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1. IlosicHuTeJbLHAA 3aIIMCKA
Meroanueckue yka3zaHWsl MPU3BAHbl OKa3bIBaTh IMMOMOIIb CTYJIEHTaM B M3YYEHUH OCHOBHBIX
MOHATHUH, UJIEH, TEOPUN U TOJIOKEHUN TUCIUIUIMHBI, U3YYaEMbIX B X0JI€ KOHKPETHOIO 3aHATHS,
CIOCOOCTBOBATh PA3BUTHIO UX YMEHHI, HABBIKOB M IPO()ECCHOHATILHBIX KOMITCTCHITHI.
B manHOM yueOHOM MOCOOUU COTTIACHO CrieU(UKE TUCIIUIUIMHBI U IPOITUCHIBAIOTCS
CoBpeMeHHBIE TpeOOBaHUA K ydeOHOMY IIPOIIECCY OPHUEHTHUPYIOT MpernojaBaTessl Ha
MPOBEPKY 3HAHHM, YMEHUI, HABBIKOB Y€PE3 NEATENBHOCTD YUaIIUXCS.

[IpakTudeckas paboTa MOKET OBITH ONpE/eiICHa KaK JesATeIbHOCTh, HalpaBJICHHAs Ha
NPUMEHEHUE, YIIyOJIeHe U pa3BUTHE TEOPETUUYECKUX 3HAHUN B KOMILIEKCE ¢ (DOPMHUPOBAHHEM
HEOOXOJUMBIX JIJISI 3TOT0 YMEHHH W HABBIKOB /CaMOCTOSITENIbHOE HCIIOJB30BaHHE YUEOHHUKA,
HaTJISTHBIX TOCOOUH, OMOIOTHYECKUX MPUOOPOB U MATEPUAJIOB U T.J1./

BoinosiHeHHe NMpakTHYeCKUX PadOT HANIPABJIEHO HA:

- O606H.[6HI/IG, CucreMaTrmu3anulo, er'IY6J'IeHI/Ie, 3aKpPCIICHUC MOJIYYCHHBIX
TCOPCTUICCKUX 3HAHHH I10 KOHKPCTHBIM TCMaM U3y4YaCMbIX JUCHUIIINH,

- (I)OpMI/IpOBaHI/Ie YMeHI/Iﬁ NPUMCHATH ITOJYUYCHHBIC 3HAHUSA Ha IMPAKTHKE, pCaIn3alluto
CANHCTBA I/IHTGJIJICKTyaJII)HOI\/JI u HpaKTH‘ICCKOﬁ JACATCIIBHOCTH,

- Pa3BUTHC HWHTCIUICKTYAJIbHBIX YMCHHﬁZ AHAJIMTUYCCKUX, IMPOCKTUPOBOYHLIX;
KOHCTPYKTUBHBIX U 1IP.;

- BBIpa6OTKy IIpu PCIICHHUU IIOCTABJICHHBIX 3aJa4 TaKHX, KaK CaMOCTOATCIbHOCTD,
OTBCTCTBCHHOCTH, TOUHOCTb, TBOPYCCKAad MHULIMATHBA.

HI/ICHI/IHHI/IHLI, IO KOTOPBIM IJNIAHUPYROTCA IMPAKTUYCCKUX pa6OTLI 1 KOJIHMYCCTBO 4aCoOB,
OTBOAMMOC HAa UX BBIIIOJIHCHHUEC, OIIPCACIAIOTCA pa60‘~II/IM yT-I€6HI)IM IIJIAHOM.

B pe3yabTare udyyenuns 00s13aTeJIbHOM YaCTH YU4eOHOI0 HUKJIA 00YYAKIIHIICSH J0JIKEH
yMeTb:

- pemarth NPUKIIAJAHbIE 33]]aud B 00J1aCTH IPOPEeCCHOHATIBHOM 1eATeIbHOCTH;

- TNpPUMEHATh MpPOCThle MaTeMaTHYeCKHEe MOJEIM CHUCTEM U IpoleccoB B  cdepe
npodeccuoHaIbHOMN e TeTbHOCTH;

B pe3yiabTare M3yueHHMsi 00513aTeJIbHOH 4YacTH Y4eOHOro LMKJA 00y4YAIOUIMICH 10JIKEeH
3HATh:

- 3HaU€HUE MaTeMaTUKHU B IpodeccroHalIbHOM esTenbHocTH U npu ocBoeHuu [1TICC3;

- OCHOBHBIE IIOHATHS M METOABl MAaTEMATHUYECKOTO aHalln3a, TEOPUU BEPOATHOCTEU W
MaTeMaTUYeCKON CTaTUCTUKU;

- OCHOBHBIE MaTeMaTHUECKHE METOJbl pelleHHs MNPUKIATHBIX 33agad B 001acTu
poeCCHOHAIBHON e TENHHOCTH



IIpakTnyeckas padora Ne 1

Tema: Boruncnenue npenena QyHKIUNA
Hean: HayuuTh BRIYUCIATE IPeaeIbl GyHKITUN

TeopeTuyeckas 4acThb

Mpenen pynxkunn
Omnpenenenune. Yucno b HazpBaercs npeaenom ¢pyakuu f(X) mpu X, cTpemsimeMcs K a , €Clii
JU1s Jiro0oro uncna € > 0 HadgeTcs Takoe yucyio § > 0, 9To mpu Bcex X # a,
YIOBJICTBOPSIONIMX HEPABEHCTBY |X — a| < §, Oyzer BoImoaHAThCs HepaBeHCTBO |f(X) — b| < e.
Omnpenenenue npenena GyHKIUA MOKHO copMyaupoBaTh M Tak: Uucio b HazbiBaeTcs
npenenoM f(X) mpu X, crpemsmieMes K a, €Cu mpu JIFodoM € > 0 CyIecTByeT Takas
OKPECTHOCTH TOYKH a, UTO JIJIS JF0O0ro X # a u3 atoi okpectHoctH |f(x) — b| < €. Ipenen
o0o3HayaeTcs Tak:

lim f(x) = b.

X—a
[Tpumep 1. [Ipenen nocTosHHON QyHKINU B JHOO0N TOUKE PaBEH 3TOM K€ OCTOSTHHOM.
Pemenue. [Tycts f(x) = k st Bcex x. OueBuaHO, 4TO 17181 M00BIX € > 0, 6 > 0 u 17151 Beex
X € (a— §,a + §) cnpasemmuBsl coorHomenus |[f(x) — k| = |k—k| =0 < .
3HA4UT, 110 ONPEAEICHUIO IIpe/ea

lim f(x) = limk = k.

X—a X—a
[Mpumep 2. lana pyukuuusaf(x) = x. JlokasaTs, 4To
limf(x) = a.
X—a
Pemenwue. [Tycts € > 0 - mro60e uncio. [Tomoxus 6 = €, s Bcex X € (a— §,a + 6)
nonyunm|f(x) —al = |x —a| < §, T.e.|f(X) — a| < &, 3Haunur
limf(x) =limx = a
X—a X—a
Teopema. Eciu ¢ynkius f(X) umeer npeaen npu X, CTpeMsIIEMcs K a, TO 3TOT Mpees
€IMHCTBCHEH.

Teopembl o0 npeaenax ¢GpyHKuHU
Teopema 1. Eciiu ipu X — a cymiectByrot npezeisl pyHkiwmii f(x) u g(x), TO cyliecTByeT Takke
¥ [IPEJICIIbl IX CYMMBI, paBHbIA cymMMe mipeenioB ¢yHkmmit f(x) u g(x):
lim(f(x) + g(x)) = limf(x) + lim g(x) .
x—a x—a x—a

Teopema 2. Eciiu ipu X — a cyrmectByroT npezessl pyukiwmii f(x) u g(x), TO cymecTByeT Takke
¥l [IPeJIeIT X MIPOU3BE/ICHNUS, PaBHbII POU3BeIeHHUIO mpeaenoB ¢yHkuuit f(x) u g(x):

lim(f(x) - g(x)) = limf(x) - lim g(x) .

Xx—a Xx—a x—a
Crnenctsue. [locTOSHHBINM MHOXHUTEIh MOXKHO BHIHECTH 32 3HAK MpeJiea.
JlercTBUTENBHO,

lim(kf(x) = limk - lim f(x) = k- lim f(x).
X—a X—a X—a X—a

Teopema 3. Eciu ipu X — a cyriectByroT npezenst ¢pyukimii f(x) u g(x) u npexen
¢ynknmu g(x) OTIMYEH OT HYJsI, TO CYIIECTBYET TaKkKe U mpenen ux orHomeHus f(x)/g(x),
PaBHBIN OTHOILIEHUIO MPEIETOB:

lim(f(x)/g(x)) = limf(x)/lim g(x) .

X—a X—a X—a

[TonaTue GecKOHEYHO MaJION M OECKOHEYHO OOJIBIION BETHUUHBI

Ecnu npenen ¢gyHKIIMM paBeH HYJIO, TO OHA Ha3bIBAETCS OECKOHEYHO MaJION BETMYMHOM.
Ecnu npenen pyHkimum paBeH 6€CKOHEUHOCTH, T.€. BEIUYMHE 00paTHON K OECKOHEUHO MaJIOi
BEJIMYMHE, TO OHA Ha3bIBaeTC OECKOHEYHO 00JbIION BeanunHoi. Clea0BaTelLHO,
BBITOJIHSIOTCS] pAaBEHCTBA!



lim=—=o00, lim—=0
x—a () X—a 00

Brruncinre npeaenst
Ipumep 1.

lim(x+3)=lim x + lim 3= 7+ 3=10.
=7 x—7 x—+7

Ipumep 2.
lim(3x + 2 llm 3x)+lm2  lim3-limx+2
111‘1‘13 +2 x— 1( ) ( ) x—1 —_x=1 x—l —
=123 -7 llm(Z.x—?) llm(Z.x)+ llm( 7y lim2-limx—7
—1 x—31 x—>1 x—>1 x—1
3.1+ 2
= =5/(-5=-
2.1-7 =3
IIpumep 3.
x2—4
lim
—>2 X — 2
2_ ju—
X 4:(.x 2)(.x+2): ey
x—2 x—2
2_
lim >~ _ fim (1= 2)x+2)_ lim{(x+2)= limx+ lim 2=
=2 X —2 x—:,z x—2 x—>2 x—32 x—>2
=2+2=4,

Pemenue ynpaxxHeHui



1l

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

my_,[(x* = D(x = 3)(x - 5)]

lim[(2x - 4)(x = D(x + 2)]

lim x+3)(x-2)

x—>-1 X+2

lim

x—0 3X2+2x

2x3—2x2

m
x—0 5x3—4x2

. 3x34x
lim

x>0 X

X—3

lim
x—3 X2-9

i 4x%-9
_3 2x+3
2

X—

x?—8x+15
X—>5 X%2+25

3x2—-8x+4
m-————--
x—2 5%2-14%x+8

. X?—7x+10
llm —_—
X—5 X2—9x+20

lim —=2
X—6 VX+3-3

. Vx+1-1
lim

x-0 X

lim —2X
Xx—9 4—V2x—-2

lim(x? — 5x + 6)
X—00

lim(x3 + 3x?)
X—00

2x3-3x%2+1
X—00 5x3—4x2+2x



23.

24. lim

25.

26.

. 2X?—5X+4
20  lim 25t
X—oo X“—2X+3

21. limvVx? — x — x

X—00

22. limvx?2 + 5x — x

X—00

4x2-7x—2
m-——r-——
x—2 5%X2—-11x+2

x%42x—15

x—3 X%2-9x

2X
lim————
x—0 V4+xX—V4—X

lim —=Y
x—4 3—V2x+1

lim —==
x—5 3—V2x—1

IIpakTuyeckas padora Ne 2

Tema: HenpepsiBHOCTH GyHKIMH. ToUkH pa3pbiBa QyHKIIUN
Hess: HayunTs uccnenoBars GyHKIUK Ha HEMPEPHIBHOCTH, HAXOAUTh TOUYKH pPa3phbiBa
GbyHKIMI 1 HcceIoBaTh UX XapakTep

Teopernyeckas 4acTb

HenpepbIBHOCTE (PYHKIMH
Onpeoenenue 1. ynkuus f (x)Ha3bIBaeTCs HENPEPHIBHON B TOUKE X = A, €CIU Mpeaes
(GyHKUIUY IpU X — @ paBeH 3HaueHUto QyHKIwK npu x = a, 1.e.lim,_, f(x) = f(a)
Onpeodenenue 2. Dynxuus y = f (x)Ha3pIBaeTCS HENPEPHIBHON B TOYKE X = @, €CIIM OHA B
ITOH TOYKE OTpe/ieieHa i OECKOHEYHO MaJIOMO MTPHUPAIIEHHIO apPTyMEHTa COOTBETCTBYET
0ECKOHEUHO MaJioe MpupaiieHiue QyHKIHH, T.€. limp,_o Ay = 0/
Ecnu ycrnoBue HenmpepbIBHOCTH (PYHKIMH B TOUKE X = @ HapYyILEHO, TO TAKYIO0 TOUKY
Ha3bIBAIOT TOYKOW pa3pbiBa ()yHKIIHH.
OyHKIUS Ha3bIBACTCS HETIPEPHIBHOM B MPOMEXKYTKE, €CIIM OHA HETIPEPBIBHA BO BCEX
TOYKaX 3TOT0 MPOMEKYTKA.
Touku pa3pbiBa QyHKIUH.
Ecmu gynkimus y = f(x) npu X = a ©MeeT pa3pbiB, TO JUIS BESICHEHUS XapaKTepa pa3phiBa
ciexyeT HauTH npeaen GyHKIuH f(x) mpu X — a clieBa U Crpasa.
B 3aBucuMoOCTH OT XapakTepa MoBeACHUs GYHKIINN B OKPECTHOCTH TOYKH pa3phIBa
pa3InYaroT JBa OCHOBHBIX BHJIA PAa3PBIBOB:
1) paspwis I pooa — B 3TOM ciydae CyIIECTBYIOT KOHEUHBIE ipenelsl lim, ,,_o f(x) u
lhnxﬁa+0f(xx
2) paspwie 2 poda — B 3TOM cilydae XOTsl Obl OTUH U3 mpenenos lim, ,,_o f(x) u
lim, 440 f(x) He cymecTByeT Wi GECKOHEUYEH.

