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Hloacnumenvnas 3anucka

Jnss MHOTrMX CTYJIEHTOB 3HAUYUTEIbHYIHO TPYAHOCTb IIPEACTABIISIET PELICHHE 3a1ad.
[TosToMy B HaHHBIX METOAMYECKUX PEKOMEHIAIMSAX TJIABHOE BHUMAHHUE YICJIICHO PEIICHUIO
TUMOBBIX MPUMEPOB W 3aJ]lay, MOSICHAIONIUX TEOpETUYECKUU Marepual. OgHaKO MpexIe 4em
HAYaTh PEIIaTh T IPUMEPHI HAZO0 JOOUTHCS MOIHOU SICHOCTH B TOHUMAHUHA COOTBETCTBYIOIINX
MMOHSTHH.

B nawane kaxmgoll TeMbl KpaTKO M3JaraloTcsi OCHOBHBIE TEOPETUYECKHE CBEICHUS
(ompenenenusi, GopMysbl), HEOOXOIUMBIC Il pEHICHUs MociaeAyrmmux 3amad. [IpuBomsTcs
peIlleHUs] TUIIOBBIX MPUMEPOB W 3aaad. J[aroTcsl yNpaKHEHUS IS CaMOCTOSTEIbHONW paboThI

CTYJCHTOB.



IIpakTnyeckas padora Ne 1

Tema: Boruncnenue npenena QyHKIUNA
Hean: HayuuTh BRIYUCIATE IPeaeIbl GyHKITUN

TeopeTuyeckas 4acThb

Hpenen pynxkuun
Omnpenenenune. Yucno b HazpBaercs npeaenom ¢pynkmuu f(X) npu X, cTpemsimeMcs K a , €Cliu
JU1s Jiro0oro uncna € > 0 HadgeTcs Takoe yuciio § > 0, 9To mpu Bcex X # a,
YIOBJICTBOPSIONIMX HEPABEHCTBY |X — a| < &, Oyzer BoImonaHAThCs HepaBeHCTBO |f(X) — b| < e.
Omnpenenenue npenena GyHKIUA MOKHO copMyaupoBaTh U Tak: Yucno b HazbiBaeTcs
npenenoM f(X) mpu X, crpemsiemMcs K a, €CIu mpu JIFodoM € > 0 CyIecTByeT Takas
OKPECTHOCTh TOYKH a, 4TO JJIS JF000ro X # a u3 atoit okpectHoctu|f(x) — b| < €. IIpenen
o003HavaeTcs Tak:

limf(x) = b.

X—a
[Tpumep 1. [Ipenen nocTosHHON QyHKIINU B JHOO0K TOUKE PaBEH 3TOM K€ MOCTOSTHHOM.
Pemenue. [Tycts f(x) = kmisa Bcex x. OueBuaHO, uTO is 1t00BIX € > 0, 8 > 0 u 11 Bcex
X € (a— §,a + §) cnpasemmuBsl coorHomenus|f(x) — k| = [k—k| =0 < e.
3HA4UT, 110 ONPEAEICHUIO IIpe/ea

lim f(x) = limk = k.

X—a X—a
[pumep 2. lana pyukuuusaf(x) = x. JlokasaTsb, 4To
limf(x) = a.
X—a
Pemenwue. [Tyctb € > 0 - mro60e uncno. [lomoxus 6 = €, s Bcex X € (a— §,a + 6)
nonyunMm|f(x) —al = |x —a|] < §, T.e. |f(x) — a| < ¢, 3Hayur

limf(x) =limx = a
X—a X—a

Teopema. Eciu ¢ynkius f(X)umeer npeaen npu X, CTPEMSIIIIEMCS K @, TO 3TOT IpeJiet
€IMHCTBEHEH.

Teopembl 0 npeaenax GyHKUHU
Teopema 1. Eciiu ipu X — a cymiectByrot npezeisl pyHkiwmii f(x) u g(x), TO cylecTByeT Takke
¥ [IPEJICITbl X CYMMBI, paBHbIA cymMMe mipeenioB ¢yHkmmit f(x) u g(x):
lim(f(x) + g(x)) = limf(x) + lim g(x) .
X—a X—a X—a

Teopema 2. Eciiu ipu X — a cymiectByroT npezessl pyukimii f(x) u g(x), TO cynecTByeT Takke
¥l [IPeJIeIT X MTPOU3BE/ICHNUs, PaBHbII POU3BeIeHUIO mpeaenoB ¢pyHkuuit f(x) u g(x):

lim(f(x) - g(x)) = limf(x) - lim g(x).

X—a X—a X—a
CrnenctBue. [locTOSHHBIN MHOXHUTEIh MOXKHO BHIHECTH 32 3HAK IpeJiena.
JlercTBUTENBHO,

lim(kf(x) = limk - lim f(x) = k - lim f(x) .
X—a X—a X—a X—a

Teopema 3. Eciu ipu X — a cyrectByroT npezenst ¢pyukimii f(x) u g(x) u npexen
¢ynknmu g(xX) OTIMYEH OT HYJSI, TO CYIIECTBYET TaKkKe U mpenen ux orHomenus f(x)/g(x),
PaBHBIN OTHOILIEHUIO MPEIETOB:

lim(f(x)/g(x)) = limf(x)/lim g(x) .

X—a X—a X—a

ITonaTue GeckOHEYHO MaIol M OECKOHEYHO OOJIBIION BETUUYHUHBI

Ecmu npenen GyHKIMM paBeH HYIIO, TO OHAa Ha3bIBACTCS OCCKOHEYHO MaJIOW BEIMYHHOM.
Ecnu npenen pyHkimu paBeH 6€CKOHEYHOCTH, T.€. BEJIMYMHE 0OpaTHON K OECKOHEYHO Malon
BEJINYMHE, TO OHA Ha3bIBaeTCs OECKOHEYHO O0JIbIION BeanunHoi. CienoBaTeabHo,
BBITOJIHSIOTCS] pAaBEHCTBA!



lim=—=o00, lim—=0
x—a () X—a 00

Brruncinre npeaenst

Ipumep 1.
lim(x+3)=lim x + lim 3= 7+ 3=10.
x—7 x—7 x—7
Ipumep 2.
limi(3x+ 2 llm 3x)+1lim2 lim3-limx+2
lim 33+ 2 = 1( ) ( ) =l —_x=1 x—l —
=123 -7 llm(Z.x — ?) llm(Z.x)+ llm( 7y lim2-limx—7
—1 x—31 x—>1 x—>1 x—1

3-1+2
= =5/(-5=-

2.1-7 =3)
Ipumep 3.

x°— 4
lim
—2 X — 2
2 ju— ju—
X 4: (x 2)(.x+2): ey
x—2 x—2
2

lim >~ _ fim (1= 2)x+2)_ lim{(x+2)= limx+ lim 2=
=2 Xx—2 a2 x—2 x—>2 2 =372
=2+2=4.

Pemenue ynpaxxHeHui

Llimy 5 [(x* = D(x = 3)(x = 5)]

x—3 2X—6
1 lim[(2x —4)(x—1)(x + 2)] 4
xX—0 4. lim >
x—0 3X“+2x
. (x+3)(x-2)
2 Jim 5. lim 2522

x—>0 5x3—4x2



10.

11.

12.

13.

14.

15.

16.

x%2—8x+15
X2+425

3x%-8x+4
x—2 5X2—14x+8

. X?—7x+10
lim -
X—5 X“—9x+20

lim ——=2
x—6 VX+3-3

. VxX+1-1
lim———

Xx-0 X

lim 3-VX
Xx—9 4—V2x-2

lim(x? — 5x + 6)
X—00

lim(x3 + 3x?)
X—00

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

X—00 2X—2

. 2x3-3x%+1
lim————
x—00 5X3—4x2+42x

. 2X%2-5x+4
lim

x—00 X2—2Xx+3

limvVx2 —x —x

X—00

limvx? + 5x — x

X—00

4x%—7x-2
m-————-——
x—2 5X2—11x+2

. X?+42x-15
lim Y o
X—3 X“-9X
lim 2
Xx—0 V4+x—V4—X
lim —22Y%
Xx—4 3—V2x+1
lim ——

x—5 3—V2x—1



IIpakTnueckas padora Ne 2

Tema: HenpepsiBHOCTh pyHKIIMU. TOukH pa3peiBa GyHKIUN
Heanb: HayunTs nccnenoBath GyHKINU Ha HEPEPHIBHOCTh, HAXOIUTh TOUYKH Pa3phIBa
(GyHKUINH U UCCIIE0BATh UX XapaKTep

TeopeaneCRaﬂ 4acTb

HenpepbiBHOCTE (PYHKIHMH
Onpeoenenue 1. Dynxuus f (x)Ha3pIBaeTCS HEMPEPHIBHOM B TOUKE X = @, €CIIH MpeJel
(GyHKUME pU X — @ paBeH 3HaueHUI0 QyHKIwK npu X = a, t.e.lim,_, f(x) = f(a)
Onpeoenenue 2. Oynkuusy = f(x)Ha3pIBaeTCsl HEIPEPHIBHOM B TOYKE X = @, €CIIU OHA B
9TOM TOUYKE ONpe/esieHa U OECKOHEYHO MAJIIOMO MPUPALICHUIO apTYMEHTa COOTBETCTBYET
OeCKOHEYHO MaJioe MpHpalieHue GyHKIHH, T.€. limp,_o Ay = 0/
Ecnu ycroBre HenmpepbIBHOCTH (PYHKIIMH B TOYKE X = @ HAPYIIEHO, TO TAKYIO TOUKY
HA3bIBAIOT TOYKOH pa3peiBa PyHKIINU.
OyHKIUS Ha3bIBACTCS HETPEPHIBHOM B MPOMEXKYTKE, €CJIM OHA HETIPEPBIBHA BO BCEX
TOYKaX 3TOT0 MPOMEXKYTKA.
Touku pa3peiBa QyHKINH.
Ecnmu ¢ynkmus y = f(x) npu X = a ©MeeT pa3pbiB, TO JUIsSI BELSICHEHUS XapaKTepa pa3pbiBa
cienyet HalTH npeaen GyHKIUK f (X)Ipux — a cieBa U CIpasa.
B 3aBucuMOCTH OT XapakTepa nmoBeAeHus QyHKIUN B OKPECTHOCTH TOUKH pa3pbiBa
pa3IMyaroT JBa OCHOBHBIX BH/IAa Pa3pPHIBOB:
1) paspuis 1 poda — B 3TOM cllydae CYIIECTBYIOT KOHEUHBIC Mpeaesibl lim,_,_o f(X) 1
lirrlx—>a+0 f(x);
2) paspwvie 2 pooa — B 3TOM Cilydae XOTs Obl OJMH U3 TpeesoB lim,_,_o f(x) u
lim,_,440 f (x) He cymecTByeT nin GECKOHEYEH.

ITpumepsl :

1. HaiiTu TOoukHM pa3pbiBa GYHKIMH U UCCIIEI0BATh UX XapaKTep
x

T
Janas dyHKIMS onpeieneHa Npyu Beex 3HaueHUsIX x, kpome x = 3. Tak kak 3ta
(GYHKIUS SBISIETCS SJIEMEHTApHON, TO OHA HENPEPBIBHA B KaXKJJ0M TOUKE CBOEH
oOmnactu onpeaeneHus. Takum oOpa3oM, eJMHCTBEHHON TOUYKON pa3pbiBa CIIYKUT
Touka X = 3. Iy ucciieoBaHMsI XapaKTepa pa3pblBa HAalIEM JIEBBIN U IIPaBbIN
npeensl QyHKIUY pu X — 3!

lim = —0o,
x-3-0x — 3

_ x

m = +oo,
x-3+0x — 3

X v
CJ'IC,Z[OB&TCJ'ILHO, (I)yHKI_II/I}I ; B TOUKE X = 3 MMeeT OCCKOHCUHBIHN pa3pbIB , T.C.

X = 3 — TO4YKa pa3phiBa 2 poja.
2. Haiitu Touku pa3pbiBa GYHKIIUU U UCCIIEAOBATH UX XapaKTep

1
y=—""7
1+ 5x



EMMHCTBEHHOM TOYKOM pa3pbiBa sBJIseTCS Touka X = (. Beiuncinm o1HOCTOPOHHUE
npenens GyHKuu npu x — 0:

_ 1

hr{lo =1
1 + 5%

_ 1

lim =0
x—+0 1+ 5%

[TockobKy JIEBBIi U TpaBbIi Tpeaesbl GYHKIUU pu X = 0 SBISIOTCS KOHCYHBIMH,
x = 0 — Touka pa3psiBa 1 pona.

Pemenne ynpasxHenuit

Haiigute Touku pa3pbiBa (yHKIIUU U UCCIEAYITE UX XapaKTep:

5 .
L y_le—l’
2. y= 22
3 y= 1-x2’
4. y =
- Y= x2—2x1+1’
x_ .
5. y_x2—3x—110’
6. y=1+4 2x2
7. y= xxTz
1
8. y=3x
9. y= arctgi

§(2x2+3), x<1
10.y=96-5x, 1<x<3

x—3, x=3
2_
11. y = 5x2x3x
1
12.y = po
13, y = V1i+x—1
1 x
4.y =23
1+2%

IIpakTnueckas padora Ne3

Tema: [IpaBuna BeUMCICHHS TPOU3BOIHOMN MPOCTOM (PYHKIIHH.
Heans: Hayunts BEIYMCHATH POU3BOIHBIE.

TeopeTuyeckas 4acTb
f
] C - []

. =1
. (fre)=+9


https://ru.wikipedia.org/wiki/%CF%F0%EE%E8%E7%E2%EE%E4%ED%E0%FF_%F4%F3%ED%EA%F6%E8%E8#cite_note-2

9" @#0)

Brruucnure IMPOU3BOJHYIO:

_ 5 3
1. f(X)=xX+2x+4 10, f(x)=_X
2. f(X)=2x*>+x>+10 X—4
2 3 6
3 f(X)=—4+—+=
9 x X7
1 2 4 11.f (X) = X(X+ 3)
4, f(X)==+—+—= )
x x> 5 12.f (X) = (X* + 4)(x-1)
_ 5
5. f(X)=2Vx+4x 13 (x) = X
6. f(X)=+/x+5x" 3x—1
7. f(x)=x(x+1) 14f(x):X+5
2
8. f(X)=x(x+5) x“+1
X2
9. f(x)=
(x) 3

I[OMaI_HHee 3aJaHUC:

1) f(x)=7x"+13x°>+18

2)f(x):§+xi+&

3)f(X)=x(x+2)
AHf(X)=(X+5)(xX*+7)

2

5)f(x)=2>)<(+1
6)f(x):%

IIpakTnueckas padora Ned

Tema: [IpaBusa BeIUMCICHUS TPOU3BOIHON CI0KHOW (PYHKIIUU.
Heanb: Hayunth BEIYUCHATH MPOU3BOIHEIE.

TeopeTuyeckas 4acTb

[TpousBoaHOM (PyHKIIMK Ha3bIBaeTCs Mpeie OTHOLIEHUS prpalleHus QyHKIUU K
MIPUPALLIECHHUIO apTyMEHTA, KOT1a IPUPALEHUE apTYMEHTa CTPEMUTHCS K HYJIIO.

9


https://ru.wikipedia.org/wiki/%CF%F0%EE%E8%E7%E2%EE%E4%ED%E0%FF_%F4%F3%ED%EA%F6%E8%E8#cite_note-3

OcHoBHbIe ipaBuiIa nudepeHITupoOBaHUS:

1. C' =0,rge C — const
2. (f+9)=f"+4g
3. (f-9)=f9+f-g
4 (5) _flo-rg

g 9?
5 (f-C) =f"-C,rpe C — const

[Tpou3BoaHas CIOXKHON (PYHKIUU paBHA MPOU3BOAHOM 3TON (PYHKLIUH 110 IIPOMEKYTOYHOMY
apryMeHTy, YMHO’KEHHOM Ha IPOU3BOJHYIO 3TOT0 apryMEHTa 10 HE3aBUCUMON [TEPEMEHHOM.

[Ipoun3BogHBIE BBICIIUX TOPSIKOB.
[MpousBoanasy’ = f'(x)Ha3biBaeTCs MPOU3BOIHOM 1-r0 TOPSIKA, UK IEPBOH TPOU3BOIHOM.

[Tpon3BOIHOM BTOPOTO MOPsAKA HA3bIBACTCS ITPOU3BOJIHAS OT €€ MePBOi MPOU3BOIHOMN H
obo3Hauaercss y''. AHAJOTMYHO OIPEAEIIAIOTCS IPOU3BOAHBIE 3-T0, 4-T0,. .., MOPSIKA.

Pemenue ynpaxxHeHui

x2

2V1-3x
1_
1+Vx
5
x + xix
cosin(1 — x?)
] 1sin?3x
sm\/§ +
3c0s6x

ctg %_1cosz4x

8sin8x

=
<
I
]

I
2

8

:

y
y
y
y
y

y = arcsin3V4 — 5x
x%-4

= aArccosS —
y vx*+16

2 3x—1
0. y—\/;arctg NG

. 2x+4
10. y = lnsmm

T X
11. y = Intg (Z + 5)
12. y = In3(1 + cos4x)
_ 1, x—V2 —
13. y—x+ﬁlnx+ﬁ+2
14. y = Inarcsinv1 — e?*

15.y = e~ cos3(2x + 3)

16. y = eV3 - arctg?2x
17.y = (x%-16)/(4+x2)

- 120x5
1

18.y = (sin\/})ex
19. y=(19)*"°x1°
20. y = (ctgx)™%

10



IIpakTnyeckas padora Ne 5

Tema: Beruncnenne HeONpeeIeHHOTO U ONPEIeICHHOT0 UHTErpaja
Heab: Hayunth BEIYUCIISATh HEONPEICICHHBIA U ONPEICTCHHBIA UHTETPaJIbl

TeopeTuyeckas 4acThb

HeonpeneieHHblii HHTErpaJ
F(x) - mepBooopasnasi 1 f(X) Ha MHOKecTBe X eciu F'(X) = f(X) mis Bcex XEX. Ecnu F(X)
- mepBoobOpasnas mis f(X) Ha MuoxkectBe X, To F(X) + C - MHOXKeCTBO Beex MepBOOOPa3HBIX
s f(X) Ha MHOMKecTBe X. DTO MHOXKECTBE ITEPBOOOPA3HBIX HA3BIBAIOT HEOMPEICICHHBIM

UHTETPAIIOM M 0003HaYai0T I f (X)dx=F(x)+C.

OcHOBHBIE CBOMCTBA HEONPEEIIEHHOTO UHTETpajia

1. Heonpenenennsiii uHTErpai oT nuddepeHimana GyHKIUu paBeH 3ToH (YHKIIMH TUTFOC
MIPOU3BOJIHLHAS TIOCTOSTHHAS

de(x)zF(x)+C

2. Juddepennman HeonpeneIeHHOTO HHTErpalia PaBeH MOABIHTErPAIIbHOMY BBIPAKEHUIO, a
IIPOM3BO/IHAS HEOIIPEIEICHHOIO HHTETpaJla paBHA MOABIHTETPAJIbHON (QYHKIUU:

d [ FGde) = Fd)

3. HeonpeneneHHblii mHTErpai anreOpandeckoil CcyMMbl (QYHKIIHIA paBeH anreOpandecKoi
CyMME HEOIPE/ICTICHHBIX HHTEIPAJIOB 3TUX ()YHKIIUN:

j [FG0) + 9]d () = f FG)dG) + j P(0)d(x)

4. TlocTOSSHHBLINH MHOKHUTEIIb MOABIHTCIPAJIBHOI'O BEIPAKCHHUA MOKHO BBIHOCUTD 3a 3HAK
HHTCrpaia:

[ ar@aw =a [ r@aw

OcHogHvle hopMyIbl UHMESPUPOSAHUL
1fdx=x+C
X

n+1
2. [x"dx =
n+1

3. f%:lnx +C

+C

4.faxdx=%+C
5.fe*dx=e*+C

6. [ sinx dx = —cosx + C
7[ cosx dx = sinx + C

8] dx =tgx+C
' coszx_gx

9 J dx = tgx +C
) sin?x ctgx
dx 1

10 - =L

x2—qa? 2a

xX—a

x+a

+C

11



11.f\/i=ln|x+\/x2ia2|+6

12.f —— \/_ = arcsin —+C
13 fx2+ - = ;arctg;+ C

OmnpeneneHHbIM HHTETPaoM oT hyHkiuu f(x) Ha oTpeske [a; b] Ha3pIBaeTCs mpeen

MHTETPAIBHON CyMMBI IIPH YCIOBHH, YTO JUIMHA HAUOOJBIIETO U3 AJIIEMEHTAPHBIX

OTPE3KOB CTPEMUTHCS K HYIIIO.

JIsst BEIYMCIICHUS! ONIPEIEIIEHHOro MHTerpaia ot Gpyukiwn f (X) B ToM ciiydae, Koraa

MO>KHO HalTH COOTBETCTBYIOIIUN HEONPeAEICHHBIA HHTETpall, CIIY>KUT hopMyIia

Herorona-JleOuumna:

b
[ rwac =reo = F) - F@

Pemienue ynpaxHeHuii:

1.dex

2. Igdx

3. .[ x°dx

4. [7xdx

5. [ (7x+1) dx
6. [10sin5xdx
7. j 3(5x+1)%dx
8. [ (2x—1)’dx
o | %

10. [ *\/xdx
5dx

»\/5x—7 '

12. I 3c0s3xdx

11

3
13 j 4(5-6x) dx

14.]%

3dx
15| ——
I (8—7x)*
4dx

17. j 22/(7-3%)%dx

16I

18, [
19, [ -2
20. [ =
21. [
22.f

23f25+xz

0 9—x2

V3 dx
25~LF-V4 x2

26. f\/_ dx

f(

x2 9

x2 25

Vx2+
2dx

V1 x2

V5— 4x2
dx

27.

)

cos?x stnzx

IIpakTnyeckas padora Ne 6

Tema: UncnoBsie psAAbL. 3HaKOHepeMCHHBIe YU CJIOBBIC PAABI



I_[e.m,: Hay‘-II/ITB HCCICO0BATh P Ha CXOAUMOCTD U PaACXOJUMOCTDH
Teopernyeckas 4acTb

1. Heobxooumwiili npusHax cpasHerus psod.
Teopema: Eciu psif Yop—q Uy, CXOIUTCS, TO €0 OOIINI YIEH U, TPU HEOTPAHHIEHHOM
YBEJIMUEHUU HOMEpa N cTpeMuTces K Hymo: lim, o, u,,=0.
Ecnu ke 17151 HeKOTOPOTro psifia €ro 00K WiIeH He CTPEMUTCS K HYJII0, TO TeopeMa
MI03BOJISIET Cpa3y CKa3aTh, YTO TAKOU psAJl paCXOIUTCS.

2. Ilpusnak cpagnenus psoo8 ¢ NOJOHCUMENbHBIMU YleHAMU
Uccnegyemslii psia CXOAUTCS, €CIIN €r0 YWIEHbI HE TPEBOCXOAT COOTBETCTBYIOIIMX YICHOB
JIPYroro, 3aBeJOMO CXOJSIIET0Cs Psiaa;
Uccnegyemslii psia pacXOIUTCs, €CIU €r0 WIEHbI MPEBOCXOASAT COOTBETCTBYIOLINE YWICHBI
JPYroro, 3aBeJOMO pacxoIsIlerocs psaa.
[Ipu uccnenoBanum psI0B HA CXOAUMOCTh M PaCXOJIUMOCTD 10 3TOMY MPU3HAKY 4acTO
UCTIOJIB3YETCsI TEOMETPUUECKUN PSAJl, TApMOHUYECKUNA Pl B 000OIICHHBIN TApMOHUYECKUI
pan.

