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HosicHuTeabHASA 3aNIMCKa

JUis MHOTHX CTYJIEHTOB 3HAUUTENbHYIO TPYAHOCTh MPEACTaBISET pEIICHHE 3ajad.
[ToaTOMY B TaHHBIX METOJUYECKUX YKA3aHUAX TJTABHOE BHUMAHHUE YJIEJICHO PEIICHUIO0 TUITOBBIX
MPUMEPOB W 3aJa4, MOSICHSIOIIUX TeopeTHdeckuid martepuan. OJHAKO TPEXIEe YeM HayaTh
peliaTh 3TH MPUMEPHI HAIO MOOUTHCS TOJHOW SICHOCTH B TMOHUMAaHUHM COOTBETCTBYIOIIMX
MOHSITUM.

B nauvane kaxaoil TeMmbl KpaTKO H3JIarailoTcsi OCHOBHBIE TEOPETHUECKHE CBEACHUS
(ompenenenus, Gopmyibl), HEOOXOIUMBIE IJIsl PEIIEHHUs MOCIenyImuX 3anad. [IpuBoasrTcs
pelleHus: TUIIOBBIX MPUMEPOB U 33/1a4. J{atoTcs ynpakHeHUsI Ha 3aKPEIICHUS TEMBI.

Brinonnenue cryieHTaMu IpakTHUECKUX padOT HAMpaBiIEeHHO Ha!

- 00o0111eHHe, CUCTEeMAaTHU3AIIHIO, YIITYOJIeHHE, 3aKPEIUICHHE MTOJIyYeHHBIX TEOPETHUECKUX
3HAHUM IO KOHKPETHBIM TEMaM;

- (popMUpOBaHUE YMEHUU MPUMEHSITH MOJTYYCHHBIC 3HAHUS HA MPAKTHKE W PeaTr3alIiio
€IMHCTBA UHTEJUICKTYAJIbHOU U MPAKTUYECKON JeSATEIbHOCTH;

- pa3BUTHUE HMHTEIUICKTYaJIbHBIX YMEHUU Yy OyIyHIMX CHEHUATUCTOB: AHATUTUUYECKUX,
MIPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX U JIP.;

- BBIPaOOTKY MpH PEHICHHH IOCTABIEHHBIX 3374 TaKuX MPOPECCHOHAIBHBIX KAauecTB,
KaK CaMOCTOATEIbHOCTh, OTBETCTBEHHOCTh, TOUHOCTb, TBOPUYECKAsI MHUIATHUBA.

B pe3ynbrate ocBoeHUS y4eOHOM NUCIUIUIMHBI 00yYaIOUIHIICs TOIKEH YMeTh:

— BBINIOJIHATH ONEpallMd HaJl MaTpUllaMd U peniaTh CHUCTEMbl JUHEHHBIX
ypaBHEHUH;

— MPUMEHSATH METOIbI MU PEepeHIINATFHOTO U HHTETPATBHOTO UCYHCIICHHS;

- pemats nuddepeHnmanbHbie ypaBHEHUS;

B pesynbpTate ocBoeHHs yu4eOHOM MUCIUILIMHBI O0yUarOIIHICS T0HKEH 3HATh:

— OCHOBBI MAaTeMaTHYE€CKOTO aHaln3a, JIMHEHHOW anreOpbl U aHATUTUYECKOU
reoOMEeTpHH;

— OCHOBBI U (PEepeHIINANTBHOTO U HHTETPATIbHOTO UCYUCIICHUS .

IIpakTnueckas padora Ne 1

Tema: Onepauuu Hag MATPULIAMHA

Heanb: HayuyuTbcs BEIUMCIATH ONEPALMU HAJl MATPHUIIAMHU.

Teoperuuecknii 610k Onpenenenue. Marpuiieid U3 m CTPOK, n CTOJIOIIOB HA3BIBACTCS
OpsMOYTOJIbHAsl TabMuIa YHUCeN ; - 3JIEMEHT MaTpHULbl; 1-HOMep CTpOKH; i=1,...,m; j-HOMep
cronbua, j=1,...,n; m, n — nopsiaku Matpuisl. [Ipy m=n - kBajgpaTHas MaTpuLa.

Omnpenenenue. OnpeaenuTeneM n-ro Nopsaka, COOTBETCTBYIOIIMM MaTpPHUIIE, HA3bIBAETCS
YHCIIO.

JU71st BBIYUCIICHHSI OTIPESIIUTEIS MOKHO MCIIOIIB30BATh JIEMEHTHI IPOU3BOJILHONW CTPOKH
WM CTOJIONA.

Onpenenenne. AnredpandeckiM JIONOJHEHUE JIEMEHTa HAa3bIBAETCS YHMCIIO, PABHOE .

Omnpenenenne. JIONMONMHUTENBHBIM ~ MHUHOPOM  JJIEMEHTA  MAaTpUIbl  HAa3bIBACTCS
OTpeNieNUTeNb MaTpHULbl N-1-TO MopsaKa, MOJYYEHHBIM M3 MaTpUIbl BBIYEPKHUBAHHUEM 1-OM
CTPOKH U j-TO cTOJNOLA.

TpancnoHrpoBaHre MaTPHULBl — TaKOE MPEOOpa3oBaHUE MATPHIIBI, IPU KOTOPOM CTPOKH
CTAHOBSITCS CTOJOLAMH C COXpPAaHEHHEM TOPsIIKA CIICIOBaHUSL.

CaoiicTBa onpenenuTene.

[Tpu TpaHCTIOHUPOBAHUN MATPHIIBI ONPEACITUTETh HE MEHSETCSI.

[Ipu nepecTaHoBKe THOOBIX JBYX CTPOK (CTOJIOIOB) OMPENETUTETh MEHSIET TOJBKO 3HAK.

[Ipu ymHOMXEHUH CTPOKHU (CTOJIOIA) HA HEKOTOPOE YKCIIO ONpPENeTUTeNlb YMHOKAETCs Ha
ATO YHUCIIO.



Benuunna onpenenutenss He HM3MEHSETCS, €CIM K DJIEMEHTaM HEKOTOPOH CTPOKH
(cronbima) mpubaBUTH COOTBETCTBYIOIINE AIEMEHTHI APYTOM CTPOKHU (CTOIOIIA), YMHOKCHHOM Ha
HEKOTOPOE YHCIIO.

Omnpenenurens paBeH HYIIO, €CIIN

- BCE 3JIEMEHTHI HEKOTOPOM CTPOKH (CTOI011a) paBHBI HYIIO.

- IBE CTPOKH (CTOJIOIA) OJMHAKOBBI.

- IB€ CTPOKH (CcTO011a) ONpeIeTUTENs TPOMOPITUMOHATILHBL.

MeTo1bl BBIYHUCTICHUS ONIpeieIuTeNei.

1). Paznosxenue no cTpoke Win CToJo1Iy.

2). Metox obparmieHust B HyJIb BCE€X, KPOME OJHOIO, 3JIEMEHTOB CTPOKU WM CTOJOIIA.
MeTon cOCTOMT B TOM, YTO C YYE€TOM CBOMCTB ONpPEIEIMUTENS MPH MOMOLIM KaKOro-Iudo
cTonbua (CTpoku) MyTEM YMHOXEHHUS €ro Ha COOTBETCTBYIOIIME YKCIAa U BBIUUTAHUS U3
OCTaJIbHBIX CTOJIOIOB (CTPOK), 3aHYJISIOTCS BCE AJIIEMEHTHI BEIOpAHHOW CTPOKH (CTONOIA) Kpome
OJIHOTO, MPUHA/IICHKAIIETO BEIYUTAEMOMY CTOJIOIY (CTpPOKE).

3). Meron mnpuBeneHUS K TPEYrOJIbHOMY BHUAY. AJITOPUTM, TMPEAJIOKCHHBIH B
OpeIbIAYIIeM NYHKTE, HCIOJIB3YeTCs Ui MOCJIEeNOBATEIbHOTO 3aHYJICHHS BCEX AIIEMEHTOB
NepBOM CTPOKH (CTONIOIA) KpOME OJTHOTO, BTOPOU CTPOKH (CTONIOIa) — BCEX KpOMe JIBYX | T.1. B
UTOTE OIpeNeuTeNs npeodpa3yercs K TPeyroiabHOMY BHIy. BenmuunHa Takoro omnpeneauTens
paBHA MPOU3BECHUIO JIEMEHTOB IIABHOW JHArOHAaIU.

4). BoluncrneHue ¢ HUCHONb30BaHHEM TeopeMbl Jlammaca, coryiacHO KOTOpOi
OTIPENIeNIUTENb - TO TIOPSIKa PaBeH CyMME MPOU3BEIACHUN BCEX €ro MHUHOPOB -TO MOpsIKa,
CTOSIIIMX B BBIICJICHHBIX CTPOKAX (CTOI0IaX), HAa X alreOpandeckue JOTOTHECHUSI.

Martpuiibl, oniepanyy HaJl MaTpULIAMU

Omnpenenenne. CyMMOW MaTpHIl OJHOTO MOPSAKA HA3bIBACTCS MAaTpUIa C DIIEMEHTAMHU
, Te

Omnpenenenue. [lpousBeneHneM MaTpuibl Ha YUCIO HA3bIBAETCA MaTpUlla TOTO Ke
MOPSAIKA C DIIEMEHTAMH .

Omnpenenenue. llpousBeneHueM MaTpuilpl Ha MaTpHIly Ha3blBae€TCs MaTpulia ¢
DIIEMEHTaMH , T]Ie

3agaHus 1J1s1 pelieHus HA 3aHATHH
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Brrunciaurs OIIPEACIIUTCIIb:

IIpakTnyeckas padora Ne2

Tema: Beruuciaenune onpeneaunrenei. Haxoxaenune odpaTrHoil MaTpuubl

Ileab:  HAYYHUTHCS BBIUYMCICHHUIO ONPEIEIUTENICH, BBIYHCIATH OOpPATHYIO
MaTpHUILy

Teopernyeckni 0J10K Onpenenenue. Onpenenurenem n-ro NOpsJIKa,
COOTBETCTBYIOILIUM MAaTpPHIIE , HA3bIBAECTCS YHCIIO .

Jlj1s BBIYMCIIEHUS! ONPEEIUTENS MOKHO MUCIIOIb30BaTh AJIEMEHTHI POU3BOJIBHON CTPOKU
WX CTONONA.

Onpenenenne. AnredpandeckiM JIONOJTHEHHE 3JIEMEHTa Ha3bIBAETCS YHMCIIO, PABHOE .

Onpenenenue. [IONONHUTENBPHBIM  MHHOPOM  3JEMEHTa  MaTpUIbl  Ha3bIBAETCS
OTpeNieNUTeNb MaTpHULbl N-1-TO MopsaKa, MOJYYEHHBIM M3 MaTpUIbl BBIYEPKHUBAHHEM 1-OM
CTPOKH U j-TO cTOJNONA.

TpancnoHrpoBaHrEe MaTPHULBl — TaKOE MPEoOpa3oBaHUE MATPHIIBI, IPU KOTOPOM CTPOKH
CTaHOBSITCS CTOJIOIIAMH C COXPAaHEHHEM IMOPSJIKA CIeI0OBaHUSI.

CBoiicTBa onpeenuTenei.

[Ipu TpaHCOHUPOBAHUN MATPULIBI ONIPENIETUTENh HE MEHSAETCS.



[Ipu mepecTaHoBKe JTHOOBIX JBYX CTPOK (CTOJIOIOB) ONPEAETUTETh MEHSIET TOJBKO 3HAK.

[Ipu yMHOXEHUU CTPOKHU (CTOI0IA) HA HEKOTOPOE YKCIIO ONPEACIIUTENh YMHOKAETCS Ha
3TO YHCIIO.

Ecnmu Bce COOTBETCTBYIONIME JJIEMEHTHI KBAJPAaTHBIX MATPHUI[ OJHOTO MOPSIKA
OJIMHAKOBEI, 32 HCKIIFOUEHUEM JIEMEHTOB OJTHOH 1-0i CTPOKH, TO

Benuunna onpenenutens HE HM3MEHSETCS, €CIM K D3JEMEHTaM HEKOTOPOH CTpOKHU
(cronmbua) nprubaBUTh COOTBETCTBYIOIINE IIEMEHTHI APYrol CTPOKHU (CTONOIA), YMHOKEHHON Ha
HEKOTOPOE YHCIIO.

Omnpenenurens paBeH HYIIO, €CIIU

- BCE AJIEMEHThI HEKOTOPOIl CTPOKH (CTOJIOIA) paBHBI HYJIIO.

- JIB€ CTPOKH (CTOJIOIA) OJTUHAKOBBHI.

- IB€ CTPOKH (cTo01a) OnpeeauTesNs IPOnOpPIuOHATBHBL.

MeTo/1bI BEIYHCTICHUS ONIPeIeTUTEINeH.

1). Paznoxxenue 1o CTpoke Uik CTOJIOIY.

2). Metoxa oOpamieHusi B HYJIb BCEX, KPOME OJHOTO, 3JIEMEHTOB CTPOKH WM CTOJIOIIA.
MeTol COCTOUT B TOM, YTO C YYETOM CBOWCTB OIPENCIHUTENsl MPU IMOMOIIU KaKOTO-JIH00
cTonbua (CTpoKM) MyTEM YMHOXEHHUS €ro Ha COOTBETCTBYIOIIME YKCIAa M BBIUUTAHUS U3
OCTaJIbHBIX CTOJIOIOB (CTPOK), 3aHYJSIOTCSA BCE AJIIEMEHTHI BEIOpAaHHOW CTPOKH (CTONO1A) Kpome
OJIHOTO, MPUHA/IJIEKAIIETO BEBIYUTAEMOMY CTOJIOIY (CTPOKeE).

3). Merton mnpuBeneHUS K TPEYroJIbHOMY BHUAY. AITOPUTM, TMPEAJIOKEHHBIH B
MPEIBIIYIIEM ITYHKTE, HCIOIB3YEeTCS JUIsl TOCICIOBATEIIBHOTO 3aHYJICHUS BCEX DIIEMEHTOB
MepBOi CTPOKH (CTONOIIA) KPOME OJIHOTO, BTOPOU CTPOKH (CTOJ011a) — BCEX KpOME JBYX U T.1. B
UTOTE OIpPEICIUTENh Mpeodpa3yeTcss K TPEYrodbHOMY BHAY. BenndmHa Takoro ONpeaeauTels
paBHA IPOU3BEICHUIO YIIEMEHTOB IJIIABHOW JHOTOHAIIH.

4). BoluncrneHue ¢ HUCIONb30BaHMEM TeopeMbl Jlammaca, coryiacHO KOTOpOM
OTpeAeNuTeNb - TO MOpsiAKa paBeH CyMME€ IpPOM3BEIECHUH BCEX €ro MUHOPOB -TO TMOPSIKa,
CTOSIIUX B BBIJICIEHHBIX CTPOKaX (CTONOIAaxX), Ha UX alredpanyecKkue J0MOTHEHUS.

3ajaHus Ui pellleHusi HA 3aHATHH
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IIpakTnyeckas padora Ne3
Tema:Pemenne cucreM JTHHEHHBIX YPABHEHH I



Hean: mnpuoOpereHre 0a30BBIX 3HAHUKW B 00JacCTH (PyHIAMEHTAIBHBIX pa3/eiioB
MaremaTuku. I[IpoBepka ycBOEHMS 3HAHMH 1O CHCTEM N JIMHEWHBIX YpPaBHEHHH C n
nepeMeHHbIMH 10 opmysiam Kpamepa. [ToBTOpUTE M CHCTEMaTH3UPOBATH 3HAHUS IO TaHHOW
TEME.

3anaumu:

* pa3BUTHE TBOPUECKOTO MPO(HECCHOHATEHOTO MBIIIICHHS;

* [M03HABATEeIbHAs MOTHBAIIHS;

* OBJIaJICHUE SI3bIKOM HAYKH, HABBIKU ONEPUPOBAHUS MOHATUSIMU;

* OBJIa/ICHUE YMEHUSMHU U HaBbIKAMH IOCTAHOBKH U PEILICHUS 33]1aY;

* yriyOJeHHe TeOPEeTUUECKON U MPAKTHUECKOM MOArOTOBKH;

* pa3BUTHE UHUIMATUBBI U CAMOCTOATEIHLHOCTH CTYACHTOB.

X0/ MpaKTUYECKOT0 3aHATHUS.

1.®opMynupoBaHUE TEMBI 3aHATHS, TOSICHEHHE CBS3H TEMBI C IPYTUMHU TeMaMHU y4eOHO
JUCITUTLINHBI,

2.IIpoBepka rOTOBHOCTH CTYACHTOB K 3aHATHIO;

3.IlpoBeneHue HEMOCPEICTBEHHO 3aHATHUSI COIJIACHO TEMAaTHUKE M B COOTBETCTBUU C
paboueii mporpaMMoil TUCIUTUIMHBIL:

» N3yunth Teopernyeckuil marepuan no teme «CUCTeMbl n JTUHEHHBIX YpPaBHEHUN C n
MEPEMEHHBIMI.

» PaccMoTpeTh mpuMepsl pelieHus: TUIIOBBIX 3a/IaHUH.

> BeinmoaHuTh camocTosaTenbHyto padboty mno pemenuto CJIAY.

» OTBETUTH Ha KOHTPOJIBHBIE BOMPOCHI.

Teopernueckue cBeACHUS U METOINYECKUE PEKOMEHIALIUN

10 PELICHHUIO 3a/1a4.

Merton Kpamepa.

(I"'abpuens Kpamep (1704-1752) mBeinapckuii MaTeMaTHK )

JlaHHBIN METOJ TaKKe MPUMEHHM TOJIBKO B CIy4yae CHCTEM JIMHEWHBIX YpaBHEHUH,
IJIe YUCIIO NIEPEMEHHBIX COBMAJAeT C YUCIOM ypaBHeHUH. Kpome Toro, HeoOXOAMMO BBECTH
orpaHuueHusi Ha Koa(pduuueHTsl cucteMbl. Heobxonmumo, 4ToObl Bce ypaBHEHHUS ObLTN JTMHEHHO
HE3aBUCHMBI, T.€. HU OJIHO YpaBHEHHE HE SIBISIOCH ObI TMHEHHOW KOMOMHAIMEH OCTAbHBIX.

Jlj1g 5TOr0 HE0OX0IMMO, YTOOBI ONPEAETUTENb MATPUILIBI CUCTEMBI He paBHsuIcs 0.

det A = 0;

JleificTBUTENHHO, €CTU Kakoe- OO0 ypaBHEHUE CUCTEMBbl €CTh JIMHEHHas KOMOWHAaIus
OCTaJbHBIX, TO €CITH K DIEeMEHTaM Kakoil- JTu00 CTPOKU NPUOABUTH DSJIEMEHTHI JPYTroOH,
YMHOXEHHbIE Ha KaKoe- MO0 YKCII0, C TOMOIIbIO JINHEHHBIX TPe0Opa30BaHUN MOKHO MOITY4YUTh
HYJIEBYIO CTPOKY. OIpenenauTesb B 7TOM ciiydae OyJaeT paBeH HYJIIO.

Teopema. (ITpaBuno Kpamepa):

Teopema. CucteMa u3 n ypaBHEHHMH ¢ N HEU3BECTHBIMU

B ClIy4ae, €cJH OIpe/IeIUTEeNb MAaTPHIIbI CUCTEMBI HE paBEH HYJIIO, UMEET €INHCTBEHHOE
pellIeHNE U 3TO pelIeHHe HaX0oAuTcs 1Mo Gpopmynam:

Xi = Ai, rneA/

A =det A, a Al — onpenienuTeNnb MaTPUIIBI, TIOJTYIaeMOU U3 MATPHUIIBI CUCTEMbI 3aMEHOU
cTosbna i cToa01oM cBOOOIHBIX YJIEHOB bi.

Ai =

[Tpumep.

AA =; 1A=; 2A=; 3=;

X1A = VdetA;  x2A = 2/detA; X3A = 3/detA,;

[Ipumep. Haiitn pemenue cuctemMsl ypaBHEHUI:
==5(4-9)+(2-12)-(3-8)=-25-10+5=-30;A

Al= =(28-48) - (42-32) =-20—-10=-30.



xIA=1=1A/
A2 = =5(28 — 48) — (16 — 56) = -100 + 40 = -60.

X2A =2 =2:A/
A3 = =5(32-42) + (16 - 56) =-50 - 40 = -90.
X3A =3 =3.A/

Ecnu cucrema onmnopoana, T.e. bi0 cucrtema MMeeT €IMHCTBEHHOE HYJIEBOE
pemenne XA =0, Tonpu 1 =x2=... =xn=0.
= 0 cucteMa uMeeT OECKOHEYHOE MHOXKECTBO pereHuid. Allpu
J1J1 caMOCTOSITEIBHOTO PELICHHUS:
OtBer: x=0;y=0; z=-2.

»KOHTpOIBHBIE BOIIPOCHL:

1.Cucrema u3 “m” JIMHENHHBIX YpaBHEHUH € “n” HEU3BECTHBIMHU.
BekropHo-maTpuyuHas popma 3arucH.

2.PaciipeHHasi MaTpuiia CUCTEMBI.

3.01HOpOIHBIEC ¥ HEOJTHOPOIHBIE CUCTEMBI YPaBHEHHUI.

IIpakTnyeckas padora Ned

Tema:Pemienue cucreM JMHelHbIX ypaBHeHuid 1o popmynam Kpamepa

Heasb: mnpuoOpereHue 0a30BBIX 3HAHWKH B 00JAaCTH (YHIAMEHTAIBHBIX pPa3/IeioB
MareMatuku. [IpoBepka yCBOEHMsS 3HAHMM II0 CHUCTEM N JIMHEHHBIX YpPaBHEHUMHM C n
nepeMeHHbIMH 110 popmynaM Kpamepa. IloBroputh U cucteMaTusupoBaTh 3HAHUS 1O JaHHOU
TEME.

3anauu:

* pa3BUTHE TBOPUECKOTO MPO(HECCHOHATBHOTO MBIIIICHHS;

* [I03HaBaTeIbHAsI MOTUBALIUS;

* OBJIAJICHUE S3BIKOM HAYKH, HABBIKU OIIEPUPOBAHUS NTOHATUSIMY;

* OBJIAJICHUE YMEHUSAMHU U HABBIKAMM IIOCTAHOBKH M PELICHUS 3a/1a4;

* YIIIYOJICHHE TEOPETHYECKON M MPAKTUIECKOM MOATOTOBKH;

* pa3BUTHE MHULIUATHUBBI U CAMOCTOATEIBHOCTH CTYIEHTOB.

X0/ MPaKTUYECKOTO 3aHATHS.

BBINONMHUTE caMOCTOATENBHYIO Pa0OTY 1O PELICHUIO0 CUCTEM N IMHEWHBIX YPaBHEHUH C n
nepeMeHHbIMH 110 hopmynam Kpamepa.

Bapuanr 1 Bapuanr 2
1 1.

{;r—l—-y—l—:, =d4x4+2y+dz=Tx+y+oz= {2:{:—|—y—23:lx—y+3;:43;{;+y+z:
2 2.

{8x—2y—2z=0x4+3y—22=04z+y+2:{z+y—22=022x—-3y+2=02x—2y—z

»KoHTpOIBHBIE BONIPOCHI:

1 Pemienue 0THOPOAHON ¥ HEOAHOPOHOU CUCTEM MeToioM [ aycca.
2.01HOPOIHBIE CUCTEMBI U IX CBOMCTBA.

3.DOKBUBANICHTHBIE CUCTEMBI.

IIpakTnueckoe 3ansaTne Ne 5

Tema: Onepauuu HaJg BeKTOPpaMH

Heas: HayuuTp cTyneHTa UCHOOIB30BaTh CBOMCTBA JIMHEHMHBIX ONEpaluid ¢
T€OMETPUYECKUMH BEKTOPAMH, CKASIPHOTO IIPOM3BEIAEHUSI BEKTOPOB JUISl PELIECHUs 3a1ay
BEKTOPHOU ayreOpbl



Teopernueckuii 010K

B ¢wusuke, mexaHuke, XUMHUH BCTPEYAIOTCS BEJIUYHHBI, KOTOPBIE IOJIHOCTHIO
XapaKTepU3yIOTCs TOJbKO UHWCIOBBIM 3HaueHueM (ckaispom). Hampumep, wmacca Tena,
KOHIIEHTpAIlMsl pacTBOpa, JaBIEHUE ra3za, TeMmIeparypa u T. 1. Takue BeTHYHMHBI HA3BIBAIOTCS
CKaJsIpHBIMU. BMmecte ¢ Tem, Uit 3a1aHust CKOPOCTH, CHJIbI, YCKOPEHHSI HEOOXOIMMO 3a/1aTh HE
TOJIbKO UX YUCJIOBOE 3HAYCHHUE, HO U HAIlpaBJIECHUE JIEHCTBUS B MPOCTPAHCTBE. Takue BeTUUMHBI
HA3BIBAIOTCS BEKTOPHBIMHU.

BEKTOPHAS AJITEBPA — pa3nen BEKTOPHOIO HMCUMCIICHHUS, B KOTOPOM HM3Yy4arOTCs
MpoCTeHIne onepanuu Ha (CBOOOIHBIMHU) BEKTOPaMHU.

Onpenenenue 1. ['eomeTpuyeckuM BEKTOPOM Ha3bIBAETCS HAMpPaBICHHBIA OTPE30K
IOpsIMOM, T. €. OTPE30K, AJII KOTOPOro yKa3zaHbl OrpaHMYMBAIOIIME €r0 TOYKAa Hayajla ¥ TOYKa
KOHI[a BEKTOpa.

Ecnmu Touka A — Hauano BEKTOpa, a TOuka B — KOHEI BeKTOpa, TO BEeKTOp 0003HAYaeTCs

A &L &

LT 1§
cumBosiom 48 BekTopsl Takke 0003HAYAOTCS MAIBIMU JJATHHCKUMH OYKBaMHu: a.b.c U T. I
b
—
a
AT B
s
[
Fiy

Puc. 1.
Onpenenenue 2. Yncno, paBHOE JUTHHE BEKTOPA, HA3BIBACTCS €TI0 MOJYJICM.

111 §
yT: 42
Monyns Bektopa A& 0603HauaeTcs cumBoIoM .
BeKTOp, MOJIyJlb KOTOPOTO PABEH HYJIIO, HA3bIBAETCS HYJIEBBIM BEKTOPOM M 0003HAUACTCS

a lel=0
o =
cuMBosioM @ ( ). HyneBoMy BekTOpy MOXXHO MpuNHucarth Jr00oe HampaBieHue. Bce

HYJIEBbIE BEKTOPBI PaBHBI APYT APYTY.
Onpenenenue 3. BekTopbl Ha3bIBAIOTCS KOJUIMHEAPHBIMU, €CJIM OHU NapaJuleIbHbl OJHON

npsamoit (puc.2).

B D B C Puc. 2.a Puc. 2.0

Ll
Ecmu JABa BCKTOpPa AB 151 <D
A KOJUIMHCAPHEI, TO 9TO 0003HavaeTCs

C LT 1§ LT 1§
A D CIEYIOIUM O00pa3oMm: AB| |C’D BexTops,

L1} L1 1}
M300paKEHHbIC HA PHC. 2.4, HA3bIBAIOTCS COHAIPABICHHBIMHU, 0603Hauaercs Tak A& I'TcD , a
BEKTOPHI, H300pakeHHble Ha puc 2.0, HA3BIBAIOTCA MPOTHUBOIOJIOKHO HaMpPaBIECHHBIMH.

. LT o
CHMBOIIMYECKH 3TO 3anuckBaeTcs Tak 48 Tlco .
3ameuanue. CoHamnpaBiI€HHBIMH M IPOTHBOIOJIOXKHO HAlpaBlI€HHBIMH MOTYT OBITH
TOJIBKO KOJUINHEAPHBIE BEKTOPBI.
Tax xak HyJIeBOM BEKTOp JIKUT Ha JIF0OOH MPSIMOM, TO, MO ONPEAETIEHUIO, OH CUUTAETCS
KOJUTMHEAPHBIM JIF00OMY BEKTOPY U NMEPIEHAUKYISPHBIM JIF0OOMY BEKTODY.
Onpe)]eneHHe 4. BCKTOpBI HAa3bIBAIOTCA KOMIIJIAHAPHBIMU, €CJIIN OHU IapalJICIIbHbI 021H0171

IIJIOCKOCTH.

[T L1}
Onpenenenne 5. JIpa Bextopa A8 uCGD pazpBarorcs paBHBIME, eciM BEIMOTHEHBI
CIIEYIOLIHE YCIOBUSL:
1. MoIynH 5TUX BEKTOPOB PaBHBI;
2. BEKTOPHI COHAIIPABIICHBI.



CHMBOJIIHYECKH DTO onpez[eneHI/Ie MO>KHO 3aIUCaTh CJIEIYIONUM 00pa3oM:

o o [l43[-[CD

m Illl
ABTTCD.
1 1
Ecnu cuutath, 4To Ha prcyHKEe | BEKTOPHI JI€KaT B OJJHOM MIIOCKOCTU, TO EF=E  TO eCTh
1 1 1 i

@y €- pasHble 0603HAYECHHS OHOTO H TOro ke BekTopa. Bextopsl #u ABnpu paBHbIX JUIHHAX
HE PaBHBI IPYT IPYry, TaK KaK UMEIOT pa3HbIE HAIIPABIICHUS.

Takum oOpa3om, ans 3aaaHusi J1I0OOOTO BEKTOpA JOCTaTOYHO yKa3aTh €ro MOIYib H
HampaBlieHUue, HE (DUKCHpPYS TOUKY MPUIOKCHHS (HA4alo BEKTOpAa MOXKET HAXOAWTHCS TIE
yroano). Hcronb3ys omnpeneieHue paBEeHCTBA BEKTOPOB, TaKOM BEKTOp BCErAa MOXKHO
MEPEMECTUTh IOCTYINATENbHO, C IMOMOIIBI0 MapaieIbHOr0 MepeHoca, B TpeOyeMylo TOUKY
MIPOCTPAHCTBA.

3ameuanue. MHorna cBo0oa BEKTOpa OrpaHUYMBAETCS, HAIIPUMED:

a) €cIM KpoMe BEKTOpa 33/1aHa €ro TOYKa MPUIIOKEHHS, TO OH Ha3bIBAETCS CBSI3aHHBIM
(paauyc-BeKTOp);

0) ecimu KpoMe BEKTOpa 3ajjaHa €ro TOYKa HaIpaBJICHUS, TO OH HAa3bIBACTCS CKOJIB3SIIUM
(BEKTOp YIJIOBOM CKOPOCTH PACIIOJIONKEH IO OCH BpAIICHHUS);

B) CBOOOJIHBIN BEKTOP HE O'PAHUYEH HUYEM.

B nanpHeiimeM, ecid 3TO HE OrOBOPEHO CIHEIUAIBHO, Mbl OyIeM IMOJIb30BaThCA
MOHSITHEM CBOOOIHOTO BEKTOPA.

Jlns mo6oro Bexkropa A8 onpenenum mpoTHBOMONOKHEI eMy BEeKTOp, 0603HAYAEMBblii

RA—, TaKOﬁ, 4TO MOAYJIM 3THUX BCKTOPOB pPaBHbI, OHM KOJUIMHCAPHBI, HO IHIPOTHUBOIIOJIOXHO
1 1

HanpaBlieHbl. BeKTop, MPOTHBOMONOXKHEIN BekTOpy @, 0003Ha4aroT — & .

Puc. 3

[l [l
Ecnu B MMPOCTPAHCTBEC 3alaHbI IBa BCKTOpa 21 'E'TO, HCTIOJIB3YA OIIPECACIICHUC pABCHCTBA

BEKTOPOB, UX MOXKHO MPUBECTH K OJTHOMY Haudamy (puc. 3).

SP
TF

Puc. 3.

1 ) )
Torpa yrmom Mexnay BeKTopamMu @y & yaspiBaeTcs HaMMeHbIINIL yroa j (GI[0,p]), Ha
i ) i

KOTOPBI HY)KHO IIOBEPHYTH BEKTOP & 110 COBITA/CHNS C BEKTOpOM &,

['eomerpuueckne BEKTOPBI SIBISAIOTCA INPEIMETOM TaK Ha3bIBAEMOI'O BEKTOPHOIO
UCUHUCIIEHUS, MOJOOHO TOMY, KaK YHCla SBIAIOTCA NpPEeIMEeTOM apu(MeTuku. B BekTOpHOM
VUCYUCIICHUM HAJ BEKTOpaMU IIPOU3BOAATCS HEKOTOPBIE OIEpalud, KOTOPBIE SBIIAIOTCS
MaTeMaTHYECKUMHU a0CTPaKIUsAMHM AHAJOTHYHBIX OIepalyii, MPOU3BOAUMBIX C Pa3INYHBIMU
KOHKPETHBIMU BEKTOPHBIMU BETMYMHAMHU B (PU3UKE.

JIunelHple onepanuy HaJ BEKTOpaMHu

JIuHEeHHBIMU OllepalusMH Ha3bIBAKOT OIEPALMIO CJIOKEHHS BEKTOPOB U OIEPALHIO
YMHOXEHHSI BEKTOpa Ha 4yucio (ckaisip). B ocHOBY ux omnpeneneHus MOJI0KEHbI U3BECTHBIE U3
MEXaHUKH 3aKOHbI B3aUMOJEHCTBHS BEKTOPHBIX BEIMYHMH — CUJI, CKOPOCTEHN U T. [I.

1. CnoxeHne BEKTOPOB.

i 4

Ecnu manel nBa BCKTOpa &y & , TO pacrojiararoT ux Tak, 4yTOOBI HAYAJIO BTOpPOI'0 BEKTOpa
Il I ]

COBITAJIO C KOHIIOM II€PBOI'0 BEKTOpA. Torma CyMMOfI BCKTOPOB 2 & Ha3bIBAE€TCs TaKOi BCKTOD,


http://pandia.ru/text/category/abstraktciya/

KOTOPBI COEAMHSET Hayajo IMEePBOrO BEKTOpa C KOHIOM BToporo (puc.4). Takoe mpaBuio
CJIOKEHHSI BEKTOPOB HA3bIBAETCS IIPABUIIOM TPEYTOJIbHUKA.
AHaNoruyHoe MpaBWJIO CIOXKEHUSA (MPaBUJIO MHOTOYrOJbHUKA) JEWUCTBYET W s

HECKOJBKHX BEKTOPOB (puc. 5).

[ —
3 i

d

a8 BB dia
Puc.4 Puc.5
Ecnu nBa BekTopa mpuBeAEHBI K OJHOMY Hadaly, TO HMX CyMMOW OyZeT BEKTOp,
00pa30BaHHBI JMArOHANBI0 TapajljiesorpaMMa, TOCTPOCHHOTO Ha 3THUX BEKTOpaX Kak Ha
CTOPOHAX, M BBIXOJAIIMNA M3 00mero Hayana (puc. 6). DTO MpaBUIIO CIOKEHUS BEKTOPOB

Ha3bIBACTCA MMPAaBHUJIOM IapaJuiCiiorpamMmma.

[

z

Puc. 6
W3 BBeICHHBIX BBIIIE MPABUII CIOKEHUSI BEKTOPOB BBITEKAIOT CIEAYIOLINE CBOMCTBA ATOM

OIICpanurm:
1. g-l- g = g + 3_ CBOMCTBO KOMMYTATHUBHOCTH OIICpallUN CIIOKCHUS;
TR NN N . |
. — CBOMCTBO aCCOIUATHUBHOCTH OIICpallU CIIOKCHUA,
-
8-t .
3. — HAJIMYHEC ITPOTUBOIIOJIOKHOTI'O 3JICMCHTA,

4, 3 "‘H = g — HaJIM4YKe HYJIEBOTO AJIEMEHTA.
2. Beluntanne BEKTOPOB.

i ) i i )
PasHocThi0O 1ByX BEKTOpOB #n b yazpiBaercs BEKTOp, PaBHBI CyMMe BeKTOpa &u

1 3 1 3
Bextopa (- #), mporuBononoxuoro Bextopy & :

£-L-8-(})

Ecmu BCKTOPBI NMPHUBCIACHBI K o61ueMy Ha4ally, TO BEKTOD, paBHBIfI Pa3sHOCT
[ 1

ey

i )

ABIIACTCA BTOpOfI AUaroHajiblo Iapajuiejiorpamma, IMOCTpOCHHOI'O Ha BEKTOpax 2y bKaK Ha
L

cToponax. [Ipy 9TOM HAYaNIOM TOr0 BEKTOpA SBISETCS KOHEI BekTopa & (puc. 7).

Z

Puc.7
3. YMHOXKeEHHE BEKTOPA HA CKAJISIP.

[l
Onpeaencuue 6. HpOPBBCI[CHI/IeM BCKTOpPa ZHa NEHCTBUTEILHOE YHCIIO | Ha3bIBaeTCs
[l

i

HOBBII BEKTOp, oOo3HayaeMblii | @&, TakoW, YTO €ro MOAYJIb paBeH MOJYJI BekTopa 9,

I I
=l Tl
YMHOXXE€HHOMY Ha MOJyJb yucia l, T. e. , 1 BeKTopbl ¥u | & coHarpasieHsl npu >0

U IPOTUBOIIOJIOKHO HampasieHsl npu 1<0.



[IponsBeneHrne BeKTOpa Ha YHCIO O00JagaeT CBOMCTBAMH, KOTOPBIC JIETKO J0KAa3aTh
i i

reomerpraecki. Jist TIOOBIX JeHCTBHTENbHBIX uncen 4 u Vi mo6bix BekTopo @u &

1. 1- =k YMHOXEHHUE HA SAUHHUILY,
2. 4 (Vg): (‘IV)";- CBOMCTBO aCCOLIMATUBHOCTH I10 OTHOILLEHUIO K YHCIIaM,

3. (2 +V}'l‘i'= A 'l‘i'{'vg- CBOWCTBO AMCTPUOYTUBHOCTH OTHOCUTEIHHO CIIOKEHHS YHCET,
o AErE)=ab+ab

BEKTOPOB.

CBOMCTBO ,I[I/ICTpI/I6yTI/IBHOCTI/I OTHOCUTCJIIBHO  CJIOKCHH A

W3 onpenenenuist 1 CBOMCTB BBITEKAIOT CIEAYIOIINE MOJIE3HbIC ISl PAKTUKUA PAaBEHCTBA
i a i m i -
(Da=—x0-a=0; A-0=0

Enunuynelii  BekTop. Bekrop, Moaynb KOTOPOrO paBE€H €IWHHULE, Ha3bIBACTCS

CAMHHUYHBIM BECKTOPOM.
1

Bexrop, nMeromumii HampasiieHHe BeKTOopa @y MOJyJb, PaBHBIM €IMHHUIIEC, HA3bIBACTCS
o
1 1]

OpPTOM HaAIIPABJICHHA BCKTOpPaA &z, OpT 0003HaYaeTCs CHMBOJIOM &
[l

HJ’IH JIF000Tr0 3aIaHHOI'0 BCKTOpa & 1erko MOJIYYUTb €ro OpT. I[J'IH 9TOI'O H606XO,Z[I/IMO
m

2 =

' ]
BEKTOp Zpa3JesuTh Ha €r0 MOMYJIb!

PaznoxeHnue BekTopa 1o 6asucy

Omnpenenenue 7. MHOXECTBO BEKTOPOB Ha MPSIMOM HAa30BEM OJHOMEPHBIM BEKTOPHBIM
IPOCTPAHCTBOM, MHOXECTBO BEKTOPOB Ha IJIOCKOCTM  — JBYMEPHBIM BEKTOPHBIM

MMPOCTPAHCTBOM, B IIPOCTPAHCTBC — TPCXMCPHBIM BCKTOPHLIM IIPOCTPAHCTBOM.

i 1
Jlerko IIpOBEPUTHL, YTO CCIIHU L_ KaKOC-TO BCKTOPHOC IIPOCTPAHCTBO, ﬂ,bEL’ﬁ —
i

1 | §
upcio, o ZHHELy pael
&, X, s

Onpenenenue 8. JIuHeitHON KoMOMHaIMel BEKTOPOB ¢ Koa(puIMeHTaMH

. - L1}
AP — P yaspacres pexrop AR+ Fam+_+ s

Ha pucynke 8 npuBeeHbl IpUMepb! JIMHEHHBIX KOMOUHAIIMIA:

YT
7 7
7 1B
(i

Puc. &
m W Om 1
Bexropst -d.g Ha pUCYHKE 8 U h— gpngroTcs TMHEHHBIME KOMOWHALMAMY BEKTOPOB
a b e
F=0at25-2 d=2a0—b—% g=at+05h+3c h=0a+0b10c

1 1E uEm LT3

D, s

[l
FOBOPSIT, 4YTO BCEKTOp 'E'paCKJ'Ia)II)IBaeTCSI 0 BEKTOpam , €CJIIN 'E'HBJ'IHGTCH

1 LT} LT 8 .
JIMHENHON KOM6HHE[L[HCI>1 9TUX BCKTOPOB, T. €. IPCACTAaBUM B BUIC LB ﬁﬂl-l-ﬂzm ‘l'—‘l'ﬁﬂs .

JaMeuaHue.
| | 1 1

1) Eciu ®# @ 10 m000H BEKTOp b KOJUIMHEApHbId @®, INpeACTaBUM, U IPUYEM

1 a
€IMHCTBEHHBIM 00pa30M, B BH/JIC b=2Aa , TIe A _ gucno



1 3 1 A 1 3
2) HyCTB 2y 8 1pa nexomTMHEAPHBIX BeKTopa Torz[a 000 BEKTOp £, KOMIUTaHAPHBIN

i [ )
C BEKTOpaMu a n & packmageiBaercs mo HuM: c—aa+ fb , MPHYEM €MHCTBEHHEIM 00pazom.
1 1 1

3) Ilycts #, by e HEKOMILJIaHapHbIe BeKTOphl. Toraa 1060l BeKTop dpaCKJIaI[BIBa-
- a a L
€TCs 110 ATUM BEKTOpaM: d =aat fbtyc , IPUYEM €JMHCTBEHHBIM 00pa3oM.

Taxum 06pazom, B 11000M BEKTOPHOM MPOCTPAHCTBE JIFOOOH pa3MEpPHOCTH €CTh CUCTEMA
BEKTOPOB, 10 KOTOPOX PaCKJIabIBACTCs KaXK bl BEKTOP IPOCTPAHCTBA, IPUYEM €AUHCTBEHHBIM
o0pazom.

Ompenenenwe 9.  Basumcom  BekTOopHOro mpoctpancTBa  L6ymem  HaswiBaTh

YIOPSZIOUECHHYIO CHCTEMY BEKTOPOB IPOCTPAHCTBA, COCTOSIIYIO: W3 OJHOIO HEHYJIEBOTO
BEKTOPA, €CJIM TPOCTPAHCTBO OJHOMEPHOE; M3 [BYX HEKOJUIMHEAPHBIX BEKTOPOB, €CIH
IPOCTPAHCTBO JIBYMEPHOE; W3 TPeX HEKOMIUIAHAPHBIX BEKTOPOB, €CIH IPOCTPAHCTBO
TpEeXMEpHOE.

OueBuaHO, 4TO B JFOOOM BEKTOPHOM IPOCTPAHCTBE MOXKHO BHIOpaTh OECKOHEYHO MHOTO

0a3ucoB, YMCIIO BEKTOPOB B KAXJI0M U3 HUX PaBHO Pa3MEPHOCTH IIPOCTPAHCTBA.
1 3

Omnpenenenne 10. Koopaunatamu (MM KOMIOHEHTaMK) BekTopa 2B Gasuce @-82-—
a LT} - - L

B

Ha3bIBaIOTCS KO3 duimentsl B=F2-—% paznoxenns & = @@t @e +_+ & peyropa o

BCKTOpaMm basmuca.
[l

Jns ykazaHusi, 4TO BEKTOp ZuMeeT KOOPAMHATHI

(@, a:) .

A, &, s, HCIIOJIB3YCTCA 3allCh

OueBHIHO, YTO B (PUKCUPOBAHHOM 0a3uce KaKIblil BEKTOP UMEET CBOM, €AUHCTBEHHBIN,
Habop koopauHat. Eciu sxe B34Th ipyroit 6a3uc, TO KOOPAUHATHI BEKTOPA, B 00IIEM, U3MEHSITCSI.
CrnoxeHue BEKTOPOB U YMHOXKEHUE MX HA YUCIIO CBA3aHbI C AHAJIOTMUHBIMU JIEHCTBUSMU C MX
KOOpJMHATaMH.