[Tpumepst :
1. Haiitu TOUKH pa3pbiBa (QyHKIIMH U UCCIEIOBATh UX XapaKTep

X
y =

x—3



Hanas GyHKIMS onpeeseHa Mpy BceX 3HAYeHMIX X, kpome X = 3. Tak Kak 3Ta
GYHKIMS SIBISETCS DJIEMEHTApHOM, TO OHA HEMPEPhIBHA B KAKIOH TOUKE CBOCH
oOmactu onpeaeneHus. Takum 0o0pa3oM, €TUHCTBEHHOW TOYKOW Pa3phIBa CIIY>KUT
Touka X = 3. Iy ucciieJoBaHUsl XapaKkTepa pa3pbiBa Hal1EM JIEBBII U NIPaBbIi
npezaensl QyHKIUY Ipu X — 3!

) X

lim = —o0,
x—=3-0xX — 3

lim = 400,
x-3+0x — 3

X o
CnenoBarenbHO, QyHKIUSA ~—5 B TOUKE X = 3 umeeT OECKOHEYHBIN Pa3phIB , T.€.

X = 3 — TOuYKa pa3phiBa 2 poja.
Haiitu Touku pa3zpsiBa GyHKIUHU U UCCIIEAOBATh X XapaKTep

1
y=—"""7
1+ 5x
EnuHcTBEeHHON TOUKOM pa3psiBa siBiseTcs Touka X = (. BeruncinM o1HOCTOpOHHUE
npeznenst GyHKuuu npu x — 0:

. 1

lim —— =1
709 4 5%

. 1
11m0—1=0
0 4o5x

[TockobKY JICBBIH ¥ MPaBbIi Mpeaeasbl GyHKIUY Tpu X = 0 SBISIOTCS KOHSYHBIMH,
x = 0 — Touka pa3psiBa 1 poaa.

Pemienue ynpaxHeHui

Haiigute Touku pa3pbiBa (QyHKIIMU U UCCIENYHTE UX XapaKTep:

5
Ly= 21x—1’
2. y= 22
1
3. y= 1—x2’
4 y—_3
- Y= x2—2x1+1’
P
S ¥y= x2=3x-10’
6. y=1+4 2x—z2
7. y= x%
1
8. y=3x
9. y= arctgﬁ

%(2x2+3), x<1
10.y=4y6—-5x, 1<x<3

x — 3, x=>3
2_
11. y = 5x2x3x
1
12.y = P
1+x-1
13. y = T
14,y = £33
1+42%



IIpakTuyeckas padora Ne3
Tema: BrrunciieHue npoM3BOJAHBIX BBICIIUX IOPSIKOB.
Heab: Hayunth BBIYUCIATH MPOU3BOHBIE.
Teopernueckasi 4acThb
[Tpon3BoHOM (PYHKITMK HA3BIBACTCS MPEET OTHOIICHUS TpUpaIieHus QYHKITUN K
MPUPAILICHHUIO apTyMEHTA, KOTJIa IPUPAILEHUE apPTYMEHTa CTPEMUTHCS K HYJIIO.
OcHoBHbIe TipaBuiIa nudhepeHITMpOBaHUS:
1. C¢'=0,rme C — const
2. (f+9)=f"+4
3. (f-9)=f9+f 9
4, (5) _flo-rg
g g*
5 (f-C) =f"-C,rneC — const
[Tpoun3BoHAs CI0KHON QYHKIIMKA paBHA MMPOU3BOIHON 3TON (HYHKIIMH 110 TPOMEKYTOUHOMY
apryMEeHTy, YMHOKEHHOM Ha MPOU3BOJIHYIO ATOTO apryMeHTa M0 HE3aBUCUMOM MTEPEMEHHOM.
[Ipoun3BoHBIE BBICIIUX TOPSIAKOB.
[MpousBoanas y' = f'(x) Ha3pIBacTCS MPOU3BOAHON 1-TO MOPSIIKA, UK TIEPBOM MPOU3BOTHOM.
[Ipou3BoaHOI BTOPOro MOPsiAKa HA3bIBACTCS MIPOU3BOAHAS OT €€ EePBOM MPOU3BOAHON U
obo3Hayaercs y''. AHaJOIMYHO ONMPEAEIISAIOTCS IPOU3BOIHBIE 3-T0, 4-T0,..., IOPAIKA.

Pemenue ynpaxHeHui
2
X

Ly= 2V1-3x%
2 y=2 [
- YT AT
3. y=x+ax¥x
4. y = cosin(1 — x?)
. 1sin?3x
5. y =sinV/3 + cgser
_ 3 _1cos 4x
6. y= Ctg\/g 8sin8x
7. y = arcsin3V4 — 5x
x%—4
8. y= arccos ——

2 3x—1

0. y—\/;arctg NG
10. y = Insin 222
x+1

11. y = Intg G + g)
12. y = In3(1 + cos4x)

_ 1, x—V2 V2
13. y—x+ﬁlnx+ﬁ+2

14. y = InarcsinVv1 — e?*
15. y = e **cos3(2x + 3)

16. y = eV3 - arctg?2x

17 _ (x%-16)y/(4+x2)
Y= 120x5

18. y = (sin\/})ex

19. y=(19)*""x19

20. y = (ctgx)lntg%
IIpakTyeckas padora Ne 4

Tema: BerunciieHrne HEONIPEAEIEHHOTO U ONPEIEICHHOIO UHTETpaia

9



Henb: HaydnTh BBIYUCIIATE HEONPEAEICHHBIM U ONIPEACICHHBI HUHTETPaJIbI
Teoperuyeckas 4acTb

Heomnpenenennsiii HHTErpaJi
F(x) - mepBooopasnasi 1 f(X) Ha MHOKecTBe X eciu F'(X) = f(X) ms Bcex XEX. Ecnu F(X)
- mepBooOpasnas s f(X) Ha MuoxkectBe X, To F(X) + C - MHOXKeCTBO Bcex MepBOOOPa3HBIX
st f(X) Ha MHOKecTBe X. DTO MHOXKECTBE IIEPBOOOPA3HBIX HA3BIBAIOT HEOMPEICIICHHBIM

WHTETPaJIoM U 0003HAYAIOT J f(xX)dx=F(x)+C.

OcCHOBHBIE CBOICTBA HEOPEIETCHHOTO HHTErpaja
1. Heonpenenennsiii uaTErpai ot nuddeperimana GyHKIUN paBeH 3TOH (YHKIIMH TUTFOC
MIPOU3BOJILHAS TIOCTOSIHHAS

de(x)=F(x)+C

2. Juddepennuan HeonpeneIeHHOTO HHTErpalia PaBeH MOABIHTETPAIIbHOMY BBIPAXKEHUIO, a
IIPOM3BO/IHAS HEOIIPEIETICHHOIO UHTETpalla paBHA MOABIHTErPAJIbHON PYHKIIMU:

d [ £G0d) = Fd)

3. Heonpenenennslii uHTErpai anredOpanyeckoil CcyMMbl PyHKIIMIA paBeH anre0panyeckoit
CyMM€ HEOTIPE/ICTICHHBIX HHTEIPAJIOB 3TUX ()YHKIIUN:

[1r@ + pGaldeo = [ r@ dw) + [ pGad)

4. TloCTOSHHBII MHOXKUTEIb MTOJIBIHTETPAIILHOTO BHIPAXKEHUS MOYKHO BHIHOCHTD 32 3HAK
UHTErpaja:

[ or@ae = a [ redw

OcHosHbie hopmynbl uHme2puposans
1[fdx=x+C

n n+1
2. [x"dx == —
3.f7:lnx+C
4.faxdx=a—x+C

Ina

5. [e*dx=e*+C
6. [ sinxdx = —cosx + C
7[ cosx dx = sinx + C

+C

8 f dx =tgx+C
") cos?x gx

dx
9.f = —ctgx+C

smzx
1

10.f 2 = L2

x2— a2 2a x+a +C
11f¢— In|x+x*a?|+C
12. f —

13. fxz+2

OmnpeneneHabIM HHTErpaioM oT Gyukuuu f(x) Ha oTpeske [a; b| Ha3bIBaeTCs npeaen
UHTErPaIbHOM CyMMBI IPH YCIIOBUHM, YTO JJIMHA HAMOOJBIIErO U3 DIEMEHTAPHBIX
OTPE3KOB CTPEMUTHCA K HYIIIO.

xX—a

= arcsin= +C

= —arctg—+ C
a a

10



JIsst BEIYMCIICHUSI OTIPEIEIEHHOT0 MHTerpaia ot Gyukiwn f (X) B TOM ciiydae, Kormaa
MOYXHO HAUTH COOTBETCTBYIOIIUN HEOMPEICTCHHBIN HHTETPA, CIYKUT (hopmyIia
Herorona-Jleitoauma:

b
[ rwac =reo =) - F@

Pemenne ynpaxHenuii:

1.IXdX 15]' 3dx

« (8-7x*
2. | =dx

.[ 5 16. J' _ Adx
3. Ix5dx sinz(z—ZXJ

6
4. [7xax 17. [ 2°/(7-3x)x
3
5. j (7x+1) dx
6. [10sin5xdx 18. [ xz 9
7. [3(5x+1)%dx 19. [ 2 23
8. [ (2x~ 1) 20. [ 2
Zlf 2dx
9 j dx Vi?
KPS 2. [—— J_
5—4x2
10. [*Jxax 23, [ -2
3255252
5dx 24. f

11. Z

J J5x—7 - f\/g ax
12. I 3cos3xdx \/\/—_V‘l x?

] 26. [ = 27.
13. [4(5-6x) dx S
fn cos2 smzx)

14.]%

11




IIpakTnyeckas padora Ne 5
Tema: Yucnosble psabpl. 3HAKONIEPEMEHHbBIE YHUCIOBBIE PSI/IbI
Hean: Hayunts uccnenoBarh psj Ha CXOJAUMOCTb U PACXOJIUMOCTh

TeopeaneCRaﬂ 4acTb

1. Heobxooumblii npusHak cpasHenus psaod.
Teopema: Eciu psizt )51 Uy, CXOAUTCS, TO €0 OOLIHMI WICH U,, TPU HEOTPAHHYCHHOM
YBEIMYEHUH HOMEpa N CTpPEeMUTCS K Hyio: lim,, o, U, =0.
Ecnu ke U151 HEKOTOPOTOo psiia ero OO WieH He CTPEMHUTCS K HYJII0, TO TeopeMa
MIO3BOJISIET Cpa3y CKa3aTh, YTO TAKOU psAJl PACXOIUTCS.

2. Ilpusnak cpagnenus psoo8 ¢ NOJOHCUMENbHIMU YTIeHAMU
HccenenyeMblil psii CXOAUTCS, €CIIU €r0 WIEHBI HE IPEBOCXOAAT COOTBETCTBYIOIINUX
YWIEHOB JIPYToro, 3aBe10MO CXOJISLIErocs ps/a;
HccnenyeMblil psii pacXoIUTCS, €CIU €r0 WIEHBI MPEBOCXOAST COOTBETCTBYIOIINE
YWIEHBI JIPYroro, 3aBeJIOMO PacXoAsIIerocs psaa.
[Ipu uccnenoBanuu ps0B HA CXOOUMOCTb M PaCXOIUMOCTD 10 3TOMY IPU3HAKY 4acTO
UCIIOJIB3YETCS] TEOMETPUYECKUHN Psifl, TAPMOHUYECKUHN Psii U 0OOOIIICHHBIH
TapMOHHMYECKUH PsII.

3. Tlpusnak Jlamambepa: Ecnu 1uist psina ¢ MOJIOKHUTEILHBIMA WICHAMHU

(o]

zun=u1+u2+u3+---+un+un+1+--- (u, > 0)

n=1
. u
BBIONHAETCA yCIoBHe limy_,, —— = 1, To psax cxomurcs npu | < 1 u pacxomures
Un
npul > 1.

[Tpu3nak [lamamOepa He maeT oTBeTa, eciu | = 1. B aToM citydae i nccieioBaHust
psna IpUMEHSIOTCA NPYrue IPUEMBL.

PaccmoTtpuM npumepst:
ITpumep 1. MccienoBath cXoauMOCTb psiaa

- 1 1 1 1 1
EZQn—DTVTL2+322+52f+ +@n—1ﬁ”+
n=1 1
(2n-1)2n
psAa BBIITOJIHACTCH. Ho JJI pEIICHUA BOIIPOCa O CXOAUMOCTH HYXKHO IIPUMCHUTHL OAWH U3
JOOCTAaTOYHBIX HpI/ISHaKOB CXOOAUMOCTH. CpaBHI/IM )IaHHBIﬁ pH}I C FCOMeTpI/I'-IeCKI/IM pSIJIOM

Pemenue: Haxomum lim,,_, o, u,, = lim,,_, =0. HeoOx01uMBlii TpU3HAK CXOAUMOCTH

1,1, 1 1 N 1
-+=+—=+--+—+ -+ --- KOTOPBIA CXOAUTCS TaK Kak q = = < 1.

2 22 28 2n 2

CpaBHMBas WIEHBI JAaHHOTO Psiia, HAYMHASA CO BTOPOTO, C COOTBETCTBYIOIIUMHU YJI€HAMU

reOMETPUUYECKOTr0 pPsAaa, ITOIy4YUM HEPABEHCTBA
1 1 1 1 1 1

322 <22'5-23 <23""(2n—1)2n < 2n
T.€. WIEHBI psAAa, HAYMHASL CO BTOPOTO, COOTBETCTBEHHO MEHBIIE YJIEHOB FEOMETPUUECKOTO
psiaa, OTKyJa CleqyeT, YTO TaHHBIM P CXOIUTCS.
[Tpumep 2. HccrenoBarh cX0IUMOCTb psiaa

o)

2: z —1+2+3+ P
n+1 2 3 4 n+1

n=1

. . 1 . 1
Pemenne: Mmeem lim,,_,, U, = lim,,,oo— = lim —5=1#0
n+1 n—oo 1+;

371eCh BBIMOJTHACTCS JOCTATOYHBIN MPU3HAK PACXOAMMOCTH PsJIa; CIEIOBATEIBHO, PSJI
PacxouTCH.
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[Tpumep 3. UccnenoBarb CXOAUMOCTbH psijia

oo

1
2 aEt et e

Pemenue: HaXOI[I/IM

limu, = lim — 0. Heobxo0uMblit MPU3HAK CXOAMMOCTH Psijia BeIoHseTcss. CpaBHUM
n—->oo n-ooo N \/_
JAHHBINA Psii ¢ 000OIIICHHBIM TAPMOHUYECKUM PSIOM
1 1 1
22 22 n2

. 3 .
KoTopslii cxoauTcsi, MOCKOIbKY p=, > 1. CnegoBarenbHO, CXOAUTCS U JAHHBIN PAI.
[Tpumep 4. HccrienoBath CX0IUMOCTh psifia, UCIIONB3Ys pu3HaK Jlamambepa.