3. Tlpusnak Jlanambepa: Ecnu nmst psa ¢ monoKUTeTbHBIMHA WICHAMU

oo

Zun=u1 +u, tus+ -t uy, Fup o (U, >0)

n=1
. u
BBINONHsAETCS ycaoBue limy,_, o —— = 1, To psax cxomures npu | < 1 u pacxomures npu 1 > 1.
u

n
[Mpu3nak [anmamOepa He maet orBera, eciu | = 1. B aTOM citydae Juist HcciaeIoBaHus psijia

IIPUMEHSIOTCS APYTHE ITPUEMBI.

PaccmoTrpum npumepst:
ITpumep 1. MccnenoBaTh CXOOUMOCTb psijia
oo

Z —1+1+1++1+

(2n—-1)2n 1-2 3-22 5-23 (2n —1)2n
1

n=

1

(2n-1)2n
BBINOJHAETCA. HO /U1 pelenus Bonpoca 0 CXOAUMOCTH HYKHO HpI/IMeHI/ITb OI[I/IH u3 I[OCTaTO‘-IHBIX

Pemenwne: HaxomuMm lim,,_, o, u, = lim,_, =0. HeoOx0anMbIii TPU3HAK CXOJUMOCTH psJia

IIPU3HAKOB CXOAUMOCTH. CpaBHUM ,Z[aHHLII/I PSIA € TEOMETPHYECKUM PALIOM — + + + + —+

*=+ +=* KOTOPBIH CXONUTCS TAK KaK q = E <1

CpaBHI/IBaﬂ YWICHBI JAHHOT'O psAaa, Ha4YUHast CO BTOPOro, ¢ COOTBETCTBYIOIMUMHA YJICHAMU
reoMETpHUICCKOI0o psaa, IMoJIyduM HEPABCHCTBA

1 1 1 1 1 1
—— <= =< < —
3:-22 22'5.23 28 (2n—1)2n " 2n
T.€. YJIEHBI psAJla, HAUMHAsS CO BTOPOr0, COOTBETCTBEHHO MEHBIIIE WICHOB F€OMETPUUECKOTO Psa,
OTKYJla CIEAYET, YTO JAHHBIN PSJT CXOIUTCA.
[Ipumep 2. UccnenoBatb CXOQUMOCTH psiia
[oe]

Z n —1+2+3+ PRI
n+1 2 3 4 n+1

n=1

. . 1
Pemenne: Umeem lim,, o, u, =lim, .o, —=lim —5=1+#0
n+1 n—oo +—

3/1ech BBINOIHAETCS JOCTATOYHBIN MPU3HAK PACXOAUMOCTH PsAJIa; CIEI0BATENbHO, PSIT PACXOIUTCS.
[Tpumep 3. UccnenoBarh CXOAMMOCTD psija
(o]

Z 1 14 1 N 1 1 4
Linvn 22 \/_ n\/ﬁ
Pemenne: Haxonnm
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limu, = lim =0. HeoOxoauMplii pU3HAK CXOAUMOCTH psifia BITONHsIETCS. CpaBHUM JTaHHBIN

n—-oo n—oo n\/—
psn ¢ 0000IIEHHBIM TAPMOHUYECKHM PSJIOM
1 1 1 1
22 22 nz

. 3 .
KoTopslii cxoauTcsi, MOCKOIbKY p=, > 1. CnenoBarenbHO, CXOAUTCA U AAHHBIN sl
[Tpumep 4. UccnenoBath CXOAUMOCTH psifia, UCIONB3Ys pu3HaK Jlamambepa.

(o]

2n_2, 4 6 2
5% 525 125 5n

n=1
(n+ 1)

+1

Pemenue: [TogcraBuB B 00muii wieHn psma — BMeCTO N uucio N+l , TIOJTY UMM~
Haiinem npenen orHomenus (N+1) —ro qneHa K N-My 4IEHY TIPUN —> 00
Upy1 2(n+1) 2n n+1 1(1 1>
u, 571 ‘5n 5p 5

n
u 1 1 1
lim =2 = = lim (1+—)=—<1
n-ow U, 5n-o n 5

CnenoBatenbHO, TaHHBIN P CXOIUTCS.
[Tpumep 5. UccrnenoBath cXOAUMOCTH psifia, UCMONB3Ys Mpu3Hak Jlamambepa

[0e]

n! 1+1-2+1-2-3+ +n' 4.
5n 3 32 33 3"
! (Trll+11)'
n.
Pemenue: u,, = snUn+1l = T
Uptr _ M+ n' _n+i
Un T gn+1 5n 3
. Unyq . n+1
lim = lim =00>1,
n—oo un n—-oo

T.e. pan pacxoaurcs.
Pemenue ynpasxkHeHui

l. Haiigure nepBr,Ie ISITh YICHOB Psija [0 €ro 3a/laHHOMY OOIIEMY WIEHY:

1. U, = ﬁ
2. u, = 21
3. u, = 27:13
1+(-1)"*1
4, u, = %
. Haiinute mepBbie yeThipe WieHa 1Mo ero 3aJ[aHHOMY OOIIEMY YJIEHY:
(n+1)!
Louy = 2n .
2. Un = (3n—13(2n+1)
n
3 Un = (n+1)(n+2)
—1Vn
4. u, = (—1)1" 15
5. u, = W
n+1
6 u, = W

1. Haiinute popmyny obuiero wieHa psjaa no ero JaHHBIM MEPBBIM YJIeHaM
2,4 ,8 16
LS4+ =+
1 4 9 16
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1 1-2 1-2-3 1-2:3-4
Ju— + — + R + ces
9 25 49 81

3. 2242 2y
5 8 11 14

l'Y. BbluncinuTte cyMMy 4IEHOB psija:

L Iarors

2. Xn=1 m
3. Yoo

4 Sy

5  Xh= D)

Y. HaiiguTe N-ii 4ieH psia mo ero JaHHBIM MePBBIM WICHAM:

2

1 1 1 1
2.-—-4-——+

g 2 76 ? 8
3+ =——+

4 9 16 25

Y. Uccnenyiite cXOMUMOCTh psifa, IPUMEHsSI HEOOXOAUMBIN MPU3HAK U OJHMH U3 PU3HAKOB

CpaBHCHMUS:

o0 1
L Z"=1 (n+2)!

2. Y, ——
' =1 n(n+1)
1
(0]
D Y ey
1
4' Z?Lozl n_n
Uccnenyiite cxonuMocTh psijia, HCONB3YI0 npusHak [lamambepa.
o) n
Zn:l 3.2Mm

o (m+1)!
Zn:l 3n

1
Yn=177

S,
n=1pnm+1)
y o _r
n=1(2n-1)-22n-1
¥ _tr
n=1(on+1)!

1

Zn:l (n+1)(n+3)

N o g kM D PP

IIpakTyeckoe 3ansiTue Ne 7

Tema: Pemenne cucrem JIMHEWHBIX YPaBHEHHUN
Hean: HayuuTs pemats CUCTEMBI JIMHEWHBIX YPaBHEHUI

Teopernyeckas 4acTb

Cucrema BUIa
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Gy X+ ap X+ +0,, X =b,
oy Xyt Gop Xpt ..+ G, X, = b,

au1x1+ﬂu2xz+"'+aulxl:bu

Ha3bIBaCTCS cucmemot ' - qunetinvix ypasnenuil ¢ M neuseecmmuoimu.

Yucoa % , 1= 1, , 1= Ln Ha3BIBAIOTCAKOIhpuyuenmamu cucmemi.
Yucia b, , 1= 1, M gaspBarOTCAC80600HBIMU YNCHAMU Cucmembl, 11 Xai -1 K —nepemeHHbIMU
cucmemvol. Matpuna
9y G iy
A—|% Yz d;,
aul ﬂuE all

HAa3BIBACTCI OCHOBHOU Mampuueﬁ cucmemsl, a MaTpula

Gy G ... G, b
R=|% % - Gy b
Gy Gy Dpn blt
— pacuupenou mampuyeti cucmemsl. MaTPULBI - CTOJIOLBI
by X

B= bE X:%

by %

u - COOTBETCTBEHHOMAMPUYAMU CBOOOOHBIX YIEHO8 U HeU3BECHHbBIX CUCTEMb.
Torma B MaTpuuHOit popme cucTeMy ypaBHEHHI MOKHO 3aITUCATh B BUJIE AX=B Pewenuem

cucmemul HazpiBaeTcs M 3HaueHwmit mepemennbx 1= ¢1 %= C2, . %= S npu moncranoske
KOTOPBIX, BCE YPABHEHMSI CHCTEMBI 00paIllatoTCs B BEpPHbIE YMCIIOBbIE paBEHCTBA. Besikoe penienue

€y
_| €,

C
CUCTCMBbI MOJKHO MTPCACTABUTH B BUJAC MATPHUILIBI - CTOJ'I6I_I8. "I . Torma CIIpaBCAJIMBO MaTPUIHOC

pasencreo A *C=B
Cucrtema ypaBHEHUH HA3bIBACTCSA COBMECHHOU €CIIN OHA UMEET XOTs Obl OTHO PELICHUE U
HecoeMecmHou €ClIA He UMEET HUA OJTHOTO PELICHHUS.
Pemmth cucreMy TUHEHHBIX YpaBHEHUI 3TO 3HAYUT BBIICHUTH COBMECTHA JIM OHA U B CIIy4ae
COBMECTHOCTH HailTu e€ olliee pelieHue.
Cucrema Ha3bIBa€TCS 00HOPOOHOU €CIU BCe €€ CBOOOJHBIE WIEHBI paBHbI HY10. OTHOpOIHAS
CHCTEMa BCEI/la COBMECTHA, TaK KAK MMEET PELICHUE

X=X=.. tx=0
Ecnu yncno ypaBHEHH CUCTEMBI PABHO YHCITy HEU3BECTHBIX IEPEMEHHBIX U ONPEAEIUTEND €€
OCHOBHOI MaTpHIIbl HE paBeH HYI0, To Takue CJIAY OyneMm Ha3bIBaTh 3J1eMeHTAPHBIMHU. Takue
CUCTEMBI YpaBHEHHI UMEIOT €IUHCTBEHHOE PELICHHE, TPUUEM B Cllydae OJTHOPOJAHON CHUCTEMBI BCE
HEU3BECTHBIE IEPEMEHHBIE PABHBI HYJIIO.
Taxue CJIAY ™Mbl HaUMHaAIM U3y4aTh B cpenHel mkoie. [Ipu ux pemeHun Mbl Opanu kakoe-HUOY b
OJIHO YpPaBHEHHE, BbIpaXKaJll OJIHY HEU3BECTHYIO IIEPEMEHHYIO Yepe3 APYTUe U MOJCTaBIISUIN €€ B
OCTaBILNECS YPaBHEHUS, CIEIOM Opalu ClIeAyIollee ypaBHEHHE, BBIPAYKAIIN CIEAYIOIIYIO
HEU3BECTHYIO IIEPEMEHHYIO U MTOACTABIUIM B IPYrHe YpaBHEHUs U Tak Aanee. Minu noap3oBanuch
METOJIOM CJIOKEHUS, TO €CTh, CKIIAABIBAJIM JIBAa WM Oo0Jiee YpaBHEHHH, YTOOBI HCKIIOYUTH HEKOTOPHIE
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Heu3BeCTHbIE NepeMeHHble. He Oynem noipoOHO ocTaHaBIMBAaTbCSA HAa ATUX METO/AX, TaK KaK OHU I10
CYTH SBIISIOTCS MOAM(UKanusaMu Merona [aycca.

OCHOBHBIMU METOJIAMU PELICHHUS 3JIEMEHTAPHBIX CUCTEM JIMHEHHBIX YPABHEHHUH SBIISIOTCSI METOJ
Kpamepa.

Pemrenue cucrem JTuHeHHbIX ypaBHeHUu MeToaom Kpamepa.

[Tycts HaM TpeOyeTcs peluTh CUCTEMY JIMHEHHBIX aNreOpanveckux ypaBHEHUH

X+ Xy +on ), X, =D,

Ay X, +d, X, +...+a, X _=b,

HE R

a,.X,+d X, +...+a, x =b

B KOTOpOI71 YHCJI0 ypaBHeHHfI PaBHO YHCI1Y HCU3BCCTHBIX IICPEMCHHBIX U OIIPCACIINTCIIb OCHOBHOM

4| = 0
MaTpPHIIbl CHCTEMbI OTJIMYEH OT HYJIS, TO €CTh, .
A . A, A, ...,
[Iyctp = - onpenenuTesb OCHOBHON MaTPHIIBI CHCTEMBI, @ X7 xp ; %= - ONPEICITUTEIN
MaTpHIl, KOTOPBIC MOIYyJalOTCs U3 A 3aMeHO# 1-oro, 2-0r0, ..., N-0ro cTo1011a COOTBETCTBEHHO HA
CcTOI0€E1l CBOOOIHBIX YIECHOB:
ty;, s a, , b, a, d
ay;, djs as, b, a, as,
A= . ﬂx =, R
. :
anl arzl ann brz an] anrz
a, b ay dyy Ay, 1
a,, b a,, ay; Ay, 2
ﬁx_ =\ . s - ﬂ.xc =
Iﬂr‘zl brz am‘z IHr‘zl arzl b brz
[Tpu Takux 0603HAUECHUSIX HEU3BECTHBIC IEPEMEHHBIE BEIYUCIIAIOTCS TI0 popMyiiam meTtona Kpamepa
ﬂ‘xm ﬂl“z: ﬂ‘xc
r=—-._2 X,= W eees X =
AT TR AT T T A .
KaK . Tak HaXOAUTCA pellIeHUE CUCTEMbI TUHEHHBIX
anrebpanveckux ypaBHeHui metogom Kpamepa.
ITpumep.

2, +3x,-x,=9
X, —2%,+x, =3
X, +2x.,=12

Pemnre cucreMy nuHelHbIX ypaBHeHH MeTooM Kpamepa
Pemenue.
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2 3 -1
A=|10<2 1
OcHoOBHasA MaTpua CUCTEMbI UMECT BUL [] . Beruuciuwm ee OIpECaACIINTECIIb
2 3 -1
A=l -2 1|=2-(=2)-2+3-1-1+(-1)-1-0-
1 0 2

—(-1)-(-2)-1-3-1-2=2-1-0=-13
Tak kax OIpeCACIINTECIIb OCHOBHOH MaTpulbl CUCTEMBI OTIIMYCH OT HYJIA, TO CUCTEMA UMECT
€IMHCTBEHHOE PeIlIeHHEe, KOTOPOe MOXKET OBbITh HalJiIeHO MeTo10M Kpawmepa.

A

CocTaBUM U BBIYHCIIHM HCO6XOILI/IMBIG OnpeCaACINTCIN T ? X1 3 (OHpe,Z[CJ'II/ITCJ'II)

0
3

X

MoJiydyaeM, 3aMEHUB B MaTpulle A MepBbIii cTon0el Ha cTOJIOEI] CBOOOIHBIX YJICHOB ,

OTIPENCIUTENIb % - 3AMCHHUB BTOPOU CTOJIOCI] HA CTOJOCI] CBOOOHBIX YWICHOB, - 3aMCHUB
TpETUi CTOJIOCI MAaTPUIIBI A Ha CTOJIOSI] CBOOOIHBIX YJICHOB):

9 3 -1
A, =B -2 1 =9-(i;.;}a:}.2+3-1-2+(—1]-3-{}—
2 0 2 5\1@%@,%

-(-1)-(-2)-2-3-3-2.9:1.0=052
ko9 -1 W D
A= 3,-1)=2:3:249-1-1+(-1)-1-2 -

4 %

3.1 -6:1.2-2-1.2=0"
- ?%ﬁﬁgl%il_ 2-2.1 220
2 .ﬁ‘k{:}: -i‘.*tﬁ‘-i-'!'iﬁ"{.;‘-"m‘r.‘,;u-_- :
A, =1 =2 3|=2:-2) 243i3.199:1: 0=
Lo o )
—9-(-2}1-3-1-2-2-3-0=13
A, A, A
Il = — . Iz = il . I3 —_—_—
A A A
HaXOZ[I/IM HEHU3BCCTHBIC IICPECMCHHBIC I10 (I)OpMYJ'IaM
A, -52
—13
AL 0
:{:2 = z = = [:I:
AL 213
A, 13
‘,{_’3 = S = — = —]_
A —13
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Ortser:
X1=4,X2=0, x3=-1.

IIpakTuyeckoe 3anaTue Ne8
Tema: Onepanuu HaJL MHOXKECTBAMH
Hean: HayunTs pemiath 3a1a4u, UCIIONIB3Ysl OCHOBHBIC OIEpAIMU HaJl MHOXKECTBAMHU

Teopernyeckas 4acTb

[Tox MHOKECTBOM MOHUMAIOT COBOKYITHOCTh OOBEKTOB JIF000 MPUPO/IbI, 00Ia1al0IIUX OOIIUM
CBOMCTBOM.

Onepanuu HaJ MHOXKECTBaMU: 00bEAMHEHHE, TIPeceYeHHe, JOMOIHEHUE, PA3HOCTh, CHMMETpHYECcKast
pa3HOCTb.

[Tpumep: Ha dpupme padotarot 40 yenoBek. M3 aHKETHBIX TaHHBIX U3BECTHO, 4TO 20 YeI0BEK
BJIQ/ICIOT aHIVINHCKUM SA3BbIKOM, 20 UeI0BEK — KOMIIBIOTEPOM, 14 — NeI0npon3BOACTBOM.
AHTIIUHACKUM S3BIKOM U KOMIIBIOTEPOM BIIAJCIOT 9 YENOBEK; . aHTJIMICKUM SI3bIKOM U
JIEJIONPOU3BOJCTBOM — 7 UEJIOBEK; KOMIIBIOTEPOM U JIEIOIPOU3BOJICTBOM — 5 YEJIOBEK; aHTJIMHCKUM
SI3BIKOM, JI€JIONIPOU3BOJICTBOM

N xommbrorepom — 2 yenoBeka. CKOJIBKO YETOBEK HE BIIAJCIOT HU AHTJIMIUCKUM SI3IKOM, HU
KOMITBIOTEPOM, HU JIETIOMPOU3BOJICTBOM?

Pemenue: 1) BBenem o603HaueHMs:

U- MHOXECTBO YeJIOBEK paboTaroniux Ha pupme;

A- MHOXECTBO U€JIOBEK, BJIAJICIONINX aHTJIMACKUM SI3BIKOM;

B- MHOX€CTBO 4eIOBEK, BIACIONINX KOMIBIOTEPOM;

C- MHO’KECTBO YEJIOBEK, BIAJICIOIINX JEIOMPOU3BOACTBOM.

Torma m(U)=40: m(A)=20; m(B)=20; m(C)=14.

Kpome Toro, u3BeCTHO, 4TO aHIJIMHCKKM S3bIKOM BJIaCIOT 9 uenoBek, ciegaoBarenbio, m(A N B) =
9; aHTJIMIICKUM SI3BIKOM H J€JI0IPOHU3BOICTBOM — 7 YellOBEK, cienoBarensHo, m(A N C) = 7;
KOMITBIOTEPOM H JIETIOIPOU3BOICTBOM — 5 uesioBek, cienoarenbHo, m(B N C) = 5; aHrmuiickum
SI3BIKOM, JIEJIONIPOU3BOJICTBOM U KOMITBIOTEPOM — 2 YEJIOBEKA, CJIE0BATEIBHO,

m(ANBNC) = 2.

HeoOxonumo onpenenutsb

Pazo6rem mHOMKecTBO M=A U B U C Ha 7 momapHO HeMepeceKaronxcs MHOKECTB Ay, 4,, ..., A; 1
HaiieM MOIITHOCTH KaXK/10T0 M3 3TUX MHOKECTB:

a) A, = AN B N C— MHOXECTBO YeJIOBEK, BIAJACIOIINUX aHTITHIUCKUM SI3bIKOM, JEIOMPOU3BOICTBOM
u komrprotepom, m(4;)=m(ANBNC) =2

6) A, = AN B N C— MHOXECTBO YelIOBEK, He BIAJICIONINX aHTITHICKIM S3BIKOM H BIIaISIOIHNX
KOMITBIOTEPOM H JIEJOIPOU3BOACTBOM. 3ameTuM, 4ToB N C = A; U A,, cnenoBarensio m(B N C) =
m(A;) + m(4,), orkyna m(A,)=m(BNC) —m(4;) =5—-2 = 3;

B) A3=A N B N C — MHOKECTBO YeNI0BEK, BIAICIONUX aHTIMHCKUM A3BIKOM M [EIONPOM3BOICTBOM U
HE BJIAJCIONMX KOMIbIoTEpOM. 3ametum, utoA N C=A; U A3, cienoBarensio, m(A N C) = m(4,) +
m(Az), oTKyza

m(A3;)=m(A N C) —m(A,)=7-2=5

r) A,=A N BN C - MHOKECTBO YeIOBEK, BIIACIONINX AHTTIMICKUM S3bIKOM, KOMIBIOTEPOM U He
BJIAJICIONIMX Jestonpoun3BoacTBoM. A N B = A, U A,, ciegoBatenbHo, m(A N B) = m(4,) +
m(A,), oTKyna

m(A,)=m(A N B) — m(4,)=9-2=7,

1) As = AN B N C - MHOKECTBO 4eI0BEK, He BIACIONINX aHTIIMICKUM A3BIKOM, KOMIBIOTEPOM M
BJIQJICIOLIUX JIEJIONPOU3BOICTBOM.
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C= A, UA, UA;U Ag, cienosarensio, m(C)=m(A4,) + m(4,)+m(43) + m(4s),
otkyna, m(As)=, m(C)- m(4,) — m(A,)- m(A43)=14-2-3-5=4;
e) Ag = AN B N C - MHOXECTBO YeNOBEK, HE BIACIONUX aHTITHHCKIM S3BIKOM U
JIEJIONPOU3BOJICTBOM U BIIAJICIOMINX KoMIibtoTepoM B=A; U A, U A, U Ag,
m(B)=m(A4,) + m(A4,)+ m(4,) + m(4g), otkyna m(Ag)=m(B)- m(4,) — m(4,)+—m(A4,) —
m(Ag) =20—2—-3—7=8;
%) A; = AN B N C - MHOECTBO YeJIOBEK, BIAACIONINX aHTIIMICKUAM A3BIKOM M He BJIAICHOIMX
J€TIONPOU3BOICTBOM M KoMIbioTepoM. A=A; U A3 U A, U A, cienosatensro, M(A)=m(A4,) +
m(A3;)+m(A,) + m(A4,), orkyna m(A4;)=m(A)- m(4,) — m(A3)+—m(4,) =20—-2—-5—-7 =
6;
OxoHYATENILHO,
M=AUBUC=4; UA, UA3; UA,UAg U Ay U A,, cienoBatensio, m(M)=m(4,) +
m(A,)+m(4;) + m(A,) + m(As)+m(Ag)+m(4;,)=2+3++5+7+4+8+6 =35

1) Tak xak U=M+A N B N C, o m(U) = m(M) + m(An B n C), orkyna

mANBNC)=m(U)—m(M)=40—-35=5
Cre/10BaTeNbHO, 5 4eT0BEK He BIAACIOT HU AHTTIMHCKUM S3BIKOM, HU J1e7IOPOU3BOICTBOM, HU
KOMIIBIOTEPOM.