JIunelHble onepanuy HaJ BEKTOpaMu

B KOOpJIMHATHOH (popme

B e, Bk

HyCTL B BEKTOPHOM npOCTpaHCTBe LBI)I6paH Oazuc Y 33J1aHbl KOOPAWHATHI
L} -

BEKTOpOB = E'ELB 5TOM Gasuce: &= @at@et_ +ﬂ'ﬂﬁ ﬂzﬁ“ thet _tfe

Torna
- IPM YMHOXXEHUU BEKTOpPA HA YMCIIO BCE €r0 KOOPAUHATHI YMHOKAKOTCA HA 3TO YMCIIO:

Aa(Am Aay,  Aa)
- IIpU CJI0KCHUH BCKTOPOB CKIIAABIBAOTCA UX COOTBETCTBYIOIINEC KOOPANHATHI:
c=ath = cmtB.ot+hH,__ati)

3ameuanue. Bce KoopIMHATHI HYJIEBOTO BEKTOpa B JIIOOOM Oa3rce paBHBI HYIIO.

3ameuanue. ba3zucHelil BEKTOp ¢ HOMEpoM ¥ nMeeT KOOpAMHATY ¢ HOMepoM ¥, paBHy1o 1,
a BCE OCTaIbHBIC KOOPAWHATHI — HYJICBBIE.

3aMevanue. Y KOJUTMHEAPHBIX BEKTOPOB KOOPAWHATHI MPOMTOPIIMOHAIBHBI:

r r 14
e fm

A A A
Cucrema KOOpAMHAT.
KoopaunaTsl BekTOpa B OpTOHOPMHPOBAHHOM Oazuce
PaccmoTpuM ciyuail TpeXMEpHOro BEKTOPHOIO IPOCTPAHCTBA (Ha IJIOCKOCTH BCE
MOCTPOEHHUS aHaNOrnuHbl). Oukcupyem HEKOTOpyIo ToukKy O M BO3bMEM MPOU3BOJILHYIO TOUKY
-

M. Pagnyc-BekTopoM TOUYkH M 110 oTHOIIEHHO K Touke O Ha3hIBa€TCS BEKTOP oM



(L 1T}
Ecmu B mpoctpancTBe BeIOpaH Gasuc, To Bexktop M packmampiactes mo stomy Gasucy.

Takum 00pa3om, Touke M MOXHO COMOCTaBUTH YIOPSAOYEHHYIO TPOWKY ducen (X, y, zZ) —
KOOpJMHATHI €€ paJinyCc-BEKTOpa.
Onpenenenue 11. JlekapTOoBOM cHUCTEMOW KOOpPAMHAT B IPOCTPAHCTBE HAa3bIBAETCS

COBOKYITHOCTb TOUYKH U 0a3uca.

Touka O HOcHT Ha3BaHWE Havana KoopauHat; npsmeie X/X , Y/Y , Z/Z, npoxoasiue
yepe3 Havyajlo KOOpJMHAT B HaIlpaBJICHUU 0A3UCHBIX BEKTOPOB, HA3BIBAIOTCSA OCSAMH KOOPJUHAT.
[TepBass X/X — ocwro abcrwce, Bropas Y/Y — OCbIO OpAMHAT, TPeThsi Z/Z — OCHIO alIUIHKAT.
[T1nockocTH, MpoxoasIIue Yepe3 OCH KOOPAUHAT, HAa3bIBAIOT KOOPAMHATHBIMHU IJIOCKOCTSIMHU.

Omnpenenenue 12. Koopaunatel (X, y, Z) paaguyc — BEKTOpa TOYKH M 1O OTHOIICHHIO K

Hayaly KOOpAMHAT Ha3bIBAIOTCA KOOpJAMHATAMU TOYKM M B paccMaTpuBaeMoil cucreme
KOOpPJMHAT.

[lepBas koopauMHaTta X Ha3bIBae€TCS aOCIUCCOM, BTOpas y — OpPAUHATOM, TPEThsl Z —
anTUINKaTOM.

AHaJIOTUYHO OMNPENENSIOTCS JEKAPTOBbI KOOPAMHATHI Ha IUJIOCKOCTH: TOYKAa HMEET
TOJIBKO JIB€ KOOPJUHATHI X M y— aOCIHMCCY U OpJIMHATY.

Omnpenenenue 13. JlekapToBa cucTeMa KOOPIWHAT HAa3bIBACTCS MPSMOYTOJBHOM, €clu

basuc 3aaCTCA CAMHUYHBIMU U IIOIIAPpHO OPTOI'OHAJIbHBIMHA (HepHeHI[I/IKy.]'IHprIMI/I) Apyr Apyry
a

A WA Wm

i.j.k. 1(1,00)

BEKTOpaMU — 0a3MCHBIMU OPTaMHU opt ocu OX;

F(0:1:0) opt ocu OY;

k(00:1) opt ocu OZ.

Bazuc (¥4 -k ) Ha3bIBACTCS OPTOHOPMHPOBAHHBIM.
B nanpHeiimem OyeT HCHOIb30BATHCS IEKaPTOBA MPSMOYTOJIbHAs CHCTEMa KOOPAWHAT.
Ha puc. 9 moxasan cmoco6 wu3oOpaxkenusi toukn A(-1;2;3) mo ee KoopauHaTam

A WA W
OTHOCHUTCJIIBHO OPTOHOPMHPOBAHHOI'O 68_31/IC8_ ' ’j’t .
T dk
Y O S AC
- 1
31 :
1
1
1
1
1
. |
E 1
1 S .
A >
[ 2 ¥

Puc. 9
VYrBepxkaenue. Ecim Toukm A w B 3amaHbl  cBOMMH  KOOpAMHATaMHu

—
A p:a) Bl yz:z2) |, ABle-—xnyp—m.zn-a)

T. e. ana onpeneneHuss KOOPAWHAT BEKTOpPA HY)KHO M3 KOOPJIWHAT €ro KOHIAa BBIYECTh
KOOpJAWHAThI Ha4YaJ1a.

[Ipoexnnu BekTOpa

ITycTh B mpocTpaHCTBE 3a7aHa HEKOTOpasi och |, TO ecTh MmpsiMast, Ha KOTOPOH OTMeueHa
¢dukcupoBanHas Touka O W 3a/aHbl HalpaBJIeHUE U €UHMIA JUITMHBL. Toraa Kaxxaoi Touke ocu
COOTBETCTBYET HEKOTOPOE YHCIIO.

Onpenenenue 14. Ilpoexmuei Toukud A Ha och | Ha3pIBaeTCsl YMCIIO, COOTBETCTBYIOLIEE

OCHOBaHUIO TepreHauKysipa AB, omyiieHHOTO Ha OCh | 3 ToukH A.



Onpenenenue 15. TIpoekuueit Bekropa 4ABna och | HaspiBaeTCs pasHOCTH MPOEKIIUIA

KOHIIa BCKTOpPa U €T0 Ha4aJ1a.

ITpoexkius o603HayaeTcs Iip 'AE. Ha puc. 10 IpdB=-f-a
E
L B B ]

Puc. 10. IIpoeknus BekTopa Ha OCh

I

L
- bi§
Jlerko mpoBeputh, uro ccau AB=CB 1o 5P TO €CThb MPOEKIUS He

3aBHCUT OT I10JIO’KEHUS Hadaja BEKTOPa, a 3aBUCUT TOJIBKO OT CAaMOI'0 BEKTOPA.
[
Vreepxnaenne. Ilycte ®— yrom, o6pasoBammeii BektopoM @c ockio 1. Torma
I I
pr,a=|a|ms¢
Takum o00pa3oM, HpoeKIMs BEKTOpa Ha OCh €CTh YHCIO, KOTOPOE MOXET ObITh
HOJIOKUTEIBHBIM, OTPULIATENIbHBIM U HyseM (puc 11).

o ¥ %
Opa-f-a

. :
Hpg-a-f

Hp,a=0

Puc. 11

YTBep)KI[eHI/Ie HpoeKum[ Ha OCB CYMMBI BeKTopOB paBHA CYMMe€ MX MPOEKIUN:

le(a+b +_ +t:) Hj:r,a+Hprb +_ +Hp,t:

VYrBepxkaenue. IIpoexkuns Ha o0OChb BEKTOpa, YMHOXKEHHOIO Ha 4YHUCIO, pPaBHA

L] L]
HpAa =Allp
OPOU3BEACHUIO  MPOCKIUMH BEKTOpa Ha 3TO  YHCIIO: P “
L

.Onpenenenue
| §

16. Tpoexmmeii BekTopa ?na BexTop @, @#9 myaspBaercss mpoeximsa BekTopa P Ha mobyro
[ §

0Cb, MapalyICJIbHYHO BCKTOPY 2y HMCIOLIYHO HAIIPABJIICHUC, COBIIAAAIOIICEC C HAIIPABJICHUCM
[

BeKTOpa @ .
L L m - b
Mpoekims Bektopa PHa BekTop @ 0GO3HAUACTCS - OueBugHO, YTO
- -
p _ & =}b cos @ v

,rae ®— yron mexy Bexropamu @u ¥,
puu
KOoOpaMHATHI BEKTOpa ABISAIOTCA KOA(MUIMEHTAMH €ro Pa3loXkeHHs 1o opram = -k
KOOPJIMHATHBIX OCEH:

i

ala 2, .2 ) > ::=::I l:'+aj }+ax ;:

yTBep)KI[eHI/IC. HpOCKHI/II/I BCKTOpPA HA KOOPAUHATHBIC OCH pABHBI KOOPAHWHATAM BCKTOpaA:



Opor a=2a, . Doy E=ﬂ!; Bpgz ;=ﬂx_

IomecTiM BekTop @B Hawano KoopauHAT M ob6osHaumm wepes X8 =¥ yrop,

oOpa3zoBaHHbIE BeKTOpoM & ¢ mosoXUTENbHBIM HampasieHueM oceid OX, OY, OZ. DTtu yrisl
L

Ha3bIBAIOTCS HAPABIAIOLIMMU YIilaMu BeKTopa 2 .
Ompenenenue 17. KocuHychl yriioB, oOpa3oBaHHBIX BEKTOPOM C OCSIMHU KOOpIMHAT,

HA3bIBAOTCA HAIIPABJIAIOIIMMU KOCHUHYCaMH BCKTOPA.
z

Puc. 12

B coorBercTtBUM ¢ puc. 12, HampaBIAONIMMU KOCHMHYyCaMH BeKTOpa @ sBIISIIOTCS
s ,cosf  cosy .

OTMeTUM Ba)KHOE CBOMCTBO HAIPABJISIOIUX KOCUHYCOB:
cos® &+ st ﬁ+|:nsz r=L

VYreepxaenue. KoopaumHaTel BEKTOpa paBHbl €ro HaMpaBiSIOLIMUM KOCHUHYCaM,
YMHOKE€HHBIM Ha JUIMHY BEKTOpa:

Ecnu BEKTOp €AMHUYHBIN, TO €r0 KOOPAUHATAMU CIIY’KaT HAIPABJIAIOLINE KOCUHYCBI:

CxkansipHO€ MPOU3BEICHUE BEKTOPOB U €r0 MPUIIOKEHUE

Kpome omnepamuii cinokeHus M YMHOXKEHHS Ha YHUCIO HAa MHOXECTBE BEKTOPOB
onpejeNieHbl €lle HEeCKoJbKo omnepauuid. OnHa U3 HUX — CKasIpHOE IPOU3BEACHHUE,
MO3BOJISIFOIIEE HAXOJWTh JUIMHBI BEKTOPOB M VYIJIBI MEXKAY BEKTOpPAMHM II0 KOOpPAWHATAM
BEKTOPOB.

Onpenenernne 18. CkandpHeIM Tpom3BeaeHHeM BektopoB Zu ¥ maseBaercs wmcno,
: F,

a
? _ yron mexny Bektopamu Fu ¥,

oS @
, TIIe

paBHOE

3ameuanve. Ecnn omuH M3 BEKTOpOB HYyIeBoil, To yron ¥ wue ompenenen. CkamspHoe
MIPOU3BEIEHNE B TOM CIIy4ae CUUTAETCS PABHBIM HYIIIO.

CkansipHOe Npou3BesieHne BekTopoB @ u ¥ o6o3nauaerca @-¥ ) ywm (a.5) CkansipHoe

F,P’ e = {&g)

MIPOM3BE/ICHNE BEKTOpa Ha ceOs1 -2 ;= &
CkanspHoe Tpou3Be/leHHuEe 00JafaeT CBOMCTBaMH, KOTOpbIe OynyT chopMyIHpoBaHBI B
BU/JIE TEOPEMBI.

I I
a-bh=
Takum 00pa3oM, COTITACHO OIPEICICHHIO,

Teopema. J]s mo6bIX BeKTOpoB @ u # BLINOTHEHBI ClIEIyIOINE COOTHONICHHUS:
[ § [

[ 3 [ 8
1. a-b=b-a_ cpoiicreo KOMMYTaTUBHOCTHY;
" i a L a

2. @(b+c)=a-dra-c_ ., 5o, TUCTPUOYTUBHOCTH;



i i L i

3 (da)-b=4 {“'b}, rae 47 gucno;

rz [ ] ]
4, a >0y aze;
Tz

S'E =H:; -

6. Eciu ®— yron mexny Bexropamu @u ¥ to

a-b

COSQP= ——

rﬁm

7. 2- b=0 TOoraa v TOJIbKO TOora, Korja BEKTOPbI 2y b OPTOI'OHAJIBHBI.

I I I I
a-b=oflp" b v o
~ ﬂ- .
8. 'eomeTpruuecKkuii CMbICIT: , eclin 2F 0,

9. MexaHUUeCKHii CMBICH: CKalspHOe TponsBeneHue cuiasl & Ha BekTop S paBHO pabore

- LT
A 5TOil CHITBI TIPH TIepEMEIEHHN MaTepHaIbHO TOUKH 110 BekTopy &, 1. ¢, A=#-5
W3 onpenenenus CKalIsipHOTO MIPOU3BEIECHUS BHITEKAET CIEAYIOIIas Ta0JUIa YMHOKEHHUSI

OpPTOB ! ’j’t KOOPpAWHATHBIX oceit:
a a &

Joi=gd=0.F k=k-i=0, j-k=k-j=0,
i-i=j- j=k-k=1.

Ecau BCKTOPbI ad p 'bB OPTOHOPMHPOBAHHOM basuce 3a/laHbl CBOUMU KOOpAWHATAMM:

a(a. &> @), WA . ) , TO hopMyJia JUIsl BBIYMCIEHUS CKAJIIPHOTO IIPOU3BE/IEHUS BEKTOPOB

ad p b 10 KOOpAUHATaM COMHOXKHUTEIECH UMEET BHU]T

a a
T. €. CKAJIAPHOC MPOU3ZBCACHHUEC BCKTOPOB paBHO CYMMC HpOI/ISBeILCHI/Iﬁ OJHOMUMCHHBIX

MIPOEKINN.
rz _
@ -l
Tak kak , TO, IPUMEHSISI PABEHCTBO (2), moaydum GopMyIty JJist

OIIPCACIICHUA NJIMHBI BCKTOPa a:
p.A
o+ v
-3

Beipakas uncaurens U 3HameHarenb Gopmyisl (1) mocpeacTBoM KOOpAMHAT BEKTOPOB @

Tr
12

u ¥ npumenss Gopmyms (2) u (3), HaXoaUM

0 B oy By +og By
Vil vl vod (gl oBl v

Mlycts B mpoctpasctse  3ajambl  Toukn — ACmm:A)y, Bleiwz)  1opp,

oS Q=

L1 1}
AB(x —m:y2—-WM.22—A) Tnyua pexropa 4B Gyner pasua |AB| u u3 popmyisl (3) crenyer,
qT0

e 2 2 2

|AB| :J(n —a) +t{(m-—n) +t{z—=a1) .
CBeJZieM OCHOBHBIE PE3yJIbTaThl B TAOJIHUILY:
Tab6muna 1



CkansipHOE TTPOU3BEICHNE BEKTOPOB
Bun npoussenenus a6 %)
HA: B i)
O603HaueHNE &4
ITousiTHE |81- [ coel2.£)
[IpencraBieHue B KOOpAUHATAX LA L R L
[y
conff =
y A
Ef-nofil
[Ipunoxenue By
Iip_ b="¢
o T
3) 4=F§

KoHTtposbHbIE BOITPOCHI

1) Ompenenenue Bekropa. JIMHEWHbIE olepalMM HaJ BEKTOpaMM, CBOMCTBA ATHX
onepanui.

2) Ilpoexuuu BekTopa Ha ock. CBOMCTBA MPOEKIIMH.

3) Pa3noxxeHue BeKTOpa 0 KOOpAUHATHBIM opTaM. KoopanHaTsl BeKTOpa.

4) Pagnyc-Bexktop Toukd. Moaynb BekTopa. PaccTosHue Mexay 1ByMsl TOUKaMHU.

IIpakTnyeckoe 3ansiTue Ne 6
Tema: CkansipHoe npousBeeHle BEeKTOPOB
Heas: HayuuTp cCcTyneHTa UCHOJAb30BaTh CBOMCTBA JIMHEHMHBIX ONEpaluid C

F€OMETPUUECKUMU BEKTOPAMH, CKaJSPHOTO MPOU3BENIECHUS BEKTOPOB s pELICHUS 3ahad
BEKTOPHOU anreOpsl

IpakTuyeckunii 610K
Pemennie TUTIOBBIX MPUMEPOB

- a a a a a

Ipumep Ne 1. KommuueapHel 1m  BekTopel P 6a—28,g="3a+b

a[l;E;Elb{E;—l;ﬂ]_

*Tae

Pemenue.

1) Haiinem xoopaunatsl Bektopos Pu %, moms3ysck Tem, 4to mpu crno’keHnn BEKTOPOB

HX KOOpAWHATBI CKJIAABIBAKOTCA, a IMPHU YMHOKCHHU BCKTOpa HaA YHUCIO €Tr0 KOOPAWHATHI
YMHOKArOTCs HA 3TO YUCJIO:

;( 6-1-2.2:6-2-2 (—1)6-3—2.0) .}(—31.1+1;—& 2-1:-3-340)

(241X gl(-1:-1:-9) 2) Tak Kax
Z 14 1E
1 -7 -9

- a

TO KOOPpAUHATBI BEKTOPOB JFiII/I quOHOpHI/IOHaHBHBI. CJ'IC,Z[OB&TCHLHO, BCKTOPBI JFiII/I 7
KOJUIMHCAPHBEI.

Ortser. Bexropsr £ u ¥ xonnmmueapusr.

[Tpumep Ne 2. JlaHb1 BEPILLIMHBI TPEyroJIbHUKA!
A(-1:-2:4).B(4:-2:0).C(3:-2:1 }‘Haﬁm/ITe nmuHy croponsl -ABy £LBAC

Pemenmue.

1) Beruucisem koopauHartsl Bektopos A8y AC

48 (4 —(])-1-(-250—4) 26 (3—(-L)gl (-2)1-4)

AB[-30:4] 4C[4.03]



2) Ilo dhbopmynam Jyutst ITUHBI BEKTOPA M CKAJISIPHOTO MPOU3BEACHHS BEKTOPOB HMEEM
il

AE=#3‘=J{—3 ¥+ +(4) =5ed_

T THHE 1T

AB-AC——3 440-0+(—4)-(—3)=0 & AB1 AC,

e LBAC=90"

OtBetr. AB=5 en. Lﬂc=9"n.
[Tpumep Ne 3. OnpenenuTs yroa MexIy TUaroHasIMH HapajijiesiorpaMma, oOCTPOSHHOTO

Ha BeKkTOpax @=2M—Ry B=m+2R ;e M.M_ onypyunHble BEKTOPHI, YTOJ MEX/Y KOTOPBIMH

0
pasen 6
Pemenue. CnenaB cxeMaTU4E€CKUM PUCYHOK,

L
Puc. 13.

ol

Y6€)K,I[aeMC${, 4TO BCKTOp . COOTBeTCTBYIOH_[I/Iﬁ OJIHOM AuaroHajau mapajuiciorpaMmma,

HAXOJUTCS 10 popmyse
i

d =a+h
a Apyrou —

d, =b—a

Otcrona

ﬁ.= imin,

L S §
d =—m+3n. 4
B cuny cBoiictBa 50 (Teopema 1) ckansgpHoro npomBeJ:[eHHs[ MOJIy4YUM

2 Wy L U A L %] w T I3 ' ]
m =d, =(3minyY =9m +6m-min —9F‘ +5H mcmn:u =
_9+511.1ﬁe§'+1 —13e? = F| «.ﬁ_agﬂ" i

AmnajornyuHo,

2 T o T L &) T I )

|d, —dy =(-mt3m)=m —6m-mi9n =|
14
—1-611-cpepll +9-7 2 = |a=«ﬁ.a_ -
-2 Haitnem  ckamsipHoe

MMPOU3BCACHUC BCKTOPOB q u dz . YuuteiBas cBoiictBo 10 KOMMYTATHUBHOCTH CKaJIAPHOTO

npousBenieHus U (4), umMeeM

ur um T r T T w3 Wr wWr Iy

d -dy=(3min)(—miin)=-73m - mn+9m-niin =
w w T Fu I3z

=—3- nr ‘ ncos{ 2. m)+3n =—3-1+8-1-1-1/2+3-1=4_

Tak kak
custdy -y )y
i |

TO



sl 419 < [El,::)=amns{ﬂ,419]

JI_S \f'; OrTBerT.
T TN

(d .dy )=awcos(0,419).

ITIpumep Ne 4. Ilon nelictBuem cuinel B 20 H MarepuanbHas Touka rnepemMecTuiIach Io

cacld; .y )

npsamoii Ha 2 M. Haiftu paboty, coBepmiaemyio 3TOW CHIJIOH, €CIM Yrojd MEXIy CWIOH u

3““
HaIlpaBJICHUEM paBeH .
Pemenue. PaGoTa A Beruncisiercs mo ¢popmyse

4= F-5=[F|[Sloost ¥ 5,

rne & — Bextop neiicTBytommeii cuibl, S— BekTop myTtH. Iloaydnm

A=20-2-cos30° =20 «,/Egac

Orser. 4=20 V3P

3aia4u U1l pereHust
I I I I I 31

Lo a—2h, —b—3a, —a+—hb_
1. TTo nannBIM BekTopaM @1 # mOCTPOUTH BEKTOPHI 2 1+ 14

2. Jlausl BeKTOpH % (2:-1:0).6(2:3:1 )‘BLIIH/ICJIHTL:
Iy
Q& ;

6) (3a-28)-( a+E1]_
Ortsger. a) 14; 0) -12.

a a L a L a L a

3. OmpenenuTh NpU KakoM 3HaueHHH % pextopsr 2 % =3 7+2k, b=i+lj-ok

OpPTOTOHAJILHBI.
Orser. &=—4.
L1}
4. BBIUMCIATH Kakylo paboTy IPOM3BOIUT CHUIIA F(3:11 =5}'Korna ee TouKa
i A(2:3:4)
l'II:)I/IJ'IO)KCHI/IFIj OBUTasACh II0 pr[MOI/I, HepeMeCTI/IHaCB U3 TOYKH B TO‘-IKy

B(3:2:1) .
Otser. 27 ex. pao.

5. Bexrtop @ cocTaBisieT C OCAMU KOOPAMHAT OCTPBIE YIJIBI w.f.y * IpUYEM “=“5u,
I

a=3

£=6 . Haiitu ero xoopivHaThl, €CJI

Ommer. @ (3/42:3/2:372)

F 3
[ L =3

I
= i-s.
6. Bextopel @u ¥ o6pazyror yron 3 . 3mas, urto HaWTH JUIMHY BEKTOpa

c=3a+2h

F’: =14 .73
OTBeT. en.

3agauu A7 caMOCTOSITEIbHOM paObOThI

1. BEIUHCIUTE CKANApHOE IPOoU3BeeHNe BekTopoB @u ¥ ecm
I I I I

al—4. b=4i-3F, . e

yron mexy Bektopamu @ u ¥ pasen 600;

a)



i i L i i

6) a=2i+ij-3k, &(1:0;4)
Otser. a) 10; 6) 14.

2. Konmnreapus: i exropsr P=32+608.g=—a+1b . a(1:2:-3), #(1:0:-1)
Otser. Her.

3. Haiitu yros MexAy AMaroHaJsIMU IapajuleJorpaMma, IMOCTPOCHHOIO Ha BEKTOPAX
i i

L a i a

a=2i+jH =— j+2 .i:_
Ortser. (3,5]:0

4. JlaHbl BEKTOPHI

a=2i-3 j+6k b=—1i+1j-1Kk

, TIPWIIO’KEHHBIE K OO0IIEeH TouKe.
Haiitn opT GuccekTpuchl yria Mexny Zu &,
Ip
Orer. € (~1/4A2:5/42 24112

5. Tloctpouth TOUYKH A(4:1)B(350C(14)D(00) popy roupn MOCTPOEHBI
MpaBUJIbHO, TO TOJIy4eH KBajpaT. Uemy paBHa JyIMHA CTOpPOHBI 3TOro kpajaparta? KakoBa ero
miomaas? HallTh KoopAMHATHI CEpeIMHBI CTOPOH KBajIpaTa.

OtBer. = “Jl_? en., §=17yp, el.,
Mg (3.53)0Mg. (1:4,5) M, (—0.5:2)M 5 (2:0,5)

6. Haiitu Bextop ¥, mepHEHAMKYISAPHBIA BekTopam @=I+&y b=2 -k, eciu
U3BECTHO, YTO €r0 MPOEKIIUS Ha BEKTOP c=1+1 j+1 IiiTpau?.Ha 1.

Otser. X(-3/2; 3/4; 3/2).

KoHTposibHBIE BOIPOCHI

1) CkansipHO€E IpOM3BEICHHE BEKTOPOB, ero (u3nueckoe ToakoBanue. CBOWCTBa

CKaJISIPHOTO TIPOU3BEICHUS.

2) Ilpoekmust BekTopa Ha BEKTOp. YTon MeXAy Bekropamu. HeoOxomumoe
JOCTAaTOYHOE YCIIOBHE NEPIIEHANKYISIPHOCTH BEKTOPOB.

3) CxansipHOE IPOHM3BEICHUE BEKTOPOB B KOOPJMHATHON (opMme.

IIpakTnyeckas padora Ne 7

Tema: CocTraBiieHue ypaBHeHHIl IPSIMOit

Henb: oTpaboTaTh yMEHHE COCTaBISATH ypaBHEHHE MPSMOM, 3aJaHHON pa3INnYHBIMU
croco6amu; MepexoaAnTh OT OJHOTO BUJA YPAaBHEHMSI IPSMOU K IpyroMy

Teoperuyeckre OCHOBBI: HOPMAJIbHBIM BEKTOpP NPSIMON, HANPABIAIOIIMN BEKTOP
IpsIMOM, CLIOCOOBI 33AaHUS TPSIMOM, BUJIbl YPABHEHUS MIPSIMOH.

B nexaproBoit mpsiMoyroneHOI cucteme koopauHat OXY Ha MI0CKOCTH JTF00ast mpsiMast
MOYET OBITh 3a/1aHa YpaBHEHUEM B BUJIE

Ax+By+ C=0

rae kodpduumentet N = ( A,B) - KoopAWHATHI BEKTOpa MEPHECHIAMKYISPHOTO K
3alaHHOM NPSAMOW. DTOT BEKTOP HA3bIBAIOT HOPMAJIbHBIM BEKTOpoM mpsimod. Ecim B, TO
YpaBHEHUE NPSIMOM Ha INIOCKOCTH MOKHO IIPEACTaBUTh B BHJIE

y=kx+b (k=tg)
DTO ypaBHEHHE HA3bIBAETCSl YpPaBHEHHEM IMPSIMOM C TJIaBHBIM KO3 (OUIIEHTOM.
PaccmoTpuM ciiyyam B3aMMHO pacIioyio’KEHUeE ABYX MPSMBIX HA INTIOCKOCTH
1. Ecnin ipsimble 3a/1aHHbIE OOIIMMU YpaBHEHUSMHU



AiX + Bly+ Ci=0 u Arx+ Bzy+ C,=0,

2. Ecnu ypaBHeHUe 3aJ1aHbl € YIIIOBBIMH K03 puiienTamMu
y=kix+by u y =kx+bh,,

Ilpumep 1. HaiitTu ypaBHeHuEe NpsAMOM, NPOXOASIIEH 4YEpPE3 TOUKY Mo(4,-3) wm
00pa3yromuii ¢ 0CIMU KOOPAMHAT TPEYTOJIbHUK IJIOMIA b0 3.

Tak kak 3agaHHast Touka JexXuT B |V yerBepTu TO MCcKOMas mpsiMasi JOJDKEH OTCEKaTh
oTpunarenbHyo yactb ocd OY u monoxkurenbHyro 4vacth ocu OX. Hammmem ypaBHeHHe Ha
OTpe3Kax MPOXOSIIYIO Yepe3 JaHHYIO TOUKY.

Ecau Mb1 mogbepeM a=2 u 6=-3, TO TOJYYUM TPIMYIO YIOBJICTBOPSIONMIEH YCIOBHE
3agaun. Takas npsiMas He OJTHA.

[Ipumep 2 . 3anucaTh ypaBHEHHUE MNPSIMOM, MPOXOMSANICH Yepe3 Hadalo KOOpJIAUHAT U
00pa3yrommii yroj 45% ¢ npsMoit y=2x+5.

Tak KaK yroi Mexy npsMbimMu 45° | To 3arichIBaeM JIBa ypaBHEHHMS ¢ HOM3BECTHBIME Ki
n kz.

Torma ypaBHeHus NpsAMOM MPOXOAALICH 4Yepe3 HA4yajllo KOOPAMHAT U YIVIOBBIMH
ko3 purmenramu K,=-3 u K;= OyIyT COOTBETCTBEHHO

Ili1ockocTh

OcHoBHasi TeopeMa. B  Odexapmogvix NpsAMOY20JbHbIX KOOPOUHAMAX YPAGHEHUE
000U NIOCKOCU NPUBOOUMBCS K BUOY

VYpaBHeHue Ha3bIBaeTCs oOwum ypasHenuem niaockocmu . KoaduunueHntsl sgBIsOTCS
KOOpJMHATaMHU BEKTOpa N, NEPIEHAMKYISIPHOIO K IUIOCKOCTH, 3aJlaHHOW ypaBHeHHEM. OH
HA3bIBACTCSI HOPMAIbHLIM BEKMOPOM 3TOU IUNIOCKOCTH U ONPEIEIIIET OPUEHTALNIO IUIOCKOCTH B
IIPOCTPAHCTBE OTHOCUTEIBHO CUCTEMBI KOOPAUHAT.

Cyl1ecTBYIOT pa3iMyHble CIIOCOOBl 3aJaHMsI INIOCKOCTU U COOTBETCTBYIOIIME UM BHJIbI
YpaBHEHUS .

1 Vpasnenue nnockocmu no mouxe u mopmarvrHomy 6exmopy. Ecim miIockocTh
MPOXOJUT Yepe3 TOUKY U MEePHEHAUKYISIPHA K BEKTOPY

2. Vpasnenue niockocmu 6 «ompesxaxy . ECau MIOCKOCTh epecekaeT 0CH KOOpAUHAT
B TOYKAX COOTBETCTBEHHO

3. Vpaenenue nnockocmu no mpem moukam. Eciu MI0CKOCTb IPOXOJUT YEpe3 TOUKH ,
HE JIe)KalMe Ha OJTHOM MPSMOM

[pumep 1 CocTtaBuTh ypaBHEHHUE TIJIOCKOCTH, MAPAIETbHON BEKTOPY

s= (2,1,-1) u orcekaromux Ha ocix OX u QY orpesku  a =3, b= -2
(OtBet:  2x-3y+z-6=0)

Hckomoe ypaBHEHHME IUIOCKOCTH HAaXOJHWM M3 YCIOBHS KOMIUIAHAPHOCTU TpeEX
BekTOpoB M1M, MiM3, S , a Touku umeetr koopauHatel M(X.y,2), Mi(a,0,0), M>(0,6,0) . 11o
ycIoBUIO 3a1aun a=2, 6= -3. Toraa
¥ OKOHYATeNbHO moydaeM 2X - 3y +z=0.

[pumep 2. BerYucauTh pacCTOSHUE MEXY MapalljIeIbHBIMU MIOCKOCTSIMH

3X+3y+2z-15=0 wu 3x+3y+2z+13=0.

Jlns peuieHuu 3aadu HaXoAMM JIOOYI0 TOUKY MPUHAJIEKAIIYI0 Ha OAHOW M3
IUIOCKOCTH, HarpuMep cuutast Y = Z= 0 U3 ypaBHEHUS NEpPBOM IIIOCKOCTH HAaXOIHUM , YTO X=5
Torma mo ¢opmyne HaxOXIeHUS paccTosHUS OT aaHHOM Touku Mp(5,0,0) nmo BTOpOH
IIOCKOCTH Haxomum  d= 4

Ayoumopnuvie 3anamus:

1. [To maHHBIM ypaBHEHHSIM IIOCTPOUTH MPSMBIC, HANTH UX YTIIOBBIE KOIPPHUIMEHTH U
OTpE3KH OTCEKaeMble MU Ha OCAX KOOPJMHAT.

2.3anucarh ypaBHEHUs IMPSMBIX, Ha KOTOPBIX JieXKAaT CTOPOHBI PaBHOOEIPEHHOMN
Tpaneuuu, 3Hasl, YTo OCHOBaHHUA ee paBHBI 10 u 6, a OOKOBBIE CTOPOHBI 00Pa3yIOT C OONBIIUM



OocHOBaHueM yroi .bosbliee ocHOBaHUE JIEKUT Ha OCH aOCIKCC, @ OCh CUMMETPUU Tpaneuu —
Ha OCH OpAMHAT

3. Cua npuwiokeHa K TOYKe . 3amucaTb ypaBHEHHE MPAMOM, BIOJb KOTOPOM
HaIpaBlieHa 3Ta CUJIA.

4. 3anucaTh ypaBHEHUE MPSMBIX, KOTOPBIC MPOXOAAT Yepe3 TOUKY H MapajuieIbHbBIL: a)
ocu abcuucc; 0) ocM OpAMHAT; B) OHMCCEKTpHCE NEPBOrO KOOPAMHATHOTO YTia; T') MPsMOM
y=3x+9. 5. 3anucaTh ypaBHEHHE MPSIMOH, TPOXOASAIICH Yepe3 TOUKH

6. JIyu cBeta HampaBiieH no npsiMoii HailTu KoopAMHATHI TOYKHA BCTPEYH JIyda C OChIO
U ypaBHEHHE OTPAKEHHOTO JyyYa.

7. Touka A(-2,3) neXHT Ha IPAMOM, MEPICHAUKYIAPHOH K mpsmoit 2X-3y+8=0.
3anucarb ypaBHEHUE 3TOU MPAMOM.
8. Touka A(2,-5) sBuseTCs BEPIIMHON KBapaTa, OJHA W3 CTOPOH KOTOPOI'O JIEXKHT Ha
npsmoi X-2y-7=0. Beraucnute miomaas kBaapara. (Omeem: 5)
9. 3anucaTh ypaBHEHHE U MOCTPOUTH MIOCKOCTh:
a) napajuiesibHyo miockoctu OXZ u npoxosiyto uepe3 Touky Mo(7,-3,5)
0) npoxosmiyto uepes ocb OZ u Touky A(-3,1,-2)
B) mapayienbayro ocu OX u nmpoxoasiiyro yepe3 nase Touku Mi(4,0,-2),
My(5,1,7)
I') MPOXOASAIIYIO Yyepe3 Touky B(2,1,-1) 1 UMEroIIyr0 HOPMaJIbHbIH BEKTOP
n=(1,-2,3)
1) nmpoxoasiryto yepe3 Touky C(3,4,-5) mapamienbHo ABYM BEKTOpaM
a=(3,1,-1) u 6=(1,-2,1)
Otgert: a) Y+3=0; 6) x+3y=0; 6)9y-z-2=0; 2) x-2y+3z+3=0; 0) x+4y+7z+16=0.
10. CocraBuTh ypaBHEHUE OJHON U3 IpaHel TeTpasjpa, 3aJaHHOTO BEPLIMHAMMU.
A(5.4,3), B(2,3,-2), C(3,4,2),[1(-1,2,1). IIpoBeputh npaBUILHOCTH NOJYYEHHOTO YPABHEHHUS.
11. CocTaBuUTh ypaBHEHUE MIIOCKOCTH:
a) npoxonsiieit uepe3 rouku Mi(1,1,1), M»(2,3,4) nepneHauKymsipHO K
IJIOCKOCTH. 2X-7y+52+9=0,
0) mpoxoxsmien yepe3 Touky Mg(7,-5,1) 1 oTcekaroeil Ha OCSIX KOOpAWHAT PaBHBIC
MOJIOKUTENbHBIE oTpe3kn. (OTBet : a) 31X +y-11z2—21 =0
0)X+y+z-3=0)
12. BeaucnuTh yroi MeXIy MIoCKocTsIMA X - 2y + 22— 3=0 u 3x-4y+5=0

(OtBer : )

13. 3anucaTh ypaBHEHHE IUIOCKOCTEH, MENAIINX JBYXIPAaHHBIE YIIBI MEXKAY
IUIOCKOCTAMH 3X-y+72-4=0 u 5Xx+3y-5z+2=0 ( OtBerT: X+2y-6z=0,

Ax+y+z-1=0)

Homawnue 3a0anun:

1.Haiitn ypaBHeHHE TIpsSMOM, mpoxosiied yepe3 Touky Mpg( -2,3) u oOpasyrommii ¢
OCSIMM KOOPJIMHAT TPEYroJbHUK IIJIOLIA/IbI0 4.

2.3anucaTth ypaBHEHHE MPSMOM, MPOXOJALICH Uepe3 Hauaao KOOpAUHAT U 00pa3yroIuii
yrox 30° ¢ mpsimoit y= - 3x+1.

3.3anmcarh ypaBHEHHE IPSIMON TTPOXOsIIei yepes Touky P(5, 2) u oTcekaroliell paBHbIe
OTPE3KHU Ha 0csxX KoopauHart. (Omeem: X +y -7=0.)

4.Haiitu ypaBHeHHE NPsMOH, MapauienbHOl npsiMoit 12X+5y-52=0 u orcrodiieil ot Hee
Ha paccrostaue 2. (Omeem: 12X+5y-26=0 nnu 12x+5y-78=0.)

5.BBUUCINTE BETMYMHY MEHBINETO yriia MeXAy npsambeiMu  3X+4y-2=0 u 8x+6y+5=0.
Jloka3aTh, UTO TOUKa JIEKUT HA OMCCEKTPHUCE ATOTO yIia, U CAeNIaTh PUCYHOK.

6. CocraButh ypaBHEHHE IUIOCKOCTH uepe3 Touky P(1,0,2) mnepneHAMKYISIPHO
K JBYM IocKocTsM 2X-y+3z-1=0 u  3x+6y+3z=0.



7. CocTaBUTh YpaBHEHHE TJIOCKOCTH, MEPIICHIUKYISIPHON K TUIOCKOCTH 2X-2Y+47-5=0 u
otcekaromeid Ha ocsix OX u OY orpesku a=-2, 6= COOTBETCTBEHHO.

8. CoctaBuTh ypaBHEHHE IJIOCKOCTH, MapauieabHoi Bektopy S= (5,0,-2) u oTcekarommx
Haocax OX u QOY orpesku a=-4, b=1

9. Beruuciauts PACCTOAHNEC MCIKAY HapaJlJICIbHBIMU INIOCKOCTAMUA

X-2y+4z-1=0 wu 2x-5y+2z+12=0.

IIpakTuyeckasi padora Ne 8

Tema: CocTraBjieHHe ypaBHEHHH MJIOCKOCTH

Heab: oTpaboTaTh yMEHHE COCTaBIATH ypaBHEHHUE MPAMOHM, 3aJaHHON pPa3IHMYHBIMU
croco6amu; MepexoaAuTh OT OJHOTO BUJA YPaBHEHUS MIPSMOM K IPYyroMy

TeopeTnyeckue 0OCHOBBI:

IIpsimasi ¥ I0CKOCTH

B 3aBucumocTH OT crocoba 3agaHus MPsIMOM B MPOCTPAHCTBE MOXKHO paccMaTpUBaTh
pa3IMyHbIE €€ ypaBHEHUS.

1. BexmopHo-napamempuueckoe ypasHenue npsamou. llycTe npsimas IpoXOauT uepes
TOUKY MapajiieIbHO BEKTOPY, a Jr00asi TouKa 3TOM MpsMoii .

KOTOpO€ TOJy4yaeTcs IO IMpaBUILy CIOXKEHHS BEKTOPOB. YpPaBHEHHE  Ha3bIBAaeTCs
BEKMOPHO-NAPAMEMPULECKUM YPABHEHUEM NPAMOL, —HAIPABISIONIUM BEKTOPOM MPSIMOI 2.
Ilapamempuueckue ypasHenus npsamoti.

3. Kanonuueckue ypasnenus npsamoti. Pazpeias ypaBHEHUS B CUCTEME OTHOCUTEIBHO
t 1 npupaBHUBAs OJy4YEHHbIE OTHOLIEHUS, IPUXOJIUM K KOHEUHbIM YPAGHEHUIM NPAMOLL.

4. Ypasnenus npamoii 6 npocmpancmee, npoxoosawen uepe3 08e mouKu.

5.06wue ypasnenus npsamoii 6 npocmpancmee.

Tenmepr MOXHO 3amMcaTh YCJIOBHUE MEPHNEHAMKYISIPHOCTH NPSIMBIX | & YCJIOBHE
napayuIeIbHOCTH , a YCIOBHUS HUX coBmaaeHus , rae Mi(X1,y1.21) , Ma(X2y22) , a S, —
HAIPABIISAIONINE BEKTOPHI.

Yenom mesncoy npamoui u nnockocmoro Ha3bIBACTCA YTOJI MEXKAY MPAMOI

1 OPTOTOHAJILHOM MPOEKIMEN Ha MIIOCKOCTb.

Ipumep 1. CocTaBUTh ypaBHEHHE MIIOCKOCTH, IPOXOAAIIEH Yepe3 TOUKY

P(1,0,2) nepneHANKYISAPHO K JIBYM IJIOCKOCTSAM

2X-y+3z-1=0 u 3x+6y+3z-5=0

Tak xak K03(pPUIMEHTHI MIOCKOCTEH HE MPONOPIHOHAIBHBI, TO OHM IEPECEKaIoTCH,
TOT/la HANpPABIISIIONIMI BEKTOp JIMHUWA TMEPECeUEHUs HaXOJIUM M3 BEKTOPHOIO IPOW3BEIACHUS
HOpMaJiel JBYX IUNIOCKOCTEM T.€.

Torma sToT BekTOp OyaeT HOPMalbl0 MCKOMOM MIIOCKOCTH H MO (opmyne (2) Haxoaum
7x-y-5z2=0.

[Ipumep 2. 3anucarh ypaBHEHHE IUTIOCKOCTH, MPOXOIAIIEH Yepe3 MPSIMYI0

MEPIIEHANKYISIPHO K TUIOCKOCTH X+4Y-3Z+7=0.

Vckomass TUIOCKOCTh MPOXOAWUTH dYepe3 TOoukw mpsamoir  Mop(2,3,-1) u dgepe3
Harnpasisromuil Bektop npsmor §(5,1,2) u yepe3 Hopmanu aanHou twiockoctu N(1,4,-3). Toraa
U3 YCIOBUS KOMIUIAHAPHOCTH TpeX BekTopoB MM, S W N Haxoaum

u 11x-17y-19z+10=0.

3apanus

1.Haiitu ypaBHeHue mpsimMoii, mpoxosiiei yepe3 Touky Mo( -2,3) u oOpasyrommuii ¢
OCSIMH KOOPJIMHAT TPEYrOJbHUK TIIOMIAIBI0 4.

2.3anucaTth ypaBHEHHE MPSMOM, MPOXOALIEH Uepe3 Hauaao KOOpAUHAT U 00pa3yroIuii
yrox 30° ¢ mpsimoit y= - 3x+1.



3.3amucarh ypaBHEHHE TIPAMOM Ipoxoasiel yepe3 Touky P(5, 2) u oTcekaromeil paBHbIE
OTPE3KHU Ha 0CAx KoopauHart. (Omeem: X +y -7=0.)

4. Haiitu ypaBHEHHE TIPSMOM, MapauieabHol npsmon 12X+5y-52=0 u orcrosiieit oT Hee
Ha paccrostaue 2. (Omeem: 12x+5y-26=0 nnu 12x+5y-78=0.)

5.BBIUMCIINTG BEIMYMHY MEHBILETO yriia MEXAy HNpsMbiMu  3X+4y-2=0 u 8X+6y+5=0.
Jloka3aTb, 4TO TOYKA JISKUT HA OMCCEKTPUCE ATOTO yIiia, U cenarh pucyHok. (Omeem: .)