(o]

2n 2 4 4 6 P 2n L.
. 5" 5725 125 5n
n=
Pemenne: IlogcraBus B 001U 4ieH pﬂﬂa = BMecTo N umcro N, IIOJIYy YU M §n+11)

Haiinem npenen otHomenus (N+1) —ro qneHa K N-My 4iI€HY IpU N — 00
Upg1 _ 2(n+1) 2n _ n+1l 1 (1 n 1)
u, 5"+l ‘s 5 5

u 1 1 1
lim = = 2 lim <1+—> ==<1

n-w U,  Sn-ow n/ 5
CrieoBaTenbHO, TAHHBIN PSIJT CXOIUTCS.

[Tpumep 5. MccnenoBarh CXOAMMOCTH psiJia, UCIIONIB3YA Npu3Hak [lamambepa

n! 1+1-2+1-2-3+ +n' L.
5 3 32 33 3n
\ n?1+1)'
n
Pewenue: u,, = o Un+1 = Saig
Untr _ (4D nl_n+1
Un - 3n+1 5n 3
u n
li "1 — lim =00 > 1,
n—oo un n—-oo

T.e. psan pacxogurcs.
Pemenue ynpaxxHeHui

l. Haiigute INEPBLIC ITIAATH YICHOB pAJa 10 €ro 3aJaHHOMY 061ueMy YWICHY:

1. u, =—
n n;—l
n
2. U, = —
n 2n-1
2"+3
3. Un = on+1
1+(_1)n+1
4, u, =———
n n
1. HaiinuTe nepBbie 4eThIpe 4iieHa MO €ro 3aJJaHHOMY O0IIeMY YIeHY:
(n+1)!
1 u, =
n 2n
1
2. Uy, =————
n o (3n-1)(2n+1)
2
n
3 u, =

(n+1)(n+2)

_ (_1yn—-1Yn
4. u, = (-1 -

13



1

(2n+1)2n-1
n+1

(2n—1)3n-1

5 u, =

6. u,=

[1. Haiinure hopmyny o01iero wieHa psjaa 1mo ero JaHHBIM IEPBBIM YIeHaM
2 4 8 16
1. —+—+—+—+---

g 23yl
Y. Beraucnure cyMMy YJICHOB psJa:

1. Yo, —
1

2. Xn=1 (3n-2)(3n+1)
w 1
3. Xnmigm

n(n+1)

2n+1
4.
Zn 1nz(n+1)2
5. ©
Zn_ln(n+1)(n+2)
Y. HaiiguTe N-ii wieH psija mo ero JaHHBIM MEPBbIM YICHAM:
1.3 5 7
lL-4+=-4+=-+-+--
NN
2.-—=+-—=+-
3 5 7 9
2 4 6 8
3-——F+———+-
4 9 16 25

Y. Uccnenyiite cX0AUMOCTh psijia, MPUMEHSST HEOOXOJUMBIH MPU3HAK U OJIUH U3

IIPU3HAKOB CPABHEHUS:
1

1 ZTL 1 (Tl+2)'
2. Zn 1\/”("7
3. Zn=1%
0 1
4. Zn:ln_n
Hccnenyiite cX0aUMOCTh psijia, UCTIOIB3YH0 Tpu3HaK [lamamobepa.
. n
1 Y=g
o (m+1)!
2. 3o, ot
00 1
3. Zn_l_
4. Zn 1n(n+1)
1
S5 Xn=1Gnn
1
6. Xn=1 (2n+1)!
7. :

Zr=t e

14



IIpakTnyeckoe 3ansaTue Ne 6

Tema: Pemenne nuddepeHnnanbHpIX ypaBHEHHH
Heanb: Hayunts pemars auddepeHnmansabpie ypaBHEHUS

TeopeTnyeckas 4acTb

JIuneiiHoe nuddepeHmantbHoe ypaBHEHUE IIEPBOTO MOPSIKA

VpaBHenue Buma y + p(x) = f(x) Q)
rae p(x) u f(x) - HenpepbIBHBIC (HYHKINY, HA3BIBACTCS IUHEHHIM OUDPEPEHYUATbHBIM
VPaBHeHUeM nepeoco NopsioKa.
Ecimu f(x) = 0, To ypaBHenue (1) Ha3bIBaCTCS UHEUHBIM OOHOPOOHBIM YPAGHEHUCM.
Ecmu f(x) # 0, T0 ypaBHenue (1) Ha3bIBACTCS JUHCUHBIM HEOOHOPOOHBIM YPAGHEHUEM.
JList Hax oK ACHHST OOIIEro PelIeHUs TAKOTO YPaBHEHUS CHavajia PEIIaroT COOTBETCTBYIOMICE
0JIHOpOJIHOE ypaBHeHHe y + p(x) = 0, a 3aTeM NPUMEHSIOT METO BAPUALIMH TTOCTOSHHOM.
PaccMmoTpuM Ha mpuMepe penieHue JIMHEHHBIX AuddepeHInanbHbIX HEOJHOPOIHBIX YPaBHEHHIH
NIEPBOTO MOPSI/IKA.
ITpumep.
Haiitu o6mee pemenue nuddepeHnantbHOro ypaBHeHH

y + ycosx = sin2x

Pemenue.
Haiinem ofliiee peleHne oJHOPOIHOTO ypaBHEHUAY + ycosx = 0. Paszensis nepeMeHHbIe

d
73/ = —cosxdx

MHTETpUpYs, HaXoauM Iny = —sinx + InC;y = Ce 5" . Obuiee peleHne HEOJHOPOIHOTO
ypaBHeHHs OyzieM uckaTh B BHAe Y = C(x)e S MeTo0M BapHaIuy MOCTOSHHOI, TO ecTh C
OyzaeM cuuTaTh He MOCTOSHHOM , @ HOBOM Hen3BecTHOM GyHkuuel ot x. Auddepenunpys,
umeeMm y = C eSINX _ cosxCe S| TloacTaBiss B JaHHOE ypaBHEHUE BBIPAKECHUS IS Y U y\,
noJyqaeM

C e S — cosxCe ™5™ + C(x)e 5™ cosx = sin2xC (x)e 5™ = sin2xC (x) = e S sin2x

dC = e sin2xdxC(x) = J eSX 2sinxcosx

T[IpuMeHss TIOICTAHOBKY SiNX = t ¥ HHTEIPUPOBAHKE TI0 YACTSIM, OTyIHM
C(x) = 2e5™ (sinx — 1) + C,
CrenoBaTeNbHO ,0011ee PElIeH e HCXOMHOTO YPaBHEHNS UMEET BUI
y = Ce™S"¥ = (2e5"*(sinx — 1) + C,)e ™5™ = 2(sinx — 1) + C,e ™5

Pemienue ynpaxHeHui

1. 1+y)dx—(x—1)dy=0;
2. (1+y?¥dx —+/xdy =0;
3 (1+yH)dx—xydy =0
4. y — 2y + Dctgx =0
5 (1+x)ydx+ (1 —y)xdy = 0;
6. x’y +y2=0
7. ydx — (x> —4)dy =0
dx  1+x?
8 E=
dy 1+y2

. (2x + 1)dy — y*dx = 0;
10. 2dy + (y —6x)dx =0
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11. y —ytgx =

. Ccosx
12. xy +y=e¢e*
13. xy — 2=

. x+1

14.xy + 2y = x?
15. y +2y = 4x
16. y +y = cosx

17.y =x+y
18. y +4y =e%*
19. y —y =e”*
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IIpakTnyeckoe 3ansaTue Ne7
Tema: Onepanuu HaJ MHOKECTBAMU
Hean: Hayuuts pemars 3a1a4u, UCTIOIb3YSl OCHOBHBIEC ONEpaIlMy HaJ MHOKECTBAaMHU

TeopeaneCRaﬂ 4acTb

[Tox MHOKECTBOM IMMOHUMAIOT COBOKYITHOCTHh OOBEKTOB JIFOO0H MPUPOIbI, 00Ta1al0IIUX 00IIUM
CBOMCTBOM.

Ornepanuu HaJ MHOKECTBaMU: 00BbEIMHEHUE, TPECEUCHUE, JOTIOTHEHNE, PA3HOCTD,
CUMMeETPHUYECKast Pa3HOCTb.

[Tpumep: Ha ¢upme pabdotaror 40 uenoBek. M3 aHKETHBIX TaHHBIX U3BECTHO, 4TO 20 UeIoBEeK
BJIAJICIOT AHTJIMHCKUM S3BIKOM, 20 4eTTOBEK — KOMITBIOTEPOM, 14 — 1e10PON3BOACTBOM.
AHTIUHCKHUM SI3bIKOM U KOMITBIOTEPOM BIAACIOT 9 UEIOBEK; . aHTJIMMCKUM SI3BIKOM U
JIETIOTPOU3BOJICTBOM — 7 YEJIOBEK; KOMITBIOTEPOM U JEIONPOU3BOJICTBOM — 5 YEIIOBEK;
AHTJIMCKUM SI3BIKOM, JI€JIOMPOU3BOICTBOM

N xommbroTepom — 2 yenoBeka. CKOJIBKO YEIOBEK HE BIIACIOT HU aHTJIMIUCKUM SI3IKOM, HU
KOMITBIOTEPOM, HU JIETONPOU3BOICTBOM?

Pemenue: 1) BBenem o603HaueHMS:

U- MHOKECTBO 4YeJIOBEK paboTaroNnmX Ha GUpMeE;

A- MHOKECTBO Y€JIOBEK, BIAACIONINX aHIVIMHCKUM SI3BIKOM;

B- MHOeCTBO 4eNI0BEK, BIAJICIOMINX KOMITBIOTEPOM;

C- MHOXXECTBO Y€JIOBEK, BIAACIONIUX JCITOTPON3BOICTBOM.

Toraa m(U)=40: m(A)=20; m(B)=20; m(C)=14.

Kpome Toro, H3BeCTHO, 4TO aHTJIMHCKMM SI3BIKOM BJIAJICIOT 9 YesioBek, ciempoBarebho, m(A N
A=Y, aHTTIMIICKUM SI3BIKOM U JEJI0MPOU3BOJICTBOM — 7 YEJOBEK, CIECIOBATENbHO, 7224NC=7,
KOMITBIOTEPOM H JIETIOIPOU3BOICTBOM — 5 uesioBek, cienoarensHo, m(B N C) = 5;
AHTJIMMCKUM SI3BIKOM, JI€JIONPOU3BOJICTBOM U KOMIIBIOTEPOM — 2 UEJIOBEKA, CIIE€I0BATEIBHO,
m(ANBNC) =2.

Heob6xonnmo onpenenuTsb

Pazo6rem mHO)kecTBO M=A U B U ( Ha 7 momnapHO HEMEPECEKAIOIINUXCS MHOXKECTB Ay, Ay, ..., Ay
Y HalJIeM MOIIHOCTH KaXKJIOTO U3 3TUX MHOKECTB:

a) Ay = AN B N C— MHOXECTBO YEJIOBEK, BIAJACIONINX AHTIUHCKUM S3bIKOM,
JIeTOTPOU3BOACTBOM U KomiibroTepoM, m(A;)=m(ANBNC) =2

6) A, = AN BN C— MHOKECTBO 4eTIOBEK, HE BIAACIONINX aHTTTHICKUM A3BIKOM M BIIAJICIOIINX
KOMITHIOTEPOM H JETOMPOU3BOACTBOM. 3ameTuM, 4to B N C = A; U A,, cienosatensro m(B N
C=mAl+m(AZ2), orkyna m(AZ2)= mBNC—mAl1=5-2=3,

B) A=A N B N C — MHOXECTBO YENOBEK, BIAJICIONINX AHTITMHCKUM S36IKOM H
JIETTOPOU3BOJICTBOM U HE BIIAJICIONINX KOMITbIOTEpOM. 3ameTum, uto A N C=4, U 45,
crnenoBarensHo, m(A N C) = m(A4,) + m(A3), otkyna

m(A;)=m(A N C) —m(A,)=7-2=5

r) A,=A N BN C - MHOXKECTBO YeNIOBEK, BIIAJICIONINX AHTTIMICKAM S36IKOM, KOMIILIOTEPOM H HE
BJIAJIEIONIMX Jestonporn3BoacTBoM. A N B = A, U A,, ciegoBatenbHo, m(A N B) = m(4,) +
m(A,), oTkyna

m(A,)=m(A N B) —m(4,)=9-2=7;

1) As = AN B N C - MHOXECTBO YeOBEK, He BJIAJEIONINX aHTTHHCKIM A3BIKOM, KOMITHIOTEPOM
U BJIAJICIONINX JIEJIONPOU3BOICTBOM.

C=A; UA, UA; U Ag, cienosatensio, M(C)=m(A4,) + m(4,)+m(43) + m(4s),

otkyna, m(As)=, m(C)- m(A,) — m(A,)- m(4;)=14-2-3-5=4;

e) Ag = AN B N C - MHOXKECTBO YeNOBEK, He BIACIOMNX aHTIHHCKIM A3BIKOM U
JIeTIONPOU3BOJICTBOM U BiIaJICIOMIMX KoMibioTepom B=A4; U A, U A, U Ag,
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m(B)=m(A4,) + m(A4,)+ m(A4,) + m(4e), otkyna m(A4g)=m(B)- m(4;) — m(4,)+—m(A4,) —
m(Ag) =20—-2—-3-7=8;
%) A; = AN B N C - MHOXKECTBO YeJIOBEK, BIAACIOIIMX AHIIMHCKUM S3bIKOM H HE BJIaJEIOIIHX
JIEJIONIPOM3BOCTBOM M KOoMITbIoTepoM. A=A; U A3 U A, U A, cnenoBarensro, M(A)=m(A4,) +
m(A3)+m(A,) + m(A4,), orkyna m(4,)=m(A)- m(4;) — m(A3)+—m(4,) =20—-2—-5—
7=6;
OxoHYaTenLHO,
M=AUBUC=4; UA, UA;UA,UAs U Ay U A,, cienoarensio, m(M)=m(A4,) +
m(Ay)+m(A43) + m(A,) + m(As)+ m(4g)+m(4;)=2+3++5+7+4+8+6 =35

1) Tak xak U=M+A N B n C, o m(U) = m(M) + m(4An B n C), orkyna

mAnNBNC)=m@U)—m(M)=40-35=5
Cre/10BaTeNbHO, 5 4eIOBEK He BIIAACIOT HU AHIIMICKUM S36IKOM, HH JIETIONPOU3BOICTBOM, HA
KOMIIBIOTEPOM.

