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HosicHuTeabHASA 3aNMCKA
JI1st MHOTHX CTYAEHTOB 3HAYUTENIbHYIO TPYIHOCTh IIPEACTABIIAECT PEIICHUE 3a7a4.
[ToaTOMY B TaHHBIX METOJUYECKUX YKAa3aHUAX TJTABHOE BHUMAHUE YJIEJICHO PEHICHUIO TUIOBBIX
MIPUMEPOB U 3aj1a4, MOSICHSAIOIIUX TeOpeTuuecKuii Marepuai. OHaKO MPexe YeM HauaTh pelaTh
9TH MPUMEPHI HAJIO TOOUTHCS TIOJTHOW SICHOCTH B IOHUMAaHUK COOTBETCTBYIOIINX MTOHSITHIA.

B Hauane kax10il TeMbl KPaTKO HU3JIaraloTcsi OCHOBHBIE TEOPETUUYECKUE CBEJICHUS
(ompenenenus, Gopmyibl), HEOOXOIUMBIE JIsl PEIICHHUs MOCIeNyIImuX 3anad. [IpuBoasTcs
pELIeHUs] TUIIOBBIX IPUMEPOB U 3a4a4. J[aroTCsl ynpaKHEHHs Ha 3aKPEIJICHUS TEMBI.

BrinonHenue cTyieHTaMy MPaKTHUECKUX padOT HAMPABIIEHHO HA:
- 00001IeHNe, CUCTEeMAaTU3AIIHIO, YIITyOJIeHHEe, 3aKPETIeHUE MOMy4YEeHHBIX TEOPETHUECKUX
3HaHUI 0 KOHKPETHBIM TEMaM;
- popMuUpOBaHUE YMEHUN MPUMEHSITH MOJTYYCHHBIC 3HAHUS HA MPAKTHKE W PeaTn3alIiio
€JIMHCTBA MHTEJUICKTYaJIbHOW U MPAKTUYECKOMN ACSITEIbHOCTH;
- pa3BUTHE HMHTEIUICKTYAJIbHBIX YMEHUU Yy OyIyIIMX CHEIHAIMCTOB: aHAIMTHYECKHUX,
MIPOCKTUPOBOYHBIX, KOHCTPYKTHUBHBIX H JIP.;
- BBIPaOOTKY MPHU PELICHUH MTOCTABIEHHBIX 33/1a4 TaKUX MPOECCHOHATBHBIX KaueCTB, KaK
CaMOCTOSITENIbHOCTh, OTBETCTBEHHOCTh, TOUHOCTh, TBOPUYECKAS] MHUI[UATHBA.
B pe3ynbrate ocBoeHUs y4eOHOM TUCIUIUTMHBI O0YYaOIINICS TOMKEH YMeTh:
— BBITIOJIHATH OMNEpalMi HaJl MaTPULAMH U pPElIaTh CUCTEMBI JIMHEHHBIX
YPaBHEHUH;
— MPUMEHSATH METOIbI (P PEepEeHIINATHFHOTO U HHTETPAIIBHOTO UCYUCIICHUS;
- pemath auddepeHnnanbHble ypaBHEHUS;
B pesynbprate ocBoeHHs y4eOHOM MUCIUILIMHBI O0yYarOIIMICS T0KEH 3HATh:

— OCHOBBI MaT€MaTHYECKOTO aHalu3a, JIMHEHHOW anreOpbl U aHATUTUYECKOU

reoOMEeTpHH;

— OCHOBEI ,Z[I/I(i)(i)epeHLII/IaJ'IBHOFO U UHTCTPAJIbHOTO HCUUCIICHUS .

IIpakTnyeckas padora Ne 1

Tema: MaTpuusl

Heanb: HayuyuTbcs BEIUMCIATH ONEPALMU HAJl MATPHUILIAMH.

Teoperuuecknii 6,10k Onpenenenue. Marpuiieid U3 m CTPOK, n CTOJIOIIOB HA3BIBACTCS
MPSIMOYTOJIbHAST TaOJHMIla YHUCEN ; - JJEMEHT MATpHIIbl; 1-HOMEp CTPOKH; i=1,...,m; j-HOMEp
cTonbua, j=1,...,n; m, n — nopsiaku MaTpuubl. [Ipm m=n - kBagpaTHas MaTpuIa.

Omnpenenenue. OnpeaenuTeneM n-ro Nopsijaka, COOTBETCTBYIOIIUM MaTpulle, Ha3bIBaeTCs
YHCIIO.

J17is BBIYMCIIEHUST OTPEISIUTENS MOKHO MCTIOIb30BaTh JIEMEHTHI MPOU3BOJIILHON CTPOKU
WM CTOJIOMA.

Omnpenenenne. AnreOpanvecKuM JIOTIOTHEHUE AJIEMEHTa Ha3bIBAETCS YHCIIO, PAaBHOE .

Omnpenenenne. JIOMONHUTENBHBIM  MHWHOPOM  JJIEMEHTa  MaTPUIBI  HA3bIBACTCS
OTIPEICITUTENh MATPHIIBI N- 1 -TO MTOPSIIKA, TOJTYICHHBIN U3 MATPHUIIBI BEIYEPKUBAHUEM 1-0H CTPOKH
U j-TO cTONOIA.

TpancnoHnpoBaHNe MaTPHUIIBI — TAKOE IPEOOpa30OBaHNE MATPHUIIBI, IPU KOTOPOM CTPOKH
CTAHOBSITCS CTOJOLAMH C COXpPaHEHHEM TOPsIIKA CIICIOBAHUSL.

CaoiicTBa onpenenuTene.

[Ipu TpaHCTIOHUPOBAHUU MATPUIILI OMIPEICTUTEIh HE MEHSCTCSI.

[Ipu nepecTaHoBKe THOOBIX JBYX CTPOK (CTOJOIOB) OMPEAETUTEIh MEHSIET TOJBKO 3HAK.

[Ipu yMHOXEHUHU CTPOKHU (CTOI0IA) HA HEKOTOPOE YKCIIO ONPEISTUTENIb YMHOKACTCS Ha
3TO YHCIIO.



Benuuwnna onpeaenutens He U3MEHSIETCS, €CITH K 3JIEMEHTaM HEKOTOPO# CTPOKH (CTOJI0IA)
MpUOABUTH COOTBETCTBYIOIIHE 3JIEMEHTHI IPYTOM CTPOKH (CTOI011a), yMHOKEHHON Ha HEKOTOPOE
YHCIIO.

Omnpenenuresnb paBeH HYJIIO, €CIIU

- BCE AJIEMEHTHI HEKOTOPOH CTPOKH (CTOJIONA) paBHBI HYJIIO.

- IB€ CTPOKH (CTOJIOIA) OJMHAKOBBI.

- IB€ CTPOKH (CcTONO11a) ONpeIeTUTENs TPOMOPIIUOHATILHBL.

MeTo1bI BEIYUCTICHUS OIIpeieuTeNeil.

1). Paznoskenue no cTpoke Win CToJo1y.

2). Metoa obparnieHust B HYJIb BCEX, KDOME OJHOIO, 3JEMEHTOB CTPOKH WM CTOJIOIA.
MeTo/1 COCTOUT B TOM, YTO C YYETOM CBOMCTB OMPEIEIUTENS MPU MOMOIIU KaKOro-11ub0 cTosaoua
(cTpokH) yTéM YMHOMKEHHS €ro Ha COOTBETCTBYIOIIME YKCIA U BBIYUTAHUS U3 OCTAJIbHBIX
CTOJIOIIOB (CTPOK), 3aHYJIAIOTCS BCE 3JIEMEHTHI BBHIOpAaHHOM CTPOKHU (CTOJIOIA) KpOME OJHOTrO,
MPUHA]ICIKAIIETO BEIYUTAEMOMY CTOJIOIY (CTPOKE).

3). Meron mnpuBeneHUs K TPEYroJbHOMY BHUAY. AJITOPUTM, MPEAJIOKEHHBI B
OpeIbIAYIIEM TYHKTE, HCIIONB3YeTCs ISl TOCIEIOBATEIBHOTO 3aHYJICHHUS BCEX DIIEMEHTOB
NepBOM CTPOKH (CTONIOIa) KpOME OJTHOTO, BTOPOU CTPOKH (cTOsOIa) — BCeX KpoMe JIBYX | T.1. B
UTOTE OIpeeIuTeNhb npeodpa3yercs K TPeyroiabHOMY BHIy. BenmuunHa Takoro omnpeneiauTens
paBHa MPOU3BEJCHUIO JIEMEHTOB IJIABHOM JMAarOHAaIH.

4). BeluucieHnue ¢ UCIob30BaHHEeM TeopeMbl Jlamnaca, coriaacHO KOTOPOU ONpeIeTUuTelNb
- TO TIOpsiIKa PaBeH CyMMeE IPOW3BEICHHH BCEX €r0 MHUHOPOB -TO TOPSIKA, CTOSIIUX B
BBIJICIIEHHBIX CTPOKax (CTOJONAX), HA UX aNreOpandecKue TOTOITHEHHS.

Martpuiibl, onepanyy HaJl MaTpULIAMA

Omnpenenenne. CyMMOW MaTpHI] OAHOTO MOPSJKA HA3bIBACTCS MAaTpUIlAa C 3JIEMEHTaMH ,
rae

Omnpenenenue. [lpousBeneHneM MaTpuilbl Ha YUCIO HAa3bIBAETCS MaTpUIla TOTO Ke
MOPSTIKA C DIIEMEHTAMH .

Omnpenenenue. IlpousBeneHueM MaTpuilbl Ha MaTpHIy Ha3bIBae€TCs MaTpulia ¢
DIIEMEHTaMH , T]Ie

3aganus 1J1 pelieHus HA 3aHATHH
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BIYUCITUTH ONPEACTUTEN:
IIpakTnyeckas padora Ne2
Tema: Onpenesauresan
Ieab:  HAYYUTHCA BBIYUCIICHHUIO OTPEICIUTENCH, BBIYUCIATH OOpPATHYIO

MaTpuLly

Teoperuuecknii 6,10k Onpenenenue. OnpeneauTeaeM n-ro MopsIKa, COOTBETCTBYIOIINM
MaTpHIE , HA3bIBAETCS YHCIIO .

J171s1 BBIYMCIIEHUSI OTIPEETUTENSI MOKHO UCTIOIb30BATh 3JIEMEHTHI IPOU3BOJIBHON CTPOKHU
WM CTOJIOIIA.

Omnpenenenue. AnreOpandeckuM JIOMOJTHEHUE 3JIEMEHTa Ha3bIBAETCS YHCIIO, PABHOE .

Onpenenenue. JIOMOMHUTENbHBIM MHUHOPOM  JJIEMEHTAa  MAaTpUIbl  Ha3bIBaeTCs
OTIPEICTUTETh MATPHIIBI N- 1 -T0O TOPSIIKA, TOJIYICHHBIA U3 MATPHUIIBI BEIYEPKUBAHUEM 1-0M CTPOKH
 j-ro cTosdna.

TpancnonupoBaHue MaTpUIIbI — TAKOE IPE0Opa3OBaHUE MATPHUIIBL, IPU KOTOPOM CTPOKHU
CTaHOBSITCS CTOJIOIIAMH C COXPAaHEHHEM IMOPAIKA CIeTOBaHHUS.

CaolicTBa onpenenuTene.

[Ipu TpaHCOHUPOBAHUK MATPUIILI ONIPEACIIUTENb HE MEHSETCA.



[Ipu nepecTaHoBKe THOOBIX JBYX CTPOK (CTOJIOIOB) OMPEAETUTEIh MEHSIET TOJIBKO 3HAK.

[Ipu yMHOXEHUU CTPOKHU (CTOI0IA) HA HEKOTOPOE YKCIIO ONPEACIIUTENh YMHOXKAETCS Ha
3TO YHCIIO.

Ecnu Bce COOTBETCTBYIOMINE AIEMEHTHI KBaPATHBIX MATPHI] OJTHOTO TIOPSIKA OJTMHAKOBHI,
3a UCKJIFOUYEHUEM HJIEMEHTOB OJJHOH 1-0i CTPOKH, TO

Bennuuna onpenenuTens He U3MEHSIETCS, €CITU K 2JIEeMEHTaM HEKOTOPO# CTPOKH (cToo1a)
IpuOaBUTh COOTBETCTBYIOIINE AIEMEHTHI IPYTroi CTPOKH (cT0101a), YMHOKEHHOM Ha HEKOTOPOE
YHCIIO.

Omnpenenurens paBeH HYIIO, €CIIU

- BCE AJIEMEHTHI HEKOTOPOIl CTPOKH (CTOJIOIa) paBHBI HYJIIO.

- IB€ CTPOKH (CTOJIOIA) OJTUHAKOBBHI.

- IB€ CTPOKH (cTo01a) OnpeneauTess IpOnopIuOHATBHBL.

MeTo1bI BEIYUCTICHUS ONIPEIeIUTENeH.

1). Paznosxxenue 1o CTpoke Uik CTOJIOIY.

2). Meton oOpamieHust B HyJb BCE€X, KPOME OJHOTO, DJIEMEHTOB CTPOKH HIIM CTOJIOLA.
MeToxa cOCTOHT B TOM, YTO C YUE€TOM CBOWCTB OMPECIIUTENS IPU IIOMOIIHA KaKOTr0-JIn00 cTonona
(cTpokH) TMyTéM YMHOMKEHHS €r0 Ha COOTBETCTBYIOIIME YHCIA U BBIYUTAHUS U3 OCTAJIbHBIX
CTONOLOB (CTPOK), 3aHYJSAIOTCA BCE SJIEMEHTHI BBIOPAaHHON CTpOKU (cTOi0IIa) KpOoMe OJHOTO,
MPUHA]JICKAIIETO BBIYUTAEMOMY CTOJOIY (CTPOKE).

3). Meton mnpuBeneHUS K TPEYroJAbHOMY BHUAY. AJITOPUTM, TMPEAJIOKECHHBI B
OpeIbIAYIIeM MTYHKTE, HCIOJB3YeTCs Ui MOCIEeIOBATEIBHOTO 3aHYJICHHS BCEX JIIEMEHTOB
MepBOi CTPOKH (CTONOIA) KPOME OJIHOTO, BTOPOU CTPOKH (CTO011a) — BCEX KpOME JBYX U T.1. B
UTOTE OIPENeIUTENb MpeodpazyeTcs K TPEYroiabHOMY BHY. BenndymHa Takoro ompenenuTens
paBHa MTPOU3BEICHUIO HIEMEHTOB TJIABHOM TUOTOHAIIH.

4). BeruucieHnue ¢ UCroib30BaHeM TeopeMbl Jlamnaca, corjaacHO KOTOPOU ONpeaeTuTelNb
- TO TOpSIKa paBE€H CyMMe€ MpPOM3BEIECHUN BCEX €ro MHUHOPOB -TO TOPSAKA, CTOSIIMX B
BBIJIETICHHBIX CTPOKax (cTonl1ax), Ha UX anredpandeckue JOTOTHEHHUS.

3ajaHus Ui pellleHusi HA 3aHATHHU

TpancnoHHpOBaTh MaTPULIbL:
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IIpakTnyeckas padora Ne3
Tema:Pemienne cucreM JTUHEHHbIX YPABHEHHI.



Heanb: mnpuoOpereHre 0a30BBIX 3HAHUKW B 00JacCTH (PyHIAMEHTAIBHBIX pa3/eiioB
MaremaTuku. [IpoBepka yCBO€HUsI 3HAHUI 110 CUCTEM N JIUHEUHBIX YPaBHEHUH C N MEPEMEHHBIMU
o ¢popmynam Kpamepa. [loBTOpuTh M cHCTEMAaTH3UPOBATH 3HAHMSI 110 JAHHOU TEMe.

3agaun:

* pa3BUTHE TBOPUYECKOTO MPOPECCHOHATHHOTO MBIIIUICHHUS;

* IO3HABaTEIbHAS MOTHBAIIHS;

* OBJIQJICHUE SI3BIKOM HAYKH, HABBIKU ONEPUPOBAHUS TOHATUSIMU;

* OBJIa/ICHUE YMEHUSMHU U HaBbIKAMH IMOCTAHOBKH U PEILICHUS 3a]a4;

* yrayOJieHre TeOPEeTUYECKON U MPAKTHUECKOM MOATOTOBKHY;

* pa3BUTHE UHUIMATUBBI U CAMOCTOATEIHLHOCTH CTYACHTOB.

X0 MpaKTUYECKOTO 3aHATHUS.

1.@opMynupoBaHUE TEMbI 3aHATHUS, TOSICHEHUE CBSI3U TEMBI C IPYTUMHU TeMaMH y4yeOHOMI
JICITUTLIAHBI,

2.IIpoBepka rOTOBHOCTH CTYJICHTOB K 3aHSTHIO;

3.IlpoBeneHne HEMOCPEACTBEHHO 3aHATHS COTJIACHO TEMAaTHKE M B COOTBETCTBHH C
paboyeit mporpaMMoi JUCIUILTUHBL:

» N3yunth Teopernyeckuil marepuan no teme «CUCTeMbl n JTUHEHHBIX YpPaBHEHUN C n
MEPEMEHHBIMI.

» PaccMoTpeTh mpuMepsl peleHus: TUIIOBBIX 3a/laHuH.

» BeImonmHUTE camocTosITeNnsHY0 padoty no pemenuto CJIAY.

» OTBETUTH Ha KOHTPOJILHBIC BOTIPOCHI.

Teopernueckne CBEACHHUS U METOINICCKUE PEKOMEH TAIUN

10 PELICHHUIO 3a/1a4.

Meron Kpamepa.

(I"'abpuens Kpamep (1704-1752) mBeinapckuii MaTeMaTHK )

JlaHHBIN METOJ TaKKe MPUMEHUM TOJBKO B CIydae CHCTEM JUHEHHBIX YpaBHEHHIA,
I/Ie YUCIIO TIEPEMEHHBIX COBMAJAeT C YUCIOM ypaBHeHUH. Kpome Toro, HeoOXOAMMO BBECTHU
orpaHuueHus Ha Kod(hduimeHTsl cucteMbl. HeobxonmmMo, uToObl Bce ypaBHEHUs ObLTH JTMHEHHO
HE3aBHCHMBI, T.€. HH OJIHO YPaBHCHHE HE SBJISUIOCH OBl IMHEHHOW KOMOWHAITNEH OCTAIbHBIX.

Jlj1s 5TOr0 HE0OX0IMMO, YTOOBI ONPEAEIUTENb MATPUIIBI CUCTEMBI He paBHsuIcs 0.

det A #0;

JleiicTBUTENBHO, €CITU Kakoe- OO0 ypaBHEHUE CUCTEMBbl €CTh JIMHEHHas KOMOWHAaIus
OCTaJbHBIX, TO €CITH K DIEMEHTaM Kakoil- JTMOO0 CTPOKM NPUOABUTH DSJIEMEHTHI JAPYTrOi,
YMHOXEHHBIE Ha KaKoe- TM00 YHCII0, C TOMOIIBIO JIMHEHHBIX TPe0Opa3oBaHUN MOKHO MOTYYHUTh
HYJIEBYIO CTPOKY. OIpenenanTesb B ’TOM cilydae OyJeT paBeH HYJIIO.

Teopema. (ITpaBuno Kpamepa):

Teopema. CucteMa u3 n ypaBHEHUM C N HEU3BECTHBIMU

B ClTy4ae, €CIIi OMPEeIeTUTENh MAaTPUIII CHCTEMBI HE PaBeH HYJII0, UMEET eIMHCTBEHHOE
pelIeHre 1 3TO pelIeHne HaXOUTcs Mo hopMyam:

X1 = Al, raeA/

A =det A, a Al — onpenenuTens MaTPUILBL, MOTYIaeMOI U3 MaTPHUIIBI CUCTEMBI 3aMEHON
CTONOMA 1 CTONOIIOM CBOOOHBIX YICHOB bi.

Al =

[Tpumep.

AA=; 1A=; 2A=; 3=;

xX1A = 1/detA; X2A = 2/detA,; X3A = 3/detA,;

[Tpumep. HaiiTu pemeHue cucTemMbl ypaBHEHUM:
==54-9)+2-12)-(3-8)=-25-10+5=-30;A

Al= =(28-48)—(42-32)=-20—-10=-30.

xIA=1=1A/



A2 = =5(28 —48) — (16 — 56) = -100 + 40 = -60.

X2A=2=2;A/
A3 = =5(32—42)+ (16 — 56) = -50 — 40 = -90.
x3A=3=3.A/

Ecmu cucrema ogHopoxana, T.e. bi0 cucremMa MMEET €AMHCTBEHHOE HYJIEBOE
pemenue Xx2A =0, Tonpu 1 =x2=...=xn=0.
= 0 cucrema nmeeT OeCKOHEUYHOE MHOXKECTBO pemeHuid. Allpu
JI1s1 CaMOCTOSATENBbHOTO PELLICHHUS:
OtBer: x=0;y=0;z=-2.

yKoHTpoabHBIE BOMPOCHL:

1.Cuctema u3 “m’ JTMHEHHBIX YPABHEHUM C “‘n” HEM3BECTHBIMU.
BekTopHo-MaTpuyHas ¢popma 3amucH.

2.PacimmpenHasi MaTpuila CUCTEMBI.

3.01HOPOIHBIE U HEOTHOPOAHBIE CUCTEMBI YPABHEHHUIA.

IMpakTnyeckas padora Ned

Tema:Pemenne cucreM JTUHeHHbIX ypaBHeHui o ¢gopmyaam Kpamepa.

Heab: npuoOpereHne 0a30BbIX 3HAHUH B 00JacCTH (QYHAAMEHTAIBHBIX DPa3JEloB
matematuku. [IpoBepka ycBOeHMs 3HaHUM 10 CHCTEM N JIMHEHHBIX YPAaBHEHMM C n
nepeMeHHbIMU. [IOBTOPUTH U cUCTEMATU3UPOBATh 3HAHUS 110 JAHHOM TEME.

3anaumu:

* Pa3BUTHE TBOPYECKOTO MPO(HECCHOHATEHOTO MBIIIICHHS,

* [I03HaBaTeJIbHAsI MOTUBALUS;

* OBJIa/ICHUE SI3bIKOM HAYKH, HAaBBIKU ONEPUPOBAHUS IOHATUAMU;

* OBJIaJICHNE YMEHUSIMHU U HaBbIKaMM ITIOCTAHOBKH U PEILIEHUS 3a7a4;

* yII1yOJIeHHE TEOPETUUECKON U MPAKTUYECKOM MOATOTOBKHY;

* pa3BUTHE UHUIMATUBBI U CAMOCTOATEIBHOCTHU CTYACHTOB.

X0 MPaKTU4ECKOIO 3aHATHUS.

BbINOTHUTE cCaMOCTOSITENBHYIO pabOTy MO PEIICHUIO CUCTEM N JIMHEHHBIX YpaBHEHUH C n
nepeMeHHbIMH 110 popMmysiam Kpamepa.

Bapuanr 1 Bapuanr 2

1. 1.
{t+y+z=4a+2y+32=Tao+y+bz2=Y2z4+y—22=1x—y+32=43z+y+2:

2 2

{3z —2y—z=0zx4+3y—22=04z+y+2z{z+y—22=022—-3y+2=02r—2y—=z

»KoHTpOIBHBIE BONIPOCHI:

1.Pemennie 0JHOPOHOM U HEOAHOPOAHOU cucTeM MeToaoM ["aycca.
2.0OAHOpPOIHBIE CUCTEMBI M KX CBOMCTBA.

3.9KBUBaJICHTHBIE CHUCTEMBI.

IIpakTuyeckoe 3ansaTHe Ne 5

Tema: Onepauuu HaJg BeKTOpaMH

Heab: HayuuTp cTyneHTa UCHOIB30BAaTh CBOMCTBA JIMHEHWHBIX ONEpaluid ¢
F€OMETPUYECKMMHU BEKTOpPaMH, CKAJISIPHOTO NPOW3BEIACHUS BEKTOPOB JUIsl pELIEHUs 3aaad
BEKTOPHOU ayreOpbl

Teopernuecknii 010K



B ¢wusumke, ™MexaHWKe, XHMHU BCTPEYAIOTCS BEIMYUHBI, KOTOPHIC IOJIHOCTHIO
XapaKTepU3YIOTCS TOJBKO YHCJIOBBIM 3HadeHHeM (ckamsipom). Hampumep, wmacca Tena,
KOHIICHTpAIUsl pacTBOpa, MaBJICHUE ra3a, TemIeparypa W T. A. Takue BeTUYMHBI HAa3bIBAIOTCS
CKalsIpHBIMU. BMecTe ¢ Tem, A7 3a1aHusl CKOPOCTH, CHIIBI, YCKOPEHUSI HEOOXOIMMO 3a/1aTh HE
TOJILKO MX YHCJIOBOE 3HAUYEHHUE, HO U HalpaBlIeHUE JCHCTBHS B IPOCTpaHCTBE. Takue BeTMUNHBI
Ha3bIBAIOTCS BEKTOPHBIMH.

BEKTOPHAS AJIT'EBPA — pa3nen BEKTOPHOTO HMCYMCIIEHUS, B KOTOPOM H3ydaroTcs
MpoCTeHIIe onepanuu Hal (CBOOOIHBIMHU ) BEKTOPaMHU.

Onpenenenre 1. ['eoMeTpruecKMM BEKTOPOM HA3bIBACTCS HAIPABICHHBIH OTPE30K
IPSIMOIA, T. €. OTPE30K, JJIs1 KOTOPOTO yKa3aHbl OTPAHUYHBAOIIUE €r0 TOYKA HaYalla M TOYKa KOHIIA

BEKTOpa.
Ecnu touka A — Hayaso BCKTOpa, a TOYKa B - KOHEI BEKTOpPaA, TO BEKTOP o0o3Hauaercs
A A &
AB . abe
CHUMBOJIOM . BCKTOpH TaK)Xe 0003HAYAIOTCSA MAJIBIMU JIATUHCKUMU 6y1(BaMI/I. nuT. O
b
—
d
A B
,
c
A

Puc. 1.
Omnpenenenue 2. Yucno, paBHOE ATUHE BEKTOPA, HA3BIBAETCS €r0 MOJIYJIEM.

L
7 45
Monyis Bextopa 4 0Go3nauaercs cumBonom .
BexTop, MOy Ib KOTOPOTO PaBEH HYJIIO, HA3bIBAETCS HYJIEBBIM BEKTOPOM U 0003HAYaETCs

1
cuMBoJIoM 2 ( F,| =0 ). HyneBomy BeKTOpY MOKHO MpHUMIKCATh J1r000€ HanpaBieHue. Bee HyneBbie
BEKTOPBI PaBHBI IPYT IPYTY.
Onpenenenue 3. BekTopsl Ha3bIBAIOTCS KOJUIMHEAPHBIMH, €CJIM OHU NApAJUIEIbHbI OJJHOU
npsmoii (puc.2).

B D B, C Puc. 2.a Puc. 2.6
// —— LT [}
A c A/ D Ecnn nBa Bekrtopa AB {:DKOHHI/IHeapHLI, TO 3TO
AB| |CD
o0o3HavaeTcss  CIEAYIOIMHMM  00pa3oMm: . BexTopsr
L1 1} L1 1§
M300paXeHHbIE Ha pUC. 2.2, HA3BIBAIOTCS COHANPABIEHHBIMU, 0003HAYAETCS TaK 48TTCD a
. had-] 2 b

BCKTODPBHI, I/1306pa)KCHHBIC Ha puc 26, HAa3bIBAOTCA MPOTHUBOIIOJIOXKHO HAIIPaBJICHHLIMU.

L1} 1.
CHMBOMMHECKN 3T 3arHcbBaetcs Tak 48 Nep .
3ameuanue. CoHanpaBIeHHBIMH U IIPOTHUBOIOJIOKHO HAIIPABIEHHBIMHU MOT'YT OBITh TOJIBKO
KOJUJINHEAPHBIE BEKTOPHI.
Tak kak HyJIeBOIl BEKTOp JEKHUT Ha JIFOOOW MPSIMOH, TO, IO OINPEEIEHUI0, OH CUYUTACTCS
KOJIJTMHEAPHBIM JF000MY BEKTOPY U MEPHEHIUKYISIPHBIM JTI000MY BEKTOPY.
Onpenenenue 4. BekTopbl Ha3bIBaIOTCS] KOMIIAHAPHBIMU, €CJIM OHU NapauIeIbHbl OAHON

IIJIOCKOCTH.

- -
Ompenenenne 5. JlBa Bextopa A8 uCD  naspBarorcs PaBHBIMH, €CJIM BBINOJIHEHBI

CJIEAYIOUIHE YCIOBHS:
1. MoIynu 3THX BEKTOPOB PABHBI;
2. BEKTOPBI COHAIIPABJICHBI.
CUMBOIMYECKHU 3TO ONPEAEICHUE MOYXKHO 3allUCaTh CIEAYIOIIHUM 00pa3oM:



e ux  [l43[-[CD

L} llll
ABTTCD.
i i
Ecnu cuutaTh, 4TO Ha pUCYHKE 1 BEKTOPHI Jie)kKaT B OJHOM IJIOCKOCTH, TO =€ | To ecTh
i i i [T T 1}

@y £ - pa3Hble 0003HAYCHHS OJTHOTO U TOT'O XKe BeKTopa. BekTopsl by 48 TIPH PABHBIX JJIMHAX HE
paBHBI JPYT APYTY, TaK KaK UMEIOT Pa3Hble HAIIPABICHUSI.

Takum oOpazom, 11 3afaHusi J1IOOOTO BEKTOpa JOCTATOYHO YKa3aThb €ro MOJYJIb U
HampaBlieHue, He (UKCHPYS TOUKY MNPUIOKEHHs (Haualo BEKTOpa MOXKET HaXOAMTbCA TIe
yroaHo). Hcronb3ys oOIpeneicHre paBEHCTBA BEKTOPOB, TAaKOH BEKTOP BCETAa MOXHO
MEPEMECTUTh MOCTYNATEIbHO, C MOMOIIBIO MapaJICIILHOTO IEpeHoca, B TPEeOyeMyI0 TOUKY
MIPOCTPAHCTBA.

3ameuanue. MHoraa cBo001a BEKTOpa OTpaHUYMBACTCS, HAITPUMED:

a) eciM KpoMe BEKTOpa 33a/laHa ero TOYKa MPUJIOKEHHS, TO OH Ha3bIBAETCS CBSI3aHHBIM
(paamnyc-BeKTOp);

0) ecnu KpoMe BEKTOpa 3aJaHa ero TOYka HalpaBJiICHUs, TO OH HA3bIBACTCS CKOJIB3SIIUM
(BEKTOp YIJIOBOM CKOPOCTHU PACIIONOKEH 110 OCH BpallleHus);

B) CBOOOJIHBIN BEKTOP HE OTPAaHUYEH HUYEM.

B nanpHueiimem, eciiv 3T0 HE OTOBOPEHO CHEIHAIBHO, MbI Oy/IEM MOJIb30BaTHCS TOHATHEM
CBOOOJIHOTO BEKTOpA.

Jlnst mo6oro Bekropa A% onpenennm npoTHBOMONOKHBI eMy BekTOp, 0603HAYACMBIIT

M, TaKOﬁ, qTO MOAYJIH 3THX BCKTOPOB pPaBHbBI, OHU KOJUIMHEAPHBI, HO IIPOTHBOIIOJIOXHO
Il 1

HarnpaBJcHbl. BEeKTOp, MPOTHBOMOIOKHBIN BekTOpy &, 0603HauyaroT —Z

Puc. 3

1 1

Ecnu B mpocTpaHCTBe 3a/1aHbI 1Ba BeKTOpa Zu b o, UCIIONIB3YS OMpe/ielieHne paBEeHCTBA
BEKTOPOB, UX MOXKHO MPUBECTH K OJTHOMY Haudamy (puc. 3).

P
TFe Ty

Puc. 3.

Torma yrmom Mexay Bekropamu Zu B HaspiBaercs HamMeHbLIMA yroa j (jI[0,p]), na
) i )

KOTOPBIN HY)KHO TIOBEpHYTh BekTop & 10 COBMa/ieHHs: ¢ BEKTOPOM b

I'eomeTrpuyeckue BEKTOPBI SBIAIOTCA IPEIMETOM TaK Ha3bIBAEMOIO BEKTOPHOI'O
UCUHUCIIEHUS], MOJOOHO TOMY, KaK YHCIa SBIAIOTCA NpPEeIMETOM apu(MeTuku. B BekTOpHOM
VUCYUCIICHUM HAJ BEKTOpaMU IIPOU3BOAATCS HEKOTOPBIE OIEpalud, KOTOPBIE SIBIIAIOTCS
MaTeMaTHYECKUMHU a0CTPaKIUsAMH AHAJOTHYHBIX OMepalyii, MPOU3BOAUMBIX C Pa3INYHBIMU
KOHKPETHBIMU BEKTOPHBIMH BEIMYMHAMHU B (pU3HKeE.

JIuneliHple onepanuy HaJ BEKTOpaMHu

JInHEeHHBIMU OIlepalusMHA Ha3bIBAIOT OIEPALMI0 CIOKEHHS BEKTOPOB W OIEPALHIO
YMHOXEHHSI BEKTOpa Ha 4yHcio (ckasip). B ocHOBY ux omnpeneneHus MOJI0KEHbl U3BECTHBIE U3
MEXaHUKH 3aKOHbI B3aUMOJCHCTBUS BEKTOPHBIX BEJIMYHMH — CUJI, CKOPOCTEH U T. 1.

1. CnoxeHne BEKTOPOB.
| ) | |

Ecnu nanel nBa Bekropa Zu b , TO PacroiaraloT UX TaK, YTOOBI HAYaJI0 BTOPOTO BEKTOPA
| | i

COBITAJIO C KOHIIOM IEPBOr0 BekTopa. Torma cymMMoii BekTopoB Eu b yastiBaetcs Takoit BEKTOD,
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KOTOPBI COEAMHSET Hayajo IMEePBOr0 BEKTOpa C KOHIIOM BTOoporo (puc.4). Takoe mpaBwiio
CJIOKEHHsI BEKTOPOB HA3bIBAETCS IPABHIIOM TPEYTOJIbHUKA.

AHaNoruyHoe MpaBWIIO CIOKEHUSA (MPaBUJIO MHOTOYrOJbHUKA) JEWCTBYeT W s
HECKOJIbKHX BEKTOPOB (pHuc. 5).

7
3 ]

a

2 B dve

Puc.4 Puc.5
Ecnmu nBa BekTOopa TpHBENEHB K OJHOMY Hadaly, TO HX CyMMOH OyIeT BEKTOp,

00pa3oBaHHBIA JIMAaroHaNbI0 MapajjieiorpaMma, IOCTPOCHHOTO Ha OSTUX BEKTOpax Kak Ha
CTOPOHAX, W BBIXOJAMIMIA M3 o0miero Hayama (puc. 6). DTO MPaBWIO CIOKEHUS BEKTOPOB
HA3bIBACTCSI MPABUIIOM MapajuieIorpaMma.

7

Puc. 6
W3 BBeIEHHBIX BBIIIE MTPABUJI CII0KEHUSI BEKTOPOB BHITEKAIOT CIIEIYIOIINE CBOMCTBA ITOM
OTIEpALIVH:

1 3"'; :g t 3— CBOMCTBO KOMMYTaTUBHOCTH OIEPALMH CIIOKCHMUS;
M b

NN NN |
. — CBOUCTBO aCCOLMMATHUBHOCTU OIICpAlUH CIIOKCHUS;

3. F+(-

=
‘l;) = u— HaJINYHUEC MPOTUBOIIOJIOKHOI'O 3JICMCHTA,

4. 3*'5 = g — HaJIM4Ke HYJIEBOTO 3JIEMEHTA.
2. Beluntanne BEKTOPOB.

PasnocThio BYX BeKTOpOB Z 1 b qaspiaeres BEKTOD, paBHbI cymMMe BekTopa % u BekTOpa
]

1
(—E' ), MPOTHUBOMOJIOKHOTO BeKTopyEll :

£-1-8-(8)

Ecnu BekTOpbl mpuBeneHBl K 00IEMYy Hadaly, TO BEKTOp, PaBHBI pa3HOCTU 3—5' ,
1 )

ABIIACTCA BTOpOfI AUAroHajJibro IlapajuicjiorpaMmma, IMOCTPOCHHOTO Ha BCKTOpax ay bKaK Ha
1

ctopoHax. [Ipu 3TOM HauaaoM 3TOro BEKTOpa SIBJISIETCS KOHEI BEKTOpa b (puc. 7).

z

Puc.7
3. YMHOKEHHE BEKTOpA HA CKAJISIP.

I §

Onpeaencuue 6. HpOI/I3BCI[eHI/IeM BCKTOpPa T ya JEHCTBUTEIIFHOE YHCIIO | Ha3wIBaeTCsA
1 [l

HOBBII BEKTOp, OOO3Hauaemblii 1%, Takoil, 4TO €ro MOAyJab paBeH MOyl Bekropa &,
I I
] =2l .

YMHO>XEHHOMY Ha MOZYJb yKcia I, T. e. , 1 Bektopsl Ty 12 conanpapnenst npu 1>0 u

MIPOTUBOMNOJIOKHO HarpasiieHbl pu 1<0.



[IponsBeneHre BeKTOpa Ha YHCIO O00JagacT CBOMCTBAMH, KOTOPBIC JIETKO JOKa3aTh
i i

reoMeTpuuecku. J{Jis mo0bIX TeHCTBUTENBHBIX YHCET 4 4 Vi mr06bix BEeKTOpOB ¥ 1 b

L 1LE=4& YMHOKEHHE HA €TUHHUILY,
) Al =(av)k
: - CBOICTBO ACCOIMATUBHOCTHU 110 OTHONIEHHIO K UUCIIAM,

3 (2+v)i=2 5+vE y
: - CBOHCTBO INCTPUOYTHBHOCTH OTHOCHTENBHO CIIOKEHHS YHCEI,

(5+8)=28+ 48

CBOMCTBO ,I[I/ICTpI/I6YTI/IBHOCTI/I OTHOCUTCIIBHO  CJIOXKCHUA
BCKTOPOB.
Us ONpCaAcCIICHUA U CBOMCTB BBITEKAIOT CICOAYIOMIUE ITOJE3HBIC IJI ITPAKTUKN paBCHCTBA

i a a m a -
(Da=—x0-a=0; L-0=0
Eaunuunblii BekTop. BekTop, MOAyiib KOTOPOTO paBeH eAMHUILIE, HA3bIBACTCSA €AMHUYHBIM
BEKTOPOM.

I §

Bekrop, umeronumii HanpasieHre BekTopa %u Mojayib, paBHBIA CIUHHIIE, HA3BIBACTCS
1 my

OpTOM HampapJeHus BekTopa 2. OpT 0003HAYAETCs CHMBOJIOM =
i

Jlns moboro 3amaHHOrO BekTopa ZIerko moiyduth ero opt. s 3Toro HEoOXOAUMO
Ll _§

2 =
' ]

BekTOp ¥ pas3nenuTs Ha €ro MOAYIIb:
Pasnoxxenue Bekropa o 6azucy
Omnpenenenre 7. MHOXECTBO BEKTOPOB Ha MPSIMON HA30BEM OJHOMEPHBIM BEKTOPHBIM

IIPOCTPAHCTBOM, MHOKECTBO BEKTOPOB Ha IJIOCKOCTH — IBYMEPHBIM BEKTOPHBIM IIPOCTPAHCTBOM,
B IIPOCTPAHCTBE — TPEXMEPHBIM BEKTOPHBIM IPOCTPAHCTBOM.

i
a el
Jlerko HpOBepI/ITB yt0 ecm & — xakoe-To BEKTOPHOE IMPOCTPAHCTBO, - ,"'B

o atbeL ﬁaeil

— YKCIIO,

&, o, O

Onpenenenue 8. HI/IHeI/IHOH KOM6I/IHaHI/IeI/I BEKTOPOB ¢ ko3¢ durrentamu
A, . — B a5 imaetes Bextop pa+prm +—+J&“’

Ha pucynke 8 nmpuBeseHbl npuMepbl JIMHEHHBIX KOMOWHALINNI:

yr
z 7
a ik
[

Puc. 8

h_

Bexkrops! -d.g

4 4 1

abc

Ha PUCYHKC 8 u SIBIISIFOTCS. JTUHEHMHBIMHU KOMGI/IHaLII/IHMI/I BCKTOPOB

F=0a42-2 d=21—b-% g=a+05h+3c h=0a40+0c

i )
['oBopsT, YTO BEKTOP E'pacKnam,n?.aercs[ mo Bekropam F—% ooy B spnsercs

1 . - -
o o + +_+
JIMHCHUHON KOM6I/IHaL[I/ICI/I 9TUX BCKTOPOB, T. €. IPCACTAaBUM B BUIC b :,ﬂﬂl ,ﬂzm ﬁﬂs .

3ameuaHwue.
i § 1 1 1
1) Ecru ¥#® 10 m060i BEKTOp b KoJTHeapHbeli &, mpeactaBuM, W MPHUEM
4 1
€IMHCTBEHHBIM 00pa30M, B BUJIE b=2Aa , TIe A _ yucno



1 1 i

2) ITycts Zu b 1Ba HEKOJUTMHEapHBIX BekTopa. Toraa ar000it BekTop £, KOMIUTAHAPHBIH C

i ) 1 [ ) L L
Bektopamu Zu & packnanesaercs no mum: £ ~FEHEP  npyuem enuncrBennbM 0GpasoM.
i 1 8 1 8 m
3) Iycts %, ¥y € nexommuanapubie Bextopst. Torna mo60it Bektop @ packiaznsiaercs

- i a i
. d =aat Sb+yc
I10 5TUM BCKTOpPaM: , IpUYCM CIUHCTBCHHBIM 06pa30M.

Takum 06pazom, B 1I000M BEKTOPHOM MPOCTPAHCTBE JIFOOOH pa3MEepHOCTH €CTh CUCTEMA
BEKTOPOB, 10 KOTOPOI pacKiIaibIBAETCs KaxAblii BEKTOP MPOCTPAHCTBA, IPUYEM €IMHCTBEHHBIM

o0pazomM.

Ompesenenne 9.  BasucoM  BeKTOPHOTO — MpOCTpaHCTBA & GyneM  HasbiBaTh
YIOPSAOYCHHYIO CHCTEMY BEKTOPOB ITPOCTPAHCTBA, COCTOALIYIO: U3 OJTHOTO HEHYJIEBOTO BEKTOPA,
€CJIM MPOCTPAHCTBO OJHOMEPHOE; M3 JIBYX HEKOJUIMHEAPHBIX BEKTOPOB, €CIIM MPOCTPAHCTBO
JIBYMEPHOE; U3 TPEX HEKOMIUIAHAPHBIX BEKTOPOB, €CIIU MPOCTPAHCTBO TPEXMEPHOE.

OueBuAHO, 4TO B JFOOOM BEKTOPHOM IPOCTPAHCTBE MOYKHO BBHIOpATh OECKOHEUYHO MHOTO
0a3ucoB, YMCIIO BEKTOPOB B KAXJ/I0M M3 HUX PaBHO Pa3MEPHOCTH IIPOCTPAHCTBA.

i LS8 LT}
Omnpenenenrie 10. Koopaunaramu (MiM KOMIIOHEHTaMH) BekTopa 2B Gasnce 61,62, —&
a w - [ 1
HaspiBarores kodppuumentsr T T—Ts sasnokenny F=BA @@ ¥+ &k porropy dpp

BEKTOpaM Oa3zuca.
1 8

HJ'ISI YKa3zaHHusd, 49TO BCEKTOP T ymeer KOOPAHUHATBI A, &0, — s, HCIIOJIB3YCTCA 3alliCh

::(m,m,_,aa) .

OueBuaHO, YTO B (PUKCUPOBAHHOM Oa3uce Kax/blii BEKTOpP UMEET CBOH, €JMHCTBEHHBIH,
Habop koopauHat. Eciu ke B34Th Apyroil 6a3uc, To KOOpJUHATHI BEKTOPA, B 00LIEM, U3MEHSTCH.
CrnosxeHue BEKTOPOB M YMHOKEHUE UX Ha YHCJIO CBSI3aHBl C aHAJOTMYHBIMHU JACUCTBUAMM C MX
KOOPJIMHATAMM.

JInnelHple onepanuy HaJ BEKTOpaMHu

B KOOpAWHATHOU popme

HYCTB B BCKTOPHOM HpOCTpaHCTBe L BBI6paH 6331/10 €62, b 151 BaﬂaHLI KOOp,I[I/IHaTBI

BeKTOpOB 7 bel B 5TOM Gasuce: a=ma +@me +_ +a’,m ﬁ ﬂﬂ +ﬁm *— +ﬂe‘

Torna
- IPM YMHOXEHUU BEKTOpPA HA YMCIIO BCE €r0 KOOPAMHATHI YMHOKAKOTCS HA 3TO YMCIIO:

Aa(Am Ads,  Ada:)
- TIPH CJIO)KEHUHU BEKTOPOB CKJIAJIBIBAIOTCS] UX COOTBETCTBYIOIINE KOOPIUHATHI:
c=atds = cdmtA.a+ph,_atf)

3ameuanue. Bce koopnHATHI HYJIEBOTO BEKTOpA B JII0OOM Oa3uce paBHbI HYJIIO.

3ameuanue. basucHslii BekTop ¢ HoMepoM ¥ iMeer koopauHATy ¢ HOMepoM ¥, paBHyio 1,
a BCE OCTAJIbHBIE KOOP/IMHATHI — HYJIEBbIE.

3ameuaHue. Y KOJUIMHEAPHBIX BEKTOPOB KOOPIUHATHI IPONOPIUOHATIBHBI:

r 1 ix
dp & 2 %

Cucrema KOOpAMHAT.
KoopannaTsl BeKTOpa B OpPTOHOPMUPOBAHHOM Oazuce
PaccmoTpuM ciydail TpexXxMepHOro BEKTOPHOIO IIPOCTPAaHCTBAa (Ha IUIOCKOCTH BCE
IIOCTPOEHHUS aHANOrMuHbl). UKCHUpyeM HEKOTOPYIO TOUKy O M BO3bMEM MPOU3BOJIBHYIO TOUKY
LT TT ]

M. Paanyc-BeKTOpoM TOUYKH M 110 OTHOLIEHUIO K Touke O Ha3bIBaeTCs BEKTOP oM



LHEE.

Ecnm B mpoctpancTBe BbIOpaH 0a3uc, TO BEKTOP oM PacKIIaIbIBAETCS TI0 ATOMY 0a3ucy.
Takum oOpa3oMm, Touke M MOXXHO COIOCTAaBUTh YIOPSAJOYCHHYIO TPOMKYy uucen (X, y, z) —
KOOPJMHATHI €€ PaJIyC-BEKTOPA.

