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Hloacnumenvnas 3anucka

Jnss MHOTrMX CTYJIEHTOB 3HAUYUTEIIbHYIKO TPYAHOCTh IIPEIACTABISIET PELICHHUE 3aJad.
[TosToMy B HaHHBIX METOAMYECKUX PEKOMEHIAIMSAX TJIABHOE BHUMAHHUE YICJIICHO PEIICHUIO
TUMOBBIX MPUMEPOB W 3aj]lay, MOSICHAIONIUX TEOpeTUYeCKUuid Marepuasl. OJHaKO MpEeXKIe 4eM
HAYaTh PEIIaTh 3T IPUMEPHI HAZ0 JOOUTHCS MOJIHOM SICHOCTH B TOHUMAHUH COOTBETCTBYIOIINX
MMOHSTHH.

B mnawane kaxmgoll TeMbl KpaTKO M3JaraloTcsi OCHOBHBIE TEOPETUYECKHE CBEICHUS
(ompenenenusi, GopMysbl), HEOOXOIUMBIC Il pEHICHUs MociaeAyrmmux 3amad. [IpuBomsTcs
pelIieHus TUIMOBBIX MPUMEPOB W 3amad. JlaroTcs yrpaKHEHUs IJisi CaMOCTOSATEIbHON paboThI

CTYJICHTOB.



IIpakTnyeckas padora Ne 1

Tema: Boruncnenue npenena QyHKIUNA
Hean: HayuuTh BBIYUCIATE IPEAEIbl PyHKITUN

TeopeTuyeckas 4acThb

Hpenen pynxkuun
Omnpenenenune. Yucno b HazpBaercs npeaenom ¢pyakuu f(X) npu X, cTpemsimeMcs K a , €Cliu
Ju1s Jiro0oro uncna € > 0 HadgeTcs Takoe yuciio 6 > 0, 94To mpu Bcex X # a,
YIOBJICTBOPSIIONIMX HEPABEHCTBY |X — a| < &, Oyaer BhIMOIHATHCS HepaBeHCTBO |f(x) — b| < e.
Onpenenenue npeaena GyHKIMH MOKHO cHOpMyTUpoBaTh U Tak: Yucio b Ha3piBaeTCs
npenenoM f(X) mpu X, crpemsmieMcs K a, €CIu mpu JIFoooM € > 0 CyIecTByeT Takas
OKPECTHOCTH TOYKH a, 4TO JJIS JIF0O0ro X # a u3 aroit okpectHoctu|f(x) — b| < €. Ilpenen
0003HavaeTcs Tak:

lim f(x) = b.

X—a
[Tpumep 1. [Ipeaen mocTossHHOW (HYHKIIUU B JIFOOOH TOYKE PAaBEH ITOH K€ MOCTOSHHOM.
Pemenue. [Tycts f(x) = kmisa Bcex x. OueBuaHO, uTO 1ist 1100bIX € > 0, § > 0 u 15 Bcex X €
(a — 8,a + &) cupasemnussl cootnomenust|f(x) — k| = [k—k| =0 < e.
3HA4UT, 110 ONPEAEICHUIO IIpe/ea

lim f(x) = limk = k.

X—a X—a
[pumep 2. lana pyukuuusaf(x) = x. JlokasaTs, 4To
limf(x) = a.
X—a
Pemenwue. [Tycts € > 0 - mro60e uncno. [lonoxus 6 = €, s Bcex X € (a— §,a + 6)
nonyunMm|f(x) — al = |x —a|] < §, T.e. |f(x) — a| < ¢, 3Hayur

limf(x) =limx = a
X—a X—a

Teopema. Eciin Gpynkuus f(X)umeer mpeern npu X, CTPEMsIIEMCs K a, TO 9TOT Hpeaes
€IMHCTBEHEH.

Teopembl o0 npeaenax ¢GpyHKuHU
Teopema 1. Eciiu ipu X — a cymiectByrot npezeisl GpyHkiwmii f(x) u g(x), TO cyliecTByeT Takke
¥ [IPEJIeITbl X CYMMBI, paBHbIA cymMMe nipeenioB ¢yHkmmit f(x) u g(x):
lim(f(x) + g(x)) = limf(x) + lim g(x) .
x—a x—a x—a

Teopema 2. Eciiu ipu X — a cymiectByroT npezessl Gyukiwmii f(x) u g(x), TO cyecTByer Takxe
¥l [IPEJIeIT X MTPOU3BE/ICHNUs, PaBHbII NPOU3BeIeHUIO mpeaenoB ¢pyHkuuit f(x) u g(x):

lim(f(x) - g(x)) = limf(x) - lim g(x) .

x—a x—a x—a
CrnenctBue. [TocTOSHHBINM MHOXHUTEIh MOXKHO BHIHECTH 32 3HAK MpeJiena.
JlercTBUTENIBHO,

lim(kf(x) = limk - lim f(x) = k- lim f(x) .
X—a X—a X—a X—a

Teopema 3. Eciu ipu X — a cyriecTByroT npezensl pyukimii f(x) u g(x) u npexen
¢ynknmu g(X) OTIIMYEH OT HYJISI, TO CYHIECTBYET TaKKe U mpeaer ux oTHomenus f(x)/g(x),
PaBHBIN OTHOILIEHUIO MPEIETOB:

lim(f(x)/g(x)) = limf(x)/lim g(x) .

X—a X—a X—a

[TonaTne GeCKOHEYHO MaJIol M OECKOHEYHO OOJIBIION BETHUMHBI

Ecnu npenen GyHKIMM paBeH HYIIO, TO OHAa Ha3bIBACTCS OCCKOHEYHO MaJIOW BEMIHHOM.
Ecnu npenen pyHk1mu paBeH 6€CKOHEYHOCTH, T.€. BEIMYMHE 00paTHON K OECKOHEUHO MaJIoi
BEJIMYMHE, TO OHA Ha3bIBAETCSI OECKOHEYHO OOJIBIION BenunHoi. CaemoBaTeabHO,
BBINOJIHSIOTCS] pAaBEHCTBA!



lim=—=o00, lim—=0
x—a () X—a 00

Brruncinre npenensl
Ipumep 1.

lim(x+3)=lim x + lim 3= 7+ 3=10.
=7 x—7 x—+7

Ipumep 2.
limi(3x+ 2 llm 3x)+1lim2 lim3-limx+2
lim 33+ 2 = 1( ) ( ) =l —_x=1 x—l —
=123 -7 llm(Z.x — ?) llm(Z.x)+ llm( 7y lim2-limx—7
—1 x—31 x—>1 x—>1 x—1
3.1+ 2
= =5/(-5=-
2-1-7 =5
IIpumep 3.
x°— 4
lim
—2 X — 2
2 R R
-4 (x 2)(x+2):x+2_
x—2 x—2
2
lim >~ _ fim (1= 2)x+2)_ lim{(x+2)= limx+ lim 2=
=2 Xx—2 a2 x—2 x—>2 2 =372
=2+2=4.
Pemenue ynpaxxHeHui
1lim[(x? = 1D (x—3)(x —5)]
X—2 3
3 il_{g 2X—6
1. li_)rgl[(ZX - -1+ 2)] 4 lim 24
x—0 3X°+2X
. x+3)(x-2)
2. lim —————= 5 lim —2x2

x--1 X+2
- x—>0 5X3 4x2



X-5

10.

11.

12.

13.

14.

15.

16.

x%2—8x+15
X2+425

3x%-8x+4
x—2 5X2—14x+8

. X?—7x+10
lim——
X—5 X2—9x+20

lim ——=2
x—6 VX+3-3

. VxX+1-1
lim———

Xx-0 X

lim 3-VX
Xx—9 4—V2x-2

lim(x? — 5x + 6)
X—00

lim(x3 + 3x?)
X—00

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

X—00 2X—2

. 2x3-3x%+1
lim————
x—00 5X3—4x2+42x

. 2X%2-5x+4
lim

x—00 X2—2X+3

limvVx2 —x —x

X—00

limvx? + 5x — x

X—00

4x%-7x-2
m-————-——
x—2 5X2—11x+2

. X?+42x-15
lim S —
X—3 X“-9X

. 2X
lim ————
x—0 V4+xX—V4—X
lim —22%
x—4 3—V2x+1
lim —==
x—5 3—V2x—-1



IIpakTnueckas padora Ne 2

Tema: HenpepsiBHOCTh pyHKIMHU. Toukn pa3peiBa GyHKIUN
Heanb: HayunTs nccinenoBath GyHKINU Ha HEIPEPHIBHOCTh, HAXOIUTh TOUYKH Pa3phIBa
(GyHKUINH U UCCIIE0BATh UX XapaKTep

TeopeaneCRaﬂ 4acTb

HenpepbIBHOCTH (PYHKIHH
Onpeoenenue 1. Oynkuus f (x)Ha3pIBaeTCs HENPEPHIBHON B TOUKE X = @, €CJIU Ipeel
GYHKIMY TIPU X — @ paBeH 3Ha4YeHHI0 QyHKIuH pu x = a, T.e.lim f(x) = f(a)

xX—a

Onpeoenenue 2. Dynxuusy = f(x)Ha3pIBaeTCS HEMPEPHIBHOM B TOUKE X = @, €CJIM OHA B
ATOH TOYKE OIpe/ieieHa M OECKOHEYHO MaJIOMO MTPHUPAIIEHUIO APTYMEHTa COOTBETCTBYET
OecKOHEeYHO Masoe npupaiienrue QyHKIuY, T.€. Alim Ay =0/

x—0

Ecnu ycroBue HenmpepbIBHOCTH (PYHKIIMH B TOYKE X = 4 HAPYIIEHO, TO TAKYIO TOUKY

Ha3bIBAIOT TOYKOH pa3pbiBa (GYHKIHH.

OyHKIUS Ha3bIBACTCS HEPEPHIBHOM B MPOMEXKYTKE, €CJIM OHA HETIPEPhIBHA BO BCEX
TOYKaX 3TOTO MPOMEKYTKA.

Touku pa3pbsiBa QyHKIUH.
Ecnmu ¢ynkmus y = f(x) npu X = a ©MeeT pa3pbiB, TO U BEISICHEHHUS XapaKTepa pa3pbiBa
cienyeT HalTH npezaen GyHKIUK f (X)Ipux — a cieBa U CIpana.

B 3aBrcuMOCTH OT XapakTepa MoBeJeHUs PYHKIIMY B OKPECTHOCTH TOYKHU pa3phiBa
pa3MyaroT JBa OCHOBHBIX BUJIAa Pa3pPBIBOB:

1) paspeie 1 pooa — B 3TOM cilydyae CYIIECTBYIOT KOHEUHbBIC IPEIEITbI ngrzno f(x)n

lim f(x);

x—-a+0
2) paspwié 2 pooa — B 3TOM Cilydae XOTs Obl OJJMH U3 TIpeeoB lim . f(x)m lirrJlr o f(x) He
x—-a— xX—a

CYIIECTBYET WJIN OECKOHEUEH.

IIpumepsr :
1. Haiitu TOoukM pa3pbiBa PyHKIMH U UCCIIEA0BATh UX XapaKTep
x
i
Janast pyHkuMs onpeieneHa mpyu Bcex 3Ha4eHusIxX X, kpome x = 3. Tak kak 3ta
(byHKLUS ABISETCS 3JIEMEHTapHOM, TO OHA HEIIPEephIBHA B KAXKIOM TOUKE CBOEH
obnactu onpenenenus. Takum o0pa3oM, €TMHCTBEHHOM TOUKOW pa3pbiBa CIIYKUT

Touka X = 3. [y uiccrieioBaHus XapakTepa pa3pbliBa HaliIeM JIEBBIM U PaBbIN
npezensl QyHKIUY Ipu X — 3!

) X

lim = —o00,
x—=3-0xX — 3

) X

im = o0,
x—=3+0x — 3

X )
CrnenoBartenbHO, PyHKIUA ~—5 B TOUKe X = 3 umeeT OECKOHEUHBIN Pa3phbIB , T.€. X =

3 — TOuKa pa3pbiBa 2 poja.
2. Haiitu Touku pa3pbiBa GYHKIUHU U UCCIEAOBATh UX XapaKTep



1

y= 1
1+ 5x

EMMHCTBEHHOM TOUKOM pa3phiBa sBIsieTCs Touka X = (. Beiuncinm o1HOCTOPOHHUE

npenensl GyHKuu npu x — 0:

_ 1

hrzl0 =1
1 + 5%

. 1

lim =0
x—-+0 1 + 5}

[TockonbKy JIeBbIH U MpaBblii ipeaensl GyHKUUU Ipu X = 0 SBISIOTCS KOHECYHBIMH,

x = 0 — Touka pa3psiBa 1 poxa.
Pemenne ynpasxHenuit

Haiigute Touku pa3psiBa GYHKIIMU U UCCIAEAYITE UX XapaKTep:

5 .
1. y= le_l,
2. y= 22
1 .
3. y= 1-x2’
4, y=—os
Y T gt
5 _ x—1 i
- Y= x2—3x—110’
6. y=1+4 2x2
X
7. y = xTZ
1
8. y = 3x
9. y= arctgﬁ

%(2x2+3), x<1
10.y=196-5x, 1<x<3

x—3, x=3
2_
11. y = 5x2x3x
1
12.y = po—s
13. y = V1+x—1
1 X
14y =27
1+2%

IIpakTHyeckas padora Ne3

Tema: [IpaBuina BeIYHCICHUS TIPOU3BOTHON MPOCTON (HYHKIIMH.
Henb: HaydnuTs BBIYUCIIATE IPOU3BOIHBIE.

TeopeTuyeckas 4acThb

° Cf:[]

° I:f:].



. (fg) =fg9+ fd)

. (Cf);r:ff‘f"
(i) f'g—fg

. \Y g ..(g#0)
(E)f__@

- \9Y 9 @#0)

Beruucnure npou3BOIHYIO:

_ 3 5 3
1. f(X)=x"+2x"+4 10. f(x) = X
2. f(x)=2x*+x*+10 X—4
3. f(x):z+%+§

X x° 7

1 2 4 11.f(x) = x(x+3)
4, f()=-+254+2 ,

x x3 5 12.f(x) = (x" +4)(x-1)

_ 5
5. f(x)=2vX +4x 131 () =
6. f(X)=+/x+5x" 3x—1
7. f()=x(x+1) 14f (x) = X+
8. f(x)=x(x+5) X" +1

X2
9. f(x)=

X_

Jlomarnee 3aj1aHue:

1) f(x)=7x"+13x> +18
2t =2+2 Uk
5 X

3)f(x)=x(x+2)
4)f(X) = (X+5)(x*+7)

2

6)f(x)=%

IIpakTnueckas padora Ned

Tema: [IpaBusa BeIUMCIEHUS TPOU3BOIHON CI0KHOW (PYHKIIUU.
Heanb: Hayunth BEIYUCIATH NPOU3BOHBIE.

TeopeTuyeckas 4acTb


https://ru.wikipedia.org/wiki/%CF%F0%EE%E8%E7%E2%EE%E4%ED%E0%FF_%F4%F3%ED%EA%F6%E8%E8#cite_note-2
https://ru.wikipedia.org/wiki/%CF%F0%EE%E8%E7%E2%EE%E4%ED%E0%FF_%F4%F3%ED%EA%F6%E8%E8#cite_note-3

[TpousBoaHOM (PyHKIIMK Ha3bIBaeTCA Mpeie OTHOLICHUS pupalleHus QyHKIUU K
MpHUPAIICHUIO apTYMEHTa, KOT/ia MpUpalleHle apryMeHTa CTPEMHUTHCS K HYIIO.

OcHoBHble npaBuiia AU PepeHInpOBaHUS:

1. C¢'=0,roe C — const
2. (f+9)=f"+g
8 (frao)=fg9+f g
4 (5 ) _f gng Y
5. (f-C) =f"-C,rue C — const

[Tpou3BoaHas CIOXKHON (PYHKIUU paBHA MPOU3BOAHOM STON (PYHKIUH 110 IPOMEKYTOUHOMY
apryMeHTy, YMHO’KEHHOM Ha IPOU3BOJHYIO 3TOT0 apryMEHTa 110 HE3aBUCUMON NTEPEMEHHOM.

[Ipou3BoIHBIE BBICIIKUX MOPSAKOB.
[MpousBoanasy’ = f'(x)Ha3pIBaeTCs MPOU3BOIHOM 1-r0 TOPSIKA, UK IEPBOM TPOU3BOIHOM.

[Tpou3BoHOI BTOPOro MOPsAKA HA3bIBACTCA MIPOU3BO/IHAS OT €€ MepBOil MPOU3BOIHON U
obo3Havaetcs y''. AHAJOIMYHO OMPEACIIAIOTCS IPOU3BOAHBIC 3-T0, 4-T0,..., MOPSIKA.

Pemienue ynpakHeHui

Ly= 2vV1-3x*

_ [
2. y=2 e
3. y=Vx+xix
4. y = cosln(1 — x?)

. 1sin?3x

5. y =sinV/3 + cosor

_ 3 _1605 4x
6. y= Ctg\/g 8sin8x
7. y = arcsin®V4 — 5x

x%—4
8. y= arccos ——
2 3x—1
9. y= EaTCth
10. y = Insin 222
x+1
T X

11. y = Intg (Z + E)
12. y = In3(1 + cos4x)

_ 1, x—V2 V2
13. y—x+ﬁlnx+ﬁ+2

14. y = Inarcsinv1 — e?*
15.y = e **cos3(2x + 3)

16. y = eV3 - arctg?2x

17 v = (x%-16)/(4+x2)
Y= 12025

18.y = (sin\/})ex

19. y=(19)*""x19

20. y = (ctgx)™%

10



IIpakTnyeckas padora Ne 5

Tema: BeruncieHre HeONpeeIeHHOTO U ONPEICIICHHOT0 HHTErpaja
Heab: Hayunth BEIYUCIISATh HEONPEICICHHBIA U ONPEICTICHHBIA UHTETPaJIbl

TeopeTuyeckas 4acThb

HeonpeneieHHblii HHTErpaJ
F(X) - mepBoodpasznas s f(X) na muoxectBe X eciu F'(X) = f(X) st Bcex XEX. Ecnu F(X)
- mepBoobOpasnas mis f(X) Ha MuoxkectBe X, To F(X) + C - MHOXKECTBO BCeX IMEPBOOOPA3HBIX
1 f(X) Ha MHOKecTBe X. DTO MHOXKECTBE NEPBOOOPA3HBIX HA3BIBAKOT HEOMPEICIICHHBIM

MHTErPaJIoM U 0603HAYAIOT I f(x)dx=F(x)+C.

OCHOBHBIE CBOMCTBa HCOIIPCACICHHOT'O MHTCI'pajia

1. HeonpeneneHnslii uaTErpai oT nuddepenuana GyHKIUN paBeH dTOH GYHKINH TLTIOC
IPOU3BOJIbHAS TOCTOSHHAS

de(x)=F(x)+C

2. Juddepennnan HeompeIeJIeHHOT0 HHTETpaia PaBeH NOBIHTETPAILHOMY BBIPAKEHUIO, a
IPOM3BO/IHAs] HEONPEIEICHHOI0 HHTErpaja paBHa MObIHTErpaibHON (DYHKIIMU:

d [ F@de) = Fed)

3. Heomnpenenennslit HHTErpan anredbpandeckoil CyMMbl (YHKIIMI paBeH anreOpandeckoi
CyMM€ HEOTIPE/ICTICHHBIX HHTEIPAJIOB 3TUX ()YHKIIUN:

[1r@ + pGaldeo = [ r@ e + [ pGad)

4. TloCTOSTHHBIM MHOXKUTEIb MOIBIHTETPAEHOTO BHIPAXKEHHS MOXKHO BEIHOCHUTH 32 3HAK
UHTerpaja:

[ or@ae = a [ redw

OcHosHbie hopmynbl uHme2puposans
1.fdx=x+C
X

n+1
2. [x"dx =
n+1

3. f%:lnx +C

+C

4.faxdx=%+C

5. [e*dx=e*+C

6. [ sinxdx = —cosx + C
7[ cosx dx = sinx + C

8-[ dx =tgx+C
' coszx_gx

9 f dx = tgx +C
") sin?x ctgx
x-a

x+a

dx 1

x2—q? 2a

10.f +C

11



ll.f\/szln|x+\/x2ia2|+C

12f\/_ arcsm—+C

13.[ -2 =;arctgz+C

x2_+_ 2

OrmpeneneHHbIM HHTErpaaoM oT Gpyakuuu f(x) Ha oTpeske [a; b] Ha3wpIBaeTcs npeaen

MHTETPAIBHON CyMMBI IIPH YCIOBHH, YTO JUIMHA HAUOOJBIIETO U3 AIIEMEHTAPHBIX

OTPE3KOB CTPEMUTHCS K HYIIIO.

JIs1st BEIYMCIICHUS! ONIPEIEIEHHOT0 MHTerpaia ot Gpyukiwn f (X) B ToM ciiydae, Koraa

MO>KHO HalTH COOTBETCTBYIOIIUN HEONpPEAEICHHBIA HHTETpall, CIIYKUT hopMyIia

Herorona-JleiOaumna:

b
[ rwac =reo = ) - F@

Pemienue ynpaxHeHuii:

1.jxdx

2. J.gdx

3. '[xsdx

4, I?xedx

5. j(7x+1)3dx
6. IlOsinSxdx
7. j 3(5x +1)%dx
8. [ (2x—1)%dx

9. | %

10. [ *v/xdx

11.1 5dx

45x—7'

12. chos 3xdx

3
13. J.4(5—6x) dx

14.]%

3dx
15| —
-[ (8- 7x)4

16. [ ———
sin (3—2x)

17. [ 2°J(7-3%)dx

18. [ 2
19. [ 2
20. [ 2
21. |
22.f

23f25+xz
24 f3 dx

0 9—x2

V3 dx
5.5 v

26. f\/_ dx

f(

x2 9

x2 25

Vx2+
2dx

le

V5—4x2
dx

27.

)

cos?x stnzx

IIpakTnyeckas padora Ne 6

Tema: Yucnosble psabl. 3HaKOIIEPEMEHHBIE YHCIIOBbIE PSIbI



I_[e.m,: Hay‘-II/ITI: HCCIICAO0BATh P HAa CXOAUMOCTDb U PACXOAUMOCTDH
Teopernyeckas 4acTb

1. Heobxooumbiii npusHak cpasHenus psaod.
Teopema: Ecnu psizt )51 Uy, CXOAUTCS, TO €0 OOIIMIA WICH U, IPU HEOTPAHHYCHHOM
YBEITMYEHUHN HOMepa N cTpeMuTcs K Hyiro: lim u,=0.
n—->0oo

Ecnu xe 117151 HEKOTOPOTro psia ero OOIIUN YWieH He CTPEMUTCS K HYII0, TO TeopemMa
MO3BOJISIET Cpa3y CKazaTh, UTO TAKOM PsiJi paCXOIUTCSI.

2. Ilpusnak cpasHenus psoos ¢ NOJIONCUMENbHBIMU YIeHAMU
Uccnegyemblit psifi CXOAUTCS, €CIIUA €r0 YICHBI HEe MTPEBOCXO/IST COOTBETCTBYIOIINX YJICHOB
JPYroro, 3aBeZIOMO CXOJSILErocs psjia;
Uccnegyemblit psifi pacXoaUTCsl, €CIU €r0 WICHBI MPEBOCXOASIT COOTBETCTBYIONINE YWICHBI
JPYroro, 3aBeI0OMO PacXosIIerocs psa.
[Ipu uccnenoBanuu psI0B Ha CXOJUMOCTh M PaCXOJIUMOCTD 10 3TOMY MPU3HAKY YacTO
UCIOJIb3YETCSl TEOMETPUUECKHI PsiJl, TApMOHUYECKHM psifi U 00001IEHHBIN TApMOHUYECKUN
psm.