6.CoctaBuTh ypaBHEHHE IUIOCKOcTH uepe3 Touky P(1,0,2) mnepnenaukynasipHO
K JBYM IIOCKOCTIM 2X-y+32-1=0 u 3x+6y+3z=0. ( OtBer: 7X-y-5%-z+3=0)

7.CocTaBuTh ypaBHEHHE TUIOCKOCTH, MEPIEHIUKYISIPHOW K TUIOCKOCTH 2X-2Yy+4Z-5=0 u
orcekaromeid Ha ocsix OX u OY otpesku  a=-2, 6= cooTBeTcTBeHHO. (OTBET: X-3Y-
2z+2=0)

8.CocTaBUTh YpaBHEHHE TUIOCKOCTH, MapasuienbHoi BekTopy S= (5,0,-2) u orcekaromux
Haocaix OX u OY orpesku a=-4, b=1

9. BbluncauTh paccTosiHuE MEXY NapajulebHBIMU IIJIOCKOCTAMU

X-2y+4z-1=0 wu 2x-5y+2z+12=0.

10. 3anucarp ypaBHEHHUE IIIOCKOCTH, IPOXOAIIECH Uepe3 NpsAMYyI0 NEPIEHIUKYISIPHO K
MJIOCKOCTH .

1 1.BbrarcanTh paccTossHue MeXAy npsimbiva 1 ( Omeem: . )

12.ITepecekatorcs u npsmbie 1 ( Omeem: HET. )

Bomnpocsl k Teme:

1 Jlaiite onpeneneHne HOpMAIBHOTO BEKTOPa MPSIMOM.

2 Jaiite onpeneneHre HanpaBJsIOLIErO BEKTOPA MPSMOM.

3 Kakum HaO0OpoM 371€MEHTOB MOKHO 33]1aTh MPSIMYIO0?

4, Kakoii BUJ1 MOKeT UMETh ypaBHEHUE IPSIMOM Ha IJIOCKOCTU?
5 Kak cocTaBuTh ypaBHEHUE IPSIMOIA:

- 110 HaNpaBJAIOLIEMY BEKTOPY U TOUKE,
- 110 ABYM TOYKaM,
- 110 HOpPMAJIBHOMY BEKTOPY U TOUKE,
- 110 OTpe3KaM, OTCEKaeMbIM MPSAMOM Ha OCSIX KOOpAUHAT?
6. YUT0 MOKHO CKa3aTh O MOJOKEHUH NMPSMON Ha KOOPIAWHATHON IUIOCKOCTH,
10 €€ YPAaBHEHUIO:

- KaHOHHYECKOMY
- TapaMeTPUYECKUM
- “B orpe3kax”
- C YIJIOBBIM KO3 (UIIMEHTOM
7. Kak nepelTi OT 01HOT0 BUJa ypaBHEHUs IPSIMOM K IpyromMy Buay?
8. Uro MOXHO paccka3aTb [0 YpPaBHEHHIO O IIOJIO)KEHUM TMpPsSMON Ha
IUIOCKOCTH?
0. Kak onpenenuTs B3auMHOE pacronokKeHHe TOUKH U MPSMOit?

10.  Kak ompenenuTh TOUKY NEpEeCceUeHUs IBYX MPSMBIX?

IIpakTnyeckas padora 9

Tema: HaxoskneHnue npenenoB (pyHKIMH H TOYEK pa3pbiBa.

Heanb: mnpuobperenne 0a30BBIX 3HaHUI B oOmacTH (yHIAMEHTAIbHBIX DPa3JENIoOB
MaTeMaTHKH. [IpoBepka yCBOeHMs 3HAHUHM MO BBIUMCIEHHUIO TpeaenoB GyHkuuil. [ToBToputs 1
CUCTEMATU3UPOBATH 3HAHUA T10 }IaHHOfI TEME.

Teoperuueckuii 010K
UToOB! BEIUMCIUTD NpeAeT PYHKIIMH B TOUKE, HAJO:
1) IToacTaBUTH BMECTO MEPEMEHHOM X TO, K YEMY X CTPEMHTCSL.



3
2) Ecnu mocine BBIMOSHEHUS MyHKTa 1) MOMydrMM HEOMPEIeICHHOCTh BHIA [D , TO HaJ0
YUCIIUTENb W 3HAMEHATeNb JpOOM pa3joKUTh HAa MHOXHUTEIM U COKPAaTUTh ApoOb, WU

YUCIUTCIIb U 3HAMCHATCJIb JOMHOXUTH Ha COINPSKCHHOC M IOCJIC 3TOr0 COKPATHUTH I[pOGb.

—
3ameTnM, 4To IpoOb Bcerga OyJeT COKpAIIaThCs, €CIM B BBIPAKEHHHM X  a CTPEJIKY 3aMEHHTh
Ha MUHYC: (X-a).

[=0n]

3) Ecnu mocse BBIMONMHEHHS MyHKTa 1) MOJyYUM HEONPEACICHHOCTh BHIA L’C], TO HaJ0
YUCIIUTENb M 3HAMEHaTeldb ApoOM pa3[esuTh Ha CTApUIyl0 CTENeHb HEW3BECTHOIO, WM
claraeMoe ¢ caMoi OOJbIION CTENeHbI0 B YMCIUTENE pa3/ieUTh Ha cllaraeMoe C caMoil
0OJIBIION CTETIEHBIO B 3HAMEHATENE U B3STh MPEEII OT PE3yJIbTaTa JICICHHUSL.

0
4) Ecnu mociie BBIMOJHEHHS IMyHKTa 1) MOJydUM HEONPEACICHHOCTh BHIA [“],
CBS3aHHAsl C 3HAYCHUSIMH TPUTOHOMETPHUYECKHUX (YHKIIMH, HAJ0 BOCIOJIb30BATHCA MEPBBIM
3aMeyaTeNbHbIM MIPEIETIOM.
Onpenenenue. [lepBpiM 3aMeyaTeNbHBIM NIPEAEIOM HA3bIBACTCS IIPEIEI

i

-

Ilepeuvlil 3ameuamenvhbiii npeden paseH
i
fin—=1
= Al

-0 ]

5) Onpeoenenue: Bmopuvim 3amewamenbhbimM NPpeoesiom Ha3vleaemcs npeoel
n

e = lim 1—|—1
n

T—roO

Yucno e, 3adannoe >mum npeoenom, uepaem o4eHb O0nbuyl0 polb KAK 8
mMamemamuyeckom aumanuze, max u 6 opyeux paszoenax mamemamuxu. Hucino enazvigarom

log, N =N
).

Teopema. Bmopoii 3ameuamenvuviii npeden cywecmeyem. Eeo 3Hauenue -- uucio,
Jexcaujee mMexHcoy u .

HAmMypaibHwix 102apugpmos (

bonee n00p06Hoe usydenue ducia enokasvleaem, 4mo eg-- UppayuoHrajlbHoe YUCIO,

HECKONbKO Nepeblx OeCAMUUHbIX 3HAKO8 KOMOPO20 MAKOBbL.
e = 2,7182818285. ..

IIpakTuuyeckas padora 10
Tema: YacTHble ciiyyad BBIYUCJICHHS NpeaesioB QyHKIMH.



Hean: mpuoOpereHue 0a30BbIX 3HAaHWUK B 00JacTH (PyHIAMEHTAJIBHBIX pa3/eiioB
MareMaTuku. [IpoBepka yCBOCHUSI 3HAHUU IO BBIYUCIICHHIO NpeenoB ¢yHKuui. [loBTOpuTh 1
CUCTEMAaTHU3UPOBATh 3HAHUS 10 JAHHOU TeMe.

2x° = 3x -3
lirn ETE
Berauncouts npegen 7 l+x+3x

CornacHo HameMmy IpaBHITy MOMBITAEMCS TIOJICTABUTh OECKOHEYHOCTh B QyHKIHIO. UTO y HAC
noy4aeTcst BBepxy? beckoHeuyHOCTh. A uTo mosrydaercs BHU3Y? Toxke OECKOHEYHOCTb.

o
Taxum 06pa3oM, y HAC €CTh TaK Ha3bIBAEMas HEONPEACIEHHOCTh BHAa . MOXKHO OBbLIO ObI
€0
— =00
HOMyMaTh, 4To = , 1 OTBET F'OTOB, HO B OOIIEM CITy4dae 3TO BOBCE HE TaK, M HYKHO

IIPUMEHUTH HEKOTOPBIN IIPUEM PEILLICHHUI, KOTOPBIM MBI CEMYAC U PpACCMOTPUM.

CHaqana MbI CMOTPHUM Ha YUCJIIUTECJIb U HAXOIUM x B CTapmeﬁ CTCIICHU:
_ 31‘ — ﬁ

lim

e | 4 x4 3x?

CTapmasl CTCIICHb B YUCJIIUTCIIC paBHa I[BYM.

Tenepb CMOTpI/IM Ha 3HAMCHATCJIb U TOXEC HAXOIUM X B CTapmeﬁ CTCIICHU.
2 —3x-5

Iim
xs® |4y 4 {5 )
CTapmaﬂ CTCIICHb 3HAMCHATCJIA paBHa I[BYM.

3aTeM Mbl BEIOMpAEM CaMylo CTapIlylO0 CTEIEHb YMCIUTENS U 3HAMEHATEIs: B JAHHOM
IIPUMEPE OHU COBIIAJIAIOT U PABHBI JABOMKE.

Wtak, MeToq perienust caeayouii: 1Jisi TOro, 4YTo0bl pACKpPbITh
oo

HEONIPEACJICHHOCTD & He00X0UMO Pa3aeJIMTh YUCJIIUTEIb U 3SHAMECHATEIb HA S )

cTapuieil CTeneHu.

2x—3x-5 w
-2-

rse 1+ x+3x° o

PazgennM umcianTens U 3HAMEHATENIb Ha x

2x —3x—5 o2x' 3x 5 , 370 520
- I ) - T T o
= lirn X = litn X X = lirn X X - =
(*:I —=w |4+ x4 3y row ] X 37(2 Ll l_ﬂj 1_”:' 3
— —+S5+ — +— +3
X x x X X X
[Ipumep 2

Tx +15x2% +9x+1
Haiitu npegen *=* 5x' +6x" —3x—4
CHOBa B UMCIHUTENE U 3HAMEHATeNe HaX0AUM © B cTaplueil CTeneHu:
1537 +9x + 1

o Sy 1 63° — 3x— 4

MaKCI/IMaJ'IBHaH CTENIEHb B YUCIIHTEIE: 3
MakcumanbHasi CTENIeHb B 3HamMeHaTtene: 4
BriGupaem HaubobIIee 3HaUeHNE, B JAHHOM CITydae YE€TBEPKY.
€0

CormacHo HalmeMy aJiroOpuTmy, I paCKpbITUA HCOIMMPEACICHHOCTH co JACIINUM YUCIINUTECIIb U



4
3HAMEHATENb HA ~

[TonHOE 0 opMIIeHHE 3aaHUST MOYKET BBITJISIIETh TAK:

TR 15 4+ 92 +1 o

==

e 52t 4627 -3x-4

4
Pa3[[e.HI/IM YUCIIUTECJIb U 3HAMCHATCJIb Ha &

T2 4152 +9x+1 770 1570 g2t 20
i mEi @ e
T S 46— Ar—d 1w =0 3->u 4->u =
0 Stz -3 =
X & x X
_ 0404040 _ 0 _
54+40-0-0 5
[Ipumep 3
h.m2x2—3x—5

Haitti npegen **°  x+1
MaxkcuMaibHas CTENEHDb «UKCa» B YUCIIUTEIIE: 2

1
MakcumarnbHas CTeNeHb «MKca» B 3HaMeHaTene: 1 (4 MoxkHo 3amucath Kak + )
!

JInst packpbITHS HeonpeaeneHHOCTH ? HeoOX0AMMO pa3/IeuTh YUCIUTEIb U 3HAMEHATEITh

2
na ¥ . Yucrosoit BAapHUAHT PCIICHUA MOXKET BBITJIAACTD TaK:

o2t -3x-5 o
T Py
K=rw x+ 1 oo

2
Pa3[[€.HI/IM YUCJIIUTCIIb U 3BHAMCHATCIIb HA x

ox —3x -5 ) 370 520
- I - Tz o
1 X 1 x X _
(*} B ]:Ijlm x+1 e l_}u +i_}u B 0 m
xj x x2

2

Ilon 3amucero 0 nmoApa3yMeBacTCsd HC ACJIICHUEC HAa HOJIb (I[e.]'II/ITb Ha HOJIb HCJ'ILSSI), a JCJIICHUC
Ha 0€CKOHEYHO MaJjoe YHCIIO.

o
Takum O6p8.30M, IMpU paCKPbITUHU HEOIIPEACICHHOCTU B 1A o Y HaC MOXKET
MOJIYUYUTBCA KOHEYHO€e HUC/0, HOJIb U OCCKOHEYHOCTb.

0

0

Hpe;[em,l C HEONPEACJICHHOCTBIO BU/IA H METO/ UX PCIICHUS

[Ipumep 4
- 2x* —3x-35
Peunts npegen 27 x+1
Chauana nonpo0yem MoAcTaBuTh -1 B 1poOb:
214 -3.(-)-5 _0
—1+1 0

= |

B JaHHOM CJIy4dac MMoJIyd€Ha TaK Ha3dblBa€Masd HCONIPECACICHHOCTb



Oﬁmee NMpaBUWJIO: €CJIM B YUCIIUTEIIC U 3HAMCHATEIC HAXOAATCA MHOTOYJICHBI, 1 UMECTCS

0

HCOMMPCACIICHHOCTHU BHU A 0 , TO IJIA €€ PACKPBITHA HYKHO PA3JI0KUTD YUCJIUTEID U
3JHAMeEHaTeJIb HA MHOXKUTCJIN.

Jlj1 3TOTO Yallle BCEro HyXHO PEIINTh KBaJpaTHOE YpaBHEHHUE U (WJIN) UCIIOIb30BaTh

(hOpMYJIBI COKpPAIIIEHHOTO YMHOYKEHHS.
o 2x*—3x-5 0
limy =—=(*

r—-1 r+1 0
Pa3noxuM unciauTens U 3HaMeHaTeIb HA MHOYKUATEIN

J1s1 TOro 4To0Bl PA3I0KUTh YUCIUTEIb HA MHOXKHUTEIH, HYKHO PEIIUTh KBaApaTHOE
yYpaBHEHUE:

2xt—3x—5=0
CHaanIa Haxoaum I[I/ICKpI/IMI/IHaHTZ
D=(-3?-4.2 (-5)=9+40=49

W kBanpaTHbIii KOPEHB U3 HETO: D= AR =7

B cnydae ecnu guckpuMuHaHT 00J1b10#, HapuMep 361, HCHONB3yeM KaJIbKYIATOD,
(GyHKIUS U3BIICUYCHUS KBAIPATHOTO KOPHSI €CTh HAa CaMOM MPOCTOM KaJbKyJIATOPE.

! Ecnu xopens He uzenekaemcs nayeno (noiyyaemcs OpooHoe Yucio ¢ 3ansamoti), 04eHsb
8EPOAMHO, YMO OUCKPUMUHAHN BbIYUCTIEH HEGEPHO U0 8 3A0AHUL ONEeYaAmKd.

[[a_nee HaXO0JIuM KOPpHMU:
—(-3-7 _3-7 -4 _

= —=-1

2.2 4 4
e BT 347 105
o224 4

Takum ob6pazom:

2xt —3x—5=2{x— (-1} [x—; =2(x+1)- [x—; ={x+1) {2x-5)

Bcé. Uncnurenb Ha MHOXKHUTENN PA3JIOKEH.

3HameHatenb. 3Hamenarenp X 11 YK€ ABJISIETCS IPOCTEUIINM MHOXKHUTENIEM, U YIIPOCTUTD €r0
HUKaK HEJb3s.

(x+1). {2x—5)

x=-1 x+1

(9= =

{x+1]:

OHGBI/II[HO, 4YTO MOKHO COKpAaTUTH Ha
(%)= lm (22~ 5)=(

r—=-1
Tenepb U IIOACTaBJIsIEM -1B BBIPAXKCHUC, KOTOPOC OCTAJIOCH IO 3HAKOM IPCAcia:
=2 (-1)-5=-2-5=-7
B uncroBoM BapHUaHTC O(I)OpMJ'ICHI/IC JOJI’KHO BBITJIAACTDb IIPUMEPHO TaK:

- oxt—3x—5 _
-1 x4

0
a=(*]'

PaSJ'IO)KI/IM YUCINUTECIb HA MHOXHUTCIIN.
xt —3x—5=0
D=(-3*-4.2 (-5)=9+40=4%



JD=49=7
_—(-3-7_3-7_-4

= —=-1
2.2 4 4

e BT 347 105

o224 4

2x3—3x—5=2&+4}(x—§]={x+ﬂ-&x—5]

hn(x+u.@x—ﬂ

(*) = lim =——5 = lm (2x-5)=-2-5=-7
[Ipumep 5

8- 2x’
ST
Borumcnuts npegen P2 X +4x—12

CHayaJia «4MCTOBOI» BapUAHT PELICHMUS

_a
B—2x 9:{3‘:}

=2t +d4x—12 0
Pa3J'Io>KI/IM YUCIINUTCIIb U 3BHAMCHATCJIb HA MHOXHUTCJIIA.

Yncnurens: & 2x' = 2(4-x")=2(2- n)(2+ %)
3HaMeHaTeNb:
X +4x-12=0
D=16+48=2564
Jo=8

-4-8 -4 +8
hE—= —f X = > =

2
F+dxr-12=(x+6){x-2)

2

. 2(2—x}(2+x}=2]jm (2—x)2+x) 9% —(x=2)2+x) _

(*) = Im
¥=2 (x+6)(x—2) =2 (x+6)(x—2) ¥ (x+6)x—2)
— Ylim (24+x) :—E-E:—l
72 (5 +6) B8
Ilpumep 1
. x—6  2-6
lim,_,,—

x=1= 2-1= _¢4

Mbwi 8ocnoavzosanucs npaguiom 1) u noocmaguiu 6Mecmo X mo, K 4emy X Cmpemumscsi,
m. e. x=2.

Ilpumep 2
I 2 +x—5 [0 —1i (-2 (x+3) Ii x+3 243
Mye—2 7 o] = =T g ey Ty =5
Ilpumep 3
=5 [D] lim (x—5)(vFT3+3)  lim qEM
i —_— - = ——— — x —2 _z
llm*"_’5«,-x+4—3_ w5 (JEFE-3) (VaFE+I) _ (vewa®-3") _
lim (x—5) (Vx+2+3) lim (z—5) (v=+2+3) -
x =5 (xts-9) _ = x5 (x—5) _lim, - (Vx+4+ 3]=3+3=6

Ilpumep 4



e
o+
I &
|
.

= x% %% - + lim 2 lim =
lim dxt+x—6 [E] limx_,x# ]'j'm_'.r—lnc - x x° ﬂ:::x—-l-:_..l—.xl
TR gt -2 = ez xT TxT AT ‘+E_,._*: TR T
Ilpumep 5 _
. I !l[-'l;:ﬁ.n Eillmx DSL;‘:E:
lim, ., :: :i: :llglﬁ == _ 3lim, D“:x“:
Ilpumep 6
. 1 . 1 = 7
a)lim, ... (1+ ;] = lim, .. (1+ E]‘”“x: iy
o2
_ AN _ 232
]Jm(1+—] = [1*]= tim (1+—] e
E=*m x F=w x
6)
: 443 : 44
mn(1+—] =[1#]= fim (1+—] oy
= x E=*m x
6)
. s L R
lim (2x-3)% 2:[ ]Jm1+2x Npi =lime ™ =
2) ¥=d ¥=sd

3. 3akpennenue 3Hanull, yMeHUll U HABBIKOS.

Buinonnume camocmosmenvuyro pabomy no vluucienuio npeoenos QyHKyuil.

BapuanT 1

Brruucnure npenen Q)yHKuI/II/I:
o I —4Ax—2

e x? 16x—5

o 2’ —Ax

ey Syl

o -1

=1 1 6x—T

X

I—}ﬂﬂ'li-r.

ctg2x

BapuanT 2

Boruncnute npenen GyHKIUM:

En I +4x—2
e 6x? +x—5
2 —5x-8
1'—}-31-4
En -1
12 33y -3
4x
I—}[ltgir-
cigdx
5x

=3
x+3 _

in(]+—)

33

Em

5=
2

Emn

s x
I—}ﬂtgir
En 5x+4

x—0 22
x
im [ni]
10. x—»m X

-5 +7



IIpakTuyeckas padora 11

Tema: Bblumcienne mnpeaeaoB (YHKIMH METOAOM YMHOKCHHSl YHUCJIMTEJIs] W
3HAMEHATeJIS1 Ha CONPSI)KEHHOE BbIPaKeHue.

Heab: npuoOpereHue 0a30BBIX 3HAHUKW B 001acTH (HYHIAMEHTAIBHBIX Pa3JelioB
MaTteMaTHKH. [IpoBepka yCBOGHHUs 3HAHUH MO BBIYUCIEHHUIO npeaenoB (yHkuil. [loBTOoputs 1
CHUCTEMAaTU3UPOBATh 3HAHUS 110 JAHHOU TEME.

CneaytoLwmin TMN NpeaenoB NoxXoX Ha npeablayLwmin Tun. EQuHcTBEHHOE, NOMUMO
MHOTOYSIEHOB, Y HAac 006aBATCA KOPHM.

Mpumep 6
b Ax 46 —fl0x-21
Haittn npegen *** Sx—15

HaunHaem pewaTb.

CHavana npobyem noactaButb 3 B BblpaXkeHue Nnod 3Hakom npegena

Jre-Aflozi-21 Wfe-4T 0

5.3-15 C15-15 0

0

MonyyeHa HeonpeaeneHHOCTb Buaa U, KOTOPYIO HYXHO YCTpaHsITh.

dr+E=flox=21 0
lirny =—=(*
ros3 S5x—15 0

Korga B uncnutene (3HameHaTene) HaxoguTca pa3HOCTb KOPHEN (UM KOpeHb MUHYC
0

Kakoe-HMbyab YMCno), TO ANA packpbiTUs HeonpeaeneHHOCTH 0 NCNONb3YIOT MeTO/
YMHOKEHUA YUCTUTEIA U SHAMECHATEIA HA CONMPHAKCHHOC BHIPAXKCHHUEC.
BcnomMmnHaem Hally HeTREHHY hopMysy pasHOCTU
_ .23
KBaAPaTOB: (a—b)atb)=a”-b
YMHoO:xaeM 4HCIUTEb HA CONMPSAKECHHOC Bblpameﬂne:

- (fx+6—J10x=-21) (fx+6+.f10x-21)
= 5x—15

O6paTtuTe BHMMaHWeE, YTO NOA KOPHSMM NpY 3TOWM onepauumn Mbl HAYEro He TpOoraem.

XopolLuo, (@+2) OpraHM30Barnu, HO BblpaXeHWe-To Nnoa 3HakoMm npepgena
nameHunock! A ons Toro, YToObl OHO HE MEHSINOCH, HY)KHO €ro pasfaenuTb Ha TO Xe

camoe, T.e. Ha (ath),

i (fx+6 =102 =210 (246 +102-21) _

¥ 3 (5};—15}(—\?{}:4—6 +~u'r1|:|X—21:| (*:I

)

To €CTb, Mbl YMHOKHJIM YUCJIUTEIb M 3HAMEHATEJIb HA CONPSI’KEHHOE BbhIPaKEHUE.
B nssectHom cTeneHun, 3To I/ICKyCCTBeHHbIIZ npuewm.

YMHOXUNN. Tenepb camoe BpeMs NPUMEHUTb BBEPXY
chopmyny (&~ E)@+b)= al -7,



)  tim (fr+6)° -(10x-21))
73 (5x—15). (fx+6 +-/10x - 21)
x+6-(10x-21)

Hz(ﬁx 15). (W x+6 ++10x - 21)

r+6-10x+ 21
= litny =
=3 (55 —15). (146 +10x—21)
—9x+27
= lim =

=3 (5x —15) (Jx+6 +410x-21)
9
HeonpeneneHHOCTb 0 he nponana (nonpobynte NOACTaBUTb TPOWKY), Aa U KOPHU

TOXe He ncyesnu. Ho ¢ cymmoii KOpHEN BCE 3HAYNTENBHO NPOLLE, ee MOXHO
npeBpaTUTb B NOCTOSIHHOE YMCIO

—9x+27

73 (5x—15) (346 +4/10.3 - 21)
—9x+27 _ —9x+27

tirm =

13 (52 —15) (4O + 49) 13 (55 —15)- (34 3)

IR &
i — =
C g3 5x-15 ®

(*) = lim

Uncno, kak yxxe oTMevanocb paHee, ny4lle BbIHECTW 3a 3HAYOK Npeaena.

Tenepb ocTanochb pasnoXxuTb YNCIIUTENDb N 3HAMEHAaTENb HAa MHOXUTENN U
COKpaTUTb «BUHOBHMKOBY» HeOoNpeaenéHHOCTN, Hy a Npeaen KOHCTaHTbl — paBeH
caM0|7| KOHCTaHTE:

-9%x-3% 1, -9 1[—9] 3

5

(=t 20 1, 29 118 E

§r3 5z—3) 63 5 6 B

[MpumepHoO Tak:

x4 = f10x—21
T S5x—15

0
=5=0

YMHOXUM YncnmTenb U 3HaMeHaTternb Ha ConpsA>XeHHOo€E BblpaKeHue.

{qfx+5 A0z -21)- (fa+6 +4102-21) _

b S(x—3) (x+6 +10x-21)
x+6—(10x—21)

=3 m 3. (r 6 05— 21 )

1, x+6-10x+21 1. —9x+27

Gx23  (x—3) 3073 (x-3)

_ 1, -%x-3)_-9_ 3

T 30w (x—3) 30 10

(%)=

1

5

1

5]
Mpumep 7

H4x-2

Haitn npegen *" 7 Hx+6 -2

2 4x- 2_[]

lim - =
r+2 x4 6-2 0 ®



Pasnoxum yncnutenb Ha MHOXUTENN:
P 4x-2=0
D=1+8=4%
Jo=3
2
roZ 1+3
: o

FAr-2=(x+2(x-1

1

YMHOXUM YncnmTenb U 3HaMmeHaTternb Ha Ccornps>XeHHoe BblpakeHune

o x+x D6 +2)
=1, (Jx+6 -2(Sx+6+2)
e (5 2)(x—1)(mfx+6_}2+2]:4]jm (xr+2(x=1) _
¥=d r+6-4 ws=l 42
=4lm (x-D=4. (P =-12

IIpakTuyeckas padora 12

Tema: HaxoskaeHue npon3BoAHbIX QyHKIMIA.

Heab: IIpoBepuTh Ha NpakTUKE 3HAHME MOHATUS NPOU3BOJHON (YHKLMH, YMEHHE
HaXOJUTh IPOM3BOJHBIE 3JEMEHTAPHBIX (YHKUMH, CIOXHBIX (DYHKIMH, 0OpaTHBIX (DYyHKIMIA,
HOJb3ysACh TaOauLel NPOU3BOIHBIX U IpaBUiIaMu AuddepeHInpoBaHys, NOHATUEM CIOXKHAA U
oOpartHas pyHKIUS, yMEHUE IPUMEHSTh IPOU3BOIHYIO JJIsl MCCIe10BaHUs (QYHKIIMHN.

1.Teopernyecknii MaTepuaj U NPpUMepPbl HAX0XKACHHUS MPOM3BOAHON (PYHKIMH.

Onpenenenune: IlpousBognoit gynkumu f(x) (f(x)) B Touke X Ha3bIBaeTCs Mpenen
OTHOILIECHHSI MPHUpAIIEHUS (YHKIUU K NPUPALICHUIO apryMEHTa MpH NPHPAIICHUN apryMeHTa
CTpeMSILIEMCS K HYJIIO:

. Af
lim —
Ax—0
IIpousBoaHbIe 3J1eMEHTAPHbIX (PYHKIM.
flw) fiix)
C — const ]
U0 e = 1
g g"
=" = Ina
1
[ -
X
log =
4 sln &
sins COS
CosS —sin
1
tox
coss ¥

IIpaBuna qudpepeHupoBaHus.

Ecmu y pynkumii f(x) u g(X) CymecTByOT MPOU3BOIHBIE, TO
1.C'=0

2. (utv)=u+v’

3. (uwv)'=u'vtv'u

4. (C-u)'=C-u’, rme C=const



u ur—r'u

22

5.( )=

6. [IponsBoiHas CIOKHON (DYHKITHH:
f'(g(x)=f(g)-g'(x)

2. lIpumepsl.
x? + 2%
1. HaiiTu 3HaueHue TPOU3BOAHON (DYHKIIMH:y=3 -4x+8.
Pewrenue:
[To mpaBwmTy HaX0XIEHUS MPOU3BOIHON aireOpandeckol cyMMbl GyHKIUH (hopmyna 2):
X2 + 2% x2)'+ (2%) 2% In 2 2%
y= (3 -4x+8)'= (3 -(4x)+(8)'=3-2x+ - -4-1+0=6x+
In2—4
x®(sinx
2. Haiitu 3HaueHne NPOU3BOAHON PYHKIMU: ¥ = +4).
Pemenue:
x® v =sinx
OyHKIMS MpencTaBiseT co0oi MPOU3BEACHUE IBYX MHOKHUTEICH: U= +4.
[To popmyme 3:
(x®(sinx (x®)(sinx x®(sinx x>(sinx  x® cosx
y' = +4))' = +4)+ +4)'=6 +4)+
3x—3
4 -3
3. HaiiTu 3HaueHne NpoU3BOIHON QYHKIIUU: Y=
Pewrenne:
3x—5,v=e*—-3
OyHKIMS TPEACTaBIseT CO00M YacTHOE ABYX BBIPAXKEHUU: U= 4
2x-5 . \3x—5)-(4e"-3)-(4e"-3)-(3x—5) 3(46"-3)—4&"(3x-5)
(431-_3 (48 -3)2 (4™ -3)=
ITo popmymne 5: y'= = =
4, ¥ = sing4x - Ej E TOWKE Ha = 1_1;

Pemenue. Haiinem npousBojgHyt0 JaHHOW (YHKIMH IO MpaBuily AUPPEpEeHIHPOBAHUS

cioxuou ¢pyakuuu (hopmyna 6):

VIO
Y= [5ir{4>¢ - g]] = [4>< —_] 5[ g}
ﬁ;'[l—g]= 41205[4 %—;—T] 4 cos 1E|_T= 4.? =23

y=3 1 y
5. Eciu “E , TO
6. y=x3-3x2 + 5x + 2. Haiinem y '(-1).
y'=3x2 - 6x+ 5. CnenoBarensHo, y '(—1) = 14.
7Eciny=Inx-cosx,T0y'=(InX)'cosx +1Inx (cos x)"'=1/xcosx —Inx - sin x.

=(3 —=)' =

f r
x ( (x3} cosx—xS{cosx] 3x% cosx+x sin x

i 2 2
8. Cos X Cos X Cos X

[lycts nana @ynkuwms. s e€ uccneqoBaHus Hy»KHO:



1) Haiitu e€ oGmactb ompeaenenus. Eciau 3To HE CIUIIKOM CIIOXKHO, TO TIOJIC3HO HAWTH
Takxke o0sacTh 3HadeHui. (OQHAKO, BO MHOTHX CIIy4dasX, BOIPOC HaXOXKIECHUS OTKJIAAbIBAECTCS
JI0 HAXOXACHUS IKCTPEMYMOB (DYHKITHH. )

2) BeuicHute oOmMe cBoicTBAa (YHKIMH, KOTOpPHIE IOMOTYT B ONpEACNCHHH &
NOBEJCHUA: He sBIsercs Nu (QyHKOUS 4YE€THOW 50O HEYETHOW, HE SBISETCS JIM OHA
IIEPUOIUYECKON.

3) BeracHuTh, Kak BenET cedst QyHKIUMS Mpu NpHOMMKEHUH apryMeHTa K IpaHUYHBIM
TOYKaM 00JIAaCTH OINpENIeICHUs], €CIM TaKue IPaHUYHble TOUKU uMeroTesa. Ecnu pyHkuus nmeer
TOYKHU pa3pbiBa, TO 3TU TOUKU TOXKE MPOBEPUTH HA HAJTMUYUE BEPTUKAIBHBIX ACUMIITOT (DYHKIUH.
Halitn HaKJIOHHBIE ACUMITOTBHI.

4) Haiitu TOYKH mepecedeHHs rpapuka ¢ OCSIMH KOOPAWHAT, YTO COCTOMT B IIPOCTOM
BBIYUCIICHUH 3Ha4eHUs (QYHKLUU IPU YCIIOBHHU:

C ockro OX: y=0;

C ocbro OY: x=0.

Haxoxxaenne Todek mepeceyeHrs C OChI0 MOXKET MPUBECTH K HEOOXOAMMOCTH PEIIUThH
CJIOKHOE alredpandeckoe YpaBHEHUE, UTO, OBITh MOXKET, YIACTCS CIENIATh JHIIb TPUOIHKEHHO.
OTbICKaB KOpPHU (DYHKIIMU U TOYKU PAa3pbiBa, Mbl MOKEM OINPEAEIUTh 3HAK (PYHKIIUU HAa KaXKOM
U3 UHTEPBAIOB MEXAY ATHUMU TOYKAMH. DTO MOXKHO CJieJIlaTh JIMOO BBIYMCIMB 3HAa4YEeHUE
(GyHKLIMU B KaKOW-HUOY b U3 TOYEK UHTEpPBaa, JINOO NPUMEHUB METO]] MHTEPBAJIOB.

5)HaiiTu npoMeXyTKM MOHOTOHHOCTH. J[Jsl 3TOro HaxoAsT MPOM3BOJHYIO U PELIAOT
HEPAaBEHCTBO:

f [x:]}ﬂ. Ha MMPOMCIKYTKAX, II€ 3TO HCPABCHCTBO BbIIIOJIHCHO, (I)YHKI_II/IH BO3pacCTacrT.

Tam, rae BoimonHeno nepasercto f (%<0, hyukuus yopiBaer.

Haiinst mHTEpBaibl MOHOTOHHOCTH, MBI MOYKEM Cpa3y OMNPEACUTh TOYKU JIOKAILHOTO
9KCTpEeMyMa: TaM, IJI€ BO3pACTaHHE CMEHSETCS YOBIBAHHEM, pAacIoararoTCs JIOKAIbHBIC
MaKCHMYMBI, a TaM, IJi¢ YObIBAHUEC CMEHSICTCS BO3PACTAHUEM - JIOKAJIbHBIC MUHUMYMBI.

6) HaxoxjeHue MHTEPBAJIOB BBIMTYKJIOCTH W BOTHYTOCTH BEIETCS C IMOMOIIBIO BTOPO

npousBogHoN. Haiing f (%), mbr ompeaeNseM 3HaK1 f'(*)na MHTEpBaiax:
ec [ (%150, 0 KpHBas rpaguka GyHKIUN BOTHYTA;

ecim [ ()0, To kpuBas rpaduka GyHKIMK BBITYKIAS.

3a0HO ompezensieM TOYKM IMepernda Kak Te TOYKH, B KOTOPBIX (YHKIHS MEHSET
HalpaBJIeHUE BBITYKIOCTH (M HENPEPHIBHA).

7) HaxoxneHnue Touek mnepecedeHus rpaduka ¢ aCHMIOTOTOW M JOMOJHUTEIbHBIX TOUEK.
OTOT MYyHKT HE HOCUT 00SA3aTENbHOTO XapaKTepa, OJHAKO HAaXOXJAEHHE TaKuX TOUEK MPHUAaET
MCCJIEIOBAaHUIO (PYHKIIMH U TOCTPOCHHOMY €€ rpauKy 3aKOHUEHHOCTb U MOJHOTY.

3aMeTUM, YTO MOJyYarollMecs B IpoLecce HCCIeNoBaHUs (YHKIMU TOYKM Ha OCAX
KOOpJMHAT U Ha TpaduKe MOJIE3HO Cpa3y ke HAHOCUTh Ha 4epTEK. DTO IIOMOraeT 1o XOo4y Jela
YSCHATB BUJ Ipaduka.

3. BeinoJiHUTE CAMOCTOATE/IBLHO:

Ne Haiitu NPOHU3BOJAHYIO Ne Haiitu NPOU3BOJAHYIO
Ba | gyHkuumy: Bap | pyHKUMHU y:
puaHTa HAHTAa

1 5 6 4

1 y:6x - 1. y:-6x -

3cosx +8x—9 Jcosx +x —11
X x—3
2. y=%" (5x+7) 2. y=%" (x+17)
In x 6—2Inx
3. y= sin x 3. y= sin 2x




10—x°
4.y=3" 4.y=2""
5, y=Vsin2x 5 y:,.fsin(t’:x—Sj
3 3
1. y=-7%"-1 ! 1. y=-7%" -1
3ctgx +x—5 3ctgx +x—5
2. y= 4’“(5X+71n X 2. y= 4x(5x+7 In X
x—9 x—9
3. y= sin x 3. y= gin x
4. y=In(6x-3) 4. y=In(6x-3)
5 y=v 3x—7)° 5. y=y Bx =7’
1.y=4x-3tgx+6x-8 8 1.y=-5x+2ctgx+3x-2
0. y=€".Cc08X 2 y:8x.cos(—4x)
3x—4 Sx—4
3.y=5-4% 3.y=15-2%
4_y=(6x — 4_y:(2x— 7)1
5y= 1/ (sinx)3 5y= / (sinx)3
1. y=7x-9X°+12 9 1. y=-5x-7X°+10
2. y=x> - (7cosx — 8) 5 y:ﬁ-(-ﬂlcosx—S]
tgx ctgx
3. Y= slnx+7 3. Y= cosx+4
4. y=+/1084(5x — 8) 4. y=+/SIN(2%° — 4)
5. y= [ros4x 5. y= 153—2cos5x
1y=6Inx-3,6C0s X + 4 10 1y=16x-0,6C08 X + 4lnx
2. y=(3x-4)- 12°7° 2. y=(7%-9)- 277
Sctgx Stgx—3x+5
3y= e* 3y= &
4.y=(%> 7x+5)- cos 4x 4y=(—5x7 ). cos 8x
5y="V5x — 4x3 5y=V15x— 4x1t, tgx*
4.BbINOJHUTE CAMOCTOSITEILHO:
Bapuant Nel Bapuant Ne2
HccnenoBars GbyHKIMIO Ha Hccenenosars (GyHKIHIO Ha
MOHOTOHHOCTBH U 3KCTPCMYM! MOHOTOHHOCTB U 3KCTPEMYM!
1 _I3—3X2+4 Exg_x2_3x+i
' y_ _ 1. y:g 3
5-2x X
2. y:_'x.'z—ﬂl- 2. y:x2—1
Bapuant Ne3 Bapuant Ne4
HccnenoBars byHKIMIO Ha Hccenenosars byHKLMIO Ha
MOHOTOHHOCTB U 3KCTPCMYM! MOHOTOHHOCTB U 3KCTPEMYM!
—x343x% -2 —x343x% -2

1 y=

1 y=




.'7(-'2 .'?(-'3
2. y:_‘x.'z—l 2. y:xz—l
Bapuant Ne5 Bapuant Ne6
Hccnenosath byHKIMIO Ha Hccnenosatsb GbyHKIHIO Ha
MOHOTOHHOCTbH U IKCTPEMYM: MOHOTOHHOCTb M SKCTPEMYM:
3 _ 3 _ 2
1 y=X 12x+ 6 1 y=X 12x% gy4q
2x 1
2_ y:.'?r:2+l 2 y:x2+1
Bapuant No7 Bapuant Ne8
HccnenoBats byHKIMIO Ha Hccenenosars GbyHKIHIO Ha
MOHOTOHHOCTbH U IKCTPEMYM: MOHOTOHHOCTb M SKCTPEMYM:
2 _ A2 _ 3 _ 2
1 y=X bx*+9x—3 1 y=X 12x% gy4q
2x P
2. y:x2+l 2 y:xz_,_l
Bapuant Ne9 Bapuant Nel0
HccnenoBats GbyHKIHIO Ha Hccenenosars GbyHKIHIO Ha
MOHOTOHHOCTB U IKCTPEMYM: MOHOTOHHOCTbH U IKCTPEMYM:
1 y:x3—|—9x2—|—24x—|— 12 13yt 2
’ 1. y= 3 2 -2x- 3
.'7(-'2
[ xz
—6x +18
2' y 2 y: x—2
5. KoHTpoOJIbHBIE BONIPOCHI:
2, Brruncnenne
xy
Pk — 1+, 9MO NOLYYEeHUe U3 6XOOHBIX OAHHBIX HOB020 3HAHUSL
Xy

1. CdopmynupyiiTe mpaBuiaa HAXOXKIACHUS TMPOU3BOJHOM CYMMBI, TPOU3BEICHUS,
YacTHOTO.

2. Kak HaliTH MPOM3BOIHYIO CIOXKHON QYHKITUH?

3. Kak mnpumensiercs mnpousBoaHas (GYHKIMHM JUIsI HCCIENOBaHUSA (QYHKIUH Ha
MOHOTOHHOCTB, IKCTpEMYM?

IIpakTnuyeckas padora 13

Tema: HaxoskaeHne NpoM3BOAHBIX CJIO0KHBIX GYHKIMH, BbICIIMX NOPAAKOB.

Henb: HayuuThcs BBIYUCIATH NMPOU3BOJHBIE (YHKIUM, CIOXKHBIX (PYHKIIMHA, BBICHIINX
MOPSJIKOB

Teopernueckmnii 6,10k

Ha mnpaktuke ¢ NpoW3BOJHOM CIIOXKHOM (DYHKUHMH NPUXOJUTCS CTAJIKUBAThCS OYEHBb
4acTo, koraa Bam naHbl 3a1aHus HAa HAXO0KIEHUE TPOU3BOIHBIX.

CMmotpum B Tabauily Ha paBuio auddepeHnupoBaHus CI0XKHON QyHKINN:

(L) =u'(y) ¥

Paz6upaemcs. [lpexzae Bcero, oOpaTUM BHHMaHUE Ha 3alMCh (v}, 31ecp y Hac JBe
¢ynkuuu — ¥ u ¥V, npuyeM ¢yHkuus ¥, oOpazHO roBops, BiOKeHa B QyHKIMIO ¥ . OyHKIUA
TaKoro Buja (Korjaa ojHa (GyHKIUS BIOXKEHA B JPYTYIO) U Ha3bIBAE€TCS CIOXKHOW DyHKIMEH.

Oyukuuio ¥  HazpiBaroT BHelmHeW (yHkumei, a QyHKIui0 ¥ — BHYTpPeHHell (Wi
BJIOKEHHOM) pyHKIMeii.

J1st TOro, YTOOBI MPOSICHUTH CUTYAIUIO, PACCMOTPUM:



[Ipumep 1
Haittu npowssomyio dysxuu ¥ = St 33— 3)

I[lox CHHYCOM y HAaC HAaXOIHTCS HE IPOCTO OYKBA HKC», a IEJI0€ BBIPAKEHHE X~ 2
TI03TOMY HaiTH TIPOM3BOAHYIO Cpa3y Mo TabmuIle He TomyduTtes. Takke MBI 3aMedaeM, uTo 37eCh
HEBO3MOKHO TIPHMEHHNTH TIEPBhIE YeThIPE MPABHUIIA, BPOJIE OBl €CTh PA3HOCTh, HO JIEJI0 B TOM, UTO

«pa3pbiBaTb Ha qacTtm» CUHYC HCJIb34.
SmE3=S=smGyr)=smnl

B nganHoM mpumepe yxke u3 MOUX OOBSCHEHUII WHTYHUTHBHO MOHSATHO, YTO (PYHKIIMS

y=s(3x=5) _ 310 cnoxmas (YHKIMS, MpUYeM MHOTOWIEH -X~ 2 sBiseTcss BHYTPEHHEH

(bynkueit (Bnoskermenm), a 3%~

— BHeIIHeH (PyHKIUEH.

[TepBrIii m1ar, KOTOPBIA HYKHO BBINOJHUTH MPU HAXOXKICHUU MPOU3BOJHONU CIOKHOU
(YHKLIUU COCTOUT B TOM, YTOOBI pa3o0parhbes, Kakas (PyHKIUS SBISETCS BHYTPEHHEH, a Kakas —
BHEIIHEH.

st 2x— )

B cinyuyae mpocTeiX mpuMEPOB BpOAE MOHATHO, YTO IIOJ CHHYC BJOXEH

MHOTOYIeH X~ 2 A Kak e ObITh, ecii BCE He oueBMAHO? Kak TOYHO ONpENENHTh, KaKas
(GyHKIMS ABJISETCS BHEIIHEW, a Kakasg BHyTpeHHei? Jlyig 3Toro s mpemiarar0 MCIOJIb30BaTh
CJIEYIOLINH ITPUEM, KOTOPBIM MOKHO IIPOBOJUTH MBICIICHHO WJIM Ha YEPHOBUKE.