Onpenenenue 11. JlekapToBOM cHUCTEMOW KOOPAMHAT B IPOCTPAHCTBE HAa3bIBAETCS

COBOKYITHOCTb TOYKH H 0a3uca.

Touka O HOCHMT Ha3BaHWE Hauyana koopauwHat; npsmele X/X , Y/Y , Z/Z, npoxoxsiue
yepe3 Havyajlo KOOpJIWHAT B HAIlPaBJICHUU OA3UCHBIX BEKTOPOB, HA3bIBAIOTCS OCSAMHU KOOPAHMHAT.
ITepBas X/X — ockro abcuuce, BTopass Y/Y — OCblO OpJIMHAT, TPEThsl Z/Z — OCBhIO alllUIAKaT.
[T1nockocTH, MPOXOAAIIUE Yepe3 OCH KOOPAUHAT, HA3bIBAIOT KOOPAMHATHBIMH IJIOCKOCTSMHU.

Onpenenenue 12. Koopaunatsl (X, y, Z) paauyc — BEeKTOpa TOYKM M IO OTHOLIEHHIO K

Hayaly KOOpAMHAT Ha3bIBAIOTCA KOOpJAWHATAMU TOYkKM M B paccMmaTpuBaeMoil cucreme
KOOpJMHAT.

[lepBas koopauMHaTa X Ha3bIBa€TCS AOCIUCCOM, BTOpas y — OpPIAUHATOM, TPEThsl Z —
anIINKaTOM.

AHAJIOTUYHO OTIPEACIISIOTCS ACKaPTOBBI KOOPIMHATHI Ha INIOCKOCTH: TOUYKA UMEET TOJIBKO
JIBE€ KOOPAMHATHI X M y— aOCIHCCY U OpJIMHATY.

Omnpenenenue 13. JlekapToBa cucTeMa KOOPIWHAT Ha3bIBAETCS MPSMOYTOJBHOM, €ciu

0a3uc 3a1aercs €IMHUYHBIMU U MIONAPHO OPTOTOHAJIBHBIMU (HEPHIEHAUKYISIPHBIMU) APYT APYTY
a

ik 1(1,0,0)_

BEKTOpaMHU — 0a3MCHBIMHU OpPTaMU opt ocu OX;
i

F(0:1:0) opt ocu OY;

a
k(0z0:1) opt ocu OZ.
puu
i,j.k
basuc ( ) Ha3bIBAETCS OPTOHOPMHUPOBAHHBIM.
B nanpHeiimem OyaeT HCHOIb30BATHCS I€KapTOBa MPSMOYTOJIbHAsl CUCTEMA KOOPAUHAT.

Ha puc. 9 mnoxkazan cmnoco6 wn3zobpaxenuss toukn A(-1;2;3) mo ee KkoopauHaTam

A4 WL
i.7.k
OTHOCHUTEJIEHO OPTOHOPMHUPOBAHHOTO Oa3uca el
ot
1 )
cl S !
1
1
¥ 2 ¥
v F
H
Puc. 9

VrBepxknenue. Ecim  Toukn A w B 3amaHbel cBOMMH  KOOpAMHATaMH
L1 1 3
Az n:a). B0 yiz) | AB(e—xiyp-wn.z-2a)
b .

T. e. s onpeneneHUs KOOPAUHAT BEKTOpA HYXKHO M3 KOOPAWHAT €ro KOHIA BBIYECTH
KOOPJMHATHI Havyasa.

[Ipoexnnu BekTOpa

[TycTh B mpocTpaHCTBE 3a7aHa HEKOTOpask och 1, TO ecTh mpsiMasi, Ha KOTOPOH OTMEYeHa
¢dbukcupoBanHas Touka O U 3a7aHBl HAMPABICHUE W €IWHUIA ITUHBL TOraa KaxkIoi TOUYKEe OCH

COOTBETCTBYET HEKOTOPOE YUCIIO.
Onpenenenue 14. Ilpoexmueid TOUkH A Ha OCh | Ha3pIBaETCS YMCIIO, COOTBETCTBYIOIIEE

OCHOBaHHUIO MepHeHauKysipa AB, omyiieHHOTO Ha 0Ch | 3 ToukH A.



Onpenenenue 15. Tpoekuueii Bexropa 48 na oc | HasbiBaeTCs pa3sHOCTH MPOEKIMI KOHIIA

BCKTOpa U €ro Havalia.

I[Tpoexius 0603HAYAETCS IpdB y, puc. 10 UpAB-f-a
r
L B 7 "

Puc. 10. IIpoexnus BekTopa Ha OCh
Jlerko nposeputh, uto ecin AB=CE 14 Hp AB=HpCD

OT IIOJIOKCHHA Ha4daJla BEKTOPA, a 3aBUCUT TOJILKO OT CaMOI'0 BEKTOpPaA.

, TO €CTh IMPOCKIUA HC 3aBUCUT

Yreepxaenue. Ilycts ?_ yroi, oOpasoBanHblii Bekropom Zc¢ oceto 1. Torma
I I
Izu,a=|a|msqp
Takum o00pa3oM, HpOEKIMs BEKTOpa Ha OCh €CTh YHCIO, KOTOPOE MOXKET ObITh
HOJIOKHUTEIBHBIM, OTPULIATENILHBIM U HyJeM (puc 11).

3 3 %
Opa-f-a

LU BT [
Hpa-a-f

o7 ] [ i)
Hpa=19
Puc. 11
YTBep)KI[eHI/Ie HpOGKI_II/ISI Ha OCB CYMMBI BeKTopOB paBHa CyMME UX MPOEKIIUN:
le{a+b +_+ r:) I@F+Hprb +_ +Hp|c

yTBep)KI[eHI/IC HpOGKHI/IH Ha OCb BeKTOpa YMHO)KGHHOFO Ha YHCJIO, paBHA HpOI/ISBeI[eHI/IIO

a= Aﬂp
TPOEKIHH BEKTOPA Ha 3TO YHCIIO: Ip "'J' 'ﬂ OHDCJIGJ'IGHI/IG 16. IIpoekuwmeit BekTOpa I‘Ha

Bekrop ¥, @* 9  paspsaercst mpoekims BexTopa I’Ha T00YI0 0Ch, TIAPALIETbHYI0 BeKTOPY Z 1
L

HMCIOLIYIO HAITPABJICHUE, COBIIaAIOIICC C HAIIPABJIICHUCM BCKTOpatI .

L L jm - b
poekuus BekTopa PHa Bextop 2 06o3HAUYAETCS - OueBHIHO, UTO
m L 3
Hp_ & =>b cosg L
- , e ®— yron mesxny Bexropamu i ¥
i,7.k

Koopnunatsl BekTopa sBIAIOTCS KOA(P(GUIUEHTAMH €ro pa3joKeHUs 1Mo opTaM
KOOPJMHATHBIX OCEH:
i

al(a, 2, ., ) L= a=a, i+va, j+a, k,

YrBepxkaenue. [Ipoekunu BeKkTopa Ha KOOpJUHATHBIE OCH PaBHBI KOOPAWHATAM BEKTOpa:



L . a4
Ip,y a=a,. lpgy 0=0, Hp,, aT=d;
b . b
omectnM BekTop TB Hauamo KoOpAMHAT M oGo3HaumM uepes *+# ¥ yrom
[

oOpazoBaHHbIe BekTopoM Zc¢ monoxuTenbHbiM HampasieHuem oceit OX, OY, OZ. Dtu yrisl
[ §

Ha3bIBAIOTCS HAITPABJISIONIMMH YTiIaMu BekTopa 2 .
Ompenenenue 17. Kocunychl yriioB, oOpa3oBaHHBIX BEKTOPOM C OCSIMU KOOpIMHAT,

HA3bIBAOTCA HAIIPABJIAIOIIMMU KOCHUHYCaMH BCKTOPA.
Z

Puc. 12

B coorBerctBuu ¢ puc. 12, HampaBiSAIOIIAMH KOCHHYycaMH BekTopa 2 sBistorcs
cosx . cos f  cosy

OTMeTHM Ba)KHOE CBOMCTBO HAIPABJISIOIUX KOCUHYCOB:
cos® @+ oos? ﬁ+msz =L

VYr1eepxaenue. KoopaumHaTel BEKTOpa pPaBHbI €ro HANpaBISIOIMIMM  KOCHHYCaM,
YMHO>KCHHBIM Ha JUIMHY BEKTOpA:

Ecnu BexTOp eIMHUYHBIN, TO €ro KOOPAMHATAMMU CIIY>KAT HANPABIISAIOIINE KOCUHYCHI:

CkansipHO€ ITPOU3BEIEHNE BEKTOPOB U €T0 MPUIIOKEHHE

Kpome omnepanmii CnoKeHHMsT W YMHOXKEHHMS HAa YHCIO Ha MHOXECTBE BEKTOPOB
OIIpEZEIIEHBI €111€ HECKOJIBKO onepannid. OJ1Ha U3 HUX — CKaJISIPHOE IIPOU3BEICHUE, TO3BOJIIOIIEE
HaXOJHUTh UIMHBI BEKTOPOB U YIJIbl MEKY BEKTOPaMH 110 KOOPAUHATAM BEKTOPOB.

r

Onpenenerre 18. CkamspHbIM Hpom3BencHreM BektopoB Zu ¥ maspBaercs wmcio,
: F’

2
e [
YIrOJI MEeX1y BEKTOpamu ¥ u¥ .

COs@
, TIe

paBHOE

4

3ameuanue. Ecaum oquH W3 BEKTOPOB HYJIEBOM, TO yros * He ompezaeneH. CkaspHoe

MMPOU3BCACHUC B OTOM CJIydac CHUTACTCA paBHBIM HYIIIO.

NpOM3BEICHUE BeKTOpa Ha cehs @~ =2
I

CkansipHOe MpOou3BeCHUE BEKTOPOB Z 1 ? 0603nauaerca 22 , WIn {ﬂ'b}. CkanspHoe
I I
a-b=|a

[ Iy
fooe. o @1)
Taxum 00pa3oM, COrJacHO ONpeeNeHHIO, rae ¥ =2
CkansipHoe mpousBeieHre 001agaeT CBOMCTBAMM, KOTOpble OyayT chopMylupoBaHbI B
BUJIC TEOPEMBEI.

Teopema. Jiis moGbix BekTopoB® 1 &
[ §

BBITIOJIHCHBI CIICAYIONUEC COOTHOIICHMA:

1. @-b=5-a_ pojicrro KOMMYTaTUBHOCTH,

i a i i i i i

p. a{brc)=a-bra-c_ pouemng mncrpubyrusHocTy;



3. (Aa)-&=A(a-&)
i L L

4. 2 ::--IalI,I azo.
L] 2

5E=H-

5

, TIe A- YHUCJIO;

6. Ecom F— yroj MeXay BekTopamu 2 u?, 1o

a-b
COSP= ——

F’|(1)

| § | §
7. a-b=0 TOT/Ia ¥ TOJIbKO TOT/Ia, KOT1a BEKTOPhI 2 1 b OPTOTrOHAJIbHBI.

I I I I
i2-b=a|fp :b Lo
8. 'eoMeTpHUYECKHii CMBICIT: , eciauy I*# 0.
- =
9. MexaHHYeCKHH CMBICI: CKAIIPHOE [POM3BEACHHE CHIbl # Ha BekTOp 2 paBHO pabore
- L1 Y -

A 3TOl CUJIbI IPU NEPEMELIEHUH MaTEPUATIbHOM TOUKH 110 BeKTopyS ,T.c. A=F-§
W3 onpenenenus CKalIsIpHOTO IPOU3BEIECHUS BHITEKAET CIEAYyOIIas Ta0IuIa YMHOKEHUS

i.7.k o
OpTOB -4 - KOOPIUHATHBIX OCEH:

o= 4=0.F k=k-i=0, j-k=k-j=0,
I-i=j- j=k-k=1_

Ecan BCKTOPbI 2y 'ﬁB OPTOHOPMHUPOBAHHOM basuce 3aJlaHbl CBOMMH KOOpAMWHATAMM:

(@, a2, @), SA o 3) , TO (hopmyna /Uil BBIYUCICHUS CKAJIIPHOTO MPOU3BEAECHUS BEKTOPOB

2y b 10 KOOpAUHATaM COMHOKHUTEIICH UMEET BU/I

a a
a-b=oy py +o, B, +“Elﬁfl, (2)
T. €. CKaJSIPHOE TPOU3BEJEHUE BEKTOPOB PAaBHO CyMME MPOU3BEICHUM OJIHOMMEHHBIX

MIPOCKINN.
rz _
« -
Tak kak , TO, IPUMEHSISI paBEHCTBO (2), MOJIyduM GOpMyITy JUIs

OIpeIeTICHUS [UTNHBI BekTopa @ :
2
o g el
-(3)

Beipakas grcauTens ¥ 3HaMeHaTes hopmyitsl (1) mocpeacTBoM KOOpIUHAT BEKTOpOB Z

T
[+

u B npumenss gopmyner (2) u (3), Haxoxum

o By oy By +05 8,
Vo - vl B4 B

[lyctb B  mpocTpaHcTBe 3ajambl  Toukn — AA=M:A)y BOewnz) - opg

oS @=

11|
AB(o -y~ W2~ A) 1100 ekropa 4B Gyner pasua |AB| 1 13 hopmysl (3) ceayer, 9To
1
[48| =\ —n)’ + (2 — )’ +(z - =)

CBeJlleM OCHOBHBIC PE3YJIbTAThI B TAOJHUILY:
Tab6muna 1




CkasipHO€ IPOM3BEICHUE BEKTOPOB
Bu npoussenenus alm @ m) |,
KB P )
O603HaueHNe £ 4
Ilonsarue |'q - lﬂm(ﬂ. ﬂ
[IpencraBieHue B KOOpIUHATAX o Rt R e R
[
congr=
1) m
[ 9 P2 - 3
[Ipunoxenue B L
I, b=
2) "
3) A-F§

KoHTpousbHbIE BOIIPOCHI

1) Omnpenenenue BekTopa. JIMHEWHbIE omepaly HaJ BEKTOPAMH, CBOMCTBA 3STHUX
onepauui.

2) [Ipoekunu BekTOpa Ha ochb. CBOWCTBA POEKIIUH.

3) Paznosxenue BeKTOpa o KOOpaAuHATHBIM opTaM. KoopauHaThl BeKTOpa.

4) Paguyc-Bektop Touku. Moayinb BekTopa. PaccTosiHre Mexay AByMs TOUKaMH.

IIpakTuyeckoe 3ansaTue Ne 6

Tema: CxansipHoe NpoU3BEICHUE BEKTOPOB.

Hean: HayuuTe cCTyzeHTa HCHONB30BAaTh CBOWCTBA JIMHEHWHBIX OlEepauuid C
F€OMETPUYECKMMHU BEKTOpPaMH, CKAJSIPHOTO IIPOM3BEIACHUS BEKTOPOB Ul pELICHUs 3aaad
BEKTOPHOM anreopsl

IIpakTnyecknii 6,10k

Pemenne TUIIOBBIX MPUMEPOB

p=tba-2k g=TFa+hk

IIpumep Ne 1. KosmHeapHbl 7M1 BEKTOPBI *rIe

;{1;2;315{2;—1;11].

Pemenue.

1) Haitnem xoopauaatsl BekTopoB F u ¥ moms3ysce Tem, 4To npu cI0XkeHNH BEKTOPOB
UX KOOPAMHATHI CKJIQJBbIBAIOTCS, a IIPU YMHOXEHHHM BEKTOpa Ha YHCIO €ro KOOPAWHAThI
YMHOKAIOTCS Ha 3TO YUCJIO:

PU6-1-22.6-2-2(-1)6-3-2.0) ;(—3i1+1;—1 2-1;-3-340)

P(24:18) g(-1:-7:-9) 2) Tak Kax
2 14 18
Erp—y

TO KOOpAWHATBI BEKTOPOB ‘pI/I quOHOpHI/IOHaHBHBI. CHG}IOB&TGJ’IBHO, BCKTOPLI P u 7
KOJUIMHCAPHBI.

Otset. Bextops! £ u ¥ xommaeaps..

[Tpumep Ne 2. JlaHbI BepIIUHBI TPEYTOIBHUAKA: A(-1-2:4).8(4:-2:0).C(3:-2:1).

Haiinure nyiHy CTOpOHBI AB ; £BAC
Pemenue.

1) BorumcisieM koopauHats Bekropos 48 i 4C .



48 (4 (5] 51— (-230-4) 26 (3-(-1kgh (2)1-4)
AB(-3;0;4) 2C(4;0;-3)

2) [1o ¢popmynam st ATUHBI BEKTOPA U CKAJISIPHOTO IPOU3BEICHUS BEKTOPOB UMEEM

T
£=Il¥‘=J{—3]I +0F +(4) =5ed_ I
AB-AC=-3-44+0-0+(—4)-(—3)=0 & AB1 AC,

T o £BAC=91°

OtBer. AB=5 en. émc:g"n.
[Tpumep Ne 3. OnpeneauTh Yroa MeKy JHarOHAISIMU HapajuieorpaMMa, MOCTPOCHHOTO

Ha BekTopax @=2M—Ry B=m+2R ;o M.A_ o yypgppie BEKTOPHI, YIOI MEXIY KOTOPBIMH

0
papen M
Pemenue. CnenaB cxeMaTHYECKUM PUCYHOK,

=
Puc. 13.

ol

yOex)aaeMcsl, 9TO BEKTOP , COOTBETCTBYIOIIMI OJHOM HaroHaiM napajienorpamma,

HAXOJUTCS 110 hopMyie

d —a+b

b

az[pyron—
dz b a2

Otcroma

$-=3?r+;’r
dz =—m+3 n_(4)

B cuity cBoiictBa 50 (Teopema 1) ckaysipHOro HpOI/ISBeI[eHI/ISI MOJIyYUM
2 W3 L U 3 Lt W T T3 2
F| =d; =(3min)’ =9m +6m-min _9F| +5H

_9+511ﬁ+1 1360 = m Jl_aea" "

cudll ﬂ']-l-

Amnanoruyso,

rI ) T w3 T T W32
|T =d, =(- ll-l-3n'] =m —bm-m49nm —|
4

—1-611-cogpl +9-7m? = |a=«ﬁ.a_ - 4
12

Haitnem  ckansipHoe

IIPOU3BEIECHUE BEKTOPOB ! u % . YuuteiBasg CcBOWCTBO 10 KOMMYTAaTMBHOCTH CKaJIsPHOTO

npousBeseHus u (4), umMeeM

ur wr L S W Wr Wr 1y

d -dy =(3m+n)(—mi+3n)=7S33m -mr+Imni3in =
o w, T Fw T2

=—3-‘nr +3‘n ncos(n.m)+3m =—3-14+8-1-1-1/2+3-1=4_

Tak kak



cas(d, 2, ) e
i |

TH T
s0,419 & (d ,d, )—accos(0,419)

Jl_?' 'J; OTBer.
N U

(d .d; )=acces(0,419 ).

IIpumep Ne 4. Ilon nelictBuem cuiel B 20 H MarepuanbHas Touka nepemMecTuiach Io

cos( d, .d; )-

npssMoii Ha 2 M. Haiftm paboTy, coBeplraeMyr STOH CHIIOH, €CIM Yroj MEXIy CUJIOW u
20°

HaIpPaBJIEHUEM PaBEH .

Pemenwne. Pabora A Beruucisiercs mo gopmyse

45 [F|Sleost ¥ .5,

roe ¥ — BEKTOP ACHUCTBYIOLIEN CUJIBI, 5_ BEKTOp nyTH. [Tonyuum
A=20-2-cos30° =20 VE;&:
OrtBer. A=20 3 /e -
3agauu 1J1d peueHust
r r 4T T T or
LI a—2h, —bh-3a, —a+-5_
1. ITo mauHBIM BeKTOpaM‘I ud HOCTpOI/ITB BEKTOPBI 2 4 4

2. JlaHbl BEKTOPBI ﬂ{ 210 }’b{ 2:3:1) Beruncnuts:
Iy
a) b ;

6) (3a-28k)( ﬂ+:5]_
Ortger. a) 14; 6) -12.

a a L a a a a4

3. OnpenenuTs TpH KakoM 3HadeHun & pektopsr Z- % 1-3j+2k, b=i+2j-ok

OPTOTrOHAJILHBI.
Orger. £=—6
m
4. BbluMCIUTH KakKyl0 paboOTy MPOU3BOIUT CHIIA F(3:-1 ’5}'K0r21a ee ToyKa
7 A(2:-3:4)
MNPUITIOXKCHUA, [BUTAACH II0 MOpAMOU, IICPEMECTUIIACE H3 TOYKH B TOUYKY

B{3:2:1)
Otser. 27 ex. pab.

5. BekTop ®COCTABASET ¢ OCAMH KoOpAmHAT ocTpeie yrisr %+# -¥ = mpyuen &= "50,
I

a=3

B=60°

. HaiiTu ero xoopiiHaTHI, €CIIHA

Orner, @ (3/42:3/2:3/2)

W

6. Bexroper @u 2 oGpasyror yrox

c=3&+25_

. 3Has, 4TO HaWTH JUIMHY BEKTOpa



F; =14 .73
OTBeT. el.

3amauu s caMOCTOSITEIbHON paboTHI

1. Beruucnuth CKaJIIpHOC ITPOU3BCACHUC BEKTOPOB @y b , CCJIIN

I I I I
a=4 b=4i-3F, . -
a) yroJI MeX1y BeKTopaMu 2 u b pasen 600;

6) a=2i+j-3k,&6(1:0;4)
Otser. a) 10; 0) 14.

2. KoyutrnHeapHsI JId BEKTOPBI p=3a+6b.q=—a+l b, rae 2 (1:2:-3), 5(1:0:-1)
Otser. Her.

3. Haiitu yros MexAy AMaroHaJsIMU IapajuleJorpaMma, IMOCTPOCHHOIO Ha BEKTOPAX

a=2i+j b=— j+2 i:.
OtBer. (3’5):“

4. JlaHbl BEKTOPBI

a=21—3 j+b .i:I/I b=—1i+2 j-2 Kk

, IIPUIJIOKCHHBIC K 06HleI>'I TOYKECE.

Haiiti opT GrccekTpuChl yriia mexay 2 u b
Ip
Otger. © (—u\/ﬁ ;5}'\[5 ;4742 )

5. IlocTtpouts TOYKH A4(4:1).B(3:5).C(-1:4).D(0:0) . Ecnum To4ykM mOCTpOEHBI
MpaBUJILHO, TO TOJIy4eH KBajpaT. Uemy paBHa JyIMHA CTOPOHBI 3TOro KBajaparta? KakoBa ero
miomaas? HallTh KoopAMHATHI CEpeIMHBI CTOPOH KBajIpaTa.

OT1BeT. a= ‘fl_? en., §=17 iy, en.,
Mg (3.53).Mpn (1:4,5) M (—0,5:2)M g (2:0.5)

6. Haittit BexTop ¥, meprieH MKy spHbIi BekTopam E=i+& =27 K. ey U3BECTHO,
a f s

a L

=i+2 j+2 Kk

YTO €ro MPOEKIHs Ha BEKTOp © paBHa 1.
L

Ortser. ¥(-3/2; 3/4; 3/2).

KoHTpoibHBIE BOIPOCH

1) CkansipHoe mpou3BeIeHNE BEKTOPOB, ero pusndeckoe ToakoBaHue. CBoiicTBa

CKaJISIPHOTO TIPOU3BEIECHUS.

2) Ipoek1ust BEKTOpa Ha BEKTOP. YT0J MeX1y BekTopamu. Heo0xoaumoe u 1ocTatoyHoe
yCIIOBUE MEPIEHANKYIIPHOCTH BEKTOPOB.

3) CkanspHoe npou3Be/ieHne BEKTOPOB B KOOPAMHATHOM opme.

IIpakTnyeckas padora Ne 7

Tema: CocTaBiieHHe ypaBHeHHIl PSAMOii

Heab: oTpaboTaTh yMEHHE COCTABISITH ypaBHEHHE MPSMOH, 3aJaHHON pPa3IUYHBIMU
croco6aMu; MepexoAuTh OT OJHOTO BUJa YPaBHEHUS IPSMOM K IpyroMy

TeopeTnyeckue 0CHOBbI: HOPMAJIBHBIN BEKTOP MPSMOM, HAITPABJISAIONIUN BEKTOP MPSAMOW,
CrocoOBbI 3a71aHus IPSIMOH, BUBI YPAaBHEHUS TIPSIMOIA.

B nexaproBoii mpsmoyronbsHOU cucteme kKoopauHat OXY Ha MIOCKOCTH JIiroOast mpsimast
MOXET OBITh 33/1aHa YpaBHEHUEM B BUJIC

Ax+By+ C=0



rae kodpdumumentet n = ( A,B ) - KoopauwHAThl BEKTOpa MEPHEHIAUKYISIPHOTO K
3aJJaHHOM TIPSAMOW. DTOT BEKTOP HA3bIBAIOT HOPMAJIBHBIM BEKTOpOM mpsiMoil. Ecim B |, To
YpaBHEHUE NPSIMOI Ha MNIOCKOCTH MOXHO IPEACTABUTH B BUJIE

y=kx+b (k=1tg)
3TO0 ypaBHEHHE HA3bIBACTCS yPaBHEHUEM MPSMOMA C TIIaBHBIM KOA(PPHUIIMEHTOM.
PaccmoTpuM citydan B3aMMHO PacIioyIoKEHHUE ABYX NPSAMbIX Ha INIOCKOCTH
1. Ecnin ipsimble 3a/1aHHbIe OOIMMU YpaBHEHUSMH
Aix+Biy+ Ci1=0 u A x+Bxy+C2=0,
2. Ecnu ypaBHeHuUe 3aJ1aHbl € YIIIOBBIMH KO3 puiimenTaMu
y=kix+by u y =kx-+b:,

I[lpumep 1. Haiitu ypaBHEeHHUE NPSAMOHM, MNPOXOIAIICH 4Yepe3 TOUYKY Mo(4,-3) wun
00pa3yrouii ¢ 0cIMU KOOPIUHAT TPEYTOJIbHUK IUIOMIAIBIO 3.

Tak kak 3agaHHas TOYKa JISKUT B [V 4yeTBEpTH TO MCKOMas MpsAMast JOJKEH OTCEKaTh
oTpuuaTenbHyto 4actb ocu OY u mnosnoxutenbHyro yacth ocu OX. Hanuiiem ypaBHeHue Ha
OTpe3Kax MPOXOAIIYIO Yepe3 JaHHYIO TOUKY.

Ecmu mpl mogbepem a=2 u ¢=-3, TO TOIYyYUM TPSIMYIO YIOBIICTBOPSIONICH YCIOBHE
3anayu. Takas npsiMas He O/1HA.

Ilpumep 2 . 3amnucaTh ypaBHEHUE NPSAMOM, MPOXOAALICH yepe3 Hadajao KOOpJAWHAT U
o6pasyromuii yron 45° ¢ npamoit y=2x+5.

Tak xak yros Mexay npsambiMu 45° | To 3anMchIBaeM 1Ba ypaBHEHMS C HEHM3BECTHBIMH K
u ko.

Torma ypaBHEHuUs MNpsSMOM MHPOXOAAIIEH 4Yepe3 Hadalo KOOPAWHAT U YIVIOBBIMHU
kodpdunmentamu kr=-3 u ki= OyayT COOTBETCTBEHHO

ILi1ockocTh

OcHoBHasi TeopeMa. B 0exapmogvix Npsamoy20/bHbIX KOOPOUHAMAX ypaeHeHue o000t
NIIOCKOCMU NPUBOOUMBCS K BUOY

VYpaBHeHUe HazbIBaeTCs oOwum ypasnenuem niaockocmu . KodxpOUIMEHTH SBISAIOTCA
KOOpJMHATAMHM BEKTOpa M, MEPIEHIUKYISIPHOTO K IUIOCKOCTH, 3a/laHHOM ypaBHeHHEM. OH
HA3bIBACTCSI HOPMATbHLIM 6EKMOPOM 3TOU TUNIOCKOCTH U ONPEIEINIIeT OPUEHTALINIO TUIOCKOCTH B
MPOCTPAHCTBE OTHOCUTENBLHO CUCTEMBI KOOPIUHAT.

Cyl1ecTBYIOT pa3iMyuHble CTIOCOOBI 3aJaHMsl TIOCKOCTH U COOTBETCTBYIOLINE MM BHU/IbI
YpaBHEHUS .

1. Ypaenenue naockocmu no mouke u HopmanbHomy eexkmopy. Eciu mimockocTh
MPOXOJMT Yepe3 TOUKY U NEPHEHAUKYIIIPHA K BEKTOPY

2. Vpasnenue niockocmu 6 «ompeskaxy . ECIU MIOCKOCTh MEPECEKAET OCU KOOPAUHAT
B TOUKAX COOTBETCTBEHHO

3. Ypaenenue nnockocmu no mpem moukam. ECIH NIOCKOCTb NIPOXOAUT YEPE3 TOUKH ,
HE JIe)Kallue Ha OJTHOW MPAMOM

ITpumep 1 CocTaBuTh ypaBHEHUE MIIOCKOCTH, MAPAIIIETbHON BEKTOPY

s = (2,1,-1) u orcekarommx Ha ocsix OX wu OY oTpe3ku a =3, b= -2.
(OtBetr:  2x-3y+z-6=0)

Hckomoe ypaBHEHHME IUIOCKOCTH HAaXOJHWM M3 YCIOBHS KOMIUIAHAPHOCTU TpEX
BekTOpoB MM, MiM3 s , a Touku umeetr Koopaunatel M(x,y,z), Mi(a,0,0), M>(0,6,0) . 11o
yCIIOBHIO 33/1auu a=2, 6= -3. Toraa
U OKOHYATEJbHO noiy4yaeM 2x -3y +z=0.

[Tpumep 2. BBIUUCIUTH pACCTOSTHUE MEXKIY TMapajieIbHbBIMU INIOCKOCTSIMHU

3x+3y+2;-15=0 wu 3x+3y+2z+13=0.

Jlns peuieHuu 3aadyu HaXoAMM JIOOYIO TOUKY MPUHAIJIEKAIIYI0 HAa OAHOW M3
IJIOCKOCTH, HarIpuMep cuutas y = z= 0 U3 ypaBHEHUs EPBOH IIIOCKOCTH HaXoauM , uyTo X=5 Torna



mo (opmyse HaxXOXKJACHHUS PACCTOSIHUS OT JaHHOW TOuku My(5,0,0) 110 BTOPOM TIIIOCKOCTH
HaxoonuM d= 4
Ayoumopmnuvie 3anamus:

1. ITo maHHBIM YpaBHEHHSIM TIOCTPOUTH MPSIMbIC, HAUTH UX YIIIOBBIE KOAPPHUITUEHTHI U
OTPE3KH OTCEKAEMbIE UMU Ha OCSAX KOOPJUHAT.

2.3anucaTh ypaBHEHHs MpPSIMbIX, Ha KOTOPBIX JIEKAaT CTOPOHBI PaBHOOEIPEHHON
Tparenuu, 3Has, 9YT0 OCHOBaHMs ee paBHbI 10 u 6, a GOKOBBIE CTOPOHBI 0OPA3YIOT C OOJIBIINM
ocHOBaHueM yroJ .bonbiiiee ocHOBaHUE JIEKUT HA OCH a0CIUCC, @ OCh CUMMETPHUU Tparely — Ha
OCH OpJIUHAT

3. Cwia npuwilokeHa K TOYKe . 3amucaTb ypaBHEHHE MPAMOM, BIOJb KOTOPOM
HaIpaBJieHa 3Ta CUJIA.

4. 3anucaTh ypaBHEHHUE MPSMBIX, KOTOPBIE MMPOXOAAT Yepe3 TOUKY U MapajliesbHbL: a)
ocu abcmucc; 0) Ocu OpIMHAT; B) OMCCEKTPUCE MEPBOTO KOOPAMHATHOTO YTJIa; T') MpsSMoid y=3x+9.
5. 3anucaTth ypaBHEHHUE NPSMOM, IPOXOAALIEH Uepe3 TOUKU

6. JIyu cBera HampasiieH 110 npsMoii Haiitu KoopJuHaThl TOUKH BCTPEUH JIyda C OChbIO
U ypaBHEHHUE OTPAKEHHOTO Jyya.

7. Touka A(-2,3) ASKUT Ha NPSAMOU, MEPHEHAUKYISIPHON K mpsmoil 2x-3y+8=0.
3anucaTh ypaBHEHHE 3TOH IPSIMOIL.
8. Touka A(2,-5) sBnsieTcs BEpUIMHON KBapaTa, OAHA U3 CTOPOH KOTOPOIO JICKUT Ha
npsiMoit x-2y-7=0. BeraucnuTe miomaas kBaapara. (Omeem: S)
9. 3anucaTh ypaBHEHHE U MIOCTPOUTH MIIOCKOCTh:
a) mapasuienbHyto m1ockoctd OXZ u npoxoasiryto yepe3 Touky Mo(7,-3,5)
0) mpoxossmryto gepes ock OZ u Touky A(-3,1,-2)
B) napayuienbHyto ocu OX u npoxosiyro yepes ase Touku M(4,0,-2),
M2(5,1,7)
T') IPOXOJIAIIYI0 Yepe3 Touky B(2,1,-1) 1 uMeroIIyro HOpMabHbBIN BEKTOP
n=(1,-2,3)
1) npoxoadiryto yepe3 Touky C(3,4,-5) napamieabHo IBYM BEKTOpam
a=(3,1,-1) n6=(1,-2,1)
Otger: a) y+3=0; 6) x+3y=0; 8)9y-z-2=0; 2) x-2y+37+3=0; 0) x+4y+77+16=0.
10. CocraBuTh ypaBHEHUE OJHON W3 rpaHed TeTpasipa, 3aJaHHOTO BEPLIMHAMHU.
A(5.4,3), B(2,3,-2), C(3.,4,2),[4(-1,2,1). IIpoBepuTh npaBUILHOCTH NOJYYEHHOTO YPAaBHEHUS.
11. CoctaBuTh ypaBHEHUE MIIOCKOCTH:
a) nmpoxonsmieit uepe3 rouku Mi(1,1,1), M2(2,3,4) nepneHAuKyIsipHO K
IJI0CKOCTH. 2Xx-7y+52+9=0,
0) mpoxonsmieit uepe3 Touky Mo(7,-5,1) u oTcekaromeii Ha OcsX KOOpIWHAT paBHbBIE
MoJoXKuTeIbHbIe oTpe3ku. (OtBer : a) 3lx+y-11z7—21=0
0)x+y+z-3=0)
12. BBIYMCINTB YIOJl MEXAY IJIOCKOCTIMU X -2y +27—-3=0 u 3x-4y+5=0

(OtBer : )

13. 3anucaTh ypaBHEHHE IUIOCKOCTEW, JEIANIMX JBYXTPAHHBIE YIJIbl MEXIY
IIOCKOCTAMH 3X-y+7z-4=0 u 5x+3y-5z+2=0 ( OtBer: x+2y-6z=0,

4x+y+z-1=0)

Homawnue 3a0anun:

1.Haiitu ypaBHeHue npsimoid, mpoxoasuiei yepe3 Touky Mo( -2,3) u oOpasyromuii ¢
OCSIMM KOOPJIMHAT TPEYroJbHUK IIJIOLIaIbI0 4.

2.3anucarh ypaBHEHHE MPSMOM, MPOXOISIICH Yepe3 Havyauo KOOPAMHAT U 00pa3yrOIIHit
yron 30° ¢ mpsimoii y= - 3x+1.

3.3amucarp ypaBHEHHE MIPSMOM ITpoxoasiel yepe3 Touky P(5, 2) u oTcekaromeil paBHbIe
OTPE3KHU Ha ocsix koopauHat. (Omeem: x +y -7=0.)



4 Haiitn ypaBHeHUE NpsIMOM, NapauieabHON npsaMoi 12x+5y-52=0 u oTcTosiel oT Hee
Ha paccrosiaue 2. (Omeem: 12x+5y-26=0 nmm 12x+5y-78=0.)

5.BBIUKMCINTE BEIMYUMHY MEHBIIErO yriia Mexay npameiMu  3x+4y-2=0 u 8x+6y+5=0.
Jloka3aTh, 4TO TOYKa JIEKUT HA OMCCEKTPHUCE ATOTO yIiia, U CACNaTh PUCYHOK.

6. CocraButrh ypaBHEHHE IUIOCKOCTH uepe3 Touky P(1,0,2) mnepneHAuKyIsIpHO
K JBYM IDIOCKOCTSIM 2X-y+3z-1=0 u 3x+6y+3z=0.

7. CocTaBUTh YpaBHEHUE IUIOCKOCTH, NEPIEHIUKYIJIPHON K MIOCKOCTH 2X-2y+4z-5=0 u
otcekaromet Ha ocsix OX u OY otpeskn a=-2, 6= COOTBETCTBEHHO.

8. CocTaBUTh ypaBHEHHE INIOCKOCTH, TApAJICIbHOU BEKTOPY § = (5,0,-2) U oTCeKaromumx
Haocax OX u OY otpe3ku a=-4, b=1.

9. BbruuciauTh paccTosiHue MEXy MapaulebHBIMU IJIOCKOCTIMU

x-2p+4z-1=0 wu 2x-5y+2z+12=0.

IIpakTnyeckas padora Ne 8

Tema: CocTaBiieHne ypaBHEeHUI MJIOCKOCTH.

Heab: oTpaboTaTh yMEHHE COCTaBISATh ypaBHEHHE MPAMOM, 3aJaHHON pa3IMYHBIMU
crocob6amu; MepexoanTh OT OJHOTO BUJA YPaBHEHHUS MIPSMOM K IPyroMy

Teoperndyeckue 0OCHOBBI:

IIpsimasi ¥ JIOCKOCTH

B 3aBucumoctu ot croco6a 3agaHusi MPSMOM B MPOCTPAHCTBE MOXKHO paccMaTpuBaTh
pa3IuyYHbIE €€ YpaBHEHUS.

1. Bexmopho-napamempuueckoe ypasHenue npsamou. llycTb npsimas IpoXOIUT uepe3
TOUKY MapajjielbHO BEKTOPY, a Jir00as TouKa 3TOM MpsMoii .

KOTOpO€ TMOJy4yaeTcs [0 IMpaBULy CIIOXKEHHMsS BEKTOpPOB. YpPaBHEHHME  Ha3bIBAETCS
BEKMOPHO-NAPAMEMPULECKUM YPABHEHUEM NPAMOU, —HAIPABJISIONIUM BEKTOPOM MPSMOM 2.
Tlapamempuueckue ypasHenus npsamoti.

3. Kanonuueckue ypasHnenus npamoti. Pazpemas ypaBHEHUS B CUCTEME OTHOCHTEIBHO
{ ¥ IpUpPAaBHUBAS [TOTYYEHHBIE OTHOIICHHUS, IPUXOJIUM K KOHEYHbIM YPAGHEHUAM NPAMOLL.

4. Ypasnenus npamoii 6 npocmpancmee, npoxoosawel uepe3 08e mouxu.

5.06wue ypasnenus npsamoii 6 npocmpancmee.

Tenepp MOXKHO 3amucarh YCIOBHE NEPHEHAMKYJISAPHOCTH  IMPAMBIX a ycioBHE

MapauieIbHOCTH , @ YCJIOBUA WX coBnaneHus , rae Mi(xnyiz1) , Ma(x2y222) , a S1,82 —
HAIpPAaBIISAIONINE BEKTOPBHI.
Yenom meancoy npsamoui u niockocmoio Ha3bIBA€TCS YroJl MEXy MPSIMON

Y OPTOTOHAJILHOM MTPOEKIMEN Ha TIOCKOCTD.

IIpumep 1. CocTaBUTh ypaBHEHHE IIIIOCKOCTH, IPOXOAAIIEN YEPE3 TOUKY

P(1,0,2) nepneHAuKyIApHO K ABYM IJIOCKOCTSAM

2x-y+3z—-1=0 u 3x+6y+3z-5=0

Tax xak K03 PUIHEHTHI IIIOCKOCTEHN HE MPONOPLUOHAIBHBI, TO OHU MIEPEeCceKaroTCs, Tora
HANPAaBIIAIONIMN BEKTOP JIUHUI MepecedeHns] HaXO0JUM U3 BEKTOPHOTO NMPOU3BEACHUS HOpMasiei
JIBYX INIOCKOCTEH T.€.

Torma 5ToT BeKTOp OyIeT HOPMaIbIO HCKOMOM MIIOCKOCTH U 10 (hopmyrie (2) HaxoauM  7x
-y-5z=0.
[pumep 2. 3anucarh ypaBHEHHE INIOCKOCTH, MPOXOAILIEH Yepe3 MPsIMYI0
MEPIEHIUKYISIPHO K INTIOCKOCTH X+4y-37+7=0.
Hckomast III0CKOCTh MPOXOIUTH Yepe3 TOUKH mpsimoit Mo(2,3,-1) u uepe3 HanmpaBJIsIFOITUi
BekTOp Tmpsamoit  §(5,1,2) w depe3 HOopMmanu naHHoOW Tutockoctd n(1,4,-3). Torma u3 ycnoBus
KOMILUTAHApHOCTH Tpex BeKkTopoB MoM, s M n Haxogum

n 1x-17y-192+10=0.



3aganusa

1.Haiiti ypaBHeHHE NpsSMOH, MpoxoAsmier yepe3 Touky Mo( -2,3) u oOpaszyrommii ¢
OCSIMH KOOPJIMHAT TPEYroJbHUK IJIOLIAIbI0 4.

2.3anucaTh ypaBHEHHE MPSIMOM, MPOXOJAIIEH Yepe3 Hayajao KOOpPAUHAT U 00pa3yIomui
yron 30° ¢ mpsimoit y= - 3x+1.

3.3anucarh ypaBHEHUE MPSAMO poxo el yepe3 Touky P(5, 2) u oTcekaroiei paBHbIe
OTpE3KHU Ha ocsiX koopauHat. (Omeem: x +y -7=0.)

4 Haiitn ypaBHeHUE NpsIMOM, NapauieabHON npsMoi 12x+5y-52=0 u oTcTosiel oT Hee
Ha paccrosiaue 2. (Omeem: 12x+5y-26=0 nmm 12x+5y-78=0.)

5.BBIUKMCINTG BEIMYUHY MEHBIIEr0 yriia Mexay npameiMu  3x+4y-2=0 u 8x+6y+5=0.
Jloka3aTh, UTO TOUKa JIEKUT Ha OMCCEKTPHCE STOrO yria, U CAeNaTh pUcyHok. (Omeem: .)

6.CocTaBuTh ypaBHEHHE IUIOCKOCTH 4epe3 Touky P(1,0,2) mnepneHauKyaspHO
K JBYM IUIOCKOCTAM 2x-p+32-1=0 u 3x+6y+37z=0. ( OtBer: 7x-y-5x-z+3=0)

7.CocTaBUTh ypaBHEHHUE IIJIOCKOCTH, NEPIEHIUKYIIPHON K MIOCKOCTH 2X-2y+4z-5=0 un
otcekaromeid Ha ocsix OX u OY otpesku  a=-2, 6= cootBeTcTBeHHO. (OTBET: X-3Y-
27+2=0)

8.CocTaBuTh ypaBHEHHUE TUIOCKOCTH, MapaieabHON BeKTOpy § = (5,0,-2) U oTceKaronmx
Haocaix OX u OY orpeskun a=-4, b=1.

9. BbruucnuTh paccTosiHue MEXIY MapauieNbHBIMU IJI0OCKOCTIMU

x-2y+4z-1=0 nu 2x-5y+2z+12=0.

10. 3anucarp ypaBHEHHE IJIOCKOCTH, IPOXOSAIIEH Uyepe3 NpsAMYyI0 HEPIEHIUKYISIPHO K
IJIOCKOCTH .

11.Beraucinuts paccrosinue MexXay npsampiMu U ( Omeem: . )

12.I1epecekarotcst 11 npsimbie U ( Omeem: HET. )

Bomnpocsl k Teme:

1. Jaite onpeneneHue HOpMaabHOTO BEKTOpa IIPSIMOiA.

2. JlaiiTe onpeesieHne HAPaBIIAIOLIETO BEKTOPA IPSIMOM.
3. Kakum HabopoM 371eMEHTOB MOXHO 33/1aTh NPSAMYIO?
4. Kakoii BuJ1 MOKeT UMETh ypaBHEHUE PSIMOM Ha IMIIOCKOCTH?
5. Kak coctaBuTh ypaBHEHUE IPSIMONA:
- II0 HamNpaBJSIOLIEMY BEKTOPY U TOUKE,
- 110 ABYM TOYKaM,
- 110 HOpMAJIIbHOMY BEKTOPY U TOUKE,
- II0 OTpPE3KaM, OTCEKAEMBIM MPSAMOM Ha OCSIX KOOpAUHAT?
6. UYTO0 MOXHO CKa3aTh O MOJOXKEHUH MPSIMON Ha KOOPAMHATHOM IIJIOCKOCTH,
10 €€ YPaBHEHUIO:
- KaHOHHMYECKOMY
- MapaMeTpUyYeCKuM
- “Botpeskax”
- C yIJIOBBIM KO3(QPUIIUEHTOM
7. Kaxk nmepeiiTu oT 01HOTO BUAA YpABHEHUS MPSIMOM K IPYroMy BUY?
8. Uro MOXHO pacckazaTb MO YPAaBHEHHMIO O IIOJIO)KEHHH IIpsMOIl Ha
IUIOCKOCTH?
9. Kak onpenenuTs B3auMHOE paclonokeHUe TOUKH U PSMOM?
10.  Kak onpenenuTs TOUKY EpECEUEHUS IBYX MPSMBIX?

IIpakTuyeckas padora Ne9
Tema: Haxo:xneHnue npeaejioB (PyHKIMA U TOYEK pa3pbiBa.



Hean: npuoOpereHue 0a30BBIX 3HAHWUN B 00JacTH (yHIAMEHTAIBHBIX pa3/eioB
MaTreMaTuku. [IpoBepka yCBOCHUSI 3HAHUHM 110 BBIYMCIICHHIO NpeesioB GyHKIUNA. [ToBTOpUTE 1
CUCTEMAaTHU3UPOBATh 3HAHUS 110 JAHHOU TeMe.