Pemienue ynpaxHeHuit

1.Tansl muokectBa: U = {a,b,c,d,e, f,p,q},A ={a,c,e,p},B =1{b,d,f,p},C = {a,d,f, q}
BrinosiauTe crepyronme onepanuu:
a) (A/B/IB N C)/C UA
6) AUANBUANC)NANB/C;
B)A/BNC/ANBNCUAUBNC;
rAUBNBUC/B;
nH(AUANBUANC)NANBANC,;
e)(AUBNC)/(BUCUANBNC)U(AUBUZC);
K)(AU(B/JA)UANC)NANC/C
2. C nomotipto quarpamm Jiliepa-BeHHa ynpocTUTe BbIpayKEHUS:
a) AU (4/B) U (A/B);
6) AU (A U B)U B;
B)(ANB)U(ANB)U(ANB)
NAUB)N(AUB)N(ANB)N (AUB)
3. 13 276 oToOpaHHBIX CTYJICHTOB 3KOHOMUYECKOTO By3a 83 M3y4aroT MaTeMaTuky,95-npaso, 102-
¢unancel. Kpome Toro, n3BecTHo, uTO 27 U3 HUX U3y4YalOT MaTeMAaTUKY U NIPaBo, 24- MaTeMaTHKY U
¢unancel, 20-npaBo u GuHaHCH 11-u3ydarot Bce Tpu npeamera. CKOJIBKO yJaluxcsl He U3y4aroT HU
OJTHOTO U3 3TUX NpeaMeToB? CKOJIBKO U3 HUX W3YUYalOT (PMHAHCHI, HO HE U3y4YarOT HU MaTeMaTHKYy,
HU TIpaBo?
4. [IpoBepoUHBIi SK3aMEH 110 MaTEMAaTHUKE COAEPKaJl TPU 3aJlauu: MPpees, IPOU3BOIHAS U UHTETpall.
13 800 cTyneHToB 3aauy ¢ mpeaesnoM pemrwin 250 yenoBek; ¢ npeaenaoM win uarerpaiom — 600
yenoBek. [1o nBe 3amaun pemmin 400 yenoBek, U3 HUX JIBE 3a7a4u Ha MPeAe U TPOU3BOAHYIO
peurn 150 yenoBek, Ha npeaes U uHTerpai — 50 yenoBek. Hu oiuH cTyeHT He pemni Bee 3a1a4H.
20 CTyZIEHTOB HE PEIIMJIM HU OJHOM 3a1a4uu. ToNbKO 3a1a4y Ha HHTErpain pemin 120 yenoBek.
CKOJIBKO CTY/IEHTOB PELIMIN TOJbKO OHY 331a4y? CKOJIbKO YeJI0BEK PELIMIIN 3a/1auy Ha
MPOU3BOJHYIO?
5. Kagenpa maTtematuku o0CIy>KUBaeT TpH (hakynbTeTa: IKOHOMUYECKUNA, (PMHAHCOBBIH,
ToBapoBeaHbIA. HexoTopsle npenoaasarenu kadeapbl MOT'YT paboTaTh Cpa3y Ha HECKOJIbKHUX
¢dakynbTerax. Ha punancoBom akynbrere padoraror 22 npenoaaBaresns, Ha SKOHOMHUYECKOM -23
IpernojaBaTesis, Ha 9)KOHOMHYECKOM U ToBapoBeIHOM — 36 npernoaasareneil. Tonbko Ha puHAHCOBOM
¢bakynbTere padotaroT 10 npenogaBaresneif, TOIbKO Ha SKOHOMHUYECKOM U TOBAPOBEAHOM -5
npenoaasateneid. JIBa mpenonaBarens paboTalT Ha Tpex dakyinbTeTax. Uncio npemnoaBarenei,
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paboTaroIMX TOIBKO HA SKOHOMUYECKOM U (PMHAHCOBOM (haKyIbTeTax, paBHO YUCITY
npenoaaBarelield, padbotarmux Ha GUHAHCOBOM U TOBapoBeTHOM ¢akyabTeTax. CKOJIbKO
npernoaBaTeneit padoraer Ha kadeape? Ckonb npenogaBareneid paboTaeT TOIbKO HA OJHOM
¢dakynbrere?

IIpakTuyeckasi pa6ora Ne 9

Tema: Brruncnenue miomaaei moBepXHoCcTel Ky0a, MpU3Mbl, apajuieenuena

Heab: HayunTs pemaTs 3aa4u Ha BBIYMCICHUE TUIOMIAJICH TOBEPXHOCTEH KyOa, MPU3MBI,
napajuienenuIena

Teopernyeckasi 4acThb

Hnomam,}o IMOBEPXHOCTU MHOTI'OI'PAHHHKA I10 OIPECACIICHUIO CUUTACTCA CyMMa rmoma/:[eﬁ,
BXOIAIIUX B OTY IMTOBECPXHOCTH MHOT'OYTI'OJIbHHUKOB.

[Tnomaae MOBEPXHOCTH MPU3MBI COCTOUT M3 ILIONIAIA OOKOBOM MOBEPXHOCTH M IUIOIIAICH
OCHOBaHUIA.

HJIOHI&I[I) IMOBEPXHOCTU NUPaMHUABbI COCTOUT U3 IJIOIIaaN OoKOBOI IMOBCPXHOCTHU M ILJIOIIAAU
OCHOBaHHMHI.

[TET] EENN
[LI, S

At

S P_ 1L

OCH.

=P nS =

b0k II0E. I, IIIp 20 OCH. 00k II0E. Ip INDIpanELT

- | —

Pemenue 3aau no teme “Bpruncrienue niomiaaeil moBepXHOCTe MHOIOIPaHHUKOB .
Uemy paBHa 11011131 TOBEPXHOCTHU KyOa ¢ pedbpom 1? (6)

. 2
OGbeM Kyba paser 8 M°. HaiixuTe momans ero moBepxHOCTH. (24 M?)

Kaxk n3menuTcs miomaas TOBEPXHOCTH Ky0Oa, eCiiu KaKI0e ero peOpo yBeIu4yuTh B: a) 2 pasa; 0) 3
pasa; B) Npa3? (B 4 paza, B 9 pa3, B n? pas)

Uemy paBHa IJI01Ia1b TTOBEPXHOCTH MPABUIILHOTO TETpadapa ¢ pedpom 1? (“E)

YeMy paBHa IUIOIIAAb TOBEPXHOCTH OKTadApa ¢ pedpom 12( 2+/3 )
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YeMy paBHa IUIOIIAAb TOBEPXHOCTH UKOCadApa ¢ pedpom 1? (5“<Ilfg )

Haiinure momaas 60KOBOM MOBEPXHOCTH MPABUIBLHOMN MIECTHYTOJILHON IPU3MBI, CTOPOHA
OCHOBAHHs KOTOPOH paBHa 5 cM, a Beicota 10 cM. (300 cm?)

OcHoBaHMEM MPSIMON TPEYTOJIBHON MPU3MBI CITY)KHUT MPSIMOYTOJIbHBIN TPEYTOJIbHUK C KaTeTaMH 3 CM
1 4 cMm, BeicoTa pu3Msbl paBHa 10 cm. HaiiauTe miomianb moBepXHOCTH TaHHOM npu3Mbl. (132 CM2)

HaiinuTe miomniaas moBEpXHOCTH MPSIMOI MPU3MBbI, B OCHOBAaHHH KOTOPOH JISKUT poMO C
2
JAWaroHaIsIMu 6 ¢cM 1 8 cM 1 60k0BBIM pebpom 10 cm. (248 cm®)

Haiinure momaas 60KOBOM MOBEPXHOCTH MPABWILHON YETHIPEXYTOJILHON TUPaMHUIbI, CTOPOHA
. 2
OCHOBAHHs KOTOPO# paBHa 6 ¢cM u BbIcOTa paBHa 4 cM. (60 cM*)

Haiinure momaas 60KOBOM MOBEPXHOCTH MPABWILHON TPEYTOJIbHON MTUPAMHJIBI CO CTOPOHOMN
. 2
OoCHOBaHHUsA 6 ¢M 1 BbIcOTOH 1 cm. (18 cm?)

Haiinure momaas 60KOBOM MOBEPXHOCTH MPABUILHOMN MIECTHYTOJILHON TUPAMHIBI CO CTOPOHOM
. 2
OCHOBaHHsA 4 CM M BBICOTOH 2 cM. (48 cm”)

Kaxk n3mensites miomaau 60KOBOW 1 MOJIHON MTOBEPXHOCTEN TUpaMUIbl, €CIIH Bce e€ pédpa: a)
YBEJIMYUTH B 2 paza; 0) yMeHbIIUTH B 5 pa3? (B 4 paza; B 25 pa3)

Pa3BépTka noBepXHOCTH MPABUIIBHOM TPEYroJIbHON MUpaMU/Ibl IPEICTABIISAET COOOM

> 2 o~
PaBHOCTOPOHHUI TPEYroJbHUK, IOk KoToporo paBHa 80 m“. Haliaure miomans rpanu
nupamusl. (20 M2)

[TpoBepounas pabota
I yposens
Bapuanr |

1. CtopoHa OCHOBaHUs MPaBUJIbHON TPEyroJabHOM MPU3MBI paBHA 6 CM, a IMaroHajlb OOKOBON TpaHu
10 cm. Haiigute mutomazas G0KOBOM U OTHOM MOBEPXHOCTH MPU3MBI.

2. OcHOBaHMe MPSIMOI MPHU3MBI - pOMO €O CTOPOHOH 5 cM U TynbM yriaoM 120°. BokoBast
MOBEPXHOCTh NPU3MbI UMeeT Iutomaab 240 cMm2. HaiiuTe niomans cedeHns Ipru3Mbl, TPOXOASIIETO
yepe3 O0KOBOE peOdpo U MEHBUIYIO AMaroHallb OCHOBaHMUS.

Bapuanrt 11

1. BoxoBoe pebpo mpaBUIBLHOMN TPEYTOJIBHON MPU3MBI PaBHO 9 cM, a AuaroHaas OOKOBOU rpaHu
paBHa 15 cm. HaiinuTe miomaas 60KOBOM U MOTHOM MOBEPXHOCTH MPU3MBI.

2. OcHoBaHMe NPsAMOM MPU3MBI - poMO ¢ ocTpbIM yriiom 60°. bokoBoe pedpo mpusmsel paBHo 10 cM, a
TJI01a b OOKOBOM MOBEpXHOCTH - 240 cM2. HaiiauTe miomanb cedeHus MPU3Mbl, TPOXOISIIETO
yepe3 O0KoBOE pedpo U MEHBUIYIO AUAaroHallb OCHOBAHUS.

Il ypoBeHb

Bapunanr |
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1. OcHoBaHME TPSAMOM MPU3MBI - IPSIMOYTOJIBHBINA TPEYTOJIBHUK ¢ KaTeTaMu 15 u 20 cm. bonbias
OOKOBas TpaHb U OCHOBAHWE MPU3MbI paBHOBENHMKHU. HalimuTe rutomaas O0OKOBOH U TOJTHOM
IIOBEPXHOCTH IIPU3MEL

2. bokoBas MOBEPXHOCTh MPABUILHON YETHIPEXYTOJIbHON MPU3MBbI UMEET TIoMmaab 16 M2,
JlnaroHanb OCHOBaHUS IPU3MbI paBHA 42 v, HaiiguTe IIomais CeqeHus MPU3MBI, TPOXOJISAIIETO
gyepes qUaroHaId JBYX CMEKHBIX OOKOBBIX I'PaHEl, MMEIOIINX OOIIYIO BEPIIHHY.

Bapuant II

1. OcHoBaHMe TPSAMOM MPU3MBI - TPSIMOYTOJIBHBIA TPEYTOJBHUK C TUIIOTEHY301 25 ¢M 1 kaTeToM 20
cM. Menbiias 00KoBasi TpaHb M OCHOBaHKE MIPU3MbI paBHOBeNUKH. Haliaute miomans 60KkoBoH 1
MIOJIHOM MOBEPXHOCTH MTPU3MBIL.

2. BricoTa mpaBUIbHOM YETHIPEXYTOIBHOM MPU3MBI paBHA 1 1M, a II0Ma b OOKOBOM MOBEPXHOCTH
paBHa 16 nM2. HaiinuTe mioiaab CEYeHUs IPU3MBbI, IPOXOISIIETO Yepe3 AUaroHallb HUAKHETO
OCHOBaHWUS, ¥ POTHUBOJIECKAIIYIO BEPIINHY BEPXHETO OCHOBAHUSI.

III ypoBens
Bapuanr I

1. OcHoBaHMe NPSAMOI IPU3MBI - PABHOOEAPEHHBINA TPEYTOJILHUK C OOKOBOW CTOPOHOM 6 CM U YIJIOM
npu Bepmuae 120°. Inaronans HanOosbIIeli 60KOBOM rpaHu 00pasyeT ¢ MIIOCKOCThI0 OCHOBAHUS
npu3mMbl yros 60°. Haliaure muiomaabs 60KOBOM IpaHH U MOJTHOM MOBEPXHOCTU MTPU3MBI.

2. [Tnomans 60KOBOI MOBEPXHOCTH MPABUIIBHOM YeThIPEXyroyibHOM mpu3Mbl paBHa Q. Ceuenune
IIPU3MBI, IPOXOAIIEE YEPE3 JUAroHalb HUKHETO OCHOBAHUS U TPOTUBOJIEKAILLYIO BEPLIUHY
BEPXHEr0 OCHOBaHMs, 00pa3yeT ¢ IIOCKOCThI0 OCHOBAHUS MPU3MBbI yroi o. Haiinure niomans
CEUCHMS.

Bapuanr 11

1. OcHOBaHYE MPSIMOI TIPH3MBI - PABHOOEIPEHHBIN TPEYTOIBHIK C OCHOBAHHEM 6\3 CM H yIIIOM IIpH
ocHoBaHuu 30°. J[naronanabr MeHblIel OOKOBOM rpaHu 00pa3yeT ¢ INIOCKOCThI0 OCHOBAHUS MPU3MBbI
yroa 45°. Haiiaure miomnaib 60KOBOH U MOJIHOW NOBEPXHOCTHU MPU3MBI.

2. CeuyeHue npu3Mbl, MPOXO/IAIIEE Yepe3 cepenHy O0OKOBOTO pedpa U AuaroHajib OCHOBaHUS, HE
MepeCceKaroNIyIo TaHHOE pedpo, 00pa3yeT ¢ TUIOCKOCTHIO0 OCHOBAHUS yrou o. Halaure ruomanb
CeUeHUsl.

IMpakTHyeckasi padora Ne 10

Tema: Brrunciienune miomaaei noBepXHOCTEN KOHYca, 11apa, IHJIHHAPA

eanb: Hayunts pemats 3a1a4 Ha BEIYUCIIEHUE TTONIAAEH MOBEPXHOCTEN KOHYCa, apa, [UINHIpa
Teopernueckuii 6110k

Huanuap npenacrasiser co0Oi reoMeTpruiecKoe Tello, OTPaHUYEHHOE JIBYMS TapasieIbHbIMU
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] PXHOCTBIO.

h

[unmuuap cocTOUT U3 OOKOBOM MOBEPXHOCTHU M IBYX OCHOBaHUI. DopMyIia Iomaay MoBepXHOCTH
LWINHAPA BKJIIOYAET B ce0sl OTJENbHBIN pacyeT IUIOLa i OCHOBAHUHN U O0KOBOM noBepxHocTu. Tak
KaK OCHOBaHHMsI B IWJIMH/APE PaBHBI, TO MOJIHAS €T0 IUIOIAAb OYAET PACCUUTHIBATHCS 110 (GOpMYyIIe:

S =25 4S5

P 08N bok:

dopmyna mIomaa OCHOBaH!S MIJIMHAPA. Tak Kak OCHOBAaHUEM IMIIMHIPA SBISCTCS KPYT,
2
S =y
TO: 087
MpbI TIOMHHUM, YTO B 3THX pacyeTax UCHoib3yeTcs noctosHHoe uncio [1 = 3,1415926, kotopoe

paccYMTaHO KaK COOTHOIIEHUE JJIMHBI OKPYKHOCTH K €€ AUAMETPY. ITO YUCIIO SIBISETCS
MaTEMATUYECKON KOHCTAHTOM.

[Tnomane 60K0BOI MOBEPXHOCTH HJIMHIPA

qbopMyna IIomaiau OOKOBOI MOBCPXHOCTU HUIIMHAPA ITPEACTABIIACT coboit NMPOU3BCACHUC NJINHBI
OCHOBAHUA Ha €TI0 BBICOTY:

S =2mrh
bok A Termepb pacCMOTPHM 3aa4y, B KOTOPOI HaM MOTPeOyeTCs paCCYUTATH MOTHYIO
Iomaap uwmHapa. B 3anannoi gurype Beicota h=4 cm, r =2 cm. Haiizem mosiHyo miomaib
[IJIHH/IPA.
y 2 . 2
S =3,14x2"=12.56cm
Jlns Hayasma paccuuTaeM IUIOIaAb OCHOBaHmiA:  “*"
Tenepb paccMOTPUM IIPUMEP pacyeTa IIoma i OOKOBOM MOBEPXHOCTH IIIIHH/PA. B pazsepHyTOM
BUJIC OHA MMPEACTABIISIET MPAMOYTOJIbHUK. ETo MIIOIIaab pacCUUTHIBACTCS 110 MPUBEICHHOI BbIIIIE
)
S =2x3,14x2x4=50.24em”
dopmye. [TozicTaBuM B Hee Bee faHHbe: 0k
[MonHast IOk Kpyra MpeacTaBIsieT co00i CyMMy TBOMHOM IUIOIIAAN OCHOBAHHS
%
S =2x12.56 450,24 =25,12450.24 =75.36cm”

ookosoi; P
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Takum o0pa3om, UCTOb3ys (HOPMYIIBI MIIOIIAI OCHOBAHUI U OOKOBON MOBEPXHOCTH (PUTYPHI, MbI
CMOTJIM HAaWTH MOJIHYIO ILJIOIA b MOBEPXHOCTH LMIUHIPA.

OceBoe ceyeHHe HUIMHIPA MPEACTABISAET COOON MPSIMOYTOIBHHUK, B KOTOPOM CTOPOHBI PAaBHBI
BBICOTE M IMAMETPY IIMH/PA.

dopmyIia mIomaan OCEBOr0 CEUSHUS IIIMHIPA BEIBOIUTCS M3 (OPMYIIBI pacdeTa II0I1a 11
IPIMQVYIOJILHHKA.

S=2hi

PaccmoTpum npuMep pacdera IO 0CEBOro CEYeHUs NUIMHApa. [ 5TOro BO3bMeM yCIIOBUS
U3 3a]]a4M, YKa3aHHOH BhIlIe. YTOOB! HAWTH BEIMUYMHY HAM MOTpedyeTcs AuaMeTp. Mbl 3HaeM, 4To

d=2r

OH PaBEeH JIBOITHOMY paguycy:

d=2x2 :4[r_1m )
S5=2%x4%x4=32 r:m?

IloacraBuM nmaHHBIE:

o Kaxkas durypa Ha3piBaeTCs HUIHHIPOM?

e [louemy HMAMHAP HA3BIBAIOT TEJIOM BpalEHUA?

e Ha3zoBute BUbI HUIUHIPOB?

e HazoBure 3neMeHTHI HWINH]pA.

e Yro mpencrapiser coO0M pa3BepTKa MIJIUHIpA?

o Kax HaliTi mnomaas O0KOBOM MOBEPXHOCTH IMIIMHApPA?

o Kak HaiiTu mmoniagps NOJHOW MOBEPXHOCTH LUIUHApPA?

e HazoBurte ocHOBHBIE BUIBI ceueHul munuuapa. Kakas durypa momnydaercs B KaxaoM ciydae?
o [IpuBenure npuMepsl UCIOIB30BAHUS LIUIUHIPOB.

Pemenue 3agau:

3anaga 1. CKONBKO KBaJAPATHBIX METPOB JIMCTOBOM KECTH MOUIET HA U3TOTOBIIEHUE TPYOBI JUTMHOM 4
M 1 guameTpom 20 cM, eciu Ha BBl HEOOX0UMO 100aBUTH 2,5% muromaau ee O0KOBOM
MIOBEPXHOCTU?

Hano: L=4; d=20cm=0,2m. Hatitn: S.

) . . .5, =2mh
Pemenue: BOCHOJ’IB3y€MCH (I)OpMYJ'IOI/I MNJIOIAAY ITOJIHOM IMMOBEPXHOCTH HMJIMHApaA: = .

Pagunyc paBen nonosune nuamerpa — 0,1M, a BbIcOTa HIMIMH/pPA paBHA JUTMHE HYKHOH TpYyOBI — 4M.
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Tax Ha BBl HY)XKHO 100aBUTH 2,5% IIOMAaIN €€ OOKOBOM MOBEPXHOCTH, HY:KHO HalTH: (S+2,5%S).
[ToacraBuMm BMecTo S popmyiy turomaan 00KOBOW MOBEPXHOCTH, U BEIYUCITUM:

25
$+2.5% -S=S+-5=
100
f2
=5 1+——
100
=27rL-1,025=
=2-3,14-0.1-4-1,025 =
5748 = 2.6(x7)

TBeT: 2,6 M2,

L

I
[

3a mIomaas OOKOBOW OBEPXHOCTH KOHYCA IPUHUMACTCS TUIOIIA/Ib PAa3BEPTKU €T
OOKOBOW TOBEPXHOCTH.

[ToaTomy momiaap 60KOBOM MOBEPXHOCTU IMPSIMOIO KPYroBOI0 KOHYycCa paBHa IUIOIIA U
COOTBETCTBYIOIIETO KPYTrOBOTO CEKTOpPa (pUC. ) U BBIUUCISAETCS 110 hopMyIie

Sﬁ_K, = HRL,
riae R — pangnyc ocHoBanwus, a L — niuHa oOpasyromeid konyca. Eciu k miomaau 60KoBoit

IMOBCPXHOCTHU KOHYCA HpI/I6aBI/ITL Iomazab €ro OCHOBAHUS, TO ITIOJTYYHUM IUIOIIAAb MMOJTHOM
IMOBEPXHOCTHU KOHYCaA

Siom. =7RL+7R*=7R (L + R).

AHaJIOTUYHO 3a 013 b OOKOBOM MOBEPXHOCTH YCEYEHHOT0 KOHYCA MPUHUMAETCSI MJI0MIA b
COOTBETCTBYIOIIEH PAa3BEPTKHU.
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[TosTOMY B Ccityyae npsiMOTo KpyroBOro KoHyca (puc. ) ioiagb 00KOBOM MOBEPXHOCTH
YCEUEHHOr'0 KOHYCa BBIUUCISETCS 1O PopMmyJie

S6.y.1<. - ( ra+r )L
rae i u I — paauychl OCHOBaHMM, a L — mynHa 00pa3yromei ycedeHHOTo KOHyca.
Pemenue 3anau:

1. Paguyc koHyca paBeH 6, a o6pasytomas — 10. Haiitu muomaas 60K0BOM OBEPXHOCTH, IIJIOMIAh
OCHOBAHWUSI U ILIOIIA (b OJHOM TOBEPXHOCTH KOHYCA.

2. Bricora koHyca paBHa 4, a oOpasytomas — 5. Halitu muiomiaas 60KOBO# MOBEPXHOCTH, TUIOIIAIb
OCHOBaHHA U ILJI0IIAAb MOJTHOM IMMOBCPXHOCTU KOHYCA.

3.CkobK0 moTpedyeTcst KpacKu, JUIst TOTO YTOOBI MOKPACUTH MOKapHOe Beapo, eciu Ha 100cm?
HeoOxoaumo 3arpatuTh 10r?

