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BBEJIEHUE

1. Heap 1 3aga4n U3y4eHUs TUCUMILIMHBI

Henp aucuumuinHel: ¢GopMHupoBaHHe Habopa 0O0LENpPOPEeCcCHOHANBHBIX KOMIIETEHIIMH
OakanaBpa no HanpasyieHuto noarotoBku 08.03.01 «CtpoutenbcTBo».

3amaun OCBOEHUS AMCLUUIUIMHBL:  (OPMHUPOBAHUE IPEJICTABICHUM O POJIM U MecTe
MAaTeMaTUKU B COBPCMCHHOM MHUPC, OJTallaxX pasBUTHA, YHUBCPCAJIBHOCTH CC MMOHATHUA H
npeicTaBieHuil; (OpMHpPOBAHHME YMEHMHM KOHCTPYUpPOBAHHMS M aHalU3a MaTeMaTHYeCKUX
Mojieneil 00BEKTOB, CUCTEM M MPOILIECCOB P PEIICHUH 337134, CBSI3aHHBIX cO cepoil Oymymei
npoeCCUOHATIBHON JIeATEIbHOCTH; OBJIAZICHUE HABbIKAMM TOYHOI'O M C)KAaTOrO BBIPAKEHUS
MaTeMaTHYeCKOM MBICIH B YCTHOM W NHUCBMCHHOM HU3JIOKCHUHU, C HCIOJb30BAHUCM
COOTBETCTBYIOLIEH CUMBOJIMKH.

B pe3yabTare 0cBOEHHS AMCIUILIHHBI CTYAEHTbI J0JKHBI:

3HAaTh: OCHOBHblE TMOHSATHS AaHAJUTUYECKOW TreoMeTpUH, JIMHEWHOW aJsreopshl,
audpdepeHIMaIbHOTO W MHTErpaJbHOTO0 HCYUCIeHUs (QYHKLUMU OJHON IepeMeHHOH,
TeOprH (YHKIUU HECKOJIBKUX TEPEMECHHBIX, TCOPHH (YHKIMHA KOMIUIEKCHOTO HEPEMEHHOTO,
TEOpUU  PSNIOB, Teopud JUPPEpeHIUATBHBIX YPaBHCHUW, TEOPHH BEPOATHOCTEH U
MaTeMaTHYECKOW CTATUCTUKH, YUCICHHBIX METOIOB.

Ymerb: >PQPEKTUBHO HCMONB30BATh METOABl AHAJUTHUYECKOU TeOMeTpUH, JUHEWHOU
anre6pbl, aAudpdepeHMAJTBLHOTO U MHTETPAJIbHOTO MCYUCJAEHUS QYHKIUU OJHOU
nepeMeHHOW, Teopun (DYHKIMH HECKOJBKHX IMEPEMEHHBIX, TCOPUU (DYHKIMH KOMILJICKCHOTO
NEPEMEHHOTO, TEOPUH PAIOB, TEOPHH TUP(EpEeHIINATBHBIX YPaBHEHHU, TEOPUH BEPOSITHOCTEH U
MaTeMaTHYECKOW CTAaTHCTUKH, YUCICHHBIX METOJIOB. IPU PEUICHHUH 3a71a4, CBSI3aHHBIX CO Cepoit
poeCCUOHATILHOM IeATEILHOCTH.

Baanerb: HaBbIKAMH HCIIOJIB30BaHHUS METOJOB AHAJIUTHYECKOW TeOMEeTPUH, JIMHEHMHOHU
anrebpol, aAMdPepeHLMaTbHOTO M HUHTErPaJbHOTO HMCYMUCAEHUs (PYHKIHUM OJHOU
epeMeHHOH, Teopun (PYHKIIMH HECKOIBKHX IMEPEMEHHBIX, TEOpUH (DYHKIMI KOMILJIEKCHOTO
NIEPEMEHHOT0, TEOPUH PAJIOB, TEOPUH AU PepeHInaNbHBIX YPAaBHEHUH, TEOPUN BEPOSITHOCTEN U
MaTeMaTHYECKON CTATHCTUKH, YACICHHBIX METOOB MPHU PEIICHUH 3a/1a4, CBI3aHHBIX cO chepoit
npohecCuOHATBHON NeSTENbHOCTH.

2. O6opynoBaHNe U MATEPHAJIBI
[TpakTuyeckue paboOTHI MO AMCHUIUIMHE «MaTeMaTHKay MPOBOJATCS B KOMIIBIOTEPHOM

KJIacce ¢ MyJIbTUMEa 000pYyJOBaHUEM: IPOEKTOP, KOMITbIOTEP, SKPAH HACTEHHBIH.

3. HammenoBanue NMPAKTHICCKUX paﬁoT

No HaumeHnoBaHue TeM JUCHUIUIMHBI, UX KPATKOE COICPIKAHUE O6beM N3 Hux
Tembl 4acoB MPAKTUYECKas
JTCTIVIT MOJITOTOBKA, YaCOB
JIUHBI
2 ceMecTp
10 Tabmuia  OCHOBHBIX  HEONPENEICHHBIX  HWHTETPAJIOB. 2

[Ipocreiiine  cBOMCTBa  HEONPEIENIEHHOIO  HMHTErpana.
HenocpencTBeHHOE HHTETPUPOBAHME.

11 3amMeHa TIEpeMEHHOM B  HEOMPEICICHHOM HWHTErpale. 2
WnTerpuposanue 1o YaCTSIM. WHTerpupoBanue
AJIEMEHTApHBIX JpoOeil. MHTerpupoBaHue palMOHAIBHBIX
dhyHKIHIA

12 Crioco0bl BEIYUCIICHUS OTIPEACIICHHOTO HHTerpaia. dopmyiia 2

Hrerotona-Jlelibnnna. 3aMeHa epeMEeHHON B ONPEeICHHOM
uHTerpane. QPopmyna HMHTETPUPOBAHMSA IO 4YacTAM B
OIIpEICJICHHOM HHTErpaJe.
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13 l'eomeTpuyeckue NPUIOKEHUS OMNPENEICHHOTO HHTErpana. 2
[Tnomane mmiockoit ¢urypel. O0beM Tena. JlauHa ayru
kpuBoi. [Tnomaas MOBEepXHOCTH BpallleHHUS.

15 YacTHbIE TPOM3BOJAHBIC TEpBOTO  mopsaka. YacTHbie 2
MPOM3BOJIHBIC BBICIIUX MOPsAKOB. [lomHblid auddepeniman
(hyHKIIH. Juddepennnansr BBICIIINX TIOPSIIKOB.
JluddepeHnmpoBaHre CI0KHBIX U HESIBHBIX (DYHKIINH.

16 KacarenpHas u HOpMalib K moBepxHoOcTH. [IpousBojHas mo 2

HanpasieHuIo. [ paguenT. DKkcTpeMyM (YHKLIUH HECKOJIBKUX
nepeMeHHbIX. HauOonbinee u  HauMeHbllee 3HAYEHUS
(GyHKIMH. Y CIOBHBINH AKCTPEMYM.

17 CBoiicTBa M METOJbl BBIYUCICHUS JIBOMHOTO HWHTErpaa. 2
3amMeHa IePeMEHHBIX B IBOWHOM HHTETpaJIC.
18 Huddepenimanbaple  ypaBHEHHS € Pa3IeISTFOIIAMUCS 2

nepeMeHHbIMU.  OpgHOponHbIE  ypaBHeHUs.  JIuHelHbIe
ypaBHEHUs. Y paBHEHMs, TPUBOJINMBIE K JIMHEHHBIM.

19 VpaBHEHHS BBICIIETO TOPSIKA, IOIYCKAIOMINE MOHIKCHUE 2
nopsiaka.  JluHedHble — guQQepeHnuaNbHbE  YpaBHEHHS
BBICIIHX MOPSIKOB.

20 Cucrembr  muddepeHIMaTBHBIX ~ ypaBHEHHWH, OCHOBHBIE 2
nousTus. MHTErprpoBaHne HOPMAIBHBIX cucTeM. CHCTeMBI
ypaBHEHHUH € IOCTOSTHHBIMH K03 (DUIIIEeHTaMH.

21 Cxomumocth pspa. HeoOXoauMblii TpU3HAK CXOIUMOCTH 2
YUCIOBOrO psima. JlocTarouHble NPHU3HAKK CXOAUMOCTH
3HAKOTOCTOSHHBIX DSAJOB: TMPU3HAKW CPABHECHUsS, MPHU3HAK
Hanam6epa, npusnaku Komu. O00O0IICHHBIN rapMOHHYECKUH
ps.

22 3HaKoUYepeayIomuecs U 3HaKOIepeMeHHbIe panasl. [Ipm3Hak 2
JleitOnuma. OOImMI JOCTATOYHBIA TPU3HAK CXOJUMOCTH
3HAKOMEPEMEHHBIX  PsOB. AOCONMIOTHasE W yCJIOBHas
CXOJJMMOCTH YHCIIOBBIX PSIJIOB.

23 Beruuncienue BEpoSITHOCTH COOBITHS 2

24 Bapuanmonnsie psapl U uX Tpaduyeckoe H300paxKeHHE. 2
Br16opounslit MeTo.

25 Toueunsle onenku. [loHSATHE MHTEPBAJIBLHOTO OLIEHUBAHUSL. 2
JHoBeputenbHass BEpOATHOCT, W MpelelibHas — OMIMOKa
BBIOOPKH. Ornenka XapaKTEPUCTUK reHEepaJIbHOU
COBOKYITHOCTH I10 MaJIOH BBIOODKE.

26 CratucTrueckas poBepKa MMIIOTES. 2

Hroro 3a 2 cemectp 36

4. Conep:kanue NpaKTHYECKUX padoT

Ilpakmuueckas paooma 1. Tadnuua ocHosnvix HeonpedeneHHbIX unmezpanos. Ilpocmeiimue
ceolicmea Heonpedenennozo unmezpana. Henocpedcmeennoe unmezpuposanue.
Ilens: chopMupOBaTH YMEHUE HEMTOCPEICTBEHHOTO HMHTETPUPOBAHUS (YHKIIUHU C UCTIOTIH30BAHUE
OPOCTEHIIMNX CBOWCTB HWHTErpajga, TMPUMEHATh IMOJAyYeHHbIE YMEHHS TMPH  pEIICHUH
NPaKTUYCCKHX 3a/1a4.
Teopemuueckas uacmo:
[TepBoobOpasHas QyHKIIHUS.

Oynkius F(X) HaspiBacTcs mepBoodpa3noii pynkumeit Gynkuuu f(X) Ha orpeske [a,b],
€CITH B JIIO0OM TOYKE 3TOr0 OTpe3Ka BepHO paBeHCTBO:F'(X) = f(X).

Hano ormeTruth, 4TO MEepBOOOPA3HBIX U OJHOW WM TOW e (DYHKIIMH MOXKET OBbITh
O6eckoHedHO MHOTO. OHM OyIyT OTAUYATHCS APYT OT APyra Ha HEKOTOPOE MOCTOSTHHOE YHCIIO.
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HeonpeneseHHbIM

F1(x) = F2(x) + C.
HeonpeneneHuplii HHTErpa.

HHTErpajiom

byHKIIIN

f(x)

nepBooOpa3HbIX QYHKIUH, KOTOPbIE OMPeIeIeHbl COOTHOLICHUEM:

F(x) + C.

3anuchIBaIOT: j f(x)dx =F(x)+C.

VYciaoBueM CyIIECTBOBAaHUS HEOMPENEICHHOTO HWHTETpajla Ha HEKOTOPOM OTpE3Ke
SIBIISIETCS] HEMPEPBHIBHOCTH (PYHKIIMH HA ITOM OTPE3KE.
CaoiicTBa:

1. ([ f(x)dx) =(F(x)+0O) = f(x);

2. d([ f(0)dx)= f(xdx;

3. [dF(x)=F(x)+C;

Ha3bIBaACTCs

4. I(u +v—w)dx = Iudx + Ivdx — I wdx; Tre U, V, W — HeKOTOpbIe (DYHKIIHH OT X.

5. j C- f(x)dx=C- j F(x)dx;

[pumep: j(xz —2sinx +1)dx = Ixzdx—2jsinxdx+jdx:§x3 +2cosx+x+C;

I[J'IH y,Z[O6CTBa 3HAUCHHA HCOIIPCACICHHbBIX HHTCTPAJIOB OOJIBIINHCTBA QJICMCHTApPHBIX

COBOKYITHOCTb

¢GyHKIMH coOpaHBl B CIENMANbHBIE TAOIUIBI WHTETPAJIOB, KOTOPHIE OBIBAIOT MHOTZA BeChMa
00beMHBIMU. B HHX BKJIIOUEHBI pa3iWyHble Haubojee 4YacTo BCTPEYANONIUECs KOMOMHALUU

(GyHKIMIA.

Ho OonpmuHCTBO MNpEaACTaBJICHHBIX B JTHUX Ta6111/1uax

dbopMysr  SBISIOTCS

CICACTBUAMU OpYyr Apyra, IMO3TOMY HUKEC IIPHUBEACM Ta6J'II/II_Iy OCHOBHBIX MHTCTpPAJIOB, C
IIOMOIIBIO KOTOpOﬁ MOKHO IIOJYYUTH 3HAYCHUSA HCOMNPCACICHHBIX HWHTCTPAIOB PA3JTUYHBIX

byHKIHIA.
3HaueHue Wurerpan 3HaueHue
HuTerpan
1| [rguax -In| cosx [ +C 9 | [erdx e+ C
2 Ictgxdx Insinx [+ C 10 J.cosxdx sinx + C
3 x ¥ 11 - -cosx + C
Ia dx @ e J.smxdx
Ina
4 dx 1 X 12 1 tgx + C
 E— —arctg—+C dx
Ia2+x2 2 ey J‘coszx
5 dx 1 |x+a 13 1 -ctgx + C
—— —1 +C ——dx
Ixz—az 2anx—a -[51n2x
6 J‘ dx |n‘x+\/x2ia2 Lo |1 J—dx arcsin> +C
Vx? +a’ Va® - x* a
7 o o+l 15 1
Jxax +Co % -1 [——ax Inltel 2+ 2 |+ C
o+l cosx 2 4
8 d. 16 1
ax In[x| +C _[ ——dx lntg£+C
X Sin x 2
MeTox HENOCPENCTBEHHOTO HHTETPHPOBAHWS OCHOBAaH HA TIPEANOJIIOKEHUH O

BO3MO>XHOM 3HaA4YCHHH nepBoo6pa3H0171 (byHKI_II/II/I ¢ JalbHeuIei HpOBCpKOﬁ OTOr'0 3HA4YCHUA
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muddepennpoBanueM. BooOmie, 3ameruM, uTo AUQQPEpEeHIMPOBAHUE SBISETCS MOIIHBIM
MHCTPYMEHTOM ITPOBEPKHU PE3yIbTaTOB HHTETPUPOBAHNS.
PaccmoTpuM npuMeHeHne 3Toro MeToja Ha IpuMepe:

. dx .
Tpebyercs HaiiTH 3HaYEHUE UHTETpasia I— . Ha ocHOBe u3BecTHOI popMyIbl
X

!

1 .

b hepeHIMPOBAHS (ln x) = — MOXKHO CJIeJIaTh BBIBOJI, YTO HCKOMBIN UHTETpasl paBeH
X

Inx+C,rne C - HeKOTopoe MOCTOSAHHOE unciio. OJIHAKO, C IPYTOi CTOPOHBI

!
(ln(—x)) =—— ( 1) = —. Takum 06pa3om, OKOHYATEIHHO MOKHO CJI€IaTh BHIBOJ:

j@=1n|x|+c
X

3aMeTuM, 4TO B OTIMYHe OT AU dHepeHIupoBaHHs, T1Ie A1 HAXOXKICHHUS MPOU3BOIHOM
UCIIOJIb30BATMCh YETKHE MPUEMbl W METO[bl, NPaBUJIa HAXOXJICHUS IPOU3BOIHON, HAKOHEI
OTIpeNieNIeHNe TPOU3BOAHOM, Ui MHTETPUPOBAHHS TaKWe METOAbl HemocTymHbl. Ecmm mpum
HAaXOX/ICHUU IPOM3BOAHOM MBI MOJb30BAIUCH, TaK CKa3aTh, KOHCTPYKTUBHBIMH METOIAMHU,
KOTOpBIe, 0a3upysch Ha ONpEACICHHBIX NpPaBWIAX, MPUBOAWIN K pe3yibTary, TO TIpHU
HAaXOX/EHUM NEepBOOOPAa3HOW MPUXOAUTCS B OCHOBHOM ONUPAaThCS HA 3HAHUS TaOJUII
MIPOM3BOJIHBIX U TIEPBOOOPA3HBIX.

Yrto KacaeTcs MeToJa HEMOCPEJCTBEHHOTO MHTErPHPOBAHMS, TO OH NMPHUMEHHM TOJIBKO
JUIT HEKOTOPBIX BEChbMa OTPAaHUYEHHBIX KiaccoB (pyHKui. DyHKIMMA, 1151 KOTOPBIX MOXHO C
XOAy HaWTH NepBOOOpasHylo o4yeHb Mayo. [103TOMy B OOJBIIMHCTBE CIy4aeB HMPUMEHSIOTCS
JIpyrue crnocoObl UHTErPUPOBAHUSL.
Bonpocewt u 3a0auu:
3anava 1.Haiitu HeonpeeieHHbIE HHTErPabl:

1}5 (4% — 3 4 5x —4) dx;
2) [ (3 50t —8) (9 +- 100 dx; 3) [V T6 - 2xdy;

4) S(Ex" + 7)3x dx; 5) j‘i’,fx_ﬂﬂx* dx; 6) j Vat —x® xdx.
3az[aqa 2. Haiitu HCOIMPCACIICHHBIC HHTCIPAJIbI:

D[t g (Virge g [ 24y f“—r‘:@"dx-.

sin? x y’|_._ i J YT =
-p" arctgx ; sec*x sin 2x i 2x dx
Ejj—wx* dx; ﬁ].j—]{ﬁ;dx, 7 j_—v’?—w dx; ;[VI_M,
!}}jsh*xchxdr; 10) ﬁ'j‘,“i‘
ctgx
x+a
Dy i ¥
2) [ﬂ'ﬁdxl' E}Ii-sl—lr::;sx o [‘
dx
5}jlﬂ—-x‘ 5) Llnx; j —}31’3
X
§ (a9 (T
Bormpocsr:

1. Yro Takoe nepBooOpazHas GyHKIUS?

2. Yro Ha3bIBaeTCSl HEOTPEACICHHBIM HHTETPAIOM?

3. Ilepeuncnute OCHOBHBIE CBOMCTBA HEOIPEICIIEHHOI'O HHTErpaa.

4. 3anumure Mo naMaTy TabJIUIy OCHOBHBIX HEONPEAEeNEHHBIX HHTETPaJIoB.

6



5. B ueM cocTouT METO HEMOCPEACTBEHHOIO UHTETPUPOBAHUSA?

Ilpakmuueckaa padoma 2. 3amena nepemeHHOU 6 HeONPeOeeHHOM UHmezpae.
Humezpuposanue no uacmam. Humezpuposanue snemenmapuvix opooei. Hnmezpuposanue
PAYUOHATIbHBIX PYHKYUIL.
Ilenwv: chopmupoBaTh yMEHHE BBIUMCIATH HEOMPENEICHHBI HHTErpaj C MOMOIIBI0 3aMEHbI
MEPEeMEHHON U TI0 YacTsAM, HHTETPUPOBATH AJIEMEHTAPHBIE IPOOM U palMOHAIBHBIC (QYHKIUH,
MPUMEHSTh [OJIyY€HHbIE YMEHHUSI IPU PELICHUH MPAKTUYECKUX 3a/1a4.
Teopemuueckan uacmp:

3aMeHa epeMEeHHOHN B HEOIPEIeICHHOM UHTEerpaie.

Teopema: Eciu TpeGyeTcst HAWTH UHTETpal I f(x)dx , HO CIIOKHO OTBICKATh MEPBOOOPA3HYIO,

TO ¢ TIOMOIIbI0 3aMeHbl X = @(t) u dx = ¢'(t)dt moayuaercs:
[ £Godx = [ flone' ()t .
[Ipumep. HaiiTu HeonpeaeneHHbIN HHTETpal J\/E cos xdx .
Cnenaem 3ameny t = sinx, dt = cosxdt.

I\/?dt - _[t”zdt =§t3/2 +C =§sin3/2 x+C.

[Ipumep. J‘x(x2 +1)** dx.

Bamena ¢ = x> +1; dt =2xdx; a’x=?; [Monyuaem:
X
5/2 2 5/2
jt3’2$=1jt3’2dt=1-2t5’2+C=t—+c=—(X LY
2 2 25 5

HHTErprpoBaHue 1Mo YacTsM.
Crioco6 ocHOBaH Ha U3BECTHOU (hopMyJie MPOU3BOAHOM mpousBeaeHus: (UV)' = U'V + V'U,
rie U u V — HekoTopble QyHKImH oT X. B muddepennmansroii popme: d(uv) = udv + vdu.

IIpounTerpupoBaB, IOJIy4aeM: I duv) = J. udv + I vdu, a B COOTBETCTBUU C

MIPUBEICHHBIMY BBIIIE CBOMCTBAMH HEOINPEAECTECHHOTO MHTETpana. uy = J. udv+_|.vdu A
Iua’v = uv—J-vdu ;

[Tonyunnu ¢GopMyny HHTErpUpOBaHMS IO 4YacTAM, KOTOpas IO3BOJSIET HaXOJUTh
MHTETpaJIbl MHOTMX JIEMEHTapHBIX (PYHKIINH.

2 .
u=x"; dv=sinxdx;

[Ipumep. Ixz sin xdx = =—x*cosx+ Icosx 2xdx =

du =2xdx;, v=-cosx
u=x; dv=-cosxdx; 5 . . ) )

= ] =—x cosx+2xsmx—J.s1nxdx =—x"cosx+2xsinx+2cosx+C.
du=dx;, v=sinx

Kak BuznHO, mocnenoBarenbHOE NpUMEHEHHE (OPMYJIbI MHTEIPUPOBAHUS IO YACTAM
MO3BOJISIET MOCTENEHHO YIPOCTUTH (PYHKIMIO U IPUBECTH UHTETPAJ K TAOIUYHOMY.

2 2
u=e"; du=2e"dx

[Ipumep. Iezx cos xdx = )
dv=cosxdx; v=sinx

=e*sinx— jsinx 2e* dx =

2x 2x
u=e"; du=2edx; 2 - 2 ) 2
= ] ’ =eXsmx—2—e"cosx—j—cosx~2e"dx=e"smx+
dv =sinxdx; v=-cosx;

22 2
+2e rcosx—4jcosxe “dx



BunHo, uyto B pe3ynbTare NOBTOPHOIO IPUMEHEHHUS WHTEIPUPOBAHUSA 10 YacTIM
GYHKIMIO HE YJAIOCh YHPOCTUTH K TabmuyHomy Buay. OJHAKO, MOCIETHUI MOJy4YEHHBIH
MHTETpaJl HUYEM HE OTJIMYaeTcss oT ucxoaHoro. [loaTtomy mepeHeceM ero B JIEBYIHO 4acTb
paBEHCTBA.

5!(32’Y cos xdx = e** (sin x + 2 cos x)

2x
N e .
Iez cos xdx = T(smx+2005x)+ C.

Taxum 0Opa3oM, HHTErpasl HaiiieH BooOI1e 6e3 MpUMEHEHHs TaOIUIl HHTETPAJIOB.
HHTerpupoBaHue 3J1eMEHTAPHBIX IPOOEH.
DJIeMeHTaAPHBIMH HA3bIBAIOTCS APOOH CIICAYIOIIUX YETHIPEX THIIOB:

L nm., _MxEN
Cax+b’ ' ax* +bx+c’
1 Mx+ N
" —— (VA
(ax+b)" (ax”™ +bx+c)"

M, N — HaTypanbHble uncaa (M>2,N>2) u b? — 4ac <0.

[lepBbic qBaA THIIA HHTETPAIOB OT AIIEMEHTAPHBIX APOOEH JTOBOJIBHO MPOCTO MIPUBOISITCS
K TaOJMYHBIM ITOJCTAHOBKOM t=ax+ b.
dx 1edr 1 1
L =~ [Z =—Inl|+C=~Injax+h|+C.
ax+b a’t a a

— = ——+C=- —+C
(ax+D) a’t" a(m—1)t" a(m—1)(ax+b)"
PaccMoTpuM MeTo HHTErpUpOBaHUS dJeMeHTapHbIX Apodelt Buaa |1l.
Wnterpan nqpodu Buaa |1l moxer ObITh peCTaBICH B BUIE:

" I dx 1 ¢dt _ 1 1

Ax + B ;1(2“’9)%3_?} Ae 2 d
B g : dx:_j#dx{jg__ﬁ)jz_x:
X"+ px+q X"+ px+gq 29 x "+ px+gq 2 P xT+px+gq
A Ap dx A 2B—-Ap
:—ln‘x2+px+q‘+( ——j > =—ln‘x2+px+q‘+—-
2 2 I( pj pt) 2 Jag-p*

x+ +| q
2 4
-arctg 2xtp +C

Vaq-p’

3nech B 0011eM BUe OKa3aHO MpUBeAeHne UHTerpaia apoou suaa Il x 1sym
TaOJIMYHBIM WHTETpajiaM.

PaccMoTpuM puMeHeHne yka3aHHOU BhIIIe (hOpPMYIIBI Ha IPUMEpax.
[Tpumep.



u=6x-5; du=6dx;

Tx -2 84x —24 84x —24
J—z dx:j - dx:j > x = u+s =
3x"—5x+4 36x° —60x +48 (6x—5)"+23 X = S ;
_ J'14u+70 24 3 J- udu 23 2du :Zln(u2+23)+ 23 arctg U oo
u® +23 W23 334123 6 3423 J23

6x—5

23 arctg
V23

2 2

Boo0bmie roBopsi, eciu y Tpexwiena ax~ + bx + ¢ Beipaxenue b” — 4ac >0, To 1poOk 1o

OIIPE/ICIICHUIO HE SIBJISCTCS DJIEMEHTApHOM, OHAKO, TEM HE MEHee ¢ MOXKHO HHTEIPHPOBATh
yKa3aHHBIM BBIIIIE CIIOCOOOM.

+C.

= z1n\36x2 —60x + 48\ +
6

Hpumep.
J'st—z’ J' 5x-3 u=x u=dx =J.Md =SJ 2ua?u ~
x°+6x—-40 (x+3) —49 x:u—3; 49 R
-1 Zdu =éln‘ 49‘__1nu_7 +C=§1n‘x2+6x—40‘—21n adnhd G}
o2 ut7 2 7 |x+10

[Tpumep.

J 3x+4 I 3x+4 {u—x 3 du= dx} j3u+9+4d :3f udu
\/7—x2+6x J16—(x—3)? xX=u+3; V16—u’
du u X —
+13| ——=—— =-3V16—u? +13arcsin— + C = =3v7 — x> — 6x + 1 3arcsin
e g

+C.

PaccMoTpuM Teneps MeTOIbl UHTErPUPOBaHUS ITpocTeimux apodeit 1V tuma.
CHayazna paccMOTpUM 4acTHBIN ciryuyait mpu M =0, N = 1.
dx

Torma wuHTerpan Buaa I > — MOXKHO IIyTEM BBIIENEHHSA B 3HAMEHATEINE
(ax” +bx+c)

du
MIOJTHOTO KBajpaTa MpeICTaBUTh B BUJIE jz—
u

+s)"

. Cnenaem cienyroriee npeoOpa3oBaHue:

J- B J-s +u’—u’ B J- J- u-du

(u® +s) (u® +5)" (u’ +S)" - u? +s)"

Bropoii uHTerpa, BXOIAIINI B 3TO PaBEHCTBO, Oy1eM OpaTh MO YaCTsIM.
udu

dvy=———; u, =u; du, =du;
(u”+s)"
O6o3HaUNM:
udu 1 _
1= _[ 2 " 2 n-17
(u” +s) 2(n—1)(u" +s)
.[ u’du _ u N 1 I du
W’ +s)" Qun-=-2)w’+s)"" 2n-27 W’ +s5)""

st I/ICXOJIHOFO HHTerpana oJyJaeM:
u 1 J- du

'[(u +s)" - '[(u +5)"" ! sn—=2)u* +s)"" _S(2n—2) W’ +s)""

9



J- du B u N 2n-3 J- du
W +5)"  s@n-2)w*+s)"" s@n-2)Y @ +s5)""
[Monmyuyennass ¢opmyna HaspIBaeTcs peKyppeHTHOi. Eciu mpumenuts ee N-1 pas, To

MOJIYYHUTCHA TaOJIMYHBIH HHTCIrpaJl J.
u + S

Bepuemcs Teneps K HHTErpaly OT 3JIeMEeHTapHO# 1poou Buja IV B obmem ciyuae.

u=2ax+b; du=2adx
Mx+ N

Jo P de= (o u—b 1=
(ax’ +bx+c)" [2ax +b)* + (4ac—p’ )] x="=3 s=dac=b’;
M(u M(u-b) N
(4a)” f * ) [ M i udu___ 2aN—Mb i du
(u +s)" - 2a W’ +5)" 2a u’® +5)"

o — 2
B MOJIYYCHHOM PABCHCTBC IICPBbIM HHTCIPAT € IMOMOIINBIKO IMOACTAHOBKH t=u +s
dt
IMPHUBOJUTCS K Ta6J'II/I‘IHOMy j—n , 4 KO BTOPOMY HUHTCIrpaly IPUMCHACTCA PaCCMOTPCHHAA BBIIIC
t

pexyppeHTHas popmyna.

HecmoTps Ha KaKyuryrocs CJIOXKHOCTh HMHTETPUPOBAHHS DJIEMEHTAPHOU Ipolu
Buaa IV, Ha IpakTUKE €ro JOCTaTOYHO JIETKO MPUMEHSTH I Ipo0eii ¢ HeOOIbIION CTEIeHbBIO N,
a YHUBEPCAIBHOCTh M OOIIMHOCTH MOJXOJIa JIEJaeT BO3MOXKHBIM OYEHb MPOCTYIO peaTUu3aIfio
3TOro Meroja Ha DBM.

IIpumep:

J‘ 3x+5 dXZJ- 3x+5 dx_{u=x—2; du=dx} I3u+6+5d

(x> —4x+7)> (x=2)>+3)  |x=u+2; (u? +3)°
— 2 .
:3“‘ 2ua’u 2+11J- 2a’u - t=u"+3; :E %t+11 u2 N 1 J- 2du _
(u”=+3) (u”+3) dt =2udu;| 27t 3-2(u”+3) 3-27u"+3
SRR | U | LI 3 g 0= M e X2
2% 6’ +3) 643 g\/' 2 —dx+7) 6(x —dx+7) 643 N

HHTerpupoBaHie palvoHaabHbIX (QYHKIHMH.
WHTerpupoBaHre palioOHAIBHBIX APOOEH.
Jist TOro, YTOoOB! MPOMHTETPUPOBATH PALMOHAIBHYIO IPOOb HEOOXO0AUMO
Pa3JI0KUTh €€ Ha 2JIEMEHTapHbIE IPOOH.

o)
P(x)
P(X) koTopoli MpeACTaBICH B BHUJE NMPOU3BEACHUS JMHEWHBIX M KBAJPATUYHBIX MHOKHUTEICH
(otMeTuM, YTO JHO00N MHOTOWIEH C JEHCTBUTEITHHBIMU KOd(PPHUIIMEHTAMU MOXKET OBITh
npezacTaBiieH B TakoM Buae: P(X) = (x - a)%...(X - b)Y’ 0 + px + q)*...(x° + rx + s)*), 10 512 IpoOb
MOKET OBITh pa3Nio’KeHa Ha dJIEMEHTapHBIC IO CIEAYIOIIeH cxeme:

Teopema: Eciin R(x) = - IpaBWJIbHAS pallMOHAIBHAS Ap0o0b, 3HAMEHATEIb

10



Q(x): 4, + 4, A, B, " B, BB +M1x+N1 +

—+.t —+..+ —+.t 7t
P(x) x—a (x—a) (x—a) (x=b) (x-b) (x=b) x"+px+gq
M,x+N, N M,x+N, - Rx+S, N R,x+S, R x+S§,

3 7t 3 .. 3 3 3 e 3 m
(x" + px+q) (x"+px+q) X +rx+s (xT+rx+s) (x"+rx+s)

rae Aj, Bi, Mi, N, Rj, Sj — HekoTOpbIe MOCTOSTHHBIE BETMYHUHBI.
[Ipy wHTErpUpOBaHUM paAlMOHANBHBIX JpoOei NPUOEraroT K Pa3lIoKEHUIO
HCXOJIHOHM Apo0u Ha ayeMeHTapHble. [ Haxoxaenus BenuauH A, Bi, M;, N;, Ri, S; mpumensitor
TaK Ha3bIBaCMbIi METOJ HeomnpeaeeHHbIX KO3Q(PUIMEHTOB, CyTh KOTOPOTO COCTOUT B TOM,
YTO JUIsl TOTO, YTOOBI JIBA MHOTOWIECHA OBLIM TOXJACCTBEHHO PaBHBI, HEOOXOIUMO M JIOCTATOYHO,
4T00BI OBLITH PaBHBI KOA(M(UIIMEHTHI TPU OJTUHAKOBBIX CTETICHSX X.
[TpMeHEeHHe 3TOr0 METO/Ia PACCMOTPUM Ha KOHKPETHOM IPUMEDE.

IIpumep.

J- 9x” —30x> +28x—88

(x* —6x+8)(x* +4)

Tk (x°—6x+8)(x* +4)=(x-2)(x—4) (x> +4), T0

9x” —30x* +28x —88 _ A N B N Cx+D

(x=2)(x—4)(x*+4) x-2 x-4 x*+4
[TpuBoas K 00OIIEMY 3HAMEHATEIIO M IPUPABHUBASI COOTBETCTBYIOIINE YUCIIUTEIH,

MOJTy4aeM:

Ax =4 (x> +4)+ B(x - 2)(x*> +4) + (Cx + D)(x* —6x+8) =9x” —30x* +28x —88
(A+B+C)x’ +(-4A4—-2B—-6C + D)x* +(44+ 4B +8C —6D)x + (164 -8B +8D) =
=9x* —30x? +28x —88.

A+B+C=9 C=9-4-B
—44-2B-6C+D=-30 D=-30+44+2B+54-64—-6B
44+4B+8C—-6D =28 2A+2B+4C-3D =14
—-164—-8B+8D =—-88 2A+B-D =11

C=9-4-B C=9-A4-B
D=24-24-4B D=24-24-4B
2A+2B+36-44—-4B-72+6A+12B =14 44+10B =50
2A+B-24+24+4B =11 44+5B =35
C=9-4-B C=9-A4-B A=5
D=24-2A4-4B D=24-24-4B B=3

44+10B =50 44+10B =50 C=1

50-10B+5B =35 B=3 D=2

Hroro:

J. > dx+j 3 a’x+J. x2+2 dx=51n|x—2|+31n|x—4|+_[ 5 dx+j 22 dx =
x=2 x—4 x°+4 x°+4 x +4

= 51n|x—2|+31n|x—4|+%1n(x2 +4)+arctg§+C.

Bonpocel u 3a0auu:
3amaua 1. BeraucauTe uHTETpaIBL:

11



[a=]
:

— e e e e

arcsin x dx,

. ][J +1)e* de.

3. / r* sinz dr. 4.

/ rlnxdr, 6.

u.'v" + 2r + 3)cosr dr.

H i
—— dz,
sin” x

(s3]

7. / e** cosx dx. 8. r* arctg x dr.
9. j sin In r dx. 10. re” dz.

3anaya 2. BeIuuCIUTh HHTETpaJIbL:
dx
i, = S—— NMoacTaHoBKa x=z7);

dx
R e

1
(num:‘ra:-mnxa x = —z-) .

dx
3 1 =j —_——— (noacTaHoBka clg x = 2).
) 1s sin.:f’{sjn’.n:—ﬂms*x{ _ E )
3anayva 3. Pa3noxuth Ha mpocTeiiimue Apodu ciaenyrolne paiuoHalbHbIe IPOOu:
i 1lx—4
) w2 —8"

VEazanue 3HAMEHATENB pPAZNIOKHTE Ha MHORHTENH.
gy AL 4lx—91 g 320 —4lx )0
) =D ey o=y ) G =0e=3'
4 Brt—25x 126 5 Lxtdo .

F=Nx—2)(x—3)’ =19
342328

O croacrac—n
3amaqa 4.
Brerancauts:
de dx de | dx dax
h Xx—la- 2) jlm_ax' 3) L: 7x 4) ja_—l 5) jm-
3agauda 5.
Beruncnuts: ]
— dx . N A — e,
) h={ararm D h={arars 3 1= FEN TN
dx \ _ dx ] _ dx
19 -’;.=j,,;_9x+25 RF "J‘ A—Tx 14’ 6) 1o = _(xt—x_|_1q'
3amaua 6.
Brerancauts:
1} j‘ dx . 2} S dl' "
5x’+9x+ll]‘ ix”—-ﬂx—}-ﬁ '
dx ] dx ;
3) S OxF £ x+ 12 7 9) f 6 L 7x-F 15"
5) j dx
M _lx L7
Bomnpocsr:
1. 3anumure popMyny 3aMEHBI IEPEMEHHOM B HEOTPEAeIEHHOM UHTErpae.
2.  OnummTe METOT MHTETPUPOBAHUS 110 YACTSIM.
3. B kakmx ciydasx 1enecoo0pa3Ho MPUMEHSTh METOl MHTETPUPOBAHUS TI0 YacTsAM?
4. Kakue 1poOH Ha3bIBAIOT MPOCTEHIIMMHU?

12



Kakas 1po0p Ha3bIBaeTCs palliOHAIBHOMN?

Kaxkas parmonanpHasi 1poOb Ha3bIBAETCS TPABUIIBLHOM?

Kak pa3noxuTh npaBmiibHyI0 Jpo0b Ha npocTeinie?

B yeMm cymHocTh MeToja HeonpeieneHHbIX K03 (QUIEHTOB?

N o O

Ilpakmuueckaa paboma 3. Cnocoovl evluucieHus onpeoeieHnozo unmezpana. Popmyna
Hbviomona-Jlenionuya. 3amena nepemennoit 6 onpeodeieHnom unmezpaie. Dopmyna
UHMEeZPUPOBAHUA NO YACHAM 8 ONPEOEIeHHOM UHmezpae.

Ilenv: chopmMupoBaTh YMEHHE BBIYUCIATH ONPEICICHHBIM HHTETPal C MOMOIIBIO (OPMYIIBI
Hrrotona-Jleitbuuia, nucnonb30BaTh METO 3aMEHBI IEPEMEHHON 1 MHTETPUPOBAHHUE IO YACTSIM,
MPUMEHSTD MOJTYYEHHBIC YMEHUS MIPU PEIICHUH MPAKTUUYECKUX 3a/1a4.

Teopemuueckan uacmep:

O0603HaunM M 1 M HaumeHblee U HanOoIbIIee 3HaYeHUue (QYHKIUHN Ha oTpe3ke [a, b] .

¥
M

0 a X b X

Pazo6bem oTpe3ok [a, b] Ha yacTu (He 00s3aTEILHO OJIMHAKOBBIC) N TOUKAMHU.
Xo<X1<X2<...<Xp
Torma X1 — Xg = AXq1, Xo — X1 = AXp, ... Xn—Xn-1 = AXp;
Ha xax1om 13 molyuyeHHBIX OTPE3KOB HaiijieM HauMeHbIIIee U HauOobllee 3HaYeHne (QYHKITUH.
[Xo, X1] = My, My; [X1, Xo] = Mp, M2; ... [Xn.1, Xn] = Mn, My,
CocTtaBuUM CyMMBI:

n
Sn=MiAX + MAXp + ... +MpAXn = D mAx,
i=1

En = M1AX1 + MoAX, + ... + MpAXp = ZMI.AXI.
i=1

Cymma S HaspiBacTCsd HHMKHEH HMHTErpaJbHOM CyMMO#, a cymMma S — BepxHei
HHTErpajibHON CyMMOI.

T.K.miSMi,TognSSn, a m(b_a)ggnSSnSM(b_a)
BHYTpI/I KaKI0ro OTpe3Ka BBI6CpCM HCKOTOPYIO TOUKY E.
Xo<er<Xi, X1<e< Xy, ... ,Xp1<€<Xp

Haiinem 3HaueHMss (YHKIMH B O3THUX TOYKAX M COCTaBUM BBIPAXKCHHE, KOTOPOE
Ha3bIBacTCSl MHTErpabHoil cymmoii st pyrkiuu f(X) Ha oTpeske [a, b].

13



Sy = fle))Axy + F(E)AXe + ... + fen)xn = 3 f()Ax,
i1
Torma MoxxHO 3amucath: MiAX; <f(&g)Ax; < M;Ax;
CrnenoBaTenbHO, Zn:mlei < zn:f(si)Axi < zn:Ml.Axi
i=1 i=1 i1
5,<8,<8,

['eoMeTpHUYECKH 3TO MPEACTABIACTCS ClAeayromuM obpasom: rpaduk ¢yakimun f(X)
OTPaHUYEH CBEPXY ONMCAHHOW JIOMaHOW JIMHUEH, @ CHU3Y — BIIMCAHHOM JIOMaHOM.

O603HaurM MaxAX; — HaHOOJIBIINI OTPE30K pazOreHus, a MINAX; — HauMeHbIHiA. Eciu
maxAx;— 0, To YucIIo 0Tpe3KOB pa3dueHust oTpe3Ka [a, b] ctpemuTcest K 6ECKOHEUHOCTH.

Eciu S, :;f(ei)Axi , TO majlgl_)o;f(ei)mi =S.

Ecnu nipu mo0bIx pa3dueHusx otpeska [a, b] takux, uro maxAxj— 0 u nmpou3BOILHOM
n
BHIOOpE TOYEK & HMHTErpajpHas cymma S, = Z f(g,)Ax, ctpemuTcs K mpeneny S, KOTOpPbIi

i=1
Ha3bIBACTCS ONpeAeacHHbIM naTerpaioM ot f(X) Ha orpeske [a, b].

b
O06o3HaueHue : J f(x)dx.

a — HWOKHUI nipezien, b — BepxHuil nmpenen, X — nepeMeHHasi MHTerpupoBanus, [a, b] — orpesok
UHTEIPUPOBAHUSA.

n b
Ecmu mns ¢ynkuum f(X) cymectByer npenen liAIXn OZ f(g,)Ax, =I f(x)dx, TO
max Ax; >0 4= ’

(GyHKIMS Ha3bIBACTCS MHTErPUPYyeMoOii Ha oTpe3ke [a, b].

n b
Taxxe BepHBI yTBEpkKACHU. lim ZmiAxi = J. f(x)dx,
i=1 u

max Ax; >0

n

lim ) M Ax, = T f(x)dx

max Ax;—0 <
i=1

CBoiicTBa OIpPeneIEHHOr0 HHTErpaIa.

1) j.Af (x)dx = AT f(x)dx;
D) [0+ fud = [ et [ 1,00
3) j. f(x)dx=0

4) Ecnm f(x) < ¢(x) na otpeske [a, b] a<b, 1o [ f(x)dx < [ p(x)dx

14



5) Ecim m 1 M — COOTBETCTBEHHO HaMMEHbIee W HauOoiblnee 3HaYeHUs: QyHkmu f(X) Ha
orpeske [a, b], To:

m(b—a)ij(x)deM(b—a)

6) Teopema o cpeanem. Eciu dynxius f(X) HenpepbiBHa Ha orpeske [a, b], To Ha 3TOM
OTpEe3Ke CYIIECTBYET TOYKA € TaKas, 4TO

[feydx=b-a)fe)

7) Jliist mpoM3BOJIbHBIX YKCen @, b, C cripaBeInBO paBEHCTBO:
b c b
[ feoydx = [ fo)dx+ [ f(x)dx

Pa3YM€eTC$I, 9TO PpaBCHCTBO BLIMOJHACTCA, €CJIIN CYIIECTBYCT KEl)KIILIfI U3 BXOJAIINX B
HETO MHTCIPaJIOB.

8) jf(x)dx = —j f(x)dx

Teopema Herorona-JleriOuuia.

Teopema: (Teopema Hriotona — JleliOnuna)

Ecnu ¢pynkims F(X) — kakas- 1u00 nepBoodpasHas oT HenpepbiBHOU GyHKIHH f(X), TO
b
[ f(x)dx = F(b) - F(a)
3TO BBIpAXKEHUE U3BECTHO 1O HazBaHueM Gopmyisl HetoTona — Jleitbuuiia.

b
Wuorna npumensitot o6o3nauenue F(b) — F(a) = F(X)| .

a

®opmyna Herlorona — JleiibHuna mnpexacraBisger coOoi oOmMH MOIXO0J K HaXOXKIACHUIO
OIPEIETIEHHBIX NHTETPAJIOB.

Yro kacaeTcs NMPUEMOB BBIYMCIICHUS ONPEAEICHHBIX MUHTETPAIOB, TO OHU MPAKTUYECKU
HUYEM HE OTJIMYAIOTCA OT BCEX TeX MPHUEMOB U METO/0B, KOTOpPbIE ObUIM pacCMOTPEHBI BBILIE
IIPU HAXO0XIACHUHU HEOIIPEACIICHHBIX UHTETPAJIOB.

ToyHO Tak e NPUMEHSIOTCS METObl MOJCTAHOBKH (3aMEHbl NEPEMEHHOW), METOA
UHTETPUPOBAHUS IO YacTsIM, Te K€ TpUeMbl HAaXOXKICHHUS NEpBOOOPA3HBIX IS
TPUTOHOMETPUUECKUX, HPPALUOHAIBHBIX M TPaHCUEHJACHTHbIX (yHKIUH. OCOOEHHOCTHIO
ABJISIETCS  TOJBKO TO, YTO IPA MNPUMEHEHUH OTUX IPHUEMOB HAAO0 pacCIpOCTPaHATH
npeoOpa3oBaHWe HE TOJIbKO Ha TMOABIHTErPalbHYI0 (YHKIUIO, HO W Ha MPEIebl

HHTCTPpHUPOBAHUA. 3aMeHss MEPEMCHHYIO HHTCTpHUPOBAHUA, HC 3a0bITh HN3MCHUTDH
b

COOTBETCTBEHHO IIpenenbl uHTerpupoBanus. IlycTe 3amaH uHTErpai J. f(x)dx, rtne f(x) —
a

HernpepsiBHAass (GyHKIUS Ha oTpeske [a, b]. BBemem HOBYyIO mepeMEHHYIO B COOTBETCTBHH C
dopmynoit X = @(t). Torna eciu

1) o) =a, o(B)=Db

2) o(t) u ¢'(t) HempepbIBHBI HA OTpe3ke [a, B

3) f(o(t)) onpenenena Ha oTpeske [, B], TO
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b B
[ rodx = [ floe'(t)at

B B
Torna I floe'(dt = Flo)]| = Flo@B)] - Fle(a)] = F(b) - F(a)

[Ipumep.
1 x:Sint; n/2 /2 1n/2
I 1-x"dx= = lel—sinztcostdt: Icos2 tdt = — I(1+0052t)dt:
0 a=0;B=mn/2 0 0 2

1 1. 2 oogo 1, i
=—|t+—sin2¢ =—+—SINT=—.
2 2 o 4 4 4

[lpu 3ameHe TEpEeMEHHOH B ONPENEICHHOM HHTErpajie CICAYeT MOMHUTh O TOM, YTO
BBOJMMAsT QYHKIHS (B PACCMOTPEHHOM puUMepe 3T0 (QyHKUUs SiN) I0JbKHA OBITh HENpephIBHA
Ha OTpe3Ke WHTErpupoBaHus. B mpoTuBHOM ciiydae (opMalibHOE NPUMEHEHUE (OPMYIIbI
MPUBOAUT K abCypay.

[Tpumep.

n b
jdx =X | =T,C I[perﬁ CTOPOHBI, €CJIIN IPUMCHUTDb TPUT'OHOMETPHUICCKYIO ITOACTAHOBKY,

0

dx ={tgx=1t}=
cos’ x(1+1g°x) 0

O ey 3

n T
Jds=] -
0 OSIH x+COS X

T.e. nBa cnoco0a HaXOXKJIEHHUsI UHTErpaia JaloT pa3InyHble Pe3ybTaThl. DTO MPOU3O0LLUIO0 U3-3a
TOTO, YTO HE OBUI y4TeH TOT (aKkT, 4TO BBEIEHHas MepeMeHHas {gX HMeeT Ha OTpe3Ke
MHTETPUPOBaHUs pa3pbiB (B Touke X = 7/2). [loaTOMy B AaHHOM cilydae Takasl MOJICTaHOBKa
HenpuMeHnMa. [Ipu 3ameHe mepeMeHHOW B ONpPENEICHHOM HHTErpaje CleJyeT BHUMATEIbHO
CJIEIUTH 32 BHIMOJIHEHUEM NIEPEUNCIIEHHBIX BbIIIE YCIOBHM.

HMHTerpupoBaHue mo 4acTsM.

Eciu ¢ynkimmm U = ¢o(X) u vV = y(X) HempepblBHBI Ha OTpe3ke [a, D], a Takke
HETIPEPHIBHBI Ha 9TOM OTpe3Ke UX MPOHU3BOAHBIC, TO CIIPaBEAINBa (OpMyITa HHTETPUPOBAHUS 110
YaCTSIM:

b b b
Iudv = uv| - Ivdu.
a a a

Bonpocwut u 3a0auu:

3amaya |.BerancnuThk onpeneneHHble HHTETPaIbL.

0 0

1 '[ (X2 +5X + 6) cos 2xdX. 2. [(x* - 4)cos3xdx.
e )
0 0

3 _[ (x2 +AX + 3)cos xdx. 4. { (x+2)" cos3xdx.
-1 -2

16



5, T(x2 +7X +12)cos Xdx.

-4

7 T(9x2 +OX+ 11) cos 3xdx.
0

(8x2 +16X +17)cos Axdx.

O e

2

9 j(3x2 +5)costdx.

0
11, 2.?(3—7x2)0052xdx.
0
13, .()'(x2 + 2x+1)sin 3xdx.
-1

Vi

15, J'(x2 —3x+ 2)sin XaX.

o

[EEN
\‘
(L)'—,O

(x + 6x+9)sm 2 Xdx.

(1 5x° )smxdx.

o'—.m\h\

3amgaua 2.

Breraucnuts OIIPCACIICHHBIC UHTCI'PAJIBI.

X.

241 _
L J- 1+|n(X 1)d
X—-1

e+l

3j-4arctgx X,
> 1+ X

6. ]E(sz +4X + 7)c052xdx.
0

8.

2

10. j (2x* —15)cos3xdx.

0

N
3

(1 8x> )cos 4xdx.

(x —3x)sm 2XdX.

-
»

'—\
N
OtV [y Ot W S
—

X? —5X + 6)sm 3xdx.

18.

O'—.-b\él

(x +17, 5)sm 2 Xdx.

(3x X )sm 2xdXx.

_[;‘Q'—..m

(x2+1)dx
(x3 +3x +1)2.

1
2 |
0
2

4.
0

x3dx
X2 +4




2T X +COS X "4 2008 X + 3sin X
5. I dx. 6. j(

° X +2sinx

dx.

2sin X —3cos x)3

., ]/f8x—arctg2; 2X 4 . j]/(Zx&)Jrzldx
o, 1+4X 1 (\/;JFX)

o Xdx f X+1/x XX
2 .
o X'+ 1 o JIx2+1
B B3
X—=1/x arctg X + X
11. J' Y ———dx. I g—dx.
ANXE+1 - 14+ x°
Ne 1 .3
X —(arctg X r X
13. I (arctg ) dx. 14. | ——dx.
) 14 x? WX +1
- . 2
"1 (arcsin x) +1d 3 1-x i
15. '[ X. 16. | —/——0aX.
5 «/1_)(2 '1\/;()(4'1)
. Jf dx " j-1+lnxdx
AXVXE+1 R
2
. J- dx . jx2+lnx2 d
. 2 L] . - L]
JBXVX =1 1 X
Bomnpocsr:
1. PackpoiiTe cMbICT TOHSTHS ONIPEIEICHHOTO HHTETpaa.
2. TeoMerpuyeckuii CMBICI ONPEACICHHOTO HHTETPaIa.
3. TlepeuncnuTte OCHOBHBIE CBOICTBA ONPECICHHOTO HHTETpaa.
4. Teopema 0 CpeHEM.
5. TIpousBomHas onpeaeaeHHOr0 HHTETpala TI0 BEpXHEMY MPEIEIy.
6. ®opmyna Herorona — JleiOHuIIa.
7. 3ameHa nmepeMEHHOW U MHTETPUPOBAHUE 10 YACTSAM B ONPEACTICHHOM HHTETpaie.

Ilpakmuueckas paboma 4. I'eomempuueckue npuiodiceHus OnPeoeieHHo20 Uunmezpand.
IInowaow nnockoii guzypel. Qovem mena. /[nuna oyzu kpueoi. Ilnowads nosepxnocmu
épaujeHus.

Ienw: chopmupoBaTh yMEHHE BBIYUCISTH IUIOMIAAN TIJIOCKUX (UTYp, UIMHY JTYyTU KPHUBOM,
o0beM Tema, o0beM Tena BpaIlEHUs, TUIOMAAh MOBEPXHOCTH Tella BPAIICHUS MPH TMOMOIIU

OMMpCACIICHHOI0 MHTCTpajia U NPUMCHATH MOJYYCHHBIC YMCHHUA IMPU PCHICHUU IMPAKTHUYCCKUX
3ajJa4.

Teopemuuecmm yacms:
BrlunciaeHne mionaaei miIoCKux d)I/ITVD.
18




0 la - b ot

M3BecTHO, YTO ONpEeNeHHBI MHTErpaj Ha OTpPEe3Ke MPEACTaBIseT cO0Oi IIomamb
KPHBOJIMHEWHOM Tpareyu, orpaHndeHHor rpapukom Gynkimu f(X). Ecnu rpaduk pacnonoxen
Hiwke ocu Ox, T.e. f(X) < 0, TO myomaak UMeeT 3HaK “-*, ecau rpaduK PaCIONIOKEH BBIIIE OCH
Ox, 1.e. f(X) > 0, To momaas MeeT 3HaK “+.

b
J11st HaXOXKICHUSI CyMMapHOM IJIOIIAAN UCTIONb3yeTcs popmyna S = I f(x)dx|.
a

[Tnomans Qurypsl, orpaHMYCHHONH HEKOTOPHIMH JHHHUSAMH MOXET OBITh HalIeHa C
HIOMOUIBIO OTIPEJEIICHHBIX HHTETPAJIOB, €CIM U3BECTHBI YPABHEHHS ITUX JIMHHUM.

Ipumep. Haiiti momans GpUrypsl, OrpaHHYCHHOM IMHIAME Y = X, Y = X2, X = 2.

AN

Nckomast muiomanp (3amrpuxoBaHa Ha pUCYHKE) MOXKET ObITh HalifieHa 1o Gopmyiie:
2 2 3 2 |2
x X 8 4 1 1 5, ,
S:Ixzdx—jxdx: = =z-=-= +—==(en")
1 1 3 20, 3 2 3 2 6
Haxoxxaenye miomaan KpUBOIMHEHHOTO CEKTOPA.

Jlns HaXOXKIEHHS TUIOMIAIN KPUBOJMHEHHOTO CEKTOpa BBEIEM TOJSPHYIO CHCTEMY
KOOpJMHAT. YpaBHEHUE KPUBOM, OrpaHUYMBAIOLIEH CEKTOp B 3TOM CHCTEME KOOPJIMHAT, UMEET
Bua p = f(p), rae p - AnuHA paguyc — BEKTOPa, COSAUHSIONIETO TMOJIFOC C TIPOU3BOJILHON TOUKOM
KPHUBOH, a (p - YTOJI HAKJIOHA 3TOTO PATNYC — BEKTOpA K MOJISIPHOM OCH.

[Tnomanb KpUBOTUHEHHOTO CEKTOpPa MOKET OBITh Haii/ieHa 1o popmyie:

B
Széifz(cp)dcp
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Brruncnenye JUIMHBL YT KPUBOM.

7 1 7=t

A5 Ty
A L

a b i

S = j,/1+(f’(x))2dx

Ecnn ypaBHeHHE KpUBOHM 3alaHO IMapaMETPUYECKH, TO C YYETOM IPaBHUII BBIYMCIICHUS
MIPOM3BOJTHON MapaMeTPUUECKU 3alaHHON (DYHKIIMU NOTy4YaeMm:

# 2 2
s=[oF +[v®Far,

rae x = @(t) my = y(t).
Ecnu 3anana mpocrpancTBeHHasi KpuBasi, 1 X = ¢(t), y = y(t) u z = Z(t), To

B
S = [Vl OF + v +[z'©T dar
ECJ'II/I KpI/IBaﬂ 3a4aHa B l'lO.TIﬂprIX KOOpI[I/IHaTaX, TO

B
S=f\/p’2 +p*de, p=T(g).

ITpumep: HaliTu JiIMHY OKPYKHOCTH, 33JJaHHON YpaBHEHHEM X2 + y2 =r

1 cmoco6. BEIpa3suM U3 ypaBHEHHS MepeMeHHyI0 y. )y =+/7° —x° . HaiieM npou3BoIHy:o

, X

Y =
Nt =x?
1 ¢ x? , r x| T

Torma —S= |1+ ———dx=|———dx=r-arcsin—| =r—. Torma S = 2nr. I[lonyunan
4 z.; rz—xz -([ lrz_xz r 2 y

001en3BecTHYIO (POPMYITY ITTUHBI OKPYKHOCTH.
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2 cmoco06. Ecin mpenctaBuTh 3aJaHHOE ypaBHEHUE B IOJSPHOM CHUCTEME KOOpPJAMHAT, TO

: d
monyuuM: r’cos’e + risin‘e = r te. Qymkums p = f(o) = T, p'=%=0 Toraa
¢

2n 2n
S = J.\/O+r2d(p:rj.d(p:2nr.
0 0

Breruncinenne 005eMOB TEIL.

Brrunciienne 00beMa Teja 110 U3BECTHBIM IJIomaaiaM €ro napauiCiabHbIX CCUYCHMM.

7 e O

[Tyctes umeercs Tenmo oobema V. Ilmomane ar000r0 momnepedHoro ceueHwst teia Q,
u3BecTHa Kak HempepbiBHas (yHkius Q = Q(X). Pa3zobObem Teio Ha “ciion” monepevHbIMU
CCUCHUSAMH, MPOXOIAIIMMH Yepe3 TOYKU Xj pa3dueHus orpe3ka [a, b]. T.x. Ha kakom- b0
POMEXKYTOUHOM OTpe3Kke pa3Ouenus [Xii1, Xi] dyHkums Q(X) HempepbiBHA, TO MPUHUMACT HA
HeM HanOoJIbllIee U HauMeHblIee 3HaueHnsa. O003HaYuM UX cooTBeTCTBEHHO M 1 M.

Ecniu nHa »Tux HamOoiblleM M HAMMEHbBIIEM CEYEHHSIX IOCTPOUTh UWIHHIPHL C
00pa3yroIMMH, MapaJUICTFHBIMA OCH X, TO O0BEMBI ATHX IWJIHHIPOB OyIyT COOTBETCTBEHHO
paBHBl MjAX; 1 MAX; 31ech AX; = X - Xi-1.

[TpousBenss Takwe IMOCTPOCHHS IS BCEX OTPE3KOB pa3OMEHUs, TOTYyYUM IFIHHIPHI,

n n
00BEMBI KOTOPBIX PaBHBI COOTBETCTBEHHO ZM Ax, n ZmiAxl. .
i=1 i=1
I[pu cTpemiieHuH K HYIIIO 11ara pa3oueHus A, 3T CyMMbI UMEIOT OOl peaen:

n n b
lim» M Ax, :lxli%;mfmi :'[Q(x)dx.

A—0 ol

Takum o6pa3om, 00BEM Tera MOXKET ObITh HalIeH 10 (opMyIIe:
b
V= j O(x)dx .