Teopernueckmnii 6,10k
YroObl BEIYMCIUTH TIpeen (PYHKIUH B TOYKE, HAZO:

1) IloacTaBuUTh BMECTO NEPEMEHHOM X TO, K YEMY X CTPEMHUTCH.
5
2) Ecnu mocre BBINOJHEHHS MyHKTA 1) HOMyYMM HEOHpeneleHHOCTh Buaa %4, To Hamo
YUCIUTEb U 3HAMEHATEIIb IPOOH Pa3JIoKUTh HA MHOXKUTENIN M COKPATUTh APOOb, MM YUCIUTENb

M 3HAMCHATCJIb NJOMHOKHTBH Ha COIIPSKCHHOC M ITOCJIC 3TOr'0 COKpPATUTH I[p06B. 3aM€TI/IM, 4qTo

IpoOb Beeraa OyaeT COKpaIaThesl, €CIH B BRIPAKECHUU X a CTpPEJIKY 3aMEHUTh HAa MUHYC: (X-a).
=

3) Ecnu nmocne BbIMOMHEHUS MyHKTA 1) MOTy4yUM HEOMNPEEeIEHHOCTh BUa [“], TO HAJI0

YHCIUTENb U 3HAMEHATENb JPOOH pa3AeNuTh Ha CTapIIyIO CTEIIeHb HEM3BECTHOTO, MIIU CllaraeMoe

C camoii OOJIBIIION CTEIICHBIO B YMCITHTENIE Pa3/ICIUTh Ha CIaraeMoe ¢ CaMOl OOJIBIION CTETICHBIO

B 3HAMCHATCJIC U B34ATb HNPCAC OT pE3yJibTaTa ACIICHUA.
o

4) Ecnu nocie BbIIOJHEHUS MMyHKTA 1) MoIy4uM HEONpeaeIEeHHOCTh BUa [D] , CBSI3aHHAsI
C 3HAUEHHUSIMHU TPUTOHOMETPUYECKUX (YHKLUH, HaZl0 BOCIIOJIB30BaThCs MIEPBBIM 3aMeyaTeIbHbIM
HPEIETIOM.

Onpenenenune. [lepBpIM 3aMeyaTeNIbHBIM NIPEAEIOM HA3BIBACTCS IIPEIEI

il
lim—,

-0 ]

Ilepswiii 3ameyamenvusiii npeden paseH
i
In— =1
= Al

-0 ]

5) Onpeoenenue: Bmopvim 3ameyamenbHbiM npeoeiom Ha3vleaemcs npeoei
1)

e= lim 1—|—1
n

T—o0

Yucno €, 3adannoe >mum npeoeiom, uzcpaem OYeHb OONLULYIO pOlb KAK 8
MamemMamuyecKkom auaiuze, mak u 8 opyeux pazoenax mamemamuxu. Hucio € Hnazviearom

g, N =n¥
).

HAmMypaibHwvix 102apugmos (

OCHOB8AHUeEM

Teopema. Bmopoii 3ameuamenvuvili npeden cywecmeyem. Eeo 3mauenue -- uucno,
nexcaujee mMexncoy u .



bonee I’l00p05H0€ usyyenue uucia £nokasvléaem, umo €-- UppayuoHAlIbHoe YUCTO,

HeCKONbKO Nepeblx 0eCAMUUHbIX 3HAKO8 KOMOPO20 MAKOBbL.
e = 2,7182818285. ..

2. 3akpennenue u3yyeHHO20 Mamepuad.

Ilpumep 1
x=6 276
-1_2-1_ 4

lim,_,

)

Mu1 60cnonv3oeanucey npasuiom 1) u noocmaguiu 6Mecmo x mo, K 4emy X Cmpemumscs,

m. e. x=2.
Ipumep 2
. 4x—-6 [0] _ .. (=2 (x+3) 1 x+3 243
lim, _, — :[D]—hm — :llm 2 T 1 s
Ilpumep 3
PR N vy , (x—5) (Vz+2+3)
lim i [E] =lim,_,;- LE}M,‘T} lim, ¢ ()
F5 wra-3_Lo (VaFa-3) (VaFa+3) _ VEFE -3t
lim (x—B) (\=+3+3) lim (x—B) (+=F2+3)
¥=5 (xts-g) 0 X (x—5) _lim, _(WVx+ 4+ 3]=3+3=6
Ilpumep 4
ax® x & 1 & &
. L == 4+ lim ——vllm—
li 4x*+x—6 [oo hmx_mﬁ lim, . x x° x—noX ﬁ_;x“: 4
MMy —oe 37—z == = TR Ao e ‘+-l‘_?'éc?-“_?§cjzz
Ilpumep 5 . .
. I smva:: 6-“[]1_.:_:':'3[::“
lim sinéx  lim Fmex li 505X —
=0 e ax:x—ll} ” :EI me_mT:a:Z
Ilpumep 6
TR
a)lim (1+— 197 = lim [1-|- j“x-ﬂf z
00 dx W00 E"'
X ¥ :
: 2 o] o 22
]J.m(1+—] — [1*]= tm [1+—] =g
K= x 3w x
0)
4
z L] 4
_ 443 ) 40 il
hm[1+_] =[1#]= fim (1+_] .
¥ x Y= x
6)
1 1 2x-4 dx-2) )
im (2x-3)7 =[1° = tim (1425 95757 =lme 7 =0
2) ¥ X+

3. 3axpennenue 3HaHUl, YMEHUU U HABLIKOB.
Buvinoanume camocmosmenshyio pabomy no 8bl4ucieHuto npeoenos QyHKYui.

Bapuanr 1 Bapuanr 2
Boruncnute npenen GpyHKIUM: Boruncnute npeaen GpyHKIUM:
3x2 4x—2 I +4x—2
- - - Bn —— — ~
1. = 2 +6x—5 1. ™= 6x" +x-5
o 22 —5x En 2{ —5x-8
9 w5y g] o w5747
-1 En -1

3 =l 1 6x-T 3 =l 3 2x-3



Bmn —— Bn —
4. H“:ilﬂx. 4 I—}ﬂtgsx
En ﬂx En cigdx
= 5x = Ay
5. 2 . 5 =3 .
() (2]
6. TmxE2) 6 e xt3
) 1
E},ﬂ*;) En(d+-)°
7. . 7. x
sn bx o <in X
g =0 Hy 2 I—}IJIESI
m ot o Sxt4
9 x—0 4x 9. x—0 21-2
AL o
B [1+—] 3 Bn |14
10, x»wh ¥/ 10, > ®

IIpakTuyeckas padora NelQ

Tema: YacTHblIe ci1y4yan BbIYUCICHUSA NpeaeaoB pyHKIUH.

Heanb: npuoOperenue 0a30BbIX 3HAHUM B 00JaCTH (DyHIAMEHTANbHBIX Ppa3/esioB
MaTemaTuku. [IpoBepka ycBOeHUs 3HaAHMH 1O BBIYMCICHMIO IpenenoB GpyHkuuid. [loBTopuTh U
CHUCTEMAaTHU3UPOBATh 3HAHNUS I10 JAHHOU TEME.

Teopernueckmnii 6.,10Kk.
co
Ipenenl ¢ HeonpeaeJeHHOCTbIO BUAa ° M MeTol MX pemeHus

MBI PacCMOTPHM TPYIIIy Mpeaenos, koraa * — % | a ¢yukuus npeacTabaseT coboit 1pobsb, B
YHUCIIUTENIEC U 3HAMEHATENIe KOTOPOH HAaXOISATCSI MHOTOWJIEHBI

IIpumep:

2_ —
]jmzx 3x—5

2
Boruucauts npegen F 1+ x+3x

CornacHo Haiiemy IpaBHITy MOMBITaEMCS TIOJCTaBUTh OECKOHEYHOCTh B pyHKIHIO. UTO y Hac
noiydvaercst BBepxy? beckoHedHocTb. A uTo noiydaercs BHM3Y? Toxe 6eckoHeuHOCTh. Takum

oo
00pa3oM, y Hac eCTh TaK Ha3bIBaeMas HEOTPEAEIEHHOCT Buaa ® . MoKHO ObLIO GBI OIYMATh,
€0
— =00
[Ea]

4TO , 1 OTBET r'OTOB, HO B OOIIIEM CiIy4yae 3TO BOBCE HE TaK, U HY)KHO IPUMEHUTh
HEKOTOPBIN IPUEM PELICHHUSI, KOTOPBIA MBI CEMYAC U PACCMOTPHUM.

Kak pemate npenesnbl JaHHOTO THIA?



CHauana MBI CMOTPHM Ha YHCIIHTENb ¥ HAXOAUM * B cTapiieil cTeneHH:

. Ax?)-3x-5
Lim —== :
>0 |+ v+ 3%

CTapmasI CTCIICHb B YHUCJIIMUTCJIC paBHA ABYM.

Tenepb CMOTPHUM Ha 3HAMCHAaTECJIb U TOXKEC HAXOJUM ~ B CTapmeﬁ CTCIICHU.

2x*=3x-5
lim ;
x> |4+ v+ 3 )

Crapiuas cTeneHb 3HaMeHaTeNs paBHA JBYM.

3aTeM MBI BBIGI/IpaeM CaMyIO CTapIiyro CTCIICHDb YHUCIUTEIIA U 3BHAMCHATCIIA: B JIaHHOM IIPUMEPE
OHU COBIIAAAOT U PABHBI JIBOMKE.

I/ITaK, MCTOJ PCIICHHUA CHGILYIOH_II/If/'IZ AJId TOTO, 9TOObI PACKPLITH HEONIPEACJICHHOCTH
0]

® Heo6X0UMO pa3IeauTh YHCIUTENb U 3HAMEHATENIb HA © B cTapiueil cTeneny.

. 2x2—3x—5_0::_

r=w 14+ x+3x° o =

2
Pa3I[€JII/IM YHCJIMTEIb U 3HAMEHATEIb Ha

25 —3x—75 ox' 3 5 370 50
T FE P g Ty T e
(*)—m T+x+3x ww 1  x 3x e 170 177 T3
— —+5+= — +— +3
X X X X X X
D

Bot oHO KakK, OTBCT 3 , d BOBCC HC OCCKOHEYHOCTb.
Yro MNPUHIUIINAIIBHO BA’)KHO B O(I)OpMJ'ICHI/II/I peuicHUA:
BO-HepBHX, YKa3bIBa€M HCOIPECACIICHHOCTD, €CJIM OHA €CTh.

Bo-BTOpBIX, jK€NaTeNbHO NpepBaTh pelieHne A IPOMEXYTOUHBIX 00bscHEHUH. 51 00BIYHO

HCITOJIB3YIO 3HAK ™ , OH HE HECeT HUKAKOI'0 MaTeMaTH4YeCKOro CMbICIIa, a 0003HAYAET, YTO
pelieHne mpepBaHo sl IPOMEKYTOUYHOTO OOBICHEHHUS.

B-TpeThux, B Ipeene xeaaTelibHO IIoMedarh, 4To U Kyaa crpemutcs. Kormga pabora
oopmIIseTCs OT pyKH, YA00HEe 3TO ¢ceIaTh TaK:

&
= =]

L, 7,

-~

AL
| —iH—13
237 L B o

o

I[J'IH MIOMCTOK JIYUIIC UCTIOJIb30BATh HpOCTOﬁ KapaHJai.

[Tpumep 2

TR +152 4+ 9x+1

Haiitu npenen *7* R
CHOBa B UUCJIUTECJIC U 3HAMCHATCJIC HAXOAUM X B CTaleeﬁ CTCIICHU.




T 1537 +9x+1

\ s 2
N 6x?-3x-4
MaKCI/IMaJIBHaSI CTCIICHB B UUCJIUTCIIC. 3

MaxkcumManpsHas CTeleHb B 3HaMeHarene: 4
BriOupaem HauboJib1IIee 3HAUCHNE, B JAHHOM CITydae YeTBEPKY.

lim

—=m Sy

oo
CormacHo HameMy ajiroputmy, 11 paCKpbITHA HEOMIPCACICHHOCTU co JCIIUM YHCINTCIb U

4
3HAMEHATENb HA *

ITomHoe O(bOpMJ'IeHI/Ie 3alaHusI MOXKET BBITJTIAACTD TAK:

TR 15 4 9x+1 o

==

e Sxt + 620 —3x—4 o

4
Pa3I[eJ'II/IM YUCIIUTECJIb U 3HAMCHATECJIb Ha &

724152 +9x +1 ?*”+15*”+ g =" e =0
7 - t= t= t
=]jrr1 X =]J-mx X X X —
(9 =lm 5x +6x —3x—4 row s, 6 R
x“ Xﬂ X3 X
_ 0404040 _0 _
54+40-0-0 5
[Tpumep 3
h_mzf—ax—ﬁ

Haiitu npegen 7% x+1
MakcuMasbHas CTeTeHb «UKCay» B YUCIHUTENE: 2

1
MakcuMainbHas CTEIICHb «MKCa» B 3HaMeHaTele: 1 (I MO3KHO 3aIucarh Kak + )
oo

I[J'IH PACKPBITHA HCOMMPECACIICHHOCTH o HeO6XO,[[I/IMO PasaACINTb YUCIIUTCIIb U 3HAMCHATCIIb HA

2
4. Yucrosoii BAPpHUAHT PCIICHU MOKET BBIITIAACTL TAK:

. 22 -3x-5 o
fim S5 2272 T e
L8]

e x4l

2
Pa3znenum uyncnurens U 3HAMEHATENb HA

Ixt — ;-5 370 g0
R T
O=lm — 7 T o
Ig x xz
2

[Tox 3anucebio 0 MoJipa3yMeBaeTCs He JIeJICHUE Ha HOJIb (JISTTUTh Ha HOJIb HEJb3s), a JeJICHUE Ha
OECKOHEYHO MaJIOE YUCIIO.

s
Takum 00pa3oM, IPU PACKPLITHHU HEONPEAEIEHHOCTH BUAA ©° y HAC MOXKET MOJTYyIUTHCS
KOHeuHOoe YuUC10, HOJIb W OECKOHEUHOCTb.



IIpakTuyeckas padora Nell

Tema: BpluucieHue mnpeneoB (GyHKUUM MeETOAOM YMHOKEHUSI YUCIUTENS U
3HAMEHATEJIs1 Ha CONPSIKEHHOE BbIPaKeHue

Heasb: mnpuobperenne 0a30BBIX 3HAHUK B 00JacTH (hyHIAMEHTANbHBIX pa3/elioB
MateMaTHKH. [IpoBepka yCBOCHHS 3HAHUUM MO BBIUMCIECHHUIO npeaenoB GyHkuuil. [ToBTOoputs 1
CUCTEMATHU3UPOBATh 3HAHUS 110 JAHHOU TEME.

Teopernueckuii 6.,10K.

0
Hpe)le.]'lbl C HEOIIPEACJICHHOCTBIO BH1Aa 0 U METOI UX pelICHUA
CJ'IG,Z[YIOH_[aH I'pynia npeacjioB 4€M-TO IIOX0XKa Ha TOJBKO YTO PACCMOTPCHHBIC IIPEACIIbI: B

YUCIUTCIIC U 3BHAMCHATCIIC HAXOAATCA MHOT'OYJICHBI, HO «MKC» CTPEMUTCA YKE HC K
6GCKOH6‘IHOCTI/I, a K KOHEYHOMY YUCITLY.

[Ipumep 4
e 2x° —3x-5
Pewmrs npegen 270 x+1

Cnauvaina nonpo0OyeMm MoACTaBUTh -1 B IpOOE:
2-1*-3.(-)-5_0
—1+1 0

0
B mannom CJIydac 1nojiydcHa TakKk Ha3bIBacMasi HCOIIPCACICHHOCTb 0 .

OO01ee npaBuJIO: €CIIM B YUCIUTENE U 3HAMEHATENIE HAXOATCSI MHOTOWIEHBI, 1 UIMEETCS
0

HCOMPCACIICHHOCTHU B A 0 , TO IJId €€ PACKPLITUA HYKHO PA3J0KHTH YUCJIUTEIDb U
3HAMEHaATEJIb HA MHOKUTEJIH.

JUJ1s1 3TOTO0 Yalle BCero Hy»HO PELIMTh KBaJpaTHOE YpaBHEHUE U (MJIM) UCHOIb30BaTh (POPMYITbI
COKpAILEHHOTO YMHOXEHHUSI.

Pemaem npenen
b 2x"=3x-5 _
-l x4+

0
a={*]'

Paznoxum ducanTeas ¥ 3HaMeHATEIh HA MHOKHUTEIIH.

]IJ'IH TOI'O '—ITO6I)I paSJ'IO)KI/ITI) YUCIUTCIIb HA MHO)KI/ITeJ'II/I, Hy)KHO peIHI/ITI) KBajlpaTHoe ypaBHeHI/IeZ
2xt—3x—5=0
CHaqaﬂa HaxXoanum }II/ICKpI/IMI/IHaHTZ

D=(-3*-4.2.(-5)=9+40= 49
W xBagpaTHBIN KOPEHB U3 HETO: D =:J49=7 .

B ciydae ecnu tuckpuMuHaAHT O0IbIION, HartpuMep 361, UCTIONIb3yeM KalbKYIATOp, (PyHKITUS
U3BJICUEHMSI KBAIPATHOTO KOPHS €CTh HA CAMOM IIPOCTOM KaJIbKYJIATOPE.

! Ecnu kopenb He uzgnekaemcs Hayeno (noayuaemcsi OpobHoe YUCo ¢ 3anamotl), 04eHns
8EPOAMHO, YMO OUCKPUMUHAHM BbIYUCTIEH HEBEPHO UOO 8 3A0aHUU ONe4amKa.



Jlanee HaxoquM KOpHHU:
Il G Rl T

2.2 4 4
o 34T 347 105
o224 42

Takum oOpazom:
oxt =3x—5=2{x— (=1} [x—g] =2(x+1)- [x—g] ={x+1) {2x-5)
Bcé. Yncnurens Ha MHOKUTEINIH Pa3JI0KEH.

3HaMeHaTenb. 3HaMeHaTeNnb + +1 YKC ABJIACTCA HpOCTGfIH.IPIM MHOXHUTCIIEM, U YIIPOCTUTD €I'0
HUKaK HCJIb34.

o fx+1)-{2x-9)
R S

=

x+1
O4eBHUIHO, YTO MOKHO COKPAaTUTh HA { } :

(9= lim (25~ 5)= ()

¥—=-1
Tenepb U IMOJACTaBJISIEM -1B BBIPAXKCHUC, KOTOPOE OCTAJIOCh IO 3HAKOM IIpE€aciia:
=2 (=l)-5=-2-5=-7
B uncroBom BAapHUaHTC O(l)OpMJ'IGHPIC HAOJIKHO BBITJIAACTD IIPUMCPHO TaK:

e 2xi—3x-5 _
-1 x4

0
a=(*:'

PaBJ'IO)KI/IM YUCIIUTCIIb HA MHOXHUTCIIHN.
2xt—3x—5=0

D=(-3"-4.2 (-5)=9+40=49
JD =45 =7

_—(=3-7_3-7_-4

2.2 4 4
o 34T 347 105
o224 42

oxt —3x—5=2{x +1). [x— ; ={x+1) {2x-5)

(= tim ETD2225) (2x-5)=-2-5=-7

-1 x+1 -1

IIpumep S

R

T
Bbrapciuts npegen 2 X +4x—12

CHayana «4MCTOBOI» BapUaHT PEUICHUS



g-2xt
=2 x +dx—12

0 _
0
Pa3HO}KI/IM YUCIIUTECIIb U 3HAMCHATCJIb HA MHOXUTCIIN.

Yucnurens: & 2z = 2(4-x") = 2(2- D)(2+x)
3HaMeHaTeb:

X +4x-12=0

D=16+48=264

4D =38

~4-38 —4+8
RET T AT s

FHdx—12=(x+6)0x-2)

2

(9 2RTRCHD o QoR@ED o = G-+
2 (x+6)(x—2) w2 (x+6)0(x—2) 2 (x+6)(x—2)

O Cit.) N S S
i (46 8

Yo BaKHOTO B JaHHOM Ipumepe?

Bo-nepBbix, Bbl 1015KHBI XOpOI110 TOHUMATh, KaK PACKPBIT YUCIIUTENb, CHaYalla Mbl BEIHECIIH 32
CKOOKY 2, a 3aTeM HCHOJIb30BaIU (OPMYIy Pa3HOCTH KBAIpaToOB. YK 3TY-TO (hOpMyYITy HYKHO
3HaTh U BUJETh.

Pexomenmanms: Ecnu B npeaciic (HpaKTI/I‘ICCKI/I JIF000Tr0 TI/IHa) MOKHO BBIHCCTH YHCJIO 3a
CKO6Ky, TO BCerja 3To AeiiaeM. boiee TOT'0, TAKHUEC YHCJIa uenecoo6pa3Ho BBIHOCUTH 3a 3HAYOK
npeacia. 3auem? Z[a IpocTo YTOOBI OHH HE MEIIAIUCH 10 HOIraMH. FJ'IaBHOC, IIOTOM OTH 4YHUCJIa
HEC MOTCPATH 110 X0y PCIICHUA.

OOpaTtuTe BHUMaHKE, YTO Ha 3aKIOYUTEILHOM dTare pelieHus 51 BBIHEC 3a 3HAUOK Ipejiena
JIBOIKY, a 3aT€M — MUHYC.

! Baoicrno
lirn 2—x

—}2:}:—2

B xoze penieHus pparMeHT Tuna BCTpevaeTcs o4eHb yacto. CokpaIiars Takyr Apoob
HCJIb34. CHaqana HYXXHO IMMOMCHSATD 3HAK Y YUCIIUTECIA U Y 3SHAMCHATCIIA (BI)IHGCTI/I -1 3a
CKOOKH).

2= x 0 —lx-2)

lirn B G }:]Jm{—l}:—l

=2 — 2 0 x=22 x-72 ¥

, TO €CTh NOSIBIISIETCS 3HAK «MHHYC», KOTOPBII IPH
BBIYMCIICHUH NIPEJIENa YIUTHIBAETCS U TEPATH €TI0 COBCEM HE HYKHO.

Boo0rrie, s 3aMeTrII, 4TO Yarlle BCETO B HaXOXKICHUH TPEJICIIOB JAHHOTO THITA TPUXOATCS
peliaTh ABa KBaAPATHBIX YPaBHEHUS, TO €CTh U B YHCITUTENE U B 3HAMEHATEINe HaXOASITCS
KBaJIpaTHBIC TPEXWICHBI.
MeToa yMHOKeHHS YHCAUTE/ISI U 3HAMEHATEJIS HA CONMPSIKeHHOE BhIpaKeHHe

0
[Ipomomkaem paccMaTpuBaTh HEONIPEACIICHHOCTh BH/1A 0

Crenyronui TUIT MPEIeTIOB MOX0K Ha NpeAbl Ayl Tuil. EMMHCTBEHHOE, TOMUMO
MHOI'O4JICHOB, y Hac I[OG&BHTCSI KOpHI/I.



[Ipumep 6

Jr+6-flox-21

Haiiti mpegen ** Sx—15

Hauunaewm pemars.

CHauaia npo6yeM IoACTaBUTH 3B BBIPAXKCHUC 110 3HAKOM IIpE€aciia

SEe-afl0i-21 -5 0

5.3-15 C15-15 0

0
[Tonydyena HEONPEAECIEHHOCTh BUAA 0 , KOTOPYIO HY>KHO YCTPaHSTb.
- Mr+6-J10x-21 0

x5 5x—15 2=

Korna B uncnuTene (3HamMeHaTesne) HaxoIUTCSl Pa3HOCTh KOpHEH (MM KOpeHb MUHYC KaKoe-
0

HUOYIb YUCII0), TO JUISl PACKPBITUS HEOMIPEACICHHOCTH 0 HCIIOJIB3YIOT METO/I YMHOKEHU I

YUCJIUTEIA U 3HAMECHATE/IA HA COMPANKCHHOC BBIPaKCHHUE.

_ 3 g
Bermommmaem Gopmyiy pasrocTi keagparos: (&~ #N@ té)=a” -5
- Nx+6 10221

Yl cMOTPHM Ha HAIll Ipefer: = 5x-15

a
YTo MOXKHO cKa3aTh? ( y Hac B YHCIUTENE YXe ecTb. Tenepsb /i npuMeHeHus: GopMyIIbl

a+b
0CTaJ0Ch OPTraHU30BAaTh ( ) (KOTOpOE 1 Ha3bIBACTCS COMPSIKEHHBIM BHIPAKEHHEM).

YMHOKaeM YMCJINTENb HA CONMPSAKCHHOEC BLIPAKCHUE!

- (fx+6—J10x—21) (fx+6 +J10x - 21)
73 5x—15

O6paTI/ITC BHUMAHHEC, 4YTO IIOA KOPHAMU IIpHU 3TOH onepanr Mbl HUYETO HEC TPOraeM.

(a+5)

Xoporo, MBI OPTaHU30BaJIH, HO BRIPAXKEHHUE-TO IO/l 3HAKOM TIpejiesia U3MEHUIOCh! A

JJIs1 TOTO, YTOOEI OHO HE MCHAJIOCH, HYKHO €TI0 pa3saciiuThb Ha TO K€ caMO€, T.C. HA {ﬂ +b} .

i (246 = f10x =210 (fx+6 +J10x-21) _

()=1m, (5x=15)- (x+6 +./10x-21)

(%)

To ecTb, MBI YMHOKMJ/IM YHCJIUTEIb H 3HAMEHATEIb HA CONPSKEHHOE BbIPAKEHUE.
B n3BecTHOM CTENEHU, 3TO UCKYCCTBEHHBIN ITPUEM.

_ .2 gl
YMmuoxunu. Tenepb camoe BpeMsi IPUMEHUTDH BBEPXY GopMyITy (@—b)a+b)=a”-5&",



o Glx+eP -(lox-2n
O Gr15) (Jav e+ flon—21)
x+6—(10x-21) _
73 (55 —15) (W x+6 ++/10x = 21)

r+6-10x+ 21
:]_1_'[11 =
23 (55 —15). (- x+6 +10x - 21)
—9x+27
= lim =

P=3(5x =150 (fx+6 +410x - 21

(0

Heonpenenennocts 0 e npomnana (mornpoOyiTe MoJCTaBUTh TPOHKY), 1a U KOPHU TOXKE HE
rcuesnu. Ho ¢ cymmoil KopHel BCE 3HAUUTENBHO MPOILE, €€ MOKHO ITPEBPATUTH B MIOCTOSIHHOE
yucino. Kak sto caenars? Jla mpocTo MoJicTaBuTh TPOMKY MOJ KOPHU:

—9x+27
(*) = lim

73 (55 =151 (f34+6+/10-3 - 21)

—9x+27 . —9x+27

?f—>3(5x 15). (49 +49) 52 (52—15). (3+3)
1. —9x+27

iy — =

63 55—15 )

I{I/IC.]'IO, KaK YK€ OTMCYAJIOCh PAaHEC, JIYUIIC BBIHCCTH 3a 3HAYOK IIpCciia.

Tenepp ocTanock pa3noXUTh YACIUTEIb U 3HAMEHATEIb HA MHOKUTEIIN U COKPATUTH
«BUHOBHUKOB) HEONPEIEIEHHOCTH, HY @ IPEJIe] KOHCTAaHThI — PaBEH CAMOM KOHCTaHTE:
-%x-3 1 -3 1 (-2 3
(*) = # = lim — = —. -
6H3 Sx—3 63 5§ 10

5

Kak 10JKHO BBITTIAAETH PELICHNE JAHHOTO IPUMEpa B UUCTOBOM BapHaHTe?
IIpumepHO Tak:

e Sx 46— fl0x-21
¥—33 5x—15

0
:E:(*)

VYMHOXHUM YHCINUTEIb M 3HAMEHATEIIh Ha COITPSPKEHHOC BBIPAXKCHUC.

b (2 +6— 102 - 21 (fx +6 + /102 - 21) _

M= S(x—3) - (fx+6 +-10x—21)
1 x4+6—(10x-21) )
5 *3(;; 3 (76 A0z —21 )
11, xe6-10x+21 1. -9x+27
5 613 (x—3)  30m (z-3)

_ 1, —%-3)_-9_ 3
30%3 (x—3) 30 10

[Tpumep 7

Px-2

i —/—— —
2. frr6-2

o ¥
Haiitu npenen



CHauaza nmonpoOyiTe peluTh ero CaMOCTOSTENBHO.

OxoHYaTeapHOE PEIICHUE TPpHUMEpPa MOXKET BBITJIAACTE TaK:

2

. xF+x=-2 00
TR

=2 ix+h -2 0

PaznoxuM yucnuress Ha MHOXKUTEIIU:
P x-2=0

D=1+58=%

JD=3
x1=—_1_3=—2
2
e
. 2 -

Fhr-2=(x+2(x-1

1

VYMHOXXUM YHUCIIUTENb U 3HAMEHATEIb Ha COIIPSKCHHOC BBIPAXKCHUC

(e Dx-DEr 6+
0=, (Na+6-2(dx+6+2)

—2
e GFREDORAET 4D, 42D
¥l x+6-—4 ==l x+2
=4lm (x-1) =4 (-3 =-12

IIpakTnyeckas padora Nel2
Tema: Haxoxxnenue npon3BOAHON (YHKITHH.

Hean: IIpoBepuTh Ha NpakTUKE 3HAHME MOHATUS NPOU3BOJHON (YHKIMH, YMEHHE
HaXOJUTh NPOM3BOJHBIE IJIEMEHTAPHBIX (YHKUUH, CIOKHBIX (YHKIMHA, OOpaTHBIX (DYHKIMH,
MOJIb3YACh TaOMUIEH MPOU3BOAHBIX U MpaBWiIaMu AU(PHEPEHIUPOBAHUS, TOHITUEM CIOXKHAs U
oOpatHast pyHKIHS, yMEHHE IPUMEHSTh IPOU3BOIHYIO JUIsl HCCeA0BaHus (QYHKIUH.

1.Teoperuyeckunii MaTepuas U NPUMepPbI HAX0XKICHHUS IPOU3BOAHONM QYHKIMH.

Onpenenenune: IlpousBognoit gynkumu f(x) (f(X)) B Touke X Ha3bIBaeTCs Mperen
OTHOILEHHSI MPHpAIlEeHUs] QYHKIUU K HPUPALICHUIO apryMeHTa IMpH NpHPAIIEHUN apryMeHTa

CTPEMSAIICMCH K HYJIHO!

A
]‘lm.ﬂx—>0 ﬂx:f(x)

IIpousBoaHbIe dJ1eMEHTAPHbIX (PYHKIMH.



fi) i)
C —const 0
0 o= 1
g g
=" 2" lna
1
[ x -
A
log = 1
4 I
Sin s COS5®
Cos ¥ - sing
1
o 5
COs™

IMpaBuaa nuddepenunpoBanus.
Ecmm y bynknuit f(x) m g(X) CymecTByIOT NPOU3BOIHBIE, TO
1.C'=0
2. (utv)=u"+v'
3. (uwv)'=u'vtv'u
4. (C-u)'=C-u’, rne C=const

v Uv—DU

y e
5.()=
6. [IpousBogHas CIIOKHON (PYHKIIMH:
P(e())=F(g) ¢(x)
2. lIpumepsil.

x? + 2%
1. HaiiTu 3HaueHne NpON3BOIHON QYHKIHUU:Yy=3 -4x+8.
Pewrenue:
ITo mpaBuiTy HaAXOKACHUS POU3BOIHON anredpandeckoi cymmsl pyHKIui (hopmyna 2):
X2 + 2% x2)'+ (2%) 2% In 2 2%

y= Q@3 -“4x+8)= (3 -(4x)+(8)'=3-2x+ - -4-1+0=6x+

x®(sinx
2. HaiiTu 3HaueHne MPOU3BOIHON QYHKIMU: y = +4).
Pemenue:
x® v =sinx
OyHKIMS NpeACTaBIsieT cO00W MPOU3BEACHNE ABYX MHOXHUTENEH: u= +4.
[To popmyme 3:
(x®(sinx (x®*)'(sinx  x®(sinx x>(sinx  x® cosx
y' = +4))' = +4)+ +4)'=6 +4)+

3x—35

4 -3
3. Haiitu 3HaueHue MPOU3BOAHON QYHKIINH: Y=
Pemrenne:

3x—bv=e*—-3
@OyHKIMS TpeCcTaBisieT cO00M YaCTHOE ABYX BBIPAKCHHN: U= 4 .Ilo
3x—5 . Bx—5)-(4e*-3)-(2e"-3)-(3x-5) 3(4e¥-3)-4e%(3x-5)
(4‘3.1'_3 |:4-e-1'—3:|2 {49-1'—3]2

bopmyre 5: y'= = =




™
= Sinf 4% - — R p—

¥ = sin( Enj E TO4ke 9 12
Pemenue. Halinem mpou3BoaHYIO JaHHOW (QYHKIIMK TIO TpaBuiy audQepeHnrpoBanms

cinoxxHou ¢pyakuuu (popmyna 6):

(oo 3) (-] ol o) eeford)

002 r_r T_4.
y[ﬁ]-ctcuﬁ[ct = 6] 4005 = = 4 2.3

1 3
y=3p =G =3 et
5. Ecan “-'G , TO
6. y=x3 —3x2 + 5x + 2. Haiinem y '(—1).
y '=3x2 — 6x+ 5. CnenoBarenbHo, y '(—1) = 14.

7Ecmy=Inx-cosx,T0y'=(Inx)"'cosx +1Inx (cos x)'=1/x"cos x —Inx - sin x.
! t
x . (x3) cosx—x3{cosx} _3x2cosx+x35inx
] COSX cost x cos’x

[Tyctp nana gynkmus. s e€ uccienoBanus HyKHO:

1) Haiitu e€ obmnacts onpezaenenus. Eciu 3ToO HE CIUIIKOM CIIOXKHO, TO TOJIE3HO HAUTH
TaKke o0sacTh 3HaueHui. (OAHAKO, BO MHOTHUX CIIydasX, BOIIPOC HAXO0KAEHHS OTKJIIbIBAETCS 0
HaXO0XKJCHUS FIKCTPEMYMOB (DYHKIUH.)

2) BeuicHute oOmmMe cBoicTBa (YHKLUMH, KOTOpblE IOMOTYT B OIpeIesIeHuH €€
HOBEJCHUS: He sBsgercs Ju (QyHKOUS 4YE€THOW 10O HEYETHOW, He sBIsAETCS JIM OHA
MePUONYECKOM.

3) BericHuTh, Kak Ben€r cedst pyHKIUS Mpu MPUOIMKEHHH apryMeHTa K TPaHUYHbBIM
TOYKaM 00JIAaCTH OIpeNIeTeHMs], €CIM TaKhe IpaHuYHble TOUKU uMmeroTcsd. Ecnu ¢pyHkus umeer
TOYKH Pa3pbIBa, TO 3T TOYKU TOXKE MPOBEPUTH HA HATMUME BEPTUKAIBHBIX aCUMITOT (PYHKIIHU.
Haiitn HaKJIOHHBIE ACUMIITOTHI.

4) Haiitn Touku mepecedeHus: rpaduka ¢ OoCsIMM KOOPAMHAT, YTO COCTOUT B MPOCTOM
BBIYUCIICHUH 3HaYeHUs1 QYHKLUU TPU YCIOBHHU:

C ocpro OX: y=0;

C ocpro OY: x=0.

HaxoxxaeHue Touek mepeceyeHus C OChbl0 MOXKET NMPUBECTH K HEOOXOAMMOCTH PEIUTh
CJIOKHOE alredpanyeckoe ypaBHEHUE, YTO, ObITh MOKET, YIACTCS CAENaTh JUIIb NPUOIMKEHHO.
OTpIcKaB KOPHU (PYHKIIMU U TOUYKH Pa3pbIBa, Mbl MOKEM OIPENEIUTh 3HAK (PYHKIIMM Ha KaXJI0M
U3 UHTEPBAJIOB MEXAY 3TUMU TOUYKAMU. DTO MOXKHO CJIeaTh 100 BBIYMCINB 3HaYeHUE (PyHKINU
B KaKOW-HUOYAb U3 TOYEK MHTEpBaia, JTM00 MPUMEHUB METO HHTEPBAJIOB.

5)HaiiTu npoMexyTKd MOHOTOHHOCTH. JIJIi 3TOro HaxoJAT MPOM3BOJHYIO M PEIAlOT
HEPABEHCTBO:

f(x)0 Ha MPOMEXKYTKAX, TJI€ 3TO HEPABEHCTBO BHINIOJIHEHO, (YHKIUS Bo3pacTaeT. Tam,
TJIe BBIITOJTHEHO HEPABEHCTBO f(x)0, GbyHKIHS yOBIBaET.

Haiing uHTEpBajgsl MOHOTOHHOCTH, MBI MOXEM Cpa3y OIPEIeUTh TOYKU JIOKAJIHLHOTO
JKCTpEMyMa: TaM, TJe BO3pacTaHME CMEHSETCS YOBIBAaHHEM, pacloyiaraloTcs JIOKalbHbIE
MaKCHUMYMBI, a TaM, I'7ie YObIBaHUE CMEHSIETCSl BO3PACTAHUEM - JIOKAJIbHBIE MUHUMYMBI.

6) HaxoxneHrne MHTEpPBAJIOB BBIMYKJIOCTH M BOTHYTOCTH BEIETCS C MOMOIIBIO BTOPOM
npousBoAgHoOMN. Hais f "(xj, MBI OIIpEAEIAEM 3HAKU f "(x] Ha UHTEPBAJIAX:

ecu [ '(%),0, o KpHBas rpa¢uka GyHKIHUN BOTHYTA;

ecn [ (%)40, 10 KpHBast rpaduka GyHKIHUN BBITYKIIAs.

3a0HO ompezaenseM TOYKM Tepernda Kak Te TOYKH, B KOTOPBIX (YHKIHS MEHSET
HaIlpaBJIeHUE BBIMYKJIOCTH (M HEMPEPHIBHA).



7) HaxoxxneHue Todek mepeceueHus rpaguka ¢ aCHMIITOTON U JTOTIOJTHUTEIBHBIX TOYCK.
OTOT MYyHKT HE HOCHUT 00S3aTENIbHOTO XapakTepa, OJHAKO HAaXOXIACHHE TaKUX TOYEK MPUAAET
MCCJIEIOBAHUIO (PYHKIIMH U TOCTPOCHHOMY €€ rpaduKy 3aKOHUEHHOCTb U MOJHOTY.

3aM€TI/IM, 4YTO IOJydJaromuecsd B IPOLCCCE HCCICIOBAHUSA q)YHKI_[I/II/I TOYKH Ha OCiAX

KOOPJMHAT U Ha rpadyKe MOJIE3HO Cpa3y >kK€ HAaHOCUTh Ha 4epTEX. JTO MOMOTaeT Mo XO4y Jela

YSCHATH BUJ Ipaduka.
3. BbINOJIHUTE CAMOCTOSATEIbHO:

Ne Hajitu Ne Hajitu npousBoaHy10
BAPHMAHTA | MPOU3BOAHYI0 QYHKIIUM Y: BapuaHTa | GyHKIUH y:
1 3 6 4
1. y=6" - 1. y=-6% -
3cosx+8x—9 Jcosx+x—11
Ex E_x—a
2. y== (5x+7) 2. y= (x+17)
Inx 6—2Ilnx
3, y=sinx 3. y= sin2x
%2 10-x°
4. FB 4. _yz9
5 Fwisin 2x s y:,xsin(ﬁx —5)
3 3
2 1 y=-7%"-1 ! 1 y=-7%"-1
3ctgx +x—5 3ctgx +x—5
X X
2. y=4 (sxt7M %y 2. y=4" (sx7Im %)
x—0 x—9
3. Fsinx 3. Fsin:x:
4. y=In(6x-3) 4. y=In(6x-3)
4 — 73 4 — 73
5 y:,,#(Sx 7) 5 y:,,.f(Sx 7)
3 1.y=4x-3tgx+6x-8 8 l.y=-5x+2ctgx+3x-2
7. y:ex,ccns X 7 y:8x,ccrs( —4x)
3x—4 S5x—4
3.y=5-4% 3.y=15-2%
11 14
4_y:(6x—9] 4.};(2}:—?]
S_Y:S (sinx)? 5_}:9 (sinx)?
) )
4 1. y=7x-9X"+12 ? I y=5x-7X"+10
2. y= 2. y=
x> - (7cosx — 8) Vx-(4cosx— 3)
tgx ctgax
3. y= 5inx+7 3. y= cosx+4
4. y= 4. y=
J10g,(5x — 8) J/sin(2x® — 4)
5 y= 6::::54:'.: 5 y= 153—2::::55::\-:
5 1.y=6Inx-3,6 10 1.y=16x-0,6
cosx + 4 cosx + 4Inx
-3 4x—9
2. y=(3x-4)- 127 2. y=(7x-9)-27°
Scigx Stgx—3x+5
3y= ¢&* y= e




3 3
4.y=(X" 7x+5). 4.y=("9%" ).
cos4dx cos 8x
5y=V5x — 4x3 5y=v15x—4xt,
tgx*
4.BbINOTHHUTE CAMOCTOSATEIBHO:
BapuanTt Nel Bapuant Ne2
HccnenoBath (GyHKLHIO Ha HccnenoBatsb (GyHKLHIO Ha
MOHOTOHHOCTb U SKCTPEMYM: MOHOTOHHOCTb U IKCTPEMYM:
1 _IE—SIE—F‘-} Exa_x2_3x+i
: —3 3
5—2% Ly=
2 —4 *
2. Fx 2. yzx 2z _ 1
Bapuant Ne3 Bapuant Ne4
HccnenoBath (byHKLHIO Ha HccnenoBatsb (byHKLHIO Ha
MOHOTOHHOCTb U 9KCTPEMYM: MOHOTOHHOCTb U IKCTPEMYM:
—q3 2 _ _ 43 2 _
I y= x*+3x° — 2 I y= x*+3x° —2
.'1:-'2 .‘1!-'3
2. y=x*-1 2. y=x7%-1
Bapuant Ne5 Bapuant Ne6
HccenenoBars byHKIHIO Ha HccnenoBath GyHKIHIO Ha
MOHOTOHHOCTh M SKCTPEMYM: MOHOTOHHOCTH U IKCTPEMYM:
3 _ 3 _ 2
1 y=X 12x+ 6 1 y=X 12%° g, 44
2x 1
2. y=x 41 2, y=x2+1
Bapuant Ne7 BapuanTt Ne§
Hccnenosarts GyHKIIIO Ha HccnenoBats GyHKIUIO Ha
MOHOTOHHOCTh M DKCTPEMYM: MOHOTOHHOCTH U IKCTPEMYM:
3 _ paa2 _ 3 2
1 y=X 6x°+9x—3 1 y=X 12%° g, 44
2x 32
2. y:":z"'1 2. Fx2+1
Bapuant Ne9 Bapuant NelO
HccnenoBath byHKLHIO Ha HccnenoBathb (byHKIHIO Ha
MOHOTOHHOCTb U SKCTPEMYM: MOHOTOHHOCTb U IKCTPEMYM:
L Fx3+9x2—|—24x—|— 12 1342y 1
2 1. y=2 2 2x-3
.'7(.'2
6x +18
2. y=bxt 5 y=x-2

5. KoHTpoJIbHBIC BONIPOCHI:

2, Brruncienue

Xy

¥ [ —
Kk
1+ Vo

amo nojiyyeHue us 6XOOHBIX OAHHBIX HOBO20 3HAHUS

1. Cdopmynupyiite mnpaBuiIa HAXOXKICHHS TMPOU3BOJHON CYMMBI, MPOU3BEACHUS,

YaCTHOTO.
2. Kak HaliTi MpOU3BOIHYIO CIIOKHOW PYHKITUN?



3. Kak npumensercs mnpousBoaHas QYHKIMM [Jid UCClIeNoBaHUS (YHKIUU Ha
MOHOTOHHOCTb, SKCTPEMYM?

IIpakTnueckoe 3ansaTne Ne 13

Tema: Haxoxkaenue npou3BoaHbIX pyHkuuid. HaxoxkaeHue npou3BOIAHBIX CI0KHBIX
(pyHKIUI, BBICIIUX NIOPSAIKOB

Hesab: HayuyuTbcs BBIYUCIATH NMPOU3BOAHBIC (DYHKIMH, CIOXKHBIX (DYHKLINH, BBICHIIMX
MOPSIIKOB

Teopernueckuii 610K

Ha npakTtuke ¢ npou3BoAHOM CI0KHOU (HYHKIIUU IPUXOAUTCS CTAIKUBATHCS OYEHB YaCTO,
koraa Bam ngaHbl 3a1aH1s HA HAXOXKACHUE POU3BOIHBIX.

CmoTpuM B TabnuIly Ha TIpaBuiIo auddepeHIMpOBaHUsl CIIOKHOW (PYHKITUH:

(v =) '

Paz6upaemcs. Ilpexnae Bcero, obpatumM BHMMaHME Ha 3alUCh u(v). 31ech y Hac JABe
bynkuu — ¥ u ¥, npuuem ¢yHkuus ¥, oOpa3sHO roBopsi, BIOXeHA B QyHKIMIO ¥ . OyHKIMS
TaKOro BUJa (Korja ojHa (yHKLHUS BIOXKEHA B IPYTYI0) U Ha3bIBAETCs CIOXKHON (yHKLUEH.

Oyukuuio ¥ Ha3plBalOT BHelIHell (yHkumeil, a QyHkiuio ¥ — BHyTpeHHel (Wim
BJIOKeHHOM) pyHKIMeii.

J1st TOro, YToOBI MPOSICHUTH CUTYALUIO, PACCMOTPUM:

ITpumep 1

Haiitu npousBoanyto GyHKIMH y=smf3x-3)

Ilon CHUHYCOM Yy HAC HaxXOOUTCA HE IPOCTO 6YKB8. «HMKC», a ICJIOC BBIPAKCHHUC
MMO3TOMY HaWUTH MMPOU3BOAHYIO Cpa3y 110 Ta6J'II/II_I€ HC INOJIYIUTCA. Taxxe MbI 3aM¢€4dacM, 4TO 3CCh

3x—5,

HEBO3MOXXHO IMTPUMCHHUTH HepBble YCTBIPE IMpaBuia, Bpoac OBI eCTh Pa3HOCTb, HO ACJIO B TOM, YTO
«pa3pnIBaThb qacTu» CHUHYC HEJIb34:

sm(3¥ ‘*r-*mt’rﬁ=~<ﬁh_

B manHOM MIpuUMEpPE YyKC U3 MOHUX 0OBSICHEHHI HHTYUTUBHO IOHATHO, YTO (bYHKI_II/IH

y=s(3x=3) _ 310 cnowmas PyHk 3x-3 i
YHKOUA, OPpUYICM MHOT'OYJICH ABJIICTCA BHYTPCHHCU

st 3x— o)

¢byHKIMEH (BIOKEHUEM), a
IlepBbIii mIAar, KOTOPBIA HYKHO BBINOJHUTE IPH HAaXOKJIECHUU IPOU3BOJHON CIIOXKHOMU

— BHEIIHEN QyHKIueH.

