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Hloacnumenvnas 3anucka

Jns MHOTHX CTYJCHTOB 3HAUUTEIBHYIO TPYAHOCTb MIPEJACTABIISICT PEIICHHE 3ajad.
[ToaTOMY B JTaHHBIX METOJIMYECKUX YKA3aHUSAXIJIABHOC BHUMAHUE YIIENIEHO PEIICHUIO TUIOBBIX
MPUMEPOB W 3aJa4, MOSICHSIOIIUX TeopeTHdeckuid marepuan. OJHAKO TMPEXIe YeM HayaTh
pemarh 3TH NPUMEPbl HAAO0 JOOUTHCS TIOJHOM SCHOCTH B TOHHMMAHUU COOTBETCTBYIOIIMX
TTOHSATHH.

B mHauanme kaxIol TeMBbl KpaTKO U3JIAralOTCsd OCHOBHBIE TEOPETUUYECKUE CBEICHUS
(ompenenenus, GopMyibl), HEOOXOTUMBIC IJIsl PEIICHUS MOCICAYIOIUX 3anad. [IpuBomsTcs
pEIICHUs] TUIOBBIX MPUMEPOB W 3aaad. JaroTcs ympakHEHHS ISl CaMOCTOSITEIBbHOW PabOThI

CTYACHTOB.



IIpakTnyeckas padora Ne 1

Tema:Brruncnenne npeaena QyHKIUU
Hean: HayuuTh BRIYUCIATE IPeaeIbl GyHKITUN
TeopeTnueckasi 4acTh
Hpenen pynxkuun
Omnpenenenune. Yucno b HazpBaercs npeaenom ¢pyakmuu f(X) npu X, cTpemsimeMcs K a , €Cliu
JU1st Jiro0oro uncna € > 0 HadgeTcs Takoe yuciio 8§ > 0, 9To Impu Bcex X # a,
YIOBJICTBOPSIONIMX HEPABEHCTBY |X — a| < &, Oyzer BoImonaHAThCs HepaBeHCTBO |f(X) — b| < e.
Omnpenenenue npenena GyHKIUA MOKHO copMyaupoBaTh M Tak: Uucio b HazbiBaeTcs
npenenoM f(X) mpu X, crpemsmieMes K a, €Cu mpu JIrodoM € > 0 CyIecTByeT Takas
OKPECTHOCTH TOYKH a, 4TO JJIS TF000ro X # a u3 aroit okpectHoctu|f(x) — b| < €. IIpenen
o0o03HavaeTcs Tak:

limf(x) = b.

X—a
[Tpumep 1. IIpenen nmocTostHHOM (PYHKITUU B JTHO00M TOUKE paBEH ATOM K€ MOCTOSTHHOM.

Pemenue. ITycts f(x) = kg Bcex x. OueBuaHo, uTo is o0bix € > 0,8 > 0 u uisg Bcex
X € (a— §,a + §) cnpasemmusl coorHomenus|f(x) — k| = [k—k| =0 < e.
3HAYUT, 110 ONPEACICHHUIO TIpe/IeIia
lim f(x) = limk = k.
X—a X—a
[Mpumep 2. lana pyukuuusaf(x) = x. JlokasaTs, 4To
limf(x) = a.
X—a
Pemenwue. [Tycts € > 0 - mro60e uncno. [Tomoxus 6 = €, s Bcex X € (a— §,a + 6)
nonyunMm|f(x) —al = |x —a|] < §, T.e. |f(x) — a| < ¢, 3Hayur
limf(x) =limx = a
X—a X—a
Teopema. Eciu ¢ynkius f(X)umeer mpees npu X, CTPEMSIIIEMCs K @, TO 3TOT Ipeaest
€JIMHCTBECHEH.

Teopemsbl 0 npenenax GyHKUUU
Teopema 1. Eciiu ipu X — a cymiectByrot npezeisl pyHkiwmii f(x) u g(x), TO cyliecTByeT Takke
¥ [IPEJICITbl X CYMMBI, paBHbIA cymMMe mipeenioB ¢pyHkmmit f(x) u g(x):
lim(f(x) + g(x)) = limf(x) + lim g(x) .
x—a x—a x—a

Teopema 2. Eciiu ipu X — a cymiecTByroT npezessl pynkiwmii f(x) u g(x), TO cynecTByeT Takke
¥l [IPEJIeIT X MTPOU3BE/ICHNUs, PABHbII POU3BeIeHUIO mpeaenoB ¢pyHkuuit f(x) u g(x):

lim(f(x) - g(x)) = limf(x) - lim g(x) .

x—a x—a x—a
Cnencrue. [1oCcTOSHHBIM MHOKUTENh MOKHO BBIHECTH 32 3HAK Ipejena.
JlercTBUTENBHO,

lim(kf(x) = limk - lim f(x) = k - lim f(x) .
x—a Xx—a  x—a x—a

Teopema 3. Eciu ipu X — a cyrectBytoT npezenst ¢pyukimii f(x) u g(x) u npenen
¢ynknmu g(X) OTIMYEH OT HYJsI, TO CYIIECTBYET TaKkKe U mpenen ux oruomenus f(x)/g(x),
PaBHBII OTHOLLICHUIO MPEJEIIOB:

lim(f(x)/g(x)) = lim f(x)/lim g(x) .

x-a x—a x—a

[TonaTne GeckOHEYHO MaJION M OECKOHEYHO OOJIBIION BETHUUHBI

Ecnu npenen GyHKIMM paBeH HYIIO, TO OHAa Ha3bIBACTCSI OCCKOHEYHO MaJIOW BEIMYHHOM.
Ecnu npenen pyHkimu paBeH 6€CKOHEYHOCTH, T.€. BEJIMYMHE 00paTHON K OECKOHEYHO Malon
BEJIMYMHE, TO OHA Ha3bIBAETCI OECKOHEYHO OOJIBIION BenunHoi. CaemoBaTeabHO,

BBITIOJTHSIOTCSL PABEHCTBA:
1 .1

lim=—=o00, lim—=0
x—a () X—a 00



Breruncnure npenesnsl

IIpumep 1.

lim(x+3)= lim x+ lim 3= 7+3=10.

=7 =7 =7
IIpumep 2.
Iyt 2 lim(3x +2) llm(S.x)+ lim2  lim3-limx+2
lim AT _ x>l x—>1 x—>l _x=l  a—l _
+>125—7  lim(2x—7) lim(2x 0 llm( 7y lim2-limx—7
x—>1 =1 x—>1 x—>1 x—l
3-1+2
=T 55 =—
2-1-7
Ipumep 3.
x°-4
lim
i—=>s X — 2
-4 (x-2)x+2
G2,
x—2 x—2
2
. X - X—2)0x+2
llm—— ( X )— lim{x +2)= lim x+ lim 2=
=2 Xx—2 xez x—2 x—32 x—32 372
=2+2=4
Pemienue ynpaxHeHui
1limy_,[(x* = D(x = 3)(x = 5)] 5. |im 222
T x50 5x3-4x2
L lim[(2x - H)(x = D(x+2)] 6. lim =22
X— X— X
2. lim 822 7. lim 22
Xx—>—-1 X+2 X—3 X“—9
4x%2-9
3. X1—>3 2X—6 8. Xlr_rli 2x+3
2
4. il_)r{)l T ion 9. {im X815

X—5 X2+425



10.

11.

12.

13.

14.

15.

16.

17.

18.

3x%-8x+4
m-———-
x—2 5X2—14x+8

x2-7x+10
m —
X—5 X2—9x+20
lim ——=2
x—6 VX+3-3

. Vx+1-1
lim———

x-0 X

lim 3-VX
Xx—9 4—V2x-2

lim(x? — 5x + 6)
X—00

lim(x3 + 3x?)

X—00

lim —

X—00 X—2

X—8

X—00 2X—2

19.

20.

21.

22.

23.

24,

25.

26.

27.

2x3-3x%+1

x—00 5X3—4x2+42x

2x%-5x+4

x—00 X2—2X+3

limvVx2 —x —x

X—00

limvx? + 5x — x

X—00

4x%-7x-2
m-——
x—2 5X2—11x+2

. X?42x-15
lim———
Xx—3 X“—-9x

. 2X
lim —————
x—0 V4+xX—V4—X
lim —2&
x—4 3—V2x+1

. 2—X
lim

x—5 3—v2x—-1



IIpakTnyeckas padora Ne 2

Tema: HenpepsiBHOCTh pyHKIMU. TOUkH pa3peiBa GyHKIUN
Heanb: HayunTs nccnenoBath GyHKINU Ha HEMPEPHIBHOCTh, HAXOIUTh TOUYKH Pa3phIBa
(GyHKLINH U UCCIIe0BATh UX XapaKTep

TeopeaneCRaﬂ 4acTb

HenpepbiBHOCTE (PYHKIHMH
Onpeoenenue 1. Oynkuus f (x)Ha3pIBaeTCs HEPEPHIBHON B TOUKE X = @, €CJIU Ipeel
(YHKIMH PU X — @ paBeH 3HaYCHUIO QyHKIWMK pu X = a, T.e.lim,_, f(x) = f(a)
Onpeoenenue 2. Oynkuusy = f(x)Ha3pIBaeTCsl HEIPEPHIBHOM B TOYKE X = @, €CIIU OHA B
9TOM TOUYKE ONpe/esieHa U OECKOHEYHO MAJIOMO MPUPALICHUIO apIYMEHTa COOTBETCTBYET
0EeCKOHEUHO MaJioe MmpHpaineHiue QyHKIHH, T.€. limp,_o Ay = 0/
Ecnu ycrnoBue HenmpepbIBHOCTH (PYHKIIMH B TOYKE X = @ HAPYIIEHO, TO TAKYIO TOUKY
Ha3bIBAIOT TOYKOW pa3pbiBa (HyHKIIHH.
OyHKIMS Ha3bIBAETCS HEMPEPHIBHON B MPOMEXKYTKE, €CITH OHA HEMPEPBIBHA BO BCEX
TOYKaX 3TOTO MPOMEKYTKA.
Touku pa3pbiBa GyHKIUH.
Ecnu ¢pynkius y = f(x) npu x = a uMeer pa3pbiB, TO AJis BEISICHEHHS XapaKkTepa pa3pbiBa
cienyeT HalTH npeaen GyHKIUM f (X)Ipux — a cieBa U CIpana.
B 3aBucuMOCTH OT XapakTepa nmoBeAeHus QyHKIUN B OKPECTHOCTH TOUKH pa3pbiBa
pa3MyaroT JBa OCHOBHBIX BH/IAa Pa3pPBIBOB:
1) paspuvis I pooa — B 3TOM cllydae CyIIECTBYIOT KOHEUHbIC MTpeaesibl limy_,_o f(X) u
lirrlx—>a+0 f(x);
2) paspwvie 2 pooa — B 3TOM Cilydae XOTs Obl OJMH U3 TpeesoB lim,_,_o f(x) u
lim,_ 440 f(x) He cymecTByeT Wi GECKOHEUEH.

[Tpumepsr :

1. HaiiTu TOuKM pa3pbiBa GYHKIMH U UCCIEI0BATh UX XapaKTep
x

T
Janas ¢pyHKIMS onpesieneHa npyu Beex 3HaueHUsX x, kpome x = 3. Tak kak 3ta
(GyHKLUS ABISETCS 2J€MEHTapHOM, TO OHA HEIIPEepbIBHA B Ka)KIOM TOUKE CBOEH
obnactu onpenenenus. Takum o0pa3oM, €IMHCTBEHHOM TOUKON pa3pbiBa CIIYKUT
Touka X = 3. [yt ucciieioBaHus XapakTepa pa3pblBa HaliIeM JIEBBIM U PaBbIN
npenensl QyHKIUY pu X — 3!

X

= —00

)

im
x-3-0X — 3
X

im = 400,
x-=3+0x — 3

X o
CrnenoBarenbHO, QyHKIHS ~—5 B TOUKe X = 3 nMeeT GECKOHEUHBIH Pa3phIB , T.€.
X = 3 —Tou4Ka pa3pslBa 2 poja.
2. Haiitu Touku pa3pbiBa GYHKINU M UCCIIEIOBATh HX XapaKTep

1
y = 1
1+ 5%
EHHHCTBCHHOﬁ TOqKOﬁ paSpBIBa ABIISICTCA TOUKA X = O BBILII/ICHI/IM OI[HOCTOpOHHI/Ie
npenens GyHKuyU npu x — 0:

lim —— =1
=701 4 5%

7



lim -=0
x-+0 =
1+ 5x
[TockonbKy JIEBBIN U TTpaBbIi Ipenebl PyHKIUU Tpu X = 0 SBIAIOTCS KOHCYHBIMH,
x = 0 — Touka pa3psiBa 1 pona.

Pemenne ynpasxHenuit

Haiigure Touku pa3pbiBa (GyHKIIUU U UCCIEAYITE UX XapaKTep:

5 .
1 y= 21x—1’
2. y= x_Z;
1 -
3. y= 1—x2’
4 po_3
- Y= x2—2x1+1’
x_ .
S y= x2-3x-10’
6. y=1+4 2x2
1
8. y=3x
9. y= arctgi

%(2x2+3), x<1
10.y=96-5x, 1<x<3

x — 3, x =3
2_
11. y = 5x2x3x
1
12.y = po—
13, y = V1i+x-1
1 X
4.y =27
1+2x



IIpakTuyeckas padora Ne3
Tema: BrrunciieHue npoOM3BOJAHBIX BBICIIUX ITOPSIKOB.
Heanb: Hayunts BEIYUCHATD POU3BOJHBIE.
Teoperuyeckas 4acTb

[TpousBoaHOM (PyHKIIMK Ha3bIBaeTCS MPEe OTHOIICHUS PUpaAIeHUs PYHKIIUU K
MPHUPAIICHUIO apTYMEHTAa, KOI/1a MPUpalleHHe apryMeHTa CTPEMUTHCS K HYIIIO.

OcHoBHble TpaBuiia AU PepeHInpOBaAHUS:

1. ¢'=0,roe C — const
2. (f+g)=f"+4g
3. (-9)=f-9+f9
4 (5 ) _f gng Y
5 (f-C) =f"-C,rue C — const

[Tpou3BoaHas CIOXKHON (PYHKIMU paBHA MPOU3BOJAHOM STON (PYHKIIUH 110 IIPOMEKYTOYHOMY
apryMEHTy, YMHOKEHHOM Ha MPOU3BOIHYIO ATOT0 apryMeHTa 110 HE3aBUCUMOM IIEPEMEHHOM.

[Ipou3BoIHBIE BHICIIUX MOPSAKOB.
[MpousBoanasy’ = f'(x)Ha3bIBaeTCs MPOU3BOIHOM 1-r0 TOPSIKA, WK IEPBOH TPOU3BOIHOM.

[Tpon3Bo1HOM BTOPOrO NOPsIIKA HA3bIBAETCS IPOU3BOJIHAS OT €€ MepBOi MPOU3BOJHOMN U
o0o3HayaeTcs y''. AHAIOTMYHO OMPEACIISIOTCS IPOU3BOIHbIC 3-T0, 4-T0, ..., MOPSIIKA.
Pemienue ynpaxneHuit

x2

Ly= 2vV1-3x*%

_ ., [
2. y=2 e
3. y= Vx +x¥x
4. y = cosln(1 — x?)

. 1sin?3x

5. y =sinV/3 + cosor

_ 3 _1605 4x
6. y= Ctg\/g 8sin8x
7. y = arcsin3V4 — 5x

x%—4

8. y= arccos ——

2 3x—1

9. y—\/;arctg NG
10. y = Insin 222
x+1

11. y = Intg (g + g)
12. y = In3(1 + cos4x)

_ 1, x—V2 V2
13. y—x+ﬁlnx+ﬁ+2

14.y = Inarcsinv1 — e?*
15.y = e **cos3(2x + 3)




16. y = eV3 - arctg?2x

17 v = (x%-16)/(4+x2)
Y= 12025

18.y = (sin\/E)ex

19. y=(19)*""x1?

