6) 14.

- a a a a a a

2. KosnHeapHsl JI BEKTOPHBI p=3a+6b.g=—a+l b, rae # (1:2:-3), &(1:0:-1)

Ortser. Her.
3. HaliTu yron Mexnay AuaroHaJs MU HapajuleJorpaMMa, IMOCTPOEHHOIO Ha BEKTOpax
a a a L L L

2= 2i+jH bB=— 742 i:_
OTBeT. (g’g)zu

4. JlaHbl BEKTOPBI

a=2i—3% j+h i:H b=—i+2 j-2 Kk

, [MMPHUJIIOKCHHBIC K 06Hl€1>i TOYKE.

HaiiT opT GuccexTpuchl yria mexay Tu #.
g
Ormer. € (—UNA2:5/3a2:402)

5. IlocTtpouth TOYKH A(4:1).B(3:5)C(-1:4).D(0:0) . Ecau TO4YkM moCTpOEHBI
MpaBUJIbHO, TO TOJIy4eH KBajpaT. UeMy paBHa JIjuHA CTOPOHBI 3TOro kBajapara? KakoBa ero
momaas? HaliTu KoopAMHATHI CEpeIMHbI CTOPOH KBaJipaTa.

OTtBer. 2= "[1_? eln., 5=17 g, en.,
Mg (3.53)Mg (1:4.5)Mqg (—0.5:2)Mg (2:0.5)

—i+k, b=2 -k,

a L a

6. Haiitu Bektop *, nepneHAUKyJIspHbINA BekTOopam 2
i i

€CIIM U3BECTHO,

=i+2 j+2 k

9TO ero MPOEKIHS Ha BEKTOp © paBHa 1.
[

Ortser. X (-3/2; 3/4; 3/2).

KoHTposnbHBIE BOITPOCH

1) CxanspHoe npousBeieHHE BEKTOPOB, €ro Gpusnueckoe ToiakoBanue. CBoHcTBa

CKaJIIPHOTO TIPOU3BEICHUS.

2) Ilpoekmusi BeKTOpa Ha BEKTOp. YToJd MeXIy BekTopamu. HeoOxommmoe wu
JOCTAaTOYHOE yCIIOBHE NIEPIICHANKYISIPHOCTH BEKTOPOB.

3) CxansipHOE IPOHM3BEICHUE BEKTOPOB B KOOPIMHATHOU (hopMe.

IIpakTnyeckas padora Ne 7

Tema: CocTaBiieHHe ypaBHeHHIl IPSIMOii

Heab: oTpaboTaTh yMEHHE COCTaBIATH YpaBHEHHE MPAMOM, 3aJaHHON pa3INYHBIMU
crocob6aMu; MepexoauTh OT OJHOTO BUJa YpaBHEHUSI IPSMOM K IpyroMy

Teoperudyeckne OCHOBBI: HOPMAJbHBIM BEKTOpP NPSIMONM, HANPABIAIOIIMN BEKTOP
IpsIMOM, CIIOCOOBI 3aJaHUS MTPSMOM, BUJIbI YPaBHEHUS MTPSIMOH.

B nexaproBoii mpsimoyronbHo# cucreme koopauHat OXY Ha miIockocTH jrodas mpsaMas
MOYET OBITh 3a/1aHa YPAaBHEHUEM B BUJIE

Ax+By+ C=0

rae kodpduuuenter N = ( A,B) - KOOpIMHATBI BEKTOpa MEPIEHAMKYISPHOTO K
3alaHHOM MpPSAMOW. DTOT BEKTOP HA3bIBAIOT HOPMAJIBHBIM BEKTOpOM mpsimoil. Ecmum B, TO
ypaBHEHUE NMPSIMOM Ha INIOCKOCTH MO>KHO IIPEACTABUTH B BUJIE

y=kx+b (k=tg)

DTO0 ypaBHEHHE HA3bIBAETCS YPABHEHHEM IMPSIMOM C TJIaBHBIM KO3 (OUIIEHTOM.



PaccmoTpum citydan B3aMHO PacrioyioKeHHE JBYX MPSIMBIX Ha MIIOCKOCTH
1. Ecu ipsimbie 3aaHHBIE OOIMME YPaBHCHUSIMHU
Aix+Biy+ C1=0 m Ax+Boy+Cy=0,
2. Ecnu ypaBHEHUe 3a/1aHbl C YIIIOBBIME KO3 puimenTamMmu
y=kix+br u y =kx+ho,

Ipumep 1. HaiiTu ypaBHeHuEe NpsAMOM, NPOXOAALIEH 4YEpPE3 TOUKY Mo(4,-3) wm
00pa3youIuii ¢ OCIMU KOOPAMHAT TPEYTOIBHUK IIOMIA B0 3.

Tak kak 3aganHast Touka JexuT B IV yeTBepTu TO MCKOMas mpsiMasi JOJDKEH OTCeKaTh
oTpunaTenbHyto 4actb ocu OY u mnonoxutenbHylo yacth ocu OX. Hanwuiiem ypaBHeHue Ha
OTpe3Kax MPOXOJAIIYI0 Yepe3 JaHHYIO TOUKY.

Ecau Mb1 mogbepeM a=2 u 6=-3, TO MOIYyYUM TPSIMYIO YJIOBJIETBOPSIONIEH YCIOBHE
3agaun. Takas npsiMas He OJTHA.

Ilpumep 2 . 3anucarh ypaBHEHHME IPSIMOW, MPOXOJALIEH uepe3 Hadajao KOOpAMHAT U
obpasyrommwmit yron 45° ¢ nmpamoit y=2x+5.

Tak Kxak yrosn Mexay npsaMbiMu 45° | To 3anmchIBaeM 1Ba YpaBHEHHUS C HEM3BECTHBIME K1
u ko.

Torma ypaBHeHHS NpSMON MPOXOASIIEH dYepe3 Hayalo KOOPAMHAT U YIJIIOBBIMHU
ko3 purmenramu ko=-3 u Ki= OyayT COOTBETCTBEHHO

ILi1ockocTh

OcHoBHasi TeopeMa. B  Odexapmosvix NpsAMOY20JbHbIX KOOPOUHAMAX YPAGHEHUE
0001 NAOCKOCMU NPUBOOUMBCSL K 8UOY

VYpaBHeHHME Ha3bIBaeTCs 00wum ypasHeHuem niockocmu . KodpOUIHMEHTH SBISAIOTCS
KOOpJMHATAMH BEKTOpa N, MEPIEeHIUKYISIPHOrO K IUIOCKOCTH, 3aJaHHON ypaBHeHHEeM. OH
HA3bIBACTCSI HOPMAIbHLIM BEKMOPOM 3TOU IUNIOCKOCTH U ONPEIEIIIET OPUEHTALNIO IUIOCKOCTH B
MPOCTPAHCTBE OTHOCUTENLHO CUCTEMBI KOOPIUHAT.

Cy11ecTBYIOT pa3iHyuHbIe CIIOCOOBI 3aJaHMsl TJIOCKOCTH M COOTBETCTBYIOLIUE UM BHUJIbI
YpaBHEHHUS .

1. Vpasnenue nnockocmu no mouxe u HopmanvHomy eexmopy. Eclu IIOCKOCTS
MPOXOJMT Yepe3 TOUKY U MEPHEHANKYIISIPHA K BEKTOPY

2. Vpasnenue nnockocmu 6 «ompeskaxy . ECau mI0CKOCTh EpeceKkaeT 0CH KOOPAUHAT
B TOYKaX COOTBETCTBEHHO

3. Vpaenenue nnockocmu no mpem moukam. Eciu MaocKocTh NPOXOIUT Yepe3 TOUKH
HE JIe)Kalye Ha OJJHOU MPSMOU

Ipumep 1 CocTtaBuUTh ypaBHEHHUE MIJIOCKOCTH, MAPATIIETbHON BEKTOPY

s = (2,1,-1) u orcekaromux Ha ocaix OX u OY orpesku  a =3, b= -2.
(OtBet: 2x-3y+z-6=0)

Hckomoe ypaBHEHHME IUIOCKOCTH HAaXOJUM M3 YCJIOBHS KOMIUIAHAPHOCTH TpeEX
BekTopoB MM, MiM>, S , a Touku umeetr kKoopaunatel M(X,\y,z), Mi(a,0,0), M>(0,6,0) . 11o
yCIIOBHIO 3a/1aum a=2, 6= -3. Toraa
¥ OKOHYATEIhHO MoiydaeM 2X - 3y +z =0.

[Ipumep 2. BEIYUCINTB pacCTOSTHUE MEXY IMapaJuIeIbHBIMU IUIOCKOCTSIMHU

3X+3y+22-15=0 wu 3x+3y+22+13=0.

Jlns pemieHuu 3aadd HaXOAUM JIFOOYIO TOUKY MPUHAIUICKAIIYIO HAa OJHOU W3
IUIOCKOCTH, HampuMep cuutas Y = Z= 0 u3 ypaBHEHHUS MEPBOM IUIOCKOCTH HAXOAUM , UYTO X=5
Torma mo ¢opmyne HaxoXIeHUS paccTosHUs OT naHHOW Touku  Mo(5,0,0) mo Bropoii
IUIOCKOCTH Haxomum  d= 4

Ayoumopnsie 3anamus:

1. ITo maHHBIM ypaBHEHHSIM MMOCTPOUTD MPSIMbIC, HAUTH UX YTIOBBIE KOIPPUIIUESHTHI U
OTPE3KH OTCEKAaeMble MU Ha OCSIX KOOPAMHAT.



2.3anmucath ypaBHEHUS TMPSMBIX, Ha KOTOPBIX JIEKAT CTOPOHBI PaBHOOCIPEHHOU
Tpamnenuu, 3Has, 9YT0 OCHOBaHUs ee paBHBI 10 u 6, a GOKOBBIE CTOPOHBI 0OPA3YIOT C OOJBITUM
OcHOBaHueM yroi .bosbliee ocHOBaHUE JIEKUT Ha OCH aOCIKCC, @ OCh CUMMETPUU Tpaneuu —
Ha OCH OpAMHAT

3. Cuna mnpuioXkeHa K TOYKE . 3alucaTh YpPaBHEHHUE MNPSMOM, BAOJIb KOTOPOH
HaIpaBJIeHa 3Ta CHJIA.

4. 3anucaTh ypaBHEHUE MPSIMBIX, KOTOPBIE IPOXOJAT UYEPE3 TOUKY U MapajliebHbL: a)
ocu abcmucc; 0) ocu OpAWHAT; B) OHMCCEKTPHUCE IMEPBOr0 KOOPAWHATHOTO YIJa; T') MPSMOHU
y=3x+9. 5. 3anucarp ypaBHEHHE IPSAMOH, MPOXOAIIEH Yepe3 TOUKU

6. JIyu cBera HampaBiieH no npsiMoi HailTu KoopAuHATBI TOYKA BCTPEYH JIydya C OChIO
U ypaBHEHHUE OTPAXKEHHOTO Jyya.

7. Touka A(-2,3) NneKHAT Ha IPAMOM, NMEPICHAUKYIIPHOH K mpsMoit 2X-3y+8=0.
3anucaTh ypaBHEHHE 3TON MPSIMOIA.
8. Touka A(2,-5) sBiseTCS BEPUIMHOW KBaApara, OJHA U3 CTOPOH KOTOPOTO JIC)KUT HA
npsiMoit X-2y-7=0. BeraucauTh miomiaas keajapara. (Omeem: 5)
9. 3anmucaTh ypaBHEHHE U MOCTPOUTH MIOCKOCTh:
a) mapamuienbHyo wiockoctd OXZ u mpoxoasinyro yepe3 Touky Mo(7,-3,5)
0) nmpoxosiyto yepe3 ocb OZ u touky A(-3,1,-2)
B) mapayienbHyto ocu OX u nmpoxosinyo uepe3 ase Touku M1(4,0,-2),
M2(5,1,7)
I') IpoXxoaAiIyto yepe3 Touky B(2,1,-1) u umMeroIyro HOpMaabHbIH BEKTOP
n=(1,-2,3)
1) mpoxosiryto yepe3 Touky C(3,4,-5) mapamienbHo ABYM BEKTOpaM
a=(3,1,-1) u 6=(1,-2,1)
OtBet: a) Y+3=0; 6) X+3y=0; 6)9y-7-2=0; 2) X-2y+3z+3=0; 0) x+4y+7z+16=0.
10. CocraBuTh ypaBHEHHWE OJHOM M3 rpaHedl TeTpa’/pa, 3aJaHHOrO BEpIIMHAMMU.
A(5.4,3), B(2,3,-2), C(3.,4,2),[4(-1,2,1). IIpoBepuTh NpaBUIHLHOCTH OTYYEHHOTO YPABHEHHUS.
11. CocTtaBuTh ypaBHEHHE IUIOCKOCTH:
a) npoxosuieit uepes rouku Mai(1,1,1), M2(2,3,4) nepneHauKyIsipHO K
IJIOCKOCTH. 2X-7y+52+9=0,
0) npoxosiiei yepe3 Touky Mo(7,-5,1) u oTcekaromiel Ha OCsIX KOOPAWHAT paBHBIC
MOJIOKUTENbHBIE oTpe3kn. (OtBeT : a) 31X +Yy-11z2-21 =0
0)X+y+z-3=0)
12. BbIUMCIUTB YTOI MEXIY IUIOCKOCTAMU X - 2y + 22 —3=0 u 3x-4y+5=0

(OtBer : )

13. 3anucaTh ypaBHEHHE IUIOCKOCTEH, MENANIMX JBYXTPAHHBIE YIIbI MEXKIY
IUIOCKOCTAMH 3X-y+72-4=0 u 5x+3y-5z+2=0 ( OtBerT: X+2y-6z=0,

4x+y+z-1=0)

Momawnue 3a0anusn:

1.Haiitn ypaBHeHHEe TpsMOH, mpoxojsiiei yepe3 Touky Mo( -2,3) u oOpasyromuii ¢
OCSIMH KOOPJIMHAT TPEYTOJbHUK IJIOIIAAbI0 4.

2.3anucaTh ypaBHEHHUE MPSIMOM, MPOXOJAIIEH Yepe3 Hayajao KOOpPAWHAT U 00pa3yIoui
yrox 30° ¢ mpsimoit y= - 3x+1.

3.3anmcarh ypaBHEHHE IPSIMON TPOXOJAIICH yepe3 Touky P(5, 2) 1 oTcekaroliel paBHbIe
OTPE3KHU Ha 0csx KoopauHart. (Omeem: X +y -7=0.)

4.Haiitu ypaBHEHHE MPSAMOM, mapauieabHOl npsiMoi 12X+5y-52=0 u orcrosiuel oT Hee
Ha paccrostaue 2. (Omeem: 12X+5y-26=0 nnu 12x+5y-78=0.)



5.BeunCInTh BETMYMHY MEHBIIETO yriia MexAy npsaMbiMu  3X+4y-2=0 u 8Xx+6y+5=0.
Jloka3aTh, UTO TOUKa JIEKUT Ha OMCCEKTPHCE ATOTO yIiia, U CeNIaTh PUCYHOK.

6. CocraBUTh YpaBHEHHE IUIOCKOCTH uepe3 Touky P(1,0,2) nepneHauKyIsipHO
K JBYM IJIOCKOCTSIM 2X-Yy+3Z-1=0 u 3x+6y+3z=0.

7. CocTaBUTh ypaBHEHHE IUIOCKOCTH, MEPIIEHANKYJIIPHON K MIOCKOCTU 2X-2Y+4Z-5=0 n
orcekaromied Ha ocix OX u OY otpesku  a=-2, 6= COOTBETCTBEHHO.

8. CocTaBuTh YpaBHEHHE IJIOCKOCTH, MapajuieabHoi BekTopy S = (5,0,-2) u oTcekarommx
Haocax OX wu OY orpe3ku a=-4, b=1.

9. BoluucnuTh paccTosHUE MEXIY MapaulebHBIMU IJIOCKOCTIMU

X-2y+4z-1=0 wu 2x-5y+2z+12=0.

IpakTuyeckas padora Ne 8
Tema: CocTaBiieHHe ypaBHeHHUIl IIJIOCKOCTH.
Ieanb: oTpaboTaTh yMEHHE COCTAaBJISITh YpPaBHEHHE MPSAMOM, 3aJaHHON pa3IMYHBIMU
Croco0aMu; MepeXoAUTh OT OJHOIO BUJAa YPABHEHUSI IPSAMOM K IpyroMy
Teopernyeckue 0CHOBBI:
IIpsimast 1 MJIOCKOCTH

B 3aBucumoctu ot cmoco6a 3afaHus MPsSMOl B MPOCTPAHCTBE MOXKHO pacCMaTPHUBATh
pa3inyHbIe ee ypaBHEHUSI.

1. BexmopHo-napamempuueckoe ypasHenue npsamou. llycTb mpsimas IpOXOIUT uepe3
TOUKY NapaieIbHO BEKTOPY, a Jr00asi Touka 3TOM NpsMoii .

KOTOpO€ TOJYy4yaeTcsl MO IMpaBWILy CJIOXKEHHS BEKTOPOB. YpPaBHEHHME  Ha3bIBAETCS
BEKMOPHO-NAPAMEMPUYECKUM YPAGHEHUEM NPAMOL, —HAIPABISAIOLIUM BEKTOPOM MPSIMON 2.
llapamempuueckue ypasHenus npsamoii.

3. Kanonuuecxue ypagnenus npsamou. Pa3pemasi ypaBHEHUSI B CHCTEME OTHOCHUTEIBHO
t ¥ mpupaBHUBAs MOTyUYEHHBIE OTHOIICHHUS, TPUXOJIUM K KOHEYHbIM YPAGHEHUAM NPIMOILL.

4. Vpasnenus npsamoti 6 npocmpancmee, npoxoosiuel uepes 08e moyKu.

5.06wue ypasnenus npamoii 6 npocmpancmse.

Tenepp MOXHO 3amMcaTh YCJIOBHE NEPHEHAUKYJISIPHOCTH NPSIMBIX | & YCJIOBHE
napajyieIbHOCTH , a YCIIOBHSI WX COBMajzeHus , rae Mi(X1,y1,z1) , Ma(X2y2,22) , a  S1,52 —
HAIpPAaBIISAIONINE BEKTOPHI.

Yenom mesncoy npsamou u nnockocmoio Ha3bIBa€TCs yroJl MEXAy NpIMOi

1 OPTOTOHAJILHOM MPOEKIMEN Ha MIIOCKOCTb.

IIpumep 1. CocTaBUTh ypaBHEHHE MIJIOCKOCTH, IPOXOAAILIEN YEPE3 TOUKY

P(1,0,2) nepneHANKYIAPHO K ABYM IJIOCKOCTSIM

2X-y+3z-1=0 wm 3x+6y+3z -5=0

Tak kak k03((UIMEHTHI IIOCKOCTEH HE MPONOPLHMOHAIBHBI, TO OHHM IEPECEKaroTCs,
TOTJ]a HANpaBJISAIOIIUN BEKTOP JIMHUN IEpeceueHusi HaxoIuM W3 BEKTOPHOTO IMpPOU3BEIEHUs
HOpMAaJIEH JBYX INIOCKOCTEH T.€.

Toraa aTtoT BekTOp Oy/eT HOpPMaIbI0 MCKOMOW IJIOCKOCTH U 1O dopMmylie (2) HaxoquM
xX-y-52=0.

IIpumep 2. 3anucarh ypaBHEHHE TIOCKOCTH, TPOXOAAIICH depe3 IpsaMyo

NEPIEHAUKYIISIPHO K TUIOCKOCTH X+4y-3Z+7=0.

Hckomasi TIIOCKOCT MNPOXOJWTH 4Yepe3 TOukKH mpsiMoi  Mo(2,3,-1) U yepes
HarnpapJsroni Bekrop npsimoit S(5,1,2) u uepe3 HopManu ganHo# miockoct N(1,4,-3). Torma
13 YCJIOBHS KOMILJIAHAPHOCTH TpeX BEKTopoB MoM, S W N Haxoaum

w 1lx-17y-19z + 10 = 0.

3aganua



1.Haiitu ypaBHeHHE mpsAMOi, mpoxoasiiei dyepe3 Touky Mo( -2,3) u oOpasyroruii ¢
OCSIMH KOOPJIMHAT TPEYTOJbHUK IJIOIIAAbI0 4.

2.3anmucarh ypaBHEHHE MPSMOM, MPOXOJISIICH Yepe3 Havyauo KOOPAMHAT U 00pa3yroIuit
yron 30° ¢ mpsimoit y= - 3x+1.

3.3anucarh ypaBHEHHUE MIPAMOI Ipoxo el yepe3 Touky P(5, 2) u oTcekarolei paBHbIe
OTPE3KHU Ha 0csax KoopauHat. (Omeem: X +y -7=0.)

4.Haiitn ypaBHEHUE NPSAMOMN, NapaieabHOW IpsMoi 12X+5y-52=0 u orcrosiueil oT Hee
Ha paccrostaue 2. (Omeem: 12X+5y-26=0 unu 12x+5y-78=0.)

5.BeIUMCINTG BEIMUMHY MEHBIIETO yTila MEXAy HpsaMbiMH  3X+4y-2=0 u 8X+6y+5=0.
Jloka3zaThb, 4TO TOYKA JISHKUT HAa OMCCEKTPUCE ITOTO YIiia, U cAeaTh pucyHok. (Omeem: .)

6.CocTaBuTh ypaBHEHHE IIOCKOCTH 4epe3 Touky P(1,0,2) nepneHauKyJIsspHO
K JBYM IUIOCKOCTSIM 2X-y+3Z-1=0 u 3x+6y+3z=0. ( OtBer: 7X-y-5X-z+3=0)

7.CocTaBUTh ypaBHEHHE IIOCKOCTH, NEPIECHANKYISPHON K MJIOCKOCTU 2X-2Y+4Z-5=0 u
orcekaromied Ha ocix OX u OY otpesku  a=-2, g= cootBeTcTBeHHO. (OTBET: X-3Y-
2z+2=0)

8.CocraBuTh ypaBHEHHE IUIOCKOCTH, TapajuienbHoi BekTopy S = (5,0,-2) u orcekaromux
Haocax OX wu OY orpe3ku a=-4, b=1.

9. BoluucnuTh paccTosHUE MEXIY MapauielbHBIMH IIOCKOCTIMU

X-2y+4z-1=0 wu 2x-5y+2z+12=0.

10. 3anucath ypaBHEHHE TUIOCKOCTH, MPOXOASIIEH Yyepe3 MpsIMYI0 MHepIeHIUKYIIPHO K
IJIOCKOCTH .

11.Bbraucinuth paccrosiaue My npsimbiva U ( Omeem: . )

12.Ilepecekarorcst jiu psimbie ¥ ( Omeem: HET. )

Bonpocsl k Teme:

1. JlaiiTe ornpeieieHue HOPMAJIBHOTO BEKTOpPA MPSMOi.
2. JlaiiTe onpeesieHNne HAPaBIIAIOLIETO BEKTOPa IPSIMOM.
3. Kakum HabopoM 371eMEHTOB MOYKHO 3a7aTh IPAMYO?
4. Kaxoii Bl MOKET MMETh ypaBHEHUE NIPSIMOM Ha IJIOCKOCTU?
S, Kaxk coctaBuTh ypaBHEHUE IPSIMOIA:
- IO HANpaBIIAIOLIEMY BEKTOPY U TOUKE,
- 10 IBYM TOYKaM,
- 110 HOPMaJIbHOMY BEKTOPY U TOUKE,
- 110 OTpe3KaM, OTCEKaeMbIM IPSIMOM Ha OCSX KOOpAUHAT?
6. YUT0 MOKHO CKa3aTh O MOJOKEHUH MPSAMON Ha KOOPAMHATHOU IUIOCKOCTH,
10 €€ YPaBHEHUIO:
- KaHOHHUYECKOMY
- IapamMeTpUYECKUM
- “BoTtpe3kax’
- C yIJIOBBIM KOO(QPUIIUEHTOM
7. Kaxk nmepeiiTu oT 0AHOTO BUAA YpaBHEHHUs NIPSAMOM K Ipyromy BUay?
8. YUto MOXHO paccka3zaTb II0 YPaBHEHUIO O IIOJOKEHHH NPSIMOM Ha
IJIOCKOCTH?
9. Kak ornpenenuTs B3auMHOE PacIonokKeHUe TOUKH U TPSIMON?
10.  Kak onpenenuTb TOUKY NepecedeHus AByX MPSIMbIX?

IIpakTHyeckas padora Ne9

Tema: Haxo:xxkaenue npenesioB pyHKUMA M TOYEK pa3pbiBa.

Henab: npuoOpereHue 0a30BbIX 3HAHUKW B o0nacTH (PyHIAMEHTAJbHBIX pa3JIEoB
MaTemaTuku. [IpoBepka ycBOeHUs 3HAHMI MO BBIYMCICHHIO MpenenoB GyHkuuid. [loBToputh U
CUCTEMATHU3UPOBATh 3HAHUS 110 JAHHOU TEME.



Teopernuecknii 6,10k
UToOBbI BEIUMCIHUTD Npeaea PYHKIMHU B TOUKE, HAJO:

1) TloacraBuTh BMECTO MEPEMEHHOM X TO, K Y€MY X CTPEMHTCSI.
g
2) Eciu mocrne BBINOJIHEHMs MyHKTA 1) MOJyYHM HEONpeaesieHHOCTh Biaa 24, To Hamo
YUCIUTENh W 3HAMEHATENb JpOOM pa3IOKUTh HAa MHOXXUTEIHM U COKPATUTh Jpo0b, WK

YUCIUTEIIb U 3HAMCHATCIIb JOMHOXHTH Ha COIIPSXKCHHOE MU IIOCIIEC 3TOr0 COKpaTUTh ,Z[p06b.

3ameTuM, 4TO JIpoOb Bceraa OyAeT COKpAIlaThCs, €CIU B BBHIPAKEHUU X a CTpEJIKY 3aMEHUTh
Ha MUHYC: (X-a).
=
3) Ecnu mocie BBINOIHEHHS MyHKTA 1) MOJYYUM HEONPEACICHHOCTh BH/IA LC], TO HAJO
YUCIIUTCIIb W 3HaMCHATCIIb I[pO6I/I pasaciiuTb Ha CTApIIYHO CTCIICHbL HCU3BCCTHOI'O, HIIN
cllaraeMoe C camoil OOJBIION CTENEeHbI0 B YHCIMTENC PA3JIeNUTh Ha CllaraeMoe C CcaMou

OOMBIION CTEIIEHELIO B 3HAMEHATENE U B3ITh mpeaci OoT pe3yjibTaTta ACJICHUA.

0
4) Ecmu mocne BBINOJNHEHHS MNyHKTa 1) THOJXy4YMM HEONPEICICHHOCTh BHIA [D],
CBSI3aHHAsl C 3HAYCHHUSIMH TPUTOHOMETPUYECKUX (YHKIIMH, HAJ0 BOCIOIB30BATHCS IEPBBIM
3aMeqaTeNIbHbIM IIPEAECIIOM.
Omnpenenenue. [IepBbIM 3aMedaTeNIbHBIM IPEJEIOM Ha3bIBAETCS MPEEI

i

-] ]

Ilepeuviil 3ameuamenvhbiii npeden paseH
i
fin— =1
= al

-0 ]

5) Onpeoenenue: Bmopwim 3ameuamensHblM npedeiom Ha3vleaemcs npeoei
m

e= lim :I.—I—1
n

T—o0

Yucno €, 3adanHoe smum npeoenom, uzcpaem OuYeHb OONbULYIO pONb KAK 8
mMamemamuyeckom auanuze, mak u 6 opyeux pasdenax mamemamuxu. Huciro €Hazvlearom

g, N =In¥
).

Hamypanohvlx 102apugmos (
Teopema. Bmopoii 3ameuamenvuviii npeden cywecmeyem. Eeo 3mnauenue -- uucno,

OCHOB8AHUEM

Jaeascaujee Me:»cdy u.
bonee nodpo6noe uszyuenue 4ducia enokasvleaem, 4mo E£-- UppayuoHdajibHoe YUcio,

HeCKOIbKO Nepeblx 0eCAMUYHbIX 3HAKO8 KOMOPO20 MAKOGbL:
e = 2,7182818285. ..



2. 3akpenneHue u3yueHHO20 Mamepuad.

Ilpumep 1
=6 276
fx-1-2-1= 4

lim,_,

Mpui 6ocnoavzosanucy npagunom 1) u noocmasunu 6mecmo x mo, K yemy X Cmpemumbcsl,

m. e. x=2.
Ipumep 2
li x4x—5 [0 =1 (x—2)(x+3) Ii x+3 I+3
iy — x-2 = — MMy x—2 :111'11_,2 1 =1=5
Ilpumep 3
x-5 [0 . (x-5)(VETE+3)  Jjm. .. F-S0xHE+3)
lim,_,. —— |3 =lim, ,.———— x5 [ rraa?)
* 5 mFa-3L0 (VEFE-3) (VETE+3)_ WV j -
lim (x—5)(xTa+3) lim (x—5)Vxta+3)
5T (xie-9) - % (z-5) lim, g (Vx+4+3)_3,4 6
Ilpumep 4
vz X - -
, e s42-5 st lim - lim
li —41 TrmE = hml’—’ﬂ": 2x® 7x 2 hmx—m: 7 3 — 7 —7 %
T i oy Far—ar hm i limes g
Ipumep 5
ginex elim sin ex
. sin 6r  lim —= 0 ex
lim o) BN EX Ellm 5o EX  —
=0 gy Jx— x X—0 gy _3_2
Ilpumep 6

TR
a)lim,_,_(1+ i]?x =lim, . (1+ i]‘}xm: es

2

lrn (1+3]x = [1°]= tim [1+3]5 =
K= x = x

0)
: E,
]jm[1+i]3=[“]=]jm (1+i]4 =3
6)
1 1 x4 ax=d)
im (2x-3)57 = [I* |2 (1+20- 4537 =lim e ™7 =¢°
2) Y= ] ¥=s1l

3. 3axpennenue 3Hanuil, ymeHuil U HaABbIKOG.
Buinonnume camocmosamenvuyro pabomy no vluucienuio npeoenos QyHKyul.

Bapuanr 1 Bapuant 2
Boruncnute npeaen GpyHKIUM: Boruncnute npeaen GpyHKIuM:
I —4x—2 I +4x-2
- - = Bmn — —
1 == x> +6x—5 1 == 6> +x—5
o 2x% —5x o zf—sx—ﬂ
o = —S5x41 o et 5?47
o -1 o -1
3 Bl 46T 3 Bl $2x-3
Bm — Bm Ax

4, I"’“s'nir_ 4 I—}IJIESI



m En

I-— 5x e 5x
5 5 T2

Bn I_3] Bn 1—3]
6. * x+2 6. * x+3

En{]+1)I in{]-l—l)I
7. 32 x 7 -3 x

=sm bx En on X

8, 0 51- 8 I—}l]‘gjx

En ﬁx-l;l En 51:1-24
9 x—0 4x 9 x—0 2x

1 x
2Y 3% Em (1+§J

10. x o\ X . '

IIpakTuyeckas padora NelQ

Tema: YacTHblIe ci1y4yan BbIYUCICHUSA NpeaeaoB GyHKIUM.

Heab: npuoOperenue 0a30BbIX 3HAHUKW B 00nacTU (hyHAAMEHTAIbHBIX pPa3/elioB
MaTemaTtuku. [IpoBepka ycBOeHUs 3HAHMI MO BBIYUCICHHIO TpenenoB QyHkuwmii. [ToBTOpuTh U
CI/ICTeMaTI/I?;I/IpOBaTI) 3HAHUJ 110 II&HHOIZ TEME.

Teoperuuecknii 0J10K.
8]

Ipexennl ¢ HeonMpeaeJeHHOCTHIO BUAa © M MeTOJ MX pelIeHust

MBI paccMOTPUM TIpyTITy NpeenoB, koraa * % | a gyHkims npeacTaBuseT coboit 1pook, B
YUCIUTENE U 3HaMeHaTelle KOTOPOU HaXOSTCSI MHOTOUJICHBI

IIpumep:

oxl—3x-5

3
Brruncnuts npegen F 1+x+3x

CornacHo HaleMmy IpaBHITy MONBITaeMCs IOJCTaBUTh OECKOHEYHOCTh B QyHKIMIO. UTO y Hac
noiy4aercst BBepxy? beckoHedHoCTb. A uTo noiyvaercs BHM3Yy? Toxe 6eckoHeuHOCTh. Takum
o

06pa30M, Y HAC €CThb TaK Ha3bIBacMasd HCOMMPECACICHHOCTb B 1A €0 MoHO ObUIO OBI noaymarsb,

o
— =00

aro ® , 1 OTBET FOTOB, HO B OOIIIEM CITyyae 3TO BOBCE HE TaK, U HY>KHO IPUMEHUTD
HEKOTOPBIN TPUEM PELIECHHUSI, KOTOPBIA MBI CEMYAC U PACCMOTPHM.

Kax pemaTtsb NpeaACbl JAHHOTO THIAa?

CHa'—IaJ'_Ia MbI CMOTpI/IM Ha YUCJIUTECIIb 1 HAXOANM & B CTapIHeﬁ CTCIICHU.
) .
Ax‘)-3x-5
lim :
x=»® |4+ v+ 3x°

CTapma;I CTCIICHb B YHUCJIIUTCIIC paBHA ABYM.



Tenepb CMOTPUM Ha 3HAMEHATEJh M TOXKE HAXOJUM * B CTapIlel CTCTICHH:
Axr=3x=5

lim ;

x=o |4+ v+ 3 )

Crapiuas cTeneHb 3HaMeHaTeNs paBHA JBYM.

3areM MEI BBI6I/IpaeM CaMyIO CTapuyro CTCIICHDb YUCIUTCIIA U 3HAMCHATCIIA: B IAHHOM ITPUMCPE
OHHM COBIIAJArOT U paBHBI ﬂBOﬁKC.

Wrak, MeTo/ pemieHus CASAYIOIIHA: 1JIS TOr0, YTOObI PACKPBITH HEONpPeaeIeHHOCTh
)

% HeoOX0AMMO pa3aeJUTH YHCIUTEIb H 3HAMEHATENIb HA * B CTAPIIEH CTeNeHH .

2% =3x-5 _w _

rsw 1+ x+3x° 00 ¥

2
PaSI[eJ'II/IM YHCIIMTEIb U 3HAMEHATEIb Ha &

oxt—3x—5 ox 3x 5 370 570
lirn Xz litny .'-’.’2 _?_? ]ﬂnz_; _? -
(*:I_x_}m 1+x+3x2 _X—Zvu:h 1 x 3 ] _:':'—}u:h 1—>|:| 1—}[' _g
— —=t=t—= — t— +3
s X X X X X
2

BOT OHO KaK, OTBET - , a BOBCE He GECKOHEYHOCTb.
UTo npUHLIMIIMAIBHO BaXKHO B OPOPMIIEHUN PELLICHUS:
Bo-nepBbIX, yKa3bIBaeM HEOIPEAEICHHOCTD, €CJIU OHA €CTh.

Bo-BTOpBIX, jK€naTeNnbHO NpepBaTh pelieHue s IPOMEXKYTOUHBIX 00BbsICHEHHUH. 51 00BIYHO

HCIIOJIb3YI0 3HAK ™ , OH HE HECeT HUKAKOT0 MaTeMaTHYeCKOro CMbICIIa, a 0003HAYAET, YTO
pelieHue mpepBaHo sl MPOMEXYTOYHOTO OOBSICHEHHUS.

B-Tpetbux, B mpezene xxenaTelbHO OMEYaTh, 4TO U Ky1a cTpeMutcs. Koraa pabora
odopmIseTcs OT PyKH, yI00HEe 3TO cliefaTh Tak:

.'3 “S‘E,-

- —

-~

>

X7 X

A WA
| —H—#3
N XS

N

I[J'IH IIOMETOK JIYHUHIC UCIIOJIb30BATh HpOCTOﬁ KapaHJar.

[Ipumep 2

T 4152 +9x+1
Haiitu mpejen *== 5%° +62° —3x—4
CHOBa B YHCIIUTEIIE U 3HAMEHAaTeIe HaXoJuM 4B CTapIHeP'I CTCIICHU.
T #1537 +9x+1

hm —5——
=0 ¥ H6x" —-3x—4

MaxkcumanbHasg cTeENeHb B YUCIUATENE: 3

MakcuManbHas cTeneHb B 3HameHarene: 4

Bri6upaeM HauboJib1I€e 3HAUCHNE, B JAHHOM CITydae 4eTBEPKY.



[£4]
CornacHo HalmeMy ajirOpuTmy, Il PaCKpbITHUA HCONMPCACIICHHOCTH oo JCJIUM YUCIUTCIIb U

4
3HaMEHaTelb Ha

[TomHOE O OpMIICHHE 3a/1aHUST MOKET BBITJISIIETh TaK:

TR +152 4+ 9x+1 o

==

ree 5t +6x°—3x—4 o

4
Paznenum uncimTenb U 3HaAMEHATENb Ha X

724152 +9x+1 ?"”+15"”+9"”+1‘*”
4 - ) ) iy
=]j111 ks =]j1'ﬂ ks s s X —
=l S5 +6x —3x—4 e s, R
x4 xg J’f3 X
_ 0404040 _ 0 _
540-0-0 5
[Tpumep 3
- 2xi—3x-5

Haiitu npeen **° % +1
MaxkcuManbHas CTEIeHb «UKCa» B YUCITUTENE: 2

1
MakcumalipHasi CTelieHb «HMKca» B 3HaMeHarene: 1 (¥ MoxHO 3anucaTh Kak + )
ol

Jlis packpbITUS HEollpeeIeHHOCTH ®© Heo0X0AMMO pa3IeauTh YUCIUTEIb U 3HAMEHATE b Ha

2
& . Yucrosoii BapUAHT PCHICHUSA MOKCT BBIITIAJICTD TaK:

Co2x?o3x-5
e

e x4l o

2
PaBI[GJ'II/IM YUCIIMTEIb U 3HAMEHATEIb Ha &

D%t —3x—5 ) 370 520
Tz st Tz 2
0=t — =l — A==

- 4+
xj x x

2

[Tox 3amuceio U MoJIpa3yMeBaeTCs He JIeTICHUE Ha HOJb (JISTUTh Ha HOJIb HENb3s), a AeJIeHUue Ha
OECKOHEYHO MaJIOE YUCIIO.

oo

Takum 06pa3om, IPU PaCKPHITHH HEOMPEIEICHHOCTH BrIa =

KOHEYHoe 4ucijo, HoJIb UJIN OCCKOHEYHOCTb.

