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Meroanueckue ykazaHus JJid MPAKTHUYECKUX 3aHATUN MO AMCIHUIUIMHE J[MCKpeTHash MaTeMaThKa C
AJIEMEHTAMU MaTEeMaTHYeCKON JIOTUKH COCTaBIEHBI B COOTBETCTBUU ¢ TpeboBanusmMu OI'OC CIIO.

[IpennasnaueHsl s CTyAEHTOB, oOydaromuxcs no cneruansaoctu 09.02.07 MHpopMamoHHbIe
CHUCTEMBI U IPOrPaMMHPOBAHHUE.



ITosicHuTeIbHAA 3alIMCKA

JlaHHbIE METOOUYECKHE YyKa3aHMs IpeIHA3HA4YeHbl Ul 3aKpEIUIeHHUs TEOPETUYECKUX 3HaHUil
npuoOpeTeHusT HEOOXOMUMBIX MPAKTUYECKHX HABBHIKOB M YMEHHH MO MpPOTrpamMMe AMCUUIUIAHBI
"Iuckpernas marematuka" mns crenuansHoctd CIIO 09.02.07 MHpOpManMOHHBIE CHUCTEMBI U
IIPOrpaMMHUPOBAHHUE.

[IpakTUyeckue 3aHATHS COCTaBJIECHBI B COOTBETCTBHHM ¢ TpeOoBaHmsMu DenepanbHOro
rOCYJapCTBEHHOTO 00pa30BaTeIbHOTO CTaHAapTa. B pe3ynbraTe ocBOGHUS y4eOHOU AMCIUTUINHBI
00y4JaroIuics 10KEH yMeThb:

a (bOpMy.]'II/IpOBaTB 3aa4M JIOTHYECKOI'0 XapaKTe€pa U IPUMCHATh CPEACTBA MaTeMaTHIeCKOM
JIOTUKH OJIA UX peI_HeHI/IH;D
IMPUMCHATDb 3aKOHBI anre6p1>1 .]'IOl"I/IKI/I;EI

o a0
OnpenenaTh THIBI rpad)oB M [aBaTh X XapaKTePUCTHKH;

a

CTPOUTH MPOCTEUIINE aBromats;J

B pesynbrate ocBoeHUs y4eOHON NUCHUIUIMHBI O0YYaOIIUICS TOJIKEH 3HATH:
O O ocxoBHbe momsTist 1 nprems! guckperHoil Matemarukm;d O O
JoTUYecKHe onepanuu, GopMyIibl JOTUKH, 3aKOHBI aareOpbl mormk;0 O O
OCHOBHBIE KJIaCCHI () YHKIIMH, MTOTHOTY MHOKECTBA (PYHKIIUN, TEOPEMY HOCTa;D

O OCHOBHBIC IMMOHATHA TCOPUHU MHOXKECTB, TCOPETUKO-MHOKCCTBCHHBIC OIICPAIlU U UX CBA3b C

JIOTUYCCKHUMHU OICpalsiMu; O

0 O JIOTUKY MPEANKATOB, OMHAPHBIX OTHOIICHUN U HX Brbl;H

O O sgementst TEOPHUH OTOOPAKEHUN U aNTeOphI noacTaHoBoK;

O 0O werox matemarnueckoit nuxykm; D

O O anropurmudeckoe mepedncieHne 0CHOBHBIX KOMOHHATOPHBIX 00beKTOB;H

OCHOBHBIC ITOHATUA TCOPHUU Fpa(I)OB, QJICMCHTBI TCOpHUU ElBTOMa.TOBl:I



IIpakTnueckas padora Ne 1

Tema: IlocTpoenne Ta0JMIl HCTHHHOCTH JIOTHYeCKUX QyHKIUM.

1.

BapuanTt 1

CocTaBuTh TAOMHILY HMCTUHHOCTH JIOTUYECKOTO BBIPAKEHHUS

(A&B)< (-B > —4)XOR A

1.

—AVB)A(—BVv—A)
Ioctpouts normeckyio cxemy (A &BJVIA&=BV(A&B)  pyuxkuun

YIpoCTUTh JIOTHYECKOE BHIPAKEHUE
Onpenenuts, SABISAIOTCA JIU /1Ba BhICKAa3bIBaHUs dKBUBaNIEHTHBIMU A & "("BvC)u A & B

& —C
Onpenenutb UCTUHHOCTh WM JIOXKHOCTH BbICKa3bIBaHUH (—(X<5) v (X<3)) & ((X<2) v

(X<1)) mpu X=1

Bapuanr 2

CocTaBUTh Ta6JII/IIIy HCTUHHOCTH JIOTUYCCKOT'O BBIPAXKCHUA

(-FB&A)<>(4—>—-B)XORB

1.

(A&B)V((AvB) A—A)

[IoCTpOUTH JIOTMYECKYIO CXEMY S R R ST byHKIIUU

YIpOoCTUTH JIOTHYECKOE BBIPAXKEHUE
Omnpenenuts, SBISIOTCS JIU 1B BHICKA3bIBaHUS dKBUBaNeHTHBIMU —(TA&BVA& (Bv —C))

~B& (—AVC)

Onpenenutb UCTUHHOCTh WM JIOXKHOCTB BbICKa3bIBaHUH (—(X<5) v (X<3)) & ((X<2) v

(X<1) mpu X=3

Bapuanr 3

CocraBuTh TaOIUITY WCTUHHOCTHU JIOTUYECKOTO BBIPAKEHUS

~(B v A) < (—4 — B) XOR A

4.

(-A & ~B)V(-A&B)
Toctponts normdeckyto cxemy [ AV B AANTBIANBVA) gynknum

YHpOCTI/ITL JIOTUYCCKOC BBIPAKCHUC

Ornpenenutp, ABJISIFOTCS JIM JIBa BbICKa3bIBaHUsI 3KBUBaJIEHTHBIMU —Cv ~Bv =(Av —C) u

—A&Bv ~C&B



5. OrnpenenuTb UCTUHHOCTD UJTU JIO)KHOCTD BhICKa3biBaHUN X>1 & (~(X<5) v (X<3)) npu X=2

Bapmuanr 4

1. CocTaBuTh TAOMHILY HMCTUHHOCTH JIOTUYECKOTO BBIPAKEHHUS
(—A—>—-B) < (B&A)XOR B
=((—AVv B) A(—B Vv 4))

2. Hocrpours normueckyo cxemy ((TAVBIA(TBVA)VAVE)  ¢ynkuun
3. YIpoCTUTh JIOTUYECKOE BHIPAKEHUE
4. OnpenenuTh, SIBISIOTCS JIK JBa BbICKa3bIBaHHs 3KBUBaJICHTHBIMU (A v —"B) v "B&C n ~A& (BC)
5. Onpenenutb UCTUHHOCTh WJIM JIOKHOCTH BBICKa3bIBaHUU —((X>2) v (X<2)) v (X>4) npu
X=1
Bapmuanr S
1. CocTaBuTh TabMUIlY HUCTUHHOCTHU JIOTUYECKOTO BBIPAKEHHS

(A&B) < (—A&B)XOR B
“(A&B)v(—(B v

A))
2. [TocTpoUTh JIOTHYECKYIO CXEMY /) byHKIIUU
—“AvBv—(—BvA)VvA&B
3. Yrpoctutb JIOTHYECKOE BBIpQXCHHE
4. Ornpenenuts, ABISIFOTCS JIM JIBa BICKA3bIBAHUSI 3KBUBAJICHTHBIMU
5. Onpenenutb ICTUHHHOCTH WUJIH JIOKHOCTB BhICKa3bIBaHUN X>1 & (—(X<5) v (X<3)) mpu X=2

IIpakTnyeckas padora Ne 2

Tema: MUHUMH3ALNA JJOTHYECKHX (l)yHKllHifl o 3aKOHaM aﬂreﬁpu JIOTUKH.

Leas pabdorbl 00001ICHHE, CHUCTEMAaTH3alMs, YIIyOJeHHe, 3aKpeIuieHHe MOIYyYEeHHBIX
3HaHUi 1o Teme YnpoleHue GopMyi JIOTHKH.

Teopernueckue ocHOBBI: Bompockl ans akTyaluM3aldd OHNOPHBIX 3HaHWM: Uto Takoe
paBHOCUIIbHBIE BbIpakeHus? Ilepeuncnuts PaBHOCHMIBHOCTH, BBIpaXKAIOIIME OJIHU JIOTHYECKHE
onepanuu uepe3 Apyrue. 3. YcrHo [lycts a = “a1o yTpo sacHoe”, a b = “a1o yTpo Termnoe”. Boipazure
cienyomue GopMmyibl Ha 00bIYHOM si3bIKe: OTBET: a) “3T0 YyTPO ACHOE U TEMI0E”; ) “3TO YTPO He
SICHOE WK He TEIm1oe”’; 0) “9TO yTpOo SCHOE U OHO He TEMI0e”; 3) “ITO YTPO HE SICHOE M HE TEIIOE”;
B) “9TO yTPO HE SICHOE U OHO He TETI0e™; M) “3TO YyTPO SCHOE WK HE TEMI0E”; T) “3ITO YyTPO HE SICHOE
WU OHO TEIUI0E”; K) “©ClM 3TO TPO SICHOE, TO OHO HEe TEMmIoe™; 1) “ITO yTPO SCHOE WU OHO HE
TEMmI0e™; J1) “©CiIi ATO yTPO HE SICHOE, TO OHO TEMI0E”; €) “ITO YyTPO HE SICHOE WJIK OHO He TEMIoe”;
M) “9T0 yTpo sAcHoe M He Témnoe”. 4. IIpoHTHM KOMIUIEKC TECTOBBIX 3aJaHUIl Npe3eHTalus
[IpoBepounas4.ppt 3amanus s MPAKTUYECKOTO 3aHSATHUS U HHCTPYKTAXK IO UX BBITOTHEHUIO
3anucaTh TEOPETHUECKUE CBEICHUS B TeTpalb. Pa3oOpaTs MaTepualn mpe3eHTaluu 1Mo JaHHOM TeMe
Yupomenue.ppt. PazobpaTts npumepbl. BEIMOTHUTS MUCEMEHHO MPAKTHYECKHUE 3aJaHus 10 JaHHOU
teme. Teopernueckue cBepeHust s ynpomieHus: JOrMUECKUX BBIPAKEHHH HCHOJIB3YIOT 3aKOHbI
anreopsl Joruku. OHU GOPMYITHPYIOTCS A7t 6a30BBIX JIOTUYECKUX OTepaIuit



— "HE", "N" u "UJIN". crionb3ys 3aKOHBI IOTUKH, (POPMYIIBI CKJICUBAHUS U MOTJIOICHHUS U CBOMCTBA
JIOTHYECKUX OIepanuid, MOXKHO CIOXKHYIO JIOTMYECKYI0 (DYHKIMIO 3aMEHUTH Oojiee MPOCTOM, HO
PaBHOCHIILHOU €if pyHKIMEW. DTOT mporece Ha3bIBaeTCsl MUHUMU3ANMEH (QYHKIIUH. MUHUMU3AIHS
HeoO0XoauMa Il TOro, YTOOBl (DYHKIIMOHAIBHBIE CXEMbl HE OBUIM CIHMIIKOM TPOMO3AKUMH H HE
WCIOJIb30BAJIM JIMIIHUX 3JIEMEHTOB. YeM MeHblle B (QYHKIMH, MOJy4aeMOW MNP MHUHUMH3AIMH,
BXOJIHBIX MEPEMEHHBIX U HCIOJIb3yEeMbIX JIOTMUECKUX OMNepalui, TeM Mpolle JIoThYecKas cxema,
MEHbBIIIE B HEH JIOTUYECKUX 3JIEMEHTOB. MUHMMM3AIMS HEOOXO0ANMA U MPU COCTABJICHUU CIOKHBIX
JIOTUYECKHX BhIpakeHHH B iporpammax. [Ipumep 1. Yopoctuts hopmyny (A+B)-(A+C) Pemenue.

C+B-A+B-c HOOO000 3)  packpoem ckoGku  (A+B)-(A+C) , cienosarensto, 6)[1o 3akoHy
ao goood
unemnorenTHocTH A-A C+B-A+B-C C+B-A+B-cO00000

B) B BrickazpiBanusx A u A-C BblHeceM 3a CKOOKM A ¥ HCHONB3YSd CBOWCTBO

C ({08 [dUE 0 Db el W LN D -FIOANHAG - /448 Ay ) Brmecem 3a ckobxiHBrIcKasbiBanme A. T
cCccC 00 00000 oooooooogo oooooooo

Taxum 00pa3oM, MBI TOKa3aJid 3aKOH TUCTPHOYTUBHOCTH (pactpenenuTenbhsiii). [Ipeodpa3zoBanus

“nornomenne” u “‘ckienBanue’” - noromenue O0000000000000.Pemenne. OO00 [Mpumep 2.

Vnpoctuts Beipaxenne A - PURRHHEIOBHREIP B Vipocruts BiabiMdEue cxnensanme Besxyro

(hopMyITyMOXKHO TTPeoOpa3oBaTh TakK, YTO B HEH HE OyACT OTPUIIAHUI CIIOKHBIX BBICKA3bIBAHUM - BCE
OTpHIIaHUS OYAYT HMPUMEHSTHCSA TOJBKO K MPOCTHIM BhIcKasbiBaHUsAM. [Ipumep 4. [IpeoOpazoBatb
dbopMyIty Tak, 9ToOBI HE OBLTO OTPUIIAHUI CIIOXKHBIX BBICKa3biBaHWH. Pemenne. 1. Bocmonb3yemcs
dopmynoit e Moprana, nonydum: 2. J[is BeIpaskeHUs] TpUMEHUM eie pa3 Gopmyny ae Moprana,
nosryauM: JIroOyro GopmMyny MOKHO TOXKIECTBEHHO MPeoOpa3oBaTh Tak, 4TO B HEH HE OymyT

HUCIIOJB30BAaHBI: - 3HAKH JIOTHYCCKOI'O
5

CJIOX

eHUS,
- 3HAKU JIOTUYECKOI0 YMHOXEHHS, a OyIyT HCIOJIb30BaHbl: - 3HAKM OTPHUIAHMS M JOTHYECKOIO
YMHOXXEHHUS - 3HAKH OTPULIAHUS U JIoTUYecKoro cioxenus. [Ipumep 5. [IpeobpazoBats popMyity Tax,
4YTOOBI B HEHl HE NCIIOJIb30BAIMCH 3HAKH JIOTHUECKOTO cilokeHus. Pemenne. Bocnonb3yemcs 3aKkoHOM
JBOWHOTO OTpHIIaHus, a 3aTeM (opmyioi ne Moprana. [lpumep 6. IlpeoOpazoBars dopmyny Tak,
4TOObI B HEM HE UCIOJIb30BAINCH 3HAKH JIOTHYECKOTr0 YMHOXeHHUs. Pemenue. Mcnonb3yst popmynb
ne Moprasa U 3aKOH JIBOWHOTO OTPULIAHMS MOJIYYUM: 3aME€Ha 3KBUBAJICHIIMM U UMILUTMKALIMM HA
KOHBIOHKILIMIO, JU3BIOHKIMI0O U OTpuiaHue. Jlo cux mop Mbl 3aHUMAINCh PaBHOCUIIBHBIMHU
npeodpazoBanusmu popmy, He “. Ceifuac mokaxeM, “ u a

“[bonepranux 3HAKOB MMIUIMKALMH U SKBUBAICHIMH “ , MOYKHO 3aMEHUTH PaBHOCHILHOM eH wm
Hro BCAKYI0 (GopMyIly, colepikailyro (HopMyrnol, He coaepiKaimleld dTUX 3HakoB. MMewT mecTo
cieayronme paBHOCHnLHOCTH:qu'IFDPZ) HQI&%M paBHOCUIBLHOCTE (1) ¢ TMOMOIIBIO TAOIHIIBI
nernmmoct: X Y X 001 14 9% 11000011101

EII] EIEIH%IEIEIEIEIEIEIEIEIDEI
OKBHUBAJICHIIUSA BI)Ipa)KaeTCSI qe&)es KOH”[)IOHKIII/IIO Y UMILIAK umo nosydaeM X Y (4)
9 oo oo ] EII] oo EIEIEI

Ta PaBHOCUJIBHOCTb BmpamaeT 3KBI/IB2L]'I HLIUIO 9€peE3 KOHb qumo JTU3BIOHKIIAIO U OTPULIAHUE.

N3 paBHOCHIIBHOCTEN

(3) u (2) momyaaem pasrocunbHocTh , (5) SHBEpaaromas sxBrBaTeHIMIO Yepe3 KOHBIOHKIMIO 1
orpurnianue. BeiBoa: B anreOpe JTOTMKH BCSKYIO JOTHYECKYIO (DYHKIIMIO MOYKHO BBIPa3uTh depes



Ipyrue Jorudeckue G yHKIUU, HO X TOJKHO OBITh, IO MEHBIIIEH Mepe, 2 oniepaliuu, Ipyu 3TOM OJTHOM
U3 HUX 00513aTENBHO JOKHO OBITh OTPUIIAHUE.

(AOB)& (AOCQO)
Ipumep 1. YpocTurs AB+B, BC+C, AC+BC popmyiy

Ipumep 2. YpoCTUTh BBIPAKEHUS

TakK, 4YTOObI B TIOJYYEHHBIX (OpMyJIax HE COJEPKAIOCh OTPUIAHMS CIOKHBIX BBICKA3bIBAHHIA.
KoHTpoJibHbIE BONPOCHI:

1. Yro 3Hauut (hopMann30BaTh BHICKa3bIBaHUE?

2. Ckonpko OymeT CTpOK B TaOiIuWIe MCTUHHOCTH, €CIM B BBICKAa3bIBaHHE 2 MEpeMeHHbIX? 3

MepEMEHHBIX ?
3. JaTh ompeneneHue UMIUTMKAUU. YTO TaKoe SKBUBAJICHTHOCTh?

4. OmnpenenuTte TUI BEICKA3bIBAHMS U BUJI IOTUYECKON OIEpaIK C COOTBETCTBYIOIIECH JIOTHYECKON
CBSI3KOM:

a) Besikuit npsiIMOYTroJIbHUK UMEET IPSMBbIE YTJIbI M TapajljiesIbHbIE IPOTUBOIIOJIOKHbBIE CTOPOHBI;

0) TpeyroinbHUKHU C paBHBIMH CTOPOHAMH HE SIBIISTIOTCS PAaBHOOESAPEHHBIMH;

B) Ha cienyromem ypoke OyaeT 1100 ucTopusi, TM00 XUMHUS;

r) 3aBTpa s NONAY B IIKOJIY U 6ubnuoTeky; 1) JIubo on
3a0ouien, 1100 3a0bLI O Halllel JOTOBOPEHHOCTH;

C) yTpOM MBI OOBIYHO XOAUM Ha JIbDKaX HJIM KaTacMCs Ha KOHbKax.

IIpakTnueckas padora Ne 3
Tema: ITonyuyenne CKH® u CIH® no Tadauue HCTHHHOCTH M MX MUHUMM3alUsl.

Heanb padorbi: HayunThcss MUHUMH3UPOBATH JIOTHYECKUE (YHKIIUU pa3HBIMU METOAAMHU

Teopernueckass 4actb: Paccmorpum OyineBsl (QyHKIMH, B BUAE CYNEPIO3ULUH
anemenTapubix ¢yHkiuil. 1 UM, HE. Mcnonb3yst 3akoHbI anredOpbl JOTMKH MOKHO 3aMEHHTH
rpomMo3akue OyneBbl (YHKIMM MM paBHOCWIBHBIMHM, HO Ooyiee mpocThiMU. Takoil mpoliecc
Ha3bIBaeTCs MHUHUMU3anuil OyneBbiX (yHKUMHA. Ero mpoBOAST I YHPOIIEHHS CIOMKHBIX6
JIOTUYECKUX BBIPAXKEHUI B MporpaMmax, a TakyKe JJisi TOro, 4YToObl IMOCTPOEHHBIE HA UX OCHOBE
(yHKIIMOHAJIbHBIE CXEMBI HE CO/IEPKaJU JINITHUX JIEMEHTOB.

MunumMu3npoBath OyneBbl (PYHKIMHM HaJ0 NMPUBOJS MX K TaK Ha3bIBa€MOM HOpMaibHOMN
¢dopme. CymiecTBYIOT 2 pa3HOBUIHOCTH HOpMaJIbHBIX (hopM: 1 —TU3BIOHKTHBHASI HOpMallbHAs popMma
(AH®), u 2 — xonbtoHKTUBHAsA HOpMaibHas pyHkuus (KHD).

