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Mertoanyeckre ykazaHusl Ui NMPAKTHUYECKUX paboT Mo JUCHMIUIMHE «MaremaTuka»
cocraBieHbl B cooTBercTBUU ¢ TpeboBanuamMu PI'OC CIIO, npenHazHauyeHbl 17 CTYACHTOB,

oOyuaromuxcs no cnenuanbHoctu 43.02.16 Typusm 1 rocTenpuuMCTBO.



Hosacnumenvnasn 3anucka

MeTtoauueckie peKOMEHAAlMM MPU3BAaHbI OKa3bIBaTh MOMOIL CTYAEHTaM B U3Y4YEHUU
OCHOBHBIX TOHSTHI, WJEH, TEOPUN U MOJIOKEHUN NUCUUIUIMHBI «MaTeMaTukay, U3y4aeMbIX B
X0Jle KOHKPETHOTO 3aHSTHs, CIIOCOOCTBOBaTh PA3BUTHIO HMX YMEHUN, HABBIKOB M SIBISIOTCS
OJIHUM U3 CIIOCOOOB MPOBEPKU 3HAHUMN CTYICHTOB.

BrimonHeHue yqamuMucs IpakTHYeCKUX padoT HAMPaBIEeHHO Ha!

- 0000I1IeHHEe, CUCTEMATH3AIIHIO, YTITYOJIeHUE, 3aKPETICHHUE TTOMy4YEHHBIX TEOPETHUSCKUX
3HAHMI 110 KOHKPETHBIM TEMaM;

- popMuUpOBaHUE YMEHUN MPUMEHSITH MOJTYYCHHBIC 3HAHUS HA MPAKTHKE W PeaTn3alIiio
€MHCTBA UHTEJUIEKTYaJIbHOM U MPaKTUYECKON JAesITeTbHOCTH;

- pa3BUTHE MHTEJUICKTYAJIbHBIX YMEHUN y OyIyIIHUX CHEIHaJMCTOB: aHATIUTUYECKHX,
MIPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX U JP.;

- BBIPaOOTKY MpPH PEHICHHH IMOCTABIEHHBIX 3a7]ad TaKuX MPOPECCHOHAIBHBIX KauecTB,
KaK CaMOCTOSATENIbHOCTh, OTBETCTBEHHOCTh, TOUHOCTh, TBOPUYECKAsI HHUITUATHBA.

Ocoboe 3HaueHHWe AWCUUIUIMHA HMEeT Mpu (OPMHUPOBAHUM M PA3BUTHU OOIINX
KoMrieTeHuit B coorserctBuu ¢ GI'OC:

OK 01. BsiOupats cmocoObl pemeHus 3anad MNpo(ecCHOHAIBHOW eSTeIHbHOCTH
MPUMEHUTEIBHO K PAa3JIMUHBIM KOHTEKCTaM.

OK 02. Hcnonb3oBaTh COBpEMEHHBIE CpEJCTBA IMOWCKA, aHAM3a W HMHTEPIpPETAluU
uH(popMalui, U UHOOPMALIMOHHBIE TEXHOJOTUU Ui BBINOJIHEHUS 3a7ad MpodeccruoHarbHON
JESTEIIbHOCTH.

OK 03. IInanupoBath U peaqn3oBbIBaTh COOCTBEHHOE MPO(eccHoHaNIbHOE U TMYHOCTHOE
pa3BuTHE, MPEANPUHUMATEIBCKYIO ACATEIHHOCTh B MPOPECCHOHAIBHOU c(epe, MCIOIb30BaTh
3HAHUS 10 (UHAHCOBOM TPAMOTHOCTH B PA3JIMYHBIX KU3HEHHBIX CUTYaIIHIX.

OK 04. O¢pdexTnBHO B3aMMOIEHCTBOBATh U padOTaTh B KOJUIEKTHBE U KOMaH/E.

Ocoboe 3HaueHWe JUCHUILUIMHA HUMeeT TMpu  (OPMUPOBAHMHM U  PA3BUTUU
npodeccHoHaNbHBIX KoMIEeTeHIInH B cooTBeTcTBUU ¢ PI'OC:

[IK 1.4 OcymecTBisSITh pacueThl ¢ MOTPEOUTENSIMU 32 IPEIOCTABIICHHBIC YCIYTH.

B pamkax mporpammbl 00111e00pa3oBaTeabHON JUCIHUILTUHBI OCBAMBAIOTCS JIMYHOCTHEIE,
MeTanpeMETHbBIE U MPEAMETHBIE Pe3yIbTaThl B cooTBeTCTBUHU ¢ TpeboBanusmu OI'OC cpennero
o01ero o0pa3oBaHusI.

I[lnanupyemble  pe3yabTaTbl OCBOEHHMS] JMCUMIUIMHBI:  JuyHOCTHBIE  (JIP),
metamnpeameTHsie (MP), mpeametnsie it 6a3oBoro yposHs uzydenus (I1P).

Jluunocmuvie sxarouaom:

JIP 05. ChopMupOBaHHOCTH OCHOB CAMOPA3BUTHSI U CAMOBOCIIMTAHUS B COOTBETCTBHH C
o0IIeYeIOBeUeCKUMU I[IEHHOCTSIMU W HJIealaMHi TPaKJAHCKOTO OOIIECTBa; TOTOBHOCTh U
CIIOCOOHOCTH K CaMOCTOSITENIbHOM, TBOPUECKON M OTBETCTBEHHON ACSITENLHOCTH.

JIP 07. HaBblku COTpyIHHYECTBA CO CBEPCTHHKAMH, IETbMH MIIAJIIETO BO3pacTa,
B3pOCIBIMH B 00pa3oBaTeNbHOM, OOIIECTBEHHO TOJE3HOH, Y4eOHO-HCCIeA0BaTEIbCKOM,
MIPOEKTHOM M IPYTUX BUJAX JIEATCITLHOCTH.