Y HaC MOXET IMOJTYYHUTHCA

IIpakTnyeckas padora Nell
Tema: Bbluuciaenue mnpenejsoB (YHKIUHM MeTOAOM YMHOMKEHHS YHCIUTEIA H
3HAMEHATeJIs HA CONPSIKEHHOE BbIPAKEHH e



Hean: npuoOpereHue 0a30BbIX 3HAHUK B 00JacTH (yHIAMEHTAJIBHBIX pa3/eioB
MareMaTuku. [IpoBepka yCBOEHUSI 3HAHUU IO BBIYUCIICHHIO MpenenoB ¢yHKuuid. [loBTopuTh 1
CUCTEMAaTHU3UPOBATh 3HAHUS 110 JAHHOU TeMe.

Teoperuuecknii 0J10K.

0

Hpe)le.]'lbl C HEOIIPEACJICHHOCTBLIO BU/1Aa 0 H METOX UX PECIICHUA

CJ'IG,Z[YI-OH_IaH rpyi1mma npeacjioB 4EM-TO I10X0Ka Ha TOJIBKO YTO paCCMOTPCHHBIC ITPCACIIbI: B
YUCIUTCIIC U 3BHAMCHATCJIC HAXOAATCSA MHOT'OYJICHBI, HO «UKC» CTPEMUTCS YIKE HC K
6GCKOHC‘1HOCTI/I, d K KOHEeYHOM) YUciy.

[Ipumep 4

- 2xt—3x—35

Pewnts npegen 70 x+1
Cuauana nonpoGyeM MoJCTaBUTh -1 B Ipo0b:

21 -3 (-1 -5 _0

-1+1 0

= |

B mannom CJIydac 1nojydeHa TaK Ha3bIBacMasd HCOIMPCACIICHHOCTb

Oﬁmee NPpaBuUJI0: €CIIU B YUCIUTEIIC U 3BHAMCHATCIIC HAXOAATCA MHOTOYWICHBI, U UMCCTCSA
0

HCOIIPCACICHHOCTH BHUla 0 , TO IJId €€ PACKPLITUA HYKHO PA3JI0KUTH YUCIUTEIDb U
3JHAMEHAaTEeJ/JIb HA MHOXKHUTCJIN.

Jl1st 3TOTO Yallle BCEro Hy’>KHO PElINTh KBaIpaTHOE ypaBHEHUE U (MJIM) UCIOJB30BaTh (POPMYJIbI
COKPAILEHHOTO YMHOKEHHUS.

Pemaem npenen
2% =3x-3 0
hm ————— = —=
¥—+-1 x+1 ] ©

PaznoxuM 4HCIUTENb U 3HaMEHATENIh HAa MHOKUTEIH.

I[J'IH TOIro LITO6I:I paSJ'IO)KI/ITB YUCJIMTCIIb HA MHOXUTCIIN, Hy)KHO peI_HI/ITL KBa,Z[paTHOG ypaBHeHI/Iei
2xt—3x-5=0

CHaqana HaxoIum ,Z[I/ICKpI/IMI/IHaHTZ

D=(-3"-4.2 (-5)=9+40=4%

U xBaspaTHBII KOPEHb U3 HETO: JD =43 =7 .

B ciyuae ecnu nuckpuMuHaHT OoJbLIoN, HanpuMep 361, Hcnonb3yeM KalbKyIsITop, PyHKINS
W3BJICYEHMSI KBAJAPATHOTO KOPHS €CTh Ha CAMOM IIPOCTOM KaJIbKYJISITOPE.

! Ecnu kopenv ne ussnekaemcs Hayeno (noayuaemcs OpooHoe yucio ¢ 3ansimoti), O4etsb
8EPOSIMHO, YMO OUCKPUMUHAHM BbIYUCTEH HEGEPHO TUDO 8 3a0aHUU ONeYamKda.



Jlanee HaxoauM KOpHU:
_—(=3-7 3-7 -4

2.2 4 4
L _—CHHT 347 _10_5
o224 42

Takum o6pazom:

oxt —3x—5=2{x— (-1} (x—gj =2(x+1)- (x—gj ={x+1) {2x-5)

Bcé. Yncnurenb Ha MHOKUTEIIH Pa3JIOkKEH.

3HameHarenb. 3Hamenarens X 11 YK€ SIBJISIETCS IPOCTEUILINM MHOXUTENEM, U YIIPOCTUTB €TI0
HUKAaK Helb3s.

%) = fim (x+1).-(2x—5)

¥=+-1 x+1

= ("

(x+1}:

O‘IGBI/I[{HO, YTO MOXXHO COKpPATHUTH HA

(*) = lim (2x—5)= (9

r—=-1
Tenepb " IIOACTaBJIsIEM -1B BBIPAXKCHUC, KOTOPOC OCTAJIOCH ITOA 3HAKOM ITpCaciia:
=2 (-1)-5=-2-5=-7
B umcroBoMm BapuaHTC O(i)OpMJIeHI/Ie AOJIKHO BBITJIAACTD IIPUMCPHO TaK:

- 2xt—3x-5 _
-1 x+41

0
5=

PaSJ'IO)KI/IM YUCIINUTCIIb HA MHOXHUTCIIN.
Sxt —3x—5=0

D=(=2%—4.2 (-5)=9+40=4%
JD=J35=7

_-(=3-7_3-7_-4

= —=-1

2.2 4 4
L _—CHHT 347 _10_5
4 2.2 4 4 2

2xt —3x— 5= 2{x+1]-(x—§] ={x+1) [2x-5)

(ot SIS0 g o s

r—=-1 r+1 r—-1

IIpumep S

g—2x

S S
Beruncnuts npenen FE T+ 4x-12

CHayana «4HMCTOBOI» BapUaHT PEUICHUS



_a
B—2x 9:{*}

=2xt +dx—12 0
Pa3noxxuM gnuciIuTes U 3HaMeHaTeIb Ha MHOKUTEIIH.

Ynemmrens: 5~ 2% = 2(4—x")=2(2- (2 +x)
3HaMeHaTeb:

*+4x-12=0

D=16+48=64

JD =%

2

4 dr—12=(x+E61x-2)

e 22-RQ4R) L @-nRER .~ (k-4

(9 =l -

1 (216 x—2) (A BA—2) 1 (it B)(a2)
S U k.0 B S

1 (46 8

YT0 Ba’XHOTO B IAaHHOM TIpUMeEpe?

Bo-niepBbix, Bl JOJDKHBI XOPOIIIO TOHUMATh, KaK PACKPBIT YUCIUTEIh, CHA4ala Mbl BEIHECIIH 32
CKOOKY 2, a 3aTeM HCIOJIb30BaI (OPMYITY Pa3HOCTH KBAJAPATOB. YK 3TY-TO (hOpMyITy HYKHO
3HATh U BUJICTb.

Pexomenpanus:. Eciu B npeaciic (HpaKTI/I‘ICCKI/I JIF000Tr0 TI/IHa) MOKHO BBIHCCTH YHCJIO 3a
CKO6Ky, TO BCerja 3To AeiaeM. boiee TOT'0, TAKHUEC YHCJTIA HCJICCOO6p33HO BBIHOCHUTH 34 3HAYOK
mnpeacia. 3auem? [[a IIpoCTO YTOOBI OHH HE MEIIAINCH 110 HOI'aMH. FJ'IaBHOG, II0TOM 3TH 4YHCJIa
HEC MIOTCPATH 110 X0y PCIICHUA.

OOpaTtuTe BHUMaHKE, YTO Ha 3aKIOYUTEILHOM dTale pelIeHus 1 BbIHEC 3a 3HAUOK Ipeiena
JIBOIKY, a 3aT€M — MUHYC.

! Baoicro
2—x

B xoze pewenns pparment tina *2 X~ £ perpeuaercs oueHs yacto. COKpawaTh TaKyo Apo0b
HeJib3s1. CHavasa Hy»KHO IOMEHSTh 3HAK Y YHCIUTEIS WIH Y 3HaMeHaTens (BbIHeCTH -1 3a
CKOOKH).

i 275D ﬂ:]jm(—l):—l

=ix—z 0 =2 x-2 w2 , TO €CTh TOSBJIICTCS 3HAK MHHYC», KOTOPBIN MPH
BBIYMCIICHUH TIPeJielia YYUTHIBACTCS U TEPSITh €r0 COBCEM HE HY)KHO.

BOO6I_I_IC, s 3aMCTHIJT, YTO Yall€ BCCro B HAXOKACHUHN NIPCACIOB JaHHOI'O TUIIA TIPUXOJUTCA
pe€uiaTh ABa KBAAPATHBIX YPAaBHCHUA, TO €CTh U B UHMCIHUTCIIC U B 3HAMCHATCJIC HAXOAATCS
KBaApPATHBIC TPCXYJICHBI.

MeTOIl YMHOKECHUSA YUCIUTEIA U SHAMCHATEISAA HA CONMPANKCHHOC BLIPAKCHUE

= |

Hpoaom}caeM paccMaTpuBaTh HCONPCACICHHOCTL BU 1A

CJ'IC,Z[YIOH_II/Iﬁ THUIT TPCACIIOB IMMOXO0XK Ha Hpem;myumﬁ THII. E,Z[I/IHCTBCHHOG, IIOMHUMO
MHOTI'O4JICHOB, Y HAcC )106aB$ITC$I KOpHH.



[Tpumep 6

i Jr+e—flox—21

Haittu npenen ¥ 5x—-15
Haunnaem pemars.

Cnauvasia npoOyeM No/ICTaBUTh 3 B BBIPAYKEHUE 110]] 3HAKOM IIpefieria

Sre-f0z-21 -9 0

5.3-15 ©15-15 0

0
[Tonydyena HeOnpeAEIEHHOCTh BUAA 0 , KOTOPYIO HYKHO YCTPaHATh.
- x4 = fl0x =21 _0

e 5x—-15 7=

Korna B uncnuTene (3HamMeHaTesne) HaX0UTCS pa3HOCTh KOpHEH (MM KOpeHb MUHYC KaKoe-
0

HI/I6y,Z[I> IH/ICJ'IO), TO MJIA paCKpPbITUA HCOIIPCACICHHOCTH 0 HCIOJB3YIOT ME€TOA YMHOKCHUSA
YUCJIHUTEIA U SHAMCHATE/IA HA COMPANKCHHOC BBIPAKCHHUEC.

R R
Bcnomunaem dhopmyity pasHOCTH KBaJIpaToOB: (@—b)a+b)=a"-b
e Jdr+6—J10x-21

U cMOTpUM Ha HamI mpejen: * - Sx=15

UTo MOXKHO cKa3aTh? (a—&) y HaC B YUCIIUTENE yKe €CTh. Terneph I MpUMEHEHUS (OPMYJIIBI

OCTaJIOCh OPIraHU30BATh (fl +b) (KOTOpO@ 1 Ha3bIBACTCs CONMPHAKECHHBIM Bblpa)l(eHI/IeM).

YMHOKaeM YHCINTE]b HA CONPSIKEHHOE BbIPaKeHHeE.

- (fx+6—J10x=-21) (fx+6+.f10x-21)
= 5x—15

OOpaTtuTe BHUMaHKE, YTO MO KOPHIMHU IIPU 3TOM ONEepaluy Mbl HUYETO HE TPOTAEM.

(a+&)

XOpOH_IO, MBI OpraHn30BaJIv, HO BBIPAKCHUC-TO IO 3HAKOM IIpEACiia W3MEHUIIOCH! A

JJIs1 TOTO, YTOOEI OHO HE MCHAJIOCH, HY>KHO €T0 pa3sAaciuTh Ha TO K€ CaMO€, T.C. HA (a +b:| .

i (fx+6 — 102 - 210 (246 + 102 - 21) _

=15 (5x—15) (Wfx+6 +/10x-21)

(*)

To ecTb, MBI YMHOKHJ/IM YUCJIUTEIb U 3HAMEHATE/Ib HA CONPS’KEHHOE BbIPAKEHHUE.
B n3BeCTHOM CTENEHU, 3TO NCKYCCTBEHHBIN MPUEM.

(a=b)(a+b)=a b,

Ymuoxuau. Temepb caMmoe Bpemst IPUMEHUTD BBEPXY (POPMYITY



_o ix+6f —(410x-21°
O = Gr15) (rr o+ 0n—21)
x+6—(10x—21) _
3 (5x —15) (x+6 +10x - 21)

r+6-10x+ 21
:]_1_'[‘_[1 =
=3 (55 —15). (146 +10x—21)
—9x+27
= lim =

=3 (5x —15) (Jx+6 +410x-21)

0

Heonpenenennocts 0 He npomnana (mornpoOyHTe MOJCTaBUTh TPOKKY), 1a U KOPHU TOXKE HE
ucuesnu. Ho ¢ cymmoii kopHell BCE 3HaUNTENIbHO MIPOILE, €€ MOXKHO IPEBPATUTH B IOCTOSTHHOE
yucio. Kak 3to caenars? Jla mpocTo moAcTaBUTh TPONKY MO KOPHU:

—9x+27
(*) = lim
73 (5x —15) (J34+6 +4/10. 3 21)
—9x+27 _ —9x+27

:]_1_'[‘_[1 =
13 (52 —15). (40 + 49) 13 (55 —15)- (34 3)
1 =9x+27

i — =

g3 5x—15 )

qI/ICJIO, KaK YK€ OTMCYAJIOCh paHEC, JIy4IIC BBIHCCTH 3a 3HAYOK IMPCaAciia.

Tenepb 0cTan0Ch Pa3aoKUTh YUCIUTEIb U 3HAMEHATENIb HA MHOKUTENIN U COKPATUTh
«BHHOBHHUKOBY» HEONPEACIEHHOCTH, HY a Mpe/Iesl KOHCTAaHTHI — PABEH CaMOil KOHCTaHTe:
Bx-3 1. =% 1 (-9 3
oy Ly Z5G=9) 1 =9 1 (-8) 3
Gx=23 S(x—3)  6Gx=23 5 6 10

5

Kak 10JKHO BBITIAAETH PELICHNE JAHHOTO IPUMEpa B UUCTOBOM BapHaHTe?
IIpumepHO Tak:

- A6 —flox—21 _
¥-s3 5x—15

VYMHOXHUM YHCINUTEIb M 3HAMEHATEIIh Ha COITPS’KEHHOC BBIPAKCHUC.

i (a6 - 102 -21) (2fx+6+/10x-21T) _

M= 5(x—3)- (x+6 +-/10x—21)
1 X6 (10521 )
545 (x=3) (a6 +-T07—21" )
11, x+6-10x421 1. -0x+27 _
5 61r  (x-3) 303 (x-3)

_ 1, ~%-3_-9_ 3
S 30%3 (x—3) 30 10

[Tpumep 7

Xx-2
. 2./ _
Haittu npepen - #x+6 -2



Caauana nonpoOyHlTe penmTh €ro CaMOCTOATENBHO.
OxoHyaTeasLHOE peIICHUC TpUMEpa MOKCT BBIITIAACTD TaK:

24x-2 0

tim = 2T =22 (w
>2x+6-2 0

Pasiioxum uncimrens Ha MHOKUTENH:
H4x—2=0
D=1+5=59

D=3

2
o143
2 2 -

Fdr-2=(x+2x-1

1

YMHOXHUM YHCIATEIb M 3HAMEHATEIIh Ha COIIPSAKCHHOC BBIPAKCHUC

o (x+2D(x-Difx+6+2)
=, (fx+6-2x+6+2)

~ i (x+ 2)(1{—1](*\.";{+r5_>2 +2) 4l (x+2)x=-1) _
¥l x+6-4 ¥l x+2
:4?{'_>h1112(x—1]:4- =3 =-12

IIpakTnyeckas padora Nel2

Tema: HaxoxxieHue npon3BogHON QyHKIUH.

Ieab: IlpoBepuTh Ha NpPaKTUKE 3HAHUE IOHATHSA MPOU3BOJHON (QYHKIMH, yMEHHE
HaXOAUTh IPOU3BOJHBIE 3JEMEHTAPHBIX (DYHKUUHN, CIOXKHBIX (DyHKUMN, 0OpaTHBIX (YyHKLUH,
MOJIB3YSICh TaOIHIIel POM3BOIHBIX W TpaBWiIaMu auddepeHInpOBaHHs, IOHATHEM CIOKHAS U
oOpartHas QyHKIUS, YMEHHE TIPUMEHSTh IPOU3BOTHYIO JUIsl MICCIIEIOBaHUS ()yHKIIHH.

1.TeopeTHyeckuii MaTepuaJ ¥ NPpUMepPbl HAX0KICHUS NPOU3BOIHON yHKIMH.

Onpenenenue: IlpousBoguoit gynkumu f(x) (f(x)) B Touke X Ha3bIBaeTCs mpeaen

OTHOIICHUS MPUpPAIIeHUS] (YHKIIMK K TPHPAIICHUIO apryMEHTa MpU MPHUpAIICHUHA apryMeHTa
CTPEMSIIIEMCS K HYJIIO:
) Af
lim —
f1 o
xr— Ax=p(x)

IIpousBoaHbIe 3J1eMEHTAPHBIX (PYHKIM.



] Fix)
C —const ]
1 a1
g g
=" = lna
1
s -
X
log 1
4 e
sins cOs
COS5® - Sinx
1
tox 5
Cos™ &

IMpasuaa nudpPepenuupoBanus.
Ecmm y dynkmuit f(x) u g(X) CymecTByIOT MPOU3BOIHBIE, TO
1.C'=0
2. (utv)=u"+v'
3. (uwv)'=u'v+v'u
4. (C-u)'=C-u’, rne C=const
u uv—v'y
, e
5.()=
6. [IpousBoHas CIIOXKHON (PYHKIIHH:

f(g(x)=Ff(g)-g'(x)

2. llpumepbl.

x? + 2%
1. Haiitu 3HaueHne NPOU3BOAHON QYHKIIMH:y=3 -4x+8.
Pewenue:
ITo mpaBuiTy HaXOXKIAEHUS MPOU3BOIHON anreOpandeckoit cymmsl pyHkuui (popmyna 2):

x? + 2% )+ (2%) 2% In2
y'= 3 -4x+8)'= 3 -(4x)'+(8)'=3-2x+ - -
2* In2 — 4
4-1+0=6x+

x® (sinx
2. HaiiTi 3HaueHne Npou3BOTHON QYHKINU: Y = +4).
Pewrenue:

x® v =sinx
OyHKIMS MpeACTaBIseT co00M MPOU3BENCHHUE IBYX MHOXKHTENEH: U= +4.
ITo dopmyme 3:
(x®(sinx (x®)(sinx  x®(sinx x>(sinx  x°cosx

y' = +4))' = +4)+ +4)'=6 +4)+

3x—5

dg* -3
3. HaiiTu 3HaueHne npon3BoIHON QYHKIMU: Y=
Pewrenue:

3x—5,v=¢e*—3
OyHKIMS MpeAcTaBiseT co00il YacTHOE JBYX BBIPAXKEHUM: U= 4
ax—5 . Bx—5)-(ae"-3)-(2¢"-3)-(3x-5) 3(4e”-3)—4e"(3x-53)
(¢gr_3 [4e*-3)7 [4e®-3)7

[To popmyne 5: y'= = =



y = sin(4x - 1) W o= L
6 B TOdER 9 12

Pemenue. Halinem mpou3BoaHYI0 JaHHON (QYHKIIMK TIO TpaBuUiy audQepeHnupoBanms
cinoxkHoi ¢pynkumu (popmyna 6):

(o) (- - - sofo-

‘f’[ Tr]= 41205[ -l—E]= 4'3°5§= .§=2.,.'§

1z 12 B

y=3 - ¥=( =3 By=-2z
5. Eciu Jx , TO 2
6. y =x3—3x2 + 5x + 2. Haiigem y '(-1).
y ' =3X2 — 6x+ 5. CaemoBarenbHo, y '(—1) = 14.
7Ecitny=Inx-cosx,T0y'=(InX)"'cosx +1Inx (cos x)'=1/x-cos x —Inx - sin x.

! t
x . (x3) cosx—x3{cosx} 3 3x% cosx+x s x

i 2 2
8. Cos X cos X Cos &

[Tyctb nana ¢yukuus. [ns e€ uccnenoBanus HyXKHO:

1) Haiitu e€ obnacte onpeaenenus. Eciu 3ToO HE CIUIIKOM CIIOXKHO, TO TOJIE3HO HAUTH
Takke o0nacth 3HaueHui. (OHAKO, BO MHOTHX CIIy4asX, BOIPOC HAXOXKIEHHUS OTKJIAbIBAETCS
JI0 HaXOXACHUSI SKCTPEMYMOB (DYHKIIUH. )

2) BpiicHuTh o00mMEe CBOICTBa (QYHKIUH, KOTOpbIE IOMOTYT B OIpEAEICHUH €&
MOBE/CHUA: He sBisercs Ju (yHKOus 4YETHOM OO0 HE4YETHOW, He SBJISETCS JU OHa
MepUOINYECKOM.

3) BrusicHuTh, Kak BenET celsi (GyHKUUS MpHU MPUOIMKEHUH apryMEHTa K TPaHUYHBIM
TOYKaM OOJIACTH OMpEeJeICHHs, eCIH TaKhe IpaHuYHbIe TOUKU uMmeroTca. Ecnu ¢yHKuus umeer
TOYKHU pa3pbiBa, TO 3T TOYKHU TOXKE MPOBEPUTH HA HATMYHME BEPTUKAIBHBIX aCUMITOT ()YHKIIUH.
Haittn Hak1OHHBIE ACUMIITOTHI.

4) Haiitu TOYKM mepecedeHusi rpaguka ¢ OCAMH KOOPJHHAT, YTO COCTOHUT B MPOCTOM
BBIYHCIICHUH 3HAYCHUS ()YHKIIUU TIPU YCIOBUU:

C ocpro OX: y=0;

C ocpro OY: x=0.

HaxoxneHne Touek mepeceyeHus C OChbl0 MOXKET NMPUBECTH K HEOOXOAMMOCTH PEIUTh
CIIOKHOE anredpanyecKkoe ypaBHEHUE, YTO, OBITh MOXKET, yIaCTCs CAeNaTh JUIIb MPUOIKEHHO.
OTpIcKkaB KOpHU (PYHKIIMUA U TOYKH Pa3pbIBa, Mbl MOKEM OIPENEIUTh 3HAK (PYHKIIUN Ha KaXJI0M
U3 MHTEPBAIOB MEXAY OSTUMH TOYKaMU. OJTO MOXHO cJlielaTh JIMOO BBIYMCIUB 3HAuY€HUE
(GyHKIIMM B KaKOH-HUOY1b U3 TOUEK UHTEpBaJIa, INOO MPUMEHUB METO/ NHTEPBAJIOB.

5)Haift mpomMeXyTKH MOHOTOHHOCTH. JIJIsi 3TOTO HaXOAST MPOU3BOJHYIO W PEIIAIOT
HEPaBEHCTBO:

f(x)°0 Ha MPOMEXKYTKAX, TJI€ 3TO HEPABEHCTBO BBINOJHEHO, PYHKIIHS Bo3pacTaeT. Tawm,
TJI€ BBITTOJTHEHO HEPABEHCTBO f (x) O pynkumst yObIBaer.

Haiins mHTEpBaibl MOHOTOHHOCTH, MBI MOXEM Cpa3y OIpPENeIUTh TOYKU JIOKAIbHOIO
JKCTpEMyMa: TaM, T[Jie BO3pacTaHHE CMEHsieTcs YyObIBaHHEM, pacIoyiaraloTcsl JIOKalbHbIE
MaKCHMYMBbI, a TaM, TJie yObIBaHHE CMEHSETCS BO3PACTAHUEM - JIOKAIbHbIE MUHUMYMBI.

6) HaxoxxneHrne MHTEPBAJIOB BBIMYKIOCTH M BOTHYTOCTH BEIETCS C MOMOIIBIO BTOPOH

npousBogHou. Haiing f (), mbr ompeaeseM 3HaKu f'(*)ua MHTEpBaiax:
ecn S '(X),0, To KpHBas rpa¢uka GyHKIUN BOTHYTA;

¥
ecn f (%<0, To KpuBas rpadrka pyHKIIUU BBITYKJIas.
3a0HO ompesenseM TOYKM Iepernda Kak Te TOYKH, B KOTOPBIX (YHKIHUS MEHSET
HaIpaBJI€HUE BBITYKJIOCTH (M HEMPEPHIBHA).



7) HaxoxxneHue Todek mepeceueHus rpaguka ¢ aCHMIITOTON U JTOTIOJHUTEIBHBIX TOUYCK.
OTOT MyHKT HE HOCHUT 00S3aTENbHOTO XapaKTepa, OJHAKO HAaXOXJACHHE TaKUX TOUEK MPHUIaET
UCCJIEIOBAHUIO (PYHKIIMH U TOCTPOCHHOMY €€ rpaduKy 3aKOHYEHHOCTh U MOJIHOTY.

3aMeTHM, YTO MOJy4aroluecs B IpOIecce HCCIEAOBaHUS (YHKIMU TOYKH HA OCAX
KOOpJAMHAT M Ha TpaduKe MOJIEe3HO Cpa3y K€ HAHOCUTH HA 4epTEX. DTO MOMOTAET MO X0y JieNa
YSICHATDH BUJ rpaduka

3. BeinmoiHuTE CAMOCTOATEILHO:

Ne Hajitu NMPOU3BOJIHYIO Ne Hajitu NMPOU3BOJIHYIO
Ba | pyHkumumy: Bap | pyHKUMHU y:
puaHTa HAHTA
1 5 6 4
1. y:6x - 1. y=-6% -
3cosx+8x—9 Jcosx+x—11
x—3
2. y=€" (5x+7) 2. y=€" (x+17)
In x 6—2Inx
3. y=sinx 3. y= sin2x
2 10—x*
4, y=3x 4. yzgi
5. y:vsin 2x . y:1xsin(6x —5)
3 3 _
2 1. y=T7%"- ! 1 y=7%"q3ctgx +x—5
13ctgx +x—5 5 y:4x(5x+71n X
_4* In x *9
2. y= x_(g5X+7 ) 3. y=sinx
3. y=sinx 4. y=In(6x-3)
4. y=In(6x-3) 5, y=v 3% = 7)?
5 yzd (3x—7)3
3 1.y=4x-3tgx+6x-8 8 1.y=-5x+2ctgx+3x-2
0 y=€".CoSX 2. y=8".cos(—4x)
3x—4 Sx—4
3.y=5-4% 3.y=15-2%
4.y:(6x_9]11 4.y:E29‘:_?]1‘L
5.y:?f (sinx)® 5.y:9‘5 (sinx)?
4 1. y=7x-9X°+12 ) 1. y=-5x-7%°+10
2 y=x"-(7cosx —8) 5 y:ﬁ-(ﬁlcosx—S]
tgx ctgx
3. Y= 5Inx+7 3. Y= cosx+4
4 y= J1og,(5x — 8) 4 y= J/sin(2x® — 4)
5. y= [oos4x 5. y= 153—2cos5x
5 1.y=6Inx-3,6C0S X + 4 10 1.y=16x-0,6C0S X + 4Inx
2. y=(3x-4)-12x_9 2. y=(7x-9)-24x_g
Sctgx Stgx—3x+5
3y= & y=  &*
4y=(%>7x15)-COS 4x 4y=(—5x° .05 8x




| B

| sy-YTox—axiLrgrt |

4.BpInojiHUTE CAMOCTOSATEIbHO:

Bapuant Nel Bapuant No2
UccnenoBath byHKIUIO Ha Hccnenosathb GbyHKIUIO Ha
MOHOTOHHOCTb M 9KCTPEMYM: MOHOTOHHOCTb U SKCTPEMYM:
3 2 1 1
1, y=X" —3x"+4 —x*—x*—3x+=
' 1. y=3 3
5—2x
X
—_— &
2_ y__']:.' 4 2 y:xz_l
Bapuant Ne3 Bapuant Ne4
UccnenoBath byHKIUIO Ha Hccnenosathb GbyHKIUIO Ha
MOHOTOHHOCTb M 9KCTPEMYM: MOHOTOHHOCTb U SKCTPEMYM:
1 y:—x3 +3x% -2 1 y:—x3+3x2 -2
x? x?
2. y=x*-1 2. y=x2-1
Bapuant No5 Bapuant Ne6
Hccnenosath byHKIHIO Ha Hccnenosathb GyHKIHIO Ha
MOHOTOHHOCTb U 3KCTPEMYM: MOHOTOHHOCTb U 3KCTPEMYM:
1 y:xa - 121’ + 6 1 y:IE - 121:2_9)(_'_1
2x 1
2. y=x7+1 2. y=xZ+1
Bapuant No7 Bapuant No§
Hccnenosath GbyHKIHIO Ha Hccnenosathb GyHKIHIO Ha
MOHOTOHHOCTb U 3KCTPEMYM: MOHOTOHHOCTb U 3KCTPEMYM:
1 y:x3 —6x*+9x—3 1 y:xa —12x% g 4
2x X2
2. y:_'x'2+1 2. y:x2+l
BapuanT Ne9 BapuanTt Nel0
HccnenoBats GyHKIUIO Ha Hccenenosars GyHKIUIO Ha
MOHOTOHHOCTb M dKCTPEMYM: MOHOTOHHOCTb U 3KCTPEMYM:
1 y:x3—|—9x2—|—24x+ 12 134l 2
' - 1. y=3 2 -2x-3
* z
X
—6x +18
2' y_ 2. y:x— 2
5. KoHTpoOJ/IbHBIE BONIPOCHI:
>, Brruncnenne
P = 1+ ' 9MO NOLYYeHUe U3 6XOOHBIX OAHHBIX HOB020 3HAHUSL
rxy

1. CdopmynupyiiTe mpaBwiia HaXO0XACHUS IPOU3BOJHOM CYMMBI, HpPOU3BEACHUS,

HaCTHOTO.

2. Kax HaliTH MPOM3BOAHYIO CIIOKHOU (YHKIIHN?
3. Kak mnpumensercs mnpousBoaHas (YHKIMM JUIsI HCCIeNOBaHUS (DYHKIUM Ha

MOHOTOHHOCTbD, 3KCTpeMyM?

IIpakTnyeckoe 3ansaTue Ne 13




Tema: HaxoxaeHue npou3BoaHbIX pyHkuuid. Haxosxkaenne npou3BOIHbIX CI0KHBIX
(GyHKUM, BHICHINX MOPSAKOB

Hean: HayuuTbcst BBIYUCIATH TMPOU3BOAHBIC (DYHKIIMHA, CIOKHBIX (DYHKITHH, BBICIIHUX
MOPSIIKOB

Teoperuuecknii 610k

Ha mpakTtuke ¢ TpPOM3BOAHON CIIOXXKHOM (YHKLIMU MPUXOJUTCS CTAIKHBATHCS OYEHBb
4acTo, koraa Bam naHbl 3a1aHus HA HAXOKIEHUE TPOU3BOIHBIX.

CMoTpuM B TabnHIly Ha IpaBuiIo 1uddepeHITMPOBaHNS CIOXKHON QYHKIINN:

(V) =a'(y) ¥

Paz6upaemcs. Ilpexxae Bcero, oOpaTuM BHUMaHHME Ha 3aIUCh (v}, 3n1ech y Hac JBe
¢ynkuuu — ¥ u ¥, npuyem ¢ynkuus ¥, o6pazHO ToBops, BIOKEHA B QyHKUMIO ¥ . OyHKUIUA
TaKoro BUJa (KOTJa oHa (YHKIUHMS BIOKEHA B IPYTYI0) U HA3bIBACTCS CIOXKHON (yHKIHEH.

Oynknuo ¥ Ha3piBaloT BHelIHed (yHKuuei, a GyHkmuioo ¥ — BHyTpeHHel (MJjm
BJIOKEHHOM) (pyHKIMEH.

J1st TOro, YToOB! MPOSICHUTH CUTYALIUIO, PACCMOTPUM:

[Ipumep 1

Haiitu npoussoanyto GpyHKIMN y=sm(3x-3)

[Ton cuHycoM y Hac HaXOAWTCS HE MPOCTO OyKBa «HKC», a LIEJ0€ BhIpaKEHUE 3x—5’
MO3TOMY HAaWTH MPOU3BOJHYIO Cpa3y MO TabJIUIe HE MOTYYUTCs. TakKe Mbl 3aMedaeM, 4TO 371eCh
HEBO3MOJKHO ITPUMEHUTH TIEPBBIC YETHIPE MPaBUIIa, BPOJI€ Obl €CTh Pa3HOCTh, HO JIEJIO B TOM, YTO

«pa3pbiBaTb Ha
SmBy=S=—sm3x)=sms

B nannom MpUMEPE YyKC U3 MOHUX 0OBsICHEHHH HHTYUTUBHO IIOHATHO, YTO (I)YHKI_II/IH

qacTu» CHUHYC HCJIb34:

y=s(35=3) _ 316 crowwas GyHKIUMS, MPUYEM MHOTOUJICH 3% =3 gpustercs BHYTpEHHEN

HKIMEH (BIOXKEHHEM), a sin 3x—3) _ BHEIIHEH (pyHKIIHUEH.
y Yy

IlepBbIii mIAr, KOTOPBIM HY’KHO BBINOJHUTH IIPU HAXOKICHHUU IIPOU3BOIAHOU CIOKHOHN
(GYHKIIMM COCTOUT B TOM, YTOOBI pa3odpaTbcesl, Kakasi (pyHKuMs sIBJsieTcsl BHYTPEeHHeH, a

KaKas — BHEIIHEeH.

st 2x— 5

B cnydae mpocTeiX mpuMEpPOB BpoOAE MOHSTHO, YTO IOJ CUHYC BIIOXKEH

MHOTOWIEH X~ 2 A Kak xe ObITh, €cniu BCE€ He oueBUIHO? Kak TOYHO ompenenuTh, Kakas
GyHKIUS SIBISETCS BHEIIHEW, a Kakas BHyTpeHHei? Jlyig 3Toro s mpeiarar0 MCIojib30BaTh
CJICYIOIIUM MPUEM, KOTOPBIN MOKHO TTPOBOJIUTH MBICIICHHO WJIM Ha YEPHOBUKE.

[IpeacraBuM, YTO HaM HYXKHO BBIYHCIUTh Ha KaJbKYJSATOpPE 3HAYCHUE BBIPAKECHUS

sinf 3x —3) mpu + = 1 (BMECTO €TMHMITBI MOKET OBITh JTF000E YHUCIIO).

Yro MBI BBIYHMCIMM B NEpBYIO ouepeas? B mepByro ouepenb HYXHO OyJeT BBHIIOJIHHUTH

crenylomee geiictue: S 17 2= "2 postomMy MHOrowieH X~2 g Gyger BHyTpEHHEH

byHKIHEH v
y — @1 PRI S o

y=sinG3x-5))

Y]

Bo BTOpyl ouepennb HyxHO Oyaer HalTh sin( —2)

byHKIMEH:

, TIOATOMY CHHYC — Oy/AeT BHeIIHeH



P sin(??\‘ -5)>

LY

uv)

ITocne Toro, kak Mbl PASOBPAJIMCD ¢ BHyTpeHHEW W BHEIIHEH (DYHKIMSAMU camoe Bpems
P ot Lt
MPUMEHUTH MPaBWIIo AudPepeHIupoBaHus CI0KHON QYHKIIUN vl =u'(v) v .
Haunnaem pemarb. Mbl mOMHUM, 4TO odopmileHHE pelleHus 1000 MPOU3BOIHOM
BCEr/la HAUMHAETCS TaK — 3aKJII0YaeM BbIpaK€HHE B CKOOKU U CTaBUM CIIpaBa BBEPXY ILITPHX:

¥ = (sin 3x - 5))’

r
CHauala HaXOIUM NPOM3BOIHYIO BHEIIHeH (GyHKIMM * v) (cunHyca), cMOTpUM Ha

e
TaONMUIy TPOU3BOAHBIX OJIIEMEHTAPHBIX (YHKIUH M 3aMedaeM, YTO (sin x)'=cosx Bce

Ta0JUYHbIE (l)OpMy.TILI NpUMEHUMBbI U B TOM, ClIy4Yae, €CJIU «HUKC» 3aMCHUTH CJI0'KHBIM
BBIPAKCHUEM, B JaHHOM ciIydac:

1'(v) =cos(3x - 5)

OOpaTuTe BHHUMaHHE, YTO BHYTPEHHsSI QpyHKuus ¥ = 3% =5 He u3MeHMIACH, ¢& Mbl He
TpOraem.

Hy u coBepmieHHO 04€BHIHO, YTO

V' = (3x - 5

PesynbpTar mpumeHeHus: (OpMYITBI (v =u'(v) v o YHCTOBOM O(OPMIICHUU BBITIISTUT
TaK:

¥={an( Zx— 0N =cos(3x -0 (Zx - 0Y

Jlanee mbl GepeM IPOU3BOAHYIO BHYTpeHHEN (DYHKIIUU, OHA OYCHB MPOCTas:

¥l 3x—0N =cos(3x—0) (Bx -0 =cos(Bx -0 (3-0)

[TocTostHHBIH MHOKHTEITb 0OBIYHO BBIHOCAT B Hayayo BBIPAKCHHUS:
¥ = 3x— 9N = cos(3x—5) (32 -5V =cos(3x-5 - (3-0) =
= 3cos(3x—0)

I'otoBo

Ecmm ocranock kakoe-mub0 HEIOMOHUMAaHUE, TICPENUIIATE PEIICHHEe Ha OyMary | eie
pa3 mpovuTaiTe O0BACHEHUS.

