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1. OO01ue moJI0KeHUA

CamocrosarenbHass pabora - IaHupyemas ydeOHas, y4eOHO-HMCCIeN0BaTelbCcKas, Hay4dHO-
HCCleIoBaTeNbCKass paboTa CTYJIEHTOB, BBINOJIHAEMAas BO BHEAyJAUTOPHOE (ayJIUTOPHOE) BpeMs IO
3aJIaHUIO U TIPU METOJIMYECKOM PYKOBOJICTBE MPEIoaaBaTesi, HO 6€3 ero HermocpeICTBEHHOTO y4acTUs
(mpy YaCTUYHOM HEIMOCPEICTBEHHOM YYacTHH IPernojaBaTelis, OCTaBISIOIEM BEAyIIyI pojib 3a
paboToii cTyIEeHTOB).

CamoctositenpHast padora cryaertoB (CPC) B BY3e sBisiercss BaXHBIM BHIIOM y4eOHOU H
Hay4HOU JleATenbHOCTH CTyJeHTa. CamocTosITenbHas paboTa CTyIEHTOB UTPAeT 3HAUUTEIbHYIO POJIb B
PEUTUHIOBOM TEXHOJIOTHH O0yUEHHUS.

CamocrosaTrenbHass pabora sBiseTcs BaxHeWmend ¢opmoil ycBoeHus 3HaHuil. B xone
CaMOCTOSITENIbHOW PabOThl CTYNEHTHI YSACHSIOT 3HAHHS M0 KOHKPETHOH TeMe y4yeOHOro marepuana,
3aKPEIUISIIOT M YTOYHSIIOT YK€ MW3BECTHbIE M OCBauMBalOT HOBble KaTeropuu. CTalKUBasCh C
HEJOCTAaTOYHO TOHATHBIMH DJIEMEHTAMH TEMBI, CTYACHTBI CTPEMATCS HAaXOOUThb OTBETHl WIH
(uKCUpoOBaTh BOMPOCHI JJIsl TOCTAHOBKH M YSICHEHUS UX Ha KOHCYJIbTAllMM C IpenojaBaTeieM Wi BO
BpeMS IIPAaKTUUYECKOTO 3aHATHSI.

3anaun caMOCTOATEIbHON PabOThI COCTOST B CIAEAYIOLIEM:

1. Pa3BuTh IOrMYECKOE U AITOPUTMHUYECKOE MBILIUICHHUE.

2. BeipaboTaTh nepBUYHbIE HABBIKM MaTEMATUYECKOTO UCCIIEIOBAHUS PUKIIAIHBIX BOIIPOCOB.

3. Bripa®oTaTh HaBBHIKM JOBEIEHHUS pEIIEHHUS 3aJaud A0 MPUEMIIEMOTrO MPaKTHYECKOTo
pe3ynbrata — uucia, rpaduka, TOYHOTO KAayeCTBEHHOIO BbIBOJA C IPUMEHEHHEM a/IeKBAaTHBIX
BBIUMCIIUTENIBHBIX CPEJICTB, TAOJIULI, CIPABOUYHUKOB.

4. BplpaboTaTh yMEHHME CAaMOCTOSITENBHO pa30UpaThCsl B MaTeMaTHYECKOM armrapare,
IIPUMEHSIEMOM B JINTEPATYPE, CBA3aHHON CO CIELUAIBHOCTBIO CTYIEHTA.

5. Hayuutes omnepupoBaTh aOCTpakTHBIMH OOBEKTAMH W  aJE€KBaTHO  YIOTPEOIATH
MaTE€MaTUYECKHE IOHATHS M CHUMBOJIBI JJISl  BBIPAXKCHHMS KOJMYECTBEHHBIX M Ka4€CTBEHHBIX
OTHOIIECHUH.

CamocrosaTrenbHass paboTa CTyJIeHTa 1O Yy4yeOHOW aucuuIuinHE «AJreOpa» BKIIOYAET
MOATOTOBKY K IPAaKTHUYECKHUM 3aHATHSIM U BBIIOJHEHHE MPAKTUYECKUX 3aJaHHUi, CaMOCTOSTEIbHOE
U3ydyeHUe TeM Y4yeOHOro MaTepuaja II0 PEKOMEHIYyEeMOH JuTepaType U C HCIOJIb30BaHUEM

MH(OPMALIMOHHBIX PECYPCOB.



CamocrosaTenbHass paboTa NO AUCHUIUIMHE «AnreOpa» HampaBieHa Ha (QOpMHUpOBaHUE

($1(591474:0)11170,€ KOMIIeTEHIIMIi:

[Inanupyemsle pe3yabTaThl
KO,I[, (I)OpMyJ'II/IpOBKa 06yqu1/151 10 JUCITUITIIIMHE
KOMITETCHIIIH Kon, dopmynuposka HHIMKATOpa (Mo(iggﬁz;p zigiiieig;};}giﬁi ;;E’HILI
WHJIAKATOPOB
OIIK-3. Criocoben N-1 OIIK-3. 3Haer HeoOxomumble | [Ipumenser HE0OXO0JUMbIE
UCIIOJIb30BaTh MaTeMaTHYECKUE METO/IBI JUI | MATEMaTU4YECKUE METOIBI JUIS
HE0O0XOIMMBbIE pelieHns 3a1a4 00ecTieyeHrs 3aIUThl | perIeHus 3aj1a4
MaTEMaTHYECKAE METOBI UHpOpPMALUH. npogeccuoHaIbHON
JUIS peleHus 3a1a4 Na-2 OIIK-3. YMeTb: HPUMEHSATH | ACSITEIBHOCTH.
npogeccHOHATBLHON COBOKYITHOCTh HEOOXOIUMBIX
JESTEIIbHOCTH MaTEMaTUYECKUX METO/I0B JUISt
peleHus 3aaa4d 00ecreueH s 3aIluThl
UHPOPMALIUH.
HNJA-3 OIIK-3 Hangenen HaBbIKamMu
MIPUMEHEHUS COBOKYITHOCTH
HEOO0XOIUMBIX MaTEMaTHYECKUX
METOJOB  JJs  peleHus  3a4ay
obecrevyeHust 3alThl HHPOPMALIUU.

2. Ueab 1 321244 CAMOCTOATEIbHOI PadOTHI

Benymas nens opranuzanuu u ocymectsiernss CPC coBnaiaer ¢ 11ebi0 00y4eHusl CTyIeHTa —
(dhopmupoBanre Habopa 00IICHAYIHBIX, MPOPECCHOHATBHBIX M CIICIIUATBHBIX KOMIIETCHIIUN Oy TyIIIero
OakasnaBpa 10 COOTBETCTBYIOIIEMY HAIIPABICHHUIO MOATOTOBKU

IIpu opranmzanuu CPC BaxkHBIM M HEOOXOIMMBIM YCIOBHEM CTaHOBSTCS (hopMmHpoBaHHE
YMEHHSI CaMOCTOSITENIbHOM paboThl [Ansi MPUOOpPETeHUs 3HAHUN, HABBIKOB U BO3MOXKHOCTH
OopraHm3aliy y4eOHOW W HaydHOU HmeATenbHOCTH. Llenbio caMOCTOSATENbHONW pPadOTHI CTYICHTOB
ABJISICTCSI OBJa/ICHHE (QyHAAMEHTATBHBIMA 3HAHUSIMH, TPO(PECCHOHATIEHBIMA YMEHUSMHU U HaBBIKAMU
NEeSTeNIbHOCTH MO0  MPO(MII0, ONBITOM  TBOPYECKOH, HCCIEAOBATEIbCKOM  JESTEIBHOCTH.
CamocTtosTenpHast paboTa CTyIEHTOB CIOCOOCTBYET Pa3BUTHIO CAMOCTOSITEIbHOCTH, OTBETCTBEHHOCTH
Y OPTaHW30BAHHOCTH, TBOPYECKOTO MOAX0JIa K PEIICHUI0 MPo0iIeM y4eOHOTO U MPOodeCCHOHATHHOTO
YPOBHS.

3amauyamu CPC gBagroTcs:
- CUCTeMaTU3alus U 3aKPEIUICHUE IMOJYYEHHBIX TEOPETUYECKUX 3HAHUM M NPAKTHUYECKUX
YMEHUH CTYICHTOB;
- yIIIyOJICHHE U PACIIUPEHUE TEOPETHUCCKUX 3HAHUH;
- ¢bopMUpOBaHME yYMEHUH  HCIOJB30BaTh HOPMATHUBHYIO, IPaBOBYIO, CIPABOYHYIO
JOKYMEHTALMIO U CIIELIMAJIBHYIO JIUTEPATYPY;
- pa3BUTHE TIO3HABATEIBHBIX CIOCOOHOCTEM ¥ AaKTUBHOCTH CTYACHTOB: TBOPUYECKOM

HHUIUATHUBBI, CAMOCTOATCIIBHOCTH, OTBETCTBECHHOCTH N OPraHU30BaHHOCTH,



- (dbopMHpOBaHHE CAMOCTOSITEIBHOCTH  MBILIUICHUS, CHOCOOHOCTEH K CcaMOpa3BUTHIO,
CaMOCOBEPILIECHCTBOBAHUIO U CAMOPEAIIN3ALIUN;

- pa3BUTHE UCCIIENOBATEIBCKUX YMEHNH;

- UCTOJIb30BaHUE MaTepHuaja, COOpPAaHHOIO U IOJyYEHHOIO B XOJ€ CaMOCTOSTENbHBIX
3aHATUHI Ha ceMUHapax, Ha MPAaKTUYECKUX U JIAOOPATOPHBIX 3aHATHSX, PU HAMCAHUM KYpPCOBBIX U

BBIMYCKHOW KBaNIU(UKAMOHHOW paboT, minsi 3((HEeKTUBHONW MOATOTOBKM K HTOTOBBIM 3adyeTaM H

9K3aMEHaM.
3. TexHosiornyeckasi KapTa cCaMoCTOATEIbHOI padoThI CTyIeHTa
OOBeM YacoB, B TOM YHCIIC
Kostr Bun nestensHOCTH (akanm.)
CTYJICHTOB CpencrtBa u KonTakTH
peann3yeMbIX
KOMIIETCH I TEXHOJIOTNH ast pabora
OILICHKU CPC c Bcero
MpenoaBa
TeJeM
1 cemecTp
OIIK-3 IToaroroska k jmexuusam | KomrmiaekT 1,62 0,18 1,8
na-1, na-2, 3aJaHUN U
NJ1-3) BOIIPOCOB I10
TeMaM
JIUCITUTLINHBI
OIIK-3 IToaroroBka k Komruiekt
(UIO-1, UJ-2, | npakTrueckuM paboTam | 3aJaHuil U
Nna-3) BOITPOCOB T10 4,86 0,54 5,4
TeMam
JUCITUTUTMHBI
OIIK-3 CamocTosiTeNTbHOE Kommiaekt
(UO-1, UJ-2, | uzyueHne muTepaTypbl 3aJaHui U
na-3) BOITPOCOB T10 9,72 1,08 10,8
TeMaMm
JIUCITUTLIMHBI
Hroro 3a 1 cemecTp 16,2 1.8 18
2 ceMecTp
OIIK-3 IToaroroBka k nekuusM | KoMriekr 1,44 0,16 1,6
na-1, na-2, 3ajaHu U
NN-3) BOIIPOCOB I10
TeMaM
JUCITUTLTUHBI
OIIK-3 IToaroroBka K Komiiekr
(MA-1, UA-2, | npakTHuecKuM paboTaM | 3alaHuil U
na-3) BOITPOCOB T10 2,88 0,32 3,2
TeMaM
JUCIUTIIMHBI
OIIK-3 CamocrosiTesibHOe Kommiekt
(UO-1, UJ-2, | uzyueHne muTepaTypbl 3a/IaHAN U
NJ-3) BOIIPOCOB I10 31,68 3,52 35,2
TeMaM
JUCITUTLIMHBI
Hroro 3a 2 cemecTp 36 4 40
HToro 52,2 5,8 58




4.IlopsAA0K BBINMOJTHEHUSI CAMOCTOSITEIbHON PadoThl CTYIEHTOM

4.1. Memoouueckue pexomenoayuu no pabome ¢ y4eonou iumepamypou

[Tpu paboTe ¢ KHUTOM HEOOXOAMMO MOAOOPATH TUTEPATYPY, HAYUUTHCS MPABUIBHO €€ YUTaTh,
BecT 3amucu. Jlisg mombopa IMTEpaTypbl B OWMOJMOTEKE WCIONB3YIOTCS andaBUTHBIA U
CHCTEeMaTUYECKU KaTaJIOTH.

BaxHO MOMHHTH, YTO palMOHANbHBbIE HAaBBIKM Pa0OTHI C KHUTOM - 3TO Bcerda OoJblias
SKOHOMHUS BPEMEHHU U CHUJI.

[IpaBunbHbIN 000D YUEOHUKOB PEKOMEHIYETCsl MPENnoaaBaTeieM, YNTAOIMINM JICKIIMOHHBIH
kypc. HeoOxommmasi mutepaTypa MOXET OBITh Tak)Ke yKa3zaHa B METOJMYECKHX pa3pabOTKax o
TAaHHOMY KYypCYy.

N3yyas marepuan mo yuyeOHHKY, ClIeyeT NepeXoauTh K CIEAYIOEMY BOIPOCY TOJIBKO MOCHE
MPaBUIILHOTO YSICHEHUSI TPEIbIAYIIEro, OMKUChIBas Ha Oymare BCE BBIKJIAJIKM U BBHIYUCICHHS (B TOM
YHUCJIe T€, KOTOPhIE B YUYCOHHUKE OIMYIIEHBI WJIM Ha JICKIIUU JAHBI JIJI1 CAMOCTOSTEIbHOTO BBIBOJIA).

[Ipu u3yueHuM 000N MUCHUILUIMHBI OOJIBIIYI0 M BAXKHYIO POJb MIPAET CaMOCTOSITENIbHAS
WHAUBUAyaTbHAs paboTa.

Oco0oe BHMMaHUE CleyeT OOpaTHTh Ha OIpeAelICHHEe OCHOBHBIX MOHATHH Kypca. CTyaeHT
JOJDKEH TOJAPOOHO pa3duparh MpUMEPHI, KOTOPBIE TOSICHSIIOT TaKWe ONPEICIICHHs, U YMETh CTPOUTh
aHAJIOTUYHBIE MPUMEPHI caMOCTOATENbHO. HyKHO M0OMBAaTHCS TOYHOTO MPEACTABIECHUS O TOM, YTO
n3ydaemnb. [lone3HO cOCTaBiSATH OMOpHBIE KOHCMEKTH. [Ipu u3ydeHMHM MaTepuana Mo y4eOHHKY
MOJIE3HO B TeTpaau (Ha CHEHaJIbHO OTBEIACHHBIX MOJISIX) JOIMOJHATH KOHCHEKT JeKuuil. Tam xe
CJIeIyeT OTMEUYaTh BOMPOCHI, BBIJCICHHBIE CTYICHTOM JUIsl KOHCYJIBTAIUU C TIPENOIaBaTeIIeM.

BbIBOIBI, MTOTYYEHHBIE B Pe3yJIbTaTe U3yUEHUS, PEKOMEHAYETCSl B KOHCIIEKTE BBIJIEIATh, YTOOBI
OHH TIPH MEPEUUTHIBAHUH 3aMHUCEH JTyUIlle 3alIOMUHAINCE.

OnbIT MOKA3bIBAET, YTO MHOTUM CTYACHTaM MMOMOTAeT COCTABIICHUE JINCTA ONMOPHBIX CUTHAJIOB,
CoJlepiKalero BaKHeHIme u Hamboyiee 4acTo yrorpedisseMble (GOpMYJBl U MOHATHS. Takoil JmcT
MOMOTaeT 3allOMHUTH (OPMYJIbl, OCHOBHBIE IIOJIO)KEHHUS JIEKIIMH, a TaKKe MOXKET CIIy>KUTb
MOCTOSIHHBIM CITPABOYHUKOM JIJISl CTYCHTA.

UreHne Hay4yHOTO TEKCTa SBJSETCS YacTbKO IO3HABATEIBbHOW JAesATeNbHOCTH. Ee menp —
W3BJICUCHHE U3 TeKcTa HeoOxoaumon mHpopmarmu. OT TOro Ha CKOJIBKO OCO3HAHHA YHUTAIOUIUM
coOCTBEHHAsi BHYTPEHHSA YCTaHOBKA MPH OOpaIlleHUH K TIeYaTHOMY CJIOBY (HAWTH HY>KHbIE CBEICHUS,
YCBOUTH MH(MOPMALIMIO MOJHOCTHIO WJIM YaCTUYHO, KPUTHUECKH MPOAHAIN3UPOBATh MaTepuail U T.II.)
BO MHOT'OM 3aBUCHT 3()()EKTHBHOCTH OCYIIECTBIISIEMOTO JICHCTBUS.

Brinensitotr uemsipe ocnosnvle ycmano6Ku 6 umeHuu HAy4HO20 MEKCma:

MH()OPMAITMOHHO-TIONCKOBBIN (33a/1a4a — HAWTH, BBIJCIIUTh HCKOMYIO HH(GOPMAIIHIO)

ycBauBarolasi (yCUiiusi YUTaTelNsl HallpaBJIeHbl HA TO, YTOOBI KaK MOKHO IOJIHEE OCO3HAaTh U

3aIIOMHUTBH KaK CaMH CBCACHUA U3JIaraCMbIC aBTOPOM, TaK U BCIO JIOTUKY €TI0 paCCY)K,Z[eHI/II‘/’I)



AQHAIUTUKO-KPUTUYECKAss  (YUTATENb CTPEMHUTCS KPUTHYECKH  OCMBICIUTh  MaTepua,
MIPOaHAIM3UPOBAB €0, ONPEAEIUB CBOE OTHOLIECHHE K HEMY)

TBOpYECKas (CO3/Ia€T y YMTATEJNsI TOTOBHOCTh B TOM HJIM MHOM BHJI€ — KaK OTIPABHOMW MYHKT
JUIS CBOMX pAacCyKIeHUH, Kak o0pa3 Ais JeWCTBUS IO aHAJIOTUU M T.I. — UCIOJB30BaTh CYXICHUS
aBTOpa, XOJ €ro MbICIeH, pe3ynabTaT HaOMIOACHHs, pa3pabOTaHHYI METOJUKY, IOMOIHUTH UX,

MIOJIBEPTHYTh HOBOM MPOBEPKE).

4.2. Memoouueckue pekomeHoayuu no n0020MoeKe K NpAKMuUYecKuUM 3aHAMUIM

JUis TOro 4toObl MPaKTUYECKUE 3aHATHS MPUHOCWIM MaKCUMAaJlbHYIO MOJIb3y, HEOOXOIUMO
MIOMHUTB, YTO yIPaKHEHUE U pEIlIeHHEe 3a/1a4 IPOBOASTCS M0 BHIYUTAHHOMY Ha JIEKIUAX MaTepualy u
CBSI3aHBbI, KaK MPaBUIIO, C JE€TAIBHBIM Pa300pOM OTIENBHBIX BOIPOCOB JIEKLIMOHHOTO Kypca. Cremnyer
MOYEPKHYTh, YTO TOJBKO IOCJIE YCBOCHHUS JIEKIIMOHHOIO MaTepuaia ¢ ONpPEeIEHHON TOUKH 3pEHUs
(a IMEHHO C TOM, ¢ KOTOPOIH OH M3JaraeTcsl Ha JIEKIMSIX) OH Oy/AeT 3aKperuIsiThCS Ha MPaKTHUYECKUX
3aHATUAX KaK B pe3ysbTaTe OOCYXIEHHsS M aHajMu3a JIEKLMOHHOIO MaTepuana, Tak U C IOMOIIbIO
peleHust mpoOJeMHBIX CUTyalui, 3aaad. [Ipu 3TUX yCcIOBHSAX CTYIEHT HE TOJIBKO XOPOIIO YCBOMT
MaTepual, HO U Hay4YUTCs IPUMEHATh €ro Ha MPAKTUKE, a TAKKE MOJIyYUT JAONOJHUTEIBHBINA CTUMYII
(¥ 5TO OYEHb BAXKHO) JJI1 aKTUBHOM MPOPaOOTKH JIEKLIHU.

Crnenyer NHOMHUTb, 4YTO peIIEHUWE KaXJOW Yy4yeOHOM 3amauyuM JOJKHO JOBOAUTHCS 10
OKOHYATEJIbHOTO JIOTHYECKOI'0 OTBETA, KOTOPOro TpeOyeT yClIOBHE, U 10 BO3MOXHOCTH C BBIBOJIOM.
[TonmyyeHHBI OTBET cieqyeT MPOBEPUTH CIOCOOAMH, BBHITEKAIOIIMMH M3 CYIIECTBA JaHHOM 3a/lauH.
[Tone3no Takke (eciM BO3MOXKHO) peElIaTh HECKOJBKUMH CHOCOO0aMU U CpPaBHUTh IOJy4YEHHBIE
pe3yabTaThl. Pemenue 3a1a4 JaHHOTO THIIA HYKHO NMPOJOJKATh 0 MPHOOPETEHNs TBEPbIX HAaBBIKOB

B UX PCIICHHUU.

4.3. Memoouueckue pexomeHOayuu no camonposepke 3HaHuu
[Tocne n3ydeHus onpeeIeHHOW TEMBI 10 3aITUCSIM B KOHCIIEKTE U YUeOHHKY, & TAKKE PEIICHUS

JIOCTaTOYHOTO0 KOJIMYECTBA COOTBETCTBYIOIIMX 3a/lad Ha MPAKTHUECKHUX 3aHITHUSIX U CAMOCTOATEIHHO
CTYJIEHTY PEKOMEHIYETCsl, POBECTU CAMOIPOBEPKY YCBOCHHBIX 3HAaHUM, OTBETHUB Ha KOHTPOJIbHBIE
BOIIPOCHI 110 U3yUYEHHOHU TEME.

B ciiydae HE0OXOJUMOCTH HY>KHO €I1Ie pa3 BHUMATEIbHO pa3o0parbes B MaTepHase.

WNHorna HENOCTaTOYHOCTh YCBOEHHUS TOTO WM HHOTO BOINPOCA BBICHSAETCS TOJBKO IpU
W3Y4YEHUHN JalbHEHIIero marepuana. B 3Tom ciydae Hajgo BEpHYTBHCS Ha3al M MOBTOPUTH ILIOXO
YCBOEHHBIN Marepuain. BakHblii KpUTEepUil YCBOEHHUS TEOPETHMUECKOTO Marepuaja - YMEHUE peuiaTh
3aa4d WIM IPOMTH TECTUPOBAHUE IO NMPOWAEHHOMY Marepuany. OAHAaKO cileqyeT MOMHUTb, YTO
MpaBWIbHOE pEIIEHUE 33Ja4d MOXKET IIOJyYHUThCS B pE3yJbTaTe INPHUMEHEHUS MEXaHUYeCKU

3ay4eHHbIX (popmy 0e3 MOHUMAaHMSI CYIIIHOCTH TEOPETUUECKUX MOJIOKEHUH.



5.KoHTpOJBb caMOCTOATEIBbHOM Pa0OTHI CTYACHTOB

B pamMkax pEeUMTHMHIOBOM CHCTEMBI YCIEBAEMOCTb CTYJEHTOB II0 KaXIO0u
JUCLUIIJIMHE OLICHUBAETCA B XOJI€ TEKYILEro KOHTPOJISI ¥ IPOMEKYTOYHOU aTTECTALIUH.
Tekymmii KOHTPOJIb

PeiiTuHroBasi oueHKa 3HAHUM CTyleHTa

Ne Bun nesarenbHOCTH CTYIEHTOB Cpoku KonuuectBo
/1 BBITTOJTHCHHS 0asoB
. IIpakTHueckoe 3aHsTHe 5 5 Henenst 15
D. [Ipaktrueckoe 3ansatue 10 10 genena 20
3. [IpakTrnueckoe 3anstue 15 15 Hepenst 20
Hroro 3a 1 cemecTp 55
Hroro 55

MaxkcuManabHO BO3MOXHBIM Oani 3a BeCh TEKYIIM KOHTPOJb YCTaHABIMBAETCS paBHBIM S5.
Tekyliiee KOHTPOJIBHOE MEPOIPUITUE CUUTAETCS CIAHHBIM, €CJIM CTYJICHT MOJYYHII 32 HETO HE MEHEe
60% OT yCTaHOBIEHHOTO [UIsi STOTO KOHTPONS MaKCMMaibHOro Oanna. PelTuHroBBIN Oam,
BBICTABJISIEMBIA CTYJIEHTY 3a TEKyllee KOHTPOJIbHOE MEpPONPUATHE, CIAHHOE CTYJICHTOM B
yCTaHOBJICHHBIE TPAUKOM KOHTPOJIBHBIX MEPOMPUSITHI CPOKH, OTIPEACIIIETCS CICAYIOIUM 00pa3oMm:

Yposenv svinonnenus xonmponvnozo | Peiimunzoswtit 6ann (¢ % om MaKcumanbHozo
3a0anus banna 3a KOHmpoJbHOE 3a0anue)
OmauyHwli 100
Xopowuii 80
Yooesnemeopumenwvnoiii 60
Heyoosnemeopumenvnuiii 0

HpOMe)KyTO'—IHaﬂ aTTeCTalud

[MpomexyTounass arrectanus B ¢GopMe 3IK3aMeHa TIPeIyCMaTPUBACT IPOBEICHUE
00s13aTeIbHON AK3aMEHAIIMOHHON mporeaypsl W oneHuBaercs 40 6amnamu u3 100. B ciydae
€CITi PEUTHHIOBBIM 0ayl CTyJIeHTa MO JUCHUIUIMHE IO HMTOraM ceMmecTpa paBeH 60, To
MporpaMMoil aBTOMaTHYECKU 00aBisieTcss 32 MpeMuaibHbIX Oajia M BBICTABJISETCS OICHKA
«OTAUYHOY». [lONOXKUTENBHBIM OTBET CTYAEHTa Ha HK3aMEHE OLIEHHUBACTCS PEHTUHTOBBIMU
Oannamu B nuamazone ot 20 1o 40 (20 Sak3 40), ortenka MeHbIIe 20 0auIOB CUMTACTCS
HEYJ0BJIETBOPUTEIIBHOM.

