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IHosicHuTeAbHAA 3aNIMCKA

JInsi MHOTMX CTYJEHTOB 3HAYUTENbHYI0 TPYAHOCTh MPEACTABISIET pEUICHUE 3a1ad.
[ToaTOMY B TaHHBIX METOJUYECKUX YKA3aHUSX IJTABHOE BHUMAHUE YJIEJICHO PELICHUIO0 TUIIOBBIX
IPUMEPOB U 3a/ay, NOSICHSIOIIMX TeopeTHdeckuil martepuan. OAHAaKo Npexae ueM HayaTb
pelmars 3TH NPUMEPHI HAA0 JOOUTHCA IOJIHOM SCHOCTM B IOHUMAHUM COOTBETCTBYIOLIMX
TTOHSATHUH.

B Havane Kaxxaol TEMBl KpaTKO M3J1araroTCs OCHOBHBIE TEOPETUYECKUE CBEJICHUS
(ompenenenus, Gopmyiibl), HEOOXOTUMBIE NJIsl PEIIeHUs MOCienyromux 3anad. llpuBogsTcs
pELIeHUs] THIIOBBIX IPUMEPOB U 3a/1a4. J[aroTCsl yIpaKHEHHs Ha 3aKPEIJICHUS TEMBI.

BrinonHenue cTyieHTaMu IPaKTHUECKUX padOT HAMpPaBIECHHO Ha!

- 0000111IeHNe, CUCTEeMAaTHU3AIIHIO, YIITyOJIeHHE, 3aKPEIUICHNE MOTyYeHHBIX TEOPETHUECKUX
3HaHWI 0 KOHKPETHBIM TEMaM;

- (opMupoBaHUEe yMEHHI MPUMEHSTH MMOJyUYEHHbIC 3HAHUS Ha MPAKTUKE M pean3aIiio
€MHCTBA NHTEJUIEKTYaJIbHON U IPAKTUYECKON JESITEIbHOCTH;

- pa3BUTHE HHTEIUICKTYAJIbHBIX YMEHHH y OyAyIIuX CHEIHaJUCTOB: aHAJTUTHYECKHX,
MIPOCKTUPOBOYHBIX, KOHCTPYKTUBHBIX H JIP.;

- BBIPaOOTKY MpPHU PEHICHHH IMOCTABIEHHBIX 3a7ad TaKuX MPO(PECCHOHAIBHBIX KAaueCTB,
KaK CaMOCTOATENIbHOCTh, OTBETCTBEHHOCTh, TOUHOCTh, TBOPYECKAsI UHUIIMATUBA.

B pesynbrare ocBoeHus yueOHOM NUCHUTIIMHBI 00YYaIOUIHIICs TOJKEH YMeTh:

- BBIIIOJIHATh ONEpalMU HaJ MaTpullaMd U pelaTh CHUCTEMbl JIMHEHHBIX
YPaBHEHUU;

- MPUMEHATh METObI TU((HepeHIINaTbHOTO U UHTETPATIbHOTO UCYUCIICHHUS;

- pemats nuddepeHnmanbHbie ypaBHEHUS;

B pesynbrare ocBoeHUS yueOHOM NUCIUIUIMHBI O0yYarOIIHICS HOKEH 3HATh:

- OCHOBBI MAaT€MaTHU4YECKOI'0 aHalu3a, JIMHEMHONW anreOpbl U aHAJIUTUYECKOU
FEOMETPUH;

- OCHOBBI AU PepeHIINATBEHOTO U HHTETPATBHOTO UCYUCIICHUS .

IIpakTnyeckas padora Ne 1

Tema: Onepauuu Hag MATPULIAMHA

Hean: HayuyuTbcs BEIYMCIATH ONEPALIUU HAJl MATPULIAMH.

Teoperuuecknii 6,10k Onpenenenue. Marpurieid U3 m CTPOK, n CTOJIOIIOB HA3BIBACTCS
MpSIMOYTOJIbHAST TAaOJUIlA YHUCEN ; - JJEMEHT MAaTpHIbl; 1-HOMEp CTpOKH; i=1,...,m; j-HOMEp
cronbua, j=1,...,n; m, n — nopsiaku Matpuisl. [Ipy m=n - kBajpaTHas MaTpuLa.

Omnpenenenue. OnpeaenureneM N-ro NOpsiaKa, COOTBETCTBYIOUIMM MaTpUIIE, HA3bIBAETCS
YHCIIO.

JUist BBIYUCIIEHUS! ONIPEESIIUTENSE MOKHO UCIIOIb30BaTh 3JI€MEHTHI IPOU3BOJILHONW CTPOKU
WM CTOJIOIA.

Onpenenenve. AnredpandeckimM JTOTIOJHEHHE 3JIEMEHTa Ha3bIBA€TCS YHUCIIO, PABHOE .

Omnpenenenne. JIOMONMHUTENBHBIM  MHHOPOM  JJIEMEHTa  MAaTpUIbl  HAa3bIBA€TCS
OTIPEeNIeNIUTENb MATPHUIBI N-1-TO TMOpsaKa, TOTYYCHHBIH W3 MaTpPUIBl BBIYEPKHUBAHHEM i-OH
CTPOKH U j-TO cTOJNOLA.

TpancnoHrpoBaHre MaTPHULBI — TaKOE MPEoOpa3oBaHUE MATPHIIBI, TPU KOTOPOM CTPOKH
CTAHOBSITCS CTOJIOLAMH C COXPAaHEHHEM MOPsIJIKA CIeJOBAHUSI.

CaoiicTBa onpenenuTene.

[Tpu TpaHCTOHUPOBAHUN MATPHIIBI ONPEACTUTEIh HE MEHSETCS.

[Ipu nepecTaHoBKe JTOOBIX IBYX CTPOK (CTOJIOIIOB) ONpEAETUTENb MEHSET TOJIbKO 3HAK.

[Ipu ymHOXeEHUM CTPOKHU (CTOJIOIa) HA HEKOTOPOE YKCIIO ONpPEAeTUTeNlb YMHOKAETCs Ha
9TO YUCIIO.



Benuunna onpenenutens He HM3MEHSETCS, €CIM K D3JEMEHTaM HEKOTOPOH CTpOKHU
(cronbima) mpubaBUTh COOTBETCTBYIOIIUE FJIEMEHTHI APYTON CTPOKH (CTOJI0I1a), YMHOKEHHOM Ha
HEKOTOPOE YHCIIO.

Omnpenenurens paBeH HYIIO, €CIIN

- BCE JIEMEHTHI HEKOTOPOM CTPOKH (CTOI011a) paBHBI HYJIIO.

- IBE CTPOKH (CTOJIOIA) OJMHAKOBHI.

- IB€ CTPOKH (cTOn011a) ONpeIeTuTeNs TPOMOPIIMOHATBHBL.

MeTo1b1I BEIYUCTICHUS OIIpeienTeNei.

1). Paznosxenue no cTpoKe Win CTOJOLLYy.

2). Metoa obparmieHust B HyJIb BCE€X, KDOME OJHOIO, 3JIEMEHTOB CTPOKU WM CTOJOIIA.
MeTon cOCTOMT B TOM, YTO C Y4YE€TOM CBOMCTB ONpPENENUTENS MPH MOMOIIM KaKoro-mudo
cTonbua (CTpoku) MyTEM YMHOXKEHHUS €ro Ha COOTBETCTBYIOIIME YWUCIAa M BBIYUTAHUS U3
OCTaJIbHBIX CTOJIOIOB (CTPOK), 3aHYJISFOTCS BCE JIEMEHTHI BEIOPAHHOW CTPOKH (CTONOIA) Kpome
OJIHOTO0, IPUHAJICIKAIIETO BHIYUTAEMOMY CTOJIOIY (CTPOKE).

3). Meron mnpuBeneHUs K TPEYroabHOMY BUAY. AJTCOpUTM, MPEUIOKEHHBI B
OpeIbIAYIIeM NYHKTE, HCIONB3YeTCs Ui TOCIEIOBATEIBHOTO 3aHYJICHUS BCEX JIIEMEHTOB
NepBOM CTPOKH (CTONIOIA) KpOME OJTHOTO, BTOPOU CTPOKH (CTONIOIa) — BCEX KpoMe IBYX U T.1. B
UTOTE OIpeleuTeNs npeodpa3yercs K TPeyrojibHOMYy BHAY. BennduHa Takoro omnpeneauTens
paBHa MPOU3BEJCHUIO JIEMEHTOB IJIABHOM AHArOHAIH.

4). BpbluucieHue ¢ HUCIOJNb30BaHHEM TeopeMbl Jlamnmaca, coryiacHO KOTOpOi
OTIpENIeNIUTENb - TO TIOPSIKa PaBeH CyMME MpPOU3BEICHHH BCEX €ro MHUHOPOB -TO MOpPsIKa,
CTOSIIIIMX B BBIJICJICHHBIX CTPOKaX (CTOJIONAX), HAa UX aJIreOpandecKue JIOMOJIHCHHUS.

Martpuiibl, oniepanyy HaJl MaTpULIaAMU

Omnpenenenne. CyMMOI MaTpHIl OJHOTO MOPSAKA HA3bIBACTCS MAaTpUIa C DIIEMEHTaMHU
, Te

Omnpenenenue. [lpousBeneHueM MaTpuilbl Ha YUCJIO HAa3bIBAETCA MaTpUlla TOTO Ke
MOPSTIKA C DIIEMEHTAMH .

Omnpenenenue. llpousBeneHueM MaTpuilbl Ha MaTpHIly Ha3bIBaeTCs MaTpulia ¢
DIIEMEHTaMH , T]Ie

3agaHus 1J1s pelieHus HA 3aHATHH
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BprancnuTe onpeaenuTens:

IIpakTnyeckas padora Ne2

Tema: Boruuciaenue onpeaenureneil. Haxoxaenue o6paTHoii MaTpuub

Ilenb:  HAYYUTHCS BBIYMCICHUIO ONPENCIUTENCH, BBIUUCIATH OOpaTHYIO
MaTpHUILY

Teoperuueckni 0J10K Onpenenenue. Onpenenurenem n-ro MOpsIZIKa,
COOTBETCTBYIOIIUM MaTpPHIIE , HA3bIBAETCS YHCIIO .

Jlj1s BBIYMCIIEHUS! OIPEEIUTENS MOKHO MCIIOIb30BaTh AJIEMEHTHI MPOU3BOJIBHON CTPOKU
WX CTONONA.

Onpenenenve. AnredpandeckiM JIOTIOJHEHHE 3JIEMEHTa Ha3bIBAETCS YHUCIIO, PABHOE .

Onpenenenue. [loNONHUTENBHBIM MHMHOPOM  3JIEMEHTAa  MaTpUIbl  Ha3bIBAETCS
OTpeNieNUTeNb MaTpHULbl N-1-rO mopsaka, MOJYYEHHBIM M3 MaTpUIbl BBHIYEPKHUBAHHUEM 1-OM
CTPOKH U j-TO cTOJNONA.

TpancnoHrpoBaHuEe MaTPHULBl — TaKOE MPEOOpa3oBaHUE MATPHIIBI, IPU KOTOPOM CTPOKHU
CTaHOBSITCS CTOJIOIIAMH C COXpPAaHEHHUEM MOPSIKA CIETOBaHMUSI.

CBoiicTBa onpeenuTenei.

IIpu TpaHCOHUPOBAHUN MATPUILIBI ONIPEACITUTENh HE MEHSETCSI.



[Ipu nepecTaHoBKe JMHOOBIX ABYX CTPOK (CTOJOIOB) OMPEAETUTEIh MEHSIET TOJIBKO 3HAK.

[Ipu ymMHOXeHUU CTPOKHU (CTOI0Ia) HA HEKOTOPOE YUCIIO OMPESTUTENIb YMHOKASTCS Ha
3TO YHCIIO.

Ecnmu Bce COOTBETCTBYIOIIME SJIEMEHTHI KBAJIpAaTHBIX MATPUI[ OJHOTO MOPSIKa
OJIMHAKOBEI, 32 HCKIIFOUEHUEM JIEMEHTOB OJTHOH 1-0i CTPOKH, TO

Bennuuna onpeaenuTens HE HU3MEHSETCSA, €CIUM K DJIEMEHTaM HEKOTOPOW CTPOKHU
(ctonbua) npubaBUTh COOTBETCTBYIOIINE JIEMEHTHI APYTON CTPOKH (CTOJIONA), YMHOKEHHON Ha
HEKOTOPOE YHCIIO.

Omnpenenurens paBeH HYJIIO, €CIIU

- BCE AJIEMEHThI HEKOTOPOI CTPOKH (CTOJIONA) paBHBI HYIIIO.

- IB€ CTPOKH (CTOJIOIA) OJTUHAKOBBHI.

- IB€ CTPOKH (cTO01a) OnpeaeauTes NPOnOpIuOHATBHEL.

MeTo1bI BEIYHCTICHUS ONIPeIeIUTENeH.

1). Paznoxenue no cTpoke Wi CTOJOILY.

2). Meton oOpamieHust B HyJb BCE€X, KPOME OJHOTO, BJIEMEHTOB CTPOKH HIIM CTOJIOLA.
MeToa COCTOMT B TOM, YTO C YYETOM CBOWCTB ONPEACIHUTENS MPU IMOMOIIM KaKoro-iubo
cTonbua (CTpoku) MyTEM YMHOXKEHHUSI €ro Ha COOTBETCTBYIOIIME YHCIAa M BBIYUTAHUS U3
OCTaJIbHBIX CTOJIOIOB (CTPOK), 3aHYJISIOTCS BCE AJIIEMEHTHI BEIOpAaHHOW CTPOKH (CTONOLA) Kpome
OJIHOTO, MPUHA/IIEKAIIETO BEBIYUTAEMOMY CTOJIOIY (CTpPOKeE).

3). Meton mnpuBeneHUs K TPEYroJbHOMY BHUIY. AJTOPUTM, NPEIIOKEHHBIH B
OpeIbIAYIIeM MYHKTE, HCIONB3YeTCs Ui TOCIEIOBATEIBHOTO 3aHYJICHUS BCEX JIIEMEHTOB
MepBOi CTPOKH (CTONOIA) KPOME OJIHOTO, BTOPOUM CTPOKH (CTOJ011a) — BCEX KpOME JBYX U T.1. B
UTOTE OIPENeUTENb MpeoOdpazyeTcs K TPEyroabHOMY BUAY. BenmunHa Takoro ompenenuTes
paBHa MTPOU3BEICHUIO HIEMEHTOB TIIABHOM TUOTOHAIIH.

4). BpluucieHue ¢ HUCIOJNb30BaHHEM TeopeMbl Jlammaca, coryiacHO KOTOPOi
OTpeAeNuTeNb - TO MOpsAKa paBeH CyMME€ IpPOM3BEICHUN BCEX €ro MUHOPOB -TO TMOPSJIKa,
CTOSAIIUX B BBIJCIIEHHBIX CTPOKaX (CTONOIAX), HA UX alredpandeckue TOMOTHEHHS.

3ananus QUi pelieHnsi HA 3aHATHH

TpaHcOHMPOBATH MATPUILIBI:
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IIpakTnyeckas padora Ne3
Tema:Pemienne cucreM JTHHEHHbIX YPAaBHEHH I



Heanb: mnpuoOpereHre 0a30BBIX 3HAHUKW B 00JacCTH (PYHIAMEHTAIBHBIX pa3lesioB
MaremaTuku. I[IpoBepka yCBOEHMS 3HAHMH 1O CHCTEM N JIMHEWHBIX YypaBHEHUH C n
nepemMeHHbIMH TI0 opmynam Kpamepa. [ToBTOpUTE M CHCTEMaTH3MPOBATH 3HAHUS 1O JTaHHOW
TEME.

3anaum:

* pa3BUTHE TBOPYECKOTO MPO(HECCHOHATEHOTO MBIIIICHHS;

* [I03HaBaTEeJIbHAsI MOTUBALUS;

* OBJIaJICHUE S3bIKOM HAYKH, HABBIKU ONEPUPOBAHUS MOHATUSIMU;

* OBJIa/ICHUE YMEHHUSMHU U HaBbIKAMH IIOCTAHOBKU U PEIICHU 3a]1aY;

* yriyOJeHne TeOpeTUYeCKol U MPAKTHUECKOM MOArOTOBKH;

* pa3BUTHE UHUIMATUBBI U CAMOCTOATEILHOCTH CTYICHTOB.

X0/ MpaKTUYECKOT0 3aHATHUS.

1.®opMynHupoBaHUE TEMBI 3aHATHS, TOSICHEHHE CBSI3M TEMBI C IPYTUMHU TeMaMU y4eOHO
JUCLIUIINHBL,

2.1IpoBepka rOTOBHOCTH CTYJIEHTOB K 3aHATHIO;

3.IlpoBeneHue HEMOCPEICTBEHHO 3aHITHUSI COIJIAaCHO TEMAaTHUKE M B COOTBETCTBUU C
paboueii mporpaMMoil TUCIUTIIMHBIL:

» U3yunuth Teoperuueckuil marepuan no teme «CUCTeMbl n JTUHEHHBIX YpPaBHEHUN C n
MEPEMEHHBIMI.

» PaccMoTpeTh mpuMepsl pelieHus: TUIOBBIX 3a/1aHui.

> BeimoHuTh camocTosaTenbHyto padoty no pemeHuio CJIAY.

> OTBETUTH Ha KOHTPOJIbHBIE BOIPOCHI.

Teopernueckue cBeACHUS U METOIMYECKUE PEKOMEHIALIUN

10 PELICHHUIO 3a/1a4.

Merton Kpamepa.

(I"'abpuens Kpamep (1704-1752) mBeinapckuii MaTeMaTHK )

JlaHHBII METOJl TaK)Ke€ MPUMEHUM TOJIBKO B CIy4Yae CUCTEM JIMHEHWHBIX YpaBHEHUH,
IJle YUCJIO NMEepEeMEHHBbIX COBMAJaeT ¢ 4MUCiIoM ypaBHeHHH. Kpome Toro, HeoOXoAMMO BBECTH
orpaHuueHust Ha Koa(pduuueHTsl cucteMbl. HeobxonnmMo, 4ToObl Bce ypaBHEHHUS ObLUIN JTMHEHHO
HE3aBUCHMBI, T.€. HU OJIHO YPaBHEHHE HE SBJSIIOCH Obl INHEHHOM KOMOMHAIIMENH OCTAIbHBIX.

Jl51g 5TOr0 HEOOXO0IMMO, YTOOBI ONPEAEIUTENb MATPUIIBI CUCTEMBI He paBHsuIcs 0.

det A #0;

JIeCTBUTENBHO, €ClIM Kakoe- JTUOO ypaBHEHHE CHCTEMBbl €CTh JIMHEHHas KOMOHMHAIUs
OCTaJIbHBIX, TO €CIIM K D3JEMEHTaM Kakoh- Ju00 CTPOKM MNpHOaBUTH 3IIEMEHTHI JPYTOM,
YMHO’KEHHbIE Ha KaKoe- TM00 YKCII0, C TOMOIIIbIO JIMHEHHBIX IPeoOpa30BaHU MOYKHO MOJIYYUTh
HYJIEBYIO CTPOKY. OIpenenauTenb B 3TOM cilydae OyJ1eT paBeH HYJIIO.

Teopema. (ITpaBuno Kpamepa):

Teopema. CucteMa u3 n ypaBHEHHI C N HEU3BECTHBIMU

B Clly4ae, €CIM ONPEESIUTENb MAaTPUIIBI CHCTEMBI HE PaBEH HYJII0, UMEET €AMHCTBEHHOE
pellIeHHe U 3TO PelleHre HaXoAuTcs 1Mo (popmyiam:

Xi = Ai, roeA/

A = det A, a Ai— onpeieNuTeNIb MATPHIIBI, TOTYIaeMOI U3 MATPHIIBI CUCTEMbI 3aMEHOMN
cTosbna i cToa010oM CBOOOIHBIX YIEHOB bi.

Al =

[Tpumep.

AA=; 1A=; 2A=; 3=;

X1A = 1/detA;  x2A = 2/detA, X3A = 3/detA,

[Ipumep. Haiitu pemienue cucTemMsl ypaBHEHUN:
==54-9)+(2-12)-(3-8)=-25-10+5=-30;A

Al = = (28 —-48) - (42-32) =-20-10=-30.



x1IA=1=1;A/
A2 = =5(28 —48) — (16 — 56) = -100 + 40 = -60.

X2A=2=2;Al
A3 = =5(32-42) + (16 — 56) = -50 — 40 = -90.
x3A=3=3.A/

Ecnu cucrema ogHopoaHa, T.e. bi0 cucremMa MMeeT €AMHCTBEHHOE HYJIEBOE
pemenue x#A =0, Tonpu 1 =x2=... =xn=0.
= 0 cucrema nmeeT OeCKOHEUYHOE MHOXKECTBO pemeHuid. Allpu
JU1 caMOCTOSTENIBHOTO PELICHMS:
Oteer: x=0;y=0; z=-2.

»KOHTpOIBHBIE BOIIPOCHL:

1.Cucrema u3 “m” IMHENHHBIX YpaBHEHUH € “n” HEU3BECTHBIMHU.
BekropHo-MaTpuuHas popma 3arucH.

2.PacuivpeHHasi MaTpuiia CUCTEMBI.

3.01HOpOIHBIE U HEOTHOPOIHBIE CUCTEMbI YPaBHEHUH.

IIpakTnyeckas padora Ned

Tema:Pemenue cucreM JiMHelHbIX ypaBHeHuid 1o popmyaam Kpamepa

Henab: npuodOpereHne 0a30BbIX 3HAHMM B 00JIaCTH (PYHIAMEHTAIBHBIX pa3/IeiioB
MareMatuku. [IpoBepka yCBOEHMs 3HAHMM II0 CHUCTEM N JIMHEHHBIX YpPaBHEHUHM C n
nepeMeHHbIMH 110 popmysiaMm Kpamepa. IloBroputh U cucteMaTu3supoBaTh 3HAHUS 1O JaHHOU
TEME.

3ajauu:

* pa3BUTHE TBOPUECKOTO MPO(HECCHOHATBHOTO MBIIIICHHUS;

* [I03HaBaTeIbHAs! MOTUBALUS;

* OBJIAJICHUE S3BIKOM HAYKH, HABBIKU OIIEPUPOBAHUS NTOHATUSIMY;

* OBJIAJICHUE YMEHUSMHU U HaBBIKAMM [IOCTAaHOBKH M PELICHUS 3a/1a4;

* yriyOJeHne TeOpeTUIeCKol U MPaKTUUECKOM MOATOTOBKHY;

* pa3BUTHE MHULIUATUBBI U CAMOCTOATEIBHOCTH CTYIEHTOB.

X0/ MPaKTUYECKOTO 3aHATHS.

BhINONMHUTE caMOCTOATENBHYIO paboTy MO PELICHNUIO CUCTEM N IMHEWHBIX YpaBHEHUH C n
nepeMeHHbIMH 110 hopmynam Kpamepa.

Bapuanr 1 Bapuanr 2
1. 1.

{;r—l—-y—l—:, =d4x4+2y+dz=Tx+y+oz= {2:{:—|—y—23:lx—y+3;:43;{;+y+z:
2 2.

{8x—2y—2z=0x4+3y—22=04z+y+2:{z+y—22=022x—-3y+2=02x—2y—z

yKoHTponbHBIE BONIPOCHL:

1 Pemenrie 0IHOPOJHON ¥ HEOTHOPOIHOM cucTeM MeTooM [ aycca.
2.01HOPOIHBIE CUCTEMBI U UX CBOMCTBA.

3.DOKBUBaNICHTHBIE CUCTEMBI.

IIpakTnyeckoe 3ansaTue Ne 5

Tema: Onepauuu HaJg BeKTOpaMH

Heas: Hayuutp cTyneHTa UCNOAB30BAaTh CBOMCTBA JIMHEHWHBIX OINEpaluil ¢
TEOMETPUYECKMMH BEKTOpPaMH, CKAISIPHOIO IIPOU3BEICHUS BEKTOPOB Ul pELIEHUs 3aaad
BEKTOPHOU ayreOpbl



Teopernuecknii 6,10k

B ¢wusuke, mexaHuke, XUMHH BCTPEYAIOTCS BEJIUYHHBI, KOTOPBIE IOJIHOCTHIO
XapaKTepU3yIOTCsS TOJBKO UHCIOBBIM 3HadeHweM (ckaispom). Hampumep, wmacca Tena,
KOHIIEHTpAIlMsl pacTBOpa, NaBlieHUE ra3a, TeMmIeparypa u T. A. Takue BEIMYMHBI HA3bIBAIOTCS
CKaJsIpHBIMU. BMmecTe ¢ Tem, Uit 3a1aHust CKOPOCTH, CHJIBbI, YCKOPEHHsI HEOOXOIMMO 3a/1aTh HE
TOJIbKO UX YUCJIOBOE 3HAYCHHUE, HO U HAaIpaBJieHUE JIEUCTBUS B IPOCTPAHCTBE. Takue BeTMYUHBI
HA3BIBAIOTCS BEKTOPHBIMHU.

BEKTOPHAS AJI'EBPA — pa3nen BEKTOPHOIO HMCUMCICHHS, B KOTOPOM H3y4aroTCs
MpoCcTeHIre onepanuu Haj (CBOOOIHBIMHU) BEKTOPaMHU.

Onpenenenue 1. ['eomeTpuyeckuM BEKTOPOM Ha3bIBAETCS HANpPaBICHHBIA OTPE30K

OpsIMOM, T. €. OTPE30K, AJII KOTOPOTO yKa3aHbl OIpaHMYMBAIOIIME €ro TOYKa Hayajla U TOYKa
KOHI[a BEKTOpA.
Ecmu Touka A — Hauano BEKTOpa, a TOuka B — KOHEI BeKTOpa, TO BEeKTOp 0003HAYaeTCs

A &L &

L1 1 8
a b o
cumBosiom A8 BekTopsl Takke 0003HAYAOTCS MaJIBIMU JATHHCKUMH OyKBamMu: “ = * W T. II.
b
—
a
AT B
e
[
A

Puc. 1.
Omnpenenenue 2. Yucro, paBHOE AJMHE BEKTOPA, HA3BIBAETCSA €0 MOYJIEM.

L
yr 43|
Moxnyns Bextopa 48 0Go3nauaercs cumBonom .
BexTop, MOAYJ b KOTOPOTO PaBEeH HYIIIO, Ha3bIBAETCS HYJIEBBIM BEKTOPOM M 0003HAYAETCS

1 —
cuMBosioM @ ( F,| _u). HyneBoMy BeKTOpy MOXHO MpumIHcaTh J00oe HampaBieHue. Bce
HYJIEBbIE BEKTOPHI PaBHBI APYT APYTY.
Onpenenenue 3. BeKTopbl Ha3bIBAIOTCS KOJUIMHEAPHBIMU, €CJIM OHU NapaJuleIbHbl OJHON
npsamMoii (puc.2).

B D B C Puc. 2.a Puc. 2.0

Ll
Ecim  ga  Bextopa ABy <D
A KOJIJIMHEAPHBI, TO 3TO o0o3Hauaercs

C LT 1§ LT 1§
A D CIENYIOIUM 00pa3oM: AB| |C’D Bexropsl,

u-.ll (111
I/I306pa)KeHHBIe Ha pHuc. 2.8., Ha3bIBAOTCA COHAIIPABJICHHBIMHU, 0003HayUaeTcs Tak AB D , a
BCKTODPBHI, I/1306pa)KCHHBIC Ha puc 26, HA3bIBAIOTCA MPOTHUBOIIOJIOXHO HAIIPAaBJICHHBIMU.

. LT o
CHMBOJTHYECKH 9TO 3ammchiBaercs Tak A8 TNep .
3ameuanue. CoHamnpaBiIeHHBIMH M MPOTHBOIOJIOXKHO HANpaBI€HHBIMH MOTYT OBITH
TOJIBKO KOJUINHEAPHBIE BEKTOPBI.
Tax xak HyneBOW BEKTOp JIEKUT Ha JIF00OO0I MPSIMOM, TO, TIO OINPEIETICHHUI0, OH CUUTAETCS
KOJUTMHEAPHBIM JIF00OMY BEKTOPY U MEPIEHAUKYIISIPHBIM JIFOOOMY BEKTODY.
Onpenenenne 4. BeKTopbl Ha3bIBAIOTCS KOMILJIAHAPHBIMU, €CJIM OHU NapaJIIEIbHBI OJJHOMN

IIJIOCKOCTH.

Omnpenenenue 5. J[Ba BekTopa AB ; €D yazpparores PaBHBIMH, €CJIA BBIIIOJHEHBI
CJIEAYIOUINE yCIOBHS:

1. Momymu 3TUX BEKTOPOB PaBHBHI;
2. BEKTOPHI COHAIPABJICHHI.



CHMBOJIIHYECKH DTO onpez[eneHI/Ie MO>KHO 3aIUCaTh CJIEIYIONNUM 00pa3oM:

o o [l43[-[CD

L Illl
ATt con.
i ) i )
Ecnu cuutath, 4TO Ha pUCyHKE 1 BEKTOPBI JI€XKAT B OJHOM INIOCKOCTH, TO E#=E€  TO ecTb
i ) i ) i immm

@y €. paznpie 0603HAYCHHS OHOTO M TOTO XKe BekTopa. Bextopsr #u ABnpn pasnex mmmnax
HE paBHBI IPYT APYTY, TaK KaK UMEIOT pa3HbIE HAIIPAaBICHHUS.

Takum oOpa3om, ans 3aaaHusi J1I0OOOTO0 BEKTOpA JOCTaTOYHO yKa3aTh €ro MOIYJb H
HampaBlieHUue, HE (DUKCUPYS TOYKY MPUIOKEHHUS (HAYaIO BEKTOpAa MOXET HAXOIWTHCS TIe
yroano). Mcmonb3yst omnpeneieHre paBEHCTBA BEKTOPOB, TAaKOM BEKTOp BCErAa MOXKHO
MEPEMECTUTh IOCTYIATENbHO, C IMOMOIIBI0 MapalieIbHOrO MepeHoca, B TPeOyeMyl0 TOUYKY
MIPOCTPAHCTBA.

3ameuanue. MHorna cBo6oaa BEKTOpa OrpaHUYMBACTCSI, HAIIPUMeED:

a) €CcIM KpoMe BEKTOpa 33J1aHa €ro TOYKa MPUIIOKEHHS, TO OH Ha3bIBAETCS CBSI3aHHBIM
(paaunyc-BeKTOp);

0) ecimu KpoMe BEKTOpa 3ajjaHa €ro TOYKa HalpaBJICHUS, TO OH HA3bIBACTCS CKOJIB3SIIUM
(BEKTOp YIJIOBOM CKOPOCTH PACIIOJIONKEH IO OCH BpAIICHHUS );

B) CBOOOJIHBIN BEKTOP HE OTPAHUYEH HUYEM.

B nanpHeiimeM, eciu 3TO HE OrOBOPEHO CIHEIUAIBHO, Mbl OyleM IMOJIb30BaThCA
MOHSTHEM CBOOOIHOTO BEKTOPA.

-

Jlns mo6oro Bektopa <48 onpenennm mpotuBomoIOKHBIA eMy BeKTOp, 0003HAYACMBIIl
B4 takoii, 4TO MOZYIM ITHX BEKTOPOB PAaBHBI, OHM KOJUIMHEAPHBI, HO IIPOTHBOIONOKHO
1 3 1 3

HarpaBJeHbl. BekTop, mpoTuBononoxubi BekTopy &, o603Hayaror — .

Puc. 3

i i

Ecii B IpOCTpaHCTBE 3a1aHbl 1Ba Bektopa @u #10, mcmomns3ys onpeencuue papencTsa
BEKTOPOB, UX MOXKHO MPUBECTH K OJTHOMY Havairy (puc. 3).

SP
TF

Puc. 3.

1 ) )
Torma yrmom mexnay Bektopamu @u & yaspBaeTcst HamMeHB LTI yron j (GI[0,p]), Ha
i ) i

KOTOPBII HY>KHO ITOBEPHYTh BEKTOp % 10 COBMAJIEHUS C BEKTOPOM b

['eomeTrpuueckne BEKTOPBI SIBISIOTCA NPEIMETOM TaK Ha3bIBAEMOI'O BEKTOPHOTO
UCUHUCIIEHUS, MOJ00OHO TOMY, KaK YHCla SBISAIOTCA MPEIMETOM apupMeTuKku. B BekTOpHOM
VUCYHUCIICHUM HAJ BEKTOpaMU IIPOU3BOAATCS HEKOTOPBIE OIEpalud, KOTOPBIE SIBIIAIOTCS
MaTeMaTHYECKUMHU a0CTPaKIUsAMH AHAJOTHYHBIX OIepalyii, MPOU3BOAUMBIX C Pa3INYHBIMU
KOHKPETHBIMU BEKTOPHBIMH BEJIMUYMHAMHU B (PU3UKE.

JIuneliHple onepanuy HaJ BEKTOpaMHu

JInHEeHHBIMU OIlEepalusMHA Ha3bIBAIOT OIEPALAI0 CIOKEHHS BEKTOPOB U OIEPALHIO
YMHOKEHUSI BEKTOpa Ha 4Kcio (cKasip). B ocHOBY ux omnpeneneHus MOJI0KEHbI U3BECTHBIE U3
MEXaHUKH 3aKOHbI B3aUMOJEHCTBHS BEKTOPHBIX BEJIMYHMH — CUJI, CKOPOCTEHN U T. 1.

1. CnoxeHne BEKTOPOB.

i 4

Ecnu nansl nBa Bexktopa %u & 10 pacrojararpT UX Tak, YTOObI Ha4aJIo BTOPOTO BEKTOpa
) i

COBIIAJIO C KOHIIOM TIEPBOTO BEeKTOpa. Torma cymmoii BeKTOpoB Zu & yaspiBaetcst Takoi BEKTOD,


http://pandia.ru/text/category/abstraktciya/

KOTOPBI COEAMHSET Hayalo IMEePBOrO BEKTOpa C KOHIIOM BTOoporo (puc.4). Takoe mpaBwiio
CJIOKEHHSI BEKTOPOB HA3bIBAETCS IPABUIIOM TPEYTOJIbHUKA.

AHaNoruyHoe TMpaBWJIO CIOXKEHUS (MPaBUJIO MHOTOYrOJbHUKA) JEUCTBYeT W MJis
HECKOJBKHX BEKTOPOB (puc. 5).

[ —
3 i

d

a8 BB dia
Puc.4 Puc.5
Ecnu nBa BekTopa mpuBeAEHBI K OJHOMY Hadally, TO HX CyMMOH OyZeT BeKTop,
00pa30BaHHBI JHATOHANBIO TMapajljiesiorpaMMa, IOCTPOCHHOTO Ha O3THX BEKTOpax Kak Ha
CTOPOHAX, M BBIXOJAIIMNA M3 00mero Havyana (puc. 6). OTO MpaBUIIO CIOKEHUS BEKTOPOB

HAa3bIBACTCA MPAaBHUJIOM IapaJuiCiiorpamMma.

[

z

Puc. 6
W3 BBeICHHBIX BHIIIE MTPABUII CJI0KEHUSI BEKTOPOB BBHITEKAIOT CIIEIYIOIINE CBOMCTBA ATON

OIepanuu:
1. E+5-F+8 CBOMCTBO KOMMYTATHBHOCTH OIEPAIUH CIIOKEHUS;
NN N |
2. — CBOMCTBO aCCOLMATHBHOCTH OTIEPAIIUH CIOKEHHMS;
=
E+(-£)=0 .
3. — HQJIMYHE POTHBOIIONOKHOTO 3JIEMEHTA;

4. £+8-F_ HaJIMYUe HyJEBOrO DIIEMEHTA.
2. BelunTanue BEKTOPOB.

i ) i )

[l
Pa3zHocThIO ABYX BCKTOPOB Iy 'E'Ha?»BIBaeTCH BCKTOD, paBHHfI CyMMC BCKTopaaI/I
[l [l

BeKTOpa (- b MIPOTUBOMOJIOKHOTO BEKTOPY b

£-L-8-(})

Ecnu BekTopbl mpuBefeHbl K OOIIEMy Hayaly, TO BEKTOp, PaBHBIM pa3HOCT
i

X1

i )

ABIIACTCA BTOpOI\/JI AWuaroHajiblo ImapajuicjiorpamMma, ImOCTpOCHHOI'O Ha BCKTOpax b7 bKaK Ha
L

CTOPOHAX. HpI/I 9TOM HA4YaJIOM 3TOI'0 BEKTOpaA ABJIACTCA KOHCI BEKTOpa & (pI/IC 7)

Z

Puc.7
3. YMHOXKeHHE BEKTOpA HA CKaJAp.

i )

Ompenenenue 6. [IpousBenennem Bektopa @Ha NEUCTBUTENBHOE YMUCIO | Ha3bIBaeTCs
1 i §

HOBBII BEKTOp, oOo3HauaeMblii | &, Takoif, 4TO €ro MOAYJh paBEH MOJIYJIO BekTopa @,

I I
=l a1
YMHO>KEHHOMY Ha MOJyJIb yHcia 1, T. e. , 1 BekTopbl ¥y | & conampasnens! npu 1>0

U MIPOTUBOIIOJIOKHO HampasieHsl rpu 1<0.



[IponsBeneHrne BeKTOpa Ha YHCIO O00JagaeT CBOMCTBAMH, KOTOPBIC JIETKO J0Ka3aTh
i i

reoMeTpuuecku. [{s qro0bIX 1eHCTBUTEIBHBIX YHCEI A 4 Vi mo6eix BEKTOpOB @y b

1. 1- A=k YMHOXKEHHE Ha €AUHULLY,
2. 4 (Vg): (‘lv)'l;- CBOMCTBO aCCOIMATUBHOCTH 110 OTHOIIECHHUIO K YHCIIaM,

3. {1 ‘|'V}ll:l'= 4 gl,..['-l-lfg_ CBOMCTBO ,I[I/ICTpI/I6YTI/IBHOCTI/I OTHOCHTCIIbHO CJIOKCHHS YHCCII,

2E+8)-a8+ 20

CBOMCTBO JUCTPUOYTHMBHOCTH OTHOCHUTEIIBHO  CJIOXKEHUS
BEKTOPOB.

N3 onpenenenys U CBOMCTB BBITEKAIOT CIEAYIOIINE ITOJIE3HbIE 1)1 IPAKTUKU PABEHCTBA

(Da=—0-a=o 2-0=0

Enunuynelii  BekTop. Bekrtop, MoOaynb KOTOpPOrO paBE€H €IWHHULE, Ha3bIBACTCS
€JUHUYHBIM BEKTOPOM.

i )

BGKTOp, I/IMCIOH_[I/Iﬁ HaIpaBJICHUE BEKTOpa 7| MOAYJb, paBHBIﬁ CANHULEC, HAa3bIBACTCA
o
1 1}

OPTOM HaIIPaBJICHHA BCKTOpPaA & OpT 0003HaYaeTCs CUMBOJIOM x
[l

Jnst mo6oro 3agaHHOrO BeKTopa ZIIerko moiay4uTh ero opt. s 3Toro HEoOXoamMo
L1}

2 =
p m
BEKTOp Zpa3jesuTh Ha €r0 MOMYJIb!
Paznoxenue BekTopa 1o 6asucy
Omnpenenenue 7. MHOXECTBO BEKTOPOB Ha MPsIMOM HA30BEM OJHOMEPHBIM BEKTOPHBIM

IMPpOCTPAHCTBOM, MHOXCCTBO BCKTOPOB Ha  IINIOCKOCTH — JABYMCPHBIM  BCKTOPHBIM

IPOCTPAHCTBOM, B IIPOCTPAHCTBE — TPEXMEPHBIM BEKTOPHBIM IIPOCTPAHCTBOM.
4 A
abel
Jlerko HpOBepI/ITL yto ecnmu & — Kakoe-TO BEKTOPHOE IIPOCTPAHCTBO, = , B _

4HCIT0, TO '“'E'EL 'BHEL

Onpenenenne 8. .HI/IHGI/IHOI/I KOM6I/IHaLII/IeI/I BeKTOpOB i, 82, — s

A Po.— B yaspisacres Bextop ﬂa+ﬁm +—+ fraas

¢ KodpduureHTamMu

Ha pucynke 8 npuBeieHbl IpUMeEpPH! JIMHEHHBIX KOMOUHAIIHINA:

i
Bekropsl # =77% Ha pucyHke 8 u h= gpnsorcs MMHEMHBIME KOMOHHAIIMSIMH BEKTOPOB

F=0at2-2 d=21-b—% g-a+05b+3c h=0a+051+0c

D, s

FOBOPSIT, 4YTO BCEKTOp 'E'paCKJ'Ia)II)IBaeTCSI 0 BEKTOpam , €ClIIn 'E'HBJ'IHGTCH
LT 8

[l
JIMHENHOMN KOM6PIH8.I.IPI€I>1 9TUX BCKTOPOB, T. €. IPCACTAaBUM B BUIC LE ,ﬂﬂl-l-ﬁzm ‘l'—‘l'ﬁﬂs .

JaMeuaHue.
| | 1 1

1) Ecntu @ #9010 m060ii Bektop &, xommmmeapHbiii 2, IpeICTABHM, W MpHYCM

€MHCTBEHHBIM 00pa30M, B BUJE b=Aa , Tae A _gucno



i L 3 i

2) llycts %n & Ba HEKOJUTMHEApHBIX BeKTopa. Tornaa 1000t BeKTOp €, KOMIUTaHAPHBIHA
1 i

¢ BekTopamu ®u &, packnagsisaercs no vum: € =FEY P npyuen eqpHcTBeHHBIM 0GpazOM.
1 1 1 m

3) Ilycts &, by e_ HEKOMIUIaHApHBIE BEKTOPHI. Torma ar000il BEKTOP dpacxnaz[LIBa-
- i i L
€TCsI IO ATHM BEKTOpaM: d =aat fbtyc , IPHYEM JIMHCTBEHHBIM 00pa3oM.

Takum 006pazom, B 1F000M BEKTOPHOM MPOCTPAHCTBE JIIOO0H pa3MEepHOCTH €CTh CHCTEMA
BEKTOPOB, 110 KOTOPOM PaCKJIaAbIBACTCS KaXIbIii BEKTOP MPOCTPAHCTBA, IPUYEM SIMHCTBCHHBIM
o0pazom.

Onpeneneune 9.  bBasucom  BektopHoro mpoctpactBa  LGymem  HaswiBaTh

YIOPSAOYEHHYIO CHCTEMY BEKTOPOB IPOCTPAHCTBA, COCTOSIIYIO: M3 OJHOTO HEHYJEBOTO
BEKTOPA, €CJIM TPOCTPAHCTBO OJHOMEPHOE; M3 [JBYX HEKOJUIMHEAPHBIX BEKTOPOB, €CIH
IPOCTPAHCTBO JIByMEPHOE; W3 TpeX HEKOMIUIAHAPHBIX BEKTOPOB, €CIH IPOCTPAHCTBO
TpeXMepHOE.

OueBuAHO, 4TO B JIOOOM BEKTOPHOM IPOCTPAHCTBE MOXKHO BHIOpaTh OECKOHEYHO MHOTO

0a3ucoB, YMCIIO BEKTOPOB B KAXJ/I0M U3 HUX PaBHO Pa3MEPHOCTH IIPOCTPAHCTBA.
1 3

Omnpenenenue 10. Koopauraramu (Miim KOMIIOHEHTaMHK) BeKTopa #B Oa3uce
i m - L8
h.hH, U

B8, £

i )

Ha3bIBAIOTCA KOI()PUIIMEHTHI paznoxenus %= @@ tdEe +_+ &l goyropy o

BCKTOpaMm basmuca.
[l

HJ’IH YKa3aHus, 4TO BCKTOPD Z yMmeeT KOOPpAHWHATBI

(@, a:) _

A, &, . HCIOJIB3YCTCS 3alliCh

OueBuaHO, YTO B (PUKCUPOBAHHOM Oa3uce Kax]blii BEKTOP UMEET CBOW, €MHCTBEHHBIH,
Habop KoopauHat. Eciu ke B3Th Apyroi 06a3uc, To KOOPAMHATHI BEKTOPA, B 00IIEM, H3MEHSITCH.
CrnosxeHue BEKTOPOB M YMHOKEHHE UX HA YUCIO CBS3aHbl C aHAJIOTMYHBIMH JEUCTBUAMHU C UX
KOOPJHMHATAMM.

