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Meroauueckue yKa3aHus JUIS MPaKTHYECKUX 3aHATUN o
EH.01 Maremaruka cocrtaBieHsl B cooTBeTcTBUM ¢ TpeboBanusimu PI'OC CIIO k
MOATOTOBKE BBIMYCKHUKA JJIS TOJYy4YEeHHS KBalu(UKAMM MEHEIKEp MO
pOJIaXKaM. [IpeanazHavyeHsbI TSt CTYJEHTOB, oOyyJaroumxcs 1o
cneruanbHocTh 38.02.01 DxOHOMUKA M OyXTaITEPCKUN ydeT (10 OTPaCIIsiM).

Paccmotpeno na 3acenanuu [1LK komnemxka [laturopckoro nuactutyra (puauana)
CKoYy
ITpotokon Ne 8 ot «22» maprta 2021 r.

1. IlosicHuTeILHAS 3aMHCKA

Meroauueckue ykKaszaHHMs TPU3BaHbl OKa3blBaThb IIOMOIIbL CTYJEHTAaM B U3Y4YEHUHU
OCHOBHBIX IIOHATUH, UJIEH, TEOPUI U MTOJ0KEHUN JUCHUIUIMHBI, U3y4a€MBbIX B X0J1€ KOHKPETHOIO
3aHATHS, CIIOCOOCTBOBATh PA3BUTHIO UX YMEHUH, HABBIKOB U TPO(PECCHOHAIBHBIX KOMITETCHITHH.



B nanHom yue6HOM mocobuu coriaacHo crnennuKe 1 CHUUILUTAHBI U TPOMUCHIBAIOTCS:

CoBpeMeHHbIe TpeOOBaHMSI K y4eOHOMY IpOLIECCY OPUEHTHPYIOT IpernojaBaress Ha
MPOBEPKY 3HAHHI, yMEHU, HABBIKOB Yepe3 e TEIbHOCTh YUaIluXCsl.

[IpakTHdeckoe 3aHsATHE MOXKET OBITh ONpe/elieHa KaK JIesTEIbHOCTh, HAallpaBJICHHAsS Ha
MpUMEHEHHUE, YriIyOJlieHue U pa3BUTHE TEOPETHUECKHX 3HAHUHN B KOMILIEKCE ¢ (hOpMHUpOBaHHEM
HEOOXOAMMBIX ISl DTOTO YMEHHH W HaBBIKOB /CaMOCTOSITEIBHOE HCIIOJIb30BAaHUE y4eOHHKA,
HarJBSITHBIX TTOCOOUI, OMOJIOTMYECKUX TPUOOPOB U MaTEPHAJIOB U T.1./

BoinosiHeHHe NMPAaKTHYECKUX 3aHATUI HANIPABJIEHO HA:

- 00001mieHue, CUCTEMAaTU3aLHUIO, yrirybJieHue, 3aKperseHue MOJIy4€HHBIX
TEOPETUYECKUX 3HAHUM 110 KOHKPETHBIM T€MaM U3Yy4aeMbIX AV CLUIUINH;

- (opMupoBaHue yMeHUN NMPUMEHSATH MOJyUYCHHbIE 3HAHUSA Ha MPaKTHKE, PeaTnu3aluio
€IMHCTBA MHTEIIEKTYaJIbHOW U MPAKTUYECKOU e TENbHOCTH;

- Ppa3BUTHE  MHTEUIEKTYAJIbHBIX  yYMEHHUH: aHAJIUTUYECKUX, IPOEKTHUPOBOYHBIX;
KOHCTPYKTHBHBIX U AD.;

- BBIPa0OTKY IpU PELIEHUM IIOCTABJIEHHBIX 3a/Jad TaKUX, KaK CaMOCTOSTEJIbHOCTb,
OTBETCTBEHHOCTb, TOYHOCTh, TBOPYECKAsI NHULIUATHBA.

JIMCUMIIITNHBL, 110 KOTOPBIM IUIAHUPYIOTCSA MPAKTUYECKHX PAa0OOThI U KOJIMYECTBO YaCOB,
OTBOAMMOE Ha X BBIMIOJIHEHUE, ONPEEISIOTCS pab0uyuM Y4eOHBIM TIIAHOM.

B pesyabrare u3yuyeHHs 00si3aTeJIbHOM YacTH Y4eOHOro HUK/IA O0y4YarIUMHCH
HOJIKeH

yMeTh:

- pemaTth NpUKIIaJHbIe 337]a4l B 00J1aCTU PpOo(eccu OHAIbHOM JesSTENbHOCTH;

- NpPUMEHATh MPOCTHIE MaTEMAaTHYEeCKUEe MOJEIM CHCTEeM U IPOLEccOB B cdepe
npoheccoHaIbHON ASSITEbHOCTH;

B pesyabrare u3ydeHusi 00s13aTeJBbHON YacTH Y4eOHOro HUK/IA o0y4yarumiics
JAOJIKEH 3HATh:

- 3HaUE€HUE MaTeMaTHKU B IpodeccuoHanbHoN AestenbHocTy U npu ocoenuu [MI1CC3;

- OCHOBHBIEC MOHATHS M METOJAbl MATEMaTHYECKOrO aHaJINW3a, TEOPUH BEPOSTHOCTEH M
MaTeMaTUYECKON CTaTUCTHUKH;

- OCHOBHbIE MaTEMAaTHUECKHE METOIbl pEIIEHHs MPHUKIAJHBIX 3aJad B 00JacTu
po(hecCUOHATILHON AESITEbHOCTU

IIpakTnyeckoe 3ansitue Ne 1

Tema 1.2: [Ipou3BoHast d7IEMEHTAPHON U CIOXKHOW (YHKITUH.
Heab: HayuyuTh BEIMUCIAT TPOU3BOIHBIC U TU(PPEPSHIINATBI BBICIINX (PYHKIIHA.

TeopeTnyeckasi 4acThb
[TpousBoaHOW (PYHKIIMU HA3BIBACTCS MPEACI OTHOIICHUS MPUPAIICHHUS QYHKIIUHA K
MPUPAIICHUIO apTyYMEHTa, KOT/1a MPUpallleHHe apryMeHTa CTPEMUTLCS K HYJIIO.
OcHoBHbIC NTpaBwiia AU GEpeHITUPOBAHUS:
1. ¢' =0,rge C — const
2. (f+9)=f"+g
3. (f-9)=f-9+f-4g
4 (L)’ _frg-rg’
g g2
5 (f-C) =f"-C,rme C — const
[TpousBoaHAs CIOXKHOW (PYHKIIMU PaBHA TPOU3BOIHON ATOW (PYHKITUHU TIO POMEKYTOUHOMY
apryMeHTy, YMHOKCHHOW Ha MTPOU3BOIHYIO 3TOI'0 apryMEHTa 110 HE3aBUCHUMOU IepEMEHHOM.
[Tpon3BOIHBIE BHICIIMX ITOPSIIKOB.
IMpousBomauasy’ = f'(x)Ha3piBaeTcst MPOM3BOAHOM | -T0 MOpsIKa, WIIK TIEPBOM TTPOU3BOTHOM.



IIpon3BoaHON BTOPOro MOPsAKA HAa3bIBAETCS IIPOU3BOIHAS OT €€ epBOU NPOU3BOAHON U
o0o3Hauvaercst y''. AHAJOTHYHO ONMPEACISIOTCS MIPOM3BOAHBIE 3 -T0, 4-T0,..., TOPsIKA.
Pemienue ynpakHeHuH

1 y=—=%
T 0T 2y1-3x%
_ o |1V
2. y=2 e
3. y=3Yx+ax¥x
4. y = cosln(1 —x?)
1Sln 3x
5. y=siny3+—= Segsor
1C0$ 4x
6. y=ctg \/_ 8sin8x
7. y = arcsin®vV4 — 5x
x%—4
8. y= arccos ——-
9. y= Zarct 3x1

10. y = lnsm—+4

x+1

s X
11. y = Intg (Z + 5)
12. y = In3(1 + cos4x)

— 1, xV2 oz

13. y = x+\rln +f+2
14.y = InarcsinV1 — e?*
15.y = e **cos3(2x + 3)

16. y = e¥3 - arctg?2x

17,y = 1D
1

18.y = (sinvx)""

19. y=(19)*"x19

20.y = (ctgx)lntg%

IIpakTnuyeckoe 3ansaTue Ne2

Tema 1.3: [IpaBuia BBIYHMCICHUS TPOU3BOIHON ()YHKIIUH.
Hean: HaydnTs BBIYUCIIATH IPOU3BOIHBIE

TeopeTnyeckasi 4acCTh:

OnpenesieHnne Npou3BOIHOM

[Tycth 3anana ¢pynkuus f(x) Ha uaTepsane (a,b). 3adukcupyem TOUKy X BHYTpH (a,b)
npuaaauM X npupamenue Ax, MP cexyiuasi, npupamenune pyskiuu Ay = f(x+Ax)-f(x).
PaccmoTpum oTHOIIEHUE



y f(x)

0! X
X X +Ax

M(x, 1(x))
P(x Ax, f(x + Ax))

Ay _ A - ()

Ax Ax 3TO TaHTEHC yrJja HakJIoHa cexyiier MP, oH 3aBUCHT OT AX.

Omnpenenenue. [Ipou3BoaHOI Ha3pIBaeTCs MpeaeN OTHOUICHUS TPUPALICHU T QYHKIIUU K
[IPUPAILEHUIO apTyMEHTa , KOrJa MpUpallleHue apryMeHTa CTPEMHUTCS K HYJIIO:

im Y g

a0 Ay d.t—)ﬂ

f(I"'ﬁﬂ-) Fx) f'(x)

Cy1ecTByeT HECKOJIbKO CIOCO00B 0603HaYeH s TPOU3BOIHOM, CaMble BaKHBIE 3TO
i) u ¥,

x
[Ipumep HaxoXIEHUSA ! { }, HCIIOJIB3Ysl ONPEEIICHHE:

FO=x2, Ar=Fflxt A)— ) =(x+Af —2% = 22 4 2x- Axt AP — 2 = 2x- Ac+ A

Ay  2x-Axt Ax° Ay
=T =2xtAc Bm F = Em (Oxt A)=2x F)= (@) =2x

I'eomeTpuyecknii CMbICJ IPOU3BOJAHOM

yu fiv)

X X +Ax
M(x, f(x)) Plx+ Ax, f(x + Ax))




A
£c)=Fm -~
ITo ompeneneHuro Ax ycrpemum Touky M K Touke P, 3TO S5KBHBAJICHTHO

crpemnenmo Ax—>0

IIpenensHoe nosiosxkenue cexyiiern MP 3To kacatenbHasi K KpUBOM B TOUKe M , €€ yriioBoi

t = = h =
K03 GHUIMEHT paBeH BY = B
_Em ¥ _
= En Ac F(x)

CHC}IOB&TCJ’IBHO, OpOU3BOJIHAA B TOYKE X paBHA TAHI'CHCY yI'JIa HAKIIOHA KacaTeJIbHOM B ATOM
TOYKCE.

YpaBHEHHE KacaTeJIbHOM B TOUKE *0 yveer BU[I Y=¥= k{x— % )’ Yo = f(x“), T.K.

k=f [I}, TO ypaBHEHHE KacaTe/bHO IpuMeT B 2 70 e II_I“). Haiinem

YPaBHEHH € HOPMAJIU, IEPIEHINKYJIIPHON TaHHON KACcaTEeJIbHOM U MPOXOAAIIEH Yepe3 TOUKY o,

W3 ycnoBus nepreHANKYJISPHOCTH MPSMBIX -k =-1 yra0BOi K03 GHUIIMEHT HOpMATIH paBeH
1

(=) , @ yPaBHEHHE HOPMAJI B TOUKE I“anMeT BH]L

1

f‘(rn){x_%)

¥y¥—¥ =

MexaHu4ecKHil CMbICJI MPOU3BOAHOM

[lycTb npssMomHeHOe ABUKEHIE MaTEPUAIbHON TOYKH 3aaHo 3aKoHOM S = S(t). I1yTs,
AS
KOTOPBII poCIIeyeT Touka 3a BpeMs A paBeH AS = S(t+At)-S( t). Cpexusis ckopocTh ecTh A |
AS
W) =lm — =57¢)

MI'HOBEHHAs CKOPOCTh a0 As

ITpumep.

G2
[TycTh aH 3aKOH IBUKEHUS MAaTEPUATIbHON TOUKHU S(I)_t , HAITU CKOPOCTh TOYKHU uepe3 t =3
CeK.

v=51)=12) =2t WD =2-3-62

Aundpepenumnan pynkuumn

[Tycts 3amana y = f(x) Ha unTepBane (a,b). ®ynkuus y = f(x) Ha3piBaercs nuddepeHunpyemMoii B
TOYKE X, €CJTH Ay MOXKHO TPEACTABUTH C TOMOIIBIO CJICAYIOIIETO BBIPAXKCHHS:

Ay = AAX + a(A)Ax


http://www.mathelp.spb.ru/videomath12.htm

rae A= const mpu pUKCHPOBAHHOM X U alAx)—»0 npn Ax—0

Teopema. [lnsa nmuddepenuupyemMocT GyHKIIMU B TOUKE X HEOOXOAMMO U JOCTATOYHO, YTOOBI
(GyHKIIMS UMela B 9TOH TOYKE KOHEUHYIO TPOU3BOAHYIO.

Jnddeperumanom dpyskmun y = f(x) HassBaercs BrIpaxenne Buaa dy=A AX - 510 rnapHas
JIMHEWHAs 4acTh NpUpaleHust Ay , HA OCHOBAaHUU NIPEABIAYILENR TEOPEMBI dy = f‘{I}At,
0003HauuB qud dhepeHnran He3aBUCHMON TepeMEeHHOM yepe3 dx=AX, TOyduM BBIpaXKEeHHUE IS
muddepeniuana:

dy = f(x)dx

I'eomerpuyeckuii cMbict auddepeHnrana BUACH U3 CISTyOIIero pucyHkKa

Av

fx)=tga, PQ=MPga={" [I}k, T.¢. mudepeHnnan GyHKInn paBeH oTpe3ky PQ 3o

MpUpaIeHUu e OpUHATHI KacaTeIbHOU, a mpupaiieHue Ay 3T0 OTPe30K FiM,

®opmyabl AuppepeHIuPOBAHUS

(utv) =utv (Cx) =Cu*
{uv)' =u'vtuy [EJ' v
v v
Tabiamnua npou3BOIHbIX
r 1
() =m™ (ctg) =——>
s x



(a‘) =a'na

r

(nx) =1
1
(lﬂg.x) =E

(sin I)' =COSX

(x]' =—smXx
-

HpaBnn 4 BBIYHCJICHUSA ITPOU3BOAHBIX

Bapuanr 1

1. Haiinure npou3BOAHYIO (PYHKIUU:

a) x* +2x; 6)12x° —45;

2. Haiinure npon3BoaHYyIO QyHKIIUH:

8)sin x —3cos Xx;

a)(x2—3)(x+x3]; 0)

r 1
lreter) =15

’ 1
( )=_1+x2

wi (2
(et {g] T hl’x

2)cos [4x—£]
3 .

2
X°+Xx

x+1




3. Haiinure 3HaueHUE NPOU3BOAHON (QYHKIIMU

T
x)=0,5sin| 2x¥ — | B TOUKe = —
) 6 12

4. HaiinnTe 3HAYEHNUS X , TIPU KOTOPHIX 3HAYEHHS MPOM3BOIHON ByHKImn [ (X) =6x —xVx
MOJOKUTENbHBI.

_x+2

Y=
5. HaiiguTe npou3BogHy0 GYHKIINH X

4 3
6. IIpn KakuX 3HAYCHUSX X TIPOU3BOAHAS QYHKIMUA Y = (5-3x)*(3x~1)

OTPUIATCIIbHBIC 3HAUYCHUA ?

MNPpUHUMACT

IIpakTuyeckoe 3ansitue Ne 3
Tema 1.4: [IpaBuiia BEIYUCIICHUSI IIPOU3BOIHOM CIOXKHON (QYHKITUU.
Hean: Hayunts npaBuiiaMm BBIUKUCIEHUS COXXHOW MPOU3BOIHOM.
TeopeTuyeckas 4acThb.

IIpaBus10 AJ151 BBIYMCJIEHHUS IPOU3BOJAHOM CJI0KHON PYHKIUT

Nwmes nse dpyukiuu f(2) u g(x), MokHo obpaszoBath cnoxuyto ¢pyakmuto h(x) = f(g(x)). [Tpu sTom
Ba)KHO 3aMETUTh, YTO P BBIYMCIIEHUHU 3HaYeHUs /1(x) mpu x = X0 cHayasia BbIYUCISAETCS
3HaueHHue QyHKIuHU g(x) B Touke X0, a 3arem 3HaueHue GpyHKiwu f(Z) BEIUUCISICTCS y)KE B TOUKE
z0 = g(x0). COOTBETCTBEHHO MPABHJIO BEIYUCIICHHSI TPOU3BOIHOM ciokHoM QyHkiuu f(g(X)) B
TOYKEd MCIOJIb3YyeT 3HaUYCHUE TPOU3BOAHON (PYHKIIUH g(X) B TOUKE @ M 3HAYCHHUE TPOU3BOIHOMN
¢byukiuu f(z) B Touke b = g(a).

Cdhopmynupyem MpaBUIIO BEIYUCICHUS TPOU3BOAHON CIOXHON ()yHKITHH.