3. Ilpusnak Jlanambepa: Ecnu nms panga ¢ monoKUTeTbHBIMHA YWICHAMU
o

Zun =u tu,+uz+-+u, Fupp+o (u, >0)
n=1
BBIMOJTHSIETCS ycaoBUe lim

n—oo Up

Un+1

= |, To psan cxogutcs npu | < 1 u pacxogurcs npu 1 > 1.

[Tpuznak [lanambepa He naet orBera, ecnu | = 1. B aToM citydae /uist uccieioBaHus psijia
MIPUMEHSIFOTCS IPYTHe IPUEMBI.

Paccmotpum npumepst:
[Ipumep 1. UccnenoBath cXOAUMOCTb psaa

5: ! = 1+ ! + ! 4+t ! +
1(2n-—1)2n"1-2 3.22 5.23 (2n —1)2n
TL:

. : 1 .
Pemenne: Haxomum lim u,, = lim ————=0. Heo6xoauMsIil NpU3HaK CXOJMMOCTH Psja
n—oo n—oo (21’1—1)2

BhINTONIHsIETCS. HO 11 pemmenns Borpoca 0 CXOAUMOCTH HYKHO IPUMEHUTD OJIMH U3 TOCTaTOYHBIX
. 1,1, 1 1
MPU3HAKOB CXOAUMOCTH. CpaBHUM JJaHHBIN PsIJi C TEOMETPUUECKUM PSAIIOM 2 + 7z + pE) + -+ on +

. 1
*+ *+* KOTOPBIH CXOAMTCA TaK Kak q = > < 1.

CpaBHMBAas WIECHBI JAHHOTO psAJla, HAUMHAS CO BTOPOT0, C COOTBETCTBYIOLIMMHU YJI€HAMHU
T€OMETPUUYECKOTO Psia, MOJYyIUM HEPABEHCTBA
1 1 1 1 1 1
32222528 228 "(@n-D2n 2"
T.€. YJIEHBI psAJla, HAUMHAS CO BTOPOT0, COOTBETCTBEHHO MEHBIIIE WICHOB FT€OMETPUUECKOTO PsIa,
OTKYJla CIEAYET, YTO JAHHBIN PSIJl CXOJIUTCA.
[Tpumep 2. UccnenoBarh CXOAUMOCTD psijia
(o]

n 1 2 3 n
E: =ttt ——

un+l 2 3 4 n+1
n:
Pemenne: Mmeem lim u, = lim — = lim Ll =1+0

n—oo n—oo n+1 n—-oo 1+E

3}1605 BBITIOJTHACTCA )IOCTaTO‘—IHI)II\/II IMPpU3HAK PACXOIUMOCTH pPsJia; CIICAOBATCIBHO, PA PACXOIUTCA.

[Ipumep 3. UccnenoBath CXOQUMOCTh psiia
[ee]

1
_=1l1—+—4+ - F ——+ -
Zn\/ﬁ 22 343 nvn

n=1
Pemenne: HaxoanMm
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limu, = lim =(0. HeoOXxoauMplii PU3HAK CXOAUMOCTH psifa BhIONHsAETC. CpaBHUM TaHHBIHA

n—-oo n—oo n\/—
psn ¢ 0000IIEHHBIM TAPMOHUYECKHM PSJIOM
1 1 1 1
22 22 nz

. 3 .
Kotopslii cxoauTcsi, MOCKOJIBKY p=, > 1. CnenoBarenbHO, CXOAUTCS U JAHHBIN sl
[Tpumep 4. UccnenoBath CXOAUMOCTH psifia, UCIIONB3Ys pu3HakK Jlamambepa.

(o]

2n_2, 4 6 2
5% 525 125 5n

n=1
(n+ 1)

+1

Pemenue: [TogcraBuB B 001uii wien psma — BMeCTO N gucio N+1, nomyuum

Haiinem npeznen otHomenus (N+1) —ro qneHa K N-MYy 4YIEHY IPUNn — 00
Unt1 _2(n+1)_2n_n+1_1(1 1>
u, 571 ‘5n 5p 5

n
u 1 1 1
lim =2 = = lim (1+—)=—<1
n-o Uy, 5n-w n 5

CnenoBatenbHO, TaHHBIN P CXOIUTCS.
[Ipumep 5. UccnenoBaTh cXOAUMOCTH psilia, UCIIONB3Ys pu3Hak Jlanmambepa

[0e]

n! 1+1-2+1-2-3+ +n' 4.
5n 3 32 33 3"
! (Trll+11)'
n.
Pemenue: u,, = snUn+1l = T
Uptr _ M+ n' _n+i
Un T gn+1 5n 3
. Unyq . n+1
lim = lim =00>1,
n—oo un n—-oo

T.e. psan pacxoaurcs.
Pemienue ynpaxHeHui

l. Haiigure nepBLIe ISTh YICHOB Psija [0 €ro 3a/laHHOMY OOLIEMY WIEHY:

1. U, = ﬁ
2. u, = 21
3. u, = anf
1+(-1)"*1
4, u, = %
Il. Haiinute mepBbie yeThIpe WieHa 1Mo ero 3aJ[aHHOMY OOIIEMY YJIEHY:
(n+1)!
1. u, = |
2. Un = (3n—13(2n+1)
n
3. up = (n+1)(n+2)
—1vn
4. u, = (—1)1" 15
5. u, = W
n+1
6 u, = W

II. Haiinute Gpopmyny obuiero wieHa psaa o ero JaHHBIM MEPBbIM YJIeHaM
2,4 ,8 16
LS4+ =+
1 4 9 16
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1 1-2 1-2-3 1-2:3-4
Ju— + _— + R + ces
9 25 49 81

3. 22,2 24
5 8 11 14

I'Y. Bbruncioure cymmy WIEHOB psja:

L ISarers

2. Z?{;lm
3. Yoo

4 Sy

5. Z?{;lm

Y. HaiiguTe N-ii wieH psija 1o ero JaHHBIM IEPBBIM YCHAM:

2

1 1 1 1
2.-—-+-—-+

g 2 76 ? 8
3i-CH=——+

4 9 16 25

Y. Uccnenyiite cXOnuMOCTh psifa, IPUMEHsSI HEOOXOAUMBIN MPU3HAK U OJMH U3 PU3HAKOB

CpaBHCHMUS:

o0 1
L Z"=1 (n+2)!

2 ST
3. Siags

4. T,
Uccnenyiite cxonuMocTh psijia, HCIONIB3YI0 npu3Hak [Jamambepa.
LY

2. T,

3. T

4 Yraors

5. Z;?:lm
6. i gy

7. :

Zn:l n+1)(n+3)

IIpakTnyeckoe 3ansiTue Ne 7

Tema: Pemenne cucrem JINHEWHBIX YPaBHEHHUN
Hean: HayuuTs pemars CUCTEMBI JIMHEWUHBIX YPaBHEHUI

Teopernyeckas 4acTb

Cucrema BUIa
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‘ Ay X+ 0 X+ +0, X, =D,
Aoy Xy + Qo Xpt ..+ 0y, X, =D,

Gmixi+am2}{2+"'+ﬂm& Xm:bnt
Ha3BIBAETCS CUCMEMOU m. JIUHEUHbIX ypaeHeHuit C n Heu36eCmHbIMU.

a

Yucna Ui, i=1, M naswiBatotcsice0600msimu wienamu cucmene,
cucmemvol. Marpuna

i, 1=1m, j=1n pasesarorcakosppuyuenmamu cucmemui.

X Xas -0 Xy _nepemennvimu

Yucna

[Qy 0 .. g,

A=|%1 G ... Uy
L

Ha3bIBACTCI OCHOBHOU Mampuueﬁ cucmemsl, a MaTpula

lay, ayp ... a, b
E=| %1 Gpn ... Gy b,
|_ ':-I‘ntl am: ﬂnm bmll

—pacmupeHHOﬁ Mampuueﬁ cucmemol. ManI/IIII)I - CTOJI6III)I

[ by | | X, |

E= b: r= X:

b, | | x|

! A 71 = COOTBECTCTBECHHOMampuyamu CB0O0OHDBIX YICHOE U HEU36ECHIHbIX CUCTNEMb.
Torz[a B ManHqHOﬁ (bopMe CUCTEMY ypaBHeHI/II‘/‘I MOJKHO 3aI1iucaThb B BUJEC AX=E Pewernuem

cucmemsl Ha3bIBaCTCA n 3HAYCHUHN MEPEMCHHBIX Xl - Cl’ Xf - Cf’ T Xﬂ - Ci‘ﬂ , [IpA IMOJACTAHOBKEC

KOTOPBIX, BCC YPABHCHUA CUCTCMBI 06pan1aI0Tc;1 B BCPHBIC YHCJIOBBEIC PABCHCTBA. Bceskoe pEeICHUC

|y

O= Ty

CHCTEMbI MOXHO MPEACTaBUTh B BUJIE MATPULIBI - CTOJIONA | Caf . Toraa cripaBeiIMBO MaTpU4HOE
pasencreo 4 *C=B
Cucrtema ypaBHEHUH HA3bIBACTCA COBMECHHOU €CIIA OHA UMEET XOTs ObI OTHO PELICHHUE U
HecoeMecmHou €ClIA He UMEET HUA OJIHOTO PELICHHUS.
Pemmnth cucreMy TUHEHHBIX YpaBHEHUI 3TO 3HAYUT BBIICHUTH COBMECTHA JIU OHA U B CIIydae
COBMECTHOCTH HailTu e€ odliee peieHue.
Cucrema Ha3bIBa€TCA 00HOPOOHOU €CIU BCe €€ CBOOOHBIE WIEHBI paBHBI HYI10. OHOpOIHAS
CHCTEMa BCET/1a COBMECTHA, TaK KAK MMEET PELICHUE

X =X= . ix,=0
Ecnu yncno ypaBHeHH CUCTEMBI PABHO YHCITY HEU3BECTHBIX IEPEMEHHBIX U ONPEIEIUTEND €€
OCHOBHOH MaTpHUIIbl HE paBeH HYI0, To Takue CJIAY OyzneM Ha3bIBaTh 3JleMeHTApHBIMHU. Takue
CUCTEMBI YpaBHEHHUI UMEIOT €IUHCTBEHHOE PELIEHHUE, TPUYEM B CIIydae OJHOPOIHON CUCTEMBI BCE
HEU3BECTHBIE IEPEMEHHBIE PABHBI HYJIIO.
Taxue CJIAY Mbl HauMHaAIK U3y4aTh B cpenHel mkoe. [Ipu ux pemeHun Mbl Opanu kakoe-HUOY b
OJIHO YpaBHEHHE, BbIpaXKaJll OJIHY HEU3BECTHYIO IEPEMEHHYIO YEpE3 APYTUe U MOJCTABIISIN €€ B
OCTaBILNECS YPABHEHUS, CIIEIOM Opalu ClieAyIollee ypaBHEHHUE, BBIPAXKAIIN CIIEAYIOIIYIO
HEU3BECTHYIO IIEPEMEHHYIO U NTOACTABISUIM B IPYrHe YPaBHEHMs U Tak Aanee. Miu noap30Banuch
METOJIOM CJIOKEHUS, TO €CTh, CKJIABIBAJIM JIBAa WM OoJiee ypaBHEHHH, YTOOBI HCKIIIOUUTH HEKOTOPbIE
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HEU3BECTHHIE epeMeHHbIe. He OyeM moipoOHO OCTaHaBIUBAThLCS HA 3TUX METO/AX, TaK KaK OHH 110
CYTH SIBIISIIOTCS MOAupUKaAIUIMHA MeToa ["aycca.

OCHOBHBIMU METOJIAMU PELICHHUS 3JIEMEHTAPHBIX CUCTEM JIMHEHHBIX YPABHEHHUH SBIISIOTCSI METO
Kpamepa.

Pemenue cucrem JiMHeHbIX ypaBHeHu# MeToaom Kpamepa.

[Tycts HaM TpeOyeTCs peIIuTh CUCTEMY JTMHEHHBIX anreOpanvyeckux ypaBHEHUH

X+ Xy +on ), X, =D,

Ay X, +d, X, +...+a, X _=b,

a,.X,+d X, +...+a, x =b

HE R

B KOTOpOﬁ YHCJI0 ypaBHeHI/Iﬁ PaBHO YHCITY HEU3BCCTHBIX IICPEMCHHBIX U OIIPCACINTCIIb OCHOBHOH

4| = 0
MaTpPHIIbl CHCTEMBI OTJIMYEH OT HYJIS, TO €CTh, .
A . A, A, ...,
[Iycte “ - ompenenuTens OCHOBHOM MaTPHIIbI CUCTEMBI, @  31° xp ; = - ONPEICITUTEIIN
MaTpHI], KOTOPBIE TMOIY4a0TCs U3 A 3aMeHOH 1-oro, 2-0r0, ..., N-0ro CTOJ011a COOTBETCTBEHHO Ha
cTo10€e1l CBOOOIHBIX YIECHOB:
ty; a, b, a; i,
ay; i, s, b, a, a;,
A= L A= R
1
anl arzl ann brz an] anrz
a, b y dy; 1
a,; b a;, tyy 2
ﬂtx_ =\ . s - ﬂ.xc =
Iﬂr‘zl brz am‘z IHr‘zl arzl b brz
[Tpu Takux 0603HAUECHUSIX HEU3BECTHBIE MIEPEMEHHBIE BEIYUCIIAIOTCS TT0 popMyiiam meTonia Kpamepa
ﬂ‘m ﬂ‘z: ﬂ‘xc
r=—. X,= e eees X =
AT TR AT T T A .
KaK . Tak HaXOAUTCA pelIeHUE CUCTEMbI TUHEHHBIX
anrebpanveckux ypaBHeHur metogom Kpamepa.
[Tpumep.

2, +3x,-x,=9
X, —2%,+x, =3
X, +2x.,=12

Pemnre cucreMy MHEWHBIX ypaBHeHH MeTooM Kpamepa
Pemenue.
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2 3 -1
A=|10<2 1
OcHoOBHasA MaTrpua CUCTEMBI HMECT BU/ [] . Beruuciuwm ee OIIpE€ACIIUTECIIb
2 3 -1
A=l -2 1|=2-(=2)-2+3-1-1+(-1)-1-0-
1 0 2

—(-1)-(-2)-1-3-1-2=2-1-0=-13
Tak kak OIIPEACINTECIb OCHOBHOH MaTpulbl CUCTEMEBI OTJIMYEH OT HYJIA, TO CUCTEMA UMCET
€IMHCTBEHHOE PeIIeHHEe, KOTOPOe MOXKET OBITh HaliileHO MeTo1oM Kpawmepa.

A

CocTaBUM U BBIYHCIIIM HGO6XO,Z[I/IMI)I€ OnpeaACINTEIN T ? X1 3 (OHpe,I[CJ'II/ITCJ'IB

0
3

X

oJjrydyaceMm, 3aMCHHUB B MATPUILIC A HepBHfI CTOJ'IGGI_I Ha CTOJ'I6CI_[ CBO60,Z[HBIX YJICHOB

OTIPEACITUTENb % - 3AMCHHUB BTOPOU CTOJIOCI] HA CTOJIOCI] CBOOOAHBIX YWICHOB, - 3AMCHUB
TPETUi CTOJIOEI] MAaTPHUIILI A Ha CTOJIOSI] CBOOOIHBIX YJICHOB):

9 3 -1
A, =P -2 1|=9-(-2)-2+3-1-2+(-1)-3-0—
_.,-f;ir'fflg'%: .
A
-(-1)-(-2)-2-3-3-209:1.0=-
}};}y{“ E i
ko9 -1 L
i;n* 13 1)=2-3-2+9-1-1+(-1)-1-2-
Y G ) 3 R
B W ﬁ‘%a&} Ty
2 oy i 'i{i:x“s;-;.;@ﬁ.mw_ ]
A =1 =2 3|=2:-2 z+331+9 150+
S A A R
o o )

—9-(-2}1-3-1-2-2-3-0=13

b X3 i
H=—F": L7 : A3 = ——
A A A
HaXOI[I/IM HENU3BCCTHLIC HepeMeHHLIe 10 (I)OpMy.TIaM
A, -52
—13
AL 0
:{:2 — £ = — [:I:
A -13
A 13
== =]
A —13
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OTBeT:
X1=4,X2=0, x3=-1.

IIpakTuyeckoe 3ansaTue Ned
Tema: Onepanuu HaJL MHOXKECTBAMH
Hean: HayunTs pemath 3a1a4u, UCIIONIB3Ysl OCHOBHBIC OIEpAIMy HaJl MHOKECTBAMHU

TeopeTnyeckas 4acTb

[Tox MHOKECTBOM MOHUMAIOT COBOKYITHOCTh OOBEKTOB JIF000H MpUPOIbl, 001a1al0IUX 00IIUM
CBOWCTBOM.

Onepanuu HaJ MHOKECTBaMU: 00BbEAMHEHHE, IPECeUeHHE, JOMOJIIHEHUE, PA3HOCTh, CHMMETPHYECcKas
Pa3HOCTb.

[Ipumep: Ha ¢pupme padotarot 40 yenoBek. M3 aHKETHBIX TAHHBIX U3BECTHO, 4TO 20 YeI0BEK
BJIQ/ICIOT aHIVIMHCKUM S3bIKOM, 20 UeI0BEK — KOMIIBIOTEPOM, 14 — 1e10npon3BOACTBOM.
AHTIIUHACKUM S3BIKOM U KOMITBIOTEPOM BIIAJCIOT 9 YENOBEK; . aHTJIMICKUM SI3bIKOM U
JIEJIONIPOU3BOJICTBOM — 7 YEJIOBEK; KOMITBIOTEPOM U JCJIOMPOU3BOIACTBOM — 5 YEIIOBEK; aHTIIUHUCKUM
SI3BIKOM, JI€JIONIPOU3BOJICTBOM

N xommbrorepom — 2 yenoBeka. CKOJIBKO YETTOBEK HE BJIAJCIOT HU aHTJIMIUCKUM SI3BIKOM, HH
KOMITBIOTEPOM, HU JI€JIONPOU3BOICTBOM?

Pemenue: 1) Beenem 0603HaueHMs:

U- MHOXECTBO YeJIOBEK paboTaroniux Ha pupme;

A- MHOXECTBO U€JIOBEK, BJIAJICIONINX aHTJIMUCKUM SI3BIKOM;

B- MHOX€ECTBO 4eIOBEK, BIACIONINX KOMIIBIOTEPOM;

C- MHOKECTBO YEIJIOBEK, BIIQ/ICIONINX JICIOMPOU3BOICTBOM.

Torma m(U)=40: m(A)=20; m(B)=20; m(C)=14.

Kpome Toro, M3BECTHO, YTO aHTTIMHCKUM S3BIKOM BIaACIOT 9 uesaoBek, cienoBarensno, m(A N B) =
9; aHIJIMHCKUM SA3BIKOM H JIEJIOTIPOU3BOICTBOM — 7 4elloBeK, ciaenoBatensio, m(A N C) = 7;
KOMITBIOTEPOM H JIEJIONPOU3BOICTBOM — 5 uesioBek, cienoarensHo, m(B N C) = 5; aHrmuiickum
SI3BIKOM, JIETIOTIPOM3BOJICTBOM M KOMITBIOTEPOM — 2 YEJIOBEKa, CJIEI0BATEILHO,

m(ANBNC) = 2.

HeoOxonumo onpenenutsb

Pazo6rem mHOMKecTBO M=A U B U C Ha 7 momapHO HeMepeceKaronXxcs MHOKECTB A, 4,, ..., A; 1
HaiieM MOIITHOCTH Ka)K/10T0 M3 3TUX MHOKECTB:

a) A, = AN B N C— MHOXECTBO YeJIOBEK, BIAACIOIINX aHTITHICKUM SI3bIKOM, JETOMPOU3BOICTBOM
u kommbrotepom, m(4;)=m(ANBNC) =2

6) A, = AN B N C — MHOXECTBO Yel0BEK, He BIAJICIONINX aHTITHHCKIM S3BIKOM H BIaICIOIHNX
KOMITBIOTEPOM H JEJIONPOU3BOACTBOM. 3ameTuM, 4ToB N C = A; U A,, cnenoBarensio m(B N C) =
m(A;) + m(4,), orkyna m(4A,)=m(BNC) —m(4;) =5—-2 = 3;

B) A3= A N B N C — MHOKECTBO Yel0BeK, BIACIONMX aHTIHHCKUM S3bIKOM H JIEIONPOM3BOICTBOM U
HE BJIAJCIONMX KOMIbIoTEpOoM. 3ametum, utoA N C=A; U A3, cienoBarensio, m(A N C) = m(4,) +
m(A3), oTKyna

m(A3)=m(A N C) —m(A,)=7-2=5

r) A,= AN BN C - MHOKECTBO YeNIOBEK, BIAACIONINX aHTIIMICKUM A3BIKOM, KOMIBIOTEPOM M He
BJIAJICIONIMX Jestonpoun3BoactBoM. A N B = A, U A,, ciegoBatenbHo, m(A N B) = m(4,) +
m(A,), oTKyna

m(A,)=m(A N B) — m(4,)=9-2=7,

1) As = AN B N C - MHOKECTBO YeN0BeK, He BIAJICIOIMX aHTIMICKUM A3BbIKOM, KOMITBIOTEPOM M
BJIQJICIOLUX JEJIONPOU3BOICTBOM.
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C= A, UA, UA;U Ag, cienoarensio, M(C)=m(A4,) + m(4,)+ m(43) + m(4s),
otkyna, m(As)=, m(C)- m(4,) — m(A,)- m(A43)=14-2-3-5=4;
e) Ag = AN B N C - MHOXECTBO YeNOBEK, HE BIACIONUX aHTITHHCKIM S3BIKOM U
JIEJIONPOU3BOJICTBOM U BiIaJICIOIINX KoMibioTepom B=A4; U A, U A, U Ag,
m(B)=m(A4,) + m(A4,)+ m(A4,) + m(4e), otkyna m(Ag)= m(B)- m(4,) — m(A,)+—m(A4,) —
m(Ag) =20—2—-3—7=8;
x) A; = AN B N C - MHOXECTBO YeJIOBEK, BIAJCIONINX AHTIIMICKUM A3BIKOM M He BJIaACIOIMX
JIETIONPOM3BOICTBOM M KOoMIbioTepoM. A=A; U A3 U A, U A, cienoBatensao, M(A)=m(A4,) +
m(A3)+ m(A,) + m(A4,), orkyna m(A4;)=m(A)- m(4,) — m(A3)+—m(4,) =20—-2—-5-7 =
6;
OxoHYaTeILHO,
M=AUBUC=4A; UA, UA3;UA, U Ag U Ay U A,, cienoarensio, mM(M)=m(4,) +
m(A,)+ m(4;) + m(A,) + m(As)+ m(Ag)+ m(4;,)=2+3++5+7+4+8+6 =35

1) Tak xak U=M+A N B N C,ro m(U) = m(M) + m(An B n C), orkyna

mANBNC)=m(U)—m(M)=40—-35=5
Crie/10BaTeNbHO, 5 4eT0BEK HE BIAJCIOT HU AHTTIMHCKIM A3BIKOM, HU J1eTIONPON3BOICTBOM, HH
KOMIIBIOTEPOM.