HpeI[CTaBI/IM, YTO HaM HYKHO BBIYUCIWUTb Ha KAJIBKYJIATOPC 3HAYCHHUC BBIPAKCHUSA

sin( 3x —3) npu * =1 (BMecTO eXMHUIBI MOKET OBITH TH06OE THCIIO).

Yro MbI BBIYMCIMM B NEPBYIO ouepens? B mepByro ouepenb HYXHO OyJIeT BBIIOJIHHUTH
CIEeNyIoILIee JIEUCTBUE: 31-5=-2 IIO3TOMY MHOI'OYJIEH -0y Oyaer BHYTpEHHEU
dyHKIIEH v

y=sin@Gx-5)

¥

Bo BTOpyl0 ouepenb HyXHO OyzneT HaiiTh sin _2:', NOPTOMY CHHYC — OyJeT BHEUIHEH
byHKIMEH:
y=R3x-5))

““—_‘__d__;-""'

Y]

u[‘-.,a]

t_ ot Lt
[Tocne Toro, npumeHseMm npaBuiio 1 hepeHIUpOBaHNS CI0KHOW QYHKIIMU (Vi)' =u'(v) "
Haunnaem pemars. Mbl MOMHHMM, 4YTO OGOpMIIEHHE peIIeHUs 00 Mpou3BOIHON

BCErJ]a HAUMHAETCS TaK — 3aKJIF0YaeM BhIpa)KEHUE B CKOOKH U CTaBUM CIpaBa BBEPXY IUTPUX:
¥ o=(smi 3x—5))

r
CHayana HAXOAMM TIPOM3BOJHYIO BHEINHEH (yHKIMH ) (cuHyca), CMOTpUM Ha
S
TaOJIMIy TPOU3BOJHBIX JJIEMEHTApHbIX (YHKIUNH U 3aMedaeM, 4YTO (sin x)'=cosx  pee
TabinyHble (QOpMyNbl MPUMEHHUMBI W B TOM, CIlIydyae, €CJIH «HUKC» 3aMEHUTh CIIOXKHBIM

BbIpaXKEHHEM, B JTAHHOM cllyuae:
1) =cos(3x —5)
OGpaTHTe BHEMAHWE, 4TO BHYTPeHHs s GyHKmms V= 3% =3 He m3MeHMnach, eé Mbl He

TPOracMm.

Hy 1 COBCPIICHHO OYCBUIHO, YTO

V= (3x— 5)



R PR
Pesymerar mpumererns dopmymsr E WD = WV o qperopom odopmterim BemTIHT

TakK:

=l 3x-0N" = cos(Bx—0) Gx 00

Jlanee MbI OepeM NMPOU3BOAHYIO BHYTPEHHEH (DYHKIMH, OHA OYEHb IIPOCTas:

¥l 3x-0N =cos(Zx—0) (Bx -0 =cos(Zx-0)-(2-0

[TocTosiHHBII MHOKHUTEIb 00BIYHO BBIHOCAT B HAYaJo BBIPAKCHHSI:
¥ ={am{ 3x— 9 = cos(3x—5) (32 -5 =cos(3x-5- (3-0 =
= 3cos(3x— D)

I'oroBo

Ecmu ocranock kakoe-mub0 HETONMOHMMAaHUE, NIEPENHIUTE PElleHue Ha Oymary | erie
pa3 mpovnTanTe OOBICHCHHUS.

[Ipumep 2

Haiitn npomsBoanyto GpyHKpn » — ©9F 2x

DTO mpUMeEp VISl CAMOCTOSATEIBLHOTO PEIICHHs (OTBET B KOHIIE YPOKa).
[Ipumep 3

_ 5
Haiitu nponssoanyto GpyHKIUN y=i2x+1)
Kax BCceraa 3alHCHIBACM:

Y= ({(2x+ )
Pazbupaemcsi, rae y Hac BHeIIHsAs (yHKIMS, a e BHYTpeHHssA. [l 3toro mpobyem

(2x+1)7°

(MBICIIGHHO WJIM HAa YEPHOBUKE) BBIYMCIUTH 3HAYCHHE BBIPAKCHUS mpu *=1. Yo

HY)KHO BBIIIOJHUTH B NEPBYIO0 odepenb? B mepByro ouepellb HYXKHO COCUMTATh YEMY PaBHO

(2x+1)

ocuoBanme: < 1+1=3 3pauur, wmHOrOUNEH U €CTb BHYTPEHHASA (DYHKIUS:

W, TOJIBKO TIOTOM BBITIOJIHSIETCS] BO3BEJCHUE B CTEIICHb ¥ , CIIeZIOBAaTEIbHO, CTENIEHHAs! (YHKIIHS
- 3TO BHEIIIHSS GyHKIUS:

y={@ 1y

uv)

| ot o o
CornacHo Qopmyre (v =u'(v)-v , CHayajga HY)XHO HaWTH IIPOU3BOJHYIO OT BHEIIHEU
GbyHKIIMM, B JaHHOM CiIy4ae, OT cTemneHu. PaspickuBaeM B Tabnuie HYXHYIO (GopMymny:

et »-1
I:x :I =Ax . HOBTOprCM CIIC pas: J100asi Ta0AHUYHAN q)opMy.na cnpaBeajinBa HE TOJBbKO

NIl «HKC», HO W JUIA CJ0KHOrO BbIpaskeHusi. Takum oOpa3oMm, pe3yibTaT NPUMEHEHUs
npaBuia auddepeHIpoBaHus CI0KHON QYHKIIUN (v =u'lv) CHEAYIOUIUI:

Y e2r+ =5 x4+t 241

CHoBa noAuepKUBaro, 4TO KOrjaa Mbl OepeM MPOU3BOJHYIO OT BHEHIHEW (QYyHKIUU V) ,
BHYTPCHHSIS byHKIHS Yy Hac HE MEHSeTCS:

c g
HE MIEHAeTCA

Tenepb ocTanoch HAHUTH COBCEM IMPOCTYIO MPOU3BOAHYIO OT BHYTPEHHEH (YHKIHMU U HEMHOTO
«IIpHYecaTh) pe3yJIbTar:



V=(2x+ ) =5 2x 0t 2241 =
=5-(2x+ D' (240 =10 (2x+1)*
I'otogo.

[Ipumep 4

1
Y=
Haiitu npou3sBoaHyr0 GyHKIUK (x" -1

DTO IpUMeED VISl CAMOCTOATEILHOTO PEIICHHS (OTBET B KOHIIE YPOKa).

Jlst 3aKkperieHus MOHUMaHUs MMPOU3BOIHON CIIOKHOW (PYHKIIMU TpHuBeAy Ipumep 0e3
KOMMEHTApHUEB, MOMPOOYHTE CaMOCTOATEIHHO Pa300paThes, MOPACCYKATh, TI¢ BHEITHSIS U T
BHYTpEHHSIs (DYHKIUS, IOYEMY 3aJaHUs PEIICHBl UMEHHO TaK?

[Ipumep 5

a) Haiitu HpOI/ISBOIIHYIO byHKIUH Yy =arcig 'w."r;

r_ f ! :
¥ =larctgx)'= («J_I' (W)= 1+;': 2 2450+

0) Haiitu npou3BoHyt0 QyHKITUH Y= jarcigx

—— ! 1
"= Jarcigr) = ———= (arctgx) =
7=t &) 2. jarcign (arctgz) 201+ 2V, Jarctgx
IIpumep 6
—3f
Haiitu npoussoanyto GpyHKIUN y=3x +egx+15

3n1ecy y Hac KOpeHb, a A TOro, 4yToObl mpoauddepeHupoBaTh KOPEHb, €0 HYXHO

a

?
NpeICTaBUTh B BUAe creneHu + . Takum o0pazoMm, cHadasia TPUBOIUM (YHKIMIO B
HaUIeXKAUN 11 AU GepeHIUPOBAHUS BH/I

1
¥ =G Higr+15) = ((xj +igx+ 15)5]

Ananu3upys (QYHKIUIO, TIPUXOJMM K BBIBOAY, YTO CyMMa TpEX CllaraéMblX — 3TO
BHYTpPEHHSs (DYHKIIMS, a BO3BEACHHME B CTENEeHb — BHEMIHsS (yHKuus. IIpuMenseM npaBuio

mudepeHIMPOBaHUS CIOKHON QPyHKIMU (vl =u'(v) v,
r

1
¥ =03 +igr+15) = [(xz +r.gx+15)§J =

1 2
= 3 (xz +r.gx+15)'3 Axt ign+15)

CreneHp CHOBa IMpeiACTaBIsieM B BUAE paaukana (KOpHsA), a Ui NPOU3BOAHOMN
BHYTpPEHHE!N (YHKIMH IPUMEHSIEM NPOCTOE MPaBUiIo TuhHepeHIIMPOBAHUS CYMMBI:

1 r
=3z +tgx+15) = ((xg +r.gx+15)§] =

_1
3

-(x +f,gx+15)_ (x +igx+15) =

1
3.3/(x? +£gr+15)

() + (egr) +(19)) =

1
= = = 2xt—
3.3/(x? +egx+15) cos” x
l'otoBo. MokHO emle B CKOOKax NPUBECTU BbIpaK€HHE K OOIIEeMYy 3HAMEHATeNlo U
3amucaTh BCE OHOU MpoOrto. KpacuBo, KOHEUHO, HO KOT/Ia TIOYYatOTCsl TPOMO3KKE JJINHHBIS



MPOM3BOJIHBIC — JIYYIIE ATOTO HE AeTaTh (JETKO 3almyTaThCs, TOMYCTUTh HEHYXHYIO OIIMOKY, 1a
W TIperno/iaBateito OyaeT HeyJ00HO TTPOBEPATH).

[Ipumep 7

5
=
Haiit mpon3BoaHyr0 QyHKIHH Nxtin x

OT0 npuMep ISt CaMOCTOSITEIBHOTO PelIeHus (OTBET B KOHIIE YPOKa).

HNHTEepecHO OTMETHTh, YTO HHOTJA BMECTO MpaBwia AUPGEPSHIUPOBAHUS CIONKHOU
r
u] v —

|~ 2
v v

(GYHKIIMM MOYKHO HCIIOJIb30BaTh MpaBuio JuddepeHInpoBaHMs YaCTHOTO ( , HO

TaKoe pelicHne OyIeT BBITISICTh Kak-H3BpateHHe HeOObIYHO. BOT XapaKkTepHbIii IpuMep:

[Ipumep 8
1
y=-
Haiitu npon3BoHyr0 GyHKIHH Losx

v

[u] v —
3/1ech MOXKHO HCIOJIB30BaTh NMPaBWiIo AU (HEepeHIUPOBAHHS YACTHOTO ,

HO TOpa3fio BHITOJHEE HAWTH HPOMU3BOAHYIO 4depe3 HpaBuwiio AuddepeHIUpoBaHMs CIIOKHOM
GyHKLIHU:
f

e
¥ =1-
cosx

[MonroraBnmuBaeM QyHKIWIO s JUQQPEpEeHIIMPOBAHUS — BBIHOCUM MHHYC 3a 3HaK

HpOHSBO[{HOﬁ, a KOCHMHYC IIOAHHUMACM B YU CJIUTCIIb:

o)
Cos X Cos X

KOCI/IHyC — BHYTPCHHSA (bYHKLII/ISI, BO3BCACHUC B CTCIICHb — BHCIIHAA (1)YHKI_II/I${.

Hcnonp3yem Hallle IpaBHIIo () =u'v) V'

o) o)
CoS X CoSx

=—{~1).cos™*x (cosx)’

Haxoaum npon3BoaHy0 BHYTpEeHHEN (PYHKIIMH, KOCUHYC cOpackiBaéM 0OpaTHO BHM3!

f f

o) e
COSX COSX
S X

- ; 1 :
=—(—1) . cosx (cosx) =——— (-smx)=——5
cost x cost x

l'otoBo. B paccmMoTpeHHOM TmipuMepe BaXXHO HE 3amyTaTbcsi B 3Hakax. Kcrartu,
[
b, v — i
. | T T
MONPOOyHTE PEIINTH €T0 C TTOMOIIBIO MPABHIIA

¥ v , OTBETHI JIOJDKHEI COBIIACTb.
[pumep 9
1
N =——=
Haiitu npon3BoaHyr0 GyHKIIHH arccost X

DT0 mpuUMeEp IS CaMOCTOSITEILHOTO PElIeHHs (OTBET B KOHIIE YPOKa).

Jlo cux mop MBI pacCMaTpUBAIN CIy4au, KOTJa y HAC B CJIOKHOU (QYHKIIMH OBLJIO TOJBKO
OJIHO BIJIO>KEHHE. B mpakTHyecKkux e 3aJJaHusIX 4aCTO MOXHO BCTPETUTh MPOU3BOJHBIE, T]IE, KaK
MaTpEIIKH, OJTHA B IPYTYIO, BIOKEHHI cpa3y 3, a To u 4-5 GhyHKIui.

[Tpumep 10



_ amsm® ¥
Haiitu npoussoanyio Gpyskuuu + = 7

o arcsin? x
Paz6upaeMcst BO BIOXKEHUAX 3Toit (GyHKIuy. [IpoGyeM BEIYHCIHTD BBIPAKCHHE * c
IIOMOIIBLIO MOJOIBITHOI'O 3HAYECHUA + = 1 Kak 6bI MBI cunTany Ha KaJIbKyJsiTOpe?

CHayaJia Hy)KHO HaliTy &rcamn 1 smaunr, apKCHHYC — CaMO€ INIyOOKO€E BJIOKEHHE:

—;(@éﬁi% X}

-2
3aTeM 3TOT apKCUHYC €IMHMIIBI CJIeAYeT BO3BECTH B KBajpar &rCai 1.

(arcsinﬁg
?msin! 1.
U, HaKOHEII, CEMEPKY BO3BOJIUM B CTEIECHb :
Greanss) 'ﬁ

s

To ecTb, B JaHHOM INPUMEpE y HAC TPU pasHble (YHKIMH W J1Ba BIOXKECHHS, IIPU STOM, CaMOM
BHYTpEeHHEH (yHKIMEH SBIIIETCS apKCHHYC, a CaMoOil BHeIIHeH (yHKIMeW — mokasareibHas

GyHKLHS.
Hauunnaem pemars

yr — l:?u'csm :r:lr

(@ (V) =u'(v) ¥ y
CornachHo IIpaBUIy CHa4daJla HY’KHO B34Tb IIPOHU3BOJHYIO OT BHCIIHCU
(1)YHKI_II/II/I. CMOTpI/IM B Ta6n1/1uy IMPOU3BOJAHBIX W HAXO0AUM IPOHU3BOIAHYIO IMoKa3aTeJIbHOM

byHKIMY: (@)'=a'lna EnuHCcTBEHHOE OTIMYME — BMECTO «HMKC» Yy HAc CIOXKHOE
BBIPAXKEHHE arcsin* x , UTO HE OTMEHSET CIPABEIIMBOCTh NaHHOW (Gopmynsl. UTak, pe3ynbrar
npUMEeHEeHHs paBuia JuQepeHIIMPOBaHNUS CIOKHON (HYHKIIHH v =u'(v) v CJIEIYIOLLINN:

yr — (?msinzxjr — j,-acn:sim.2 ¥ In7. (EIESiII 2 x)r

[Tox mTpuxom y Hac cHoBa cioxHas ¢pyukmus! Ho ona yxe mpomre. Jlerko yoenurnbcs,
YTO BHYTPEHHAS (QYHKIMS — apKCUHYC, BHEHIHAs (yHKUUS — cTeneHb. COIIacHO MpaBUITy
TuQepeHIIMPOBaHNUS CIOKHON (YHKIIMU CHaYaja Hy>KHO B3SITh IPOU3BO/IHYIO OT CTETEHU:

yr — (?msin!xjr — ?msin! ¥ a7 (afCSiII 2 x:lr —

= T 0T Darcsin x. (arcsin x)°

Tenepb BC€ IPOCTO, HAXOAUM II0 Ta6J'II/IH€ MMPOU3BOAHYIO QAPKCHMHYCAa W HEMHOI'O
«IPUYCCBIBACM» BBIPAXKCHHUC!
. -2 .
yr — l:?u'csm :r:lr — ?msm ¥ In7. |:E1IES]I1 4 x)r —

= 7 107 Darcsinx (arcsin x)'=

_ PR 7 Do g — =

A1- 7
27T arcsin x

«,frl—:Jr:2

T'oToBo.

[Tpumep 11

R _
Haiitu npon3BoaHyr0 GyHKIHH y=In*(Z2z-1T

910 MpUMEp JIs1 CaMOCTOATCIIBHOTO PCIICHU A (OTBCT B KOHIIC ypOKa).



Ha mpaktuke mnpasBwio auddepeHupoBaHusl CI0XKHOW (YHKIUM TIOYTH BCETIa
MIPUMEHSETCS B KOMOMHAIIMY C OCTAJIbHBIMHU TIPaBMIaMu TU(hepeHITuPOBaAHUS.

[Ipumep 12

— ¥ 2 _ .
Haiiti iponsBoanyio GyHKmum + ~ 2x8" +(x* —4x+3)sin Tx

¥ = (=2xe™ +(x* —dx+ Dsin Tx)

+ r — I'+ r
CHauazna ucrnonb3yeM npaBuio Au(QepeHIupOBaHUS CyMMBbI @v)=u'ty

HepBOM cJaracMOoOM BBIHOCHUM HOCTO}IHHHﬁ MHOXXHUTCJIb 3a 3HaAK HpOI/I3BO£[HOI71 10 HpaBHJIy
(Cu) = Cu'

¥=(=2xe” +(xt —dx+Dsin T =2z V) +((x* —dx 4+ sin Tx

B o0oux cnaraemplx TOJA INTPUXaMH Y HAC HAXOJIUTCA Mpou3BelneHUE (QYHKIUH,
(1) = u'v +uv” .

, 340JIHO B

CJICAOBATCIBbHO, Hy)KHO ABaAXK bl HpI/IMeHI/ITL HpaBI/IJIO
Y= =2z +(x* —dx+Dsin T =2z +((x° —dx+Dsin Tx)' =

= 20X + 2™+ (x* —dx+D'sin Tx+ (x° —dx+ Disin Tx

3x
3aMeqaeM, 4TO IOoJ HEKOTOPBIMH IITpUXAaMH Y HAC HAXOAATCS CIOKHBIC (1)YHKHI/II/I g ,

st 7x | KamamGyp, HO 5TO MPOCTEHIINE W3 CIOXKHBIX (YHKIHA, M [PH ONPEICTCHHOM OIBITE
pelieHus IIPOU3BOIHBIX Bol Oyznere JIETKO HaXOJUTh ux YCTHO.

A T10Ka 3anuiieM noJipoOHO, COTJIACHO MPaBUITY we(w)) =u'(v) , IOJIy4aeM:
¥ =(=2x +(x* —dx+Dsin T =2z + (% —dx+sin 72 =
= 200X + 2™+ (2 —dx + D'sin Tx+(x° —dx + Disin T =
=-2(1. e +x-&7 (3N +(2x -4+ 0sin Tx+(x" —dx+3cosTx (7x) =
= —2(e™ 4+ 2™ )+ (2x—Nsin Tx+ 72" —dx +DeosTx
T'oToBo.

HpI/IMepH I CaMOCTOATCIIbBHOTO PCIICHUS

Haiiti iponsBoayro Gyskmun ¥ =~ ¥ 2 +4 . In(sin x)

Ipumep 2: y'=—2sin 2x
. 14x
YT
Ilpumep 4: Vkasanue: nepeo oughgepenyuposanuem Heobxo0umo
|
—_

a
nepenecmu Cmenenb Hasepx, CMEeHU8 y nokasameiisid 3HaK &

‘ 1 1
P (H x]
. 2
7= «.u'rl—;{g Carccos” x
o dinf2x—1)
Ilpumep 11: - 2r—1
= xln(sin x) + '\f{m- COSX

- Jxt 4 sin X

Ilpumep 9:

Ilpumep 13:



IIpakTuyeckasi padora 14

Tema: IlonsiTue HeompeaeJeHHOI0 HWHTerpaja u ero csoiicrBa. Haxoxaenue
HHTerpasoB (¢ynkuuil. HWHTErpupoBaHuMe 3aMeHOW TMepPeMEeHHON W M0 YacCTHAM.
HNHTerpupoBanye paMoHAJIbHBIX U HPPAUMOHANBHBIX (PYyHKIUIA

Heab: Hayuntbest BBIMUCIATh WHTETPAT QYHKIIUU U HHTETPUPOBAHUIO PAIIOHATBHBIX H
UPPaALMOHATBHBIX (DYHKIIUN

Teopernuecknii 010K

Onpeoenenue. ®ynxuus F(X) HassiBaeTcst mepBoobpasHoii dynkiuen ¢pyunkuuu f(X) Ha
orpeske [@, b], eciu B m1000# TOUKe 3TOr0 0Tpe3Ka BepHO paBeHCTBO F¢(X) = f(X).

Onpeoenenue. HeonpenenenusiM uHTErpagoM ¢yHkimu f(X) Ha3bIBaeTCsS COBOKYITHOCTb
nepBo0oOpa3HbIX (QYHKIMH, KOTOpbIe ompeneicHbl cootHomienuem F(X) + C. 3ammchiBaroT:

[rdc=F+c

Csoiictsa:

N ) = F(D+CY'= £z
2 (] 0] = £

3) J&F@=F@m+c

4) I(ﬂﬂ'—"}‘k =I “IHI ‘d‘_.[ ik, rae U, V, W— HeKoTopble QyHKIUH OT X;
5) [¢ rd=c| rar

B Tabnuue 2 npencraBieHbl OCHOBHBIE 3HAUEHUS HEOIPEIEIEHHBIX HHTEIPAJIOB.
Tabnua 2 — Tabnuna HeonpeenEHHBIX HHTETPAJIOB

NHuterpan 3HaueHue Wuterpan 3HaueHue
Itgdr -In'scosx¥s+C 11 Ia‘& ex+C
Jotmax In¥%sinx¥s+ C 12 | [oosd sinx+C
3 [ dx Rl 13 | [enxdc -cosx + C
ng
& 1 x 1 tgx+C
— _ i 4
ok 1 _ |x4a 1
—m— & - +
S 'l-;"—_az— Iah I—ﬂ'+c 15 'l-m'_:l!._r Cth =
[Tponomxenue TabIUIBI 2
NHuterpan 3HaueHue Nuterpan 3HaueHue
r
ok 2. 3 o mCaEm —
=~ 1 I
7 II"'d’: - 4+C,a=-1 17 I—d: h)tg[_+.
o+l COST 2 2
8 | [= Injc+-C 18 | [l h).gf‘,,(,
x anr z
9 Jaax i chr+C 19 [nxa shr+C
ok dr
10 Id_l!;d: hr+C 20 _[Ed: —chx+C




HO CJIOXHO OTBICKATh

9

Teopema. Ecmum tpeOyercs HaWTH HHTErpail I fx)dk
epBOOOPAa3HYI0, TO € MOMOIIBIO 3aMeHbl X = | (1) u dx = j¢(t)dt momyunm

Jrode= [ ratw@a

Meron MHTErpHpOBaHHSA IO YacTSAM OCHOBaH HAa HM3BECTHOM (OpMyJie NPOU3BOIHON
npousBeaeHus (UV)¢ = U¢V + véu, Tae U u V — HekoTopsle GyHKIMH oT X. B nuddepenuunansnoii
dopme: d(uv)=udv+vdu.

= | welir - | welr

[TpounTerpupoBas, noxydaem -[ A=) I I :

B cooTBeTcTBUM CO CBOHCTBaMH HEONPEAEIEHHOTO HHTETpaia

I:m'lr= mr—_l-vd':

[Monyunnu ¢opMyily HWHTEIpHPOBAaHHSI IO YacCTsIM, KOTOpas MO3BOJISIET HAaXOIHUTh

UHTErpajbl MHOTUX JIEMEHTAPHBIX (DYHKIIUH.
2.1.2 llpuMepsl penieHud 3a4a4

l-co=x
Ne 000 [4]. Haiiru = sz’
Pemenue
j-l—u_nsr!dr=L‘I—:inr=f ‘=IE=—.{4+C=— 1_ +C
(x—sinx) —cosx)dc=d| 7 £ r-sax  No 000 [4].  Haiitu
_[ Tk
Tl

HEONPEIEIEHHBIN UHTETPAI

Pemenue
[Toasenem nox 3Hak quddepeHnrana 3HaMeHaTelb MOIHTETPAIBHON IpOOH

1
— I+ 1) 3
_[n _ i+ 1
1-] 741 _ﬁl 41 _ﬁhlhﬂﬂ|+c

dr
Ne 000 [4]. Haiitu = X —6x+15
Pemenue

& & 1 —3
Ir‘—sx+15=l{x—3f+1s= IM[T}C

1=_[x‘-ﬂ1—_315dr_

Ne 000 [4]. Haiitu HeonpeeEHHBIN HHTETpal

Pemenue

15 . Haxomum

-~ 4 _1 7 |
Beenem noxacranosky £=1-3r  orxyna @#=-13r"dx  Torpa

HOJ'IyLIeHHHﬁ TaOJIUYHBIN HHTCErpajl U BO3BpAIIacMcCs K CTapOI>’I HCpCMeHOﬁ

+C=—%{|'F+C=— %#{1—3: v

1
15

-
I—— -
15

v T

20
Ne 000 [4]. Haittu HeonpeeIEHHBIN HHTETpa -.- (2x+1) dr.

Pemenue

flar+1)” &= f2re1- ar-24) =j:’“-%d= %:’-li+(:=

_@m+p”

A
= —+
42 42

3&,[[8.‘-11/1 AJIL CaMOCTOATCIIBHOT'O PCIICHU A

I = | ractgxdi
Ne 000 [4]. Haittu HeonpeeIEHHBIN HHTETpa -.- e
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No 000 [4]. HaiiTn HEeonpeieIEHHBIN MHTErpall

Ne 000 [4]. Haitu [

l- {I, o+ b I
B wuHTerpamax Bumja td) e n - HATYPAJIbHOE YHCIIO, (QYHKIUSL

PALMOHATM3UPYETCS ¢ IOMOLIBIO OACTAHOBKK ' ex+d

Ecmu B cocraB mppanuoHanbHOW (YHKIHMH BXOAAT KOPHHU PA3IMYHBIX CTETNEHEH, TO B
KAaueCTBE HOBOW IIEPEMEHHOW PAalUOHAIBHO B3ATH KOPEHb CTEIEHHW, PAaBHOM HAaUMEHbBILIEMY
o011eMy KpaTHOMY CTeleHel KOpHel, BXOAALIMX B BbIpAXKEHUE.

Onpeoenenue. bunomuHaibHbiM U depeHIaToM Ha3bIBaeTCsi BBIpaXKeHHE XM(a +
bxn)pdx, rae m, N, u p — panroHanpHble Yncna. HTerpan ot OnHOMHHAIBHOTO AuddepeHimana
MOYET OBITh BBIPAXKEH Yepe3 dJIEMEHTapHbIe (DYHKIMH B CIEAYIOMINX TPEX CIydasx:

1) eciu p — menoe YMCIO, TO MHTETPall PalMOHATH3UPYETCS C IOMOIIBIO ITOJICTAHOBKH

1 ~
t=%x , Tie | — o0muit 3HamenaTens Mu N;
m+1

2) eciu ® — 1eNOe 4YUCIO, TO MHTErpal palUuOHAIU3MPYETCs MOACTAHOBKOM
X
t="la+x" rne s— 3pameHarens JpobH p;
ml o+ "

~—ap £=3
3) cClin L — LCJIOC YUCIIO0, TO HUCHOJIB3YCTCA IMOACTAHOBKA , TJ€ S —

3HaMEHaTeNb IPOoH p.

_I-E(r,w'ﬂrz +ixt e Id’r
WNHrerpains! Bu1a IyTEM BBIJEIICHUS TIOJTHOTO KBaJpaTa MOTYT OBITh

IMPUBCACHLI K OJHOMY M3 CICAYIOIINX TPEX THUIIOB:

1) I‘E(Ha \'mz_ uz]&
2) ]-R{ﬂ."dm1+ﬂz]d!;
3 [ Rz oo — m? e
]'x(u, Jm2— o2k
WNurerpan Buna
MHTETpally OT palllOHAIbHON (PYHKIIMHA OTHOCUTENBHO sint unu cost.
IR[H,"-.'IME+HI}¢[
WNurerpan Buna

MHTETpaly OT palMOHAIIbHONW (DYHKIIMM OTHOCUTEINBHO sint U cost.

1 1
J R, 22— m? 3o ot oest

[MOJICTAHOBKOM cosf cpoUTCH K

NOJCTAaHOBKOW ¥=msmf ;i #=mO0 cponqyres K

[O/ICTAHOBKOH =migt oy H=mdg CBOIUTCI K

WNHurerpan Buna
UHTETpaly OT palMOHAIILHONW (DYHKIIMKM OTHOCUTEINBHO sint win cost.
IToncranoBku Diinepa UCHOIB3YIOT IPHU CIEIYIOINUX YCIOBUAX:

IR{I,“-.'IGIJ +bxtc)dc

1) ecnu a>0, To MHTETpaN BUIA

ﬂ.l'ar1+.ﬁr+t: =.fir\-'r;;

panMoHAIN3UPYETCS TOJICTAaHOBKOM

IR[I,“-.'IEII +bx+c)dc

2) ecmm a<0 m Cc>0, TO WHTErpaj BHIA

MO/ICTAHOBKOM Jax® +brte = frkqfe :

PaAlMOHATIU3UPYCTCH



3) eciu a<o0, a MOJKOPEHHOE BBIpKEHHE packKIaIbiBa-
eTcs  Ha  JeWCTBUTENIbHBIE  MHOXUTenn a(X — X1)(X — X2), TO  HWHTer-

e + bt £)de A _
IR{I’ thxre) paluoOHAIN3UPYyEeTCs MOACTaHOBKOU ax’ +hx+c =tx-x)

PaccMoTpuM HHTETpasbl CIeAYIONIMX TPEX TUIIOB:
Pk
I _[ Gm’ +Ix+c
|} IHI"'JE:’ +Ix +odc

paJ Buja

m | & .
E-o) Je +ix+c
rne P(X) — ™Horownen, N — HarypaibHOoe uuciio. [lpuyem wunTerpansl I u

III TumoB MOTYT OBITH MPUBEIEHBI K BUAY MHTETpasa | Tuma.

Brinonnum crnenytoiiee Hp606paSOBaHI/I€'

| —=— Ay o + i b +1[

ar +brve m

B 9TOM BbIpakeHHH Q(X) — HEKOTOPBIII MHOTOWICH, CTEIEHb KOTOPOrO HHXKE CTCIICHH
MHorowieHa P(X) Ha equHuUILy, a | — HEKOTOpas MOCTOSIHHAS BEJIMYMHA.

JIns HaxOoXKICHUs HEONpelelieHHbIX Kod(h¢uiuueHtoB MHorowieHa Q(X), creneHb
KOTOpOr0 HIKe cTerneHun MHorowieHa P(X), muddepeHmupyoT 00€ 4YacTH MOJIY4ECHHOTO

BBIpAXKEHHUS, 3aT€EM YMHOXKAIOT Ha Vo +hr+e U, cpaBHUBAs KOA(Q(ULIMEHTH! NPU OJMHAKOBBIX

CTEIEHAX X, ONPEACIAIOT Benuunny | u koshduimentsl MaorowreHa Q(X).
[IpuMeps! pelieHuda 3aaa4

=t =N
Ne 000 [4]. Haiirn &~ “(““f—)

Pemenne
Iﬁﬂr: e Ur-1-6x-1=8%| _
(x—1) (1+J_) dc=12"F
"+ oN2 P e Fvf 4 £ Y
Gl T )

=12 [j[:— ﬁ]ﬂn[[l— ﬁ) d‘] =12 ek —12] £+11_|'d‘—

—lljli=E.t’!+11.f—ﬁlt{.t’!+l]—11m:tgf+c=

+

=65 14123 1- 65— 1+ D—12actgd T 1 +C.
Ne 000 [4]. Haiiru J V&~
Pemenne
Inflﬂ:—:l‘!&={r= asnf, dk= acus&l} =
=aj.«.|'|a:—a:a'n!tmﬂ=

= afa cos tdt= “_Jj{n md_?+'fmh+c_

&t o a

=5ty m:lfumf+C—Tanin—+—\l'a1 C+C

o
Ne 000 [4]. Haiirn = ¥ +x7

Pemenue
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st

a- m’t)dm'u__ 1 1 3
I I sn't et Fami
e b d _ x __{J+x’)“_-.|'ﬂ1+r’+
- "“ﬂ.li Z+2  Joa| 3P | dx
¥Vl

]- dix

Ne 000 [4]. Haiiu © ¥ —4H™
Pemenue
i ck =I=$d’r—1w ]-Im.l‘ursﬂ
ot —4y" N=r i o £2-Figf

1 1

-l 5 fos o
1 1 1 1

—ﬁldglﬂ=—gﬂglf—— [a_n_t ; 1}&=—Eﬂglf+ﬁdgf+

32

—l}f——— [ a5 X agn-

+i+C={ = L }=— 1 + 1 +
32 Jr—a]  1HZ-47 g g
+Lm3+c

32 x

I 3¢ -7+ i
Ne 000 [4]. Haittn = N¥ —2x43

Ne 000 [4]. Haiizy J6= —62WE'#3dk

IIpakTuyeckoe 3ansaTue Ne 15
Tema. OnpeneneHHblii HHTerpajg. BbpluucieHne ompeneIeHHOr0 HHTerpaJa.
Boruuciienue niomaaei ¢guryp u 00beMoB Te
]_Ie.]'lb: 3aKp€HI/ITI) YMCHUA CTYACHTOB PE€IIaTh 3aa4U MO BEIYHUCIICHHUIO HHTCIPAJIOB
Teopernueckmii 6,10k
a
= XS (e)Ax,

Onpedeﬂenue Ecmu mnst dynkiuu f(X) cymectByer npemen , PaBHBIN

E fle)Ax, = ]f[xidc

Iq—!l o
TO (YHKIUSI HA3bIBACTCS HHTETPUPYEMON Ha oTpeske [a, b).

CBOI/ICTBa OHpCZ[GHeHHOFO HHTCIrpaia:

jmﬂdr J]f(l)d’c
1) a

ILﬁ[I)*fz{l)}dr I.ﬁ{ﬂdl‘*lfz{ﬂdr
2) = :

]fmdr 0
3) a :
4) ecmu f(X) £ j(X) na otpeske [, b], rae a< b, To
[ ] | ]
[ i< [ox)dk

5) ecnm Mu M — COOTBETCTBEHHO HaMMeHbIiee U HanOoubInee 3HaueHus pyHkimn f(X)
Ha oTpeske [a, b], To



b
m(b—a) ilﬂlidfi M{b—a)
6) meopema o cpeonem: eciu Gpynkius f(X) HenpepbiBHAa Ha oTpe3ke [a, b], To Ha 3TOM

OTpE3KE CYIIECTBYET TOUKA € TaKas, 4YTOo
]

[ = @-arre)

7) nast MPOU3BOJIBHBIX YKCEN &, b, C cripaBeIMBO paBEHCTBO

] c . ]
| redc= | r@dc+ [ e

B a
[rmdc=—[ rac
8) = B .
Teopema Hoviomona—Jleubnuya. Ecin bynkuus F(X) — kakas-nmu6o mepBooOpasHas OT
HenpepbiBHOK GyHkiuu f(X), To

. ]
| r@ac- Aoy - F(a

HpI/IeMBI BBIYUCIICHUS ONPCACIICHHBIX MHTCIPAJIOB MPAKTUYCCKH HEC OTIIMYAOTCA OT BCCX
TEX MPHUEMOB U MCETOJ0B, KOTOPLIC ObLTH PaCCMOTPCHBI IIPU HAXOXKACHHU HCOIPCACICHHBIX
MHTETPaJIoB.

Touno Tak ke NPUMEHSIOTCS METOIBI IMOJCTAaHOBKM (3aMEHBI IMEPEMEHHON), METO[
UHTETPUPOBAaHUS MO YacTsAM, TE€ K€ MPHUEMbl HAXOXICHUS IEpPBOOOpasHBIX IS
TPUTOHOMETPUUYECKUX, HPpPALMOHAIBHBIX U TPAaHCHEHACHTHbIX (yHKIMH. OcoOeHHOCThIO
SABIIETCA TOJABKO TO, YTO IpPH I[PUMEHEHUM JTUX IIPUEMOB HAI0 PacIpOCTPaAHATH
npeoOpa3oBaHWE HE TOJNBKO Ha TMOABIHTErpalbHYI0 (QYHKIMIO, HO H Ha TPEACIbI
VHTETPUPOBAHMUSL.

&
[ reax
[Tycte 3amaH wHTETpan = , tne f(X) — HenpepsiBHaAs QyHKIMS Ha oTpe3ke [a, D).
BBeieM HOBYIO MIEPEMEHHYIO B COOTBETCTBUH ¢ hopmyioit X=j(t). Ecru:
i@ =a,jb)=b;
2) j(t) u j¢(t) HempepbIBHBI Ha OTpe3Ke [a, b];
3) f(j(t)) ompenenena Ha orpeske [a, b],
TO

b B
[ rmeac= [ rmol @
[/} LI

NN

B B
Iﬂv{ﬂh'[f}ﬂ? = Flo(0l| = Flo{P)]— Fle{a)] = FE) - F(a
@ [1 9

&
EE I.i"' (x)dc
Onpeodenenue. Ecnn cCyliecTByeT KOHEUHBIH Ipenen o , TO OTOT Tpeaen
Ha3bIBAETCS HECOOCTBEHHBIM UHTErpasioM oT (yukiwu f(X) Ha naTepBane [, ¥). O6o3HaucHHE:

] m
,:_J Sde= [ fix)d

Ecnu stot npeaci CymeCTByYCT U KOHCYCH, TO T'OBOPAT, YTO HECOOCTBEHHBIN HUHTCrpal
CXOOUTCA, C€CJIIM HOpeAcii HC CYHMCCTBYCT HIIN 6eCKOHe‘-ICH, TO HECOOCTBEHHBINH HHTCTpal
pPacxoauTcCA. AmnanoruyHeie PacCCyxACHUA MOXHO ITPUBCCTHU IJIA HECOOCTBEHHBIX HHTCTpaIOB
BUIa



] ] m e m
Jr@d- m [ [r@d- | fDds [ fDd

< <
Teopema. Ecmu ams Bcex x (XQ) BBIMOIHACTCS YCIOBHE 02 )<, HUHTETpall

[ o= J e

- CXOOUTCs, TO @ TAaKXE CXOAUTCA.
-« -«
Teopema. Eciu ans Bcex x (X%Q) BBINMOJHACTCS YCIOBHE =)= f(x) HHTErpan
- m
[etmax | rex
a paCXOI[I/ITCSI, TO @ TAaK¥XKEC pacxomzncs{.
Ecnu B Touke x = ¢ pyHKIMsA 1100 HE omnpeeneHa, 1100 pa3phIBHA, TO

e ]
[rodc— = | f5d

] c
Jrmac Jrmac
Ecnn HUHTCIrpall o CYHICCTBYCT, TO HHTCIpal L) CXOOUTCA, €CIIKM HHTCIrpall
] ]
Jrmex [rme
o HE CYWIECTBYET, TO & pacxoauTcs.

Ecnu B ToUke X = a pyHKUUS TEPIUT Pa3phiB, TO
£ £
[riodc= fm e
o)
o a
Ecnmu  ¢ynkums f(X) wmmeer pa3peiB B Touke b Ha mnpomexyrke [a, c¢], TO

£ & £
[remdc= | foydes [ £
a a B . Takux TOYEeK BHYTPH OTpe3Ka MOXKeT ObITh Heckoyibko. Ecin
CXOJATCS BCE MHTErPajbl, BXOJIALIME B CYMMY, TO CXOJUTCSI U CyMMapHbIi HHTErpaJl.

[IprMepsl peleHus 3aAa4

3 sy —snx
Ne 000 [4]. Beiuncnuth onpeaeneHHblid HHTErpan o @+sinx)
Pemenue

g

mr_mdr= f=.t';umr=1_!:'dr= Iﬂ_s_n_t: 2f _
[ Tramg =23 Tyt St v
1-£ 2
_[Lf_1af at _[-u-F)
\[ LS T 14F a+5*
[*m’J

12— £)
Paznoxum 1po0b a+dy g, IpoCTenIne
1—“‘—H1=i+ 3 ¢ D _
a+gt 1+ Q4+ @+ Qe+t
_ A0+ + B+ P+ Q15+ D
a+4* )
K+ e B+ 2+ CQ+H+ D=2 22
D=4 A=0, B=-21 =0
HNmeem

1

1
4_1 |- 4+1
!ﬂm‘ a+e ) | 30+8° 1+£

4 4
=——+l+--2= l
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No 000 [4]. BeruucnuThb onpeaeaeHHbld HHTErpal
amig3

]- x

2, BtgrtS)snlx

Pemenue

T P aekeh
iy ¥ Gigx+3)sn2x ﬁt:m;

T " 1} dt

@ ey BGED)

1 _4 B _ABte5)eBe
045 35 365

A5+ Bf=1.
A= l; B=—i

5 5
Nmeem

1
ml[: 3:+5J ——uhkl—ht"fﬂﬂ ——gnz—hu D4+Ing)—
1M 1,12
10 14 10 7
3

i 8
I oyt
Ne 000 [4]. Beruncinuth onpeneneHHbIi HHTErpail 0 @+x) .
Pemenue

=L=3;§ =:.r4 3 _
@+1) i O+ ) e £
3 w4
e, 3 3 = .0
37 | o= g | cossit=gmd =12
1
[
Ne 000 [4]. Beruncnuth onpeneseHHblil HHTerpan @

Pemenue

I“"rl_‘z‘* { —0; B :ﬂ} Tmmﬂ:

= j cos? st — 1 ] L+ cos2fck =
LI} 2 1}

=2
=1[:+1m'11:]| e lanam
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_l-ms_lﬁ_
Ne 000 [4]. UccnenoBaTh Ha CXOAUMOCTH ®
Pemienue

b [
!mﬁr=ﬂnmﬂ=gm|u= 1im (sin 5 sin0)= Fm sin:

Tax xak npezen He CyIIECTBYET, TO HECOOCTBEHHBIN HHTErpall PacXOoAUTCs

Ne 000 [4]. UccnenoBaTh Ha CXOJIUMOCTh L 23 .
Pemenne

&  Fa& 1T 1
L?—E_ﬂ!?— &[‘;]1‘:&1[“;]“

— UHTErpal CXOo-AUTCs.



1
i
Ne 000 [4]. UccnenoBaTh Ha CXOJIUMOCTD 0T

Pewmenue
Touka ¥=1gpnsercs 0co6GoN TOYKOM, TAK KaK MOABIHTErPaIbHAsS QYHKIHMSA UMEET B HEH

_J=

OeckoHeYHBIH pa3phiB. [loaTomy

1=
I=tm [ % —tim| a5 "= [ smin| =
01— 302 |lax 2|50 [2—z

= l[—m—ﬂ]:—m_

2
Taxk xak npenen 0eCKOHEYHBIHN, TO TaHHBIM HHTETPAJ PACXOJIUTCA.
3 i3
F=___
Noe 000 [4]. 3amaHO KOMILJIEKCHOE YHCJIIO B+ Haittn anreOpanvecKyro,

TPUTOHOMETPHUECKYIO M TIOKa3aTeJIbHYIO ()OPMBI 3aIHCH.

Pewuts ypasHenue W +2=0

Pemenue
1) IOMHOXHMM YHUCIIMTENIb U 3HAMEHATENIh Ha COMPSKEHHOE 3HAMEHATEI0 KOMILIEKCHOE

yqucno 3 iy poBeJieM anredpandeckue mpeodpa3oBaHUs

B3 +Blv3—i 3+853-r34+3 6+2243 3 3
lB+ala-1 341 T 177
(3 BRI 1 — anre6paundeckas Gopma.

Moayis uncia
ApPryMeHT HaxOJUTCs B IEPBOU YETBEPTH

wev-mn{3)-(5) ¢

Tpuconomempuueckas gopma uucna

- B{orfoemd)

Ilokaszamenvuas ¢popma uucna

-

2) nus peleHus ypaBHEHUs W' +2=0 1e06X0MMO  BBIHCATD TPU 3HAUEHHS KOPHS

KyOMYEeCKOro U3 4ucia.

X X { l] 7

= = = i
SN A JN . AN ol N Ay o
[TonydyeHHBIN apryMEHT 4Yucia HE SIBJIAETCS TJIaBHBIM 3HAYEHHEM, MO3TOMY, MOJIb3YSCh
Py 5P MoxeM NEpEUTH K JPYrOMYy apryMeHTy,
e Bt %

HNEPUOJIMYHOCTBIO  (PYHKITHI

YIOBJIETBOPSIOLIEMY YCIOBHUIO

Ll g

—-—-l? 20
3 1, —5+11]l
=364 1%

= ﬁﬂ

Tpu penienus: CXOIHOTO ypaBHEeHus monrydarorcs npu K= 0, 1, 2:

1":3%1{—5—1:]’ 'z=3é-ﬂ{%]. ﬁ=3é-a{%].