Ilycmo ghynxyus g(x) umeem npouz8oo0HyI0 8 mouke a, hyHkyus f(z) umeem npou3soonyio 6
mouxe b= g(a). Toeoa ¢pynxyus h(x) = f(g(x)) umeem npouszeooHyI0 6 mouxe a u

Wa)=fib) gi(a)

Ipumep 1. Beruucauts npou3BOAHYI0 QYHKINN

sin( 3x — )
pu X = a.
sin(3x- 1) =sin(g(x))  glx)=3r—=
Pemenue. 3 , rne 3. [To3TOMY HY>KHO BBIYUCINUTH 3HAYEHUE
Ey f r f
I:SiIl Z)r (3a—-—) gix=0Cx——-)=3
g(X) B TOUKE a ¥ 3HAUYCHUE B TOUKe b = g(a) = 3. Tax kak 3 ,

' : ' T )
(sin z)f = cosz | g'la)=73, (sih z)'(3a _Ej = cos(3a ——)

TO . Orcrona



((sing 3x—g))ﬁ:aj = (cos(3a —g)) 3= 3cos(a —g)

2
Hpumep 2. Berancmmrs npoussoaryio ¢yakmun ¥4 + % npu x = a.

1
[z _ - ] —
Pemrenme, ™ +x=gla) =(g(x) ,Tae & (x)=x"+x . IIo3TOMY HY>KHO BBIYMCIIUTH
r
snauenne £ ) B Touke a u 3HAYEHHE ':”E:'rB Touke b = a2+a. Tak kak (x2+x)' = 2x+1,

1
fo (2t — 1
('\<'Irz_:| (Z :I 2£’T0

..,|2+ f :;_E_F‘l:ﬂ
SR 2«,|'c12+a: atd 2«4'.::1:2+.:z_

Jlokazamenvcmeo popmynvt 013 NPOU3BOOHOIL CLOHCHOU PYHKYUU 0713 CIYUAA MOHOM OHHBIX
dyukyui

1
gla)=2a+1 (z9)a’ +a) =

1
2+a® +a . Otcrona

B mom cryuae, kocoa ¢pynryus g(x) cmpoco MOHOMOHHA, NPABUNO GbIHUCTEHUSL BPOU3BOOHOLL
COIHCHOU PYHKYUU MONHCHO 00KA3AMb Ce0YIOUUM 00PA30M.

iy B~ 2la) _
Ilycmp % X—a

i, S2) S

e, B =gla
g'la) g()um p—

= f{&)
. B cuny monomonnocmu
glx)—gla) # anu X#F& [Toomomy

i S8 - flgtal) . Slela)) - flglal) g(x)—gla) _

wea xX—a e gix)-gla) x—a
i 2B — flela) g gle) . Slglx) - S o'(a) =
wre  glx)-gla) 7 x-a e gix)—b

~ lm &i'@’?‘ g'@ =70 g'@)

r=a T —

B obwem cnyyae doxazamenbcmeo npasuia 8bI4UCieHUs NPOU3B0 OHOU CIOHCHOU QYHKYUU
Henpocmoe, u Mbl €20 He NPUBOOUM.

Bonpoc. Kak 6 npusedennom doxazamenbcmee Ucnoib308a10Ch CE0UCHEO MOHOMOHHOCIU
pynryuu g(x)?

Hnozoa npasuno sviuucienusi Npou3800HOU CLOACHOU DYHKYUU 3ANUCHIBATON 8 CIe0YIOueM
suoe:

(gl = filglx) g'(x)

Ipu smom npeononacaemcs, ymo 3HaveHue NPou38ooHol ynxkyuu f(g(x)) eviuuciiemcs 6
mouke X, npou3800Has PyHKyuU f(z) sbluucisiemcs no nepemenHoll z, a 3amem éMecmo z
noocmasensemcs g(x), npouzeooHas GyHxkyuu g(x) bluuCinemcs 6 mouke X.



1 COS X

iIn(sin x))' ={ln z); (sin x) (sth 2)'= —— cosx=——=rcigx
Ipumep 3. s X s x
2 alx-r_ Enf t_ _ahx ':I_ a @ _ a-1
(x5 ) =T ) =" ahx) =" —=x" —=ax
Ilpumep 4. & &
Xal_ % X R |
Bonpoc. Kak u3 pasencmesa (e")'=e 8vigecmu, Uumo (@")=a"ha ?

Hcnonv3ys npasuno ougdepenyuposanus croHcHOU PYyHKYUU, MOKCHO 8bIHUCTUMb
npouU3800HbIE OOPAMHBIX MPULOHOMEMPUYECKUX PYHKYUI.

sihiarcein x) = x mo 1=(x)" = (smniarcet n x))' = cos(arcsin x) - (arcsm x)'
R 1 1 1

(arcsin x)'= _ = =

cos{arcsm x N'rl— sin *(arcsin x) x.lrl—;r:4

Ipumep 5. Tax kax

omkyoa
Jozapugpmuueckan npouszeoonas u ee npumeHeHue
C nomowvio npasu, u3noHCeHHbIX 8 ypokax 2 u 3 Hacmosujel memovl MONCHO HAUumu

I’lpOuS’GO()Hble npakmu4ecKu 6cex dj1emMeHmapHoblx (Z)yHKL;LHZ He enonne sicuo noka, kax Hatimu

— B(x)
NPOU3800HYI0 PYHKYUU MUNA h(x)=f(x) , 20e f(x) > 0. [ns omvickanus npou3e00HO
Maxou yHKYUU MOHCHO UCNOb308AMb MAK HA3LIBAEMYIO T02APUDMULECKVIO NPOUZBOOHYIO,
U, UHAYe 2080Ps, NPOU3IBOOHYIO OM 102apudma GyHKYUu.

HeticmeumenvHo, 8bI4UCIUM NPOUZBOOHYIO OM (DYHKYUU In %(x) 1 npasuiam
1
(T if x))'= —h'(x)
ougpgepenyuposarnus crodxcrou gynxyuu. Ioxyuum h(x) , OMKYO0a

R x) =k x)0n hx))

_ E(%]
Iloocmasnsas meneps h(x)=F(x) , NOJLYYUM

S{x)

Bx)=Fx) ™ @ f(x)50)) = FOx) ™ gt x)in fx)) = FOx)F g (x)in f(x)+ gl ) )

J

Sinx

J

. o 1 i
(x™ V= 2™ mn ) I x+sinx ;) =x"feosx mx+

Pemmute ynpaxxHeHus.
1. Havimu npou3eo0uyro ¢yukyuu:

a) In 5x; 6) In2 x; 6) sin 3x; 2) tg(x2 - 1);

2
0)¥2x+3 - ¢y esin x; o) arccos 2x; 5) ¥Ix — 16,

u) tg2 x; k) tg x + ctg2 x.


http://pandia.ru/text/category/differentciya/

2. HU300pazumo epaghuxu ¢hynxyuii In x, In 2x, In 3x u nokazame, ymo oHu nepecexaom npsamyo
x = 1 noo yenom 45°.

I 1
3. Haiimu npouszeoonyio gynkyuu * =+ .

4. Ilpeononazas cywecmeosanie npou38o0HOU U NOb3VACL NPABUTIOM BbIYUCTIEHUS NPOUIEBOOHOU
CLOJHCHOU (DYHKYUU, HAUMU NPOUZBOOHYIO (PYHKYULL:

a)y=Inx; 6)y=aeccos x, 8) y = arctg Xx.

IIpakTuueckoe 3ansitue Ne 4.

Tema 1.5: [IpumeHeHne HeNPEPHIBHOCTH.

Heab: HayunTs onpeaensTs HENPEepbIBHOCTh (PYHKIIUH.

Teopernueckas 4yacTb.

IIpuMeHeHMs1 HenmpepbIBHOCTH

OyHKLMS Ha3bIBaeTCs HenpepbiBHON B Touke X0, eciu f(x) crpemuTtes k f(x0) npu crpemnenun x
k X0. ITpu saTom f(X) — A = f(X) — f(x0) = Af. Ecin pynkuums f HenpepbIiBHA B KaXKI0# TOUKE
HEKOTOPOIo MPOMEXYTKa A, TO 3Ta QyHKUUs OYyJeT SIBJISATHCSA HEMPEPHIBHON Ha BCEM
MpoMEeXyTKe A. A caM MPOMEXYTOK A, Ha3bIBAIOT B TAKOM CJIydae MPOMEKYTKOM
HenpepsIBHOCTH QYHKIUH f.

I'paduk HempepbIBHBIX (YHKINH, H3ydyaeMbIX B IIKOJIBHOM Kypce MaTEMaTHKH, MOXKHO
HapHUCOBaTh «HE OTPbIBas KapaHJall OT OyMarm», Tak Kak OH MpeACTaBIseT COOOM CIIIOMIHYIO
muauio. Eciiu Ha HekoTopoM uHTepBane (a;b) pynkuus f HenpepbiBHA U He oOpalaercs B HyJIb,
TO Ha 3TOM MHTEpBaje OHa OyAeT COXPaHITh MOCTOSHHBIN 3HAK.

OTO CBOMCTBO OUEHB JIETKO AJs NoHuMaHus. OyHkuus, pacnonoxeHHas Boiie ocu Ox, uMmeer
3HAK «IUTIOC», QYHKIIHS, pacnojokeHHas Huxke ocu OX, UMeeT 3HaK «MHUHYC». Ecin muHusg
¢bynkun He epeceyeT och Ox (Ha ocu OX PyHKIMS paBHA HYJIIO), TO OHA SIBHO HE H3MEHUT
CBOH 3HaK.

MeToa HHTEpBATOB

OnHuM U3 ApKUX IPUMEHEHUH CBOICTB HEMPEPBHIBHOCTH (PYHKIUIL ABISETCA METO/I HHTEPBAJIOB,
KOTOPBIN MCIOJIb3YETCs IS PELICHUs HEPABEHCTB C OJHOM nepeMeHHou. ITycTs HeKoTopas
(YHKLIMM HENlpepblBHA Ha HHTEpBaJie A U oOpalaercs B HyJlb B KOHEYHOM YHCIIE TOUYEK
[IpUHAJUIeKAIINX 3TOMY HHTEPBAIY.

Hcnionb3ys cBONCTBO, IPUBEIEHHOE BBIIIE, 3TH TOYKU OyyT pa30uBaTh BeCh MHTEPBAI A Ha
IPOMEXYTKH, B KOTOPBIX (PyHKIMSA OyAET COXpaHATh CBOM 3HaK. UTOOBI ONpenenuTh 3HaKU BCEX
MIPOMEXYTKOB, TOCTATOYHO 3HATh 3HAK OJHOT'0 JI000r0 U3 ITUX UHTEPBAJIOB.

IIpumep pyHKINM, KOTOPAs He ABJSETCS HEMPePbIBHOM

J1o cuX mop Mbl CTAJIKUBAJINCH TOJBKO C HEMpepbIBHBIMU (QyHKIUAMU. Ho cymiecTBytoT
(YHKIMH, KOTOPBIE HE SIBJISIOTCS HEMPEPBIBHBIMU B Ka)KJJ0M TOUKE, B KOTOPOW OHU ONPEAEIIECHBI.
Hampumep, pynkuus f(x) = {x}, rae {x} — ecTb qpoOHast yacTh uncna x. E€ rpaduk nuzodbpaxen
HAa CIIEAYIOLEM PUCYHKE.



YA

LA

Jlerko 3aMeTHTh, YTO OCHOBHOE CBOMCTBO HEMPEPHIBHOCTH (YHKIMH B TOUKe X0 paBHOE TFOOOMY
IEJIOMY YHCITY, He OyeT BeIoNHAThCA. Ho B Toxe Bpems pynkums f(x) = {X} HenpepbiBHA BO
BCEX JIPYTMX TOYKAX, HA KOTOPBIX OHA ONpe/eieHa, KpOMe TOUEK, e X PaBHO IEJIOMY

guciay. Ha rpaduke Takue TOUKH OTMEUECHBI BBIKOJIOTBIMU KPYXKKaMH.

DyHKIHMHU HelpepbiBHbIC, HO He U epeHIpYyeMbIe B JaHHOM TOYKe

EcTb (yHKIIMH KOTOpBIE ABJISAIOTCA HEIPEPHIBHBIMU B Ka)KJJ0M TOUKE CBOEH 001acTH
onpenenenus. Ho npu 3Tom He OyyT UMETh IPOU3BOAHbBIE B HEKOTOPbIX Toukax. Hanpumep,
(GyHKUMS y=|X| HEnpepbIBHA HA BCE YHUCIIOBOM OCH, HO IIPU 3TOM He IuddepeHnupyema B TOUKE
x = 0. Huxe npezncrasiieH rpaduk 3Toi GpyHKIUM.

g4

y=|x|

0 x

Hccnenyiite GyHKIMIO HA HEIPEPHIBHOCTD U TOCTPONUTE CXEMAaTHUECKH rpauK.

x+5 ecnux <1
Fix= x2+3,ecJIH15x-::2
Sx+5ecnux =2

Pemenue. Kaxxaas otaensHas GyHKIUS, BXOASIIAs B UCXOAHYIO, HEMPEPbIBHA, CII€I0BATENBHO,
pa3pbIBbl MOT'YT BO3HUKHYTB JIMIIb B TOUKAX, IPU NEPEXO/E Yepe3 KOTOPbIE OJHO BBIPAKEHHE
CMEHsIeTCs IPYTHUM, T.€. B Toukax X = —1 u X = 2. Paccmotpum, kak Beg&T ceOs GyHKIUS B
OKPECTHOCTU TOYKH X = —1.

Nx=-1



lim_ 1 (x+5)=4

limy_ 1+(x> +3) = 4

CrnenoBarenbHO, B TOUKe X = —1 (yHKIUS HEpepbIBHA.
2)x=2

limy——2-(x2+3)=7

lim 2+(3x +5) =11

CnenoBatenbHO, B Touke QyHKIHS uMeeT pa3psiB | pona.

Pucynox 1

2 . HalimuTe 00aacTh onpenencHus QyHKIIHH.

fx2+?x+12
I}?: ———————————
x

Pemenue. Tak kak apudmMeTHuecKii KBaApaTHBIA KOPEHb MOYKHO BBIYHCIUTH U3

2
2 +Tx+12 -

HCOTPpHULATCIIbHOIO YU cjia, TO X

Fy= ZETTHI2 D(f) =00, 0) U (0; o).
Bronum yHkIHIO x ’

Haxonum nym ¢pynkmun f (X) =, Torma x2 + 7X + 12 = 0; no teopeme Buera u o6patHoli K Hell:
X1+ Xo=—7
X1*Xo=12

noyryqaem X1 = —3, Xo = -4



Pucynoxk 2
x €[4, =31 (0, +eo)

OTeer: 200 =[-4, 3] (0, +oo).

3.
lirn .’22 + 5=z
Nt —————— =
a) Jlokaxute, 94TO 1+2+.. . +2
P _bx45
lin 55 F__0x+2
0) Beruucnure: =25

a) B 3naMeHaresne a1podu 1moj| 3HAKOM Ipejiena CTOUT CyMMa YICHOB apu(pMeTHIeCKON
2
iy +a 1+x ne+n
= 1 2 *';g — *';g —

MPOTPECCUH, TTOITOMY €€ MOKHO 3aITHCaTh KaK 2 i 2 rorma
. w+3n -2 _ w+3n—2 _
11mn_}m——1mn_m2——
1+24  +=» no+n
2
& 4
dt———
=11 - 2n -:6?2_4=H=11mn_>m ."21.’32 =2=2
2+ n [co] 142 1
#
2
lirn s & 2—6x+5 _ @=hm;‘_}5 (x—o0x-1) _
x* =25 [0] (x=3)(x+5)
0)
_5; x—=1_4 _2
=l ;5 - =
x+5 10 5

4 . Jlokaxxure, 4To ypaBHeHue X° — 3+ 1 umeer kopenb Ha otpeske [0; 1] u Haiigure ero ¢
TouHOCTBIO 10 0,1.

Pewenue. Beeném dynxmmro f (X) = X3 — 3x+ 1, ona HenmpepbIBHA Ha BCEM YHCIOBOM IPAMOIA, a
e€ 3nauenus f (0) = 1; f (1) = —1.Tak kak QyHKIHUS pa3HbIX 3HAKOB HAa KOHI[AX OTPE3Ka, TO Ha
ATOM MHTEpBaJIe OHA MOXKET 0OpaTUTHCS B HYJIb XOTs ObI B 0JIHOM Touke. Pa3oObem uHTEpBan [0;
1] Ha Goniee MeNKHe OTPE3KU B COCTABUM TA0IHILY:

x 0/ 02 | 04 0,6 08 |1
f(x)|1/0,408 -0,135 —0,584 —0,888 -1



BeiBoa. Tak kak ¢pyHkius MeHseT 3Hak Ha oTpeske [0,2; 0,4], TO KOpeHb ypaBHEHUS C
togHocThIO 10 0,1 Oyzner pasen X = 0,3.

OtBer: X =0,3.
2
= +7x+12 _
5 . Pemuth HEpaBeHCTBO: &
o3
Fy =22 O D = (o -3 L (3 4),
Pemenne. Boaum ¢yHKIHIO (x+3)

Haiiném nymu pynxnuu f (X) = 0, cnenosatensro, (X — 2)3(X + 5) =0, Torma X = 2, X = 5.

= - = o i -

Pucynok 3

_ (3—2}3(3+5)} 0

ro=C20
o
== <o
6= %} 0

x € (—oo, —5] W [2; +oo)

Orteer: x € (—00, —5] V[2; +co).

IIpakTuueckoe 3ansitue Ne 5.

Tema 1.8: UccnenoBanus GyHKIHMH C TOMOIIBIO UG HepeHIInaTbHOr0 HCYHCICHHUS .
Hean: Hayuuts ucciienoBaTh GYHKIHUH C TOMOIIBIO UG (HEepEeHIINATBLHOTO HCYHCIICHUS.

[Topsinok MccnenoBanus GYHKIUH C TOMOLIBIO AU(HepeHInaTbHOr0 UCUH CIICHHUS.

1. Haiiti obnacth onpenenenus GpyHkuuu. BeiienuTs 0coOble TOYKHU (TOUKH pa3phiBa).

2. IlpoBepuTh HaMMUYUE BEPTUKAIBHBIX ACUMIITOT B TOYKaX Pa3pbiBa M HA TPAHHIIAX
00JIaCTH OTIPE/ICIICHHS.

3. Haiitu Touku nepecedeHus ¢ OCIMU KOOPIUHAT.

4. VYCTaHOBUTH, SIBJIAETCA U QYHKIUS YETHON UM HEUETHOM.



5. Omnpenenuts, ABJISETCA 1M QYHKIUSA NEPUOANUECKON WM HET (TOJIBKO AJs
TPUTOHOMETPUYECKUX (PyHKLU).

Haiitu TOUKM 5KCTpeMyMa 1 HHTEPBajIbl MOHOTOHHOCTH (YHKIHH.

Haiitu Touku neperu0a 1 HHTEPBAJIbI BBITYKJIOCTH -BOIHY TOCTH.

Haiit HakJIOHHBIE acCUMIITOTHI QyHKIIMHU. M ccnenoBarh moBeaeHne Ha OECKOHEYHOCTH.
Bo10paTh 10NOJHUTENBHBIE TOYKHU U BBIYUCIUTD UX KOOPAUHATHIL.