IIpumep 2

HaiiTi npon3BoHyio hyHKIuE »
3TO0 mpUMep I CAMOCTOSITENILHOTO PelIeHUs (OTBET B KOHIIE YPOKa).
IIpumep 3

COsAX

_ 5
HaiiTi npon3BoHyto hyHKIuE » (2x+1)
Kaxk BcCerja 3aIlMChIBACM:
Y= ((2x+ 1Y
Pazbupaemcs, rae y Hac BHewHsiss (QyHKUMSA, a re BHYTpeHHss. s sToro mpoOyem

5
(MBICJ'ICHHO UMK Ha ‘-ICpHOBI/IKe) BBIYUCIIUTH 3HAYCHUC BBIPAKCHUSA (2?{4‘1] npu &= 1 Yro

HYXHO BBIIIOJIHUTH B IICPBYIO oqepenb? B MEpBYKO OYCPCAb HYXHO COCYHHUTATHL YCMY PaBHO

ocHoBanme: < 1t1= 3, 3HAYUT, MHOTOYJICH (2x+D) _

y=@&+

¥

U eCThb BHYTPEHHsA (DyHKIMS:

W, TonbKO MOTOM BBINOJHSAETCS BO3BEJICHUE B CTEIIEHb ¥ , CIIeZIOBAaTeIbHO, CTeNeHHAs (DYyHKITUS
- 3TO BHELIHSS byHKIuS:



y=@x+

v

ulv)

(VD) =a'(v) -V i 5
CornacHo Qopmyie , CHayaja HY>XHO HaWTH NPOU3BOJHYIO OT BHEIIHEH
byHKIIMM, B JaHHOM Ciy4ae, OT cTerneHu. PaspickuBaeM B TaOiuIile HYXHYIO (QOpMYyIy:

u-1
. HOBTOpSIeM CIIC pa3s: J100as Ta0JIHYHAS (bopMyJIa CipaBeaJinBa HE TOJBKO IJH

«HKC», HO U JISI CJIOKHOT'0 BBIPAKCHUS. Takum 06pa30M, pe3yibTaT MPUMCHCHUA IIpaBHJIa

(x")' = nx

nuddepeHIMPOBaHUS CIIOKHON (PYHKITIH @ =u'v) v CJICTYIOIIINN:
Y= {(2x+17Y =5 (2x 4D 24D

CHOBa OJUEpKUBAI0, YTO KOT'JIa MBI OepeM MPOU3BOAHYIO OT BHEIIHEH (QyHKINH uf(v) ,
BHYTPEHHSAA byHKIUS Yy Hac HE MEHSIETCH:
5.Cx+1)

He MerAeTC
Tenepb OcTamoCh HAUTH COBCEM IMPOCTYIO MPOW3BOAHYIO OT BHYTpEHHEH (YHKIIMH W HEMHOTO
«IIpHUYEeCaTh» PE3yJibTaT:

Y=((2x+ 1Y =5 2x+0Y (2x D) =

=5 (2x+D" (2+0=10-(2x+ 10"

T'oToBoO.

[Ipumep 4
1

Haiitu npoussoanyto GpyHKIMN

DT0 npuMep ISt CAMOCTOSTEIBHOTO PelIeHUs (OTBET B KOHIIE ypOKa).

Jlnia 3aKkpernyieHus] MOHUMaHUs MPOU3BOJAHON CIOXKHOM (QYHKIMU TpUBeny mpumep 0e3
KOMMEHTapHUeB, MOMPOOyHTe caMOCTOATEIHLHO pa300paThesi, MOPACCYKAATh, TJI€ BHEIIHSS U Tie
BHYTpEHHs QYHKIUS, TOYeMY 3aJaHusl pelIeHbl UMEHHO Tak?

IIpumep 5
a) Haiitu npousBoanyto GpyHKINUN y= arczgﬁ
1 1 1 1
‘= (arctodx) = — (. fx) = _ _
v = (arceg ) 1+ (fx)? (/) l+x 2z 2=+

ITpumep 6
— 3
Haiitu nponssoanyto GpyHKuuu Y= m

3nech y Hac KOpeHb, a JAJis TOro, 4yTtoObl mpoaud@epeHnupoBaTh KOPEHb, €ro HYXKHO

a
B
npenctaBuTh B Buae creneHn 4 . Takum oOpa3om, cHavajga NOpUBOAUM (QYHKIHUIO B

HaJyIeKaui st 1udepeHITnpOBaHMS BU;
r

1
V=0 tgr+15)'= [(xj +igx+ 15)5J



Ananu3upys (yHKIUIO, TPUXOJWM K BBIBOAY, YTO CyMMa TpEX CJIaraeMblX — 3TO
BHYTpEHHSA (QYHKIHMs, a BO3BEACHHE B CTeMeHb — BHEIHsS ¢GyHkius. [IpuMensem mnpaBuio

nudepeHIMPOBaHUS CIIOKHOU (DYHKITH (v =u'(v) v/ :
f

1
¥ =0 g +15) = [{xz +f,gx+15)§] =
2
= %-{xg +r.gx+15)'§ At egr+15)

CrereHb CHOBa MIpEACTaBIIsieM B BHJEC pajukaia (KOpHA), a Uil INPOU3BOJHOM
BHYTpPEHHEH (YHKLIUHU MPUMEHSIEM POCTOE MpaBuio auddepeHnpoBaHus CyMMBI:

= Qi 15y = (@ +igr13f ) -

]
{ : +zgx+15)_§ (% +igx+15) =

(WA et

1

ey 00
(xS +igx

= 1 : [2x+ - ]
3.3/(x? +egx+157 cos” x
I'otoBo. MOXHO emie B CKOOKax NPUBECTH BBIPAKCHHE K OOIIEMY 3HAMEHATEII0 U
3amucarb BCE oJlHOU JIpoObi0. KpacuBo, KOHEUHO, HO KOT/Ia MOJyYaroTCsl TPOMO3/IKUE JJIMHHbBIE
MIPOU3BOJIHBIC — JIyUIIEe ATOTO HE JIeTaTh (JIETKO 3aIlyTaThCs, TOMYCTUTh HEHYKHYIO OMIHOKY, 1a
Y TIPETIOIaBaTeNIo OyeT HEeYyT0OHO TIPOBEPSITH).

[Ipumep 7
3

¥=
St o
Haiiti npousBoHyto GpyHKINU xtlnx
DTO IpUMED VISl CAMOCTOATEILHOTO PEMICHHS (OTBET B KOHIIE YPOKa).

HNHTEepecHO OTMETHTh, YTO WHOTJA BMECTO MpaBwia AUPQPEPSHIUPOBAHUS CIONKHOU
r
u] -y

2
v V

(YHKIIMH MOKHO MCIOJIB30BaTh MpaBuiio AU (HepeHIUpOoBaHUs YaCTHOTO ( , HO

TAaKOC PCUICHUC 6y,£[eT BRIV ACTD Kak-H3BpatHeHHe HEOOBIYHO. BoT XapaKTepHBIfI IMpUMCEpP:

IIpumep 8
_ 1
Haiitu nponsBoanyto GpyHKIUN Losx

(u] 1 —
3/1eCh MOKHO HCIIOJIB30BaTh MPABMIO AU(hEPEHIMPOBAHIS YACTHOTO * ,
HO TOpa3/l0 BBITOJHEE HAWTH MPOW3BOJHYIO uepe3 MpaBuiio auddepeHIupoBaHus CIOKHON

byHKIUY:
f

=)
==
Cos X

[TonroraBnuBaem QyHKUMIO Uis JU(QQPEepeHIUpPOBaHUST — BBIHOCUM MMHYC 3a 3HaK
IIPOU3BOIHOMN, @ KOCUHYC MIOJHUMAEM B YUCIIUTEND:

o)) e
Cos X Cos X

Kocunyc — BHyTpeHHSS (GyHKIUS, BO3BEIACHHE B CTENEHb — BHEIIHAS (DYHKIMS.

Hcnonb3yeM Halle IPaBUIIO (v =u'v) v,



f f

oo o
Cos X Cos X

= (-1 -cos*x (cos )’

Haxoaum npoun3BoaHyIo BHyTpeHHEH (YHKIIMH, KOCUHYC cOpackiBaeM 00paTHO BHU3:

o) ] -
Cos X Ccos X

=—{—1}-cas'3x.(.;osxjfz;g.(_s]‘n S
cos® x cos® x

l'otoBo. B paccMoTpeHHOM Tmpumepe BaXXHO HE 3amyTarbcs B 3Hakax. Kcraru,
f

f. )

u] _uv—uy

2

v ¥

MONPOOYITE PEIIUTh €r0 C TTOMOIIBIO MPaBHJIA [
[Ipumep 9

, OTBETHI JOJIXKHbBI COBIIACTbh.

1

3.
Haiitu nmpon3Boanyto GyHKINN arccos®x

DTO IpUMeED JIJIsi CAMOCTOATEIBHOTO PEIICHUS (OTBET B KOHIIE YPOKa).

Jlo cux mop MbI paccMaTpUBAIU CIydau, KOT/la y HAaC B CJIOKHOW (QYHKIIMH ObLIO TOJIBKO
OJIHO BJIOKEHHE. B mpakTudyeckux »xe 3aJaHusIX 4acTO MOYKHO BCTPETUTH MPOU3BOAHBIE, TJE, KaK
MaTpEeUIKU, OJTHA B IPYTYIO, BIIOKEHBI cpa3y 3, a To u 4-5 GhyHKIui.

[Ipumep 10

_ mesin® x
Haiitu npoussoanyto GpyHKIMN Y=

arcsin? ¥
Paz6upaemcst Bo BiioskeHUsIX 3T0M QyHKUIMH. [IpoOyeM BBIYHUCINTE BBIpaKEHHE 7

[IOMOIIIBIO ITOJOIIBLITHOIO 3HAUEHUS & = 1 Kak 6b1 MBI cunTanu na KaJIbKyJIATOpe?

CHauana Hy>KHO HaiTu -3 1 3naunr, ApPKCUHYC — caMoe TJTyOOKO€ BIIOKEHHE:

—EICANYE

.
3aTreM 3TOT apKCUHYC €AMHHUIIBI CIIEAYyeT BO3BECTH B KBajpar -5l 1.
SNAA

arcein® 1
I/I, HAaKOHCII, CCMEPKY BO3BOUM B CTCIICHb 7

rc sinj:’

To ecTb, B JaHHOM IpHMeEpe y HAc TpU pazHble (QYHKLUUU U JIBA BIOKEHHUS, P ITOM, CaMOM
BHYTpeHHEH (yHKUMeH sBisieTcs apKCHUHYC, a caMOd BHeIIHeW (yHKUuel — moka3aTeinbHas

byHKLHS.
Haunnaewm pematsb
yr _ {?msin! x:lr

Pt ot o
CornacHo npaBuiy @O =400V pavana HY’KHO B3SITh IPOM3BOJHYIO OT BHEIIHEW
¢ynkuun. CMOTpUM B TaONMUIy MPOM3BOAHBIX W HAXOAMM IPOU3BOAHYIO IOKa3aTeIbHON

L AN B

byHKIMU: (@) =a'lna EnuHCTBEHHOE OTIMYME — BMECTO «HKC» y HAC CIIOKHOE BBIPAXKECHHE
. 2 o

ALEM - X | yTOo HE OTMEHSET CIpaBeIIMBOCTh JaHHOU (opmyinbl. MTak, pe3ynbTrar IpUMeHEHUs

f_ ot .
npaBuia JuQepeHIPOBaHUS CIOKHON PYHKIUU @) =u'0) v CJIE Ty FOIIIMIA:



=2 =3 .
yr — {?msm x:lr — ?m‘csm L n7- (Eﬂ’ESlﬂ ) x}r
[Tox mrpuxom y Hac cHoBa cioxHas ¢yukmus! Ho ona yxe mpome. Jlerko yoeautses,
YTO BHYTPEHHSAS (QYHKIMS — apKCUHYC, BHEWIHSS (yHKUUA — cTeneHb. COIacHO MpaBUITy
mubdepeHIMPOBaHUS CIIOKHOM (PYHKIIMM CHavalla HY)KHO B3SITh IPOM3BOAHYIO OT CTEICHHU:
) =1 .
yr — (?msm x:lr :?arcsm L n7- |:E11'ES]I1 2 X:Ir —

= 7 407 Darcsin x . (arcsmn x)°

Teneppr Bce mpocTo, HAXOAUM IO TaONUIE MNPOU3BOAHYIO apKCHUHYCa M HEMHOTO
«TPUYECHIBAEM) BbIPAKEHUE:

P = (TR S S gy 7 (aregin 2 ) =

= T 47 D aresinlx (arcsm x)'=

= 7R 107 2 arcsin 1 =

1=z
2T T arcsin x
\h - %

I'oToBo.

Hpumep 11

HaiiTi npou3BoHyto GyHKIuE » n*(2x-1)

DTO IpUMeED JIJIs1 CAMOCTOATEIBHOTO PEIICHHS (OTBET B KOHIIE YPOKa).

Ha mnpaktuke mnpaBwio nuddepeHpoBaHus CIOKHON (DYHKIMM TOYTH BCeraa
MPUMEHSICTCS B KOMOMHAIIMH C OCTAIbHBIMU MIPABHIIaMU TUPPEPESHIINPOBAHHUS.

[Ipumep 12

Haiitu npounsBonnyro QyHKIHH
¥ = (=2xe™ 4+ (x* —dx+Dsin Tx)

y=-2x8 +(x* —dx+ Jsin Tx

i Tv) =n'tv
CHayana ucnosab3yeM npaBuio AudQepeHupoBaHus CyMMbI , 340]THO B

IepBoM CJIara€MOM BBIHOCHUM HOCTOSHHBIA MHOXHUTENL 3a 3HAK l'IpOI/I3BO,Z[HOI71 o IpaBuily
() = T’
e l93:': 2 : r_ l93:': t 2 : i
Y =({-2xe" +ix" —dx+Dean Fx) =-2(xe )V +((x* —dx +32in Tx)
B o0oux cnaraeMbIX NOJ IITpUXaMH y HAc HaxXOAMTCA Mpou3BeleHHE (YHKINH,
r__ I. r

CJICAOBATCIIbHO, HY?KHO ABAXK/bI IPUMCHUTD IIPABUIIO (uv) = UV tuv .
Y= (—2xe 4+ (x* —dx 4350 Tx) = —2(x "V +((x° —dx + Dsin Tx)' =
= —2((x)¢™ + x(™ VN + (x* —dx+ 3 sin Tx+(x° —dx+Dsin 7x)

3x
3aMeqaeM, 4TO IOJA HCKOTOPBIMU HITPUXAMH Y HAC HAXOAATCA CIIOKHBIC q)YHKI_II/II/I g )

sin 7 x KanamOyp, HO 3TO mpocTeiliye U3 CIOXHBIX (PYHKIUH, U IpU ONpPEJeICHHOM OIbITe
pelneHus HPOM3BOIHBIX Brr Oynere JIeTKO HaXOJIUTh ux YCTHO.

A 1I0Ka 3anumeM HOILpOGHO, COTJIaCHO NIpaBUITy (u [v)]' = ur(v) ad , [IOJTy4JacMm:
Y= (—2xe 4 (xt —Ax4+3sin TR = —2(x Y +((x° —dx +Dsin T2 =
= —2((x)e + 2™V + (x* —dx+ D'sin Tx+(x° —dx+ e 7x)' =
=201 +x & (3N +2x -4+ 0sin 7x+(x* —dx+ 3cosTx (T2) =
= —2(e™ 4+ 3™V + (Cx—Dsin Tx+T(x* —4x +DcosTx

T'oToBo.
[IpuMeps! 1151 CaMOCTOSATENBHOTO PEIICHUS

y=4x +4 Infsin x)

Haiitu npon3Boanyto GyHKIHH



Ipumep 2: y'=—2sn 2x
. 14x
YT
Ilpumep 4: Vkazanue: nepeo oughghepenyuposanuem Heobxooumo

[

—_— =
(3
nepenecmu Cmenenb Haeepx, CMEHU8 y nokazameJiisl 3HaK X

] 1 1
IIpumep 7: g Yz +In x)f [1 ’ "J
. 2
a ~,.|'r1— x* arccost x
e dn(2x-1)
Ilpumep 11: 2x—1
= xin(sm x) + *Jm- COSX

- u'rxz+4 S X

Ilpumep 9:

Ilpumep 13:

IIpakTnyeckas padora Ne 14

Tema: Haxoxnenue nuddepennuanos ¢ynkumid. HcciaenoBanme ¢pyHkuum mo

o01eil cxeme, mocTpoenue rpaguka

Hean: Hayuutbes HaxonuTh nuddepenuansl GyHKIUNA U TOCTPOEHUIO rpaduka

Teopernyeckuii 0,10k

1. HeoOxoaumoe M JOCTaTOYHOE YCJIOBHE IIOCTOSIHCTBA (DYHKIIHU.

2. MonoTtoHHOCTh (yHKIMH. JJocTaTOUYHOE YCIOBHE CTPOTOM
MOHOTOHHOCTH. HeoOxoiuMoe U J0CTaTOYHOE YCIOBHE
MOHOTOHHOCTH.

3. DkctpemyM ¢ynkiun. Heo6xonumoe ycinoBHe 3KCTpeMyMa.
JocTtarounsle ycnoBus 3KcTpemyMa. Hanbosbliee 1 HauMeHbIee
3HaYeHHe (PYHKIUM Ha OTpe3Ke.

4. Bomyknocts (pyHKuuu. JlocTaTOYHOE YCJIOBUE BBITYKIOCTH.

5. Touku mepermba. HeoOxomumoe ycioBHE TOYKH Meperuoa.
JloctaTouHoe ycioBHE TOYKM meperuoa.

6. AcumnToTel Tpapuka (QYHKIHH.

7. O0mas cxema HccienoBaHUs (QYHKIMM M MOCTpOEHUs rpaduKoB.

OOmast cxema wuccienoBaHus (DYHKIMM M TMOCTpOeHHs rpaduka

|. Onpenenenne oOmero xapakrepa rpaduka (QyHKIUU:

—HaxXOXJeHUe o0JacTu omnpeneneHus (QyHKIHUHU;

—HccleoBaHue (PYHKIIMA Ha YETHOCTh, HEUETHOCTD,

NIEPUOJUYHOCTB;

—HCClieIoBaHNe (PYHKUMU Ha HENPEephIBHOCTh (DYHKIUH U

TOYKH pa3pbIBa,

—HaXOXJCHHE BEPTUKAIBHBIX, TOPU30HTAIHHBIX

U HAaKJIOHHBIX aCHUMIITOT Tpaduka (YHKIUU;

—HaXOXXJICHHE TOYEK TmepecedeHus: rpaduka QyHKIUU C

OCSIMH  KOOPJMHAT;

—HaXOXXJICHHE WHTEPBAJIOB 3HAKOIMOCTOSIHCTBA (YHKIIMH;

—HaxO0XJCHHUE JIONOJHUTENbHBIX TOYeK TIpaduka

GbyHKIUH.

. YTounenne  xapakrepa  rpadpuka = QyHKIMH ~ C MIOMOUIBIO IEPBOU

IIPOU3BOJHOM:



—Hax0XJeHHE NHTEPBAIOB MOHOTOHHOCTH (DYHKIINU;
—HaX0XXJICHHE TOYEK HKCTPEMYMOB (YHKIIHH.

1. VYrtounenume xapakrepa rpaduka GyHKIUU C TOMOIIBIO BTOPOH  MPOU3BOHOMN:
—HAXO0XJICHHWE WHTEPBAJIOB BBIITYKIOCTH  BBEpX,
BBIITYKJIOCTH BHU3;

—HaxOXJCHHE TOYEK Tiepernda QyHKITUH.

KoHTpoJibHBIE BONPOCHI

1. ®yukuus auddepeHuupyeMa Ha MPOMEKYTKE U MOHOTOHHA.
Uto MOXHO cKa3aTb O €& MpPOU3BOJIHOM?

2. OyHKIUS MMEET Ha OTPE3KE IIOJOKUTENIbHYIO IPOU3BOIHYIO.
UTto MOXHO cKazaTb O €€ MOHOTOHHOCTH?

3. ®yHKUMS CTPOro MOHOTOHHA Ha OTpe3ke. Moxer nm eé
OPOM3BOJIHAS HA A3TOM OTpe3Ke oOpamaThCsi B HOMb?

4. Moxer nu (yHKUHS B TOYKE SKCTpeMyMa OBbITh
Hequd pepeHmpyemoin?

5. Ilycts ¢QyHKUMS B TOYKE X, UMEET MUHUMYyM. BepHo mu, 4TO
€€ MpOU3BOJHAS B 3TOM TOYKE paBHA HYJHO?

6. Ilycte (QyHKIMS B TOYKE X, UMEET MHUHUMYM. BepHo nu, uTo OHa
muddepeHmpyeMa B ITOH TOUKe?

7. Ilycte QyHKOMS B TOYKE X, IMEET MHUHHUMYM. BepHo 1, 94TO
€CIIM OHAa HEIpEephIBHA B ATOM TOYKE, TO €€ MPOU3BOJHAS B ATOU
TOYKE paBHA HYJIO?

8. Ilycte (QyHKIHS B TOYKE X, UMEET MHUHHUMYM. BepHo nu, uTo
ecnu oHa nauddepeHupyemMa B ITOH TOUKe, TO €€
MPOU3BOJHAs B O3TOM TOYKE paBHA HYJIO?

3agaum ISl NPAKTHYECKUX 3aHATHI

1. Halitu acumnToTel rpaduka (QyHKIHU:

2 2
2X+3 X
o F() =2 "2 6 ="
X+2

2. Haiitn IMPOMCIKYTKHU MOHOTOHHOCTHU q)YHKI_H/II/I .

a)f(x)=x3—6x2+9x—3; 6) f(x)=x2(x—3); 5) (X :E+§
X

.3. Haiitu skctpemMymbl  (yHKIHU:

a) f(x)=x3—27x; 6) f(x):3-§/x>2+2-§/i+2; B)
f(X)——
(x-3)°

4. UccnenoBatb  MeroaaMu AuQQepeHInanbHOTo
WCUUCIICHUS cleayroupe (QyHKIUM M TOCTPOUTH TpaduKu:

2 2
o F=X 03 = (D7
2
X—3 X< +1
Inx -3
s f(X)= n f(x)=x-e 2.
X

3agaum 11l caMOCTOSITEJILHOM PadoThI
1. Haittu acumntoTel  Tpaduka (QyHKIUU:



2 2
a) f(X)=%2);+3; 6 F()=2_

2. HaiiTu mpOMEXYTKH MOHOTOHHOCTH (DyHKITMH:

a)f(x):x3—6x2+9x—3; 6) f(x):xz(x—B); B) f(x):§+§.

3. Haiit skcTpeMyMbl  (QyHKIUH:
a) f(x):x3—27x; 6) f(x):3-3\/x2+2-§/i+2; B)

1
f(x) =
(x=3)
4. UccnenoBatb  MeroaaMu AuQQepeHInanbHOTO
UCYUUCIICHUS Clefyronpe (QyHKIUM M TOCTPOUTH TpaduKu:

2
XS —6x+13
a) f(X)= . 6 f(X)= X 5!
x—3 1+ X)1—X)
X2 _3x+2 x2(x—1)
B) f(x):z—; r) f(x):z—.
XS +2x+1 XS +2x+1

IIpakTnueckas padora Ne 15

Tema: IloHsiTHe HeompeJeleHHOr0 HHTerpaja W ero cBoiictBa. Haxo:kaenue
uHTerpanoB ¢ynkuuid. HWHTerpupoBaHue 3aMeHOH TIePEeMEHHO M MO0 YacTAM.
HNHuTerpupoBanye paMoOHAJAbHBIX U HPPAUMOHANBHBIX (PYyHKIUHA

Hean: Hayuntbcs BBIYUCIATS MHTErpai (QyHKLIUM U UHTETPUPOBAHUIO PAllUOHATIBHBIX U
UPPaLMOHATIBHBIX (DYHKIMH

Teopernyeckuii 6,10k

Onpeoenenue. ®ynknuus F(X) HassiBaeTcs mepBoobpasHoit (yHkimenr ¢ynkuuu f(X) Ha
otpe3ke [, b], ecnu B m0060it TouKe ATOro oTpe3ka BepHo paBeHCTBO F¢(X) = f(X).

Onpeoenenue. HeonpeneneHusiM uHTErpagoM ¢yHkiuu f(X) Ha3biBaeTCS COBOKYIHOCTb
nepBooOpa3HbIx (YHKIHUH, KOTOpble ompeneneHbl cootHomenuem F(X) + C. 3ammchiBaioT:

[rmdc= F(g+C.

CroiicTa:
0 {] midr)' = (F(0)+C)'= f(x).

2) (] r0d&)= fd

3) [&F@=F@+C

2 J G+ v—reyck — [udic+ [l [ ek,

5) Jo-rma=cf rmda

B Ta6J'II/II_IC 2 MpeaAcCTaBJICHBI OCHOBHBIC 3HAYCHU HCOHpCI[CJ'IéHHBIX HHTCT'PAJIOB.

rae u, vV, W — HGKOTOphIC (I)YHKI_II/II/I OT X,

Tabnuma 2 — Tabnuia HeonpeAeIEHHBIX HHTETPAIOB

WHuterpan 3HaueHue Wuterpan 3HaveHHe
1 Jroax -In¥scosx¥4+C 11 | [ ex+C




2 [ et In¥asinxs+ C 12 | feosx sinx + C
3 Jda 2 c 13 | [einxdk -cos x + C
Ing
& 1 x 1 tgx+C
— _ i o
& 1 _ |x4a 1
—m|—|+C L 4 -
S I;"—_a-‘r 1a I—ﬂ'+ 15 I;!_I ctgx+C
[Iponomkenue TabauIbI 2
Wurerpan 3HaueHue HNurerpan 3HaueHue
& 3 dr S
6 Iﬂm ]ll}!-l— xr o ‘-I-C 16 Iﬁ N C P ]
i 1 xr 3
7 [ I sCaxl 17 J—a I-H—Jf-
a+l COSK 2
8 & Injx+C 18 [Ldz h’tgf‘+c
x anx 2
9 [sxde chr+C 19 Jenxx +C
[y dr
Teopema. Ecnmu TpebyeTcss HalTH HHTErpan -[ Sdx HO CJIOXHO OTBICKAaTh

epBOOOPA3HYIO, TO C MOMOIIIBIO 3aMeHbI X = j(t) u dX = j¢(t)dt momyuum
Jrodc= [ raowgda

MeTtoa MHTErpUpoOBaHMs IO YacTsIM OCHOBAaH Ha W3BECTHOM (opMmysie MPOU3BOJHOM
npousBeaeHus (UV)¢ = U¢V + v¢u, Tae U u V — HekoTopsle GyHKIMH OT X. B nuddepenumansroi
dopme: d(uv)=udv+vdu.

[IpounTerpupoBas, nojry4aem I ()= I llin""r-'--ll 'd".

B cootBeTcTBMM CO CBOMCTBaAMU HEOIPEIETEHHOTO HHTETpaia

Judv=arv— [ vl

[Tonyunnu Qopmyiy HUHTETpUPOBAaHUS IO YACTAM, KOTOpas IO3BOJIAET HaXOAWUTh
MHTETpaJIbl MHOTMX JIEMEHTaPHBIX (PYHKIHH.

2.1.2 IlpuMepsnl! pelieHud 3a4a4

l1—cosx

Ne 000 [4]. Haiiru = (x—smx)’

Pemienue
r—anx=#¥f
mr}d’r=&
[ T
T4l

[I m“i 000  [4].  Haiitu

HEONPEIEIEHHBIN UHTETpall
Pemenue
ITonsenem noj 3Hak nudepeHana 3HaMeHaTelb MOBIHTErpaIbHOM 1podu

—artey

_[n n’(?r5+1}=
! I Trt+1

i+l

1
H|n|?r"'+1|+4r:

L[+
4



dx
Ne 000 [4]. Haiiru = &> —6x+25
Pemenne

& ok 1 (x-3
Ix’—ﬁnrj _I(x—z.}‘nﬁ_ Em[T}rc

No 000 [4]. Haiitu Heonpenen€HHBIN UHTETpa
Pewenne

I- jf-ﬁdr_

1
F=—__| %tk
15 %

4
BBeseM MOACTaHOBKY t=1-3c° , oTkyna @H=-13r'dr  Torpa . Haxomum

MOJTYYEHHBIN TaOJUYHBIA HHTETPAJl U BO3BPAIIAEMCS K CTapOi IEpeMEeHOM

5
& 4 4
Lie=——2%P:c-—"Ha 3 Hac
5 5 75

4

20
Ne 000 [4]. Haiitu HeonpenenéHHbINA UHTETpal -.- (2x+1) r.f.r.

Pemenue

Jl2xt 1) de={2xe1-s, a2} =jf’"-%d=%:’-%+(:=

n
= ﬂ{-c

A
= —+
42 42

321,[[&‘{1/1 AJIs1 CaMOCTOATCIIbHOI'O pCIICHUSA
I= Iructgrdr
Iah cos xedr

Ne 000 [4]. Haiitu Heonpenen€HHbIN HHTErpall

Ne 000 [4]. Haiitu Heonpenen€HHBIN UHTETpall

Ne 000 [4]. Haittu -[ &

I {I, ﬂl’+: e
B wuHTerpamax Buia et , TAe N — HaTypalbHOe YMCIO, (GYHKIHsSA

+&
ax- —f

PALMOHATIU3UPYETCS C MOMOIIBIO MOACTAHOBKK | &X+d

Ecnu B coctaB mppalyoHalbHOW (YHKIMH BXOAST KOPHU Pa3iIMYHBIX CTENEHEH, TO B
KAaueCTBE HOBOW IEPEMEHHOW PpALMOHAJIBHO B3ATh KOPEHb CTEIEHH, PAaBHOM HAaUMEHbBIIEMY
00111eMy KpaTHOMY CTETIEHEeW KOPHEH, BXO/ISIINX B BEIPAXKECHHE.

Onpeoenenue. bunomuHanbHbiM auddepeHimanom Ha3bplBacTCs BbIpaxkeHue xm(a +
bxn)pdx, rae m, N, u p — pauuoHanbHBIe yncaa. HTerpan ot OuHOMUHAIBHOTO quddepenimana
MOJKET OBITh BBIPQXKEH Yepe3 AIEeMEHTapHbIEe QYHKIUHU B CIEAYIOIIUX TPEX CIydasX:

1) ecnu p — 1enoOe YKCI0, TO UHTETPAN PAIHOHATH3UPYETCS C MOMOIIBIO TTOICTAHOBKH

F1
t=%x , Tie | — oOuuii 3HaMeHaTers M U N;
mil

2) €Clin ® _ penoe YUCJIO, TO MHTCrpall pPAlUOHATIU3UPYCTCAH IMOICTaHOBKOM

X
£="la+ix" , TO€ S — 3HaME€HaTeEb ,[[pOGI/I )23

m+l+p fos o+ "

3) ecru ® — IeJIOE YHCIIO0, TO HMCIONb3yeTcs MOACTaHOBKA ™ rges —

3HaMEeHaTeNb JIpooH p.

IE(I, Na vErv e Id’r:
WuTerpans! Buga IyTeM BBIJICJICHUS TIOJTHOTO KBaJpaTra MOTYT ObITh

MPUBEICHBI K OJJTHOMY U3 CIIEAYIOIIUX TPEX TUIIOB:



1) I‘E[”: Y HI_ ﬂz]&
]-Rﬁt.ﬂ.'m1+ﬂ1}d-;
_[R[m ark— m2 )

At
WNuterpan Buga -['E{g - det

MHTETpally OT PallMOHAIbHON (PYHKIIMH OTHOCUTENBHO sint wiun cost.

IR(:{,"-.I'nlz-l-uI]dl

MHTETPaTy OT PAallMOHAIBHON (DYHKIIMHA OTHOCUTENBHO sint 1 cost.

MOJICTAHOBKOW ¥=msmf iy, H=mCO= cponyres K

Wurerpan Buaa [MOJICTAHOBKOM u=migt |,y 2=mog CBOIUTCI K

1 1

IR[H’ ' —m ) . st = cost
Wuterpan Buaa MIOJICTAHOBKOM WIH CBOIUTCA K
UHTETPaTy OT pAallMOHAIBHON (DYHKIIMHA OTHOCUTENBHO sint miu cost.

[ToncranoBku Diinepa UCHIOIB3YIOT IIPU CIEAYIOLUIMX YCIOBUIX:

]'x{:,«fml +brte)de

1) ecnu a>0, TO UHTETpaI BHIA

~Jm2+.ﬁr+c= .fin-'{;;

pPaOHAIN3UPYCTCA MOJICTAHOBKOM

_[x(x_ o + by e)de

2) eciu a<0 u €>0, TO wWHTerpan BHIA paLOHATN3UPYETCS
TOJICTAHOBKOH V@ +bx+e = & e :

3) eciu a<o, a HOAKOPEHHOE BBIPKCHHE packiabiBa-
eTcs  Ha  JIeHcTBUTENbHbIE ~ MHOXHTenn a(Xx — x1)(x - Xx2), TO  WHTer-

pan Buza _l-ﬂfrﬂ'ﬂrz+h+£)df Vo v B+ c =ix-x)

PaccMOTpUM MHTETpaIbl CICAYIOIUX TPEX THUITOB:
Hxydk
I _[ Gm:J +hr+c
I _[P(rhl'ar’ +ix +edi
m [ & .
(x-o)Jo’ +hx+c

rne P(X) — ™Horowien, N — HarypainbHoe uucio. [lpudem wnHTerpansl I u

PalluOHATIN3UPYETCA MOACTaHOBKOM

III TunoB MoryT OBITH PUBEIEHB! K BUAY MHTErpaa | Tuma.
Beinonnum crnenyromiee npeoGpasoBaHI/Ie'

Ak e+ i i
'I--.,II Fii g < ket I-.,.' +£xr+t:

B 3TOM BbIpakeHUH Q(X) — HEKOTOPBI MHOTOWICH, CTENEHh KOTOPOTO HHXKE CTEICHU
MHOrowieHa P(X) Ha equHUILY, a | — HEKOTOpas MOCTOSIHHAS BEIMYHHA.

JIns HaxoXIeHUs HEoNpelelieHHbIX Kod(p¢uuueHToB MHorowieHa Q(X), creneHb
KOTOpOTO HIKE cTerneHn MHorowieHa P(X), muddepeHmupyoT 00e 4YacTH MOITy4EeHHOTO

BBIPAKEHMS, 3aTEM YMHOXXAKOT HA ja +hrve U, cpaBHHUBas KOA((DUIMEHTH IPU OJUHAKOBBIX
CTETCHSIX X, OTPENSNIAIOT BeauurHy | 1 ko3 duipenTsr Muorowiena Q(X).

[IpuMepsl pelieHUs BaAaq
I (x— 1)(1+4 ]

Ne 000 [4]. Hatiti
Pemenue



(e, {’%"ITI=£;:—1=F;}=

(x—1) (1+\.’_ ) dr=12"ck
(o2 £+f £ £
|G R nf e ae [ a)-

=12 [][:— HJ&+I[1— HJ d‘J= IIIH—III£+IIIJ—

—11]-%=Efz+11t—ﬁl|(.t’z+1]—11ﬂntgt+c=
+

=65 14129 1— 61a{%c— 14— 1 2actgYx—14-C.
]JaJ —x'dx

Ne 000 [4]. Haiitu
Pemenue
I-.,flal—f&= fx= asnt, dk= acos&} =
= of Jo — & s t costdt =

=ajaun’ﬂ=ﬂ—zl-{l+ md_?#‘; u+C=

_é+‘fwm+c_£am'n PR Y )

2 2 2 z 2
dx

Ne 000 [4]. Haiitu I Pya+x?
Pemenne
l_ r= dgf.dec= ;‘s}—& l' @ _
x Eﬂ!tr: = m
msf

{l—m:t}a'm'lf__ 1 1 3
I -[ st 3=t Famt O

N 117_ 7 x| @ A
1 A FZag | 3d? | dx

+.

d
Ne 000 [4]. Haiiru © 2 —4H"
Pemenue

-I'—d = cosf
o — 47" = s £-2- ftg’f

1 1
-l a5 faed

1 1 1 1
—ﬁjdglﬂ=—gdﬂ'f—ﬁ [a.n: t—l]&=—ﬁﬂ'ﬂ'f+ﬁdgf+

£ 2 1 1
+—+C=<dgf= =— + +
32 { Jf—4} 14" 1624
+lm3+ﬂ

32 xr

I=idr—1m ]I 2 foostd

—l}f——— Jag dags-

I 3r -7 41 -
Ne 000 [4]. Haiitu = ~X —2r+3

Ne 000 [4]. Haiiru JEF ~603F' 43



IIpakTuyeckoe 3ansiTue Ne 16

Tema. OmnpenesieHHbId HMHTerpajg. BblumncieHue omnpeaeseHHOr0 HMHTerpaJa.
Boruncienue momanei ¢puryp u o0bemMoB Tes
I_[e.m,: 3aerHI/ITb YMCHUA CTYACHTOB pCUIATh 3aAa4U MO BBIYHUCIICHUIO HHTCI'PAJIOB
Teoperuuecknii 610k
L)
hm E Sz )Ax
=l

Onpedenenue. Ecmu mmst dymxmmm  f(X) cymectByer mpemen o :

5
im 3 fie )y, - [ 79
paBHBI ™A o TO (DYHKIIHMS HA3bIBACTCS MHTEIPUPYEMOIt Ha oTpe3ke [a, b].

CBoiicTBa ONpeAEIeHHOT0 HHTErpaa:

. ] . ]
[ 4r(yac= 4 r(myac
1) o o

] ] ]
Juim rpde= [ fiydcs [ fode
2) o o o :

[rdc=o
3) a ;
4) ecau f(X) £ j(X) Ha otpeske [a, b], rae a < b, To

[ ] | ]
[r@dcs fema

5) eciiu M u M — cOOTBETCTBEHHO HaMMEHbIIee ¥ HanboJbiiee 3HaueHus pyukimu f(X)
Ha oTpeske [a, b], To

&
m(b—d) ilf{ﬂdfi Mb—d)
6) meopema o cpeonem: ecnu dyHnkuus f(X) HenpepbiBHA Ha oTpeske [@, D], To Ha aTOM

OTPE3KE CYMIECTBYCT TOYKA € TaKasl, YTO
| ]

J A= @-afe)

7) IU1s TPOM3BOJIBHBIX YHCeN &, b, C cripaBeUTMBO paBeHCTBO

] c ]
[rmde=| redc+ | e

B o
[rmde=—[ raac
8) = & .
Teopema Hviomona—Jleubnuya. Ecniu ¢ynkuus F(X) — kakas-nmubo nepBooOpasHas OT
HernpepbiBHOH (yHkumu f(X), T0

]
[r@ma- FB)-Fa

[Iprembl BbIYMCIIEHUS ONPEIEICHHBIX HHTETPAJIOB MIPAKTHUYECKHU HE OTIMYAIOTCSA OT BCEX
TEX MPUEMOB M METO/OB, KOTOpbIE OBUIM PACCMOTPEHBI MPU HAXOXJAECHUH HEOIpeeeHHBIX
WUHTETPAJIOB.