Pemienue ynpaxHeHuit

1. Jansr maokectBa: U = {a, b,c,d,e, f,p,q},A =1{a,c,e,p},B=1{b,d,f,p},C = {ad f, q}
BelInonauTe ciieayroniye onepannu:
a) (A/BIB N C)/C UA
6) AUANBUANC)NANB/C;
B)A/BNC/ANBNCUAUBNC;
rAUBNBUC/B;
nH(AUANBUANC)NANBANC,;
e)(AUBNC)/(BUCUANBNC)U(AUBUDO);
K)(AU (BJA)UANC)NANC/C
2. C nomotieto quarpamm Jiliepa-BeHHa ynpocTUTe BbIpayKeHUS:
a) AU (4/B) U (4/B);
6) AU (A U B)U B;
B)(ANB)U(ANB)U(ANB)
NAUB)N(AUB)N(ANB)N (AUB)
3. 13 276 oToOpaHHBIX CTYJICHTOB KOHOMUYECKOTO By3a 83 M3y4aroT MaTeMaTuky,95-npaso, 102-
¢unancel. Kpome ToT0, H3BECTHO, UTO 27 M3 HUX M3YYalOT MAaTEMATHKY U MPaBo, 24- MaTeMaTUKY U
¢unancel, 20-npaBo u GuHaHCH 11-u3ydarot Bce Tpu npeamera. CKOJIBKO yJalIuxcsl He U3y4aroT HU
OJTHOTO U3 3TUX MpeaMeToB? CKOJIBKO U3 HUX M3YYalOT (MHAHCHI, HO HE N3y4alOT HU MaTeMaTHKY,
HU 1IpaBo?
4. [TpoBepOUHBIN IK3aMEH 110 MaTEMAaTHUKE COJIEPIKAI TPH 3a/1a4d: TIPEIell, IPOU3BOHAS U HHTETPAJl.
N3 800 cTyneHToB 3amauy ¢ npeaenom pemmiau 250 4enoBek; ¢ mpeaenom win uarerpaiom — 600
yenoBek. [1o nBe 3amaun pemmnu 400 yenoBeK, U3 HUX JIBE 3a/1a4X HA MPeEeT U MMPOU3BOIHYIO
peurmn 150 yenoBek, Ha npenen U uHTerpain — 50 yenoBek. Hu oiuH cTyaeHT He pemni Bee 3a1a4H.
20 CTyZIEHTOB HE PEIIJIM HU OJHOU 3a1a4uu. ToNbKO 3aa4y Ha UHTErpai pemin 120 yenoBek.
CKOJIBKO CTY/IEHTOB PELIMIN TOIBKO OJHY 331a4y? CKOJBKO 4eJIOBEK PELINIIN 3a/1a4y Ha
MPOU3BOIHYIO?
5. Kagenpa matematuku oOCIIy>KUBaeT TpH (hakynbTeTa: DKOHOMUYECKHHA, (PMHAHCOBBIH,
ToBapoBeHBINH. HekoTophlie npernoaaBareny Kadeapsl MOTYT paboTaTh Cpa3y Ha HECKOIBKUX
¢dakynbTerax. Ha punancoBom akynprere padotaror 22 npenogaparesns, Ha SKOHOMHUYECKOM -23
IpernojaBaTesis, Ha 5KOHOMHYECKOM U TOBapoBeIHOM — 36 npernoaasareneil. Tonbko Ha puHAHCOBOM
¢dakynbpTere padoratoT 10 mpemnoaBaTeneil, TOIbKO Ha SKOHOMUYECKOM U TOBAPOBEIHOM -5
npenoaaBatenied. JIBa mpenomaBarens padoTaroT Ha Tpex dakynbTeTax. Yncio npemnogaBaresei,
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paboTaroUINX TOIHKO HA SKOHOMUYECKOM U (PMHAHCOBOM (haKyJIbTeTax, paBHO YUCIY
npenoaaBaTelield, paboTarmmux Ha GPUHAHCOBOM U TOBapoBeIHOM (akyabTerax. CKOJIBKO
npernoaBaTeneit padoraer Ha kadeape? Ckoib npenogasareneil paboTaeT TOIBKO Ha OJHOM
(daxynprere?

IIpakTuyeckasi padora Ne 9

Tema: Brruncnenue miomaaei moBepXHOCTel Ky0a, MpU3MbI, Mapajuieenuiena

Henab: HayunTs pemaTs 3aa4u Ha BBIYMCICHUE TUIOMIAJICH TOBEPXHOCTEH KyOa, MPU3MBI,
napajuiesenuIena

TeopeTnyeckasi 4acThb

IInomansro IMOBCPXHOCTU MHOI'OI'PAHHHKA I10 OIIPEACIICHUIO CUUTACTCS CyMMa nnomaneﬁ,
BXOJAIIHUX B 3TY INOBCPXHOCTH MHOT'OYTOJIbHUKOB.

[Tnomaae MOBEPXHOCTH MPU3MBI COCTOUT W3 ILIONIA I OOKOBOM MOBEPXHOCTH M TUIOIIAICH
OCHOBaHUIA.

Hnomam) IMMOBEPXHOCTHU MUPaMUABbI COCTOUT U3 IJIOIIaANU OOKOBOI IMMOBCPXHOCTHU U IJIOIIaaN
OCHOBaHHMHI.

.
PR R

S P_1

OCH.

=P S =

b0k II0E. I, IIIp 20 OCH. 00k II0E. Ip INDIpanELT

12 | —

Pemrenue 3a1a4 no teme “Brruncienue miomiaieil moBepXHOCTEH MHOTOIPAaHHUKOB .
Uemy paBHa 1011131 TOBEPXHOCTH KyOa ¢ pedpom 1?7 (6)
O6beM Ky6a paseH 8 m°. Haifaure miomans ero moBepxHocTu. (24 m?)

Kax n3menuTcs miomaas TOBEPXHOCTH Ky0a, €Ciu KaKJI0€ ero pedpo yBeTU4IuTh B: a) 2 paza; 0) 3
pasa; B) N pa3? (B 4 pa3a, B 9 pa3, B n’pa3)

Uemy paBHa IJI0MIAIb TOBEPXHOCTH MPABUIILHOTO TETpadapa ¢ pedpom 17 (“E)

YeMy paBHa IUIOIIAAb TOBEPXHOCTH OKTa3zpa ¢ pedpom 1?( 2+/3 )
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YeMy paBHa IIIOIIAb TOBEPXHOCTH UKOCadApa ¢ pedbpom 1? (5“<Ilfg )

Haiinure momaas 60KOBOM MOBEPXHOCTH MPABUILHON MIECTHYTOJILHON TPU3MBI, CTOPOHA
OCHOBAHHMS KOTOPOH paBHa 5 cM, a Beicota 10 cm. (300 cm?)

OcHoBaHMEM MPSIMON TPEYTOIBHON MIPU3MBI CITYXKHUT MPSMOYTOJIbHBIN TPEYTroJIbHUK C KaTeTaMu 3 cM
1 4 cM, BeIcOTa Ipu3MbI paBHa 10 cm. Haifaute mnoniaas noBepXHocTH AaHHOH mpu3Msl. (132 cm?)

HaiinuTe miomnaas moBEpXHOCTH MPSIMO MPU3MbI, B OCHOBAaHHH KOTOPOH JISKUT pOMO C
JMArOHATSAMH 6 cM U 8 cM U 60KOBBIM pebpoM 10 cm. (248 cm?)

Haiigure momanbs 60KOBOM NOBEPXHOCTH MPAaBUILHON YETHIPEXYTOIBHOM MUPaMU/IbI, CTOPOHA
OCHOBAHHMSI KOTOPOH paBHa 6 cM M BbIcOTa paBHa 4 cM. (60 cm?)

Haiinure momaas 60KOBOM MOBEPXHOCTH MPABWILHON TPEYTOJbHON MTUPAMHJIBI CO CTOPOHOU
ocHOBaHHUS 6 cM U BbIcoTol 1 cM. (18 cM?)

Haiigure miomaabs 60K0BOM MOBEPXHOCTH MPAaBUIBLHOM MIECTUYTOIBHON MTUPAMUJIBI CO CTOPOHOM
OCHOBAHHUS 4 CM U BBICOTOH 2 cM. (48 cM?)

Kaxk n3mensites momaau O0KOBOM U MOJIHOW MTOBEPXHOCTEN TUpaMU/Ibl, €CiH Bce e€ pEédpa: a)
YBEJIMYUTH B 2 paza; 0) yMeHbIIUTH B 5 pa3? (B 4 paza; B 25 pa3)

Pa3BépTka noBepXHOCTH IPABUIIBHOMN TPEYroJbHOM MUpaMU/Ibl PEICTABIISAET COOOM
PaBHOCTOPOHHMI TPEYTOIBHHUK, IIIOMAAs KOTOporo papHa 80 M2, HaiimuTe momass rpanu
mupamuzsl. (20 M2)

[IpoBepounas pabota
I yposens
Bapuanr |

1. CtopoHa OCHOBaHUs MPaBWIBHOM TPEyrojabHON MPU3MBI paBHA 6 €M, a IMaroHajlb OOKOBON TpaHu
10 cm. Haiigute mutomaas O0KOBOM U MOTHOM MOBEPXHOCTH MPU3MBI.

2. OcHOBaHMe MPSIMOI IPU3MBI - pOMO €O CTOPOHOM 5 ¢M U TynbIM yrioMm 120°. bokoas
MOBEPXHOCTh NPU3MBbI UMeeT Iutommaab 240 cM2. HaiinuTe miomaas cedeHns Ipru3Mbl, TPOXOASIIETO
yepe3 O0KOBOE pedpo U MEHBUIYIO AUAaroHallb OCHOBaHMUS.

Bapuanr 11

1. BoxoBoe pebpo mpaBUIBLHOMN TPEYTOIBHON MPU3MBI PaBHO 9 cM, a AuaroHagb OOKOBOW rpaHu
paBHa 15 cm. HaiinuTe muiomasas O0KOBOI U MOTHOM MOBEPXHOCTH MPU3MBI.

2. OcHoBaHMe NPSAMOI MPU3MBI - poMO ¢ ocTpbIM yriom 60°. bokoBoe pedpo mpusmsel paBHo 10 cM, a
TJI01a1b OOKOBOM MOBEpXHOCTH - 240 cM2. HaiiauTe miomanb cedeHus MPU3Mbl, TPOXOISIIETO
yepe3 O0KoBOe pedpo U MEHBUIYIO AUAarOHaIb OCHOBAHUS.

Il ypoBeHb

Bapunanr |
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1. OcHoBaHME TPSMOM MPU3MBI - IPSIMOYTOJIBHBIA TPEYTOJIbHUK ¢ KaTeTaMu 15 u 20 cm. bonbias
OOKOBas TpaHb U OCHOBAHWE MPU3MbI paBHOBENMKHU. HaliauTe mutomanas O0OKOBOH U TOJTHOM
IIOBEPXHOCTH IIPU3MEL

2. bokoBas MOBEPXHOCTh MPABUIILHON YETHIPEXYTrOJIbHON MPU3MBbI UMEET IIommans 16 qm2.
JluaroHanb OCHOBaHUS IPU3MbI paBHA 42 v, HaiiouTe IIomams CeqeHs MIPU3MBI, TPOXOJIAILETO
gyepes TUaroHaId JBYX CMEKHBIX OOKOBBIX TPaHEl, MMEIOIINX OOIIYIO BEPIIHHY.

Bapuant 11

1. OcHoBaHME TPSAMOM MPU3MBI - TPSIMOYTOJIBHBIA TPEYTOJbHUK C TUIIOTEHY30M 25 ¢M U katetoM 20
cM. Menbiias O0KoBasi TpaHb M OCHOBaHHE MPU3MbI paBHOBeNUKH. HaliauTe miomans 60koBol U
IOJIHOM MOBEPXHOCTH MTPU3MBI.

2. BricoTa mpaBUILHOM YeTHIPEXYTOIBHOMN MPU3MBI paBHA 1 1M, a TJI01Ia b OOKOBOM MOBEPXHOCTH
paBHa 16 nM2. HaliquTe miuomaabr ce4eHHs MPU3MBbI, POXO/SIIEro Yepe3 AuaroHaib HUKHETO
OCHOBaHWUS, ¥ POTHUBOJICKAIIYIO BEPIIMHY BEPXHETO OCHOBAHUSI.

III ypoBens
Bapuanr I

1. OcHoBaHMe NPSAMOI IPU3MBI - PABHOOEAPEHHBINA TPEYTOIbHUK C OOKOBOW CTOPOHOM 6 CM U YIJIOM
npu BepmuHe 120°. Inaronans HanOosbIIeli 60KOBOM rpaHu 00pasyeT ¢ MIIOCKOCTHI0 OCHOBAHUS
npu3msl yrois 60°. Hailiaure ruiomaabs 60KOBOM rpaHH U MOJTHOM MOBEPXHOCTH MTPU3MBI.

2. [Tnomans 60KOBOH MOBEPXHOCTH MPABUIIBHOMN YEThIPEXyToyibHOM mpu3Mbl paBHa Q. Ceuenune
MIPU3MBI, IPOXOJAIIEE YePEe3 JUAaroHalb HUKHETO OCHOBAHUSI U IPOTUBOJIEKAILLYIO BEPLIUHY
BEPXHEr0 OCHOBaHMs, 00pa3yeT ¢ IIOCKOCThI0 OCHOBAHMUS MPU3MBI yroi o. Haiinure niomians
CCUECHHMS.

Bapuanr 11

1. OcHOBaHME MPSIMOI TIPH3MBI - PABHOOEIPEHHBIN TPEYTOIBHIK C OCHOBAHHEM 6\3 CM H yIIIOM IIpH
ocHoBaHuu 30°. Jlnaronanab MeHblIeH OOKOBOI rpaHu 00pa3yeT ¢ INIOCKOCThI0 OCHOBAHUS IPU3MBbI
yroa 45°. Haiiaure miomnaib 60KOBOH U MOJIHOW NOBEPXHOCTHU MPU3MBI.

2. CeuyeHue npu3Mbl, MPOXO/IAIIEE Yepe3 cepearnHy O0OKOBOTO pedpa U AuaroHajab OCHOBaHUS, HE
MIepeceKaroNIyro TaHHOe peOpo, 00pa3yeT ¢ TUIOCKOCTHI0 OCHOBAaHUS yroi o. Halaure ruiomanpb
CEeUeHMs.

IIpakTnuyeckas padora Ne 10

Tema: Brrunciienue niomaaei noBepXHOCTEN KOHYca, 11apa, IHJIHHAPA
eanb: Hayunts pemaTs 3a1a4 Ha BEIYUCIIEHUE TTONIAAEH MOBEPXHOCTEN KOHYCa, apa, [UINHIpa
Teopernueckuit 6510k

HI/IJII/IHI[I) MMpEACTABJIACT coboit TCOMETPHUICCKOC TCIIO, OTPAaHUYCHHOC IBYMS IMapaJICIIbHBIMU
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] ‘PXHOCTBIO.

h

Hunmuap cocTouT U3 OOKOBOM MOBEPXHOCTHU M IBYX OCHOBaHUI. DopMyIia ruomain moBepXHOCTH
LWIMHAPA BKJIIOYAET B ceOs OTJENbHBINA pacyeT IO i OCHOBaHUN U O0KOBOI moBepxHocTu. Tak
KaK OCHOBAHMsI B IWJIMHAPE PaBHBI, TO MOJIHAS €T0 TUIOIAAb OYAET PACCUUTHIBATHCS 110 (GOpMYIIe:

S =25 4S5

P 08N bok:

@opMyia IO OCHOBAHUS HUIMHAPA. Tak Kak OCHOBAaHMEM LIMIIMHAPA SBIIAETCS KPYT,
P

2
S =my
TO: by

MpbI TIOMHHUM, YTO B 3THX pacyeTax UCHob3yeTcs moctosHHoe uncio [1 = 3,1415926, kotopoe
paccuMTaHO KaK COOTHOIICHHE JUTHHBI OKPY>KHOCTH K €€ TUaMETPy. DTO YUCIIO SABISAETCS
MaTeMaTUYECKON KOHCTaHTOM.

[Tnomane 60K0BOI MOBEPXHOCTH IMJIMHIPA

CDOpMy.TIa Iiomaiaun OOKOBOM MOBEPXHOCTU NUIIMHAPA MTPEACTABIIACT coboit IMPOU3BCACHUC NIIMHBI
OCHOBAHUA Ha €TI0 BBICOTY:

S  =2xrh
bok A Terepb pacCMOTPHM 3324y, B KOTOPO HaM MOTPeOyeTCs pacCYUTATH MOTHYIO
Ioaap mHapa. B 3amannoit gurype Beicota h =4 cm, r =2 cm. Haiizem mosHyo miomaib
[IJIHH/IPA.
y 2 . 2
S =3,14x2"=12.56cm
Jlns Havasma pacCuuTaeM IUIOIIaAb OCHOBaHmiA: "
Tenepb paccMOTPHM TPUMEP pacdeTa IIoMIaan 6OKOBOM MOBEPXHOCTH MWIHH/pPA. B pasBepHyTOM
BUJIC OHA MMPEACTABIISICT MPIMOYTOIbHUK. ETo MIoIaas pacCUuThIBACTCS 110 MPUBEICHHOI BbIIIIE
)
S =2x3,14x2x4=50.24em”
dopmyue. [TozicTaBuM B Hee Bee faHHbe: 0k
[MonHast MIIOMIAAb Kpyra MpeacTaBsieT co00i CyMMy IBOMHOM IUIOIIAAN OCHOBAHHS U
%
S =2x12.56 450,24 =25,12450.24 =75.36cm”

ookomoi: P
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Taxum o6pazom, ucnonbs3ys GopMyIIbI IIOMAAN OCHOBAHUM U OOKOBOM MOBEPXHOCTH (PUTYPHI, MBI
CMOTJIM HAWTH MOJIHYIO TLJIOIIA b TOBEPXHOCTH LUITUHIPA.

OceBoe ceyeHHe HUIMHIPA MPEACTABISET COO0N MPSIMOYTOJIBHUK, B KOTOPOM CTOPOHBI PaBHBI
BBICOTE M IMAMETPY IIMH/PA.

dopmyIa mIomaan OCEBOro CEUEHUS IUIMHIPA BEIBOIUTCS M3 (POPMYIIBI pacuera ILI0Ia 11
OPIMQVYIOJILHHKA.

S=2hi

PaccmotpuM npuMep pacyera oM 0CEBOro CeYeHUs NUanHApa. [y 5Toro BO3bMeM yCIIOBUSA
U3 3a]]a4M, YKa3aHHOH BbIlIe. YTOOB! HAWTH BEIMYMHY HAM MOTpedyeTcs AuaMeTp. MBI 3HaeM, 4To

OH paBeH JBOMHOMY pajnycy: d=2r

d=2x2 :4[r_1m )
S5=2%x4%x4=32 r:m?

IlogcraBuM nmaHHbIE:

o Kaxkas ¢urypa Ha3piBaeTCs HUITHHIPOM?

e [louemy HMAMHAP HA3BIBAIOT TEJIOM BpaLEHUA?

o HazoBure BuaBI IUIUHAPOB?

e HazoBute 3neMeHThI HWINH]IpA.

e Yro mpencrapiser coO0M pa3BepTKa MIJIUHIpA?

o Kax HaliTi mnomaas O0KOBOW MOBEPXHOCTH IMIIUHIpA?

o Kak HaiiTu mmoniagps MOJHOW MOBEPXHOCTH IUIUHApPA?

e HazoBuTte ocHOBHBIE BUIBI ceueHul munuHapa. Kakas durypa momxydaercs B KaxaoM ciydae?
o IlpuBenuTe npuMepbl HCTIOIb30BAHUS LIMITUHAPOB.

Pemenue 3agauq:

3anaga 1. CKONBKO KBaJAPATHBIX METPOB JIMCTOBOM KECTH MOUIET Ha U3TOTOBIIEHUE TPYOBI JUTMHOM 4
M 1 quameTpom 20 cM, eciu Ha BRI HEOOXO0UMO 100aBUTh 2,5% miomaau ee O0KOBOM
MIOBEPXHOCTU?

Hano: L=4; d=20cm=0,2m. Hatitn: S.

: o . . S, =2mh
Pemenue: BOCHOJ’IBSyeMCH (I)OpMYJIOI/I rjionrazay ImoJiHOU MOBCPXHOCTHU HUJIMHAPA: E .

Pagunyc paBen nonosune auamerpa — 0,1M, a BbICOTa HIMJIMH/pPA paBHA JUTMHE HYKHOH TPYOBI — 4M.
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Tax Ha MBI HY)XHO 100aBUTH 2,5% mI0maaN ee O0KOBOIM MOBEPXHOCTH, HYKHO HailTh: (S+2,5%S).
[ToxacraBuMm BMecTo S popmyiy Tutomaan 60KOBOW MOBEPXHOCTH, U BEIYUCIM:

25
S+2. 5% -5=85+—8§=

100

-

=5 1+

ey

1000 )
=27rL-1,025=
=2.3,14-0.1-4-1.025 =
5748 = 2.6(x7)
TBeT: 2,6 M.

I
[

3a mIomaas OOKOBOI OBEPXHOCTH KOHYCA IPUHUMACTCS IUIOIIA/Ib PAa3BEPTKU €ro
OOKOBOW TOBEPXHOCTH.

[ToaTomy moniaaps 60KOBOM MOBEPXHOCTU IMPSIMOIO KPYroBOIo KOHYycCa paBHa IUIOIIA U
COOTBETCTBYIOIIETO KPYTrOBOTO CEKTOpa (pUC. ) U BBIUUCISAETCS 10 hopMmyIie

S 0.K. — T[RL,

rae R — pangnyc ocHoBanwus, a L — nimHa oOpasyromei konyca. Eciu k miomnaan 60KoBoit
MOBEPXHOCTU KOHYca MPUOaBUTH TUIOIIA/(b €0 OCHOBAHUS, TO MOTYYUM ILIOIIAIb TOTHOM
MMOBEPXHOCTU KOHYCa

Snom. = RL + tR? = 7R (L + R).

AHAJIOTMYHO 3a M0 OOKOBOM MOBEPXHOCTH YCEYEHHOI0 KOHYCA MPUHUMAETCS MJI0MIa b
COOTBETCTBYIOIIEHN pPa3BEPTKH.
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[TosTOMy B cityyae npssMOTro KpyroBOro Konyca (puc. ) mioiajs 00KOBOM MOBEPXHOCTH
YCEUEHHOr'0 KOHYCa BBIUUCISETCS MO PopMmyJie

Seyc=m(ri+r)L
rae i u r— paguychkl OCHOBaHMM, a L — myMHa 00pa3yromei ycedeHHOTo KOHyca.
Pemenue 3anau:

1. Pagnyc koHyca paBeH 6, a o6pasytommas — 10. Haiitu muomaas 60K0BOM TOBEPXHOCTH, IIJIONIATh
OCHOBAHHMS U IIJIOIIA/Ib TOJHOW TTOBEPXHOCTH KOHYCA.

2. Bricora koHyca paBHa 4, a oOpasyromas — 5. Halitu muiomiaas 60KOBOI MOBEPXHOCTH, TUIOIIAIb
OCHOBaHMS M TUIOLIAb MOJHOM MOBEPXHOCTH KOHYCA.

3.CKobpK0 IOTpeOyeTCst KpacKu, JUIsl TOTO YTOOBI MOKPACUTH MOKapHOE Beapo, eciu Ha 100cm?
HeoOxoauMo 3arpatuth 10r?

4.CKOJIbKO KBaJIpaTHBIX METPOB Ope3eHTa NoTpeOyeTCst Ul COOPY>KEHUS MaJaTKH KOHUYECKOH
(bopMBI BBICOTO 4 METpa U IUaMETPOM OCHOBAHHSA 6 METPOB?