JIP 08. HpaBcTBeHHOE CO3HAHME W MOBEJICHUE HA OCHOBE YCBOCHHUS OOIICUETOBEYECKUX
LIEHHOCTEM.

JIP 09. I'0TOBHOCTH U CIIOCOOHOCTH K 00Opa30BaHUIO, B TOM YHCJIE CaMOOOpa30BaHUIO, HA
MPOTSKEHUHM BCEW KU3HU; CO3HATEIHLHOE OTHOIICHHE K HEMPEepPhIBHOMY OOpa30BaHUIO Kak
YCIIOBUIO YCIICUTHOM MpodecCHnoHaNIbHON 1 00IIECTBEHHOU IS TEIIBHOCTH.
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JIP 13. Oco3nanHblii BbIOOp Oynymeid mnpodeccurn M BO3MOXKHOCTEH pearn3aiiiu
COOCTBEHHBIX JKM3HEHHBIX IUTAHOB; OTHOLICHHE K NPOPECCHOHATIBHOM JEATEIILHOCTH Kak
BO3MOXXHOCTH  YYacTHsl B  pEIIEHUH  JMYHBIX, OOLIECTBEHHBIX, TOCYJapCTBEHHBIX,
0O0IIeHAIIMOHAIBHBIX MTPOOJIEM.

JIP 14. CdopMUPOBAHHOCTh DKOJIOTHYECKOTO MBINUICHHUS, TOHUMAHUS BIUSHUS
COLIMATILHO-DKOHOMHMYECKUX IPOLECCOB HA COCTOSHUE INPUPOJHOW M COLMAIBHOM CpEnbl;
IprOOpETEHNE ONbITa IKOJIOTO-HAIPABICHHON JeITEIbHOCTH.

Memanpeomemnvie:

MP 01. CamocrostenbHo (opMyIupoBaTh M aKTyaIM3UpOBaTh  MPOOJIEMY,
paccMaTpuBaTh €€ BCECTOPOHHE.

MP 02. VYcraHaBnuBaTh CYIIECTBEHHBIM NPU3HAK WIM OCHOBAaHMUS Ul CpPaBHEHUS,
KJIacCCU(UKAUU U 00OOIICHHUS.

MP 03. Ompenensite LeNM JA€ATEIbHOCTH, 3aJaBaTh IApaMeTpbl U KPUTEPUH HX
JOCTHKEHUS.

MP 04. BpIsIBIIATS 3aKOHOMEPHOCTH U IPOTUBOPEUUS B PACCMAaTPUBAEMBIX SIBJICHUSX.

MP 06. Bnagers HaBbIKaMHM Y4eOHO-HCCIIEI0BATEIbCKOW U MPOEKTHOU IesTEeIbHOCTH,
HaBBIKAMU pa3peleHus npoodiiem.

MP 07. CiocoOHOCTh U TOTOBHOCTb K CaMOCTOSITEIbHOMY ITOMCKY METOJOB pELICHUS
IPAKTUYECKUX 3aja4, IPUMEHEHUIO Pa3IMUHbIX METOJO0B IT03HAHUSI.

MP 08. OsnageHue BuIaMH JAEATEIbHOCTH [0 IOJYYEHUIO HOBOTO 3HAHUS, €ro
MHTEPIIPETAllUY, IPE0OPA30BAHUIO U MPHUMEHEHUIO B PA3JIMYHBIX YYEOHBIX CUTYyalUsX, B TOM
YUCIIe IPU CO3/1aHUM YUEOHBIX U COLIMATIBHBIX IPOCKTOB.

MP 09. ®opmupoBaHue Hay4HOI'O TUIIA MBILIUIEHUS, BIaICHUE HAYYHONH TEPMUHOJIOTHEH,
KJIFOUEBBIMU MOHATHSIMU U METOJIAMHU.

MP 11. BpiBIATH NPUYMHHO-CIEACTBEHHBIE CBSI3W M aKTyalM3UpOBaTh 3ajady,
BBIIBUTaTh THIIOTE3y €€ pEIICHHs, HaXOOUTb AapryMEHThl [UIsl JI0Ka3aTelbCTBAa CBOMX
YTBEPKACHUM, 3a/1aBaTh apaMeTpbl U KPUTEPUU PEIICHHUS.

Ilpeomemnvie:

TP 01. Bmamerp MeTomgamu J0Ka3aTeIbCTB, AJITOPUTMAMH PEIIEHUs 3a/ad; yMEHHUE
(bopMynupOBaTh OMPEEIICHUS, AaKCHOMBI U TEOPEMBI, IPUMEHSATH UX, IPOBOJUTH JOKa3aTeJIbHbIE
paccyXJIeHHUs B XOJI€ PELICHUsI 3a/1ay.

ITP 02. Ymerh omepupoBaTh MOHATUAMHU: CTENEHb YHCIA, JOrapudm 4Yucia; yMEeHue
BBIMOJIHATh BBIYMCICHME 3HAYeHUH U TNpeoOpa3oBaHMs BBIPAKEHUH CO CTENEHAMU U
Jorapudpmamu, mpeodpa3oBaHusl IpOOHO-pAIIMOHATIBHBIX BBHIPAKECHUH.

I[IP 03. VYwmersp onepupoBaTh NOHATUSMH: paALUOHAIBHBIE, HPPALNOHAIBHEIE,
MoKa3aTelbHblEe, CTENEHHbIe, JIOTapU(PMUUYECKHE, TPUTOHOMETPUUYECKUE YpaBHEHHUS U
HEPABEHCTBA, UX CUCTEMBI.