10 [Toctpouts rpaduk PyHKINN U ACUMIITOTHI.

© N>

B pa3nbix ucTouHnkax (yaueOHHUKAaX, METOAMYKAX, JISKIMSIX BAIIETO MPEMoAaBaTeis) CIHCOK
MOXET UMETh OTJIMYHBIN OT JAHHOI'O BUJ: HEKOTOPBIE MYHKTHI MEHSIIOTCS MECTAMM,
O0BEAUHSIOTCS C IPYTUMHU, COKPATIIIAIOTCS WM YOUPAIOTCS. Y UHTHIBAUTE
TpeOOBaHMS/IPEITOYTCHHSI BAIIIETO YUUTEIS TTPH O(DOPMIICHUH pEIICHUSI.

Cxema uccnenosanus B popmare pdf: ckayats.

IHonHbIi NpuMep Hcc/Ie0BAHUA (PYHKIUH OHJIANH
IIposecmu noanoe uccieooganue u nOCMpoums epagux Gyuxyuu
y(X)=x2+81—x.

1) O6nactp onpenencHus PyHKuU. Tak kKak GyHKIHS MPEACTaBIsAET COO0H ApOOh, HYKHO
HAWTH HYJIM 3HAMEHATEJIS.

1-x=0,=2x=1.
HckmroyaeM eIMHCTBEHHYIO TOUKY X=1 u3 00nactu onpeneneHus: GyHKIIUU U TTOTyYaeM:

D(y)=(0;1)U(1;+0).

2) Uccnenyem noBenenne GyHKIMU B OKPECTHOCTH TOUYKHU pa3pbiBa. Haiinem ogHocTopoHHME
IIpeebl:

. . x*+8 . . x*+8
lim y= lim ——=+eo; lim v= lim —— = -0
x—=+1-0 x=1-01 —x =140 =140 1 — x

Tax kxak npezensl paBHbI 0€CKOHEYHOCTH, TOUKa X=1

SIBJIIETCSL Pa3pbIBOM BTOPOI'O poAa, mpsiMasx=1

- BEpTUKaJIbHAsl AaCUMIITOTA.

3) Onpenenum TOYKH nepecedeHus rpaduka QyHKIUU ¢ OCIMH KOOPIHHAT.
Haiinem Toukm nepeceueHus ¢ ocbto opauHat Oy

, JUIS 4ero npupaBHuBaeM X=0

_:J?+8_
=10 =


http://www.matburo.ru/Examples/Files/Issled_Plan.pdf

Taxum o6pa3zom, Touka nepecedeHus ¢ ocpio Oy

umeet koopauHatsl (0;8)

Haiinem Touku nepeceuenust ¢ ockro abeuuce OX

, JUTS 9ero mojoxum y=0

x2+8

=0 2+8=0
1—x -

YpaBHEHHE HE UMEET KOPHEH, ITOITOMY TOYEK IepecedeHus ¢ 0cbro OX
HET.
3ameTuM, uTo X2+8>0

aust 1o0bIX X. [ToaTomy npu XE(—o0;1) dyukuus y>0 (mpuHUMAET MOJI0KUTEIbHbIC 3HAYCHUS,
rpaduk HaXOAUTCS BhIIe ocu abcuucc), mpu XE(1;+0) pynkuus y<O0

(mpUHHMMAaeT OTpHIATENIbHbIE 3HAUECHUS, IpahuK HAXOIUTCS HIDKE ocu abciuce).
4) OyHKIMS HE ABJSIETCS] HU YETHOM, HU HEYETHOM, TaK Kak:

(—x)’+8 x*+8
1—(—x) 1+x

y(—x) = ; y(=x) = y(x); y(—x) = —yx)

5) Uccnenyem QyHKIMIO Ha TEpHOAUIHOCTh. DYyHKINA HE SIBIISETCS MEPUOIUYECKOI, TaK KaK

MpeACcTaBiIsgeT co00i TPOOHO-paIMOHATBHYIO (QYHKIUIO.

6) Uccnenyem GyHKIUIO HA SKCTPEMYMBI I MOHOTOHHOCTD. J{J1s1 3TOr0 Haii1eM mnepByio
MIPOU3BOJHYIO (DYHKIIHUHU:

L (P8 GP+8)(1-x) -2 +8)(—x)" 2x(1—x) - (2 +8)(-1)

Y :(1_35) - (1-x)° - (1—x)2 -
2y —2x2 4+ x2 48 x2—2x—8

T @-0? T (A-»?

[IpupaBHsieM nepByIO NPOU3BOIHYIO K HYJIIO M HalJIeM CTallMOHApHBIE TOYKH (B KOTOPHIX Y'=0

o x2—-2x -8
= - -
) 1-2?

=0—=2xI-2x—-8=0— x=-2;x=4

[Tomyunnu Tpu KpUTHYECKHE TOUKU: X=—2,X=1,Xx=4

. Pazobbem Bcro obnacth onpeaeneHus GyHKIIMN Ha HHTEPBaJIbl JaHHBIMU TOYKaMU U
OIPEENINM 3HAKH MPOU3BOAHOM B KaXA0M IIPOMEXYTKE:



[pu XE(—00;—2),(4;+0)npousoaHast Y'<0, mosTomy (yHKIIUs YObIBaET Ha TAHHBIX
MPOMEXKYTKAX.

ITpu x€(—2;1),(1;4)

npou3BoaHas y>0

, GYHKIIMS BO3pacTaeT Ha JaHHBIX TPOMEKYTKAX.

[Tpu 5TOM X=—2- TOYKa JIOKAJIFHOTO0 MUHMMYyMa ((yHKIUS YyOBIBAaET, a TIOTOM BO3PACTaeT),
X=4- To4Ka JIOKaJIbHOI0 MaKkcuMyMa ((YHKIHS BO3pacTaer, a HOTOM YOBIBAET).

Haiinem 3HaueHust pyHKIMH B 3TUX TOUKAX:

}r(_z}:%:%:%@ _¥+8_u

1—4 =3

Takum o0Opazom, Touka MuHUMYMa (—2;4), Touka Makcumyma (4;—8)

7) Uccnenyem QyHKIMIO HA IeperuObl U BHITYKJIOCTh. Haiiiem BTOpYO TPOM3BOAHYIO
GbyHKIHH:

y _( x? —Zx—S)r _ _(xz —2x—B8)(1—x)% —(x% — 2x — 3}((1_x}2}r_

(1—-x)? (1—x)*
2y -2{1—-x)2—(x2-2x—-8)-2(1 —x) - (—1) 2x—-20{1—x)+2(x2 —-2x—8)
T 1-x* T (11— )3 -
2W—x24+2x—1+x*—2x—8) =-2-(—-9) 18
T a-»° B CEETS EA (P

[IpupaBHsieM BTOpPYIO MPOU3BOAHYIO K HYIIIO:

18

M= — =
’ -3

0

[MonyueHHOE ypaBHEHHE HE IMEET KOPHEH, O3TOMY ToueK meperuda uet. [Ipu 3ToM, Koraa
XE(—0;1)

BhInosHsieTcs Y'™>0, To ecTh QyHKIMS BOrHyTas1, Koraa X€(1;+o0) Beimomnnsercs y"'<0

, TO €CTh (DYHKIIHSI BBIITYKJIasl.

N
8) HccnemyeM moBeienre GpyHKIMK Ha OECKOHEYHOCTH, TO €CTh IpH ~— ~ —

. . x*+8 X . . x*+8 . X
lim v = lim = lim — = —oo; lim v = lim = lim — =+
x—++oo x—+oo 'l —X x—too— xr—+—oo x—r—oo — X x——oa —




Tax kax npesenbl 6€CKOHEUYHbI, TOPU30HTAIBHBIX ACHMIITOT HET.
[TonpoOyem ompeneuTh HAaKJIOHHBIE AaCHMITTOTHI BUIa Y=KX+bh
. Beruncisiem 3nauenus k,b

10 U3BECTHBIM (hOpMYyJIaM:

v x*+8 1
k=lim=-=lim—=—=-1

x—oo Y Pt -1
b= lim &y — k) = I x2+8+ . x2+8+x—x° . (S+x)_1_ 1
_:rl—I}E: . _xl—I}I&c 1—x * _:rl—I?Ec 1—x _:rl—I}E: 1—-x) -1

[Momy4wu, y 4To GYyHKIIMU €CTh O/IHA HAKJIOHHAsI acUMIITOTa y=—X—1.

9) JononHuTeNnbHbIE TOUYKH. Bpruncnum 3HaueHne QyHKIIMU B HEKOTOPBIX IPYTUX TOUKAX,
YTOOBI TOYHEE MOCTPOUTH rpaduk.

Y(—5)=5.5;y(2)=—12;y(7)=—9.5.
10) Ilo mony4YeHHBIM JAaHHBIM MOCTPOUM TpaduK, JOMOJIHUM €ro aCUMITOTaMu X=1
(cunwmii), y=—x—1

(3eJICHBIN) M1 OTMETHM XapaKTEepHbIC TOYKHU ((PHOJIETOBBIM IIEPECEUCHHE C OChIO OPJIMHAT,
OpaHKEBBIM IKCTPEMYMBI, YEPHBIM JIOTIOTHUTEIHHBIC TOUKH):



'
o,
A

//”"\f\\-\\

3apaua 1. VccnenoBath GyHKIMIO MeToAamMu U GepeHIIaTbHOr0 HCYUCIIEHUS U TOCTPOUTh
rpaduk.

Y=;

3agaua 2. MccnenoBath GYHKIUIO U IOCTPOUTH €€ TpadukK.

1 3 2
y =—-=(x>—3x" +4).
4
3agaua 3. MccnenoBaTh GyHKIIHIO C TOMOIIBI0 TPOU3BOAHON U MTOCTPOUTH TpaduK.
| x+1
=In
y X+ 2

3amaua 4. [IpoBectu monHoe uccienoBanue GyHKIUN U ITOCTPOUTH rpaduK.



X
Y= 1/X2+X

3anaua S. UccnenoBath GyHKIHIO METOIOM A HepeHIInaTIbHOr0 HCUUCIICHHS U MTOCTPOUTH
rpaduk.
x3—1

Y= 4x2

3amaua 6. MccnenoBaTh pyHKIMIO HA SKCTPEMYMBbI, MOHOTOHHOCTb, BBIITYKJIOCTh U TOCTPOUTH
rpadux.

X3

y=X2 -1

3anaua 7. [IpoBenute nccienoBanue GyHKIHUH ¢ TOCTPOEHUEM Irpaduka.

X3

y=2(x+5)2

IIpakTuyeckoe 3ansitue Ne 6.
Tema 1.9: [IpumeHeHne MpOU3BOAHON K PEIICHUIO TPUKIATHBIX 3a7a4.

eab: Hayuynts npuMeHATh IPOU3BOIHBIE K PEIICHHUIO IPUKJIAIHbIX 3a10a4.

TeopeTnyeckast 4acTb

[Tycte nana GyHkuus )y ¥ BHYTpEHHSS Touka e€ obsnactu onpenenenud. [Ipuganum

apryMeHTy IpHpalieHne ¥ i pacCMOTPUM NpHpamieHue GyHKIHH

AF (ogz ) = £ (o + 80 — £().

Ecnu sT0 npupanienue Af (2,1 Ax)

MOXHO NPEACTAaBUTL B BUJIC

A(x) Ax
IJie BeJIMYMHA HE 3aBHCUT OT MpHUpAIIeHus =X | a

alx.: Ao Aoy o
( o )- 0eCKOHEUHO MaJtast Mpu Ax—0 BEJIMYHMHA, UMEIOTIasi OOJBIINNA MOPSAOK MAJOCTH,

Al ) Ax

A - xX.
gem | 10 mpomsBeeHIe HasbIBaeTcs quddepeHnmranom GyHKIuu S 5 rouke

1 0003HavYaeTcs df (x; ;iﬂ.

Ilepedenb mpuKIAAHBIX 3a4a4:
-COCTaBJICHUE YpaBHEHUS KacaTeJIbHOM K rpaduKy QyHKUINU;
-HaXOXJICHHE yrila MEKy MePECEKAIMMHUCS MPAMBIMU, MEXKIY IpapuKaMu QyHKIIUH;

- CCIIEI0BAHUE U TIOCTPOCHUE TPAPUKOB () YHKIIHHA;



-pelIeHue 3a7a4 Ha O TUMYM;
-peo0pa3oBaHKe aNreOpandecKiX BIPaK eHUM;

-pa3ioKeHnue MHOTOWIeHa Ha MHOKUTEIIH;

-J10Ka3aTeIbCTBO TOX/IECTB;

-BBIYUCIICHUE CYMM;

-pelieHne ypaBHEHU;

-[IpUOJIM>KEHHbBIE BBIYMCIIEHUS U OL€HKA OTPEILIHOCTEM;

-J10Ka3aTeIbCTBO HEPABEHCTB U TOXKIECTB;

-peleHne CUCTEM ypaBHEHHUI;

-pelieHne 3a1a4 ¢ mapaMeTpamy;

-0TOOp KpaTHBIX KOpHEH ypaBHEHUS,

-CpaBHEHUE BEJINYUH;

-ompeenenre nepuoaa QyHKIum;

-HaxOXJICHHE MpeenoB (PYHKIIUHU C MOMOIIBI0 MpaBuiia Jlonurans;
-paznoxxeHue GyHKIUNA B psif ¢ moMoIibio Gpopmyel Teitnopa;
-IpHOIMKEHHOE pElIeHHE YpaBHEHUH METOIOM PO, XOP/ U KacaTeNbHBIX;
-IMHeapu3anus aaredpandeckux GyHKIUH U MHOTO€ APYyToe.

3. [Ipumepsl perieHus MpUKIaaHbIX 3a1a4

3.1 UccnenoBanue GyHKINN U TOCTPOEHUE UX Tpa(hUKOB

[Tpumep 1

Hccnenosath u noctpouts rpaduk GpyHKINUN

flx)= l +—1.T:

X

Pemrenue.
1. OyHKIHUA CYNIECTBYET ISt BCEX * & 0,
2. OyHKUUS HE SBJISIETCS HU YE€THOM, HU HEUETHOM,

TaK KaK



-

=L ax flex)= —% +4x |

x X

toecty 4 X F Sy f0)=—f(x)

3. B Touke x=0 ¢yHKIIMsA MMeeT pa3pbiB B Touke Xx=0.

lim( x — —0)(1 +4xY) =~ im( x— +0)(1 +4xh).
x X

IIpu sToM
8x° -1
Y =—="
4. Haxoaum npousBOIHYIO: X W npupaBHUBAEM €€ K HYJIIO:
8x -1 1
—= =0 x==
x . Touka 2 Gymer KPUTHUECKOIA.

xX=

b | =

HpOBepI/IM JA0CTAaTOYHBIC YCIIOBUA SKCTPEMYMA B TOUYKE . Tak xak 3HamMeHaTelb
HpOPISBOI[HOfI BCCraa IMOJIOKHUTECIICH, TO 10CTATOYHO IIPOCIICAUTD 3a 3HAKOM YUCIUTCIIA.

1 1 1
V<o T3 10 F77 *=3
[Tomywaem: < — “npu “u - pu ~ . CnenoBatellbHO, B TOUKE = (pyHKIUSA

v o, =3

k] —

HUMECT MUHHUMYM, €€ 3HAUCHHUEC B TOUKE

5. Touek nepeceuenus ¢ ocbto OY HET, Tak Kak JaHHas QYHKIUS HE onpeneneHa npu x=0.

1 .
—+4x =0
UToOBI HAMNTH TOYKH TIEPECEUCHUs KPUBOK C 0chbto O X, HY)KHO PEIINTh ypaBHEHHE X

32
3 r=—
Torma +* =—lym 2
32 2 2
x € (—o—— - x&e(——:0)
[Tony4um, uyTo mpu 2 ¢yukuus yobiBaer; x= <+ y=0; 2 byHKIUS
1 1
xe(0:2) -
g )
yObIBaeT; npu = (yHkuus yObIBaeT; Npu X= = QyHKUUS UMEET MUHUMYM y=3; IpH
1
X E: +Ij

- (GYyHKIUS BO3pacTaer.
I'paduk nanHOM (HYHKIMY MPECTaBIEH HA PUCYHKE.
Kpunas, paccmoTpeHHast B 3Toii 3a1aue Ha3biBaeTcs «Tpe3yOerr HproToHay.

3.2 HaxoxxaeHre HauOoIbIIero 1 HaMMEHbIIEr0 3HAYeHUS (QYHKIMH, pelIeHIe TPUKIIaIHbIX
3aja4 (3a1a4 Ha ONITUMYM )



ITpumep 1

N3 GpeBHa, umetoiero paanyc R, caenats 6ajiky HanOOJIbIIIeH TPOYHOCTH.
Pemenue:

CocraBisieM (DyHKIUIO, BBIPAXKAIOIIYIO HEOOXOIMMOE YCIIOBHE.

B nanHO#1 3a1a4e BeIcOTa OaJIKK (TIpeACTaBIsAtoNmeld cOO0H MPAMOYTOJIbHHUK, BIIMCAHHBIN B

OKPYKHOCTb paanyca R u mmpuHsl X), paBHa VART —x7 [ToaTOMy IPOYHOCTH TaKOM GaIKu
v="If4R —x

paBHa ) . Ilpu 3ToM X n3mensiercst ot 0 o 2R.

Oynkuus -+ fo(4R" —x7) obpamaercst B HyJb Ipu X=0 1 Xx=2R 1 NOJ0KUTEIbHA MEXTY

STUMHU 3HaYEHUSIMH. 3HAUUT OHAa UMEET MaKCUMyM, jexamuid mexay 0 u 2R. Ho npousBoanas

>

- - :'n'- —_— : R,\E
y — I R -y -

3TOM (PyHKIIUHU v =k(AR" -3x7) oOparmiaeTcs B HyJIb Ha OTPE3Ke [U='R]nnmb pu 2 .

9TO U €CTh ONTUMAJILHOE 3HAUYCHUE A PUHBI b 6aJ’IKI/I. Bricora h 6am<1/1 TaKou MU PUHBI paBHA

2 7. -

i /1 !