Pemienue ynpaxneHui

1. Maust muokectBa: U = {a,b,c,d,e, f,p,q},A ={a,c,e,p},B =1{b,d,f,p},C = {ad,f, q}
BeinosiauTe cneayoonme onepanyu:

a) (A/BIBNC)/C UA

6) AUANBUANC)NANB/C;

B)A/BNC/ANBNCUAUBNC;

r"AUBNBUC/B;

N (AUANBUANC)NANBNC;

e)(AUBNC)/(BUCUANBNC)U(AUBU();

K)(AU (B/JAYUANC)NANC/C

2. C nomorsto quarpamm Ditniepa-BeHHa ynpocTuTe BhIpaKeHUS:

a) AU (A4/B) U (A/B);

6) AU (AU B)U B;

B) (ANB)U(ANB)U(ANB)

N)AUB)NAUB)N(ANB)N(AUB)

3. 13 276 0TOOpaHHBIX CTYyJIEHTOB 3KOHOMHUYECKOTI0 By3a 83 M3y4aloT MaTeMaTHKy,95-1paso,
102-¢punance. Kpome Toro, m3BeCTHO, 4TO 27 U3 HUX U3YyYAIOT MaTEMATHKY | IPaBo, 24-
MaTeMaTHKy U ¢uHaHchl, 20-paBo U GuHaHCH 11-n3ydaror Bce Tpu npeamera. CKOJIbBKO
yyalxcs He U3y4aroT HU OJJHOTO U3 3TUX npeaMeToB? CKOIbKO U3 HUX U3y4aloT (PMHAHCHI, HO
HE M3y4aroT HU MaTeMaTuKy, HU IIpaBo?

4. ITIpoBepoUHBIN HK3aMEH IO MATEMATHKE COAEPIKAN TPH 33J1auu: IIpeaell, IPOU3BOIHAS U
unterpai. 13 800 cryneHToB 3agady ¢ npenenaoM pemuniau 250 4enoBekK; ¢ IpeaesioM Win
unrerpanom — 600 yenosek. [To aBe 3amaun pemmnu 400 yenoBek, U3 HUX JBE 3aJa4d Ha MIPEIE
U IIpon3BoAHYIO0 pemmn 150 yenoBek, Ha npenen u uarerpan — 50 yenosek. Hu onus cryneHt
HE peuIn Bee 3a7aun. 20 CTYZEHTOB He pelIiid HU OJJHOU 3a1a4un. ToJbKO 3a7jauy Ha HHTErpal
pemnnn 120 yenoBek. CKOIBKO CTYAEHTOB PEUIMIIA TOJIBKO OJHY 3a1a4y? CKOJIBKO 4EI0BEK
PEIINIIN 331a4y Ha IPOU3BOAHYIO?

5. Kadenpa matematuku o0CmyKuBaeT Tpu (akyapTeTa: JKOHOMUYECKUH, (UHAHCOBBIH,
ToBapoBeAHbIH. HexoTopsle npenonasarenu kageapbl MOTYT paboTaTh cpa3y Ha HECKOJIbKUX
dakynbTerax. Ha punancoBom akynbrere paborator 22 npenoaaBaresns, Ha SKOHOMUYECKOM -
23 mpemnojaBaTens, HA SKOHOMUYECKOM U TOBapoBeAHOM — 36 mipernogaBareneil. Toapko Ha
¢uHancoBoM dakyibTere padoTaroT 10 npenogaBaresneii, TOIbKO Ha SKOHOMHUYECKOM U
TOBapOBEIHOM -5 mpernoaaBareseii. J[Ba mpenogaBatens padoTaroT Ha Tpex (akynbrerax. Yucmio
npernojiaBaTesnei, paboTalomMX TOJIFKO Ha SKOHOMUYECKOM M (PMHAHCOBOM (paKynbTeTax, paBHO
YlCIly IpenojaBareseil, padoTaromux Ha GUHAHCOBOM M TOBApOBETHOM (akyiabTeTax. CKOIbKO
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npenoaaBareneil padoraet Ha kapeape? Ckonb npenogaBaTeneil padoTaeT TOIbKO Ha OJHOM
dakynpTeTe?
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IIpakTnueckoe 3ansaTne Ne8

Tema: Pemenue 3a1a4 Ha KJIaCCUYECKOE U CTATUCTUYECKOE ONPEAEIICHUS
BEPOSTHOCTH CITy4alfHOTO COOBITHS

Henan: Hayuuts pemarts 3ajaul Ha KIACCUYECKOE U CTATUCTUUYECKOE OIPEECIICHUS

BEPOATHOCTH CIy4YailHOr0 COOBITHS

TeopeTuyeckas 4acThb

Kimaccnueckoe OnpeaAcICHUE BEPOATHOCTHU BepOHTHOCTBIO CcOOBITHS A Ha3bIBaeTCA
OTHOLICHUEC YK CJIa UCX040B M, 6JIaI‘OHpI/I$ITCTBy10H_[I/IX HAaCTYIUICHUIO JAHHOI'O COOBITHS A, K
YUCIy, BCCX UCXOO0B ( HECOBMECCTHBIX, CIMHCTBCHHO BO3MOJXHBIX, paBHOBO3MO)KHHX), T.C.

m

BeposiTHOCTB 11000T0 COOBITHSI HE MOXET OBITh MEHBIIIE HYJISI U OOJIbIIE €TUHULIBI.
HeBo3M0kHOMY COOBITHIO COOTBETCTBYET BEpOSTHOCTD paBHas (), a TOCTOBEPHOMY —
BEPOSATHOCTb paBHA €IUHUIIE.

[Tpumepsr:
W3 ypHBI B KOTOPOW HaXosATCs 5 OeNbIX ¥ 3 YepHBIX Iapa, BBIHUMAIOT OuH map. Haltu
BEPOSITHOCTh TOT'O, YTO LIAP OKAKETCS YEPHBIM.
Pemenne: O603HauUM COOBITHE, COCTOSIIIEE B MOSBICHUH YEPHOTO I1apa, uepe3 A. OOriee
YHCIIO cay4yaeB paBHO 8. Uncio ciiydaeB 0aronpusTCTBYIOMIUX MOSBICHUIO COOBITUS A,
paBHO3. [lonyunm

3

Pemienue ynpaxHeHui

1. Tepman u3 nosectu A.C. [lymkuna «IIukoBast nama» BBIHUMaeT 3 KapThl U3 KOJOBI B 52
mucrta. Haiiaure BeposITHOCTB TOTO, YTO 3TO OyayT: TpoOiika, cemepka, Tys3.

2. B smmke nexar 15 kpacHbIX, 9 CHHUX, B 6 3€JICHBIX IApOB, OJJUHAKOBBIX HA OIIYIIh.
Haynauy BeiHMMaroT 6 mapos. KakoBa BEpOSTHOCTB TOTO, YTO BBIHYTHI | 3€JI€HBIN, 2 CUHUX,
3 KpacHBIX I1apa.

3. Bmagenen oaHoi kaptouku notepen «Croptiaoro» (6us 49) 3auepkuBaeT 6 HOMEPOB.
KakoBa BeposSITHOCTb, UTO UM OYJET yrajaHo 5 HOMEPOB B OUE€PETHOM THPAXKE.

4. B ypue 10 mapos, u3 KOTOpbIX 2 6enbIX,3 YepHbIX U 5 cunux. Haynauy n3Bneuens! 3 mapa.
KakoBa BeposSITHOCTB TOTO, UTO BCE 3 11apa pa3HOro I[BeTa.

5. B maprum u3 10 geraneit umerorcs 4 6pakoBaHHbIX. KakoBa BepOsSTHOCTB TOTO, YTO CpeIU
HayJauy oTOOpaHHBIX 5 JeTasneil okaxkyTcs 2 OpakoBaHHBIE.

6. KomnexTus, BKIIIOYAOLINI YeThIpeX XKEHIIUH U TPOUX MY>KUMH, pa3bIrpbIiBacT 4 Ouiera B
teatp. KakoBa BEpOsSTHOCTB TOTO, UTO Cpeir oOagaTesiell OUIEeTOB OKAKETCS 2 KEHITMHBI
U 2 MY>KUUHBI.

7. B rpymnmne u3 25 cTyaeHTOB, cpeiu KOTopbix 10 neBylIek, pa3birpblBatOTCsS 5 OUIETOB.
HaiinuTte BepoaTHOCTB TOTO, YTO Cpen o0ajaresneil OMIeTOB OKaXKyTCs JIBE AEBYIIKH.

8. B ypne 6 Oenbix, 4 4epHBIX U 5 KpacHBIX mapoB. VI3 ypHBI HayTaj BEIHUMAIOT 5 IIapoB.
Haiinute BepoATHOCTB TOTO, YTO CPEAM HUX OKaXyTcs 2 OenbIX U | YepHbIi miap.

9. IOwnoma 3a0bL1 1BE TTOCHeAHNE U(PHI TeIe(OHHOr0 HOMEpa CBOCH 3HAKOMOW U TIOMHS
JIMIIB, YTO OHU PA3IMyHbI, HAOpal ux Hayaady. KakoBa BEpOSITHOCTh TOTO, UTO OHU
pasnuyHbI, HaOpas ux Hayaady. KakoBa BeposITHOCTh TOTO, YTO HOMEp OyAeT HabpaH
IIPABUJIBHO?
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IIpakTnyeckas padora Ne 9

Tema: BpruncieHue miomaaei NoBepXHOCTE MHOTOIPAHHUKOB
Henanb: HayunTs pemars 3a1a4u Ha BBIYMCICHUE IUIOIACH IOBEPXHOCTEH MHOTOTPAHHHUKOB
Teopernyeckasi 4acThb

[Tmomaapt0 NOBEPXHOCTH MHOTOTPAHHUKA 110 ONPEACIICHUIO CUUTACTCS CyMMa IUIOLIAJICH,
BXOOAIIIUX B BTy HOBerHOCTb MHOI‘OerJIBHI/IKOB.

[Tnomaae MOBEPXHOCTH MPU3MBI COCTOUT U3 IIOIIAIU OOKOBOM MOBEPXHOCTH M TUIOIIAICH
OCHOBAHMUI.

[Tnomaas MOBEPXHOCTH MUPAMHUIBI COCTOUT U3 TUIOIIAAN OOKOBON MOBEPXHOCTH H TUIOIIAIH
OCHOBaHHSI.

-
=

S =P _ S =—P I

fow. IIOE. TIp. T OCH. B0k II0E. T TIHpAMELT ~ T ocH.

Pemenue 3anay nmo Teme “Brrunicrnenue miomaneil moBepXHOCTeH MHOTOIPaHHUKOB” .

Yemy paBHa 17101116 TTOBEPXHOCTH KyOa ¢ pedpom 1?7 (6)

OO6bem kyOa paBeH 8 v>. Haiiziure miomap ero MOBEPXHOCTH. (24 MZ)

Kaxk n3meHuTCs mionaas moBEpXHOCTH Ky0a, eCiTu KaXK0€ ero pedpo yBEIHMYHTH B: a) 2 pa3a; 0)
3 pa3a; B) N pa3? (B 4 paza, B 9 pa3, B n’ pa3)

Yemy paBHa IUIOIIAAb TOBEPXHOCTH MPABUIBHOTO TETpadpa ¢ pedbpom 1? (*-E)
Yemy paBHa IIIOIIAAb TOBEPXHOCTH OKTa3zpa ¢ pedpom 17( 2:/3 )

YemMy paBHa IUIOIIA/Ib TOBEPXHOCTU UKOCadIpa ¢ pedpom 17 (5“”@ )

Haiigute nnomaas 60KOBON MOBEPXHOCTH MPABUIBLHOM MIECTHYTOIHHON PU3MBI, CTOPOHA
OCHOBaHUs KOTOpO# paBHa 5 cMm, a Bbicota 10 cm. (300 CMZ)

OcHOBaHUEM NPSAMON TPEYTOJbHON MPU3MBI CITYKUT MPSIMOYTOJIbHBIN TPEYTOJbHUK C KaT€TaMu
3 cm u 4 cMm, BeicoTa pu3Mbl paBHa 10 cMm. HalinuTte mionaas mOBEpXHOCTH JAHHOW MPU3MBI.
(132 cM?)

HaiinuTe momaas TOBEPXHOCTH MPSIMOM MPU3MBI, B OCHOBAaHUH KOTOPOH JIGKUT poMO ¢
JIMArOHAIAME 6 CM i 8 M i G0KOBBIM pebpom 10 cm. (248 cm?)
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Haiinure nnomans 60K0BOI MOBEPXHOCTH MPABUILHON YETHIPEXYTOIBHOM MUPaMUIbl, CTOPOHA
OCHOBaHUS KOTOPOH paBHa 6 cM U BbICOTa paBHa 4 cM. (60 CM2)

Haiinute minomaas 00KOBOW MOBEPXHOCTH MPABUIBLHOW TPEYTOIBHOM MUPAMHUIBI CO CTOPOHOM
OCHOBaHUs 6 cM U BbIcoTOM 1 cm. (18 CM2)

Haiinure nnomans 60K0BOI MOBEPXHOCTH MPABUIBHON IIECTHYTOJILHONW MUPAMHU/IBI CO
CTOPOHOM OCHOBaHMS 4 CM U BBICOTOH 2 cM. (48 CMz)

Kak u3mensiTcs miomaan O0OKOBOM 1 TIOTHOW MOBEPXHOCTEH MUpaMUJIbI, €Clii Bee e€ péopa: a)
YBEIUYHTH B 2 pasa; 0) yMeHbIIUTH B 5 pas? (B 4 pasa; B 25 pa3)

Pa3BépTKa MOBEPXHOCTH MPABUIBHON TPEYTOJILHOM MUPAMUIBI IIPEJICTABIISAET COOO0M
PaBHOCTOPOHHUI TPEYTroJIbHUK, MIIOLIAb KOTOPOro paBHa 80 m?. Haifaute miommais rpaHu
mupamuzsl. (20 M2)

[TpoBepounas pabora

I yposens

Bapuasnr |

1. CtopoHa OCHOBaHUS MPaBUIIHBHON TPEYTOJIBHOHN MPU3MBI paBHA 6 CM, a THaroHa b OOKOBOM
rpanu 10 cm. HalinquTe miomaabs O0KOBOM U MOTHON MOBEPXHOCTH MPU3MBI.