20. y = (ctgx)™9%

10



IIpakTyeckas padora Ne 4

Tema: BrruncieHre HeONpPEaeIEHHOTO U ONPEIIIEHHOT0 HHTErpaja
Heab: Hayunth BEIYUCIISATh HEONPEICICHHBIA U ONPEICTCHHBIA UHTETPaJIbl

TeopeTuyeckas 4acThb

HeonpeneieHHblii HHTErpaJ
F(x) - mepBooopasnasi 1 f(X) Ha MHOKecTBe X eciu F'(X) = f(X) ms Bcex XEX. Eciu F(X)
- mepBoobOpasnas mis f(X) Ha MuoxkectBe X, To F(X) + C - MHOXKeCTBO Bcex MepBOOOPa3HBIX
s f(X) Ha MHOMKecTBe X. DTO MHOXKECTBE ITEPBOOOPA3HBIX HA3BIBAIOT HEOMPEICICHHBIM

UHTETPAIIOM M 0003HaYai0T I f (X)dx=F(x)+C.

OcHOBHBIE CBOWMCTBA HEONPEEIEHHOI0 UHTErpajia

1. Heomnpenenennsiii uaTerpai ot nuddepeHnuana GyHKIUNA paBeH 3TOW (GYHKIIUU TUTIOC
MIPOU3BOJIHLHAS TIOCTOSTHHAS

de(x)zF(x)+C

2. Juddepennman HeonpeneIeHHOTO HHTErpalia PaBeH MOABIHTErPAIIbHOMY BBIPAKEHUIO, a
IIPOM3BO/IHAS HEOIIPEIETICHHOIO UHTErpalla paBHA MOABIHTErPAJIbHON (PYHKIIMU:

d [ FGd) = Fd)

3. Heompenenenuslii nHTErpai anredpandeckoil CcyMMbl GyHKIUN paBeH aureOpandeckoi
CyMM€ HEOIpPE/IEICHHbIX HHTErPAJIOB 3TUX (YHKIMA:

j G0 + 9]d () = j FG)dG) + j P(0)d(x)

4. TlocTOSSHHBLINH MHOKHUTEIIb IMOABIHTCIPAJIbHOI'O BEIPAKCHHA MOKHO BBIHOCUTD 3a 3HAK
HHTCIrpajia:

[ ar@aw =a [ r@aw

OcHogHvle hopMyIbl UHMEZPUPOSAHUSL
1fdx=x+C
X

n+1
2. [x"dx =
n+1

3. f%:lnx +C

+C

4.faxdx=%+C
5.fe*dx=e*+C

6. [ sinxdx = —cosx + C
7[ cosx dx = sinx + C

8] dx =tgx+C
' coszx_‘gx

9 J dx = tgx +C
) sin?2x ctgx
dx 1

10 - =L

x2—qa? 2a

xX—a

x+a

+C

11



11.f\/dL=ln|x+\/x2ia2|+C

12.f —— \/_ = arcsin —+C
13 fx2+ - = ;arctg;+ C

OmnpeneneHHbIM HHTErpaaoM oT GyHkuu f(x) Ha oTpeske [a; b| Ha3pIBaeTCs npeaen

MHTETPAIBHON CYMMBI IIPH YCIIOBHH, YTO JUIMHA HAUOOJIBIIETO U3 3JIEMEHTapHBIX

OTPE3KOB CTPEMUTHCS K HYIIIO.

JIs1st BEIYMCIICHUS! ONIPEIEIIEHHOro MHTerpaia ot Gpyukiun f (X) B TOM ciiydae, Kormaa

MO>KHO HalTH COOTBETCTBYIOIUN HEONPEACIEHHBIA HHTETpall, CIIYKUT (hopMyIia

Herorona-JleOuumna:

b
[ rwac =reo =) - F@

Pemienue ynpaxHeHuii:

1.dex

2. Igdx

3. .[ x°dx

4. [7xdx

5. [ (7x+1) dx
6. [10sin5xdx
7. j 3(5x+1)%dx
8. [ (2x—1)’dx
o | %

10. [ *\/xdx
5dx

a\/5x—7 '

12. I 3c0s3xdx

11

13. [4(5-6x) dx

14.]%

12

15. J‘i
(8—7x)*

16. j—
sin (3—2xj

17. j 22J(7-3%)2dx

18. [ 2
19, [ 2
20. [ 2
21. |

22~fv5 4x2
23 ~f25+x2
3 d
24. foﬁ
V3 dx
5.5 T

26. f\/_ dx

f(

x2 9

x2 25

Vx2+
2dx

V1-x2

27.

)

cos?x stnzx



IpakTnyeckas padora Ne 5

Tema: Yucnosble psabl. 3HAKONIEPEMEHHBIE YHUCIIOBBIE PSI/IbI
Hennb: HayunTs uccienosars psja Ha CXOOUMOCTb U paCXOJUMOCTh

TeopeTuyeckas 4acThb

1. Heobxooumulil npusHak cpasHeruss psoa.
Teopema: Eciu psif ).p—q U, CXOAUTCS, TO €r0 OOIIHI YWiIeH U, NP HEOTPAHHYCHHOM
YBEIMYEHUH HOMEpa N CTpPEeMUTCS K Hyio: lim,, o, U, =0.
Ecnu ke U151 HEKOTOPOTOo psiia ero OO WieH He CTPEMHUTCS K HYJII0, TO TeopeMa
MIO3BOJISIET Cpa3y CKa3aTh, YTO TAKOM psAJl paCXOIUTC.

2. Ilpusnak cpagnenus psoo8 ¢ NOJOHCUMENbHIMU YTIeHAMU
HccenenyeMblil psii CXOAUTCS, €CIIU €r0 WIEHBI HE IPEBOCXOAAT COOTBETCTBYIOIINUX
YJIEHOB JIPYroro, 3aBeIOMO CXOJSIIETocs psAaa;
HccenenyeMblil psii pacXOIUTCS, €CIU €r0 WIEHBI MPEBOCXOAAT COOTBETCTBYIOLIUE
YWIEHBI JIPYroro, 3aBeJIOMO PacXoAAIlIerocs psa.
[Ipu uccnenoBanuu ps0B HA CXOOUMOCTb M PaCXOIUMOCTD 10 3TOMY IPU3HAKY 4acTO
UCIIOJIB3YETCS] TEOMETPUYECKUHN Psifl, TAPMOHUYECKUHN Psii U 0OOOIIICHHBIH
TapMOHHMYECKUH PsII.

3. Tlpusnak Jlamambepa: Ecnu 1uist psiga ¢ MOJIOKHATEIHHBIMA WICHAMU

(o]

zun=u1+u2+u3+---+un+un+1+--- (u, > 0)
n=1

. Un+1
BBIMOJIHACTCS ycaoBHe limy,_, 4,

= |, To psn cxoaures ipu | < 1 m pacxoautes

mpul > 1.
[Tpu3nak amambGepa He maeT oTBeTa, eciau | = 1. B atom cirydae a1 uccieqoBaHus
psiia IPUMEHSIIOTCS IPYTUE TPUEMBL.

PaccmotpuM npumepst:
ITpumep 1. MccienoBath cXoauMOCTb psiaa
(00}

1 1 1 1 1
Z(Zn—l)Z”_ 12 3.2 557 +(2n—1)2nJr
n=1 1
(2n-1)2n
psAa BBIITOJIHACTCH. Ho IJI pEIICHUA BOIIPOCa O CXOAUMOCTHU HYXKHO IIPUMCHUTHL OAWH U3
JOCTAaTOYHBIX HpI/I3HaKOB CXOOANMOCTH. CpaBHI/IM I[aHHBIfI pS[I[ C FeOMeT‘queCKHM pﬂ}IOM

Pemenue: Haxomum lim,,_, o, U, = lim,_, =0. HeoOxoauMBIif IPU3HAK CXOIUMOCTH

1,1, 1 1 N 1
-+=+—=+--+—=+ -+ --- KOTOPBIA CXOAUTCS TaK KaK q = = < 1.

2 22 28 2n 2

CpaBHMBAas WIEHBI JAaHHOTO Psi/ia, HAYMHAsA CO BTOPOTO, C COOTBETCTBYIOIIUMHU YJI€HAMU

reOMETPUUYECKOr0 psaa, IOJIy4YUM HEPABEHCTBA
1 1 1 1 1 1

322 <22'5-23 <23""(2n—1)2” < 2n
T.€. WICHBI pA/la, HAUUHAS CO BTOPOT0, COOTBETCTBEHHO MEHBIIIE YIIEHOB F€OMETPUUECKOTO
psla, OTKyJa CIEAYET, YTO JaHHBIA PSJI CXOOUTCA.
[Tpumep 2. UccnenoBath CXOAUMOCTH psifa

i e —1+2+3+ PR
n+l 2 3 4 n+1 '

n=1

. : 1 .1
Pemrenune: Umeem lim,, o, U, = lim,,oo— = lim — =1+ 0
n+1 n—oo 1+;




3I[€CI> BBITIOJIHACTCSA I[OCT&TO‘IHBIIZ MMPU3HAK PACXOAUMOCTH pPAlad, CICAOBATCIbHO, PAL
PaCXOIUTCH.
[Tpumep 3. UccnenoBarbh CXOAUMOCTH psijia

co

Z 1 14 1 4 1 1 4
o] nvn 2\2 3\/— n\/ﬁ
Pemenue: Haxonum
. . 1 .
limu,, = lim —=0. HeoO6xoaumplii mprU3HAK CXOAUMOCTH psija BbinoyHAeTcs. CpaBHUM
n-oo n—-oon
JAHHBINA Psii ¢ 000OIIICHHBIM TAPMOHUYECKUM PSIOM
1 1 1
-—t=5+t=++=+-+-
2 22 22 nz
KoTtoppiii cxoauTcs, MOCKOJIbKY p=5 > 1. CnenoBaresibHO, CXOAUTCA U TAHHBIN psiL.
[Tpumep 4. MiccnenoBath CXOAMMOCTh psiJia, UCIONIBb3YA Npu3HaK Jlamambepa.
(0]

2n_2 4+ 6 L. +2n+

57 —5 725 T 125 5n
n=1
2(n+1)
5n+1

o 2n
Pemienne: HOI[CTaBI/IB B 06HJI/II/I YJICH psAga 5_71 BMECTO N YUCIO n+1, IMOJIyYHM

Haiinem npenen otHormrenus (N+1) —ro 4ieHa K N-My 4iICHY MPUN — 0
Upyy  2(n+1) 2n n+1 1(1 1)
u, 571 ‘5n° 5 5

n
u 1 1 1
lim = = 2 lim <1+—)=—<1
n-w U,  Sn-ow n/ 5

CrnenoBaTenbHO, JAHHBIN PSIJl CXOIUTCS.
[Tpumep 5. UccnenoBarh CXOAMMOCTH psiJia, UCIIONIB3YA Npu3Hak [lamambepa

o)

n! 1+1-2+1-2-3+ +n' 4.
5n 3 32 33 3n
n( 1+1)'
n! n
Pewenue: u,, = s Unt1 = o
Unsr _ (+D! nl_n+1
Up - 3n+1 '5n_ 3
u n
lim = = lim =00 > 1,
n—oo un n—-oo

T.e. pan pacxoaurcsi.
Pemenue ynpaxxHeHui

l. HaiinuTe nepsble NATh YICHOB psjia MO €ro 3aJaHHOMY 00LIeMY YJeHY:

1 u,=—
n n;—l
n
2. U, = ——
n o on-1
2"+3
3. up =
1+(_1)n+1
4, u, =———
n n
1. HaiinuTe nepBbie 4eThIpe 4iieHa O €ro 3aJJaHHOMY O0IIeMY WIeHY:
(n+1)!
1 u, =
n 2n
1
2. U, = ——
n (3n-1)(2n+1)
2
n
3. u, =—-
n o (m+1)(n+2)
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LaVn
4. u, = (—1)1" 1=

5 uy=—""—"-—
n o (2n+1)2n-1

n+1
6. U, =——mmm
n o (2n-1)3n-1

[1. Haiinure hopmyny o01iero wieHa psjaa 1mo ero JaHHBIM IEPBBIM YIeHaM
2 4 8 16
1.—+—+—+—+~-

1 %128 34
;+—+——+ + o
2
3."~+———+m
5 8 11 14
Y. Bprauciure cymmy ‘IJ‘ICHOB psana:
L Zn 1n(n+1)
1
2. Xn= (3n-2)(3n+1)
1
3. Xnmige
2n+1
4. Zn 1nz(n+1)2
1
w —————————————
S Zn:l nn+1)(n+2)
Y. HaiiguTe N-ii wieH psija 1o ero JaHHBIM MEPBLIM YJICHAM:
1 3 5 7
L4424+
A
2.-—=+-—=
> 2 % 98
3i-CH=——+
4 9 16 25

Y. Uccaenyiite cXoquMoCThb psijia, IPUMEHSsSI HEOOXOAUMBIN MPU3HAK U OJIUH U3

IMIPHU3HAKOB CPABHCHUS:
1

1 ZTL 1 (Tl+2)'
2' Z‘l’l 1 \/m
3. Xn=1 ﬁ
o 1
4. ZTL:l n_n
Uccnenyiite cXonuMOCTh psifia, HCTIONB3YI0 npu3Hak [Jamambepa.
00 n
1. 271:1 ﬁ
o @m+1)!
2. Yol o
o 1
3. Zn—l 4
1'1
4. Xn= 1am+1)
1
5 Xn=1 (2n—1)-22n-1
o 1
6. Xn=1 (2n+1)!
7. :

Yn=1 (n+1)(n+3)
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IIpakTnyeckoe 3ansaTue Ne 6
Tema: OcHOBHBIE TOHATHS TeOpUH MaTpuil. OnpeaeaeHne MaTPHIIbL.

Heab:Hayunuts pemars MaTpuiibl.
TeopeTuyeckas 4acThb

Teopernueckuii 6,0k Onpenenenre. MaTpuileld U3 m CTPOK, N CTOJOIIOB Ha3bIBACTCS
IOpSAMOYTOJIbHasl Tabjaula YuCell ; - 3JEMEHT MaTpUlbl; 1-HOMEp CTpOKH; i1=1,...,m; j-HOMep
cronbua, j=1,...,n; m, n — nopsiAku MaTpulsl. [Ipn m=n - kBagpaTHas MaTpHLA.

Omnpenenenue. OnpeaenuTeneM n-ro Nopsijaka, COOTBETCTBYIOIIUM MaTpULe, Ha3bIBACTCs
YHCJIO.

JUist BBIYUCIICHUS! ONIPESIIUTEINSE MOKHO HCIIONB30BaTh 3JIEMEHTHI TPOU3BOJIBHON CTPOKU
WIN CTOJOIA.

Omnpenenenne. AnreOpanveckuM JOTOTHEHUE 3JIEMEHTa Ha3bIBACTCS YHCIIO, PABHOE .

Omnpenenenue. JIOMONHUTENBHBIM MHUHOPOM  JJIEMEHTa  MAaTPUIBI  HA3bIBACTCS
OlpesieNIUTeNb MaTpHULbl N-1-ro mopsjKa, MOJIYYEHHbIM M3 MaTpUIbl BbIYEPKHUBAHUEM 1-OH
CTPOKH U j-TO cTONONA.

TpancnioHrpoBaHue MaTpPHULBl — TAKOE MPEOOpa30BaHUE MATPHILIbI, IPU KOTOPOM CTPOKH
CTAHOBSITCS CTOJIOLAMH C COXPAaHEHUEM TOPsIIKA CIIE0OBAHUSL.

CaoiicTBa ornpeaenuTeneu.

[Tpu TpaHCTIOHMPOBAHUN MATPHIIBI OIPEACTUTETh HE MEHSCTCS.

IIpu nepecraHoBKe JOOBIX ABYX CTPOK (CTOJIOIOB) ONPEAEIUTENb MEHSAET TOJIbKO 3HAK.

[Ipu ymMHOXEHUM CTPOKHU (CTOJIOIA) HA HEKOTOPOE YMCIO ONpPENETUTENh YMHOKAETCS Ha
3TO YUCIIO.

Benuuuna omnpezpenurtens He HU3MEHSETCsA, €CIM K 3JIEMEHTaM HEKOTOPOW CTPOKHU
(cTonbua) npubaBUTh COOTBETCTBYIOIINE JIEMEHTHI APYrol CTPOKHU (CTONIONA), YMHOKEHHON Ha
HEKOTOPOE YHCJIO.

Omnpenenurenb paBeH HYJIIO, €CIIU

- BCE JIEMEHTHI HEKOTOPOH CTPOKH (CTOI011a) paBHBI HYIIO.

- IB€ CTPOKU (cTOIO1a) OMHAKOBBI.

- JIB€ CTPOKH (CTOJIOIA) ONIPEACIUTENS TPOTIOPIIHMOHATBHBI.