Henocratkom 3T0#1 (hOopMysbl SBISETCS TO, YTO ISl HaXOXJICHHUSI 00beMa HEOOXOIUMO
3HaTh QyHKIKI0 Q(X), 4TO BechbMa MPOOIEMATHYHO ISl CIIOKHBIX TEJ.
[Tpumep: Haiitu oO6veMm mapa paauyca R.
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B momepeyHbIX cedeHHsX IIapa MOJIy4aroTCsl OKPYKHOCTH TMEPEMEHHOro pajauyca y. B
3aBHCUMOCTH OT TeKylleil KOOpAMHATHI X 3TOT pajuyc BbIpaxkaerca mo popmyre VR —x> .
Torna Gpyukuus mwiomaaei cedyenuii umeet Bua: Q(X) = TE(R2 -x’ )

[Tonyyaem oObeM mIapa:

R 3 R 3 3 3
V= In(Rz—xz)dx:n(sz—x—” =1 R3_R_ - _R3+R_ :47TR ]
‘R 37 3 3

3

OO0neMm Ten BpaleHusl.
PaccmoTpum kpuBYyio, 3amannyo ypaBHeHueMm Y = f(X). Ilpeamonoxum, 4rto GyHKIUS
f(x) mempepriBHa Ha otpe3ke [a, b]. Ecnu cooTBeTCTBYIOMIYIO €if KPUBOJIUHEHHYIO TPAICIHIO C
OCHOBAHUSIMU a 1 b Bpamare BOKpyr ocu OX, TO MOJTYYHM TaK Ha3bIBAEMOC TEJI0 BPAIIEHHUS .

y =f(x)

T.kx. kaxa0e cedeHune Tena MIOCKOCThI0 X = CONSt mpencTaBisieT co0ol Kpyr paauyca
R:| f(x)|, To oObeM Tena BpalleHUsS MOXET OBITh JIETKO HAWJEH MO TMOJyYEeHHOW BHIIIE

bopmyre:

V:nj-fz(x)dx.

IInomiagp MOBEPXHOCTH TeJIa BPAIICHMS.
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I[lnomaab0 MOBEPXHOCTH BpalleHUsi KpuBoil AB BOKpyr JaHHOW OCH HAa3bIBAIOT
npenen, K KOTOPOMY CTPEMSTCS IUIOIIAAu MOBEPXHOCTEH BpallleHUs JOMaHBIX, BIMCAaHHBIX B
KpuByI0 AB, npu cTpeMJIeHIH K HYJII0 HAUOOJBIIUX U3 JUIMH 3BEHBEB TUX JIOMAHbIX.

[Inomane MOBEpXHOCTH, ONIMCAHHOW JIOMaHOW paBHA!

n
Po=m) (f(x )+ fE)ONL+ 7 ()Ax, .
i=1
3Ta CyMMa HC ABJISICTCA HHTeraHBHOfI, HO MOXXHO HOKaSaTI), qTo

P=_tim 2 (0 )+ fOWI+ /7 (E)Ax = lim 7> 21 (e )1+ /7 (e A, .

b
Torma P = 27‘[I FOV1+ f'*(x)dx - popMmyna BeIUHCIIEHNS MJIOIATH IOBEPXHOCTH

a
TeJla BpallleHusl.
Bonpocwut u 3a0auu:
3anava 1. Beruucnute miomanu objgacTeld, orpaHMueHHBIX TpaduKaMu 3aJaHHBIX (YHKITHIA:

1. y =32 - x?, y = —4x.

2. y = 3z, y = 3/x, Tz =4.

3. x=5—1y> T = —4y.

4. y=+e* -1, y=0, z = Ind.

5. y = sinx, y=cosxz, x=0 (z>0).

6. y =z, y=1/z, x = 16.
7. ==2T-y =x=—6y.
8. y = sin T, Y = CORT, =0 (z=10).
9, y=+9—x% y=10, x=0, x=23/2

10. w=2/r, y = e’ yv=2, y=0>a

3agayva 2. BeIUMCIUTE JUIMHBI IYT 3aJaHHBIX KPUBBIX.
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l. y=Inz, ‘JV'"'_ cr< Ex'fﬁ.

2, y=Incosz, 0<zr<n/6.

3. y=¢", Inv3 <z <Inva

4. y=Insinz, rfd<z<nfl
5 y=2T, 1/3<x<1/8.

6. y= chz, 0<e<1.

7. y=x/2, 0<x<l.

8 y=1-Inr, V3 < T <8

9 y=1- cheg, 0<z<J

10. y = +/'1 — 22 + arcsin r, 0<xr<1/2

3anava 3. BeIYMCIUTG JJIMHBI YT 33aHHBIX KPUBBIX.

\ r=1t—s=sint, 0<t< 9
¥y=1-cost,
r= 2cost,
92 . <t<m/3
2 { ¥y = 2sinf, 0<t<=/3
3 T = cos® t, 0<t<x
' y = sin’ ¢, -
= 2cost — cos 24, i e
l. { y = 2sint — sin 24, 0=<tx2x
— il
5 { .r—zft.w:-f. n<t<l,
¥ = sint,

3a11aqa 4 Bruuciauts O6”I)GMBI TCJI, OTPaAaHNYCHHBIX 3aJaHHBIMU ITOBEPXHOCTSAMMU.
1. z=4a? 4 9y?, z =6.

2. z=9x%+4y°, 2 =6.
3. z =2z + 8y°, z=4.
2 22
4 $2+%+I—1 z=0, =z2z=2
2 2
5. T—6+y2+%:1 z=0, =z2=3
z2
6. ?+y2 322=1 z=10 z=1
y?
7. x2+§—232:1, z=0, z=1

3amagya 5. BerumcnuTe 00beMBI Tell, 0Opa3OBaHHBIX BpaimleHHeM BOKpyr ocu OX oOmacred,
OTpaHWYEHHBIX TpaduKaMu 3aTaHHBIX (YHKIIAN.
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1. y=-2*4+1, y=0. 2. y=sin(rz/2), y==x.
3 y=rz, ¥ = /L. 4. y=zrx°, y=72z
] Cos I, u 5in x, I L] |_[:| =% T 1).

. = ¥ i iy
6. y=sin"r, y=1, r=wn/2 (0D<r=<m/2).

10. y = cos® r, y=1=0 (=w/2<x<m/f2)

Bomnpocsr.

1. 3anummure u3BecTHBIE BaM (POPMYJIbI BHIYMCIEHUS IUIOLAEH IIIOCKUX (QUTYD.

2. Kax Bpaucisiercs miomaab miockol (GPUrypsl IPH MOMOIIH ONPEICIICHHOTO HHTerpana?

3. Uro Takoe KpuBOJIMHEHHAs Tpaneuus?

4. Kak BBIYHMCIUTH IUIOIIAb KPUBOJMHEHHON Tpanenuu, OrpaHu4eHHON CBEpXy KPUBO,
3aJJaHHOW ITapaMeTpUYECKH?

5. Uro Takoe KpUBOJIMHENHBIN cekTop? Kak BEIUMCIUTD IJI0MIa/1b KPUBOJIMHEHHOTO
cekTopa?

6. Kak BBIUMCINTG IIMHY TyT'H KPUBOM?

7. Kak BbIUMCINTE 00BEM TeJa IIPH TOMOILHU OIPEIeIEHHOI0 HTerpaa’?

8. Kak HaiiTu rutomaapr MoBEepXHOCTH BpAILCHUS?

9. Kakue ¢pusnyeckue (MeXaHUYECKHE) IPUIIOKEHUS ONPEAEICHHOTO UHTErpajia Bbl
3HaeTe?

Ilpakmuueckaa paboma 5. Yacmuslie npouzsoonvie nepeozo nopaoka. Yacmuwie
npou3eoonvle evicuiux nopaoxkoe. Ilonnwviii ougepenyuan yuxyuu. /lughghepenyuanve
svicuiux nopaokos. /lugpgpepenyuposanue cnoxcnvix u HeagHwvIX GyHKYuil.
Ilenw: chopMupoBaTh yMEHHE BBIYUCIATH YaCTHBIE MPOM3BOAHBIE U nuddepeHman GyHKkuuu
HECKOJBKMX TEPEMEHHBIX U TPUMEHSATh IMOJYyYEHHBIE YMEHUS TMPU PEIICHUU MPaKTUUYECKHX
3a/1au.
Teopemuueckan wacmp:

[Tycte B HekoTOpo#t obmactu 3amaHa GyHkims Z = f(X, y). Bo3bmeM mpou3BoibHYIO
Touky M(X, y) ¥ 3aaaqumM npupaiieHne Ax k nepeMeHHoit x. Torma Bemmunna Az = f( X + AX, Y)
—f(X, y) Ha3bIBaeTCS YACTHBIM NMpHUpPaIIeHHeM (PYHKIHH IO X.

MoHO 3anucarb

Az _ fxr+Axy) - f(xy)
Ax Ax '

X

Torma lim Ha3bIBAaCTCS YaCTHOM nmpou3BoaHoii Gpynkimu z = f(X, y) mo x.

Ax—0

O0o3HaueHue:

oz, Fxy). L
T o [ (X, ).

AHAJIOTHYHO ONPEEIACTCS YacTHAs MPOU3BOAHAS (YHKIIUH TI0 .
@ = lim f(xa)""Ay)_f(X,J’)
ay Ay—0 Ay )
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. . 0z
T'eoMeTpHYECKHM CMBICJIOM YaCTHOMN MPOM3BOAHOM (IOIYCTHM 8_) SIBJISICTCSI TAHTEHC

yrila HakJIoOHa KacaTelbHOU, mpoBeacHHOM B Touke No(Xo, Yo, Zo) K CEUYECHHUIO MOBEPXHOCTH

IUIOCKOCTBIO Y = Y.
AP apeRyupOsaHie Koo SN

1. Ecnu £7 f(x: )’): x:x(f), y:y(f))”ro

& _dh S
zt o oxt By dt
& ¥ ¥y
& Oxds oy ik

MoaubiMm nudpepenuuanom ¢ynkimu z = f(X, y) Ha3bpiBacTCs IIaBHAs JIMHEHHAs
OTHOCHUTEJIBHO AX U Ay npupauieHus GyHkuuu AZ B Touke (X, y):

dz = f{(x, )dx+ f(x, y)dy .

Jlist GyHKIMK TPOM3BOIBHOTO YHCIIA IEPEMEHHBIX |

o . .o o
df (x,y,z,.,1)=——dx+—-—dy+..+——dt.
If (X, 9,200 1) P ayy Py

2
[pumep. Haiitu monueiit auddepeniman Gpyakiun u = x” ° .

0
du = —udx+a—udy+a—udz
ox oy 0z
a_u=yzzxyzz—1; a_uzxyzz lnx,zyz; a_u=xyzz ln_X'yz;
ox oy 0z
du = yzzxyzz_ldx + 2xyzzyz In xdy + yzxyzz In xdz

YacTHbIe IPOM3BOAHBIC BHICIIUX MOPAJAKOB:

ch{ - g[%j HITH ff” - [f"rlr’
2 el ().

5_??38; - %[if ] e Ty =(£2)

JudpdepeHunanbl BHICIIMX NOPAIAKOB:
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axz ayz
anr=y et L grger oo™
ﬁ Maxkaym_k E » kl(m—k)',

& ]
roe CEe a"jx + 5 dy . ooeparep HQPepeHIHP CBAHHA

Bonpocut u 3a0auu:

3agaua 1.

HaiiTu yacTHBIC TPOU3BOIHBIC O BTOPOTO MOPSAKA BKIIOYUTEIHHO 3aIaHHBIX ()YHKITUH:
1. z=¢"", 2. z==zln(z/y).
3. z = sin(xy). 4. z = €e"cosy.
5. z2=x2 +y2 6. z=In(z®+1y).

7. z=+/2zy + y>. 8.

9. z=wxcosy+ysinz. 10.

o

= In /xy.
=(1+z)2(1+y)"

(]

3amaua 2.

Haiitu npousBoaubie GyHkuuu 2=2(U,V):

2l u ,:';, u=u(z,y) uv=ov(zvy).
)

1. z=u’+v% u=z+y, v=z—y.

2. z=In(u?+v?), u=azy v=zx/y.

3. =z u", = sinr, U= CO8 .

i. = u= + 24, i - .J,I“. U = g*V

5. z=arctg{u/v), u = Isiny, U= [ Cos Y.

. z=Inlu f"!:l. u=x'+y, U=y,

7. z=u"+ 0% w=Inyz*+y* v=arctg(y/z).

B. == ,/uv, u=In(z? +¢*), v=ay*

9. z=e" u=Inr, v = Iny.

10, = In(u/v), 7 gin (z/y), i "u"'.:'r.":.'”-
3agaua 3.
Haiitu npon3Boanble QYHKIMM, 3aJaHHBIX HESIBHO:

1. v = =¥, 2. y=14+yp".

3 y=x+Iny. 4 s+y=e"7Y,

5. rfe®™ — et =0, . r—y+arctgy=10.

7. ysinr — cos(x —y) = . 8. sin(ry) —e™ —ry=10

9, 14+ ry—In(e* 4+ e *) =0, 10.2* - 2zy+9* 4+ 2+ y-—2=0.

Bomnpocstr:

1.laiiTe onpeneneHre 4acTHOTo npupaiieHus: GyHKIMH 110 HE3aBUCUMON NTEPEMEHHOI.

2.Yro Takoe MoJHOe NpupalieHne GyHKIuu?

3.Uro Takoe uyacTHas NPOU3BOJAHAs (PYHKIMM HECKOJbKMX nepeMeHHbIX? Kak
0003HauaeTcs 4acTHasi IPOU3BOAHASA?

4.ITosicHUTE TEOMETPUYECKUN CMBICII YaCTHOM MPOU3BOIHOM.
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5.Yto Takoe nuddeperunan GyHKIMHU HECKOIBKUX MEPEMEHHBIX ?

6.Uto Takoe nuHeapu3anus QyHKIuin?

7 IlosiuTe npaBuia qupGepeHINPOBAHNS CI0KHBIX U HESIBHBIX (DYHKITHIA.

8. Kak HaiiTu yacTHbIE TPOU3BOAHBIE BTOPOTO, TPETHETO, ..., N-r0 mopsiaKa?

9. anumute GopMyny s BEIYUCICHHS U(depeHIraia BToporo nopsaka Gy
JIBYX NI€PEMEHHBIX.

Ilpakmuueckasa paboma 6. Kacamenvnasa u nopmanv kK noeepxuocmu. Ilpouzeoonas no
nanpagnenuio. I padouenm. Ixcmpemym ynkyuu Heckonvkux nepemennvix. Hauobonvuee u
HaumeHbuiee 3HaueHus QYyHKyuu. Ycnoenwlii Ikcmpemym.

Ilenw: chopMupoBaTh yMEHUE HAXOAUTH MPOU3BOIHYIO M0 HAPABICHUIO U IPATUEHT (QYHKIUH,
ypaBHEHHUS KacaTeIbHOW W HOpPMalIM K IMOBEPXHOCTH, HCCIENOBaTh (PYHKIIMIO HECKOJIbKHUX
MEPEMEHHBIX U TPUMEHATD MMOTYYEHHBIE YMEHHUSI PU PEIICHUH MPAKTUYECKUX 3a/1a4.
Teopemuueckan uacmep:

FACATENEHAA IINQEKOCTE

[Tyctb N u No — Touku manHoil moepxHocTH. [IpoBenem mpsmyro NNo. [TmockocTs,
KOTOpasi MpoXoauT depe3 Touky No, Ha3bIBaeTCsS KacaTeJbHOM MIOCKOCTBIO K TTOBEPXHOCTH,
ecu yron Mexnay cekymieid NNo ¥ 3TO#l TUIOCKOCTBIO CTPEMHTCS K HYIIO, KOT/Ia CTPEMUTCS K
nymo paccrosinue NNo.

Hopmanbio k noBepxHocTH B Touke Ny Ha3bIBaeTcs mpsiMasi, IpOXOoasiias 4Yepe3 TOUKY
No neprneHuKyaspHO KacaTelbHON INIOCKOCTH K 3TOM MOBEPXHOCTH.

B kaxoif — 1160 ToUKe MOBEPXHOCTh UMEET, TUOO TOJIBKO OJIHY KacaTelbHYIO TIOCKOCTD,
00 HE UMEET €€ BOBCE.

Eciu moBepxHocTh 3amaHa ypaBHenumem 2z = f(x, y), rme f(x, y) — dynkuus,
maddepentmpyemas B Touke Mo(Xg, Yo), KacarenpHas rmiockocTh B Touke No(Xo,Yo,(X0,Y0))
CYIIIECTBYET U UMEET YpaBHEHHE:

2= (X0, ¥0) = £ (Xg5 Yo Nx = X;) +fy’(x09y0)(y — ) -
YpaBHeHHE HOPMAJIA K TOBEPXHOCTH B ATOM TOYKE:

X=Xy _ V=Y _Z7%
S (xo¥0) fy’(‘x09y0) -1

I'eoMeTpHYecKHM CMBICJIOM TIOJHOTO TuddepeHnrana GyHKIUH ABYX IEPEMEHHBIX
f(X, y) B Touke (Xo, Yo) SIBISCTCS MNpHUpAIICHHE AaNIUIUKaThl (KOOPIUHATHI Z) KacaTelbHON
TUTOCKOCTH K TMIOBEPXHOCTH TPH MEPEX0/Iie OT TOUKH (X, Yo) K ToUKe (Xg+AX, yot+Ay). Kaxk
BUJIHO, TEOMETPUYECKUI CMBICT TOJHOro auddepeHnrana (yHKIUH JABYX MEPEMEHHBIX
SIBJISIETCSI TIPOCTPAHCTBEHHBIM aHAJIOTOM T€OMETPHYECKOTO cMbicia auddepernuana GyHKIUU
OJIHOU IIEPEMEHHOM.

IIpumep. Haiitn ypaBHEHHsI KacaTeIbHOW IIJIOCKOCTH M HOPMAJIN K TOBEPXHOCTH

z=x"-2xy+y° —x+2y
B Touke M(1, 1, 1).

%:2)6—2)/—1; %:—2x+2y+2
ox oy
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S
VYpaBHEHME KacaTeIbHOM MIIOCKOCTH!
z=l=—=(x-1)+2(y-1); x=2y+z=0;
YpaBHEHHE HOPMAIIH!

x=1_y-1_z-1
-1 2 -1’

I'paauenT QYHKIMU BBIYUCISACTCS IO POpMYyJIe:
grad [ = gi-i-g}
2 S

Hpumep. Haiitu rpaaueHT QpyHKINH
u = x> — arctg (y + z)

B Touke M (2,1,1).

1. Haxogmm gacTaBe nponssogubie Gyskmmm © = 2 — arctg (y + z):
af 9 af 1 df 1
oz 7 Oy 14(y+2)?2 9z 14+ (y+42)*

2. Berumcasem gacTHbIE Tpou3BogHEe GyHKmMN u = 2 — arctg (y + 2)

B Touke M(2,1,1):

1 1
!‘-:(2*111}—4‘ f::(“z]"ll__:= Jr;(Q"l])__:
! ] 3/
3. BuamcaseM rpaameHT (QYHKIAR U x? — arctg (y + 2) B Touke
M(2,1,1):
1 1
p,'reulj'| {fi(2,1,1), f1(2,1,1), f1(2,1,1)} {1. -, —:}A
(2,1,1) ; 2 9
11
OveeT. grad f =44,-c,—-¢-
(2,1,1) 2 9

HpOﬂ?.BO)IHaﬂ MO0 HAITPABJICHUIO, OIIPEACTIAEMOMY BEKTOPOM:
[ =cosa-i+sina-j
OIIPCACIIAICTCA KaK:

g=icosa+zsina, £=gmdf-£_.
8l B &
Ecmu nnst dynkuum z = f(X, y), ompeneneHHONW B HEKOTOPOM 00JacTH, B HEKOTOPOIi

OKPECTHOCTH TOUYKH Mg(Xo, Yo) BEpHO HEPABEHCTBO
f(XO’yO) > f(xay) '
TO TO4Ka M Ha3bIBaeTCs TOUKOI MaKcuMyMa.

Eciu mns dyskuuu z = f(X, Yy), onpeneseHHONW B HEKOTOPOH 00JIaCTH, B HEKOTOPOI
OKpEeCTHOCTH TOUKH My(Xg, Yo) BEpHO HEPABEHCTBO

f(xoayo) < f(xay)a
TO TOYKa Mo Ha3bIBAE€TCS TOYKOI MUHUMYMA.

Teopema. (Heo0xoanMble YCI0BHS IKCTPEMyMa).

Eciu ¢ynkius f(X,y) B Touke (Xg, Yo) UMEET 3KCTPEMYM, TO B 3TOH TOYKe OO 00e ee
YaCTHBIE MPOM3BOJIHBIE MEPBOTO MOPAAKA PaBHBI HYMO f(xX,,,) =0, [/ (x),¥,)=0, mmbo
XO0Ts OBl OJIHA U3 HUX HE CYIIECTBYET.

DTy TOUKY (X0, Yo) Oy/iIeM Ha3bIBaTh KPUTHUUECKON TOUKOM.

Teopema. (JlocTaTo4HbIe YCI0BHS IKCTPEMYMA).
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[TycTh B OKpECTHOCTH KPUTUYECKOW TOUKH (Xo, Yo) GyHKIHS f(X, Y) MMeeT HenpephIBHbIC

YaCTHbBIC IPOU3BOAHBIE 10 BTOPOTO MOPSAAKA BKIIOUUTEIbHO. PaccMoTprM BhIpakeHHe:
2
D(x,y) = [ (0 )- £ xp) = fo ()]

1) Ecmu D(Xo, Yo) > 0, T0 B TOUKE (X0, Yo) pyHkums f(X, y) uMeer skcTpemMyM, eciiu
Sf(xg,9) <0 - Makeumym, eciu £, (X, y,) >0 - MUHEMYM.

2) Ecmu D(Xo, Yo) < 0, TO B TOUKE (X0, Yo) PyHKIHS f(X, Y) HE MMeeT IKCTpeMyMa.

B ciyuae, eciiu D = 0, BBIBOJ 0 HATMYHMHK SKCTpEMyMa CAEIAaTh HEb3sL.

YcI0BHBII IKCTPEMYM HAXOIMUTCS, KOTJIa IEPEMEHHBIE X U Y, BXoJsIue B QyHKIHIO U
= f( X, Y), He ABIAIOTCS HE3aBUCHUMBIMH, T.€. CYHIECTBYET HEKOTOpPOE COOTHOmIeHHEe ¢(X,y)=0,
KOTOpPOE Ha3hIBACTCSI yPABHEHUEM CBSI3H.

Torna U3 mepeMeHHBIX X U y TOJIBKO OfHA Oy/leT He3aBUCHMOM, T.K. Ipyrasi MOXKET OBITh
BBIPAKCHA Yepe3 Hee U3 yPaBHEHUS CBS3U.

Torpa u = f(X, y(x)).

du of N of dy
dx Ox Oydx
B Toukax skcTpemyma:
du of of d
= l + l _y =0 (1)
dx Ox Oydx

Kpowme Toro:
% " 99dy _ 0 )
ox Oy dx
YMHOXHUM PaBEHCTBO (2) Ha YHUCIIO A M CIIOKHM C paBeHCTBOM (1).
g+%@ +}\‘ a_(P+a_(Pﬂ =0
Ox Oy dx Ox Oy dx

ox ox oy oy ) dx

J71s1 BBINOJTHEHHUS 3TOTO YCIOBUA BO BCEX TOUKAaX HalJeM HEONpeIeIeHHbII
KO3 PUIMEeHT A Tak, YTOOBI BHINOIHSIACH CUCTEMA TPEX YPABHEHUI:

(g+ka—@j+(@+ka—(p}@:0

@ma—"’:o
ox Ox
@+k6—@20
o oy
o(x,y)=0

[TonydyeHHass cucTeMa YpaBHEHHH SBIISIETCS HEOOXOMUMBIMHU YCIIOBHSIMH YCIIOBHOTO
skcTpemMyMa. OJHAKO 3TO YCJIOBHE HE SBISCTCS JOCTATOYHBIM. [10ATOMY NpHM HaXOXKICHHUU
KPUTHUYECKHX TOUEK TPEOYeTCs X JOMOJHUTEILHOE HCCIIEIOBAHUE HA IKCTPEMYM.

Beipaxenue U = f(X, y) + Ao(X, Y) Ha3biBaeTcs pynkuueii Jlarpamn:xka.

[pumep. Haiitu sxkctpemym dynkiuu f(X, y) = Xy, eciu ypaBHEHHE CBS3H:

2x+3y-5=0
u=xy+ir(2x+3y-95)

a—u=y+2k; a—u=x+37»;
ox oy
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x+31=0
2x+3y-5=0
5 5 5
12 4 4 6
5

Taxum 00pa3oM, PyHKIIUS KMEET SKCTPEMYM B TOUKE (Z’gj

Ucnonp3oBanne ¢ynkuuu Jlarpamxka uis HaXOXKICHHS TOYEK SKCTpeMyMma (DYyHKIHH
Ha3bIBACTCS TAK)KE METOJ0M MHOKUTeJel Jlarpanixka.

Bonpocwut u 3a0auu:
3anaya 1.
HaiiTn ypaBHEeHUs KacaTelibHOM MIIOCKOCTH M HOPMaJu K MOBEPXHOCTH B 3aJlaHHOM To4Ke M.

1. z=a*+y* M(1,-2,5).

3_.2 ,',),'2. —l
2, 4+ 5 - =0, M(4,3,4).
16 9 8 (4,3,4)

3. z=sinzcosy, M (r/4,7/4,1/2).
4. 2=y, M (1,7, 1/e).

5. z=ytgx, M(n/4,1,1).

6. z =arctg(z/y), M(1,1,7/4).
7. z(y+2)(z—zy) =8, M(2,1,3).
8. 2%/ 4 v/ =8 M(2,2,1).

2+t +22-16=0, M(2,2,2V2).
10. 22 +y% — 22 = -1, M(2,2,3).

3amaua 2.
Haiitu rpagueHT QyHKIUHN B TOUKE.
u=ux+In(z>+9y%), M(2,1,1).

u=x’y — m M(1,5,-2).

u = sin(z + 2y) + 2/Tyz, M(w/2,37/2,3).
u=a 4+ y*+ 22, M(1,1,0).

u= /Ty +v9—-22, M(1,1,0).

6. u=In(3— %) +xy’z, M(1,3,2).

7. u==zy’z—In(z2-1), M(1,1,2).
e}

9

=W e

o

u=In(z®+y%), M(1,-1,2).
Cu=gxy—z/z, M(—-4,3,-1).
10. v = In(z + /22 +¥*), M(1,-3,4).

3amaua 3.
Haiitu npon3Boanyto GyHKIIMU U B TOUKE A IO HAIMIPaBJICHUIO K TOUKe B.
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1. u=2x+1In(z? +3?), A(2,1,1), B(0,2,0).

2. u=aly—/ry+ 22, A(1,5,-2), B(1,7,-4).

3. u = sin(z + 2y) + 2,/ZVZ, 4(% 3;3) . B(% +4, 37” + 3.3) .
4. u=z*+/y? + 22, A(1,1,0), B(1,2,-1).

5. u= /Ty +V9- 22 A(1,1,0), B(3,3,-1).

6. u=In(3 — )+ 2y, A(1,3,2), B(0,5,0).

7. u=zx%22 —In(z - 1), A(1,1,2), B(6,-5,2v/5 + 2).

8. u=In(z*+9°), A(1,-1,2), B(2,-2.3).

9. u=In(z+ /22 +32), A(1,-3,4), B(-1,-4,5).

10. u = 2y — £, A(-4,3,-1), B(1,4,-2).

3amaua 4.Haiitu sxcTpemMyM (QyHKITUU:

1. 2z = 2% —zy + ¢°. 2.2 =2 - xy — 9>

3. z=a - 2xy + 2y2 +2z. 4.z=2*+y* —a* - 2zy — ¥ .
5.z =a% = 2y® — 3z + 6y. 6. 2 = 4z + 2y — 2% — 2.

7.2 =a° +y° — 15ay. 8. z=a%+xy+y* - 3z - 6y.

9,
3anaua 5. HaliTu yciioBHBIN 3KCTpeMyM (pyHKIUIL:
Dz=x>+y>—xy+X+y+3=0npu x+y+3=0;

e

z? + dy? — 2y + 4. 10 z=z/y+1/z +y.

2) U=xy’z°npu x+2y+3z=12(x >0,y >0,z > 0);
3) z=x+2y npu X* + Yy’ =5.

Bompocstr:

1.laiiTe onpenenenne JTOKaJIbHOr0 MaKCUMyMa (MMHUMYMa) (PyHKIIMK B TOUYKE.
2.Chopmynupyiite HEOOXOAUMBIE YCIOBUS IKCTPEMYMa.

3. ChopmynupyiTe JOCTaTOYHBIEC YCIOBUS SKCTPEMyMa.

4. OObsACHUTE MOHATHE SKCTPEMyMa (QYHKIIMU B OOJIACTH.

5.Yto Takoe KacaTenbHasl MJIOCKOCTh K TOBEPXHOCTU?

6.Y1o Takoe HopMaIb?

7.Kak coctaBuTh ypaBHEHHE KacaTeJIbHOM MJIOCKOCTH U HOPMaJIu?

8. [laiite onpenenenue rpagueHTa QyHKIUH.

9. Maiite onpeneneHre Mporu3BOIHON MO HANPaBJIECHUIO JUIs1 QYHKIIMM HECKOJIBKUX NEPEMEHHBIX.
3anumuTe COOTBETCTBYIOIINE (POPMYIIBI.

Ilpakmuueckas paboma 7. Ceoiicmea u memoosl b1UUCIEHUA 080UHO20 UHMEZPANA. 3AMEHA
nepeMenHbIX 6 06OUHOM UHImezpaJle.

Ilens: chopmMupoBaTh yMEHHE BBIUYMCIATH JBOWHOM MHTErpajll M MPUMEHATH IOJTy4YeHHbIE
YMEHMS IIPU PELICHUN ITPAKTUYECKUX 3a/1a4.

Teopemuueckas yacmo:

PaccmoTpuM Ha IIOCKOCTH HEKOTOPYIO 3aMKHYTYIO KPUBYIO, YPAaBHEHHE KOTOPOU
f(x,y)=0.
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COBOKYIHOCTb BCEX TOUEK, JIEKAIIMX BHYTPU KPUBOM U HA CaMOll KpUBOW HAa30BEM
3aMKHYTOH 001acTeio A. Eciin BbIOpaTh TOUKM 001acTu 0€3 yueTa ToUek, JIeKAIIUX Ha KPUBOH,
o0acth OyneT Ha3bIBaeTCs He3aMKHYTOU o0macTh A. C reoMeTpruecKor TOYKH 3peHus A -
IUI0IIAAb (PUTYpbI, OTPAHUYEHHON KOHTYPOM.

Pa3o6rem 06macTh A Ha N YaCTUYHBIX 00JIACTEN CETKON MPSIMBIX, OTCTOSIIUX APYT OT
JIpyra 1Mo OCH X Ha paccTosinue AX;, a 1o ocu y — Ha Ay;. BooO1ie roBopsi, Takoil mopsiiox
pa30ueHus HeoOsI3aTeNieH, BO3MOXKHO pa30ueHne 00JIacTH Ha YaCTUYHBIC YUACTKU
MIPOU3BOJILHON (DOPMEI B pa3Mepa.

[Tomrygaem, 94To IIIOMAAL S IETUTCS HA DJIEMEHTAPHBIC MPSIMOYTOJIBLHUKH, TUTOIATT
KOTOPBIX paBHBI Si = AX; - AY; .

B kaxx10i1 yacTMUHOM 00J1aCTH BO3bMEM NMPOU3BOJIbHYIO TOUKY P(X;, Yi) U cocTaBuM
UHTErPaIbHYIO CYMMY

if(xnyz)'si;
i=1

rae T — QyHkus HenpepbIBHAS U OTHO3HAYHAS /I BCEX TOYCK 00sacTu A.

Ecnu 6eckoHeYHO YBCINYNBATH KOJIMYCCTBO YaCTHYHBIX obnacreit Ai, TOorga, O4CBUAHO,
mIomazab KaxJa0Tro 4aCTUIHOTO y4aCTKa Si CTPEMUTCH K HYIIHO.

Ecnu npu cTpemiieHuu K HyIIO 11ara pa3oueHus o6iactu A HHTETpajIbHbIE CyMMBbI

i=n

Z f(x,,y;)-S, UMEIOT KOHEUHBII1 TIPEJIeII, TO ATOT MPEE HA3bIBACTCS ABOMHBIM HHTETPAJIOM
i=1

ot ¢yukriwmu f(X, y) mo obmactu A:

hng Fo3)S; = [[ £ (e p)dxdy

C ygeroMm TOTO, 9TO S = AXj - AY; MOIy9IaeMm:

i=n i=n i=n

Zf(xi’yi)Si =ZZf(xi,yi)AyiAxi

i=l i=1

B npuBeeHHOI BBIIIE 3alIMCH UMEIOTCA JIBa 3HAKA X, T.K. CYMMHPOBAHWE MPOU3BOIUTCSA
10 IBYM IIEPEMEHHBIM X U Y.

T.x. genenne 001acTH UHTETPUPOBAHMSI TIPOU3BOJILHO, TAKKE TIPOU3BOJICH U BEIOOD
Touek Pj, To, cuntas Bce miomanu S; OAMHAKOBBIMH, MOIy4aeM (GopMyITy:

[[fGydyde=1lm 3> f(x,y)AvAx.

C(I)opMmepyeM AOCTATOYHBIC YCJIOBUA CYIICCTBOBAHUA JIBOMHOI'O HHTCIrpaia.
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1. Eciu pynxums f(X, y) HenpeprbiBHa B 3aMKHYTO# 0071acTH A, TO IBOHHOM MHTErpa
_”f (x,y)dA cymecTByer.

A

2. Eciu ynkius f(X, y) orpanndueHa B 3aMKHYTO# 00J1acT A M HEPEPHIBHA B HEH BCIOAY,

KpPOM€E KOHEYHOI'0 YKCJIa KyCOYHO — IJIaJIKUX JIMHUM, TO ABOMHON MHTETpaj I J. f(x,y)dA
A
CYyILIECTBYET.

CBoiicTBa IBOWHOrO MHTErpAIA.

1) [J1A )+ foep) = £ G )y = [[ £,Ge, p)dyelx + [[ £ Cx, )y = [ £, (x, y)dyax.

2) [[kf e, y)dyex = ke [[ f (x, y)dyx

3) Ecmm A = A + A, TO
[/ Goyydyde = [[ £ (e )y + [[ £ (v, p)dye.

4) Teopema o cpenneM. J[BoiiHoi uHTerpai ot ¢pyHkiwu f(X, y) paBeH NpOU3BEICHUIO 3HAYCHUS
ATON (PYHKIIMU B HEKOTOPOU TOYKE 00JIaCTH MHTETPUPOBAHUS Ha ILJIOLIAAb 00JaCTH
UHTETPUPOBAHUSL.

[[ 7 G y)dydx = f(x,3,)- S

5) Ecmu f(X, y) > 0 B obmactu A, T0 ”f(x, y)dydx > 0.
A

6) Eciu f1(X, y) < fa(X, y), TO ”f1 (x,y)dydx < J.J.f2 (x, y)dydx .

A A

7)

[[.7 Ceo v < [[| e,y

BrlunciaeHne 1BOMHOr0 MHTErpaia.

Teopema. Eciu ¢hynxyus 1(X, y) nenpepvisna 6 zamxnymoii obracmu A, oepanuyennou
quHusmu x =a, X =b, (@<b),y = ¢o(X), Yy = w(X), 20e ¢ u v - nenpepuvisuvie GyHxyuu u

@ < W, mozoa

b w(x) b y(x)
[[ 1 yydxdy = | { | f(x,y)dy]dx =[x [ FCe )y

A a \_o(x) a o(x)
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Fis

¥ = ¢(x)

i
-
L

[Ipumep. Beruucnute uHTErpa J. I(x — y)dxdy , ecnu obnacth A orpanndena quHusAME: Y = 0, Y
A

2

2 & 2 yz y=x 2 , x4 x4 xs 2

didy = [de [e=mydy = [ =22 = [ = ydv=| - =

J;J-f(x y)dxdy '([x_([(x )dy !(xy 2)y|=0 !(x 2) X (4 10)|0
=4-32-08

Teopema. Ecau ¢pynxyus f(X, y) nenpepuvisna 6 samxnymoti oonacmu A, oepanuuennoul
aunamu y = ¢,y = d (¢ <d), x = @y), x = Hy) (D) < HYy)), mo

da Y

[[1Ge.)dxdy = [dy [ f(x,y)dx

c D(y)

Hpumep. Boraucauts uaterpan ||(x° + y°)dxdy , ecnu 06macTs A orpaHHdeHa TMHUAMU
1lpuMep. 5

y=x,x=0,y=1,y=2.

2 X 2 3 y 2 2
2 2 2 2 X 2 4 ;5 4 4 64 4
= = — dy=|—ydy=— =———=35
J‘Aj(x + y7)dxdy !dy_([(x +y7)dx -!‘(3 +y x)|0 fy !3y ly 12y TR
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[Tpumep. Bwraucauts uHTErpan ” (3x> = 2xy + y)dxdy , ecn 061aCTh HHTETPUPOBAHMS
A

A orpannyeHa quHUSAMU X = 0, X = y2, y=2.

2 y2 2 2
”(sz —2xy +y)dxdy:IdyI(3x2 —2xy+y)dx = I(x3 -’ +yx)|y dy =
A 0 0 0

0

2 7 6 4\ 2
244

I PSP GNP AR

!(y VA= e |l =

Bonpocut u 3a0auu:

3az[aqa 1. I/I3MeHHTL MOPSIOK UHTETPUPOBAHUS:
2 2/x

/dr/fmydy+/dr/fmy

2. /dy]f(.ryd.r—l—/dy/fmy
1/4 1/y
5. [y / fende+ [& [ fay)d.
6 0 . 0
16 0 32 0
4. /dy / f(z,y)dx +/dy / flz,y)dzx.
0 —y/4 32—y
Ve Vea? 2v/3  Viz-z?
5. /d;zt / flz,y)dy + / dx / f(z,y)dy.
0 0 N 0
0
/(11//f1y111+/ / flz,y) dx.
! —\/’u y?

3a/:[aqa 2. BBIHI/ICJII/ITI) JIBOMHEIE HUHTErpajbl IIO o0acTsaM D, OTpaHUYCHHBIM 3aJlaHHBIMU
JIMHUAMMU:

1. //(Q:r: —y) dz dy, y=a°, y=T.
D

2. //{ar—y)d;r:dy._ y=2-2° y=2zx-1.
.

//(yln:t:)d;zrciy. .',.-:1 y=+Vz, =2
H
D
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4, //{c()s 2z + siny) dz dy, Yy =

D
. m
. // sin(z + y) dz dy, y=z y=5, T= 0.
%
72 1
. //%dmrriy. y=—, y=x, v=20
JJy &
D

' /[U"”’er) dedy, y=12°, y= .
D

Bomnpocsr:

1.JlaiiTe onpenesnieHre ABOMHOIO UHTErpaia.

2. IlosicHuTe reoOMeTpUUECKUI CMBICI IBOMHOTO MHTErpasa.

3.IlepeunicnuTe CBOMCTBA ABOMHOIO MHTErpaJIa.

4.Yt0 Takoe MOBTOPHBIN HHTErpan?

5.0nuimuTe nporecc BhIYMCICHUS JBOMHOIO UHTErpaia B IEKapTOBBIX KOOPJAUHATAX.

(=2} o
|

-]

Ilpakmuueckaa paboma 8. Jluppepenyuanvuvie ypagnenus ¢ paz0enArOUUMUCA
nepemennvimu. O0nopoonsie ypasnenus. Jluneiinvie ypagnenua. Ypasnenus, npusooumoie K
JIUHEHbIM.

Ilenwv: chpopmupoBaTh yMEHHME ONPENENATh U pemarh 1Y ¢ paszaenstomumMucs nepeMeHHbIMH,
onHoponusle J1Y, nuHedHble Y M DOpuUMEHATh MOJYYEHHBIE YMEHHUS IIpU pELICHUU
IPAKTUYECKUX 3ajay.

Teopemuueckas wacmp:

JuddepeHunanbHblM  ypaBHEeHHEeM  Has3blBacTCid  yYpaBHEHHUE,  CBS3bIBAIOLICE
HE3aBHCHUMBbIE TE€pEeMEHHble, MX (YHKIMH U Npou3BoAHble (wiu auddepeHuanb) 3TOMN
¢ynkunu. Ecmu nuddepennnanboe ypaBHEHHE UMEET OJHY HE3aBUCHMYIO NEPEMEHHYIO, TO
OHO Ha3bIBAETCsl 00BIKHOBEHHBIM /M (pepeHIHATbHBIM YPABHEHUEM, €CIIH K€ HE3aBUCHUMBbIX
NEepEeMEHHbIX JBe WM Oonee, To Takoe Ju((epeHIHaTbHOE YpaBHEHUE Ha3bIBAETCS
aupdepeHIHaNbHBIM YPaBHEHHEM B YAaCTHBIX MPOM3BOAHBLIX. HauBbICIIMI MOPSAAOK
IIPOU3BOJHBIX, BXOJAIIUX B YypaBHEHHE, Ha3bIBaeTcs mopsiakoM AuddepeHunaabHOro
YPaBHeHHS.

IIpumep.
x’y'+8y—x+5=0 - obbikHOBeHHOe muddepeHImaTbHOe ypaBHeHMEe | — ro mopsaka. B

obrreM Bujie 3anmuckiBaetes F(x,y,y")=0.

d’ d
xd—f+xyd—y+x2 =y - oObIkHOBeHHOe au(depeHIranbHOe ypaBHEeHUE 2 — ro nopsjaka. B
X x
ob1em Buje 3anuceiBaetes F(x,y,y',y")=0
, Oz 0z
y Fw + xya— =0 - muddepeHnmanbHOe ypaBHEHHE B 4YaCTHBIX IPOM3BOJIHBIX IIEPBOTO
X y
NOpsAIKA.

O0muM pemiennem auddepeHInanbHOr0 ypaBHEHHUs HaszbIBaeTcsl Takas JuddepeHnmrpyemas
byukius Y = (X, C), KoTopas npu MOJCTAaHOBKE B UCXOJHOE ypaBHEHHE BMECTO HEM3BECTHOM
GbyHKIIMM oOpalaeT ypaBHEHHUE B TOKIECTBO.

JuddepennmanbHble ypaBHEHHs IEPBOTO MOPSJIKA.

JupdepeHunaNbHBIM YPAaBHEHHEM IE€PBOr0 IOPSAAKA HA3bIBACTCA COOTHOIICHUE,
CBs3bIBaOIIEe (DYHKIMIO, €€ TEepBYI0 MPOU3BOAHYI0 M HE3aBUCUMYIO IE€PEMEHHYIO, T.€.
COOTHOIIICHHUEC BUA.:

!
F(x,y,y)=0
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YpaBHeHus ¢ pa3aeJAlNMMHUCH NTepeMeHHbIMU
Juddepenumanbaoe ypaBHeHue )’ = f(x,y) Ha3pIBacTCsl YPaBHEHMEM C Pa3IesIIMMHCS

NMEePEMEHHBIMHU, €CJIM €I'0 MOKHO 3alluCaTb B BUAC

y'=a(x)B(y).

-2x
[Ipumep. Haiiti obmiee pemenne audpepeHimais-Horo ypaBHeHus: yy' =

cosy

ycosy-ﬂ =-2x
dx

ycos ydy = —2xdx

I ycos ydy = —ZJ. xdx

u=y; dv=-cosydy,

chosydyz :ysiny—fsinya’y=ysiny+cosy

du=dy, v=siny
ysiny+cosy=—-x"+C
ysiny+cosy+x>+C=0

- 3T0 ecTh OOWIMiI MHTErpal HCXOAHOTO MU((EPEHIMATBHOr0 ypaBHEHHS, T.K. MCKOMAs

GYHKIMS W HE BBIPAKCHA 4Yepe3 HE3aBHCHMYIO TEpeMEHHYI0. B 3ToM u 3akirodaercs
oTJIM4YMe 0011ero (YJaCTHOr0) MHTerpasa oT o0IIero (4acTHOTO) pemeHusl.

IIpumep. Pemuts ypaBHenue y' = y% . % = y%
x
yf%dy =dx
[y 7dy=ax
3y% =x+C

27y = (x + C)’ - o61mit nHTErpa
y= 2—17(x +C)’ - obuiee pelieHue

JIuHelHbIe YpaBHEHUS.
JuddepeHnnanbHoe ypaBHEHUE Ha3bIBaeTCs JIMHEHHBIM OTHOCHUTEIHHO HEU3BECTHOM
(GYHKLUU 1 ee TPOU3BOJHOM, €CJI OHO MOXKET OBITh 3aIIMCAHO B BUJIE:
'+ P(x)y = 0(x),
IPU 3TOM, ecJiu mpaBas 4acTb Q(X) paBHa HYJIO, TO TaKOE ypaBHEHHE HA3bIBACTCS JIMHEHHBIM
O/IHOPOIHBIM JU(depeHInaTbHBIM YpaBHEHHEM, eCl MpaBas 4acTb Q(X) He paBHa HYIIO, TO
TaKoe€ ypaBHEHHE Ha3bIBACTCS TUHEHHBIM HEOAHOPOAHBIM JU(depeHIInaIbHbIM YPaBHEHUEM.
JIsisl MHTErPUPOBAHUS JIMHEHHBIX HEOJAHOPOAHBIX ypaBHeHHH (Q(X)=0) mpuMeHsOTCS B
OCHOBHOM J1Ba MeToJa: Mmeroa bepryum u meron Jlarpanxa.
Meroa bepuymu.
CyTtb MeTona 3akio4aercs B TOM, YTO HMCKOMas (YHKIHS MpEACTaBIseTCs B BUC

MIPOU3BENCHUS ABYX QYHKIMN Y =uv.

, dv du
[Tpu 5TOM OUEBHIIHO, YTO )’ =u = +v- o nuddepeHIpPOBaHUE 110 YACTSIM.
X X

IToacraBisis B HICXOQHOE YpaBHCHUEC, ITOJTYyIaCM:

dv  du

u o + VE + P(x)uv = Q(x)
dv du

u = + v(a + P(x)uj = 0(x)
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Jlanee cinenyer BaKHOE 3aMevaHue — T.K. IEpBOHAvYalIbHAs QYHKIUs ObLIa MpeIcTaBIcHa
HaMH B BHJE TIPOM3BEACHUS, TO KaXIbIii U3 COMHOXXUTEIICH, BXOSIINX B ATO MPOU3BEICHHE,
MOYET OBITh MPOU3BOJIBHBIM, BEIOPAHHBIM 110 HAILIEMY YCMOTPEHHUIO.

Hanpumep, byHkums y = 2x° MoxeT ObITh MpeicTaBieHa kak y =1-2x"; y=2-x7;
Yy =2X-X; U T.IL

Takum 00pa3oM, MOXKHO OJIHY M3 COCTaBJISIFOIIUX MPOU3BEICHUE QYHKIIMN BHIOPATh TaK,

du
YTO BBIPAKECHUE d—+P(x)u=O. TakuM 00pa3oM, BO3MOXXHO TMOJYYUTh (QYHKIHIO U,
x

IPOMHTErPUPOBAB, MOIYYEHHOE COOTHOIIEHUE KaK OJHOPOIHOE MU PepeHIaIbHOe ypaBHEHNE
10 ONMCAHHOM BBIIIE CXEME:

du _ —P(x)dx; du __ j P(x)dx;  Inju|=— j P(x)dx;
u u
In|C, |+ Infu| = —J. P(x)dx; u= Ce_jp(x)dx; C=1/C;

I[J'ISI HaxXO0XICHUA BTOpOﬁ HEU3BECTHOH CI)YHKI_II/II/I V mOACTaBUM IIOYYCHHOC BBIPDAXKCHUEC

dv du
s GYHKIMA U B HMCXOIHOE YpaBHCHHE ud—+v d—+P(x)u =(Q(x) ¢ yd4eToM TOro, YTO
X X

BBIpaXXEHHE, CTOSIIEE B CKOOKaX, PAaBHO HYJIIO.

Cefj'P(x)ch ? — O(x): Cdy — Q(x)eJ.P(X)dxdx;
X
WuTerpupys, MoxeM HalTHU QYHKIUIO V:
Cv=| owel " ax+ C; v= é [ o v v C,;

T.e. Obura moslyueHa BTOpas COCTABIAIONIAs NPOM3BEACHUS ) =uV, KOTOPOE H

ompeensieT UCKOMYIO (DYHKIIHIO.
[ToacraBisist moly4eHHbIE 3HAUEHUSI, MOTYYaeM:

y=uv= Ce_IP(X)dx %(I Q(x)efp(x)dxdx + Cz)

OxkoHYaTenpHO MosydaeM hopMyIy:
y= eij Peo (j Q()C)eI PO e+ Czj ,  Cz - mpou3BOJIBHBINA KOOPHUITUEHT.

OTO COOTHOLIEHHE MOXKET CYMTAThCA PEUICHHMEM HEOJHOPOJHOIO JIMHEWHOTO
muddepeHIMaTBbHOTO YpaBHEHHs B 0011eM BHjIe 1o crioco0y beprysm.
Bonpocwt u 3a0auu:
3anayva 1. Haiitu unTerpaibHble KpuBble AU} PepeHnanbHbIX YpaBHEHU]:
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0.

ydz + (1 + %) dy = 0.

ha

y =tgrtgy.

¥y =—2rsecy. 4, y' +sin(x+y) = sin(x — y).

yl
yl‘

P

u

1+z?)y +2(1+9*)=0. 6. edr—(1+e*)ydy=0.
= 2% cos . 8. v =ylny.

2x
= . 10. o =
1+ a2 v

e g
v —1

3anaua 2. Haiitu obmiee pemeHuii qudpepeHnnanbHOro ypaBHEHHS:

: .1 o o
1.y =e¥* 4 v 2.y Y¥_ 1 3 iy = xy + yie” T,
z E
1 1 .
. zrcos? dy 4 (.r.' 1 C0S J) dr=0. 5. (224 2zy)dz + zydy=0.
T T
6. ry'ln (EJ =r+yln (E) . T.yde + (2,79 —z)dy = 0.
- I
- 5 Ty P 1 - 1
B (dy*+x)y = xy. 9.y sin ( IJ b=y sin ( ;J .
H ] F
10. zy+ ¢ = (222 4+ zy) v/
3anauva 3. Haiitu pemenus 3agau Komm mist uddepeHnanbHbIX ypaBHEHHI:
l. zy +y—e*=0, y(l)=0.
2. ¥y -ytgz= - y(0)=10.
Cos
3. l!'l."rf‘nn:-'.2 T+ y=1tgr, y(0)=0.
y —ythr = ch? r y(0) = 0.
. y 2
5.1 : =xlnx, yle)= —.
L g yle) 5
6. y'sinr —ycosx =1, yl ;] =0
7. ¥ —ytgz =cosr, y(0)=0.
Bompocstr:
1. Jlaiite onpenenenue auddepeHnaaIbHOT0 ypaBHEHHUS.

2
3.
4.
5
6.

7.
8.
9

Kak onpenensercs nopsiiok auddepeHunaibHOro ypaBHeHus?

Uto Ha3pIBaIOT OOMIUM (YaCTHBIM) pelieHreM TuddepeHInaib-HOr0 ypaBHEHUS?

B uem cymnHocts 3agaun Komn?

[IpuBeaure mnpumep audQepeHInanbHOrO0  ypaBHEHHS € pa3AesSIOUIUMUCS
NIEPEMEHHBIMH.

Onumure xox pemieHUs TuPEpeHIMATBHOTO YpaBHEHUS C  Pa3essSIFOITUMUCS
NIEPEMEHHBIMH.

Kaxoe muddepennmansHoe ypaBHEHNE HA3bIBAIOT OJJTHOPOJIHBIM?

Kakoe nu¢depennunansHoe ypaBHEHNE Ha3bIBAIOT JTUHEHHBIM?

Onummre MeTo bepHyin pemeHus JIMHEHHbBIX AU} PepeHnanbHbIX YpaBHEHUH.

Ilpakmuueckas paboma 9. Ypasuenus evicuieco nopaoka, OOnycKaroujue ROHUMNCEHUE
nopsaoka. Jluneiinvle oughghepenyuanvrvie ypagnenusn 6blCUIUX NOPAOKOE.

Ienw: chopmupoBath ymeHue onpenensats Bua JY u BeiOupath ciocod pemenus Y Beicmiero
MOPsIKA, TPUMEHSTH TOJTyYeHHBIC YMEHHUS MIPH PEIICHUN MTPAKTHUECKUX 3a/1a4.

Teopemuuecxaﬂ yacms:

JuddepeHnuaibHbIM ypaBHEHHEM NOPSIIKA N HAa3bIBAETCA YPaBHEHHE BUJIA:
FOo, 0,9 m ™) =0
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B HEKOTOpPBIX ciydasx 3TO ypaBHEHUE MOKHO Pa3peIlUTh OTHOCUTEIBHO y(”):

(n) _ ' (n-1)
Y _f(xoyay seees V )
Tak ke KaK ¥ ypaBHEHHE [I€PBOI0 MOPSIKA, YPABHEHUS BBICIINX [TOPSAIKOB UMEIOT
0ECKOHEYHOE KOJIMYECTBO PEIIECHU.

JubdepeHnnanbable ypaBHEHHUS BBICHIMX MOPSIKOB, PEIICHHE KOTOPBIX MOXKET OBITh

HAlJICHO aHATMTHIECKH, MOXKHO Pa3/Ie/IiTh Ha HECKOJIBKO OCHOBHBIX THIIOB.
YpaBHEeHUs, TONYCKAONINE TOHWKESHHE TTOPSIKA.

IMonmwkenne mopsiaka auddepeHIratbHOr0 ypaBHEHHsST — OCHOBHOM METOJ PEIICHHS
YpaBHEHU BBICIIUX MOPAAKOB. ITOT METOJ JACT BO3MOYKHOCTh CPABHUTEIBHO JIETKO HAXOAUTh
pelieHne, OHaK0, OH MPUMEHHUM JIAJIEKO HEe KO BCEM ypaBHEHHSM. PaccMOTpMM Cilydau, KOTia
BO3MOJKHO TIOHFIKEHHE TTOPSIKA.

YpaBHeHUs BUIA y(n) = f(x).

Eciu f(X) — dyHKIMs HEenpepbIBHAsS HAa HEKOTOPOM MPOMEKYTKe a < X < D, To pemenue

MOET OBITh HalIEHO MOCIIEI0BATEILHBIM HHTETPUPOBAHUEM.

y = [ fr)dx+C;
v = [ ([ fdx+C Jix+C, = [dx[ f(@)dx+ o+ C

y= Idxjdx....jf(x)dx+ C,

o +C, +..+C;
(n—-1)! (n—-2)!
Ipumep. Petmuts ypapuenne y” = e”* ¢ HauanbHbIMU yernoBuaMu Xo = 0; Yo = 1;
vy ==L y;=0.
" 2x 1 2x
v :je dx+C1:Ee +C;
’ 1 2x 1 2x .
y =I Ee +C, dxzze +Cx+C,;
1 2x 1 2x 1 2 .
y:_[ Ze +Cx+C, :ge +EClx +Cx+Cy;

IToacTaBuM HavyalbHbBIE YCIIOBHA.

1:1+C3; —1:1+C2; 0:l+Cl;
8 4 2

1 5 7
Ci=——; Co=—; C;=—;
1 2 2 4 3 o
1 ., » 5 7
[Tonyuaem yacTHOE peuienue (pemenue 3aaaun Komm): y = ge - Zx - Zx + r

VYpaBHEHUS, HE COMEpKAIIUE SBHO HCKOMOM (DYHKIIMU U €€ MPOU3BOAHBIX A0 Hopsiaka K —
1 BKJIFOYHATENBHO.

Irto ypasrenns suma: F(x,y*,y*" ") =0.
B ypaBHEHHSAX TaKoro THIIAa BO3MOXKHO IOHM)KEHHE TOpsaka Ha K emunui. J{ist 3TOro0
MPOM3BOJIAT 3aMEHY TIEPEMEHHO:
yW=z y
Torza nonygaem: F(x,z,z',...,z" ) =0.
Termneps AOMYCTUM, YTO TOTyUYEeHHOE TU(PEPEHITHATBHOES YPABHEHNE IPOUHTEIPHPOBAHO
U COBOKYITHOCTH €0 PENIEHUI BHIPAKAETCSA COOTHOIIEHHEM:

(D) _ o1, () _ k)

y
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z=y(x,C,,C,,...C ).
Jenast oOpaTHYIO MTOICTAHOBKY, HUMEEM:
(k) _
y _\V(x’ Claczr-'a Cnfk)
WHTerpupyss IMOJIydeHHOE COOTHOIICHHE IIOCIEI0BarTeibHO K  pa3, mmoiaydaem
OKOHYATEJILHBIA OTBET:

y=0(x,C,,C,,..,C).

14

[pumep. Haiitu obmiee pelieHue ypaBHeHus )" = by
X

[TpumensieMm moacTaHoBKy z = y"; z'=y";

g_Z. dz_z o dz_dx  pdz_pdx
x’ dx  x’ z  x z x
1n|z| = ln|x|+lnC’1; z=C\x;

[IpousBest 0OpaTHYIO 3aMEHY, MOJTy4aeM:

C
y'=Cx; y'=J'C1xdx:?1x2 +C,;

C C
yzj.(sz +C2jdx=?1x3 +C,x+Cy;

O6mee pemeHne uexoHOTo U GEepeHIMATEHOTO YPABHCHHS:
y=Cx+Cx+C;;
OTMeTHM, YTO 3TO COOTHOIIICHHUE SIBIISICTCS PELICHUEM JIJIsl BCeX 3HAYeHUN MEPEeMEHHOM X
Kpome 3HaueHus x =0.

VYpaBHEHUS, HE coaep Kalllie IBHO HE3aBUCUMOM IIEPEMEHHOM.

10 ypasHenus Buga F(y,)',..., y(")) =0.
[Topsiiok TaKMX ypaBHEHHH MOXET OBITh MOHW)KEH Ha €IWHHIY C MOMOIIBIO 3aMEHbBI
HepeMEHHbBIX V' = p.
o_dy' _dy dy dp
y = =" _ .2 = _p;
dx dy dx dy

=< p p=

d,

d " d " d d " d(fpj dZ d 2

y" y & 9@y 4 }Zp2+ 4 p, UT.A.
dx dy dx dy dy dy

[ToncraBnsist TH 3HaueHus B UcxoaHOe U PepeHnnanTbHoe ypaBHEHHE, MTOTyYaeM:

d dnfl
E(y:p’_p’ pJZO

B
Ecnu 310 ypaBHeHue mpounTerpuposats, u D(y, p,C,,C,,...,C, ) =0- cOBOKYIHOCTbH

€ro pemIeHui, TO Ui pelIeHUs NaHHOTO TU(QepeHINaTIbHOI0 ypaBHEHUSI OCTAETCS PEIIUTh
ypaBHEHHE NIEPBOI0 MOpsIKa:

D(y,y',C,,C,,...,C _)=0.
Ipumep. Haiitu o6mee pemenne ypapuerns yy" —(y')* —4yy' = 0.
dp

3aMeHa nepeMeHHo: p = )'; y' = - »;
Y

42



d d
w L p —dyp=0;  ply L -p-dy|=0
dy dy

d d
) yLp-ay=0, P=4:+2,
dy dy y
Jns pemienus moiay4deHHOTo AU GepeHInaTbHOTO YpaBHEHHS TPOU3BEIEM 3aMEHY TTepEMEHHOM:

u==.
y
u+@y:4+u; du—4dy
dy y
jdu=4j@; u=4Iny|+4InC;;  u=4In|C
y
p=4y1n|C
C yuerom TOrO, 4TO p = % , IOJIy4aeM:
X
dy dy
dx yn| '[4yln|C1y| Ix
1 d(nCy) 1
j ln|C1y| =In [in|C, 3] + €3

OO1mii nHTErpas UMEeeT BUL: 1n‘1n|C, y” =4x+C;

2) p=0; y' =0 y=C;
Takum 06pa3om, MOTYyUUITH JBA OOIIUX PEIICHHUS.
JInnelinbIM 1H(PepeHInATBHBIM YPAaBHEHHEM N — I'0 MOPS/IKA Ha3bIBaeTcs Jio0oe

YpaBHEHHUE TIEPBOM CTENIEHH OTHOCUTEIBHO (BYHKIHH Y U ee pou3BoaHbX V', 1",..., ¥ Buna:

Py +p Y+ p " o+ p, Y+ p,y = ()

e Po, P1, -..,Pn — QYHKIIUHU OT X WM TIOCTOSTHHBIE BEIMYUHBIL, TpuueM Po = 0.

OTMEeTHM OJHO Ba)XHOE CBOMCTBO JMHEWHBIX YPABHCHHH BBICIIMX TOPSIKOB, KOTOPOE
OTIIMYAeT UX OT HEeMMHEWHbIX. /{151 HeMMHEHHBIX ypaBHEHHUI YaCTHBIM MHTErpajl HAXOAUTCA U3
oO1ero, a sl JIMHEMHBIX — HA000POT, OOIIMI MHTETpal COCTABISETCS U3 YacTHBIX. JInHEHbIe
ypaBHEHHUS MPENICTaBISIOT co00W Hambosee 3y4eHHbIN kinace auddepeHinanbHbpIX YpaBHEHUN
BBICIIIUX TOPSIIKOB. JTO OOBSCHSIETCS CPaBHUTEIHHOW MPOCTOTOW HAXOXKICHUS perieHus. Ecimu
OpU  pelIeHHH KakuX — JU00 TMpaKkTUYEeCKHX 3aJad TpeOdyeTcs peluTh HeJIMHEeHHoe
muddepeHIMaTbHOe  ypaBHEHUE, TO YacTO MPHUMCHSIOTCS — MPHOJIMKEHHBIE  METOIBI,
MO3BOJIAIONINE 3aMEHUTh TAKOE YpaBHEHUE “ONU3KUM ™’ K HEMY JIMHEWHBIM.