2. OcHoBaHMe€ NMPSAMOM MPU3MBI - pOMO CO CTOPOHOI 5 cM U TynbiM yriioM 120°. bokoBas
MOBEPXHOCTH MpU3MbI UMeeT miomanas 240 cm2. Haitqure mtomaabs ce4eHUs MPU3MBbl,
MPOXOJIAIIETO Yepe3 00KOBOE peOpPO M MEHBIIIYIO JHArOHAb OCHOBAHUS.

Bapuanrt 11

1. BoxoBoe pebpo mpaBUILHOMN TPEYTOIBHON MPU3MBI PaBHO 9 cM, a AMaroHagb OOKOBOM rpaHu
paBHa 15 cm. Haiiaure rutomiaabs 60KOBOW U MOJTHON MOBEPXHOCTH MPU3MBI.

2. OcHoBaHMe MPSIMOI MPU3MBI - poMO ¢ ocTpbiM yriioMm 60°. BokoBoe pedpo npu3msl paBHo 10
CM, a TuIoNIa b OOKOBOM MOBEPXHOCTH - 240 cMm2. HaliuTe miomaas CEUeHHS TIPU3MBI,
MIPOXOJISIIETO Yepe3 O0KOBOE peOpo M MEHBIIYIO JUArOHAIb OCHOBAHUS.

Il ypoBeHb

Bapunanr |

1. OcHoBaHMe MPSAMON MPU3MBI - IPSIMOYTOJIBHBIN TPEYrOJAbHUK ¢ KateTamu 15 n 20 cm.
Bbonbiias 60koBas rpaHb U OCHOBaHUE NMPU3MbI paBHOBENMKHU. HaliuTe miomaas O0OKOBOM 1
IIOJIHOM ITOBEPXHOCTH IIPU3MBI.

2. bokoBasi OBEpXHOCTh MPABUIIBHOMN YETHIPEXYTOIbHON IPU3MBbI UMEET IJIoMaAb 16 qm2.
JlaroHanb OCHOBAHHS PH3MBI paBHa 4V2 aM. HaiiuTe miomags CedeHns IPU3MbI,
IIPOXOJAIIETO Yepe3 TMaroHalIl JBYX CMEXHbBIX OOKOBBIX IpaHel, UMEIOIINX OOLIYIO BEPIINHY.
Bapuanr 11

1. OcHoBaHMe€ NMPSAMON MPU3MBI - IPSIMOYTOJIbHBIN TPEYTrOJbHUK C TUIIOTEHY30H 25 CM U KaTeToM
20 cM. MeHb111asg 60KOBasi TpaHb U OCHOBAaHUE NMPHU3MbI paBHOBeNnuKU. Haliaure miomanp
OOKOBOH U MOJTHON MOBEPXHOCTH MPU3MBI.

2. BeicoTa npaBUIBLHOMN YETHIPEXYTOIbHOM NMPpU3MBbI paBHa 1 1M, a ruiomaas 00KoBOM
MOBEPXHOCTU paBHa 16 nM2. HaiiiuTe miomaab cCeUeHus MPU3MBbl, TPOXOIAIIETO Yepes3
JMaroHaJlb HUKHETO OCHOBAHMSI, ¥ IPOTUBOJIEXKAILYIO BEPILIMHY BEPXHETO OCHOBAHMSI.

III ypoBeHb

Bapmuanr |

1. OcHoBaHME MPSAMOM MPU3MBI - paBHOOEIPEHHBIN TPEYTOJIbHUK ¢ OOKOBOM CTOPOHOI 6 cM U
yrioM npu BepiunHe 120°. Jlnaronans HanOoJb1Ie 60KOBOM rpaHu 00pa3yeT ¢ IMIOCKOCTHIO
OCHOBaHus npu3Mbl yroia 60°. Haliaure miomaabs 60KOBON I'paHU U MOJIHOM MMOBEPXHOCTH
IIPU3MBL.

2. ITomaap 6OKOBO MOBEPXHOCTH MPABMIIBHON YeTHIPEXyToiibHOW pu3Mbl paBHa Q. CeveHune
IIPU3MBI, IPOXOSAIIEE YEPE3 JUaroHajlb HUKHETO OCHOBAHMSI U ITPOTUBOJIEKAILYIO BEPLIUHY
BEPXHEr0 OCHOBaHUs, 00pa3yeT C MIIOCKOCThIO OCHOBaHMs MPU3MBI yroi o. Haiiaute miomanpb
CEYEHUH.

Bapuant II
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1. OcHoBaHME IPSAMOI MPU3MBI - PABHOOEPEHHBIN TPEYTOIBHUK C OCHOBAHUEM 6V3 cM 1 YTIIOM
npu ocHoBanuK 30°. Jlnaronaias MeHbIIEH OOKOBOM IpaHH 00pa3yeT ¢ MIIOCKOCTHI0 OCHOBAHUS
npusMel yroi 45°. Halinute niomaab O0OKOBOW U MOJHOW MOBEPXHOCTHU IPU3MBI.

2. CeueHue npu3Msl, IPOXOJIAIIIEe Yepe3 cepeJuHy OOKOBOro pedpa U AMaroHanab OCHOBaHMs, HE
HepeceKarolyro JaHHOe pedpo, 00pa3yeT ¢ IIOCKOCThIO0 OCHOBAaHUS yroi o. Haiiaure miomanb
CeueHMUs..

IIpakTnueckas padora Ne 10

Tema: Borunicienue 00beMOB MHOTOTPaHHUKOB
Hean: HayuuTs pemaTh 3a1a4u Ha BBIYUCIEHUE 00bEMOB MHOTOTPAaHHUKOB

TeopeTuyeckas 4acTb

IIpsiMoyroJibHBIA MapajJiejenuneq - 370 o0beMHas (Qurypa, y KOTOpOH IIecTb TpaHed, u
KaKIasi U3 HUX SABJISAETCS MPSMOYTOJIbHUKOM.

IIpsiMoyroJbHBI MapaJulesienune] - Napajulelenuel, BCe TIPaHU KOTOPOIro SBIAIOTCA
IIPSAIMOYTOJIBHUKAMH.

O0bem NPSAMOYIoJbHOI0 mapaJjajejenumneaa paB€H IMPOU3SBCACHHUIO €ro JJIWHBbI, IMHUPUHBI U
BBICOTHI.

®opmyJia 1151 BHIYHCJIEHHSI 00beMa MPSIMOYT0JIbHOT0 NapaJiieenumnena

V=a-b-h
rae
rae V - 00beM NpsIMOYTOJIbHOTO TapajlieieuIie/ia
a- anvHa,
b — mmpuna,,
h- BeICOTA.

O0bEM pU3MBbI paBeH NPOU3BEIECHUIO €€ BHICOTHI Ha MJIONIAAb OCHOBAHMUS:

V=S-h

O06beM nmupamMuibl paBeH OJJTHOM TPETH MPOU3BEACHHUS IOl OCHOBAHUS Ha BBICOTY:
rae S— mionaab OCHOBaHMA, H — BbIcOTa mupaMuabl.

(DOpMYJ]a o0Bema ycequHoﬁ nUupaMuabl MPEACTABIIACT co0oif OIHY TPCTh ITPOU3BCACHUA

BBICOTBEI HA CYMMY rmoma)leﬁ BEPXHETO U HUXXHETO OCHOBAHHA C UX CPEAHUM
MMpONnoOpHUOHAJIbHBIM:

1

Pemenne ynpaskHenui

23


http://www.freesession.ru/tochnye/matematika/59-geometriya/424-obem-prizmy-.html
http://e-science.ru/math/theory/?t=365

1.CymectByeT nu ipusma, umerotias S0 pédep? 54 pedpa?

Pemenue: Yucio pedep n — yroJibHOW MPU3MBI 3n, TO3TOMY IpHu3MBbI, uMmetomiei 50 pedep, He
CYIIIECTBYET, a 54 pebpa umeer 18-yroybHas mpu3ma.

2. CTOpOHBI OCHOBaHHS MPSAMOYTOJBHOTO Mapajieienurnena paBHbl 5 cM U 12 cM , [uaroHanib
napajuiefienurea COCTaBsIeT C IUIOCKOCThIO ocHoBamusi yron 60°. Haiimute 00BEM
napasuiesenumnena.

3. OcHoBaHuEM MpPsSMOM MPU3MBI CIYKUT TPEYrojbHUK co croponamu 10, 10, 12. Jluaronans
MeHbIIIed OOKOBOW TI'paHHM COCTAaBJSET C IUIOCKOCTHIO OocHOBaHUsA yrosu 60°. Haiigute o0BEM
MIPU3MBL.

4, O6beM PSAMOYTOJIBHOTO Mapajuienenurnena paeH 2. Uemy Oyzner paBeH 00beM
napajuielieuIe/a, eclid Kax0e ero peopo yBeIuuuTh B 3 pasa.

Pemrenue. [Tycts pebpa nanHOro napajienenunena paptsl a, b u ¢. Torma umeem: V=abc=2.
[Tocne yBenmuueHus Kaxx0oro pedpa B 3 paza ero o0béM OyIeT paBeH

V=3a*3b*3c =27 abc=27*2=54.

Otger: 54.

5. AkBapuyMm umeer popMmy IpsMOYTroibHOIo napajuienenumneaa Beicotoit 30 cm. Eciiu B Hero
HayuTh 30 J1. BOJIBI, TO 10 BEpXHEro Kpas octaHeTcs 5 ¢cM. CKOJIBKO JIUTPOB BOJIbI HY’KHO, YTOOBI
HaIOJIHUTB ITyCTON aKBapUyM JOBEPXY?

Pewenue. Ilycts V 1 H cooTBEeTCTBEHHO 00BEM U BBICOTA NapajuIeIeIUIe 1a.

V=SH . Ilo ycnosuto V=30,H=25, Torna 25*S=30.

[Tocne 3amonHenus mycroro akBapuyma jnosepxy H=30. 3nauur, 30*S=V.

2558 30
Haiinem ornomenne 30S =V v=36 1.

OrtBer: 36.

6. Kyouk Becut 10 rp. Ckonpko rpaMMOB OyJIeT BECUTh KyOUK, peOpo KOTOporo B 3 pasa
OoJtbliie, YeM pedpo MEPBOTO KyOHKa, eCiii 00a KyOHMKa U3TOTOBJICHBI U3 OJJMHAKOBOTO
Marepuaa.

Pewienue. Ilycts V- 00bEM nanHoro napaienenunesna. [locie ypenuuenus kaxaoro pedpa B 3
pasza, ero 00béM Oyzer paBen 27 V.

v__1o
27V X x=270 rp.

Ortset: 270.

7. O0BEM MPSIMOYTOIBHOTO Mapasuienenumneaa pasex 32. Uemy Oyner paBeH 00bEM
napaJuielienuIea, €Cii Kaxj0e ero pedpo yMEHbIIHUTH B 2 pasa.
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8. B cocyn, umerommii popMy MpaBHIIBHOM TPEYTOIHHOM MPU3MBI, HATMIA BOY. Y POBEHBb BOIBI
nocturaet 36 cM. Ha kakoii BeicoTe OyJeT HaXOIUTHCS YPOBEHb BOJIbI, €CIIU €€ MEePEIUTD B
JPYTroii cocyn TOH ke OpMBI, Y KOTOPOTO CTOPOHA OCHOBaHUS B 3 pa3a OoJiblie, 4eM y IepBOToO.
OtBer BBIPA3UTC B CAHTUMCETpPAX.

9. 3aKphITHII COCYN B BUJIE IPSIMOYTOJILHOTO mapaenenurena ¢ peopamu 30, 40 u 45 cwm.
CTOHUT Ha I‘OpI/I3OHTaHBHOI71 IMMOBCPXHOCTU TAKUM 06p330M, 4YTO HaMMCHbIIAA I'paHb SABJISACTCA
nHOM. B cocyn Hanmm Boay o ypoBHst 36 cM. Ha kakoMm ypoBHE OKa)KeTCsl BOZa, €CIIU COCY/T
MIOCTaBUTh HA HANOOJIbIIYIO TpaHb? OTBET NaliTe B CAHTUMETpAX.

10.Jano: ABCD - npasuisHas mupamuaa. AB = 3; AD = 23 (puc. 3).
Haiitu: a) Soch.; 0) AO; B) DO; 1) V.

11. lano: ABCDF - npaBwibnas nupamuaa. £FCO = 45°; FO = 2 (puc. 4).
Haiitu: a) Socu.; 6) V.

Pemenue:

1) Pacemorpum AFOC: 20 = 90°, £C= 45°, 3nauut, £F= 45°. CnenoBatensno, AFOC -
paBHOOenpenHbIi, OC = FO = 2.

2) AC = 20C = 4.d=AC=AD\2 (mo CBOWCTBY aWMaroHamu Ksaapara, d2= 2a2).
4C_A 25

AD = e
Torna W Ji

3) ABCD - xBaapar (mupaMuia npaBujibHas). Secu, = AD* = ('2‘/5 y=8.

Vi =5 e N B e S
4) 3 3 3 3

(OtBert: @) 8; 6) 5-1/3.)

12. Jano: ABCDEKF - npaBusibnas nupamuaa. FO L (ABC), FM L AK, FO= 4, FM = 5 (puc.
5).
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Haiitu: @) Soch.; 6) V.

Pemenue:

1) Paccmorpum AFOM: 20 = 90° (tak kak FO L (ABC), 3mauur, FO L OM) FO= 4, FM =
5. OM= {MF* - FO’ (o Teopeme Iudaropa), M= ¥25-16 = Vo =3. OM =r (r - pamuyc

AK = z,--tg3=2-3:gﬁ=6~£=z\/§.
OKPYXKHOCTH, BIMCAHHOM B MPAaBUJIbHBIN IIECTUYTOJIBHUK ). 6 6 3

3 S = 68t SAOK-%AK.OM%-NEJ:;J;. So = 6343 =1843.

3) V= lBSM-H; V= %~18J3--4=24»/§.