(YHKLIUU COCTOMT B TOM, 4TOOBI pa3o0parbcesi, kakasi (GyHKUHUSI sIBJIsieTCs BHYTpPeHHeil, a

KaKasl — BHEIIIHEeH.
sin{ 3x—0)
B cnyudae mpocThiX npuMepoB BpoOJae MOHSATHO, YTO IMOJ CHUHYC BIJIOKEH

MHOTOUTeH X~ 2 . A Kak ke ObITh, ecu BcE He o4eBHMAHO? Kak TOYHO ompenenuTth, Kakas
GyHKIMS SBISETCS BHEIIHEH, a Kakas BHyTpeHHeu? s 3Toro s mpeiarair UCIOIb30BaTh
CIEAYIOUIUNA MPUEM, KOTOPBIA MOKHO MPOBOJUTH MBICIICHHO WJIM Ha YEPHOBHKE.

Hpe)ICTaBI/IM, YTO HaM HYXHO BBIYHUCIUTb Ha KAJIBKYJIATOPEC 3HAYCHHUC BBIPAKCHUSA

s 2x —5 =
( ) opu * = 1 (BMECTO €AMHUIIBI MOXKET OBITH JH000€ YHCIIO).

Uro MBI BBIYHCIUM B NEpBYI0 ouepens? B mepBylo odepenb HYXHO OyJeT BBINOIHUTD

CleyIolIee IEUCTBHE: 3-1-5=-2 , TO3TOMY MHOT'OUJIEH 3x-3 g Oyzner BHyTpeHHEW QyHKIIHeH
V.

e ey x
s »111({ D

W

sin{ —2)

Bo BTOpY10 04epeab HYKHO OyneT HalTH , TIO3TOMY CHHYC — Oy/IeT BHELTHEH (pyHKIUEH:



y=[inGx - 5))

W

uv)

ITocne Toro, kak Ml PASOBPAJIMCD ¢ BHyTpeHHEW W BHEIIHEH (DYHKIMSMU camoe Bpems
(V) =a vy v

Haunnaewm pemars. Mbl IOMHUM, YTO 0(OPMIICHHE peIIeHus 000 TpOU3BOIHON BCerna

MPUMEHUTH MPaBmIIo AudPepeHupoBaHus CI0KHON (HYHKIIUN

HAUMHAETCS TaK — 3aKIIF0YaEM BBIPAKEHHE B CKOOKH M CTaBUM CIIpaBa BBEPXY LITPHUX:
y'=(ein( 3x = 3))f

f
. u'lv
CHayaja HaxoJuM MPOU3BOJHYIO BHEIIHEH (YHKIIUU ) (cunyca), cMOTpUM Ha

(zth x)' = COSX  p

TaOJIMIy TPOU3BOJHBIX JJIEMEHTApPHBIX (YHKIUNH U 3aMedaeM, 4YTO ce

Ta0JUYHbIE q)OpMy.TIbI NpUMEHUMBbI U B TOM, ClIy4dae, €CJIU «HUKC» 3aMCHUTH CJI0KHBIM
BbBIPpAKCHUEM, B JaHHOM cirydac:

w'(v) =cos(3x - 5)

OOparuTe BHUMaHUE, YTO BHYTPEHHss QyHKIms ¥ = 3% =3 He W3MEHWIAC, €& MbI He
TPOraeM.

Hy " COBCPIUICHHO OYCBUIHO, YTO

V= (3x— 5
(v =u'(y)

Pesynbrar npumenenus: GopmyIsl B YUCTOBOM O(OPMIICHHH BBITJISIAT

TaK:

¥={nl 3x— 0" =cos(3x—-0) (3x -3

Jlanee mMbl 6epeM IPOU3BOAHYIO BHYTpeHHEH (YHKIUHN, OHA OYESHb IIPOCTas:

=l 3x—0 =cos(3x—0) (Bx -0 =cos(Bx -0 - (3-0)

[TocTosHHBIIHI MHOKHUTEITh 00BIYHO BBIHOCAT B HAYaJIo BBIPAKCHHSI:
¥ = 3x— 5 = cos(3x-5) (32 -5 =cos(3x-5) 3-0 =
= 3cos(3x— 1)

I'oroBo

Ecnu ocranock kakoe-1nb0 HeZJOOHUMaHKe, IEPENUIINTE pellieHre Ha Oymary | ele pa3
npounTaiite o0bsICHEHUS.

[Ipumep 2

Haiiti 1pon3BOHYO QYHKIHH »  Co° 2x

DTO IpUMED VISl CAMOCTOATEILHOTO PEIICHHs (OTBET B KOHIIE YPOKa).
[Ipumep 3

_ 5
Haiiti iponsBoanyio QyHKImMu » — (2z+1)
Kaxk BcCerja 3aIlMChIBACM:
¥ = ({(2x+ Y
PazOupaemcs, rie y Hac BHemIHss (QYHKIMS, a e BHYTpeHHss. s sToro mpobyem

(2x+ 17

(MBICJ'ICHHO HJIM Ha I-IepHOBI/II(C) BBIUUCIIUTE 3HAYCHUC BBIPAKCHUA npu x=1 . Uro

HY>)KHO BBIIIOJIHUTH B NEPBYIO odepenp? B mepByro ouepenpb HYKHO COCUMTATH YEMY PaBHO

OCHOBAHHC: 2'1+1=3, 3HA4YUT, MHOI'OYJICH {2x+1} — W CCTb BHYTPCHHAA (byHKHHH:
AT
y=@x+D
:
£

I/I, TOJIBKO ITOTOM BBIIIOJIHACTCA BO3BCACHUC B CTCIICHD , CJICAOBATCIBbHO, CTCIICHHAA q)yHKI_II/ISI



- 3TO BHELIHSS byHKIHS:

Dy’

y &

u(v)

r
wvN =u'v)v . .
CornacHo dopmyse (vl ) , CHayaJla HYXXHO HAWTH IPOU3BOJHYIO OT BHEIIHEH
GyHKIIMM, B JaHHOM CiIy4ae, OT cTemneHW. Pa3pickuBaeM B TaONMuUIlE HYXHYIO (GOpMyIy:

-1
. HOBTOpSIeM CIIC pa3s: J100as Ta0JITHYHAS (bopMy.na clipaBeJinBa HE TOJIBKO 1JIl

«MKC», HO M JUISA CJO0KHOT0 BbIpaxkeHusi. TakuMm o0pa3oM, pe3yibTaT NMPUMEHEHHs TpaBuiia
. () =u'(v) v
nuddepeHIPOBaHUS CIIOKHON (DYHKITMH
Y =2z 4+ =5 (2x+0 2241

(x")' = nx

CIHEAYIOUTUIA:

()
BHYTPEHHSIA byHKIISA Yy Hac HE MEHSIETCS:
W TR

5.(2x

5-C2x+Dp

HE MEHAETCA

CHoBa MoJYepKUBal0, 4TO KOT/Ia Mbl OepeM MPOU3BOAHYIO OT BHEIIHEH (PYHKIIMU

TenepL OCTaJIOCh HAWTH COBCEM MNpoOCTYHO NPOU3BOIHYIO OT BHYTpeHHeﬁ CI)YHKI_II/II/I 1 HEMHOI'O
«IIpuvecaTb» pe3yJbTar:

Y=(2x+D =5 2x+)t 2a+1) =
=5 (2x+ 1t (240 =10 (2x+ 1)
I'otoBo.

[pumep 4
1
Y=-= 1
Haiitu npousBoiHyto QyHKIHH =" -1
DT0 npuMep Ui CaMOCTOSTEIBHOTO PELIeHHs (OTBET B KOHIIE YPOKa).
Jlnst 3aKpernyieHdss TOHUMaHUs TPOM3BOJHON CIIOKHOW (YHKLUHU NpHBeRy mpumep Oe3
KOMMEHTapueB, MONPOOYHTE CaMOCTOSATENIBHO Pa300paThCs, MOPACCYkAaTh, I/l€ BHEIIHAS U Te

BHYTPEHHsS QYHKIIUS, IOYEMY 3aJlaHHsI pellIeHbl MMEHHO Tak?

Ipumep 5
a) Haiitu HpOI/ISBO)IHyIO dyrxmpn ¥ % ctgaix

1 1
I': f I'_ - _
y' = (arcig~ix) (J—) (afx) =

1+x 2 2da(+ )
0) Haiiti mpou3BoaHyto GyHKITUN ¥ = jarcigx

J 1 1
"= (. farciex) = ————  (arciox) =
y=( gx) > Troion (arcigx) e e
Ipumep 6

Y —r;
HaiiTi ipou3BOAHYI0 QyHKIHH 2 +igr+15

3/ech y Hac KOpeHb, a JJS TOro, yToObl mpoanpdepeHupoBaTh KOPEHb, €ro HYKHO

z
MNpEaACTaBUTL B BUJC CTCTICHU x? . Takum 06p330M CHa4alia IpuBOAUM (I)YHKI_II/IIO B HaJlJICKAIITUH

i auddepeHnnpoBaHus BUL:
i

1
¥ =G ign+15) = ((xz +igx+ 15)§J



Ananu3upys (GYHKIUIO, TPUXOJMM K BBIBOAY, YTO CyMMa TpEX CllaraeMblX — 3TO
BHYTpEHHSIs1 (YHKIHS, a BO3BEACHHME B CTeNeHb — BHEIIHss (GyHkius. [IpuMenseMm npaBuio

nuddepeHIMpOBaHHs CIIOKHOM PyHKIMH ) =u'lv) V',
1
¥'=CGfx" +ign+15) = [{f +.ﬁgx+15)§] =

1 2
= g-{xg +£gx+15T3 A(xt +igr+15)

CreneHb CHOBA MTPECTABIISIEM B BUJIE pajiuKaia (KOpHs), a ISl IPOU3BOIHON BHYTPEHHEH
(GyHKINY TPUMEHSIEM IIPOCTOE MPaBUIIO0 AU PepeHInPOBaHUSI CYMMBI:

1 f
¥ =G tegx+15) = [{xg +r.gx+15)§J =

1 2 E 2
= §[x +zgx+15)_3 Axt+igx+15 =
1

= (X + gx) + (19 =
3.3/(x% +1gx+15)°

= 1 : [2x+ - ]
3.3/(x® +egx+157° cos” X

I'otoBo. MOXHO eme B CKOOKax MPUBECTH BBIPAXEHHE K OOIIEMYy 3HAMEHATEII0 M
3anucarh Bc€ 0HOM ApoObio. KpacuBo, KOHEYHO, HO KOTAA MOIYYal0TCsl TPOMO3/IKHE JITMHHbIC
MPOM3BOJIHBIC — JTyYIlIe 3TOTO HE JIeNIaTh (JIETKO 3aIyTaThCs, IOIMYCTUTh HEHYKHYIO OIINOKY, 11a U
MpernoiaBaresnto OyAeT HeY00OHO IPOBEPSTH).

Ipumep 7

5
Haiitu nmpou3BonHyto QyHKIHH Nr+in x
3TO0 mpUMep Il CAMOCTOSITENILHOTO PelIeHUs (OTBET B KOHIIE YpOKa).

HHTepecHO OTMETHTH, YTO HHOTJA BMECTO mpaBwia AU(GGEpeHIUPOBAHUS CIONKHON
r
u] v — 1

2

V ¥

(GYHKIIMM MOKHO HMCIOJIb30BaTh MPAaBWIO AU(PepeHIupoBaHns YaCTHOTO [
TaKoe peleHne Oy/IeT BBITIIAICTh Kak-H3BpatierHse He0OObIYHO. BOT XapakTepHblii npumep:

, HO

IIpumep 8
_ 1
Haiiti npousBoaHyr0 GyHKINU Losx

r
u] v — '
— | =—5—

v v

3/1ech MOKHO MCMOJIb30BaTh MpaBuiio nuddepeHpoBaHUs 4aCTHOTO [ ,

HO TOpa3fo BHITOJHEE HAWTH HPOMU3BOAHYIO depe3 MpaBwio AuddepeHIupoBaHUs CIIOKHOM
GyHKIMHU:
f

N
==
Cos X

[loaroraBnuBaem ¢GyHkuMoO A8 JUddepeHIUpPOoBaHUsT — BBIHOCUM MHHYC 3a 3HaK
IIPOM3BOIHOM, a KOCUHYC MOJHIUMAEM B YUCIIUTENb:

oA
cos X cos X

Kocunyc — BHyTpeHHSst (GyHKIUS, BO3BEICHHE B CTENEHb — BHEIIHSS (QYHKIHS.

@iV =u'v) '

Hcnonb3yem Hallle paBuiIo



f f

oo o
Cos X Cos X

= (-1 -cos*x (cos )’

HaxoauMm npou3BoHyt0 BHYTpeHHEH (QyHKINH, KOCUHYC cOpachiBaeM 0OpaTHO BHH3:

Cosx CoOsX
Sl X

=_{_1:"'3'5‘-‘5_2x'(Cosx}r=—2-(—sin x)=——
cost x cos® x

I'otoBo. B paccmoTpeHHOM npuUMepe BaXKHO HE 3amyTaTbcsl B 3Hakax. Kcraru, monpoOyiiTe
r
i 1 — 1
—| =—
PELINTH €r0 C TOMOIUIBIO NMPaBUIIA

v v , OTBETHI IOJI’KHBI COBITACTb.
[Ipumep 9
1
Haiitu npou3Boanyro GyHKIHH arccos” x

OT0 mpUMep I CAMOCTOSITENILHOIO PELIeHNUs (OTBET B KOHIIE YPOKa).

Jlo cux Mmop Mbl pacCMaTpHUBAIH CllyyaH, KOT/Ia y Hac B CJIIOKHOW (PYHKIIMH OBLIO TOJIBKO
OJIHO BJIOXKEHME. B mpakTHUecKux e 3a/laHusX 4acTO MOKHO BCTPETUTh POU3BOHBIE, I'/Ie, KaK
MaTpEeIKH, OJJHA B APYTYIO, BIOXKEHHI cpa3y 3, a To U 4-5 HyHKIH.

Ipumep 10

_ —arcemn® ®

Haiitu npoussoanyto GpyHKIUN y=1

o arcein® &
Paz6upaemcst BO BIOXKEHHSX 3T0i dyHKImn. [Tpo6yeM BBIYHCIATD BRIPAKCHHE *

MIOMOIIIBIO TIOIOTTBITHOTO 3HAYCHUS * = 1 Kax 651 MBI cuntanu na KaJIbKyJsTOpEe?

CHavaja Hy)XHO Haityn #C5 1 snauur, apKCHHYC — CaMO€ TIIyOOKOE BIIOKCHHE:

—@ErCanYs

-2
3areM 3TOT apKCHHYC €AMHHUIIBI CIIEAYET BO3BECTH B KBaapar -5 1.
Ercsins

arcsin® 1
u, HaKOHell, CEMEpKY BO3BOJIMM B CTEIIEHb 7 :
S

To ecTb, B JaHHOM IpHUMeEpe y HAcC TpU pa3Hble (QYHKUUU U JIBAa BIOXKEHHUS, MIPH ITOM, CaMOM
BHYTpeHHell (yHKUMeH sBisieTcs apKCHUHYC, a caMOd BHEIIHeW (yHKIMeW — Moka3aTeiabHas

byHKIHS.
Haunnaem peuiaTtb
yr _ {?msin! x:lr

) =av) v N
CornacHo npaBuiy CHayaJla HY»KHO B35ITh NMPOU3BOJHYIO OT BHEIIHEH
¢byakuun. CMOTpUM B TaOJUIly TPOM3BOIHBIX M HAXOJAWM IPOM3BOJHYIO IOKAa3aTeIbHOMN

Eat_ X
by @) =8 MA@ By renHoe  ommHume  —  BMeCTO  «@IKCy Y HAC  CIOWKHOE

-2
BeipakeHne HCFL A gqro He OTMEHsET CpaBeAIMBOCTh NaHHO# (opmynbl. UTak, pe3ynbrar

(2 (V)" =a (v -1

npUMeHeHHs paBuia JudQepeHIUpoBaHus CIOKHON GYHKINU CJIETYIOIIIHMN:



yr — {?msm!x}r — ?u'csm! L n 7. (arcsin 2 x}r

[Tox mTpuxom y Hac cHoBa cioxkHas ¢pyakuus! Ho ona yxe npore. JIerko yoeauThes, 4To
BHYTpEHHSII (QYHKIMS — apKCUHYC, BHeIIHsAA (QyHKus — creneHb. COrNacHO MpaBUly
TuQepeHIIMPOBaHUS CIOKHON (PYHKIIMU CHaYasa HY>KHO B3SITh POU3BOAHYIO OT CTEICHU:

yr — I:?ar-:sinz:r:lr — ?ar-:sinz ¥ iy 7. (arcsin ! X:Ir —

= T 107 D arcsin ' x . (arcsmn x)°

Tenepb BCC IIPOCTO, HAXOJAUM IIO TaGJ’II/II_Ie IMPOU3BOJHYIO A4ApPKCHMHYCa W HCMHOI'O
(IIPHUYECBIBAEM)> BBIPAXKCHHUEC!
=2 =2 .
yr — {?msm x:lr =?m‘csm L ]11 ? (Eﬂ’ESlﬂ 2 x}r —
7 2 . .
= 7MY 07 Zarcsin® x - (arcsin x) =

1

=7 Ih7 - Zarcsin x ﬁm_
_ 207 7™ arcein x
\h— x
I'otoBo.
[Ipumep 11

Haiitu npousBoanyto GpyHKIUN y=h 2(2;{ -1

DTO IpUMeED VISl CAMOCTOATEILHOTO PEIICHHs (OTBET B KOHIIE YPOKa).

Ha mnpaktuke mnpaBwio nuddepeHpoBaHus CIOKHOM (DYHKIMM TOYTH Bcerjaa
MPUMEHSIETCS B KOMOMHAIIMY C OCTaJIbHBIMU MpaBUiIaMu AUPHEPEHIIUPOBAHUS.

[Ipumep 12

- NP N .
HaifTy mpom3BoaHYIO GyHKIUH » — 2x8" +(x" —4x+3)sin Tx

¥ = (—2xe™ 4+ (x* —dx 4+ sin Tx)

(e Tv) =t

CHauazna ucnonb3yeM npaBuio Au(QepeHInpoBaHUS CyMMBI , 340JHO B

HepBOM cJaracMoOM BBIHOCHUM HOCTO?IHHI)II\/'I MHOXUTCJIb 3a 3HAK HpOI/I3BOI[HOI71 1 (¢} HpaBI/IJ'Iy
(Cu) =Cu' |

Y= (=2xe” + (2t —dx+Dsin T =20z +((x* —dx+3sin Tx)

B o0oux cnaraeMbIX NOJ IITpUXaMH y HAc HaxXOAMTCSA MpoU3BeNeHHE (YHKIUH,

(1) = u'v +uv”
CJIEIOBATENbHO, HY)KHO JBaXKIbI IPUMEHUTH TIPABUIIO :

Y= (—2xd + (2t —dx+Dsin T = -2(xe )+ (2 —dx 4+ Dsin Tx) =

= —2((0& + x(&™ VNV + (x* —dx+3)'sin Tx+(x° —dx+Disin Tx)

Ix
3aMeqaeM, 4TO IO HEKOTOPBIMU HITPUXAMH Yy HAC HAXOOATCA CIOXKHBIC (byHKHI/II/I g€ .

57X | KanamGyp, HO 9TO TPOCTEHIINE M3 CIOKHBIX (YHKIHHA, H IIPH ONPeETCHHOM OIBITE
pelieHus IPOU3BO/HBIX Ber Oynere JIeTKO HaXOJUTh ux YCTHO.

A 1I0Ka 3aruieM HOI[pOGHO, COTJIaCHO IIpaBUITy (u (V}I:I ‘= ur(v) a4 , [IOJIy4acM:
Y= (—2xe 4 (xt —Ax4+3sin TR = —2(x Y +((x° —dx +Dsin T2 =
= —2((x)e + 2™V + (x* —dx+D'sin Tx+(x° —dx+Dein 7x)' =
=—2(1.& +x & (3N +(2x—4+0sin 7x+(x* —dx+ cosTx (T2) =
= —2(e™ 4+ 3z + (2x—Dsin Tx+T7(x* —4x +DcosTx

T'oToso.
[TpumepsI 1151 CAaMOCTOSATEITLHOTO PEIICHHS

Haittu ipoussoanyio Gynkmum » — ™ X +4 In(sin 7)



(o
Ilpumep 2: y'=—2sm 2x
. 14x
M} =T |: 1 _ 1)3
Ipumep 4: x Vrazanue: nepeo oughgpepenyuposanuem HeobX00UMO
|
—_— x

a
nepenecmu Cmenendb Hasepx, CMEeHUeB y nokasameisid 3HaK x

| ~ 1 [ 1]
Y= 1+ -
5 fi x

Ilpumep 7: (x+1n %)

] 2
..}? =
Hpumep 9: ~..|'r'l— x . arccost x
o Alnf2x-1

o An(2x—1
Ipumep 11: ex—1

o xln(sin x) n Wt 44 cosx

= - _

Ilpumep 13: "'Irx +4 s &

IIpakTnueckas padora Ne 14

Tema: Haxoxnenue quddepenunanon pynkuuii. UcciienoBanue GpyHKUMHU 10 001

cxeme, IOCTpoeHUe rpapuxa

Heab: Hayuutbes Haxoauts auddepennnansl GyHKIUN U MTOCTPOSHUIO rpaduka

Teopernyeckuii 610k
1. Heobxoaumoe ¥ JOCTATOYHOE YCJIOBHE TIOCTOSHCTBA (YHKIUH.

2. MounoTtoHHOCTh (yHKIHH. JJoCTaTOUYHOE YCIOBHE CTPOTOM
MOHOTOHHOCTH. HeoOXxonmmmoe ©  OCTaTOYHOE YCIOBUE
MOHOTOHHOCTH.

3. Dkcrpemym ¢dyukuu. HeoOxonumoe ycioBHe SKCTpeMyMa.
Hoctarounsle ycnoBus 3kcTpemyMma. Hanbosbliee 1 HauMeHbIlee
3HaYeHHe (QPYHKIUM Ha OTpe3Ke.

4. BeimyksiocTs ¢GyHKUIMU. JocTaTOYHOE YCIOBUE BBITYKJIOCTH.

5. Toukn neperu6a. HeoOxoaumoe ycioBue TOYKH meperuoda.
JlocTarodHoe YCIIOBHE TOYKH Tieperuoa.

6. AcumnToTel Tpapuka (QYHKIHH.

7. OOmas cxema wuccienoBaHusl (QyHKUMH M TOCTPOEHHUS IpadUKOB.

OO6mass cxema wuccienoBaHuss (YHKIMM W TOCTPOEHMSI Tpaduka

I. Onpenenenne oOmero xapakrepa rpaduka (QyHKIHH:

—HaXOXJeHHe 00JacTu ompeneneHuss (QyHKIHH;

—HUCClieIoBaHNEe (PYHKUIMU Ha YETHOCTh, HEUETHOCTD,

NIEPUOIUIHOCTb;

—nccienoBaHie (YHKIUU Ha HENPEPbIBHOCTh (QYHKIUH U

TOYKH pa3pbIBa,

—HaXOXJICHUE BEPTUKAIbHBIX, TOPU3OHTAIBHBIX

U HAaKJIOHHBIX AaCHUMIITOT Tpaduka (YHKUIUY;

—HaXOXJICHHE TOYEK TMepecedeHus: rpaduka QyHKIUU C

OCSMH  KOOPJIMHAT;

—HaXOXXJCHHE WHTEPBAJIOB 3HAKOIMOCTOSIHCTBA (YHKIIMU;

—HaxO0XKJCHUE JONMOJHUTENbHBIX TOYEK TIpaduka

byHKIIHIH.



II. Yrounenue  xapakrtepa rpaduka  GyHKOHH ~ C MTOMOIIBIO TIEPBOM
MIPOU3BOAHOM:
—HaXO0XJICHHE UHTEPBAJIOB MOHOTOHHOCTHU (DYHKIIUY;
—HaxO0XJCHHE TOUEK JKCTPEMYMOB (YHKLHUU.
I11. YTouHenune xapaktepa rpaduka QyHKIIUU C TOMOIILI0 BTOPOH  MPOU3BOIHOM:
—HaxO0XJECHUE WHTEPBAJIOB BBIYKIOCTH  BBEpX,
BBIIIYKJIOCTH BHM3;
—HaxOXJEHHE TO4YeK Imeperuda QyHKIUH.

KoHTpoJIbHBIE BONPOCHI

1. ®ysknus auddepeHnupyemMa Ha MPOMEXKYTKE U MOHOTOHHA.
Uto MOXHO CcKa3aTh O €€ MPOU3BOIHON?

2. OyHKIMS HMMEET Ha OTPE3KE IOJOKUTEIBbHYIO IPOU3BOJIHYIO.
UTto MOXHO cKa3arb O €€ MOHOTOHHOCTH?

3. ®OyHKIUS CTPOro MOHOTOHHA Ha OTpe3ke. Moxer im eé
MPOU3BOJHAS HAa 3TOM OTpe3Ke 00pamarbcs B HOJIb?

4. Moxer nu (yHKUHA B TOUYKE JKCTpEeMyMa OBITh
HeaudepeHunpyemoit?

5. Ilycte ¢yHKUIHA B TOYKE X, UMEET MUHUMYM. BepHo mH, 4TO
e€¢ Ipou3BOJHAs B 3TOM TOYKE paBHA HYIIO?

6. Ilyctb (QyHKIUS B TOYKE Xo MMEET MHHHMMYM. BepHo nu, 4To OHa
muddepeHnpyemMa B ITOH TouKe?

7. Ilycte QyHKOHMS B TOYKE X, IMEET MHHHMYM. BepHo i, 94TO
€CJIi OHa HEMpepblBHA B 3TOH TOUKe, TO €€ MPOM3BOJHAS B ITOU
TOYKE paBHA HYIIO?

8. Ilycth QyHKIMS B TOYKE X, UMEET MHUHUMYM. BepHo mu, uTO
ecnmu oHa auddepeHuupyemMa B 3TOM TOuke, TO €€
NPOU3BOJHAS B OJTOH TOUYKE paBHA HYIIO?

3agauu A/ NIPAKTHYECKUX 3aHATHI

1. Halitu acumnToTel rpaduka (QyHKUIUU:

2
a)f()—$; 6) f(x)= o

2. HaliTu npoMexyTKM MOHOTOHHOCTH (DYHKLHUU:

2) f(X)=x3 —6x2 +9x-3; 6) f(x)=x2(x—3); B f(x)=z+§
X

£2

.3. Haiitu skctpemymbl  (yHKIHU:

a) f(x)=x3—-27x; 6) f(x)=3- \/>+2 Jx+2; B) f(x)——
(x-3)
4. UccnenoBatb  MeToaaMu JuddepeHnanbHOro
HCUUCIICHUS clefyroume (QyHKIMM M TOCTPOUTh TIpaduKu:

2
0 f) =0 DT Ui
x=3 x2+1
_X
lnx r) f(x)=x-e

3agaun a9 caMOCToslTe.ﬂbnoﬁ padoThbI



1. Haittm acumntoTel  Tpaduka (QyHKIUU:

2 2
o f)=" "2 =

X+2 x—2
2. HaifTu mpOMEXYTKM MOHOTOHHOCTH ()YHKIIMH:

8) f(x)=x3 —6x2+9x—3; 6) f(x)=x2(x—3); ) f(x)=z+§.
X
3. Haiitu skctpemy™mbl  (QyHKIHH:
D () =x3—27x: 8 f()=3Va% +2-Fx+2; f(x)z%_
(x=3)

4. UccnenoBatb  MeroaaMu auddepeHuanbHOro
UCYHCIIEHUS crenytoue ¢GYHKIUH W MOCTPOUTHh TIpaduKu:

x2—6x-|-13 x

a) f(x)= .6 f(x)= 5
(1+x)(1-x)

x-3
2 2
e

x“+2x+1 x“+2x+1

IIpakTuyeckas padora Ne 15

Tema: IloHsiTMe HeompeaeJeHHOr0 HHTerpaja W ero cBoiictBa. Haxo:kaenue
uHTerpanoB ¢yukuuii. HHTErpUupoBaHuMe 3aMeHOH IEPEMEHHOM M MO0 YacCTHAM.
HNuTerpupoBanne panMoHAIbHBIX H HPPALUOHAIBHBIX PYHKIMI

Hean: HayunTbest BBIYUCIAT MHTETPAT (PYHKIIUM M HHTETPUPOBAHUIO PAIIMOHAIIBHBIX U
UpPPaLMOHATBHBIX (DYHKIIMH

Teopernuecknii 010K

Onpeodenenue. @ynkuus F(x) Ha3piBaeTcsl nepBooOpa3Hoil QyHkuend QpyHkuuu f(x) Ha
oTpeske [a, b], ecnu B 1000H TOUKE STOr0 OTpe3Ka BEPHO paBEHCTBO F¢(x) = f(x).

Onpeoenenue. HeonpeneneHHbIM UHTErpajJoM (QYHKIMH f(X) Ha3bIBA€TCS COBOKYNHOCTh
nepBoOOpa3HbIX (YHKIMNA, KOTOpbIE ompeneneHsl cooTHomeHueM F(x) + C. 3anmuchIBaioT:

[rdc=Fii+C

CsoiicrTBa:

D {] ﬁ::}dr)' = (F()+CY'= f(zx

2 d{] f(x&)= fx)dx

3) [&F@=F@+C

" J G+ v—ve)ck — [uchc + [velc — [ ek,

S)IC-fmdr= Cfrdc

B Tabnuue 2 npencraBieHbl OCHOBHBIE 3HAUEHUS HEOIIPeIeIEHHBIX HHTErPaJIOB.

rJe u, v, W — HEKOTOpbIe (PYHKITUH OT X;

Tabnuma 2 — Tabnuia HeonpeAeIEHHBIX HHTETPAIOB

Wurerpan 3HaueHue Nurerpan 3HaueHue
1 Jrack -In¥acosxVat+C 11 | J& ex+C

2 Jotmex InYasinx2+ C 12 | Jooszdx sinx + C




3 [ e 2 c 13 | [sinxdx -cosx + C
Ing
& 1 x 1 tgx+C
— — Vi 4
4 |7z e 14| Iozs
& 1 _|(z#a 1
—mj—(+C [ 4 -
> Io=2 2ar—al 5 | I ctgx+C
[Iponomxenue Tabauibp 2
Nurterpan | 3nadeHue Nurterpan 3HayeHue
aad 2 ] dr . x
In + c —_ —
o Iz o2 16 |7 e
=l 1 I x
~dx r _ i mig| 2+ |ec
7 _[ u+l+t‘.‘,uae 1 17 I g F[1+‘J+
8 & Injr+C 18 IL g 1+g f|.|.c
x anr 2
9 | [sxa chr+C 1o | Jexx hr+C
& [ 4
10 Idl_rrd‘ o+l 20 'I-ﬂl_rrdr —chx+C
Teopema. Ecnmu TpeOyercs HaWTH HUHTErpanl -[ Sk , HO CIOXHO OTBICKATh

nepBOOOpa3HYIO, TO C MOMOIIBIO 3aMeHbI X = j(¢) U dx = j¢(¢)dt momyuum

[rwdc=ratomioa

Metoa MHTErpupoBaHMs IO YAcTSIM OCHOBAaH Ha M3BECTHOH (hopMyse MpOM3BOIHON
npousBeaeHus (uv)¢ = u¢v + véu, Tae u u v — Hekoropsle GyHKIMHU oT Xx. B nuddepenuumansroi
dopwme: d(uv)=udv+vdu.

feomy= s

IIponHTerpupoBas, nNojydyaem
B cooTBeTcTBHE CO CBOMCTBAMH HEOIIPEIEICHHOIO HHTETpalla
Jusctr= 2ev— [ e
[Monyunnu ¢opMyny HMHTETpUpPOBAaHUS IO YacTAM, KOTOpas IO3BOJISET HaXOAMUTh
MHTETpajbl MHOTUX 3JIEMEHTAPHBIX (DYHKIUH.
2.1.2 [lpuMepsn! pelieHud 3a4a4
l-cosx
Ne 000 [4]. Haiirn = —50%”
Pemenne

l- l—u_nsrzdr=LlI—zinI=t ‘=I§=_f_l+c=_ l_ .
(r—snx) — cosx)d = df e 000 [4]. Haiitn

P

HEOTpeIeIEHHbBIN HHTErpal el

Permenue
[ToxBenem nop 3Hak quddepeHrana 3HaMeHaTeNb MOILIHTETPaIbHON JpooH

—d(Tx +1) 3
_in _1r{ic+D) 1
1-[ 741 11 11h|h3+1|+c

dr
Ne 000 [4]. Haiii ~ X —6x4+25 |



Pemrenue

& & 1 (x-3
Ix’—snn =I{x—3}‘+16= Em[T}rC

I- _.-f-ilfl—_ifdr.

No 000 [4]. HaiiTu HeonpenenEHHBIN UHTETpa
Pewenune

1
F=——| %k
15 Y

_ — 4
BBenem mnoacraHoBKy t=1-3r , oTkyga H=-13x"dt  Torpa . Haxomum

MOJTYYCHHBIM TaOIMYHBIA HHTETPAJI U BO3BPAIIAEMCS K CTapOi IEpeMEeHOM

5
& 4 4
Lie=——2%P:c-—"Ha 3 Hac
5 ?5 75

4

20
2rsl) dx
No 000 [4]. HatiTu HeonpenenEHHBIN UHTETpa j { ah } .

Pemenue

2t 1) de={2xe1-s, ar-2a) =jr’"-%d=%:’-%+c=

n
= {I—I+l} +C.

A
=_—+C
42 42

33,[[3‘11/1 AJIs1 CaMOCTOATCIIbHOI'O pCIICHUSA
I= -.-Iuctgrd’r

Iahunsnd’r.

Ne 000 [4]. HaiiTu Heonpenen€HHbIN HHTETpall

Ne 000 [4]. HaliTu Heonpenen€HHBIN UHTErpall

edc
Ne 000 [4]. Haiitu -l

I{I, |ar+.b Idr
B HHTCrpajiax BHIAA x+d , A€ n — HATypaJbHOC YHUCIIO, (1)YHKLII/ISI

o+ b

T

panuoOHATIU3UPYCTCA C TOMOIIBIO MTOACTAHOBKHU cx+d

Ecnu B coctaB uppanuoHanbHON (YHKIUU BXOIST KOPHU PA3JIMYHBIX CTENEHEH, TO B
KayecTBE HOBOM NEPEMEHHON pAallMOHANBbHO B3ATh KOPEHb CTENEHH, PaBHOW HaUMEHbIIEMY
o0111eMy KpaTHOMY CTeleHell KOpHel, BXOISALIMX B BEIpaXKEHHUE.

Onpeodenenue. buHomMuHambHBIM auddepeHnanomM Has3bBaeTcs BblpaxkeHue xm(a +
bxn)pdx, Tne m, n, U p — paloHayIbHbIe YKcaa. HTerpan ot 6MHOMUHAIBHOTO AuddepeHnnana
MOYET OBITh BBIPAXKEH Yepe3 dJIEMEHTapHbIe (DYHKIMH B CIEAYIOMINX TPEX CIIydasx:

1) ecnmm p — menoe YMCIO, TO MHTETPAT PALMOHATU3UPYETCS ¢ TIOMOIIBIO OACTAaHOBKU

1
t="x , TIe | — 00Imuii 3HAMeHAaTeNb M U 1,
m+l

2) ecim ® — penoe 4WCO, TO MHTErpal PalUOHAIM3UPYETCS IOJCTaHOBKOM

X
t="la+bx®  rre g 3HaMeHaTelh APOOH p;

m+l+F fos a+ "

3) ecnru ® — IIeJIOE YHUCIIO0, TO MCIOJB3YETCs] MOACTAaHOBKA =" , TIme s —

3HaMeHaTeNb JIpooH p.

I{I,'\.'mz +ixt e Id’r
WuTerpansl BuIa MyTEeM BBIJICIICHHS TTOJTHOTO KBajJpaTa MOTYT OBITh

MPUBEICHBI K OJTHOMY M3 CIIEAYIOIIUX TPEX TUIIOB:

1 Iﬁm#mz—ﬂz}dr,



IR{mﬂ.‘mz + 1% s,
JRGee fart — me e
IR{:{, e — 2ok

UHTETpaTy OT pAallHOHAIBHON ()YHKIIMKA OTHOCUTENILHO Sinf MIIK COSE.

IR[:[,"-.IIm1+uz]d[

MHTETpally OT pallMOHAIBHON (PYHKIIMH OTHOCUTENBHO Sinf U COSL.
1 1

JR(w. 2 — m? Yl ey p—

MOICTAHOBKO# =f g e0sf CROMUTCS K

WNurerpan Buga TIO/ICTAHOBKO} ¥=msmf pyyy; #=me0st cponpyreg

) = HE = w
I/IHTerpaJI BHUAa IOoACTaHOBKOH HnJIn CBOAUTCA K

HNuterpan  Buga
HWHTErpaJly OT PallMOHAIIBHON (DYHKIIMM OTHOCUTENIBHO Sin¢ WIIH COSL.
[ToncranoBku Ditnepa UCIIONB3YIOT IIPH CICIYIOIIUX YCIOBHIX:

IR[I,“-.'IEIZ +bxtc)d

1) ecnu a>0, To nHTErpan Buaa palMOHaIN3UPYETCs MOICTAHOBKOM

Vot +bxde=tExla :
IE[I_“-.'IMI +brte)de

2) ecmm a<0 m ¢>0, TO uWHTErpa; BHUIA paluMoOHANIN3UPYETCA
MOJICTaHOBKO} Yo +ox+e = & olc .

3) eciu a<0, a MIOJIKOPEHHOE BbIpaXXEHHE packia/ipiBa-
eTcs  Ha  JIeWCTBHUTENbHBIE  MHOXHTeM a(x — xl)(x — x2), TO  uHTeEr-

pa BEa _l-ﬂ[r.“u'ﬂlz +hbrtc)de Ve e =Hx—x) '

PaccMOTpHM MHTErpabl CIEAYIOMIMX TPEX TUIIOB:
M)k
I _[ Jm:J +hxic
1) _I'JF'['_I}\.I'm:1 +Ix o
m | dt .
- el +hxtc

rie P(x) — MHorouneH, n — HarypaibHoe uucino. Ilpuuem wunrterpansr II u

PalluOHATIN3UPYCTCA MOJICTAaHOBKOM

III TunoB MOryT OBITH PUBENIEHBI K BUAY UHTErpasa | Tuma.

Beinonaum crnenyromee Hp606paSOBaHI/Ie'

]' 1{1}& O iz e +1]'

Nar +ixd e et e

B 9TOM BbIpaXeHUM (J(X) — HEKOTOPBIH MHOTOWIEH, CTENEHb KOTOPOIO HMKE CTEIEHM
MHOrowieHa P(x) Ha eAuHuIy, a | — HeKOTopas MOCTOSHHAS BETUYMHA.

JUis HaXOXXICHHWsS HEONpEAETIeHHBIX KOd(QQHUIMEHTOB MHOrowieHa ((x), CTeleHb
KOTOPOTO HIKE CTENeHH MHorowieHa P(x), auddepeHIUpyoT o0e YacTH IOJY4EeHHOTO

BBIPOKEHUS, 3aT€M YMHOXAIOT Ha Vo +hxre U, CpaBHUBas K03()PHUIMEHTH IPHU OJWHAKOBBIX
CTETIEHSX X, ONPEENAIOT BeNuunHy | 1 ko3¢ PuienTsl MHOrOWIeHa O(X).
[IpuMepsl peleHus 3a4a4
[,
-Df1+%x-1 )

Ne 000 [4]. Haiitu
Pemenue



(e, {’%"ITI=£;:—1=F;}=

(x—1) (1+\.’_ ) dr=12"ck
(o2 £+f £ £
|G R nf e ae [ a)-

=12 [][:— HJ&+I[1— HJ d‘J= IIIH—III£+IIIJ—

—11]-%=6!:+11f—ﬁll{f:+l}—lludgf+c=
+

=651 141237 1- 6 x— 14+ ) —12amctg T 14C
Jad P

Ne 000 [4]. Haiitu -[
Pemenue

=S
=ﬂ_|- J& — & sn’ ¢ costd =
ot a

=ajams=ﬂ=";]'(1+m WA=+ SnU+C=

= ?+f antmt+C—§u:ein—+—a.n'aF o+

dic
Ne 000 [4]. Haiiru I e +xt
Pemenne
l_ I—dg[;dr—;,—d'; l_ & _
I:?ﬂ:ﬂ.! a cos &' tg 't
umf
a- a‘f:}ds‘n:__ 1 1 3
I I sn't et damt O
e b Zd  x __[J+r’)“_~.,|'d’+r’+
- ““ﬂ.li 2 JZag| 3P | drx
+C.
_ &
Ne 000 [4]. Haiiru - 2 —H7
Pemenue
[ — = T g [ Aentcosid _
o — 45" = . s £-2-Fig't

1 1 1 1
= ﬁ-l- o' felf = ﬁjdg:f[ﬁnt ‘_ 1}&:_51 dg' ik g —

1 1 1 1 1 1

£ 2 1 1
+—+C—dpgf= =— + +
32 { Jf—d} 1M 4" 6./ 4

+l m3+ﬂ_
32 x

I 3¢ -7+ &
Ne 000 [4]. Haifru ~ N¥ —2x+5

Ne 000 [4], Haiizy J (42 60V +3&



IIpakTu4yeckoe 3ansitue Ne 16

Tema. OnpenesieHHbld HMHTerpajd. BbluucieHue omnpeaeJeHHOr0 HMHTerpaJa.
Boruunciienue niomaaei ¢guryp u 00beMo0B Te
I_[e.m,: 3aerHI/ITB YMCHUA CTYACHTOB pCIIATh 3aAa4U MO BBIYHUCIICHUIO HHTCI'PAJIOB
Teopernueckmnii 6,10k
L)
Gm E Sz )Ax,
=l

i, -

Onpeoenenue. Ecnu mist GyHKkmmm f{x) CyImIeCTBYeT Mpeaen , PaBHBII

.}
m 3 f(c)Ar, = | 109

- A 30 a o
TO (DYHKIIHMSI HA3bIBACTCSI HHTEIPUPYEMOM Ha OTpe3Ke [a, b].
CBoiicTBa OIpeIeIEeHHOr0 UHTErpana:

] ]
[ 4r(dc= 4] r(xyax,
1) o o

B b b
Jur@* ratapde = | fimdct [ fnac
2) o o o ;

[ rmde=o0
3) = ;
4) ecnu f(x) £ j(x) Ha oTpe3ke [a, b], rae a < b, TO

] | ]
Jrdcs [ona

5) ecnu m u M — COOTBETCTBEHHO HaMEHbIIee U HanboIbIlee 3HaueHus GyHKINH f{x) Ha
oTpeske [a, b], To

&
m(b—a) ilf{ﬂdri M{p—a)
o 5
6) meopema o cpeonem: ecnv GyHKIMS f(X) HEMpPEpbIBHA HA OTpe3Ke [a, b], TO Ha HTOM
OTpE3Ke CYIIECTBYET TOUKA € TaKasl, YTO

J )= @-a)fie)

2

7) nst IPOU3BOJIBHBIX YUCEN a, b, ¢ CIIPaBEUINBO PaBEHCTBO

. ] ] b
Jrmac=| remadc+ [ friar

b

] a
Jrmdc=— smax
g) = & .
Teopema Hvtomona—/leubnuya. Ecnu ¢ynkuus F(x) — kakag-mubo nepBooOpas3Has OT
HenpepbIBHON QyHKIUH f(x), TO

. ]
[rmdc= F@)- 7@

[IpueMbl BHIYMCIIEHHS ONPEAEIEHHBIX UHTErPAJIOB MPAKTUUYECKH HE OTIMYAIOTCS OT BCEX
TeX MPHEMOB U METOJOB, KOTOPHIE OBLTH PACCMOTPEHBI MPU HAXOXKIECHUH HEOMpPEeeIeHHBIX
WHTETPAJIOB.

ToyHO Tak Xe NPUMEHSIOTCS METOJbl MOJCTAHOBKU (3aMEHBI MEPEMEHHOI), METOJ
UHTETPUPOBAHUS IO YacTsAM, TE€ JK€ TPUEMbl HaXOXKJIEHUS MEepBOOOpPa3HBIX IS
TPUTOHOMETPUYECKUX, HPPALUOHAIBHBIX M TpaHCUEHIEHTHBIX (QyHKIUA. OCOOEHHOCTHIO



ABJISIETCS TOJIBKO TO, YTO MPU MPUMEHEHHUH 3THUX ITPUEMOB HAJI0 PACTIPOCTPAHATh TpeoOdpa3oBaHue
HE TOJIBKO Ha MOJBIHTETPAIBHYIO PYHKIIMIO, HO ¥ Ha MIPeJIebl HHTETPUPOBAHUS.

b
Jrmac
[lycTh 3aman uHTErpan = , Tne fix) — HenpepsiBHass GYHKIMS HA oTpe3ke [a, b].
BBenem HOBYIO MEPEMEHHYIO B COOTBETCTBHH C opmyon x=j(¢). Ecu:
1) j(@) = a, j(b) = b;
2) j(t) u j¢(¢) HepepBIBHBI HA OTpeE3Ke [a, b];
3) f(j(¢)) onipenenena Ha oTpe3ke [a, b],
TO

-] B

[r@ac=[ riowoa
[} L1 9

NnJin

B B
_[J"[tr(ﬂh'{f)ﬂ = Flgpil| = FloP)]— Flg{a)] = F(H)— F{a)
o [1 9

b
Eh If (x)dc
Onpeoenenue. Ecnau cyiiecTByeT KOHEYHBIN Mpeaen o , TO O3TOT Tmpenaen
HA3bIBAETCSI HECOOCTBEHHBIM MHTErpajioM oT (yHKIUH f(x) Ha uHTepBane [a, ¥). O6o3HaueHue:

b m
Jm [ feadc= [ feya

Ecau sTot npeacii CymeCTByCeT U KOHCYCH, TO T'OBOPAT, YTO HECOOCTBEHHBIN HHTCIpal
CXOOUTCA, €CIIM MpeAcil HE CYHIECTBYCT HIIN 6eCKOHC‘ICH, TO HECOOCTBEHHBIH HHTCIrpal
pacxoauTcCA. AHanornyHeie pacCy’xKACHUA MOKHO IPUBECTU IJIA HECOOCTBEHHBIX HHTCI'pajioB

BHU1a

. ] . ] m ] m

[rwde= m [rmdc [rmdc= | fydes [ remax

—m o R —m —m = .

b< fer< | o(x)ac
Teopema. Ecnu Ui Bcex x (x*a) BBIOIHSETCS YCIIOBHE <f)<e() M UHTErpai *
| reec
CXOJHUTCA, TO a TAKXE CXOIUTCA.
0< a1< [l
Teopema. Ecnu nnst Bcex x (xa) BBIOIHSETCS YCIOBHE Le()< /W), HUHTETpal =
m
| reex

pacxoauTcH, TO a TAaK¥XC PaCXOAUTCH.