I[IP 04. VYwmerp omnepupoBaTh TMOHATUSAMU: (DYHKUHSA, HENpepbiBHAS (QYHKLHUA,
NPOM3BOJIHAS, TEpBOOOpa3Hasi, OIpEJeIeHHBIH WHTErpaj; yMEHHUE HaXOJUTh HPOU3BOJHBIE
AIIEMEHTApHBIX (DYHKIMHA, UCMONb3Yys CIPaBOYHBbIE MaTepHajbl; MCCIENOoBaTh B IMPOCTEHIINX
ciydasx B (DYHKIMM Ha MOHOTOHHOCTb, HAXOJUTh HAWOOJbIIME W HAUMEHbIINE 3HAUYEHUS
¢ynkuuit; CTpouTh rpadukd MHOTOWIEHOB C HCIOJb30BAHHMEM arlapara MaTeMaTH4ecKOro
aHaJM3a; MPUMEHSATh MPOU3BOJHYIO IMPH PEHIeHUH 3a7ay Ha JBIKEHUE; pelaTh MPaKTUKO-
OPUEHTUPOBAHHbIE 33/1a4M Ha HauOOJbIINE M HAaUMEHbIINE 3HAYCHMs, HAa HAaXOXJEHHUE IYTH,
CKOPOCTH M YCKOPEHHUSI.

ITP 05. Ymenue omepupoBaTh MOHSTHAMH: pallMOHaIbHAs (YHKIH, TMOKa3aTeIbHAs
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byHKIMS, cTerneHHas QyHKIus, jgorapudmMuyeckas (yHKIUA, TPUTOHOMETpUUECKHE (YHKITUH,
oOparHble (QYHKIMH;, YMEHHE CTPOUTH Ipa(uKu M3y4eHHBIX (DYHKIMH, UCIIONB30BaTh TpapuKu
IPY U3YYSHUH MIPOIIECCOB U 3aBUCUMOCTEH, IPU PELICHUH 33124 U3 IPYTUX YUEOHBIX TPEIMETOB
¥ 33/1a4 U3 peaJbHOM JKU3HU; BBIpaXKaTh (pOpMyIaMH 3aBHCUMOCTH MEX/Y BEJIMYHMHAMHU.

I[IP 06. Ymenue pemarb TEKCTOBbIE 3aJaud PA3IMYHBIX THUIMOB (B TOM YHCIE Ha
IPOLIEHTHI, 10JIM U YaCTH, HA JBHKEHUE, paboTy, CTOUMOCTh TOBAPOB U YCIIYT, HAJIOTH, 3a7aul
U3 00JIaCTH YNpPABICHMS JIMYHBIMM M CEeMEHHbIMM (UHAHCAMH); COCTABIIATh BbIPAXKEHUS,
YPaBHEHHs, HEPABEHCTBA M HUX CHCTEMBI II0 YCJIIOBHIO 3aJaudd, HCCIENOBAaTh IIOJy4YEHHBIC
pELICHMs] U OLIEHUBATh IPAaBJONO0I00HOCT PE3YJIbTATOB.

IIP 07. VYmenue omnepupoBaTh NOHATHIMU: CpeAHee apupMETHYECKoe, MeIHaHa,
HauOoJbIlleE M HAUMEHbIIEE 3HAYEHMs, pa3Max, JUCHEPCUs, CTaHJAPTHOE OTKJIOHEHHE
YHUCIOBOr0 HabOpa; yMEHHE WM3BIIEKATh, HHTEPIPETHPOBATH UH(OPMAIIHIO, TPEACTABICHHYIO B
TabNMMIax, Ha JuarpamMmax, Tpadukax, OTPAXKAIOIIYI0 CBOWCTBA pEAJBHBIX IPOIECCOB U
SBJICHUH; NPEACTaBIATh HHPOPMALMIO C MOMOIIBIO TalOJaMIl M JUarpaMM; HcciIeloBaTh
CTaTUCTHUYECKUE JJaHHbIE, B TOM YHCJIE C IPUMEHEHUEM Ipa)uueCKUX METOJOB U 3JIEKTPOHHBIX
CPEJICTB.

IIP 08. YMmeHue onepupoBaTh MOHATUSAMM: CIydailHBI ONBIT M CilydaiiHOe COOBITHE,
BEPOATHOCTb CIy4allHOTO COOBITUS; YMEHHUE BBIYUCIATH BEPOSTHOCTH C HCIOJB30BaHUEM
rpadU4ecKuX METOJIOB; NPUMEHATh (OPMYINIBI CIOKEHHS M YMHOXEHHS BEPOSTHOCTEH,
KOMOWHATOpHBIE (aKThl U (POPMYIIBI TIPU PEIICHUH 33/1a4; OLICHUBATh BEPOSTHOCTH PEATbHBIX
COOBITHI{; 3HAKOMCTBO CO CIIy4alHbIMHU BEJIMUYMHAMU; YMEHHUE NPUBOAUTH NPUMEPHI IPOSBICHUS
3aKOHa OOJIBIIMX YHMCEN B IPUPOJHBIX U OOIIECTBEHHBIX SIBICHUSX.

ITIP 09. YMmenue onepupoBaTh NOHATUAMM: TOUYKA, IPsiMasi, MJIOCKOCTh, B POCTPAHCTBO,
JBYTpaHHBIA Yroj, CKpEIIMBAIOIIMECS NpsSMble, NapaJIEIbBHOCTh W NEPIEHIUKYISIPHOCTD
OPSIMBIX U IUIOCKOCTEM, Yrojl MEXKIYy NpPSMBIMH, YrOJ MEXAY NPSAMON M IIOCKOCTBIO, YIOJ
MEXy IUIOCKOCTSIMHM, PAacCTOSHHME OT TOUYKH JI0 IUIOCKOCTH, PACCTOSIHUE MEXAY HIpPSIMBIMHU,
paccTOsiHUE MEXIy IUIOCKOCTSIMH; YMEHHUE HCIIONIb30BaTh NP PEIICHUU 33/1a4 HU3y4CHHbIE
(bakThl U TeOpeMbl IIJIAHUMETPUH; YMEHHUE OLIEHUBATh Pa3Mepbl 00bEKTOB OKPYXKAIOIIET0 MHUpA.