[[Ixana cOOTBETCTBHSI pEUTHHIOBOTO OaJljIa SK3aMeHa 5-0aJTbHON cucTeMe

PeiiTHHIrOBBII 0aJ1J1 MO AUCHMILJINHE Ouenka no 5-0a/IbHOM cUcTEMeE
35-40 OtinmaHO
28 —34 Xopouio
20-27 Y 10BIETBOPUTEIILHO

Wtorosas oueHka MO JUCLUIUIMHE, U3y4YaeMOW B OJIHOM CEMECTpE, ONpeAeseTcs IO
cymMme 0asuioB, HaOpaHHBIX 32 PadOTy B TEUEHUE CEMECTpa, U 0AJIOB, OMYUYEHHBIX MPH CAaye
JK3aMeHa:



Ilxana nepecuema perimuneo6020 6auia no OUCYUnIuHe
8 OYeHK)y no 5-bannvholl cucmeme

Peiimunczoevlit 6ann no oucuyuniune Ouenka no 5-6anivHoiul cucmeme
88-100 Omauuro
72-87 Xopouwio
53-71 Yoosenemsopumenvno
<53 Heyoosnemeopumenvro

6. Cnincox urepatypsbl

6.1. IlepeyeHb OCHOBHOI JTUTEPATYPHI:

Hogak, E. B. Beiciias maremarnka. Anredpa: yueoHoe nocobue / E. B. Hopak, T. B. Ps3anosa, 1. B.
Hogak; nox pemakuueit T. B. PszanoBa. — ExatepunOypr: Ypanbsckuii denepanbHblii YHUBEPCUTET,

OBC ACB, 2015. — 116 c. - Pexxum gocrtyna: http://www.iprbookshop.ru/69589.html

6.2. IlepeyeHb JOMOJHUTEILHOM JUTEPATYPbI:

Bricmas matematuka. Tom 1. Jluneiinas anre6pa. BekTopHas anre6pa. AHaaUTHYECKas T€OMETPHS:
yuebnuk/ A. II. 'ociomapukos, E. A. Kapnosa, O. E. Kapnyxuna, C. E. MancypoBa; nox peaakiuen
A. II. T'ocmogapukoB. — Cankr-IleTepOypr: HannoHansHBIM MHUHEpPaTbHO-CHIPHEBON YHUBEPCUTET

«TopHbrity, 2015. — 105 c. — Pexum nocryna: http://www.iprbookshop.ru/71687.html




MUHUCTEPCTBO HAYKU U BBICIHET'O OBPA3OBAHUS PD
OEJIEPAJIBHOE T'OCYJAPCTBEHHOE ABTOHOMHOE OBPA30OBATEJIBHOE
YYPEX/JIEHUE BBICIIIEI'O OBPA3OBAHUA
«CEBEPO-KABKA3CKUI ®EJEPAJIbHbIN YHUBEPCUTET»

[Taturopckuit uHCTUTYT (Ppriman) CKOY

MeToanyecKkue ykazaHus

10 BBITIOTHEHUIO IPAKTHYECKUX padoT
10 JUCIUILTAHE
«AJareopa»
mu1st HaripaBiienust moarotToBku 10.03.01 MudopmanrionHas 6€301MacHOCTh
HamnpaBeHHOCTh (poduiib) bezonacHOCTh KOMITBIOTEPHBIX CUCTEM

Haruropck
2025



COJAEP) KAHUE

BBEJIEHUE

1. ITenp u 3a/1a9y U3YYCHUS TUCITUIIINHbI

2. O6opynoBaHNE ¥ MATEPUATTBI

3. HaumeHOBaHUE MPAKTUYECKUX PabOT
4. ConepxaHne NPaKTHYSCKUX PadOT
IpakTryaeckas padora Nel

IIpakTrueckast pabora Ne2

[pakTrueckas padora Ne3
[pakTrueckas padora Nod
Ipaktrueckas padora NeS5

IIpakrrueckas padbora Neb

[pakTrueckas padora No7
Ipaktryeckas padora Ne®

IIpakTryeckas padora Ne 9

[pakTrueckas padora Ne 10

paxTryueckas padora No 11
IIpakTryeckast padora No 12

IIpakrryeckas padora Ne 13

[pakTryeckas padora Ne 14
Ipaktrueckas padora Ne 15

IIpakruyeckas padbora Ne 16

[pakTrueckas padora No 17
paxTryaeckas padora No 18
5. IlepedeHb TUTEPATYPBI, HEOOXOTUMOW NI N3YICHHS TUCIUATIINHBI
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BBEJIEHUE

1. Hesp u 3a1a4u U3y4YeHUs] AUCHUNIMHBI

Lens nmucummiuubel: (QopmupoBanue Habopa oOMmENPOPECCHOHANBHBIX  KOMITETCHIIHI

6akanaBpa no HanpasieHuto noarorosku 10.03.01 MudopmarmonHas 6€30macHOCTb.

npoecCUOHATBLHON 1EATEIbHOCTH.

2. Ob0opynoBaHue U MaTepUAJIbI

3. HammeHoBaHMe NPAKTHYECKUX PadoT

3az[atm OCBOCHUS THUCHUIIIINHBI: (bOpMI/IpOBaHI/Ie HpeIlCTaBJ'IeHI/Iﬁ 0 POJIM U MECTC MAaTCMAaTUKU
B COBPECMCHHOM MHPC, OTallaX pPa3sBUTUA, YHUBCPCAJIbHOCTU €€ MNOHATHH U HpeHCTaBHCHHﬁ;
(bOpMI/IpOBaHI/Ie YMeHI/Iﬁ HCIIOJIB30BATh HGO6XOJII/IMI)IG MAaTEMaTUYCCKHUE MCTOABI IJId PCIICHHA 3adayd

[TpakTHdeckue pabOTHI MO TUCIHUIUIMHE «AJredpay MPOBOIATCS B YYCOHOW ayIUTOPHH C
MYJIbTHMEIa 000pyIOBAaHUEM: TIPOCKTOP, KOMITBIOTEP, IKPaH HACTCHHBIH.

Ne HaumeHnoBanue TeM AUCHMIIVIMHBI, UX KPAaTKO€ COACPIKaHUE Oobem M3 Hux NnpaxkTu4ieckas
Tempbl yacoB nmoarorToBKa, 4acoB
JAUCHHU
IJIMH

bl

1 cemecTp
OcHOBHBIE anreOpandeckue CTPyKTyphl. Onepanuu u 1 1
1 anreOpbl. MopdusmMbl. AredOpsl ¢ OJHOW ONeparfen:
MOJIYTPYTIBI, MOHOUBI, TPYIIBL. ANreOpbl ¢ IBYMS
OIEPALIMSMH: KOJIbIIA, TTOJISI
2 ITone  KOMIUIEKCHBIX  umcenl.  JlelicTBusg  Han 1 1
KOMILICKCHBIMHU YHCIIAMHU
@dopMbI IpeICTaBICHHS] KOMIUIEKCHBIX YHCEI 2 2
JlelicTBUS HaT MaTPUITAMH 2 2
Bblunciienue  ompenenuTeneil  paslioKEHHEM 10 2 2
3JIEMEHTaM CTPOKH (CTOI01A)
OOparHas MmaTpHIa 2 2
PaHr MaTpuisl 2 2
HccnenoBanue CHCTEM JMHEWHBIX YpaBHEHUW Ha 2 2
COBMECTHOCTb
4 Pemenne  HEBBIPOXKIEHHBIX  CHCTEM  JIMHEHHBIX 2 2
ypaBHeHu MmeTogoM Kpamepa
4 Pemenne  HEBBIPOKIEHHBIX  CHCTEM  JIMHEHHBIX 2 2
YpaBHEHHI MAaTPUYHBIM METOJIOM
Hroro 3a 1 cemecTp 18 18
2 cemecTp
4 Pemenne cucreM IMHEWHBIX YpaBHEHHHA METOIOM 2 2
l"aycca
4 CucreMbl  JTUHEHHBIX  OJHOPOJHBIX  ypaBHEHUH. 2 2
dyHaMeHTaIbHAs CUCTEMa PEIICHUH
5 JluHeitHbIe oOmepalMy HaJ BEKTOpamu. Pasnmoxenue 2 2
BEKTOpa IO OpTaM KOOPAMHATHBIX oceil. JleHcTBus
HaJI BEKTOPaMH, 33 JaHHBIMH [IPOCKIUSIMH
5 CkansipHOe, BEKTOPHOE M CMEIIAHHOE IMPOU3BEICHHUS 2 2
BEKTOPOB




6 BekTopHbIe IPOCTPAHCTBA U MX IPOCTEHINNE CBOMCTBA 2 2

6 JIuHeHO 3aBHUCHUMBIE MW JIMHEHHO HE3aBUCHUMbIC 2 2
CHCTEMBI BEKTOPOB BEKTOPHOI'O IIPOCTPAHCTBA

6 Pa3mMepHOCTh M 0a3KMC BEKTOPHOTO MPOCTPAHCTBA 2 2

CoOCTBEHHBIE BEKTOPHI W COOCTBEHHBIC 3HAYCHUS 2 2

JUHCHHBIX OIIEPATOPOB
Hroro 3a 2 cemectp 16 16
HToro 34 34

4. Conep:xanne NPaKTHYECKUX padoT

Ilpakmuueckoe 3anamue 1. Ocnosénvle anzedpauueckue cmpykmypwvl. Onepayuu u anzeopol.
Mopdghuzmbr. Ancedpor ¢ 00noll onepayueil: noJyzpynnol, MOHOUObL, 2pynnvl. Ancedpvl ¢ 08ymsa
onepayuaMu: Koavyd, nojsi.

I[ens: BrIpaboTaTh MpEACTaBIEHNE 00 OCHOBHBIX aNTeOpanuecKux CTPYKTypax U UX CBOMCTBaX
Cooeporcanue:

OMHapHas omneparus;

MOJIyTpyIIa, Tpynmna, abenaena rpynna, KoJblo, MoJe.

Teopemuueckasn yacmo:

B MaremaTuke M pasUYHBIX €€ MPHIOKCHUSX BAXKHYIO POJIh HTPAIOT TAKHE MAaTEMaTUYCCKHUE
OOBEKTHI, KOTOPHIE HA3BIBAIOTCSA anreOpauyecKuMU CTPYKTypamMH. B IIHpOKOM cMbIciae TOJ
anreOpanvdeckol CTPYKTYpOH TIOHMMAIOT BCSIKOE MHOXXECTBO, HAa KOTOPOM 3aJaHbl HEKOTOPBIC
orepaiuu (T.e. 3aKOHBI, CTaBsAIINEe B COOTBETCTBUE OJHOMY WIIU Mape 3JIEMEHTOB IO OMpeAenEHHOMY
MpaBWIly IPYTOM 31E€MEHT), 00JIaJatolIe ONpeIeIEHHBIMI CBOWCTBAMU.

BoNbIIMHCTBO CBOWCTB U pPE3ylbTaTOB 00 JTHX MHOXECTBaxX TMOJYy4aroT, OMUpasch Ha
KOHKPETHYIO MPUPOAY IEMEHTOB 3TUX MHOXECTB M Ha KOHKPETHBIA CMBICI Ollepanuii HaJ HAMH. B
TO € BpPEMsS MHOTHE Pe3yJbTaThl MOXXHO MOJYYUTh HE3aBHCUMO OT MPHPOABI STUX MHOXKECTB U
KOHKPETHOI'O CMBICJIA ONIepalliid, a UCXOS TOJIBKO U3 CBOMCTB ATUX OIEpaluil.

Cpenu Takux CBOMCTB OMNepaluil paccMaTpUBAIOTCSA: ACCOLMATUBHOCTH, KOMMYTAaTHBHOCTD,
JTUCTPUOYTUBHOCTD, HAIMYUE CIEIUAIBHBIX 3JIEMEHTOB, O0JIaIAIONIUX ONPEACIEHHBIMUA CBOMCTBAMU
(HyJeBoii, eAMHUYHBIN (HEUTpaNbHbIN), 0OpaTHBIN JIEMEHT K JaHHOMY U T.1I.).

B 3aBucMMOCTH OT KOJMYECTBa OIEpaluii U CBOMCTB, KOTOPHIMU OHHU 00JIaJIal0T, Pa3INYalOT
CIEeyIOIINE aNreOpandecKue CTPyKTYpHI.

Ilonyepynnoii Ha3piBaeTCsi MHOKECTBO (G, Ha KOTOPOM 3aj1aHa OMHapHast orepanus * (dacto eé
Ha3bIBAIOT YMHOXXEHUEM M 0003HAYAIOT * ), AJi1 KOTOPOH BBIMOJIHIETCS CBOWCTBO aCCOLIMATUBHOCTH,
T.e. i moObix a,b,c [ G (a*b) *c = a*(b*c) . Eciy B MOyrpyIIe MMEETCs! HOHTPaTbHBII SIEMEHT e
(HyJIeBOM, CIMHUYHBIN), T.€. TaKOH, 4T0 a*e=e*a=a s 1H000TO aTG, TO noayrpynna G Ha3bIBaeTCs
yHumaprou (MOJYTPYIION ¢ HyJEM; MONyTpynnou ¢ equnuieit). Ecnm B momyrpymnme BBIMOTHSIETCS
KOMMYTATHBHBIH 3aKOH, T.e. ecii Juist moObix a,biG  a*h = b*a, To MOMyrpyIa Ha3bIBACTCS
Kommymamugerou (Wn abenegot).

YHUTapHas MONYrPyIINa HA3BIBACTCS SpYynnoil, ecim Ui moboro alG cymecTByeT o6paTHbIH
sneMeHT b | G, T.e. Takoi, 4yrto a*b = b*a = e. Ecau HONOJHHUTENBHO BBIINOJHIETCS CBOWCTBO
KOMMYTAaTUBHOCTH, TO TPYIIa HAa3bIBaeTCs KomMmymamusHou (WU abenegoil), U B STOM Clydae
OOBIYHO TPHUMEHSETCS aJJUTHBHAS CUMBOJIMKA, T.e. Omepainus oOOo3HauvaeTcss +, HEUTpaibHBIN
anemeHT 0, 0OpaTHBIN 2JIEMEHT K @ Ha3bIBAIOT MPOTHBOIOIOKHBIM U 0003HAYaeTCs: -d.

Ecmu B abeneBoit rpynme (K , +) Hapsay C omepaeil CIOXKeHHs + 3aJaHa emE OJHa
oreparys: TMpou3BeAeHUue * (Win ), KOTopasi CBsi3aHa C + AUCTPUOYTUBHBIMH 3aKOHAMU:
(atb)*c=(a*c)+(b*c) , a* (b+c)=(a*b)+(a*c) i mooeix  a,b,c | Equation.3 K u
0*a=a*0=0 mnst moboro a | Equation.3 K, to K HasbiBaercs konvyom. Ecnu B kombiie (K, +, ¥)
JOTIOJTHUTEIIBHO JIUISl TPOU3BE/ICHUS * BBIMOJIHACTCS ACCOIMATUBHBIN 3aKOH, T.C. €CJIH

(a* b) *c=a*(b*c) nmnst m00bIX a,b,c| K,

TO KOJIBLIO HA3bIBAETCS aCCOYUAMUBHbIM. A €ClTi KPOME TOTO CYLIECTBYET €AUHUYHBIN 3JIEMEHT 1, T.€.
TaKoii, 4to 1*a = a*1=a mnst mo6Goro al K, TO KOIbLO HA3BIBACTCS yHUmMapHuim (I KOIBLOM ¢ 1).
Ecnu B KOJIbIIE BBIMOJHACTCS KOMMYTATHBHBIN 3aKOH JJIS *, TO KOJIBIIO HA3BIBACTCS KOMMYMAMUGHBIM.



AccolMaTUBHOE YHHUTApHOE KOJIbLIO, B KOTOPOM Ka)KIbli HEHYJIEBOW 3JIEMEHT a HMEET
oOpartHblii a”!, T.e. Takoli, uto a*a’' = a’'*a = 1 HasbBaeTca menom. KOMMyTaTHBHOE TEJIO HA3hIBAETCS
nozem.

Bonpocwt u 3a0auu:
1.SBnsiercs M cieqyroliee MHOXKECTBO TPYMIIOHN, KOJIBIIOM, ITOJIEM OTHOCUTEJIBHO CIIOXKEHHS YUCEN U
YMHOKEHUS YUCe:
- MHO>KECTBO JIEHCTBUTENBHBIX YUCEIL;
- MHOKECTBO PALIMOHAJIBHBIX YNCET;
~-MHOYKECTBO LIEJIBIX YUCEIT;
-MHO>KE€CTBO HEOTPHULATENBbHBIX PALIMOHAIBHBIX YHCEN;
-MHOYECTBO HaTypaJIbHbIX YUCEIL;
-MHOECTBO HEOTPHULATENbHBIX AEHCTBUTEIbHBIX UHCET,
-MHOYECTBO YETHBIX LIEJIBIX YUCET;
-MHO’K€CTBO HEOTPHUIATEIIBHBIX LIEJIBIX YUCEN;
-MHOX€ECTBO IIPOCTBIX YHCEN,
~-MHOECTBO KOMIUIEKCHBIX YnCen?
2.Yro Takoe OMHapHas onepanus’?
3.JlaiiTe onpeneeHUE TPYNIONUIA.
4.Kakast 6MHapHas ornepanus Ha3bIBaeTCsl KOMMYTAaTUBHOMN; aCCOLIMATUBHON?
5.Yto Takoe HENUTpaIbHBIN JIEMEHT; CAMMETPUYHBIN 3JIEMEHT?
6.Kax Ha3pIBaeTCd CHUMMETPUYHBIN; HEUTPAIBHBIA IEMEHT AJis cioxeHus? /st ymHO)KeHus?
7.daiite onpeenenus NoayrpyIbl, Ipynnbl ¥ noArpynmnsl. [IpuBeaure npumepsl.
8.Konbua. Tena. Ilons. [laiite onpenenenue. [IpuBennure npuMepsl.

Ilpakmuueckoe 3anamue 2. Ilone komnnekcnoix yucen. /leiicmeun nao KOMNIEKCHbIMU YUCTIAMU.
Llenv: chopmMupoBaTh MPEICTABICHHUE ITOJIE KOMIICKCHBIX YHCEJ, BBIPAOOTATh YMEHHE BBITIONHSATH
NeHCTBUS HaJl KOMIUIEKCHBIMU YHCIaAMH
Cooeporcanue:
KOMIUIEKCHOE YHCJI0, MHUMAsl €MHMIIA, PAaBHbIE KOMIUIEKCHBIE YMCIA, COMPSHKEHHbIE KOMIUJIEKCHBIC
BV (WK
M300pakeHre KOMITJIEKCHOTO YucIia Ha Tuiockoctu XOY;
CJIO)KCHHE, BEIUUTAHUE, YMHOKEHUE, JISTICHHE KOMIUICKCHBIX YHCET.
Teopemuueckasn yacmo:

VYnopsitoueHHast mapa JBYX JEHCTBUTEIBHBIX YHCEN (X, )) HA3BIBACTCS KOMIIEKCHbIM YUCIOM

z= (x, y). MHOKECTBO KOMILIEKCHBIX uncel obo3Hadaetcs C .

Yucna Buma (x, 0) — 510 neiictBuTenbHbIe uncna, yncia supa (0, ), rme ¥ ' 0 ects uncro
muumble  uucna, uuciao  (0,])  mmmmas  emumuna w  o6osmawaercas 1 =(0,1), Torma
(0,y) =»(0,1) =iy, uucno (0,0) ects neiicTBUTENBHOE YMCIIO HYIB.

Yucno X =Rez naseBaerca oOeiicmeumenvroti (BEMECTBEHHOM) YacThIO KOMIUIEKCHOTO
gucia Z = (x, y), auncno ¥ =IMz muumori 4acTbr0 KOMIUIEKCHOTO YHCIIA.

JIBa KOMIUIEKCHBIX YACaa Z| = (xl ) ) Mz, = (xz, Vs ), Ha3BIBAIOTCS PAGHBLMU, ECITA PABHBI
X JICHCTBUTEITBHBIC M MHHMbIE YaCTH, T.C.

z1 =2, U X =x3, y1 =0,
CoOTHOIIEHHE GOMbIIe-MEHbIIE ISl KOMIUIEKCHBIX YHCEN He BBOJUTCSL.

Kommekcroe umeno z =(Xx,y) =x +1iy Equation.3 u300pakaeTcs B IUIOCKOCTH XOY

TOUYKOW M ¢ KoopawHaTamu (X,y), TMOO BEKTOPOM, Hadalo KOTOPOro Haxomutcs B Touke ((0,0), a
KOHeII B Touke M(x,y).
Heticmeust HAO KOMNIEKCHLIMU YUCIAMU

[TycTs nansr Zz; :(xl,yl ) U Z, Z(xz,yz ), TOorAa
zy £z, =(x; £X5, ¥ £5),



2y %y =(X1Xy = Y1V, X1y +X001),
_E 0ty - x»n? 0
- ) ;, 22 .
z 2 + 2 x2 + 2 =
2 X2 T2 2TV o
Z =X + iy — anreOpandeckas popmMa 3aricu KOMIUIEKCHOTO YHCIIa, TOTAa

2 %2y =l +iyy )2 +ivy ) =l £, )+ily £0,),
2%, =xy +iy) Ay +ivy ) =xx, +ixyy, +

1

: 2 _ :
Hio Yt —(xlxz gRARS: )"'l(le’z "'sz’l)
Kommnekcupie uncna z =(Xx,y) =x +iy Equation.3 " zZ =(x,-y)=x-1y Equation3 * ¥

KOTOPBIX I[CﬁCTBHTG.TIBHI)IC YaCThu paBHBI, a MHHUMBIC OTJIIMYAIOTCA 3HAKOM, HA3BIBAKOTCA B3AUMHO
CONPAANCEHHBIMU NI KOMNTEKCHO CONPANCEHHBIMU.

Herpynno Buzers, uro ‘Z‘ Z‘Z‘ Z\/xz + y2 , argz =- argz (xpome uucen zZ =x < 0; ns
HUX argz =argz =p ).
JleneHne KOMIUIEKCHBIX YHCeN B airedpandeckoit popme
A _AaX% 0ty oY, XN X))

2 2 2 2
Zz Zz >Q_2 xZ + yZ XZ + yZ
JleticTeutenbnas wacth X =Re€z w mmwmmas wacte Y =Imz xommmekcnoro wmcna z

BBIPAKAIOTCA 4CPC3 CONPAKCHHBIC KOMIIJICKCHBIC YHUCJIa CIICAYIOIIUM 06pa30M:

zZ+z Z=z z=Z
, Imz =i =—
2 2i

Rez =

Ipumep. [lokasare, uro z; +z, =z +z,.
Pemenue: /[okaxkem 3TO paBEHCTBO, UCTIOJIb3YS ONIPEAECIICHUE

zy+zy =(x+x0) - i(yp + ) =(x - i) +(xy - iyy) =Z; + 2.

Ipumep. Haiit npousseaeHne u yactHoe uncen z; =2- 3i u z, =-4 +1.

Pemenue:

212y =(2- 3i)- 4+i)=-8+2i+12i- 3> =-8+14i +3 =-5+14i,

20 2-3i _ (2-3i)-4-i) -8-2i+12i+3> -8+10i-3 _
z, -4+i (4+i)-4-i) (-4)2-1'2 4+l
R VL TV B (VR S GO

5 5 5 5
zy _-4+i (- 4+i)2+3i)) _-8-12i+2i+3% -8-10i-3
2 2-3 (2-3i)e+3)  22-(P 0 4+9
_-11-10i __11_10i
13 13 13

(1- 20)(2- 3i)
(3 - 4i)(4- 5i) Equation.3 .

Pemenue. Vicnonp3yst mpaBuiia pacKpbITHs CKOOOK M BBITIOJHEHUS JICHCTBUIA Hall
KOMIUIEKCHBIMU YHMCIIAMU, TTOJIYYUM

(1- 20)(2-3i) _ 2-3i-4i+6i° _ 2-7i+6i° _-4-Ti _ 4+7i _
(3- 4i)(4-50) 12-15i-16i+20i*> 12-31i+20i*> -8-31li  8+3li

HQI/IMCQZ Brruncauts 3HadeHue BBIPpAKCHUSA




_ (4+7i)8- 31i) _32-124i+56i- 217i° _249- 68i _ 249  68i
Equation.3 (8 +31i)(8- 31i) 64 - 9612 1025 1025 1025

Bonpocwt u 3a0auu:
1.Beruncnurs:

o (5-1)
6) (— «/ﬁ)3
B) (-1 +i4/3)12

2. OHpeI[CJ'II/ITB MOAYJIb KOMIIJIEKCHOI'O YHCJia:

-4- 2 7-1
—e) Z = .

-3-1 1+7i
Ilpakmuueckoe 3anamue 3. @opmovt npedcmasieHus KOMNIEKCHbIX YUcCel.
Ilens: BEIpaOOTATh YMEHHE MPEACTABIATH KOMIUIEKCHOE YHMCIO B GopMme, TpeOyeMou I pemeHus
3aJ1a4u
Cooepicanue:
MO/yJIb, aPTYMEHT KOMILUIEKCHOTO YHCIIa;
TPUTOHOMETPHUYECKAs U TTOKa3aTelbHast OPMBI 3aIUCH KOMIUIEKCHOTO YHCTIa;
BBINOJIHEHUE JIEUCTBUIM HaJ KOMIUIEKCHBIMM YHUCIAaMHU B TPUTOHOMETPUUYECKOM M IOKa3aTEIbHOM
dhopmax.

Teopemuueckan wacmo:

B nongpHoW cucTemMe KOOpAMHAT TMOJIOKEHUE TOYKM Ha IUJIOCKOCTH ONpEAENsieTcs ee

a)z=2-30;6)z=-7+2i;8) z=3-4i;r)z=13-i;n) z=

1 o .
paccrosiaueM I ot momoca O: ‘OM ‘ =r (r mOOJSIPHBIA paguyCc — BEKTOP TOYKH) U YIIOM J,

o0pa3oBaHHBIM OTpe3koM OM monsipHoW ocbto Ox (j TMONSPHBIA yroil TOYKH). YTON j CUMTAeTCs
IIOJIO’KUTEIBHBIM IIPH OTCUETE OT MOJISIPHOM OCH IPOTUB YaCOBOM CTPEIIKH.
Ecnun Havano nexapToBOil MPSMOYTOIBHOM CUCTEMBI KOOPAUHAT COBMECTUT C IOJIIOCOM, @ OCh

Ox HAIIpaBHUTH I10 HOHHpHOﬁ OCH, TO MPAMOYT'OJIBHBIC KOOPAUHATEI X U Y TOYKH M(.x, y) Equation 3 u

ee MIOJISIPHBIE KOOPJHMHATHI r 51 J CBSI3aHBI bopmynamu

X =r cosj , y =r sinj ;
r =yx?+y?, 1g =
X

Toraa KOMIIIEKCHOE YHMCIIO MOXKHO 3aIlUCaTh B BUAC
z =x+iy =r(cos] +isinj ).
Ota (opmyIia 1a€T TPUTOHOMETPUUECKYIO (hOPMY KOMILIEKCHOrO yncna. [Ipu sTom,
‘Z’ =r :‘I' ‘ =4/x° + y° HaswIBaeTCA MOOyIEM KOMNIEKCHO20 Yucaa, a yron | =Argz —
apaymenmom komnaexcrozo wucna. Yron | =ATgz ompenenseTcs HEOAHO3HATHO, a C TOYHOCTBIO /0

cj1araéMoro, KpatHoro 2p .
Argz =argz +2pk, k =0,4,%2,....

riie arg(z) ecTh rIaBHOE 3Ha4YeHHe Arg(z), onpenensemMoe yciopueM - P < argz £ p , npuuém:



arctgl, anee,x >0,
X

i

T
! v
ip +arctg=—, anée,x<0,y30,
| x

arg(z) 2:’ -p +arctg1 anée,x <0, yd,

i X

i

i

i

i-

|

anée,x =0,y >0,

t\)|‘c

P Gieé, x =0,y <0.
2’
I/IMeIOT MECTO CHeI[YIOU_II/Ie COOTHOIIICHHUA

tg(Arg(z)) == sm(Arg(z)) %, cos(Arg(z)) :%,
JXTty \XT+ y
ILBa KOMIIJICKCHBIX YHCJjia Zl u 22 PaBHBI TOrJa U TOJIBKO TOraa, Korjga ux MOAYJIM paBHBI, 4 UX
ApPTYMCHTBI oo PaBHEIL, 00 OTIMYAIOTCS HA BCJIMYNHY, KPAaTHYIO 2p .
, Arg(z)) =Arg(z,) +2pn (n =0,H,42,...).
Yunoowcenue komnnexcuvix uucen 6 mpueoHOMempulteCKoﬁ qbopMe
Zy %, =r,(cosj | +isinj ;)X ,(cosj , +isinj ,) =

=r,r,(cosj ;cosj , +i” sinj , sinj , +i(cosj ;sinj , +sinj ;cosj ,)) =

=r ry(cos( | +j p)+isin( | +j ,)).