5. OOpa3yromias KOHyca HaKJIOHEHA K IIOCKOCTH OCHOBaHUs 1ol yriioM 30°, a BbICOTa KOHYCa
paBHa 12cwm. Halinute momaaps O00KOBOI MOBEPXHOCTH KOHYCA U IUIOMIA b TOJTHON TOBEPXHOCTH.

6. [Imomane ocHOBaHUs KOHYca paBHa 167, a momaab oceBoro ceyeHus pasHa 32. Haliqure BbicOTy
KOHYCa U TUIOIIalb OOKOBOI1 MOBEPXHOCTH.

7. Haiigure mutomaab 60KOBOM MOBEPXHOCTH PaBHOCTOPOHHET0 KOHYca (0CEBOE CEUCHHE —

PaBHOCTOPOHHHM TPEYTOJbHUK), €CIIU PAaJANYC OCHOBAHHS PaBEeH SCM.

8. OceBoe ceueHne KOHyca paBHOOSPEHHBIN TPEYTOJIBHUK TIJI0MIAIh KOTOpOro paBHa 60cM?, BRICOTa
konyca 12cMm. HalimuTe momaas moJiHONH TOBEPXHOCTH KOHYCA.

JomamHee 3anaHue:

1. Haiinure momaas 60KOBOM MOBEPXHOCTH KOHYCA, €CIIM 00pa3yrolias paBHa ScM, a paJnyc
OCHOBaHHS 3CM.

2. OOpa3yrolas KOHyca paBHa 7cM, a paanyc ocHoBaHus 3cM. HaliquTe miomaab moxHON
MMOBEPXHOCTU KOHYCA.

3. Bricota koHyca paBHa 12cM, obpa3zyromas 13cMm. Haliaure muomaab moJHON MOBEPXHOCTH KOHYCa

4.I1nomaas OCHOBaHUS KOHYyca paBHa 25,7 cM?, a oOpasytomias paBHa 6¢cM. Haliaure ruomanb
OOKOBOI MOBEPXHOCTH KOHYCA.

5. HaiimuTe miomaas MoJHOM MOBEPXHOCTH KOHYCA, €CITM 00pa3yrolas HaKJIOHEHA K MITOCKOCTH
OCHOBaHMs noj yriaom 60°; a BEICOTA paBHA 6CM.
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IIpakTnyeckas padora Ne 11

Tema: Beruncnenue o0bema KyOa, MpU3MBbI, apajuIeIenuIe/a.

He.]]b: Hay‘lI/ITB pfaTth 3aJja4r Ha BBIYHUCICHUEC obbeMa KY6a, IMPU3MbI, HAPAJJICIICIIHUIICA.

TeopeTn'{eCKaﬂ 4acTb

IIpsaMoyroJibHBINA Mapajienenunesa - 3To oobeMHast (GUrypa, y KOTOpoil IIeCTh rpaHei, u Kaxaas
13 HUX SABJISIETCS IPSIMOYTIOJIbHUKOM.

HpﬂMoyFOJ]LHLIﬁ mapauieJienuimne]a - napauiCiaCiuica, BCC TI'paHUd KOTOPOTO  ABJIAKOTCA
IpAMOYI'OJIbBHUKAMU.

Oo0bem NPSAMOYIoJbHOT0 MNMapaJjuiejJienmuneaa paB€H IMIPOU3BEACHUIO €ro JJIWHBI, MHUPHUHLI H
BBICOTHEI.

(I)opMy.Ha AJIS1 BBIYUCJICHUSA o0bema NPAMOYIOJbHOI0 mMapaJjuieJiecnuieaa

V=a-b-h
riue
rae V - 00beM MpsAMOYTroJILHOTO Mapasuielenurena
a - JUIMHa,
b — mmpuna,,
h- BEICOTA.

O0BEM pU3MBI paBeH MPOU3BEACHUIO €€ BBICOTHI Ha TUIONIAb OCHOBAHMUS:
V=S-h

OO6beM mupaMuIbl paBEH OJHON TPETH MPOU3BEICHUS TUIOIIA I OCHOBAHUS Ha BBICOTY:
rjae S — miomaabs ocHoBaHwus, H — BEICOTa TUpaMU/IBI.

dopMmya 00bemMa yCEUSHHON TUPaMUJIbI IPEACTABIISIET COOO0M OJTHY TPETh MPOU3BEICHUS BBICOTHI HA
CyMMY ILJIOIIAJIeN BEPXHETO U HUKHETO OCHOBAHUS C UX CPEIHUM MPONOPLHMOHAIBHBIM:

.1

Pemenue ynpaxHeHui
1.CymectByeT nu pusma, umeromias 50 péoep? 54 pedpa?

Pemenue: Yncno pedep n — yroiabHOU Npu3Mbl 3n, O3TOMY HpU3Mbl, UMetorien 50 pedep, He
CyIIECTBYeET, a 54 peOpa umeet 18-yronpHas mpusMma.

2. CTOpOHBI OCHOBaHHUS MPSMOYTOJILHOTO Mapajuliesienuiena paBHel 5 ¢cM U 12 cM , guaroHanb

napajuiefienumnena COCTaBIseT C IJIOCKOCThIO ocHoBaHust yron 60°. Haiimute o00bEM
napajieenuIena.
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3. OcHoBaHHMEM MpPsSMON TPHU3MBI CIYXKHUT TPEyrojabHUK co ctopoHamu 10, 10, 12. Jluaronannb
MeHbIIe 0OKOBOW I'paHU COCTABIISIET € INIOCKOCTHIO OCHOBaHUs yroi 60°. Haliaure 00bEM IpuU3MBbL.

4. O6beM NpsMOYTOJIBHOTO TMapajuieienurnena paseH 2. Uemy Oynet paBeH 00beM mapajuiesieuIe/ia,
€CITH KaXKJI0€ ero pedpo yBeIM4YHuTh B 3 pasa.

Pemenue. [Tycts pebpa nanHoro napaiienenuneaa paBssl a, b u ¢. Torga umeem: V=abc=2. Ilocne
YBEJIIMYEHUS KAXKI0TO pedpa B 3 pasa ero o0bEM OyieT paBeH

V=3a*3b*3c =27 abc=27*2=54.
OtBet: 54.

5. AxBapuym umeet (popMy IpsMOYTOIBHOTO Mapajuienenumneaa Beicotoit 30 cm. Eciu B HEero
HayuTh 30 J1. BOABI, TO A0 BEpXHET0 Kpast ocTaHeTcs 5 ¢cM. CKOIBKO JTUTPOB BOJBI HYKHO, YTOOBI
HATOJHUTH ITYCTOH aKBapuyM JOBEPXY?

Pewenue. Ilycts V 1 H cooTBETCTBEHHO 00BEM U BBICOTA MapaJUIeIEIUIIEAA.
V=SH . Ilo ycnoButo V=30,H=25, Torga 25*S=30.
[Tocne 3anonnenus nycroro akpapuyma jgosepxy H=30. 3nauur, 30*S=V.

255 30

Haiinem otaomenne 30S = V' v=361.
OrtserT: 36.

6. Kyouxk Becur 10 rp. Ckoibko rpaMMoB OyA€T BECUTh KyOuK, pedpo KoToporo B 3 pasa 6osblie,
4yeM pedpo nepBoro Kyouka, eciiv 00a KyOuka U3roTOBJIEHBI U3 OJMHAKOBOI'O MaTepuasa.

Pewenue. Ilycts V- 00béM nanHoro mapamnenenumnena. [locne yBennueHus kaxmoro pedpa B 3
pasa, ero o0bém Oynet paseH 27 V.

v _10
27V X x=270rp.

Otser: 270.

7. O6bEM MpsIMOYTOJIBHOTO Napajuienenunena pased 32. Yemy Oyner paBeH 00bEM
napaiesienunes1a, eciiu Kax/J10e ero pedpo yMEeHbIINUTh B 2 pasa.

8. B cocyn, nmeromuii popMy IpaBHIILHOM TPEYTOIBHON MPU3MBI, HAJTHIA BOY. Y POBEHb BOIBI
nocturaet 36 cM. Ha kakoif BeicoTe OyJIeT HaXOIUTHCS YPOBEHb BOJIbI, €CIIU €€ MEePENUTh B IPYToit
COCYJI TOM k€ (POPMBI, Y KOTOPOTO CTOPOHA OCHOBaHMs B 3 pa3a Oouibiie, 4eM y nepBoro. OTeer
BBIPA3UTE B CAHTUMETPAX.

9. 3aKkpbITHIN COCY B BHJIE IPSIMOYTOJILHOTO Mapasenenumnena ¢ peopamu 30, 40 u 45 cM. CTOUT Ha
TOPU30HTAIILHON TOBEPXHOCTH TaKUM 00pa30M, YTO HAaMMEHBIIIas TPaHb SABISAETCS THOM. B cocyn
HaJIWIN BOAY 10 ypoBHA 36 cM. Ha kakoM ypoBHE OKa)KeTCs BOJIa, €CJIA COCY/]l TIOCTaBUTh HA
HauOombIIyIO TpaHbk? OTBET JaiiTe B CAHTUMETpaX.

10.lano: ABCD - npaBunbshas nupamuga. AB = 3; AD = 243 (puc. 3).
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Haiitu: a) Socwu.; 6) AO; B) DO; 1) V.

11. Hano: ABCDF - npasunbHas nupamuaa. ZFCO =45°; FO = 2 (puc. 4).
Haiitu: a) Socu.; 6) V.

Pemienue:

1) Paccmorpum AFOC: 20= 90°, £C= 45°, s3nHauut, £F = 45°. Cnenosarenrno, AFOC -
paBHoOeapennsiii, OC ~ FO = 2.

2) AC = 20C = 4.d=AC=ADV2 (mo CBOMCTBY JHaroHaid Ksajapara, 02 = 2a2).
AC 4

AD= T2 = =22
Torna 3 ﬁ

3) ABCD - kBajpar (nmupamuia npaBuibHas). Socn, = AD? = (‘2‘/5 y=8.

(OtBer: @) 8; 6) 5-1/3.)
12. lano: ABCDEKEF - npasunbnas nupamuaa. FO L (ABC), FM L AK, FO =4, FM =5 (puc. 5).

Haiitu: a) Soch.; 0) V.




Pemenue:

1) Paccmorpum AFOM: 20 = 90° (tak xak FO L (ABC), 3uauur, FO LOM)FO= 4,FM=

5. OM= JMF’ - FO’ (mo Teopeme Ilugaropa), OM= 25-16 =9 =3. OM =r(r- pamnyc
AK = 2r-tg£=2-3tg£=6-£=2\/§.

OKpPY>KHOCTH, BIMCAHHOH B NPaBUJIbHBINA IECTUYTOJIbHUK). 6 6 3

%) Seu = 6Saiic SAOK-%AK-OM=%-2J§-3=3J§. Socn. = 6:343=183.

) Vo 3 Seon H3 V= 31845422445,

(Otser: a) 18V3, 6) 2413.)

13.3amaya: /lana TpeyrosbHas yceueHHas nmupamuaa. Ee Beicota h = 10 ¢cM, CTOPOHBI OJJHOTO U3
OCHOBaHUH paBHBI @ =27 cM, b =29 cm, ¢ = 52 cm. [lepumeTp BTOpOro OCHOBaHMs paBHseTcss P2=72
cM. Haiinute 00beM nupamuibl.

- -~ L--.-----

st pacueta oObeMa HaM MTOTPeOyeTCs TUIOIAAh OCHOBaHU. 3Has JIMHBI CTOPOH OJTHOTO
TpPEeYroJbHUKA, MBI MOKEM PAacCUUTATh IUIOMaAb o ¢popmyne ['epona. [[is atoro morpedyercs
HAWTH NOJIYIIEPUMETD:

P L:‘E? 420 152 =108cm
108
P =5 =hdem

Tenepp Haitgem S2:

le'b"fp (p-a)(p-b)(p-c)

S =1/54(54-27 ) (54-29 ) (54-52 ) =/54x27 x25x2 =/ 72900=270cm”

3Hasi, 4TO IupamMuja yceueHHas, AejiaéM BbIBOJ, UYTO TPEYTOJbHUKH, JIEKAITUE B OCHOBAHUSIX
noao0Hb1. Koadduiinent mogodust 3TUX TPEyroJibHUKOB MOKHO HAUTH U3 COOTHOIIICHUSI

HepI/IMeTpOB. OTHO].HCHI/IC Hﬂomaﬂeﬁ TpeerHBHI/IKOB 6yHeT paBHO KBa,[[paTy 2TOTO KO:—)(b(I)I/IHI/IeHTa:
o
al - ]
S;o P st g

i o] a9 F
S, p? p?

2

31


http://2mb.ru/matematika/geometriya/formula-gerona-dlya-ploshhadi-treugolnika/

18
. 1
S, =

2 9

Ax270 2
0= 5 =120

Ternepb, KOra MbI HAIILIH IJIOIIAH OCHOBAHHH YCEYEHHOM MUPAMUIBI, MOKEM JIETKO PaCCUUTATh €€
00BeEM:

Ir’:% x10% (2?U—|— /270%120 +120 ) -

S

10 10 :
5 (270+180+120 ):? x 570 =1900cm k

Takum 00pa3om, BEIUUCITHB KOIPPHUIHESHT 1TOI00US U PACCUUTAB IUIOMIAh OCHOBAHUH, MBI HAIILTH
00beM 3a/TaHHOW YCEUCHHOM MUPAMU/IBI.

14. Tano: Al1A2A3A4  -pomb6, SA1lA2A3A4 -mmpammma, AlA4 = 3, 4SBO =
B, OB L A3A4, LA2A10 = a (puc. 6).

Haittu:; V -2

Pemenne:

|-
: - :OB= ina = —asin2a,
1) PaccmoTpum AOA3A; : OAy=acosa,  AOA3B: OB = acosasina 3

2) ASOB: SO = -;-asin 2atgp.
3) Soon.= 4San0m, =4-—12-a-08=2a-%asin2a = a’sin2d
1 ¥ gy B -
4) Vﬂ.,:;Sw,‘-SO, Veup. = 3 sm2a--iasmlatg[3=ga sin” 2atgf

© -]-a3 sin? 2cugh.
TBET:

IIpakTnuyeckas padora Ne 12

Tema: Berunciienne oo0bemMa KOHyca, mapa, [MIIHHIpa.

He.]'Ib: Hay‘{I/ITB pemaTh 3ala4 Ha BBIYUCIICHUC o0BeMa KOHYCa, mapa, DWJINHIpA..
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Teopernyeckas 4acTb

[unuuap 3T0 reOMETPUIECKOe TeNI0, KOTOpoe CPOPMHUPOBAHO BpallleHHEM MIPSIMOYTOJIbHHUKA Ha OCH,
COBHaI[aIOH_Ieﬁ C OOHUM U3 €T0 CTOPOH. CioBo CHUUJIAHAP» TPOUCXOAUT OT I'pCUYCCKOro CjIioBa
«kylindrosy.

Brruucnienue oobemMa HMIMHIPA TPOU3BOIUTCS 1O Cleayroulei hopmyie:

V=nrh

V — 00beM uIIHHIpA
h — BeICOTA ITMIIMHpA
I — paguyc OCHOBaHUS
n—3.14

Kax paccuntath 00beM munuuapa? OTUMHU 3HAHUSAMHM HauOoJee aKTUBHO IOJIb3YIOTCS B CBOEH
paboTe KOHCTPYKTOpBI PA3IMYHBIX MAIIMH MU MEXaHU3MOB, MOTPEOUTETHCKUX TOBAPOB, a TaKXKe
apxXUTeKTOphl. VMHXeHepaM MPUXOJUTCS IMPOU3BOAMUTH pacueT oObema IMIMHIPA B TeX CIydasx,
KOIrJla OHHM 3aHMMAIOTCS MPOEKTHPOBAHMEM 33/laHUM, CHAOXXeHHBIX KojoHHamu. IIpaBna, B
nocjeHee BpeMs 3TH apXUTEKTYPHbBIE JIEMEHTHI B UX, TaK CKa3aTh, «KJIACCHUYECKOM) BapuaHTe (TO
ecTb BMecTe C 0a30i M KamuTeleM) BCTPEYalOTCs JIOCTaTOYHO PEAKO, HO HX «YIPOIIEHHBIE»
Pa3sHOBUJHOCTH, COCTOALIME U3 OJHOIO CTBOJIA (KOTOPBIM, COOCTBEHHO TOBOpPs, U IPEACTaBIIAET
co0o0i 1IMIMH/IP) UCHOIB3YIOTCS BecbMa IKMpoko. Hepeako ¢ KOJIOHHAMU NMPUXOAUTCS UMETh AEIO
pecTtaBpaTopaM pa3IUYHBIX COOPYKEHHH, HMMEIOIUX OOJbIIYIH0 HCTOPUYECKYI0 U KYJIbTYpPHYIO
LEHHOCTb, IMpaBJla, B MX padoTe BBIUUCIECHHE O0beMa MWIMHApPA — JaleKo He camas
pacnpocTpaHeHHas npolenypa. Bopodem, eciy pedb UAET O MOJIHOM BOCCTAHOBJIEHUU YTPAYEHHBIX
10 TEM WJIM MHBIM NIPUYMHAM KOJIOHH, TO €€ TaK)K€ IPUXOIUTCS IPOU3BOAUTD.

Pacuer oObema HMIMH/paA OCYIIECTBISETCS TOTJa, Korjaa BeAETrcs pa3paboTka pa3HOOOpasHBIX
eMKOCTEH cooTBeTCTBYIOMIEH (hopMbl. B KadecTBe HArMAAHOIO MPUMEPa TAKOBBIX MOXKHO IPUBECTH,
CKa)keM, MEUIIMHCKHE IIIPUIIBI, a TAK)KE KOJIObI TepMOCOB. ClielyeT 3aMeTUTh, YTO B

MEPBOM CITydae TakoH MmapaMeTrp, Kak 00beM, UMEET OYeHb BaXXHOE 3HAYCHHE, TIOCKOJIBKY OT HETO
3aBUCUT TOYHOE KOJIMYECTBO METMKAMEHTOB, BBOJAMMOTO TAIIUEHTY MPU UHBEKIIHIX.

B TexHuKe nuIMHIpEl pacipoCTpaHeHbl Ype3BbIYaiHO HIMPOKO: JOCTATOYHO CKa3aTbh, 4TO UX (hopMmy
MMEIOT IPAKTUYECKH BCE Bajbl U UX OTIAEIbHBIE COCTABHBIE YAaCTH, UCIOJB3YyEMBIE, CKaXXeM, B
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JBUTATENSIX BHYTpeHHEro cropanus. K Tomy xe, pacuer odbeMa NUIMHAPA — OHA U3 Ba)KHEHIIMX
3a/a4, KOTOPYIO MPHUXOAUTCA peuiaTb KOHCTPYKTOpaMU MpU TMPOEKTUPOBAHUU COBPEMEHHBIX
OCH3MHOBBIX W JHM3EIbHBIX CHIIOBBIX arperatoB, Beb OT ATOTO MapamMeTpa 3aBUCUT MHOKECTBO UX
XapakTepUCTHK, W B IMEPBYIO oOudepeAb Takas BakHEWIIas, Kak MoOIIHOCTh. Iloutm Bce
tunel /IBC cHa0Xar0TCsI MOPIITHSAMHU, KOTOPBIE TAKKE UMEIOT [IUJIMHIPHYECKYIO (hopMy.

Upes3Bbl4aiiHO pacnpOCTPAaHEHHBIMU ACTAIAMH, KOTOPBIE NPUCYTCTBYIOT B KOHCTPYKLUHMH MHOTHX
CJIOKHBIX TCXHHUYCCKUX yCTpOfICTB, SABJIIFOTCA POJIMKOBLBIC ITOAIIUITHUKH. Kak HETPYAHO AOTraJdaThbCAa
Inmo caMOMy HMX HA3BAHWIO, OJHUMH H3 OCHOBHBIX HX KOMIIOHCHTOB MABJIAKOTCA IIPOYHLIC H
M3HOCOCTOMKHE METaNIMYeCKUE POJMKH, UMEIONNE WIHHIpHIecKyo Gopmy. NMeHnHo Onaromaps
TakOW TEeOMETPUHU, ATH JAETadl HUMEIOT JOCTaTOYHO OOJIBLIYI0 HECYIIYI0 CHOCOOHOCTH M B
OOJIBIIMHCTBE CJIy4yaeB CIOCOOHBI BBIJCPKUBATh BECbMa 3HAUUTEIbHBIE HArpy3kd, YeM UuX
IIapUKOBbIE aHAIOTU. PONMKOBBIE MOAIIMIHUKY SBISIOTCS BBICOKOTOYHBIMU JETANSMU, U MIO3TOMY
P UX pa3pabOTKe U MPOSKTUPOBAHUM MPABUWIbHBIN pacyeT o0bema HuInHIpa (B JAHHOM cly4ae —
POJIMKA) UTPAET HEMATOBAXKHYIO POJIb.

Pemenue 3amau:
1.Haiinute 00beM HMHJIMHIPA C BBICOTOM, paBHOK 3CM M IMaMETPOM OCHOBAaHHS — OCM.

2.I1nomanp OceBOro ce4eHus LUJIMHApPA paBHA 210M3, wromanas ocHoBanus - 18m cm? Haiigure
00BEM MIITUHPA.

3.CBunnOBas Tpyda (MIoTHOCTH cBHHMA 11,4 T/cM°) ¢ TONIIMHON CTEHOK 4 MM MMeEeT BHYTPEHHHIl
muametp 13 mm. KakoBa macca TpyObl, ecitv ee JIyTiHa paBHa 25 mM?

iy
P
I
Lo
[
Pl
I
|
[
Loy
Vo

U, S

P=11,4r/cm®

R1=6,5MM + 4mMm = 10,5mMMm = 1,05¢cMm (HapyKHBII1)

R2=6,5MM = 0,65¢cm

V=Vi-Vz=1 -(1,05)%2500 - m - 0,652 -2500=1700 T = 5338 (cm°)
M=p -V=11,4-5338 = 6lkr.

4. Kakoe konnuecTBO HETH (B TOHHAX) BMEIAeT IUIUHAPUYECKas IUCTepHa quameTpa 18 M u
BBICOTOH 7 M, €Cli IIOTHOCTh HedyTu paBHa 0,85 r/cM3?

H="7m;d=1M; Puegru = 0,85 r/em®
m =?
V= TR?H = 1:92.7=5671 (M%)
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V-p = 15131

m

Jlomartinee 3ajianue:

1. ,HI/Ial"OHaIIB OCCBOI'0O CCUCHUA NUJIIMHAPA COCTABIIACT C INIOCKOCTBIO OCHOBAHHMA MUJIMHAPA YIoJl

60°. Haiinure 06beM HUIMHAPA , €CJIH IUIOIIAIb OCEBOTO CEYCHHS paBHa 16 \E oM.

2. Ha cknag B MacTepckoii Mo MOIIUBY OJIEXK/IbI IIOCTYINI PYJIOH JIParioBOM TKaHU B popme
uuiuHapa. [lpu TpancnopTupoBKe ObLI YTEPSH TOBApPHBIH SIPJbIK C yKa3aHUEM JIJIMHBI TKAaHU B

pysone. Heo6xoauMo onpeaenuTh JUIMHY TKaHHU B pysioHe. [Ipou3Benn HeoOXoauMbie U3MEPEHHUS,
OTIPEICIIIN BBICOTY U quaMeTp pysiona: 90cm u 30cwm, TonmuHa Tkanu 0,2cM.

O0Bem KoHyca BBIYHCISAETCS 10 (hopMmyIie

Vo= %ma”u

rne R — paanyc ocHoBanust koHyca, H -- ero BeicoTa

[lap 3TO reomMeTpuyecKoOe TeI0, 00pa30BaHHOE B PE3y/IbTaTe BPAIICHHUS TOIYKPYTra Ha OCH CBOETO
JMameTpa.