ZR.J6 - J2=14=0

2 U OTHOULICHHUC o PaBHO . UMeHHO Takoe OTHOLIEHNE BBICOTEI

BBITECHIBAEMOU 6an1<1/1 K €€ IIMPUHC NPCAIINCbIBACTCS ITPpaBUJIAMH IPOU3BOACTBA CTPOUT CIIbHBIX

pabor.

L

IIpakTuueckoe 3ansitue Ne 7.

Tema 1.10: Kputnueckue Touku GyHKIUH. MakCUMYMbl U MUHUMYMBI.
Henab: HayuuTts ompenensiTb KpUTHUECKHE TOYKH QYHKIMH. MaKCUMyMbl 1 MUHUMYMBI.
TeopeTnyeckast 4acTb

Jocrarounblii npusHak Bo3pactanus pynkuuu: Ecim f(x)> 0 B kaxm0ii Touke HHTEpBaja
I, To pynkuus Bo3pacraer Ha |.

Jloctarounblii npu3Hak yobiBanusi pynkuuu: Ecmm f(x)< 0 B xaxmoit Touke nHTepBana |,
To QyHkIus yObiBaer Ha |.

Heo6xoaqumoe ycioBue 3kerpemyma: Ecii Touka X IBIIsieTCSl TOYKOW dKcTpeMyMa GyHKuuu f
U B3TOM Touke cyuiecTByeT npousBoaHas f', To ona paBHa Hymo: f(x°) =0.

IMpusnak makcumyma ¢pynkuun: Eciu dynknus f HenpepsiBHa B Touke X, a f'(x)> 0 Ha
untepBaie (a;x°)u ' (x)< 0 Ha mHTepBaie (X°; B) , TO TOYKA X SBJIICTCS TOYKOH MaKCUMyMa
¢bynaknuu f .

Ipusnak munumyma pynkuuu: Eciu ¢pyakuus f HenpepsiBHa B Touke x°, a ' (x)< 0 Ha
untepBane (a;x°)u f'(x)>0 Ha mHTEpBaje (X°; B) , TO TOUKa X° SBIISETCS TOYKOW MaKCUMyMa
¢byskmmm .

o 1. HaiiTH 00J1acTh OnpeeIeHUust QyHKIMU
e 2.HaWTH NPOU3BOJHYI0 QYHKIHH
e 3. HaliTH TOYKH, B KOTOPBIX BBINOJIHAETCHA paBeHCTBO f(x)=0



e 4. HaNTH TOYKH, B KOTOPbIX IPOU3BO/HAS He CyleCTBYET

e  OTMeTUTDH HA KOOPAUHATHOI NPSAMOIi Bce KPUTHYECKHE TOYKH U 00J1aCTh
onpejeseHUs1

e 5. ompeaeJuTh 3HAK POM3BOJIHON HA KaKI0M U3 IPOMEKYTKOB

e 6.caesarb BHIBOJ 0 HAJINYMHU WIH OTCYTCTBHHU IKCTPEMYMOB

IIpakTuyeckoe 3ansiTue Ne 8

Tema 1.13: OCHOBHBIE METO/IbI BBIYMCIICHUS HHTEIPAJIOB

Heab: HayuyuTh BBIYUCIATH HHTETPAJIBI

Tema: IlepBooOpasnas ¢pynkiuu. Heonpenenennslil uHTErpai. Berunciaenne HeonpeaeaeHHbIX
MHTErpaJioB.

Heab: HaydnTh BEIYUCIIATH HEONPEEICHHBIA HHTET PAJIBI

TeopeTnyeckast 4acTb

HeonpeneneHHblii ”HTErpas
F(X) - nepooopaznas mus f(X) Ha maoxkectBe X eciu F'(X) = f(X) nis Bcex XEX. Eciu F(X)
- mepBooOpaszuas jis f(X) Ha maoXkectBe X, TO F(X) + C - MHOXXECTBO BCEX IIEPBOOOPA3HBIX
st f(X) Ha MHOKecTBe X. DTO MHOKECTBE IIEPBOOOPA3HBIX HA3bIBAIOT HEOPEICICHHBIM

HHTErpajoM u 0003HAYaI0T J' f (x)dx =F(x)+C.

OcCHOBHBIE CBOMCTBA HEOIPEEIEHHOI0 HHTEr paJla
1. Heonpenenennsiii uHTErpai ot Auddepennnana GyHKUUN paBeH 3ToN GYyHKIUU IUIIOC
[IPOU3BOJIbHASL TIOCTOSIHHAS

de(x) =F(x)+C

2. Jluddepennman HeonpeneneHHOr0 HHTErpaia PaBeH MOIBIHTETPabHOMY BBIPAKECHHUIO, a
IPOM3BOIHASI HEOMIPEAESIEHHOT0 HHTErpaia paBHa MOABIHTErPATbHON (QYHKIUU:

d [ fFed = Fd@)

3. Heonpenenenuslii nHTErpai anredpandeckoil CyMmMbl QyHKIUN paBeH ajredpanyeckon
CyMME€ HEOIlpe/leJIEHHBIX UHTErPaIoB ATUX (YHKIUI:

f G0 + 9(]d(x) = f FGO A + f 0 () d(x)

4. TloCTOSHHBIH MHOXKHUTED IMOABIHTECT PAJIbHOT'O BBIPAXXCHHA MOKHO BBIHOCUTD 3a 3HAK
HHTCIr'paJia:

j af ()d() = a j FGIAG)

Ocnosnvle hopmynvl unmezpuposanus
1.fdx=x+C

xn+1
2. [x"dx =
n+1

3.f%:lnx+C
4.faxdx=a—x+C

lna
5. [e*dx =e*+C
6. [ sinx dx = —cosx + C
7/ cosx dx = sinx + C

+C



dx
8.f So=tgx+C
cos“x

9 f dx = tgx +C
) singx - C9*
dx 1 x—a
10'f x2-a? Zln |x+a +C

11 = =n|c+/x2£a?|+C
\/m
12. fm = arcsin §+C
1 x
13.[ -2 x2+a2 =—arctg=+C
Onpenenennsiv uHTErpaiom ot Gyukiun f(x) Ha otpeske [a; b] HassiBaeTcs npenen
MHTETrpaJIbHOW CYMMBI IPH YCIIOBUH, YTO JIJTMHA HAHOOJIBIIIETO U3 AJIEMEHTAPHBIX
OTPE3KOB CTPEMHUTBHCS K HYJIIO.
JIJtst BBIYMCIICHHS OTPEIEIEHHOro uHTerpaia ot ¢pyukiuu f(x) B ToM cirydae, Korja
MOKHO HaliTH COOTBETCTBYIOIMI HEONPEAEICHHbBIN UHTErpall, CIYXKHUT popMyia
Herorona-Jleiioauna:

b
jf(x)d(x) =F(x) = F(b) — F(a)

Pemenne ynpaskHeHuii:

1. | xdx 3dx
J ) 15.]W
2. J.gdx 16. J’ 4dx
3. Ixsdx sin (3—2xj

4. | 7x%dx
J . 17. [ 2°\J(7-3x)dx
5. [(7x+1) dx

6. [10sin5xdx 18. [ =
7. [3(5x+1)%dx 19. xzd—xzs
d
8. [ (2x—1)dx 20 [ ==
2dx
0. [& 2
) X3 22f dx
( \/ 4-
10 ‘[4 ngX 23f x
5dx ??)5+dx2
11. . 24, [~ =
J Jox—7 ’e Ve
12.[30053xdx ﬁf’v4 —x2
\f dx 1
26. [ 27 fn — )

cos2 sin2x

3
13. [4(5-6x) dx

14.ji—f



IIpakTnyeckoe 3ansaTue Ne 9
Tema 1.15: OnpeneneHHblil HHTErpaji Kak Ipeeil HHTErpupoBaHus CyMMbl. Beruucnenune
OIIPE/IEIEHHOI 0 MHTErpaJia.
Henab: HayuyuTh BEIYUCIATH ONpPEAEIEHHbIE HHTErPaJIbl

Teopernyeckast 4acThb.

[TousATHE OMpeeICHHOTO0 HHTETPajia BBOAUTCS CleayroImM oopazom. [TycTs Ha otpeske [, b]
onpeneneHa pynkmnus f(X). Pazodbem orpes3ok [a, b] Ha N gacteii Toukamu & = Xg < X1<...<Xp = .
I/I3 KaXI0ro nHTepBaia (Xi-1, Xi) BO3bMEM IPOU3BOIBHYIO TOUYKY Xii COCTABUM CYMMY

., f(&)Ax;, rae, AXi = Xi - Xi-1. Cymma Bupa),’, f (§)Ax;, Ha3bIBACTCS UHMEPANBLHOL
cyfwwou, a ee mpenen npu A = MaxAxi— 0, eciii OH CyIIeCTBYET U KOHEUEH, Ha3bIBaeTCs
onpedenennvim unmezpaiom Gyuxiuu f(X) ot a 1o b u o6o3Hauaercs:

b n
f F()dx = lignZﬂxl)dxl (1)

®Oynukius f(X) B 9TOM citydae Ha3bIBACTCS UHMeE2PUPYEMOLL HA OMPE3Ke
[a, b],uncna a u b HOCAT Ha3BaHUE HUdICHE20 U BEpXHE20 npedela UHmMe2pad.

HJ’IH OMMpCACIICHHOI'0 HHTCIrpaJia ClipaBCJIMBbI CICAYIOIIUC CBOIMCTBA:

}f(x)dx - }f(z)dz = }f(t)dt

1

}f(x)dx =0
}f(xjdx = }f(x)dx
[} - h

}H(X)dx =k }f(x)dx
(k= const keER);

J'(f(‘x} glxz))dz = If(X)dX+Ig(X)dX
_[f(x}dx = _[f{x)dx +_[f(x]|dx.

h

[fl=)dz =

: f(¢)(b-a) (S€a,b]).

[TocnenHee CBOMCTBO HA3BIBACTCS MeOPEMOll O CPeOHeM 3HAYEHUU.

[Tycte f(X) HempepbiBHa Ha [a, b]. Torga Ha 3TOM OTpe3Ke CymecTBYET HeOpeieICHHbII
UHTErpaj

[f(x) dx = F(x) + C

U uMeeT MecTo ghopmyna Hovtomona-Jletidnuya, CBA3bIBAIOIIAs OMPEASTIEHHbIH HHTErpall ¢
HEONPEAEIECHHBIM:

2 f@d(x) = F(x) = F(b) - F(a) (2)



b
[fiz)d=
I'eomerpuyeckast HHTEpIpETALMS: ONPEACICHHBIA HHTErpaJl * IIpeJICTaBIIsIET COOOi
IUTONIA/[b KPUBOJIMHEHHOW TpaIelnt, OrpaHUYCHHON CBepXy KprBoit Y=T(X), mpsimMbiMu X = & 1 X
= b u otpeskom ocu OX.
Pemenne ynp:xkHeHui.
1. Boraucauts | dx/(x+2).
2. Haiitn | tgxdx.
3. Haiitu | dx/sinx.

o

. 3 3
4 Havttm & — &

5. Haiiu [ arctgxdx.

6. Beramciuts | Inxdx.

7. Beraucauts | eXsinxdx.

Mpumep3.37. Borancmuts T = [ cos(Inx)dx/x.

Pewenue. Tax kax dx/x = d(Inx), To J= [ cos(Inx)d(Inx). 3amemsist InX uepes t, mpuxogum K
TaGmasOMy nHTerpany J = | costdt = sint + C = sin(Inx) + C.

| dx
! 2
8. Bommcurp J = A4 —lntx
10
[ 1 - cos2zdx
9. Beruucauts unterpanJ = ¢ .

3 odx

4
10. MosHO s ipuMeHuTh hopmyny Herorona-Jleiibuuna k unterpany ° -4 9

w
-X
[z dx
11. Beruucauth uHTErpan o

IIpakTuueckoe 3anstue Ne 10

Tema 2.2. KanpatHas matpuia. Onepanuu HaJl MaTPUIIAMH.
Heapb: HayuuTs pemaTte onpenensaTs 3Ha4€HUs MATPHII.

TeopeTnyeckasi 4acTh:



Tema: Onepanun Haa maTpunaMu. Berancnenne onpeaenureneid. Haxoxnenue
0o0paTHOW MaTpHUIbI
Heab: OcBouTh CrIOCOOBI BHITTOTHEHUS OTEpaIiiii HaJl MaTPUIIAMHU, dJIEMEHTApPHbBIC
mpeoOpa3oBaHusl MATPUIL, HAXOXKIACHUS OOPATHOW MATPHIIBI
TeopeTnueckas 4acThb
Onepaiuy HajJ MaTpyllaMu
Cnooscenue mampuy. CyMMOW JBYX MaTpUIL Az(aij) u B :(bij) OJTHOM W TOH
K€ pa3MEpHOCTH MxN HasbiBaeTcss marpuia C :(Cij) TOW K€ Pa3MEPHOCTH TaKas,
4To C; =8 +bij.
Hrak, MOXHO CKJIaJIbIBaTh TOJIbKO MAaTPUIbl OJHOMW U TOW K€ Pa3MEPHOCTH.

[Ipu crnoskeHnu MaTpUIl CKIIAJBIBAIOTCS COOTBETCTBYIONTUE DJIIEMEHTHI.
IMpumep 1.

3 2 -3 -2
Haiinure cymmy matpun A=|-1 0|uB=| 1 0
11 -1 -1
3-3 2-2 00
C=A+B=|-1+1 0+0|=|0 O|— HyJIb-MaTpHULIa Pa3MEPHOCTU 3x2.

1-1 1-1 00
N3 onpenenennst CyMMBI CIIENYET, UTO CIOKEHUE MATPULL MIOJUYUHEHO:
a) KOMMYyTaTUBHOMY 3akoHY A+B=B+A;
0) accoIMaTUBHOMY 3aKOHY
A+B+C=(A+B)+C=A+(B+C);
B) A, ,+0, . =A — 3aKOH IOIJOIICHUS HYJI.
Ymnoocenue mampuuywvt na uucno. llpousBeneHuem marpuubl A= (aij ) Ha

yuciao A (umu A Ha maTpuily A) Ha3bIBa€TCsS MaTpulia B:(bij ), rae bij =/Ja., T.e.

ij
[pY YMHOKEHUU MaTpHILbI HA YHCJIO HAJ0 BCE 3JIEMEHThl MAaTPUIbl YMHOXUTH Ha
3TO YUCIIO.

Ipumep 2

30 6 0
2 V2% 9)

14 2 8
Ceoticmea onepayuu yMHONCEHUSL MAMPUYbL HA YUCTLO:
a) (Au)A=A(uA) (accolMaTuBHOCTS);

0) (A + u)A=A+ A (IUCTPUOYTHBHOCTD OTHOCUTEIBHO CIIOKEHUS YUCE);
B) A(A+B)=1A+AB  (OUCTpHOYTUBHOCTH OTHOCHTEIBHO  CIOXKCHHUS

MaTpHuIl);
r)l-A=A.
Ipumep 3
. 1 2 3 -2 30
Haiigute 2A+3B, rae A:( j, Bz( )
01 - 2 11

1 2 3 -2 30
2A+3B=2. +3- =
(O 1 —1) (2 1 1]



(2 4 6+—690_2—6 4+9 6+0)
lo 2 -2 6 3 3) \0+6 2+3 -2+3)

(-4 13 6
6 5 1)
Ymnoorwcenue mampuy. 1lponssenenremM MaTpubl A:(aij) pasMEpHOCTH NxM

Ha Matpuiy B= (bij) pasMepHOCTH Mx P Ha3bpIBaeTca marpuna C = (cij )pa3MepHocm
m

Nx P Takas, 9To C; =&, -by; +a,, by, +..+a, -b, :Zaikbkj ,i=12,...,n, j=12,..p.
k=1

YMHO)kaTh MaTtpullbl A U B MOXHO JUIIb B TOM Cllydae, KOraa YuCIIO
CTOJIOLIOB TEPBOrO COMHOXHUTEISI A (YUCIO 3JIEMEHTOB B KaXXIOW CTpOKe
MaTpullbl A) COBMAJAET C YHUCIOM CTPOK BTOPOro COMHOXUTens B (uucio
AJIEMEHTOB B KaxaoMm cronoue B). B uwactHocTM ais KBaapaTHBIX MaTpHIL
OJIMHAKOBOTI'0 TOpsiIKa ompejaesieHsl 00a mpou3BeneHuss AB u BA, u marpuirs
IIPOU3BECHU SABIIIIOTCA MAaTPULIAMU TOT'O XKe ITOPsIKa

3 4 5
Ipumep 4 Ilyctb A=G g _3], B=|6 0 -2|. Haitgure npoussencHuss AB u
7 1 8
BA (ecnu 3TO BO3MOKHO).
34 5
6.0 -2|=
7.1 8

BBIICIITIOTCSL - S CTpoKa MaTpHITEl A

Y TICPBBINA cTONMOeTIMAaTpHIlh! B,

COOTBETCTBYIOIIUE DJIEMCHTBI IIEPEMHOXKAIOTCH,
a IPOM3B€ACHMA CKIIAAbIBAOTCA
“13Y276537 14420431 1.5+2.(-2)+3-8
=£1-3+0-6+(—1)-7 1-4+0-0+(-1)1 1-5+0-(—2)+(—1)-8j=

(36 7 25
-4 3 -3)

[IpousBenenue BA He cyiiecTByeT, Tak KaK YHCIO CTOJIOLOB MaTpuilsl B He
COBIIJIET C YMCIIOM CTPOK MatpHisl A (3% 2).

-1
Ipumep 5 Ilyctb A=(3 2 -1),B=| 1 |. Haiimure npoussemenuss AB u BA
2

(ecnm 3TO BO3MOXKHO).
AB=3-(-1)+2-1+(-1)-2=-3+2-2=-3.

-1 -1-3 -1.2 -1-(-1) (-3 -2 1
BA=| 1 |-3 2-1)=| 1.3 1.2 1(-1) |= 3 2 -1|.
2 2:3 2.2 2:(-1 6 4 -2

W3 mpuBeneHHBIX BBIIIE MPUMEPOB SICHO, YTO B OOIIIEM citydae AB # BA. .