Bonpocwt u 3a0auu:

3anaga 1. Haiitu obutue pemenus nuddepeHnanbHbIX YpaBHEHHH:

Ly =1-y" 2. xy"+y =0.
3.1+ 4y +1=0. 4. 2%y +xy =1
S.xy" +y" =1+ 6. v +yt=1
Ty (1 +y®) =" 8. y'=-z/y.
ey +y +x=0. 10. y,.,z = 4y",
3anayva 2. Haiitu pemenus 3anau Ko 11 nuddepennuanbHbIX ypaBHEHUH]:
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L. y"y* =1, y({1/2)=1, y¥(1/2)=1.

2. yy'+y? =1, y(0) =1, y'(0) =1

3.y -y +yy-1=0, »0)=2, y'(0)=2.

1. ¥ +y" - 2yy" =0, y(0) =1, y'(0)= 1.

5. 3y =y+yR 41, y(0)= -2,  y(0)=0.
3anaua 3. Haiitu obmue pemenus nuddepeHaabHbpIX ypaBHEHUH]:

l. 4" +y=cosz. 2. y" 4+ 4y - 2y = Sgin 2.

3 4" -2y +hy=eTcos2e. 4. y"+y=3sinx

5 4" +y=4dxcosx. B. 3" — 9y =™ cosz.

7. " — 4y = ¢* sin 2z, 8 3" — 2 =2zxe(cosx —sinzx),

9 y" —y=2sinr—4cosr. 10. y" — 6y" + 25y = 2sinx + Jcos .
Bomnpocsr:

1. Kakue Bunpl nuddepeHIuaibHbIX ypaBHEHUH, JOMYCKAOMMX MOHMKEHHE MOpPsIKa
Bel 3Haere?

2. Kakyro 3ameHy nepeMeHHONH HEOOXOAMMO IPOBECTH, €CIM B YpPAaBHEHUM SIBHO He
COJIEPXKHUTCS UCKOMasi GYHKIIWS; He3aBUCHMAasl TIEpEMEHHas1 ?

3. Kakoe ypaBHeHHE Ha3bIBAIOT JUHEWHBIM C IIOCTOSSHHBIMU KO3 duiieHTamu?

4. Kak crpoutrca oOliee pelieHue OJHOPOAHOIO JIMHEMHOrO YypaBHEHHS BTOPOIO
HOpsi/IKa C TOCTOSAHHBIMU KO3 duiienramu?

5. Kak mnHaiiTu oOmiee pelieHue JUHEHHOTO HEOJHOPOJHOIO YpaBHEHHUS BTOPOIO
HOpsi/IKa C TOCTOSSHHBIMU KO3 duiienramu?

Ilpakmuueckan padoma 10. Cucmemot Oughpepenyuanvnvix ypagHenuil, O0CHO8HbLIE
nonamun. Humezpuposanue nopmanwvhoix cucmem. Cucmemot ypasnenuil ¢ nOCMOAHHbLIMU
KoI(hpuyuenmamu.
Lenwy: chopmMupoBaTh yMEHHE peliaTh HEKOTOPHIE BUABI cucTteM [[Y, mpuMeHsATh MOoJydeHHbIE
YMEHHUS MPHU PEIICHUH NMPAKTUYECKUX 3a7ad.
Teopemuueckan wacmp:

COBOKYITHOCTh COOTHOIIEHUH BUJA!

Fl(xsyl’yza'"aynsyllay;""ay;) =0
Fy(X, Y15 Vyrees Vs Vis Vasees ¥, ) =0

Fn('x’yl’yZ""’yn’yll’y;""’y;) = 0
I7Ie X- He3aBUCHMas NEpeMEeHHas, )1, )2,...,Yn — UCKOMbIE (DYHKIIMH, Ha3bIBA€TCS CHCTEMOM
au(pdepeHIHANbHBIX YPABHEHUH EPBOIo MOPAIKA.

Cucrema auddepeHUUanbHBIX  YpaBHEHHUH  NEPBOrO  MOPSAIKA,  pa3pelIeHHBIX
OTHOCHUTEJIBHO MPOU3BOJIHBIX OT HEM3BECTHBIX (DYHKIMI HA3bIBACTCS HOPMAJILHONH CHCTEMOW
auddepeHuInAIbHBIX YPABHEHUIA.

Takas cucrema umMeeT BU:
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dy
=L = [1 (X, V1 Vs V)
dx

dy
=2 = (X Y15 Vo V)
dx

day,
:fn(x7y1’y25"'5 yn)
dx

Jiis nprMepa MOXHO CKa3aTh, YTO TpaUK PEIICHUsT CUCTEMBI ABYX TU(HepeHITHATBEHBIX
ypaBHEHHIA IPECTABISCT COOON HHTETPAIBHYIO KPUBYIO B TPEXMEPHOM IIPOCTPAHCTBE.

Teopema. (Teopema Kommwm). Ecmu 6 wnexomopoi obracmu (nN-1) —meproco
npocmpancmea  Gyukyuu (X, V1, Vyses Vo )s S (Vs Vases Vs e L (6 V1 Vs V)

HenpepvleHbl U UMEIOM HenpepbleHble YaACMHble NPOU3BOOHBIE NO V|,V ..., V,, MO 05 110001

MOUKU (XY 0> Vagreees Vo) IMOIL 0OTGCTU CYUECMBYEM eOUHCIMBEHHOE DelleHle

N=0(%), ¥, =9,(%), .. ¥,=9,(x)
cucmemul Oupgepenyuanvhvix ypasuenuti 6uoa (1), onpedenennoe 8 HeKOMOPOU OKPECMHOCHU
MOUKU Xo U YOOBNEMEOPAIOUIee HAUANLHBIM YCIOBUAM XY 105 Vo s-s Vo

O0muM pemenuem cuctembl auddepennnanbHpix ypaBHenmid Buma (1) Oyzaer
COBOKYITHOCTh byHKIMR » =0,x,C,C,,...,C)), v, =0,(x,C,,C,,...C)),

v, =0,x,C,,C,,..,C, ), KOTopble IIPU MOJCTAHOBKE B CUCTEMY OOPAIAIOT €€ B TOXKICCTBO.

HopManbHble cUCTEMBI JTUHEHHBIX OQHOPOAHBIX AU (EepEHINANBHBIX YPABHEHUN C IOCTOSHHBIMHU
K03bPUIIIEHTAMH.

[Ipu paccmotpennn cucteMm aupGHEepeHINAIBHBIX YPAaBHEHHA OTpAaHHYUMCS CIydaem
cucteMbl Tpex ypaBHeHMH (N = 3). Bce HMKecKka3aHHOE CIpPaBeUIMBO JUIsl CHUCTEM
IIPOU3BOJIBHOTO MOPSAIKA.

HopmansHast ~ cuctema  nuddepeHIUaTbHBIX ~ YpaBHEHMH  C  MOCTOSHHBIMH
KO3 UIIMEeHTaMH Ha3bIBA€TCs IMHENHHOH OTHOPOAHOM, €CII €€ MOXHO 3alucaTh B BUJIE:

dy
—=a,y+a,z+a,u
dx
dz
o= ayytanztaygu
dx
du
—=a,y+a,z+a,u
dx

Pemenust cucremsl 0671a7a10T CIEAYIOMIUMHA CBOMCTBAMHU:
1) Ecnu vy, z, U — pemenust cucrtemsr, To Cy, Cz, Cu , rne C = const — Toxxe SBISAIOTCS
PELICHUSIMHA 3TOU CUCTEMBI.
2) Ecnu Y1, 71, Ug U Yo, Z3, Uy — peLlIEHUs CUCTEMBI, TO Y1 + Yo, Z1 + Z, U1 + Uy — TOXKE SIBISIOTCA
pEIICHUSMU CUCTEMBI.
kx k: kx
PerieHust ccTeMbI UIYTCS B BUAE: ¥y =0de ;, z=Pe"; u=vye", o,B,y,k =const
[ToncTaBisis 9TH 3HAUEHUS B CUCTEMY U TIEPEHECS BCE WICHBI B OJJHY CTOPOHY U COKPATHUB Ha e,
MOJTy4aeMm:
(a, —k)a+a,B+a;y=0
ayo+(ay —k)B+ayy=0
ay0+ay,p+(ay; —k)y=0
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Jlist Toro, 4TtoOBl TMOJIyYeHHAs CHCTEMa KMela HEHYJIEBOE pEIIeHHe HEOOXOAUMO U
JIOCTATOYHO, YTOOBI ONPEEIUTENb CUCTEMBI OB paBEeH HYJIIO, T.€.:

a, —k a, a;
as a, —k a, |=0
as, as ay —k

B pesynbraTe BBIYMCICHHS ONPEACIHUTENS IOJTyd4aeM ypaBHEHHE TPEThCH CTENEHH
OTHOCHTENIBHO K. DTO ypaBHEHHE HA3bIBACTCS XAPAKTEPHUCTHUYECKHM YPaBHEHHEM U UMECT TPH
KopHs K1, Ko, K3. KakioMy 13 3THX KOpHEH COOTBETCTBYET HEHYJIEBOE PEIICHHE CUCTEMBI:

k k k
y=oer, z, =B, u =ye",
_ 253 _ feyx _ kyx
Y, =a,e ", z, =B,e™, U, =v,e",
kyx kyx kix
y; =ase, z, =Pe™, u; =ye .

JluneitHas KOMOMHALMA 3THUX pEIIEHUH C MPOU3BOJIBHBIMU KO3 duuueHTamu Oyner
PEILICHUEM CUCTEMBI:

k
y=Ca,e™ +C,a,e" +Cya,e";
k
z=Cpe™ +C,p,e"" +C,p,e";
kyx kyx kyx
u=Cye" +Cyy,e” +Cyyse™.
[Ipumep. Haiitu ol1iee pernieHne CUCTEMbI YpaBHEHHI:

x'=5x+2y
y' =2x+2y
CocTaBUM XapaKTEPUCTHYECKOE yPaBHEHHE!
5-k 2 ,
o =0 6-h@-k-4=0 10-Sk-2k+ k' —4=0:

k* =Tk +6=0; k =1 k, =6;
Pemnm cucremy ypaBHEHUN:
(a, —k)a+a,p=0
ayo+(a, —k)p=0
5-Da, +28,=0 4o, +23, =0

st ky:
20, +(2-1B, =0 2a,+B,=0

[Tonaras o, =1 (nmpuHumaercs 1r000e 3HaUeHUE), oaydaem: B, = —2.
(5-6)a, +2B, =0 —lo, +2B, =0

,Z[J'IS[ k2:

20, +(2-6)p, =0  |2a, —4p, =0
[onaras o, = 2 (MpUHUMAETCS JI000E 3HAYEHHUE), ToTydaem: B, =1
x=Ce +2C,e”
y=-2Ce' +C,e”

DTOT MpUMEP MOKET OBITH PELIEH APYTHM CITOCOOOM:
[Mponuddepennupyem nepoe ypaBuenue: x" = 5x"+2y";

OGriee perieHne CUCTEMBI:

[TogcTaBuM B 3TO BBIpaOXEHUE MTPOU3BOJHYIO ¥ =2X + 2y W3 BTOPOTO YpaBHECHHS.
14 ’
x"=5x"+4x+4y;
[ToncraBuM croza y, BEIPaKEHHOE U3 IEPBOTO YPABHEHUS:

x"=5x"+4x+2x"—10x
x"=7x'+6x=0
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k, = 6; k, =1
x=Ae' + Be®; x' = Ae' +6Be";
2y =x"—5x=Ae' +6Be® —54e' —5Be;

y=-24e" + %Be&;

1 x=Ce' +2C,e”
O6osnaunB 4 =C|; —B=C,, 10ay4acM pEUICHHE CUCTEMBI: :
. t 6t
2 y=-2Ce +C,e

Bonpocwut u 3a0auu:

3anaua 1. Haiitu obmiee pemennii cucteMsl AudQepeHnnanbHbIX ypaBHEHUH:
de p
d—f: — x4y 4+ 2sinf —3cost
iy *

= — bx = 4y 4- Tsint — 20cos {

3az[a11a 2. HaﬁTPI peH_IeHI/I}I CHCTEM, y,ZLOBJ'IeTBOpSII-OH_[I/Ie 3aJaHHbBIM YCJ'IOBI/IHM:
) x"=y—zy x(0)=1;
Y=x+y: y0)=2,

=x+2) z(0)=4.

2) X' =6x—T2y - 44z x(0) =09
' =—4x+40y— 222} y(0)=25;
2'=—6x+57y—3lz) z(0)=T.

Bompocsr:

1. Jaiite onpenenenue cucreMsl AU depeHnnanbHbIX YpaBHEHUH IEPBOro MOPSIIKA.
2. Kakas cucrema nmuddepeHInaIbHbIX YpaBHEHHH HA3bIBACTCS HOPMAIBHOM?
3. Uro Ha3bIBAIOT OOLIUM pelICHUEM CUCTeMbl AU PepeHIInanbHbIX YPaBHEHUN?

4. Kakass cucrema nud¢epeHIranbHbIX ypaBHEHHH C IMOCTOSHHBIMH K03 duumeHTamu
Ha3bIBACTCS JIMHEHHON OHOPOIHON?

5. Kak cocraBnsercss XapaKkTEpUCTHYECKOE YypaBHEHHE CHUCTEMBI Iu(epeHIINaTbHbIX
ypaBHEHHI?

6. Kakxumu cBoiicTBamu 00J1QIaf0OT PEIICHUS CUCTEMBI TU(P(EPCHIIMATHLHBIX YPAaBHEHHH?

Ilpakmuueckaa paooma 11. Cxooumocme paoa. Heobxooumwlii npuznax cxooumocmu
uyucnoeozo paoa. Jlocmamounvie RNPUHAKU CXOOUMOCHU 3HAKONOCHOAHHBIX PAOOG:

npusnaku cpagnenus, npuznak /lanamoéepa, npuznaxu Kowu. O606uwennolii 2apmonuueckuil
pAo.

lle.flb.' C(I)OpMI/IpOBaTB YMCHHUC ACJIAaTh BBIBOJ O CXOANUMOCTH psAla HAa OCHOBAHUU HCO6XO,Z[I/IMOFO
N OOCTAaTOYHBIX IMPU3HAKOB CXOAMMOCTHU 3HAKOIIOCTOAHHBIX PAJA0B, NPUMCHATL IMOJTYYCHHBLIC
YMCHUS IPU pCHICHUN IMTPAKTUYCCKUX 3a/1a4.

Teopemultecmm yacms:

Cymma ujneHOB OECKOHEYHOW  YHCIOBOW  MOCIEIAOBATENBHOCTH Uy Uy ey U ..
Ha3bIBACTCSI YUCIOBBIM PSIOM.

0
Uy U, =D U,
n=1
IIpHU 5TOM 4UCJIa U,,U,,... 6yIICM Ha3bIBAaThb YJICHAMU PsJiad, a Un — 06H_H/IM YJICHOM psa.

n
Cymmer S, =u, +u, +..+u, =Zuk, n = I, 2, ... Ha3pIBalOTC YACTHBIMHU
k=1

(4aCTUYHBIMM) CYMMAaMHU psijia.
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o0
PH,I[ u, + u, +...+ Mn +...= Zun Ha3bIBACTCA CXoaAmuMcCs, €ClIn CXOOUTCA
n=1

IIOCJICJ0OBATCIIBHOCTD €ro 4YacCTHBIX CyMM. CyMMa cxoaamerocda paaa  — I1pcacia
MOCJICAOBATCIIBHOCTU €TI0 YaCTHBIX CYMM.
lim§, =S, S=>u,.
n=1

Ecnu IMOCJICA0BATCIIPHOCTh YaCTHBIX CYMM psAAa paCXOdUuTCs, T.€. HC UMECT IIpCaAciia, Ul
uMeeT OECKOHEYHBIN MpeieN, TO psJ Ha3bIBACTCS PACXOAAIIUMCHS ¥ €My HE CTaBAT B
COOTBETCTBUE HUKAKOU CYMMUBI.

HpI/I HN3YUCHHUHN 3HAKOIIOCTOSAHHBIX PAJOB OrpaHUYIUMCA pPACCMOTPCHHUECM psAdOB C
HCOTpULATCIIBHBIMU YJIC€HAaMM, T.K. IIpU IIPOCTOM YMHOXCHHH Ha —1 u3 »otHx pPAO0OB MOKHO
MOJIYYHUTD psAAbI C OTPULATCIIbHBIMU YWICHAMMU.

HDI/I3HaK CpPaBHCHUA PAAOB C HCOTPULATCJIBbHBIMU YJICHAMMN.

ITycTh nansl nBa pana Zun u Zvn pu Up, Vp = 0.

Teopema. Eciu Uy, < Vv, mpu mo060oM N, TO W3 CXOAMMOCTH psiia Zvn Cleayer

CXOJMMOCTb psizia Zun , 4 U3 PacXOJAUMOCTH PsiJa Zun ClIeIyeT pacXoAuMOCTh psJia ZVH .

1 1 1

[Tpumep. HMccnenoBaTh HA CXOAUMOCTD PSIT —— + ——+...+—— +...

In2 In3 Inn
1 1 . 1 1
T.k. — > —, a TapMOHUYCCKUH PsIJT Z— PacXoaMTCS, TO PACXOAUTCS U PSIJT Z—
Inn n n Inn

=1

[Tpumep. MccnenoBaTh Ha CXOIUMOCTD P 27
n=1 1

T.k. L <

1
YREYE a psn Z; cxoauTes ( Kak yObIBaroIiasi reoMeTpudeckasi porpeccusi), To psij
n

<
Z_n TOXKE CXOOAUTCH.
n=1 ]’l2

Taxoke ucnonb3yercs CleayoUi MPU3HAK CXOAUMOCTH:

. u
Teopema. Eciu u, >0, v, >0 u cywecmeyem npeden lim—==h, 20e h — uucno,

n—>w
vn

OMAUYHOE Om HYJs, MO Psobl Zun u Zvn 6€0ym 00OUHAKOBO 8 CMbICIE CXOOUMOCHIU.

IIpusnak /lanambepa.
(Kan Jlepon Manambep (1717 — 1783) — dpaniry3ckuii MaTeMaTHK)

Ecnu ona psaoa Zun C NOJIONCUMENbHLIMU YTIeHAMU cywecmeyem makoe ducio (<1,

ymo 075 6cex 0OCMAmMoOYHO 0ONbUUX N BLINOIHSAEMCS HepaeeHcmeo

Z'ln-%—l
I <L q,

u

n

mo ps0 Zun CX00UmCcst, eciu dHce 0isl 8cex 00CMamouHo OOIbUIUX N GLINOIHAECMCIL YCI08UE

u
"_“21’

u

n

mo psio Zun pacxooumcs.

[Mpenenpusniii npusHak Jamamobepa.

[Ipenenbupiii mipu3Hak JlamamOepa sIBASETCS CHEACTBUEM W3 TPHUBEACHHOTO BBIIIE
npusHaka JlanambGepa.
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.u
Ecnu cywecmeyem npeden lim—""2=p mo npu p < 1 pad cxodumecs, a npu p > 1 —
n—w un

pacxodumCﬂ. Ecnu P = ], mo Ha eonpoc o CXOOUMOCHIU OMBEEMUMb HElb35l.

ITpumep.
1
n n+l u (n+12" _n+1 I+
U, =5 Uy =——; lim L = lim 1 =—"n__ <1
2" 2" now gy o QMg 2n 2 2
BeiBOa: psin cxomuTes.
1
[Ipumep. Onpenenuts CXOAUMOCTb psiga 1+ — 1 +— o +...+ '+
n!
1 1 .u ) ! ) 1
u, =—; = : lim 2 = fim—""— = lim =0<1

A T ) e w s (at D) eal
n
BreiBo: psig cxoauTcs.
ITpu3uak Komm. (pagukaiabHbIN IPU3HAK)
Ecnu ona paoa Zun C HeoOmpuyamenbHuIMU YleHamu cyujecmgyem makoe uucio q<l,

umo 0151 8cex 00CMAMOYHO OONLUUX N BLINOJHAENCS HEPABEHCBO
Ju, <q,
mo  pso Zun cxooumces, eciu e 0N 6cex OO0CMAmoyHo Ooavwux N BbINOAHAEMCA

HepaseHcmeo
fu, =1,

mo psio Zun pacxooumcsi.
CaencrBue. Ecim cymectByer npenen lim4ju, =p, To npu p<I psa cXOauTcsi, a IpH
n—»0

p>1 psan pacxogurcs.

= (2n* +1
[Ipumep. OnpenennTs CXOAUMOCTh psiia Z ﬁ
+
1 2+ 12
lim4/u, —11m | n__Z4
n—ow n—o 31’1 + 5 n—0 i
n2

BeiBOa: psin cxoauTes.

[Ipumep. OnpenenuTs CXOAUMOCTh psiia Z[l + lj .
n

n=1

hm\/— —hm(l—i- J:I.

n—>0 n—0

T.e. nmpusnak Kommu He naer oTBeTa Ha BONPOC O CXOAUMOCTH psaa. lIpoepum
BBITIOJITHEHHE HEOOXOIUMBIX YCIOBHM cxoauMmocTh. Kak OBIIO CKa3aHO BBINMIE, €CIH Pl
CXOJUTCSI, TO OOIIUH YJIeH psiZia CTPEMHUTCS K HYIIO.

n—>0 n—>o0

limu, = lim(1+lj =e=+0,
n

TakuM 00pa3oM, HE0OXOIUMOE YCIIOBUE CXOMMOCTH HE BBITIOJIHICTCS, 3HAYUT, PSJT PACXOIUTCS.
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HNuarerpanpueii pu3Hak Komm.
Ecnu @(x) — nenpepwienas nonoscumenvras yukyus, yowulearowas HA NPOMeENCYmKe

[1;00), mo pso (1) + o2) + ...+ ¢(n) + ... = Zq)(n) U HecoOCMBEeHHbII UHMeSPal j@(x)dx

n=1 1
OOUHAKOBbL 8 CMbICIIE CXOOUMOCIU.

1 1 1
IIpumep. Psn 1+2—a+3—a+...+n—a+... cxogurcd npu o>1 u pacxomurcs o<l T.K.

o0
. . dx
COOTBETCTBYIOIIUN HECOOCTBEHHBIN MHTETpall I —— cxoaures pu o>1 u pacxoautes a<l.
x
1

o0
PHI[ z—a Ha3bIBaACTCsA 0606HICHHI>IM TFapMOHHUYECKHUM PAOOM.

n=1

CaencrBue. Eciu f(X) u ¢(x) — HenpepbiBHbIC (QyHKIMH Ha wuHTEepBaie (a, D] u

b b
. X
lim & =h, h+#0, To UHTErpabI J f(x)dx n j ¢@(x)dx BemyT ce0s OAMHAKOBO B CMBICIIE
x—a+0 (P(x)
a a

CXOJINMOCTH.
Bonpocut u 3a0auu:
3anmaua 1. Haittu cymmy psiga:

- i - 3
L. S 2, .

2 nt+0on+6G 21 n? —5n+6

=, 30 = 4
3. e 4, .

lg'ﬂﬁn'" Fhn— 6 l’l int -1

= 18 = 90
5. S 6.
! z? n? + In ' l'l' in? +8n-=2>5

- 3 >~ 16
i L— 8. = e  a'

— O9n2 =3In-2 et 16n% = 8n -3

< 8 < 60
9. Yy —————. 0. . : —

n(n -+ 1)(n+ 2) (2n 4+ 1){(2n + 3)(2n + B)

1=1 n=1"

3az[aqa 2. HccnenoBaTh CXOIUMOCTh pAAOB:

==

= arctg (n?) 4 — 2sinn
1. - : 2. .
Z n(n+2)(n+3) Z Inn

n

b o .
. 2+ ecosn n®lnn
3. Z nt+a 4. Z nd —2°

B0 ¢ = - .

. 0—2cosn . Z 24 sinn

[ A f' bu Ta
Z T n{n* + 3)

3amaua 3. MccnenoBaTh CXOIUMOCTH PSIIOB:
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-5“ 9

(= =
. pl 1
1. . 2, —,
Z‘Q“[n—l]! Z:i:r:‘.l‘5

) . (3n+2)! ~ 2%(nf — 1)

0. —. 10. il
_.':':Ilr +1 HZ;

Bomnpocsr:

Yrto Takoe 4YMcioBOM psia?

Kaxkoit psig Ha3bIBaIOT 3HAKOTIOCTOSIHHBIM?

Yro Takoe cymma psana?

Kaxkoii psig Ha3bIBaIOT CXOIAIIAMCS?

CdopmynupyiiTe HeOOXOIUMBIN MPU3HAK CXOTUMOCTH Psilia.

ChopmynupyiiTe u3BecTHbie Bam 1ocTaTouHbIe TPU3HAKU CXOIUMOCTH PSJIOB.

ouhkwnE

Ilpakmuueckan padboma 12. 3naxouepedyrwwuecs u 3naxonepemenuvle psaowl. Ilpuznax
Jeiionuya. Ob6wuii 0ocmamoynvlili. NPUZHAK CXOOUMOCHU 3HAKONEPEMEHHBIX PAO00E.
Abconiomnan u ycioenan cxoo0umMocmu Yuciosvix pAaoos.
Ilenv: chopMupoBaTh yMeHHE JelaTh BBIBOJ 00 aOCONIOTHOW WU YCIOBHOM CXOAMMOCTH
YHUCIIOBBIX PSIIOB, IPUMEHSTH TIOJTYyYCHHBIC YMEHUS TP PEIICHUN TPAKTHYSCKUX 3a1a4.
Teopemuueckan uacmp:

3HAKOUYEPETYIOIIUNCS PSII MOKHO 3aITiCaTh B BUJIC:

u, —ty +uy —uy +.. D"+

rne u, >0, n=123,..

[Ipuznak JleitOHuIa.
Eciu y snakouepedyiowezocs paoa u, —u, +uy —u, +...+(=1)""u, +... abconommnvie

genununel Ui yovlgarom u, > U, > Uy > ... u obwuu ynen cmpemumesi Kk wyno u, — 0, mo pso
CXOOUMCHL.
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A6COHIOTH8.}I N YCJIIOBHAA CXOAUMOCTH PAAOB.
PaccMoTpuM HEKOTOPBIN 3HAKOTIEPEMEHHBIN Psif (C WICHAMH MPOU3BOJIbHBIX 3HAKOB).

U, +u, +..tu, +..= ZMn (1)
n=1

U PAJl, COCTaBJICHHBIN 13 a0COIIOTHBIX BETMYHMH WIeHOB psana (1):

n=1
Teopema. 13 cxooumocmu psioa (2) ciedyem cxooumocms paoa (1).
Onpenenenue. Psi Z”n Ha3bIBaCTCsI A0COTHOTHO CXOAAIIMMCS, €CITU CXOIUTCS Psi

| +[oa, |+ .+

u

n

()

u

pCA
O‘ICBI/II{HO, 4TO JIA 3HAKOIIOCTOAHHBIX PsAAOB IMOHATHA CXOOAUMOCTU H a0COJIFOTHOM

CXOAUMOCTH COBIIAOarOT.

Onpenenenne. Pﬂ,[[ Zun HAa3bIBACTCA YCJIOBHO CXOAAINUMCH, CCJIIM OH CXOAUTCA, a psAaa

Z|un| pacxoauTcs.
[Tpusnaku Jlanam6epa v Kouu i1 3HaKONEPEeMEHHBIX PSJIOB.
[Tycth Z”n - 3HAKOTIEPEMEHHBIN PSII.

. |u
Ipusnak Janambepa. Eciu cymectyer npenen lim|—""1 = p, To npu p<l psax Zun

n—0 u
n

Oyzner abcomoTHO cxoasmumMmcs, a pu p>1 pan Oyner pacxoasmumcs. [Ipu p=1 npusHak He
JIaeT OTBETA O CXOJIUMOCTH psija.

Hpusnak Kommm. Ecnu cymectByer npenen lim#/ ”n| =p, To ipu p<I psag Zun Oymer

abCcoMoTHO cxomsmmmMes, a npu p>1 psag Oyner pacxonmaummcs. [Ipu p=1 npusHak He naer
OTBETA O CXOJAUMOCTH psija.
CaolicTBa aOCOIIOTHO CXOASIIMXCS PSAJIOB.

1) Teopema. /[ns abconromuou cxooumocmu psoa Zu” Heobxo00UMO U 00CMAmMoUHo,

UmooObl €20 MOJNCHO ObLI0O NpPeocmasums 6 6ude pPA3HOCMU O08YX CXOO0AUUXCS PAO08 C
HeompuyamenbHbIMU YleHaAMU.

CaeacrBue. YCIOBHO CXOJSAIIUNCS P SIBJISETCS pa3HOCTBIO ABYX PACXOSAIIMXCS PAZOB
C HEOTPHUIATEIHHBIMH CTPEMSIIUMUCS K HYIIO YWICHAMH.

2) B cxopnsmemes psae nrobasi TpyIIMPOBKA YJICHOB Psijia, HE U3MEHSIoLIast UX HOpsiIKa,

COXPAHACT CXOAUMOCTD U BCJIMYHHY psAaa.
3) Ecnu psin cxoautces abCoMOTHO, TO P, TOTYYEHHBIN U3 HEro JII000H MepecTaHOBKOM WICHOB, TAaKXKe
a0COJIFOTHO CXOJIUTCS U IMEET TY XK€ CYMMY.

[TepecTaHOBKOW UJICHOB YCJIIOBHO CXOJSIICTOCS psa MOXHO TIOJIYYHTh YCJIOBHO
CXOJISIIHICS PsiJT, MMEIOIIHIA JTF00YIO Hallepe/ I 3aJaHHYI0 CYMMY, U JTaKe PACXOISIIUNCS PSI.

4) Teopema. [1pu 110601 2pynnuposKe uieHo8 abCcoIOmMHO CX00ue20cst psaoa (npu 3mom
YUCTIO 2PYNN Modcem Oblmb KAK KOHEYHLIM, MAK U OECKOHEYHbIM U YUCILO YJIEHO8 8 SpYNne
Modicem Oblmb KAK KOHEUHbIM, MAK U OeCKOHeUHbIM) NOLYYAemcs CXOOAWUNCS psod, CYMMA
KOMOPO20 PasHa CyMMe UCXOOHO20 psiod.

o0 0
5) Ecau psiabr Zun u Z\/n CXOJATCS] a0COIOTHO U UX CYMMBI paBHBI COOTBETCTBEHHO

n=1 n=1
S u o, TO pﬂﬂ, COCTaBHCHHBIﬁ N3 BCEX HpOHBBeI[eHI/Iﬁ BHUIA uin, l,k = 1,2,... B3ATBIX B KAKOM

YrOJHO TOPSAIKE, TAKXKE CXOIUTCS aOCONIFOTHO U €ro CyMMa paBHAa S-0 - MPOU3BEIACHUIO CyMM
MEPEMHOKAEMBIX PSIOB.
Ecnu ke nmpou3BOAUTH MEPEMHOKEHUE YCIOBHO CXOMSUIMXCSA PALOB, TO B pE3yJIbTaTe
MOYHO TTOJTYYUTh PACXOIAIIUNACS P,
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Bonpocwut u 3a0auu:
3anaya 1. MccnenoBarh CXOQUMOCTh pSII[OBI
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Bompocsr:

1. Kakoil psa Ha3pIBaeTCs 3HAKOUEPEAYIOIIUMCS (3HAKOIIEpEMEHHbBIM)?

2. Cdopmynupyiite npusHak JlelOHu1Ia.

3. Kakoli psan Ha3bIBaeTca aOCOMIOTHO CXOAAIIMMCS (YCIOBHO CXOASIIUMCS)?

4. Cdopmynupyiite npusHaku [lamambepa n Ko s 3HaKONEepeMEHHBIX PS/IOB.
5. [Ilepeuncnure cBoiicTBa a0COIOTHO CXOJAIIUXCS PSIOB.

Ilpakmuueckasn paooma 13. Bviuucnenue eeposmuocmu coobtmus.
Llens: popMUpOBaHNE OCHOBHBIX ITOHATHH TEOPHH BEPOSTHOCTEH.
Teopemuueckasn wacmop:

Bce coObiTus, Mpoucxonasiie B OKPY)KAIOLIEM Hac MHUpPE, MOXKHO pa3JeluTh Ha JBE
pPe3KO OTIMYAloOUIMecsl JApPYr OT Jpyra TpyHdnbl: B OTHOIIEHWH OJHUX COOBITMH MOXHO
JIOCTaTOYHO TOYHO IPEABUACTb, HACTYNAT OHM WJIM HET, B OTHOIICHUM JAPYTHX — TaKOE
IpeBUJICHUE HEBO3MOXKHO; HACTYIJICHUWE WJIM HEHACTYIUIGHHE TaKUX COOBITUH HOCHUT Tak
Ha3bIBAEMBIN «CIIyYalHBIN» XapaKTep.

Teopus BeposATHOCTEM — MaTeMaTH4ecKas HayKa, H3ydaromas 3aKOHOMEPHOCTH
ciay4yanHbIX ABieHUM. [lof cirydaliHBIMU SBJIICHUSAMU IIOHMMAIOTCA SBJICHHS C HEOIPEAEIECHHBIM
HCXOJIOM, NPOUCXOAIINE ITPU HEOJHOKPATHOM BOCHPOU3BEICHUU ONPEIEICHHOIO KOMILIEKCa
YCIJIOBHH.

Cy1iecTBYIOT ABa MOJX0Ja K U3YYEHHIO ITUX sBJeHUI. OJIMH W3 HUX — KJIACCUYECKUH,
COCTOUT B TOM, YTO BBIJEISAIOTCS OCHOBHBIE (DaKTOpBI, ONpeNeNdiolue JaHHOE SBICHHE, a
BJIMSTHUEM MHOXKECTBA OCTaJbHBIX, BTOPOCTENEHHBIX, ()AaKTOPOB, MPUBOASIIUX K CIy4daiHBIM
OTKJIOHEHUSIM €ro pe3yibTaTra, mpeHeOperaor. Takum o00pa3oM, BBIAETSAETCS OCHOBHAs
3aKOHOMEPHOCTb, CBOWCTBEHHAs NaHHOMY SIBJICHMIO, IO3BOJIAIONIAS OJHO3HAYHO IPENCKA3aTh
pe3yapTaT IO 3aJaHHbIM YCIOBHSAM. OTOT MOJAXOJ YacTO HCIOJB3YETCSI B €CTECTBEHHBIX
(«TOYHBIX») HayKax.

IIpn uccienoBaHMM MHOTMX SIBJICHMM H, IIPEKIE BCEro, COLMAJIBHBIX, TAKOW IOIXOL
HenpuemseM. B 3TuX sBIeHUSX HEOOXOIUMO YYUTHIBATH HE TOJBLKO OCHOBHBIE (PAKTOPBI, HO U
MHOXECTBO BTOPOCTEIICHHBIX, NPUBOAAIIMX K CIy4alHbBIM MCKAKEHUSAM pPE3yJbTara, T.€.
BHOCSAIIMX B HETrO 3JIEMEHT HEONpeIeaeHHOCTH. [103TOMy npyroil moaxoa K U3y4eHUIO SIBICHUN
COCTOUT B TOM, YTO JJIEMEHT HEOIPEIEICHHOCTH, CBOMCTBEHHBIM CIIy4alHBIM SIBICHUAM U
00yCIIOBJIEHHBIN BTOPOCTENEHHBIMU (paKTOpaMu, TpeOyeT CreualbHbIX METOJOB UX U3YyUEHUS.
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Pa3zpaboTkoii TakMX METO/I0B, U3YUEHUEM CIEIU(PHUUECKUX 3aKOHOMEPHOCTEH, Ha0JII0JaeMbIX B
CIIy4aifHbIX SBJICHUSX, U 3aHUMAETCS TEOPUS BEPOSITHOCTEH.

OCHOBHBIMU MOHSATHSIMU TEOPUU BEPOSITHOCTEHN SBIAIOTCS UCTIBITAHUE U COOBITHE.

[Tox ucnbiTaHUEM (OTBITOM, SKCIIEPUMEHTOM) IIOHUMAETCSI BBITIOJTHEHHE ONPEAEeIECHHOTO
KOMILJIEKCA YCJIOBHIA, B KOTOPBIX HAOJIIOJAeTCA TO WIM WHOE SBJICHUE, (PUKCHUPYETCS TOT WU
WHOW pe3yJbTar.

CrnyyaitHeIM COOBITHEM (MM MPOCTO COOBITHEM) Ha3bIBaeTCs 000 (hakT, KOTOPBINA B
pe3ysbTaTe UCHBITAHUS MOXKET MPOU30MTH WK He mpou3oiTH. Takum obpa3om, coObiTue Oyner
paccMaTpUBaThCS KaK pe3ysIbTaT UCIIBITAHUS.

CoObITHE Ha3bIBAETCS JOCTOBEPHBIM, €CIIM B Pe3y/bTaTe UCHBITAHUS OHO 00S3aTEIBHO
JOJDKHO TpousoiiTu. Hampumep, Bbimagenue ot 1 1o 6 0YkoB mpu OpOCaHWUU HUTPaATBLHOTO
KyOuKa.

CoObiTHe Ha3BIBaCTCSI HEBO3MOXHBIM, €CIIM OHO 3aBEJIOMO He HacTynuT. Hampumep,
U3BJIEYCHHE TPEX YEPHBIX TY30B U3 KOJOJbI KapT.

CoObITHsI HAa3bIBAIOTCS HECOBMECTUMBIMU (HECOBMECTHBIMU ), €CJIH BO3MOYKHO TOSIBIICHHE
TOJIBKO OJIHOTO COOBITHS W3 3TOM rpymnmbl cOObITHI. B mpoTUBHOM ciiydae cOOBITHS Ha3bIBAIOT
COBMECTUMBIMH (COBMECTHbIMHU). Hampumep, mnosyueHHe CTYICHTOM Ha JK3aMEHE IO OJHOM
TUCIUIUIMHE OLIGHOK  «OTJIMYHO», «XOpPOIIO» U  «YyJOBIETBOPUTEIBHO» - COOBITHUS
HECOBMECTHBIE, a MOJIyYeHHE TeX K€ OIEHOK Ha HK3aMeHaX IO TPeM IUCIHILIMHAM — COOBITHS
COBMECTHBIE.

CoOBITHSI HAa3BIBAIOTCS PAaBHOBO3MOKHBIMH, €CITH B PE3yJIbTATE UCTIBITAHUS 110 YCIOBUSIM
CUMMETPUHU HU OJTHO U3 ITUX COOBITUN HE SABJISIETCS 0ObEKTHUBHO OoJiee BO3MOXKHBIM. Hampumep,
U3BJICUCHHE TYy3a, KOPOJIs, JaMbl WM BaJieTa M3 KOJIOABI KapT, JuOO TOsBICHHE repda WIu
PEIIKH NMPU MOJ0PACBIBAHUHA MOHETHI — COOBITHSI PABHOBO3MOKHBIE.

JUJ1st IpaKTUYECKOM NesITeIbHOCTH BaKHO YMETh CPABHUBATH COOBITHS IO CTETICHU
BO3MO>XHOCTH MX HACTYIUICHHUS.

[Tycte wWCXOOBI HEKOTOPOTO WCHBITAHUA OOPa3yIOT TMOJIHYIO TPYIILy COOBITHHA U
PaBHOBO3MOXHBI, T.e. €IMHCTBEHHO BO3MOXXHBI, HECOBMECTHBI M PaBHOBO3MOXHBI. Takwue
MCXO/IbI HAa3bIBAIOTCS DIIEMEHTAPHBIMH UCXOAAMHU WU CITyYasiMH.

Cnyuail Ha3pIBaeTCs ONarompusATCTBYIOUIUM (OJarompusiTHBIM) COOBITHIO A, eciu
MOSIBJIEHUE ATOTO CIIy4asi BICUET 32 COOOM MOSBICHUE COOBITUS A.

Knaccndeckoe ompeneneHue BEpOSTHOCTU: €CIIM CUCTEMa COCTOUT M3 KOHEYHOro Yucliia
€/IMHCTBEHHO BO3MOKHBIX, HECOBMECTUMBIX COOBITHH, TO BEPOSTHOCTHIO COOBITUSI A Ha3BIBAIOT
OTHOIICHHE YHUCIa M KMCXOJOB HCIBITAHUN, MPHUBOIALIMX K COOBITHIO A, K 4YuCIy N Bcex
HUCITBITAHNMH, T.C.

m
P(A= .

Jlnia nro6oro coObiTHst A cripaBennuBo HepaBeHCTBO: 0 < P(A) <1.
IIpumep 1:

Jlorepest cocrout u3 1000 6uneros, cpenu Hux 200 BeIUrpbIIHbIX. Hayraa BelHUMaeTCs
onuH Omer u3 1000. Yemy paBHA BEpOATHOCTB TOTO, YTO ATOT OMJIET BHIUTPHIIIHbIN?

Pemenue: paznuyabix ucxo0B B 3ToMm nmpumepe 1000 (n=1000). B uaTepecyromee Hac
coobiTe A BxoaaT 200 ucxomaos (m=200). Takum o6pazom,
200

0,2
1000

plA) =

ITIpumep 2:

B kopo6ke nexat 200 6enbix, 100 kpacHbix u 50 3eneHbix mapoB. Haygauy BelHUMaeTCs
oJuH map. Yemy paBHBI BEPOSITHOCTH MOJTYIHUTD IIap O€JI0r0, KPAaCHOTO MJIH 3€JIEHOTo 1BeTa’?
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Pemenne: PaccmotpuM coObITHs: A={BbIHYIH Oeunblii map }, B={BbIHynu kpacHsbIii map},
C={BbIHYNH 3eeHbIi map}. n=350, Torma

_200_4

PlA)y=—=—,
&) 35007

_100 _2

P(B) 50

'}
350 7
YacTo asst perieHus 3a1a4 TeOPUH BEPOATHOCTEH MPUMEHSAIOT KOMOMHATOPUKY.
Ipumep 3:
N3 xononel B 36 kaptT BeITacKMBatOT TpU. KakoBa BEpOSTHOCTH TOr0, YTO CPEAU BBIHYTHIX
KapT HET JECATOK?
Pemenne: B 3ToM mpuMepe 3J€MEHTAPHBIM UCXOJIOM SIBIIICTCS CITYYaifHBIN HAOOp U3 TpeX KaprT.

P(C)

3
OOmiee 4nCIIO DICMCHTAPHBIX HMCXOHOB paBHO N=(T'_, OSJIEMCHTAapHBIC HCXOJbl CYHTACM
PaBHOBO3MOXHBIMU. BIaronpusiTHBIX UCX0J0B (KOJIMYECTBO BO3MOKHBIX HAOOPOB MO TPU KapThl
o 3
U3 TOH e KoJoaubl, HO Oe3 pecstok) m= (T, . Takum oOpa3om, BEpOSTHOCTH COObITHA A

{BbiyTO 3 KapThl U3 36 U cpeAr HUX HET JAECSTOK}:
k1 .

Bonpocwt u 3a0auu:

1.Ctpenok npoussen 3 BbICTpela [0 MUILIEHHU, A1 — IIONIaJJaHUE NPU IEPBOM BhICTpene, Ay — Ipu

BTOpOM, A3 — Mpu TpeThbeM. Bripazuth uepe3 A1, Ay, Az U UX OTPUIIAHHS CIETYIOIINE COOBITHS:

a) OZIHO TonajgaHue; 0) Tpu Npomaxa; B) TpU NOMAJaHUS; T) XOTs Obl OJUH ITPOMaXx.

2.Mownera nmogoOpaceiBacTcs 4 pasza. PaccMaTpuBaroTcs COOBITHSI — MOsBJICHHE repba MpH i-oM

noabpaceiBanuu (1=1,2,3,4). [IpeacraButh B BUjE CyMM, IIPOU3BEICHUI U CYMM IPOU3BEACHUIA

coObITHIi Aj crieayroniie coObIThs: A — MOSIBUIKCH Bee 4 repba; B — mossunuce Bee 4 mudpsr; C

— mosiBWICA XOTs1 Obl ojuH rep0; D — nosiBunack xots Ob1 ogHa mudpa; E — mosBumics Toibpko

onuH rep0; F — mosiBuIIack TonpKo oHa mUdpa.

3.bpomenst 3 wmonetsl. CocTaBUTh COOBITHS, oOOpa3yronme TMoiaHyr rpymnmny. CKOJIBKO

PABHOBO3MOXHBIX HMCXOJIOB 00pa3yloT IMOJIHYIO TPYIIy COOBITMH? YKaXuTe 31eMeHTapHbIe

coOBITHSI, HE 00pa3yIoLINe OTHON IPYIIIHL.

4. IlpuBeauTe NpuMepHI:

A) Tpex coObITHH, 00pa3yOUIUX MOJIHYIO TPYIIIY;

b) Tpex coObITHIi, pABHOBO3MOKHBIX 1 HECOBMECTHBIX, HO HE 00pa3yIoLIMX MOTHON IPYIIIb;

B) naByx coObITH, HECOBMECTHBIX M OOpa3ylOIIMX TMOJHYI TpyHmy COOBITHH, HO HE

PaBHOBO3MOXHBIX.

5. bpocatorcs OIHOBpPEMEHHO JBE WIrpajbHble KOCTH. HalWTH BepOsSTHOCTH CIEAYIOIINX

coObITHIT: A-CyMMa BBINIABIINX OYKOB paBHA §; B-nipon3BeieHne BHIIABIINX OYKOB PAaBHO 8.

6. B xomBepre cpemu 100 ¢doTokapTouek HaXOIUTCS OJHA pa3bickuBacMmas. M3 KoHBepTa

Haynauy wu3BiedeHbl 10 kaptouek. HalTu BepoATHOCTH TOrO, YTO CpPEId HUX OKaXKeTcs

pa3bICKuBaeMasl.

7. Habupas Homep TenedoHa, abOHEHT 3a0bUT TOCIEIHUE TPU HUGPBI U, TTOMHS JIHUILb, YTO 3TH

nupsl pa3nuuHbl, HaOpan uX Haygady. HailTu BeposITHOCTH TOro, 4ro HOMep HalpaH

MPaBUIBHO.

8. 13 oyxB ciioBa YPABHEHUE BreiOupaercst Hayran oqHa OykBa. KakoBa BEpOsSTHOCTB, UTO 3Ta

OykBa OyzerT: a) r1acHoi, 0) cornacHoii, B) OykBoit 11]?

9. M3 xopomio TacoBaHHOW KOJOBI, COAEpKalieid 52 KapThl, HayraJ BbHIOMpaeTcsl OHa KapTa.

HaiitTu BeposiTHOCTH TOTO, YTO: a) OHA OKaXkeTcs OyOHOBOI MacTH; 0) OHa OKaXeTCs TY30M; B)

OHAa OKWXKETCS YEPHOW MacCTH; T) 3Ta Kapta Jaubo Ty3, MO0 KOpoJb, MO0 mama, JuOo BaJeT,

1100 necsaTka.
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10. Pebenok urpaer ¢ 10 OykBamu paspesHoii azdoyku A, A, A, E, U, K, M, M, T, T. Kakosa
BEPOATHOCTb, YTO TMpPU CIy4alHOM pacrlojoXeHUu OyKB B pAl, OH MOJYYUT CIOBO
MATEMATUKA?

11. B crapunHnoit uaaeiickoit urpe "ToHTr" ABa UTPOKa OJTHOBPEMEHHO IMOKA3bIBAIOT APYT IPYTY
anbo onxuH, MO0 ABa, NMMOO TPU TaNblla HAa MpaBOW pyke. Ecim sl Kaxaoro urpoka
pPaBHO3HAYHO MMOKAa3aTh OJMH, JBa WIM TPU Majblla, TO YEMYy paBHa BEPOSTHOCTb TOTO, YTO
olmiee YMCIO MOKA3aHHBIX MANBIEB: a) YETHO; O) HEYETHO; B) OOJBIIE YETHIPEX; I') MEHBIIE
JIBYX; 1) IpocToe?

Ilpakmuueckasa paooma 14. Bapuayuonnsie paovl u ux zpaguueckoe uzoopasicenue.
Iens: bopmupoBaHNEe OCHOBHBIX ITOHATHI MaTeMAaTHIECKOI CTaTHCTHKH.
Teopemuuecxaﬂ yacmo:

MaremaTHuecKasi CTaTUCTHKA 3aHUMAETCS YCTaHOBJIIEHUEM 3aKOHOMEPHOCTEH, KOTOPBIM
MOJYMHEHBl MACCOBBIE CIIy4alHbIE SIBJICHUS, HA OCHOBE OOpabOTKM CTATUCTUYECKUX JIaHHBIX,
NOJYYCHHBIX B pe3ynbTaTe HaOmrogeHuil. J[ByMs OCHOBHBIMH 3aJladyaMd MaTeMaTU4eCKOM
CTaTHCTUKH SIBJISIOTCS:

- ompeiesieHne croco0oB cOopa U IPYNIUPOBKH ITUX CTATUCTUYECKUX JIaHHBIX;
- pa3paboTKa METO/IOB aHAJIN3a MOJYYCHHBIX IaHHBIX B 3aBUCUMOCTH OT LIeJIel Hccle0BaHus, K
KOTOPBIM OTHOCSITCSL:

a) OILIGHKa HEU3BECTHON BEPOSATHOCTH COOBITHS, OIIEHKAa HEW3BECTHOW (PYHKIIMU
pacripenenieHusi; OLEHKAa IapaMeTpOB paclpesieieHus, BUJ KOTOPOrO M3BECTEH; OIICHKA
3aBHCHUMOCTH OT JAPYTUX CIYYalHBIX BEIUYUH U T.1.;

0) mpoBepKa CTAaTHCTUYECKUX TUIOTE3 O BHJIE HEM3BECTHOTO PACIPENEICHUS WIA O
3HAYEHUSX MapaMeTPOB U3BECTHOTO PacIpeaeICHUS.

Jns  pemieHuss 3THX 3a4a4  HEOOXOJMMO BBIOpaTh M3 OOJIBIION COBOKYITHOCTH
OJIHOPOAHBIX OOBEKTOB OrPAaHMUYEHHOE KOJIMYECTBO OOBEKTOB, MO pe3ylbTaTaM H3y4YCHUS
KOTOPBIX MOYKHO CJIEJIaTh MPOTHO3 OTHOCHTEIBHO HCCIIEyEMOTr0 IPU3HAKA ITHX 00BEKTOB.

OmnpenenriM OCHOBHBIE TIOHATHS MATEMAaTHIECKON CTaTHCTUKHU.

I'enepanvuas co8oKynHocms — BCe MHOXKECTBO UMEIOIINXCSI 0OBEKTOB.

Buviboprka — Habop 00BEKTOB, CIy4ailHO OTOOPaHHBIX U3 T€HEPAIIbHON COBOKYITHOCTH.

Obvem eenepanvnou cogoxynHocmu N U o0b6vem 6bi00pKu N — 4UCIO OOBEKTOB B
paccMaTpuBaeMOU COBOKYITHOCTH.

Bunsr Be16OpKU:

[ToBTOpHAST — K@Kl OTOOPAHHBINA OOBEKT MEpe]] BHIOOPOM CIIEAYIONIET0 BO3BPAIACTCS
B T€HEPaIbHYI0 COBOKYITHOCTb;

becrnioBTopHast — 0TOOpaHHBIN 0OOBEKT B TEHEPATHHYIO COBOKYITHOCTh HE BO3BPAIIAETCSI.

Jns Toro, ytoOBl MO HCCIEAOBAHUIO BBIOOPKM MOXKHO OBUIO CjenaTh BBIBOJABI O
MOBEJICHUH WHTEPECYIONIETO HAc NpPU3HAKa TEHEPAIbHOW COBOKYITHOCTH, HYXHO, YTOOBI
BbIOOpKA TPABMIIBHO MPEJCTaBIsIa MPONOPIMHU T'€HEepaJbHOM COBOKYIHOCTH, TO €CTh Oblia
penpeszenmamuenoli  (IPEACTABUTENIBHOM). YUYUTHIBas 3aKOH OOJBIIMX YHCEN, MOXHO
YTBEP)KJaTh, YTO ITO YCJIOBHUE BBIMOIHAETCS, €CIIM KaXK/blii 0OBEKT BBIOpaH CiydailHO, IpUYeM
JUISL TI000T0 00bEKTA BEPOSITHOCTH NMONACTh B BBIOOPKY OJJMHAKOBA.

[TycTs uHTEpecyromas Hac ciydailHas BelMYMHA X MPUHUMAET B BHIOOpKE 3HAYECHUE X1
K

Ny pas, X2 — N2 pas, ..., Xx — N¢ pa3, OpuYeM an =N, rae N — obvem BbIOOpkU. Torma
i=1
HaOJro1aeMble 3HAYEHUS CIy4ailHON BETUYUHBI X1, X2,..., Xx HA3bIBAIOT BapHaHTaMH, a N, Ny,...,
Ny — yacToTamMu. Eciou pa3fenuTh KaxAyl0 4YacTOTy Ha 0O0beM BBIOOPKH, TO MOJIY4YHUM
OmMHOCUMENbHbIC YACTOMbL @, = —- .
n
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[TocnenoBarenbHOCTh BapHaHT, 3alUCAaHHBIX B TOPSJAKE BO3pacTaHUsi, Ha3bIBAIOT
BapUAIlMOHHBIM PSAIOM, a TIEPEUYeHb BAapUAaHT W COOTBETCTBYIOIIUX MM YacTOT WU
OTHOCHUTEJIbHBIX YACTOT — CTATUCTUYECKUM PSJIOM.

Ipumep 1:

ITpu mpoBenenuu 20 cepuii u3 10 OPOCKOB UrpajgbHON KOCTH YUCIIO BBINAJCHHNA MIECTH
OYKOB OKa3ajioch paBueim 1, 1,4,0,1,2,1,2,2,0,5,3,3,1,0,2,2,3,4, 1.

CocraBum Bapumanmonubiid psa: 0,1,2,3,4,5. Craructudeckuil psin s aOCONMIOTHBIX U
OTHOCHUTEJIbHBIX YaCTOT UMEET BHI:

X, 0 1 2 3 4 5
. 3 B 5 3 2 1
W, 014 0,3 0,25 015 0.1 0,05

Ecnu uccnenyercst HEKOTOpPbIM HENpEepbIBHBIN MPU3HAK, TO BAPUALIMOHHBIM PSJI MOXET
COCTOATh W3 OYEHb OOJBIIOrO KOJIMYECTBA YHceld. B 3ToM ciydae ymoOHee HCHOIb30BATh
IpyNIUPOBAaHHYIO BbIOOpKY. /[l ee moiydeHus HHTEpBaJ, B KOTOPOM 3aKIIOUYEHBbl BCE
Ha0JII0/1aeMble 3HAUEHUS IIPU3HAKa, pa30MBalOT HA HECKOJIbKO PaBHBIX YACTUYHBIX MHTEPBAJIOB
JUIMHOM h, a 3aTeM HaxoIAT s KaKJOro 4aCTUYHOI'O MHTEpBAJa Nj — CYMMY YacTOT BapuaHT,
nomaBmMx B i-ii wHTepBan. CocTaBieHHass MO ATHM pe3yjibTaraM TaOiHIa Ha3bIBAETCS
2PYRNUPOBAHHBIM CIMAMUCTIUYECKUM PAOOM.

JIsi HarJIAIHOTO NPEJCTABICHUS O IOBEICHUM MCCIEIyEMOW CIIy4alHOM BEIWYMHBI B
BbIOOPKE MOYKHO CTPOUTH pa3inuHble rpadguku. OJUH U3 HUX — IOJUIOH 4YacTOT: JOMaHasd,
OTPE3KH KOTOPOHM COCTUHSIIOT TOYKH C KoopauHaTamu (X1, N1), (X2, N2),..., (Xk, Nk), TA€ Xj
OTKJIa/IbIBAIOTCS HAa OCH a0CLIMCC, a nj — Ha OcH opauHaT. Eciin Ha ocu opAMHAT OTKJIAa/IbIBATh HE
abcomoTHbIe (Nj), @ OTHOCUTENbHBIE (Wi) YAaCTOTHI, TO TMOJYYHUM IIOJIMTOH OTHOCHUTEIHHBIX
4acToT.

Otansl NepBUYHON 00pabOTKH BEIOOPKHU:

1.Pan>xupoBaHue ONMBITHBIX AAHHBIX (PACHOJOKEHHE 3HAYEHUN MPU3HAKA 110 YOBIBAaHHIO
WM BO3PACTaHMUIO).

2.YacToTHbI! aHaIM3 (MOCTPOEHHE CTATUCTHYECKOTO Psijia, ONpeiesIeHe OTHOCUTEIbHBIX
4acToT).

3.I'pynnupoBka (4acToTHas TaOysAMs BEIOOPKH).

Bonpocwi u 3a0auu:

1. Hmerorcs cnenyroomue AaHHble 00 ycneBaemMocTd 20 CTYAEHTOB TpPyHIbl IO
CTaTUCTHUKE B JIETHIOIO ceccuto: 4,4, 3,5,2,2,5,3,3,3,5,3,2,4,3,2,3,5,5, 4. llocrpoiite:
pAI pacrpenenaeHus CTYAEHTOB 10 OalljlaM OLIEHOK; Psii pacipeleieHNs CTYIEHTOB MOJI YPOBHIO
yCIIEBAEMOCTH, BBIJEIMB B HEM JBE TIPYIIBl CTYACHTOB: HEYCIEBAIOIINME M YCIEBAIOLIME.
N3006pa3ute Kaxaplii U3 psiioB rpaduyecKu.

2.IlocTpouTh KPUBYIO M THCTOIPaMMy CYMMBbI HaJOTrOBBIX HEYIUIAT, 3a(MKCHUPOBAHHBIX
10 YCJIOBHBIM PETMOHAM CTPaHbl, JaHHbIE 110 KOTOPHIM MPUBEEHBI B TabauIle (B MJIH. pyo0.):

21 43 72 84
22 54 75 32
26 49 77 45
27 53 78 65
28 54 81 12
32 58 83 34
34 61 84 54
37 65 84 34
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39 68 88 41

3.Jlana rcxoHasi BHIOOPKA MO POCTY M BECY CTYJEHTOB IPYIIIBL:
Focr | 160 | 168 | 175 | 169 | 1v0 | 169 | 162 | 166 | 163 | 160 | 138 | 173 | 162 | 173 | 1%
Bec | 48 | 5% | 69 | 64 | 69 | 70 | 51 | 60 | 67 | 54 | 48 | 38 | 44 | 50 | 36

Omnpenenure 00beM BbIOOpKH. COCTaBbTE PAHKUPOBAHHBIM M BapUALMOHHBIA PSAIBI 10
Ka)KIOMY U3 MPU3HAKOB.

4.IlocTpouTh TruUCTOrpaMMy HAarpy3kd Ha OJHOTO CJIEA0BATeNsl 0 PaccielOBaHHBIM
YTOJIOBHBIM JI€JIaM IO TAHHBIM TaOJIUIIbI:

Tonbl 1995 | 1996 | 1997 [ 1998 | 1999 | 2000 | 2001 | 2001 | 2003
Mo ommmn| 632 | 49,6 41 315 | 323 | 324 | 379 | 342 | 362
MBI

Ilo  nuuumm | 17,2 16,9 15,5 151 16 17,7 18,2 18,3 19,7
IIPOKYpPATyphl

5.Tpu BapwaHTa HWCXOAHBIX JAHHBIX TaOMUIBI HUXKE — PE3yJIbTaThl Tele()OHHBIX
[IEPEroBOPOB B MHUHYTaX COTPYIHUKOB TpeX OTAEIbHBIX CIYyXO B TeueHHe pabodero Hs.
Tpebyercs cocTaBUTh MHTEPBAIBHBIN Psi/I paclipeesICHHsL.

Ne 1 2 3 4 5 6 7 8 9
BBIOOPKH

Cryxb6a 1 1,9 2,6 3,1 3,3 2,1 2,0 4,7 0,9 2,8

Cayx0a 2 6,9 11 3,6 1,0 7,0 2,1 8,7 1,0 8,0

Cayx0a 3 4,7 6,8 3,8 3,1 1,8 7,1 9,2 8,1 4,0

6. Jlana BwiOopka 7,3,3,6,4,3,5,1,2,1,3. Tloctpouts BapuanmoHHBIA psa. Onpenenurhb
pa3Max BBIOOPKH.

Ilpakmuueckaa padoma 15. Toueunwvie ouyenku. Ilonamue unmepsanvHo2o
ouenueanus. Jlogepumenvhaa 6epoAmMHOCb U npedenvHas owiudka evloopku. Ouenka
XapaKmepucmuK 2eHepaIbHoll CO60KYRHOCHU NO MAJ101 6blOOPKe.