O06beM mapa MOXHO BBIYHCIHUTH MO hopmye:
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_4 3
V—37rR

R — paguyc mapa

V — 06bem mapa
n—3.14

Pemenue 3agau:

1. ABuanuonsas 6om0a cpeqHero kanuOpa JaeT pu B3pbIBE BOPOHKY
auaMeTpoM 6 M u riayouHoi 2 M. Kakoe koinnuecTBo 3emiiu (110 Macce) BbIOpachIBaeT 3Ta
6omM6a, ecu 1 M3 3emmu umeer Macey 1650 kr?
Pemenue:

I
b
L]
—

1 o 1
V=—gR'H=—n+3%2=

3 3
= 6w (um°).
P = 1650+6+3,14 =

= 31 086 gr = 31 T. B
Omeem: P = 31 1. Pue. 3

||'|

2. Cwmomy Juist IPOMBIIIIEHHBIX HYX COOUPAIOT, MOABEIINBAst KOHUYECKHUE BOPOHKHU K COCHAM.
Cxosbko BOpoHOK auameTpoM 10cm ¢ obpasyromieit 13 cm Hy>KHO coOpaTh, 4YTOOBI 3aMOJTHUTH
JECATUITUTPOBOE BeapO?

R=AC/2, R=5cm, H=V132-52=12(cm), V=1/3*3,14*52*12 ~314(cm®) 0,3 14am°
n=10/0,314 =31,8. Omeem: 32 60poHKU.

3. Cror cena umeeT GpopMy MIJIUHAPA C KOHMYECKUM BepXxoM. Pamnyc ero ocHoBanus 2,5 M,
BBICOTA 4 M, MPUYEM LUIMHIPUYECKAs 4aCTh CTOra UMEET BBICOTY 2,2 M. IlIoTHOCTH ceHa
0,03 r/cm®. OnpeienuTh Maccy cTora ceHa.
Pewrenue:

R=2,5m
01001 =4m
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0:102=2.2m

P =0,03r/c™®

m=p-V; Vy= 12,5222 =13,75 m®>= 13750000cm?
Vi=1/3 m - 2,52 1,8 =3,75M% = 3750000 7 cm®
M= 0,03 - 17500000 =0525 T T = 1,6T

O

Ak UI By

S

4. CrakaH4UK JUIsl MOPOXKEHOI0 KOHUYECKOH (popMbl MMeeT Iiyouny 12 cMm u quamerp BepxHei
yacTu 5 cM. Ha Hero cBepxy MOJIOXKUIIM JIBE JIOKKHU MOPOXKEHOTO B BUJIE MOJIyLIAPUI THAMETPOM 5
cMm. IlepenonHuUT 11 MOPOKEHOE CTAKaHYUK, €CJIM OHO pacTaer?

OA=12cm
BC=d=5cmMm
HepeHOJIHHT JIN MOpO)KeHOC CTaKquI/IK?
5
Vu=4B3ETR3(5/22=125%/6 =20 6 %
25712
Vi= 13 TRH=1/3 T(5/2)212= 12 =25%
OTBeT: HeT.
3amaua:

Haiitu o6bem mapa paguycom 10 caHTUMETpPOB.
Pemenue:

I[J'Iﬂ TOT0 YTOOBI BBRIYUCIUTH 00BEM mapa (bopMlea HCIIOJIB3YCTCA clIeaAyroniaa:
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rae V — uckombii o0beM mapa, m — 3,14, R — paguyc.
Takum o6pazom, nmpu paauyce 10 canTumeTpoB o0beM mapa paBeH:

V= g 3,14 x 10° = 4082 xyOUUECKUX CAHTUMETPOB.

Pemenue 3agau:
1. Bo CKOJIBKO pa3 yBEIIMUUTCS 0OBEM IIapa, €CIIM €ro paauyc YBEJIUYUTh B IECTh pa3?

O06mwem mapa HaxoguTces 1o hopmyie:
V = 2R
=-T0
3

[Ipu yBenmueHuu paauyca B ILIECTh pa3 ero 00bEM OyeT:
4 4
V= EHI{_ER}E =216 E}TRE

Takum oOpa3oM, 06beM mapa yBeauuuTcs B 216 pas.
Otser: 216

2. O6bem omHoro mapa B 216 pa3 OGonbire oObema BTOporo. Bo CKOJIBKO pa3 IIIOMIAIb
MOBEPXHOCTH TIEPBOTO I1apa OOJIbIIIE TUIONIAIH TOBEPXHOCTH BTOPOTO?
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dopmyna 00bEMa 1apa:

v 4HR3
3
@opMyia IIoLAaaH MOBEPXHOCTH LIapa:
S = 4mR*?
HYCTB 00BEMBI apoB COOTBETCTBCHHO PABHLI:
4 3 4 3
Vy =§}TR1 Vs =§}TR2

13 yCJIOBUA CICAYCT, YTO:

4 3 4 3
gﬂ:Rl = Zlé’gﬁﬂz

R,*=216R,"
3

Rl
=216
Rl I A~
~1_3716
R,
Ry
=5
RE

To ecTh, MBI YyCTAaHOBWIIN, YUTO PaJNyc MEPBOTo OOJIbINE paamyca BToporo B 6 pa3. Eciu paguyc mapa
YMGHLI_HI/ITL B 6 pa3, TO IIouIagab HOBerHOCTI/I mapa HN3MCHUTCA CJ'ICIIYIOH.II/IM 06pa30M:

ey (R )2 4 R?

= 'ﬂ_’ —_

6 36

To ectb oHa ymeHnbIuTcs B 36 pas.

IIpakTnuyeckas padora Ne 13
Tema: VccriegoBanus Ha S5KCTpEMyYM B 33/1a4axX Ha 00bEMbI MHOTOTPAaHHUKOB
Heas: HayuuTs pemate 3a1a4n Ha HaXO0XKIEHUE DKCTpEMyMa

Teopernyeckas yacTb

VY:ke B rIyOOKOH APEBHOCTH BO3HUKAIIM CUTYaIlMH, KOTJa TpeOOBaIoCh pelaTh 3a1a4u Ha
skcTpeMyM. OJlHA U3 MEPBBIX, AOMIEIINX JI0 HAC, 33134 10100HOT0 pojia CBA3aHa C JIEreHa0H 00

39



ocHoBanuu ropona Kapdarena. Kak mosectByet B «Hen1e» puMcKkuid modT Beprunmii, 1aBHbIM-
naBHO (MHUKHUICKas mapeBHA /[nmoHa ¢ HEOOIBIIMM OTPSAAOM MPEJAHHBIX €M JTF0JCH TTOKUHYJIa
ponHoi ropox Tup, cnacasck oT npecieoBaHuil cBoero Opata Tupana [lurmanuona. Ee kopabiu
OTMPAaBWINCH HA 3anaj mo Cpean3zeMHOMY MOPIO M TUTBLIH, ToKa J{uioHa He o6mro0oBaa yaooHoe
JUISL TIOCEJIEHUS] MECTO Ha ahpHUKAaHCKOM MOOepeXbe, B HhIHEITHEM TyHHCCKOM
3anuBe.BoicaguBinecs GUHUKUNALBI ObLIIM BCTPEUYEHBI HE OYEHb T'OCTEIIPUUMHO MECTHBIMU
XKHUTEISIMU, HymMuauiinamu. Kopons HyOuauiineBSIpo BOMHCTBEHHO U MPE3PUTEIILHO Pa3roBapuBal ¢
HENPOUICHON TOCThei. OH NPHUHA APAarole€HHOCTH, IPEIJIOKEHHbIE JITuA0HO0M U1l TOKYIIKK 3€MJIH,
HO PEIIMTEIbHO 3asiBWJI, YTO B3aMEH OH COIVIACEH YCTYIUTh €M JIUIIb KJIIOUYOK 3€MJIU, «KOTOPBIN
MO’KHO OKPYKUTb Oblubeil mKypoit». LlapeBHa Ge3ponoTHo cornacunack. Sp6 MoHsu1 XUTPOCTh U
KOBapCTBO (DMHUKHUSHKHU CIUIIKOM IMO3HO: J{M0Ha pUKa3aia pa3pe3aTh MIKypy Ha OYeHb TOHKHE
peMHHU U cuuTh ux. [loaydus, Takum 00pa3oM, TOHKUH, HO OUY€Hb JUIMHHBIA PEMEHb, OHA
OTrOpoAMiIa UM OT Oepera 3HAUUTEIbHYIO TeppuTopuio. [IpocToayinbIif, HO YecTHBIN SIp0 He cTan
OTKa3bIBaThCsl OT JJAHHOTO cioBa. A JlujoHa Ha 3TOM MecTe ocHoBana ropoa Kapdaren. B namsats 00
3TOM HCTOPUM KapdareHcKas Kpernocts Obuia Ha3BaHa «bupca», 4To Ha A3bIKe OOUTaTENeH
Kapdarena oznauaeT «ObIubs HIKYpa».

Jlerenia OTHOCUT COOBITHS K 825 TOAY 10 H.3. M HaM, KOHEYHO, CYyJUTh 00 MX JOCTOBEPHOCTH
TpyaHo. Ho 1u1g Hac nHTepecHa MaTeMaTH4eckas 3ajaya, KOTOpYIo, BUIUMO, IPUIIOCH PelIaTh
Hunone. [Ipeamnonoxum, 4To JIJIMHA U3TOTOBJICHHOTO TOHKOTO peMHs paBHa 600M. Torga Ha
COBPEMEHHOM si3bIKe 3a1a4a J{uoHbl hopMyaupyercs Tak:

3aoaua. OnHa CTOPOHA MPSAMOYTOJIBHOTO YYaCTKa 3eMJIU MIPUMBIKAET K Oepery Mopsi, a TpU ApyTue
OTOPaKUBAIOTCS pEMHEM, JUTHHA KOTOporo 600M. KakoBbI JOKHBI OBITH CTOPOHBI ATOTO Y4aCTKa,
4TOOBI €r0 IUIOWIAAL ObLJIa HAMOOJIBILIECH?

Pewenue. Ilyctb 0iHa cTOpOHA MPSAMOYTOJILHUKA paBHA X M, TOI'/la Apyrasi cropoHa pasHa (600 —
2x)m. [Tnomanp npsiMoyronsHuKa OyaeT GyHKimeit oT mepeMeHHoM X: y = x(600 — 2x) = 600x — 2x2,
obnacte onpeneneHust koropoi (0; 300).

Hatinem HanGomnbiee 3HaueHue 310 pynkmun Ha mpomexytke (0; 300).
ITpousBoanas 31oif pyHkmu y' = 600 — 4x.

Kputnueckast Touka Haiigercs u3 ypaBHeHus 600 —4x =0 x = 150.
Hccnenyem 3HaK MPOM3BOAHOM Ha KaXKJJOM HHTEpBasie

(0; 150) y' > 0
(150; 300) y' < 0

Tak kak mpu nepexoie uepe3 Touky x = 150 mpousBogHas MEHSET 3HAK C TUTFOCA HA MUHYC, TO TIPH X
= 150 ¢pyHKIMs UMeeT MaKCUMyM. 3HAUUT, HAMOOBIIYIO MJIOMAAb UMEET PSIMOYTOJILHUK CO
ctopoHamu 150 m u 300 m.

Haiinem nomans oroposxkeHHoro ydactka 3emiu S = 45000 M.

Mpl peminnu 3aaa4yy JIugoHbl, cuuTas, 4To y4acToOK UMeeT GopMy NMpsiMOYrojbHuKa. Pemienne
oJI0OHBIX 3a/1a4, eciu (popMa IpaHULIbl — KpUBasi JIMHUS BBI3BAJIO K )KM3HHM HOBBII BayKHBIN pazen
MaTEeMaTHKH — BapUAIIMIOHHOE HCYHMCIIEHUE, B KOTOPOM OCHOBHBIM MOHSTHEM SIBJIIETCS HE (PYHKIIHS,
a pynkuonan. B Hacrosiee Bpemst 3TOT pasien I0A0TBOPHO MCIIOJIb3YETCS BO MHOTHX 007acTsAX
MaTeMaTHKH, PU3NKH, TEXHUKH, SKOHOMHUKH.

e B moBcenHeBHOM KU3HH, B MPAKTHYECKUX 3a7a9aX YacTO BOSHUKAET HEOOXOAMMOCTh
ONPEAEIICHUS YCIOBUM, TP KOTOPBIX MBI MOJIy4aEM HAWIYUIIUE PE3YIbTATHI TPYIA.

3aoaua. 13 npsiMOYTOJIBHOTO JIMCTA KecTU pazmepoM 25 x 40 cM HaJl0 U3TOTOBUTH OTKPBITYIO
KOpOOKY HauOoIbIIIero oobema.

Jlj1s u3roToBIeHUS KOPOOKH HA0 BhIpE3aTh KBaJApaTHbIE YTOJKHU. B 3aBUCMMOCTH OT JUIMHBI
BBIPE3aEMOro KBajjpaTa MoJy4yaroTcst KOpOOKH, UMEIoIIKe pa3anyHble 00beMbl. [loaTomy
HE00X0JIMMO paccuuTaTh pa3Mephl BEIPE3aeMbIX KBAJPATOB, IPU KOTOPHIX KOPOOKA NMEET
HauOOoJIBIINNA 00BEM.
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Pewenue. O603Ha4MM CTOPOHY BBIPE3aEMBIX I10 yIiaM KBaJapaToB yepe3 X. JJHOM KOpOOKH sIBIIseTCS
MPSIMOYTOJIBHUK, CTOPOHBI KOTOPOTO paBHBI a = 25 — 2X u B = 40 — 2X. BricoTa KOpoOKH paBHA X.
CrnenoBarenbHO, 00beM KOpOOKH paBeH V = (25 — 2x)(40 — 2x)X, T.€. siBisieTcst pyHKIMeH ot
MEPEMEHHOMH X.

y = (25 — 2x)(40 — 2x)x = 4x> — 130x2 + 1000x

O6mactp onpeaenenust 3Toi GyHkuuu mpomexyTok (0; 12,5). Halimem skcTpeMyMbl 3TOH (YHKIIHH.
y' = (4x3 — 130x% + 1000x)' = 12x2 — 260x + 1000

12x? - 260x + 1000 = 0

Kputnueckue toukn Gpynkmuu X1 ¥ 16,7 — He BXOJUT B 001aCTh onpeesieHus (yHKIUH.

x?=5

OmnpenenuM 3HaK MPOU3BOIHOM B MTPOMEKYTKAX

0;5)y >0

(5;12,5)y' <0

Tak kak mpu mepexoie yepe3 TOUKy X = 5 MpOU3BOHAS MEHSET 3HAK C IUTI0CA HAa MHHYC, TO IPH X =
5 ymkmus y = (25 — 2x)(40 — 2x)x = 4x% — 130x2 + 1000X UMeeT MaKCHMyM.

CrnenoBatenbHO, KOpOOKa Oy/1eT UMETh HAMOOJIBIITNI 00BhEM ITPH BBIPE3aHUH KBAJPATOB CO CTOPOHOM
5 cm. HaitneM 065beM TonydeHHO# mpu 3ToM Kopobku: V(5) = 2250cm®.

3aodaua. InexTpoHArpeBATEIBHBIN MPUOOP MOTPEOIIIET MOIIHOCTh OT UCTOUHUKA Toka, DJC
KoToporo paBHa 3B, a BHyTpeHHee conpoTuBieHue paBHo 20M. Kakoe conpoTuBieHe J0IKEeH
UMEThH MPUOOP, YTOOBI B HEM BBIJEISIIACH MAKCHMAJIbHASI MOIITHOCTH?

MomHoCTb, oTpedsieMast 3JIeKTpOHarpeBaTeIbHBIM TPHOOPOM, COITPOTUBIICHHE KOTOPOTO paBHO R,
iR
HaxouTcs 1o popmyne (r + R . O603naunM conporusieHue nprbdopa R = x. C yuerom

Qx Qx
y=Pk)= = 3
JaHHBIX 3aJa4YH COCTAaBUM cbyHKLU/Ho 2 +x)P x* + 4x + 4 OO0nacrte omnpeaeyICHus

aToil pyHkiuu mpomexxkyTok (0; + 9 ), Mccrnemyem noiydeHHYO (YHKIIUIO HA SKCTPEMYM.
9x )“ 36 — 9x*°

X2 tdx+4) (%% +4x + 4)2

v ==

KpuTHuecKie TOUKH HaiilyTcst u3 ypaBHeHms 20 — 9%~ =0

X1 = — 2 TOYKa HE BXOJUT B 00J1aCTh ONnpeaeieHus G yHKIIUU.
X2 =2
HaiineM 3HaK MpOM3BOAHON HA KaXKJIOM ITPOMEKYTKE

0:2)¥' >0
(2; +00 ) v < 0

Tak Kak Impu nepexoje yepe3 TOUKy X = 2 MPOU3BO/IHAs MEHSIET 3HAK C IUIF0CA HA MUHYC, TO B 9TOH
TOYKE (PYHKIHUS UMEET MaKCUMyM. 3Ha4HT, MOIIIHOCTb, OTpebiiseMas mpudbopom, Oyaer
HauOOJIBIIIEH, €CITH COMPOTHRIICHUE €T0 paBHO 2 OM.

Pemenue ynpaxkHeHui

1. W3 Bcex mpsMBIX MapauIesIeuIIe 0B ¢ JaHHOH IJIOIA b0 TIOJTHOM MMOBEPXHOCTH S U
KBaJIpaTHBIM OCHOBAHUEM HaWTH TOT, KOTOPbI HMeeT HauOOIbIINN 00bEM.

2. U3 mpsiMOYTOJIBHOTO JTUCTA KeCcTH co cropoHaMu 80u 50 cMTpeOyeTcst H3TOTOBUT OTKPBITHII
CBepXY SIIMK HanOoJbIIero 00beMa, OTpe3ast paBHbIE KBAJIPATHI MO yIJIaM, yIalsas UX U
3aTeM 3arubasi )kecTb, 4ToObI 00pa3oBaTh OOKOBbIE CTeHKU. KakoBa gomkHa ObITh JJIMHA
CTOPOHBI BBIPE3AEMBIX KBAPATOB?
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3. U3 Bcex mpsiIMbIX HapaijieNienyIe/[0B ¢ JaHHBIM 00bEMOM U KBAIPAaTHBIM OCHOBAaHHEM
HaWJUTE TOT, KOTOPBIA UMEET HAMMEHBUIYIO MJIOIAAb ITOJHON MOBEPXHOCTH.

4. Haiigure pazMepsl OTKPHITOTO (0€3 KPBHIIIKH) SIMIMKA C KBAJAPATHBIM JTHOM, HMEIOIIETO
HAaUMEHBIIYIO TUIOMIA (b MOJHOM MOBEPXHOCTHU MPU 3alaHHOM 00beMe.

5. Bpluuciure pasmepbl OTKPBITOTO SIIKMKA C KBaJIPaTHBIM JHOM, UMEIOIIEr0 HauOOIbIINH
o0beM, eciu 0011ast MI01Ia b TOBEPXHOCTH OOKOBBIX CTEHOK U JHA paBHA S.

IIpakTnyeckas padora Ne 14
Tema: VccienoBanus Ha S5KCTpEeMyM B 3a/1a4ax Ha 00beMbl (pUIyp BpallleHUs
Hean: HayuuTs pemarts 3a1a4n Ha HAXO0KIEHUE DKCTpEMyMa

TeopeTnyeckasi 4acThb

JIutp — 310 eauHnua 06bémMa. OMH JIUTP PaBEH OJJHOMY KYOMUECKOMY JELIMMETPY UJIH ThicAYe
KyOMUYECKHUX CAaHTHUMETPOB:

Ta=1d8a =10x10x10 cag= 1000 cad

Tak xak pasmepbl OaHKH, OUEBUHO, BBIPA3SITCS B CAaHTUMETpax, To 0,5 nuTpa cieayer cpasy
MepeBecTd B KyOMUeCKHe CaHTUMETPHI!

K CJIOBY, 4TO 3TO 3a paSMepr? I_[I/IJ'II/IH,[[p CTaHAApPTHO OIIPEACIIACTCA paIluyCOM OCHOBAHUSA ¥n

BBICOTOH % . Bo-BTopsix. OCBE:KHUM B TaMSTH (OPMYJIBI:

So=mort
miomanb kpyra: ¥

Ry

FoM

o b 60KOBOM MOBEPXHOCTH HUIUHAPA! = 27wk

2
00bEM uuHapa: ¥ = A

3amaua

OHpe,[[eJ'II/ITB HaI/I60J'H>I_Hy10 BMECTUMOCTb HUIIMHAPHUYICCKOI'O 6aKa, €CJIK €T0 IToIaab MOBEPXHOCTU

2
(6€e3 KpBIIIKHN) TOMKHA PaBHATHCS Sed.

2
Sed. (ecau mpyono,

Pemienue: B 1TaHHOM citydae BCE HAOOOPOT — N3BECTHA IIJIOMIA b OBEPXHOCTH
3amenume © KOHKpemHbIM YUCIOM) K TPEOYETCs OMPEIeTHTh MAKCHMATBHBIH 00HEM

V=m'h Oaxka.

r""—_?\

CyMmMa mmotmajiet 1Ha (He 3abvieaem, umo Kpvluika omcymcmeayen!) 1 6O0KOBOU MOBEPXHOCTH B
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2
TOYHOCTH PaBHA M3BECTHOMY 3HaueHmIo: 7P~ + 274 =5 orxyna maxomum:
5 -

Sah=S-m¢ = h=
2

Takum ob6pazom:
3 5 — r(S ;??*) 1

vir)=mih = (S —
27T 2
Haitném kputnyeckue TOUKu:
Vir) = l(S}" - ) = l(:z: —3zi=0
2 2
3pi=5
o
=T
r=x i
EF
5
F=Ll—
FeOMeTpI/I‘leCKOMy CMBICITY 3ala4u, Pa3yMECTCA, YAOBJICTBOPACT HOJOKUTEITHLHEBII KOpPCHb 37 .

[IpoBepuM BBIMOTHEHNE JOCTATOYHOTO YCIOBUS AKCTPEMyMa:

V'(r) = %(S 3 ) —(D 3T 2r) =3

v & = -3 i:—«i T <0
3T 3T

o
==
3T

, 3BHA4YUT, Q)YHKHI/IH ‘PI:.?":I AOCTUTACT MAaKCUMYyMa B TOUYKE

IIpu 3TOM BBICOTA OaKa:

3 23
b8 = 283 5B [8

( J 324w s 3ms im

MaKCUMaJIbHBIN 00BEM:
Ry Ry

Ve =mih=m 2.
= —é'a. .33: —é'a.

OTBeT: paanyc OCHOBaHMS ONTUMAIBHOTO OaKa: 3T BeIcOTa: s MIPU ATOM

S 5 3
voo=—. |— sa
- % w3 W ar
MaKCUMAJIbHBIA 00BEM:

IIpakTnueckoe 3ansaTue Ne 15

Tema: [IpaBuna BerunciaeHus: 00beMOB (GUTYp BpAILEHHUS C TOMOIIBIO OMPEAeIEHHOT0 HHTErpaja
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Heab: HayunTs BEIYUCIATH C TOMOIIBIO OMPEIEICHHOT0 HHTErpaia 00beMbl (GUTYpP BpaIlleHHs

Teopernyeckas 4acTb

Brruucnenue o6bema Tena, 00pa30BaHHOTO BpAIIEHUEM IIOCKOH (PUTypBI BOKPYT OCH X

[pumep 1

a2

BerunciuTs 00BeM Tela, MOTy4eHHOTO BparieHneM QUTYphl, OTpaHHUYEHHON THHUAIMH » 2x—x
=10

i BOKpYT OCH X

Pemenue: Kak u B 3aa4€ Ha HAXOXICHUC IUIOIIa/I1, PCIICHUEC HAYUHACTCHA C YEPTEKa IJIOCKOH

¢urypsi. To ecTh, Ha IIIOCKOCTH AQY HEO0OXOAMMO MOCTPOUTH (PUTYPY, OTPAaHUICHHYIO
S —
JMHASIMEA » 2x—x , y=0 .
T — VNI, SO -
s defsreses Saads ol S 4
E : 10 E
L= 2 :
""" 1‘ B e e e
3 4

McKkomas nnockaa ¢ourypa 3aliTpuxoBaHa, MUMEHHO OHa W BPALL,AeTCcs BOKPYr OCU ox

Kak BeumrcIuTh 00BEM TENIA BpaH_IeHI/IH?