ToyHO Tak e NPUMEHSIOTCA METOJbl IOJCTAHOBKU (3aMEHBI INEPEMEHHOI), METOJ
UHTETPUPOBAHUS IO YacTsAM, Te€ K€ TpUeMbl HAaXOXKICHUS MEPBOOOPA3HBIX IS
TPUTOHOMETPUUECKUX, HPPALMOHANBHBIX M TpPAaHCUEHAEHTHbIX (yHKIUNA. OCOOEHHOCTHIO
ABJIIETCS TOJBKO TO, 4YTO IIPH MPUMEHCHMHM OTHUX IPUEMOB HAJ0 pPacIpOCTPaHATh



npeoOpa3oBaHWe HE TOJIBKO Ha TMOABIHTETPAIbHYI0 (YHKIHIO, HO U Ha TMPEIeibl
MHTETPUPOBAHUS.

b
Jreax
[Tycth 3aman wHTETpan & , e f(X) — HenpepwiBHas GyHKIMs Ha oTpeske [a, D).
BBeneM HOBYIO IepeMEHHYIO B COOTBETCTBHUH ¢ dopmystoit X=)(t). Eciu:
1) j(@) =a, j(b) = b;
2) j(t) u j¢(1) HempepBIBHBI HA OTpE3KeE [a, b];
3) f(j(t)) ompenenena na orpeske [a, b],
TO

-] B

[ r@ac— [ fivton'e
[} L1 9

NN

B B
_[J"[tr(ﬂh'{f)ﬂ = Flgpil| = FloP)]— Flg{a)] = F(H)— F{a)
o [1 9

&
EE |f (x)dc
Onpeoenenue. Ecnau cyliecTByeT KOHEUHbBIM Ipeaesn o TO D3TOT Mpenesn

2

Ha3bIBACTCS HECOOCTBEHHBIM HUHTErpajioM oT (yHkiuu f(X) Ha uaTepBase [a, ¥). O6o3HaUCHHE:
. ] m

i [ rde= [ fex
[} [}

Ecnu 3T0T mpenen cyiiecTByeT U KOHEUEH, TO TOBOPAT, YTO HECOOCTBEHHBIH WHTErpall
CXOJUTCS, €CIIM TpeAed HEe CYIIECTBYeT WM OECKOHEYEH, TO HECOOCTBEHHBIH HHTErpal

PaCXoauTCs. Amnanornynesie PaCCyKACHUA MOXHO IMPHUBCCTHU IJIA HECOOCTBEHHBIX HHTCIrpajIoB
BuUIa

] ] m ] m
[rmde= m [rmdc [r@dc= [ fodes [ e

< <
Teopema. Ecmu s Bcex x (X°a) BBIMOJNHSACTCS YCIOBHE 0<f)< o), UHTErpan
- [-1]
| wtxyae | rimac
- CXOuTcCHd, TO o TAKXE CXOOUTCA.
< <
Teopema. Ecnmu mis Bcex x (X*@) BBIMOJNHACTCS YCIOBHE 0<px)< f2) HHTErpan
- [-1]
Jeax | ree
' paCXOI[I/ITCSI, TO o TaKXKEC paCXOI[I/ITCH.
ECJ'II/I B TOUKE X = C (bYHKLII/I}I J'II/I6O HC onpeﬂeneHa, J'II/I60 paBpLIBHa, TO

e ]
[rwdc- mm [ fiad

] c
Jr@ac Jrmac
Ecnn wmHTeT pal o CYHmICCTBYCT, TO HHTCTpal a CXOOUTCA, €CJIIM HHTErpall
] c
Jrea Jrea
o HE CyHIECTBYET, TO & pacxoauTcs.

Ecnu B Touke x = g QyHKLHUS TEPIUT Pa3phIB, TO

if[xid'r= Em if{r}dr
« Boarl, .



Ecmu  ¢yukuus f(X) wmeer paspeiB B Touke b Ha mnpomexytke [a, c¢], TO

€ ] €
Jrmadc= [ reydcs [ fdc
a a b Takux TOYEK BHYTPH OTpe3Ka MOXeT OBITh HECKoJbKO. Ecmm
CXOZSTCS BCE NHTErpallbl, BXOASIINE B CYMMY, TO CXOAUTCA U CYMMapHBIA HHTETPaJl.

[IpuMepsl pelieHuda 3aaa4

Tx—siu: e

No 000 [4]. BeruuciauTh onpeeaeHHblid UHTerpain @ @-+snx)

Pewenne

=2 f!
—!—I_ dr= f=.|"; coEX= - . dr= 2dt Snr= 2 =
{1+ snT) 2 148" 148 14

1-# 2
1 1

{13l _1af 2 20-2u—#F)
_1[1 2% Y 1+f’_1[ a+s %
(re)

21— 24— £)

Paznoxum 1podhb a+ey o, poCTenune
1_4‘_1‘1=i+ 3 € . B _
Q+gt 1+f Q+f Qe Qs
_ A0+ +Bl+ 5+ Q0+ H 4D

a+o* '
Kot rBorntrc0rn+D=2—as— 2
D=4, 4=0,B=-2,C=0.
HNmeem

1

i I I P A
o [l+t]' i{l+t_)2 B ‘.*l~{1+.tj,3 144
4 4 1
—— o2 =
38 3 6

Ne 000 [4]. Beruncnuts onpeieeHHbIN HHTETpa

?{_;E__
o Btgr+3sEnlr
Pemrenue
Tﬁ dr Bl gaay - X
= a 1+ |=
0 Gigx +5)an?r |k =ﬁ’
T a ﬁ dt
B 2 23 13t +5)
1(3t ﬂmyﬂ"‘f) 1

3645 £ 45 H3645)
ABF+ 3+ BE=1

3

1 3 1 31

—[l-——— |&= —(In}|- mBs+3))| =—n3—nl4—0+inf)=

(i 5evs - itabt-tpes ) - u3-smte-0 e
1l 1,12
0 14 10 7

: &

u e

No 000 [4]. BeruuciauTh onpeaeaeHHblid UHTErpan @ .

Pemenue



- o =TL=
@+r) =E E+g ) md ¢
3Tt 3 + 2
“wl T \[ ﬂ__ 0 _ﬁ
1
[H1-Pa
Ne 000 [4]. Beruucnuth onpeneneHHbIi nHTerpai @
Pemenue
=f2
[h-Pea {I ns }= | \1—sin’¢ costdt—
o p=x/2] 1
=2 1 =2
= | co?adt=_ [ Q+cos2hat=
0 2y
=2
= l[f+—m'11.f) =X lana-X
0 4 4 4
_l-ms.l:ﬁ_
No 000 [4]. UccnenoBaTh Ha CXOAUMOCTH
Pemenue

o 5 ]

Imﬁr= I I sk = him an_t| =Ilm{=nb—anl)=lm =nb

! 0 5w g = —m

Tak Kak Ipezelr He CyIIeCTBYET, TO Hec06CTBeHHLH71 WHTErpal PACXOAUTCS.

If

Ne 000 [4]. UccnenoBaTh Ha CXOAUMOCTh —®
Pemienue

1
[_= lim [E= lim [—l]|_ = Em [1+1_)=1
—I:II: | & I! - & ] b
— I/IHTeraJI CXO-OUTCH.

1
=
Ne 000 [4]. UccnenoBaTh Ha CXOAUMOCTh @ .

Pemmenue

Touka ¥=!gnsercs 0oco6oii TOUKOM, TaK Kak MOABIHTErpaibHAs (YHKIUS MMeeT B Heil
O6eckoHeuHbIl pa3psiB. [TosToMy

1=
I=tim [ % —tim| L/ ! G| ®
01— =02 |lax 2|50 |[2—z

b

=zt 0=
Tak kak mpeien OECKOHEUYHBIN, TO TaHHBIA WHTETPAl PACXOAUTCS.
_ 3 i-3
No 000 [4]. 3amaHO KOMIUIEKCHOE YHCIIO -BHE | Haiitu anredpanvecKyro,

TPUTOHOMCTPUYCCKYIO U ITOKA3ATCIIbHYIO (I)OpMBI 3aIllucCH.

Pemmmts ypaBHeHne wiiz=10
Pemenue
1) JIoMHOXXUM YHUCITUTENh U 3HAMEHATEh Ha COMPSKEHHOE 3HAMEHATEI0 KOMIUIEKCHOE

qucno V3 —fy pOBEJEM anre6pam1ec1<ne peoOpa3oBaHus

B+B)3-f_3+88-1343_6+248 _3 3
I N N 341 a1 1
o f — anrebpanyeckas Gpopma.

Monaynb uncna




ApryMEeHT HaXOJUTCS B IEPBOM YETBEPTH

wiveea{y )i

Tpuconomempuueckas popma uucia

)

Ilokazamenvras ¢popma uucna
X
-

2) nmis pelieHus ypaBHEHUS 1'1+z=uHeO6XOI[I/IMO BBIIIUCATh TPHU 3HAYCHUS KOPHSA
KyOHWYeCcKOro u3 uucia.

x x { l] iy
= = X+ i
SN AN AN ol N
HOqueHHBIﬁ APTryYMCHT 4YHCJia HE SABJIACTCA I'YIaBHBIM 3HAUCHHEM, IIO3TOMY, IIOJIB3YACh

NePHOAMYHOCTBIO  (QyHKIMiE Py ™ Moxem mepeifTH Kk ApPYroMy  apryMesTy,

— <
YAOBJICTBOPAOIIEMY YCIIOBHIO L1 .

2= Be & _ s '5?';

—-—+?Ii:l

3 1 —5+11]

w= ﬁa =3Eal T S

Tpu perieHus: UICXOIHOTO ypaBHEeHHUs mosydarores pu K =0, 1, 2:

et 8 e dul g ]

BLIMUCAHHBIA apryMeHT "3 He sBJAETCS IJIaBHBIM 3HAUEHHMEM aprymeHTa (Gomblie *),

MO3TOMY bopmy yucia ™ HeoOX0IMMO npeoOpazoBarTh:

w3=3%-e{%]=3%-e{%ﬂ] =3_=-e{_%_']_

Ne 000 [4]. HaiiTu Bce 3HaU€HUS KOPHS %'ﬁ'.

=]
Ne 000 [4]. Haittu #

IIpakTnueckas padora Ne 17

Tema: Borunc/jieHne 4aCTHBIX POU3BOIHBIX.

Heab: dopMupoBaHHe MPAKTUYECKHX HABBIKOB HAXOXJIEHUS SKCTPEMYMOB (YHKIMU
MHOTHX HE3aBHCHMBIX TIEPEMEHHBIX.

Teoperuyeckuii 6,10k

Yactaple mpomsBogHble. [luddepeHnnan, ero CBsA3b C YaCTHBIMH IPOWU3BOIHBIMH.
['eomeTpuyecknii CMBICT YacCTHBIX MPOM3BOAHBIX U muddepermuana. JocratouHoe ycioBue
muddepenupyemoctd. ['pagueHT u mnpousBonHas 1o HampasieHuto. Heobxonumelie u
JOCTaTOYHBIC YCIOBUS IKCTpEMyMa (PYHKIINU HECKOJIBKHUX TIEPEMEHHBIX.

[Tpupamenue, kotopoe noiydaer pyHkuus Z=f(x, y), korna uaMeHseTcs TOJbKO OJHa U3
NEPEMEHHBIX, HA3bIBACTCS YAaCTHBIM TpHUpalieHueM (QYHKIHA 10 COOTBETCTBYFOIIECH
nepeMeHHOI: AxZ=f(x+AX,y)-{(X,y), AyZ=f(x,y+Ay)-f(X,y).

OINPEAEJIEHUE: YactueiM nuddepennuanom no X Gynkuuu Z=f(X, y) HazbIBaeTCs
IJIaBHAs 9acTh 4acTHOro mpuparieHus AxZ=f(x+Ax,y)-f(x,y), mponopuroHagbHas MPUPALIECHUIO



AX HE3aBUCUMOM TIEPEeMEHHON X. AHAJIOTUYHO OTPEACNIIeTCs YacTHBIN qudPepeHmart mo y, T.e.
AyZ=f(y+Ay,x)-f(X,y).

Juddepernnansl He3aBUCUMBIX TEPEMEHHBIX X My MPOCTO PaBHBI MX MPUPALICHUSM,
T.e. dx=Ax, dy=Ay. Yactaeie guddepeHnnans oOo3HaUaOTCT Tak: dxZ -4aCTHBIHA
muddepentman o x, dyZ - yactueiid auddepennnan no y. [lpu stom:

/A ol
de=ti_d{ d‘z'zzn_l o
cx - C-'}'

Taxkum oOpazom, yacTHbIM aAuddepeHnnan QyHKIUM JBYX HE3aBHCHMBIX IEPEMEHHBIX
paBeH IMPOMU3BEIECHUI0 COOTBETCTBYIOIIEH 4YacTHOM Npou3BOJHONH Ha JuddepeHuuan 3Tou
MIepEMEHHOM.

Takum e oOpa3zoM, Kak Juisl (yHKIMHM JByX IHEPEMEHHBIX, ONPEIEISIOTCS YacTHbIE
HPUPALICHUS U YaCTHbIE JU(depeHanbl GyHKINHN JIF000ro YuCiIa He3aBUCUMBIX [1EPEMEHHBbIX.

[Tpupamenne, koTopoe noiy4aer ¢yHkuus Z=f(x,y) mpu HMpOU3BOIBHBIX COBMECTHBIX
U3MEHEHHAX €€ 00OUX apryMEHTOB HA3bIBAETCS MOJHBIM MTPUPAILCHUEM:

AZ=(x+AX,y+Ay)-f(X,y)

OITPEJIEJIEHME: IomaeiM nuddepennmanoM GpyHKIUH IBYX MEPEMEHHBIX Ha3bIBACTCS
[JIaBHAs 4YacThb IIOJHOIO MpHUpAIleHuss (QYHKUUM, JHMHEHHAas OTHOCHUTENIHO MpUpaleHUH
HE3aBUCHMBbIX [IEPEMEHHBIX.

Teopema. Ilonubiii quddepenunan GyHKIMU BYX HE3aBUCHUMBIX IEPEMEHHBIX paBEeH
CyMMe MPOU3BEIEHUI YaCTHBIX IPOU3BOIHBIX (PYHKIUHU Ha JU(QepeHInanbl COOTBETCTBYIOLINX

HC3aBUCUMBIX IICPEMCHHBIX.

dz =% ac+ %

dZ=f'x(x,y)dx+f'y(x,y)dy nimn cx oy

-~

gz gz

Tak kak ©Xdx=dxZ u €¥ dy=dyZ, to dZ=dxZ+dyZ, T.e. nuddepenuman GpyHKIMA IBYX
HE3aBUCHMBIX TIEPEMEHHBIX PaBEH CyMMeE €€ YacTHBIX Ju(epeHIInaIoB.

Omnpenenenue nuddepeHimana nepeHocuTcess Ha (PyHKIIUU JTIFOOOTO YKCiia HE3aBUCHUMBIX
HEpPEMEHHBIX.

ITpumep 7. z=In(y + Y )HaﬁTH dz
Haiinem yacTHbIe MPOM3BOHBIE

52 . g % 1 . g %
— =y +x"+y)] =————=y+x"+y | =
X . : }r_'_ X‘+}r" : :

{ X | X
+¥

= I : :
I e e N e e i

r \

fz | 1, .2 J‘_ 1 ' ¥ | 1 )
Ezh.n(}""w'x ¥ )"_}'+mkl+\(?{:+?:)_1f}‘:+7-"::

dz:de+Ed§;: xdx dv

+ = .
A e N I s

CnenoBatenbHO,

IIpakTuyeckas padora Ne 18

Tema: Borunciaenune nudggepeHunanos.

Heab: dopMupoBaHue MPAKTUYECKUX HABBIKOB HAaXOXKJEHUS AKCTPEMYMOB (PYHKIIMH
MHOTHX HE3aBUCHUMBIX IEPEMCHHBIX.



IpakTuyeckunii 610K

3aoanue 1

Haiit yacTHBIC MPOU3BOIHBIE OT (DYHKITHIA.

1, s - dme 2y —dm ot 2ptE

Pewenue

Cumnras Z QpyHKIMEH TOTBKO OJAHOTO apryMEHTa * M IPU 3TOM IOJIaras ¥ ===  HaXOJUM
o popmynam

ez

- 2x —3p -4
ek

AHanoruuHo, cuutas = QyHKUMEH TOJIBKO ¥ U moJjaras * = st | [oJyqyum

P " =
a

T =antg ¥ ;
1+x® |

Pewienue

Cuwnras 2 QpyHKIMEH TOJBKO OJAHOTO apryMEHTa * M IPU 3TOM IOJIaras ¥ ===  HaXOJUM
o popmynam

__ B
e _ 1 A R & o 2y
i _1+ ¥ 3z |_1+x" | - L4+x7)" H - [+ 4y
T+t fl+x7)°

AHaOru4HO, cunTas = QyHKIHMHA TOJIBKO ¥ M ToJIaras * = st | [IoyquM
& 1 [ ¥ 52 1 1 _ 1+x* )
o[ 7 Tl T ' ey

11+x* [

Pewenue
Cunras “QyHKUMedl TONBKO * W Tojaras ¥==:==t  3aTeM — (QYHKIUEH TOJIBKO ¥ U mosaras
x,z=condt g TOIIBKO 2 , TIOJIATAS] *+¥ =%  [[OJIyYnUM

Ma_1 oz oA w1l o oy
o omd v oy 1;" T+ dz ¢ m

1] y .
3adanue 2

BbluncnuTe 3HaYeHHWE YACTHBIX IPOU3BOAHBIX JaHHBIX (YHKIMM TNpH YKa3aHHBIX
3HA4YECHUSAX APIYMEHTOB!

1) f|x, ) =cosmx o) = m; ¥ o

Pewienue

[To popmynam nuddepennpoBanrs HaXOJUM YAaCTHbIE IPOU3BOIHBIE
f '\=—|11 siimx—nyl - {, =nsnimx -ny

I
IMonarass * 2m; ¥=0, MOJIYYHUM

C[go)em, vz

2. ==y g onr =1

Pewenue
Haxonum npounsBoaHbIE, 3aTEM BBIYMCIIAEM UX YaCTHBIC 3HAYCHUS B YKA3aHHOU TOUYKE:
R

-y -y
221 =42

3
3aoanue 3
lee 1k z
—phlx® =y | X o ' _E =

1. I[lokazatp, uTo QpyHKIMS *~¥ ¥ 'y IOBJIETBOPSET YPABHEHUIO LA

I=
2. [Tokasatb, uTo pyHKIMS ¥ 2 = ¥
adz | ade _x

YIOBJICTBOPSICT YPABHCHHUIO ™ = ¥ A

Brruncnenue npon3BoAHbBIX U TU(G(HEpEeHINaTOB CI0KHBIX (YHKIIMNA

PaccMOTpuM YHCIOBYIO (DYHKIIHIO ABYX MEPEMEHHBIX
2 =2,y



3aJJaHHYIO CIICAYIOIIMNM 00pa3oM:
UV ppe UsUp): V=Virl (1)

['oBopsT, uto (1) onpenenseT CNoXHYO (GYHKIHIO ABYX MEPEMEHHBIX.

B cooTBetcTBUU € hopMynamu MpeabI Iy X naparpagoB MOXKeM 3arucaTh:
a2l aus )l av 0 5= AT HAV? o)
Haiinem yacTHbIe npupanieHus
p.2=be - _
=0 npu stom AU .IJ..U; A=a.V
8z 8z

BaZ= g Bale 7 82V - Ols) Ese:\lllﬂ.:UE"'ﬂ.:vEl(:g)

0ig) 6.M. 6 Ox 5 0y a_g
ecThb 6.M. 6oJlee BHICOKOTO TOps/IKa, ueM “* | ipejicTaBuM eé B BUge  °* , riie M.

Oigd|_ _ 6s B U 0,V
[ ! il LR B
x x , OTKyI[a BHUIHO, 4YTO OTa BCJIIMYMHA CTpeMI/ITCH K HyJHO HpI/I
2,0 AU aV @V

ﬁ:ﬁ*ﬂ;TaKKaKn-vl:lja fx ﬂx, iV Elx_

= |a

Torna

Paznenum (3) Ha 8z u neperaém K ripeaeny npu & =0 :
0,202 0,U 02 4,0
pr-g My OUpgon Ox OV ag-n Ox

BT _ 8T 8U AT av ’
a._aua;+ava.(4)

AHAJIOTUYHO TOJXyYnM (opMysly [UIsi YaCTHOM NPOM3BOJHOM CIIOKHOM (QYHKIIUH TI0

apryMeHry y:
BT _ 8z 8U  azaev
ap AU dy AV ay (5)

C nomolpio 3THX (HOopMyII 3anuiieM noiaHbi auddepentuan mist pyunkuuu (1)
a as BES'LT+BESV SESTJ+SESV

az =% s - du + -
M .a,-a" o ae Cawas’ (aua,- aw a;-“v

L I L I

AU am EN v am 2 aur w au

ITomy4yeHHOE paBEHCTBO BBIPAKaeT CBOWCTBO MHBAPUAHTHOCTH (Gopmbl AU depeHumnaia.
OHO COCTOUT B TOM, UTO HOJHBIN Tu(depeHIran olMHAKOBO 3allMChIBAETCA B ciydasx, korga U
U V — He3aBUCHMBIE NTIEPEMEHHBIE WU SABISIOTCSA QYHKIUSAMU OT X U Y.

[To ananoruu ¢ gopmynamu (4) u (5) MoxxHO 3anucate U Gopmyisl AuddepeHIupoOBaHUS
CJIO’KHBIX (YHKLUH Ipyroro BUA.

HaHpHMep: UV, W, U= Ukyl, V=Viyl, W= Wiy

azZ _az EI'I'_T+ a:av+ azZ aw

Bx AU A OV Ax AW dx | (6)

a:=a: EI'I'_T+ a:av+ azZ aw

ap AU ay AV 3y AW ay (7)

Paccmotpum apyroit npumep. Ilycts nana gpynkuus
2=UV,y), me Us Uy, V=Vigy.
PacnpocTpanuB npenpltymye pe3ysbTaTel Ha 3TOT CIy4dal, MOJYyYHUM, HalPUMeEp, YaCTHYIO

IIPONU3BOOHYIO I10 Y.
DI _ 8z au az av  az
Dy &l @y &V ay ay_(8)

3amnuck B popme (7) 6bu1a OB HEKOPPEKTHA, TOITOMY U3MEHUM 00O03HAYECHHUS.
D=

3nech: B¥ — 03HayaeT BHIYUCIIEHHE YACTHOW MPOU3BOIHON TIpH * = st |

az

#¥ — 03HA4YaeT BBIUYMCIIEHUE YACTHOW MPOU3BOJHOM Mpy U= rorst V= corst

PaccMmoTpum Teneps Takou npumMep.

PaccmarpuBaercst  crmokHash GyHKOMS OAHOM TEepeMeHHoW ===%' ompenenéHHas
CJIEYIOIIUM 00pa3oM:

Z=fUN; U=Ux, V vg:].(g)

d=
B sTtom CJIydac p€ub AOJDKHA UATH O BBIMHCIICHUU HpOI/I3BO)1HOI‘/’I 4= , KOTOpas Ha3bIBaCTCA

NOJIHOH NMPou3BoAHOI. DopMyiy Ais €€ BBIYMCIEHUS IOTydnM u3 (4)



dZ _ <=2 n:'l.'l'.il'+ azZ dav

dx AU dx AV & | (10)

Emeé onun npumep:

[TycTp ==tM, Vo), e U=Ulx), W =V "Torna uMeeM CISAYIONIYI0 (PYHKITUIO OHOU IMepEMEHHON
d:_a:dU+a:dV+a:

dx AT e AV dx  dx | (ll)

OdeBuaHO, JIs Clenylomed (YHKIUM OJHOW MEpEeMEHHOW CBOWCTBO WHBAPHUAHTHOCTH
dopmel TuddepeHIrana Takke UIMeeT MEeCTO.

JeiicTBuTenpHO, ymMHOXkas Ha 4% (10), mosryunm BeipaykeHue Buaa (6).

3aoanue 4

Hatitu monnsie quddepeHnnansl GyHKIUH.

s —Et¥
Xy,

Pewienue

a) HaXOJMM YaCTHBIC TTPOU3BOAHBIC TAHHON (QYHKIIUU:
d By oyi- -y k) x-y-fey Dy

& [x-yF - [x-y™

6) YMHOKast 4aCTHBIC IPOU3BOJHBIC Ha ,Z[I/I(b(bepeHI_lI/IaJlbI COOTBCTCTBYIOIINX aAPryMCEHTOB,

NOJY4YHM YacTHbIE AU depeHnnansl QyHKIIN:
da=- F de dz= = 4
eyt o ¥

B) UCKOMBIM TONHBIN auddepeHnman GyHKIMM HalAeM Kak CyMMy €€ 4YacTHBIX
nuddepeHranos:

dz:E:d!.-'—E!.-ﬂx _ 2y e
.=_'!|,l.'l .=_'!rl.'l

2. = =sinlay|
Pewenue
Crnenys ykazaHHOMY IUIaHY, HAXOJIUM

ek dz
=cosuyl y;. =coduyl x|
a) b iy ;
dz=y-cosxyde . dz=u coduyidy .
6) I=¥ ¥ ;9 ey -

B) i = yeos|xy de +xcos xyide =como pde +ady)

x+y
3. z urngi v
Pewenue
Crnenys yka3aHHOMY IUIaHY, HAXOJIUM
e 1 |I'?".El x¥] + ¥+ L-x
- 1'|"'5f""1 R 11—y 1=yl o+l + i
a) 1t -y
i 1+y Ly
1-Zoy+afy’ 4+ + Bypty Lax 4xd 4yt
d__ 1 (ery)_Romdeadray), o
v 1-|“'5“""1 =¥ J, 11—y oyl +lx eyl 1+ 14x?
o) 1-Zmp+xfpl x4 2ap ey’ Lexfyd et 4y
L+y? 1+=
d i dz= de

114y e +14x” e
B) Linfy® +u®+y?

3aoanue 5

BoruncnuTh 3HaueHus nonHoro nuddepennuana GyHKIUU

n
z m:m?HpI/I*=1;? 3;d|. |:I_,|:I1;d‘.f D"DS.

Pewenue

HaxoauMm dYacTHbIE TIPOM3BOJHBIC, 3aTeM dYacTHble JU(GGEpPeHINATBl ¥ TOJHBINA
nuddepeHnuan JTaHHON QyHKIIAN:

S ¥k X i — pdy

- i — dr s ———=.
che x4y oy mT Ay xt oy




[ToacraBmsisi 3amaHHBIC 3HAYCHHUS HE3aBHUCHUMBIX NEpPEeMEHHBIX *, ¥, dx dr  dyHKIHEH

KOTOPBIX SBJISIETCS MONHBIN nuddepeniman 42 , moaryunm
_Li-006)-3-0,01

d
! 148

= 0,008

3aoanue 6

Brraucnute npuOImKeHHOE 3HAUCHUE:
sin 149 arctg007

1) 1p3:.ll ; 2) pdum

Pewenue

Eciu TpeGyercs BHIYHCIIHTh 3HaUeHHE QYHKIHH f(%:%- -t B Touke %% 4l (1 npu aToM
IpOIIe paccuuTaTh 3HAYEHUS OSTOM (YHKIMM ¥ €€ YacTHBIX MPOU3BOJHBIX B TOYKE
Mobto¥o bl 10 mpm mocTaTouHO MaNBIX MO aGCONMIOTHOM BENMUMHE 3HAYCHHSX PAsHOCTEH
L (e e , h~h=% MO)KHO 3aMEHUTPH IOJIHOE TMpHUpalIeHHEe (QYHKIIUU €€ IMOJTHBIM
nuddepeHnmaiom

£V, [V, ) M e+ (M ey 4+ +E B

U omciooda Hatimu npudIuUdiCeHHoe 3HayeHue UCKOMOU 8eIUdUHbL NO Gopmye

ML) (M4 M My e+ Mo (1)

1. Ilonaras, yro #&* ecTb YacTHOE 3HAYEHUE (PYHKUIMU f'=.¥'=='B TOUKE M, [1,083,56)
M,i1;4)

H 4YTO

BCIIOMOTI'aTCJIbHaA TOYKa 6yII€T , IOJTYyYUM
f-MI:-=1"=1- M =yt =d il =wt e, =0

dx =L08-1=008 + dy=3,% —4=-004
; .
[oncrasnsas B popmymny (1), Haitnem
LO8 <M | +£7 [ e +£ | M dy=1+4 D,08=132
sinl 49 amtg0 07

i

2. Ilycto €CTh 4aCTHOE 3HAaUYeHUE (PYHKIIUH TPEX MEPEMEHHBIX Mixy.z)=2"sny mrctgz g

M.:[— 5T ]

n -
TOYKC M, (-2351,45,0,07) U ITyCTh BCIIOMOI'aTCJIbHAA TOYKa 6yneT

Torna de =295 (—3)=0,05 + dy =149 157 =008 + dz =007 -
(2,0 =2 i Tarctgd =0 g (M, =2 In2siy - ardez/,,, =0 .

-M,,-:E.Sh?':E 1

i, |M, =2 cosy aﬂ:tg?—-"'.l..=u; i 1427

[Toncrasnss B popmyay (1), momyunm

sin 149 arctgQ 07
L :

=27 a7 =001

3aoanue 7
Haiitu npon3BoaHbIe <t CTIOKHON QPyHKIMHU = =fiyl | * =@t 'y = wlt]

s
1.7

Pewienue

x=tg't w=cg't
H i) .

3/1ech Z eCcTh CI0XKHAsi PYHKIIUS OJHOM He3aBUCUMOM TiepemMeHHoi t. [Tomyunm
.J:lii_.iii'l'i

v

& Sy Im Ay

2"l
¥ . ¥
’ ) ]

B oy L 3=:ttg.t|-%'
i cos't a | sint
d_ 1 2 1 Jetgr gt g _
d I cosft 2F st IE,"I:I:C\S-IZ chg “tsin“t
A R S S
tgteos t  ctgtsin’ t shicost  sntcost
2 4
Tsintcost snlt
2 =" x=gint: py=¢'
. y y .
Pewienue
ek E\._'..:; :E"'"_dl-l:o:t_d? Bt
"i ) ) dt ) dt
:: st M post - 2o TR =" Vost -6t =™ st - 67

3_ z =arcsin/x ¥ =F w=s'

Pewenue



. . .
ke 1.}’,.,» 'ﬂri"";d:3;:: 12¢
&  3-1

e

3aoanue 8

d=z
Haiiti a= , ecymm = =fi=¥) rpe v =l

N ¥
z =

1. I'I'I';r',rl[e'!«'-3lli.

Pewenue
ke 2xpx” +yl-2mxt -y doy ke Xty -y s
ad i dy 3
x4y oyl Y oy 2yl g
dz dxy 2z’ 3 dxy-6x’ _ 2xl2y -3z
B iyl ey eyl Ryl

w4 3w +1) v+ 1)

2.« .-'Y,rﬂey=c-:-sx .

Pewienue
:: :""’; :; 'J; :.?' =
&

= oy —u” sinx = 2ucosx — 0 snu
[-

3. z=x" e V=l

3aoanue 9

Haiitn yacTHEIE IIPOU3BOJHLIC CJIOKHOH (I)yHKLII/II/I
z il-,w’ rae * =cp?,.1'||1 v =wiknl

1, === -Y",rﬂel-'?::osl],y:i:sinq

[

2.: 4yt ,I‘I[e' :;-:,-l;‘.-"l .

IIpakTuuyeckas padora 19

Tema: BolunciieHHe NMOBTOPHBIX MHTerpasioB. CBeleHHEe /BOWHBIX MHTErPAJOB K
NMOBTOPHBIM. BhIunciienne ABOiHBIX HHTETPAJIOB

Hean: Hayuutbcst BEIYUCTATH TIOBTOPHBIE HHTETPANIBI U CBOJUTH JBOMHBIC HHTETPAIIBI K
HOBTOPHBIM

Teopernyeckuii 610k

Boruncienne ABOWHBIX HWHTErpajioB 6asupyercst Ha
NOHSITUY MOBTOPHOTO UHTErpaJia

e
o N R

o

4

Y

R
Rt 2 I
=
i
Y
S
T
H'I

T. W
\\x

Fix v} .
ITycts 7+ ' paccMaTpuBaeTCA  HAa  IIJIOCKOU
b 2
06J'IaCTI/I " OHa HpaBI/IJ'H)HaH B HaHpaBJ'IeHI/II/I ocu <, T.C. BCAKas HpSIMaSI, napaﬂnenLHasl ocu

Che I I
=, IEPCCCKACT I'paHULy O6J‘IaCTI/I HEC 60J'Iee 49CM B JIBYX TOYKaX. TOTI[a 06HaCTB YILO6HO

.
CIIPOCKTUPOBATH HA OCh Ch . HyCTI) IMPOCKIUA DHa Ch €CTh { i } .

¥=g{x)

#— ypaBHEHHE BEpXHEU

¥

x€la, b D (x,
Fp aHUIBI, TO .HIO6OMy B 06J-IaCTI/I HpI/IHa)IJ'IeH(aT TC TOYKH i BepTI/IKaJ'H)HOFO
OTpE3Ka, KOTOpBIE YIOBJIETBOPSIOT

L p—

v=a(x} 3
Ecmm ©  7¢%'— ypaBHEeHHME HWXHEH TpaHUIBl, a

HEpaBEHCTBaM



: (*)
B dixi
ld | f(xr)d
Bripakenne BHUJIA s H Ha3bIBAETCS MHOBTOPHBIM
Jix vy I
HHTErpajoM  OT  (QYHKIHMH - ‘mo  oOmactu . On  BBIUHCIAETCS

CJIEYIOIINUM 00pa3oM:

o ¥
CHadajla HaxXxOJUTCA BHYTPCHHHU HUHTCIpal ( — MNEpEMCHHAass HWHTCIPUPOBAHMA, X

a, b}
(GHKCHpOBaHHAs), @ 3aTEM TIONYYCHHYIO QYHKIIMIO apryMEHTa -+ HHTErpHpyeM Ha { S
3Haquu€ nO@mOpHOZO uHmeepaJla — YUcCJuo.

¥ =2
L ¥
-
,Z_l_..h
A | x
»rtH o
IMpumep 1. Brruncnuts MOBTOPHBIN WHTErpai
J= J a;‘LJ {x+2p)dv
& 1
BOCCTAHOBHB 0611aCTh 7 .
Cr e
R

T+ievel

Pemrenne. Unrerpan Borancisiercs mo L2 ; i (cM. pHCYHOK).

a b

J:J‘(i_xy%}-‘:] }dt: |:2,J:+4—x{.1:+ij—[x+ijz:‘dx=
A T o ' ' '
. 37f -
X - =1y P
= I‘_;_.:E_I___x__{l } H _i_i_§|_§_iz=
2 3 | 3 02 31! 5]
L1898 1o, 01
2 3 I 3 & '
AHaNnoruyHo:

ecau 00J1acTh I npaeujibHas B HAIIPABJICHUU OCHU e , TO €€ YI[O6HO MMPOCKTUPOBATH

O D O c.d] N
Ha OCb + . HYCTB IMPpOCKI A obiactu Ha OCb +~ €CTb OTPC30K , YPAaBHCHHUC JICBOU

X:f',.‘s,‘. . x:;"lr
T'paHUIIbI obmactu Ef!‘{ " }, a TIIpaBOU TI'paHULbl — {f!“ {" \3 Torma nmast BCSKOTO

Jyp € {r:‘, .::E]

3HAYEHHME I TOUEK Ei:’C:‘}?-\BH SIMOM T §) i
pAMOIA , TPHUHAISKANIMX O00JIaCTH ,

?’i{}'g}}ﬁ Yy, E\}’- |

YAOBJIETBOPSIET HEPaBEHCTBAM 7. Tlostomy o6macts L moskHO

3a7aTh B BUJE



(cM. pUCYHOK).

TakoMy 3a1aHHIO 0OJACTH COOTBETCTBYET NOGMOPHbII MHTETPAT *
JUis  ero BBIYMCICHUS HAXOIUTCS CHavajla BHYTPEHHMH MHTETpay, a 3aTeM BHEIIHUIL.
PesynpTaT — uncio!

Ipumep 2. 3amanum o00JacTh DHpI/IMepa I, mpoekTupyss €€ Ha OCh q;?,

Ny - ; =1
1=y =2, LT .
o F=s szcﬁ*fix+2}*}dx
#} i: Af 5 1:‘ - I.. o H H . .
“ BbIaucnuTe MOBTOPHBIN HHTETpal - F
o ST 7
I ESON I S B .
..; —ji ?—-—Ejatg @ﬁ ...[i 2 "‘2}{} 1} Qi'i’—
Peienue. = “ g -
v-1y 2. o {116 Yy {2 % 33 1
P " g 6 6
3ameuaem, qTO 3HAYCHUS Pa3INYHBIX MOBTOPHBIX MHTETPAJIOB
(GYHKIMU O 00JIaCTH OKa3aJICh PaBHBIMHU.
Hokazano (cMm. [1]) yrBepaxnaenue:
eciu J {xv HENpepplBHA  Ha 2y DCR;,  o6nacts L gpnsercs

HpaBHHLHOﬁ B  HallpaBJICHUU ocent KOOpAuHAaT, TO 3HAUCHUC JIBOMHOIO HUHTCrpajia

jffgx,y;dmj;r
& COBIMIaa€T CO 3HAYCHUCM COOTBETCTBYIOLICIO IIOBTOPHOI'O HHTETpAJia,

pu4emM pe3ynbTaT He 3aeucum om nopsoka
UHmMe2pUpPoB8anusl, T.e.

& g d iy
[[/(xyandy =fav | flryyde={d | fixp)ae
Fa] & fixn N N

IMpumepsr:

Buituucnums unmeczpaiinol.

fordxfor(x+y)dy.J01dxJ01(x+y)dy.

Pemenue.

Jordxor(x+y)dy=Jo1((xy+y22)ll10)dx=Jo1(x+12—0)dx=(x22+12x)|||10=12+12—0=1.[01dx/
01(x+y)dy=J01((xy+y22)|01)dx=[01(x+12-0)dx=(x22+12x)|01=12+12—0=1.

OTtser: 1.

Pemenue.



j02nd¢j0ar28in2¢dr:IO2n/ \l IOarzsinzgodr\/ |d¢:fozn(sin2¢r33||Iao)dgozjoznsinzgo(a33—

)do=

=a33J02x1—-c052¢2dp=a33(12¢p—14sin2¢)|||2:0=a33(1227—14sin4p—0)=a3r3.=a33[02x1

H3menumo nopadok unmezpuposanus é ciedyiouux uHmezpanax:
Jo2dx]xaxf(x,y)dy.J02dx[x2xf(x,y)dy.
Pemenue.