Eciau B Touke x = ¢ (I)yHKLII/ISI J'II/I60 HC OoIpcacyiCHa, J'II/I60 pa3pbiBHA, TO

e ]

[rwa= mm [ rioa

o o .

] e
[rea [rea

Ecin wnTerpan & CyHIECTBYET, TO HHTErpam = CXOOWUTCS, €CIIM HHTEerpai
. ] c
Jrmac Jrmac
o HC CyHIECTBYCT, TO a PaCXoqUTCA.

Ecnu B Touke x = @ QyHKIHUS TEPIUT Pa3phIB, TO



Jriod— = [fid
o l—}ni-ﬂl
Ecnmu ¢ynkuus f(x) wumeer paspelB B TOUYKe b Ha HpPOMEXyTkKe [a, c], TO

£ -] £
[r@de= [ remdcs [ fdx
a a B . Takux ToYek BHYTpH OTpe3Ka MOKET OBITh HECKOIBbKO. Eciu cxomsrcst
BCE MHTETPAJIbl, BXOJALIME B CYMMY, TO CXOJUTCS U CyMMapHbI HHTErpall.
[IpuMepsl pelieHuda 3aaa4
me—silr dc
No 000 [4]. BeruucnuThb onpeaeaeHHblid uHTerpan @ @-+sinx)
Pemenue
=12 _
cosx—snr . I—.r';:mr— 1-£ e 2l - S v o
0+snr) 2 1+£° 148 1+£
1-£
1

_Haf 1af 2 (20-u-F)
_\(1 26 Y 1+f’_\( a+a" i
(*mf]

H1-2¢-£)

Paznoxum npo6n a+£9 Ha TIPOCTEUIITNE
1—4‘—1‘1=i+ 3 € . DB _
a+Ht  1+e Q4+ Q4 Qg
_AQ+5 +BQ+ 5+ 0+ H D

a+o* )
Kot rBorntrc0rn+D=2—as— 2
D=4 4=0, B=-2, C=0.

Nmeem

i4_1 a2
ok@+0* @+’ | 3049% 1vt)lo
=—i+l+i—1=l_

kS 3 ]

Ne 000 [4]. BeruucnuTh onpeneaeHHbIN HHTETpa
amgd

| _ o

2 Btgxt3)snlx

Pemienue

"f’ dr ‘gr:td 9n2r=%
= + =

iy ﬁgr-l—g)mh Et=m;

G__a  1ia

1 _ ._{+ B AG+ 5+ B
545 £ 315 3445)
AF 5+ Bi=1

J{:l' B:—i
5 5

£l

Nmeem

1 3[1__3 Jd— 1 {ln|.{|—ln|3.f+5|]3— ! an3—nid—0+mg)-
103k¢ 3¢45) 10 110 B

1l 1,12
0 14 10 7



3

i g
[oom

Ne 000 [4]. Beruncnuth onpeeneHHblil naTerpan ®

Pemenue
- o Sy T
@+r) =E E+g) md ¢
3 S edsr . 3 3 _ |4 7
-3 mgtt&——! cusidf=——sinf| | =0
1
[A-Pa
No 000 [4]. Berurciuth onpeiesieHHbIN nHTerpan
Pewenne
1 G =2
| 1—12at={ ~=nb }—j 1—sin? f costd—
3 =0, p=x72] {
1:!2
= | co?adt=_ [ Q+cos2halt=
L] 2 L1}
a2
=l[:+_siﬂr]| =X lgne -2
o 4 4 4

Itns:nt_
No 000 [4]. UccnenoBaTh Ha CXOJAUMOCTH 0
Pemenue

o 5 ]

Imﬁr=l’- I sk = lim an.t| =lm (anb—anl)= 1w =nb

! 0 5w p = 5w

Tak Kak mpezei He CyIecTBYeT, TO Heco6CTBeHHLII71 WHTErpajl PACXOAUTCS.

II:

Ne 000 [4]. UccnenoBaTh Ha CXOAUMOCTh —™
Pemenne

1
]'i‘= T ]'E= lim [—l]T = Em [1+1_)=1
—I:II: b= B I: borwm| y b = b
— I/IHTel"paJ'I CXO-OUTCH.

1
=
Ne 000 [4]. UccnenoBaTh Ha cxoquMoOCcTh .

Pemenue

Touka T=1 gpmsiercst 0co6oit TOUKOI, TaK KaK MOABIHTErpanbHAs (GYHKIHS HMEET B Heil

=)

OeckoHeuyHbIN pa3pbIB. [losTOMy

l_F —
I—tim [ - g L/ =" | G| ®
=0 I_p¢ 0|2 |lax 2|0 [2—

= 1_[—|l:|—HJ=—|I:I_

2
Taxk xak npenen 0eCKOHEUHBIHN, TO TaHHBIM HHTErPaJ PACXOAUTCA.
_ S34i3
No 000 [4]. 3amaHo KOMIUIEKCHOE YHCIIO B Hajiru anredpandecKyro,
TPUTOHOMETPHYCCKYIO U TIOKA3aTeIIbHYIO ()OPMBI 3aITHCH.
wiz=0

Pemmte ypaBHeHne
Pemenue
1) [IoMHOXUM YUCIUTENb U 3HAMEHATEIbh Ha COINPSKEHHOE 3HAMEHATEI0 KOMILIEKCHOE

uncio V3~ y IIPOBEJEM anrerqueCKHe npeoOpa3oBaHus

B+B)3-i]_3+88-:3+3_6+28 _3 .3
15 Ji 341 s 2112
(/3 + B3 - — anre6paundeckas Gopma.




Monaynb uncia
AprymMeHT HaXOJUTCS B IEPBOM YETBEPTH

wwv-ma{) ()1

Tpuconomempuueckas ¢opma uucna

)

Ilokazamenvras ¢opma uucna
X
z=3©

2) muid pellieHuss ypaBHEHUs 1'5+z=uHCO6XOIII/IMO BBIIIMCAaTh TPU 3HAYEHUS KOpHs
KyOM4eCKOro u3 4ucia.

X X { l] 7
i i X+ i
SN A T AT S s A
HOHy‘IeHHBIﬁ APTYMCHT 4YHUCJIa HC ABJIACTCA T'JIABHBIM 3HAYCHHUEM, IIOOTOMY, IMOJIB3YSACH

e L SEg cosgy o
PUOIUYHOCTBIO  (DYHKIUI u , MOXEM IIepelUTH K JPYIOMY apryMeEHTy,

_ <
YIOBIICTBOPSIOIIEMY YCIOBHIO “psx

2= 5e el _ s £ ;

=P
&
5 ]

1 ; —5'I-ll]!
=3Ea 1z

w= ﬁa

Tpu perieHust ICXOAHOTO ypaBHEHUS noay4atorcs npu k=0, 1, 2:

H=3é-ﬂ{_—f:]. "z=3é-ﬂ{%]. 1-§=3?l‘-a{%]_

BBINMCAHHBIA apryMEHT "3 HE SBISETCS TIABHBIM 3HAYEHUEM aprymeHTta (Oonbime =),

P 0 5

—36_
nosToMy Gopmy uncia "% Heo6X0MMMO IPe0OPa30BaTh: " =3

Ne 000 [4]. HaiiTi Bce 3HaueHUs KOPHSA ReTE .

=]
Ne 000 [4]. HaiiTu #

IIpakTnyeckas padora Ne 17

Tema: BorunciieHHe YaCTHBIX IPOU3BOIHBIX.

Heanb: dopMupoBaHre MPAKTUYESCKHX HABBIKOB HAXOXIECHHUS JKCTPEMYMOB (YHKIIUU
MHOT'MX HE3aBHCHMBIX E€PEMEHHBIX.

Teopernuecknii 010k

YactHble mnpousBogHble. Jluddepeniuan, ero cBA3b € YaCTHBIMH IPOU3BOJHBIMHU.
['eomeTpuyecKrii CMBICT YaCTHBIX HPOM3BOJIHBIX U auddepeHnnana. JlocrarouHoe ycioBue
muddepennupyemMoctd. ['paiueHT W TpoM3BOAHAS IO HampaBieHuto. HeoOxonumele u
JIOCTaTOYHBIC YCIOBUS IKCTpEMyMa (PYHKIIUU HECKOJIBKHUX ITEPEMEHHBIX.

[Ipupamenne, koTopoe noaydaer GyHkus Z=f(x, y), Korjia U3MeHseTCsS TOJIbKO OJHA U3

MEPCMCHHBIX, HA3bIBACTCA YaCTHBIM ITPHUPAILICHUCM q)YHKI_[I/II/I Io COOTBCTCTBYIOH_IGI‘;I HepeMeHHOfI:
AXZ:f(X+AX7y)_f(XaY)9 AyZ:f(X,Y"'AY)'f(XaY)-



OINIPEJEJIEHUE: Yactaeim muddepennmnanom no x ¢yHkuuu Z=f(x, y) Ha3bIBaeTCs
IJIaBHAs 9acTh 4acTHOTO mpuparieHus AxZ=f(x+Ax,y)-f(x,y), nponopunroHagbHas TPUPALIEHUIO
AX HE3aBUCUMOU TIEPEMEHHOM X. AHAJIOTUYHO ONpPELISIETCS YaCTHBIA TudQepeHIran mo y, T.e.
AyZ={(y+Ay,x)-f(X,y).

Juddepennnans He3aBUCUMBIX TEPEMEHHBIX X U Y IIPOCTO PABHBI X MPHPAILECHUSM, T.€.
dx=Ax, dy=Ay. Yactasle nuddepeniuansl o003Hada0Tes Tak: dxZ -gactHbiil auddepenunan no
X, dyZ - vactHbIi nuddepenman no y. [Ipu stom:

az-Z & dz=2.q
cx - cy

X -

Takum oOpa3om, yacTHbIN nuddepeHman GyHKIUN ABYX HE3aBUCUMBIX IE€PEMEHHBIX
paBeH IMPOMU3BEIECHUI0 COOTBETCTBYIOIEH YacTHOM Npou3BOJHONW Ha JuddepeHuuan 3Tou
IIEPEMEHHOM.

Takum e oOpa3zom, Kak Uit (PYHKIMH JIBYX HEPEMEHHBIX, OINpPEICINISIOTCS YacCTHBIC
NPUPALICHHUS U YaCTHbIE U depeHransl GyHKIUH TI000r0 Yucia He3aBUCHUMBbIX TIEPEMEHHBIX.

[Ipupamenue, koropoe nonydaer ¢yHkuus Z=f(X,y) npu IpoOU3BOJIBHBIX COBMECTHBIX
U3MEHEHUAX €€ 00OUX apryMEHTOB Ha3bIBAETCS MOJIHBIM IIPUPALLEHUEM:

AZ={(x+Ax,y+Ay)-{(X,y)

OINPEAEJIEHUE: ITonueiM nuddepenimanom GpyHKIMU IBYX MEPEMEHHBIX HA3BIBAETCS
[JIaBHAs 4YacThb IIOJHOIO MpHUpaIleHuss (QYHKUUHM, JHMHEHHAass OTHOCUTEIbHO IpHpAIlECHUIl
HE3aBUCHUMBIX [IEPEMEHHBIX.

Teopema. Ilonubrii quddepernnnan GyHKIUK OBYX HE3aBUCHUMBIX IIEPEMEHHBIX paBeH
CyMMe MPOM3BEIEHUI YaCTHBIX NPOU3BOIHBIX (PyHKIMH Ha AuddepeHnnanb COOTBETCTBYIOMINX
HE3aBUCHUMBIX [IEPEMEHHBIX.

dzZ = i—z dx + f—z '
dZ=fx(x,y)dx+fy(x,y)dy nnm cx cy

-

oz gz

Tak kak CXdx=d,Z u €V dy=dyZ, To dZ=dxZ+dyZ, T.e. nuddepennman GyHKIuu ABYX
HE3aBUCHMBIX IIEPEMEHHBIX PaBEH CyMMe €€ YaCTHBIX JU(epeHInaios.

Omnpenenenue nuddepeHimana nepeHocuTess Ha QYHKIIMU JTIF0O0TO Ynciia HE3aBUCHUMBIX
NIEpPEMEHHBIX.

IIpumep 7. z=In(y+ vE Y )HaﬁTH dz

Haiinem yacTHbIe MPON3BOIHBIE

cz _ [in(vﬂ.l'xl + VJ)L = ! [ﬂfﬂ.l'xJ + VJL =

- ,

| -

1 ( x .
= }.-_\Illx: _}__: ,I.A(x: N }_.: ) q}'lxl N j._.: |._f"'_\(?'i: N }__: | :

[ !
cz | 3 5 J‘ 1 ( v i 1
— = ; . _ 1 |_ :
P [!ﬂ(} +axT+y )L - '—x:+§;: | +,jx:+}r3) Jx:-l_}r: :
dr= L+ Eogy = xdx &y
CnenosarensHo, Cx &y nu'rx‘+§_.f‘[_§;+«fx*+§,r*] ,vlr};‘+j_r‘

IIpakTnyeckas padora Ne 18
Tema: Borunciienue nud¢epeHunasios.



Heab: ®opMupoBaHHe MPAKTUYECKHUX HABBIKOB HAXOXKJEHUS 3KCTPEMYMOB (yHKIHU
MHOT'MX HE3aBUCHUMBIX IEPEMEHHBIX.

IIpakTuyeckunii 610K

3aoanue 1

HaiiTi gacTHBIC TPOU3BOIHBIC OT (DYHKIIUA.

1. r=="3mpr2y —dm 12wt

Pewenue

CuuTas  ¢pyHKIHMEH TOJBKO OJHOTO apryMeHTa * M MPH STOM MoJaras ¥ ~="#  HaxoJIuM
o ¢popmynam

ez

- 2x —3p -4
ek

AHaJIOTUYHO, cunTas = (YHKIHMEH TOJIBKO ¥ M ImoJjaras * =t | [oayqdum

P " =
a

T =arctg ¥ ;
T+x”

Pewenue

CuuTas 2 ¢yHKIHMEH TOJBKO OJHOTO apryMeHTa ¥ ¥ MPHU 3TOM IoJyiaras ¥ ~="#  HaXOJUM
o popmynam

__ 2
- 1 A R 1 £ o Dy
o _1+ ¥ gz |_1+x" | - A+x)" H - (1377 +y*
L+x” d+x°)°

AHaNOru4Ho, cuuTast = GyHKIUH TONBKO ¥ U moyaras * ==t | [oIy4uM
&k _ 1 ¥ 21 1 _ o laxt ]
Wog [y T e Ty e Ty

11+x” .1_1.-."

w=" ¥
3 . I
Pewenue

Cuuras ! pyHKIUEH TOJIBKO * U moJiarasi ¥»* === 3arem — QYHKIHEH TOJIbKO ¥ 1 moaras *:2 =
, M TOJIBKO © , mojiaras *-¥ =5 | [10JIy4YuM

da_ 1 L F s L.l du_ oy 1
oy omd . ey oz az z¢ =

b b .
3aoanue 2

BbruncnuTh 3HAY€HWE YACTHBIX MPOM3BOJAHBIX JAHHBIX (YHKIMH TNpU YyKa3aHHBIX
3HAYECHUSAX APIyMEHTOB:

1) flx, ) =cosmx ), * - m; ¥ o

Pewienue

ITo hopmynam nuddepeHpoBaHns HaX0IUM YaCTHbIE TPOU3BOIHBIE

) =-msnimx-my . f =nsnimx-n¢
; .
I

[Monaras =~ 2m; ¥=° [omyuum

gt £ 8
; :

2:-'1|.1l" -1_;"'.:=3. ¥ i
. N N .

Pewienue
HaxoauMm npou3Bo/iHbIE, 3aT€M BHIYHCIISIEM WX YaCTHBIC 3HAUYCHUS B YKA3aHHOU TOYKE:
T = .3' =) Ty = .2"' =i
. V n- '!r'-
iz =t ez =2.
3 3
3aoanue 3
1k ) 1ck z
z=phle’ -y T v 7

1. ITokazatp, 4To (hyHKIHA YIOBJIETBOPSIET YPABHEHUIO * *

' = 1 1
St

= 1
2. Ilokazatp, uyTo pyHKIMST ¥ 2 = ¥

adz ok _x'
X + ¥ :

YIOBJICTBOPSICT ypaBHEHUIO ™ ¥ A
Brruucnenue npon3BoaHbIX U TP GEPEHITHATOB CIOXHBIX () YHKIIHA



PaccmoTpum unciaoByro QyHKIMIO IBYX IEPEMEHHBIX
=2y

3a/IaHHYIO CIEAYIOIINM 00pa3oMm:
=tV e UsUmy ) VEVEYD (1)

T'oBopsT, uto (1) ompenensieT CIoXHYIO (PYHKIUIO IBYX EPEMEHHBIX.

B cooTBercTBUU ¢ hopMynamu peapIIynmx naparpagoB MOXKeM 3arucarh:

[ [

2= AU+ o AV +0(4) ; =L AFHAV )

Haiinem yacTHbie ipupanieHus
n.2=b20 - -
‘["‘-""],npn TOM i) E..U; AV .IJ.,‘I.

a4z az

D22 GG Us Gr 0V 000 5, = (A, U2 V2 (3)

N o
Us) — ecTh 0.M. O0JIEE BBICOKOTO TIOPSIKA, YeM B , IPEICTaBUM €€ B BUJIC Bx ,Tme *— 0.M.
ulﬁ:c] '5:1: I[IIIU 2 EIV )
=g = |Ct i ]-+ [
Torna A v Ax Ax

, OTKY/Ia BUIHO, YTO 3Ta BEMYNHA CTPEMUTCS K HYIIIO TIPU
8, U 89U Vv
b -0 Tak kak @ <0, a Ox ) ey L T
Paznenum (3) Ha 2x u nepeiaém k npeneny npu & =0 :
NI T - W
b=t bx dUmen bx 3V a0 Ox

BT _ 8T 84U 4T 8V ’
AU dx AV dx (4)

AHQJIOTUYHO TOJXYYUM (opMyny Ui YAaCTHOM NPOHM3BOJHOM CIIOKHOW (DYHKIUH TI0
apryMeHry y:

AT _ Az U Az av
dp AU @y AV ay (5)

C nomotikio 3TUX GopMya 3anuieM noyuHelii quddepenunan pig pyakuuu (1)

a= as BEET_T"EESV SES'LT+SEEV

dZ = dm + - dx + -
™ a,-ﬂ’r (aua.. v as [aua,- awr .a,-“ir
as au anr a= av anr a= a=
- i dr + dirl * i de + dyr) - d1T + dw
aT am v O om A aur W dir

ITonmy4eHHOE paBEHCTBO BBIPAXKACT CBOWCTBO MHBAPUAHTHOCTH (hopMbl AuddepeHunaa.
OHO COCTOUT B TOM, 4TO MOJHBIN U depeHIan 0 JUHaKOBO 3alChIBAeTCs B Cilydasx, korjna U
U V — He3aBUCUMBIE TIEPEMEHHBIE WIN SBISIOTCA (YHKLIUSAMU OT X U Y.

[To ananoruu ¢ popmynamu (4) u (5) MoxxHO 3anucate U GopMyisl 1updepeHIuPOBaAHHS
CJIOKHBIX (YHKIIMH JPYroro BUAA.

Hanpumep: 2 =£M V. W), U= Uky), V= Viy), W= Wi y)

a:=-a: aU+ az 6V+ Az aw

dx AU dx AV dm AW &x ;(6)

aZ _@Z e azZav _ aZ aw

By Al @y AV @y | awW ay ) (7)

Paccmotpum apyroit npumep. Ilycts nana ¢pyHkuus

UV, me Us Uy, V=Vigy.

PacnpocTpanuB npeaplayliue pe3ysbTaTbl Ha 3TOT CIIydaid, MOJy4UM, HAIIPUMED, YaCTHYIO

MPOU3BOAHYIO T10 Y:
oz - az El'LT+ az B‘J+BZ
Dy 8l &y  av ay ay_(g)

3anuck B hopme (7) Obta Ob1 HEKOPPEKTHA, TOITOMY U3MEHUM 0003HAYCHHS.
D=
3nech: P¥ — 03HA4YaeT BBIYMCIIEHUE YACTHOM ITPOU3BOAHOMN Py * = omt ;
az
¥ — 03HayaeT BBIUYMCIIEHUE YACTHOW MPOU3BOIHOM mpy V==t V=t
PaccmoTpumM Tenepb Takou npumep.
PaccmarpuBaercs cinoskHast QyHKITUS OAHOM TIEpeMeHHOM = ==& | onpenenéHHas CIeIyIONUM

obpazoM:
E=HUNV)  U=UR, V=Vl (9)



d=
B sToMm cj1ydac€ p€db AOJIKHA UATH O BBIYHMCIICHHUU HpOHSBOILHOﬁ 4= | KOTOpas Ha3bIBACTCA

MOJIHO# npou3BoaHOH. Dopmyny 17151 €€ BEIYUCICHUSI OTYyIuM U3 (4)
dZ _ <2 dU+ azZ dv
de AU dx AV dx | (]())

Emé onun npumep:

[Tyctp ==fM. V), r U=Ui=,V =¥& 1orna uMeeM CIeAYIONyl0 (pYHKIIHIO OJHON IEpEeMEHHOM

dZ _ezdu azdv ez

de dUdx 4Vdx dx (11)

OueBuHO, 114 clieayromiel (GyHKITUN OAHON MEPEMEHHON CBOMCTBO HHBAPHUAHTHOCTH (hOPMBI
nuddepenimana Takxke IMEeT MECTO.

HetictButenbHo, yMHOXas Ha 9% (10), momyyum BepakeHue Buaa (6).

3aoanue 4

Haiitu nonusie nuddepenuansl GyHKIHAH.

z J.IE
J.}’.

Pewienue

a) HaxO0JIUM YaCTHBIE IPOU3BOJIHbIE TAHHOW (QYHKIUU:
P N e NS I e N

x [P by oy

6) YMHOXXasA 4YaCTHBIC IMPOHU3BOJHBIC Ha ,HI/I(i)CbepeHI_II/IaJ'IBI COOTBCTCTBYHOIINX APryMCHTOB,

MOJTy4uM YacTHble quddepeHuansl GyHKIuu:

dr=- ¥ an dz= * 4

In '!,l-' . x =Wyl .

b b
B) HCKOMBIM monHbll guddepeHnuan GyHKIUUM HalgeM Kak CyMMYy €€ YacTHBIX
nuddepeHIranos:
dz:E:dy—Eydx=2-=dy—yck-

H_'!rl-l “_'!rl-l

2, z=sialxy)
Pewenue
Crnenys ykazaHHOMY IUIaHY, HAXOJIUM

': = cosuy) 1_;_;':’. =cosuy| ®
a) P :
6) dz=y cosxyds | dz=x cosxydy,
b b

B) dr = yros|xny de +xcosxyide —cosp pde +ady )

Xty

3 z ln.'l:l:g1 xp

Peuwienue

Crnenys ykazaHHOMY IUIaHY, HAXOJIUM
ke 1 x+y | _ L -myl ty oty L-mp®
o 1_|:-:.-"'-1 Xy ), 1 —xyr 1=xp +|x +*

a) 11 -xy

: Loy t+y'

1-Zmp+x'y +x + 2y +y  1+xy +x® +y°

2o 1 (meyp_fomiedzey,  Boxpr

oy 1_|x-y--'-1 xy ), 11—y Bomp taeyl” 14w 14m®

oy 1-2apxiyrxtedmpry’ Lexylext oy

da= A w4 = e g

6) XU AxT 4y ; Tl ;

11y e | e
B) L+uy” +uf +p”

3aoanue 5

Brerancnuth 3HaueHus nmoHoro nuddepenmnuana GyHkium

x
z mEtE?HpHx=1;? 3;|il. D,Di;d:y I:I_,IIIE.

Pewenue
HaxomuM 4yacTHble TPOM3BOJAHBIC, 3aTeM YacTHble JudQepeHIransl U MOJHBIN
muddepeHman TaHHON QyHKINH:



oz ¥ -] X e — pdy
= k LR . dz = oy

T T T T T T
che ity oy owtay? xt

[MoxcraBnsisi 3agaHHbIE 3HAYEHUS HE3aBUCHMBIX TEpeMEHHBIX ¥, ¥  dx dr = dyHKIuel

KOTOPBIX SIBJISIETCS TOJHBIA quddepeHman 42 , moxydum
_1i-0,05)-3-0,01

d
: 1+3

= 0,008

3aoanue 6

Boraucnute npubamkeHHOE 3HaUCHHE:
sin 143 arctg 07

1) o=t ; 2) 2
Pewienue

Eciu TpeGyercst BRIHUCIUTh 3HAYCHHE PYHKIMA £(%,%-t) B TOuKe M %) (i mpur sroM
MPOIIIE PACCUNTATH 3HAYCHUS STOM DYHKINU M €¢ YACTHBIX HPOU3BOIHBIX B TOUKe "o o¥o -atol
), TO TIPH IOCTATOYHO MaJjbIX MO a0COMIOTHOMN BEIMUYMHE 3HAYCHUSIX PA3HOCTEH * —*i =% _vi-vo=d

.......... , h—ti=2 MOXHO 3aMEHUTH NOJTHOE MpHpalieHne GyHKIUHU ee MOJIHbIM TuddepeHianiom
EIM, ) —£ (L, )= £ B e +E (B ey ...+, B,

U 0Mcro0a Hatmu nPUOIUNHCEHHOE 3HAYEHUe UCKOMOU 8eIUYUHbL N0 (hopmyTe
BB =8 (Mo 4 Mo +8; Moy ...+ Mol (1

1. Ilonaras, 4yTo 1P ecTb 4acTHOE 3Ha4YeHHE (YHKIUU flxv¥ =='B TOUKE M, (1,083,568 U 4TO
M, 14

BCIIOMOrarejabHas TOUYKa 6yI[eT 0= IOJIyYUM
HM =1 =1, £0M )=yt =d L =T ey =0
b b b

de=108-1=008 . dp =39 —4=-0,0d
b

[oncrasnss B popmymy (1), Haitnem
LOBY a=f | B ) +£7| M de +£7| M iy =1+ 4 0,08=132
sin149 arctgd 07

nl

2. Ilyctp €CTh YaCTHOE 3HaueHHE (YHKIIMH TPEX MEPEMEHHBIX wiuyiz=2"zny awwm: B

1~1.=[— 30 ]

M, (—2951,43:0,07)
TOYKE ! 251,450, U ITYCTb BCIIOMOT'aTCIIbHAA TOYKa 6y,HeT

Torﬂa dw =-2,95-(-3)=0,05 ’ dy =149 - 157 0,08 ; dr =007 ,

WL, =2 s Saretgd =0 gl (M, =2" In2sny - ardez/,,, =D .

b b

, ) M <2 S _q
g, M, =2 cosy an:tgz.-‘.,,,,:lil; Myl = P

[Toncrasnss B popmyiny (1), momydaum

sin 149 arctgl, 07
PEL

=27 087 =001

3aoanue 7

Haiitu npon3Boanble @t CI0XKHOW QYHKIUY = =fley)  x=uit) v =uit)
r= 11!.1”

| ;,H-!gt y=cg't

b
Pewenue
3nech * ecTh cloXkHas (PyHKIUSA OAHOM He3aBUCUMOM nepemMenHoi t . [Tonyuum

dz_ 111 w1 w1
_?".ll’v

¥y 2x [T
¥ . T .
’ ’

e ., 1 & 1
=Dtgt == t|-—,
T g.. sin’t J;
s
d_ 1 g 1 e gt ooty _
& M cost 2F =0t IE."IZI:CGII: etz tsin’t
_ i 1 I 1 )
tgteos 't ctgtsin’t  shicost  sntcost
2 4

Tsntcost snlt

Q. z=e?r xm=sint o=t
. s ) .

Pewienue
iz 1 e
e = 2e " = cost gy I
e o : dt
’ 5 s
:: e M post - 2e” VR =0 Y onst - Bt =" foost - Bt



Pewenue

B 1 B 1 e o

B g jw—pF W Ajx d 3, dt 12t~
9 9 9

& 3-1

I

3aoanue 8

dz
Hayitu 4= , ecam = =tvl | rhe v =wix)

N ¥
2= L,

1 ey rl[ey-3l|1
. 5 .

Pewenue
k _2xfx” +yl-2xx”t -y dxy k x* +yl-lmt -y Ix
; : Pdy g
x4y ziryl W x’ +y oyl gy
dz doyr 2x 3 day - Bx® 2wl 2w -3x
Ty x* +yl x oyl x oyl

2ulfix +2 -3x x|3x + 2

2 +3x el |5t 43w 4l

= [05X

2.===% rne¥

Pewienue

% Zzy ; = ': snx |
b b b

de =y —x” siny = Jucesx —x s

i }

3.z=x" Tpe ¥

3aoanue 9
HaiiTi yacTHBIE IIPOU3BOJHLIC CIIOJKHOM (I)YHKI_[I/II/I
z =f[u,y¥] , TIe X =tp”,:,11|, v=wylgnl

1. ===% =" T * ~Ee=n, ¥ =kenn

[

2, B Wy et

IIpakTnyeckas padora 19

Tema: BplunciieHne NMOBTOPHBIX HHTerpajioB. CBe/leHHe BONHBIX MHTEIPajoB K
NMOBTOPHBIM. BbIuKciieHHe IBOHBIX HHTETPAJIOB

Heab: Hayuntbcs BBIYUCIATH MOBTOPHBIE HHTErPalibl M CBOJUTH ABOWHBIE HHTETPAJIbl K
IMOBTOPHBIM

Teopernueckmnii 6,10k

Boruuciienne ABOMHBIX HUHTErpajion 0asupyercs HA
MOHSATHM MOBTOPHOI0 HHTErpaJja

et
o S

T

4

R
Rt 2 I
=
i
Y
S
S
H'I

T. W
\x

1T f{ :"‘:: }‘ } o 6
YCThb paccMaTpruBacTCA Ha MJIIOCKOU O0JIACTH

o o
‘DI/I OHa IIpaBUWJIbHASA B HAIPAaBJICHUHU OCHU <, T.C. BCIAKad IpdaMasd, napajicJibHasA OCHU <,

MEPECCKaACT TI'paHULy obiactu DHC Oolilee ueM B JABYX TOYKax. Torma o0J1acThb Dy,Z[O6HO

CIIPOEKTHPOBATh HA OCh 2 Ilycts npoexmus Lrga OF o {H’ 1 .

v=aix} . v=gfx] .

Ecmu - 7:37"7— ypaBHeHHMe HWKHEW TpaHHUIbL, a *  ‘<- 7 — ypaBHEHHEC BEpXHEU
x<ia, bl D (x, 1)

TPaHUIIBI, TO JHOOOMY * 71 obmactn £ npuHAUIEKAT TE€ TOYKH -7 BePTHUKAIBLHOTO

oTpe3Ka, KOTOpPBIE YIIOBJICTBOPSIIOT

HEpaBEHCTBaM



n

gy

[

b,

Ii-l\-ﬂ-ﬂ-l—ﬂ('.\l\-l————‘.
T

B dixi
fee | fimx)d
Bripaxkenue BHJIA A Ha3bIBaeTCA IOBTOPHBLIM
Fix v I3
HHTErpajioM  OT  (QYHKUIUH - ‘mo  obnactu . Om  BbUHCIAETCA

clenyromumM o0pa3om:

o ¥
CHadajla HaXOJUTCA BHYTPCHHHH HHTCIpal ( — INEPEMCHHAA HHTCIPUPOBAHUA, i

a, bj
(bHKCHpOBaHHAs), @ 3aTEM HONYYEHHYIO (BPYHKIIUIO apIyMEHTa ** HHTErPUPyeM Ha [ i
3Haquu€ nO@mOpHOZO uHmeepaJla — YUcCJuo.

¥l

=2
L ¥
&
I
<0 X
=t
IIpumep 1. Beruucnurs IMOBTOPHBIN HAHTErpai
J =J3§LJ {x+21y)ay
RS
BOCCTAaHOBUB 0o6macts L.
[
REES L N
R S R

Pemenue. HTETpal BEIYUCITSETCS IO . " (CM. PHCYHOK).

a b

J= J[m =3 }dx’ - {;[zx s4-x(we)=(x 1) o=
% T 3_i> . i
2 3 | 3 2 311 3]
_g1 8.9 8 1. . 1
2 3 2 3 & B
AHaIOruu=Ho:

eclii 00J1acTh L npasujibHAasA B HalIpaBJICHUN OCHU O , TO €€ y,Z[O6HO MMPOCKTUPOBATH Ha

-‘ I Oy [c, d] 5
ocb < . Ilycts mpoekuusi obnactu Ha OCb ~ €CThb OTPE30K * ~ , YpaBHEHHE JIEBOU

X=wiiy y x=wr iy

TpaHUIBl  00JIACTH LAY , @ TpaBOW TPaHUIIBI — i \3 Torma anst BCsAKOTO
el d Tt L ¥=v

Fy { ' ]3Haqu1/1e A Touex E 1 }priMOI/I = ¥, mpuHammexamux 06MaCTH L

2

ACR LT AL o
YIOBIIETBOPSIET HEPABEHCTBAM =4 TloatoMy  o06sacthb MOYXHO

3a1aTh B BUIE



(cM. pUCYHOK).

g enix

_!QEJ F i, vy
TakoMy 3aJJaHUIO0 0OJTACTH COOTBETCTBYET NOGMOPHbII UHTErpan *© &
Jns ero BBIUMCIICHUS HAXOJIWUTCS CHAyajla BHYTPEHHUM MHTErpaj, a 3aTeéM BHEIIHMIA.

Pesynbrar — uncno!

IIpumep 2. 3agaaum 0061aCTh i npumepa 1, MpoekTHpys ee Ha OocCh {]f;r,

2

1= y<2, s

: J=J‘f§* f{x+2}*'}fix
< xy<v—1. . g L '
y BBIYHCIUTS TOBTOPHBIN HHTETPAJ LF
2r .2 IS :g{i_if i
| . : . € 41 .
J=(l=+2x | dy={ =" =2v{y-1}|dy=
12 i WA
Pemenue. : v - -
y-1) 2 ot oe v 20y 53 1
= %+§}*3_}r“ :EEL?_:E.;_ E—iizg—‘:‘lég:jﬁ_‘i_ii
;o ’ g 6
3aMeqaeM, qTO 3HAYCHUA PA3IUYHBIX IMOBTOPHBIX HHTCIpajIoB
GYHKIINHU 10 00JIACTH OKA3aJIMCh PABHBIMH.
Hoxkazano (cwm. [1]) yrBep:kaenue:
eclu 5 R HEeTpepbIBHA  HA 12y DCR,  o6nacms L} gnseres

NIPaBUJIBHOM B HAIpaBICHUUM OCEH KOOpPAMHAT, TO 3HAYECHHE JBOMHOTO MHTErpasia

ijgx: vydydy
= COBITIAAACT CO 3HAYCHHUEM COOTBCTCTBYIOLICT'O TIOBTOPHOTO MHTETpajia, IpUICM

pe3ynbTaT He 3aeucum om nopsoka
UHMeSpUpPoBarus, T.e.

& ghix: o iy
17 (o ryddy = far | fleypde=jde [ Fixz)d
o & fix £ EFpx

Ipumepsbr:

Botuucnumo unmeczpaiinol.

fordxo1(x+y)dy.J01dxJ01(x+y)dy.

Pemenne.

JotdxJo1(xty)dy=lo1((cyy22)1110)dx=J01(x+12—0)dx=(x22+12x)| [l 10=12+12—0=1.[01dx]
01(x+y)dy=J01((xy+y22)|01)dx=[01(x+12-0)dx=(x22+12x)|01=12+12-0=1.

OTtBer: 1.

Pemrenne.



[02ndp] Oarzsinzgodr=fozn/\| IOarzsinzgodr\/ |d¢=f 02r(sin27331|1a0)dgp=[02zsin2¢0(a33—

)do=

=a33J02x1—cos2p2dp=a33(12¢9—14sin2¢)||1220=a33(1227—14sin4p—0)=a373.=a33[02x1

H3menums nopaoox unmezpuposanus é ceoylouwux UHmMezpanax:
Jo2dx]x2f(x,p)dy.J02dx[x2xf(x,y)dy.

Pemenue.

CrenaeM pUCYHOK HHTETPUPYEMO# 00J1aCTH:

Y

OO0nacTp WHTETPUPOBAHUS OTPaHWYEHA MPSIMBIMH V=X, )=2Xy=X,y=2X " Xx=2.Xx=2.
3ameTrM, 9TO B 3TOW obmactu ecnu yy MeHsiercs ot 00 mo 2,2, TO KOOpAMHATA XX MEHSETCS OT
npsaMoit y=2xy=2x (mwmm x=2x=y2) no y=x.y=x. Ecmm xe yy mensercs ot 22 no 4,4, To
KOOPJMHATA XX MEHSETCS OT MPSIMOH y=2xy=2X (x=)2x=y2) no x=2.x=2. Takum o0pazom,

Jo2dx[xaxfix,p)dy=lo2dy)xdx+2adylo2dx J02dx[x2xf(x,y)dy=]02dy[y2xdx+[24dy[y22dx.

OrtBert: fo2dxjx2xf(x,y)dy=fo2dyfyzxdx+f24dy,[vzzdx.IOZdXJX2Xf(X,y)dy=f02dyfy2xdx+124dyf
y22dx.

1. J12dx)2-x20-f(x,y)dy J12dx [2—x2x—x21(x, y)dy.

2. Bermmcnnts wnterpan  JJ oxyadxdy, [[Qxy2dxdy, ecmm obmacts QQ orpanndena
napabosoi y2=2pxy2=2px u npsamoi x=p/2(p>0).x=p/2(p>0).

3. B nBoitnom wmmterpane [[ofix,y)dxdy[fQf(x,y)dxdy mepeiitn Kk TONAPHEIM

CIIETYIOIIEM UHTETpae: Jordx] 1=x1-Vf0x,p)dy JO1dx[1-x 1—x21(x,y)dy.
5. Ilpemmonaras, 4ro 7r¥ @,p, - TOJSAPHBIE KOOPJAMHATHI, W3MEHUTH MOPSIOK
UHTETPUPOBAHUS B CIICAYIOTIX UHTErpajax:

6. Ilepexons K TOJNAPHBIM  KOOpAMHATaM, BBIUMCIMTH JBOMHONM  HMHTErpain
[ tyrzaxatys———— \/dxdy. Jfx2+y2<a2x2+y2dxdy.

7. BMecro XX M Yy BBECTM HOBBIC IEPEMEHHBIE UU W VV OIPEICIUTh IPEICIIbI
MHTErPUPOBAHHS B CIICIYIOIINX ABOHHBIX HHTerpanax Jo2dx]1-x2—f(x,»)dy,J02dx[1-x2—xf(x,y)dy,
€CIIU U=X+y,V=x—y.u=x+ty,v=Xx—y.



8. [IpousBens COOTBETCTBYIOIINE 3aMEHBI MEPEMEHHBIX, CBECTU JBOMHBIC MHTETPabl K
onsokpatHeiM: [ of(xy)dxdy, [[Qf(xy)dxdy, rme obmacte QQ orpanndeHa KPHUBBIMH
xy=1xy=2,y=x,y=4x(x>0,y>0).xy=1,xy=2,y=x,y=4x(x>0,y>0).

IIpakTnyeckas padora Ne 20
Tema: BblumcieHue TPOWHBIX MHTerpajoB. PemieHue 3agay Ha NPWIOKEHHE
ABOMHBIX, TPOMHBIX HHTErPAJIOB
Heab: HayduTbCst BEIYUCIATH TPOMHBIE HHTET PAJIBI
Teopernyeckuii 00Kk 0TpaboTaeM TEXHHKY pEIICHUS TPOU3BOJIBHBIX TPOUHBIX
JI].7 . . 21z

uHTETpaios T KOTOPBIX ITIOABIHTCI'paJIbHasA KLU TpEX MNEepEeMEHHBIX
>

= X, V. E
f( » I :I B O6H.ICM CJIydac OTJIMYHA OT KOHCTAHTBhI U HCIIPCPLIBHA B obactu T, a TaKXEC
ITO3HAaKOMHUMCA C (1)I/ISI/I‘ICCKI/IMI/I IMPUITOKCHUAMU TpOfIHOFO HHTCrpajia

u=jxyz)

[Ipumep 13
Beruucnuts TpOHHOU WHTErpan

[[[1507 +2*)dxdyaz
T
Tiz=x+y,x+y=Lz=0,y=0,2z=0
Ha npakrtuke teno Takxe 0003Ha4aroT OyKBOI v , HO 3TO BCE-TaKM HE OYCHBb XOPOIIUH
BapHaHT, BBHU]IYy TOTO, OHA «3ape3epPBUPOBaHAy MO 0003HAUCHUE 00BEMA.

He HY>KHO MIPEACTABIISITh HHTErpaj B BUJIC
[[[150° +2* dxdydz= 15[ ydxdydz +15[[[ 2 dndyez
r T T . XOTA €ClIM OYE€Hb XO0YETCS, TO MOXKHO.

B koHIIe KOHIIOB, €CTh W HEOOJBINONW TUTFOC — 3alUCh OYJIET XOTh U JJIMHHOW, HO 3aTO MEHEe
3arpomMoIEHHOM. Ho Takoi moaxo/ BCE-Taky HE CTaHJAPTEH.

B anroputme pemenusi HOBU3HBI OyneT HemHoro. CHaudana HYKHO pa3oOpaThCs ¢
XO¥

3HAKOMBII TPEYrOJIbHUK:

00J1aCTBIO HHTCTPpHUPOBAHUA. HpOCKHI/IH TCJIa Ha IMJIOCKOCTb IMPEACTaBJISICT coboif a0 oo

F=x+
CBepxy TEJI0 OIPAaHUYECHO IIIOCKOCTBIO " , KOTOpas MpPOXOAUT Yepe3 HavyaJio KOOpAUHAT.
Hpe)lBapI/ITenLHO, K CJIOBY, HY’)KHO 00513aTEILHO NPOBEPUTH (MblCJzeHHo aubo Ha uepuoeuke), HE
«Cpe3acT» JIM 3Ta INIOCKOCTDh YaCTh TPEYTOJIbHUKA. JU1s1 3TOro HaXOoUM €€ JIMHUIO IepeceUcHus C

KOOPJMHATHOMN MJIOCKOCTHIO XOY , T.€. pemaeM MPOCTEUIITYIO CUCTEMY:
z=x+y¥
) = xty=0=y=—x
F=
— HeT, JaHHasg ImpsMas (Ha uepmedice OmMCymcmeyem)
«IIPOXOJAUT MUMO», U TPOCKIUA TCJIa HAa MJIIOCKOCTb A0F I[efICTBI/ITeHI:HO MNpEaACTaBJISCT CO6OI>'I

TPEYroJIbHUK.


http://www.mathprofi.ru/chastnye_proizvodnye_funkcii_treh_peremennyh.html
http://www.mathprofi.ru/uravnenie_ploskosti.html
http://www.mathprofi.ru/uravnenie_pryamoi_na_ploskosti.html

He CII0KEH 371€Ch u MPOCTPAHCTBEHHBIN YEPTEK:

B I[eﬁCTBHTeHBHOCTH MOYKHO OBLIO OrpaHUYUTLCA TOJIBKO WM, IMOCKOJIbBKY MPOCKIHA OYCHb

mpocra#i. .. Hy, HJIN TOJIBKO YCPTEKOM ITPOCKIHH, TaK KaK TEJIO TOXKE ITPOCTOC :) OI[HaKO COBCEM
HHUYCTO HC YCPTHUTH, HAIIOMHWHAIO — IUIOXOM BBI60p.

Bri0epem (W) (S14%0 1105071 HIOPSIOK obxona Tena:
D=z=x+y
D=x=l—w
D=yl
" nepenaem K [IOBTOPHBIM HMHTETpaJlaM:
1-p x4y

[[[150* + 2" dxdydz = 15i dy [ax [ +2hdz
r o0 0

AKTyaJ’IPBpreM ciaeayrmee 3JIEMEHTApHOEC IIPpaBUJIo:

u=jflxyz . .
Korna ¢ynkmus Jix . 2) UHTETPUPYETCSl MO KaKOW-TMOO MepeMEeHHOW, TO JBa
JIpYTUX apryMeHTa CUMTAIOTCA KOHCTaHTaMH. To eCThb NMPUHIMI TOYHO TaKOH ke, Kak U IpU

HaXO0X/IEHNU YaCTHBIX IPOU3BOJHBIX OT QYHKIIMH TPEX MEPEMEHHBIX, YTO €CTECTBEHHO.
Pazbupaemcs ¢ uHTErpanaMu:

1)
(1 3 (2
(AT e
1]

i (x +3)°
3

3
X+
; —yf‘(x+y}+%—

3
2 0 2
by -U+§ =y {z+yi+
(1) Tlpn MHTErpUPOBAHUH TIO «3€T» * U ¥ cumrarorcs KoHCTaHTaMH. B 1aHHOM ciyyae
IPUCYTCTBYET TOJBKO «UIPEK», HO 3TO HE MeHseT jaena. COBETYyI0 BCerza MBICIEHHO JINOO Ha
YEPHOBUKE  BBINOJHATH  IIpoBepKy. HalWaéM  4YacTHy0  IPOM3BOAHYIO IO «3ET»:

t
3

z 1 1
y22+? F=)0 (z);+§-(z3); = y* -1+§- iz =yt 427
, UTO ¥ TpeOOBAIOCH MMPOBEPUTH.
(2) Tenepp wucnomszyem ¢opmyny Hreiorona-Jleitonuna: cnasana BMECTO «er»
MOJICTABIISIEM BEPXHUM Mpeaen MHTETpUPOBaHUS (x+y) , 3aTeM — HIDKHUN mpenen (Hoib). B
pe3ysbTare OyKBBI «3€T» OCTaThCs HE JJOJKHO!