[P 10. YMmenue omepupoBaTh MOHATUSIMH: MHOTOIPDAHHUK, CEUYEHHUE MHOTIOIPAaHHUKA,
KyO, mapajjenenumes, npusMa, nupamuaa, Gurypa u mnoBepXHOCTb BpaIleHUs, IMIUHAP, KOHYC,
map, cdepa, cedeHus (Urypsl BpalleHHs, IIOCKOCTh, Kacarollascs cepbl, INHAPA, KOHYCa;
IUIOINAAb TOBEPXHOCTH MHUPaMM[bl, MPU3MBI, KOHYCa, LWIMHJpA, IIapa; YMEHHE H300pakaTh
MHOTOTPaHHUKM W IIOBEPXHOCTH BpAILEHUS, MX CEUYEHUS OT PYKH, C TOMOIIBIO UYEPTEKHBIX
MHCTPYMEHTOB U 3JIEKTPOHHBIX CPEJCTB; YMEHHE paclo3HaBaTh CUMMETPHUIO B IPOCTPAHCTBE;
YMEHHE pacro3HaBaTh NPaBUJIbHbIE MHOTOTPAHHUKH.

I[P 11. YmeHue omepupoBaTh NOHATHUSAMHU: JIBKEHHE B IPOCTPAHCTBE, IMOJOOHBIE
¢burypsl B IMPOCTPAHCTBE;, HCIOJIb30BAaTh OTHOIIEHUE IUIOMIAZe MoBepXHOCTEH M 00BEMOB
NMoI00HBIX (PUTYp MpHU pelIeHUH 3a/1a4.

I1P 12. YMeHHe BBIYUCIATh T€OMETPUYECKHE BETMUMHBI (JUIMHA, YTOJI, IUI0IIA/lb, 00bEM,
IUIOINAb MOBEPXHOCTH ), UCTIOIB3Ysl U3yUEHHBIE (POPMYIIBI U METO/IBI.

IIP 13. YMeHue omnepupoBaTh MOHATUSMU: TNPSAMOYIOJbHAs CHCTEMa KOOpAMHAT,
KOOpAMHAThl TOYKH, BEKTOP, KOOPAMHATBI BEKTOPA, CKAISPHOE IPOU3BENEHUE, Yroll MEXIY
BEKTOpaMM, CyMMa BEKTOPOB, MPOHU3BEIEHHE BEKTOpa Ha YHCIO; HAXOIUTh C IOMOUIBIO
U3y4EHHBIX (POPMYJT KOOPJUHATHI CEPEAUHBI OTPE3Ka, PACCTOSHUE MEXKY IBYMS TOUKAMH.

I[IP 14. Ymenue BbIOMpaTh TOAXOMSIIMA H3yYEHHBIH METON Ui pEIICHUs 3aJayH,
pacrio3HaBaTh MareMaTHyeckue (akTbl M MaTeMaTU4YEeCKUe MOJENHM B NPUPOAHBIX U
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OOIIIECTBEHHBIX SIBJICHUSX, B MCKYCCTBE; YMEHME MPHUBOJUTH IMPUMEPbl MaTEMATUYECKHX
OTKphITHI Poccniickoil 1 MUPOBOM MaTEMaTUYECKON HAYKHU.

[Tpu nmpoBeAeHNN MPAKTUYECKUX PAOOT ydeOHas TpyIna MOXKET JEIUTHCS Ha MOATPYIIIbI
YHUCJIEHHOCTHIO HE MEHBIIIE § UEIOBEK.

Kaxxnas npaktrueckas paboTa cocTaBiieHa C BEAYIIEH JUIAKTUUECKOM LEIbIO -
(bopMHpOBaHUE MPAKTHUECKUX YMEHUI.

CopnepxaHue IpPaKTHMYECKMX pPAa0OT HalEJeHO M Ha pa3BUTHE NPOPECCHOHATBHBIX
YMEHUH W HAaBBIKOB. BbINONHEHHE pacu€ToB, uepTexed, HMHCTPYKTHBHBIMH MaTepHalaMH,
CIPaBOYHUKAMH, yMEHUe H0JIb30BaThCs COBPEMEHHBIMU MH(pOPMaLMOHHO-
KOMMYHHUKAIIHOHHBIMU TeXHosorusiMu. Hapsimy, ¢ ¢gopmupoBaHMeM yMEHUH M HaBBIKOB, B
MIPOIIECCE BBIMTOJIIHEHUSI MTPAKTHYECKUX Pad0T 0000MIAIOTCS, CHCTEMATU3UPYIOTCS, YTIyOISIFOTCS
U KOHKPETH3UPYIOTCS TEOPETUYECKHE 3HAHUS, BBIPAOATHIBACTCS CHOCOOHOCTH M T'OTOBHOCTH
UCII0JIb30BaTh TEOPETUUECKNE 3HAHUS HA MPAKTUKE, Pa3BUBAIOTCS NHTEIUIEKTyaJIbHbIE YMEHHUSI.

B 1aHHBIX METONMYECKMX YKa3aHUSX B Hadaje KaXJ0il TeMbl KpaTKO H3/araircs
OCHOBHBIC TEOPETUYECKHE CBEJACHMs (ompeaeneHus, (GpopMmyiibl), HEOOXOAUMBIE JUISl PELICHUs
nocienyommx 3agad. [lpuBoasrcs peleHns TUIOBBIX IPUMEPOB U 3a1a4. [laroTcs ynpakxHEeHUs
JUIS 3aKperIeHUs] MaTepuaa.



IIpakTuyeckas padora Nel

Tema 1.1 lenu u 3a1aun MaTEMaTUKU NPU OCBOCHUU CIIEIMATBHOCTH. Yucia u
BBIYUCIIEHUSA

Heas: Onpenenenne OCHOBHBIX IEJICH U 33124 U3YUYEHUSI MATEMaTHKH ITPH OCBOCHUH
npodeccuu; akTyaau3alus U CUCTEeMaTU3allisg OCHOBHBIX 3HAHUN U3 HIKOJILHOTO Kypca
MaTeMaTHKH

TeopeTnyeckas 4acTh:

I'maBHast 0COOEHHOCTH 00pPa30BATEIBHON CHCTEMBI 3aKJIIOYACTCS B TOM, YTO OCHOBHOM
LeNblo, CTOALIeH mepes y4eOHBIMH 3aBECHUSIMU CUCTEMBbl CpEIHEro MnpodeccruoHalIbHOTO
0o0pa3oBaHus, SBIAETCS MOArOTOBKA BBICOKOKBATH(HIMPOBAHHOIO CIEIMATNCTa B JaHHOU
o0nacTu.