JIunelHple onepanuy HaJ BEKTOpaMHu

B KOOpJIMHATHOH (opme

B e, Bk

[IycTh B BEKTOPHOM mpocTpaHcTBe & BhIOpaH Gasmc Y 33J1aHbl KOOPIAWHATHI
a 1

BEKTOPOB @BEL oM Gasuce: 2= @At @et_tGea ; A=fatfhet_ife

Torna
- IPM YMHOXXEHHUH BEKTOpPA HA YMCIIO BCE €r0 KOOPAUHATHI YMHOXKAKOTCS HA 3TO YMCIIO:

Aa(Am Aay,  Aa)
- IIpU CJIO0KCHUHU BCKTOPOB CKIIAABIBAOTCA UX COOTBETCTBYIOIINEC KOOPANUHATHI:
c=ath = cmtB.ot+hH,__ati)

3ameuanue. Bce koopnHaTBI HyJI€BOTO BEKTOPA B JII000M 0Oa3uce paBHbI HYIIIO.

3ameuanue. ba3ucHblil BekTOp ¢ HOMepoM & mMeeT KoopauHATy ¢ HOMepoM ¥ | paBHy1O 1,
a BCE OCTAJIbHBbIE KOOPIMHATHI — HYJIEBBIE.

3amevaHue. Y KOJJIMHEAPHBIX BEKTOPOB KOOPANHATHI PONOPIIMOHAIBHBI:

r r iX
ap o 2.2 %

A A A
Cucrema KOOpAMHAT.
KoopaunaTsl BekTOpa B OpTOHOPMHPOBAHHOM Oazuce
PaccmoTpuMm ciyuail TpeXMEpHOro BEKTOPHOIO IPOCTPAHCTBA (Ha IJIOCKOCTH BCE

MOCTPOEHHUS aHANOrHuHbl). OuKcupyemM HEKOTOpyIo TouKy O M BO3bMEM MPOU3BOJILHYIO TOUKY
LTl

M. Paguyc-BekTopoM TOYKKM M 10 OTHOIIEHHIO K TOuke O Ha3bIBAETCS BEKTOP oM



Eciu B pocTpancTBe BRIOpaH 6asuc, To Bektop OM packamsiBaercs mo sTomy Gasucy.
Takum 00pa3om, Touke M MOXHO CONMOCTaBUThH YIOPSIOYEHHYIO TpOWKY ducen (X, y, z) —
KOOPJMHATHI €€ PaJIyC-BeKTOPA.

Onpenenenue 11. JlekapTOoBOM cHUCTEMOW KOOPAMHAT B IPOCTPAHCTBE HAa3bIBAETCS

COBOKYITHOCTb TOYKH H 0a3uca.

Touka O HOcHT Ha3BaHWE Havana KoopauHat; npsmeie X/X , Y/Y , Z/Z, npoxoasiiue
yepe3 Havyajlo KOOpJIWHAT B HANpaBICHUU OA3UCHBIX BEKTOPOB, HA3BIBAIOTCSA OCSAMU KOOPJUHAT.
[TepBass X/X — ocwro abcrwce, Bropas Y/Y — 0Cbl0 OpAMHAT, TPEThs Z/Z — OChIO amlIlIHKaT.
[T1nockocTH, MPoXOoAAIIUe Yepe3 OCH KOOPAUHAT, HA3bIBAIOT KOOPAMHATHBIMHU IJIOCKOCTSMHU.

Ompenenenue 12. Koopaunatel (X, y, Z) paauyc — BEKTOpa TOYKH M 1O OTHOIICHHIO K

HayaJly KOOPAMHAT Ha3bIBAIOTCA KOOpJAMHATAMU TOYKM M B paccMmaTpuBaeMoil cucreme
KOOpPJAMHAT.

[lepBas koopauMHaTa X Ha3bIBAE€TCS a0OCHUCCOM, BTOpass y — OpPJAMHATOM, TPEThs Z —
anTUIMKaTOM.

AHAJIOTUYHO OMNPENENSIOTCS JEKAPTOBbI KOOPAMHATHI Ha IUIOCKOCTH: TOYKAa HMEET
TOJIBKO JIB€ KOOPJAUHATHI X U y— aObcLHCCy U OpJIMHATY.

Omnpenenenue 13. JlekapToBa cucTeMa KOOPJIMHAT Ha3bIBAETCS MPSAMOYTOJIBHOM, eciu
0a3uc 3a/1aeTcs eIMHUYHBIMU U TIOTIAPHO OPTOTOHATBHBIMU (TIEPIEHAUKYIISIPHBIMU) APYT APYTY

r

A WA Wm

i.j.k.1(1,00)

BEKTOpaMU — 0a3MCHBIMU OPTaMHU opt ocu OX;

F(0:1:0) opt ocu OY;

k(0:0:1) opt ocu OZ.

A WAL um
Bazuc (¥4 -k ) Ha3BIBAETCSA OPTOHOPMHUPOBAHHBIM.

B nanphelimeM OyieT UCMOJIb30BATHCS JEKAPTOBA MPSIMOYTOJIbHASI CHCTEMa KOOPAMHAT.
Ha puc. 9 moxasan cmoco6 wu3oOpaxkenusi toukn A(-1;2;3) mo ee KoopauHaTam

A WA 1m
OTHOCUTCIIBHO OpTOHOpMI/IpOBaHHOFO 6331/103 ! ’j’t .
Tk
o AL E)
- 1
31 :
1
1
1
1
1
. |
E 1
1 S -
A >
[ 2 ¥

Puc. 9
VrBepxknenue. Ecim  Toukn A w B 3amaHbel cBOMMH  KOOpAMHATaMH

—
A w.a). B0 y2iz) [ ABle—np-pwn-a)

T. e. ana onpeneneHuss KOOPAWHAT BEKTOpPA HY)KHO M3 KOOPJIMHAT €ro KOHIAa BBIYECTh
KOOpJAWHATHI Ha4YaJ1a.

[Ipoexnnu BekTOpa

ITycTs B mpocTpaHCTBE 337iaHa HEKOTopasi och |, TO ecTh MmpsiMas, Ha KOTOPOH OTMeUeHa
¢dukcupoBanHas Touka O W 3a/aHbl HalpaBJIEHUE U €UHMIA JUTMHBL. Toraa Kaxxaoi Touke ocu

COOTBCTCTBYCT HCKOTOPOC YUCIIO.
Onpeneneuue 14. HpOCKHHCﬁ TOukd A Ha ochb | Ha3bIBaeTcs YUCJI0, COOTBETCTBYIOIIICC

OCHOBAHHUIO MepIeHIuKYsipa AB, omyieHHOro Ha 0Ch | U3 ToukH A.



Onpenenenne 15. Tlpoekuueil Bektopa 4Bna oce | HaspiBaeTca pasHOCTH MPOEKIMI
KOHIIa BEKTOpPAa U €ro Havaua.

[Tpoexkius o603HavyaeTcs Ip 'AE. Ha puc. 10 UpAB-f-a
r

T o B !

Puc. 10. IIpoeknus BekTopa Ha OCh

Hp,;-E = Hp‘EI-}

L
Jlerko IIPpOBEPUTH, YTO €CIIN AB:CD, TO , TO €CTb IPOCKOUSA HC

3aBUCHUT OT IOJIOKEHMSI Hadaljla BEKTOPa, a 3aBUCUT TOJIBKO OT CAMOI'0 BEKTOPA.
L
Vrepxnenne. Ilycte ®— yrom, o6pasoBanHeii BektopoM ©¢ ocsio 1. Torma
I I
pr,a=|a|ms¢
Takum o00pa3oMm, MpoeKIUsi BEKTOpa HA OCh €CTh YHCIO, KOTOPOE MOMKET OBITh
MOJIOKUTEIBHBIM, OTPHUIIATEIBHBIM U HyJIeM (puc 11).

o ¥ %
Dpa-f-a

. :
Hpg-a-f

Ipa=10
Puc. 11
YTBGp)KJ:[eHHe HpoeKum{ Ha OCB CYMMBI BeKTopOB paBHA CyMMe€ UX MPOEKIUN:

le(a+b+ +t:) Ejo,a+Hprb+ +Hp,t:
VYrBepxkaenue. IIpoexkunss Ha o0OCb BEKTOpa, YMHOXKEHHOIO Ha YHUCIO, pPaBHA

L1 9 L1 9
Hpda =Allp
NPOU3BEACHUIO MPOEKIMU BEKTOpa Ha 3TO  YUCIIO: P @
L

.Onpenenenue
| §

16. TIpoekimeii Bextopa Pna extop @, @+#9 naspsaercs mpoexuus Bektopa P Ha mO6YIO
[ §

0Cb, MapalJICJIbHYHO BCKTOPY ay HMCIOIIYIO HAIIPABJIICHUC, COBIIAAAIOIICC C HAIPAaBJICHUCM
[

BekTopa .
L L m - b
[poekuust Bektopa PHa BekTop @ 0603HAUACTCS - OdeBHIIHO, UTO
- -
p _ & =}b cos @ v
- , e ®— yron mexy Bekropamu @i ¥
l. I.l. E

Koopaunatsl BekTopa ABISAIOTCS KOOPHUIMEHTAMU €r0 Pas3jiokKeHHs M0 opTam
KOOPJIMHATHBIX OCEH:
i

ala 2, .2 ) > ::=::I l:'+aj }+ax ;:

VYrBepxkaenue. IIpoexkunn BeKTOopa Ha KOOPAMHATHBIE OCH PAaBHBI KOOPAWHATaM BEKTOpA!



Opor E=Ex; Doy E=ﬂ?; Bpgz ;=ﬂx.

[ §
[Tomectum BekTop @B Hayalo KOOpAMHAT M O00O03HAYMM yepes3 x.f.y YTJIBL,
L

oOpaszoBaHHbIe BeKTOpoM & ¢ mosokuTebHbIM HampasieHueM oceid OX, OY, OZ. DTtu yrisl
L

HA3BIBAIOTCS HAPABIISIONIUMU YTJIaMU BeKTopa 2 .
Omnpenenenue 17. KocuHychl yriioB, 0O0pa30BaHHBIX BEKTOPOM C OCSMH KOOPIHMHAT,

HAa3bIBAOTCA HAIIPABJIAIOIMHMMU KOCUHYCaMH BCKTOPA.
z

Puc. 12

B cootBerctBUM C puc. 12, HampaBiSIOMMMH KOCHHYCaMu BeKTopa @ gBIsIOTCS
s ,cosf  cosy .

OTMeTHM Ba)KHOE CBOMCTBO HAIIPaBJISIOLINX KOCUHYCOB:
cos® &+ st ﬁ+|:nsz r=L

VYr1eepxaenue. KoopaumHaTel BeKTOpa paBHbI €ro HaIpaBSAIOIIKUM KOCHHYCaM,
YMHOKEHHBIM Ha JUIMHY BEKTOpa:

Ecnu BEKTOp €AMHUYHBIN, TO €r0 KOOPAMHATAMU CIIYKaT HAIIPABJIAIOIINE KOCUHYCBI:

CkansipHO€ MPOU3BEJICHUE BEKTOPOB U €r0 MPUIIOKEHUE

Kpome omnepamuii cinokeHus M YMHOKEHHS Ha YHUCIO Ha MHOXECTBE BEKTOPOB
onpejeNieHbl €lle HEeCKoJabKo omnepauuid. OnHa U3 HUX — CKaSIpHOE IPOU3BEACHHUE,
MO3BOJISIIONIEE HAXOAWTh JUIMHBI BEKTOPOB M YIJIBI MEXKIY BEKTOpAaMH IO KOOpAMHATaM
BEKTOPOB.

Onpenenenne 18. CkanspHbIM TpousBesieHHeM BekTopoB Zu ¥ uaswiaercs wumcro,
: F,

a
?_ yron mexay BexTopamu Tu ¥

oS @
, TIIe

paBHOE

3ameuanne. Ecimm OOWH N3 BCKTOPOB HYHGBOﬁ, TO Yrojia P‘He OIIPCACIICH. CKaJ'IHpHOC
MMPOU3BCACHUC B OTOM CJIydac CHUTACTCA paBHBIM HYIIIO.

CkamsipHoe mpomusseenue BektopoB @ u ¥ o6oznauaercst -8 ym (a.2) CkasipHOe

F, e e $° {&g)

MIPOM3BE/ICHNE BEKTOpa Ha ceOsr @ -d ;= &
CkanspHoe Tpou3Be/ieHHe 00J1aaeT CBOMCTBAMH, KOTOpPBIE OyIyT CPOpPMYJIMPOBAHBI B
BUJIC TEOPEMBI.

I I
a-bh=
Takum 00pa3oM, COTITACHO OIPEICICHHIO,

Teopema. Jist moObIx BekTopoB @ i 2 BLINONHEHDI ClIe/IyIONIHEe COOTHOLICHNS
[ § [

[ § [
1. @-b=b-a_ cpojicreo KOMMYTaTUBHOCTHY,;
" i a L A &

2, @ (b+c)=a-bra-c_ . o, TUCTPUOYTUBHOCTH;



i i L i

3. (Aa)-&=4 {ﬂ'b}, rae A= YUCIIO;

rz L} ]
4, & >0y, azo;
T2

5“=W;

6. Ecmn ®— yron mexy Bekropamu ®u # | 1o

a-b
COSQ@= 5+
ﬂ H
1)
[ 3 [ 8 L [ 3
7. @-8=U15r1a u Tonbko TOrMA, KOTMIA BEeKTOpHI @y b OpPTOTOHAJILHEI.
I I I I
a-b=oflp" b .o
~ ﬂ- .
8. 'eoMeTpUYECKU CMBICIT: , ecny o
-~ -
9. MexaHM4ecKuil CMBICIT: CKaIAPHOE NIPOM3BEIcHUE CUIbl ¥ Ha BEKTOp 5 paBHO pabote
L ] L1 -

A 3TOii CHIJIBI TIPU TIEpPEMEIIEHHN MATEPHANbHON TOukH 1o BekTopy &, 1. ¢. A=F -5
W3 onpenenenus CKaasipHOTO MIPOU3BEIEHUS BHITEKAET CIEIyoIIas Ta0aua YMHOXKEHUS

OpPTOB ! ’j’t KOOPpAWHATHBIX oceit:
a a &

Joi=gd=0.F k=k-i=0, j-k=k-j=0,
i-i=j- j=k-k=1.

Ecau BCKTOPbI 2y 'bB OPTOHOPMHPOBAHHOM basuce 3a/laHbl CBOUMU KOOpAWHATAMM:

alac ax.as). BB B /&) , TO (hopMyJia /ISl BBIYMCIEHUS CKAJIIPHOTO IIPOU3BEIEHUS BEKTOPOB

y b 10 KOOpAUHATaM COMHOKHUTEIIEN UMEET BU]L
a-b=m fy +op fy +q By (o)

T. €. CKaJIsIPHOE NPOU3BEACHUE BEKTOPOB PAaBHO CYMME IPOU3BEIACHUN OJHOMMEHHBIX
IIPOEKIINN.

rz _
a =|a

Tak kak r, TO, IPUMEHSISI paBEHCTBO (2), MoayuuM Gopmyity s

OIIPCACIICHUA NJIMHBI BCKTOPa d;
p.A
o v
50 .

Bripaxas uncaurens 1 3HameHartenb Gopmydsl (1) mocpeacTBoM KOOpAMHAT BEKTOPOB 2

Tr
12

u # npumensis hopmyns (2) u (3), HaxoUM

m B g fy g fy
o v vl ] B B

Mlyctb B mpocTpamctse 3ajambl  toukn — A0EW:A)y, BOwrz)  opp

oS Q=

(11§
AB(e—m.32-WM.22~A) Jnyya pexropa 4B Gyner pasna |AB| u u3 popmynsl (3) crenyer,
qTo

oy 2 2 2

|AB| :J(n —a) +t{(m-—n) +t{z—=a1) .
CBezieM OCHOBHBIE Pe3yJIbTaThl B TAOJIUILY:
Ta6muna 1



CKaIApHOE MPOU3BEICHHUE BEKTOPOB
Bun nmpoussenenus o ti; 22 %) H
HA: B i)
O6o03HayeHne &4
[TousTHE |81- [ coel2.£)
I[IpencraBieHue B KOOpAUHATAX o B v R e R
[
coa—
A
Efl-oafil
[Ipunoxenue e
2 TR
3) 4=F§

KoHTposbHbIE BOIIPOCHI

1) Ompenenenue Bekropa. JIMHEWHbIE ollepallMd HaJ BEKTOpaMH, CBOWCTBA 3THX
oIeparuu.

2) Ilpoexuuu BekTopa Ha ock. CBOMCTBA MPOEKIIMH.

3) Pa3noxxenue BeKTOpa 0 KOOpAUHATHBIM opTaM. KoopauHaTsl BeKTOpA.

4) Pagnyc-Bexktop Toukd. Moyib BekTopa. PaccTosHue Mexay 1ByMs TOUKaMHU.

IIpakTuyeckoe 3ansitue Ne 6
Tema: CkansipHoe npousBeeHle BEeKTOPOB
Heas: HayuuTp cCTyneHTa UCHOAb30BaTh CBOMCTBA JIMHEHMHBIX ONEpaluid C

FEOMETPUUECKUMU BEKTOPaMH, CKaJSPHOTO MPOU3BENEHUS BEKTOPOB I pELIeHUs 3ajad
BEKTOPHOM anreOpsl

IpakTuyeckunii 610K
Pemrenue TUNOBBIX MPUMEPOB

- a a a a a

Ipumep Ne 1. Komnmumeapus! 1 BekTopsl  #- 62-25.q="3a+h, 1

a(l;E;Slb{E;—l;ﬂ]_

(&

Pemenue.

1) Haiinem xoopaunaTs BektopoB £ u ¢ mome3ysck TeM, uTo mpu c105KeHHH BEKTOPOB

HUX KOOpAUHATBI CKJIAABIBAKOTCA, a MIPHU YMHOXCHHM BCKTOPpa Ha YHUCIO €TI0 KOOPAWHATBI
YMHOKAOTCA Ha 9TO YUCJIIO:

; (6-1-2.2.6-2-2.(-1)6-3—2-0) ;' (31423 1-1-3-340)

P(I;H;“] ?(—1;—7;—9] 2) TaK Kak
2 14 1B
1 7 9

- a

TO KOOPpAUHATBI BEKTOPOB JFiII/I quOHOpHI/IOHaHBHBI. CJ'IC,Z[OB&TCHLHO, BCKTOPLI JFiII/I 7
KOJUIMHCAPHBEI.

Ortger. Bextopsr £ u 9 xonnmuneapusr.

[Tpumep Ne 2. JlaHb1 BEPILIMHBI TpEyroJIbHUKA:
A(1-2:4) B (A 2:0).0 (3220 ) e iy croponbl 4By LBAC

Pemenne.

1) BorumciseM koopauHats Bekropos 4By AC

48 (4 —(])-1-(-250—4) 26 (3—(-L)gl (-2)1-4)

AB[-30:4] 4C[4.03]



2) Ilo dhbopmynam 11t ITMHBI BEKTOPA U CKAJSIPHOTO MPOU3BEACHHUS BEKTOPOB UMEEM
il

AE=#3‘=J{—3 ¥+ +(4) =5ed_

T THHE 1T

AB-AC——3 440-0+(—4)-(—3)=0 & AB1 AC,

o ZBAC=90°

OtBer. AB=5 en. Lﬂc=9"n.
[Tpumep Ne 3. OnpeneauTh yroi MEXy JHArOHAISIMH HapauieorpaMMa, MOCTPOCHHOTO

Ha BekTopax @=2M—Ry B=M+2R ;e M. onypyynpie BEKTOPHI, YIOI MEKITY KOTOPHIMH

0
pasen ®"
Pemenue. CnenaB cxeMaTU4e€CKU PUCYHOK,

o~
Puc. 13.

ol

Y6G>KI[3.GMC$I, 4YTO BCKTOp . COOTBeTCTBYIOH_[I/Iﬁ OJIHOM AuaroHajau ImapajjiciorpaMmma,

HaxoAuTcs 1o popmyie
LT 1§ i i

d =a+h
a aApyrou —
d, =b—a
Orcrona
ﬁ.= 3min,
o I
=—m+3in_
% @
B cuiy cBoiictBa 50 (Teopema 1) ckanasipHOTO nponsBeneHm MOJIyYUM
2 Wy L U A L %] w T I3 ' ]
m =d, =(3minyY =9m +6m-min —9F‘ +5H mc.. n:u =
_9+511.1ﬁe§'+1 —13e% = F| «ﬁ_a:ﬂ" H
Amnanoruyto,
2 T o T L &) T I )
|d, —dy =(-mt3m)=m —6m-mi9n =|
{
—1-611-cpepll +9-7 2 = |a=«ﬁ.a_ 1
-2 Haiinem ckamspHoe

MMPOU3BCACHUC BCKTOPOB q )41 dz . YuuteiBas cBoiictBo 10 KOMMYTAaTUBHOCTH CKaJIAPHOTO

npousBenieHud U (4), umMeeM
o Tr T T w; wr wWI Iy

d -dy=(3min)(—miin)=-73m - mn+9m-niin =
o o rz
o] <

Taxk xak

I FW

ncos{ 2. m)+3n =—3-1+8-1-1-1/2+3-1=4_

——3.

cusld, -2, ) e e
4

TO



sl 419 < [El,::)=amns{ﬂ,419]

\[1_3 \E OrTBer.
N T

(d .dy )=awcos(0,419).

IIpumep Ne 4. Ilon nelictBueMm cuibel B 20 H MarepuanpHas TO4Ka IMEpEMECTHIIACH IO

cacld; .y )

npsmoii Ha 2 M. Haiftu paboty, coBepmiaemyio 3TOW CHIJIOH, €CITM Yrojdl MEXIy CWIOH U

3““
HaIpaBJIEHUEM paBeH .
Pemenue. PaboTa A Beruncisiercs mo ¢popmysie

4= F-5=[F|[Sloost ¥ 5,

rae ¥ — Bextop feiicTByromeit cuibl, S — BekTop myTH. [lomydnm

A=20-2-cos30° =20 «,/Egac

Orser., -4=20 V34

3ana4u U1l perieHust
I I I I I 31

Lo a—2h, —b—3a, —a+—hb_
1. ITo nanHBIM BeKTOpaMm Z 1 b MTOCTPOUTH BEKTOPHI 2 1+ 4

2. JlaHbl BEKTOPHI a(2:-1:0).5(2:3:1 1BLI‘II/ICJ'II/ITI>Z
Iy
a) & ;

6) (3a-28)-( a+E1]_
Ortser. a) 14; 0) -12.

a a L a L a L a

3. OmnpenenuTh Npu KakoM 3HaueHud & pexropsr 2 % I-3j+1k, b=-t+ij-nk

OpPTOTOHAJILHEI.
Orger. E=—H.
L1}
4. BbluUCIUTL Kakylo pabOTy IPOM3BOAMT CHIIA F(3:1 ’5}'Korna ee TouKa
i A(2;-3:4)
IPUIIOKEHNUS, [BUTAACh II0 INPAMOM, MNEPEMECTHIACH M3 TOYKH B TOUKY

B(3:2:1)
Otser. 27 ex. pao.

5. Bextop @ cocTaBiseT ¢ OCIMU KOOPJIUHAT OCTpPbIE YIJIbI w.B.y * IpUYeM “=450,
I

a=3

£=6 . HaiiTu ero xoopivHaThl, €CJI

Ormer. @(3/42:3/2:3/2)

F o

-3

I
.
6. Bextoper Zu ¥ o6pasyror yron 3 . 3mas, uro HAlTU JUIMHY BEKTOpa

c=3a+25h

F’: =14 .73
OTBeT. en.

3agauu A7 caMOCTOSITEIbHON pabOThI

1. BBIUHCIIUTB CKaNpHOE Ipon3BeaeHne BekTopo Tu ¥ ecnu
I I I I

a=4 b=4i-3F, =

yron Mexay Bektopamu Tu #pasen 600;

a)



i i L i i

6) a=2i+ij-3k, &(1:0;4)
Otser. a) 10; 6) 14.

2. KoJutnHeapHsI JId BEKTOPBI p=3a+6b.q——a+1 b, rie 2 (1:2:-3), 5(120:-1)
Otser. Her.

3. HaiiTu yron Mexay AuaroHaJs MU HapajuleJorpaMMa, IMOCTPOEHHOIO Ha BEKTOpax
a

L a i a i

a=2i+j b=—j+12 .i:_
OrBer. [3,5]:0

4. JlaHbI BEKTOPHI

a=2i-3 j+6 i:H b=—1i+2 -2 Kk

, TIPWIIO’KEHHBIE K O0IIeH Touke.
HaiiTi opT 6HCCeKTpHCH yria Mexay @u #.
Ip
Ormer. € (~1/\A2:5/4a2 ;41 a2)

5. Iloctpouts TOYKH A(4:1).8(3:5).C(-1:4).D(0:0) . Ecnm Touku moctpoeHsl
MpaBUJIbHO, TO TOJIy4eH KBajpaT. Uemy paBHa JJIMHA CTOPOHBI 3TOro KBajaparta? KakoBa ero
miomaas? HallTh KoopAMHATHI CEpeIMHBI CTOPOH KBajIpaTa.

Orser. a= Jl_? en., $=17gg. en.,
My {3.5;31Mm {1;4=51Mm (.52 ]-Hm (2:0.5)

6. Haiitu Bextop ¥, NepNEHAMKYIAPHBIA BekTopam @=Ii+&y b=2 7K. ooy
U3BECTHO, YTO €r0 IPOEKLUS Ha BEKTOP c=i+2 j+2 Iii:pauz.Ha 1.

Otser. X(-3/2; 3/4; 3/2).

KoHTposibHBIE BOIPOCHI

1) CxanspHoe npousBeieHHE BEKTOPOB, €ro Gpusnueckoe TojakoBanue. CBoHcTBa

CKaJIIPHOTO TIPOM3BEICHUS.

2) Ilpoekmusi BeKTOpa Ha BEKTOp. YToJd MeXIy BekTopamu. HeoOxommmoe wu
JOCTAaTOYHOE yCIIOBHE NEPIIEHANKYISIPHOCTH BEKTOPOB.

3) CkansipHOE POU3BE/ICHIE BEKTOPOB B KOOPIUHATHOI (hopme.

IIpakTnyeckas padora Ne 7

Tema: CocTraBiieHHe ypaBHeHHIl PSIMOit

Henb: oTpaboTaTh yMEHHE COCTaBISATh YpaBHEHHE MPSAMOH, 33JaHHON pa3INYHBIMU
crocob6aMu; MepexoaAuTh OT OJHOTO BUJa YpaBHEHUsI IPSMOM K IpyroMy

Teoperudyeckne OCHOBBI: HOPMAJIbHBIM BEKTOpP NPSIMONM, HANPABIAIOIIMN BEKTOP
NpsIMOM, CIIOCOOBI 3aAaHUS MTPSIMOM, BUJIbl YPaBHEHUS MIPSIMOH.

B nexaproBo#i mpsimoyronbHOi cucteme koopauHat OXY Ha MmIocKoCcTH Jr00ast mpsMast
MOYET OBITh 3a/1aHa YPAaBHEHUEM B BUJIE

Ax+By+ C=0

rae kodpduunuentel N = ( A,B) - KOOpIMHATBI BEKTOpa MEPIEHAMKYISPHOTO K
3alaHHOM NPSAMOW. DTOT BEKTOP HA3bIBAIOT HOPMAJIbHBIM BEKTOpoM mpsimoi. Ecim B, TO
ypaBHEHUE NMPSIMOM Ha INIOCKOCTH MOXXHO IIPEACTaBUTh B BHJIE

y=kx+b (k=tg)
DTO0 ypaBHEHHE Ha3bIBAETCSl YPABHEHHEM IPSIMOM C TJIaBHBIM KO3 (OUIIEHTOM.
PaccmoTpuM ciryyam B3auMHO pacIionoKEeHHE JBYX MPSAMBIX Ha INIOCKOCTH
1. Ecnin ipsimble 3a/1aHHbIE OOIMMH YPaBHEHUSIMH



Aix+Biy+ C1=0 m Ax+Byy+Cy=0,

2. Ecnu ypaBHeHUe 3a[1aHbl € YIIIOBBIMH K03 puirentamMu
y=kix+by u y =kx+bhy,

Ilpumep 1. HaiiTu ypaBHeHuEe NpAMOM, NPOXOAALIEH UYEpPE3 TOUKY Mo(4,-3) wm
00pa3yoIuii ¢ OCIMU KOOPAUHAT TPEYTOIbHUK IJIOMIABIO 3.

Tax kak 3agaHHast Touka JexuT B IV dyerBepTu TO MCKOMas MpsiMasi JOJDKEH OTCEKaTh
oTpunarenbHyo 4acTb ocd OY u monoxkurenbHyro 4vacth ocu OX. Hammmem ypaBHeHUe Ha
OTpe3Kax MPOXOAIIYI0 Yepe3 JaHHYIO TOUKY.

Ecau Mb1 mogbepeM a=2 u 6=-3, TO MOIYYUM TPSIMYIO YJIOBJETBOPSIONMIEH YCIOBUE
3agaun. Takas npsiMas He OJlHA.

[Ipumep 2 . 3anucaTh ypaBHEHHUE MPSIMOM, MPOXOMSIICH Yepe3 Hadyalo KOOpJIWHAT U
o6pasyromuit yron 45° ¢ npsamoit y=2x+5.

Tak kak yroa Mexay npameiMu 45° | To 3amuchiBaeM [Ba ypaBHEHHs ¢ HEHU3BECTHBIMU Ki
u Ko.

Torma ypaBHEHMS NPAMON MPOXOIALIEH dYepe3 HadaJlo KOOPAMHAT W YIIIOBBIMU
ko3hpurmenramu Ko=-3 u Ki= OyayT COOTBETCTBEHHO

Ili1ockocTh

OcHoBHasi TeopeMa. B  Odexkapmosvix NpsAMOY20JbHbIX KOOPOUHAMAX YPAGHEHUe
000U NIOCKOCMU NPUBOOUMBCS K BUOY

VYpaBHeHue Ha3bIBaeTCs 0Owum ypasHenuem niaockocmu . KoadduunuenTsl SBIAOTCS
KOOpJMHAaTaMHU BEKTOpa N, NEPIEHAMKYJISPHOIO K IUIOCKOCTH, 3aJlaHHOW ypaBHeHHEM. OH
HA3bIBACTCSI HOPMAIbHLIM BEKMOPOM 3TOU IUNIOCKOCTH U ONPEIEIIIET OPUEHTALNIO IUIOCKOCTH B
IIPOCTPAHCTBE OTHOCUTENIBHO CUCTEMBI KOOPUHAT.

Cy1iecTBYIOT pa3iMuHble CIIOCOOBl 3aJaHMsl INIOCKOCTU U COOTBETCTBYIOIIME UM BHJIbI
YpaBHEHHUS .

1. Vpasnenue nnockocmu no mouxe u Hopmaivmomy 6exmopy. Eciu IIOCKOCT
IIPOXOJUT YePE3 TOUKY U MEPIEHAUKYIISIPHA K BEKTOPY

2. Vpasnenue naockocmu 6 «ompeskax» . ECau MIIOCKOCTh NEPECEKAET OCH KOOPAUHAT
B TOYKAX COOTBETCTBEHHO

3. Vpaenenue nnockocmu no mpem moukam. Eciu MaocKocTh NPOXOIUT YEPe3 TOUKH
HE JIe)Kallue Ha OJTHOM MPSAMOM

[pumep 1 CocTtaBuTh ypaBHEHHUE TIJIOCKOCTH, MMapalIeTbHON BEKTOPY

s = (2,1,-1) u orcekaromux Ha ocaix OX u OY orpesku  a =3, b= -2.
(OtBet: 2x-3y+z-6=0)

Hckomoe ypaBHEHME IUIOCKOCTH HAaXOAHWM M3 YCIOBHS KOMIUIAHAPHOCTU TpEX
BekTOpoB M1M, MiM>, S , a Touku umeetr koopaunatel M(X\y,z), Mi(a,0,0), M>(0,6,0) . 11o
yCIIOBUIO 3a/1aun a=2, 6= -3. Toraa
¥ OKOHYATEIhHO MoimydaeM 2X - 3y +z =0.

[Ipumep 2. BEIYUCINTB pacCTOSTHUE MEXIY IMapaJuIeIbHBIMU IUIOCKOCTSIMHU

3X+3y+2z-15=0 wm 3x+3y+22+13=0.

Jlns peuieHuu 3a7adu HaXoAWM JIFOOYIO TOUKY MPUHAIUIEKAIIYI0 Ha OJHOU M3
IUIOCKOCTH, HarpuMep cuutast Y = z= 0 U3 ypaBHEHHUS NEPBOM IMIIOCKOCTH HAXOIUM , YTO X=5
Torma mo ¢opmyne HaxoXIeHUs paccTosHUS OT naHHOM Touku  Mo(5,0,0) nmo BTOpOH
IUIOCKOCTH Haxomum  d= 4

Ayoumopnuie 3anamus:

1. Ilo naHHBIM ypaBHEHHSIM IIOCTPOUTH MPSIMbIE, HAUTH UX YIJIOBbIE KO3(DPHUIIMEHTHI U
OTPE3KH OTCEKaeMble MU Ha OCSAX KOOPJIHHAT.

2.3anucath ypaBHEHMs MPSMBIX, Ha KOTOPBIX JieXkKaT CTOPOHBI PABHOOEIPEHHOMN
Tpaneuuu, 3Has, YTo OCHOBaHUA ee paBHBI 10 u 6, a OOKOBBIE CTOPOHBI 00Pa3yIOT C OOIBIIUM



OocHOBaHueM yroi .bosbiiee ocHOBaHUE JIEKUT Ha OCH aOCIKCC, @ OCh CUMMETPUU Tpaneuu —
Ha OCU OpAMHAT

3. Cua npuiokeHa K TOUKe . 3amucaTb ypaBHEHHE MPAMOM, BIOJb KOTOPOM
HaIpaBlieHa 3Ta CUJIA.

4. 3anucaTh ypaBHEHUE MPSIMBIX, KOTOPBIE MPOXOJAAT YEPE3 TOUKY U MapajliebHbL: a)
ocu abcrucc; 0) OCHM OpAMHAT; B) OHMCCEKTpHCE IEPBOTO KOOPAMHATHOTO YIiia; T') MPSMOU
y=3x+9. 5. 3anucaTh ypaBHEHHE MPSIMOH, IPOXOAAIICH Yepe3 TOUKH

6. JIyu cBera HampaBiieH no npsiMoi HailTu KoopAuMHATBI TOYKA BCTPEYH JIydya C OChIO
U ypaBHEHHUE OTPAXKEHHOTO Jyya.

7. Touka A(-2,3) neKHAT Ha OPAMOM, NEPICHAUKYIAPHOH K mpsmoi 2X-3y+8=0.
3anucarb ypaBHEHUE 3TOU MPAMOM.
8. Touka A(2,-5) sBIseTCsS BEPIIMHON KBapaTa, OJHA U3 CTOPOH KOTOPOI'O JIEXKHT Ha
npsiMoit X-2y-7=0. BeraucauTh miomiaas keajapara. (Omeem: 5)
9. 3anucaTh ypaBHEHHUE U MOCTPOUTH MIOCKOCTh:
a) mapajuiesibHyo miockoctd OXZ u npoxosiyto uepes Touky Mo(7,-3,5)
0) npoxosrryio uepe3 ocb OZ u touky A(-3,1,-2)
B) mapayienbHyto ocu OX u nmpoxosinyo uepe3 ase Touku M1(4,0,-2),
M2(5,1,7)
I) MPOXOAAIIYIO uepe3 Touky B(2,1,-1) 1 UMeroIy0 HOpMaIbHbIH BEKTOP
n=(1,-2,3)
1) mpoxoasiryto yepe3 Touky C(3,4,-5) mapamienbHo ABYM BEKTOpaM
a=(3,1,-1) u 6=(1,-2,1)
Otgert: a) Y+3=0; 6) x+3y=0; 6)9y-2-2=0; 2) X-2y+3z+3=0; 0) x+4y+7z+16=0.
10. CocraBuTh ypaBHEHUE OJHON W3 IpaHed TeTpasipa, 3aJaHHOTO BEPIIMHAMHU.
A(5.4,3), B(2,3,-2), C(3.4,2),[4(-1,2,1). IIpoBepuTh npaBUIHLHOCTH NOTYYEHHOTO YPABHEHHUS.
11. CocTaBuUTh ypaBHEHHUE MIJIOCKOCTH:
a) nmpoxojsuieit uepes Touku Mi(1,1,1), M2(2,3,4) nepneHauKyIsIpHO K
IJIOCKOCTH. 2X-7Yy+52+9=0,
0) npoxosiiei yepe3 Touky Mo(7,-5,1) u oTcekaromielr Ha OCSIX KOOPAWHAT paBHbBIC
MOJIOKUTENbHBIE oTpe3kn. (OtBeT : a) 31X +Yy-11z2-21 =0
0) X+y+z-3=0)
12. BBIYMCIUTE YTOI MEXIY TUIOCKOCTAMU X - 2y + 22— 3=0 u 3X -4y +5=0

(OtBer : )

13. 3anucaTth ypaBHEHHE IUIOCKOCTEH, MENAIUX JBYXTPAaHHBIE VYIIBI MEXIY
IUIOCKOCTAMH 3X-y+72-4=0 u 5x+3y-5z+2=0 ( OtBerT: X+2y-6z=0,

4x+y+z-1=0)

Homawnue 3a0anun:

1.Haiitn ypaBHeHHEe TpsMOH, mpoxojsiiei yepe3 Touky Mo( -2,3) u oOpasyromumii ¢
OCSIMH KOOPJIMHAT TPEYTOJbHUK IJIOIIAAbI0 4.

2.3anucaTth ypaBHEHHE MPSMOM, MPOXOJALIEH Uepe3 Hauyaao KOOpAUHAT U 00pa3yrouHii
yron 30° ¢ mpsimoit y= - 3x+1.

3.3anmcarh ypaBHEHHE TIPSIMON TPOXOJIIeH yepe3 Touky P(5, 2) 1 oTcekaroiel paBHbIe
OTPE3KHU Ha 0csx KoopauHart. (Omeem: X +y -7=0.)

4.Haiitu ypaBHeHHE NPSAMOH, MapauienbHoN npsaMoit 12X+5y-52=0 u orcrodiieil ot Hee
Ha paccrostaue 2. (Omeem: 12x+5y-26=0 nnu 12x+5y-78=0.)

5.BBUMCINTE BETMYUHY MEHBINIETO yriia MEXAy mpsamMbiMu  3X+4y-2=0 u 8x+6y+5=0.
Jloka3aTh, UTO TOUKa JIEKUT HA OMCCEKTPHCE ATOTO yIiia, U CeNIaTh PUCYHOK.

6. CocraBuTh YypaBHEHHE TIUIOCKOCTH uepe3 Touky P(1,0,2) mnepneHaukyaspHO
K JIBYM IDIOCKOCTSM 2X-Yy+3Z-1=0 u 3x+6y+3z=0.



7. CocTaBUTh YpaBHEHHE IUIOCKOCTH, MEPIICHAUKYJISIPHON K TUIOCKOCTU 2X-2Y+4Z-5=0 u
otcekaromeid Ha ocsix OX u OY otpesku a=-2, 6= COOTBETCTBEHHO.

8. CocTaBuTh ypaBHEHHE IJIOCKOCTH, MapayuieabHoi Bektopy S = (5,0,-2) u oTcekarommx
Haocax OX u OY orpe3ku a=-4, b=1.

9. BeruuciauTh pacCTodHuC MCXKY IMapalJICJIbHBIMHA IIJIOCKOCTAMU

X-2y+47-1=0 wu 2x-5y+2z+12=0.

IIpakTHyeckasi padora Ne 8
Tema: CocTraBjieHue ypaBHEHHH IJIOCKOCTH
Heab: oTpaboTaTh yMEHHE COCTaBIATh YpaBHEHHE MPAMOM, 3aJaHHON pPa3IMYHBIMU

croco6amu; MepexoauTh OT OJHOTO BUJa YPaBHEHUSI IPSIMOM K IPyroMy

TeopeTnyeckue 0CHOBBI:

IIpsimasi ¥ VI0CKOCTh

B 3aBucumocTH OT cmocoba 3amaHus MPsIMOM B MPOCTPAHCTBE MOXKHO pPacCMaTpUBATh
pa3IMyHbIE €€ YpaBHEHUS.

1. BexmopHno-napamempuueckoe ypasnenue npsamou. llycTb npsimas IpoXOIOUT udepe3
TOUKY MapajieIbHO BEKTOPY, a Jr0asi TOUKa 3TOM MpsMoii .

KOTOpO€ TOJy4yaeTcsi MO MpaBUIy CJIOXKEHHS BEKTOPOB. YpaBHEHHE  Ha3bIBaeTCA
BEKMOPHO-NAPAMEMPULECKUM YPABHEHUEM NPAMOL, —HAIPABISIONIUM BEKTOPOM MPSIMOI 2.
Ilapamempuueckue ypasHenus npsamol.

3. Kanonuueckue ypasnenus npsamot. Pa3zpeiias ypaBHEHUS B CUCTEME OTHOCHUTEIBHO
t 1 npupaBHUBAs OJyUYEHHbIE OTHOLIEHMUS, IPUXOIAUM K KOHEUHbIM YPAGHEHUIM NPAMOLL.

4. Ypasnenus npamou 6 npocmpancmee, npoxoosawetl yepes 08e mouKu.

5.0bwue ypasnenus npsamoti 8 npocmpancmee.

Tenmepr MOXHO 3amucaTh YCJIOBHE MEPHEHANKYISIPHOCTH NPSIMBIX |, & YCIOBHE
HapayuIeIbHOCTH , @ YCIOBHS WX coBmajaeHus , rae Mi(X1,y1,21) , Ma(X2y222) , a  S1,52 —
HaIPAaBIISAIOIINE BEKTOPHI.

Yenom meancoy npamoil u niockocmoio Ha3bIBA€TCS YIOJ MEXIY MPSIMOM

1 OPTOTOHAJILHOM MPOEKIMEN Ha MIIOCKOCTb.

Ipumep 1. CocTaBUTh ypaBHEHHE IIIOCKOCTH, IPOXOALICH Uyepe3 TOUKy

P(1,0,2) nepnieHAMKYISAPHO K JIBYM ILNTIOCKOCTSAM

2Xx-y+3z-1=0 wmw 3x+6y+3z -5=0

Tak xak K03(pPUIMEHTHI MIOCKOCTEH HE MPONOPIHOHAIBHBI, TO OHM IEPECEKar0TCH,
TOTJa HANpaBJIAIOIIMN BEKTOP JIMHUN IEPECEUEHUs] HAaxXOJUM W3 BEKTOPHOTO IPOM3BENEHUS
HOpMaJIeH JBYX INIOCKOCTEN T.€.

Torna sToT BekTOp OyneT HOpMajabl0 MCKOMOM IJIOCKOCTH U Mo (opmyiie (2) Haxoaum
7x-y-52=0.

[Ipumep 2. 3anucarh ypaBHEHHUE IUIOCKOCTH, IPOXOASIIEN YEPE3 MPSIMYIO

MEPIIEHANKYISIPHO K TUIOCKOCTH X+4Yy-3z+7=0.

Vckomass TUIOCKOCTh MNPOXOAWTH dYepe3 TOoukw mpsmoi  Mo(2,3,-1) u dgepe3
HarnpapJIsomui Bektop npsmor S(5,1,2) u yepe3 Hopmanu ganHou tiockoctu N(1,4,-3). Toraa
U3 YCJIOBHUS KOMILJIAHAPHOCTH TpeX BeKTOpoB MoM, S M N HaxoauM

u 11x-17y-19z+10=0.

3aganus

1.Haiitn ypaBHeHHEe TpsMOH, mpoxojsiiei yepe3 Touky Mo( -2,3) u oOpasyrommii ¢
OCSIMH KOOPJIMHAT TPEYTOJIBHUK TUIOMIABIO 4.

2.3anucath ypaBHEHHE MPSMOM, MPOXOJALIEH Uepe3 Hauyaao KOOpAUHAT U 00pa3yrouuii
yron 30° ¢ mpsimoit y= - 3x+1.