CuocuMm Tpodeit B cienyroumii mnterpai. Ilo cymecTBy, perieHue cBelIOCh K IBYM
NIEPEMEHHBIM U K IBONHOMY MHTETPAIy:


http://www.mathprofi.ru/troinye_integraly.html
http://www.mathprofi.ru/chastnye_proizvodnye_funkcii_treh_peremennyh.html

I (x+2) 2 f G
2 J-{yg(x+y)+ : }ix— I(x+y).:ix+ I(x+y]| dx =
i}

1—,1l 1-» 13}

[+
= [t e )+ I(x+y:| dxty) = 5 xR b ) 7 =

L=1

2
({1 y+yf—|:0+yﬁ+ﬁrsu—y+y}“—(D+.:u}“:|=%{1—f)+%ﬂ—y“}=

4 4 2 4
1 1 g
F ) +.J*’ ¥

. M|-¢

2 2 12 12 12 2 12
(1) Ucnionb3yem cBoiicTBA TMHEHHOCTH HHTETPaja, IPUHUMAsi BO BHUMAHHE TOT (DaKT, 4TO
«UTPEK» cuuTaeTrcsd KoHcTaHTOW. CienyeT OTMETUTh, UTO HE BO30paHsETCs OCTaBUTh MHTErpall
€/IMHBIM, PacKpbIThb CKOOKHM M NPUBECTHU MOJOOHBIE CllaraeMble, HO 3TO MEHEE PallMOHAIbHBIN

croco0 (MoxeTe monpoOoBaTh).
(2) Ucnonwszyem meton moaBeAcHHUs moa 3Hak auddepennuana. Ecim paccyxnenus
BOCIIPHHUMAIOTCSI COBCEM TSDKEJIO, MBICIICHHO 3aMEHUTE «HIPEK» KaKUM-HHUOYIb KOHKPETHBIM

YHUCIIOM, HAalIpUMED, «IIATEPKOI.

3) NHuTterpupyem 10 «HKC» u BBIIIOJIHSIEM IIPOBEPKY:
r

2 2
[%(xwf +%(x+y)‘} = %ccxwf);%((xm“);:

2 3
=2 k) Gt A (2 = S 0) 5+ (4 0 =) k) + T

(4) Ucnonb3yem dopmyny Hprotona-JleiiOnuna. CHauana BMECTO «HKC» (HepeMeHHOU, no

. 1—
KOMOPOIl NPOBOOUIOCH UHMe2PUPOBaKIe) TIONCTABISEM — © , 3aTeM — HOIb. [10cIIe MTOICTAHOBOK

OYKBBI «HKC» OCTaThCs HE JIOJIKHO!
[IpnyéceiBaeM pe3ynbTaT U CHOCUM €T0 B IOCIECHNUN UHTETPAJI, HE TEPSIS HAXOMSILYOCS

TaM KOHCTaHTY:

1 1 _}’2 ?ya, }3 3 ?
3 15)| s+ -2y =15 |— Ll T oso0-0y|=
1272 12 12" 23125 126125

:15(1_ ?] 15 7_8_,

4 12.5) 4 4 4
”jwr;yﬂ + 28\ dxclydz = 2
OtBer: T

Pesynbrar 6e3pasmepeH — MpocTo YUCIIO U BCE.
Crenyromuii mpuMep sl CaMOCTOSITETbHOTO PEIICHUS:

IIpumep 14
Beruucnurs TPOMHOU UHTETpal

”j (3% + 4y dxdvdz
r

Tiy=xy=0z=1z= 5(x2+y2};z:[]
[TpumepHBIif 006pazerr opopMIIeHHUS 33a/1a4H B KOHIIE YPOKa.
Jlo cux mOp MBI paccMaTpWBAJIM JiBa CIOCO0a pEmieHHS — 3TO MPOSIUPOBAHWE HA

mwiockocts 407 g BBIOOD mopsiika 00xoaa mpoekuu. Ho Ha camMom ene komOuHaIuii 6obIie
— TEJI0 MOXHO CIIPOCIUPOBATh Ha JIIOOYI0 W3 3-X KOOPJIWHATHBIX IIOCKOCTEH W KaXAYHO
MIPOEKITNI0 000UTH 2-Ms TyTAMH. Takum oOpa3oM, mojrydaercs 6 criocoOoB pemnieHus. Y Toruaso
MPEOJIOKUTD, YTO B OOIIIEM CiIydae HEKOTOPhIE U3 HUX MPOIIIE, @ HEKOTOPbIE — TPYAHEE.
Hagepnsika MmHOTHE 00paTniau BHUMaHue, 9To B [Ipumepe Nel3 s BeiOpan Gosee penkuit
MOPSAIOK 00X0Aa MPOEKIHH, XOTS HUYTO HE MENIAN0 MOWUTH «OOBIYHBIMY» MyTEM. DTO HE
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CIIy4ailHOCTb.

E+}

3
2, 2 T+
[ +2%az Sty + FE
B pesynbrare HaxoxaeHus uHTerpaia IOJIyYeHa cyMMa , B
KOTOpOfI quB BBIT'OJHCEC CUYHUTATH KOHCTaHTOfI HUMCHHO ((I/IFpeK», qToO HpI/I HpO‘-II/IX paBHbIX

. oxt+y=1 v=l-xx=1-y
YCIOBUAX (U3 YPABHEHUs. NPIMOU O0OUHAKOBO J1€2KO BbIPA3UMDb )
VIPOIAaeT pemieHHue. A B HEKOTOPBIX 3ajadax BBIOOp TMOpsAKa HHTETPHUPOBAHUS M BOBCE

crtanoButcss OUEHD BaxHbIM:

IIpumep 15
Beruucnurs TPOMHOU UHTETpall
”I Sy ze ™ dxdvdz
T
x=-1 y=0, z=10;

x=0, wy=2 =z=1
Pemenue: 00acTh HHTETPUPOBAHKS OTPaHUYCHA IIECTHIO TIJIOCKOCTSIMU U MPEACTABIISCT
co0boit NPAMOY20JIbHbLU napanieienuneo:

Y He3aMBICIIOBATHIX 00JIACTEH MOXKHO HE 00paIiaTh BHUMaHUs Ha MPOCKIUIO U TIPUICPIKUBATHCS
CJIETYIOIIETO MpaBUiia: 00X0/1 TeJia OCYIIeCTB/IsIeTCS] B HAMPABJIEHUSIX KOOPIMHATHBIX OCeii.
[Tpenenst WHTETPUPOBAHUS 37eCh OYEBHIHEI
D=z=1, O=y=2 —-1=2x=0

Ho BoT ¢ mopsimkoM 06xoja He Bc€ Tak mpocTto. Ecim BRIOpATh TPAIUIIMOHHBIN MYTh U
CHavaja  HMHTETPHUPOBATH IO  «3€T», TO  TMOJy4YaeTCs  HENPHSITHBIA  HHTErpaj

1 1

12 v
_[8;1: ze gz =8y _[ze M e
0 v , KOTOpBI HYXXHO OpaTh MO YacTsAM. AHAJOTUYHAS UCTOPHS, €CIH

2 2
112 1 2
_[8;1: ze iy = SZ_I-y g gy
WHTETPUPOBATH TIO «UTPEK»: ° v , TYT JIa)K€ IBaXXJ1blI I10 YaCTSM.

HawnbGonee BBIT'OAHBIM I'IYTCM SABJIACTCA MEPBOOUCPCAHOC MHTCTPUPOBAHUC 110 «HUKC», B

2
z By z
3TOM cllydae NepeMeHHbIe ~* e , @ 3HAYUT, 1 MHOKHUTEIIb Y 2 CUMTAIOTCS KOHCTAHTAMM:

0 0 0
1
ISygzegmdx = Sygz_ll 2y = 8y'z. — Iezmd(Exgz] = 4y(22m]|21 =(*
-1 -1 2.}’2 -1
Ilepen Tem, Kak MOJACTAaBHTH MpEIeibl WHTETPUPOBAHUs, HE MOMEIIAeT MPOBEpKa:

e e _ Ine r_ e ] r_ d_ dnE
(4.}@ :Ix _4.}?(2 :I:r _4-}@ (zxﬂjx 4.}?& 2.}2 (I:Ix 8.}? ot _ HOqueHa HUCXOTHAS

HOJBIHTErpalibHAs (PYHKIIHSL.
() = 4y —* ) = dy(1— o)
bykBa «uKc» ucnapuiack, Kak OHO U JI0JIKHO OBITb.

I=Zz=],0=y=? o
Ocranoce 2 HampaBieHHs 00Xoja , W CIENyIOIUNA MHTErpail

4 .
panrOHAIBHEES B3ATH I10 «3€T» YTOOBI MHOYKHTEIIb Y CUHUTAJICI KOHCTaAHTOM:


http://www.mathprofi.ru/integrirovanie_po_chastyam.html

1 1
[4y-e™)dz = ay[(1— ™)z = 4}{2 +2ie‘2“]|; = (™
0 0 -z

[IpomexxyTouHas MpoBEpKa:

{4}{2' +2ie‘:““B == 4.}{(2)2 + LEQ‘MI'LJ = 4}*‘[” RIS (—E}E)L] =
'y 2y 2y

= 4;{1+ Eie'm =2y 1)] = 4y(1—a™2")
F

I'yn.
1 . 1 s 1 _ 1 -
F=dy 1+ — ™ - [0+ —™" | |24y| 1+ —e™ - — | =4y +2e77 -2
2y 2y 2y &y
B Ka4uyeCTBEC OOIIOJIHUTCIIBHOI'O KOHTPOJIsI CHOBA CMOTpPHUM, UCHUEC3JIA JIX ITOCJIC ITOACTAHOBKH
nepeMeHHas1, 0 KOTOPOW HHTETPUPOBAIIN (<3ET»).

0=y=?2 o .
W, nakonel1, octaBiieecs: HaIpaBJIeHUEe 00X0/1a Y OCTaBILHUICS UHTETPa:
2
[tay+2: —2ay = (25" - 2™ - 23 = (9
1]

IIpoBepka: (2y" —e™ —2y), =2 2p—e ™ (-2y)) - 2=dy+ 27 -2

(=222 20— - =8-t—d4+1=5-¢"
HpI/l MOACTAHOBKAX CJICAYET NPOABJATH NOBLINICHHOC BHUMAHHE, TaK, HAIIPUMED, ITPU

2y —g™ 2y
BTOPOE ClIaraeMoe MOKHO MallIMHAIBHO CYECTh

IIOJICTAHOBKE HYJISI B BBIPDAKEHUE
3a HOJIb.

Ha uncroBuke, KOHEUHO K€, HE HY>KHO BCE pacIUChIBATh TaK MOAPOOHO, aHAIN3 MOPsIKa
MHTETPUPOBAHUS U IPOMEXKYTOUHBIE TIPOBEPKHU OCYIIECTBIISIOTCS] MBICIEHHO JIN0O HA YEPHOBUKE.
Pemenue oopmitsiercss CTaHIapTHO B 3 MYHKTA, HO YUTATENU C XOPOLIMM YPOBHEM MOATOTOBKU

MOTYT 3anunucaTtb €ro n «OIHOM CTpOKOﬁ»Z

”I 8y ze" ™ dxdvdz = Siygcz’yj- z.:izjl-ejmcix = Siyjdyizi - zdz jl. 2 M5 (2xyz) =
T 0 b 0 n <V 1

= 4?_;:@} @), dz = 4?;:@} (1- & % )dz = 4?;{2 + zie-m]ﬁdy =
10 10 0 Y

2 ]
= 4];.,{1+ 1w oo LJ.::{): =4y +267 - 2dy = (2" - - 2y)f; =
i 2y 2y 0

=8-et4-(0-1-=5-¢""

I” Sy ze P drdydz =5 -
OtBer: T
HaBepHoe, 5T0 MOHATHO, HO Ha BCAKUI CIydail 3aKOMMEHTUPYIO: OYKBEHHBIE MHOKHTEIIH -
KOHCTaHTHI CJIEAYET EPEMEIIAT CIIPaBa HaJIeBO MOCIE0BATENLHO U 0€3 «IIEPECKOKOBY — JI0 TEX
nop, TOKa Kaxjgas OyKBa «HE BCTPETUT CBOW HWHTErpail». YCJIOBHBIA  HPUMED:

LLl] L1 L] * L1l (11

”I xe’ coszdxdvdz = j-a!’x}ciyj- x& coszdz = jcfxl x&dy I coszdz = I xcij eyd_yj-cos zdz

I‘ [ 1) L11] L]
AHanoru4Hoe 3a/1aHue JJIs1 CAMOCTOSITENILHOTO PEIICHHUS:
[Ipumep 16



Brruucnuts TpONHOMN MHTETpal

”_[ x*zsin xye)dxdydz

T

=0 y=0 z=0
T:x P TR EEE
x=2 wy=m z=1

DuU3NYECKUE TPUIIOKEHUS TPOMHOTO HHTETpalia

PaccMOTPHM HEOXHOPOIHOE (nepemennoti niomuocmu) Tteno < . Ecam nsBectHa

ol z)

HEIIPEpLIBHAsA B obnacTu T q)YHKHI/IH INIOTHOCTHU T¢CJIa, TO €ro MacCa paBHaA

CIIEAYIOLIEMY TPOMHOMY HHTETpAy:
m = [[[ otz ». 2)dxdyaz
r

BOSMO)KHO, HE BCEM IIOHATCH CMBbICII (bYHKI_[I/II/I IIOTHOCTU. llosSCHSIO: eciau B3SITh

(3 Vs Zp)

IIPOU3BOJIBHYIO TOYKY IIPUHAUICKAIYIO  TEIly T 10 3nauenne byHKIIH

= Xa. L2 o
Gy = PlE Vi 7] OyJieT paBHO IUIOTHOCTH TeJia B JAaHHOM TOYKE.

[lpumep 17
Beluucnute Maccy  HEOJHOPOAHOTO  TeNd,  OrPAHUYEHHOTO  MOBEPXHOCTIMH

2 2 2 2
4y =lx+y =2 z=0x20 =0
o : ° : : 4 , ©CIM W3BeCTHAa (YHKIHS €ro IUIOTHOCTH

olx, v z)=10x
4yt =1
Pemienue: nckoMoe TeIO0 OTrpaHUYCHO IMIIMHIPOM o cOOKY, DITMITHYECKUM
1
2= (457
napaboI0u10M 2 — CBEpXY M IUIOCKOCTBIO < =0 _ cHu3y. [lomonHuTensHbIE
x=0y=0 o

yCIOBUS (GaroHSIOT Hac» B 1-ii OKTaHT, W MPOEKIMsS Tela Ha IUIOCKOCTh
X0F

NpeACTaBIsieT CcOo0OM  COOTBETCTBYIOILYIO  «UETBEPTUHKY» E€AMHUYHOIO  Kpyra:

L¢]

AHaATUTUYECKUM METOJIOM YTOYHHMM BBICOTY, Ha KOTOpPOH MapaboJoua mepeceKkaeT HMUIUHIDP:

2 2
4y =2z 1
. Y . = 2r=1=z=—
4y =1 2 . .
u BBITIOJITHUM MPOCTPAHCTBEHHBIN YepTEK:
}\
'S S
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[Tpoekuust cpaszy »*e HABOAUT HA MBICIb O Mepexoje K IMINHIPUYECKON crcTeMe KOOPIUHAT:

r=roosg
¥=pFamn @
z=z

x2+y2:1.:}!"2::052.:39+r25jng{p=1:>;~3=1_:;>r:1_
2

1 2 2 ¥
= — + ==
z Elix Y=z >

Sy z)=10x = plrcosg retn @ 2) = 10rcos

[MTopsimox obxona Tena OUEBU/ICH:
2
0=z=l
2
D=r=1
T
l=gp=—
¢ 2
Takum o0pazom:
7 L7
B = _”_[ oCx, v, 2idxdvdz = ”_Ill[:lr' cos & rdrd ez = 10_[::05 {;?ci{;?_llrzdr _[ciz
T T 0 0 0
Brruncnenus 3JIEMEHTAPHBI:
r? r 2 2
n [az=(f =2 -0=L
) ! @ =—-0=5
1 2 1
F 2 1 11 5.1 1 1
2 — rdr==|rdr== =(ril;=—01-01=—
) !2 2! 7 5t s TARRAET
1 3 = bl
2010 ﬁ_!cos-:;?cft;??: (sin @3 = sinE—sin 0=1-0=1
Orger: = led. aacew
Crnenyronuii mpuMep JUisi CAaMOCTOSTEIIBHOTO PEIICHUS:
[Ipumep 18
BerumcnuTe Maccy = HEOJHOPOJHOTO — Tella, OTPAHWYEHHOTO  MOBEPXHOCTSIMU
z=x +yh A= +yhyz0 olx y, ) =10z

, €CJIM U3BECTHA (DYHKIIMS €r0 MIIOTHOCTH
Kpatkoe penienue B KOHIE ypoKa

U crapas necHs o ri1aBHOM:

IleHTp THAKECTH Tea

HOZ[06HO TOMY, KaK 3aJa4da O BbIYUCIICHUU LCHTpPaA TAXKCCTU ILIOCKOM (bHTypBI

BBIYUCIIAIACH C IIOMOIIBIO JIBOMHOTO HUHTCIrpaia, 3aada 00 OTBICKAaHUU yenmpa msstcecmu TCia

pemacTca aHaJIOTHYHBIM CII0COOOM C IIOMOIIBIO TpOfIHOl"O HUHTCIrpaia.

Yro Takoe HOCHTP TAKCCTHU TCJIa, JOBOJIBHO YIa4YHO O00BSICHUI elé ApXI/IMCI[. Ecnu teno

MMOABECUTH HA HUTH 3a HCHTP TAXKCECTHU, TO OHO 6YJ1€T COXpPAaHATH PaBHOBECHEC B JIFOOOM MOJIOKEHUH

(xak ObI MBI €ro MpeABapUTEIbHO HU MOBEPHYNN). B M3BeCTHON cTeneHu He peanu3yeMo (Taku
LEHTP TSDKECTH BHYTPHU Tela), HO 3aTO OYEHb MOHATHO. U BIOJHE B CTUIIE JPEBHErPEYECKOIrO
y4€HOro, KOTOpBIM MPOCHII J1aTh €My TOYKY ONOpPBI, YTOOBI C MOMOIIBIO pbluara InepeBepHyTh

3eMitio.

LlenTp TsKeCTH Mz 7 2)

HEOJHOPOIHOTO TeNa £ pacCcUMTHIBACTCS 1O hOPMyIaM:
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JI] motx. : 2)dndydz [I[ etz . 2)dxdydz ] z0(x. : 2)dxdydz
T r _ T

g = : Yo = » Eg =
! ! pr

m = [[[ otx. ». 2)drdyaz
r

nyz
rIe elxyz) _ (yHKLIMS TUIOTHOCTH TeJa, a — Macca Tea.

Ecnu Teno omHopomHo (3050TOE, cepeOpsHOE, IJIATUHOBOE U T.A.), TO (hopmyibl

2= const = o
ynpoinatres. Tak Kak IIIOTHOCTh MOCTOSIHHA, U Macca — €CTb MPOMU3BECHHE
MJIOTHOCTH Ha 00BEM, MOJIy4aeMm:
”I xedxedvedz ”I vddxdviz _[” zaxadvdz

xﬂer’ l}?uer, ZU:TT ) )

, 2 00bEM TeJla pacCUUTHIBACTCS (ewyé He

= ”j dxdvdz

3a0blau? =)) ¢ TOMOIIBIO TPOMHOTO MHTETpaja T

JUjig eHTpa TAKECTU OJAHOPOAHOIO TeJa CIPABEIUBEI CIEIYIOIINE YTBEPKIACHUS:

— €CJIM y TeJla €CTh LIEHTP CUMMETPHUH, TO OH SIBJISIETCSI HEHTPOM TSKECTH (Mpocmenuiull
npumep — yeHmp wapa);,

— eCIM Yy Teda CYUIECTBYET JIMHUS CUMMETPHM, TO LEHTP TKECTH O0s3aTeNbHO
HOPUHAICKUT TAHHOHN JIMHUH;

— €CJIM y TeJa €CTh MJIOCKOCTh CUMMETPHH, TO LIEHTP TSKECTU HEIPEMEHHO JISKUT B 3TOU
IUIOCKOCTH.

Kaxk BUIAUTE, IIPAKTUYCCKHU ITOJIHAA aHAJIOTHUA C HEHTPOM TSAIKECTU IJIOCKOM (1)I/II‘ypI)I.

Hy u, camo co0oii, He MOry He OpaJ0BaTh BaC 3aKJIIOUNTEIbHOMN 3aauei:

pumep 19

Haiitu 1neHTp TsDKECTM OJHOPOJHOIO Teja, OrPAHUYEHHOIO IOBEPXHOCTIMU

xtytz=ala=0 z=0 v=0z=0
Y ( ) , V= . BEIMOTHUTE YepTexu JaHHOTO TeNa U €ro MPOeKIUy Ha

IIJIOCKOCTh AQY .

Pemenue: mckomoe TeIo OTpaHU4YCHO KOOPAWHATHBIMHU INJIOCKOCTAMU U IINIOCKOCTBIO

r+y+z=u
o , KOTOPYIO B LICJIAX MOCJICAYIOMIETO MOCTPOCHUS yz[06Ho MIPEACTaBUTh B OTpE3KaxX:

£+£+E=1

@ a4 a Breibepem «a» 3a emuHUIly MacmTaba M BBIIOJHUM TPEXMEPHBIA YepTEX:
A

z

)( ad
Ha YCPTEIKC YIKC IMOCTABJICHA I'OTOBAA TOYKA HCHTPA TAKCCTH, OAHAKO, ITOKAa MbI e€ He 3HaeM.

[Ipoekuus Tena Ha INIOCKOCTh A0Y OUYEBMJIHA, HO, TEM HE MEHEE, HAIIOMHIO, KaK €€ HauTH
AQHAJTUTHUYECKH — BEb TaKUE MPOCTHIE CIIy4ad BCTPEUaAIOTCs Jalieko He Bcerna. YToOwl HalTh

. x+y+z=a X0V (z=0)
MpsIMYIO, TI0 KOTOPOHM TEpPeceKaroTCs IUIOCKOCTH HY)KHO PEIIUTh


http://www.mathprofi.ru/centr_tjazhesti_ploskoi_figury.html
http://www.mathprofi.ru/poverhnosti.html

CHCTEMY:

r+y+z=ua
z=10
=10 L x+y+0=a

IToncraBnsem 3HaueHUE B 1-0e ypaBHeHue: U IIOJIy4aeM ypaBHEHUE

Tty=ua o o
«IIJIOCKON» IIPSIMOM:

'Y

la

|

: 4=a4-X

|

 EEEEEEE——— e

Xy Vel Z
Koopaunatsl 0> Yo %o uentpa wokecrn M tema T BprumenmM  mo bopmynam

xelxclvdz Yelxdvdz zdxdvdz
N S Ll S e
v v v , TIIe T — 00BEM Tela.
Bri6epem «KJTACCUYECKHUI» MOPSIIOK obxona:
DezZag—-x—y
D=yv=a-x
D=x=a

1) CHavana BeruuciuM o0BEM Tena. Ero, kcratu, MOXKHO y3HATh 3apaHee, MOJb3YACh
M3BECTHOM 3asaueit reomeTpuu 00 00bEéMe TeTpasapa. OO0BEM TeTpadapa paBeH 1/6-oif 06bEMa
PSMOYTOJIBHOTO TapalieNienuena, MOCTPOCHHOTO Ha ero 3-X CMEXHBIX pEéOpax. B Hamem
cly4yae Tapajiesienune]] MpeacTaBiIseT co0oil KyO ¢ pedpoM «a», U COOTBETCTBEHHO:

[P
Ip;mpfudpazgﬂ
Ocrajioch  aKKypaTHO TIPOBECTH YHCTOBBIC BBIUMCICHHS  (JKENAIOIINe

MOT'yT
HNOTPEHUPOBATbCSI M BBIIOJHUTH HX CAMOCTOSITEIBHO).

B npumepax ¢ rpoMo3aKuMHU
npeoOpa3oBaHUSIMH PEKOMEHYIO0 3allMChIBaTh PpEIIEHWE CTOJIOMKOM — MEHbIIE IIAHCOB
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3aIyTaThCs:

a-—-% a—-K—

V= I”.:fx.:fy.:iz:fcix [ay [éz ~
¥ I 0 1

I(a—x—y}dy=

.:;txy—]

| )
ala—x)1—xla—x)1— 5 dx =
0

EL

ﬂ—?i'cilx —

I
O by f1 D Ry f1 O ey

=al|ia— x)dx— I(ax x}cfx——_[(cz x) ‘dx =

fl+l|:cz—le3

_ﬁ_i
2 2" g

a

0=

Jleno 3a TpeMsi TPOMHBIMU MHTErpaiaMu. ...A Bbl, HABEpPHOE, HE TaK JaBHO U IIPEJCTaBUTh
ce0e He MOIUIM, YTO OKa)KETECh B AIUIIEHTPE TAKOrO KOIIMapa =)
2) BbruncinuM «MKCOBBII HHTErpal:

a-x d=-x=3

jﬂ xdxdydz = _!x.:fx [ay I.:;Ez =

a-x

xelx I(ﬂ—x—y]dy:

i

2
—"

Il
S e——fy S ——f O ——R
by

a-x fix —

5y
)
Y
|
M
|
by
Faipat
)
|
Nak
|

3
a—x) ]a!’x:
2

azxg Sax &
— +
2 3 !
at at 1{at 22 &
_——— - -—_ -4 — =
3 4 202 3 !

6 12 24 24
Takum 00pa3om, «MKCOBasH» KOOPANHATA IICHTPA TSKECTH:
4
j” xdxdvdz @

r

T 24
i
6

a

0=

xnz

NS

Hy 4to ke, BBITTISAUT MPaBAONO00HO, IO KpaitHE MEpe, Mbl «ITOTIaJIH BHYTPb TEJa.
BBuny cummerpuu Tetpasapa ABe Ipyrue KOOpAUHATHI JOJKHBI [OJy4YUTHCS TAKUMH JKe.
Tenepb OMMOOYHBIN OTBET MPAKTUYECKU UCKITIOUEH!



3) Cnenyromiasi «ImpOCThIHS»:
2  a-x a—x-p
I”ycfxdyciz = _[cfx Iy.::t’y I.:I'z =
¥ 0 1 0

dr [y(a=x=y)dy =

]
cfXT:(ay — xy=y"dy =

0

O Moy [ ey 1 ey 1 ey 1

o Y
2 oz 30

_ [a(a—x}g B xla—x)? B (c:—xf}ixz
2 2 3

:%T{cx—xjgcfx— T(agx—Eaxg +xdr— =@ —x)dx=
0 0

= My 1

1 1
2 3

@ se 1@ 2a 2y, 1 4z
=——la—xX|g—— - t— |l T =l —x) | =
3 :'“'2[2 ERRY T
s $ 4
=_E(U_a3)_l a _ 4 +i(g_a4)=
6 2l 2 3 4] 12
_a“_a“_a“_a“
6 24 12 2
B pe3ynbTare:
”Iy.:;t’x.:fy.:iz £
g = 2 _24_ a8
’ v & 4
6

4) U 3akmtounTenbHbIN, 00Jiee KOPOTKUNA WHTETPal:

_Il_”z.:z!’x.:fy.:fz = dea];yﬂ_ijdz = l _T .::t’xa]-?::zzj
v 0 2% o

0 0

e s
5 ydyzaldxl(a—x—ngdy:
P

|:I4

1
a __ D_ 4 =
0= me) =

1
&

1 1% 1% 1
=—§-§!(a—x—y)3,3 cz’x=—g_!:(0—(.:z—x)3)cx’x=— -E(.:z—xj"'

drdvdz @
_Il]'zxy _;1_“

7

]

= ==
1]

[ &
&
OTMC‘-IE[CM Ha YCPTCKE HaﬁHCHHYIO TOYKY HOCHTpaAa TAKECTU U e€ K€ 3aIllliChIBAEM B
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OTBET: 444

B cdepuueckux koopAMHATaX TMOJOXKEHHE OO0 TOYKH MPOCTPAHCTBA OJHO3HAYHO
OTIpe/IeNIAEeTCS. OJHUM pACCTOSHHUEM M JByMs yriamu. bonee moapoOHyio uHPOpMAIUO U
COOTBETCTBYIOIIHE MPUMEPHI MOKHO HAlTH B yueOHOM JIUTEepaType.
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Ilpumep 14: Pewenue: uzobpazum npoexyuro OAHHO20 mend HA NIOCKOCMb AT
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Ceepxy meno 02PaHU4eHo AIUNIMUYLECKUM napaboioudom z=5(x"+ 57 .
Buvibepem cnedyrouutll NOpsi00K obxooa:
0=z=5(x" + %)
O=y=x
D=x=1
Taxum oopaszom:

[[[3x+ 4y)dndvaz = i.:fxf dyﬂx IEBJx +4y)dz = ja?xi (3x+ 4.:1*'3'&;“ I:?;
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Ilpumeuanue: 6 «3emosom» unmezpaie Cymma ( )
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2) 5[ Gx+ay)(x* + " dy =535 + 4y’ + 30 +4y7)dy = 5327y + 275 + 07 + )
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2) 35jx*dx= 35%(x5)|; =71 -0 =7
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[” (3x +4y)dxdydz =7
Omeem: T

Ilpumep 16: Pewenue: 8bINOIHUM uepmegnc:

Buvibepem cnedyrouuil NOps00K 00x00a mena:

Taxum oopasom.




”_[ x°zsin( xyz)dxdydz = i. x .;fx_ll- zdzi sinf xyz)dy
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Ilpumep 18: Pewienue: uckomoe meno O02PAHUYEHO IIIUNMUYECKUM Napaboroudom
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zZ= xz +_}r2 o g=Jx+y .
CHU3Y U KOHUYECKOU NOBEPXHOCNIbIO — ceepxy, napa60ﬂ0ud U KOHYC

4yt =1

nepecexaiomes 6 niockocmu =1 no oxpyscnocmu (8bIKNIAOKU U YepMENC — CM. 8

= .
Ipumepe Ne9 ITockonvky ¥ = 0 , MO peub udém 0 Npasom (OMHOCUMENbHO NJOCKOCHU ACZ )

nOIYnpocmpancmee, U Npoekyueu mena Ha HI0OCKOCb XCY gensiemes 8EPXHULL NONYKPY2
eOUHUYHO20 paouyca:
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Maccy mena gvluucium ¢ nomMowbo MpoiHO20 UHMESPAld, UCHONb3YS YUTUHOPUYECKYIO CUCTEM)

KOOpOUHam:
I=rcosg
Y=rsm @
z=z
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Taxum oopasom.
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IIpakTnyeckoe 3ansitue Ne 21

Tema: UcciienoBanue cXoqMMOCTH PSIIOB

Heab: 3akpenuTh y CTYA€HTOB YMEHUS HaXOUTh CXOJAUMOCTH PSJIOB

Teopernueckmnii 6,10k

Yucnoewie psaowvl.

Onpenenenue. BoipaxkeHue Ha3bIBAE€TCS YUCIOBBIM PSAJIOM WM IIPOCTO PSAOM, SJIEMEHTHI
Ha3bIBAIOTCS WIEHAMH JJaHHOTO psJa.

Onpenenenne. CymMmma KOHEYHOTO 4HMCIa MEPBBIX WICHOB psfa Ha3bIBaeTCs O
yacTUYHOU cyMMoi psia. O603HaYM

PaccMoTpuM noc1e10BaTeIbHOCTD YACTUHYHBIX CYMM

Onpenenenne. Psyn Ha3biBaeTCsl CXOMSIIMMCS, €CJIM CXOJIUTCS IOCIENA0BAaTENbHOCTh
YaCTUYHBIX CYMM 3TOIO psijia, T.€. €CIHU CYIIECTBYET KOHEUHBIH IpeJeN IMOCIIe0BaTeIbHOCTU
yacTUYHBIX CyMM. [Ipu 3TOM mpenen (KOHEUYHBIM WM OECKOHEUHBIN) IOCIIENOBATEIbHOCTU
YaCTUYHBIX CYMM Ha3bIBaeTCS CyMMOU psijia.

IIpumepsl.

3ananue 1.1. UucnoBsle psabl 3ajaHbl CBOMMM NEPBBIMH IIThIO 4ieHaMH. COCTaBUTH
dopmyity 0011Iero uieHa A KaXI0ro psa.

a) 1+2-3+4-5+_

B)—l+4—9+16—25+;;
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3amanue 1.2. YnucnoBsie psasl 3a1aHbl GOpMyIaMU CBOMX OOIMX 4eHOB. [ kaxmaoro
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3amanue 1.3. /lng DaHHBIX PSIIOB NMPOBEPHUTH BBHIMOJIHEHHE HEOOXOIMMOTO MpHU3HAKA
CXOJUMOCTH.

=1

X A
H) Bl
3asanue Ha JIOM.
1. UucnoBsle psAapl 3afaHbl CBOMMHU IMEPBBIMH MAThIO uieHamu. CocTaBUTH GopMyly
o01mero wieHa JijIs KaKJI0TO psajaa.

a) —345-T+9-114_,

1+ E +2+4 E +34+_
6) 2 2 :
B) —1+2-6+24-120+_
2. HucnoBsie psabl 3a1aHbl OpMYyIaMu CBOMX OOIIUX WIEHOB. st KaXK0ro psijia HAuTH

S,
MEPBLIC IIAATh YJICHOB U YaCTUYHYIO CYMMY L

n
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3. JIas TaHHBIX PsIIOB IPOBEPUTH BBIIOJHEHHE HEOOXOAMMOTO IPU3HAKA CXOUMOCTH.
=, ntl
20—
a) =1 n
o ni3
6) =1~ 2nt+1
3ansitue 2. IIpu3HAKM CXOAMMOCTH 3HAKOIOJIOKUTEJbHbIX psaxoB. Ilpusnaku
cpaBHeHus. [Ipuznak Janamoepa. Ilpusnak Komm.
3aganue 2.1. MccaenoBath psibl HA CXOAUMOCTb.
o n—4
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3apanue 2.2. VccnenoBaTh pslibl HA CXOAUMOCTb.
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3) E[(’! "']I'! +2)]
3ajanue Ha JOM.

HccnenoBath psapl HA CXOIUMOCTb.
= n 13

o HEID D,

o n2

6) §2‘+1;

= nlt5

3ansaTue 3. 3nakonepemennsblie psaabl. [Ipusnak JleliOunna. JlocTaTouHbIii NPU3HAK
CXOAUMOCTH. AOCOJIIOTHAS Y YCJIOBHASA CXOAUMOCTb.
3aganue 3.1. UccnenoBaTh TaHHBbIE 3HAKONEPEMEHHBIE PSIABI HA CXOAUMOCTh. B ciydae
CXOOANMOCTH psma BBISICHUTH eé XapaKTep.
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3aanue Ha JIOM.

HCCJ’IGI{OB&TB Ha CXOAUMOCTb 3HaKOHepeMeHHHe pH,Z[BI.
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3austue 4. Crenennblie psiabl. Paguyc, uHTEpBAaJ, M 00J1aCTh CXOAMMOCTH CTENIEHHOTO
psaa.
3amanue 4.1. Haittu paguyc, nHTEpBal U 00JaCTh CXOJUMOCTH CTEMEHHBIX PSIOB.
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3ajlaHe Ha JIOM.
Haiitu paguyc, nHTEpBai U 0071aCTh CXOAUMOCTH CTCTICHHBIX PSIIOB.
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3ansTue 5. Pazo:xxkenne 3jieMeHTapHbIX (pyHKIMA B psaabl Teilsiopa n Makiiopena.
Padouue dhopmyJibi:

®opmyina Tennopa:

=@,
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rae (n+I! - OCTaTOYHBIN ujieH B popme Jlarpanxa.
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®opmyiia Maknopena:
o . f"(ﬂ)xz+_+f(""(0)1,+f(‘"’(-§)xm_
2 n (m+I)

3ananue 5.1. Pa3noxuts nanusie pyHkiuu B psin Tetnopa no crenensm * — & (70 nsaToro

Ffx)=7FO)+

YICHA pa3JIOKCHUA BKJHO‘-II/ITCJII)HO).

f(I)=l:l’.‘lSJ’;ﬂ=£_
a) 3
6) Fx)=h{x+2),a=1.

5) £G) = a=2.

3amanue 5.2. Pa3noxuTh AaHHble (YHKIMH B psa MakinopeHa (0 MATOro 4ieHa
pa3I0XKEHUS BKIOYUTEIBHO).

2) Ffix)=smx
5) FO)= g™
py FO= NS

IIpakTnyeckas padora Ne 22

Tema: Haxo:kaenune 00,1aCTH CXOAMMOCTH CTeNIEHHBIX PSA0B

Heab: HayunTbes HaXOOUTH 00JIACTH CXOAMMOCTH CTEIIEHHBIX PSIIOB

Teopernuecknii 010k

Crnenyer Xopouo NOHUMATh, UTO TaKOE Psil, YMETh IPUMEHATh MPU3HAKU CPABHEHUS IS
UCCJIEIOBaHMS psJla HA CXOIUMOCTh. TakuM 00pa3oM, eciii Bbl TOJNBKO-TONBKO MPUCTYMUIHN K
HN3YUCHUIO TCMbI WKW  SBJISICTCCH YJafHUKOM B  BBICHIEH MaT€MaTukKe, HeO6XOJII/IMO
MOCJIeIOBATEIBLHO MTPOPA0d0TaTh TPH ypoKa: Psiael miis aitaukoB, [Ipusznak [lanambepa. [Ipusnaku
Komm u 3nakouepenyromuecs psabl. [Ipusnak JleitOnuna. OOs3arensHo Bce Tpu! Ecnu ecthb
AJIEeMEHTapHbIE 3HAHUS M HaBBIKA PEIICHUS 3aJad C YUCIOBBIMHM PAJIAMHU, TO CIPABUTHCS C
(GYHKIMOHATIBHBIMH psAaMU OYAET JOBOJIBHO MPOCTO, IIOCKOJIBKY HOBOTO MaTepualia He OYeHb U
MHOTO.

Ha nanHOM ypoke MbI pacCMOTPUM MOHATHE (DYHKIIMOHAIBHOTO psiia (YTO 3TO BOOOIIE
TakKoe), MO3HAKOMUMCS CO CTEIIEHHBIMU pSAaMH, KOTOpbIe BcTpedaroTes B 99%-X npakTUYecKuX
3a/laHUi, 1 HAYYUMCS PEllaTh PACHPOCTPAHEHHYIO THUIIOBYIO 3a/1adyy HAa HAxXOXKJECHHUE paanyca


http://www.mathprofi.ru/osnovy_matematicheskoj_logiki.html
http://www.mathprofi.ru/ryady_dlya_chajnikov.html
http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html
http://www.mathprofi.ru/priznak_dalambera_priznaki_koshi.html
http://www.mathprofi.ru/priznak_leibnica_primery_reshenii.html

CXOJIMMOCTH, UHTEPBAJIA CXOJAMMOCTH U 00JIACTH CXOJMMOCTH CTEMEHHOTO psiaa. Jlamee MOKHO
OyZIeT pacCMOTPETh MaTEpUal O CyMME CTEIIEHHOTO Ps/ia U Pa3jioKeHUH QYHKIIUNA B CTCTICHHBIC
PAIIBL.

Ionusmue ¢hynkyuonanvbHo2o psaoa u cmenenHo2o psaoa
OOBIUHBIN YHCITOBOM PsiJl, BCTIOMHUHAEM, COCTOUT U3 YHCEI:

Z‘Ix =y ey sy o+
=l

o N T S O S
Bce unenst pama 12 E 4 a0 UUCTIA.

DyHKIMOHAIBHBIH ke paj cocTont u3 OYHKIIUN:

Zux(xj = (X (X s (X0 (0 Fu (x4

H=1

. i, (X
B o0mwuii unen psna » (%) IIOMMMO MHOTOYICHOB, ()aKTOPHAJIOB M JPYTUX MOAAPKOB
3
i st X
(m+1 27
HEIPEMEHHO BXOJUT OYKOBKa «WKC». BBIMISIuT 3T0, Hampumep, Tak: ==l . Kak un

YHCIIOBOM psia, 000 (QYHKIHMOHAIBHBIA DS MOXHO paclucaTh B Pa3BEpPHYTOM BHJE:

o

sin X S X S A S A S X% s X
> =t — ...
el R o YR 2.2 3.2 4.27 5.2 6.2
Kak Bunute, Bce 4iieHbl (yHKIIMOHATIBLHOTO Psijia 14y (1), 13 (%), 145 (%), 24, (), 0 (X),.. 3TO
GyHKIMH.

HauGonee momynspHON pa3HOBUAHOCTHIO (DYHKIIMOHAIBHOTO Psijia SIBIISICTCS CTEIEHHOM
psm.
Onpenenenue:

. . 1, (X
CreneHHoM psij —3T0 psAl, B OOIIMM wiieH ~* (%) KOTOPOI'0 BXOJAT LIEJIbIE ITOJOKUTEIbHBIE
CTENICHH HE3aBUCHMOW IMepeMeHHOW # . VIpOIIEHHO CTENEHHOW psj BO MHOIHMX y4YeOHHKax

w
td
>
£
3alMChIBAIOT TakK: -l , TAe ~* — 3TO cTapass 3HaKOMas «HAYMHKA» YHMCIOBBIX PsI0B
(MHOTOUJIEHBI, CTENEHHU, (aKTOpHajbl, 3aBUCIIIUE TOJIBKO OT «3H»). [Ipocreifmmii mpumep:

W xﬁ X3 x4 xﬁ

S ik S
=l > 2 4 5

HOCMOTpI/IM Ha 3TO PA3JIOKECHUC U €IIC pa3 OCMBICIIUM ONPEACICHUC: YJICHBI CTCIICHHOI'O
psAaaa CoJcCpKart KHUKCBI» B yenvlx NOJIOHCUMETIbHBIX (HamypaﬂbelX) CTCIICHAX.

OdueHb 4YacTO CTCIICHHOU paa MOXHO BCTPCTUTHL B  CICAYIOMIUX «MO,Z[I/I(I)I/IKaI_II/ISIX»I

Yienlx—a) icnlx+a)
n=l WITH n=l , rie a4 — KOHCTAHTa. Hanpumep:
w o x 2 T a3 3 o + a3 5
5 2 Eszj _ 2(x+2)+2 (x-zi—Ej +2 (x-gl—E) N 2 (x-:E) N 2 (x;l—E) L
He=l M 2 3 B} )
Zc,éx” ch (x—a)”
CTporo TroBOpsi, YIPOIICHHBIC 3alKMCH CTEMEHHOro psiga *! , =l WITH

icn (x +a)"

=1 HE COBCEM KOPPEKTHBI. B mokazarene CTEEHH BMECTO OJMHOKON OYKBBI «IH»


http://www.mathprofi.ru/razlozhenie_funkcij_v_stepennye_ryady.html
http://www.mathprofi.ru/razlozhenie_funkcij_v_stepennye_ryady.html

MOYKET pacroyaratbcs Ooiee CIIO’)KHOE BBIpa)KCHUE, Harpumep:
w n 4 (7] ] 10

x 4 X x X
y—=rt—t—t—t+—+

e oA 41 s

N TaKoOn CTEIIEHHOM pan:
e (=1 (x-1) +J§.(x—1)“ +J§.(x—1;.”' +ﬂ.(x—1)“' +£- (x -1 N
E 3" C3 3 33 3t 3’

JIvmb OBl TOKA3aTeNH CTETEHEH MPHU «MKCax» ObLIH HATYPaIbHBIMH.

Cxo0umocms cmenenHo2o psoa.

Hnmepsan cxooumocmu, paouyc cxooumocmu u 001acmos cCXo0OUMOCHU

He Hy>xHO TIyrathcsi TAKOro OOMJIHSI TEPMUHOB, OHU UIYT «PSAIOM JIPYT C IPYrOM» H HE
NPECTaBIISIIOT OCOOBIX CIIOKHOCTEH Ui ToHUMaHus. Jlydine BpiOepeM KakoH-HHOYIb MPOCTOM
MIOJIOTIBITHBINA PSIIT M cpa3y HAuHEM pa30oHupaThCs.

w x?!
e
HpOI_Hy J‘H’O6I/ITB H JXaJIOBATh CTCIICHHOMU PAJ #ml

[lepemennas + MoXeT HpUHUMATH JIFOOOE JCHCTBUTEIbHOE 3HAUYCHHE OT «MHHYC
OECKOHEUHOCTU» 0 «IUIIOC OeckoHeyHocTwy. [loacTaBum B 00mMiA 4YjieH psiia HECKOJIbKO
IIPOU3BOJIbHBIX 3HAYECHUN «HKC»:

2 »
Eciu 5 , TO =l e -l M 2l 5

U Tak pnanee.

OLIGBI/II[HO, qTO, MOJCTaBIAA B # TO HWIUM HHOE 3HAYCHHUE <(WMKC», MBI nojrygacm
pa3IMYHbIC YHCJIOBBIC PANBI. HeKOTOpHe YHUCJIOBBIC PAOBI 6y'JIYT CXOOUTHCA, a HCKOTOPHBIC
pPacxoauThCs. U nama 3agada HaAlTH MHOXXECTBO 3HAUCHUM «HUKC», TP KOTOPOM CTEIIEHHOM pax
w

el

P
3
6y,Z[CT CXOJIHUTHCA. Takoe MHOXKECTBO U Ha3bIBACTCS 00J1aCThIO CXOOUMOCTH psaa.

Jlig m000ro cTeneHHoro psia (BPEMEHHO OTBIIEKaeMCsl OT KOHKPETHOIO MpHMepa)
BO3MOYKHBI TPU CITyYas:

o a, b
1) CrenenHoii psn cxooumcst abconomno Ha HEKOTOPOM HWHTEpBale 8 }. NHbiMH

a b
CJIOBaMH, €CJIM MbI BRIOUpaeM JTF000¢ 3HAUCHUE «UKC» U3 HHTEpBajIa (@, b) U MOJICTABIISIEM €r0 B
OOIIMI YJIeH CTENIEHHOTO PsijJia, TO Y HAC MOJIYUaACTCS aOCOMOMHO CXOOAUULCS TUCTIOBOM PSI.

Takoit nHTEpBaAN la. &) W HA3BIBACTCS HHTEPBAIOM CXOAUMOCTH CTETIEHHOTO psja.