Lenp n3ydeHUs: MaTeMaTHKH B CPEIHUX CIEIHAIbHBIX YUEOHBIX 3aBEJCHUAX COCTOHUT B
TOM, 4TOOBI YIIyOUTh 3HAHUS O M3YYEHHBIM B CPEIHEH IIKOJIe pas/ienaM M O3HAKOMHUTHCS C
HEKOTOPbIMH HOBBIMU pa3jiejlaMM MaTeMaTHUKU (aHAJIUTHUYECKOHM TIeoMeTpHueil, Teopuei
muddepeHIMaNbHBIX YpaBHEHUH, Teoprell BEPOATHOCTEH, U JIp.), KOTOpbIe 000ranaroT O0IIyI0
KYJIBTYpY, Pa3BUBAIOT JIOTUYECKOE MBIIUICHHE M IIMPOKO HCIOIB3YIOTCS B MaTEMaTHYECKOM
MOJICJIMPOBAHUHU 3aJa4, C KOTOPBIMH BCTPEUAETCS COBPEMEHHBIM CIENHATUCT B CBOEH
JeSITeIbHOCTH. | JTaBHAs 11eNb U3y4YeHHsI MAaTEMAaTHKH CTYICHTaMH CPEJIHUX NMPOQeCcCHOHATBHBIX
yueOHBIX 3aBEJCHHUI COCTOUT B TOM, YTOOBI MaTEeMAaTUKy MOKHO ObLIO MpuUMeHATh. MeroTes B
BUAY NPUMEHEHHS B CAMOM IIMPOKOM IUIaHE: HE TOJBKO Ha MPOM3BOJCTBE, HO U B JIPYIHX
TUCIUIUINHAX, TP YTCHUH CHEMaIbHOW WM TOIMYISIPHOW JUTEpaTyphbl, B OBITY; KPOME TOTO,
OCHOBHBIE MaTEMaTHUECKUE TOHATHS TO3BOJISIIOT TIIyOXKE OCMBICIHMBATH pa3iIUYHBIC (DAKTHI,
BUJIETh UX OOIIME YePThl; HABBIKM PA3yMHON TOYHOCTH MOTYT MOMOYb (POPMYIUPOBATH MBICIU
U.T. 1.

- OOyueHuss MaremMaTHKe AOJDKHO o0JsiafaTh CBOWCTBaM (yHIaMeHTanbHOCTH. Llenb
obecrieueHns (yHIAMEHTAIBHON MaTeMaTHYEeCKOH MOATOTOBKH B CpeIHEM MPOGECCHOHATHEHOM
00pa30BaHUM U CIELUANN3ALUY, [0 KOTOPOH MPOUCXOAUT O0YUEHHE, COCTOMT B TOM, YTO KypcC
MaTeMaTHKH JODKEH O3HAKOMHUTH CTYACHTOB C OCHOBOIOJATalOIIMMH MaTeMaTHYeCKUMHU
MNOHATUSIMH U (PakTamu, 0OeCleynTh YPOBEHb MAaTeMaTHYEeCKHX 3HAHWW, YMEHUU U HaBBHIKOB,
rapaHTHPYIOUINX OBJaieHUe (PYHIaMEHTOM CIEIHATbHBIX JUCIUTUINH.

- Bropas wnenp - opueHTanMs MaTeMaTHYECKOW TNOJATOTOBKM Ha CIELUAIbHYIO
MOJTOTOBKY CTYJEHTa, TO €CTh HEOOXOIMMOCTh B MpoIlecce OOYyYeHHUs OpUEHTHPOBATHCS Ha
rJyOOKO€ M TOJHOE YCBOEHHE CTYIACHTAaMH pa3/ieloB MaTeMaTHKH, SBIAIOIIMXCS 0a30d JUIs
OCBOCHHS psila CHENUANBHBIX TUCHMIUIMH. [Ipy 3TOM 3HAHHS CTYAEHTOB IO OCTaJbHBIM
paszienaM Kypca JOJDKHBI ObITh JAOCTaTOYHBIMU JUISI OCBOCHMS MPO(PECCHOHATIBHO 3HAYMMBIX
3HAHUM.