3.3amucarp ypaBHEHHE TIPAMOI Ipoxoasiel yepe3 Touky P(5, 2) u oTcekaromiei paBHbIE
OTPE3KHU Ha 0Ccsax KoopauHart. (Omeem: X +y -7=0.)

4.Haiitu ypaBHEHHE TIPSIMOM, MapauienbHON npsiMoi 12X+5y-52=0 u oTcrosiieit oT Hee
Ha paccrostaue 2. (Omeem: 12x+5y-26=0 nnu 12x+5y-78=0.)

5.BbIUMCINTG BEIMYUHY MEHBILIETO yria MeXAy npsMbIMH 3X+4y-2=0 u 8X+6y+5=0.
Jloka3aTb, 4TO TOYKA JISKUT HA OMCCEKTPUCE ITOTO YIIIa, U cAeNaTh pUucyHok. (Omeem: .)

6.CocTaBuTh ypaBHEHME IUIOCKOCTH uepe3 Touky P(1,0,2) mnepneHauKyIsspHO
K JBYM IUIOCKOCTSIM 2X-y+3Z-1=0 u 3x+6y+3z=0. ( OtBer: 7X-y-5X-z+3=0)

7.CocTaBuTh ypaBHEHHUE TUIOCKOCTH, MEPIEHIUKYISIPHOU K TUIOCKOCTH 2X-2Y+4Z-5=0 u
otcekaromeid Ha ocsix OX u OY otpesku  a=-2, 6= cooTBeTcTBeHHO. (OTBET: X-3Y-
2z+2=0)

8.CocTaBUTh YpaBHEHHE TUIOCKOCTH, MapasuienbHoi BekTopy S = (5,0,-2) u orcekarommx
Haocaix OX u OY orpesku a=-4, b=1

9. BbluMCIUTh paccTOSHUE MEXY NapajulebHBIMU IJIOCKOCTAMU

X-2y+47-1=0 wu 2x-by+2z+12=0.

10. 3anucarh ypaBHEHHUE IJIOCKOCTH, IPOXOAIIECH Uyepes3 NpsAMYyK EPIEHIUKYISIPHO K
MJIOCKOCTH .

1 1.BbIuucanTh paccrossHue MexAay npsimbiva 1 ( Omeem: . )

12.ITepecekatorcs u npsmbie 1 ( Omeem: HET. )

Bomnpocsl k Teme:

1. [aiite onpeneneHne HOpMAIBHOTO BEKTOPa MPSIMOM.

2. Jaiite onpeneneHre HaIPaBJISAIOMIErO BEKTOPA MPSMOM.

3. Kakum HaOOpoM 371€MEHTOB MOKHO 33]1aTh MPSIMYI0?

4. Kaxoii BUJ1 MOKeT UMETh ypaBHEHUE IPSIMOM Ha IJIOCKOCTH?
5. Kak coctaBuTh ypaBHEHUE IPSIMOIL:

- 110 HaNpaBJAIOLIEMY BEKTOPY U TOUKE,
- IO IBYM TOYKaM,
- 110 HOPMaJIbHOMY BEKTOPY U TOUKE,
- 110 OTpe3KaM, OTCEKaeMbIM MPSAMOM Ha OCSX KOOpAUHAT?
6. YUT0 MOKHO CKa3aTh O MOJOKEHUH MPSMON Ha KOOPAMHATHON IUIOCKOCTH,
10 €€ YPAaBHEHUIO:

- KaHOHHYECKOMY
- TapaMeTPUYECKUM
- “Borpe3kax”
- C YIJIOBBIM KO3 (UIIMEHTOM
7. Kak nepeliTi OT 01HOT0 BUJIa ypaBHEHUs IPSIMOM K IpyromMy Bumy?
8. Uro MOXHO paccka3aTb [0 YpaBHEHHIO O IIOJIO)KEHHM TMPsSMOH Ha
IJIOCKOCTH?
9. Kak onpenenuTe B3auMHO€E pacIioIOKEHNE TOYKU U IPSIMON?
10.  Kak onpenenuTh TOUKY IMEpPECEUCHHUs ABYX MPSIMBIX?

IIpakTnuyeckas padora 9

Tema: Haxosxkaenue npenenos (yHKIHUH U TOYEK pa3pbiBa.

Heanb: mnpuobperenne 0a30BBIX 3HAHUM B 0OONAacTH (PyHAAMEHTAJIBHBIX DPa3/EIoB
MaTeMaTHKH. [IpoBepka ycBOeHMs 3HAHUHM MO BbIUMCIEHUIO npeaenoB GyHkuuil. [loBTOpuTh M
CUCTEMATHU3UPOBATH 3HAHUA T10 }IaHHOfI TEME.

Teopernyeckuii 6,10k
UT0oOB! BEIUMCINUTD NpeAea QYHKIMHU B TOUKE, HAJO:
1) [MoxacTaBUTh BMECTO MEPEMEHHOM X TO, K YEMY X CTPEMHUTCSI.



3
2) Ecnu mocrne BBHINOMHEHUS MMyHKTA 1) TOJIyYUM HEONPEICICHHOCTh BHIA [D , TO Haz10
YUCIUTEIb W 3HAMEHATENb JAPOOM pa3JIoKUTh HAa MHOXHUTEIW M COKPaTUTh ApoOb, WIH

YUCIUTCIIb U 3HAMCHATCJIb JOMHOXUTH Ha COHNPSKCHHOC W TIOCJIC 3TOr0 COKPATUTH I[p06b.

3aMeTHM, 9TO ApoOb BCerza OyHeT COKPAIIATHCS, Sl B BBIPAXKCHHH X 4 CTPEJIKY 3aMCHHTE
Ha MUHYC: (X-a).
-
3) Ecnu mocie BbIMONHEHHS MTyHKTa 1) MOTyYdM HEONPEISICHHOCTh BUIA [“‘], TO HaJ0
YUCIUTENb M 3HAMEHATeNb JApPOOM pa3JIeNuTh Ha CTapUIyl0 CTENeHb HEW3BECTHOTO, HIIH
cllaraeMoe C camoil OONBIION CTENEeHbI0 B YHCIHTENC PA3JIeNUTh Ha CllaraeMoe C CcaMoiu

OOJIBIIION CTCIICHBIO B 3HAMEHATEIIC U B3ITh Mpeaci OT pe3yljibTaTa ACIICHUS.

0
4) Ecmu mocne BBIMOJHEHUS IyHKTa 1) TMONYyYHMM HEONPEACICHHOCTh BHUjIa [”],
CBSA3aHHAsI C 3HAYCHUSIMH TPUTOHOMETPUYECKUX (PYHKIMM, HAJ0 BOCIOJIB30BATHCA MEPBBIM
3aMeyaTeNbHbIM MIPEIETIOM.
Onpenenenue. [lepBpiM 3aMeyaTeNbHBIM MPEAETIOM Ha3bIBACTCS TIPEILI

i

-

Ilepeuvlil 3ameuamenvhbiii npeden paseH
i
fin—=1
= Al

-0 ]

5) Onpeoenenue: Bmopuvim 3amewamenbbiM NPeoeiom Ha3vleaemcs npeoel
n

e = lim 1—|—1
n

T—roO

Yucno e, 3adannoe >mum npeoenom, uepaem o4eHb O0nbUwyl0 polb KAK 8
mMamemamuyeckom aumanuze, max u 6 opyeux paszoenax mamemamuxu. Hucino enazviearom

log, N =N
).

Teopema. Bmopoii 3ameuamenvuviii npeden cywecmeyem. Eeo 3Hauenue -- uucio,
Jexcaujee mMexHcoy u .

Hamypanohvix 102apugmos (

bonee I’lO()pO6HO€ usydenue ducia enokasvleaem, 4mo eg-- UppayuoHrajlbHoe YUCIO,

HeCKONbKO Nepeblx OeCAMUYHbIX 3HAKO8 KOMOPO20 MAKOBbL.
e = 2,7182818285. ..

IIpakTuuyeckas padora 10
Tema: YacTHble ciiydyan BbIYUCIEHUS NpeaeaoB GyHKIUM.



Hean: mpuoOpereHue 0a30BBIX 3HAHWUK B 00JacTH (PYHIAMEHTAIBHBIX pa3/eiioB
MareMaTuku. [IpoBepka yCBOEHUSI 3HAHUU IO BBIYUCIICHHIO MpenenoB ¢yHKuuid. [loBTopuTh 1
CUCTEMAaTHU3UPOBATh 3HAHUS 110 JAHHOU TeMe.

2xt-3x-5
q, o =2
Bbruncauts npegen I+x+5x

CornacHo HalieMmy HMpaBHITy MONBITAEMCS MOJCTaBUTh OECKOHEYHOCTh B GyHKIHIO. UTO y Hac
nosyyaetcsi BBepxy? beckoneuHocTs. A uto nosrydaercs BHU3Y? Toxke OECKOHEYHOCTb.
o

Takum 00pa3oM, y Hac €CTh TaK Ha3bIBA€Mas HEOIPENEICHHOCT Buga * . MoKHO ObLIO Obl
€0

— =00
HOXyMaTh, 4To , 1 OTBET F'OTOB, HO B OOIIIEM CTydae 3TO BOBCE HE TaK, M HYKHO

MIPUMEHUTH HEKOTOPBIN MIPHEM pElIeHHUs, KOTOPBIA MBI ceiiuac U pacCCMOTPUM.

CHaanIa MbI CMOTpI/IM Ha YHCJIUTCIIb U HAXO0JUM x

llm
x->o |+ x4+ 31

CTapmaﬂ CTCIICHb B YHUCJIUTCIIC PABHA ABYM.

B CTapuUICH CTEIICHHU:

Tenepb CMOTpPUM Ha 3HAMCHATCJIb U TOKEC HAXOJIHUM ) CTapH_ICﬁ CTCIICHMU:

'»\.-" —3y—5
lim

x>0 |4 x+ h
Crapimasi cTereHb 3HaMEHATEIIs paBHA JBYM.

3aremM MBI BI)I6I/Ipa€M CaMyIO CTapmyro CTCIICHb YHUCIUTCIIA U SBHAMCHATCII: B JAHHOM
IpUMEPC OHU COBIIAAAIOT U PABHBI I[BOI‘/'IKG.

Wrak, MmeTo] perienust caeayouuii: 1Jist TOro, 4To0bl pacKpbITh
w0

HeonpeaeaeHHocTr

cTapuiei CTerneHM.

He00X0UMO Pa3aeJIMTh YUCJIIUTEDb U 3BHAMEHATEJIb HA S )

2x—3x-5 w
=2-(9

rse 1+ x+3x° o

PazgennM umcianTens U 3HAMEHATENIb Ha x

2x —3x—5 o2x' 3x 5 , 370 520
- I ) - T T o
= lirn X = litn X X = lirn X X - =
(*:I —=w |4+ x4 3y row ] X 37(2 Ll l_ﬂj 1_”:' 3
— —+S5+ — +— +3
X x x X X X
Ipumep 2

T2 +15x0 +9x+1

Haiitu npenen ** 5x% +63" —3x -4
CHOBa B YNCIMTENIE H 3HAMEHATENE HAXOHM
\7+1‘\\ +9x+1

¥ B crapureii crenenu:

lim
x>0 \\ H6x% —=3x—4

MaxkcumaibHasa CTENEHb B YUCIUTENE: 3
MakcumanbHas cTeneHdb B 3HameHarene: 4
Bri6upaem HauboJib1Iee 3HAaUCHKE, B TAHHOM CITy4ae YeTBEPKY.
[£8]

4]

CornacHo HameMy ajiroputmy, IJisd paCKpbITHA HCOMMPCACICHHOCTH JACJIHUM YUCIUTCIIb 1



I
3HAMEHaTelb Ha

[TonHOE OhopMIIEHHE 3aTaHUS MOXKET BBITJISACTh TaK:

TR 15 4+ 92 +1 o

==

e 52t 4627 -3x-4

4
Pa3[[e.HI/IM YUCIIUTCJIb U 3HAMCHATCJIb Ha X

T2 4152 +9x+1 770 1570 g2t 20
i mEi @ e
T S 46— Ar—d 1w . ->u_3->u_4->u =
X4 Ig X3 X
_ 0404040 _ 0 _
54+40-0-0 5
[Ipumep 3
h.m2x2—3x—5

Haiitu npegen **°  x+1
MakcHMallbHasl CTETIEeHb «UKCa» B YUCIHUTENE: 2

1
MakcuManbHasi CTeIeHb «MKCay» B 3HameHarene: 1 (4 MoxHO 3amucath Kak + )
o]

JIstst pacKphITHS HeompeaeieHHOCTH ® HeoOX0MMO pa3/Ie/uTh YUCIUTEh U 3HAMECHATEITh

2

Ha * . YuCcTOBOI BapHaHT PEIIEHUS MOXKET BHITJIANETH TAK:
Co2xf-3x-5 m

bip ——————=—=1(*

H—rw x+1 oo

PazgennM dmcianTens U 3HAMEHATENIb Ha x

ox —3x -5 ) 370 520
- I - Tz o
_ 1 X — 1 X x _ = _
(*}_]ﬂlm x+1 T e l"”_l_i"*” 0 ®
xj x x2
2

ITonx 3anucero 0 Mo/ipa3yMeBaeTcs He JIeJIeHUE Ha HOJb (AETUTh Ha HOJIb HENb34), a JelIeHHe
Ha OECKOHEYHO MAaJIOE€ YHCIIO.

o
Takum O6p8.30M, IpU paCKPBITUHU HECOIIPEACICHHOCTU B o Y HAaC MOXKET
MOJIYUUTBCA KOHEeYHOoe YUCI0, HOJIb U OECKOHEYHOCT.

0

Hpe;[em,l C HEONPEACJTCHHOCTHIO BU/1A 0 H METO/ UX PCIICHUSA

[Tpumep 4
b 2xt—3x-5

Peuwntsb npegen =7 x+1
Cuauana nompoOyeM MoACTaBUTh -1 B 1poOb:
214 -3.(-)-5 _0

—1+1 0

0
B JaHHOM CJIydac MMoJy4dy€Ha TaK Ha3bIBacMas HECOIMPCACIICHHOCTD 0



Oo1ee IMPAaBUJIO: €CJIIU B YHUCIUTEIIC U 3BHAMCHATECJIC HAXOAATCSA MHOI'OYJICHBI, 1 UMCCTCSA
0

HCOMMPCACIICHHOCTHU BU 1A 0 , TO IJIA €€ PACKPBITHA HYKHO PA3J0KUTD YUCJIUTEIb H
3HaAMCEHATeJIb HA MHOKHUTEJIH.

J151g 3TOTO Yallle BCEro Hy>KHO PEIIUTh KBaJIpaTHOE YpaBHEHHUE U (MJIM) UCIIOIb30BaTh

(hOpMYJIBI COKPAIIICHHOTO YMHOKCHHUS.
. 2x'-3x-5 0
i =—=(%

r=-1 r+1 0
Pa3noxuM dynciauTesnp U 3HaMeHaTellb Ha MHOKUATEU

Ji1st Toro 4yToOBI PA3I0KUTh YUCIUTENIb HA MHOXKHUTENH, HYKHO PEIIUTh KBAJIpaTHOE
YpaBHEHHE:!

2xt —3x—5=0

CHaqana Haxoaum I[I/ICKpI/IMI/IHaHTI

D=(-3?-4.2 (-5)=9+40=49

W kBagpaTHbI KOPEHB U3 HETO: 4D = \@ =7,

B cnyuae ecnu nuckpuMuHaHT O0JbIION, HanpuMep 361, HCMONb3yeM KalbKyJIsITOD,
(GyHKIMS U3BJICUEHHS KBAIPAaTHOTO KOPHS €CTh HAa CAaMOM MIPOCTOM KalIbKYJIATOpE.

! Ecnu kopeHb He uzenekaemcs Hayeno (noaydaemcs OpoOHoe Yucio ¢ 3ansimoti), 04eHs
8EpOSIMHO, YMO OUCKPUMUHAHM BbIYUCTIEH HEGEPHO TUDO 8 3a0aHuu one4amxd.

Jlanee HaxXOAMM KOPHH:
=3 -7 3= -4

= —=-1

2.2 4 4
e BT 347 105
o224 4

Takum ob6pazom:

2xt —3x—5=2{x— (-1} [x—; =2(x+1)- [x—; ={x+1) {2x-5)

Bcé. Yncnurens Ha MHOXKUTEIN PA3JIOKEH.

3HamMeHaTeab. 3HaMEHATe b x+1 YKC ABJIACTCA HpOCTGfII.HHM MHOXHUTCIICM, U YIIPOCTUTD €I'0
HUKAaK HCJIb34.

(x+1). {2x—5)

x=-1 x+1

(9= =

{x+1]:

OquI/II[HO, YTO MOKHO COKpPATUTH Ha
(9= lim (25— 5)= (%)

Tenepp 1 nmojicraBisieM -1 B BbIpaXK€HHE, KOTOPOE OCTAIIOCH O] 3HAKOM Ipe/ena:

=2 (-1)=5=-2-5==-7
B YUCTOBOM BapI/IaHTe O(l)OpMJ'IeHI/Ie JOOJI2DKHO BBITJISAIACTH HpI/IMepHO TaxK:

- oxt—3x—5 _
-1 x4

0
a=(*]'

Pa3J'IO)KI/IM YUCIIUTCIIb HA MHOXHUTCIIN.
xt —3x—5=0
D=(-3*-4.2 (-5)=9+40=4%



JD=49=7
_—(-3-7_3-7_-4

= —=-1
2.2 4 4

e BT 347 105

o224 4

2x3—3x—5=2&+4}(x—§]={x+ﬂ-&x—5]

G 1 Chtet) J P P S

x—=-1 r+1 x¥—=-1

(9=

[Ipumep 5
§— 2x
Beraucauts npegen x+4x-12

CHayaja «4MCTOBOMY BapHUaHT pCIICHUA

_a
B—2x 9:{3‘:}

=2t +d4x—12 0
Pa3JIO)KI/IM YUCINUTCIb U 3HAMCHATCJIb HA MHOXXHUTCIIHN.

Yucaurenb: 8-2x" = 2(4-x")=2(2- x)(2+x)

3HaMeHareb:
X +4x-12=0
D=16+43=¢64
Jo=8

-4-8 -4+8
n=———=-6 x,= > =

2
F+dxr-12=(x+6){x-2)

2

. 2(2—x}(2+x}=2]jm (2—x)2+x) 9% —(x=2)2+x) _

(*) = Im
¥=2 (x+6)(x—2) =2 (x+6)(x—2) ¥ (x+6)x—2)
— Ylim (24+x) :—E-E:—l
72 (5 +6) B8
Ilpumep 1
. x—6  2-6
lim,_,,—

¥=1=2-1= ¢4

Mpui 6ocnonwzosanucy npagunom 1) u noocmasunu 6mecmo x mo, K yemy X Cmpemumncs,

m. e. x=2.
IIpumep 2
I #4x-5 0] _ I (-2 (x+3) Ii x+3 243
M, g x—2 —lo = am, =2 — LIRS 1 -1 -5
Ilpumep 3
=5 [D] lim (x—5)(vFT3+3)  lim qEM
1 —_— - = ra £ —I 2
hmx—*h-m-a_ =5 JxTE-3) (WETE+I) _ [-,'x+4 -3 } _
lim (x—5) (Vx+2+3) lim (z—5) (v=+2+3) -
x5 (y4a-5) _  * 5 (x—5) _lim, _(Vx+4+ 3]=3+3:6

Ilpumep 4



Em

0

=3 E_% 5 4+ lim é— lu.n%
. ax+x—6 [m] ]-j-mx—:m: T = o lim — 4+3_" £ e
m, ... ———_ | g T -5 +limo-lim
2x°+Tx -2 = |lm]l= X = X x°= X—00X  X—3D0X
Ilpumep 5 _
. . ]-I !lﬂvﬁﬁ Eillmx D!l;‘:ﬁx .
. gin = —
hmx—:l} =in Hx:xlgll} m;s,. :Elimx D!ms;“:gzz
Ilpumep 6
. 1 . 1 = 7
a)lim, ... (1+ ;] = =lim,_,.(1+ E]‘”“x: iy
e 2
. 2% . 242
]Jm(1+—] = [1*]=tim (1+—] =&
&=+ x F=Fmw x
0)
_ 4 7 _ 4 T >
i | 142 | =[1° |=tim | [1+2] | =¢3
=k x &=+ x
6)
1 1 x4 Hx-2) \
im (2x-3)57 = [1° = b (1420~ 557 =lime 7 =
2) ¥ ¥

3. 3akpennenue 3HaHUll, yMeHUll U HABLIKOS.

Buinonnume camocmosmensuyro pabomy no 8bluucieHuio npeoenos QyHKyuil.

BapuanT 1
Brruncnute npeaen GyHKIUM:

o I —4Ax—2

S Tm b 6x—5

2x? —5x

n —  —
ST _Sxi]

-1

n ——  —
Bl 36T

X

. I—}ﬂﬂ'li-r.

e
5x

I—EJI
x+2 '

P
2

in(]-l——)

32

mﬁx

5x
6x+1

x—0 4x°

—=Xx
Bm (1+3] 3
10. xX—» x .

Bapuanrt 2

Boruncnute npeaen GpyHKIUN:

En I +4x—2
e G’ Fx—5
2 —5x-8
1'—}-31-4
En -1
1?3 2x -3
4x
I—}ﬂtgir
cigdx
5x

=3
x+3 .

in(]+—)

33

Em

P
2

Em

snx
I—}ﬂtgir
En Sx-l-;l
x>0 2x

Em [l-l—
10, X m

5

J

5247



IIpakTuyeckas padora 11

Tema: Bpluuciaenue mnpeaejoB (PYHKIUM MeTOAOM YMHOMKEHHS YHCIUTEJIA H
3HaMeHaTeJIA HAa CONPSKEHHOE BbIPAKEHH e,

Heasb: mnpuobperenne 0a30BBIX 3HAHUM B O0NacTH (hyHIAMEHTAIBbHBIX pa3/IeiioB
MaTeMaTHKH. [IpoBepka ycBOCHHS 3HAHWHM 1O BBIYMCICHUIO MpeaenoB ¢yHKuuid. IloBTOpUTh 1
CHUCTEMATHU3UPOBATh 3HAHUA 110 JAHHOU TEME.

Cnepytowwimii TMN NpeaenoB NoxXoxX Ha npeablaywmii Tun. EquHcTBEHHOE, NOMUMO
MHOIOYSIEHOB, ¥ HAac 406aBATCSA KOPHMU.

Mpumep 6

b Jr+b - fl0x—21
253 Sx—15

HanTtu npegen
HaunHaem pelwatb.

CHavana npobyem noactaBuTb 3 B BbipaXkeHuWe Nnoa 3Hakom npegena

Jre-Aflozi-21 Wfe-4T 0

5.3-15 C15-15 0

fa) W

MonyyeHa HeonpeaeneHHOCTb BUAa

dr+E=flox=21 0
lirny =—=(*
ros3 S5x—15 0

, KOTOPYIO HY)XXHO YCTPaHATb.

Korga B uncnutene (3HaMeHaTerne) HaxoauTcsl PasHOCTb KOPHEN (M KOPEHb MUHYC
a

Kakoe-H1byab YMCno), TO ANA packpbiTUs HeonpeaeneHHOCTH 0 NCMonb3yT MeTox
YMHOKEHUA YUCTUTEA U SHAMECHATEIA HA CONPHKCHHOC BHIPAXKECHHUEC.
BcnomMmnHaem Hally HeTREHHY0 dOpMyIly pasHOCTHU
_ 2313
ksagpaTos: ¢~ Blla+E)=a” &
YMHoOxaeM 4HCIUTEIb HA CONMPSIZKCHHOC Bblpame}me:

- (fx+6—J10x=-21) (fx+6+.f10x-21)
= 5x—15

O6paTtuTe BHMMaHWE, YTO NOA KOPHSMM NpY 3TOW onepauumn Mbl HAYEro He TpOoraem.

Xopoluo, (@+8) OopraHu3oBanu, HO BblpaXkeHMe-To NoJ 3HakoM npegena
n3meHunock! A ons Toro, YToObl OHO HE MEHSINOCH, HY)KHO €ro pasfaenuTb Ha TO Xe

camoe, T.e. Ha (at+i) .

i (fx+6 =102 =210 (246 +102-21) _

¥ 3 (5};—15}(—\?{}:4—6 +~u'r1|:|X—21:| (*:I

)

To €CTb, Mbl YMHOKHJIX YMCJIUTE]Ib U 3HAMEHATE/Ib HA CONPAKEHHOE BbIpasKeHue.
B nssectHom cTeneHun, 3To I/ICKyCCTBeHHbIIZ npuem.

YMHOXUNN. Tenepb camoe BpeMs NpUMeEHUTb BBEPXY
chopmyny (a-b)a+b)=a —b".



)  tim (fr+6)° -(10x-21))
73 (5x—15). (fx+6 +-/10x - 21)
x+6-(10x-21)

Hz(ﬁx 15). (W x+6 ++10x - 21)

r+6-10x+ 21
= litny =
=3 (55 —15). (146 +10x—21)
—9x+27
= lim =

=3 (5x —15) (Jx+6 +410x-21)
0

HeonpeneneHHOCTb 0 he nponana (nonpobynTte NOACTaBUTb TPOWKY), Aa U KOPHU
TOXe He ucyesnn. Ho ¢ cymmoii KOpHEN BCE 3HAYMTENBHO MPOLLE, ee MOXHO
npeBpaTUTb B NOCTOSIHHOE YMCIIO
—-9x+27

73 (5x—15) (346 +4/10.3 - 21)

—9x+27 : —-S9x+27
litny =
13 (52 —15) (4O + 49) 13 (55 —15)- (34 3)

IR &
i — =
C g3 5x-15 ®

(*) = lim

Uncno, kak y)xe oTMevanocb paHee, ny4lle BbIHECTW 3a 3HAYOK Npeaena.

Tenepb ocTanochb pasnoXxuTb YACIIUTENDb U 3HAMEHATENb HAa MHOXUTENN U
COKpaTUTb «BUHOBHMKOBY» HeOoNpeaenéHHOCTN, Hy a Npeaen KOHCTaHTbl — paBeH
caM0|7| KOHCTaHTE:

-9%x-3% 1, -9 1[—9] 3

5

(=t 20 1, 29 118 E

§r3 5z—3) 63 5 6 B

MpumepHO Tak:

x4 = f10x—21
T S5x—15

0
=5=0

YMHOXUM YnCnmTenb U 3HaMeHaTernb Ha conpsaA>XeHHoe BblpaXeHne.

{qfx+5 A0z -21)- (fa+6 +4102-21) _

b S(x—3) (x+6 +10x-21)
x+6—(10x—21)

=3 m 3. (r 6 05— 21 )

1, x+6-10x+21 1. —9x+27

Gx23  (x—3) 3073 (x-3)

_ 1, -%x-3)_-9_ 3

T 30w (x—3) 30 10

(%)=

1

5

1

5]
Mpumep 7

H4x-2

Haiitv npegen *~ 2 Hx +6 -2

2 4x- 2_[]

lim - =
r+2 x4 6-2 0 ®



Pasnoxum yncnutenb Ha MHOXUTENMN:
P 4x-2=0
D=1+8=4%

JD=3
xlzﬁz_g
2
_—1+3_

Ay = 5

FAr-2=(x+2(x-1

1

YMHOXUM YncnmTenb U 3HaMmeHaTternb Ha Cornps>XeHHOo€e BblpakxeHune

o x+x D6 +2)
=1, (Jx+6 -2(Sx+6+2)
e (5 2)(x—1)(mfx+6_}2+2]:4]jm (xr+2(x=1) _
¥=d r+6-4 ws=l 42
=4lm (x-D=4. (P =-12

IpakTuyeckas padora 12

Tema: HaxoskaeHue npou3BoAHBIX GyHKIMIA.

Heab: IIpoBepuTh Ha NpakTUKE 3HAHME MOHATUS NPOU3BOJHOM (YHKLHH, YMEHHE
HaXOJUTh IPOM3BOJHBIC IJIEMEHTAPHBIX (YHKLUUH, CIOXKHBIX (YyHKIMHA, 0OpaTHBIX (DYHKIHH,
HOJIb3YsICh TabaMLEeN NPOU3BOIHBIX U IpaBuWiIaMu AuddepeHIupoBaHMsl, TOHATHEM CIO0XKHAs U
oOpartHas pyHKLUS, yMEHUE IPUMEHSTh IPOU3BOIHYIO /Ui UCCIIET0BaHUS (DyHKIIHA.

1. Teoperuyecknii MaTepuas U NPpUMepPbl HAX0XK/ACHHUS NPOU3BOAHONH QYHKIMH.

Onpenenenune: IlpousBognoit gynkumu f(x) (f(x)) B Touke X Ha3bIBaeTCs Mperen
OTHOLICHUsI NpupalieHuss QyHKIUU K MPUPALICHUIO apryMEHTa MpH MPUPALIEHUN apryMeHTa
CTpeMSILIEMCS K HYJIIO:

. Af
lim —
Ax—0
Ax=f(x)
IIpousBoaHbIe 3J1eMEHTAPHbIX (PYHKIMI.
flw) fiix)
C — const ]
U0 e = 1
g g"
=" = Ina
1
[ -
X
log =
4 sln &
sins COS
CosS —sin
1
tox
coss ¥

IIpaBuna qudpepeHnupoBanus.

Ecmu y pynkumii f(x) u g(x) CymecTByOT MIPOU3BOAHbBIE, TO
1.C'=0

2. (utv)=u"+v'

3. (uwv)'=u'v+v'u

4. (C-u)'=C-u’, rme C=const



u ur—r'u

v v

5( )=

6. [Ipon3BoHas CII0KHON (YHKIIUH:
f'(g(x))=f(g)-g'(x)

2. lIpumepsl.
x? + 2%
1. HaiiTu 3HaueHue MPOU3BOIHON PYHKITUN:y=3 -4x+8.
Pewrenue:
[To mpaBwmTy Hax0XIEHUS MMPOU3BOIHOM aireOpandeckoi cyMMmbl GyHKIHH (hopmyna 2):
X% + 2% x2)'+ (2%) 2% In 2 2%
y= (3 -4x+8)'= (3 -(4x)"+(8)'=3-2x+ - -4-1+0=6x+
In2—4
x®(sinx
2. Haiitu 3HaueHue NpoON3BOAHON QYHKIUH: Y = +4).
Pemenue:
x® v =sinx
OyHKIMS MPenCcTaBiIseT co00i MPOU3BEACHUE TBYX MHOKHUTEICH: u= +4.
[To popmyme 3:
(x®(sinx (x®)(sinx x®(sinx x>(sinx  x® cosx
y' = +4))' = +4)+ +4)'=6 +4)+
3x—3
4 -3
3. HaiiTn 3HaueHne npon3BOIHON QYHKIUU: Y=
Pemenne:
3x—5,v=e*—-3
OyHKIMS MPEACTaBIseT CO00M YaCTHOE ABYX BBIPRXKEHUU: U= 4
2x-5 . \3x—5)-(4e"-3)-(4e"-3)-(3x—5) 3(46"-3)—4&"(3x-5)
(431'—3 (4% -3)* (4e%-3)2
ITo popmyme 5: y'= = =
y = sin4x - 1) 0w o= L

6" B TOMEE 7 12
Pemenue. Haiinem npou3BojHyt0 JaHHOW (YHKIMH IO MpaBuily auddepeHnpoBaHus
cioxHou ¢pyHkuuu (popmyna 6):

Y =[5ir{4x —E]] = [4>< —lT] -CDS["—I-X —EJ= 4CDE[4>< —E]
[a] a] a] [a]
4Ty T T T, A3
y[ﬁ]-4cus[4-ﬁ E]—4CDSE—4-?—E-\E
3
1 1 —% E 3
y=3—=  ¥=( =3 A=-Zxi=m
5. Eciu \E,To Afx 2 2zx

6. y=x3—-3x2 + 5x + 2. Haiigem y '(-1).
y ' =3%x2 — 6x+ 5. CaenoBarenbHo, y '(—1) = 14.
7Eciny=Inx-cosx,T0y'=(InXx)"'cosx +1Inx (cos x)'=1/x-cos x —Inx - sin x.
f r
x ( (x3} cosx—xS{cosx] _ 3x% cosx+x sin x

= : = 7 7
8_ Cos X cos X Cos X

[lyctb nana gynkuus. s e€ uccneqoBanus HyKHO:



1) Haiitu e€ oGmactb onpeaenenus. Eciau 3ToO HE CIUIIKOM CIIOXKHO, TO TIOJIE3HO HAWTH
Takxke o0sacTh 3HadeHui. (OQHAKO, BO MHOTHX CIIydasiX, BOIPOC HAaXOXKICHHs OTKJIAbIBACTCS
JI0O HAXOXJACHUS IKCTPEMYMOB (DYHKITUU. )

2) BeoricHute oOmme cBoWcTBa (YHKIMH, KOTOpPHIE MOMOTYT B ONpEACTIeHHH &
NOBEJCHUA: He sBsercs Nu (QyHKOUS 4YE€THOW I5MOO HEYETHOW, HE SBISETCS JIM OHA
IIEPUOIUYECKON.

3) BeracHuTh, Kak Benér cedst GpyHKUIuS Mpu NPpUOIMKEHHH apryMeHTa K TPaHUYHBIM
TOYKaM 00JIAaCTH OINpE/EICHUs, €CIM TaKue IPaHuYHble TOUKU uMeroTcsa. Eciau QyHkus nmeer
TOYKHU pa3pbiBa, TO 3TU TOUKU TOXKE MPOBEPUTHh HA HAJTMUYUE BEPTUKAIBHBIX AaCUMIITOT (DYHKIUH.
Halitn HaKJIOHHBIE ACUMITOTBHI.

4) HaiiTu TOYKH mepecedeHHs rpapuka ¢ OCSIMH KOOPAWHAT, YTO COCTOMT B IIPOCTOM
BBIYUCIICHUH 3Ha4eHUs (YHKIUHU IPU YCIOBUM:

C ockro OX: y=0;

C ocbro OY: x=0.

HaxoxneHne Touek mepeceyeHrs C OChI0 MOXKET MPUBECTH K HEOOXOAMMOCTH PEIIUTh
CJIOKHOE anre0dpandeckoe ypaBHEHHUE, YTO, OBITh MOXKET, YAACTCS CIENATh JHUIIb MPUOINKEHHO.
OTbIcKaB KOpHU (DYHKIMU U TOYKU PA3pbiBa, Mbl MOKEM OIPENEJINTh 3HAK (PYHKIIMHM HAa KaXKAOM
U3 UHTEPBAIOB MEXAY AITHUMU TOYKAaMH. ODTO MOXKHO CJieJlaTh JIMOO BBIYMCIUB 3HAa4YEeHUE
(GyHKLIMU B KaKOW-HUOY/1b U3 TOUYEK HHTEpPBAIA, INOO NPUMEHUB METO]] MHTEPBAJIOB.

5)HaiiTu npoMeXyTKd MOHOTOHHOCTH. /ISl 3TOro HaxoAsT MPOMU3BOJHYIO M DPELIAIOT
HEPAaBEHCTBO:

f(x)0 Ha MPOMEXYTKaxX, /i€ 3TO HEPAaBEHCTBO BBINOJHEHO, (DYHKIMS BO3PACTACT.

Tam, T11e BBITIOJIHEHO HEPaBEHCTBO f(x)« ':', GbyHKIUs yOBIBaET.

Haiinsg uHTEpBajgbl MOHOTOHHOCTH, MBI MOXKEM Cpa3y OINPEACIHTh TOYKH JIOKAIBHOTO
IKCTpEMyMa: TaM, TJle¢ BO3pacTaHHE CMEHSETCS YOBIBAHHUEM, pACIIOJIAraroTCs JIOKAJIbHBIC
MaKCHMYyMBI, a TaM, TJI¢ yObIBAaHHE CMEHSETCS] BO3PACTAHUEM - JIOKAITbHBIC MHHAMYMBI.

6) HaxokeHrne WHTEPBAJIOB BBITYKJIOCTH M BOTHYTOCTH BEAETCS C TIOMOIIBIO BTOPOM

npousBoHoON. Haiins f (%), Mot OnpeensieM 3HAKU f'(*)ua WHTEpBaJax:
ecm [ (2,0, 10 KpuBas rpadrka pyHKIINH BOTHYTa;

ecm [ (%<0, 10 KpHBas rpaduka GyHKINU BBITYKIIas.

3a0HO ompezAensieM TOYKU TMepernda Kak Te TOYKH, B KOTOPBIX (YHKIHS MEHSET
HarpaBJIeHUE BBITYKIIOCTU (U HEMPEPHIBHA).

7) HaxoxneHue Touek mnepeceyeHus rpaduka ¢ aCUMITOTOW U JOMOJHUTEIbHBIX TOYEK.
DTOT MYHKT HE HOCUT 0053aTENLHOTO XapakTepa, OJHAKO HAaXOXKJICHHE TAKMX TOYEK NpUAaéT
UCCIIEIOBAaHHIO (DYHKITUH U TIOCTPOCHHOMY €€ TpadiKy 3aKOHYEHHOCTh M MTOJTHOTY.

3aMeTHM, YTO MOJyYaromIMecss B MpPOIEecce HCCIeAOBaHUS (YHKIMA TOYKHM Ha OCSAX
KOOPJMHAT M Ha rpadyKe MOJIE3HO Cpa3y )K€ HAHOCUTh Ha 4epTExK. DTO MOMOTaeT Mo XOoay Aeia
YSICHATBH BUJ Ipaduka.

3. BbINOJIHUTE CAMOCTOSATEIbHO:

Ne Haiitu NPOHU3BOJAHYIO Ne Haiitu NPOU3BOJAHYIO
Ba | dyHkuumy: Bap | pyHKUMHU y:
puaHTa HAHTa

1 5 6 4

1. y=6~% - 1. y=-6% -

3cosx +8x—9 Jcosx +x —11
X x—3
2. y=% (5x+7) 2. y=% (x+17)
In x 6-2Inx
3. y=sinx 3. y= sin2x




x 10—x>
4, y:3 4, y:QI
5, y:VSinZjlc 5 y:1.fsin(6x—5]
3 3
1. y=-7% -1 ! 1. y=-7% -1
3ctgx +x—5 3ctgx +x—5
X
2. y= 4 (5x+7 In X 2. y= 4x(5x+7 In X
x—19 x—9
3. y= sin x 3. y= sin x
4. y=In(6x-3) 4. y=In(6x-3)
5 yzd (3x—7)3 5. yzd (3x—7)3
1.y=4x-3tgx+6x-8 8 1.y=-5x+2ctgx+3x-2
0. y=€".CosX 2, y=8%.cos(—4x)
3x—4 Sx—4
3y=5-4% 3.y=15-2%
4.y:(6x — ot 4.y:(2x— 7)1
5y= Y (sinx)? 5y= +/ (sinx)?
1. y=7x-9X"+12 9 1. y=5x-7X%+10
2 y=x" - (7cosx —8) 5 y:ﬁ-(-ﬂlcosx—S]
tgx ctgx
3. Y= 5lnx+7 3. Y= cosx+4
4. y=+/108:(5x — 8) 4. y=+/sIn(2%* — 4)
5. y= prosax 5. y= 153—2:055x
1.y=6Inx-3,6 COS X +4 10 1.y=16x-0,6 COS X + 4inx
2. y=(3x-4)- 12°7° 2. y=(7x-9)- 277
Sctgx Stgx—3x+5
3y= &* 3.y= e*
4.y=(%> 7x+5)- COS 4x 4.y=(—5x° ). cos 8x
5y=V5x — 4x3 5y=V15x — 4x11, tgx*
4.BbINOJIHUTE CAMOCTOSITE/ILHO:
BapuanTt Nel BapuanTt Ne2
HccnenoBars GbyHKIHIO Ha Hccenenosars (GYyHKIHIO Ha
MOHOTOHHOCTBH U S3KCTPCMYM: MOHOTOHHOCTB U 3KCTPEMYM:
1 y:'XE—SXE—F"-l- Exg_x2_3x+i
) _ 1. y: 3 3
5-2x X
2. y:xz_‘l‘ 2. y:x2—1
BapuanTt Ne3 Bapuant Ne4
HccnenoBars byHKIMIO Ha Hccenenosars (byHKIHIO Ha
MOHOTOHHOCTBH U S3KCTPCMYM! MOHOTOHHOCTB U 3KCTPEMYM:
—x3+3x% -2 —x3+3x% -2

1. y=

1. y=




.'7(-'2 xE-
2. y=x?%-1 2. y=x2-1
Bapuant Ne5 Bapuant Ne6
Hccnenosath GbyHKIMIO Ha Hccnenosatsb GyHKIMIO Ha
MOHOTOHHOCTb U IKCTPEMYM: MOHOTOHHOCTb M 9KCTPEMYM:
1 y:IE—].ZX—FE'r 1 y:X3—12X2_9X+1
2x 1
2. y:x2+1 2. y:x2+1
Bapuant No7 Bapuant Ne§
Hccnenosath byHKIHIO Ha HccnenoBaTh GbyHKIHIO Ha
MOHOTOHHOCTb U IKCTPEMYM: MOHOTOHHOCTb M SKCTPEMYM:
1 y:x3—6x2—|—9x—3 1 y:x3_12x2-9x+1
2x P
2. y:x2+1 2. y:x2+1
Bapuant Ne9 Bapuant NelO
Hccnenosath (byHKIHIO Ha HccnenoBaTh GyHKIHIO Ha
MOHOTOHHOCTH U IKCTPEMYM: MOHOTOHHOCTbH U IKCTPEMYM:
L y:x3+9x2—|—24x—|— 12 1,341,212
' - 1. y=3 2 -2x-3
x z
— X
—6x +18
2' y_ 2. y: x—2
5. KoHTpoJIbHBIE BONIPOCHI:
2 Brruucnenue
JR— Xy
Vi = 57— 9MO NOLYYEeHUe U3 6XOOHBIX OAHHBIX HOB020 3HAHUSL
1+ r Y
xy

1. Cdopmynupyiite mpaBwia HaXO0XACHHUS IPOU3BOJHOM CyMMBI, HpPOU3BEACHUS,

HYaCTHOTO.

2. Kax HaliTi MpOU3BOJHYIO CIIOKHOW (DyHKIIHN?
3. Kak mnpumensiercs mnpousBoaHas (GYHKIMH JUIsI HCCIENOBaHUA (PYHKIUM Ha

MOHOTOHHOCTB, IKCTpEMyM?

IIpakTnuyeckas padora 13

Tema: HaxosaeHne nNpou3BOAHBIX CJIO0KHBIX QYHKUMH, BbICIIMX HOPAAKOB.
Henb: HayuuTbcs BBIYUCIATH MPOU3BOJHBIE (YHKIUHN, CIOXKHBIX (PYHKIMHA, BBICIINX

MOPSAIKOB
Teoperuyeckuii 6,10k

Ha mnpaktuke ¢ NpoW3BOJHOM CIIOXKHOM (DYHKIMH NPUXOTUTCS CTAJIKUBAThCS OYEHBb

qacTo, Koraa BaM j1anbl 3a1aHus HA HAXOXK/IEHUE TPOU3BOHBIX.
CMmotpum B Tabauily Ha npaBuwio auddepeHIupoBaHus CI0XKHON QyHKINH:

(L) =u'(y) ¥

Pa36HpaCMC${. Hpe;x;[e BCECTO, 06paTI/IM BHUMAaHHUEC Ha 3aIlucChb H(‘P:I . 3ILCCB Y Hac ABC

byakun — ¥ u ¥, npuyem pynkuust ¥, o0pazHO roBops, BiIOkeHa B QyHKUIHIO ¥ . OyHKIuUSA

Takoro Buja (Korja oxHa (hyHKIIUS BJIOXKEHA B IPYTYI0) U HA3BIBAETCS CIOKHON (DYHKITHEH.

Oynkiuio ¥  Ha3pBalOT BHeWIHel (yHkuued, a QyHKuu0 Y — BHyTpeHHeil (WM

BJIO’KEHHOM) (pyHKIMEH.