Kommymupylowumu Ha3bIBAOT MAaTPUIBl A U B, eci [JIs HUX BBIMTOJIHEHO
ycioBue AB=BA.
Ceoticmea onepayuu yMHONCEHUSL MAMPUY.:
a) acCOLMATUBHOCTB: €CIIH ONPEACICHO OJHO M3 Mpom3BeneHui (AB)C WM
A(BC), TO OIpemeNcHO TaKKe W BTOPOE MPOU3BEICHHE, U UMEET MECTO
BBIIIIC TIPUBEIEHHOE paBeHCTBO (AB)C = A(BC)=A-B-C;

0) AuCTpUOYTMBHOCTH: eciu C— Takasg MaTpulla, YTO OMNPEIEICHO
npousBereHne AC, TO ompezeneHbl mpousBeneHusBC u (A+B)C u
BepHO paBeHCTBO(A+B)C=AC+BC (A u B — MaTpuipl OJMHAKOBBIX
pasmMepoB);

B) JIUCTpUOYTHUBHOCTBH: €clii A— Takas MarTpulla, 4YTO OIPEIEICHO
npoussenenue AB, To omnpexneneHsl mpousBeAeHus AC U A(B+C)H
BepHO paBeHCTBO A(B+C)=AB+AC (B u C — MaTpuisl OJHHAKOBBIX
pa3mMepoB);

1) Ann o = B A = A

TpancnioHupoBaHHas MaTpHLa
TpancnoHupoBaHueM MaTpUIlbl Ha3bIBaeTCA Takoe €€ mpeoOpazoBaHUe, NpU
KOTOPOM CTPOKH ATON MaTpPHULIbl CTAHOBSTCS €€ CTOJIOLAMU C TEMHU KE HOMEPAMHU.

a11 a12 a1n a'11 a21 a'ml
a a e a a a weooa
| 921 22 2n T | % 22 m2
Amxn - ’ Anxm -
a a a a a a

ml m2 " mn 1n 2n "t mn

TpaucrnonnpoBaHHas MaTpuiia 00o3HadaeTcs A'mmm A’ .

Ecmu AT = A, T.cC. aij =a.,TO MaTpulia Ha3bIBaCTCs cwwwempuqecmﬁ.

ji

1 2 3
IIpumep 6TpancrioHUPYHTE MATPUILY A=(4 c 6)

AT =

w N -
[op TN &) B S

Bouruucienue onpeaesnTeiei.

Omnpenesienne 1
OrnpenenutesieM MaTpPUIbl HA3bIBACTCSI HEKOTOpAsi MaTeMaThuecKas (PyHKIUS
AJIEMEHTOB KBaJApaTHOW MaTPUIIbI, pe3yJIbTATOM KOTOPOIl SIBJISIETCS YUCIIO.
Oo0o3HaveHue:

1 0 35

l4|=det A= 4 -1
12 1 10



— oMpeaeauTeNb 3- ro nopsjka (T.K. MaTpuiia pasmepa 3 Ha 3) MaTpuIlbl A.
BolunciieHue onpeesureseil NepBoro NopsjaKa.

Matpuna pasmepa 1*1 310 mpocto uucno. OnpenenureneM Takoi MaTPHIBI
SBJIIETCA CaMO 3TO YHUCIIO.

ITpumep:

3=3

Borunciienue onpeaenresieil BTOpOro nopsiaika
OmnpenenuTesb BTOPOro nopsaka (MaTpuilbl pazMepa 2 Ha 2) BBIUUCISIETCS 10
paBUIy

4y dp|

= iy T @iy
231
Ipumep 7:

3 -3
4 1

‘:3-1—4[—3] =3+12=15

Berunciienue onpenenresieil Tperbero MOpsAaKa
OnpenenuTteb TPETHETO MOpsiiKa (MaTpuUllbl pa3Mepa 3 Ha 3) BEIYUCISIETCS 110
MpaBUITy

thy dp dyp
@y gy gz | sy tagdaaity) Fdy sy — a3yl — Ayt — ) dpds,

s Bay s

3anOMHUTH MOPSJOK COMHOKHUTENECH MOXKHO, UCTIOJB3Ys MPABUIIO TPEYTOJIbHUKOB

IIpumep 8.
BeIuucinuTh OnpenenuTens:

2 3 -1
11 21 -5
4 & 9

Pemenue:



Bocnonb3yemcst mpaBuioM TpeyrojibHUKA

. 8 W =g i, = 202183 =378

8=, = 3-[—5]-4 = —&0

| | | = ‘313'5321'5132 = 11l(—1}l6 = —66

W =g, = {—1}-21-4 =—54

| | ] — 413421‘333 = 3-1 1!9 = 29?

. o = g0ty = 2-(—5]-6 =—£&0

2 3 -1
11 21 -5/=378-60-66—(-84+297-60)=108
4 & 9

Otser 108



HaxoxaeHue o0paTHOM MATPULIbI

PaccMOTpHM KBaapaTHYIo MaTpuily 4. O6paTHyo MaTpuiy 4~ MOXKHO HAHTH MO
cienyromiei popmyiie:

at= g

4 , T 4 _ OIIpeIeIUTENb MATPHIIBI 4, 4 TPaHCIIOHMUPOBAHHAS
MaTpHIia areOpandecKuX JOMOHEH I COOTBETCTBYIONIMX DJIEMEHTOB
MaTpuisl A,
[MousiTHEe O6PATHON MATPHUIIBI CYIECTBYET TOJIBKO ISt KBAJPATHBIX MATPHII,
MaTpPHII «JIBa Ha JBa», «TPU HA TPH» H T.].

oOpaTHas MaTpuia 0603Ha4aeTCsl HAJCTPOYHBIM HHJIEKCOM
Ipumep 9:

1 2

3 4}

4= (
Haiitu o6paTHy0 MaTpuIly JJi1 MaTPUILIBI
Pemaem.
1) CHauana HaxoJIUM ONPEIETUTETh MATPHULIBIL.

2
4= =14-3.2=4-6=-2
4

1
£
B Tom ciiyuae, eciiu onpeaenutens MaTpuilbl papeH HYJIFO — obpatHoit
MaTpUILbl HE CYIIECTBYET.

2) Haiinem marpuiy Munopos H

Marpuiia MUHOPOB MMEET TaKHE JKe Pa3MephI, KaK ¥ MaTpuia <1, To ectb B

* ok
M=
* ok
JaHHOM CJIy4dac .
OCTaJIOCh HAWUTHU YCTBIPEC YHCJIa U ITIOCTABUTh UX BMECTO 3BC3/I0UCK.

A=
BosBparaemcs Kk Halllen MaTpuiie 304

Cnauasia pacCMOTPHUM JIEBbIN BEPXHUMN JIEMEHT:
Ly:2
5 4)

Kak naiitu ero munop?
MBICTIEHHO BBIUEPKUBAEM CTPOKY U CTOJIOEI, B KOTOPOM HaXOJUTCS JaHHBIN
AJIEMEHT:

b2
i
OcraBuieecst YUCIIO U SBJISIETCS MUHOPOM JaHHOTO 3JIEMEHTA, KOTOPOe
3aMMChIBAEM B HAIlly MAaTPUIy MUHOPOB:



1 (2

MBICIICHHO BBIYEPKHBAEM CTPOKY M CTOJIOCII, B KOTOPOM CTOUT JTAHHBIH JJIEMEHT:
+@)

5 1]

TO, 49TO OCTAaJIOCh, U €CTh MI/IHOp JaHHOT'O 2JIEMEHTA, KOTOpBIﬁ 3aIIMChIBACM B

HAIIly MaTPUILY:

o W D

AHaJOrMYHO paccMarpruBacMm 3JICMCHTBI BT OpOfI CTPOKH M HAXOAUM HUX MHUHOPBI:
1 [2)

-—
>d

4 3
‘\[:’ﬂ 1’

M=

(4 3]
2 1 — Marpuga MUHOPOB COOTBETCTBYIOIINUX 3JICMCHTOB MAaTPHIIbL ﬂ.

3) Haxonum mMatpuily aredpandeckux JTOMOJHEHUI A
3TO HpOCTO. B ManI/IHe MI/IHOpOB HY)KHO IIOMCHATH 3HaKI/Iy I[ByX YUCCJI:
¥ %\
M :} e o |
[ *) *|

4 -3
A=y
- — MaTpHIla are0panvdecKux JTOMOJTHEHUH COOTBETCTBYIOIINX

QJICMCHTOB MATpPHUIIBI A .

I
4) HaxonuM TpaHCTIOHMPOBAHHYIO MaTPHITy aJireOpanyecKux JOTMOTHEHUI 4

jﬁ,z(4 -2

-3 1 J — TPAHCTIOHUPOBAHHAS MATPHUIIA aNTeOPanIECKUX JTOMOIHEHUN

COOTBCTCTBYIOIIHX 3JICMCHTOB MAaTpPHUIIbI A .



5) Ortger.

P 4 -2
o2l-3 1

Kaxk nposeputs pemenue?

-1 -1
Heo0x0auMo BBIMTOTHUTE MaTpuyHOe yMHOXKeHHe 44~ oo A4
IIposepka:

P (_1] 4 -2y 1 (144263 1(D+21
Tz oal o2l l-3 1) 203444 =3 32 +401

=3[y - 32

[TonyyaeM enTMHUYHYIO MaTPUILy (C €AMHUIIAMH 10 TJIABHOW JUAaroHAIM U HYJISIMHU
B OCTaJIbHBIX MECTax).

Takum 0O6pazom, oOpaTHas MaTpulia HailieHa TPaBUIIBHO.

Ipumep10HaiitTi oOpaTHYIO MaTPHUILY JJII MaTPUIIBI

2 5 7
=16 3 4
5 -2 -3
AJNTOPUTM TOYHO TaKOM XK€, KaK U JUIs CIIydasi «JIBa Ha JBa».

a 1
Bl=— B

i d B!
OOGpatHyto MaTpuily HaiijieM o popmyie: ,Tme “* —
TPAHCTIOHWPOBAHHAsI MaTpHIlA ATeOpanyecKux AOMOJHEHUI COOTBETCTBYIOIIUX
3JIEMEHTOB MaTpuisl &
1) Haxoaum onpenenuTesib MaTPUILbI.

2 5 7
34 & 4 6 3
IBl=p 3 4|=2 -5 +7 =
2 -3 " -3 -2
5 -2 -3

=2 (=848 -5 (-16=-200+7 (-12-15)==2+120-18% = -1

2) Haxoaum martpuily MEHOpoB
A+ * ¥

Mz***

£

Marpuna MUHOPOB UMEET Pa3sMEPHOCTD «TPU HA TPW» , U HAM HY>KHO HAUTH
NEBATH YUCE.
PaccmoTpuM ciieyrommuii 3JIeMEHT MaTPHULLbL:

™ 5 -

B=|6 3 4

3 -
S =2 =3

MBICIIEHHO BBIUEPKUBAEM CTPOKY M CTOJIOECI], B KOTOPOM HAXOAUTCS JTaHHBIN



OJICMCHT.

—tp
dn

B= (? 3 4

\$ —2 -3
OcraBmuecs YCTBIPEC YHMCJIa 3allMCbIBACM B OIIPCACIUTCIIb «JIBa HaA JIBa»

'."’5;571

y 3 4
B=|¢6 |3 1

=l =3
= =3 A

<y

9T1OT OIpCACIUTECIIb «ABa Ha ABa» U ABJIACTCA MUHOPOM JAHHOI'O 3JICMCHTA. Ero

HYXHO BbIYHCJIINTD!:
&

i+ D, O S 7

B= % 3 4

L5 e =3

3
) =3-(-3)-(-2)-4=-9+8=-]

— -3

Bcé, MuHOp HaiijieH, 3anichIBaeM €ro B Hallly MaTPUILy MUHOPOB:

s
F 3 4 .
B=lg |3 4 , _o=3 D)) 4=-9+8=-1
52 =3) Ly
—]1 * =*
M =] * * %
* * ok

31 5 [7
1 ~ -
B=[6| 3 |4 L’ l:Z-J—G-':8~42:~34
—;——1‘»—‘-‘5'*%

* —34 %)
OxkoHyYaTeNbHbIN Pe3yJIbTar:

-1 =38 =27
M=|-1 —41 -29

~1 -34 —24

— MaTpuia MUHOPOB COOTBCTCTBYIOMIUX 3JICMCHTOB MaTpPHUIbI 5 .
TO, 4TO BCC MUHOPLI IMOJIYIHUIIMCh OTPUHATCIbHBIMN — YHUCTasA CJ'Iy‘IElfIHOCTB.

3) Haxonum Matpuily aredpandeckux JTOMOJIHEHUI =y

B marpuiie MUHOPOB HEOOXOIUMO CMEHHUTh 3HAKH CTPOr0 y CIEAYIOIIUX

JJIEMCHTOB:
& A)—f %\
M=|® * (+



B JaHHOM CJIy4dac:

~1 38 -27
Bo=[1 -41 29
-1 34 -24

— MaTpHulla anreOpanvyecKux JTONOJIHEHHN COOTBETCTBYIOUIUX
3JIEMEHTOB MaTpUIbl &
r
4) HaxonuM TpaHCIOHMPOBAHHYIO MAaTPUILy ajireOpanyecKkux AOMOIHEHUN 3
-1 1 -1
Bl=| 3% -41 34

=27 25 24
— TPAHCTIOHWPOBAHHASI MATPHUIIA aNTeOPaAnIECKUX

I[OHOJ'IHCHI/Iﬁ COOTBCTCTBYIOHIUX 3JICMCHTOB MAaTpPUIIbI B .

5) Otger:
-1 1 -1 1 -1 1
3-1=|E1|.gf"=il. 28 —41 34 |=|-38 41 -34
—27 29 —24 27 —29 24
IIposepka:

2 5 7 1 -1 1

BEl=|6 3 4| |-38 41 -34|=

5 —2 -3}l 27 -20 24
2145 (34727 2.(=D+5 4147 (=29 2145 (=341 +7. 24
=6 143 (=39 +4.27 6. (-1+3 4144 (=290 6. 1+3 (-3 +4. 24 |=
5.1-2.(=38)-3.27 5.(-1)-2.41-3.(-29) 5.1-2. (=3 -3.24
1 0 0
=0 1 0|=E&
0 0 1

Takum 06pazoM, oOpaTHasi MaTpuIla HaiifieHa MPaBUITBLHO.

3agaHue 1JIs1 BBIIOJHEHHUS] IPAKTHYECKOl padoThI
3ananue 1. Beruncouts 3A+2B

3amanue 2. Berancnute AB

3ananue 3. Haiitu oOpaTHyro MaTpuiy Juist Mmatpubl A u B

U=y

1.
2 -1 0 -2 0 3 3 -1 -1 0 2 1
a=(-t 2 o)+ 12) | a(o 2 i) 1 o
1 -1 1 -2 1 0 0 -1 2 1 2 3

w

5 —1 -1 1 4 1 2 0 -1 -2 1 -3
A=|0 4 -1),B={0o 3 1 A=(1 1 -1|,B= 0 0
0 -1 4 2 1 0 -1 0 2 1 2 -1




3.
2 1 0 0 -2 -1 4 1 0 0 2 3
A= < 1 2 0), B=<3 1 2 ) A= ( 1 4 0>, BZ(I 1 3)
-1 1 3 2 1 0 -1 1 5 2 4 2
4,
7 2 =2 1 2 -1 9 0 0 -2 1 0
A= (4 5 —2), B=<0 1 3 ) A= (2 7 —4), B=<—1 2 3)
0 0 3 2 0 =5 2 =2 5 2 1 1
5.
3 0 0 0 3 1 5 0 0 0 1 2
A= (1 2 —1>, BZ(I -2 4) A= (1 4 —1>, B=<2 1 3)
1 -1 2 2 1 1 1 -1 4 0 3 1

IIpakTuyeckoe 3ansaTue Ne 11

Tema 2.3: Meron ['aycca u Mmeron Kpamepa npu perieHUM CUCTEM.
Heab: OcBOUTH CITOCOOBI PEMIEHUSI CUCTEM JIMHENHBIX YPAaBHEHU I 110 TIPABHITY
Kpamepa u meronom I"aycca

TeopeTnueckas 4acThb

{:le-l- by =s
o | xt+hy=2g
PaccMOTPHM CHCTEMY ypaBHEHHT “ 2" @ 2 —
A= a &
a; &
Boeruucnum onpenenurensb , €70 HA3BIBAIOT 2IABHbIM ONpedeumesiem

cucmemul.
Ecmm & =0 1o cuctema nMeeT 6eCKOHEYHO MHOTO PEIIeHNH HIH HECOBMECTHA (He
uMeer peuieHuid). B aTom cnydae npaBuio Kpamepa He TOMOXKET, Hy)KHO
UCIIONIb30BaTh MeToA ['aycca.

Ecma £# 9 1o cucTema MMeeT eIMHCTBEHHOE PENIeHNE, U IS HAXOXKICHHS
KOPHEHN MBI JOJKHBI BBIYMCIIHUTD €IIE ABA ONPEICTUTENIS:

A, = 5 & &y _ El S
5y By " a2 Fa
KopHu ypaBHEeHHS HaxoIUM 10 popMysIaM:
ﬂ"x ﬂ)‘
= — l}? = —_—
il Fil

PaccmorpumnpasunoKpamepa 17151 CUCTEMBI TPEX YPABHEHUU € TPEMS
HEN3BECTHBIMU:

ax thx ‘o =5

@, +hx, +oyx =5

% iy % = 5



http://mathprofi.ru/metod_gaussa_dlya_chainikov.html

HaXOI[I/IM IJIaBHBIN OIIpCACIUTCIIb CUCTCMBI:

: B
Ecmn £= 0 10 cucTema nMeer 6eCKOHEYHO MHOTO PEICHUH UM HECOBMECTHA (HE
uMeeT peweHuit). B atom cnyudae npasuiio Kpamepa He TOMOXET, HYXKHO
UCIIOIb30BaTh MeTo [aycca.