BbINUcaHHbI apryMeHT ™3 He SBJISETCS I[JIaBHBIM 3HAYE€HHEM aprymenTa (Gosbiie *),

MOATOMY bopmy qucia s HeoOxoaUMO npeoOpa3oBaTh:
1 1 1 { D
w3=33-e{%] —30 -e{%ﬂ] =33-e{ = ]

Ne 000 [4]. HaiiTu Bce 3Ha4eHUsI KOPHS Yare

]
Ne 000 [4]. Hatitu #

IIpakTuyeckasi pa6ora Ne 16

Tema: BoluncjieHHE YACTHBIX MPOU3BOTHBIX.

Heas: DopmupoBaHME NPAKTUYECKUX HABBIKOB HAXOXJICHUS SKCTPEMYMOB
(YHKITMM MHOTHX HE3aBHCUMBIX ITEPEMECHHBIX.

Teopernuecknii 6,10k

Yactaple mnpousBoaHbie. Juddepenmman, ero cBA3b €  YaCTHBIMH
MIPOU3BOIHBIMHU. [ €OMETPUIECKHI CMBICT YaCTHBIX MPOU3BOAHBIX U I depeHnnana.
JHlocrarounoe ycinoBue auddepeHuupyemMoctd. ['pagueHT W MPOU3BOJHAS TIO
HampaBlieHHI0. HeoOXoauMple W JOCTaTOYHBIE YCIOBHS JKCTpeMyMa (DYHKIUN

HCCKOJIBKUX IICPCMCHHBIX.

[Ipupamenue, koropoe noiayyaet GyHkius Z=f(x, y), Korjaa u3MeHsI€eTcs TOJIbKO OJHa U3
MEPEeMEHHBIX, HAa3bIBACTCA YaCTHBIM MpHpalieHueM (YHKIUU 10 COOTBETCTBYIOLICH
nepeMeHHON: AxZ=f(x+AxX,y)-f(X,y), AyZ=f(x,y+Ay)-f(X,y).

OINPEAEJIEHUE: YactueiMm muddepenimanom no x ¢yHkuuu Z=f(X, y) Ha3bIBaeTCs
[JIaBHAs 4acTh 4acTHOro npupaieHus AyZ=f(x+Ax,y)-f(x,y), npornopuroHaibHas IpUpaIIeHUI0
AX HE3aBUCUMOM IMEPEMEHHON X. AHAJIOTMYHO OIPEISAeTCs YaCTHRINA quddepeHuan mno y, T.e.
AyZ=f(y+Ay,x)-f(X,y).

JuddepeHnnansl He3aBUCUMBIX TIEPEMEHHBIX X W Y TPOCTO PAaBHBI X MPHPAIICHHSIM,
T.e. dx=Ax, dy=Ay. UYactueie nuddepernuansr oOo3HayaroTcs Tak: dyZ -4acTHBIN
mddepennman no x, dyZ - gactsli auddepennnan no y. [pu stom:

dz=% @ d.z =i—z -dy

o~

CxX cy

Taxum oOpa3om, yacTHbI AuddepeHnnan GyHKIUH IBYX HE3aBUCHUMBIX IEPEMEHHBIX
paBEeH TMPOM3BEICHUIO COOTBETCTBYIONIEH YacCTHOW MPOM3BOAHOM Ha muddepeHnman 3Toi
IIEPEMEHHOM.

Takum e o0pa3zoM, Kak JUIsl (PYHKIMHM JIBYX HEPEMEHHBIX, ONpPEENISIOTCS YacTHbIE
NpUpPALEHNs U YaCTHbIE JU(pepeHIHanbl GYHKIUH TI000r0 Yncia He3aBUCUMbIX IEPEMEHHBIX.

[Tpupamenue, kotopoe noiydaer ¢yHkuus Z=f(x,y) nmpu HNpoU3BOJIBHBIX COBMECTHBIX
M3MEHEHHUSX ee 000MX apryMEHTOB Ha3bIBAETCS MOJTHBIM IPUPAIIEHHUEM:

AZ=f(x+AX,y+Ay)-f(X,y)

OINPEAEJIEHUE: IlonueiM nuddepennmanom QpyHKINN IBYX MEPEMEHHBIX HA3bIBAETCS
[JIaBHAasg 4YacThb I[IOJIHOIO TpupalieHus (YyHKUWU, JUHEHHasT OTHOCHUTEIbHO MpHUpaIleHUn
HE3aBHCHUMBIX [TEPEMEHHBIX.

Teopema. Ilonnbiit auddepennnan GyHKIUN OBYX HE3aBUCHUMBIX IEPEMEHHBIX paBeH
CyMMe MPOU3BEIEHUI YaCTHBIX NPOU3BOIHBIX (PYHKIMH Ha AU depeHInanbl COOTBETCTBYIOMINX
HE3aBHCHMBIX [IEPEMEHHBIX.

dZ = g;::’x+§c:fv_
o o
dzZ=f'«(x,y)ax+f'y(x,y)dy nnu cx cy



o | -

dz dz

Tak kak €xdx=0kZ u €V dy=dyZ, To dZ=dyZ+d,Z, T.c. nuddepeniman GyHKIUU JBYX
HE3aBUCHMBIX TICPEMECHHBIX PaBEH CYMME €€ YaCTHBIX U epeHIINaIoB.

Onpenenenue auddepeHnmana nepeHoCuTcs Ha QYHKIIUU JIF0O0TO YHcia HE3aBUCUMBIX

IIEPEMEHHBIX.

Ipumep 7. £= In(y + /X" + ¥ Majiru dz

Haitnem yacTHbie TPOU3BOIHBIC

A O e IS SR N rcv) I
o .ln':f\"" XT+Y :' }’+m}+ Xy

- -,

II. bt .II

| % .
= " _\I{x: N }__; '-_‘_\(X: N }__; J-'I N ﬁ‘Il':!{l N }_.l |I:._- _"Jx; N }__: | :

[ M
ey )y [N S A N S
d.z=a—zcb: dv— xdx dy
CrnenoBarensHo, 2 &y qfx +¥y° [v+~er +v° ] \fx‘+§,r‘

IIpakTnueckas padora Ne 17

Tema: Boruuciienue nuddepeHuunanos.

Heanb: ®opMupoBaHre MPAKTUYECKHX HABBHIKOB HAXOXIEHHUS SKCTPEMYMOB (YHKIIUU
MHOI'UX HE3aBUCUMBIX IICPEMCHHBIX.

[pakTn4yecknii 6,10k

3aoanue 1

HaiiTi yacTHbIie MPOU3BOIHBIEC OT (DYHKIIUM.
1. 2=z - Jmp 2y’ —da +2pt5 .

Pewienue

Cuntas = pyHKIMEH TOJBKO OJHOTO apryMeHTa * M MPH 3TOM Iojlaras ¥ =tnt HaxoJIuM

o ¢popmynam

AHaNoru4Ho, cuutas * QpyHKUUEH TOIbKO ¥ U moJsiaras * =cormst  [10JIy4UM

L T
F™

- 2w G -4

¥

T =arct
Bex? .

Pewienue
Cuuras Z QyHKIHEH TOJBKO OJHOTO apryMeHTa X U IPH TOM IoJjaras ¥ ==nt HaXOJIUM

o ¢popmynam

"
dE _ 1 v e 2y
ekt _1+ ¥ 42 |_1+=" | - A+x71 w - (14297 +y
Pl f+x%)

AHANOTUYHO, cYuTasl  GYHKUUN TONBKO ¥ M mojaras * =cemt [JOTy4uM
ik 1 v 1 1+x?
- | ¥ = - x

¥y ) ety =
11+x° ) B+l
w=" ¥ T
3. I M
Pewienue

Cuntas U ¢dyHKUMEH TONBKO *H Moylaras ¥.:=em=t 337eM — (YHKIHEH TOJbKO ¥ U monaras
xz=wend |y TOJIBKO I, TIOJIATAsl *.¥=cm2  [[OJyYUM



A1 = A ox
oy l"; chy ¥ ;
3aoanue 2

BeruuciuTte 3HaueHME YaCTHBIX TMPOW3BOJHBIX MAHHBIX (YHKIUHA TPpU yKa3aHHBIX

3HAYEHHUAX apTyMEHTOB:
1) £|m, ) =coslmx rrv, “om =0 .
Pewenue

[To hopmynam auddepeHIMPOBaHNs HAXOAUM YaCTHBIE IPOU3BOIHbIE
t =-msnmx-ny - f,=nsnimx-my
; .

m

[Monaras * zm; ¥= [IOJy4UM

SRR

2.::1:"' -1_.-'";*=2; ¥ 1,
Pewenue
HaXO,I[I/IM IIPONU3BOJAHEBIC, 3aTEM BBIYUCIISIEM HX YAaCTHBIC 3HAYCHUSA B YKa3aHHOﬁ TOYKEC:
" . 2
I, =— ~a Ty " —
La o ¥
izt =t iz
3
3aoanue 3
1 1z
ek oy oy

1. ITokasaTk, 4T0 QyHKIMsA *=¥¥* ~¥|yqOBIETBOPAET YPABHEHHIO
' x 1 1
2. IToka3aTk, 4TO PyHKIMA = 2¥ 2 = ¥

adz 2 lI
- .

VIIOBJICTBOPSICT YPaBHEHHUIO ~ * = & ¥
Beruuciienue npou3BoAHbBIX U 1UGHEpeHINanoB CI0KHBIX (YHKIIMN
PaccmoTpuM unciioByro QyHKIMIO IByX EpEMEHHBIX
=2y
3aJIaHHYIO CIIEAYIONTUM 00pa3oM:
==£[UV]) , Tae Y= Uiyl : V=Viny) (]_)
T'oBopsT, uto (1) ompenensieT CIOXHYIO (PYHKITUIO IBYX IEPEMEHHBIX.
B cootBercTBUM ¢ hopMyTaMH IPeAbIAYIINX MaparpadoB MOXKEM 3aIUCATh:
n2- :T_ETEU . g:, BV -0 . §= JAUP AV 2

Haiinem yacTHble TpupanieHus

E=E%.rrlr = = =
BE="y=0 npw orom WU=LU; AV=AT

o_ 82 a4z . .
BaZoggla e gy Vo0l gy =g U F a0 VP (3

. [}
0l&) — ecTh 6.M. O0OJIE€ BBICOKOTO MOPSIKA, YEM O , IPEJICTaBUM €€ B BUJIC O ,TIe @—0.M.

Ulﬁx] '51 l[leU 2+|l[|u:1i'ir]2
Torna bx B

= ||:x I ]
bx bx © | orkyma BHAHO, YTO 3Ta BENMYMHA CTPEMHTCS K HYIIO
0, U 80 aV v
HpI/I‘!"""];TaKKaK“"‘D,a Lx ﬂ)‘.; Live ﬂx_
Paznenum (3) Ha 2x y nepelaéM K npeneny npu b -0
P T M B I M
pr-0 D IUpeon bz OV w0 Ax
a4z _ a8z 6U+a: aw
ax U éx 8V éx (4)
AHQJIOTMYHO TOJIYYUM (opMyny JUIsi YAaCTHOM NPOM3BOJHOM CIOXKHOH (YHKIHMH O

apryMeHTY y:
8T _ 8Z 80U 4z av
dp U ay AV ay (5)

C nomotpo 3THX (HOpMyI 3anuiieM noiaHbd auddepenuuan st pynkuuu (1)



as as s AU = av 4= T &S av,

4= = du + - + dm + i + -
. a,-ﬂ" Yavrae *avas (aua,- aw a,-m’
JES AU AU AR AV AV T . B
L& - B EL - 2 atr w du

[TonydeHHOE paBEHCTBO BBIPAKAET CBOMCTBO MHBAPUMAHTHOCTH (popmbl nuddeperHnuaa.
OHO COCTOUT B TOM, YTO MOJHBIN 1u(depeHran oJMHaKOBO 3aIMChIBAeTCS B Cirydasx, korga U
U V — He3aBUCUMBIE TIEPEMEHHBIC WU SBIAIOTCSA (PYHKLIUSAMH OT X H Y.

[To ananoruu ¢ popmynamu (4) u (5) MmoxxHo 3anucars U Gopmyisl U HepeHITUPOBAHUS

CIIOXKHBIX (DYHKIMI PYroro BUIA.
HaHpHMep' TEUV, W, U= Uy, V= Vi), W= Wiy

87 _8z aU 8z av  az aw
ax Al ax AV dx | AW ax (6)

8T _8Z 80 &I AV aIaw
By AU ay AV 3y AW dy (7)

Paccmotpum apyroit mpumep. Ilycts nana Gpyskmus
24UV, me Us Uk, V=Viy.
PacnipocTpanuB mpenpiaynie pe3yabTaThl Ha 3TOT cllydai, MOJy4YdM, HalpUMep, YacTHYIO

IIPOU3BOJIHYIO II0 Y:
DI _ 8z 8U, a2 8V 4z
Dy U &y av ay = ay (8)

3ammck B hopme (7) Obuta ObI HEKOPPEKTHA, TIOITOMY H3MEHUM 0003HAYCHUS.
o=
3nech: T¥ — 03HAYaeT BBIUMCIIEHUE YACTHON MPOU3BOIHOM Mpy * = ot |
az
#¥ — 03HAYaeT BBIUMCICHUE YACTHOU MPOU3BOJHOMN Mpy U= corst V= cmst |
PaccmoTpum Teneps Takoil nmpumep.
PaccmarpuBaercsi  crmokHas (yHKIMA ~OJHOW TiepeMeHHoW ==& ompenenéHHas
CJIEIYIOIIUM 00pa3oM:
FSHUN);  U=Um,  V=Vi. (Q)
d=
B 3ToM ciydyae peub AOKHA MIATH O BBIYMCIIEHUHU MPOU3BOJHOM <= , KOTOpasl Ha3bIBAETCA

MOJIHOM MPou3BOAHOI. DopMyiy 1715 €€ BBIYHCICHUS TTONYyYuM H3 (4)
dI _az du, az dv
de | A dx | AV de (10)
Emé onun nmpumep:

[TycTp =M.Vl r U=U), V=Vl "1orga ©MeeM CIEIYIONTYI0 (G YHKIIMIO OJTHOM TEPEeMEHHOM
dz _ aZ d.U azZ dv a"
dr AU dx AV dx  ox (1]_)

OueBuaHO, A cieayromed (yHKIMHM OJHOM IEepeMEHHON CBOWCTBO HMHBAPHAHTHOCTH
dbopmel nuddepeHIrana Takke UMeeT MecTo.

JeiictButensHo, ymMHOXkas Ha 4x (10), mosryunM BblpaxkeHue Bujaa (6).

3aoanue 4

Haiitu nonusie auddepennnans GyHKIUN.

g —EtF
x-v,

Pewienue

a) HaxO0JIMM YacTHBIE IPOU3BOIHbIE TaHHOW (QYHKIIUU:

R x4y, K== (%=, [K4Y)_X-y-K+y 2y
|}li |x-yr B —-w |x - :.-.-"'

I e Rt -
;

by |-y [x—yF fx —
6) YMHOXasi 4aCTHBIC IIPOU3BOJHLIE Ha ,Z[I/I(I)(I)epeHI_II/IaJIBI COOTBETCTBYIOIIIUX apryMEHTOB,

MOJIy4UM YacTHbIe TuddepeHransl GyHKIUU:
d.z= &y de dz= = -
L L

B) HCKOMBIM TmoONHBIN muddepeHnran QyHKIUH HalAeM Kak CyMMy €€ YacTHBIX
g hepeHIanos:

dz:E:dy—Eyﬂx _ 2ludy e
:_y-l :_y-l



2. xslay)

Pewenue
Crenyst yka3aHHOMY TUIaHY, HAXOJIUM

'j =cosuy/ ‘.".ili: =cosupl ®

a) : i :

6) dz =y cosxyds . dz=x coduyidy -
)

B) & = yoos|uy de +xcosxyide =cosey pde +udy)

x+y

3 TRy

Pewenue
Crnenys ykazaHHOMY IUIaHY, HAXOJUM

o 1 |I-:,"|'_[].r:.']-:.-x-:,' L —xp”
- 1 |I A s =g 11—y 4]+
a) 1L -y
1+y" 1+y*
1-Zxy+x’y’ +x + 2ap+ 9 1-:-:":,.'"-:1:"-:,.'"-
&1 mey o dewmieszew  Roxyd
w 1'|I-5"'|:'1 ¥ - xpr 1wy tlwtyl® 1+x* 1+x*
11 —xy 1-Zxy+xyp x4 2ap+y®  l+xpi+xd 4y’
R A E L
6) 1+xy? +x® 4y , 1+uy +u® +y” ,
& - 1|1_.-".'|i.| 1!!']?..-'
B) Laxfy” +u +p”
3aoanue 5

Borancnute 3Ha4eHus mosHoro auddepeHnnana GyHKIuu

n
z =arccty . i .
YHpH;g:i’y 3’dl. l:l,l:l11.:1;_.,= np5_

Pewienue
Haxonmum dYacTHBIE TIPOM3BOJAHBIC, 3aTeM dYacTHbie auddepeHnuasbl M TOJHBIN
muddepeHan JaHHON QYHKINU:

i ¥ e X wdw — pdy
—= i — T3 - dz = —
ke 5+ e m x4+

[ToxcraBnsiss 3amaHHBIC 3HAYCHHS HE3aBUCUMBIX IMEPEMEHHBIX ¥, ¥, dx  dy  QyHKIHCH
KOTOPBIX SIBJISICTCS MONTHBIN nuddepeHma 4z , moayqum

dz< LZ05I-3 001 0,008
148 .
3aoanue 6

Bbruucnuth npubImkeHHOE 3HaUeHHe:
5149 arctg0 )7
1) i,l:lﬂ-"'“ 1 2) D3
Pewenue
Ecnu TpeOyeTcsl BBIYMCIUThH 3HAaueHHE (QYHKIMH (=¥t B Touke MEF-tl (g mpu

9TOM MpoIEC pacCHUTATb 3HAYCHUIA 3TOM (1)yHKHI/II/I U €€ YaCTHBIX HNPOU3BOJHBIX B TOYKE

Moleo¥o---atal) 1o mpu mocraTouHo ManbIx Mo abGCONMIOTHON BENMYMHE 3HAYEHMSAX pPa3HOCTE
= =d Vi-Vosd , b=t =% MOXHO 3aMEHHTH TIOJHOE TpHUpAIICHUE QYHKITUU €€ TTOTHBIM
TuddepeHImaIom

EI M) —F | )= B e+ (M + . +E] B,

U 0mcro0a Hatimu npubIUNCEHHOE 3HAYeHUe UCKOMOU 8elUYUHbL N0 (hopmye
e L ()

1. Tonaras, 4To 198** eCTh YACTHOE 3HAYCHWE (QYHKIMM v =x'B Touke L0358 y yro
BcrioMorarenbHas Touka 6yaer Mot momyunm

(M) =1'=1 M=y = f = R, =0

) ) )
de =108 1=008  dy=3,9% —4=-004
[Toncrasmiss B popmyny (1), Haiinem
LOBY =f | ML) +£ | M e +£7 | M dy=1+4 0,08=132

5149 arctg0,07

2. Ilyctp e €CTh YaCTHOE 3HaueHUe (YHKLIUU TPEX MEPEMEHHBIX Ty, 2l =2"sny arcigz g

. 0,07 M.;[—E;f;lil]
M, (=235L990.57) 4 mycTe BcmoMorarenbHas Touka OyeT L

TOYKEC



Torﬂa dx =-2,95—(-3)=0,05 ; dy =149 — 157 = -0 08 ; dz =007 ;
W) =2 s Taretgd = 0. @' M =2 In2siny - andgz/,,, =0 -
= ) )
. 250y _
:IM,,I=E"ED arkez/,, =0. M, = 2 =%
P, By B2 rayy ; 14z
[Toacrasmsis B hopmyay (1), momyunm

sin{d8 actgl07 _ 1 go- gy

Rk
3aoanue 7
(3 dz (3
Haiity npon3Bo/iHbIE dt CIIOKHOW (DYHKIMHU = =fl=yl | ¥ =@t -y = yit],
1. =
n—

1. =ahy w=tglt  y=ag't

1
Pewienue

31ech Z ecTh clIokHas GYHKIIMS OJTHOM He3aBUCHMOU nepeMeHHol t . [Tomyuum
r]:_11=1 [ 1|'_i'|=-1

i _Ely 2 W x| v
¥ . v .
) )
B _np, 1 0 L1
=Digt —= =Irtgh| - ——
a " ot ; d g|_ sin’t "
dr

_1 g 1 g omt | oo _
& J cos’t ¥ snt tg “teos t cig “tsin‘t

T S S S
tgteos't  ctgtsin’t Sntcost  sintcost
2 4

sntcost  snlt

2_ ::r-“’x=sint'3.- £

Pewienue

= —g * == =—2e *74F = gost | dy=3t'
& ; oy ; ;o

dz

i =e" Teost - 2" R =™ Vst - Bt =" st - 67

3. z=amsinx —yl  w =3 wdt

Pewienue

& 1 & 1
e ; T o B
e T A Tl e

& 3127

N S

3aoanue 8
d=
Haiitn a=, ecmm = =tl=¥l Te v ==l
= l-. -?

1. 1-'+y’rlley=3l.1-1_

Pewenue
e lxt tyl-Zxlxt -yl dmy | o _-lT iyl =7
eyl a2 ey
e e+l g% g W &+l kvl g :
dz _ dmy | 2xf 3_4:':.--5::"_2312:.'-3:'_
dx |:"+:.-'-. |:"+:.-'-. |:"+:.-'-. |:"+:.-'-.
_2xfx +2-3x)_ Zxlix +2]
¥ 4341 T +dx+lf
. =C05X
2. ===% rae¥ .
Pewenue
:::21'!?’ :::: =l'; f=-::’nl’
- -]

=Dy —x sink = Mcosxy —X SO

3. z=x", T ¥=Inx
3aoanue 9
HaiiTu yacTHBIE TPOU3BOIHBIC CIOXKHON (DYHKITUU
==tlx,¥) rne ®=9Lnl ¥=wlEnl,
1. ===% = pje *=teesn  y=Csiny
E

2. T=hEyl e =i L



IIpakTuyeckasi padora 18

Tema: BbluncieHue MOBTOPHBLIX MHTErpajoB. CBeleHUe JABOWHBLIX MHTErpPajioB K

IIOBTOPHBIM. Boruncienne IBOIHBIX HHTErpajaoB

He.]'lb: Hay‘-H/ITLCSI BBIYUCIIATH MOBTOPHBIC MHTCTPAJIBI U CBOJAUTH ,Z[BOI‘/JIHBIG HUHTCTpAJIbl K

MOBTOPHBIM
Teopernueckmnii 6,10k
Boruuciaenne ABOMHBIX HHTErPajioB O0azupyercs HA
MOHSITUM TOBTOPHOI'0 HHTErpaJja
yp ¥l
, b p=afx)
: L~ :
3 B
;r-: // j =
a L" J’r:l/; P 7 I
: ITycth ; {5y -} paccMaTpuBaeTcsi Ha  IUIOCKOM

obnactu J';—_""LI/I OHa IIpaBUJIbHAA B HAIIPABJIICHHUU OCHU

<, T.e. BCsAKas MpsMasi, apajieibHas OCu

Oy , epecekaet rpanuily obnactu L2 He Gonee uem B aByx Toukax. Torna o6macts L2 ynoGHo

CIIPOCKTHPOBATH Ha OCb O . HYCTB IIpOoCKI A J'i—-_:’LHEI O C€CThb {H= b; .

4

[ p—

Gix .
ECJ'II/I “( }— ypaBHeHHe HHNXXHCHU FpaHI/IHH, a

& (%)

F— ypaBHEHHUE BepXHEU

xsia,b] D (x, 1)
TPaHUIIBI, TO JIFOOOMY *“lobmactn &/ mpuHamIeKRar TE TOYKH < 7 BepTHKAIBbHOTO
OTpe3Ka, KOTOpBIE YIOBJICTBOPSIFOT
HEPaBEHCTBAM
{aixi&
B &ix
fae | Fimp)ds
Beipaxkenue BUjIA € A Ha3bIBACTCS NOBTOPHBIM
Fix vy I
HHTErpajioMm oT  (QYyHKIUHU - () obnactu . OH  BblUHCIAETCA

CJIEIYIOIIUM 00pa3oM:

o k3
CHayajga HAaXOJWTCS BHYTPEHHWH HHTerpan (+ — NMepeMeHHas HMHTErPUPOBAHUS, L —

a. b
(uKcHpoBaHHas), a 3aTeM MOMYYEHHYIO (yHKIMIO apryMEHTa “t HHTErPUPYEM Ha { : 1 .

Buauenue noemopHO2o0 urmezpaia — 4uciuo.

¥i =2
4
—:—I-
< 0 x
rt
IIpumep 1. Beruncnuts
5= J a;‘LJ {x+2p v
AL 1
BOCCTAHOBHB 00macts L7
0=yl

-

Pewmrenue. MHTErpasn Beruucisercs no ir i

O A A

MTOBTOPHBIN MHTETpall

(cM. pECYHOK).



H
i
-

}d‘lf=.!|:2:l§ sd-x{x+l)- (I+£_\)2}d‘{ =

& i G

] = 3_!> =
. < fx=1y o i1 8 i
= I‘—i—it———x——{ } f+d—————— — ——z
2 3 ! 302 311 31
_gl 3.9 8 1o gl
2 3 1 3 & '
AHaJIOTHYHO:

eclii 00J1acTh L npasujibHdasA B HAIIPpaBJICHUHU OCHU (i , TO €€ YI[OGHO IMPOCKTUPOBATH

Ha OCh i . [lyctb mpoekmust obiactu L 1a ocp i €CThb OTPE30K { : ] , YPABHEHUE JIEBOM
L=ty y x=wr iy
TpaHUlbl  00JacTH {f{i- " }, a [OpaBOd TpaHULBl — ¥ {-“ \3 Torma npnaga BCSIKOTO
A C.d Y o P =
Js { ' ]3HaquHe % Touek E P }HpHMOI/I “%  npuHammexammx obmacta L7,

AN EE T

YAOBJICTBOPACT HCPABCHCTBAM T EA HOBTOMy 0051acThb DMO)KHO

3aJ1aTh B BUJIE

r=wyfy) _d =)

(cM. pUCYHOK).

[t J £ ¥

TakoMmy 3a1aHUI0 00JaCTH COOTBETCTBYET NO6MOPHbIL UHTETpan ©  F#i:

I[J'ISI €ro BbIYMUCJICHHUA HaXOJUTCA CHaydalla BHyTpeHHI/Iﬁ HHTCIpaJl, a 3aTeM BHEIIHUM.
Pe3yJ'IBTaT — qucio!
Ipumep 2. 3amaauM o0nacTh DHpI/IMepa 1, mpoektupys ee Ha 0Cb {:if;r,
1= y=2,
'ii}gxg}r—l.

BbIYnCIUTh MOBTOPHBIN UHTETPA

;=[i%+zyx§; dy = é{ifj s2v(y -1} |dy =
Pemenue. L 3” E |_ B A
= McTE}ﬁ_}.-: zricTE_:;'r_{E_;;:E_ ;Ez_;g i1
& 3 : 6 3 Fi3 ] 6 3 % T
3aMeqaeM, qTo 3Ha4YCHUA Pa3JINYHBIX MMOBTOPHBIX HUHTCIpaIOB

(GYHKIMH 110 00J1aCTH OKA3aIHCh PAaBHBIMHU.
Jokazano (cwm. [1]) yrBepxaeHnue:



' ‘_T.-- '1.1 : =1
eciu ! (v HENpepplBHA  Ha 2 DC R, o6nacts L} gpnstercs
NMpPaBWIbHOM B HANpaBJICHHMM OCEH KOOpPJAMHAT, TO 3HAYECHHE JABOMHOIO HMHTErpaia

ffrieyyday
& COBIMaAaCT CO 3HAYCHHUCM COOTBCTCTBYIOLICTO IIOBTOPHOIO MHTCrpaJa,
Ipu4eMm pe3ynbTaTt He 3asucum om nopsioka
unmezpupoeaHusl, T.C.

& PR :
[ syaudr=jdr | flr.yydy=Jd | fxr)e

& diz

4 e

IIpumepsbr:

Bortuucnumo unmezpaisl.

JordxJor(x+y)dy.j01dx[01(x-+y)dy.

Pemenue.

JordxJor(x+y)dy=Jo1((xy+y22)I1|10)dx=Jo1(x+12—0)dx=(x22+12x)| || 10=12+12—0=1.J01dx]
01(x+y)dy=/01((xy+y22)[01)dx=[01(x+12-0)dx=(x22+12x)|01=12+12—0=1.

OTtBer: 1.

Pemienue.

[02dploar 2sinzpdr=] 0271'/ \l Joarzsi nzgodr\/ |dgo =[o02x(siN2gr33| | |a0)d=J02xSi N2gp(a33—

ydo=

=a33Jo2r1—-cos2p2dp=a33(12p—14sin2¢p)|| |2-0=a33(1227—14si ndyp—0)=azr3.=a33[02x1

H3menump nopaooxk unmezpupoeanus 6 ciedyiouux uHmezpanax:
Jozdx|xexf(x,y)dy.J02dx[x2xf(x,y)dy.

Pemenue.

CnenaeM pUCYHOK UHTETPUPYEMOU 00IacTu:

i_."r’

OO0nacTh WHTETPUPOBAHUS OTPaHUYEHA MPSIMBIMH Y=X,y=2Xy=X,y=2X u X=2.X=2.
3ametum, 4To B 3TOI obmactu eciu Yy mensercs ot 00 1o 2,2, To KoopauHaTa XX MEHSETCS OT
npsMoit Y=2Xy=2X (unmu X=y2X=y2) no Y=X.y=x. Ecmu xe Yy mensercs or 22 no 4,4, to
KOOpPJIMHATA XX MEHSETCS OT MPAMOH Y=2Xy=2X (X=y2X=y2) 1o X=2.X=2. Takum o0pa3om,

Jo2dxxaxf(x,y) dy=Jo2dylyexcx+[2adyfyz2dx. [02dx [x2xf(x,y)dy=]02dy[y2xdx+[24dy[y22dx.



Otser: Jo20x)xxf(x,y)dy=Jo2dyfyxdx+/24dylyz2dx.[02dx [x2x f(x,y)dy=/02dy[y2xdx+[24dy]
y22dx.

1. J120x]2-sex-xevf(X,y) dy.[ 12dx[2—x2x—x2f(x,y)dy.

2. Borumcnuts umterpan [ oxyzdxdy, [[Qxy2dxdy, ecnmu obmacts QQ orpaHnucHa
niapabosioii Y2=2pxy2=2px u npsmoii X=p/2(p>0).x=p/2(p>0).

3. B gpoiinom unrerpane [[of(xy)dxdy[fQf(x,y)dxdy mepeiithu Kk mOISPHBIM

cienytomem narerpaie: Jo1ox]1-x1-evf(x,y)dy.J01dx[1-x1-x21(x,y)dy.

5. Tlpeamonaras, 49to [IfU @,p, - TOJISPHBIE KOOPAWHATBHI, HM3MEHHUTH IMOPSIOK
MUHTETPUPOBAHUS B CIIEAYFOLINX UHTErpajax:

6. Ilepexoms K TONSAPHBIM KOOpAWHATAM, BBIYMCIWTH JIBOMHOM  WHTErpai
[ xe+ye<aoxo+yr————— \/dXdy. J[x2+y2<a2x2+y2dxdy.

7. BMecto XX ® Yy BBECTH HOBBIE IE€peMEHHbIE UU W W ONpPENEUTh IPeIebl
UHTErPUPOBAHUS B CIIEYFOLIHAX JIBOWHBIX UHTErpajiax
Jozdx[1-x2-xf(x,y)dy,[02dx[1—x2—xf(x,y)dy, ecim U=X+Y,V=X—Y.u=x+y,v=x—y.

8. IIpousBenst COOTBETCTBYIOIIME 3aMEHbI IIEPEMEHHBIX, CBECTH JBOWHbBIE MHTErPAJIbI K
onuokpatueiM: [ of(xy)dxdy, [[Qf(xy)dxdy, rme obmacte QQ orpaHHdYeHa KpPUBBIMH

Xy=1,xy=2,y=X,y=4x(x>0,y>0).xy=1,xy=2,y=X,y=4x(x>0,y>0).

IIpakTuyeckas pa6ora Ne 19

Tema: BblumcieHue TpPoOWHBIX MHTerpajoB. Pemenue 3agay Ha NPWIOKEHHE
JABOMHBIX, TPOHHBIX HHTETPAJIOB

Ieab: HaydnTbCs BEIYUCIATH TPOMHBIE HHTETPAJIBI

Teopernuecknii 00Kk 0TpaboTaeM TEXHUKY pELIEHUS MPOU3BOJIBHBIX TPOWHBIX

[[[ 7 x: ». 2)dxayaz

UHTErpasioB T , Y KOTOpbIX MOJbIHTErpajbHas (QyHKUIUS TPEX NEPEMEHHBIX
u=flxry.zl g 00IeM ciTyJae OTJIMYHA OT KOHCTAHTHI M HENPEPHIBHA B OOIACTH { ; a Takke
MO3HAKOMHUMCS ¢ GPU3NUECKUMU MPHIIOKEHUSMH TPOMHOTO MHTETpasia

u=flxyz)

[pumep 13
Beruucnurs TPOMHOU MHTETpal

”115@2 + 28V dxdlydz

T
Tiz=x+yz+y=Lz=0y=0,z=0

Ha mpakTHKe TelIo Takke 0003HAYAIOT OYKBOH ¥ , HO 9TO BCE-TAKM HE OYECHB XOPOLIHIA
BapHaHT, BBUIY TOTO, OHA «3ape3epBUPOBaHAY MO 0003HaUeHHUE 00bEMA.

He HY>XHO MIPEJCTaBIIATh MHTETpal B BUJIE
”j 1500% + %) dxdydz = 15]” yidxdydz +1 5[” Pdxdydz
T T r . XOTS eCli OY€Hb X0YETCS, TO MOXKHO.

B koHIIE KOHIIOB, €CTh U HEOOMNBIION IUIIOC — 3aMUCh OyJIeT XOTh M JJIMHHOW, HO 3aTO MEHEe
3arpoMOXKIEHHON. Ho Takoi moaxox BCE-Taku HE CTaHJAAPTEH.
B anroputme pemeHusi HOBU3HBI OyneT HemHoro. CHaudana HYKHO pa3oOpaThCcs ¢

o0JyacTei0 MHTErpUpoBaHus. [Ipoekius Tena Ha MIOCKOCTh AQY MPEACTABISIET OO0 10 6oyn


http://www.mathprofi.ru/chastnye_proizvodnye_funkcii_treh_peremennyh.html

3HAKOMBII TPEYTrOJIbHUK:

Y
AN
N
K=y
X

f

[
Caepxy Telo OrpaHH¥eHo TLIOCKOCThIO 2 — % o, KOTOpasi MPOXOAUT Yepe3 Hayajao KOOPAUHAT.
[IpenBapuTensHO, K CIOBY, HY)KHO 00513aTeJIbHO NPOBEPUTH (MbICIEHHO TUOO HA YEPHOBUKE),
HE «Cpe3aeT» JM JTa IUIOCKOCTh YacTh TpEeyroyibHUKa. [l 3Toro Haxomum e€ JHHUIO

TEepPECeueHrs C KOOPAMHATHOW IUIOCKOCTBIO <4 | T.e. pelraeM MpOCTEHIIYIO CHCTEMY:

g=x+y¥
=Zrxt+y=0=y=—x
z=10

— HeT, JaHHas MpsAMas (Ha uepmedice OmMCymcmeyem)
«IPOXOIHUT MEMOY, H TIPOSKIS TeJIa Ha IUIOCKOCTh << 1eifiCTBHTENBHO MPEICTABISIET COBOIT
TPEYTroJIbHUK.

He CJIOKEH 311eCh U MIPOCTPAHCTBEHHBIH 4epTéxK:

B neiicTBUTEIBHOCTH MOKHO OBLIO OrpaHUYUTLCI TOJIBKO HM, IIOCKOJIbKY HPOCKOHA OYCHb
mnmpocras. Hy, HJIM TOJIBKO YCPTCIKOM IIPOCKIUHU, TAK KaK TCJIO TOKEC IIPOCTOC :) O,Z[HaKO
COBCEM HHUYCTO HEC UCPTUTDH, HAIIOMUHAKO — IUIOXOM BLI60p.

Bri6epem CJIEIYOIINN MIOPSIIOK o0xona Tena:
Iz x+w
D=Zx=l—y
D=y=1

" nepennaem K [IOBTOPHBIM HMHTETpAJIaM:

1 1-»  x+p

J[[150% +2"drdyaiz=15[dy [ax [ + %)z
]

r 1] 1]
AKTyaM3upyeM cjeaymoliee 3JieMeHTapHOe MPaBUJIO:

Korna ¢ynkuus u=fixy z) UHTETPUPYETCS] MO KaKOH-IMOO MepeMeHHOW, TO JBa
JpYTHX apryMEHTa CUMTAIOTCA KOHCTaHTaMH. TO €CThb NMPUHIUI TOYHO TaKOW K€, KaKk W NpuU
HaXO0KJCHUU YaCTHBIX MTPOU3BOIHBIX OT (PYHKIIUH TPEX MEPEMEHHBIX, UTO ECTECTBEHHO.

Paz0upaemcs ¢ uHTErpanamu:


http://www.mathprofi.ru/uravnenie_ploskosti.html
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(1) Ilpu wHTErpUpOBaHMH TIO «3eT» * U + CcUMTAIOTCA KOHCTAaHTaMHU. B 1aHHOM ciydae

rep x+y) 0’ x+y)’
7= e+ B2 —[f-mg]:f(xww%

IPUCYTCTBYET TOJBKO «UTPEK», HO 3TO HEe MeHseT aena. COBETYyI0 Bcerja MBICICHHO JIMOO Ha
YCpPHOBHMKE  BBINOJHATH  NIPOBEepKy. Haiaém  4acTHYyr0O  NpPOM3BOAHYIO IO «3€T»:
f
3
z 1 1
(y22+?Jx=y2- (z];+§-(z3]; =y -1+§-32j =y* 42
, 4TO U TpeOOBAJIOCH IPOBEPUTD.
(2) Temepr wucnomnb3yem ¢dopmyny Hprorona-JleitOnuma: cumayana BMECTO ««er»

IIOZICTABIISIEM BEPXHUM Mpeer UHTETPUPOBAHUS (x+y) , 3aTeM — HIDKHUU npenen (Hoab). B
pe3ynbTaTe OYKBBI «3€T» OCTaThCS HE TOJIKHO!

Craocum Tpodeit B cienyronuii uHTerpai. [lo cymecTBy, pelieHHe CBEJIOCh K JIBYM
MIEPEMEHHBIM U K ABOMHOMY UHTEIrpaiy:

1-» 3 in ¥ -y (2]
2 I (y%x+y}+@}dx = yz I(x+y)dx +% I(x+y}3cfx =
i i

i

vy 1% {3} 1 e 101 iy
=y I(x+y}d(x+y}+ J(x+y:| dixty) =yt x4y + o )’ =
.J" 2 2 4 4 __}’2 2 1 4,
= (1= y+ ) = (0+) :|+E|:|:1—y+y:| —(0+)") = (1= + (-4 =
Y 1y 1

2 2 12 12 12 z 12

(1) Ucnonb3yeM cBoicTBa IMHEHHOCTH MHTETpaja, MPUHUMAas BO BHUMaHUE TOT (akT,
YTO «UIPEK» CUMTaeTcss KOHCTaHTOW. Clenyer OTMETUTh, YTO HE BO30OpaHSETCS OCTaBHUThH
UHTETpaJl €IUHBIM, PACKPBITh CKOOKM M TPUBECTH IMOAOOHBIE cJaraeMbple, HO 3TO MEHEe
palMOHAIbHBIN c1I0CO0 (MOKETe MOMPOOOBAaTh).

(2) Ucnonwszyem meron moaBeAcHUs moja 3Hak auddepennuana. Eciu paccyxnenus
BOCIIPUHUMAIOTCA COBCEM TSXKCJIO, MBICJIICHHO 3aMCHUTC «UI'PCK» KaKI/IM-HI/I6YI[B KOHKPCTHBIM
YU CJIOM, HAallpUMED, «IIATEPKOI.

3) WuTerpupyem o «HKC» " BBINOJIHSIEM IPOBEPKY:
f

] 2
[%(xwf +%tx+m“} = %((Hrf); +%((x+y)*); =

2 3
=2 k) (ko AT ) = A0+ P4 0= )+ T

(4) Ucnonb3yem dopmyny HproTona-JleiiOnuna. CHauana BMECTO «HUKC» (HepeMeHHOU, no

KOMOpoU Npo8OOUNOCL UHMe2puposanue) TOJCTABISIEM 1=y , 3areM — Holb. Ilocne
MOICTAHOBOK OYKBBI «HKC)» OCTAaThCS HE IOJKHO!
[IpuyécriBaem pe3ynbTaT U CHOCUM €T0 B TIOCIECTHUN HHTETPAN, HE TEPSIS HAXOISIIYIOCS

TaM KOHCTaHTY:
2

tf 1 7y ’ 7
15[ | = +2- - =2y =15 2+ 2 |— [— - _(0+0- m)]
22 12 12" 23125 12 6 12.5
~ 5[1_ 7 ] 15 7 8
“ld 125 T4 44

”jlﬁrﬁ + 2 dxdydz = 2

OtrBer. T
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Pesynbrar 6e3pazmepeH — mMpocTo YUCIIO U BCE.
Crenyromuii mpuMep sl CaMOCTOSITEILHOTO PEIICHUS:
[Ipumep 14

Beruucnurs TPOMHOU UHTETpal

”j (3x+ dy)dxdvdz
I

Toy=xy=0zx=1lz=5x"+y"z=0
[TpumepHsIil 0Opaszen oGpopMICHHS 3a1a41 B KOHLIE YPOKa.
Jlo cux mop MBI paccMaTpUBAIM JiBa CIOCO0a peIIeHUs — 3TO IMPOCIHPOBAHUE HA

mockocts A4y BRIGOP mopsiaka 06xoaa mpoekimi. Ho Ha camMoM aene KoMGHHALHi GoIbIIe
— TEJI0 MOXHO CHpPOCIHPOBATh Ha JIOOYI0 W3 3-X KOOPAMHATHBIX IUIOCKOCTEH M KaXIyro
npoeknuio oboiitTn 2-ms myTsmu. Takum oOpas3oMm, mosydaercs 6 cnocoOoB pemenus. U
JIOTUYHO MPEANOJIO0KUTh, YTO B OOILEM Cllydae HEKOTOpbIE M3 HMX IpOIIE, a HEKOTOpbIE —
TpYIHEe.

HagepHsika MmHOTHE 00paTnian BHUMaHue, 4To B [Ipumepe Nel3 s BeiOpan Oosee penkuit
NOpSAIOK 00X0Aa MPOEKIMH, XOTS HUYTO HE MEIIAIO0 TMOWUTH «OOBIYHBIMY» MyTEM. DTO HE
CIIy4alHOCTb.

?{+}'
3
2 2 x+
[0 +2%dz [EYRN o
B peBYJ'ILTaTe HaX0XIACHUA I/IHTel"paJ'Ia 0 nonyqua CYMMa , B
KOTOpOI\/JI ‘IYTB BBIT'OJHCEC CUHUTATH KOHCTaHTOﬁ NMCHHO «HrpeK», qToO HpPI HpOLII/IX paBHI)IX

YCIIOBUSIX (U3 YPABHEHUs NPAMOLL Y =1 bounaroso neero eoipazume ¥ = lI-xx=1-y )
yIOpoIIaeT pelieHrue. A B HEKOTOPBIX 3ajadyax BBIOOp MOpsSAKAa HHTETPUPOBAHUS M BOBCE

ctanoBurca OUEHD BaxHpIM:

[Ipumep 15
Brruucnuth TpOMHOMN HUHTETpal
I” 8y ze ™ dx vz
T
x=-1, y=0, =z=10;
T
x=0, w=2 z=1
Pemenne: 001acTh HHTETPUPOBAHKS OTPAHUYCHA MECTHIO TUIOCKOCTSIMH U TIPEICTABIISCT
coboi NPAMOY20JIbHbLU napainnienenuneo.