Ilens: popMupoBaHNE OCHOBHBIX TOHITHI MaTeMaTUYECKON CTATUCTUKU MPU 00pabOTKe
pE3yJIBTaTOB DKCIIEPUMEHTA.

TEOPEMMWECK(I}I uyacmo:

UYucnoBble MOKa3aTeIH, XapaKTEpU3YIOUIMEe T'eHEPAIbHYI0 COBOKYITHOCTb, Ha3bIBAIOT
napamempamuy, a YUCIOBBIC TIOKa3aTelld, XapaKTepHU3YIOLIMe BBIOOPKY,—  8b100pOUHbIMU
Xapakmepucmukamu — WA cmamucmukamyu. — BbpIOOpOYHBIE  XapaKTEPUCTHKHU  SBJISIOTCS
OpUOMDKEHHBIMU ~ OLIEHKaMU TeHEepalbHbIX MapamMeTpoB. OTO BEIMYUHBI CilydailHble,
BApbUpYIOLIME BOKPYr cBouX mnapaMeTrpoB. OIIeHKM TeHepalbHBIX IapaMeTpoB IO
BBIOOPOYHBIM XapaKTEPUCTUKAM MOTYT OBITh TOUCYHBIMU M HHTEPBAIbHBIMHU.

I'eHepanbHble XapakTEpUCTUKH, WIM MapaMeTpbl, MNpUHATO 0003HayaTh OyKBaMu

rpedeckoro andasBuTa, a BHIOOPOUHbIE XapaKTEPUCTUKY - JATUHCKOTO. BriOOpouHas cpeansis X
SBIISIETCSL OIEHKOW TeHepalbHOM CpemHed a, BBIOOpOYHAs JHUCIEePCHUs SXZ—OHCHKOﬁ reHEpAIbHON
mucnepeun O Xz’ a CpelHee KBaJApaTUYECKOE OTKJIOHEHHE Sy — OLEHKOM CTaHIapTHOI'O
orkiaonenus O , XapaKTepU3YIOIErO TEHEPAIbHYK COBOKYIIHOCTb. JTO MOYCUHbIE OYECHKU,
MpeCTaBIsAImKUe coO00i He WHTEpBalbl, a yucia («TOYKH»), BBIYUCISEMBIC MO CIyYailHOU
BBIOOpKE.
Tpeoosanus, npedvasnaemovie K mMOYEYHBIM OYECHKAM.

BriOopounbie XapaKTEpUCTUKU KaK BEJIMYUHBI CIIydailHbIe, BapbUPYIOIIHNE BOKPYT

CBOUX T€HEpaJbHBIX IMapaMeTpPOB, B OCHOBHOM HE COBHAJAIT C HUMHU TO aOCONIOTHOU
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BCINYHHC. I[JISI TOTO YTOOBI CTAaTUCTHYECKHE OIICHKHU [JaBaJIkd «XOPOIIHCH HpI/IGJII/I)KeHI/ISI
OLICHUBAEMBIX IapaMEeTPOB, OHM JIOJDKHBI YAOBIJIETBOPSATH OINPEAEIEHHBIM TpPeOOBaHUIM.
OneHKy JOJDKHBI YAOBIETBOPATH MO MEHBIIEH Mepe CIEAYIOIUM TpeOOBaHUAM: OBITH
COCTOSITEIbHBIMHU, 3()(HEKTUBHBIMU U HECMEILIEHHBIMH.

ToueyHass OLIEHKA CTAaTUCTHKU HA3bIBACTCA COCMOAMENbHOU, €CIU IPU YBEINYEHUU
o0beMa BBIOOPKM OHAa CTPEMUTCS K BEIMYMHE MeHEepalbHOro napamerpa. Tak, JUisl TeHepaibHOU
CpeIHel COCTOSTENbHOM OIEHKOM SIBISICTCS BHIOOPOYHAS CPEHSs, IS TeHEpAIbHON JUCIIEPCUU
COCTOSITENIBHOM OLIeHKOM OyneT BbIOOpOUHas AUCHIepCHsl.

Toueuynas oueHKa Ha3BIBACTCS dPhexkmueHoll, eC OHA UMEET HAUMEHBIIYIO UCIEPCUI0
BBIOOPOYHOTO PACIpPEEICHUs 10 CPaBHEHUIO C JPYIrMMH AaHAJOTMYHBIMM OLIEHKAMH, T. €.
00HapyKMBaeT HAMMEHBIIYIO CITyYalHYyIO BapHAIIHIO.

OneHka Ha3bIBaCTC HeCMeweHHOlU, €CIM  MaTeMaTU4eCKOoe OXXKHMJaHHEe ee
BBIOOPOYHOIO paclpeeeHHsl COBIAIaeT CO 3HAUEHUEM IeHEPAIbHOIO ITapaMeTpa.

Bbi0opounas cpeaHsisi

Ilycte 111 M3y4deHuss TEeHEepaJbHOM COBOKYIIHOCTH OTHOCUTENIBHO KOJIMYECTBEHHOIO

npu3Haka X u3BjIeYeHa BbIOOpKa 00bEMa N.

Bri6opounoii cpenneit X, Ha3pIBAalOT cpenHee apu(METHYECKOE 3HAYEHHE MPH3HAKA
BbIOOPOYHOM COBOKYITHOCTH.
Ecmu Bce 3mauenms Xp, X,,..., X,, TpH3HAKa BHIOOpKM 00bEMA N pasIMYHBI, TO

_ X X et X,

X, N
Ecnu ke 3HaueHus npusHaka X, X, ,..., X, UMeroT coorBeTcTBeHHO yactothl f, f,,... f,
K
z X i
, TO )_(8 = ':l—.

n

3ameuanue. BreibopouHast cpenHsisi, HaiifieHHass 1O JaHHBIM OJHOW BBIOOPKH, €CTh,
OUYEBHJIHO, onpenenénHoe yncio. Ecnu jxe n3Bnekath Jpyrue BEIOOPKU TOTo ke 00bEéMa 13 Toi
€ TeHepaIbHOW COBOKYITHOCTH, TO BbIOOpOYHAsl cpefHssi OyAeT M3MEHATbCS OT BBIOOPKU K
BbIOOpKe. TakuM 00pa3oM, BBIOOPOUHYIO CPEIHIO0 MOXKHO paccMaTpUBaTh Kak ClydaiHyro
BEJIMUMHY, a, CJIEJJOBAaTEIbHO, MOYKHO TOBOPUTH O paclpeeseHUusIX BHIOOPOYHON CpeaHel u o
YHCJIOBBIX XapaKTEPUCTUKAX ATOTO pacHpeaeaeHns (€ro Ha3pIBalOT BEIOOPOUHBIM), B YACTHOCTH,
0 MaTeMaTH4YE€CKOM OKUJAaHUH U JUCTIEPCUU BBIOOPOYHOTO pacIpeieieHHUs.

Bbi0opounasi aucnepcus
Jns  Toro, 4YTroObl  OXapaKTepU30BaTh  paccessHue  HaONIOJaeMbIX  3HAYEHUH

KOJIMYECTBEHHOTO NPU3HAKA BEIOOPKH BOKPYT CBOETO CPEJJHErO 3HAUEHHs X, , BBOJASAT CBOIHYIO
XapaKTEepUCTUKY — BBIOOPOUHYIO AUCIIEPCHIO.
Bei6opounoii mucnepcueii D, HaseBator cpenHee apupmerHueckoe KBaJIpaToB

OTKJIOHCHU A Ha6n}0)1aeme 3HAYCHHI IMPpU3HAKa OT UX CPEAHETO 3HAUCHUSA )_(8 .

Ecmu Bce 3nauenns Xq, X, ,..., X,; Ipu3HaKa BEIOOPKU 00BEMa N Pa3IuyIHEL, TO

3 (%~ X,)?
D, =" .

8

n
Ecnu 3HaueHns mpusHaka X, Xo,..., X, HMEIOT cooTBerctBeHHO wactoTel fy, )., f,,

npuuém f, +f,+..+f, =n, 10
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Jlerko «uCHpaBUTH» BBIOOPOUHYIO JUCIEPCHIO TaK, 4YTOOBI €€ MaTeMaTH4ecKoe
oKuJaHue OBUIO PaBHO TeHepaibHOM jaucrepcuu. JloctaTouno s storo ymHoxuts D, Ha

JIpo0b . CnenaB 3T0, MOJYYUM HCTIPABIICHHYIO JIUCIIEPCUIO, KOTOPYIO OOBIYHO 0003HAYAIOT
qepes 52:
: 2 : 2
Z(XI _Xs) fi Z(XI _Xs) fl
52 n D n = _ it

n-1 ° n-1 n n-1
Hcnpasiennas nucnepcus siBasieTCs, HECMEIEHHOM OLICHKOW MeHepaabHON JUCIICPCHH.
I/ITaK, B Ka4CCTBC OICHKU FeHepaﬂbHOﬁ zmcnepcml HpI/IHI/IMaIOT I/ICHpaBJIeHHYIO

k
(Xi - )_(k)z fi
1

aucIepenio S° = =
n-1

Kpome mmcriepcun it XapaKTEPUCTHKH PACCESTHUS 3HAYCHHWN MPH3HAKa BBIOOPOYHOM
COBOKYITHOCTH BOKPYI CBOEIrO CPEIHEro 3HAYEHUsS IOJIb3YIOTCS CBOJAHOM XapaKTEPUCTHKOM —
CPEIHUM KBaJIPaTUYECKUM OTKJIOHEHUEM.

BbI60OpOYHBIM  CpeTHUM KBaJpaTUYECKUM OTKIOHEHHEM (CTaHJApTHBIM) Ha3bIBAIOT
KBa/IpaTHbIA KOPEHb 13 BBIOOPOUHOIi aucnepenn: O, = /D, .

HJ'ISI OLOCHKHU K€ CPCAHCTO KBAAPATHUUYCCKOI'O OTKJIIOHCHHUS reHepanLHoﬁ COBOKYITHOCTH
HCIIOJIB3YIOT «UCHPABJICHHOC» CPCAHCC KBAAPATHUYCCKOC OTKIOHCHHE, KOTOPOC pPaBHO

Zk:(xi _)_(3)2 f;

KBaApaTHOMY KOPHIO U3 HCHp&BJ’IGHHOI’I JUCIEPCHUH: S =

So-x)f S -5,

3ameuanne. CpaBHuBas ¢popmynsl D == ns? =12 BUIIUM
y 6 b &

n n-1

YTO OHU OTJINMYAKOTCH JIUIIIb 3HAMCHATCIISIMUA. O‘leBI/II[HO, pu 10CTAaTOYHO 6OJ'ILI_HI/IX 3Ha4YCHUAX N
00BbéMa BBIOOPKHM BBHIOOpPOYHAS M MCIpaBICHHAsl AMCIEPCUM pasnuyaroTcss Maio. Ha mpaktuke
HOJIB3YIOTCS UCTIPaBJIEHHON Aucnepcueit, ecnu npumepHo N<30.

IIpumep. Cpenu cBUHOMATOK XO35IHiCTBa OBLJIO BHIOpAaHO 64 CBUHOMATKH, JAHHBIE 110
onopocam CpCn KOTOPBIX CICAYIOHIUC:

8; 10; 6; 10; 8; 5; 11;7; 10; 6; 9; 7; 8; 7; 9;11; 8; 9; 10; 8; 7; 8; 11, 8; 7; 10; 8; 8; 5; 11; §;
10;12;7;5;7;9;7,10;5;8;9;7;,12;8;9;6;7;8;,7;,11; 8;6; 7; 9; 10.

OmnpenenuM cpeaHee BBIOOPOYHOE UYUCIO IMOPOCAT B MoMeTax 64 CBHHOMATOK H
BBIYHCJIMM ITIOKA3aTCJIN Bapualuu i1 3TON BBI60pKI/I.

Pemrenne:

BLI60pO‘-IHa$I CpCaHss Yuciia IOpPoCAT B OIMOPOCaxX:

_ §:xiﬁ
X == ~528/64=8,25

2 -

Bri6opouHas nucnepcust yucia mopocsiT:
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D, =2 =218/64=3,41,

Bei6opounoe cpeHee KBaapaTHueckoe OTKIIOHCHHUE YHCIIa TOPOCST B OMIOPOCAX:
o, = \/Dg = \/3,41 =185 MOPOCHT.
HcnpassieHHast BHIOOPOYHast AMCIIEPCHsI YUCIIa IOPOCHT:

s? = nil D, = 64/63* 218 = 3,46.

I/ICHpaBHeHHOC CpE€AHEC KBAAPAaTHICCKOE OTKIIOHCHUEC YHCJIa ITIOPOCAT B OIIOpOCax:

s =+/s? = /3,46 =186 nopocsr.

Wrak, Hamu HalIeHbI CIeAyIOlMe TOYEeYHbIE OIEHKU 0 JaHHOM BBIOOpKE:

TOYEYHasi OLEHKAa CpPEJAHEro 4YHcia NOpOCiIT B ONOpoOcax [l TIeHEepaJbHOU
COBOKYITHOCTH (TO €CTh IO BCEMY XO03sIICTBY): 8,25 mopocsT;

TOUEUYHAsi OIEHKAa CPEJHEro KBaJApaTUUYECKOTO OTKJIOHEHUS 4YHClIa TMOPOCIT B
reHepaabHOU COBOKYNHOCTH: 1,86 mopocsT.

[Ipu BBIOOpKE MaOro 00BEMA TOYEUYHAS OICHKA MOXKET 3HAUUTENBHO OTINYATHCS OT
OIICHMBAEMOI'0 MapameTpa, T. €. MNPUBOAUTH K TpyObiM ommuOkaM. [lo sToil mpuuuHe npu
HEOONBIIOM 00bEME  BBIOOPKM  CIEAyeT IOJb30BAThCSl  MHTEPBAIBHBIMU  OILICHKAMHU.
WuTepBanbHOM Ha3bIBAIOT OLIGHKY, KOTOpas OMpeAensercs [ABYMS YHUCIaMH — KOHIIAMU
WHTEpBaja.

*
[Iycth HaliJieHHAS 110 JaHHBIM BBIOOPKH CTATHCTHYECKas xapakTepuctuka ®  ciayxur
onenkoii HemsecTHoro mapamerpa ® . Bymem cumrats ® moctosmEbM umciom (® wmoxer

*
OBITH ¥ CIydaitHOH BenmuuHOi). ScHo, uto ® Tem Tounee ompenenser mapamerp ®, uem

*
MEHbIIE a0COIIOTHAS BEIMYMHA Pa3HOCTH ‘@—@ ‘ Jpyruvu crosamu, ecn O >0 n

*
‘@ -0 ‘< O, TO 4eM MEHbIIe O, TeM OLEHKa TodHee. Takum 00pa3zoM, TOJIOKHUTEIBHOE

9pciIo O XapaKTepH3yeT TOUHOCTh OLEHKH.
OnHako CTaTUCTUYECKHME METOAbl HE TO3BOJISIIOT KATETOPUYECKH YTBEpKIOaTh, 4TO

ouenka O YIOBIICTBOPSIET HEPABEHCTBY ‘@—(9*‘ <O0; MOXHO JHUIIb TOBOPHTH O
BEPOSITHOCTH ), C KOTOPO# 3TO HEPAaBEHCTBO OCYIIECTBIISETCS.

HanéKHOCTBIO (IOBEPUTEIBHON BEpOSTHOCTHIO) orenkn © 1o ®" HasmBaroT
BEPOATHOCTH ), C KOTOPOM OCYLIECTBIAETCS HEPABEHCTBO ‘@—(9*‘ <O . OO6bYHO

Ha/&KHOCTh OLEHKM 3aJaéTcs Hamepén, NpuuéM B KadecTBe )7 OepyT 4mcio, OIu3Koe K
equauie. Haubomee yacto 3a1ar0T HAAEKHOCTH, paBHYO 0,95; 0,99 1 0,999.

[TycTb BEPOSTHOCTH TOTO, YTO ‘@ — ®*‘ <O ,paBHa ¥ : Pﬂ@ — @*‘ < 5]2 V.

*
3aMEHHMB HEPABEHCTBO ‘@ -0 ‘ < O paBHOCHILHBIM €MY JBOMHBIM HEPABEHCTBOM

—-0<0O-0 <o, WIn ® —-06<O<O® +5, uMeeM
Plo"—s5<0<0" +5|=y.
DTO COOTHOIIGHHE CJeIyeT TOHMMATh TaK: BEPOATHOCTh TOTO, UTO HMHTEPBAN

* *
(® —5,0 + ) sakmouaer B cebe (IOKpHIBAeT) Hew3BecTHEIH mapamerp ®, pasma ¥ .
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JloBepUTENbHBIM HA3BIBAIOT UHTEPBAI (®* -0, O + 0), KOTOPBIH MOKPHIBAET HEM3BECTHBIM
napameTp € 3aJJaHHOM HaZEKHOCTBIO /.

JloBepuTebHbIe  HMHTEPBAJbl UIA  OLEHKH MAaTeMATHYEeCKOI0  OKHIAHUSA
HOPMAJILHOI'0 paclpe/ie/IeHusi IPU U3BECTHOM O .

Ilyctp KkOnu4ecTBEHHBIM MNpHU3HAK X TEHEPAIBHOW COBOKYIHOCTH pacCHperciCH
HOpPMAJIbHO, IPUYEM CpeHEE KBAAPATUUECKOE OTKIIOHEHUE O 3TOT0 paclpeiesieHus: U3BECTHO.
TpeOyercst OLICHUTh HEU3BECTHOE MATEMATHUECKOE OXKHIaHHE & IO BHIOOPOUYHO cpenneit X .
[TocTaBuMm cBoell 3amaueii HATH JOBEPUTENbHBIC MHTEPBAIbI, TOKPHIBAIONINE IMapaMeTp A C
HaJEKHOCTBIO )/ .

Ecnu cnyuaiinas BenunduHa X pacrpeeieHa HOpMalIbHO, TO BbIOOpouHas cpemuss X ,
HallleHHasl 110 HE3aBUCUMBIM HaOIOJEHUSAM, TaKXke paclpeliesieHa HopMaiabHO. [lapamerpbl

pacnpeaciCHus )? TAaKOBBI:
- - o
M(X)=a, o(X)=-2.

Jn

HpI/IHHB BO BHHMAHHC, YTO II0 YCJIOBHIO HaM 3ajJlaHa BCPOATHOCTH ?/, Inojiygacm

cnenyromyo Gopmyny (4ToObI TOMYyYUTh pabodyio (HOpMyIiTy, BEIOOPOYHYIO CPEIHIOID BHOBH
0603HaunM yepe3 X)

Plx— 17 cacx+ % =20, (t)=7.

Jn Jn

CMBICH MNOJIYYCHHOI'O COOTHOLICHUA TAKOB: C HaJEKHOCTBIO 7/ MOKHO YTBEPKAATb, YTO

_ to

o o, o
Jn'Un

JIOBCPHUTEIbHBIA HHTEpPBAT | X — MOKpPBHIBAET HEW3BECTHBIM mapamerp a;

to
TOYHOCTH OLICHKHN 5 = —

Jn
) _ _7.
YkaxeM ewg, uro uucno t onpenensercs u3 pasercrsa 2@, (1) =y, wm D, ()= E

o Ta6J'II/II_[e CI)YHKI_II/II/I Jlammaca HaxomaT ApPTYMCHT t, KOTOPOMY COOTBETCTBYCT 3HAYCHHC

¢dbynkuuu Jlannaca, paBHoe E .

Hanéxnocts ) =0,95 ykasblBaeT, 4TO €CIIM NPOU3BEJEHO JOCTATOUYHO OOJIBIIOE YHUCIIO
BBIOOPOK, TO 95% M3 HUX OMNpeneNsieT Takue JOBEpUTEIbHbIE HHTEPBANIbI, B KOTOPBIX MapaMeTp
JEMCTBUTENIBHO 3aK/IIOUEH; JIMIIb B 5 % CIIydaeB OH MOKET BBIUTH 3a I'PaHMIIbI TOBEPUTEIHLHOIO
UHTEpBaja.

[loBepuTebHbIE HMHTEPBAIbI A OLEHKH MAaTeMaTH4YeCKOro  OKHUAAHMSA
HOPMAJILHOI'0 pacipeae/ieHusl TP HEM3BeCTHOM O

Ilycte KOnMMYECTBEHHBIM MNpHU3HAK X TEHEPAIbHOW COBOKYIHOCTH paCIpeciIEH
HOpMaJIbHO, TPUYEM CpelHee KBaJpaTHUECKoe OTKJIOHeHHe O HeusBecTHO. Tpedyercs
OIICHUTHh HEU3BECTHOE MaTeMaTHYECKOe OXKHUIaHue A C MOMOIIBIO JJOBEPHUTENBHBIX HHTEPBAJIOB.
Pazymeercsi, HEBO3MOXHO BOCIOJIb30BaThCS pe3ylbTaTaMM MpeAblayliero mnaparpaga, B
KOTOpPOM O IPEeAIoJIarajoch U3BECTHBIM.

Oxka3bIBaeTcsi, 4YTO MO JAHHBIM BBIOOPKM MOXHO MOCTPOUTH CIYYalHYIO BEITUYHUHY

_X-a

%

T

, KOTOpasd UMCCT pacCIIipCaAcICHUC CTBIO)ICHTa ¢ k = n-1 crenensmu CBO60,Z[LI; 34€Ch
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X - BoIGOpOUHAs CpenHsis, S — «UCIPABIEHHOE» CPEIHEE KBAAPATHYECKOE OTKIOHEHHE, N —
00BEM BBIOOPKH.
[Tone3ysick pacnpenencaueM CThIOACHTa, HAXOAUM:

of t,S 5 t,S
—=<a<X+-—=|=y.
Jﬁ Jﬁ
_ts s
3HAUUT, JAOBEPUTENbHBIM HHTEpBal | X — X 4+ —= |, NIOKpHIBAa€T HEM3BECTHBII

J_ f ’

napameTp A C HafEKHOCTBIO ¥ .

Ipumep. CiyvaitHas BeMMYMHA X — BEC MOJYroA0BAJIOrO MOPOCEHKA B XO3SIMCTBE (TO
€CTh B T€HEpaJIbHON COBOKYITHOCTH) - pacipeaesieHa HopMainbHO. [lo BeIOOpKe 00béMa N = 16
HaiijeHbl BbIOOpouHas cpemuss X =20,2 KI M «HCIPaBIEHHOE» CpEIHEe KBAJPaTHYECKOE
orkioHeHne $=0,8 kr. OUEHUTh HEU3BECTHOE MAaTEMaTHYECKOe OXKHUJAHUE IPU TOMOIIU
JIOBEpUTENBHOIO UHTEpBaja ¢ Haa&xHoCTho 0,95.

Pemenne: Haiiném t y- [Nonb3ysice Tabmuneit, mo 7 =0,95 u n = 16 naxoxum t y =2,13.

HafméM JIOBEPUTEIIbHBIEC TPAHUIIBI:

S .
g% 00 21308 197740
\/_ V16
ts .
g1+ Z 202+ 28308 _ o6 606k

i V16

Hrak, ¢ HanéxHocThio 0,95 HeM3BeCTHBIM MapaMmeTp A 3aKiIOY€H B JIOBEPHUTEIHLHOM
uHTepBaie 19,774<a <20,626 (xr).

JloBepuTebHbIe HHTEPBAJIbI VIS OLCHKH CPeJHEero KBaJpaTu4ecKoro OTKJIOHEHHA
O HOPMAJBHOTO pacnpenejaeHnus

IIycte KOnMMYECTBEHHBIM MNpuU3HAaK X TEHEPAIbHOW COBOKYIHOCTH paCIpeciICH
HOpMaibHO. TpeOyercs OLEHUTh HEU3BECTHOE TIeHEpalbHOE CpellHee KBaJpaTHuecKoe
OTKJIOHEHHE O MO «UCIPABJIEHHOMY» BEIOOPOYHOMY CpEAHEMY KBaJIPaTUYECKOMY OTKJIOHEHHIO
S.

JIOBEPUTEINILHBIN MHTEPBAJI, IOKPBIBAIOIIUN NIapaMeTp O € 3aJaHHOM HAaJIEKHOCTBIO )/
HaXOJAT 10 cieayroleit popmye:

sl-qg)<o<s@+0q).

31ech mapaMeTp ( ONpeAeIsioT, MOIb3YIOTCS TaOIUIIeH TPUIIOKEHUS 2, a S HAXOAT 110
BBIOODKE.

Ipumep. Crnyuaiinas BenuuuHa X — BEC MOJIYTOJOBAJIOT0 MOPOCEHKA B XO35HUCTBE — (TO
€CTb B TEHEpaJbHON COBOKYNHOCTH) pacmpenenéH HopmanbHO. [lo BbIOOpKe 00BEMaA N=25
HallJICHO «HUCIIPABIICHHOE» CpeAaHee KBaapaTuyeckoe oTkiIoHeHue S=0,8 «kr. Haiitu
JIOBEPUTEIIbHBIA MHTEPBa, IIOKPHIBAIOIINN I'€HEPAIIBHOE CPEIAHEE KBAAPATUYECKOE OTKIIOHEHUE
O c "HanéxHocTeio 0,95.

Pemenne: I1o tabnuue no ganueiM ) =0,95 u n=25 naiiném q=0,32.

W koMbl TOBEpUTENBHBIA HHTEPBAJ TAKOB:

0,8 (1-0,32)< 0<0,8 1(1+0,32), unu

0,544< 0 <1,056 (k).

3ameuanue. Eciau 0>1, To HEpaBEHCTBO NPUMET BUJL

0< 0 <s(1+Q).

Bonpocwt u 3a0auu:
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3apaya 1. ITo naHHBIM BEIOOPKH, YAOBIETBOPSIONICH HOPMAIbHOMY 3aKOHY paclpeleNeHus], BEIYUCINTD:
1) noBepUTENBHBIN HHTEPBAJ TSI MATEMAaTHYECKOTO OKUIAHUS MIPH JOBEPUTEIEHON BEPOSTHOCTH Y,
2) NOBEPUTENBHBI HHTEPBAJ U CPEIHETO KBAAPATHIECKOTO OTKIOHEHUS I TOTO )K€ 3HAYCHUS ).

A) y=0.999
8.0 -1.1 135 100 2.4 4.1 20.0 12.4 134 48 7.8 0.0 109 13.7 6.6

B)y=0.95
31.6 34.9 46.9 42.8 36.0 26.2 28.6 48.5 27.7 45.8 32.0 41.2 39.8 33.1 36.3 53.5 43.9 35.8 32.9 34.4

B) y=0.999
25.4 31.1 13.2 23.0 19.1 26.5 23.2 29.2 24.8 26.6 29.3 21.4 28.2 38.2 19.9 30.6 24.5 23.2.

3amaya 2. [lo naHHBIM BBIOOPKH, YHOBIECTBOPSIONIEH HOPMAaJBHOMY 3aKOHY pAaclpeleleHUs] CO CpPEIHHM
KBaJIpaTUYECKUM OTKJIOHEHHEM S , BBIYMCIUTD JIOBEPUTEIBHBIH MHTEPBAN Ui MaTEMaTHYECKOTO OXHUIAHUS TPH
JIOBEPUTEIBHON BEPOSITHOCTH .

s=7,y=0.99

134 86 221 23 14.6 13.0 11.1 294 233 1.7 136 21 216 6.1 86 6.6 16.0 11.6 16.6 1.6 15.8
18.9 106 119 0.1 10.7 3.8 -3.6 154 7.9

45 17.7 10.8 19.6 185 155 9.3 21.7 6.6 105 104 8.2 16.0 22.6 20.5 11.6 23.2 23.0 9.5 11.3 149
19.9 134 13.9 195 19.8 21.0 3.2 14.0 19.1

179 86 112 16.2 139 16.2 171 7.7 125 2.7 165 20.2 155 145 56 16,5 123 99 119 17.6 6.6
203 9.7 132 17.4 5.1 13.0 233 6.8 9.8

155 16.2 184 9.2 57 109 88 7.4 16.2 9.9

IIpakmuueckaa paboma 16. Cmamucmuueckas npoeepka zunomes.

Ilens: chopMupoBaTh IpeJCTaBI€HHME O MeToJAaxX M HPUHIUIAX  I[POBEPKH
CTaTUCTUYECKHUX TUIIOTE3.

Teopemuuec:caﬂ uacmo:

CraTtucT4eckoi Ha3blBAalOT TUIIOTE3y O BMJE HEHU3BECTHOI'O PACHPENENICHHS, WU O
rapamMeTpax M3BECTHBIX pacnpenencHuil. Hapsaay ¢ BBIABUHYTON TMIIOTE30M pacCMaTpUBAIOT U
IpOoTHBOpEYalTyto el runore3y. Eciu BeIgBUHYTas runore3a OyeT OTBEprHyTa, TO UMEET MECTO
npoTuBOpeyanas runoresa. [1o 3Toi npudyMHE 3TH THIIOTE3bI LIENECO00Pa3HO Pa3InYaTh.

HyneBoii (0CHOBHOI) Ha3bIBAIOT BBLABHHYTYIO rumotesy H .

KoHkypupyromieii (anbTepHaTHBHON) Ha3bIBAIOT rumoTe3y H,, KoTopas mpoTHBOpedHT

HYJIEBOMU.

BoiaBuHyTass rumore3a MOXKET ObITh MpPaBWIBHOM WM HENPaBWIbHOH, IO3TOMY
BO3HHMKAaeT HE0OXO0AUMOCTh €€ MpoBepkH. [10cKoNbKy MpOBEpKY MPOU3BOIAT CTATUCTUYECKUMHU
METO/AaMHM, €€ Ha3bIBAIOT CTATUCTUYECKOM. B NTOre CTaTMCTUYECKON MPOBEPKH THIIOTE3BI B IBYX
ClIydasix MOKET OBITh MPUHATO HENPaBUIBHOE PELICHUE, T. €. MOT'YT OBITh JOMYIIEHbI OINOKU
JIBYX POJOB.

Omunbka mepBoro poja COCTOMT B TOM, UYTO OyAeT OTBEprHyTa NpaBHJIbHAs THUIOTE3a.
OmmOka BTOpPOro pojia COCTOUT B TOM, YTO Oy/€T NPUHSITA HENPAaBUIIbHAS THIIOTE3A.

Jlnist IpoBepKU HYJIEBOM THITOTE3bI MCIIONB3YIOT CIEMHUATBHO MOJIO00PaHHYIO0 CIy4aiHYIo
BEJIMYMHY, TOYHOE WJIM NPUOIMKEHHOE paclpeesieHne KOTopod mu3BecTHO. O003HAUuUM 3Ty
BEJIMYUHY B LIesX obumoctr yepes K .

Cmamucmuyeckum Kpumepuem (MIU TPOCTO KPUTEPHEM) HAa3bIBAIOT CIy4aifHYIO
senmunHy K |, KoTOpas ciryuT 11 NpOBEPKH HYJIEBOM THIIOTE3HL.

[Tocne BrIOOpa omnpenenéHHOro KpUTEpUs MHOKECTBO BCEX €r0 BO3MOXHBIX 3HAUEHUU
pa3bMBalOT Ha JBa HEMEPECEKAIOUIMXCS MOJMHOXKECTBA: OJHO W3 HHUX COAEPKUT 3HAYCHUS
KpUTEpHUs, MPU KOTOPHIX HyJIeBas TUIIOTe3a OTBEpraercs, a Jpyras — IMpU KOTOPHIX OHa
IPUHUMAETCSI.

Kputnueckoii 061acThi0 Ha3bIBAIOT COBOKYITHOCTh 3HAYCHHI KPUTEPHS, TPH KOTOPHIX
HYJIEBYIO TUIIOTE3Y OTBEPTaloT.
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OOnacTpl0 TPHUHATHUS THIOTE3B (0OJMACTHIO JOMYCTUMBIX 3HAYCHHI) HA3bIBAIOT
COBOKYITHOCTb 3HaYCHUH KPUTEPUs, IPH KOTOPBIX THITOTE3y TPUHUMAIOT.

OCHOBHOU MPHUHIIMIT TPOBEPKH CTATHCTUYECKUX THUIIOTE3 MOKHO CHOPMYITUPOBATH TaK:
eclii HaOJIolaeMoe 3HAUCHHE KPUTEPHUS MPHHAIICKUT KPUTHUYECKOW OOJIACTH — THUIOTE3y
OTBEPraroT, €CIM HAOII0aeMOe 3HAUCHUE KPUTEPUS IPUHATICKUT 00JIaCTH IPUHSITHS TUTIOTE3bI
— TUTNIOTE3Y MPHUHUMAIOT.

B obnactu cratucTuku ¥ OMOMETPUM B YaCTHOCTH MPUMEHSIOT JIBa BUJA CTATUCTUYECKUX
KPHUTEPUEB: napamempuieckue, TOCTPOCHHBIC HA OCHOBAaHUY TApaMETPOB JTAHHON COBOKYITHOCTH

(Hanmpumep, X SZX) U TpeACTaBiIgoNne (PyHKIUM 3TUX MapaMeTpOB, U Henapamempuyeckue,
MPEJCTABIISAIOMKE CO00M (PYHKIMM, 3aBHCAIIME HEMOCPEACTBEHHO OT BapUaHT JaHHOM
COBOKYNHOCTHU C UX 4YacToTamu. llepBble cily>kaT i NPOBEPKU TUIIOTE3 O MapaMerpax
COBOKYITHOCTEH, pacmpenesieMbIX 10 HOPMaJIbHOMY 3aKOHY, BTOPbIE — ISl IIPOBEPKU PabOUMX
THIIOTE3 HE3aBUCUMO OT (OPMBI  paCIpeleNieHuss COBOKYITHOCTCH, U3 KOTOPBIX  B3STHI
cpaBHHBaeMbIe BHIOOpKHU. [IpuMeHeHHE TapaMeTPUIEeCKUX KPUTEPUEB CBSI3aHO C HEOOXOIUMOCTBIO
BBIUMCIJICHUS] BBIOOPOYHBIX XapAKTEPUCTUK — CPEIHEN BEJIMYMHBI U TIOKa3aTeNel Bapualuu, Torjaa
KakK MMPH MCI0JIb30BaHUH HEMIapaMEeTPUUECCKUX KPUTEPUEB TaKkass HEOOXOMMOCTh OTITa1acT.
t-xkpurepunii Crblonenta (t-pacnpenesnenme). Anrimiickuii marematuk B. [occer
(newaraBmmiics moxa mnceaoHuMoM CteiofieHT), B 1908 1. Hamienm 3akoH pacnpenesieHUs

f— ﬂ o o
BeIUYHHBl 1= /—\/_, B KOTOPOW T€HEPAIBbHBIA MapaMeTp ¢ 3aMEHEH Ha €ro BBIOOPOYHYIO
ol+n

XapaKTEPUCTHUKY Sy, T. €. HAILEN 3aKOH PACNpeOeneHUs: 3HAUCHUT
t= 2K

_s/\/ﬁ'

OtkpbiThiii  CTBIOJIGHTOM U TEOPETHYECKH OOOCHOBaHHBIM P. ®umepom 3axown t-
pacnpeoenenus CIYy>)KAT OCHOBOM TaK Ha3blBAEMOM TEOPUM MAaJoM BBIOOPKH, KOTOpas
XapakTepu3yeT paclpeieieHue BHIOOPOYHBIX CPEIHUX B HOPMAJIbHO pachpeAestoeics
COBOKYIHOCTH B 3aBHCHMOCTH OT 0Obema BBIOOpKH. t-pacmpejiesieHHe 3aBHCHT TOJBKO OT
4ypcia crenenei cBoboabsl K = n—1, mpuuem ¢ yBenudeHneM o0bema BHIOOPKH 7 t-pacmpeseneHue
ObIcTpO TpUOIIKaeTCsT K HOpMailbHOMY ¢ mapamerpamu 4 = 0 u ¢ = 1 u yxe npu n>30
HE OTJIMYAeTCs OT Hero. DTO BUAHO U3 TAaOJIUIIBI HUXKE, B KOTOPOW NMPHUBEAEHBI Ta0YIHPOBAaHHbIE
3HaueHus t-pacnpeieNieHnsl © HOPMAJIBHOTO paclpeneseHus s pa3HbIX 3HaUYCHUH t.

HopmupoBaHHoe OTK/IOHeHUe t

P

ACTIPEACTIEHIE 051 10| 15 | 20 | 25 3,0 35
Hopmainshoe 0,383 | 0,683 | 0,866 | 0,955 | 0,988 0,997 0,9995
CreroeHTa npu 0,333 | 0,577 | 0,728 | 0,816 | 0,870 0,905 0,927

n=3

n=20 0,377 | 0,670 | 0,850 | 0,940 | 0,978 0,993 0,998

n =30 0,383 | 0,683 | 0,866 | 0,955 | 0,988 0,997 0,9995

Oyenka paswocmu cpeonux. CpaBHUBas Jpyr C JOPYyroM JIBE€ HE3aBHCHUMBIC
BBIOOPKH, B3AThIC U3 HOPMAIBHO pacIpeAeISIONIUXCsI COBOKYITHOCTEH ¢ mapaMeTpaMu i1 U
2. Pa3HOCTD p1- (o 9TUX TapamMeTpoB 0003HaunM vepe3 D, To ectb u1- 12=D, a nucnepcuro
3TOH pa3HOCTH ¢ p. 3HAUECHUS TeHEePATbHBIX MTapaMeTPOB HEU3BECTHHI, OHAKO MO BRIOOPKaAM
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MBI MOXXEM HaWTH BEINYHHBI BI:IGOpO‘-IHBIX CpCAHUX M PA3HOCTb MCKIAY HUMU Xl_XZ'

KoTOpyIo 0603HaunM d, To ectp Xy — Xy = d.

HyneBas rumoreza CBOAMTCS K MNPEANOI0KEHHIO, 4YTO W1=H2, TO ecTh D=O0.
Kpurtepuem s npoBepku Ho-rumoressl CIyKUT OTHOIIICHHUE

t = d— (s — 1)
Sq
rje t — mepeMeHHas BeNMYMHA, cieayromas t-pacnpeneneHnio CThIOJACHTA ¢ YUCIOM
cTeneHerd cBoboabl K = Nng +n, — 2, a Sp - ommbKa yKa3aHHOW Pa3HOCTH, a N U N - 00BEMBI
TIEPBOM U BTOPOM BBIOOPOK COOTBETCTBEHHO.

Tak kak, cornmacHo Ho-rumorese, u1=, TO t-Kputepuil BeIpakaeTcsi B BUJE OTHOIICHUS
Pa3HOCTH BHIOOPOYHBIX CPEIHUX K CBOEH ommuoKe, T. €.

Ho-runore3y otBepraroor, eciau (aKTUYECKH YCTAaHOBJICHHAs BEIMYMHA [-KpUTEpHs
(oOo3Hayaemast t;) MpEB30OHAET WIM OKaXXETCs PaBHON KPUTHUYECKOMY 3HAdyeHUIO typ 3TOH
BEJIMYMHBI JIJISl IPUHATOTO YPOBHS 3HAYMMOCTH ¢ M YMCIIa CTeNeHe cBoOoabI K = Ny +ny — 2, T.
€. IIpU yCIOBUH Ty > typ.

OmmbKy pa3HOCTH CPEIHUX Sp OMPELIISIOT 1Mo (hopMyIie:

o o 2O =) (e,

n+n,—2 nn,

Ipumep. M3yuyanu BnusiHue KoOaabTa Ha Maccy Tella KpoJuKoB. ONbIT MPOBOIMIN Ha
JBYX Tpynmnax >KUBOTHBIX: OIBITHOM M KOHTPOJbHOW. bBBIIM uccienoBaHbl KPOJUKH B
BO3pacTe OT MOJIyTopa OO0 ABYX MecsueB, Maccoil tena 500—600 r. OneIT npomokancs
nonTtopa Mecsina. JXUBOTHBIX 00EUX TPYNI COAEp)KaJIu HA OJHOM M TOM K€ KOPMOBOM
pannoHe. OAHAKO OMBITHBIE KPOJMKH B OTIIMYUE OT KOHTPOJIBHBIX €XEIHEBHO MOIyJald
N00aBKy K pallMOHY B BUjJE BoaHOro pactBopa mo 0,06 r xmopuctoro xkobambta Ha 1 KT
JKUBOM Macchl Tena. 3a BpeMs ONbITa KUBOTHBIE JTalld CIEAYIONMe TPUOaBKH KUBOM MACCHI
Tena:

ITpusecsl, r OtxitoHenus ot cpequer  |KBazmparsl OTKIOHEHHH
apu(pMeTHUECKOI
OIIBIT KOHTPOJIb OIIBIT KOHTPOJIb OIIBIT KOHTPOJTb
(Xi _X_l) (Xj _X_z) (Xi_X_l)2 (Xj _X_2)2
580 504 58 22 3364 484
692 560 54 34 2916 1156
700 420 62 106 3844 11236
621 600 17 74 289 5476
640 580 2 54 4 2916
561 530 77 4 5929 16
680 490 42 36 1764 1296
630 580 8 54 64 2916
470 56 q 3136
X =5104 X=4734 — — > =18 174 X =28632
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‘ X, =638 ‘ X, =526 ‘ — ‘ — ‘ % =46806

CpenHue apupMeTH4YECKUE IIPUBECOB!
B onbiTe X, = 5104/8=638 T,

B KOHTpome X,=4734/9 = 526 r. Pasmmma X, —X,=d = 112 r. YroGml

yCTAaHOBUTH, JOCTOBEpPHA WM CiydyailHa 3Ta pa3HUIA, HYXHO OIPEACIUTh OIINOKY
Pa3sHOCTH CPEIHUX:

s, = |20800 (8+9) _ 36 -2714.
8+9-2 \ 8-9

Orcrona ty = 112/27,14= 4,1.

ITo tabmure miast ypoBHs 3HaunmocTH a = 0,01 u uncna creneneii cBoooab! K = 9+8—2=
15 naxomum typ = 2,95. Tak kak t; > ty,, HyJaeBas rumoTe3a ONPOBEPracTCs Ha BBICOKOM
ypoBHe 3Hauumoctu (P<0,01). Pasnuma ™mexay CpeaHUMH BEIWYMHAMU OIBITa U
KOHTPOJIS OKa3aJlach B BBICIICH CTEIICHU JOCTOBEPHOM.

[IpaBunbHOE TPUMEHEHNE TApaMETPUYCCKUX KPUTEPUEB JIJIS MPOBEPKU CTATUCTUICCKUX
TUIOTE3 OCHOBAHO Ha TMPEANOJIONKEHUH O HOPMAIBbHOM pAacHpeleleHUN COBOKYITHOCTEH, W3
KOTOPBIX B3SITHl CPaBHUBAaeMbIe BHIOOPKU. OTHAKO 3TO HE BCET/Ia UMEET MECTO, TaK KaK HE BCE
OMOJIOTHYECKHE TPHU3HAKU PACIPECNISIOTCS HOPMaibHO. HeMaloBaKHBIM SIBISIETCS M TO
00CTOSITENILCTBO, YTO  HCCIEAOBATENI0 MPUXOAUTCA HMMETh JIEJI0 HE TOJBKO C
KOJIMYECTBEHHBIMH, HO U ¢ KQUYECTBEHHBIMU MPHU3HAKAMH, MHOTHE U3 KOTOPBIX BBIPAKAOTCS
MOPSIIKOBBIMA HOMEpPAMH, WHACKCAMHU WM JIPYTMMH YCJIOBHBIMH 3HAaKaMd. B Takux cioydasx
HE00X0IMMO HCITIOJIb30BATh Henapamempuieckue Kpumepuu.

N3BecTeH 1enblil psil HEMapaMeTPUUYECKUX KPUTEPUEB, CPEIU KOTOPBIX BUIHOE MECTO
3aHMMAalOT TaK Ha3bIBaAGMbIC paHeo8ble Kpumepuu, TPUMEHEHHE KOTOPBIX OCHOBAaHO Ha
pPaKUPOBAHUHM WICHOB CpaBHHBaeMbIX rpymnm. [Ipu 3ToM cpaBHUBAaIOTCA HE camMHu 1O cebe
YIIeHbl PAaHXHPOBAHHBIX PSIJIOB, @ UX MOPSAKOBBIE HOMEpa, WK paHTH. J[anee Mbl pacCMOTpUM
HEKOTOpbIE HeMapaMeTpUIeCKHue KPUTEPHH, TPUMEHSIEMbIE JJIs1 IPOBEPKU HYJIEBOW TUIMOTE3bI
MpU CPAaBHEHUH KaK HE3aBUCUMBIX, TaK U 3aBHCUMBIX BBIOOPOYHBIX TPYIIIL.

U .- Kputepuii  YwikokcoHa (Manna—Ywutnu). [umoresy o0 TDpHHAIUIEKHOCTH
CpaBHUBAE€MbIX HE3aBUCHUMBIX BHIOOPOK K OJTHOM U TOM K€ reHepalbHON COBOKYITHOCTH WU K
COBOKYITHOCTSIM C OJIMHAKOBBIMU ITapamMeTpami, T. €. Ho-rumnoresy, MoKHO MPOBEPUTH € IOMOLIBIO
paneo6o2o kpumepus Yuixoxcona (Manna—Yumnu).

Jns pacyera U -KpUTEpUsI HEOOXOUMO:
1. PacnosoXuTh 4YUCJIOBBIE 3HAUYEHHUs CPAaBHUBAEMBIX BBHIOOPOK B BO3pacTarolieM
nops/Ike B OIMH OOIMH psAx M MPOHYMEpoBaTh wWieHbl o0mero psxa or 1 g0

N = N, +N,. (3t HoMepa u GyayT «paHramMm» 4NeHOB psaa.)
2. OTaenbHO IJ14 KaXJ0W BHIOOPKU HAWTH CYMMBI PAHTOB U ONPEIETUTh BEINYHUHBI,

n,(n, +1
U1:R1_ 1(1+)
2
nu
U2:R2—n2(n§+l)

KOTOpbIE 0TOOPaXarT CBSI3b MEXKJY CYMMaMH PaHTOB MEPBOIl U BTOPO BEIOOPKH.
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3. B xauecree U -KpUTEpUs HUCIIOIb30BaTh MEHBIIYIO BEIHYUHY Uqb, KOTOPYIO
CPaBHUTH C TaOJIUYHBIM 3HAUYCHUEM U kp YcooBueM 1y COXpaHEHHMs MPUHATONH Ho-rumoresnl

CILy’)KAT HEPABEHCTBO Uqb >Ukp. Kpurtnyeckue touku U -KpUTEpHUs Ukp s ni, ny U

NPUHUMAEMOTO YPOBHS 3HAUYMMOCTH a cojaepxkatcs B tabnune 3 [lpunoxeHus.

Ipumep. Ha 1aByx rpymmax aa0OpaTOPHBIX MbIe — OmbITHOH (n; = 9) u
KOHTpoJIbHOW (ny = 11) — wu3yyanu BO3JCHCTBHE Ha OpPraHW3M HOBOIO Iperapara.
HcnpiTanue npoioiaxkaiock oaud Mecsu. [locie sToro Mmacca tena »KMBOTHBIX, BhIpaXKE€HHAs
B TpaMMax, BapbUpOBalia CICAYIOIIUM 00pa3oMm:

B onwiTHOM rpynme 80, 76, 75, 64, 70, 68, 72, 79, 83.

B xonTponeroii rpynme 70,78, 60, 80, 62, 68, 73, 60, 71, 66, 69.

Beraucium o Beibopkam: X; =74,1u X, =68,8.

IIpoBepum ¢ moOMOIIBIO U -KpUTEpHs, SBIAECTCA JIM PA3HOCTb B Macce Tella MEXIy
ONBITHOM U KOHTPOJIbHOU IPyINIIaMU MBILIEH CTATUCTUYECKH TOCTOBEPHOM.

CyMMupys paHTu OTAEIbHO JJIs KaXJ0W FpYMIIbl, HAXOIUM:

R1= 4+6+9+12+14+15+17+19+20=112;

Ro= 1+2+3+5+7+8+10+11+13+16+18=94.

I[ToncraBnseMm 3TU JaHHbIE B GOPMYJIBI:

9.10 11.12

U1:112—T:67; U,=94- 22

Meunpmyto Bennunny Uy = 22 cpaBHHBaeM C TaOJIMYHBIM U kp 3HaueHHeM g n1=9,
n2=11 u ypoBHsa 3HauuMocT a=0,01, KOTOpOE paBHO Ukp =109.

ITockonbky U¢>Ukp, OTBEPrHYTh  IpoBepsiemyro  Ho-rumoresy  Henbss.

CrnenoBaTenbHO, pas3inyusi, HaOJIOJaeMble MEXIy OSTHUMH BBIOOPKAMH, CTATHCTHUECKH
HEJIOCTOBEPHBI. BRIOOPKH HE UMEIOT 3HAYMMBIX OTIINYHA.

Kpurepuii 3nakoB z. B Tex ciuywasx, Korga pe3yibTaThl HaOJI0OJEHUM
BBIPAXKAIOTCS HE YHCIaMH, a Ka4eCTBCHHBIMU NpPHU3HAKAMH, NMPUHUMAIOIMMNMHU JBa
pa3NHUYHBIX 3Ha4YeHHsA (MMOMeYaeM HMX 3HaKaMu miawc (+) U MUHYC (—)), pa3nuyus
MEX]y TOTapHO CBS3aHHBIMH YJICHAMH CPaBHHUBAEMBIX BBHIOOPOK OIEHHBAIOT C IOMOIIBIO
kpumepusi 31axkos Z. KOHCTPYKIMS 3TOro KpuTepusi Oa3upyercs Ha BecbMa IPOCTHIX
COOOpaKEHUSIX: €CIT TIONapHO CpaBHMBAaEMble 3HAUCHHS JBYX 3aBHCHMBIX BBIOOPOK
CYLIECTBEHHO HE OTJIMYAIOTCA APYr OT Apyra, TO YUCIO IJIIOCOBBIX U MHUHYCOBBIX pazHOCTEH
OK)KETCSI COBEPIICHHO OJMHAKOBBIM; €CITH K€ 3aMETHO MPE00IIaAatoT IITFOCH WIM MHHYCHI, 3TO
OyzneT ykasbIBaTh Ha IOJIOKUTEIbHOE WM OTpHLATENIbHOE JEHCTBHE HM3ydaeMmoro (akropa Ha
pe3yNIbTaTHBHBIA TPU3HAK. boibliee 4YHMCIO OMHO3HAYHBIX PA3HOCTEH CIIYKHT B KadecTBE
(akTUYeCKH HaliICHHOW BeJIWYMHBI Z-KpUTepHs 3HAKoB. IIpy 3TOM HyleBble pa3HOCTH, T. €.
Clly4ad, He JaBIIMe HH TIOJIOKUTEIFHOTO, HH OTPHIIATEIBRHOTO pe3yibTara, 0003HauaeMbIe
nudpoir 0, B pacueT He NPUHUMAIOT MU YHUCIO MApPHBIX HAOIIOJIEHHA COOTBETCTBEHHO
YMEHBIIACTCS.

Kak u Bcskuil apyroil BbIOOpPOYHBIM TOKazaTenb, Z-KPUTEPUH 3HAKOB SIBISETCS
BEJIMYMHOW CIy4alHOW; OH CIIYKMT JJs NpoBepkH Ho-rumoressl, T. €. NPeAnon0XEHHUS O
TOM, YTO COBOKYIHOCTH, U3 KOTOPBIX B3SThl CPaBHUBAEMble BBHIOOPKH, MMEIOT OJWHAKOBHIC
¢Gynkuun pacnpenenenus. Ho-rumoTesa oTBepraercs, €Ciu Zg > Zyp IJIS OPUHSATOTO YPOBHS
3HAUYUMOCTH 0 M YMCJIA TTAPHBIX HAOIOAEHUN 71, B3ATHIX 0€3 HyNeBbIX pasHocTel. Kputnueckue
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TOYKHU Zkp ISl ABYX YPOBHEH 3HAUMMOCTb M YHMCIIAa TApHBIX HAOIIOJEHMI cojepxkarcs B
TabIuIe.

Bonpocwut u 3a0auu:

1.Ans wm3ydenuss 3¢p(PEeKTUBHOCTH HOBOTO Ipemapara jkeje3a ObIIM BBIOpaHBl JBE
TpyNIbl MaMEeHTOB ¢ aHeMueil. B mepBoil rpynmne malueHTHl B T€UYEHHUE JBYX HeJelb
nmoJiydajdu HOBBIM MpemapaT, a BO BTOpO# rpymme - moxaydanu miane6o. [locme atoro
ObIJIO MpPOBEAEHO HU3MEpPEHHE YpOBHS remorjoOumHa B mnepudepuueckoil kpoBu. B
MepBOY Ipynmne CpeaAHU ypoBeHb reMoryioouHa cocrapun 115,4+1,2 r/n, a Bo BTOpOIi -
103,7+2,3 r/n (maHHBIe TpencTaBieHbl B popmare M+m), CcpaBHUBAaeMbIe
COBOKYIMHOCTH HMMEIOT HOpPMalbHOE pacmpeneneHue. [Ipuw 3TOM YHUCICHHOCTH NEpPBOM
rpynmnel coctaBuia 34, a Bropoi - 40 mamumentoB. HeoOxoauMmo caenaTth BBIBOJ O
CTAaTUCTUYECKON 3HAYMMOCTH TOJYYCHHBIX pa3auduidi u SPPEKTUBHOCTU HOBOTO

npernapara »xelesa.

2. llocne mpoBeneHUs] BaKIWHAIIUN OT TPUIIMA CPEOH CTYACHTOB MEOHIIMHCKOTO YHHUBEpCHUTETa OBLIN
moaBeAeHBl pe3ynbTaThl: u3 500 BaKOMHUPOBAHHBIX B IEPHOA ASMUAeMHH 3abonenu rpunmoMm 20
yemoBek, u3 1600 oTkazaBmuxcs OT BaknwHanuu Tpunnom 3abomennm 200 gemoBek. OueHute
3¢ P eKTUBHOCTh BAKIIMHALINU OT T'PHUIIMA.

3. YyeOHOU "acThIO OOHOM H3 Kadeap MEIUIIMHCKOTO YHHBEPCHUTETa OBIIO IMPOBEICHO HCCIEIOBAHUE
yCIEeBaEMOCTH CTYJACHTOB B 3aBHCHMOCTH OT MOCEIIAEMOCTH JICKIHUU. [[JsI CTYyIEeHTOB, MOCETHBIIUX
MEHee MOJIOBUHBI JIEKIIMOHHOTO Kypca (n=36), cpenHsAs OleHKa Ha dK3aMeHe cocTtaBuia 3,2, 01=0,2.
Jns ctynenToB, moceTuBmux 6onee 90% nexkuuit mo npenmety (n=150), cpenHsas omeHKa Ha dK3aMeHe
cocraBuna 4,5, 6?=0,5.Cxenaiite BBHIBOA O AOCTOBEPHOCTH pAa3iH4Mil YCIECBAEMOCTH CTYACHTOB B
3aBHCUMOCTH OT MOCEH[AaEMOCTH JICKI[MI 0 MpEeaMeTy.

4. Pe3ynbratel TecTupoBanus mo 30-0anbHOM mikane ajs rpynnsl X U Tpynmnbl Y MpeacTaBIeHb
B Ta0nuie. CpaBHATH Y3PPEKTUBHOCTH JABYX METOJIOB OOYYCHHUS CTYJACHTOB B JBYX IpyIIax JJis

YPOBHS CTaTUCTUYECKOM 3HaUUMOCTH B = 5%.

X 18 10 7 15 14 11 13
Y 15 20 10 8 16 10 19 7 15 14 |29

5. IlepeyeHb OCHOBHOI 1 1I0NIOJHUTEJIBLHOM JTUTEPATYPhl, HEOOXOAUMOI 1JIs1 OCBOCHHS

AUCHHUTIAHBI
Ilepeyenb 0CHOBHOI1 TUTEPATYyPBHI
1.I'ycak, A. A. Beicias marematuka. Tom 1: yueOnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c¢. — Pexxum noctymna: http://www.iprbookshop.ru/28059.html
2.I'ycak, A. A. Beicias marematruka. Tom 2: yueOHuk / A. A. I'ycak. — MuHck:

TerpaCucremc, 2009. — 446 c. — Pexum gocryma: http://www.iprbookshop.ru/28060.html

Ilepeyenns 10MOJHUTETbHOI JUTEPATYPHI

1. MnauBuayansHble 3aaHus MO BbIcier Maremaruke. Yacts 1. JIuneiHas u BeKTOpHas
anreOpa. AHanutuyeckas reomerpus. JuddepeHunansHoe ucuucieHue (yHKIUA OJHOM
nepemMeHHo: yaeOHoe mocobdue / A. Il. PsOymko, B. B. bapxaros, B. B. [lepxasen, U. E.
KOpytb; mon pemakmueit A. I1. PsOymko. — Munck: Beimitmas mkona, 2013. — 304 ¢. —
Pexxum noctyma: http://www.iprbookshop.ru/20266.html.

2.MunuBuayanpHBIC 3a7aHus MO BbICHIel MaTemaruke. Yacts 2. KomriekcHble yucia.
Heompenenennple ¥ ompeneneHHble WHTerpaibl. DOYHKIUM HECKOIBKUX TEPEMEHHBIX.
OO0bikHOBeHHBIE AU depeHnnanbable ypaBHeHus: yuyebHnoe nmocodue / A. I1. PsOymko, B. B.
bapxaros, B. B. Jlepxasen, . E. Opyre; non pemakumeit A. Il. PaGymko. — MuHck:
Brisiimas 1IKosna, 2014. — 397 C. — Pexum JIOCTYyTIA:
http://www.iprbookshop.ru/35481.html.

3.MunuBuayanbHble 3alaHus MO Bbiciied matemaruke. Yacth 3. Psagwl. Kpathbeie u
KPUBOJIMHENHBIE HHTETpalibl. DJIEMEHTBI TeOpHUH Mo : yuyeObHoe nocodue / A. I1. PsOymko, B.
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B. bapxaros, B. B. Jlepxxasen, U. E. FOpyts ; non pemakumeir A. I1. PgaOymko. — MuHck:
Beimmitnrast mikona, 2013. — 367 ¢. — Pexum gocryna: http:// www.iprbookshop.ru/20211.html.
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MUHUCTEPCTBO HAYKH U BBICILIET'O OBPA3OBAHUS PO
OEJIEPAJIBHOE 'OCYJAPCTBEHHOE ABTOHOMHOE OBPA30OBATEJIBHOE
YUPEXJIEHUWE BBICHIEI'O ObPA3OBAHUA
«CEBEPO-KABKA3CKHWI ®EJIEPAJILHBI YHUBEPCUTET»
[Tsaturopckuit uaCcTUTYT (prmmnan) CKOY

MeToanyeckue yKa3aHusi
110 BHINIOJIHEHHIO JIA0OPATOPHBIX PadoT MO JUCHUIIIMHE
«MaremaTuka»
1151 HanpasiieHus: moarotoBku 08.03.01 CtpoutenscTBo
HaIpaBJIeHHOCTh (Tpo@uiib) CTPOUTENBCTBO 3AAHUI U COOPYKEHUIN

ITaruropck 2024
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Conepxanue

BBenenue

JlabopaTopnass padora Nel. JleiictBus Haj marpuuamu. BeluncieHue panra
MaTpulpl. BprauciieHne ompenenuTencil pa3ioKEHUEM I10 3JIEMEHTaM CTPOKH
(cronbra). OOpaTHas MaTpuIa.

JlaGoparopnasi paGora Ne2. PenieHue HEBBIPOXKICHHBIX CHUCTEM JIMHEHHBIX
ypaBHeHul MeroaoM Kpamepa, merogom oOpatHoi Marpullbl. Pemienue cucrem
JIMHEMHBIX ypaBHEHUH MeTo oM ["aycca.

JlabopaTopnas padora Ne3. Jluneiinble onepanuu HaJ BeKTopamu. Pasnoxenue
BEKTOpa IO OpTaM KOOPAMHATHBIX Ocel. JleMCTBUS HaJ BEKTOPAMHM, 3aJaHHBIMU
npoekuusimMu. CKaliipHOE, BEKTOPHOE U CMEIIaHHOE IPOU3BEIEHUS BEKTOPOB.
JlaGoparopHas padora Ne4. [Ipsamas TuHUS HA TIIOCKOCTU: YPaBHEHUE TIPSIMOM C
yIJIOBBIM KO0d(duimeHToM; oOiiee ypaBHEHHE TNPSMOIA; ypaBHEHHE MPSMOH,
MIPOXOSIIECH Yepe3 NaHHYI0 TOYKY B JIAHHOM HAIIPaBJICHWU; YPABHEHUE MPAMOU,
IIPOXOJAIIEH Yepe3 /BE JAAHHbIE TOUKH; ypaBHEHHUE IPSAMOM B OTpe3Kax. Yroiu
MEXAY IBYMsI IPSIMBIMU. Y CIIOBUSI TAPAJJIEIBHOCTU U NEPIEHAUKYISIPHOCTH ABYX
npsAMBbIX. PaccTossHUE OT TOYKM 10 TIPSIMOM.