J1st TOro, YTOOBI MPOSICHUTH CUTYALIUIO, PACCMOTPUM:




[Ipumep 1

Haiitu npousBoanyio GyHkuun * sin( 3x— 3)

[lox cuHycoMm y Hac HaxOOUTCS HE MPOCTO OyKBa «UKC», a LI€JI0€ BBIPAKEHHE 3x-3,
M03TOMY HAaWTH MPOU3BOJIHYIO Cpa3y Mo TabJIUIe HE MOTyYUTCs. Takke Mbl 3aMedaeM, 4TO 371eCh
HEBO3MOKHO MPUMEHUTh nepBHe YeThIpe MpaBuia, Bpojae Obl €CTh Pa3HOCTh, HO JI€JI0 B TOM, UTO

«pa3pbiBaTb qacTu» CUHYC HCJIb34:

SIn(3= “q")"-"'m(’:h“):*ﬂl—\

B nanHoM mpumepe yke U3 MOUX OOBSCHEHHH WHTYUTHBHO IMOHSTHO, YTO (DyHKIUS

y=sm(3%=3) _ 16 cnowmas (YHKIWS, pUYeM MHOTOWIEH X~ 2 sBIsieTcs BHYTPCHHEH

byHKIHEH (BIOKEHUEM), & sin( 3x—3)

— BHeIIHEH (pyHKIHEH.

[TepBrIii m1ar, KOTOPBIA HY>KHO BBIIOJIHUTH MPU HAXOXKIECHUU MPOU3BOJHOU CIOKHOU
(YHKIIUM COCTOUT B TOM, YTOOBI pa3oOpaThcesi, Kakast GyHKIUS sSBISCTCS BHYTPCHHEH, a KaKas —
BHEIIIHEH.

st 2x— )

B cnydae mpocTeiXx mpuMEpPOB BpoOAE MOHATHO, YTO NOJ CHHYC BIIOXKEH

MHOTOWIEH X~ 2, A Kkak e ObITh, ¢clH BCS He o4eBUIHO? Kak TO4HO OIPEIEINTh, KaKas
GyHKIUS SIBIISETCS BHEIIHEW, a Kakas BHyTpeHHei? Jljig 3Toro s mpearar0 MCIojib30BaTh
CJIEYIOIIMN TPHEM, KOTOPBIH MOKHO IPOBOJIUTH MBICJIEHHO WJIM HAa YEPHOBHUKE.

HpeI[CTaBI/IM, YTO HaM HYKXHO BbBIYUCIUTH Ha KAJIBKYJIATOPEC 3HAUCHUC BBIPAKCHHA

sin( 3x —5) npu * = 1 (BMECTO €AMHUIIBI MOXKET OBITH JIH000€ YHCIIO).

UYro MBI BBIYHCIMM B MEPBYIO0 ouepens? B mepByro ouepenb HYXHO OyJeT BBIIOJIHHTH
cleyroliee JelCTBUE: 31-5=-2 , T03TOMY MHOTOWICH 32=5y Oyzer BHYTpPEHHEH
byHKIHMEH v

y=sinB3x - 5))

Bo BTOpyI0 oOuepeab HyXHO OyneT Hailtu st _2]', MI03TOMY CHHYC — OyJeT BHEIIHEiH
byHKUMEH:

y =[Gy —5))

u(v)

t_ ot .
[Tocne Toro, nmpumeHseM npaBuiio 1updHepeHIUPOBaHNS CI0XKHON QyHKIMH L VRS
Haunnaem pemars. Mbl MOMHHMM, 4YTO OGOpMIIEHHE peIIeHUs 00 IpOon3BOIHON

BCErJla HAUMHAETCS TaK — 3aKJII0YaeM BhIpaKEHHE B CKOOKH U CTaBUM CIIpaBa BBEPXY IUTPUX:
¥ o=(smi 3x—5))

r
CHauana HAaXOAMM MPOM3BOJHYIO BHeIIHeH GyHKIMH v) (cuHyca), cMOTpUM Ha
S
TaOJIMIly TPOU3BOJHBIX JJIEMEHTAapHBIX (YHKUIUNH M 3aMedaeM, 4YTO (sin x)'=cosx p.o
TabinyHble (GOpMysibl MPUMEHMMBI W B TOM, CIydae, €CIIU «HUKC» 3aMEHUTh CII0XKHBIM

BEIpQKCHHUEM, B JTAHHOM cirydJae:
1) =cos(3x —5)
OOpatuTe BHUMaHUE, YTO BHYTpeHHssA QyHKIUS ¥ = 3% =3 He W3MeHMIACH, €8 Mbl HE

TPpOracum.

Hy u coBepiieHHO 04€BUIHO, UTO

V= (3x— 5)



[ ot
PesynbTar npumenenus GpopMyibl (vl =Y 5 pcrosow 0(pOpPMIIEHUH BBITJISIIUT

TakK:

=l 3x-0N" = cos(Bx—0) Gx 00

Janee Mbl OepeM IPOU3BOIHYIO BHYTPEHHEW (DYHKITUU, OHA OYSHB IPOCTast:

¥l 3x-0N =cos(Zx—0) (Bx -0 =cos(Zx-0)-(2-0

[TocTostHHBIH MHOHTEIIb 0OBIYHO BBIHOCSIT B HAYaJo BBIPAKCHHSI:
¥ ={am{ 3x— 9 = cos(3x—5) (32 -5 =cos(3x-5- (3-0 =
= 3cos(3x— D)

I'otoBo

Ecmu ocranoch kakoe-mub0 HEIONMOHMMAaHUE, NIEPENHIUTE PElleHue Ha Oymary | ere
pa3 mpovnTanTe OOBICHCHHUS.

[Ipumep 2

Haiiti mponssoanyio gynkiun * ~ =% 2x

DTO mpUMeED VISl CAMOCTOATENBLHOIO PEIICHHS (OTBET B KOHIIE YPOKa).

[Ipumep 3
_ 5
Haiiti mponsBonyio GyHkimu * (2x+1)
Kak Bcerga 3aIIIChIBACM:

Y= ({(2x+ )
Pazbupaemcsi, rae y Hac BHemHss (QyHKUMs, a rae BHYTpeHHsAd. s storo mpoOyem

(2x+1)7°

(MBICIIEGHHO WJIM Ha YEPHOBUKE) BBIYMCIUTH 3HAYCHHUE BBIPAKECHUS npu += 1. Yo

HY’KHO BBIIIOJHUTH B NEpBYI0 ouepenar? B mepByro ouepenb HYKHO COCUMTAThb YEMY PaBHO

ocuopanme: < 1+1=3  syagur, muorounen (2x+1) _

y=@+y

U €CTb BHYTPEHHsSI (YHKIHS:

W, TOJIBKO IOTOM BBITIOJIHSIETCS] BO3BEJACHUE B CTEIICHb ¥ , ClIeZIOBaTeIbHO, CTENEHHAs! (YHKIIHS
— 3TO BHEIIIHSS GyHKIuS:

¥

v

ulv)

t_ ot . o o
CornacHo Qopmyie (V) =u'(v) v , CHauajJa HY)XHO HaWTH TPOU3BOAHYIO OT BHEIIHEH
(GyHKIMH, B JaHHOM Ciy4ae, OT CTENeHH. Pa3bickuBaeM B TaOiuIe HYXHYIO (QOopMyiy:

et »-1
(X :I = A . HOBTOpfleM CIIc pas: J100as Ta0IMYHAasA (l)OpMyJ'Ia cpaBeaJiuBa HE TOJBKO

AJIS1 «UKC», HO W VIS CJIOKHOTO BbIpaskeHusi. Takum 00pa3om, pe3yibTaT MNPUMEHEHHS
5 (@) =u"(y) V' 5
npaBuia auddepeHIMpoBaHUs CI0KHON QyHKIIUN CHEAYIOUINN:
Y e2r+ =5 x4+t 241

r
CHOBA MOIYEPKHBAIO, UTO KO MbI GepeM MPOM3BOAHYIO OT BHEIIHeH GyHKIMH * v) ,
BHYTPEHHSA byHKIMSA Yy Hac HE MEHSETCS:

-Cx+1y

HE MEHAEeTCA

hn

Tenepb ocTamoch HalTH COBCEM IMPOCTYIO NMPOU3BOAHYIO OT BHYTpEHHEW (DYHKIIMM MU HEMHOTO
«TIpHYecaTh» pe3yJIbTar:



V=(2x+ ) =5 2x 0t 2241 =
=5-(2x+ D' (240 =10 (2x+1)*
I'otogo.

[Ipumep 4
1
Y= 1
Haiitu npou3BoaHyto GyHKIHH (x" -1
DT0 npuMep ISl CaMOCTOSITEIBHOTO PelieHus (OTBET B KOHIIE YpOKa).
Jlia 3aKkperyieHus] MOHUMaHUS MPOU3BOJAHON CIOXKHOM (QyHKIMU TpuBeny mnpumep 0e3
KOMMEHTApHUEB, MOMPOOYHTE CAaMOCTOATEIHLHO pa300paThCsi, MOPACCYkKAATh, TJI€ BHEIIHSS U T1Ie

BHYTpPEHHsI QYHKIUS, TOYEMY 3aJaHUs PEIICHBl MMEHHO TaK?
[Ipumep 5

a) Haiitu HpOI/ISBOI[Hy}o GyHKIHI Y= ﬂmﬁgﬂ

¥ = (arctg {7’ = (ﬂ R = 1 1

1+x Eﬂ.l'r_ 2»\!{;(1+x)
0) Haiiti mpon3BoaHyIO QyHKITUN y = Jarcigx

iy —— ! 1
"= Jarctgn) = ——— {arctgx)' =
¥ = gx) > Jorcin (arcigx) A+ e
IIpumep 6

= qui
Haiitu npousBonnyto GyHKIMH Y x +egx+15

3nmecy y Hac KOpeHb, a A TOro, 4yToOwl mpoauddepeHupoBaTh KOPEHb, €ro HYXHO

a

?
npeAcTaBuTh B BuAe crenenn & . Takum oOpa3oM, cHavajga OpUBOAMM (QYHKIHIO B

HaUIeKAMUN 11 AU GepeHIUPOBAHUS BH/I
f

1
¥ =G Higr+15) = ((xj +igx+ 15)5]

Ananusupys (yHKIUIO, TPUXOJMM K BBIBOAY, YTO CyMMa TpEX CJIaraéMblX — 3TO
BHYTpPEHHS (YHKIMS, a BO3BEACHHE B CTENEHb — BHEMIHsS (yHKius. [Ipumensem npaBuio

mudepeHIMPOBaHUS CIIOKHON (PYHKIIMH (V)" =a(v) "
r

1
¥ =03 +igr+15) = [(xz +r.gx+15)§J =

1 2
= 3 (xz +r.gx+15)'3 Axt ign+15)

CreneHp CHOBa IMpeiACTaBIsieM B BUAE paaukana (KOpHsA), a Uil NPOU3BOAHOMN
BHYTpEHHEN (QYHKIINH IPUMEHSIEM NPOCTOE MPaBuiio AU depeHIIUPOBAHUS CyMMBI:

1 r
=3z +tgx+15) = ((xg +r.gx+15)§] =

1

g-[x +f,gx+15)_ (x +igx+15) =

1
3.3/(x? +£gr+15)

() + (egr) +(19)) =

1
= = = 2x+ -
3.3/(x? +egx+15) cos” x
l'otoBo. MokHO emie B CKOOKaX TPHUBECTH BBIPAXKEHUE K OOIIEeMy 3HAMEHATETIo M
3amucaTh BCE OHOM MpoObkio. KpacnBo, KOHEUHO, HO KOTJ]a TIOJYyYar0TCsl TPOMO3AKHE JJIMHHbBIC



MPOM3BOJIHBIC — JIYYIIIE ATOTO HE AeaTh (JETKO 3alyTaThCs, TOMYCTHTh HEHY)KHYIO ONIHOKY, /1a
W TIpernoiaBaTelto OyaeT HeyJ0OHO TTPOBEPSITH).

[Ipumep 7

5
= —
Haiitt mpou3BOAHYI0 QYHKIIUH Jxtln

OT0 npuMep ISl CaMOCTOSITEIBHOTO PelleHus (OTBET B KOHIIE ypOKa).

HNHTEepecHO OTMETHTh, YTO HHOTJA BMECTO MNpaBwia AUPGEPSHIUPOBAHUS CIONKHOU
r
u] v —

|~ 2
v v

(YHKIMU MOXHO HCIOJIB30BaTh MpaBwio AuddepeHnnpoBaHuss 4aCTHOTO ( , HO

TaKoe pelicHre OyIeT BRITISICTh kak-H3BpaterHHe HeOObIYHO. BOT XapaKkTepHBIii IpuMep:

[Ipumep 8
1
o .}? =T
Haiitu npou3BoaHyto GyHKIHH Losx

3/1ech MOYKHO HCIIOJIb30BATh MpaBmiIo AudepeHnpoBaHrs YaCTHOTO [V ,

HO TOpa3/l0 BBITOJIHEE HAWTH MPOU3BOAHYIO uepe3 MpaBuio TU(GEepeHIIUPOBAHUS CIO0XHON
GyHKIUY:
r

(e
¥ =1-
cosx

[MonroraBnmuBaem QyHKUMO it AudQepeHIUpOBaHUs — BBIHOCUM MHHYC 3a 3HaK

u] v — '

HpOHSBO[{HOﬁ, 4 KOCHMHYC ITOAHMMAEM B YHUCJIUTCIIb:

o) e
Cos X Cos X

KOCI/IHYC — BHYTPCHHSAA (bYHKHHH, BO3BCACHUC B CTCIICHb — BHCIIHAA (bYHKI_[I/IH.

Hcnons3yem Hallle IpaBHIIo () =u'v) V'

o) o)
CoS X CoSx

=—{~1).cos™*x (cosx)’

Haxoaum npoun3BoHyI0 BHyTpeHHEN (PYHKIIMH, KOCUHYC cOpackiBaeM 00paTHO BHU3:
f f

o)
COSX COSX
S X

- ; 1 :
=—(—1) . cosx (cosx) =——— (-smx)=——5
cost x cost x

I'otoBo. B PACCMOTPCHHOM IIPUMEPEC BAXHO HC 3allyTaTbCA B 3HAKaX. KCTaTI/I,
t

b, v — i
. | T T
nonpoOyiTe PemnTh ero ¢ MOMOIIBIO MTPaBUIIa

v v , OTBETHI JIOJKHBI COBIIACTb.
[pumep 9
1
o - = _
Haiitu npounsBoanyto GyHKIHH arccos” x

DTO IpUMED JIJIsl CAMOCTOATENBHOIO PEICHHS (OTBET B KOHIIE YPOKa).

Jlo cux mop MBI pacCMaTpUBAIM CIydau, KOT/la Y HAC B CJIOKHOW (YHKITMH OBLIO TOJIBKO
OJIHO BJIO>KEHHE. B mpakThueckux e 3aJJaHusIX 4aCTO MOXHO BCTPETUTh MPOU3BOJHBIE, T]IE, KaK
MaTpEIIKH, OJTHA B IPYTYIO, BIOKEHHI cpa3y 3, a To u 4-5 GhyHKIui.

[Ipumep 10



_ amsm® ¥
Haittr npousBoanyio GyHkiun * 7

arcsin® ¥
Pazoupaemcs Bo BroskeHusx 3Toi pyHkIuu. [IpoOyem BBIYHCIUTD BhIpaKEHHE 7 c
TOMOII[BIO TIOXOMBITHOTO 3HaYeHmst * = | . Kak GbI MBI CUHTAIIN HA KATbKYIATOPE?

CHauasna Hy>KHO HalTy =5l 1 snaunr, aApPKCUHYC — caMoe TJTyOOKO€ BIIOKEHHE:

—ErCanes

]
3aTeM 3TOT apKCUHYC E€AMHMIIBI CJIEAYET BO3BECTH B KBajpar #rCsil 1.

Ercanes
?msin! 1
U, HaKOHEII, CEMEpKY BO3BOIUM B CTEIEHD :

To ecTb, B JaHHOM NPHMEpE Y HAC TpU pasHble (QYHKIMHM W J1BAa BIOXKECHHS, IIPH STOM, CaMOM
BHYTpeHHEH (yHKIMeH SBIIETCS apKCHHYC, a CaMoOil BHEIIHEH (QYHKIMEH — mMoKas3aTeibHas
GyHKIMS.
Hauunnaem pemars
' arcsin? & ¢
y=0)

(@ (V) =u'(v) ¥ i
CornacHo IIpaBUIy CHa4aJla HY’KHO B34Tb IIPOHU3BOJAHYIO OT BHCIIHCHU
(1)YHKI_[I/II/I. CMOTpI/IM B Ta6J'II/II_[y IMPOU3BOJHBIX W HAXOAHWM HPOU3BOJHYIO MOoKa3aTeILHOM

Eai_ K
byHKIMH: @) =a'lna EnvHCTBEHHOE OTJIMYME — BMECTO «HUKC» y Hac CIIOKHOE
. 2 o
BhIpakeHre LML X yTo HE OTMEHSET CNPaBEIIMBOCTh JaHHOUM dopmynsl. Utak, pe3ynbrar
Pt ot .
PUMEHEHHUs MpaBwiia AUPpPepeHIPOBaHUS CI0KHON PyHKINU vl =u'(v)-v CJIE Iy IOILINN:
) =2 .
yr — l:?u'csm :r:lr — ?msm ¥ In7. |:E1IES]I1 2 x)r
[Tox mTpuxom y Hac cHoBa cioxHas ¢pyukus! Ho ona yxe mpomre. Jlerko yoeautses,

YTO BHYTPEHHSASI (YHKIMS — apKCUHYC, BHEWIHAA (pyHKuMs — cTeneHb. COIrIacHO NpaBUITy
TuQepeHIIMPOBaHUS CIOKHON (PYHKIIMU CHaYyajla Hy>KHO B3SITh IPOU3BO/IHYIO OT CTEIECHU:

I}?r — I:?u'csin!xjr — ?msin! ¥ ]r.l. ? . I:a.t'l:tsi.tl 2 x)r —

= T 0T Darcsin x. (arcsin x)°

Tenepb BC€ IPOCTO, HAXOAHUM II0 Ta6J'II/IH€ MMPONU3BOAHYIO ApKCHUHYCa W HEMHOI'O
«IIPUYICCBIBACM» BBIPAXKCHHUC!
. -2 .
yr — l:?u'csm :r:lr — ?msm ¥ In7. |:E1IES]I1 4 x)r —

= 7 107 Darcsinx (arcsin x)'=

_ PR 7 Do g — =

A1- 7
27T arcsin x

«,frl—:Jr:2

T'oToBo.

[Tpumep 11

EPTE YO
Haiiti iponsBoanyto GyHKImu = In*(2x—-1)

OT0 npuMep Ui CaMOCTOATENBHOIO PELIEHUs (OTBET B KOHIIE YPOKa).



Ha mpaktuke npaswio auddepeHIupoBaHus CIOXKHOW (QYHKIIMM TIOYTH BCeraa
MPUMEHSETCS B KOMOMHAITMH C OCTaJbHBIMHU MIPpaBMIaMH (P hepeHITUPOBAHUSI.

[Ipumep 12

_ ¥ 2 _ :
Haiitu ipousBofHyto GyHKIHHE * 2" +(x" = 4x + 3) sin Tx

¥ = (=2xe™ +(x* —dx+ Dsin Tx)

+ r — I'+ r
CHauazna ucronb3yeM npaBuio Au(QepeHIInpPOBaHUS CyMMBI vy =u'ty

MEPBOM CJIaraéMOM BBIHOCHM IIOCTOSIHHBI MHOMKUTENbh 3a 3HAK IMPOU3BOJHOW IO MPaBUITY
(Cu)' = Cu' .
s E?Zx 2 : t_ E?Zx t e : t
¥ =({—2x +(x" —dx+3am Tx) =2z V' +{(x" —4dx+3sm Tx)

B o0oux cnaraemplx mOJA INTPUXaMH Yy HAC HAXOJUTCA MpOoM3BelneHUE (DYHKIUH,
o) = v v,

, 340JIHO B

CJICAOBATCIBbHO, Hy)KHO JOBaAX bl HpI/IMeHI/ITB HpaBI/IJIO
Y= =2z +(x* —dx+Dsin T =2z +((x° —dx+Dsin Tx)' =

= 20X + 2™+ (x* —dx+D'sin Tx+ (x° —dx+ Disin Tx

3x
3aMeqaeM, 4TO oA HECKOTOPBIMH IITpUXAaMH Y HAC HAXOAATCSA CIOKHBIC (1)YHKHI/II/I g )

s 7X | Kanambyp, HO 9TO HPOCTEile U3 CIOKHBIX (DYHKIHHA, 1 IPH ONPEICICHHOM OIBITE
pelieHus HPOM3BOIHBIX Ber Oynere JIETKO HAXOJIUTh ux YCTHO.

A T10Ka 3anuiieM noJipoOHO, COTJIACHO MPaBUITY (vl =u'(v) v , TIOJTy4aeM:
¥ =(=2x +(x* —dx+Dsin T =2z + (% —dx+sin 72 =
= 200X + 2™+ (2 —dx + D'sin Tx+(x° —dx + Disin T =
=-2(1. e +x-&7 (3N +(2x -4+ 0sin Tx+(x" —dx+3cosTx (7x) =
= —2(e™ 4+ 2™ )+ (2x—Nsin Tx+ 72" —dx +DeosTx
T'oToBo.
HpI/IMepBI AJI CaMOCTOSATCIIBHOTO PCIICHU A

g =7 +4 - Infsin x)

Haiitu npousBoHyto QyHKIH

Ipumep 2: y'=—2sm 2x
. 14x
e
Ilpumep 4: Vkazanue: nepeo oughghepenyuposanuem neobxooumo
|
— x

a
nepenecmu Cmenenb Haeepx, CMEHUe y nokazameiisl 3HaK x

‘ 1 1
pusiep 7: d Hix+inx0° (H x]
. 2
7= «.u'rl—;{g Carccos” x
= Alnf 2x-1)
Ilpumep 11: 2x—1
= xln(sin x) + '\f{m- COSX

- Jxt 4 sin X

Ilpumep 9:

Ilpumep 13:



IIpakTHyeckasi padora 14

Tema: IloHsiTue HeompeaeJeHHOr0 HHTerpaja u ero cpoiicrBa. HaxoxaeHue
HHTerpasoB (¢QyHkuuid. HWHTEerpupoBaHuMe 3aMeHOW TepPeMEHHON W MO0 YacCTAM.
HNHTerpupoBanye paMoHAJAbHBIX U HPPAUMOHANBHBIX (PYyHKIUIA

Henab: Hayuntbest BBIMUCIATh WHTETPAT QYHKIIUU U MHTETPUPOBAHUIO PAIIOHATBHBIX H
UPPaALMOHATIBHBIX (DYHKIMNA

Teoperuuecknii 610k

Onpeoenenue. ®ynkuus F(X) HassiBaeTcst mepBoobpasHoii dynkiueit ¢pynkuuu f(X) Ha
otpeske [a, b], ecau B 11000 TOUKE 3TOr0 OTpe3Ka BepHO paBeHCTBO F¢(X) = f(X).

Onpeoenenue. HeonpenenenusiM uHTErpagoM ¢yHkimu f(X) Ha3bIBaeTCsS COBOKYMHOCTb
nepBooOpa3HbIX (YHKIUH, KOTOpbIe ompeneicHbl cootHomienuem F(X) + C. 3ammchiBaroT:

[rdc=F+c

Coiicsa:

N ) = F(D+CY'= £z

2) (] 0] = £

3) J&F@=F@m+c

2 J G+ v—wick = [+ [ v — [weck

“rme U, V, W — HEeKOTopbie (DYHKIIUHU OT X;
5) Je- rd=c fmdc

B tabuuue 2 npencraBieHbl OCHOBHBIE 3HAUEHUS HEOIIPEIEIEHHBIX HHTErPAJIOB.
Tabnua 2 — Tabnuna HeonpeenEHHBIX HHTETPAJIOB

NHuterpan 3HaueHue WHuterpan 3HaueHue
1 _[tgdr -InYcosx¥+C 11 Ia‘& ex+C
2 Jotmax InY4sinx¥4+ C 12 | [oosdk sinx +C
3 [ dx 2 sC 13 | [amxd -cosx +C
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& 1 x 1 tgx+C
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ik 1 _ (x#a 1
" o -
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NHuterpan 3HaueHue WNuterpan 3HaueHue
X
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ail COSX 2
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Jraax

Teopema. Ecmum t1peOyercs HaWTH HMHTErpai , HO
NepBOOOPA3HYI0, TO C TOMOIIBIO 3aMeHbI X = () u dx = j¢(t)dt momyunum

[r@dc= [ ria(od o
Meron MHTErpHpOBaHHSA IO YacTSAM OCHOBaH HAa HM3BECTHOM (OpMyJie MPOU3BOIHON
npousBeaeHus (UV)¢ = U¢V + v¢u, Tae U u V — HekoTopsle GyHKIMH oT X. B nuddepenuunansnoii

dopme: d(uv)=udv+vdu.

CJIIOXKHO OTBICKATh

= :m'lr+]|rd:
[IpounTterprupoBas, nojiy4yaem Id{w} I .
B cooTrBeTcTBUH CO CBOIICTBAMHA HCOIIPCACIICHHOI'O HHTCI'pajia
Inn‘lr=mr—_|-ni£
[Tonyunnm ¢opMyiny HWHTErPHPOBAHMS [0 YacTSIM, KOTOpas TO3BOJSET HAXOIAUTh

MHTETPaJIbl MHOTHX 3JIEMEHTapHbIX (PYHKUIUH.
2.1.2 llpumepsl pelueHus 3aa4
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HEONPEAEIEHHBIN UHTErPAIT
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[Toasenem nox 3Hak qudepeHnrana 3HaMeHaTelb IMOLIHTETPAIBHON IpOOH
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Ne 000 [4]. Haiirn = © —6x+25

Pemenue
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Ne 000 [4]. Haiitu Heonpeen€HHBIA UHTETPaT
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15 . Haxomum

_ __ys.4
Beenem nopcraHoBky £ -1-3c , oTKyga @#=-13x7dx  Torpa
T10JTy4eHHbI TAOIMYHBINA HHTETrPajl ¥ BO3BPAIAEMCS K CTApOil epeMeHOM
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Ne 000 [4]. Haiitu HeonpeaenEHHBIN HHTETpa -.- (2x+1) d‘.r.
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Ne 000 [4]. Haiitu HeonpeaenEHHBIN HHTETpal -.- -



]'ahmm.

Ne 000 [4]. HaliTu HeonpeneI€HHBIN MHTErpall

Ne 000 [4]. Haittu -[ dx

l- {I, ﬂr-l-: I
B wuHTerpamax Buja ek , TAe N — HaTypaJlbHOE 4YHUCIO, (QYHKLHUS

PaLMOHAIM3UPYETCS C TIOMOLILIO TIOJCTAHOBKU ' EX+d

Ecnu B coctaB mppanuoHaibHOW (YHKIMK BXOAST KOPHH PAa3IMYHBIX CTENEHEH, TO B
KaueCTBE HOBOW IIEPEMEHHOW PAalMOHAIBHO B3ATh KOPEHb CTEIEHH, PAaBHOM HAaMMEHbBIIEMY
o011eMy KpaTHOMY CTeNeHell KOpHEeH, BXOAALINX B BbIPaXKEHHUE.

Onpeodenenue. bunomuHaipHbIM U (depeHIaIoM Ha3bIBaeTCsl BbIpakeHHe Xm(a +
bxn)pdx, rae m, N, u p — panuoHaneHble Yncna. VHTerpan ot OnHOMHHAIBHOTO AuddepeHnnana
MOYET OBITh BBIPAXKEH Yepe3 dJIEMEHTapHbIe (DYHKIMH B CIEAYIOLINX TPEX CIIydasx:

1) ecnu p — menoe YUCIO, TO MHTETPAJl PAMOHATIM3UPYETCS C IOMOIIBIO TTOJICTAHOBKH

|
t=%x , rie 1 — o0mumii 3HaMeHaTenb M u N;
m+1

2) ecnim ® — leloe 4YMCIO, TO MHTErpal palMOHAIM3UPYETCs I10CTAHOBKOM
=
£="la+bx" rne s 3HamMeHaTeNh APOOH p;
m+l a+ b

—tp £=13
3) ecru ® — 1EJI0€ YHUCJIO0, TO MCIOJB3YETCS IMOJCTaHOBKA ™ e s -

3HaMEHaTeNb IPOoH p.

_I-E(r,w'ﬂrz +ixt e Id’r
HHTCFpaJ'IBI BHUIa IMYTEM BBIJCJICHUA ITOJIHOI'O KBaJpaTa MOI'yT 6LITB

IMPUBCACHLI K OJHOMY U3 CICAYIOIHX TPEX THUIIOB:

D | Rtas - 2y
2 | R /w1yt
3) jx{gm)ah
[ Reeem? - et

MHTETpally OT PallMOHAIbHON (YHKIIMM OTHOCUTENBHO sint miun cost.

IR[H,"-.'IME+HI}¢[

UHTETPAly OT PallMOHATBHON (QYHKIIMHA OTHOCUTENBHO sint u cost.
— 1 1
.I.R[H‘ o —m )t LT = i cost
HHTerpaﬂ BUaa IoACTaHOBKOM 50041 CBOOUTCA K
UHTETPAITy OT PAllHOHATBHON (DYHKI[MHA OTHOCUTENBHO sint win cost.

IloacranoBku 3171Jlepa HCIOJIB3YIOT IIPU CICAYIOMUX YCIOBUAX!

IR{I,“-.'IGIJ +bxtc)dc

WNuterpan Buma MOJICTAHOBKOM ¥=msmf iy, B=mo0& popreq K

Wurerpan Buga MTOJCTAHOBKOM u=migt, ., u=mdg CBOJUTCS K

1) ecnu >0, To UHTErpaN BUIA

ﬂ.l'ar1+.ﬁr+t: =.fir\-'r;;

PalMOHATIN3UPYCTCA MMOACTaHOBKOH

IR[I,“-.'IEII +bx+c)dc

2) ecmu a<0 m c>0, TO wWHTerpa; BuUja

MIOJICTAHOBKOM fo 4 kx4 e = (¥ oje :

panMoHaIu3upyeTcs



3) eciu a<o, a MOJKOPEHHOE BBIpKEHHE pacKIaIbiBa-
eTcs  Ha  JeWcTBUTEIbHBIE  MHOXuTenu a(Xx — x1)(X — X2), TO  WHTer-

ax? + bx+ e Y S _
IR{I’ thxre) paLMOHANIM3UPYETCA MOICTAHOBKOM ax’ +hx+c _!(I_Il).

PaccmoTpuM MHTErpasbl CleayONMX TPEX TUTIOB:
Pk
I _[ Gm’ +hx+c
|} IHI"'JE:’ +Ix +odc

paJt BUja

m | & ]
E-o) Je +ix+c
rne P(X) — ™Horownen, N — HarypainbHoe uucio. [Ipudem wuHTerpansr I u

III TumoB MOTYT OBITH IPUBEIEHBI K BUAY HHTErpasa | Tuma.
Beinonnum crenyromee Hpeo6pa30BaHHe‘

Hxjdk N e L
I'\,II ar’ +ixte R ket ‘l--.,.' +£u:+¢:

B 3TOM BbIpakeHUH Q(X) — HEKOTOPBIH MHOTOWIEH, CTENEHb KOTOPOTO HHXKE CTEICHU
mHorowieHa P(X) Ha eauHuIly, a | — HEKOTOpast MOCTOSIHHAS BEJTUYMHA.

JIns  HaXOXKICHHS HEOMpeAeiICHHBIX Kod(duiuuenTtoB MuorowieHa Q(X), cremeHb
KOTOPOIr0 HIDKE CTeneHu MHorowieHa P(X), muddepeHupyoT 00e 4YacTH IMOJTYYEHHOrO

BBIPQXECHHS, 3aTEM YMHOXKAIOT Ha o +bxte U, CpaBHMBAs KOX(POUIUEHTHI MPU OJTMHAKOBBIX

CTEMCHSX X, OMPEACIIAIOT BeauurHy | 1 koadduipenTsr Muorowiena Q(X).
[IpuMepsbl pelieHus 3a4a4
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IIpakTnyeckoe 3anaTue Ne 15
Tema. OnpenesieHHbI HMHTerpaj. BbluuciieHHe ONpeneIeHHOr0 HHTerpaJa.
Boruuciienue niomajaei ¢gpuryp u 00beMoB Te
He.]'lb: BaerHI/ITB YMCHUA CTYACHTOB p€IIaTh 3aAa4U MO BEIYHUCIICHHUIO HHTCIPAJIOB
Teopernyeckuii 6,10k
a
hm Z Jiz)Ax,

Onpedeﬂenue Ecmu mns dyskumu f(X) cymectByer npenen o) , PaBHBII

E fle)Ax, = ]f[xidc

| | )
"'_’ o TO (PYHKI[MSI HA3bIBACTCSl HHTETPUPYEMOId Ha oTpe3ke [a, b].

CBOI/ICTBa OHpCZ[GHeHHOFO HHTCIrpaia:

jmﬂdr J]f(l)d’c
1) =

ILﬁ[I)*fz{l)}dr I.ﬁ{ﬂdl‘*lfz{ﬂdr
2) = ,

]fmdr= 0
3) a ;
4) ecmu f(X) £ j(X) na otpeske [a, b], rne a < b, To
[ ] [ ]
[ i< [ox)dk
5) ecnm M u M — COOTBETCTBEHHO HaMMeEHbIlee U HanOoubInee 3HaueHus GyHkiuu f(X)
Ha oTpeske [a, b], To



b
m(b—a) ilﬂlidfi M{b—a)
6) meopema o cpeonem: ecnu dynkuus f(X) HenpepbiBHA Ha oTpeske [a, b], To Ha 3TOM

OTpE3KE CYIIECTBYET TOUKA € TaKasl, YTO
]

[ A= @-a)f ()

7) nast MPOU3BOJIBHBIX YKCEN &, b, C cripaBeuIMBO paBEHCTBO

] c . ]
| redc= | r@dc+ [ e

B a
[rmdc=—[ rac
8) = &
Teopema Hoviomona—Jleubnuya. Ecin bynkuus F(X) — kakas-nmu6o mepBooOpasHas OT
HenpepbiBHOK Gyuknuu f(X), To

. ]
| r@ac- Aoy - F(a

HpI/IeMBI BBIYUCIICHUS ONPCACIICHHBIX MHTCIPAJIOB MPAKTUYCCKH HEC OTIIMYAOTCA OT BCEX
TEX MPHUEMOB U MCTOJ0B, KOTOPLIC ObLTH PaCCMOTPCHBI IIPU HAXOKACHHUU HCOIPCACICHHBIX
UHTETPaJIoB.

Touno Tak ke NPUMEHSIOTCS METOIBI IMOJCTAaHOBKM (3aMEHBI IMEPEMEHHOMN), METO[
UHTETPUPOBAaHUS MO YacTsAM, TE€ K€ MPHUEMbl HAXOXKICHUS IEPBOOOpasHBIX IS
TPUTOHOMETPUUYECKUX, HPPALMOHAIBHBIX U TPAaHCLEHACHTHbIX (yHKIUE. OcoOeHHOCThIO
SABIIIETCA TOJABKO TO, YTO [P I[PUMEHEHUM OJTUX IIPUEMOB HAI0 PpPacIpOCTPaHATH
npeoOpa3oBaHUEe HE TOJNBKO Ha MOABIHTETPAIbHYI0 (QYHKIMIO, HO M Ha TpeIeibl
VHTETPUPOBAHMUSL.

b
[ reax
[Tyctes 3amaH uHTErpan =« , rie f(X) — HenpepsiBHAs (yHKIUS Ha oTpeske [a, b].
BBeeM HOBYIO TIEpEeMEHHYIO B COOTBETCTBUH ¢ (hopmyitoit X=(t). Ecru:
1)@ =a, j(b) =b;
2) j(t) u j¢(t) HempepbIBHBI HA OTpeE3KE [a, b];
3) f(j(t)) ompenenena na orpeske [a, b],
TO

b B
[ rmeac= [ rmol @
[/} LI

NN

B B
Iﬂv{ﬂh'[f}ﬂ? = Flo(0l| = Flo{P)]— Fle{a)] = FE) - F(a
@ [1 9

&
EE I.i"' (x)dc
Onpedenenue. Ecnu CyiecTByeT KOHEYHBIA TIpees o , TO JTOT TMpenen
Ha3bIBAETCS HECOOCTBEHHBIM UHTErpanioM oT (yukiwu f(X) Ha uaTepBase [a, ¥). O6o3HaucHHE:

] m
,:_J Sde= [ fix)d

Ecnu 3T0T mpenen cyimiecTByeT U KOHEUEH, TO TOBOPAT, YTO HECOOCTBEHHBIN WHTETpal
CXOAMTCS, €CIM TIpelel HE CYMIECTBYeT WM OECKOHEUeH, TO HECOOCTBEHHBIH HHTerpal
pacxoauTcs. AHAJIOTHYHBIE PACCYXKICHHS MOXHO MPUBECTH AJII HECOOCTBEHHBIX WHTErPAoOB
BHJA



] ] m e m
Jr@d- m [ [r@d- | fDds [ fDd

Teopema. Ecmu s Bcex x (X°@) BBINONHSACTCS YCIOBUE 0= /E)<e) HHTErpal
- m
[ alx)e | e
- CXOJUTCS, TO = TaKXKe CXOAUTCS.

Teopema. Ecmum nns Bcex x (X°a) BBINOJHSETCS YCIOBHE 0<q@)< /)y, UHTerpan
- m
[etmax | rex
« pacxogurcs, To o TaKXe PACXOJUTCA.

Ecnu B Touke x = ¢ ¢pyHkuust 1100 He onpeeneHa, 1100 pa3pblBHA, TO

e ]
[rodc— = | f5d

] c
Jrmac Jrmac
Ecmn HHTCIpal a CyHIeCTBYCT, TO HHTCIpall a CXOOUTCs, CCJIM HHTCIrpall
] ]
Jrmex [rme
a HC CYHIECTBYCT, TO o pacxoauTcs.

Ecnu B ToUke X = a QpyHKIUS TEPIUT Pa3pbiB, TO
£ £
[riodc= fm e
o)
o a
Ecnmu  ¢ynkums f(X) wmmeer pa3peiB B Touke b Ha mpomexyrke [a, c¢], TO

£ & £
[remdc= | foydes [ £
a a & . Takux TO4ek BHYTPHM OTpe3Ka MOXKET ObITh HECKOJbKO. Ecim
CXOJIATCS BCE MHTETPAJIbl, BXOJAIINE B CYMMY, TO CXOJUTCS U CYMMapHbI HHTErpaJl.

[IpuMepsl pelieHus 3axa4y
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No 000 [4]. BeruuciauTh onpeaeaeHHbld HHTErpall
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Ne 000 [4]. BeruncnuTh onpeieIeHHbIN nHTerpat

Pemenue
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Ne 000 [4]. UccnenoBaTh Ha CXOOAUMOCTH ®
Pemenne
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!mﬁr=ﬂnmﬂ=gm|u= 1im (sin 5 sin0)= Fm sin:

Tak kak mpezes He CyIIeCTBYET, TO Hec06CTBeHHLH71 WHTErpaJl PACXOAUTCS
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Ne 000 [4]. UccnenoBaTh Ha CXOIUMOCTD m
Pemenne
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— UHTCTpal CXO-AUTCA.
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Ne 000 [4]. UccnenoBaTh Ha CXOIUMOCTh 0 .

Pemenue
Touka *=1gpnsercs ocoboit TOYKOH, TaK KakK MOJABIHTErpajibHass (DYHKIUS UMEET B HEH

_J=

OeckoHeUHBIH pa3phIiB. [loaTomy

1=
I=tm [ % —tim| a5 "= [ smin| =
01— 302 |lax 2|50 [2—z

= l[—m—ﬂ]:—m_

2
Tak kak npenen OECKOHEUHBIH, TO JaHHBIA MHTErPall PACXOAUTCSI.
3 i3
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No 000 [4]. 3amaHO KOMIUIEKCHOE YHCIIO B4+ Haijimu anredpanvecKyro,

TPUTOHOMETPHUUYECKYIO U TIOKa3aTeNIbHYIO (DOPMBI 3aIUCH.

Pemmts ypaBHeHne wz=0 .

Pemenue
1) IOMHOXHM YHUCIIHMTENIb U 3HAMEHATENIh Ha COMPSKEHHOE 3HAMEHATEI0 KOMILICKCHOE

qucno V3 —fy IIpoBeJIeM alire0pandeckue mpeoodpa3oBaHus

B4Bl3-i) 3+83-8343 6423 3 3
lE+8l6-4 341 “Ta 171
3+ BRI -1 — anreOpandeckas popma.

Monayns uncna
ApryMeHT HaxOJUTCs B IEPBOM YETBEPTH

wv-mn{ ) {5)-§

Tpuconomempuueckas popma uucna

- S{omiemi)

Ilokaszamenvuas ¢popma uucna

2= Ba®

2) muig peleHus ypaBHEHHS 1'ﬂ+z=uH606XOI[I/IMO BBIIIMCAaTh TPU 3HAYECHUS KOPHS

KyOMUYecKOro u3 4ucia.

X X { l] 7

= = = i
SN AN AN ol SN
[Tony4yeHHBIN apryMeHT 4yucia HE SIBIAETCS TJaBHBIM 3HAYEHHEM, MO3TOMY, MOJIb3YSCh
P O MoxeM MEepEeUTH K JPYyromMy apryMmeHTy,
e Bt %

NePUOANYHOCTBIO  (YHKIUH

YIOBJIETBOPSIOLIEMY YCIOBHUIO

el

—-—-l? 20
3 1, —5+11]l
=364 1%
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Tpu penienust UCXOIHOTO ypaBHEeHuUs monryyarores pu K = 0, 1, 2:
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BhHINMCAHHBIA apryMeHT '3 He SBJISETCS IVIaBHBIM 3HAYEHHEM apryMeHTa (Gonbmie ¥ ),

MO3TOMY bopmy yucia ™ Heo6xoaUMO peodpa3oBaTh:
1 1 1 { D
w3=33-e{%] —30 -e{%ﬂ] =33-e{ = ]

No 000 [4]. HaitTu Bce 3HaueHUs KOPHS Vs :

-3
Ne 000 [4]. Hatitu #

IIpakTnyeckas padora Ne 16
Tema: BoruncijieHne 4YaCTHBIX MPOU3BOAHBIX.

Heas: DopmupoBaHWE NPAKTUYECKUX HABBIKOB HAXOXKJICHUS SKCTPEMYMOB
(YHKIIMM MHOTHX HE3aBHCHUMBIX ITEPEMECHHBIX.

Teoperuuecknii 610k

Yactaple mnpouwsBoaHbie. Jluddepenuman, ero CBA3b € YaCTHBIMH
MPOM3BOIHBIMU. [ €OMETPUYIECKHUI CMBICIT YaCTHBIX MPOU3BOMHBIX U Iu(depeHinana.
Jlocrarounoe ycnoBue auddepeHnupyemMoctd. ['pagueHT W NPOU3BOJHAS IIO
HarpaBlicHHI0. HeoOXoauMble W JOCTaTOYHBIE YCIOBHS JKCTpeMyMa (DYHKITUN

HCCKOJIBKUX IICPCMCHHBIX.

[Ipupamenue, koropoe noiayyaet GyHkuus Z=f(x, y), Korjna u3MeHseTcs TOJIbKO OJHa U3
MEPEeMEHHBIX, HAa3bIBA€TCA YaCTHBIM MpHpalieHueM (QYHKIUU 10 COOTBETCTBYIOLICH
nepeMeHHOI: AxZ=f(x+AX,y)-f(x,y), AyZ={(x,y+Ay)-f(X,y).

OINPEAEJIEHUE: YactueiM muddepennuanom nmo x Gynkuuu Z=f(X, y) Ha3bIBaeTCs
[JIaBHAs 4acTh 4acTHOro npupaieHus AxZ=f(x+Ax,y)-f(x,y), nponopuroHaibHas IpUpaIleHUI0
AX HE3aBUCUMOM MMEPEMEHHON X. AHAJIOTHYHO ONPEACIIASTCS YacTHRIN qud depeHua mo y, 1.e.
AyZ=F(y+Ay, x)-f(X,y).