/ "“""/I
A=17

AR EaEE

Y He3aMBICTIOBATHIX 00JIaCcTEl MOXKHO He 00paliaTh BHUMaHUs Ha MPOCKIUIO U TPUIEPIKUBATHCS
CJeYIOIIEro mpaBuia: 00X0/ TeJia OCyLIeCTB/sIeTCsl B HANPABJEHUSAX KOOPANHATHBIX OCeH.
[Ipenenst MHTErPUPOBAHUSA 371eCh OYEBUIHEI
N=z=1, O=zy=2 —-1=x=0

Ho Bot ¢ mopsnkom o6xona He Bc€ Tak mpocTto. Ecnu BeIOpaTh TPaaUIIMOHHBIN MYyTh U
CHayajJla  MHTETpUpPOBaTh MO  «3€T»,  TO  TMOJYy4YaeTcs  HENpPUATHBIA  HHTErpal



1 1
41 2 2
_[8;1; ze gz =8y _[ze Wiz
0 o , KOTOPBII HYXHO OpaTh MO yacTsIM. AHaJIOrM4YHas UCTOPUS, €CIH

2 2
ISyzzezmdy = Sz_l-ygegmdy
UHTEIPUPOBATH 110 «UTPEK»: 0 0 , TYT JaXX€ JBaXKJbI 110 YaCTSAM.
HauOonee BBITOAHBIM IYTEM SBISETCS NEPBOOYEPEAHOE MHTETPUPOBAHUE 10 «HUKC», B
Syiz

9TOM CJIy4ac NEpCMCHHBIC Y , 4 3HAYUT, U MHOXHTCJIb CUHUTAIOTCA KOHCTaHTaMM:

o o o
1
]-Sygzegmcfx = Syzz_l-egmdx =8y'z. — Iezmd(EXﬁ} = 4y(e2m}|21 ="
a1 | 2yz )
Ilepen TeMm, Kak MOJACTAaBMTL IPeebl MHTETPUPOBAHMSA, HE IOMENIAET IPOBEPKA:

dnEat dnEae _ ine r_ ne ] r_ 2 dne
(4.}@ :Ix —4}3(&' :I:r _4.}@ (EX_}E)x 4.}@ 2.)‘? (x}x 8}’? 28 _ HOHy‘IeHa HUCXOqHAS

HOJBIHTErpajibHAs PYHKIIMSL.
()= Ay (™ =) = dy(1— )
BykBa «uKkc» ncnapuiack, Kak OHO U JIOJIKHO OBITb.

<z=l0<y= .
Octamoch 2 HampaBieHHs 00Xoaa 0=z=10=y —2, U CIEAYIOUIMH HWHTerpal

palOHAJIbHEC B3ATh I10 «3C€T» YTOOBI MHOKHTEIIb 4;,; CUHTAJICS KOHCTAHTOM:
1

1
[ay(1-e™dz = ay[(1- ™)z = 4y 2 LI b=
0 2y

1]
[Ipomexxyrounas [IpOBEpKa:

[4;{2 +ie‘2’“B 5= 4.:1{(2)2 + L(e‘”“)}} = 4.:{1+ L pom. (—EJE)LJ =
2y 2y 2y

= 4;{1+ie-2-‘“ : (—2;:.1)] =dy(1-a)
2y
I'yn.

(*) = 4y[1+ 1 (D + LE'EMB = 4y[1+ L LJ =4y +2:77 -2
2y 2y 2y 2y

B kadecTtBe [ONOIHHTEIBHOIO KOHTpOJIA CHOBa CMOTpPHM, HCUC3JIa JIM II0CJIC

MOJICTAHOBKH TIEPEMEHHAs, IO KOTOPOM MHTETPUPOBAIIHU («3ET).

D=p=?2

U, nakoHer1, octaBieecs: HalrpaBjiIeHUE 00X0/1a Y OCTaBIIMICA UHTETPAIL:

2
[ay+2:™ —2ay = (2" - -2 = (9
i}

IIpoBepka: (20" —e™ —2y), =22y —e ™ (-2y), - 2=4y+ 227 -2

(F=2. 22— 2. 2-(0-&"-0)=8-et-4+1=5-¢"

Hpﬂ MNOACTAHOBKAX CJEAyeT IPOABJIATL NOBLINICHHOC BHUMAaHHE, TaK, HAIIPpUMED,

IPH TOJICTAHOBKE HYJIS B BHIpAKEHHE > P -2y BTOpOE CJIAraeMoe MOYKHO MalIMHAIBHO
CUECTh 32 HOJIb.

Ha uncTOBHKe, KOHEUHO e, He HY)KHO BCE PaCIMCHIBATh TaK HOAPOOHO, aHAIIN3 HOPS/IKA
MHTETPUPOBAHUS M IIPOMEXKYTOUHBIE MPOBEPKM OCYLIECTBIAIOTCS MBICIEHHO IMOO Ha

YCPHOBHKE. Pemenue O(bOpMJI}ICTCH CTaHOAapTHO B 3 ITYHKTA, HO YUTATCIIU C XOPOIINM YPOBHCM


http://www.mathprofi.ru/integrirovanie_po_chastyam.html

IIOJATOTOBKH MoryT 3ammcarTh €ro u «OJTHOH CTPOKOW»:

I” By 2" dx dlyclz = BI chy-l- z.:i'zI E g = Sjyzdyj. EL : zdziezmd{zx}g) =
0 o “VE a

2 1

~i] @l a- 4chfyjﬂ—e“}dz 4]}{ 2t 55 EH]| d =

4i -}{” 55 - 0- i}fy = [ty +2e™ -2y = (2* -~ - 2y)ff =
0 2y 0

=8-e¢t-4-(0-1-=5-¢"*
I” Byize P drdydz =5 -
OtBer: T
HaBepHoe, 5T0 TOHATHO, HO Ha BCIKUH CcIy4ail 3aKOMMEHTUpPYIO: OyKBEHHBIC
MHOXHTEIN-KOHCTAHTBl CIelyeT IepeMelaTh CIpaBa HajJeBO IOCIeA0BaTeIbHO U 0e3

«IIEPECKOKOB» — JI0 TeX IOp, MOoKa Kaxkaas OyKBa «HE BCTPETUT CBOM MHTErpam». Y CIOBHBIN
npumMep:

L] LLL] L] LLL Ll L1l

I”xe cos Zdxdydz = J-cix_l-cfy_l-xe”coszdz Icixlxeyciyj-cosz.:iz Ixcfxl ydy_l-cosz.:iz

AmnanormyHoe 3ajaHue ISl CAaMOCTOSTEILHOTO PCIICHUA:

[Ipumep 16
Beruucnuth TPOWHOUN WHTErpan

”_[ xzsinl xyz)drdydz

T
=0 y=0 z=0
i
x=2 y=m z=1
®u3nYECKUE TPUIIOKEHUS TPOMHOTO HHTETpalia
PaccMOTpPUM HEOJHOPOIHOE (nepemennoii niommocmu) Tteno L . Ecimu w3BecTHa
werpepbiuas B oomactn I dymkims  ©% Y Z) nnotmoctH Tema, To ero Macca paBHa
CIEeNYIOLIEMY TPOITHOMY UHTErpaly:

= [|[ o(x. »: 2)dxdydz

Bo3MokHO, HE BCeM IMOHSATEH CMBICH (YHKIUW TUIOTHOCTH. [IOSICHSIO: eciu B3ATh
(% Yo: Zg) T
MPOU3BOJBHYIO TOYKY , TpUHAUISKANIYIO Temy , TO 3HaueHue (QyHKIUU

- ofr v = .
£y = O(%: Yol Z) OyZeT paBHO MJIOTHOCTH Teja B JAaHHOW TOUKeE.

IMpumep 17

Bprunciute Maccy  HEOAHOPOAHOTO  TeJlda,  OrPAHUYEHHOIO  MOBEPXHOCTSIMHU

2 2 2 2
= | = ; = B ::- 3 :?
XAy =Lx+y =222=0x20y20 oony yspectna  GyHKIMS  ero  MIOTHOCTH

olx v z)=10x
4yt=1
Pemenue: MCKOMOE TEJIO OTPaHUYEHO LWJIMHIPOM Y =1 cOOKy, SIIUNTHYECKHM
1
z==(x"+y%
napaboIon10M 2 — cBepxy u miockoctsio Z=U — crmsy. JlomommurensHbre
x20y=0 .

yCIIOBUS «3aroHsOT Hac» B 1-M OKTaHT, M MpPOEKIMs Tejla Ha IUIOCKOCTb

AUY MMpEaACTaBJIACT coboit COOTBCTCTBYIOLIYIO CYCTBCPTUHKY» CAUHUYHOT'O Kpyra:
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AHanuTHYEeCKUM MCTOJZIOM YTOYHHM BBICOTY, Ha KOTOpOfI napa60n01/m NEPECEKACT ITUIIHMHAP:

2 2
X4y =2z 1
{2 }32 :‘>22:1:‘>z:5
x4yt =1 u BBIIIOJIHUM IIPOCTPAHCTBEHHBIN 4epTEK:
A
(ke
e W
- (] —‘-‘:-' i R
g po-g
Y 720 oy

[Ipoekius cpa3y k€ HaBOJUT HA MBICIIb O MEPEXOAE K HUIMHIPUYECKON CUCTEME KOOPIAWHAT:
X=rcosg
Y=rFsin @
z=2z
:J:2+y2 =1=7r"cos® ¢9+r25ﬁ12¢9:1:;>r2 =l=r=1
1 P
z:—(x2+y2):»z=_
2 2

Slxyzi=10x = glrcos @, ramn @, z) = 10rcos @

[MTopsmox obxona Tena OUYEBU/JICH:
2
0=zzl
2
D=pr=1
DE@EE
2
Taxkum obpazom:
2

x ta

B = _”_[ 2lx v, Zidrdvdz = ”Imr cos g rodrd gelz = llﬁcos Q?d(;?j..?‘gdr' i..:iz
T T 0 0 0


http://www.mathprofi.ru/troinye_integraly.html

Brrancnenus OJICMCHTAPHBI:

3 oo ol
) !dz=(z)&=——0=5

1 2 1

r a 1 11 5.1 1 1
2 - fi = — ,:f = — . — :—1—[:] = —
:'!2?"3" 2!’“? 250 h=550-0=1

I

3
)] lﬂ-l_l-cos.:;:?dg?: (sin @2 =sin ——sin 0=1-0=1
0

ro |

10

Otger: = led. aacoe

Crnenyromuii mpuMep sl CaMOCTOSTEILHOTO PEIICHHUS:
[Ipumep 18
Beruuciute Maccy  HEOJHOPOAHOTO  Tejla,  OrPAHHMYEHHOTO  IMOBEPXHOCTSIMH

a2 .3 2., .3
z=x +y5 2 =240y 20 ooy wspectna dymkims ero wiotHoetn CL% Vi 21 =702

Kpatkoe perienue B KOHIIE ypoKa

U crapast mecHs 0 TIIaBHOM:

IenTp TAKECTH TejIa

[Tomo6HO TOMY, Kak 3aja4a O BBIYMCICHHU IIEHTPAa TSDKECTH IUIOCKOH (UTypBI
BBIYHCIISIACH C IOMOIIBIO JIBOMHOTO MHTETpalia, 3a/1a4a 00 OTBICKAHUH YeHMpa mAxicecmuy Tena
penraeTcs aHaJIOrMYHBIM CIIOCOOOM C IIOMOIIBIO TPOHHOTO HHTETpaa.

Yro Takoe IEHTP THKECTH Teja, JOBOJIBHO yaauHo oObsicHWI emé Apxumen. Ecmu temo
NOJBECUTh HA HUTH 32 LEHTP TSHKECTH, TO OHO OYAET COXpaHSATh pPaBHOBECHE B IIOOOM
HOJOKEHHH (KaKk OBl MBI €ro INpeaBapUTEIbHO HHM IOBEpHYNIH). B M3BecTHOH cremeHm He
peanu3yeMo (Taky LEHTpP TSHKECTH BHYTPH Tesa), HO 3aTO O4YeHb IOHATHO. ! BIOJHE B cTHIE
JPEBHETPEUECKOr0 Y4EHOro, KOTOPBI MPOCHI JaTh €My TOUYKY OINOPBI, YTOOBI C MOMOIIBIO
phluara nepeBepHyTh 3eMIIIO.

LenTp TsxecTH M (%3, o3 Z,) HEOIHOPOIHOIO TeJia T paccuHTBIBaeTCs Mo (popmyIiam:

[ zotx. y. z)dxdyez [[[»etxy. ydndyaz— [[[z0(x y. 2)dndydz
£ . =L . zy=
Lo Lo b

m = [[[ oz, », 2)dxdydz

M =

roe © (xyz) (GyHKLUS TUIOTHOCTH Teja, a — Macca Tea.
Eciu Teno omHoponmHo (30510TOE, cepedpsHOE, MIATHHOBOE M T.A.), TO (OpMyIbl

0= const = o

YIOpOUIarOTCA. Tak Kkak INIOTHOCTH IIOCTOsIHHA, MW Macca €CTh

MIPOU3BEJICHUE IJIOTHOCTHU Ha 00BEM, TOJTyJaeM:
J[] xaxayaz [[[ yaxdvas [[[ zctctvaz
I

_ T _ r
. J*’D—T, Zy =

XD:

4 v , 2 00bEM Tera pacCUMTHIBAETCS (ewé

V= j” dxdvdz
He 3a0bLau? =)) ¢ TOMOIIBbIO TPOWHOTO UHTErpaja T
JIJIs IeHTpa TSAKECTH OJTHOPOIHOTO TEJIa CIIPABEITMBEI CIICTYIOIIHE YTBEPIKICHHS:
— €CJIM y TeJIa €CTh IIEHTP CHMMETPHH, TO OH SBJISICTCS IIEHTPOM TSIKECTH (Mpocmenuiull
npumep — yeHmp wapa);
— ecnu Yy Tela CYIIECTBYET IUHUS CHMMETPHUH, TO LEHTP TSHKECTH 00s3aTeNbHO
NPUHAJICKUT TAHHOHN JINHUH;


http://www.mathprofi.ru/centr_tjazhesti_ploskoi_figury.html
http://www.mathprofi.ru/dvoinye_integraly_dlya_chainikov.html

— €CJIN y TeNa €CTh IIIOCKOCTh CUMMETPHUH, TO LIEHTP TSHKECTH HEIIPEMEHHO JIEXKUT B 3TOU
IJIOCKOCTH.

Kak BuuTe, NpakTHUECKH MOJHAs aHAJIOTHSI ¢ IEHTPOM TSKECTH IIIOCKOW (UTYpHI.

Hy u, camo co0oii, He MOTYy He MOpPaJI0BaTh Bac 3aKJIIOYUTEIHHOMN 3a/1a4ei:

IIpumep 19

Haiitm 1neHTp TSKECTM OJHOPOJHOIO Telld, OIPAHUYEHHOTO IOBEPXHOCTIMH

xtytz=ala=0) O 0.y=0.2=0 pyrommurs YEPTEKH JAHHOIO Tejla U €ro NPOEKIHH

Ha IIJIOCKOCTb XOF
Pemenune: mckomoe Teno OI'PaHUYCHO KOOPAHWHATHBIMHU IIJIOCKOCTAMH H IINIOCKOCTBIO

THY+Z=a  1o10pyro B LEISX MOCHELYIOIIErO OCTPOCHUS! YIOGHO MPEICTABUTD B OTPE3KAX:
X =
@ @& @  BpiOepeM «a» 3a €IMHHIY MaciiTada ¥ BBIIOTHUM TPEXMEPHBIN UYepTEK:

>

Ha YCPTEIKC YIKC IIOCTABJICHA I'OTOBAA TOYKA HCHTPA TAKECTH, OAHAKO, ITIOKA MbI e€ He 3HaeM.

[Ipoeknus Tema Ha IJIOCKOCTH ACY oueBnnHa, HO, TeM HEe MEHee, HANIOMHIO, KaK €&
HAlTH aHaJIUTUYECKU — BeIb TAKHE MPOCThIC Cllydad BCTPEYAIOTCS JajieKko He Bcerga. YToObl
x+y+z=a X0V (z=0)

HalTH IMpsAMYI0, IO KOTOPOM IEPECEKArTCs IUIOCKOCTH HYXKHO
pemuTh CHUCTEMY:
rtytz=a
z=10
Toxcrasmnsiem 3uauenne Z =0 g 1-oe ypaBHeHHE: tyt+l=ay, [I0JIy4aeM ypaBHEHUE
THY=2 qockoii» TIPSAMOIA:
3. 3
<|’a
N
'\\. 3 :q c-x

N .
° q\x

Ko V)
Koopaunatst 0- Y- %0 pentpa Tkectn M tena T mprumcnmum mo  dopmynam

dxchvedz ez dxchvedz
v v b , TIe T — 00BEM Tena.


http://www.mathprofi.ru/centr_tjazhesti_ploskoi_figury.html
http://www.mathprofi.ru/poverhnosti.html
http://www.mathprofi.ru/uravnenie_pryamoi_na_ploskosti.html

Bri6epem «KJIIaCCUYECKUIN» TTOPSII0OK oOxoma:
l=z=a—-x—-¥
l=y=ag—x
l=x=a

1) CrHavana BerumciauM o0bEM Tena. Ero, kKcratu, MOKHO y3HaTh 3apaHee, IMOJIb3YSCh
M3BECTHOM 3amaveit reomeTpuu 00 00béMe TeTpadapa. OO0BEM TeTpadapa paBeH 1/6-oif 00bEMa
OPSAMOYTOJIBHOTO THapajiesienunesa, MOCTPOCHHOT0 Ha ero 3-X CMeXHBIX pEéOpax. B Hamem
cllyyae TMapajulelienune]l TNpeAcTaBiIsieT coboil ky0 ¢ pebpoM «a», M COOTBETCTBEHHO:

1.:;:3

r

mempadpe g

Ocraoch ~ akKKypaTHO IIPOBECTM YHUCTOBBIE  BBIUMCIEHMSI  (KEJIAIOIIUE  MOTYT
NOTPEHUPOBATbCA U BBIIOJHUTH HX CaMOCTOSITENbHO). B mpumepax ¢ IpoMO3AKUMU
IpeoOpa3OBaHUAMU PEKOMEH/YI0 3alMChIBaTh PELIEHUE CTOJIOMKOM — MEHbIIE NIAaHCOB
3amyTaTbCs:

V= IH.::’x.::Ey.:iz T.:x’x_!cx‘;l-

odx I(a—x—y}dy:
0

Il
O Ny F1 D Re— O R—

.}? a-¥
oy — Xy — — ,;fx_
{}’ " 5
2
= [a(a—xj—x(a—xj (a—7) adx =
:al(a—x)dx _I-(czx—xgjcfx——_l-(a X dx =
0 D D
e lax® . 1 2
=—Z(a-x) - - 3 u+g( —xr|y =
3
= f - L% o]+ l0-a=
2 2 3 &

Jleno 3a TpeMsi TPOWHBIMU MHTErpaiaMu. ...A Bbl, HABEpPHOE, HE TaK JaBHO U MPEJCTaBUTh
ce0e He MOTJIM, YTO OKa)KETECh B AMUIIEHTPE TAKOTO KOIIMapa =)
2) Beluucinum «MKCOBBII» UHTErpa:


http://www.mathprofi.ru/vektornoe_proizvedenie_vektorov_smeshannoe_proizvedenie.html

-3

0=

agxz Saxr i
R _—_+_
2 3 4

“__1£_2_ﬂ“+£_
2 4) 202 3z 4]

6 12 24 24
Taxum O6p830M, «HUKCOBas» KOOpAHWHATA LICHTPA TAXKCCTHU!
m xdxdydz &
[ a 4
6

Hy 4to ke, BBITISAUT NpaBAono 00HO, IO KpaifHE Mepe, Mbl «I10TIaJId BHYTPb TeJay.

BBuay cummerpun teTpasipa IBe Apyrue KOOpAUHATHI JOJKHBI OTYYUTHCS TAKUMHU KeE.
Tenepp oIMOOYHBINA OTBET MPAKTUUYECKH UCKIIIOUEH!

3) Cnenyromasi «impOCThIHS»:

[[[ yexaveiz= [ ax [ va 'j;z _
¥ 1] 1]

dz [ y(a-x=y)dy =
0

=K

dx [(ay - xy—y*)dy =

)

: B xla— x)* B (a_xf}ix:

a-x _
o dx=

] 2]
= M|Hu:'
0o |2

et

D — fr D — D — 0 R— F

N
by
e

2 3

& 3la ax 2ar MY, 1 sla
=——(a- - - — — il —x =
6( Flo 2(2 3 4]” 12( o

4 4 4
TP R AN PR SR
6 ol 3 4] 12
_at_dat_d
T 24 12 24



B pe3yJbTare:
4

m ydxdvdz @
_r _2d_2
70 v 44
&
4) U 3akimtounTeIbHbIN, 00JIee KOPOTKUN HHTErPall:

Jax I(a—x »dy=
0

a-x§ a-¥-}

”Izdxdydz I.::t’x I.:fy Iz.:iz _Idxj(z;.

a 1]

ax,}ldy_

[\_-,||._.

1 1¢ - 1% . 11 1 o oal
.= dr=——[t0—ta— 0 dr=—c.— - (D-aY =
32!'&1 x=yYp " dx 5!( @-xy)dx =23 g ma)=og
”Izdxdyciz a4
g = T _2d _ @
oy &4
3

OrMmeuaeM Ha YCPTECIKEC HaﬁHeHHyIO TOYKY HLOCHTpa TSIKECTU H e€ JKe 3aluchiBacM B

M[E;E;Ej
OTBET. 4 4 4

B cdepruueckux koopAaMHATaX TOJOKEHUE TFOOO0H TOYKH MPOCTPAHCTBA OJHO3HAYHO
OMpEeNeNsIeTC OJHHM pACcCTOSHUEM W AByMsl yriamu. bosee mnoapoOHyro uHGOpMAIUo U
COOTBETCTBYIOIINE IPUMEPHI MOKHO HAWTH B YU€OHOU JHTEpaTypeE.

Pemenust m OTBETHI:

Ipumep 14: Pewtenue: u306pasum npoexyuio OaHHO20 mend HA niockocms AT

7
s

,X=i

Csepxy mejno 02PaHUYEeHO IIUNMUYECKUM napabonoudom 225&2+yﬁ_
Buvibepem cnedyrouwull NOpsi00K obxooa:
0=z=5(x"+39)

D=y=x

D=x=1

Taxum obpazom:

¥ 5|:x +,v i 1 5|:x +J-' i

”I(Ex+4y].:1‘xdydz I.:ixl.:iy I(3x+4y).:£z Idxl(3x+4y}ciy I.::Ez

i

(Bx+4y)

Hpumeltanue: 6 «(3emo6oM)» uHnmeepaie Cymma cuumaenicA KOHCmaHI’I’ZOIZ, noosmomy

€€ YOOOHO cpa3y 8biHecmu 8 C1e0YIWUll UHMe2pai.



SI:?:'! +,}'!:|
p Ja=e)
i}

o = 50 4 ) - 0= 50" + )

x—
0=

2) 5] (Gx+4y)(x* + 3y dy = 5](3:& +ayxt + 307 +4570)dy = 5035y + 207 + 07 +0h)
1] 1]

=503 x+2x xS 0+ 0 P 0P 0ty =
St ettt =5 7 = 35

1
2) 35]x*afx= 35%(;:5;4; =71 -0 =7
0

j” (3x +4y)dxdydz =7
Omeem. T

Ilpumep 16: Pewenue: 8bINOJIHUM uepmeic:
i
T
|
AT [/J\
i/ |
)< 2
Buvibepem cnedyrouwuil NOps00K 006x00a mena:
O=v=sT
D=z=1
D=x=2
Taxum obpazom:

”_[ x’zsin{ xy2)dxdvdz = j.xj .:;t’xi zdzf sin xyz)dy
0

r a 1]

1) _Tsin( xuldy = i]I-sin( xvd (xvz) = —icos(xﬂj n= —i(cos(mz) -Ni= l(1 —cos(rmz))
0 xzy xz xz xz

1

1
2} Iz : iI,fl —cos(yz))ds = l_[ (1-cos(rmz))dz = l[z - lsin( mz)]ﬁ -
xz R * =

0

:l(l—ism(ﬂx}—(D—D)]:l(l—ism(ﬂx}]

x Fioy x -

3) i-xg-l[l—lsm(m)]dx=T(x—lsm(m)]dx= x—2+icos(m) |2=
A . T 2o ’

1 1 1 1
—2+Fc052ﬁ—[U+FcosD]—2+F—F—2
_”_I- xzsinl xvz)drdydz = 2
Omeem:. T

Ilpumep 18: Pewienue: uckomoe meno 02paHU4eHO SINUNMUYECKUM NaAPAOOIOUOOM

2 2

2 2
= . =05+
=ty CHU3Y U KOHUYECKOU NOBEPXHOCMbIO Yoo ceepxy, napa60ﬂ0u0 U KomHyc

T, .0
nepecexaromcs 6 niockocmu £ =1 no oxpyscnocmu * +y7 =1 (8bIKNIAOKU U YEePMENC — CM. 8



Ipumepe Ne9 Iockonvky < = U, mo peyb u0ém o npasom (OMHOCUMENbHO NIOCKOCMU AQZ )

noynpocmpancmee, u npoexyueii meia Ha niockocms A sensemcs éepxnuii nonykpye
€OUHUUHO20 paouyca:

A \J

?

+ Y
~

A+
¥3 2
K NE= o)

Maccy mena 6vluuciuM ¢ NOMOWBIO MPOUHO20 UHMEZPANd, UCNOAb3YS YUTUHOPUUECKYIO
cucmemy KOOpOUHAam:
x=rcosg
¥=rsm g

Z=Z

e

Payi=l=r=1

z:;c2+y2 =z =p

z=f\|';r2+;u‘2 :‘>z=ﬂ.l'{r_2=r

o v z)="T0vz = plrcosg ran g z) = Flrzan o

Tlopsaoox 06x00a mena:
rPez<r

D=r=l

OD=g=m

Taxum obpazom:

¥

m = [[| otz »: 2)dxdydz = [[[ 7072 sin. - rdrd guiz = ?Ufsm .:;a.:f.s;airﬂdr[zdz
r

T i 0 2

( _1 zr_lrz_rzz_lrz_r-t
1) I!chz—gtz),g-zt: ()7 == )

¥

1t 2 woa. 1,4 & 1~ Y 1{1 1 1 2 1
2) El(r —rtyr cz’r=§_!(r B e R e (R

Fa

3 70 -3—15_[51'11 od@=—2(cos .:;:)|; = —2fcosT—cos0)=—2(-1-1)= -2 . (-2)= 4
1]

Omeem: "= d 2 aszcoer

IIpakTnueckoe 3ansaTue Ne 20

Tema: UcciienoBanne cCXoAUMOCTH PSI/A0OB

Iesb: 3akpenuTh y CTYIEHTOB YMEHHUSI HAXOIUTh CXOUMOCTb PSI0B

Teopernuecknii 010k

Yucnoewie psaowvl.

Onpenenenue. BrolpaxkeHHe Ha3bIBaeTCAd UHUCIOBBIM PSIOM WM TPOCTO  PAIOM,
DIIEMEHTHI Ha3bIBAIOTCS WICHAMH JTaHHOTO PSa.

Onpenenenne. Cymma KOHEYHOTO YHUCIIA NEPBBIX WICHOB psJa Ha3bIBaeTCs O
4acTUYHOU cymmoi psiga. O603HauuM

PaccmorpuM nociie10BaTe IbHOCTh YACTHYHBIX CYMM

Onpenenenue. Psg HazpBaeTcs CXOAALIMMCS, €CIM CXOTUTCS IOCIEI0BATEIbHOCTD
YaCTUYHBIX CYMM JTOTO psia, T.€. €CJIM CYIIECTBYET KOHEUHBIH IpeJesl MOoCiIeI0BaTeNbHOCTH



yacTU4HbIX cymMM. Ilpu sTom mpenen (KOHEUHBIM MMM OECKOHEUHBIN) MOCIENI0BATEIBHOCTH
YACTUYHBIX CYMM Ha3bIBaeTCA CyMMOM psiza.

IIpumepsnl.

3ananue 1.1. UucnoBele psabl 3ajaHbl CBOMMM NEPBBIMH IAThO 4ieHamMH. COCTaBUTH
dopMyiTy 00LIEeTOo WieHa AT KaXI0To psja.

a) 14+2-3+4-5+_.

g) ~1+4-9+16-25+_.

pl,d,1,1
h A2,
n 1+ 447410413+,
¢) 246412420430+
3amanue 1.2. YncnoBble psiibl 3aaHbl (GOpMyIaMHu CBOUX OOIIMX wWieHOB. [t Kaxmoro

psila HalTU NEpPBbIE MATh WIEHOB U YaCTUYHYIO CYMMY =3
n

EI-.:

]

)

a)
2

6) ];

T

&,

I
Wi ¥

I
g
2§

a2,
B) ;

™

r)ﬂ.—(l)tg4;
D™

L 2!—3

1)
3amanue 1.3. /s JaHHBIX PSJIOB MPOBEPHUTH BBIMOJIHEHUE HEOOXOJMMOTO MpHU3HAKA
CXOJIUMOCTH.
=1
a) -IT;
= ni2
6) w127 —3;

-nl

r) 2"

i ;
2.-0*-06"

n) =1 :

3ajaHue Ha JOM.

1. YucnoBsle psbl 3aJaHbl CBOMMHU TEPBBIMHU MATHIO wieHaMH. CoOCTaBUTH (HopMyiy

06]]_[61"0 YICHA IJId KAXKOO0T0 pAda.
a) —3+5-T+9-114_.

l+3+2+2+3+_
6 2 2 :
p) —142-6424-120+_

2. YucnoBsie psabl 3a1aHbl GOpMyIaMu CBOMX OOIIUX WICHOB. [[Jist KaXK0ro psijia HAuTH

S,
IIEPBBIE IISITh YWICHOB U YACTUYHYIO CYMMYy 2.



2 a1
()
6) 37

Surt?
a) =1 T
o ni3
6) E*\.Zﬂ‘l‘l

3ansitue 2. [Ipu3HAKH CXOAMMOCTH 3HAKOMOJIOKUTEJbHbIX paaoB. Ilpusnakm
cpaBHenud. [Ipusnak Janamobepa. Ilpuznak Kommu.
3apanue 2.1. MccnenoBaTh pslibl HA CXOAUMOCTb.

e, n—4
a) éhi‘ﬁ;

= 1

6) § {"rl'—l :

i‘. *—4n+1
B) Bl 2"2 i+n

- 1

Z“ -
i,‘ A —nt3
3ananue 2.2. UccnenoBaTh psibl Ha CXOJUMOCTb.

2) é(z:’r_ll]l ;

- n—4 -
3) g[(ﬂ"'mﬂ*z)]

3aaHue Ha OM.

HccnenoBath psiapl HA CXOIUMOCTb.
= n 13

) BEIeD.



- ul

6) §2‘+1;
= n2 415
P2 poemy
1

r) =N

Me LM

A

"

[

e) arnt3 :
1
) §34n+2 _

3ansaTue 3. 3nakonepemennsblie psaabl. [Ipusnak JleiiOunna. JlocTaTouHblii NPU3HAK

CXOAUMOCTH. AGCOTIOTHAS U YCJIOBHASI CXOAMMOCTb.
3ananue 3.1. MccnenoBath JaHHBIE 3HAKOIIEPEMEHHBIE Psi/Ibl HA CXOAUMOCTb. B ciydae
CXOJIMMOCTH Psiia BBIICHUTH €€ XapakTep.

- (_l)n-l-l

2

6) =1 n(n+l).
- e n!

B) é( ]J llz +1 :
PN

F) a1 n +l;
- L, n

1) g(_l) +4.
- a l

€) E(_D o
= 1
P G i

K) = "
. ea 77 tI)

) E( D 5 1
o, e 23

" §( D 5 1
3D 09"

K) s ;
D™ o1

a) =l .

3ajaHye Ha JIOM.

HCCJ’IC}IOB&TB Ha CXOJAUMOCTD 3HAKOIIECPEMCHHBIC PAABI.

> D" -05"
a) =4 ;

>D™-03"
6) =



D"

3

)2
p

r) a1 D q.-'n+3

3anaTne 4. Crenennnle psiabl. Paamyc, uHTepBan, M 00/aCThb CXOAUMOCTH
CTENEeHHOro psia.
3ananue 4.1. Haiitu paguyc, mHTEpBai 1 00J1aCTh CXOJAUMOCTH CTEIIEHHBIX PSIOB.

-,
a) ‘_ll'l-ﬁl_
E—_

6) =
- n—llxzn
Z( IJ'H

Bl

B

§ n-2"
i:(—l)‘(x+3)h"_

3aanue Ha JIOM.

Haiitu paguyc, uHTepBai u 00JacTb CXOAUMOCTH CTEIIEHHBIX PAIOB.

6)ma ™

3ansaTue S. Pasioxkenne dsieMeHTapHbIX GyHKnni B psaabl Teilsiopa u Makiopena.
Padoune popmysnbr:

®opmyina Tennopa:

f'()

n)
f‘;(a) (x— a)z +_+ %(x— 2" +

F=fa+
g
D!

] v
rre (2Dl - OCTaTOYHBIN WwieH B ¢popme Jlarpanxa.

(x—a)+

-2 s a

®opmyna Maknopena:

f(x):f(ﬂ)+f‘m) f"(ﬂ)xz,r +f( @ -, Fe= ©) sa
] n (D)

3amanue 5.1. Pasnoxuth nanHble QyHKumu B psan Teinopa mo cremensm *—& (no

IIATOIrO YICHA pa3IOXKCHUA BKJ'IIO‘-H/ITCJ'H)HO).

f(x)=nusx,a=—n_
a) 3

6) F)=hxt+2) a=1
F =" a=2
B)
3ananue 5.2. PaznoxuTh naHHble (QyHKUIMUM B psan MakiopeHa (Io0 MSATOro 4ieHa
pa3I0KEeHUS BKIIOYUTEIHHO).



a) F{x)=snx
5 FO)= g™l
g) S = el

IpakTnyeckas padora Ne 21

Tema: Haxo:xxneHue 00J1aCTH CXOAMMOCTH CTeNEHHBIX PSA0B

Hean: HayunThcst HAXOOUTH 001aCTh CXOIUMOCTH CTETICHHBIX PSIOB

Teopernueckmnii 6,10k

Cremyer XOpoIIO MOHUMATh, YTO TAKOE PsiJl, yMETh MPUMEHATh IPU3HAKU CPABHEHUS JUIS
UCCIICIOBAaHMS psAa Ha CXOAMMOCTh. Takum 00pa3zoMm, eciu Bl TOJIBKO-TONBKO HMPUCTYIHIN K
W3YYCHHUIO TEMbl WM SBISeTeCh UYaWHUKOM B BBICIIEH MaTeMaTHKE, HEoO0XOIUMO
MocleI0BaTeNbHO MpopaboTaTh TpU Yypoka: Psanel nns waitnukos, [lpusnak [lanambGepa.
[Tpuznaku Komm wu 3nHakouepenyrommecss psaasl. [Ipusnak JleiOnuna. OOs3aTeabHO BCe
Tpu! Ecnu ecTh >eMeHTapHble 3HAHMS M HABBIKM PEIICHUS 3a7ad C YUCIOBBIMU DsiiaMH, TO
CHpPaBUTHCS C (PYHKIHMOHAIBHBIMU psiiaMd OyJeT IOBOJBHO MPOCTO, IMOCKOJIBKY HOBOTO
MaTepuraia He OY€Hb U MHOTO.

Ha nanHOM ypoke MBI pacCMOTPUM MOHSATHE (DYHKIIMOHAIBHOTO psiia (4TO 3TO BOOOIIE
TaKoe), I03HAKOMUMCS CO CTENIEHHBIMU psAJaMH, KOTOpbIEe BcTpedatoTcs B 99%-X npakTuyecKux
3aJjaHUl, 1 Hay4YUMCsl pelIaTh PaclpoCTPaHEHHYIO THIOBYIO 3a7adyy Ha HAXOXIEHHUE paauyca
CXOJMMOCTH, UHTEPBAIa CXOJUMOCTH U O0JIaCTU CXOAMMOCTH CTENEHHOTO psna. [lanee MoxxHO
OyZIeT paccMOTpeTh MaTepHall 0 CyMME CTETIEHHOTO Psijia M Pa3ioKEeHUH (PYHKIMI B CTENICHHBIC
PSIBL.

TIonuamue ¢hyHKyuoHanbHo20 pada u cmeneHHo20 psoa
OObIYHBIN YUCTIOBOH s, BCHOMUHAEM, COCTOUT U3 YUCEIL:

w
Zﬂ?!:ﬂ1+ﬂg+ﬂ3+ﬂ4+ﬂj+...
Hel
@y, Gy, Gy, By g
Bce wiensl paga 12 45 — 910 YUCIIA.

O YHKIIMOHAIBHBIN K€ P COCTOUT U3 CI)YHKL[I/Iﬁ:

iux(xj =t (x) Faa(X) Fra(x) Fug () Fug () +

H=l

. 1, x
B oOumit unen psna (%) MIOMUMO MHOTOYJIEHOB, ()aKTOPUAJIOB U JAPYrUX MOJApPKOB

2‘”; Sl X
]

HENPEMEHHO BXOJUT OYKOBKa «UKC». BBITISAMT 3TO, Hampumep, Tak: »-l (r+1)-2

YUCIOBOW psiA, JH000W (YHKIMOHAIBHBIA pAl MOXHO pacmucaTb B pPa3BEPHYTOM BHJIE:

. Kak u

0w

s x S X s X S X S X S X
> —E ettt —— t—— + ...
el RS YR 2.2 3.2 4.2 5.2 6.2

Kak Br/uTE, BCe WIeHb QYHKIMOHANBHOTO psiga 1 (), 24 (), 23(), g (), a5 (2 3TO
GyHKIIH.

Haubonee momynspHOl pa3HOBUAHOCTHIO (DYHKIIMOHAIBHOTO pPsijia SIBIISIETCSI CTEMEHHOM
ps.

Onpenenenue:

CrenenHoll psx — OTO psAd, B OOMMA wieH 14, (%) KOTOPOTO BXOJAT IIEJIBIE

MOJIOKUTEIbHBIE CTEIECHH HE3aBUCHUMOM HepeMeHHOﬁ x, prOH_[CHHO CTEIIEHHOM pdaa BO

o
Zc,,x“

i
MHOTI'UX y‘{C6HI/IKaX 3aMMAChIBAIOT Tak: #-! , TI€ ~® — 3TO CTapas 3HaKoMas «Ha4yuHKa»
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YHCIOBBIX PSAAOB (MHOTOYICHBI, CTENCHH, (DAKTOPHANIbl, 3aBHCAIIME TOJBKO OT «IHN).
[Ipocreiimmii
w x:'e xz x3 x4 xj
yi—=it—t—t—t+—+.
o 2 3 4 5
HOCMOTpI/IM Ha 3TO Pa3JIOKCHUC U €LIC pa3 OCMBICIIUM ONPCACICHUC: YJICHBI CTCIICHHOI'O

psiia  comepKaT  «HKCh» B yeablx  noaodcumenvHolx  (HamypanibHeix) — CTETICHSX.

puMep:

OdyeHpr YacTO CTEIEHHOHN paa MOXHO BCTPETUTh B CICAYIOHIUX «MO,Z[I/I(l)I/IKaI_II/IHX»I

Zcx{x—a}” Zcm (x+a)”
#-1 15810 #-1 , rae @ KOHCTaHTAa. Hanpuwmep:
= 2*(x+2)" 2 (x+2* 2x+2)° x4+t 2Z(x+2)
Z—(2)=2(x+2j+{2)+{2)+(2}+(2}+...
— M 2 3 4 5
Zc,!x” ch (x—a)”
Crtporo roBops, YHpOILIEHHBIE 3allUCU CTENEHHOrO psga *-l , =l 700
- ]
Zcm (x+a)
#-1 HE COBCEM KOpPpEKTHHI. B moka3zartene cTeneHd BMECTO OJUMHOKOW OYKBBI <«QH»
MOXET pacnoJiaratbcs Oonee CJI0)KHOE BbIpa)XEHUE, HalpuMmep:
P I I
Y — =ttt —+—+
w1 3 40 Al
N TaKoOMn CTEIEHHOMN pan:
N e DN (T S L I ey L R T
Z u = + I + 3 + 3 + G +...
el 3 3 3 3 3 3

JInie OBl ITOKa3aTean CTENEHER IIpu KUKCax» ObLIH HaTypaJbHbIMHU.

Cxo0umocmus cmenenHo2o psaoa.
HUnmepsan cxooumocmu, paouyc cxooumocmu u 0o61acms cXo0uMocmu
He HyxHO TyraTbcsi TAKOTO OOMIIHSI TEPMUHOB, OHU UIYT «PSAIOM JIPYT C IPYTOM» H HE
MPEJICTABISIFOT OCOOBIX CIIOKHOCTEH [isi moHuMaHusl. JIydie BpiOepeM Kakoi-HUOYIb MPOCTON
MOJIOTIBITHBIN PSI/I U Cpa3y HAauHEM pa30oupaThCs.
w x?é
2T
[Ipoury I0OKUTE U KaI0BaTh CTEIEHHOMN psij -1 7%
[lepemennas & MoOXXeT NPUHUMATH JIO0O€ JIEWCTBUTEIIBHOE 3HAYEHHE OT «MHUHYC
OECKOHEUHOCTU» /0 «IUIoc OeckoHeyHocTw». lloactaBum B 0OmMI 4jieH psiia HECKOJIbKO
MPOU3BOJIBHBIX 3HAUCHUHN «HKCH»:

w l?é [~ 1
Ecmm *=1 10 EHE Hz-:llnj
i(—l}“
Ecm #=—1 1o 1 #
0w 3?!

)2

Ecm ¥=3 1o al¥

= 2
ECHI/I 5 , TO M=l b =1 2 =1 B 5

(1] -
m 5 [ n o _-li'!
L L - e Rl

U Tak nanee.



x?!

2
O‘-ICBI/II[HO, 4yTO, IIOACTABIAA B # TO HWIM HHOE 3HAYCHHUE «HUKC)», MbI nojrydyacm

pa3iuuHble 4ucIoBbIe psAbl. HekoTopble unciaoBble psSAbl OyAyT CXOAUTHCS, a HEKOTOphIE
pacxoauThbes. M Haiia 3aj1aya HAUlTH MHOKECTBO 3HAYEHHUM «HMKC», PU KOTOPOM CTEIEHHOM PsiT

2T
»-1%  Gyner cxonuThes. Takoe MHOKECTBO M HA3bIBAETCS OOJIACTBIO CXOAUMOCTH PSJA.
Jnst mo00ro CTeneHHOro psjaa (BPEeMEHHO OTBJIEKAaeMCsl OT KOHKPETHOTO IMpUMepa)

BO3MOJHBI TPU CIIy4as:

1) CreneHHo#l psan cxooumcsa abconomuo Ha HEKOTOPOM HHTEpBaje @ 8)  Ypn

(o, &)

CJIOBaMH, €CJIN MBI BBI6I/IpaeM 11000€ 3HAUEHUE «HUKC» U3 HHTCpBaJIa " 11oaCTaBJIACM €Iro

B OOIIMI YJIeH CTENEHHOTO Psijia, TO Y HAC MOJYYaeTCsl abCOonOMHO CXOOAWULICSA YUCIOBOU PsiI.

Takoit nHTEpBaN C))

PaI[I/ch CXO0OUMOCTH, €CJIM COBCEM IIPOCTO, OTO IIO0JIOBMHA IJIHMHBI HHTCPBalia

1 HA3bIBACTCs UHTCPBAJIOM CXOAUMMOCTHU CTCIICHHOI'O psAaa.

CXOIUMOCTH:
b—ua
2
['eomeTprueCcKH CUTYaIUS BBITIISIUT TaK:

A=

FNENARA oy o AN A e AN ASNNNNE AN o o PP N et it N
_\J\_/: X
WutepBan
CXOAUMOCTH
CTENEeHHOro pAaa
e Ay .
B nanHoM cnydae, uHTEpBall CXOAUMOCTHU psla: , paguyc CXOOIUMOCTH psija:
—2—(-4) -2+44
2 2

[IIupoko pacnpoCTpaHEH TPUBUAIBHBIN Clydad, KOIJa MHTEPBAal CXOJUMOCTH
CUMMETPUYEH OTHOCUTENIBHO HYJIS:

Ha aTOM nHTepBAEne PAag CXOanTCA
A HE 9TUX MHTEpBanax - atCOMOTHE - PACXORUTCA
l’/\/-\—-—’h\‘_/_“\yf\\/-—}\-"" e ~~ \__,,,,‘*"\_" T  — —-\_v-—"'b_,.\_’h R
~3 0 3 X

3 . (=33 .