JlabopaTopnass pa6ora NeS. OxkpyxHocTb. Omnunc. ['mnepbomna. Ilapabomna.
OO11ee ypaBHEHUE JIMHUI BTOPOTO MOPSIIKA.

JlabopaTopnass paGora Ne6. OOmiee ypaBHEHHE TIUIOCKOCTH. YpaBHEHHE
IUIOCKOCTH B oTpe3kax. HopmanbHoe ypaBHEHME MJI0CKOCTU. PaccTosiHuE OT TOUKH
JI0 TUIOCKOCTH. YTOJI MEXKIY JIBYMs IUIOCKOCTSAMH. Y CIIOBUSI NapajljIeNbHOCTU U
NEPIEHIUKYISIPHOCTHU ABYX INIOCKOCTEH.

JlaGoparopunasi padora Ne7. IIpsimas nuHus B npoctpancTBe. [lapamerpuueckue
Y KAHOHWYECKHME YPAaBHEHHUsI IPSIMON. Y PaBHEHHUs IPAMOU, ITPOXOASAIIEH Yepes3 1Be
touku. OOuIMe ypaBHEHHUS NPSIMON. YTON MEXIy IByMs MpsiMbiMu. PaccrosiHue
OT TOYKH 110 npsimol. Kparuaiinee paccTosHME MEXIY ABYMs IPSIMBIMH. YTOJI
MEXy MPSMOM U MJIOCKOCTBIO.

JlabopaTopnasi paGora Ne8. [Ipon3BoHbIE HEKOTOPBIX JIEMEHTAPHBIX (QYHKIIHI.
OcHoBHble mpaBwia guddepennupoanus. JuddepeHunpoBaHue CIOXHOU U
oOpaTHOH (yHKIUI.

JlaGopaTopnas pabora Ne9. Bospacranue n yObiBaHue (yHKUMH. DKCTpeMyM
¢yuknuu. Beimmyknocte rpaduka  ¢QyHkuuu. Touku neperuba. ACHUMITOTHI

rpaduka GyHKIUH.
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BBenenue

1. Hesb u 3a1a4u M3y4YeHUs] AMCUUIJIMHBI

Lenp nucuurumHbL: ¢GopMupoBaHue Habopa o0menpodhecCHOHATBHBIX KOMIICTCHIIUN
OakanaBpa 1o HanpasieHuro moarotoBku 08.03.01 «CtpoutenbcTBOY.

3amaun OCBOCHHS MUCHUIUIMHBL:  (OPMUPOBAHUE TPEICTABICHUNW O POJIU M MECTe
MaTeMaTUKH B COBPEMEHHOM MHpE, 3Tanax pa3BUTHUS, YHHBEPCAJIbHOCTU €€ IOHATUH U
MpelCTaBiICHu; (OpMUPOBAHUE YMEHUW KOHCTPYMPOBAHUS U aHAIM3a MaTeMaTHYECKHX
Mojiesel 00BEKTOB, CUCTEM U IMPOLIECCOB MPH PELICHUH 3aJlad, CBSI3aHHBIX co cepoii Oyayieit
po(heCcCHOHANLHOM JESTEILHOCTH, OBJAJICHUE HABBIKAMH TOYHOTO M CXKATOTO BBIPAKCHUS
MaTeMaTUYeCKONM MBICIM B YCTHOM M IUCBMEHHOM U3JIOKEHUHU, C HCIOJIb30BaHUEM
COOTBETCTBYIOLIEH CUMBOJIUKH.

B pe3yJibTaTe 0cBOEHUSI AUCHHUILIMHBI CTYI€HTbI J0KHbI:
3HaTh: OCHOBHble TMOHATHUSA AHAJUTUYECKOM TeOMeTpUH, JIMHEMHOU asrebpsl,
AupdepeHIMaIbHOTO W MHTErpaJbHOTO HCYUCAeHUs (QYHKUMU OJHOM IepeMEHHOH,
TEOpUU (PYHKIHMHU HECKOJIBKHX IMEPEMEHHBIX, TCOPUU (PYHKUMN KOMIUIEKCHOTO MEPEMEHHOTrO,
TEOpUU  PSNIOB, Teopud JUPPEpeHIUATBHBIX YPaBHCHUW, TEOPHH BEPOATHOCTEH U
MaTeMaTHUYeCKON CTaTUCTUKHU, YACICHHBIX METOJIOB.
Ymerb: >PQPEKTUBHO HCMONB30BAaTh METOABI AHAJUTHUYECKOU TeOMeTpUH, JIMHEWHOU
anre6pbl, aAudpdepeHUUANTBHOTO U HHTETPAJIbHOTO MCYUCAEHUS QYHKIMU OJHOU
nepeMeHHOW, TeOpUH (DYHKIUU HECKOJIbKUX IMEPEMEHHBIX, TE€OpUH (YHKIUN KOMILJIEKCHOTO
MIEPEMEHHOTO, TCOPHH PSAJIOB, TeOpHH TU(PPEepeHITNATBHBIX YPAaBHCHHH, TEOPUU BEPOSITHOCTEH U
MaTeMaTHUYECKON CTaTUCTUKU, YHUCIEHHBIX METOJOB. IIPH PEIICHUH 33]1a4, CBA3AHHBIX CO chepoit
po(hecCUOHATILHON e TENbHOCTH.
Baanerb: HaBbIKAMH HCIIOJIB30BAaHUSI METOJOB AHAJIUTUYECKOW TeOMEeTPUH, JIMHEUHOU
anrebpol, aAMdPepeHUHaTbHOTO M HUHTErPaJbHOTO HMCYMUCAEHUs (QYHKIHMU OJHOU
nepeMeHHOW, Teopuu (DYHKIUU HECKOJIBKHUX IMEPEMEHHBIX, TCOpHH (YHKIUH KOMILJICKCHOTO
MIEPEMEHHOTO, TCOPHH PSAJIOB, TeOprH TU(PPepeHITUATBHBIX YPAaBHCHHM, TCOPUU BEPOSITHOCTEH U
MaTeMaTHUYeCKON CTAaTHCTUKH, YNCICHHBIX METO/OB MPHU PELICHUH 3a/a4, CBSI3aHHBIX CO cepoil
pohecCuOHAbHON NeSTENbHOCTH.

2. O0opynoBaHHe U MaTEePHAJIbI
[IpakTuueckue paboOTHI MO TUCHUILUIMHE «MareMaTuka» MPOBOAATCS B KOMITBIOTEPHOM

KJIacce ¢ MyJIbTUMEIa 000pyJOBaHUEM: NIPOEKTOP, KOMITbIOTEP, 3KPaH HACTEHHBIH.

3. HaumeHnoBaHue j1abopaTopHbIX padoT

Ne HanmeHoBaHMe TeM QUCHUILIHHBI, HX KpaTKOe Oo0bem N3 nux
Tembl coJepxraHue JacoB NMpaKTU4ecKas
JUCIH MOJATr0TOBKA,
IJINHBI 4acoB

1 cemecTp
1 JevictBus Han marpuuaMu. BelunciieHne  paHra 2

MaTpullbl. Beruucienue ompenenutenei pas3ioxeHUEM
10 dJeMeHTaM CTpoku (cronbua). OOpaTHas MaTpuIa.

2 Pemenne  HEBBIPOXKIEHHBIX  CHUCTEM  JIMHEMHBIX 2
ypaBHeHuid MmeronoMm Kpamepa, meromoMm oOpaTHOM
Marpulpl. PemeHue cHuCTeM JIMHEMHBIX YpaBHEHUU
MerozoM ['aycca.

3 JluHeiitHble omepanuu HaJ BeKTOpamu. PasznoxeHue 2
BEKTOpA 110 OpTaM KOOPAUHATHBIX Ooceil. JlencTBUs Hax
BEKTOpaMH, 3aJaHHBIMH TpoeKuusMu. CKasipHOE,
BEKTOPHOE U CMEIIAHHOE MPOU3BEICHUS BEKTOPOB.
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[Ipsimasi nMUHUSA HA TIOCKOCTH: YpaBHEHHE MPSIMOUM C
YIJIOBBIM KO3 PHIIHEHTOM; 00IIee YpaBHEHUE MPSIMOM;
YPaBHEHHE IPSIMOU, NMPOXOASAIIEH Yepe3 NAHHYIO TOUYKY
B JAaHHOM  HAIIPaBJICHUH; YPaBHEHUE  IPAMOMU,
IIPOXOJALICH Yepe3 [Be JAaHHBIE TOYKH; YPAaBHECHHE
IpsIMOM B OTPE3KaX. YTOJN MEXAY ABYMS IPSIMBIMH.
VYcnoBus napauleNbHOCTH M NEPIEHAUKYIISIPHOCTH
JBYX NpsIMBIX. PacCcTosiHME OT TOYKHU 10 IPSIMOIA.

OxkpyxHocTtb. Dmurc. ['mnepbona. Ilapadoma. OOmiee
YpaBHEHUE JIMHUK BTOPOIO MOPSJIKA.

OO1ee ypaBHEHUE TUIOCKOCTH. Y paBHEHHE IJIOCKOCTH B
orpe3kax. HopmaiibHOe  ypaBHEHHE  IUIOCKOCTH.
PaccTosiHe OT TOYKM [0 IUIOCKOCTH. YTOJI MEXIY
IBYMsI IIJIOCKOCTSAMHU. YCIOBUS HapalieIbHOCTU MU
MEePIEeHIUKYJIIPHOCTHU JABYX MIIOCKOCTEH.

IIpsimasg nuHuA B npocrpaHcTBe. llapamerpuueckue u
KAHOHMYECKHE  YpaBHEHMS  IpSIMOH.  YpaBHEHHs
npsMoOi, mpoxozsmed uepe3 aBe Touku. OOmme
YpaBHEHUS MNPAMOU. YTOJII MEXKAY IABYMS MNPAMBIMH.
Paccrosane or Toukm g0 npsamou. Kpardaiimee
paccTosiHuE MEXIy IBYMS NPSAMBIMU. YTONI MEXIY
IIPSIMOM U TNIOCKOCTBIO.

[Ipou3BoHBIE HEKOTOPHIX AJIEMEHTAPHBIX (YHKIIHIA.
OcHoBHbIE IpaBuia mQepeHITpOBaHUSI.
JuddepennnpoBanne cI0xKHONW U 00paTHON QYHKIIMIA.

Bospacranne wu yObiBaHume (QyHKIUH. DKCTpemMyMm
¢byukuu. Bemyknocts rpaduka  dyHkiuu. Touku
nepernba. ACUMNTOTH rpaduka QyHKIHH.

Hroro 3a 1 cemectp

18

JlabopaTopnas padora Ne 1.

JeicTBug Haa MaTpuuaMu. Beryuciaenne panra MaTrpuubl. Berunciaenune
omnpeaenTeNeil pa3jioKeHneM M0 3J1eMeHTaM CTPOKU (cToJi0ua). OdpaTHas MaTpuia.
Leap paGoTbl: BbIpadOTaTh yYMEHHE NPUMEHATH AQlTOPUTM BBHIMOTHEHUS JACWCTBUN
ManI/IIIaMI/I W BBIYUCICHUA paHra ManI/IHI)I 158 HpI/IMerlTB YMGHI/ISI JJIA pemeHI/m HpaKTI/I‘-ICCKI/IX
3aj1a4, BI)Ipa6OTaTI> YMGHI/IC HpI/IMerlTI) aHFOpI/ITMLI BBIYHCJICHUA OHpeI[CJ'H/ITeJ'IS{ n-ro nops[zu(a 158
0o0paTHON MaTPUIIbl U TPUMEHSTh YMEHHE ISl PEIICHUS TPAKTHUYECKHUX 3a7ad.

TeopeTquCKaﬁ qaCTb

[IpssmoyronbHast Tabiuua w3 M

Ha3bIBACTCA Mampuuez] 1 0003HaYaeTCs

a, a, - 4, a, a, - q,
a a ... a a a ... a
A= 21 22 2n i A = 21 22 2n
aml amZ ot a‘mn a'm1 a‘mZ ot a'mn
WJIH KOPOTKO MaTpuiry obo3Havaror 4 = || ajj ||, i =1,2,...,m; j=1,2,...

CroXKCHHE MATPHIIL.
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Ilycts manbl nBe Matpuisl A U B oguHakoBoro crpoeHus. MX cyMMo#l Ha3blBaeTcs
Marpunia C = 4 + B TOro e CTpOEHUs, SIEMEHThl KOTOPOH paBHBI CyMMaM COOTBETCTBYIOIIUX
sieMeHTOoB MaTpull 4 u B, T.e. eciu A = ||aij||, B = ||bjj||, T0 4 + B = C = |[c;j]|.

- -A—1_258—21_3
pumep: 14 1 3/ 11 _2 2 , TOrga

1+2 -2+1 5-3 3 -1 2
A+B=C= = .
4+1 1-2 3+4 5 -1 7

OTMeTHM, YTO CKJIAJBIBATh MOMXHO TOJIKO MAaTPHUIIbl C OJJMHAKOBBIM YHUCIIOM CTPOK U C
OJIMHAKOBBIM YHCIIOM CTOJIOIOB. J{efiCTBUE CIOMKEHUSI MAaTPHUI] MOKET OBITh PaCIPOCTPAHEHO Ha
CIIy4aii TF000r0 KOHEYHOTO YHCIIa CIIaraeMbIX OJIMHAKOBBIX CTPOCHUH.

Paznocteio B - A marpuni B 1 A (OAMHAKOBBIX CTPOCHHUI) HA3bIBACTCS Takas MaTpuia X,

4TO
A+X=B.
; A (2 14 L (35 7).
anpumep, A = 9 3 1) “lo 1 af oraa

3 5 7\ (2 14 (1 4 3
X=B-A= - - .
(2 -1 4) [—2 3 1] (4 4 3}

Matpuna O, Bce 3J€MEHThl KOTOPOH paBHbI HYNIO Ha3blBacTCAd HYJIEBOM MaTpULEH.
OueBugHo, A+ 0 =4, A—A=0.

Paznocts O — A oGo3nauaetcst yepe3 —A4. Matpuinia —4 Ha3BIBACTCA NPOMUBONOLONHCHOU
Marpuiie A.

YMHOKEHUE MATPUIL.

a) YMHOXEHHE MaTpullbl Ha 4ucio. YToObl yMHOXHUTH MATPHUIly HA YUCIO 0, HAAO
YMHOXHUTb Ha 3TO YUCJIO KaXK/IbI 37IEMEHT MaTpPHULIbL:
allajll = aaqll

2 _ 2 — 6 -3
I[Ipumep. Az( J, a=3 aA=3 = .
3 5 3 5 9 15

0) YMHOXeHHEe JBYX MATPHIIL.

VMHOXEHHE MaTPHIBI B Ha MaTpHIly 4 BO3MOYKHO TOJILKO B TOM CITy4ae, KOr/a Yucio CTOJIOIOB B
MaTpuiie B paBHO YHCITY CTPOK B MaTpuIle 4.

OnemenT Matpunsl C = B - A, pacroioXeHHbIH B 1-0i cTpoke u ] —oM croibdue (T.e. Cjj)
paBeH CyMMe MPOW3BEACHUI SJIEMEHTOB | — O CTPOKHM MaTpuilbl B Ha COOTBETCTBYIOIINE
3JIEMEHTBHI | — TO CTOJI0Ia MATPHIIBI 4.

Cremyer OTMETUTh, YTO YMHOKEHHE MaTPUI] HE KOMMYTAaTUBHO, T.e. AB # BA.

1 2 -2 1
Hanpumep A = u B= .
-1 3 3 5

Nmeem

AB= 1 2y(-2 1) 1-(-2)+2-3 1-1+2-.5 ) (4 11
(-1 303 5 (-1.(2)+3:3 1.(-)+3-5) |-11 14
aoa ("2 11 2)_(-21-11 2:(-9+13)_(-3 -
|3 5)\-1 3) (31+5:(-1) 3-2+53 ) (-2 21
AB # BA
PaccMOTPHM HEKOTOPYIO, He obszamensho kéadpamuyio Matpuiy A . BoiGepeM Kaxie-

HUOYIb S HOMEPOB CTPOK il, iz,..., is U S HOMEpPOB CTOJIOIOB jl, jz,..., Js-
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Onpenenenvie. Munopom nopsoka S Matpuibl A (COOTBETCTBYIOIMM BBIGPAHHBIM
CTPOKaM M CTOJIOIIaM) Ha3bIBaeTCs OINPEICIHUTENb MOpsaka S, 00pa3oBaHHBIN SJIEMEHTaMH,
CTOSIIIMMU Ha MePeceuYeHUH BHIOPAHHBIX CTPOK U CTOJIOIOB, T.€. YUCIIO

N
TR e R %, i
i Js

Agj,  Agj, o Qg

Kaxxias MaTpuiia MMeeT CTOJIbKO MHHOPOB JIAHHOTO MOPSIKA S, CKOJBKUMHU CHOCO0aMU
MOKHO BbIOpaTh HOMEpPA CTPOK |y, 15, ..., Ig 1 cTONONOB J1, Jo,. ey Js-

Ompenenenre. B marpume A pasmepoB M XN wmuHop mopsaka S HaseiBaercs
OazuchbiMm, €CIIM OH OTJIMYEH OT HYJIs, a BCE MUHOPBI TIOpsaKka S + 1 PaBHbBI HYJTFO HJIH MHHOPOB

nopsiaka S + 1 y MaTpHIIbI A BooGE HeT.
SIcHO, YTO B MaTpwile MOXKET OBITh HECKOJIHKO Pa3HBIX 0a3WCHBIX MHHOPOB, HO BCE
0a3MCHBIC MUHOPBI UMEIOT OJIMH M TOT XK€ MOPSIOK. J[edCTBUTENBHO, €CIIM BCE MUHOPBI MTOPSIIKa

s+1 PaBHBI HYJIIO, TO PaBHBI HYJIKO U BCE MHUHOPBI IOpsaka S + 2, a, ClIeIoBaTe/IbHO, U BCEX
OOJBIINX MTOPSIKOB.

Ornpenenenue. Paneom mampuysbl Ha3bIBa€TCs MOPSIOK 0a3UCHOTO MUHOpA, UK, HHAYE,
camblii OOJBIION MOPSIIOK, /Ui KOTOPOTO CYIIECTBYIOT OTIWYHbBIE OT HYJsl MUHOpHL. Eciu Bce
AJIEMEHTBI MAaTPUIIbI PaBHBI HYIIIO, TO PAHT TAKOW MATPHIIbI, 110 OMPEICICHUIO, CYUTAIOT HYJIEM.

Panr marpumel A GyzeM 0603HauaTh CHMBOJIOM F(A). W3 ompenenenus panra

cienyer, 9ro i Matpumsl A pasmepoB M XN copaBemmBo  COOTHOMICHHE
0<r(A)<min(m,n).

PaccMoTpuM crmocoObI BBIYHCIICHUS PAHTa MATPHUIIBL:

a) Memoo okatmMaaowux MUHOpo8

Ilycts B MaTpuile HaliIeH MUHOP M K-ro MOPsIIKA, OTIIMYHBINA OT HyJd. PaccmoTpum
JIWIIb T€ MHUHOPBI (k +1) -T0 TIOpsI/IKa, KOTOpPhIE COAepKaT B cebe (OKaMIISIIOT) MUHOD M :
eCIIM Bce OHHM PAaBHBI HYNIO, TO PaHT MaTpuisl paBeH K. B mpoTuBHOM ciydae cpemm
OKalMJIIOIIMX MUHOPOB HaWJIETCA HEHYJIEBOM MHHOP (k +1) -TO MOpAJKa, U BCA IpoLeaypa
ITOBTOPSIETCS.
IIpumep. Haiitu panr maTpuisl A Metonom okaitmsrommx MHHOpPOB.

-1 2 3
A=|-2 5 4|

-3 7 7
-1 2

BribepeM MHHOpP BTOpPOTO MOpsIKa M 9 = #0. CymiecTByeT TOJBKO OJUH MHHOP

TPETHEro MOPAIKA, OKAHMIISIOLINI BEIOPAHHBIH MUHOD M 2 . Beraucium ero.
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-1 2 3
M,=-2 5 4=(-1)-57+2-4-(-3)+3-7-(<2) -

=
-3 7 7
~3.5.(=3)—4-7-(=1)—2-(=2)-7=-35-24— 42+ 45+ 28+ 28 = 0.

3HAYUT, MUHOD M o 0a3MCHBINA, a paHT MaTPHIBI PABEH €TO MOPAJIKY, T.€. I’(A) = 2.

SlcHOo, uyTO mMepebHpaTh TAaKUM CHOCOOOM MHHOPHI B IOMCKax 0a3ucHOro — 3ajaya,
CBsi3aHHAas! C OOJIBIIMMU BBIYUCIICHUSIMH, €CJIM pa3Mepbl MaTPULIbI HE 04eHb Malibl. CyIIeCTBYET,
OJIHaKo, 0oJiee MPOCTOM CIOCOO0 HAXOXKIEHHUS paHTra MAaTPUIbl — MPHU TOMOIIU JIEMEHTAPHBIX
peoOpa3OBaHUM.

0) Memoo snemenmapmvix npeobpazosaruil

Onpenenenue. DnemeHMAPHLIMU NPEOOPAZOBAHUAMU MAMPUYbl HA3BIBAIOT CIETYIOLINE
npeoOpa3oBaHus:

1) yMHOXXEHHE CTPOKH Ha YUCIIO, OTIIMYHOE OT HYJIS,;
2) npubaBiIeHHE K OJJHOM CTPOKE APYIOi CTPOKH;

3) mepecTaHOBKY CTPOK;

4) Ttakue xe mpeoOdpa3oBaHKs CTOJIOLIOB.

[IpeoOpazoBanusi 1 1 2 BBIMOIHSAIOTCS MMO3JIEMEHTHO.

KomMb6unupyst npeoOpa3oBaHus MEpBOTO U BTOPOTrO BUAA, MBI MOXKEM K JIFO0OW CTpOKe
npuOaBUTh JIMHEWHYI0 KOMOWHALIMIO OCTAJIbHBIX CTPOK.
Teopema. DnemenmapHvle npeobpa308anus He MEHAIM paHea MaAmpuybl.
Wnes npakTHYeCKOro METO/1a BEIYUCICHHSI PAHTa MAaTPHULIBI

a1 9 aq,

a a a
Al d2 22 2n

aml am2 amn

3aK/II0YACTCS B TOM, 9YTO C IIOMOIIBIO DIEMEHTAPHBIX MPeoOpa3oBaHmil JaHHYI0 Matpuiy A
MPUBOJIAT K BUIY

bll b12 blr bl,r+1 bln
O b22 'R b2r b2,r+1 'R} b2n
B=| 0 0 .. by by .. b
0 0 0 0 0
0 O .. O 0 .. O
B KOTOpPOM «JIHaroHaJIbHbIC» 3JICMEHTBI bll’ b22,..., brr OTJIMYHBI OT HYJIA, a 3JICMCHTHI,

PACIIONIOKEHHBIE HIXKE «JIMarOHAJBHBIX)», PaBHbI HYJO. YCJIOBHUMCS Ha3bIBaThb MaTPHUILY B
TaKoOro BHJA TPEYroJbHOW (WMHA4Ye, €€ Ha3bIBAIOT JAMArOHAIBHOM, TpPANEeIUEBUIHON WIIN

nectHruHoM). TToce npuenerns Matpuisl A K TpeyrolbHOMY BHILY MOXHO Cpa3y 3alHCarTh,
4TO r(A) =r.
B camom gerne, I'(A) = (B) (r.x. snemenrapmsie mpeoGpasoBanis He MEHSIOT paHTa).

Ho y matpurisr B cymectsyer ormmanstii ot myms munop mopsika I
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b, b, .. by
0 b .. b

# o :bll'b22""'brr¢0'
0 0 .. b,

a mo6oit munop nopsizka I + 1 conepxut nyneByro crpoky u mostomy paser Hyimo.
CdopMyaupyem Terepb MPaKTHUECKO® NPAsUno 6bluucienus panea matpamsl A ¢

IOMOIIBIO JIEMEHTAPHBIX TIPeoOPa3oBaHMIl: I HAXOXKICHHS paHra Matpuisl A ciemyer ¢

TOMOIIIBIO IIEMEHTAPHBIX PE0OPa3OBAHMI IPUBECTH e¢ K TpeyroabHoMy Buay B . Torma panr

matpuisl A GyneT paBeH YnCITy HEHY/IEBBIX CTPOK B MONY4eHHON MaTpuie B

[Tpumep: HaiiTu panr MaTpuubl Awmeronom AJIEMEHTAPHBIX IPEOOPA30BAHMIA:

2 -5 8 5
1 -2 3 4
A=
-1 2-3-4
3 -7 11 9

Pemenue: [Tomensem MectamMu NepByIO U BTOPYIO CTPOKY (T.K. IIEPBBII 2JIEMEHT BTOPOI CTPOKU
—1 u c Hell Oyner ynoOHO BBINOJNHATH IpeoOpa3oBaHusi). B pesynpraTe moiaydyuM MaTpuly,
SKBUBAJICHTHYIO JTAHHOM.

1 -2 3 4

2 -5 8 5
A=

-1 2-3-4

3 -7 11 9

O6o3rauuM | -Ty10 CTpOKy MaTpuIlel — Ci' Ham HEoO0X0IMMO TPUBECTH HCXOJHYIO

MaTpully K TpeyroibHoMmy Buay. IlepByro cTpoky Oyaem cuuTarth Benyuieil, oHa Oyner
y4acTBOBAaTh BO BCeX MPeoOpa30BaHUsX, HO caMa OCTaeTcsi 0€3 N3MEHEHHH.

Ha nepBom 5Tarne BBIMOJIHUM MPeoOpa3oBaHMsl, O3BOJIAIONIME MOIYYUTh B MEPBOM CTOJIOLE
HYJIY, KPOME MEPBOTo 31eMeHTa. i1 3TOro U3 BTOPON CTPOKH BBIYTEM INEPBYIO, YMHOKEHHYIO

Ha 2 (C2 - 2C1) , K TpeTbel CTpoKe MpuOaBUM MEPBYIO (C3 + Cl), a U3 TPETbEH BBIUTEM
NIEPBYIO, YMHOXEHHYIO Ha 3 (C3 —3C1). [TonyyaemM MaTpuily, paHr KOTOPOH COBMAJAET C

paHrom aHHou MaTpuilsl. O003HAYUM €€ TOU ke OYKBOI A:

1 -2 3 4
|10 -1 2-3}

|0 0 00

0 -1 2-3

Berurem u3 uerBepToii CTpoku BTOpyro. [Ipu 3TOM nmeem:
1 -2 3 4
0O -1 2-3
A=

O 0 O O
O 0 O O
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ITosmyueHna MaTpuLa TPEyTrOJIBHOIO BUIA, U MOYHO CIIENaTh BBIBOJ, YTO I’(A) =2, 1. e. unciy
HEHYJIEBBIX CTpoK. KOpoTKo pemienne 3a1aui MO>KHO 3alucaTh CIeIyIOIUM 00pa3oMm:

2 -5 8 5 1 -2 3 4
A 1 -2 3 4 C,%C, 2 -5 85 C,-2C;,C3+C;,C4-3C;
-1 2-3-4 -1 2-3-4
3 -7 11 9 3 -7 11 9
1 -2 3 4 1 -2 3 4
0 -1 2-3 Ca=C, 0 -1 2-3
— =
0O 0 0O O 0 0O
0 -1 2-3 O 0 0O

Brluncienue onpeaenurenei

Ecan B MaTpuLC YHUCJI0 CTPOK PABHACTCA YUCITY CTOJ'I6IIOB, T.. M =N, TO

MaTpHIa Ha3bIBAETCS K8AOPAMHOU.

a, a, - a,
A= A, A, ot Ay,
a a a

nt n2 7T n

Omnpenenurenb, COCTaBICHHBIN U3 3JE€MEHTOB KBaJpaTHON MaTpullbl (63 MepecTaHOBOK)
Ha3bIBACTCSI ONPENIEIUTENIEM MATPULIBI A.

a'll a'12 aln

a a a
A(A) — 21 22 2n

anl an2 T ann

3aM€TI/IM, 4TO HC KBaJgpaTHasd MaTpula HEC UMCCT ONIPECACTIUTCIIA.
Yuciao a1l dpzz - A1 Adiz HA3BIBACTCA OIPCACIMTCIICM BTOPOIO IHOpAAKa U o0o03HayaeTcs

a'11 a12

CUMBOJIOM A = =a;ay, —a;ad,.

8y Ay
OnpeﬂenHTeneM TPETHEr0 NMOopAaKa Ha3bIBACTCS YUCIIO:
8y A, A
A=1ay 8y Ay|= 858585 +8y858); + 8,858y — 8585 8; ~ 8,858 — A 8,85
83 Ap Ay

CxeMaTH4ecKn (bopMyna AJ1 A BBIYUCIICHUA ONPEACTIUTCIIA TPETHEr0 NOopsaAKa BBITJIAAUT
TaK:

79



a; a4, a; ;| |@ 2 13
Ay Ay, Ay = Aps|— 23
A Qdzp ag 3| |d 32 33

Ornpenenurenb TPETHEro MOPSAAKA TAKKE pPABEH CyMME IPOU3BEICHUNM 3JIEMEHTOB
HEKOTOPOii cTpokH (cTos01a) Ha anredpanyecKue JOMOJTHEHHUS 3TUX DJIEMEHTOB, T.€.

A=ay A, +a, A, +aAg; A=ay Ay +ay Ay +ay Ay
A=ay Ay +ayAy, +a,Ax; A=a, A, +ay A, +ay Ay
A=ay Ay +a; A, +a5Ay; A= AL +a,A5 +aghAy
Hanpumep, paznoxxeHue onpeaeanuTes 1o 3IeMEHTaM NEePBOM CTPOKHU:
ay Ay ay Ay
ay g

Ay Apn
Ay Ay
=ay (azz Ay —ay azs) —ayp (a21a33 - a313'23) +ay; (a21a32 —ag8y ) =
= 8,885 T 85,838, +838 83 —8,83 8y —8;,8y 85 —a;383a,

PaznoxxeHuem mo 3j€eMEHTaM CTPOKH WM CTOJIOIA MOXHO BBIYHUCIUTH OIPEACIUTEINb

aroboro nopsaka. B kauecTBe mpumepa pacCMOTPUM OIPENENIUTENb YETBEPTOro IMOpsAIKa U
Pa3J10KUM €ro I10 2JIEMEHTaM I1EPBOM CTPOKHU:

A= a;, '(_1)1+1 +a;, '(_1)l+2 +a;3 _(_1)1+3

1 -1 2 3
L1 14 1 -1 4 1 -1 4
B =1.(-D)*3 1 3+(-D-(-D*?2 1 3+
> 3 1 3 -1 (-D-(-1)
1 0 5 3 0 5
3 1 0 5
11 4 11 -
+2-(-D**2 3 3+3-(-D"12 3 1|=15+0-3-4-0+15)+
315 31 0

+1(5+0-9-12—-0+10) +2(15+8+9-36-3-10)—3(0-2+3+9-0-1) =

=13-6+2-(-17)-3-9=13-6-34-27=-54

PaccMoTpeHHBIN OIpeneauTeNh MOXHO BBIYUCINUTH JPYIMM CHOCOOOM. A HMMEHHO,
YMHOXXHUM 3JIEMEHTBI MEPBOM CTPOKH Ha (-1) M CIOXHM C 3I€MEHTaMHU BTOPOH CTPOKH, 3aTeM
YMHOXHUM 3JIEMEHTBHI MEPBOW CTPOKU Ha (-2) M CIOXHUM C COOTBETCTBYIOLIMMH 3JI€MEHTaMU
TpeTbeil CTPOKM U, HAaKOHEll, YMHOXXUM DJIEMEHThl IMEepBOM CTPOKH Ha (-3) U CIOXKUM C
COOTBETCTBYIOIIMMHU C 3JEMEHTaMU 4YeTBEepTOW CTpoku. Torna moiaydum ompenenurtensb 4-ro
Hopsiika, B TEPBOM CTOJOLE KOTOPOrO CTOAT HYJIM, KpOME IEpBOH CTPOKH, T.e. MMEEM

OMpeCaACIINTECIIb:
1 -1 2 3 s 3 1
0 2 -3 1
0 5 _3 _g=fwAu=15 -3 -3=24-30+36+12-36-60=-54
4 -6 -4
0 4 -6 -4

IlycTh 3a1aHO HEKOTOPOE YKCIIO A ¥ IYCTh CYHIECTBYET TaKOE YMCIIO M, 4yTo am = 1. Yucno
m B 3TOM ciy4yae Ha3blBaeTcs OOpaTHbIM Aiid a. Eciu, Temepp, paccMOTpPUM KBaJIpaTHYIO
MaTpHIly Nn—To0 Mopsjaka, TO equHUYHas Marpuia E Oyner urpats ponb enunuiisl. EcrecTBeHHO
MIOCTaBUTh BOIPOC O CYIIECTBOBAHMM OOpaTHOW MaTpHUILbl, T.€. TaKOH MaTpHUIlbl, KOTOpas B
IIPOU3BE/ICHUN C IaHHOW JaeT eqMHNYHYI0 MaTpuny E.
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Ilycts A — kBagpaTHas MaTpula n-ro nopsaka. Ksagparnas marpuna X (Toro e nopsiaka

n) Ha3bIBaeTcst oOpaTHoM st A, ecim AX = XA =E.

KBanpaTtHast marpuiia n-ro mopsika Ha3bIBaeTCs O0COOCHHOU (BBIPOXKICHHOM), eciu ee
ompenenuTenb paBeH Hymao. Ecim ke A (A) # 0, To A Ha3pIBaeTcs HECOOCTBEHHOU

(HEBBIPOXKAECHHOMN ) MAaTPULIEH.

Jliig HaxoXAeHUs 00paTHOW MaTpPHUIIBI, PACCMOTPUM MATPHILY TPETHEro MopsIKa

a, a, a; a, 4, a;
A= a, a, ay A(A) =ady a, ay#* 0
Ay 4y Ay W TyCTh dy ad,; Aag

OOpaTHoii MaTpHIIeii At OyneT maTpuiia:

Ar A Ay
A A A A11 AZl Aal

-1 A12 Azz Aaz _ 1

AT = A A A - K A12 A&z Aaz J

A, A, A, A Ap Ay

A A A

riae Aij ecTh anreOpandeckoe JONOoJHEHUE dIeMeHTa aij onpeaenutens A = A (A).

[Tpumep. Haiitu 06paTHyIO MaTpuIly Al ecin

2 2 3
A=|1 -1 0

-1 2 1
Pemenne: Haiinem onpenenurens MaTPULbI

2 2 3
A=l1 -1 0=-2+6+0-3-0-2=-1%#0

-1 2 1
HaxonuMm anreGpanyeckue J0MOTHEHUS
a1 Al:_‘l o‘:_l Alz‘1 _1122
21 ? -1 1 P12
AZ:—‘Z 3:_(2_6):4 Azz‘z 3‘:5 AZ:—‘Z 2‘:_6
' 2 1 -1 1 ? -1 2
a =2 g Aaz_‘z 3‘:3 AS:‘Z 2]J:_4
-1 0 1o L -
CnenoBatenbHO,

A, A A -1 4 3 1 -4 -3

1A12 A, A, i—15 3 |=|1 -5 -3

Ale A, A, A)_ \1 -6 -4) (-1 6 4

[Iposepka: A A-1 =E
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2 2 31 -4 -3 2+2-3 -8-10+18 -6-6+12
1 -1 01 -5 -3|=|1-1+0 -4+5+0 -3+3+0 (=

-1 2 1\-1 6 4 -1+2-1 4-10+6 3-6+4
1 0

=0 0|=E
0 1

Conep:xaHue oT4yeTa

1. Tema

2. Llens paboTHI

3. Kpartkoe onrcanue BBITTOJIHEHHOW PaOOTHI.
4. ChopMyIupoBaTh 3aKIFOYCHUE U BBIBOIBI
5. OTBETUTH HA KOHTPOJIbHBIE BOMPOCHI.

KouTpoJibHbIe BOPOCHI M 3a/1aHUA.
3amaua 1. JlaHbl KBaJipaTHBIC MATPHUIIBI 2—OT0 MTOPSIIKA

a=(os) w m-(13)

Brruucnute crienyroniue BoIpasKeHUS:
a) A+B,;

6) A-B.

3anayva 2. /laHbl MaTpuIlbl

521 2 23 1-12 —2
A=| 1 04| B=|-1 41| cgf 0 14| D=(-123), F=| 3.
-3 72 530 -5 36 1

Brraucnoure CJICAYIONUME MATPHUYHBIC BBIPAKCHUSA (CCJ’II/I KaKaf[—HI/I6YI[B onecpanus HE
ofpeienieHa, 0ObsCHUTE, I0UYEMY):

a) A+B;

0) B-D;

B) A+B-C;

) AT+B;
1) DT+F;

¢) FT+A.
3anayva 3. JlaHbl KBajipaTHBIE MaTPULIBI 2—OT0 MOPSAIKA

NEH RN

Brruucnute crnenyronme BoIpaKEHUS:
a) A-2B;

0) 3A+2B;

B) 2A-4B.

3anaua 4. Jlanbl MmaTpuibl

521 2 23 1-12 2
A=| 1 04| B=|-1 41| c=| 0 14| D=(-1,23), X=| 3|
3 72 530 5 36 1

Breraucnure CICAYIOUE MATPHUYHBIC BBIPAXKCHUA (eC.]'H/I KaKaﬂ—HI/I6yJII) orncpanusas HE

ofpeienieHa, 0ObsCHUTE, IOUYEMY):
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a) 2A+B,;

6) 2B-D;

B) A+2B-3C;

r)3AT+B;

1) DT +2X:

e) 2X-D.

3anaua 5. Jlansl KBaJpaTHbIE MAaTPHULBI 2— Or0 MOPsIIKa

A= (o5) v m=(13)

Brerunciute A'B, B'A u A-B-B-A.
3anava 6. Jlanbl MaTpUIb]

5-21 2 23 1-12 1923 -2
A= 1041B: -1 41,C: 014, D:(045), F= 3

-3 72 5-30 -5 36 1

3anmava 7. Beruncnaute crneayrolue MaTpUyHble BhIpaKeHUs (eclu Kakas—HHOyIb omepaius He
ompezenieHa, OObSICHATE, TIOYEMY):
a) A'‘B u B-A;
0)D-C u C-D;
B) A‘F u F-A;
r)D-F u F-D;
n) F-A;
e) FT~A.
3amaya 8. BpluMcIuTh paHr MaTpUlbl OBYMS CIOCOOAMH: C TIOMONIBIO 3JIEMEHTApPHBIX
peoOpa3oBaHUi U METOJOM OKaMIICHUSI MUHOPOB.

1 -6 2 4 8 1 2 -7 13 0
A=|-3 18 -6 -12 -24 ;A= 7 /7 -6 3 12
0O 6 7 23 11 -16 -11 -17 56 -36

21 1 0
3amauya 9. JlaHbl KBagpaTHbIE MAaTPULBI 2— OT0 MOPSAKA A = ( 0 3) u B= (_1 2 )

Beraucnure cienyromme BoIpaKeHHs:

a) detA;

0) detB

B) det(A-B).

[TposepsTe, uto det(A-B)= detA-detB.

3anava 2. [lanbl KBaJpaTHbIE MaTPUIbl 3— IO MOPsAIKa

5-21 2 23
A= 1 04 n B= -1 41
-3 72 5-30

Beruncnure ciaenyromnme BoIpaKeHMs:
a) detA;

0) detB

B) det(A-B).

[TpoBepobre, uro det(A-B)= detA-detB.
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2 3 5 1 1 1 1 1 1
3angaua 10. Berumcauts onpenenurenu: a) (1 4 —-2(;6)|x 'y z|;B)[l 1+a 1 |;r)

-1 0 1 x* y? z? 1 1 1+b
1 -1 2 3 -2
-5 1 -4 1
1 1 -1 2 1
1 4 -1 5 V2 o1 -
s A -
-4 1 -8 - 3 2 1 -2 3
3 2 6 2
-2 1 4 5
Samaua 11.
8 6 41 93
Pemnts MatpuyHOE ypaBHEHUE - X - = .
1 2 48 155
3 -1 4 19
X - = .
1 2 19 15
2 6 1 7
X - = .
-3 1 0 14

IlepeyeHb OCHOBHOII M [ONOJHHUTEJLHOH JHUTEPATypbl, HeOOXOAMMOW [Jisi OCBOEHUS
AUCHHUILIHHBI

[IepeyeHb OCHOBHOM JIMTEPATYPHI

1.I'ycak, A. A. Boicmias marematuka. Tom 1: yueOnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c. — Pexxum nocryma: http://www.iprbookshop.ru/28059.html

[lepeueHs AOMOIHUTENBHOMN JIUTEPATYPHI

1. aauBuayansHble 3aaHus MO BbIcier Maremaruke. YacTte 1. JIuneiHas u BeKTOpHas
anrebpa. Amnamutudeckass reomerpus. [luddepeHuumansHoe wucyucieHUe QYHKIMA OJHOMN
nepemMeHHol: yueOHoe mocobue / A. Il. PaOymxko, B. B. bapxaros, B. B. [epxasen, U. E.
KOpytb; mon pemakmueit A. I1. PsOymko. — Munck: Beimitmas mkona, 2013. — 304 ¢. —
Pexxum noctyma: http://www.iprbookshop.ru/20266.html.

JlabopaTopHnas padora Ne 2.
Pemienne HeBBIPOKACHHBIX CHCTEM JIHHEHHBIX YpaBHeHni MeTtogom Kpamepa, meTonom
o0paTHoii MmaTpuubl. Pelienne cucrem JTuHeliHbIX ypaBHeHul MmeTonoMm "aycca.

Leap padotbl: BbpaboTaTh yMeHHE peliaTh HeBbIpokAeHHble CJIY MaTpUUHBIM METOAOM,
metonoM Kpamepa, merosiom ["aycca u npuMeHATs yMEHMS [UIs PELICHUs TPAaKTUYECKUX 3a/1ay.
TeopeTnyeckas 4acTh

[Tycts nana cucrema [ nunelinbx ypaBaenuii ¢ 1 HensBecTHHIMM:

A- X =B,
rac
d;p A .. Agp X1 by
a a .. a X b
P ! 22 2n X = 2 B= 2
a‘nl an2 ann Xn bn



bynem IIPEIoIIararh, 4TO OCHOBHas MaTpHLa A HEBBIPOKICHHASI.
A—l
Torpa cymectByeT oOpaTHas MaTpuia . Tlomuoxus Marpuunoe ypasaeane A- X = B na

MaTpULly A_1 clieBa, MOJy4uM (GopMyily, Ha KOTOPOH OCHOBAaH MAaTPUYHBIM METOJA pELICHUS
CUCTEM JIMHEHHBIX YPaBHCHUM:
X=A"B.
3ameuyanue. OTMETUM, YTO MAaTPUYHBIM METOJl PELICHHs] CUCTEM JIMHEHHBIX YpaBHEHUU B
OTIMYMe OT MeToja ['aycca MMeeT OrpaHHYeHHOE NPUMEHEHHUE: 3TUM METOJOM MOTYT ObITh
pelIeHBl TOJIBKO TAaKHWE CUCTEMbl JIMHEWHBIX YPAaBHEHMM, Y KOTOPBIX, BO-IIEPBBIX, YHCIIO

HEU3BECTHBIX PABHO YHUCIy YPABHEHUH, a BO-BTOPBIX, OCHOBHAS MaTPULIA HEBBIPOKICHHAS.
IIpumep. Pemmts cuctemMy JTUHEHHBIX YPABHEHUN MAaTPUYHBIM METOIOM.

5X1— X2— X3 = O,

3afaHa cucTeMa TPEX IMHEHHBIX ypaBHeHuit ¢ Tpems nemssectHbiME A+ X = B, rae

5 -1 -1 X 0
A=|1 2 3| X=|x,| B=|14]
4 3 2 X3 16

OcHoBHas MaTpuga CHCTCMbI ypaBHeHI/Iﬁ HEBBIPOKJACHHAA, ITOCKOJIBKY eé OIIPCACINTCIIb
OTJIMYCH OT HYJIA:

5 -1 -
detA=]1 2 3|=-30.
4 3 2
OO6parHyro MaTpuily A_l COCTaBUM OJIHMM M3 METOJ/IOB, ONTUCAHHBIX B IYHKTE 3.
1 1 1
6 30 30
At 78
3 15 15
1 19 11
6 30 30
[To popmyne MaTpUYHOTO METO/A PEIICHHS CHCTEM JIMHEHHBIX YPaBHEHUI MOTYYNM
1 1 1
5 -1 -1)| 6 30 30| (1
X=123-—%—115%:2
4 3 2 1 19 11| \3
6 30 30

Teopema (mpaBuno Kpamepa). Ecnu ompenenutens MaTpUIlbl CUCTEMBI OTIMYEH OT HYIS, TO
CHUCTEMa MMEET PeUIeHHEe U MIPUTOM TOJBKO OJHO. DTO pelIeHre onpeaensercss GopMyaaMu:

85



A
X, :Xk’ rae A — omnpenenurenb MaTpPUIbl CUCTEMbl U Ay — ONpeAenuTeNnb MaTpHULIbI,

MOJTy4aeMOU U3 MATPUIIBI CUCTEMBI 3aMEHOM k—0ro cTon01a cToI0I[0M CBOOOIHBIX YICHOB.
IIpumep. Pemuts cuctemy ypaBHeHu#, ucnomib3ys Gopmyinst Kpamepa.

X+2y—-3z=5
2X-3y+2=3
4x+y-2z=10
Pemenue: HaiigeM OCHOBHOM M IOTIOJTHUTEIbHBIC ONPEACTUTENH.
1 2 -3
A=2 -3 1|=6-6+8-36-1+8=-21
4 1 =2
5 2 -3
A, =3 -3 1|=30-9+20-90-5+12=-42
10 1 -2
1 5 -3
A,=12 3 1|=-6-60+20+36-10+20=0
4 10 -2
1 2 5
A, =2 -3 3|=-30+10+24+60-3-40=21
4 1 10
ITo popmynam Kpamepa nmeem
A, —42 Ay, 0 _ A, 21
=—=——=2;, Yy=—=—-=0; I1="F=—-=—
A =21 A =21 A =21

OtBer:x=2,y=0,z=-1.
[TpakThuecku Asl pelieHus CUCTEM JIMHEHHBIX YpaBHEHHUI dallle BCEro NMpPUMEHSETCS
MeTo[ ['aycca, cocTosImMi B IOCIE0BATEIbHOM UCKIIFOUEHUN HEU3BECTHBIX.
[TycTh 3aaHa cucTeMa JIMHEWHBIX alredpandeckux ypaBHEHUN:
a; X, +a,x, +--+a,x, =6,
Ay X; +ApyXy ++-4a, X, =86,

a x, +a,,x, +---+a, X, =6

mn--n m

Bbynem npou3BoNTE Ha/l CUCTEMOM CIIETYIOIINE 3JIEMEHTapHbIE TPeoOpa30BaHUs:

1. BoruepkuBanue ypasuenuns suga 0-x, +0-x, +---+0-x, =0.

2. [IpubaBneHne K OJHOMY YPaBHEHHIO JPYroro ypaBHCHHS, YMHOXXCHHOTO Ha
IPOHM3BOJIBHOE YHCIIO.

3. [TepemeHa MecTaMu IByX ypaBHEHUIH.

ITycts Tenepp a,;, #0.(Ecimu a;; =0,T0 MBI IIOMEHSEM MECTAMU IIEPBOE YPAaBHEHHUE C
TEM ypaBHEHHEM, I/ie KOd()OUIUEHT Npu x; OTIMYEH OT Hyns). VckimrounM Tenepb x, U3 Beex
YpaBHEHUU CUCTEMBbI, HauWHas cO BTOporo. Jljis 3TOro Ko BTOPOMY YpaBHEHHIO NpHUOaBUM

a
TepBoe ypaBHEHHE, yMHOKEHHOE Ha (——2- ), 3aTeM NpubGAaBHM K TPEThEMY YPABHEHMIO HEPBOE,
a
11
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a
YMHOKEHHOE Ha (——>) U T.J. K TIOCIeHEMY YPaBHEHHIO IPHOABUM TIepBOE, YMHOKEHHOE Ha (
a
11

a
— =L, IIpu 3TOM IIOJIy49MM CHUCTEMY
ap
CpXy +CpXy +ooo o X+t X, =a
CopXy oot Cp X+ Cp X, =a,
C,pX, +eo e, X, +-+cC, X, =a,
Jlanee, NpuUMEHMB Te K€ PACCYXKIEHUS K IIOJYYEHHOM CHCTeMe, HCKIIOYUM U3
YPaBHEHUI, HAYMHAS C TPETErO x, M T.1I.

HpOI[OJ'DKaH 9TOT INPOHECC, MBI IPUACM K OJHOMY U3 JIBYX CIIy4acB:
1. JInbo mocne OIMPCACIICHHOI'O 1Iara IIOJIYYUThCA CHCTEMA, COACpIKaIlasd

ypaBuenue Buga 0-x, +0-x,+---+0-x, =6 u ¢# 0. Torna Hama cucremMa He UMEET PEIICHHH,
T.C. HCCOBMECTHA.
2. 6o cuctema He coepxut ypaBuenue Buga 0-x; +0-x, +---+0-x, =6 u 6#0.
Torzma paHO WITH MO3/IHO MBI IIPUJIEM K CHCTEME
ClXy +CpXy o X+, X, =a
CoppXy o+ Co X+ 4, X, =0,

Bo3MoHBI 1Ba cityyas:
a) r=n. Torga nmocienHee ypaBHEHHE MOCIEIHEH CHCTEMBI UMECT BUI: C, X, =d

n!

n

OTKyJa X, = . 3 mpeanocnenHero ypaBHeHus: HaxoOuM X, ; U T.JA. U3 IIEPBOTO ypaBHCHUS

nn

CUCTCMbI HAXOJUM X, .

b) r<n. Torma cucrema nMeeT GECUUCIEHHOE MHOKECTBO PELICHH.
3ameuanue. C TPAaKTUYECKOW TOYKH 3pPEHHS TPOILECC PEIICHUS CHCTEMBI MOYHO
00JIerYnTh, €CIIM BMECTO Npeo0pa30BaHuil HaJ CaMON CHCTEMOM MPOU3BOANUTH MPEOOpa3OBAHMUS
HaJI COOTBETCTBYIOIICH pacIMpEHHON MaTPHIIEH CHCTEMBI.
IIpumep. Pemmts cucremy Merogom ["aycca.

2x, +x, —x;+x, =1
3x, —2x, +2x, —3x, =2
S5x, +x, —x;+2x, =-1
2x, — X, +x,—3x, =4
Pemenune. PaccMoTpuM pacimpeHHyI0 MaTpHUILy
2 1 -1 1 1

3 -2 2 -3 2
5 1 -1 2 -1
2 -1 1 -3 4
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YMHOXXUB MEPBYIO CTPOKY Ha w5 3aTeM YMHOKUB IEPBYIO CTPOKY Ha w5 HaKOHell,

YMHOXXUB TIEPBYIO CTPOKY Ha —1, clIOXHMM NEpBYIO CTPOKY IOCJIEIOBATEIbHO CO BTOPOH, C
TPEThEN U C YETBEPTOM CTPOKOU. ITomyynm

2 L= 2 1 -1 1 1
B~°‘§§‘§§~0-77-91
o .3 3 1 71 o -3 3 -1 -7
2.2 2 2| (g -2 2 -4 3

0 -2 2 -4 3

B nocneaneit matpuiie Mbl YMHOXKWJIA BTOPYIO U TPEThO CTpoKy Ha 2. Jlanee 1 u 2

3
CTPOKH OCTaBJIAEM 0e3 U3MeHeHUs. CnepBa YMHOXHM BTOPYIO CTPOKY Ha —— H CIO0XHM C
y y 2 . .
TPEThEH CTPOKOM, 3aT€M YMHOXKHUM BTOPYIO CTPOKY Ha —7 U CIIOKHUM C YETBEPTOM CTPOKOM.
ITomyuum
2 1 -1 1 1 o 1 1 1 1
0 -7 7 -9 1
. oo o 2 52 i 0 -7 7 -9 1
- 7 0 0 20 -52
0o 0 o -2 2 00 o -2
7 7 roT
2 1 -1 1 1 2 1 -1 1 1
0 -7 7 -9 1 0 -7 7 -9 1
0 0 0 20 -52| [0 O 20 -52
0 0 0 -10 19 00 0 0 -7
1

HOCJ’IGI[HIOI-O MaTpuny MbI HOJYUYUIHW, YMHOXHUB TPETHIO CTPOKY Ha E N CJIIOXKHB C

4yeTBepTOU cTpoKOH. Ilocmennss yeTBepTas CTpoKa 03Ha4aeT, YTO Mbl UMEEM YPaBHEHUE:!
0-x,+0-x,+0-x,+0-x, =7
CJIEI0BATEIIBHO, 10 CKa3aHHOMY BBIIIIE CHCTEMAa HECOBMECTHA.
IIpumep. Pemute MetoioM ["aycca cucremy ypaBHEHUN.
X, +2x,—3x;+5x, =1
x; +3x, =13x; +22x, =-1
3x, +5x, +x;-2x, =5
2x, +3x, +4x,—7x, =4
Pemenne. PaccMOTpUM paciimpeHHY0 MaTPUILy CHCTEMBI
1 2 -3 5 1
1 3 -13 22 -1
35 1 -2 5
2 3 4 -7 4

YMHOXKHUM cIiepBa TEPBYIO CTPOoKy Ha (—1) M CIOXHM CcO BTOpOH CTPOKOH, 3aTemM
YMHOXHUM TIEPBYIO CTPOKY Ha (—3) M CIOXKHUM C TPEThell CTPOKOW U, HAKOHEI, YMHOXUM
MIEPBYIO CTPOKY Ha (—2) U CJIIOKKM ¢ YeTBepTOM cTpokoi. [Tomyunm
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2 -3 5 1 12 -3 5 1
1 -10 17 -2 0 1 -10 17 -2
-1 10 -17 2 00 0O 0 O
-1 10 -17 2 00 0O 0 O

Bropyro Marpuily Mbl MOJIYYUM CIIOKHUB CIIEpBa BTOPYIO CTPOUKY C TPETbEH, 3aTeM
CJIOHMB BTOPYIO CTpOUKy ¢ 4erBepToil. HyneBbie cTpouku BeiOpachiBaeM. OcTaercs cucrema
ypaBHEHUI

x, +2x,-3x,+5x, = 1
x, —10x, +17x, = -2

bynem cuurath X; ¥ x, CBOOOJHBIMU HEU3BECTHBIMH, 0003HAYas UX: X3 =&, x, = f3

o O O -

(*)

W3 BTOpOro ypaBHEHHMsI CHCTEMBI (*) HAllIEM x,

x, =10 =173 -2

[ToncraBuB x, B EpBOE ypaBHEHUE, IIOJIyUUM:

x, +2(10ax -17-2)-3a +5£ =1 nnu

x, +20a-34 —-4-3a+50 =1 mimn

x,=—17a+296+5.

Taxum oOpa3oM, 1aHHas CUCTEMa UMEET OECUUCIEHHOE MHOKECTBO PEIICHUI:
x, ==17a+296+5

{ ae(R)
x,=10a =174 -2

Conep:kanue oTyera

1. Tema

2. llens paboThI

3. KpaTkoe onucaHue BbIIOJTHEHHONW paOOTHI.
4. ChopMynupoBaTh 3aKJIIOUEHUE U BHIBOIBI
5. OTBETUTH HA KOHTPOJIBHBIE BOIIPOCHI.

KoHTposibHbIEe BOPOCHI U 3aIaHUS.
Pemnte CJIY MarpuunbsiM MeToaoM u MetogoM Kpamepa:

3X; +2X, + X3 =5 X; —2X, +3X; =6 2%, — X, = X3 =4
a) 12X, +3X, +X; =1 ;0) 12X, +3X, —4X, =20; B) <3X; +4X, —2x, =11

2X, + X, +3X%; =11 3X; —2X, —5X, =6 3X; —2X, +4x, =11

2% — Xy +3X3 =4, 8X; +3X, —6Xg3 =4, 3%, —2X, +4Xxg3 =12,
DX +3%—Xg =11 i M Iy + X, — X3 =2, + 9 {3% +4%, —2%; =6,

X1 —2Xy + 2X3 =7 4%, + X —3X3 =-5 2Xy — Xp— X3 =-9
PemmTh cuctemsbl IMHEMHBIX YpaBHEHUN MeTo1oM ["aycca:

3X, +2X, +X; =5 X; —2X, +3X;, =6 2%, —X, —X; =4
a) 12X, +3X, +X; =1 ;0) 12X, +3X, —4X; =20; B) 13X, +4X, —2X; =11

2X, + X, +3%X; =11 3X, —2X, —5X; =6 3X, —2X, +4x, =11
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2X, +4X, +4x, +6x, =18

) 4X, +2X, +5X, +7X, =24
r
3X; +2X, +8X, +5x, =13

2X; +8X, +7X; +3X, =6

IlepeyeHb OCHOBHOI M [JONMOJHUTEJbLHOH JIMTEPATYPbI, HEOOXOAUMOM JJs1 OCBOEHUS
AUCHUTLTHHBI

[lepeueHb OCHOBHOM JIUTEPATYPbI

1.I'ycak, A. A. Bpicmias marematruka. Tom 1: yueOnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c¢. — Pexxum noctyna: http://www.iprbookshop.ru/28059.html

[TepeueHb AOMOIHUTEIBHOMN JIUTEPATYPHI

1.nauBuayanbHbie 3aaHusl Mo Bbiciied Matematuke. Yacts 1. JInHelHas 1 BEeKTOpHAs
anreOpa. Amnanmutuyeckas reomerpus. Juddepenumansnoe ucuucieHrne (yHKIUNA OJHON
nepemMeHHoi: ydueOHoe mocobue / A. Il. PaOymxko, B. B. bapxaros, B. B. [lepxasen, U. E.
OpyTh; mon penakuumeit A. I1. PsOymko. — Munck: Bemitmas mxona, 2013. — 304 ¢. —
Pexwum nocryna: http://www.iprbookshop.ru/20266.html.

JladbopaTopHas padora Ne 3.
Jlunelinble onepauuu HaJa BeKTopamu. Pa3iioikeHue BeKTOpa MO OPTaM KOOPAMHATHBIX OCeii.
JeiicTBUSI HAl BEKTOPaMH, 3aJJaHHBIMHU NpoeKuusaMHU. CKaJIsApHOe, BEKTOPHOE M CMENIAHHOE
NPoM3BeIeHUs1 BEKTOPOB.
Leab padoTsl: BeIpabOTaTh YMEHHE BBINOIHSITH JIMHEWHBIE ONEpaliy HaJl BEKTOpaMu; IEHCTBUS HAJl
BCKTOpaMH, 3aJaHHBIMU IIPOCKUUAMHU, HNPHUMCHATH IIPU PCHICHUH 3aJad CKaIIpHOC, BCKTOPHOC U
CMEIIaHHOE MPOU3BEICHHS BEKTOPOB.

TeopeTtnueckas 4acTb
Hanpasiennslit 0Tpe30k Oy/JeM Ha3bIBaTh BeKTOpoM U obo3nadate AB, CD ww a, s, ...

BCKTOp HAa3bIBACTCA HYJICBBIM, CCJIIM €I'0 HAYAJIO U KOHCH COBIIAAAOT U 0003HAYaIT O .