JuddepeHnnansl He3aBUCUMBIX TIEPEMEHHBIX X U Y TPOCTO PAaBHBI MX NPHUPAIICHUSM,
T.e. dx=Ax, dy=Ay. Yactueie nuddepeHnuansl oOo3HavatoTcss Tak: dxZ -4acTHBIN
muddeperuman no x, dyZ - yactHslii Auddepenunan no y. [pu stom:

dz=% @ d.z =i—z -dy

o~

CxX cy

Takum oOpa3om, yacTHbI AuddepeHnran GyHKIUN JBYX HE3aBUCUMBIX NEPEMEHHBIX
paBEeH TMPOM3BEICHUIO COOTBETCTBYIOIIEH YacCTHOW MpOM3BOAHON Ha muddepeHnman 3Toi
IIEPEMEHHOM.

Takum e o0pa3zoM, Kak JUIsl (yHKIMHM JIByX HEPEMEHHBIX, ONPEIENSIOTCS YacTHbIE
NpUpPALEHHs U YacTHbIE Ju(depeHrabl GyHKINM JII000ro Ynucia He3aBUCUMBIX IEPEMEHHBIX.

[Tpupamenue, koTopoe noiydaer ¢yHkuus Z=f(x,y) npu HNpOU3BOJIBHBIX COBMECTHBIX
M3MEHEHHUSAX ee 000MX apryMEHTOB Ha3bIBAETCS MOJIHBIM MpUpAaIlleHuEM:

AZ=f(x+AX,y+Ay)-f(X,y)

OINPEAEJIEHUE: IlTonueiM nuddepennmanom QyHKINUN IBYX HEPEMEHHBIX Ha3bIBAETCS
[JIaBHAasg 4YacThb I[IOJIHOIO TNpupalieHus (yHKUWU, JUHEHHash OTHOCHUTEIbHO MpHpaIleHUn
HE3aBHCHUMBIX MIEPEMEHHBIX.

Teopema. Ilonubiit quddepennnan GyHKIMM IBYX HE3aBUCHUMBIX NEPEMEHHBIX paBeH
CyMMe MPOU3BEIEHUI YaCTHBIX IPOU3BOIHBIX (PYHKIMH Ha JU(QepeHIInanbl COOTBETCTBYIOLIMX
HE3aBHCHMBIX [IEPEMEHHBIX.

o o
dZ = i—za’x+f—zaﬁ-_
dZ=f'x(x,y)dx+f'y(x,y)dy unm cx cy



oz oz

Tak kak €xdx=0xZ u €Y dy=dyZ, To dZ=dxZ+dyZ, T.e. nupdepenrman GyHKIMH IBYX
HE3aBUCHMBIX IEPEMEHHBIX PaBEH CyMMe €€ YaCTHBIX JU(epeHIInaios.
Omnpenenenue auddepeHnmana nepeHoCuTCs Ha QYyHKIIUU JIF0O0TO YHcia HE3aBUCUMBIX

IIEPEMEHHBIX.

Mpumep 7. £~ n(y + %"+ ¥ aiirn dz

Haitnem yacTHbIe TPOU3BOIHBIC

A O e IS SR N rcv) I
o .ln':f\"" XT+Y :' }’+m}+ Xy

- -,

II. bt .II

| % .
= " _\I{x: N }__; '-_‘_\(X: N }__; J-'I N ﬁ‘Il':!{l N }_.l |I:._- _"Jx; N }__: | :

[ A
), = y |1
[]-ﬂ(‘-+ A } y+ "—x 42 'lx:+j-':} uﬁ
d.z=a—zcb: dv— xdx dy
CrnenoBarensHo, cx Cy 'U'rx +y° [‘-'+~er +v° ] erx*+f_,r*

IIpakTnueckas padora Ne 17

Tema: Boruuciienue nuddepeHuunanos.

Heanb: d®opMupoBaHre MPAKTHYECKHX HABBHIKOB HAXOXIEHUS SKCTPEMYMOB (YHKIMU
MHOTI'UX HE3aBUCHUMBIX IICPEMCHHBIX.

[pakTnyecknii 6,10k

3aoanue 1

HaiiTi yacTHbIe TPOU3BOIHBIC OT (DYHKIIUH.
1_ 1=z~ 3wy -ty —da +2yt5 .

Pewenue

Cuntas = pyHKUMEH TOJBKO OJTHOTO apryMeHTa * M MPH 3TOM Iojlaras ¥ =tnt  HaxoJIuM

o ¢popmynam

AHanoru4Ho, cuurtas = QpyHKUUEH ToIbKO ¥ M moJsiaras * =<t | [10Jly4uM

L T
F™

- 2w G -4

¥

T =arct
B .

Pewenue
Cuuras Z GyHKIHEH TOIHKO OJHOTO apryMEHTa * W TIPH TOM Iojaras ¥ =cn  HaXOJUM

o ¢popmyam

"
dE _ 1 v e 2y
ekt _1+ ¥ 42 |_1+=" | - A+x71 w - (14297 +y
Pl f+x%)

AHANOTNYHO, cyuTas = QYHKUUH TOJBKO ¥ U MoJaras ¥ =test, [oIy4uM
ik 1 v 1 1+x?
- | ¥ = -

T ) R
11+x° ) 1 _I.'."
w=" ¥ T
3. 7
Pewienue

Cuntas ' ¢dyHKUMEH TONBKO * U moylaras %= =rtmst  33reM — (YHKIUEH TOJpKO ¥ W monaras

xz=cond g TOJBKO I, TIOJIATAS *:¥ =cn  TIOJTyYHM



|h.11:
e oy mt .
) ’ 1

3aoanue 2

B

BoruncnuTh 3Hau€HWE YACTHBIX MPOU3BOJAHBIX MAHHBIX (DYHKIMHA TNpU yKa3aHHBIX
3HAYEHUSIX apTyMEHTOB!

1) flu, ¥ =cosmx m,-, “Im: ¥=0 .
Pewenue

[To hopmynam auddepeHIMPOBaHNs HAXOAUM YaCTHBIE IPOU3BOIHbIE
t; =-msnmx-ny - f,=nsnimx-rmy
; .

m

[Monarass = 2m; ¥~ 10dy4uM
N S NI
f~|.2m,lll.|- m; i,|.2m,1ll.|=n.

e S T

Pewienue
Haxonum npousBoiHbIE, 3aTEM BBIYHUCIIAEM UX YaCTHBIC 3HAYCHHS B YKA3aHHOU TOYKE:
. . . Lt
I, =— ~a Ty T —
- "r" o '!r"
izt =t iz
3
3aoanue 3
lce 1ck_z
xek ye oy

1. IToka3are, uto GyHKIHs =¥ "= ¥ 'ynoBIeTBOpSIET YPaBHCHHUIO
2= x* VX 11
2. [lokasartp, yto GyHKIUS ¥ 2 = ¥

adz 2 lI
N +¥ :

YIOBJICTBOPSICT YPABHEHHIO * = % ¥’
Brruucnenue npon3BoAHbIX U 1Up(GEepeHIanoB CI0KHbIX (YyHKIIMNA
PaccmoTpuM unciioByro GyHKIUIO IByX EpEMEHHBIX
2=2my)
3aJJaHHYI0 CIIEAYIOIIUM 00pa3oM:
FRHUM ppe UsUsvl; V=V (1)
I'oBopsrt, uto (1) onpenensieT cnoxHy0 QYHKIUIO ABYX NEPEMEHHBIX.
B cootBercTBUM ¢ hopMyTamMH IPEAbIAYIINX MaparpadoB MOXKEM 3aIUCATh:
n2- :T_ETEU . g:, BV -0d . §= JAUP AV o)

Haiinem yacTHble TpupanieHus

§ 2203/ ) _
e a— A VRIS
L8z az . .
BeZ= el G 0.V 0l5) 5:=xlrﬁ=U'+ﬁ-*v_-(3)

" g
0l&) — ecTh 0.M. O0OJIE€ BBICOKOTO TOPSIKA, YEM O , IPEICTaBUM €€ B BUAE ~*,TAe ®— 0.M.
0ig,) & LU - 0.V s
wll =y Y| = |EI [ o= ]_+ [ o= ]_
Torna A iV Ax Ax

, OTKyJla BHJIHO, YTO 3Ta BEJIMYMHA CTPEMHTCS K HYIIO
a, U AU a Vo av
HpI/I ﬁ::-r[I;TaKKaK |:|-o-|:l,a Ay - e ; L - ﬂx_
Paznenum (3) Ha &x u nepeitiém Kk npeneny npu & =0
g2 824U 02 0,V
px=0 0% Um0 Bx 0V e Ox
4z _@Z au Az av ,
G AU ax AV ox (4)

AHQJIOTMYHO TOJIYYMM (opMysy sl YacTHOM NPOU3BOJHONW CIOXKHOH (YHKIHMU O
apryMeHry y:

4 _ 8z au  azZav

By AU ay OV dy (5)

C nomotpio 3THX (HOpMYJI 3anuieM NoaHbIN auddepentman st pynkuuu (1)



a

as SESTJ+SESV SES'LT“SESV

4= = du + - du + -
. a,-ﬂ" Yavrae *avas (aua,- aw a,-m’
JES AU AU AR AV AV T . B
L& - B EL - 2 atr w du

[TonydeHHOE paBEHCTBO BBIPAKAET CBOMCTBO MHBAPUMAHTHOCTH (popMbl nuddepeHnuaa.
OHO COCTOUT B TOM, YTO MOJHBIN 1u(depeHran oJMHaKOBO 3alMChIBaeTCs B ciayyasx, korga U
U V — HEe3aBUCHMBIC IEPEMECHHBIE WU SBISIOTCS QYHKITUSIMU OT X U .

[To ananoruu ¢ ¢opmynamu (4) u (5) MOkHO 3amucatb u GopMynbl AudQepeHIUpPOBaHUSL
CJIOKHBIX (PYHKIHIA JPYyTrOTo BUAA.

HaHpHMep: TEUV, W, U= Uy, V= Vi), W= Wiy

92 _8Z 8T a4z av  az aw

U avex awa | (6)

A2 _AZ 84U A AV AI aw
gy AU @y AV 3y away_(7)

Paccmotpum apyroit npumep. Ilycts nana ¢pyHkims
24UV, me Us Uk, V=Viny.
PacnipocTpanuB npenplaymue pe3yabTaTsl Ha 3TOT ClIydai, MOJIy4HM, HAaIPUMEP, YaCTHYIO

IPOM3BOJIHYIO 110 Y:
DZI_azau azav az
Dy 8l ay av ay 35:_(8)
3ammck B hopme (7) Obuta OBI HEKOPPEKTHA, TIOITOMY U3MEHUM 0003HAYCHUS.
o=
3nech: B¥ — 03HayaeT BbIYUCIIEHUE YaCTHOW IPOM3BOIHON Mpy * =wret
az
#¥ — 03HA4YaeT BbIYMCICHUE YACTHON MPOU3BOJHOM Mpy U= rcawsh W= marst
PaccMmoTpum temnepsb Takoi mpumep.
PaccmaTpuBaercs ciokHas QYHKIOUS OJHOM IEpeMEHHON === omnpenenéHHast
CIIETYFOIIMM 00pa3oMm:
F=HUNVY  USU, V=Vl (Q)

d=
B sTom cjiydyac pedb AOJDKHA UATH O BBIYHUCIICHHUU HpOHSBOI[HOﬁ 4 | KOTOpas Ha3bIBACTCA

MOJTHOI Mpou3BoaHOI. DopMyiy 1Jis €€ BEIUUCIICHUS MTOIYYUM 13 (4)
dZ _ 4z dU, a7 dv
de AU de AV dx | (10)

Emé onun nmpumep:

-

[Tyctp ==Vl rae U=Tx),V=V&l "Torna uMeeM CJIEAYIONIYI0 (DYHKIIMIO OHON TTepEeMEHHOM
d:_a:dU+a:dV+a:
de AU de AV de x| (11)

OueBuaHO, A cieayromeld (yHKIMH OJHOM INEepeMEeHHON CBOWCTBO HMHBAPHAHTHOCTH
dbopmel nuddepeHIrana Takke UMeeT MecTo.

JeiictButensHo, ymMHOXkas Ha 4% (10), mosryunm BbIpaxkeHue Bujaa (6).

3aoanue 4

Haiitu nonusie auddepennnans GyHKIUN.

g —EtF
x—F,

Pewienue

a) HaxXO0JUM YaCTHBIC ITPONU3BOJHBIC JTaHHOM (I)yHKI_II/II/IZ

& EyL Ry lE-yL 5y x-y-lkiy Iy
che |x-yr B —-w % -y

»

I e Rt -
;

by |-y [x—yF fx —
6) YMHOXasd 4aCTHBIC IPONU3BOJHLIC Ha ,Z[I/I(I)(I)epeHI_II/IaJIBI COOTBETCTBYIOIMUX apryMEHTOB,

MOJTy4rM YacTHbIe TuddepeHransl GyHKINN:
d.z= &y de dz= = -
T T

B) HUCKOMBIM monHbIN auddepeHuman ¢GyHKIMM HalgeM Kak CyMMYy €€ YacTHBIX
Qg epeHIanos:

dz:E:dy—Eyﬂx _ 2ludy e
:_y-l :_y-l



2. z =sinlxy) .

Pewenue
Crenys yKa3aHHOMY TUTaHY, HAXOIUM

'j = cogduy) ‘.".ili: —cosEyl ®

a) L chy ;

6) dz=y osuyds . dz=x cosxyidy .
)

B) & = yoos|uy de +xcosxyide =cosey pde +udy)

x+y

3 Ty

Pewenue
Crnenys ykazaHHOMY IUIaHY, HAXOJUM

o 1 |I-:,"|'_[].r:.']-:.-x-:,' L —xp” _
- 1 |I A s =g 11—y 4]+
a) 1 -y
1+y" 1+y*
1-Zxy+x’y’ +x + 2ap+ 9 1-:-:":,.'"-:1:"-:,.'"-
&1 (mey | fowpexxey . Howpt
w 1'|I-5"'|:'1 ¥ - xpr 1wy tlwtyl® 1+x* 1+x*
11 —xy 1-Zxy+xyp x4 2ap+y®  l+xpi+xd 4y’
da= UV w aa- MY
6) 1+xiy +x® +9 : 1+ay” +u” +y° :
& - 1|1_.-".'|i.| 1!!']?..-'
B) Ltay” +a vp?
3aoanue 5

Brrancnuts 3HadeHus moHoro auddepeHnnana GyHKIA

n
z “‘““‘?npnhi;? 3;.1; npi;dy 005

Pewenue
Haxonmum 4YacTHbIE TIPOM3BOJAHBIC, 3aTeM dYacTHbie auddepeHnranbl W TOJHBIN

muddepeHan JaHHON QYHKIINH:
By kL x g xdcydy
o oy oy mT Ay 7ty

[ToxcraBnsiss 3amaHHBIC 3HAYCHHS HE3aBUCUMBIX IMEPEMEHHBIX ¥, ¥, dx 4y QyHKIHCH
KOTOPBIX SIBJSIETCS MOHBIN AuddepeHnuan 4z , moryqum

dz= 1-0%)-3 001 _ 0,008
1+8 .
3aoanue 6

Breraucnuts HpI/I6J'II/I)I(eHH06 3HA4YCHHUC!
sl 49 arctg0 07

1) 1_,':'3'"“ , 2) :_' L

Pewenue

Ecnu TpeOyercsi BHIYUCINMT 3HAUEHHE (DYHKIMH f(%¥- -t B Touke 'HF--bil (g mpn
TOM NPOIIE paccuuTaTh 3HAUYEHUS AITOM (PYHKIMH U €€ YaCTHBIX IPOU3BOJIHBIX B TOYKE

Mol ¥o tal) 1o IpE mOCTATOWHO MaNBIX MO aOCOMIOTHON BENMUMHE 3HAYEHMSX PasHOCTeil
KX =k Cy-vesd , =t =% MOKHO 3aMEHHTH TOJIHOE TIpUpaIcHHe QYHKIUU €€ TOHBIM
TuddepeHImaIom

EI M) —F | )= B e+ (M + . +E] B,

U 0mcro0a Hatmu nPUOIUNHCEHHOE 3HAYEHUe UCKOMOU GeTUUUHbL NO (hopmye
L) o (M )+ Mo +£] My +E B (1)

1. Tlomaras, 9T0 1P eCThb YaCTHOE 3HaueHHe (GYHKIHH ¥ =x'B Touke 1M0B338 ; ypo
BCroMoraTesbHas Touka 6yner Mo momryumm

f-MI:-=1"=1. f:_I'IrI,::I =y ppea =4 =t s, =0

) ) )
de=108-1=008 - dy =386 —4=-004
[Toncrasmiss B popmyny (1), Haiinem
L0 f | B )£ M e £ B =144 0,08=132

5149 arctg0,07

2. Ilyctp e €CTh 4aCTHOE 3HaYeHHE (QYHKIUU TPEX MEPEMEHHBIX Why,:l=2"sny acgz g

- 0,07 M..[-a-“-n]
-1 7 ) ]
touke Mi!=#FE0T Yy nyer BemomorarenbHas Touka Oy et 2



Torma ®x=-295-(-3)=0,05 + dy=149-157=-008 * dz =007 -
WMy =2 sk Tt =0 g (M, )= 2 In2siny - ardgz/), =0 -
) k)
. 2*sin ]
¥, /M, =2 tosy amtgz/,,, =0. PPl = 1+2"F=2
)
[Toacrasmsis B hopmyay (1), momydnm

sin 148 arctgh, 07

am =2 0a7=00l

3aoanue 7
d=
Haiitu mpon3BoiHbIe &t CIIOXKHOM QyHKIMH = =fl=y) | * =ait] v = uit],

::ilni
1. 2 }-',Jb.':tgt'}::cgt'

Pewienue

31ech 2 ecTh clIokHas GyHKIIHMS OJTHOM He3aBUCHMOM repeMeHHol t . [Tomyunm
r]:_11=1 [ 1|'_i'|=-1

i _Ely 2 W x| v
¥ . v .
) )
B _np, 1 0 L1
=Digt —= =Irtgh| - ——
a " ot : d g|_ sin’t '
dr

_1 g 1 g omt | oo _
& J cos’t ¥ snt tg “teos t cig “tsin‘t

T S S S
tgteos't  ctgtsin’t Sntcost  sintcost
2 4

sntcost  snlt

2. ::r-“,x=sint'3.- £

Pewienue
= —g * == =—2e *72F = cost dy=3t'
& oy ' tod
b H H
dz

i =e" Teost - 2" R =™ Vst - Bt =" st - 67

3_ ::u‘l::i.ru:.-y', x:Et, w=det

Pewienue

& 1 & 1
e ; T ro By W oy
- A=lx =yl - oy A-lm—p® - 4 g

& 3127

# a-(moal

3aoanue 8

d=z
Haiitu 2=, ecnim ==tt=¥) rpe v = ol
T = = ¥

1. 1.-'-1-1.,-’1—\;[61_,’:3:1-1.

Pewenue

e lxt tyl-Zxlxt -yl dmy | o _-lT iyl =7

w 2 2 T2 24 a 2 2 “ T2 i v =3
‘ e+l g% g W &+l kvl g :
dz _ dmy | 2xf 3_4:':.--5::" _2x2y -3x) _

de gty :.-'-. e+ :.-'-. e + :.-'-. e+ :.-'-.

=2:lE: +2 -3:'= 2ulie +2)

e+ 3+l ¥ 43w 1l

2. = ':"",rlle ¥ =rosx

Pewienue
:::21'!? : :::: —u" f=-::’nl’
&

=Dy —x sink = Mcosxy —X SO

3. z=x", e ¥=Inx
3aoanue 9
Haiit yacTHBIE TPOU3BOJHBIE CIOKHON (PYHKIUU
==yl e ®* =950l v=witnl,
1. ===v =" ppe *=temn v =tsnn
E

2. 2w e x - TR,



IIpakTuyeckasi pad6ora 18

Tema: BbluucieHue MOBTOPHBIX MHTErpajoB. CBeleHUe JABOMHBLIX MHTErPajioB K
NMOBTOPHBIM. BbIunciieHne IBOHHBIX HHTErpajioB

He.]'lb: Hay‘II/ITBCSI BBIUUCJIATH TOBTOPHBIC MHTCTPAJIBI U CBOAUTH ,Z[BOI‘/JIHBIG HUHTCIpaJIbl K
IMOBTOPHBIM

Teoperuuecknii 610k

Boruuciaenne ABOMHBIX HHTErPajioB 0asupyercs Ha
MOHSITUM IOBTOPHOI'0 HHTErpaJja

yp ¥l
. G 7= 2{x)
: L~ :
B
. 5 .
L
L - . .
' Ty o
HYCTB fi o } paccMaTpuBacTCAa Ha IIJIOCKOHN

O
obnactu J';—_""lI/I OHa IIpaBHJIbHAA B HAIIPpABJICHHUHW OCU  ~ , T.C. BCAKaAA IIpAMasd, IapajuiCiibHasd OCH

~, IIepeceKaeT rpaHuIly 00NacTu LY he 6onee uem B IBYX Toukax. Torga o0iacThb L y100HO

CIIPOCKTHPOBATL HA OCb e . HYCTL IMIPOCKI A J'i—'_:’LHEI i C€CThb {H= b; .

v=gix} y v = (%] .
Ecmm - T ©— YPaBHCHUC HHWXXHCU TI'paHHULbI, a ° e — YpaBHCHUC BCPXHCU
xsia,b] D (x, 1)
IPaHMIIBI, TO JIOOOMY *“lobmact & npuHaIekar Te TOYKH 7/ BEPTUKAJIBLHOTO
OTpE3Ka, KOTOpBIE YIOBJIETBOPSIOT
HEPaBEHCTBAM
a<x=h,

3
eyl

b Six
fee | flep)d
Beipaxenue BUJIA € AT Ha3bIBACTCS NOBTOPHBIM
HHTErpajioMm oT  GyHKIUH ; {5 }‘} o oOnactu i OH  BblUHCIAETCA

CJIEYIOIIUM 00pa3oM:

o k3
CHadajla HaXOAUTCA BHYTPCHHHU HHTCIpal ( — HCPEMCHHAsA HWHTCTPHUPOBAHUA, -

a.5]
(uKcupoBaHHas), a 3aTeM MONYYEHHYIO (QYHKIIMIO apryMEHTa “L MHTerpupyeM Ha { T,
3nauenue nosmopHo2o uHmMe2paa — Yucio.

¥i . =2
|
I
< 0 x
rt
IIpumep 1. Beruncnurs IIOBTOPHBIN HMHTETpal
5= J a;‘LJ {x+2p v
AL ,
BOCCTaHOBHB 06macTs L7
[
RS

O A A

Pemenue. HTErpat BEIYUCISIETCS 110 i i (cM. pUCYHOK).



H
i
-

}d‘lf=.!|:2:l§ sd-x{x+l)- (I+£_\)2}d‘{ =

& - ’ &
: C oy {xe1V | i1 81 1
= I‘—i—it———x——{ } f+d—————— — ——z
2 3 ! 302 311 31
PR N S O PSRN L
2 3 2 3 & -
AHanoru4yHo:

eciii 00J1acTh L npasujivHAaA B HaAIIpaBJICHUHU OCHU P , TO €€ y,[[O6HO IIPOCKTUPOBATHb

Oy D oy ic.d] N
Ha ocb ~ . IlycTh mpoekuust 06JacTu + Ha OCh ~ €CTh OTPE30K , YPaBHEHHE JIEBOU

X =pniy . x=wriv
rpaHuIlbl  001acTH LA }, a TpaBOil TpaHMIBI — {f'{*{-“ \3 Torma s BCAKOIO

_}:'_he{r:‘,d]

E—

3HAUCHHE ‘' TOUEK EI}}?-\?H SIMO ¥ on o i
p , TpUHAJICKAIIUX 00IacTh :

AN EE T

YAOBJIETBOPSIET HEPaBEHCTBAM =7 Iloaromy obnacte L moskHo

3a1aTh B BUJIE

r=wyily) 4 = wy(¥)

(cM. pUCYHOK).
4§ i

b | Fley)as

TakoMy 3aJJaHUIO OOJIACTH COOTBETCTBYET NOGMOPHbILL MHTErpan o7

I[J'IH €ro BBIYHCICHHA HaXOJUTCA CHaydajia BHYTpCHHI/Iﬁ HHTCrpaj, a 3aTceM BHEIITHUIA.

Pesynbrat — yncno!
Ipumep 2. 3amagum o00yacTh anI/IMepa I, mpoextupys ee Ha OChb *’r,

1= y=2,
'ii}gxg}r—l.

BrruucnuTs NOBTOPHBIN MHTETPaAT

;=[i%+zyx§; dy = é{i_i} s2v(y -1} |dy =
Pemenue. i 3” E |_ B 2
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3aMeqaeM, qTo 3HAa4YCHUA Pa3IMIHBIX IMOBTOPHBIX HHTCI'paJIOB

(byHKIMU O 00JIaCTH OKa3aJIMCh PaBHBIMHU.
Hoxkazano (cMm. [1]) yrBepaxknenue:
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MpPaBWIbHOM B HANpaBJICHHMM OCEH KOOpPJAMHAT, TO 3HAYECHHE JABOMHOIO HMHTErpaia

Jffﬁx:j:}fixa}‘
& COBIMaaa€T CO 3HAYCHHEM COOTBETCTBYIOIICTO IIOBTOPHOI'O MHTCIrpala,

pUYeM pe3yabTar He 3asucum om nopsoka
UuHmezpupoeaHus, T.c.
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IIpumepsbr:

Botuucnume unmezpaneot.

JordxJor(x+y)dy.[01dxJ01(x+y)dy.

Pemenne.

JordxJor(x+y)dy=Jor((xy+y22)I110)dx=Jo1(x+12—-0)dx=(x22+12x)|||10=12+12-0=1.J01dx/
01(x+y)dy=J01((xy+y22)|01)dx=J01(x+12-0)dx=(x22+12x)|01=12+12—0=1.

OtBert: 1.

Pemienue.

Ioznd(pIOarzsinzgodr:Iozn/ \| IOarzsinzgodr\/ |dgo=fozn(sin2gor33||Iao)dgo:Ioznsinzgo(a33—

ydo=

=a33J02x1-c0s2¢2dp=a33(12¢p—14sin2¢)|||2:0=a33(1227—14sin4p—0)=azr3.=a33[02x1

H3menumo nopsaook unmezpuposanus 6 cedyrouiux UHmMezpanax:
Jo2dx[xaxf(x,y)dy.J02dx[x2xf(x,y)dy.

Pemenue.

CnenaeM pUCYHOK MHTETpUPYEMOM 001acTH:

i_."r’

OO0nacTh MHTETPUPOBAHUS OTrPAHMYEHA TMPSIMBIMH Y=X,Yy=2Xy=X,y=2X u X=2.X=2.
3ameTHM, uTO B 3TOM obmactu eciu Yy mensercs ot 00 1o 2,2, To KoopauHaTa XX MEHSETCS OT
npsaMor Y=2Xy=2X (unu X=y2X=y2) mo Yy=X.y=Xx. Ecmu xeYyy wmensercs or 22 no 4,4, 1o
KOOpJIMHATA XX MEHSETCS OT MPIMOit Y=2Xy=2X (X=y2X=Yy2) no X=2.X=2. Takum 00pazom,

[o2dx[xaxf(x,y)dy=Jo2dlylyexdx+[24dyf,2dx.J02dx[x2xf(x,y)dy=[02dy[y2xdx+[24dyly22dx.



Otser: Jo2dx/xaxf(x,y)dy=lo2dylyxdx-+]24dyfy2dx.J02dx [x2xf(x,y)dy=[02dy[y2xdx-+[24dy]
y22dx.

1. Jrodx[2-xax—xevE(x,y)dy.J12dx[2—x2x—x21(x,y)dy.

2. Bemumcauts umterpan [ oxy2dxdy, [[Qxy2dxdy, ecinm obmacts QQ orpaHnucHa
napabosoi Y2=2pxXy2=2px u upsamoii X=p/2(p>0).x=p/2(p>0).

3. B ggoiinom umrerpane [[of(x,y)dxdy [fQf(x,y)dxdy mepeiith Kk mOISIpHBIM

cienyromem uurerpane: Jo10x/1-xi—xf(x,y)dy.J01dx[1-x1-x2f(x,y)dy.
5. Ilpemmonaras, 4ro ITu ¢,p, - TOJSPHBIC KOOPAWHATHI, HM3MCHHUTH TOPSIOK
MUHTETPUPOBAHUS B CIIEYFOLIUX MHTErpaJiax:

6. Ilepexomss K TOMSAPHBIM  KOOpPAWHATAM, BBIYMCIHTH JIBOMHOM  WHTErpai
[ xe+yo<azxo+ya———— Vdxdy. [fx2+y2<a2x2+y2dxdy.

7. BMecto XX u YY BBeCTH HOBBIC MEpeMEHHbIe UU W VV ONPEHCIHTH IPEICibl
MUHTErPUPOBAHUS B CIIE Y FOIIMX JIBOWHBIX UHTErpajiax
Joadx[1-x2—xf(x,y)dy,/02dx]1-x2—xf(x,y)dy, eciu U=X+Y,V=X—Y.u=x+y,v=x—y.

8. IIpousBenst COOTBETCTBYIOIIME 3aMEHbI IEPEMEHHBIX, CBECTU JBOWHbBIE MHTErPAJIbI K
onuokpatueiM: [ of(xy)dxdy, [[Qf(xy)dxdy, rme obmacte QQ orpaHHdYeHa KpPUBBIMH
Xy=1,xy=2,y=x,y=4x(x>0,y>0).xy=1,xy=2,y=x,y=4x(x>0,y>0).

IIpakTuyeckas pabora Ne 19

Tema: Bpryuciaenue TpOMHBLIX MHTerpajaos. Pemenue 3agay Ha NpPUIIOKeHHE
ABOMHBIX, TPOMHBIX HHTEIPAJIOB

Ieab: HaydnTbCs BEIYUCIATH TPOMHBIE HHTETPAJIBI

Teopernyeckuii 0J10k 0TpabOTaeM TEXHUKY pELIEHUS MPOU3BOJIBHBIX TPOWHBIX

[[[ 7 x: ». 2)dxayaz

UHTETpasioB T , Y KOTOPBIX MOJbIHTErpajbHas (QyHKUUS TPEX MEpEeMEHHBIX
u=jlxyz) g o0lIIeM ciydae OT/IMYHA OT KOHCTAHTHI M HEMpEPhIBHA B 00JACTH ! ; a Takke
MO3HAKOMHUMCS ¢ GPU3NUECKUMU MPHIIOKEHUSIMH TPOIHOIO HHTErpasa

w=jixyz)

[pumep 13
Beruucnurs TPOMHOU MHTETpall

”115@2 + 28V dxdlydz
T
Tiz=x+y,x+y=1Lz=0,y=0,z=0
Ha mpakTtuke teno takxe 0003Ha4ar0T OYKBOM ¥ | HO 9TO BCE-TAKM HE OUEHD XOPOTIIHHA
BapHaHT, BBUJIY TOTO, OHA «3ape3epBUPOBaHAy MO 0003HaUEeHUE 00bEMA.
He HY>KHO MIPEACTABISITH WHTETrpaj B BHJIC
”j 1500% + %) dxdydz = 15]” yidxdydz +1 5[” Pdxdydz
T T T . XOTsl eclid OYeHb XOYETCS, TO MOXKHO.
B koHIIe KOHIIOB, €CTh U HEOOINBIION TUIIOC — 3aIMUCh OYJET XOTh W JJIWHHOW, HO 3aTO MEHee
3arpoMOXKIEHHON. Ho Tako# moaxox BCE-Taku HE CTaHAAPTEH.
B anmroputme pemenuss HOBU3HBI OyneT HemHoro. CHadana HYKHO pa3oOpaThCs ¢

o0nacThio HHTErpupoBanus. [Ipoekuus Tena Ha MIOCKOCTh AOY npecTaBisieT coboit 10 6omu


http://www.mathprofi.ru/chastnye_proizvodnye_funkcii_treh_peremennyh.html

3HAKOMBII TPEYTOJbHUK:

z=x+
CBepxy Teso OrpaHHUYEHO MJIOCKOCThIO Y | KOTOpas MPOXOIMT Yepe3 HAYANO KOOPIHHAT.
[IpenBapuTensHO, K CIOBY, HY>)KHO 00513aTeJIbHO MPOBEPHUTDb (MblCIeHHO TUOO HA YEePHOBUKE),
HE «cpe3aeT» JIM 3Ta IJIOCKOCTh 4YacTh TpeyrosibHuka. [lig 3TOro HaxoauM e€ JIMHUIO

NepeCceUcHust ¢ KOOp,Z[HH&THOfI IIJIIOCKOCTBIO XOF, T.C. peiracMm HpOCTGfII.Hym CUCTEMY:

z=x+y
=Zrxt+y=0=y=—x
z=10

— Her, nmaHHas npsMas (Ha uepmeowce omcymcmeyem)
«IPOXOJIUT MUMO», U MPOEKIIMS TejIa Ha IIOCKOCTh ACY jeiictBuTensHO MPEJICTaBIsIeT COOOU
TPEYTOJIbHUK.

He CJIOKEH 371€Ch u MIPOCTPAHCTBEHHbBIN YepTEK:

—
— -
e

B neicTBUTENBPHOCTH MOKHO OBLIO OrpaHUYUTLCA TOJIBKO HM, ITOCKOJIBKY HPOCKIHA OYCHDb
mnpocras. Hy, HUJIN TOJIBKO YCPTCIKOM IPOCKIUH, TAK KaK TCJIO TOXKE IIPOCTOC :) O,I[HaKO
COBCEM HHUYCTO HC UCPTUTDH, HAIIOMUHAKO — IUIOXOM BLI60p.

Bri6epem CJIE 1Y OIHM MIOPSIIOK o0xona Tena:
Iz x+w
D=Zx=l—y
D=y=1

14 nepenaem K [IOBTOPHBIM HMHTETpAJIaM:

1 1-»  x+p

J[[150% +2"drdyaiz=15[dy [ax [ + %)z
]

r 1] 1]
AKTyaJM3upyeM cjeaymoniee 3JieMeHTapHOe MPABUJIO:

Korna ¢ynkuums Hzfﬁdﬁﬂpmmqmm@mﬂnoKmmﬁmﬁon@mmmmmTonm
JPyTUX apryMeHTa CUMTAIOTCS KOHCTaHTaMHU. TO €cTh MPUHIMII TOYHO TAKOH K€, KaK M MpHU
HaXOKJCHUU YaCTHBIX MIPOU3BOIHBIX OT (PYHKIUH TPEX MEPEMEHHBIX, YTO €CTECTBEHHO.

Paz0upaemcs ¢ uHTErpanamu:
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1)
_[(y +z ).:iz”(yzz+23J

(1) TIpu MHTErpUPOBAHKH 110 «3eT» * M * CUMTAIOTCA KOHCTAHTaMH. B JaHHOM clyuae

rep x+y) 0’ x+y)’
7= e+ B2 —[f-mg]:f(xww%

IPUCYTCTBYET TOJBKO «UTPEK», HO 3TO HEe MeHsAeT aena. COBETYI0 BCETr/ia MBICICHHO JHOO Ha

YCpPHOBHMKE  BBINOJHATH  NPOBEepKy. Haiaém  4acTHyr0  IPOM3BOJHYIO IO «3€T»:
f

3
(y22+%Jx =" (z];+%- (23]; =y -1+%- 3zt = y* 42
, 4TO ¥ TPeOOBAIOCH MMPOBEPUTH.
(2) Temepp wucnons3yem ¢opmyny Hprotona-JleitOnuma: cuagana BMECTO «3er»

MOJICTaBJIsIeM BEPXHHU Mpeaen MHTErpUpOBaHUS (x+y :', 3aTeM — HIKHUHN mpenen (Hoib). B
pe3ynbTaTe OYKBBI «3€T» OCTAThCS HE JIOJIKHO!

CHocum Tpodeit B crnenyrommii unTerpain. Ilo cyiecTBy, pemieHHe CBEIOCh K JIBYM
MEPEMEHHBIM U K IBOHOMY HHTETPAJy:

1-» 3 in ¥ -y (2]
2 I (y%x+y}+@}dx = yz I(x+y)dx +% I(x+y}3cfx =
i i

i

vy 1% {3} 1 e 101 iy
=y I(x+y}d(x+y}+ J(x+y:| dixty) =yt x4y + o )’ =
.J" 2 2 4 4 __}’2 2 1 4,
= (1= y+ ) = (0+) :|+E|:|:1—y+y:| —(0+)") = (1= + (-4 =
Y 1y 1

2 2 12 12 12 2z 12

(1) Wcnonb3yem cBoOWCTBa JTUHEWHOCTH WHTErpajia, MPUHUMAas BO BHAUMaHHE TOT (hakT,
YTO «UTPEK» CUYUTaeTcsd KOHCTaHTOW. Clenyer OTMETUTb, YTO HE BO30paHseTCs OCTaBUTh
UHTETpal €IUHBIM, PACKpbITh CKOOKM M TPUBECTH IOJ0OHBIE cjaraeMble, HO 3TO MEHee
palMOHAIBHBINA cI0CO0 (MOKeTe MOMpPoOOBAaTh).

(2) Ucnonwszyem meron moaBeacHUs moxa 3Hak auddepennuana. Ecnm paccyxnenus
BOCIIPUHUMAIOTCA COBCEM TSXKCJIO0, MBICJICHHO 3aMCHUTC «HUI'PEK» KaKI/IM-HI/I6YI[I> KOHKPCTHBIM
YU CJIOM, HAallpUMED, «IIATEPKON».

3) WuTerpupyem o «HKC» u BBINOJIHSEM MIPOBEPKY:
f

] 2
[%(xwf +%tx+m“} = %((Hrf); +%((x+y)*); =

2 3
=2 k) (ko AT ) = A0+ P4 0= )+ T

(4) Ucnonb3yem ¢opmyny Heiorona-Jleitonuna. CHavama BMECTO «HUKC» (nepeMeHHOU, no

KOMOpOU NpOBOOUNIOCL UHMeSPpUPOsanue) TOJCTaABIIEM 1=y , 3areM — Houb. Ilocne
MOICTAHOBOK OYKBBI «HKC)» OCTAThCS HE JTIOJHKHO!
[IpuuécriBaem pe3ynbTaT U CHOCUM €T0 B TIOCIICTHUN HHTETPAN, HE TP HAXOISIIYIOCS

TaM KOHCTaHTY:
2

tf 1 7y ’ 7
15[ | = +2- - =2y =15 2+ 2 | = [— - _(0+0- m)]
1272 12 12" 23125 12 6 12.5

~ 5[1_ 7 ] 15 7 8
“ld 125 T4 44

”jlﬁrﬁ + 2 dxdydz = 2
OtBer. T


http://www.mathprofi.ru/chto_takoe_integral_teorija_dlja_chainikov.html
http://www.mathprofi.ru/metod_zameny_peremennoi.html

PesynbTat Ge3pazMepeH — mMpocTo YUCIIO U BCE.
Crenyromui npuMep sl CaMOCTOSITEILHOTO PEIICHUS:
[Ipumep 14

Beruucnurs TPOMHOU UHTETpal
”j (3x+ dy)dxdvdz
T
Tiy=xrv=0zx=1z= 5(x2+y2);z=0
[TpumepHsIit 0Opasen opopMIIeHHS 3a/1a4i B KOHIIE YPOKa.
Jlo cux mop MBI paccMaTpUBAIM JiBa CIIOCO0A peIIeHUs — 3TO IMPOCIHPOBAHUE HA

mrockocts 4% BBIOOp mopsiika 00xoxa mpoekuu. Ho Ha camom fene koMOuHanuii Oosible
— TEJI0 MOXHO CHpPOCHHPOBATH Ha JIOOYI0 W3 3-X KOOPJAMHATHBIX IUIOCKOCTEH M KaXIyIO
npoeknuio oboiitTn 2-ms myTtsamu. Takum oOpas3oMm, mosydaercs 6 cmocoOoB pemenus. U
JIOTUYHO MPEANOIOKUTh, YTO B OOILEM Cllydae HEKOTOpbIE M3 HHUX IPOILE, a HEKOTOpbIE —
TpyZIHee.

HagepHsika MmHOTHE 00paTuiaun BHUMaHue, 4to B [Ipumepe Nel3 s BeiOpan Oosee penkuit
MOPSAIOK 00X0Aa MPOEKIHMH, XOTS HUYTO HE MEIIAN0 MOWUTH «OOBIYHBIM» NyTEM. JTO HE

CIIy4alHOCTb.
¥+ 3

[ +2haz Pty S
B pesynbraTe HaxoxaeHus uHTErpaisa " noJiydeHa cymma , B
KOTOPOW YyTh BBITOJIHEE CYHTATh KOHCTAHTOM HMMEHHO «HIPEK», YTO IMPHU MPOYNX PaBHBIX
YCIIOBUSIX (U3 YPABHEHUS NPAMOL =1 sounaroso nezxo goipazume > I-xx=1-y )
yOpOIIaeT pelieHrue. A B HEKOTOPBIX 3a7adax BBIOOp MOpSAKAa HHTETPUPOBAHUS M BOBCE
cranoutca OUEHD BaxxHbIM:
[Ipumep 15
Beruucnute TpOHHON WHTErpan
I” 8y ze ™ dx vz
T
T:x=—1, y=0, z=10
x=0, w=2 z=1
Pemenue: o01acTh MHTETPUPOBAHMS OTPAaHUYCHA MIECTHIO TIJIOCKOCTSIMU U MIPEACTABIISIET
coboit NPAMOY20JIbHbLL napainienenuneo.

Ay

2=

Y He3aMBICTIOBATHIX 00JIacTEl MOXKHO He 00paliaTh BHUMaHUs Ha MPOEKIUIO U TPUIEPIKUBATHCS
CJIeIYIOIIEro MpaBuia: 00X0/ TeJia OCyIIeCTBJsIETCS B HANIPABJIEHUSIX KOOPAMHATHBIX OCeH.
[Ipenenst MHTErPUPOBAHUSA 371eCh OYEBUIHEI
N=z=1, O=zy=2 —-1=x=0

Ho BoT ¢ mopsankom o6xona He Bc€ Tak mpocTto. Ecnu BeIOpaTh TPaIUIIMOHHBIN MYTh U
CHayajla  MHTETpUpPOBaTh MO  «3€T», TO  TMOJY4YaeTcs  HENpPUATHBIA  HHTErpal



1 1
41 2 2
_[8;1; ze gz =8y _[ze Wiz
0 o , KOTOpBIA HYXHO OpaTh IO 4YacTsM. AHaJOTW4YHAs WUCTOPHUsI, €CIH

2 2
2_12 2 2
_[8;1; ze oy = SzIy 2"y
UHTETPUPOBATH MO «UTPeK»: 0 , TYT JJaXKe IBaX/IbI M0 YaCTSM.
Haubonee BbIrOJHBIM MyTEM SIBISIETCS MEPBOOUYEPETHOE MHTEIPUPOBAHUE TIO «HKCH, B

2
3TOM ClIy4ae MepeMeHHbIe ~°+ | a 3HAYHT, H MHOXKHTEIIb 8°Z cupraroress KorCTARTAME:
0 0 10
d_ dne _ 2 hat 4 _ 4 ral 4 _ -0
ISy ze"Vdx =8y z_[e dx=8y z-z—le di2xvz)=4yie }|_1—{*}
a1 | Yo
Ilepen Tem, Kak MOJCTAaBUTH MpEACIbl WHTETPUPOBAHUS, HE ITIOMENIAeT IPOBEpKa:

dnEat dnEae _ ine r_ ne ] r_ 2 dne
(4.}@ :Ix —4}3(&' :I:r _4.}@ (EX_}E)x 4.}@ 2.)‘? (x}x 8}’? 28 _ HOqueHa HCXOIHAS

HOJbIHTErpalibHas PyHKIIMSL.
()= Ay —* ) = 4y(1- &)
BykBa «uKc» ncnapuiack, Kak OHO U JIOJDKHO OBITb.

el = o
Ocranocs 2 HaIIpaBJICHUA O6XO,ZL8. 0=z _1’ 0 =y= 2 , W CICAYIOIINU HHTErpal

PalrOHAJIBHEC B3ATH 110 «3€T» 9TOOBI MHOXKHUTEIIb 4}" CUMTAJICS KOHCTaHTOM:

1 1
[ay(1-e™dz = ay[(1- ™)z = 4y 2 PRI b=
0 2y

1]
[IpomexxyTounas [IpOBEpKa:

4y L :=dy (z);+i(g-2“); =4y 1+ ig-m.(—z}g); =
2y 2y 2y
:4}{1+L£'2"“-(—2}:-1}]:4}:‘(1—2'2’“)
2y
I'yn.