To ecTs,
|212,| =|z1| Xe, |, Arg(z12y) = Argz) Xdrgz,.
OTO IpaBWIIO PACHIPOCTPAHSETCS Ha IF000E YUCII0 cOMHOXHUTENnel. Bcim 2y =z, =... =Z,, 10
nosryauM gopmyny Myaspa

" =r"(cosnj +isinnj ).
2"‘ :‘Z‘n, Argz" =ndrgz +2pk , (k =0,H,%2...).

CBolicTBa MOAYJIA KOMIIJICKCHBIX YUCCII

To ecTs,

L [2[ =[], 2.2z 2‘2‘2, 3. |22, Z‘zl"zz ,
4]z 5. j—l :@,Zz 10,
2

7. |zy + 21| £ |z,| +

8|22l 21| £ ]2 - 21

ﬂeﬂeﬂue KOMNJIEKCHbIX YUucesl 6 mpueo;ttomempu%cxod qbopme
3 _r ((cosj | +isinj ) _n (cosj , +isinj ,)(cos] , - isinj ,) _

z, r,(cosj,+isinj,) r, (cosj,+isinj ,)(cosj ,=- isinj ,)

_l\ﬂcosj , €0sj , +sinj ,sinj ,)+i(sinj ,cosj , - sinj , cosj ,) _

r, cos’j , +sin’j ,

_IXCOSG (=) ) +ising -] ,).

2



To ectb

z| _|a]

)

, Argz—1 =Argz, - Argz,.

Zy

H3zeneuenusn uz KomniekcHo2o yucia KOpHA n-otl cmenenu

+ 2pk ) + 2pk &
argz +2p. ismargz Pk O

a/r (cosj +isinj ) =1/|z \gcos :
n n @

ree k =0,1,2,...,n- 1.

Dra popMyIia qaeT poBHO 7 pasnudHbix Kopued npu k =0,1,2,...,n- 1.
n
TOYKH, COOTBETCTBYIONINE 3HAYEHUSM A/ Z , ABISIOTCS BEPIIMHAMH TIPABUIBHOTO 71-yTOJIbHUKA,

BIIMCAHHOTO B OKPY’KHOCTB paauyca R = /‘Z‘ C LIGHTPOM B HayaJjie KOOpAHHAT.

,Z[oxasaHo, 4TO Ha KOMIIICKCHBIC CTCIICHU IIOJOXHUTCIBHBIX YHUCCI PACIIPOCTPAHAIOTCSA BCEC

MpaBWIa IEUCTBUI CO CTENIEHAMU U

+i i . .
e” ="V =e" %" =e*(cosy +isiny).

Eciu X =0, To umeer mecto gpopmyna iinepa:
e” =cosy +isin y.
Hcnone3ys ¢opmyiy Diiepa, moixyduM erie oaHy (opMy 3amucyd KOMIUIEKCHOTO YHCIa —

MOKa3aTeNbHYIO.

iArgz iargz

z Z‘z‘(cosj +isinj )Z‘z’eij Z‘z‘e Z‘z‘e
Omnepanuu HaJl YUCIaMU B TIOKa3aTeNbHON (hopme
z, %, :rlell 1 Xze” 2 =rr, soll 1p12 =y i o'l 14 2) :’21‘ *Zz‘el(argzl +afg22)’

i
Z e

l(J| j2) _‘ ‘ei(argzl-argzz)

Z rzeij 2 rz ‘Zz‘ ’
_(rezj ) =r € _‘Z’ margz,
j +2pk arg z+2pk

Yz =trel =ifrve n =alde 7 ek =012,.n- 1.

TMokazaTenbHas GYHKIMA KOMILIEKCHOTO MepeMenHoro z f(z) =e” sBnsercs mepuoudeckoit
C MepHOIOM 2Pki, Tak Kak
N . z+2pki _ z 2Ppki _ =z . - _ z
f(z +2pki) =e =e” > =e”(cos2pk +isin2pk) =e”,
re. f(z +2pki) =f(2).
Ecmu z =0, 10 e =1y N =1

[Ipumep: KommnekcHoe uncio z =- 2 + 2+/3i npeacTaBurh B TPUTOHOMETPUYECKON (hOpME.

Pemenwe: 3nece x =2, y ZI ITo popmyne r —‘Z‘ \/x + y

MoJTy9aeM
r=y(-2)> +(243)2 =4 +12
ITo hopmynam
X2+ 32 y X2+

Imojrydyacm



. 2 I ..
cosj =-—=-—;sinj =—.
4 2 2
. 1 . 13
Tak kak COS] =- —, 10 | :iarccos? —g+ 2pk, re.
2 e 2o
. 2
j 5p +2pk, k1 Z
rae Z — MHOXeCTBO menbix uncen (0, =1, £2, ...).

. , 2
[Mockonbky j mpuHamiesxkut 11 uerBeptn, T0 | =Argz =§p + 2pk, a rnaBHOE 3HaueHME

apryMeHra j :gp .

[TosTOMY YHCIIO Z B TPUTOHOMETPUIECKOH (popMe UMEET BUJL

2p

z =4(cos— +sin 2—p) :
3 3

MO0>XKHO HCHOIB30BaTh U APYIruc 3HAUYCHUA AI'gZZ

a2p

z =4§:0s§;— + 2pk o++ i smép
e e3 %)

w20k Lk =0,41,52,..
o

[pumep: IpeacraButs uncna z; =- 1 + i\/§ , Zp =1- i3 B TPUTOHOMETPUIECKOH (hopme.

Pemenne: Tak Kak 7 :\/(- 1)2 +(\/§)2 =2, tgj :-?:\B, mo y>0, x<0, ro

: 2 ®e 2 ... 2.0
eCcTh J1==p, TO zy =2¢Cos—p +isin—p =,
e 3 3 ¢
a r, = 12+ 3] =2, tgj , =- IZ«/?, vo <0, x>0, 1o ecrs | » Z-%, TO
Z —2gcosg- EO+zs1n? EOQ_
e 30 e oo
z
[pumep: Haiitn , IPEIBAPUTENBHO 3aMHCaB KOMILIEKCHBIE YHCIIa B
2273 Bquation.3
TpPUrOHOMeTpHYecKoil popme, ecu z; =1+ Equation3’ 22 = 3 +lEquation.3 uzy; =1+ 3

Equation.3 *
Pemenwue: YuuteiBas uro, - P <] £ p Equation.3 * HaWJIeM MOJIENIb U apTyYMEHT KaxKJ10TO

P

KOMIIJIEKCHOI'O YHcCJia.
=arctgl =—

st Zy \/12 +1° \/5 ,
4 Equation.3

/( )5 , 1
AN Zy 1Ty = V3 ) +1? :2Equati0n.3 "l :arctgﬁ % ’

6 Equation.3
o — 12 ( j_ﬂ C _Pb
i Zy 11y = 1~ + \/7 Equat10n3 uj 5 —arctg\/g =

Torna 3aaHHbIe YKCIa B TPUTOHOMETPUUECKOH (popMe UMEIOT BUT

Equation.3 ’ )

Equation.3



Z Zﬁ(cos%ﬂ'sin%), Zy :2(cos%+isin%), Z3 :2(cos%+isin%).

CnenoBaTennHO,

p p

... P .. P P
Z, X, =2(cos— +isin—) X(cos— +isin—) =4(cos(— +
2 %3 =2( ¢ 6) ( 3 3) (cos(

=4(cos P, isin B).
2 2

Torna

P ... P
2, _\/E(COS4+ISIH4) _\/7

223

:g Xcos(- %) +isin(- %)).

4(cos Py isin B)
2 2

IIpumep. Haittu %/I .

2 p
= COS(— -
5 sy

3)+zs1n( ))—

Py isin® - Py =
2)+zsm(4 2))

Equation.3

Pemene. 3/1 =3/cos0 + isin0 =cos 0+ 2pk +isin 0+ 2pk.
[Ipu k =0,1,2 nonyuarorcst KopHu

a, =cos0+isin0 =1,

a, =cos27p+isin2—p Z%(- 1+i/3),

4p

a, =cosT+zsm— l( l-zf)

Ilpu k =3 a5 =cos2p +isin2p =1, uro coBmamaer ¢ &, Bce nocmexyromue KopHH

OyIyT MOBTOPSATHCS, TAK YTO PA3NIUYHBIX KOpHEH OyAET TOJIBKO TPH.

Bonpocwt u 3a0auu:

1. HaiiTu nelicTBUTENbHYIO U MHUMYIO YaCTH YUCIIA

a
)gl+zg

2. Haiitu MOAYJIb U apIr'YMEHT KOMIIJICKCHOI'O YHCJIa

a)1_|_1.123 P ... P

,0) - cCOS— +iSIn—, B)
7 7

i 6 (1+z)5
-

(1+i)8 ><6- iﬁ)6.

3. BremosiHuTe apudmeTnueckue NCHCTBUS HaJ KOMIUICKCHBIMH 4Yuciamu. M300pa3ute HaiieHHBIC

YHCJIa Ha KOMIIJIEKCHON MJIIOCKOCTH.

1-1‘4\/(1(\51')-60+2i‘

2-if-6+9i

S 6\/(2+3i)2- (2-3if
B 4841 +i)°

. 3\/(2( 2i) +72+4i
1

-2i)2+5i
2-if-3

1.4.2m.



153\/(1-2i)3+(1+2i)3 16\/33><(2+2z)5
B a4{1+i) (1+3i14

1.7.4/- 128 +i128+/3 . . 1+i3
B4

- 8 +i8+/3. - 1- ng

1.10. %

111, 4/- 128 - 12843 . 1.12. 4/- 8- i83 .
13 \/(1+«/71)g 60 + 2i 114, 4

@ ly 6 +9i
1_15_\/(1(*“@)2 60 +2i 1.16. 4- 128 - z128[
2-if-6+9i
1.17. /- 8i. - 3\/(1 21)1{ (1+)2;)3 |
44 X1 +i
1.19.\/(1(+Il)2g 60+20 1.20,\/(2 (12’)24;’72;41.
2-1 6+9; iF +5;
o \/(1([1)3) ey 1.22. 6\/(2 +4381);1 (2,):03i)2 ,
2-1 6+9; +]
++/3i | - 60 +2i (2 mf+72+m
1.23.\/(1(2 1)3) FTTRE 1.24.\/ TaFas

1.25. . 1.26. 4\/@ \/71) 60+2l_
2 (2-if-6+9i
Q+3if - (2- 3if 2-if-3
1.27.6\/ T 128 35—

4.1300pa3ute HaliZIcCHHBIC YUCIIa HA KOMIUIEKCHOHM TUIOCKOCTH:
\/(1+ﬁi) - 60 +2i
a) 4 :
(2-if-6+9i
5 3\/(2 2i ) +72+4i
(1- 2if +5i
J@+&y @ &y
B) ¢ .
4841 +i)°

Ilpakmuueckoe 3anamue 4. /lelicmeus nad mampuyamu.
Ileny: BHIpaOOTATH YMEHHE MPUMEHSATH AJTOPUTM BBITIOJHEHUS JEHCTBUA HAJ MaTpUIIAMH Ha



MPaKTUKE
Cooeprrcanue:
MOHSTHUE MATPUIIbL, BUJIbI MATPHII;
AITOPUTMBI CJIOKEHHSI MAaTPUII, YMHOKECHHSI MATPUIIBI HA YHCIIO, YMHOKEHUS MATPHIIL.
Teopemuueckaa yacmo:

[IpssmoyronbHast Tabauna U3 m * n 4UCel, coepialias m — CTPOK M n CTOJOLIOB Ha3bIBaeTcs
mampuyeti 1 0003HaAYACTCA

all alZ L aln ?lll alZ L aln 9
e a, da L a,, — :Qazl ay L ay, =
L L L L L L L L N
aml amZ L amn éaml amZ L amn Q

WJIM KOPOTKO MaTpuily obo3Havdaotr A = || a; ||, i = 1,2,...,m;j=1,2,...,n

Cio)xeHre MaTpHIL.

[Tyctb nanbl 1Be MaTpulbl 4 1 B ouHaKoBOro ctpoeHus. Mx cymmon Ha3zbiBaeTcsa matpuna C =
A + B TOrO0 € CTpOCHHUs, SJIEMEHThHI KOTOPOIl paBHBI CyMMaM COOTBETCTBYIOILIUX 3JIEMEHTOB MaTpull A
u B, T.e. ecmu A = ||layl|, B =||by|l, oA+ B = C= ||c,~j||

- y ? -2 50 g - 306
puamep: A = = _.,Torz[a

4 1 -2 44

d+2 - 2+1 5-36_a8 -1 20

A+B =C = =
§4+1 1-2 3+4g -1 Tg
OTMeTHM, YTO CKJIaJbIBaTh MOXKHO TOJBKO MATpPUIBl C OJMHAKOBBIM YHUCIOM CTPOK U C
OJIMHAKOBBIM YHCJIOM CTOJNOIOB. [leiicTBUE CIIOKEHUS MaTpHUl] MOXET OBITh PaclpOCTPaHEHO Ha
cllydaii J:000ro KOHEYHOI0 YHCIIa CJIaraéMbIX OJIMHAKOBBIX CTPOEHUH.
Paznocteio B - A maTtpull B u 4 (OAMHAKOBBIX CTPOSHMIA) Ha3bIBACTCA TaKas MaTpuLa X, 4To
A+X=B.

a214o B 5 76

_g 5 3 lg _gz 1 4é.T0r11a
5 70 @2 1 46 _ad 4 38
X =5 A_gz 14f &2 3 1 & -4 32

Marpuna O, Bce 3JIeMEHTBI KOTOPOI paBHbBI HYJIIO Ha3bIBA€TCA HyJIeBOM MaTpuliei. OueBUIHO, A
+0=4, A-A4=0.
Paznocts O — A o603Hauaercs uepes —4. Martpuiia —A4 Ha3bIBACTCS NPOMUBONOIOHNCHOU MATPHUILIE

Hanpumep, A

A.

YMHOKEHNE MATPUIL.

a) YMHOXEHHE MaTpULbl Ha yUci0. UTOOBI YMHOXHUTh MaTPUILy HA YUCIIO O, HAJ0 YMHOXUTH Ha
9TO YUCIIO KaXKJbIH 3JIEMEHT MAaTPHILIbL:

a||a,-,~||=||aa,-j||
@ - 18 -16_g6 -39
[pumep. 4 = < a =3,a4 3 - =
& s; & 55 8 15,

0) YMHOXKEHHUE JIByX MaTpHIL.

YMHOKEHHE MaTpHlbl B Ha MaTpully 4 BO3MOXHO TOJBKO B TOM Clly4yae, KOIJia Yucio CTOJIOI0B
B MaTpUlE B paBHO YKCITy CTPOK B MaTpHIIE A.

Onement Matpulbel C = B - A, pacnoynoXeHHbIH B -0l cTpoke u j —oM cronbue (T.e. Cj;) paBeH
CyMMe€ NPOU3BEACHUN 3JIEMEHTOB i — O CTPOKM MAaTpPHUIIbl B Ha COOTBETCTBYIOIIME 3JEMEHTHI j — IO
CTONOIa MAaTPUIIBI A.

CrnenyeT OTMETUTb, YTO YMHOKEHHE MAaTPUILl HE KOMMYTaTUBHO, T.€. AB # BA.



xl 2Q 22 10
Hanpumep A —g 3 = B :g 3 5::.
@

HNmeem

458 el 20 2 lo el X-2)+23 IX+2> 6 xe4 116
1 3Z3 55 EIx-2)+38 Ix-1)+3%5 & 11 14g
Bod = a2 2 l1¢eel 20 _& 2A-1X  2X- 2)+1>60 23 - 16
AB # BA
Bonpocwt u 3a0auu:
3anmava 1. Jlanbl KBagpaTHBIE MATPUIILI 2—0T0 TOPSAKA
A= u B=.
BrrurcnuTe crneayronue BhIpaKeHUS:
a);
0) .
3amaua 2. JlaHbl MaTpUIIBI
A=, B=, C=, D=, F=.
BeraucnuTe creayromye MaTpUIHbIE BRIPAKCHHS (€CITH Kakas—HHUOY b OTiepaIis He Onpe/ieicHa,
OO0BSICHUTE, TTIOUEMY ):
a) ;
0) ;
B);
r);
1) ;
e).
3anayva 3. JlaHbl KBaipaTHbIE MATPULBl 2—0T0 HOPSAKA
A= u B=.
BrrarcnuTe creayrone BoIpakKCHUS
a);
0);
B) .
3anaya 4. JlaHbl MaTpHIIbI
A=, B=, C=, D=(-1,2,3), X=.

BeramcnuTe cneayrone MaTPUYHBIC BBIPAKCHUS (€CliM Kakas—HUOYIbh OIepamus HE OIpejelicHa,
00BSICHUTE, ITOYEMY):
a) 2;
0);
B);
;
1) ;
e).
3anaya 5. JlaHbl KBajipaTHbIE MaTPUIBl 2— OT0 MOPsIIKa
A= u B=
Beraucoure , u.
3anaua 6. JlaHbl MaTpULIBI
A=, B=, C= , D=, F=
3amaya 7. Bpluncanure cleayrolle MaTPUYHBIE BBIpAXKEHHs (€CiM Kakas—HUOyAb omnepamus He
ornpezeneHa, 00bSICHUTE, IOYEMY):
a) W ;
0) u;
B) W ;

"

r)

2



n) ;

e).

Ilpaxmuueckoe 3anamue 5. Bvluucienue onpedenumeneil pazioiceHuem no 3J1eMeHmam cmpoxKu
(cmonoua).
Iens: BEIpabOTATh yMEHUE IPUMEHSTH AJITOPUTM BBIUUCIICHUS ONIPEACITUTENS N-T'0 MOPSIKa
Cooeporcanue:
MHHOD, aJITeOpandecKkoe JOTMOTHEHUE DIIEMEHTA
AITOPUTM BBIUUCIEHUS ONPEAEIUTENS N-Iro MOpsaKa
Teopemuueckasn wacmo:

Brruucnenue onpenenurenei

Ecnm B maTpuiie yuciao CTpOK paBHSAETCS YUCITY CTOJIOIOB, T.€. M = 1, TO MaTpUIla Ha3bIBACTCA
K68AOpamHou:

wll a12 L aln O
C =
4 :Qazl a L a,, =
L L L L*

ga nl an2 L ann g

Onpenenurenb, COCTABICHHBIM W3 JJIEMEHTOB KBaJpaTHOW wmaTpuilbl (0e3 TepecTaHOBOK)
Ha3bIBACTCs OMPCACTIUTCIIEM MAaTPUILIbL A.

all alZ L aln

a, a, L a

A — 21 22 2n
D) L L L L
anl anZ L ann

3aMeTI/IM, 4YTO HC KBaJ[paTHas MaTpulla HC UMCCT OIIPCACIINTCIIA.

YKCIIO ay; ay - a1 @12 HA3BIBAETCA ONPEIEIUTEIEM BTOPOrO MOPSAIKA U 0003HAYAETCS CUMBOJIOM
a4y

D= =a, 4y = Apdy, -

ay A4y

OnpeienureneM TPETHETO MOPSIKA HA3BIBAETCS YKMCIIO:

a,; d;p 4y

D=la, a,, ay|=a,a,a;+0a,a5,a;+0a,,a,0; - a3,0,,0,; - A),A3,0y; - 4,,0),05;

ay d3p Ay

Cxemarudecku (bopMlea JJ1 1 BBIYUCIICHUSA OIIPCACIIUTCIIA TPETHEI'O MOPAAKA BBITJIAIUT TaK:

ay  dp 4y a;
y dy dy|= Ay |-
ay Ay Ay { 3

OHpeI[eJ'II/ITeJIL TPETHEI'O MOopsAAKa TAKKE PAaBCH CYMMC HpOI/I3BeI[eHI/Iﬁ 3JICMCHTOB HeKOTOpOﬁ
CTpoku (cTonb1a) Ha anredpanyecKre JOMOTHEHUS 3TUX dJIEMEHTOB, T.€.
D=a, 4, +a,4, +a;4;; D=a, 4, +a, 4, +ay 4,
D=a, 4, +a,4,, +a,A4,; D=a,A, +a, 4, +a;4;,
D =ay 45 +a, A5, + a4y D=a;A; +a,4,; +ay; A5
Hamnpumep, pa3noxeHue onpeaeIuTels 1Mo dIeMeHTaM IIEPBOM CTPOKH:
a a a a a a
_ 141|422 23 142|421 23 143|921 2| _
D=a, X-1) +a, X-1) +a; X-1) =
Ay, A3 ay a4z ay dxp
=, (apas; - Anay)- an(ay a3 - ay3a5) +a,5(a,,a;5 - a,a,) =

=a,,05053 1 A,050,5 T A130,5,05, = Q1103053 = Q05053 = A305,0,



PaznoxeHueM 1o 31eMeHTaM CTPOKH WM CTOJIOIA MOKHO BBIYUCIUTH ONMPEACTUTENb JH000r0
nopsaka. B xauectBe npumepa pacCMOTPUM OIPEAETUTENIb YETBEPTOro MOPSJIKA U Pa3IoKUM €ro 1o

QJICMCHTaM nepBoﬁ CTPOKHU:

1 -1 2 3
1 -1 4 1 -1 4
bob-bd IX-D™3 1 3l+C-Dx-D"2 1 3
=1X- + (- - +
2 3 3
1 0 5 3.0 5
31 0 5

11 4 11 -1
+2%-1)"2 3 3[+3%-D"2 3 1| =1(5+0-3-4-0+15)+
315 31 0

+1(5+0-9-12-0+10)+2(15+8+9-36- 3-10)- 3(0- 2+3+9- 0- 1) =

=13-6+2X-17)-3> =13- 6-34- 27 =-54

PaccMoTpeHHBIN OnpeaenuTeah MOXKHO BBIYUCIUTH APYTHMM CIIOCOOOM. A MMEHHO, YMHOXHUM
9JIEMEHTHI TIEPBON CTPOKH Ha (-1) M CIOXHM C 3JIEMEHTAaMU BTOPOW CTPOKH, 3aT€M YMHOXUM
AJIEMEHTHI TIEPBOI CTPOKHU Ha (-2) M CIOKUM C COOTBETCTBYIOIIMMH 3JIEMEHTAMH TPEThEH CTPOKH W,
HaKOHEII, YMHOYXHM 3JIEMEHTHI TIEPBOM CTPOKH HA (-3) U CJIOKUM C COOTBETCTBYIOIIMMU C AJIEMEHTaMHU
4eTBepTOi cTpoku. Torna moiayyum onpeaenureisb 4-ro Mopsaka, B MepBOM CTONOIE KOTOPOTO CTOSIT

HYJIY, KpPOME IIEPBOM CTPOKH, T.€. UMEEM ONPEAETUTENb:

1 -1 2 3
2 -3 1

0 2 -3 1

0 s g g =wAw =D -3 - 3=24-30+36+12- 36- 60 =- 54
4 -6 -4

0 4 -6 -4

Bonpocet u 3a0auu:

3anaya 1. [lanbl kBajpaTHbIE MaTpUILlbl 2— oro nopsiika A= u B =
Brraucnure cinenyromue BoIpaKeHHS:

a);

6)

B) .

IIpoBepbTeE, UTO .

3anaya 2. JlaHbl KBajipaTHbIE MATPULIBI 3— IO MOPAIKA

A= u B=
Brraucnure cnenyromme BIpaKeHHS:
a) ;
6)
B) .
[IpoBepspTe, UTO .
2 3 5 1 1 1 1 1
3amava 3. Beramcnuts ompepenurenu: a) |1 4 -2(;0) |x y z|; B) [l l1+a
-1 0 1 x>y oz I 1
1 -1 2 3 -2
-5 1 -4 1
1 1 -1 2 1
R 5 T B S S
i -
-4 1 -8 -1
3 2 1 -2 3
3 2 6 2
-2 1 3 4 5




Ilpakmuueckoe 3anamue 6. Oopamuasa mampuya.

I[ens: BBIpabOTATH YMEHHE TPUMEHSTH aJITOPUTM MTOUCKA 00PaTHOW MAaTPHIIBI

Cooeporcanue:

oOpaTHasi MaTpuIla, BBIPOXKICHHAs MaTpHIA, NPUCOCTUHEHHAS MAaTpUIla, TPAHCIIOHUPOBAHHAS
MaTpHIIa;

QJITOPUTM MOUCKA 00paTHON MaTpPHULIBI.

Teopemuueckaa yacmo:

[TycTh 3a1aHO HEKOTOPOE YMCIIO a ¥ MyCTh CYLIECTBYET TaKoe YMciIo m, uTo am = 1. Yucno m B
9TOM cly4yae Ha3bIBaeTcsl 0OpaTHBIM 1S a. Ecnm, Teneph, pacCMOTPUM KBaJIPpaTHYIO MaTPHIy N-TO
nopsiika, To enuHUYHas Matpuna E Oynet urpath ponb eauHUIBL. ECTECTBEHHO TOCTaBUTH BOIIPOC O
CYLIECTBOBaHMU OOpAaTHOW MaTpUIBI, T.€. TAKOW MaTPHUIIbl, KOTOpasi B MPOM3BEACHUU C JTAHHOH JaeT
eQUHUYHYIO MaTpuny E.

[Tycte A — kBagpaTHas MaTpuia n-ro nopsaka. KeaapatHas matpuna X (TOTo e MOpsSAKa n)
HazbIBaeTcs oopatHoit st A, eciiu AX = XA =E.

KBagpaTHass wmarpuia n-ro mopsijika Ha3bIBaeTcd OCOOCHHOM (BBIPOXKACHHOM), eciu ee
onpenenuTenb paBeH Hymo. Ecou ke A (A) # 0, To A Ha3zbIBaeTCs HECOOCTBEHHOW (HEBBIPOXKICHHOM )
MaTpULEH.