Paanyc cxogumMocTu, €cim COBCEM POCTO, ITO MOJOBUHA JJIMHBI HHTEPBaJa CXOIUMOCTH:
_b-a
T2

FGOMeTpI/I‘IeCKI/I CUTyalus BBITJIAOWUT TaK:

R




Mpu MNOBOM 3HAYEHIN X

3HHOrO MHTEPBana

| )| ’T';.'ﬂ“f CXOAUTBCH
A6 COMOTHO i
/,—v\_w.\_—«_"’b/_,\_,-\v A A AN A AN s o N b Nt o SN
B v; \-
WHTepBan

CXOAUMOCTH
CTeneHHoro pRaga

B nmanHoM ciydae, uHTEpBal CXOAMMOCTH psla: (=4 -2 , PaAMyC CXOAMMOCTH psja:
_—2=i-4 —Z2+4
= 5 =——=

[upoko pacmpocTpaHeH TPUBUAIBHBIA Ccloy4yail, Korja HHTEpBal CXOIUMOCTH

R 1

CUMMETPUYCH OTHOCUTEIIBHO HYJIA:

Ha aToM uHTepBane pag CXoanTcA
{HTepBana abCONKTHO -pa
NA— A~ — I = e ettt A et OO e~
-3 0 3 X .

. (=33 :

3,[[6CB HHTCPBAJ CXO0ANMOCTHU paaa: , paguyc CXO0ANMOCTHN paaa:
3-0=-3 6

R = L = —= 3

2 2

B -
A 49to OyzmeT MNPOUCXOAWTh Ha KOHIAX HHTEpBaja (a; )? B Toukax *=¢,

=& crenennoit P MOXKET, KaK CXOAUTHCSA, TaK M PACXOJUTCS, U JUISl BBIACHEHHUS AITOrO
HE00X0/IMMO TPOBOJAUTH JONOJHUTENbHOE HccienoBanue. Ilocie Takoro ucciaeqoBaHus peyb
uAET yxe 00 00IacTH CXOAUMOCTH psijia:

— Ecau YCTAaHOBJICHO, YTO CTEIIEHHOH pAx pacXoauTCsa Ha oboux KOHIaxX MHTCPBaJIa, TO

a b
00J1aCTh CXOJIMMOCTH Psi/Ia COBIA/IAET C HHTEPBAJIOM CXOIMMOCTH: (a, &)

— Ecnu ycTaHOBIIEHO, YTO CTENEHHOM psAJl CXOAMTCA Ha OJHOM KOHIE MHTEpBaia U
pacxoauTcs Ha APYroM, TO O0JAaCTh CXOAUMOCTH psfa IPEACTaBIseT COOOH MOIyHHTEpPBAI:

[cz;b]l - {a;b].

— Ecnu ycTaHOBNIEHO, YTO CTEMEHHOHN psAJl CXOAWUTCSA Ha O0OMX KOHIIAX MHTEpBajia, TO
00J1aCTh CXOJIUMOCTH Psijia MPEJCTABISAET COO0N OTPE3OK: [‘I; b]

TepMuHbI OYEHb TMOXOXH, OOJACTh CXOIMMOCTH psga — OTO UyTh Oolee

JIeTaTM3UPOBAHHBIM HHTEPBAJI CXOJUMOCTH Psijia.

C AByMS OCTaBIIUMHUCS CITy4assMU BCE KOpPOUE U MPOIIIE:

2) CTeneHHOM psi cxooumcsi abconomuo Tpyu MoboM 3HaueHun * . To ecTh, kKakoe ObI
3HAYCHHE «MKC» MbI HE TOJICTABHJIM B OOIIMI 4WIEH CTEIICHHOTO psifa — B JIIOOOM cliydae y Hac
HOJYYUTCS  AOCOMOMHO  CXOO0AWuUCs YUACIOBON psf. MHTepBam CXOAMMOCTH H  00J1acTh

—ro o0 —
CXOJMMOCTHU B JaHHOM CJIydae COBIAJaloT: (—00; +00) . Paqmyc cxomumoctn: & =10 Pucymok
NPUBOJUTH HE Oyay, TyMaro, HET HEOOXOIUMOCTH.

w
]
e
3) CteneHHOM psiJl CXOIUTCS B €AMHCTBEHHOM Touke. Eciu psin umeer Buja -1 , TO OH
OyIeT CXOAUTHCS B SAMHCTBEHHOM TOUke * = 0. B srom cllydae HHTEepBaJ CXOUMOCTH U 00J1acTh
CXOJMMOCTH psiJia TOXKE COBMAJAIOT M PAaBHBI CANHCTBEHHOMY YHCIY — HYIIO: * = 0. Benm pan

icn (x—a)”

UMeeT BUy =1 , TO OH OyJIeT CXOUTHCS B €AMHCTBEHHON Touke * = % | eCITH psii HMEeT



w
Z o, (x+a)”
BUJ 1 , TO, TIOHSITHO, — B TOUKE «MUHYC a». Paguyc cXoauMOCTH psijia BO BCEX CiIydasiX,
€CTECTBEHHO, HYJIEBOM: R=0
Hpyrux BapuanToB HeT. OOnacTh CXOAMMOCTH CTENEHHOrO psiAa — 3TO Bcerjaa Jmbo

i b

CJMHCTBCHHAs TO4YKa, JIMOO JIF000E «HKC», MO0 HWHTEpBal (a; &) (BO3MOYKHO TOJYHHTEpPBAI,
otpe3ok). [lomuepkuBaro, 4To AaHHAS KiIaccu(HUKAIMs CIpaBeIBa JJisl CTENCHHBIX paoB. Jliis
MIPOU3BOJIBHOTO (DYHKIIMOHAILHOTO PsiJia OHA B OOIIEM CTydae sIBJISICTCS HEBEPHOM.

Hccneoosanue cmenenno2o pada Ha cxo0umMocms
[Tocne HeOONBIION MOPLUU TEOPETUYECKOTO MaTepuaia MepexoJuM K PacCMOTPEHHUIO
TUIIOBOTO 3aJlaHusl, KOTOpOE MPaKTUYECKH BCErJa BCTpPEuUaeTcsl Ha 3adeTax M dK3aMeHax Io
BBICILICH MaTeMaTuKe.
[Tpumep 1
w x?!
2
HaiiTi 0671aCTh CXOIMMOCTH CTETIEHHOTO psifa =17
3amanue 9acto GopMyIUPYIOT SKBUBAICHTHO: HaiiTh HHTEpBaJI CXOIMMOCTH CTEIICHHOTO
psiia ¥ UCCIIEIOBATh €r0 CXOUMOCTh Ha KOHIIAX HAMJIEHHOTO MHTEpBaJIa.
AJTOpUTM pelIeHus JOBOJIBHO Mpo3paydeH U TpadapeTeH.
Ha nepBom »sTame HaxoauM HHTEpBal CXOAUMOCTH psiaa. B OonpIIMHCTBE 3aaHMiA
UCIIONIB3YETCS CXeMa, OCHOBaHHas Ha npu3Hake Jlanambepa. TexHruuecku HaM HY>KHO BBIYUCIIUTH

| I:le

IR s . .
npeaci :u(:l , U C (bOpMaJ'IBHOI/I TCXHUKOU C€Iro PpCeHICHUA Bbl YKC 3HAKOMBI:
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(1) CocraBmnsieM OTHOIIIEHHE CIEAYIOMIETO YieHa psifa K MPeaAblayeMy.

(2) N36aBnsieMcst OT YETHIPEXATAXKHOCTHU APOOH.

(3) B uncnurene mo npaBwiy ACHCTBUN CO CTETICHSIMH «OTIIUIIBIBAEM) OIWH «HKC». B
3HaMeHaTese BO3BOAUM JIBYYIEH B KBaJIpar.

(4) BriHOCHM ocTaBIIuiics «HKC» 3a 3HAK npenacia, nmpuiceM, BBIHOCUM €ro BMECTE CO

2
M

2
3HaKOM Moyns. Ilouemy co 3HaKoM Momyns? Jleno B ToM, 4To Hamr mpezen * = #” +Zn+1 g
TakK OyJeT HEOTPULIATEIILHBIM, & BOT «MKC) BIIOJIHE MOXKET IPUHUMATh OTPHUIIATEIIbHBIC 3HAUCHHUSI.
[TosTOMY MOJTYJTb OTHOCHUTCSI UMEHHO K HEMY.

Kcratu, mnouemy |x| MOXXHO B0OOIIEe BBIHECTH 3a 3HaK npenena? Ilotomy uTO
«IMHAMHUYECKOI» NEPEeMEHHON B IIpe/ieie Y HaC SBISIETCS «3H», U OT 3TOr0 HAIIEeMy «HKCY» HU
’KapKO HU XOJIOJIHO.

4]

(5) YcrpansieM HEOIPEACIEHHOCTh ° CTaHIAPTHBIM CIIOCOOOM.
Ilocne Toro, kak mpenen HalJeH, HY)KHO IpOaHaJIM3UpOBaTh, YTO Yy HAC IMOJIYYHJIOCH.
Buumanue! BoluncneHHbll npeaen U MHTEPIPETALMIO ero pe3yabTaToB (cm. Huowce) HEJIB35
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CUMTaTh WJIM Ha3bIBaTh «mpu3HakoMm [lamambepay. [ToguepkHy emé pas, 4To paccMaTpuBaeMas
cXema JIMIb OCHOBaHa (He 80arch 68 nodpobHocmu) Ha TipuzHake JlamamOepa Il 9UCITOBBIX
PSIIOB.

Urak:

Ecnu B mpezene moiay4yaeTcsi HOJIb, TO aJITOPUTM PEIICHUsT 3aKaHYUBAET CBOIO PadoTy, U
MBI J1aéM OKOHYATENIbHBIH OTBeT 3amaHus: «OOIacTh CXOAMMOCTH CTEIEHHOTO psja:
— 00 < x <0, (11060€ JEHCTBUTENBHOE YMCIIO — Cilydaii Ne2 npeasiaymiero naparpada). To ects,
CTETICHHOW PsiJI CXOUTCS TIPU JTFOOOM 3HAYeHUU «HKC». OTBET MOXKHO 3aIHCaTh YKBUBAICHTHO:

x €{—00, +c0)

«Psn cxomutcs npu » (3HAYOK = B MaTeMaTHKe 0003HAYACT MPUHAIICIKHOCTB).

Eciu B Mpeaciic moJIydacTcsa 6CCKOH€‘-IHOCTB, TO AJITOPUTM PCHICHUA TAKKC 3aKaHYHMBACT

CBOKO PaboTy, 1 Mbl 1aéM OKOHYATEIbHBI oTBeT 3amanus: «Psux cxomures npu X = U (wm npu
=4 mbo += 79 y). CmorpuTe ciydait Ne3 mpeapiayiiero naparpada.

Ecin B mpemene moiydaercss HE HOJIb W HE OECKOHEYHOCTh, TO y HAc CaMblid
pacrpocTpaHEeHHbIH Ha TpakThke cirydae Nel — psii CXOAUTCS Ha HEKOTOPOM HHTEpBaJIE.

B nannom ciydae npenen paBeH |x| . Kak naiitu uarepBan cxogumoctu psaa? CocrasiisgeMm
HEpPaBEHCTBO:
|x| <1

B JIXOBOM 3ajianum 1aHHOTO THIIA B JIEBOM YacTU HEPABEHCTBA JIOJKEH HAXOAUTHCA
pe3ysbTaT BBHIYMCICHUS IPEena, a B PaBoOil 4yacTu HepaBeHCTBa — cTporo eauHuna. He Oyny
OOBSACHAThH, MOYEMY MMEHHO TAaKO€ HEPABEHCTBO W IOYEMY CIIpaBa €IMHUIA. YPOKH HOCAT
IPAaKTUYECKYI0 HAIIPABIEHHOCTb, U YK€ OU€Hb XOPOLIO, YTO OT MOUX PACCKA30B He-HOBecHHIesH
Hpofeceopeko-HpenoaaBarebekii-coetad CTAIM NOHIATHEE HEKOTOPBIE TEOPEMBI.

Texnuka paGoTbl € MOAYJIEM M pEUIEHHUS JABOMHBIX HEPAaBEHCTB HOJAPOOHO
paccMaTpuBanach Ha epBOM Kypce B ctatbe O0acTh onpeaesneHus GyHKIUU, HO A y100CTBa
s TIOCTaparoCh MaKCUMaJIbHO MOJAPOOHO 3aKOMMEHTHUPOBaTh Bce JeHCTBUS. PackpbiBaem

|x|-::a:‘>—a <X

HEPAaBCHCTBO C MOAYJIEM 110 IIKOJIBHOMY ITpaBUITY . B nanaOM clIyvac:

—1=x <1 _ yureppan cx0QMMOCTH HCCIELYEMOTO CTEIIEHHOTO PSA.

[TosI0BMHA YT MO34/IH.

Ha BTOpOM 5Tare HeoOXOAMMO HMCCIEN0BaTh CXOAMMOCTD PsIa Ha KOHIAX HaHJIEHHOTO
MHTEpBAIA.

CHavana OepéM JieBbIil KOHel HHTepBaia * = ~1 4 noxcraBnsem ero B Hawn CTeneHHOM

w ]
x=-1=3%" =)
IIpn #=l
[TonydeH unciaOBOM psil, U HAM HY)KHO HMCCJIEI0BAaTh €ro Ha CXOJUMOCTh (YK€ 3HaKoMast
W3 MPEIBIAYIINX YPOKOB 3a7a4a).
Hcnonb3yem MIPU3HAK Jleitbnuna:

2
M

1) Psan SIBJISIETCS 3HAKOYEPEIYIOIIUMCS.

: .1

lirn =lim — =0

x—}mhm | M=o ':gz o 9
2) — YJeHbl pAja yobIBalOT o Moaymo. Kaxaslii cieayromuil uieH psjaa

110 MOJTYJIFO MEHBIIIE, YeM MPEABITYIINMA, 3HAYUT, YOBIBAHHE MOHOTOHHO.
BriBoa: psin cxoautes.
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Uccnenyem pan Ha aOCOJIIOTHYIO CXOIUMOCTb:

o w 1
Shal=2
2=l #=1" " _ cxomuTcs (ciydail 0000IIEHHOTO TAPMOHUYECKOTO Psa).
Taxum 06pa3om, MOTyUYEHHBIH YUCIOBOU P CXOIUTCS aOCOIIOTHO.
Jlanee paccmarpuBaeM MpaBblii KOHEI| HHTEpBana * = 1 noxcrasmsem sTo 3HaueHue B
2T
HAalll CTETICHHOM psif =l :
w 1:'! w 1
=122 —==2.—~

a=l? o wal® O oxomures.

>

Takum 00pa3oMm, CTENEHHOW psg =l

[Ipu
x?d
3

% cxomurcst Ha O0OWMX KOHIAX HAMICHHOTO

MHTEpBaJa.

OtBet: O0aCTh CXOUMOCTH MCCIIETyEMOTO CTETICHHOTO psijia: — l=x=1

xe|-11
Hwmeer npaBo Ha )KU3HB U JIpyroe opopmiieHHE OTBeTa: Psia cxoaures, eciu [ : ]

HNuorga B YCJI0BUHN 3aJavu Tpe6y'IOT YKa3aTb paJjuyCc CXOAUMOCTH. O‘IGBI/II[HO, 4TO B

paccMOTpPEHHOM IIpUMEPE R=1,
[Tpumep 2
57
-]
Haiit 06;1acTh CXOAMMOCTH CTEIIEHHOTO psija *=0 3 At
Pemenue: nHTEpBaANI CXOAMMOCTH psijia HaIéM ¢ ToMoIb0 Tpu3Haka Jlamambepa (o He

110 npusnaxy! — ons hyHKYUOHANLHBIX PO08 MAKO20 NPUSHAKA He CYUlecmayem):

xx+1
z‘::v¢+1|(‘j"’:'|= tim 3H+1"\."r?2+1+1 = tim x?e+1_3?¢_ intl —
?d—:~+m| u, (x} | B3 o P B3t 3“1"'-."[?3"‘2-}’{”
3 odm+l

—‘H+1 ]+l
:]JII1|X-;{H.3?¢.¢'H+1:H]J.H1 ,..fr,:; ZH]J_H] M =H
x—}mxﬁ_j_jﬁ_,\fn_kg ER T ql'l?2+2 R 2—}[! 3
T 1+2
M #

Cocrapnsiem CTAaHAApPTHOC HEPABCHCTBO!:

H <1
Pan cxonures npu

x

CrneBa HaM HYXHO OCTaBUTBH TOJBKO | | , TTOATOMY YMHOkaeM 00€ 4acTH HEpaBEHCTBA Ha
3:

|x| <3

|x| SR =@ X S
N packpsiBaeM HEPABEHCTBO C MOJAYJEM MO MPABUITY :

—3<xad HUHTCPBAJI CXOAUMOCTH UCCICAYCMOI'0 CTCIICHHOI'O pAaa.
HCCJ’IC,Z[YGM CXOAUMOCTD CTCIICHHOI'O psAda Ha KOHIAax HalJICHHOTO HHTCpBAJIA.

NPT - L Nl e
1) ITpu a1 I O (7 & Wl R R
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OOpartuTe BHUMaHME, 4YTO TPU MOJCTAHOBKE 3HAYCHUS x==3 g CreneHHOM psn

L") ]

ramw .
R Yy Hac COKpaTWJIach CTENECHb 3" 910 BEpHBII NPU3HAK TOTO, YTO MBI IPABUIBHO
HAIllJIM UHTEPBAJI CXOJUMOCTH PAJA.

Hccnenyem nosiydeHHbINA YUCITOBOM P HA CXOAUMOCT.

Hcnonb3yem IPU3HAK JleiiOHuma.
- Pan SIBIISIETCSL 3HAKOYEPEIYIOLIUMCS.
1
lin || = lin —— =0
Moo o [ 1 o o
- — YIEHbI psaa yObIBatoT 1o MoAy:to. Kaxkaplii ciieyromuii uieH psiia
N0  MOXIYJIIO  MEHbIIE, YeM  TNpeAbAYyIIWH,  3HAYUT, YObIBAHME  MOHOTOHHO.

BriBoa: Pan cxonurcs.
Uccnenyem pAn Ha aOCOJIIOTHYIO CXOJIUMOCTb:

MZ_&I&{I—Z;;#
>

CpaBHUM JaHHBIN P/l C pacCXOASIIIUMCS psiioM *=1

éwIH

Hcnonszyem IIPENEIIbHBIN IIpU3HAK CpaBHCHUS:
T =0
% | P | el |
B ‘b?e 2= +o 1 o » M= »

2.
Honyquo KOHEYHOE YHCII0, OTIMYHOE OT HYJIS, 3HAYUT, psij *-0 pacxoauTcs BMECTE C PSAOM

Zl

:'4-1
= (=
Taxum o6pazom, pax 0 V% T1 cxonures Tomsko yenosHo.
w
x=3= Z =2
2) Ipu lntl pint] — pacxoaurcs (110 JOKa3aHHOMY).
Otser: O6GIACTb CXOAMMOCTH MCCIIEAYeMOTO CTENeHHOro psima: — - =% <3 Tlpu
X ==3 pan CXOMUTCS TONBKO YCIOBHO.
B paccMOTpeHHOM IpuMepe OOIACTBI0 CXOMMMOCTH CTEIEHHOTO pANa SBISAETCS

-5 3 .
IMMOJIYUHTEPBAJI, IPUYEM BO BCEX TOUKAX HHTCPBaJIa ( ’ :I CTCIICHHOU P cxooumesi abconomuo

(cm. [Mpeapinymwmii naparpad), a B Touke + = =3 , KaK BBISICHWIIOCH — CXOOUMCSL MOJIbKO YCI0HO.

ITpumep 3

Haiitu mHTEpBas CXOAMMOCTH CTENEHHOTO psJa M MCCIEN0BATh €ro CXOJUMOCTh Ha
w .’ijx
2 T (m 41

KOHI[aX HAaWJEHHOr0 UHTEpBaja -1
DTO NPUMEP I CAMOCTOSITEIBHOTO PELICHHUS.
PaccmoTpuM napy mpuMepoB, KOTOpPBIE BCTPEUYAKOTCSA PEKO, HO BCTPEYAOTCS.
[Tpumep 4

w ?23 ] I:x+4)2x+1

2 Ge+ 1)l

Haiiti o6macts cxoguMocTH psiga: *-1



Pemenue: ¢ momomipio npusHaka [lamambepa HaliieM WHTEpPBal CXOIWMOCTH IaHHOTO

psna:
417 (x+ 4™

Y i2) 3 n+d []i%)
i P @ 3(n+1+12i+1 :]J.m|(?2+31) (x+:1)1 (n+ D1
A= o IJMI:J[:I H— o M .|:;J;+4:| :'e—}+u:-| M 'I(X+4:| -+ (}2_'_2)'

(n+13l

. ?3+1]3.(x+4j2(x+4]3x+1-1-2-3-...-?@(?3+1] (4]
= (x+ D% 123 aln+Din+2) |

AT =0
= (x+4)° lim 14l 1 =(x+4)* lim b =(x+4* 0=0
140 # {n+2) s g 42
(1) CocrapinsieM OTHOIIEHHE CIEAYIOMIETO WICHA psija K MPEeAbIIyIIEMY.

(2) N30aBnsieMcs OT YETHIPEXHITAKHOCTU JTPOOH.

3 3
(3) Ky6n1 +D 2 o IIpaBUIy JEHUCTBHM CO CTENEHSAMM IOJBOJIUM IIOJ €IHHYIO

CTCIICHB. B YUCIHNTCIIC XHUTPO pacKiiabIBacM CTCIICHb

Iu+3 _ 24142 _ 2 FEES
I:X+-"—'1:I - (I+4:I - (I+4:I . I:X+-"—'1:I , T.C. PaCKJ'IaI[BIBaCM TaKHMM 06pa30M, yTOOBI Ha

(x + 4)2?&1

CJIEAYIOLIEM I1are COKPATUTh IpoOb Ha . @akTopuanbl pacHUChIBaeM MOIPOOHO.

1—>EI

(4) ITon xyOOM MOUJIEHHO JIENMM YMCIUTENb Ha 3HAMEHaTelb, yKa3biBas, yto # . B

2
,I[pO6I/I COKpalmacm BCé, 4YTO MOKXHO COKPATUTD. MHOXUTENb I:x+4)

BbIHOCHM 34d 3HAK IIpCAaciia,
€r0 MOKXHO BBIHECTH, IIOCKOJIBKY B HEM HET HHUYECTO, 3aBHCAIICIO OT ((I[PIHB,MI/I‘-IGCKOﬁ))

nepeMeHHo# «3H». OOpaTHTe BHUMaHUE, YTO 3HAK MOAYJISl HE HAPUCOBAH — 110 TOM MPUYUHE, YTO

2
(X +4:| MMPUHHUMACT HECOTPULATCIIbHBIC 3HAUCHUA ITPU TI000M «HKCY.

B nipenene nonydeH HOMb, a 3HAYUT, MOKHO J1aBaTh OKOHYATEJIbHBIN OTBET:

—oo, oo
Otsert: Psig cxogutcs mpu x € (=00, +09]

A cHayana-TO Ka3ajuaock, YTO 3TOT PAJ] CO «CTPALIHOW HAYMHKON» Oy/eT TPYJHO PEILIUTh.
Hounb nnm GeckoHEUHOCTH B Mpezesie — MOYTH 0JIapoK, BEb PEIIEHHE 3aMETHO COKpaIaercs!

ITpumep 5

i'. (2n)l{x — 2y

Haiitu o0nacts cxonumocTH psiga *=1 10*

D10 mpUMep U1 CAMOCTOSITENILHOTO penieHus. byabTe BHUMaTenbHsl ;-) [lonHoe penienue
OTBET B KOHIIE YpOKa.

PaccmoTpuM eme HECKOJIBKO MPUMEPOB, COJEPHKALIUX JJIEMEHT HOBHU3HBI B IUIaHE
UCIIOJIb30BAaHUSI TEXHUYECKUX ITPUEMOB.

ITpumep 6

HaiiTh umHTEpBan CXOAMMOCTH psila M HUCCIENOBaThb €ro CXOAMMOCTh Ha KOHIAX
o (_1):!—1 ] (I+ 2)?4
Z (3n—T. 5"

HaWJICHHOIO UHTEpBaja *-1

1=l
Pemenne: B o0mmii ujneH CTENEHHOrOo psAga BXOAUT MHOXHUTEIhb -1 ,
o0ecrieynBarOIUi 3HaKOYepe0BaHHE. AJITOPUTM pEIICHUS MOJHOCTBIO COXpaHseTcs, HO MpHU

M:!HI{‘T:I

N—=Ho| x
COCTaBJICHUH TIpejena (%) MbI UTHOPUPYEM (HE MHILEM) 3TOT MHOXKUTEJb, TOCKOJIBKY

MOAYJIb YHUYTOXKACT BCC «KMHUHYCBD»).



HNutepBan cxomuMocTH psijga  HaaéMm ¢ moMomiblo  mpu3Haka  JlamamOGepa:

(x+2)"
@ _ |G+ D-1)-5" [+ 2)(x+2)" 532 - 1)
el g (7)) | el (242 | (x4 20" 55 {3n+2)
(32 -1} 57

2n—1 1
Bl e el i ke T e
5 = Ep42 S mom A+ 2 5 a=tw o 5

»

1

CocTaBisgseM CTaHIApTHOC HEPABCHCTBO!
|x+2|
{——" |

Pan CXOIUTCS pH 5

CrieBa HaM HY)KHO OCTaBHTb TOJBKO MOJYJIb, IO9TOMY YMHOXaeM 00¢ 4acTH HEpAaBCHCTBA Ha 5:
h+ﬂ{5

Tenepb pacKpbIBaeM MOJYJIb yKe 3HAKOMBIM CIIOCO0OM:
-S<x+2 45

B cepenvne nBOMHOIO HEPAaBEHCTBA HYKHO OCTAaBUTh TOJIBKO «UKC», B OTHUX LEIAX U3
K01 YacTH HEPaBEHCTBA BEIYMTAEM 2:
—5-2ax+2-2 <514

—Tax<d HMHTEPBAJ CXOAUMOCTH UCCIEAYEMOTO CTEIIEHHOTO psAJia.

Hccnenyem cXxoauMocCTh psiia Ha KOHIIAX HAMAEHHOTO HHTEpBaa:

w {_-D?e—l_ (x+ 2}:!

Z (B3a-1)-5"

1) Ioacrasasiem 3HayeHune * = =7 B HAlll CTENIEHHOW pAJ *=1
5 EVT T4 S )T DTS
(3 -1y 5% = Ga-1.5" = (Ga-1.5"

H=1

w (_1:Ix—1+x w (_1)2:!—1 _ w 1

2 Gn-1) =2, Gn—1) _Z(Bn—lj

=l n=l =l

-1
ByHLTe npeaciIibHO BHHUMATCJIBHBI, MHOXUTCIIb ( 1} HC obecrieuuBaeT

-1 _
3HaKOuYepeI0BaHKe, PU TI0OOM HATYPATLHOM «9H» =07 =-1 [Tony4yeHHbII1 MUHYC BBIHOCUM
3a TIpelenbl psiia v 3a0bIBacM MPO HETO, MOCKOJIBKY OH (Kak M JiFoOasi KOHCTaHTa-MHOXKHUTEJh)

HUKaK HC BJIUACT HAa CXOANMOCTb UJIK PpaCXOANMOCTb YHUCJIOBOI'O pAaa.

Eme pa3 3aMEThTEC, UTO B XOA€ MOACTAHOBKU 3HAUCHUA x=-7 B O6IJ_II/H>'I YJICH CTCIICHHOT'O

b
pAaaa 'y HaC COKpaTHJICA MHOXKUTEIIb 5 . Ecu OvI 3TOTO He MMPOM3011LI0, TO 3TO OBI 3HaA4YuJI0, 4TO
MBI JTH00 HEBCPHO BBIYHUCIWIIN NTPCALII, 0o HCIIPABUJIIBHO PACKPBIIN MOJAYJIb.
i 1

Wrak, TpeGyeTrcs uccineqoBaTh Ha CXOAMMOCTD YHCIOBOM psig -1 (3—1) . 3z1ech mpouie
BCEr'0 UCIIOJIb30BATh NIPEACIIbHBIN IPU3HAK CPABHEHUS U CPABHUTH JAHHBIN PsJ C PACXOAALIUMCS
rapMoHu4eckuM psjaom. Ho, ecim 4ecTHO, IpenenbHBIM NPU3HAK CPaBHEHHs [0 y)Kaca MHE
HaJl0€el, I03TOMY BHECY HEKOTOPOE pa3HOO0pa3ue B peleHHe.

Hcnonszyem MHTETPAJIbHBIN IIPU3HAK.

T odx
[ 31 0

[1;+¢0)
[ToapraTErpasibHAS byHKIHS HEIpephIBHA Ha .



d(3x - 1) l

1"’“ =+
=3 T -3 a0 =g -7 —in 2)-

Takum 00pa3oM, TOJNYYCHHBIH YHCIOBON PSAI PACXOIUTCSA BMECTE€ C COOTBETCTBYIOIIUM
HECOOCTBEHHBIM HHTETPAJIOM.

2) Uccnenyem BTOPOi1 KOHeEI[ WHTEpBajia CXOJMMOCTH.

= (- (342 o

3o CUT Gy Zl': )

Tpn w1l Em—=15 An—1
Hcnonp3yem IIPU3HAK JleiiOHuna:
- Pan SIBIISIETCS 3HAKOYEPEIYIOILIUMCS.

1
lim |c1 |= lim =0

- *+3n—1  _ qnensl pana yGbIBaroT 10 MOLyI0. Kaskplii Clieyrommuii wieH psia
IO  MOXIYJIIO  MEHbIIE, YeM  TNpEeAbAYIIMH,  3HAYUT, YObIBAHHME  MOHOTOHHO.

BriBoa: psia cxonurces
PaccmarpuBaemblii  4MCIOBOM — psil  HE  SABISAETCA  aOCONIOTHO — CXOJSIIUMCS

lal=2

HOCKOJIbKY *-! 21 — pacxoaurcs (10 J0Ka3aHHOMY).

Oter: ~ ' <%%3 _ 00macTh CXOZMMOCTH MCCIEAYeMOro CTEICHHOrO psiid, IpH
X=3 psa CXOMUTCS TONBKO YCIOBHO.

IIpumep 7

Haiiti wWHTEepBad CXOOMMOCTH psfa M HMCCIEA0BaTh €ro CXOAMMOCTh Ha KOHIAX

E‘”: 2 (x4 3"
3 .'—
HAWJEHHOTO UHTEpBayia *=l 2n+1

OT0 mpUMep I CaMOCTOSITENIbHOTO PELICHHUS.

Kto yromuics, MOXeT cXOAUTh NOKYPHUTh, @ Mbl PACCMOTPUM €1I€ JIBa IPUMeEpa.

ITpumep 8

HaliTh wmHTEpBan CXOAMMOCTH psila U HCCIENOBaTh €ro CXOJUMOCTh Ha KOHIAX

° oalx—1p"

] 5
HalJICHHOTO MHTEpBajia ™! 9% nfw +3

Pemenne: Haiinem UHTEpBa CXOAUMOCTH psana:
(r + 1) 2 — Ty
o @] 9”+1-\,;(?z+12)5+3 e+ D0x -1 0% o' 3]
el g (x) | wwel a(x-1T "'”‘”|n(x o o e +1) +3|
9 o +3

. B R R
= lim 1+— =

L (x—1™ 99" Jin+1)° +3

-1

e [ 1% ol +3 | (x— 1) 43 _(x-1°
oo Joa 43| 9 e S+ 43 9

'\.I'Hj +3

lim | e =1

el Tt 13

nopsioka pocma. bonee nogpoGHO 00 3TOM MOMEHTE U «TypOO»-METOJlE pELICHUs 4uTaiire B

[Ipenen 110 TOW MPUYMHE, YTO YUCIUTENb U 3HAMEHATENb 00HO20

cratwbe [Ipusnak Jlanam6Gepa. [Ipuznaku Komm.
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2
x—1
—( ) <1
Urak, psa cxoautcs mpu 9
VYMHOXKaeM 00e JacTu HEpPaBEHCTBA Ha 9:
(x—1% <9

W3Brekaem n3 00enx 4acTeil KOpeHb, IPU 3TOM MOMHHUM CTapblil HIKOJIbHBIN MTPUKOIT

- <4

|x - 1| <3

PackpriBaem MOJYJIb:
- 3ax-1<3

41 npubaBisieM KO BCEM qacTiIM CIUHHULLY:
- 3+lex-1+1<23+1

—dax<d HHTEpBAJI CXOAUMOCTH UCCIICAYECMOI'0 CTCIICHHOI'O pAaa.
HCCJIGI[yeM CXOAUMOCTD CTCIICHHOI'O psAaa Ha KOHIIAaX HalJICHHOTO HHTCpBAJIa:

1) Eciu + = -2 , TO IOJIY4aeTCA CIACAYIOLINUN YUCIOBOU PAL:

© a=2-10" & a3 e U3

é?”-ﬂ"n5+3 Hot S 3 S ot S +3
© m (3 & a ¥ © n

St 43 _xz.; o i3 43

2n
Muoxurenb I: 1) 6CCCHC,HHO IIpoIiaJji, MOCKOJIBKY IIpH JIF000OM HaTypaJIbHOM 3HAYCHUU
(_ 1)3?! =1

<OH»
s TpeTI/Iﬁ pas 06pau1a10 BHUMAHHEC HA TO, YTO B PE3YJIbTATC MOJACTAHOBKH COKPATUIIUCH
ot

CTCIICHU , 4 3HAYUT, UHTCPBAJI CXOANMOCTHU HalaeH IIpaBHJILHO.

Lin)

b

ol o + 3
[To Bcem mpu3HAKaM TS TOJTYYCHHOTO YHCIOBOTO Psijia ClIeTyeT MPUMEHHTH
npelenbHbINA Mpu3HaK cpaBHeHUs. Kakoit psa momodpats 1is cpaBHeHHsI? OO0 9TOi METOIUKE S
yKe paccka3biBasl Ha ypoke Pspl ans yaitHukos. [ToBTopum.

OnpenenﬂeM CTAapUIyrO0 CTCIICHb 3HAMCHATCIIA, AJId 5TOI'0 MBICJIICHHO WJIM Ha YCPHOBUKE
5

At =l
oTOpackIBaeM MoJI KOpHEM BCE, KPOME CaMOTO CTAPIIETO CJIaraeMoro: =2 Takum obpazom,

5
crapiias CTEIIeHb 3HaMEHATellsl paBHA 2 Crapmas cTeneHb YMCINTENs, 04eBUAHO, paBHa 1. 13
5 3
Z1==
CTapllel CTEIIEHU 3HAMEHATENsl BBIYUTAEM CTApIIYIO CTENEHb YMCIUTENS: 2 2
= 1 = 1
2Tl
=l T =l M

Takum oOpa3om, Haml psJ HYKHO CPaBHUTH CO CXOJSIIMMCS PSAIOM i .

Hcnonb3yem npenenbHbli IPU3HAK CPAaBHEHMUS:
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5 5 ] =1
o 3 . w43 w43 wAEs 3
fim —2 = R — = lim ———=lim — =lm ,[l+= =1
:u—>mf;.x A= H Hovw g 'I.?E LRI PP A= » rw M
w43
i s

f3
[Tosy4eHO KOHEYHOE, OTIMYHOE OT HYJS YHMCIIO, 3HAUuT, psy =L v# +3 CXOJUTCSI BMECTE C

S|

Pt
pagom ! J’E_ )

2) Yro IIPOUCXOIUT Ha JIpYyrom KOHIIE MHTEpBaja?
x:dl:*-i ad-10" & a3 AR R L !

e L T B LB T e - T - D P CXOJHTCAL

A BOT U BO3HarpaxkJieHue 3a My4deHus B npeabiayieM nynkre! [logyuwnics To4HO Takon
K€ YHCIIOBOH PAJl, CXOAUMOCTH KOTOPOT'O MBI TOJILKO UTO JI0Ka3allu.

IIpu

OTBeT: 00:1aCTh CXOTUMOCTH HUCCIIEAYEMOTO CTEIIEHHOTO psija: — 2Ex=4

YyTh MEHee CI0KHBIN PUMED ISl CAMOCTOSITEIIBHOTO PEIICHHS:
[Tpumep 9

w zx_xh
Z n+1

Haiitu o6iacte cxoaumocTu psiga *=1
JloctaTouHO 11l HaYaa =)
B 3axirouenue ocTaHOBIIOCH Ha OJJHOM MOMeHTe. Bo Bcex mpumepax Mbl OMUPATUCh Ha

| I(.'-’E:I

o Hm(x)

npu3Hak JlamamOepa U COCTaBIISLIA TIpeaes . Ho Bcernma nu Hy»XHO J€1aTh UMEHHO

tak? [loutn Bcerga. OqHAKO B HEKOTOPBIX CIydasx ObIBa€T HEBEPOSTHO BHITOJHO MPUBIEYH Ha
lim 2oz, ()]

MOMOIIb paguKalbHbIN pu3Hak Komm u coctaBuTh mpegen **+ , TIPA 3TOM aJITOPUTM
perieHus 3aaauu octaéres npexxaum! Uto 310 3a cimydan? ITo Te Ciaydan, KOraa u3 o0IIero 4ieHa
CTETMIEHHOTO Psi/ia «XOPOII0» (TIOJTHOCTHIO) U3BIIEKAETCS KOPEHb «IHHOI) CTETICHH.

Crnenyroumii ypok mo temMe — Pasznoxkenue (yHKIuN B creneHHble psabl. [Ipumepbr
peLIeHU.

Kenato ycnexos!

Pemienust u OTBETHI:

Ilpumep 3: Pewenue: umnmepsan cxooumocmu psaoda HAUOEM ¢ NOMOWDbIO NPUSHAKA
Jlanambepa:
(}2 +1)2x?¢+1
2, (%) i T o+ i |x- Tt + 2 +1)(M+1)|_

M=t o i, {x) M= o .’ngx :u—>+u:~| x?‘ .?.?H . ';32 . (';3+ 2} |_
T in+l)
g o e 2 el
_y, LR S N s _H
_?mh—:t}nm 1+;g +,;32 nt+2 _?N%WT_?
1+=
# »
a
— <1
Pso cxooumcst npu 7

Cneea HysHcHO 0cmasumes moabKo MOOYIb, HOIMOMY YMHONCAeM 0be wacmu Hepasencmeda na 7
|x| <]
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—Texdd UHMEPBAN CXOOUMOCMU UCCAEOYeMO20 CIMEeNeHHO20 PAoda.

Hccnedyem cxooumocms psoa Ha KOHYAX HALLOEHHO20 UHMEPBAA.

w 2 A
]) Hpu n=1 (H + 1:'
2) Hcnonvzyem npuznak Jleubnuya.

3) — Pso a61emcs 3HAKOUEPeOYIOUIUMCSL.
l
2 —
# oo 2 1 1
]Jm|cx|— =— =lm = ]Jm—uz_:miﬂ
M oo p4+1 oo e+l s 17 17 ]
wn P
R 7 —  YjgeHwvl pAoa He
yoviearom
Ilo MOOYTIO.
Bui60o: Pso pacxooumcsi
= 2
#
r=7=
P50 pacxooumcs, mak kax ne 8bInOJIHEH HEOOXOOUMDBLI NPUSHAK CXOOUMOCHU PSOA.
Omeem: = ' “X =T _ o6nacme cxodumocmu uccnedyemoco cmeneHHo2o psod

Ilpumep 5: Pewenue: ¢ nomowwto npuznaxa /lanambepa Hauoém unmepean cxooumocmu
paoa:
(202 + 1k (x — 2™
10 et -2 ze 2|
(Zmilix— 23" ‘_ | 107 (= 29" (2m)l |
10
10 (x=2(x=2""1.2.3. . (2n=1)- 202 (2u+ 1) (2n +2]||_
. 10.10% (=21 1.2.3. . (Zn—1)-2n B

(=) @ra0@e )| =2 o e B
=4 10 | 10 2=+w 10

a4l (x:' —

14, (%)

N=¥ +Ho M=+

Omeem: P50 cxooumces npu * = 2

Ilouemy nonyuunace O0eotika, a He Hoav? Illepeuumatime kiaccuguxayuro obaacmu
CX00UMOCIU CMENeHHo20 pada. Xoms, HagepHoe, MHO2Ue Yiice NOHUMAIOM, NoYem).

Ilpumep 7:  PeweHnue: Hatidem  uHmeps8anr  CXO00UMOCMU  OAHHO20 — pAOaA:

2:'¢+1 ] I:x+3:lx+1

thyy (B 2+ +1 |(x+3)(x+3) 2.2* 3o +1|
vl (x) | w20 (x+3) ==++w| (x+3". 2% i 2n+3
on +1
2n+1
= o+ 3ftim 22 P o 3l [ = O+l | = 2+ 3
rsto 243 oo ?d—:~+u: 2 A 3
2+
u pH
Pso cxooumcs npu 2|x +3| <1

Crnesa HYJCHO ocmasuns niojlbKo Jl/lanJlb, YMHOSHCAEM obe uacmu HepaeeHcmea Ha 2

A
2



—l < x4+3 -::l
2 2

B cepe()uﬂe HYJCHO ocmaesuntb moJjbKoO «UKC», ebldumaem us Kaocoou yacmu HepaeeHcmeda 3:

—1—3-::x+3—3 -::1—3
2 2

I <xe——
2 - uHmepean cxooumocmu uccvze()yemoeo CmMeneHHo2o p;zaa.
Hccnedyem CX00UMOCHb paoa Ha KOHYax HAlOeHHO20 uHmepeana:
N ]
s I O
i —
0 Tpu Zl Yon +1 Z; Ven+l Z 132041

®
Cmenenv 2" coKpamunacb, 3Haum, Mol Ha 6ePHOM NYNILL.
HUcnonvsyem npuznax Jletionuya.
P50 SA651eMCsl 3HAKOYEePeOyrOUUMCHL.

1
]JI‘ﬂ |a |— — =1
e 300+ 1 . v
— Ynensl paoa yoviearom no mooymo. Kaswcowtii credyrowuil unen paoa
1O MOOYIII0 MeHblUle, YeM NpeoblOyuwull, 3Ha4um, yovlarue MOHOMOHHO.
P50 cxooumcs no npusnaky Jleiibnuya.

Hccneoyem pso Ha abcontommuyro CXOOUMOCMb !

S

Hcnonvzyem UHMe2PanbHbll NPU3HAK.

J' e _ %
VA 2x+1

Iloovinmezpanvhas dyuxyus Henpepvlena Ha

(*}__I 2x+1 31111(2-’5"‘1:' lghm( {2x+1]2]|f:§b]jin+m(3 {254_1}2_}“_%@]:%

L=
pAA
Takum obpazom, pso *1  pacxooumcs emecme ¢ COOMBEEMCMBYIOUUM HECOOCMBEHHBIM

Z. 1"
UHMeSPALoM. Pso A2+ ooumes MOAbKO YCIIOBHO.
5 -1 1
52137 20
=-2=% -l
3 3 3
2 I 2 = ion+ = i +1 sz pacxooumen (no
O00KA3AHHOMY).
7 5
——wxE—=
Omeem: Obnacmv cXO0UMOCMU UCCLEDYEMO20 CMENEHHO20 PSOd: , npu
Jr::—31
2 PAO CXOOUMCSL MOTILKO YCIOBHO.
- 3l =x < —21
Obnacms cx00uUMOCMU OKOHYAMENLHO MONCHO 3ANUCAMb MAK: , wiu

P i —-35=x<-25
aoice max. .



- 1

Gl
Ilpumeuanue: Psao =1 28+l yomeno Gvino uccredosams ma cxodumocms c nOMOWbIO
npeoeibH020 NPUSHAKA CPAGHEHUSL.

Ilpumep 9: Pewenue: Haiioem uHmepsaJ cxooumMocmu paoa:
2:'¢+1 ] xﬂ(ml]
EEE—— 1 2
um(xj:hm m+% =]J_m|x.z?¢,2-2”,{;g+1]=
A o ux(x) e B L ?e—3r+m| oo [';3+2}
n+1
n+1 14 l
2 21 2
= 2wl =2l g = 2x
L e
Pso cxooumcst npu 2" <1
ke
2
rpas
A2
_ < X< 1
W2 V2 unmepea cxooumocmu uccneoyemozo CMenenHozo paoa.

Hccnedyem CX0OUMOCTb paoa Ha KOHYax HAlOEeHHO20 unmepsaa.

bl

x:_%iizx_(;f]ﬂﬂ:ig".(—lf**. [%Jj :izx.(%];!:m 1

nal el H +]. nal M +1 :!-1"3+1
=1

1) Ilpu

Cpasnum 0anmbiii pao ¢ pacxoOauumcs 2apmonudeckum padom *=1*  Hcnonvsyem npedenvuviii
NPU3HAaK CPABHEHUsL.

1
— —=0
_ n :mn””:mn{ul J:I

i,
E;. B 4o M=o M+ M

#+1

Ilonyueno koneunoe uucio, omauuHoe om HyJus, 3HA4Um, NOJIY4eHHbLL YUCT080U PO PACXOOUMCS
emecme c 2apMOHUYECKUM pAaoom.

X

=%:§;2x'[%r izﬁ' [%] =izx(g=i 1

2) Ilpu w1 Nt 2=l ntl w1 2] it t] — pacxooumcs (no
O00KA3AHHOMY).
1 1
—_— X
Omeem: obaacms cx0OUMOCIU UCCIEOYEMO20 CIMEeNEeHHO20 psaoa. W2 V2

IIpakTuyeckas: padora Ne 23

Tema: Pemenne nudPepeHuunajbHbIX ypaAaBHEHHH NEPBOro MOpsAaKa

Heas padorbi: [IpoBepuTh Ha TpakTUKE 3HAHHWE TMOHATHS AU(GEepPEHIINATEHOTO
ypaBHeHHs, BUAbl Au(QepeHnnanbHbIX ypaBHEHUH, yMeHHE pemaTh aupdepeHuaibHbe
ypaBHeHHs | mopsiaka, HAXOAUTh 00IIee  YaCTHOE PELICHHUE.

Teopernyeckas yacTb



1. InddepennuaibHoe ypaBHEeHHE 1epB8020 NOPAOKA, COMEPIKUT:
1) He3aBHCHMYIO TIEPEMEHHYIO * |

2) 3aBHCHMYIO [IEPEMEHHYIO » ()YHKLHIO);

3) nepByr0 POU3BOAHYIO GyHKIMK: * .

Pemmute muddepenumanbHoe  ypaBHEHME — 3TO  3HAYMT, HAWTH MHOXKECTBO

¢pynk Hﬁy=f(x)+if K T
YHKI , KOTOpBIE YIOBJIETBOPSAIOT JAHHOMY YpPaBHEHHIO. Takoe MHOXKECTBO
(byHKUMI Ha3bIBacTCA 0OIMM pelieHueM AnpdepeHINATBLHOT0 YPABHEHHS.