OO6beM Tena BpallleHHs: MOKHO BBIYUCIIUTD 1O (hopmyiie:

A
v = x| £ (x)dx

B mpakTudeckux 3ajaHusX Mmaockast pUrypa HHOrAa MOKET pacroiaraThCsi U HUXKE OCH CX 3o

2
HUYET0 HE MEHSET — MOJIBIHTErpaabHas GYHKIHS B OpMyJie BO3BOJUTCS B KBaJIpar: Jx) , TAKHM
o0pa3oM HHTerpaji Bceraa HeOTPULATENIEH, YTO BEChMa JIOTUYHO.

Brruucium o0beM Tena BpaleHus, UCTOIb3ys JaHHYIO GOpMYyTy:
A ] 2

V= ;rrjfﬂ(x).:fx = ;r.r](zx— ) dx = ;?T_[ (4x* - 4% + 2 )dx =
a i] i}

3 5
3 5 3 ] 15
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= 16 2’ =335 00°

OTBer:

[Ipumep 2

BerancnuTh 00beM Tea, MOJIYIeHHOTO MPU BPAIIEHUU BOKPYT OCH a0CIICC (PUTYpBI, OTpaHHYECHHOM

HHHHﬁMHy:2x+1, yv=zxz+4 -0 g x=1

)
=2r+1
Pemenue: 300pa3um Ha yepTexe MIIOCKYIO GUTYPY, OTPAaHUYCHHYIO JTHHHSMH Y

=x+4 - - - .
i ,#=0 x=1 ye 3a6mBan [IPU TOM, YTO YpaBHEHHUE * = 0 samaer ocp &4

y=2x+1 E

x=1
) 5 ¢ X
————

i o4 4 8

Hckomas purypa 3amirpuxoBaHa..
OO0mbeMm Tenna BpallleHHUs. BBIUUCIIUM KaK pasHOCMb 00beMo8 meil.

Chauazna paccMoTpuM (uUrypy, Kotopast ooBeieHa KpacHbIM 1iBeToM. [Ipu e€ BpalieHn BOKpyT

OX

o ¥
ocH MoJIyyaeTcsl ycedeHHbIN KoHyc. O003HaYMM 00bEM ITOTO YCEUEHHOT0 KOHYca uepe3 L.

PaccmoTpum ¢urypy, kotopas o0BeieHa 3eseHbIM [1BeToM. Eciu Bpamats jaHHyro Gpurypy Bokpyr

ocu P& | 1o MOJIYYUTCS TOXKE YCEUEHHBII KOHYC, TOJIBKO YyTh oMeHbIe. O003Ha4lM €ro 00beM

v
gyepes 2.

V=1,

U, oueBuaHO, pa3HOCTH 00HEMOB — B TOYHOCTH 00beM Hamel purypsl. Mcronbp3zyem

CTaHJIapPTHYIO (OPMYIY AJIsl HAX0XAeHUs 00beMa TeJa BpalleHUs:

&
v =x| fA(x)dx

. v=x+4
1) ®urypa, oGBe/IeHHast KPACHBIM [[BETOM OIPaHHUYCHA CBEPXY HIPSIMOH , IO3TOMY:

1 1 3
M= ?TI{:J:+ 4 dx = ;?T_ll(:ir2 +8x+16}dx=7r{%+ 4z +16x]|; :7‘{{%4—44—16] = 61‘;
0 0

45



2) durypa, oOBeIeHHAs 3€JICHBIM IIBETOM OIPAHMYCHA CBEPXY MPSIMOM y=2x+l

1 1 3
7, = 7| @x+ 17 dx = 7] (427 +4x+1)dx:ﬁ[4?x+2xg +xJ|; :n{§+2+1] _ 13?”
1] i}

, TOITOMY:

Fzﬁ_ﬂzﬁlﬁ_lﬁ‘?':-ﬂlg.ﬂ':

3) OOBbeM NCKOMOTO TeJla BpaIlleHus: 3 3 3

16

o F=16med’ w0387
TBET.

Brruncnenmne oobeMa Tenna, 00pa3oBaHHOTO BpallleHUEM
MJI0CKO# Gurypsl BOkpyr ocu Oy

[Ipumep 3

Jana mockast purypa, orpaHuueHHas TMHUSIMU y=3+ "‘E P 3- ""E YA +1 .

Haiiti 06bem Tena, moy4eHHOTO BpaIleHUEM IMI0CKON (QUTYpPbI, OTPaHUYCHHON JTaHHBIMU

JIMHUSAMMH, BOKPYT' OCU oY .

Pemienmue:

1) BemmoaHum ueptéx:

2) Beruucnum o6beM Tesa, 00pa30BaHHOIO BpALLIEHUEM JIaHHOU (PUTYpBI, BOKPYT OCH or

[lepepucyem yepTek HEMHOTO B APYTroM 0(OPMIICHHUH:
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Wraxk, ¢purypa, 3amTpuxoBaHHAs] CHHAM I[BETOM, BPAIIIa€TCsl BOKPYT OCH or Jns Hax oK aeHUst

o0beMa Tena BpalllCHUA 6y,HeM HHTCTPHUPOBATD 110 OCH or .

BpamaeM (bnrypy, O6BCI[€HHYIO KpaCHBIM IIBETOM, BOKPYT' OCHU oY , B PE3YJIbTATC NNOJTYIACTCA

. M
ycedeHHbIH KoHyc. O603HauMM 3TOT 00beM uepe3 L.

o
Bpamaem ¢urypy, 00BeIeHHYIO 3€JI€HBIM 1IIBETOM, BOKPYT OCH OF 4 0603nauaem yepe3 2 o0beM
MOJTyYEHHOTO TeJla BPALIeHHUS.

o V==V
OO0mbem Harlelt GUrypsl paBeH pa3sHOCTH 00BEMOB L

Hcnonb3yem (opmyiy 1uist HaX0XJIeHHsI 00beMa Tella BpallleHus:

A
v =a] S Ondy

5 5 5 5
V=0 -V, =x| -1y - m[ (v- 3P dy = w (- DV dy- ] (v -3)'dy =
2 2 2 2

T T T o A3 Tl
=Z0-VE-30-9L=564-D-ZG2- Y =20r- = =

7o

" ed” = 45 24 08

OrBer:
IIpakTuyeckoe 3ansiTue Ne 16
Tema: Pemienue 3a1a4 C MOMOIIBIO OTPENICIICHHOTO UHTErpajia

Heas: Hayunts pemars 3ajauu ¢ HOMOIIBIO ONPEAEIEHHOT0 MHTErpaia JJisi BBIYUCICHUS 00BeMbI
¢buryp BparieHus
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TeopeTnyeckas 4acTb

— =-Inx
Jlana rtockast purypa, orpaHHYCHHAs! TUHUSIMHA * = 2, Y u ochr0 &

1) ITepeliTn k 0OpaTHBHIM DYHKIMAM U HAWTH TUIOMIAAb TUIOCKOW (DUTYpBI, OTPAaHUYCHHON JTaHHBIMHU

JIMHUSAMU, UHTETPUPOBAHUEM I10 IIEPEMEHHOMN >

2) BeruucnuTh 00beM Teja, IOIYYEHHOTO BPAIICHHEM TUIOCKON (PUTYpHI, OTpaHUYEHHON JTaHHBIMU

JIMHUSAMMU, BOKPYT OCH or

3TO0 mpUMeEp I CAMOCTOSTENFHOTO petieHus. JKenaroue TakKe MOTYT HAalTH TuIoIaab (GUrypol
«OOBIYHBIM» CIIOCOOOM, BBITIOJIHUB TEM CaMbIM IPOBEPKY MyHKTA 1). A BOT €CiH, TOBTOPIOCH,
O

BpAIICHUS C IPYTUM 00BEMOM, KCTATH, MPABUIHHBIN

(Zin®2—din 24 2med® m 0,59 28 .
OTBET (Toxe miig moOuTenel mopemars).

Oyzere Bpalarth IIOCKYI0 (PUTYypy BOKPYT OCH , TO TIOJYYUTCSI COBEPILLIEHHO PYroe TeJo

ITonnoe xe peHICHUC IBYX MPCAJIOKCHHBIX ITYHKTOB 3a/laHWA B KOHIIC YPOKa.

Ja, u He 3a0bIBaliTe HAKJIOHATH TOJIOBY HAIMPaBO, YTOOBI pa3o0paThcs B TeIaX BpallleHUs U B
npeenaax HHTerpupoBaHus!

XOTGJ’I, OBLIO YK€, 3aKOHYUTH CTAaTbI0, HO CCrOAHS ITPUHCCIIN HHTepeCHBII;’I IIpUMEpP KakK pa3 Ha
HaX0XICHUC o0beMa Tea BpalcHusA BOKPYT' OCU OpJAUHAT. CBexavox:

IIpumep 7

Boruncnuth 00beM Tena, 00pa30BaHHOTO BPAIIEeHUEM BOKPYT OCH or burypsl, orpaHIYeHHON
2

F= 7 _ .a
KPUBBIMU I+x" g y=x,

Pemrenue: BoInoaHuM uyeprex:

e R S A el o e D el e G el o B

----gx--m
1

---- o
1

B
1

AL e

e e e Qe cccpc e e s s s e s e e e aE e -

. :

FE v B

I[J'ISI OCJIN HaXOXIACHU A o0Bema Tena BpalICHUA 1OCTATOYHO UCIIOJIB30BAThH ITPABYHO IMOJIOBUHY

¢burypsl. O0e GyHKIUYU SBISIOTCS YETHBIMU, UX TPAQUKU CUMMETPUYHBI OTHOCUTEIBHO OCH or
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CUMMeTpuYHa U Hamia ¢urypa. Takum 0O6pazom, 3alITPUXOBaHHAs MpaBas 4acTb, Bpalliasch BOKPYT

ocu &Y , HETPEMEHHO COBMAJAET C JICBOM HEIITPUXOBAHHOM YACTBIO.

[lepeiinem k 0OpaTHBIM (YHKIUSM, TO €CTh, BEIPA3HUM «HKCBD» YEPE3 «UTPEKU»:
2 2

2
= =ltr === |21
1+ x ¥ ¥

y:xgix:ﬁ

¥

_ 2
O6paTuTe BHUMaHKE, 4TO IPaBoii BeTke napabonsl © ~ & cooTBeTcTByeT oOpaTHas

r=.] o o
byHKIus Y Jesoit HEHCIIONIb3YeMOH BeTKe MapadoJIbl COOTBETCTBYET 0OpaTHast

==
byHKIUSA Y . B taxux CIIydasx HepeJKO BOSHUKAIOT COMHEHUS, KaKylo ke (DYHKIIHIO
BbIOpaTh? COMHEHHMS JIETKO, Pa3BEUBAIOTCS, BO3BMUTE JIFOOYIO TOUKY MPABOM BETKH U MOJICTABBTE €€

X=a II,J’? = ‘\.,l.}?
KOOpJAUHAThLI B (I)yHKHI/IIO . KOOpIH/IHaTI)I nIoJoIIn, 3Ha4urT, (1)yHKIII/I$I 3aa1acT
MMEHHO IIPaBYIO BETKY, a HE JIEBYIO.

Teneps 3aMeyaeM 4TO:

r=

=t

— Ha OTpe3Ke [U’l] nag ocsio U7 pacnosoxeH rpapuk GyHKIUU

x=_—-1
— Ha OTpe3Ke [1:2] naz ockio ¥ pacronoxen rpacduk dbyHKImm ;

| e

JIoruyHO TPEATOIIOKUTH, YTO 00BEM TeJla BpaIlleHUs] HY’)KHO UCKATh YK€ KaKk CyMMY 00bEMOB Tell
BpalleHuit!

Ucnonszyem dhopmyny:

A
v =n] Ay

B nannom ciyuae:

1 2 2 1 2
V=V, = rrl(@ﬂcfymj[ f%— 1] dy =njydy+ﬁj{§_ 1de:
0 1 0 1

:"—;(yﬂ)|;+m:2my—y)|f :§(1—0j+f{(2]n 2—2—D+1):g+:’?‘(2]n 2—1):7:{2111 2—%]

= 7!{2]11 2—1] 2 w278 ga?
_ 2
OTtBerT:

Pemienue ynpaxxHeHui

Boruncnute 06beMbl Guryp, o0pazoBaHHBIX BpallleHHEM IJIOLIAIeH, OTpaHMYEHHBIX YKa3aHHBIMU
JIMHUSAMU:

1. y?=4x,y = 0,x = 4 Bokpyr ocu Ox
2. y=2x?-9,y = 0 Bokpyr ocu Ox
3. x—2y+6=0,y=0,x =2 Bokpyr ocu Ox
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x2

2
;+2/—2:1,y=01301<pyr0c1/10x
2 2
2_2_2/_2:1,y:0x=a,x=2aB0KpYI‘OCI/IOX

2 2

d +2’_2:1,x:0130}<pyroc140y

Cl2
x+2y—4=0,y=0,x =2 Bokpyr ocu Ox
y?=x,y=0,x =1,x = 4 Bokpyr ocu Ox
y? = 2(x +2),y = 0,x = 4 Boxpyr ocu Ox
10. y = x2 — 1,y = 0 Bokpyr ocu Ox

©ooN o g &

IIpakTuyeckasi pa6ora Ne 17

Tema: lccnenoBanus Ha SKCTPEMYM B 3ajJjauax Ha IUIOLIAM IIOBEPXHOCTEH (PUTyp BpallleHUs
Heas: HayuuTs pemarts 3a1a4n Ha HaXO0KIEHUE DKCTpEMyMa

Teopernveckasi 4acThb

IIpu pemeHun 3aga4 Ha DKCTPEMYM YyYalMeCs HEPEOKO HCIBITBIBAIOT TPYIHOCTH B
COCTABIICHMUH aHAIUTUYECKON 3amvcu (PYHKIIUH, OTIMCHIBAIONICH yclloBHE 3a1aud. [IpuanHoii sTOMy
4yacTo ObIBaeT HepalMoHAJIbHBIA BHIOOp He3aBUCHMOM nepemeHHOH. Ee jkenarenbHO BbIOpaTh Tak,
9T00BI 00Jiee KOPOTKHM IyTEM IMOJYYUTh AHATUTHYECKOE BBIPAKEHHE MAHHOW (DYHKIHUU M YTOOBI
BbIpa)keHHUEe ObLJI0 00Jiee MPOCTHIM.

Pemenue 3amaun Ha OThICKAHME HaMOOJBIIErO M HAMMEHBILIEr0 3HAYCHHUS T'€OMETPUUYECKON
BEJIMYMHBI C IIOMOIIbIO OOIIEro MeToja, OCHOBAaHHOI'O Ha NMPUMEHEHUU INPOU3BOJHOMI, HE Bceraa
ABJISICTCS PAaLMOHAIbHBIM. MHOrza K IeauM MOXKHO NMpUHTH ObicTpee M 0ojiee KOPOTKUM ITyTEM,
HCIIOJIB3YS DJIEMEHTAPHBIE METOIBI U IIPUEMBI.

3agaya Ne 1.

B oxpyxHocTh paguyca R Bmnmcana tpanemuss ABCD, ocHoBanue AB koTopoll sBisieTcs
TMaMeTpoM OKpyKHOCTU. KakoBa mopkHa OBITH JUIMHA OOKOBOM CTOPOHBI Tparelnuu, 4YTOObI
Tpanenusi UMea HauOOoIBIIYIO TIIOIAb?

Pemenne:

1 cmocob.

B 3agade Tpebyercs HailTu IIMHY OOKOBOM CTOPOHBI TpameluH, MpU KOTOPOW IUIOUIAIh
Tpaneuuu Oyaetr Haubonbiiel. Ee MOXXKHO MPUHATH 32 HE3aBUCHMYIO MIEPEMEHHYIO, 3aTeM depe3 Heé

u paauyc R OKpyKHOCTHM BbBIpa3uTh IUIOMIAAb Tpamnenuu. OOBIYHO ydalluecs pemialT TaKuM
CII0COOOM.
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b .0

2 croco0.
ITycTs BEICOTA Tpanenuu DH = x. 13 npsamoyromsHoro £40DH

(O — eHTp OKPYKHOCTH) HAXOUM: OH =-JR -1

3uaunt, HH = K+ R -x , ¥ TIOJTyYUM:

(o7 _ .2

= + -

A= (RH+AR"=27)% 1y 0 < x <R — mpoctoe 1o opme Bhipaskerne 115 dyHKImH S. OHAKO
BBIYKCIICHHE IPOU3BOIHOM TpeOyeT 6oiee CI0KHBIX BBIKIAA0K, YeM IPH PEIICHUH 3a/1a4H TIEPBbIM
CII0COOOM.

3 crmoco0.

ITycts BH = x, Torna AH=2R - x. 13 cBoiicTBa BBICOTHI IpsAIMOYroasHOro ?ABD nmeem:

DH = X(ER - x} H, CJICA0BATCIbHO,

S=x x(ER—x),R<X<2R.

I[ponsBonnas ¢pynkimu S? = 2Rx3 — X* HaxomuTCs MpoIIe, YeM MPH PEIIeHNHN 3a1a4H TIEPBBIM 1
BTOPBIM CIIOCOOOM. 3a/1auy MOKHO PELIUTh U 0€3 NCIIOJIb30BaHUs TPOU3BOIHOM.

Tax kak 3S? = (6R — 3x ) ‘x-x"X. B 1paBoii yacTul - Npou3BeicHNe MepeMEHHbIX, CyMMa KOTOPBIX
MIOCTOSIHHA M paBHa 6R. DTo npousBeaeHNe NPUHUMAET HauOoJIbIllee 3HAaUEeHHE B CIIy4ae UX
paBeHCTBa, T.€. X= 6R — 3x, oTkyzna

x = 3/2R. Ilpu stom AH=1/2R u AD=0OD=R.

4 cnioco0.

[lycTs LEBAL = x Torma BD=2Rsin?x, DH=2Rsinxcosx.

Haxonum:

S=4R?sin®xcosx, 45%< x < 90° ,

o1



t .. v
S =Dmpputgx = 3 , T.e. ipu X = 60° . OcTadTCcs cpaBHUTH 3HAUYEHHE GYHKINH S B KPUTHUECKOI
TOYKE CO 3HAYEHHSAMH Ha KOHIaX npomexkyTka [45°, 90°].

5 cmoco®.

BBenem He3aBUCUMYIO IEPEMEHHYIO LAOD = =, IUIOLIA (b TPAIELUH, paBHA CyMMe ILIOLIaen
tpeyronbHukoB AOD,BOC u COD. CnenoBateinbHo,

5= %Rﬂ(z sin x +sin{ 180" — 220,07 < 2 < 207

3amada CBOJUTCA K HAXOXKJICHHUIO HAUOOJIBIIETO 3HAYCHUS (PYHKIINU:
Flx)=2sm x+sam 2x

Ee npoussojmas Fixi=2cosx+ 2cos2x

cosx +oosl2x =10

0 0.
KpuTHYECKHe TOUKH TIOy9HM, PENINB ypaBHEHHE: '+ = 07 < x< 80

3agaua Ne 2.

B okpyxHocTh paguyca R Bnucana tpaneuus ABCD ¢ ocHoBanuem AB. IIpu kakoil juinHe CTOPOHBI
AD nomane Tpaneuuu 0yaeT HauboIbIIEH, ecliu

LAV = & 110 O - nentp oxpyxHOCTH?

Pemenne:

MyCTh LAOD = ZBOC = 1 [Inomans £AO0D:

SCAQD) = Rt
2 Haiiném mnomanu tpeyronsaukos: AOD, BOC nu COD.

L2000 =360" —(a+ 2x),

y’—II/ITI)IBaSI, qTOo MMOJIYyYHM:
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S=éﬂj(25mx—sm(ﬂ+2xj+sm &),

[IpoBeaém nuametp M? OKpyKHOCTH napajuieabHO ocHOBaHUIO AB Tpaneruu. [nomans Tpaneuun
HE MOXKET ObITh HauOoJbIIeH, eciii xopasl AB u CD OyayT jiexars 1mo oJHy CTOpOoHY OoT M?.

90" < x+ % <180 2020° < @ < 130"
[103TOMy ClIelyeT CUMTaTh, 4TO 2

Oyuknus S UMeeT HanboIbIee 3HAYCHNUE OJTHOBPEMEHHO ¢ (DyHKIHEH

Fix)=2sm x—sin{ @+ 2x),

(4

<x<1ent -2
>

gp° - &
5

Haiiném npousBoaHy0 3TOH (YHKITNH:

F(x) = 2(cos x — cos(@ + 2x)) = dsin cx;r o {'l'.;gx

C y4€ToM rpaHuI] U3MEHEHHUS X, TTOJIYIHM:

450 + E (ETE gpo &
4° 2 4
1350 ~ & (EF3X oqqo &

HJIN, HCCKOJIBKO pACIINPss I'PAHUIBI 9TUX ITPOMEIKYTKOB!

a+x a+sx

450 ¢ £135" an® < < 270"
Lot x
sin —— » 10, ) =0
CJ'IGI[OB&TGJII)HO, l'IpI/I BCEX I[OHyCTI/IMI)IX 3HAYCHUAX X UMCCM. 2 %1 f (x} TOraa U
@+3x 360" - @
= 180", X, = —— =
TOJNBKO TOTNA, KOTAa 2 OTKYy/a 3

j90° - @/ 180° - @/

Hrak, B npoMexXyTKe 2 2 pynxums f(X) HMeeT eIMHCTBEHHYIO KPHTHUECKYIO
TOYKY X0, B KOTOPOi{, TPOM3BOIHAS MEHSET 3HAK C IUII0Ca HA MUHYC. 3HAUUT, B 9TON TOUKe (DyHKIIHS
UMeeT MaKCUMYM, a 3Ha4HUT U UCKOMOE HanOoJblee 3HadyeHue. TakuM o0pazom, IUI0Iab Tparnenun
ABCD 6yzer naubonsiieii B Tom ciaydae, korga 1yru BC, CD u AD paBHbl 1

= ; o _a
AD = 2R sin{ 60 @.

IIpakTnuyeckas padora Ne 18

Tema: HpaBI/ma BBIYHCIICHHS ILIOIIAACH HOBCpXHOCTeﬁ (bHpr BpaluCcHus C IOMOIIBIO
OMMPCACIICHHOI'O UHTCTpajia
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Heab: HayunTh BEIYUCIATH C MOMOIIBIO ONPEIEICHHOT0 MHTETpajia MIoIaau MMOBEpXHOCTEH (huryp
BpallleHus

TeopeTnyeckas 4acTb

Paccmotpum prucyHok

A

B y=f(x)

>

-
Q—————

b X

UTO MOYKHO BBIYHCIUTE C IIOMOIIBIO OTIPEICIIEHHOTO HHTErpaja?
B nepByto ouepenb, KOHEUHO, IUIONIAAb KPUBOJIMHEMHON Tpanenuu.