- TpeTbst 1enp MaTeMaTU4eckoro oopa3oBaHus B CPEAHUX MPOPECCHOHATBHBIX YIeOHBIX
3aBEJICHUSX - TTOJITOTOBKA CTYJCHTOB K MX MPO(ECCHOHATBHON esATeIbHOCTH, HallPaBJICHHON Ha
yMeHue OyAylmMX CHEHUAIUCTOB TNPUMEHATh MaTeMaTHYecKue 3HaHUS B CBOEH
npodeccuoHanbHOM JesTenbHOCTU. J{JIs ee peanu3anuu clieyeT HaloJIHUTh MpodeccnoHabHO
Ba)XKHbIe pa3zensl Kypca «MaremaTuka» 3agadyaMu IpodeccuoHaiabHOro cojepxkanus. Kypc
MaTeMaTHKH B CpeIHEM Mpo(ecCHOHATLHOM 00pa30BaHWU HECET IBOWHYIO Harpy3Ky — Kak
CaMOCTOSITENIbHBIA y4eOHBIH MpeaMeT, B KOTOPOM JOJKHA COOMIOAAThCs CTporasi JIOTHUecKas
MIOCJIETOBATEIFHOCTD U3JI0KEHUSI MaTepHaia, ¥ Kak amnmapar IJisi ITAPOKOTO IPUMEHEHHUs ero B
CHeUMaNbHbIX JUCHMIUIMHAX. V3ydyeHne MareMaTuku B cpelHeM MNpoecCHOHATHLHOM
00pa3oBaHWM HampaBlieHO Ha (QopMUpOBaHHE OOMICYYECOHBIX KOMIIETEHIIUA TIO YEThIpEM
OJI0KaM: caMOOpraHU3aluH, caMooOyueHusl, THPOPMALIMOHHOMY, KOMMYHUKATHBHOMY, a Ha UX
ocHoBe o0mux komnereHuud. Ooume komnereHuu (OK) dbopmupyrores B mpornecce yueOHOM
U BHEAyIUTOPHOM CAMOCTOSITEILHON JEATENIbHOCTH CTYIEHTOB NpU HM3YyYCHHH MpEIMETa.
[IporpamMmma yueOHOro mpeAMETa OpPUEHTHUPOBAaHA HAa JOCTH)KCHHE CIEOYIOIIUX Ienen: —
oOecrieyeHre cOPMUPOBAHHOCTHU MPEACTABICHUH O COLMAIBHBIX, KYJIBTYPHBIX U UCTOPUYECKHX
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(dakTOopax CTaHOBJIIEHUS MaTeMaTHKH,; — oOecrneyeHne CGHOPMHUPOBAHHOCTU JIOIMYECKOTO,
AITOPUTMUYECKOTO M MAaTeMAaTHYECKOTO MBINUICHUS; — obecrmeueHne chOpMHUPOBAHHOCTH
YMEHHI MPUMEHSTh TOJYyYEHHBIC 3HAHHS TPU PEIICHUU PA3IMYHBIX 3a7ad; — oOecredeHue
c(hOpMUPOBAHHOCTH TPEACTABICHUN O MaTeMaTHKE KaK 4acTH OOIIEYEIIOBEUECKOW KYJIbTYPHI,
YHUBEPCAIBHOM SI3BIKE HAyKH, MMO3BOJISIOIIEM ONHUCHIBATH M HU3y4yaTh pEaJIbHbIE MPOLECCH U
spiueHus. [maBHOM 3amaveit  oOpazoBanusi B cucreme CIIO  sBaseTcs MOAroTOBKA
BBICOKOKBTM(DUIIMPOBAHHBIX ~ CHEIHAIMCTOB, KOTOPBIC JOJDKHBI 3aHITh CBOE MECTO Ha
KOHKYPEHTHOM pPBIHKE TPY/Ia.

Bonpocsbi:
1) HazoBuTe 11e51b U3yueHUsI MATEMATHKU B CPEAHUX CIIEIMAIBHBIX YUYCOHBIX 3aBEICHUSIX
2) B uem cocTouT riaBHas 3ajada oopazoBanus B cucreme CI10?
3) IlpuBenuTe MpUMEpHl UCTIOIL30BAHUS MATEMATHUKH B Balei Oyayiei npodeccun

Pemenue 3aganmii:

B1. [Tokazanus cyetumka 3yekTposHeprun 1 mas coctaBisn 37192 kBt /4, a 1 utons — 37 292
KBT /4. CKOJIBKO HY)KHO 3aIUIaTUTh 32 JIEKTPOIHEPTHIO 32 MaH, ecnu 1 kBT /4 anekrposneprun
ctout 4 py6. 17 kom.?

B2. Ha pucyHke >KMpHBIMHA TOYKaMHU MMOKa3aHO CYTOYHOE KOJUYECTBO OCAJIKOB, BBINAJIABIINX B
Kazanu ¢ 3 mo 15 ¢despans 1909 roma. Ilo ropu3oHTanu ykas3bpIBalOTCS YHUCIIA MecCsla, IO
BEPTUKAIA — KOJMYECTBO OCAJIKOB, BBINIABIIUX B COOTBETCTBYIOIIUHM JI€Hb, B MHJJTUMETpax.
Jlis HarSAHOCTH JKUPHBIE TOYKM HA PUCYHKE COSAMHEHbI NuHHUer. Omnpenenure 1mo pucyHky,
CKOJIBKO JTHEH M3 JJAHHOTO MEPHOo/Ia BBINAAaI0 Ooee 3 MIJUTUMETPOB OCaIKOB.

7
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B3.Haiizure 3Hauenue Boipaxkerus 40 mpud = 0,8, b= 1,5, ¢=0,84

B4. /Ins TpaHCIOPTUPOBKH 3 TOHH Ipy3a Ha 50 KM MOYKHO BOCITIOJIB30BAThCS YCIIyTaMH OJHOM U3
Tpex ¢upM-nepeBo3unkoB. CTOMMOCTh MEPEBO3KH U TPY30MOJABEMHOCTH AaBTOMOOWIEH st
KaX/I0ro NepeBo3uuKa yka3aHa B Tabnune. CkoJabko pyOsiel mpuiercs 3aljiaTuTh 3a cCaMmyro
JIEMIEBYIO TIEPEBO3KY?

ITepeBo3unxk | CtommocTn NepeBO3KH oanuM | I'pysonoabemMHoOCTH
aBTOMOOMIEM aBTOMOOUIIEH
(py0. Ha 10 km) (TOHH)

A 110 2,2

b 140 2,8

B 160 3,2

BS5. Ha xneruaroii 6ymare ¢ pazmepom kietku 1% 1 uzoOpaxén yron. Haiiure TaHreHC 3TOro

yria.

B A
0




B6 HaiianuTe KOpeHb ypaBHEHHA +2x +31 =9,

B7.B copeBHOBaHUSX IO TOJIKAHMIO sapa ydacTByroT 4 crnoprcMeHa u3 @Ouunsgaauu, 7
crioprcMeHoB u3 Jlanuu, 9 cnopremenoB u3 lIBenuu u 5 — u3 Hopseruu. [lopsinok, B koTopom
BBICTYIIAIOT CIIOPTCMEHBI, olpeaessaeTcs xpedueM. Haliqute BEposSsTHOCTH TOr0, UTO CIIOPTCMEH,
KOTOPBIH BBICTYIAET MOCIEeIHUM, OKaxkeTcs u3 llIBenuu.