4.CKOJIbKO KBaJIpaTHBIX METPOB Ope3eHTa MoTpedyeTcs i COOPYKEHUS NMaTaTKUu KOHUYECKOH
(bopMBI BBICOTOI 4 METpa U IUaMETPOM OCHOBAHUS 6 METPOB?

5. Obpa3ytoliast KOHyca HaKJIOHEHA K MIIOCKOCTH OCHOBaHUs 1ol yriioM 30°, a BBICOTa KOHYCa
paBHa 12cwm. HalinuTe miomaabs 00KOBOM MOBEPXHOCTH KOHYCA M ILIOMIA b MTOJTHON TOBEPXHOCTH.

6. [Inomane ocHOBaHUs KOHYca paBHa 167, a momaab oceBoro ceyeHus pasHa 32. Haliqure BbicOTy
KOHYCa U IUIOIIa b OOKOBOIl TOBEPXHOCTH.

7. HaiinuTe moma s 60KOBOM MOBEPXHOCTH PABHOCTOPOHHETO KOHYCa (0CEBOE CEUEeHUE —

PaBHOCTOPOHHUI TPEYroJbHUK), €CIIU PAUyC OCHOBAHHUS PaBEH SCM.

8. OceBoe ceyeHne KOHyca paBHOOEPEHHBIN TPEYTOJILHUK TIJI0MIAh KOTOPOro paBHa 60cM?, BICOTA
koHyca 12cMm. HalimuTe muomaas moJiHON TOBEPXHOCTH KOHYCA.

Jomarnee 3ananue:

1. Haiinure momaas 60KOBOM MOBEPXHOCTH KOHYCA, €CJIM 00pa3yroIias paBHa ScM, a pajnyc
OCHOBaHHS 3CM.

2. OOpa3yromas KOHyca paBHa 7cM, a paanyc ocHoBaHus 3cM. HaliquTe miomaab moiaHoN
MMOBEPXHOCTU KOHYCA.

3. Bricota koHyca paBHa 12cM, oOpasyromas 13cMm. Haliaure muomaab MoJHON MOBEPXHOCTH KOHYCa

4 Ilnomaas OCHOBaHMS KOHYca paBHa 25,7 cM?, a oOpa3yromas paBHa 6¢cM. Haiinure mutomnians
OOKOBOI1 TOBEPXHOCTH KOHYCA.

5. Haiinure momaas moJIHON TOBEPXHOCTH KOHYCA, €ciii 00pasyrolas HaKJIOHEHA K TUIOCKOCTH
OCHOBaHMs oA yriioMm 60°, a BeICOTa paBHA 6CM.
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IIpakTnyeckas padora Ne 11

Tema: Beruncnenue o0beMa Ky0a, MpU3MBbI, apajuIeIenuIe/a.

]_le.]]b: Hay‘lI/ITB peuiaTth 3aaa4 Ha BBIYUCIICHUC obbeMa KY6a, IMPU3MbI, HAPAJJICIICIIHUIICA.

TeopeaneCKaﬂ 4acTb

IIpsaMoyroJibHBINA Mapajiesnenunesa - 370 oobeMHast GUrypa, y KOTOpoi HIeCTh rpaHel, U Kakaas
13 HUX SBJIIETCS MPSIMOYTOJIbHUKOM.

HpﬂMoyFOJILHLIﬁ mapajmuieJienumneqa - mnapauiCiaCiuica, BCC TI'paHAd KOTOPOTO  ABJIAKOTCA
MNpsAMOYI'OJIbHUKAMU.

O0beM mNpPSAMOYIroJILHOTO MNapaJulesienunela paBeH MPOU3BEICHUIO €ro JUIMHbBI, HIUPUHBI U
BBICOTHI.

(I)opMy.Ha AJIS1 BBIYUCJICHUSA o0bema NPAMOYIOJbHOI0 mMapaJjuieJiecnuieaa

V=a-b-h
rze
rae V - 00beM MpAMOYTOJILHOTO Mapasuielienurea
a- JUIMHa,
b — mmpuna,,
h- BeICOTA.

OO0BEM TPU3MBI PaBEH MPOU3BEICHUIO €€ BHICOTHI HA IO b OCHOBAHHUS:
V=S-h

O6beM mupaMuIbl paBEeH OJHON TPETU MPOU3BEICHUS TUIOIIA U OCHOBAHUS HA BBICOTY:
rae S— miomaabs ocHOBaHwus, H — BEICOTa TMpaMU/IBL.

dopMmyna o0beMa yCeUeHHON TUPaMUJIbI IPEACTABISIET COOOM OJIHY TPETh MPOU3BEICHUS BBICOTHI HA
CyMMY ILJIOIIAJIeN BEPXHETO U HUKHETO OCHOBAHUS C UX CPEAHUM IPONOPLHMOHATIBHBIM:

.1

Pemenue ynpaskHeHui
1.CymectByeT nu npusma, umeromas 50 pédep? 54 pedpa?

Pemenue: Yncno pedep n — yroiabHOU npu3Msbl 3n, O3TOMY HpU3Mbl, UMetorien 50 pedep, He
CYIIIECTBYET, a 54 peOpa umeeT 18-yronpHas mpusMma.

2. CTOpOHBI OCHOBaHHUA MPSIMOYTOJIBHOTO MapajuleNienuIena paBHbl 5 ¢cM U 12 cM , AuaroHanb

napajuiefienurnena COCTaBIseT C IJIOCKOCThIO ocHoBanust yron 60°. Haiimute o00béM
napajieenuiena.
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3. OcHoBaHHMEM MpPSMON TPHU3MBI CIIYXKUT TPEyroiabHuUK co ctopoHamu 10, 10, 12. Jluaronann
MeHbIIIe OOKOBOM I'paHU COCTABJISIET € IUIOCKOCTHIO OCHOBaHUs yroi 60°. Haliaute 00bEM mpHU3MBIL.

4. O6beM NpsMOYTOJIBHOTO TMapajuieienurnena paseH 2. Uemy Oynet paBeH 00beM mapajuiesieuIe ia,
€CITH KaXKJI0€ ero pedpo yBeIM4YHTh B 3 pasa.

Pemenue. [Tycts pebpa nanHoro napauienenuneaa paBssl a, b u ¢. Toraa umeem: V=abc=2. Ilocne
yYBEJIMUEHUS Kaxa0ro pedpa B 3 pasza ero o0bEM Oyaer paBeH

V=3a*3b*3c =27 abc=27*2=54.
OtBert: 54.

5. AxkBapuym umeet hopMy IpsSMOYTOJIBHOTO Mapajuienenumneaa Beicotoit 30 cm. Ecnu B Hero
HayuTh 30 J1. BOJBI, TO 0 BEpXHETo Kpas octaHeTcs 5 cM. CKOIBKO JTUTPOB BOJIBI HY)KHO, YTOOBI
HATOJHUTH ITYCTON aKBapuyM JI0BEPXY?

Pewenue. Ilycts V 1 H cOOTBETCTBEHHO 00BEM U BBICOTA NTApAJUIEIEIUIIEAA.
V=SH . Ilo ycnoButo V=30,H=25, Torga 25*S=30.
ITocne 3anonnenus nmycroro akpapuyma jgosepxy H=30. 3nauur, 30*S=V.

255 30
Haiinem otaomenne 30S = V' v=361.

OtBerT: 36.

6. Kyouk Becut 10 rp. Ckonpko rpaMMoB OyzieT BeCUTh KyOuK, peOpo KoToporo B 3 pasa Oonblile,
yeM peOpo mepBoro Kyouka, ecian 00a KyOuKka H3rOTOBJICHBI U3 OIMHAKOBOTO MaTepHaa.

Pewenue. Ilycts V- 00béM nanHoro mapamnenenumnena. [locne yBenndenus kaxmoro pedpa B 3
pasa, ero o0bém Oyzet paBeH 27 V.

_v__1o0
27V X x=270p.

Ortser: 270.

7. O6bEM MpsIMOYTOJIBHOTO Napasuienenunena pased 32. Yemy Oyner paBeH 00bEM
napajiesienune1a, eciiu Kax,J10e ero pedpo yMeHbIINUTh B 2 paza.

8. B cocyn, umeronuii popmMy npaBUIIbHOMN TPEYroibHOM NPU3MBbI, HAJIWIN BOy. Y POBEHb BOJbI
nocturaet 36 cMm. Ha kaxoii BeicoTe OyeT HaXO0UThCsI YPOBEHb BOJIbI, €CIIN €€ MEPEIUTh B IPYroi
COCYJI TOM ke (POPMBI, Y KOTOPOTO CTOPOHA OCHOBaHMsI B 3 pa3a Ooibiiie, 4eM y nepBoro. OTBer
BBIPA3UTE B CAHTUMETpAX.

9. 3aKkphITHIN COCY B BHJIE IPSIMOYTOJILHOTO Mapaenenumnena ¢ peopamu 30, 40 u 45 cM. CTOUT Ha
TOPU30HTAIILHON TOBEPXHOCTH TAaKUM 00pa30M, YTO HAMMEHbIIas TPaHb SBIAETCS THOM. B cocyn
HaJWIM BOY 10 ypoBHA 36 cM. Ha kakoM ypoBHE OKa)KeTcsl BOJa, €CJIM COCY]l TOCTaBUTh Ha
HauOoJbIIyI0 TpaHbk? OTBET JaiiTe B CAHTUMETpaX.

10.lano: ABCD - npaBunbsHas nupamuga. AB =3; AD = 243 (puc. 3).
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Haiitu: a) Soch.; 6) AO; B) DO; 1) V.

11. dano: ABCDF - npasuibHas nupamuaa. £FCO =45°; FO = 2 (puc. 4).
Haiitu: a) Socu.; 6) V.

Perienue:

1) Pacemorpum AFOC: £0= 90°, £C= 45°, 3nauur, £F= 45°. Cnenosarenrno, AFOC -
paBHoOeapennsIii, OC ~ FO = 2.

2) AC = ZOC = 4.d=AC=ADV2 (mo CBOMCTBY IuaroHaiu Ksajapara, d2= 2a2).

Torma 10 T T N 2J_

3) ABCD - xBaapar (mupaMuia mpaBuibHas). Socu, = AD? @ ('2‘-6 y=8.
1 | 16 .1
Vo =Sy b V= B2 =—=5—,
4) 3 3 i 3

(OtBer: @) 8; 6) 5-1/3.)
12. lano: ABCDEKF - npasunbnas nupamuaa. FO L (ABC), FM L AK, FO =4, FM =5 (puc. 5).

Haiitu: @) SocH.; 0) V.




Pemenne:

1) Paccmorpum AFOM: 20= 90° (tak xak FO L (ABC), 3mauur, FO L OM)FO= 4,FM =
5 OM= VMF* - FO? (mo Tteopeme Iludaropa), OM= J25-16 =49 =3. OM =1 (r- pamuyc

AK = 2r»tg1;.=2-3:g;:-=5.%_’3-=2\l§.

OKPY>KHOCTH, BIIUCAHHOHN B IPABUJIHHBIN IE€CTUYTOJBHUK).

2) Soon = 68as0r sm-%gx-o,u%-z.ﬁ 32345, S, = 6343 w185,
3) Ve 133,”,‘-:{; Ve %-13J3“.4=24J§.

(Otser: a) 18V3, 6) 2413.)

13.3amaya: [lana TpeyrojpHas yceueHHas nupamuaa. Ee Beicota h = 10 ¢cM, CTOpPOHBI OJJHOTO W3
OocHOBaHu# paBHBI =27 cM, b =29 cM, C= 52 cm. [lepumeTp BTOpOro oCHOBaHUS paBHseTcs P2=72
cm. Haliqute 06beM nupamuibl.

h

a b

Jlist pacueta oObeMa HaM TTOTPeOyeTCs TUIONIAh OCHOBAHHM. 3Hasl JUTMHBI CTOPOH OJIHOTO
TpEeYroJbHUKa, MBI MOKEM PAacCUUTATh IIomaas no ¢popmyne ['epona. [[ns atoro morpedyercs
HAWTH NOJIYIIEPUMETD:

P L:‘E? 420 152 =108cm
108
P =5 =hdem

Tenepp Haiigem S2:

le'b"fp (p-a)(p-b)(p-c)

S =1/54(54-27 ) (54-29 ) (54-52 ) =/54x27 x25x2 =/ 72900=270cm”

3Has, 4TO IupamMua yceueHHas, AeJiaéM BbIBOJ, UTO TPEYTOJIbHUKH, JIEKAIIUE B OCHOBAHUSX
noao0HbI. KoadduiineHt mogo0us 3TuX TpeyrobHUKOB MOYXHO HANTH W3 COOTHOIIICHHS

HepI/IMeTpOB. OTHO]_HCHI/IC Hﬂomaﬂeﬁ TpeerHBHI/IKOB 6y,[[eT paBHO KBaI[paTy 2TOT'O KO:')(I)(I)I/IHI/ICHTa:
o
al - ]
S;o P st g

— - 7 )___
S, p?r w7 A

2
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]: L‘j-f
' 1
S, =

2 9

Ax270 2
0= 5 =120

Teneps, KOra Mbl HAIILTH ILIOMIAId OCHOBAHUIN YCEUCHHOM MUPaMHU/IBI, MOKEM JIETKO PACCUMTATh €€
00BeEM:

Ir’:% x10% (2?U—|— /270%120 +120 ) -

S

10 10 :
5 (270+180+120 ):? x 570 =1900cm k

Takum 00pa3om, BEIUUCITHB KOIPPHUIHESHT 1TOI00US U PACCUUTAB ILIOMIAAh OCHOBAHUHN, MBI HAIIUTH
00beM 3a/TaHHON YCEUCHHOU MUPAMU/IBI.

14. Nano: A1A2A3A4  -pom6, SA1A2A3A4 -nupammma, AlA4 = 3 +4SBO =
B, OB L A3A4, LA2A10 = a (puc. 6).

Haiiti: V - ?

Pemtenue:

_ P
. —3 ) - - -— "'dSI['I h‘
1) PaccmoTpum AOAA,: OAy=acosa,  AOAB: OB = acosusina 3

2) ASOB: SO %asin 2atgh.

3) Sww = 4Synom, 430 OB =2a-zasin2a = dsin2d
4) Vw=§3m_ -80, Vo™ %-az sin?.u'%asinlmgﬁ = %a”‘ sin? 2atgf

© la’ sin? 20gP.
TBET:

IIpakTnuyeckas padora Ne 12

Tema: Berunciienne oo0bemMa KOHyca, mapa, [MAuIHHIpa.

He.m;: Hay‘{I/ITB pemaTh 3a/la4r Ha BBIYUCIICHUC o0BeMa KOHYCa, mapa, DWJINHIpPA..
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Teopernyeckas yacTb

[{uuHAp 3TO TeOMETPUUECKOE TEJI0, KOTOpOe CPOPMHUPOBAHO BpalllEHHEM IPSIMOYTOJIbHUKA Ha OCH,
COBHaI[aIOH_[eﬁ C OAHUM H3 €TO0 CTOPOH. CioBo CHUWJIAHAP» TPOUCXOAUT OT I'pCUYCCKOro CjI10Ba
«kylindrosy.

Brruucnienue o6bemMa HMIMHIPA TPOU3BOIUTCS 1O CleAyrouIel hopmyie:

V =xnrh

V — 00beM uIIHHIpA
h — BeICOTA IMITHHIPA
I — paguyc OCHOBaHUS
n—3.14

Kax paccuntath 00beM nuiamuapa? OTUMHU 3HAHUSAMHM HauOoJee aKTUBHO IOJIb3YIOTCS B CBOEH
paboTe KOHCTPYKTOpBI PA3JIMYHBIX MAIlMH U MEXaHU3MOB, MOTPEOUTEIHCKUX TOBAPOB, a TaKXKe
apxuTeKTophl. VHXeHepaM NPUXOAUTCA IMPOU3BOAUTH pacueT oObema LMIMHIPA B TeX CIydasx,
KOrJla OHHM 3aHMMAIOTCS NPOEKTHPOBAHHMEM 3a/aHUl, CHAaOXXeHHBIX KojoHHamu. IlpaBnma, B
nocjeHee BpeMsl 3TH apXUTEKTYPHBIE JJIEMEHTHI B UX, TaK CKa3aTh, «KJIACCHUYECKOM) BapuaHTe (TO
ecTb BMecTe C 0a30i M KaluTelaeM) BCTPEYAIOTCS JIOCTATOYHO PEAKO, HO HX «YIPOIIEHHBIE»
Pa3sHOBUJHOCTH, COCTOAIIME U3 OJHOIO CTBOJIA (KOTOPBIM, COOCTBEHHO TOBOpPS, U INPEACTaBIIAET
co00M 1MIMH/IP) UCHOIB3YIOTCS BecbMa IIKMpoko. Hepeako ¢ KOJIOHHAMU NMPUXOAUTCS UMETH JAEIO
pecTtaBpaTopaM pa3IUYHbIX COOPY)KEHHUH, HMMEIOLIIUX OOJbIIYI0 HCTOPUYECKYI0 U KYJIbTYPHYIO
LEHHOCTb, IMpaBJla, B MX padoTe BBUUCICHHE O0beMa MWIMHIApPA — JaleKo He camas
pacnpocTpaHeHHas npouenypa. Brpodem, ecin pedb UAET O MOJHOM BOCCTAHOBJIEHUU YTPAauy€HHBIX
10 TEM WJIM UHBIM NIPUYHMHAM KOJIOHH, TO €€ TaK)Ke€ IMPUXOJUTCS IIPOU3BOIUTb.

Pacuer oObema LMIMH/pA OCYIIECTBISETCS TOTJa, Korjaa BeAETcs pa3paboTka pa3HOOOpa3HbIX
eMKOCTeH cooTBeTcTBYMOIIEH (hopMbl. B KauecTBe HarfIsAHOIO MPUMEPa TAKOBBIX MOKHO TPUBECTH,
CKa)keM, MEJUIIMHCKHE IIIPUILIBI, @ TAKXKE KOJIObI TepMOCcOB. ClielyeT 3aMeTUTh, YTO B

MEePBOM CITydae TakoH MmapamMeTrp, Kak 00beM, UMeeT OUeHb Ba)KHOE 3HAUEHHUE, MOCKOJBKY OT HETO
3aBUCUT TOYHOE KOJIMYECTBO MEIMKAMEHTOB, BBOJAMMOTO MAITUEHTY MTPU UHBHEKIIHIX.

B TexHuKe nuIMHIpEI pacpoCTpaHeHbl Ype3BbIYaiHO HIMPOKO: JJOCTaTOYHO CKa3aTb, UTO UX (HopMy
MMEIOT NPAKTUYECKH BCE Bajbl M MX OTIECIbHBIE COCTAaBHBIE YAacTH, MCIOJIb3yEMbIE, CKaXXeM, B
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JBUTATENSIX BHYTpeHHEro cropanus. K Tomy xe, pacuer odbeMa NUIMHAPA — OHA U3 Ba)KHEHIIMX
3a/la4, KOTOPYIO MPHUXOAUTCA peulaTb KOHCTPYKTOpaMU MpU TMPOEKTUPOBAHUU COBPEMEHHBIX
OCH3MHOBBIX W JHM3EJBbHBIX CHIIOBBIX arperatoB, Beb OT ATOTO MapamMeTpa 3aBUCUT MHOKECTBO HX
XapakTEepUCTHUK, M B TEPBYIO OdYepelb Takas BaKHeWIas, Kak MoIIHOCTh. Iloutu Bce
tunel JIBC cHa0Xar0TCs MOPIIHAMU, KOTOPBIE TAKXKE UMEIOT HIUTUHIPUIECKYIO (hopMy.

Upe3Bbl4aliHO pacnpOCTPAaHEHHBIMU ACTAIAMHM, KOTOpBIE NPUCYTCTBYIOT B KOHCTPYKLIUH MHOI'MX
CJIOKHBIX TCXHHUYCCKUX yCTpOﬁCTB, SABJIAFOTCA POJIMKOBBIC IMTOAIIUITHUKH. Kaxk HETPYAHO AOTraJdaThbCAa
nmo caMoOMy HMX HA3BAHWIO, OJHUMH H3 OCHOBHBIX HX KOMIIOHCHTOB ABJIAKOTCA IIPOYHLIC H
U3HOCOCTOMKHE METAJUINYECKUE POJIHMKH, UMEIOLINE HWINHAPUYecKyo GopMy. ViMeHHo Omaromaps
TAKOM TeOMETpUM, ITH JeTald HUMEIOT JO0CTaTOYHO OOJIBIIYI0 HECYIYH CHOCOOHOCTh M B
OOJIBIIMHCTBE CJIy4yaeB CIOCOOHBI BBIIEPKUBAaThb BECbMa 3HAUYMTENbHbIE HArpy3Kd, 4YeM HX
IIAPUKOBbIE aHAJIOIH. POJIIMKOBBIE MOALIMITHUKY SBJISIOTCS BBICOKOTOUHBIMH JETAJIAIMHU, U TIO3TOMY
IIPU UX pa3pabOTKe U MPOEKTUPOBAHUM MPABUIIBHBIN pacueT o0beMa HUINH/IPa (B JAaHHOM Cllydae —
pOJIMKa) UTPAET HEMAJIOBAYXKHYIO POJIb.

Pemenue 3anau:
1.Haitaure 00beM MUIMH]IPA C BBICOTOM, paBHOW 3CM M IMAMETPOM OCHOBAHUS — OCM.

2.I1nomanp OceBOro ce4eHus LUJIMHApPA paBHA 2ICM3, IJI0MAagbs OCHOBaHHUS - 18I cm? Haiinure
00BEM MIITUHPA.

3.CBuHioBas Tpy6a (mioTHOCTh cBuHIA 11,4 I‘/CM3) C TOJIIIMHON CTEHOK 4 MM HMMEET BHYTPEHHUU
muametp 13 mm. KakoBa macca TpyObl, ecitv ee IyTiHa paBHa 25 mM?

iy
P
I
Lo
[
Pl
I
|
[
Loy
Vo

U, S

F=11,4 r/em®

Ry =6,5mMM + 4mMm = 10,5mMMm = 1,05¢cM (HapyKHBII1)

R, =6,5MM = 0,65¢cMm

V =Vi-Vy=1 - (1,05)%2500 - T - 0,65% 2500 =1700 7 = 5338 (cm’)
M=p-V=1145338 = 6lxr.

4. Kakoe xonuuecTBO HETH (B TOHHAX) BMELIAET IUJIMHAPUYECKas IUCTepHa quameTpa 18 M u
BBICOTOIT 7 M, €CITH IIOTHOCTH HedyTH paBHa 0,85 r/cm>?

H="7m;d=1M; Puegru = 0,85 r/em®
m =?
Vy= TRH = 1927 =567T (M°)

34



V-p = 15131

m

JlomamHee 3aganue:

1. ,HI/IaFOHaJ'IB OCEBOI'0 CEYCHHUA NUIMHAPA COCTABIIACT C INIOCKOCTBIO OCHOBAaHUA LUJIKMHAPA YI'OJl

60°. Haiinure 06beM UIMHIpPA , €CIH TUIONIAh OCEBOTO CEUEHUs paBHa 16 \E ove

2. Ha ckiiayi B MacTepcKoOH 110 TOIIMBY OJICXK/IbI TOCTYITHII PYJIOH JAPArioBOi TKaHU B popme
mwmHApa. [Ipu TpaHcnopTUpOBKe OBUT YTEPSIH TOBAPHBIH SIPJIBIK C YKa3aHUEM JUIMHBI TKaHH B
pyione. Heo6xoaumMo onpeaenuTh JUIMHY TKaHH B pysioHe. [Ipon3Benn HeoOXoauMbie H3MEPEHHUS,
oM BBICOTY U quaMeTp pysioHa: 90cm u 30cwm, TommuHa Tkanu 0,2cM.