DJieMeHTapHOIl KOHBIOHKLMeNl Ha3bIBaeTCs KOHBIOHKIIMS, COCTABJICHHAs U3 MEPEMEHHBIX
WM UX OTPUIIAHUN, B KOTOPOU KaXKasi IepeMeHHasi BcTpedaeTcs: He 0oJiee 0IHOTO pasa.



JIM3bIOHKTUBHONH HopMaiabHOMl ¢opmoii (IH®D) naspiBaercs ¢opmyna, uMeromas B
TU3BIOHKIIMA DJIEMEHTAPHBIX KOHBIOHKLIUH(B BBIPOKICHHOM CJIy4ae 3TO MOXET ObIThb OJHa
KOHBIOHKIIHS ).

DJIeMEHTAPHOM JM3bIOHKIMeH Ha3bIBaeTCs AU3BIOHKIIMS, COCTABICHHAS U3 IEPEMEHHBIX
WM UX OTPULIAHUH, B KOTOPOH KaXkaasi IEpeEMEHHas BCTpedaeTcs: He 0oJiee 0IHOTO pasa.

KonblonkTuBHoii HopmaabHoii ¢opmoii (KHD) naswiBaetcs (opmyrna, uMeromas BHI
KOHBIOHKIIMM JJIEMEHTAPHBIX JU3IBIOHKIMNA (B BBIPOXKIECHHOM CIlydyae 3TO MOXET OBITh OJHA
JTU3BIOHKIINSA).

Jnst kaxaoil GopMynbl JIOTMKM BbICKa3biBaHWH (yHKIMM F nMeercs paBHOCWIIbHAS i
TU3BIOHKTUBHASE HOpMaIbH ast popma (JIHD) u korbloHKTHBHAS HOpMaibHas opma (KHD).
AaroputMm npuseneHusi popmyJi Joruku BoickazpiBanuii k IH® (KH®D)

1.M30aBUTHhCS OT BCEX JIOTHUECKUX OIEpaluil, coiepxkammxcs B (opmyse, 3aMEHHB UX
OCHOBHBIMM: KOHBIOHKIMEH, AW3BIOHKIMEH U OTpUIAHHEM. OTO MOXKHO CJIeNaTh, HCIOJIb3Ys
paBHOCHIIbHBIE (DOPMYITBIL.

2. 3aMEHUTh 3HAK OTPULIAHUS, OTHOCSIIMKCA K BBIPQXEHHUSIM BHUIA 3HAKAMU

OTpULIAHMS, OTHOCSIIMMCA K OTAEJIbHBIM IE€PEMEHHBIM BbICKA3bIBaHHUS Ha OCHOBAaHUU

3akoHOB /e MopraHa.

3. N30aBUTHCS OT 3HAKOB JIBOMHOIO OTPULIAHUS.

4.HpI/IMeHI/ITB €CJIM HYXHO K OIllepallidM KOHBIOHKIUMKW W JU3BIOHKIHUU CBOMCTBA
I[I/ICTpI/I6YTI/IBHOCTI/I u (i)OpMy.]'ILI IIOTJIOICHHA.

CoBeplLieHHOH TM3BIOHKTUBHOI HOpMaabHOI (opmoii (CJHD) Ha3biBaeTcs Takas qu3b
IOHKTHBHAsl HOpMaslbHas (popma, y KOTOPOU B KaX/1yI0 KOHBIOHKIIMIO BXOSITBCE MIEPEMEHHBIE TaHH
oro crucka (1100 caMu, JINOO WX OTPULIAHUSA), IPUUYEM B OJTHOM U TOM K€ MOPSIKE.

CaoiictBa CIH®:

1. JIH® He conepkuT ABYX OAMHAKOBBIX KOHBIOHKIUHN (3 (opmynbl yaaneHsl oquHaKOBBIE

3J€MEHTapHble KOHBIOHKIIUU, KPOME OJTHOM, COTJIACHO MPaBUITy UJIEMIIOTEHTHOCTH.
2. Hu oHa KOHBIOHKIIMS HE COAEPKUT OJHOBPEMEHHO JIBYX OAMHAKOBBIX NepeMeHHbIX. 3. Hu
OJlHa KOHBIOHKIIMS HE COJEP>KUT OJHOBPEMEHHO HEKOTOPYIO NEepeMeHHYI0 U ee oTpunanue (M3
(dhopMyIBl yaaNeHbl dJIeMEHTapHbIE KOHBIOHKIIMHU, BKIIOUYAIOIINE OJTHOBPEMEHHO IEPEMEHHYIO U €€
OTpHIIaHHE, COTIACHO 3aKOHY WHBEPCHH).

4. Kaxnas koubtonkuus CJIH® cogepxut mubo nepeMeHHy0, TM00 ee OTpUllaHue AT BCEX

MEPEMEHHBIX, BXOJAIMX B (QopMmyny (T.e. Kak[as 3JeMEHTapHas KOHBIOHKIMS BKIIIOYAeT BCE
JIOTUYECKHE NePEMEHHbIE, BXOASIINE B 3TY POPMYITY).

Eciu B noruueckoii (I)YHKI_II/II/I HC BBIIIOJHACTCA ITOCICIHCC TpC6OBaHI/IC, TO B HCHOJHYIO
QJICMCHTAPHYIO KOHBIOHKIIHUIO HCO6XO,Z[I/IMO BBECTU JOIIOJHHUTEILHBIN MHOXUTCIIb, BKJTIOYAIOIIHI
JAU3BIOHKIIUIO OTCYTCTBYIOH_ICﬁ HepeMCHHOﬁ H €C OTpULlaHUuC. 910 BCCrJa MOXKHO CI€JIaTh, COIJIaCHO
3aKOHY MHBCPCHUU.



[lepexon or JH® k CHAH®: ecnu B KakoW-TO MPOCTOM KOHBIOHKIIMHM HEAOCTaeT MEPEMEHHOM,

HATIPHMED, Z, BCTABIISIEM B Hee BhIpaKeHne 2 ¥ Z = 1 ,IIOCJIE YETO PaCKPbIBAEM CKOOKH (IIpH 3TOM
[TOBTOPSIOLIUECS TU3BIOHKTHBIE CJIaracMbl€ HE MTUILIEM).

CoBepuieHHOM KOHBIOHKTHBHOI HOpMaabHO# (popmoii (CKH®) na3piBaeTcs Takas
KH®, y koTOopoii B KaX/1y10 IPOCTYIO JU3BIOHKIMIO BXOAAT BCE IEPEMEHHBIE TAHHOTO cIIucKa (JInbo
cam, 1100 UX OTPULIAHUS), IPUYEM B OJIMHAKOBOM IMOPSIIKE.

Cpoiicrea CKH®:

1. KH® He conepXuTt IByX OJUHAKOBBIX IU3BbIOHKIUH.

2. Hu onHa W3 nM3BIOHKIMH HE COAEPXKUT OJHOBPEMEHHO  JBYX OJIMHAKOBBIX
[IEPEMEHHBIX.

3. Hu onHa U3 qU3BIOHKIMN HE COAEPKUT OJHOBPEMEHHO HEKOTOPYIO IIEPEMEHHYIO U €€
OTpHULIAHHE.

4. Kaxnas nuspronkuus CKH® conepxut 1100 nepeMeHHyo, 1100 ee OTpuLlaHue Ajs

BCCX MCPEMCHHBIX, BXOIAIINUX B (I)OpMy.]'Iy.

Ecmu nornueckas ¢pynkuus umeer Bug KH®, To npusectu ee k Buny coBepiienHorr KHO
(cokpamenHo CKH®) MoHO, JOMOJIHUB KaXIYH 3JIEMEHTapHYK AU3BIOHKLIHIO JIOTUYECKUM
HyJIEM, KOTOPBIH B CIEAYIOLIEM 1Iare 3aMEHSETCSl HA KOHBIOHKIIMIO HEJJOCTAIOLIEH IEPEMEHHOM U €€

OTpHUILIAHUC. HonyquHa;I HOpMaJIbHAasA KOHbIOHKTUBHAA Q)opMa SABIIACTCA COBepHIeHHOﬁ.

[Tepexon or KH® x CKH®: ecnu B mpocToii TU3BIOHKIIMKA HE XBAaTAET KaKOW-TO MTepEeMEHHOM

(Hanpumep, z, TO 100aBlsieM B Hee BhIpakeHHe < Z = 0 (3TO HE MeHsleT caMOi AU3BIOHKIINN),
MOCIIE Yer0 PacKpbiBaeM CKOOKH C MCIIOJIb30BAHUEM PACTIPEACTUTEILHOTO 3aKOHA)

Munumusanus Jorudeckux pynkumii mo kapram Kapwao.

Kapter KaprHo - 3T0 rpaduueckoe mNpeacTaBiICHHE ONEpalUil I[ONApHOIO HEMOIHOIO
CKJICUBAHMS U DJIEMEHTAPHOT'O MOTJIOLIECHHUS.

Kaptsr KapHo paccMaTpuBaroTcsi Kak epecTpOCHHAs COOTBETCTBYIOLUIMM 00pa3oM Tadauma

WUCTUHHOCTU (YHKITHH.

Kaptsr KapHo - onpeznenenHas miockas pa3BepTka n-mepHoro 0ysieBa Kyoa.

Crpoutcs Tabnuiia ICTHHHOCTH (YHKIIUH OIpeiesieHHbIM 00pa3oM. Kaxias kieTka TabiuIisl
COOTBETCTBYET BIIOJIHE ONpeAeieHHON BepiminHe OyneBa KyOa. HyneBble 3HaueHus He
3aMHChIBAOTCS.

Kapra Kapno ans ¢pyHKIun 4-X nepeMeHHbIX:



XX

oo || 1 1 1

01 1
11 1
10 || 1 1

biaronaps ucrnonb3oBanuio koaa ['pest B HEl BEPXHsIA CTPOKA ABJISIETCS COCEIHEN C HUKHEN,
a TIpaBbIid CTOJIOCI COCEIHMIA C JIEBBIM, T.€. KapTa KapHo paccmMaTpuBaeTcs Kak MOBEPXHOCTD (PUTYPBI
oz Ha3zBaHueM Top ("OyOnuk"). p-KIETKH - KIETKU KapThl KapHo, COOTBETCTBYIOIMINE €TUHUYHOMY
3HAYCHUIO (DYHKIIHH.
8
Cocennue HaOOpBl - HAOOPBI, KOTOPHIE PAa3INYAIOTCA TOJIBKO OJHUM apryMEHTOM (OAHOM
opouTON).

IIpaBuia ckieiku:

O CKJICHKY KJIETOK KapThl KapHO MOXXHO OCYHIECTBIIATH TIO €IUHUIAM (ecin
HeoOxonumo nonyuuts JJH®) unu no wynsm (eciu Tpedyercs KHo)O O

n
CKJICHIBAaTh MOXHO TOJILKO TIPSIMOYTOJILHBIC 00JIACTH C YHCIIOM €IUHUIL (HyJel) 2 , rie

n
— IICJI0C YHUCJO. I[J'ISI KapT KapHo C YMCJIOM NCPEMECHHBIX Oolee ‘leTHpéX MOTYT NIOJYYAaTbCA Ooiee

CJIOKHBIC O6J'IaCTI/I, 0 4€M 6y,£[eT CKa3aHO B CIICAYIOUINX pa3z[enax;|:| O

a 001aCTh, KOTOpast MoJIBEpraeTcs CKIeHKe JOIKHA COAEPIKAaTh TOJIBKO €TUMHHIIBI
000 (uynu); KpaltHUE KJIETKU Ka)X10H TOPU30HTAIN U KaXKOW BEPTUKAIIU TaK)Ke TpaHUYaT

mesxny H coboit 1 MOTyT OOBEAMHATECS B MPAMOYrOMbHUKH. CIIEACTBHEM 5TOTO

MpaBujia SBJSETCA CMEKHOCTh BCEX YETHIPEX YraoBbIX sueek kapThl KapHo nns N=4. Eciu Bo Bcex

YETBIPEX YIJIOBBIX AYEHKaX CTOST €IWHUILBI (HYJIU) OHU MoryTESHTL OEIBG,Z[I/IHCHBI B KBaJparT; BcCe
[  CAMHHIBI (HynH) AOJKHBI TIOMACTh B KaKyI0-TH00 00J1acTh; ad

0 ¢ Touku 3peHust MuauManbHoCcTH JIH® (KH®) yncno obnacreit 10KHO OBITH Kak
MO>KHO MEHbIIIE (Kak1asi 001acTh MpeICTaBIsIeT cO00M TepM), a YUCIIO KIETOK B 00J1acTH

JIOJ'DKH(PD OBITH KaK MOXXHO 0oJbIIe (4eM OoJbllle KJIETOK B 00JAacTH, TEM MEHbBIIE MePEMEHHBIX

u 0
COJIEP’KUT n STYEEK COJEPKUT N—n epeMeHHbIX ); TepM. TepM pazmepom 2

O oJlHa fueiika kapThl KapHO MOXKET BXOAUTH cpa3y B HECKOJIBbKO obiacTeil. 1o

ClIeAyeT W3 OYEBHIHOIO CBOWCTBA OyneBBIX (YHKIMI: MOBTOPEHHE YXKE CYIIECTBYIOLIETO
crmaraemorod U

(coMHOXUTENS) HE BIMSIET HAa QYHKIUIO: AvA=44-4= ‘-1';5
a

O B oTiiane oT C/IH® (CKH®), IH® (KH®) He enquHCTBEHHBI. BO3MOKHO HECKOJIBKO



skBuBaJeHTHBIX Apyr apyry JH® (KH®), kotopble COOTBETCTBYIOT pa3HBIM CIIOCOOaM TOKPBITHS
kapThl KapHo mpsivoyromsasmvu oGmactsv. J O

[Tocne 3anonnenus Kapter KapHo 3HaueHusMu U3 TaOIUIBl UCTUHHOCTU OepéM IMEPBYIO
o0JacTb U CMOTPHUM, KaKHe MEPEeMEHHbIE HEe MEHSIOTCS B INpejesiax 3ToW 00JacTH, BBINHUCHIBAEM

KOHBIOHKIIHIO 3THX TIEPEMEHHBIX; €CITH HEeMEHSIoIIasics mepeMennas Hymesas,J U
IIPOCTaBJIsIEM HaJ HEW MHBEpcUio. bepéM cienyrolyto 001acTb, BHIIOIHAEM TO K€ CaMO€, YTO U JJIs

a MepPBOH, U T. 1. I Bcex obnactell. KonbloHKIMN ob6acTeit 00beauHsIeM ILHSLIOHKLU/Ieﬁ.D

Jlist KH® Bc€ To ke caMoe, TOIBKO pacCMaTpUBAEM KIIETKM C HYJISIMH, HEMEHSIOLIUECS
MIEpEMEHHBIE B MpeIeiax OJHON 00IacTH 00bEANHAEM B AU3BbIOHKIINY (MHBEPCUU MTPOCTABIISEM HaJl
€IMHUYHBIMUA TEPEMEHHBIMH), a JU3BIOHKINU o0yiacTeil oObeauHseM B KOHBIOHKIMIO. Ha 3ToM

MUHAMHM3ALHs cauTaercs 3akondennoit.d U
O IIpumep 10

Y manpunka Konu ects Mama, narma, neaynika u 6adymka. Komst moiaér rynsaTs Ha meuy,l:I
eciu u TOJIBKO €CIIM €My  pa3pelar XOTsd OBl JIBOE POJICTBEHHUKOB.
Jns xpatkoctd 0003HaYMM POACTBEHHHKOB Komm uepe3 OyKBBI:

Mama — x1

nana — x2  JAeayliKa —
x3 06abymka — x4

VYcnosumcesa 0003HaYaTh COracHe POACTBCHHHUKOB e,I[I/IHI/II_Ieﬁ, HECOIJIaCuc - Hy.]'ICM

Bo3moxHOCTh mONTH norynate o6o3HaunM OykBol f, Kons unér rynate — f = 1, Konst rynsats He

unér — f=0.

CocTaBuM Ta0IHIy HCTUHHOCTH:
Ne [X1 [X2 |X3 [|[X4 |f
0 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 1 1 1
4 0 1 0 0 0
5 0 1 0 1 1
6 0 1 1 0 1
7 0 1 1 1 1
8 1 0 0 0 0
9 1 0 0 1 1
10 |1 0 1 0 1
11 |1 0 1 1 1




12 |1 1 0 0 1
13 |1 1 0 1 1
14 (1 1 1 0 1
15 |1 1 1 1 1

[lepepucyem Tabauily ICTUHHOCTH B 2-X MEPHBIH BUJI, IEPECTABUM B HEH CTPOKU U CTOJIOIBI
B COOTBETCTBUU C KOJIOM ['pes 1 3arnonHuM e€ 3Ha4eHUSIMU U3 TaOJIULIbl HCTUHHOCTH

X3 Xk

X1 X2x. |00[01/1]10
00{0 01,0
01{0]1]1]1
T L AT 4
1010111111

MI/IHI/IMI/ISI/IpyeM B COOTBCTCTBHHU C MPpaBUJIaMH CKJICHKH: O

Bce 00JIacTH cojeprkar 2”n KHGTOK;D

a TaK KaK KapTa KapHo Ha YCThIPC ICPCMCHHLBIC, OCHU pacCIIOjJararoTCsda Ha I'rpaHuIIax KapTHEI

1 HUX HEC BUIHO,

0 rak kak Kapra KapHo Ha ueThIpe mepeMeHHbIe, BCe 00JIACTH CHMMETPHUYHO OCeH —

Oemerxnbre MEXIY co6oit;Do6mactu S3, S4, S5, S6

a

MaKCHUMaAJIbHO 60J'II>I_HI/Ie; O

Bce o0JacTu NEPECCKAOTCA

D(HCO6}I38.E€JIBHOG YCIIOBHUE). O

X1 X2 . (00/01/11/10
00/0 |04\ 0]
0110 L1411
(R
10 [o [T/l
B JaHHOM

S3

S6

cirydae

paHHOHaJILHBIfI BapuaHT TOJBKO

F(X1,X2 X3 X4)=51vS82v53v 54v S55v 56 =
= X3X4 v X1X2 v X2X4 v X1X4 v X1X3 v X2X3

CoctaBuM muH. KH®:

OJIAH.
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F(X1,X2,X3, X4) = (51) (S2) (S3) (54) =

= (X1Vv X2V X3)(X1V X3V X4)(X2Vv X3V X4)(X1Vv X2V X4)

3aaHus AJ1s1 NPAKTHYECKOT0 3aHITHSA:

Ne BapuaHTa

DyHKUHs

flx,p.z)=x&yv (ﬁ)

1

2 flx,y,z =z—>(;v;‘)

3 flx,yz)=x&y—> ‘.\: v —\—)

4 fleyvz)=r&y&z)~[xvy)
5 /'(x._v,:)=(;v;')~ v

O CocTaBUTH Ta6J'II/II_Iy HUCTHUHHOCTH.

0 3anucars CJTH® u CKH® ¢ynxmum.

1. Honst
GYHKIIMM U3 TaOJIUIBI 1,
COOTBETCTBYIOLIEH HOMEpY

CBOCTO  BapuaHTa, BBIIIOJIHUTH

cleqytolee: O cocraBurs
TAOJUIy MICTUHHOCTH, 3aIliCaTh
CAH® u CKHO® dynkuuu;
JI0Ka3aTh SKBHUBAJIEHTHOCTh
CIH® u CKH®. Tabmuma 1 -

BapuanTe! 3a1anus

0 Vnpocruts Bepaxerne mis CJIH® u CKH®, ucronssys kapry Kapuo.

0 CocraButs cxemy ycrpoiictBa, peanusyromero 3aganuyio CJJH® u CJIH® mocie

2. Hnst

byHKkM W3 TAONMOBl 2,



COOTBETCTBYIOLIEH HOMEpY

CBOCT'O

BapHaHTa,

BBITIOJIHHUTD CICAYIOMICC:

YIPOLIEHUS.
Tab6numa 2 -

Ne | CocrossHue BXoma Oyukuus f mo BapuaHTam BapuanTsl 3a1anus

X1 |X2 [X3 |X4 |1 2 3 4 5
0 0 0 0 0 1 0 0 0 1
1 0 0 0 1 1 0 1 0 0
2 0 0 1 0 0 0 0 0 0
3 0 0 1 1 0 0 1 0 1
4 0 1 0 0 0 1 0 0 0
5 0 1 0 1 0 1 0 1 0 B
6 0 1 1 0 0 0 1 0 0
7 0 1 1 1 0 1 1 1
8 1 0 0 0 1 0 0 0 1
9 1 0 0 1 1 0 1 0 1
10 1 0 1 0 0 0 0 0 0
11 1 0 1 1 0 0 1 0 1
12 1 1 0 0 0 1 0 1 0
13 1 1 0 1 1 1 0 1 0
14 1 1 1 0 1 0 0 1 0  |KoHTpoJbHBIE
sl v Jo o [o [1 [o [P

1. UTo Ha3bIBAIOT MPOCTON KOHBIOHKIIMEN U MPOCTON JU3BIOHKIIAECH?

2. Uto takoe [IH® u KHD?

3. B gem ormmune CIH®/CKH® ot [IHO/KH®?



4. Jl71s1 9ero Hy»KHO MUHUMHU3UPOBATH JIOTUYECKHUE (PYHKITUN?

5. Kakue anredpanveckue npeoOpa3oBaHus HaMOOJIEE YaCTO UCIIOIB3YIOTCS IPU

MUHUMU3AIU | QyHKIAN?