Ecau L= , TO CUCTCMAa UMCCT CAMHCTBCHHOC PCIICHUC U AJI1 HAXOXKACHUA
KOpHeﬁ MbI JOJDKHBI BBIYHUCIIUTD €IS TPHU OMPCACIUTEIIA:

5 & o 5 0O a B g
Dy=lay & o Ly=p, 5 o =g & s
s B oo R T a; b5

OTBeT paccunuThIBAETCS 1O PopMyIam:

Db B

o T ST

Ipumep 1
Pemuts cucremy no ¢popmynam Kpamepa.
3 —2x tdx =21
Smtdx, —Lx, =9
2x—x,— 1 =10
Pemenune: Pemium cuctemy no gpopmynam Kpamepa.
i -2 4

4 =2 5 -2 304
D=3 4 -2=3. +2- +4- =
1 -1 2 =1 2 -1
2 -1 -1

=3 (4-234+2 3+ +4- [-3-8)=-18+2-44 =60 = 0 syaunt, cucTema uMeeT
CAMHCTBCHHOC PCIICHUC.
21 -2 4

4 -2 9 -2 9 4
=% 4 —2=21-L ‘+2-L ‘+4-L ‘:
1 -1 0 -1 0 -1
1 -1 -1
=21-(—4-2}+2. (~9+20)+4 .~ 9-40)=-126+22 - 196 =300
xlzﬂ:ﬂzﬂ
D -60
321 4
9 -2 3 -2 3 9
D=3 9 -2/=3. -21. +4. =
0 -1 2 -1 2 10
2 10 -1
=3 {-9+20)-21- (- 3+4)+4. (30 -18)= 33— 21+48= 60
D, 60

D =60
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5 -2 21
4 5 -2 21 2 21
=3 4 &=3 -3 + 2. =
-1 10 -1 10 4 3

2 -1 10
=32 {40+9)-3 (- 20+ 21+ 2. (-18-84) =147 -3 - 284 =60
x3=%=__50=1

D —60
Orper; 1=2>%R="1Lx=1

IIpumep 2
Pemmts cucreMy ¢ MaTpU4HBIM METOAOM

3 - Z2x +dx =21

Pemenne: 3anumiem cucteMy B MaTpu4HoOi hopme:

3 -2 4 b 21
A=3 4 -2\ X=|x|bs=|9
M=’5,rz[e 2 -1 =1 X3 10

HyxHo HaliTh 00paTHYIO MaTpUILy A7 Y BRIIONHUTE MaTPUYHOE YMHOKEHUE A%
OOGpaTHyr0 MaTpuIly HaijieM o gopmyie:
A=l g .
|A| , THe A TPaHCIIOHUPOBAHHAS MaTPHUIIA AIreOPanIeCKUX
JOTIOJIHEHUHM COOTBETCTBYIOIMX JIEMEHTOB MAaTPHIBI 4,
Haitpem onpenenurens:
2 -2 4

4 -2 3 -2 p 4
4= 4 -2=3 +2 +4. =
1 -1 2 -1 2 -1
2 -1 -1

=3 {-4-2)+2 (-3+4)+4-(-3-8)=-18+2-44 =—60

Ecmu |A] = 0, To 00paTHOH MaTPHUIIBI HE CYIIECTBYET, U PEIIMTh CUCTEMY
MAaTPUYHBIM METOJIOM HEBO3MOXXHO. B 3TOM citydae cucrema peiraercs MeToaoM
HCKJIIOUEHUSI HEU3BECTHBIX (MeTozoM ["aycca).

Teneps HY)KHO BBIUUCIUTh 9 MHHOPOB U 3alMcaTh UX B MaTPUILy MHHOPOB

Mn Mu MIE
M= Mﬂl Mzz M::z
le Mzz M33
4 =2
My, = = 4-2=-%
1 -1
ERE
Mlg: =—3+4=1

2 -1
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Mu=[ tl=zz-—n1
Pl - -
L2 4
My = =2+4=6
-1 -1
Mp= le-3s=-11
12 2 _1_ -
My= e -3+4=1
e -1 -
L2 4
M, = =4-16=-12
4 -2
34
My, = =-6-12=-18
3 -2
b -
My = =12+6=18
34

ITopsaok pacyeTra MUHOPOB COBEPIICHHO HE BAXKEH.
-6 1 -1
M= 6 -11 1

-12 -18 18
— MaTpHlla MUHOPOB COOTBETCTBYIOIIHNX 3JI€MEHTOB

MaTpunsl .
-6 -1 =11
A=-6 -11 -1

-1z 18 18 o
— MaTpuila aNreOpandecKux JONOJTHEHHM.

—§ -6 -12
A= -1 -11 18
~11 -1 18

— TpaHCIIOHUPOBaHHAs MaTpPHIla AreOpandecKuX
JTOIOJTHEHU.

Teneps 3anuchIBaéM OOPaTHYIO MATPUILY:

-6 -6 -12 & 6 12

1 r 1 1
A =— -1 =11 18 |[=—| 1 11 -18
&0

.
4] - 60
-11 -1 18 11 -18

IIpoBeneM MaTpUYHOE YMHOKEHHUE.



=

X=|x|=4"%

A3
£-21+6-8+12-10
=i0 1.21+11-9-18-10
11.21+1-9-18-10

OTtBeTr

_ 1
T ED

6
1

11

6
11
1 -18
(300
—[-60]|=
60

60 1

10

n=54rn=-1x=1

HaubGonee yHuBepcaabHbIM CIIOCOOOM PEIIEHUsI CUCTEMBI SIBJIIETCS METO/
MCKJIIOYEHUS HEM3BECTHBIX — MeToJ ["aycca. CyTh MeTO/1a 3aKIII0YaEeTCs B
MIPUBEJICHUM PACIIUPEHHON MAaTPHUIIbl CUCTEMBI K CTYIICHYaTOMY BUY, €CJIU
CUCTEMA UMEET €MHCTBEHHOE pElIEHUE, TO MaTpHUIla IPUBEJIETCS K
TPEYroJIbHOMY BUAY

IIpumep 3

Pemnth cucremy JIMHEWHBIX ypaBHEHUN MeTOAOM ['aycca
dx+2x,—x=1

Sk +3x, - dx =2
Ext2xn—3x=10

3anuiieM pacuIMpEeHHY MaTPUIy CUCTEMBI U C TOMOIIBIO 3JIEMEHTAPHBIX
npeoOpa3zoBaHUM MPUBEAEM €€ K CTYIIEHYaTOMY BU]TY:

4 2
5 3
32

=111
-22
- 30

1)K niepBoii cTpoke mpubaBsieM BTOPYIO CTPOKY, YMHOKEHHYIO Ha —1.

4 2
5 3
3 2

4 2
5 3
32

L

=11

-22|=

- 3[0

~1]1
— 2|2
~ 30
-1
0
3

o

-1
1

5
3

-1

3
2

—

0

111

-2 2

— =0

1 -1 -1 -1 1]-1 1 1 -11
(2 (3] (4]

-2l 2 o -2 3-3[(—=0 1 a3 |—

-3 0 o -1 0-3 o -2 33

-1

o

11

2) Ko BTOpO#i cTpoke nmprbaBUiIM NEPBYIO CTPOKY, YMHOKEHHYIO Ha 5. K
TpeTheil CTpoke MpUOaBUIIM MEPBYIO CTPOKY, YMHOKEHHYIO Ha 3.
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3) [lepByto CTPOKY YMHOXKUJIM Ha —1, B IPUHIUIIE, 3TO JJIs1 KPACOThl. Y TpeTben
CTPOKH TaK>K€ CMEHUJIM 3HAK U MEePECTaBUIIA €€ Ha BTOPOE MECTO, TAKUM
o0pa3oM, Ha BTOPOI «CTYNEHbKE Y HAC MOSBUIIACH HYKHAsl €AMHUIIA.

4) K Tpetbeii cTpoke nprubaBUiIv BTOPYIO CTPOKY, YMHOKEHHYIO Ha 2.
5) TpeTbio CTPOKY pa3aenauiau Ha 3.

[Tonyyaem:

x=1

Xy =3

Orser; A= "tGa=3%=1

3agaHue 1J1s1 BBIIOJHEHUS] PAKTUYECKOl padoThI
Pemmth cucreMy ypaBHEHUH TpeMsi METOJaMU

1 6
x+2y+3z=1 xX+2y+z=4
{5x+8y—z=7 {3x—5y+3z=1
2x—3y+2z=9 2x+7y—2z=28

2x+3y+z=1 2x—y+2z=—4

2 {3x+2y+z=5 7 {x+y+22=—1
2x+y+3z=11 dx+y+4z= -2

3 2x—y—z=4 8 2x+y—z=1
{3x+4y—22=11 {x+y+z=6
3x—2y+4z=11 3x—y+z=4

4 X+5y+z=-7 9 xX—2y+3z=6
{2x—y—z=0 {2x+3y—4z=16

X—2y—z=2 3x —2y —5z=12

5 x+5y+z=7 10 2x—y—2z=1
{ 2x—y—z=4 {3x+2y+z=1
3x—2y+4z=11 2x+3y+3z=0

IIpakTuueckoe 3ansitue Ne 12

Tema 2.4: Pemenue cucrem JIMHEHHBIX ypaBHEHUI
Hean: Hayunts pemaTs TMHEHHBIE YPABHECHUS

TeopeTuyeckas yacThb

Jluneitnoe nuddepeHiaibHOe ypaBHEHHE IEPBOr0 MOpsIKa
Vpasuenue Buna y + p(x) = f(x) (1)




rae p(x) u f(x) - HenpepbIBHbIE QYHKIUK, HA3BIBACTCS IUHCUHBIM OUGDepenyuanvibim
VpaeHeHuem nepeozo nopsoKd.
Ecmu f(x) = 0, To ypaBuenue (1) Ha3bIBaeTCA umelinblM OOHOPOOHBIM YPAGHEHUEM.

Ecimm f(x) # 0, To ypaBuenue (1) Ha3bIBACTCS IUHELHbIM HEOOHOPOOHBIM YPAGHEHUEM.
Jiis HaX oK JIeHus1 OOIIEeTo PEIIeHUs TAKOrO YPaBHEHHsI CHauaja pelaT COOTBETCTBYOIIEe
oIHOpOIHOE ypaBHeHHe ¥ + p(x) = 0, a 3aTeM IPUMEHSIOT METOJ BAPHALIMH OCTOSHHOIA.
Paccmotpum Ha mpuMepe pelieHne TMHEHHBIX Tud depeHIInaTbHBIX HEOTHOPOIHBIX ypaBHEHUH
MIEpBOro MOpPsAKa.
ITpumep.

Haiit ob1ee pemenve audpepeHInaaIbHOr0 ypaBHEHUS

Pemienne.

. . d
Haiinem obiee perienrne oqHOpoHOro ypaBHeHus1y + ycosx = 0. Paznensist mepeMeHHbIE 73/

—cosxdx
UHTErpUpys, HaxonuM [ny = —sinx + [nC;y = Ce ¥ . O61ee penieHre HEOJHOPOIHOTO

ypaBHeHUs Oynem uckath B Buae y = C(x)e

y‘ + ycosx

—sinx

= sin2x

METOJIOM BapuallH MOCTOSHHOM, TO ecTh C

OyZeM CuMTaTh HE IIOCTOSIHHOM , @ HOBOW HEM3BECTHOM QyHKuuel oT x. Juddepenuu pys,

nmeem y = (C e

oIy

—sinx

acM

— cosxCe ™" TloactaBisisi B JAHHOE YPAaBHEHHE BBHIPAKCHUS IISL Y U Y ,

C e™S"* — cosxCe S + C(x)e 5™ cosx = sin2xC (x)e S = sin2xC" (x) = e S sin2x

dC = eS™sin2xdxC(x) = j eSMX 2sinxcosx

[TpuMeHsis TOACTAHOBKY SinX = t ¥ MHTETPUPOBAHUE TI0 YACTSAM, TTOJTYIHM

C(x) = 2e5™ (sinx — 1) + C,

CrieoBaTesbHo ,0011e€e PEIEHUE UCXOAHOIO YPaBHEHUs HMEET BUJL

y = Ce™S* = (2e5* (sinx — 1) + C,)e 5" = 2(sinx — 1) + C,e~5in¥

Pemenue ynpaxxHeHuu

© 0 NogakownPE

=
= O

=
w N

el
o ~No 0N

(1+y)dx— (x— 1)dy = 0;
(1 + y?)dx —Vxdy = 0;
(1+y¥dx —xydy =0
y — 2y + Dctgx =0
(1 +x)ydx + (1 —y)xdy = 0;
x%2y +y2=0
ydx — (x?2 — 4)dy =0
dx _ 1+x?
dy  1+y?
(2x + 1)dy — y?dx = 0;
. 2dy + (y —6x)dx =0
\ 1
-y \—ytgxza
. xy +y=e*
. Xy —ﬁ=x
Xy + 2y = x?
.y +2y = 4x
.y +y = cosx
Ly =x+Yy
.y +4y =e?*



19.y —y=e*

IIpakTuyeckoe 3ansaTue Nel3

Tema 2.5: Pa3nuunbie BUIBI TPUMEHEHUS TMHEHHBIX ypaBHEHUH.
Hean: N3yunTts paznuyHble BUII IPUMEHEHUS JTMHEHHBIX YPaBHEHUM.

TeopeTuyeckast 4acThb
PaccMoTrpum BHavane ciydaid, KOra YUCIO YPAaBHEHUN PaBHO YUCIY IEPEMEHHBIX, T.€. M = N.
Torna maTpuna cucTeMsl - KBaJipaTHasi, a €€ ONPEACIUTEIb HAa3bIBAIOT ONPEACIUTEIEM
CUCTEMBI.
MeTtoa oOpaTHOH MAaTPUIIBI
Paccmotpum B 06111eM Buzie cucreMy ypaBHeHHT AX = Bc HEBBIPOXKIEHHOM KBapaTHOM
matpuiteii A. B atom ciyuae cyuiectByer obpatHas matpuna A L. JloMHOKHM ciieBa 00€ yactu
Ha AL TTonmyunm ATAX = A'B. Orcrona EX=A'B un

X=AlB.
[TocnenHnee paBeHCTBO NpeACTABISIET COO0M MAaTPUUHYIO (GOPMYITy AJI HAXOXKACHUS PEIIECHUs
TaKUX CHUCTeM ypaBHeHUH. M cronb30Banue 310i (hOpMYJIbI MOIYYNIIO Ha3BaHUE METOAA
00paTHOI MaTpUIIbI

Hanpumep, pemmm 3TUM METOI0OM CIIEAYIOLIYIO CUCTEMY:

Xp— X+ x3= 3

X+ X+ X = 11
x,-l-_ X7 + 2x3= 8

Oﬁmnam

;_i‘ xl_ 3
X=|x; B=|11]
X3 8

. Toraa B MaTpU4HOM hopMe NaHHad cucTeMa uMeeT Bua: AX = B.
Haiinem onpenenutend |4 =5 . Tak xax |4 =0,
TO MaTpHua A — HEBHIPOXIEHHasA, H CYLIeCTBYCT obpaTHas MaTpHLla

1 1 1 3 -2
AT=|-1 1 1| A=|-3 1 1
1 1 2 1 -2 3



1 3 =-2)(3 1 20 4

'X=A’IB:§ -3 1 1|1 =3 10| =121,
' I -2 3/\8 5 1

T.¢. pelieHHe cucTeMnl (4; 2, 1).

B xoH11€ penieHns CuCTEMBI MOXKHO C/ETIaTh IPOBEPKY, MTOACTABUB HalICHHBIE 3HAYCHUS B
ypaBHEHHS cUCTeMbI. [Ipr 9TOM OHU TOJKHBI OOPAaTUTHCS B BEPHBIE paBEHCTBA.

Jl71s paccMOTpPEHHOT O IpUMEpPa MPOBEIEM MPOBEPKY:

4-2+1=3
2*¥44+2+4+1=11
4+2+2*1=8

Metoa penieHHsi CHCTEM JMHEHHBIX YPABHEHUN C KBAAPATHON MaTpuuen mo ¢gopmyaam
Kpamepa

ITycts n= 2:
{allxl +apX, = b
aynXx +apx, = b,
Ecnu 00e yacTu mepBoro ypaBHEHUsI yMHOKUTH Ha a2, a 00€ 4acTH BTOPOro — Ha (-a12), U 3aTeM
CJIIOXKUTH HOHy‘IeHHBIe ypaBHeHI/IH, TO MBI UCKJIFOUUM U3 CUCTEMBI nepeMeHHonxz. AHaJ'IOl"I/I‘-IHO

MO’KHO HCKJIFOUUTh MepeMEHHYI0X1(YMHOXHUB 00€ YacTH NEepBOro ypaBHEHHUs Ha (-d21), a 00e
4acTu BTOPOTO — Haai1). B pe3ynbTare momyuuM CUCTEMY:

{(anﬂzz - “21‘?12)1‘1 = bay — bay
(@182 — Gan)x; = ayyby — ayib,

BI)Ipa)KeHI/Ie B CKOOKaX eCThb OIpCACIUTEIIb CUCTEMbI

a4 “12
4 an

A = ayd, — ayap =

0O0o03HaYNM

2_ 2: » Ay = aypdy —ay by = 11 ﬁj

19

Ay =bay - bay, =

Tornma cucrema npuMeT BUA:

A'xl =,Al
A-xy =4



W3 mosryuyeHHO CHCTEMBI CIEIYET, UYTO €CIU ONpeAenuTeNs cucteMsl 0, To cuctema Oyner
COBMECTHOM U#A ompeseeHHON. Ee eMMHCTBEHHOE pelIeHNEe MOKHO BBIYMCIIUTD 110 () OpMYJIaM:

A= 0, aAEcmu 1A0 n/umn#,0, To ypaBHeHus cucteMbl IpuMyT BUA 0*x#1A=n/mm0*x1A=2. B
3TOM ciy4ae cucrema OyJeT HECOBMECTHOM.

A=AB cnydae, korga 1A=>= 0, cuctema OyeT COBMECTHOI 1 HeompeaeneHHon (0y1eT MeTh
OCCKOHEUYHOE MHOXKECTBO PEIICHUH ), TaK KaK MIPUMET BUI;

0. =0
0-x2=0

Teopema Kpamepa(nokazatenbcTBo onmyctuM). Eciin onpeaenuTens He paBeH HYIIIO,
TOAMATPHIIBI CHCTEMBIN yYpaBHEHUI CHCTEMa MMEET SANHCTBEHHOE PEIICHHE, OIPEIeIIIeMOe 110
dhopmynam:

A —
Xj=Z,]=1,n

Ar[ie j- onpenenuTeNb MaTPHIIBL, TOTYYaeMON U3 MaTPUIbl A 3aMEHOH j-T0o cToJ01a cToI0IOM
CBOOOIHBIX YJICHOB.

Brimenpusenennsie popmyinsl HazpBaOT popmyaamu Kpamepa.