CnenaeM pUCYHOK MHTETpUpPyeMOi 001acTu:
AY

OG6siacTh HMHTETPUPOBAHUSI OrpAaHUYEHA NPSAMBIMU Y=X,Yy=2Xy=X,y=2X u X=2.X=2.
3amernM, 4To B 3ToW obnactu eciu Yy mensiercs ot 00 1o 2,2, To KoopauHaTa XX MEHSETCS OT
npsaMoi Y=2Xy=2X (unu X=y2X=y2) mo Yy=X.y=X. Ecmu xeYyy wmensercs ot 22 no 4,4, 1o
KOOpAMHATA XX MEHSETCSI OT MPIMOi Y=2XYy=2X (X=y2Xx=Yy2) 1o X=2.X=2. Takum o0pazom,

[o2dx[xaxf(x,y)dy=Jo2dylyexdx+[2adyfy2dx.J02dx[x2xf(x,y)dy=[02dy[y2xdx+[24dy[y22dx.

Otser: Jo20x)xaxf(x,y)dy=[o2dy[,exdx+24dy],220x.[02dx [x2x f(x,y)dy=[02dy[y2xdx+[24dy]
y22dXx.

1. J120x]2-xex-xef(x,y)dy.[ 12dx[2—x2x—x2f(x,y)dy.

2. Borumcnnts umterpan [ oxy2dxdy, [[Qxy2dxdy, ecnmm o6macte QQ orpanndena
riapabosioii y2=2pXy2=2px u npsimoii X=p/2(p>0).x=p/2(p>0).

3. B msoitnom wmmrerpane [[of(x,y)dxdy [[Qf(x,y)dxdy mepeiitn K HOMAPHBIM

cienyromem unrerpane: Jo1dx/1-x1-xef(x,y)dy.J01dx/1-x1-x2f(x,y)dy.

5. Tlpemmonaras, 4ro ITW ¢,p, - TOJSPHBIC KOOPAWHATHI, HM3MCHHUTH TOPSIOK
HUHTETPUPOBAHUS B CIIEYFOLIUX UHTErpajax:

6. TIlepexomss K TMONAPHBIM  KOOPAMHATAM, BBIYUCIHTH JBOWHOW  HHTErpai
[ xe+yz<arxat+ys———— Vdxdy. [f x2+y2<a2x2+y2dxdy.

7. BMecto XX ¥ Yy BBECTH HOBBIE IEpeMEHHbIE UU M VV ONPEIEIHTH IPEIEITBI
MHTETPUPOBAHUS B CIIETYOIIHX JIBOMHBIX MHTETpaiax
Jozdx/1-xe—xf(x,y)dy,J02dx[1-x2—xf(x,y)dy, ecnm U=X+Y,V=X—Y.u=x+y,v=x—y.



8. IIpousBenst COOTBETCTBYIOIIME 3aMEHbI IEPEMEHHBIX, CBECTH JBOWHbBIE WHTErPAJIbI K
onuokparueiM: [ of(xy)dxdy, [[Qf(xy)dxdy, rme o6macte QO orpaHHYeHa KPHBHIMH
xy=1,xy=2,y=x,y=4x(x>0,y>0).xy=1,xy=2,y=x,y=4x(x>0,y>0).

IIpakTuyeckas padora Ne 20

Tema: BpluucieHue TpPOMHBLIX MHTerpajoB. Pemenue 3ajqay Ha NPUIIOKEHHe
JABOMHBIX, TPOMHBIX HHTEIPAJIOB

Heab: HaydnTbCst BEIYUCIATH TPOMHBIE HHTET PAJIBI

Teopernyeckuii 00Kk 0TpaboTaeM TEXHHKY pEIICHUS TPOU3BOJIBHBIX TPOWHBIX

[[ £ 5y 2)dxdyez

UHTErpajiop T , Y KOTOpBIX HOJBIHTETpajbHAsA (YHKLIUS TPEX MEPEMEHHBIX
u=flxyzl g o6leM cilydyae OTIIMYHA OT KOHCTaHTHI M HENpEphIBHA B 00MacTH ! ; a Taxke
MO3HAKOMUMCS ¢ PU3NYECKUMU MPUIIOKEHUSIMU TPOIHOI0 MHTErpasia

u=fixy z)

[pumep 13
Beruucnurs TPOMHOU UHTETpall

1”1503 + 28 dxclydz
T
Tiz=zx+yz+y=Lx=0y=02=0

Ha mpakrtuxe Teno Taxke 0003Ha4a0T OyKBOM v , HO 3TO BCE-TaKHU HE OYEHb XOPOIIMI
BapHaHT, BBU]Iy TOTO, OHA «3ape3epBUPOBaHAy MO 0003HaUeHUE 00bEMA.
He HY>KHO MPEJICTABIIATh WHTErpasi B BHJIC
”j 15(y* + z*)dxdydz = 15[” yrdxdydz +1 5”] P dxdydz
T T r . XOTS €ClIM OYEHb XOUYETCS, TO MOXKHO.
B koHIIe KOHIIOB, €CTh U HEOOJBIION TUTIOC — 3aIUCh OYJET XOTh M JJIMHHOW, HO 3aTO MCHEe
3arpoMOXKIEHHON. Ho Tako# moaxox BCE-Taku HE CTaHAAPTEH.

B aJIrOPpUTME PpPEIICHUSA HOBU3HBI 6y):[eT HemHoro. CnHauaja HYXHO pa306paTLc;{ C

00J1aCTBIO HHTCIPUPOBAHUA. HpOGKL{I/I}I TCJIa Ha IIJIOCKOCThb AOY MMpEACTaBJIACT coboit a0 oomm
3HAKOMBIMN TPECYTOJIbHUK:

CBepxy Telo OrpaHHYEHO IIOCKOCTHIO © xty , KOTOpasi MPOXOJUT Yepe3 Hayalo KOOPANHAT.
[IpenBapuTenbHO, K CIOBY, HY’KHO 00513aTeJIbHO MPOBEPUTb (MbICIEHHO MUOO HA YEPHOBUKE),
HE «Cpe3aeT» JM 3Ta IUIOCKOCTh 4YacTb TpeyrojabHUKA. J[is 3Toro Haxoaum €€ JIUHHUIO

MEPECEUCHUs] C KOOPAMHATHOW IIOCKOCTBIO AOY | re. pemaeM MNPOCTEHIIYI0 CHUCTEMY:

z=x+y
= xty=0=y=-—x
z=0

— HeT, JaHHas TMpsMas (Ha uepmedice oOmcymcmeyem)
IIPOXOUT MUMOY, ¥ IPOCKIS Tella Ha INIOCKOCTb 7  JIeHCTBUTENBHO NPEACTABISET co6O0i
TPEYTrOJIbHUK.


http://www.mathprofi.ru/chastnye_proizvodnye_funkcii_treh_peremennyh.html
http://www.mathprofi.ru/uravnenie_ploskosti.html
http://www.mathprofi.ru/uravnenie_pryamoi_na_ploskosti.html

He CII0KEH 371€Ch u MPOCTPAHCTBEHHBIN YEPTEK:

B Z[ef/'ICTBI/ITeJIbHOCTI/I MOKHO OBLIO OrpaHUYUTLCA TOJIBKO HM, ITOCKOJIBKY HPOCKIHA OYCHb

npocras. ...Hy, Wwinm TOJIBKO 4YepTekOM MHPOCKIUH, TaK KaK TeJIo Toxe mnpocroe =) OJHaKo
COBCEM HHYETO HE YEPTUTh, HATOMUHAIO — TIOXOM BHIOOP.

Bri6epem CJIETYFOIIUN MTOPSIIOK obxoma Tena:
D=z x4+
D=x=l—y
D=yl
14 nepeiacm K MMOBTOPHBIM WHTETpaJiaM:
-y x+p

[[[1507 +2*)dxdydz = 15i ay [ax [ +2%dz
1]

r 0 a0

AKTyaJau3upyeMm ciieayioniee djeMeHTapHoe MPABUJIO:

Korna dynkus u=j(xyz) UHTETPUPYETCSl MO KaKoi-TubO NepeMeHHOM, To JBa
JIPYTUX apryMeHTa CUMUTAIOTCA KOHCTaHTaMH. 1O €CTh MPUHIUI TOYHO TaKOH ke, KaK U MIpu

HaXO0XACHUH YaCTHBIX IIPOU3BOJHBIX OT (pYHKHI/II/I TpéX NEPEMEHHBIX, UTO CCTCCTBCHHO.
Pa3z0bupaemcs ¢ uHTerpanamu:

1)
1 3 (2] 3 3 3
I(J’2+Zg3‘d2= J”EZJF% e =}’2(x+}’)+@— y2-0+% =y2(x+y}+7':x+;)
i}

(1) HpI/I HHTCTPUPOBAHUH IO «3€T» In ¥ CUMTAIOTCS KOHCTaHTaMH. B gaHHOM ciIy4ace

MMPUCYTCTBYCT TOJIBKO «HUI'PEK», HO 3TO HC MCHICT JCJIA. COBGTYIO BCErAa MBICIICHHO 0o Ha

YCPHOBHUKCE BBIIIOJIHATH IMPOBEPKY. Haiiném YaCTHYIO IMPOU3BOAHYIO 1o «3BCTH:
t
3

yzz+% F= (Z];+%-(z3);:y2-1+%-322:y2+22

E+¥

, UTO ¥ TpeOOBATIOCH MMPOBEPUTH.
(2) Tenepp wucnons3yem ¢opmyny Hprotona-JleitOnuna: cuagana BMECTO «3er»

MOJICTABJISIEM BEPXHUI Npenes MHTErPUpOBaHUS (x+y :', 3aTeM — HIKHUM mpenen (Houb). B
pe3yibTare OyKBBI «3€T» OCTaThCs HE JOIKHO!

CHocuMm Tpodeit B crenyromuii unterpai. Ilo cymecTBy, perieHue cBelOCh K IBYM
IIEPEMEHHBIM U K IBOHHOMY UHTETPAIY:


http://www.mathprofi.ru/troinye_integraly.html
http://www.mathprofi.ru/chastnye_proizvodnye_funkcii_treh_peremennyh.html

l-p 3 iy -y (2
oy J (y%x+y)+@}dx = yz I(x+y)cix +% I(x+y)3dx =
0 i 0

1-p l-p i)

1 1 11 W
=) [y +g [aaypPdaeyy= 5t Sy 7 42 2 )7 =
a

L=1

2
=Y () - m+yﬁ+%r:u—y+y)“ 0+ =%(l—y:‘}+%{l—y“} -
¥

2
2

Yy 1y Ly

2 2 12 12 12 2 12

(1) Ucnonb3yem cBoicTBa TMHEWHOCTH WHTETpajia, MPUHUMAas BO BHUMaHHE TOT (hakT,
4YTO «UIPEK» CUYUTAeTCd KOHCTaHTOM. Clexyer OTMETUTb, 4YTO HE BO30paHSETCs OCTaBUTh
UHTErpai €IuHbIM, PacKpbITb CKOOKM W HPHUBECTH IOAOOHBIE claraeMmble, HO 3TO MEHee
paIrMoHaNIBHBINA CITOc00 (MOXKETe MONpoOOBaTh).

(2) Ucnonwszyem MeTo] mojaBeleHHs MOjA 3HaK guddepennuana. Eciu paccyxneHus
BOCIIPMHUMAIOTCSI COBCEM TSDKEJIO, MBICIEHHO 3aMEHHMTE «UTPEK» KaKUM-HMOYJb KOHKPETHBIM
YHUCJIOM, HAalIpUMEDP, «IIATEPKON».

3) NHuTterpupyem 1o CHKC» u BBIITOJIHSIEM IIPOBEPKY:

r

2 2
[%(xw:f‘ +%tx+m“}:%icx+yf:l;+%((x+y)“);:

(x+))°

4
=2 Ak ) Gt AP ()= 0+ G (0 =) k) +

(4) Ucnonb3yem ¢opmyny HproTona-JleitOnuna. CHauana BMECTO «HUKC» (nepeMeHHOU, no

KOMOpOU Npo8OOUNOCL UHmMe2puposanue) TOACTABIAEM 1=y , 3ateM — Houb. [locne
MOJICTAHOBOK OYKBBI «MKC» OCTaThCsl HE JJOJHKHO!

[IpuuéceiBaem pe3yabTaT U CHOCUM €r0 B MOCIEIHUI UHTETpall, He Tepsisl HaXOAAIIyOCs
TaM KOHCTaHTY:

i1 5 y ¥y W 1.1 7
P 15| s+ L - =5 L g L _r0-0|=
N1z 2 12 12 2.3 12.5 126 12.5

T LS P R B
4 12.5) 4 4 4

”_[15(;;2 + 28 dxdydz = 2
OtBer. T
Pesynbrar 6e3pa3zmepeH — mpocTo YUCIIO U BCE.
CJ'IGI[yIOH.IPII’I MpuMeEp sl CAaMOCTOSATCIIBHOTO PCIICHU !

IIpumep 14
Bpruucnurs TPOMHOU UHTETpal

”j (3x + 4y dxdydz
r

2 2
Tiy=xy=0ax=lz=50x"+y")z=0

[TpumepHsIit 06pazerr opopMIICHUS 3a/1a4H B KOHIIE YPOKa.

Jlo cux mop MBI pacCMaTpHBAJIM JiBa CIOCO0a pEHmICHWS — 3TO MPOCIUPOBAaHWE HA
mwiockocTh 4 BBIOOp TOpsizika o0xo/1a nmpoekiuu. Ho Ha camom fiene koMOuHaIuii 0oJibIe
— TEJO MOXHO CIPOCIHPOBATH Ha JIIOOYI W3 3-X KOOPJIMHATHBIX IUIOCKOCTEH M KaKIYIO
MPOEKITNI0 000WTH 2-Ms MyTsMH. Takum oOpa3zoM, moirydaercss 6 cmocoboB pemeHus. U
JIOTUYHO MPCANOJI0XKUTh, YTO B 06HI€M ClIyda€ HCKOTOPBLIC M3 HUX HPOIIC, a HECKOTOPBLIC —
TpyZIHee.


http://www.mathprofi.ru/chto_takoe_integral_teorija_dlja_chainikov.html
http://www.mathprofi.ru/metod_zameny_peremennoi.html

HagepHsika MmHOTHE 00paTnian BHUMaHue, 4to B [Ipumepe Nel3 s BeiOpan Gosee penkuit
NOpsAIOK 00X0Aa MPOEKIMH, XOTS HUYTO HE MEIIAN0 MOWUTH «OOBIYHBIM» NyTEM. DTO HE
CIIy4ailHOCT.

?{+}' 3
2 2 x4+
[ +2a S (o) 4 YV
B pesynbrare HaxokaeHUs WHTerpaia ¢ MoJIydyeHa CyMMa , B
KOTOpOfI qYTB BBII'OJHEC CUUTATH KOHCTaHTOﬁ HUMCHHO ((I/IFpeK», qTO HpI/I HpO‘IHX paBHI)IX

ity=1

YCIIOBUSIX (U3 YPABHEHUs NPAMOU

00UHAKOBO N€2KO BbIPaA3UMb ~ I-xzx=1-y )

VIPOIIAET peIIeHHe. A B HEKOTOPBIX 3ajJadax BBIOOp TMOpsIKa WHTETPUPOBAHHUS U BOBCE
crtanoBurcsa OUEHD BaxHbIM:

[pumep 15
Beruucnurs TPOMHOU UHTETpall
”_[ By ze ™ drdydz
T
x=-1, y=0, z=10,
T
x=0, w=2 z=1
Pemenue: 00acTh HHTETPUPOBAHKS OTPaHUYCHA IIECTHIO TJIOCKOCTSIMU U MPEACTABIISCT
coboit NPAMOY20JIbHbL napanienenuneo.

Y He3aMBICIIOBATHIX 00JIACTEH MOXKHO HE 00paIiaTh BHUMaHUs Ha TPOCKITUIO U TIPUICPIKUBATHCS
CJICTYFOIIETO TPaBHiia: 00X0/ Tejia OCYIIEeCTBJSETCSl B HAMPABJIEHUSIX KOOPANHATHBIX OCEH.
[Tpenenst WHTETPUPOBAHUS 37eCh OYEBHIHEI
D=z=1, O0=y=2 -1=2x=0

Ho BoT ¢ mopsankom o6xona He Bc€ Tak mpocTto. Ecnu BeIOpaTh TPaIUIIMOHHBIN MYyTh U
CHavaja  HMHTETPHUPOBATH IO  «3€T», TO  TMOJy4aeTcs  HENPHSATHBIA  HHTErpaj

1 1

22 af_ 2
_I-Sy ze gz =8y _[ze M e
u 0 , KOTOpBI HYKHO OpaTh MO YacTaM. AHAJIOTMYHAs HCTOPHUS, €CIU

2 2
112 1 2
_[8;1: ze iy = 82_[}: " gy
WHTETPUPOBATH MO «UTPEK»: ° 0 , TYT J1a’K€ IBaXIbI IO YACTAM.
Haubonee BBITOMHBIM TyTEM SIBISIETCS TEPBOOUEPEIHOEC MHTETPUPOBAHHE MO «HKC», B

2
9TOM CJIy4dac ICpCMCHHBIC Z.¥ , d 3BHAYUT, U MHOXUTCJIb 8‘}? Z CUHUTAKOTCA KOHCTAaHTaMM:
a a 0

1
J-Bygzegmdx = Bygz'l- 2oy = Bytz . —— Iegmd{EXﬁ} = 4y(e3mj|?1 =(*)
2 ] Zyz )

Ilepen TeMm, Kak MOJACTABMTL Ipeebl HWHTETPUPOBAHMA, HE IOMENIAET IPOBEPKA:

dnEar I _ ine r_ Ine ] r_ 2 dum
(4.}?'2 :Ix - 4}’?(E :Ix _4.}@ (zx}’g}x 4.}@ 2_}? l:x:lx 8.}? g _ HOqueHa HCXO}IHaH

HOJBIHTErpalibHAS (PYHKIIHSL.
(%) = 4p(* =) = 4yl - &)
byxBa «HKc» ncnapuiack, Kak OHO U JI0JIKHO OBITb.

Nzz=l,0=y=2

Octanoce 2 HaIllpaBJICHUA O6XOI[E[ , H CJIC,Z[YIOHIHﬁ HUHTCIrpall

4 .
panrOHAIBHEES B3ATH I10 «3€T» 4TO0BI MHOKUTEb g CUHUTAJICSA KOHCTAHTOMU:


http://www.mathprofi.ru/integrirovanie_po_chastyam.html

_[4y(1 ez = 4;:](1—@‘2}“}@2 4}{ +5e ]| = (%

IIpomexyTouHas IIPOBEpKa:

[4;{3 +ie'”]J £ = 4.:1{(2)2 + i(e'z'“’);] = 4:1{1+ Lo (—EJE:'LJ =
2y 2y 2y

= 4,}{1+ Eie-m =2y 1}] = 4y(l—e )
F

I'yn.
(Fr=4y 1+ Lé'_gy'l -0+ Le_g}"u =4y 1+ ié‘_zy - L- 4y +2e77 =2
2y 2y 2y 2y
B kauecTBe MONOMHUTEIBHOIO KOHTPOJS CHOBAa CMOTpPHUM, HCYe3la JH IIOcie

MOJICTAHOBKH TEepEMEHHas, 10 KOTOPOW HHTETPUPOBAIU («3ET»).

O=y=2

I/I, HAKOHCI[, OCTAaBIICCCA HAITPABJICHUE o6xoz[a W OCTaBIIHICS HHTErpal:

]
[ay+2e™ —2ap =y - - 20 = (%
1]

I[TpoBepka: (@' =™ - 2yl =22y~ e (—2y), —2=4y+ 2e ¥ -2

(=222 20— - =8-t-d4+1=5-¢"

le/l moaACTAHOBKAX CJIeAYEeT NMPOABJATH INOBBINICHHOC BHUMAHHE, TaK, HAalIpUMEp,

IIpU NIOJACTAHOBKE HYJI1 B BBIpAXKEHUE 29 —e™ =2y BTOPOE CJIAra€MO€ MOXKHO MAallMHAIBHO
CYECTh 32 HOJIb.

Ha uncroBuke, KOHEUHO K€, HE HY’KHO BCE pacIUChIBATh TaK MOAPOOHO, aHAIU3 NMOPsIKa
UHTETPUPOBAHUS M IPOMEXKYTOUHbIE IPOBEPKM OCYLIECTBISIOTCS MBICIIEHHO JH0O Ha
yepHOBUKe. Perenne opopmisiercs cTaHAapTHO B 3 MYHKTA, HO YUTATENIM C XOPOLIUM YPOBHEM
MIOATOTOBKH MoryT 3anucarhb €ero u «OJHOU CTPOKOW»:

I”Sy 26 vz = 8[ ¥ dylz.:iz_[ W8 gy = 8_[ yﬂdyj—-zdzj £ (2xy2) =
3 2yz

]
1

A yay | (@), - dz =4 | yay | (1- e )dz =4 | y| 2+ —™ |3dy =
!.}f .:v‘f ]'| I.:v‘ .:v‘I( ) I.J{ " ]|u.:»*
]
4];{1+_ -‘“—0—in;=](4;;+2@-2?—2)cfy=(2y2—e-“—2y)|§=
1] 2.}? ]
=8-et—4-(0-1-y=5-¢""

”_[ Sy ze ™ dxdydz =5 — e
OtBer: T
HaBepHoe, 5TO MOHATHO, HO Ha BCAKUU ciydyall 3aKOMMEHTHpPYIO: OYKBEHHbBIE

MHOKUTEIM-KOHCTaHTBl CIIEyeT IiepeMeliarh clpaBa HaJeBO IOCIeIoBaTebHO U 0e3
«TIEPECKOKOB» — J0 TeX TOp, MOKa Kaxaass OyKBa «HE BCTPETHUT CBOW HMHTETpa». Y CIOBHBIN
IIpUMep:

L. L] * L1l (11 LL] L1l

”_[xe cos Zdxdvdz = Icix_[dylxe”coszdz _l-cz’x_l-xé"’dy_l-coszdz _l-xcix_l- ycfy_l-coszdz
T

AHaJOTHYHOE 3a/TaHUE I CAMOCTOSTEIIEHOTO PEIICHHUS:
[Ipumep 16



Bprancnuts TpONHOMN MHTETpaj
I” x*zsinl xy2)dxdydz
r

x=0, »=0, z=0;

i
x=2 y=m =z=1

DuU3NYECKUE TPUIIOKEHUS TPOMHOTO HHTETpalia

PaccMOTpUM  HEOJHOPOJHOE (nepemennoii niomuocmu) Teno 1 . Ecam u3BecTHa

HeNpepbIBHASL B 001acTH 1 (QyHKUES * (%.5:2) qnotsoctn Tela, TO €ro macca paBHa
CIEeIyIOIIEMY TPOHHOMY UHTErpaty:

m = [[[ otx. v, 2)dxdyiz
r
BO3MO)KHO, HC BCEM IIOHATCH CMBICII (l)yHKI_II/II/I I0THOCTU. [losicHsIIO: eciiu B3SITh

IIPOU3BOJIBHYIO TOYKY ;v Z”:', IPUHAUIOKANTYI0 Tely £, TO 3HaueHHe (YHKIHH

= Ko V E o
B = Ox: Y. 7) OyJzleT paBHO IMJIOTHOCTH T€Ja B JAaHHOM TOYKE.
[pumep 17
Beruucnaute  mMacCcy  HEOJHOPOAHOTO  Tejld,  OrPAaHUYEHHOTO  MOBEPXHOCTIMH

2 2 2 2
Xty L+ °d 2z, z=0,x20, M= 0 , C€ClIn HN3BCCTHA Q)YHKHI/IH €ro IINIOTHOCTHU

olx, v, z)=10x
4yt =1
Pemienue: MCKOMOE TEIO OTrpaHUYEHO LWIMHIPOM Y COOKY, JITUITHYECKUM
1
2= (@ +7)
napaboI0u10M — cepxy u miockocteio £ = U — cuusy. JlomonHuTenbHbie
xz0yz0 .

yCIIOBUS «3aroHsI0T Hac» B 1-M OKTaHT, M HPOEKIMs Tejla Ha IUIOCKOCTh

ACY npeaAcCTaBJIsACT coboit COOTBCTCTBYIOIIIYIO «YCTBCPTHUHKY» CAUHUYHOI'O Kpyra:

0

AHaTUTHYECKUM METOJAOM YTOYHHM BBICOTY, HA KOTOpOI\/’I napa6on01/m MEepeCeKacT HUIIMHAP:

2 2
¥4y =2z 1
. _}?2 = 2r=1=z=—
4y =1 2 . ..
u BBITIOJTHUM MIPOCTPAHCTBEHHBIN YepTEK:
}\
'S
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[Tpoekmust cpa3y ’ke HaBOJUT Ha MBICIb O MEPeXoje K MWIMHIAPUYIECKON CHCTEME KOOPIUHAT:
X=rcosy
y=ran @
z=z
Py =l=rodetrlamlie=1=2r 212021
2

1 2 2 ¥
= — e Y i —
z 2(x +y ==z >

Ll 21=10x = plrcosge ren g z) = 10rcos o

[Topsimox obxona Tena OYEBU/ICH:

Takum obOpazoM:

1

= ”_[ 2(x o, 2dxdvdz = _[I_[lﬂr cos g rdrd gefz = 10| cos {;?ci{;?_llrzdr
0

T
Brruncnenus 3JIEMEHTAPHBI:

= l—.ul "
B

i Ny 15| B

b |

»? 2 2
A S

T
n [e== 0=
! 2 2

¢ r 1¢ 11 1 1
2 L opiar=—_|rtdr==2 20 ==01-h=—
) !2 2! 2 5t it AT
1 3 Z T
10— |cosepedap=(oin g2 =ain ——sin 0=1-0=1
3) m! pdp= (sin @)|3 >
Oreer: ™ =1ed. aacce
Crnenyronuii mpuMep JUIsi CAaMOCTOSTEIBHOTO PEIICHUS:
[Ipumep 18

Brerancanuts Maccy HCOAHOPOJHOI'O TEJI1a, OIrpaHU4YCHHOIO MMOBCPXHOCTAMHA

2 2 2 2 2
z x +‘y - E * +“}? V= 0 , €CJIM U3BCCTHA (byHKHI/Iﬂ €ro IJIOTHOCTH "GI:X’ ¥ Z) ?Dﬂ .

Kpatkoe pemnieHue B KOHIE ypoKa

41 cTapas NCCHs O TJIaBHOM:

IleHTp TsKECTH Tes1a

[lonobHo TOMYy, Kak 3ajaya O BBIYUCICHHUU IEHTPa TSHKECTU IUIOCKOM (UTrypsl
BBIYHCIIAJIACh C IOMOIIBIO HBOﬁHOFO HHTErpaia, 3agada 00 OTBICKAaHUHU yenmpa msAsicecmu Teia
pemacTCda aHaJIOTUYHBIM CII0CO00M C IIOMOIIBIO TpOﬁHOFO HHTCIrpaJia.

Yro Takoe HOCHTP TAKCCTHU TCJIa, JOBOJIBHO YAAaYHO 00BSICHUIT CIJ_Ié ApXI/IMCII. Ecnu teno
MnoABECUTh Ha HHUTb 3a HCHTP TAKECTU, TO OHO GYILCT COXPAaHATb PABHOBCCHC B JI000M
IMOJIOKCHHUHU (KaK Obl MBI €TO0 npeaABapUTCIbBHO HHU HOBCpHy.TII/I). B wu3BecTHOM CTEneHH HE
peannzyeMo (Taku LEHTP TSHKECTH BHYTpPU Teja), HO 3aTO OY€Hb MOHATHO. U BmosHe B cTHie
JPEBHETPEUECKOr0 YUYEHOro, KOTOPBIA MPOCHI JaThb €My TOYKY OMOpPBI, YTOOBI C IMOMOIIBIO
pblyara nepeBepHyTh 3eMITIO.

Mz, v &
Ientp TsKECTH (%> Yo: Zo) HEOJJHOPOJHOTO TeJIA 1 PACCUUTHIBACTCS MO (POPMYIAM:


http://www.mathprofi.ru/troinye_integraly.html
http://www.mathprofi.ru/centr_tjazhesti_ploskoi_figury.html
http://www.mathprofi.ru/dvoinye_integraly_dlya_chainikov.html

JI] motx. : 2)dndydz [I[ etz ». 2)dxdydz [[] z0(x. : 2)dxdydz
T r __r

g = : Yo = » Ep =
! 7 2

m = [[[ otx. ». 2)drdydz
r

rae plxy.z) _ (GyHKIMS TUIOTHOCTH TEJa, a — Macca Teja.

Eciu Teno omHopomHo (3050TOE, cepeOpsiHOE, IJIATMHOBOE U T.A.), TO (hopmysb

ynpormatorcst. Tak Kak IIOTHOCTb < — canst IIOCTOSIHHA, 1 Macca 7~ Y ects MIPOU3BEICHHE
MJIOTHOCTH Ha 00BEM, MOJTy4aeM:
”_[ xedxcvedz ”I vddxdhlz ”I zaxadvdz
xﬂ:r I ’ yﬂ:r I ’ ZU:T e .. ..
, @ 00bEM Tena paccCUUThIBaeTCs (ewé
V= ”j dxdyvdz
He 3a0blau? =)) ¢ TOMOIIBIO TPOHHOTO UHTErpaja T

J1y1st IeHTpa TSHKECTH OJIHOPOJIHOTO Tejla CIPaBEIIMBbI CICIYIONINE YTBEPIKICHUS :

— €CJIM y TeJa eCTh L[EHTP CUMMETPHUH, TO OH SIBJISIETCSI IEHTPOM TSIKECTH (Mpocmeniull
npumep — yeHmp wapa);

— €CIM Yy Tella CYIISCTBYET JIMHUS CHMMETPHH, TO LEHTP TSHKECTH O0s3aTeIbHO
MIPUHAJICKUT JAaHHOU JIUHUY;

— €CJIM Y TeJia €CTh TUNIOCKOCTh CUMMETPUH, TO LIEHTP THKECTHU HEIPEMEHHO JISKUT B 3TOM
IUIOCKOCTH.

Kak BuauTe, mpakTHUECKU MOJTHAS aHAJIOTUS C IEHTPOM TSDKECTH IIOCKOH (pUrypsi.

Hy u, camo co0oii, He MOTy HE MTOPaJ0BaTh BAaC 3aKIIOUUTEIHHOMN 3aauei:

[Ipumep 19

Haiitu HCHTP  TAKCCTH  OAHOPOJHOIo  TCia, OI'paHUYCHHOI'0  IMOBCPXHOCTAMU

xtytz=ala>0) = 0.y=0.2=0 gy omaum 4epTEKH JAHHOTO TeJa M €ro IPOEKIUH Ha

ITIJIOCKOCTh AOY .

Pemenue: mckomoe TeIo OTpaHU4YCHO KOOPAWHATHBIMHU IIJIOCKOCTAMU U IINIOCKOCTBIO

ty+z= & KOTOPYIO B LIETISX MOCTEAYIOMIETO MOCTPOCHUS YI0OHO MPEACTaBUTh B OTPE3KaX:

£+£+E:1

@ a d Bribepem «a» 3a emuHuily Macmitaba M BBITIOJHUM TPEXMEPHBIN YEPTEK:
A

z

Xi/ 9
Ha qepTe>I<e y>i<e II0CTABJICHA I'OTOBAs TOYKaA I_ICHTpa TAXKECCTH, OAHAKO, ITIOKAa MbI Cé HC 3HACM.

HpOCKI_II/ISI TCJ1a Ha IINIOCKOCTH AQY Oo4y€BHIHA, HO, TCM HE MCHCC, HAIIOMHIO, KaK eé

HalTH aHAJUTHUYECKH — BEIb TaKHE IMMPOCTBIC CIy4Yan BCTPCHANOTCA HAJICKO HE BCEraa. YToObI

HaliTH TpAMYIO, IO KOTOPOH IIEpeceKaroTcs IIOCKOCTU x+y+z=a,L0F (z=0)

HY>XHO
peluTh CHCTEMY:
ityt+tz=a

z=0


http://www.mathprofi.ru/centr_tjazhesti_ploskoi_figury.html
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Toxcrasisiem 3uauenne Z =0 B 1-0e ypaBHeHHE: ty+0=a

Aty=ua

U TOJIy4aeM ypaBHEHHE

«TUTOCKOM» MIPSMO:

Koopaunarst o> Yo 2o uentpa txecrn M tema T Beumcnum  mo  opmymam
”I xednalvdz I” Yelxdvdz I”zdxciydz
P SRR SRR S | 2
D . » £
v b b , TIe r — 00BéM Tea.
Bribepem «KJIACCUYECKUI» HOPSIOK obxopa:

l=z=a—-x—¥
D=y=a—x
OD=x=a

1) Cunauana BbryriciuM 00bEM Tena. Ero, kcratu, MOXXKHO y3HATh 3apaHee, MOJb3YSACh
U3BECTHOM 3a7aueil reomeTpun 00 00wEMe Tetpadapa. O0bEM TeTpadapa paBeH 1/6-oif 06bEéMa
MPSIMOYTOJIBHOTO TapalieNenurea, MTOCTPOCHHOTO Ha ero 3-X CMeXHBbIX péOpax. B Hamiem

clyyae Tapajljiesienune]] MpeAcTaBiIseT co0oil Ky0 c pedpoM «a», U COOTBETCTBEHHO:

1a3

r

mempaiipa g

OCTaJ'IOCL aKKypaTHO HpOBeCTI/I YUCTOBEBIC BBIYHUCJIICHUS (menafonme MOFYT
HOTpeHI/IpOBaTI)Cﬂ MU BBIIIOJIHUTHL HX CaMOCTOfITeJ’IBHO). B HpI/IMean C FpOMOS)IKI/IMI/I
npeoOpa3oBaHUsIMU  PEKOMEHIYIO 3alUChIBAaTh PEIICHHE CTOJOMKOM — MEHBIIE IIaHCOB
3aIyTaThCs:

a a-x da-¥=¥
V:I”dxdydz:ldx[dy _[dz=
¥ ul 1]

1]

dx jm—x—y}dy=
fl—?{dx:

ay— xy—— JD

| “
ala—x)—xla—x)— 5 dx =
0

Il
O e F1 D Ry f1 1 ey 3

=a| (a— xidx— I(ax x]dx——_[(c;t le dx =

1 3
+ = —
(a-7%)

a

0=

o_[ax e
0 o 2 a

~Sla=x)’


http://www.mathprofi.ru/uravnenie_pryamoi_na_ploskosti.html
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Jeno 3a TpeMs TpOMHBIMHU MHTETpaaMHu. ...A Bbl, HABEPHOE, HE TAK JABHO U MPEICTABUTH
cebe He MOTJIH, YTO OKKETECh B AMUIICHTPE TAKOTO KOIIMapa =)
2) BeruncinuM «MKCOBBINY) HHTETPAT:

a-% a-x-}¥

jﬂ xdxdydz = Ix.:fx Idy I.:;Ez =

a-x

xelx I(cx—x—y]dy:

Il
O e— D e— D e—

Sy

/T‘\
o
|
Sy
o
|

|‘“'::
b
e

a

0=

la:"xg_zaf_'_x_'*
2 olo2 3 4
i_i__*_i _l a2 a')_
23 3 4) zl2 3 a4

6 12 24 24
Takum 00pa3oM, «MKCOBasH» KOOpAUHATA IIEHTPA TSHKECTH:
[|[ xexdyaz @
[ a 4
6

Hy 4ro ke, BRITTISAUT MPaBAONoI00HO, IO KpallHE Mepe, MBI «IIOTIAJI BHYTPb TeJay.

BBuy cummerpun TeTpalipa aBe Ipyrue KOOPAWHATHI JTOJKHBI TIOTYYATHCS TAKUMU HKeE.
Tenepp omIMOOYHBIN OTBET MPAKTUUECKH UCKITIOUEH!

3) Cnenyromas «IpOoCThIHS»:



a a-=y a—¥-,

-y
I” vedxdvdz = _[cix I vl Iciz =
¥ 10 0

dr [ y(a—x=y)dy =

O My [ Moy [1 o ey 1 ) ey F1

o
o2
P
e

1]
a-¥ "
dx I(ﬂy —xy=y)dy =
0

5)

4 _x(a—x}g B (a—xf}fx:

axd_

] &
SIS
|2

H

2 3

il{a—lezdx—lj‘(azx—hxz+x3}dx—ll(a—x}3dx:
2% 2:: 3%
c;t 1 2@:{3 x" a1
=—={ - = |
6 2 4
- (0 a)— a'_ +1(U—a“)—
12
_a a _a
6 24 12_24
B pe3yJibrare:
”_I-ycfx.:fyciz £
yo=t —-z24_2
’ v & 4
&

4) U 3axmrounTenbHbli, 00jee KOPOTKUI HHTEeTpa:

a-x a-x¥-3

J|fzarayaz= Iffxlcff EX Iffxltz:'“-‘“cfy— Id‘xla—x iy~
¥

0 0 0

1 17 ia—x 3 _ 3 _ 11 dla _ 4 _ﬂ4
—g-E!(a—x—yJ 2 cz’x——g_!:(ﬂ—(cz—x) === —(a- D——E(D—a )=27
4
I_”z.:fx.:fy.:iz &
. _24_¢a
v &4
6

OtMmeuaeM Ha YEPTEIKE Haﬁ}IeHHYIO TOYKY MLCHTpA TSKECTU U e€ JKe 3aluchlBacM B

M(i; a, 5]
OTBET. 4 4 4

B cdepuueckux koopAuHATax MOJOKEHUE THOOONW TOYKM MPOCTPAHCTBA OJHO3HAUHO
OTpefeNsieTcss OJHUM pacCTOSHHEM M JByMs yriamu. bonee moapoOHyro uHGbOpMauuoo u
COOTBETCTBYIOIIUE TPUMEPHI MOXKHO HAWTH B yUeOHOH TUTEpaType.

Penienuist 1 OTBETBHL:




Ilpumep 14: Pewenue: uzobpazum npoexyuro OAHHO20 mead HA NIO0CKOCHb ACT

A=4
_ 2 2

Cesepxy mejo 02paHu4eHo IMUNMUYECKUM napabonoudom z=5(x"+y7)
Buvibepem cnedyrouutl Nnops00K obxooa:
0=z=5(x% + 3%

D=y=x

D=x=1

Taxum oopasom.