MeTobl BBIYHUCIICHHUS OTIPEICIIUTENCH.

1). Pa3noxeHue 1o cTpoke Ui cToJoIy.

2). Meton oOpartieHust B HyJb BCEX, KPOME OJHOTO, 3JIEMEHTOB CTPOKH HJIM CTOJIOLA.
MeTtoa CcOCTOMT B TOM, YTO C Y4YE€TOM CBONCTB OINpENENMUTEeNs MpPU MOMOIIM Kakoro-iuoo
cronbua (CTpokH) MyTEM YMHOXKEHHMsS €ro Ha COOTBETCTBYIOIIME YHCIA M BBIUUTAHHUS U3
OCTAJIbHBIX CTOJIOIOB (CTPOK), 3aHYJISAIOTCS BCE AJIEMEHTHI BEIOPAHHOU CTPOKH (CTOJIOIA) KpoMe
OJTHOTO, TIPUHAICIKAIIETO BEIYUTAEMOMY CTOJIOIY (CTPOKE).

3). Merton mnpuBeneHUs K TPEYrolbHOMY BHUAY. AJTOPUTM, TMPEAJIOKEHHBI B
OpeIBIAYIIeM TYHKTE, HCIONB3YeTCs Il TOCIEeNOBATEIBHOTO 3aHYJICHHS BCEX JIIEMEHTOB
nepBoil cTpoku (cTonbIa) KpoMe OJIHOTO, BTOPOH CTPOKH (cTonb11a) — BceX KpoMme JIByX U T.A. B
UTOTe OIpeNIeNIUTeNb MpeodpazyeTcs K TPeyrolbHOMY BHy. BennuuHa Takoro ompenenuTens
paBHA MIPOU3BEACHUIO HJIEMEHTOB IJIABHOM TUaroHasu.
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4). BplumcieHne C HCIOJIL30BaHMEM TeopeMbl Jlamjmaca, COTJIaCHO  KOTOPOM
ONpeNIeUTENb - IO MOPSAKAa paBE€H CyMME MPOU3BEICHUN BCEX €ro MHUHOPOB -TO TOpPSAJIKa,
CTOSIIIUX B BBIJCIIEHHBIX CTPOKaX (CTONOIAX), HA UX alreOpandecKue TOTOTHCHUSI.

Martpuiisl, oneparuu HajJ MaTpuliaMu

Onpenenenne. CymMmmol MaTpul OAHOIO MOPsiAKAa HA3bIBAETCS MaTpULla € 3JIEMEHTaMU
, TC

Onpenenenue. [lpousBenenueM MaTpuipl Ha YUCJIO HAa3bIBAETCS MaTpUlla TOTO Ke
MOPSJIKA C DIIEMEHTAMH .

Onpenenenue. IlpousBeneHueM MaTpuilpl Ha MaTpHIly Ha3bIBae€TCs MaTpula ¢
AJIEeMEHTaMHU , T

3aaHus AJ1s1 pellleHus HA 3aHATHH

[-9 0 (8 -6 1]
PR I P
Onpeaenure Tun marpun: | F2)1 !
(a4l 2 5 7]
—8 ‘—9 8 44}
3) 2 1 12| 4) | 0| 5) | 12 -5 6|
6 —4l 0 -1
‘ 3 -2 ‘—2 5
Haiitu 3A+2B, ecoin A= -1 5] ,B= 4 0]
|' 2 _1'| |' 1 2] f_.F _4',
Haiiti 2A+3B-C, ecin A= '3 4| p=1—4 0] =118 —8|

-1 —3"|
Haiitu A% 3A+5E, ecoim A= 2 4 ,
HajiTu npousBeneHue MaTpuiL:

|2 3 | |
0 -2 1 —1 03 '|
DAa=I=1 4] yp=12 1 -2-4
| | 12 o0-1
(1 2 —3'| 21 1—2‘
2) A= 6 0 2 ,p=13 1 02
lo 1
2 1 4 ‘—2 5‘

3) A= —4 05 3] ,p=!—1 9]
Yoeaurtech, uTto AB # BA, ecan:

|'3 4 |'3 1
l)A: |_5' ]._lJ B= |_2 3_|

1 2 -1 -1 0 1!

1 0 2 ‘ 2 -1 1
2) A= 0 -2 1] g1 0 =2

1 -3 2l 7 5 gl

3 —4 1‘ 1 2 5‘

3)A:|_2 -5 E.I’B:[l 3 2
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Boruncanrthb onpeaecauTe/In:

o
4 =5 cosx  sinx a+a a a-  as
1) 3 -3 2) —%INX COSX 3) a ad—a 4) a8 &

23-34 3—142

1 2 3 2 0 0 2 3 —4 21-12 5201
4 5 6 a5 0 5 6 7 6210 021-3
5) 7 8 9 6) a0 -4 7) B 0 3 8) 2305 9) 6—298
Jlomamnee 3aganue
5 § —4! 3 2 5l
A=lg 9 —5‘ 4 -1 3

Haiitu npousBeaenrue MaTpuil; 4 7 =3 I/IBZIg 6 5

IIpakTyeckoe 3ansaTue Ne/

Tema 3.2: Oniepanuu HajJ, MHOKECTBAMHU

Hean: HayunTts pemars 3aauu, UCIOIb3Ysl OCHOBHBIE ONIEPALIMU HAJl MHOXKECTBAMHU
Teopernveckasi 4acThb

[Tox MHOKECTBOM IMMOHUMAIOT COBOKYITHOCTb 0OBEKTOB JIF000H MPUPOIbI, 00Ia1al0IIUX 00IIUM
cBoiicTBoM.Oniepanuy HaJ MHOKECTBAMH: O0BEIMHEHHIE, ITPECCUCHHE, TOTIOJTHCHHUE, PA3HOCTh,
CUMMETpUYECKasi pa3HOCTb.

[Tpumep: Ha ¢upme pabotaror 40 genoBek. 13 aHKETHBIX TaHHBIX U3BECTHO, YTO 20 YeIOBEK
BJIQ/ICIOT aHTJIMHCKUM SI3BIKOM, 20 Uel0BeK — KOMIBIOTEPOM, 14 — neonpon3BOACTBOM.
AHTTTUHCKHUM SI3bIKOM U KOMITBIOTEPOM BIIAJCIOT 9 UETIOBEK; . aHTJIMMCKUM SI3bIKOM U
JIEJIOTIPOU3BOJICTBOM — 7 YEJIOBEK; KOMITBIOTEPOM U JEIONPOU3BOJCTBOM — 5 YEIIOBEK;
AHTJIMICKUM SI3BIKOM, JIE€JIONPOU3BOICTBOM

U xomnbrorepoM — 2 yenoBeka. CKOIBKO YeOBEK HE BIAJCIOT HU aHTIHICKUM SI3BIKOM, HU
KOMITHIOTEPOM, HU JIETONPOU3BOICTBOM?

Pemenue: 1) BBenem 0603HaueHMS:

U- MHOXECTBO YeJIOBEK paboTaroniux Ha pupme;

A- MHOXECTBO YeNIOBEK, BIA/ICIONIUX aHTJIMUCKUM S3BIKOM;

B- MHOeCTBO 4eNI0BEK, BIIAJICIOIINX KOMITBIOTEPOM;

C- MHOXECTBO YeNIOBEK, BIAICIONIUX JIETOMPOU3BOCTBOM.

Toraa m(U)=40: m(A)=20; m(B)=20; m(C)=14.

Kpome Toro, H3BeCTHO, 4TO aHIIIMHCKUM SI3BIKOM BJIAJEIOT 9 UesioBek, ciempoBarenbho, m(A N
B) = 9; aHTIMICKUM SA3bIKOM H JIETIOMPOU3BOICTBOM — 7 4elloBeK, ciaenoBatenbio, m(A N C) =
7; KOMITBIOTEPOM M JIEJIONPOU3BOICTBOM — 5 UesioBek, ciepoBarensHo, m(B N C) = 5;
AHTJIMCKUM SI3BIKOM, JI€JIONPOU3BOJICTBOM U KOMITBIOTEPOM — 2 U€JIOBEKA, CJI€I0BATEILHO,
m(ANnBNC) = 2.

Heo6xoaumo onpenenuts

Pazo6sem mHOxkecTBO M=A U B U C Ha 7 onapHO HeNnepeceKaromuxcsi MHOXKECTB A4, 4y, ..., 45
Y HalJIeM MOIIHOCTH KaXKJIOTO U3 TUX MHOKECTB:

a) A; = AN B N C— MHOXECTBO YEJIOBEK, BIAJACIONINX AHTITUHCKUM SI3bIKOM,
JICIIOTIPOU3BOICTBOM U KommbroTepoM, m(A;)=m(ANBNC) = 2
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0)A, = A N BN C— MHOXECTBO YEJIOBEK, HE BIAICIONINX AHTITHHCKIM S3bIKOM U BIAICIOIIHX
KOMITBIOTEPOM H JIETOMPOU3BOACTBOM. 3ametuM, utoB N C = A; U A,, cnenoBatensro m(B N
C) = m(4;) + m(A4,), orkyna m(4,)=m(BNC) —m(4,) =5—-2=3;
B) A;=A N B N C — MHOXECTBO YENOBEK, BIAJICIONUX AHTIMHCKUM S3HIKOM
JIETIONPOU3BOJICTBOM U HE BJIAJACIONINX KOMIBbIOTEpOM. 3ameTuM, 4ToA N C=A; U Aj,
cinenoarenbHo, m(A N C) = m(A;) + m(A43), otkyna
m(A43)=m(A N C) —m(4,)=7-2=5
r) A,=A N BN C - MHOXECTBO YeNIOBEK, BIAACIOINX aHTIIMICKAM S3BIKOM, KOMITBIOTEPOM H HE
BJIJICIONIMX JeIonporn3BoAcTBoM. A N B = A; U A,, ciegoBatenbHo, m(A N B) = m(4,) +
m(A,), oTkyna
m(A,)=m(A N B) —m(A4,)=9-2=7,
1) As = AN B N C - MHOKECTBO YeNIOBEK, He BIAJCIOIIMX aHTITHHCKAM S3BIKOM, KOMITBIOTEPOM
U BIIAJCIOUINX JEIOMPOU3BOACTBOM.
C=A,UA,UA;U Ag, cienosarensro, M(C)=m(A4,) + m(4,)+m(A43) + m(4s),
otkyna, m(As)=, m(C)- m(4,) — m(A,)- m(4;)=14-2-3-5=4;
e) Ag = AN B N C - MHOXECTBO YeNIOBEK, HE BIIAJCIOMUX AHTIHHCKIM A3BIKOM U
JIETIONPOU3BOJICTBOM U BJIAJCIOMIMX KOMITbloTepoM B=A; U A, U A, U Ag,
m(B)=m(A4,) + m(Az)+ m(A,) + m(Aq), orkyna m(4g)= m(B)- m(4,) — m(Az)+—m(A,) -
m(4g) =20—-2-3-7=8;
K)A; =AN B N C - MHOXECTBO YEJIOBEK, BIIAICIOIINX aHTIHICKIM S3bIKOM U HE BIIAICFOIINX
JICTIONIPOM3BOACTBOM M KOMITbIoTepoM. A=A; U A3 U A, U A,, cnenoBatenbro, M(A)=m(A4,) +
m(Az)+ m(4,) + m(4,), otrkyna m(A4;)=m(A)- m(4;) —m(A3)+—m(4,) =20—-2—-5—
7 = 6;
OKOHYATEILHO,
M=AUBUC=A; UA, UA3; UA, UAsUAg U A,, cnenosatensio, M(M)=m(4;) +
m(A,)+m(Az) + m(Ay) + m(4s)+ m(4g)+t m(4,)=2+3++5+7+4+8+6 =35

1) Tak xak U=M+A N B n C, o m(U) = m(M) + m(4An B n (), orkyna
m(ANBNC)=m{U)—m(M)=40-35=5
CrnenoBaTesbHO, 5 YETTOBEK HE BIIAJCIOT HUA aHTJIMMUCKUM SI3BIKOM, HH JIEJIOMPOU3BOJICTBOM, HU
KOMIIBIOTEPOM.

Pemenue ynpaxxHeHui

1. lausr muokectBa: U = {a, b,c,d, e, f,p,q}, A ={a,c,e,p},B ={b,d,f,p},C = {a,d,f, q}
BeinonHuTe cienyromnme onepanyu:

a) (A/BIBNn C)/C UA

6) (AUANBUANC)NANB/C,;

B)A/BNC/ANBNCUAUBNC,

r)AUBNBUC/B,

1N (AUANBUANC)NANBNC,

e)(AUBNC)/(BUCUANBNC)U(AUBU();

K)(AU(B/JA)UANC)NANC/C

2. C nomoslo auarpamm Diinepa-BeHHa ynpocTuTe BhIpakeHUs:

a) AU (A/B) U (4/BY;

6) AU (AU B)U B;

B)(ANB)UANB)YU(ANB)

NAUB)N(AUB)N(ANB)N (AUB)

3. 13 276 0TOOpaHHBIX CTYJEHTOB 3KOHOMHUYECKOTO By3a 83 M3y4aloT MaTeMaTHKYy,95-1paBo,
102-¢punancer. Kpome Toro, m3BeCTHO, 94TO 27 U3 HUX U3YYAIOT MAaTEMATHKY H MPaBo, 24-
MaTeMaTHKy U ¢uHaHchl, 20-1paBo U puHaHCH 11-n3ydator Bce Tpu npeamera. CKOJIBKO
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yUalmxcs He U3y4aloT HU OJJHOTO U3 3TUX npeaMeToB? CKONMbKO U3 HUX M3y4aloT (PMHAHCHI, HO
HE M3y4aloT HU MaTeMaTuKy, HU MpaBo?
4. IIpoBepouHbIi HK3aMEH MO MaTeMaTHKEe COACpKal TP 3a/1auu: Mpeell, TPOU3BOAHAS U
unrerpai. M3 800 cTyneHTOB 3ajady ¢ mpeaeiaom pemi 250 4esnoBek; ¢ NpeaesioM Wiu
unrerpaiom — 600 yenosek. 1o nBe 3apaun pemmiu 400 yenoBek, U3 HUX JIBE 3a/1a4d Ha MIpeae
U pou3BoAHYIO0 peurwin 150 yenoBek, Ha nipenen u unterpan — 50 yenosek. Hu onuu ctyneHT
HE peun Bee 3a7aun. 20 CTyZEHTOB He pelInId HU OJHOU 3a1a4u. TOoJbKO 3a7jauy Ha HHTErpal
peuinnn 120 yenoBek. CKOJIBKO CTYACHTOB PEIINIIN TOJIBKO OAHY 3a7a4uy? CKOJIBKO YEI0BEK
pELINIIN 331a4y Ha IPOU3BOAHYIO?
5. Kadenpa marematrku obcimyxuBaeT Tpu GakyipTeTa: IKOHOMUYECKHUMA, (DUHAHCOBBIM,
ToBapoBeAHBINA. HekoTopsle mpenoaaBareny kageapbl MOTYT padOTaTh Cpa3y Ha HECKOIbKHX
dakynbrerax. Ha dunancoBom dakynbrere padorarot 22 mpenojaBaTesis, Ha SKOHOMHUYECKOM -
23 mpenojaBaresis, Ha YdKOHOMUYECKOM U TOBapoBeIHOM — 36 npenoaaBareneil. Toapko Ha
¢dbunancoBoM ¢akynbrere padorarot 10 mpenogaBaresnei, TOIbKO Ha YKOHOMUYECKOM U
TOBapOBEIHOM -5 mpernoaaBareneil. /[Ba nmpernoaasarens padoTarT Ha TpexX gakynpTeTax. Yucio
npenogaBaresneii, paboTaloUMX TOJFKO Ha SKOHOMHUYECKOM U (PUHAHCOBOM (aKyJIbTeTaxX, paBHO
YHCIy IpenoaBareseii, padoTaromux Ha GUHAHCOBOM M TOBapOBETHOM (aKkynabTeTax. CKOIBKO
npenoaaBareneil padoraet Ha kadeape? Ckonb npenogaBaTeneil padoTaeT TOIbKO Ha OJHOM
baxkynbTeT?