O0BbeM KoHyca BEIYHCISETCS 110 (hopMyJie

1 9
Vo= ;frh" i

rne R — paanyc ocHoBanust konyca, H -- ero BeicoTa

Al

73

[Iap 3TO reomMeTpUyecKoe Te0, 00pa30BaHHOE B PE3yJIbTaTe BPAIICHUS TOJIYKPYra Ha OCH CBOETO
JMaMeTpa.

O06beM mapa MOXHO BBIYHCIHUTH MO hopmye:
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R — paguyc mapa

V — 006bem mapa
n—3.14

Pemenue 3agau:

1. Asuanuonsas 6om0a cpegHero kanulpa JaeT Npu B3pbIBE BOPOHKY
auaMeTpoM 6 M u riryouHoi 2 M. Kakoe koinnuecTBo 3emitu (110 Macce) BbIOpachIBaeT 3Ta
6omba, eci 1 M° 3emimn nmeet macey 1650 kr?
Pemenue:

I
b
L]
—

1 o 1
V=—gR'H=—n+3%2=

3 3
= 6w (um°).
P = 1650+6+3,14 =

= 31 086 gr = 31 T. B
Omeem: P = 31 1. Pue. 3

||'|

2. Cwmomy Juisi TPOMBIIIIEHHBIX HYX COOUPAIOT, MOABEIINBAst KOHUYECKHNE BOPOHKHU K COCHAM.
Cxosbko BOpoHOK auameTpoM 10cm ¢ obpasyromieit 13 cm Hy>KHO coOpaTh, 4YTOOBI 3aMOTHUTH
JECATUIIUTPOBOE BeapO?

R=AC/2, R=5cm, H=\132-52=12(cm), V=1/3*3,14*5%12 ~314(cm’) 0,3 141>
n=10/0,314 =31,8. Omeem: 32 6opoHKU.

3. Cror ceHa umeeT GopMy IUIMHJIPA ¢ KOHUISCKUM BepxoM. Paguyc ero ocHoBaHus 2,5 M,
BbICOTA 4 M, MPUYEM LUIUHIPUYECKAs 4YaCTh CTOra UMEET BhICOTY 2,2 M. [[lIoTHOCTH ceHa
0,03 r/em’. Onpenenuts Maccy CTora ceHa.
Pewenue:

R=2,5m
0100; = 4m
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0:10,=2.2m

p = 0,03r/cm’

m=p-V; V,= 12,5222 = 13,75 Mm°= 13750000cm°
V=13 m -2,5%1,8=3,75m° = 3750000 1 cm®

M =0,03 - 175000007 =0,525 T T = 1,6 T

O

4. CrakaH4uK JUIsl MOPOXKEHOI0 KOHUYECKOW (popMbl MMeeT Iiyouny 12 cMm u aquamerp BepxHei
yacTu 5 cM. Ha Hero cBepxy MOJOXKUIIH JBE JIO)KKK MOPOXKEHOT'O B BUJIE MOJIyILIAPUI 1UAMETPOM 5
cum. IlepenonHuT 11 MOPOKEHOE CTAKaHYUK, €CJIM OHO pacTaer?

OA=12cm
BC=d=5cm
HepeHOJIHI/IT JIK MOPOIKCHOC CTaKaHI‘H/IK?
5

V=43 TR}(5/2°=125%/6 =20 6 %

25712
V=13 ARH=1/3 7 (5/2)%12= 12 =25%
OTBeT: HeT.
3amaua:

Haiitu o6bem mapa paguycom 10 caHTUMETpPOB.
Pemenue:

Jlas TOTo 4TOOBI BRIYMCIUTE 00beM mapa ¢GopMylia HCIOIb3yeTCs CIAeAyIomas:
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rae V — uckombii o0beM mapa, m — 3,14, R — paguyc.
Takum o6paszom, nmpu paauyce 10 cantumerpoB 00beM mapa paBeH:

V= g 3,14 x 10° = 4082 KYOMYECKHUX CAHTUMETPOB.

Pemenue 3agau:
1. Bo ckoJIbKO pa3 yBETUYHUTCS 00BEM Iapa, €Ciid €ro paanyc YBEJIUYUTh B IIECTh pa3?

O6beM 1mapa HaxoaAUTCA 1O GopmyIie:

v * R3
=—-T
3

[Tpu yBennueHuu paauyca B ILIECTh pa3 ero 00bEM OyeT:
4 4
V =—-m(6R)* = 216 - -nR?
Taxum oOpa3oM, 06beM mapa yBeauuutcs B 216 pas.

Ortser: 216

2. O6bem omHoro mapa B 216 pa3 Gonbinre oO6bema BTOporo. Bo CKOIBKO pa3 IIIOMIAIb
MOBEPXHOCTH TEPBOTO I1apa OOJIbIIIE TUIOIAH TOBEPXHOCTH BTOPOTO?
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N_

®opmyna 00bEMa mapa:

% 4HR3
3
dopMyiia Iomaay NOBEPXHOCTH IIapa:
S = 4mR*?
Hy'CTB 00BEMBI apoB COOTBECTCTBCHHO PABHLI:
V, = %nﬂﬁ Vv, = gnﬂﬁ

13 yCJIOBUA CICAYCT, YTO:

4 3 4 3

R,*=216R,"
3

Rl
=216
Rl I A~
~1_3716
R,
Ry
=5
RE

To ecTb, MBI YyCTAaHOBWIIH, YTO PaInycC MEPBOTO OOJIBIIE paauyca BTOporo B 6 pa3. Ecnu paanyc mapa
YMEHBUIUTH B 6 pa3, TO IUIOIIAb MOBEPXHOCTH LIapa U3MEHUTCS CIETYIOIUM 00pa3oM:

R\ 4mR?
S (E) - 736
To ecTb OHa yMeHbIIUTCS B 36 pa3.

IIpakTnuyeckas padora Ne 13
Tema: VccrieqoBanus Ha S5KCTpEMyYM B 33/1a4ax Ha 00bEMbI MHOTOTPAHHUKOB
Iean: HayunTs pemarte 3a1a4n Ha HaX0KIEHUE DKCTpEMyMa

Teopernyeckas yacrb

Ve B r1yOOKOH APEBHOCTH BO3HUKAIIM CUTYaIlMH, KOTAa TpeOOBaIOCh pelaTh 3a1a4u Ha
skcTpeMyM. OJIHa U3 MEPBBIX, AOMIEIINX 10 HAC, 33/1a4 10100HOT0 pojia CBA3aHa C JIEreHA0i 00
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ocHoBaHuu ropona Kapdarena. Kak mosectByet B «DHen1e» puMcKuid osT Beprunmii, 1aBHbIM-
naBHO (MHUKHUICKas apeBHA [[nmoHa ¢ HEOONBIIMM OTPSAAOM NMPEJAHHBIX €M JTF0JCH TTOKUHYJIa
poxanoii ropox Tup, cnacascek oT npeciieoBaHui cBoero Opata Tupana [lurmanuona. Ee kopabiu
OTMPaBWINCH HA 3anaj mo Cpean3eMHOMY MOPIO M TUTBLIH, TToKa J{uioHa He 00mro0oBaia yaooHoe
JUIsL TIOCEJIEHUS] MECTO Ha ahpHUKAaHCKOM MOOepexbe, B HhIHEITHEM TyHHCCKOM
3anuBe.BbicaguBiyecs GUHUKUNILBI ObIIIM BCTPEUEHBI HE OYEHb T'OCTEIPUMMHO MECTHBIMU
KUTEISIMU, HyMuauiinamu. Kopons HyOuauiineBSIpod BOMHCTBEHHO U MPE3PUTEIILHO Pa3roBapuBal ¢
HENPOUICHON TOCThei. OH IPHUHAI AParoue€HHOCTH, IPEAJIOKEHHBIE JIuI0HO0M UIsl MOKYIIKY 3€MIIH,
HO PELIUTEIbHO 3asiBUJI, YTO B3aMEH OH COIVIACEH YCTYIUTh €M JUIIb KJIOUYOK 3€MJIU, «KOTOPBIN
MO’KHO OKPYKUTb Oblubeil mKypoit». LlapeBHa Ge3pornoTHo cornacunack. Sp6 MoHsI1 XUTPOCTh U
KOBapCTBO (DMHUKHUSHKYU CIUIIKOM MMO3HO: J{M0Ha pHrKa3aia pa3pe3aTh HIKypy Ha O4eHb TOHKUE
peMHHU U cluuTh uXx. [loaydns, Takum 00pa3oM, TOHKUH, HO OY€Hb JUIMHHBIA PEMEHb, OHA
OTrOpoaMiIa UM OT Oepera 3HaAUUTeIbHYI0 TeppuTopuio. [IpocToayiHbIil, HO YecTHBIN SpO He cTai
OTKa3bIBaThCs OT JAHHOTO ciioBa. A J[uoHa Ha 3TOM MecTe ocHoBana ropoa Kapdaren. B namsars 00
3TOM MCTOPUH KapdareHcKas Kpernocts Obuia Ha3BaHa «bupcay, 4To Ha sA3bIKe oOUTaTENeH
Kapdarena oznauaeT «ObIubs HIKYpa».

Jlerenyia OTHOCUT COOBITHA K 825 TOAY 10 H.3. U HAM, KOHEYHO, CyJTUTh 00 UX JJOCTOBEPHOCTH
TpyaHo. Ho u1d Hac nHTepecHa MaTeMaTHyeckas 3ajaya, KOTOpYIo, BUIMMO, IPUILIOCH PELIaTh
Hunone. [Ipeamnonoxum, 4To JJIMHA U3TOTOBJICHHOTO TOHKOTO peMHs paBHa 600M. Torga Ha
COBPEMEHHOM si3bIKe 3a/1a4a J{uoHbl hopMyaupyercs Tak:

3aoaua. OnHa CTOPOHA MPSIMOYTOJIBHOIO YYacTKa 3€MJIM IIPUMBIKAET K Oepery Mopsi, a Tpu Apyrue
OTOPaKMBAIOTCA PEMHEM, JutnHa KoToporo 600m. KakoBbI TOKHBI OBITH CTOPOHBI 3TOTO Y4acTKa,
9TOOBI €r0 TUIOIAAb OblIa HAaNOOIIBIIEH?

Pewenue. Ilyctb 0iHa cTOpOHA NPSAMOYTOJILHUKA paBHA X M, TOI'/1a Apyras cropoHa pasHa (600 —
2x)m. [Tnomanp npsiMoyroapHUKa OyAeT GyHKIHeH oT mepeMeHHoH X: y = x(600 — 2x) = 600x — 2x%,
obnacte onpeneneHust koropoi (0; 300).

Hatinem HanGombIee 3HaueHue 31oi pynkmun Ha mpomexytke (0; 300).
[IpousBoanas 3toit pynkuuu y' = 600 — 4x.

Kputnueckast Touka Haiigercs u3 ypasHeHust 600 — 4x =0 x = 150.
Hccnenyem 3HaK IPOU3BOIHON HA KAXIOM HHTEPBAJE

(0; 150) y' > 0
(150; 300) y' < 0

Tak kak npu nepexoze uepe3 Touky X = 150 mpou3BoHasi MEHSET 3HaK C TUTFOCa Ha MUHYC, TO TIPH X
= 150 ¢pyHkus umMeeT MaKCUMyM. 3HAUUT, HAMOOBIIYIO MJIOMAAb UMEET MPSIMOYTOJIBHUK CO
cropoHamu 150 m 1 300 m.

Haiinem niomaas oroposxkeHHoro ydactka 3emau S = 45000 M2,

Mpl peminnu 3aaauy JIuioHel, cuuTas, 4To y4acToK UMeeT GopMy NMpsMOYrojbHUKa. Pemienne
noJI0OHBIX 3a/1a4, eciu (popMa IpaHULIbl — KPUBasi JIMHUS BBI3BAJIO K )KM3HHM HOBBII BayKHBIN pazeln
MaTeMaTHKU — BapHAIllMOHHOE HCYHUCIIEHUE, B KOTOPOM OCHOBHBIM MTOHSITHEM SIBJISIETCS HE (PYHKIIMS,
a pynkuoHnan. B Hacrosiiee Bpemst 3TOT pa3ien I0A0TBOPHO MCIIONIb3YETCsS BO MHOTUX 001acTsAX
MaTeMaTHKH, PU3UKU, TEXHUKH, SKOHOMHUKH.

e B HOBCG}IH@BHOI\/’I JKM3HH, B IIPAKTUYCCKUX 3a/ladaX 4aCTO BO3SHHUKACT H€06XOHI/IMOCTB
OIIPCACIICHUA YCHOBHﬁ, IMPU KOTOPLIX MBI TOJYYAaCM HAUTYUIIUC PE3YJIbTATHI TPY/Ja.

3aodaua. 113 mpsAMOYTOJIBHOTO JINCTA KECTH pazMepoM 25 X 40 ¢cM HaJl0 U3TOTOBUTH OTKPBITYIO
KOpOOKY HauOombIero oobema.

JIi1st I3rOTOBJICHUST KOPOOKH HA/IO BBIPE3aTh KBAIPATHBIC YTOJIKU. B 3aBUCHMOCTH OT JITHHBI
BBIPE3aEMOTr0 KBajjpaTa MoJy4aroTcst KOpOOKH, UMEIoIne pa3anyHble 00beMbl. [loaToMy
HEOO0XOIMMO PacCYUTATh pa3Mephl BEIPE3aeMBIX KBAIPATOB, MPH KOTOPBIX KOPOOKA UMEeT
HauOOoJIBIINNA 00BEM.
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Pewenue. O603Ha4MM CTOPOHY BBIPE3aEMBIX IO yIiIaM KBaJpaToB yepe3 X. JJHOM KOpoOKH sBIseTCs
MPSIMOYTOJIBHUK, CTOPOHBI KOTOPOTO paBHBI a = 25 — 2X u B = 40 — 2X. BricoTa KOpoOKH paBHA X.
CrnenoBarenbHO, 00beM KOpOOKH paBeH V = (25 — 2x)(40 — 2x)x, T.€. siBisieTcs pyHKIMEH oT
MEPEMEHHOM X.

y = (25 — 2x)(40 — 2x)x = 4x> — 130x* + 1000x

O6mactp onpeaenenust 3Tol GyHkuuu npomexyTok (0; 12,5). HalimeM skcTpeMyMbl 3TOH (YHKIIHH.
y' = (4x® - 130x% + 1000x)' = 12x* — 260x + 1000

12x* — 260x + 1000 = 0

Kputnueckue Touku Gpynkmuu X1 ¥ 16,7 — He BXOJUT B 00J1aCTh onpesiesieHus: QyHKIUH.

x’=5

OmnpepenuM 3HaK MPOU3BOIHOM B TPOMEKYTKAX

0;5)y >0

(5;12,5)y'<0

Taxk xak mpu mepexoe yepe3 TOUKy X = 5 IpOU3BOHAS MEHSET 3HAK C IUTI0CA HA MUHYC, TO MPHU X =
5 bynkuusa y = (25 — 2x)(40 — 2x)x = 4x3 — 130x% + 1000x nmeer MaKCHUMYM.

CnenoBarenbHO, KOpoOKa Oy1eT UMETh HauOOJIBIINI 00bEM IIPU BBIPE3aHUH KBAJAPATOB CO CTOPOHOM

5 cM. Haiinem o0bem noiaydeHHOU mpu 3ToM KopoOku: V(5) = 2250em°,

3aodaua. SnexTpoHArpeBaTEIbHBIN MPUOOP MOTPEOIIIET MOIIHOCTh OT UCTOYHKKA ToKa, DJC
KoToporo paBHa 3B, a BHyTpeHHee conpoTuBieHue paBHo 20M. Kakoe conpoTuBieHne J0IKeH
UMETh IpUOOp, 4TOOBI B HEM BbIIEIAIACH MAKCUMAaJIbHAs! MOLLIHOCTh?

MomHoCTh, oTpedsieMas dJIeKTpOHArpeBaTeIbHBIM TPHOOPOM, COITPOTUBIICHHE KOTOPOTO paBHO R,
iR
HAXOJUTCs 1o popmyne (r + R . O603naunM conporusieHue nprdopa R = x. C yuerom

Qx Qx
y=Pk)= = 3
JaHHBIX 3aJa4YH COCTaBUM (1)yHKI_[I/II-O 2 +x)p x* + 4x +— 4 O0nacrte onpeacIeHus

sTol (pyHKIMHU TipomMexkyTok (0; + 9 ). Mccnemyem monydeHHYIO () YHKIUIO Ha KCTPEMYM.
9x )“ 36 — 9x*°

X2 tdx+4) (2% +4x + 4)°

v ==

KpuTHYecKie TOUKH HaiilyTcst u3 ypaBHeHns 30 — 9%~ =0

X1 = — 2 TOYKA HE BXOJUT B 00J1aCTh ONpeaeieHus G yHKIIUU.
X2 = 2
Haiinem 3HaK MpoM3BOAHON HA KaXKJI0M IIPOMEKYTKE

0:2) ¥ >0
(2; +00) v < 0

Tak kak npu nepexojie uepes3 TOUKy X = 2 MPOU3BOIHAS MEHSET 3HaK C IUIF0Ca Ha MUHYC, TO B 3TOH
TOYKe (PYHKIUS UMEET MAaKCUMyM. 3HAUUT, MOIIIHOCTh, MOTpedasieMast mpudbopoM, Oyaer
HauOOJIBIIICH, €CITH COMTPOTHURIICHHUE €0 paBHO 2 OMm.

Pemenue ynpaskHeHuin

1. U3 Bcex MpsAMBIX MapauIesIeuIeIoB C JAHHOH IJI0MIA IbI0 TIOTHOM MMOBEPXHOCTH S U
KBaJIpaTHbIM OCHOBAHUEM HaWTH TOT, KOTOPbI UMeeT HauOOJIbIINN 00bEM.

2. U3 npsMOyYTONBHOTO JIUCTA KeCTH co ctopoHamu 80u 50 cMTpeOyeTcst H3TOTOBUT OTKPBITHIH
CBepXY SIIUK HanOoJbIIero 00beMa, OTpe3asi paBHbIE KBAJIPATHI MO yIJIaM, yIalss UX U
3aTeM 3aruoast )kecTb, 4ToObI 00pa3oBaTh OOKOBBIE CTeHKU. KakoBa gomkHa ObITh JJIMHA
CTOPOHBI BBIPE3AaEMBIX KBAPATOB?
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3. U3 Bcex mpsiIMbIX apaljieNienuIe/[0B ¢ JaHHBIM 00bEMOM U KBAIPAaTHBIM OCHOBAaHHEM
HaWJUTE TOT, KOTOPBIA UMEET HAMMEHBIIYIO JIOLIA/1b ITOJHOM MOBEPXHOCTH.

4. Haiigure pazMepbl OTKPHITOTO (0€3 KPBIIIKH) SIMIMKA C KBAJAPATHBIM JTHOM, HUMEIOIIETO
HaMMEHBIIYIO TUIONIA/(b MTOJIHOM MOBEPXHOCTH MPH 33/1aHHOM 00bEME.

5. Beruucnure pazMepbl OTKPHITOTO SIIUKA C KBAJAPATHBIM JHOM, UMEIOIIET0 HAanOOIbIINI
00beM, eci 0011ast 1011 Jb TOBEPXHOCTH OOKOBBIX CTEHOK M JHA paBHA S.

IIpakTnyeckas padora Ne 14
Tema: VccrenoBanus Ha S5KCTpEMyM B 3a/1auax Ha 00beMbl (pUryp BpallieHHUs
Hean: HayuuTs pemarts 3a1a4n Ha HaXO0KIEHUE DKCTpEMyMa

Teopernyeckasi 4acThb

Jlutp — 310 equnuIa 00bEMa. OJIMH JTUTP PaBEH OHOMY KyOHMUECKOMY JACHUMETPY WU ThICS4e
KyOW4eCKHX CAaHTUMETPOB:

Ta=1d8a =10x10x10 cag= 1000 cad

Tak xak pasmepbl 0aHKH, OUEBUHO, BBIPA3SITCS B CAaHTUMETpax, To 0,5 nuTpa cieayer cpasy
MepPeBECTU B KyOMUECKHe CAaHTUMETPHI!

K CJIOBY, 4TO 3TO 3a pa3MepH? I_[I/IJ'II/IHI[p CTaHAAPTHO OIIPEACIIACTCA paAuyCOM OCHOBAHUSA ¥n

BBICOTOH % . Bo-BTopsix. OCBE:KHUM B TaMSTH (OPMYJIBI:

So=mort
miomanb kpyra: ¥

Ry

FoM

Iona b 60KOBOM MOBEPXHOCTH HUIUHAPA! = 27wk

2
00bEM HunHapa: ¥ = h

3amaua

OHpeL[eJ'II/ITB HaI/I60J'IBIJ_Iy'IO BMECTUMOCTb NUIIMHAPHUYICCKOI'O 63.1(21, €CJIM €ro Iomanab MOBEPXHOCTU

2
(03 KpBIIIKH) JOMKHA PaBHATHCS Sed.

2
Pemienue: B TaHHOM citydae BCE HA0OOOPOT — M3BECTHA IIOMIAb TOBEPXHOCTH Sed.

(ecau mpyono,
3amenume © KOHKpemHbIM YUCIOM) K TPEOYETCs ONPEIeTHTh MAKCHMATBHBIH 00BEM

V=m'h Oaxka.

CymmMma mimomajieit 1Ha (He 3abvieaem, umo Kpwvluika omcymcmayent!) n 60KOBOU MOBEPXHOCTH B
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2
TOYHOCTH PaBHA M3BECTHOMY 3HaueHmio: 7o~ + 2% =5 orxyna maxomum:
5 -

Sah=S-m¢ = h=
2

Takum o6pazom:
3 5 — r(S ;??*) 1

vir)=mih = (S —
27T 2
Haitném xpurnueckue TOUKu:
Vir) = l(S}" - ) = l(:z: —3zi=0
2 2
3pi=5
o
=T
r=x i
EF
5
F=Ll—
FCOMeTpI/I‘leCKOMy CMBICJTY 3a1a4U, pa3yMeCTCA, YAOBJICTBOPACT MOJIOKUTEITHHEIHN KOPCHb 37 .

[IpoBepuM BBIMOTHEHNE JOCTATOYHOTO YCIOBHS IKCTpEMyMa:

V'(r) = %(S 3 ) —(D 3T 2r) =3

v & = -3 i:—«i T <0
3T 3T

o
==
3T

, 3BHA4YUT, (1)YHKI_II/I${ ‘PI:.?":I AOCTUTaCT MaKCUMyMa B TOUYKC

ITpu 3TOM BBICOTA Oaka:

3 23
b8 = 283 5B [8

( J 324w s 3ms im

MaKCUMaJIbHBIN 00BEM:
Ry Ry

Ve =mih=m 2.
= —é'a. .33: —é'a.