HyneBoil BEKTOp HE MUMEET ONPEACIEHHOrO HAIIPABJICHNS U UMEET JUIMHY PaBHYIO HYJIIO.
BexTophl Ha3bIBAlOTCS KOJUIMHEAPHBIMM, €CJIM OHHU JIEKAT Ha OJIHOM HpsIMOM, JMOO Ha

NapauIeIbHBIX NPAMBIX. J[Ba BEKTOpa Ha3bIBAKOTCS PABHBIMM, €CJIM BBIIIOJIHEHBI CIENYIOLINE TPU

ycioBusi: 1) AIUHBI BEKTOPOB paBHBI, 2) BEKTOPHI MapayljiesbHbl (KOJUIMHEAPHBI), 3) BEKTOPbI

HaIpPAaBJICHBI B O/IHY U Ty K€ CTOPOHY.
1. CnoxeHue BEKTOpOB

CymMmoii @ + B 1ByX BEKTOpOB 4 M B Ha3bIBaeTCs BEKTOP, MIYLIUHM U3 Hayajla BEKTOpa

d B KOHEI] BCKTOpa b IIpu yCJIOBHU, UYTO BEKTOP b IMMPUIIOKECH K KOHIY BCKTOpa a (HpaBI/IHO

TpPEeyrojabHUKa) U 3aMHUChIBAlOT C =a + b.

a ~
C

CroxxeHue BEeKTOPOB 00J1a/1aeT CASAYIOIIMMH OCHOBHBIMU CBOWCTBAMH:

1. KommyratusrocTh: a+ b = b + a
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2. AccCOnMaTUBHOCTB: JUIsl JIIOOBIX BEKTOPOB 4, b u C BommonHSETCS PaBEHCTBO
a+(b+c)=(@a+b)+c

3. IlpubaBneHue HyJIEBOrO BEKTOpa K JIOOOMY BEKTOPY @ HE MEHSET IOCIIEIHEro:
a+0=a.

4. Cymma BeKTOpa d M MPOTUBOIOJIOKHOTO BEKTOpa a ! paBHa HYJIEBOMY BEKTOpY, T. €.
a+al=0

M3 BTOpOro cBOMCTBA CIEAYET, YTO €CIIM JaHbl BEKTOPLI A1, A5, ... &, , PACIOJIOKECHHEIE
TaK, YTO KOHEI[ TMPEIbIIYIIEr0 BEKTOpa SBISAETCA HayajioOM I[OCJIEAYIOLIEro, TO CyMMa

a, +a, +..+a,, Oyner npeacrapiaATe coOOH BEKTOp, MIAYIIMH M3 Hayajga BEKTopa a1 B

KOHEI BeKTopa a p.

a +a,+a,+..+a,

2. Beluutanue BEKTOPOB

PazHocThIO ABYX BEKTOPOB d H b Ha3bIBACTCSI TAKOU TPETUH BEKTOP C 4TO a b + C

U 0003HaYaeT a-b— C. UYtoObl U3 OJHOrO BEKTOpA BHIYECTh APYroil, HY’)KHO MX OTHECTH K
o011eMy Hadaixy M MPOBECTH BEKTOP M3 KOHEUHOM TOYKH BEKTOPA — BBIUUTAEMOI0 B KOHEUHYIO
TOYKY BEKTOpa — YMEHBIIIAEMOT 0.

3ameuanue. Hapsny ¢ mpaBuioM TpeyrojbHHKa YacTO MOJIb3YyIOTCS (paBHOCI/IJ'IBHBIM eMy)
MPABHIIOM TAPAIeIOrpaMMa: eCiii BEKTOpbI & U b

IPUBEJCHBI K O0IeMy Hadaly M Ha HUX MOCTPOEH Mapajulejorpamm, To cymMma a + b
€CTb BEKTOp, COBMAJAIOIIUMN C JAMArOHAIBIO 3TOTO
napajiienorpaMma,  MAymed - u3 o0miero Hayasa

BCKTOPOB a u b a BTOpas I[I/Ial“OHaJ'IB uaymas I/I3

KOHIIa BEKTOpa b B KOHCII BCKTOpPa d eCThb Pa3sHOCTb a-

b.

3. HDOI/ISBCZ[CHI/IG BCKTODa Ha ‘-II/ICJ'IO

HpOI/ISBeHeHI/IeM o a(um aa) BCKTOpa d Ha _BCIICCTPEHHOE 1IHCIIO (04 Ha3bIBACTCS

BEKTOP b , KOJUTMHEapHbIN BEKTOpY 4, (IPHUYEM BEKTOP b MMeEET JIMHY, PaBHYIO | o | | a |)I/I
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UMEIOLINI HallpaBJIeHHWE, COBIAJAOllee C HampaBleHHEeM BekTopa aB ciaydae O 0 u
MIPOTUBOIMOJIOKHOE HalpasiieHue B ciiydae Ol < 0.
['eomeTpuyecKuii CMBICI ONEPALUK YMHOKEHHSI BEKTOpa Ha YMCIIO MOXHO BBIPA3UTh TaK:

IIpU YMHOXXEHUHU BEKTOpa a Ha yuciao OL BEeKTOp a pacTsaruBaercs (Cxumaercs) B O pas.
[Ipu sTom, ecitt Q> 1, To @ pacraruBaercs, eciiu 0< Ol <I, To BEKTOp d CXKHUMAETCS U
BEKTOp 0. & COXPAHSIET TO K€ HAIPABJICHHUE, YTO U BEKTOp 4 .

Ecinu )xe O < 0, To BeKTOp @ pacTsaruBaercs npu | o |> 1 u cxxumaercs npu | o | <1
U IIPU 3TOM IPOMCXOJUT U3MEHEHHE HalpaBJIEHUsS Ha IIPOTUBOIOIO0XKHOE.
Omnepanust yMHOKCHHUSI BEKTOpPa Ha YUCIIO 00JIafaeT CIIEAYIOLUIMMHU CBOIICTBaMHU:

1. a(a+b)= o0 a + o b (pacnpenenurensHoe CBOHCTBO YHCIOBOrO COMHOKHTENS
OTHOCHTEJIBHO CYMMBI BEKTOPOB).

2. (0 +p) a= aa + pa (pacupenenauTeabHOE CBOWCTBO BEKTOPHOIO COMHOKHUTEIIS
OTHOCHUTEIIEHO CyMMBbI YHCEN).

3. o(pa)=(ap) a (couerarenbHOE CBOMCTBO YMUCIOBBIX COMHOXKHUTEIICH).

Tak Kak TIO OINPENEICHUI0 BEKTOP €CTh HAlpAaBJICHHBIA OTPE30K, a IPOCKIIUU
HAMpaBJICHHOTO OTPE3Ka Ha OCH KOOPIHMHAT HAXOAAT KaK Pa3HOCTH OJHOMMEHHBIX KOOPIHHAT
KOHIIA ¥ Hayaja HalpaBJICHHOTO OTPE3Ka, TO TOYHO TaK)KE HaXOIAT MPOEKIUH BEKTOpa Ha
KOOPJAWHATHBIE OCH. DTH MPOEKIIMHU U HA3bIBAIOTCS KOOPIUHATAMHU BEKTOPA.

Hanpumep, nycts nansl Touku A(3, -2, 5) u B(-1, 2, 3). Toraa xoopauHataMu BEKTOpa

AB oynyr: -1-3=-4; 2-(-2)=4, 3-5=-2 u 0603Ha4YaOT AB ={-4, 4, -2}.

B nanbHeiimem, koopauHATHI (IPOSKIUK HA OCH) MbI Oyaem obo3Havath a ={X, Y, Z}.
OrmeTHM, 4TO NEHCTBUA HAl BEKTOPAMH MOXKHO MPOU3BECTH B KOOP/IMHATAX.

HyCTL JaHbl BEKTOPbI B KOOP/MHATAX: @ - {Xl, V1, 21} U b {X2, Y2, Z2}.

Torma: a + b = {X1+ X2, Y1+V2, Z1+2}, a - b= {X1- X2, Y1-VY2, Z1- 2o}, Qa = = {a Xy,

o Y1, (00 Z]_}
CKaﬂﬂDHOC IIPOMU3BCACHHNC BCKTODOB

ITycth nanbl 1Ba BEKTOpa a4 U b CxansipHbIMH TTPOU3BEIACHUSMHU JIByX BEKTOPOB & U b
HA3bIBAETCs YUCIIO, PABHOE NMPOMU3BENCHUIO IJIMH ITUX BEKTOPOB, YMHOXEHHOMY Ha KOCHHYC
yria MeXay HUMH:

(ab)= ‘a‘ . ‘b‘ cosY, TIe 9 — yroJMexIy BEeKTOpaMHu

MoXHO nath ApYroe ONPEAENICHUE CKaJsPHOIO MPOM3BEACHUS NBYX BEKTOpPOB. M3
TEOPUU NPOEKIUN U3BECTHO, YTO

np;a= ‘a‘ cos$ mnp_b= ‘b‘ cos 9.

T.0. ckamspHOE MPOU3BEICHUE IABYX BEKTOPOB €CTh YHCIIO, PAaBHOE MPOU3BEICHUIO
JUTMHBI OJHOTO U3 3TUX BEKTOPOB HA MPOEKIUIO IPYroro BEKTOpa Ha MEPBBIA BEKTOP.

(ab) = ‘b‘npga um (ab) = ‘a‘np5 b.

CkanspHoe pou3BeIeHHe BEKTOPOB 001a/1aeT CIEAYIOIMMU OCHOBHBIMH CBOWCTBAMU:

1. CxamspHOe MpOHM3BEIEHHE JBYX BEKTOPOB 4 M D obpamaercs B HyIb B TOM Ciydae, KOTaa
1o KpalHel Mepe OJIMH U3 BEKTOPOB SIBJIACTCSA HYNEBBIM MM €CITH BEKTOPBI HEPTICHUKYIIAPHBI.

2. CKa)'ISIpHOC MMPOU3BCACHUC NOBYX BCKTOPOB a I/Ib PaBHO TIPOU3BCACHUIO [JIMH 3THUX

BEKTOPOB, €CIIM JaHHbBIE BEKTOPHI MapalljIeNbHE, T. €. ¢ = 0.
(a b): ‘aHb‘cosO = ‘a‘ . ‘b‘
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Otcroma ciemyer, 4TO CKaJspHOE TPOM3BEICHHE BEKTOpa Ha camMoro ceds paBHO

KBaapary MJIMHBI 3TOr0 BEKTOpA, T. €. (a a) ‘ ‘

3. CxansipHOE TPOM3BEAECHUE JBYX BEKTOPOB O0JIaZlaeT MEPEMECTUTENbHBIM CBOHCTBOM

YMHOXCHHUS: (a b) (ba)

4. CxanspHOe Ipou3BeeHNe 001a1aeT pacpeIeTUTEIbHBIM CBOHCTBOM OTHOCUTEIIBHO CYMMBI
BEKTOPOB: (a + b) ( ) (bc)

[Iycte pmanbl gBa BeKTOpa B KOOpAMHATax: d = {Xl, Vi Zl} ub= {XZ, Yo, 2, }
CkasiipHOE MPOU3BEAECHUE AITHX BEKTOPOB PABHO CYMME IPOU3BEACHUNM HX OJHOMMEHHBIX
KOOpJMHAT.

BekropHoe npou3BeieHre BEKTOPOB

BexkTopHBIM NPOU3BEACHUEM IBYX BEKTOPOB ( U b naseBaercs Takoii TPETUN BEKTOP

C KOTOpLII/I o6naz[aeT CJICAYIOUMHA CBOI/ICTBaMI/I

Hc Lauc L b TO €CTh BEKTOP c TIEpPIEHKYISAPEH K MIOCKOCTH, TJIE JIEKAT BEKTOpA

aub:

2) JlnuHa BekTopa C YKMCJICHHO PaBHA IUIOLIA/IH MapajliesiorpaMMa, IIOCTPOSHHOTO Ha BEKTOpax

a_u 6 , T.C. E‘ = \5\ . ‘B‘Sin @, TAC @ — YTOIMECKAY BeKTopaMna ub;

3) BekTOp C HampaBlieH B TAKYyI0 CTOPOHY, YTOOBI KpaTYalIfii MOBOPOT OT IIEPBOTO BEKTOpa
K BTOpPOMY BEKTOPY b BOKpYr BekTopa C mpencraBisuics HMPOMCXOISMIIMM THPOTHUB YacOBOU
CTPEJIKH, €CITM CMOTpPETh U3 KOHLA BekTopa C .

BekropHoe npousBeaeHue 0603HavaroT cuMBosiom C = [ab] unuc=axb.
a) OCHOBHBIC CBOWCTBa BEKTOPHOTO MIPOU3BE/ICHHS:

1. BekTopHOE HpOHM3BEACHHE IBYX BekTopoB a0 paBHO HyneBomy BekTopy B TOM H

TOJIBKO B TOM CJIy4ac, KOoraga 3T BEKTOPLI MapaJlJICTIbHBI.
N3 storo cpoicTBa CJICAYyET, YTO BCKTOPHOC IMPOU3BCACHUC 11000r0 BCEKTOpa Ha CaMOro ce651,

Te. [aa =0.
2. BektopHOE MpOM3BEACHUE IBYX BEKTOPOB aHTHKOMMYTAaTHBHO, @ UMEHHO:
ab] [ba]
3. BekrtopHoe mpousBelcHHE O0NaTacT CBOWCTBAMH COYETATEIBHOCTH OTHOCHTEIBHO
YHUCIIOBOTO MHOKUTENS: Ol[ab] =|loa- b] uiu [a . ab]
4. BekropHOE TIPOM3BEICHHE BEKTOPOB 00JaNacT pPacHpeeIUTeIbHBIM CBOWCTBOM

OTHOCHUTEIJIBHO BEKTOPOB.
BekTopHoe HDOI/I3BGJICHI/IG BCKTOPOB B KOODHI/IHaTaX

[lycTs BekTOpHI A U bsanaHH B KOOpAMHATax d = {Xl, Y1, Zl} b {XZ y Yo, 2o }
Y1 4 |4 X | P W

Torga [ab =C 1A ; ! ,

Yalo| |2 X5| X3 Y

IIpumep. [IycTh naHbl BEKTOPHI 5. = {2, —1, 4} u 6 = {3,1, O}
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I1I2 I3
[ab|=[2 ~14/ =0+ 21, +121, + 301, - 4I, = 41, +121, +5l,.
310

re. fabl=c={-4,12,5}
[IycTh gaHbl TpH BEKTOPA a b C. Ecm mw3 TPEX BEKTOPOB I00bIC 1Ba BEKTOpA

YMHOKUTb BEKTOPHO, a 3aT€M I10Jy4ECHHBIN BEKTOP d =[a b ] yMHOXUTH Ha TpeTuil BekTop C
CKAJLIPHO, TO B pE3ylbTare Mbl IOJYYHM YHCIO, KOTOPOE€ M HAa3bIBACTCS CMELIAHHBIM

IIPOM3BEICHIEM TPeX BEKTOPOB 1 06o3HavaoT: 6o a b €, mmbo ([ab]c).

CmMeniagHoe ITPOU3BCACHUC HCKOMILIAHAPHBIX BEKTOPOB a, b u C mo MOJYJIKO PAaBHO
061>eMy napajjeiacnuicaa, moOCTpOCHHOTO Ha 9THUX BeKTOan

CMeranHoe Npou3BeIeHHE BEKTOPOB a b C paBHO HyITIO TOTa M TONBKO TOr/A, KOIIA
9TH BEKTOPBI KOMIUIAHAPHBI.

CMenianHOe IPOU3BEIEHUE BEKTOPOB B KOOPAMHATAX.

IlycTh naHsl TpU BEKTOpa B KOOPAMHATAX

a={x,y,z,},b={x,,Y,,2,}c ={X;,¥;,2,}. Torma cmermanHoe NpPOHU3BEACHUE ITHUX
BEKTOPOB MOKHO BBIYUCIIUTH 110 (hopMyIie:

X Yr 4
(lablo) =|x, y, 2z,).
X; Y: 4

MHuorue 3agaud TreoMeTpud, (U3UKH, MEXAHWKH PEIIaloTCS METOJAMH BEKTOPHOU
anreopsl.

Hpumep. Beraucauts, kakyio paborty npomssoaut cuna F = {3, -5, -2} korna ee Touxa
HPUIOKEHHS, IBUTAsCh MPSIMOIMHENWHO, epeMeniaercs u3 nonoxenus A (2, 5, -3) B monoxenue
B (3, -1, -2).

Pemenne. Halinem xkoopinHATHI BEKTOpa § = E

S ={3-2;-1-5; -2+3} = {1; -6: 1}

Torna BemuurHa KCKOMOW paboTa paBHA CKAISPHOMY IPOU3BEICHHUEO (E . g ), T.€.

W=(F S)=31+(-5)(-6)- 21 = 31,

[pumep. Haiitu yroi, o0pa3oBaHHBIN BEKTOPAMH: 5. ={3,0,-4} u B:{-l,l,-Z}.
3.(-)+0-1+(4)-(-2) 5 1

\/32 +0+4? -\/(—1)2 +12+(=2)° 5J6 6
[pumep. Jansr koopaunaThl BepiiuH Tpeyroabauka A(1,2,0), B(3,0,-3) u C(5,2,6). Haiitn

TUTONIAJTb ATOTO TPEYTOIbHUKA.

Pemenue. COS@ =

Pemenue. Haiinem KoopArHATBI BEKTOPOB E u E .
AB = {3-1, 0-2, -3-0} = {2, -2, -3}
AC = {5-1, 2-0, 6-0} = {4, 0, 6}
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Haiinem BekTOpHOE TPOU3BEEHUE BEKTOPOB E Hu A_C: [EA_C] =2 -2 -3 -=
4 0 6
—12e, —12¢, +8e, —12e, = —-12e, —24¢e, +8e,
Wrak, [AB-AC 1= d ={-12, -24, 8}.

Haiinem Moaysib BEKTOPHOTO ITPOM3BEICHUS

I[AB- AC1|H d |=/(-12)" +(-24)* +8° =144 + 576 + 64 = /784 = 28.

Hckomas mutonaap TpeyrojabHUKa: S AmBc = %‘[E . E]‘ = E .28 =14 «ks. en.

[Ipumep. Beraucautbe 00beM TETpadapa, BEPIIMHBI KOTOporo HaxoasaTcs B Toukax O(1,1,2),
A(2,3,-1), B(2,-2,4), C(-1,1,3).

Pemenne. Terpasap nmocrpoen Ha Bektopax OA, OB 1 OC Haiigem xoopamHatel 3THX

sextopos: OA ={1,2,—3}, OB ={1,-3,2}, OC ={-2,0,1}. Torza uckomb1ii obem:

1 2 -3
:%MOA.OB]-OC]:% 1 -3 2= \—3 8+18— 2\_1 _>
2 0 1

V > 0
= — KyO. en.
6

[pumep. Beruncnuts Mmoayis Bekropa d = {6,3,-2}.
Peurenme. Ecu man Bektop @ = {X, Yy, z}, 10 |@]| = /X* + y* + 2 . CnenoarenbHo,

uMeeM
|al= /6% +3 +(-2)* =-/49 = 7.
IIpumep. Beruncnuts HanpaprOIKAE KOCUHYChI BEKTOpa 5. ={12,-15,-16}.
Peurenve. || = \/122 + (—15)2 +(~16)* =625 =
x _12, _—15 3 z -16
|a| 25 | a | 25 5 | al] 25
HQI/IMep BexTopsl a u b 00pa3yroT yroi ¢ = 60° , IpU4eM ya| =5u |b| 8. Onpenenuts |
a+bula-bl

Pemmenne. PaccmoTpum ckaimsipHoe nponssenenne (& + D) u (@ + b) ree.

(a+b)?=(aa)+2(ab)+(bb)=|af+2/al|blcos60®+|bf = 25+2-5~8-% +64 = 129,

CIIE/I0BATENBHO |5 + B| = /129 .

AHAJIOTHYHO, PACCMOTPHUM (5. - 6)2
- = - SR 1
(a-b)2:|a|2-2(ab)+|b|2:25-2-5~8-5+64:49. la-b|=+49=7.

Conep:xaHue oT4yeTa
1. Tema
2. lenb paboThI
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3. Kparkoe onricanue BHIIOJTHEHHOM PaOOTHI.
4. ChopmynupoBaTh 3aKITFOYCHUE U BBIBOJIBI
5. OTBETUTH Ha KOHTPOJIbHBIE BOIIPOCHI.

KOHTpOJILHLIe BOIIPOCHI U 3a/laHUA.
3anaua 1. Ilo maHHBIM BekTOpam U rocmpoume 8eKmopsbl , , U

o _
\
3anaya 2. [lo naHHBIM BeKTOpaM U TOCTPOMTE BEKTOPHI , U .

o —
/ \
3agaua 3. KakoMy yclIOBHIO TOJDKHBI YIOBJIETBOPSATH BEKTOPHI U , YTOOBI BEKTOPbI U ObUIH
KosutnHeapHbl. Kakoil reoMeTpruueckuii CMbICI UMEET 3TO YCIOBUE?
3amaua 4. OmnpenenuTe KOOPAWHATHI HAayala BEKTOpPA , €CIIM €ro KOHEIl COBMAJAaeT C TOYKOU
M(1;-1;2).
3anaua 5. I[lycts B HekoTopoMm Oa3zuce U . Haiigure koopauHaThl BEKTOpa B 3TOM Oazuce.

3amaua 6. OnpenennTth, NpH Kaknx 3HaueHHsx o u P Bextopsl a={-2, 3, B} u b={a, -6, 2}
KOJIJTHHEAPHBI.

3amava 7. JlaHbI TpU BEKTOpA E = {3,-2,1}, a = {-1,1,-2}, F = {2,1,-3}. Haiitu pa3snoxenue
BEKTOpa 6 = {11,-6,5} no 6asucy B, a, F

3anaua 8. BekTopbl awub o0pasyrot yron (¢ = —. 3Has, 4TO |5.| = \/§, |B| = 1, BBIYMCIUTD

olo|N

YIOJ ¢ M@Ky BEKTOPaMHU B —a+bu a =a-
3anava 9. BeIuMCINTE MPOEKLIHIO BEKTOpA 5. = {5,2,5} Ha och BekTOpa B ={2,-1,2}.
3anaua 10. Jlans! Bepmuabl Terpadapa: A(2,3,1), B(4,1,-2), C(6,3,7), D(-5,-4,8). Haiitu mmuny
€ro BBICOTHI, ONYIIEHHO!N U3 BepuInHbI D.
3anaua 11. Haiitu opr Bektopa & = 3¢, +4e, —12¢..

3anava 12. HaiiTu BenTMUMHY IUIOIAIM apauieIorpaMMa, CTOPOHaMU KOTOPOTO SIBJISIOTCS
BekTopsl @ ={1,-3,1} mu b ={2,-1,3}.

3anaua 13. Berauciuth BHYTpeHHHE yriibl TpeyrojibHuka ¢ Bepiunaamu A(1;2;1), B(3;-1;7)

u C(7;4;-2). YoemuTbcs, 94TO STOT TPEYroJIbHUK paBHOOCApeHHBIH. CIenaTh 4epTex.
3amaya 14. 3Has oAHY W3 BepuIMH TpeyrojbHuKa A(2;-5;3) W BEKTOPHI, COBIAIAIOIINE C

JIBYMsI €r0 CTOPOHaMH E = {412} n % = {3;-2;5}. HaiiT ocraibHBIC BEpIIMHBI U

KOOpAWHATBI BEKTOpa CA

IlepeyeHb OCHOBHOW M JONMOJHHUTEJLHOH JHUTEPaTypbl, HEOOXOAMMOH A OCBOCHHS
JAUCHMITUHBI

[lepeueHb OCHOBHOM JTUTEPATYPHI

1.I'ycak, A. A. Bricuias maremaruka. Tom 1: yuebnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c. — Pexxum nocryna: http://www.iprbookshop.ru/28059.html

[lepedyeHb OMOTHUTEIBHON TUTEPATYPHI
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1. MlnauBuayansHble 3aAaHus Mo Bbiciied maremaruke. Yacte 1. JIuneitHass u BeKkTopHas
anreOpa. AnHanmtmueckas reoMerpus. JuddepenunanbHoe wucducieHne (QYHKIUHA OJXHOU
nepeMeHHoi: yuebnoe mocodue / A. II. Psbymko, B. B. bapxartos, B. B. Jlepxasen, U. E.
OpyTh; mon penakmueit A. I1. PsOymko. — Munck: Beimwiimas mxkona, 2013. — 304 ¢. —
Pexxum noctyna: http:// www.iprbookshop.ru/20266.html.

JlabopaTopnasi paGora Ne 4.
IIpsiMasi IMHUA HA MJIOCKOCTH: YPaBHEHUE NMPSAMOH ¢ yIrJoBbIM K03 duuuenTom; odiee
YPaBHeHHe NPSIMOii; ypaBHeHHe NPSMOM, NMpoxoJsimieil yepe3 AaHHYI0 TOYKY B JaHHOM
HANPABJICHUM; YPaBHEHHE NPSAMOM, NMPOXOAsleH 4yepe3 ABe JaHHbIe TOYKH; YpPaBHEHHE
NpsAMON B OTpe3Kax. YroJ Meay ABYMSl NPAMBbIMH. YCJI0BHS NAapalieJbHOCTH U
NePIEeHINKYJIAPHOCTH ABYX NPAMbIX. PaccTosiHMe OT TOYKH 10 NPSAMOIi.
Hesas padoTsl: chopMUPOBATH NPEACTABICHNE O BO3MOXKHBIX CrIOc0o0ax 3aJaHus MPsMON Ha
IUIOCKOCTH, BBIPa0OTaTh YMEHHE BBIOMPATh COOTBETCTBYIOIIEE ypaBHEHHUE JIJISI KOHKPETHOM
3a/la4; HaXOAWUThb BEJIMYMHY yIJIa MEXIY JIBYMS IpPSIMBIMH U PACCTOSIHUE OT TOUYKH [0
MPSIMOH.

Teopetnueckas 4acTb

B I[eKapTOBOﬁ CHUCTEMC KOOpAWHAT Ha IJIOCKOCTHU KaxKAas MpsaMast ONpeaACIsACTCA YPaBHCHUCM 11 creneHn
u, 00paTHO, KAKI0E YpaBHEHUE 1—ii CTETIEHN ONpPEAETISIeT MPSIMYIO.

VpaBHeHue TpsAMOH ¢ yrioBbIM Kodhdummenrom: Y=kx+b, rme Kk - yriosoii
k03 durMeHT npsimMoi, b — HavanbHas OpJMHATA.

[pumep: Hamwcath ypaBHEHHE MpsIMOM, mpoxoasmied depe3 To4uky Mo(-2;1) wu
oOpa3yromieii ¢ mpssmoit 3X —Y + 2 = 0 yron B 45°.

Pewienue.

VYpaBHeHUE MpsIMOiA, poxoasiie uepe3 Touky Mo(Xo,Yo) UMEET BHI:

Y—Yo=ki(X—Xo), T.e. y—1=ki(Xx + 2)

B paBenctBe HEOOX0aUMO OmpeaeauTh yriioBo kodhduiment Ki. i aroro
BOCTIOJNIb3YEMCsI YCIIOBUEM, YTO MCKOMas IpsiMasi 00pasyeT ¢ naHHou mpsiMoit 3x—y+2=0 yrox B
45°. YrioBoit koadduimenT nanHoi npsmoii Ky = 3. Toraa umeem:

tg450:m — 1:3__kl,
1+k,Kk, 1+ 3k,

orkyma 1 + 3k; = 3 — kg, nnm kg :E . IToncrasus k; = E , monyuum: Yy — 1 = E (X + 2) wau X —

2y + 4 = 0 — uckomoe ypaBHEHHE MPSAMOH.
Obmee ypaBuenue mnpsmoit: Ax+By+C=0, rme A, B, C — mpousBoJbHBIE YHKCIHA.

OueBuaHO, A 1 B HE MOTYT OBITH OIHOBPEMEHHO PaBHBI HYJIIO.
y X,y
VYpaBHeHHe NpsSMOIl B OTpe3Kax: — + b =1, rue a, b — BenMUMHBI OTPE3KOB, OTCEKAEMBIX
a

IPSAMOM Ha KOOPJAMHATHBIX OCSIX.

3ameuanue. Ilpsimas JuMHUS B OTpe3kax OTCEKaeT OT KOOPAMHATHOTO  YIJa
. . 1
IPSAMOYTOJILHBIN TPEYTOJIBHHEK, IIONIA1h KOTOPOTO OIpeAeseTcs GopMyIon S, = E|a”b| .
[pumep. [Tana mpsmas 5X-3y-30=0. Haiitu miomaap TpeyroJbHHKA, OTCEKAEMOTO

IPSIMOM OT KOOPAMHATHBIX OCEH.
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Pemienue. 3anumiem ypaBHEHUE MNPSIMOM B OTpe3KaxX, pa3/iesiuB BCE WICHBI JAaHHOIO

X
ypaBHeHus Ha 30: ——121. W3 ypaBHeHuss BuaHo, uro a=6;b=-10. CienoBaTenbHO,

6 10
1
S, :§|6||—10| =30 xB.ep.

HopmainbsHoe ypaBHeHHE psiMoii: XCOSH + ysind - P = 0, tae 0 - yrou, KoTopblit o0pasyer
npsiMasi ¢ MOJIOKUTEIbHBIM HamnpaBieHueMm ocu OX.
[Ipumep. Jlano ypaBHeHue mpsimoit SX — 12y + 26 = 0. IIpuBectr K HOPMAIBHOMY
BUTTY.

Pemenue. J{ns nepexona oT o011ero ypaBHeHUs NPAMON K HOpMaIbHOMY HEOOXOIMMO

1

++A® +B?
3HaK BBIOMpaETCS MPOTUBOMNOIOKHBIM 3HaKy C. B nannom ypaBHenun A=5, B= -12, C=26. Taxk
kak C>0, TO HopMmHpylOLIUI  MHOXHUTEIbL OepeM CcO 3HAaKOM  MHHYC, T.€.

00e vacTtu 06mero YpaBHCHHA YMHOXXHWUTb Ha HOpMI/IpyIOH_[I/Iﬁ MHOXHUTEIb M =

1 1 1
M=——————-—=——_. VYMHoXuB Ha M = —-— JaHHOE ypaBHEHHUE, IOIYYHM:
++/25+144 13 3
12 . .
——X+-—Y—2=0 - HopmanbHOe ypaBHEeHHE NpsAMOiA: COSO= ——, sind= — , P =2,
13 13 13
y=kXx+b,
[Iycte nmaHbl 1Be MpsiMbIe .Yron MexIy IByMs MPSMBIMU Ha IJIOCKOCTH
y=k,x+b,
kz — kl

MOYET OBITh BBIYMCIIEH IO hopmye: 1§y = ——.
1+ kK,

Heo06XoauMBIM U JOCTaTOYHBIM YCJIOBHEM NapalJIeNbHOCTH JBYX MpPSMBIX SIBISETCS
pPaBEHCTBO MX YIrIOBbIX Kod(hduimenToB: Ki=k; HeoOxoammoe u 10CTaTOYHOE YCIOBHEM
NEPNEeHIUKYIAPHOCTH JIBYX MpPSMBIX 3aKI0OYaeTcs B TOM, YTO IPOU3BEIEHHE HX YIJIOBBIX
k03¢ duirenToB paBHo (-1): Kiky=-1.

3ameuanue. Ecnmu ypaBHEHHs JBYX MNPsSMBIX 3aaaHbl B oOmem Buiae Aix+B;y+Ci;=0 u

Ax+Boy+Cy=0, T0 yrioBble KOIPPUIMEHTH ITUX MNPAMBIX OyayT uMeTh BHI: K =——,

Bl
A
k, = B
2
_ A_A
1) Ilycte npsmble mapamienbHbl. Torma K=K, mmm — = —=, T.e. ecliu B ypaBHEHHUSAX IBYX

1 2
IPSIMBIX COOTBETCTBYIOIIKE KOI(DPUIIMEHTHI TPU TEKYLIIUX KOOPAMHATAX MPOMOPLHOHAIBHEI, TO

B C
MMpsAMbIC TMapaJlICIIbHBI. Ecmu Ipu 3TOM HMEEM OTHOIICHUC ﬁ=—1=—l, TO TMPAMBIC
A B G
COBIIaAAroT.
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2) Ilyctb mpsiMble MepreHIUKYISIPHBL. Torna BBIIOIHSACTCS PABEHCTBO k1 . k2 =—-1 wm

AR

=—1 wm AA; + BB, = 0 - 5T0 ecTh HEOOXOAMMOE M JOCTATOYHOE YCIOBHUE
Bl BZ
NEPICHIUKYISIPHOCTH ABYX MPSMBIX, ypaBHEHUSI KOTOPBIX 3a/IaHBI B O0IIIEM BH/IE.
[Ipumep. JlaHbl ypaBHEHUS ABYX NpsMbIX: 2X — Y + 3 = 0 m 4Xx — 2y + 5 = 0. Kak
pacmonoxensl 3tu npsimbie? 3aech A; = 2, By = -1, C; = 3, A, = 4, B, = -2, C; = 5. 3nech
2 -1 3
BBITIOJTHAIOTCS COOTHOIICHHS: — = —— # — , T.€. IPSIMbIC TapaJlICIbHBI.
-2 5

[Ipumep. Jlanbl ypaBHeHHs IBYX mpsiMbix 3X — 2y + 1 = 0 u 2X + 3y + 4 = 0. Kak
pacroI0XKeHbI AT NpsMble?

Pemenue. Beimumem ko3¢ GUIMEHTHI IPU MTepeMeHHbIX X U V. A; = 3 B = -2, C1=1, Ay =
2, B, = 3, C, = 4. PaccMoTpuM BBITIOJTHEHHE YCIIOBUE MepneHauKynspHoctu. Mmeem: AjA; +
BB, = 32 - 23 = 0. VYcnoue BbmogHeHO. CleqoBaTeNbHO, JaHHBIE IIPSIMBIC
NEPICHIUKYIISPHBIL.

YroObl HaiiTu paccTosiiue oT Toukd Mo(Xo,Yo) 10 mpsiMoOii, HeoOXxoaumo: 1)ypaBHEHHE
JAHHOM TPSMOW MPHUBECTH K HOPMAaJIbHOMY BHUY; 2)IIOJICTABUTh BMECTO TEKYIIUX KOOPJWHAT,
KoopauHaTel Touk Mo(Xo,Yo).

|d] = | xo€0S8 + yosSing - P|

[pumep. Haiitu paccrosinue ot Touku Mo(-2,3) no npsimoii 3x — 4y — 2 = 0.
Pemenne. IlpuBoniuM JaHHOE ypaBHEHME K HOPMalbHOMY BHJIYy, YMHOXas €ro Ha
HOPMHUPYIOIINI MHOKUTEIh

m=_1 _1
3¥+4> 5
[Tonyurm HOpMabHOE ypaBHEHHUE 3 X — 4 y— 2 -0
5 5 5
Torna orknonenue d = §-(—2)—ﬂ-3—g = _§_E_E = _Q =

5 5 5 5 5 b

OtpunarenbHoe 3HaueHHe i oTkioHeHus d,
yKa3bIBaeT Ha TO, 4TO JaHHas Touka  Mo( -2,3)
JIEKUT OT TAHHOU MPSIMOM C TOM 7K€ CTOPOHBI, 4TO

HavaJio KOOpAHUHAT. Hckomoe pacCcTodaHue
= -4 = 4.

AY

RV

Conep:xxaHue oTyera

1. Tema

2. Llens paboThI

3. KpaTkoe onucaHue BbIIIOJTHEHHONW pabOThI.
4. CpopmynupoBaTh 3aKJIFOUYECHUE U BHIBOJIBI
5. OTBETUTH HAa KOHTPOJIbHBIE BOIIPOCHI.
KoHTpoJibHBIE BONIPOCHI M 32/1a4H:

3amaua 1. Jlano oOmiee ypaBHeHue mnpsimodt 3X — 2y + 12=0. CocraBbTe ypaBHEHHE STOU
MPSIMOM C YTJIOBBIM KO3()(PUIIMEHTOM U ypaBHEHUE B OTpE3Kax.
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3agaya 2. CocraBbTe ypaBHEHHE IMpPSIMOW C YIJIOBbIM Koddduimentom K =2, mpoxomsiiei
yepe3 Touky M(—1;2).
3anaua 3. CocTaBbTe ypaBHEHHE MPSMOMA, TPOXOAIIEH Yepe3 TOUKU M1(2;1) U M2(1;—3).

3amaua 4. [lano o6miee ypaBHeHue npsiMmoit 12x — Sy — 60 = 0. Hanucats:
1) ypaBHEHUE C YIIOBBIM KOIPPHUIIUESHTOM;
2) ypaBHEHHE B OTpPE3Kax;
3) HOpMalbHOE YpaBHEHHE.
3agaua 5. IlpsiMasg Ha IUIOCKOCTH OTCEKaeT Ha OCAX KOOPAMHAT paBHbIC IOJOKUTEIbHBIE
orpe3ku. CocTaBUTh ypaBHEHHUE MPSMOH, €CITU TUIONIA/Ib TPEYTroJIbHUKA, 00pa30BAaHHOTO MPSMOU
C OCSIMM KOOpJAMHAT, paBHa 8§ KB.€I.
3ajaHus:
1. IIpoBectm 4depe3 Touky TepecedeHuss mpsaMbIx x—y—3=0, 2x+3y—11=0, npsamyro,
napajuieNbHyo npsmoit Sx — 4y — 17 = 0.
2. JIyu cBeta, mpoxosaiuii uepe3 Touky Mi(3;—1), otpaxaercs oT mpsamoii  2x—y-1=0 u mocie
3TOro MpoxoauT Yepe3 Touky M»(5;3). HanrcaTh ypaBHEHUS MagaroIiero ¥ OTPakKEHHOTrO JTyueH.
3. Haiitu npoekiuto Touku M(3;2) Ha npsimyro 3X — 2y + 1 = 0.
4. Nanwl BepumHbl Tpeyronbauka: A(3;1), B(-5; -5), C(-1;4). Haiitn ypaBHEHHs OHCCEKTPHC €ro
BHYTPEHHEI'0 M BHEIIHETO YIJIOB IIpH BepiuuHe A.
5. Jaubr BepmmHbl TpeyrompHuka: A(1;-1), B(-2;1) m C(3;5). CocraBuTh ypaBHEHHUE
HEepIEeHINKYIIApa, OMYIIEHHOI0 U3 BEpUIMHBI A Ha MeiMaHy, IPOBEICHHYIO U3 BEepLIMHbI B.
6. He BbluMCIAS KOOPIWHATHI BEPIIMH TPEYrOJbHHWKA, HAMUCATh YPAaBHEHUS MPIMBIX,
IPOBE/ICHHBIX Yepe3 O5TH BEpIUIMHBI MapajuIeIbHO IMPOTUBOJSKAIIUM CTOpOHaM. CTOPOHBI
TPEYroJbHUKA 33/1aHbI ypaBHEeHUAMU: SX—2Y+6=0; 4x—y+3=0 un x+3y—7=0.
7. CocTaBUTh ypaBHEHHE MNpSAMOIl, KOTOpas HpOXoauT yepe3 Touky P(8;6) m orcekaer ot
KOOPJMHATHOI'O yIJla TPEYTOJIbHUK C IUIOIIA/bI0, paBHOM 12 KB.ej.
8. CocraBuTh ypaBHEHHE MpPSIMOHW, mpoxoxasueil yepes Touky P(-2;3) Ha oXMHAKOBBIX
paccrosiHusx ot Touek A(5; -1) u B(3; 7).
9. Berunciutb paccrosinue d Mexay napauienbHbIMU npsiMbivu: 3X — 4y — 10 = 0; 6x — 8y+5=0.
Bomnpocsr:
1. Jlaiite ompeneneHue yria Mexay IByMms npsMbiMH. Kak ompezpensiercs KOcHHyC yria
MEXy ABYMS TPSIMBIMHU Ha TUIOCKOCTHU?
2. CdopmynupyiiTe npU3HAKM NapaIENIBHOCTH W MEPHEHIUKYISIPHOCTH TMPSAMBIX,
3a/laHHBIX @) OOLIMMU ypaBHEHUSMU; 0) ypaBHEHUSMU C YTIJIOBBIM KO3 (DUIIEHTOM.
3. Kak ompenenuth paccTosHME MEXIy a) TOUKOW M MpsMOi; 0) ABYMS MapauiedbHBIMU
IpSIMBIMU?
Ai Bl 1
4. MOHO JIM CYUTATh YCIOBHE —— = —— = —— [IPU3HAKOM NapaJJIeTbHOCTH MPSIMBIX?
BZ C2
5. Uto Takoe yrioBod KO3(p(GUIMEHT MpsIMON Ha TUIOCKOCTH? 3alUIUTE YpaBHEHUE MPSIMOU C
YTJIOBBIM KO3 PHUIIUEHTOM.
6. JIns KakuX IpsIMBIX YTJI0BOW KOA((GUIIMEHT HE onpeensercs?
7. UccnenoBanue o0ILEro ypaBHEHUs PSMON Ha MIOCKOCTH.
8. Kakoll Bug nMeeT ypaBHEHUE NPSIMOI B OTpe3Kax?

IlepeyeHb OCHOBHOH M [JONOJHHUTEJBLHOH JHUTEPATypPbl, HEOOXOAMMOW JIsi OCBOCHHUS
AUCHUILIMHBI

[lepeueHb OCHOBHOI TUTEPATYpPHI

1.I'ycak, A. A. Bricuias marematruka. Tom 1: yuebnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c. — Pexxum nocryna: http://www.iprbookshop.ru/28059.html

[lepeueHb AOMOIHUTENBHOMN JIUTEPATYPHI

1.MluquBrayanbsHbIE 3aaHKs 10 BbIcIIeld MateMatuke. Yacte 1. JIuHeiHas u BekTOpHas
anrebpa. Ananmutuueckas reomerpus. [luddepeHuunanpbHoe wucyucieHHe QYHKIMA OJHOMN
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nepeMeHHoil: yue6Hoe mocobue / A. II. Pabymko, B. B. bapxaros, B. B. [epxaseu, U. E.
KOpyth; mon penakmueit A. I1. PsOymko. — Munck: Beimwiimas mxona, 2013. — 304 ¢. —
Pexxum noctyna: http://www.iprbookshop.ru/20266.html.

JlabopaTopnasi paGora Ne 5.
OxpyxHocTb. Dusnnc. 'mnepooaa. [lapadosaa. O0ee ypaBHeHUe JJMHUI BTOPOTo
NnopsiAKAa.
Leab pabGoTbl: chopmMupoBaTh MpeAcCTaBICHHE 00 YpaBHEHHWU KpPUBOW BTOPOTO MOPAJIKA,
YPaBHEHHSIX OKPYKHOCTH, 3JUIMIICA, TUIIEPOOIIBI U MAapadoIIbl, HAYYUTHCS ONPENENATh OCHOBHBIC
napaMeTpbl KPUBBIX MO 33JaHHOMY YpaBHEHHUIO.

Teoperuieckast 4acTh
OKpY’KHOCTBIO Ha3bIBAETCS TEOMETPUIECKOE MECTO TOUEK, PABHOYIAJICHHBIX OT OJHOW U

TOW JK€ TOYKM, Ha3piBaeMoW IeHTpoM. KaHOHWYecKkoe ypaBHEHHE  OKPYKHOCTH
(X=X%,)"+(y—Y,)* =R®.Ecmu Xo = Yo = 0, TO LEHTp OKPYKHOCTH HAXOJMTCS B HAUAIE
KOOPJIMHAT U YpaBHEHHE MMeeT BHI: X° + Y2 = R?

[Mpumep. OnpenenuTh [EHTP H  paaAUyC OKPYKHOCTH, JaHHOW  YpaBHCHHEM:

X*+y?—8x+6y+21=0

Pemenune. /lanHoe ypaBHEHHWE MPENCTABISIET OKPYKHOCTh, TaK KaK OTCYTCTBYET WIECH C
NPOM3BEACHUEM KOOPAUHAT M KO3 PUIIMEHTHI IPU KBaJpaTax KOOPAWHAT PaBHBI MEXKIY COOOIA.
[lpuBomMM naHHOE YypaBHEHHE K KaHOHHMYECKOMY BHAy. JIsi 3TOro mepemnuiieM JaHHOE
ypaBHEHHE B BUJIC:

(X* =8X)+(y*+6y)+21=0 wm

(X* —8x+16) + (y* +6y+9)+21-16-9=0 wnm

(x=4)*+(y+3)° =4

OTkyna 3aKjr049aeM, 9To HEHTP OKPYKHOCTH uMeeT kKoopauaatel C(4,-3) u R = 2.

DNIUIICOM Ha3bIBAETCS TEOMETPHUYECKOE MECTO TOUYEK, CyMMa PAacCTOSIHUN KOTOPBIX 10
JIBYX JIaHHBIX TOYEK, Ha3bIBaEMBIX (OKYCaMH, €CTh BEJIMYMHA TIOCTOSHHAs, paBHas 2a.
x + y —1. Ecim a = b, TO »smumnc craHOBHUTCS

a> b’

KanoHnyeckoe ypaBHEHHE 3JUIMIICA:

OKPYKHOCTBIO.

C
BennunHa — Ha3bIBaeTCH 9KCHCHTPUCUTETOM IJUIUIICA U o0o03HayaeTcs qucpes 6YKBy E.
a

a
[Ipsmble X = £ —, mepneHAMKYJISpHbIE K (OKAIbHOW OCH AJIMIICA U OTCTOSIIME Ha
&

a
pacCTodHn — OT €TI0 LEHTPA, HA3BIBAOTCA AUPCKTPUCAMU IJIIIUIICA. I[I/IpeKTpI/ICBI QJIIUIICAa
&

O6J'Ia,Z[aI-OT CBOMCTBOM: OTHOIIIEHHUE paCCTO}IHI/Iﬁ 000 TOYKH DJIUINAIICA pi(o) (bOKYCa 151
COOTBGTCTByIOIHeﬁ JUPEKTPHUCHI €CTh BEIIMYMHA ITIOCTOSIHHAA, paBHAA OKCUCHTPUCUTETY.

\4

Az




[Tpumep. Cropona pomba paBHa 5 u BbicoTa 4,8. Uepe3 naBe BEpUIMHBI MPOXOIUT DJUIHIIC,
(OKyChl KOTOPOTO COBIMAJAIOT C JIBYMSI IPYrHMH BepmuHamMu poMOa. COCTaBHTH ypaBHEHHE
AJUTUIICA, IPUHSB AUArOHAIU poMOa 3a OCH KOOPIUHAT.

Pemenune: Ilo ycnoBuro 3amaun AF; =5 u AK=48. Torma mnomaass pomba
S=AF;-AK = 4,85 = 24.

C I[perﬁ CTOpPOHBI, KaK HM3BCCTHO, ILIOIIAJAb pPaBHA IIOJIOBUHC IIPOU3BCACHUS

IUaroHaiei, T.e. S = % AB-F,F,; Ho AB = 2b, F1F, = 2c. Torna S =2bc =24, otkyna b = 12
c

2 | A2
. Jlanee, AO®+OF? = AF? wm b°+C°=25. Cnenoparensho, mms omnpemenchus C

UMEEM: £24+02 —25 uiau c* —25¢*+144=0.
c

OGosmawmm c2 =t . Torna nveem: 1- — 25t +144=0;

_ 25+4/625-576 25+7
12 — - ;
’ 2 2

Tak xak ¢>0, To ¢; =3, ¢, =4. Torma by =4, b, =3. U3BecTHO, YTO MId DJUIMIICA
a’=b*+c’, torma a°=4°+3=25 a=5,

X2 yZ
VckoMbIMU ypaBHEHUSMH AJIuIca OyayT: 25 + 16

t,=16,t,=9.

=1 (ecau dokycel jaexaT Ha ocu OX)

2 2
u % + ;_5 =1 (ecmu dokycsl nexar Ha ocu QY).

['unepOonoli Ha3bIBaETCS TEOMETPUUYECKOE MECTO TOUYeK TUIOCKOCTH, JUIsl KOTOPBIX
pPa3HOCTh PACCTOSIHMM JO JBYX TOYEK, HA3bIBAEMBIX (DOKycamu, €CTh BEIMYMHA MOCTOSHHAS,

2 2
pasuas 2a. Kanonnueckoe ypasuenue runepbonsi: X _ Y _ 4. Ecnu runep6ona 3aiana cBOMM

a’ b’
KaHOHMYECKHM YpPaBHEHHEM, TO TJIABHBIMH OCSIMU TUIEPOOJBI SBJISIOTCS OCH KOOpAMHAT, a
LEHTpP TUnepooIIbl HAXOAUTCS B Hayajie KOOPAMHAT.
[MpssMOyToJBHUK CO CTOpOHaMHU 2a ¥ 2D, pacroNIOKEHHbIH CHMMETPUYHO OTHOCHUTEIBHO
oceil runepOONIbl U KacalolUiics ee B BEpIIMHE, Ha3bIBAETCS OCHOBHBIM MPSIMOYTOJIbHUKOM
runepOosbl. JlaHHbIN NPSIMOYTOJBHUK MMEET BEpUIMHBI B ToUKax A (@, b), Az (a, -b), As (-a, -b),

102



A4 (-a, b). JluaroHasb OCHOBHOTO MPSIMOYTOJbHHUKA HA3bIBAKOTCS ACHMIITOTAMHU THUIIEPOOJIBI.

YpaBHEHHUsI ACHMIITOT HMEIOT BHA: y — b XA y= b X-

[IpsiMble X = +—, meprneHAUKYIApHbIE K (POKAIBHOW OCH THUMEPOONIbI M OTCTOSIIUE Ha

M |

a
pacCTodHNU — OT €€ LHECHTpAa, Ha3bIBAIOTCA JUPEKTpHUCAMU FI/IHep6OH%.
&

\ 4

[Tapabomnoii Ha3pIBaeTCss Ir€OMETPUYECKOE MECTO TOYEK IUIOCKOCTH, PAaBHOCTOSILIUX OT
OJIHOM TOYKM, Ha3zblBaeMOW (OKycoM, U JAHHOM MPsSMOM, Ha3bIBa€MOW JAMPEKTPUCOM.

Kanonunueckoe ypaBHEeHUE apadOoIIbL: y2 = 2pX.

Conep:kanue oTyera

1. Tema

2. llenb paboThI

3. KpaTkoe onucaHue BbIIIOJTHEHHONW paOOThI.
4. ChopmynupoBaTh 3aKJIIOUEHHE U BHIBO/IBI
5. OTBETUTH Ha KOHTPOJIBHBIE BOTIPOCHI.

KoHTpobHbIEe BONPOCHI U 3a/IaHU.
3amaga 1. JlaHO ypaBHEHME DJUIMIICA: 25x? + 169y = 4225. BbUHCIATH JUIMHBL  OCEH,

KOOpAMHATHI (POKYCOB M SKCLIEHTPUCHUTET AILIUIICA.
2 2

X . .
3anava 2. B amunc £+y? =1 BOMCaH NPaBUJIbHBINA (PABHOCTOPOHHUI) TPEYTOJILHUK, OJTHA U3

BEpILMH KOTOPOIO COBIAJAeT C MpaBo BeplIMHOW Oonblioi ocu. HallTh KoopAMHATHI ABYX
JIpYrUX BEPILIUH TPEYrOJIbHUKA.

2 2

X
3amaga 3. B amnunc E+%=1 BIIMCAaH MNPAMOYTOJIbHUK, IBE IIPOTHUBOIIOIOKHBIE CTOPOHBI

KOTOPOT'O MPOXOJAT Upe3 (POKYChl. BEIUMCIUTH MIIOIIAIb 3TOTO MPSIMOYTOJIbHHKA.
2 2
Xy
25 24
MOJIOKUTENbHA. BErYncIuTh (oKabHbIE paANyC-BEKTOPHI 3TON TOYKU U YTOJ MEXKIY HUMHU.

X2 2

3asaua 5. CocTaBUThL ypaBHEHHE KacaTebHOM K oyuuncy — +<5 =1 B Touke Mo(Xo,Yo).
a

b2

3anaua 4. Ha runepboine =1 B3sra Touka, abemucca KoTopoil paBHa 10 u opauHaTa
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3amaya 6. BeraucnauTh mapamerp mapabolibl y2 = ZpX , €CJIM M3BCCTHO, 4YTO OHA KacCaeTcCs
npsiMmoit X —2y+5=0.
3amaua 7. MocrtoBas apka uMmeer Gopmy mapaboibl. OnpenenuTs mapameTp 3TON mapabdosibl,
3Has, YTO MPOJIET apKu paBeH 24 M, a BbIcoTa — 6 M.
3anmaua 8. Ctpys Bonbl, BbiOpackiBaemasi (hOHTaHOM, NMpUHUMAET (HopMmy mapadobl, mapamMeTp
koTopoit p = 0,1 M. Onpenenuts BHICOTY CTPYH, €CIM M3BECTHO, YTO OHA MajaeT B OacceilH Ha
paccTosiHue 2 M OT MecCTa BBIXO/JIa.
Bomnpocsr.
1. 3anummure obIiee ypaBHEHHE KPUBOM BTOPOTO MOPSAKA.
2. Yro Takoe OKpPYXHOCTh? 3aluIINTE KAHOHHMYECKOE YpaBHEHHE OKPY)KHOCTH.
Kakue ocoOeHHOCTH MMeeT o0liee ypaBHEHHE OKPY>KHOCTU?
3. JlaliTe ompeneneHue dJumMIca. 3alUIINTe €0 KAHOHWYECKOE YpaBHEHUE.
[TpoBeauTe ¢ MOMOLIBI0 KAHOHMYECKOTO YpaBHEHUS UCClieZloBaHNE (DOPMBI DIUIHIICA.
4. Yt0 TaKoe 3KCLEHTPUCUTET U AUPEKTPUCHI dJuIHIICa?
5. Kak onpenenstorcst pokanbHbIe paanyChl AIIIUICa?
6. [laiite omnpeneneHue THUIEPOONBI. 3aNUIINATE KAaHOHUYECKOE ypaBHEHHUE
runep6onsl. Kakas runep0oia Ha3bIBaeTCs CONPSKEHHOM TaHHOM?
7. Cpnenaiite yepTex runepOoisl. Hamummre ypaBHEHUS aCHMITOT TUIEPOOITBL.
8. [ailite onpenenenue napadosbl. 3anUIINTe KAHOHUYECKOE YpaBHEHUE Mapadoibl.
UYrto Takoe mapamerp napadosibl?

IlepeyeHb OCHOBHOII M [ONMOJHHMTEJLHOH JHUTEPaTypbl, HEOOXOAMMON /ISl OCBOCHMS
AUCHUILIHHBI

[lepeyeHb OCHOBHOM JIMTEPATYPHI

1.I'ycak, A. A. Boicmias marematuka. Tom 1: yueOnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c. — Pexxum nocryma: http://www.iprbookshop.ru/28059.html

[lepeueHb AOMOIHUTENBHOMN JIUTEPATYPHI

1. MaauBuayansHble 3aaHus MO Bbicier Maremaruke. Yacts 1. JIuneiHas u BeKTOpHas
anreOpa. AHanmutuyeckas reomerpus. Juddepenunanbnoe wucuucnenue QyHKIUN o0aHOM
nepemMeHHoil: yueOHoe mocobue / A. Il. PaOymxko, B. B. bapxaros, B. B. [epxasen, U. E.
IOpyth; nmon penakuumeit A. I1. PsOymko. — Munck: Bpimitmas mxomna, 2013. — 304 ¢. —
Pexxum noctyma: http://www.iprbookshop.ru/20266.html.

JlabopaTopHas padora Ne 6.
OO0mee ypaBHeHHMe IJIOCKOCTH. YpaBHeHHE ILIOCKOCTH B oTpe3dkax. HopmaabHoe
ypaBHeHHe TUIOCKOCTH. PaccTosiHMe OT TOYKH [0 IUIOCKOCTH. YToJd MeEXKIYy AByMS
ILUIOCKOCTSIMH. Y CJIOBHUSI MAPAJJIEJIHOCTH U NMEePHeHIUKYISIPHOCTH ABYX MJIOCKOCTEH.
Hean padoTsl: chopMUpOBaTH MPEACTABICHUE O PA3JIMUHBIX CIOCOO0AX 3aJaHus TIJIOCKOCTH,
HAYYUTHCS OIMPEAETATh PACMONIOKEHNUE TUIOCKOCTH B MPOCTPAHCTBE MO 3aJaHHOMY ypaBHEHHIO,
paccTosiHUE OT TOYKH JI0 TIIOCKOCTH, YTOJI MEXIY ABYMS TIOCKOCTSIMHU.

TeopeTnyeckas 4acTh
Ecnmu ¢ukcupoBaHa mpou3BoNbHAS JEKApTOBA MPSMOYTOJbHAS CHCTeMa KOOpPAHMHAT, TO
IUIOCKOCTh (P) ompenenseTcss ypaBHEHHWEM IIEPBOM CTEIEHW OTHOCHTEIBHO COBOKYITHOCTH
MEepPEeMEeHHBIX X, Y, Z.
Oo6mmee ypaBHenue tuiockocT: AX + By + Cz + D =0, rie

A, B, C, D npousBoibHbIE TOCTOSIHHBIE, IPUYEM XOTSI ObI OJTHO U3 T T(A4,B,C)
uncen A, B, C ormamuno or myns, sektop 1 = {A, B, C} |
NEPIEHUKYIIPHBIN JTaHHOU IJIOCKOCTH, Ha3bIBAETCS

HOPMAJIBHBIM BEKTOPOM IUIOCKOCTH.
YacTHble ciaydan oOIIero ypaBHEHHUS TNIOCKOCTH:
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1. CBoOOnHBIN YIICH paBEH HYIIIO, T. €. | IJIOCKOCTh MPOXOIUT Yepe3 Havajao KOOPAUHAT
D=0: AXx+By+Cz=0

2. OguH 13 K03(pPUIMEHTOB NpU TEKYIIUX KoopanHaTax paBeH 0 u

a) D # 0, Torna miockocTs napajjiesibHa COOTBETCTBYIOIIEH KOOPAMHATHOM OCH:

A=0, mozoa By+Cz+D=0 IUIOCKOCTB MapauienbHa ocu Ox
B=0, mocoa Ax+Cz+D=0 IIJIOCKOCTh NapajuiesnbHa ocu Oy
C=0, mozoa Ax+By+D=0 IUIOCKOCTH MapaienbHa ocu Oz
6) D =0, Toraa miockocTh MPOXOIUT Yepe3 COOTBETCTBYIONIYIO KOOPJIWHATHYIO OCh:
A=0, mozoa By+Cz=0 IIJIOCKOCTh MPOXOJUT Yepe3 ocb Ox
B=0, moeoa Ax+Cz=0 IIJIOCKOCTh MPOXOJIUT Yepe3 ock Oy
C=0, mozoa Ax+By=0 IJIOCKOCTh MPOXOAUT Yepe3 ochb O

3. /IBa koo unmenTa npu TEKynmx KoopauHarax paBasl 0 u

a) D # 0, Toraa miockocTh napajuiesibHa COOTBETCTBYIOIIEH KOOPIUHATHON TIJIOCKOCTH:

B=0, C=0, moeda AXx+D=0 IUIOCKOCTh MapaiienbHa miockoctd Oyz (mepneHauKysspHa
ocu Ox)

A=0, C=0, moecoa By+D=0 IUIOCKOCTh MapaiienbHa MiockocTd OXZ (mepneHauKysspHa
ocu Oy)

A=0, B=0, moeda Cz+D=0 IUIOCKOCTh TapajuienbHa miockoctu OXy (meprneHauKyssipHa
ocu 07)

6) D =0, Toraa miocKocTh COBIAAAET C COOTBETCTBYIOIIEH KOOPMHATHON TIOCKOCTBIO:

B=0,C=0,moeda AX =0 umu X=0 ypaBHeHue iockoctu Oyz

A=0,C=0,moecoa By =0umu y=0 ypaBHEeHHUE TUIoCKOCTH OXZ

A=0,B=0,moeoa Cz=0um z=0 ypaBHEeHHE TUIOCKOCTH OXY

Paznmuunabie BUIBI ypaBHEHUH IIJIOCKOCTH

1. VYpaBHeHHE MIOCKOCTH B OTPE3KaX

[IycTp TJIOCKOCTh HE MNPOXOAHUT YEpPe3 HAYAIO KOOPJIHWHAT, a OTCEKAaeT OT Oceu
KOOPJIMHAT COOTBETCTBEHHO OTpe3ku &, b, C, T. e. mIockocth mpoxoaut vepe3 Touku M(a,0,0),

N(0,b,0) m R(0,0,c).
y
5
X y z
VpasHeHue Takoif miockocti: — + - +— =1
a b c

2. HopmansHoe ypaBHeHue miockoct: XCOSa + Yy cos B+ zcosy —P =0,
3. YpaBHeHHE TUIOCKOCTH, MMPOXO/IAIICH Yepe3 JaHHY TouKy: A (X - X,) + B
(V-Yo) +C(z2-2) =0
4. YpaBHeHHWE IUIOCKOCTH, TMPOXOMASAIICH dYepe3 TPH JaHHBIE TOYKH
Mi(X1,Y1,21), M2(X2,Y2,2Z2), M3(X3,Y3,Z3), HE JIexalue Ha OJTHOU TPSMOIA:
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X=X Y-y, Z—1,
((MlM'Mle)'MlMs):Xz_Xl Yo =V 22_21:0,

X3=% Ys=% Z3—4
[Tpumep. CocTaBUTh ypaBHEHUE IJIOCKOCTH, MpoXoasiieit yepe3 tpu Touku A(2,1,3), B(1,0,4) u

C(L,1,5).