Ecnu xe nannas ¢urypa Bpamiaercs BOKpYr KOOPAUHATHON OCH, TO pedb YK€ UAET O HAXOXKICHUU
00béMa Tesa BpalieHusl. .

Ha nanHom 3aHATHH MBI HAay4dYuMCs paCCUUTBIBATH eme OOHY XapaKTCPUCTUKY — emié OIHY IToIaab.

Ipencrasbre, uto muanns 5 gpawaemes Boxpyr ocu 0f B pe3yabpTaTe 3TOro IeUCTBUS
MOJTy4yaeTcsi TeoMeTpuyeckas purypa, Ha3plBaeMasi n08epXHOCMbIO épaujenus. B TaHHOM ciiyyae oHa
HaIllOMUHAET Takoi TOpIIOK Oe3 Ha T.€. C TEOMETPUYECKON TOUKH 3pEHHSI Halll «TOPILIOK»

UMeeT OecKOHeuHO MOHKYI0 CTEHKY U JIB€ TIOBEPXHOCTH ¢ OJJUHAKOBBIMHU IUIOIIAASIMUA — BHEIIHIOO U
BHYTPEHHIOI0. Tak BOT, BCE JAJIbHENIINE BBIKJIAAKN NOIPa3yMEBAIOT ILIOMAb TOIbKO BHEIIHEN
IOBEPXHOCTH.

B npsiMoyrospHO# cucTeMe KOOpauHAT IUIOMIA b ITOBEPXHOCTH BPAIICHHS PACCUUTHIBACTCSA T10
bopmyre:

a a
P=2n f(x) 1+ (720 dr P=2r|yafl+ () dx
a UJIH, €CJIU KOMIIaKTHEE: 2 .

K ¢pynkunu u e€ npousBoIHON NPEABABIAIOTCA TE K€ TPEOOBAHMSI, YTO U MPU HAXOXKIECHUU JUTUHBI

Ayru KpHBOfI, HO, KpOMC TOI'O, KprUBad AL JOJIKHA pacniojiaraTbCa BbIIIC OCU 24 . 910

Xl
cymiecTBeHHO! HeTpyTHO MOHATH, UTO €CJIM JIMHUS PACITIONIaraeTcs MO OChI0 (f(x) <0) ,

o FE TR <0
TOIO/IBIHTErpasibHas PYHKLUS OyeT OTpULaTeIbHOM: , A TIO3TOMY K
(I)OpMYJ‘IC HpI/I,Z[éTCSI ,Z[O63.BI/ITB 3HaAK «MI/IHyc» I[a6LI COXpaHI/ITB FCOMeTpI/I‘-IeCKI/Iﬁ CMBICJI 3aJa4Yn.

Paccmotpum durypy:
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[Inomaae moBepXHOCTH TOpa
B nByx cioBax, Top — 310 OyOIHK.
IIpakTuyeckas padora Ne 19

Tema: PemieHue 3a1a4 ¢ TOMOILIBIO ONPEAEIEHHOrO MHTErpaia JJis BBIYUCICHUS UIOAAEH
MOBEPXHOCTEH QUTYp BpaIICHUS

Hean: Hayuuts pemars 3a1a4u ¢ IOMOILIBIO ONPEAEICHHOIO MHTETPpaIa Ul BBIYMCIICHUS IUIOLIANeH
MOBEPXHOCTEH (PUTyp BpaIieHus

TeopeTn'{eCKaﬂ 4acTb

Brerancaurts IIomaab IMOBEPXHOCTH TOPA, IIOTYYEHHOI'O BpalllICHUEM

2 2
OKpPYKHOCTH -3 =1 BOKpPYT OCH X

2 3 _
Pemenue: ypasuenue * -3 =1 3aJ1a€T OKPYKHOCTb €IMHUYHOIO Pauyca ¢ IIEHTPOM B

TOYKE (03 . [Ipu 3TOM JIETKO MOIYYIHUTh JBE PYHKIIHH:
-3 =1-x
y—3=+1- 5
p=3441- 2

— 3a71a€T BCPXHIOKO ITOJTYOKPYKHOCTD;

— — —_— 2 ..
y=3-A1-x 3a/1a6T HIDKHIOK MOJyOKPYKHOCTB:

;
i
j
;
;
;
i
;
;
;
;

-y

CyTb KpHCTaIbHO MPO3pavyHa: OKPY>KHOCTh BPAIIAETCsl BOKPYT OCH abcuucc 1 o0pasyeT
nosepxnocmu 0yonuka. EqMHCTBEHHOE, 3/1€Ch BO N30€KaHKe IpyObIX OTOBOPOK CJIEyET MPOSIBUTH

2 2 _
aKKypaTHOCTb B TEPMUHOIOTHHN: €CJTH BPAMIATh KPYT, OTPAHUUEHHBIH OKPY/KHOCTBIO -3 =1
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, TO TIOJYYHUTCSI TEOMETPHUYECKOE TeI0, TO €CTh caM 0yosmk. U cefiuac pa3roBop o miomiam
€ro MOBEPXHOCTH, KOTOPYIO, HY)KHO PACCUUTATh KaK CyMMY TUTOIIAICH:

Haiiném noiaap moBepXHOCTH, KOTOpas MOJIy4YaeTcsl BpAlICeHUEM «BEPXHEI»

B= z;rriyﬁh + (Y dx

_ P
ayru ¥ T 34Al-x BOKpYT ocu abcuucce. Mcnonbszyem popmyny 2

_ f4_ 2
Bepém dyrkmumio » 3Al=2" HaxoJuM €€ IIPOU3BOJHYIO!

1
=3+ 1-x) =0+ ——(1- %)=
RN we i

Jlanee MakCUMaIbHO YIPOIIAeM KOPEHb:

1 x

(0—2x)=—

N T -2

2

2
- x x -zt + 5 1
S+ =\/1'{_ QJ =*\’1+1 7 =~J 7 - 2

1-x —X 1-x 1-x

W, nakoner, 3apsokaem pGSYJIBTaT B (hopmyiy:

E?T_I.y«,l'l+(y'j2dx—2ﬁ_|.(3+m"1— ;.Jl_.:fx_z 23?i{%+1}dx=
X il -

= d7r(3arcsin x + x)|g =47 3arcsinl +1- (0407 = 47{3- gﬂj =67+

2) Haitném momiaib MoBepXHOCTH, KOTOPAsi MOJIy4aeTCs BPAIIEHUEM «HUKHEH»

yp=3-.1-7 o
IyTH BOKpYT ocu abcuuce. Bee aelictBus O0yayT oTiin4yaThesi PaKTUIECKH TOJIBKO
OJIHMM 3HAKOM.

E= zﬁiy,hﬂy’)ﬂdx: zni (3—af1-x7). J1+((3—J1— 0 dx =

! 1 2 1 T
=2:'T:I-1(3_ wl—xgj-\llﬁ-[ﬂ—ﬁ[ﬂ—Ex}J dx=2;?1':|-{3—«..'1—x3].mdx:

1
:2?T-|.(3—ﬂnll—x2)_ 14+ fix—gj‘?'-llliB |'1_ :I || x +X dr=2. 2}1']-(3 :[,l _7;2:"111?5:
n 0 1-x

1
3 . 1 . T
=4 —1|dx = dmZarcsin x— x) :4ﬂ'(3ar|:sm1—1—(0—0)):47{3-——1]:67?2—4??
'!(m'l—xg J |D 2

3) Taxum oOGpa3om, IIOLIA/lb TOBEPXHOCTH TOpPA!
P=FB+ 5 =6m +4m+6m° —dmr=127°

P=127 e =118 44 28°

OTBer: ‘[Ipumep 2

2 _
BEIUKCIUTE MITOMAAb TTOBEPXHOCTH TEINA, TIOMYdEeHHOTO BPAIIEHHEM Mapabomsl © — * BOKPYT

0)¢ 0= x=4

OCH Ha MPOMCIKYTKEC

Pewenue: sviuucaum niowadb no6epxHocmu, 00pa308aHHOU 8paueHuemM GepxHeli

P= 2;ariyﬁh + (" dx

80Kpy2 ocu abcyucc. Mcnonv3yem ¢popmyny 2

y=Alx

eemeu
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B oaunom cnyuae:

T o - 1+ \{H 4x+1 _ N4zl
4r 4x 2

Taxum 06pa30M:

P=2?T-i-ynfl+{y'}2dx=2ﬁlwf— "4? ci'x—?r-l-af'4x+ 1d _—j(4x+1)2.:fr;4x+1;._

—"’Tj% (4x+1)2 |E, ——-«|'(4x+1)3|3 =%-(ﬁ—ﬁ)=%-(l?ﬁ—1)

P=%(1Tﬁ—l}eag. w3618 0%,

Omeem.

IMpumep 1. Haiigem muioma s moBepXHOCTH Iiapa paaunyca fi.

Pewenue. IlomectuM HaYaJI0 KOOPJIMHAT B LIEHTp Iapa. byaem paccmaTpuBaTh TOBEPXHOCTH IIapa

i =Y
KaK OBEPXHOCTh, MOJIYYEHHYIO B PE3YJIbTATE BPAIEHHS IIOIYOKPYKHOCTH L +y =R BOKpYT
ocu Oz, Toraa mromiaas MOBEPXHOCTH IIapa HaaeTcs Mo hopmyie

R
?rfy\/md;t.

-k

Tax kak ¥ = V B2 = 2% __ gycns wernas, o
R
?r/yw 14 (y")2dx.
0
' — ? R?

¥y = 1+(y) =1+ =
Haiinst R? — 22 4 pprncoms CyMMY () R? — 12 R? — 2 nonyunw:

Pemenue ynpaxHeHuit

1.Onpenenuts mIomaab MOBEPXHOCTH apabosionia, 00pa30BaHHOTO BpallleHHEM AyTH napabosibl =
BOKpyr ocu Ox oT x =0 10 X = 2.
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2.Haiit muiomnaap MOBEpXHOCTH, 00pa30BaHHON BpalieHneM BOKpYT ocu OX Iyru OKPYKHOCTH
(x — 4)? + y? = 367 3aKxII04EHHON MEXY TOYKAMU

A(2;42), B(4:6)

3.HaiiTu muomaas NoBepXHOCTH MIAPOBOro Mosica, 00pa30BaHHON BpallieHueM Bokpyr ocu OX Ayru

okpyxHOCTH X2 + y? = 16. 3akmouenHoit Mexy Toukamu A(2; 2v/3), B(3;V7)

4.HaiiTH 11011131 TOBEPXHOCTH MIAPOBOTO M0sica, 00pa30BaHHOMN BpalleHreM BOKpyT ocu OY ayru
oKpyxkHOCTH X2 + y? = 25, 3akmouenHoil Mexay Toukamu A(4; —3), B(3; 4)

5.Haiity miomaas HOBEpXHOCTH, 00pa30BaHHOM BpaiieHreM BOKpyr ocu OY IyTH OKPYKHOCTH X2 +
(y — 2)? = 25. Baxmouennoii Mexny Toukamu A(2v6; 1), B(4; 5)

6.BorunicnuTe miomaab MOBEpXHOCTH, 00pa30BaHHOMN BpalieHneM BoKpyr ocu OX nyru

napaGonbiy? = 4x, orpanudeHHoi Toukamu 0(0;0)) A(3;2v3)

7.BeramcnuTe Mmiomaab MOBEPXHOCTH, 00pa30BaHHON BpalieHneM BOKpyr ocu OX myru
napa6onely? = 9x, orpanudenHoi Toukamu 0(0;0)) A(4; 6)

IIpakTnyeckoe 3ansaTue Ne 20
Tema: OmnpeaeneHue KOMIUIEKCHBIX YHCEI B aJireOpandeckoi hopme
Hean: M3y4ynTh NOHATHE YKCIIA, KOMIUIEKCHBIX YUCET.
Teopernyeckas 4yacrb

OnHUM U3 OCHOBHBIX OHSITHH MaTeMaTHKH SBJISCTCS OHATHE YuCld. DTO MOHATHE TPOILIO
JUTUTENILHBIN TYTh Pa3BUTHS, 000TaIIasCh HOBBIM COJIepKaHueM. VICTOpHUECKH TIEPBBIMU BO3SHHUKITU
B TIPAKTHKE ¥ ObUTH BBEJICHBI B HAYKY HAMYPAIbHble YUCAd, KOTOPBIC SBIISIOTCS HHCTPYMEHTOM JUISI
cueTa KOJIMYECTBA OTJCIBHBIX MPEIMETOB, HAPUMEP KOJIMUYECTBA NaNbIeB Ha pyke. OHU 00pa3yroT
0ECKOHEYHOE MHOKECTBO, KOTOPOE MPUHATO 0003HayaTh OykBOMl N.
3aTeM BO3HHKJIIAa HEOOXOAMMOCTh BO BBEJICHUH JI0OJICH STMHUIIBI 1 KOJIMYECTBA ITUX JOJICH
(Hanpumep, U1l U3MEPEHHS JUTHH OTPE3KOB), T. €. OBUIO BBEICHO TaK HA3bIBAEMOE OPOOHOE HUCIO0.
Jlanee Te ke MOTPEeOHOCTH U3MEPEHUS IPUBEIN K HEOOXOIUMOCTH BBEIICHUSI OMPUYAMENbHBIX YUCET
(HanpuMep, ecii 3a HaYaJio OTCUeTa OepPeTcsl ypOBEHb MOPS, TO JJISi OTMETKH MOJIOKEHUSI TOPBI
OepeTcst nooHcumenbHOe YUC10 — BHICOTA TOPHI, A JUTT OTMETKH TIOJIOKEHHS TITYOUHBI MOPST —
ompuyamenvhoe yucno). llenpie oTpuIIaTeIbHbBIC YMCIIa BMECTE C HATYPAIbHBIMU YHCIAMHU U YUCIIOM
0 00pa3yroT MHOXKECTBO yenblx yucesn, 0003Hadaemoe OykBoi Z
MHO0XECTBO, COCTOSIIEE U3 BCEBO3MOMKHBIX TOJIOKUTEIBHBIX M OTPUIATEIBHBIX HENbIX U IPOOHBIX
qrcen 1 yucna Q, Ha3pIBAaeTCsl MHOKECTBOM PAUUOHANBHBIX U cen U 0003HadaeTcsi OykBoit Q.
Ouesnnno, uto N CZC Q.

[ToTpeOHOCTH MPAKTUKH, & TAKXKE BHYTPEHHUE TPEOOBaHHSI CAMOI MaTEMAaTHKH, €€ JIOTHYECKOTO
pa3BUTHSI, TOKA3aJId HEJJOCTATOYHOCTh MHOXECTBA PAIMOHATBHBIX YHCEIT JIJIS PEIICHUS Pa3THUHBIX
3ama4. Hampumep, 1aHo ypaBHEHHE x° = 2,

win x = v2 . Ho ne CYIIECTBYET TAKOTO PAllMOHAILHOTO YUCIIa, KBaIpaT KOTOPOro paBeH 2. Takue
qucia MOJyYHId HE3HAHUE UPPAUUOHAIbHBIX YUCEl.

[TosToMy mosiBHIIaCh HEOOXOJMMOCTH CO3/1aTh HOBOE PACITMPEHHOE MHOKECTBO YHCEN, B KOTOPOM
JUTSL KKJIOM TOUKH YUCIIOBOM OCH HAXOAUJIOCH OBl YMCIIOBOE 3HAYEHHE U B KOTOPOM PEIIaioch ObI
mo0oe ypaBHEeHHE BUAa X" = a.
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Takoe MHOXKECTBO MOJTYYHIIO HA3BAHUE 8EU{ECHIBEHHBIX(0EliCMEUmMENbHbIX ) Yucen 1 0003HAUaCTCA
6ykBoii R, mpruem Q C R.

Pa3BuTHe HayKu U MPaKTUKU NTOKA3aJI0 HEJOCTATOYHOCTh BBEICHHOTO MHO>KECTBA BEIIECTBEHHBIX
qrcel.

Hanpumep, nase Takoe mpocTeiilee KBaApaTHOE ypaBHEHHE, Kak x> + 1 = 0, He UMeeT pelIeHus B
MHO’KECTBE JACHCTBUTEIBHBIX YHCEN, TAK KaK HE CYIIECTBYET TAaKOT0 ACHCTBUTEIHLHOTO YUCIIA d, YTO
a® + 1 =0. DTo OKa3bIBAET HEOOXOAMMOCTD JAGHEHIIIEr0 pacIIUpeH s MOHATHs uncia. Kpome
TOT0, TAKHE HAYKH, KaK JJIEKTPOTEXHUKA U Pa3INIHbBIE pa3/ieibl (PU3HKH, PACCMATPUBAIOT BETMYHHBI
CJI0KHOM TIPUPO/IbI, KOTOPBIE HE MOTYT OBITH OXBAYEHBI MOHSITHEM BEIIECTBEHHBIX YHCE.

B c¢Bs13u ¢ 3TUM BO3HUKIIA MOTPEOHOCTH HOBOTO PACIIMPEHUS MOHSATHUS YHCTIA.

Hranesackue matematuku X VI B. k. Kapmano u P. bomGennu, pemras kBagpaTHbie ypaBHEHUS

Buja x° + a® = 0, BBenu B paccMoTpeHue cumBoil ¥ — 1 xoropsrii B XVIII B. netepOyprekuit
martematuk JI. Diinep(1708-1783) 0603naumn uepes i, PopmanbHOE pelienne ypaBHeHus x> + a® = 0

X +a+/—1

IIPH UCIOJIB30BAaHUU 3TOI0 CUMBOJIa CBOOAUTCS K TOMY, 4YTO -2 - HJIN, UCIIOJIb3Y:

(v X = i -
o0o3HaueHue Ditnepa, 12 al.

Takum 006pa3oM, BO3HHKAET HEOOXOIUMOCTh B PACIIMPEHUH MHOXKECTBA JIEHCTBUTEILHBIX YHCEI JI0
HOBOT'O MHOKECTBA, TAKOTO, YTOOKI B TOM MHOYKECTBE yPaBHEHHUs BHAA x> + a = OMMeNH peleHus.
Hyke MBI U3JI05KUM KPATKYIO TEOPHIO TAKOTO PACIIMPEHUSI.

Komnnexchvim uuciom z Ha3bIBae€TCs BRIPAKCHHUE BUAa a+bi, a , p—CHCTBUTEIILHBIE YHCIIA, &
CHMBOII | YIOBJICTBOPSET YCIOBHUIO | = - 1
YKCII0 a Ha3bIBAETCS 0eUCMEUMenbHOU Yacnbio KOMIUIEKCHOIO YUCIIa, bi — muumon vacmoio, i—
MHUMOUL eOUHUYell.
MHO0KeCTBO KOMILICKCHBIX Yrcen obo3HavyaeTcs oyksoii C.
3aMeTHM, 9YTO MHOXKECTBO R JI€HCTBUTEIBHBIX YUCEN COAEPIKUTCS B MHOKECTBE KOMIUIEKCHBIX YHCEN

C: R CC . B camom ziernie, BCSKOE JCHCTBUTEIBHOE YHCIIO ¢ MOYKHO PACCMATPHBATh KAK
KOMILIEKCHOE uncio Buaa a+0i.

KommuiekcHbie unciia Buaa binaseiarorcst wucmo muumvimu. OHE MOTYYArOTCS U3 KOMILICKCHBIX
yucen z1 = a + binpu a = 0.

JIBa KOMIUIEKCHBIX YHCIa Z1 = a + bi u Zo = ¢ + di Ha3BIBAIOTCS PaHbLMU, €CITH,
COOTBETCTBEHHO, PaBHBI X JEHCTBUTEIbHBIC YACTU U KOIPPUIIMEHTHI PU MHUMOMW €AUHHUIIE, T. €.
ecim a = ¢, b=d.

KommiekcHoe uucio z = 0 + 0i Ha3bIiBaeTcs HyJeM U 0603Ha4daetcst gyepe3 0. OHO coBIagaeT ¢
YHUCJIOM HYJIb MHOKECTBA JIEUCTBUTENBbHBIX uncel. Takum obpazoM, z = a + bi = 0 Toraa u TOIbKO
torna, koraa @ = 0 u b= 0, wm, 4To To Xe camoe, koraa a’+ b?= 0.

KomruiekcHbie uncna a + bi u a — Di Ha3pIBarOTCS KOMIUIEKCHO-COTPSKEHHBIMHU.
Uuncno, KOMIUIEKCHO-COTIPSHKEHHOE YHCTY Z, 0003HavaeTcs uepe3 Z . Tak,ecnuz=a + bi, 70 Z =a
— bi, eciu ke z=a — bi, T0 Z = a + bi. [loHATHE CONPsHKEHHOCTH B3auMHOe. Hanpumep, st

KOMILUIEKCHOTO YHcia Z = = -2 + 41 KOMIUIEKCHO-COTIPSKEHHBIM SABJISCTCS KOMILICKCHOE YUCIIO Z = -
2 - 4i; TOYHO TaKKe I KOMIJICKCHOTO Yncia -2 - 4i KOMIUIEKCHO-COTIPSKEHHBIM SIBJISIETCS YHCITO -2
+ 4.

IIpakTnuyeckoe 3ansitue Ne 21
Tema: KommiiekcHbIe yncaa U MX TE€OMETPUUYECKAs] HHTEPIIPETaIUs
Hean: N3ydnTh NOHATHE KOMILJIEKCHAS TNIOCKOCTh
Teopernyeckas 4acTb

KomrnekcHoe uncio z = a + bi TeOMETPUYECKU MOYKHO MPEICTABUTh TOUYKON KOOPAMHATHOM
mockocTu Oxy ¢ koopauHaTamu a, b (puc. 1).
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HHOCKOCTB, ClIyzKamas ajid I/I306pa)KeHI/ISI MHOXECTBA KOMIIJIICKCHBIX YHUCCJI, HA3bIBACTCA
KOMNAeKCHOU niockocmuio. Tak Kak 1000e KOMIUIEKCHOE YHCII0 €IMHCTBEHHBIM 00pa3oM
OIMPCACIIACTCA CTrO ,Z[eflCTBHTeHBHOfI U MHUMOU HJacCTsAMHU, TO KAXKIOMY KOMIIJICKCHOMY YHCITY B
KOMIUIEKCHOW TUIOCKOCTH COOTBETCTBYET €IMHCTBEHHASI TOYKA HA TUIOCKOCTH. OUYEBUIHO, UTO
CIIPaBENIUBO ¥ 00paTHOE YTBEPKACHHUE: KaX 01 Touke (x; ) ockoctd Oxy COOTBETCTBYET
€IMHCTBEHHOE KOMIUIEKCHOE YHCJIO0 z = X + VI

L 3 3
¥
4V .
l}.
z
b »
z 0 X

B

) —

\ ! \ z

O a X 8] A X
Frc. 1. Frc. 2. Frc. 3.

Taxum 00pa3oM, MeX1y MHO)KECTBOM KOMILIEKCHBIX YUCEI U MHOYKECTBOM TOUYEK IIIOCKOCTH
CYLIECTBYET B3aUMHO-OJJHO3HAYHOE COOTBETCTBUE. [Ip1 3TOM COOTBETCTBUU BCAKOMY
aeiictButenbHOMY 4nciy z = a + 0i coorBeTcTByeT Touka A(a; 0) ocu abcuuce, a BCIKOMY YHUCTO
MHEMOMY drcity z = 0 + bi — Touka B(0; b) ocu opaunar. Yuciy z = i coorBerctByeT Touka C(0; 1)
(puc. 2). Ecnu kaxx10if Touke M KOMIIJIEKCHOM IJIOCKOCTU IIOCTaBUTh B COOTBETCTBUE PAJANYC-BEKTOP
OM >TOH TOYKH, MEKY MHOKECTBOM KOMIUIEKCHBIX YHCEIl MHOKECTBOM PaJInyC-BEKTOPOB MOYKHO
TaK)X€ yCTaHOBUTh B3aUMHO-OJHO3HauYHOE cooTBeTcTBUE. Och Ox OyJeM Ha3bIBaTh OelcmeumenbHou
ocvio, a 0cb Oy— MHUMOU.