OTBeT: pagnyc OCHOBaHMS ONTUMAIBHOTO OaKa: 3T BeIcOTa: s MIPU ATOM

S 5 3
voo=—. |— sa
- % w3 W ar
MaKCUMAJILHBIA 00BEM:

IIpakTnueckoe 3ansaTue Ne 15

Tema: [IpaBua BerunciaeHus: 00beMOB (QUTYp BpAILEHUS C TOMOIIBIO OMPEAeIEHHOT0 HHTErpaja
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Heab: HayunTh BHIYUCIATH C IOMOILBIO ONPEIEICHHOTO HHTETpajia 00beMbl GUTYp BpaIleHUs

Teopernyeckas 4acTb

Brruucnienue o6bema Tena, 00pa30BaHHOTO BpAIIEHUEM IIOCKOH (PUTypBI BOKPYT OCH O

[pumep 1

a2

Berunciuth 00BeM Tela, MOTy4eHHOTO BparieHneM GHUTYphl, OTpaHHUYEHHON THHUAIMH » 2x—x
=10

Y BOKpYT OCH X

Pemenne: Kak u B 3a4a4€ Ha HAXOXICHUC IUIOIIa/l1, PCIICHUEC HAYUHACTCHA C YEPTEKaA ILJIOCKOH

¢urypsi. To ecTh, Ha IIIOCKOCTH AOY HEO0OXOAMMO MOCTPOUTH (PUTYPY, OTPaHUICHHYIO
L PR =10

JMHASIMEA ¥ 2x—x , Y .

. 1 NP NP F— -

senBdsosimes s s osss

’

o e
YRR, S SRSy SRS

McKkomas nnockana ¢urypa 3aliTpuxoBaHa, UMEHHO OHa M BPALL,AeTCca BOKPYr OcU ox

Kak BeruriciuTh 00bEM TENIA BpaH_ICHI/I}I?

OO6beM Tesna BpallleHUs: MOKHO BBIYMCIIUTB IO hopmyiie:

A
v = x| £ (x)dx

B nmpakTudeckux 3agaHusX Mmockast purypa HHOTAa MOXKET pacroiaraThCsl U HUKe OCU OX 3o

2
HUYEro HEe MEHSET — MOJIBIHTErpaabHas GYHKIHS B OopMyJie BO3BOJUTCS B KBaIpar: Jx) , TAKHM
o0pa30oM HHTerpaji BCeraa HEOTPULIATENIEH, YTO BEChMa JIOTUYHO.

Brruucium o0beM Tenma BpaiieHus, UCTIONb3ys JaHHYIO GOpMYyTTy:
A ] 2

V= ;rrjfﬂ(x).:fx = ;r.r](zx— ) dx = ;?T_[ (4x* - 4% + 2 )dx =
a i] i}

3 5
3 5 3 ] 15
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= 16 2’ =335 00°

OTBer:

[pumep 2

BrerancnuTh 00beM Tena, MOIy4eHHOTO IMPU BPAIIEHUU BOKPYT OCH a0CICcC (PUTYpBI, OTpaHHYESHHOM

HHHHHMHy:2x+1’ yv=zxz+4 -0 g x=1

1
=2r+1
Pemenne: 1300pa3uM Ha dyepTeke IUNIOCKYIO QUTYPY, OTPAHUYCHHYIO TUHUSMHU Y

=x+4 - - - .
Y ,x=0 x=1 ye 3a6pBasn IIPU TOM, YTO YpaBHEHHUE * = 0 samaer ocp &1

s Y il |

: =aXt '
Fossnoadress G dzorscoffrorancfics 4 SERRInesat Lasnesse p

g=lf & 0]

. ¢ X

I N !

4 ¥ 1§ 09/

Hckomas ¢urypa 3amrpuxoBaHa..
OObeMm Tena BpallleHHUsl BBIUUCIIUM KaK pa3HOCmb 00beMos8 meil.

Chauana paccMoTpuM (Urypy, KoTopast 00Be/ieHa KpacHbIM LiBeTOM. [Ipu e€ BpaiieHun BOKpyr

OX

o ¥
ocH MoJIyyaeTcsl ycedeHHbIN KoHyc. O003HaYMM 00bEM ATOI0 YCEUEHHOT0 KOHYca uepe3 L.

PaccmoTpum ¢urypy, kotopas o0BeieHa 3eseHbIM 11BeToM. Eciin Bpammarte ganHyo GUrypy BoKpyr

ocu P& | 1o MOJIYYUTCS TOXKE YCEUEHHBII KOHYC, TOJIBKO YyTh ToMeHblIe. O003HaYlM ero 00beM

v
yepes 2.

V=1,

W, oueBuaHO, pa3HOCTH OOHEMOB — B TOYHOCTU 00beM Hamel purypsl. Mcronb3zyem

CTaHJIapTHYIO (OPMYIY JJIsl HAX0XK/I€HUsI 00beMa Teja BpalleHUs:

&
v = x| £ (x)dx

L y=x+4
1) durypa, 00BeIeHHAS KPACHBIM I[BETOM OrPAHHUEHA CBEPXY TPSMOit » , IO3TOMY:

1 1 3
M= ?TI{:J:+ 4 dx = ;?T_ll(:ir2 +8x+16}dx=7r{%+ 4z +16x]|; :7‘{{%4—44—16] = 61‘;
0 0
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2) ®urypa, oOBeIeHHAs 3€JICHBIM IIBETOM OI'PAaHHYCHA CBEPXY MPSIMOM y=2x+l

1 1 3
7, = wf @x+ 17 dx = 7] (427 +4x+1)dx:ﬁ[4?x+2xg +xJ|; :n{§+2+1] _ 13?”
1] i}

, TOITOMY:

_ 61;??_13;?r=48;?T=16jT

V=7,
3) OOBeM NCKOMOTO TeJla BpalleHus: 3 3 3

o F=16med’ w0387
TBET.

Brruncnenmne oobeMa Tenna, 00pa3oBaHHOTO BpallleHuEM
IJI0CKO# (urypsl BOKpyr ocu Oy

[Ipumep 3

Jana mockast purypa, orpaHuYeHHast THHUSIMU y=3+ "‘E P 3- ""E ,FTA +1 .

Haiiti 06bem Tena, moy4eHHOTO BpaIleHUEM III0CKON (UTYpPbI, OTPaHUYSHHON JaHHBIMU

JIMHUSAMH, BOKPYT' OCU oY .

Penienmne:

1) BemmonHum ueptéx:

2) Beruucnum o6beM Tesna, 00pa30BaHHOIO BPAILLIEHUEM JTaHHOU (PUTYpBI, BOKPYT OCH or

[lepepucyem yepTek HEMHOTO B APYroM 0OpMIICHHUH:
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Wraxk, ¢purypa, 3amTpuxoBaHHAs] CHHUM I[BETOM, BPAIIa€TCsl BOKPYT OCU or Jns Hax oK aeHust

o0beMa Tena BpallCHUA 6y,HeM HHTCTPUPOBATD 110 OCH or .

BpamaeM (bnrypy, O6B€I[CHHYIO KpaCHBIM IIBETOM, BOKPYT' OCU oY , B pE3YJIbTATC INOJITY1ACTCA

i M
YCCUCHHLIU KOHYC. O003HaYUM TOT 00BEM uepe3 .

o
Bpamaem ¢urypy, o0Be1eHHYIO 3€JI€HBIM IIBETOM, BOKPYT OCH OF 4 o6osnauaem yepe3 * o0beM
IIOJIyYEHHOT'O TeJla BPALICHHUS.

o V==V
OOmbem Hamielt GUrypsl paBeH pasHOCTH 00BEMOB re

Hcnonb3yeM (opmyiy 1uist HaX0XJIeHHsI 00beMa Tella BpallleHus:

A
v =a] S Ondy

5 5 5 5
V=V -V, =7 | (v -1y - m[ (v- 3P dy = w (- D dy- ] (v -3)'dy =
2 2 2 2

T T T o A3 Tl
=Z0-VE-30-9L=564-D-ZG2- Y =20r- = =

7o

" ed” = 45 24 08

OrtBer:
IIpakruyeckoe 3ansitue Ne 16
Tema: Pemienue 3a1a4 C MOMOIIBIO ONIPENICIICHHOTO HHTErpajia

Heas: Hayunts pemars 3a7jauu ¢ HOMOIIBIO ONPEASIEHHOT0 HHTErpaia sl BBIYUCICHUS 00BeMbI
buryp BparieHus
47



Teopernyeckas 4acTb

— =-Inx
Jlana rtockast Gurypa, orpaHuYCHHAs! TUHUSIMHA * = 2, Y u ocbr0 A |

1) [TepetiTn k 0OpaTHBHIM QYHKIMAM U HANUTH TUIONIAIb TUIOCKOW (DUTYPBI, OTPAHMYCHHON JaHHBIMHU

JIMHUSAMM, HHTETPUPOBAHUEM I10 IEPEMEHHOMN >

2) Beruucnuth 00beM Tena, OTYYeHHOTO BPAIICHHEM TUIOCKON (PUTYphI, OTpaHUYEHHON TaHHBIMU

JIMHUSAMHU, BOKPYT OCH or

3TO0 mpUMep I CAMOCTOSTENFHOTO perieHus. JKenaromme TakkKe MOTYT HAalTH TUIoIaab (GUrypsl
«OOBIYHBIM» CIIOCOOOM, BBITIOJIHUB TEM CaMbIM IPOBEPKY MyHKTA 1). A BOT €ciiH, TOBTOPIOCH,
QX

BpAIICHUS C IPYTUM 00BEMOM, KCTATH, MPABUIHHBIN

(Zin®2—din 24 2med® m 0,59 28 .
OTBET (Toxe muig moOuTenel mopemars).

Oyzere Bpalath IIOCKYIO (PUTYpYy BOKPYT OCU , TO TIOJYYHUTCSI COBEPILIEHHO IPYroe TeJo

ITonHoe xe PEIICHUE IBYX INPCIAJIOXKCHHBIX ITYHKTOB 3aJaHWs B KOHIIC YPOKa.

Ja, u He 3a0bIBaliTe HAKJIOHATH TOJIOBY HAIlPaBoO, YTOOBI Pa300paThCs B TENaX BpallleHUs U B
npeenax HHTerpupoBaHus!

XOTCJ'I, OBLIO YKC, 3aKOHYUTDH CTATbIO, HO CCTrOAHS ITPUHCCIIN I/IHTepeCHHﬁ IMpUMEP KaK pa3 Ha
HaxXOoXJICHUC o0beMa Tea BpaleHusA BOKPYI' OCU OpAUHAT. CBexavox:

IIpumep 7

Breruncnuth 00beM Tena, 00pa3oBaHHOTO BPAIIEHHEM BOKPYT OCH or burypsl, orpaHIYeHHON
2

F= 7 _ .a
KPHUBBIMHU I+x" yy=x,

Pemrenue: BoInoaHuM uyeprex:

el R AN AT G e et o e A e e et el

R
1

-
1

B o
1

EEERNER BERTEas

el e W n ey

PR N e i Sp—

R 35 o O
b

. W

S e i e S S

I[JBI OCJIN HaXOXACHU A o0Bema Tena BpalICHUA 1OCTATOYHO UCIIOJIB30BAThH IIPABYIO ITOJIOBUHY

¢urypsl. O0e QyHKIIUU SBISIOTCS YETHBIMU, UX TPAQUKU CUMMETPUYHBI OTHOCUTEIBLHO OCH or |
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cCUMMeTpuYHa U Hama ¢urypa. Takum o0pa3zom, 3alITpUXOBaHHAs MpaBas 4acTb, Bpallasch BOKPYT

ocu &Y , HETPEMEHHO COBMAAET C JICBOM HEITPUXOBAHHOM YACTBIO.

[lepeiinem k 0OpaTHBIM (QYHKIUSAM, TO €CTh, BEIPA3UM «HKCBD) YEPE3 «UTPEKU»:
2 2

2
= =ltr === |21
1+ x ¥ ¥

y:xgix:ﬁ

¥

_ 2
OO6paTuTe BHUMaHKE, YTO HPaBoii BeTke mapabossl * ~ *  COOTBETCTBYeT 0OpaTHas

r=.] o o
byHKuusA Y Jesoit HEHCIIONIb3YeMOH BeTKe MapadoIbl COOTBETCTBYET OOpaTHast

==
byHKIUSA Y . B taxux CIIydasx HEepeJKO BOSHUKAIOT COMHEHUS, KaKylo ke (DYHKIIHIO
BbIOpaTh? COMHEHHUS JIETKO, Pa3BEUBAIOTCS, BO3BMUTE JIFOOYIO TOUKY MTPABOM BETKH U MOJICTABLTE €€

X=a II,J’? = ‘\.,l.}?
KOOpJAUHAThLI B (byHKL[I/IIO . KOOpIII/IHaTBI IoJOoNIIn, 3Ha4uT, q)yHKL[I/IH 3aaacT
MMEHHO IIPaBYIO BETKY, a HE JIEBYIO.

Teneps 3amMeyaeM 4TO:

=t

— Ha OTpe3Ke [U’l] nag ocsio U7 pacnosoxeH rpapuk GyHKIUU A \/_ ;

-1

xX=
— Ha OTpe3Ke [1;2] Haz ocero 91 pacrionoxeH rpaduk GyHKIIH ;

| e

Jlorn4yHo IpeanoI0KUTh, YTO 0OBEM Tella BpallleHUsl HY’KHO UCKaTh YK€ KaKk CyMMY 00bEMOB Tell
BpalleHuit!

Hcnonszyem dpopmyiy:

A
v =n] Ay

B nannom ciyuyae:

1 2 2 1 2
V=V, = rrl(@ﬂcfymj[ f%— 1] dy =njydy+ﬁj{§_ 1de:
0 1 0 1

:"—;(yﬂ)|;+m:2my—y)|f :§(1—0j+f{(2]n 2—2—D+1):g+:’?‘(2]n 2—1):7:{2111 2—%]

= 7!{2]11 2—1] 2 w278 ga?
_ 2
OTtBerT:

Pemienue ynpaxxHeHui

Boruncnute 06beMbl puryp, o0pazoBaHHBIX BpallleHHEM IJI0IIAAeH, OTpaHMYEHHBIX YKa3aHHBIMU
JIMHUSAMU:

1. y?=4x,y = 0,x = 4 Bokpyr ocu Ox
2. y=2x?-9,y = 0Bokpyr ocu Ox
3. x—2y+6=0,y=0,x =2 Bokpyr ocu Ox
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x2 yZ

=t = 1, y = 0 Bokpyr ocu Ox

2 2
z_z_;)’_zz1,y:0x:a,x:2aBOprrocn0x

xZ y2

prinae i 1, x = 0 Bokpyr ocu Oy
x+2y—4=0,y=0,x =2 Bokpyr ocu Ox
y?=x,y=0,x =1,x = 4 Bokpyr ocu Ox
y? =2(x +2),y = 0,x = 4 Boxpyr ocu Ox
0.y = x% — 1,y = 0 Bokpyr ocu Ox

Roo~N o 0 &

IIpakTHyeckasi padora Ne 17

Tema: MccnenoBanus Ha SKCTPEMYM B 3ajjayax Ha IUIOLIAM IIOBEPXHOCTEH (PUTYyp BpallleHUs
Hean: HayuuTs pemarts 3a1a4u Ha HaXO0KIEHUE DKCTpEMyMa

Teopernveckasi 4acThb

IIpu pemeHun 3aga4 Ha DKCTPEMYM Yy4allMecs HEPEOKO HCHBITBIBAIOT TPYIHOCTH B
COCTABJICHMH aHAIMTUYECKOH 3amucu (pyHKIIUH, OMMCHIBAIONICH ycloBHe 3a1aun. [IpuanHoi sTOMY
yacTo ObIBaeT HepalMOHAJIbHBIA BHIOOp He3aBUCHMOM nepemeHHOH. Ee jkenarenbHO BbIOpaTh Tak,
9T00BI 00JIee KOPOTKHM IYTEM IMOJYyYHTh aHATUTHYECKOE BBIPAKEHHE JAHHOW (YHKIMU U YTOOBI
BbIpa)keHHUEe ObLI0 00Jiee MPOCTHIM.

Pemenue 3agaun Ha OThICKAHME HaMOOJBIIErO M HAMMEHBILIEro 3HAYCHHUS T'€OMETPUUYECKON
BEJIMYMHBI C IOMOIIbIO OOIIEro METOJa, OCHOBAaHHOI'O Ha NMPUMEHEHUU IMPOU3BOJHOHI, HE Bceraa
ABJISICTCA PalMOHAIbHBIM. MHOrza K menu MOXKHO HpUHTH ObicTpee M 0ojee KOPOTKHM ITyTeM,
HCIIONIB3Ysl DJIEMEHTAPHBIE METOIBI U IPUEMBI.

3agaya Ne 1.

B oxpyxHocTh paguyca R Bmnmcana tpanemuss ABCD, ocHoBanue AB koTopoll sBisieTcs
IUaMETPOM OKpYXHOCTH. KakoBa J0/mKHA OBITh JUIMHA OOKOBOM CTOPOHBI TpAmelHH, YTOOBI
Tpanenus uMesa HauOOoIBIIYIO TUIOIAIb?

Pemenne:

1 cmocob.

B 3agade Tpebyercs HailTh IIMHY OOKOBOW CTOPOHBI TpameluH, MPU KOTOPOHW IUIONIATb
Tpaneuun Oyaetr Hanbonbuel. Ee MOXXKHO MPUHATH 32 HE3aBUCHMYIO MIEPEMEHHYIO, 3aTeM depe3 Heé

u paauyc R OKpyKHOCTM BBIpa3uTh IUIONMIAAb Tpanenuu. OOBIYHO ydaluecs pemialoT TaKuM
Coco0oM.
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2 coco®.
ITycth BeicoTa Tpanermu DH = x. U3 npsimoyromnsaoro £20ODH

(O — eHTp OKPYKHOCTH) HAXOUM: OH =~JR -1

Buaunt, HH = K+ R -x’ , ¥ TIOJTy4UM:

Y

= + -

A= (RH+AR"=27)% 116 0 < x <R — mpoctoe 1o opme Bhipaskerne a5 dyRKImH S. OHAKO
BBIYKCIICHHE IPOU3BOIHOM TpeOyeT Goiee CI0KHBIX BBIKIAA0K, YeM PU PEICHUH 3a1a4H TIePBbIM
CIIOCOOOM.

3 crmoco0.

[Tycts BH = x, Torna AH=2R - x. 13 cBolicTBa BICOTHI ITpsiMOyrosibHOrO ?ABD nmeem:

DH = X(ER - x} H, CJICA0BATCIbHO,

N=x x(ER—x),R<X<2R.

Ipomssoanas pyskimn S = 2Rx® — X* HaxoUTCs MPoIIE, YEM TIPH PELICHHMH 331491 TICPBBIM H
BTOPBIM CIIOCOOOM. 3a/1a4y MOXKHO PELIUTh U 0€3 UCII0JIb30BaHUs IPOU3BOIHOM.

Tak kak 3S% = (6R —3x ) -x"x"x. B mpaBo#i yactu - mpou3BeICHUE MEPEMEHHBIX, CYMMa KOTOPBIX
MIOCTOSIHHA M paBHa 6R. DTo npousBeaeHNe NPUHIMAET HauOOJIbIlIee 3HAUECHHE B CIIy4ae UX
paBeHCTBa, T.€. X= 6R — 3X, oTkyzna

x = 3/2R. Ilpu stom AH=1/2R u AD=0OD=R.

4 cnoco0.

[lycts LBALD = X Torma BD=2Rsi nzx, DH=2Rsinxcosx.

Haxonum:

S=4R%sin®*xcosx, 45%< x < 90°,
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¢ .. v
S =Dmpputgx = ‘-E , T.€. IPH X = 60° . Ocraéres CpPaBHUTDH 3HAUYCHHE (PYHKIIUU S B KPUTHUECKOU
TOYKE CO 3HAYEHUSIMU Ha KOHIIAX MTPOMEKYTKa [450, 900].

5 cmoco®.

BBenem He3aBUCUMYIO TIEPEMEHHYIO LAOD = =, IUIOLIA b TPAIELUH, paBHA CyMMe ILIOLIaen
tpeyroiabHukoB AOD,BOC u COD. CnenoBarenbHo,

5= %Rﬂ(z sin x +sin{ 180" — 220,07 < 2 < 207

3amada CBOJUTCS K HAXOXKICHUIO HAaNOOJIBIIET0 3HAYeHUS (PYHKIIUU:
Flx)="2sm x+sam 2x

Ee npoussojmas Fixi=2cosx+ 2cos2x

cosx +oosl2xr=10

0 0.
KpuTHYeCKHe TOUKH TIOy9HM, PENINB ypaBHEHHE: '+ = 07 < x< 80

3agaua Ne 2.

B okpyxHocTh paguyca R Bnucana tpaneuus ABCD ¢ ocHoBanuem AB. IIpu kakoii juinHe CTOPOHBI
AD mmomaap Tpanenyuu Oyaet HauOoJbIeH, eciu

LAV = & e O — nentp oxpyxHOCTH?

Pemenne:

MyCTh LAOD = ZBOC = 1 [Inomans £AOD:

SCAQD) = Rt
2 Haiiném mnomanu tpeyronsHukos: AOD, BOC u COD.

L2000 =360" —(a+ 2x),

qu/ITI)IBaSI, qTO MMOJIYyYHM:
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S=éﬂj(25mx—sm(ﬂ+2xj+sm @),

[IpoBeaém nuamerp M? OKpyKHOCTH napajuienbHO ocHOBaHUIO AB Tpanernuu. [nomans Tpaneuun
HE MOXXET ObITh HauOoJbIIeH, ecii xopasl AB u CD OyayT siexxarth 1o oJiHy CTOpOHY OT M?.

90" < x+ % <180° . 2020° < @ < 130"
[103TOMy ClIe/lyeT CUMTaTh, 4TO 2

Oyuknust S UMeeT HanOoJIbIIee 3HAaYeHNE OJTHOBPEMEHHO ¢ (DYHKITUEH

Fix)=2sm x—sain{ @ +2x),

(4

<x<1ent -2
>

gp° - &
2

Haiiném npousBoaHyO 3TOH (YHKITNH:

Flx) = 2{cos x — cos(@ + 2x)) = dsin cx;r o {'l'.;gx

C y4€ToM rpaHuI] U3MEHEHHUS X, TTOJIYIHM:

450 + E (ETE gpo &
4° 2 4
1350 ~ & (EFIX oqqu &

WK, HCCKOJIBKO paCIlIupsAa I'paHUIbI 9TUX ITPOMCIKYTKOB!

a+x a+sx

45" ¢ £135" an® < < 270"
Lot x
sin —— »100, ) =0
CJ’IGI{OB&TGHBHO, HpI/I BCEX I[OHyCTI/IMBIX 3HAUYCHUAX X UMCCM. 2 H f (x} TOTraa U
@+3x 360" - @
= 180", X, = —— =
TONBKO TOTJA, KOTJa £ OTKYy/a 3

l90° - @/ 180° - @/

Hrak, B npoMexXyTKE 2 2 pynxums f(X) HMeeT eIMHCTBEHHYIO KPHTHUYECKYIO
TOUKY Xg, B KOTOPOH, TPOM3BO/IHAS MEHSET 3HAK C IUII0Ca HA MUHYC. 3HAUUT, B 9TOM TOUKe (QyHKIIHS
UMeeT MaKCUMYM, a 3Ha4UT U UCKOMOE HanOoJbllee 3HaueHue. TakuM o0pa3om, II0ma s Tpanenuu
ABCD 6yzaer nanbomsbieit B Tom ciaydae, koraa 1yru BC, CD u AD paBHbl 1

= ; o _a
AD = 2R sin{ 60 @.

IIpakTnuyeckas padora Ne 18

Tema: HpaBI/ma BBIYHCIICHHS ILIOIIAACH HOBCpXHOCTCﬁ (bl/ll"yp BpalCcHus C IOMOLIBIO
OMMPCACIICHHOI'O UHTCTpajia
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Heab: HayuuTh BHIYUCIATH C MOMOIIBIO ONPEAEICHHOTO MHTETpajia MIOIaay MOBEpXHOCTEN (huryp
BpallleHus

Teopernyeckas 4acTb

Paccmotpum pucyHok

A

B y=f(x)

>

43
Q—————

b b2

UTO MOYKHO BBIYHCIUTE C IIOMOIIBIO ONPEICIIEHHOTO HHTETpajia?
B nepByto ouepenib, KOHEUHO, MIIONIA/Ib KPUBOJIMHEWHON Tpaeuu.