(*) = 4y[1+ 1 (D + LE'EMB = 4y[1+ L LJ =4y +2:77 -2
2y 2y 2y 2y

B kadecTBe [ONOIHHTEIBHOIO KOHTpOJIA CHOBa CMOTpPHM, HCUC3JIa JIM II0CJIC

MOICTAHOBKH MIEPEMEHHAs1, IO KOTOPOW MHTETPUPOBAIIU («3ET»).

D=p=?2

I/I, HAKOHCEI], OCTaBIICCCA HAIIPABJICHUC o6x0z[a 1 OCTaBIINMCS HHTCrpal:

2
[ay+2:™ —2ay = (2" - -2 = (9
i}

I[Mposepka: (25" - - 2yl =2 2y - e (—2y),—2=4y+ 2e ™ — 2

(F=2. 22— 2. 2-(0-&"-0)=8-et-4+1=5-¢"
HpH MOoACTAHOBKAX c.nezlyeT leOS[B.]ISITL NHOBbINLICHHOC¢ BHHUMAaHHE, Tak, Haripumep,
2

iy _
g 2‘}? BTOpPOC CJIaraMo€¢ MOKHO MalllMHAJIbHO

IpU MOACTAHOBKC HYJIA B BBIPAKCHUC 2‘}?
CUYCCTh 34 HOJIb.

Ha YUCTOBUKEC, KOHCYHO KC, HC HYKHO BCE pacCnucbIBaTh Tak HOI{pOGHO, AHAJIN3 TIOpAJKa
HHTCTPHUPOBAHUA U HNPOMCKYTOYHBIC IIPOBCPKHU OCYHICCTBIIAOTCA MBICIICHHO 0o Ha

YCPHOBHKE. Pemenue O(bOpMJI}ICTCH CTaHOAapTHO B 3 ITYHKTA, HO YUTATCJIM C XOPOLIUM YPOBHEM
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IIOJATOTOBKH MoryT 3ammcarTh €ro u «OTHOU CTPOKOM»:

I” By 2" dx dlyclz = BI chy-l- z.:i'zI E g = Sjyzdyj. EL : zdziezmd{zx}g) =
0 o “VE a

4?;:@[(@2“;4 dz = 4];@] (- 4z = 4jy z+;—ye il O
2 1

|
0

=4[ 1+_ o0 dy=lt4y+2e'”—zszy=|:2yf*—e‘”—2f3'|3=
Y 0

=g-g"* —4—(0—1—0):5—e-4
I” Byize P drdydz =5 -
OtBer: T
HaBepHoe, 3TO mNOHATHO, HO Ha BCAKUU Cclydyall 3aKOMMEHTHUpPYIO: OYKBEHHbIE

MHOXHUTECIN-KOHCTAHTEI CJICAYCT IEpEMEINATh CIIpaBa HAJICBO IIOCICAOBATCIbHO U 0e3

«TEPECKOKOBY» — JI0 TeX IOp, MoKa Kakaas OyKBa «HE BCTPETUT CBOM MHTErpam». Y CIOBHBIN
npuMep:

L] LLL] L] LLL Ll L1l

I”xe cos Zdxdydz = J-cix_l-cfy_l-xe”coszdz Icixlxeyciyj-cosz.:iz Ixcfxl ydy_l-cosz.:iz

AmnanornyHoe 3ajaHue ISl CAaMOCTOSTCILHOTO PCIICHUA:

[Ipumep 16
Beruucnute TPOWHOUN WHTErpan

”_[ xzsinl xyz)drdydz

r
=0 y=0 z=0
i
x=2 y=m z=1
®u3nYECKUE NPUIOKEHUS TPOMHOTO HHTETpalia
PaccMOTpUM HEOXHOPOIHOE (nepemennoli niomuocmu) Teno ¢ . Ecam u3BecTHa
HETpepbiBHAsS B 007acTH 2 yHKIHSA Pl y.2) IJIOTHOCTU TeJla, TO €ro Macca paBHa
CIIEIyIOIIEMY TpOITHOMY WHTETpaly:

= [|[ o(x. »: 2)dxdydz

Bo3moxHO, HE BceM MOHATEH CMbICH (YHKUMK IUIOTHOCTU. lloscHAIO: eciau B3ATh
IIPOU3BOJIBHYK) TOYKY (%: Yo: 20) NPUHAUIOKAUTYI0 Tely < , To 3HaueHHe (yHKIUHI
b b

— ofr vz .
& = 0% Yo: Z) OyJleT paBHO IUIOTHOCTH TeJia B JAHHOM TOYKE.
IMpumep 17
Berumcnute Maccy  HEOJHOPOJHOTO — Tella, OTPAHWYECHHOTO  MOBEPXHOCTIMU

2 2 2 2
Xty 1’ Xty 22’ Z D’ *= D’ = 0 , €Clin HN3BCCTHA (I)YHKI_II/IH €ro IIJIOTHOCTHU

olx v z)=10x
4yt=1
Pemenne: ckomMoe TENO OTPaHUYCHO IWIMHIPOM Y cOOKy, DIUTMIITUYECKUM
1
2= 2+
napaboIonI0M 2 — CBEpXy U IUIOCKOCTBIO < =0_ cHuzy. [lomonHuUTETbHBIC
x20y=0

YyCJI0BUA «3aroHSIOT Hac» B 1-# OKTaHT, M MPOCKIOHA TCJIa Ha IIJIOCKOCTb

AOY ypencraBnser  co60il  COOTBETCTBYIONIYIO — «UETBEPTHHKY»  EIMHHYHOTO  KpYTa:


http://www.mathprofi.ru/poverhnosti.html
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AHanuTHYEeCKUM MCTOJZOM YTOYHHM BBICOTY, Ha KOTOpOﬁ napa6on01/m IEPECCKACT HUIIUHIP:

2 2
X4y =2z 1
5 }32 = lz=1=z=—
4y =1 2 . N
U BBIMIOJTHUM MIPOCTPAHCTBEHHBIN YepTEK:
}\
'S S
21y
- [+] N — i g
> 3 N *

[Ipoekius cpa3y k€ HaBOJUT HA MBICIIb O MEPEXOAE K [UIMHIPUYECKON CUCTEME KOOpJWHAT:
X=rcosd

Y=rFsin @

ZT==ZF

x2+.}’2=1=‘r~r2c052¢9+r25ﬁ12¢9=1:~r2=1:>r=1
1.2 2 P

Z=—(x 4+ ==

2( ¥l 5

Slxyzi=10x = glrcos @, ramn @, z) = 10rcos @

[MTopsmox obxona Tena OUYEBU/ICH:
2
0=zzl
2
D=pr=1
DE@EE
2
Taxkum obpazom:
2

x ta

B = _”_[ 2lx v, Zidrdvdz = ”Imr cos g rodrd gelz = llﬁcos Q?d(;?j..?‘gdr' i..:iz
T T 0 0 0


http://www.mathprofi.ru/troinye_integraly.html

Brrancaenus OJICMCHTAPHBI:

2) j_j.rﬂdr=lj}“dr=l.l(r5)|;=l(1_[j)=i
12 21 25 10 10

I

3
)] lﬂ-l_l-cos.:;:?dg?: (sin @2 =sin ——sin 0=1-0=1
0

ro |

10

Orger: = led. aacoe

Crnenyroniuii mpuMep JUisl CaMOCTOSTEILHOTO PEIICHHUS:
[Ipumep 18
BeruucauTe  Maccy  HEOJHOPOAHOTO  Telld,  OrPAaHUYCHHOTO  IMOBEPXHOCTSIMH

2 24 4 4
£=x +‘y - Z X+ KX 0 , €CJIM U3BCCTHA q)yHK]_H/Iﬂ €ro MJIOTHOCTHU "G(x’ Y Z:| ?D}E .

Kpartkoe penienue B KoHLEe ypoka

4! cTapasd ICCHA O I''TaBHOM:

LenTp THAKECTH TeJIA

[TomoGHO TOMY, Kak 3aja4a O BBIYHCICHHM IIEHTPAa TSDKECTH IUIOCKOH (HUTYpBI
BbIUYHUCIIAJIaCh C IOMOIIBIO ﬂBOﬁHOFO HHTCIrpaja, 3aga4da 00 OTBICKaHUH uenmpa msocecmu TClla
pemacTCAa aHaJIOIr'M9YHbIM CII0COOOM C IIOMOIIIBIO TpOﬁHOI‘O HHTCIpajia.

Urto Takoe LEeHTP THKECTH Tela, JOBOJIBHO yAauHo o0bsicHuI emé Apxumen. Ecnu teno
MMOABCCUTbL HA HUTb 3a LCHTP TAKCCTH, TO OHO 6yz[eT COXpaHATb PABHOBCCHC B JIr000M
MOJIO)KEHNU (Kak Obl MBI €ro NpPEeJBApUTEIBbHO HU MMOBEpHYIM). B m3BecTHON cTeneHu He
peanuzyeMo (Tak IEHTpP TSHKECTH BHYTPHU Tella), HO 3aTO OYeHb MOHATHO. M BmosiHe B cTHie
JIPEBHETPEUECKOr0 Y4YEHOT0, KOTOPBIM MPOCHJI JaTh €My TOYKY OIOpPBI, YTOOBI C MOMOIIBIO
phluara nepeBepHyTh 3eMIIIO.

entp TsKECTH M (%o: o2 70) HEOJHOPOIHOTIO TeNa T paccUUThIBAETCS MO (GOPMYyIaM:
[ zotx. y. z)dxdyez [[[»etxy. ydndyaz— [[[z0(x y. 2)dndydz
__r __T _ . r
Ay = » Vo= - fp =
Lo Lo b

N mp = I” o(x, v, Z)dxdydz
Tae elxyz) _ (byHKuI/I;I IMJIOTHOCTH TEJIa, a T — Macca Tejia.

Eciu Teno omHoponmHo (30510TOE, cepeOpsiHOE, IJIaTMHOBOE U T.A.), TO (hopmyIsl

ynpomaiores. Tak Kak ILIOTHOCT  ~ canst mocrosiHHa, W Macca P V' eemw
MIPOU3BEICHUE TJIOTHOCTH Ha 00BEM, MOJTy4aeM:
”_[ xexavadz ”_[ Y xahvedz ”I zdxdvdz
= I : yﬂ:TT’ zp =+ I , N
, @ O0BEM Tena pacCUUTHIBACTCS (ewyé
V= j” dxdvdz
He 3a0bLau? =)) ¢ TOMOIIBIO TPOHHOTO WHTErpaja r

Jljig neHTpa TAKECTH OJAHOPOAHOIO TeJa CIPABEIUBEI CIETYIOIINE YTBEPKIACHHUS:

— €CJIM y TeJla eCTh LIEHTP CUMMETPHUH, TO OH SIBJISIETCSI HEHTPOM TSIKECTH (Mpocmenuiull
npumep — yeHmp wapa);

— €CIM Yy Teja CYLIECTBYeT JIMHUS CHUMMETPHM, TO LEHTpP TDKECTH O0S3aTeNbHO
IIPUHAJJIEKNT JAHHOM JIMHUY;


http://www.mathprofi.ru/centr_tjazhesti_ploskoi_figury.html
http://www.mathprofi.ru/dvoinye_integraly_dlya_chainikov.html

— €CJIN Yy TC€JIa €CTh IIJIOCKOCTh CUMMETPHUHU, TO HEHTP TAXKECTU HEIIPEMEHHO JIC)KUT B JTOM
IIJIOCKOCTH.

Kak BuauTe, NpakTHUECKH MOJHAs aHAJIOTHSI ¢ IEHTPOM TSKECTH IUIOCKOW (UTYPBI.
Hy u, camo co0oii, He MOTYy He MOpaJJ0BaTh Bac 3aKJIIOYUTEIHHOMN 3a1auei:
IIpumep 19

HaifTu LEHTp TSKeCTH OJHOPOJAHOTO Telda, OrPAHMYEHHOIO MHOBEPXHOCTSIMH
xty+z=ala=0) x=0y=02=0 gy o YyepTeKH JAHHOTO TeNa U ero MPOeKLUH
Ha IUIOCKOCTh 40T

Pemenue: nckomoe Teno OIrpaHM4Y€HO KOOPAHWHATHBIMH IINIOCKOCTAMU H IINIOCKOCTBIO

x +‘}? tz=a , KOTOpPYIO B eisx HOCHeI[yI'OH_[erO IMOCTPOCHHUA yI[O6HO HpeI[CTaBI/ITb B OTpCSKaXZ
X =z

@ 4 a Bribepem «a» 3a enuHMIly MaciiTaba M BBITOJHUM TPEXMEPHBIM UYEPTEK:

A

z

X,/ 4
Ha qepTexce y>1<e IIOCTAaBJICHA I'OTOBAasad TOUYKa I_ICHTpa TAXKCCTH, OAHAKO, II0OKAa MbI eé HC 3HACcM.

[Ipoekuust Tena Ha TIOCKOCTH AUY OYeBHJHA, HO, TEM HE MEHEE, HAIIOMHIO, KaK ¢€
HAlTH aHaJIUTUYECKU — BeIb TAaKHe MPOCTHIC CIIy4al BCTPEUAIOTCS JajeKko He Bcerga. UToObl

HalTH MpSAMYI0, 10 KOTOPOH MEPECEKAOTCS IUIOCKOCTH r+y+z=a X0r (z=0)

HYKHO
pemuTh CHUCTEMY:
rtytz=a
z=10
IMoxcransiem suadenne Z =" B 1-0e ypaBHeHHE: ty+0=a, [I0JIy4aeM YpaBHEHHE
AHY=2 nockoit» IIPSAMON:

Y
s

) B e

a.x

Ko V)
Koopannatsr 0> Yo %o uentpa mwkectn M tena T BemumenrmM  mo  popmynam

]'y xdxdydz o Iﬂ-}"fxdfdz . Iﬂm‘x‘fﬂz - ”I.::t’xdydz

xl] = H]
v v v , TIIe T — 00BEM Tea.
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Bri6epem «KJIACCUYECKUIDY MOPSIJIOK obOxona:
l=z=a—-x—-¥
l=y=ag—x
l=x=a

1) Cnauana BeuuciIuM 00bEM Tena. Ero, kcratu, MOXXKHO y3HaTh 3apaHee, MOJb3YACh
M3BECTHOM 3a7aveii reomeTpuu 00 00béMe TeTpasapa. OO0bEM TeTpadapa paBeH 1/6-oif 00bEMa
MPSIMOYTOJIBHOTO TIapauieNienuIie;a, TOCTPOCHHOTO Ha ero 3-X CMEXHBIX péOpax. B Hamem
clydyae mapajulelienune/a MpeacraBisier coboit kyd ¢ pedpoM «a», U COOTBETCTBEHHO:

1.:;:3

r

mempadpe g

OcTamoch ~ aKKypaTHO IIPOBECTM  YHUCTOBBIE  BBIUMCIEHHUS  (KEJAIOUIME  MOTYT
NOTPEHUPOBATbCA U BBIIOJHUTH HX CaMOCTOSITENbHO). B mpumepax ¢ I'poMO3AKUMU
IpeoOpa3OBaHUsAMU PEKOMEH/YIO 3alMChbIBaTh PELIEHUE CTOJOMKOM — MEHbIIE NIAaHCOB
3amyTaTbCs:

V= IH.::’x.::Ey.:iz T.:x’x_!cx‘;l-

odx I(a—x—y}dy:
0

!
o 2
:I{ﬂf—xy—y— 0 dx=
! 2
o )
:I[a(a—x)—x(ax—xj—u adx =
o 2
:al(a—x)dx _I-(czx—xgjcfx——_l-(a X dx =
0 0 0
ae [ax® e 1 ila
= —— - - —— + - - =
(a— %)% 5 3 Jlo 6( Tl
i 3
= f - L% o]+ l0-a=
2 2 3 &
& @ & &
26 6 6

Jleno 3a TpeMsi TPOWHBIMU MHTErpajiaMu. ...A Bbl, HABEpPHOE, HE TaK JaBHO U MIPEJCTaBUTh
ce0e He MOTJIM, YTO OKa)KETECh B AMUIIEHTPE TAKOTO KOIIMapa =)
2) BeIuucnum «MKCOBBII UHTErpa:


http://www.mathprofi.ru/vektornoe_proizvedenie_vektorov_smeshannoe_proizvedenie.html

-3

0=

agxz Saxr i
R _—_+_
2 3 4

“__1£_2_ﬂ“+£_
2 4) 202 3z 4]

6 12 24 24
Taxum O6p830M, «HMKCOBasH» KOOpJHHATa HCHTPA TAXKCCTH:
m xdxdydz &
[ a 4
6

Hy 4ro ke, BRI AUT NpaBAono00HO, O KpaiiHEe Mepe, Mbl «I10MAJIN BHYTPb Teay.

BBuny cummerpun TeTpasipa JBe Ipyrue KOOpAWHATHI OJIKHBI IOITYYUTHCS TAKUMU KeE.
Tenepp omIMOOYHBIN OTBET MPAKTUUECKH UCKITIOUEH!

3) Cnenytomiasi «IpOCTHIHS:

[[[ yexaveiz= [ ax [ va 'j;z _
¥ 1] 1]

dz [ y(a-x=y)dy =
0

=K

dx [(ay - xy—y*)dy =

)

: B xla— x)* B (a_xf}ix:

a-x _
o dx=

] 2]
= M|Hu:'
0o |2

et

D — fr D — D — 0 R— F

N
by
e

2 3

& 3la ax 2ar MY, 1 sla
=——(a- - - — — il —x =
6( Flo 2(2 3 4]” 12( o

4 4 4
TP R AN PR SR
6 ol 3 4] 12
_at_dat_d
T 24 12 24



B pe3yJibTare:

m ydxdvdz @
_r _2d_2
70 v 44
&
4) U 3akmtounTeabHbIN, 00JIee KOPOTKUN HHTErPall:
g-% a-x-y o-¥%

S dy = I I(a—x Wiy =
a

[\_-,||._.

”Izdxdydz I.::t’x I.:fy Iz.:iz _Idxj(z;.

a 1]

1 1¢ - 1% . 11 1 o oal
.= dr=——[t0—ta— 0 dr=—c.— - (D-aY =
32!'&1 x=yYp " dx 5!( @-xy)dx =23 g ma)=og
”Izdxdyciz a4
g = T _2d _ @
oy &4
3

OtMmeuaeM Ha YCPTECIKEC HaﬁHeHHYIO TOYKY MLCHTpA TSKCCTHU U e€ JKe 3aluchiBacM B

M[E;E;Ej
OTBET. 444

B cdepuueckux koopamHaTax MOJOKEHHE JTHOOOM TOUYKH MPOCTPAHCTBA OJIHO3HAYHO
OTIPE/ICIIICTCS OJHUM PACCTOSHHEM W JIByMsl yriiamd. boyiee ToapoOHYr0 HHDOpPMAIHIO U
COOTBETCTBYIOIINE MPUMEPHI MOKHO HAWTH B y4eOHOM JIUTEpaATypE.

Pemenust 1 OTBETHI:

Ilpumep 14: Pewenue: uzobpazum npoexkyuro OAHHO20 meid HA NIOCKOCHb AOY

Y
9=X
-+
o 14 $
A=1 A
Cesepxy meino 02paHU4eHo IUNMULECKUM napabonoudom 2:5&2+yﬁ_
Buvibepem cnedyrouutl NOpsI00K obxooa:
0=z=5(x"+39)
D=y=x
D=x=1
Taxum obpazom:

m (3x + 4y dxdydz = Ic:t’xi dyﬂx j:EBjx +4y)dz = i.:ij (3x + 4}?)&;“ I;;
a

Hpumeltauue: 6 «(3emosomy» unmezpaie cymma (3X+4_}f:| cuumaemcst KOHCManmolu, nosmomy

e€ YOOOHO cpa3y 8blHecmu 8 C1e0YIOUUll UHMeSPall.



A+
p Ja=e)

]

o = 50 4 ) - 0= 50" + )

x—
0=

2) 5] (Gx+4y)(x* + 3y dy = 5](3:& +ayxt + 307 +4570)dy = 5035y + 207 + 07 +0h)
1] 1]

=503 x+2x xS 0+ 0 P 0P 0ty =
St ettt =5 7 = 35

1
2) 35]x*afx= 35%(;:5;4; =71 -0 =7
0

j” (3x +4y)dxdydz =7
Omeem. T

IIpumep 16: Pewenue: 8bINOIHUM uepmesnc:

Buvibepem cnedyrouwull nopsi0oK 00x00a mena:
O=v=sT

D=z=1

D=x=2

Taxum obpazom:

1

”_[ x’zsin{ xy2)dxdvdz = j.xj .:;t’x_[ zdzf sin xyz)dy
0

r a 1]

1) _Tsin( xuldy = i]I-sin( xvd (xvz) = —icos(xﬂj n= —i(cos(mz) -Ni= l(1 —cos(rmz))
0 xzy xz xz xz

1

1
2} Iz : iI,fl —cos(yz))ds = l_[ (1-cos(rmz))dz = l[z - lsin( mz)]ﬁ -
xz R * =

0

21(1_ism(m) —(0- 0)]: l(l—ism(ﬂx}]
¥ iy X rlxy

3 [ 1[1 ~ L m)].:ix = _[(x - lsm(m)]tfx = (X—EJF - EOS(H:’JE -
p 2

B P . i

1

1 1 1
=24+ —cos 27— 04+ —cozs0 =24+ ——-—=12
a [ prm ] ol
_”_I- xzsinl xvz)drdydz = 2
Omeem:. T

prwep 18: Pewenue: ucxkomoe meno OZPAHUYEHO IJUIUNMUYECKUM napa60ﬂ0uc)0M

2 2
F= xg +.}?2 o z=4X +}-’ .
CHU3)Y U KOHUYEeCKOU noeepxXHOCmbvto — ceepxy, napa60ﬂ0u6 U KOHYC

2 2
— x4+ = 1 .
nepecexkaromcs 6 niockocmu z=1 no OKpyscHocmu g (GblKﬂa()Ku u uepmesnc — Cm. 6



Ipumepe Ne9 ITockonvky = U, mo peyb uoém o npasom (OMHOCUMENbHO NIOCKOCHU AOZ )

nonynpocmpancmee, u npoekyueti meia Ha niockocms LY sensemcs eepxuuii nonykpye
€OUHUYHO20 paouyca:

Maccy mena 6vluucium ¢ NOMOWBIO MPOUHO20 UHMESPANd, UCNOAb3YS YUTUHOPUUECKYIO
cucmemy KOOpOUHam:
x=rcosg

¥=rsm g

z==z

Payi=l=r=1

z:;c2+y2 =z =p

z=f\|';r2+;u‘2 :‘>z=ﬂ.l'{r_2=r

o v z)="T0vz = plrcosg ran g z) = Flrzan o

Tlopsook 06x00a mena:
rPez<r

D=r=l

OD=g=m

Taxum obpazom:

¥

m = [[| otz »: 2)dxdydz = [[[ 7072 sin. - rdrd guiz = ?Ufsm .:;a.:f.s;airﬂdr[zdz
r

T i 0 2

( _1 zr_lrz_rzz_lrz_r-t
1) I!chz—gtz),g-zt: ()7 == )

¥

1t 2 woa. 1,4 & 1~ Y 1{1 1 1 2 1
2) El(r —rtyr cz’r=§_!(r B e R e (R

Fa

3 70 -3—15_[51'11 od@=—2(cos .:;:)|; = —2fcosT—cos0)=—2(-1-1)= -2 . (-2)= 4
1]

. =4 ed asrcow
Omeem:

IIpakTHyeckoe 3ansaTue Ne 20

Tema: UcciienoBanne cCXoAUMOCTH PSI/I0B

Ieab: 3akpenuTh y CTYACHTOB YMEHHUS HAXOUTh CXOJUMOCTb Ps/10B

Teoperuuecknii 010k

Yucnoewie psaowvl.

Onpenenenue. BripakeHHe Ha3bIBAeTCAd UHUCIOBBIM PSIOM WM TPOCTO  PAIOM,
DIIEMEHTHI Ha3bIBAIOTCS WICHAMH JIaHHOTO PSJIa.

Onpenenenne. CymMmma KOHEYHOIO 4HCIa NEPBBIX WICHOB psJa Ha3bIBaeTCs O
yacTUYHOU cymmoi psiga. O603HauuM

PaccMoTpuM nocs1e10BaTeIbHOCTh YACTUYHBIX CYMM

Onpenenenue. Psg HaszpBaeTcs CXOMSALIMMCS, €CIM CXOTUTCS IOCIEI0BATEIbHOCTD
YAaCTUYHBIX CYyMM JTOTO psifa, T.€. €CIIM CYIIECTBYET KOHEUHBIH Ipeaes MOCIe0BaTeIbHOCTH



yacTU4HbIX cyMM. Ilpu sTom mpenen (KOHEUHBIM MMM OECKOHEUHBIH) MOCIENI0BATEIBHOCTH
YACTUYHBIX CYMM Ha3bIBaeTCsA CyMMOH psija.

IIpumepsnl.

3ananue 1.1. UucnoBble psabl 3aaHbl CBOMMM NEPBBIMM IAThO uieHamMH. COCTaBUTH
dbopMyiry 00IIIero WieHa s KaXA0Tro psija.

a) I#2-3+4-5+_.

B) —1+4-9+16-25+_.
pl,d,1,1

h B2,

1) 1+ 4+7410+13+_.

e) 2464124204304+ _

3ananue 1.2. Yucnosbie psabl 3aaHbl popMyiaamMu cBOuX OOMIMX wieHOB. JlJis Kaxmaoro
psiZia HalWTHU MepBbIC MATh YWICHOB U YACTHYHYIO CYMMY Ss .
n

EI-.:

]

a)
2

6) ];

T

&,

I
Wi ¥

I
g
M| §

a2,
B) ;

™

r)ﬂ.—(l)tg4;
D™

L 2!—3

x) :
33,[[8.HI/IC 13 I[J'If[ JaHHBIX pHI[OB HpOBepI/ITB BBIITIOJIHCHUC HeO6XOI[I/IMOFO an3HaKa

CXOJIMMOCTH.
=1
a) -IF;
= nil
6) al2n—3 :

-nl

T) =¥ :

-
2.-0*-06"
n) =1 :

3ajaHue Ha JOM.

1. YucnoBsle psibl 3aJaHbl CBOMMHU TEPBBHIMHU MATHIO wieHaMu. CocTaBUTH (QopMymy

o011ero uieHa Uit KaKI0ro psja.
a) —3+5-74+9-11+_.
1+ E +24+ E +34_
6) 2 2 :
B) -1+2-6+24-120+_
2. YucnoBsie psabl 3a7aHbl GOpMyTIaMU CBOMX OOIIMX WICHOB. [[yst KaXKaoro psijga HAuTH

S,
NEpPBbIC MSATh WICHOB U YACTHYHYIO CyMMY ~ .



o 2,
(5]
6) 37 .
3. I[HSI JAHHBIX pHI[OB HpOBepI/ITL BBITIIOJIHCHUC HCO6XOI[I/IMOI‘O HpI/ISHaKa CXOOIUMOCTH.
+1
Zh "_
a) =4 ;
i.‘ nt3
6) a1 2ntl )

3ansitue 2. [lpu3HaKH CXOAMMOCTH 3HAKOMOJIOKMTEJbHBLIX psaaoB. Ilpusnakm
cpaBHenud. [Ipusnak danamoepa. Ilpuznaxk Kommn.
3apanue 2.1. MccnenoBaTh pslibl HA CXOAUMOCTb.

e, n—4
a) élﬂ‘l‘ﬁ
=1
5 2V
Z'. 2 _4n+1
B) ) 1'!!2"'!!
= 1

r) Eﬁ

i:a\,u'nz —nt3

e 2n45

3ananue 2.2. UccnenoBaTh psJibl Ha CXOJUMOCTb.

2) é(z:;ll]l :

- n—4 -
3) g[("*mﬂ*m] _

3aaHue Ha OM.

HccnenoBath psiapl HA CXOUMOCTb.
= n 13

a) § r+D)’(nt2) :



- ul

6) §2l+l;

= 215

P

B) =TT
1

[

A

"

[

e) Hﬂ‘l‘j :
1
)K) éiﬂn-l—?. .

3ansaTue 3. 3nakonepemennsblie psaabl. [Ipusnak JleiiOunna. JlocTaTouHbIii NPU3HAK

cXo0auMocCTu. Aﬁco.moTHaﬂ U YCJIOBHasl CXO0AUMOCTb.
3aI[aHI/Ie 31 HCCHCI{OBaTB JAAHHBIC 3HAKOIICPEMCHHBIC PAJAbl HA CXOJUMOCTD. B cjiydac
CXOOAUMOCTH pPsada BBIICHUTD eé XapakTep.
.28 ]
i-‘ D
2
a) Bl n

6) =1 m(ntl).
- e n!

B) é( D llz ‘l'] :
PN

F) a1 n +l,
- L on

n) g(_l) +4.
- a l

€) E(—l) o
= 1
G

xK) = n .
. ea 77 tI)

) é( D 3 1
o, e 23

" §( D 5 1
3D 09"

K) »d ;
D™ o1

) =4 :

3ajlaHye Ha JIOM.

HCCJ’IC}IOB&TB Ha CXOOAUMOCTD 3HAKOIIECPEMCHHBIC PAABI.

> D" -05"
a) =1 ;

>D™-03"
0) =1



D"

3

= 1
el
r) -,.[( 1) ’\,lﬂ+3 .

3anaTne 4. Crenennnle psiabl. Paamyc, uHTepBan, M 00JaCThb CXOAUMOCTH

)
B) =1 M
2.

CTeNEeHHOro psijia.
3amanue 4.1. Haiftu paguyc, uHTepBai u 00JacTh CXOUMOCTH CTEIICHHBIX PSI/IOB.

a) éui‘_
6) E__
- nd_7n
. é( IJnIz
T) é(z_zlz )
- Tn 1
. E( D (;:3) ]

3ajanue Ha JIOM.

Haiitu paguyc, uHTepBan U 00JacTb CXOJIMMOCTH CTEIIEHHBIX PAIOB.

3ansaTue S. Paznoxkenne dyeMeHTapHbIX pyHkuni B psaabl Teitsiopa u Makinopena.
Padoune popmysbr:
®opmyna Tennopa:

f'()

n)
f‘;(a) (x— a)z +_+ —f( n!(a) x-a™ +

Ffx)=f(a+

g
D!

I o
rae (=+]! - OCTaTOYHbIN ujieH B popme Jlarpanxa.

(x—a)+

-2 s a

®opmyna Maknopena:

0-s01 L@y T, OO . SO
] n (r+1)!

3amanue 5.1. Pa3noxuTh JaHHBIE (QYHKIUH B psan Teiopa mo cremeHsm * & (o

IIATOIrO YICHA pa3IOKCHUA BKJ'IIO‘-H/ITCJ'H)HO).

Fx)=cosx a= E_
a) 3
6) F)=hxt+2) a=1
p) T = a=2
3amanue 5.2. Pa3noxuTe naHHple (QyHKIMU B psax MakiopeHa (10 TATOTO 4iIeHA
Pa3IOKEHUS BKIIFOUUTEIHHO).



a) F{x)=snx
5) F@= g™l
g) F0= el

IpakTuyeckas padora Ne 21

Tema: Haxo:knenue 00J1aCTH CXOAMMOCTH CTENIEHHBIX PSIJI0B

Hesan: HayunThcst HAXOAUTH 001aCTh CXOUMOCTH CTETICHHBIX PSZIOB

Teoperuuecknii 610k

CrnenyeT XOpo11o NOHUMATh, YTO TAKOE PsAJl, YMETh IPUMEHATH IPU3HAKUA CPABHEHUS IS
UCCIICIOBAaHMS psAa Ha CXOAMMOCTh. Takum 00pa3zoMm, eciu Bl TOJIBKO-TOIBKO HMPUCTYIHIN K
U3YYCHHIO TEMbl WJIM SBIsSeTeCh UYaWHUKOM B BBICIIEH MaTeMaTHKEe, HEOO0XOAMMO
MocleI0BaTeNbHO MpopaboTaTh Tpu Yypoka: Psanel nns waitnukos, Ilpusnak [lamambGepa.
[Ipuznaku Komm wu 3nHakouepenyrommecs psasl. [Ipusnak JleiOnumna. OOs3aTeabHO BCe
Tpu! Ecnu ecTh 3eMeHTapHble 3HAHMS W HABBIKM PEIICHUS 3a7ad C YUCIOBBIMU DPsiaMH, TO
CHpPaBUTHCS € (YHKIMOHAIBHBIMU pslaMH  OyJeT JIOBOJBHO TIPOCTO, IMOCKOJIBKY HOBOTO
MaTepuraia He OU€Hb U MHOTO.

Ha nanHOM ypoke MBI pacCMOTPUM MOHSATHE (DYHKIIMOHAIBHOTO psifia (4TO 3TO BOOOIIE
TaKoe), IO3HAKOMUMCS CO CTENIEHHBIMU psAZaMH, KOTOpbIE€ BCTpedatoTcs B 99%-X nmpakTu4ecKux
3aJjaHUl, U Hay4YHMCS pellaTh PaclpOCTPAHEHHYIO TUIOBYIO 3aJlady HAa HaXOXKJIEHUE paauyca
CXOAMMOCTH, HHTEPBAJIa CXOJUMOCTH U 00JIACTU CXOAMMOCTH CTEIEHHOTo psna. [anee MoxxHO
OyIeT pacCcMOTpEeTh MaTepHall 0 CyMME CTETIEHHOTO Psijia M Pa3ioKeHUH (YHKIMI B CTENICHHBIC
PSABL.

Tonamue ¢ynkyuonanbHo2o psaoa u cmenenHoz2o psaoa
OObIYHBIN YHUCIOBOM PsiJl, BCHOMUHAEM, COCTOUT U3 YUCEIL:

Z‘.‘Ix =y g sty s+

H=1

[ S TR PR
15225 4 B 10 YUCTIA.

OYHKIMOHAIBHBIN K€ PSAJ COCTOUT U3 CI)YHKL[I/Iﬁ:

a
Bce unens psana

iux(xj =t (x) Faa(X) Fra(x) Fug () Fug () +

el
i, (%)

B oOmwmii unen psna MIOMHMO MHOTOWIEHOB, (haKTOPHAJIOB U JIPYTHX IOJIAPKOB

2‘”; Sl X

]
HEMPEMEHHO BXOJHUT OyKOBKa «HMKC». BBIMIAIUT 3TO, Hampumep, Tak: »-1 4D 2" Kak

YUCIOBOM psift, Jt00OW (YHKIMOHANBHBIA psAZl MOXKHO pacrucaTb B pPa3BEPHYTOM BHJIE:

i sin X Sin X SN X SMX SN X S X

= + + + + +...
“im+D.2 2.2 30t 4.2 5.2 6.2

Kak Bumgute, Bce uieHbl PYHKIIMOHATBHOTO psiaa hy (), 24 (), 243 (R), w4y (), 45 (),

GYHKITUH.
Haubonee nmonymnsipHO# pa3HOBUIHOCTHIO (DYHKIIMOHAJIBHOTO psAla SIBJISETCS CTETIEHHOU

9TO

psm.
Onpenenenue:

18, (%)
MOJIOKUTEIBHBIC CTCTICHH HE3aBUCUMOM TiepeMeHHOW + . VYIpoIIeHHO CTENEeHHOH psi BO

o
Zc,,x“

i
MHOI'UX y‘-Ie6HI/IKaX 3alMChIBAIOT TakK. #-! , IAc ® — IJTO cTapass 3HaKOMasl «Ha4YuHKa»

CrenecHHOM paa — O9TO psA, B O6I.I.lPII>i YJICH KOTOpPOro BXOIAT UCJbIC
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YHCIOBBIX PSAJOB (MHOTOYICHBI, CTENCHH, (DAKTOPHANIbl, 3aBHCAIIME TOIBKO OT «IHN»).
[Ipocrenimmii
w x:'e xz 3 x4 xj
yi—=it—t—t—t+—+.
o 2 3 4 5
HOCMOTpI/IM Ha 3TO Pa3JIOKCHUC U €UIC pa3 OCMBICIIUM ONPCACICHUC: YJIICHBI CTCIICHHOI'O

psila  ComepKaT  «HKCh» B yenvix  nojodcumenvHulx — (HamypanbHulx) — CTETCHSX.

puMep:

OdyeHpr YacTO CTEIEHHOH paa MOXHO BCTPETUTh B CICAYIOIHUX «MOI[I/I(bI/IKaHI/IHX»Z

Zcx{x—a}” Zcm (x+a)”
r=l 503078 r=l , rae @ KOHCTAHTA. Hanpuwmep:
= Px+2)" 2x+2* | 2°(x+27° 2+t P(x+2)
Z—(2)=2(x+2j+{2)+{2)+(2}+(2}+...
ol b 2 3 4 5
Zc,!x” ch (x—a)”
Crporo roBopsi, yHpOIIECHHbIE 3allUCH CTENEHHOro psga *- , =l WA
- ]
Zcm (x+a)
%=1 HE COBCEM KOpPpEKTHHI. B mokazarene cTerneHu BMECTO OJMHOKOW OYKBBI «IH»
MOYET pacronaraTbcs Oonee CJI0’KHOE BBIPAYKECHHUE, HaIrpumep:
o Ll A
Y — =ttt —+—+
w1 3 40 Al
N TaKon CTEIEHHOMN psn:
N e DN (T S L I ey L R T
Z u = + I + 3 + 3 + G +...
ol 3 3 3 3 3 3

JInie OBl ITOKa3aTean CTENEHER IIpHu KUKCax» ObLIH HaTypaJIbHbBIMHU.

Cxoo0umocms cmenenHo2o psoa.
HUnmepsan cxooumocmu, paouyc cxooumocmu u 0o6aacms cXo0uMocmu
He Hy»XHO myraThCsi TaKOro OOWIJIHSI TEPMHHOB, OHU HJIYT «PSIOM JIPYT C APYrom» U HE
MPEJICTABISIFOT OCOOBIX CIIOKHOCTEH sl moHuMaHusl. Jlydiie BeiOepeM Kakoi-HUOYIb IPOCTOM
MOJIOTIBITHBIN P/ U Cpa3y HAUHEM pa30oMpaThCs.
w x?é
2T
[Iponry ITFOOUTH U KanoBaTh CTENEHHOM psn #=1%
[lepemennas + MoXeT NpPUHUMATH J00OE JEHCTBUTEIBHOE 3HAYEHHE OT «MHUHYC
0OECKOHEUHOCTH» JI0 «IUTIOC OeckoHeyHOCTH». llojcTaBuM B OOmMIT WieH psga HECKOIBKO
MIPOU3BOJBHBIX 3HAUCHUN «HKCH:

1
= 2
Ecmu 5 , TO M=l b el M 2=l ® - 5

U Tak nanee.



x?!
)
OueBHIHO, UYTO, MOACTaBIsAA B *# TO WM HHOE 3HAUEHUE «HKC», MBI TOJIy4aeM
pa3inuHble 4ucIoBble psAbl. HekoTopble unciaoBble psabl OyIyT CXOOUTHCS, a HEKOTOphIE
pacxonutbes. U Hama 3ajaua HalTH MHOKECTBO 3HAYCHHUM «UKC», IPU KOTOPOM CTETIIEHHOM Psifl
e
#-1%  Qyner cxoauThes. Takoe MHOYKECTBO M HA3bIBAETCS 00JIACTHIO CXOUMOCTH Psizia.
Jlig 11100010 CTENEHHOro psiia (BPEMEHHO OTBIIEKAEMCS OT KOHKPETHOI'O IpUMeEpa)

BO3MOJHBI TPU CIIy4das:
1) CrenenHoil psig cxooumcsi abconromHo HA HEKOTOPOM HWHTEpBaAJe (ﬂ’b}. NubimMu

CJIOBaMH, €CJTH MBI BBIOUpaeM Jt000€ 3HAYCHHUE «UKC» M3 MHTEpBaja (@ &) 4 MO/ICTABJISIEM €0
B OOIIMI YJI€H CTENEHHOTO Psja, TO Y HAC MOJIY4aeTCsl abCONOMHO CXOOAWULCA YACTIOBON P,

Takoit mHTEepBaI (a; &) Y Ha3bIBACTCS MHTEPBAIOM CXOJMMOCTH CTEIICHHOTO psja.
Paguyc cxomuMOCTH, €ClIM COBCEM IMPOCTO, 3TO IIOJIOBMHA JUIMHBI HMHTEpBaja
CXOJMMOCTH:
b—ua
2

FGOMeTpI/I‘leCKI/I CUTyalus BbITJIAAWUT TaK:

A=

[Py NFOBOM IHAYESHMN X
GHHOMO WHTEpPBana

i) Lo (i i,
Py N — P o~ SN\
st \/ /—‘f Nt v N

X
WHuTepBan
CXOAUMOCTH
CTENEHHOro pRaa
B nanHOM ciydae, MHTEpBaI CXOAUMOCTH psla: (=4 -2) , paguyc CXOOUMOCTH psia:
—2—(-4) -2+44
2 2

[IIupoko pacnpoCTpaHEeH TPUBUAIBHBIN Cloydall, KOIrZJa MHTEpBal CXOAMUMOCTH
CUMMETPUYEH OTHOCUTEIBHO HYJIS:

Ha aToM uHTepBane PAL CXOANTCA
a3 ITUX HHTepBana dOCONKTHO - pa
4"/\';—'H-_/_\,_I\ /ﬂ; N T g ‘*_‘— ‘ e \,ﬁ'_'\_,. R
-3 0 3 b,

3 . =53 .

JIeCh ~ WHTEpPBaJl  CXOAUMOCTH  psja: , pamuyc  CXOOUMOCTH  psija:
-3 &

R = L = —= 3

2 2

A dro Oyner NpPOUCXOIUTh HAa KOHIAX HWHTEpBaia I:ﬂ’f:':"? B Toukax =&

‘T‘-:‘E’-" CTeHeHHOﬁ pf[)l MOXKET, KaK CXOAUTHCA, TaK H paCXO)II/ITCﬂ, U HJIAd BBUICHCHUS 3TOIO
HE0OXO0IUMO TIPOBOJIUTE JOMOJIHUTEIBHOE HCcienoBanue. [lociae Takoro McCIIeOBaHHS pPedb
UaET yke 00 00J1acTH CXOIUMOCTH psija;

— Ecnu ycTtaHOBIIEHO, YTO CTENEHHON PSIi PACXOJIUTCS Ha 0OOMX KOHIIaX MHTEpBaia, TO

001acTh CXOJUMOCTH psaaa COBNAAaCT C MHTCPBAJIOM CXOAUMOCTHU: (ﬂ, b}

— Ecmm YCTAHOBJICHO, 4YTO CTEIeHHOH pAaa CXOOUTCAd HAa OAHOM KOHIC HHTCPBAJIA U
pacxoauTcda Ha OpyTroM, TO o0J1acTh CXOOUMOCTHU psa NPCACTABIACT coboit MOJIYUHTCPBAJIL:

@8]y (0:2]



— Ecnm ycraHoBJ€HO, YTO CTETIEHHOW s CXOAWTCS Ha OOOMX KOHIIAX WHTEpBaja, TO

00J7acTh CXOUMOCTH Psifia IPENICTABISIET COO0M OTPE30K: [.:z, b]

TepMuHBI OYEeHb TOXO0XH, OO0JAaCTh CXOIUMOCTH psga — OTO 4YyTh Ooiee
JeTaTM3UPOBAHHBIN HHTEPBAJI CXOAUMOCTH Psa.