IpakTnyeckas padora Ne 8

Tema 4.2 Pemienue 3a1a4 Ha KJIaCCUYECKOE U CTATUCTUYECKOE OIIPEEIICHHS BEPOATHOCTH
Clly4ailHOro coObITHS

He.]'lb: Haqu/ITI) pemaTth 3aJa4 Ha KJIACCHYCCKOC U CTATUCTHYCCKOC OIIPCACIICHUA
BCPOATHOCTH CHy‘I&ﬁHOFO COOBITHS

Teopernyeckasi 4acThb

Knaccuueckoe OIpCACIICHUEC BEPOATHOCTHU BepOﬂTHOCTLIO COOBITHS A Ha3bIBAETCS OTHOIICHHE
YyHcia uCXog0B M, 6HaFOHpI/I$ITCTByIOHII/IX HAaCTYIJICHUIO JaHHOI'O COOBITHS A, K 4UCITy, BCEX
HCxXoa0B ( HCCOBMCCTHBIX, CAMHCTBCHHO BO3MOXXHBIX, paBHOBO3MO)KHBIX), T.C.

m

BeposiTHOCTB 1H000T0 COOBITHSI HE MOXET OBITh MEHBIIIE HYJIS U OO0JIbIIE €TUHUIIBI.
HeBo3M0XKHOMY COOBITHIO COOTBETCTBYET BEPOSATHOCTh paBHas (), a JOCTOBEPHOMY —
BEPOSATHOCTH paBHA €IMHUIIE.

ITpumepsr:
U3 ypHBI B KOTOpO# HaxonaatTcs S OenbIX U 3 4yepHbIX L1apa, BRBIHUMaloT 01uH iap. Haiitu
BEPOATHOCTH TOTO, YTO LIAp OKAXKETCS YEPHBIM.
Pemenne: O603HaunM COOBITHE, COCTOSIIEE B MOSBICHUH Y€PHOTO I1apa, yepe3 A. OO0riee
YHCII0 clyyaeB paBHO 8. UUCIo cirydaeB 6JaronpusTCTBYIOIIUX MOSIBIEHUIO COOBITHS A,
paBHO3. [lomyunm

3

Pemienue ynpaxHeHui

1. T'epman u3 nosectu A.C. [lymkuna «IIukoBast 1aMa» BBIHUMAET 3 KapThl U3 KOJIOABI B 52
mucrta. Haiiaure BeposITHOCTB TOTO, YTO 3TO OyayT: TpOiika, cemepka, Tys3.

2. B smmke nexar 15 kpacHbIX, 9 CHHUX, B 6 3€JICHBIX IapOB, OJJMHAKOBBIX Ha OIIYIIb.
Haynauy Beinumarot 6 mapos. KakoBa BEpOSTHOCTH TOr0, YTO BBIHYTHI | 3€JIE€HBI, 2 CHHUX,
3 KpacHBIX 1Iapa.
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3. Bmagenen omgHo# kapTouku noTepen «CroptiaoToy (6u3 49) 3auepkuBaeT 6 HOMEPOB.
KakoBa BeposSITHOCTB, YTO UM OYZET yrajaHo 5 HOMEPOB B OUEPETHOM THPAXKE.

4. B ypue 10 mapos, u3 KOTOpbIX 2 6enbix,3 YepHbIX U 5 cunux. Haynauy u3Bneuens! 3 mapa.
KakoBa BeposITHOCTb TOT0, YTO BCE 3 I1apa pa3HOIo LIBETA.

5. B maprum u3 10 neraneit umerorcs 4 OpakoBaHHbIX. KakoBa BEpOSITHOCTB TOTO, UTO CPEAU
HayJauy OTOOpaHHBIX 5 JeTaliell OKaxkyTcsi 2 OpakOBaHHBIE.

6. KomnexTuB, BKIIOYAIONINI YEThIpEX KEHIUMH U TPOUX MYKUHH, pa3bIrpbiBacT 4 Ouiera B
teaTp. KakoBa BepOATHOCTH TOTO, UTO cpeu 00Janareneil OUIeToB OKaKeTCs 2 KEHIIIUHbI
U 2 MY>KYUHBI.

7. B rpynme u3 25 cTyaeHToB, cpenr KOTopbix 10 AeByIIeK, pa3bIrPhIBAIOTCS 5 OUIICTOB.
HaiinuTe BeposITHOCTB TOTO, UTO cpean obanaresneii OUIeTOB OKaXyTCs JABE JIEBYIIKH.

8. B ypHne 6 6enbix, 4 4epHBIX B 5 KpacHBIX mapoB. Y3 ypHBI HayraJ BBIHUMAIOT 5 IIapOB.
Haiinute BepoATHOCTB TOTO, YTO CPEAM HUX OKaXXyTCs 2 OenbIX U | 4epHbIi map.

9. IOmnoma 3a6b11 1BE nocneaHre HU(PHI TenePOHHOr0 HOMEPa CBOEH 3HAKOMOW U TTOMHS
JIMIIB, YTO OHU Pa3IMYHbI, HA0pal ux Hayaady. KakoBa BepoOSATHOCTB TOTO, YTO OHU
pa3inuHbl, HaOpan ux Hayaady. KakoBa BeposiTHOCTh TOro, 4TO HOMep Oynet HabpaH
IIPABUJIBHO?

IIpakTnyeckas padora Ne 9

Tema 5.1.1: Beruucienue mioniaaei moBepxXHOCTE MHOTOTPAHHUKOB
Heab: HayuuTs pemaTh 3a1a4u Ha BBIYMCICHUE IUTOMIACH MOBEPXHOCTEH MHOTOTPAHHHUKOB
Teopernueckasi 4acThb

HJIOHIaI[I)IO IMOBEPXHOCTHU MHOT'OI'paHHHKA IO OMMPEACIICHUIO CHUTACTCA CyMMa HJIOIlIallef/'I,
BXOAIIHUX B 3Ty HOBCPXHOCTH MHOTOYI'OJIbHUKOB.

S =P IS

fow. IIOE. TIp. T OCH. f0w 0B p ITHpamMery ~ T ocH.

Pemenue 3aau o teme “Bpruncienue niomiaaeil moBepXxHOCTe MHOIOIPaHHUKOB.
Uemy paBHa MII0111a]1b TOBEPXHOCTH KyOa ¢ pedpom 17 (6)

. 2
OGbem Kyba pasen 8 M°. Haifaute miommans ero moBepxHocTH. (24 M?)

Kaxk u3menuTcs miomnaas MOBEpXHOCTH Ky0a, €CIu KaKI0€ ero pedpo YBEIUYHThH B: a) 2 pa3a; 0)
3 paza; B) Npa3? (B 4 paza, B 9 paz, B n? pas)

Yemy paBHa IJI011a1b TTOBEPXHOCTH MTPABUIILHOTO TETpadIpa ¢ pedpom 1? (\E)
YeMmy paBHa IUIOIIAAb TIOBEPXHOCTH OKTas3zpa ¢ pedpom 17( 2+/3 )

Yemy paBHa IUIOIIAAb TOBEPXHOCTH UKOCadApa ¢ pedbpom 1? (5““'@ )
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Hatinure momaas 60KOBOM MOBEPXHOCTH MPABUIILHOMN MIECTHYTOJILHON MTPU3MBI, CTOPOHA
OCHOBAHHS KOTOPOii paBHa 5 cM, a Bbicota 10 em. (300 cm?)

OcHoBaHMEM IPSIMOI TPEYTroJIbHONW NPU3MBI CIYXKHUT IPSIMOYTOJIbHBIM TPEYTrOJbHUK C KaTeTaMU
3 cM u 4 cMm, BbIcoTa ITpu3MbI paBHa 10 cm. Haligure miomanb noBepXHOCTH JaHHON IPU3MBI.
(132 em)

HaiinuTe miomnaas moBepXHOCTH MPSIMO MIPU3MbI, B OCHOBAaHHH KOTOPOH JISKUT poMO C
2
JquaroHaasiMu 6 cM u 8 cM 1 60koBbIM pedpom 10 cm. (248 cm”)

Haiiaure momiaabs 60KOBOM MOBEPXHOCTH MPABUILHOM YETHIPEXYTOIBHON MUpaMUIbl, CTOPOHA
. 2
OCHOBaHHMS KOTOPO# paBHa 6 cM U BbicoTa paBHa 4 cM. (60 cm*)

Haiinure miomaas 60KOBOW MOBEPXHOCTH MPABUILHON TPEYTOJIbLHON MUPAMHJIBI CO CTOPOHOM
. 2
ocHOBaHHMs 6 ¢cM 1 BbICOTOM 1 cm. (18 cm®)

Haiiaure momanbs 60KOBOM MOBEPXHOCTH MPABUIBLHOM MIECTUYTOIBHON MTHUPaMUIBI CO
. . 2
CTOPOHOM OCHOBaHHUSA 4 CM U BBICOTOH 2 cM. (48 cM?)

Kak n3MeHsTcs rioniaaun 00KOBOH U TIOJTHOM MOBEPXHOCTEH ITMPaMHIbI, €CITH Bee e€ péopa: a)
YBEJIMYUTH B 2 pa3a; 6) yMeHbIIUTH B 5 pa3? (B 4 pasa; B 25 pa3)

Pa3BépTka noBepXHOCTH MTPaBUIILHON TPEYroJIbHON NUpaMubl IPEACTABISIET COOO0M
PaBHOCTOPOHHUI TPEYrOJbHUK, IUIOIMIALL KOTOPOro paBHa 80 m?. Haiigute miomas rpaHu
nupamuzsl. (20 M?)

IIpakTHyeckasi padora Ne 10

Tema: Beruncienue miomaneii mpu3Mel, Kyoa, TUpaMuIbl

IIEJ'IB: Hay‘{I/ITB peuiaTh 3ala4i Ha BBIYUCIICHUC ILTOIIA e HOBCpXHOCTeﬁ IIPpU3MBI, KY63.,
mUupaMuabl

[Tnomaae MOBEPXHOCTH MPU3MBI COCTOUT U3 IO OOKOBOM MOBEPXHOCTH M IUIOIIAICH
OCHOBaHUMU.

[Inomane MOBEPXHOCTHU IMUPpAMUIBI COCTOUT U3 TIJIOIIA AN OOKOBOM MMOBCPXHOCTH U IJIOIIaAN
OCHOBAHUA.
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[TpoBepounas pabota
I yposens
Bapuanr |

1. CtopoHa ocHOBaHUS MPaBUIHLHON TPEYroJIbHOM MPU3MBI paBHA 6 cM, a TMaroHaab OOKOBOM
rpanu 10 cm. HaliguTe niomaabs O00KOBOW U MOJHON NOBEPXHOCTH MPU3MBI.

2. OcHOBaHME MPSIMOI TPU3MBI - pOMO CO CTOPOHOM 5 ¢M U TymnbIM yrioM 120°. bokosas
MOBEPXHOCTh IPU3MBI UMeeT mowmans 240 cm2. Halaure monians ce4eHns MPU3MBI,
MIPOXOJISIIETO Yepe3 O0KOBOE peOpO M MEHBIIYIO JUATOHAIb OCHOBAHUSI.

Bapuanr 11

1. boxoBoe peOpo NMpaBUIIbHOI TPEYTroJIbHONM MPU3MBI paBHO 9 cM, a TuaroHaab OOKOBOM TpaHu
paBHa 15 cM. Haiinute miomaabs 60KOBOM 1 MOJTHOM MOBEPXHOCTU MPU3MBI.

2. OcHoBaHMe NPSIMOil MpU3MBI - poM6 ¢ ocTpbIM yriioMm 60°. bokoBoe pedpo npu3msl paBHo 10
CM, a IIoma b 60KoBoM moBepxHocTH - 240 cMm2. HaiinuTe muiomajbs ce4eHus Ipu3MBl,
IPOXOALIEro Yepe3 O0KOoBOe pedpo M MEHBLIYIO AMArOHAIb OCHOBAHHUS.

Il ypoBeHb
Bapnanr |

1. OcHOBaHME NPAMON MPU3MBI - IPSIMOYTOJIBHBIN TPEYTOJIBHUK C KaTeTamu 15 u 20 cm.
Bbonbias 60koBas rpaHb U OCHOBaHHUE NMPU3MbI paBHOBENMKHU. HaliuTe miomaas O0OKOBOM 1
ITOJIHOM ITOBEPXHOCTU ITPU3MBI.
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2. bokoBasi MOBEpXHOCTh MPABUIILHON YETHIPEXYTOJIbHON MPU3MBI UIMEET TIIoMmaaAb 16 M2,
JlnaroHanb OCHOBAaHUS MPU3MBI PaBHA 42 aM. Haiinure nomanb ceueHus NpusMsl,
MPOXOIAIIETO Yepe3 TUArOHAIH BYX CMEKHBIX OOKOBBIX TPAHEH, UMEIOMIMX OOIIYIO BEPIIUHY.

Bapuanr 11

1. OcHoBaHMEe TPSAMOM MPU3MBI - IPSIMOYTOJIBHBIA TPEYTOJIBHUK C TUIIOTEHY30M 25 CM U KaTETOM
20 cM. Menbiast 60KoBasi 'paHb ¥ OCHOBAaHUE MPU3MbI paBHOBEIMKH. HaliuTe momaas
OOKOBOM U MOJTHOM MOBEPXHOCTU MPU3MBL.

2. BricoTa mpaBUIIbHOM YETHIPEXYTOIBHOM MPU3MBI paBHA 1 M, a IJI0Ma s OOKOBOM
MOBEpXHOCTU paBHa 16 nM2. HaiiiuTe mioiaab CeUeHUs IPU3MBbI, TPOXOIAIIETO Yepes
JIMaroHallb HUYKHETO OCHOBAHUS, U IPOTUBOJICKAIIYIO BEPIIMHY BEPXHETO OCHOBAHMS.

III ypoBeHb
Bapuant [

1. OcHOBaHME MPSIMOI IPU3MBI - PABHOOCIPEHHBIN TPEYTOIBHHUK ¢ OOKOBOW CTOPOHOH 6 CM U
yraom mipu BepiirHe 120°. Jluaronans Hanbosnbiieil 00K0BOM rpaHu 00pa3yeT C MIOCKOCTHIO
OCHOBaHus mpu3Mbl yron 60°. Haiiaure miomaabs 60KOBOW I'paHU U MOJHOM MTOBEPXHOCTH
MIPU3MBL.

2. [Tnomans 60KOBOM MOBEPXHOCTH MPABUILHOM YETHIPEXYroiibHOM npu3Mbl paBHa Q. Ceyenue
MPU3MBIL, TPOXOJSIIEe Yepe3 TUaroHallb HUKHETO OCHOBAHUS U MTPOTUBOJICKAIILYIO BEPIIUHY
BEPXHEr0 OCHOBaHUs, 00pa3yeT C MIIOCKOCThIO OCHOBAaHMS MPU3MBI yroi o. Haiiaute miomanb
CCYCHHUS.

Bapuanr 11

1. OcHoBaHMe NPSAMOI MPU3MBI - PAaBHOOEPEHHBIN TPEYTOJIBHUK C OCHOBAHUEM 6V3 cM 1 YTII0OM
npu ocHoBaHuu 30°. Jluaronanb MeHbIIel OOKOBOM IpaHu 00pa3yeT ¢ MIOCKOCTbI0 OCHOBAHUS
npu3Mbl yron 45°. Haliaure muiomaabs 60KOBOM U MONTHOM MOBEPXHOCTH IPU3MBI.

2. CeueHue npu3MBbl, MPOXOSIIEE Yepe3 cepeArHy OOKOBOTO pedpa U AMaroHalb OCHOBaHUS, HE
NepeceKaroIyro JaHHOe pedpo, 00pa3yeT C MIOCKOCThI0 OCHOBAaHUS yroi o. Haiinure miomans
CEYEHUH.

IMpakTHyeckasi padora Ne 11

Tema 5.2: Beruucienne 065eMOB MHOTOI'PaHHUKOB
Hean: HayunTs pemaTh 3a1a4n Ha BBIYACICHHE 00bEMOB MHOTOTPaHHUKOB

Teopernyeckas 4acTb

IIpsiMoyroyibHbIN NapaJuiejienumne] - 35To o0beMHass Qurypa, y KOTOpOH IIecTb TpaHed, U
KaKJ1asl U3 HUX SBJISIETCS IPSIMOYTOJIbHUKOM.
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IIpsiMOyroJibHBI Napajulenenunen - NapajuleJenunes, BCEe TpaHU KOTOPOIO SBISIOTCS
IPSMOYTOJIbHUKAMHU.