(OtBer: a) 183, 6) 2413.)

13.3amava: [lana TpeyroipHas yceueHHas nmupamuaa. Ee Beicota h = 10 ¢cM, CTOpOHBI OTHOTO U3
OCHOBaHMIi paBHBI a =27 cM, b =29 cm, € =52 cm. [IlepumeTp BTOPOTro OCHOBaHUS
paBusiercss P2=72 cm. Haiinute 06beM nmupaMupl.

L---.---‘

st pacuera oObeMa HaM MOTPeOyETCs TUIOMAAh OCHOBAaHUH. 3HAsI ITTMHBI CTOPOH OJTHOTO
TPEYTroJIbHUKA, MBI MOYKEM PAaCCUUTATh IIOMAAb 1o ¢popmyne ['epona. [[ns aroro morpedyercs
HaWTH MOJIYIIEPUMETP:
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http://2mb.ru/matematika/geometriya/formula-gerona-dlya-ploshhadi-treugolnika/

P l:i&? +29+52=108cm

108
P =5 =hdem

Tenepp Haiinem S2:

Hl:ffp (p-a)(p-b)(p-c)

S =/54(54-27 )(54-20 ) (54-52 ) = /5427 x25 x2 =/ 72900=270cm

3Has, 4TO MUpaMH/Ia yCEUEeHHas, 1eJIaeM BBIBOJI, YTO TPEYTOJIBHHKH, JISKAIIUE B OCHOBAHHSIX
noo0Hb1. Koaddunuent nogodust STUX TPEYroJIbHUKOB MOXXHO HAWTH M3 COOTHOIICHUS
nepuMeTpoB. OTHOLIEHUE TUIOIIA/ICH TPEYrOIbHUKOB OYET paBHO KBapaTy 3TOTO

ko3P dunmeHTa:

2 .
Sy Py 108 o
5, p? w1

J:l.‘;I
" 1
,‘:q——”
L Ax270 2
S, = t}' =120em

Ternepb, KOT1a MbI HAIILTH IO IH OCHOBaHUH YCEUCHHOM MUPAMUJIBI, MOKEM JIETKO
paccuuTaTh ee 00BeM:

L’:% x 10% (:e?u+ J270x 120 4120 ) 10

. L0 i
= (27041804120 )= x570 =1900¢m

Takum 06pa3om, BEIYUCITUB KOADPHUITUEHT TTO100MS ¥ pacCUUTAB IIJIOIIA b OCHOBAHUM, MBI
HAILTH 00BEM 33/IaHHOM yCeUeHHOM MUpaMUIbI.

14. Tano: A1A2A3A4 -pom0O, SA1A2A3A4 -mwmpammma, AlA4 = a«£SBO =
B, OB L A3A4, LA2A10 = a (puc. 6).

Haiitn: V - ?

Pemienue:
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B .o
: = :OB= ing = —asin2a,
1) Paccmotpum 80434, : O4y=acosa,  B0A;8: OB = acosasina = 5

2) ASOB: SO= -;-asin 2atgp.
3) Son.™ 4Sas00, =4--;-a-08= 20-%asin2a = o’sin2d

4) Voup =%Sm. -8O, Vip. = %-az sin 2a -%asiu 20gP = %a’ sin? 2atgf

© %a’ sin’ 2ougp.
TBCT.
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IIpakTnueckas padora Ne 11
Tema: VccnenoBanus Ha SKCTpeMyM B 3a/1a4ax Ha 00bEMbl MHOTOTPAaHHUKOB
Hean: Hayuuts pemars 3ajaul Ha HaX0XkJIEHUE SKCTpeMyMa
TeopeTuyeckas 4acTb

VYike B TI1y0OKO# IpeBHOCTH BO3HUKAIIM CUTYAllMH, KOT/Ia TpeOOBaIOCh pelaTh 3a/1a4i Ha
skcTpeMyM. OniHa U3 EPBBIX, JOLIEAIINX 0 HAC, 3a7a4 MOA0OHOI0 pojia CBsi3aHa C JIEreHa01
00 ocHoBanuu ropojna Kapgarena. Kak mosectByet B «Hene» puMcKuii o3t Beprunui,
JTaBHBIM-JIaBHO (PMHMKUIICKast LapeBHa J{uaoHa ¢ HEOOJIBLIIMM OTPSIOM NPEJaHHBIX e JIFoeH
MOKHHYJIA poiHOU Topoa Tup, cracasich OT mpecienoBanuii ceoero Opara Tupana [Turmanmnona.
Ee kopabuin otnpaBuinck Ha 3anaj no Cpeau3eMHOMY MOPIO U IUIbLIH, 1ToKa J{uioHa He
o0ro00Basa y1o0HOe ISt TOCETICHUSI MECTO Ha apUKAHCKOM MOOEpekbe, B HBIHEIITHEM
Tynucckom 3anuse.BeicaguBiunecs: pUHUKUNAIBI ObUIM BCTPEUEHBI HE 0YE€Hb TOCTEPUUMHO
MECTHBIMU JKUTEISIMU, HymuauiinamMu. Kopons HyOuauiines SIp0d BOMHCTBEHHO U IPE3PUTEIHHO
pasroBapuBal ¢ HENPOLICHON TOCThe. OH NPUHSAI IParoleHHOCTH, IPeAIoKeHHbIe [lunoHoi
JUISI IOKYTIKY 3€MJIM, HO PELIMTEIbHO 3asiBUJI, YTO B3aMEH OH COTJIaCeH YCTYNUTh €H JIUIIb
KJIOYOK 3€MJIH, «KOTOPBIH MOXKHO OKPYXKHUTb Oblubel IKypoii». LlapeBHa 6e3ponoTHO
cornacuiack. Sp6 MOHAJ XUTPOCTh U KOBAPCTBO (PUHUKHUSHKU CIMILIKOM MO31HO: JuaoHa
IprKasajia pa3pes3arb HIKypy Ha OYeHb TOHKME PEMHHU U clIUTh uX. [lomydns, Takum oOpas3om,
TOHKHUH, HO OYEHb JJIMHHBIA PEMEHb, OHAa OTTOPOINIIA UM OT Oepera 3HaUUTEIbHYIO
Tepputoputo. IIpocronyninsiii, HO yecTHBINH SIpO He cTall OTKa3bIBAThCS OT JAHHOTO CJI0Ba. A
Hunona Ha aTomM MecTe ocHoBasia ropoa Kapdaren. B mamsates 00 3Toi# uctopun kapdarenckas
KpernocTh Obl1a HazBaHa «bupcay, uto Ha s3bIke odbuTateneit Kapdarena o3navaeT «ObIubs
HIKypay.

Jlerenga oTHOCUT COOBITUA K 825 TOAY /10 H.3. M HAM, KOHEYHO, CYIUTh 00 UX TOCTOBEPHOCTHU
TpynHo. Ho 1y1st Hac mHTepecHa MaTeMaTrieckas 3ajiada, KOTOpyro, BUIUMO, PUIILIIOCH peliaTh
Hunone. [Ipeanonoxum, 4To AIMHA U3TOTOBIEHHOTO TOHKOTO peMHs paBHa 600M. Toraa Ha
COBPEMEHHOM s3bIKe 3a/1a4a J{uaoHbl GOpMYITHpPYETCs TakK:

3aoaua. OnHa cTOPOHA MPSIMOYTOJIBHOTO YYaCTKa 3eMJIM MMPUMBIKAET K Oepery Mopsi, a Tpu
JIPYTUE OTOPAKUBAIOTCS peMHEM, JinHa KoToporo 600M. KakoBbl JOKHBI OBITH CTOPOHBI ATOTO
y4acTKa, 4TOObI ero IIoa s Obuta HauboIbIIenH?

Pewenue. Tlycts 0/THa cTOpOHA TPAMOYTOJILHUKA PaBHA X M, TOT/Ia Apyras cTopoHa paBHa (600
— 2x)M. [Tnomane npssMoyronsHuKa OyneT pyHKIueH oT nepeMeHHoi X: y = x(600 — 2x) = 600x
— 2%, 061aCTh onpeneneHust koropoi (0; 300).

Haiinem HanGonbiee 3HaueHne 3Toil pyHkuu Ha mpomexytke (0; 300).
[TpousBoaHas 3Toit pynkuuu y' = 600 — 4x.

Kputnueckas touka Haiaercs u3 ypasHeHus 600 —4x = 0 x = 150.
Hccnemyem 3HaK MPOM3BOIHON HA Ka)KJJOM MHTEpBAJIe

(0; 150) y'>0

(150;300)y' <0

Tak kak npu nepexoje uepe3 Touky x = 150 nmpou3BoaHast MEHSET 3HAK C IUII0Ca HA MUHYC, TO
pu X = 150 pyHkus umeetT MakcuMyM. 3HAYUT, HAMOOIBIIYIO TUIONIAlb UMEET

PSIMOYTOJIBHUK co ctopoHamu 150 M 1 300 M.
Haiinem miommanb oroposkeHHoro ydactka 3emiau S = 45000 M2,
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Mei pemmny 3aa4dy JJuaoHbI, cUUTast, 9TO y4acTOK uMeeT GopMy MpsSIMOYTOJbHUKA. Perienne
oI00HBIX 3a/1a4, ecii (popma rpaHuLlbl — KPUBAs JIMHUS BBI3BAJIO K KU3HU HOBBIA Ba)KHBIN
pazzies MaTeMaTUKKU — BApUALIMOHHOE UCUUCIIEHUE, B KOTOPOM OCHOBHBIM MOHSTHUEM SIBIISICTCS
He ¢yHKIM, a QyHKIMOHAN. B HacTosIIee Bpems 3TOT paz/ieln II0J0TBOPHO UCIOIB3YETCS BO
MHOTHX O0JIACTSIX MaTeMaTUKU, GU3UKH, TEXHUKH, YKOHOMUKH.

e B moBcenHeBHOI KU3HHU, B MPAKTUYECKUX 3a/1a4aX 9acTO BO3HUKAET HEOOXOAUMOCTh
orpezesieHus: yCIOBHM, TPU KOTOPHIX MBI [TOJIy4aeM HaWIy4dIlIue pe3yiabTaThl TPY/Ia.

3aodaua. VI3 ipsAMOYTOJIBHOTO JIUCTA XKECTU pazMepoM 25 x 40 cM HaJI0 U3rOTOBUTH OTKPBITYIO
KOpOOKY HanOoJIbIIero oobema.

J1st u3roToBneHuss KOPOOKH HAJI0 BbIpe3aTh KBaJApaTHbIE YTOJIKU. B 3aBUCMOCTH OT JIIMHBI
BBIPE3aEMOTI0 KBaJ[paTa MoJIy4yaroTcs KOPOOKH, UMEIOIINE pa3inuHble 00beMbl. [loaTomy
HEOOXOIMMO paccuuTaTh pa3Mephl BEIPE3aeMbIX KBAAPATOB, IPU KOTOPHIX KOPOOKA UMEET
HauOO0JIbIINNA 00BEM.

Pewenue. O603Ha4MM CTOPOHY BbIpE3aeMbIX [0 yIiIaM KBaJpaToB 4yepes X. JJHoM KopoOKku
ABJIIETCS PSMOYTOJIbHUK, CTOPOHBI KOTOPOTo paBHbI a = 25 — 2x u B = 40 — 2x. Bricora
KOpoOKu paBHa x. CienoBarenbHo, 00beM KOpoOkH paBeH V = (25 — 2x)(40 — 2x)x, T.e.
ABJIAETCS QYHKIMEH OT IEpEMEHHOH X.

y = (25 — 2x)(40 — 2x)x = 4x° — 130x? + 1000x

Ob6nactp onpenenenus 3toit Gpyakun npomexxytok (0; 12,5). Haiinem skcTpeMyMbl 3ToM
GbyHKIHIH.
y' = (4x% = 130x% + 1000x)' = 12x* — 260x + 1000

12x* —260x + 1000 = 0

Kputndeckue Touku dpynkipun x1 # 16,7 — He BXOIUT B 0011aCTh OnpeaeaeH s HYHKIINH.
x’=5

OmnpenenM 3HaK MPOU3BOIHON B TPOMEKYTKAX

(0;5)y >0
(5;12,5)y' <0

Tak kak 1pu nepexoje yepe3 TOUKy X = 5 MPOU3BO/IHAs MEHSIET 3HaK C IJII0CA HA MUHYC, TO IIPU
x =5 ¢ynkusa y = (25 — 2x)(40 — 2x)x = 4x3 — 130x% + 1000x mmeer MaKCHMYM.

CJ]C,Z[OB&TCJ'ILHO, Kop061<a GYI[CT MMETh HaHOOJIbIINKN 00beM ITIpU BBIPC3aHUHN KBaAPaTOB CO

CcTOpOHOIA 5 cM. HaiizieM 06beM MoITydeHHOM TpH 5ToM Kopobk: V(5) = 2250cm”.

3aodaua. dnexTpoHarpeBaTeIbHbIN MPUOOP NOTPEOIIAET MOIIHOCTD OT UCTOUYHUKA ToKa, DJ[C
KOTOpOro paBHa 3B, a BHyTpeHHee colpoTuBieHre paBHO 20M. Kakoe conpoTUBIEHUE NOKEH
UMETh IPUOOP, YTOOBI B HEM BBIAEISIIACH MAKCUMaIbHAs MOLTHOCTH?

MomHOoCTb, TOTpedasieMast AIEeKTPOHArpeBaTeILHBIM TPUOOPOM, CONTPOTHUBIIEHHE KOTOPOTO

E*R
paBHO R, Haxomures o gopmyine & + R . OGo3HaumM conpoTusieHne npudopa R = x. C
Ox Ox
y=P)= = 3
YU€TOM JIaHHBIX 337]a4l COCTaBUM ()YHKIIUIO 2 +x¥ x*+4x+ 4 O6nacts

omnpeneneHus 3To pyHkimuu mpoMexxkyTok (0; + 9 ), Mccnenyem noydeHHY0 GyHKITUIO Ha
IKCTPEMYM.