6. B dem cyts MeTona kapt Kapno?

IIpakTnyeckas padora Ne 4
Tema: OnpenesneHue TOKAECTBEHHOCTH JIOTHYECKUX (PYHKIHIA.
Henap padoTbl: U3yYUTh 3aKOHBI ONPENEIEHUS TOXKIECTBEHHO UCTUHHBIX U TOKJIECTBEHHO
JIOXKHBIX (hopMyTT

Teopernueckass 4yactb: Bce ¢dopmynbl anreOpsl JOTHMKH JENATCS HA TOXKISCTBECHHO
WCTUHHBIE, TOXICCTBEHHO JIO)KHBIC W BBIMOJHUMBIC. OmpeaesieHus] TOXIACCTBEHHO MCTHUHHBIX U
TOXKJIECTBEHHO JIOKHBIX ()OPMYJT JaHBI BBILIE.

®opmyny F Ha3pIBatoT BEINOJTHUMOM, €CJIM OHA MIPUHUMAET 3HaueHue “uctuHa’ (1) XoTs Obl
Ha OJTHOM Ha0Ope 3HAUYCHUH BXOAIINX B HEE IEPEMEHHBIX U HE SBIISIETCS TOXKICCTBEHHO HCTUHHOM.

B ¢Bs13u ¢ 3THM BO3HUKAECT 3aj1aua MOJIYYCHHUA OTBETA HA BOIIPOC: K KAKOMY KJIACCY OTHOCHUTCH

nanHas popmyna?
Ora 3a7a4a Ha3bIBaeTCs MPOOIEMON Pa3pelIuMOCTH.

OquH,I[HO, 4qTo np06neMa pa3speuinMoOCTH anre6pbl JIOTUKH pa3pcuinma.

JleicTBUTENBHO, [UISI KaXJ0M (opMynbl anreOpbl JOTMKM MOXKET OBITh COCTaBlieHa Tabiauna
HMCTUHHOCTH, KOTOPAasl U AacT OTBET Ha MOCTaBJIeHHBINA Bonpoc. OJTHAKO MPaKTUYECKOEe

HUCIIOJIB30BaHHUC Ta6J'II/II_I HCTHUHHOCTHU IIpU OOJIBIIIOM KOJIMYECTBE IEPEMCHHBIX el |

3aTPyAHUTEINBHO.

CymiecTByeT Ipyroit croco0, MO3BOJISIIONTNHN, HE UCTIONB3Ys TaOIHUIbl UICTUHHOCTH,
OTIpENIeTNTh, K KaKOMYy KJiaccy oTHocuTcs popmyia F. DToT crmocod ocHOBaH Ha MpUBEACHUHN
dbopmynbl k HOpManbHO# Gopme (JJHD unu KH®) u nucnons3oBanuu anroputma, KOTOPHIA
MO3BOJISIET OMPEICIUTS, SIBISIETCS JIM paccMaTprBaeMasi (hopMyIia TOKIECTBEHHO NCTUHHON WU He
sBisgercs. OMHOBPEMEHHO C 3TUM PEIIAETCs BOIIPOC O TOM, OyeT ik (hopMyia A BBITTOTHUMOM.

[Ipenmonoxum, 4T0 Mbl UMEEM KPUTEPUI TOXKAECTBEHHON UCTUHHOCTHU U1 (hOPMYJT anreOpbl

Paccmorpum Mexanusm ero npuMmeHeHus. [IpumeHnmM KpuTepuil TOKIECTBEHHOM 12

UCTUHHOCTHU K (opMmyiie A | Ecm OKa)eTCsl, YTO 1,{4 (dbopMyInia — TOXKIECTBEHHO UCTHHHASI, TO

3ala4ya pCUICHA. Ecau xe OKaXXCTCiA, 4TO (bopMyJIa H‘IgTO)KIICCTBCHHO HCTHUHHA, TO IMPUMCHHUM

KpUTEpUHA TOXJIECTBEHHOW HMCTUHHOCTH K (opwfie . Eciu okaxercs, uro ¢opmyna A
TOXIECTBEHHO UCTUHHAS, TO SICHO, YTO (hOpMyIIa - TOKAECTBEHHO JIOKHAs, U 3a/1a4a pemeHa. Ecinu

ke dopMmyiia He TOXKJIECTBEHHO MCTHUHHAA, TO OCTAETCI €IUHCTBEHHBIN BO3MOKHBII
9

pe3ynbTar: A dopmyna BBIIIOJIHMMA.



YCTaHOBUM TeNepb KpUTEPUH TOXKIECTBEHHOM MCTUHHOCTH IPOU3BOJIBHON (OPMYIIBI
anreOppl joruku. C STOH 1LENbI0 MPEeaBApUTENLHO CHOPMYIHPYEM U JIOKaKEM KpUTEPHid
TOKJIECTBEHHOW HCTUHHOCTH 3JIEMEHTapPHOHN IU3BIOHKIUH.

Teopema 1.
s Toro, 4ToOBI 37IEMEHTapHAas TU3BIOHKIIMS ObUIa TOX/IECTBEHHO UCTUHHON, HE0OXO0IUMO

U JOCTaTOYHO, YTOOBI B HEHl cozleprKayiach MepeMeHHas 1 e€ OTpHUIlaHue.

JlokazaTenbCcTBO HEOOXOIUMOCTH.

[IycTh anemeHTapHasl AU3BIOHKIIWS TOXIACCTBEHHO MCTHMHHA, HO B HEE OJHOBPEMEHHO HE
BXOAHUT HEKOTOpas INepeMeHHas u e€ orpuuanue. [Ipugaaum KaxaoW MmepeMeHHOH, BXOJAIIEH B
AJIEMEHTAPHYIO JU3BIOHKIIMIO 0€3 3HaKa OTPHIAHHs, 3HAUYCHHE “JIOKB , a KaKIOW NMEPEeMEHHOM,
BXOJIAIIEH B 2JIEMEHTAPHYIO JU3IBIOHKIIMIO MOJ 3HAKOM OTpPHUIAHUS - 3HaueHue “‘ncruHa”. Toraa,
OYEBHJIHO, BCS AJIEMEHTapHAas TU3bIOHKIIMS TPUMET 3HAYCHHE “JI0Kb”, UTO IPOTUBOPEUYUT YCIOBHIO.

,Z[OKa?:aTCJH)CTBO JO0CTaTOYHOCTH.

IlycTs TEneph 2eMeHTapHas AU3BIOHKLINS COACP/KUT IIEPEMEHHYIO U €€ OTpULlaHue. Tak

X, v x;i =1 o
Kak ~ f , TO ¥ BCA dJIEMEHTapHasi IU3BIOHKIUS OYJET TOKIECTBEHHO UCTUHHOM.
Kpurepuii Tox/1€CTBEHHOW UCTUHHOCTH AJIEMEHTAPHON AU3IBIOHKIIUU TTO3BOJISET CHOPMYITUPOBATH

U J0Ka3aTb KPUTEPHUI TOXKIECTBEHHOW HCTUHHOCTU IIPOU3BOJIBHON (POPMYJIbI alreOphl JIOTUKH.

Teopema 2.

I[J'ISI TOTO, YTOOBI (I)OpMyJ'Ia anre6pLI JJOTUKH A ObLI1a TOXACCTBCHHO MCTHHHA, HCO6XOI[I/IMO u

JIOCTATOYHO, YTOOBI JF00ast 3IEMEHTapHas JU3BIOHKIMS, BXoasmas B KH® A | coxepxana
MIEPEMEHHYI0 U €€ oTpullaHue. J{okazareiabCcTBO HEOOXOUMOCTH.

" ToXkAecTBEHHO UcTUHHA. Torna u KH® [Iycts - TOXIECTBEHHO
= . VCTUHHA.
ASANA ALLANA A,

KH® rae

Ho - JJIEMEHTAapHbIE AU3BIOHKIUU
( )
= A = 1. 2
0 1

2

Tax xaxk KH® . Ho TOl"}I—a no teopeme 1 kaxnmasl , T
Ai

JIIEeMEHTapHas AU3BIOHKLIMS  COAEPXKHUT IEepeMeHHylo H e€ orTpumanue. Jloka3aTenbCcTBO

JIOCTaTOYHOCTH.

iy A
[lyctsb nr06as anemeHTapHas . Bxogsmas B KH® JU3BIOHKLNS , COAEPKUT
TIEPEMEHHYI0 U €€ OTPHUIIAHME. L1, 5 - 77 Torna no reopewme 1
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HaHpHMep’ REIICHUM gRTgeTcs mu chonmva
(S - ey b T S
)
— TOXIACCTBCHHO
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u )

A =

OJICMECHTAapHas JU3BIOHKIWA UCTUHHOM.

Taxk xak TO SICHO, 4TO
Kaxnaas

Bxosmas B KHO A ,

COJIEPKUT IIEpEMEHHYI0 U €€ oTpunianue. Ciiej0BaTeabHoO,
AHaJOrMYHO HMMEIT MECTO TEOPEMBI, JAOLIUME KPUTEPUU TOXKAECCTBEHHON JIOKHOCTU
9JIEMEHTAPHON KOHBIOHKIIUH U JTF000i (HhOpMyIIbl alireOphl JIOTHKH.

Teopema 3.
I[JI?I TOro, YTOOBI OJICMCHTAapHass KOHBIOHKIUSA ObLIa TOXIACCTBECHHO JIO)KHOﬁ, HGO6XOI[I/IMO n
JI0CTaTOYHO, YTOOBI B HEH coJiepKaiach EpeMEeHHas U e€ OTPULIAHU €.

Teopema 4.

s Toro, 4to6sl opmyna anreOpbl JOTHKU A Grina TOXXJIECTBEHHO JIO)KHOW, HEOOXOJIUMO U
J0CTaTOYHO, YTOOBI JF00asi KOHBIOHKIHS, BXxomsamas B JJHO A | comepikana nmepeMeHHYO U e
OTpUIAHHE.

HpaKTI/I‘{eCKaﬂ 4acThb:

[Tpumep. IIpoBepuTh TOKAECTBEHHOCTD JIOTMUECKUX (PYHKIIMIL:

Fxx x3)(x x2 xx0xi x I3

12 23 1 2 3

3 ﬁxz(mx&m);

P E&(xw;xﬁlz). B

2 3 1
[Ipumep. IIpoBepuTh TOXKAECTBEHHOCTD JOTMUECKUX (YHKIUI:

- - o 0
F= DXIXZD)CZX} DDx1xsz1x3Dx2x3|:|Hf|:| X

1, X2, X3, KOTOpas NpUHUMAET €AUHUYHbIE
3Ha4YeHHs Ha Habopax 2, 3.

[Ipumep. IIpoBepuTh TOXIAECTBEHHOCTD JOTMUECKUX (YHKITHI:

Fllx yI)®y 2)E fMxr, x2,x3).

®yuxmus f umeer cnepyrontyo MuEIManbHyo Gopmy £ Gy yH xz 0



[Tpumep. IlyTéM TOXIECTBEHHBIX NPEOOpPA30BAHUN IOJYYUTh MUHHUMAJIbHYIO (OpMy 3amucu
noruueckoi ¢pynkuuu F1 u mpoBepuTs, sIBIsS€TCS M OHA TOXAecTBeHHOW (QyHKuuu F2. 3amanb
¢bynxkunm F1 u F2:

Fl OX1X2 MIX3 XZX3)( X1X3 X2XB);

F2 X2 X3

[Tpumep. IlytéM TOXAECTBEHHBIX MpeoOpazoBaHuil jorudeckod ¢ynkumu F1 momyunts €€
MUHHMAQJIbHYIO (OpMY 3allUCH U TMPOBEPHUTH, SBISCTCA JIM OHA TOXICCTBEHHOW (GyHKuMH F2,
onpeneaEHHON Ha TaHH bIX HaOopax. 3amanbl pyHkiuu F1 u F2:

F1 X 2X1 XBX1 X 3X 2)( X2X 3 X1XB); F2=1 na na6opax 4, 5, 6.

[Tpumep. 3agansl pynkmun F1 u F2:
F1=0 na natope 0, 2, 3,4, 5, 6, 7,

F2 QY 2X1 XDX3)(X1X2 XIX3 XIXD)

[Tpumep. Jlornyeckue ¢pynkumu F1 u F2 3agansl Tabnuano (Ha Habopax):
F1=0 na nabopax 0, 4, 6, F2=0
Ha Habopax 0, 3, 6, 7.

HeO6XOI[I/IMO MOJIYYUTh UX MUHUMAJIbHYIO (bOpMy 3aIIMCH.

[Ipumep. 3anana Gpynxius F2 anamurudecku. F2 @X1X2 XDRX 3)( X1.X2 X1 3 X 24B)

Heo6xoauMo moyuuTs e€ TabiuIy HCTUHHOCTH.

1) XLX2 IX1Y 3 ARX3 XIN2 X1 83 MRX3 Y2 X0 X3(1 §2) O O
00X O0x20X3,

2)(X1X20X2X3)(X10X20X3)0X2X3X10X1X20X1X2X30X1X2X30X1X2(10X3)
ad

OX1X2X30X1X2

IIpakTyeckas padora Ne 5
Tema: BoinosiHeHue OMHAPHBIX aJredpanyecKuX onepanuii HaJ MHOKeCTBaMHU
eanb paGoThl: 3y4eHHE OCHOBHBIX ()OPM TPEACTABIICHHUS] OWHAPHOTO OTHOIIICHMSI, aHAJTN3

CBOMCTB OMHAPHBIX OTHOIICHU, BBIMIOJIHEHHE ONlepaliuii Ha 11 OMHApHBIMU OTHOIIECHUSMHU.

Teopernyeckoe 060CHOBaHHE
KopTresx — 3T0 yrnopsaodeHHas OCIeI0BaTeIbHOCTh JIEMEHTOB C BO3MOKHBIMHU TOBTOPEHUSMH.

DeMeHTBl KOpTerka MepeunciIsiioTcsl B yrioBbix ckookax. Ilpumep 1.<a, b, c>
[Topsinok 3anmucu umeet 3HaueHue: < a, b > He paBHo <b, a >

[ToBTOpHI MMEIOT 3HauYeHHWE: < a, b > He paBHO < a, b, a > [{nuHa
KOPTEKa— ITO YHCIIO AJIEMEHTOB B HEM.



IIpsiMoe (1exapToBO) NPOU3BeIeHNE MHOKECTB A H B — 3TO MHOKECTBO BCEX KOpTEXKEH
JUTUHBI 2, B KOTOPBIX MEPBbINA AJIEMEHT MPUHAJICKUT MHOXKECTBY A, BTOPOU SJIEMEHT—MHOKECTBY

B.
O0o03HaueHMe:
A xB — npsamoe npousBeeHre MHOXeCTB A u B.
BunapHoe oTHOIIEHHe MeXKAY IBYMSI MHOKECTBAMHM—ATO [TOJIMHOKECTBO X IIPSIMOIO
IIPOU3BEICHUS.

®opmaisroe onpenencaue: FADB.
R —»T0 OuHapHOE OTHOLIECHHE MEXy MHOXecTBaMu A U B.
BUHAPHOE OTHOIIEHUE MEXIY MHOXKECTBAMU
A={a,b}
B={c,d,e}

Rc AxB
R={a,c),(a,e), (b.e)} 15 Mpumep 2.

\ <a..>
. e ?ae ® <) e>
d
c

% ¢
4
%)

a A b

Bnﬂapnoe OTHOLICHUE MEKAY MHOKEeCTBaAMM

A=1a,b,c,d } — MHOMKECTBO CTyIEHTOB
B ={x,y,2} — MHOXeCTBO CIIOPTUBHBIX CEKLIHi
R c AX B — OGuHApHOC OTHOIICHHC MCYKIy MHOKCCTBaMH A4 1 B

R={a.y),(a,z), (c,z), (d,y)} — GunapHoe OTHOMEHHE
«CTyIlel-IT 3aHUMaeTcCHd B CEKUIUHN»

Hanpumep: {a, ) — CTY/ICHT @ 3aHNMACTCS B CEKTINN Y

a\ ® «x
b @

¢ @~ Y
A d @ z B

Bcero ecth 2 B crenenu | A | | B | OuHapHBIX OTHOIIEHUHM MEXAY KOHEUHBIMH MHOXECTBAMHU

A u B.
Ecmu FIAL 10 R —oa10 OMHApHOE OTHOIICHHE Ha MHOXKECTBE A.

IIpumep 3.



bBuHapHoe OTHOIICHHE HA MHOKECTBE
A={a,b,c,d} — MHONKECTBO GOKCEPOB
R ¢ AX A — ©GuHapHOC OTHOIIICHUC Ha MHOXCCTBC A
R ={a,b), a,c),(d,a)} — Gunaproe OTHONICHHE «BHIMTPAT»
Hanpuwmep: (a,b) — Gokcep a Beiurpan y 6okcepa b

A ¢ [22) d

CnocoOsI 3aganus

[Tepeunciienne Bcex map u3 6a30BOoro MHOXKecTBa A 1 6a30BOro MHOXeCTBa B

A={a; ,a2} B={b1,b2,b3}, ={(ai, b1), (a1 ,b3), (a2, b1)}

2
OTtHomeHus: MOTYT 33aBatbes popmyaamu. opmynsl y = x° +5x - 6 Wi X + y< 5 3a7a10T
OWHapHbIE OTHOIICHHS HA MHO)KECTBE JICHCTBUTEIBHBIX YHCEIL.
3aJaHMs

a= {(a, d), (a, ©), (b, b), (c, ), (e,d), (¢, a)}

I'padpmueckuit meton

a a S——4-
b b
16
= = :1 I'padoBoe mpencraBieHue
d d -
I'pad - purypa cocrosiimas U3 TOUEK
e e

(BepuIMH) COEIMHEHHBIX
JUHUAMH (nyramu). Bepimssl
rpaga COOTBETCTBYIOT 3JI€MEHTaM
MHOJKECTBA A,
TO €CThb Xi, @ HAJIMYMe AyTH, COCAMHAIOMEH BEpIIMHBI Xi M Xj, 03HauaeT, uto (XiXjHR. UToOsI

a bocd e a bcd e

HO,Z[‘-IepKHYTB ynopﬂ,HO‘-IeHHOCTL l'[apLI Ha J:Lyre CTaBUTCA CTpeHKa.
A={(a, b), (a, ¢), (b, d), (c, e), (e,b), (e, e)}
a b

° d/

Marpuynas ¢hopma 3agaHus (MaTpuIla CMEKHOCTH OMHAPHOTO OTHOIICHHS)



[lycth Ha HEKOTOPOM KOHEYHOM MHOXKecTBe X 3aJaHO OTHOIIeHHEe A. YNopsaouum

KakuMII00 00pa3oM 31eMeHTHl MHOKECTBAa X = {X1, X2, ..., Xn} U OIPEACTHM MATPHILy OTHOIIEHHAA

[ai] cnenyrommm oGpa3om:

a b e d e

all0 & 200

Ao o0 a0 @0

A=cll0 0 0 0 1

ayz{l, ) TP dflo 0 0 0 0
0, ecrH (X, x,) HE IPHHAATIEIHT & .0 7 0 0 !

ManI/II_Ia 3aIIMChIBACTCA B ﬂBOﬁHLIX BCPTHUKAJIBHBIX YCPTOYKAX

Onepanyu HaJ OMHAPHBIMM OTHOIEHUSIMMU: a nepecedeHre IByX OMHapHBIX OTHOHJeHI/IIE Riu
R2 - 310 oTHOmMEHNE R1 R2 =

{ (Y]
xyRiux,y)R}. O o0benunenue 1Byx GMHApPHBIX OTHOIIEHUH R1 1 R2 - 310 oTHOIIEHUE
Or, R, = ad
{(xy)]
(R, y) Rh i (x, y) RB}. O
g pasHocThio oTHOomIeHUH Ri1 u R2 Ha3piBaeTcs Takoe oTHomeHue, uyTo: R1\R2 = {
Yl yRinxy) &} O
O JOTIONHEHNe K oTHomeHmo R={ (x, y) | (x, y){dA A)\R}. O

O obpartHoe oTHomIeHne R -1 {x,y)]|(y, x)DR}. o

IIpumep 4. [lano muoxecto A = { 1,2,3,4,5,6 } N. Ha Hem 3a1ano GuHapHOE OTHOIIICHHE P

«BombIey, T. €. (X,y) p<B>x > y. ITocTponTh rpad 1 rpadhuk TOro oTHOMmEHNs. Kakiumu cBoiicTBaMu

o0J1azaeT 3TO OTHOIIEHME?.