IMpumep 1
f =
Pewnts auddepeHiuaisHoe ypaBHernue > 2
y=2Z
dx
7
2 ¥
dx
B paccmarpuBaeMoM mpumepe TEPEMEHHBIE JIETKO pPa3ieiiaioTCs IEePeKUIbIBAHNEM
MHOXHTEJICH o MIPABUITY TPOTIOPIIHH:
dy  dx
¥y ox

HepeMeHHHe Pa3aciICHBI. B neBoii yacTu — TOIBKO «UMI'PCKU», B npaBoﬁ 4aCTHu — TOJIBKO
«HKCBI».

Cnenyroumii  3Tanm  — HHTerpupoBaHve  JM(pdepeHIHATBLHOI0  ypPaBHEHHS.
HnTerpupyem obe 4acTu:
J-ci’y 3 ]- dx

¥y x
In|y|=ln |+ C
Pemenne auddepeHnnanbHOro ypaBHEHHS B HESIBHOM BHUJE HAa3bIBACTCS 0OLIMM
In|y|= n|x[+C y
HHTEerpaioM Au(pdepeHunalIbLHOro ypaBHeHus. To ecTb, — 93T0 OoOmMmi
WHTErpall.
In|y|=ln x|+ In |yl = lo x|+ 1o [

Bmecro 3anucu M | | OOBIYHO MULITYT M | | | |

B JTAHHOM ciyyJae:
In|y|=In |C]

y=0Cx

DyHKIUS MpeICTaBIeHa B SBHOM BHJIE. DTO U €CTh 0011ee pelIeHue.

. w=Cx, rme O =ronst
MHoOXkecTBO byHKIUH ABIISIETCS o0umm penieHueM

-
mubbepeHIMaTLHOTO ypaBHeHns > 2 |

prmaBaﬂ KOHCTAaHTE ¢ Pa3InYHEBIC 3HAYCHUSI, MOXXHO IOJIYUNUTH OECKOHEUYHO
MHOT'O YACTHBIX peleHuil TuddepeHInaIbHOro ypaBHEHuSI.
IIpumep 2
y'==2

Haiitu gactHoe pemenue auddepeHnnanbHOro ypaBHeHUs Y| ynoreTBopsonee

HAYAIbHOMY YCIIOBHIO =2

ITo ycrmoBuro TpeOyeTcsi HaliTh YacTHOe pelenue 1Y, ynoBiaeTBopsroliee HaYaIbHOMY
ycioBHio. Takas mocTaHOBKa BOIPOCa TaKKe Ha3bIBaeTcs 3adauel Kowu.
Caauana HaxoauM o0IIee pelieHue.



- = —2
dx 7
& =—2dx
¥
Hurerpupyem YPaBHEHHE:
j‘f_y =—2[dx
Y
Inf|=-2x+C"
y= E—E:HC'
y= L

-
=Ce™" roe O=const .
Wrax, oO1ee pemeHue: . Ha 3aBepirarorem sramne Hy>KHO HAaHTH

0y=2
YaCTHOC pCUICHHUC, YIOBJIICTBOPAIOIICC 3aJaHHOMY HAYaJIbHOMY YCJIOBUIO ,}": :I .
H606XOI[I/IMO HO,Z[O6p8.TB TAaK0€ 3HAYCHUEC KOHCTAHThI C , YTOOBI BEITOJIHIIOCH 3aJaHHOC

yh=2
Ha4YaJIbHOC YCJIOBHC .
B 06mee PCUHICHUC BMCCTO «HKCa» IIOACTABJISICM HOJIb, 4@ BMCCTO «HUI'PCKa» ,Z[BOfIKy:

w0 =Ce?' =" = =2

_ % =
B obmee pemenne ¥ = C¢  nopcrabisieM HaiiieHHOE 3HAUEHHE KOHCTAHTHI C = 2:

I
— OTO U €CTh HY>KHOC HaM 4aCTHOC pCHICHUC.

y=2e
IIpumep 3
Pemmts nuddepennmanbaoe ypaBHeHHE
Pemenne: [lepenucoiBaem IIPOU3BOHYIO B

¥4+ 2y+lctgx=10

HYXHOM HaM BUJC:

d
& 2y +Tetgr =0
%

4HacCThb co CMCHOI71 3HaKa.

HepeHOCI/IM BTOpPOC cjiaracmoc B IpaByro

d—y =—{2y+Ticigx
dx

)
Y —cfgxdx
2y +1
[lepemeHnHbIE pasieeHsl, UHTErpUpYyEM obe YacTH:

_[ Ejil = —Icfgx.:fx
) d
I Tax
lld(2y+1) _ _Id(sm x)
27 Zv+1 st x

Sy +1=~lafin a]+la ]

Pemenue pacnuiry OYeHb OJIPOOHO:

1
n[2y +1F =ln|sin 2] +1n ||



In aw4=mfl—+mp
IS]I]X

-
In 2y + —]n}ﬁ
J2y+l= _C

Sl X

Jey+1l.sn x=C, roe O = const

Ilpumeuanue: 001K UHTETPAI JIFOOOTO YpaBHEHUSI MOKHO 3alIMCaTh HE €IUHCTBEHHBIM

OTBer: 001l HHTETpAT:

ciocobom. Takum 00pazom, €ciii y Bac HE COBIIAJ PE3YJIbTAT C 3apaHee U3BECTHBIM OTBETOM, TO
9TO elle He 3HAYUT, YTO BbI HETIPABWIBHO PELIMIN yPABHEHHE.
Ipumep 4
2
pex -
. g’ dyv—Z2xdx=10
Haiitu wactHoe pemenue nup@GepeHIUaTbHOTO0  YPaBHEHHS o ,

YAOBJICTBOPAOLICC HAYAJIBHOMY YCJIIOBUIO ‘}?(D) =z . Beimonuuts IIPOBEPKY.

Pemenne: CHauana HaiiieMm oO1iee peuieHue. JlaHHOe ypaBHEHUE y’Ke COJIEP>KUT TOTOBbIE

g hepeHIab Ay dx , & 3HAYUT, PEIICHUE YIPOIIACTCS.
Paznensem IEpEMEHHBIE:
g’ -e'”!dy —2xdx=10
g’ -e'x!dy = 2xdx
_ Zxdx

g¥dy =
e

e¥dy = Dxe’ dx

HNHuTterpupyem ypaBHEHHUE:!
_l-e?ydy = EIxe"!dx

J-e"”ciy = Ie”!d{xgj
o’ =g 4

Ine” =tnfe® + 0

y=ln(e" +C)

ob1ee pelIeHue:

y= ]Il(é‘x! + 1, roe O = const

Haitgem JacTHOE peuenue, COOTBETCTBYIOIIIEE 3aJaHHOMY Ha4yaJIbHOMY
YCIOBHIO * )=l
In 2=1In(e" + 7

In2=In(1+C) = =1
y( =l(e" +0) =l( 1+ ) =2 =C =1

[ToncraBnsieM HaliIeHHOE 3HAYEHUE KOHCTaHThI C=1g oO11iee perieHue.

OTBeT: YacCTHOE pEelICHUE: y=lle" +1)

3amnucarb BBIBO/I

IIpakTnyeckas padora Ne 24
Tema: Pemenne nugdepeHunaNbHbIX YPABHEHHH BTOPOI0 MOPAIKA



Heans padorbi: [IpoBepuTh Ha TMpakTUKE 3HAHWE TOHATHS AUQGEPEHITNATHEHOTO
ypaBHEHUs, BUABI IU(PEpeHIINANTPHBIX YpaBHEHUH, yMmMeHHEe pemarh auddepeHnraibHbe
ypaBHeHus [l —To mopsiaka, HaX0IUTh 001Iee U YaCTHOE PEIICHHE.

Teopernyeckas yacTb

2.J/IuHelinble u(depeHUNATbHbIE YPABHEHHS BTOPOr0 NMOPSAIKA € MOCTOSSHHBIMH
KO3 puueHTaMu

B Teopum U mnpakTHKe pa3nuyarOT JBa TUIIA TAaKUX YPAaBHCHUH — OJHOPOAHOE
YPaBHeHHe 1 HEOHOPOJAHOEe YPABHEHMNe.

Onnopoanoe /IY BTOporo mopsizka ¢ NOCTOSHHBIMM KO3(QdUUMEeHTAMH UMEET
[ (14% {01107158:37 1 &

1 r —
¥+ py' tgy=10
— CTpOFO HOJIb.

HGOI[HODOZ[HOG I[y BTOPOI'O mnopiaakKa C INOCTOSAHHBIMH KOBd)d)I/IHI/IeHTaMI/I HUMECT BUIO.

i f —
Yrplte =5 P e

, tne ¥ n9 — xomcrantel (uucna), a B TMpaBoll yYacTu

KOHCTAaHThI, a f( :I — (I)yHKI_[I/IH 3aBUCAIIAA MOJTIbKO oOm
b b
f (;:)

Kakast MpIcibp nmpuxoauT B rojioBy nocie oersoro B3risga? HeonHopoaHoe ypaBHEHue

«ukcy. B mpocreiiiiem ciaydae GpyHKIUS MO>KET OBITh YUCIIOM, OMIUYHBIM O HYJIAL.
KakeTcs cinokHee. Ha 3ToT pa3 nepBoe BrieuatieHue He 0 IBOIUT!

Kpome Toro, uroObl HayuyuThCS pelIaTh HEOAHOPOJHBIE YPABHEHMSI HEOOXOAUMO YMEThH
pemate OJHOPOAHbIE ypaBHeHUs. [1o 3Tol mpuuuHE cHayana pacCMOTPUM AITOPUTM PELICHUs

JUHENHOT O OJIHOPOAHOIO YpaBHEHUs BTOPOTO HopsiaKa:
Yitpy'tagr=0

Hns TOTO YTOOBI pEIINUTH JTaHHOE ay, HYXXHO COCTaBUTh TakK
Ha3bIBAEMOE XAPaKmepucmuiecKoe ypasHenue:
Ft+pltg=0

[To kakoMy MPUHIMITY COCTaBJIEHO XapaKTEPUCTUUYECKOE ypaBHEHUE, OTUETINBO BUIHO:
BMECTO BTOPOU IIPOU3BOHOM 3aIIMCBIBAEM ry ;
BMECTO nepBou MIPOU3BOTHON 3aMKChIBAEM MIPOCTO «WIIMO 1Y »;
BMECTO DYHKIIHH © HHYEro He 3aliCHIBACM.

A+pi+a=0 _ 1 orumoe KBa/IpaTHOE yPaBHEHHE, KOTOPOE TIPEICTOUT PEIIHTb.

CymmecTBytoT TpHU BapHaHTa pa3BUTHSA COOBITHIA.

OHM J0Ka3aHbl B Kypce MaTeMaTHUYECKOro aHallu3a, U Ha MpakTHKe Mbl OyJeT UCIOJIb30BaTh
TOTOBBIE (POPMYJIBI.

XapakTepucTu4eckoe ypaBHeHHe UMeeT ABAa PA3JIUYHbIX [1efiCTBUTEIbLHBIX KOPHS

Atpiltg=0

Ecmn XapaKTepUCTHUECKOE ypaBHEHUE UMeeT

JABa pasJInIHbIX JEHCTBUTEIIBHBIX KOpHA Al, Aﬁ (T.e., €CJIn JUCKPHUMUHAHT L>10 ), TO OGH.ICC
pEeUOICHUC OIHOPOJHOTO YpaBHCHHA BBITTIAOUT TakK:

_ A Aa¥ O
y=C0g" + e ,Tae ~1" “2 — KOHCTAaHTHIL.

B cjIydac €CJid OAUH U3 KOpHCﬁ PaBCH HYJII0, pCHICHUC OYCBUIHBIM O6p8.30M YHIpo1acTcCs,

— _ O-x da® _ Aok
IIyCTb, HaIIpUMeED, A =0 , TOT/1a o0111ee pelieHue: y=Ge" +Ce™ =G +Cp

IMpumep 5

it r_ _
Pemnte muddepennmanbHoe ypaBHEHHE Ay -2y=0


http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html

Pemenne: coctaBum u pewnm XapaKTEPUCTUYECKOE YpaBHEHUE:
Ara-2=0
D=1+8=%./0 =73

~1-3 ~143

he—gm=2 A=l

y= ™ + O™t
y=Ce ™ +Che", 200 O, C, —const
OTBert: o011ee penieHue:
XapakTepucTHYeCKOe YPaBHEeHUE UMeeT ABa KPATHBIX /IeliCTBUTEbHbIX KOPHS

Ft+piltg=0

Eciu XapPaKTCPUCTHYCCKOC YpaBHCHHC nMECT

JIBa KPATHBIX (COBIABIINX) IEHCTBUTEIBLHBIX KOPHS A=A (TMCKpUMUHAHT L=10 ), TO of1ee
pelieHue OJIHOPOJHOTO ypaBHEHUS MPUHUMACT BU]I:

_ Ax Ax
y=0" + 0 xe , re CLty KOHCTaHTBL.

Bwmecto A B (hopMyIie MOKHO ObLIO HAPUCOBATH < , KOpHU BCE PaBHO OJMHAKOBBI.

= = |:|
Ecim o6a kopHS paBHBI HYIIO A=A , TO o0O0Imee pelieHre OmsTh K

y=Ce +Cxd ¥ = O +Cyx y=C+0x

ynpouraceTces: . KCTaTI/I, SABJIACTCA 06H_II/IM PCUICHHUEM

L
TOro C€amMoro MNpUMHUTHBHOTO YpPaBHCHHA Y , O KOTOpOM 4 YIIOMHHAJ B Ha4dYaJIC YpOKa.

2 — V)
[Touemy? CocTaBUM XapaKTEpUCTHUUYECKOE YpaBHEHHUE: A=0_ JEHCTBUTEIBLHO, JTAHHOE

YpaBHEHHE KaK pa3 U UMEET COBIIABIINE HYJIEBbIE KOPHHU A=A =0 .
IIpumep 6

" ¢ _
Peurnts auddepeHimanbHoe ypaBHeHne » 6y'+3y =0

Pemenue: coctaBum u pemum XapaKTECPUCTUUICCKOEC YpaBHCHHUE:
F_el+9=0
3,[[601; MO>KHO BBIUUCIIUTH ,Z[I/ICKpI/IMI/IHaHT, HOJ‘Iy‘II/ITb HOJIb U HaUTHU KpaTHLIe KOpHI/I. HO MOXHO
HEBO30paHHO TNPUMEHUTh HW3BECTHYIO ULIKOJBHYIO (OpPMYNy COKpAIleHHOTO YMHOXKEHUS:

(1-3* =0

. =3
HOJ’Iy‘leHI)I JABa KpaTHBIX JCUCTBUTCIIbHBIX KOPHA ALE

y=CEt +Cyxe™, zde 0, — const
OrtBer: o0Iee penieHue:

XapakTepucTuieckoe ypaBHeHHe HUMeeT CONPSIKeHHbIe KOMILIEKCHbIE KOPHU
Ecnun XaPAKTEPUCTHUECKOE

Ftpitg=0

= {¥—
ypaBHeHHe HUMECT COHpﬂ)I(eHHbIe KOMITJICKCHBIC KOpHI/I A]' "&

’ L=a+ i (auckpuvunanT £ <0, 10 06mee pemenne oxHOPOIHOro ypaBHEHNs PUHIMACT

BU]I:
" i 1, C
y=¢ {Clcosﬁr+i:"2 sl ﬁx]’ rome "' — KOHCTAHTHI.
Ipumeuanue: ConpsoicenHvle KOMNJIEKCHble KOPHU HNOYMU 6ce20d 3anucblgarom Kpamko
=at+t &
Cedyouum 0opazom: A A
Ay =13
Ecnm momywarorcs wucmo mHumvle CONPSHKEHHBIE KOMIUIEKCHBIE KOPHHU: , TO
ob1ee perieHue YIPOLIAETCS:

y=e&"" (Clcos fr+ Cysin fr)=Ccos B+ Cysin G
IMpumep 7



Pemute  omHOpomHOe — auddepeHnHaTbHOe — ypaBHEHHE  BTOPOrOo  IOPSIKa
=2y 410y =0

Pemenne: CocraBum Hu pemum XapaKTECPUCTUICCKOEC YpaBHEHHUE:
Ao2i+10=0
D=4-40=-38

2+ 6i |
A= —1+3
2 — MOJIYYCHBI COIIPAKCHHBIC KOMITJICKCHBIC KOPHU

y=e"(Cisin 3x+Ccos3x), ade (O, —const
OTBert: o011ee penieHue:

IMpumep 8
Haiitn uactHoe pemienue audQepeHnuanbHOr0 ypaBHEHUs, YOBIIETBOPAIOIIEE
y=1 =2

Ha4dYaJIbHBIM YCIIOBUSAM
y'—4y=10
Pemrenue: coctaBuM n peuium XapPaKTCPUCTHICCKOC YpaBHCHHE!
A-4=0
(A+2(A-2)=0
A==2 A=2

[lomy4eHsl aBa pas3iMYHBIX  JEHCTBHTENBHBIX KOPHs, [MOJTOMY OOluee pelIeHHeE:
y=Cp™ + e z0e C),C,—const

AJ'IFOpI/ITM HaXO0XKXICHHA YaCTHOI'O pCIICHUA CHGILYIOHIHIZI

0 =1
CHauana UCIIOJIb3YEM HAYaJIbHOE yemnosue ¥ © :

¥y = e + 0™ = 0+ 0

O =C+Cy =1

CormnacHo Ha4YaJIbHOMY  YCJIIOBHIO, IIOJIy4aeM IEPBOC  YPABHCHUC:

C+C, =1
IPOCTO

_ —ax x
Jlanee GepéM Hame obmiee pemleHue -~ =Cp + 0

¥ = (C™ + 0™ = -2 + 20, %

U HaxoIuM IMPOU3BOIHYHO:

- Y(Oy=2
CIOJIb3YEM BTOpOE HayaJlbHOE yCIIOBHE :
¥ =20 +20,0*° =20 + 20,
CornacHo BTOPOMY HavyaJIbHOMY YCIIOBHIO, [IOJIy4aeM BTOPOE
Yy =20 420, =2 — 20, +20,=2

YpaBHEHUE: WJIU TIPOCTO

CocraBum u pemum CUCTEMY u3 IBYX HalJIEHHBIX YpaBHEHUI:

C+0 =1
o +C =1 C+0 =1
= =20, =2
C,=1C,=0
. C=0,0,=1
IToncraBum HalJICHHbIE 3HAYCHUS KOHCTaHT ! 2 B obmree

_ =2 x
peuieHue y=Cpg™ +Cp :
y=0 1.6 =g®

_ 3x
OTBeT: YacTHOE pelIenue: =  °©

Ilpakmuueckoe 3a0anue:
Bapuanr 1



1. Haiitu oOmee pemenue auddepeHIInaIbHOTO YpPaBHEHUS K Pa3IesiOnIAMUCS

NEPEMECHHBIMHU.

xy —y =0

2. Haiitn wactHoe pemienne aM(QPEPEHIUATEHOTO YPABHEHHS C Pa3AeNAIONIMMHUC
NEPCMCHHBIMHU.

tgx*y =1+y, eciu

7 1

=g =

3.Haiitu pemenue ogHOPoAHOro T PpepeHInansHOro ypaBHEH s IEPBOro MOPSIKA.

Jr}rl =72 y—x

4. Haiitu oGmee pemienue nuddepeHuanbHOro ypaBHeHUs 2-T'0 TOpsIIKa.
y —4y +13y=10

5. Haiitn yacTHOe pemenue qudpepeHnaIbHoro ypaBHEHUs 2-T0 MOpsIKa.

y +y —2y=0

eciu x=0;y=1;y =3

Bapuant 2

1. Haiitu ob6mee pemenue audpepeHIMANLHOTO YPAaBHEHHS C  Pa3eisrOllUMUCS
MNEPEMCHHBIMU.

xy +y=0

2. Haiitm yactHOoe pemieHue nudQepeHMAEHOTO YPaBHEHUS C Pa3eIITIOIIUMUCS
MIEPEMEHHBIMU.

(l—xzjd—x—er:{] ectux =0,y=4
d:}f .} r F.}

3.Haiitu pemenue omHOpOAHOTO AU dHEPEHIINATBEHOTO YPaBHEHHS TIEPBOTO MOPSIIKA.
x2+y2—2xyxy =0

4. Haiitu oGmiee pemenue nud@epeHnanbHOro ypaBHeHuUs 2-ro Mopsaka.

y —4y +4y=0

5. Haiiti yactHoe pemienue nuddepeHuanbHoro ypaBHeHUs 2-ro MopsIKa.

y +4y —5y=0

ectu x=0;y=4;y =2

Bapmuanr 3

1. Haiitu oOmee pemenue auddepeHnaTbHOTO YPAaBHEHHUS C  Pa3aeisIONIAMUCS
MEePEMEHHBIMH.

Vy +x= 0

2. Haiitn yactHoe pemieHne auddepeHInaIbHOr0 YpaBHEHUS C pa3AessOIMMUCS
NIEPEMEHHBIMH.

dy+ydyxdx=0,eciux=0,y=1

3.Haiit penienue oqHOPOAHOTO AU PEepeHIINATFHOTO YPaBHEHUS IEPBOTO MOPSIIKA.
W’y =y +xy

4. Haiitu oGmiee pemenue audepeHnnanbHOr0 ypaBHEHHUS 2-T0 TIOPSIKA.

y —4y=0

5. Haiitu wactHoe permenue nudhepeHImaibHOT0 YpaBHEHHsI 2-T0 MOPSIKA.



JJ'“— L]-JJ' =0,x = {];J} = 2: :}"I =8
Bapuanr 4
1. Haiitu obmee pemenue aud@depeHInaTbHOTO ypPaBHEHHUS C  Pa3esIOIMIUMHUCS

HepeMeHHBIMI/I.

X2y +y=0

2. Haiitm yactHoe pemieHue nudQepeHMATIBHOTO YPaBHEHUS C Pa3elIIOIIUMUCS
HepeMeHHBIMI/I.

2x—1 dx

JJT=d—y,».e'c:m,m:Jc=5;y={]

3.Haiitu pemenue oqHOpoAHOTO 1 depeHNaIbHOI0 YpaBHEHUS IEPBOro MOpsAKa.
x2yiy +yx® =1

4. Haiitu o6miee pemenue audepeHnanbHOro ypaBHEHHUS 2-T0 TIOPSIKA.

y +3y —4y=0

5. Haiitn yacTHOe pemenue qudpepeHnaIbHoro ypaBHeHUs 2-T0 MOpsIKa.

y =2y +y=0x=0;y=3;y =7

Bapmuanr S

1. Haiitm oOmee pemenune nupGHepeHIUATFHOTO YpaBHEHHS K pa3AeisiONIMMUCS

HepEeMEHHBIMH.

J.FI = l}!

2. Haiftn yactHOe pemenue audQepeHIHanbHOr0 ypaBHEHUS C Pa3eiIsSIOIUMHUCS
HIepEeMEHHBIMH.

(1+y)dx—(1—x)=0,ectux=0,y=1

3.Haiitu pemenue oJHOpoAHOTO U hepeHINaTbHOIO YpaBHEHUS IEPBOTO MOPSAKa.

xyidy = (x* + y*)dx

4. Haiitu oGmee pemienue 1uddepeHuanbHOro ypaBHeH!s 2-To HOpsIIKa.

y +4y =0

5. Haiiti yactHoe peuienue nud@epeHnaibHoro ypaBHeHUS 2-ro NopsaKa.

y 43y +2y=0x=0;y=1;y =4

Bapuanr 6

1. Haiitu oOmee pemenue nupGepeHIHaTbHOIO YpaBHEHHUS K pa3AessiolUMUCs

HEPEMEHHBIMH.

x2y' +y=0

2. Haiitn yactHoe pemieHne auddepeHInaIbHOr0 YpaBHEHUS C pa3AeisOIUMUCS
NEPEMEHHBIMH.

2y =y,ecux=0;y=1

3.Haiitu pemenue onHOpoaHOTO AU dHEPEHITNATEHOTO YPaBHEHHS TIEPBOTO TOPSIKA.

(x? —2yH)dx+ 2xydy =0

4. Haiitu oGree pemenue audepeHnnanTbHOro ypaBHEHUs 2-T0 TIOPSIKA.

y +4y=0

5. Haiitu yacTHOe pemenue qudQepeHnaIbHoro ypaBHeHUs 2-T0 MopsIKa.

y =2y =0x=0;y=2;y =6

3amucarb BBIBO/I.



IIpakTuyeckas padora Ne 25

Tema: AnreOpanyeckasi, TPUrOHOMETPHYECKAsT M NMOKAa3aTeJbHast (popMbI 3anmucH
KOMILJIEKCHOT'0 YucJia.

Leab padoThl: HAYYUTH CTYACHTOB IIPABHJIaM PaOOTHI C KOMIJIEKCHBIMH YUCIIAMU

Teopernueckasi HacThb

1.1.1. AnreOpauyeckasi, TPUTOHOMETpPHYECKas W TIOKa3aTelbHas (OpMBI 3amucu
KOMIUIEKCHOTO YHCJIa

i=

Yucno Buga: z = o + i3 Ha3pIBAaIOT KOMILJIEKCHBIMH, TE Sl MHHUMAas €IUHUIA, IPU
9 9

srom £ =1

0 — JIEMCTBUTEIIbHAS YaCTh KOMILIEKCHOIO uncia z. Ee o0o3Hauaror: o = ReZ;

B — KOJIMYECTBO MHUMBIX €AMHUI, UJIKM MHUMAaA 4aCThb KOMIIJICKCHOI'O 4HUcCJja:

B=ImZ

I[Ba KOMIUJICKCHBIX YHCJIa CUHUTAKOTCA PaBHBIMH, CCJIW paBHblI B OTACIBHOCTH HX
JICUCTBUTEIIbHBIE © MHUMEIC YaCTH, T.C.

=0y i 2y =0y £,

Iy S Iy, €cau wy =0,y 8 Py =B

KomruekcHoe urciio OyieT paBHbIM HYJIIO TOT/Ia U TOJBKO Torna, korga o =0u = 0.

r=g+ifiuZ=a—-if

KomimiekcHble uncna * OTJIMYAIOIIHECS TOJbKO 3HAKOM MHUMOM

YaCTH, Ha3bIBAKOT CONPAHCEHHbIMU.

=0 +if

3amuch KOMILUIEKCHOTO YHCIia B BUIC IIPUHATO CYHUTATH €ro anre6pa1/1quK01‘/’I

(hopMOIi.

0

Puc. 1.1.1

KowmriekcHble anciia reoOMECTPpHUICCKHU I/I306pa)KaIOTC$I TOYKaMHM Ha ITIJIOCKOCTH.

OTIIOXHM Ha OCH Ux OTPEC30K, paBHLIﬁ JIENCTBUTEIIFHON YaCTH KOMILJIEKCHOI'O YHCIIa — (.

El

Ch .
Ha ocu ™ - oTpe3ok, paBHbIii umcny MHMMbIX enuHull f3. Touka Ha miockoctu xOy c
koopauHataMu () SIBISE€TCS TEOMETPUYECKMM HM300pakKeHHEM KOMIUIEKCHOIO 4Hcia

Z=o+ 1B e 11,

[Tpu 3TOM OCBH O Ha3bIBAIOT JEUCTBUTEIBHOM OCBHIO, TaK KaK TOYKH, JISKAI[Me Ha HEw,
COOTBETCTBYIOT JIEMCTBUTENIbHBIM YuciaaM. [lociienHre MOXKHO paccMaTpuBaTh KakK 4YacTh
KOMILIEKCHBIX, Y KOTOPBIX 3 = 0.

4 —_

£
TO‘{KI/I, JICXKAIMUMe Ha OCH  ~ , COOTBECTCTBYIOT YHUCTO MHHUMBIM YHUCJIaM ;3 Y KOTOPBIX

4

a = 0. IToaToMy ock ~+' moxyuusia Ha3BaHUE MHUMOW OCH.

o L F=0L+d
COGI[I/IHI/IM Ha4YaJl0 KOOpJAWHAT Ha KOMINJICKCHOU IINIOCKOCTHU C TOYKOHU ﬁ (pI/IC.

1.1.1). ITonyuum paamyc-BeKTOp {}E{u’ﬁ}. Mopyne paauyc-BeKTOpa WU OIUHA OmMpe3Kd,



L F=0+
COCOUHAOIICTO Ha4YaJlo KOOpILI/IHaT C TOYKOH ﬁ , Ha3bIBarOT MOI[y.]'IeM KOMIIJICKCHOT O

yucia. OH paBeH:

2] = oo +§33,

Mozynb KOMIUIEKCHOTO YHCIa ABISAETCS 0etcm8UumenbHblM YUCTOM.
VYroi1, Ha KOTOPBIN HY>KHO IIOBEPHYTH OCb % g nonoxurensHom HaIpaBJIEHUU (IIPOTUB

YacOBOM CTPEJKH) [0 COBIAJCHHS C paJlyc-BEKTOPOM U7 | jaspisator apeymenmom
KOMIUICKCHOT'O YHCIIa, 0003HAYaoT:

argzr=o

OueBuAHO, YTO Yy OJHOTO M TOTO >K€ KOMIUIEKCHOTO 4Ymcia Oyner OecdHciIeHHOe

MHO>KECTBO apryMeHToB. B camMom Jiene, ecnu K yriy ¢ npuOaBUTh LI€TI0€ YUCIO 000POTOB, TO
MOJIO)KEHWE TOYKM HAa KOMILJIEKCHOM IJIOCKOCTHM HE HM3MEHMTCA. YTOJ (0 IMOJYy4usl Ha3BaHUE
2/Ia6H020 3HAYeHUs APTYMEHTa KOMILJIEKCHOTo yucia. Ero 0603HauaoT ¢ MalleHbKON OYKBBI:

u .
Bce 3nauenust aprymeHnTa KOMILIEKCHOTO YKciia 0003HAYaI0T ¢ OOJIBIION OYKBHI:

AY@Z=@+2ak, o p 012,

argz == arcly

= I=g+1i
BLIpaSI/IM ACUCTBUTCIIbBHYIO U MHHUMYIO YaCTHU YUCIIa ﬁqepee. €ro MoAyJjib u

apryMEHT

o= |z|cos(p + 2ak)
B =|z|sinlo + 2rk)
[Toacrasisist 3HaueHus o U B B aireOpandeckyro GopMy KOMILJIEKCHOTO YUCIa, TOTYyYrUM:

z=|z[[cos{op + 2=k} + isin{g + 2ak)]

[Tocneanss popmyna sSBASETCS TPUTOHOMETPUUECKON (POPMOIT KOMITJIEKCHOTO YUCIIa
Bripakenue Buna
Hotdzny
z=|z| &€
Ha3bIBAIOT NTOKA3aTeIbHON (POPMOI KOMITJIEKCHOTO YHUCIIA.
WTak, KOMIUIEKCHOE YHCII0O MOXKHO IPECTaBUTh B TpeX hopmax:

anredpandeckoi Z=o+ip

T |z[[cos{e + 27k} + isin{o + 27k)|
z= |Z| eé{s‘;ﬂ-&-ﬁﬁk}

IIOKa3aTCJIIbHOU

Ipumep 1. [IpencraButh B aniredOpandeckoit hopMe KOMIUIEKCHOE YHUCIIO

K]

Zj
r=g*

Pewenue. KomiuiekcHoe 4HMCIO JaHO B TOKa3aTeNbHOM (opme, ero Monyib | |

T
@=

apryMeHT 4 . Haitzem JEHCTBUTEIIBHYIO 1 MHUMYIO YaCTH:

a_\2

o=|z|cosp= cos ==~



ﬁ=|z|si31{§)=sin§=£

-

- .
2
=

EEE:E 2£
22

Takum o6pazom
Hpumep 2. Ilepeiitu oT anredpandeckoit K MokazaTeabHONU (popMe KOMIUIEKCHOTO YUCIIa

zZ=—1.

A
M-

Puc. 1.1.2

Pewenue. Jinsa nannoro uucna o =0; p = —1, HaiiieM ero MoyJib U apryMEHT:
T a2 - P
|2’|=\/{1 + :\{i} (-1 =1
3

Q=7
2 (puc. 1.1.2)

-
CrnexoBareibHO 4 = e*
IIpakTnyeckas padora Ne 26
Tema: JleiicTBHMSI HAJl KOMILIEKCHBIMH YHCJIaAMU
ean padoThl: HAYYUTH CTY/IEHTOB MIpaBUIaM pabOThl ¢ KOMIUIEKCHBIMH YHUCIIaMU
3agaum AJ1sl CAMOCTOSITEILHOTO PellleH s .

[IpencraButh B anredpandeckoil (popmMe KOMIUIEKCHbIE YHCTIA!

[Tepeiitu oT anredbpanyeckoi K TPHHOTOMETPUYECKOHN U MTOKa3aTeIbHON GopMam:

5 z=-2+23i g 2= 33 -3i

I=——+
o 2=3-331 1, 7= 3_4i

1.1.2. Jle¥icTBus HaJ KOMILJISKCHBIMH YHCIIAMHU
CrnosxeHune ¥ BRIYUTaHNE KOMIUIEKCHBIX YHCEN YA00HEe MPOBOIUTH, KOT/1a OHU 3aIllMCaHBI
B anreOpandeckoil popme, Ipu ITOM UX JEHCTBUTEILHBIC U MHUMBIC YaCTH CKIIQJBIBAIOTCS WU

BbIYUTAIOTCA.

zZy=3+5 z,=53-3

.z, — I
Hpumep 3. Haittu “! “2 | ecm ;



PaccMoTpuM yMHOKEHHE KOMIUICKCHBIX YHCEN B anreOpandeckoit popme.
JlaHbI IBa YKCIA:

7, = oy + 1

Hy>XHO HaliTH TPOU3BEICHHE 27y ={og+ iy oy + By)
[TepeMHOKHMM JBYXUJIEHEI 110 IPABUJIAM aJIreOphL:

Zy -7y =ogoy By s Bioy BB,
== _l’To IIOJTYYUM:
Zymzy = oy — BBy Hofy + Bas )

Takum 00pa3om, yMHOKEHUE KOMIUIEKCHBIX YHCEN B alireOpanveckoil (hopme mpoBOAUTCS
10 OOBIYHBIM AJITEOPANICCKIM ITPABUIIAM.

€CJIM Y4YECTh, UTO

CHGI{y@T OTMCTUTL, YTO MNPOU3ZBCACHHUC CONPAKCHHBIX KOMIIJICKCHBIX YHUCCIT ABJIACTCA
IIGI\/JICTBI/ITCJIBHBIM YHCJIOM, B CaMOM JI€JIC

(a+BNa-—Pl=a’ - p" =a’ +ﬁ3.

HYCTB KOMILIEKCHBIC YKCJa JaHbl B ITOKAa3aTeIbHOM Q)opMe

Z; =|3;|‘€m'5 Zn =2z g2

Haitnem ux npousBeneHue
2 -7 = 7| |z, Y

Pesynprar mepeMHOXEHHA JABYX KOMIUIEKCHBIX YHMCEJl MOXHO 3amucarb B
TPUTOHOMETpUUYECKOU popme:

[cos(o, +,) +Isin(, + @)

I/ITaK, IIprU YMHOXXCHHUHN KOMIIJICKCHBIX YHUCCII B MOKa3aTeIbHOU U TpHFOHOMeTqueCKOﬁ
(bopMaX MOAYJH IIEPEMHOKAIOTCS, a Apr'YMCHTHI CKIAAbIBAOTCA.

Z; 2 Iy =|3;|

Zn

Jlenenre KOMIUIEKCHBIX YHCETI, TaK XK€ KaK U YMHOXKEHHUE, yI0OHEe MTPOBOIUTh, KOT/1a OHU
3aluCcaHbl B MOKA3aTebHON WJIM TPUTOHOMETPUIECKOUN opMax.
Haitnem yacTHOE OT esieHUsI IBYX KOMIUIEKCHBIX YHCEN:

z, _ |ale™ _ 22|

el

= _ &
zZ |z |€® |z
nn
4 E[C{}S{ﬁ:}; - @, }+isin{e; — 0, )]
7y |z|

Taxkum 06p330M, pru JCJICHUHU KOMIIJICKCHBIX YHUCCIT UX MOAYJIU ACIIATCA, a apryMEHTBL
BBIYHUTAIOTCA.

HGHCHI/IC KOMIIJICKCHBIX YUCCII MOXKXHO IMPOBOAUTDL U B anre6pa1/1qec1<0171 (bopMe.

PaCCMOTpI/IM OTO Ha IMPpUMCEpe.

i

IMpumep 4. Berauciautsb b+1
Pewenue. YMHOKUM YUCIMTENb U 3HAMEHATENb HA CONPSHKEHHOE YUCIIO 3HAMEHATENIO |



11 (1-iy 1-2i+i
T+i {t=0i-y 12-¢ 2

Takon xe pe3yJ11>TaT HOJIy4aeTcsl PH Iepexo/ie K MOKa3aTeIbHOU hopme

E
el =cos270° +isin270° =—

33113'-[]/1 OJd CAMOCTOATECJIIBHOI'O peme}mﬂ. BI)ILII/ICJ'II/ITBI

1.2 +3) (3 = 5i);

2.(1+34) Q2+,

3.3+50)(3-510);

2+1i

4,35

HpI/I BO3BCIACHUN KOMIIJICKCHOI'O 4YHCJIa B HGHYIO HOJ'IO)KI/ITeJ'IBHYIO CTCIICHb B
HOKaSaTCHLHOﬁ NIn TpHFOHOMCTpH‘ICCKOﬁ Q)opMax €ro MOI[y.]'IB BO3BOOAUTCS B 3Ty CTCIICHB, a

apryMeHT YMHOKAETCs HA JaHHYIO CTENEHb.
{oETi

2=z
TOTJa

HyCTB

s

7 =|:|2|‘ 21;3;»—5—3:5;: _ |E|H 'Eé{lm;&-i-lx?aﬁ}

nJIn

_F |Z|ﬂ .:{m+" E

3anumieM pe3yabTaT BO3BEICHHS B IIETYIO CTETIEHh B TPUTOHOMETPpUUYECKON (hopme
H Fi . s .

= |z| [ces{m} + 2rk )+ isinlng + 2;3?5:}]

Oty dhopmyity HasbiBaroT Gpopmyoil Myaspa.

\1 -~ \__;
1+ w'_ 1B
W=l —— =§ Sy el
S
IIpumep 5. Berancints - - %
Pewenue. Tlepelinem K mnoka3arenbHol ¢opme. Haiinem Moayns U aprymeHt

1 3

————————

I=—+i—
KOMIIJICKCHOT'O UHucCJia ‘2 I
. - \{3
1% 3
O I B R SR SN I
P72 7 T = Qroig— = EBrig
M. e i‘_ _P_.F o 1

o= arcig~f3 =60 = g

a

W=(e ¥ =¢" =cosa+isinn=-1.

l_p:lr| H

33I[a‘ll/l AJIA CaMOCTOATECJIBHOI'0 PEeIICHUSA. Brerauciauth

1. (1_’{"\4{3_)5;



-+
=07

(1<)’
, (A=Y

(1—iy
e

U3BneucHue KOPH:A 7-OM CTEIEHH M3 KOMILJICKCHOI'0 YHCJIa MOKHO pacCMaTpuBaTh KakK

1 H

P _ ;
OIEPAIMIO BO3BEIECHHA KOMILIEKCHOTO YKCIIa B IPOOHYIO CTENeHs 2 T.e. \E =27,
Ecnu KOMIUIEKCHOE YHCIIO B TPUTOHOMETPHYECKOH dhopMme, TO

; ; . N p .
— a . T % B PR N
- — +2 k. + 2nk
4z = 7= =|zf- - ca}slcg— !Hsan; 9 <Rr
S } oo H
HpI/Il[aBafl k — 3HAYCHUA OT 0 o n — 1 HOHyLH/IM n— pa3JII/IlIHI)IX KOMIIIICKCHBIX YHCEII, y
KOTOPBIX MOAYJIN OANHAKOBBIC, 4 API'YMCHTBI PA3HbIC:

Mg%:{p‘TEm{?:?

| I

Ipu k=0 i H
+2%-1 @ Ixm
argffy =270 _FL SR
Ipu k=1 L noon
+2Ix-2 21
Tpu k=2 i Boo#

+ AR — - oo
arg%/g:{?' 7-in Ij:;c:}_é_za,‘{}g_l}
Mpuk=n-1 i e

LY
R I
Mgfﬂ{_:{?—:_'_g_Z;;
Tpu k=n 7 "

P

Ilocnennee 3HaueHHE ApryMCHTAa 4YUCiia Z COBIIAAACT C IICPBBIM IIPpU k=0.

I/ITaK, KOpPCHb n-OM CTENEHH U3 KOMILJIEKCHOI'O YHClIa UMEEM N — PAa3JINIHBIX 3HAYCHUH.

P

HpI/I BBIYHCIICHUHY 3HAYCHUH z MOJIB3YIOTCHA (bOpMyHaMH IMPUBCACHUS:

sin (90° + x) = cos x; SIn(I80° = ¥y ==8nx  |sn (270° + x) = — cos x;

cos (90° + x) = — sin x; COS{IB0° = X1 = —COSX | cos (270° + x) = £ sin x;

U Ta0IULE;
Tabmania

Paguan

Lo T
Lo |5
ko |

+e |

Tpasyc 30° 45° 60° 90°




sin x i £ £
2 2 2
Ccos x ﬁ E i
2 2 2
tgx % JE -
ctgx - \,’E E
3

IIpumep 6. HaiiTu Bce 3HaueHUs] KOPHSA y__i .

JleiicTBUTENbHOE YUCIO —] MOXHO paccMaTpuBaTh KakK KOMIUIEKCHOE, y KOTOPOIO
neiicTBUTeNbHAs YacTh: o0 = —1, a MHUMas B =0, T.e.:

i=—i=—-1=+i-0

3anuineM 3TO YMCIO B TPUTOHOMETpUYecKoi ¢opme. st a3Toro Haiiiem ero Moayiab U
apryMeHT.

lz|=foc <875 |-t|= -1y <0° =1

P.

O
g=arctg—; argl-=@= ?ﬁ‘ctg—I = arcted
& J—

Puc. 1.1.3

Tax kak tge = 0 npu ¢ = 0 1 @ = 7, TOCTPOUM YHUCIIO «—1)» Ha KOMIUIEKCHON IJIOCKOCTU
(puc. 1.1.3), ero apryMeHT paBeH

arg(-1)=¢ =mn=180°

ClIeI0BaTENbHO, TPUrOHOMETpHUUEecKas (hopMa ymciia «—1» cienyromas:

—1=1{cos{180% + 2ak) + isin(180° + 2%k}

CornacHo hopmysie BEIYUCICHUSI KOPHS UMEEM:

:
= 180° + 2wk . 1807 + Iw&
'il'—i:ﬁ'[ccs—é - —i—iﬁiﬁ—%

!

Kopens miectoii cTeneHn MeeT MECTh 3HAYECHH, KOTOPhIE MOYKHO HANTH, €CITU TTOJIOKUTh

NI

81 =1(cos30° £ isin30%) =22 44—
[pu k=0 2 2

§-1=1{cos(307 + 607 + isin(30° = 607}y =i

Kk paBubM 0, 1, 2, 3, 4, 5.

Ipu k=1

§-1=1(cos(30°+ 120+ isin(30° + 1207 = —£ + z’i
—_— —_—— 2 P
Tpu k =2 AL 40 apigas



NER

§-1= Heos(307 +1807) +7sin(30° + 180" = —— -1 -
pu k=3 e e *
&1 =1(cos(30°+ 2407 = i sin(30° + 240°)) = —i
Ipu k =4 1 T

8171 = 1(cos(30° + 300°) + isin (30° + 300%) = I
—_— —_— 2 2
Tpr k = 5 LA DHEEG

Bce mects 3HaueHHN KOpHA 5\‘(—_; HMCIOT OJJMHAKOBBIC MOAYJIU U OTIIMYANOTCA APYI OT
JIpyra TOJIBKO 3Ha4€HHEM aprymeHra. Ha KOMIIJIEKCHOM IUIOCKOCTH OHHM PAacCIOJIOKEHBI B
BEpPILMHAX IPABUIBHOIO NIECTUYTOJIBHUKA C LIEHTPOM B Hayajie KOOPIUHAT.

3agauu AJ19 caMOCTOSITeIbHOTO pemieHusi. HaliTu Bce 3HaueHUs KOPHSL.

L Y-t

5 A-1-i

1+ i3

4 N2-2i
o3+ 2i
b+1

““T

3
s
o Y-8<isf3

[IpakTnueckoe 3anarue 1.2. HeonpeneneHuslii uHTerpasl. Metos moaBeAeHUs MO 3HAK

6.

muddepernmana. Meron 3aMeHbI IepeMeHHON

OcHoBHas1 JIMTepaTypa:

1. KouetkoBa, U. A. Matematuka. [Ipaktukym [ 3nekTpoHHBIN pecypce] : yaebHoe mocobue / U.
A. Kouetkosa, XK. . Tumomiko, C. JI. Cenezenb. — DIEKTPOH. TEKCTOBBIEC JaHHbIE. — MUHCK :
Pecny6nukanckuit M”HCTUTYT npodeccuoHanbHoro oopazosanus (PUIIO), 2018. — 505 c. —
978-985-503-773-7. — Pexxum noctyma: http:// www.iprbookshop.ru/84874.html
2. Pacrommunna O.M. Bricmias MmaTematnka [ DnekTpoHHBIN pecypce] : mpaktukym / O.M.
PactonmunHa. — DNEKTPOH. TEKCTOBBIE HJaHHBIE. — M. : MOCKOBCKUH Me1aroru4ecKkuit
rocyznapcTBeHHbll yHuBepeuTeT, 2017. — 138 c. — 978-5-4263-0534-2. — Pexxum gocryna:
http://www.iprbookshop.ru/72486.html

JlonostHuTEIbHAS JIUTEPATYypa:
1. AnmatoB A.B. Matemaruka [DnekTpoHHbIH pecypce] : yuebHoe nocobue aiis CI1O / A.B.
AnmatoB. — DNEeKTpoH. TeKCTOBBIE NanHble. — CapatoB: [IpodobpazoBanue, 2017. —
96 c. — 978-5-4488-0150-1. — Pexxum nocryna: http://www.iprbookshop.ru/65731.html

2. I'puropbes B.I1. Dinements Boicmiel mateMaTuku. —M.: OUL] «Akagemusi», 2016.
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