B xauectBe npuMcepa peiuMm 3TUM METOAOM CUCTEMY, KOTOPYIO A0 3TOr0 peajii METOAOM
00paTHOM MaTPUIIBIL:
Haiinem onpenenutens cucteMsl A = |4 =5 . Tak xak
A # 0, 1o no Teopeme Kpamepa cucreMa uMeeT ¢IHHCTBEHHOE pellie-
HHME. '
BeluMcaAMM onpedeMTeN MATPHLl A;,A,,A;, TONYYEHHHIX M3

MATpHLIbI A, 3aMEHOM COOTBETCTBEHHO MEPBOTO, BTOPOTQ M TPETHETO
CcTONOLIOB cTOJO1IOM CBOOONHLIX WieHOB:

3 -1 1 1 3 1| I -1 3
Al= 11 1 1 =20; 5.2= 2 ll 1 :10; A3= 2 1 11 ='5_
8 1 2f 1 8 2| 1 1 8

Tenepnb no popmyam Kpamepa
A0, 8 10 8 S
MR T ".‘"a‘j.s“z”‘“a‘s‘l‘

T.€. PEILIEHUE CUCTEMBI (4; 2; 1).



HenocraTtku PACCMOTPEHHBIX METOAOB:

1) cymiecTBeHHast TPYAOEMKOCTh (BBIYMCICHUE ONPEICTUTEICH U HAX0KICHHE 00paTHOM
MaTpHIIbl);

2) orpannyeHHast 00JacTh TPUMEHEHUs (IJI1 CUCTEM C KBaJpaTHON MaTpHUIIEH ).

PeanbHBIX PKOHOMHUYECKHE CUTYALMH Yallle MOAEIUPYIOTCA CUCTEMAMHM, B KOTOPBIX YHCIIO
ypaBHEHHI U IepEMEHHBIX TOBOJIbHO 3HAYUTENBHOE, IPUYEM ypaBHEHHH OoJIbIIe, YeM
nepeMeHHbIX [103TOMy Ha npakTuke 6oJiee pacIpOCTpaHEH CIEAYIOMUNA METO/.

Meton I'aycca (MeToa mocJie10BaTeIbHOI0 HCKJIIOYEHHUS TepeMEeHHbIX)

OTOT METOJ] UCIOb3YETCS VISl PEIIEHUSI CUCTEMBI M JIMHEHHBIX YPAaBHEHUH € N IEPEMEHHBIMU B
obmeM Bue. Ero cyTsb 3akitodaercs B IPUMEHEHNUHU K PACIIMPEHHON MaTpHIE CUCTEMBI
PaBHOCUJIbHBIX ITpe00pa3oBaHuil, C TOMOILBIO KOTOPBIX CUCTEMa YpaBHEHUM ITpeodpasyercs K
BUJY, KOTJIa €€ PELIeHUs] CTAHOBUTCS JIETKO HAWTH (€CJIM OHU €CTh).

OT0 Takoll BUJ, B KOTOPOM JIEBasi BEPXHSSA 4aCTh MaTPULIbI CUCTEMbI OYET NMpeCTaBIsATh COO0M
CTYIEHYATyI0 MaTpUlly. DTOro J0OUBAIOTCS C MOMOIIBIO TEX XKe IPUEMOB, C IOMOIIIBIO KOTOPHIX
MOJIy4aJId CTYIIEHYATy0 MATPHULLy C LIENBIO ONpeAeaeHus paHra. [Ipu 3ToM IpUMEHSIOT K
pacIIMpeHHON MaTpUIle dJIeMEHTapHbIe TPE0Opa30BaHUs, KOTOPbIE MTO3BOJIST MOTYYU Th
PaBHOCHJIbHYIO cUCTeMY ypaBHeHUM. [locie aToro pacmupenHas MaTpuia NpuMeT BUA:

all alZ alr 1r+1 aln bl
0 22 a2r 2r+1 aZn b2
O 0 au arr+1 arn br
0 O 0 o0 0 b,
0 0 0 o0 0 b,

HOJ'IyquI/Ie TaKoM MaTpulbl HA3bIBAKOT MPAMBIM X0A0OMMETOa Faycca.

Haxoxxenue u3 COOTBETCTBYIOIIEH CHCTEMbI YPaBHEHU 3HAYEHHH ITepeMEHHBIX Ha3bIBAIOT
o0paTHbIM Xog0MMeTona ["aycca. PaccmoTpum ero.

OtmernM, 4TO nociaenHue (m —r) ypaBHEHUH MPUMYT BUJ:
{ 0*x, +0*x,+..+0*x_ =b,, i=r+1,m

Ecimu xotst 651 0HO 13 gmcen Pi» 1 =T+ 1M ye pappo Hymo, TO COOTBETCTBYIOIIEE PABEHCTBO

OyZIeT JTOXKHBIM, a BCSI CHCTEMa HECOBMECTHOM.

[ToaTOMy 11 M0G0 COBMECTHOM CHCTEMBI by =0, i=r+1lLm B oy cirydae nociaeaHue (m —
r) ypaBHEHUH TP JTFOOBIX 3HAUYEHUSAX MMepEeMEHHBIX OyayT ToxkaecTBamu 0 = 0, ¥ IX MOXKHO HE
MPUHUMATH BO BHUMAaHHE MIPHU PEIICHUU CUCTEMBI (IIPOCTO OTOPOCUTH COOTBETCTBYIOIIIHE
CTPOKH).



ITocne storo cucrema IpUMET BUA:

* £ kS o o -
a, *x, +a,*x,+..+a, *x +a X, t..+ta, *x, =Db

1 r+l

£ £ * * —
a, *x,+..+a, *x, +a,,, *x.,, +..+a,, *x, =b,

a,*x +a, ., *x,, +..+a,A *x, =b

r+l r

PaccmoTrpum BHavane cinydaid, koraa r=n. Torga cuctema npuMeT BUA:

* * * =
a,, *x,+a,*x,+..+a, *x, =b,

* % —
ay, *x,+..+a, *x, =b,

W3 nocnenHero ypaBHeHUsI CHCTEMbI MOXKHO OJJHO3HAYHO HAWTH Xr.
[Ipeanocnennee ypaBHeHue OyneT UMETb BHI:
B sk —
Ay Xy +a r-1r | Xp = brfl

r

3Has Xy, U3 HEr0 MOKHO OIHO3HAYHO BBIPA3UThXr-1. 3aTEM U3 MPEAbIYLIErO YpaBHEHHUS,
3HASAXUXr-1, MOKHO BBIPA3UThXr2M T.J. JOX1.

Htak, B 3TOM ciydae cucreMa OyaeT COBMECTHOM U OIpeieIeHHOH.
Hanpumep, pemmm cuctemy ypaBHEHUN:

[II'P 2':24‘ 3x3— 2x4|= 6
2+ 4xy- 2x3- 3x4= 18

13".:::]+ - X3+ 2x4= 4
sz]- 3x2+ 2x3+ X4 = -8

PaclumMpeHHas MaTpHLa CHCTEME MMEET BHI;
1 2 3 -26
2 4 -2 -318
3 2 -1 2[4
2 -3 2 1[-8



Tak xax a, ':t{_l,__'ro YMHOXas im:apylo, TPEThiO M YeTBep-
TYIO CTPOKM MaTpHMUKl Ha yHcaa (—2), (—3), (—2) n npubasngsa nony-
YeHHBIe CTPOKM COOTBETCTBEHHO KO BTOpOH, TpeTbeil, 4YeTBepTOi
CTPOKaM, MCKIIOYHM IMEPEMEHHYI0 X, M3 BCEX CTPOK, HauMHad co

BTOpOii. 3aMeTHB, YTO B HOBOI MATpHLE 4,y = 0 TMOMEHAEM MeCTaMH
BTOPYIO M TPETHIO CTPOKH:

2 3 -2/ 6) (1 2 3 -2|6
0 -8 1| 6| |0 -4 -10

1
0 8
0 -4 -10 8/-14/°|0 0 -8 1] 6
0--7 -4 5[20) \0 -7 -4 5

v
b

| . Tax xaKk Teneps '@y, =-4 %0, TO yMHOXad BTOPYIO CTpO-
Kv Ha (—-7/4) ¥ NpHGaBAAS NONYTSHHYIO CTPOKY K YeTBEPTOH, mMc-
KIIOUMM TIEPEMEHHYIO X, M3 BCEX CTPOK, HAUHHAA ¢ TpeThed:

1 2 3 =2| 6
0 -4 -10 8|-14
0 0 -8 1| 6!
0 0 135 9|45,

" YyuteBad, w10 @3 =-8%0, yMHOXAEM TPETBIO CTPOKY
Ha 13,5/8=27/16, n npuﬁanunﬂ [ONY4eHHYIO c,-rpoxy S qernepmﬁ
HMCKJIIOYMM H3 Hee MEPEeMEHHYI0 X3. DI

(4 2 3 -2] 6
0 -4 -10 8|-14
0 0 -8 1{ 6

| 117(117
lo 0 0 -—]—
\ - 16| 8 J

IMonyduM cHCTEMY YPaBHCHHH

(% +. 2+ 3%y - 2xy = 6
—4x, - 10x;3 + Bx, = -14

) Bx,+  xy= 6
ll7x _ur
L 64 8




ncnm[bayn oGpamHﬁ XOll MeToaa I"ayoga Ha.ﬂnzu 1213 4YeTBep-
X4 +

TOrO ypaBHeHHs Xq=-2 ; ns'rpe‘mem Xy = 3 - -8 = -1, u3
BTOpGIO X, = -1\4 Bxq +10x; _ -14-8(=2) +10(~1) -2 W u3 nepBo-

mypanﬂem{axl-6+§x xg 2.;:2 6+3(—2) 3(-1)-2-2=1,T1e.
pemerme cuctTeMnl (1: 2; —1; 2 )

Teneprs paccmoTpuMm citydaid, korjaa r<n. [lepBbie rmepeMeHHBIX Oy1eM Ha3hIBATh
0a3uCcHBIMH(OCHOBHBIMH), a BCE OCTaJIbHbIC —HeOa3UCHBIMH(HEOCHOBHBIMH, CBOOOTHBIMHU ).
[Tocnennee ypaBHEHUE CUCTEMBI OyIET UMETh BU/I:

+..+a, =b

e
a X + ar r+1 r+1 n r
W3 storo YPaBHCHUA MOYXHO BbIPAa3UTh 6a3I/ICHy10 MMEPEMECHHYIO X4CPE3 HeOa3HuCHBIE:

b, —(a,,, *x,,, +..+a, *x,)

r r+l1

X, =

d

IT
[Ipeanocnennee ypaBHeHUE OyIeT UMETh BHI:

+a *X +a +..+a,_,, *x,=b

*
r—1 r—1r r r—1 r+l1 r+] n r—1

*
a r—1r—1 X

[ToncTaBuB B HErO BMECTO XAI0JIYY€HHOE BBIPayKEHUE, MOXKHO OYAET BHIPa3UTh 0Aa3UCHYIO
MepeMEHHYI0 Xr-1uepe3 HebasucHbie. U 1.1. 10 mepeMeHHoiX1. UTOOBI MOTyYUTh pelIeHre
CHCTEMbI, MOKHO NMPUPABHATh HeOa3HCHbIE TEPEMEHHBIE K TPOU3BOJIbHBIM 3HAYEHUSAM U 1OCIIe
ATOTO BBIYUCIUTH 03U CHBIE IIEPEMEHHBIC TTO MOydeHHBIM (popmynam. Takum 06pa3om, B 3TOM
ciiydae cuctema OyJeT COBMECTHOU U HEOIPeAeICHHON (MMETh OECKOHEYHOE MHOXKECTBO
pEILIeHMI).

Hanpumep, pemmmm cuctemy ypaBHEHUN:

i - X+ X - X4= 5
X+ 2% - 2%+ 3x;= -6
3xl + Xp—- X3t qu = -]

ITpeoOpasyeM pacUIMpeHHYIO MATPHIY CHCTEMEI
(,zum yaobcTBa BHYMCIeHH# OepeM B KadecTBe MEPBOM CTPOKH Koaph-
HUMEHTH BTOPOTO ypanaem, y xo*roporo xoaqxlnmnem npn x,
paBeH 1): _ . '

- . AY



1 2 -2 3]-6) (1 2 -2 3]-6) (1 _2—: :_lg [1 2 -2 3_6)_
2 -1 1 -1 5{~{0 -5 5 -7/17|~/0 -5 - 0o_5 5 -7l17
3 1 -1 2|-1) lo-5 5-701770 0 0o o]0

OcTaBnsgeM B J¢BOH 9acTH nepemmme X, %, ,

KoTopuie GepeM 3a OCHOBHHIE - OcTanbHbie HEOCHOBHBIC

NepeMeHHHE X;,X, NEPeHOCHM B NMpaBHe YacTH ypaBHeHHH. B pe-
JyNbTaTe NMONYYHM CHCTEMY =

X+ = -6+ 2x;- 3x,
' —5x2;-‘— 17 - 5134-. 7x¢

OTKYyZa
Xy ==—+X3—=X4 H

5 5 |
17 7 1.4 1
x1£“-6+2.’l53—3x4—2 ?+I3—5 5 5.]:4.

3amaba HEOCHOBHBIM = ITCPOMEHHLIM ITPOH3BOJILHBIE 3HAYCHHMA
X3 = €, X4 =¢;, HaliileM BeCKOHOTHOE MHOXECTBO pellieHHH CHCTe-

4 1 17 7 |
MH | X =7=7€; X3 ==+ =€ X3=Cp; X4=€2 ).

IIpakTnuyeckoe 3ansitue Nel4

Tema 3.2: CBolicTBa BEpOSITHOCTH.
Hean: M3yunTs CBOMCTBA BEPOSTHOCTH.

TeopeTnyeckast 4acTb

CoBOKYITHOCTb Oa3MCHBIX IIEPEMEHHBIX OyeM Ha3bIBaTh 0azucoMcrucTeMbl. COBOKYITHOCTh
CTOJIOIOB KO3 (HDUIIMEHTOB MIPH HUX TOkE Oy1eM Ha3bIBaTh0a3McoM(0a3MCHBIMY CTOJIOIAMH ),
WIH0Aa3UCHBIM MHHOPOMMATPUIIBI CHCTEMBL. TO pellleHue CHCTEMBI, B KOTOPOM BCE He0a3uCHBIC
MepPEeMEHHBIC PaBHBI HYJIIO, OyJ1eM Ha3bIBATH0A3MCHBIM PEIIEHUEM.
B npeasinymem npumepe 6a3ucHbiM pemenueM Oynet (4/5; -17/5; 0; 0) (mepeMenHbIe X3u X4(C14
C2) MPUPAaBHEHBI K HYIIIO, @ 0a3MCHbIE IEPEMEHHbBIE X11 X2PACCUUTAHBI Yepe3 HUX). YTOObI
IPUBECTH MMPUMEP HE0A3MCHOTO PEIeHUs, HAJ0 MTPUPABHATH X3H X4(C1H C2) K IPOU3BOJIbHBIM
qycliaM, HEpaBHBIM OJTHOBPEMEHHO HYJIIO, H PACCUUTATH Yepe3 HUX OCTATbHBIC IEPEMEHHBIE.
Hanpumep, npu ¢1= 1 u co= 0 mosayuum HebazucHoe pemienue — (4/5; -12/5; 1; 0).
[ToxcTaHOBKOI JIETKO yOEIUTHCS, 9TO 00a pEHIeHHs — BEpHBIE.
OueBHIHO, YTO B HEOIPEIEJICHHON CUCTEME HeOa3UCHBIX PEIICHUN MOXKET ObITh 0ECKOHEUHO
MHOT0. CKOITBKO MOXKET OBITh 0a3ucHBIX pemennii? Kaxxaoii cTpoke mpeodpa3oBaHHOM MaTPHIIBI
JIOJDKHA COOTBETCTBOBATH OJIHA Oa3ucHas mepeMeHHas. Beero B 3a1aue niepeMeHHBIX, a
0a3uCHBIX cTPOK —I. [103TOMY YHCIIO BCEBO3MOXKHBIX HAOOPOB Oa3MCHBIX TEPEMEHHBIX HE MOXKET
r
IPEBBICUTH YUCII0 coueTaHui u3nmor?, OHO MOXKET OBITh MEHBIIE, YeM N, IOTOMY 4TO HE



BCEr/1a MOXKHO IIpeo0pa3oBaTh CUCTEMY K TAKOMY BUY, YTOOBI KMEHHO 3TOT Ha0Op

MepeMeHHBIX ObLIT 0a3UCHBIM.

UYro 310 3a BUA? DTO Takoi BUJ, KOra MaTpulla, oOpazoBaHHas U3 CTOIO0LOB K03 PuiieHToB

IIPU ATUX IIEPEMEHHBIX, Oy/I€T CTyIeHYaTo!, U IIPU 3TOM OyJIeT COCTOSTh U3 ICTPOK. T.e. paHr

MaTpHIbl KO3 (HUIIMEHTOB MPU ATUX NEPEMEHHBIX JOJDKEH ObITh paBeHr. bobiiero ObITh He

MOXET, TaK KaK YUCIIO CTOJIOOB paBHOr. Ecin oH OKa)eTcst MeHbIIer, TO 3TO TOBOPUT O

JMHEWHOM 3aBUCUMOCTHU CTOJIOLIOB IIPU NTEpEMEHHBIX. Takue cTondIbpl He MOTyT COCTaBUTh

Oasuc.

Paccmotpum, kakue enie 0a3ucHbIE PEUICHHUSI MOTYT ObITh HaiiJIeHbl B PACCMOTPEHHOM BBILIE

npumMepe. 11t 3TOro paccCMOTPUM BCEB03MOKHBIE COUETaHUS U3 UEThIPEX MepEMEHHBIX I10 /1B
2 4 27374 o

6asucubix. Takux couetanuii Gyger 212! 2*2 , TIPUYEM OJTHO U3 HUX (X1M X2) YIKE

OBLIO PACCMOTPEHO.