17



I'pad ykazaHHOTO OTHOIICHUS rpaduK 3TOr0 OTHOILICHHUS

PediexcuBHOCTS: Ecin 661 970 oTHOmICHHE GBLTO ObI pedieKCHBHBIM, TO X >X a1 H A.
Hanpumep, 6puto 061 BepHO 2 > 2 ( JOXKb ). 3HAYHT OTHOIICHHE « > » Ha A HE SBISCTCSA
pedIeKCUBHBIM.

Cummerpuunoctb: Eciu Obl 3TO OTHOLIEHHE ObLTO ObI CUMMETPUYHBIM Ha MHOXKECTBE A, TO
X >y =>y>x. Hanpumep, 3>2 => 2>3(7105b),. 3HAUNUT, OTHOILIEHUE « > » Ha A HE sIBJIIETCA
CUMMETPUYHBIM.

TpanzutuBHOCTH: Eciu Obl 3TO OTHOIIEHUE ObLIO OBl TPAH3UTUBHBIM Ha MHOXECTBE A, TO X
>y, y >z =>X >z.9T0 yTBEP)KIEHNE UCTUHHO JJIs JIIOOBIX HATYPAJIbHBIX YHCEN, T. €. U YHCel U3 A.

3Ha‘~II/IT, OTHOIICHHUE « > » Ha A ABJIIECTCS TPAH3UTUBHBIM.

ACI/IMMGTpI/I‘-IHOCTI)I Hn JJIA KaKHuX 4UC €11 A He MOXKeT OBbITh OAHOBPECMCHHO I/ICTI/IHHI)IMQ

d 4
0oooo , T. €. OTHOIlIeHue ‘“>" Ha A acuMMeTpuuHO. OTHOIIEHHE “>" HAa MHOXECTBE A
SABJIICTCA yx OTHOUICHHUEM CTPOIroro nopsajakKa T. K. OHO aCUMMETPUYHO U TPAH3UTUBHO.
Ay
1,00 O -
CasizHOCTB: J171s1 TFOOBIX ABYX JIEMEHTOB X ,) ~ BEpHO: )y X T. €. OTHOLIEHHE “>
Ha

00 40y

MHOXXECTBE A ABIAETCI CBA3HBIM. 1. K. OTHOLIECHHE ‘> Ha MHOXECTBE A CBA3HOE U IBIAETCH
OTHOILIEHUEM CTPOTOT0 MOPsJIKa, TO OHO €CTh OTHOILIEHUE CTPOroro JIMHEMHOTO MOopsiIKa.

IIpakTuyeckas padora Ne 6
Tema: BblnoJiHeHHe onepanuii Hal OMHAPHBIMH MHOKECTBAMM

eanb padoThi: N3y4eHHE OCHOBHBIX ()OPM TIPEICTABICHHS OMHAPHOTO OTHOIICHHUSI, aHATHN3
CBOMCTB OMHAPHBIX OTHOIICHH, BHITIOTHEHHE ONIepaliuii HaJl ONHAPHBIMHA OTHOIICHUSIMH.

33)13HI/IH AJI MPAKTHYECKOI0 3aHATUA:



JlaHO MHOXECTBO HaTypanbHBIX uncen X ={1, 2, 3, 4, 5, 6, 7} u onpenenéHHbic Ha HEM

OuHapHble oTHOMIEHUs R1 u Ro.

No papuanta | OtHomeHnue R1 OtHomenue R2
Bapuanrt 1 1)bbITh GOMBIIE 1)BbITh MEHbILIE
2)bBITh 3KBUBAJICHTHBIM 110 mod 3 2)bBITh 1eTUMBIM
Bapuant 2 1)bbITh GOMBIIE 1)bBITh 5KBUBaNEHTHBIM 110 mod 2
2)bbITh MeHbIIIe 2)bbITh SKBHBaEHTHBIM 10 mod 3
18
Bapuanr 3 1)bbITh OONbILIE 1)BbITh 5KBUBasEHTHBIM 0 Mmod 3
2)bbITh MeHbIIIE 2)bbITh 3KBHUBAJICHTHBIM 110 Mmod 2
Bapuanr 4 1)BBITh SKBUBaJIEHTHBIM 110 mod 2 1)/lenuThbes Ha 2
2)J/lenuTthes Ha 3 2)bBITh 1eTUMBIM
Bapuanr 5 1)BbITh SKBHBaNeHTHRIM IO Mod 3 1)[denutbcs Ha 3
2)bBITh MEHBIIIE 2)/lenuThes Ha 2

1.IlpencraButh Kaxkaoe OMHApHOE OTHOLIEHHE BO BceX (hopmax:

O rpaduueckas (1)opMa;|:I rpad; O MaTpuia cmexrocTi.H

a

0 pednexcusrocts;0 O

CUMMCTPUYHOCTD, o o

TPAH3UTUBHOCTD. O

2.%XapaKTepI/I3OBaTL KaXJa0¢< 6I/IH8.pH06 OTHOIICHHUE 3JICMCHTAPHBIMHA CBOMCTBaMM:

3. BeimonHuTh cnenyromue OMHapHbIe oNepaluy HaJl OTHOIIeHUusIMI R1 uRo2:

0 o6bequnenue; Fepeceuenne;

0 pasmocts
a

RI\R2

n U R2\RI;

Ipou3BeieHne (KOMITO3ULINS) H R2 u RERI.

KoHnTpoJsbHbIE BONIPOCHI:

1. Yto Takoe OMHapHOE OTHOILIEHNE HAa MHOXeCTBE?

2. Kak MOXHO 3anucats OWHapHOE OTHOLICHHE?

CUMMCTPUYCCKAA

pa3HOCTb;




3. Kakoe oTHOIIeHHE HA3bIBAIOT PE(ICKCHBHBIM?
4. Kaxkoe oTHOIIIEHUE SABIISACTCS aHTUPE(DICKCUBHBIM?
5. Kakoe oTHOIIEHHE Ha3bIBAIOT CUMMETPUYHBIM?
6. Kakoe oTHOLIEHHE SBISETCS aHTUCUMMETPUYHBIM?

7. Kakoe oTHOIIEHHE HAa3bIBAIOT TPAH3UTUBHBIM?

8. Uro Takoe YKBUBAJICHTHOCTH HA MHOKECTBE?

IIpakTnueckas padora Ne7
Tema: IlocTpoenue nuarpamm Jiijiepa—Benna.
Heab padoThl: MTO3HAKOMHUTH CTYJEHTOB C TAKUMH MOHSTUSIMH, KaK MHOKECTBO, JIEMEHTHI
MHO>KECTB, OyJl€aH, YHUBEPCAIbHOE MHOXKECTBO, MOIIHOCTh MHOXKECTBA, OTIEPALlUU HAJl

MHOXCECTBaMH, IPCACTABICHUA MHOXKCCTB C IIOMOIIBIO JUarpamMm, (I)OpMI/Ip}If{ Yy HHX
TCpMI/IHOHOFI/I‘{eCKI/Iﬁ 3ariac.

TeopeTnueckoe 000cHOBaHHE

JIroboe TMOHATHE AMCKPETHOM MATEMAaTHMKH MOXKHO OIPEICIHTh C IIOMOINBIO IOHSTHS
MHO)KecTBa. [loJg MHOXXECTBOM IIOHMMAIOT OOBEJAMHEHHE B OJHO 00IIee OOBEKTOB, XOPOIIO
pa3nuyaeMbIX Hallel MHTYHIMEH WM Halleld MbICIbio. OOBEKThI, KOTOPbIE 00pa3ylOT MHOXECTBO,
6YI[eM HA3bIBATH DJICMCHTAMHW MHOKECTBA U O603Ha‘laTI> MaJbIMHAU 6yKBaMI/I JIATUHCKOT'O ang]gaBnTa. 19
MHOXECTBO U €T0 3JIEMEHThI 0003HAYAKTCS CIICAYIONIMM 00pa3oM:

A = {al, a2, a3} — MHOXXECTBO, COCTOSIIIIEE U3 TPEX DIIEMEHTOB;

A ={al, a2, ...} — MHOXeCTBO, coCTOsIIee U3 OECKOHEYHOI0 YNCIIa HJIEMEHTOB. MHOXKECTBO
MOJKET COCTOATH U3 3JIEMEHTOB, KOTOPbIE CaMHU SIBJISIIOTCS MHOXKecTBaMH. Hy»HO pa3nuyaTh 21eMeHT
a U MHOXECTBO, COCTOSIIEE U3 €MHCTBEHHOIO 3JIEMEHTA a.

[Ipumep. MuoxectBo A = {1, 2} cocTouT U3 ABYX 3JIeMEHTOB 1, 2; HO MHOXXeCTBO {A}

COCTOHUT U3 OQHOTO dJIeMeHTa A.

Eclu 5IeMeHT a IPHHAISKHT MHOKECTBY A, 3TO 3aIIHCHIBACTCS CIEAYIOIINM 00pazoM: a
A. Ecii 51IeMeHT a He NPUHAJIEKUT MHOKECTBY A, TO 3anMchIBaloT Tak: a I A. Ecnu kakoe-mu6o
MHOXKECTBO A BKIIIOUEHO B JPYroe MHOXeCTBO B, To mcrmoms3syercs 3ammch A I B. MuoxecTBo,
coJieprkaliee KOHEYHOE YHCIIO 3JIEMEHTOB, Ha3bIBA€TCS KOHEUYHBIM, €CJIU MHOXECTBO HE COJECPIKUT
HU OJIHOTO 3JIEMEHTA, TO OHO Ha3bIBAaeTCs MyCTHIM U 0003Hauyaercs &. [IpuHATO cunTaTh, 4TO MYCTOE
MHOKECTBO SIBIIAETCS MOAMHOXKeECTBOM Imoboro muoxkectsa: & I A, rme A — moGoe MHOXecTBO.
Taxum 00pa3oM, BCSIKOE MHOXKECTBO COJIEP’KUT B KAYECTBE CBOUX MOJMHOXKECTB ITyCTOE MHOYKECTBO
U caMo ce0sl.

[Tpumep. 1. MHOXeECTBO KOpHEH ypaBHEHUS Sin X = 2 SBIISETCS MyCTHIM.
2. IIyctps A1 — MHOXECTBO IIPOCTHIX unces, A2 — MHOXKECTBO LienbIX yncen, a =4. Torma a |

A2,alAl



MHOXeCTBO CUHUTACTCS 3a/IaHHBIM, €CJTH KaKUM-TTH00 00pa3oM yKazaHO HEKOTOPOE CBOMCTBO,
KOTOPBIM 00J1a/Ial0T BCE €TI0 AJIEMEHTHI U He 00J1a/1al0T HUKAKHE JPYriue OObEKTHI.

MHOXeCTBO MOXET OBbITh 33/1aHO Pa3IMYHBIMU CIIOCOOAMHU: NEPEUYMCICHUEM 3JIEMEHTOB
(KOHEYHbIE MHOJKECTBA) WJIM YKa3aHHEM MX CBOWCTB (IIpM 3TOM B O0OOUX Cilydasx NpH 3aJaHUU
MHOYECTB UCHOIB3YIOT (PUTYPHBIE CKOOKH).

[Ipumepsl 3aganust MHOKECTB. 1. MHOXecTBO M 1indp necatuyHoro andaButa MOXKHO 33/1aTh
BBume: M= {0, 1, ..., 9} umu M = {x | x —1enoe, 0 £ x £ 9}, e cupaBa OT BEpTUKAITBHOW YEPThI
YKa3bIBalOT CBOMCTBO 3JIEMEHTOB 3TOT0 MHOKeCTBa. MHOKeCcTBO M UETHBIX YKCeT MOKHO 3allHiCcaTh
B BUje: M = {x | X —4ETHOE YUCIIO}.

2. Ecnu R — MHOXECTBO TOUYEK YMCIOBOM MPsIMOM, TO Rn — MHOXECTBO TOUEK N-MEPHOIO
apu(MeTUYECKOro MPOCTPAHCTBA; B YACTHOCTH, R2 — MHOXKECTBO TOUEK IIIOCKOCTH, R3 — MHOXeECTBO
TOYEK IMPOCTPAHCTBA TPEX U3MEPEHUH.

JUis Kax[oro MHOKeCTBa M CyIIecTBYeT MHOXKECTBO, 3JE€MEHTaMH KOTOPOTO SIBIISIOTCS
MIOJIMHOXKECTBa MHOKECTBA M M TOJNbKO OHM. Takoe MHOXXeCTBO OyleM Ha3blBaTh CEMEHCTBOM
MHOXecTBa M unu OyrneaHoM 3TOrO MHOXecTBa W o0Oo3HauaTth B(M), a MHOXecTBO M Oynem
Ha3bIBaTh YHUBEPCAJIbHBIM (YHUBEPCYMOM WJIM IPOCTPAHCTBOM) U 0003HauatTh 1 win U. MHOXecTBO
M (yHuBepcallbHOE) HE JI0JKHO OBbITh Y€ O0OBEAMHEHHS pacCMaTpUBAaEMbIX MHOXKECTB, T. €. OHO
JIOJKHO OBITH PaBHO WJIN COJEPKaTh O0OBENNHEHNE PacCMaTPUBAEMbIX MHOXKECTB.

[Tpumep. Ilycts MHOXKECTBO A = {1, 2} cocTouT U3 ABYX 31neMeHTOB 1, 2. Torga MHOXECTBO
B(A) BkitouaeT B cebs myctoe MHOXKECTBO ZE, 1Ba OJHOAIEMEHTHBIX MHOXecTBa {1} u {2} u camo
MHOXecTBO A = {1, 2}, T. e.



B(A) = {&, {1}, {2}, {1, 2}}. Mbl BuauM, uto MHOXXeCTBO B(A) cocTOHT U3 yeTbIpex

2JIEMEHTOB (4 = 22).
[lpuBenem craHmapTHBIE OOO3HAYEHUs JJIsl HEKOTOPHIX HAaWOOJee YIMOTPEOUTEIbHBIX YHUCIOBBIX
MHOJKECTB:

N — MHOKECTBO HaTypaJIbHbIX YHUCCII (I/IHOF,I[a €ro Ha4YnuHaroT C 1, uHoraa C O, OOBIYHO 3TO

OroBapuUBacTCs);
P — npocrtele uncna;

Z. — MHOKECTBO IIEJIBIX YHCEII (HOJ'IO)KI/ITCJ'II)HBIe, OTpULATEIIBHBIC U

0); R — MHOXeCTBO nercTBUTENBHBIX uncell. OueBugnoe cootHomenue: N [ Z [ R.

PaCCMOTpI/IM METOJbI MOJYYCHHA HOBBIX MHOXKCECTB H3 YK€ CYHICCTBYIOIIHNX Ha IMPUMEPC
IIpOCTPaHCTBA UJIN MHOKCCTBA U, OIIpCAcCIINB B HEM 4 OorIcpanv Haa MHOXKXCCTBaAMHU AuB:

O6T>€,I[I/IHCHI/IG, MepeCCUYCHUC, Pa3HOCTb, AOIIOJIHCHHUC.

1.2. Oneparuu HaJ MHOXKECTBAMHU

O6’beI[I/IHeHI/ICM A u B HazwiBaercs mHoxkecTBo A E B, BCC 3JICMCHTBI KOTOPOI'O ABJIAIOTCA
9JIEMEHTAMU XOTs OBl OAHOI'O U3 MHOXKCCTB A nim B:

AEB={x¢xIAu/umxIB}.
N3 ompenenenust cinegyer, uro A I AEBuBIAE B. Aganoruuso onpeaesieTcs
00beIUHEHNE HECKOIBKAX MHOYECTB.

[Tpumep. 1. Ilycteb A = {4,5,6},B=1{2,4,6}. Torma A EB= {2,4,5,6}.

2. Ilyctb A — MHOXECTBO UHMCEN, KOTOPBIE JAeNATCs Ha 2, a B — MHOXECTBO uncen, KOTOphIe
nemsites Ha 3: A = {2,4,6, ...}, B=1{3,6,9, ...}. Torna A E B — MHOXECTBO YHCell, KOTOpBIE
nemsites Ha 2 wn Ha 3: AEB={2,3,4,6,8,9, 10, ...}.

[Tepeceuennem mHoxkecTB A u B Ha3piBaeTcs MHOXecTBO A C B, Bce 371eMEHTHI KOTOPOTO
SABIISIOTCSA dIIeMeHTaMu 06oux MHOxecTB A m B: A C B = {x ¢ x I A u x I B}. U3 onpenenenns
cenyer, uto ACBIA, ACBIBu A CBIAE B. Ananoruuno onpezensercs nepecedeHue
HECKOJIbKUX MHO>KECTB.

[Tpumep. 1. Ilyctb A = {4,5,6},B=1{2,4,6}. Torna A C B= {4, 6}.

2. Ilycte A — MHOXKECTBO 4HCEII, KOTOPBIE ACNATCS Ha 2, a B — MHOXECTBO uucen, KOTOpbIe
nemsites Ha 3: A = {2,4,6, ...}, B=1{3,6,9, ...}. Torna A C B — MHOXECTBO 4YHCeJ], KOTOPbHIC
nenstcanua 2, mHa3: AEB={6,12, 18, ...}.

MosxeT oka3aThCsl, YTO MHOXKECTBA HE UMEIOT HU OJIHOTO 00IIero 31eMeHTa. Toraa ropopsr,

YTO MHOXKECTBA HE MEPECEKAIOTCA UJIN YTO UX NEPECCUCHUC — ITYCTOC MHOKECTBO. HpHMep.

IMycte A={1,2},B={2,3},C=1{3,4}. TornraACBCC=Z&.
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Pa3HoCThIO (OTHOCHUTEIBHBIM JIOMOJIHEHHEM) MHOXECTBA B 110 MHOXecTBa A Ha3bIBaeTCs
MHOXeCTBO A \ B, Bce 371eMEHTBI KOTOPOTO SBJISIOTCS DJIEMEHTAMH MHOXECTBA A, HO HE SBIISIOTCS

JJIEMEHTaMU MHO)KecTBa B:
A\B={x¢x1AuxIB}.

IMpumep. 1. A={4,5,6},B=1{2,4,6}. A\B= {5}, B\ A= {2}.
2.A=1{2,4,6,...},B=1{3,6,9,...}. Torna A \ B— MHOXECTBO 4nce, KOTOpbIC ACIATCS Ha

2, HO He Jenarcs Ha 3, a B\ A — MHOXeCTBO 4Hcell, KOTOpbIe ACTSATCS Ha 3, HO He Jemstces Ha 2: A\
B=1{2,4,8,10,14,...}.B\A={3,9, 15,21, 27, ...}.
CummeTpuueckoil pa3HOCTbIO MHOXKECTB A 1 B Ha3biBaeTcs MHOXkecTBO A + B: A +B = (A
\B)E (B\A).
IMpumep.1. A={4,5,6},B={2,4,6}. A\B={5},B\A={2},A+B=1{2,5}. 2. A
={2,4,6,...},B={3,6,9,...},A\B=1{2,4,8,10, 14, ...}. B\A = {3, 9, 15, 21, 27,
., A+B=1{2,3,4,8,9,...}. HomomnenuemM M MHOXecTBa M SIBJISI€TCS MHOKECTBO
‘M =
{mi | mi T M}.
[Tpumep. 3agansl MHOKecTBa A = {1,2, 5,6} u B = {2, 3, 4, 6} na ynuepcaibHoM MHOxecTBe U
={1,2,3,5,6,7}. Boimonauts onepanuu A, B.
Pemenune. B pe3ynbrare BBINONHEHHUS 3aJaHHBIX ONEpalMid IMOJy4yuM clieayromue2]
MHOkecTBa: ‘A = {3,7};'B={l,5,7}.
JU1i KOHEUHBIX MHOXECTB CYIIECTBYET MOHSATHE: MOIIHOCTh MHOXKECTBAa A — YHCIIO €ro
aseMeHTOB. O003HAYaI0T MOIIIHOCTh MHOXKECTBA |A|.
ITpumep. A = {1, 2, 5, 6}, Torna MmomHocTh MHOXKECTBA |A| =n(A) =4; |E|=0; [{£E}| = 1.
TaxKe CIpaBeUINBHI CIeAyIoNIIe GOpMyIbI: 1 TH00bIX MHOXecTB A 1 B b |A E B| = |A| +
|B| —|A C B|, To ecTb yunTtbIBatoTcst o01IM€e sl 000MX MHOKECTB JIEMEHTHI.