Jis HaxoKAeHUsT 00OpaTHOW MAaTPHIIBI, PACCMOTPHM MAaTPHILy TPETHETO MOPSIKA

o, 4d, a;Q a, a, d4aj
— . — 1
A =Ca, ay, dy-= D(A4) = a, @, ay|' 0
86131 a, dy;g W Ty CTh a; d; dy;

OG6patHoi MaTpuieii A™' 6yzer matpuna:

%411 A2l A}l o_

2 n

g D D D _ a411 AZI A3| 0
-1 QAlz Azz A32 - 1¢ -
A = o, A, A

¢D D D* D N
QAB A23 A33 - 8‘413 Azz A33 [0/
9 -
eD D Dg
rae Aij ecTh airedpandecKkoe JOTOJHEHUE dIeMeHTa aij onpenenutens A = A (A).
[Tpumep. Haiitu o6pathyro Marpuiyy A, eciu

& 2 30
A:gl -1 0=
1 2 g
Pemenue: Haiinem onpenenurens MaTpULIbI
2 2 3
D=1 -1 0/=-2+6+0-3-0-2=-1"0
-1 2 1
Haxonum anrebpanyeckue TOTMOTHEHUS
-1 0 I 0 I -1
A“ = =-1 AlZ =- =-1 AB = =2
2 1 -1 1 -1 2
2 3 3 2 2
A21 :-2 1:-(2-6):4 A22:_1 1:5 A23 :—_1 2:—
2 3 23 2 2
S S T T PR

CnenoBartenbHO,



@, 4, 4,0 el 4 306 @& -4 -35
19 _- lg __g -
D(}Alz Azz Asz‘f _Q- 5 3 —_Ql -5 '3—

g = &4, A, A,g_ 81 -6 -45 &1 6 45

[TpoBepka: A A-1 =E

a2 2 36l -4 -3 a2+2-3 -8-10+18 -6-6+12p

gl -1 0gl -5 -3;:31-1+0 - 4+5+0 -343+0 2=

&1 2 1&1 6 45 &1+2-1 4-10+6  3-6+4 5

ad 0 08
:go 1 0-=E
0 0 1g

Bonpocwt u 3a0auu:
1.3amana kBaapaTHas MaTpuiia 3— ro MopsaKa, HAWTH 0OpPaTHYIO MATPHILY.

3 295 *

2.MoeT 11 MaTpuIla UMETh JIBE OOPATHBIX ?
a@ 60 _@lo_a39
3. PemuTh MaTpu4HOE YpaBHEHHUE
485 &l1555

- 16 &0 2906
gl 2@?« 519@ 515@
e 2 6o &l o &6
g 3 1@ goa gl“a

Ilpaxkmuueckoe 3anamue 7. Pane mampuuui.

I[ens: BBIpabOTATH YMEHHE IPUMEHSTH aJITOPUTMBI BBIYHUCIICHUS paHTa MATPHUIIBI
Cooeporcanue:

MUHOp MaTpPHULIbI, paHT MaTPHULIbI, SJIEMEHTapHbIe IPeoOpa30BaHUs MATPUILL, CTyIIEHUYATas MaTPULIA;
METOJ] OKaUMIISIOLINX MHHOPOB, METOJ 3JIEMEHTAPHBIX NTPEOOpa30BaAHUN.
Teopemuueckaa wacmo:

PaccMOTPHM HEKOTOPYIO, He 0bsazamensho keadpamuyio Matpury A . BeiGepeM kakie-HHOYIb

S HOMEPOB CTPOK Ij,15,...,L, 1 S HOMEPOB CTONOLOB J{, J5yeees Jo-

Onpenenenne. Munopom nopsoka S MaTpUIIbI A (COOTBETCTBYIOIIUM BBIOPAHHBIM CTPOKAM U

CTOJIOIIaM) HAa3bIBAETCS OMPEICIUTENIb TopsaKa S, 0Opa30oBaHHBIM AJIEMEHTaAMH, CTOSAIIMMU Ha
NepecevYeHu  BHIOPAHHBIX CTPOK M CTOJIOIOB, T.€. YHACIIO

oy — Dirji  Yiyjy - Yy,
JieeoJs
Qijy i, o Qi

Kaxnas MaTpuna uMeer CTOJIbKO MHMHOPOB JAHHOTO MOpAJKa §, CKOJBKMMHU CHocoOaMu

MOXHO BBIOPATh HOMEpPA CTPOK 11,1y, ..., L M CTONOLOB Ji, J5,eees J-



Onpenenenvie. B marpuue A pasmepoB /1 ¥l MUHOp NOpSAAKA S HA3hIBAETCS OA3UCHBIM,
eCIIM OH OTIIMYCH OT HyJIs1, a Bce MUHOPHI mopsiika S + 1 paBubI Hystto i muHopos mopsimka S + 1 y

matpuusl A BooGue Her.
SIcHO, YTO B MaTpHIle MOXKET OBITh HECKOJIBKO Pa3HBIX 0a3UCHBIX MHHOPOB, HO BCE Oa3HMCHBIC

MHHOpPBI HMEIOT OJJMH U TOT e TOPsIOK. JlefiCTBUTEIBHO, eCTi Bce MUHOpHE mopsiaka S + 1 pasmsr

HYITIO, TO PABHBI HYJIIO ¥ BCE MHHOPBI IOpsiika S + 2, a, CIe10BaTEeIbHO, M BCEX GOIBIINX MOPSIIKOB.
Onpenenenne. Paneom mampuysl Ha3bIBa€TCS TOPSAIOK Oa3MCHOTO MHUHOpa, WU, HWHAYE,

camblii OOJBILION MOPANOK, JUIsI KOTOPOTO CYIIECTBYIOT OTJIMYHBIE OT HyJsi MHHOPBL. Eciam Bce

3JI€MEHTHI MATPUILIBI PABHBI HYJIIO, TO PAHT TAKOW MATPUIIbI, IO ONPEIEICHUI0, CYUTAIOT HYJIEM.

Paur marpuusl A Gyzem 0603Ha4aTh CHMBOIOM I"(A) . VI3 onpenenenus panra cieayer, 4ro

JUISL MaTPHUILIBL A pasMepoB /71 F CIIpaBeIMBO COOTHOIICHHE 0L F(A) £ min(m, I’l) .

PaccmoTpuM ciocoObl BBIYUCIIEHUS PAHTa MaTPUIIBL:
a) Memoo oxkatmMasiowux MUHOpPO8

Iycts B Matpuue Haiinen munop M k -ro NOpsIIKa, OTJIMYHBIA OT HyJs. PaccMoTpuM numib
T€ MUHOPBI (k + 1) -T'0 IOPA/IKa, KOTOpBIE coepkar B cebe (okaitmmsior) murop M : ecnu Bce onu
paBHBI HYJIO, TO PAaHI MaTpUIbl PaBEH k.B IIPOTUBHOM CJIy4ae CpeAy OKaMMIISIOIUX MHHOPOB
HalJeTcs HEHYJIEBON MUHOD (k + 1) -T0 MOpsiZiKa, U BCs MpoLEAypa MOBTOPSETCS.

IIpumep. Haittu panr maTpuisl A meronom oxaiimsomIx MHHOpPOB.

el 2 306

_¢ N
A=¢-2 5 4.

&3 7 715

Bribepem Mmunop BTOporo mopsiaka M ) = 0. CymiecTByeT TONBKO OAMH MHHOP

-2
TPEThEro TMopsIKa, OKaiimMstomuit Beidpanusiii munop M 5 - Beraucnum ero.
-1 2 3
M, =12 5 4 =(-1)%X+2XX%-3)+35X-2)-
-3 77
- 338 %-3)- 40 X- 1)- 2%-2) ¥ =-35- 24- 42 +45+28 + 28 =0.

3naunr, munop M » 0a3KMCHBIN, a paHT MaTPUILBI PABEH €TO MOPAIKY, T.€. V' (A) =2.

SIcHo, 9TO MepedupaTh TAKUM CIIOCOOOM MHHOPBI B IOMCKAaX 0a3MCHOTO — 3a/a4a, CBA3aHHAS C
OONBIIMMH BBIYUCIICHUSIMH, €CIIH pa3Mepbl MaTpHUIlbl He oyeHb Maubl. CyIiecTByeT, oJHaKo, Oosee
MIPOCTOM CITOCOO HAXOKIECHUS paHTa MATPHUIIBI — TP TIOMOIIY 3JIEMEHTAPHBIX MTPeoOpa30BaHUM.

0) Memoo snemenmapuvix npeodOPa306aHuUl

Onpenenenue. JreMeHMAPHLIMU NPeodPA308AHUAMY Mampuysl HA3BIBAIOT CJEIYIOIIHe
npeoOpa3oBaHus:
1) yMHOXEHHE CTPOKHU Ha YUCIIO, OTIMYHOE OT HYJI;
2) mnpubaBieHUE K OJHON CTPOKE APYTON CTPOKH;
3) mepecTaHOBKY CTpPOK;
4) Takue ke mpeoOpa3oBaHuUs CTOJIOIOB.

[IpeobpazoBanus 1 U 2 BHIMOTHSAIOTCS TOJIEMEHTHO.

KomOunmpys mpeoOpa3zoBaHUs EPBOTO U BTOPOTO BHJIA, MBI MOKEM K JIFO0OU CTpOKe MPHOaBUTH

JMHEHHYI0 KOMOMHAIIMIO OCTAIBHBIX CTPOK.



Teopema. Dnemenmapnuvie npeobpazosanus e MeHAOM panea MAmpuybl.

I/IJIGSI MPAKTUYCCKOro METOZa BEIYMCIICHHUA paHra MaTpHUIlbl

89111 dip - 41, Q

A _9a21 a22 .ee azn -
_9 =
gaml a2 R Q

3aKII0YACTCS B TOM, UTO C TIOMOIIBIO HIEMEHTAPHBIX IpeoOpasoBanmii JanHyo Matpuny A mpusomsr
K BUTY

(}@11 byy . by by . by, o)
g O b22 oes bzr b2,1‘+1 oes bzn -
C.. -
¢ <,
B=¢0 0 .. b, b,y w b,z
o 0o .. 0 0 N
Q -
€0 0 .. 0 0 .. 04
B KOTOpOM «AUAarOoHaJIbHBIC)» DJIEMECHTHI b113b22"”’br}’ OTJINYHBI OT Hy.]'IH, a DJICMCHTHI,

PAaCIIOJIOKEHHBIE HUXKE «IUarOHaJIbHBIX», PABHBI HYJIO. YCJIOBUMCS Ha3blBATh MaTpPUILY B raxoro
BUJIa TPEYTOJIbHOW (MHAYe, €€ HA3bIBAIOT JUAarOHAJIbHOU, TpanerueBUIHON win JiectTHuuHoM). [locne

NpUBEACHUS MaTPHUIIBI A x TPEYroJIbHOMY BHUIY MOJKHO Cpa3sy 3ammcarhb, 4To /' (A) =r.
B camowm gere, I’(A) :I"(B ) (T.K. BIIeMeHTapHble peodpazoBaHusl He MEHSIOT paHra). Ho y

MaTpuisl B cymecTByeT OTIMUHBIL OT HyJIs MHHOP MOpsaKa ° :

bll b12 cee bl

0O by, .. b
> 1 =by, by, X8, 0,

7

0O 0 .. b

rr

a moGoii MuHop nopsiaka 7 + 1 comepkuT HyTeBYyIO CTPOKY H [I09TOMY PaBEH HYIIO.

CopMyHpyeM Terepb NPaKTHUECKOS npasuno ebiuucienus panea Matpusl A ¢ momompio
3NIEMEHTApHBIX MPEeoOPa3OBaHMiA: JUIs HAXOXKICHHA panra Mmarpuimsl A cregyer ¢ IOMOMIBIO
3IIEMEHTAapHBIX TIPE0bPa3oBaHMil IPHBECTH ee K TpeyroibHoMmy Buay B . Torma paur marpumst A
Oy/IeT paBeH YHCIy HEHYJIEBBIX CTPOK B HONy4eHHOI Matpuue B .

Hpumep: Haiiti panr Matpuisl A MeTo10M 31eMeHTapHBIX IPE0bpa3zoBaHHil:

2 -5 8 59

_gl -2 3 4 -
Gl 2-3-4°

é 3 -7 11 95
Pemenne: [Tomensiem MecTamu MEpBYIO M BTOPYIO CTPOKY (T.K. MEPBBINA 3JIEMEHT BTOPOM CTPOKU —1 U

Cc Hell OyzeT y00HO BBIIOJHATH MpeoOpa3oBanus). B pesynbraTe morydnm MaTpuily, SKBUBAICHTHYIO
JTAHHOM.



2l -2 3 434

C :
4 =S 2 -5 8 5 +Equation3
¢-1 2-3-4 7

é 3 -7 11 95
O603H2aunM I-Ty10 cTpoKy Matpuisl — C ;- Ham He00X01MMO NPUBECTH UCXOHYIO MATPHILY K

TpeyronbHoMy BHIy. IlepByto cTpoky OyaeM cyuTaTh Beyllled, oHa OyIeT y4acTBOBaThb BO BCEX
peoOpa3oBaHUSAX, HO camMa OCTaeTcs 0e3 M3MEHEHUH.

Ha nepBom 3Tamne BbINOJIHUM IpeoOpa3oBaHus, MO3BOJISIONINE MOIYYUTh B IIEPBOM CTOJIOLE HYJIH,
KpOMe NEepBOro sjaemeHTa. s 3TOro u3 BTOPOM CTPOKM BBIYTEM NEPBYIO, YMHOXKEHHYI0 Ha 2

(Cz - ZCI), K TpeTbed CTpOKe NpubaBUM IEPBYIO (C3 + Cl), a W3 TPEThEH BBIUTEM IEPBYIO,
YMHOXKEHHYIO Ha 3 (C3 - 3C1). [TonyuaeM matpuily, paHI KOTOPOH COBIIAJaeT C PAaHIOM JAaHHOM

matpursl. O603HaUNM ee Toii ke OykBoil A :

éal -2 3 4('3'

_9 0 -1 2-3; Equat10n3
€0 0 0 0_
g() -1 2-3@

Brrurem u3 uerBepToil CTpoku BTOpyto. [Ipu 3TOM nmeem:
el -2 3 46
¢
_c 0O -1 2-3_-

A=
o0 0 0 0°
0 0 0 0g
[Tonydyena marpuna TpeyrojbHOrO BUIA, U MOXHO CHEJIaTh BBIBOJ, YTO I”(A) =2, 1 e YUCIy

HEeHYJIeBbIX CTpoK. KopoTko perienue 3a1aui MOXKHO 3alucaTh CIEAYIOMUM 00pa3oMm:

Equation.3 .

892 -5 859 gel -2 3 40
1 -2 3 4 2 -5 85

A=¢ RN AC) RS C
-1 2-3-4 7 ¢-1 2-3-4
§3-711 95 §3-711 9¢

881 -2 3 48 gel -2 3 48

c0 -1 2- 3%%% c0 -1 2-3-

0 0 0 0 0 0 0 0

go -1 2-35 go 0 0 0g

Bonpocui u 3a0auu:

BbruncnuTh paHr MaTpUIbl ABYMsI CIIOCOOAaMU: € TIOMOILBIO 3JIEMEHTAPHBIX MIPe00pa3oBaHUN U
METOZOM OKaWMIIEHHs] MUHOPOB.



el -6 2 4 83 21 2 -7 13 0
A=g¢3 18 -6 -12 -2454=¢ 7 7 -6 3 12-

€0 6 7 23 1lg 16 -11 -17 56 -364

B8 7 -5 8 1l & 15 -9 20 78
A:g2-2 -5 1 0_§;A:g3 -1 -6 1 2

&9 41 -10 37 555 & -18 -9 -17 -lg

1 5 -4 13 06 @l 4 -1 10 -76
A:g-2 0 4 1 2_;;/1:83 5 -14 2 2—
€0 -10 4 -27 -25 &6 55 -103 64 -2lg

B8 2 -9 8 166 x2 7 12 0 9%
A= 2 -5 6 12:4=¢-2 4 6 11 8-

& 6 -19 20 405 &2 29 48 22 43;

& -5 2 4 2 @ 5 -12 3 79
A=¢6 4 1 8 1_§;A=gzs 6 -9 0-

&5 -11 7 20 75 & 20 -30 0 2lg

Ilpakmuueckoe 3anamue 8. Hccnedoeanue cucmem NuHelHbIX YPAGHEHUIL HA COBMECHIHOCHLb.
I]ens: BoipaboTath ymenue uccuenoBats CJIY Ha COBMECTHOCTh

Cooeporcanue:

coBMmecTHas u HecoBMecTHast CJIY, onpenenennas u neonpenenennas CJIY, onqnopoanas CJIIY;
teopema Kponekepa-Kanennu, reopema o uucine pemenuit CJIY.

Teopemuueckasn wacme:

JIMHEHHBIM ~ (OTHOCHMTENBLHO HEU3BECTHBIX  X|,X5,..., X, ) Ha3bIBAOT aIreOpanyeckoe
YpaBHCHHE IIEpBOM CTCNICHU, T.C. YpaBHCHMC BUAA X + a, Xy +...ta nXn =b , The
ap,...,a,, b — uucna. Cucrema /M TUHEWHBIX YPAaBHEHUM ¢ 71 HEM3BECTHBHIMU UMEET BU/

Tayx +apx, +..+a,x, =b

t amlxl + am2x2 Tt amnxn :bm

B o6mem cirydae 4nciio ypaBHEHUH B CHCTEME He 0053aTeIbHO COBIAAET C YNCIOM HEU3BECTHBIX: 171

MOKET OBITh MEHBIIIE, PABHO WM OOJbIe yrcia #. Yucna aij (BelleCTBEHHBIC MJIM KOMILJICKCHBIC)

HA3BIBAIOTCS  KOdpuyuenmamu  cucmemvt; b, — ceobodnvimu  unenamu; X153 X9y X

1 n
HeU36eCMHbIMU.

CucreMy MOXXHO 3amucaTh B MAaTpUYHON dopMme:



. & O &, 0

éalll alz aln 9 9 1 =
e 4 = R T
gaml A2 N Q gxn @ gbm @

Ecmu bl :b2 —-... :bm :O, TO CHUCTEMA Ha3bIBACTCA OaHOpOaHOlJ, B IIPOTUBHOM CJIy4ac

OHAa HAa3bIBACTCA HEO0OHOpOoOHOoU. Marpuiy A wnassBator mampuyett cucmemsl. Pacwupennoii
mMampuyell cucmemsbl TAHEHHBIX YPABHEHHUI HA3bIBAIOT MATPUILY A, x KOTOpO# no00aBieH (crpaBa)

cTo0€eIl CBOOOMHBIX YJIEHOB b . Takyro matpuily Oyaem o003HauaTh B JAJBHEHIIEM CHUMBOJIOM
(A4]b).

Onpenenenne. Cucrtema JHMHEHMHBIX YpaBHEHHWH, HE HMEIOIIas HU OJIHOTO pEIICeHMUS,
HasbIBaeTcsi Hecosmecmuou. Cuctema, oOnajnaromasi XoTs Obl OJHUM pEUICHHEM, Ha3bIBaeTCA
COBMECMHOI.

OTHOCHUTENHHO KaXKI0W CHCTEMBI TUHEHHBIX YPaBHEHHI MOTYT OBITh MOCTABIICHBI CIASAYIOIIHE
BOITPOCHI:

1) CoBmecTHa 3aaHHasI CHCTEMa UK HET?
2) B cunyuae, ecnu cucteMa COBMECTHA, KaK OMPENEIUTh, CKOJIBKO OHa UMEET PeIIeHUN — OJHO WU
HECKOJIBKO?

Borpoc 0 COBMECTHOCTH CHCTEMBI JIMHEWHBIX YPABHEHUH IIOJTHOCTBIO PELIACTCS CIEAYIOLICH
TEOPEMOM.

Teopema Kponekepa-Kanennu. /[na moeo umobsl cucmema auHeluHblX ypagHeHuil Oblid cO8Mecmuda,
HE0OX00UMO U OOCMAMOYHO, YMOOLI paHe MaAmMpuybl SMOU Ccucmemvl Obll paseH paumey ee

PAcuUpeHHoU Mampuybsl, m.e. ¥moowvl I/'(A | b) :I/'(A).

Ecian cOBMECTHOCTh CHUCTEMBI JIMHEMHBIX YPABHEHUM YCTaHOBJIEHA, TO BO3HUKAET BOIPOC O
TOM, CKOJIBKO OHa MMeeT peuieHHid. OTBET O 4MCIE PEIIEHUN CUCTEMBl JIMHEWHBIX YpaBHEHHWM JactT
cienyrouas reopemMa

Teopema (0 umcne pemenuit). [lycms o0na cucmemvr Nl aunelHvlx ypaenenuti ¢ N
HeU36eCMHbIMU 6bINOJTHEHO YCA08Ue COBMECIMHOCIU, M.e. paH2 V' mampuysl cucmembl paser panzy ee
pacwupennoi mampuysl. To20a, eciu pane mampuybl CUCmemMbl pager yuciy neuzgecmuuix (I =n),
mo cucmema umeem eouHcmeeHnHoe peuienue. Ecnu oice pane mampuysl cucmemvl MeHbule HUCIA
Heusgecmuvlx (V' < M), mo cucmema umeem OECKOHEUHOE MHONCECMBO peUleHUll, a UMEHHO:
Hekomopvim N = I Heu38ecmubiM MOJICHO NPUOABAMb NPOU3BOIbHbIE SHAUEHUS, M020d 0CMABUIUeCs]
1" Heuszgecmmvlx onpeoensimcs yiice eOUHCMEEeHHbIM 00PA3OM.
IIpumep: McceaenoBars CUCTEMY JTUHEHHBIX YPABHEHUN HA COBMECTHOCTD!

12x- y+z=-2,
:’x+2y+3z =-1,
1x-3y-2z=3.
Pemienue: 3anuiinemM cucteMy ypaBHEHUH B BUJE PACIITUPEHHON MAaTPUIIbI:
22 -1 1-28
g 12 3] -1z
€1 -3-2/ 3 4

IToMeHsseM MecTaMU TIEPBYIO ¥ BTOPYIO CTPOKU MaTPULIBL:



2l 2 3
gz -1 1
€1 -3-2

_1'0:

-2
36

[TepByto cTpoKy MaTpHIbl Oy/ieM cuuTaTh BeAyliel (IepBblid 2IEMEHT CTPOKH paBeH 1), OHa He
OyIeT MEHATbCA NpHU IMpeoOpa3oBaHUAX. bBynem cTpeMuThCsS MPUBECTH MATPUIy K TPEYTOJbHOMY
Buay. /lng Toro uroObl B HEpBOM CTOJOLE MATPHUIbI IMOJYYUTh HYJH, BBIIOJHUM CIEAYIOIINE
MpeoOpa3oBaHus: M3 BTOPOW CTPOKH BHIYTEM IEPBYIO, YMHOXXEHHYIO Ha 2, a OT TpeThbed BBIYTEM
nepByto. I[lonmyynum MaTpuily, paBHOCWIbHYIO JTaHHOMU:

YToObl MOMYYUTh MaTpUIly TPEYTOJBLHOTO BHJA,

2l 2 3
go -5 -5
€0 -5-5

BTOpYIO. OKOHYATEILHO noJjry4acm:

PaHr pacmmpeHHON MaTpHIbl CHCTEMBI PaBeH 3, paHT

el 2 3
go -5 -5
€0 0 0

OCHOBHOW MAaTpHIbI CUCTEMBI PABEH 2,

T.€. I (A | b) 1 v (A) , CJIeJOBATCIbHO, CHCTEMa HECOBMECTHA.

Bonpocwl u 3a0auu:

I.I/ICCJ'IGJIOBaTB CUCTEMY JIMHENMHBIX ypaBHeHI/Iﬁ Ha COBMCCTHOCTb:

i2x, + x, + 3x,
2) Lx + X, B X4
! - 2x, + + 5
i X, X, X,
T x - 3x, +2x; + 9x,
Tx + x - 3x =-1,
6) 12x, + x, - 2x; = 1,
| —
Pt Nt = 3
T X +2x, - 3x; = L

-

Il
(J_Iw\.hdhd

)

2. OnpenenuTh KOJIUYECTBO PELIEHU OJHOPOIHON CUCTEMBI TMHEWHBIX YPaBHEHUN:

1 3x, + 2x, - Tx,
2) : -2xl + X, -

S T

i-2x, + 3x, -

i2x, + x, + 3x; -
5) : 3x, + 2x, -

i 3x, + x, + 9x; -

T4x, + 2x, + Tx,

Xy

2x, =0.

Hpalcmultecxoe 3anamue 9. Pewenue H86blp0.7fcoeHHblx cucmem JIUHECUHbIX ypaenenuﬁ Memooom

Kpamepa.

lleflb.‘ BBIpaGOTaTB YMCHUC TMPUMCHATH QAJIIOPUTM BBITIOJHCHUS I[GI\/’ICTBI/II\/'I Haa MaTrpulamMu Ha

MPaKTHKE
Cooeporcanue:

HeBbIpoxkaeHHas CJIY, reopema Kpamepa;
AJITOPUTM TOUCKA pelieHnil HeBbIpokaeHHon CJIY.



Teopemuttecmm uacms:

I/Ibl, ..

CHcTeMa N JTHHEHHBIX areGpandeckuX ypaBHEHHUIH ¢ N HEN3BECTHBIMH UMEET BUJI
P ayXq + aaXo + ...+ aipXy = by
az1X1 + axpXo + ... + azxXy, = by

A YARN V2

-
~

an1x1 + an2X2 + + anan = bn

N VAR VS

~

3mecb ag (i=1,...,n, k=1, ..., n) — KO3PPUIUECHTHI CUCTEMBI, X1, X2, ..., X, — HEU3BECTHBIC
., by — CBOOOHEIE YJICHBI.
CosokynHocts n umcen Xx;°, x;°, ..., X,’ HasbIBaeTcs pELICHHEM CHCTEMBI, €CIHM MpH

IIOACTAHOBKE HX B KaXJ0€ YPABHCHHUC BMCCTO HCHU3BCCTHBIX BCC YpPaBHCHHA 06pama}0Tc;1 B
TOXKACCTBA.

Cucrema ypaBHEHHUI HAa3bIBACTCSI COBMECTHOM, €CITM OHA KMEET XOTs Obl 0/IHO pemienue. Eciu

CHCTEMA PEIICHUI HE UMEET, TO OHA HA3bIBAETCS HECOBMECTHOM.

KBanparnast maTpuiia nopsiaka n

&L aq1 a2 ... aip o
:ﬁ doq1 a2 ... @sn
— B -
A= B T
[ —

dp1 @p2 ... @nn
® o

cocTaBlIeHHas! U3 KOA((UIIMEHTOB MPH HEU3BECTHBIX, HA3bIBAETCS OCHOBHOM MaTpulei (WM MPOCTO
MaTpUIIEH) CUCTEMBI.

Martpuna nopsiaka nx(n+1)

& a41 @12 ... @n > b1 ¢
:ﬂ' az @z ... @xp - b2 ~
-] b -
Apaow = Ba > -
‘eﬁ an'] an2 ann z bn -

®

cocTaBlieHHass U3 KOd()(PUIIMEHTOB NMPU HEU3BECTHBIX U CTOJOIA CBOOOAHBIX YIIEHOB, Ha3bIBAETCS
pacIIMPEHHON MaTPULIEH CUCTEMBI.