Pernienue.

x-2 ¥Y-1 z-3 |x-2 y-1 z-3

1-2 0-1 4-3=| -1 -1 1=-2x-2)-1y-1)-1z-3)+2(y-1)=
1-2 1-1 5-3 -1 0 2

=-2X+4-y+1-7+3+2y-2=-2X+y-2+6=0 wm
—y+2z-6=0-uckoMoe ypaBHEHHE IJIOCKOCTH.
[Mycte nansl aBe mwiockocty (P1) u (P2). [lycts nanbl ux oOiiue ypaBHEHUS:
Ax+Biy+Ciz+D; =0 u Ax+Byy+ Cyz+ Dy, =0. Yriom Mexay IByMs IJIOCKOCTIMU
OyzneM Ha3pIBaTh JIOOOH M3 JBYX CMEXKHBIX [JBYIPAaHHBIX YIJIOB, OOpa30BaHHBIX JTUMHU

COS _ ﬁlﬁZ) _ AiAZ + BlBZ + C1C2
ITJIOCKOCTAMMU. HpI/I S5TOM ¢ T = r - 2 2 2 2 2 2 -
[, \/Ai +B; +C; '\/Az +B;, +C;
A_B _C

VYcnoBue mapajyicJIbHOCTHU IUIOCKOCTEH: A2 - B C .
2 2

YcnoBue neprieHIUKYISIPHOCTH TIOCKOCTEH: A1A2 + Bl 82 + C1C2 =0.
Paccrosare ot Toukd  My(Xo,Yo,Zo)mo  mmiockoctu  AX+By+Cz+ D =0:

|AX, + By, +Cz, + D|
VA2 + B2 +C2

[Tpumep. Beruucnute paccrosiuue ot Touku M(-9,6,6) 1o mockoctu 2X — 6y — 3z +9 =0.

d:

2-(-9)-6-6-3-6+9 63
V22 (67 +(-3? 7

IIpumep. Haiiti OCcTpBIi yroa MeXAy IIIOCKOCTSIMU:
Sx-3p+4z-4=0,(1)
3x-4dp-22+5=0.(2)
Pewenue: Ilo popmyne

Ao BB,
A e ol B e
‘1 5+12-8| 19

COSP = ——
¥= 5l

cosg= 04990, @= 6004’

=9.

Pewenue: d =

COsE=

Conep:xaHue oT4yeTa
1. Tema
2. lenb paboThI
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3. Kparkoe onricanue BHIIOJTHEHHOM PaOOTHI.
4. ChopmynupoBaTh 3aKITFOYCHUE U BBIBOJIBI
5. OTBETUTH Ha KOHTPOJIbHBIE BOIIPOCHI.

KoHTpo/IbHbIe BONPOCHI U 321a4MH:
Bamaua 1. Jlausr aBe touku Mi(3; -1;2) u My(4; -2; -1). CocraBuTh ypaBHEHHE ILIOCKOCTH,

IPOXOJIAIIEH Yepe3 TOUKy neprnenaukyspao sekropy M, M, .

3amaua 2. CoCTaBUTh YpaBHEHHE IUIOCKOCTH, KOTOpas NPOXOIUT 4Yepe3  TOUKY
Mo(3; -2; -7) napaienbHo mwiockocT 2X —z + 5 =0.

B3amaua 3. B myuke mmockocteir 2X—3y+Z—-3+ A (X+3y +2z+ 1) =0 HaliTH IIOCKOCTH,
KOoTOpast: mpoxoauT yepe3 Touky Mi(1l; -2; 3); mapamiensHa ocu OX; mapamienbna ocu Oy,
napayuiensHa ocu Oz,

3amaua 4. CocraBuTh YpaBHEHHE ILIOCKOCTH, mpoxoxsmiei dyeped Touky M(0;2;1) u
napanenstoi sexropam @ ={1;1;1} u b ={1;1;-1}.

3amaua 5. CocTaBuUTh ypaBHEHUE IUIOCKOCTH, NPOXOASIIEH dYepe3 J[BE JaHHBIE TOYKHU
Mi(X1; Y1; Z1) 1 Ma(X2; Y2; Z2) IEpIEHAMKYIISIPHO JAHHOM IIIOCKOCTH.

3amava 6. /IBe rpaHu KyOa JexkaT Ha MJIOCKOCTAX: 2X — 2y +Z — 1 =0 u 2x-2y+z+5= 0.
Beruucnauts 00beM 3Toro Kyoda.

3amaya 7. CocTaBUTh YpaBHEHHUE IJIOCKOCTH, MPOXosiieii uepe3 ock Oy u Touky G(4,2,-5).
3agaua 8. BeIYHMCIMTE PacCTOSHUE OT TOYKH M 10 IUIOCKOCTH o , ecau: 1) M (-2,7,1), a @ 2x-
6y+3z+1=0;

2)M (1,-3,4), « :2x-6y-3z+27=0.

3anaua 9. HaliTi BEMUYMHY OCTPOTO YIila MEXKAY TUIOCKOCTSIMH:

11x-8y-7z-15=0, 4x-10y+z-2=0; 2) 2x+3y-4z+4=0, 5x-2y+z-3=0.

3amava 10. Hanucate ypaBHEHHE MIOCKOCTH, Ipoxozsien yepes ase Touku M1 (0,0,2) u M2
(0,1,0) u oOpasyromeii yroi 45 rpamaycos ¢ miockoctsio OYZ.

Bonpocsr.

1. 3anumure u3BecTHble BaM ypaBHEHUS MIOCKOCTH.

2. Kak HaiiTi paccTOsIHUE OT TOYKH JI0 TUIOCKOCTH?

3. Tlokaxure, 4YTO BCIKOE YypaBHEHHE IE€PBOM CTENEHH OTHOCHTEIHHO
COBOKYITHOCTH TIEPEMEHHBIX X, Y, Z OmpeeNnsieT TUIOCKOCTh B MPSMOYTOJIEHOW CHCTEME
KOOPJIMHAT B TPEXMEPHOM IPOCTPAHCTBE.
1.Kak onpenenuTh BETHMYNHY YTa MEXIY IBYMSI ITIOCKOCTSIMU?

5. 2.ChopmynupyiiTe yCIoBHs MapauIeIbHOCTU U MEPIEHAUKYISIPHOCTH JIBYX IUIOCKOCTEH.

A_B_GC _Db

6. 3.MOXHO M CUHMTATh YCIIOBHE A, = B C = D, TPHSHAKOM NapaiensHOCTH
2 2 2

B

iockocTei? YTo MOKHO CKa3aTh 00 3THX IMIIOCKOCTSIX?

7. 4.Kak Bbl nymaere, kakoe U3 NPUBEACHHBIX HUKE YPAaBHEHUHM COOTBETCTBYET INIOCKOCTH,
npoxosiei yepe3 Touku M(0,-3,2) u N(5,4,-1) mapamiensao ocu Oy: 3x+5z-10 = 0, 3y-
z-10 =0, 2x-5y+10 =0, 3x-5z+10 = 07?

IlepeyeHb OCHOBHOM M [ONOJHHUTEJbHOW JIUTEPATYPbI, HEOOXOAMMON /1Js1 OCBOCHUS
AUCHHUILINHBI

[IepeyeHb OCHOBHOM JUTEPATYPHI

1.I'ycak, A. A. Beicmias marematuka. Tom 1: yueOnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c¢. — Pexxum noctymna: http://www.iprbookshop.ru/28059.html

IlepeueHp AOMOIHUTENBHOM JINTEPATYPHI

1.MuquBuayanbHblie 3aaHus 1Mo Bbicield MaremaTuke. Yacth 1. JInHelHas U BEKTOpHas
anreOpa. Ananmutuyeckas reomerpus. JuddepenumansHoe ucuucienue (yHKIUA OJHOM
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nepeMeHHoil: yue6Hoe mocobue / A. II. Pabymko, B. B. bapxaros, B. B. [epxaseu, U. E.
KOpyth; mon penakmueit A. I1. PsOymko. — Munck: Beimmwiimas mxkona, 2013. — 304 ¢. —
Pexxum noctyna: http://www.iprbookshop.ru/20266.html.

JlaGoparopHasi padora Ne 7.

I[Ipsimas 1uHusA B npocrpancTBe. [lapamMeTpuyeckue 1 KAHOHUYECKHE YPABHEHUS IPSIMOIA.
YpaBHeHusi npsiMoii, nmpoxoasilel 4yepe3 aABe TOYKU. OO0mMe ypaBHeHUs] MPAMOi. YroJ
Mexay ABYyMs nNpsaMbiMU. Paccrosinue ot Touku 10 mpsimoil. Kpartuyaiimee paccrosinue
MesKIy ABYMS NPSIMBIMH. YTO0JI MeKAy NMPSAMO H IJIOCKOCTHIO.

Heap paboTbi: chHOpMUPOBATH YMEHHE COCTaBISATH HEOOXOJUMOE ypaBHEHHE TPSIMON B
IPOCTPAHCTBE, OMNPENENATh MapaMeTpbl MPSMOW MO YPAaBHEHUIO U MPUMEHSTh yYMEHUE JUIs
pelIeHusT TPaKTHYECKUX 3aaad. cHopMUpOBAaTH yMEHHE BBIYHMCIATH YIOd MEXKAY IBYMs
OPsIMBIMU B MIPOCTPAHCTBE, PACCTOSIHUE OT TOYKU 10 MPSMOM, KpaTyaiilliee pacCTOSHUE MEXKIY
JBYMS NPSMBIMM, YTrOJI MEXAY NPSAMOM U INIOCKOCTBIO U INPUMEHATh YMEHUE IIPU PELICHUU
MPAKTUYECKUX 3a7a4 IPOo(hecCHOHATLHOM NeSTEIIbHOCTH.

Teoperuueckas 4acTh
[Tonoxenue npsAMoil B TPEXMEPHOM IIPOCTPAHCTBE OyIET BIIOJIHE OIPEAEICHO, €CIH

3aJaJuM Ha HpHMOﬁ OIIPCACIICHHYIO TOYKY Mo IIpu ImomMomu €€ paanyc — BCKTOpa ZO U BCKTOP

S #0, xotopomy mpsimast mapasuienbHa. BekTop S mpu 3TOM Ha3bIBaeTCs HAPABIISIOIICH.

Y /}(l,'m,n)

X=X, +1l
[TapameTrpuyeckue ypaBHEHUS IIPSMOM B IPOCTPAHCTBE: Y = Y, + M, KaHOHUYECKHUE
Z=17,+nt

X_Xo_y_yo_z_zo o o
| = m = 0 , YPaBHEHHS NpsIMOH, NPOXOASIICH Yepe3 JBC 3aJaHHBIC

X=X — Y- Y — Z-7

Xo=% Yo=Y Z,—%4

JIrobas npsaMadg B TpPEXMEPHOM IIPOCTPAHCTBE MOKCT OBITh BBIPpAKCHA TaKXKC
Ax+By+Cz+D, =0,
Ax+B,y+C,z+D, =0’
ypaBHEHUE NPSIMOM B MPOCTPAHCTBE, €CIU IIJIOCKOCTH, OMPEAEISEMble dTHUMH YPaBHEHUSIMH,
Pa3JIMYHbI 1 HC MMapaJlJICIIbHBI.

yYpaBHEHHUS:

TOYKU:

YpaBHEHUSMH JBYX TIJIOCKOCTEH: KOTOpbIE OIpeAessoT olliee

2x—-3y+2-5=0,
[Tpumep. /lano oOmiee ypaBHEHHE MPSIMOI: .
3X+y-2z-2=0

TpeOyeTcss mpUBECTH TaHHOE ypaBHEHHE K KaHOHWYECKOMY BHAy. J[is 3TOro cHauana
HaiieM Touky Mo(Xo,Yo,2o), JISKAIIYIO HA JAHHOM MPSIMOM.
[Monoxwum z=2,=0 B 1 penmM CUCTEMY JBYX YpaBHEHHIA:
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2x—3y =5,
3X+y=2

YMHOXHUB BTOpOE ypaBHEHHE HA 3 U CIOXXHB C TIEPBBIM ypaBHEHUEM, moaydyuM 11x=11,
x=1. U3 Broporo ypaBueHus y=2—-3x=2—3=-1. Urak, Touka My(1,—1,0) HaiineHa.

Haxogum  Hampasmsrommii  Bektop S =[MN,], e N, ={2;-3;1},
n, ={3;1; -2}.

Il |2 |3

§=12 -3 1=6l+3l,+2l,+9, -1, +4l, =51, +7I, + 111,
3 1 2
Urak, Touka Mo(1,-1,0) 1 S = {5; 7; 11} HaleHbl. KaHoHn4eckoe ypaBHEHHE NPSAMON
UMEeT BUJL:
x-1_y+1_z
5 7 11°

Yenom meoncoy 08ymsi npsamvimu B TPOCTpAaHCTBE OyaeM Ha3bIBaTh JIOOOW W3 YIJIOB,
00pa30oBaHHBIX JIBYMSI MPSIMBIMHU, MPOBEICHHBIMH Ye€pe3 MPOU3BOJIBHYIO TOYKY MapalljieIbHO
naHHbiM.  OYeBHIHO, 3a Yrol ¢ MEXKIy TMNPSAMBIMH MOXHO B3STh Yroldl MEXAy HX
HAIPABISIOIMME BEKTOPAMHU: Sy ={|1, m,, nl} u S, ={|2, m,, nz}, KOCHUHYC KOTOpPOTr'O
MO>KHO HaliTH 1o popmyse:

LI, +mm, +n.n,

CoSp ==
2 2 2 2 2 2
\/Il +m; +n; -\/I2 +m; +n,
X_Xo — y_yo _Z_Zo

= u iockocteio AX + By + Cz + D
I m n

= 0 Gynem Ha3bIBaTh JHOOOH U3 IBYX CMEXHBIX YIJTIOB, 0Opa30BaHHBIX NMPSMON U €€ MpoeKuuen

Ha IIJIOCKOCTB.
Cos(z—(p)—singo— | Al + Bm+Cn|
2 JA +B +C> - JIP+m>+n?

Al+Bm+Cn=0 — ycrioBue napamierbHOCTH MPSMOIl U MIIOCKOCTH.

A_B_C

| m = H — YCIIOBHE NEPIEHIUKYIISIPHOCTH MPSIMOH U TUIOCKOCTH.

YoM Mexay npsaMon

Conep:xaHue oT4yera

1. Tema

2. Llens paboThI

3. Kparkoe onrcanue BHIIOIHEHHOW paOOTHI.

4. ChopmynupoBaTh 3aKITFOYECHUE U BBIBOJIBI

5. OTBETUTH Ha KOHTPOJIbHBIE BOIPOCHI.

KoHTpoJibHBIE BONIPOCHI M 32/1a4H:

2x+3y—-2-4=0,

3amaya 1. CocTtaBuTh MapaMETPUYECKUE ypPAaBHEHUS MPSAMBIX:
3X+5y+22+1=0,

X+2y+4z-8=0,
6x+3y+2z-18=0.
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X+y+z+1=0

3amaua 2. Omnpenenuth KOOPAUHATHI HAMPABIISIONIETO BEKTOPA MPMOn 1) { 5 0
X+y—-2 =

2 2X+y—-2+5=0 { 3X-y+7z-1=0

3X+2y+4z+7=0"" |-x+2y+11z+5=0
3anaya 3. BIUMCIUTD KOCUHYC yIila MEXAY IPSIMBIMU:

x-1 1 z x=5t-4 X—2 z-3 x=t=3
— + —_ —_
1)———:2——=— uiy=-2t : 2)———:X=———w4 y=5t+1;
2 1 5 -2 3 1
z=-t+1 z=-t+2
x-3 y+l z-11 |FTAE 1 oyss 71 |7
- + - X— -
3) Yt niy=-3t+2; 4) _Yre_ nusy=2t+1.
1 2 1 5 3 -2
z=-t+4 =5
. ox=1 y+2 z-1
3anava 4. Haiitu Touky nepecedyeHus npsmoin 3 = 4 = 5 ¥ miockoctu X+Yy-z-3 = 0.
Bomnpocsr.

1. 3anumure u3BecTHbIe BaM ypaBHeHUs MpsIMON JTMHUU B TPOCTPAHCTBE.

2. Urto Takoe HAIPaBJISFOIIANA BEKTOP MPSMOii?

3. Kak ompenennTh KOOpAMHATHI HAMpAaBISIONIETO BEKTOpa NpsSMOW Mo oOliiemMy ee

YpaBHEHHUIO?

Kak npeoOpa3oBaTh 00111ee ypaBHEHHE MPSAMOI K KAHOHUYECKOMY?

Kak onpenenutp yroi Mexmy IByMs IPSIMBIMH B IPOCTPAHCTBE?

6. KakoBsl ycioBus napajijieIbHOCTH U MEPIEHANKYISIPHOCTH ABYX MPSIMBIX B TPEXMEPHOM

IpocTpaHcTBe?

Kak HaiiT TOuKy nepecedeHus MpsiMoid U TNIOCKOCTH B TPEXMEPHOM MPOCTpaHCTBE?

8. CdopMmymupyiiTe YCIOBHS MapaUICIBHOCTH W TMEPHEHAUKYISIPHOCTH TPSMOA U
MJIOCKOCTH.

oA~

~

ITepeyenb OCHOBHOW M JONMOJHHUTEJLHOH JHUTEPaTypbl, HEOOXOAMMOH /IS OCBOCHHS
AUCHHUILINHBI

IlepeueHb OCHOBHOI IUTEPATYpPHI

1.I'ycak, A. A. Bricias maremaruka. Tom 1: yuebnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c. — Pexxum nocryna: http://www.iprbookshop.ru/28059.html

[lepeueHb AOMOIHUTENBHOM JIUTEPATYPHI

1. MupuBuayansHbIe 3a0aHKs 10 BbICIIEH MareMatuke. YacTts 1. JIuHeliHas U BeKTOpHas
anredbpa. Ananmutuueckas reomerpus. [uddepeHuunanpbHoe wucyucIeHHE QYHKIMM OJHOMN
nepeMeHHoll: yue6Hoe mocobue / A. II. Pabymko, B. B. Bapxaros, B. B. [lepxasen, U. E.
Opyth; mon penakuumeit A. I1. PsOymko. — Munck: Bpemmitmas mxomna, 2013. — 304 ¢. —
Pexxum noctyna: http://www.iprbookshop.ru/20266.html.

JlabopaTopnasi paGora Ne 8.

IIpou3BoaHbie  HEKOTOPBIX  3JIEMEHTAPHBIX (pyHxumii. OcHoBHBIE NpaBuIa
nuddepenunposanns. {uddepenunpoBanue cia0xH0i 1 00paTHOH QyHKIUH.
Hean pabotbl: chopMHUpPOBATH YMEHHE BBIYUCISITH MPOU3BOJHBIC SJIEMEHTAPHBIX (HYHKIIHM,
CIIO)KHOM M oOpaTHOW (YHKUMN M NPUMEHATH yYMEHHE IpPH PEIIeHHHM MPAaKTHUYeCKHX 3a7ay
npohecCuOHATBEHON NeSTENbHOCTH.
Teopernueckas 4acTb

[IpaBuiia BbIuKCIEHNS IPOU3BOIHBIX, CBA3aHHBIE C apU(PMETUUECKUMU ACHCTBUSIMH HaJ|

GyHKIMAMU.
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|. Ilocmosnnblil MHOXMCUMEb MONCHO 8bIHECU 34 3HAK npous*eodﬂoﬁ. HUnvimu crosamu,

! «
ecnu pynkyus u = (x) umeem 6 mouxe X npouseoomuyio U', mo 6 smoii mouxe
(Cu) =cu’ (C =const).
[Ipumep
y=5c0sx, Yy =(5c0sx) =5(cosx) =-5sinx.
Il. Ilpouzsoonas om ancebpauueckoii cymmvl 08YX (DYHKYUN pasHa aieedpauyeckoll
cymme npou3B00HbIX OM IMUX DYHKYULL.

bonee Toyno: ecnu pynkuuu U = (p(X) nV= VI(X) UMEIOT B TOuke X IPOU3BOJHBIE, TO
(Utv) =u'£v'.
IIpumep
y=x>-3x*+2x-1,
y' =(x*) —(3x) +(2x) —(1) =5x* —6x+2.
. Ecmu ¢ynryuu u=¢p(x) u v=w(x) umerom 6 mouxe X npouseoousie, mo
cnpaseonusa opmyna
() =uv+uv'.

IIpume

y= (x2 —3x)sin X,

y'=(x* - 3x), sin x+ (x? —3x(sin x) =(2x—3)sinx + (x2 —3x)cos x.

[Ipumep

y =(x-1)x—-2)x-3),

y =(x=2)x—3)+(x-1)x—3)+(x-1)x—2)

IV. Eciu ¢pynkyuu U = (D(X) u V= l/I(X) umerom 6 mouxke X npoussoomvie, npuyem 6

amoti mouxe VI # 0, mo cnpasednusa gopmyna
!

ul uv-uv
v v

IIpumep
X+1 y
y= 1 B cootBercTBUM ¢ hopMyIioi HaXxoIUM
y,:(x+1) (x=1)—(x+1)(x-1) _ -2 (x;tl).

(x-1 (x-1)
[Tpu BeIYKCIIEHUU TPON3BOAHON (YHKITHH 11€TIECO00pa3HO MOIH30BATHCS CIEAYIOITUMHU
dbopmynamu:
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a [#] :
y=—; Y =—-3 u’ (@a— NocToAHHAA BelHYHHA);
y=um y =nmu" . u

{n — moboe geficTBHTENBHOE 9HCIO)

r

. __ 1 .
ywﬁl = Eﬁul
y=a4 ¢ =a¥-Ing-u';, y=e% ¢ =e*u'; a=0, as£1;
— . 'r_ll " - u
Yy = loggu; Y=g u loge = ——!
- L 1 I
y=Inu; y =-—u’;
y:ginu; QJECDSH u',
Yy = COS U} y'= —sinu - u';
1
y L] r— ¥
y:-tgu‘. y - ws:uu‘ )
. ] r_ l ..
y=cigu; ¥ == sima®
y = sec i; y =secutgu - u';
Yy = cosec u; -y = —cosecu -ctgu - u';
. , P,
Y = arcsin u; 7 y,l__ulu, |
I = arccos u; y = — _._l._._g*';
1 —u?
1
' i = arctg u; y’nj—_ﬁ?u’;
r i r
y=arcctgu_; e

[lycte nmanbel GyHKIHS f(U) aprymenta U u ¢yHkuums (D(X) aprymenra X. C ux
HIOMOIIBIO MOXHO 00pa30BaTh CIOKHYIO (PyHKIHIO

f((x))

aprymenTa X. B 3TOM cirydae TOBOPSIT, UTO MBI «B3sUTH (DYHKIHIO OT (YHKIIUW» UM TPOU3BEIN
«cynepno3unuoy» GyHKIUH. TOUHBIA CMBICT TaKOB: MO 33aHHOMY X HAaXOJHUTCS YHCIIO (D(X);

3TO YHCI0 OepeTcs B KauecTBE 3HAUEHHs apryMeHTa i (DYHKIUH f(u); TO, YTO TIPH ITOM
TIOJY4HTCS, M €CTh 3HayeHue | ((p(X)) JUIS JAHHOTO X .

ToopsT ee, 4T0 QYHKIMSA f((p(X)) TOJIy4aeTCs U3 f(U) C MOMOIIBIO TIOJICTAHOBKH
u=p(x).

Mpumep Y =U>. Ecam B3ste U= x> —3X+1, 1o momyuum crokHyo (GyHKIHIO
y:(x2 —3x+1)3.

Ipumep Y =~/U, U=2—X. Torma Y =~/2 — X .

, U=Sin X. Torxa y:;.
u +‘u‘ sin X + [sin x|

Ipumep Y =

Y CTaHOBUM BaKHYIO TEOPEMY, IO3BOJIAIOIIYIO BECbMa IIPOCTO BBIYUCIATH IIPOU3BOAHBIC
CJIOKHBIX (PYHKIIHH.

Teopema. Ilycte Y= f(U), rae U= gD(X). Ecan nnst cOOTBETCTBYIOIIUX APYT APYTY

o ! !
sHavennit U m X CymiecTBYIOT KOHEWHBIE NPOM3BOIHBIE | (U) u U, To cymecTtByer u
KOHEYHas MPOu3BOHas oT Y mo X, mpuyem y'=f'(u)u’, .
e.
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dy_dydu
dx dudx’

u®, u=1+ x>

> )
[pumep y:(1+ X ) : [Tonoxum y
R~ R 2\ 2\ _ 2\
y'=5u"u _5(1+x )(1+x ) _10x(1+x ) .
Ipuvep Y =SiN3X, 1. e. Y =SiNU, e u=3x.y = cosuu’ =cos3x- (3x) =3cos3x.

B cnyuae cioxHON (YHKIMH, MOTYYEHHOH B PE3YNbTATE€ HECKONbKUX CYNEPIIO3UIIMM,
MIPOM3BOIHAS HAXOUTCS TTIOBTOPHBIM IPUMEHEHUEM (OPMYITBI HECKOJIBKO pa3.

Ipumep y = (L+sin2x)’,
y' =3(1+sin 2x P (L+sin 2x) = 3(1+sin 2x)? cos 2x(2x) =6(1+sin 2xY cos 2x.
[Tycth nana gynkuus Y = f (X) (omno3naunas), E - ee o6nacte 3amanus, € - o6nacts

A3MEHEHHUS.
Bosbmem kakoe-HuUOyAb 3HaueHue Yu3 oOnmactu usMeHeHus &. Ecmu  QyHkuus

y = f(x) 6ospacmarowas (nnu yowieaiowas), T B3ITOMy Y OTBEYAET JIMIIL OJHO 3HAYEHHE X
w3 E, mnma xoroporo Y = f(X), U TEM CaMblM Mbl MOJYy4YaeM HEKOTOPYIO OJIHO3HAYHYIO
dynkumio x = g(y), kotopyro HassiBaloT 06patHON s GyHkumuE y = f(x). Ona umeer cBoeii

06J1aCThIO 3a/JaHHs] MHOKECTBO & , a 061acThio u3Menenns E; E n & nomensmcs ponsvn.
Teopema. Ilyctb y=f(x) u x=g(y) - B3aumHO OOpaTHble, Bo3pacTarouye (Wi
yOBIBAIOIIKE) U HENPEPBIBHBIE (DYHKIMHU, 3a1aHHBIE B HEKOTOPHIX IPOMEKYTKaX. Eciu B TOuke

X CyIIECTBYET KOHEYHas Ipou3BoHas f (X) # 0, 10 B cooTBeTCTBYIOIIEN TOUKE Y DYHKIMSA

g(y) TaKKe MMEEeT IPOU3BOAHYIO (110 Y ), mpudeM

YTO MOJXHO 3aIliucaTh U TaK:

o1
dy dy’
dx

Ecnu pyHkuus nmeeT HyJIeBy0 WM OECKOHEUHYIO POU3BOAHYIO, TO 0OpaTHas GyHKIUS B
COOTBETCTBYIOLIEH TOUKEe UMEET OECKOHEUHYIO WIIM COOTBETCTBEHHO HYJIEBYIO POU3BOHYIO.

Copepxanue oryera

1. Tema

2. llenb paboThI

3. KpaTkoe onucaHue BbIIIOJTHEHHONW pabOThI.
4. CpopmynupoBaTh 3aKJIFOUYECHUE U BHIBOJIBI
5. OTBETUTH Ha KOHTPOJIbHBIE BOIIPOCHI.

KoHTpoJibHbIe BONIPOCHI U 3aJaHUS.
3anaua 1. Haiitu npousBoHyt0 GyHKINHU B TOUuke X=0:

113



- _ o J
l.  flz)= sin (1’3 + 2% sin %) e FED g flz) = In (.1 —tg (.rz sin ;)) or#ED
| 0, ==0. | 0, =0

[ 2 -L Doy . U ¢
2. fle)= g | &7 cos O +2x, z#0, 5 flr)=
L0, @=0.

I 3

gy o
Ly (.{ bmrr)' x 0,
|0, z=0.

-, — . . 1 ; [ |II wE ot l) £
3. flz) arcsin (.L COS 5—1) , owED, 6. flz) = \'.' 1+In (1 f 2 sin . 1, #0,
| 0, &=0. |0, =10
3anmava 2. Haiitu mpou3BoHbIC (YHKITHI:
1. 1. y=2x+5x>-7x-4

2. y=A/x

3. y=-ctg x—xXx
y

1

X2

5. y=%x°

6. y=5sinx+3cos x
7. y=5(tg x—x)

1
8. =
y e +1
9. y:2X2
10. y = xv/x

3anayva 3. Haiitu mpou3BOIHBIC 3aJaHHBIX (DYHKIIHIA:
1 y=2v%% 2 y=Infz++/1+2%). 3 yp=I%1-cosz).

3*(sinx + cosxIn3) sh 2z
4. y = In(aresin+/x). 5. 1 - B. 1 — .
v { va) Y 1+1n%3 v ch?2a
1
T. y= &r{:sin? . 8 y=arctg3¥". 0. y=In(l+thz).
&€
1.y = Insind — u?s‘ T
51N .x

Bamanue 4. BraucanTh TpOM3BOIHYIO QYHKIMN
a) y=5"+xInx, B touke X, =1;

6) y(X)ng?’—%x —4x3+5, B TOUKC X0 :1’
B) f(x):ZX&_% B TOUKe X, =4;
X

r) f(x)=4x%+6x+3 B TOukKe X, =1.
3amanue 5. BEIYMCIATE TPOU3BOIHBIC:

a)

1) y = aresinbx;  2) y=arcsin) x(x>0); 3) y = arcsinmx;
4) y = arccosbx;  5) y = arccos (1 — x®); 6) y =‘arc::ﬁs—i~ .
0)

1) y = arctg 5x; 2) y=arctg~;  3) y= arctgds’

4) y=Varclgx;  5) y=arccigmx; * 6) arccig Ti_xr
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B)

1) y = In{ax + &): 2) y=In"x; 3) y = Insinux

1) y=Inarctgr; 5 y=xing  6) y=2';

T y=1In(x+ VT L) 8) y = In(Inx).
Bonpocsl

1. Cdopmynupyiite 3a1a4u, MPUBOISIINE K TOHITHUIO TPOU3BOIHOM.
JaiiTe onpeneneHue Nporu3BOAHON QYHKIIMH B TOUKE.
Cdopmynupyiite ocHOBHBIE MTpaBuiia TUpHEepEeHITUPOBAHHUS.
Kaxkas pyHKkius Ha3pIBaeTCs CIOKHOMU?

OObsicaute pasuia gudepeHIupoOBaHUs CIOKHON (HYHKITUH.
Kaxkas pynkmus Ha3piBaeTcss 0OpaTHON JaHHOM?

KakoBsl npaBuia auddepeHunpoBanust 0opaTHoit pyHKImmn?

Noakown

IlepeyeHb OCHOBHOIi W OMOJHHUTEJILHOH JUTEPATYPHbI, HEOOXOAUMOIl I OCBOEHHS
AUCHUILIHHBI

[lepeyeHb OCHOBHOM JIMTEPATYPHI

1.I'ycak, A. A. Boicias marematuka. Tom 1: yyeOnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c. — Pexxum nocryma: http://www.iprbookshop.ru/28059.html

[lepeueHb AOMOIHUTENBHOMN JIUTEPATYPHI

1. MnauBuayansHble 3aaHus Mo Bbiciier maremaruke. Yacte 1. JIuneitHas u BeKTopHas
anrebpa. Ananmutudeckas reomerpus. [luddepeHuunansHoe ucyucieHue QYHKIMA OAHOU
nepeMeHHoi: yuebnoe mocooue / A. II. Psbymko, B. B. bapxaros, B. B. Jlepxagen, U. E.
KOpyts; nmon pemakmueit A. I1. PsOymiko. — Munck: Beimitmas mkona, 2013. — 304 ¢. —
Pexxum moctyna: http://www.iprbookshop.ru/20266.html.

JladbopaTopHnas padora Ne 9.
Bospacranne u yObiBanue (QyHKknmi. IJkcrpemym ¢yHknuu. BeimykiocTts rpaduka
¢pynkuun. Touxku nepernda. AcumMnToTsl rpadpuka QyHKIUM.
Heab padorbl: chopMUpOBaTH YMEHHE NPUMEHATH MPOU3BOAHYIO (GYHKIHMU TIpU ee
UCCJIEJOBAaHUM U NTOCTPOCHUH IpaduKa.

TeopeTnyeckas 4acTh
Touku, 6 Komopwvlx (QYHKYUs umMeem IKCMpemMymvl, cledyem Uckamv cpeou mex

gHympennux mouex ee obnacmu 3adanus, 20e mbo | '(X) =0, 6o f '(X) =00, qubo f '(X) He
cywecmeyem. Bce 3TH ciyyan peayn3yroTcs, Hampumep, A GyHKUud Y = X2 , Y= X2/ 3 ,

y=|x

, KaKas U3 KOTOPBIX UMECT MUHUMYM IIPU X = 0.

Touku yka3zaHHOro BHJA YCJIOBHMMCS Ha3bIBaThb KpUTHYECKMMHU Toukamu. He B kaxmoi
KPUTUYECKOH Touke o0s3aresnibHO Oyner skcTpemyM. J[leiictBurenbHo, Touka x = 0 Oyzmer

KPUTUYECKON A KaxaoW M3 (QyHKUMIT y:x3 (y':3x2,y’:0 npu x=0), y:3 X (

y' :%X_z/ %,y =00 mpu x=0),

CHC,Z[YIOH_II/IG TCOPCMbI MMO3BOJIAIOT OIIPECACINTL, UMCCTCA B ﬂaHHOﬁ KpPITH‘-ICCKOfI TOYKE
SKCTPEMYM WJIN HET, U €CJIN UMCCTCA, TO MAKCUMYM WJIIN MUHUMYM.

Teopema 1. Ilycmb Xy—Kpumuueckas mouxa u @ynKyus f(X) HenpepvieHa 8 3moul
mouke. Eciu 6 nekomopou okpecmnocmu mouxu X :
1) f'(X)>O npu x< Xq u f'(X)< 0 npu x> Xq, m. e. npu nepexooe uepes mouxy X,
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NPOU3BOOHAs MEHSEeM 3HAK C NII0CA HA MUHYC, UTU

2) f '(X)< 0 npu x< Xg u f '(X) >0 npu x< Xy, m. e. npu nepexode uepes X
NPOU3B0OHAsL MEHSIeMm 3HAK C MUHYCA HA NIIOC, WU

3) npoussoonas ne mensem suaxa npu nepexooe uepes Xq, mo 6 cayuae 1) umeem mecmo
MaKcumym, 8 ciydae 2)—MuHumMym,  ciydae 3) IKCmpemyma Hem.

[pumep. f (X): x3 —3x+1. Oyukuus Bcrony auddepenimpyema. Clie0BaTeNbHO,
BCE KPUTHUYECKHE TOUKHU HAXOJSATCS U3 ypaBHEHUS

f'(x)=3x*-3=0.
Orcrona
X2 —1=0, % =-1, X, =1

— JIBE KPUTHYECKHUE TOUKH.

1) %=-1 Mpu x < — 1 mmeem: f'(x)=3x*>—-3>0; npu x>—1 (so x<1):

f '(X) < 0. Cnenosarensho, B Touke X; =—1 nmeer mecto makcumym.

2) X, =1. TIpu x<1 (mo x> —1): 1”(X)=3X2 —3<0; npu x>1 umeem: f'(X)>0.
CnenosarensHo, B Touke X, =1 umeer mecto munumym.

Teopema | mo3BoJIsIET BBICKA3aTh CIASAYIOIINE MMPAKTHUECKHU TIOJIE3HBIE COOOpaKEHUSI.

IIyctb peub umer 00 OTHICKAHMHM SKCTPEMYMOB (DYHKIIUU f(X), HENpPEephIBHON B

HEKOTOPOM IIPOMEXKYTKE M UMEIOILEH B HEM KOHeYHOe MHOKECTBO KPUTUYECKUX TOUYEK.
Haiins Bce kpuTHuecKkre TOUKH, paCIOI0XKUM UX B IOPSAKE BO3pacTaHUs adCIUCC:

A<K <Xy <o <Xy <X, <b (1)
(a u b — xonmp! paccmarpuBaemoro nmpomexkyTka). B kaska0M 13 HHTEPBAIOB

(8%, (4% ) (X5 1% ), (5.b) @
CYLLIECTBYET KOHEYHAs f ”(X);t 0 (TOCKOJIBKY BCE TOYKH, TIIE f '(X)I 0 , f '(X)Z 00 WJIH TIe
f '(X) HE CYIIECTBYET, BOIUIM B 4MCIO TodeK X;, X,, .. , X, ). Ilpenamonaras f '(X)
HENpPEpPhIBHON B KAXKJOM M3 YAaCTHUHBIX MHTEPBAJIOB (2) — Ha MPAKTUKE 3TO OOBIYHO TaK U
ObIBaeT, — HETPYAHO NPUNTH K BBIBOAY, YTO f'(X) coxpansem 3HaK BHYTPH Ka)JI0TO TaKOro

!
unTepBana (eciu 6b1 | (X) MeHAna 3HaK BHYTPHU KaKoOro-HUOYIb M3 HMHTEpBAIOB (2), TO MO

CBOMCTBY HeMpephIBHBIX (PYHKIMI OHA oOparianack Obl B HYIIb B HEKOTOPOH 8HYympeHHell TOUKe
ATOTO HWHTEpBaja, YTO HEBO3MOXKHO). UTOOBI HAMTH STOT 3HAK, IOCTaTOYHO, HAMpPHUMED,
YCTAaHOBHTH €T0 JIJIsl KAaKOW-HUOYIb KOHKpemHOl TOYKA COOTBETCTBYIOIIETO HHTEPBAJIA.

B pesynbrare unTepBanam (2) OyaeT COOTBETCTBOBAaTh HEKOTOPAs MOCIEAOBATEIbHOCTh
3HAKOB IUTIOC H MUHYC, XapaKTep YepeIOBaHUS KOTOPHIX B CHITYy TEOPEMBI | TTO3BOJIIET CYAUThH O
HAJIMYUU MakCMMyMa (CMEHa IUTIoca Ha MUHYC), MUHUMYyMa (CMEHa MUHYyca Ha IUTIOC) Uiu 00
OTCYTCTBHH SKCTpeMyMa (COXpaHCHHE 3HaKa) B COOTBETCTBYIONIUX TOYKAX.

Ipumep. f (X) = (X + 1)2 (X — 1)3. OyHKMs 3aJaHa M HENPEPHIBHA BO  BCEM

0ECKOHEYHOM IPOMEKYTKE (— 00, OO). Ee mpoussognas
002000007 #3051 -1 = - 1) =507 x|

BCIOJy CYIIECTBYET M KoHeuHa. CienoBaTenbHO, KpUTUYECKUMU TOUKaMH OYAYT Juiub Te,
JUTSL KOTOPBIX

f'(x)=0,
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Xlz_l, X2 :_%, X3 :1.

[TpomexxyTok 3aaHus PyHKIIMH TEM CaMbIM pa30MBaCTCS HA HHTEPBAJIBI

1 1
- 1_1 5 _11__ 5 __’1 5 1! .
o). [-2-2]. (- La). oo

COOTBGTCTBYIOH_[aH IIOCJICA0OBATCIIbHOCTh 3HAKOB HpOH3BOI[HOfI HUMCCT BUJ

+,—+ +.
CnenoBarensHo, B Touke X; =—1 dynkums f (X) UMEET MaKCUMyM, IpUYEM
1
f (— 1)= 0; B Touke X, =—= - munumym, npuuem f| — 1 = —E . 216 = —3456 , B TOUKE
3) 3) 25 125 3125

X3 = 1 skcrpemyma Her.
Teopema 2. [Tycmb 6 kpumuueckoii mouke x gyuxyus | (X) n paz ouggepenyupyema (n
> 1), npuuem f '(Xo): f ”(XO): =T (nfl)(XO): 0,no f (n)(Xo);t 0. Ecau n uemnoe, mo

umeem mecmo skcmpemym, a umenno: npu f (n)(X0)< 0 —wmaxcumym, npu f (n)(X0)> 0—

MUHUMYM. Ecnu orce n newemnoe, mo IKCmpemyma Heni.
OrtrpICKaHHE HAUOOIBIINX U HAUMEHBIIMX 3HAYECHHUH (bYHKI_II/Iﬁ

[lycte dynkums f(X) 3a/laHa U HEMpepbIBHA B HEKOTOPOM MpOMexyTke. Ecmu sTor

IIPOMEKYTOK HE SIBJISIETCA OTPE3KOM, TO, KaK Mbl 3HA€M, CpPEeIU 3HAYCHUU f(X) MOXET U He

OBITH HAMOOJBIIIETO WM HauMeHbIero. OTHAKO MOKHO YKa3aTh MPOCTOM MPHU3HAK, KOT/Ia TAKUE
3HAUEHHUsI 3aBEJIOMO CYIIIECTBYIOT.

Teopema 3. Eciu 6 oannom npomedicymke umeemcsi eOUHCMBEHHbIU IKCMPEeMYM, Mo
coomeemcmeyowee 3naveHue QyHkyuu 6yoem aubo HaudoIbUuM, 1ub0 HAUMEHbUUM, CMOMPSL
no momy, 6yoem iy 3mom KCMpPemym MAKCUMYMOM UU MUHUMYMOM.

Ecin HauOonpliee WM HauMEHLIIEEe 3HAUYCHUE JOCTHUTaCTCA BO 6HympeHH€1/vl TOYKE
OTpE3Ka, TO OHO HeoOX00UMo 6YI[6T OJHUM N3 MAaKCUMYMOB HUJIU MUHHUMYMOB U, CIICAOBATCIIbHO,
6YI[GT JIOCTUTAaThCS B OJHON M3 KPUTHYCCKUX TOYCK. Ho oHO MOXeET JOCTHUTaThCI U B KOHIIC
OTpE3Ka. OTCIOI[a CICAYCT, UYTO JIsI OTBICKAHUA HanOOJIBIIEIO WM HAUMEHBIIETO 3HAUYCHMM

f(X) JOCTAaTOYHO CPaBHHUTH MEXAY cO00i ee 3HAYeHHsS BO BCEX KPUTHUECKUX TOUKaX U B
Toukax d u D; maubonvuwee w3 Becex >TMX wmcen OyIeT HAuUOGONLWUM 3HAYEHUEM f(X) Ha

OTPE3KC [a, b], HaumeHbvuiee N3 9TUX YUCCII JaCT HauMeHbuiee 3Ha4eHue f (X)

pumep. Dymxmms (X) = \/ (l — X2 x:l. + ZXZ) UMeeT 00JaCThbi0 CYLIECTBOBAHUS
orpe3ok [—1,1]. Ee Haubosnbpiiee 1 HaMMEHBIIEE 3HAYEHHUS, OYEBUIHO, JOCTHUTAOTCS B TEX JXKE
TOYKAax, 4TO W IS (QYHKIUH g(x) = (1— x? Xl+ 2X2) (paccMarpuBaeMoil Ha YIOMSIHYTOM
otpeske). 13 ypaBHeHUs
9'(x)= —2x(l+ 2x2)+ (1— xz)- 4x = 2x(1— 4x2): 0
HaxomuMm X, = 0, X, = -0,5, X3 = 0,5. B stux Toukax g(x) HMEET 3HAYCHHUS:

9(0)=1, g(-0,5)=g(0,5)=1125.
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Ecnu conocTtaBuM 3TH 3HaYEHHS CO 3HAYCHUSIMHU B KOHIAX g(— 1)= g(1)= 0, To yBuanm, uto
HanuOOJIBIIIM 3HAUCHUEM JJIS g(x) Ha otpeske [—1, 1] 6ymer 1,125 (mpu x=+0,5), HauMeHbLITUM
oyaer 0 (mpu x=+ 1). Jina Gyuxuun f(X) HanbOJIBIIMM 3HaUYEHUEM OyieT Torna /1,125 (npu
x==%0,5), HaumeHbIIUM — mo-TipexkHemy 0 (mpu x ==+ 1).
Ilycts KpuBas 3ajaHa ypaBHCHHEM Y = f (X) ¥ B TOYKe C abcumccod X, HMeer
KacaTelIbHY10, HE ITapajuiesibHyto ocu Oy.
Eciu B HEKOTOPOH OKPECTHOCTH TOYKM X KpHMBas JEXKHT HaJl DTOH KacaTeIbHOH, TO

TOBOPAT, YTO KPHBas B TOUKE X, BBIILYKIA BHU3. AHANO2UYHO, eClu 6 HEKOMOPOU OKPECMHOCHU
Xy Kpueas nexcum TOM KACAmenbHOU, Mo 2060psam, Ymo ona 6 mouke Xq BbIIyKia BBEpX. Ecim
B HEKOTOPOH OKPECTHOCTHU TOUKU X Cl€Ba OT X KpHMBas JIEKUT II0 OJHY CTOPOHY YIIOMSHYTOM

KacarelabHOH, a crpaBa oT X — IO IPYTyl0 CTOPOHY, TO TOBOPAT, 4T0 X\ €CThb mouka nepeuba
KPHUBOU.

Teopema 4. Eciu 6 mouxe X, cywecmeyem KOHeuHas NPOU3EOOHAs f"(XO ), npuuem

f "(XO)> 0, mo 6 mouxe Xq Kpueas 6bINyKia 6HU3, eClu Jice f "(XO)<0, Mo Kpueas 8bINyK1d

86€pX.

Teopema S. Ilycmo f ”(X) cyujecmeyem u KOHeuUHd 8 HeKOMOpPOU OKpPeCmHOCMU MOYKU
Xg. Ecnu f ”(X) MeHsem 3HaK npu nepexooe x uepes mouky Xg, mo Xo—mouka nepezuba. Eciu

4
ace | (X) 6 okpecmnocmu X coxpausem 3nax, mo 6 mouke X, nepezuba nem.
IIpumep. Haiitu Touku mneperunba W HCCIENOBaTh XapaKTep BBIMYKIOCTH KPHUBOH

y=x>—3x? +1. Bormcnsem: Y =3x* —6X, Y =6X—6. Ypasuerue Y’ =6X—-6=0
naer X=1.TIpu X <1, oueBnmno, y” <0 (kpuBas BBITyKJIa BBEPX), eci ke X >1, 1o y” >0

(xpuBas BeINyKia BHu3). Touka X =1 sBngercs Toukoii meperuta.

OTBICKaHHE ACUMITTOT

IlycTe xpuBas 3amaHa ypaBHEHHEM Y = f(X). MoxeT cilyduThCs, 4To mpu X —> +00
wii npu X —> —00 KpuBasg HEOTPAaHWYEHHO NPUOIIKAETCS K HEKOTOPOH (DHUKCHPOBAHHOU
npsamont Y = kX + b, maswiBaemoit acumnmomoii nns namHo#M KpuBoi. TouHee roBops, npavas

Y =KX +D nasvieaemecs acumnmomoii ona xpusoii 'y = f(X) npu X —>+00 (wim npu

X — —00), ecnnr lim [ (x)—kx—b]=0.

W3 BRICKa3aHHOTO OMpCACIICHUSA CICAYCT, YTO KpUBasi y = f (X) HMECT cOPpU3OHMATIbH) IO

ACUMIITOTY y:b TOrJa W TOJIBKO TOrJa, KOrjga I|m f(X):b(I/IHI/I COOTBCTCTBCHHO IIpU
X—>+00

X —> —00),
Jlist CylecTBOBaHMS HAKJIOHHOM acUMIITOTBI Y = kx +b HEOOXOOMMO M IOCTaTOYHO,

- f(x :
4TOGKl CYIIECTBOBANM KOHEUHble mpenens |im L =ku lim [f (x) — kX] =bh. (ITpun

X—+0 X X—>+00

k = 0 nomydyaem onsTh ropU30HTANIBHYIO ACUMIITOTY. )
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5 x? +3x+5
[Tpumep. Haiitu acumntoTs! rpaduka GyHKmu Yy = —— .

X+1
2
k = lim M: lim L3X+5:1
X—>+00 X X—>-+00 X+1
2
b= lim [f (x)—ke]= lim | X35yl o

X—>+00 X—>+00 X+1

CrieioBaTeIbHO, IMEETCS aCUMITOTA (M ipu X —> 400 1 npu X —> —0): Y = X+ 2.,
[TIpumep.  Ompenenum  HauOoJblllee W HAaUMEHbIIEe  3HAYCHUS  (YHKIHH
f(X) =x* — 2x? + 3 na orpeske [-2;1].
Pemrenue. dynuknus f(x) HempepbiBHa Ha 3agaHHOM OTpe3ke [-2;1], Kak MHOTOUICH.

[TosToMmy mo Teopeme Beifepmirpacca oHa JOCTHraeT Ha 3TOM OTpe3Ke HauOOJbIIee H
HalMEHbIIIee 3HAUECHUS.

HaiieM KpUTUYECKHE TOYKH, U1 4ero npoauddepennupyeM GpyHKIHIO.
f'(x) =4x% —4x =4x(x* -1)
Torma f'(X)=0,ecmux=0unmx=-1mwmx=1.

[Monyunnu nBe kputhueckue TOUuku X = 0 w X = -1 mpuHaAIEKaAUUE ITaHHOMY
npoMexyTKy [-2;1]. Touka X = 1 He siBAsIeTCS BHYTPEHHEN U IO3TOMY HE KpUTHUYECKas!.

Boruucnum 3nauenus pyHKIIMU Ha KOHIIAX MPOMEXKYTKA U B KPUTUUECKUX TOUKAX U
BbIOEpEM U3 HUX HAaHOOJIbIlIee U HaUMEHBIIIEe.

f(=2)=(-2)* —2(-2)> +3=16-8+3=11
f(1)=1-2+3=2
f(0)=3
f(-)=1-2+3=2
Cnenosarensio, mMin f(X)=f@W) =2, max f (x) = f(-2) =11.

[-2:1] [-21]

Copepxanue oryera

1. Tema

2. llenb paboTHI

3. KpaTkoe onucaHue BbIIIOJTHEHHONW paOOThI.
4. ChopmynupoBaTh 3aKJIIOUEHHE U BHIBO/IBI
5. OTBEeTUTH HAa KOHTPOJIBHBIE BOTIPOCHI.

KOHTpOJII)HbIe BOIIPOCHI U 3alaHUS.

3anaua 1. Haiitu 3nauenus X, npu kotopsix dyukmus T (X )= 4X + — umeer skcTpeMyMsr.
X

48
3anaua 2. Haiiti 3nauenns X, mpu xotopsix gynxmus T (X)= 3X2 + — HUMEeT dKCTPEMYMBI.
X

3anaua 3. HaliTu MHTEpBaIbl MOHOTOHHOTO YObIBaHUSA GyHKIMU Y = X3 + 1,5X2 + 2.

3

X
3anaua 4. HaiiTu MHTEpBaIbl MOHOTOHHOTO YObIBaHUS GyHKIUU Y = ? — 2X2

+3x+1.

119



X3 X2

3agaqa 5. HaliTu nHTEpBaIbl MOHOTOHHOTO yObIBaHUS QYHKIMU Y = E + T - X.
) ) . —3x® _Bx—4
3agaqa 6. HaiiTu ypaBHeHHE HAKJIIOHHON aCUMITOTHI Ipaduka GyHKIud Y = .
X+1
. . . X2 +3x—12
3agava 7. HaliTh ypaBHeHHE HAKJIIOHHOW aCUMIITOTHI rpaduka GyHKuui Yy = —5 .
X+

3anaua 8. Haiiti Bce kpuTnueckue Toukn pyrkmmn (X )= 2X2 — 6‘X +1‘ +5.

3anaua 9. Haiiti Bce kpuTHueckue Toukn X dynxmmn 1 (X )= X2 — 5‘X‘ +6.

Bonpocsr

1.ChopmynupyiiTe yCIOBHS MOHOTOHHOCTH (DYHKITHH.

2. Kakue To4KkyM Ha3bpIBalOTCS CTallMOHAPHBIMH; KPUTUYECKUMU; TOUKAMU 3KCTpeMyma?
. Chopmynupyiite HEOOXO0UMBIE YCIOBUE SIKCTPEMYyMA.

. Kakas ¢yHkums Ha3zpiBaeTcs BHITYKIIOW BBEPX (BBIMYKIIOW BHU3)?

. Uro Takoe Touka neperuda’?

. Chopmynupyiite 10CTaTOUHOE YCIOBHE BHITYKIOCTH BBEPX (BHU3).

. Chopmynupyiite He0OX0MMOE YCIOBUE TOUKU Ieperuoa.

. Uro Takoe acumritora rpaduka Gpyaxmun? Kakue Buabl acumntoT Bel 3Haere?

. Kak onpenenuts Hanuune BEpTUKAIBHON aCUMIITOTHI?

10. B xakom ciiydae npsimast Y = kX + b sBstercs makmonHo# acummToTol TpaduKa GyHKIHH?

O 0 31 O L B~ W

IlepeyeHb OCHOBHOII M JONOJHHMTEJIbHOH JIMTEPATYPbI, HEOOXOAMMON /s OCBOCHHS
JAUCUMIITUHBI

[lepeueHb OCHOBHOM JIUTEPATYPHI

1.I'ycak, A. A. Bricias maremaruka. Tom 1: yuebnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c. — Pexxum nocryna: http://www.iprbookshop.ru/28059.html

[lepeueHb AOMOIHUTENBHOM JIUTEPATYPHI

1. MupuBnayansHble 3a1aHKs 10 BbIcIIel mMareMaruke. Yacte 1. JIuneiiHas n BekTopHas
anrebpa. Ananmutuueckas reomerpus. [uddepeHuunanpbHoe wucyucIeHHE QYHKIMM OJHOMN
nepeMeHHoll: yue6Hoe mocobue / A. II. Pabymko, B. B. Bapxaros, B. B. [lepxasen, U. E.
Opyth; mon penakuumeit A. I1. PsOymko. — Munck: Bpemmitmas mxkoma, 2013. — 304 ¢. —
Pexxum noctyna: http://www.iprbookshop.ru/20266.html.

120



MUHUCTEPCTBO HAYKH U BBICILIET'O OBPA3OBAHUS PO
OEJIEPAJIBHOE 'OCYJAPCTBEHHOE ABTOHOMHOE OBPA30OBATEJIBHOE
YUPEXJIEHUWE BBICHIEI'O ObPA3OBAHUA
«CEBEPO-KABKA3CKHWI ®EJIEPAJILHBI YHUBEPCUTET»
[Tsaturopckuit uaCcTUTYT (prmmnan) CKOY

MeTtoauyeckue yKasaHus
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1. OO6umue mojoxeHus

CaMmocrositennbHast paboTa - IUlaHUpyeMasi YydeOHas, y4eOHO-UCCIIeJOBATEIbCKAs,
HAyYHO-UCCIIeIOBATENbCKast padoTa CTYICHTOB, BHITIOJIHSEMAs BO BHEAYIUTOPHOE (ayAUTOPHOE)
BpeMs TI0 3aJaHUI0 M TPU METOJWYECKOM PYKOBOJCTBE TIperoaaBarelnisi, HO 0e3 ero
HEMOCPEJACTBEHHOTO y4yacTus (TpU YaCTMYHOM HEMOCPEICTBEHHOM YYacTHUHU IMpernojaBaTels,
OCTaBJISIOIIEM BEAYIIYIO POJIb 32 pabOTOil CTY/IEHTOB).

CamocrostensHas padota crynaeHToB (CPC) B BY3e siBnsercs BaXHBIM BUIIOM YUEOHOM
U HAy4dHOM JeATenbHOCTH cryaeHTa. (CamocrosiTenbHas padoTa CTYIEHTOB  HUIpaeT
3HAYUTENBHYIO POJIb B PEHTUHTOBOM TEXHOJIOTUU O0YUICHHUS.

CaMocrosiTenbHasi paboTa SBISETCS BaKHEHIEeW Qopmoii ycBoeHUs 3HaHHMUA. B xome
CaMOCTOSITENILHOM pabOThl CTYIEHTHI VSCHSIOT 3HAaHUS 10 KOHKPETHOW TeMe Y4eOHOro
MaTepuana, 3aKpeIUIIIOT W YTOUYHSIOT YK€ H3BECTHBIE W OCBAaMBAIOT HOBBIC KATETOPHH.
CrankuBasch ¢ HEJJOCTATOYHO MOHATHBIMH JIEMEHTAMH TE€MBbI, CTYACHTHI CTPEMATCS HaXOJIUTh
OTBETHl WM (UKCUPOBATH BOIMPOCHI I TMOCTAHOBKM U YSCHEHHS UX Ha KOHCYJIbTAIIMHU C
MpernoaaBaTesieM WM BO BpeMs MPAKTUYECKOTO 3aHSTHS.

3amaun caMOCTOSITENILHON pabOTHI COCTOST B CIEIYIOIIEM:

1. Pa3BUTH TOTHYECKOE U AJITOPUTMHUIECKOE MBIIIUICHHUE.

2. BpIpaboTarth TEpBHYHBIC HABBIKM MAaTEMAaTHYECKOT'O WCCIICOBAHMS TPHKIAIHBIX
BOIIPOCOB.

3. BeipaboTaTh HABBIKH JOBEICHUS PEIICHUS 33a4d JO MPUEMIIEMOTO MPAKTHYECKOTO
pe3ynbpTaTa — 4ucia, rpaduka, TOUHOTO KaueCTBEHHOTO BBIBOJA C MPUMEHEHHEM aJeKBATHBIX
BBIUMCIUTENBHBIX CPEJCTB, TAOIHII, CIPABOYHHKOB.

4. BopaboTaTh yMEHHE CaMOCTOSITENBHO pa3OupaTbcs B MaTeMaTHYECKOM armapare,
MPUMEHSIEMOM B JINTEPAType, CBA3aHHON CO CIEIUATbHOCTHIO CTYACHTA.

5. Hayuute omepupoBaTh aOCTpaKTHBIMH OOBEKTAaMH U aJEKBATHO YHOTPEOISATH
MaTEeMATHYECKUE TIOHATHS W CHUMBOJIBI JUIS BBIPAKEHUS KOJHUYCCTBEHHBIX M KAUeCTBEHHBIX
OTHOUIEHHUM.

CamocrosiTennpHast paboTa cTyaeHTa Mo y4yeOHOW muciuiinHe «Marematuka u

nHpopMaTHKay BKIIOYAET TOATOTOBKY K TPAKTUYECKUM 3aHSATUSM U BBIMOJHEHUE
MPAKTUYECKUX 3aJaHuil, CaMOCTOATENbHOE W3Y4YeHHEe TeM YydeOHOro warepuana [0
PEKOMEHIyeMOM JTUTepaType U ¢ UCTOIb30BaHUEM HHPOPMAITOHHBIX PECYPCOB.
CaMocrtosiTennbHast paboTa 1o  JgucHuIuiiHe «MareMaTuka»  HampaBlieHA  Ha
dbopMUpOBaHUE CIETYIONINX KOMIMETEeHIIUIA:
[Inanupyembie  pe3yibTaThl
00y4eHUsT TO JUCUUILIINHE
Kog, (bopmympoBKa Kon, hbopmynupoBka nHIMKaTOpa (Monyo),
KOMITETCHITHH XapaKTePU3YIOIIUe  ATalbl
dbopmupoBaHus
KOMITETCHIINI, UHIUKATOPOB
OIIK-1: Cnocoben | MI-1omxk-1 [Ipumensier | Pemaer 3a1a49u
pemarb 3a/1a4v | MAaTEeMAaTHYECKUI anmapar | npogeccuoHanbHOM
npodecCHOHANBHOM aHATUTUYECKOMN T€OMETPHUH, | IEATETbHOCTH Ha OCHOBE
NEITEILHOCTH Ha OCHOBE | JIMHEHHOU anreOpsl, | UCTIOTB30BAHUS
HCIIOJIb30BaHUS g hepeHInaITbLHOTO U | MAaTEeMaTHUYECKOTro amnmnapara.
TEOPETHUECKHUX U | HHTETPAIBHOTO HCYUCIICHUS
MPaKTUYECKHUX OCHOB | (DyHKIIMU OJTHOM MEpEMEHHOM.
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€CTECTBEHHBIX u | U1-20nx-1 [Ipumenser
TEXHUYECKHX  HAyK, a | MaTeMaTHYEeCKHMH armapar TCOPHHU

TAaKXKXE€ MATEMATHYCCKOI'O (byHKHHH HECKOJIbBKUX

alrapara MEPEeMEHHbIX, Teopuu  (YHKIUI
KOMIIJIEKCHOTO MEPEMEHHOT0,
TEOpUH PAIOB, Teopuu
mudepeHIaTbHBIX YPaBHEHUH.
NJI-3omk-1 [Tpumensier

MaTeMaTUYeCKUI armapar TEeOpUHu
BEPOATHOCTEH W MaTeMaTU4YeCKOU

CTAaTUCTHUKH.
N-4omk-1 [Tpumensier
MaTeMaTUYECKUU arnmapar

YHUCJICHHBIX MCTOAO0B.