C nByMmst OCTaBIIMMHUCA CIy4asiMU BCE KOpOU€ U MPOILE:

2) CteneHHOU psAll cxooumces abconromruo Tpy JII0O00M 3HaueHun * . To ecTh, kakoe Obl
3HAYCHUE «HKC» MBI HE TMOJACTABWIIA B OOLIMI YWICH CTCIIEHHOTO psijia — B JFOOOM Cilydae y Hac
HOJYUYUTCS  aOCONIOMHO  CXO0siuuticsi 49UCIOBOM psiix. MHTepBanm cXomuMocTd W 00JacTh

CXOJMMOCTH B JIaHHOM CJIy4ae COBIIAJaIOT: (=00 +00) Pammyc cxomumoctn: & =02 Pucyrok
NPUBOAUTE HE Oy, yMaro, HET HE0OXOIUMOCTH.

w
]
A
3) CreneHHOM psii CXOAUTCA B €AMHCTBEHHOM Touke. Eciu psin umeer Bupg #=! , TO
OH OYyJIeT CXOTUTHCS B €AMHCTBCHHOW TOYKE * = 0. B stom cllyyae MHTEpPBaJl CXOJUMOCTH U

00J1aCTh CXOAMMOCTH PsiJia TOXKE COBIAAAIOT U PAaBHBI €AMHCTBEHHOMY UYUCIY — HymIO: += 0,

o
Z ey (x—a)”
Ecnu psn umeer Bug -1 , TO OH OyJIeT CXOIUTHCA B €IMHCTBEHHOI Touke * = & | eciu
w
®
Z e (x +a)
pSAI UMEET BUJ *-L , TO, TIOHSTHO, — B TOYKE «MUHYC a». Pagnyc cxonuMocTu psia BO

BCEX CIlydasix, eCTeCTBEHHO, HyseBoi: £ =0
Jpyrux BapuaHToB HeT. O61acTb CXOIMMOCTH CTENEHHOrO psjia — 3TO Bceraa Jubo

€IMHCTBEHHAs TO4YKa, JHUOO0 JI000e «HKC», TUOO0 HWHTEpBal (@, &) (BO3MOXKHO TOJTYHHTEpBAIL,
orpe3ok). [TogquepkuBaro, 4To naHHAs KIACCU(PUKAIMS CIIPABEUINBA JUIS CTETICHHBIX PSIoB. Jlist
MPOM3BOJILHOTO (DYHKIIMOHAIBHOTO psiZia OHA B OOIIEM ClTydae sSBISIeTCS HEBEPHOM.

Uccneoosanue cmenennozo psaoa Ha cxooumocms
[Tocre HEOOMBIION MOPIMH TEOPETUYECKOTO MaTephaia MEePEeXOoqUM K PacCMOTPEHUIO
TUTIOBOTO 3aJlaHUsl, KOTOPOE MPAKTHYECKH BCET/Ia BCTPEUYaeTCsl Ha 3adeTax M HK3aMEHax II0
BBICIIICH MaTEMaTHKE.
ITpumep 1
w xi'!
2T
HaiiTu 067acTh CXOAUMOCTH CTETIEHHOro psija =17
3amanue 9acto GopMyIIMPYIOT SKBUBAICHTHO: HailTh HHTEpBaJI CXOIUMOCTH CTETICHHOTO
psAla | UCCIIeIOBaTh €r0 CXOIMMOCTh Ha KOHIaX HAJICHHOTO MHTEpBaa.
AJNTOpUTM pellIeHus JOBOJIBHO Mpo3padeH U TpadapeTeH.
Ha mepBom 3Tame HaxoaWM HHTEpPBAI CXOAMMOCTH psiia. B OonbIIMHCTBE 3adaHMiA
UCTIONB3YETCS CXeMa, OCHOBaHHas Ha mnpu3Hake JlamamOepa. TexHHMUYECKM HaM HYXHO
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H=*+w| x o o
BBIUUCIIUTH Mpeen (%) , 1 ¢ (popMasbHOM TEXHUKOI €ro pemieHus Bbl YK€ 3HAKOMBI:

= lin
| gy (X:I M= twm| X :'¢—>+q:.:~||il;|g2 + T4 ]_) ot

M
?‘22
: o Ul _ e : 1
~ Wl e M ey TRl s e ==l
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72 3

(1) CocraBnsieM OTHOLICHUE CIICAYIOIIETO WICHA Psifa K IPEAbIIyIIEMY.

(2) N36aBnsieMcs OT YETHIPEXITAKHOCTH JPOOH.

(3) B uncnurene mno npaBuiy ACHCTBUN CO CTETICHSIMH «OTIIUITBIBAEM» OIWH «HKC». B
3HaMEeHaTeJIe BO3BOMM JIBYWJIEH B KBaJpar.

(4) BreiHOCHM ocTaBIIMiicS «HUKC» 3a 3HAK npeacia, Npu4eM, BbIHOCHUM €TI0 BMCCTC CO

2
A

]
3HaKOM Moyt IlodeMy co 3HakoM mosyis? Jleno B Tom, 4To Ham mpegen e # +2r+1 y
TakK 6y,[[eT HCOTPpULATCIIbHBIM, a@ BOT «HMKC» BIOJHC MOXCET IPHHHUMATb OTPULATCIILHBIC
3HAYCHUS. HOC‘)TOMY MOAYJIb OTHOCUTCA UMCHHO K HEMY.

A
Kcratn, nouemy | | MOXHO B0OOIIe BbIHECTH 3a 3HaK mnpenena? I[lotomy uyTO
«IMHAMHUYECKOI» MEePEMEHHOM B TIpe/ieie Y HAC SIBISIETCS «3H», U OT ATOT0 HAIIEMY «HKCY» HU

JKapKO HU XOJIOJHO.
oo

(5) Ycrpansiem HeonpeaeaeHHOCTh @ cTaHAapTHBIM CIIOCOOOM.

ITocne Toro, kak mpenen HaiJieH, Hy>)KHO MpPOaHaJIU3UPOBaTh, YTO Y HAC MOIYUHIIOCH.
BuuManune! BeraucieHHbII Mpeaen U MHTEPIPETaluio ero pe3yibratoB (cm. Huowce) HEJIB3S1
CUMTATh WM Ha3bIBaTh «mpu3HakoMm [lamambepa». [loguepkHy emé pas, 4To paccMarpuBaeMas
cxema JIMIb OCHOBaHa (He 80arch 6 nodpodoHocmu) Ha TipuzHake JlamamOepa Il YUCITOBBIX
PAIOB.

Nrak:

Ecnu B npezene mosyyaercs HOMb, TO aJTOPUTM PELIEHUs 3aKaHYMBAET CBOIO paldoTy, U
Mbl JaéM OKOHYATEeNbHBIM OTBeT 3amaHus: «OOJacTh CXOJUMOCTH CTENEHHOro psja:
—E0 <X <10, (moboe melicTBUTENBHOE YHCIO — ciiydail Ne2 mpeasiaymero maparpada). To
€CThb, CTENEHHOW pSAJ CXOAWTCA TPU JIFOOOM 3HAUYeHUM «HUKC». OTBET MOXKHO 3amucartb

—o0;, + 00
SKBHBAIEHTHO: «Ps CXOAUTCS mpH * € (-0 + )» (3HauoKk = B MareMaTuke oOO3Ha4aer
NPUHAIC)KHOCTB).

Ecnu B mpenerne mosyyaetcss 06CKOHEYHOCTbD, TO AJITOPUTM PEIICHHSI TAK)KE 3aKaHYMBACT
CBOIO paboTy, 1 Mbl 1aéM OKOHYATe/IbHBI 0TBET 3aanus: «Psix cxomures mpu * = Uy (i mpu
=4 oo £ = 9 y). Cmorpure ciydait Ne3 npeapiaymiero maparpada.

Ecnmu B mpenene monydaeTcss HE HOJb M HE OCCKOHEYHOCTh, TO y HAC CaMbli
pacIpoCTpaHCHHBIHM Ha MpakTHKe ciy4dae Nel — psiJi CXOIUTCSI HA HEKOTOPOM MHTEpBAJIE.

% o
B nanmHoM ciywae mnpenen paBeH | | Kak HaliTm uHTEpBaJ CXOAMMOCTH psiia?
CocraBnsieM HEPABEHCTBO:
|x| <]

B JIFOBOM 3aganuu 1aHHOTO TUIIA B JIEBOM YacTU HEPABEHCTBA JIOJKEH HAXOAUTHCS
pe3yibTaT BBIYMCIICHHS TIpe/esia, a B IIPaBOM YacTH HEPABEHCTBA — CTPOTo enuHmia. He Oymy
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OOBSACHATH, MOYEMY HUMEHHO TaKO€ HEpPAaBEHCTBO U IMOYEMY CIIpaBa €IWHHUIA. YPOKH HOCAT
MPAKTUYECKYIO0 HAIMPABJIEHHOCTDb, U YK€ OYEHb XOPOILO, YTO OT MOUX PACCKa30B He-HOBecHHEsH
Hpedeccopeko-HpeHoAaBaTeAbEKHH-coeTaB CTAIN MOHATHEE HEKOTOPHIE TEOPEMBI.

Texnuka paboTbl € MOAyJNEM M pEUICHHS JABOMHBIX HEPAaBEHCTB MOIPOOHO
paccmaTpuBaach Ha IepBOM Kypce B ctatbe OOacTh onpeaeneHus GyHKINUU, HO s y100CTBa
s TIOCTaparoCh MaKCHMaJIbHO MOAPOOHO 3aKOMMEHTHPOBaTh Bce JEHCTBUS. PackpbiBaem

|x|-::cz=>—cz < X<

HEPaBEHCTBO C MOJIYJIEM IO MIKOJbHOMY MPABUILY . B nanHoMm ciyuae:

—T<x <1 _ yyreppan cxomuMOCTH HCCIIEAYEeMOrO CTEIICHHOTO PSIA.

ITonoBuna nmyTu mo3aau.

Ha BTOpOM 3Tamne HE0OXO0AMMO HCCIEeOBAaTh CXOAMMOCTh psifia Ha KOHIAX HaiIeHHOTO
MHTEpBaJa.

Chnauana OepéMm JIeBBIH KOHEI| HHTEpBaja * = ~1 4 moxcraBsiem ero B Haul CTENCHHON

e

pan H=1 .
w _1 X
r=-1=3 D
IIpu x-1
[TonmyyeH 4ncinoBON psil, M HAM HYXHO HUCCIIEZ0OBAaTh €ro Ha CXOAMMOCTD (YK€ 3HaKoMast

2
A

U3 MPeAbIAYIIUX YPOKOB 3a/1a4a).

Hcnonb3yem MIPU3HAK Jleitbnuna:
1) Pan SIBJISICTCS 3HAKOYEPENYOIIUMCS.
: o1
HIWPA:M]EHW_E:D 9] 9]
2) 7 — 4JIeHbl psAga yobIBaloT Mo Moayio. Kaxaplil ciaenyronuii 4ieH psaa

M0 MOAYJIIO MEHbIIIE, YeM MPEIbI Iy, 3HAYUT, yObIBAHNE MOHOTOHHO.
BeiBOa: psig cxoauTes.

Hccnenyem psn Ha a0COIIOTHYIO CXOJIMMOCTH!
w w 1
Shal= X v
#=1 #=1" — cxoauTcs (ciydail 0000IIEHHOTO TAPMOHUYECKOTO Psifia).

Takum 06pa3om, MOTYUYEHHBINH YUCIOBON PSii CXOAUTCS a0COTIOTHO.
Jlanee paccmaTpuBaeM MpaBblid KOHEI[ UHTEpBajia + = 1 , TIOJICTaBJIsIEM ATO 3HAYEHHUE B
>
Hall CTeNeHHOM psg *-17
w 1?4 0w
=123 o=
IIpn %=l #=1" — cxomurcs.
w

Takum o0pa3zoMm, cremeHHOW psig -1

x?!
?2_2
CXOAMTCS Ha OOOMX KOHIIAX HAWJIEHHOTO

MHTEpBaa.

OtBet: O0MaCTh CXOUMOCTH MCCIIETyEMOTO CTETIEHHOTO psia: — l=x=1

ViMeeT NpaBo Ha M3HB U Apyroe ohopmiieHne oteeta: Paa cxomures, ecim * < [_ L 1]

WNuorpa B ycioBuu 3afauu TpeOyIOT yKas3aTh paguyc cxoauMocTH. OueBHIHO, YTO B
pPacCMOTPEHHOM IpUMEPE R=1,
[Tpumep 2

) ]

X

) st
Haiitu 001acTh CXOIUMOCTH CTEMEHHOTO psia *-0 3 At
Pemienue: uHTEpBaN CXOAMMOCTH PsiJia HAMAEM ¢ moMoIIbio npu3Haka Jlanambepa (1o He
110 npusnaxy! — ons yHKyuoHanbHblx ps008 mako2o npu3HAKa He Cywecmeyem,).
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i | A

Tasselr 3.3 Jut2

R = I S R e
Jn

Jr+1 (Hl*”
_|x|]jm Jn _|x|]jm_n_H

CLAN [

=0 3
142
X

CocraBisiem CTaHIApTHOC HEPABCHCTBO!

H =1
Psapg cxonurces mpu

X
CneBa HaMm HY>KHO OCTaBHUTb TOJIBKO | | , IOOTOMY YMHOXacM 00e vacTu HCpaBCHCTBA Ha

3:
|x| <3
|x| SR = T X wa,

W  packpbiBaeM HEpPaBEHCTBO C MOAYJEM IO  TPaBUITY :
— 3<% <3 _ yHrepBan CXOAMMOCTH HCCIIEAYEMOTO CTEIICHHOTO PSA.

Hcerenyem cXoauMOCTh CTEIIEHHOTO Psijia Ha KOHI[aX HalJIeHHOrO HHTEPBaJa.

Z, =3 o A - e v
r=-3=% = N =2 7 = J
OGparuTe BHUMAHME, YTO [P IOJACTAHOBKC 3HAYCHMs X = 2 B CTCHCHHOH pAZ
w x?é

2

H ! »
n=0l Fontl Yy HacC COKpaTujiaChb CTCIICHb 3 . 910 BCPHBIU IIPU3HAK TOI'0, YTO MBI IIPpaBUJIBHO

HalllJTM UHTEpBAJI CXOAUMOCTH pAaa.
I/Iccnez[yeM HOJ'Iy“IeHHHﬁ YHUCIOBOM pAA Ha CXOOAUMOCTD.

Hcnonb3yem NpU3HAK JleiiOauma.
- Pan SIBIISIETCS 3HAKOYEPETYIOIIAMCS.
: : 1
lin |cz:,d |: lirn =0
e e i+l — YJeHbl psga yObIBalOT Mo Moayito. Kaxnplil ciemyromuid dieH

pAana 1O MOAYJTIO MEHbIE, YeM TMpeAbIAyIIni, 3HAuuT, YObIBAaHHE MOHOTOHHO.
BriBon: Psan cxogurest.
Uccnenyem pan Ha aOCOJIIOTHYIO CXOJIUMOCTbD:
w oo 1
2hkl=2 T
Kl PR 1
i 1
CpaBHHMM JaHHBIN P C paCXOAAIUMCA pAaOM  #-1 “"r’; .
Hcnonp3yem MpEeAEIbHbBIN MPU3HAK CpaBHEHMU:
o] . o } n+1 . 17"
—= = lin Jn = lim =lm |.11+— =1
m o M= o 1 M o » M=+ n

Ha+l

w

2

HOJ'Iy‘{CHO KOHCYHOC 4YHCJIO, OTIIMYHOC OT HYJIA, 3HAYUT, PAL =0 pacxoguTcsa BMECTE C
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= (=17
Taxum o6pazom, psig *=0 V7 +1 cxomures TonbKo YCIIOBHO.

r=3= Z Z
2) Ipu e+l Gdentl pacxoauTcs (1o JOKa3aHHOMY).
Oteer: OO61aCTh CXOAMMOCTH HCCIEIYeMOro CTENeHHOro pspa: ~—-=% <3 TIpu

X ==3 psij CXOUTCS TOIBKO YCIOBHO.
B paccmorpenHoM mnpumepe 00JIaCTBIO CXOIMMOCTH CTEIEHHOTO psiia sBISETCS

IMOJIYUHTCPBAJI, IMPHUYECM BO BCCX TOYKAX HMHTCpBAJIa (_3’ 33' CTEIIEHHOM pAaa cxooumcs

aoconromuo (cM. Ilpenpimymuii maparpad), a B TOUke * ==3 kaK BBLICHUIOCH — CXOOUMCH

MOJILKO YCIIOBHO.
[Tpumep 3
Haiitu uHTEpBal CXOIMMOCTH CTEMEHHOIO psija M HUCCIENO0BAaTh €ro CXOAUMOCTh Ha
w ?32 x:u
Z 7 n+D

KOHIIaX HAalJ€HHOrO MHTepBajia *-1
DTO IpUMED VISl CAMOCTOATEILHOTO PEIICHHUS.
PaccmoTrpum napy npumMepoB, KOTOpPbIE BCTPEUYAKOTCS PEKO, HO BCTPEUYAKOTCS.
[Tpumep 4

w ?23 ] (x+4)2x+1

2 2+ 1)

Haiitu o6iacte cxonumocTu psiga: -1
Pemenue: ¢ nomouipto npusHaka [lanambepa HaiiieM MHTEpBaJ CXOJUMOCTU JaHHOIO

psna:
(e +10 - (x +4;F"+3
thy (0| (n+1+1)! |(n+1} (x P (DI
oo gy (x) | 4o w i(x +4:|2”+1 ?d—>+m| e (x +4:|2H+1 {4+ 20
{4+
_ n+1]3 (x+d x+H™ 12,3 nn+ Y
e (x+H™ 123 nin+Din+2)
1—>IZI 3 1 1 =0
= (x+* lim || 14+— =(x+d* lim —— =(x+4*. 0=0
e b # ( +2) L R
(1) CocraBmnsieM OTHOIIEHHE CIEAYIOIIETO WICHA psifa K MPEAbIIyIIEeMY.
(2) M36aBnsieMcs OT YETHIPEXITAKHOCTH APOOH.
3
(3) Ky6mr D" o 110 MPaBWIy JEUCTBUHM CO CTENEHSMH IOABOJHUM IOJ E€IUHYIO
CTCTICHb. B YUCIIATEIC XUTPO packIaibiBacM CTCTICHB
(x+4:|3?¢+3 — {x+4)2?é+1+2 — (x+4:|2 ] (x+4:|3?e+1

, T.C. PackimagpiBaeM TakuM 06pa30M, yTOOBI Ha

du+l
(x + 43' . q)aKTOpI/IaJ'IBI paciucbiBacM HO,ZIpO6HO.

1—}[!

CJIEYIOIIEM IIare COKPaTUTh Ipo0b Ha

(4) ITox xyOOM TMOWICHHO NIETUM YHCIUTENh HAa 3HAMEHATelh, yKa3biBas, 4yto # . B

2
IpoOu cokpaliaeM BCE, 4UTO MOXKHO COKPATUTh. MHOXHUTENb (z+4)

€r0 MOXKHO BBIHECTH, IIOCKOJIBKY B HEM HET HHUYECTO, 3aBHUCALICTO OT «IUHAMHYECKOM
HCpCMCHHOfI OH». OGpaTI/ITe BHUMAHHEC, YTO 3HAK MOAYJIA HEC HApUCOBAH — IIO TOI IMpUYIUHC,

(x+4)*

BbBIHOCHUM 34 3HaK Mpeacia,

qTOo IMPUHUMACT HCOTPUIATCIIbHBIC 3HAYCHUS TIPH JTIFOOOM «HKCY.

B mpeaciic nmojay4dcH HOJIb, @ 3HAYUT, MOKHO JaBaTb OKOHYATECIHHEINA OTBET:



Otset: Psx cxoaures npu € (03, +09)

A cHauaja-To KazaJloCh, YTO ITOT P CO «CTPAITHON HAYMHKOW» OYyJIeT TPYIAHO PEIIUTh.
Hosnb nnu 6eCKOHEUHOCTD B Mpejiesie — MOYTH MOJapoK, BeAb PEIIeHNe 3aMETHO coKpalaercs!

[Tpumep 5

i (2a)h(x — )"

Haiitu o6acte cxoaumocTtu psiga =1 10°

DOTO0 mpuMep Uil CaMOCTOSATENbHOTO pemieHus. bynbre BHuMartenbhbl ;-) IlomHoe
pElIeHUE OTBET B KOHIE YPOKa.

PaccmoTpuM ele HECKOJIBKO MPUMEPOB, COJAEpXKAIIMX SJIEMEHT HOBHU3HBI B IUIaHE
HCIIOJIb30BAaHUS TEXHUYECKUX IIPHUEMOB.

[Tpumep 6

Haiitu wuHTEpBa) CXOAMMOCTH psiia M UCCIENOBAaTh €ro CXOJAMMOCTh Ha KOHIAX

w {_1}?&—1 ] (x_l_zjlx

Z‘.' (Z—1). 5"

HaWJIEHHOTO MHTEpBaIa *-1

»-1
Pemenne: B O6I_I_[I/II71 YICH CTCIICHHOI'O0 psAga BXOAWUT MHOXHUTCIIb ( 1) ,
06eCHe‘{I/IBaIOH_II/II71 3HaAKO4YCpECAOBAHUC. AJ'IFOpI/ITM pPE€UICHUSA ITOJIHOCTBIO COXPaHACTCs, HO IIPU

My +1(x:|

=t | x
COCTAaBJICHUHU IIpCAciia ”{ :I Mbl UTHOPUPYEM (He HI/IH_IGM) 9TOT MHOXHUTCIIb, IIOCKOJIBKY

MOJYJIb YHUYTOXAET BCE «KMUHYCBD».
HNHTepBanm cXoauMOCTH psijga HaaéMm ¢ nomolnblo  mpu3Haka —JlamamOepa:

(x+2:|?d+l
g @|_ (Bt D-1) 5 [(r+2)(x+2)" - 5 (32 1)|_
wiol g (x) | we (x+ 27" vl (2420055 (3n+2)
(321} 5"

2n—1 1
B e e el T P, e
4 w4 Ep42 oo 5 mode S+ 2 5 madw 2 5
M

H
CocraBinsieM CTaHAapPTHOE HEPABEHCTBO:

|x+2|
<]

Pan CXOOUTCS pH 5
CrnieBa HaM HY»XHO OCTaBUTH TOJBKO MOJYJIb, TIO9TOMY YMHOXKaeM 00€ 4acTH HEpaBEHCTBA Ha 5:
|x + 2| <5

Tenepb packpbeIBacM MOJYJIb yKe 3HAKOMBIM CIocooom:
—Sgx+d s

B cepenniHe nBOMHOIO HEpABEHCTBA HY>KHO OCTAaBUTH TOJIBKO «HKC», B ATHUX ULEAX U3
KaXX 101 4acTu HEPaBEHCTBA BEIUHUTAEM 2:
—S-dax+d-2 <512

A L HHTEPBAJI CXOAUMOCTH UCCIIEAYEMOTO CTEIIEHHOTO PAa.

Hccnenyem cxoaquMocCTh psiia Ha KOHIIAX HAMAEHHOTO HHTEpBaa:
w I:_-D?d—l_ I:X+ 2)?4
Z (3n—1).5"

1) lMoacraBnsiem 3HaveHne * = —7 B HauI cTeneHHol psag -l




e Y o ) L o Ve ) LA oy ) L o VL L

E (3n-1). 5" _E (3n-1). 5" _E (3n-1).5
w l:_-D?e—lHe _ w (_1)2:!—1 o w 1

L G- SGe-1 xz.ien—n

-1
By,I[LTe mpeacibHO BHUMATCIIbHBI, MHOXUTCIIb ( 1) HC obecrneunBaeT

S
3HAKOYCPCAOBAHUEC, IIPpU JIr000M HATypaJIbHOM «3H» ( D - 1

BBIHOCHM 32 TIPEAeTbl psAga U 3a0bIBacM IMPO HEro, MOCKOJIbKY OH (Kak M Jro0as KOHCTaHTa-

ITomyyeHHBII MHUHYC

MHOHUTEJb) HUKAK HE BIUSAET HA CXOJUMOCTh WM PACXOJIUMOCTh YUCIOBOIO Psa.
Eme pa3 3amerbTe, 4TO B XO0J€ MOJCTAHOBKM 3HAUYEHUS + = —7 B o6wwmit wieH

td
CTEIIEHHOTI'0 Ps/la y HAC COKPATHIICS MHOXKHUTEIb 5" . Eci 6Bl 5T0TrO He IIPOU30LLIO, TO 3TO OBl
3HAYHUIIO, YTO MBI TMOO HEBEPHO BBIYMCIIMIIM MIPEJIEI, JINOO HEMPABIIILHO PACKPBLIH MOJTYJIb.
el 1

Wrak, Tpedyercs uccienoBarh Ha CXOAUMOCTb YUCIOBOM psij *-! (3n—=1) 3neck mpoiie
BCEr0 MCHOJb30BaTh MpEACIbHBIM MpPU3HAK CpPaBHEHHWS W CPAaBHUTHb JaHHBIA psajg C
pacxondimumMmcs rapMoHn4YeckuM psgoM. Ho, eciin yecTHO, IpeesbHbIN IPU3HAK CPABHEHUS 110
y’Kaca MHE HaJI0€J, T0O3TOMY BHECY HEKOTOPOE pa3HOo0Opa3ue B pelIeHHE.

I/Icr{om,?.yeM HHTCFpaHBHBIﬁ IIPpHU3HAK.
T dx
1 3x—1
HOIII)IHTel“paJII)HaFI byHKIMSA HEIIpEphIBHA Ha [1;+DD} .
_1FaGx-n_ 1, »_ 1 e g oY
(=5 [ = i (G- D)f = i (38 - 07~ 2=

1
Takum 06pa30M, HOJ'Iy‘IGHHBIfI YHCI0BOMH paa pacxoguTcsa BMECTC C COOTBETCTBYHOIIUM
HECOOCTBEHHBIM HHTCTrpajIOM.

2) Hccnenyem BTOPOM KOHeI[ UHTEpBaja CXOAUMOCTH.
e (=1 (242 1“
NP e\l R Z'( )

Tpu w1 Lem=1-5

Hcnonb3yem MIPU3HAK JleitOonuna:
- Pan SIBIISIETCS 3HAKOYEPETYIOIUMCSL.

1
fim = fm ——=0

— R 3 —1 — wieHsl psja yoObIBalOT mo Moaymoo. Kaxaplil cnemyromuil dieH

psiga 1TO  MOIYJIO MEHbIIEe, YeM MpeAblAYLINi, 3HAa4uT, YOBIBAHHE MOHOTOHHO.
BriBoa: psag cxoautcs
PaCCManMBaeMLIﬁ YUCJIOBOM  psA  HE  SBISETCA  AOCOMIOTHO  CXOJSIIAMCS

Shal=X

IIOCKOJIBKY -1

* 3?3 ! — pacxoaurcs (1o TOKa3aHHOMY ).

OtBer: ~— 7 <%=3 _ ofmactb CXOIUMOCTH UCCIIEyeMOTO CTEMEHHOT0 psijia, IpH
x=73 PAI CXOAUTCS TOJIBKO YCIIOBHO.
ITpumep 7
Haiith wHTEepBanm CXOAMMOCTH psiia W HUCCIENOBaTh €ro CXOAMMOCTh Ha KOHIIAX
i 2t (x4 30
HallJICHHOTO UHTEepBaia *-1 Won+1

OT0 npuMep ISl CAaMOCTOSITEILHOTO PELLIECHUSI.
KTto yrommiics, MOXKET CXOAUTh NOKYPUTh, @ Mbl pACCMOTPHM €LIE JIBa IPUMEDA.



[Tpumep 8
Haiitu wuHTEpBaJ CXOAMMOCTH psia M MUCCIENOBATh €ro CXOJAMMOCTh Ha KOHIAX
© oalx— 1%
» {5
HaWJICHHOTO MHTEPBAIA w1 9% afnt 43
Pemenue: Haitnem WHTEPBAIL CXOOUMOCTH psana:
An+l
(2 +(x— Y

o P 9**1.,j(m+12)5+3 i+ -1 90" o 43|
A= 40 ux(x) A=+ nlx—1) * """“D|,;g|(x 1}2?!- e+l qj( +1:| +3|

9"t 43

I ]{x D2 (x-D™ . 9% ' 43|

(x—1™ 99" Jin+1)° +3

— bm (x— 1) «.-';z +3 | (x— l:l 'I?ﬂ5+_3 _}l_ﬂ

LR »

oo foa 43| 9 = Joernie3z) 9
o | 23|

B o 5
Jl+D7 43 .
Hpeﬂen 10 TOU IIPUYIHUHEC, YTO YHUCIIUTCIIb U 3HAMCHATCIIb OdHOZO

nopsioxa pocma. bonee moapoOHO 00 TOM MOMEHTE U «TypOO»-METOJE pELICHHs YUTalTe B
cratwbe [Ipusnak Jlanam6epa. [IpuzHaku Kommu.

2
G-
Urak, psn cxonutcs npu 9

YMHOXaeM obe JacTu HepaBEeHCTBA Ha 9:
(x—1% <9

W3BnekaeM u3 00enx 4acTeil KOpeHb, IPU ATOM IOMHUM CTapblii MIKOJIbHBINA MPUKOJI
Jx=1 <3

lx—1 <3

PackpsiBaem

-J3ax-1<3

MOJTyJIb:

" npubaBsieM KO BCEM 4acTsIM E€IMHHULLY:
-3+lex—-1+1<3+1

—daxad WHTEPBAJ CXOJUMOCTH HCCIIETyEMOr0 CTENEHHOTO PsIa.

Hccnenyem cXxoauMoCTh CTENEHHOTO psifia HAa KOHIIAX HAMJAEHHOIO UHTEPBAa:
1) Ecm += ~2 10 MOJIYYAETCs CIAEAYIOLINN YUCIOBOU PALL:
w P@(—E—l)h _ @ ?EI:—BIIM M- ( 1)2:! ] (3}2?@ _
éza”-ﬁfnjw =L Zl o +3
GO 1 LSO . N

S Stz Dot S +3 S 43

2
MHoXuTENb -1 OeccieHO mpormnal, MOCKOJIbKY MpH JI000M HaTypaJlbHOM 3HaUY€HUU

o
«OH» -7 =1 .
U B Tpetwii pa3 oOpararo BHUMaHUE Ha TO, YTO B Pe3yJIbTaTe MOJCTAHOBKU COKPATUIIHCH

b
CTCIICHU 9 , 4 3HAYUT, UHTCPBAJI CXOAUMOCTHU HAUJCH MTPAaBHUJILHO.
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© #

[
ITo BceM mpu3HAKAM JIJIs TIOJYYEHHOTO YUCIOBOTO psita =1 ¥ +3 ciaenyer IpUMEHUTH
npeAeNbHBIA pu3HaK cpaBHeHUs. Kakoit psg mogoOpats st cpaBHeHHs? OO0 ATOM METOAMKE 5

YK€ pacckasblBaJl Ha ypoke Psnbl 1uis yailHUKOB. [IoBTOpUM.

OHpeHeHHeM CTapIyr0 CTCIICHb 3HAMCHATCIIA, AJIA 3TOIr0 MBICJIICHHO WJIM Ha YCPHOBHKCE
5

.. -
oTOpackiBaeM IOJ KOpPHEM BCE, KpPOME c€aMoro crapiuero ciaraemoro: Y%2 =%°  Takum
5
0Gpa3oM, cTapuiasi CTCICHb 3HAMEHATels paBHa < . CTapiuas CTeeHb YHCIIHTEIS, OYCBHIHO,
5 3
1

paBHa 1. I3 crapiueli creneHr 3HaMEHATENs BBIUNTAEM CTAPLIYIO CTEIIEHb YMCIUTEIS: 2

= 1 = 1
LTl
#=l _ 7 #=l "y}

Takum oOpa3om, Hall psJ HYXHO CPaBHUTb CO CXOASIIUMCS DPSIIOM #

Hcnonb3yeM npenenbHbli IPU3HAK CPAaBHEHMUS:

s 5 3 5 -1
i = iy 97— g V2D A3 “tim T g i =1

el + 3
[Tonyyeno KOHeque, OTJIMYHOE OT HYJIS YUCIIO, 3HAYUT, PSIl CXONIUTCS BMECTE C

w

psiioM "'1 W
2) LITO HPOMCXOUT Ha JIPyroM KOHIIE uHTepBana?
© (il — 17 I e @ »n 9" © »
SR N L UL
Ipu {97 P13 SO fr i3 S w43 w3 —
A BOT M BO3HArpaXkJICHHE 3a My4€HHs B IpeablaymeM myHkTe! TTomyduncs TouHo Takoi

’K€ YHCIOBOM pAA, CXOAUMOCTE KOTOPOT'O MBI TOJIBKO YTO TOKAa3aJIu.

OtBeT: 0011aCcTh CXOAUMOCTH UCCIIEAYEMOI'0 CTCIICHHOT'O psJa: —izx=4

UyTb MEHee CI0KHBIN TPUMED IS CAMOCTOATEIIBHOIO PEIICHUS:
Ilpumep 3: Pewenue: unmepean cxooumocmu paoa HAUOEM C HOMOWbIO NPUSHAKA

Hanambepa:
(e 12 54
w@|_ T2 |z 2" 7 e 4 2m + D+ 1|
el gy () = _Hml 7T R e+ 2) |_
e+
n+1 0
Wy 2 |k, M e
= R s e R )
- 14+

P50 cxooumces npu
d
=1

7

Crnesa HysCHO OCMABUMb MOJLKO MOOYIb, NOIMOMY YMHONCAEM 0be Yacmu HepageHcmea Ha 7

|x| <7
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=7 <x <7 _yumepsan cxodumocmu ucciedyemozo cmenenozo paoa.
Hccnedyem cxooumocms psaoa Ha KOHYAX HAUOEHHO20 UHMEPBAd.

w4 E]
=7yl ) =1

N I =l EnY
2) Hcnonvzyem npusnax Jleubnuya.
3) - Pso a6n1emcs 3HAKOUYEPeOYIOWUMCSL.
42
g @ A [
Eﬂmh |_x—>+m;g+1_m_?¢—}+vl:*?2+1_?é—}+w 1—}0 1_}0_ =0
2 - t—=
& # # —  YjgeHbl pAoa He
yoviearom
llo MOOYTIO.
Bui600: Pso pacxooumcs
w© 2
r=7= "
2) Hpu =l (';3 + ]':I

P50 pacxooumces, max kaxk He 8blnonHeH HeOOX0OUMBLI NPUSHAK CXOOUMOCTU PAOA.
Omeem: ~ 7 =X =T _ o6nacme cxooumocmu ucciedyemozo cmenennozo paoa
Ilpumep 5: Pewenue: ¢ nomowwto npuznaxa /lanambepa Hauoém unmepean cxooumocmu

paoa:
(20 4+ 10k (x — 2y

iy ()] 10 ot -2t el

ol g (x) | wwe|  (2a)l(x— 2" ‘"x++w| 1000 (= 2 (2l |
107

e 10° (- 2(x-2"11.2.3 . 2n-1)-2n-(2n+D- (20 +2)|
T 10.10% (=231 1.2.3. . (Zn—11-2n B
- tim '(x_gj"'(g"’:;t'@HE}I: |x1_02|]jm (4n3+6n+2)‘”"°=¥.(+m):+m

Omeem: Pso cxooumcs npu *= 2
Ilouemy nonyuunace O0eotika, a He Hoav? Ilepeuumatime kraccuguxkayuro obaacmu

CXOOUMOCTU CIENneHH020 padd. Xoms, HagepHoe, MHO2UE YHce NOHUMAIOM, NOYeM).
Ilpumep  7:  PeweHnue: Hatidem  UHMEPBAN  CXOOUMOCMU  OAHHO20 — pAOA:

2?¢+1 ] (x+ 3:|:u+1

@[ WD |G+ 2 2" 2|
|y (x) | e (k43" | (x43F.2% 32043
3on +1
= 2 +3ltim 32 P o4 3km = O+ 3 lim | —2
rade 2w 42 oo roml| 2843 23 0
M
Pso0 cxooumcesi npu 2|x + 3| <1

1
Cresa HyscHO OCMAGUMb MOLKO MOOYIb, YMHOMNCAEM 00e 4acmu HepaseHcmed Ha 2

o+ 3 <
2



—l < x+3 -::l
2 2

B cepedune HYJICHO ocmasums moJjlbKO «UKCY, ebldumaem us Kaosicoou uacmu HepaeeHcmeda 3:

—1—3-::x+3—3 -:1—3
2 2

7 5
——wxE—=
2 — uHmepsall CX00UMOCmu uccneoyemoco CMeneHH020 paoa.
Hccnedyem CX00UMOCHb paoa Ha KOHYax HAUlOEeHHO20 uHmepeana:
r=——= =
i, Ipu 2 Z& Von+1 Z;' ifz,-»z+1 Zi#zﬁ

B
Cmenenb 2 COKpAmMuiach, 3HA4UM, Mbl HA BEPHOM MM
HUcnonvzyem npusnax Jletionuya.
Pso aensemcs 3HAKOUEPeOYIOUWUMCHL.
1
]Jm |a | —=10
w320+ 1 . .
— unenvl paoa yowiearom no mooymo. Kaowcowui credyrowuii unen
PA0a no MOOY0 MeHbUle, YeM npedbloywull, 3Havyum, yobleanue MOHOMOHHO.

P50 cxooumcs no npusnaxy Jletibnuya.

HCCﬂedyeM pao Ha abconommuyro CX00UMOCMb!
|‘1| 23
:u-l
Hcnonvzyem UHMe2panbHblll NPU3HAK.
T' dx
1 W2x+1
[1;+m]
THoovinmezpanvhas @yHryus HenpepvleHa Ha .

(*}—_[2x+1 Sdaan =g i (YCar P =2 tim (4IP30 =4

w
X o

Takum  obpazom, pao  *1  pacxooumcs emecme C  COOMBEMCMEYIOUUM

= (=1
2
HecoOCmEeHHbIM UHMe2PaioMm. Pso0 w1 N2L vooumen MONbLKO  YCIIOBHO.
. . 2”(—%+3] ) 2”-(1]
=—_= =
2 Ipu 2 MZ_:{ o+ xz.:f A2 +1 Z 3‘-' Zn+1 pacxooumcs  (no
OO0KA3AHHOMY).
7 5
—— X E—=
Omegem: Obaacmv cXO00UMOCMU UCCIEOYEMO20 CMENEeHHO20 psoa: , npu
xr=-3 !
2 PAO CXO0UMCsL MOJBKO YCI0BHO.
1 1
—i—=x<-2—
Obnacmsv cx00UMOCMU OKOHYAMENLHO MONCHO 3ANUCAMb MAK: 2w
-35=x<-25

oaoice mak:



- 1

Y]
Ilpumeuanue: Psao =1 zntl yooicno 6ei10 uccnedosams ma cxodumocmu ¢ NOMOWbIO
npeoeibH020 NPUSHAKA CPAGHEHUSL.

Ilpumep 9: Pewenue: Haiioem uHmepsaJl cxooumMocmu paoa:
2?¢+1 ] xz(?ﬁl]
H:HII:X:I _ n+2 —_ 1 |x3_x3?4_2_2?4_{n+1}_
| g {X:l CE LS xh :'!—}+m-| xh L {';3 + 2]
x+1
n+1 It 17°
- 2?(2 x]jflm M - 2 - 2?(2 ?e.—pm ;—H:I = 2;,:3
H n

P50 cxooumcs npu

2x* <1
K
2
o <
2
1
A2 N2 unmepea cxooumocmu uccnedyemoco cmenenHo20 paoa.
Hccnedyem CX00UMOCHb paoa Ha KOHYax HAUOEHHO20 uHmepsaa.
n Rt »
1 ] n 1 1
|- 2 =07 (—J ot | 2
3 1 w ( ’\E] 3 L] '\E 3 L] 2 3 w 1
CTRTAT L & 1 "L 2
]) Hpu n=l # #=1 72+ a1 AT a1t

= 1
Cpasnum danmwiii pso ¢ pacxoOsuumcs. 2apmorudeckum padom *=L* . Hcenonvsyem npedenvitbiii
NPU3HAaK CPABHEHUS.

1
—_ —=0
LTI B =]j_mn+1=]jm[1+l J=1

M ‘E’-"x M= 1 b to m M+ M

n+1

HOﬂylleHO KOHeYHoe Yucio, omiudHoe om H)Jis, 3Ha4uni, I’lO]ZylteHHbllZ YUCA0BOU pﬂd pacxodumc;z
emecme C CaAPMOHUYECKUM pfl()OM.

e C

2) Ipu f Z nt+1 ; n+1 E ntl xz-:;”'i'l— pacxooumcs
(10 O00KA3aHHOMY).
1 1
- xe—
Omeem: 0baacms cxX0OUMOCIU UCCAEOYEMO20 CIMENeHHO20 pAoa: W2 2

IIpakTnueckas padora Ne 22

Tema: Pemienne nugdepeHnuaJIbHbIX YPABHEHHH 1EPBOIro NOPAIKA

Iean paGorsr: [IpoBepuTh HA MPAaKTHKE 3HaHUE MOHATHS AUQPHEPEHIINATBHOTO
YpaBHEHUH, BU/IBI mupdepeHnanbHbIX  ypaBHEHHH, YMEHUE peiarb
muddepeninanpabie ypaBHeHUS | mopsiaka, HAXOAUTH 00IIIee U YaCTHOE PEIICHHUE.



Teopernueckass 4acte 1. JluddepeHuunanbHoe  ypaBHEHHUE nEPE8O2O
nOpsi0KA, COMEPHKHUT:

1) He3aBUCUMYIO IEPEMEHHYIO * ;
2) 3aBUCUMYIO IIEPEMEHHYIO * ((DYHKIHMIO);
3) nepByIO MPOU3BOAHYIO (PYHKLIUH: "
Pemmts nuddepenuunanbHoe ypaBHEHHE — 3TO 3HAYHUT, HAWTH MHOKECTBO

dynkumii ¥ =D FTC " woropie yaoBneTBopsior naHHOMY ypasHenmio. Takoe

MHOKECTBO (PYHKUMH Ha3bIBacTCs 00IIUM pelieHueM Aup¢epeHuaIbLHOro
YPABHEHHUS.

IMpumep 1

Pewmts uddepennyasHoe ypapaerne » =¥
(_
Fy = E
s
x. .:f_i =
B paccMaTpuBaeMOM ~— IIPUMEPE  IIEPEMEHHBIE  JIETKO  Pa3elsioTcs
IIEPEKHIBIBAHUEM MHOKHUTENEN 1o IPaBHITy IPOIOPLIUH:
dy dx
y oz
[TepeMeHHbIE pa3jeneHbl. B J€BOi 4acTu — TOJNBKO «UIPEKU», B IIPABOM 4acTu
— TOIBKO «HKCBD».

Y

Cnenyroomumii 3tan — HHTerpupoBanue auddepeHIHAIBLHOIO yPABHEHHUS.

HuTerpupyem o0e YacTH:
dy E

LS

In|y|=ln|x+C

Pemenue mudepeHITNaTBEHOTO YpaBHEHHS B HESIBHOM BHJIC
Ha3bIBaeTCA 00IMM  HHTerpajsiom auddepeHunaibHOr0 ypaBHenusi. To

In|y|=n|x|+C y
€CTb, — 3TO OOIMI WHTErpall.

Bmecto 3anvcu In = ne|+ C OOBIYHO TUIIYT Inp|= Inla|+1n C] :

B JTAaHHOM ciyyae:
In |y =ln |Z]

y=0Cx

@DyHKIUS TPEICTaBlIEHA B SIBHOM BUJIE. DTO U €CTh 00I1Iee pelleHuE.

. y=Cx, roe O =const
MHOXeCTBO  (yHKIHT > 1 ABJISAETCSI OOUIMM  PEIICHUEM

nuddepenimansroro ypasterns ¥ =Y

[IpunaBas KOHCTaHTE * pa3IMYHbIE 3HAYEHMS, MOKHO MOTYy4YUTh OECKOHEUHO
MHOT'O YACTHBIX peleHuii 11 GepeHnnanbHOro ypaBHEHH.

IIpumep 2

Haifth uwactHoe peweHue auddepeHUMaNbHOrO  ypaBHeHus ¥ = 2

YIOBIIETBOPSIOIIEE HAYAILHOMY YCIOBHIO 0=z



[To ycnoButo TpeOyercs HallTH yacTHoe peweHue /Y, ynoBieTBopsroliee
HavyaJlbHOMY YCJOBHIO. Takas NOCTaHOBKa BOINPOCAa TaKXKE Ha3bIBACTCS 3a0auell
Kowu.