JE€Cbh  HWHTCpBAJI  CXOOWMOCTH  psja: , pagumyC CXOOMMOCTH  psja:
-3 6

RT3 _6_,

2 2

A dro Oyner NPOUCXOIUTh Ha KOHIAX HWHTEpBaia I:‘x’f:':'? B Toukax &A=&,

x=% crenennoii PSAI MOXET, KaK CXOAMUTHCSA, TaK M PACXOAMUTCS, U JJIA BBISICHEHHS 3TOTO
HEO0OXOIUMO TIPOBOJIUTEL JOMOJIHUTEIBHOE HCcienoBanue. [lociae Takoro MCCIIeJOBaHHS pPeUb
uaET yxke 00 00J1acT CXOIUMOCTH psija;

— Ecnu ycTaHOBIIEHO, YTO CTENEHHON PSII PACXOIUTCS Ha 000MX KOHIIaX MHTEpBaia, TO

001acTh CXOOUMOCTH psizia COBNAAACT C MHTCPBAJIOM CXOANMOCTHU: (ﬂ, b}

— Ecmm YCTAHOBJICHO, 4YTO CTEIIEHHOH paa CXOAUTCA HAa OJHOM KOHIC HMHTCPBAJIAa U
pacxoguTesa Ha OpYyrom, TO o0J1acTh CXOUMOCTHU psia MPCACTABIACT coboit MOJIYUHTCPBAJIL:

[.:;:;E:n) — (.:;t;f:l]l



— Ecnu ycTaHOBI€HO, YTO CTETEHHOW s CXOAWTCS Ha OOOMX KOHIIAX WHTEpBajia, TO

00J1aCTh CXOJIUMOCTH Psijia MPEJCTABISAET COO0H OTPE3OK: [ﬂ’ b]

TepMuHBI OYEHb TOXO0XH, OO0NACTh CXOIMMOCTH psiga — OTO YyTh Oolee
I[eTaHI/IBI/IpOBaHHblﬁ HUHTCPBAJI CXOAUMOCTH pAaa.

C nByMsl OCTaBIIMMHUCA CIy4asiMU BCE KOpOU€ U MPOILE:

2) CreneHHOW Pl cxooumcs abconromuo npu 1oodoM 3HaueHun * . To ecTh, kKakoe Obl
3HAUYEHHUE «HKC» MBI HE TOJCTABUIM B OOIIMI WICH CTENICHHOTO psiAa — B JIIOOOM ciiydae y Hac
HOJXYYUTCS  AOCONIOMHO  CX00AWulicss YNACIOBOM pAn. VHTepBam cXoauMOCTH M 001acTbh

CXOJMMOCTH B JIaHHOM CJIy4ae COBIIAJalOT: (-03, +00) Pamuyc cxomumoctu: & =40, PucyHok
NPUBOIUTH HE OyAy, TyMaio, HET HEOOXOIUMOCTH.

w
]
A
3) CreneHHOM psiji CXOAUTCA B €AMHCTBEHHOM Touke. Eciu psin umeer Bupg =1 , TO
OH GyIEeT CXOMTBHCSA B CAMHCTBEHHOH Touke % =Y. B oToM ciydae MHTEpBAN CXOAMMOCTH H

001acTh CXOOUMOCTH psaa TOXKE COBIAAAalOT U paBHBI CMHCTBCHHOMY YHCIY — HYJIIO: x=0 .

o
Z ey (x—a)”
Ecnu psn umeer Bug -1 , TO OH OyJIeT CXOAUTHCS B €IMHCTBEHHOW Touke + = & | eciu
w
®
Z e (x +a)
P UMEET BUJ *-1 , TO, TIOHSTHO, — B TOYKE «MHUHYC a». Pagnyc cxoquMocTu psga BO

BCEX ClIy4asax, CCTCCTBCHHO, HYHGBOﬁZ R=0 .
prrI/IX BApUAHTOB HCT. Oo0nacTe CXOOAUMOCTH CTCIICHHOI'O psda — 3TO BCCria 100

€IMHCTBEHHAs TO4YKa, JHUOO0 J1000e «WKC», J1MO0 HMHTEpBal (. &) (BO3MOXHO TOJYWHTEpBAI,
otpe3ok). [lomuepkuBaro, 4To JaHHAS Kiaccu(HUKAIMs CIpaBeIHBa ISl CTSICHHBIX psIoB. Jliis
MIPOU3BOJBHOTO (PYHKIIMOHAILHOTO PsiJia OHA B OOIIEM CITydae SIBJISICTCS HEBEPHOU.

HUccneoosanue cmenennozo psaoa Ha cxooumocms
[Tocre HEOONBIION MOPIMH TEOPETUYECKOTO MaTephaia TMEePEeXOJuM K PacCMOTPEHUIO
TUIIOBOTO 3aJlaHUs, KOTOpOE MPAaKTUYECKH BCETJa BCTPEUaeTcs Ha 3adeTax M dK3aMeHax Io
BBICIIIEI MaTEMAaTHKE.
ITpumep 1
w x?é
2T
Haiity 061acTh CXOMMOCTH CTENEHHOTO psga #-1%
3amanue 9acto GopMyIUPYIOT SKBUBAICHTHO: HallTh HHTEpBAJI CXOMMOCTH CTEIICHHOTO
psAla | UCCIIeIOBaTh €r0 CXOIMMOCTh Ha KOHIIaX HAlICHHOTO MHTEpBaa.
AJNTOpUTM pellIeHus JOBOJIBHO Mpo3paydeH U TpadapeTeH.
Ha mepBom »Tame HaxoauM HHTEpBal CXOAMMOCTH psifa. B OoNbIIMHCTBE 3aqaHUiA
UCIIONB3YETCSl CXeMa, OCHOBaHHasg Ha mnpusHake JlamamOepa. TeXHHYECKM HaM HYXHO
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4l (x:'

H= o HHI:X:I

BBIYUCIIUTH MPEIET , 1 ¢ GOpMaTbHON TEXHUKOW €ro PeIIeHUs! Bl YK€ 3HAKOMBI:

2t x i33_| JRE— 4]

= lim -
wrvo| (o + 200+ 1) - 2

L
litn HH_'_]_(X:I = limm ('}3+1:|

| gy (X:I B o x

M
?‘22
: o Ul _ e : 1
~ Wl e M ey TRl s e ==l
- +2 +—
72 3

(1) CocraBisiem OTHOIIICHHUE CIICIYIOMIETO WICHA PsAa K MPEIbIIYIIEMY.

(2) N36aBnsieMcs OT YETHIPEXATAKHOCTU TPOOH.

(3) B uncnurene mno npaBwiy ACHCTBUN CO CTETICHSIMH «OTIIUIIBIBAEMY» OIUH «HKC». B
3HaMEeHaTeJIe BO3BOMM JIBYYJIEH B KBaJpar.

(4) BriHOCHM OCTaBHIMICS «HMKC» 3a 3HAK MpeJena, IpUYeM, BBIHOCUM €ro BMECTE CO

2
A

2
3HaKOM Moxyis. IToyemy co 3HaKoM moxyasa? Jleno B ToM, uto Ham mpegen **x° +2z+1 g
Tak OydeT HEOTPHIATEIBbHBIM, & BOT «HKC» BIIOJIHC MOXKET NPHHUMATh OTPHIATEIIHLHBIC
3HaueHus. [103TOMy MOJTyJTb OTHOCHUTCSI HMEHHO K HEMY.

Kcratu, nouemy |x| MOKHO BoOOIIe BbIHECTHM 3a 3HaK npeaena? Iloromy uro
«IMHAMUYECKOW» MEPEMEHHOMN B IIPEJIENie y HAaC SBISETCS «3H», U OT 3TOr0 HAIEMY «UKCY» HU
KapKO HU XOJIOJHO.

o]

(5) Ycrpansiem HeompeieleHHOCTh “@ cTaHIapTHBIM CIIOCOOOM.

Ilocne Toro, kak mpenes HalIeH, HY)KHO NPOaHAJIU3UpOBaTh, YTO Yy HAC IOIYYHIIOCH.
BurMmanue! BrruncneHHbII Mpeen U MHTEPIPETaluio ero pe3ynbtatoB (cm. Huowce) HEJIB3S1
CUMTaTh WM Ha3bIBaTh «mpusHakoMm JlanamOepa». IloguepkHy emeé pa3, 4To paccMarpuBaemasi
cXema JIMIb OCHOBaHa (He 80arch 68 nodpodoHocmu) Ha TipuzHake JlamamOepa Il YUCITOBBIX
PAIOB.

Nrak:

Ecnu B npezene mosyyaercs HOMb, TO aJTOPUTM PELISHUs 3aKaHYMBAET CBOIO paldoTy, U
Mbl JaéM OKOHYATENbHBIM OTBeT 3afaHus: «OO0JIaCTh CXOJUMOCTH CTENEHHOro psja:
—O0 < X <400, (mp060e JEHCTBUTENBLHOE YMCIO — ciydail Ne2 mpeawiayiero maparpaga). To
€CTb, CTENEHHOM psAJ CXOIUTCA NpU JTHOOOM 3HAYeHUM «HUKC». OTBET MOXHO 3amlucarh

—0; + 00
SKBHBANCHTHO: «PsA CXOmUTCA mpH ~ € (o +oo) (3HauoK £ B MareMaThke 00O3HAYaeT
NPUHA]UIC)KHOCTD).

Ecnu B npenene nonyyaetrcs O0ECKOHEYHOCTb, TO QJITOPUTM PELICHHS TAK)KE 3aKaHYMBAET
CBOIO paloOTy, U MbI JaéM OKOHYATEJIbHBIN OTBET 3aanus: «Psa cxoaures mpu & = 0y (wu npu
X=4a ubo *= ~@y). Cmotpute ciaydait Ne3 npeapiaymiero naparpada.

Ecnmu B mpenene momydaeTcss HE HOJMb M HE OECKOHEYHOCTb, TO y HAc caMbli
pacrpoCcTpaHeHHbIH Ha npakTHKe ciaydae Nel — pssi cXOIUTCsl HA HEKOTOPOM MHTEpBaJIe.

X o
B nannoM cjiydac mnpcacii paBCH | | Kak mnaiitu HHTCpBaJI CXOAUMOCTU p;u:(a?
Cocrapisem HCEPAaBCHCTBO:

|x| <]
B JIKOBOM 3apanuu 1aHHOTO TUIIA B JIEBOM YacTU HEPABEHCTBA JIOJKEH HAXOAUTHCS
pe3ynbTaT BBIYHMCICHUS TIpenesia, a B MPaBOM YacTH HEpaBEHCTBA — CcTporo enuHuia. He Oymy


http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html
http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html
http://www.mathprofi.ru/mnozhestva.html

OOBACHATH, MTOYEMY WMEHHO TAaKO€ HEPAaBCHCTBO M MOYEMY CIIpaBa €IWHHIA. YPOKH HOCST
NPaKTHYECKYIO HAIPaBJIEHHOCTh, M YK€ OYEHb XOPOIIIO, YTO OT MOMX PACCKa30B He-HOBEECHHEH
HpodeccopeKo-HpeHoAaBaTeAbEKHIF-COETaB CTAIM TOHATHEE HEKOTOPHIE TEOPEMBI.

Texnuka paboThl € MOAYJIEM M pEUICHUA JABOMHBIX HEPAaBEHCTB MOJPOOHO
paccMaTpuBaach Ha epBOM Kypce B ctatbe OOnacTh onpeaesneHus: GyHKIUU, HO sl yI00CTBa
s TIOCTaparoCh MaKCHMaJIbHO MOAPOOHO 3aKOMMEHTHPOBATh Bce JEHCTBUS. PackpbiBaem

|x|-::cz=>—cz < X<

HEPABCHCTBO C MOAYJIEM I10 IIKOJBbHOMY IIpaBUIly .B JaHHOM CJI1ydac:

—T<x <1 _ yyreppan cxomMMOCTH HCCIIETYeMOro CTEIIEHHOTO PSIA.

ITonoBuna mytu no3aau.

Ha BTOpOM 3Tamne He0OXO0AMMO HCCIEeOBATh CXOAMMOCTh psfia Ha KOHIAX HaiIeHHOTO
WHTEpBaa.

Cuauana O6epéM JIeBbIM KOHEI] HHTEpBaIa = —1 y noacrasnsem ero B Ham CTEMEHHON

X
2.7
psn -1 -
=125
[Ipu -l

[Tosy4yeH 4KMCIIOBOM Psill, ¥ HAM HY)KHO MCCIIEI0BATh €0 Ha CXOAUMOCTH (YK€ 3HaKOMast
U3 MPEIBIIYIINX YPOKOB 3a/1a4a).
Hcnonb3yem IIPU3HAK Jleitbuuua:
1) Pan SIBJISICTCS 3HAKOYEPEAYIOLIUMCS.
i o |= lim =0
2) e RO — YJICHBI psiZa YOBIBAIOT MO MOAYIMI0. Kax bl CIAeIYIOMINI YWieH psia
10 MOJIYJIIO MEHbIIIE, YeM TPEbIIYIINMI, 3HAYHT, yObIBAHHE MOHOTOHHO.

BeiBo: psin cxoauTes.

Uccnenyem psn Ha a0COJIOTHYIO CXOJIUMOCTB!
w w 1
Shal= X V
%=1 x=l™  — cxomuTcs (cirydail 0000IIEHHOTO TAPMOHUYECKOTO Psifia).

Takum 006pa3om, MOTyUYEHHBIN YUCIOBOM PsII CXOAUTCS a0COIOTHO.
Jlanee paccmaTpuBaeM INpaBblii KOHEL UHTepBana * = 1| moxcraemstiem 5To 3HaveHHE B
2T
HaIll CTENEHHOM psi 17
w 1?4 w
=123 5=3-
IIpu %=1 #=1"" — cxomuTcs.
w

Takum 06pa3om, cTemeHHOW psa  #1%  cxomaurcs Ha 006OMX KOHIAX HAHIEHHOTO

x?!
3

MHTEpBaa.

OtBet: O0nacTh CXOJMMOCTH HUCCICAYEMOI'0 CTCIICHHOI'O psaa: ~— l=x=1

ViMeeT IpaBo Ha KU3Hb U Apyroe ohopMIieHHe oTBeTa: Psii cxomutes, ecim © = [_ L 1]

MHorna B yCIOBHHM 3aaud TPeOYIOT yKa3aTh PaaMyC CXOAMMOCTH. OUEBHIHO, YTO B
paccMoTpeHHOM mpuMepe & =1
[Tpumep 2

[~ )

X

T T—
Haiit 06;1acTh CXOAMMOCTH CTEIIEHHOTO psifa *=0 3 oAntl
Pemenue: nHTEpBaN CXOAMMOCTH pslia HAAEM ¢ MOMOIIBIO Mpu3Haka Jlamambepa (1o He
110 npusnaxy! — ona hyHKYUOHANBHBIX P00 MAKO20 NPUSHAKA He CYujecmayem).
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L | T e Ty | R - R
re| g (x) B o i Bt 3’“’1 . "-."["9+2 ot

EL |
i |x-x”-3”-ﬂm+l

Tasselr 3.3 Jut2

R = I S R e
Jn

Jr+1 (Hl*”
_|x|]jm Jn _|x|]jm_n_H

=0 3

142
2

CocraBisiem CTaHIApTHOC HEPABCHCTBO!

H =1
Psn cxonurces npu

x
CneBa HaM HY)KHO OCTaBUTb TOJIBKO | | , IOATOMY YMHO)KaeM 00€ 4acTH HepaBEHCTBA Ha

3.
|x| =
|x| Lally g B o S o 2
N packpbiBaeM HEpPABEHCTBO C MOJYJEM [0 IPaBHILY :
—J<xal HHTEPBAII CXOAUMOCTH UCCIENYEMOr0 CTENEHHOTO Psija.
Hccnenyem cXoauMoCTh CTENIEHHOTO psifia HA KOHIIAX HAaUJEHHOrO HHTEPBAJa.
= =30 e Vi
x=-3= Z * ] = Z ] = N
1)HpI/I wen 5 oAde+l w3 a4l soAr+l
O6parure BHHUMaHHE, YTO MPU TIOJICTAHOBKE 3HAYCHHS & = —3 B cTeneHHOM pan
w x?é

2

L] M o
w03 nt] Y HAC COKPATHJIACH CTENEHb > . DTO BEPHbIH MPU3HAK TOTO, YTO MbI IIPABHIHLHO

HallJIdM UHTCPBAJI CXOAUMOCTH psa.
I/ICCJ'IGI[yeM HOHy‘lCHHBIﬁ YHUCIIOBOM pAaa Ha CXOOAUMOCTD.

Hcnonszyem IIPU3HAK JleiiGHuna.
- Pan SIBIISIETCSA 3HAKOYEPETYIOITUMCS.
. . 1
lin |cz:,d |: lirn =0
T o Heebo | g +1 o o
- — 4YIIeHBI psfa YOBIBarOT Mo Moaymwoo. Kaxneli crnemyromuii uineH
pAla TO MOAYTI0 MEHbIE, YeM TMPeAbIAyIIUA, 3HAUYUT, YyObIBAHHE MOHOTOHHO.
Bremsoa: Psan cxoaures.
Uccnenyem pan Ha aOCOIOTHYIO CXOJIMMOCTb:
L=] Li=] 1
2pal= L
n=0 a1 it 1
Z‘”‘.‘ 1
CpaBHHMM JaHHBIN P C PACXOIAIIUMCS PAIOM  *=1 Jr .
Hcnonp3yem MpEAEIbHbIN MPU3HAK CpaBHEHMUS:
- =0
I DY/ IR S S I O S I
m o B 4 1 Hs » N n

Ha+l

w

2

HOJ'Iy‘ICHO KOHCYHOC 4YMCJIO, OTIIMYHOC OT HYJA, 3HAYUT, PAA x=0 pacxoguTcsa BMECTE C
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e, (1"

Takum oOpazom, psig =0 +% +1 cxomutes Tonbko YCIIOBHO.

RV e R

2) Ilpu o+l pacxoautcs (1o I0Ka3aHHOMY ).

OtBer: OO6nacTh CXOAMMOCTH MCCIEAYEMOTO CTENCHHOTO psga: J=xad, [Ipu
=-3 PSIL CXOJUTCS TOJIBKO YCJIOBHO.
B paccmorpeHHOM mpuMepe 00JIaCThIO CXOAMMOCTH CTEIICHHOTO psja SBISCTCS

(=3, 3)

IIOJIYUHTEPBAJI, IpHUYEM BO BCEX TOYKaxX MHTEpPBala CTEIIEHHOM pAaa cxooumcst

abconomno (em. Ipenpinymuii maparpad), a B Todke X==2 KaK BBIICHUIOCh — CXOOUMCH

MOJILKO YCIIOBHO.
[Tpumep 3
Haiitu uHTEpBa CXOAMMOCTH CTENEHHOIO psija M HUCCIENOBAaTh €ro CXOAUMOCTh Ha
w ?32 x:u
Z 7 n+D

KOHI[aX HAaUJEHHOr0 UHTEpBaja *-1
DTO IpUMED JIJIs1 CAMOCTOATEILHOTO PEIICHHUS.
PaccmoTpuM napy npuMepoB, KOTOpPbIE BCTPEUYAIOTCS PEIKO, HO BCTPEUAOTCS.
[Tpumep 4

w ?23 ] (x+4)2x+1

2 (2 + 1)

Haiit 06s1acTh CXOMMOCTH psifa: »-1
Pemenue: ¢ momoripio npusHaka [lamambepa HailiieM WHTEpPBaJ CXOJIMMOCTH JaHHOTO

psna:
(e +17 - (x +4;F"+3
thy (0| (n+1+1)! |(n+1} (x P (DI
oo gy (x) | 4o w i(x +4:|2”+1 ?d—>+m| e (x +4:|2H+1 {4+ 20
{n+1
_ n+1]3 (x+d x+H™ 12,3 nn+ Y
e (x+H™ 123 nin+Din+2)
1—>IZI 3 1 1 =0
= (x+* lim || 14+— =(x+d* lim —— =(x+4*. 0=0
e b # ( +2) L R
(1) CocraBmnsieM OTHOIIIEHHE CIEAYIOIIETO YieHa psifa K IPeAbIayIEeMy.
(2) M36aBnsieMcs OT YETHIPEXITAKHOCTH APOOH.
3
(3) Kyont R+l o’ MpaBUITy JEHCTBHI CO CTENEHSMH MOABOJIUM TOJ €TUHYIO
CTCTICHbD. B YHUCIIUTENIC XUTPO packyabIBaeM CTCTICHb
(x+4:|3?¢+3 — {x+4)2?é+1+2 — (x+4:|2 ] (x+4:|3?e+1

, T.e. PackiagpiBaeM TakuMm 00pa3zoMm, 4yTOOBI Ha

du+l
CJICAYIOMIEM HIare COKpaTuThb IIpO6B Ha I:X+4:I

. q)aKTOpI/IaJ'ILI pacnucbiBacM HOIlpO6HO.
1 =0

(4) ITox xyOOM TIOWJICHHO JIEJTUM YHUCIUTENIh HAa 3HAMEHATENb, yKa3biBas, uro # . B

2
IpoOu cokpaliaeM BCE, UTO MOXKHO COKPATUTh. MHOXHUTENb 2+ 4)" prmocum 3a 3Hax npejaena,
€ro MOXHO BBIHECTH, IOCKOJbKY B HEM HET HHYEro, 3aBUCALIETO OT <«JIMHAMUYECKOW)

HCpCMCHHOfI OH». OGpaTI/ITC BHUMAHHC, YTO 3HAK MOAYJIA HC HApHUCOBAH — IIO TOI IMpUYIUHC,

(x+4)*

qTo NMPUHUMACT HCOTPUHIATCIIbHBIC 3HAUYCHUS TTPHU JH000M «HKCY.

B nipenene nonydeH HOMb, a 3HAYUT, MOKHO J1aBaTh OKOHYATEJIbHBIN OTBET:



Ortser: Psiy cxomures mpu ~ = (~0; +00)

A cHauaja-To KazaJloCh, YTO ITOT PAJ CO «CTPALTHON HAYMHKOW» OYJET TPYIHO PEIINTh.
Homnb nnu 6ecCKOHEUHOCTD B Mpeiesie — MOYTH MOJapoK, BeAb PEIIeHHe 3aMETHO COKpalaercs!

[Tpumep 5

i (2a)h(x — )"

Haiitu o6nacts cxoaumoctu psiga =1 10°

DOTO mpuMep Uil CaMOCTOSATENbHOTO pemieHus. bynpre BHuUMarenbHbl ;-) IlomHoe
pELIeHUE OTBET B KOHIE YPOKa.

PaccmoTpuM ele HECKOJIIBKO MPUMEPOB, COJAEPXKAIIMX 3JIEMEHT HOBU3HBI B IUIaHE
HCIIOJIb30BAaHUS TEXHUYECKUX IIPUEMOB.

[Tpumep 6

Haiitu wuHTEpBa) CXOAMMOCTH psiia M HCCIENOBATh €ro CXOAMMOCTh Ha KOHIAX

w {_1}?&—1 ] (x_l_zjlx

Z‘.' (Z—1). 5"

HAaWJICHHOTO MHTEpBaia *-1

»-1
Pemenne: B oOmuii 4jgeH CTENEHHOrO psiia  BXOAUT  MHOXHTEIb -1 :
oOecreunBaroOINil 3HAKOYEpEJOBaHHE. AJTOPUTM PELICHHUS MOJHOCTHIO COXPaHSETCs, HO MPHU

My +1(x:|

=t | x
COCTaBJIEHUU IIpelena x (%) Mbl UTHOPUPYEM (HE MUIIEM) 3TOT MHOXXHTEIb, IOCKOJIBKY
MOAYJIb YHUYTOXKACT BCC «KMHUHYCED.

HNHTepBanm cXoauMOCTH psija  HaaéM ¢ momomiblo  mpu3Haka JlamamOGepa:

(x+2:|?d+l
g @|_ (Bt D-1) 5 [(r+2)(x+2)" - 5 (32 1)|_
wiol g (x) | we (x+ 27" vl (2420055 (3n+2)
(321} 5"

2n—1 1
B e e el T P, e
4 w4 Ep42 oo 5 mode S+ 2 5 madw 2 5
M

H
CocraBinsieM CTaHAapTHOE HEPABEHCTBO:

|x+2|
<]

Pan CXOIUTCS pH 5
Crnesa HaM HY)HO OCTaBUTb TOJBKO MOJYJlb, TIO9TOMY YMHOKaeM 00e 4acTH HepaBeHCTBA Ha 5:
|x + 2| <5
Teneps packphIBaeM MOJYJTb yKe 3HAKOMBIM CrIoco6oM:
—Sax+d s

B cepenuHe JBOMHOIO HEPABEHCTBA HYXKHO OCTABUTH TOJBKO «HKC», B ATHX IENSIX M3
KaXKI0M YacTH HEpaBEHCTBA BBIUMTACM 2:
—hH-2dex+ -2 <512

— 7 <% <3 _ yrTepBaN CXOMMMOCTH HCCIIELYEMOTO CTETIEHHOTO PA/A.

WccnemyeM cXOAUMOCTh Psijia Ha KOHIAX HAMEHHOr0 HHTepBaa:
w©w I:_-D?d—l_ I:X+ 2)?4
2 Gr-1). 5

1) [ToacraBnsieM 3HaUeHUE * = —7 B Ham cTeneHHoi psang =l




e Y o ) L o Ve ) LA oy ) L o VL L

E (3n-1). 5" _E (3n-1). 5" _E (3n-1).5
w l:_-D?e—lHe _ w (_1)2:!—1 o w 1

L G- SGe-1 xz.ien—n

-1
Byl[BTe npeaciibHO BHHUMATCJIBHBI, MHOXUTCIIb ( 1) HEC o0ecrneunBaeT

S
3HaKO4YCpECAOBAHUE, IIpHU JII000M HaTypaJlbHOM <«OGH» ( D - 1 HOJ'Iy‘IeHHBII/I MHHYC
BBIHOCUM 3a IpCIACibl psAaa U 3a0bIBaEM IIpo HETO, IMOCKOJBbKY OH (KaK u J1ro0ast KOHCTaHTa-
MHO)KI/ITG.HB) HHUKAaK HC BJIMACT HA CXOAUMOCTDH WJIN PACXOAUMOCTH YUCIIOBOI'O psaa.

Eme pa3 3ameTrpTe, YTO B XOA€ TOJICTAHOBKH 3HAYCHUS x=-7 g o6uwmii unen

td
CTENEHHOTO PSi/Ia y HAC COKPATHIICS MHOXKHTENb - . ECTH GBI 3TOTO HE MPOM30MILIO, TO 5TO ObI
3HAYHUIIO, YTO MBI TMOO HEBEPHO BBIYMCIIMIIM MIPEJIEI, JINOO HETPABIILHO PACKPBLIH MOJTYJIb.
= 1

Urak, Tpebyercs uccneqoBaTh Ha CXOAUMOCTb YMCIOBOM psij *=1 Gn-1) 3nech mpoiie
BCEIO0 MWCIOJb30BaTh MNPEICIbHBIM IPU3HAK CPaBHEHHUs M CPAaBHUTHb JAHHBIA Pl C
pacxoAsuMcsl TapMOHUYECKUM psigoM. Ho, ecriu yecTHO, peebHbIN MPU3HAK CPABHEHUS JI0
yKaca MHE HaJloell, TO3TOMY BHECY HEKOTOPOE pa3HOoOo0pas3ue B pelIeHue.

I/Icr{om,?.yeM HHTeraHBHLIﬁ IIPpHU3HAK.
T dx
1 3x—1
HOI[LIHTeraJ'ILHa}I byHKIIUS HeTMpepbIBHA Ha [l;m} .
_1FaGx-n_ 1, »_ 1 e g oY
(=5 [ = i (G- D)f = i (38 - 07~ 2=

1
Takum 06pa30M, HOHy‘IGHHLIfI YHUCIIOBOM pdaa pacxoauTcda BMECTEC C COOTBCTCTBYHOIIUM
HECOOCTBEHHBIM HHTCI'pajioM.

2) Hccnenyem BTOPOM KOHeI[ UHTEpBaja CXOIUMOCTH.
e (=1 (242 1“
NP e\l R Z'( )

Tpu w1 Lem=1-5

Hcnonb3yem MPU3HAK JleitOoHuna:
- Pan SIBIISIETCSA 3HAKOYEPETYIOITUMCS.

1
lim |c1 |= tim =10

— R S — 1 — WieHbl psja yObIBaroT mo Moayito. Kaxaplil cremyrommid uieH

psiga 1m0 MOIYJIO  MEHbIIEe, YeM MpeAblAYIIMM, 3HAa4uT, YOBIBAHHE MOHOTOHHO.
BeiBOa: psia cxoauTcs
PaCCManHBaeMLHZ YUCJIOBOM  psi  HE  SBISETCA  AOCOJMIOTHO  CXOJSIIIUMCS
1

Shal-3 5k

IIOCKOJIbKY =l

— pacxoauTcs (10 JOKAa3aHHOMY).

Oter: ~— /<%%3 _ o0nacTh CXOAMMOCTH MCCIEIYEMOTO CTENEHHOrO psia, MpH
X =3 psi1 CXOOUTCS TOIBKO YCIOBHO.

ITpumep 7

Haiitu uHTepBanm CcXOAMMOCTH psila M MCCIENOBAaTh €ro CXOJUMOCTh Ha KOHIIAX

i 2 (x4 3"

HaWJICHHOTO MHTepBayia =1 Won+1

3TO mpUMEp TSI CAMOCTOSITETFHOTO PEIICHHUS.

KTo yromuicsi, MOXXET CXOIUTh MMOKYPHUTb, @ Mbl PACCMOTPHM €11I€ JiBa IpUMepa.



[Tpumep &
Haiitu wuHTEpBaJ CXOAMMOCTH psila M MCCIENOBATh €ro CXOAMMOCTh Ha KOHLAX
© oalx— 1%
» 5
Hal{IeHHOTO NHTepBana *-19 /4" +3
Pemenue: Haitnem WHTEPBAIL CXOIUMOCTH psana:
An+l
(2 +(x— Y

o P 9**1.,j(m+12)5+3 i+ -1 90" o 43|
A= 40 ux(x) A=+ nlx—1) * """“D|,;g|(x 1}2?!- e+l qj( +1:| +3|

9"t 43

I ]{x D2 (x-D™ . 9% ' 43|

(x—1™ 99" Jin+1)° +3

— bm (x— 1) «.-';z +3 | (x— l:l 'I?ﬂ5+_3 _}l_ﬂ

LR »

oo foa 43| 9 = Joernie3z) 9
o | 23|

retel 17 43 .
Hpe)len II0 TOHU HquHHe, YTO YUCJIUTCIIb U 3HAMCHATCJIb OC)HOZO

nopsioka pocma. bonee moapoOHO 00 TOM MOMEHTE U «TypOO»-METOJe pEelIeHHs YUTailTe B
crathe [Ipusnak Jlanam6epa. [Ipuznaku Kommu.

2
G-
Urak, psn cxonurcs npu 9

YMHOXaeM obe JacTu HepaBEeHCTBA Ha 9:
(x—1% <9

N3Bnekaem u3 o06enx vacteld KOPeHb, MPU 3TOM MIOMHHMM CTapbIi MIKOJbHBIN MTPUKOJ
Jx-1F <o

|x - 1| <3

PackpsiBaem

—dax-1<3

MOJyJIb:

" npubaBsieM KO BCEM 4acTsIM E€MHHALLY:
-3+lex—-1+1<3+1

— 2 <% <4 _ yrTepBan CXOAMMOCTH HCCIIETYEMOTO CTEIIEHHOTO PA/Ia.
UccnemyeM cX0AUMOCTh CTEHEHHOTO Psjla Ha KOHIIAX HalIeHHOTo HHTepBaa:
1) Ecim %= —2 | 7o mosydaeTcs CleIyIONINiA YHCIOBOH PSI;
2 oa=2-0" & a=3™ A U
éza”-ﬁfnjw L Zl 9 +3
GO 1 LSO . N

S Stz Dot S +3 S 43

n
MHoXuTenb -1 OecclieIHO mnpormnai, MOCKOJBbKY IIpHU JIF000OM HaTypaabHOM 3HAYECHUU
o
«OH» =D _1.
U B TperTuii pa3 o6pama10 BHUMAaHUE Ha TO, YTO B PE3YIbTATE MOACTAHOBKUA COKPATUINUCH

b
CTCIICHU 9 , 4 3HAYUT, UHTCPBAJI CXOAUMOCTHU HAUJICH ITPAaBUJILHO.
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w

M

[
ITo BceM IpHU3HAKAM /ISl TIONYYEHHOTO YHCIOBOTO psiga =1 # =+ 3 clelyeT MPUMEHHUTD
npeAeNbHBIA Tpu3HaK cpaBHeHus. Kakoi psg mogoOpath st cpaBHeHUs? OO 3TOM METOAMKE 5

y’K€ pacckasbiBal Ha ypoke Psanbl miig yaitHukos. [IoBropum.
OmnpenensieM cTapllyr CTENEHb 3HaMEHATEeNs, AJI1 TOTO0 MBICIIEHHO WM Ha YEPHOBHKE
5
N I B
oTOpachlBaeM IOJ KOpPHEM BCE, KpOME caMoro crapuiero ciaraemoro: Y# =% Takum
5

06p330M, crapmiasa CTCIICHb 3HAMCHATCJ/IA paBHaA 2 . CTapma}I CTCIICHDb YMCIIUTCIIA, OYCBUAHO,
5 3
1

paBHa 1. U3 CTapmeﬁ CTCIICHU 3HAMCHATCJIA BbIYUTACM CTAPIIYIO CTCIICHD YU CIIUTCIIA: 2

= 1 = 1
LTl
#=l _ 7 #=l "y}

Takum oOpa3om, Haml psJ HY)KHO CPaBHHUTH CO CXOASIILIUMCS PSIOM #

Hcnonb3yem npenenbHbli IPU3HAK CPABHEHMUS:

1
T ."5 ." [ -0
*{f_E = lim = tim T e el =1
43

fim 2% = fim

M= ‘E’-"x

.'— .'— 3 5
M= M- » H—=rm n

N

=

3
[TonyueHO KOHEYHOE, OTIMYHOE OT HYJS YUCIO, 3HAYMT, psjg =i %4 +3 cxomurcs BMecte ¢

w

psLIOM H=l1 \j?z_

2) UYro MIPOUCXOUT Ha Ipyrom KOHIIE uHTepBana?
w _ an m 2 m =) . ® w
. 4:2 ad-1) #(3) _ xn-9 _ #
o o 13 SO fr i3 AT Jrt3 Al —

A BOT U BO3HarpaxJeHue 3a My4eHus B npeabiayuieM nynkre! [loayuwics TouHO Takon

JKE€ YHCIOBOM pAA, CXOOAUMOCTBb KOTOPOI'O MbI TOJIBKO YTO JOKAa3aJIn.

IIpu

OTBeT: 06J1aCTh CXOMMOCTH HCCIIEyeMOr0 CTEIIEHHOrO psifa; — & = X =4

UyTh MEHEe CII0KHBIN TPUMED IS CAMOCTOATEIBHOIO PEIICHUS:
Ilpumep 3: Pewenue: unmepean cxooumocmu psoa HAUOEM C NOMOWbIO NPUSHAKA

Hanambepa:
l:?g_'_ljﬂx?ul
| [T | xR TR 2 D+ D)
Hal V) R P R T, =
| gy (X:I B 4 .’32?{” ?é—>+m| P I L '.-.32 . (';3+ 2) |
e+
0 0 rtl 1+—_}IJ
i 270 17 T | n _H

X
i 142 +2 | . _
T as+w B H a+2 T orw 2 7

P50 cxooumces npu
d
=1

7

Crnesa HysCHO OCMABUMb MOJLKO MOOYIb, NOIMOMY YMHONCAEM 0be Yacmu HepageHcmea Ha 7

|x| <7
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=7 <x <7 _yumepean cxooumocmu uccredyemozo cmenenHo2o paoa.
Hccnedyem cxooumocms psoa Ha KOHYAX HAUOEHHO20 UHMEPB8ad.

w4 E]
=7yl ) =1

1) Hpu H=l ('}2 +1:|
2) HUcnonvzyem npusnax Jleubnuya.
3) - Psao aensemcs 3HAKOYEPeOYIOUUMCSL.
42
_ nt nt 1 _ 1
Eﬂmh |_x—>+m;g+1_m_?¢—}+vl:*?2+1_?é—}+w 1—}0 1_}0_ =0
2 - t—=
i # # —  unenbl paoa  He
yoviearom
llo MOOYTIO.
Bui600: Pso pacxooumcs
- 2
r=7= "
2) Hpu Ml ("3 + 1:'

P50 pacxooumcs, max kax He 6blnonneH HeoOX0OUMbLI NPUSHAK CXOOUMOCTU PAOA.

Omeem: ~ 7 =X <7 _ o6nacmo cxooumocmu uccnedyemo2o cmenennozo psoa
Ilpumep 5: Pewenue: ¢ nomowwto npuznaxa /lanambepa Hauoém unmepean cxooumocmu

paoa:
(20 4+ 10k (x — 2y

iy ()] 10 ot -2t el

ol g (x) | wwe|  (2a)l(x— 2" ‘"x++w| 1000 (= 2 (2l |
107

e 10° (- 2(x-2"11.2.3 . 2n-1)-2n-(2n+D- (20 +2)|
T 10.10% (=231 1.2.3. . (Zn—11-2n B
- tim '(x_gj"'(g"’:;t'@HE}I: |x1_02|]jm (4n3+6n+2)‘”"°=¥.(+m):+m

Omeem: Psid cxooumes npu X = 2
Ilouemy nonyuunace O0eotika, a ne Hoav? Ilepeuumaiime Kiaccuguxayuro oobaacmu

CXOOUMOCHU CINENEeHHO20 pﬂda. Xoms, HABEepHOoe, MHO2Ue yotce NOHUMArom, nodemy.

Ilpumep  7:  PeweHnue: HatioemM  UHMEPBAN  CXOOUMOCMU  OAHHO20  pAOA:

2?¢+1 ] (x+ 3:|:u+1

@[ WD |G+ 2 2" 2|
|y (x) | e (k43" | (x43F.2% 32043
o +1
= 2 +3ltim 32 P o4 3km = O+ 3 lim | —2
rade 2w 42 oo roml| 2843 23 0
M
Pso cxooumcsi npu 2|x + 3| <1

1
Criesa HYdICHO OCMABUMb MONLKO MOOYIb, YMHOdCAeM 00e YaCmi HepaseHcmeda Ha <

o+ 3 <
2



1 1
——r4+5a—
2 2
B cepeoune nyscno ocmagume monvko «uKcy», @plyumaem U3 Kaxcoou 4acmu HepaseHcmea 3:

—1—3-::x+3—3 -:1—3
2 2

7 5
——wxE—=
2 — uHmepeaJ cxX00uMocmu uccneoyemoco CMeneHH020 paoa.
Hccnedyem CX0OUMOCHb paoa Ha KOHYax HAUOEeHHO20 uHmepeana:
r=——= =
1) Tpu 2 Z& Won +1 Z;' ifz,-»z+1 Zi#zﬁ

B
Cmenenv 2" coKpamunacw, 3Havum, Ml Ha 6ePHOM HYM.
HUcnonvzyem npusnax Jletionuya.
Pso A611emcs 3HAKo4epeoyroOUUMCHL.

li = i e =0

3
N=3+0 % %
en+1 — ujneHvl paoda yowiearom no mooymo. Kadcowli credyrowutl uieH
PA0a no MOOYIIO MeHblUle, Yem npeoblOVuull, 3Hayum, yovléanue MOHOMOHHO.
P50 cxooumcs no npusnaxy Jletibnuya.

HCCﬂedyeM pao Ha abconommuyIo CX00UMOCb!
|‘1| 23
:u-l
Hcnonvzyem UHmMe2panbHbll NPU3HAK.
T' dx
1 W2x+1
[1;+m]
Iloovinmezpanvhas Qyuryus HenpepuvleHa Ha .

(*}—_[2x+1 Sdaan =g i (YCar P =2 tim (4IP30 =4

w
X o

Takum  obpazom, pao  *1  pacxooumcs emecme C  COOMBEMCMEYIOUWUM

Z“:I (=1)
HecoOCmMEeHHbIM UHMESPATIOM. Ps0 i N2+ exooumen MONLKO  YCIOBHO.
. . 2”(—%+3] ) 2”-(1]
=—_= =
2 Ipu 2 MZ_:{ Hon+1 xz.:f Yon+1 Z 3‘-' Zn+1 pacxooumcest  (no
O00KA3aHHOMY).
7 5
—— X E—=
Omeem: O6aacmy cxX0OUMOCIU UCCTEOYEMO20 CMENEHHO20 pAdd: & 2 npu
r=-3 l
2 PAO CXOOUMCSL MOALKO YCI0BHO.
1 1
—i—=x<-2—
Obnacmsv cx00UMOCMU OKOHYAMENLHO MONCHO 3aNUCAMb MAK: 2 unu
-35=x<-25

oaoice mak:



- 1

Y]
Ilpumeuanue: Psao ==l ent1 yooeno 60 uccredosams ma cxodumocme ¢ nOMOWbIO
npeoeibH020 NPUSHAKA CPAGHEHUSL.

Ilpumep 9: Pewenue: Haiioem uHmepsaJl cxooumocmu paoa:
2?¢+1 ] xz(?ﬁl]
H:HII:X:I _ n+2 —_ 1 |x3_x3?4_2_2?4_{n+1}_
| g {X:l CE LS xh :'!—}+m-| xh L {';3 + 2]
x+1
n+1 17°
1+—
= 2x° lim —2—=2x" I 2 __=2x°
it B+ 2 B 4 o2 -
7 #
P50 cxooumcs npu
2x* <1
K
2
o <
2
1
W2 N2 uHmepeal cxooumocmu ucciedyemozo CMeneHHo2o paoa.
Hccnedyem CX00UMOCHb paoa Ha KOHYax HAUOEHHO20 uHmepsaa.
n Rt »
1 ] n 1 1
|- 2 =07 [—J ot | 2
3 1 w ( ’\E] 3 L] '\E 3 L] 2 3 w 1
TR T L 1 "L 2
]) Hpu n=l n+ 2l »n+ nal X+ nal 2 +

= 1
Cpasnum 0anmblil psid ¢ pACXOOAWUMCA 2aPMOHUYEcKUM padom =1 7% | Hcnonbsyem npedenviiviil
NPU3HAaK CPABHEHUsL.

1
—_ —=0
LTI B =]j_mn+1=]jm[1+l J=1

M ‘E’-"x M= 1 b to m M+ M

n+1

HOﬂylleHO KOHeYHoe Yucio, omiudHoe om H)Jis, 3Ha4uni, nOﬂylleHHblﬁ YUC0BOU p;u) pacxodumcg
emecme C CaAPMOHUYECKUM pHOOM.

e C

2) Iipu f Z n+1 ; n+1 é n+l xz-:;”"'l— pacxooumcsi
(n0 O00KA3aHHOMY).
1 1
—— X
Omeem: obaacms cX00UMOCMU UCCAEOYEMO20 CIMENEHHO20 PAOA. W2 2

IIpakTnyeckas padora Ne 22

Tema: Pemenne nugdepeHnuaJIbHbIX YPaBHEHHH 1EPBOIro NOPAIKA

Iean paGorsr: [IpoBepuTh HA MpaKTHUKE 3HAHUE TOHATHS AU(PHEPEHIINATBHOTO
YpaBHEHUS, BU/IbI b depeHnaibHbIX YpaBHEHHI, YMEHUE peuiarb
g depeHnraibHble ypaBHeHHs | mopsiaka, HaxXoIuTh 00IlIee U YaCTHOE PelleHHe.



Teopernueckass uacteb 1. JuddepeHunanbHoe  ypaBHEHUE nEPE8O2O
nops0Ka, COIEPAKUT:

1) He3aBHCUMYIO TEPEMEHHYIO 7 ;

2) 3aBHCUMYIO TIEpeEMEHHYI0 ' ((DYHKIHIO);

3) mepByIo MPOU3BOAHYIO QyHKIMH: .

Pemnte auddepeHMansHOe YpaBHEHHE — 3TO 3HAYUT, HAWTH MHOKECTBO
dyuxumii ¥ =7 H+C koropsie ynosnerBopstor nannoMy ypasaenmio. Takoe

MHOKECTBO (PYHKUMH Ha3bIBaeTCs 00IIMM  pelieHHeM Au¢epeHIHATbLHOTO
YPABHEHHSI.

IMpumep 1

Pewnts auddepeHuuansHoe ypasaenue » =Y

X ==
% Y

B paccMaTpuBacMOM npuMepe NEPEMCHHBIC JICTKO PasaciIAaroTCA

NEPEKHUIbIBAHIEM MHOKHUTEJCH 1o TIPABHITY TIPOTIOPITHH:
dy dx

» X

HepeMCHHBIe Pa3aciICHBI. B neBoii yacTu — TOJIBKO «UI'PCKN», B npaBoﬁ qaCTH
— TOJIBKO <«MKCBD».