Hpumep. A= {1,2,3} |A|=3;B={1,2,3,4,5} |B|=5,TorraAEB=1{1,2,3,4,5} |AE
B|=5;ACB={1,2,3} |A CB| =3, 10 ecTb monyunm pasenctso: |A EB|=|A|+ B|-|A CB|5=
3+5-3.

Jlist koHedHOTO MHOecTBa M MomHOCTh ero Oyneana |B(M)| paBaa 2|M]|.
1.3. ITpumenenune auarpamMm Dilsiepa-BeHHa py peleHn NpakTHYeCKUX 3a1a4

JUIg HarmsgHOro MpENCTaBICHHMS MHOXKECTB M OTHOIIEHHUN MEXy HUMH HCIOJIb3YHOTCS
auarpammsl Diniepa-BenHa. YHHBepcalbHOE MHOXKECTBO M300pakaloT B BUJE MPSIMOYTrOJIbHUKA, a
MHO’KECTBA, BXOJIINE B YHUBEPCAJIbHOE MHOXKECTBO, B BHJAE KPYTOB BHYTPH IPSIMOYTOJIBHUKAQ,
AJIEMEHTY MHO’KECTBA COOTBETCTBYET TOUKa BHYTPH Kpyra (puc. 1).

C nomomplo auarpamMMm Oiniepa-BeHHa ynoOHO WITIOCTpUpPOBATh OINEpaldd  HaJ

MHOKECTBaAMH. PCBy.IIBTI/IpyIOH_[CC MHOKECTBO KaXKJI0M OIcpanuru BbIACIICHO IJ.ITpPIXOBKOfI.



MB\MA MA\MB ‘MA
Puc. 1. IlpeacraBinenue onepauuii Haj MHOXKECTBAMHM C IIOMOIIbIO Juarpamm Oiliepa-

Benna
[Tpumep. PaccmoTpuM omnepanuio JOMOJHEHUS MHOXKECTBA, SBIISIIOLIETOCS NEPECEUEHUEM

MHO)kecTB MA u MB. Heob6xoaumo gokaszatb, 4to €€ pe3yiapTaT COBIAAAeT C OObEeIMHEHUEM
JIOTIOJIHEHUI STUX MHOKECTB:
Pemrerne. M = Ma 0 Mg —\[A E'MB.

B 3TOM MOXHO yOeauThCs ¢ TOMOIIBIO AuarpamMm Ditiepa-Berna (puc. 2).

Puc. 2
Jna no6six noamHoxkecTBA, B um C yHuBepcanbHOro MHokecTBa U  BBIOJIHAIOTCS

CIIEyIOIIME TOXKAECTBAa (OCHOBHBIE TOXK/IECTBA aJIreOpbl MHOXKECTB):

1. AEB=BEA (xommytatuBHOCTh 1¢. A C B = B C A
(KOMMYTaTUBHOCTb
E). Q).
2. AEBEC) =(AEBEC 2¢.ACB CC)=(A CB)CC
(accormaTHBHOCTH E). (accounaruBHOCTh ().
3. AE(BCC)Z(AEB)C(AEC) 3¢.AC(BEC)=(ACB)E(ACC)
(muctpubytuHocTh E oTHOCUTENBHO C). (qucTpuOyTuBHOCTH C OTHOCUTENHHO E).
4. A E £ = A (cBO# CTBO HyIs). 4¢. AC E=E.
5.A E'A = U (cBOJCTBO JOMOIHEHHS). S5¢. ACA=A.
6.AEA=A. 6¢. A CA=A.
7.A E U = U (CBOICTBO CAHHHULbI). 7¢. ACU=A.
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8. AuB ='A CB (3akon e 8¢. AnB ="A E'B (3akoH 1e Moprasa).

Moprana).
9. A E (A C B) = A (3akoH 9¢. A C (A E B) = A (3akon
IIOTJIOLICHMUS). MOTJIOLIEHHUS).

10. 4= A (MHBOJTIOITHS).

11.A\B=ACE

[Ipumepsl. 1. PaccmoTpuM npeanosioxkeHue 0 TOM, 4TO MPOU3BOJIbHBIE MHOXKECTBA A U B
nomnapHo skeuBanentHs: 1) AIB;2) ACB=A;3)AEB=B.

Pemenue. Jlokaxkem, 4T0O U3 IEPBOTO MPEANIOI0KEHUS CIIEAYET BTOPOE. JIeHCTBUTENBHO, TaK
kak A CB [ A, To 1OCTATOYHO TOKA3aTh, YTO B ATOM ciaydae A A C B. Ho eciim x IA, ToxIB,T.
k. A I B u, ciemoBatensHo, X 1 A CB.

JIokaeM, 4TO U3 BTOPOro IPEAIIONOKEHHUs cIeayeT TpeThe. Tak kak A CB=A, To AEB =

(A C B) E B. Io 3akony norioutenns (cM. Toxzaecto 9) B E (A C B) = B. Orcioza, HCIONb3ys
3aKOH KOMMYTaTHBHOCTH, rotydaeM A E B = B.
JlokaskeM, UTO M3 TPEThEro MperoNoxkeHus ciexyer nepsoe. Tak kak A I A E B, a no

YCJIOBUIO TPETHETO MPEANOIOKEHUS A E B =B, t0A I B.

IIpakTnyeckas padora Ne 8
Tema: BoinosiHeHHe ajiredpanyecKux onepamnuii HaJx MHOKeCTBAMU

He.]'lb paﬁoTblI IMO3HAKOMHUTH CTYACHTOB C TAKUMHU MMOHATUAMHA, KaK MHOXKXCCTBO, 3JICMCHThI

MHOXKCECTB, 6yneaH, YHUBCPCAITIbHOC MHOXKCECTBO, MOIIIHOCTHE MHOYKECTBA, ONICpallvi HAl

MHO>KECTBaMH, IpeJICTaBICHUS MHOXXECTB  C MOMOUIBI0  JIMarpaMM,
bopmupys y HUX TEPMHUHOJIOTMYECKHUH 3arac.
3ananus

JInst ayIuTOPHBIX 3aHATUN
1.3amucaTh MHOXKECTBO M IEJNBIX YHCENl X, KOTOpPBIC NENATCS Ha TPU W HAXOAATCS B
untepBaiie 3 £ x £ 15. 3anucath AByMsl CIOCOOAMH.

2.3anucatb MHOYKECTBOA LENBIX YHUCEN X, KOTOPbIE AENATCS Ha 2 M Ha 3 W HAXOJATCA B
unTepBaie 20 £ x £ 25. 3anucaTth 1ByMs crioco0amH.

3.IIpuHagIexuT 11 X MHOXKECTBY M, ecin:
a)M=1{2,6,8, ...,50}; x=35;

6)M=1{2,3,4,6,8,9,10,...,100}; x=23; 23 B) M = {-2,2, -4, 4, ..., 120}; x = -30.
3anucarh MpUBEICHHBIE MHOYKECTBA C YKa3aHUEM CBOICTB WX AJIEMEHTOB.
4.Jlokazarp HepaBeHcTBO: {{1,2}, {2,3}} ' {1, 2, 3}.

5.Kakue u3 CJICAYHOIIUX BBIpa)KCHI/Iﬁ SABJIAOTCA HCTUHHBIMHA U KaKUEC JIOXKHBIMU



a) ET{{£}};6) 11{{1,2}};8) (1,2} T {{1,2}}; ) {1,2} T {{1,2}, {1,3},1,2}. 6.
[IpuBectu npuMepsl Takux MHOKECTBA, B, C, 4T00BI ObUIM HCTUHHBIMU CJIEAYIONINE

BBICKA3bIBAHUA:
a)AIBUBICUAIC;
6)AIBUBICUAIC.
7. Kakue u3 cleayronux MHOKECTB KOHEYHBI U KaKUe OCCKOHECYHBI:
a) {x IR¢x2 - 5x +4=10};
6) {x IN¢x2 - 5x +4 > 0};
B) {x I N¢x2/24}.

8. PaBHBI 1u MHOXeECTBa:

a) {x[Rex2-2x—-2=0} u {x1Qg¢x2-2x—-2=0};

6) {x 1 Z¢4/x U 15/x} u {x 1 Z¢d/x U 15/x} {x 1 Z¢20/x U 30/x}.
9. IlepeuncnuThb 31EMEHTHI CAEAYIOUIMX MHOKECTB:

a) {x IR¢x2 -3x+2=
0};6) {x IRex2 +1=0};

B) MHOKECTBO BCEX KOpHEH ypaBHeHus X2 + 6x +9 = 0.
10. IlepeunciuTh BCe IIMEMEHTHI KaXKI0T0 U3 CIEAYIOMINX MHOXKECTB:
a) {xex 1{ 1}}; ) {xex 1 {1,2,3}};
6) {x¢x I {1, 2}%; 1) {x¢x [ &}). s
CaMOCTOSITENIbHON PabOTHI
1. [lepeuncanThb 3JIEMEHTHI CIETYIOUMX MHOXKECTB:

a) MHOXECTBO YETHBIX uncen oT 0 A0 20 BKIIIOUHUTCIIBHO,

6) MHOKECTBO BCCX JIBY3HAYHBIX YHUCCII, ACIIAIINUXCS HA 5 ¥ He JeNAIIuXcs Ha 10,

B) MHOKECTBO BCEX MOCIEA0BATEIILHOCTEN, ColepKaluX Bce uncna 1, 2, 3, 4, 5 v ToIbKO

OTH YHCJIa, B KOTOPBIX YETHBIC U HCYCTHBIC YU CJIa YEPEAYIOTCH. 2.
PaBHBI T MHOXKECTBA!

a) {2,4,5) 1 {2,4,2,55:6) {1,2) w {{1,2}};8) {1,2,3} n {3, 1,2, 1}};

r) {1,2,3} n {{1}, {2},{3}}.

3. Ilepeuncnutbh NOJAMHOXKECTBA CIEIYIOIINX MHOXKECTB:

a) {{1,2}, {3},4};0) {{5, 2} };B) {{2}, {6}, {3} };») {{4, 6}, {1}, 1}.

4.  BcraBUTh MEXJIYy MHOXECTBAMH CHMBOJI [ wm 1 tak, 4ro6er MOJIYYUJIOCh UCTUHHOE

BBICKa3bIBaHUE:
a) {1} {1, {1,2}};0) & {£}; ) £ {{£]}};1) {1,2} {1,2,{1,2}}.
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5. Haiitu AEB,ACB,A\B,BA, A, B.
a) A={1,2,3}, B={2,3,54}, U={1,2,....... 9%,
0) A={x|x nenutbcs Ha 2}, B={x|x nenutbcs Ha 3}, U=N.

6. JlokaszaTh TOXKACCTBA:

a) (ACB)E(AC'B) e)ACB=AC(AEB),
=(AEB)C (AE'B); 6)(AEB)CA=AC %) (A EB)\ (A CB)
B; (A\B)E (B\ A);

B) (A\B)\C=(A\ 3) (A\B)E (A\'B)=(A
C)\(B\C); EB)\(A CB);

) A\BEC)=(A\ 1) (A\V'B)E (B\'A)=(A
B)\C; EB)\(A CB);

1) A\B=A C'B; k) A\(BEC)=(A\B)

C (A\Q).

7.  lloka3aTh ¢ momoulb AuarpaMMm Oiiepa-BeHHa, Kakue U3 CIEIYIOMUX yTBEPKACHUN

BCPHBI:
a)(AEB)CC=AEBCC);B) (A\B)YEC=(AEC)\(BEC);6) (A\B)EB= A;r)
(AC'B)E (BC'A)IB.
8.  HaifTu MOIIHOCTHP MHOXECTB, MOIIHOCTh UX OyneaHoB u |A E B| - momHOCTB
00BbEIUHEHHS MHOKECTB:
a) A={4,5,6}, B={4,5,6,7,8}; 6) A={1,3,5,6}, B={4,5,6,7};
B)A=1{3,57},B=1{2,5,6,7,9;1)A={1,2,3,5}, B={2,4,5,6,7}.

9. Bcrasuth MCKAY MHOXCCTBAMH CHUMBOJI I mm 1 Tak, YTOOBI MOJIYUYHNJIOCh MCTHUHHOC

BBICKA3bIBAaHUE:!
a) {1} {1, {1, 2} }; ) £ {1,2, {1}, {&£}};
0) {1,2} {1,2, {1},{2}}; m) £ {{£}};8) {1,2}
{1,2,{1,2}};¢) B {£}.
10. TIpusecT npumep MHOXeCTB A, B, C, TAKUX, YTOObI BBIIONHSUIHCH yCIOBHsA:  a) A 1
B,BIC,A1C;
6)A1B, A1C,CIiB;
B)AIB,BiC 4AicC.

IIpakTHyeckast padora Ne 9

Tema: Onpenesnenue MapuIpyToB, Heneil 1 NIMKJIOB B HCOPHEHTHPOBAHHBIX rpadax



[eab paGoThl: yCBOGHHE TAaKWX TMOHATHH, KaK MapuipyT, Leb U IUKI Tpada, odpas,
npooOpa3 BepiuH rpada, MUHUMAJIbHBINA YTh B rpade, 31aepoBsl rpadsbl.

Teopernyeckasi 4acThb:
Mapwipymot, yenu, yukio

Mapmpyrom B rpade G = (V, E) (myrem B rpade D = (V, E)) Ha3pIBaeTCs MOCIEI0BATEIBHOCTD
BepmmH u peodep (nyr) Buma 0, el, vl, €2, ..., vn-1, en, vn, rae vi vl [0, 1], ei 1E, (vi-1, ei), (vi,
ei) 17, i 1 [1, n]. Bepmmmsl v0, vn Ha3bIBAIOTCS CBSI3AHHBIMH JAHHBIM MAapIIPYTOM (HJIH IIPOCTO
cBsa3aHHbIMU). Bepmmny v0 Ha3bIBalOT HadajaoMm, a vn — KOHIOM Mmapupyta. Eciu v0 = vn, TO
MapHIpyT Ha3bIBAIOT 3aMKHYTHIM. UKCII0 7 HA3bIBAETCS ITTMHOM MaplIpyTa.

Mapuipyt, B KOTOpOM Bce pEOpa MOMApHO Pa3IUYHBI, HA3BIBACTCS LEMbI0. 3aMKHYTHII
MapHIpyT, SBJISIIOUIUNACS LETbI0, Ha3bIBACTCS IIUKIOM (KOHTYpoM). Llenb, B KOTOpO# BCe BEPILIMHBI
MOMApPHO Pa3IUYHbI, HA3BIBAECTCS MPOCTOM 1ETbI0. [[MKII, B KOTOPOM BCE BEPILIMHBI, KPOME IEPBOU U
MOCJICTHEH, TTONIAPHO Pa3IUYHbI, HA3BIBAECTCS MPOCTHIM LIMKIIOM.

[Ipumepsr: 1. I[locnemoBarenvnocts v1, el, v2, e3, v4, e4, v3 — mapupyT MIMHBI 3,
coequustonmii BepmuHbl v1, v3 B rpade G (puc. 11); 3To mpocras menb, Tak Kak Bce pedpa u
BEPUIMHBI IIOMIAPH O Pa3JIMYHBI.

2. v2, €3, v2 — mpocToii KOHTYp JUInHBI | B opueHTHpoBaHHOMIICeBAOTpadeD (puc. 10).

3. vl,e2,v2, e4, v3 —nyTh 13 vl B v3 AsiuHbI 2 B OpUeHTUpOBaHHOMIICEBAOTpadeD 25(puc.

10), 9TO MPOCTaA LCIlb, TAK KaK BCC AYTI' U BEPIIHNHBI IIOIIAPHO PA3JINYHBI.

el Puc. 10 Puc. 11
V]
V2
€2
V3
=5}
e N
4 Ilouck nymeit (mapupymog)c MUHUMAAbHBIM
£ V3 yucaom 0y
s 3HUKAET
Hpu .—< e4 PELIEHNN HEKOTOPBIX MPUKIIAIHBIX 33/1a4 HEPEJIKO
£ . .
! &3 HEOOXOJUMOCTh ~ HaWTH MUHUMAaJbHBII
¥4 MapHIpyT, COSTUHSIONINMA 3aJaHHBIC BEPIITUHBI B
rpacde. [IpuBenem anroputm perienus 3toii 3anaqn. [yt B oprpade
D u3

BEPILIUHBI V B BEPLIUHY W
(V'w) Ha3bpIBa€TCd MUHUMAJIBHBIM, €CJIM OH UMEET MUHUMAJIbHYIO
JUIMHY cpeau Bcex myTel oprpada D 13 BEpIIMHBI V B BEPIIUHY W.

AHAJIOTUYHO OMNpeneNsieTcss MHUHUMAJIbHBIA MapmipyT B rpade (. ANTOPUTM HaXOXKIACHUS
MUHHMAaJIBHOTO MapIIpyTa COCTOUT U3 CIEIYIONINX I1aroB:

[ar 1. [Tomeuaem BepiuHy v uHAekcoM 0. 3aTeM momeuaeM BEpIIMHBI, IPUHAJJICKALIIE
o0Opa3y BepIIMHBI Vv, HMHIAEKcOM 1. MHOecTBO BepmIMH ¢ HHAeKcoM | oboznawaem FW1(v).
ITonaraem k= 1.

Iar 2. Ecnu FWk(v) = & unn semonusercs k = n — 1, w I FWk(v), To BepmuHa w He

JOCTHXKHUMA U3 v ¥ paboTa alropuT™Ma Ha 3TOM 3aKaHYMBaeTCs. B MPOTHBHOM ciydyae mepexoIuM K
mary 3.
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Iar 3. Eciu w I FWk(v), To mepexoauM K mary 4. B mpoTUBHOM ciTydae CyIIECTBYET IyTh
U3 vV B W JJIMHBI k, U 3TOT MyTh SIBISETCS MUHUMAaJIbHBIM. [locienoBaTeIbHOCTh BEpIIMH VWIW?2
...wklw, rae wk-1 1 FWk-1(v) C D-1(w); wk-2 1 FWk-2(v) C D-1(wa-1); ... wl I FW1(v) C D-1(w2)
U €CTh UCKOMBIII MMHUMAJIbHBIA IIyTh U3 v B w. Ha 3TOM pabota anroputma 3akaH4MBaeTCA.

[ar 4. [Tomeyaem uHAEKCOM k + 1 Bce HemOMEUEHHBIE BEpPIIMHBI, KOTOPHIE MPHUHAICKAT
o0pa3y MHOKECTBA BEPIIMH C MHIEKCOM k. MHOXECTBO BEpIIMH C MHIASKCOM k + 1 oOo3Havaem
FWk+1(v). [IpucBauBaem k:= k + 1 u nepexoaum K mary 2.

[Ipumep. Mcnonb3ysa nNpemsioxKEHHbIA aJITOPUTM, ONPEACTIMM MHHUMAJIBHBIM NyTh U3 vl B v6 B
oprpade D, 3a1laHHOM MaTpHUIIEH CMEKHOCTH, IIPEICTABICHHOHN B Ta0JI.

1. TaGauma 1

JleficTBYs cOriacHO aJirOpUTMY, mociienoBaTenbHo onpenensieM FW1(vl) = {v4, v5};

FW2(vI)=DFWIWH))\{vI,v4,v5} ={ v2,v3};

FW3(v1) = D(FW2(vI)\{v1, v2, v3, v4, v5} = {v6}. Takum obpasom, v6/ FW3(v/), a 3HauuT
(cm. miar 3) cymecTByeT myTh U3 v/ B V6 ITTUHBI 3 ¥ 3TOT MYTh SABJISETCS MUHUMAIbHBIM.
Haiinem Teneph MUHUMAaIbHBIN TyTh U3 v/ B v6. OnpenennM MHOKECTBO
FW2(vI) C D-1(v6) = {v2,v3} C {v2,v3} = {v2,v3}.

Bri6epem mo0yto BepImuHy U3 HallIEHHOTO MHOKECTBa, Hanpumep BepiuHy v3. Onpenenum
nanee MHOkecTBO FW1(v1) C D-1(v3) = { v4,v5} C {v4,v5, v6 = {v4,v5}. BeibepeM 1r00y10 BepIIMHY

13 HalJICHHOTO MHOKECTBa, Hanmpumep, Bepmuny v3. Torna vI/v5v3v6 — NCKOMBIE MUHUMAJIbHBIN
nyTh U3 vI B v6 anunel 3 B oprpade D.