B Tpeyronsauke ABC yron C pasen 90°, sin A = % Haiipure cos B.

B

A ¢

BS.

B9.. MoTtopHast 7noaka mpoluia MNPOTUB TedyeHus peku 112 kM U BepHyjJach B IYHKT
OTIIpaBJICHMs], 3aTpaTUB HAa OOpaTHBIN MyTh Ha 6 yacoB MeHblle. Halinure cKOpoCTh TeueHHMS,
€CIIM CKOPOCTH JIOJIKM B HETIOABIKHOHN BoJie paBHa 11 kM/4. OTBeT naiite B KM/.

3aBucuMOCTb 00BEMa cnpoca ¢ (Teic. py0.) Ha IPOAYKIHIO TIPEHIIpH-
SATHA-MOHOMOJIMCTA OT HeHH p (Teic. py0.) 3amaércs dopmMyaoit
g = 160 — 10p. Beipyuka npeanpuaTusi 3a mecan r (B Teic. py6.)
BbIYHCJIseTCa 1o dopmyae r (p) = ¢q - p. Oupenennre HeHy p, mpu Ko-
TOpO# MecA4YHada Beipyuka r (p) cocraBur 280 Thic. pyb. OTBeT HpHBe-

B10. JuTEe B ThIC. Py0.

IIpakTnueckas padora Ne2
Tema 1.2 Bripaxkenust u npeoOpa3oBanusi. IIpolnieHTHbIE BBIYMCICHHS. YPAaBHEHHS U
HEpaBEHCTBA
Heanb: OOGoOumeHMEe W cUcTeMaTH3alMs 3HAHUN, YMEHHH, HABBIKOB YYaIIHUXCS MpH
BBIIIOJTHEHUHN apI/I(l)MeTI/I‘IeCKI/IX HeﬁCTBHﬁ Haxg OOBIKHOBEHHBIMU H JACCATUYHBIMU I[pO6$IMI/I;
MOBTOPUTH TPOLIEHTHBIE BBIUMCIEHUS; OOOOIUTH M CUCTEMATH3UpPOBaTh 3HAHUS, YMEHUS
YYAIIKUXCS MPU PEIICHNN JTUHEHHBIX U KBaAPATUYHBIX YPABHEHUI U HEPABEHCTB

Teopernyeckas 4acThb:

HarypanbHble yncna, noiayyaeMble IpU €CTECTBEHHOM CUETE; MHOKECTBO HATypaJbHBIX
gucen obo3naygaercs N; N= {0, 1,2, 3, ...}.

llenple dwncna, mMody4aeMble OOBEIMHEHHEM HATYPaNbHBIX YHCET C MHOXECTBOM
OTPHUIIATEILHBIX YHCET U HYJIEM, 0003HAYAIOTCS

Z=1{2,-1,0,1,2,...}.

PanmonaneHbIe yncna — YuCa, MPeACTaBICHHBIE B BUAE aIpodu m/n (n # 0), rme m —
1[EJI0€ YUCIIO0, @ N — HATyPaJIbHOE YHUCIIO.

JIist parmoHaNBHBIX YWCET OMpPENENIeHbl YEeThIpe «KJIACCHUECKHEe» apuMeTUUECKHe
JEHCTBUS: CIIOKEHUE, BEIYUTAHUE, YMHOXKEHHE U JielieHue (KpoMe JIeJICHHsI Ha HOJIb).

st 0003HaUYCHHS parMoHAIBHBIX qucen HCIIONB3YETCS 3HAK
n Ly

@:{—:nE&,mEN}.

e

Q.



JlelicTBUTENbHBIE (BELIECTBEHHBIE) YMCIIA IPEACTABISIOT COO0H paciinpeHrne MHOKECTBA
paLMOHATIBHBIX YKcel. MHOXKECTBO BEIIECTBEHHBIX yKcen 000o3HadaeTcs R.

Kpome panumoHanpHbIX uncen, R BKIOYaeT MHOXKECTBO HppALMOHAIbHBIX YUCEN, HE
IpPEJCTaBUMBIX B BHUJAE OTHOLIEHUs LeibiX. Kpome mnozapasfeneHuss Ha palUOHAIbHbIE U
UpPpaLMOHAIIbHBIE, JICHCTBUTENbHBIE YHUCIA TaKXKe IOAPA3JesA0TCs Ha ainreOpandyeckue u
TpaHCLEHJIeHTHbIEe. [Ipy 3TOM Ka)kaoe TPaHCLEHJIEHTHOE YMCIO SBIAETCS HPPALUOHAIBHBIM,
Ka)kJ]0€ pallMOHAIBHOE YUCIIO0 — aIreOpandyecKum.

WppaunoHaibHble YnCIa.

1) mo6oe panmoHaIbHOE YUCIO N300pakaeTcs OECKOHEUHOM NEeCATUIHOMN TpoObIo;

2) BCSIKOE MPPALMOHAIBHOE YHCIIO0 U300paxaeTcss 06CKOHEUHOMN AeCATUUHON IpoObIo;

3) mo0oe IEHCTBUTENBHOE YHCIO MOKET OBITh IMPEICTaBICHO B BHUJEC OCCKOHEYHOM
NECATUYHOI 1podu;

4) Bcskas OeckOHEYHas JAECATHYHAS JApOOb MPEACTABISAET JACHCTBUTEIBHOE YHUCIIO
(oOpaTtHOE YTBEPI)KJICHHUE).