O0beM NpsIMOYroJIbHOIO NAapaJieieNnuiena paBeH MPOU3BEICHUIO €ro AJUHBI, IIUPHUHBI U
BBICOTBI.

(I)opMy.na AJIl BBIYUCJICHUSA o0bema NMPAMOYT0JILHOI'O IMapaJjijiejJcnuimneaa

V=a-b-h
riue
riae V - 00beM NPAMOYTOJILHOIO ITapajuleIenHIIE1a
a- JIHa,
b — mmpuna,,
h- BEICOTA.

O0BéM IIPHU3MBbI PABCH ITPONU3BECACHUIO €€ BBICOTHI HA ILIOIIAAb OCHOBAHUS:
V=S-h

O0beM mupaMuibl paBeH OJTHOM TPETH MPOU3BEACHHUS TUIOIAI OCHOBAHUS Ha BBICOTY:
rae S— miomaabs ocHoBaHus, H — BEICOTa TUpaMU/IbL.

dopmyna 00beMa YCEUCHHOH MUPaMUIBI TIPECTABIISICT COOOM OJHY TPETh IPOU3BEICHUS
BBICOTHI Ha CyMMY IUIOIIA/ICH BEPXHETrO M HIXKHEr0 OCHOBAHUS C UX CPEIHUM
MIPOTIOPIIMOHATIBHBIM

1

V =3

h(S,+,/5,5,+5,

Pemienue ynpaxHeHui
1.CymectByer nu npusma, umeromas 50 pédep? 54 pedpa?

Pemenue: Yncio pedep n — yroabHoOM Npu3Msel 3n, o3ToMYy Npu3Msl, uMmeromieit 50 pebep, He
CYLIECTBYET, a 54 pebpa umeet 18-yronpHas npusma.

2. CTOpoHbI OCHOBaHMS NPSIMOYTOJILHOTO Mapajuie/enure/ia paBHbl S ¢cM U 12 ¢cM , [uaroHaib
napajuleJienunesa COoCTaBisIeT C IUIOCKOCTbIO ocHoBaHMs yron 60°. Haiigute 00bEM
napasuiesienuIena.

3. OcHoBaHuMEM IpPsMOM NPU3MBI CIY’)KUT TPEyrojabHuK co cropoHamu 10, 10, 12. Jlnaronans
MEHBIIIe OOKOBOM T'paHM COCTaBISET C TUIOCKOCThIO OCHOBaHWs yron 60°. Haiinute o0nEM
MIPU3MBI.

4. O0beM MpSMOYTOJIBHOTO Tapasuienenumena paseH 2. Yemy Oynet paBeH 00bem
napaieNienuIe/a, eciiv Kak10e ero pedpo yBeInuuTh B 3 pasa.

Pemenue. [lycts pebpa nanHoro napanienenunena passsl a, b u c. Torga umeem: V=abc=2.
[Tocne yBenuuenus kaxaoro pedpa B 3 pasza ero o0bEéM OyneT paBeH

V=3a*3b*3c =27 abc=27*2=54.

OtBer: 54.
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5. AkBapuyMm uMmeeT GopMy NpsIMOYTOJILHOTO Tapayuienenuneaa Beicotoit 30 cm. Ecnu B Hero
HaauTh 30 J1. BOJIBI, TO 10 BEPXHETO Kpast ocTaHeTcs S cM. CKOJIBKO JIUTPOB BOJIBI HY>KHO, YTOOBI
HAIOJHUTH IIYCTON aKBapuUyM JOBEpXy?

Pewenue. Ilycts V 1 H cOOTBETCTBEHHO 00BEM U BBICOTA MMapasuIeIICUIIC A,
V=SH . Ilo ycnosuto V=30,H=25, Torga 25*S=30.
[Tocne 3anmonHeHust mycToro akBapuyma aosepxy H=30. 3nauur, 30*S=V.

255 30

Haiinem otHOIIEHNE 30S =V , V=36 11.
OrTBert: 36.

6. Kyouk Becut 10 rp. CkoabKo TpaMMOB OyJIeT BECUTh KyOUK, peOpo KOTOpPOro B 3 pasza
OoJiblie, YeM pedpo NepBOro KyOuKa, eciii 00a KyOruKa U3rOTOBJICHBI U3 OJJUHAKOBOTO
Marepuaa.

Pewenue. Ilycts V- 00bEM nanHoro napamienenunena. [locne yBennueHus kaxaoro pedpa B 3
pasa, ero 06béM Oynet paBeH 27 V.

v __10
27V X x=270 rp.

Otser: 270.

7. O0BEM IPSIMOYTOJIBHOTO TIapajuiesenunena paper 32. Uemy Oyner paBeH 00bEM
napajuielieue/a, eClid Kax10e ero pedpo yMEHBIIIHUTh B 2 pa3a.

8. B cocyn, umeroniuii opmy npaBUIbHOM TPEYroabHOM MPU3MBbI, HATWIN BOy. Y POBEHb BObI
nocturaet 36 cm. Ha kakoii BeicoTe OyAeT HaXOUThCSI YPOBEHb BOJIbI, €CIIU €€ MEePEIUTh B
JIpYro# cocy ToH e popMBbl, y KOTOPOTO CTOPOHA OCHOBaHUS B 3 pa3a OoJibliie, 4UeM y MEPBOTO.
OTBeT BhIpa3uTe B CAHTUMETpAX.

9. 3akpbIThIl COCY/] B BUJIE IPSIMOYTOJILHOTO Napaiienenunesa ¢ pedpamu 30, 40 u 45 cm.
CTOUT Ha TOPU30HTAIBHON OBEPXHOCTH TAKMM 00pa30M, UTO HAMMEHbIIAs TPaHb SIBISIETCA
nHOM. B cocyn Hammnu Boay 1o ypoBHs 36 cM. Ha kakoM ypoBHE OKaXeTCsl BOJIa, €CIIU COCY L
NOCTaBUTh HAa HanOOJIbIIYIO IpaHb? OTBET JaliTe B CaHTUMETpaXx.

10.Taro: ABCD - npasunbHas mapamuzna. AB = 3; AD =23 (puc. 3).
Haiitu: @) Soch.; 6) AO; B) DO; ) V.

11. Jano: ABCDF - npaBunwsnas nupamuga. ZFCO = 45°; FO =2 (puc. 4).

Haiitu: @) Soch.; 6) V.
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Pentenue:

1) Pacemorpum AFOC: 20 = 90°, £C= 45°, 3mauut, £F= 45°. Cnenoarensno, AFOC -
paBuobenpennsrii, OC = FO = 2.

4.d=AC=ADV2 (mo cBo¥CTBY aMaroHand KBajaparta, d2= 2a2).

4
AD = =—=2
Torna 3 ﬁ

=

V-lsm..k_\/-—l.. 16 .!._

4) 3 3 3
(OtBer: @) 8; 6) 5-1/3.)

12. Mano: ABCDEKF - npasuisnas nupamuga. FO L (ABC), FM L AK, FO= 4, FM = 5 (puc.
5).

Haiitu: @) SocH.; 0) V.

Pemenue:

1) Paccmorpum AFOM: £0= 90° (tak kak FO L (ABC), 3nauut, FO L OM) FO= 4, FM =
5, OM= VMF’ - FO’ (mo teopeme Iludaropa), OM= 25-16 =9 =3. OM =r (r - pamuyc

AK = 2r-tg£=2-3tg£=6~£=2\/5.
OKPY>KHOCTH, BITUCAHHOHW B TIPaBUJIBHBIN MIECTUYTOJIBHUK). 6 6 3
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2) Sacu = 6Sason; S,“-%AK-OM=%-2J§~3=3J§. Socn. = 633 =1843.

3) V= -'3-sm_-H; V= -;—-18J§-4=24J§.

(Otser: a) 183, 6) 2413.)

13.3amaya: [lana TpeyrojpHas yceueHHas mupamuaa. Ee Beicora h = 10 ¢cM, CTOpOHBI OHOTO M3
OCHOBaHMii paBHbI & =27 cM, b =29 cm, € =52 cm. [lepumerp BTOPOro OCHOBaHWUsI
paBHsercs P2=72 cm. Haiinure 00beM nmupaMuibl.

L---.----

st pacdera oObeMa HaM OTpeOyeTCs IUI0MIA b OCHOBaHUH. 3HAs JUIMHBI CTOPOH OJIHOTO
TPEYroJabHUKa, Mbl MOKEM PacCUUTATh IJIOWAAb 110 Gpopmyne ['epona. [ns storo morpedyercs
HaWTH MOJIYIIEPUMETP:

P l=‘£? +209452=108cm
L0

Teneps Haiinem S2:

f,‘l:,b,.-’fp (p-a)(p-b)(p-c)

S =/54(54-27 )(54-20 ) (54-52 ) = /54x27 x25 x2 =/ 72900=270cmm >

3Has1, 4TO MUpaMuaa yceUeHHas, IeJIaéM BBIBOJI, UTO TPEYTOJIbHUKH, JIEXKAIIHE B OCHOBAHMSIX
noo6ub1. KoaddunneHnt nogodus 3THX TPEeyrolbHUKOB MOKHO HAMTH U3 COOTHOIICHUS
nepuMeTpoB. OTHOIIEHUE TUIOIAICH TPEYTOIBLHUKOB Oy/I€T paBHO KBaJIpaTy 3TOTO

KoddduimeHTa:
2 .
S Py 108 o
%y F’_,2 727 4
45
. 1
S 2=
L 4x270 2
S, = :].i =120cm

Tenepb, Korjaa MbI HalllJIX IJIOIIaau OCHOBaHHI ycequHoﬁ nmupaMuJabl, MOXKXEM JICTKO
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paccuuTaTh ee 00beM:

Lf:% x10% (z?u}+ J270%120 +120 ) _10

. 10 :
5 (270+180+120 j:T x 570 =1900cm :

Taxum 00pa3oM, BBIYMCIUB KOI(G(UIMEHT NOA00US U pacCUUTAaB IJIOIIAlb OCHOBAHUH, MBI
HalU 00beM 3aJaHHOH YCEeUSHHOH MUpaMuU/Ibl.

14. Tano: A1A2A3A4 -pom0O, SA1A2A3A4 -mwmpammma, AlA4 = g +£SBO =
B, OB L A3A4, LA2A10 = a (puc. 6).

Haiitu: V - ?

Pemenue:

Bl o
: = :0B= ina = —asin e,
1) Pacemotpum 80434, : O4y=acosa,  BOA;B: OB = acosasina = 5

2) ASOB: SO = -;-asin 2atgp.
3) Soon.= 4San0m, =4--;-a-08= Za-%asinZa = &sin2d

4) Vug, =%Sm_ -80, Voup. = %-az sin 2a -%asiu 2agP = %a’ sin? 2atgf

1 2
© = @ sin® 2augp.
TBCT.

IIpakTnueckas padora Ne 12
Tema:VccnenoBanus Ha SKCTPEMyM B 3a/1adax Ha 00BEMbI MHOTOTPAHHUKOB
Hean: HayuuTs pemiate 3a1aun Ha HaX0XKJI€HUE SIKCTpEMyMa
Teopernyeckas 4acTb

Vixe B riTyOOKOH IPEBHOCTH BO3HUKAIM CUTYallUH, KOTJa TpeOOBaJIOCh pelIaTh 3a/1aun
Ha 3KkcTpeMyM. OJiHa U3 TePBbIX, JOLIEAIINX 10 HAC, 33/1a4 0J0OOHOTO po/ia CBsA3aHa ¢ JereHa01
00 ocHoBanum ropoaa Kapdarena. Kak nmosectByer B «DHeuje» puUMCKUN 1mo3T Beprummii,
JaBHBIM-Z]aBHO (PMHUKHUICKas 1apeBHa /upoHa ¢ HEOOIBUINM OTPSAIOM MpEAaHHbIX ei Jronen
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NOKHMHYJA poaHoi ropoa Tup, crmacasich OT mpecieoBaHmii cBoero Opata Tupana Ilurmanuona.
Ee xopabmu ormpaBuiuck Ha 3aman no Cpeau3eMHOMY MOPIO M IUIbUIM, Toka JlumoHa He
oOmoboBania ygoOHOe Ul MOCEJICHUS MECTO Ha appUKAHCKOM I00epexbe, B HBIHEIIHEM
Tynucckom 3anuBe.BeicanuBiiuecss GUHUKUANIB ObUIM BCTPEUEHBI HE OYEHb TOCTENPUHMHO
MECTHBIMHU JKUTENISAMHU, HyMuauiiaMu. Koposnp HyOunuiineBSIp0 BOMHCTBEHHO U NPE3PUTEIHHO
pasroBapuBajl ¢ HEMPOILIEHOW rocThed. OH NPUHSI IParoleHHOCTH, peayioKeHHbIe J{unoHoit
JUISL TIOKYIIKM 3€MJIM, HO PELIMTENBbHO 3asBWJI, YTO B3aMEH OH COIJIaCeH YCTYNHTh €M JIMIIb
KJIOUOK 3E€MJIM, «KOTOpPBI MOXKHO OKpYXHUTb Oblubedl wiKypoit». LlapeBHa 06e3ponoTHO
coryacuiiachk. SIp0 MOHST XUTPOCTh W KOBAPCTBO (DMHUKUSHKU CIMIIKOM MO374HO: JlumonHa
npHKasaja pa3pe3arh HIKypy Ha O4€Hb TOHKHE peMHHU U cIIuTh uX. [lomydus, Takum oOpazom,
TOHKHM, HO OYEHb JJIMHHBIA pEMEHb, OHAa OTrOpPOAMJIAa HMM OT Oepera 3HAYUTEIHHYIO
tepputoputo. I[Ipocroayinbiii, HO YecTHbIM SIpd He cTal OTKa3bIBaThCS OT JAHHOTO CJIOBa. A
Jumona Ha 3TOM MecTte ocHoBasia ropos Kapdaren. B mamsite 06 3Toii uctopun kapdareHckas
KpenocTh Obuta Ha3zBaHa «bupca», uro Ha s3bike oOutatenedt Kapdarena oznauaer «ObIubs
HIKypay.

Jlerenma oTHOCHUT cOOBITHS K 825 roay 10 H.3. ¥ HaM, KOHEYHO, CYIUTh 00 HX
JIOCTOBEpHOCTH TpyaHO. Ho 11 Hac mHTEepecHa mMaTeMaTH4ecKas 3ajada, KOTOPYIO, BHUIAMMO,
npunuiock pemars umone. Ilpenmnonoxkum, 4To JJIMHA U3TOTOBJICHHOTO TOHKOTO PEMHS paBHA
600M. Toraa Ha COBpeMEHHOM sI3bIKE 3a1a4a J{uoHbI GopMyIUpyeTCs TaK:

3aodaua. OnHa cTOpPOHA MPSAMOYTOJILHOTO y4acTKa 3eMJIM NPUMBIKAET K Oepery mops, a
TPH JIpyrH€ Oropa’kUBarOTCs peMHeM, JinuHa KoToporo 600M. KakoBbl 10JKHBI OBITH CTOPOHBI
3TOr0 y4acTKa, 4TOOBI €ro IJIoua b Obuia HanooIbIICH?

Pewenue. Ilyctp oHa CTOpOHA MPSIMOYTOJBHUKA paBHA X M, TOTJA JApyras CTOpOHA
paBHa (600 — 2x)m. [Tnomans npsmoyroasHuKa OyneT GyHKIKEH OT mepeMeHHon X: y = x(600 —
2x) = 600x — 2%, o6nacts onpenenenus: koropoi (0; 300).

Haiinem wnaubonbiiee 3HaueHue »dToil ¢yHkmuun Ha npomexyrtke (0; 300).