Diineposwt cpaghut



ITycte G — nceBnorpad. Llens (1ukin) B G Ha3bIBaeTCs SHUIEPOBOIA, €CIi OHA (OH) MPOXOAUT
10 OHOMY pa3y uepe3 Kaxjaoe pedpo ncesnorpadal.

c

B

3azaya COCTOUT B CIIEYIOLIEM: HAUTH SMJIEPOB LIUKII B
mynbeturpadeG (puc. 12).
[Ipexne yeM periath 3a7a4y O BbIIEICHUN
3iNIepoBOI LIeNM WK HiiIepoBa LUKJIA B
ncesiorpade, HaJ10 BEISICHUTh, CYILIECTBYIOT JIU
onu. [Ipocreiiiee HeoOXoqUMOE yCI0BUE

WX CYIIECTBOBAHUS, OYCBUIHO, 3aKITIOYACTCI B
cBs3HOCTH G. OTBET Ha 3TOT BOMPOC JAIOT
MIPUBOJIMMBIE HUXKE TEOPEMBI. DIJIEPOBBIM
Ha3bIBACTCA MUKII, HpOXOI[fIHII/Iﬁ 10 KaXXI0OMY
pebpy rpada poBHo onuH pas. ['pad,

Puc. 12 MMEIOIINXIMIEPOB IIUKI,TOXE OyieM
Ha3bIBaTh 3isIepoBbIM. B m000M a3iiepoBoM rpade creneHn BcexX BEpINH YETHBIE.

[TycTh Mo HEKOTOPOH BEpIIMHE V LMK MPOXOauT k pa3. Ho Tak kak mepes 3Toi BEpIIMHON U
mocie He€ IUKI JODKEH MTPOXOJUTh MO HHIUACHTHBIM €l p&OpaM, TO KOJIMYECTBO pEOED,
MHUUACHTHBIX TaHHOH BEpIIMHE, 10 KOTOPBIM NMPOXOAUT LUK — 2 k. Tak Kak LUKII 31IepoB — pEdep,
10 KOTOPBIM IMKJI HE IPOXOIMT, HET, 3HAUUT 2 k — CTENIeHb BEPIINHBI V.

Ecnu B cBA3HOM rpade cTeneHu BcexX BepIlinH YETHBIE, TO B Tpade CyIIeCTBYET iIepoB LUKIL.
B xozxe nokaszarenbcTBa MBI 1aJUM ITOPUTM ITOCTPOEHMSI TaKOro 1ukiIa. HauHéM ¢ mpou3BOIBHOM
BEPLIMHBI Vv U OyAeM CTPOHUTH M3 HeE Liemlb, IMOKa €CTh BO3MOXHOCTh €€ MpOJODKUTh. IlycTh B
KaKOHTO MOMEHT ITOCTPOEHHS Mbl HAaXOJAUMCS B BepIIMHE 1 (HE COBMAJAIOIIEH C V).

B 3amayax gacto BO3HHMKAET HEOOXOAMMOCTh HAXOXKACHUS IIEH, IPOXOIAIICH MO KaKIOMY
pebpy poBHO oauMH pa3 (CHHUMaercs TpeboBaHWE 3aMKHYTOCTH). Takue memu OyneM Ha3bIBaTh
SUIIEPOBBIMU LIETISIMU.

IIpakTnueckas padora Ne 10

Tema: MunuManbHbIN IyTh B rpade.
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Ileas padoThl: yCBOGHHE TaKuMX MOHATHM, Kak MapHIpyT, Llemb U IMKI Tpada, obdpas, mpoodpa3
BepUIMH rpada, MUHUMAJIBHBIA IyTh B Tpade, 3iiepoBsl rpadbl Sapanua /s ayoumopHvix

3aHAMUL

1. 3aman rpadp G (puc. 13a). Haiftu nyTh ¢ MUHMUMaJIBHBIM YHUCIOM pedep u3

w BepmmHbl v1 B
Y/ G
2N

Puc. 7

1 Vi Vi W] w3

BepuHy v6 Tpada
G.

abB
13

2. s rpada
G (puc. 3anucarh MaTpuily CMEKHOCTU M HAaWTH IyTh C MUHUMAJIbHBIM YHUCIIOM pedep 13 BEPUIMHBI

v2 B BEpIIMHY V9.
3. Jlnsa oprpada D (puc. 136) 3ammcarh MaTpUIly CMEKHOCTH W HAWTH MYTh C

MUHUMAaJIbHBIM YHCIOM pedep U3 BepUIMHbI V1 B BEpIIMHY V7.

4. OmpenenuTtb, COAEPKUT Jiu rpad Ha puc. 13asinepoB HUKII UK SUIEPOBY LEb.

5. MosxeT 1u BCpIIHMHA, BXOJAIIas B TUKJI rpa(ba, HMCTb CTCIICHb, MCHBIITYIO I[BYX?

6. Kax na3pIBaeTcs myTh, y KOTOPOTO HAYaJIO TIEPBOM JTYTH COBMANAET C KOHIIOM
nocieauen?

7. Kak Ha3piBaeTCs MapuipyT, y KOTOpOTO TIepBas BEpIIMHA COBMAAAET C
[ocJIe fHEeNn?

8.  Ilokazatp, uTo B 11000M rpade KOJTUIECTBO BEPIINH HEUETHOM CTETIEHH YETHO.

9. HOKEB&TI), 4TO H3 BCIAKOI'0 3aMKHYTOI'O MapiiupyTa HEYETHON IJIHMHBI MOKHO

BBIACIINTD IMTPOCTYIO LCIIb.

10. Iloka3zate, yTo pedpo, BXoxdulee B LUKI rpada, BXOJUT B HEKOTOPHIH €ro
IIPOCTOM IUKIL

na camocmosamenvhoti pabomoi

1.  3anpan rpad G (puc. 13a). HaiiTi myTh ¢ MUHUMAaJILHBIM YHUCJIOM pedep U3 BepIIuHbI v1
B BepuinHy V7 rpada G.

2. JHnsarpada G (puc. 136) 3anucaTs MaTpuIly CMEKHOCTH U HAUTH MyTh ¢ MUHUMAIIbHBIM

YUCJIOM pedep 13 BEPIIUHBI vl B BepuinHy v8.

3.  Jnsarpada G (puc. 136) 3anucarh MaTpHIly HHIIHICHTHOCTH.



4. Jlna oprpada D (puc. 136) 3ammcaTh MaTpuIly CMEKHOCTM M HaWTH MYTh C

MUHUMAaJIbHBIM YHCIIOM pedep U3 BEepUIMHBI V] B BEpIIMHY V0.

5. Tloka3zath, uTo Mr00as BEpIINHA, BXOMASIIAS B UK, HE SBJISICTCS BUCSIUYCH.

6.  [okasarp, 4To eciu B oprpade OTCYTCTBYIOT BEPIIMHBI C HYJCBOW IOJIyCTEHICHBIO
ucxoja ( 3axoja), To B oprpade IMeeTcs IPOCTO KOHTYP.

7. Hoxasatb, uTo yaaienue u3z oprpada sepuunsl v ¢ d+(v) < 1 (d-(v) < 1) npuBoaut K
oprpady, KOHTYpbl KOTOPOT'O COBIAJAIOT C KOHTYPaMU UCXOJHOTO oprpada.
8.  IlpuBectu omnpeneneHre NPOCTON LEH:

a) LeMb, B KOTOPOI BEpIIMHBI U pedpa MOBTOPSIOTCS;

0) uepenoBaHKE BEPIIMH U pedep; B) IeMb, B KOTOPOU

BCE BEPIIIHMHBI [TOIIAPHO Pa3IHYHBIL.

9. B yem 3akitoyaeTcs MOHATHE CMEKHOCTH?

a) CCKHBIMU SBJISIOTCS BEPIIUHBI, MHIIUACHTHEIC OJTHOMY peopy;

0) CMEXHBIMU SBIISIOTCS JBa peOpa, HE UMEIOITUE OOITUX BEPIIVH;

B) CMEXHBIMH SIBIISIFOTCS BEPIIMHBI, COSTMHEHHBIC HEKOTOPBIM MapiipyTom. 10.
3anannicenorpadG. Lenb B G Ha3bIBaCTCS SUICPOBOM, ECIIH. . .

a) OHa TIPOXOJUT TI0 OJJHOMY pa3y uepe3 KaKAyro TOUKY mceBnorpada;

0) OHa TPOXOJIUT TI0 OJTHOMY pasy dyepe3 Kaxaoe pedopo ncesaorpada;
B) OHa IIPOXOJIUT 10 OJJHOMY pa3y depe3 BEPIIUHBI U pedpa.

KOHTpOJIbHLIe BOIIPOCHI:

1. B uem cocTout anropuT™m noucka nyTe ¢ MUHUMaJIbHBIM YHUCIOM JyT?
2. Kaxoit ki Ha3bIBaeTCst SUIEPOBHIM?

3. KakoB kputepuii cymiecTBoBaHUS 3ilyiepoBa KA B rpade?

4. KakoB kputepuii cymiecTBOBaHUS 3iIepoBoil enu B rpade?

3. Jatb onpeneneHne CIeayomMnX NOHITHI:

— MapuIpyT B rpade (IpuBeCTH IPUMeEp);

— 1LIeTb ¥ IIPOCTast Lenb B rpage;
— IIMKJ ¥ IPOCTON LUK B Tpade;
— DUJIEPOBOM 1IETIb;

— MaTpHULla CMEXHOCTH rpada; — CTeNeHb BepIIUHBI Tpada
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IIpakTnyeckas padora Ne 11
Tema: Onpenesienne MApUIPyTOB, leNeid U UKJIOB B OPUEHTHPOBAHHBIX rpadax

Ilesb:Hay4YUTh CTYIEHTOB ONPEAEICHUIO MapIIPYTOB, LENEH U IUKIIOB B OPUEHTUPOBAHHBIX
rpadax Teopernueckasi 4HacTh:

Ecnm snementsr mHOKecTBa EE rpada G=(V,E)G=(V,E) — ynopsinoueHHbie napsli, To rpad
Ha3bIBACTCS OPHEHTHPOBAHHBIM Wi oprpagoM. MoXxHO cKa3aTh, YTO opepagh — 310 rpad, pedpam
KOTOPOT'O IIPUCBOCHO HAIPaBJICHHUE.

Pebpo ee rpadpa GG Ha3BIBAIOT OPUEHTUPOBAHHBIM, €CIIM OJIHY BEPIIMHY CUUTAIOT HAYAJIOM
pebpa, a Ipyryro — KOHIIOM, Ha PUCYHKE €r0 M300pakaloT CTPEITKON MEXIy BepInmHAMH. Takum
obpasom, rpag, Bce pedpa KOTOPOro OPUEHTHPOBAHBI, SBISIETCS OPUEHTUPOBAHHBIM IpadoM.

O,Z[Ha H Ta XC BCPIIIMHA oprpaq)a MOZKET CIIYKUTb HAYAJIOM IAJId OJHUX pe6ep 1 KOHIOM AJIsA
APYTrux, NO3TOMY pa3jinvdarOoT ABC CTCIICHU BCPIINHBI: CTCIICHD BbIXOAA U CTC IICHb BXOJA.

CreneHbl0 BbIX0JA BEpIIMHBI oprpada Ha3bIBACTCS YMCIIO BBIXOSIIMX W3 BEPIIUHBI pedep.
CreneHnblo BX0/1a BEpIIMHbBI oprpada Ha3bIBaeTCs YUCIIO BXOAIINX B BEPIIUHY pedep.

B oprpadax B 3aBHCHMOCTH OT COYETaHUS CTEIICHEH BX0J1a M BBIXO/a JUISl TAHHOUW BEPITHHBI

paccMaTpruBarOTCA TPU CiIydas:

. BEPILIMHA HA3BIBAETCS M30JMPOBAHHOI, €CIIU €€ CTENEHM BhIxoaa U Bxogal paBHbI
0;0
]

. BEPIIMHA Ha3bIBAETCS MCTOYHHMKOM, €CIIM €€ CTeleHb BXojaa paBHa 0, a CTENeHb
BbIX01a Ooubie 0;0
]

* BEpHIMHA HA3bIBACTCA CTOKOM, €CJIM €€ CTCICHb BLIXOJAa paBHA 0, a crenenp U

Bxoaa 6obie 0.0

Ilyrem B oprpade HaspiBaeTCsi MapumpyT Oe3 MOBTOPSIOLIMXCS pedep, mpocToii myTh — 0Oe3 U
MOBTOPSIOIIUXCS BEPUIMH. 3aMKHYTBIN MTyTh B oprpade Ha3bIBae€TCsi OPUEHTUPOBAHHBIM ILIUKJIOM WM
KOHTYPOM.

JITMHO# yTH Ha3bIBaeTCs YUCIIO pedep B 3TOM IYTH.

ITo/IHBIM OpHEHTHPOBAHHBIM rpaoM Ha3bIBaeTCs Oprpad, Kaxaas napa BEpIIMH KOTOPOTro
COEIMHEHAa B TOYHOCTH OJJHUM OPHUEHTUPOBAHHBIM peOpoM. OUeBHIHO, UTO, €CIIU C KaXJ0ro pedpa
MOJTHOTO oprpada CHATh HalpaBJeHUE, TO MOIYYUTCS] HEOPUEHTHPOBAHHBIN

TIOJTHBIN Tpad. 29 TlerJeii Ha3pIBaeTCsl peOpPO, Y KOTOPOTO HauyajdbHAs M KOHEYHAs] BEPITUHBI
coBnanarorT. I[leriia oObIYHO

CUHUTACTCA HeopHeHTHpOBaHHOﬁ.

IIpakTHyeckas: padora Ne 12

Tema: IlocTpoeHue HanpaBJIeHHOI 0 rpaga.

Heab: HAy4UTH CTYJICHTOB ONPEACICHUIO MapIIPYTOB, LIENEH U LIMKJIOB B OPUEHTHPOBAHHBIX Ipadax.



—_—

(8]

[ N

IIpakTH4yeckoe 3a1aHue
[ToctpoiiTe HampaBneHHBIH rpad (CBA3aHHBIN AyramMu) U MATPHUILy CMEXHOCTH Ui 3TOTO
rpada ¢ uHpopmanuei 0 poICTBEHHUKAX, COJIepKalleiics B TabHIIe.

Nwmsa Henymka | Otent CoiHOBbs | Bpatbst Jsiau [Inemsnuvku | BHyku
MY>KIIHBI
JleB Anjipett, Anekcet,
Ilerp Muxann,
Omner
Annpent JleB Aunexkceir | Iletp Muxawnn,
Omner
[Tetp Jles Muxaun, |Anzgpeit Anekcent
Oner
Anekceir | Jle AHnpen Ilerp
Muxann Jles ITetp Onmner AHpnpeit
|Oner Jles ITetp Muxaun | Anzgpeit

KoHTpoJibHbBIE BONIPOCHI:

. Haiite onpenenenue rpaga (onpeneiaeHue, npuMep, WUTIOCTPUPYEMBIN PUCYHKOM).
. Uro Takoe nzoMopdHsie rpadsl, OpueHTUPOBaHHbBIE Tpadbl?
. Haiite onpenenenue notoka B rpagax.

. ChopmynupyiiTe IPUHIIUI COXPAHEHUS TTOTOKA.

. [lpuBenute mpuMepsl CUCTEM, UMEIOIINX UEPAPXUUECKYIO CTPYKTYPY.

IIpakTHyeckas padora Ne 13

Tema: IIpumep cocraBiieHus aaropurmos Mapkosa
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Ieap padoThl: HAYYUTH CTYAEHTOB COCTaBJIATh AITOPUTMBI MapkoBa

Teopernueckasi 4acThb: Ilpexxae Bcero paccMOTpPUM — BO3MOXKHOCTH — peajiM3aliu
apuMeTHUECKUX OTepaIuil ¢ MOMOIILI0 HOPMAIIBHBIX allrOPUTMOB MapkoBa. CHauana oOpaTuM BHUMaHUE
Ha OJHO OOCTOSITENBCTBO, CBsI3aHHOE C paboToit moboro HAM: HyXHO JIMOO BBOAUTH JOMOJHHUTEIBHOE
IIPABWJIO OCTAHOBKU pabOThl HOPMAJIBHOI'O AJIFOPUTMa (MHAYe B IPUMEPE YBEJIIMYEHMS YMCIIa Ha | alroputm
MPOJIOIDKHUT PabOTy M CHOBA OYyJIET YBEIMUYMBATH MOMYyUYEHHBIA pPe3yabTar emie Ha 1 u T.J1. HEOrpaHUYECHHOE
quciIo pa3), JubO Ieped  HadaloM pabdOThl HOPMA@JIBHOTO —alropuTMa Jo0aBiIsATh K BXOAHOU
CTPOKCCIICHHUAIIBHBIC CHMBOJIbI, OTJIMYHBIC OT JPYIruX CHMBOJIOB CTPOKH, KOTOPBIC YYHUTBIBAKOTCA
MOJICTAHOBKAMH JIITOPUTMA B Hayasie ero pabOThl M KOTOpPbIE YJANSIOTCS B KOHIIE paboThl anroputma. Mel
OyZeM NpuAepKUBATHCS BTOPOTO

crioco0a, Kak U 0JTHAa U3 HauboJiee YCIEIIHBIX pean3aliii HOpMaJIbHBIX aIrOpUTMOB MapkoBa B 30

BU/IE A3bIKa IporpammupoBanus Pedan. B kauecTBe 106aBnseMoro cuiMBosia Bo3bMeM cuMBoi "@".
Ilpumep 1. PaccMOTpUM MPOCTEHIIYIO OMEPALUI0 YBEIWYESHHsI AeCATUYHOro uncia Ha 1. B atom
cllydae TOYTH BCerJa HeoOXOIMMO YBEIMUYUThH mocienHior uudpy Ha 1, a mocieanss uudpa
OTJIMYAETCS TEM, UTO Mocie Hee uaeT cuMBoid "@". IlosToMy nepBBIMU MOJICTAHOBKAMU JOJKHBI
OBITh TIOJICTAHOBKH THUIIA

<mmndpa> Q@ — <mmdpa + 1>.
Ho ecnm ato mudpa 9, To ee HyxHO 3ameHuTh 0 ¥ yBeIMUeHNE HA | TIEpEHECTH B TPEIBI YN
pa3ps. OToMy OTBEYaeT MOACTaHOBKA

9Q — «0.
Haxonern, ecnu unciio HaunHaeTcs ¢ 9 u nmepen 3Toi HuQpoii Hy)KHO MOCTABUTH 1, TO AITOMY
OyZeT OTBEYATh MOJICTAHOBKA

QQ — 1.

a €CJIM OTO HE TaK, TO B KOHIIC pa6OTBI aJiIropuTMa CUMBOIJIBI @ Hag0 CTEPETh, UYTO BBIIIOJITHUT

MOJICTAaHOBKA
Q — .
TakuMm 006pa3oM, MbI TIOJTydaeM cireayromuitHAM yBearueHns IeCITHIHOTO Yncia Ha 1:
1. 0@ — 1 9.8 — 9
2. 1@ — 2 10. 9@ — @Q(
3. 2@ — 3 11. Q@ — 1

..... 2. @ — )\

[TpuBenem paboTy MOCTPOESHHOTO AITOpUTMA JiIs urcen 79 u 99:
- 10 —_ 8 7
A79Q — Q7Q0 = @80 -3 80,
10 10) 11
Q99Q — @9QN — QA0 — 100.

AHanornuHbiM  00pa3oM pas3pabaThiBaeTCs HOPMalbHBIM anroputM MapkoBa Juis
yMeHbIlIeHus ynucaa Ha 1 (cM. ynpaxsenue 1.3.1).



1.0 — 0%
Ha'vaJIbHEIEe TTOMeTKH KOITH]). [)HH[]FI,TIH H KOIMTHMH YHCTa

2.1 — 1%

3 ”1 ~ II}“” KON BaAHUEe paspsijia ¢ 3aMeHoit moMeTKH paspsia
4. 11 — 71 OMUpoOBaHue pasp:dja ¢ 3aMeHOH ToMe pasps/i
. all = Oa

0.

7.60 — 0b

8. bl — 1b

0. ax — =*a

10. bx — xb

al — la _
nepejpHsKeHHe CKOIMMPpPoOBanHOro paspHd/jia
} OCTAHOBKA TepeIBUXKEHNS CKOMMMPOBAHHOI0 paspsjia

11.7 — ! obpaTHas 3aMeHa MOMeTKN paspsajia
12.a — 0

] Uﬁ])ﬁTIIH_FI 3aMeHa CKOIMMHMPOBAHHOI'O Pa3pHia
l'_)}i '{.’ _;' ].