”j (3x + 4y )dxdydz = i.:fxf dym [ESJx +4y)dz = ia?xi (3x+4y) dym I:f-;
7 oo 0 o0 0

(Zx4+4y)

Hpujnelumue.' 6 «3emosomy unmezcpaie Cymma cuumaemcst KOHCMaHmou, nosmomy

e€ YOOOHO cpa3y eviecmu 8 C1e0yIOUUli UHMeSpall.
axtap®y
y Ja=()

]

St 2 506t 4 %) - 0= 5(x + %)

2) 5] (3x+4y)(x° + ¥y )dy = 5[(3:& +ayx® + 307 +45dy = 535y + 2077 + 07 + )
1] i}

=53x7 x+2x F4x 4t -G 04200 P 0P 40N =
St 4ot 4t 42 =5 T =35

3) zﬁix*dx= 35%@?)&, =7 -0 =7
i]
[” (3x +4y)dxdydz =7

Omeem: T
Ilpumep 16: Pewenue: 8bINOJIHUM uepmesic:

¥

X/t

Buvibepem cedyrouull HOPSIOOK 06x00a mena:
O=y=ar
N=z=1
D=x=2

Taxum obpazom:

x—
0=



”_[ x’zsin( xyz)dxdydz = i. % .;fxi zdzf sinf xyz)dy
T 0 0

1) [sm( xyz)dy = —Ism( xy2)d (xyz) = — s L cos(rmz) - 1) = (1 - cos(rma)

Xz

1

2) |z L - costrmz)dz =

0 Xz

1[1—ism(m’] {0— EI]] [1——5111(;?11’)]
o
2

1
[ (- cos(rcz))dz = 1[z—lsm( mz)]ﬂ, =
o x b

HI-—‘

X

a) j.xz-l(l—lsm(m}]cﬁx—I(x—lsm{m}]dx: x—2+icos(m] |2:
R A3 2o ’

1 1 1 1
=2+ —cosdm— |0+ —cosl =24+ —=——=2
o+ o025

e 7 pe
_[” xzsin xye)drdydz= 2
Omeem: T

Ilpumep 18: Pewienue: uckomoe meno O02PAHUYEHO IIIUNMUYECKUM Napaboioudom

z=x"+4+ =4 yﬂ
- g CHU3Y U KOHUYECKOU NOBEPXHOCMbIO — ceepxy; napabonoud u KOH)C

4y =1

nepecexaiomes 6 niockocmu %=1 no oxpyacnocmu (8bIKNIAOKU U YEPMENC — CM. 8

Ipumepe Ne9 Iockonvky ED, mo peyb udém 0 npasom (OMHOCUMENbHO NAOCKOCMU A0Z )

nonynpocmpancmee, u npoexyueii mena na niockocms <Y seisemcs eepxwuii nonykpye
eOUHUYHO20 paouyca:

'Y

0 j /(

7N\

u <
"

o
L
' -

Maccy mena evluucium ¢ NOMOWbIO MPOUHO2O UHMESPANd, UCNONL3YS YUTUHOPUUECKYIO

cucmemy KOOpOuHam:
X=rcosd

¥=rsm g
z=z
Fiy=l=r=1

2:=x2+y:4 =z =

Z= :Jr2+y2 =>z:w)'{?"_2:r

olxvzi="The = glroosg resin @ z)= Tlrzsm @

Tlopsaoox 0bx00a mena:
rEzar

ND=pr=1

D=g=m

Taxum obpazom:



= m ol x v Z)drdydz = I”?Drz sin - rdrd guz = ?Ufsm Qﬂdwj-rgdr]-zdz
T T 0 0 #2
1

1) j;zdz = E(zgj

G SEE TG

1

1.2 4u 2 1f. 4 & 1r5r”'11(11 ]121
2) ~[oi—ryiar= [t -rar=—| - =t oo 0-0) |22 S =
/ 2!(’" rrar 2!(’" =257 =355 00 =353

33 70 -%Isin od@=—2(cos .:p]l|,j’ = —2(cos—cos0i=—2(-1-1)=-2.(-2) = 4
1]

Omeem: = d ad. Adxcosl

IMpakTnyeckoe 3ansiTue Ne 21

Tema: UcciienoBanue cXoqMMOCTH PSIIOB

Heanb: 3akpenuTs y CTYACHTOB YMEHHUS HAXOAUTh CXOAUMOCTb PsJI0B

Teopernuecknii 6,10k

Yucnoswie paowi.

Onpenesnenne. BpipaxeHne Ha3bIBACTCS YHUCIOBBIM PSJAOM WM TPOCTO  PSAIIOM,
AJIEMEHTHI HA3bIBAIOTCS WICHAMHM JIAHHOTO psija.

Onpenenenne. Cymma KOHEYHOIO 4HCiIa MEPBLIX WICHOB psifia HAa3bIBACTCS O
yacTUYHOU cymMMoi psina. O6o3HaYMM

PaccMoTpuM 1moc/1e10BaTEJIbHOCTh YACTHYHBIX CYMM

Onpenenenne. Psyn Ha3bIBaeTCsl CXOASILMMCS, €CJIM CXOOUTCS IIOCIEI0BAaTENbHOCTh
YAaCTUYHBIX CYMM O3TOTO psifia, T.€. €CJIM CYIIECTBYET KOHEUHBIN MpeJe MOoCIeA0BaTeIbHOCTH
yacTUYHBIX cyMM. [Ipu 3TOM mpenen (KOHEUYHBIM WM OECKOHEUHBIN) IOCIIENOBATEIbHOCTU
YAaCTUYHBIX CYMM Ha3bIBAETCSI CyMMOM psjia.

IIpumepsl.

3aganue 1.1. YucnoBele psabpl 3aJaHbl CBOMMHM NEPBBIMHU MATHIO ujieHaMu. COCTaBUTh
dbopMyiry 0011IeTro YiieHa A KaXA0Tro psija.

a) 1+2-3+4-5+_.

2 3 4 5 6
—+—-+-+—-—+-1+_
6)3 4 5 6 7 :
B) —1+4-9+16-25+__.

 PUL TR T O
y B2,
1) 1+ 4+7+10+13+_.
¢) 2+6+12+20+30+

3amanue 1.2. UncnoBble psiibl 3aaHbl (JOpMyJIaMH CBOUX OOIIMX wWiIEHOB. J{JIs Kax10ro

. S,
psiaa HalTU MEepBbIE MSITh WIEHOB U YACTUYHYIO CYMMY = .

_ n
a)ﬂu_z"'_l;
2!—2
()
6) 3
a, =2
B) 2;
n AR
an—(_DfE?_



n
3amanue 1.3. Jlnsg maHHBIX PsIIOB MPOBEPUTH BBIMOJTHEHHUE HEOOXOAMMOTrO MpH3HAKa
CXOJUMOCTH.

=1
a) -lﬁ;

= rntl
6) g —3;

- g2
r) =2

> D™-06"
n) = :

3ajaHue Ha JIOM.
1. YucnoBeie psiabl 3aJaHbl CBOMMH TNEPBBIMHU IIThI0 wieHaMu. CocTaBUTH (HOpPMYITy

o01mero wieHa JijIs KaKJI0TO psajaa.
a) —3+5—T+9—]]+_;

l+%+2+£+3+_

6) :
p) ~142-6424-1204_

2. UucnoBsie psaabl 3aJaHbl pOpMyTIaMHu CBOUX OOIIMX WIEHOB. J{JIs Ka)KA0ro psaa HalTh

b
MEPBLIC IIAITh YICHOB U YaCTUYHYIO CYMMY 5,
&y =

3. Z[J'ISI JAaHHBIX PAAO0B ITPOBCPUTH BBITTOJHCHUC HCO6XO,Z[PIMOFO IIprU3HaKa CXOAUMOCTH.

Sunt
a) =1 B

= ni3
6) E'\ 2n+1

3anaTue 2. IIpu3dHaku CcXOAMMOCTH 3HAKONOJIOKMTEJbHBIX psagoB. IlpuzHaku
cpaBHenus. [Ipusnak Jdanamoepa. llpusnax Kommn.
3aganue 2.1. MccnenoBath psaibl HA CXOAUMOCTb.

in—ll

2 Si2n46.




3aganue 2.2. McciaenoBath psaibl Ha CXOAUMOCTb.

2) é[z:’r_ ll]l :

- n—4 -
3) é[(ﬂ+]ﬁﬂ +2)]
3ajanue Ha JOM.

HccnenoBate psapl Ha CXOIUMOCTb.
= n 43

a) § 1D’ (=+2) ;

- HZ

6) §2‘+];

= n 15

3ansaTue 3. 3nakonepemennsbie paabl. [Ipusnak JleiOunna. JlocTaTouHbIi NPU3HAK
CXOAMMOCTH. AOCOJIIOTHASI M YCJIOBHAS CXOAUMOCTb.

3ananue 3.1. MccnenoBarh JaHHBIE 3HAKOIIEPEMEHHBIE PsIIbI HA CXOAMMOCTh. B cirydae
CXOAMMOCTH PsAJ1a BBIACHUTD €€ XapakTep.

- o e

0) élHTH%;

) é(_nﬂn:il ;
> =

r) Lo | ‘\,Illlz +1.



Z‘.(—
u) = n’
3 n™
K) =1 ;
D™ or"
a) s

3ajgadue Ha JIOM.

HCCJIGI[OB&TI) Ha CXOAUMOCTD 3HAKOIICPEMCHHBIC PAABI.

>t 05"

a) s ;

Z‘.(—l)'“‘

0) =1 ;

>

) =1 7

1
n-1
26T ——
F) a1 3 )
3anarne 4. Crenennnie psigbl. Paamyc, uHTEepBan, M 00JaCThb CXOAUMOCTH
CTENEeHHOro psifa.

3amanue 4.1. Haiftu paguyc, uHTepBall U 00J1aCTh CXOJIUMOCTH CTENIEHHBIX PSIOB.

= x™
a) Eﬂ-jl_
Z_
) =™
D™
B) E n -
$&D

r) -l n-zl
i-‘ D" +3)™" )

H) -l 2"

3aaHie Ha OM.

Haiitu paanyc, HHTCpBAJI U 001acTh CXOOUMOCTH CTCTICHHBIX PAIOB.
- I;-‘l—l
a) nd 21! - ].



= c-)"
6) § n

3ansTue 5. Pasiio:xkenne 3jieMeHTaApHbIX pyHKIMEA B psaabl Teilsiopa n Makiiopena.
Padouune popmysni:

®opmyna Tennopa:

f'()

(x— a)z i+ x—a™+

FfO)=f@+——

IEA 2
(=1

1 o
rae (=+D! - OCTaTOYHBIN WwieH B ¢popme Jlarpanxa.

s I @
2

@
]

e " ewsa

®opmyna MaknopeHa:

) L)
F)= f(0)+f‘m) f"(ﬂ)xz+ +f( (UJf,rf( &) na
n (m+I)
3ananue S.1. Paznoxuts nanasie GyHKuu B psag Telinopa mo crenensm * ~ @ (10 msaToro
YIEHa Pa3JI0KEHUsI BKIIOUUTEIBHO).

f(x]=uusx,a=—n_
a) 3

6) F)=h{x+2) a=1
5) f=e".a=2

3amanue 5.2. Pasznmoxuth naHHBIe (QYHKIMKM B psn MakiopeHa (0 TSTOrO 4iIeHA
Pa3JIoKEHUs BKIIFOUUTEIBHO).

a) F{x)=sm x
5) F)= P
g) F0 = el

IIpakTnyeckas padora Ne 22

Tema: Haxosxxaenue 00,1aCTH CXOAMMOCTH CTENEHHBIX PSIA0B

Hean: Hayuntbest HaX0auTh 00J1aCTh CXOIMMOCTH CTETIEHHBIX PSIO0B

Teopernyeckuii 610k

Crnemnyet XOpoIuio MOHUMAaTh, YTO TAKOE Psifl, YMETh MPUMEHSTh IPU3HAKH CPABHEHUS TSI
MCCJIEIOBAHMS psifia HA CXOAUMOCTh. TakuMm 00pa3om, eciid Bbl TOJBKO-TOIBKO MPUCTYIHIH K
W3YYCHHIO TEMbl WIM SBISETECh UYaWHUKOM B BBICIIEH MaTeMaTHKe, HEOOXOAMMO
MOCNe0BaTeNbHO MpopaboTaTh Tpu Yypoka: Psaner nns wvaitaukoB, [lpusHak [lamambGepa.
[Tpusnaku Komm u 3Hakouepenyromuecs psanasl. [IpusHak JleitOnuma. O6s3aTenbHO Bee TpH!
Ecnu ectp snemeHTapHble 3HAHUS M HABBIKM PEIIEHUS 3aJad C YHUCJIOBBIMU pSJIaMH, TO
CIIpaBUTHCS C (YHKIIMOHAIBHBIMUA psAlaMu OyAeT JOBOJBHO IIPOCTO, ITOCKOJIBKY HOBOTO
MaTepuaia He 0YeHb U MHOTO.

Ha manHOM ypoke MBI paccMOTpHM TOHSATHE (DYHKIIMOHAIBHOTO psifa (UTO 3TO BOOOIIE
TaKo€), MO3HAKOMUMCS CO CTETICHHBIMH PsIZIaMH, KOTOPBIE BCTpeUyaroTcsi B 99%-X mpakTHIeCKuX
3aJlaHWi, 1 HAYYUMCS PEIIaTh PACcCIpOCTPAHCHHYIO THUIOBYIO 3a/1ad4y HAa HAXOXKJEHUE pajauyca
CXOAMMOCTH, HHTEpPBAJIA CXOJUMOCTH U O0JIACTH CXOAMMOCTH CTEIEHHOTO psna. [lanee MoxHO
OyIeT pacCMOTpETh MaTepHall 0 CyMME CTETIEHHOTO Psijia M Pa3IoKEeHUH (PYHKIMI B CTEIICHHBIC
PSABL.


http://www.mathprofi.ru/osnovy_matematicheskoj_logiki.html
http://www.mathprofi.ru/ryady_dlya_chajnikov.html
http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html
http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html
http://www.mathprofi.ru/priznak_leibnica_primery_reshenii.html
http://www.mathprofi.ru/razlozhenie_funkcij_v_stepennye_ryady.html
http://www.mathprofi.ru/razlozhenie_funkcij_v_stepennye_ryady.html

Tlouamue ¢hynkyuonanvHo2o psaoa u cmeneHHo2o psaoa
OOBIYHBIN YUCITOBOH PsiJi, BCTIOMHUHAEM, COCTOUT U3 YHUCEIT:

Zam =ty tastay as+

H=l1

Bce unensr psaga 41- s O3 B s 310 YHCTIA.
DyYHKIMOHAIBHBIH Xxe psix cocTonT u3 OYHKIIUIM:
Zum(x) = (%) Fug () F e () Fu (2 F s (20 +

H=1

. 1, [ x
B oOmmii unen psna (%) MOMHUMO MHOTOWJIEHOB, (PaKTOPHAJIOB U APYTUX HOJAPKOB

i S X

N
HEMPEMEHHO BXOJUT OYKOBKa «UKC». BBIMIAOUT 3TO, Hampumep, Tak: -1 +D- 2" gak u
YUCIOBOM psifi, J00OW (YHKIMOHAIBHBIA psAZ MOXKHO pacmucaTb B Pa3BEPHYTOM BHJIE:

o

s X fii xS x  sinx SN X S X
>, e+
mllnt+l- 2 2.2 3.20 427 5.2 6.2

Kak Bunute, Bce uieHbl PYHKIIMOHAIBHOIO psJa (%), 63 (%), 25 (2), 1 (2, w5(7),..._ 3TO
GyHKIHH.

Haubonee monmymnsipHOi pa3HOBUIHOCTHIO (DYHKIIMOHAIBHOTO pPsJa SIBISETCS CTETIEHHOU
psz.

Onpenenexue:

y . i, (x)
CreneHHoil psim — O9TO psig, B OOMUH wWieH —*"* KOTOPOTrO BXOIAT IIEJIbIe

MOJIOKUTENBHBIE CTEIIEHW HEe3aBUCHUMOM HepeMCHHOﬁ &£ anomeHHo CTEIIEHHOM paa BO

o
Z o

£

MHOTUX Yy4eOHHMKaxX 3amluChIBAIOT Tak: *-l , TIe ~® — 3TO cTapas 3HaKoMas «HaYMHK)
YHUCIIOBBIX PSI0B (MHOTOWIEHBI, CTEMEHH, (DAKTOPHAIbI, 3aBUCSIIHE TOJIBKO OT «3H»).
IIpocrenmmii npuMep:
e X" 2 ox x

Y —=xt—t—t—+—+

o M ]

HOCMOTpI/IM Ha 3TO PA3JIOKCHUEC U €UIC pa3 OCMBICIIUM ONPCACICHUC: YJICHBI CTCIICHHOI'O
paaa CoJcpKar «HUKCBID» B yesolx NON0AHCUMETIbHBIX (Hamypaﬂbelx) CTCIICHSX.

OdeHb 4YacTO CTCIEHHOU paa  MOXHO BCTPCTUTHL B  CICAYIOIIHUX «MOI[I/I(I)I/IKaI_II/ISIX»Z

Zcx(x—cz)” Zcx(x+a:)”
#=l HIIA #=1 , rae a _ KOHCTaHTA. Hamnpumep:
= Px+2) 2 x+2)  2x+20 | Mx+ 2t D(x+2)
5 ZEH g BOEEY Pt Dt Pty
ol x 2 3 4 5
ZC;«IH Zcx (x—a)”

Crporo roBops, YNpOIIECHHBIE 3alMCH CTENEHHOIO psja -l , el WU
i N
Zcx (x+a)
#=1 HE COBCEM KOppEKTHbI. B moka3zarene CTENeHM BMECTO OAMHOKON OYKBBI «3H»
MOXKET pacrojaraTbcs Oonee CJI0’KHOE BBIpA)KECHHUE, Hanpumep:

wo 2w 4 f a 10

x q X x r X
y—=rt—t—t—t+t—+

o1l T



N Takoi CTEIIEHHOU pan:
w ) _qnIn-2 _ ) _nt ) Y . _qnl10 ] _ a1z
RGN ) B R G A 0k R L A R e O
—~ Ch 3 2 3 7 3

JIumb OBl TOKA3aTeNH CTETEHEH MPU «UKCax» ObLIM HATYPaJbHBIMHU.

Cxo0umocmov cmenernHo2o psoa.
Hnmepsan cxooumocmu, paouyc cxooumocmu u 061acms cXxo0uMocmu
He Hy»XHO myraTbhcsi Takoro oOWIMs TEPMHUHOB, OHU HAYT «PSIIOM JIPYT C APYrOoM» U He
MPEJICTABIISIFOT OCOOBIX CIIOKHOCTEH sl moHuManwusl. Jlydie BeiOepeM Kakoi-HUOYIb IPOCTON
MOJIOTIBITHBIN PSIT M cpa3y HauHEM pa30oupaThCs.
w x?ﬂ
27

[Ipoury 11006UTH U KaJlOBaTh CTENIEHHOM psif *-!

-1

[lepemennas + MoXeT NHpUHUMATH JI00OE JEWCTBUTEIIBHOE 3HAYEHUE OT «MHUHYC
OECKOHEYHOCTU» 10 «IUIIoC OeckoHeyHocTw». lloacTaBum B 0OmIMIA 4YjieH psiia HECKOJIbKO
IIPOU3BOJIBHBIX 3HAYEHUN «HUKCY:

w0 LS w 1
2T

Ecm X =1 10 #1%  wa1?
N

Ecmu > , TO #=1
W tak nanee.

2
OLIGBI/II[HO, 49TO, HOACTaABJIAA B # TO WM HWHOE 3HAYCHHUE «HMKC», MBI IIOJy4dacM

pa3nuyYHble YHCIOBBIE psAnbl. Hekoropble 4ucioBbIe psabl OyAyT CXOIUTHCS, @ HEKOTOpHIE

pacxonutbes. M Hama 3aj1aya HallTH MHOKECTBO 3HAYEHUM «HMKC», TP KOTOPOM CTEIIEHHOM Psij
w x?!

>

#-1% Qyner cxoAuThes. Takoe MHOYKECTBO M HA3bIBAETCS 00JIACTHIO CXOJUMOCTH psizia.

Jns m000ro CTENeHHOro psna (BPEMEHHO OTBIIEKAaeMCs OT KOHKPETHOTO IpHUMeEpa)

BO3MOYKHBI TPHU CIIy4as:

1) CrenenHolt psn cxodumcsi abcontomHo Ha HEKOTOPOM HHTEpBaie @2 Vs

(e, &)

CJIOBaMH, €CJIN MBI BBI6I/IpaeM JIF000€ 3HAUCHHE «UKC» U3 HHTCpBaIa " 1IIoACTaBJIIAECM €10

B OOIIMI YJIeH CTENEHHOTO Psijia, TO Y HAC MOJIYy4aeTCsl abCONOMHO CXOOAWULCA YACIOBON PS.

Takol nHTEpBaN (@ &)

Y HA3bIBACTCS MHTEPBAIIOM CXOJIMMOCTH CTEIIEHHOTO psija.
Pamuyc cxomuMocTH, €CiIM COBCEM TMPOCTO, 3TO IIOJIOBWHA JUIMHBI HWHTEpBajia
CXOJMMOCTH:
b—a
2

FeOMeTpI/I‘IeCKI/I CUTyalus BBITJTIAAWUT TaK:

A=




Mput NOBOM 3HAYEHUN X
IHHOIrO UHTEpBana
paa ByaeT CXOAUTLCH
ABCONIOTHO

WHTepBan
CXOAUMOCTH
CTeNeHHoro pRaa

B nmanHOM ciydyae, MHTEpBaI CXOAMMOCTH Psa: (—4-2) , pamuyc CXOAMMOCTH psJa:
R:—E—(—4j:—2+4:1
2 2

[upoko pacnpocTpaHeH TPUBUAIBHBIA ClOy4yail, Korja HHTEpBal CXOAUMOCTH
CUMMETPUYEH OTHOCUTEIBHO HYJIS:

Ha aTOM uHTepBane pag CXoaAnTCA
TUX MHTEpBAana abconoTHE - pa
4"'/\'\_—’"—\-_./_\31'\ ,_l N L o ‘i-‘___ S _¥~\C.‘ ~ P WP
-3 0 3 b,

3 N Ry .

JIeCh ~ WMHTEpPBaJl  CXOAUMOCTH  psja: , pamuyc  CXOAMUMOCTH  psa:
2—(-3 &
2 2

A 49to Oyjaer MNPOWCXOIUTh HA KOHIAX WHTEpBaja @kl g Toukax + =&

x=b CTENIEHHOM pAA MOKET, KaK CXOAWUTBCA, TaK W PaCXOAUTCA, WU IJId BBIACHCHHUA I3TOIO0
HEOOXOAMMO TMPOBOJHTH JOMOJHUTEIbHOE HccienoBanue. [locne Takoro mccienoBaHus pedb
uaET y>ke 00 00J1aCTH CXOIMMOCTH psija:

— Ecnu ycTaHOBIIEHO, YTO CTENEHHON PSIi PACXOJIUTCS Ha 00OMX KOHIIaX MHTEpBaia, TO

001aCcTh CXOJUMOCTH pdaa COBNAAACT C MHTCPBAJIOM CXOAUMOCTHU: I:ﬂ, b)

— Ecmm YCTAHOBJICHO, 4YTO CTCIICHHOM paa CXOAUTCA Ha OJHOM KOHIC HMHTEpBAJIa U
pacxoauTcda Ha OpYyTroM, TO o0JacThb CXOAUMOCTHU psa NPEACTABIACT coboit MOJIYUHTCPBAJIL:

.5} g 2]
— Ecmn YCTAHOBJICHO, 4YTO CTEIICHHOU pAa CXOOUTCHd Ha 06OI/IX KOHIIaX HWHTEpBAJIA, TO

00JacTh CXOJUMOCTH Psifia TIPENICTABISIET COO0M OTPE30K: [‘1’ "5]

TepMuHBI OYEeHb TIOXOXH, O00JAacCTh CXOIMMOCTH psiga — OTO 4YyTh Ooiee
JIeTaIU3UPOBaHHBIN HHTEPBAJI CXOAUMOCTH psfa.

C AByMS OCTaBIIMMHUCS CIIy4assMU BCE KOpOUY€ U MPOLIe:

2) CreneHHOH psn cxooumcsa abconomuo npu 1odom 3HaueHun *. To ecTh, kakoe Obl
3HAYEHHE «MKC» MBI HE TOACTaBHIN B OOIIMI WIEH CTENEHHOTO psAAa — B JIIOOOM Ciiydae y Hac
HOJYYUTCS  aOCOMOMHO  CX00Awulicsi 9IACIOBOM psan. VIHTepBanm CcXOAMMOCTH M 001acTh

—oo 400 —
CXOJIUMOCTH B JIaHHOM CJIy4ae COBINAJAOT: (-00; +00) Pamuyc cxomumoctu: & =9 PucyHok
MPUBOJIUTH HE Oyly, TyMar0, HET HEOOXOAUMOCTH.

w
o
LR
3) CteneHHOM psAl CXOIUTCS B €IUHCTBEHHOU TOUKe. Eciu psij umeeT Bup *-1 , TO OH
OyIeT CXOAWTbCS B €IMHCTBEHHON TOuke + = 0. B srom CIy4yae WHTEpPBAI CXOIUMOCTH H
00J1aCTh CXOJUMOCTH PsZia TOXKE COBIAJIAIOT W PaBHBI €AMHCTBEHHOMY YHCITY — HYNIO: * = 0,

icx (x—a)”

Ecnu psim umeet Bun #-1 , TO OH OyJIeT CXOUTHCSA B €AWHCTBEHHOU TOUke + = % | ecnu



w
Z e, (x+a)”
PSAI UMEET BHJT *~1 , TO, TIOHSITHO, — B TOUKE «MUHYC a». Pamnyc cxoaumocTu psia BO
BCEX CIIy4asix, €CTECTBEHHO, HYJICBOM: R=0,
Hpyrux BapuanToB HeT. OOJacTh CXOJUMOCTH CTEIIEHHOTO psiga — 3TO Bcerna Jimbo

CAUHCTBCHHAA TOYKa, anbo nr0boe «HUKC», 100 HHTCpBAI (fl, b) (BOBMO)KHO IIOJIYUHTEPBAJII,
OTpCSOK). HO,Z[‘lepKI/IBaIO, YTO JaHHasd KJ'IaCCI/I(l)I/IKaI_[I/IH CIIpaBCajinBa JJIsd CTCIICHHBIX PAOO0OB. ,HJ'IH
IMIPOU3BOJILHOI'O (bYHKL[I/IOHaJIBHOFO psiada OHa B O6H.I€M ClIydac ABJIAICTCA HeBepHOﬁ.

Hccneoosanue cmenenno2o psaoa Ha cxooumMocnbs
[Tocne HEOONBIION MOPLHMH TEOPETUUYECKOrO0 MaTepHalia MEePEeXoJUM K PacCMOTPEHUIO
TUINOBOTO 3aJIaHUs, KOTOPOE MPAKTUYECKM BCETJla BCTPEYAECTCS HA 3a4eTax U SK3aMEHAxX IO
BBICILICH MATEMATHKE.
[Tpumep 1
w x?é
2T
Haiitu 0651acTh CXOAMMOCTH CTEMIEHHOTO psifia *-1
3amanue yacto GOopMYyIUPYIOT SKBUBAIEHTHO: HaliTh MHTEpBal CXOAMMOCTH CTEIIEHHOTO

M

psia U UCCIEA0BATh €r0 CXOAUMOCTh Ha KOHIIAX HAJEHHOr0 HHTEPBAJa.

AJNTOPHUTM pEIIeHUS JTOBOJIBHO TPpO3padeH U TpadapeTeH.

Ha nepBom »Tanme HaxoauM HWHTEpPBajl CXOAUMOCTH psina. B OoNbIIMHCTBE 3aMaHUit
UCIIONIB3YETCS CXeMa, OCHOBaHHas Ha npm3Hake JlamamOepa. TeXHHUYECKM HaM HYXHO

z‘::v¢+1|(‘j".:|
= +o HHI(X:I . .
BBIYHUCIIUTD IMPCACIT , 1 C Q)OpMaJIBHOI/I TCXHUKOU €TO0 PCHICHUS BbI YK€ 3HAKOMBI:
x:u+1
i, (%) i—nhm (+ 1) ii]]jm A S | aoxoxt W
oo gy (x) | 4o x" a2 4 ]}2 cxt ?d—>+m||(':|‘gg +2u+1) x"
P‘Ej
?33
3 15) —
: b o : 2 : 1
= |of lim — =—=|s|lim — = x| m >0 v =] 1=
rete gt + 2n+1 o rste gt +an+1 rdo D 1
—_— 1+— +—
* ] ]

(1) CocraBmnsieM OTHOIIEHHE CIEAYIOIIETO WICHA psifa K MPEAbIIyIIEMY.

(2) M36aBnsieMcst OT YETHIPEXITAKHOCTH APOOH.

(3) B uucnurene no npaBuily AEHCTBUIM CO CTEMEHSMHU «OTHIUIBIBAEM» OJIMH «HKCY». B
3HaMeHaTese BO3BOJUM JIBYWIEH B KBaJIpar.

(4) BriHOCHM OCTaBIIMICS «HKC» 3a 3HAK npeacia, npuiceM, BbIHOCUM €ro BMECTE CO

2
2

2
3HAaKOM Moy Ilouemy co 3HakoM Moyns? Jleno B ToM, 4To Ham mpegen ***°#2° +2z+1 y
Tak OyJeT HEOTPHUIATEIbHBIM, & BOT «HKC» BIIOJIHE MOXET MPUHUMATh OTPUIATEIbHBIC
3HAYCHUA. H03TOMy MOAYJb OTHOCUTCA UMCHHO K HEMY.

Kcratu, mnouemy |x| MOXXHO B0OOImIe BBIHECTH 3a 3HaK mnpenena? Iloromy dTO
«JIMHaMUYECKO» MepeMEHHON B Mpeiesie y HAC ABIISETCS «IH», U OT ATOr0 HAllleMy «HMKCY» HU
’KapKO HU XOJIOJHO.

8]

(5) Ycrpansiem HeomnpeeneHHOCTh 2 cTaHIapTHBIM CIIOCOOOM.
Ilocne Toro, kak mpenesn HalIeH, Hy>)KHO IPOaHAJIU3UpOBaTh, YTO y HAC IMOJIYYHJIOCH.
Buumanue! BoluncieHHbIl peaen U UHTEPIpETAMIO ero pe3ynbraToB (cym. Huowce) HEJIB351


http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html

CUMTATh WJIM Ha3bIBaTh «mpu3HakoMm [lamamOepa». [loguepkHy emé pas, 4To paccMarpuBaeMast
cXema JIMITb OCHOBaHa (He 80arch 6 nodpodbHocmu) Ha TipuzHake JlamamOepa Il YUCITIOBBIX
PSLIIOB.

Urak:

Ecnu B mpenene moay4yaeTcsi HOJIb, TO QJITOPUTM PEIICHUS 3aKaHYMBAET CBOIO PadoTy, U
MBI J1aéM OKOHYATENIbHBIH OTBeT 3amaHus: «OOIacThb CXOAMMOCTH CTEIEHHOTO psija:
—00 <X <400, (moboe aeiicTBUTENBHOE uKMciIo — ciydail Ne2 mpeasitymero naparpada). To
€CTh, CTEIICHHOW psAJ CXOAMTCS NpPU JIFOOOM 3HAYCHUH «HUKC». OTBET MOXHO 3ammcarh

. x € (—oo, +oo) e
9KBHUBAJIEHTHO: «Psii cXomuTcs mnpu » (3HAUOK = B MareMaTHKEe 0003HAyacT
NPUHAICKHOCTB).

Eciu B mpeaciic moJaIy4acTcsa 6GCKOHe‘IHOCTB, TO AJITOPUTM PCHICHUA TAKKC 3aKaHYMBACT

CBOIO paloOTy, U MbI 1aéM OKOHYATEIbHBIN OTBET 3a/anus: «Ps cxonures npu + = 0y (wu npu
=4 mbo ¥ = ~&y), Cmorpute cimyuyait Ne3 nmpeapiayiiero maparpada.

Eciu B mpenene moiy4aercs HE HOJb M HE OECKOHEYHOCTh, TO y HAC CaMbld
pacnpoCcTpaHEHHBIH Ha IpakTHKe cirydae Nel — psii CXOIUTCs Ha HEKOTOPOM HHTEPBAJIC.

B nanHom cnyuae mnpenen paBeH |x| Kak HaliTu uHTEpBaj CXOAUMOCTH psiga?
CocraBnsiem HEPaBEHCTBO:
|x| =1

B JIFOBOM 3aganuu 1aHHOTO THIIA B JIEBOM YacCTH HEPABEHCTBA JIOJKEH HAXOIUTHCS
pe3yNbTaT BHIUMCIICHHS Mpefelia, a B MPaBOM 4acTH HepaBeHCTBa — cTporo eauHuua. He Oyny
OOBSACHATH, MOYEMY HMMEHHO TaKO€ HEpPAaBEHCTBO U MOYEMY CIIpaBa €IMWHUIA. YPOKH HOCAT
MPaKTUYECKYI0 HAIPABICHHOCTh, U YK€ OYEHb XOPOIIO, YTO OT MOMX PAaCCKa30B He-HOBecHHACH
Hpofeccopeko-HpeHoAaBATEABEKIHI-COETaB CTAIM MOHITHEE HEKOTOPHIC TEOPEMBI.

Texauka pabOTBI C MOIYJIEM H pPEIICHUS JBOWHBIX HEPABEHCTB IOAPOOHO
paccmarpuBaiach Ha epBoM Kypce B cratbe O0macTh onpeneneHus PyHKIMH, HO I y100CTBa
s TOCTaparoCh MaKCUMaJIbHO TMOJAPOOHO 3aKOMMEHTHPOBATH BCE JEWCTBHUS. PackpbiBaeM

|x|-::cz=‘,>—cz <X o

HCPAaBCHCTBO C MOAYJIEM 110 IIKOJIBHOMY IIpaBUITY . B namHOM ciIyvae:

—lexal_ MHTEPBAJ CXOAUMOCTH MCCIENYEMOTO CTENIEHHOTO Psfa.
[TonoBuna myTH mo3aau.
Ha BTOpOoM 3Tane HE0OXOAMMO HCCIeN0BaTh CXOAUMOCTh psfa Ha KOHIaX HalJEeHHOIO
WHTEpBaja.
CHauana GepéM JIeBbI KOHEI| MHTepBana * = ~1 4 noxcraBnsiem ero B Haur creneHHol
w0 x?ﬂ
2.7

pan 2=l

o -
x=-1=3
HpH n-l M
[TomydeH 4ncIOBOM psifl, U HAM HYKHO HCCIIEIOBAaTh €r0 Ha CXOJUMOCTH (YK€ 3HaKoMas
W3 MPEIBIAYIINX YPOKOB 3a7a4a).

Hcnonszyem MIPU3HAK JleitbHuna:
1) Psan SIBJISIETCS 3HAKOYEPETYOIIUMCS.
: o1
E}Ilmh”:mhflm_g:[:l o o
2) # — YIeHBl psja yobIBatoT 1Mo Moxyito. Kaxkapiil ciaenyromuil wieH psaa

M0 MOAYJIIO MEHbIIIE, YeM MPEIbI Iy, 3HAYUT, yObIBAHNE MOHOTOHHO.
BriBoa: psia cxoaures.
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Uccnenyem psn Ha a0COITIOTHYIO CXOJIMMOCTH:
o o 1
Shal=2 “
#-1 x=1" — cxommTcs (ciydail 0000IIEHHOTO TAPMOHUYECKOTO Psa).

Takum 00pa3oM, MOTyYEHHBIN YUCIOBOM PSIIT CXOTUTCS a0COIOTHO.

[[anee paccMaTpruBacMm HpaBI:Iﬁ KOHCII MHTCpBAJla &= 1, noACTaBJIsIEM 3TO 3HAYCHUC B

HAIll CTEHEHHOM psy #-17

w 1?4 w 1
=l=» —=> —
(RS2 P b

[Ipu — CXOIUTCS.

2

Takum oOpa3om, cCTeneHHOW psm *-l

2
7

# cxomurcss Ha 00OOMX KOHIAX HAHJIEHHOTO

HHTEpBAJIa.

OtBet: O0aCTh CXOUMOCTH MCCIIETyEMOTO CTETIEHHOTO psija: — l=x=1

VIMeeT paBo Ha KU3Hb U Apyroe ohopMICHHE OTBeTa: Psi1 CXOMUTCS, ecid ~ - [_ L 1]

HNuorga B YCJIOBUH 3aJavu Tpe6YIOT YKa3aTb paguyc CXOAUMOCTH. O‘ICBI/II[HO, 4yTO B

paccMoTpeHHOM npumepe X =1,
[Tpumep 2
w x?é

Z?‘Jﬁ

Haiitu 0651acTh CXOAMMOCTH CTEMIEHHOTO psifa *=0
Pemrenue: nuaTEpBaN CXOAUMOCTH Psisia HAMAEM ¢ TOMONIBIO Tpu3Haka Jlanambepa (1o He
110 npusnaxy! — ons (hyHKYUOHANBHBIX PO08 MAKO20 NPUSHAKA He CYyujecmayem,):

x:u+1
z"::'4+1|(:J"’:'|= lim 3H+1"‘-."r.?2+1+1 = lim x?e+l_3?¢_ ki 1 —
:!—}+u:-| i, (X:I | M= " ) 3”1"\."[-’3"‘2-.7:?!
3 on+1

—";3+1 ]+l
:]Jm|x-x?=.3?¢_..,.';g+1:H]jm nf; :H]jm M :H
x—}mxﬁ_j_jﬁ_,\fn_kg ER T ql'l?2+2 R 2—}[! 3
T 1+2
M #

CocraBinsieM CTaHAapPTHOE HEPABEHCTBO:

— <1
Pan cxonures npu 3

X

CneBa HaM HYXHO OCTaBUThH TOJBKO | |, MO3TOMY YMHO)KaeM 00e 4acTh HepaBEeHCTBA Ha
3:

|x| <3

|x| Q= TXwda,
N packpeiBaeM HEpPaBEHCTBO C MOIYJEM IO MPaBHILY .