Cravayia HaxoauM o0IIee perniecHue.

)

odx

d

o

¥

Wurerpupyem YpaBHEHHE:

& __
jy 2_[a?x

In|y|=-2x+C"

I T
y=

yzgc _6—2?4

¥= C’e‘gx, roe O =const

I/ITaK, o6mee PCUICHHUC! Ha 34aBCPUIAOIICM OTaIlc

Hy)KHO HAWTH 4YaCTHOE pELICHUE, YIOBJIETBOPSAIONIEE 3aJaHHOMY HA4YaJlbHOMY
yenopuio Y =2

Heo6XoaumMo nogo6paTth TAK0e 3HAUEHHE KOHCTAHTHI |, 4TOObI BHIIOIHAIOCH
3ajiaHHOE HavaIbHOe yeioBue ¥ = 2,

B oOmiee pemieHne BMECTO «HMKCa» TOJCTaBIsiEM HOJb, 2 BMECTO «UTPEKa»
JIBOUKY:

=== = =2

—ax

y="Ce MOACTaBIsIEM HalJICHHOE  3HA4YCHHUE

B obmee  perieHUe

KOHCTAHTHI C=2 .
=%

— 3TO U €CTh HY>KHOE HaM YaCTHOE pPEeIICHHUE.
IIpumep 3

v=2e

f —_—
Pemmts muddepentmansroe ypasuerne » T (& T lotgr=10
Pemenmne: HepeHI/ICBIBaeM IMPOU3BOJHYIO B HYKHOM HaM BUAC:

d—y + {2y +licfgr =10
ax

HepeHOCI/IM BTOpPOC cCjllaracMoc¢ B IIpaByrO 4YaCTb CO CMEHON 3Haka:

d_y =—(2v+Ticigx
dx
P = —ctgxdx
2y +1
[TepemeHHbIC pasiciieHblI, UHTECTPUPYEM obe YJaCTH:

)
_[ 2;:_ " = —I ctgxax



v Cos Xadx
JZy+1__I

st X
lld(2y+1j__]-d(sﬁ1 x)
29 2v+1 st X

Sy +1= ~lafin a]+1a ]
Pemenue pacnuiry

1
In[2y +1F =In|sin 2" +1n |C|
1
mJﬁw-_mE;ﬂ+mm
C
mJaw-_mh;;
SJey+l= _C

X

OTBeT: 00Kt HHTETPAI:

O4YCHDb

Jev+l smx=C, roe O =const

o ipoOHO:

Ilpumeuanue: oOLMA UHTETpai JIIOOOTO YpaBHEHUS MOXHO 3alucarh HeE
€MHCTBEHHBIM criocoOoM. Takum o0Opa3oMm, eciau y Bac HE COBIAJ Pe3yJbTaT C
3apaHee U3BECTHBIM OTBETOM, TO 3TO €Il€ HE 3HAYUT, YTO Bbl HEMPABUIHHO PEIIUIN

YpaBHEHHE.
Ipumep 4

Haiitn yactHoe pemenue auddepeHIIManbHOr0 yYpaBHEHUS

-E""x!.:fy — Zxdx=10

YIOBIIETBOPSIOILEE HAYAIBHOMY YCIOBHIO O=h2 Bynomus MIPOBEPKY.
Pemenune: CHauana Haiinem oOmee pemieHne. /[[anHoe ypaBHEHHE YKe

COJIEPXKUT rOTOBbIe MU hepeHIInabl Ay dx , @ 3HAUUT, PELICHUE YNPOIIAETCS.

Paznensem
g” -E'”Edy— 2xdx=10
g’ -e"‘zdy = Zxdx
2xdx

etdy = "
E—?{

g¥dy = Dxe® dx
HNaTerpupyem
_l-e}'r:fy: 2[}:2"2{1’;{
J-eydy = J-é'x!cf{xg}
o’ =g 4+
Ine =lnfe” + )
y=h(e" +C)

oO1ee
¥= ]n(é'x! + N, toe O = const

TIepEeMEHHBIE:

ypaBHEHHE:

peleHue:



Haiinem wuyacTHOe penieHHe, COOTBETCTBYIOIIEE 3aJaHHOMY HayaJbHOMY

yenopuio Y =12
In 2=1In(e" +
I 2={1+C) = C=1
O =hie"+ N =1+ =h2=0C=1

HOI[CT&BJIHGM HaﬁﬂeHHOG 3HAYCHUC KOHCTAHTHI C=1 B 06mee peumecHuc.

_ x?
OTBeT: 4acTHOE peuieHue: ~ ~ Infe” +1)

3amnucarth BBIBO

IIpakTnueckas padora Ne 23
Pemienue nudpepeHuaIbLHbIX YPABHEHHI BTOPOI0 NMOPSAKA

Ilesas padorer: [IpoBepuTH Ha TIPaKTHKE 3HAHUE MOHATUSA TUDPEPEHITNATHEHOTO
ypaBHEeHHs, BHAbl  auddepeHIManbHpIX  ypaBHEHWM,  yMEHHE  pelaTth
muddepennmanpapie  ypaBHeHUs Il -ro mopsaka, HaXoauTh OOIIee M YaCTHOE
pelleHHE.

Teopernyeckasi 4acThb

B Teopun u mpaxkTHKe pa3znuyaroT JiBa TUIA TaKUX YPaBHEHUN — OJHOPOIHOE
ypaBHEHHE M HEOJTHOPOTHOE YPaBHCHHE.

Opnoponnoe /Y BTOporo mopsjka ¢ MOCTOSSHHBIMHA KO3 (HUIIMEHTaAMU UMEET
CHEYIOLINI BUI:

¥+py' tgy=1U

CTPOro HOJIb.

, rae ¥ u 9 — xoucrantsl (4ucia), a B MPaBOM 4acTU —

HeomgnopoaHoe JIY BTOPOTO HOPSAIKA C HOCTOSIHHBIMUA

K03 b dUIIMEHTAMU UMEET BUI:

i f —
YEp'+y =5 e P yu 9 - goucrantey a /%) — QyHKums, 3aBuCAmas moabKko

om «ukcy. B mpocrteiiiem cinyyae QyHKUus S Moxer 6bITh YUCIIOM, OMIUYHbIM
om HYJIA.

Kakas MbICIIb MpUXOJUT B TrojoBy mocie Oersoro B3risina? HeomHopoanoe
ypaBHEHHUE KaxkeTcs ciioxHee. Ha 3ToT pa3 nepBoe BreyaTiieHHe He IOABOAUT!

Kpome TOTO, 4TOOBI HAy4YUThCS pelartb HEOIHOPOIHBIE
ypaBHEHUS HE00XO0AMMO yMETh pelIaTh OJHOPOAHBIE ypaBHEHHUs. 1lo 3TON mpruumHe
CHayajga pPACcCMOTPUM QJITOPUTM PEIICHUS JIUHEWHOIO0 OJHOPOJHOIO YPaBHEHUS
BTOPOTO opsiAKa:
Yi+py'tgy=10

Jng  Toro 4roObl pemmTh jgaHHoe JIY, HYXHO COCTaBUTh Tak
Ha3bIBAEMOE XAPAKMEPUCIUYECKOe ypaenenue:
F+pltg=0

Ilo kakoMy IpUHLUIIY COCTaBICHO XapaKTEPUCTHUYECKOE YpPaBHEHHUE,
OTYETIUBO BUJHO:

o o 2
BMCCTO BTOpPOHU IMPOU3BOJHOHN 3aIIMChIBACM A ;


http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html
http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html

BMECTO 1(50:{0)7 IIPOU3BOTHOM 3aIMChIBAEM MIPOCTO «IIMO Ty »;
BMECTO QYHKLIUK » HMYErO HE 3aIUCHIBAEM.

2 —
A+pi+ea=0 _ 510 06b1unoe KBA/IpaTHOE yPaBHEHHE, KOTOPOE MPEICTOUT
pELINTh.
CyuiecTByroT TpH BapuaHTa pa3BUTHS COOBITUH.

Onu AO0Ka3aHbl B KYpCC MATCMATHYCCKOI'O aHalli3da, U Ha IIPAKTHUKC MBI 6YI[€T
HCITIOJIB30BaTh 'OTOBLIC (bOpMy'J'H:I.

XapakTepucTHYeCKoe ypaBHeHHe nmeer ABa PasIHYHBIX
el CTBUTEIbLHBIX KOPHS
2 _
Ecin XapaKTEPHCTHIECKOE ypashenne * TPATI=0 pyeer

JIBA Pa3JIMYHbIX ICUCTBUTEIBHBIX KOPHS Al, A (T.€., €clii AUCKPUMHUHAHT L=0Y) 10
ob1ee perieHue OJTHOPOJHOTO ypaBHEHHUS BBITJISIIAT TakK:

»y= Clé'jlx + Cgéjzx , rae C . Cﬂ

B ClIydac €CJIM OOAWH U3 KOpHCfI PaBCH HYJIIO0, pCHICHUC OYCBUIHBIM O6p330M

— KOHCTAHTHI.

yIPOLIAETCS; MyCTh, HanpuMmep, A =0 , Toraa obiee

_ O-x Aa¥ _ Aok
pemienne: ¥ = Qe + 0™ =0+

IIpumep 5

Peumnts nuddepeHnmansHoe ypaBHEHUE "ty -zy=0

Pemenune: coctaBuM U PEIIMM  XapaKTEPUCTUYECKOE  ypaBHEHUE:
A+i-2=0
D=1+8=%./D=3

-1-3 -1+3
:_:—2 = =
e

1

y=Ce" 4+ e’

y=Ce ™ +Ce", ade (), C, —const

OTBert: 00IIEe pELICHHUE:
XapaKkTepuCTHYECKOEe YPABHEHHE MMEET JBA KPATHBIX JeHCTBHTEIbHBIX

KOpHS

F+pltg=0

Ecnu XapaKTePHUCTUICCKOE ypaBHEHUE UMEET

JIBa KPATHBIX (COBMABIINX) JIEUCTBUTEIBHBIX KOPHS A=A (nuckpumuHanT £=10),
TO oO1ee pelieHue OJTHOPOTHOTO ypaBHEHUS MPUHUMAET BU/I;

y=Ce™ + Cyxe™ CLCy

, Tac KOHCTAHTBHI.

Bwmecto 4 B (dbopmysie MOKHO ObLIO HAPUCOBATH 4 , KOpHU BCE PaBHO OJIMHAKOBBI.

Ecin o6a xopHs pasubl Hymo 4=2=" 10 ofmee pemenne omsre ke
K+C’2xéu'”:C1+C2x. 7, y=C +Cx

W
PEIIEHHEM TOrO CaMOro NPUMUTUBHOTO ypaBHEHHS » 0 , 0 KOTOPOM 51 YIIOMUHAJI B

_ 0
ynpomaercs: * Ce Kcrar SABJSIETCS.  OOILUM

2
Havane ypoka. Ilouemy? CocTaBuM XapakTepucTuueckoe ypasHenme: 4 =0 —
JEHCTBUTENBHO, JAaHHOE YpaBHEHHME KaK pa3 M MMEET COBIIABIIME HYJIEBbIC

KOPHHU A=Ay =0



IIpumep 6
Petmts uddepennuansaoe ypapaenne > oY FIy =0

Pemienue: cOCTaBUM ¥ PEIIMM  XapPaKTEPUCTHYECKOE  yPABHEHHE:
A-61+9=0
3/1€Ch MOYKHO BBIMUCIIUTH AUCKPHMMHAHT, TIOJTy49UTh HOIb M HAWTH KPaTHBIE KOPHH.
Ho MOXHO HEBO30PaHHO NPUMEHUTh M3BECTHYIO HIKOJBHYI  (hopMyIry
COKPAIIEHHOTO YMHOKECHHS:

(1-3* =0

. =3
HOJ’Iy‘{eHBI ABa KPATHBIX JCUCTBUTCIBHBLIX KOPH Au

¥= Clé‘h + C'jxezx, zde O, —const
OTtBeT: 0011I€€ pelIeHue:

XapakTepucTH4ecKOe YpPaBHEHHE HMeeT CONPSIKEHHbIe KOMILIEKCHBIE
KOPHU
Ecnu XapaKTepUCTUYECKOE

F+pltg=0

YPaBHCHHUC HMECT CONMPAKECHHBIC KOMIIJICKCHBIC KOPpHHU /11 =a-4a

,2=at 8 uekpuvumant 2 <0), 1o oblee peleHnHe OTHOPOAHONO YpaBHEHHS

NPUHAMAET BU/I;
y=e* (Cicos fx +Cysin f&f), roe “rC2 _ KOHCTAHTBHL.
Ipumeuanue: Conpsidicennvle KOMNIEKCHble KOPHU HOUYMU BCe20d 3anucbl8aiom
=at

KPAMKO C1e0youum oopasom: A A

Ecnu MOJIyYaIOTCS YUCHO MHUMbLE COTIPSKCHHBIC KOMILICKCHBIE

Ay =1

KOPHH: , TO obrmiee pernieHue YIPOIIACTCS:
y=a"" 0 cos G+ Cysin &)= Coos &+ Cysin G

IMpumep 7

Pemmute OIHOPOJHOC ,Z[I/I(I)(bepeHHI/IaJIBHOG YPaBHCHUC BTOPOI'o IIOpAAKaA
W =2y +10r =0

Pemenne: COCTaBHM u peuimm XapaKTCPUCTHICCKOC YPaBHCHUC!
A-21+10=0
D=4-40=-3¢

e
%j=25&=1iﬁ

— HOJIYYCHBI COIIPSAKCHHBIC KOMIIJICKCHBIC KOPHHU

y=¢"(Clsin 3x+C,cos3x), age C),C,—const
OT1BeT: 0011I€€E pelieHue:

IIpumep 8

Haiitu yactHOE perienne nudPepeHIratb-HOr0 yPaBHEHHUS, YA0BIETBOPSIONICE
HayaJbHbIM yCIoBusM =1 e "0)=2
y'=4y=0

Pemlenue: COCTABUM M PEIIMM  XapaKTEPUCTHYECKOE  YPaBHEHHE:
A-4=0

(A+20(A-2)=0
A=-2 A,=2



[TosydyeHsl JBa pasUYHBIX JICHCTBUTEIBHBIX KOPHS, II03TOMY OOIIee peleHue:
¥ = C’le_h +C’222x, zde (),C, —const

AJITOpUTM HAXO0XJEHHMS YACTHOIO PELIEHHUS CIIELY FOLIMIA:

Crauana UCIIOIb3yEM HAYaIbHOE yenosue Y0 =1;

¥ = et + 0™ = 0+ O

CornacHo Ha4aIbLHOMY YCIOBUIO, TIOJIy4aeM [IEPBOE YpaBHEHUE: W=C+C=1 ypy
C+C, =1

POCTO

™ + e

Jlanee  Oepém Hame oOmee pemeHue = U HaXoauM

IIPOU3BOHYIO:
¥ = (O™ + O™ = —20e ™ + 20 ™

Hcnonb3yem BTOpOE Ha4vaJIbHOE ycnosue =2,
YO =20 +20,2*" =20 + 20

CornacHo BTOPOMY Ha4YyaJIbHOMY YCJIOBHIO, I10JIy4YaeM BTOPOE
ypaBHEHHE: YO =-20+20=2 ypy npocro ~ 2Lt =2

CocraBuM H© pemrM CUCTEMY U3 JBYX HAWJACHHBIX YpPaBHEHWI:

O+, =1
— 20,420, =2
C+C, =1 C 40, =1
= =20, =2
S0, 420, =2 -0 40, =1
C,=1C =0

IlonctaBuM  HaWaeHHBIE  3HAYEHUS  KOHCTAHT C1=0,C; =1

Ca ™ + ™

B oO1iee

pewenue ¥
y= D-E_2x+1-£'2x:£'2x

_ 2%
OT1Ber: yacTHOE penieHue: ~ ~ ©

Ilpakmuueckoe 3a0anue:

Bapuanr 1

1. Haittu obmiee pemenue nuddepeHnaaibHOr0 YPAaBHEHHUS K Pa3aesIOIIUMUCS
MEPEMEHHBIMU.

xy —y =0

2. Haiitu yactHoe penieHue qud@epeHIuaibHOT0 YpaBHEHUS C Pa3 e iOIUMUCS
MEePEMEHHBIMHU.

tgx*y =1+7y, ecw

I7 1

Y=Y =73

3.Haiitu pemenue oOgHOPOAHOTO IU(PEPEHINANTBHOTO YpPaBHEHHUS TMEPBOTO
NOpsIKA.

yy =2y—x

4. Haittu oOmiee pemenue nuddepeHnnaib-HOro ypaBHEHHs 2-T0 MOPSIIKA.
y —4y +13y=0

5. Haiit yactHoe penienue quddepeHuanbHOro ypaBHeHUs 2-ro mopsiika.



JJ'”—|-JJ"— 2}1 =)
eciu x=0;y=1;y =3
Bapuanr 2

1. Haiitu obmiee pemienne auddepeHInanIbHOro YpaBHEHUS ¢ pa3aesIOIUMUCS
IepeMEHHBIMHU.

xy +y=20
2. Haiitu yactHoe penieHne AU GepeHInaTIbHOI0 YPaBHEHHS C pa3AeIaIOIUMUCS
IIEPEMEHHBIMU.

N 0y —
(1 x]d +xy=0,eciux=0,y=4
:}.l'

3.Haiitu pemenue oaHOpogHOro U EepeHIUaNbHOIO0 YpPaBHEHUS IIEPBOIO
MOpSIKA.

x2+y2—2xy=y =0

4. Haittu oOmiee pemenue auddepeHnanrbHOro ypaBHeHHs 2-T0 MOpsIKa.

y —4y +4y=0

5. Haiit yactHoe perienue nuddepeHuanbHOro ypaBHeHUs 2-T0 MOpsiIKa.

y +4y —5y=0

ectu x=0;y=4;y =2

Bapuanr 3

1. Haiitu obmiee pemenne nuddepeHnnanTsHOro YpaBHEHUS C pa3IesOIUMUCS
NEPEeMEHHBIMHU.

yy +x=0

2. Haiitu yactHoe pernieHue qudQpepeHIuaibHOT0 YPaBHEHUS C Pa3 e IOIMUMUICS
NIEPEMEHHBIMU.

dy +ydyxdx=0,eciux=0,y=1

3.Haiitu pemenue oaHopogHOro auddepeHIuanbHOr0 YpaBHEHUS IIEPBOIO
HOpsJKA.

x2y = y? +xy

4. Haittu oOmiee pemenue auddepeHnanibHOro ypaBHeHHsI 2-T0 MOopsiIKa.

y —4y=0

5. Haiit yactHoe pemienue nuddepeHmanbHOro ypaBHeHHs 2-T0 MOpsiIKa.

Y -4y =0x=0y=2y =8

Bapmuanr 4

1. Haiitn obmee permenne nuddepeHnnan-HOT0 YpaBHEHUS C Pa3IeIIsIOIUMUCS
NIEPEMEHHBIMU.

x2y' +y =0

2. Haiitu yactHoe penieHue qud@epeHIuaibHOT0 YpaBHEHUS C Pa3 e IOIMUMUCS

HepeMeHHBIMI/I.
21:—1_.111’ CEv—0
}1—|-1 _dl}j,ECTHI— V=

3.Haiitu pemenue oaHopogHoro auddepeHIuanbHOr0 YpaBHEHUS NEPBOIrO
HOpsJKA.



x2y2y' +yxd =1

4. Haiitu oOmiee pemeHue AuQpepeHnanbHOro ypaBHeHUs 2-ro MopsiaKa.

y +3y —4y=0

5. Haiitn yactHoe perienue qu¢pepeHnnanbHOro ypaBHeHUs 2-ro Mopsiika.

Yy =2y +y=0x=0y=3y =7

Bapuanrt 5

1. Haittu obmiee pemenue nuddepeHnanbHOr0 YpaBHEHUS K Pa3aesIOIUMUCS
NEePEeMEHHBIMHU.

y =y

2. Haiitu yactHoe penieHue nuddepeHmaibHOr0 ypaBHEHUS C pa3 e iOIIUMUCS
NepPEeMEHHBIMHU.

(1+y)dx—(1—x)=0,ecrux=0,y=1

3.Haiitu pemenue oaHOpogHOro JU((EpEeHIUANIbHOIO YPAaBHEHUS IIEPBOIO
MOpSIIKA.

xy?dy = (x* + y*)dx

4. Haittu oOmiee pemenue auddepeHnanrbHOro ypaBHeHHsI 2-T0 MOpsiIKa.

y +4y =0

5. Haiit yactHoe perienue nuddepeHnanbHOro ypaBHeHs 2-T0 MOopsiIKa.

y +3y +2y=0,x=0;y=1;y =4

Bapuanr 6

1. Haiitu obmiee pemenue nuddepeHnanbHOro ypaBHEHUS K pa3IesoluMuUcs
NEPEeMEHHBIMU.

x2y' +y =0

2. Haiitu yactHoe penieHue qudQpepeHIuaibHOT0 YpaBHEHUS C Pa3 e iOIUMUICS
NIEPEMEHHBIMU.

2y =yectux=0;y=1

3.Haiitu pemenue oaHopogHOro auddepeHIuanbHOr0 YpaBHEHUS IIEPBOIO
HOpsJKA.

(x? =2y )dx + 2xy dy =0

4. Haittu oOmiee pemenue auddepeHnaabHOro ypaBHeHHsI 2-T0 MOopsiIKa.

y +4y=0

5. Haiiti yactHoe perienne nuddepeHuanbHOro ypaBHeHUs 2-T0 MOpsiIKa.

Y -2y =0x=0y=2y =6

3anucarths BEIBOJI.

IIpakTnyeckas padora Ne 24

Tema: Aaredpanmueckasi, TPHTOHOMETpPHYECKAas M INOKa3aTeJbHast GOpMbI 3anucu
KOMILJIEKCHOI'0 YHCJIA.

Leab padoThl: HAYYUTH CTYJACHTOB MIPaBHIIaM PaOOTHI C KOMIJIEKCHBIMH YUCIIaAMU
Teopernyeckasi 4acThb

Yucno Buaa: Z = o, + i Ha3pIBAIOT KOMILJICKCHBIMH, TJI€ i=~=1_ yuivas €JIMHULIA, TIPU

2
stom £ =1,



0 — ACHCTBHUTEILHASA YaCTh KOMIIEKCHOTO ynciia Z. Ee o0o3Hauaror: o = ReZ;

B — KOMMYeCTBO MHUMBIX €IMHUII, HJIA MHUMAs 9aCTh KOMIUIEKCHOTO YHCIIa:

B =1ImZ

I[Ba KOMIIJICKCHBIX 4YHCJIa CUHTAKOTCA paBHBIMI/I, cClin paBHLI B OTACJIBHOCTH HX
I[CﬁCTBHTGJIBHBIC U MHUMBIC 4aCTH, T.C.

zy =0y + P zy =0, + B,
7, =0, ecq @y =0, ¥ By =B,

KomrmiekcHoe unciio OyaeT paBHBIM HYJIIO TOT/Ia M TOJIBKO Toraa, korga o =0 u = 0.

=g+l Zoa—i,

Kommiekcuble 4ucia OTIMYarOMMUECA TOJIBKO 3HAKOM

MHHUMOH 4YaCTH, HA3bIBAXOT CONPAINCEHHbIMU.

=0 +if

3anuch KOMIIJICKCHOI'O YHcia B BHUAC IIPUHATO CUHUTATh €TO0 anre6pa1/1quK0171

(hopMOid.

5
Puc. 1.1.1

KomiiekcHele anciia reoOMCTPpHUICCKHU 1/1306pa>1<a10TC$1 TOYKaMHM Ha ITIJIOCKOCTH.

OTnoXUM Ha OCH Cx OTPE30K, paBHLIﬁ ﬂeﬁCTBHTCHBHOﬁ YaCTH KOMIIJICKCHOI'O 4YHuCja —

El

h .
o. Ha ocu = - OTPE30K, PAaBHBIM YHCIIYy MHHUMBIX CIUHHAIL B Touka Ha MIOCKOCTH XOy C
KOoOpAnHaTaMunu ((I,B) ABJICTCA  TCOMCTPUYICCKUM I/I306pa)KeHI/IeM KOMIIJICKCHOI'O 4HCJia

Z=0 IEg(pﬂc. 1.1.1).

[Ipu sTOM OCBH OX yaspiator feifcTBUTENBHOI OCBIO, TaK KaK TOUYKH, JIKalllMe Ha HEeH,
COOTBETCTBYIOT JEHCTBUTENBHBIM uHciaM. [locieaHue MOXXKHO paccMaTpuBaTh Kak 4YacTh
KOMILJIEKCHBIX, Y KOTOPBIX 3 = 0.

{hy =i
TO‘-IKI/I, JeXKalmue Ha OCH “ , COOTBCTCTBYHOT YHUCTO MHHMBIM 4YHCJIaM z Igy

H

KoTOpbIX o = 0. [ToaToMy ocb "+ mOITy4usIa Ha3BaHUE MHUMOM OCH.

COG,I[I/IHI/IM Ha4YaJIO0 KOOpJAWHAT Ha KOMILIEKCHOHM IIJIOCKOCTH C TOYKOH L=~ iﬁ(pI/IC.

1.1.1). Honyunm panmyc-BeKTOp {}E{u*ﬁ}. Monaynb panuyc-BeKTOpa WIH OIUHA OmMpesKd,

r=u+ip

COCIUHAIOMICTO HaYajlo KOOpAHWHAT C TOYKOM , Ha3bIBaOT MOAYJIEM KOMILUICKCHOI'O

yucia. OH paBeH:

2| = +§33_

MO,Z[y.TIB KOMILJICKCHOT'O YHCJIa SIBIISICTCS OelCmEUmeabHbIM YUCTOM.

VYroi1, Ha KOTOPBIN HY’KHO IOBEPHYTH OCh OX g nonoxkurensHom HampasJieHUU (IIPOTUB

4acoBOM CTpeJ'IKI/I) A0 COBHNAaACHUA C PAAUyC-BCKTOPOM G‘?, HAa3bIBAKOT AapcymMeHmom

KOMIIJICKCHOI'O 4YHucja, 0003HAYaIoT:
argzZ =9



O4eBUIHO, YTO Yy OJHOTO M TOTO € KOMIUIGKCHOTO 4Yuciaa Oyner OecuuciaeHHOe

MHO’KECTBO apryMeHToB. B camom Jene, ecnu K yrily ¢ npuOaBUTh LIEJI0€ YUCIO 000POTOB, TO
MOJIO)KEHWE TOYKHM HAa KOMIUIEKCHOM IJIOCKOCTH HE HM3MEHHUTCS. YTOJd ¢ MOJy4YWs Ha3BaHUE
2N1a8HO20 3HAYeHUs ApTYMEHTa KOMITJIEKCHOT0 uucia. Ero 06003Ha4aioT ¢ MajneHbKOU OYKBBI:

a .
Bce 3nauenus ApryMEHTa KOMIIJIEKCHOI'O 4ucjia 0003HAYaIoOT ¢ OOIBIION 6}7KBI)IZ

AFZ=G+2Th, w012,

argz = o= arelg

= I=g+i
BBIpa3I/IM JCUCTBUTCIIBHYIO 1 MHUMYIO 4YaCTH 4YHCIIa ﬁqepes €ro MoayJsib U

apryMEHT

o = |z|eos(p + 2ak)

B = |z|sinfe + 2rk)

[Toncrapmnss 3HaUeHUS o ¥ 3 B anreOpandecKyro GopMy KOMILIEKCHOTO YHUCIIA, TOTyYUM:
z=|z[[cos{op + 2=k} + isin{g + 2ak)]

[Tocneansis popmyna SBASETCS TPUTOHOMETPHUUECKON (POPMOIT KOMITJIEKCHOTO YUCIIa
BBIpa)KeHI/IC BHUOa

7= |Z| gifszn-é-zﬁf{}

HA3bIBAIOT MOKA3aTEIBHON (POPMOIT KOMIUIEKCHOTO YHCIIA.

Ntak, KOMIUIEKCHOE YHUCIIO MOXKHO MPEJICTABUTh B TpeX GopMax:
=0 +if

anredpandecKou

rpHroROMeTpIecKof |z[[cos{e + 27k} + isin{o + 27k)|
7= |Z| gi{s‘;:n-é—ﬁﬁk}

IIOKa3aTCJIIbHOU

IIpumep 1. [IpeacraButh B anredpanyeckoil hopMe KOMIUIEKCHOE YU CIIO
£l
Zi

F=g%

Pewenue. KoMriekcHOoe 4HCIO JaHO B TMOKaszareidbHOW (opme, ero Moayib | | ,

T

apryMeHT 4 Haiizem /eifCTBUTENBHYIO H MHIMYIO YaCTH:

a_2

o=|z|cos o= cos—=

: .
{3—|z|3§n§)—smg—

Takum o6pazom
Ipumep 2. Ilepeiitu oT anredpandeckoil k nmokazaTeabHON (GopMe KOMIUIEKCHOTO YUCIia



(D
(e

Puc. 1.1.2

Pewenue. 1yia nannoro gucna o =0; B = —1, HalijleMm ero MOay/b U apTyMEHT:

|z|=\ffr;: oy :\/{*: S -1° =1
3

@==%
2 (puc. 1.1.2)

_j=g?
Cnenosatenpao 4 =€
3agaum 1J15 CAMOCTOSITEJILHOTO PeleHusd.
[IpencraButh B anredpanveckoil popMe KOMIJICKCHBIE YUCTIA!

[lepeiiTu oT anredpanyeckoi K TPUHOTOMETPUIECKOH U TOKa3aTeIbHO Gopmam:
2 Z= 24231y 2= -3/3-3i

1 A3

=]

27 2

— _'?,V"'_ = TP
8. i 203 £ 2 11.

o 2=3-33ip 7=-3_4i

1.1.2. Jle¥icTBus HaJ KOMILJICKCHBIMH YHCIIaAMHU

CnoxxeHne ¥ BBIUMTAHUE KOMIUIEKCHBIX 4YHCENl YyaoOHee MpOBOIUTh, KOT/a OHU
3amucaHbl B anreOpanueckoil ¢opme, MpU ITOM HUX JCHCTBUTENbHbIE W MHHUMBIC YacTU
CKJIQJBIBAIOTCSI MIH BBIYUTAIOTCS.

-7 z§:3+5i,z =5-3%

Lz ; \
Mpumep 3. Haiitu “t  “2 | ecn ;oL

5 —Z, =3 -5+ A5 {3 =1+ 8&

PaccMoTpum yMHOKEHHE KOMIUIEKCHBIX YHCEI B alrebpanyeckoi hopme.
JlaHbl ABa yucna:

z, =0y + 1
3= 1P

o \
. 7,2y ={o, i Mo, + B,

Hy>xHo HaiiTn nmpousBeneHune ~: {oy + B la, 313—

[TepeMHOKUM JIBYXUJICHBI ITO TIPABHUIIAM areOphl:

Ei 'E:;_ = {5{,;{5{.2 -+ f{iiﬁl -+ 333;&2_ + Eﬂ?’iﬁ? .

=Ly = ~b TIOJTy 9UM:

€CJIM y4ECTh, YTO



z 5 =oquy — BB, - KoyB, + B )
Takum o00pa3oM, YMHOXXEHHE KOMIUIGKCHBIX dYHCENl B anreOpamueckoit ¢opme
MPOBOJUTCS MO OOBIYHBIM aNTre0pandecKuM MpaBUIaM.

Cnez[yeT OTMCTUTD, YTO MNPOU3ZBCACHUC COINPAKCHHBIX KOMIUICKCHBIX YHUCCII SABJISACTCA
HeﬁCTBHTCHBHBIM YHCJIOM, B CaMOM JI€JIC

(a+ Pia-P)=a’ - P =a +;33'

HYCTB KOMIIJICKCHBIC YK CJIa JaHbl B IMoKa3aTeJIbHOM (bopMe

i)

7 =|z| €% zy=|z| €

A

Haiinem ux npousseneHue
- Hop=oa)

7z =|z7| |z, .

Pesynprar nepeMHOXKEHHA JBYX KOMIUIEKCHBIX YHMCEJl MOXHO 3amucarb B

TPUTOHOMETpHUECKOH opMe:

z, - 7, =|z;||z- [ costo, +o,) + Isin(o, + ;)]

Za

Wtak, npy YMHOKE€HUU KOMIUIEKCHBIX YMCE B MOKA3aTeIbHOM U TPUTOHOMETPUUYECKOMN
dbopMax MOAYIIH MEPEMHOMKAIOTCS, @ APTYMEHTHI CKJIa/IbIBAIOTCS.

Jlenenne KOMITJICKCHBIX YHCEIN, TaK )K€ KaK M yMHOXCHHE, yJ0o0Hee MPOBOIUTH, KOT/Ia
OHM 3aITMCAHbI B IIOKA3aTeILHOW UM TPUTOHOMETPHIECKOH opMax.

Haitnem yacTHOE OT esieHUs IBYX KOMIUIEKCHBIX YUCEN:

7y _ |22 |e™ _ 22|

Hpi—pai

= _ €
Z. |z |69 |z
Z - 1501050
4 E[CGS{C:}; — @ )+ 1sin{@; — o, }1
g Fig}

Takum 06pa30M, npu JCJICHUHU KOMIIICKCHBIX YHUCCI UX MOAYJIH ACIIATCA, a apTyMCHThBI
BbIYUTAIOTCA.

Z[eJ'IGHI/Ie KOMIIJICKCHBIX YUCCII MOXKXHO ITPOBOAUTDL U B aJIre6pqueCK0171 (I)OpMe.
PaCCMOTpI/IM OTO Ha IMpUMEpe.

i

Ipumep 4. Berauciurs b+

Pewenue. YMHOXUM YUCIINTEIIH M 3HAMECHATEIb HA COIIPANKECHHOC YHCJIO 3HAMCHATCIIIO 1

1—1  (1-1Y 1-2i<i A _

P+ {L=ii—i)y (2 _¢ 2
Takoii sxe pe3ynbTaT Nnosyyaetcs npu nepexo/ie K nokasareiabHoi Gpopme
im’ &
i 3 —z
1-i _ J2e T

P+i =

Jﬁ%

3
g2 =cosl270 +isin2T0 =—i

IIpakTnueckas padora Ne 25
Tema: JlelicTBUSI HAl KOMILUIEKCHBIMY YHCJIAMH.



Leab padoThl: HAYYUTH CTYACHTOB IIPaBHJIaM pabOTHI C KOMIIJIEKCHBIMU YHCIIaMU
TeopeTnyeckasi 4acThb
3agauu A9 caMOCTOSITEIbHOIO pelieHusi. BeraucianTs:
1. (2 + 3i) (3-5i);
2.(1+30)(2+1);
3.3+51)(3-51);
2+
4, 351

HpI/I BO3BCACHHHU KOMIIJICKCHOTO 4YHCIa B MLCIYH IIOJIOXUTCIBHYKO CTCIICHb B

MOKAa3aTeIbHON WM TPUTOHOMETPHUYECKON (opMax €ro MoAyjab BO3BOJIUTCS B 3Ty CTENEHb, a
apryMEHT YMHOKA€TCs Ha JIAaHHYIO CTETICHb.

AT

z= |z|~ej{
Toraa

[Tycthb

S =|:|2| ) 2:‘{%3:!;?;}_{3’* _ |E|Pf | plmetdnioy
- 01040

2P = |Z|ﬁ ‘eé{rﬁ;:-i-'i:':?;}

3anuuieM pe3yNbTaT BO3BEICHHS B IS0 CTENEHb B TPUTOHOMETPHYECKOH hopme

"= |.Z|PT fcos(no + 27k} + isin{no + 2xk )]

Oty popmyny HaszbBaroT hopmynoii Myaspa.

Ipumep 1. Beruncnuts ~ AN ;
Pewenue. Tlepeiinem K mokazatenbHON ¢opme. Haiinem wmomyns W aprymest

_L B

KOMIDIEKCHOTO YHCIIa 2 P

Co 3 s \k:
F 1 3

=l e X2 B B2
7 | 7 o=arcigt =wcig
", e ’i\_ _,-" o I
. . ®

o=arcigfi =607 =2

' 3
2

FF"=(€J}3=€"'E=c=}sn+£sinn=—1.

33[{3‘[“ AJIA CAaMOCTOATEC/IBHOI'0 PECIICHUSA. Brerauciauth

1. {1 - i\l’i)j :

(1 +7y
g (=0
RN

g {1+ iy

(1—iy
A7



W3BneucHne KOpHs N-oii CTeneH! M3 KOMIUIEKCHOTO YHCJIa MOXKHO paccMaTrpuBaTh Kak

1 H

i wf _ _m
OIepalyio BO3BEIEHUS KOMILIEKCHOTO YHCIa B IPOOHYIO CTENEHb /2 T.¢. \‘E =7,
Ecnu KOMITIEKCHOE YUCIIO B TPUTOHOMETPUYECKOH Gopme, TO

s ; . N . .
£ ; .9 : ; P B
- — - -ﬂ:;: H _— -+ _ﬂ:-ﬂ'l.-]{. 1
37 = 2= =z} - ces{cﬁ— !+;5131§ G Rr |
no L L
[Mpunasas k — 3Hauenust ot 0 10 N — 1 TOMYYHUM N — Pa3TMIHBIX KOMIUIEKCHBIX YHCEN, ¥
KOTOPBIX MOJIYJIH OJJMHAKOBBIE, @ APTYMEHThI Pa3HbIE:

aratfz = 27T 0_©

IMpu k=0 #1 H
271 o Im
&rg%@=—{§) =T 2t
Hpu k=1 i1 n n
+ 272 2

mg{/g=$+*“‘{”‘l3=;“+35.@3_1}

Mpuk=n-1 n noon
+2%-
yg.’@r:wz_'m_g_zg

Hka:n F Fi
if -

coBmaaer ¢ nepsbiM mpu K = 0.
Wtak, kopeHb N-0if CTerneHr U3 KOMIUIEKCHOTO YKClia UMEeM N — pa3iNyYHbIX 3HAYCHHH.

ITocnennee 3HaueHue ApryMCHTAa 4Yuciia

[

HpI/I BBIYHCIICHUHY 3HAYCHUH 4 MOJIB3YIOTCA (I)OpMy.HaMI/I MMPUBCACHUS:

sin (90° +x) = cos x; | Sin(i80° = xy=zsinx, sin (270° + X) = — c0S
) X’
cos (90° + x) = — sin x;[| cos{180° = £} = —cosx | ° (270° £ %) = % sin
L] X’
U TaOIULIEH:
Tabmauia
Pannan T i T T
6 4 3 2
I'panyc 30° 45° 60° 90°
3
sin X i £ ﬁ
2 2 2
\3 V2 !
2 Jhé 2
3
SEEE T




ctg x NE

> |G

&y
IIpumep 2. Haiitu Bce 3HaYeHUS KOPHS -1,

JleficTBuTEeIbHOE YHCIO —1 MOXHO paccMaTpuBaTh KaK KOMIUIEKCHOE, Y KOTOPOTO
JIEHCTBUTENIbHAS YacTh: o0 = —1, a MHUMas 3 = 0, T.e.:

i=—l=-1+1-0

3anuiieM 3TO YHUCIO B TPUTOHOMETpUdYeckor ¢opme. s 3TOro HaiiieM ero Moxyib U
apryMeHT.

lz|=+for < B°; |-t|= -ty <07 =t

0
g = arctgﬁ; argf-l1=0= arctg—l = arcted
{1’_ f—

-1
i
Puc.1.1.3

Tax xak tge = 0 npu ¢ = 0 1 @ = 7, TOCTPOUM UYHUCIIO «—1» Ha KOMIUIEKCHON IJIOCKOCTU
(puc. 1.1.3), ero aprymeHT paBeH

arg(-1)=¢=n=180°
CJICA0OBATCIIbHO, TPUTOHOMCTPHUYCCKAA Q)opMa guciia «—1» cJleayromas:

—1=1{cos(180% + 2ak) + i sin(180% + 2RA)]

CormacHo (I)OpMy.He BBIUUCIICHUSA KOPHI UMCEM:
i

- 180+ 2mk . 180%+2mE
%’—i = ié coh——— 18—
& 6 ]
Kopenp miectoif cremeHM HMeeT IIECTh 3HAYECHUM, KOTOpbIE MOXHO HAWTH, eclu
noJIOXKUTh K paBHbM 0, 1,2, 3,4, 5.
NI

& -1 = 1(cos30° £ isin30%) = 2= 14—
IMpu k=0 2 2
Mpn k=1 &1 = 1{cos(307 + 607) + isin(30° - 60°Y) =

§—1 = 1(cos(30°+ 1207 + {sin (30° + 1207 = _£ +id

—_—— —_—— 2 2

Mpu k =2 B 5 B4

&1 =1(cos(30° +180%) + isin(30° + 186 =—§— i1
Tpu k =3 — c0s30° — sin 50°

81 = 1(cos(30°+ 240% + i sin (30° + 240%)) = —i
HpI/I k=4 TEE T

§-1=1(cos(30°+ 300%) + isin (30° + 300%) = —§+ i1

T
Mpuk =5 IIF A 2IEE0 c



Bce miecth 3HaueHUi KOpHS 5\‘(__; MMEIOT OJIMHAKOBBIC MOJYJIH U OTJIMYAIOTCS APYT OT
JIpyra TOJIbKO 3HAu€HHEeM aprymeHTa. Ha KOMIUIEKCHOM IUIOCKOCTH OHHU pAaCIOJIOXKEHBI B
BEpIIMHAX MPAaBUJIBHOTO MECTUYTOIBHUKA C IIEHTPOM B Hadajie KOOpIWHAT.

3agaum 1Sl CaMOCTOSITEJILHOTO peleHusi. HaliTu Bce 3HaYEHUSI KOPHSI.

1 3L

2 A-1-i

3 Y1-iaf3

g Y-s<isf5

Pexomenayemas aureparypa
OcHoBHas iMTEpaTypa:

1. DnemenTs! BoiciIel MaTemMaTukH : yueOHoe nmocodue ans CIIO / B. U. benoycosa, I'. M.
EpmakoBa, M. M. Muxanesa [u ap.] ; nox penakuueir b. M. BeperennukoBa. — 2-¢ u3g. —
Capatos, ExarepunOypr : [IpodobOpazoBanue, Ypanbckuii Gpenepanbublii ynusepcurert, 2019. —
296 c. — ISBN 978-5-4488-0395-6, 978-5-7996-2795-9. — TekcT : JJCKTpOHHBIA //
DNeKTPOHHO-ONOINOTeYHAs cucrema IPR BOOKS : [caiit]. — URL:
http://www.iprbookshop.ru/87794.html.

2. Anexcees, I'. B. Briciias matemaruka. Teopus u mpakTuka [DIeKTpoHHBIN pecypc] :
yuebnoe mocobue mist CIIO / I'. B. Anekcees, U. N. XonsgBuH. — DJIEKTPOH. TEKCTOBBIE
nanHbele. — CapatoB : [IpodobpazoBanue, Aii [Tu Op Menua, 2019. — 236 ¢. — 978-5-4486-
0755-4, 978-5-4488-0253-9. — Pexum nocryma: http://www.iprbookshop.ru/81274.html.

3. Pacromunna O.M. Beiciias marematuka [DnekTpoHHBIH pecypc] : npaktukym / O.M.
Pacrormumna. — DnekTpoH. TEKCTOBbIe AaHHBIE. — M. : MOCKOBCKHM MeIaroruuecKuit
rocynapcTBeHHbI yHuBepcuret, 2017. — 138 ¢. — 978-5-4263-0534-2. — Pexum noctymna:
http://www.iprbookshop.ru/72486.html.

Jlono/IHMTeIbHAS JIMTepaTypa:

1. Cmupnoga, E. H. JlonmonHuTeNnbHBIC TABBI MaTEMAaTHKHU : yueOHoe nmocooue mist CI1O /
E. H. CmupnoBa, H. B. Makcumenko. — Caparos : [Ipodobpasosanue, 2020. — 171 ¢. —
ISBN 978-5-4488-0535-6. — TeKcT : 21eKTpOHHEBIH // DnekTpoHHO-0nOmoTeynas cuctema IPR
BOOKS : [caiiT]. — URL: http://www.iprbookshop.ru/91864.html.
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