14, @l — A

Ipumep 2. Ilpexne, yem nepeiTu K IpyruM apupMeTHUEeCKUM OIepausiM, paCCMOTPUM Kak
JIOBOJIBHO TUITMYHBIN IIPUMEP, UCIIOIB3YEMBIN YaCTO B IPYTUX AITOPUTMAX, AJITOPUTM KOITUPOBAHMS
JBOMYHOTO 4ucia. B 3TOM ciydae mpexiae BCEro MCXOAHOE U CKOINMPOBAHHOE YHCIA Pa3leiIiM
cuMBosioM "*". B pa3zpabaTbiBaeMOM aIrOpUTME MbI OyZeM KONIMPOBATh pa3ps/ibl YUCIIA [0 OYEPEeaH,
HauMHas C MIIAJIIEro, HO HY)XKHO PEIIUTh 2 MpoOJieMbl: KaK 3allOMMHATh 3HAY€HHE CUMBOJA,
KOTOPBIA MBI KOIIUPYEM, U KaK 3allOMUHATh MECTO KOIUPYEMOro cUMBOJIA. [y peleHus BTOpoi
npo6JemMbl UCToNb3yeM cUMBOJI "!", KOTOpbIM MBI OyAeM ONpeaessaTh elle He CKONMPOBAHHBIN
paspsl 4ucia, Iocjie KOTOPOro U CTOUT 3TOT CUMBOJL. [ 3allOMMHAHUA 3HAYEHUs KOIUPYEMOTo

paspsna Mbl OyaeM oOpa3oBbIBaTh Ul 3HaueHus 0 cumBoia "a", a ans 3HadeHus 1 - cumBon "b".

MeHsist myTeM MOACTaHOBOK 3TH cMMBOJIBI "a" uim "b" crocnenyromumu, Mel OyeM HepeiBUraTh
paspsanel "a" unm "b" B Hawamo xomupyemoro yucia (mocie "*'"), HO AJiA TOTO, YTOOBI TOKa HE
MIPOMCXOJMIIO KOMMPOBAaHUE CJENYIONIET0 pa3pslia ClipaBa, Mbl Mepes MepeABHKEHUEM paspsia
BpeMeHHO cuMBoI "!" 3ameHuM Ha cumBoI "'?", a TIOCIIe TIEPEIBIKEHHUS clieslaeM 00paTHYIO 3aMEHY.
[Tocne Toro Kak BCe YMCI0 OKaKETCS CKOMMMPOBAHHBIM B BUE CUMBOJIOB "a" 11 "b", MbI 3aMEeHUM ITH
cuMBOJIbl Ha O 1 1 cooTBETCTBEHHO. B pe3ynbraTe HOpMaNbHBIN aITOPUTM KOITMPOBAHUS IBOUYHOTO

YKclia MOYKHO OIPENENINUTD CIeTyIoIIeH

31
MOCTEN0BATEIBHOCTHIO MOJICTAHOBOK: HponeMOHCTppreM paboty anroputma aiis yucia 10:

alpa ... Ul()’* 2 @l 20ax 2 Q170 % (1 ]—> all0 x a —>
a?1b0 x a — “.’l()b*u ﬂ; Q710 * ba L Qo x ba i
Q10 % 10 33 @10 % 10 <3 10 % 10



JInst mOCTpOEHHMSI arOopuTMa CIOXKEHHS JBYX YHCEJl MOXHO HCIOIb30BATh HUJICIO
YMEHBIIEHUS OHOTO YKCIIa Ha | ¢ moC/IeIyIoUM YBETMYEHUEM IPYroro Ynciia Ha 1 1 moBTOpeHueM
3TOTrO J0 TEX MOp, IOKa YMEHbIIAEMOE YHMCIO HE MCUE3HET MOCie TOoro, kak craHetr paBHbiM 0. Ho
MO>KHO HCIIOJIb30BaTh U 00Jiee CIOKHYIO MJICI0 TTOPa3pSAHOrO CIOKEHUS C IepeHocoM 1 B paspsin
cieBa. [locTpoeHne 3THUX aJrOPUTMOB, a TaKKe AJITOPUTMOB BBIUUTAHUS, YMHOXKCHHS U JICICHUS
BBIJICJICHO ISl CAMOCTOSTEILHOM paboThI B yIpakHEeHHIX 2 - 9 (cm. 1.3).

[IpuBeneHHbIE MpUMEpPHl MOKA3bIBAIOT TaKXe€ BO3MOXKHOCTH allliapara HOPMaJIbHBIX
aIropuTMOB MapkoBa IO OpPraHU3alMM BETBJICHUS U LUKIWYHBIX MPOIECCOB BBIYUCICHHS. ITO
MOKa3bIBAET, YTO BCAKHUH AJTOPUTM MO:KeT ObITh HOPMAJIM30BAH T. €. 3aJlaH HOPMAJbHBIM
anroputMoM MapkoBa. B 3ToM u coctouT Te3uc MapkoBa, KOTOPBIA ClelyeT MOHUMAaTh Kak
OIIpeZieJIEHUE allrOpUTMA.

Bwmecte ¢ Tem moctpoeHue anroputMa B MOCIEAHEM MPUBEICHHOM IIPUMEPE MOJICKa3bIBACT
CJIEIYIOIIYI0 METOANKY pa3padotku HAM:

1. IIpousBecTn AEKOMIIO3ULKIO (pa30MEHNE HA YAaCTH) CTPOSAIIETOCS aITOPUTMA.

B npumepe 310 cienyromue 4acTu:

1. pasneieHue UCXOAHOIO YKCiIa U KOIINH;

2. KOIIMPOBaHHUE pa3psaa; 32

3. IIOBTOPEHHUE IPEABIAYILEH 4YacTU [0 IOJIHOTO KONMPOBAHMS BCEX pa3psioB.
2. Pemenue npo6iiem peannzanuy KaxJ oM yactu. B npumepe 31o cienyromme npodaemsl:

1. 3allOMMHAHUE KOIIMPYEMOTI0 pa3psja - pa3psj 1 3armoMuHaercs Kak

cumBoI "a", a paspsn 0 - kak cumBoa "b"; 2. 3amoMHUHAHUE MECTa KOMMUPYEMOT0 pa3psia - IOMETKa €IIe He

mn

CKOIIMPOBAaHHOI'0 CUMBOJIA JOMOJHUTEIBHBIM CUMBOJIOM C 3aMeHOH ero Ha cumsoia "?"

IIPU NEPEABIKEHUH KOIMPYEMOTo pa3psa U 00paTHON 3aMEHOM Mociie MepeIBUKEHUS.

3. Ecnmu wdacte mns peanu3anuu  SBISIETCS  CIOXKHOM, TO OHA TaKKe MOJBEPraeTcs
JEKOMIIO3HUIIHH.
4. COopka peaii3aiuu B €UHBIN aITOPUTM.

IIpakTHyeckas padora Ne 14

Tema: Pemennsi 3a1a4 ¢ HCnoJib30BaHueM ajJropurmos Mapkosa

Heab padoThl: HAYYUTH CTYJEHTOB COCTABIISAITH AITOPUTMBI MapKkoBa

YnpaxHenus
1. Onpenenure HOPMAJIbHBIM aITOPUTM, KOTOPBIM YMEHBIIAET YHUCIO Ha
CAUHULLY.
2. Onpenenure HOPMalbHBIA AJITOPUTM CIOKEHUS JABYX JIBOMYHBIX YHUCEI

MCTOAOM YMCHBIICHUS OAHOI'O YHUCJIa Ha ln YBCIMUCHUCM APYTOro 4uciia Ha
1 1o Tex mop,



IIOKa YMCHBIIAEMOC YHCJIO HE CTaAaHCT paBHBIM 0.

3. OHpCI[CJ'II/ITe HOpMaHBHBIﬁ AJITOPUTM JIOTHYECKOI'O CIIOKECHHUA IBYX

JABOWYHBIX YHUCCII.

4. Onpenenure HOpMaIbHBIN AITOPUTM JIOTUYECKOTO YMHOXKEHHS IBYX
JBOMYHBIX YHCEIL.

5. Onpenenrute HOPMAJIbHBIA AITOPUTM CI0KEHUS 110 MOJYJIIO 2 IBYX
JTBOMYHBIX YHCETI.

6. Onpenenure HOpMabHBIN AITOPUTM MOPA3PSIIHOTO CIOKEHUS ABYX

JABOWYHBIX YHUCECII.

7. Onpenenure HOPMAIbHBINA AITOPUTMBBIYMTAHUS JTBOMYHBIX YHCEII.

8. Onpenenure HOPMAJIBHBIM AIrOPUTM YMHOXKEHHUS JIBYX JABOUYHBIX YHUCEI
CTOJIOMKOM.

9. Omnpenenure HOPMATBHBIN ATOPUTM JICTICHHS IBYX JBOMYHBIX YHCEIN C

ONpCACIICHUCM YaCTHOI'O U OCTATKaA.

10.  Ompenenute HOpMaIbHBIA AITOPUTM BBIYUCICHUS HAUOOIBIIETO OOIIET0

ACIIUTECIIA ABYX NBOUYHBIX YHUCCII.

11. OHpeI[CJ'II/ITe HOpM&J’IBHHfI AJITOPUTM BBIYUCIICHUA HAMMCHBIIICTO O6II.ICFO

KpaTHOI'O ABYX ABOWYHBIX YHUCCIL. KOHTpOJIbeIe BOIIPOCHI:
1. BrinuiiuTe moHaTue HOPMAJIBHOI'O aJITOPUTMA, ITPUBCAUTE ITPUMCPHI.

2. [Tpumenure anroputm MapkoBa i npeoOpa3zoBaHus cTpoku: S kynui kr Ao B T
M. Andasur: {a...s, A...5, npoben, Touka} IpaBuia:

1. A lrenscun
2. kr Bunorpamm
3. M Marasunuuke

4. T Gom

5. Ma.l"Elf&I/IHLII/IKeE| JIapbKC (38.KJ'IIO‘{I/ITCJ'IBH8.}I HOI[CTaHOBKa) 6. B TOM JIapbKC IEB. TOM PBIHKE

IIpakTnueckas padora Ne 15

Tema: HaxoskneHnne kparyaiinero nyru Ha rpage meroaom ®opaa
esb padoThl: HAYYUTH CTY/ICHTOB HAXOK/ICHUIO KpaTUYalIlero myTy Ha rpade MeToaoM



dopaa
Teopernueckasi 4acTh: AJITOPUTM HAXOXKJACHHS PACCTOSHUSA OT UCTOYHHUKA JI0 BCEX BEPIUINH

- meroa @oppa - bernmmana
Hannsie: OpuenTupoBanHblii rpad <V, E> ¢ n BepmimHamu ¢ BbIZICIEHHBIM HCTOYHUKOM S O V,

Matpuna ayr Afu, v], u, v OV (rpad He comepXuT KOHTYpPOB OTPULIATEIHHOMN JITUHBI). Pe3ynbTaTh:
PaccrosiHust ot nctounuka 10 Beex BepiuH rpada: D[v]=d(s, v), vO V.

1 begin

2forvOVdoD|[v]:=Als,V]; D[s]:=0;

3fork:=1ton-2do
4forvO V\ {s} do

5 foru O Vdo D [v] := min(D[v], D[u] + A [u, v]) 6 end

JlokaskeM mpaBHIBHOCTB 3TOTO anroputMma. J{is atoro obo3naunm yepes d(m)(v) aauHy
KpaT4aiIlero u3 ImyTed u3 s B v, cogepkamux He 6onee m qyr (d(m)(v) = [, €ClIM HE CyHIECTBYET
HU ojtHOTO Takoro mytu). Torma umeem d(m+1)(v) = min{d(m)(u) + afu, v: uO V},vO V. (1)

B camom pnene, mns xaxmoro uO V oueBugHo umeem d(m+1)(v) éd(m)(u) + afu, v], npuuem
PaBEHCTBO TOSBISICTCS, KOIJIAa U  SIBISICTCS MPEANOCIEAHEH BEPIIMHOW IMPOU3BOIBHOTO
KpaTyaiiiero myTs u3 s B v. [lokaxxeM Terneph, YTO €CIIU P BXOJIC B OUESPEIHYIO UTEPAIUIO IIUKJIA
3 d(s,v)éD[v]éd(m)(v)anaBcexvOYV,(2)

TO 10 OKOHYaHHUH 3TOU UTEpALIUU

d (s, v) € D[v] € dim+1)(v) nnst Bcex v O V. (3)

JelicTBUTENBHO, TMpe/mnoiarasi BEIOJHEHUE YCJIOBHS (2) M aHAM3UPYsS JACHCTBUE omepaTropa

B CTPOKE 5, MBI BUJIUM, YTO IO OKOHYAHUU UTeparuu nukia 3 umeem d (s, v) € D[v] €

min{d(m)(u) + a[u, v]: u O V}, 4ro, npurumas Bo BHUMaHue paBeHcTBO (1) maet ycmosue (3).
Otmetnm, uto mipu Bxoje B iukia 3 umeem D[v]=d 1 (v), v O V, cinenoBaTenbHO, TOCIE BHITOTHEHHS
n - 2 UTEpaIMii 3TOro IUKIJIA OyIyT BBIMOIHATHCS HepaBeHcTBa d (s, v) € D[v] €d(n- 1)(v),vO V.

Teneps noctaTo4HO MOKa3aTh, 4To d(n-1)(v) =d (s, v). IT0 cripaBeIUBO, ITOCKOIBKY KaXKAbIH MyTh O0Jiee
YeM ¢ n - 1 qyramu coAep KUT KOHTYp, YCTPaHEHHE KOTOPOIro HE yBEJIMYMBAET JJIMHBI MyTH (BElb MBI
MIpeIIoiaraéM OTCYTCTBHE KOHTYPOB OTPUIIATEIBHOM UTHHBI). TeM caMbIM 3aKOHYEHO

34 JI0Ka3aTeNbCTBO KOPPEKTHOCTH ATOPUTMA.

Od4eBHIHO, YTO BpEeMEHHAs CIOXKHOCTh anroputma ectb O(n3). Mbl MokeM, KOHEYHO, 3aKOHYUTh
BBIYMCJICHHSI, KOT/Ia BBITIOJTHEHHE [TUKJIA 4 HE BBI3BIBACT M3MECHEHUS HU OJHOHN M3 TIepeMeHHBIX D[V],
v O V. D10 MoxeT HacTynuTh s k < n - 2, ogHako Takas MOau(UKAIMS aITOPUTMA HE U3MEHSET
CYILIIECTBEHHBIM 00pa30M ero ciokHocTU. [ peaxux rpadoB (m << n2) ygoOHee NpPeACTaBIATh
rpa¢ cnuckamu uHIAeHTHOCTH [TPEJIII[V], v O V. 3amenss crpoky 5 Ha for u OIIPE/IILI[v] do D
[v] :=min(D[v], D[u] + A [u, V]), moiy4aem aJroput™m cO CIOXKHOCTHI0 O(nm).

Pa6ora anroputma @opaa - bennMana npowTrocTpupoBana Ha cienyromeM pucysake (V= {1, ..., 5},
Beca JyT JIaHbl YACIAMH B CKOOKAX, HUKIGI 4 ¥ 5 BBHIMOJIHSIIOTCS B TIOPSAIKE BO3PACTAHUS HOMEPOB
BEPIIIHH).



8 " 2 (3 3
0w 1 ¢« w 3
@ w 3 3 8 O )
A=l w0 0 1 =5 s«1{ ® ™ o
W W 2 w w 2 4
0 0 © 4 o AR
5 (%) '

k  D[1]1D[2]D[3]1D[4] = DI5]
o 1 g g I3

1 0 1 4 4 -1
2 0 1 4 3 -1
3 0 1 4 3 -1

3agauu aJ1sl CaMOCTOATEILHOI O peUICHUA

3adanue HaWtm MuHuManbHoeOCTOBHOE AEpPEBO, MCIONb3YsS AJITOPUTM 1)
Kpyckana, 2) Ilpuma.

3aodanue Halitu KpaTyaiiliye myTu OT BEPIIMHBI-UCTOYHHKA S 10 BCEX OCTAJIBHBIX BEPIIUH KaK

MetoqoM Dopaa-bennmana, Tak 1 MeToI0M JIeHKCTpBI.
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3amaHue Ha 3aHITHE:
1. OnpenenuTh KpaTyalime MyTd MeXKIYy 3aJaHHbIMH BepimnHaMu S u T a1 rpada MeTonamu -

®opnpa-bennmana - JIeHKCTpsI

1 2 3 P
4 5 6
0
7 8 9 0 45
0 26
2 0 4 1
3 2 04
0 55
1 304
2 401

10

Bamanme 1: S=1; T=09.
3amanne 2: S=9; T = 1.

IIpakTuyeckas padora Ne 16

Tema: AropuTM nocTpoeHue MAKCMMAJIBHOI0 OTOKA

Hear padoThI: HAYy4YWTh CTYACHTOB MOCTPOCHHI0 MAaKCMMAaJbHOTO TIOTOKA Ha CETSIX

Teopernueckas yactb: Breaem rpad npupaiieHus { (N 3 (,D) CIeTyIOIIUM 00pa3oMm:




Bepmunasbl B rpade Te ke, 4To U B CeTH, a Ayr B JBa pa3a Ooiblle, [PUYEM Vaed
@

1
COOTBETCTBYIOT HOpMaJIbHasl Jlyrau oOpatieHHasi nyra € | JAIUHBI KOTOPBIX, OMPEIEIICHBI

= 0. ¢la) « Sla) = 0. e} > afa) IPAaBUIIOM: 36 OymeT MakCUMaJbHBIM,
= e o) - 1) ) Lo, ohe)- o) 7,

eciu @ (N, @) B HET MyTe U3 B HYJIEBOU

TloTok
JUIAHEL. AJroput™m MOCTPOCHUS

MAaKCHUMAJIBHOTI'O ITIOTOKaA

1. 3ajaHue HAYATBHOIO IOMYCTHMOTO [IOTOKa 0 .
2. 1=0,

3. Iloctpoenue rpada npupameHuit ,q) _

A I(V.q@)
4. OnpeneneHue Kpardyauiiero B paccTtosiHus ~ H
COOTBETCTBYIOILIEH eMYy LIeTH C; KpaTyaiuiero nyTH.
. <00
5. Ecmm , To BeImOJHEHHME 11.6, MHAYe BhINOIHEHHE I1.10.
; C;
o menu - _
1 _ P =R+
B = @ T,
. i=i+1
6. Ctpoum MPOCTOM ITOTOK

7. (B oOmem ciygae: ).
8.

9.  Ilepexonum k myHkty 3. 10.
OkoHYaHME aNropuTMa.

AJ'IFOpI/ITM OTBICKAHHUA MAaKCHUMAJIBHOI'0 IIOTOKAa B MPOU3BOJIBHBIX CCTAX C OTPpaHUYCHHBIMU

MMPOMYCKHBIMHA CIIOCOOHOCTSMH

Ecnu Ham u3BECTEH HEKHUM JOIMYCTUMBIA IIOTOK B CETH 7 10 OepeM €ro B KauecTBe
HAa4aJIbHOTO M MCIOJb3YEM MPEABIAYIINN aITOPUTM.

PaCCMOTpI/IM BOIIPOC HAXOKACHUA HAYaJIbHOT'O JOIMYCTUMOI'O IOTOKA:

N, A)
JIis HaXOKIEHHUsI HAYAIBHOTO MOTOKA CTPOMM BCIOMOTATEbHYIO CETH : , B
y . vy ¥
KOTOpOil ~ MHOXKECTBO BepUIMH V  BKIIOuaer, kpome V , eme 2 g
JIOTIOTHUT/IBHBIE BEPIHHBI a s fp,w)

! ~
a MHoxecTtBo ayr 4 ompenensercs cmemyrommM o0pa3oMm: Kaxaod gyre  Oymer
COOTBETCTBOBATh 3 IyTH:
a'ss (o) a"wlvg,w) a"'s g, v)
b

b (v,
Kpowme Toro nobasmisiem ayry



[IpomyckHbIe CTOCOOHOCTH OMPEAETSAIOTCS CIECTYIOIINM 00pa3oM:

a'{a) =a(a" =c'(a™=a'3"=0
B'la") = fla) —ela)

- O4YeHb OOIBIIIOE IIEJI0e YHCIIO.

ﬁ!(ﬂ rr) b ﬁr(ﬂm’) - ﬁ(ﬂ) - TPaHCIIOPTHAA.
v
G =K rme X M3 HOBOrO HCTOYHMKA B HOBBI CTOK
?
Wi, 4) v @)= a9 = Fa")
Torna cetb . g 5
Ompenenenue. J{onycTUMBII TTOTOK 4 . TO MOTOK pla) = ¢'(a") +ela)
Vsl @I (bl)
, @ €0 BEJIMYUHA PaBHIETCSA -
Ha3bIBAETCS HACBHIIEHHBIM, €CIIH JJIsS BCEX YT U3 ).
Teopema. Eciu ? Wachimennbii TOTOK H3 B CETH

"o
Yae A
SIBJISICTCS IONYCTUMBIM U3 B






N N

Ecnn @ MaKCHUMAaJIbHBIN, HO HEHACHIIIICHHBIN B CETH , TOB HET JOIIYCTUMBIX IIOTOKOB
BoOOIIIE.