Ecnu xe nannas ¢urypa Bpaiiaercss BOKpYr KOOPAUHATHOM OCH, TO pedb YK€ UAET O HAXOXKJICHUU
00béMa Tesa BpalieHus. .

Ha nanHom 3aHATHH MBI HAay4duMCs paCCUUTBhIBATD erme OHY XapaKTCPpUCTUKY — enre OIHY ITOAAb.

Ipencrassre, uto munns 5 gpawaemes Boxpyr ocu 0f B pe3ysabpTaTe 3TOro IeHCTBUS
MoJIy4yaeTcsi reoMeTpuyeckas (purypa, Ha3plBaeMasi n08epXHOCMbIO 6paujerusi. B TaHHOM ciiyyae oHa
HarlOMUHAET TaKo! TOpIIOK Oe3 Ha T.€. C TEOMETPUUYECKON TOUKH 3pEHHSI Halll «TOPILIOK»

UMeeT OecKOHeuHO MOHKYI0 CTEHKY U JIB€ TIOBEPXHOCTH ¢ OJJUHAKOBBIMHU IUIOIIAASIMUA — BHEIIHIOO U
BHYTPEHHIOI0. Tak BOT, Bce JaJIbHENIINE BBIKJIAAKN NOIPa3yMEBAIOT ILIOMAAb TOIbKO BHEIIHEN
IIOBEPXHOCTH.

B npsimoyrosipHO#M cucTeMe KOOpAUHAT IUIONIA b TOBEPXHOCTH BPAIIEHHS PACCUUTHIBAETCS IO
bopmyre:

P= Eﬁjf(x) TN P= Eﬁ]-ya.|'|1+(yr)2.:£x

W, €CJIN KOMITAKTHEC! 2

K ¢yHnkunu u e€ npousBoIHON MPEeABABIAIOTCA TE K€ TPEOOBAHMS, YTO U MPU HAXOXKIECHUU JUTUHBI

AyTru KpHBOﬁ, HO, KpOMC TOI'O, KprUBad AL JOJIKHA pacniojiaraTbCa BBIIIC OCU 24 . 910

Xl
cymiecTBeHHO! HeTpyTHO MOHATE, UTO €CJIM JIMHUS PACIIONIaraeTcs Mo OChI0 (f(x) <0) ,

o FE TR <0
TOMOABIHTErpabHas GYHKIUS Oy/IeT OTpULATETbHOM: , 1 TIOOTOMY K
(I)OpMyJIe HpI/II[éTCSI I[O6aBI/ITB 3HaAK «MI/IHyC» I[a6BI COXpaHI/ITB FCOMeTpI/I‘{eCKI/Iﬁ CMBICJI 3a1a4n.

PaccmoTpum ¢urypy:
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[Imomaae moBepXHOCTH TOpa
B nByx crnoBax, Top — 310 OyOIIHK.
IIpakTunyeckas padora Ne 19

Tema: PemieHune 3a1a4 ¢ TOMOILIBIO ONPEAEIEHHOrO MHTErpaia 1Jis BBIYUCICHUS ILUIOAAEH
MOBEPXHOCTEH QUTYp BpaIICHUS

Hean: HayuuTs pemars 3a1a4u ¢ IOMOIIBIO ONPEAEICHHOIO MHTETPpaIa Ul BBIYMCICHUS IUIOLIANeH
MOBEPXHOCTEH (PUTyp BpalieHus

TeopeTn'{ecxaﬂ 4acTb

Brerancnourts IIomazab IMOBEPXHOCTH TOPA, IIOJTYUEHHOI'O BpallICHUEM

2 2
OKpPYKHOCTH -3 =1 BOKpPYT OCH O

2 2 _
Pemenne: ypaBHeHuE =37 =1 3a/1a€T OKPYKHOCTh €IMHUYHOTO pajinyca C LICHTPOM B

TOYKEC (03 . [Ipu 3TOM JIETKO MOIYYIHUTh JBE PYHKIIHH:
-3 =1-x
y—3=+1- 5
p=3441- 2

— 3a71a€T BCPXHIOKO ITOJTYOKPYKHOCTD,

— — —_— 2 ..
y=3-A1-x 3a/1a6T HIDKHIOK MOJYOKPYKHOCTB:

CyTb KpHCTaIbHO NMPO3pavyHa: OKPY>KHOCTh BPAIIAETCsl BOKPYT OCH adcuucc 1 o0pasyeT
nosepxnocms 0yonuka. EqMHCTBEHHOE, 3/1€Ch BO N30€KaHKe IpyObIX OTOBOPOK CJEyeT MPOSIBUTH

2 2 _
aKKypaTHOCTh B TEPMUHOIOTUHN: €CJIH BPAMIATh KPYT, OTPAHUYEHHBIH OKPY/KHOCTBIO -3 =1

55


http://www.mathprofi.ru/linii_vtorogo_poryadka_ellips_i_okruzhnost.html

, TO TIOJIYYUTCS TEOMETPHUECKOE Telo, TO ecTh caM Oyomuk. U ceituac pa3roBop o miomaau
€ro MOBEPXHOCTH, KOTOPYIO, HY)KHO PacCUUTAaTh KaK CYMMY ILIOIIAeH:

Haitném nomanbs NoBEpXHOCTH, KOTOPask MOJTY4YaeTCsl BpalleHUEM «BEPXHE»

B= z;rriyﬁh + (Y dx

_ P
ayru ¥ 34Al-x BOKpYT ocu abcuucce. Mcnonbszyem popmyny 2

_ f4_ 2
bepém pynkmmro y=3+yl-z U HaXOJUM €€ MPOU3BOIHYIO:

1
=3+ 1-x) =0+ ——(1- %)=
RN we i

Jlanee MakCUMabHO YIPOIIAeM KOPEHb:

1 x

(0—2x)=—

N T -2

2

2
- x x -zt + 5 1
S+ =\/1'{_ QJ =*\’1+1 7 =~J 7 - 2

1-x —X 1-x 1-x

W, nakoner, 3apsokaem pe3yJILTaT B (hopmyy:

E?T_I.y«,l'l+(y'j2dx—2ﬁ_|.(3+m"1— ;.Jl_.:fx_z 23?i{%+1}dx=
X il -

= d7r(3arcsin x + x)|g =47 3arcsinl +1- (0407 = 47{3- gﬂj =67+

2) Haitném momaib moBepXHOCTH, KOTOPAsl MOIYy4aeTCs BPALIEHUEM «HUKHEH»

yp=3-.1-7 o
IyTH BOKpYT ocu abcuuce. Bee aelictBus 0yayT oTiin4yaThesi PaKTUUECKH TOJIBKO
OJIHMM 3HAKOM.

E= zﬁiy,hﬂy’)ﬂdx: zni (3—af1-x7). J1+((3—J1— 0 dx =

: 1 2 1 T
=2:'T:I-1(3_ wl—xgj-\llﬁ-[ﬂ—ﬁ[ﬂ—Ex}J dx=2;?1':|-{3—«..'1—x3].mdx:

1
:2?T-|.(3—ﬂnll—x2)_ 14+ fix—gj‘?'-llliB |'1_ :I || x +X dr=2. 2}1']-(3 :[,l _7;2:"111?5:
n 0 1-x

1
3 . 1 . T
=4 —1|dx = dmZarcsin x— x) :4ﬂ'(3ar|:sm1—1—(0—0)):47{3-——1]:67?2—4??
'!(m'l—xg J |D 2

3) Taxum obGpa3om, mIOLIa/lb TOBEPXHOCTH TOpPA!
P=FB+ 5 =6m +4m+6m° —dmr=127°

P=127 e =118 44 28°

OTBer: ‘[Ipumep 2

2 _
BEIUMCIUTE MITOMAIb TOBEPXHOCTH TeIa, TTOMY4eHHOTO BPAIIEHHEM mapadonsl © ~ % BOKPYT

0)¢ 0=x=4

OCH Ha MPOMCIKYTKEC

Pewenue: sviuucium niowadb no6epxXHoCcmu, 00pa308aHHOU 8paueHUeM GepXHell

P= 2;ariyﬁh + (" dx

80Kpy2 ocu abcyucc. Mcnonv3yem ¢popmyny 2

y=Alx

eemeu
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B oaunom cnyuae:

T o - 1+ \{H 4x+1 _ N4zl
4r 4x 2

Taxum 06pa30M:

P=2?T-i-ynfl+{y'}2dx=2ﬁlwf— "4? ci'x—?r-l-af'4x+ 1d _—j(4x+1)2.:fr;4x+1;._

—"’Tj% (4x+1)2 |E, ——-«|'(4x+1)3|3 =%-(ﬁ—ﬁ)=%-(l?ﬁ—1)

P=%(1Tﬁ—l}eag. w3618 0%,

Omeem.

Ipumep 1. Haiizem mioriap moBepXHOCTH Inapa paauyca fi.

Peuwenue. IlomecTuM Hauaao KOOpJAUHAT B LIEHTp 1apa. byaem paccmarpuBaTh HOBEPXHOCTH I1apa

2
KaK MOBEPXHOCTb, MOJYYEHHYIO B PE3YJILTATE BPALICHHS ITOTYOKPYKHOCTH L +y =R BOKpYT
ocu Oz, Toraa mromniais MOBEPXHOCTH IIapa HalaeTcs mo hopmyie

R
?rfywl + (y')%dx.
-R

Tax kax ¥ = VRZ — 2% _ (GyHKIMS YyeTHAs, TO
R
P:zl?rfy 1+ (y")?dz.
0
! —I ) .."{.‘2 RE

V=" —— 14+ =1+ =
Haiinst R? — 22 y gprucoms CyMMy () R?— 1?2 R?— 12 nomyunm:

Pemenue ynpaxHeHui

1.Onpenenuts IO HOBEPXHOCTH Mapaboion/a, 00pa3o0BaHHOIO BPALIEHUEM JIyTH Mapadoiibl =
BOKpyr ocu Ox ot x =0 10 x = 2.
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2.Haiitu muiomnaap MOBEpXHOCTH, 00pa30BaHHOM BpallieHHeM BOKpYT ocl OX Iyrd OKPYKHOCTH
(x — 4)? + y? = 367 3aKxII04EHHON MEXy TOYKAMU

A(2;42), B(4:6)

3.HaiiTu muomaas NOBEpXHOCTH MIAPOBOro Mosica, 00pa30BaHHON BpallieHueM BOoKpyr ocu OX Ayru

okpyxHOCTH X2 + y? = 16. 3akmouenHoit Mexy Toukamu A(2; 2v/3), B(3;V7)

4.HaiiTH 11011181 TOBEPXHOCTH MIAPOBOTO M0sica, 00pa30BaHHOMN BpalleHreM BOKpyT ocu OY ayru
oKpyxkHOCTH X + y? = 25, 3akmoueHHoll Mexay Toukamu A(4; —3), B(3; 4)

5.HaiiTu 1m1o1a1b IOBEPXHOCTH, 00pa30BaHHOMN BpallieHHeM BOKPYT ocu OY YTy OKPYKHOCTH
x? + (y — 2)? = 25. 3akmouenHoit Mexny Toukamu A(2v6; 1), B(4; 5)

6.BprunciuTe 1uomaabs moBepXHOCTH, 00pa30BaHHOM BpalieHueM BOKpYT ocu OX yru

napaGonely? = 4x, orpanudeHHoi Toukamu 0(0; 0)) A(3;2v3)

7.BbraucnuTe 1Iomaab MOBEPXHOCTH, 0OPa30BAHHOMN BpallleHUEM BOKpYT ocu OX ayru
napa6onely? = 9x, orpanudenHoi Toukamu 0(0;0)) A(4; 6)

IIpakTnyeckoe 3ansaTue Ne 20
Tema: OmnpeneneHre KOMIUICKCHBIX YHCces B aireOpandeckoi popme
Hean: M3y4ynTh NOHATHE YKCIIA, KOMIUIEKCHBIX YUCEI.
Teopernyeckasi 4acTb

OpHUM U3 OCHOBHBIX TIOHSATHIA MaTEMaTHKH SIBIISICTCS MOHATHE Yu/C/id. DTO MOHATUE TIPOLLIO
JUTUTENBHBIN ITyTh PAa3BUTHS, 000TaIIasCh HOBBIM CoJiep KaHieM. VICTopuiecKy nepBbIMUA BOSHUKIH
B IIPAaKTHKE U OBLIM BBEJICHBI B HAYKY HAMYPAIbHble YUCIA, KOTOPHIE SBISIOTCS HHCTPYMEHTOM IS
cueTa KOJIMYEeCTBA OT/JENbHBIX IIPEIMETOB, HAIPUMEpP KOJIMYECTBA NalbleB Ha pyke. OHU 00pa3zyroT
0ECKOHEYHOE MHOKECTBO, KOTOpOE MPUHATO 0003HayaTh OykBOil N.
3areM BO3HHKJIA HEOOXOAMMOCTb BO BBEJICHUH JI0JI€H €AMHUIIBI M KOJIMYECTBA 3TUX JOJIeH
(HampuMep, AJIst U3MEPEHHsI [UTUH OTPE3KOB), T. €. OBUIO BBEIEHO TaK Ha3bIBAEMOE OpPOOHOe HUco.
Jlanee Te ke MOTPeOHOCTH U3MEPEHUs IPUBEIN K HEOOXOIUMOCTH BBEJICHUS OMpUyamenbHulX Yuce’
(HampuMep, eciii 3a Hayasio oTcyeTa OepeTcst ypoBEHb MOPSI, TO IS OTMETKH ITOJIOKEHHS TOPBI
Oepercs no1odcumenbHoe Yucio0 — BbICOTA TOPBI, a 111 OTMETKH MOJIOKEHUS TITyOMHBI MOPS —
ompuyamenvHoe yucno). llenpie oTpuLIaTenbHbIE YHCIa BMECTE C HATYypaIbHBIMU YUCIAMU M YHCIIOM
0 00pa3yroT MHOXKECTBO yenvix yucesn, 0003Hayaemoe OykBoi Z
MHOXeCTBO, COCTOSIIEE U3 BCEBO3MOKHBIX MOJIOKUTEIHHBIX U OTPHIIATENLHBIX HETBIX U IPOOHBIX
yucen u yncna Q, Ha3pIBaeTCss MHOXKECTBOM PAUUOHAIbHBIX Yucen U 0003HavaeTcs OykBoi Q.
Ouesnnno, uto N CZC Q.

[ToTpeOHOCTH MPaAKTHKH, a TAK)KE BHYTPEHHHE TPEOOBAaHUS CaMOil MaTEeMaTHKH, €€ JIOTHYECKOTO
Pa3BUTHSI, TOKA3aJIM HEJOCTATOYHOCTh MHOXKECTBA PAI[HOHAIBHBIX YUCEI ISl PEIICHUS Pa3THIHBIX
sanau. Hanpumep, faHo ypaBHeHwue x° = 2,

wm x = V2 . Ho He CyL[eCTByeT TaKoro paiioHATBHOTO YHCIIa, KBAAPAT KOTOPOro paset 2. Takue
YHCIIa TONYYHIIA HE3HAHUE UPPAUUOHAIBHBIX YUCEL.

[TosTomy TOsIBUIIACh HEOOXOMMMOCTh CO3/IaTh HOBOE PACIIMPEHHOE MHOYKECTBO YHCEN, B KOTOPOM
JUTSL KQXKJIOM TOUKH YHUCIOBOM OCH HaXOJUIOCH OBl YHCIOBOE 3HAYEHHE U B KOTOPOM PEIIAIOCH ObI
M000€ ypaBHEHHE BHIA X' = a.
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Takoe MHOXKECTBO MOJTYYHIIO HA3BAHUE 8EU{ECHI8EHHBIX(0EliCMEUmenbHbIX ) yucen 1 0003HavaeTCs
6ykBoii R, mpruem QC R.

Pa3BuTHe HayKy 1 MPaKTUKHU MTOKA3aJI0 HEIOCTATOYHOCTh BBEICHHOI'O MHOKECTBA BEIIECTBEHHBIX
qrCcel.

Hanpumep, naxxe takoe npocreiiiiee KBaJIpaTHOE YpaBHEHUE, KaK x*+1=0, He umeer pelIeHus B
MHO>KECTBE JICUCTBUTEIBHBIX YHCEN, TAK KaK HE CYIIECTBYET TAaKOTO JACHCTBUTEIHHOIO YHCIIA d, YTO
a? + 1= 0. D10 NOKa3bIBACT HEOOXOMMUMOCTD JAIbHEIIIErO pacuupenust moHsATUs uncia. Kpome
TOTO, TAKHE HAYKH, KaK MJICKTPOTEXHUKA U PA3IMYHBIC Pa3aeibl (PU3UKH, pACCMATPUBAIOT BETUINHBI
CJI0KHOW TIPUPO/JIbI, KOTOPBIE HE MOTYT OBITh OXBAYEHBI MOHSITHEM BEILIECTBEHHBIX YHCEL.

B cBsi3u ¢ 3TMM BO3HUKJIA TOTPEOHOCTH HOBOT'O PACHIMPEHUS TOHSATHUS YHCIIA.

Uranesackue matematuku X VI B. [Ix. Kapnano u P. bom0Gemnnu, pemias kBagpaTHbie ypaBHEHUS

Biza x° + a® = 0, BBenH B paccMoTpenue cumpon v — 1 | koropsiii B XVIII B. merep6yprekuii
marematuk JI. Ditnep(1708-1783) 0603naumn uepes i, PopMaabHOE pEIICHHE YPAaBHCHHS x*+a*=0

X +a~/—1

IIpH UCIOJIB30BAaHUM 3TOI0 CUMBOJIa CBOOAUTCS K TOMY, 4YTO ~ - HJIN, UCIIOJIb3Ys

v X = i .
o0o3HaueHue Ditnepa, -2 al.

Takum 00pa3om, BO3ZHUKAET HEOOXOUMOCTh B PACITUPEHUN MHOKECTBA JICUCTBUTEIHHBIX YUCEI JIO
HOBOT'O MHOKECTBA, TAKOTO, YTOOBI B 3TOM MHOYKECTBE YpPaBHCHUS BUJIA x* + a® = Oumenn perieHusl.
Huxe MBI H37105KUM KPATKYIO TEOPHIO TAKOTO PaCITUPEHUS.

Komnnexchvim uucnom z Ha3bIBaeTCs BbIpaKeHUE BUA a+bi, &, p—/1€MCTBUTEIbHBIC YHCIIA, a
CHMBOJI | yIOBJICTBOPSICT yCAOBHIO | = - 1
YKCII0 a HA3bIBAETCS 0eUCEUMeNbHOU Yachbio KOMIUIEKCHOTO YUciIa, bi — muumon yvacmoio, 1—
MHUMOUL eOUHUY L.
MHO0k€eCcTBO KOMILIEKCHBIX YKces o0o3HauaeTcs OykBoit C.
3aMeTHuM, 9TO MHOXECTBO R IEHCTBUTEIIBHBIX YHCET COACPKHUTCS B MHOKECTBE KOMITJICKCHBIX YHCETT

C: R © C. B camoM JeJie, BCAKOE IeHCTBUTEILHOE YHCIIO @ MOKHO PACCMATPUBATh KaK
KOMILIEKCHOE uucio Buaa a+0i.

KomruiekcHbie uncna Buia binaseiBatores uucmo muumvimu. OHE MOTYYAIOTCS U3 KOMIUIEKCHBIX
yucen z1 = a + binpu a = 0.

JIBa KOMIUIEKCHBIX YHCla Z3 = a + bi u Z, = ¢ + di Ha3BIBAIOTCS PaHbLMU, €CIIH,
COOTBETCTBEHHO, PaBHbI MX JIEHCTBUTEIbHbIE YaCTU U KO GUIIMEHTHI IPU MHUMOM €JUHHULE, T. €.
ecm a = ¢, b=d.

KommuiekcHoe uucno z = 0 + 0i Ha3piBaeTcst HyseM u o0o3Hadaercs yepes 0. OHO coBmaaaer ¢
YKCJIOM HYJIb MHOXKECTBA JIEHCTBUTENBHBIX uncen. TakuM oOpa3om, z = a + bi = 0 Torzaa u TOIbKO
Torma, koraa a = 0 u b= 0, um, 4To To *Ke camoe, koraa a+ b’= 0.

KomruiekcHbie uncna a + bi u a — bi Ha3bIBAIOTCS KOMIUIEKCHO-COTPSKEHHBIMHU.
Yucno, KOMIUIEKCHO-CONPSKEHHOE YUCTy Z, 0003Hauaercs uepe3 Z . Tak, ecnuz=a + bi, To Z =a
— bi, ecnu )xe z=a — bi, o z = a + bi. [lonsiTHe conpspkeHHOCTH B3auMHoe. Hanpumep, st

KOMILUIEKCHOTO YKcia Z = = -2 + 4i KOMIUIEKCHO-COTIPSIKEHHBIM SABJISCTCSA KOMIICKCHOE YUCIIO Z = -
2 - 4i; TOYHO TaKKe I KOMITJICKCHOTO Ynciia -2 - 4i KOMIUTEKCHO-COTPSKEHHBIM SIBJISIETCS YUCITO -2
+4i .

IIpakTnueckoe 3ansitue Ne 21
Tema: KomrmuiekcHbIe yncia U MX T€OMETpUUYECKasi HHTEPIPETaLUs
ean: N3yunTh NOHATHE KOMITJIEKCHAS INIOCKOCTh
Teopernyeckas 4acTb

KomrnekcHoe 9ncio z = a + bi TeOMETPUYECKU MOXKHO MPEACTABUTh TOUKON KOOPAMHATHOM
mockocTu Oxy ¢ koopauHaTamu a, b (puc. 1).
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HHOCKOCTB, ClIyzKamas ajisd I/I306pa)KCHI/IH MHOXECTBA KOMIIJIICKCHBIX YHUCCJI, HA3BIBACTCA
KOMNIeKCHOU niockocmuio. Tak Kak 1000e KOMIUIEKCHOE YHCIIO €IMHCTBEHHBIM 00pa3oM
OIMPEACIIACTCA CTO ﬂeﬁCTBHTCHLHOﬁ U MHUMOH HacCTsAMHU, TO KAXKIOMY KOMIIJICKCHOMY YHCITY B
KOMILIEKCHOW TUIOCKOCTH COOTBETCTBYET €IMHCTBEHHASI TOYKA HA TUIOCKOCTH. OUEeBUIHO, YTO
CIIPaBENIUBO M 00paTHOE YTBEPIKACHHE: KaXKI0M Touke (¥; ) mmockoctd OXxy COOTBETCTBYET
€IMHCTBECHHOE KOMIUIEKCHOE YHCJIO z = X + VI

L 3 Z
¥
4 ¥
¥
z
b i
z 0 X

B
C —

\ ! \ Zz

4] a X 4 A X
Prc. 1. Brc. 2. Prc. 3.