9x )“ 36 — 9x 2
22 L dx L 4] (22 L4x+4)2
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KpuTHueckue TOUKH Haii{yTcs U3 ypaBHenus 5© — 9%~ =0

X1 = — 2 TOYKA HE BXOJUT B 00J1aCTh ONpeaeacHus (yHKIIUH.
X2 — 2
Haiinem 3HaK npou3BOAHON HA KaXKJIOM MPOMEXKYTKE

0:2)¥ >0
(2;+0 ) ¥ <0

Tak kak npu nepexojie uepe3 TOUKy X = 2 IPOU3BOIHAS MEHSIET 3HAK C IJI0Ca Ha MUHYC, TO B
9TOU TOYKE (DYHKIMS UMEET MAaKCUMYM. 3HAYHUT, MOIIHOCTb, MOTpedIisieMas mprudopom, Oymer
HauOOJIbIIICH, €CITH CONTPOTHUBIICHHE €r0 paBHO 2 OMm.

Pemienue ynpaxxHeHui

1. U3 Bcex npsMbIX MapaJiIeenuIe1oB ¢ IaHHOH MI0MAaAbI0 MTOTHOH MOBEPXHOCTH S 1
KBaJ[paTHBIM OCHOBaHHUEM HAMTH TOT, KOTOPBIA NMEET HAaUOOIBIINI 00BEM.

2. U3 npaMoyroiapHOTo JIHCTa )KecTH co cropoHamu 80u 50 cMTpeOyeTcss M3rOTOBUT OTKPHITHIN
CBEpXY SILIUK HANOOJIbLIEro 00beMa, OTpe3ast paBHbIE KBAAPATHI 10 yIJlaM, YA UX U 3aTeM
3aru0as ’KecTb, 9YToObI 00pa30BaTh OOKOBBIC CTeHKU. KakoBa J10y’Ha OBITh JIJTHHA CTOPOHBI
BBIPE3aeMbIX KBaJPaTOB?

3. U3 Bcex MpsIMBIX MapajuIeICIUIE0B C JaHHBIM 00bEMOM M KBaIPAaTHBIM OCHOBAHUEM HaWANUTE
TOT, KOTOPBIN MMEET HAaMMEHBIIYIO TIOMIA b TOJHON TTOBEPXHOCTH.

4. Haiigure pazMepbl OTKPBITOTO (0€3 KPBILIKH) SIIUKA ¢ KBaAPATHBIM JHOM, HMEIOLIETO
HaMMEHBILYIO IUIOIAAb HOJIHOM NOBEPXHOCTH MPHU 3alaHHOM 00BbeMe.

5. Boruncnute pazmMepsl OTKPBITOTO SIIMKA C KBAIPATHBIM THOM, UMEIOIEr0 HauOOIbIINi 00beM,
eciu o01Iast IUIOIAAb TOBEPXHOCTH OOKOBBIX CTEHOK U JIHA paBHA S.

IIpakTnyeckoe 3ansaTue Ne 13
Tema: Berunicnenrne 00beMOB (HUTyp BpaIIeHHUs C TIOMOIMIBIO OTPEIETICHHOTO HHTETpajia
Hesab: HayunTh BEIYUCIATH C HOMOIIBIO OMPENEIIEHHOTO HHTErpaia 00beMbl (PUTYpP BpalleHUs

TeopeTuyeckas 4acThb
Brraucnenue o6bema tena, 00pa3oBaHHOTO BpPAIIEHUEM IIOCKON (UTypBl BOKPYT OCH X

[Tpumep 1
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Boraucnute 00beM Tena, MOoMyYeHHOTO BpalleHueM (DUrypbl, OrpaHUYEHHOM

S T B
nmuHuAME ¥ ex—x , y=0 BOKPYT OCH OX
Pemenne: Kak u B 3a1aue Ha HaX0XKIEHUE TUIOILALH, PellIeHHEe HAYMHACTCS ¢ YepTexa

10CKOo# ¢urypsl. To ecTb, Ha IIIOCKOCTH AOY geobxommmo MOCTPOUTH (HUTypY,

2 y=0

Yy | é i %
e
S N T - -

E E % E

S i S :

----- 0 N A o AR T
- ox

P

HMckomas minockas (bnrypa 3alITPUXOBAHA, UMCHHO OHA U Bpallla€TCA BOKPYI' OCU 24

Kak BbraucinTh 00beM Tena BpameHus ?
O0beM Tena BpalleHHus MOKHO BBIUUCIINTD 110 popMyie:

A
v =n| 7 (x)dx

B npaktudeckux 3aaHusx miockas GuUrypa HHorJa MOXKeT pacrnojaraTbCsi U HUKE OCH Ox

2
DTO HUYETO HE MEHSET — MOJIbIHTErpaibHast GyHKIHS B (hOpMYJie BO3BOJIUTCS B KBAPAT: S (x)
, TAKUM 00pa3oM MHTETpall BCEra HEOTPHUIIATEIIeH, YTO BEChMa JIOTUYHO.

Brruuciaum o0beM Tena BpalieHust, UCTIONb3Ys JaHHYIO GOpMYITy:

a 2 ]
= ;:rjf?(xjdx = ;?TI(Ex— ) dx = ,-r.r[ (4x* — 4% + xdx =
a i} i]

3 5
3 5 3 5 15
V:m—ﬂﬁea3_m3,35ea3.

OTtBer:

[Tpumep 2

Boraucnute 06beM Tena, MoJy4eHHOTO MPH BPAIlEHUH BOKPYT OCH abcuuce GpUrypsl,

OTPaHUYCHHOW JIMHUSAMU Y= 2x+1’ y=x+td x=0 p X =1

y=~2x+1
oF .

Pemenne: 1300pa3uM Ha uepTexke IIOCKYIO GUTYpPY, OTPaHUUYCHHYIO JTUHUSIMHU

y=x+4 =0 x=1 0

, , , , He 3a0bIBast P 3TOM, YTO ypaBHEHHE * = ~ 3aJ1aeT OCh
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Hckomas ¢purypa 3amTpuxoBaHa..
OO0beM Tena BpallleHUs BEIYUCIUM KaK paszHoCmb 00beMo8 meil.
Crauana paccMoTpuM (Urypy, KoTopas ooBeieHa KpacHbIM 1BeToM. [Ipu e€ BpameHnn BOKpyT

. ¥
ocn G4 HOJTy4aeTcsl yceueHHbIH KoHyc. O003HaunM 00BEeM 3TOT0 yCEYEHHOTO KOHYyCa 4epe3 1

PaccmotpumM ¢urypy, koTopas oOBeficHa 3elIeHbIM [IBeTOM. Eciu Bpamars qanuyo Gurypy

BOKPYT OCH X 10 MOJIYYUTCS TOXKE YCEUCHHBIH KOHYC, TOJIBKO 4yTh oMeHbIIe. O003HauuM
[
ero o0bem uepes 2.

V==V .
U, oueBu1HO, pa3HOCTH OOBHEMOB — B TOYHOCTH 00beM Hamei ¢purypsl. Mcnonb3yem
CTaHJapTHYIO (POPMYITY JJI HAXOXKACHHUS 00beMa Tella BpalleHus:

A
v =n| 7 (x)dx

1) durypa, 06BeeHHAs KPACHBIM [IBETOM OTPaHHUYEHA CBEPXY MPAMOH » x+4

1 1 3
M= ;?T_ll(x+4}2.:fx: ;?T_ll{:ir2 +8:Jr+16}.:;1!’;{:77'[xg+4x2 +16}‘;J|; :71{%+4+15] = 61?;??
0

i

, IODTOMY:

2) ®urypa, oOBeIeHHAas! 3€JIEHBIM 1IBETOM OTpaHUYeHa CBEpXY IMPSIMON y=2x+l

1 1 3
V= ?T_l-(2x+1}2cfx= :’T_II{4:J:2 +-4:Jr+1}h:1?:1:=7/‘[4?x+2:Jr2 +xJ|1,] =7r(%+2+1] = B?FT
i o

=¥ -1, :51;?1'_13??': 48??:
3 3 3

, IO3TOMY:

16

3) O0BbeM UCKOMOTO Teja BpallleHHs:

o VWV =16med’ ma03a8°
TBET.

Brruncienne oobema Tema, 00pa3oBaHHOTO BpAIICHHEM
TI0CKOH (urypsl BoKpyr ocu Oy

[Tpumep 3

_J-’=3+'-.Ilr; y=3—q;'r;? y=x+1
Jana miockast purypa, orpaHu4eHHas THHUSAMH , , .
Haiitu 00beM Terna, MosrydeHHOTO BpalleHUEeM IJI0CKOH (pUTypbl, OTpaHUYEHHOMN TaHHBIMH

JUHUSIMH, BOKPYT OCH or
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Pemenne:
1) Beimonaum gepTéx:

....................................................

........................................................

:
' ' v ' :
e b i e e e T s e T Ve e Te T s Tt e s e T e v A ki v s e v e R Te T e

2) Beruncnum o0beM Tena, 00pa30BaHHOTO BpalleHHEM JaHHOU (UTYpPbI, BOKPYT OCH or
[lepepucyem yepTesk HEMHOTO B IpyTOM O(OPMIICHUH:

Urak, purypa, 3amrpuxoBaHHas CHHAM IIBETOM, BpaI[aeTCsl BOKPYT OCH or st HaxoxaeHust

o0beMa Tena BpalCHUA 6y,[[CM HHTCIpHUPOBATH 11O OCH or .

Bpamaem ¢urypy, 06BeieHHYI0 KpaCHBIM LIBETOM, BOKPYT OCH or , B pe3yJIbTare MoJy4acTcs

i M
yceueHHBI KoHyc. O003HauuM 3TOT 00BeM uepe3 L.

oy

r
Bpamaem ¢urypy, o0Be1eHHYIO 3€JI€HBIM [[BETOM, BOKPYT OCH u o003HavyaeM uepe3 2

00BeM MOJIYYCHHOI'O TCJIa BpallICHU.
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. V=01
O0nbem Harei Gurypsl paBeH pa3HOCTH 00bEMOB 1z
Hcnonb3yem (opmyiy i HaxoxaeHU 00beMa Tella BpalleHus:

a
v =a] Ay

v =0 -V, =7 (- Vdy -7l (y- Vv = 2| (y-Vdy-a] (v - D'y =
2 2 2

2

T 315 AT S5 T T 23 2w

=—{y-T'L—-=(y-— =64 -T-=GE2--1n=21r-— ="

0=V E-SO-D =564 -D- G2 (-1 .
LN 45,24 air*,

OtBer:

[Ipumep 6

— = x
Jana miockast purypa, orpaHHYCHHAs TMHUSAMH = 2 Y u ocpro P4

1) Ilepeiitn kK 0OpaTHBIM (PYHKIMSAM M HAUTH TUIOIIAIb IJIOCKOH (PUTYpPBI, OTpaHUYECHHOM

JaHHbIMHA JIMHUAMHU, UHTCITPUPOBAHUECM 110 nepeMeHHoﬁ > .

2) Beruncnuth 00beM Tena, MOJyYeHHOTO BpallleHHUeM II0CKON (GUTYphl, OTpaHHYEHHOM

JAaHHBIMU JIMHUSIMH, BOKPYT OCU or
OTO0 nmpuMep UIsl CaMOCTOATENBHOIO pereHus. JKenaronye Takke MOryT HalTH IUIOIA b
(Gurypbl «0OBIYHBIM» CITIOCOOOM, BBIIIOJIHUB TEM CaMbIM IIPOBEPKY MYHKTa 1). A BOT eciu,

IMOBTOPIOCH, 6yﬂeTe BpalaTh IJI0CKYIO (1)I/Il“ypy BOKpPYT' OCH 4 , TO IIOJIYHUTCA COBEPUICHHO

JpYroe TeJo BpalleHUsl ¢ JPyTUM 00beMOM, KCTaTH, IPaBUIbHBIN

(2?2 —4dln 2+ 2)wed’ = 0,59 28", .
OTBET (Toxe It MOOUTENel openiaTh).

[TostHOE € pelleHne AByX NPEIOKEHHBIX ITYHKTOB 3aJjaHKsl B KOHIIE YPOKa.

[a, v He 3a0bIBaliTe HAKJIOHATH I'OJIOBY HANpPaBo, YTOOBI pa300paThCs B T€JIaX BPALICHUS U B
npejienax UHTerpupoBanms!

Xorten, ObUIO yXke, 3aKOHUUTh CTaThl0, HO CETO/IHS IPUHECTN UHTEPECHBIN NPUMEp Kak pa3 Ha
HaXOXXJeHHe 00beMa Tejia BpallleHHsl BOKPYT OcH opAuHAT. CBEXavyoK:

IIpumep 7
BBIHCIUTB 0GBeM Tela, 00pa30BAHHOTO BPALECHHEM BOKPYT OCH “¢  (DUIypBI, orpaHnueHHOI
2
F= 3 _
KPUBBIMHU I+x" yry=x

Pemenne: BeimoaHuM yeprex:

..... %! I TN (S

=

4
]

B O O N e S R A S SE S

elfle e cccancbenccsencadacceancsanbeaceeeeeede
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1
1
1
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I[JISI eI HAXOXIACHUA o0beMa Teaa BpallCHUA JOCTATOYHO UCIIOJB30BATh IMMPABYIO IMOJIOBUHY

¢burypsl. O0e GyHKIUU SBISIOTCS YETHBIMH, UX IPaUKU CUMMETPUYHBI OTHOCUTEIHLHO OCH or
, CHAMMETpHYHa U Hama ¢urypa. Takum o0pa3zom, 3alITPUXOBaHHAS TpaBasi 4acTh, BPALIAsICh

BOKPYT OCH or HEIPEMEHHO COBMAET C JIEBOW HEIITPUXOBAHHOM YaCThIO.
[epeiinem Kk 0OpaTHBIM QYHKIIHSM, TO €CTh, BEIPA3UM «HKCBD» UEPE3 «UTPEKI»:

2 - NPT T
1+ ¥ ¥

y:xjix:ﬁ

I:]_.?:

_ .2
O6paTuTe BHUMaHKE, 4TO MPaBOil BeTKe Mapabomkl + — © COOTBETCTBYET oOpaTHas

X=a o o
byHKuus Y Jesoit HEHCIIONIb3YeMO# BeTKe mapaboIibl COOTBETCTBYET OOpaTHast

X=
GyHKIMUSA Y . B Taxux ClTy4dasiX HEpeJKO BO3HHKAIOT COMHEHUS, KaKYI0 )K€ ()yHKIIHIO
BbIOpaTh? COMHEHMUS JIETKO, pa3BEUBAIOTCSI, BO3bMUTE JIIO0YIO0 TOUKY IPaBOW BETKHU U

X=a]
MoACTaBbTC €€ KOOPAWHATEI B (i)YHKIII/IIO Y . KOOpIII/IHaTI)I Ioaoujan, 3Ha4urT,

x=.|
(bYHKI_II/IH Y 3a1a€T UMCHHO IIPaBYHO BETKY, a HC JICBY1O.
TenepL 3aM€4yacM 4ToO:

— Ha OTPE3KE [D;l] nay ocsio “F pacnonoxen rpapuk GpyHKImmu A= ”{; ;

-1

— Ha OTpe3Ke [1;2] HaJl OCbIO or pacnosoxeH rpapuk GyHKIUU X

Jloru4HO MPEaNOI0KUTh, YTO 00BEM Tella BpallleHUs HY>KHO HCKaTh YK€ Kak CyMMY 00beMOB
TEeJ BpalleHui!