— 32X <3 _ yurepBan CXOAMMOCTH HCCIIEIYEMOr0 CTEIICHHOTO Psi/a.
HccremyeM cX0MMOCTh CTENEHHOTO Psijia Ha KOHIIAX HalIeHHOro HHTEepBaa.
N ) A CY VAR A S T

x==-3=% >, =

1) lpn w3 ntl 33l et



http://www.mathprofi.ru/goryachie_formuly.pdf

O6paTI/ITe BHUMAHHEC, YTO IIpU IOACTAHOBKE 3HAUCHUA x=-3 B CTEIEHHOHU pan
5o
H H
n=0l 3 aln+1 Y HacC COKpaTuiiaCb CTCIICHD 3 . 910 BCPHBIM IIPHU3HAK TOI'0, YTO MBI IIPABUJIIBHO
HalllJIM UHTEPBAJI CXOAUMOCTH psaaa.

HCCJ’IGHyeM HOJ'Iy‘IGHHBIﬁ YHUCI0BOM pAaa Ha CXOAUMOCTD.

Hcnonb3yem IPU3HAK JleiiOHuma.
- Pan SIBIISIETCSL 3HAKOUYEPEIYIOILIUMCS.
1
fin || = lin —— =0
R vy | o o
- ™ — wieHbl psaga yObiBaroT 1o monyiro. Kaxaelid ciaepyromuil dieH

psiga 1O MOJYJIO MEHbIE, 4YEeM MpeablAylIMi, 3HA4YUT, YObIBAaHUE MOHOTOHHO.

Brisoa: Psan cxonures.
Uccnenyem pan Ha abCONIIOTHYIO CXOJIUMOCTD:

Mz_éw—z;;,#
>

CpaBHHMM JTaHHBIN P C PACXOIALITAMCS PAIOM *=1

-

HCHOHLSyeM HpeHeHLHBIﬁ IIPpU3HAK CpPaBHCHMUA:
- =0
% || P | L |2
o ‘bm M o 1 M o » Mo »

Jr+l
2.l

Honyquo KOHCYHOC YHCJIO, OTIIMYHOC OT HYJI, 3HAYUT, PAA =0 pacxoauTcda BMECTC C

2%

‘%l

psaaoM
o (-1
Takum oOpaszom, ps #=0 W% +1 cxomures Tombko YCIIOBHO.

X_B:”Z Z

2) Ipu e+l S at] — pacxoautcst (10 T0Ka3aHHOMY ).
Otser: OO67AaCTh CXOIXMMOCTH HCCIEAYEeMOTo CTeleHHoro psga: —-=% <3 [lpu

x==3 P CXOOUTCA TOJIBKO YCIOBHO.
B paccmoTrpeHHOM mnpuMmepe 00J1acThIO CXOIMMOCTH CTENEHHOTO psiia sBISETCS

MOJIyUHTEpBaJl, IPUYEM BO BCEX TOUYKaX HWHTEpBala (=3.3) crenennoit pan  cxooumcs

aoconromuo (cMm. Ilpenpimynuii maparpad), a B Touke + ==3, KaK BBSICHJIOCH — CXOOUMCS

MOJILKO YCIO6HO.
[Tpumep 3
Haiitn mHTEpBan cXOoIMMOCTH CTENEHHOrO psAa U HCCIENOBaThb €ro CXOJUMOCTb Ha
w ?32 x:u
2 T (m+1)

KOHIIaX HaliJICHHOTO MHTEepBaia *-1
OTO0 npuMeEp U1 CaMOCTOSATENBHOIO PELLIEHUS.
PaccmoTpuM napy npumMepoB, KOTOpPbIE BCTPEUYAOTCS PEJIKO, HO BCTPEYAOTCSL.
ITpumep 4
w P€3 . (x+4)h+1

2 e+ 1)

Haiiti o6macts cXoguMoCTH psiga: *-1



Pemenue: ¢ momomipio npusHaka [lamambepa HaliieM WHTEpPBal CXOJUMOCTH IaHHOTO

psna:
(+1)7 - (x+ 45

e P[P 21+ [ |(M+1)3-(x+4}2”+3-(n+ljlE?

wvwe| g, (x) | wovel a0 (x4 o]t (x4 (2

(z+1!

. n+1]3_ (x+47 (x+H™1.2.3. e+

N (x4+D™ 1.2.3 na+Dn+2) |
0 =0

= (x+4)* lim 1+l 1 :(x+4)3]ij =(x+4* 0=0

H b ! {4+ 2) Moy 2

(1) CocrapnsieM OTHOIIECHUE CIEAYIOIIETO WieHA Psijia K MPeIblIyIIeMy.

(2) M36aBmsieMcst OT YETBIPEXITAKHOCTH APOOH.

3 3
(3) Ky06n1 (n+D u # 1o mpaBuiy AEHCTBHI CO CTENEHSIMH MOABOJIUM MO EAHHYIO

CTCIICHB. B YUCIHNTCIIC XHUTPO pacKiiabIBacM CTCIICHb

Iu+3 _ Im+1+2 _ r 2+l
(x+4) =(x+4) =(x+4)" - (x+4) , T.e. PacknanpiBaem TakuMm o0Opa3om, 4TOOBI Ha

(x+4:|3?¢+1

cIeayromeM mare COKpaTuTb I[p06b Ha . (DaKTOpI/IaJ'ILI pacCiiuCbiBacM HO,I[pO6HO.

1—>EI

(4) ITon xyOoM MOYJICHHO JIEIMM YHCIUTENb HAa 3HAMEHATeNb, YKa3biBas, uro # . B

2
IpoOu coKpariaeM BCE, YTO MOYKHO COKPAaTUTh. MHOXHUTENb (2 +4) prmocum 3a 3Hak npejena,
€ro MOXHO BBIHECTH, IOCKOJbKY B HEM HET HHMYEro, 3aBUCAILIETO OT <«JIMHAMHYECKOW»

NepEeMEHHOM «3H». OOpaTUTe BHUMAHHUE, YTO 3HAK MOJYJIi HE HAPUCOBAH — IO TOW MPUYMHE,

2
4qTo {X+4:I NPpUHHUMACT HCOTPULUATCIIbHBIC 3HAUYCHHA IIPpU JIFOOOM «HKCY.
B mpeaciic rmojiy4eH HOJIb, @ 3HAYUT, MOKHO J1aBATh OKOHYATEIbHBIN OTBET:

Otser: Psg cxoautcs npu x € (0D, +o0)

A cHauana-TO Ka3ajoch, 4TO 3TOT PsJl CO «CTPAIIHONW HAYMHKOI» OyIeT TPyAHO PEIIUTh.
Hounb nnm 0eckoHEUHOCTH B Mpezesie — MOYTH 0JIapoK, BEb PEIIEHHE 3aMETHO COKpaIaercs!

IIpumep 5

i (Za)h(x — 29

Haiitu o0nacte cxoqumocTH psiga *-1 10"

OTO mpuMep AJsA CaMOCTOATENBHOro pelleHus. bynpre BHUMarenbHbl ;-) IlomHoe
pelIeHUE OTBET B KOHIIE YPOKA.

PaccMoTpuM elie HECKOJIBKO IPUMEPOB, COAEPIKAIIMX JJIEMEHT HOBU3HBI B IIJIaHE
UCIIOJIb30BAaHUs TEXHUYECKUX IIPUEMOB.

[Ipumep 6

Haiitm wuHTEpBaJ CXOAMMOCTH psia M MCCIENOBATh €ro CXOJMMOCTh Ha KOHIAX

= (=1 x4+ 2

2 (3m—T-5"

HailileHHOTO MHTepBana *-1

»-1
Pemenne: B o0mmii  uileH CTEMEHHOTO psja BXOJUT MHOXKHUTEIH =1 ,
obecreunBaroNIuil 3HaAKOUEpEeAOBaHUE. AJITOPUTM PEIICHUSI TOJHOCTHIO COXPAHSIETCS, HO TPHU

By +1|:?[:|

N—rHo| iy x
COCTaBIICHUH TIpezeiia 2 (%) MbI UTHOPUPYEM (HE MUIIEM) 3TOT MHOXKHUTEINb, TOCKOJIbKY

MOAYJIb YHUYTOXACT BCC «KMHUHYCED).



HNuTepBan cxomguMocTH psijga  HaaéMm ¢ moMmomiblo  mpu3Haka  JlamamOGepa:

(x+2)""
g | (B 1) 5L |+ 2+ 2GR 1)
ol g (x) | w24+ 20 Cae| (x4+2.5.5(30+2) |

(321} 5*

Zn—1 1
B T OO S PR L P o
5 wsdeEp4 2 oo 5 mode w42 5 radw 2 5

M

H

COCTaBHerM CTaH,Z[apTHOC HepaBeHCTBO:
|x + 2|
—_—

Psn CXOIUTCS pu 5
CrneBa HaM HyXHO OCTaBUTb TOJBKO MOJYJIb, IO3TOMY YMHOKaeM 00€ 4acTH HEPABEHCTBA Ha 5:
|x + 2| <5
Teneps packpbiBaeM MOJYJIb yxKe 3HAKOMBIM crocoboM:
-Scx+2ah

B CCPCAHE HBOﬁHOFO HCPABCHCTBA HYXXHO OCTAaBUTH TOJIBKO «HUKC», B 3THUX LCIIAX U3
KAXKIOU 4acTu HEpaBEHCTBA BBIUUTAEM 2:
—h-dex+d-2<h-1

=7 <% <3 _ yHrepBai CXOAMMOCTH HCCIIELYEMOrO CTEIICHHOTO PsiIa.

HccremyeM cX0UMOCTb PAa Ha KOHIIAX HAalIeHHOrO UHTEPBAJIa:

il G L S R L

2 Gn-T1). 5

1) [Toacrapmisiem 3HaueHue * = =7 B mam crenenHoi psn ®=l

Y e M G St o W o Vo VA A
E (3n-1). 5" _E (3n-1). 5" _E (3u-1).5
_ w (_1)x—1+x _ w (_112:!—1 _ w 1

w1 Gu=T S Ge-1) HZ.“{ (321

dn-1
EYI[LT (¥ MMpEaciIbHO BHHMMATCJ/IBHBI, MHOXUTCIIb I: 1} HE o0ecIieunBaeT

-1 _
3HAKOYepe0OBaHue, TpPH JIFOOOM HATypabHOM <«QH» -7 = 1. [TonydyeHHBII MHHYC
BBIHOCHM 3a TIPEJACIbI psiia U 3a0bIBaeM MPO HErO, MOCKOJIbKY OH (KaK W Jiro0asi KOHCTaHTa-

MHOKHUTEJb) HUKAK HE BIUSAET HA CXOJUMOCTh WJIH PACXOJIUMOCTh YUCIIOBOTO Psi/a.
Eme pa3 3amerpTe, 4TO B XOA€ NOJCTAHOBKM 3HA4YCHUS *= —7 B oOwmit wieH

td
CTEMEHHOI'0 psiJia Y HAaC COKPATUJIICS MHOXHUTEIb 5" Eciu 6Bl 3TOTO He MIPOU30ILIO, TO 3TO OBl
3HAYUIIO, YTO MBI JINOO HEBEPHO BBIUUCIIMIIYN TPEe, TU00 HEMPaBUIbHO PACKPBLTN MOTYJIb.
ad 1

Urak, Tpebyercst uccienoBaTh Ha CXOIUMOCTh YUCIOBOU psifl *=1 (32-1) . 31ech mporie
BCETO HCMOJB30BaTh MPEIEIbHBI TNPHU3HAK CPaBHEHHWS M CPAaBHUTh JAHHBIA DA €
pacxosAmMcs TapMOHUYeckuM psigom. Ho, eciiu yecTHO, peienbHbIi pU3HaK CpaBHEHUS 10
y>Kaca MHE HaJI0ell, TO9TOMY BHECY HEKOTOpO€e pa3HOO0pas3ue B pelIeHuUE.

Ucnonszyem MHTETpaJIbHbIN MPU3HAK.

g
!3;1:(*}

IToasiHTErpANIBHAS byHKIUSA HEIpEPBIBHA Ha [l;m) .



17402x-1 1
(9= [ S5 = i G- D} = S i (3 97 - ) =

Takum 00pazoM, TOJNyYEHHBIH YHUCIOBOM pSAA PAcCXOIUTCS BMECTE C COOTBETCTBYIOIIUM
HECOOCTBEHHBIM MHTEIPAJIOM.

2) Uccnenyem BTOPOi KOHeEI[ HWHTEpBaja CXOJIMMOCTH.
e (=1 (34 2 1)
erm 3 DTG Zl'i )
Tpu wol  an—15 Zn—1
Hcnonb3yem IIPU3HAK JleiiOHuna:
- Pan SIBIISIETCSL 3HAKOYEPEIYIOLIUMCS.
1
= 50

— WIEeHBI psAAa YOBIBAIOT 10 MOAYJI0. KaskIbIil clie Iy onuii WieH psaa
1o MO/TYJIEO MEHBIIIE, yeM NpEebIYINH, 3HAYMT, yOBIBaHHE MOHOTOHHO.
BeiBoa: psa cxonurces

PaccmaTtpuBaeMblii 4MCIOBOM Psii HE SBISETCS AOCOIMIOTHO CXOJSIIMMCS TOCKOIBKY

A Z—

-1 1 — pacxouTcs (110 I0Ka3aHHOMY).

Oreer: ~— 7S %%3 _ oGnacTs CXOQMMOCTH MCCIELYEMOr0 CTENCHHOTO psia, IpH
%= 3 psix CXOQUTCS TOIBKO YCIOBHO.

IIpumep 7

Haiitu wuHTEepBaN CXOAMMOCTH psiia M HCCIEIOBAaTh €ro CXOJMMOCTh Ha KOHIAX

Z“‘: 2 (x+ 3
3

HalJICHHOTO MHTepBajia *-1 2n +1

DTO mpUMEP I CAMOCTOSTEIILHOTO PEIICHHUS.

KTto yToMuiics, MOXKET CXOJIUTh MOKYPUTh, & MBI PACCMOTPHM €IIe J[Ba IPUMEpa.

ITpumep 8

Haiitu wHTEpBaN CXOAMMOCTH psiia M HCCIIEOBAaTh €ro CXOJUMOCTh Ha KOHIIAX

= alx—1™
® ]

HaliIEHHOrO MHTEPBaIa w1 9% afu 43

Pemenue: Haitgem WHTEPBAI CXOOUMOCTH psana:

(e + 130z — """
ol Jont 43| |{m+1}{x pReor i 3|
FE]

el n(x—1) "'H“|n(x D 9 Jm D +3|

9"l +3

I ](x 0 (x-1™ .9t 43|

x=D™ 9.9 Jt 1 +3 |

(x= 1% 43| (x- D AR T e

el g Ja 43| 9w J(ml} +3) 9

w.l'.??j +3

lirn = 1
el Jm+T+ 3 .
10 TOH MPUYHMHE, YTO YUCITUTENb U 3HAMEHATENIb 00HO20

nopsaoka pocma. bonee moapoObHO 00 3TOM MOMEHTE U «TypOO»-METOJIe pelICHHUs] YUTaHTe B
cratbe [Ipusnak lanamGepa. [Ipuznaku Komm.

2
ﬂ{]

Urak, psa cxonutcs pu 9

il (x} —

2ty (%)

N=¥ +o

o=+ »

[Ipenen
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YMHOXaeM obe 4acTu HEpPaBEHCTBA Ha 9:
(x—1% <9

. . . = |a
N3BnekaeMm u3 00eux 4acTeil KOpeHb, IPU 3TOM MOMHHUM CTApbIi IIKOJBHBIA MPUKOI | |:
Jix=1 <o

-1 <3

PackpsiBaem MOZYJIb:
-Jax-1<3

n npubasisieM KO BCEM 4acTsaM CAVHULLY:

—3+lex-1+1<3+1

— 2 2% <4 _ yHrepBal CXOAMMOCTH HCCIIELYEMOrO CTEIICHHOTO PsiIA.
Hceneayem cXOQMMOCTh CTENEHHOTO Psijia Ha KOHIAX HalJIeHHOr0 MHTEpBaIa:

1) Eciu 4= ~2 10 MOJIYYAETCS CIAEAYOLINUN YACIOBOU PAIL:
e N Y NG A C
ég"-ﬂm5+3_x-19*-xfn5+3 Z'{ o +3
GO ) L B . N

S otz Dot b4z S +3

In
MHuoxurenb ( 1) 6GCCJIGI[HO Iporiaji, MOCKOJIbKY IIpH JIF000OM HaTypaJbHOM 3HA4YCHUU

o
«HY -7 =1 )

UB TpeTI/Iﬁ pas 06pamaro BHUMAHHEC HA TO, YTO B PE3YyJIbTATC IIOJACTAHOBKHU COKPATUIIUCH

b
CTCIICHHU 9 , d 3HAYUT, HHTCPBAJI CXOAUMOCTH HAUACH IIPABHUIIbHO.

oo

M

[To BceM mpH3HAKaM IS MOJTyYEHHOTO YUCIIOBOTrO psijta ™1 ¥ w43 cllelyeT IPUMEHUTD
npeAeNbHBINA pu3HaKk cpaBHeHus. Kakoil psg mogoOpats st cpaBHeHHUs? OO0 3TOM METOAMKE 5
yKe paccka3biBal Ha ypoke Psnbl niisg yaitHukos. [IoBropum.

OmnpenensieM cTapilylo CTENEHb 3HaMEHATeNs, AJI1 TOT0 MBICIIEHHO WJIM Ha YEPHOBHKE

3

-
OT6paCLIBaCM noa KOpPHEM BCC, KpOME CaMOro cCrapuaiero cjaaracmMoro: # =4 Takum

2| Lh

06pa30M, crapuias CTCIICHb 3HAMCHATCJIA paBHA . CTapmaﬂ CTCIICHb YMCIIUTCIA, OYCBHUIHO,
paBHa 1. U3 CTapI_Heﬁ CTCIICHU 3HAMCHATCJIA BbIUUTACM CTAPIIYIO CTCICHb YHCIINUTCIIA:

5 3
1=
2 2
|
LITET
] M
Takum oOpa3om, Haml psj HYXKHO CPaBHUTb CO CXOISIIUMCS PSAIOM n? .

I/ICHOHBSYCM HpeILCHBHBIf/'I IIpHU3HAK CPAaBHCHUA:

a . 3 . ?35+3 "-.I'.’E +3 w3 37"

=lm ,J1+— =1

i—w ‘bx A= Hovw g |' 3 |' » rw ':gj

—

b

{5
HOJ'Iy‘-ICHO KOHCYHOC, OTJIMYHOC OT HYJIA 4YUCJIO, 3HAYUT, PAN aelfn” 43 CXOOUTCsA BMECTC C

i b
pagom *1 ‘j_
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2) Yto MPOUCXOJIUT Ha JIPyroM KOHIIE WHTEpBaa’?
4 :“*i ald-1" = a3 B i P
xr= = = = _—
» ] ® ] » 5 5
w19 -q.-'r?z +3 w19 -qf;z +3 w19 -w.lfn +35 wlam 43 — CXOIHTCAL.
A BOT ¥ BO3HArpaxJeHue 3a My4eHus B npeabiaymeM nynkre! [oayuumncs TouHo Takoi
K€ YHCIIOBOM Psijl, CXOJIUMOCTb KOTOPOT'O MBI TOJIBKO YTO JIOKA3aJIH.

[Ipu

OtBeT: 001aCTh CXOAUMOCTH UCCIELYEMOI0 CTEIEHHOTO psiia: — ZEx %4
UyTb MEHEE CII0KHBIN IPUMED IS CAMOCTOATEIIBHOIO PELICHUS:
ITpumep 9

w zx_xz:u
Z' n+1

Haiitu o6iacte cxonumocTu psiaa *-1
JloctaTouHO 11l HaYaIa =)
B 3akiroueHue oCcTaHOBIIIOCH HA OTHOM MOMEHTE. Bo Bcex mpumMepax Mbl ONUPAIUCh HA

I‘!::'¢+1 I(X:I

Hebb| g (J’f:'

npu3Hak JamamOepa U COCTaBISUIH MPEIe . Ho Bcerna nu Hy»XHO J€J1aTh UMEHHO

tak? [Toutu Bcerga. OqHaKO B HEKOTOPBIX Clydasx ObIBA€T HEBEPOSTHO BHITOAHO MPUBIEYH Ha
y lim %oz, ()]
MOMOIIb paguKaIbHBIA Mpu3HaK Komu U cocTaBUTh mpenen **+= , IPH 3TOM aJTOPUTM
pemieHus 3agaun octaércs npexHum! Yto 310 3a ciydan? DTO Te ciiydad, KOTJa U3 OO0IIero
YJIeHa CTETIEHHOTO PsAa «XOPOII0y (TIOTHOCTHIO) U3BIEKACTCS KOPEHb «IHHOID) CTEIICHH.
Crnenyroumii ypok mno teme — Pasznoxkenue ¢yHKUuN B creneHHble psabl. [Ipumepsr
pelIeHU.
Kenato ycnexos!
Pemienus u oTBeTHI:
Ilpumep 3: Pewenue: umnmepsan cxooumocmu psaoa HAUOEM ¢ NOMOWDbBIO HPUSHAKA
Janambepa:
(;z +1:|2x?¢+1
e ()] _ i T2y lim |x- T (Rt 2 +1)(H+1)|_

| gy |:J'i':l B 4 }32}[—” B ?é—>+m| I L Hg . (.?2+ 2) |_
T o(nt+1)
o 0 nt 1+ ”
_H 2™ 1T T | x _N
i | e N Rl el e
1+—
# b
H-::1
Pso cxooumcst npu 7

Cneea HysHCHO 0Cmasums MoabKo MOOYIb, HOIMOMY YMHONCAeM 0be wacmu Hepasencmeda Ha 7
|x| <7

—Faxad _ UHMEPBATL CXOOUMOCMU UCCAEOYEMO20 CIMENEHHO20 Psiod.

Hccnedyem cxooumocms psioa Ha KOHYAX HAUOEHHO20 UHMEPBANd.

w 2 A
r=—7= Z—H D
1) Hpu Hml (H +1:|
2) HUcnonvzyem npusnax Jleubnuya.
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3) - Pso A6/15emcsl 3HAKOUEPeOYIOUWUMCSL.

e
2 i
: : : : 1 1
]JIan?e|=]ﬂn A =E= M = ﬁ=—=m#0
2= 4o r=bo 4] o st A+l asie 17 1~ ]
2 - +—=
# # n —  unewvl pada  He
yoviearom
Ilo MOOYTIO.
Bui600: P50 pacxooumcs
@ 2
x=7T= "
2) Hpu n=1 |:P2 + 1:'

P50 pacxooumcsa, mak kax ne 8binoiHeH HeoOX0OUMbLL NPUSHAK CXOOUMOCMU PAOA.

Omeem: =~ ' <X <7 _ o6nacmo cxodumocmu uccnedyemoz2o cmeneHHo20 psoa
Ilpumep 5: Pewenue: ¢ nomowwto npuznara /lanambepa Hauoém unmepean cxooumocmu
paoa:
(200 + 10k (x — 2yt
1077 o -2t 2n 42|
n+] = Im H+1 H+1 =
(2r)l{x— 23 ‘ e 107 (x— 29" (2m)1 |

a4l I:x)

i, (x)

N— Ho

107
0% (= 2(x- 2™ 1.2.3(2e=1)22- 20+ D 20 +2)|
. 10.10% (z—20**1.1.2.3. . (2u—11-2n B

(x—2) (2n+ (22 +2)| _ [x—2] lim (do? + 6+ 2y =M..;+m;. =-+o0
B o 10 | 10 #=+o 10

Omeem: Pso cxooumcs npu *= 2

Ilouemy nonyuunace O0eotika, a He Hoav? Illepeuumatime kraccugukayuro obaacmu
CXOOUMOCTU CIeNneHH020 padd. Xoms, HaeepHoe, MHO2Ue YiHce NOHUMAIOM, NOYeM).

Ilpumep  7:  PeweHnue: HatioemM  UHMEPBAN  CXOOUMOCMU  OAHHO20  pAOA:

2:'4+1 ] (I+ 3:|:u+1

e I s B (€ (G W S0 Al s

|, (x) | e 28 (k430 e (232" 32043
N2n+1
2n+1
= 2pe+3fim 32 P o 3lm B =2+ 3 lim |2 = 2+
rete 243 o rstm | 2043 2= 410 3
24 =
2 M
Pso cxooumcs npu 2|x + 3' <1
1
Cnesa HyJICHO OCMABUMb MONLKO MOOYIb, YMHONCAEM 00e Yacmu HepaseHcmed Ha <2 -
k43 <o
2
L <x+3 -::l
2 2

B cepeduHe HYJCHO ocmaesunitb moJjbKO «UKC», ebliumaem us Kascooul yacmu HepaeeHcmeda 3:

———Sox45-3 -:%—3

2 unmepean CX00UMOCHU ucczzedye/uozo CmMeneHHo2o pﬂaa.



Hccnedyem CX00UMOCHIb paoa Ha KOHYax HAUOEeHHO20 uHmepeana:

gx(_EHJ” gx_(_l]”
0 T e md) - S
1) Ipu o Won+ o W2n+l 2m+1

]
Cmenenv 2 coKpamunach, 3Hauum, Ml Ha GEPHOM RYMIL.
HUcnonvzyem npusnax Jletionuya.
P50 A615emcs 3HAKOUEPeOYIOUWUMCAL.
1
]Jm |cz |— — =1
Bt 3 Du41 o v
— unensl paoa yoviearom no mooyuro. Kascowui ciedyrowuii unen psoa
10 MOOYII0 MeHbUe, YeM NpeoblOYUWuLl, 3Ha4um, yYovleanue MOHOMOHHO.

P50 cxooumcs no npusnaxy Jleiibnuya.

Hccxzedyem pao Ha abconommuyIo CX00UMOCMb!
3 o= 23
:'e-l
Hcnonvzyem UHMe2panbHblll NPU3HAK.
+o
J- ot %
1 W2x+1
Iloovinmezpanvhas @yHryus Henpepvlena Ha [l;m} .

.1*;.-_] @x+1)7a@x+ = 2l (Yt I Jf = 2t (Y217, -38) =400

o
2|

Takum  obpazom, pso0  *l  pacxooumcs  emecme C  COOMBEMCMBYIOUWUM

Z“; (=1)
HecoOCmMEeHHbIM UHMESPAIOM. Ps0 e R MONbKO ~ YCILOBHO.
. . 2*(—%+3] ] 2*-[1]
= =
2 Ipu 2 HZ_‘.{ Hom+1 E 41 ZE«#'E?:+ pacxodumes (1o
O00KA3aHHOMY).
—— X =
Omeem: Obaracmeb cX00UMOCMU UCCEOYEMO20 CMENEHH020 PAOd. , npu
1
x=-3—
2 PAO CXOOUMCS MOJILKO YCILOBHO.
- 31 Zx=—2 l
Obnacmb  cx00uUMOCMU OKOHYAMENbHO MOJCHO 3ANUCAMb MAK: , uau
oaoice mak: —35Sx<-25
= 1

G
Ilpumeuanue: Pao *-1 2n+1 yooweno 6o uccrnedosams na cxodumocme ¢ HOMOWbIO
npeoenbHo20 NPUSHAKA CPABHEHU.



Ilpumep 9: Pewenue: Haiioem uHmepsaJ cxooumocmu paoa:

2?¢+1 ] xﬂ(?ﬁlj
—_— 1 2
um(x}:]jm ,,34.%?d =]jm|x .;;:_;;.gx.{,:g+1}=
ol (x) M o 2% x ?4—}+w-| LA {;g+2]
#+1
+1 1
d 14+
=2x' tim =22} 2 _5=2x
poam B2 B a7
2 #
P50 cxooumcst npu 2 <1
1
X -
2
1
Al <=
2
- ! <X
A2 N2 unmepeal cxooumocmu uccneoyemozo CMEeneHHo20 paoa.
Hccnedyem CX00UMOCTb paoa Ha KOHYax HAOEHHO20 unmepsaa.

il €)W

Ipu B n.n'r_ Z #+1 =Z n+1 =Z' n+1 Z

]) 1=l 2=l 1=l w12t

=1
Cpasnum Oauuwlil paod ¢ pacxoosuumcs. 2apmonudeckum psoom *=17" . Hcnonvsyem npedenvhulil
NPU3HAK cpasHeHusl.

1
— =0
* = iy |22 =]j.mn+1=]jm[l+l J:l

iy,
j;. M= 1 b to m M+ M

n+1

HOﬂylleHO KOHeYHoe Yucio, omiudHoe om H)JiA, 3Ha4uni, nOﬂyquan? YUCA060U p;zd pacxodumc;z
emecme C CapMOHUYECKUM pﬂaO]l/l.

o ) ey,

o N e  E

2) Ilpu x=1 x=1 nt1 w1 At ] pacxooumcs
(no 00KA3aHHOMY).
1 1
- <X
Omeem: 0baacms cx0OUMOCIU UCCIEOYEMO20 CIMENeHHO20 pAoa: W2 J2

IIpakTnyeckas padora Ne 23

Tema: Pemienne nugdepeHnuaabHbIX ypaBHEHHH IEPBOro NOPAAKA

Heas padorbi: [IpoBepuTh Ha NpaKkTUKE 3HAHME NOHATHA U PepeHIINATHLHOTO
ypaBHeHMsI, BUIbl AU(QepeHnnanbHbIX ypaBHEHUH, yMeHHe pemaTth anddepeHnuanbHble
ypaBHeHus | mopsiika, HaX0IUTh OOIIEe U YaCTHOE peIlleHuE.

Teopernyeckasi 4acThb

1. JuddepenunanbHoe ypaBHEHUE 11€pB020 NOPsOKA, CONEPIKUT:

1) He3aBUCUMYIO TEPEMEHHYIO * ;

2) 3aBHCHMYIO [IEPEMEHHYIO ¥ ((yHKIHIO);



f
3) HepBYIO MPOU3BOAHYIO DYHKIMH: © .
Pemute muddepeHnmanbHoe  ypaBHEHHME — 9TO  3HAYHWT, HAWTH MHOYKECTBO

bynxmmii ¥~ S+ , KOTOpBIE YIIOBJIETBOPSIOT JTAHHOMY YpaBHEHUIO. Takoe MHOKECTBO

GyHKIMA Ha3bIBAaETCS 00MIUM pemeHueM Tu(depeHuaIbLHOr0 ypaBHEHHUsI.

IIpumep 1
f =
Pemuts nudQepeHuaibHoe ypaHenue > 2
y=2
dx
)
dx
B paccmarpuBaeMoM mpuMepe IEpeMeHHbIE JIETKO pa3felsioTcs IEepEeKHIbIBAaHuEM
MHOXHTEIEeH 1o IIPaBUITY IPOMNOPLHUU:
dy dx
y ooz

HepeMeHHHe Pa3aciICHBI. B neBoit yactu — TOIBKO «UTPCKHN», B npaBoﬁ 4aCTHu — TOJBKO
«HKCBD».

Crnenyromuii  sTtan  — HHTerpupoBaHue  JH(depeHUuaTbHOT0  YpaBHEHUS.
HuTerpupyem obe 4acTu:
J-ci’y 3 J- dx

¥ x
In |y|=ln |x|+ C
Pemenne auddepeHunanbHOro ypaBHEHHsS B HESIBHOM BHJE Ha3bIBAacTCs 00LIMM
In|y|= |+ C N
HHTerpajoM au¢pdepeHuIHAILHOIO ypaBHeHusi. To ecTs, — 3TO oO0uMi
UHTETrpal.
In |v|=lnx|+C In | = ln x|+ 1n |

Bmecro 3anucu lyl | | OOBIYHO MUIIYT M | | | |

B JaHHOM ciyyae:
i bl tn

y=0Cx

@yHKIMS IpeACTaBIeHA B SIBHOM BHJIE. DTO U €CTh 00I1Iee peLIeHHE.

., y=Cx, roe OU'=const
MHoXxecTBO byHKUnH Y P 1A SABIISETCS o0ImuM peleHreM

-
muddepeHInanTbHOTO ypaBHeH:s 2 Y

[IpunaBas KOHCTaHTE < pa3jnyHble 3HAYEHHUS, MOXKHO TMOJIYYUTh OECKOHEYHO
MHOTO YaCTHBIX pemieHuil tuddepeHuanbHOro ypaBHEeHUS.
IIpumep 2
f —_——
Haiiti uacTHOE pemenne aupdePeHIHATPHOIO ypaBHEHHS © 2y , YAOBIIETBOPSIOLLEE
HAYAIEHOMY YCJIOBHIO =2
[To ycnoBuro TpeOyeTcsi HaliTh YacTHOe pemenue Y, yIoBiaeTBOpsIONiee HAYAIBHOMY

ycnoBuio. Takas moctaHOBKa BOIPOCa TaKKe Ha3bIBaeTcs 3adauel Kowu.
Caauana HaxoauM o0IIee pelieHune.

dy

= o
adx Y
.::t'_y =—2dx

Y



HNuterpupyem YpaBHEHUE:

dy
—— ==2|dx
(2]
In|y|=-2x+C"
y=€—2x+l‘;"
y= Lo

y= Ce_h, roe O =const

Urak, obmiee pemieHue: . Ha 3aBepmiaromeM 3tamne HYXHO

HaWTH YacTHOE PEIICHUE, YAOBJICTBOPAOIICE 3aJTaHHOMY HAa4aJIbHOMY YCJIOBUIO ‘}?(D) =2 .

HCO6XO,I[I/IMO l'IOI[O6paTB TaK0€ 3HAYCHUEC KOHCTAaHTHI C , YTOOBI BEITOJHAIOCH 3aJaHHOC

Ha4YaJIbHOC YyCJIOBHE ‘y([]) =2 .

B o61uee pPE€HICHUE BMECTO «HKCa» IIOACTAaBJIIEM HOJIb, @ BMECTO «HI'PECKa» HBOﬁKy:

=== = =2
_ E—ﬂx C 2
B o6mee pemienue Y= MOJCTABIISIEM HAWJECHHOE 3HAYEHHWE KOHCTAHThI = — <!
2%
— 39TO U €CTh Hy)KHOG HaM 4aCTHOC pemeHI/Ie.

IIpumep 3

y=_le

f —
Pemuth muddepeHimansHoe ypaBHeH e » +(2y +Dezga=10
Pemenne: [lepenucoiBaem MIPOU3BOIHYIO B HYKHOM HaM BUJIE:

d_y + {2y + licfgr =10
dx

HepeHoch BTOpPOC cjiaracmoc B IIpaByro qacCTb Cco CMEHOH 3HaKa:

d_y =—(2yv+Ticigx
dx
4 = —ctgxndx
2y +1
[TepemenHnbie paszeneHsl, WHTETPUPYEM 00e YaCTH:
I b = —_[ cigxdx
2v+1
J- v __]-cosxcfx
2y +1 st x
ljd(2y+1j __Icf(sm x)
29 2y +1 st x

Sin[2y+1|==lnfin 1} +Iafc
Pemenue pacrnuiry OYCHb oJIpoOHO:
1
In 2y +1F =Infsin x|~ +n|C|

I 2y+1=1nL+1n|c|

Fin

-
In .2y + —]n}m
J2y+l= _C

Sl X

OTBer: 00IMil HHTErpan: jey+1-sin x =0, rae O =const



Ilpumeuanue: 0Ol MHTErpas 0000 YpaBHEHUS MOXHO 3aIllUCATh HE €IMHCTBEHHBIM
criocoboM. Takum 00pa3zom, eciiy y Bac He COBIAJ Pe3yibTaT ¢ 3apaHee U3BECTHBIM OTBETOM, TO
9TO €llle HE 3HAYUT, YTO Bbl HEMPABWIBHO PELLIMIN YPaBHEHUE.

IIpumep 4

2
y=u® g —
HaiiTu uactHOe pemenue aud(epeHIUATLHOIO  YPABHEHHS © dy - 2xdx D,

YJIOBJICTBOPSIIONIEE HAYAIBHOMY YCIOBHIO = =2z . BBIMOTHUTE POBEPKY.
Pemenue: CHavana Haiinem oOmiee pemieHue. JlaHHoe ypaBHEHHE YK€ COACPKUT

roToBble TU(hepeHIabl @y dx , @ 3HAYUT, PEIIECHUE YIIPOILIAETCS.
Paznensem IIEpPEMEHHBIE:

g” -E'”Edy— 2xdx=10
g’ -e"‘zdy = Zxdx
2xdx

etdy = "
E—?{

g¥dy = Dxe® dx

HHuTerpupyem yPaBHEHHE:
_l-e}'r:fy: 2[}:2"2{1’;{

J.e"”ciy = Ie”!d{xgj
o’ =g 4+

In e =ln{e® +0C)

y=l(e" +C)

obmiee pelieHue:

y= ]Il(é‘x! + 7, roe O = const

HafmeM HJaCTHOC peuicHuce, COOTBCTCTBYHIOLICC 3aJaHHOMY Ha4YaJIbHOMY
yenosuio ¥ Oy=m2
In 2=1In(e" +

In2=In(1+C) = =1
y( =l(e" +0) =ln( 1+ =2 =C=1

IloacraBnseM HaiiieHHOE 3HaU€HHE KOHCTAHThI C=1 B 06mee pCHICHUC.

_ x?
OTBeT: 4acTHOE pelleHue: » In(e” +1)

3amnucarb BBIBOI

IIpakTnueckas padora Ne 24

Tema: Pemienne nugdepeHnnaabHbIX YypaBHEHHH BTOPOr0 MOPAIKA

Heabr padorbi: IlpoBepuTh Ha NpPaKTHKE 3HAHUE TMOHATUS AUPPEpEeHIHnaTHHOTO
ypaBHEHHUS, BHIbI Au(PepeHIuanbHbIX YpaBHEHUH, yMeHue pemaTth AuddepeHnnaibHbe
ypaBHeHus Il —ro nopsaka, HaxoaAuTh o0lIee U YaCTHOE peIICHHUE.

Teopernyeckasi 4acThb

2.JInneiinble nupPepeHnHaIbLHBbIC YPABHEHHUSI BTOPOI0 NMOPSAKA € MOCTOSTHHBIMH
K03 Ppunuenramu

B Teopum U mpakTHKE pas3iIM4yarOT JBa THUNA TaKUX YpPaBHEHUN — OJHOPOJHOE
YPaBHEHHE 1 HEOJHOPOHOE YPABHEHUeE.