IIpakTuyeckas padora Ne 17

Tema: HOCTPOCHI/Ie MAaKCHUMAJIBHOI'O ITOTOKA HA CETAX

]_Ie.nb paﬁDTbII HAaY4YNUTh CTYACHTOB IIOCTPOCHUIO MaAKCUMAJIBHOI'O ITOTOKA Ha CETAX

YnpaxHeHus
1. Jlo6aBbTE CTOMMOCTH B KJIACC JIOMYCTUMBIX TTOTOKOB M3 YIPAKHEHUS
22.74. Jlns pelieHust 3aadyd O JONMYCTUMBIX MOTOKaX MHUHHUMAJIbHON CTOMMOCTH
Bocnoib3yiitech kiaccom MINCOST.

2. [IpuBenuTe Oosiee TOYHYIO BepxHIOK Tpanuiy, dem ECM, musa
CTOMMOCTH MaKCHMaJbHOTO MOTOKAa B TPAHCIOPTHOW CEeTH, HE Bce pedpa KOTOpoi
UMEIOT

MaKCHMaJIbHYIO MPOIYCKHYIO CLIOCOOHOCTh U MAKCUMAJIbHYIO CTOMMOCTb.

3. JlokaxuTe, 4TO €CIM BCE IPOILYCKHbIE CIIOCOOHOCTH U CTOMMOCTH
BBIPAXXEHBI LIEJIBIMU YUCIIaMH, TO 337]a4a O MUHIMAaJIbHOM CTOMMOCTH UMEET pellieHue,
B KOTOPOM Bce

INOTOKH MMCIOT I CJIOYHCICHHBIC 3HAYCHH .

4. Peanuzyiite  pyHKIHIO negcyc() UL TPOTpaMMBbl
22.9,
BOCTIOJTb30BAaBIIUCH

anroputMoM bennmana-®opaa (cM. ynpaxHenue 21.134).

3. 3amenuTe B riporpamme 22.9 HHUIMAIN3alUI0 BEIYMCICHUEM TTOTOKA

Ha

WHUILHAIIA3AIIIO TIOTOKOM B (PUKTHUBHOM pedpe.

6. [IpuBenuTe Bce BO3MOKHBIE TTOCIEIOBATEIFHOCTH PACITUPSIFONTUX

IIUKJIOB,

KOTOpbI€ MOTJIU ObI ObITh MOKa3aHbl Ha puc. 22.41.

7. HpI/IBCIII/ITC BCC BO3MOXXHBIC ITOCIICAOBATCIIBHOCTH PACTIUPAOIINX

[HMKJIOB,

KOTOpbI€ MOTJIU ObI ObITh MMOKa3aHbl Ha puc. 22.42.

8. [Tokaxute B ctune puc. 22.41 MOTOK M OCTaTOYHbIE CETHU MOCIE
KaXJ10T'0
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pacuivpeHusi TpU HKCHOJIB30BAHUU Mporpammbl 22.9 (peanm3amusi ajroputMa BbIUYECPKHBAHUS
IIUKJIOB) JUTSL OTBICKAHHS TTOTOKAa MUHMUMAJIbHONH CTOMMOCTH B TPAHCIIOPTHOW CETH, H300paKEHHOM
Ha puc. 22.10. Pebpa 0-2 u 0-3 umeroT ctouMocTh 2, pedpa 2-5 u 3-5 - croumocts 3, pedbpo 1-4 -
CTOMMOCTh 4, a Bce OCTaJbHbIE pedpa - CIUHUYHYIO CTOMMOCTh. llpearmonaraercsi, 4YTO
MaKCHMAJIbHBIA IMOTOK BBIYUCISICTCS C IMMOMOIIBI0 allTOPUTMA, KOTOPBIN HCIOJB3YeT KpaTdaulime
PaCIIUPSIONINE TYTH.

9. Beimonnute  ympaxuenwe 22.112 B OpeAnosiOKEHUH,  YTO
nporpamma

HauynMHaeT paboTy ¢ MaKCHUMaJbHBIM NOTOKOM B (PUKTHBHOM pedpe M3 MUCTOKa B CTOK, KaK
MOKa3aHo Ha puc. 22.42.
10.  Jlo6aBbTe B perieHus ynpaxueHuit 22.6 u 22.7 06paboTKy CTOMMOCTEH
B
TPAHCHOPTHBIX CETAX.

11.  JloGaBbTe B pemienus ynpaxHeHuit 22.9-22.11 o6paboTtky croumocTeit
B ceTsax. HasHaupTe  KakaoMy — peOpy  CTOMMOCTh,  NPHOIH3UTEIHHO
MIPOTOPIMOHAIBHYIO €BKIUOBOMY PACCTOSHUIO MEXIY €r0 BEPIINHAMU.
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Puc. 22.41. Ocrarouynsbie ceTu (BBIYEPKUBAHUE LIUKIIOB)
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Ve iR HA 42 N 0- 1-3-5-0 (o TosieTs +6)

k.

_.,.,._ ___

15'

Yoemraagod 43 + 1 m 0-1-4 -5-0 [CToassdt Py

£

YoenseEae HA 41 Ao D=3 -4-5-0 {cTomsscTs +4)

A =

B=0

DL CTOMMDC T 2 1

¥ eenrpiEaee Ha 41 no 4-1-0-2 -4 {CToedcTs-1)
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Puc. 22.42. BeruepkrBaHue MUKIOB 0€3 HAYAIbHOIO0 MaKCUMAILHOTO TIOTOKA

IIpakTnyeckas padora Ne 18

Tema: IlocTpoeHne 0CTOBHOIO JepeBa

Leap padoThl: HAYYUTH CTYACHTOB IOCTPOEHUIO OCTOBOT'O JepeBa.

Teopernueckas yactb: [Ipennonoxum, 4To HEOOXOAUMO MPUHATH PELICHHUE, CBA3AHHOE C
OpraHM3alel CeTH KOMIBIOTEPOB B PA3JIMYHBIX TEPPUTOPUAIBHBIX IYHKTaX. OTO pELICHHUE
SBIISICTCS TOBOJIBHO CIIO’KHBIM U 3aBHCHUT OT OOJIBIIOTO KOJHUYECTBA (PAKTOPOB, KOTOPHIE BKIIIOYAIOT
B ce0s BBIYMCIUTEIBHBIE PECYpPChl, JOCTYMHbIE B KaKIOM ITYHKTE, COOTBETCTBYIOIIUE YPOBHH
MOTpeOHOCTEH, MHUKOBBIE HArpy3KH Ha CHUCTEMY, BO3MOXKHOE HEI()PEKTUBHOE HCIOIb30BAHHE
OCHOBHOT'O pecypca B CHUCTEME U, KpOME TOT0, CTOMMOCTb IpeasiaraeMoil cetu. B 3ty croumocTs
BXOJIAT MpUOOpeTeHrue 0O0OpYIOBaHMSI, MPOKIIAKa JIUHUNA CBA3M, 0OCITY>KMBAHUE CHUCTEMbI M T.1.
HeoOxonuMo onpenenuTb CTOMMOCTh TaKOM CETH.

HerpyaHno Bunets, uro chopMylnpoBaHHAs 37€Ch 3ajadya UMEET MHOTO JPYTUX aHaJOroB.
Hanpuwmep, TpeOyeTcsi COeAMHUTh HECKOJIBKO HACEICHHBIX MYHKTOB JMHUAMHU TeNe()OHHOUH CBSI3U
TakuM 00pa3oM, 4TOOBI BCE TH IYHKTHI OBUIM CBSI3aHBI B CETh, U YTOOBI CTOMMOCTH TPOKJIAIKH
KOMMYHHUKAIMH OblIIa MUHHMAaJIbHOH. BMecTO TenedOHHBIX JTMHUI MOYKHO TOBOPUTH O MPOKJIAJIKE
BOJIOIIPOBOJHBIX KOMMYHHUKAIMM, O CTPOUTENbCTBE AOpPOr W T. A. Pemenue monoOHBIX 3amay
BO3MO’KHO C MCII0JIb30BaHUEM Teopuu rpados (cereil).

[Tycte G=(V,E)- CBSA3HBII HEOPUEHTUPOBAHHBIH rpad), CoAep KAl MUK, T.€. 3AMKHYTHIE
MapHuipyThl, raeV — MHOXECTBO BepiinH, a E— mMHOXecTBO pebep. OCTOBHBIM (IMOKPBIBAIOIINM)
JIEpEeBOM Has3bIBaeTcs MoArpad, He coJepsKalliil LIMKIOB, BKIIOYAIOIIMKA BCE BEPILIUHBI HCXOIHOTO
rpada, /Ui KOTOPOro CyMMa BeCOB pedep MUHUMAJIbHA.

BBenem noHsATHE HUKIOMAaTHYECKOTO YMCIa (YY) MOKa3bIBAIOIIEr0, CKOJIBKO pedep Ha rpade
HYXKHO YAaJUTh, 4TOOBI B HEM HE OCTAJIOCh HU OJHOTrO IMKIiIa. [{ukiomMaTHyeckoe 4ucio paBHO,
YBEJTMUYEHHON Ha €IMHUIY Pa3HOCTH MEXy KOJIMUYECTBOM pebep U KOJIMYECTBOM BEpIIUH rpada. y=
n - m +1, raen— KoJaM4yecTBo pedep , m— KOJTUYECTBO BEPIIMH,

Hanpumep, ms rpaga, n300pakeHHOro Ha pUCYHKE, IUKJIOMAaTHYECKOE YUCIIO PABHO
y=n-m+1=7-5+1=3

ST

/ ’
7635
6
OT0 3HAYHT , YTO ecinu Ha rpade yopars 2 4

TpH pedpa , TO B HEM HE OCTaHEeTCS HU

OJIHOTO LIMKJIa, a CyMMapHbIi Bec pedep paBeH 14.
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Jls1s MOCTpOEHUsI OCTOBHOTO JiepeBa rpada HCIob3yroTes anroputMbl Kpyckana u Ilpuma.

Ha puc.1 nokazana cxema anroputma Kpyckana.
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Hauato

SORT e;
i=1
Bwibap e;
Hem
VieV1EW, Bxﬂmu}emb e;
W =W LW
da
Hem
i=i-1 W=V
Ha
Koneu

Puc.l. CxeMa arropuTMa Kpyc=are

brok Sortempennonaraer npeaBapUTEIbHYIO COPTHPOBKY BECOB pedep B TMOpSAAKE HX
Bo3pacTaHus. B Hauane paboThl anropuTMa NpeanonaraeTcs, 4To B H”CKOMOM OCTOBE HE ITPOBEIEHO

HHU OJHO pe6p0 (T.e. OCTOB COCTOMT M3 HM30JIMPOBAHHOTO MHOXCCTBA BCPUIMHVI, V2, ... Vm, [J1CH-

KonHWéc%jo{VBlpLﬁn}H T}Jé'@}i)} HoaTole}canaeTca, 4TO MHOKeCTBO ¥V s MMeeT BUL: , Tie 0603HAYaeT

MHOYECTBO, COCTOSIIECE MY ;qMHCTBEHHON W3CFMPOBaHHON BepiinHbl . [IpoBepka mpeamoiaraer
YCTAaHOBJICHU® xp¥KTA: BXOJAT JIM BEPIIUHBI BO MHOXECTBO KaK W30JMPOBAHHBIC, WM OHH CAMH
BXOJIAT B MOJAMHOXECTBA IOC TETICHHO YBEIHUNBAOIINX¥] CHABHBIX BEPIIUH , KAXKI0€ U3 KOTOPHIX

nMeew, = {...,vk 5 } W, = {...,v, ,}

BUJI: 51
Ecmm 06e BepmmHBI copepaTcss B OJHOM W3 MOJAMHOXECTB , TOo pedbpo (k,J)B ocToB HE
BKJTFOYAETCS, B IPOTUBHOM CITy4ae JaHHOE peOpo BKIIFOYAETCS B OCTOB, @ MHOYKECTBA OOBEAUHSIIOTCS.
Pabora anroputma Kpyckama 3akaHumBaeTcs, KOT/Ia MHOXXECTBO COBIIQJIET IO MOIIHOCTH C
MHOXECTBOM V- MHOXECTBOM BceX BepIiuH rpada. HetpyaHo BuaeTh, 4TO 3TO MPOU30IMAET, KOTAa
BCE BEPILUHKI rpada OKaKyTcsi CBA3HBIMHU.

IMpumep 1.I1lycth nana cxema MUKpOpaiioHa.



Heo6xoanMo coennHUTH 1oMa TeneOHHBIM KabeaeM, TakuM 00pa3oM, 4ToObI ero anuHa 42 Oblia
MUHUMAaJIbHOM.

Cxemy MUKpopaiiOHa MPeICTaBUM B3BEIICHHBIM

® \ cpaon

‘ N
Q/\ !

/05

Onpenenum HUKIOMaTHYECKOE YUCIo rpaday=n—m+1 =
10-6+1=5,

T.€. Ha Tpade HeoOXOIMMO YAATUTH 5 pedep.

[lepBoHayanbHO Kaxk[ash BepIIMHA HCXOMHOTO Tpada MOMENaeTCs B OJHOSJIEMEHTHOE
MTOJIMHOKECTBO, TO €CTh CYMTAEM, YTO BCE BEPITUHBI U30JIMPOBAHBI, T.€ HE CBSI3aHBI.

PeGpo BKiIOYaeTcs B OCTOBHOE JIEPEBO, €CIIM OHO CBS3BIBACT BEPIIUHBI, MPUHAIICKAIIIE
Pa3HbIM MOAMHOXECTBAM, IIPU 3TOM BEPUINHBI 00BEAUHSIOTCS B HOBOE IMOJAMHOXKECTBO.

Pe6po MHokecTBa BEPILIUH Onepanus

cC

VI3, {V23,{V35,{V4} ,{V5 {ve}

{V2,V3} {V2,V3},{V1},{V4},{V5},{V6} | Bxu.

{V4,V6} {V2,V3},{V4,V6},{V1},{V5} Bxu

OO AN




(V1,V4} (V2,V3},{VI,V4,V6},{V5} BxuL.
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{V3,v4} {V1,V2,V3,V4,V6},{V5} B
{V2,V4} Ucka.
{V3,V5} {V1,V2,V3,V4,V5V6} B

B Tabnuiy nmocienoBaTenbHO BKIIOYAIOTCS pedpa B MOPSIKE BO3PACTAHUS UX BECOB.

Pe6po{V2,V3} cBs3piBaeT qBE BEPIINHBI, IPUHAUICKAIINE Pa3HbIM MOAMHOKecTBaM{V2} u {V3}.
[TosTromMy pebOpo BKJIIOYAETCS B OCTOBHOE JIEPEBO, a BEPIIMHBI OOBEIUHSIOTCS B  OIHO
MOJAMHOXeCcTBO{ V2,V3}.

Pebpo {V4,V6} taxke CBSI3bIBACT BEPIIMHBI U3 PA3HBIX MOJMHOYKECTB, OHO BKIIFOUACTCS B
OCTOBHOE JIEPEBO, a BEPIIMHBI 00Pa3yl0T MOAMHOKECTBO{ V4,V6}.

Bepmmmnbl V2 uV4 Haxoasrcs B OJHOM IOJMHOXKECTBE, MO3TOMYy pebpo {V2,V4}
UCKITIOYAETCS U3 PACCMOTPEHHUSL.

Anroput™ 3akaHuMBaeT padOTy, KOI/Ia BCE BEPIIMHBI OOBEIUHSIOTCS B OJHO MHOXECTBO,
IIPH 3TOM OCTaBIIHECs pedpa He BKIIIOUAIOTCS B OCTOBHOE JIEPEBO.

[TocnenoBarenbHO MpOCMaTpUBasl TAOJHILY, TOJIYIHM CXEMY COCIMHEHHS Telie(OHHBIM Kadeaem

1 JIOMOB B MUKPOpPaioOHe.
! 2
2
3
B metone Ilpuma oT wucxomHoro rpada

MepexXoauM K €10 IMpEeACTABIICHUIO

B BUje MaTpuilsl cMexxHocTtd. Ha rpade BeiOupaercst peOpo MHHHMManbHOro Beca. BriOpanHOe
peOpo BMecTe ¢ BepIIMHaMU 00pa3yeT IMepBOHAYalbHbBIM ()parMeHT OCTOBHOTO JepeBa. 3areM
aHATM3UPYIOTCS JUIMHBI pebep OT KaKIOW BEpUIMHBI (pparMeHTa A0 OCTABIIMXCS HEBBIOPAHHBIX
BepLIMH. BriOupaercs MuHUMalIbHOE pedpo U MPHCOeINHAETCS K IepBOHAYaIbHOMY — (hparMeHry, u
T. 1.

IIporiecc mpomomkaercss 10 TeX IMOp, MOKAa B OCTOBHOE JEPEBO HE OyIyT BKIIIOYEHBI BCE
BEPILIMHBI HCXOTHOTO Tpada.

ITpumep 2. ITycTh nana cxema KOMIIBIOTEPHOM CETH.
Heo06x0auMo COE€AMHUTH KOMIBIOTEPHl TaKHMM OOpa3oM , YTOOBI JUIMHA NPOBOJAKH ObLIa
MUHHUMAaJIBHOU.



N

Omnpenenum MUKIOMAaTHYECKOe YK CiIo rpada:

\

=8-5+1=4
HeBbi0paHHble BepIIMHBI
BbiOpannbie
V2
BePIINHBbI
V1 V3 V4
V5 10 6 7 11
*
V2 1 7 3
\al * * 2 3
%
V3 * * 3

12
10 67
34
11
Y=h—
m+1

[Ipu npocMoTpe CTpOKHU TaOIHIIBI HAXOAUM MUHUMAJIbHYIO BEIMYMHY Beca pedpa, BblIesieM

e€ 1 OOJIBIIIE 3TOT CTOJ'I6€I_I, B KOTOPOM HAXOOUTCS 5Ta BEJIIMYMHA, B paCCMOTPCHUU HC

Y4acCTBYCT.

J171 TOCTPOEHUSI OCTOBHOTO JIepeBa HEOOXOAMMO IPOCMOTPETH CTOJIOIBI TAOIUIIBI CHU3Y

/\

JI€pEBO MMHUMAJIBHOTO BECa:
1. 2

6
3

3apUKCUpOBaTH

B urore nomydnM oCcTOBHOE

niepBoe

HOSBJIEHNE MUHUMAaJIbHON BEJIMYNHEL.
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Jlnst mpoBenieHrs paboThl HEOOXOAMMO BBITIOJIHUTD CIEAYIOIINE ICHCTBHUS.

1. VI3y4nTh OCHOBHBIE MIOHATHS TEOPHU TpadoB
[TyTs k ¢aitry: D:\UTTOBC\AuC/[\OSTOV\Teopus rpagos

2. Bri3Batk cucremy Ostovl, Brimrouaroriyto B ce0st u3ydenue metooB Kpyckana u [Ipuma. ITyTts x
¢ainy: D:\MITOBC\AuC/I\OSTOV\Ostov1

Cucrema paboTaeT B IMATIOTOBOM PEXKUME C UCTIOIb30BaHUEM “‘MeHIO”. Best HeoOxonumast
nH(popMalusg Bo BpeMs paboThl CUCTEMBI 0TOOpaxaeTcs Ha IKpaHe JUCIUIes U He TpeOyeT
CIeNMaIbHBIX TOSICHEHUI.

Jns rpados, cogepxamux 10 u 12 BepIIuH MOCTPOUTH OCTOBHBIE IEPEBBS ABYMS METOJaMHU.

ITo oxoHYaHHUU PaOOTHI BBICTABIISETCS OLICHKA.
3. BeBath cucremsl Ostov2 u Ostov3 1 nccnenoBanust meronioB Kpyckana u Ilpuma.  [lyTts k

daiiny: D:\MTTOBC\AuCJI\OSTOV\Ostov2 (Ostov3 ) PesymnbTaThl 3anucaTh B TETPab.
Tpebopanug k oruéry OTyéT JOJKEH

COJIEPKaTh!
1. KOHCTIEKT JJabOpaTopHOU paboTHI;
2. npuMepsl padboTel MeTo10B Kpyckana u [Ipuma;
3. pe3yIbTaThI BHITOTHEHUS PaOOTHI,
4. BBIBOJIBI 110 paboTe;

KoHTpoapHBIE BOOPOCHI

1.  Yto moHuMaeTcs 1o OCTOBHBIM JIepeBOM?



2. KakoBsl ocobennoctu metonoB Kpyckana u [1puma?

3. 3. B 4éMm cocTOMT METOJMKa aHajlu3a CJI0)KHOCTH AJITOPUTMOB IMOCTPOCHHUS
OCTOBHOTO JiepeBa rpaga?
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