W3 onpenenenunst KOMITJIEKCHO-CONPSDKEHHBIX YMCEIT CIIEAYET, UTO YUCIa Z M Z Ha KOMILJICKCHON
IUIOCKOCTH PACIOI0KEHbl CHMMETPHUYHO OTHOCUTENBHO JIEHCTBUTENBHOM ocH (puc. 3).
Panee MBI OTMETHIIHN, YTO KBAJAPATHOE ypaBHEHHE ax°+ bX + ¢ = 0, 1 KOTOPOTo AUCKpHMUHAHT D
= b% - 4ac < 0, B MHO)ecTBe R (1eHCTBUTENBHBIX YHCEN) HE HMEET PENIEHHNs, TAK KaK KOPEHb U3
OTPHIIATEIILHOTO YHCIIa B ’TOM MHOXKECTBE HE UMEET JICHCTBUTEIHHOTO 3HaueHus1. OHaKO B
MHOXkecTBe C (KOMITJIEKCHBIX YHCEN) TAKOe YPAaBHEHUE UMEET J1Ba KOMIUIEKCHO-CONPSKEHHBIX
pemenus. B camom niene, mycTh JaHO KBaJpaTHOE ypaBHEHHE

ax’*+bx+c¢=0
npuuem D < 0.
Pemienus 3Toro ypaBHeHUs

—-b+/D
X1,2 o —
2a
npeaACTaBuM B BUIC
—b+D —b+tJ-1-/—D —b+iJ-D
2a 2a 2a

X2 =
rae y)Ke_ D> 0 ,a HOTOMy v—D CCThb HeKOTOpOC I[CI‘/’ICTBI/ITCJIBHOC YHUCJIIO.
Crie10BaTeNbHO, PEMICHUSIMH KBAIPATHOTO YPAaBHEHUS OYIYT JBa KOMIUIEKCHO-CONPSKEHHBIX YHCIIa

—b +ivVdac - b’ _ —b—iV4ac-b’

B B 2a

X
1 1
2a

Mpumep 1. Pemuts KBagpaTHOE YpaBHeHHE 2X "-6x+9=0,
Pemenue. Haxogum:

. _6%4/36-72 6% —36_6i6i_§(1+0
! 4 4 4 25

Takum 00pa3om, pereHus IMA JaHHOTO KBaAPATHOTO YpaBHEHUS OYIyT 1Ba KOMIIJIEKCHO-
CONPSKEHHBIX YUCIa
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3 3
X, ==(1+i) x,==(—1)
175 " 275

I/ITaK, B MHOKECTBE KOMILJICKCHBIX UHCell J1000¢e KBaApPAaTHOC YPABHCHUC NMCCT PCIICHUC.

IIpakTnyeckoe 3ansiTue Ne 22
Tema: JleficTBuS HaJ KOMIJICKCHBIMH YHMCIIAMH, 33/IaHHBIMH B allTeOpaniecKoM BUIC
Heas: Hayuntbes npon3BOIUT apH(PMETHIECKHUE ONIEPALMU HAJl KOMIUIEKCHBIMH YHCIIaMU.

TeopeTnyeckas 4acTb

HeﬁCTBHH Haa KOMIIIECKCHBIMU YHCJIaMHU OIIPEACTIAIOTCA TAaKUM o6pa30M, YTOOBI JJIA 4aCTHOI'O
ciydas I[CﬁCTBHTGJII:HLIX YHXCCII OTU OICpali COBIaAaIn ¢ U3BCCTHBIMU OIICpAllUsIMU HAl HUMMU.

z,=a,+bjiy z,=a,+b,i

CyMMa Z KOMIUJICKCHBIX YHCEIl 27 ONpeacCIACTCA KaK KOMIIIICKCHOC YHCIIO

z=(a,+a,)+(b, +b,)i z2=12,+1,

. Ero o6o3nauarot
Takum o6paszom,
z,+z,=(a,+a,)+(b +b))i (1)

B wactaocty, ecim £ =0a+bi 1o Z=a-bi nostomy Z+tZ= 20 | crienoBatenbHO, cymma
KOMNJIEKCHO-CONPANCEHHBIX YUCEL eCMb HUCI0 Oeticmeumenbroe. OIeparfio CII0KESHHS JIETKO
pacrpoCTpaHUTh U Ha CyMMY JIFOOOT0 KOHEYHOI'O YMCIIa KOMILICKCHBIX yrcen. Tak, eciu

z, =a, + b Lz, =a, +b,i .., Wa=a, +b,i

.
TO
z,+z,+..+z,=(a,+a, +..+a,)+(b, +b, +..+b,)i )

Mpumep 2. Haiiti KOMIUTEKCHOE 9HCII0 Z U3 paBeHcTBa 2+31=2+4+1

Z=x+yi 243i=x+yi+4+i

Pewmenue. [Iycts .Torma

U
243 =(x+4)+(y+1i

JIBa KOMILJIEKCHBIX YHCJIa PaBHBI TOTJA U TOJIBKO TOT/Ia, KOT/Ia COOTBETCTBEHHO PABHBI UX

JEWCTBUTENbHBIE U MHUMBIE YacTu. Cle10BaTeIbHO,

x+4=2
y+1=3.

PeIuB 9Ty cHCTeMY, HaXoauM X = - 2; y = 2. Takum obpazom, Z = —2+2i
Boiuumarnue 08yx KOMNIEKCHBIX YUCeN ONpeoensiemcs Kak onepayus 00pamuas cioiCeHur.

Kowmmexcroe uncio Z = d+bi paspisaercs pasnocmuio xommexcusix uncen 21 = a1+ biiy

z, =4a, +b2i, ecmm Z1=%, 12
Pa3HOCTb KOMITJIEKCHBIX YHCEII Z1 U Z2, 0003HAYAETCS Z1- Z2-

U3 onpenenenus cneayert, 4to
z,—2z,=(a,—a,)+(b, —b,)i 3)

B gacTHOCTH,

z—z=a+bi—a+bi=2bi
Ymuosucenue 1ByX KOMIUIEKCHBIX umcen 21 = i+ biy z,=a, +b,i
obOpazoM:

z,z, =(a,a, —bb,)+(a,b, +a,b,)i (4)

OonpeaAcCIACTCA CICAYIOIIUM

OTcroza cieyer, uTo ABa KOMIUIEKCHBIX 4ncia Z1 = a + b u z2 = ¢ - di MOXXHO yMHOXATh 110

TIpaBUITy YMHOKEHHS MHOTOUJIEHOB TIPH yCJIOBUH, 4TO i2 = —1.B camom Jere,
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z,z, = (a+bi)(c+di) = ac + adi + bci + bdi* = (ac — bd) + (ad + bc)i

— : = _ 42 2
(cpaBHHTE pe3ynbTarT ¢ onpeaenenneM (1)). B wactrocty, ecin Z =0 +bito z-Z=a” +b"

Zl=3+2iI/I z, =—1-i

IIpumep 3. Haiitu npousBeieHne KOMIUIEKCHBIX YUCEI

Pemmerte, Ouesmio, wro %122 = (3+20)(—=1—i) = —3-3i = 2i =2i" = -3-5i - 2(~1) = ~1-5i

ﬂeﬂenue BBOAUTCA KaK IIGfICTBPIG, O6paTHOG YMHOKCHHIO. Yacmuvim om OeneHusi KOMIIEeKCHO20

z,=a,+bi z,=a,+b,i#0 z, =a, +bi

yucaa -1 1" Ha 4ucio Hasvleaemcs KOMNJIeKCHoe YUcio makoe,

ymo Y1 =% % e,

ar+ b1i = (az+ bz i) (ax+b2i).
Ortcro/1a Ha OCHOBaHUU paBeHCTBA (4.4) moayyaeMm:
a, =a,a, —b2b3; b, =a,b, +a,b, (5)
Pemas cucremy ypaBHeHwHii (5) OTHOCUTENBHO a3 ¥ D3 HAXOUM:
_ a4, +b1b2 _ azbl _albz
a,’ +b,’ ’ a,” +b,’

a,

2 2 — 1
npruem, 4° +b* # 0 Tak kak no yenopmo 22 = @ +bi #0

2z, _aa, +bb, a,b —ab, ;

. Takum oOpazom

2 2 2 2
z, a, +b, a, +b, (6)
a, +b,i
a, +b,i
PaBeHCTBO (6) MOJKHO MOJIY4UTh IIyTEM YMHOXEHUSI YUCIUTEIIS MU 3HAMEHATENA ApoOu
YUCII0, KOMIIIEKCHO-COIPSKEHHOE 3HAMEHATENIO.

Ha

1 . 1.
z, =—=3i z, =2+4+—i
IIpumep 3. Haiit 9acTHOE OT J€NEHUS KOMIIJIEKCHOTO YUCIIa 2 Ha YKCIIO0 3

Pemienne. OueBHUIHO, YTO

1o (Logitoc ) ol e 1+ llion [+l
3
z, o 7 |2 3)__ 6 _ 6) L 6)_ 45

T PV P 44! a4l 4+l
3 9 9 9

Boseeoenue xomnnexcrozo uucia %= a+big cmenens n (n € N) paccmampusaemes xax wacmuviii
CIYYaUl YMHOMCEHUsSL KOMNJIEKCHBIX YUCE.

2'=2-2-2-... 2 (n pas) (7)
Haiinem HatypasibHbIe CTEIIEHH MHUMOW eMHUIB! I. Ha ocHOBaHuUM paBeHCTBa (4) mMosrydaem:
it=—1 P=iti=—p i*=i" it = (D)D) =L i =it =it =it =L =it =

it =it =1

1 BooO1IIE

i4n — 1; i4n+1 — i; i4n+2 — _1; i4n+3 = —i;

rje n — I00e HaTypalbHOE YUCIIO.

Mpuwmep 4. Haittn 7
Pemenme. [Ipu nenenun uncna 59 Ha 4 umeem: 59 = 14 « 4 + 3, nosTomy

1-59 — i14‘4+3 — (1-4)14 A 1-3 — i3 — _1

[IpenocraBiisemM NpoBEPUTH CAMOCTOSITENIBHO, YTO ISl KOMIUIEKCHO-COTIPSIXKEHHBIX YNCEeT
BBITIOJTHSIOTCS CIIEYIOIIE PABEHCTBRA:

'S
242y, =242, 2, =2, =2, — Ly Z,°Z, =21, Z, Z, .(8)
2



IIpakTuyeckoe 3ansiTue Ne 23
Tema: Tpuronomerpuueckas ¢popmMa KOMIUIEKCHOTO YHCIIa
Heab: M3yunTh NOHATHE KOMIUIEKCHOTO YHCIIA B TPUTOHOMETPUYECKOM (hopme.

TeopeTnyeckas 4acTb

Z

Kak roBOpHIIOCH BbILLIE, KOMILTeKCHOE uncio 2 —X 1Y ynoGro usobpaxars touxoii M (X )

MOXHO TaKKe TaKOe YHCII0 OTOXKAECTBIATH C paanyc-BekTopoM 31oit Toukn OM ={x. ¥} TIpn
TaKOW MHTEPIPETALNHU CII0)KEHHUE U BEIUNTAHUE KOMILJIEKCHBIX YHCET MPOU3BOAUTCS IO MPaBUIaM
CJIOXKEHUS U BBIYMTAHUsSI BEKTOPOB. J[JI1 yMHOXKEHHS U IeJICHUS KOMIUIEKCHBIX YHcell 0oJiee y100HOM
OKa3bIBaeTcs apyras Gopma.

BBeaéM Ha KoMILIeKcHO mwiockoetn OXY nonsipyto cucremy koopausar. Torna
M(x,y) =M (0, 9) e X =pCosg Y =psing y vomnnexcuoe uncno £ =X 1Y yoxno
3aIIucaTh B BUJIC:

z =p(cosg +ising)

Oty hopMy 3alUCH HA3BIBAIOT TPUTOHOMETPUYECKOH (B OTIIMYHKE OT anrebpandeckoil popMmbl
Z =X+1Y) Bsroii popme uncio © naspisaror Moxysem, a ¥ — apryMeHTOM KOMILIEKCHOTO 4HCiIa
Z . Onn o6osnavarores: © =71, ¢ =Argz, Jlnst Moyist umeeM hopMyITy

7| =x" +y’ =z z

.. o
AI)FYMCHT qucia onpeacjicH HCOAHO3HAYHO, a € TOYHOCTBIO 1O ClIaracMoro 2w n ) n°®Zz .

- <
3HayeHHe apryMeHTa, YI0BJIETBOPSIOIIEr0 HEPABEHCTBAM ~ 7¢ <¢ =w

arg z Argz

, HA3bIBACTCs I''TaBHBIM U

o0o03Hauaercs . Torma =argz+27n n€N | JIng rnaBHoro 3HaYEHHS apryMeHTa MOYKHO

IMOJIYYNUTh TAKHUEC BBIPAKCHUA:

arctgz, x>0,
X

y .
argz = arctg;+n51gny,x<0,y #0,

gsign v, x =0,y #0,

s s [ s e Y e | s s Y s Y s

x,x<0,y =0,

ApPTYMCHT 4HCJIa z=0 CUHUTACTCA HCOHpe,Z[CJ'IéHHBIM.

VYcnoBre paBeHCTBA JBYX KOMIUIEKCHBIX YHCEN B TPUTOHOMETPHUYECKOH (hopMe UMEET BUJ: MOJYIU
YHCeJl paBHbI, @ APIYMEHTBI OTJIMYAIOTCS HA YHUCIIO KPAaTHOE 27

Haiiném mponsBeneHrne IByX KOMIUIEKCHBIX YHCEN B TPUTOHOMETPUIECKOM hopMme:
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z, Z, =p,(cos@, +ising,) -p,(cos¢@, +ising,) =
=p, ‘p,((cos @, :cos@p, - sing, sing,) +i(sing, -cos@, +cos@, sing,) =

=|z,| {2,|(cos(g, + p,) +isin(g, + ,)).
I/ITaK, HpI/I yMHO)I(eHI/II/I qUuCceI ux MO,Z[y.]'II/I yMHO}KaI-OTCSI, a apFYMeHTBI CKJIaAbIBAKOTCA.

AHaIOTHYHBIM o6pa30M MOXHO YCTAaHOBUTDH, UTO IIPHU ACICHUH MOAYJIIHU YHUCCII ACIIATCA, a apTYMCHTBI
BBIYHUTArOTCA.

Ilonmmas BO3BCJICHHUE B CTCIICHb KaK MHOT'OKpPAaTHOC YMHOXCHHEC, MOXKHO IIOJTYYUTH (bOpMy.]'Iy
BO3BCACHHUA KOMIIJICKCHOI'O YMCJia B CTCIICHb:

(|Z| ‘(cos@ +isin q’)))" =|z|" (cos¢ +isin @), Vne Z .

n o
Brisenem popmyny s Vz_ xopHst 1 -0it cTerenn 13 KOMIIEKCHOTO YKCIa Z (ue myTtatb ¢
apu(MeTHyecKuM KOpHEM U3 JeHCTBUTENBHOTO uncia!). Onepanus u3BiIeUeHUS KOPHS SBISETCS

o n
O6paTHOI/I 10 OTHOIICHUIO K OIl€pallii BO3BCACHUS B CTCIICHDb. HOBTOMy ‘\/E— 9TO KOMIIJICKCHOC

ancio & TaKoe, 4t0 & =Z.

IMycts # =|z|(cos ¢ +isin #) u3BecTHoO, a & =|¢|(cosy +isin z/"’)Tpe6yeTc;1 naiitu. Torga
& =" (cosnyr +isinny) =|z|(cosg +ising) _

W3 paBeHCTBA ABYX KOMILIEKCHBIX YUCEN B TPUTOHOMETPUIECKON (POpMe CIIEIyeT, UTo

&I" =J2| ny =p+27k keZ.

Orcrona &l =x/lz (3TO apupmMeTHuecKuit KOpeHs!),

:¢+27rk
n kez.

Y

HerpynHo y6enuthes, 4to Y yoxer IPUHAMATh TUIb 11 pasaHuHbIX 110 CYIIECTBY 3HAUYCHHIT,
nanpumep, npu K =0,1,2,..., 1= 1 QOkonuarensno nveem popmyiy:

isin $+2mk +27k

- ¢ +2rk
r{/‘Z‘(COS¢ +isin @) :’{/M(COST+ n )’ k =0,1,2,..., n-1

Urak, kopeHb N _i1 cTenenn us kommiekcHOro uncna umeer 11 pa3nu4HbIX 3HaueHuid. Ha
KOMIUIEKCHOM TUIOCKOCTH TH 3HAYEHUS PACIIOIararoTCs B BEPIIMHAX [PABUIBHO n -yIOJIbHUKA,

n ()
BIIMCAHHOI'O B OKPY>KHOCTb paguyca vV 2] C IEHTPOM B Hauaje KoopauHar. “IIepBblil” KOpeHb UMEET
apryMEHT #/n , ApTYMEHTHI JABYX “COCEAHMX’ KOpPHEW OTJIMYAKOTCS Ha 27/n

Ipumep.3B1e4éM KOpeHb KyOUYECKH U3 MHUMOM eauHuip: £ =1 || =1 argz =7/2 Torpa:

Sf.r/2 +27k +isin /2 +2JrkH

& =3i =31(cosz/2 +isin z/2 :%Hco
i 3 (cos x/ /2) I 3§k —0,12:
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é‘lzcos£+isin£:§+l-i

6 6 2 2

a 2 T 27 31
&, =cos(—+—) +isin(—+—) =- —+— ]
i (6 3) (6 3) 2 2

& —c05(£+4—ﬁ) +isin(£+£) =-i
73 6 3 6 3

IIpakTuyeckoe 3ansitue Ne 24
Tema: YMHOXEHUE U [CIIEHUE KOMIUIEKCHBIX YUCEII
Henp: HayunTbest yMHOKATh U 1€JIUTh KOMIIJIEKCHBIE YHCIIa
Teopernveckasi 4acThb

dopmysa yMHOXKEHHUs B anredpandeckoit popme
YMHOKEHUE TPOU3BOAUTCA MTyTEM MTOIIEMEHTHOTO MTEPEMHOKEHHSI C PACKPBITHEM CKOOOK 10
dopmyine ¢ yuérom Toro, uro 12=—1

z1-22=(X1+y11)-(X2+Yy2i)=(X1-X2—y1-y2) +(X1-y2+X2-y1)i

ITpumep 1

BBIMOTHUTE YMHOKEHHE KOMIUIEKCHBIX Yncell: Z1=3+i

u z2=2-31

Pemenue

21-22=(3+i)-(2-31)=

PackpbiBaeM cKOOKH MO3JIEMEHTHO IEPEMHOKAsE MHOKUTEIH:
=(3:2+3-(-3i)+i-2+i-(-3i)=

Ymporaem BeIpaKeHUE ¢ YIETOM TOTO, uTo 12=—1

=6—91+2i+3=9-71

OTtBeT
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z1-z2=9-7i

dopmyna reneHus B anredpandeckoit popme

YroObl pa3aenuTsh B areOpandeckoil popmMe HyKHO YHCIUTEIb U 3HAMEHATENIb YMHOKUTH Ha YUCIIO,
COIIPSDKEHHOE K 3HaMeHaTesto. TeM caMbIM n30aBiisseMcsi OT KOMIUIEKCHOCTH B 3HaMEHaTelle:

zlz2=al+blia2+b2i=(al+bli)(a2—b2i)(a2+b2i)(a2—b2i)=al-a2+bl-b2a22+b22+ia2-b1—al-b2a22+b2
2

IIpumep

Pa3nenuTh 1Ba KOMIUIEKCHBIX uncia: Z1=3+i
u z2=2-31
Pemrenue

Tak xak yuciia 3aaHbl B aredpandeckoit hopme, To U Hy)KHO MPUMEHUTH COOTBETCTBYIOIIYIO
bopmyry.

z172=3+12-3i=

ConpsbKeHHBIM KOMIUIEKCHBIM YKCIIOM K 3HaMeHareso Oyner  z2=2+3i

. JIOMHOXMM U pa3JesiuM Ha Hero JpoOb, 4ToObl N30aBUThCS OT KOMIJIEKCHOCTH B 3HaAMEHaTee:
=(3+1)(2+31)(2—31)(2+31)=6+91+21—34+61—61+9=

ITpuBoaMM o JO0HBIE ClIAraeMble:

=3+11i13=313+1113i

Oteet z122=313+1113i
IIpakTnueckoe 3ansaTue Ne 25
Tema: YMHOXeHUE U JieleHHE KOMIUIEKCHBIX YHCe B TPUTOHOMETPHUECKON (hopme
Hean: Hayuntbcs yMHOXKATh U AETUTHh KOMIUIEKCHBIE YUCIIa B TPUTOHOMETPUYECKOH hopme.

Teopernyeckas yacTb

3amauM JIBa KOMIUIEKCHBIX YHCIIa B TPUTOHOMETpHYecKoi ¢popme <1 = T'1 (cos g + isin )
u 72 = T2(c0s g + isiny)y MEPEMHOKUM UX TI0 MPABUITY YMHOKEHHS JABYUICHOB:

HIIN

z1-2p =7 - 12 (cos(i1 + @) + isinfpr + @2)).

[Moyunsn HOBOE YHCIIO Z, 3aIHCAHHOE B TPUTOHOMETPUYIECKOi hopme: = = r(cosp +isiny)

st kotoporo T =T1 T2, @ = {£1 + P2,
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IIpaBuiio ymHoxkeHust. [lpu ymHoocenuy KOMNIEKCHbIX YUCeN, 3A0AHHBIX 8 MPUSOHOMEMPULECKOU
Gopme, ux MoOyIU NEPEMHONCAIOMCS, A APLYMEHMbl CKAAObIBAIOMCA:

|21 - 22| = |21] - |22, Arg(z - zp) = arg z; + arg ;.
(1.10)

B PE3YIBTATC YMHOXKCHUA YUCEI MOXKET IMOJTYYHUTHCA apryMEHT IIPOU3BEACHHS, HC HBHﬂIOIHHfICH
T'JIaBHBIM 3HAYCHHEM.

Jlenenue KOMRIEKCHBIX Yucel 6 MPUZOHOMEMPUUECKOU hopme

E

PaccMoTpuM "acTHOE KOMITJIEKCHBIX YHCET <2, 3aJJaHHBIX B TPUTOHOMETpUIecko (hopme. 13

Z1
z=—
oTpeieNICHUs] YaCTHOTO Z2uMeeM <1 = % * Z2u, IPUMEHSS K IPOU3BEICHUIO ITPABUIIO
r
r=—y ¥=¥1—¥2
YMHOXEHHUSI, MTOTy4aeM 2 .

IpaBuio geaennst. Mooyns yacmuoz2o, noay4eHHO20 8 pe3yibmame OeneHus Yuce, 3a0aHHbIX &
MPUSOHOMEMPUYECKOTU hopme, padeH YaCMHOMY Om OelleHUsi MOOYJISl YUCTUMENsl Hd MOOYIb
3HamMeHamens, a ap2ymMeHm YacmHo20 paseH PazHOCmu apeyMeHmos 0eaumo20 U Oenumers:

B pesynbrarte genenus uncen no GopmMyiie MOKET MOJTYIUTHCS apTyMEHT YaCTHOTO, HE SIBJISIOIIHIICS
[JIaBHBIM 3HAYEHUEM.
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