PaCCMOTpI/IM CUCTCMY N JIMHENHBIX aﬂre6pquCCKI/IX ypaBHeHI/Iﬁ C N HCU3BCCTHBIMU
P ayXq1 tapXot ...t agpnXx, = by
as1X1 + a@goXo + ... + aopXp bo

AN ARV

-
N

an1X1 t @pXo + ...t appXp = bn

LY VAN V3

~

Teopema (mpaBmiio Kpamepa). Ecinu onpeaenuTesib MaTpuipl CUCTEMbI OTJIMYEH OT HYJIsI, TO CHCTEMA
HMEEeT PeLIeHNE U IPUTOM TOJBKO OJHO. DTO pelleHHe onpenensercs GopMynaMu:

D
X, :—k, rac A — OIIPpCACIINTCIIb MAaTPHULIbI CUCTCMbI U Ak — OIpCACIIUTCIIb MATPUIIbI, ITIOJIYy4aCMOU

W3 MaTPHUIIBI CUCTEMBI 3aMEHOM k—0T0 cTOJI011a CTOIOIIOM CBOOOHBIX WICHOB.

[Tpumep. Pemuth cuctemMy ypaBHeHuU#, ncnoib3ys Gopmyisl Kpamepa.

ix+2y-3z=5
2x-3y+2=3
}4x+y- 2z =10

Pemienue: Haitnem OCHOBHOM U TIONTOJTHUTEIbHBIC OMTPEACTUTENH.



1 2 -3 5 2 -3
D=2 -3 1|=6-6+8-36-1+8=-21D =3 -3 1]=30-9+20-90-5+12=-42

4 1 -2 10 1 -2
1 5 -3
D,=2 3 1|=-6-60+20+36-10+20=0
4 10 -2
1 2 5
D. =2 -3 3|/=-30+10+24+60-3- 40 =21
4 1 10
ITo popmynam Kpamepa nmeem
D, -42 D, o0 D. 21
=== =2;, y=—= =0; z=—1F= =-1.
D -21 D -21 D -21

Oteer: x=2,y=0,z=-1.
Bonpocwt u 3a0auu:
Hcnone3yst ¢popmynsl Kpamepa, HaillTu pelieHust CleAyloIUX CHUCTEM JHHEHHBIX anreOpandecKux
YpaBHEHUN:
i3x, +2x, +x; =5 i x - 2x,+3x; =6 i 2x-x,-x; =4
a) {2x, +3x, +x, =1 ;6) [2x, +3x, - 4x, =20;B) {3x, +4x, - 2x, =11
12x, +x, +3x, =11 13x, - 2x, - 5x, =6 13x, - 2x, +4x, =11
_‘|_2x1- X9 +3x3 :'49 ‘|8x1+3x2- 6X3 :'49 ‘|3x1_ 2X2 +4X3 :12’
i oy Lo
r)ixl+3x2- X3 :11, ’I[):’x1+x2- X3 :2, ,e) :’3xl+4X2'2X3 :6,

}xl- 2xy + 2x3 =-7 ¥4x1 +Xx,-3x; =-5 12x, - x,- x3 =-9

Ilpakmuueckoe 3anamue 10. Pewienue HeGbIPOHCOEHHBIX CUCHEM JUHEHUHLIX YPAGHEHU
MAMPUYHBIM MEMOOOM.
Ilens: BoipaboTaTh YMEHHUE pelIaTh HEBbIPpOXKIeHHBIE CJIY MaTpu4yHBIM METOOM
Cooepicanue:
AJITOPUTM pelIeHHsI HEBBIPOXKAEHHBIX CJIY MaTpu4HBIM METOIOM.
Teopemuueckasn wacmp:
IlycTe nana cucrema /1 TMHEMHBIX YPAaBHEHUHN C /1 HEU3BECTHBIMM:

AXX =B,
raec
@ A .. a;,06 & 0 b 0
Qa a a N gx M g;b N
21 22 - dpy - cY2 + chr +
4=F X = B=7"
¢ T ¢.7 ¢.7
ganl an2 ann Q gxn ﬂ gbn ﬂ
By,[[eM HpennonaraTb, qT0 OCHOBHasA ManI/IIIa A HeBBIpO)KI[eHHaH.

-1
Torna cymectByer obpathas matpuua A . Tlomuoxue marpuunoe ypaaenne A XX =B na

-1 o .
matpuily A cnesa, momydum (hopmyity, Ha KOTOPOHl OCHOBAH MATPHYHbIH METO PEMICHHUs CHCTEM
JIMHEHHBIX YPABHEHUM:

X =418
3ameuanue. OTMETHUM, YTO MATPUYHBIA METOJ PEILICHUSI CUCTEM JINHEWHBIX YPAaBHEHUH B OTJINYHE
OT METOoda Faycca HUMECT OFpaHI/I‘IeHHOC HpI/IMeHeHI/IeZ 3THUM MECTOIOM MOFYT 6BITB pemeHH TOJIBKO



TaKME€ CUCTEMBI JIMHEMHBIX YPAaBHEHUH, y KOTOPBIX, BO-IIEPBBIX, YHUCIO HEU3BECTHBIX PAaBHO YHUCILY
YpaBHEHHH, & BO-BTOPBIX, OCHOBHAsI MaTPUIa HEBBIPOKICHHAS.
IIpumep. Pemmts cucteMy TUHEHHBIX YPABHEHUN MaTPUYHBIM METOOM.

i5x - x,- x3 =0,
b X +2x, +3x; =14,
Lax,+3x, +2x; =16.
3anaHa cucTeMa TPEX JUHEHHBIX ypaBHeHui ¢ TpeMs HemsBecTHbiMH A XX =B, rae

@ -1 -16 & 0 ) 0
_¢ ¢ &
A —91 2 3 5 X —sz + B —gl4+

& 3 25 &g &6

OcHOBHasi MaTpHIla CUCTEMbI YPaBHEHUIH HEBBIPOXKIEHHAsS, TIOCKOJIBbKY €€ ONpeAeInTelb OTINYECH
OT HYJIAL:

5 -1 -1
detA =1 2 3|=-30.
4 3 2
O6patHyto Matpuy A ! COCTaBHM OJIHUM U3 METOJIOB, OMTMCAHHBIX B ITYHKTE 3.
el 1 19
6 30 30.-
1 7 ®:
Al =%-- - 2=
c3 15 15-%
¢1 19 1=
€6 30 30g
[To hopmyne MaTpUIHOTO METO/Ia PEIICHHUSI CHCTEM JIMHEWHBIX YPABHEHUH MTOTydYUM
el 1 19
B -1 -16¢ 6 30 305 g
X:gl 2 39@-1 7 E—:gz_}
& 3 2g6¢1 19 11+ 8o
S6 30 30z

Bonpocwl u 3a0auu:
1. Pemmnth cucreMy JTMHENHBIX YPaBHEHUM MaTPUUHBIM METOAOM:

i3x, +2x, +x; =5 i x, - 2x,+3x; =6 i 2x-x,-x; =4
a) [2x, +3x, +x, =1 ;6) [2x, +3x, - 4x, =20;B) [3x, +4x, - 2x, =11;
12x, +x, +3x, =11 13x, - 2x, - 5x, =6 13x, - 2x, +4x, =11

i2x; - Xy +2x3 =3, 13%, - 2x, +4x, =12,

‘) _
r) L x4 x, + 2, :_4’,20 3x, +4x, - 2x, =6,

M 1 _ _ -
{4x1+x2+4x3 -3 12X, - X=Xy 9

Ilpakmuueckoe 3auamue 11. Pewenue cucmem nuneinsvix ypasuenuii memooom Iaycca.



I]ens: BeIpaboTats ymenue pemars CJIY metonom 'aycca
Cooeprrcanue:

METOJ IOCIEN0BATEIIBHOIO UCKITFOYEHUS HEU3BECTHBIX.
Teopemuueckasn wacmo:

[IpakTruecku aJis pelIeHus CUCTEM JIMHEHHBIX YPABHEHHM Yalle BCEro MPUMEHSETCS] METO/T
lNaycca, cocTosiiuii B mocaea0BaTeIbHOM UCKIIFOUEHUH HEM3BECTHBIX.
[TycTe 3aana cucteMa TUHEHHBIX anreOpandecKux ypaBHEHHI:

ia,x +a,x, +L +a,x, =s
I _

[ dy X, T ayx, +L ta,,x, =6,
|
-I-LLLLLLLLLLLL

ta, x +a,,x, +L +a, x, =6,
ByzneM npou3BOIUTh HAJ CUCTEMOM CIIEIYIONINE AIeMEHTapHbIE PEOOPa3OBAHMS:

1. BrryepkuBanue ypapHeHus uaa 0>, +0>¢, +L +0>¢, =0.

2. [IpubaBnenue K OJHOMY YPaBHEHHUIO JpPYroro YypaBHEHMs, YMHOXEHHOIO Ha
MIPOU3BOJIBLHOE YHCIIO.

3. Ilepemena MecTamu ABYX ypaBHEHHH.

[Tycte temeps a,, ' 0.(Ecmm a,, =0,70 MBI MOMEHSIEM MECTaMH IIEPBOE ypaBHEHHE C TEM
ypaBHEHUEM, I'7ie KOd)PUIMEHT NpU X, OTJIMYEH OT HyJs). VcKiIIounM Tenepb X, U3 BCEX YpaBHEHHM

CUCTEMBbI, HaUWHasi cO BTOporo. Jljis 3TOro KO BTOPOMY YpPaBHEHHIO MPUOABUM IMEPBOEC YpaBHEHHE,
ay

a
), 3aTeM MPUOABHUM K TPETHEMY YPABHEHHIO MIEPBOE, YMHOKEHHOE Ha (- —-) 1
ap ap

YMHOXXEHHOE Ha ( -

a
T.J0. K IOCJIENAHEMY YPaBHEHHIO NPHOABUM IIEPBOE, YMHOXKeHHOe Ha (- —2L). IIpu 5TOM MOIyYUM
a
CUCTEMY
i, x, +c,x, +L +¢,.x, +L +¢, x, =q,
022x2 +L +ch"xr +L +ch1xn :aZ

1
!
: LLLLLLLLLLLLLL
i

CmZ'XZ +L +cmrxr +L tcC xn :am

mn
Jlanee, mpUMEHUB T€ K€ PACCyXACHUSA K MOJYYEHHOW CUCTEME, UCKIIOYUM M3 YpPaBHEHHUM,
HA4YMHAsI C TPETHETO X, U T.1.

Hponomicas{ 9TOT NpOoUEeCC, Mbl IPHUACM K OJHOMY U3 JIBYX CIIy4aCB:
1. JInbo mocne OIIPECACIICHHOI'O Mara IOJYYUTBCS CHUCTEMaA, COJACpIKallasdl YPaBHCHUC

Buga 0>, +0>¢, +L +0>¢, =¢ u ¢' 0. Torzna Hama cucreMa He UIMEET PEIIEHUH, T.€. HECOBMECTHa.
2. 10O cucTeMa He COZIEPKUT ypaBHeHue Buaa 0>¢, +0>¢, +L +0>¢, =¢ n ¢’ 0. Torzna
PaHO MM MO3/IHO MBI IPUJIEM K CHCTEME
ic X, +c,x, +L +¢,x, +L +c¢,,x, =q,
cpX, +L +c,x, +L +c¢,,x, =a,
LLLLLLLLLLLL

cl‘l‘xl‘ + L + cl‘”x” :al‘

—_——— ———

Bo3MoHBI 1Ba cityyas:
a) r=n. Torma mocieaHee ypaBHEHHME IIOCICIHEH CHCTEMbl MMEET BMJI: ¢, X, =da,,

nn

a
OTKyda X = I/I3 IIpCaAITIOCIIC AHET O ABHCHUS HAXOOAUM X _ nu T.4. U3 HOECPBOIO ABHCHUA
n n-1

nn

CHCTEMBI HaXOJJHM X, .
b) 7 <n.Torna cucrtema umeer 6€CUUCICHHOE MHOXKECTBO PEIICHUI.



3ameuanue. C MpakTUUECKON TOYKU 3pEHHs MPOIECC PEIIEHUS] CUCTEMbI MOYKHO OOJIEIYUTb,
€CIi BMECTO IpeoOpa3oBaHWMN HaAJ caMOW CHUCTEMOW MPOM3BOJAUTH MPeoOpa3oBaHUS HAJ
COOTBETCTBYIOLIEH PACIIUPEHHON MaTPULIEH CUCTEMBI.

[Ipumep. Pemute cucremy meronom l'aycca.

12x, +x,- x;+x, =1

13x, - 2x, +2x, - 3x, =2

|

iox +x, - x; +2x, =-1

f2x, - x, +x,- 3x, =4

Pemenue. PaccMOTpuM paciIMpeHHY0 MaTpUILy

&2 1 -1 1 18
¢3 -2 2 -3 2=

3 5
YMHOXHB TEpPBYIO CTPOKY Ha - 5 3aTeM YMHOXXHMB IEPBYIO CTPOKY Ha - 5 HaKOHell,

YMHOKMB IIEPBYIO CTPOKY Ha - |, CJI0KMM IIEPBYIO CTPOKY IOCIEA0BATENBHO CO BTOPOH, C TPEThEUN U
¢ yeTBepTou cTpokou. [Tomyunm

2 L7 e 2 1 -11 19
¢ -5 3 3 25¢0 -7 7 -9 1
B~&¢ 33 1 772 +
o -> 3 1 7. "¢ -3 3 -1 =77

2 2 2 23 ) _ 3

§0 35 uf 3i & -2 2 -4 35

B mocnennel maTtpuiie Mbl YMHOKHJIM BTOPYIO M TPEThIO CTpOKy Ha 2. [lanee 1 m 2 cTtpokm

3 . .
octapisieM 0e3 u3MeHeHus. CriepBa yMHOKHUM BTOPYIO CTPOKY Ha - - U CIIOKUM C TPEThed CTPOKOH,

2 . .
3aTeM YMHOXHUM BTOPYIO CTPOKY Ha - — U CJIO)KUM C 4eTBEepTOi cTpokoi. [lomyunm

8@ 1 -1 1 lt_;) 2 1 -1 1 1'e 2 1 -1 1 1 6

g0 -7 7 -9 1 - g() -7 7 -9 1T ¢ :

B~% o o 20 .32:_ ¢ i~ 90 o 0 -5

g - " go 0 0 20 59 é 0 0 20 -52°

10 19% ¢0 0 0 -— =—= 6

0 0 o 10 197% ¢ 0 0 0 -10 19

g 7 7@ °© e ’
@ 1 -1 1 1%
0 -7 7 -9 1:
0 0 20 -52°

1 .
ITocnennroro MaTpuny Mbl IIOJTYYHIIM, YMHOXHUB TPETHIO CTPOKY HaA 5 H CJIOXKHUB C UYCTBCPTOU

cTpokoi. [locnenHss yeTBepras CTpOKa 03HAYaeT, YTO Mbl UIMEEM YPaBHEHHUE:
0>, +0>, +0>¢, +0>, =-7
CJIEJOBATEIIbHO, 10 CKA3aHHOMY BBIIIIE CUCTEMA HECOBMECTHA.
IIpumep. Pemute MeTosioM ["aycca cuctemy ypaBHEHUM.



ix, +2x,- 3x, +5x, =1
Fx, +3x, - 13x, +22x, =- 1

: 3x, +5x, +x;- 2x, =5

t2x, +3x, +4x, - Tx, =4

Pewenne. PaccMOTpUM pacimpeHHY0 MaTPUILy CHCTEMBI

a8 2 -3 5 19

_gl 3 -13 22 -1=

5 1 -2 57
3 4 -7 44
YMHOXHMM cIlepBa MEpBYIO CTPOKY Ha (- 1) U CI0XKHUM CO BTOPOM CTPOKOH, 3aT€M YMHOXHM
MEPBYIO CTPOKY Ha (- 3) W CIOXHM C TPEThel CTPOKOW M, HAKOHEI, YMHOXXHM TIEPBYIO CTPOKY Ha
(- 2) u cnoxxuM ¢ yerBepToit cTpokoil. [Tomyunm

ad 2 -3 5 16 &8 2 -3 5 1606
O 1 -10 17 =22 1 -10 17 -2
"% -1 10 -17 27 %% o0 0 0 o0°
§0-1 10 -17 2§§00 0 0 0 g

Bropyro MaTpuily Mbl OJY4YMM CJIOXKHB CIEpBA BTOPYIO CTPOUKY C TPETbEH, 3aT€M CI0XKUB
BTOPYIO CTPOUKY C yeTBepToi. HyneBbie cTpouku BeiOpackiBaeM. OCTaeTCsi CUCTEMA ypaBHEHU I

ix, +2x,-3x,+5x, = 1 .

% x, - 10x, +17x, =- ©

bynem cuurath x; U X, CBOOOJHBIMU HEM3BECTHBIMH, 0003HAYas UX: X, =a , X, =b

U3 BTOpOro ypaBHeHUs cuctemsl (*) Haitnem x,

x, =10a -17b - 2

IToncraBuB x, B IEPBOE YPABHEHHE, ITOIYIHM:

x, +2(10a - 17b - 2)- 3a +5b =1 wm

x, +20a - 34b - 4- 3a +5b =1

x, =-17a +29b +5.

Takum o6pa3om, JaHHas cUCTeMa UMEET OECUMCICHHOE MHOXKECTBO PELICHUI:

ix, =-17a +29b +5

tx,=10a-17b- 2
Bonpocwt u 3a0auu:
1.Pemmts cuctemsl TMHENHBIX ypaBHEHUN MeTooM ["aycca:

i3x, +2x, +x; =5 i x, - 2x,+3x; =6 i 2x-x,-x; =4
a) [ 2x, +3x, +x, =1 ;6) |2x, +3x, - 4x, =20;B) {3x, +4x, - 2x, =11
Lox, +x,+3x, =11 T3x,-2x,-5x, =6 13x,- 2x, +4x, =11

i2x, +4x, +4x, +6x, =18

al (R)

) '|l4x1 +2x, +5x, +7x, =24
o}
: 3x, +2x, +8x, +5x, =13

t 2x, +8x, +7x, +3x, =6
2 SIBIAIOTCS JIM CUCTEMbI YPaBHEHHH, COOTBETCTBYIOIIME MaTpULaM, MOJYYaroIUMCs B pe3yJbTare
AJIEMEHTAPHBIX MPeoOpa30BaHU CTPOK pPACIIMPEHHONM MAaTpHUIlbl, SKBHBaJEeHTHBHIMU? OOocHyiiTe
OTBET.

Ilpakmuueckoe 3anamue 12. Cucmemvl  JAUHEHHBIX  OOHOPOOHBLIX  YPAGHEHUIL.
DynoamenmanvbHan cucmema peuieHuil.



I]ens: BeIpaboTaTh YMEHHE HAXOAUTH (PyHAAMEHTAIbHYIO cucTeMy pemenuid CJIY
Cooeprrcanue:
cUcTeMa JIMHEHHBIX OJJTHOPOAHBIN ypaBHEHHH, GyHIaMEHTaIbHAS CUCTEMA PEILICHUH.
Teopemuueckasn wacmop:
CucreMa m JMHEHHBIX ypaBHEHUH C N NEPEMEHHBIMU HA3bIBAETCS CHCTEMOW JIMHENMHBIX
OJIHOPOJHBIX YpaBHEHUH, €CJIM BCE UX CBOOOIHbBIE WIEHBI paBHBI HYNO. Takas cucreMa UMeeT BUI:
Papx) +apx, +...+ap,x, =0;

k
J|,'a21xl +a22x2 +...+a2nxn :0, ( )

tamlxl T Xyt t Xy =0.

Cucrema THHEWHBIX OJHOPOJIHBIX YPaBHEHHH BCETJa COBMECTHA, TaK KaK OHAa BCETJa MMEET,
1o KpaitHelt mepe, HyJeBoe (unu TpuBuaibHoe) pemenue (0; 0; ...; 0).

Eciu B CJIY m = n, a ee onpeaenuTenb OTIMYEH OT HYJISI, TO TaKas CUCTEMa MMEET TOJBbKO
HyJIeBO€ pelleHHe, Kak 3To ciuenyeT u3 ¢opmyn Kpamepa. Henynesble pemienus, ciieoBaTelbHO,
BO3MOXHBI JIMIIb IS TaKUX CHUCTEM JIMHEWHBIX OJHOPOIHBIX YpPaBHEHHIA, B KOTOPBIX YHCIIO
ypaBHEHHI MEHBIIE YHUCIa TMEPEeMEHHBIX, WIM MPH WX PABEHCTBE, KOTJA OIMpPEAEITUTENb CHUCTEMBI
paBeH HyJIIO.

Wnave: cucmema nuHelinbix 0OHOPOOHLIX YDABHEHULl UMeem HeHylegble PeuleHus moaod U moabKo
moeoa, Koz20a paue ee Mampuiybl Ko3QhGUYUeHmMos npu nEPemMeHHbIX MeHble YUCIA NePeMeHHbIX, m.e. npu
rang(4) < n.

O06o03HaUMM pemieHnue CUCTeMBI uepe3 x; = ki, X, = ky,....,.x, = k, B BHJIe cTpoku e =
(ki ko,....kn ).

Pemenus cuctembl TMHENHBIX OJJHOPOIHBIX YPAaBHEHHUH 00J1a1al0T CIENYIOUIMMH CBOMCTBAMHU:

1. Ecm  crpoka ¢ = (kiky,....kn) —  pemenue cucrempr  (*), TO
u ctpoka le; = (Iky Ik, ..., Ik, )— Takke pelieHue 3Tol CUCTEMBI.

2. Ecau ctpoxu e, = (ki ko,....kn ) u €2 = (l1.[2,...,ln ) —pewmenus cuctemsl (*), To npu

MO0BIX €| U C; UX JUHEWHas KOMOUHAIUS
CielTCrer= (C1 k1 +C; l] ,C1 k2 +c 12 5eeee C1 kn +C; ln)
TaKXKe PELICHUE TAaHHOW CUCTEMBI.

Y6enutbes B CIIpaBeUIMBOCTU YKAa3aHHBIX CBOMCTB PEHICHUI CUCTEMbI JIMHEWHBIX OJHOPOIHBIX
YPaBHEHUI MOKHO HEITOCPEICTBEHHOW MOJICTAHOBKOW UX B YPABHEHHS CHCTEMBI.

W3 chopMyaupoBaHHBIX CBONCTB CIEAyeT, YTO BCsAKas JIMHEHHAs KOMOWHAIUs pPEHICHHA
CHUCTEMBI JIMHEMHBIX OJHOPOJHBIX YPAaBHEHUN TAKXKE SABJISETCS pElUICHUEM 3TOW cuctembl. [loatomy
Ipe/ICTaBlIsIeT MHTEPEC HalTH Takue JIMHEHHO He3aBUCHMBbIE pelleHus cuctembl (*), uepes
KOTOPBIC JINHCHHO BBIPAXKAIKCH OBl BCE OCTAJBHBIC €€ PCIICHUS.

Pemenus e, e, ..., €& Ha3bIBAIOTCA JMHEHHO HE3aBUCHUMBIMH, €CIIM UX JIMHEHHas KOMOWHAIM
liey + lhes +...+ lkex paBHA HyIO, TOJBKO MpH yciaoBuu uto | =1 =....=1.=0.
Onpenenenue. Cucrema JIMHEHHO HE3aBUCHUMBIX PpEIICHUN €, €, ..., €  Ha3bpIBaeTCsa

(byHIaMEHTAIBHOM, €CITN KaXI0€e pPeIIeHHe CUCTEMBI (*) SBISIETCS TMHEHHOM KOMOMHAIIMEH pelieHnid e,
€2y ..., €k .

Teopema. Ecmu panr r wmartpunsl Kod(QQUIMEHTOB TpPH TEPEMEHHBIX CHUCTEMbI JIMHEHHBIX
OJTHOPO/IHBIX YpaBHEHHMH (*) MeHblIe 4YuciIa MEepeMEHHBIX N, TO BCsKas (yHIaMEHTalbHas CUCTeMa
peleHwuii cucTeMbl (*) COCTOUT U3 N — T pelIeHUH.

OO6uuM pemeHreM cucTeMsl (*) JIMHEHHBIX OJHOPOJHBIX YPaBHEHHMH Ha3bIBAE€TCS MHOKECTBO
BCEX €€ PEIICHUH, 3alUCaHHbIX B BUAE: Cj€] +Ce; + ... +cgeyx, TAe ey, e, ..., e — Jrobas
(byHIaMeHTaabHas CUCTEMa PEeLIeHMH, Cy, Cy, ... , Cx — MPOU3BOJIbHBIE YUCIAa M K =n—T .

OOmiee perieHre HEOJHOPOJHOW CHUCTEMbl M JIMHEWHBIX YpPaBHEHHI C N MEPEMEHHBIMH DPABHO
CyMMe OOIIEro peIIeHUS] COOTBETCTBYIOILEH €l CHUCTEeMbl OJHOPOIHBIX JIMHEHHBIX YpPaBHEHMH U
IIPOU3BOJILHOTO YAaCTHOI'O PELIECHUS 3TOW CUCTEMBI.

[Tpumep. Pemmth 01HOPOIHYIO CUCTEMY JIMHEHHBIX anreOpandeckux ypaBHEHH



.‘l' 2.XI - 4.X'2 +5_X,'3 :0,
:’xl +2x5 - 3x3 =0,
{3)(71 - Xy +2X3 =0.

2 -4 5
Pemenne: Onpenenurens cuctemsl D=1 2 -3 =11" 0, nostromy cucrema umeer
3 -1 2

€JMHCTBEHHOE HYyJIEBOE penieHue: x =y =z = 0.

[Ipumep. Halitu obmiee pemieHre CUCTEMBI TMHEHHBIX anreOpanveckux ypaBHEHHH U 3alucaTh
(yHIaMEHTaNbHYIO CUCTEMY PEIICHUMN:

‘|3x1 + 4x2 - X3 :O,

i

[ XxX] - 3x2 +5X3 :0,

L4x, +x, +4x; =0.

3 4 -1

Pemenne: Ompenenutens cuctempl D=1 -3 5| =0, mnostomy cucrema umeer

4 1 4

0EeCKOHEUHOE MHOKECTBO pellleHUul. Tak Kak onpeaenuTeNb U3 KodhGUIMEHTOB MPU HEU3BECTHBIX X|

3 4

U X, HE PaBeH HYJIIO =-9-4=-13" 0, 1o 5TOT MHHOP MOKHO MPUHSATH 33 GA3HCHBIIA.

ITockonbky rang A = 2, n = 3, BO3bMEM INEpBbIC JBa YpaBHEHMS CHCTEMbl U HaijieM ee oOIuee
peleHue.

13x) +4x, - x3 =0,

|

i x; - 3xy +5x3 =0.

B kauecTBe 0a3MCHBIX HEM3BECTHBIX BO3BMEM X U X; M IEPEMECTUM YJICHBI C X3 B TIPaBbIe YacTH
YPaBHEHHI:

i 3X1 + 4X2 =X3,

|

1%~ 3X2 =- SX3.