Bossmem nepemenHsle X111 x3. Haiinem panr mMatpuiibl Ko3(GGHUIIMEHTOB MPU HUX:

2 1 2 1 2 1
1 -2 0O -25|~/0 =25
3 -1 0 —-25

Tak xak OH paBeH IBYM, OHU MOTYT ObITh O0a3ucHbIMU. [IpupaBHIeM HeOa3UCHBIC IIEPEMEHHBIC
X2U X4K HYmO: X2= X4= 0. Toraa u3z dpopmyisl x1= 4/5 — (1/5)*xacnenyer, uto x1= 4/5, a u3
bopmyisl Xo= -17/5 + X3- - (7/5)*x4= -17/5 + x3cnenyet, uto x3=xo+17/5 = 17/5. Takum
o0pa3om, MbI TOIy4uM OasucHoe pemrenue (4/5; 0; 17/5; 0).

AHAJIOrHYHO MOYKHO TIOJYYHTh 0a3MCHBIC PEIICHHUS ISl 0A3UCHBIX IepeMeHHbIX X 11 Xa— (9/7; O;
0; -17/7); xom xa— (0; -9; 0; 4); x3u x4— (0; 0; 9; 4).

[TepemeHHBIE X2U X3 B 9TOM IPUMEPE HEIB3S B3ITh B KaUueCTBE OA3MCHBIX, TAK KaK paHT
COOTBETCTBYIOIIEH MAaTpPHUIIbl PAaBEH €IUHHUIIE, T.€. MEHBIIE ABYX:

2 =2) (2 =2
-1 1 0 0 [~(2 1)
1 -1 0 0

Bo3moxkeH u 1pyroit moaxo/ K OIpeaesIeHUIO TOro, MOXKHO HJIM HET COCTaBUTh Oa3uc U3
HEKOTOpPBIX NepeMeHHbIX. [Ipu pemennn npuMepa B UTore npeodpa3oBaHus MaTPUIbl CUCTEMBI
K CTYIIEHYaTOMY BH]ly OHa IIPUHSJIA BUA:

1 2 -2 3
o -5 5 =7

Bri6upast mapbl nepeMeHHBIX, MOKHO OBLIIO paCCYUTATh COOTBETCTBYIOIIME MUHOPBI ITOM
MaTpullbl. JIerko yOeauThcs, 4To Al BCEX Map, KpOME XU X3, OHU HE PaBHBI HYIIIO, T.€.
CTOJIOLBI TMHEHHO He3aBUCUMBI. M TOJBKO 7Sl CTOIOI[OB MPU MEPEMEHHBIX X2 X3

2 -2
-5 5

=0
, YTO TOBOPUT 00 MX JIMHEHHOMN 3aBUCUMOCTH.

Paccmorpum enie ogun npumep. PemmM cucreMy ypaBHeHUI



i+ M- X= 1
'Zx,— 3x2+ Xy = 3
4+ Xy~ Xx3= 16

. _I'lpeoﬁpaaym PaclIMPeHHYI0 MATPHLy CHCTEMBI

1 2 1 2 -1 N1 2 -i] 7
323 ) =7 U3|-11f~|0 -7 @ 3|-11].
la 1 0 -7 3f-12) Lo o o0]-1

Hrak, ypaBHEHHE, COOTBETCTBYIOILEE TPETHEN CTPOKE MOCIEIHEN MATPULBI, IPOTUBOPEUHUBO -
OHO IPUBEJIOCH K HEBEPHOMY paBeHCcTBY 0 = -1, cieoBaTenbHO, JaHHASI CUCTEMA HECOBMECTHA.

BbINOJHUTHL YupakHCHUHA .

IIpakTuyeckoe 3ansiTue Ne 15

Tema 3.3: Knaccudukamus coobrtrii. Onepanun HaJl COOBITHIMHU.
Heab: HayuuThcs IpOBOIUTE OMEpaIK HAJl COOBITHUSIMU.

Teopernyeckasi 4acThb
3aKoH paBHOMEPHOTO pacHpeeeHNs BEPOITHOCTEH.
Pacnipenenenuie BeposTHOCTEH Ha3bIBa€TCS paBHOMEPHBIM, €CIIM HA UHTEPBaJle, KOTOPOMY

MIPUHAJJIEKAT BCE BOSMOXKHBIC 3HAYCHHSI CITy4yaifHOW BeMUUHBL, TUddepeHInanbpHas GyHKITHSI
HMMEET MOCTOSHHOE 3HAYCHHUE.

0,r < a,
— & a b e
flx) ngﬂ-;irr'ﬁi s J" Flz)dr =1, I
3k —0o E_ﬂ_‘
Ilycts T.K. TO
O,r <a,
Flx)=4 f-g,a<z<b,
O,r =b.

ITpumep. [TokazatenbHOE pacnpeieieHue.

Pemenue. [TokazaTenbHoe pacnpenenenue 3agaeTcs cBoeil nuddepeHnuanbHol GyHKIuen

0,r <0,
f[1)={ de=2 gz >0, TAC A



+oa + oo u] + oo N N Leo
[ flrydr =1. [ flx)dr = [ 0dr + J AMdr = (—e )T =1L
IIposepum, uto

O,r <0,
Flz) = { 1—e 2 >0.

HpOI[OH)KI/ITeJ'II)HOCTB CYIICCTBOBAHUS paJuOAKTHUBHBIX HaCTUI] OITMCBIBACTCA MMOKa3aTCIIbHBIM
paciupeaciCHUuCM.

XapaKTepI/ICTI/IKaMI/I IIOJTOXXCHHUA H.C.B., TaK XK€ KaK U HHCKpCTHOﬁ, SABIAOTCA MaTEMAaTUYCCKOC
OXHNIJaHUC, MOJAa U MCAMaHa.

MaremMaTH4YeCKHM 0:KMIAHHEM H.C.B. Ha3bIBAIOT YUCIIO
+oa
M[X] = f rf(x)dr,
—i0

flz)

rac - IINIOTHOCTBH BCPOATHOCTHU, U MIPEAIIOIAracTCsd, YTO MHTErpaJl CXOAUTCA a0COJIIOTHO.

MOI{OfI H.C.B. Ha3bIBA€TCA 3HAYCHUC C.B., IIPU KOTOPOM IINIOTHOCTb BEPOATHOCTH MaKCHMaAJIbHA.
Menuanoii 15.c.B. X Ha3pIBaeTcsd Takoe ee 3HaueHne M |, uTo

P{X }=B{X M}

OCHOBHBIMH XapaKTCPUCTUKAMHU pACCCUBAHUA H.C.B. ABJIAIOTCA JUCIICPCHUA, ACUMMCTPUS U
OKCIECC.

Mucnepcus H.c.B. D[ X | HaXoauTCs CIEAYIOIUAM 00pa3oM:

oo +eoo
DIX] = [ (- 2Pf()dr DIX] = [ #(e)dz — 227

E

M[(X — 1)
Ao = B3 )
TS
ACHMMETPHS - ITO YUCIIO IJ1e '@ - cpellHee KBaIpaTUYHOE

oTKJI0HEHHE ¢.B. X . Ecin pacnpeacicHuc CUMMECTPUYHO OTHOCUTCIIBHO MATEMATHYCCKOT' O

)
oxxkuaanus, To A =0.

M|(X - z)*
E, =t _3= I 14
o o k
JkcueccoM c.B. X Ha3pIBaeTcs YUCIIO Yucno E
XapakTepu3yer "KpyTocTh" KpUBOI IIIOTHOCTH BEPOSITHOCTU 11O CPaBHEHUIO ¢ KpuBo# ["aycca.



k k
Jlns HopMmanbHOTrO 3akoHa pacnpenenenus E- = 0, ansa ocrposepumnnbix E - 0, ansg nonorux E
k

1) BbINOJHUTH YHPasKHEHHUS
2) Mano cienyroliiee pacipeneieHiue TUCKPETHON ClIydaifHON BETHYNHBIL:

p 02 01 04 03
1. Haiitu ee JHUCIIEPCUIO 51 cpenHee KBaJpaTUYHOE OTKJIOHEHUE.
2. B nmATH TOProBBIX TOYKax MpOBEpsieTCsd roJoBoW OanaHc. BeposTHOCTH NMpaBUIBLHOIO
opopmienuss OamaHca B Kaxaod Touke paBHa 0,7. HaiiTu Marematnyeckoe OXUAaHUE U

JUCIIEPCHUIO PAaBUILHO 0(OPMIIEHHBIX OaIaHCOB.

3) Cnyuaitnas BenmuurHa X 3aJlaHa IUIOTHOCTBIO BepostHOCTH 2X B uHTepBaie (O, 1), «He
sToro uHTepBana/(x) = 0. Haiftu ee MmaTeMaTHuecKoe OKUAAHUE U TUCIIEPCUIO.

1. Cnyuaitnas BenuunHa X sIBJISIETCS HOPMAJIbHO pacnpenesieHHoil. Ee MaTemaTtuueckoe
OKHJaHUE PaBHO 12, a cpenHee KBalpaTUYHOE OTKIOHEHHE paBHO 3, HaliTh BEpOATHOCTH TOTO,
YTO B pe3y/IbTaTe UCIBITAHUS CIy4aiiHasi BEIMYMHA IPUMET 3HaueHue B uHTepnaje (9, 11).

2. Cnyyaiinas BenmuunHa X sIBJISIETCS HOPMAJIbHO pacnipeneneHHol. Ee maTematuueckoe
OKHJaHUE PaBHO 15, a BEpOosATHOCTH ee nomnajaanus B uutepnan (16, 21) pasua 0,98. Haiitu
CpelHee KBaJPATUYHOE OTKJIOHEHUE CIyYallHON BEIUYHHBI

IIpakTHyeckoe 3ansaTue Ne 16.
Tema 3.4: YUncnoBble XapaKTEPUCTUKU JUCKPETHOM CITydaiiHOM BETUYHHBI.
Hean: HayuynuTs onpenenaTs YMCIOBbIE XapaKTEPUCTUKU JUCKPETHOU CIIy4aiHOW BEJIMYMHBI.

TeopeTquCKaﬂ 4acCTb.

Onpenenenne: MaremarnyeckuMm oxugannemM M(X)IUCKPETHON CITy4yailHON BEIMYHUHBI X
HAa3bIBAE€TCS CyMMa POU3BEACHUN BCEX €€ 3HAYCHHUI HA COOTBETCTBYIOILIME UM BEPOSITHOCTH:
M(X)=>_ xipi= X1p1 + Xop2+...+ XnpPn

MaremaTudeckoe 0KUJaHHUE CIYKUT XapaKTEPUCTUKON CPEHEro 3HAYEHHsI CIIy4aiiHON
BEJIMYMHBI.

CBolicTBa MAaTEMAaTHYECKOIO OXKUJAHHUS:
M(C)=C, rae C-mocTosiHHAs BEJIMYNHA;
2)M(CeX)=CeM(X),

3IM(XEY)=M(X) £M(Y);



HM(XY)=M(X) *M(Y), rae X,Y - He3aBUCHMBIC CITy4aiiHbIC BEINYUHBI,
SIM(X£C)=M(X)+C, rne C-nocTosiHHAs BEIMYUHA;

Omnpenenenue:ducnepcueit D(X)cmydaitHol BenmnduHbl X Ha3bIBAETCS MATEMATHYECKOE
OXXKUIAHUC KBaJApaTa OTKJIOHCHHA cnyqaﬁHoﬁ BCJIMYHHBI OT €€ MAaTEMATUUYCCKOI'O OKHUJaHUA:

D(X)=M(X-M(X))2

CBoiicTBa UcCIIEpCUU:

1)D(C)=0, rne C-nocTosiHHAs BEIUYUHA;

2)D(X)>0, rne X- cayuyaiiHasi BETMYNHA;

3)D(C+X)=C2+D(X), rae C-nmocTosiHHas BEIUINHA;

HD(X+Y)=D(X)+D(Y), rune X,Y - He3aBUCHUMBIE CITy4aliHbIC BEJIMUNHBI;

J171st BBIYMCIEHUS TUCTIEPCUU YacTO ObIBAET yI0OHO MOIB30BATHCS (POPMYIION:
D(X)=M(X2)-(M(X))2,rae M(X)=>_ xi2pi= x12p1 + x22p2+...+ xn2pn

Omnpenenenue: CpeqHUM KBaIPAaTUUECKUM OTKJIOHEHUEM G(X) CiiydaiHON BEMMYUHBI X
HA3bIBACTCS KBAJAPATHBIA KOPEHb U3 JUCIIEPCUU:

3anaua 2.J[uckpeTHas ciayyaiiHasi BeIMUMHA X 3a/1aHa 3aKOHOM paclpeieseHus:

x -1
p0,1P20,30,20,3

Haiitu P2, pynkuuto pacnpenenenus F(x) u moctpouts ee rpaduk, a takxe M(X),D(X), o(X).

Pemenne: Tak kak cymMMa BEpOATHOCTEN BO3MOXHBIX 3HAUEHNUN CITyYallHOW BEJIMYMHBI X paBHA
1, 1O

P2=1-(0,1+0,3+0,2+0,3)=0,1

Haiinem ¢pynkuuro pactnpenenenns F(x)=P(X<x).

['eoMeTpuyecku 3T0 paBEHCTBO MOXKHO UCTONKOBATh Tak: F(X) ecTh BEpOATHOCTH TOTO, UTO
clly4aiiHas BeJIMYMHA MPUMET 3HAaYCHHE, KOTOPOE N300pakaeTCsl Ha YMCIIOBOM OCH TOYKOH,
JIeKalllel JIeBee TOUKH X.

Ecim x<-1, To F(x)=0, T.x. Ha (-00; X) HET HX OJHOTO 3HAYEHUS JAaHHOU CIydyailHOW BETUUMHBI;

ecimu -1<x<0, To F(x)=P(X=-1)=0,1, T.K. B IPOMEXYTOK (-00; X) ONaJaeT TOJbKO OHO 3HaUCHHE
x1=-1;



ecmm 0<x<1, To F(x)=P(X=-1)+P(X=0)=0,1+0,1=0,2, T.K. B IPOMEXKYTOK
(-o0; X) momaaaroT aBa 3HaueHus X1=-1 u x2=0;

ecmm 1<x<2, to F(x)=P(X=-1)+ P(X=0)+P(X=1)=0,1+0,1+0,3=0,5, T.K. B IPOMEKYTOK (-00; X)
nonajaroT Tpu 3HadeHus x1=-1, x2=0 u x3=1;

ecimu 2<x<3, 1o F(x)=P(X=-1)+P(X=0)+P(X=1)+P(X=2)= 0,1+0,1+0,3+0,2=0,7, T.x. B
MPOMEXKYTOK (-00; X) TIOMAaatoT yeThlpe 3HaueHus x1=-1, x2=0,x3=1 u x4=2;

ecmm x>3, 10 F(x)=P(X=-1)+P(X=0)+P(X=1)+P(X=2)+P(X=3)= 0,1+0,1+0,3+0,2+0,3=1, T.k. B
MPOMEXYTOK (-00; X) MOMagaroT YeTbipe 3HaueHus x1=-1, x2=0,x3=1,x4=2 u x5=3.

Hraxk,

0 mpu x<-1,

0,1 mpm -1<x<0,

0,2 mpu 0<x<I,

F(x)= 0,5 mpu 1<x=<2,

0,7 mpm 2<x<3,

1 mpu x>3

HaiineM unciioBbIE XapaKTEpUCTUKH CIIy4aliHON BEJIMYUHBIL:
M(X)=) xxpk =x1pl + x2p2+...+ xnpn
M(X)=-1¢0,1+00,1+10,3+20,2+30,3=1,5

D(X)=Y x2kpk —-(M(X))2 = x21p1 + x22p2+...+ x2npn —(M(X))2

D(X)=(-1)2 *0,1+12+3+22+0,2+32+0,3-(1,5)2=1,65.



Pexomenayemasi inTeparypa

OcHoBHas1 auTEpaTypa:

1. AnmatoB A.B. Marematuka [DnekTpoHHBI pecype] : yueOHoe mocobue anst CITIO /
A.B. AnmatoB. — DnekTpoH. TekcToBbie AaHHbIe. — CapatoB: [IpodobpazoBanue, 2017. — 96
c. — 978-5-4488-0150-1. — Pexum moctyma: http://www.iprbookshop.ru/65731.html

2. Cuxopckas, I'. A. Anrebpa u Teopust umcen : ydeOHoe mocodue mis CIIO / T'. A.
Cukopckasi. — Caparos : [IpodobpazoBanue, 2021. — 303 ¢. — ISBN 978-5-4488-0612-4. —
Tekct : a5ekTpoHHBIN // DnexkTpoHHO-0MOMMoTeuHas cuctema [PR BOOKS : [caiiTt]. — URL:
http://www.iprbookshop.ru/91847.html

3. HoBak, E. B. Briciias matematuka. Anrebpa : yuedHoe mocooue mis CIIO / E. B.
Hosak, T. B. Ps3anoBa, U. B. Hoak ; mox pemakmueii T. B. Ps3anoBoit. — 2-e uzn. — Capatos,
ExatepunOypr : [IpodobpazoBanue, Ypanbckuil enepanbablii yausepeutet, 2019. — 115 ¢. —
ISBN 978-5-4488-0484-7, 978-5-7996-2821-5. — Tekct : 31eKTPOHHBIA // DIIEKTPOHHO-
ouommoreunas cucrema IPR BOOKS : [caiit]. — URL: http://www.iprbookshop.ru/87795.html.

JlonoTHUTeIbHAS JIUTepaTypa:

1. Jlucuukun, B.T. Marematnka B 3amadax ¢ pernieHus MU : ydueOHoe mocobue / B.T.
JIucwukun, N.JI. ConoBeitunk. — 6-¢ u3n., crep. — Cankr-IlerepOypr : Jlans, 2019. — 464 c.
— ISBN 978-5-8114-1179-5. — TeKcT : 31MeKTPOHHBINH // DIEKTPOHHO-O0MOINOTEYHAs cUCTEMa
«Jlanby : [caiit]. — URL: https://e.lanbook.com/book/112074

HNuTepHeT-pecypesbi:
e Taszera «MaremaTtuka» U31aTEIbCKOr0 JloMa «IIepBoe
ceHTa0psi» http://www.mat/septemba.ru

e MaremaTtika B OTKPBITOM Kosutemke http://www.mathematics.ru

e OOpa3oBaresbHbI MaTeMaTHYeckuil caiiT Exponenta.mhtto://www/ exponent/ru
e OoOmepoccuiickuii MaTematuueckuii moptaia Mati-Net/Ru http://www/mathnet/ru
e TIlopran Alhnath.ni —Bcst MaTemMaTHKa B OJJHOM MECTE.
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