Cnenyroomumii 3Tann — HHTerpupoBanue aAuddepeHINAIBLHOIO ypaBHEHHUS.

HuTerpupyem o0e YacTH:
dy E

LS

In|y|=ln|x+C

Pemenue nudepeHITnaILHOTO YpaBHEHHS B HESIBHOM BHJIC
Ha3bIBaeTCA 00IMM  HMHTerpajsiom  auddepeHunaibHOr0 ypaBHenusi. To

In|y|= ][+ C y
€CTb, — 3TO OOILIMI UHTETpal.

Bumecro sammcn 2P1= B+ C 061 um0 TTHIIY T In [ = In[a] +1n[C]

B JTAaHHOM ciyyae:
In |y =ln |Z]

y=0Cx

@DyHKIUS PEACTaBlICHA B SIBHOM BHJIE. DTO U €CTh 0011Iee PEIICHHUE.

o y=Cx, roe O'=const
MHoxecTBO  pyHKIWMH - 1A ABJIAETCS  OOIIMM  pEIICHUEM

muddepeHIranbHOr0 ypaBHeHH =y,

[IpunaBas KoHCTaHTe ¢ pasnMYHBIC 3HAYEHHUS, MOXKHO MOIYYHTH OECKOHEUHO
MHOTO YAaCTHBIX petieHuii 1uddHepeHuanbHOr0 ypaBHEHHS.

IIpumep 2

Haiftu wactHoe pewenne muddepeHuuansHoro  ypasHerus ¥ = 2

yIOBJIETBOPSIOIIEE HAYAILHOMY YCIOBUIO (=2



[Io ycnoButo TpeOyercsi HaWTH 4acTHoe pewieHue /Y, ynoBieTBopsrolice
HavyaJbHOMY YCJOBHIO. Takas NOCTAaHOBKa BOINpOCAa TaKXe Ha3bIBACTCS 3a0auell
Kowwu.

CHauazna HaxoAuM 00I1lee pEelICHHE.

)

odx

d

& _odx

¥

HNuTerpupyem YpaBHEHHUE:
dy
— =-2]dx
&
In|y|=-2x+C"

I T
y=

'

y=eg _6—2?4

¥= C’e‘gx, roe O =const

Urtak, oOmiee perieHue: Ha 3aBepmaromem osrame

HY)KHO HAaWTH YacTHOE pEIIeHHE, YAOBJICTBOPSIONICE 3aJaHHOMY HaYaJlbHOMY
yenosuto Y0 =2
Heo6xoaumo nomo0parh TAKoe 3HAYeHHEe KOHCTAHThI — , 4TOOBI BBIIOIHAIOCH

3a/IaHHOC HAYaJIbHOC YCJIIOBUC y=2 .

B oOmiee pemieHue BMECTO «HKCa» TOJICTABIsEM HOJb, & BMECTO «UTPEKa»
JIBOMIKY:

=== = =2

_ —ax o
B ob6mee pemenne *= % noxcraBnseM  HaiiieHHOE  3HaueHHe

KOHCTAHTBI = = £:
=¥
— 3TO U €CTh HY’KHOE HaM 4acTHOE PElICHHE.

Ipumep 3

v=2e

f —
Pemmts nuddepennuansuoe ypasaerne ¥ Ly +heigr=10
Pemenne: [lepenceiBaeM  MPOM3BOMHYIO B HY)XKHOM  HaM  BHJE:

d—y + {2y +licfgr =10
ax

HepeHOCI/IM BTOpOC cilaracMoc¢ B IIpaByr0O 4YaCTb CO CMEHOM 3HaKa:

)
& —(2v+ licigx
dx
)
Y - —cigxdx
2y +1
[TepemenHbIC pas3cieHbl, HHTECTPUPYEM obe YJaCTH:

)
_[ 2;:_ " = —I ctgxax



v Cos Xadx
JZy+1__I

st X
lld(2y+1j__]-d(sﬁ1 x)
29 2v+1 st X

Sy +1= ~lafin a]+1a ]
Pemenne pacnuiry

1
In[2y +1F =In|sin 2" +1n |C|
1
mJﬁw-_mE;ﬂ+mm
C
mJaw-_mh;;
SJey+l= _C

X

OT1Ber: 00LWMIi MHTErpAa: Jey+1-sm x=C, rae U = const

O4YCHb

MOAPOOHO:

Ilpumeuanue: oOMMII WHTErpasl JIFOOOTO ypaBHEHHS MOXKHO 3amucaTh He
€MHCTBEHHBIM crmiocoOoM. Takum o00pa3oM, eciau y Bac HE COBIMAl pe3yibTaT C
3apaHee U3BECTHBIM OTBETOM, TO 3TO €IlE€ HE 3HAYUT, YTO Bbl HEMPABWIHHO PEIIUIIN

ypaBHEHHUE.
IIpumep 4

Haiitn wactHoe pemeHue aud@epeHnanibHOro ypaBHEHUs

-E""x!.:fy — Zxdx=10

yIOBJICTBOPSIOIIEE HAYAILHOMY YCIOBHIO O=h2 Bymonaurs IPOBEPKY.
Pemenne: CHauana Haiinem oOmee pemieHue. [laHHOe ypaBHEHUE YiKe

COJIEPKUT roTOBbIe MU hepeHIrabI 4 y dx a 3Hauwr, pelIeHre yIpouaeTcs.

Paznensem
g” -E'”Edy— 2xdx=10
g’ -e"‘zdy = Zxdx
2xdx

etdy = "
E—?{

g¥dy = Dxe® dx
HNuTerpupyem
_l-e}'r:fy: 2[}:2"2{1’;{
J-eydy = J-é'x!cf{xg}
e’ =" +C
Ine =lnfe” + )
y=lnfe" +C
obmiee

y= ]Il(é‘x! + 1, roe O = const

TIepEMEHHBIE:

ypaBHEHHE:

pelieHue:



Haiinem 4acTHOE€ pelieHHE, COOTBETCTBYIOIIEE 3aJaHHOMY HA4YaJIbHOMY
yernosuio Y =2
In 2=1In(e" +
I 2={1+C) = C=1

O =hie"+ N =1+ =h2=0C=1

ITojcTaBiseM HalijieHHOE 3HaueHne KOHCTaHThl ~ =1 B oOIee perenue.

_ x?
OT1Ber: yacTHOE penieHue: ¥ = Infe” +1)

3amnucarth BBIBO

IpakTuyeckasi padora Ne 23

Pemienue 1udpepeHnuaJIbHbIX YPABHEHHI BTOPOI0 NMOPSAKA

Ilesas padorer: [IpoBepuTh HA TIPaKTHKE 3HAHUE MOHATHUSA TUDPEpeHITNATHEHOTO
YpaBHEHUS, BU/IBI nuddepeHIanTbHBIX YPaBHECHUM, YMEHHE peuars
mubdepennmansapie  ypaBHeHus Il -ro mopsaka, HaxoguTh oOIIee W YaCTHOE
peuieHue.

Teopernyeckas 4acTb

B Teopun u mpakTuke pa3inyaroT /IBa TUMA TAKUX YPAaBHEHUW — OJTHOPOJHOE
YpaBHEHHUE U HEOHOPOJIHOE YPaBHEHUE.

Opnnopoanoe /Y BTOporo mopsijika ¢ MOCTOSIHHBIMH KO3 (UIIMEHTaAMU UMEET
CHEQYIOIINMI BUI:

¥+py' tgy=1U

CTPOro HOJIb.

, rme ¥ u 9 — xoHCTaHTHI (YUCa), a B PABON 4acTH —

Heomgnopoanoe Y BTOPOTO OOpsAaKa C OCTOSHHBIMHU
KodbbUIIMEeHTaMH UMEET BUJI:

Yrpy'+ay =S e 7 u ¢ — xoHcrauThl, a v ¥ — QyHKLMS, 3aBUCALLAS MOILKO
om «uxcy. B mpocrelitiem ciiydae QyHKIMs J (&) Moxker GBITH YUCJIOM, OMJIUYHbIM
om HYJIAl.

Kakast Mpicip mpuxoauT B rojoBy mnocie Oersoro B3misga? HeomHopomHoe
ypaBHEHHUE KaxkeTcs cioxkHee. Ha 3TOoT pa3 nepBoe BrieyaTieHUE HE MOABOAUT!

Kpome TOTO, 9TOOBI Hay4YUTHCS peliaTh HEOJTHOPOJHBIE
ypaBHEHHS HEO0XOAMMO YMETh pellaTh OAHOPOAHBIE ypaBHeHHUs. [1o 3Tol mpuunHe
CHayajga pPAcCMOTPUM QJITOPUTM PEMIEHUS JUHEWHOrO0 OJIHOPOJHOIO YPaBHEHUS
BTOPOTO MOpsJIKA:
Yit+py'tgr=10

Hns  Ttoro 49ToObl pemuTh gaHHoe J[Y, HYXHO COCTaBUTh Tak
HA3bIBAEMOE XapaKmepucmuieckoe ypagHeHue:
F+pltg=0

[To kakoMy TIpUHIMITY COCTABJICHO XapaKTEPUCTUUECKOE YpaBHEHUE,
OTYETIIMBO BUJIHO:

o o 2
BMCCTO BTOpOH IIPOU3BOJHOH 3aIIMChIBACM A ;


http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html
http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html

BMECTO NEpBOM IIPOU3BOTHOM 3aIUChIBaEM IIPOCTO «IAMOTY »;
BMECTO (DYHKIIMH + HHYETO HE 3aITUCHIBACM.

2 —
A+pi+e=0 _ 516 06brunoe KBA/IpaTHOE yPaBHEHHUE, KOTOPOE MPEICTOUT
pEeUIuTh.
CyuiecTBy1oT TpH BapUaHTa pa3BUTHS COOBITUH.

Onu AO0Ka3aHbl B KYpCC MATCMATHYCCKOI'O aHalln3a, W Ha IPAKTHUKC MBI 6YI[CT
HCITIOJIB30BaTh 'OTOBLIC (bOpMYJ'II:»I.

XapakTepucTHYECKOEe ypaBHeHHe nMeer nBa Pa3IMYHBIX
NedCTBUTEILHBIX KOPHS
A+pltg=0
Ecmu XapaKTePUCTHUCCKOE ypaBHCHHE £ATE=Y umeer

JIBA Pa3JIMYHBbIX JICHCTBUTEIbHBIX KOPHS A A (T.e., ecu auckpumubanT &= 0) 1o
oOuiee pelieHue OJTHOPOJHOTO YpaBHEHHS BBITJISLAUT TaK:

»y= Clé'jlx + Cgéjzx , rue C . Cﬂ

B ClIydac €CJIM OOUH U3 KOpHeﬁ PaBCH HYJIIO, pCHICHHUC OYCBUIHBIM 06p2130M

— KOHCTAHTHhI.

YIPOLIAETCS; MyCTb, HanpuMmep, =0 TOoraa ob1ee

_ O-x Aa¥ _ Aok
petenue: ¥ = Qe + 0™ =0+

IMpumep 5

Pemmts nuddepennpansaoe ypaserue TV 2y =0

Pemienne: coctaBUM W PEIIAM  XapaKTEPUCTHYECKOE  ypaBHECHHE:
A+i-2=0
D=1+8=%./D =73

-1-3 -1+3
:_:—2 = =
R

1

y=Ce" 4+ e’

= Clg™ + 0", ade ), C, —const

OTBeT: 00IIEe pElICHHUE:
XapaKTepHCTI/l‘leCKoe YPpaBHEHHNE MMEET ABa KPaTHBIX I[eﬁCTBHTeHbHBIX

KOpHS

F+pltg=0

Ecnn XapaKTepUCTUIECKOE ypaBHEHHE uMeeT

JIBa KPATHBIX (COBIMABIINX) JEHCTBUTEIHHBIX KOPHS A=A (nuckpumunanr L= 10),
TO  ofimee  pemieHre  OJHOPOJHOTO  ypaBHEHWsS] ~ TPUHUMAET  BHJI:

y=Ce™ + Cyxe™ ’ CLcy

Tac KOHCTAHTBHI.

Bwmecto 4 B (bopMyJIie MOKHO OBLJIO HAPUCOBATh A KOPHU BCE PaBHO OJVHAKOBBI.

Ecnu oba kOpHS paBHBI HYJIIO A=H=0" 10 oGwee pelIeHre OISTh JKe

3 0% _ —
+Cxe " =0 +0ox Kcrarn, ¥ = C1+C5% gpngercs  oOmuM

W
pEIICHHEM TOTO CaMOT0 MPUMUTHUBHOTO ypaBHEHUS » = 0 , 0 KOTOPOM 51 YIIOMUHAJI B

_ et
yrpowaercst; ¥ = ©1f

2
Hauaise ypoka. Ilouemy? CocCTaBUM XapakTEPHCTUYECKOE ypaBHeHme: 4 =0 —
JNEUCTBUTENIBHO, JAHHOE YPAaBHEHHME KAaK pa3 M MMEET COBIABIINE HYJIEBbIE

KOpHH h=dy=0



IIpumep 6
Fr=6y'+9y =0

Pemutes quddepenmanbHOe ypaBHEHHE

Pemienme: coctaBpiM M PEIIUM  XapaKTEPUCTUYECKOE  YpaBHECHHE:
A-61+9=0
3/1ech MOKHO BBIYMCIUTH AUCKPUMUHAHT, MOJYYUTh HOJb U HAUTU KpaTHbIE KOPHU.
Ho wMoxHO HEBO30paHHO TPUMEHUTh HW3BECTHYIO IIKOJBHYIO  (OpMYITy
COKpAIICHHOT O YMHOXEHHUS:

(1-3* =0

o =3
HOJ’Iy‘{eHLI ABa KPAaTHBIX ACUCTBUTCIBbHBLIX KOPH Au

OTBeT: 0o0I1Iee pelIcHHE: y =0 +Chxe”, ade C),C, - const

XapakTepucTHYeCcKOe YpPaBHEHHE WHMeeT CONpsiKeHHble KOMILJIEKCHbIE
KOpHH
Ecmu XapaKTePUCTUICCKOE

F+pltg=0

ypaBHEHHE MMEET CONPSIZKeHHbIe KOMILJIEKCHBIE KOpHU h=a- 8

, A =8+ & (quekpumuuant D <0), 1o obliee pelICHHE OTHOPOIHOTO YPABHEHHS

NPUHAMAET BH/I;
y=e”(Cyros fx+C;sin f&f), roe “1C2 KOHCTAHTBL.
Ipumeuanue: Conpsidicennble KOMNIEKCHble KOPHU HOYMU BCe20d 3anucbl8arm
=at
KPAMKO C1e0yrouum oopasom: A A
Ecnu HOJIyYaIOTCS YUCHO MHUMbLE COTIPSKCHHBIC KOMILICKCHBIC
Ay =1
KOPHH: , TO obriee pelnieHue YIPOIIACTCS:
y=a"" 0 cos G+ Cysin &)= Coos &+ Cysin G

Mpumep 7

Pemmute omHopomnoe nuddepeHIMan HOe ypaBHEHHWE BTOPOTO IMOPSAIKA
W =2y +10r =0

Pemrenne: CocrtaBum )51 peumm XapaKTCPUCTHICCKOC YPaBHCHHUC!
A-21+10=0
D=4-40=-3%

e
%j=25&=1iﬁ

— HOJIYYCHBI COINPSAKCHHBIC KOMIUICKCHBIC KOPHU

=" [ ein 3x 4+ cos3x), ade O,0, — counst
OTBeT: 00uIce pemenue: * © : ) b

IIpumep 8
Haiitu yactHOe pemienne nudpepeHraTbHOro ypaBHEHHS, YI0BICTBOPSIOINICE

HayaIbHBIM yenopusam Y0 =1 (0 =2
yi=dy=10

PemleHue: COCTABUM M DPEIIUM  XapaKTEPUCTHUYECKOE  YPaBHEHHUE:
A-4=0

(A+20(A-2)=0
A=-2 A,=2



[Tomy4yeHnsl [1Ba pa3UYHBIX JIEUCTBUTEIBHBIX KOpHSA, IMOATOMY OOIllee perieHHe:
¥ = C’le_h +C’222x, zde (),C, —const

AJTrOpUTM HaXO0KJIEHHS YaCTHOTO PEIICHUS CIIEAYOIINI:

Cuavaia HCIIOJIb3YEM HayaJabHOE yciaosue ¥ =1,
¥ = et + 0™ = 0+ O
CoriacHO Ha4aIbHOMY YCIIOBHIO, TIOJTy4aeM [IEPBOE YpaBHEHHUE: W=C+C=1 gy
C+C, =1

IPOCTO

_ =2x 2x
Jlanee  Oepém wHame oOmee  pemreHue < =Ce™ 407 4 gaxomum

MIPOU3BOJAHYIO:
¥ = (O™ + O™ = —20e ™ + 20 ™

Hcnonszyem BTOpOE HayvaJbHOE yciosue ¥ =2
YO =20 +20,2*" =20 + 20
CornacHo BTOPOMY HAYaJIbHOMY YCIIOBHIO, MOJTy4aeM BTOPOE
YpaBHEHHUE! YO =-2G+20=2 gy pocTo 2Cy+ by =2

CocTaBUM ® pemMM CHCTEMY W3 JIBYX HaWJICHHBIX ypaBHCHUM:

C+C, =1
C+C, =1 C 40, =1
= =20, =2
C,=1C=0
[lonctaBuM  HalaeHHBIE  3HAYEHUS  KOHCTAHT C=0,C;=1p oO1ee

_ 2% 2
pemenne ¥ = T

y= D-E_2x+1-£'2x:£'2x

_ 2%
OrtBer: yactHoe perienue: + = ¢

Ilpakmuueckoe 3a0anue:

Bapuanr 1
1. Haiitu obmiee pemenue nuddepeHnaibHOro ypaBHEHUS K pa3aelsiomuMUCS

NEPEMCHHBIMMU.
xy —y =0
2. Haiitu yactHoe pemenne quddepeHatbHOr0 ypaBHEHUS ¢ Pa3IessIOUMUCS
NEPEMCHHBIMU.
tgx*y =1+7y, ecw
IT 1
T=5Y =3

3.Haiitu pemenue oaHopogHOro auddepeHIuanbHOr0 YypaBHEHUS MEPBOIO
HopsiJKa.

yy =2y—x

4. Haiitu obuiee pemenue auddepeHnaaibHOr0o YpaBHEHHS 2-T0 MOPsIKa.

y —4y +13y=0

5. Haiitu yactHOe pemieHre quddepeHnalbHOT0 YpaBHEHUS 2-T0 MOPSAIKA.



y +y —2y=0

eciu x=0;y=1;y =3

Bapuanr 2

1. Haiitn obmee pemenue nudepeHIHan-HOr0 ypaBHEHUS ¢ pas3aesaioIMHCS
NEPCMCHHBIMU.

xy +y =0

2. Haiitu yactHOe pemenne 1udpepeHInan-HOr0 ypaBHEHHUS ¢ PasAeISIOMUMUCS

HepeMeHHbIMI/I.
dx
(1— xzjd——l— xy =0,ectux =0,y =4
:}.F

3.Haiitu pemenue omaHOpPOAHOrO JU((GEPEHIUATBHOTO YpPAaBHEHUS MEPBOIO
Hopsi/IKa.

x2+y2—2xy=y =0

4. Haiitu oOmiee pemenue nuddepeHnnaib-Horo ypaBHeHHs 2-T0 MOPsIKa.

y —4y +4y=0

5. Haiitn yactHoe perienue qudpepeHnuanbHOro ypaBHEHHUs 2-ro MopsiiKa.

y +4y —5y=0

ectu x=0;y=4;y =2

Bapuanr 3

1. Haiitu oOmee pemienue nuddepeHnaibHOro YpaBHEHHS € pa3aeIsioIUMUC
epeMEHHBIMHU.

yy +x=0

2. Haiitn yactHoe pemienue nuddepeHnnaabHOro ypaBHEHUS ¢ pa3iessiioIUMUCS
nepeMEHHBIMHU.

dy +ydyxdx=0,eciux=0,y=1

3.Haiitu pemenue OAHOPOAHOTO U(GEPEHIUATBHOTO YpPAaBHEHUS MEPBOTO
HOpsi/IKA.

x2y = y? +xy

4. Haiitu obmiee pemenue nudpepeHnnansHOro ypaBHEHUs 2-T0 MOPsAKa.

y —4y=0

5. Haiiti yactHoe penienue qudepeHuanbHOro ypaBHeHUs 2-ro Mopsiika.

Y -4y =0x=0y=2y =8

Bapmuanr 4

1. Haiiti oOmee pemenne nupdepeHInanbHOr0 YpaBHEHHS C pa3IesIFOIIIMUCS

NEPEMCHHBIMU.

x2y' +y =0

2. Haiiti yactHOe pemenue auddepeHnnans-HOro ypaBHEHUS ¢ pa3AeIsIOIIMHCS
NEPEMCHHBIMU.

2x—1 dx

de—y,emux:&y:{]

3.Haiitu pemenue omgHOpPOAHOTO U(GEPEHINATBHOTO YpPAaBHEHHUS MEPBOTO

MopsiIKa.



x2y2y' +yxd =1

4. Haittu oOuiee peuenue auddepeHunanbHOro ypaBHeHHs! 2-Tro MOopsiIKa.

y +3y —4y=0

5. Haiitn yacTHOe pemieHue quddepeHIIaIbHOTO YPaBHEHUS 2-T0 MOPSIKA.

Yy =2y +y=0x=0y=3y =7

Bapuanrt 5

1. Haiitu obmee pemerne qudGepeHIIMaIbHOTO YPaBHEHHS K Pa3IeIIsIFOIIIUMUCS
HIEpPEMECHHBIMHU.

y =y

2. Haiiti yactHoe pemenue nuddepeHnaIbHOro ypaBHEHUS C pa3IesIFOIIUMUCS
HIEPEMECHHBIMHU.

(1+y)dx—(1—x)=0,ecrux=0,y=1

3.Haiitm pemenne OAHOPOAHOTO TUGGEPECHIMATBHOTO YpPaBHEHUS MEPBOTO
Hopsi/IKA.

xy?dy = (x* + y*)dx

4. Haiitu obmiee pemerue auddepeHInagIbHOr0 YpaBHEHHs 2-T0 MOPsIKa.

y +4y =0

5. Haiitn yactHoe perienue qudpepeHnuanbHOro ypaBHEHHs 2-ro MopsiiKa.

y +3y +2y=0,x=0;y=1;y =4

Bapuanr 6

1. Haittu obmiee pemenue nuddepeHnaaibHOr0 YPaBHEHHUS K Pa3aesTIOIIUMUCS
MepEeMEHHBIMHU.

x2y' +y =0

2. Haiftu yactHOe pemienue nudGepeHInaIbHOTO YPaBHEHHS ¢ Pa3AesIFOIIUMHUCS
nepeMEHHBIMHU.

2y =yectux=0;y=1

3.Haiitu pemenue omaHOpPOAHOTO U(GEPEHINATBHOTO YpPAaBHEHUS MEPBOTO
HOpsi/IKA.

(x* —2y3)dx+ 2xydy =10

4. Haiitu obmiee pemenue nudepeHnnansHoro ypaBHeHus 2-r0 MOopsiaKa.

y +4y=0

5. Haiit yactHoe perienue qudepeHuanbHOro ypaBHeHUs 2-ro MopsiiKa.

Y -2y =0x=0y=2y =6

3anucarb BBIBOJ.

IIpakTnueckas padora Ne 24

Tema: Aaredpanmueckasi, TPHTOHOMETpPHYECKAs M NMOKa3aTeJlbHas (popmbl 3anmucH
KOMILJIEKCHOI'0 YHCJIA.

Leab padoThl: HAYYUTH CTYACHTOB IIPAaBHIIaM PaOOTHI C KOMIJIEKCHBIMH YUCIIaAMU
Teopernyeckas 4acTb

Yucno Buaa: Z= o + i Ha3bIBAIOT KOMILJICKCHBIMH, TJI€ t==1_ yivas €IMHULIA, TIPU

2
stom  =-1,



0 — JCHCTBHUTEILHAS YaCTh KOMIIEKCHOTO ynciia Z. Ee o0o3Hauarot: o = ReZ;

B — KOTMYeCTBO MHUMBIX €IMHUII, HJIA MHUMAs 9aCTh KOMIUIEKCHOTO YHCIIA:

f=1ImZ

I[Ba KOMIIJICKCHBIX 4YHCJIa CUHTAKTCA paBHBIMI/I, cClin paBHLI B OTACJIBHOCTH HX
I[CﬁCTBHTGJIBHBIC U MHUMBIC 4aCTH, T.C.

zy =0y + P zy =0, + B,
7, =0, ecq @y =0, ¥ By =B,

KomrmiekcHoe unciio Oyner paBHBIM HYJIIO TOT/Ia U TOJIBKO Toraa, korga o =0 u = 0.

=g+l Zoa—i,
Kommiekcuble 4mcia “OTIIMYAIOMMECA  TOJIBKO  3HAaKOM
MHHMOH 4aCTH, Ha3bIBAIOT CONPANCEHHBIMU.

=0 +if

3anuch KOMIICKCHOIO YMCJIa B BUIC MNPHUHATO CUUTATH €TI0 anre6panquK0171

(hopMOid.

0 oL
Puc. 1.1.1

KomiiekcHele anciia reoOMCTpHUICCKHU 1/1306pa>1<a10TC$1 TOYKaMHM Ha ITIJIOCKOCTH.

OTnoXuM Ha OCH Ox OTPE30K, paBHLIﬁ ﬂeﬁCTBHTCHBHOﬁ YaCTH KOMIIJICKCHOI'O 4YHuCJIa —

El

h .
o. Ha ocu « - OTPE30K, PAaBHBIM YHCIIY MHHUMBIX CIUHHAIL B Touka Ha MIOCKOCTH XOy C
KOOpAuHAaTaMu ((X,B) ABJACTCA T'COMCTPUYCCKHUM I/1306pa)KeHI/ICM KOMIIICKCHOI'O 4HCJia

Z=0+1B pue 1.1.1),

[Ipu sTOM OCBH OX HaspiBatoT aeiicTBUTENBHOM OCBIO, TaK KaK TOUYKH, JIeKalllUe HA HEH,
COOTBETCTBYIOT JACHCTBUTENbHBIM uyHciaM. [locnegHue MOXHO paccMaTpuBaTh Kak YacTh
KOMILJIEKCHBIX, Y KOTOPBIX 3 = 0.

{hy =i
TO‘-IKI/I, JeXKalnue Ha OCHu «“ , COOTBCTCTBYIOT YHUCTO MHHMBIM 4YHCJIaM z Igy

H

Ch .
koTopeIx o = 0. [ToaToMy ock '+ moayuymnsia Ha3BaHHE MHUMOM OCH.

CoenMHUM Hayano KOOPAUHAT HAa KOMIUIEKCHON IJIOCKOCTH € TOYKOM L= iEﬁ(plxlc.

1.1.1). Ilonydyum paanyc-BeKTOp {}E{u*ﬁ}. Monaynb panuyc-BeKTOpa WM OIUHA OmMpe3Kd,

r=u+ip

COCAUHAOMICTO HavYaJlo KOOPpAHWHAT C TOYKOM , Ha3bIBAOT MOAYJIEM KOMIUJICKCHOT'O

yucia. OH paBeH:
|z|= o =B,
Moyb KOMIUIEKCHOTO YHCIIA SIBISICTCS OelCmEUMenbHbIM YUCTIOM.
VYo, Ha KOTOPBIA HYKHO MOBEPHYThH OCh Ox B TIOJIOXKUTEIILHOM HampaBJICHUH (TIPOTUB

YacoOBOM CTpENKH) JO COBIAACHHUS C PaguyCc-BEeKTOPOM U7 | nasbiBaror apeymenmom

KOMIIJICKCHOI'O 4YHucja, 0003HAYaIoT:
argzZ =9



O4eBUIHO, YTO Y OJHOTO M TOTO € KOMIUIGKCHOTO 4YHucia OyneT OecuuciaeHHOe

MHO’KECTBO apryMeHTOB. B camom niese, ecinu K yriy ¢ npuOaBuTh LI€JI0€ YUCIO 000POTOB, TO
MOJIO)KEHWE TOYKM HAa KOMILJIEKCHOM IMJIOCKOCTHM HE M3MEHMTCA. YTOJ ¢ TMOJy4usl Ha3BaHUE
2N1a8HO20 3HAYeHUsl APTYMEHTA KOMIUIEKCHOTO yucia. Ero 0003Ha4aloT ¢ MajJeHbKON OYKBBI:

a .
Bce 3nauenus ApryMEHTa KOMIIJIEKCHOI'O 4ucjia 0003HAYalo0T ¢ OOIBIION 6YKBI)II

Arg =6+275, L ok=0,1,2...

argz = o= arelg

BeIpazuMm ACUCTBUTEIBHYI0O U MHUMYKO 4YacTH 4HCIA z=o+if yepes3 ero MoAaylib U

apryMeHT

o = |z|eos(p + 2ak)
B = |z|sinfe + 2rk)
[MoacTaBnssa 3HaYCHHS 0. U B B anrebpandeckyro (opMy KOMILIEKCHOTO YHCIIA, HOTYYHM:
z=|z[[cos{op + 2=k} + isin{g + 2ak)]
[Mocnennss popMyina sABJISETCS TPUTOHOMETPHUECKOH (POPMOIi KOMILIEKCHOTO YMCIa

Bripaxxenue Buga
Hotdzny

z=|z| &€

Ha3bIBAIOT MTOKA3aTeNIbHON (POPMOI KOMIUIEKCHOTO YHCTIA.

WTak, KOMIUIEKCHOE YHCII0O MOKHO TIPEJICTaBUTh B TpeX (hopmax:

anreGpanyeckoii £~ 7 i

prrooveTpreckoii £ = |z[[cos{e + 27k} + isin{o + 27k)|
7= |Z| gi{s‘;:n-é—ﬁﬁk}

II0Ka3aTCJIIbHOU

IIpumep 1. [IpencraButh B anredpanydeckoil popMe KOMIIEKCHOE YU CIIO

¥
r=g%

Pewenue. KoMmiuiekcHoe 4Mclio JaHO B IOKaszareiabHOW (opme, ero Moayib | | :

T

apryMeHT 4 Haiinem JNENUCTBUTEIIBHYIO U MHUMYIO YacCTH:

a_2

o=|z|cos o= cos—=

: .
{3—|z|3§n§)—smg—

Takum o6pazom
IIpumep 2. Ilepeiitu oT anredpandeckoil k nmokazaTeabHON (opMe KOMIUIEKCHOTO YUCIia



Puc. 1.1.2
Pewenue. [1ia nannoro yucna o =0; B = —1, HaligeM ero MOAYJb U aPTYMEHT:

|z|=\ffr;: oy :\/{*: S -1° =1

3
¢=_—%
2 (puc. 1.1.2)

_j=g?
Cnenosarensuo —1 =€
3agaum 1J151 CAMOCTOSITEILHOTO PeleHus.
[IpencraButh B anredpanveckoii popMe KOMITICKCHBIE YUCTIA!

[lepeiiTu oT anredpanyeckoi K TPUHOTOMETPUIECKOH U TOKa3aTeIbHOl Gopmam:
2 z=-2+23iy z=-3/3-3i

1 A3

: _ =——+—]
8. E=—2V’E+ZI 11. i =z

0. 2=3-33i1p 7= 34

1.1.2. Jle¥icTBus HaJ KOMILICKCHBIMH YHCIIAMHU

CnoxkxeHne ¥ BBIUMTAHUE KOMIUJICKCHBIX 4YHCENl yJAoOHee MPOBOIUTh, KOTJa OHU

3alrcCadbl B anreraI/IquKoﬁ (l)opMe, Ipnu 35TOM HX JIENCTBUTEIIbHBIE W MHHMBIE YacCTH
CKJIaAbIBAKOTCA WUJIM BBIYUTAKOTCH.

. z§:3+5f.z
2, eciu :

&y — 2

IIpumep 3. Haiitn

5 —Z, =3 -5+ A5 {3 =1+ 8&
PaccMoTpum yMHOKEHHE KOMIUIEKCHBIX YHCEI B alrebpanyeckoi hopme.

JlaHbl ABa yucna:
7, =0y +1f,
2= Uy iy
HyxHo HaiiTh pou3BeneHne 7y ={uy =P e, + By .
[TepeMHOKUM JABYXUICHBI IO MTPAaBUIIaM alnreOph:

Ei 'E:;_ = {5{,;{5{.2 -+ f{iiﬁl -+ 333;&2_ + Eﬂ?’iﬁ? .

=1y = ~Loo Oy YHM:

€CJIM Yy4CCTb, UTO



7y =ogoy — BB, - foyB; - B )
Takum o00pa3oM, YMHOXXEHHE KOMIUIGKCHBIX 4YHCENl B anreOpamueckoit ¢opme
MPOBOJUTCS MO OOBIYHBIM aNre0pandecKuM MpaBUIaM.

Cnez[yeT OTMCTUTL, YTO MNPOU3ZBCACHUC COIMNPAKCHHBIX KOMIUICKCHBIX YHUCCIT SABJISACTCA
HeﬁCTBHTeHBHBIM YHCJIOM, B cCaMOM J€JIC

o+ Pia—Pl=a’ - P =a” +f

HYCTB KOMIIJICKCHBIC YK CJia JaHbl B IMoKa3aTeJIbHOM (I)OpMe

i)

7 =|z| €% zy=|z| €

Z:

Haitnem ux npousseneHue
- Hapro)}

Z -2 =z |z e _

Pesynbrar mepeMHOXXEHHS JABYX KOMIUIGKCHBIX YHCENl MOXHO 3amucarb B
TPUTOHOMETpHUECKOH opMe:

[cos(, +o,) +Isin(e, + 0, )]

z 7, =|z]

Za

Wtak, npy yMHOXXEHUU KOMIUIEKCHBIX YMCEJ B MOKA3aTE€JIbHON U TPUTOHOMETPUUYECKOM
dbopMax MOIYIH MEPEMHOKAIOTCS, @ APTYMEHTBI CKJIa/IbIBAIOTCSI.

Jlenenre KOMIUIEKCHBIX YMCEN, TaK K€ KaK U yMHOXKEHHE, yJI00HEee MPOBOAUTH, KOT/Aa
OHM 3aITMCAHbI B IIOKA3aTeILHOW UM TPUTOHOMETPUIECKON (hopMax.

Haitnem yactHOE OT esieHUs IBYX KOMIUIEKCHBIX YUCET:

7y _ |22 |e™ _ 22|

Hpi—pai

i = _ €

zZ |z |€® |z W

4 E[CGS{C:}; — @ )+ 1sin{@; — o, }1
g Fig}

Takum 06pa30M, npu JCJICHUHU KOMIIICKCHBIX YHCCI UX MOAYJIH ACIIATCA, a apIryMCHTBI
BbIYUTAIOTCA.

Z[eJ'IGHI/Ie KOMIUJICKCHBIX YUCCII MOXKXHO IMPOBOAWUTDL U B anre6pquCCK0171 cbopMe.
PaCCMOTpI/IM OTO Ha IMpUMEpe.

i

IIpumep 4. Borunciuthb b+1

Pewenue. YMHOXKAM YUCIINTEIIH M 3HAMECHATEIb Ha COIIPAKEHHOC YHCJIO 3HAMCHATCIIIO 1

1—1  (1-1Y 1-2i<i A _

P+ {L=ii—i)y (2 _¢ 2
Takoii sxe pe3ynbTaT nojryyaercs npu nepexoje K nokasareiabHoi Gpopme
im’ &
i 3 —z
1-i _ J2e T

P+i =

Jﬁ%

3
i =cosl7 +isin270 =—i

IIpakTnueckas padora Ne 25
Tema: JlelicTBUSI HAJl KOMIUIEKCHBIMH YHCJIAMH.



Heab padoThl: HAYYUTH CTYACHTOB IIPaBUIaM paOOTHI C KOMITJIEKCHBIMH YHCIIaMU

Teopernyeckas 4acTb
3agauu A9 CaMOCTOSITEIbHOIO peleHusi. BeraucanTs:

1. (2+3i) (3-5i);

2.(1+3i)(2+i);

3.(83+5i)(3-5i);
2+1

4. 3-5i.

HpI/I BO3BCACHHHU KOMIIJICKCHOTO 4YHCIa B MLCIYI0 IIOJTOXUTCIBHYHO CTCIICHb B

MMOKa3aTeJIbHON MU Tle"OHOMGTpPI‘IGCKOfI (l)OpMaX €ro MoayJjb BO3BOJUTCA B 3Ty CTCIICHb, a

apryMEHT YMHOXAETC Ha JaHHYIO CTETIEHb.
AT

z= |z|~ej{
TOTr1a

Ilycts

S =|:|2| ) 2:‘{%3:!;?;}_{3’* _ |E|Pf | plmetdnioy
- 01040

2P = |Z|ﬁ ‘eé{rﬁ;:-i-'i:':?;}

3anuuieM pe3ynbTaT BO3BEICHHS B LISy CTETEHb B TPUTOHOMETPHYECKOH hopme

"= |.Z|PT fcos(no + 27k} + isin{no + 2xk )]

Oty popmyny HaszeBaOT hopMyIioil Myaspa.

Ipumep 1. Beruucnurs R AN s
Pewenue. Tlepeiinem K moka3arenbHON ¢opme. Haiinem wMoaynp W aprymeHt

13

KOMIIJICKCHOI'O HHUCJIa 2‘ E

Cw 3 - \k:
f1t 3

|z|: — = — =L ;3_ \1{5*3
7 | 7 G=arcig = = weig
" -~ ’i\_ _,-" {:{ I
. . ®

o=arcigfi =607 =2

' 3
Pl

FF"=(€J}3=€"'“=c=}sn+£sinn=—1.

3a;1atm AJI CaAaMOCTOATE/IBHOI'0 PeIICHUS. Brerauciauth

g (=3

(1 +7y
o (=1
RN

g (1+ iy

-0y
g (1-043Y



W3BneucHne KOpHs N-0¥ CTENEHW M3 KOMINIEKCHOI'O YHCJIa MOXXHO paccMaTpuBaTh Kak

1 H

i wf _ _m
OIEPALIMIO BO3BEIEHHUS KOMIUIEKCHOTO YKCIIa B IPOOHYIO CTENEHD 2 T.€. \'E =27,
Ecnu koMIUIeKCHOE YHCIIO B TPUTOHOMETPUYECKO# dhopMme, TO

s ; . N . .
£ ; .9 : ; P B
- — - -ﬂ:;: H _— -+ _ﬂ:-ﬂ'l.-]{. 1
37 = 2= =z} - ces{cﬁ— !+;5131§ G Rr |
no L L
[Mpunasas K — 3nauenust ot 0 10 N — 1 MOMYYUM N — Pa3IUYHBIX KOMIUIEKCHBIX YHCEN, Y
KOTOPBIX MOJLYJIM OJJMHAKOBBIEC, @ APTYMEHThI Pa3HbIE:

aratfz = 27T 0_©

HpI/Ik:O i Fi
271 o Im
&rg%@=—{§) =T 2t
Hpnkzl il il il
+ 272 2
Ipu k=2 i ¥ 7t

+2In-dn— ; oo
argii/gz{%}' =-An I}:E+2"-{}2—1}
IMpuk=n-1 il nH

LY
i
yg.’@r:@—z_'_g_zf;
Mpuk=n 2 »

T
IocnenHee 3HaYeHKe apryMenTa ynciaa ¥ £ cosmaznaer ¢ mepsbiM mpu K = 0.

I/ITaK, KOPCHDb N-0#1 cTeleHn M3 KOMIUICKCHOTO YMclIa UMeeM N — Pa3JIMIHBIX 3HAUYCHUH.

P
[Ipy BEIUKCICHNH 3HaYeHUH ¥ £ MOB3yI0TCS QOPMYIIaMU NPUBEICHHUS:

sin (90° + X) = cosx; | Sinfi80°= xy=zZsinx, sin (270 £ x) = — cos
T IX
cos (90° + x) = —sin x| cos{180° = &)= —cosx || °° (270° £ X) = + sin
"X
U TaOIULE:
Tabmauia
Pannan i i T T
f 4 3 2
Tpamyc 30° 45° 60° 90°
3
sin X i £ ﬁ
2 2 2
3 V2 !
2 2 2
3
S E; 5 |




ctg x NE

> |G

&y
IIpumep 2. Halitu Bce 3HaYCHHS KOPHS

JleficTBuTEeNIbHOE YHCIO —1 MOXHO paccMaTpuBaTh KaK KOMIUIEKCHOE, Y KOTOPOTO
JIEHCTBUTENIbHAS YacTh: o0 = —1, a MHUMas 3 = 0, T.e.:

i=—l=-1+1-0

3anuiieM 3TO YKCIO B TPUTOHOMETpUYeckoi ¢dopme. st 3TOro HaikeMm ero Moayib M
apryMeHT.

lz|=+for < B°; |-t|= -ty <07 =t

0
g = arctgﬁ; argf-l1=0= arctg—l = arcted
{1’_ f—

-1
i
Puc.1.1.3

Tax kak tge = 0 npu ¢ = 0 1 @ = 7, HOCTPOUM YHUCIIO «—1)» Ha KOMIUIEKCHON IJIOCKOCTU
(puc. 1.1.3), ero apryMeHT paBeH

arg(-1)=¢=n=180°
ClIeIOBaTeNIbHO, TPUTOHOMETPUYECKast popMa duciia «—1» cleayromas:

—1=1{cos(180% + 2ak) + i sin(180% + 2RA)]

CornachHo (1)OpMy.]'Ie BBIYHCIICHUA KOPHA UMCCM!
i

z 180° + 2nk . 18O £ X
§-1=1¢ [CGST—E-I'SEETE

i)

Kopenp miectoii cremneHd HMeeT WIECTh 3HAYEHUM, KOTOPhIE MOXHO HAaWTH, €CIH
noJIoXuTh K paBHbM 0, 1,2, 3,4, 5.
NES

§-1=1(cos30° + isin30°) = = +i=
Ipu k=0 2 2

TMpu k=1 §—1 = H{cos(30° + 607) = isin(30° < 60°Y) = ¢

-1 = 1(cos(30°+ 1207 = i6in(30° + 1207 = B sid
—_— —— 2 2
TTpn k =2 JL 5 a7 gas
&1 = 1(cos(30° + 180%) + isin(30° + 180°)) __3 i1
TMpu k=3 — cos38° — sin 307 2
81 = 1(cos(30°+ 240% + i sin (30° + 240%)) = —i
[Mpu k=4 I T

§-1=1(cos(30°+ 300%) + isin (30° + 300%) = —§+ i1

T
Mpu k=5 I 2IF-g0 .



BCC IIeCTh 3Ha‘ICHHI>'I KOpH}I 5\‘(—_1 UMCHOT OAMHAKOBLIC MOILYJII/I U OTJINYAKOTCA ;[pyr oT
JIpyra TOJIbKO 3HAu€HHEeM aprymeHTa. Ha KOMIUIEKCHOM IUIOCKOCTH OHHU pAaCIOJIOXKEHBI B
BEpIITMHAX MPABWJILHOTO MECTUYTOJIbHUKA C IIEHTPOM B Hadajie KOOpIWHAT.

3agaum 115l CAaMOCTOSITEJILHOTO peleHus. HaliTu Bce 3HaYEHUS KOPHSI.

1 -

o A-1-i
g N1-2
6. 49

2 At+i

g Y-8 <isf3
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OcHoBHas iMTeparypa:

1. Anekcees, I'. B. Boiciias maremaruka. Teopus M mpakThka [DIEKTPOHHBIM
pecypc] : ydebnoe mocobue mmsa CIIO / I'. B. AnekceeB, M. . XonsBuH. —
DnekTpoH. TeKcToBble nanHbie. — CapartoB : [IpodobpazoBanue, At [1lu Op Menua,
2019. — 236 c. — 978-5-4486-0755-4, 978-5-4488-0253-9. — Pexum nocryma:
http://www.iprbookshop.ru/81274.htm
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404 c. — ISBN 978-5-8114-4132-7. — TekcT : DIEKTPOHHBIN // DIEKTPOHHO-
OoubamoTeyHas cucTema «Jlaub» : [caliT]. — URL:
https://e.lanbook.com/book/115529— Pexwum gocTyna: 1uist aBTOPH3. MOJI30BATEIICH.

3. DneMeHTapHas MaTeMaTHKa B TOMOUIb BBICIIEH [DIEKTPOHHBIN pecypce] :
ydueOHoe mocobue / . — DIeKTpOH. TEKCTOBbIE naHHble. — Owmck: Owmckuit
rocyaapcTBeHHbIN yHUBepcuteT uM. ®.M. Jlocroesckoro, 2016. — 118 c. — 978-5-
7779-2042-3. — Pexxum noctyna: http://www.iprbookshop.ru/59680.html
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0534-2. — Pexum nocryma: http://www.iprbookshop.ru/72486.html
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