2. llesas W 3a1a4U CAMOCTOSITEILHOH PadoThI

Benymas nens opranuzanuu u ocymectBienus CPC coBmamaer ¢ ueibio oOyueHUus
cTyneHTa — (opmupoBanue Habopa O0OIIEHAYyYHBIX, NPO(ECCHOHATBHBIX U CHEIHATBHBIX
KOMIETEeHINI Oyayiiero 6akaiaBpa o COOTBETCTBYIOIIEMY HAMPABICHUIO MOATOTOBKU

[Tpu opranuzamuu CPC BaXHBIM U HEOOXOIUMBIM YCIOBHEM CTAHOBSTCS (POPMUPOBAHUE
YMEHHUSI CaMOCTOSTENbHOW pabOThl sl MPUOOPETEHHsI 3HAHWN, HABBIKOB M BO3MOXKHOCTHU
OpraHu3any ydeOHOW M HAy4HOH JesTenbHOCTH. Llenbio caMocTosTenbHON paboThl CTYJCHTOB
SBIISICTCSA OBJIAJeHHE (PyHIaMEHTAIbHBIMU 3HAHUSAMH, MNPOPECCHOHATBHBIMU YMEHUSIMH H
HaBBIKAMU  JIEITETBHOCTH 1O TNPO(UIIO, ONBITOM TBOPYECKOH, HCCIENOBATEIbCKON
JESITEIIbHOCTH. CamocrosiTennbHast ~ paboTa  CTYAEHTOB CIOCOOCTBYET  pa3BUTHUIO
CaMOCTOSITEIbHOCTH, OTBETCTBEHHOCTH U OPraHW30BaHHOCTH, TBOPUECKOTO MO/IX0/1a K PELICHUIO
npo6ieM yueOHOTo U MpopeCcCHOHATBLHOIO YPOBHSI.

3agauamu CPC sBasitoTes:
- cucTeMaTH3alMsg M 3aKpelyIeHHe TOJIYYEHHBIX TEOPETUYECKMX 3HaHUM U
NPaKTUYECKUX YMEHHI CTYACHTOB;
- yrIIyOJIeHHE U pacIIipeHne TEOPETHUECKUX 3HAHUH;
- dopMupoBaHHE YMEHHI HWCHOJIB30BATh HOPMATHBHYIO, MPABOBYIO, CIPABOYHYIO
JOKYMEHTAIUIO U CIIEIHATBHYIO IUTEPaATypYy;
- pa3sBUTHE IO3HABATENIbHBIX CIIOCOOHOCTEH M AKTHUBHOCTH CTYAEHTOB: TBOPYECKOMH
WMHUIIMATHBBI, CAMOCTOSITEIbHOCTH, OTBETCTBEHHOCTH M OPraHU30BaHHOCTH;
- (dbopMHpOBaHHE CaMOCTOSITEIBHOCTH MBIIUIEHHS, CIIOCOOHOCTEH K CaMOpa3BHUTHIO,
CaMOCOBEPILIEHCTBOBAHUIO U CaMOpeaIn3allu;
- pa3BUTHE UCCIIEIOBATEIHCKIX YMEHHIA,
- WCTIOJIh30BaHNE MaTepuasia, COOPaHHOTO W TIOIYYEHHOTO B XOJI€ CaMOCTOSITEIhHBIX
3aHATHA Ha CEMUHAapaX, Ha MPAaKTHYECKMX M JaOOpaTOPHBIX 3aHATHSIX, NMPH HAIMHCAHUU
KYpPCOBBIX U BBIIYCKHOM KBaIM(PHUKAMOHHON padoT, a1 SPQPEKTUBHON TMOATOTOBKH K
UTOTOBBIM 324eTaM M SK3aMEHaM.

124




3. TexHosoruyeckass KapTa cCaMOCTOATEJIbHOI Pa0OTHI CTyIEHTAa

Bun nestensHOCTH

OObeM 4acoB, B TOM YHCIIE

Konpr (axan.)
CTYJICHTOB
pean3yeMbIxX CpenctBa u KonrakTHas
KOMITIETEHIIHH TEXHOJIOTHUH OICHKH CPC pabota ¢ Beero
nperojaBaTe
JaeM
1 cemecTp
NJI-1 OIIK-1 | TToaroroBka K KommiekT 3aganmii 3
-2 OIIK-1 | nexnumsam ¥ BOIIPOCOB IO
1]-3 OIIK-1 paszenam 2.7 0.3
WJi-4 OTIK-1 JOUCLUTIINHBI
NA-1 OIIK-1 | IToaroroBka K Kommiekt 3amanui
WJ1-2 OIIK-1 | naGoparopHbiM ¥ BOIIPOCOB T10
WI-3 OLIK-1 | sapgrmsm paszenam 27 0.3 3
1Ji-4 OTIK-1 JOUCIATIINHBI
NJI-1 OIIK-1 KommutekT 3amanuit
UA-2 OlIK-1 | BpmosnHenue 11 KOHTPOJILHOM 27 03 3
V-3 ONIK-1 | wourponbHoii paGotel | paGoThI ’ ,
WJI-4 OTIK-1
-1 OIIK-1 | CamocrostensHOe KowmmrexT 3aganuii
WUJ-2 OIIK-1 | y3yuenue mureparypsl | M BOIIPOCOB MO
-3 OlIK-1 | 1 remam 1-9 paszaenam >4 0 00
1Ji-4 OTIK-1 JOUCIUATIIUHBI
Hroro 3a 1 cemectp | 64,8 7,2 72
2 cemecTp
WJI-1 OIIK-1 | [TogroroBka Kk Kommiekt 3amanuii
NA-2OlIK-1 | pexrusm ¥ BOIIPOCOB 10
1/1-3 OTTK-1 paszienam 2,7 0.3 3
1Ji-4 OTIK-1 JOUCIUATIIINHBI
WJI-1 OIIK-1 | [TogroroBka K KommnekT 3amanmii 3
WUN1-2 OlIK-1 | mpaktuyeckum ¥ BOIIPOCOB TI0
U3 ONIK-1 | sapgrusm pazzienam 27 0.3
1Ji-4 OlK-1 JOUCILUTIIIMHBI
NJI-1 OIIK-1 | CamocrosTe/sHOe KoMiutext 3amanuii
WUJ-2 OIIK-1 | y3yuenue mureparypsl | M BOIIPOCOB MO
WJ-3 OlIK-1 | 1 remam 10-26 paszaenam 24 3 30
WJi-4 OlK-1 JOVCIMIIIINHBI
WJI-1 OIIK-1 | BemmomnHeHue KomriaexT 3amanmii 3
WJI-2 OIIK-1 | koHTpoMBHO# paGoThl | 1Sl KOHTPOILHOM 27 03
MJI1-3 OIK-1 paboTLI ’ '
WJI-4 OTIK-1
Hroro 3a 2 cemectp | 37,8 4.2 42
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4.IlopsioK BHINOJTHEHUSI CAMOCTOATENIbHON PadoThI CTYJAEHTOM
4.1. Memoouueckue ykazanusi no pabome ¢ y4eOHoU 1umepamypot

[Tpu pabote ¢ KHUroW HEOOXOTUMO MOAOOpaTh JIUTEPATYPy, HAYYUTHCS MPABUIBHO €€
YUTaTh, BECTH 3anmucH. [ moadopa iuTepaTypbl B OMOIMOTEKE UCTIONB3YIOTCS ajl(paBUTHBIA U
CHCTEMAaTUYECKUH KaTaJlOr .

Ba)xHo MOMHUTH, YTO palMOHANbHbIE HABBIKKM Pa0OTHI C KHUTOW - 3TO BCerjaa OoJbIas
SKOHOMMSI BpEMEHU U CUJL.

[IpaBuibHbIE  TON0OP Y4YEOHMKOB PEKOMEHAYETCS MpernojaBaresieM, YHTAIOIIUM
JeKUMOHHBIN Kypc. HeoOxomumas nutepatypa MOXKeT ObITh TaKKe yKa3aHa B METOAMYECKHUX
pa3paboTKax 1Mo JaHHOMY KYpCy.

W3yuas matepuan 1o y4eOHHKY, CIEAYeT MEePEXOIUTh K CIEAYIOIIEMY BOIPOCY TOIBKO
[OoCJie TPAaBUJIBHOTO YSACHEHHUS NpPEIbIAYyILEro, ONMCHIBas Ha Oymare BCE BBIKIAAKU U
BBIUMCJIEHMSI (B TOM YHUCJIE T€, KOTOpble B YYEOHMKE ONYLIEHbl WJIM Ha JIEKIUU JaHbl JUIS
CaMOCTOSITENIbHOTO BBIBOJIA).

[Tpu u3yueHuu nr000# AUCUUIUIHHBI OOJIBIIYIO U BXKHYIO POJIb UTPAET CaMOCTOSITENbHAS
WHAMBHUAYyallbHAs padoTa.

Oco0oe BHHMaHHE CJeAyeT OOpaTUTh Ha OIpe/eJeHHEe OCHOBHBIX IOHSATHH Kypca.
CryneHT noKeH NogpoOHO pa3Ouparbh NPUMEPHI, KOTOPbIE MOSCHSAIOT Takue ONpeAeieHus, U
YMETh CTPOWTH aHAJIOTUYHBIE MPHUMEPHl CaMOCTOATENbHO. HyXHO nOOMBAaThCcs TOYHOTO
IPEJCTaBICHUsT O TOM, YTO u3ydaewb. [lone3HO cocTaBisATh ONOpPHbIE KOHCHEKTHI. [Ipu
M3y4EeHUU MaTepHayia Mo y4eOHUKY MOJIE3HO B TETpajau (Ha CHEIHAJIbHO OTBEACHHBIX IMOJISIX)
JOTIOHATh KOHCIIEKT JeKiuil. TaM ke cienyeT OoTMe4aTb BOIPOCHI, BBIACICHHBIE CTYICHTOM
JUTSL KOHCYJIBTAIlUU C MPENOIaBaTEIIEM.

BriBozibI, MONIy4eHHBIE B pe3yNbTaTe U3YUYCHHs, PEKOMEHIYeTCS B KOHCIIEKTE BBIICIATD,
4TOOBI OHM ITPU NEPEUUTHIBAHUY 3aMMCEH JTyUllle 3aIOMUHAIINCH.

OnbIT MOKa3bIBaeT, YTO MHOTUM CTYJI€HTaM IOMOTaeT COCTaBJICHHME JIHMCTa OMOPHBIX
CUTHAJIOB, COJIEpIKaIller0 BaKHEHIIMe 1 Haubosee 4acTo ynorpedisiemble GOpMYJibl U MOHSATHUS.
Takoil TUCT moMoraer 3arnoMHUTh (POPMYJIbl, OCHOBHBIE IOJIOKEHUS JIEKIIMH, a TAKKE MOXKET
CILY’KMTb ITOCTOSIHHBIM CIIPaBOYHUKOM JJIs1 CTYJI€HTA.

UreHne Hay4dHOTO TEKCTa SIBJISIETCS YacThIO MO3HABATEIbHOW naedrenbHocTH. Ee nenp —
U3BJICUEHHE U3 TeKcTa HeoOXxoauMoil nHpopMmaru. OT TOro Ha CKOJIBKO OCO3HAHHA YUTAIOIIUM
coOCTBEHHAas BHYTPEHHsS YCTaHOBKAa MpU OOpAIllEeHUH K MEeYaTHOMY CIIOBY (HAlTH HY>KHBIE
CBE/IEHUS, YCBOUTh MH(POPMALIMIO MOJHOCTHIO WJIM YaCTHYHO, KPUTHYECKU MPOAHAIN3UPOBAThH
MaTepHal  T.I.) BO MHOI'OM 3aBUCHUT 3((EKTUBHOCTH OCYIIECTBISIEMOT0 I€HCTBHUS.

Boiaensitotr uemauipe ocrhosnbie ycmanoeKu 6 UmeHuu Hay4Ho20 MeKcmad:

MH(POPMaIIMOHHO-TIOUCKOBBIN (3a/1aya — HAUTH, BBIJCITUTH HICKOMYIO HH()OPMAITUIO)

ycBauBaromas (yCwivs 4WUTaTeNsl HampaBlIeHbl Ha TO, YTOOBI KaK MOXKHO TIIOJHEe
OCO3HATh W 3allOMHUTh KaK CaMU CBEJCHHS H3JaraeMble aBTOpPOM, TaK U BCIO JIOTHKY €ro
paccyxIeHui)

AQHAIMTUKO-KPUTHYECKAsT (YUTATENb CTPEMHUTCS KPUTUYECKH OCMBICIUTH MaTepHall,
IIPOAHAIM3UPOBAB €T0, ONIPENIEIUB CBOE OTHOLIEHHE K HEMY)

TBOpYECKas (CO3AaeT y 4YMTaTeNss TOTOBHOCTh B TOM MJIM MHOM BHJE — KaK OTIPaBHOM
MYHKT JUJIS1 CBOMX PAcCyKJeHUM, Kak o0pa3 /i NeHCTBUS MO aHAJIOTMU U T.I. — HUCIOJIb30BATh
CYXKICHHsSI aBTOpa, XOJ €ro MbICIeH, pe3ynbTaT HaONIoeHus, pa3pabOTaHHYI0 METOJUKY,
JOTIOTHUTD WX, ITOIBEPTHYTh HOBOM MPOBEPKE).
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4.2. Memoouueckue ykazauus no no020mosKe K npaKmu4ecKum 3aHamusim

Jis  Toro 4YTOOBI TPAKTUYECKHE 3aHITHS MPUHOCHIM MaKCHUMAaJIbHYIO IOJB3Y,
HEO0OXOUMO MOMHHTbH, YTO YIPAKHEHUE W PEIICHUE 3a7ad MPOBOASTCS IO BHIYMTAHHOMY Ha
JICKIUSAX MaTephally W CBSI3aHBI, KaK MPABUJIO, C JETAILHBIM Pa300poOM OTHIEIHHBIX BOIPOCOB
JEeKIMOHHOTO Kypca. CreayeT MOAYEpKHYTh, YTO TOJBKO IIOCIE YCBOEHHS JICKIIMOHHOTO
Marepuajia ¢ OINPENEICHHOW TOYKH 3pCHHUs (2 UMEHHO C TOW, ¢ KOTOPOW OH W3Jlaraercs Ha
JICKIHMSIX) OH OYZIET 3aKpEeIUIAThCS Ha MPAKTHUECKUX 3aHATHUAX KaK B pe3ysibTare 00CYXICHHS U
aHayM3a JISKIIMOHHOTO MaTepHaia, Tak U C MOMOIIBI0 PEeHICHHs MPOOJIEMHBIX CUTYaIUil, 3a1ad.
[Tpu 3TUX yCIOBUSAX CTYICHT HE TOJIBKO XOPOIIO YCBOUT MaTepuai, HO M HAYYUTCS TPUMEHSThH
€ro Ha MpaKTUKe, a TaKXKe IMOJIYYHT JOTOJHUTEIbHBIM CTHUMYN (M 3TO OYEHb BAXKHO) JUIS
AKTUBHOM MPOPaOOTKH JICKIIUH.

CrnemyeT TOMHHUTBH, YTO pEIICHUE KXKIAOW y4eOHOW 3aJauu JOJDKHO JOBOIHUTHCS JIO
OKOHYATEeJIbHOTO JIOTHYECKOTO OTBETa, KOTOPOro TpeOyeT YCIOBHE, W 1O BO3MOXHOCTH C
BbIBOZIOM. [lOy4eHHBI OTBET CJEIyeT MPOBEPUTH CHOCOOAMHM, BBITCKAIOIIUMH M3 CYIIECTBA
naHHOM 3amaun. [lome3Ho Tarkke (eciaum BO3MOXKHO) peliaTh HECKOJbKHMHU CIOCOOaMU U
CPaBHUTH IOJIyYCHHBIC Pe3yJbTaThl. PellleHue 3agad JaHHOTO THUIA HYXHO IPOJOJDKATh [0
npUOOPETEHUS TBEP/IbIX HABBIKOB B X PEIICHUH.

4.3. Memoouueckue yKazanus no camonposepke 3HaHull

[Tocre u3ydeHUs OMPECIICHHOW TEMBI IO 3alKCSIM B KOHCIIEKTE M YUCOHUKY, a TaKKe
pEIIeHHs JTOCTATOYHOTO KOJUYECTBA COOTBETCTBYIONIMX 3a7ad Ha MPAKTUICCKUX 3aHATUAX U
CaMOCTOSITCIILHO CTYJICHTY PEKOMEHIYETCS, MPOBECTH CaMOIPOBEPKY YCBOCHHBIX 3HAHUH,
OTBETUB Ha KOHTPOJIbHBIE BOIIPOCHI 110 H3yYCHHOH TEME.

B citydae HEOOXOIUMOCTH HY)KHO €Ille pa3 BHUMATEIbHO pa300paThcs B MaTepHale.

WHorma He0CTaTOYHOCTh YCBOCHHS TOTO HIIM MHOTO BOIPOCA BBISICHSAETCS TOJIBKO MPH
M3YYEHUHU JNajbHeiIero Mareprana. B aToM ciayyae Hajo BEpHYTHCS Ha3a U TIOBTOPUTH TIIOXO
YCBOGHHBIN MaTepuan. BakHblii KpUTepuil yCBOEHHUS TEOPETHUECKOro MaTepuaia - yMEHHe
pemath 3aJa4u WIA MPOUTH TECTHPOBAHHE IO TPOHACHHOMY Matepuany. OJHAKO clemyeT
MIOMHHTbB, YTO TPABWIBHOE PEIICHUE 3a7aud MOXET MOJIYUUThCS B PE3yJIbTaTe NMPUMEHEHUS
MEXaHHYECKU 3ay4eHHBIX (hOpMYyIT O0€3 TOHUMAHUS CYITHOCTH TEOPETHUSCKHUX TIOJIOKEHUH.

S5.KoHTpO/b CAaMOCTOATE/ILHOM Pa0OTHI CTYACHTOB
B paMkax peHTHHIOBOM CUCTEMBI YCIIEBAEMOCTb CTYIAEHTOB IO KaXJ0H ITUCLUIUINHE
OLICHMBAETCA B XOJI€ TEKYLIETO KOHTPOJIS ¥ IIPOMEKYTOYHON aTTECTALINN.
Texkymmi KOHTPOJIb
PeiiTuHroBasi OeHKa 3HAHUI CTyIeHTAa

Ne Bun nesarensHOCTH CTYyIEHTOB Cpoxnu KomnuecTtBo
/T BBIITOJTHEHUS OasoB

1, Jlaboparopnas padota 4 8 Henens 15
2.| JlaGopatopHnas pabora 7 14 nepens 20
3.| KonTponbshas pabota 16 nepens 20
Hroro 3a 1 cemecTp 55
1. | IIpaktuueckas pabota 4 8 Henens 15
2. | Ilpaktuueckas pabota 7 14 nepens 20
3. | KonrponbHas pabora 16 nepens 20
Hroro 3a 2 cemecTp 55
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6. Cniucok siureparypbl

6.1. IlepeyeHb OCHOBHOM JIMTEPATYpPbI:

1.I'ycak, A. A. Beicmias marematuka. Tom 1: yueOnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c. — Pexxum nocryma: http://www.iprbookshop.ru/28059.html
2.I'ycak, A. A. Beicmas maremarwka. Tom 2: yyeObnmk / A. A. I'ycak. — MuHCK:

TerpaCucremc, 2009. — 446 ¢. — Pexxum noctyma: http:// www.iprbookshop.ru/28060.html
6.2. [lepeyeHb JONOJIHUTEILHOM JIUTEPATYPHI:

1.nauBuayanbHbie 3a4aHus 10 Bbiciield MaremaTuke. Yacte 1. JIuHeitHas U BeKTOpHas
anreOpa. Amnamutuyeckas reomerpus. Juddepenumanbnoe ucuucieHrne (yHKIUNA OJHON
nepeMeHHoi: yuebnoe mocodue / A. II. Psbymko, B. B. bapxartos, B. B. Jlepxasen, U. E.
Opyth; mon penakuueit A. I1. PsOymko. — Munck: Bpeiitmas mxomna, 2013. — 304 ¢. —
Pexxum nocryna: http://www.iprbookshop.ru/20266.html.

2.MunuBuayanpHbIe 3a7aHusl 10 BbIcHIel maTematuke. Yacte 2. KommiekcHble 4yucna.
Heonpenenennsie u omnpeneneHHble HHTErpainbl. DOYHKIUM HECKOJIBKUX MEPEMEHHBIX.
OObikHOBeHHBIE AU depeHnnanbHble ypaBHeHUs: yuebHoe nocooue / A. II. Pabymko, B. B.
bapxaros, B. B. Mepxasen, WU. E. KOpyre; nmon pemakumeit A. Il. PaGymko. — MuHCk:
Brimiimas IKosa, 2014. — 397 C. — Pexum JIOCTYyTIA:
http://www.iprbookshop.ru/35481.html.

3.MupuBuayanbHble 3a7aHusd 1o Beicuied matemartuke. Yacte 3. Psangel. Kpatneie u
KPUBOJMHEHHBIC HHTETPAJIbl. DIIEMEHTHI TEOPHH 0N : ydyeOHoe nocobue / A. I1. PsOymxo, B.
B. bapxaros, B. B. [lepxaseu, 1. E. FOpyts ; non penakuueir A. II. Palymko. — MuHck:
Brmsiimas mkona, 2013. — 367 ¢. — Pexxum nocrtyna: http://www.iprbookshop.ru/20211.html.

128



MUHHUCTEPCTBO HAVKH U BBICILIETO OBPA30OBAHUS POCCUNCKON OEJIEPALINN
®denepanbHOE TOCYIAPCTBEHHOE aBTOHOMHOE 00pa30BaTeIbLHOE YIPEKICHUE BRICIIIETO 00pa30BaHUS
«CEBEPO-KABKA3CKUI ®EJIEPAJIbHBIN YHUBEPCUTET»

Ilamueopckuii uncmumym (¢unuan) CKOY

METOAUYECKHUE YKA3AHUS
IO BBITIOJIHEHUIO KOHTPOJIBHBIX PaboT
110 JUCITATIIINHE
Maremaruka
115t HanpaByieHus nmoarotoBku 08.03.01 CtpourtenbcTBO
HanpaBleHHOCTh (poduib) CTPOUTETHCTBO 31aHUHN U COOPYKEHUN

[Taturopck 2024
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Conep:xanue

1.  Ilens, 3agauu, peanusyeMble KOMIIETEHLIUN

2.  ©®opmynHpoBKa 3aJaHUS

3.00mue TpeOoBaHMs K HATUCAHUIO U 0()OPMIICHHIO PaOOThI
4 Kputepun olleHUBaHUS paOOThI

5. CIIUCOK PEKOMEH1YEMOM JINTEPATYPHI
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1.lenan, 3anauu, peanusyemMblie KOMIETEHIMHU

1. Heap 1 3aga4n U3y4eHUs THCUMIIMHBI

Henp nucuumiusel: dopmMupoBaHue Habopa o0menpohecCuoHaIbHBIX KOMIETSHINN
OakanaBpa no HanpasiieHuto noarotroBku 08.03.01 «CtpoutenbcTBoOy.

3amayl OCBOCHMS NUCUUIUIMHBL:  (OPMUPOBAHUE NPEICTABICHUNH O POJIU U MecTe
MaTeMaTHKHd B COBPEMEHHOM MHpE, JTalax pa3BUTHs, YHHUBEPCAIHHOCTU €€ MOHATUH H
npelcTaBiIeHU; (QopMHUpOBaHME YMEHUN KOHCTPYHPOBAHHMS M aHajdM3a MaTeMaTHUYECKUX
Mojieneil 00BEKTOB, CUCTEM M MPOILIECCOB P PEIICHUH 337134, CBSI3aHHBIX cO cepoil Oymymei
npoecCHOHANBHOM JEeATeNbHOCTH, OBJa/ICHUE HAaBBIKAMM TOYHOTO M CXATOTO BBIPAKCHHS
MaTeMaTHYECKOM MBICIIM B YCTHOM M IUCBMEHHOM W3JI0KEHHU, C HCHOJIb30BAaHUEM
COOTBETCTBYIOIIEH CUMBOJIUKH.

B pe3yabTaTe 0CBOeHHUS IMCHUILIMHBI CTYAEHTbI J0JKHbBI:
3HaTh: OCHOBHble NOHATUS AaHAJWTHYEeCKOW TeOMeTpUH, JIMHEWHOW aJsreopsl,
AnddepeHIMATBHOTO M MHTErpajbHOTO HCYUCIeHUS QYHKLUUM OJHOM INepeMeHHOH,
TeoprH (YHKIUU HECKOJNBKUX TEPEMEHHBIX, TEOPHH (YHKUUH KOMIUIEKCHOTO MEPEMEHHOTO,
TEOpUU  PANOB, Teopud AuPPepeHIuaNbHbBIX YpaBHEHUN, TEOPHUH BEPOATHOCTEH U
MaTeMaTHYECKOW CTAaTUCTUKH, YUCICHHBIX METOOB.
YMeTh: 3PQPEKTUBHO HCIONB30BATh METOABI AHAJUTHUYECKOM TeoOMeTpUH, JUHEWHOU
anrebpol, aAudPepeHLUaTbHOTO M HUHTErPaJbHOTO HMCYUCAEHUS (QYHKIHUU OJHOU
nepeMeHHOH, Teopun (PYHKIIMH HECKOJIBKHX IMEPEMEHHBIX, TEOpUU (DYHKIMIA KOMILJIEKCHOTO
MIEPEMEHHOT0, TEOPHH PAJIOB, TeOpHH AU PepeHInaNbHBIX YPaBHEHHM, TEOPUU BEPOSITHOCTEHN U
MaTeMaTHYECKOW CTATUCTUKH, YUCICHHBIX METOOB. IPU PEIICHUH 3a/1a4, CBI3aHHBIX cO chepoit
npohecCuOHaNBHOM NeSTeNbHOCTH.
Baanerb: HaBbIKAMH HCIOJIB30BAHMS METOAOB AHAJIMTUYECKOW TeOMEeTPUH, JIMHEUHOU
anre6pbl, audpdepeHUUANTBHOTO U HHTETPAJIbHOTO MCYUCAEHUS QYHKIMU OJHOU
nepeMeHHOW, TeOpUH (DYHKIUU HECKOJIbKUX IMEPEMEHHBIX, TE€OpUH (YHKIUN KOMILJIEKCHOTO
MEPEMEHHOTO0, TEOPHH PAJIOB, TEOpHH AU PepeHInaANbHBIX YPaBHEHUH, TEOPUH BEPOSTHOCTEH U
MaTeMaTHYECKOW CTaTHCTUKHU, YHCICHHBIX METO/IOB NIPU PEIISHUH 3314, CBA3aHHBIX CO chepoit
npodecCHOHATBHOMN 1A TENTbHOCTH.
Peanuzyemast komnereHuus:

[Inanupyemsle pe3yabTaThl
00yueHHs 1Mo JUCIUIUINHE

Koz, popmymiposxa Kon, popmynupoBka nHIuKaTOpa (MOzLyI1r0), XapaKTepU3YHOLIHE

KOMIIETCHITUN

3Tansl HOPMUPOBAHUS
KOMITETEHITUI, WHIUKATOPOB

OIIK-1: CiocobeH pemaTh U-lonk.y I[Ipumenser matemartmueckuil | Pemaet 3a/1a4u

3a7a9u po(hecCHoHaTbHON ammapar — aHaUTHYECKOH  TEOMETPHH, | MPO(EecCHOHATBHON HeSITeNbHOCTH

JIeITeIbHOCTH Ha OCHOBE TUHeWHOW anreOpsl, auddepeHnnanrsHOro | Ha OCHOBE HCIIOIb30BaHUS

WCIIONIB30BAHUS TECOPSTHICCKUX | U HMHTETPABHOTO HWCYUCICHUS (YHKIHH | MAaTEeMaTHYECKOTO aImapara.

U TIPAKTHYECKUX OCHOB OJTHOH TTepeMeHHOH.

€CTECTBEHHBIX M TCXHUYCCKHUX HU-20nk-1 [IpuMmeHseT MaTreMaTHdecKuid

HayK, a TaKXKe amnmapatr TeOpHH (QYHKIUH HECKOJIBKHAX

MaTeMaTHYECKOTO armapara TIePEMEHHBIX, TEOpUHr byHKIMH

KOMIUIEKCHOTO ~ TIEPEMEHHOTO,  TE€OpUHU
psnoB, Teopun  auddepeHIraIbHbIX
YpaBHEHUH.

HU-3onk.y [IpuMeHsier MareMaTH4ecKuid
anmapar  TEOpPUHM  BEpPOSITHOCTEH U
MaTeMaTH4YEeCKON CTAaTUCTHKHU.

U-4onk.1 [IpuMenser maremMaTwyecKuid
anmnapar YMCJIEHHBIX METOJIOB.
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2.®opMyTHPOBKA 32 1aHUS
KonTpoabHasi padora (1 cemectp)

3aganue 1.

JIaHBI BEKTOPHI 5(a1,a2,a3), E(bl,bz,b3), 5(01,02,03), g(dl,d2,d3) B HEKOTOPOM

Oaszuce. Iloka3aTp, 4YTO BEKTOPBI a,b,c 00pa3yroT 6a3uc U HaWTH KOOPAUHATHI BEKTOpPA ds

aToM 6azuce. CucteMy JIMHEHHBIX YpaBHEHHH pemuTh 1o Metoay ["aycca.

1.

© ©® N O 00~ N

a(1;2;3), b(-1;3;2), c(7;-3;5), d(61017).
a(4;7;8), b(9:1;3), ©(2,—4:1), d(1,—-13;,—13).
a(8;2;3), b(4;6:10), ©(3;—2:1), d(7;411).
a(10;3;1), b(1;4;2), €(3;9;2), d(19;30;7).
a(2;41), b(136), c(531), d(24;20;6).
a(1;7;3), b(34;2;), c(4:85), d(7;3214).
a(;,—2;3), b(4;7;2), c(6;4;2), d(14:18;6).
a(1;4;3), b(6;8;5), c(3:1;4), d(2118;33).
a(2;7;3), b(318), ¢(2;-7;4), d(1614;27).

10. a(7;21), b(4;35), ¢(3;4;—2), d(2;—5;—13).

3ananue 2.

Hana marpuna A. Halitu matpuny At oOpatHyto naHHO#. Crienars NpoBEpKY, BEIUNCIINB

npou3BeieHue A - Al

3 21 1 -2 3
A=|2 3 1 2 A=|2 3 -4
2 1 3 3 -2 -5
4 -3 2 1 1 2
A=|2 5 -3 4. A=[2 -1 2
5 6 -2 4 1 4
2 -1 -1 3 4 2
A=[3 4 -2 6. A=|2 -1 -3
3 -2 4 1 5 1

132



A=

7. A
0.
3aganue 3.

1 1
8 3
4 1

-1
—6
-3

7 5 0
=4 0 11
2 3 4

8.

1 -4 -2

A=3 1 1

Haiitu npenens! GpyHKIMA, HE TOIB3YACh IpaBUiIoM Jlonurans.

1.

a)

6)

0)

a) lim

_2X* -3x+1
lim — '
x> 3X° + X+ 4
lim—2—YX_.
4 \[6x+1-5

. (ZX—BJH
lim
x>o\ 2X+5

. 5x”—2x+1
lim———;
oo 2x° +x -3
VI9+x—-/9-x
x> +6x

3-2x-x"

oo x4 dx 417
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2)

0)

r) lim

x—0

6)

r)

Iim

x—>-1

Iim

. 1—cos6x
lm—;
x—01 —Cc0S4x

2x2+15x4—25.
5-4x—x> "’

sin3x +sinSx

6x ’

lim

x—>-5

4x* +7x+3
2x2+x—1"~
10x>

PE—
x>0] —cosx



\/S—x—\/3+x.

B)1

x—1 x_x2
(2x+5j3_X
) lim
x>n\ 2X -1

2x%* +x— 4

a) lim
oo 3+ x — 4x°

x—>w 3 +x+3

Vad+x—+J4- X
g) lim
s 3x +x

3x2+5x+4
—>°° 2xr—x+1°

Vx? - 3

>4 x4y

Iim 2X_7)4X+1
" o 2x—-3

a) Iim

a) lim ;
o x? 4 x+3

Vax —x
6) Im——;
x—4 x 16

J7+x—-7-x
m 5

134

3xt
r Iim x;gx
x>0 g§in” x
5x—x*—4
6) lim——;
>4 x? —2x—8
xtex
r) lim & ;
x>0 ] —cosx
2
x°—=2x+8

)11m
x—>-2 D x? +5x+2

cosx —Cos” x

F) }CIE)‘{)I 4x2 )
. 3x? —2x-1

2 lxlg} x*—4x+3°
) 4x°

r) Im—;
x>0] —cosdx

6—x— x2.
x—>33x +8x-3’

8x?
r) lim
x>0gin%5x

6) |

O S gt

tg?3x

r) leﬂg 10x2



fim x*=3x+4 limx2+2x_8°
10. 2 e 2% +5x-1 0 8—x°
2x
6) lim ; limx*ctg?3x;
)HO\/10+x—\/lO—x R
x—2\"
) lim| ——
x>0\ X +3
3ananmue 4.

Haiitu npou3Boanble crneayomux QyHKIHMA:

2
1.a)y = arcsin 3x — v1—-9x?; 6)y:[1+x J; g)x =a-cost, y=b-sint
X

_ 1+sin3x,

2. a)y=2"": 6)y O e =In(l+t?), y=t2
1-sin3x

3.a)y=x"-e"; 6)y=31+In*x; 6)x=1-00s2t, y=2+sin2t

2
4.a)y=v1l+e"; 0) _ 3 X, 3)x=lt2’ y—1t3+t
co 2
2x H 3 t—l
S5.a)y=e"-sinx; oO)y=arctyg”x; 6)x=-, y=—
1-x

6. a)y = (x+1)arctg Vx; 6)y:1 : g)x =In(cost), y=sin’t

++/x

7.a)y =e*cos3x; 6)y=In*(x*+1); 6)x=%t3+%t2+1, y=lt2+}

8.a)y =x*In(x* +1); 6)y=4/tg2x; g)_x:etz’ y:t-etz

9.a)y =(X+1) /x> +1; 6)y:e5‘"zx; 8)x = Int, y=t+%

10.a)y=c052x—%cos3 2%:6)y = (x> +4)-e ™ ; 6)x=%t2 +t, yzét3 —t

3ananue 5.

3amana Gynkuus Y=f(X). YcraHoBUTH, sABJIseTCS U AaHHAs (QYHKIMS HENPEPHIBHOH. B
ciydae pa3pbiBa (YHKIMM B HEKOTOPOM TOUYKE HaWTH ee TMpeAeNbl cleBa M CIpasa,
kiaccuuImpoBarh xapaktep paspbiBa. [locTpouts cxematnyHo rpaduk PyHKITUH.
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(x)=x"+2, —l=x<], X)=<sIx, )< x <,
: ‘+2, -1 1 0
2x, x=1. x—2, x =T
2 . 7. - :
x+ 2, x=-—1 —(x+1) x<—1,
. _ _ _ ] - 32 .
Fflx)=- 41l —lex=L f(x)=- (x+1), —1l=x=0,
—x+3, x> 1. X x>0,
3 8.
— . x =0, —x?, X <0,
n ¢ 42 " T
fx)=—(x-1), O0<x<2, f(x)=1< tgx, O<xsz,
x—3, x =2 2, x>
g 4
4 ( . 9 _
cos X, x<0, 2x, x<0,
. 5 _ , f(x)=1 x*+1, 0<x<],
Jx)=x°+1, 0<x<l, 2, x>1
X, x=1.
5 ) y 10 ok <0,
— X, x=0, .
, f(x)=1 Jx, 0<x<4,
=5 D=x=2
flx)=4x", )= x =2, L ea
v+1, v =2

KontposbHas padora (2 cemecTp)

BAPHUAHT 1
242 i *d
L P NS 3 [ XX &
x* -1 Jx X* +2X+3 3/x2 1 3x
dx dx dx
xarctgxdx 6. 7. 8| ———— 9.
I J Jsin3x Ia+xyhz+x+1 Ismx+cosx
N2
IcosxcosBxdx 10.! ;FX dx
2 2
X ¥

11. Haiitn miomans swmnca — + b—2
a

12. Haiitu rutornaas Gpurypsl, orpaHnueHHOM Kapanouoi I = a(l+coso).
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X

e”+1
13. Haiitu iuny ayru kpusoii Y = In

eX

OT ToYkM M, ¢ abcumccol X, =a 10 Touku M, ¢

a0cuccon
x,=b (b>a).
14. Boraucnute 00beM TeNla, OTPAaHUYCHHOTO MTOBEPXHOCTHIO, 00pPa30BaHHOM BpaIIEHUEM BOKPYT

ocu Ox
2 2 2

actponzsl X° + Yy =as.
15. Peute nqudpepennmanbubie ypaBHEHUS

1) 2xy1—y?dx+ ydy =0

2) 4xdx—3ydy = 3x° ydy — 2xy2dy;

16. Bbruncnute miomna b HOBEpXHOCTH, 00pa30BaHHOM BpallleHUEM AYTH LIUKJIOHU b
X =a(t-sint),

y = a(l-cost) Bokpyr ocu Ox.

17. Koren, umeromuii popMy nosyiapa paguyca I, HarnoixHeH Boaoi. Kakyio padoty
HE00XO0UMO 3aTpaTHUTh,

4TOOBI BHIKAYaTh BOJY U3 KOTJIA?

v
18. HccnenoBaTh CXOAMMOCTD HHTErpajia IM dx
> Vx
BAPUAHT 2
X° —x+1 dx Jxdx
1. | ———dx 2. [exp(v/x)dx 3. 4, 5.
.[ 2 +1 I P(VX) -[1+x3 J.1+\/§

G.Isin 2X coSs 4xdx 7.J‘\/l+sin xdx 8.IeCOSZX sin2xdx 9.

'[ dx
VaX® +2x+1
dx dx
L U
V1+x-x° Ux+1+1
y N y 8a’ N
11. Haiitn niomans Gpurypbl, OrpaHUYEHHOM IMHUEH Y = —————— U €€ aCUMITOTOH.
(x°+4a°)
12. Haiitn miomazns Urypsl, OrpaHHYeHHOM acTporgoii X =acos’t, y =asin’t.

13. Haittu jymmey qyru kpuBoi I = 2asin ¢

14. Boraucnute 00beM Teja BpallleHusl, OTPAaHUYEHHOTO MOBEPXHOCTSAMU MOJTY4YEHHBIMU NPU
BpaICHUN

orpeskoB nuHuit Y =€, Y =0, 0< X < oo Bokpyr ocu Ox u Oy.

15. Peute qudpepenninanbubie ypaBHEHUS

1) (x* =1)dy + (1—y?)dx =0;
2) A+ y?dx —ydy = x’ydy;

2
X
16. Beruncnuth 00b€M TeNa, OTPAaHUYEHHOTO TIOBEPXHOCTAMUA ~ —

a
17. Kakyro paboTy HEOOXOAMMO 3aTPaTUTh, YTOOBI HACKITIATH Ky4y MeCKa KOHUYECKOU
(GOpMBI ¢ pasycoM I ¥ BEICOTO# h, €CITi IIIOTHOCTH IecKa ) = 2.

2 2
y z .
+—2——2—1, Z ==cC.

O
(@]
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+00 m

18. HccenoBaTh CXOAMMOCTh HHTErpajia J- X —dx (n>0).
o1+ X
BAPUAHT 3
4
d
1. _[ X2 X 2. Ide 3. Iarctgxzdx 4, IL
X2 +1 X+ /X VX(L+x)
dx dx cos xdx dx
[ —— 6] . - 7 8 [———— o
J3+2X - x @+ x)(x"+x+1) cosx+1 sin“ Xcos* X
1

2 3
J‘(X—Jrﬂ dx  10. I\/;(LL ZW) dx
X J—

11. Haiftu miomaznp GuUrypsl, orpaHHdeHHON KpuBoii Y = X° IN X 1 ockro OX.
12. Haiitu miomaab GUrypbl, orpaHudeHHon ynutkoi [Tackans = 2a(2+cose).

13. JlokasaTh 4TO JIIMHA JIUTHIICA X = ~/2SiNt, Y = COSt paBHA AIMHE OHOH BOJIHBI CHHYCOUIbI
y = COS X.
14. Beraucnuts 00beM Tela, MOTyYSeHHOTO BpalleHueM BOKpYT ocu OX MIIOCKOH (GUrypsl,
OrpaHUYCHHOU
runep6omnoit X° —y? =1 u npsamoit X =a+1 (a>0).
15. Peute nudpepennmanbubie ypaBHEHUS
1) x%dy + (y —5)dx =0;
2) XY’y +1=Yy;
x> yz
16. Beruncnuth 00b€M TeNa, OrPaHUYEHHOTO IIOBEPXHOCTAMU —5 + bZ =1
a
17. OnpeaenuTs CUILy JaBJIE€HUS BOJbl HA BEPTUKAIBHYIO IUIOIIAAKY, HMEIOLIYI0 (hopMy
MOJIyKpyra pajnyca a, AMaMeTp KOTOPOro HaXOAUTCS HA TIOBEPXHOCTH BOJBI.

C
Z=—X,z=0.
a

18. HccrenoBaTh CXOAUMOCTD HHTErpajia T
o VX3 + X
BAPUAHT 4
3x* +3x% +1 dx Jx dx
1. | —————=dx 2. 3. dx 4, | — 5.
j X2 +1 J.x“+x2 Il—W J.\/4+2x—x2

J' dx
sin® xcos® x

. J‘ dx g '[In(x+\/1+ x?)

6. _[In(l+ x2)dx

9. J'sin XSsin 3xdx 10.

sin X + COS X J1+ %2
Iex sin xdx
2 2
11. Hatiti miomaze Gurypbl, orpaHM4eHHOM Tunepoonoin — — b =1, ocbro OX u npsiMoii
a
y=c (c>0).

12. Haiity riomaap GUrypsl, orpaHudeHHON Kapanouaoi I = a(1-cosg).
2 2 2

13. OnpenenuTs AJIMHY YU KPUBOM X3 + yE =as.
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14. Beraucnute 00beM Tena, 00pa30BaHHOTO BPALICHUEM OIHOM apKU IIMKIOUIbI
X =a(t-sint),

y = a(l-cost) sokpyr ocu Ox.

15. Peute nqudpepennmanbubie ypaBHEHUS

1) (X* +x)dy = (2y +1)dx;

2) (¥ +5)dy +ye™dx = 0;

2 2

X
16. Beruncnute 00beM Tena, 00pa30BaHHOrO BPALIEHUEM DILIUIICA —, + [)3/_2 =1 Bokpyr ocu

a
Oy.
17. OnpenennTs CUITy AaBJICHUS BOAbI HA BEPTUKAIBHYIO TPEYTOJIbHYIO TUIOIIAIKY, OCHOBAHUE
KOTOpOH a
PacrosioxeHo Ha MOBEPXHOCTH BOJIbI, @ BBICOTA paBHa N .

+0o0

sin X

18. MccnenoBarh CXOAMMOCTh HHTETpaIa '[ >— dx
0
BAPUAHT 5
x*dx dx xdx dx
1. | —— 2. 3. 4, | — 5.
-[a+ax2 I1—x3 I?’\/a—x j\/x2+2x—1
-[ dx
1+sin® x

6. jarcsin xdx 7. _[cosz xsin® xdx 8. jexsin xdx 9. J‘X—_ldx 10.

V2x -1

_[ dx

5+3c0sX

11. Haiitu muiomazns purypsl, orpaHideHHOM KyOudeckoil mapabosoi Y = x> u IpsAMON
y = 2X.

12. Haiitn miomans GUrypsl, OrpaHHYeHHON JeMHHICKaTol I’ =a’CoS2¢.

X
13. Onpenenuts JIMHY AyTY UEMHON JIUHUM Y = ach(-) MEXIy NPSMBIMU X = —a U X =4a.
a

2 2

14. Beruucnuth 00beM Tena, 00pa30BaHHOTO BPAIEHUEM IILIUIICA + g—z =1 Bokpyr ocu

a?
Ox.
15. Peumuts nuddepennmanbubie ypaBHEHUS:
1) y/ — ex—2y;

2) X4/3+y?dX + yV1+ x*dy =0;

16. Bbraucinth 00BEM TelTa, OrpaHHYEHHOr0 ToBepXHoCTsIME X + Y° + 22 =a’, X* +y° = ax.

17. Onpenenuts CUITy IaBICHUS BOJBI HA BEPTUKAIBHYIO TPEYTOJIbHYIO IUIOMIAAKY C BEICOTON h
, OCHOBaHME KOTOPOH a mapaiesbHO IOBEPXHOCTH BOJIbI, & IPOTUBOIOI0XKHAs BEpUIMHA
HaXOJUTCS Ha IOBEPXHOCTH BOJIBI.

+00

exp(—Xx
18. MccnenoBarh CXOAMMOCTh MHTETpaia IL dx
X
1
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BAPUAHT 6

5 —
1. J.xarctxdx 2. J.X)(24X1+3dx 3. J'x\/a—xdx dx

4 J‘ dx J-ex+l
I xf3x2—2x-1 e* -1
6. J-In(l);xz)dx 7-J. dx 8 J. dx o I\/4—x2

1+3cos? x 3sin X + 4¢os X 2
J' dx
x* -1

X
11. Beiuucnuth mi01iaib, OrpaHUYEHHYIO JIMHUSIMH: y2 =x3 , y=8, x=0.

dx 10.

12. Halitu miomanas GUrypel, OrpaHMuYeHHON ' = ac0S2¢.

13. Onpenenuts JIMHY JyTH KPUBOU MEXAY TOUKAMU IepeceueHus ¢ ocbio OX: X = t?,
_t(t*-3)
==

14. Beruucnuth 00beM Tea, 00pa30BaHHOTO BPALEHUEM (UTYpbI, OTPAaHUYEHHOMN JTUHUSIMU
x2 _ yz —a’,

X=a’, x=-2a Bokpyr ocu OX.

15. Pemmts muddepeHnunanbubie ypaBHEHUS:

1) x+xy =—(y+xy)y";
2) X+4/6+y2dx + yv5+x?dy =0;

2 2
y

X
16. Beraucinuts 006eM TCJa, OrpaHUYCHHOIO 3JINIMIITHYCCKUM Hapa6OJIOI/II[0M Z= 7 + 7 n

IUIOCKOCTBIO Z=1.
17. B unnuHape 1o BpalleHueM HaxOauTCst BO3ayX oobeMa V, moj nasinenuem P, .

OmnpenenuTs paboTy H30TEPMUYECKOTO CKATHA BO31yXa 10 00bema V, .

18. UccnenoBarbh cXOAMMOCTh HHTETpaia I

dx
o vV1+x®

BAPUAHT 7
x*dx arcsin x dx e*dx
1. 3. 4, 5. [exp(=/x)dx
Ix +2 '[ V1+X J.(X_l)JXZ —2x J‘ex -1 I P(=Vx)

1
X )2 - 1+ cos X dx
6. J(ﬂj dx 7. I\/l—sm xdx 8.I — dx 9. IX3+X 10.

sin® x 242X +2

J‘ dx
3+C0S X
11. BeraucinTh mioma b, OrpaHUYEHHYIO JINHUAMU Y = X2 +4X, y=X+4.

12. Haitti miomaas GUrypbl, orpaHM4eHHOM KpuBoi I = asin 3p.
6 t4
13. OnpenenuTs AJIMHY YTy KPUBOU X = ry y=2- " MEXKy TOYKAMHU IIEPECEYECHUs C OCIMU

1
koopauHar (t, =0, t, =8%).
14. Beraucnuth 00beM Tena, 00pa30BaHHOTO BpalleHUEM (pUTYpPbl, OTPaHUUEHHOH TUHUSIMU

X
y:achg, Xx=-a, x=a, Y=0 Bokpyr ocu Ox.

15. Peute nuddepenninanbubie ypaBHEHUS:
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1) tgxsin® ydx +cos® X - ctgydy = 0;

1—x?
2) vy | +1=0;
)Yy 1oy
2 2

16. Berurciuts 00beM Tella, OTPAaHHYEHHOTO TapaboIoONIoM 27 = 7 + ry 1 KOHYCOM

2 2
X 2
[y
4 9
17. Beraucauts paboTy, KOTOPYI HEOOXOAUMO 3aTPATUTh HA BHIKAUMBAHUE BOJbI UX HOJIyIIApa

¢ panuycom R.

18. UccienoBaTh CXOAMMOCTb UHTETpAJIa I xdx
o v1+x*
BAPHUAHT 8
1-cosx (x—3)dx dx
1. dx 2. | x(artgx)?dx 3. | ——rtr— 4, | —— 5.
Il+cosx J. ( g ) J. J.ex ll_e—2x

VX —=2x—x?
1

dx dx 1-x)2 dx dx
_ 6. 7. — — 8. 9. |tg°xd
J.X,/XZ_aZ J-1+ x* I(1+ x) X I(sinx+cosx)2 fg X

dx

' -[ 5+ 4.c0S X
11. BHIYMCIUTH TLIOWIA/b, O'PAHMUYCHHYFO IMHUAME Y = 2PX, X = h,
12. Haiitu miomans Gurypsl, orpaHMueHHON KpUBOM I = & COS30.
13. OnpenenuTs JIMHY Oyrd KpuBoii I = a(1-c0S30).
14. Boraucnute 00beM Tena, 00pa3oBaHHOTO BpalllEeHUEM IIJIOCKOH (GUrypbl, OrpaHUYEHHOMN
neTei kpuBoil X = 2t —t?, y = 4t —t° Bokpyr ocn Ox.
15. Peminte auddepenunanbHble ypaBHEHUS:
1) 2xy'+y* =1,
2) y(4+e*)dy —e*dx =0;
16. Beruucnuth 00beM Tea, OrpaHUYEHHOTO TOBEPXHOCTIMU xX*+2°=a’u y2 +7° =a’.

17. Inactunka, uMeromas Gpopmy amunca ¢ ocsimu 28 u 2b (a > b)), HanonoBuny norpyxeHa
BEPTUKAJIBHO B BOJlY, TaK YTO MaJlasl JIOCKOCTh JIEKUT Ha MMOBEPXHOCTH BOABI. Beuuciuth
JIaBJICHUE Ha IUIACTUHKY (IUIOTHOCTBIO BOJBI L )

2

18. MccnenoBaTh CXOAUMOCThH UHTErPaa I dx >
o (x=1)
BAPUAHT 9
1+sin X 3x —1)dx :
1. _[ —dx 2. [(arcsinx)’dx 3. j Gx-1) 4. [esin® xdx 5,
1-sinx VX2 42X +2

dx dx
J.x\/x +a? > J.(X2+1)(X2+X) ! '[x(\/;f\’/F) > -[sm X

dx dx
_[ 2ain? 2 2 10 J. H
a“sin® x+b*cos” x 5—4sin X +3c0s X
11. HaiiTn niomanes, OrpaHU4EHHYIO JIMHASMU y2 =2X+4, x=0.
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12. Haiitu muiomazns Gurypsl, orpaHUYeHHON KpHBOH I'= 3 + 2c0sQ.

13. OnpepenuTs Aauny Qyru kpuBoi Y = IN X or Touku (\/§, In \/5) IO TOYKHU (\/g In \/g)
14. BeuncauTh 00bEM Tella, ONPAHUUEHHOI0 MOBEPXHOCTHIO, 00Pa30BaHHOM BpalleHUEM

1

KpHUBOH Y = 1
+

> BOKDPYT €€ aCUMIITOTHI.

15. Pemutes nuddepennnanbuble ypaBHCHHUS:
dx d

D \/X 0;
2) 2xdx — 2ydy = x*ydy — 2xy*dx;
16. Beruuciutb 00beM Tela, OrpaHUYCHHOTO TOBEPXHOCTHIO, TIOTYYSHHOW MIPH BPAIICHUH
otpeskoB JmHE Y = 2X —X°, Y =0 Boxpyr ocu Ox u ocu Oy.
17. Onpenenuts paboTy, KOTOPYIO Ha/l0 3aTPATUTh, YTOOBI AIEKTPUUECKUiL 3apsn e, =1
NPUOIU3UTS K 3apsly e, U3 OECKOHEYHOCTH Ha PACCTOSHUE, PABHOE €HHUILIE.

b
18. MccnenoBarh CXOAMMOCTh HHTETpajia J- de 5
" x* —a
BAPHUAHT 10
xdx dx e¥dx
1. [Vx*+a%dx 2. |—— 3. - 5. | (Inx)*dx
J. I5|n2X J‘(x+1)\/x2+2x+2 '[92 -1 I
J- (x® +1)dx ,f 8.j dx o _[ dx
x(x +X+1)? 32 411 sin” xcos* x acos X + bsin x
tg X

11. BEIYHCINTH TIONIAb, OPPAHHYEHHYIO IHHAAMH Y = 3—2X —X?, y =0.

12. HaiiTu miomaab GUrypbl, OrpaHMYCHHON KpUBOW I = asin2e.

13. Onpenenuts quHy ayru kpusoii I = a(l+cosg)

14. Boraucnute 00beM Teja, OrapaHH4€HHOT0 OBEPXHOCTSAMHU, MTOJyYEHHBIMH [TPU BpaLllEHUN
muaum X = a(t—sint), y =a(l-cost)Bokpyr ocu Oy (0<t < 27).

15. Peute nudepenninanbrble ypaBHEHUS:

2) (e* +2)dy — y*e*dx =0;
16. Boranciants 06beM Tel, OrpaHHIeHHBIX MapabononaoM Z = X° + 2y’ ¥ SJUIHIICOMIOM

x> +2y? +1° =6.

17. OnpenenuTs TaBlI€HUE BOABI HA BEPTUKAIBHBIHN MapabOIMUecKuil CerMEeHT, OCHOBAHHE
KOTOPOI'0 paBHO 4M
U PacIioyIOKeHO Ha MTOBEPXHOCTH BOJIbI, a BEPIIMHA HAXOIUTCS Ha TITyOuHE 4M.

Todx
I\/X—_

18. HccnenoBaTh CXOOUMOCTh HHTCrpajia
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3.00mue TpedGoBaHUs K HANIMCAHUIO M 0OPMJICHHIO PadoThI

K odopmienuto Tekcra KOHTPOJIBHOW pabOThl MPEIBSBISIIOTCS  ONpeAeeHHbIE
TpeOOBaHUs, MPETYCMOTPEHHBIE TOCYIapCTBEHHBIMU CTaHAapTamMu. KoHTponbpHas paboTa MOXKeT
ObITh O(OpMIIEHA PYKONMHMCHBIM WM  MAIIMHONUCHBIM  CIIOCOOOM B  BHUJIE TEKCTa,
IOJrOTOBJIEHHOTO Ha IEPCOHAIBHOM KOMIIBIOTEPE C IOMOILBIO TEKCTOBOIO pENAKTOpa U
OTIIEYaTaHHOTO Ha MPUHTEpPE Ha ucTax ¢popmaTta A4 ¢ 0HOM cTOPOHBI. TEKCT Ha TUCTE TOJIKEH
UMETb KHUKHYIO OPHEHTAIINIO, ATbOOMHAs! OPHEHTAIHS JOMYCKAETCs TOJIBKO JJIsl TAOJIUI] U CXEM
npunoxeHuid. OCHOBHOM HBET mpudTa - YSPHBIH.

[TapameTpsl cTpaHULBIL:

Pazmep Oymaru — A4 (297x210 mm).

OpueHTaus CTpaHULbl — KHUKHASL.

JleBoe none — 3 cm. Bepxuee nosne — 2 cm. IIpaBoe none — 1,5 cm. Huknee nosie — 2 cm.

IpudT — Times New Roman. Pazmep mpudta — 14 nt. Macmra6 mpudra — 100%.

HNHTepBanm — 0ObIYHBII.

BripaBauBanue — o mupune. Oreryn cieBa — 0 cm. Oreryn copasa — 0 cM. Oteryn
nepBoit ctpoku — 1,25 cm (1ath 3HaKOB). MexcTpouHblii nHTEepBail — 1,5. MHTepBan nepen u
nociue Kaxjaoro adszama — 0 oT.

Crtpanuibl HyMepyroTcs apaOCKUMH [U(PpaMU ¢ COOIIOIEHHEM CKBO3HOW HyMEpaluu Mo
BCEMY TEKCTy (HyMepalMsi CTpaHull - aBToMaTudeckas). HoMep cTpaHulbl nmpocTaBisieTcs B
LEHTpe HIDKHEH yacTH jucta 0e3 Touku. B oOiryro Hymepanuio BKIIOYAIOT TUTYJIbHBINA JIUCT,
wiaH paOoTbl, HO HOMEp CTPAaHHWIBI HAa HUX HE MPOCTaBIAAIOT. TakuMm oOpasoMm, pabora
HAuYMHAeTCs ¢ 3-il CTpaHHWIIbl, HOMEP KOTOpOW TakKe HE MPOCTaBIseTcs, a mepmas uudpa
HYMEpaluu CTPAHMI] TEKCTa TOSBISIETCS HAa BTOPOM CTPAHHUIIE OCHOBHOW YacTH PabOTHI, 3TO
nudpa «4».

4. Kputepuu olleHUBAaHUS PadOTHI

O1neHKa «OTIMYHO» CTABUTCS, €CIM CTYACHT BBIIOJHWI paboOTy B IOJHOM OOBEME C
coOroieHreM He00X0IMMOM MOCIeI0BaTeIbHOCTH JEHCTBHI; B OTBETE MPABMIIBHO M AKKYPaTHO
BBINOJIHSAET BCE 3alMCH, TAOJMMUIbI, PUCYHKH, YEpPTEXH, TpaQuKH, BBIYUCICHHS; MPaBUIBHO
BBITOJIHSET aHaJIN3 OLIMOOK.

O1eHKka «XOpOILIO» CTABUTCS, €CIIM CTYJEHT BBIMOJHUI TpeOoBaHMs K oueHke "5", HO
JIOTIYIIIEHBI 2-3 HeJoYeTa.

OneHka «yJOBJIETBOPUTENBHO» CTABUTCS, €CIM CTYAEHT BBINOJHWI padoTy He
MOJIHOCTBbIO, HO OOBEM BBINIOJHEHHOW YacTH TAaKOB, YTO IO3BOJISET MOJYYUTh IpPaBHIbHbBIE
pe3yJbTaThl U BBIBOJIBI; B X0/I€ MMPOBEJICHUS PA0OThI ObUIH JOMYIIEHbI OIINOKH.

OneHka «HEYIOBIETBOPUTEIBHO)» CTABUTCS, €CJIM CTYAEHT BBINOJIHWI paboTy He
HOJHOCTBIO WM OOBEM BBIIIOJHEHHOM dYacTu pabOThl HE MO3BOJSET CHAENaTh MPaBUIIBHBIX
BBIBOJIOB.

5. Cnucok pekoMeHyeMoii TUTepaTyphl
5.1. OcHoBHas JqUTEpaTypa:

1.I'ycak, A. A. Bricuias maremaruka. Tom 1: yuebHuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c. — Pexxum nocryna: http://www.iprbookshop.ru/28059.html
2.T'ycak, A. A. Bricias matematuka. Tom 2: yuebnuk / A. A. I'ycak. — MuHck:

TerpaCucremc, 2009. — 446 ¢. — Pexum nocryna: http://www.iprbookshop.ru/28060.html

5.2. lonoJiHUTEILHAS JIMTEpaTypa:

1.MlnauBuayansHble 3aaHus Mo Bbiciied Maremaruke. Yacte 1. JIuneiiHas u BeKTOpHas
anrebpa. Ananutuueckas reomerpus. [luddepenuunanpbHoe wucyucieHHe QYHKIMA OJHOMN
nepeMeHHoil: yue6Hoe mocobue / A. II. Pabymko, B. B. bapxaros, B. B. Jlepxkasen, U. E.
OpyTh; mon penakmueit A. I1. PsOymko. — MwuHck: Bpemmitmas mxkomna, 2013. — 304 ¢. —
Pexum noctyna: http://www.iprbookshop.ru/20266.html.
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2 .VnauBuayansHble 3afaHus 1o Bbiciied matematuke. Yacts 2. KomruiekcHble yucia.
Heomnpenenennsie u omnpeneneHHble HHTErpaibl. OYHKINWKM HECKOJIbKHUX MEPEMEHHBIX.
OO6bikHOBeHHBIE AU depeHnnanbupie ypaBHeHus: ydyebnoe mocodue / A. Il. PsOymko, B. B.
bapxatoB, B. B. Jlepxaseu, 1. E. IOpyrs; nmon penmakmueir A. Il. PsaOymko. — MuHCK:
Briiimas IKosna, 2014. — 397 C. — Pexum JIOCTYyTIa:
http://www.iprbookshop.ru/35481.html.

3.MupuBuayanbHble 3aiaHus no Beicuied matemaruke. Yacts 3. Psagwl. Kpathbeie u
KPUBOJIMHEHHBIE MHTETPANIBl. JJIEMEHTHI TEOPHH MO : yueOHoe mocodue / A. I1. Pabymko, B.
B. bapxaros, B. B. Jlepxxasen, U. E. FOpyts ; non pemakuuerr A. I1. PsOymko. — Munck:
Beimmitnrast mikona, 2013. — 367 ¢. — Pexxum gocryna: http://www.iprbookshop.ru/20211.html.
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