[TponsBonHas ITOMN byHKIAN y = 600 - 4x.
Kputnueckass Touka Haigercs w3 ypaBHenus 600 - 4x = 0 x = 150.
Hccnenyem 3HaK MPOM3BOIHON HA KaXJI0M HUHTEpBaJe

(0; 150) y' > 0

(150; 300) y' <0

Tak kak npu nepexone uepe3 Touky x = 150 mpousBogHast MEHSET 3HAK C ILUIOCA Ha
MUHYyC, TO npu X = 150 QyHKuMS MMeeT MakCUMyM. 3HA4uMT, HauOOJBIIYIO IUIONIA/b WUMEET
IIPSAAMOYTOJIBHUK co CTOpPOHAaMH 150 M u 300 M.
Haiinem momaae oroposkeHHoro ydactka 3emiu S = 45000 M2,

Mpl pemmnu 3agady JIMJIOHBI, CUMTasl, 4YTO y4acTOK MMeeT (GopMy MPsIMOYroJbHHKA.
Pemenne monoOHbIX 3a7a4, ecnu opMma TpaHULBI — KpUBAsl JIMHMS BbI3BAJO K >KM3HHM HOBBIN
BaXHBIA Pa3/ie]l MATEMAaTUKU — BAPUALMOHHOE HMCYMCIIEHUE, B KOTOPOM OCHOBHBIM IOHATHEM
aBiseTcss He (QYHKIUSA, a (QyHKUMOHal. B Hacrosmiee Bpemsi 3TOT paszied IJI0JOTBOPHO
UCTOJIb3YEeTCsl BO MHOTUX 00JIaCTAX MaTeMaTUKH, (GPU3NKU, TEXHUKH, SKOHOMHKH.

e B OBCEIHEBHOW JKM3HM, B IPAKTUYECKUX 3aJadaX YacTO BO3HHMKAET
HEOOXOJUMOCTh ONpENENIeHHs] YCIOBHM, NpU KOTOPHIX Mbl IOJy4aeM HaWydllIne
pe3ynbTaThl TPYIa.

3adaua. VI3 npsMOyTOIBHOTO JUCTA XKECTU pasmepoM 25 X 40 cM HaAJAO M3TOTOBHTH
OTKPBITYIO KOpOOKY HanOOJIBIIETO obbema.
s u3rotoBiieHUs: KOpOOKM HaJ0 BbIpe3aTh KBaJApaTHbIE Yrojikh. B 3aBUCMMOCTH OT JJIMHBI
BBIPE3aEMOr0 KBaJjpaTa IOJYYalOTCs KOPOOKH, HMEIOIIME pasziauuHble o0beMbl. [loaTomy
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HEOOXOUMO pacCUUTaTh pa3Mepbl BBIPE3a€MBIX KBAJPaTOB, MPU KOTOPHIX KOpPOOKa HMeEeT
HanOOJIBIINIA O0OBEM.

Pewenue. O603Ha4MM CTOPOHY BBIPE3aE€MBIX IO yIJIaM KBaJIpaToB dYepe3 X. JIHOM
KOPOOKH SIBIIACTCS MPSMOYTOJIBHUK, CTOPOHBI KOTOPOro paBHBI a = 25 — 2x u B = 40 — 2x.
Bricora kopoOku paBHa x. CieoBarenbHO, 00beM KOpoOKHU paBeH V = (25 — 2x)(40 — 2x)x, T.e.
SABJISICTCS. QYHKIIUEH OT TIEPEMEHHOU X.

y = (25 — 2x)(40 — 2x)x = 4x>— 130x? + 1000x

Ob6mactp onpeneneHus: 3Toil Gpynkmuu mpomexyTok (0; 12,5). Haiinem skcTpeMyMbl
9TON (PYHKITUH.

y' = (4x> - 130x% + 1000x)' = 12x* — 260x + 1000

12x* —260x + 1000 = 0

Kpurnueckue Touku ¢pynkiyu x1 =~ 16,7 — He BXOJUT B 001aCTh ONpeiesicHHs (QYHKIHH.
x*=5

OmnpenesiuM 3HaK IPOU3BOIHON B MIPOMEIKYTKAX

(0;5)y >0
(5;12,5)y' <0

Tak kak npu nepexojie uepe3 TOUKy X = 5 MPOU3BOJHAS MEHSIET 3HAK C IJII0Ca Ha MUHYC, TO MPU
x =5 ¢ynkusa y = (25 — 2x)(40 — 2x)x = 4x3 — 130x% + 1000x mmeer MaKCHUMYM.

CJ'IGI[OBEITGJ'ILHO, K0p061<a 6yz[eT HMETh HanOOJBIINH 00bEM IIpH BBIPE3aHUN KBaJAPaTOB CO

cTopoHoit 5 cM. Halinem o06beM nonydeHHO# mpu 3ToM Kopooku: V(5) = 2250cm°.

3aoaua. DnexTpoHarpeBaTelbHbII MPUOOP MOTPEOISIET MOIIHOCTH OT UCTOYHMKA ToKa, DJ1C
KoToporo pasHa 3B, a BHyTpeHHee conpoTuBieHue paBHo 20M. Kakoe conpoTuBieHue JOKEeH
UMETh MPUOOP, YTOOBI B HEM BbIJIEJSIACh MAaKCUMaIbHAs! MOLTHOCTh?

MormtHocTb, noTpedisieMas 3JeKTpOHarpeBaTeIbHBIM TPUOOPOM, COITPOTUBIIEHUE KOTOPOTO

£*R
paBHo R, Haxomutest mo popmyite (& + R . O6o3naunm conporusierne npudopa R = x. C
Qx Qx
y=Pl)= - = —
Y4€TOM JaHHBIX 33/1a4d COCTaBUM (DYHKITHIO (2 +x) x* + 4x + 4 OO0iacrts

omnpeneneHus 3To PyHkiuu mpomexxkyTok (0; + 9 ), Mccnenyem noiydeHHY0 QyHKITUIO Ha
IKCTPEMYM.

, 9x “ 36 — 9x°
v =P = ) =
X

xf+d4x + 4 2 +dx 4+ 47
KpuTHYeCKie TOUKH HaiiyTcst 03 ypaBHeHns 20 — 9%° =0

X1 = — 2 TOYKa HE BXOJUT B 00JIaCTh OIpeieleHUs (PYHKIINH.
X2 = 2
Haiinem 3HaK MpoU3BOJHON HA KaXI0M ITPOMEKYTKE

n
6;2Y >0

!

(2,+2 )Y <0
Tak kak 1pu nepexojie uepe3 TOUKy X = 2 IPOU3BOJHAs MEHSET 3HAK C IIJIK0CAa HA MUHYC, TO B

9TON TOUKe (QYHKIUS UMEET MAKCUMYM. 3HaYUT, MOIIIHOCTb, IOTpedisieMas mpudopom, Oyner
HauOOJIbIIIEH, €CITH COPOTUBIIEHUE €ro PaBHO 2 OM.

Pemienue ynpaxHeHui
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1. U3 Bcex npsMBIX MapajulesenuIeoB ¢ JaHHOH MII0MIA/IbI0 TIOJHOM MOBEPXHOCTH S U
KBaJPaTHBIM OCHOBaHUEM HAWTH TOT, KOTOPHIA UMEET HAauOOJBITUNA 00BEM.

2. U3 npsAMOyroibpHOTO JTUCTa KecTH co ctopoHamu 80u 50 cMTpeOyeTcst U3STOTOBUT
OTKPBITBIN CBEPXY SAIMK HauOoJIbIIero 00beMa, 0Tpe3as paBHbIe KBAapaThl IO yIJiaMm,
yIalss UX U 3aTeM 3arubas )kecTb, YT00bI 00pa3oBaTh OOKOBbIE CTeHKH. KakoBa nomkHa
OBbITh JUIMHA CTOPOHBI BHIPE3aEMBIX KBaIPaTOB?

3. U3 Bcex mpsAMBIX MapauieNenuIeoB ¢ JaHHBIM 00beMOM U KBa/IPATHBIM OCHOBaHHEM
HalJAUTE TOT, KOTOPBIA UMEET HAUMEHBUIYIO IIJI0IIAb ITOJIHOM IIOBEPXHOCTH.

4. Haiinure pa3mMepbl OTKPBITOro (0€3 KPBILLIKH) SIIMKA C KBaAPATHBIM JHOM, UMEIOLIETO
HaMMEHBUIYIO IJIOLIA/lb OJHON MOBEPXHOCTH IIPU 3aJaHHOM 0OBbEMe.

5. Brlumnciure pasmMepsl OTKPBITOTO SIIKMKA ¢ KBaJPaTHBIM JTHOM, UMEIOILEr0o HauOoIbIIni
00BbeM, eciii 001ast MI0LIa (b TOBEPXHOCTH OOKOBBIX CTEHOK M JJHA PaBHA S.

IIpakTuyeckasi padora Ne 13
Tema: VccienoBanust Ha SKCTpEMYM B 3ajJjauax Ha 00beMbI (PUTYp BpallleHUs

I_[e.m,: Hay‘lI/ITB peuiaTth 3aaa4 Ha HAXOXKACHUC DKCTPEMYyMa

KakoBbI TOKHBI OBITH pa3Mepbl KOHCEPBHOW OaHKH MMIMHAPUIECKOH (HOpMBI, 4TOOBI Ha €€
U3rOTOBJICHHE NOLIIO HAUMEHbIIIee KOJIMYECTBO MaTepuaa, eciau oobem 6anku 0,5 nutpa?

— I —
Bo-niepBbIX, TUTp — 3TO equHHUIA 00bEMA. Lr=10a¢ =10x10x10 cae = 1000 o

A Tenepb 0YeHb BayKHbI MOMEHT: TaK KaK pa3Mepbl OaHKH, OUEBUIHO, BBIPA3STCS B
caHTuMeTpax, To 0,5 nutpa ciaenyer cpa3zy nepeBecTd B KyOMUeCKUe CAaHTUMETPBbI!

K cnoBy, uro 310 3a pazmepsl? L{unuHap cTaHaapTHO OINpENEsSeTCsl paAuyCoM OCHOBAaHUS ¥ U
BBICOTOH % . Bo-BTOpBIX.

I
mIomans kpyra: ¥

Ry

Fox

o . = 2k
TI0MIa/1b OOKOBOW MOBEPXHOCTH IHIUHAPA!

2
00BEM IIUITHH/IpA: V=arrth

o =18
PeweHue: cocmasum d)yHquo rmoumdu nos1Hou rnosepxHocmu L{UﬂUHapG ( :I, 3asucAawyro om eeo

F oA

paoduyca. lMycms — paouyc 0Ha (U KpbIWKU) KOHCep8HOU bAHKU:
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a2
o =R oA
Toz0a naowjadb OHa: ¥ . CMosbKo 3e U naowadb KpblWKU.

_ 3
Mo ycnosuto 06véM KoHcepaHol baHKU paseH 0.58="500cx :

V= rih=500 = };_@m
:-‘?'

Boipazum uepe3 ¥ naowadb 60Kosol nogepxHocmu 6aHKU:

R 200 IDDDCMg

Fax 3
il r

Mnowade nonHoli nosepxHocmu 6aHKU pasHa cymme naouwsadeli OHa, KpblwKu U 60Koeol
nosepxHocmu:

1000 _ oyl +1E]DE]

F r
Halioém Kpumuueckue mow(u:

3_
) ( ay mm}zgﬂ_zrn mou 4(;??-?* 250) _

S (25 { _s F
— Kpumu4YeCcKasa mo4kKa.

Mposepum sbinosHeHUe AoCMAMOYHO20 YC08US IKCMPEMYMA:

Sﬂmz[M_r_mm}:dlﬂmm.z

2 3
F F

U E =4}‘T+M=4?T+12?T=16?T}ﬂ
T 250

F
@5\/§
moykKe T :"T.

Bbicoma onmumasnbHol 6aHKU:

500 500 500. 372 20
i [ \r}:‘ a.25.3/27
sl a3 =
i

F=25 3ﬁ||— oAt 45 oA
Omeem: paduyc 0CHO8AHUA ONMuUMAasnbHOU 6aHKU: T , eé sbicoma:

20

h= cad e B0 oA

dar

siri =t 4ot 4

s(r
, 3HQYUM, PyHKUUSA ) docmuzaem MUHUMYMQA 8

IIpakTuyeckoe 3ansaTue Ne 14
Tema: Beruncienrne 006eMOB (GUTYp BpaIICHHS C TTIOMOIIBIO OMPEACIICHHOT0 HHTETpaia
Heab: HayunTh BEIYUCISATE C TOMOIIBIO OMPEEICHHOTO HHTETpaia 00beMbI (GUTYp BpalleHUS

Teopernyeckas 4acTb
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Brruncnenne oobema Tema, 00pa3oBaHHOTO BPAIICHUEM TUIOCKOU (PUTYpBI BOKPYT OCH OX

ITpumep 1

Boerarcnuth 00beM TeJa, MOJYISHHOTO BpallleHuEM (PUTYpPhI, OTpaHUYCHHON
y=2x-x y=10 0)'e
, .

JIMHUSIMHA BOKPYT OCH

Pemenne: Kak u B 3a4a4€ Ha HAXOXKACHUC IIJIOIaqu, PCIICHUE HAYUHACTCHA C YEPTEKa

11ockoi ¢gurypsl. To ecTh, Ha INIOCKOCTH ACY geobxomumo MOCTPOUTH (HUTypYy,

S P B

OIrpaHMYCHHYIO TUHHUAMH y=2x-x ) y=0 .
. P - S S S
e A ot
s B
Y= 2x -t s

*
[

SR SN
SR Sl TR

......................................

McKkomas nnockaa ¢ourypa 3aTpuxoBaHa, UMEHHO OHa M BPaLLAeTCca BOKPYr ocu X

Kax BerarciuTh 00beM Tea BpalieHus?

OO0mbeM Tena BpallleHUsI MOKHO BBIUMCIIUTS 110 popMmyIe:
A
2
v =n| 7 (@)dx
2

B MPAKTUYCCKUX 3aJaHUAX TIIIOCKAA Q)Hrypa HHOT'Ia MOXKET pacrojaraTbCsa U HUXE OCU QX .

2
DTO HUYETO HE MEHSET — MOJIbIHTErpaibHast GyHKIHS B (OpMYsie BO3BOJIUTCS B KBAPAT: S (x)
, TAKUM 00pa3oM MHTETpall BCEra HEOTPHUIIATEIeH, YTO BEChbMa JIOTUYHO.

Borurcnum o0beM Tena BpalleHus, chonmyﬂ TaHHYI0 Gopmymy:

= ;?r_[f (x)dx = ;?TI(EX i dx = ;?TI{4x —4xt 4 dx =
i}

=T 4i—x +%| =T —16

32 0] 1657
3

5 15


http://www.mathprofi.ru/chto_takoe_integral_teorija_dlja_chainikov.html

= 167 2d® =335 25%

OT1BerT:

[Ipumep 2

Boraucnute 00beM Tena, Moy4YeHHOTO MPH BPAIlEHUH BOKPYT OCH abcuuce Gpurypsl,
. =2x+1 y=x+4 ;= =
OTPAaHUYEHHOU JTMHUSIMH Y e , A= 0 yax=1
. y=2x+1
Pemenne: 1300pa3um Ha yepTexe IIOCKYIO (GUTYPY, OTPAHUYCHHYIO JTHHUSAMU

=x+4 - - - )
Y ,#=0 x=1 ye 3a6piBasn [IPH 3TOM, YTO YpaBHEHHUE * = U samaer ocp 91

y=2x+1 E

x=1 i
5 ! L X
—————

: 3 4 3

Hckomas ¢urypa 3aliTpuxoBaHa..
OO0mbeM Tena BpallleHHsI BBIYUCIUM KaK pa3HoCcmb 00beMos8 meil.

CHauana paccMoTpuM (uUrypy, Kotopast ooBeieHa KpacHbIM 11BeToM. I1pu e€ BpalieHnr BOKpYT

. ¥
ocu @4 HOJTy4aeTcsl yceueHHbIH KoHyc. O003HauuM 00BEM ITOTO YCEUEHHOT0 KOHyCa 4epe3 1

Paccmotpum durypy, koTopast 06BezieHa 3e1eHbIM 1BeToM. Ecnu Bpamars nanayto urypy

BOKpPYT' OCH Ox , TO IIOJIYYUTCA TOXKE ycequHHﬁ KOHYC, TOJIBKO 9yTbh TIOMCHBIIIC. O06o03HaUNM

2
ero oobem uepes 2.

V=47,

U, oueBuIHO, pa3HOCTH OOBEMOB — B TOYHOCTH 00beM Hamei ¢purypsl. Mcnonb3yem

CTaHAApPTHYIO (I)OpMyJ'Iy JJIA HaXOXKICHU A o0Bema Tenna BpalICHUA:

v =n| 7 (x)dx
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y=x+4

1) ®urypa, oOBeieHHAsI KpaCHBIM IIBETOM OTPaHMYCHA CBEPXY MPSIMOM , IOATOMY:

1 1 3
V= ﬁf{x+4)2dx= J‘T_I-':Xg +8x+16).::?;::7;{%+4x2 +16ng =77{%+4+16] = 51?”
i}

o
2 . y=2x+1 .
) ®urypa, 00BeIcHHAs! 3€JICHBIM [IBETOM OIpaHUYEHA CBEPXY MPSMOit , TOTOMY:

1 1 3
v, = mf(2x+ 1 dx = m|(4x* + 4z +dx = LY P S e S IR
U . 3 P 3

3 61;??_ 13;??_ A8 3
3 3 3

V=V, -V, 167

3) O6beM ucKoMOro Tena BpalleHUs:

o V=16med’ w5038
TBET.