Hcnonszyem popmyny:

v =a] A (dy

r=

o = na

B nannomMm cirydac:
1

1 2 2 2
=+ =?T_|-(xJ{J_f)2if}’+?T_|-{ ;1%_ 1} dy =?T]-yc£y+;?r]-(j—;—1de=
0 1 0 1

=g(y2)|g+ﬂ12my—y)|f :g(l—U}+:«‘T(2h’12—2—0+1}:g+ﬂ'{2]n 2—1}:77{2111 2—%]

V= 77{2]11 2—%] 2= 278 2’

OrtBer:
Pemenue ynpaxxHeHui
Brrancnure 06beMbl puryp, 00pa3oBaHHBIX BpalleHUEM IUIONIa/Ied, OTpaHUYEHHBIX
YKa3aHHBIMH JINHUSAMU:

1. y? =4x,y = 0,x = 4 Bokpyr ocn Ox

y = x%2 —9,y = 0 Bokpyr ocu Ox
x—2y+6=0,y=0,x =2 Bokpyr ocu Ox

2 2

% §—Z= 1, y = 0 Bokpyr ocu Ox

2 2
Z—z—%=1,y=0x=a,x=2aBOprrocy10x

xZ yZ
=tz = 1, x = 0 Bokpyr ocu Oy
x+2y—4=0,y=0,x =2 Bokpyr ocu Ox

y?=2x,9y=0,x =1,x = 4 Bokpyr oc Ox

PN O U~ W
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9. y2=2(x+2),y=0,x =4 sokpyr ocu Ox
10. y = x%2 — 1,y = 0 Bokpyr ocu Ox

IIpakTnueckas padora Ne 15
Tema: Brruncnenue miomaaeit nopepxHocreil puryp BpaiieHus ¢ HOMOIIBIO ONPEIeICHHOIO
UHTerpana
Hesb: HayunTh BEIYMCIATH C HOMOILBIO ONPEICIEHHOI0 UHTErpasla IIOMAaad MOBEPXHOCTEH
¢buryp BpauieHus
Teopernyeckas 4acTb
PaccmotpuM pucyHok

A

B y=f(x)

>

25
Q=

X

YT0 MOKHO BBIYMCIIUTE C TOMOIIBIO OTPEIEIEHHOTO HHTETpasa’?

B nepByro ouepenp, KOHEUHO, IIJIOIA/1b KPUBOIMHENHOM TpanenyH.

Ecnu e nanHas ¢purypa Bpaiiaercss BOKpYr KOOPAUHATHOM OCH, TO pedb YKe UIET O
HaXOXXJEHUU 00bEMa TeJia BpaIlleHUs ..

Ha nanHOM 3aHATHM MBI HAYYHMMCS pACCUUTBIBATh €IIE OHY XapaKTEPUCTUKY — €IIE OAHY

mromazs. pencrassre, uro munns 45 epawaemen Boxpyr ocn 0f B pe3ysbTare 3TOro
JeCTBUS ModydyaeTcs reoMeTpruueckas (purypa, Ha3plBaeMas nogepxXHocmbio epaujeusi. B
JTAHHOM CJIy4ae OHa HaIllOMHHAET TaKOH ropIiok 06e3 JHa T.e. C TEOMETPUUYECKON TOUKH 3pEHHS
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Hall «ropmok» UMCCT 6€CKOHellHO MOHKYI0 CTCHKY U IBC IMOBCPXHOCTHU C OJUHAKOBBIMU
IUTOMIA/IIMH — BHEIITHIOO U BHYTPEHHIO0. Tak BOT, BCE JalbHEHIIINE BBIKJIAJAKH OAPa3yMEBAlOT
IUIOINA/b TOJBKO BHEIIHEH TTOBEPXHOCTH.

B npsMoyronbHO# crcTeMe KOOPAWHAT IUIONIA b MOBEPXHOCTH BPAIICHHS PACCUUTHIBACTCS 1O
dbopmyre:

A A
P=2a] £z 14 (F(20) dx P=2rpaf1+ () dx

WJIM, €CJIM KOMIIaKTHEE: 2
K ¢yHkumu u €€ mpou3BOJHON NMPEABIBISAIOTCS TE XK€ TpeOOBaHMUS, UTO U TPU

HAXO0KJICHHUH JUTHHBI JIyTH KPUBOii, HO, KPOME TOTO, KpHUBast AB jomxna

pacIoiaraThCs BBIIIE OCH QX nro cytiectBeHHO! HeTpyHO MOHSTH, YTO €CIIN JIMHUS
=0

pacroiaraeTcst Mo 0Cho (flx <0) , TO TIOABIHTErpajibHas QyHKIHS OyaeT

|| t 2
OTpHHaTeHBHOﬁ: f(x) 1+ U I:XD <0 , 1 IIOOTOMY K (bopMyne HpI/IIIéTCFI I[O6aBI/ITL 3HaK

«MUHYC» Ta0bl COXPAHUTh T€OMETPUIECKUNA CMBICIT 33JIa4H.
PaccmoTpum durypy:

[1monaas MOBEPXHOCTH TOpA

B nByx cioBax, Top — 3T0 OyOHK.

[Ipumep 1
BbraucnauTs miomaas MoBEpXHOCTH TOPa, MOTYyYEHHOTO BpallleHUEeM

2 7 _
OKpPY’KHOCTH -3 =1 BOKPYT' OCH ox
2 2 _
Pemenue: ypapHenue Hy-3=1 3a71aéT OKPY’KHOCTb €IMHUYHOTO pajuyca ¢ LEHTPOM B

TOYKE (3 . [Ipu aTOM JIErKO MOMYYUTH J1BE (PYHKITUU:
(-3 =1-2
y—3=tJ1- 5
y=34+41- %

¥= R - xg . .
— 3a1a€T HUKHIOKO ITOJTYOKPY’KHOCTD!:

— 3a4a€T BEPXHIOIO MTOJYOKPYKHOCTB;



http://www.mathprofi.ru/dlina_dugi_krivoi.html
http://www.mathprofi.ru/chto_takoe_integral_teorija_dlja_chainikov.html
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CyTb KpUCTaJIBHO MPO3pavyHa: OKPYKHOCTB BPAIIAETCsl BOKPYT OCH abcIuce 1 oopa3yer
nogepxnocms 0yonuka. EquHcTBEHHOE, 3/1€Ch BO N30€KaHKe IpyObIX OTOBOPOK CIIEIyeT
IPOSIBUTH AaKKYpaTHOCTh B TEPMUHOJIOTUU: €CIIA BpalllaTh KPYyT, OrpaHUYEHHBIN

OKPY’KHOCTBIO 2+ (y=-3'=1 , TO TIOJIYYUTCS TEOMETPHUECKOE TeJlo, TO ecTh caM 0yonuk. 1
ceifuac pasroBop o MIOWIAAM €ro OBEPXHOCTH, KOTOPYIO, HY)KHO PacCUMTaTh KaK CyMMY
IJIOLIAACH:

Haiiém miomas noBepXHOCTH, KOTOpas II0JTy4aeTcsl BpallleHUeM «BepXHeii»

E= zﬁquh + (v dx

_ I
ayrn ¥ = 3P VI= 5 porovr ocu aGemmce. icnonssyem Gopmymy 2
_ I
Bepém dynkrmio ' = 3+l-x

¥ =(34+41- =10 S
{24+ x) +21x

I[anee MaKCUMAJIbHO yIIpOIIa€M KOPCHb:

1 HaXOJHUM €€ IIPOXU3BOJHYIO.

Aedye— Lt p-pme—_ %

21— %2 1-x*

2 2 3
1-x+=x 1
St = 4| -2 =\Il+ il =J =
v \/ [ﬂ} 1-x* 1- %’ 2

U, nakoHel, 3apspkaeM pe3yabTaT B GopMymy:
A 1
1
E=2mly 1+ 0N dr=2m|i3+1- %) —— {—+1de
: I _Il N J-

= 47r(3arcsin x+xj|1,3 =d7r(3arcsinl +1- (040 = 477{3 : gﬂ] =6 +4

=2 2;??_[

2) Haiiném momaap MoBEPXHOCTH, KOTOpasi OTy4YaeTcs BPAICHHEM «HIKHEH»

y=3-41- x° .
IyTH BOKpYT ocu abcuucce. Bee nelictBus O0yayT oTinyarbest pakTHUECKH
TOJIBKO OJJHUM 3HAKOM.

E= 2;?Tiy4'1+(y’)2.:£x: 2;:-ri(3—ﬂ! —~ xzj-qﬁ+((3—m"l—xzj']2dx=

1 1 2 1 X 2
=2??!1(3—44'1—;{3}-J1+{D—m{0—2x)] dx:EFT:I-(B—m'Il—xg}- H[HJ dx =

1 ! 2
=ox[(3-1- %) dx_EfTI{E NI || k. ”d =2. 2:??_[(3 il X Jax
-1 0 \h— x*
1
ol 72
3) Taxum o6pa3om, IIIONIA/(b TOBEPXHOCTHU TOPA:
P=FE+E =6 +4m+ 61 —dr=1271

-~ 1de = d7r(3arcsin x — x)|1,] = 47 3arcsinl — 1- (0— 001 = 471{3 : "’—;— 1] = 67 — 4

P=121" e = 118,44 25*

OTBerT: ‘IIpumep 2
2 _
BEIYHCINT TIIOMIAb TIOBEPXHOCTH TENA, MOTY4EeHHOTO BPaIlleHHeM T1apabomnsl =+ ~ © BOKpPYT
ocu “X Ha IPOMEKYTKE OU=x=4

Pewenue: sviuucium niowadb no8epxXHOCmu, 00pazo8anHol 8paujeHuem 6epxHell

P= z;rrbjyﬁ 1+ (" dx

80Kpye ocu abcyucc. Hcnonvsyem gpopmyny 2

y=Ax

eemeu
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B oannom cnyuae:

7 { 4x+1 J4x+1
e i \/ 4x 4x 2«.-';

Taxum 06pa30M
P= 2??_[_}? 1+ (5 .:fx—z;rrj{ ‘*4j:

:%%(4“1)5@ =2 Jr+ 0 = 2 AT - = 2 7T -

P:%ﬂ?ﬁ—n 0% s 36,18 2",

dx —ﬁjma? ——j(4x+1)2d(4x+1)=

Omeem:.

Ipumep 1. Haiinem miomiaas MOBEPXHOCTH miapa paaunyca .

Pewenue. llomecTM Hauano KOOpAUHAT B LIEHTp 1apa. byneM paccmarpuBaTh NOBEPXHOCTh
I1apa Kak OBEPXHOCTb, OJIYYEHHYIO B Pe3yJIbTaTe BPALICHUS

nonyokpyxksoct T T Y = R BOKpyT ocu (). Torna mioaab NOBEPXHOCTH mIapa
Haiizercs o gopmyse

_zﬂfy\/idm

—R

Taxkax ¥ = V B2 — 2% _ (yHKIMS YeTHas, TO
R
P:zli'rfywl+ (y')% dx .
o0

! — 2 IE RE

¥y = 1+ =1+ =
Haiizst VR? — % y gprpcoms CyMMY (v') R?2—-32 R?_ g2

MOJIyYUM:
Pemienue ynpaxHeHui

1.Onpenenuts mII0IAAb HOBEPXHOCTH Mapabosiona, 00pa3oBaHHOTO BpallleHUEM AYTH
napabosbl = BOkpyr ocu Ox ot x =0 10 X = 2.

2.HaiiTi muroma s moBepXHOCTH, 00pa30BaHHON BpaleHneM BOKpYT ocu O X JIyTH OKPYKHOCTH
(x — 4)? + y? = 36? 3akT04eHHON MEKIY TOUKAMHU

A(2; 4V2), B(4:6)

3.Haiitu muromaap NOBEpXHOCTH IIAPOBOTO Mosica, 00pa30BaHHO BpalieHueM BOKpyr ocu O X
JIYTH OKpYXHOCTH X2 + y? = 16. 3akmouenHoii mexy Toukamu A(2; 2v/3), B(3;V7)

4. HaiiTu TuIomiaabp MOBEPXHOCTH IIAPOBOTO Mosica, 00pa30BaHHOM BpalieHueM BOKpyT ocu O 'y
JyTH OKpyXHOCTH X2 + y? = 25. 3akmodenHoil Mexkay Toukamu A(4; —3), B(3; 4)

5.HaiiTu momaas moBepXHOCTH, 00pa30BaHHOM BpalieHneM BOKpYT ocu O Y Iyru OKpY>KHOCTH
x? + (y — 2)? = 25. 3akmouenHoit Mexy Toukamu A(2v6; 1), B(4; 5)
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6.BeruucnuTe 1iomaab MoBepXHOCTH, 00pa30BaHHON BpalieHueM BOKpyr ocu O X nyru
napaboisl y? = 4x, orpanudenHoi Toukamu 0(0; 0)) A(3;2v/3)

7.BpranciuTe mIIOMIagh MOBEPXHOCTH, 00pa30BaHHOM BpamieHueM BOKpyr ocu O X myru
napa6onsl y2 = 9x, orpanudenHoi Toukamu 0(0; 0)) A(4; 6)
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