Oanoponnoe /[Y BTOpPOro mopsiika ¢ IOCTOSHHBIMH KOI()(HIHEHTAMH HNMEET
[ (14% {01117128:3701



i r —
Y+ py'+gy=10
CTPOr0 HOJb.

Heongnoponuoe JIY BTOPOro mopsiaka ¢ OOCTOSHHBIMU KO3(D(UIIMEHTAMU VUMEET BUL:

rne ¥ u9 — koHcraHThl (umMcna), a B NpPaBOil YaCTH —

i f —
Y rEy Ty —fli:-’f:l, rac # u g _ KOHCTAaHThI, a f(x:l - (bYHKI_II/IH, 3aBUCAIIAsA moOjlbKO Om

«ukcy. B mpocreiiiem ciayyae QpyHKIus Fx) \ower Goirs YHCIIOM, OMIUYHbIM OM HYJIA.

Kakas MpIcnip mpuxoauT B rojioBy mocie 6ersoro B3rina? HeonHopoaHoe ypaBHEHUE
KaXkeTcs ciokHee. Ha 3ToT pa3 nepBoe BrievatieHue He MOIBOAUT!

Kpome Toro, utoObl Hay4yuThCS pelIaTh HEOAHOPOIHbIC YPaBHEHUSI HEOOXOAUMO YMETh
pelaTs OJAHOPOAHbIE ypaBHEHUs. [1o 3TOM nmpuunHE cHayana pacCMOTPUM AJITOPUTM PELLIECHUs

JIMHENHOT O OJTHOPOJHOTO YpaBHCHHA BTOpPOTO nopsIaKa:
Y+py'+gy=10

HJ’ISI TOTO tITO6I>I peH_II/ITB JaHHOC Hy, HYKHO COCTAaBUTH TaK
HaA3bI1BACMOC Xapakmepucmuueckoe ypaeﬂeHue:
F+pltg=0

HO KaKOMy HpI/IHI_II/IHy COCTABJICHO XapaKTepI/ICTI/I‘ICCKOG ypaBHeHI/Ie, OT‘IéTJII/IBO BHUIHO:
BMCCTO BTOpOfI HpOHSBOHHOﬁ 3aIIMChIBACM ﬂ'g ;
BMCCTO nepBoﬁ HpOHSBOI[HOfI 3aIlIUChIBACM IIpoCTO ((JISIM6,Z[y»;
BMECTO (1)YHKIII/II/I g HHNYCIrO HC 3aIIMChIBACM.

3 tpd+tg=0_ 3TO 00BIYHOE KBaJPaTHOE YPaBHEHHE, KOTOPOE MPEICTOUT PELIUT.

CyuiecTBy1oT TpHU BapuaHTa pa3BUTUA COOBITHH.

OnHu 10Ka3aHbl B Kypce MaTeMaTHMYECKOTO aHalu3a, U Ha MPaKTUKEe MbI OyJeT HCIOIb30BaTh
TOTOBBIE (DOPMYIIBI.

XapaKTepMCaneCKoe YPaBHECHUE UMEET IBA PA3JIUIHBIX JeHCTBUTEIbHBIX KOpPHSA

Atpltg=0

Ecmu XapaKTCPUCTUICCKOC YpaBHCHUEC HMECT

J1Ba Pa3JIMYHbIX JCHCTBUTEIbHBIX KOPHS Al, & (re., ecmu muckpumumant 2> 0) 1o obmee
pemenne OJTHOPOJHOT O YpaBHEHMUSI BBITJIAIUT TaK:
_ Ay Ank

y=0g" + e , T7e LB 0N

B caydae ecnm oOuH M3 KOpHEH paBeH HYNIO, PELIEHUE OYEBUIHBIM 00pa3oM

3
_ 0% Agw Agx

o ¥y=0g  + e =0+ 0

— KOHCTAaHTBI.

YIPOIIAETCS; MyCTh, HAIPUMED, A =0 , TOTJ1a o0111ee pereHu

IIpumep S
"4y —-2y=0
Peumts b depeHuansHoe ypaBHeRne
Pemenne: cocraBum u pemum XapaKTePUCTHUECKOE ypaBHEHHE:
A+a-z=0
D=1+8=9JD=73
-1-3 -1+3

= — =-2 = "~ =1
y= 0™+ O’
y=C ¥ + ", ade C,C, —const
OtBert: ob11ee peleHne:

XapakTepucruyeckoe ypaBHeHHe HMeeT JBa KPATHBIX J1eiCTBUTEIbHBIX KOPHS

2 —
Ecnu XapaKTepUCTHUECKOE ypaBHEHUE A4pA+ta=0 peer

J1Ba KPATHBIX (COBIABIINX) ACHCTBUTEIbHBIX KOPHS A=A (IMCKpUMUHAHT D= I3), TO oO1ICe


http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html

pelieHue OJIHOPOJHOTO ypaBHEHUS MPUHUMAET BUJI:

Ax Ax
y=0" + U xe , rJ:[eC’C? _

KOHCTAHTBI.
MCCT:! B MYIJIC MOXXH bIJIO HAPUCOBATH , KOpHH B ¢ BH JUHAKOBBI.
Bwmecto Al 0 € MO 0 OBLIO HAPHCOBA Aﬁ (6] C€ paBHO O aKo

Ecin  00a KOpHA paBHBI  HYIIIO A=0=0" 15 obmee pELIEHUE OMSATH  IKE

_ 0-x 0% _ _
yIpoLaercs: y=0Ge" +0xe =0 +ng. Kcratu, & = C+Gox SIBJIIETCS OOIIMM pEIICHHEM
L g
TOT0 CaMOro IIPUMUTHBHOTO YypaBHEHUS Y _D, 0 KOTOPOM s YIIOMHHAJI B Hayaje ypOKa.
2 —_— v
[Touemy? CocraBUM XapakTEPUCTHUYECKOE YpaBHEHHUE: A=0_ JIEVUCTBUTEIIBHO, JAHHOE

ypaBHEHHE KaK pa3 U UMEET COBIABIINE HYJIEBbIE KOPHU A=2=0

Ipumep 6
w_ ' —
Pemnth auddepeHnuanbHoe ypaBHeHHe 6y +8y =0
Pemenne: cocraBum u permum XapaKTePUCTHUECKOE ypaBHEHHE:

A—gA+9=0

311601) MO>XXHO BBIYHUCIIUTH III/ICKpI/IMI/IHaHT, HOJIy‘{I/ITI) HOJIb U HaﬁTH KpaTHHe KOpHI/I. HO MO>XKHO
HEBO30OpaHHO TPUMEHHTh HW3BECTHYIO IIKOJBHYIO (OPMYIy COKpAIIEHHOTO YMHOKCHUS:
(A-3=0

HOJ’Iy‘leHH J[Ba KPAaTHBIX JEUCTBUTEIILHBIX KOpHA A]‘j

y=Ce™ +Cyxe”, ade C,C, — const
OtBert: o11ee peleHue:

XapakTepucTHYeCKOe YPABHEHHE NMeEET CONPSKeHHbIe KOMILIEKCHbIE KOPHH
Ecmu XapaKTePUCTHUECKOE

A +pltg=0

YpaBHCHUEC HUMECT CONPHNKCHHBIC KOMIIJICKCHEBIC

KOpHHU A=a-f , h=at i (muckpumunant & <0) 1o o6mee peleHne 0XHOPOIHOrO

YpaBHEHUS PUHUMAET BUJI:
—_ o 3 3
y=e" (Cros fir +Cysin fx) re € Ca COHCTAHTLL
Ipumeuanue: Conpsdicennvie KOMNIEKCHble KOPHU NOYmMU 6ce20a 3anucbléarom Kpamko
=at g
CeOVIouUM 00pazom: A o
Ay =13

Ecnu monyvaroTcst uucmo muumsle CONPSHKEHHBIE KOMIUIEKCHBIE KOPHM: , TO
o0ree peleHue yIpOLIaeTCs:
y=&"" (Cros G+ Cysin )= Clcos G+ Cysin fr

IIpumep 7

Pemute  omHOpomHOEe — amddepeHnHaTpbHOe  ypaBHEHHE  BTOPOrO  TMOPSIKA
¥ =2y 410y =10

PemeHne: COCTaBI/IM nu peI_LII/IM XapaKTepI/ICTI/I‘{eCKOC ypaBHeHI/Ie:
A-2a+10=0
D=4-40=-34

s
Au=2—263=113i

— MOJIYUCHBI COIPAKCHHBIC KOMITJICKCHBIC KOPHU

y=¢"(Clsin 3x+C,cos3x), age C,C, — const
Otser: o0LIee pelIeHue:

IIpumep 8

Haiitm  yacTHOe peamcHuce I[I/I(b(l)epeHLlI/IaJIBHOFO YpaBHCHUA, YAOBJICTBOPAIOIICC
HaYaJIbHBIM YCIIOBUSAM ‘}?(D) = 1, y"([]) =2
y'—dy=10



Pemenne: cocraBum u pemum XapaKTePUCTHUECKOE ypaBHEHHE:

A_d=0
(A+23A-21=0
A=-2 A =2

[ToydeHbl aBa pa3iUYHBIX  JCHCTBUTENBHBIX  KOPHS, [O3TOMYy oO0liee pelIeHHe:
y=Cp ™ +Ce™, 202 C,C,—const

ANropuT™ HaX0XKACHUS YaCTHOTO PELICHHS CIIC/TYOLIHIA:

Cuauana HCIIOJIb3yeM HadaJIbHOe ycrnosue ¥ =1

¥ = et + 0™ = 0+ O

COrlacHO  HA4yaJdbHOMY YCJIOBMIO, IIOJydaeM IEpBOE yPAaBHEHHE: * W=C+C =1y
CrC, =1

POCTO

— -ax ax
Hamee Oepém Hame oOmee pemeHue y=Ce ™ + e

¥ = (O™ + 0™ = =207 + 206"

U HaxXOoAWM MPOU3BOJIHYIO:

Hcnonp3yem BTOpOE Ha4yaJbHOE ycnoBue * =2 :
YO = -2 + 20" =—20 + 20,
CormnacHo BTOPOMY Ha4aJbHOMY YCJIOBHIO, MOJy4aeM BTOpPOE
ypaBHeHHe: » M =-20+203=2 npocTo aty+at, =2
CocraBum u pemuM cUcCTeEMY u3 JBYX HalJIEHHBIX YPaBHEHUN:
C+C =1
— 20+ 20, =2
o +C =1 o +0 =1
= =20, =2
—2C +20, =2 - +0 =1
=50=0
o =00, =1
IToacraBum HaUJICHHBIC 3HA4YCHUS KOHCTaAHT ~1 4 B oO1ee

2 2
pemenue * ~ Ce™ +Cpe™.
y=0.2 415 = o™

_ 2w
OTBeT: uacTHOE pemrenue: »  ©

Ilpakmuueckoe 3a0anue:

Bapmnanr 1

1. Haiitu oOmee pemenue aup@depeHInaTIbHOI0 YpaBHEHUS K pa3fessiolIMMUcCs
IIEPEMEHHBIMH.

Xy —y = 0

2. Haititu yactHoe pemieHue nuddepeHMaTbHOTO YpaBHEHUS C pa3elsiolUMUcs
NIEPEMEHHBIMH.

tgx*y =1+y, eciu

IT 1
3.Haiitu perieHre 0THOPOAHOTO AU(DHEPEHIIMATBHOTO yPaBHEHH S TIEPBOTO TOPSIIKA.
Vy = 2 y—x

4. Haiftu oG1ee pemienue 1uddepeHuanbHOro ypaBHeHUs 2-T0 IOopsIIKa.

y —4y +13y=0



5. Haiitu wactHoe pemeHue nuddepeHImaibHOT0 YpaBHEHHs 2-T0 MOPSAKA.
Vv +y — ? y = 0

ectu x=0;y=1;y =3

BapuanTt 2

1. Haiitu oOmee pemenue auddepeHInaTbHOTO YPAaBHEHHS C  Pa3aeisIONIAMUCS
NEPCMCHHBIMHU.

xy +y=20

2. Haiitn wactHoe pemeHue audPepeHInanbHOr0 ypaBHEHUS C Pa3eIsIOUIMMUCS
[IEPEMEHHBIMMU.

—_ zd_x h— T = JF =
(1 x]dy—l—x;} O,ectux =0,y =4

3.Haiitu pemenue ogaopogHOro qudHepeHIHATLHOTO YPABHEHHSI IEPBOTO MOPSIIKA.
x2+y2—2xy*y =0

4. Haiitu obmiee pemenue nudepeHnanbHOro ypaBHEeHUS 2-T0 MOPSIKA.

y —4y +4y=0

5. Haiiti yactHOe pemieHue auddepeHInanbHOro ypaBHEHHsI 2-T0 MOPSIKA.

y +4y —5y=0

ectu x=0;y=4;y =2

Bapuant 3

1. Haiitu oOmee pemienue auddepeHnnaIbHOr0 ypaBHEHUS €  Pa3AesIoNIUMUCs
NepPEeMEHHBIMH.

yy +x=10

2. Haiitu wactHOe pemeHue MU(PEPEHINAIBHOTO ypPaBHEHUSI C Pa3esIOIMIUMHUCS
NEPEMEHHBIMH.

dy +ydyxdx=0,eciux=0,y=1

3.Haiitu pemenue onHOpoaHOTO AU (HEepEeHIINATEHOTO YpaBHEHUS IEPBOTO MOPSIIKA.

1'2}1' = :}12 + Xy

4. Haiitu oGiee pemenue audepeHnnanbHOro ypaBHEHUS 2-T0 TOPsIKa.

y —4y=0

5. Haiit yactHoe peienue nud@epeHnnaibHoro ypaBHeHUs 2-ro NopsaKa.

Yy -4y =0x=0;y=2y =8

Bapuanr 4

1. Haiitu oOmiee pemeHue auddepeHINaTbHOTO ypaBHEHUS C  Pa3elsIOIUMUCS
MePEMEHHBIMHU.

v’y +y=0

2. Haiitn yactHOe perieHne MU(GEPEHINATEHOTO YPAaBHEHHS C Pa3AeNAIONMMUCS
HepeMeHHLIMI/L

2x—1 dx 5 0

— = — ecmUX=5y=

y+1 dy’ 'y

3.Haiitu pemenue onHOpoaHOTO AU (HEPEeHITNATFHOTO YpaBHEHUS IEPBOTO MOPSIKA.
xiyiy +yx?=1
4. Haiitu oGmiee pemenue nud@epeHnuanbHOro ypaBHeHuUs 2-ro nopsaKa.

y +3y —4y=0



5. Haiitn wactHoe pemeHue nuddhepeHInaibHOT0 YPaBHEHHS 2-T0 MOPSIKA.

y =2y +y=0x=0;y=3;y =7

Bapuant 5

1. Haititu oOmiee pemenue auddepeHInanTbHOT0 YpaBHEHUS K pa3eliioIUMUC
NEPEMEHHBIMH.

:}JI —] l}!

2. Haiitm wactHoe pemeHue auddepeHInaIbHOr0 YpaBHEHUS C pa3AeisSIOIIMMUCS
NEPEMEHHBIMH.

(1+y)dx—(1—x)=0,ectux=0,y=1

3.Haiitu pemenne oqHOpoAHOTO UG GEPEHIIMATHEHOTO YPABHEHHSI IIEPBOTO MOPSIIKA.

xyidy = (x* + y*)dx

4. Haiitu o6miee pemenue audepeHnanbHOro ypaBHEHHUS 2-T0 TIOPsIKA.

y +4y =0

5. Haiitn yacTHOe pemenue qudpepeHnaIbHoro ypaBHEHUS 2-T0 MOPsIKa.

y 43y +2y=0,x=0;y=1;y =4

Bapuanr 6

1. Haiitm oOmee pemenune nup@GHepeHuaTFHOTO YpaBHEHUS K pa3AeisiONIMMUCS
NEPEMEHHBIMH.

x2y'+y=0

2. Haiitu yactHoe pemieHue nudQepeHMaIbHOTO YPaBHEHUS C Pa3eliOIUMUCS
MepPEeMEHHBIMH.

2y =y,ecux=0;y=1

3.Haiitu pemenne ogaopoaHoro qudhepeHIansHOro ypaBHeHHsI IEPBOTO MOPsIIKa.

(x% —2yHdx + 2xydy =0

4. Haiftu oGmmee pemenue 1uddepeHIualbHOro ypaBHeHNs 2-T0 HOpsIIKa.

y +4y=0

5. Haiitu yacTHOe pemieHue qudpepeHaIbHOro ypaBHEHUS 2-T0 MOopsIKa.

y =2y =0x=0;y=2;y =6

3anucaThb BBIBOJI.

IIpakTnueckas padora Ne 25
Tema: Auredpaunyeckasi, TPUTOHOMeTpHYeCKAasi U NMOKa3aTeJbHasi (popMbI 3anmucH

KOMIIJIEKCHOTO 4YucJja.
He.]'lb paﬁoTbI: HAay4YUTb CTYACHTOB IIpaBUJIaM pa6OTLI C KOMIIJICKCHBIMHU YU CJIaMH

Teopernyeckasi 4acThb
1.1.1. AnreOpauyeckasi, TpPUTOHOMETpHYECKas M TMOKa3aTenbHas (OpMBI 3amucu

KOMIIJICKCHOI'O YHCJia

Yuicso BUAA: Z = 0, + i HA3BIBAIOT KOMILIEKCHBIMH, T7€ & — ¥ -1_ MHHMAas eJUHUIA, TIPH
b 9

3TOM =1 .

0 — ACHCTBHUTEILHASA YaCTh KOMIUIEKCHOTO unciia Z. Ee o0o3Haudaror: o = ReZ;

B — KOMUYeCTBO MHUMBIX €TUHUII, MU MHUMAs 4aCTh KOMILIEKCHOTO YHCIIa:

B=1ImZ

JIBa KOMIUIEKCHBIX 4YHMCJa CUMTAIOTCS pPaBHBIMHU, €CJIM pPaBHbl B OTJEIBHOCTH UX
I[GﬁCTBHTG.HBHBIG U MHUMBIC 4aCTH, T.C.

=0y i 2y =0y £,



Zy = Iy, ecau vy =ay u Py =6

KommiekcHoe uncino OyneT paBHBIM HYJIIO TOTAA U TOJIBKO Torna, korxa o =0 u = 0.

r=o+ il Z=a -,

Kommrexkcaple uymcia OTIMYAIIUMECA TOJBKO 3HAKOM

MHHUMOM YaCTU, HA3bIBAXOT CONPAINCEHHBIMU.

=0+

3anuch KOMIIJICKCHOI'O YHcia B BHUAC IIPUHATO CUHUTATh €TO0 anre6pa1/1quK0171

dbopmoii.

oO——"«
Puc. 1.1.1

KomirexkcHble unciia IreOMCTPpUUICCKU I/I306pa)KaIOTC$I TOYKaMH Ha IIJIOCKOCTH.

Otioxum Ha ocn % OTPE30K, PaBHBIA JEHCTBUTEIBHON 4aCTH KOMIUIEKCHOIO YUCIIA —

El

{h .
o. Ha ocu = - OTPC30K, paBHbIM YHUCITY MHHMBIX CIUHUIL B Touka Ha MHIOCKOCTH XOy C
KOOpAuHAaTaMu ((I,B) ABJCTCA T'COMECTPUYCCKHUM I/1306pa)KeHI/ICM KOMIIICKCHOI'O 4HCJia

=+ ue 1.1.0),

[Tpu sTOM OCBH X yaspiBatoT KeiiCTBUTENBHOM OCbI0, TaK KaK TOYKH, JIXKAIINE Ha HEM,
COOTBETCTBYIOT JI€HCTBUTENBbHBIM uMciaM. [locienqHue MOXKHO paccMaTpuBaTh KaK 4acTh
KOMIUIEKCHBIX, Y KOTOpBIX 3 = 0.

El — 3
TO‘H(I/I, JeXalmue Ha OCH = , COOTBETCTBYKOT 4YHUCTO MHHMBIM YHCIaAM z iﬁy

El

KOTOPBIX O = 0. HOBTOMy OChb + IIOJIy4YHJIa Ha3BAHUC MHHMOH OCH.

CoenMHUM Hayano KOOpAUHAT Ha KOMIUIEKCHOM IJIOCKOCTH C TOYKOM Z=u+if (puc.

1.1.1). [Momyuum paamyc-BeKTOp {}E{u*ﬁ}. Mogayne paauyc-BeKTOpa WU OJUHA OmMpesKd,

=0+

COCAUHAOMICTO HavYallo KOOPpAHWHAT C TOYKOM , Ha3bIBAOT MOAYJIEM KOMIUICKCHOTI'O

yucia. OH paBeH:

Mzmz_

MOIIYJ'II) KOMIIIEKCHOT'O YHCJIa SIBJISICTCS 0etiCmMEUmMeTbHbIM YUCTOM.
Vr OJI, Ha KOTOpBIfI HYKHO IOBCPHYTH OCb O B MOJIOKUTCIIBHOM HaIlpaBJICHUU (HpOTI/IB

YacOBOM CTpENKH) JI0 COBIAICHUS C PaJHyC-BEKTOPOM Uz , Ha3BIBAIOT aAp2yMEeHmMOM
KOMIIJIEKCHOTO YHcIIa, 0003HAYAIOT:

AEI=0

OdeBHIHO, YTO y OJHOTO M TOTO K€ KOMIUIEKCHOTO 4YHcla OyaeT OecurciIeHHOe
MHO>KECTBO apryMeHTOB. B caMoMm Jiene, ecnu K yrily ¢ mpuOaBUTh LIETI0€ YHCIO 000POTOB, TO
MOJIO)KEHWE TOYKM HAa KOMILJIEKCHOM MJIOCKOCTH HE M3MEHHTCA. YTOJN (¢ TONYyYHSl Ha3zBaHUE
211a6H020 3HAYeHUs APTYMEHTA KOMITJICKCHOTO Jucia. Ero 0003HavaroT ¢ MaJIeHbKOW OYKBBI:

B

g7 == arelg —
u.

Bce 3naueHus aprymMeHTa KOMIUIEKCHOTO YMciia 0003Ha4Yato0T ¢ 00O OyKBBI:



AFZ=0+2Th, w010,

Boipazum AefCTBUTENbHYI0 U MHUMYIO YacTH YHUCIA Z=a+if yepe3 ero MoIylb U

apryMeHT

o =|z|cos(p + Ink)

B =|z|sinlo + 2rE)

[ToncraBmnss 3HaueHUs o ¥ 3 B anredpandeckyro GopMy KOMITJIEKCHOTO YUCIIA, TOJTyYnM:
z=|z[[cos{p + 2=k} + isin{o+ 2ak)]

[Mocnenusist popmya SBISETCS TPUTOHOMETPUUECKOI (POPMOIT KOMIUIEKCHOTO YHCa

Bripaxxenue Buna
Hatizny

z=|z| e

Ha3BIBAIOT MTOKA3aTEIbHON (POPMOI KOMITJIEKCHOTO YHUCIIA.

Ntak, KOMIUIEKCHOE YHUCIIO MOXKHO MPEJICTABUTh B TpeX (opMax:

anredpandecKou Z=o+if3

rpHroROMeTpIecKof |z[[cos{e + 2rE) + isin{o + 27k)|
7= |Z| e;‘{sg+23;ff}

IIOKa3aTCJIIbHOU

IIpumep 1. [IpencraButh B anredbpandeckoit hopMe KOMILUIEKCHOE YHUCIIO

EN
—i

F=¢%

Pewenue. KoMiuiekcHOe 4yHMCIO JaHO B TOKa3aTeNbHOM (opme, ero Moxyib | | ,
it
@=—
apryMeHT 4 HaiizieM eiCTBUTENBHYIO ¥ MHIMYIO YacTH:

V2
2
2

i
o=|z|cosp= cos—=

: -
ﬁ—|z|9§31{§)—sang—

Takum o6pazom
IIpumep 2. Ilepeiitu oT anredpandeckoit K MokazaTeabHONU (popMe KOMIUIEKCHOTO YUCiia

Z=—1.

A
M-

Puc. 1.1.2

Pewenue. 1na nannoro yucna o =0; B = —1, Haiijem ero MOAyJb U apryMeHT:

|z|=\fff L =\/€}: (-1 =t




3
Q=—

2 (puc. 1.1.2)

—5i

X
CrnemoBarenpao —* =€

IIpakTnyeckas padora Ne 26

Tema: JleiicTBUSI HAJl KOMILIEKCHBIMH YHCJIaAMHU

Leab padoThl: HAYYUTH CTYACHTOB MIpaBHJIaM PaOOThI C KOMIJIEKCHBIMH YUCIIaMU
3agaum 1J151 CAMOCTOSITEJILHOTO PeleHus.

[IpencraButh B anredpanveckoil popMe KOMIJICKCHBIE YUCTIA!

T ke

i— —

1 7=¢y 7=¢%
3

E;E

2 r=e g I=¢-

i— .
3. fi=&€7¢g IT=8

[lepeiitu oT anredpanyecKoil K TPUHOTOMETPUYECKON U TIOKa3aTeNbHOM Gopmam:

2 z= 242319 z=-3/3-3i

I=——+—
g z=-23+2iyy 22
o 2=3-33i1p 7= 34

1.1.2. Jle¥icTBus HaJ KOMILJICKCHBIMH YHCIIAMHU
CnoxxeHne ¥ BbIUMTAHUE KOMIUICKCHBIX 4YHCENl Yyao0Hee MpOBOIUTh, KOT/a OHHU

3alrucCadHbl B anre6pa1/1quK017I (l)opMe, npu 35TOM HX JIECTBUTEIILHBIE W MHHUMEBIE YacTH

CKJIaAbIBAKOTCA WUJIM BBIYUTAKOTCH.

3+58 . z,.=5-H

TMpumep 3. Haittn ¢ ~ %2 ecom <t ~ ;

(B

PaccmoTpuM yMHOKEHHE KOMIUIEKCHBIX YHCEN B alireOpandeckoi popme.
JlaHbl ABa yucna:

z, =0y + 1
7, = U, +f§33

- b ~
. 7oy =0, i, Mo, B,
Hy>xHo HaiiTn mpousBeneHue & I {oy =B ey = B;) :
[TepeMHOKUM JIBYXUJICHBI ITO TIPABUIIaM aJreOph:

Zyvzy Soy0y B, By + B,

eCIH yHecT, uTo & =1y =-L TO TIOJTy4HM:
z, -5y =ogoy — BB, = #oBy + B )

Takum o00pa3om, yMHOXEHHE KOMIUIEKCHBIX 4YHCeT B anredpamveckoil ¢opme

IMPOBOAUTCH 110 OOBIYHEIM anre6pa14quI<HM IIpaBHJIaM.

CneayeT OTMCTUTH, YTO MPOU3BCACHUC COIMNPAKCHHBIX KOMILIICKCHBIX YHUCCIT SABJIACTCA

€N CTBUTEIILHBIM YHuCJIOM, B CaMOM J€JIC

o+ Bia—P)=a’ - P =a’ +f°



[TycTb KOMITIEKCHBIE YHMCIIa JaHbI B IOKa3aTeNIbHOM Gopme

i
£A -

7 =lz| €™ z=|z| e

Haitnem ux npoussenenue
Z,-7, = |zi| . |2é|€i{‘”+*i+=+“ﬁz}

PesynpTar mepeMHOXEHHS JABYX KOMIUIEKCHBIX 4YHCENl MOXHO 3amucarb B
TPUTOHOMETpHUYECKOH opMe:

[cos(o, +@,) +isin(y, +9,)]

Z; 27y =|3;|

Zn

Urak, npu yMHOXKEHUU KOMIUIEKCHBIX YUCE B MOKA3aTEIbHOW M TPUTOHOMETPUUYECKOU
dbopmax MOAYJIU IEPEMHOKAIOTCS, @ ApTYMEHTBI CKJIaIbIBAIOTCSI.

JleneHre KOMIUIEKCHBIX YHCEN, TaK )K€ KaK U YMHOXKEHHE, yJIOOHEe MPOBOJUTH, KOT/A
OHM 3aIMCaHbI B IOKA3aTEILHOW UM TPUTOHOMETPUYECKOH hopMax.

Haiinem yacTHOE OT ejIeHUs IBYX KOMIUIEKCHBIX YUCEN:

4 _ |2:]e™ _ |zi|€f{¢;—:¢1}

SN 15 e? |z K

A E[ﬂﬁﬁ(ﬂ:&; - @)+ isin{g; — ;)]
9] fz|

Takum oOpa3om, Npu AeNE€HUU KOMIUIEKCHBIX YUCENl UX MOJIYJHU JENATCS, & apryMEHThI
BBIUHTAOTCA.

JleneHne KOMILIEKCHBIX YHCET MOKHO MTPOBOJIUTH U B alireOpandeckoit popme.

Paccmotpum 310 Ha nnpumepe.

-1

=
Ipumep 4. Boruncnursb b+

Pewenue. YMHOXHUM YUCIIMTEIIH M 3HAMECHATEIb Ha COIIPAKECHHOC YHCJIO 3HAMCHATCIIIO 1

1—1i  (1-iy 1-2i<i 2 _

t+i {1+ifi- t-# 2

Takoii sxe pe3ynbTaT nosyyaeTcs nIpu nepexoie K noxkasareiabHoi Gpopme
im’ g
3 4 —=
-1 _ JEE —e 3
T+1i i
\Ee’ri

L .
el = cos270 +isin2707 =—i

3agaum 115 CAaMOCTOSITEILHOI0 pelieHusl. BeraucinTs:

1. (2 + 3i) (3 - 5i);

2.(1+31)(2+1);

3.83+51)(83-51);

2+1

4. 3-5.

HpI/I BO3BCACHHMU KOMIIJICKCHOTO 4YHCIa B MOCIYHO IIOJOXUTCIBHYHO CTCIICHb B
MOKAa3aTeIbHON WM TPUTOHOMETPHYECKON (opmMax €ro MoAyjab BO3BOJIUTCS B 3Ty CTENEHb, a
apryMeHT YMHOXA€ETCs Ha JAHHYIO CTEIEHb.



niIn

i o HmerlmEl
27 =g - T
3anuiieM pe3ysbTaT BO3BEACHHUS B IIENYIO0 CTENEHh B TPUTOHOMETPHYECKON Gopme
Fi . o .
2" =|2| fcos{ne + 2xk) + isin{ne + 2k )]

Oty dhopmyiy Ha3beIBaroT hopmyioit Myaspa.

Ipumep 5. Beruuciutb R - 5 P
Pewenue. llepeiinem k mokaszatenbHOW ¢opme. Haiimem Moayiab ©u  apryMeHT

13

I=— +i—
KOMIIJICKCHOI'O YU CJia 2’ I
(1 (B
lz|= i = +[ Cop B 32
5 | 7 o=arcig- =wcig— =
M. r i‘_ _,-" o 2.'1
H '}/ T
@=areigf3 =60" =2
3
Z
W=(e ¥ =e" =cosa+isinn=-1

3amayu 1JIsl CaMOCTOSATEILHOTO pelenusi. Beraucints

g (-if3Y

-+
, =07,

(1<)’
g iy

(-
AN

W3BneucHne KOpHA N-0#i CTeneH! M3 KOMIUIEKCHOTO YHCJIa MOXKHO paccMaTpuBaTh Kak

1 1

— o

OTIepaInio BO3BEIEHNs KOMIJIEKCHOTO YiCia B APOOHYIO cTemeHb ! T.e. VG =7
Ecnu koMIIeKcHOE YHCIIo B TPUTOHOMETPHYECKOi dhopMme, TO

; g - b rs -
—_ il 3 A h . G-

— — + 2wk o + 2k

Wz = 7= =z} - cos[cﬁ_ !+:sm§ 97 <R

R ,J SO

Le— 1

[Mpunasas k — 3naverus ot 0 10 N — 1 MONXYyYUM N — pa3IMYHBIX KOMIUIEKCHBIX YHCEN, Y
KOTOPBIX MOJIYJI OJJUHAKOBBIE, 4 ApIYMEHTHI Pa3HBbIE:



arg =
IMpu k=0 H

&rg?\,z/—:ﬁ}LZHI @ i% 4
Hpnkzl 1 il il

&rgﬂg L:?_5_2::{12:{%) 2_?52
Tpu k = 2 noooH

+2Iv- — o
ara 4 o+lrn-{n-1) @ 2= (7 —1)
Hpuk=n-1 7t H
4 2

argdfz =27 R_B  on

Ipu k =n H

£

HOCJ’IGI[Hee 3HAYCHHUE apryMeHTa 4ucia COBIIAAACT C IICPBBIM IIPU k=0.

I/ITaK, KOPCHb N-0#i cTeleHn M3 KOMIUICKCHOTO YHciia UMeeM N — Pa3JIMIHBIX 3HAYCHUMH.

[

HpI/I BBIYMCJICHUHY 3HAUCHUIN £ MMOJIB3YHOTCA q)OpMy.HaMI/I IMPUBCACHUA:

sin (90° + x) = cos x; |[Sin{180°x xy==sinx, sin (270° £ X) = - cos
’ X,
cos (90° + x) = —sin x; COS{1807 = ¥) = —cos.x || €03 (270760 = sin
’ X,
¥ TaOIHIIEH:
Tabnuma
it " T it
Paguan — — — —
4 4 3 2
I'pamyc 30° 45° 60° 90°
1 3
sin x — £ £
2 RS 2
COS X é £ i
2 2 2
3
tg X £ Jg -
3
ctg x NE @
3

IIpumep 6. HaiiTu Bce 3HaueHus KOpHS ff__i .

JleficTBUTENBHOE YUCIO —] MOXHO paccMaTpuBaTh KakK KOMIUIEKCHOE, y KOTOPOIO
neicTBuTeNnbHas yacTb: o = —1, a MHuUMast = 0, T.e.:

i=—i=-1=+i-0

3anuiieM 3TO YUCIO B TPUTOHOMETpUUYeCcKoil gopme. [[i1st 3Toro Haiiiem ero Moayib U
apryMeHT.



lz| = foc =871 |-1|= -1y =0° =t

0
g = arctgﬁ; arg{-Ii=0= arctg—l =arctet
{1’_ f—

Puc. 1.1.3

Tak kak tge = 0 npu @ = 0 ¥ @ = 7, MOCTPOUM YHUCJIO «—1» Ha KOMIUIEKCHOU TJIOCKOCTH
(puc. 1.1.3), ero apryMeHT paBeH

arg(-1)=¢=n=180°
ClleZIOBaTeNIbHO, TPUTOHOMETpHYECKas popma yrcia «—1» cienyromast:
—1=1{cos{180% + 2ak) + isin(180° + 2%k)]

CornacHo (hopMyIie BEIYHCICHUS KOPHS UMEEM:

:
Z 180% + 2wk . 1807 + 2wk
§-1=1¢ |:C{}S—§ M fsin— =T E

!

Kopenp miecToil cTemeHHM HMeEeT WECTh 3HAYEHUM, KOTOPbIE MOYHO HAWTH, €CIIU
MoJIOXKUTh K paBHbM 0, 1, 2, 3, 4, 5.

B ~ - T ) \/5 -I

§—1=1(cos30° +isin30%) = 1= +i=

IMpu k=0 2 2
T k = 1 -1 = Hoos(30° + 607 + isin(30° < 607 =1

§/-1=1(cos(307+120%) + {sin (307 + 1209 = —

_ _ 2-

IMpu k =2 LSS B4

§-1= Heos(30% +1807) +7sin(307 + 1307 = N3 ;’i
TMpuk =3 — cp530° — sin 30° 2 2

§—1=1(cos(30°+ 2407 + isin (307 + 240y = —i
HpI/I k=4 T ki

. . e NEES

§-1= Heos(30%+300%) + 1sin{30° + 3007 = —7+ zE

—_—y—————— —_—
MMpuk =5 I s

Bce mects 3HaUeHMI KOpHS &\/__i MMEIOT OJIMHAKOBBIE MOJAYJIN M OTJIIMYAKOTCS APYT OT
JIpyra TOJIBKO 3HAuE€HHEM aprymMeHTra. Ha KOMIUIEKCHOM IUIOCKOCTH OHHU pacCIIOJIOKEHBI B
BEpLIMHAX IPABUJIBHOIO IECTUYTOJIBHUKA C LIEHTPOM B Hayaje KOOPAUHAT.

3agaum 1J19 CaMOCTOATEIbLHOI0 pemieHus. HaliTu Bce 3HaU€HUS KOPHSL.

1. -1



4 N2-2i

5 23+ 20

8 Y-8« isf3

[IpakTuueckoe 3anstue 1.2. HeonpeaeneHHblii uHTErpai. MeTo MoABEICHUS MO 3HAK
muddepenimana. Meroa 3aMeHbl IEPEMEHHOM

OcHoBHasi iuTEpaTypa:

1. KouetkoBa, U. A. Matematuka. [Ipaktukym [DnekTpoHHBIN pecypc] : yueOHoe mocodue / U.
A. Kouetkosa, XK. . Tumomiko, C. JI. Cenezenb. — DIEKTPOH. TEKCTOBBIE JaHHbIE. — MUHCK :
PecnyOnukanckuid MHCTUTYT npodeccronanbHoro oopasosanus (PUII0), 2018. — 505 ¢. —
978-985-503-773-7. — Pexum nocryma: http://www.iprbookshop.ru/84874.html
2. Pactormuuna O.M. Beiciias matematuka [ DneKTpoHHBIN pecypc] : mpaktukym / O.M.
Pacrormunna. — DneKTpoH. TEKCTOBBIE aHHbIe. — M. : MOCKOBCKHMIA MeIarornYeCKuii
rocyaapcTBeHHbIN yHUBepcuTeT, 2017. — 138 ¢. — 978-5-4263-0534-2. — Pexxum goctymna:
http://www.iprbookshop.ru/72486.html

JlonoJiHUTeIbLHAS JIUTepaTypa:
1. AmmaroB A.B. Marematuka [DnekTpoHHBIN pecypc] : yueoHnoe mocodue ms CITO / A.B.
AnmnatoB. — DJEKTpOH. TeKcToBble faHHble. — CapartoB: [IpodobpazoBanue, 2017. —

96 c. — 978-5-4488-0150-1. — Pexum nmoctyna: http://www.iprbookshop.ru/65731.html

2. I'puropbes B.I1. Dnementsl Beicuieilt MaremMaTuku. —M.: OULL «Axagemus», 2016.


http://www.iprbookshop.ru/84874.html
http://www.iprbookshop.ru/72486.html
http://www.iprbookshop.ru/65731.html
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