Beruucnenue o0bema Tea, 00pa30BaHHOTO BpalllEHUEM
TI0CKO# Gurypsl Bokpyr ocu Oy

[Ipumep 3

JlaHa miockasi (pUrypa, orpaHMYCHHAS THHASAMA © Rk i 3—afx VTR +1 .

Haiitu 06bem Tena, morydeHHOTo BpallleHHeM MI0CKON (PUTYpbl, OTpaHUYCHHON JaHHBIMU

JIMHUSIMU, BOKPYT' OCHU oF .

Pemenmue:

1) BemmonHum ueptéx:
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2) Beruncnum o0beM Tena, 00pa30BaHHOTO BpalleHHEM JaHHOW (UTYpPbI, BOKPYT OCH or

[lepepucyem yepTesk HEMHOTO B JPYroM O(QOPMIICHHH:

Urak, purypa, 3amrpuxoBaHHasi CHHAM IIBETOM, BpaI[aeTCsl BOKPYT OCH or st HaxoxaeHust

o0beMa Tena BpalCHHUA 6y,[[CM HHTCIpHUPOBATH 11O OCH or .

Bpamaem ¢urypy, o0Be1eHHYI0 KpacHBIM IIBETOM, BOKPYT OCH or , B pe3yJbTaTe Mnoixyvyaercs

i 4
yceueHHBI koHyc. O003HauuM 3TOT 00BheM uepes3 L.
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Bpamaem ¢urypy, o0Be1eHHYIO 3€JI€HBIM [IBETOM, BOKPYT OCH OF 4 06o3nauaem

o
gepe3 ¢ 00beM IMOyYEHHOTO TeJla BPaIlCHHUS.

O0BeM Harei Gurypsl paBeH pasHOCTH 00bEMOB V=t .

Hcnonb3yem (opmyiy Ui HaxoxaeHUs 00beMa Tella BpalleHus:

a
v = =] Ay

5 5 5 5
v =0 =¥, =x| - Ddy -7l (-3 V= 2] (- Vay-a] (v -ty =
2 2 2 2

T s A s|s _ T 33w Tl
=Ly - Ly — == -1-=G2--1N=21Tr-—=—
0=V E-SO-Y L =364 -D-2G2- (1) —=—
L LTS YRR
Ortser:
ITpumep 6
Jana miockast purypa, orpaHHYCHHAs TMHUSAMH = 2 YT ~In x u ocpro P4

1) Iepelitu k 0OpaTHBIM (QYHKIUSAM M HAWTHU IUIOIIAb IUIOCKON (PUTYphI, OTpaHUYEHHOMN

JaHHbIMHA JIMHUAMHU, UHTCITPUPOBAHUECM 110 nepeMeHHoﬁ > .

2) BeruncnuTh 00beM Tena, MOTYy4eHHOTO BPALIeHHEM TUIOCKON (QUTypHI, OrpaHHYECHHON
JTAaHHBIMU JIMHUSIMH, BOKPYT OCH or

OTO0 nmpuMep UIsl CaMOCTOSATENBHOIO pereHus. JKenaronye Takke MOryT HalTH TUIOIA b
(Gurypsl «0OBIYHBIM» CITIOCOOOM, BBIMIOJIHUB TEM CaMbIM IIPOBEPKY MyHKTa 1). A BOT eciu,

MOBTOPIOCH, OyIeTe BpalaTh MIOCKYI0 (PUrypy BOKPYT OCH 0L 1o MIOJIYYUTCSI COBEPIIEHHO

Jpyroe TeJo BpalleHusl ¢ JpyTUM 00beMOM, KCTaTH, IPaBUIIbHBIN
(22 —dln 2+ 2wed” = 0,59 28, .
OTBET (Toke mis moOuTenel mopemniaTh).

[TonHoe xe peHICHUC ABYX MPCAJIOKCHHBIX ITYHKTOB 3a/IaHH B KOHIIC YpPOKa.

Ja, n He 3a0bIBaliTe HAKJIOHATH FOJIOBY HAIIPAaBO, YTOOBI pa300paThecs B TeIax BPALICHUS U B
npezenax UHTErpupoBaHus!

Xoten, ObUIO YK€, 3aKOHYUTh CTaThi0, HO CET'OJIHS MMPUHECTN HHTEPECHBIN TPUMED KaK pa3 Ha
HaXO0XJIeHHEe 00beMa Teja BpalleHHsI BOKPYT ocH opauHaT. CBEXavOK:

[Tpumep 7

Buruncinuts 006eM TCI1a, 06p3.30BaHH01“0 BpallCHUEM BOKPYI' OCHU or (I)I/IprBI, OFpaHHqCHHOﬁ
2

y¥= 7 _ .2
KPHUBBIMH I+x" g y=x
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Pemenne: BeinoaHuM yeprex:

ST W -
5 : %)
: £ A
-------- .
"""" 4' . : e
A 2 3 X4

I[JISI OEJIUM HaAaXOXIACHUA o0beMa Tena BpamCcHusA AOCTATOYHO HMCIIOJIB30BATh MPABYIO IMOJIOBUHY

¢burypsl. O0e GyHKIIUU SBISIOTCS YETHBIMU, UX IPapUKU CHMMETPUYHBI OTHOCUTEIHLHO OCH or

, CAMMETpHYHa 1 Hama gurypa. Takum o0pa3om, 3alITPUXOBaHHAS IIPaBasi 4acTh, BPAIIasiCh

BOKpPYT' OCH or , HETIPEMEHHO COBHAET C JIEBOM HEIITPUXOBAHHOM YaCThIO.

[lepeiineM kK 0OpaTHBEIM (YHKIUAM, TO €CTh, BHIPA3UM «HKChD» YEPE3 KUIPEKHN:
2 2 2
=l =S 51
1+ x ¥ ¥

y=xj:‘>x=x&

l:]_.? =

O6paTuTe BHUMaHHKE, 4TO NPaBOii BeTKe mapabomsl COOTBETCTBYET oOpaTHast
=,y . .

byHKIMSA . JIeBoii HeMCNOIB3yeMOM BeTKE apaboJibl COOTBETCTBYET 0OpaTHas

X=—.
byHKIMSA ¥ . B taknx Cllydasx HepeIKO BOSHUKAIOT COMHEHUS, KaKylo k€ (QYHKIINIO
BbIOpaTh? COMHEHHUS JIETKO, pa3BEUBAIOTCSI, BO3bMUTE JIIO0YIO TOUKY NPaBON BETKH U

X=a]
MOJICTaBbTE €€ KOOPJAUHATHI B (DYHKIUIO Y Koopaunats! noionim, 3HauuT,
x=.]y
byHKLMsA 3aJ1a€T UIMEHHO MPAaBYIO BETKY, a HE JIEBYIO.

Teneps 3amMeuaeM 4TO:

oy

=

[D;l] x=
— Ha OTpe3Ke HaJl OCBIO pacnosnoxeH rpaduk GyHKIUN

x= -1
pacriosioskeH rpaduk GyHKIH ;

= | o2

— Ha OTPEC3KC [1’2] Haa OChbIO or

Jloru4HO NPEanoI0KUTh, YTO 0OBEM Tella BpallleHUs HY>KHO UCKaTh yXKe KaKk CyMMY 00beMOB
TEJ BpalleHUi !
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Hcnons3yem dopmyny:

a
v = =] A (dy

B JaHHOM CJiydac:

=0+ :'T].'N{_} cfﬁfff{FJ dy = fif‘fﬁ"‘?f(;‘l}ff:

=g(f)|,‘;,+n12my—y)|f :g(l—D)+;?T(2]112—2—D+1j:j2—r+m(2]n 2—1):7{2111 2—%]

V= 71{2]11 2—1] ed’ w278 e’
, o
OTBer:

Pemienue ynpaxHeHui

Brrancnute 06beMbl puryp, 00pa3oBaHHBIX BpallleHHEM IUIONIaIel, OTpaHUYCHHBIX
YKa3aHHBIMU JINHUSMHU:

x+2y—4=0,y=0,x=ZBOprrocy10x
y =x,y =0,x =1,x = 4 Bokpyr ocu Ox

y? —2(x+2)y—0x—4BOprrocnOx
10. y = x?2 — 1,y = 0 Bokpyr ocu Ox

1. y? =4x,y = 0,x = 4 Bokpyr ocu Ox

2. y=x%-9,y = 0Bokpyr ocu Ox

3. x—2y+6—0y—0x—ZBOprFOCHOx
2

4, x—+——1 y = 0 Bokpyr ocu Ox
2 2

5. Z—Z—%z1,y=0x=a,x=2aBOprroa/IOx
2 2

6. Z—2+%=1,x=OBOprrocnOy

7.

8.

0.

IIpakTnueckas padora Ne 15

Tema: HccnenoBanus Ha 3KCTpeMyM B 3a/adax Ha IJIOLIAIU MOBEpXHOCTEH ¢uryp
BpallleHus

Ieas: HayunTs pemarte 3a1a4n Ha HAXO0XK/IEHUE DKCTpEMyMa

[Ipu pemeHuun 3amad Ha SKCTPEMYM Ydallldecs HEPEIKO HCHBITHIBAIOT TPYJHOCTU B
COCTaBJICHUM AHAJTUTHUYECKOW 3amucu (YHKIMH, ONHUCHIBAIOLIeH ycinoBue 3amaud. [IpuumnHoit
TOMYy 4YacTo ObIBae€T HEpalMOHAJbHBIM BBIOOp HE3aBHCUMOM IepeMeHHoH. Ee xkenmatenbHO
BBIOpaTh Tak, 4ToObI Oojiee KOPOTKMM IyT€M MOJYyYUTh AHAIMTUYECKOE BBIPAKEHUE TAHHOU
GbyHKIIMM 1 YTOOBI BhIpaykeHUE ObLI0 00Jiee TPOCTHIM.

Pemenue 3agadd Ha  OTBICKAHHUC HauOOJBIIET0 W HAMMEHBIIETO 3HAYCHUS
FGOM@TpPI‘I@CKOI\/'I BCJIIMYHMHBI C IIOMOIIBIO 0611161"0 METOAa, OCHOBAHHOI'0O Ha IMPHUMCHCHUU
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MIPOU3BOTHOM, HE BCET/A SIBISICTCS PAllMOHANBHBIM. MHOTIa K 1€ MOXHO MPHUHTH OBICTpee U
0osiee KOPOTKUM ITyTEM, UCIIOJIb3Ys AJIEMEHTaPHbBIE METObI U TPUEMBI.

3agaua Ne 1.

B okpyxnocts pamnyca R Bhnmcana tpaneuuss ABCD, ocHoBanue AB kortopoit
SBIISICTCS TMAMETPOM OKPYXHOCTH. KakoBa j0mkHA OBITH JJIMHA OOKOBOW CTOPOHBI TPAIEIHH,
YyTOOBI Tpaneuus uMesaa HanOoJbIIYIO IIoHaab?

Pemenue:

1 cmoco6.

B 3amaue tpebyeTcst HalTH ATMHY OOKOBOW CTOPOHBI TPANEIMH, IPU KOTOPOH IIIONIa1b
Tpaneuuu Oyzaet HauOosblIei. Ee MOXXHO IPUHATH 32 HE3aBUCUMYIO TIEPEMEHHYI0, 3aTE€M Yepe3

He€ U paguyc R OKpy»XKHOCTH BBIpa3HTh IUIOMAAh Tparneuud. OOBIYHO ydalIuecs periaroT TaKuM
CIIOCOOOM.

2 cnocoo.

Iycts BeicoTa Tpanenuu DH = x. U3 npamoyromnsHoro £ODH

(O — eHTp OKPYKHOCTH) HAXOJUM: OH =~JR -x".

3naupr, &4 = R+ JR - x’ , ¥ TIOJTydUM:

2 2
= + ) -
LN s rae 0 <x < R — mpocroe o ¢opme BblpaxkeHHe A QyHKIUH S.
OpnHako BBIUMCIICHHE MPOU3BOIHON TpeOyeT Oosiee CIOKHBIX BBIKJIAIOK, YEM MPH PEIICHUU
3a/1a4 MEePBBIM CIIOCOOOM.

3 croco0.

Ilycts BH = x, Torna AH=2R - x. U3 cBoiicTBa BBICOTHI mpsAMoyroibHoro ?ABD

DH = [x(2R - 1)

HMeeM: W, CIIeIOBATEIIBHO,

o= X{ER_X)’R<X<2R.
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[TpousBonHas GyHKIUU S? = 2Rx® — x* maxomures IIPOLIE, YEM MPU PELIECHUU 3a1aun
MEPBBIM U BTOPBIM CIIOCOOOM. 3a/1auy MOKHO PEIIUTh U O€3 UCIOIb30BaHUsI POU3BOIHOM.

Tak kak 3S% = (6R — 3x ) ‘x*x°X. B mpaBoii yacTu - mpou3sBeeHNE IEPEMEHHBIX, CyMMa
KOTOPBIX TIOCTOSIHHA W paBHa 6R. DTO mpowu3BeleHHWE NMPUHUMAET HAuOONbIlee 3HAYCHHE B
clydae MX paBeHCTBa, T.€. X= 6R — 3x, oTkyna

x = 3/2R. Ilpu atom AH=1/2R u AD=0OD=R.

4 crmoco0®.

Iycrs <BAD = x Torga BD=2Rsin’x, DH=2Rsinxcosx.
Haxonum:

S=4R%s ngxcosx, 45% x < 90°,

v X3
< =Unpu tg x = 3 , T.6. IIpU X = 60° . Ocraéres CpaBHUTH 3HaYeHHE QYHKIHMU S B
KPUTHYECKOI TOUKE CO 3HAYCHHMSIMH Ha KOHIAX mpomexyTka [45°, 90,

5 cmoco0.

BBenem He3aBUCHMYIO NIEPEMEHHYIO LACD = x, IJIOIIAAb TpaIlClUH, PaBHA CYMMeE

momanei TpeyroasaukoB AOD,BOC u COD. CnenoBarensHo,
5= %R%{z sin x +sin{ 180" - 2200.0" < x < 90",

3amada CBOJUTCA K HAXOXKJICHUIO HAaUOOJIBIIETO 3HAYeHUS () yHKIIUH:
Filx)=12sm x+samn 2x

Ee npousBoanas Jlx)=2cosx+ 2cos 2x

cosx toos2x =10
npu 0 < x < 90"

Kputnueckue TOUKH MOIYyYUM, PEIINB YPaBHEHHUE:
3agaua Ne 2.

B okpyxHocTh panunyca R Bnucana tpanenus ABCD ¢ ocnoBanuem AB. Ilpu kaxoii
JuinHe cTopoHbl AD mutomane Tpanenuu Oyner HanbosbILIeH, eciu

LAUB = & 1116 O — rentp oxpyKHOCTH?

Pemenmne:
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MyCTh LACOD = ZABOU = X [Inomane £AOD:

SCAOD = Rt
2 Haiiném nnomanu tpeyroiasaukos: AOD, BOC u COD.