Pemas sty cuctemy no gopmynam Kpamepa u 3a1aB cBOOOIHOM MepeMEHHON X3 3HAUCHUE X3 =
¢1 (¢ — MPOU3BOIBLHOE YHCIIO), TTOTydaeM

c 3 c
Dl = ! =- 3C1 + 2001 :1701; D2 = ! =- 1501 -C = 166’1.
-5¢ -3 I -5¢
OTcroa Hax0IUM, YTO
- 17¢; 17 - 16c; 16
X = =—q, Xy = =—q, X3 =(y.
-13 13 -13¢, 13
n Xy =—c¢ X —160 X2 =cC §)
TakK —_— ) —_— ) —_ - oomicee pemeHHe.
1 13 1 2 13 1 3 1
17 16
Honaraﬂ Ci = 1, HOJ'Iy‘II/IM YJaCTHOC pemeHHe xl =— Xz :—, X3 =1.

13° 13



B7/13%,6 a27/130
Unu B MaTpuudHoM  Buae X 2316/13 X ;ch >g16/ 132 Takum o0pazom,

&€ o g &1 g
&7/13(_5_

(GyHnameHTanbHas CUCTEMA PEUIEHUH COCTOMT U3 €AMHCTBEHHOTO BEKTOpA €] :gl 6/13-.

&1 o

O 0 X —170 X —160 Xy =cC
TBET: O0LIEE pelIeHUe X| =——C|, 2 ——C, 3 —C1,
13 13
a7 16 .o

TJI€ ¢; - IPOM3BOIILHOE YUCTIO. €] = —- (hyHIaMEHTallbHASI CUCTEMA PEIICHUH.

T
el3 13
Bonpocwt u 3a0auu:

Haiitu oOmiee pemieHne CUCTEMBI JIMHEHHBIX anreOpandeckuxX YypaBHEHUN U 3amucathb

(byHHaMeHTaHBHyIO CUCTEMY peIHeHI/II\/’I:
2x1 - x2 + 3X3 :0, 2x1 - x2 + 3x3 :0’

i
xl + 2X2 - 6X3 :O,B) |’ xl + 2x2 - 6x3 :O’

2x1- X9 + 3X3 :O,
X1 + 2.x2 = 6X3 20,6)

i i
a)l !

) | |
i 15x, =0. I- - 15x; =0. 1~ - 15x3 =
| 18)6'1 +5X2 15X3 =0. | 12x1 +5.X2 ISX3 =0. | 13x1 +5.X2 ISX3 =0.
IpakTuueckoe 3ausatue 13. Juneiinvie onepayuu nao eexkmopamu. Paznoscenue eexmopa no
opmam Koopounammuulx oceil. /lelicmeusn Hao 6eKmopamu, 3a0aHHbIMU NPOCKUUAMU.
Ilens: BBIpAOOTATH YMEHUE BBITIONHATH JIMHCWHBIC OINEpAallMd HAJ BEKTOpPAMH; JEHCTBUS HaJ
BEKTOPAaMH, 33JJaHHBIMU IPOEKLUIMU
Cooeporcanue:
BEKTOD, HYJIEBOM BEKTOP, KOJITHHEAPHBIE BEKTOPHI, PABHBIEC BEKTOPHI;
CJIO)KCHHE BEKTOPOB I10 MPABUITY TPEYTOIbHHKA, CI0KEHUE BEKTOPOB TI0 MPABHITY MMapajlieiorpaMmma,
BBIUMTAaHUE BEKTOPOB, YMHOXKEHHE BEKTOPA Ha YUCJIO.
Teopemuueckas uacmeo:

HanpaneHHbIi 0Tpe30k Oy/ieM Ha3bIBaTh BEKTOPOM U 0003Havyath AB, CD uau a, 8, ...

BeKTOp HAa3bIBACTCA HYJCBBIM, C€CJIM €TI0 HA4YajlO0 M KOHCL COBHIAAAlOT U 0003HAYalT o .

HyneBoii BEKTOp HE UMEET ONPEEIICHHOIO HANIPABJICHUS U UMEET UIMHY PABHYIO HYJIIO.

BekToppsl Ha3bpIBalOTCS KOJUIMHEAPHBIMH, €CIIM OHHM JIeKaT Ha OJHOM MpsAMOW, JuOO Ha
NapajuleJbHbIX NpAMbIX. J[Ba BEKTOpa HA3bIBAIOTCS PABHBIMM, €CJIM BBIIOJHEHBI CIELYIOIIME TPH
ycioBusi: 1) JUIMHBI BEKTOPOB paBHbI, 2) BEKTOpHl NapasuieibHbl (KOJUIMHEAPHBI), 3) BEKTOPHI
HaIIPABJICHBI B OJHY U TY K€ CTOPOHY.

1. CioxeHne BEKTOPOB

Cymmoii a + B Equation.3 nByx BekTopoB a U B Equation.3 Ha3bIBaeTcsi BEKTOp, UAYLIHI U3

Hauana BexkTopa aEquation.3 B komen Bekropa b Equation.3  mpu ycioBum, uto BEKTOp b
Equation.3  mpuimokeH k koHIly BekTtopa a Equation.3  (mpaBmiio TpeyrojibHUKA) M 3aIUCHIBAIOT
¢ =a + bEquation.3 .

CiiokeHue BEKTOPOB QOJIAaeT CIIEAYIONIMMU OCHOBHBIMH CBOHCTBAMU:
5. a Equation.3 + b Equation.3 = bEquation.3 + a Equation.3
pABHOCTD: I8 IH00BIX BekTopoB a Equation.3 , bEquation.3 wu ¢ Equation.3

BeinojHsiercs pdsencteo a + (b +¢) =(a +b) + c Equation.3



3. [IpubaBneHue HyI€BOro BEKTOpa K JH0O0OMY BEKTOPY aEquationS HE MEHSET NOCIEIHETO:
a+0=a. Equation.3

4. Cymma BekTopa 5Equation.3 U IPOTUBOIIOJIOKHOIO BEKTOpa 5Equation.3 ! paBna
HYJIEBOMY BEKTODY, T. €. aEquationS + 5Equation.3 I=0

W3 BrOpOro cBoWcTBa CJEIyeT, 4YTO €CIU JaHbl BEKTOPBI a_l, g, a, Equation.3
PacIoyIOKEHHBbIE TAK, YTO KOHEL IIPEAbIAYILEro BEKTOpa SBJISAETCS Ha4aJoM MOCIEYOEro, TO CyMMa

a, +a, +..+a_, Equation.3 OyzeT mpeacTaBiaTh cOO0H BEKTOD, MIYIIUH U3 Hadajla BEKTOpa a

Equation.3 | B konen BekTopa a Equation.3 ..

2. BeluuTanne BEKTOPOB

BekTopoB “a-Equation.3 wu b Equation.3 HasbiBaeTCs Takol TpETH BEKTOP

BCKTOpPA — YMCHBIITAaCMOTI' 0.

3ameuanue. Hapsny ¢ mpaBHiIOM TpeyroibHMKa 4acTO MOJB3YIOTCS (PaBHOCHUIIBHBIM €MY)

MIPaBWJIOM MapajuiejorpaMma: eciau BekTopsl a Equation.3 u
b Equation.3  mpuBemeHbl K 00IIEMYy Hadaly ¥ Ha HHX

HOCTPOEH Mapaienorpamm, To cymma a Equation3 + b
Equation.3 €CTb BEKTOp, COBMAJAIOIIUN C JAMArOHAJIbIO
ATOro mapajielorpaMma, uAymeil u3 oliero Havyanza

BekTopoB a Equation.3 u bEquation.3 , a Bropas
JMaroHalb, WIyIIas W3 KOHIIA BEKTOpa EEquationS B
KOHEI[ BEKTOpa gEquation.S €CTh Pa3HOCTh aEquation} -
BEquationS .

3. lIpowsBeleHHE BEKTOPA HA YUCIIO
[Ipoussenenuem o aEquation.3 (unm aEquation.3 o) Bextopa a Equation.3 Ha

BemecTpennoe uncno a Equation.3  HasweiBaercs BexkTop b Equation.3 , konmHeapHblii BeKTOpYy a
Equation.3 , (mpuuem Bextop b Equation.3 wmeer aimHy, paBHYIO | a Equation.3 | | a Equation.3

| ) U UMEIOIIMI HallpaBlieHHe, COBIAJAoNIee ¢ HampaBieHueM BekTopa a Equation.3 B ciydae a
Equation.3 > 0 1 mpoTHBOIIOIOKHOE HanpaBieHue B ciryyae a Equation.3 < 0.
I'eomeTpuuecknii cMbICI Ollepalii YMHOXKEHHsI BEKTOPA Ha YMCJIO MOKHO BBIPA3UTh Tak: MpU

yMHOKeHHH BekTopa a Equation.3 na uncnmo @ Equation.3 Bektop a Equation.3 pactsruBaetcs
(cxmmaetcs) B @ Equation.3  pas.

[Ipu stom, eciu A Equation.3 » 1, o aEquation.3 pactarusaercs, eciu 0< @ Equation.3
<1, to Bexktop a Equation.3 cxumaercs u Bektop o a Equation.3 coxpansieT TO ke HampaBJieHUE,

yTo U BekTop a Equation.3 .



Ecmu ke a Equation.3 <0, To Bektop a Equation.3 pactaruBaercs npu | @ Equation.3 |»
1 u cxumaercs npu | a Equation.3 |< ] ¥ mpu 3TOM NPOUCXOIUT U3MEHEHHUE HAIpPaBJICHUS Ha
IIPOTHBOIOJIOKHOE.

Omnepaiysi yMHOKEHUS! BEKTOpA Ha YUCIIO 00J1a/1aeT ClIeAYyIOLMMH CBOMCTBaMU:

1. a Equation.3 (aEquation.3 +bEquation.3 )= a Equation.3 a + a Equation.3 b
(pactpenienmuTeIbHOE CBOMCTBO  YHCJIOBOTO COMHOXKUTEIS OTHOCHUTEIBHO —CYyMMBI

BEKTOPOB).
2. (a Equation.3 + pB) aEquation.3 = oaEquation.3 + PaEquation.3
(pacrpeeuTeIbHOE CBOMCTBO BEKTOPHOTO COMHOKUTEISI OTHOCUTEIIBHO CYMMBI YHCEIT).
3. a(paEquation3 ) = (af) aEquation.3 (coueraTenpbHOE CBOWMCTBO HYHCIIOBBIX
COMHOXHTENIEH).

Tak kak mo OIIPCACIICHUIO BCKTOP CCThb HaHpaBHCHHHﬁ OTPC30K, a MPOCKIHNKU HAIIPABJICHHOI'O
OTpE€3Ka Ha OCH KOOpAMHAT HAXOJAT KaK PAa3sHOCTH OJHOMMECHHBIX KOOPAWMHAT KOHIA W Hadalia
HAIpaBJICHHOI'O OTPC3Ka, TO TOYHO TAKKXC HAXOIAT IMPOCKIUHU BCKTOpAa Ha KOOPAWHATHBIC OCH. Ot
IIPOCKIMHU U HA3bIBAKOTCA KOOpAWHATaAMU BEKTOpA.

Hampumep, nycts gansl Touku A(3, -2, 5) u B(-1, 2, 3). Torna koopauHaTamu BEKTOpa AB
Oynyt: -1-3=-4; 2-(-2)=4, 3-5=-2 u o6o3nauaror AB={-4, 4, -2}.

B nanpuelimem, koopAauHaThl (IPOEKIMK Ha OcH) MbI OyneM ob6o3Hadath a Equation.3 ={x,y,

z}.

OTMCTI/IM, qTO0 IIGI>'ICTBI/I$I Haa BEKTOpaMU MOKHO IIPOU3BECTHU B KOOpAWHATAaX.

[TycTh naHbl BEKTOPHI B KoopauHarax: a Equation.3 ={xi, yi, z;} 1 b Equation.3 = {x,, y,,
25}, _ . _ .
Torma: a Equation.3 + bEquation.3 = {x;+xs, y; +y2; z;+ 2z}, aEquation.3 - bEquation.3 =
{X1-X2, Y1 -Y2; Z1-27}, A Equation.3 a = {a Equation.3 x;, a Equation.3 y;, a Equation.3
Zl}.
Bonpocot u 3a0auu:
3amaua 1. Ilo maHHBIM BekTOpamM U 1ocmpoume 8eKmopsbl , , U

S —

3anaya 2. Ilo naHHBIM BEKTOpaM U THOCTPOMTE BEKTOPHI , U .

S —

3anaua 3. KakoMy yclOBHIO JOJDKHBI yIOBJIETBOPSATH BEKTOPLI U, 4YTOOBI BEKTOPHI U ObLIN
KoJuinHeapHbl. Kakoil reoMeTpuieckuii CMbICII UMEET 3TO yCIoBHe?
3anaua 4. Onpenenute KOOPAUHATHI HAYaIa BEKTOPA , €CJIM €ro KOHEI COBNAAAET C TOUKOM .
3anaua 5. [lycts B HekoTopoM Gasuce U . Haligure koopiuHaThl BEKTOpa B 3TOM 0Oasuce.
Bompocsr:
1. Yrto Ha3pIBacTCSI r€OMETPUYECKUM BEKTOPOM?
Kaxue BeKTOpbI cCUUTatOTCSl paBHBIMU?
Kak onpenensercs ninHa BekTopa?
UYro Takoe opt Bektopa AB?
Kak onpenensieTcst yroa Mexx1y BEKTOpamu?
Kaxue BeKTOpbI Ha3bIBAIOTCSI OPTOTOHAIBHBIMU?
Kaxue BEKTOpBI Ha3bIBAIOTCS KOJUIMHEAPHBIMU?
Kaxue BexTopbl Ha3bIBaloTCs KoMILIaHapHbIMH? Kak ornpenensercs cymma BekTopoB AB u

e A T

BC?
9. Kak onpenensiercss cymma BektopoB AB nu AC?



10. Kak onpenensercs Npou3BeIeHUE BEKTOPA U IEHCTBUTEIBHOIO Yncia?

11. Kak onpenensiercst pazHocts BekTopoB AB 1 AC?

12. Kakumu cBoiicTBaM 00J1a/1a10T JIMHEHHbBIE ONepaliy ¢ BEKTOpaMu?

13. Yto Takoe KOOpAWHATHI BEKTOpa B PUKCHPOBaHHOM Oasuce?

14. Kak ciouTh BEKTOPBI, €CITU 33/1aHbl UX KOOPAWHATHI B HEKOTOpOM Oazuce?

15. Kak yMHOXHUTB BEKTOP Ha YUCIIO, €CJIH 3aJaHbl €T0 KOOPAMHATHI B HEKOTOPOM Oaszuce?

IIpakTuyeckoe 3ansaTue 14. CxajsipHoe, BEKTOPHOE U CMeLIAaHHOE NPOU3Be/IeHUsI BEKTOPOB.
Ilens: BBIpAOOTATH yYMEHHE TMPHUMEHITh HA TMPAKTUKE CKAISIPHOE, BEKTOPHOE U CMEIIaHHOE
MPOU3BEICHNUSI BEKTOPOB B COOTBETCTBHH C T€OMETPHUECCKUMU, PU3HUIESCKUMHU TTPHIIOKEHUSIMHA
Cooeporcanue:
CKaJIIPHOE, BEKTOPHOE U CMEIIAaHHOE TIPOU3BEACHHUS BEKTOPOB, CBOMCTBA MTPOU3BEICHNU BEKTOPOB
BbIpa)XEHUE MPOU3BEACHUI BEKTOPOB UYepe3 KOOPAUHATHI
TIPUJIOKEHUS MPOU3BEICHUI BEKTOPOB
Teopemuueckas uacmsp:

CkanspHOoe IPOU3BEICHNE BEKTOPOB

I[TycTs nansl nBa Bektopa a Equation.3 u b Equation.3 . CKanspHBIMU NPOM3BEICHUAMU JIBYX

BektopoB a Equation.3 u bEquation.3  Ha3bIBaeTcs 4YMCIIO, paBHOE NPOM3BEACHHIO [UIMH JTHX
BEKTOPOB, YMHOXKEHHOMY Ha KOCHHYC yTJla MEKIY HUMHU:
(ab) :‘a‘ %‘COSJ, rae J - yrommexty Bekropamu Equation.3

MOoHO JaTh Apyroe ONpElEeNIeHHE CKaJSIPHOTO IPOU3BENEHHUS ABYX BEKTOpoB. M3 Teopun
MIPOEKLUI U3BECTHO, YTO

np;a —‘a’cosJ unp-b —’b’cosJ.
T.o. cKansipHOE MPOM3BEICHHUE IBYX BEKTOPOB €CTh YHCIO, PABHOE MPOW3BEACHHIO JJIHHBI
OJTHOTO M3 3THX BEKTOPOB Ha MPOEKIIMIO JPYyTroro BEKTOpa Ha MEPBbI BEKTOP.
(ab) —’b‘np[;a unu  (ab) —‘a‘npab.
CxaJsipHOE POM3BEICHNE BEKTOPOB 00JIa1aeT CIICAYIOIIMMHI OCHOBHBIMH CBOMCTBAMHU:

1. CkanspHoe npousBeneHue AByX BekTopoB a Equation.3 u b Equation.3 o6pamaercs B HyJb B
TOM cCJj1y4dae, Koraa Iio KpaﬁHefI MCPE OJWH H3 BCKTOPOB ABJIACTCA HYJICBBIM WM CCJIIM BCKTOPLI
NEPIICHIUKYJISIPHBIL.
2. CkansgpHOe IPOM3BECHHE ABYX BEKTOPOB a4 M b paBHO MpOM3BENIEHHIO JUIMH STUX BEKTOPOB, ECIIU
JIAHHBIC BEKTOPBI MAPaJUICIBHBL, T. €. (¢ = 0.
b =ieos0 =5
OTcroia cliefyeT, YTO CKaJSIPHOE TPOM3BENICHHE BEKTOpa Ha caMoro ce0si paBHO KBaJpaTy
C -\ 2
JUITMHBI 3TOTO BEKTOpa, T. €. \a >4 :‘a’

3. CkaysipHOE MPOU3BEICHUE JIBYX BEKTOPOB 00JIaAaET MEPEMECTHTEIbHBIM CBOMCTBOM YMHOKEHUS:
o)

4. CxangpHoe MpOU3BEIACHUE O00JaNaeT pacHpeeNUTeIbHBIM CBOMCTBOM OTHOCHUTEIBHO CYMMBI
5>C =(ac)+ @c J

[lycTe nmaHbl ABa BEKTOpa B KOOpJAWHATAX: (I :{xl, Vi Zl} ub :{xz, Y, Zz}. CkanspHoe

BEKTOPOB: (a +b

IIPOU3BEICHNUE ITUX BEKTOPOB PABHO CyMME IIPOU3BEIECHUN UX OJJHOMMEHHBIX KOOPAUHAT.
BekropHoe mpon3Be/IeHre BEKTOPOB
BekTopHBIM NPOU3BEACHUEM [IBYX BEKTOpOB ( U b mnazwBaercs Takoii Tpetul BekTtop C,

KOTOpBI 0071a7aeT CIeIyIOIIMMH CBOHCTBAMHU:

1)c “auc” b,To €CThL BEKTOp C NEPHECHIUKYIISIPEH K IIIOCKOCTH, T JIE)KAT BEKTOpa d U b;



2) JlnuHa BekTOpa C YHCICHHO paBHA IUIOMIAAM IapajuieliorpaMMa, MOCTPOCHHOIO Ha BEKTOpax

aub,re. H :‘E‘ *;‘Sinj , TI€] - YrOJIMEXIy BEKTOpaMHu a i b ;

3) BekTOp C HampaBjeH B TaKyl0 CTOPOHY, YTOOBI KpaTuaiIiuii HOBOPOT OT MEPBOro BekTopa d K
BTOPOMY BEKTOPY b BOKPYT' BEKTOpa C IPEACTABIIUICA MPOUCXOAIIUM IIPOTHB YaCOBOW CTPEJIKH,
€CJIM CMOTPETh U3 KOHI[A BEKTOpa C .

BekropHoe nmpou3BeaeHne 0603Ha4a0T CUMBOJIOM C —[abJquu C —a b

a) OCHOBHPIC CBOWCTBA BEKTOPHOI'O IPOU3BE/ICHUS.
1. BekropHOe nmpou3BeEeHUE ABYX BEKTOPOB d U b PaBHO HYJIEBOMY BEKTOPY B TOM U TOJIBKO B

TOM CJIy4dac, Korjga 3T BEKTOPHI ITapaljICJIbHBI.
% 3 9TOro CBOMCTBA CJICOYCT, 4qTo BCKTOPHOC

MIPOM3BEICHUE JIF0O0r0 BEKTOpa Ha camoro ceds, T.e. [aa =0.

2. BexTopHOE NMpOM3BEICHHUE ABYX BEKTOPOB AHTUKOMMYTATHBHO, @ IMEHHO:
[ab |=- |pa]
3. BeKTopHOE NPOM3BEICHUE 00IaJaeT CBOMCTBAMM COYETATENFHOCTH OTHOCHTENIHEHO YHCIOBOTO
MHOKHTENS: A [abJ: a >bJquu |§l >a bJ.
4. BEeKTOpHOE MPOU3BEIEHHE BEKTOPOB 00JIAAET PACIIPEACIUTENBHBIM CBOUCTBOM OTHOCUTEIBHO
BEKTOPOB.

BekTopHoe nmpon3BeIeHne BEKTOPOB B KOOPAMHATAX
ITyctb BexkTOpBI A U b sanann B KOOpJIMHATax d :{xl, Vi Zl}, b :{xz, Vi, Zz}- Torna

[——] —|y121_21x1 XU

T1Y222] |72 Xaf X2 yzg

IIpumep. ITycts a1 BeKTOpHI :{2, - 1, 4} ub 2{3, 1, O}
[ 1,1

fb] 2-14/=0+2[, +121, +3ll, - 4], =-41, +121, +5I,.
310

ve. b |=c =[- 412,35}

[Tycts manbl Tpu BekTopa d Equation.3 , b, c¢. Ecnu u3 Tpex BeKTOpOB IHOOBIE J1Ba BEKTOpa

ab =cj

YMHOKHTb BEKTOPHO, a 3aTeM nosy4ennbii Bekrop d = [a Equation.3 b] yMHOXHTH Ha TpeTuii
BEKTOP C CKalfPHO, TO B PE3YJbTaTe Mbl MOTYMHM HHCIO, KOTOPOE M HA3IBACTCS CMEIIAHHBIM
MPOM3BEICHUEM TPEX BEKTOPOB M 0003HAYAIOT: MO0 Equatlon 3 b ¢, mnbo ([a Equatlon 3 b ] c)

CMeniaHHOE ITPOU3BENECHNE HEKOMIUIAHAPHBIX BEKTOPOB aEquat10n.3 b U C 1O MOAYIIO
paBHO 00bEMY MapaieNenuIesa, TOCTPOEHHOTO Ha STHX BEKTOPAX.

CMenranHoe Tpou3Be/ieHne BeKTopoB ¢ | b C paBHO HYJIIO TOTJIa M TOJBKO TOTJa, KOTJIAa 9TH
BEKTOPBI KOMILJIAaHAPHBI.

CMeliaHHOe TPOU3BEICHNE BEKTOPOB B KOOPAMHATAX.
HyCTL JIaHbI TP BEKTOPA B KOOPAMHATAX

a ={x;,¥,,2,}, b ={x,,¥,,2,}.c ={x;,¥;,2;}. Torna cMemanHoe NPOU3BEACHUE ITUX BEKTOPOB

MO>KHO BBIYUCIIUTH O (popmysie:



xl yl Zl
([ablc) =|x, y, z,|Equation.3 .
Xy Vs I
MHorue 3a1a4u reoMeTpUH, PU3NKH, MEXAHUKH PEIIAIOTCS METOIAMU BEKTOPHOM ajireOphl.

[pumep. Borumcnuts, Kakyio pabory mpomsBomut cuima F = {3, -5, -2} korga ee Touka
MIPWJIOXKEHHUS, ABUTasCh MPSIMOJIMHENHO, nepemeraercss u3 nojoxenus 4 (2, 5, -3) B nonoxenue B
(3,-1,-2).

Pemienune. Haiinem KoopaArHATHI BEKTOpA E = E

S = (3-2;-1-5; -243) = {1; -6; 1}

Torna BelM4YMHA KICKOMO#M paboTa paBHA CKAIIPHOMY IIPOU3BEICHUIO (F X S ), T.€.

W=(F S)=3x1+(-5)X(-6) - 2X1 =31.

[Ipumep. Haiitu yron, oOpa3oBaHHBINA BEKTOPAMHU: 2Equati0n.3 ={3,0,-4} u Z_)={-1,1,-2}.
3IX-D)+0XH+(-4) X-2) 5 1

S0+ 4 X[+ +(-2) 5V6 6
IIpumep. Janwsl koopauHathl BepmuH TtpeyroiabHuka A(1,2,0), B(3,0,-3) u (C(5,2,6). Haiitu

IJIOMIA/Ib ATOTO TPEYTOJIbHUKA.

Pemenue. COS|

Pemienue. Haiinem KkooparHATBI BEKTOPOB EEquationB u AC .

ABEquation.3 = {3-1, 0-2, -3-0} = {2, -2, -3}

AC = {5-1,2-0, 6-0} = {4, 0, 6}

Haiinem BekTOpHOE IPOM3BEICHUE BEKTOPOB EEquationS u AC [EEquationB XE]

e e e

1
=12 =2 = 3/Equation3 =-12¢ - 12e, +8e, - 12e, =-12¢, - 24e, + 8¢, Equation.3
4 0 6

Wrax, [ AB Equation.3 X AC1=d = {-12,-24,8}.
Haitnem Moaysib BEKTOPHOT'O MPOU3BEICHUS

[[ABXAC] | d |=+/(- 12)* +(-24)* + 8 =+/144 +576 + 64 =784 =28.

1, — — 1
Vckomas II0maab TPEYroabHuKa: S :5‘[AB xX4C ]‘ ZE X8 =14 Equation.3 «ks. ez

2 3

DABC

[Tpumep. Beruucnuts 00beM TeTpasdapa, BEpIIMHBI KOTOpOro Haxoxasrcs B Toukax O(1,1,2),
A(2,3,-1), B(2,-2,4), C(-1,1,3).

Pemienue. Terpasap mocTpoeH Ha BEKTOpax &, @ U % Equation.3 Haiinem xoopauHaThI
stux Bextopos: OA ={1,2,- 3} Equation.3 OB ={1,- 3,2} Equation.3 oC ={-2,0,1}

Equation.3 . Torga uckomslii 00beM:

1 -
V:l\([OAmB]wc]):l 1 -3 2 :1-3-8+18-2\:1>5:§
6 6 6 6" 6
-2 0
|14 51(66
= — . €.
6 Yy

[Ipumep. Berancnute MOAyIb BEKTOpA EEquation.3 ={6,3,-2}.



Pemrenie. Eciu nan Bexrop a Equation.3 = {x, y, z}, To |@ Equation.3 | = ,/x’ + y2 +z°
Equation.3 . CnenoBarenbHo, UMeeM

|5Equation.3 | = \/62 +3% +(-2)° =49 =7 Equation.3 .