Takum 00pazom, MeX1y MHOKECTBOM KOMITJIEKCHBIX YHCEI U MHOYKECTBOM TOYEK TIOCKOCTH
CYLIECTBYET B3aUMHO-OJJHO3HAYHOE COOTBETCTBUE. [IpH 3TOM COOTBETCTBUU BCAKOMY
AercTBUTENIbHOMY uuchy z = a + Oi coorBeTcTBYeT TOukKa A(a; 0) ocu abeiuce, a BCIKOMY YHUCTO
MHEMOMY yncity z = 0 + bi — Touka B(0; b) ocu opaunar. Yucny z = i coorBerctByeT Touka C(0; 1)
(puc. 2). Ecnu xaxaoii Touke M KOMIUIEKCHOM MIOCKOCTH MTOCTaBUTh B COOTBETCTBUE PAJINYC-BEKTOP
OM 5T0i1 TOUKH, MEXKYy MHOXKECTBOM KOMILJIEKCHBIX YHCEI MHOKECTBOM PanuyC-BEKTOPOB MOKHO
TaK)X€ yCTAaHOBUTH B3aUMHO-OJHO3HauYHOE cooTBeTCTBUE. Och Ox OyJeM Ha3bIBaTh OelcmeumenbHou
ocbio, a 0cb Oy— MHUMOLL.

W3 onpenenenunst KOMITJIEKCHO-CONPSDKEHHBIX YMCEIT CIIEAYET, YTO YMCla ZH Z Ha KOMILJICKCHON
TUIOCKOCTH PACIIOJIOKEHBI CHMMETPHYHO OTHOCHTEIIBHO AEHCTBUTENBHOM ocH (puc. 3).
Paree Mbl OTMETHIIH, 9TO KBAJPAaTHOE ypaBHEHHEe ax’+ bX + ¢ =0, 11t KOTOPOro AMCKpUMHUHAHT D
= b? — 4ac < 0, B MHOXecTBe R (JICHCTBUTEIBHBIX YHCEN) HE MMEET PELICHHS, TAK KaK KOPEHb H3
OTPHIIATEIIEHOTO YHCJIa B ’TOM MHOXKECTBE HE UMEET JICHCTBUTEIHHOTO 3HaueHust. OHaKo B
MHOXkecTBe C (KOMITJIEKCHBIX YHCEN) TAKOe YPAaBHEHUE UMEET J1BAa KOMIUIEKCHO-COMPSKEHHBIX
pemenus. B camom nene, mycTh JaHO KBaJpaTHOE YpaBHEHUE

ax*+bx+c=0
npuyem D < 0.
Pemienus 3Toro ypaBHeHUs

—-b++D
Xip =77 %

2a
MIPEICTaBUM B BUJIE

rie yxe ~ D >0 a notomy v— D ecTh HekOTOpOE AEHCTBHTEILHOE YHCIIO.
CnenoBatenbHO, pelIeHUSIMUA KBaIpaTHOTO YpaBHEHUS OyIyT JBa KOMILIEKCHO-CONPSKEHHBIX YUCIIa

hfb+i\,f4acfb2 z—b—i\/4acfb2

= X.‘
2a 2a

X[
2 2 6x+9=0
Ipumep 1. Pemute kBaspatHOE ypaBHeHHe <X —bX+39=0U,
Pemenue. Haxogum:
(e, | Lx H: LRl
§ i L - ES i - : | | i |:|
] 1 e 2 )

Takum o0pa3om, peleHus MU JAaHHOTO KBaJIpaTHOT'O ypaBHEHUS OyAyT /1Ba KOMIUIEKCHO-
COIPS)KEHHBIX YHCIIa
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3 . 3 .
XIZE(1+I) X, 25(1—1)
51

I/ITaK, B MHOKECTBE KOMILJICKCHBIX YHCell J1000¢e KBaApPAaTHOC YPAaBHCHUC NMCCT PCIICHUC.

IIpakTuyeckoe 3ansitue Ne 22
Tema: JleficTBuS Ha/J KOMIUICKCHBIMU YHCIIAMU, 33/IaHHBIMH B allTeOpanuecKoM BUJIC
Heas: Hayuntbes npon3BOIUTh apH(PMETHIECKHUE ONIEPALMU HAJl KOMIUIEKCHBIMU YHCIIaMU.

Teopernyeckas 4acTb

JleHcTBUS HaJl KOMILIEKCHBIMH YHCJIAMH OIIPEIENISIOTCS TAKMM 00pa3oM, 4TOObI LIS 4aCTHOTO
Cilydasi e CTBUTENBHBIX YUCE STU ONEPALUK COBIAJAIN C M3BECTHBIMU ONEPALUAMH HaJ HUMH.
Cymma Z xommexcubix uncen 21 =@ thily 2, =a, +b,i

k il
=1+ + '

pei Y Bro o6o3navaror
Takum o6pazom,

= F L, =1l =0, 14 ;:'.- - h !I(l)
B wactHOCTH, eciin Z =4+ bi ,T0, £=04~ bi nostomy Z+tZ= 2a , CIIEJIOBATENIbHO, CyMMAa
KOMNIEKCHO-CONPSIICEHHBIX YUCE eCMb YUCTOo Oeticmeumenbroe. ONepaluio CII0KEHHS JIETKO

pacnpoCcTpaHUTh U Ha CyMMY JIF0OOr0 KOHEYHOT'O YKCia KOMILJIEKCHBIX yncen. Tak, eciu
zlzal+b11, zzzaz+b21,_ z,=a,+bi

n
ey

onpeaciIsICTCA KaK KOMILIEKCHOE YHUCIIO

Z:Z1+Z2.

TO

z 3 M | r'_ :'.l' & P T | III L} i .I"'. |I. . (2)

Mpumep 2. Haiitn KOMIUTEKCHOE 9HCIIO Z U3 paBeHcTa 2 +31=Z+4+1

Z:X"'yi,Toma 2+3i=x+yi+4+i

Pemenue. [Iycts
U

243 =(x+4)+(y+1i
JIBa KOMIIJIEKCHBIX YKCJIA PABHBI TOI/IA U TOJIBKO TOT/A, KOTJa COOTBETCTBEHHO PaBHBI UX
JEMCTBUTENBHBIE U MHUMBIE YacTu. CI1e10BaTENbHO,

x+4=2;
y+1=3.

PeIuB 9Ty CHCTEMY, HaXOauM X = - 2; y = 2. Takum obpazom, Z = =2+ 20
Boiuumarnue 08yx KOMNIEKCHBIX YUCeN ONpeoensiemcs Kak onepayus 00pamuas cioiceHur.

Kowmmexcroe uncio Z = d+bi gaspisaercs Pa3HOCMbI0 KOMILTEKCHBIX uncen 21— &t biiy

Z,=d,+b,i Z,=2,+12
2 2 2'ecnn “1 2 .

Pa3HOCTh KOMIUIEKCHBIX YHCEII Z; U Zp, 0003HAYAETCS Z1- Zo-
U3 onpenenenus cneayert, 4to

7 g, L. — a7, | = i i :|(3)
B gacTHOCTH,

£ ¥ [N g | 7Tl =N

zy=a +biy 2, =a, +bi gppenensercs cnenyromum

Ymuoorcenue nByx KOMIUIEKCHBIX YHCET
o0OpazoM:

Fro=laa =Ll y=ta b, +a. by (4)
OTcroza cieyer, uTo Ba KOMIUIEKCHBIX 4ncia Z3 = a + b u z, = ¢ - di MOXHO yMHOXATh 110
MPAaBUITY YMHOXKEHHSI MHOTOWICHOB ITPH YCJIOBUH, UTO i2= —].B camoM nene,
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o, = o= Bile+di) = o+ adi + b+ hdi = {ae - bdY+{od + Boi

_ . = _ 2 2

(cpaBHHTE pe3ynbTar ¢ onpenenenneM (1)). B uactrocty, ecin Z =0 +birg z-Z=a” +b"
Ipumep 3. Haiitn nponsseeHne KOMIUIEKCHBIX YHCEN 21 — 3420y 7, =—1-i
. = T . T [ ]

Pemenue. O4eBUIHO, YTO FAF (3+20=1=1) A== 21— =0 = 2(=1] | i

/lenenue BBOIUTCS Kak JieiiCTBUE, 0OpaTHOE YMHOXKEHUIO. Yacmubim om OeneHus KOMNJIeKCHO20

wuena 21 = G0 g uyeno 2o =G A0, #0000 cnemes komnaexcroe wucno # =% 05l paroe.
ymo “1 =% 7% m.e.
ar+ bpi = (a3+ bs l)'(dz"'bzi).
Orcro/1a Ha OCHOBaHUU paBeHCTBA (4.4) moayyaeMm:
a, =a,a, —b,b, b =a,b,+a,b, (5)
Pemas cucremy ypaBHeHui (5) OTHOCUTENBHO a3 U D3 HAXOqMM:
ga, +hb a.h —ah
L] - L
0, ti T O
. ] ]
a’ +b*#0 z,=a,+b,i#0
TIpUYeM, , TaK KaK 10 yCcIoBUIO “2 ~— “2 7% . Takum oOpazom
7 aa.+bhb, atb -ab, .
i i |I"' i ||'| (6)
a, +bi
PaBeHcTBO (6) MOKHO TOTYYUTH IIyTEM YMHOKCHHSI YUCIUTENS U 3HAMEHATENs Ipo0u a, +b,yl Ha
YHUCJI0, KOMILJIEKCHO-COTIPSDKEHHOE 3HAMEHATEIIO.
1 . 1.
z, =——3I z,=2+—I
IIpumep 3. Halitu yacTHOE OT JCJICHUS] KOMIUICKCHOTO YHCIIa 2 Ha YUCIIO 3

Pemenne. O4eBUIHO, YTO

1 1 .. 1. 1 1) 1)
S —-3i|2-=i i _G+i? 1-]6+—j-1 |6+—
3i _(2 3 1 61 6 +1i 5 )

42 T = —= = i = —15i
o4 i fo4ti|2-2i 44— 44— 44—
3 3 3 9 9 9

Boseeoenue xovnnexcrozo uucia Z=9+big cmenens n (n € N) paccmampusaemes xax wacmuviii
CYYAll YMHOMNCEHUSL KOMNJIeKCHBIX YUCE.!

no__
Z —Z'Z'Z'...'Z(npag)(?)
Haiinem HatypasibHbIe CTEIIEHH MHUMOW eInHUIB! i. Ha ocHOBaHuYM paBeHCTBa (4) Mosrydaem:

it=—1; i‘=iti=—i; i"=i"-i"=(-D)(D=1Li"=i*i=ii"=i*it==1i =i’ =i

=it =1

" BoOOIIIE

’-4n :]; ’-4Hr[ . ’-411»2 _71; ,-41743 271-,

3

=1 =

ricn— m000e HaTypaJIbHOC YUCIIO.

Mpumep 4. Haiitn 7
Pemenmne. [Ipu nenenun uucna 59 Ha 4 umeem: 59 = 14 « 4 + 3, nosTomy

1-59 — l—l4‘4+3 — (1-4)14 . 1—3 — i3 — _1

[IpenocraBiisemM NpoBEPUTH CAMOCTOSITENIBHO, YTO JJIsI KOMIUIEKCHO-COTIPSIKEHHBIX YNCET
BBITIOJTHSIFOTCS CIIEAYIOIINE PAaBEHCTBA:

Z
— _ — _ 7 .7 = . Z.
2,42, =2, 42, L —Z, =2 —Zy L, Zy =2, 2, L 2 ).(8)
b H .



IIpakTuyeckoe 3ansitue Ne 23
Tema: Tpuronomerpuueckas ¢popma KOMIUIEKCHOTO YHCIIa
Henab: M3yunTh NOHATHE KOMIUIEKCHOTO YHCIIa B TPUTOHOMETPUYECKOM hopme.

Teopernyeckas 4acTb

Kax roBopuiioch Bbiie, komiwiekcroe qucao 2 —X 1Y yno6Ho nsobpakars rouxoit M (% ¥,

MO3KHO TaKsKe TaKoe YUCIIO OTOXKAECTBIAT C PaAuyc-BeKTOpPoM 3Toit Touky UM —he ¥k TIpu
TaKOW MHTEPIIPETALUU CIIOKEHUE U BBIUUTAHNE KOMIUIEKCHBIX YUCEN POU3BOJINUTCS 10 IIPABUIIAM
CJIO’KEHUS U BEIYUTAHUS BEKTOPOB. J{J1s1 YMHOKEHHUS U JIeIEHUS] KOMILIEKCHBIX 4ncel Oosee ya1o0HoH
OKa3bIBaeTcs apyras Gopma.

BBeiéM Ha KOMILICKCHOM mwiockoctn PXY monsipayro cucremy koopausar. Torna
M5, ¥ =M (0. @] ppe X =,i3'l:05¢" Y =psing y xommiexcrnoe uncio 2 =X 1Y ymoxno
3aIIucaTh B BUJIC:

r =pifcosg +ising)

A1y GOpMY 3aIHCH HA3BIBAIOT TPHTOHOMETPUUECKOH (B OTIMUME OT anreGpandecKoil hopMbl
Z =X+1Y) B sroii popme uncio £ naspiBaror Moxysem, a % — apryMeHTOM KOMILICKCHOTO 4HCiIa
Z . Onn o6osnavatores: £ =% | ¢ =Argz Jlnst Motysist uMeeM (pOPMYJTy

2| =X +y =z z

. =]
ApryMCHT qucia onpeacyicH HCOAHO3HAYHO, a € TOYHOCTBIO O CJIaracMoro 2 n ) n®Zz .

-T<Pp =T

3HadeHue ApPTYMCHTA, YAOBJICTBOPAOUICTO HEPABCHCTBAM , Ha3bIBACTCs I''TaBHBIM U

o6o3nauaercs W8 Z  Torga A2 =arBZ+27A NEN  Jig rnaBHOro 3HAYCHNMS APryMEHTa MOKHO
IMOJIYYNUTh TAKHUEC BBIPAKCHUA:

:m:[gi,x =
X

b

X

i

Eﬂgﬂ}r’x =u:}l #U,
x =y =0,

arctg= +meign y, x <0,y #0,

0
I
0
argz =H
0
0
H

ApPTYMCHT 4HCJIa z =0 CUHUTACTCA HCOHpCI[CHéHHLIM.

VYcnoBue paBeHCTBA ABYX KOMIUIEKCHBIX YHCEN B TPUTOHOMETPUUECKON (popMe UMEET BU: MOTYIU
YHCEJI PaBHBI, @ APIYMEHTBI OTJIMYAIOTCS Ha YHUCIIO KPaTHOE 2z

Haiiném mponsBeneHne IByX KOMIUIEKCHBIX YHCEN B TPUTOHOMETPUIECKOM hopMme:
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How, =Il11:l!IH|FﬂL ixing oo s g, +8Ing, ) =
=5 m [{":C‘Eiﬂ] 'fl:lﬂgill.. - Ell'.lﬁ‘}l Sl g, ) + FLEIN '53] 'Eﬂs#:\- + 005 ﬁ] "E:]]'Iﬂ..._] =
_l"":l.l "Ly (oos(, + @) + Dl + g )0

I/ITaK, I[P YMHOXXECHHUHU YUCECI UX MOAYJIM YMHOXAKTCA, a apr'yYMEHTBI CKJIIaAbIBaAOTCS.

AHaJIOTHYHBIM O6p330M MOXHO YCTAaHOBUTDH, UTO IIPHU ACJICHUH MOIAYJIHU YHUCCII ACIIATCA, a apTYMCHTBI
BBIYHUTAIOTCA.

Ilonmmas BO3BCJICHHUE B CTCIICHb KaK MHOTI'OKpPAaTHOC YMHOXCHHNEC, MOXKHO IIOJTYYUTH (bOpMYJ'Iy
BO3BCACHHUA KOMIIJICKCHOI'O YMCJia B CTCIICHb:

{l"'-'l (Ll gt +I3in iﬁ'}}" —Je|" pusp +ism), FRSZ

It o
Brienem Gopmyny st Ve _ kopust 1 -0it cTeneny n3 KoMIIEKCHOTO UKCIa Z (ue myTtatb ¢
apu(MeTHyecKuM KOpHEM U3 JeHCTBUTENbHOrO yncia!l). Onepanus u3BlIeueHUs KOPHS SBISETCS

o it
O6paTHOI/I IO OTHOICHUIO K OI€paliiv BO3BCACHUS B CTCIICHD. H03TOMy \XE — 3TO0 KOMIIJICKCHOC€

qucno & raxoe, uto & =2,

[Tyctp =lel(cosp + isn @} yspecTho, o & koY T s drpeGyercs Haitti. Torma
&S¢0 w]t | cus mg + Tuln ) mlafuoag + fain *)

W3 paBeHCTBa IBYX KOMIUIEKCHBIX YHCEN B TPHTOHOMETPHYECKOH (hopMe ClieayeT, 4To

& =lel ny =p+ 22k keZ.

—
Orcrona &1 =4/l] (310 aprMETHIECKUI KOPEHB!),

AT R
i keZ.

HerpynHo yGeauTscs, 4To ¥ yosxer npuEEMAaTh THimb {1 pasmMuHEIX o cymecTBy 3HaYeHHiA,
Hafnpumep, npu k =0.1,2,.... n- 1 QgonuarensHo nveem bopmymy:

T Z(cosd Hislgs) —3 z{msw +i4in @] k=0.12...n-1

Urak, kopeHb T -6t cremenn w3 komruiekcHoro uncia umeer f1 pa3nu4HbIX 3HayeHuii. Ha
KOMIUIEKCHOM TUIOCKOCTH TH 3HAYEHUS PACIIOIAraroTCs B BEPIINHAX [PABUIBHO I -yIOJIbHUKA,

n (V)
BITUCAHHOTO B OKPYXXHOCTb pajuyca v 2] C IEHTPOM B Hauaje KoopauHar. “lIIepBplilf” KOpeHb UMEET
apryment ¥/ 71| apryMeHTHI IByX “COCEIHUX” KOPHEii oTnyaroTes Ha 277/ 11

Ipumep.!13B1euéM KOpeHb Kybudeckuit 13 MEIMOI exuanuer: 2 =1 | 12] =1 argz =2/2 Torga:

T2 HETR rz2 e 2rk
*i5in

& =41 =Y(conz'2 +in 2y =31]con
- =l =Y1(0osT, w2 ‘*% 3 3 01k=012;
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IIpakTuyeckoe 3ansiTue Ne 24
Tema: YMHOXKCEHME U JA€I€HUE KOMIUIEKCHBIX YHCET
Hennb: Hayuntbest yMHOKATh U 1€JIUTh KOMIIJIEKCHBIE YHCIIa
Teopernyeckasi 4acThb

dopmysa yMHOXKEHHUs B anredpandeckoi popme
YMHOKEHUE TPOU3BOAUTCA MyTEM MOIEMEHTHOTO IEPEMHOKEHHUSI C PACKPBITHEM CKOOOK 10
dopmyine ¢ yuérom Toro, uro 12=—1

Z1-22=(X1+y1i)-(X2+y2l ) =(X1-X2—y1-y2) +(X1-y2+X2-y1)i

[Tpumep 1

BBIMONMHATE YMHOXKEHHUE KOMITJICKCHBIX Ynce: Z1=3+i

u z2=2-31

Pemenue

z1-22=(3+i)-(2-31)=

PackprpiBaeM CKOOKHM TTOJIEMEHTHO TIEPEMHOKAsk MHOKUTEIH:
=(3-2+3:(—3i)+i-2+i-(-3i)=

VYmporaem BeIpakeHUE C YIETOM TOTO, 4TO 12=—1

=6—91+2i+3=9-71

OTtBeT
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z1-72=9-7i

dopmyna reneHus B anredpandeckoit popme

YroObl pa3aenuTh B aireOpandeckoil popMe Hy>KHO YHCIUTENb U 3HAMEHATENlb YMHOKUTH Ha YUCIIO,
COIIPSDKEHHOE K 3HaMeHaTelto. TeM caMbIM n30aBiisieMcsi OT KOMITJIEKCHOCTH B 3HaMEHaTele:

z122=al+blia2+b2i=(al+b1i)(a2—b2i)(a2+b2i)(a2—b2i)=al -a2+b1-b2a22+b22+ia2-b1—al -b2a22+b2
2

IIpumep

Pa3nenuTh 1Ba KOMIUIEKCHBIX uncia; Z1=3+i
u z2=2-31
Pemrenue

Tak kak uucina 3a1ansl B anredpanyeckort popme, TO U HY’)KHO IPUMEHUTH COOTBETCTBYIOIYIO
bopmyiy.

z172=3+12-3i=

ConpsbKeHHBIM KOMIUIEKCHBIM YKCIIOM K 3HaMeHareso Oyner  z2=2+3i

. JIOMHOXHM ¥ pa3/ieNuM Ha Hero IpoOb, YTOObI N30aBUTHCS OT KOMIUIEKCHOCTH B 3HAMEHATEIIE:
=(3+1)(2+31)(2—31)(2+31)=6+9i+2i—34+61—6i+9=

[TpuBOaMM NOOOHBIE CllaracMele:

=3+11i13=313+1113i

Oteet z122=313+1113i
IIpakTnueckoe 3ansaTue Ne 25
Tema: YMHOXeHUE U JiefIleHHe KOMIUIEKCHBIX YMCe B TPUTOHOMETPHUECKON (hopme
Hean: Hayuntbcs yMHOKATh U ACTUTHh KOMIUIEKCHBIE YHCIIa B TPUTOHOMETPUYECKOH (popme.

Teopernyeckas yacrb

3ama UM JIBa KOMIUIEKCHBIX YHMCIIa B TPUTOHOMETpHYeckoi ¢popme <1 = T'1 (cos g + isin )
u 72 = T2(cos g + isiny)y MEPEMHOKUM UX TI0 MPABUITY YMHOKEHHS ABYUICHOB:

HIIN

z1-2p =7 - 12 (cos(i1 + @) + isinfpr + @2)).

[Tosyunin HOBOE YHKCIIO Z, 3aITMCAHHOE B TPUTOHOMETPUYECKOM opme: = = r(cos p + isin ‘:5’],

st Kotoporo ©' = T1 T2, @ = &1 + 3,
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IIpaBuiio yMHOKeHUs. [Ipu yMHOMCEHUU KOMNAEKCHBIX YUCEN, 3A0AHHbIX 8 MPUSOHOMEMPUUECKOU
dopme, ux MoOyIU NEPEMHONCAIOMCS, A AP2YMEHMbl CKAAObIBAIOMCA:

|21 - 22| = |21] - |22, Arg(z - zp) = arg z; + arg ;.
(1.10)

B PE3YIbTATC YMHOXKCHUA YUCEII MOXKET IMOJIYYHUTHCA apryMCHT IIPOU3BEACHHS, HE HBHHmMHﬁCH
T'’IaBHBIM 3HAYCHHEM.

Jlenenue KOMRIEKCHBIX YuCel 6 MPUZOHOMEMPUUECKOIL hopme

E

PaccmoTpuM "acTHOE KOMITJIEKCHBIX YHCE <2, 3aJJaHHBIX B TPUTOHOMETpUYecko opme. 13

Z1
z=—
oIpe/ieNIeHUs] YaCTHOTO Z2uMeeM <1 = % * Z2y, MPUMEHSS K IPOU3BEICHUIO MTPABUIIO
r
r=—y ¥=¥1—¥2
YMHOXEHUS, MOTy4aeM 2 .

IIpaBuio genennsi. Mooyns yacmuo2o, noay4eHHo20 8 pe3yivbmame OeneHus Yuce, 3a0aHHbIX &
MPULOHOMEMPUYECKOTU hopme, padeH YacCMHOMY Om OelleHuUsi MOOYJIsl YUCTUMeisk Hd MOOYIb
3HamMeHamens, a ap2ymMeHm YacmHo20 paseH PazHOCMuU ap2yMeHmos 0eIuMo20 U Oenumers:

B pesynbrare aenenus uncen no Gopmyiie MOKET MOJYIUTHCS apTyMEHT YaCTHOTO, HE SIBJISIOIIHICS
IJIaBHBIM 3HAYEHUEM.
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