L0000 =360 - (a+ 2x),

y‘lI/ITBIBaH, qTo MMOJIy4YnuM:

S=%Rj(25mx—sm(&+2xj+sm &),

IIpoBeném nuamerp M? OKpYKHOCTH MapajuleIbHO OCHOBaHMIO AB Tpamenumu.
[Tnomanp Tpameuuu He MOKET ObITh HauOousbluel, ecnu xopasl AB u CD Oynyt nexarb 1o

90° < x+Z <1800 aen” < a<130”
o/Hy cTopoHy oT M?. [ToaToMy ciieqyeT cuutarh, 4To 2

OyHKIUA S UMeeT HauOoJIbIlIee 3HAUCHHE OJJHOBPEMEHHO ¢ (PyHKITHEH

F(x)=2sm x—sin( &+ 2x),

&

Lxg180 -2
2

gg" - &
2

Haiiném npou3BoHy0 3TOM PYHKITUU:

F(x) = 2(cos x — cos(e + 2x)) = 4sin .::r;rxs]_n &;3;{-

C y4€ToM rpaHHI] U3MEHEHHUS X, TTOJIYIHM:

450 + E (ETE g0 &
4° 2 4
1350 - & & 3"&2?0”—%,

HJIW, HCCKOJIBKO paCIIrpsisd IpaHUIbI 9TUX ITPOMEIKYTKOB!

a+x a+3x

45" ¢ £135" a0 < < 70"
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sin >0,
CJ‘IG,I[OBaTeJ'IBHO, l'IpI/I BCEX I[OHYCTI/IMBIX 3HAYCHUAX X HNMCEM. 2 nu
a+3x o 260" - &
Fix=0 —— - 180, o T T
TOraga M TOJbKO TOIr'Aa, Korjga 2 OTKYIIa 3

joo® - @/ 180° - 2|

Wtak, B mnpoMexyTke Z 2! pyskrms f(X) MMeeT eIMHCTBEHHYIO
KPUTHYECKYIO TOUKY Xg, B KOTOPOM, IPOM3BOJIHASI MEHSCT 3HAK C IUTFOCA HAa MUHYC. 3HAYUT, B
9TOM TOYKe (YHKIMS MMEET MaKCUMyM, a 3HAYUT U MCKOMOE HamOoJblliee 3Ha4deHHe. Takum
obpazom, momaas Tparnenun ABCD Oyner Haunbosbiei B ToMm ciydae, koraa nyru BC, CD u

AD = 2Rsin( 60" - &2y,
AD paBHbI U sinf A:I

IIpakTHyeckasi padora Ne 16

Tema 5.7.1: Boruncnenue miomajeil moBepxHocTe (Guryp BpaiieHus ¢ MOMOIIBIO
OIpe/IeJICHHOr0 HHTErpaa

Heab: HayunTh BEIYHCIATE C IOMOIIBIO OMPESIICHHOTO HHTETpajia IUIOMAIN MOBEPXHOCTEH
buryp BpamieHus

TeopeTuyeckas 4acTb

PaccmotpuM pucyHok
A

B y=f(x)

>

25
S T —
v——-—-——

X

UYTO MOXKHO BBIYHCIUTH C MIOMOIIBIO OMPEIEIEHHOTO HHTETpaia?
B nepByto ouepear, KOHEUHO, IIONaAb KPUBOJIMHEHHON TpareluH.

Ecnu xe nanHas ¢purypa Bpaiaercss BOKpYr KOOPJAUHATHOM OCH, TO pedb YK€ UIET O
HaXO0X/1eHUU 00bEMa Tesa BpalleHHUs ..


http://www.mathprofi.ru/opredelennye_integraly_primery_reshenij.html
http://www.mathprofi.ru/vychislenie_ploshadi_c_pomoshju_opredelennogo_integrala.html
http://www.mathprofi.ru/obyem_tela_vrashenija.html

Ha nanHOM 3aHSATUM MBI HAYYHMCSI PACCUUTHIBATH €1IE OJHY XapaKTEPUCTHKY — €IlI€ OJIHY

momans. Ipencrassre, uto maans 48 epawaemes Boxpyr ocu OX B pe3ynbTare 3TOro
JeMCTBUS TIOTY4aeTCsl FTeOMeTpudecKas (purypa, Ha3plBaeMast no8epXHOCmbio epaweHus. B
JTAHHOM CJIy4yae OHa HallOMUHAET TaKOM TOPILIOK O€3 J1HA T.€. C TEOMETPUUECKON TOUKH 3pEHUs
HAIIl «TOPIIOK» UMEET OeCKOHEeYHO MOHKYIO CTCHKY U JIB€ TTOBEPXHOCTU C OJJUHAKOBBIMH
MJIOIAJIIMU — BHEITHIOIO M BHYTPEHHIOK. Tak BOT, BCe AaJIbHEMIIINE BBIKJIAIKH MTOPA3yMEBAIOT
IUIONIA/Ib TOJIBKO BHEIIHEH MOBEPXHOCTH.

B HpHMOYTOHBHOﬁ CUCTCMC KOOPAWHAT IUIOMAAb MOBEPXHOCTU BPAIICHUA PACCYHUTHIBACTCS 11O
dbopmyre:

P= EFT_i-f(x)-ﬁ."1+(f'(x))2dx P= EJT]-ya.fI1+lfy')2cix

HWJIH, €CJIN KOMIIAKTHEE: &

K ¢ynkuumu u e€ npousBogHOM MPEABABIAIOTCA TE K€ TPEOOBaHUS, YTO U IPU
HAXOJKICHHUH JUIMHBI TyT'H KPUBOIi, HO, KpOMeE TOro, KpuBas <15 nomkna

pacrosaratbcs BbILIE OCH OX 1o cyuiectBeHHO! HeTpy1HO MOHATH, UTO €CIH JTUMHUS

(f{x) <0)

pacnojiaracTcs 1moa OCbro , TOIIOJABIHTCTpaJIbHAs (1)YHKI_II/I$I 6y,HeT

o FE LT <0 )
OTpI/ILIaTeJ'IBHOI/I. , 1 HOBTOMy K Q)opMyne l'IpI/II[eTC}I ,Z[06aBI/ITB 3HaAK
«MI/IHyC» I[a6bl COXpaHI/ITL FeOMeTpI/I‘leCKI/Iﬁ CMBICJI 3a1a4n.

Paccmotpum durypy:
[Tnomane MOBEpPXHOCTH TOpa

B nByx cioBax, Top — 310 OYyOJIHK.

ITpumep 1
Brruncnuts miomaab NOBEPXHOCTH TOPA, IMOJYYEHHOTO BPAILIEHUEM

2 a2
OKPYXKHOCTH -3 =1 BOKpYT OCH ox

2 2 _
Pemenue: ypaHenue * -3 =1 3a/1a€T OKPYKHOCTh €JUHUYHOTO paanuyca C LIECHTPOM B

TOYKE (D; 3} . HpI/I OTOM JICTKO MTOJIYUHUTH JIBC (bYHKI_II/II/Ii
(y—3=1-2"
y—3=tJ1- 5
y=3+1- %

—3a7aét BCPXHIOIO MMOJIYOKPYKHOCTD;


http://www.mathprofi.ru/dlina_dugi_krivoi.html
http://www.mathprofi.ru/chto_takoe_integral_teorija_dlja_chainikov.html
http://www.mathprofi.ru/chto_takoe_integral_teorija_dlja_chainikov.html
http://www.mathprofi.ru/linii_vtorogo_poryadka_ellips_i_okruzhnost.html

y=3—J1-z* “ .
— 33J1a€T HUKHIOIO TTOJIYOKPYKHOCTb:

CyTb KpUCTaJIbHO MPO3payHa: OKPYKHOCTh BPALIAETCs BOKPYT OCH abciuce 1 oOopa3yer
nogepxnocms O6yOnuka. EquHcTBEHHOE, 3/1€Ch BO N30€XKaHUE IPyOBIX OTOBOPOK CIIEAYET
IPOSBUTH AaKKYpaTHOCTh B TEPMUHOJIOTUU: €CIIM BpalllaTh KPYyT, OrpaHUYEHHBIN

2 '
OKPYXKHOCTBIO & T b=3"=1 1 TOJTy4UTCS TEeOMETPHUYECKOE TENO, TO eCTh caM 6youk. U
ceifuac pasroBop O MIOMIAIU €ro IOBEPXHOCTH, KOTOPYIO, HYKHO PACCUUTATh KaK CyMMY
IJIOIIAACH:

HaiinéMm miomans IMMOBEPXHOCTHU, KOTOPAA MOJIYIACTCA BPALLICHUEM ((BerHefI»

a

e B=2m|yafl+(pY dx

ayru ¥ = 3+l-x BOKpYT ocu abciucc. Mcnonszyem popmyny 2 :
_ f1_ .2

Bepém dynkmuio * = 3HAl=x" HaxO0IUM €€ NMPOU3BOJHYIO!

1 1 x
(3 l- Y =0+ — (- (0-2x)=———
y =0t w) +2J1—xf* ( ) 21— x° ( g 1-x*

Jlanee MakCUMaJIBHO yIIPOIAEM KOPEHb!

2
||1+|:_}"r:|2 — 1+ _L =J1+ x2 =J1_xj+xg - 1
1-x* -5 1- % 1-x*

46


http://www.mathprofi.ru/kak_naiti_proizvodnuju.html

U, nakoHerm, 3apskaem pe3yanaT B hopmyiy:

B= 2;??[3:«."1+(y') dx = 2;??_[(3+m"1—x y

° +1}ix=

ﬁdx— 2. EFTI{T

= dr(3arcsin x+x}|1,:, =47 3arcsinl +1-(04+0)) = 477{3 : g+1] =6 +4r

2) Haiiném mioiaab MoBEpXHOCTH, KOTOpasi MOJIy4YaeTcs BPAICHUEM «HIKHEH»

y=73—J1-2* -
JIyTH BOKpYT ocH abciucc. Bee aeiicTBus OynyT oTianyaThess HakTHISCKU
TOJIBKO OJTHUM 3HAKOM.

] 1
E= 2;?T-|-yn."1+|f_}?'}2cx’x: 2;rr](3—fd —~ x2)-1ﬁ+((3—m"1—xzj')2dx:

=2;?T:|1'1(3—J'1—T)-\/1+[ 2\{_(0 2ij dx—EHI(B J=x. [\h__}jc;b:

1 ! 2
z;rrj@ J1- ). i dx_EJTI(S J1- 24 || nbihds dx=2. 2;??_[ G-l x Jax
0 - 0 \h— x*
i{
a
3) Taxum o6pa3om, IIIOMIA(b TOBEPXHOCTHU TOPA:
P=FE+ 5 =6 +4m+ 6 —dr=1271

-~ 1]@?;: = d7r{3arcsin x — x}|1,] = 4 3arcsinl — 1- (0 -0 = 47{3 : "’—;— 1] =6 —dar

P=121" o = 118,44 25*

OTBer: ‘Ilpumep 2

3 _
BHIYKCIIUTE MIOIMIAbh TIOBEPXHOCTH TeNa, TIONY4eHHOT0 BpallleHHeM 1apabomist @ — © BOKpYT

ocu “X na mpomexyrke U= F =4

Pewenue: sviuucium niowads nosepxHocmu, 00pa308aHHolU 8pajeHuem 6epxHel

- P=2;?Tiya.|'ll+(y'}2cfx.

* orpye ocu a6cuucc Hcnonvsyem popmyny 2

= (fx) =
B oannom cnyuae:

e 4x+1 fdx+1
oY= “n \/ ax 4x 2%

Taxum o6pa30M'

P= 2;??_[}:J1+(y) .:fx_z;rrjﬁf ‘4j: dx —FT_[«f'4x+ .:fx__j(4x+1)2.:f(4x+1)

:%-%(4x+1}§|; =2t =2 AT ) = 2 0T -

P:%ﬂ?ﬁ—n 0% s 36,18 2",

eemeu

Omeem:.
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IIpakTHyeckasi padora Ne 17
Tema: Beruucienue mionaaei moBepXHOCTEN 11apa ¢ MOMOUIBIO OMIPEACIICHHOTO HHTErpajia

HCJILZ Hay‘lI/ITB BBIYUCJIATE C IOMOIIBIO OIIPCACICHHOIO MHTECTpajia Iiomaiunu
IMOBEPpXHOCTUIIIApA

IMpumep 1. Haiizem moriajp MOBEPXHOCTH Iapa paguyca fi.

Peuwenue. IlomecTrM Havaao KOOpAUHAT B LIEHTP 1apa. bynem paccMarpuBaTh MOBEPXHOCTh
11apa Kak MoBEpXHOCTb, OJYUYEHHYIO B pe3yJIbTaTe BpallleHus

2 2
nonyokpyxksoct T T Y = R BOKpyr ocu (). Torna miomaab NOBEPXHOCTH mIapa
Haiizercs o gopmyse

R
P = Zﬂfywl +(y")? dx.
—R
Tak kak ¥ = V R? — 22 (YHKIMS YeTHAs, TO
R
P:zli'rfywl+ (y')% dx .
]
P —I I? R?
'y = — ]_ a2 — 1 _
Haiins VR? — 2%y pyaucins CyMMY + () * R?— 32 R?2- 12,

IOJIy4HM:
Pemenue ynpaxxHeHui

1.0OnpenenuTs MI0IIA s MTOBEPXHOCTH Mapaboionia, 00pa30BaHHOIO BPAIIEHUEM TYTH
napabosbl = BOkpyr ocu Ox or x =0 10 X = 2.

2.Haiitu mioima s moBepXHOCTH, 00pa30BaHHOM BpalieHueM BOKPYTr ocd OX JIyrH OKPYKHOCTH
(x — 4)% + y? = 367 3aKI04eHHO} MEXTy TOYKAMH

A(2; 42), B(4:6)

3.Haiitu jionraZib MOBCPXHOCTH IAPOBOI0 11osACa, 06pa3OBaHHOﬁ BpalICHUEM BOKPYT' OCU Ox

JIYTH OKpYXHOCTH X2 + y? = 16. 3akmouenHoii mexy Toukamu A(2; 2v3), B(3;V7)

4.Haiitn miomiaap NOBEPXHOCTH IIAPOBOTO MOsica, 00pa30BaHHOM BpalieHneM BOKpyT ocu Oy
JyTH OKpyXkHOCTH X2 + Y2 = 25, 3akimoueHHoi Mexay Toukamu A(4; —3), B(3; 4)



5.Haiitu mmomaab moBepxHOCTH, 00pa30BaHHOM BpalieHHeM BOKpYT ocu OY Tyru OKPYKHOCTH
x? + (y — 2)? = 25. 3akmouenHoit Mexy Toukamu A(2v6; 1), B(4; 5)

6.BeruucnuTe 1Iomaap MoBEpXHOCTH, 00pa30BaHHOM BpalieHueM BOKpYT ocu OX nyru
napabomsly? = 4x, orpanudeHHoi Toukamu 0(0; 0)) A(3;2V3)

7.BeruucnuTe IUIOMAAb MOBEPXHOCTH, 00Opa30BaHHOM BpalieHueM BOKpYT ocu OX nyru
napabonsly? = 9x, orpanudeHHoi Toukamu 0(0; 0)) A(4; 6)
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Jluteparypa:

OCHOBHbIE HCTOYHHKH:
l.AnmmatoB A.B. Maremaruka [DaeKTpoHHBIH pecypc]| : ydueOHoe mocobme mns CIIO / A.B.

AnmatoB. — DneKTpoH. TekcToBble nqanHblie. — CapatoB: [IpodobpazoBanue, 2017. — 96 ¢. —
978-5-4488-0150-1. — Pexwum gocryma: http://www.iprbookshop.ru/65731.html

2. Topromkun, A. II. Marematuka [DnexTpoHHbId pecypc] : ydeOHoe mocobue / A. II.
INopromiku ; mox pea. M. U. Boaunvapa. — D5eKTpoH. TeKCTOBbIE AaHHbIe. — CapaToB : Ail
I[lm Dp Memma, 2019. — 824 c. — 978-5-4486-0735-6. — Pexum pgocryna:
http://www.iprbookshop.ru/83654.html

3. KouetkoBa, 1. A. Maremaruka. [IpakTukym [DnekTpoHHBIN pecypc] : yueObHoe mocodue / U.
A. Kouetkona, X. U. Tumomiko, C. JI. CenezeHb. — DJIEKTPOH. TEKCTOBBIC JaHHbIE. — MUHCK :
PecniyOimmkanckuit mHCTUTYT nipodeccruonanbHoro odpazoanusi (PUITO), 2018. — 505 ¢. —
978-985-503-773-7. — Pexxum pocryma: http://www.iprbookshop.ru/84874.html

4.1.2. lonoJiHUTE/ILHASA JINTEPaTypa:
1. AxmerranueBa B.P. Maremaruka. Jluneilinas anrebpa [DnekTpoHHBIN pecypc| : yueOHOe

nocobue / B.P. Axmerramuena, JI.P. lansyramnoBa, M.U. TansyrauHOB. — DIEKTpPOH.

TEKCTOBBIC JTaHHbIe. — M. : Poccuiickuii rocy1apcTBEHHbBINH YHUBEPCUTET mipaBocyaus, 2017, —
60 c. — 978-5-93916-552-5. — Pexxum pocrymna: http://www.iprbookshop.ru/65863.html
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