[Ipumep. BeraucnuTe HampaBsione KOCUHYCHI BEKTOPa 5Equati0n.3 = {12,-15,-16}.

Pemiene. |@ Equation.3 | = \/122 +(-15)° +(- 16)* =+/625 =25Equation.3 .

x 12 y =15 3 z -16

cosa =— =—, COS — = =-—,C08 =— =
la| 25 la| 25 S la| 25

[Ipumep. Bektopsl 2Equation.3 ub o6pasyror yrou j = 60°, npuuem |5Equation.3 |=5mu |B|

Equation.3 .

= 8. Onpenenuts |a Equation.3 + b|n |;Equati0n.3 - b|.

Pemenne. Paccmorpum ckanspaoe npoussenenue (d Equation.3 + b) u (a Equation.3 + b)
T.€.

(5Equation.3 + l;)2 = (;Equation.3 5) + 2(;Equation.3 B) + (5 B) = |5Equati0n.3 I+ 2|5

— — 1
Equation.3 |X|b|Xcos60°+|b > =25+2X5X8X 5 Equation.3 +64 = 129,

CIIEZI0BATENBLHO |5Equation.3 + B| = +/129 Equation.3 .

Amnanorudno, paccmorpum (@ Equation.3 - b )?

— — — — - = 1
(a Equation.3 - b)>=|aEquation.3 -2 (aEquation.3 b)+|b[> =25-2X5X8X 5 Equation.3

+64 = 49. |;Equation.3 - E| =449 =7.
Bonpocut u 3a0auu:

3agaua 1. Onpenenurs, Ipu KakUX 3HaUueHUAX a u b BexTopsl @ Equation.3 ={-2, 3, b} u b={a,
-6, 2} KOJUIMHEapHBHI.

3anava 2. JlaHbl TpU BEKTOpa [_)Equation.3 = {3,-2,1}, 5 = {-1,1,-2}, ro= {2,1,-3}. Haiitu

paslioKeHUE BEKTOpa c = {11,-6,5} mo Gazucy ;Equation.3 ,q, 7.
— — . _p — _ \/» — _
3anaua 3. Bektopel @ u b o6pasyror yron | —g. 3uas, uto |a| = /3, |b| = 1, BerunCIUTH

YTOJI @ MEX/1y BEKTOPaMHU ;Equation} —a+bu 5 —a-b.

3anava 4. BeIluMCIUTh IPOEKLIHIO BEKTOpA a= {5,2,5} Ha ocb BekTOpa b= {2,-1,2}.
3amaua 5. Jlansl BepiuHbl TeTpasapa: A(2,3,1), B(4,1,-2), C(6,3,7), D(-5,-4,8). HaiiTu nyuny ero
BBICOTHI, OIMYIIEHHOW U3 BEPIIUHBI D.

3anaua 6. Haiitu opT Bektopa @ = 3e, +4e, - 12e,.

3amaya 7. HaiiTu BenuuuHy IUIOHIAAM MapajjieiorpaMma, CTOPOHAMH KOTOPOTO SIBISIOTCA
BekTopel @ = {1,-3,1} mu b = {2,-1,3}.

3amaua 8. BeIYMCINTh BHYTPEHHHE YIUIBI TpeyroibHuka ¢ BepmmHamu A(1;2;1), B(3;-1;7) u

C(7;4;-2). YOoeautbcs, 4TO 3TOT TPEYTOJIbHUK paBHOOSApeHHBIH. Clienarh YepTex.
3amaua 9. 3Hast 0OfHY U3 BepIIUH TpeyroibHUKA A(2;-5;3) 1 BEKTOPHI, COBIAIAIONINE C TBYMS €TO

CTOpOHaMU AB = {4;1;2} u BC = {3;-2;5}. HaiiTu ocraibHble BEPIIMHbI U KOOPIMHATHI BEKTOPA

CA Equation.3 .
Bomnpocsr:
1. Yro Ha3bIBaeTCA CKaJSIPHBIM IIPOM3BEIACHHEM [JBYX BEKTOpPOB? @DU3NYECKUI CMBICI
CKaJIApHOTO IMPOU3BCACHUA BEKTOPOB.
2. OCHOBHBIE CBOICTBA CKaJIIPHOTO IIPOU3BEACHUS BEKTOPOB.



Kak omnpenensercs ckajspHOE IPOU3BEIEHUE IBYX BEKTOPOB B KOOpPAUHATAX?

Kak HaliTH yros Mex Iy IByMs JaHHBIMU BeKTOpaMu @ u b ?
Yro Ha3pIBacTCA BEKTOPHBIM IIPOU3BEICHUEM IBYX BEKTOPOB?
['eomeTprueckuii u GU3NIECKUN CMBICIT BEKTOPHOTO TIPOU3BEIECHUS IBYX BEKTOPOB.
Kak MOXHO HaWTH IIOWaJb TPEYTOJIBHHKA, B TPEXMEPHOM IPOCTPAHCTBE, €CJIIM M3BECTHBI
BEpPIIMHBI JaHHOT'O TPEYTOJbHUKA?
8. Kak HaliTh BEKTOpHOE MPOU3BEICHUE JIByX BEKTOPOB B KOOpJIMHATAX?

Nownk W

9. Kaxk nHaiitu opt Bektopa a = {x, y, z}?

10. OcHOBHBIE CBOICTBA BEKTOPHOT'O MPOU3BEACHHSI BEKTOPOB

11. CmemanHOE NpoU3BeIEHHE TPEX BEKTOPOB. ['eoMeTpuueckuii CMbICII.
12. OcHOBHBIE CBOWMCTBA CMEIIAHHOTO MPOU3BEICHHS BEKTOPOB.

13. CmemaHHOE NPOU3BEICHUE TPEX BEKTOPOB B KOOPJMHATAX.

IIpakTnyeckoe 3ansiTue 15. BekTopHbIE NPOCTPAHCTBA M UX MPOCTEMIIIMEe CBOMCTBA.
Ienv: chopMupoBaTh MPEACTABICHNE O BEKTOPHBIX MPOCTPAHCTBAX M X CBOMCTBAX
Cooeporcanue:

BEKTOPHOE MPOCTPAHCTBO HAJI TTOJIEM BEIIECTBEHHBIX YUCEN; MPOCTEHIITNE CBOMCTBA BEKTOPHBIX
MIPOCTPAHCTB.

Teopemuueckaa uacmo:

Onpenenenue. I1ycTh - mpou3BOIBLHOE HEMYCTOE MHOMXECTBO, AJIEMEHTHI KOTOPOrO MbI OyaeM
Ha3bIBaTh BekTopaMu, K — mone, 3ieMeHThl KOTOpOro Mbl OyieM HasblBaTh ckaisipamu. [lycTh Ha
MHOXKECTBE OIpeseNieHa BHYTpPeHHssl OuHapHasi anreOpanueckas ormepaiusi, KOTOpylo MbI Oyjaem
0003Ha4yaTh 3HAKOM + U Ha3bIBaTh CIOXKEHHEM BEKTOPOB. IIycTh Takke Ha MHOXKECTBE ONpE/EIICHa
BHENIHsS OMHapHas anreOpanueckas ornepaiusi, KOTOpyr MbI Oy/ieM Ha3bIBaThb YMHOKEHHEM BEKTOpa
Ha CKaJIsip U 0003HAa4YaTh 3HAKOM YMHOXKEHUs. J[pyruMu cioBaMu OIpeesieHbl ABa OTOOpakeHUS:

V' VeV, "xyl V,x,y)® x+yl V;

MHOXECTBO BMECTE C 3TUMH ABYMS alreOpandecKUMH ONEpaIusIMi Ha3bIBA€TCS BEKTOPHBIM
MPOCTPaHCTBOM HaJ mojieM K, eciii BBITIOJIHSIOTCS CASAYIOIINE aKCUOMBI:
1. CnoxeHne acColMaTHBHO, T.€.

2. CyuiecTByeT HyJIEBOM BEKTOP, T.€.
$0T V:"xT V,x+0=0+x =x .
3. 1yt mr060T0 BEKTOPA CYIIECTBYET MPOTHBOIOIOKHBIA EMY:
"xI V, 8yl Vix+y=y+x=0.
BexTop y, MpOTHBOIOIOKHBIA BEKTOPY X, OOBIYHO 0003HAYAETCSA —X, TaK YTO
"x1 v, $(— X)T V: x+(— X):(- x)+x =0.
4. CnoxeHre KOMMYTaTUBHO, T.€. .
. YMHOXEHHE BEKTOpa Ha CKAJISp MOIYMHSAETCS 3aKOHY aCCOLIMATUBHOCTH, T.€.

W

5

/i€ MPOM3BEICHUE €CTh MPOU3BEJICHUE CKAIIPOB, onpeeneHHoe B moje K.
6., roe 1 - ato equanna mos K.
7. YMHOXKEHUE BEKTOpa Ha CKAJISP JUCTPUOYTUBHO OTHOCUTEIIBHO CIIOKEHUS BEKTOPOB:

8. YMHOKeHHE BEKTOpa Ha CKAJISIp IUCTPUOYTUBHO OTHOCUTENFHO CIIOKEHUS CKAJISPOB!
Onpenenenye. BekTopHOE NMPOCTPAHCTBO HaJA MOJEM BEIIECTBEHHBIX YHUCEN  Ha3bIBACTCA
BEILECTBEHHBIM BEKTOPHBIM MTPOCTPAHCTBOM.

Teopewma. (IIpocreiimme cBocTBa BEKTOPHBIX TPOCTPAHCTB. )

1. B BEKTOpHOM IIPOCTPAHCTBE CYIIECTBYET €AUHCTBEHHBIN HYJIEBOM BEKTOP.

2. B BEKTOpPHOM MPOCTPAHCTBE 000N BEKTOP MMEET €IMHCTBEHHBIM MPOTHBOIIOIOXKHBIN

emy.
31T K"xT v,1x=001 =0 WM x =0 .
4..



ITpuMepbl BEKTOPHBIX POCTPAHCTB.

1) MHOXecTBO UYHCIIOBBIX BEIIECTBEHHBIX (YHKIIMI OJHOM NEepeMeHHOH, HempepbIBHBIX Ha
unTepBane (0; 1) oTHOCHTENbHO OOBIYHBIX ONEpaLUil CI0XKEeHUs (PYHKIUH 1 yMHOKEHUS (YHKIIMU Ha
YHCIIO.

2) MHO>X€eCTBO MHOTOWJIEHOB OT OJHON OyKBHI ¢ ko3¢ durmentamu u3 noisi K oTHocurensHo
CJIOKEHHSI MHOTOWJIEHOB M YMHOKE€HUSI MHOTOUYJIEHOB Ha CKaJIsIp.

3) MHOXeCTBO KOMIUIEKCHBIX YHCEI OTHOCHTEIBHO CIIOKEHHUS KOMIUIEKCHBIX YHCET H
YMHOXEHHUS Ha JIEHCTBUTEIILHOE YHCIIO.

4) MHOXeCTBO MaTpHIl OAHOTO M TOTO K€ pa3Mmepa ¢ 3eMeHTaMHu u3 nois K oTHocutenbHO
CJIO’KEHUS] MATPHIl M YMHOKECHHUST MAaTPHII HA CKAJISP.

Crenyromuii npuMep sIBJISI€TCS BAXKHBIM YAaCTHBIM CIydaeM npumepa 4.

5) llyctb - mpousBosibHOE HaTypalibHOE Ynciao. O603HAUUM Yepe3 MHOXKECTBO BCEX CTOJOIIOB
BBICOTHI 1, T.€. MHOKECTBO MaTpuIl Haj rojem K pa3mepa n' 1.

MHOXeCTBO  SIBJSIETCS BEKTOPHBIM IPOCTPAaHCTBOM Han moineM K u  Ha3piBaeTcs
apu(pMETHYECKUM BEKTOPHBIM ITPOCTPAHCTBOM CTOJIOIIOB BHICOTHI N HaJ roJsieM K.

B yactHOCTH, ecii BMecTO IpOU3BOIbHOTO Mo K B3sITh mosie 1eHCTBUTENBHBIX YUCEN , TO
BEKTOPHOE TIPOCTPAHCTBO R"  HAa3bIBACTCS BEHICCTBEHHBIM apUPMETHUYCCKHIM BEKTOPHBIM
IIPOCTPAHCTBOM CTOJIOLIOB BBICOTHI N.

AHAJIOTUYHO, BEKTOPHBIM MPOCTPAHCTBOM SIBIISIETCS W MHOKECTBO MaTpull Haj mojem K
pasmepa 1'n WIM, UHAYe, CTPOK UIMHBI n. OHO 00O03HAaYaeTCs TAKXKE Yepe3 U TaKKE Ha3bIBACTCA
apru(METHIECKUM BEKTOPHBIM ITPOCTPAHCTBOM CTPOK JUTUHBI n Hax mojiem K.

CucteMbl BEKTOPOB BEKTOPHOT'O POCTPAHCTBA.

Omnpenenenne. CucTeMoil BEKTOPOB BEKTOPHOTO MPOCTPAHCTBA HA3BIBAIOT JIFOOOEC KOHEYHOE
HEIyCTOE MHOXECTBO BEKTOPOB 3TOT'0 MPOCTPAHCTBA.

OO6o3HaYeHHE: {e|,¢),...en} -

Onpenenenue. Beipaxenue

)

rae - ckamapsl nosis K, — BEKTOpBI BEKTOPHOIO MPOCTPAHCTBA V, HA3bIBACTCS JIMHEHHOU
KOMOWHAIIMEH CHUCTEMBI BEKTOPOB f{ej,es,...ep}. CKamsphl  HaA3bIBAIOTCS KoOd(PPUIMEHTAMU 3TOU
JTUHEHHON KOMOMHALINY.

Omnpenenenue. Ecnu Bce ko3(uIIMEHTH JTUHEHMHONM KOMOWHAIMU pPaBHbI HYJIO, TO TaKylO
JUHEHHYI0 KOMOHWHAIMIO HAa3bIBAIOT TPUBHUAJIBHOM, B IPOTUBHOM CIIyyae — HETPUBUAIBHOM.

IIpumep. ITycTh {e),e,,e3} CUCTEMA U3 TPEX BEKTOPOB BEKTOPHOTro mpocTpaHcTBa V. Toraa

0> +0xy +0x3
— TpUBHAJIbHAS JINHEHHAs KOMOUHALMS JAHHON CUCTEMbI BEKTOPOB;
-e1+0x, +0%3

— HeTpUBMAJIbHAS JIMHEWHAas KOMOMHALMsS JAaHHOW CHUCTEMbl BEKTOPOB, T.K. HEpPBBIN
KO3 PUIMEHT 3TO KOMOMHAIUU a; =-1" 0.

Onpenenenve. Ecnu kakoi-nmubo BEKTOp X  BEKTOPHOTO IPOCTpaHCTBA V MOXKET OBITh
IIPE/ICTABIIEH B BUJIE:

2

TO TOBOPST, UTO BEKTOP X JIMHEMHO BbIPAXKAETCs Yepe3 BEKTOPBI CUCTEMBI {e|,¢5,...,e,} . B 3TOM
ClIy4dae TOBOPST TaKXKe, 4YTO CUCTEMA {e|,e7, ..., e, } JIAHEHHO MPEACTABIISIET BEKTOP X.

i @l o 2 1¢
IIpumep. Ilycts }el :g 5562 :§3% — CcHUCTeMa M3 JBYX CTOJOLIOB apu(pMETHIECKOIO
t " 29

25 0 o
BCILICCTBEHHOI'0O BEKTOPHOT'O IIPOCTPaHCTBA cToJIONOB BBICOTHI 2. Torma croyber; x :g 13:; JIMHEUHO
- g

BBIPAKACTCA YCPE3 CTOJ'I6I_ILI CUCTCMbI WJIIM HJaHHas1s CHUCTEMA CTOJ'I6I.IOB JUHEWHO MMpEaACTaBJIACT
cronber X. [ledcTBUTENBHO,
el 6 2106 22+306 =250

x =2eq - 3ep :2§ +— 3 = = .

- 24 3g & 4-9g5 & 135

Bonpocwt u 3a0auu:



1. O6o3HaunM OyKBOW A MHOXXECTBO OECKOHEYHBIX IOCIIEOBATEILHOCTEH BEIIECTBEHHBIX
YUCeN, UMEIOITNE TIpesie: A ={(a), k1 N|(lim a})l R}.
k® ¥

OmpenenuM Ha MHOXECTBE A IMOKOMIIOHEHTHOE CIIO)KEHHE II0CJIEeI0BATEIbHOCTEN U
MMOKOMITOHEHTHOE YMHOXEHHE TIOCJIEA0BAaTeIbHOCTH Ha uyucio. Jlokaxkure, 4to A  sBiseTCs
BEKTOPHBIM ITPOCTPAHCTBOM.

2. Ob6o3HaunM OyKBOW A MHOXXECTBO OECKOHEUYHBIX IOCJIEIOBATEILHOCTEH BEIIECTBEHHBIX
YyuCel, UMEIOIINE OAMHAKOBBIN mpenen al R : A ={(ay), kI N|kl<i@n§ ap =a} . OnpeieniuM CJI0XKeHHUe Ha A U

YMHOKE€HHME Ha YMCJIO KaK B 3a1aue 1.

a) Jlokaxxure, 4TO €ciau a' 0, TO MHOXKECTBO A HE SIBISETCSA BEKTOPHBIM MPOCTPAHCTBOM.
Kaxkas akcumoma BEKTOPHOTO MPOCTPAHCTBA HE BHIIPOHSAETCS?

0) Jlokaxxure, 4TO €CM a =0, TO MHOXKECTBO A SIBIIICTCS BEKTOPHBIM MTPOCTPAHCTBOM.

IIpakTnueckoe 3ansaTue 16. JinneiiHo 3aBMcUMbIe H JINHEIHO He3aBHCHMbIe CHCTEMbI BEKTOPOB
BEKTOPHOI'0 IPOCTPAHCTBA.

Ilens: chopmupoBaTh MpenCTaBICHUS O JUHEHHONW HE3aBUCUMOCTU CHCTEM BEKTOPOB BEKTOPHOI'O
IIPOCTPAHCTBA U ACMEKTaX NPUMEHEHHUs JIMHEHHON 3aBUCUMOCTH (HE3aBUCUMOCTH)

Cooeporcanue:

TPUBHAIbHOE (HETPUBUAIILHOE) NPEJICTaBIEHUE HYJIEBOTO BEKTOPA;

JUHEWHO 3aBUcHMasi (HE3aBUCUMAs) CUCTEMBI BEKTOPOB;

HE00X0/IMMOE U 1I0CTaTOYHOE YCIOBUE JIMHEHHOW 3aBUCUMOCTH CUCTEMBI BEKTOPOB.

Teopemuueckas wacmp:

Tak Kak Mpou3BeZCHUE HYJIEBOIO CKalspa Ha Jr000i BEKTOp €CTh HYJIEBOM BEKTOp U cyMMa
HYJIEBBIX BEKTOPOB paBHA HYJIEBOMY BEKTOPY, TO JUIsl JHOOOH CHCTEMbl BEKTOPOB BBINOJIHSETCA
PaBEHCTBO

0>1 +0x, +...+0%, =0.
Otcrona cienyer, 4To HyJ€BOM BEKTOp JMHEHHO BBIPAXKAeTCs uepe3 BEKTOPHI 000N CUCTEMBI
BEKTOPOB WJIM, TOBOPSI MUHAYE, J100asi cCUCTeMa BEKTOPOB JIMHEWHO MPECTABIISAET HYJIEBOM BEKTOP.

[Ipumep. HYCTB 1e1 _g _.lez % % B sTom ciiydae HymneBo# cTomoOery g + MOYKHO JIMHEWHO

BBIPA3UTh Uepe3 CTOJ‘I6HBI CHCTEMBI HE OIHUM CIIOCOOOM:

0 05, =0 &l 0 anlo a0
e = >§'2§+ Ezfa_g%

HIn
&2l 6 210 0
ep+tey = o :=§ *
-2 829 &g
i "al R

as, +ax, =a ('_5+aaelo ®a oaeao a@o.
>§ >§2¢ g 2a5 gzaz goz

Uro0bl pa3nmuyarh 3TH CIOCOOBI JMHEWHOTO TPEICTABJICHUS HYJIEBOTO BEKTOpa BBEIEM
cleayolee onpeneieHue.

Onpenenenue. Eciu BRIMONMHSIETCS PABEHCTBO

aje; +ajep +...+ap e, =0

U TpU 3TOM Bce KOA((UIMEHTHI a; =a, =..=a, =0, TO TOBOPST, YTO CHCTEMa {ej,es,...,en}
MPEACTABISET HYJICBOW BEKTOp TpUBHAIBbHO. Ecin ke B paBeHCTBE XOTs Obl OMH 13 KOA(DPHUITMEHTOB
aj,as,.,a, HE paBeH HYJIO, TOTJa TOBOPSAT, YTO CUCTEMa BEKTOPOB f{e,e3,...e,} IPEACTABISIET

HYJIEBOM BEKTOP HETPUBHAJIBHO.

W3 nocnenHero npumepa Mbl BUJIHMM, YTO CYLIECTBYIOT CHUCTEMBI BEKTOPOB, KOTOPBIE MOTYT
MPEACTABIATh HYJIEBOW BEKTOp HETpUBHANBHO. M3 crnepyromero npumepa Mbl YBUAUM, YTO
CYLLIECTBYIOT CUCTEMBI BEKTOPOB, KOTOPbIE HE MOTYT IPEACTABIATH HYJIEBOW BEKTOP HETPUBUAJIBLHO.



a0 209
IIpumep. Ilycthb 1§0;§1% — cHucTeMa JBYX CTOJOIIOB M3 BEKTOPHOTO IIPOCTPAHCTBA
tevo
PaccmorpuM paBeHCTBO:
@O a0 280

oo be

re a.bl R HEM3BECTHBIC MOKA KO3 UIMEHTHI. Vcronp3ys mpaBuia YMHOXKEHHUS CTOIOIA Ha
CKaJsp (4MCII0) U CIOKEHUS CTOJIOIOB, MOIy4aeM paBEHCTBO:
aag_ado
Eog 805
N3 onpenenenyst paBeHCTBA MaTPUL] CIEYET, UTO a =0 U b =0.
Takum 00pa3oM, 1aHHasi CUCTEMA HE MOXKET MPE/ICTaBIIATh HyJIEBOH CTOJI0EL HETPUBHAIIBHO.
W3 npuBeneHHBIX NMPUMEPOB CIEAYET, YTO CYILIECTBYET JIBa BUJA CUCTEM BEKTOpoB. OnHH
CUCTEMBbI IPEJICTABIISIIOT HYJI€BOM BEKTOP HETPUBUAIBHO, a Apyrue HeT. OTMETHM ellie pa3, uTo Jirodas
CUCTEMa BEKTOPOB IIPEACTABIISAECT HYJIEBOM BEKTOP TPUBUAIILHO.
Omnpepenenne. CucrteMa BEKTOPOB BEKTOPHOIO IPOCTPAHCTBA, KOTOPAs MPEACTABIISIET HYJIEBOU
BekTop TOJIBKO TpuBHanbHO Ha3pIBaeTCA TMHENHO HE3aBUCUMOM.
Onpenenenne. CucteMa BEKTOPOB BEKTOPHOI'O MPOCTPAHCTBA, KOTOpPAsk MOYKET INPEIACTaBUTH
HYJIEBO! BEKTOP HETPUBUAJILHO HA3bIBAETCS JINHEHHO 3aBUCUMOM.
[Tocnennee onpeneneHre MOKHO J1aTh B 00jiee pa3BepHYTOM BHJIE.
Omnpenenenue. Cucrema BEKTOPOB {ej,e),..,e,} BEKTOPHOIO MPOCTPAHCTBA V Ha3bIBacTCA

JMHEHHO 3aBUCHUMOI, eciii HalJieTcsl TaKOW HeHyJIeBoi Habop ckanspoB mois K
(aj,ap,...,apn) " (0,0,..,0),
4TO
aje; +ajey +...+aje, =0.

Ho »Toro HepoctarouHo, 4T0OBI BBISICHUTh JJUHEHHO 3aBHCUMAs WJIH K€ JIMHEWHO He3aBUCUMAsI
JJaHHAsi cucTeMa BEKTOpOB. M3 omnpeneneHus ciieyer, 4YTo JIMHEMHO HE3aBUCHMAsl CUCTEMA BEKTOPOB
HE MOJKET MPEACTaBIATh HYJIEBOM BEKTOP HETPUBHUAIBHO, a TOJBKO TpUBHUAIBHO. [ToaToMy st Toro,
4TO0Bl yOETUTHCS B JIMHEHHOW HE3aBUCHUMOCTH JaHHON CHCTEMBI BEKTOPOB, HYXXHO PacCMOTpPETh
MpeACTaBICHUE HYJISI TPOU3BOIHLHON TMHEWHON KOMOWHAIIUEH STOW CHCTEMBI BEKTOPOB:

0 =aje| +ajzey +...+ape, .

Ecnu 3T0 paBeHCTBO HEBO3MOXKHO MPHU YCIOBHH, YTOOBI XOTSA Obl OJMH KOI(PQUIMEHT STOU
JUHEHHON KOMOWHAIMKU OBbLT HEHYJIEBOHM, TOT/a 3Ta CHUCTEMa SIBISIETCS IO OMPECNICHUIO0 JTUHEHHO
HE3aBHUCHMOM.

Crnenyroniye TeopeMbl Jal0T HECKOJIBKO KPUTEPUEB JIMHEIHOM 3aBUCUMOCTUA U COOTBETCTBEHHO
JIMHEWUHOW HE3aBUCUMOCTH CUCTEM BEKTOPOB.

Teopema. (HeoOxomumoe W AOCTATOYHOE YCIOBHE IUHEHHOW 3aBHCUMOCTH CHUCTEMBI
BEKTOPOB.)

Cucrema BEKTOPOB BEKTOPHOI'O MPOCTPAHCTBA SIBISETCS JTUHEHHO 3aBUCUMOMN TOTJA U TOJBKO
TOT/1a, KOT/Ia OJIMH U3 BEKTOPOB CUCTEMBI IMHEHHO BBIPAXKAETCS YEPE3 IPYTUE BEKTOPA 3TOU CUCTEMBI.

Crnencraue.

1. Cucrema BEKTOPOB BEKTOPHOTO MPOCTPAHCTBA SBJISICTCS JTMHEHHO HE3aBHUCUMOUM TOTIA U
TOJIBKO TOT/Ia, KOTJA HU OJIMH M3 BEKTOPOB CHUCTEMBI JJUHEWHO HE BBIPAXKAETCS Yepe3 APyrue BEKTOpa
3TOU CHUCTEMBL.

2. CucreMa BEKTOpOB, COJepKalllasi HyJEBOM BEKTOpP WJIM JBa PaBHBIX BEKTOPA, SIBIISIETCS
JIMHEWHO 3aBUCUMOM.

Teopema (O AuHEHHON 3aBUCUMOCTH CUCTEMBI U3 OJTHOTO BEKTOPA).

Cucrema, cocTosiasi U3 OJJHOTO BEKTOpa SIBIIAECTCS JIMHEWHO 3aBUCHMOM TOTJIa U TOJIBKO TOT/a,
KOTJIa 3TOT BEKTOP HYJIEBOM.

CruenctBue. Cuctema, COCTOSIIAs U3 OJTHOTO BEKTOPA SBJISICTCS JIMHEHHO HE3aBUCUMOW TOT/1a U
TOJIBKO TOTA, KOI/Aa 3TOT BEKTOP HEHYJIEBOM.

Bonpocwt u 3a0auu:



i 20 =< Xo) aaal
1. JIOKaKuTe, 4TO CHCTEMA | f; =gl 41, =gl +f3 =2y ABIACTCA JIMHEIHO HE3ABUCHMOIL. SIBIsieTCs
i85 & B4
JI 3Ta CUCTEMa MOPOKIaroniein?
L@y wmie @d
2. JloKaXkuTe, 9TO CHCTEMa | g1 =§s§g2 =§14Zg3 289%5’ SIBJIIETCS JTUHEHHO 3aBUCUMON. SIBseTcs
P & &g &g
JIM 3Ta CUCTEMa MOPOKIaronien?
3. OO003HauUM R,[x]— MHOXECTBO MHOTOWIECHOB OT OYKBBHI X C JCHCTBUTEIHHBIMU
KOO PHIIMEHTAMH, CTETIEHh KOTOPHIX HE MPEBBIAET 2: R,[x] ={ax> +bx+c|a,b,cl R} .
a) JlokaxuTe, 9TO CHCTEMBI {I,x,x’} H {I,x-1,(x-1)?} SBJISAIOTCS JIMHEWHO HE3aBHCHMBIMH.
SBnsieTcs u 3Ta cUCTEMa MOPOKIAIOICH?
0) JIoKaXWTe, YTO CHUCTEMBI {I,x+1,2x,x>} H {x+Lx2,x>-x+1} SBIAIOTCA JHMHEHHO
3aBUCHUMBIMU. SIBIISIFOTCS I 3TH CUCTEMBI TOPOKAAFOITUMU ?
i 20 ao adl
4.JlokaxxuTe, 4TO CUCTEMA ! fy =§11,f2 :81 1y :gz% ABJIAETCS JIMHENHO HE3aBUCUMOM. SIBIseTcs
P85 & 8B4
JIM 3Ta CUCTEMa MOPOKIAoEen?
i B0 = Sio) aa
5. JlokaxxuTte, 4TO CUCTEMA :’gl :Esi,gz :E 5
i & &0p S
JIM 3Ta CUCTEMA MOPOKIAoIEen?
6. OO003HaYUM R,[x]— MHOXECTBO MHOTOWICHOB OT OYKBBI X C JCHCTBUTEIHHBIMH

K02 PUIMEHTAMH, CTENIEHD KOTOPHIX HE MPEBBINAET 2: R,[x]={ax> +bx+c|a,b,cl R} .

a) JIOKakuTe, 4TO CUCTEMBI {I,x,x’} M {lx-1,(x-1)?} SBISAIOTCSA JHMHEHHO HE3aBUCUMBIMHU.
SIBnsieTcst m ATa cUcTEMa MOPOKIAIOIIECH ?

0) JloKaXWuTe, YTO CHUCTEMBI {I,x+1,2x,x>} H {x+Lx2,x>-x+1} SBIAIOTCA JHMHEHHO
3aBUCHMBIMU. SIBJISIOTCS JIM 3TH CHUCTEMBI ITOPOKIAIOIITUMU?

IIpakTnueckoe 3ansaTue 17. Pazmepuocmsy u 6azuc 6eKmopHozo npocmpancmed.

Ilenv: cdopMupoBaTh MpeACTAaBIECHUE O pa3sMEpHOCTH U 0as3uce BEKTOPHOTO MPOCTPAHCTBA,
BO3MOXXHOCTSIX IMPAKTUYECKOTO MPUMEHEHHS U3YYCHHOTO

Cooepicanue:

N-MEPHOE JTMHEHHOE MPOCTPAHCTBO; PA3MEPHOCTh IPOCTPAHCTBA;

paszioxeHue BeKTopa no 6asucys;

nepexo]; K HoBoMy 0a3ucy.

Teopemuueckan wacmp:

BexTtop a, Ha3bIBaeTCs  JIMHEHHONW KOMOMHAIUEH BEKTOPOB d,,d,,...,d,.; BEKTOPHOIO

1-1
IpOCTPAHCTBA R, C€CJIM OH paBCH CJ_IeZ[YIOH_[eﬁ CyMME:

a, =la,+l,a,+..+1 _a,, roel,,..,| - 0IpOU3BOJIbHbEIE NEHCTBUTEILHBIE YHCIIA.

m-12 m-1

Bekropsl a,,...,a, BEKTOPHOIrO NPOCTpaHCTBA R Ha3bIBAIOTCA JUHENHO 3A6UCUMBIMU, ECIIH

m
cymectByroT Takue uucna | ,,l,,..,| , He paBHbIE OJHOBPEMEHHO HYJIO, YTO WX JIMHEHHAs
KOMOMHAIMsI paBHA HYJIEBOMY BEKTOPY:
la, +1,a, +..+1 a, =0

B mportuBHOM ciydae (T.e. KOrga HyJIb-BEeKTOp Moiydaercst Tosupko mpu |, =0," i =1n)
BEKTOPHI a,,d, ,...,d, HA3bIBAIOTCS JILHEHUHO He3A6UCUMBIMU.

JluneitHoe mpocTpaHcTBO R HaszpiBaeTcs n-MEpHBIM, €Clid B HEM CYIIECTBYET N JIMHEWHO
HE3aBUCHUMBIX BEKTOPOB, a Jio0Obie (n+1) BEKTOPOB YK€ SBISIOTCS JUHEHHO 3aBUCHMBIMHU.



Pazmepnocmsv npocmpancmeéa — 3TO MaKCUMAJIbHOE 4YHCIO COJEp)KALIUMXCSd B HEM JIMHEMHO
HE3aBUCHUMBIX BEKTOpOB. O003HauaeTcs pazMepHocTh dim ®.

CoBOKYNIHOCTB N JIMHEWHO HE3aBUCUMBIX BEKTOPOB N-MEPHOI'0 IPOCTpaHcTBa R Ha3bIBaeTcs dazucom.
Teopema. Kaxpiii Bexktop x| R MOXHO MPEJCTAaBUTh M IPUTOM EIMHCTBEHHBIM 0Opa3soM B BHJIE
JTUHENHHON KOMOMHALMU BEKTOPOB Oa3uca.

Takas nuHeliHasg KOMOMHAIHS

X =xe +x,e,+..+x.e,

HA3BIBACTCs pda3jiorcenuem éekmopa X 110 6a3Hcy €,6,,...,e,,a yucia x,,x,,...,x, - KOOpAnHaTaMH

n?

BEKTOpPa X OTHOCUTEIIBLHO 3TOro Oasuca.
Teopema. Ecmu e,e,,...,e, - CUCTeMa JIMHEHHO HE3aBHCUMBIX BEKTOPOB IpOCTpaHCTBA R 1 mo6oii

BEKTOP a B HEM JIMHEWHO BBIPAXKAETCs Yepes e,,e,,...,e, , TO IPOCTPAHCTBO R fABNIAETCA N-MEPHBIM, a
BEKTODHI €,,e,,...,€, = €ro 0a3ucom.

Ilepexon k HOBoMy 0a3ucy
[lycts B npoctpancTBe R nmerorcs 2 6a3uca:

Crapsiii e,,e,,...,e, M HOBBIH € 1,¢e 2,...,e . Kaxkaplii U3 BEKTOPOB HOBOI'O 0a3uca MOKHO BBIPA3HUTh B
BH/IE JINHEHHOW KOMOMHAIIMK BEKTOPOB CTaporo Oaszuca:
e =aye +..+aq,e,,

In

........................ ™)

\DTa cucTeMa 03HA4yaeT, YyTO MepPexo]] OT cTaporo Oa3uca K HOBOMY 3aJaeTCsi MaTpHUIeH mepexoia

A =(a; )i, j =1,n).Ota MaTpua HeocoOeHHas (T.€. HEBBIPOXK/ICHHASA), T.K. B IPOTUBHOM Cllydyae ee

CTpOKH ( @ 3HAYMT, U Oa3MCHBIE BEKTOPHI) OKa3aJUCh Obl TUHEHHO 3aBUCUMBIMH. OOpaTHBINA EPExXo

OT HOBOTO 6a3Kca K CTAPOMY OCYIIECTBIISETCS C IOMOMIBIO 06paTHOH MaTpuIsl A '
Haiinem 3aBuCUMOCTh MKy KOOPAUHATAMU BEKTOpa B Pa3HBIX Oazucax.

HYCTI) X UMECT KOOPAUHATHI:
X=x1e1+..+X ,€n =X,€, +...+x"€".

[ToacraBuM 3HAYCHHS € 1,€ 2,...,€ ». W3 CHCTeMbI () B JIGBYIO 4acTh IOCJIEJHErO PaBEHCTBA,
MOJTYYUM:

s . . .
X, =a x1+a,x 2 +..+a,x .,

X, =apX 1 tanx 2o+t a,,x o,

\
WU B MaTpU4HOU (hopme:
X =4X",

X =4

X =(x,...,X =
CkanspHbIM TMPOU3BEICHHEM JIBYX BEKTOPOB (x15-0%,) u Y (Vs V) Ha3bIBaeTCA
YHCIIO:

() =xy, +X,0, +..+ X, ), :é X Vi

i=
CaoiicTBa CKaJsIpHOTO NPOU3BEICHUSI.
1. (x,y) =(y,X) - KOMMyTaTUBHOCTb;



2. (x,y+2z)=(x,y)+(x,z) - AUCTPUOYTUBHOCTH;
3. (ax; y) =a(x,y)," @ - OTHOPOIHOCTB;
4. (x,x)f, ecim x* 0,(x,x) =0, ecmu x =0.

JluneliHO€ (BEKTOPHOE) MIPOCTPAHCTBO, B KOTOPOM 33JJaHO CKAJISIPHOE IIPOU3BEIEHUE BEKTOPOB,
YIOBJIETBOPSIOLIEE YKA3aHHBIM YETBHIPEM CBOMCTBaM ( pacCMaTpUBAaEMbIM KaK aKCHOMBI), Ha3bIBAcTCA
€BKIIMJOBBIM IIPOCTPAHCTBOM.

JUinHO# ( HOPMOI) BEKTOpa X B €BKJIMJOBOM IPOCTPAHCTBE HA3bIBAETCS KOPEHb KBAJPATHBIN U3 €ro

CKJIIPHOTO KBaJpara: ‘x‘ =/(x,x) Z\/xl2 + x22 +..+ xn2
CBoiicTBa AJIMHBI BEKTOpA:

L. |x=00 x=0;

2 1] = e

3. ’(x, y)‘ £ ’x| *y’ - (mepaBencTBo Komu-byHsKOBCKOTO0);

,| - IeficTBUTENLHOE YHCIIO;

4. ‘x + y’ £ ‘x‘ + | y| -( HEPaBEHCTBO TPEYTOJIbHUKA).
Yronj Mexay AByMsl BEKTOpaMU XU Y ONPEIEISIETCS PaBEHCTBOM:
_(x))

kel

JlBa BeKTOpa HA3BIBAIOTCS OPTOTOHAIBHBIMH, €CITH WX CKaJSIPHOE MPOM3BEICHUE PABHO HYIIIO.
OueBUIHO, YTO HYJIEBOH BEKTOp OPTOrOHaleH JO0MY JApyroMy BekTopy. Ecnu nBa HeHyneBbIX
BEKTOpa OPTOTOHAIIBHBL, TO | =P /2.

cosj

,rne 0§ .

Bexrops! ¢,,e,....,e, N-MEPHOTO E€BKJIUI0BA IPOCTPAHCTBA 00Pa3yl0T OPTOHOPMUPOBAHHBIN

0asuc, ecu (e,e;) =0,i" j,le;| =1,i =1,n.

ei
PaccMoTrpum n1Ba muHEHHBIX ipocTpaHcTBa: R” pa3mepHOcTH n U R" pasmepHOCTH M.
Ecin 3aman 3akoH (IPaBMIIO), MO KOTOPOMY KaXKIOMY BEKTOpY x| R” CTAaBHTCA B COOTBETCTBHE
eIMHCTBEHHEI BekTop y1 R™,TO TOBOPAT, UTO 3ajaH omepatop ( Ipeobpa3oBaHue, OToOpaxkeHne) A
( x), nevictBytommii u3 R"B R", u 3anuceiBaoT y=A( X).
OnepaTop Ha3bIBACTCS JIMHEHHBIM, €CIH JUIs JHOOBIX BeKTOpoB a,bl R

nn |
b

BBIITIOJIHAIOTCA
COOTHOILIICHMUA

1. Z(a +b) ZZ(a) + Z(b) - CBOWCTBO aJITUTUBHOCTH;
2. Z(I a) =l Z(a) - CBOMCTBO OJJHOPOJAHOCTH OIepaTopa.
Bekrop y =A(x) HasbiBacTCS 00pa3oM BEKTOpa X, a caM BEKTOp X- MPooOpa3oM BEKTOpa .

Ecnu mpoctpanctBa R" m R™ coBmagaror, To oneparop A oToOpaxkaeT mpocTpaHctBo R” B
cebs1. PaccMOTpUM MMEHHO 3TOT CITydaid.

Bribepem B R" 0asuc e, e,,...,e, , 3aMUIIEM pa3IokKEHHE IPOU3BOIBHOIO BEKTOPa X IO 3TOMY
6aszucy:
X =x,e, +x,e, +...+x,e,.

[IpuMeHnM K 3TOMY BBIPaKEHHUIO JINHEWHBIN ONEepaTop A , B CHJIy €r0 JINHEWHOCTH MOJIy4aeM:
A(x) =x,A(e,) + x,A(e,) +...+ x, A(e,).

ITockonpky Z(e,. ), i =1, n -TaKKe BEKTOp M3 R",TO €ro MOXHO pa3JIOKUTh MO Oa3ucy

€1,€)5005€,

A(ei) :aliel + aZieZ +...+ anien 7(l :1’ n)
Torna

A(x) =x,(a, e +..+a,e, )+ x,(a,e, +...+a,e ) +..+x, (a,e +..+a,.e,



[TeperpynmupyemM COMHOXHTEIM B NPaBOW YacTH, BBIHOCS 32 CKOOKM Oa3HCHBIE BEKTOPBI
€,,€,,...,6;, IOIIyUuM:
~ _ %
A(x) _(allxl + a12x2 Tt aln‘xn )el + (a21xl + a22x2 Tt aann )ez + "'(anlxl + aanZ Tt annxn )en ( )
C npyroit cTopoHbl, BeKTOp y =A(X), UMEIOIUHA B TOM ke Oasuce e,,e,,...,e, KOOPAUHATHI

VisVaseers ¥, MOKHO 3aIIMCATH TAK:

1 — ok

A(.X) _ylel +y262 +“‘+ynen‘ ( )

Pasznoxxenue BekTopa mo 0as3uWcy €IWHCTBEHHO, CleoBaTelIbHO, mpaBble yactu (*) u (**) paBHBI,
MO3TOMY:

Ly, =ayx, +apx, +..+a,x,,
1 —

:’yz =a,x, tayx, +..+a,,x,,

b

tyn :anl'xl +a112x2 +"'+arm'x n

Wiy B MaTpudHou popme: ¥ =AX.
Marpuua 4 =(a; ), (i, j =1, n), Kaxpiit cTOI01 KOTOPOH COCTOUT U3 KOOpAMHAT 0bpasa A(e;)

COOTBETCTBYIOLIErO 0a3MCHOrO BEKTOpa e, B TOM ke 0Oasuce e,,e,,...,e, , HA3pIBAETCA MaTpHLEeH

omepaTtopa A B 0asuce e,,e,,...,e,, a PaHT T MATPHULIBI A paHroM oneparopa A .

TakuMm oOpa3oM, KaxJA0My JUHEHHOMY ONEpaTopy COOTBETCTBYET MAaTpHIla B JaHHOM Oasuce.
HaoGopor, Bcsikoil MaTpuile n-ro mnopsika COOTBETCTBYET JIMHEWHBIH  OmepaTtop n-MepHOro
MIPOCTPAHCTBA.

BexTop x u ero o6paz y =A(x) cBsi3aHbl MATPUYHBIM YPaBHEHHEM:

Y =4X,
rae A- marpuna JMHeHHoro oneparopa X =(x,,x,,..,X,),Y =(, V5.0 V,) -

x&3 2 406
[pumep: JIuneiHslii oneparop A B R’ B 6asuce e,,e,,e, 3aJaH MaTpunen A =g- 1 5 6_ Haiitu
g1 8 65

obpa3 y =A(x) BekTOpa X =4e, - 3e, +e;.

2,0 &3 2 4646 1006
¢ ~ ¢ ~ ¢
Pewenue: Ilpumensiem dopmyiy nepexona: ¢y, +=¢- 1 5 6g- 32=¢- 13+

&6 81 8 6&1 5 & 185

OO6pa3 Bekropa X umeet Bua: y =10¢, - 13e, - 18e,.

Ilpakmuueckoe 3anamue 18. CoOcmeennvie 6eKmopvl u coOOCMEEHHbBIE 3HAYEHUA JUHENHbIX
onepamopoe.
Ilenv: chopmupoBaTh TPEICTABICHHE O COOCTBEHHBIX BEKTOpPaX M COOCTBEHHBIX 3HAYCHUSIX
JMHEHHBIX ONepaToOpOB U UX MPUIIOKEHUAX
Cooeporcanue:
COOCTBEHHBIH BEKTOp, COOCTBEHHOE 3HaUEHHE JTMHEHHOI0 OIIepaTopa;
OTIpe/IeNIEHUE XapaKTEPUCTUUECKOTO YPAaBHEHNUS MaTPHIIbI;
QJITOPUTM BBIYMCICHHS COOCTBEHHBIX 3HAUE€HUI U COOCTBEHHBIX BEKTOPOB KBaJPAaTHON MAaTPHILIbI A.
Teopemuueckaa yacmo:

PaccMOTpHM JIMHEHHBIH onepaTop A, IeHCTBYIONMMI 3 HEKOTOPOro MPOCTPAHCTBa L B TO %e
pocTpaHcTBo L.

JIro0oit HEHYIEBOW BEKTOP X, YOBJICTBOPSIONINI YPAaBHCHHUIO:

Ax:hx,

HA3BIBAETCS COOCTBEHHBIM BEKTOPOM JIMHEHHOro omepaTopa A, mpu 3>ToM umcio | HaswBaeTcs
COGCTBEHHBIM 3HAUCHHEM JIMHEITHOTO oIepaTopa A, COOTBETCTBYIOIUM COOCTBEHHOMY BEKTOPY X.



Eciv 3a1aH 6a3uc THHEHHOTo pocTpancTBa L 1 B 3TOM Gasuce TMHEHHEIH onepatop A uMeer
MaTtpuiy A, TO IPUBEJEHHOE BbIIIE YPABHEHUE MOXHO IIPEICTaBUTh B MATPUYHOM BUJIE:
AX=Ax
(A-AE)x=6.
[Tpu 3TOM BEKTOp X Ha3bIBaETCsl COOCTBEHHBIM BEKTOPOM MaTpuIlbl A, a yncio | Ha3piBaeTcs
COOCTBEHHBIM 3HAUYEHUEM MATPUIBl A, COOTBETCTBYIOIIUM COOCTBEHHOMY BEKTOPY X.
Teopema. MHOKeCTBO COOCTBEHHBIX 3HAYCHMH JTMHEHHOTO omepaTopa A COBMAAaeT CO MHOKECTBOM
KOpHEH XapaKTEpUCTUUYECKOTO YpaBHEHHUs 3TOrO OIepaTopa BHE 3aBUCUMOCTH OT TOr0, B KakOM
6asuce 3a1aHa MaTpuIia oneparopa A. YpaBHeHue
det(A-A2E)=0
HA3bIBAETCS XapaKTEPUCTUUECKUM YpaBHEHHEM MaTpHIIBI A.
B pa3BepHyTOM BHUIe XapaKTEPUCTHUECKOE YPAaBHEHHUE 3AIHUIIETCS CICTYOINUM 00pa3oMm:

det

a, ., — M

11
Qs

a a

12

In

ﬂ‘.‘ﬁ & a Zn

0.

-

a a,, a,,

ne

— ,L

nl

Jliis BeIuMCIeHUsT COOCTBEHHBIX 3HAYEHUI U COOCTBEHHBIX BEKTOPOB KBAJpPAaTHON MaTpHULI A
MOpsIIKa N HEOOXOIUMO:

1. CocraBUTh XapaKTEPUCTUUYECKOE YpPaBHEHHWE M HAWTHU BCE €r0 Pa3IMYHbIC JIEHCTBUTEIIbHbBIC
KopHH "1 720+ Mk koTopele M 6yayT COGCTBEHHBIMH 3HAYCHHUSMHI MATPHIIBL.
¢ P PRy |

2. Jlng xaxmoro COOCTBEHHOI'O 3HAYCHUS 1

JIMHEWHBIX alTeOpandecKnx ypaBHECHUH:

% HaillTm o0IIee perieHHe CHCTEMBbI

(A-1LEx=0,
OHO M OyJIeT 3a/1aBaTh COOCTBEHHBIE BEKTOPBI, KOTOPBIM COOTBETCTBYET COOCTBEHHOE 3Ha4eHHE | ;.

HQI/IMeQ. Haiitn coOCTBEHHBIC 3HAUCHUS U COOTBCTCTBYHOIIINEC UM COOCTBEHHbIE BCKTOPbBI MaTPpULbI:

0 1 2

A=({4 0 1

3 -1 1)

Tax kax

0-A-1 1-A-0 2-1-0 - 1 2
det|A-AE|=detj4-%-0 0-A-1 1-A-Ol=det/4 -2 1 |=
3-A:0 -1-A-0 1-A-1 3 -1 1-A
=(-AY(1-A)+1-1-3+2:4-(-1)-2-(-A)-3-1-4-1-1)—(-A)-1-(-1) =

=A2-A*+3-8+6A—-4+4A-A=—A*+A2+ 97 -9,
TO XapaKTepHUCTUUeCKOe YpaBHeHMe JIMeeT BU
AP +AF+94-9=0.
OI[I/IH ns3 ROpHEi;I 9TOro ypaBHeHMA HaXOOMTCA MeTOJOM no,uf)opa. HpOBepHM, ABJAETCA
JIM YKCTI0 A =1 KOpPHEM 5TOTO ypaBHEHMA:
1*+1°49-1-9=0 —

BepHO. BeiHECEeM B J1eBoOi YacTH ypaBHEHNA MHOXKUTEND (A —1) 3a ckoGKy:
AR -9=-AA-D+IA-1D)=(9-A)A-D=B+A)B-2)r-D=—A+3)(A-1)(r-3).

XaDaKTEDHCTVILIGCROe YpaBHeHHue, TAaKMM 06Da3OM, IIPMHMMAaeT BIJ
-0+ -DA-3)=0, oreynaty =3, A,=1,

-

,':i

—_"
—-9o.



COOTBeTCTByIOI_L[aH OOHOPOOHaA CMCTeMa JMHEeHbIX ypaBHeHm”{

A 1 2Y=x) (o
4 A 1 ||xz|=|0
3 -1 1-a)lz,) Lo

11 coBCTBEHHOro 3HaYeHNA A, =—3 MMeeT BUJ

3 1 2) 0
T L ] [ —[0
3 -1 4)\x,) 10
I
3x, +x, +2x, =0, (i —al
4x, +3x, +x; =0, X |=| |, ack.
3x, —x, +4x, =0. &2 o
Taxum o6pa3oM, MHOMXKECTBO BCeX COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIINMX COBCT-
BEHHOMY 3Ha4eHMI0 A, =—3, B KOOPJMHATHOM (hOpMe NMeeT BU/I:
s
& |
\ c’.l
rjie ¢, — MPOM3BOJIBHOE JIEHICTBUTEJIbHOE YMCJIO, He paBHOE HY JI0.

CucTeMa JMMHENHBIX ypaBHeHUIT JId olpelesleHKs COOCTBEHHOTO BeKTOpa, COOTBETCT-
BYIOI[ero coOCTBEHHOMY 3Ha4eHUI0 A, =1, MMeeT BuJ

(=1, 31 2”.121‘ 0
4 -1 1|=x,|=]|0].
\3 -1 0fxz,) (0

x _B

x, =|-3p|, BeR.

\x;) \ B

MHoskecTBO BceX cOOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIIMX COOCTBEHHOMY 3HaUeHMIO
A, =1, B KOOpAMHATHOII (hopMe MMeeT BUI:

7

_C2 )

-3¢, |, ¢, #0.
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Bonpocwt u 3a0auu:
1. Hafitu coGcTBeHHEIE 3HAYSHHA H COOCTBEHHEIS BSKTOPEL. IIPHBECTH K JHATOHATBHOMY BHIY MATPHITY
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BEKTOP HALIMOHAIIBHBIX JOXOJO0B X U CTPYKTYpHAasi MaTpuiia A 3TUX CTpaH
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Bomnpocsr:

1. Yto Takoe cOOCTBEHHOE 3HAYCHHE MATPHIIBI?

2. Yto Takoe COOCTBEHHBIN BEKTOP MaTPUILIbI?

3. Yro Takoe XapaKTepUCTUUECKUII MHOTOUJIEH MAaTPHUIIbI?

4. CKOJNBKO pa3IMYHBIX COOCTBEHHBIX 3HAYCHUI MOXKET UMETh MaTpuiia?

5. CKOJBKO pa3IMYHBIX COOCTBEHHBIX BEKTOPOB MOTYT COOTBETCTBOBATH OJJHOMY COOCTBEHHOMY
3HAYEHUIO MaTPULbI?

6. Kaxk HaliTi Bce COOCTBEHHbIE 3HAUECHHUSI MATPUILIBI?

5. llepeyens JuTEPATYPbl, HCOOXOAMMOM 1JIS OCBOCHUS JUCIHUNIMHBI

OcHoBHas1 JiMTEpaTypa:

Hosgak, E. B. Bricmias matematuka. Anrebpa: yueOnoe noco6ue / E. B. HoBak, T. B. Psa3anosa, 1. B.
Hogaxk; nox penakuueit T. B. Psa3zanoBa. — ExatepunOypr: Ypanbckuil ¢enepaibHbli yHUBEPCUTET,
3BC ACB, 2015. — 116 c. - Pexxum poctyna: http://www.iprbookshop.ru/69589.html
JlonoHUTeILHAS JUTEpaTypa:

Bricias matematuka. Tom 1. Jluneiinas anreOpa. BekropHas anrebpa. AHanuTHYeCKas T€OMETpUs:
yuebnuk/ A. I1. l'ocnogapukos, E. A. Kapnosa, O. E. Kapnyxuna, C. E. MancypoBa; noj penakuuei
A. II. T'ocnonapukoB. — Cankt-IletepOypr: HanuoHanpHbIE MUHEpPaNIbHO-CHIPEBONW YHUBEPCUTET
«opubiity, 2015. — 105 c. — Pexum gocryna: http://www.iprbookshop.ru/71687.html