O0o03HaueHn Yro o3HaUYaeT UM
e (umsn)

N MHO)XeCTBO  HaTypaJIbHBIX
qHCcen

Z MHOX€eCTBO LIEIIBIX YHCEI

Q MHOXECTBO paIMOHAIBHBIX
quces

R MHOXECTBO
JIEHCTBUTEIIFHBIX YHCEIT

delicTBHA ¢ APoOSMU:
1. Cnoowcenue. CyMmmor apoOeil ¢ OJHUM W TE€M K€ 3HaMEHaTeJIeM Ha3bIBalOT JIPoOb,
MUMEIOIIYI0 TOT )K€ 3HaMEHaTellb, @ YUCIUTENh PaBeH CyMME YHCIUTENeH TaHHBIX Apo0eH, T.e.

aba+b

R H

OTO omnpeneneHne MOXKHO c(hOpMyIUpOBaTh TAKKE B BUJE CIEIYIOLIETO IpaBHUIIa.

YToOBbI CIIOKUTH IpOOU C OJIMHAKOBBIMHM 3HaMEHATEISIMU, HAJI0 CIOKUTh UX YUCIUTENH,
a 3HaMEHAaTellb OCTaBUTh TOT XKe.

TIpumep. '? 7 7 7

YroObI CIIOKUTH APOOH C Pa3HBIMH 3HAMEHATEIISIMU, HAJIO IPUBECTH MX K HAUMEHBILEMY
o0I1IeMy 3HaMEHATEN0, a 3aTeM CJOXHTh MOJIYUYCHHBIC YHUCIUTEIN M TIOJ CyMMOW MOJIKCATh
001 3HAMEHATEb.

5 7 15 14 15+14 129 5
—_t — = —+4 _—=_=1_

Tpumep. 8 12 24 24 24 24 24
5 N 7 15+14 29 -1 5
Kopoue 3anuceiBaror Tak: 3 12 24 24 24
UToOBl CIOXHUTH CMEIIaHHBIE YHCIIA, HY)KHO OTIEIbHO HAWTH CYMMY IENBIX U CYMMY
JIpoOHBIX yacTel. JlelicTBUe 3anuChIBaeTCs TaK:

gl g1 g8 12111420 0 1352 1,7

15 45 9 45 45
2. Buviuumanue. Beruntanue apoOell MOXXHO OIpeNenuTh Kak JeHCTBUE, 0o0paTHOe
CIIOKEHUI0 JpoOei. BeruecTs M3 OgHOrO APOOHOTO YHCIIa BTOPOE ATO 3HAYMT HAWUTH TPEThE
YHCIJI0, KOTOPOE B CYMME CO BTOPBIM JIaeT niepBoe. M3 3Toro onpeenenus cieayeT npaBuio:
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YToOBI BHIYECTH ,IIpO6I/I C OAWHAKOBBIMU 3HAMCHATCIIAMH, HYXHO BBIYCCTH YHUCIUTCIIb
BBIUUTAEMOI'0 M3 YHCIUTCIA YMCHBUIAEMOI'O M OCTAaBHUTH HpC)KHPII;'I 3HaMCHAaTCIIb. HeﬁCTBHe
3alIMChIBAIOT TaK:

YTtoOBl BBHIYECTH I[pO6I/I C pa3HbIMU 3HAMCHATCIIIMU, HYXHO CHadajla IIPUBECTH HUX K
HaNUMCHBIICMY O6H.[€My S3HaAMCHATCIIIO, 3aTCM U3 YUCIIUTCII YMCHBIIACMOT'O BbIYCCTh YHUCIUTCIIb
BbBIYUTAEMOI'0 W 1104 HMX PAa3HOCTBIO IOAIMUCATH 06H_II/II71 3HaMCHATCIIb. ﬂeﬁCTBHC 3aIlIMChIBAIOT
TakK:

11 5 22-15_ 7

12 8 24 24

Ecnu HyHO BBIYECTh OJJHO CMEIIAHHOE YMCIIO U3 IPYTOro CMEIAaHHOIo YKcia, TO, €CIH
MOYKHO, BBIYMTAIOT APOOb U3 IpodH, a 1esnoe u3 1uenoro. JledcTBre 3anmuchiBaoT Tak:

9 3 36-33 9
8 ——5— =3 —=3—
11 4 44 44
Ecnu sxe apo0p BeaMTaeMoOro 0oJjbine APOoOM YMEHBIIAEMOTO, TO OEpyT OAHY €IUHHILY
U3 LEJIOT0 YMCIIa YMEHBIIIAEMOr0, Pa3Ipo0IAIOT ee B HauIeXkallie 10U U NPUOaBISAIOT K ApoOH

YMEHBIIAEMOT O, TIOCIIE YET0 MOCTYIAI0T, KaK OMUCAHO BhIIIe. J[eHCTBHE 3aMUCHIBAIOT TaK:

4 11 16-33 _52-33 19

9 12 36 36 36
AHaJIOTMYHO MOCTYMAOT, KOTAA Ha/I0 BBIYECTh U3 LIE€JI0T0 Ynciia ApoOHOoe.
3_33-22 332
ITpumep. 3 3 33,

3. Pacnpocmpanenue c60iicme clodxiceHus u bluumanusi Ha Opoousle yucia. Bee 3akoHbI
U1 CBOMCTBA CJIO0XKCHHUS U BBHIUMTAHMS HATYpaJIbHbIX YUCCII CIIPABCAJIMBBI U JJIA I[pO6HLIX YHUCCII.
Nx IMPUMCHCHHUEC BO MHOTHX CJIydasaX 3HAUYUTCIIbHO YIIPOIIACT IMPOLECC BEIYHUCIICHHA.
3 7 3 2 7 1 3 1 7 _2
4—+1—4+2—+5—-+—+3—=|4—+3— |+|1-+353- |+
4 % 12 9 12 4 4 4 9 9

Ei+1 =8+7+3=18
12

+ [
[Ipumep 1. 12

3I[eCI) HCITIOJIBb30BaHbI HGpCMGCTHTGJ’IBHBIfI M COYETATCIIFHBIM 3aKOHBI CIIOKCHHUS.

S PR I PYAN L) I S
720 \ 144 720 720 720} 144
31 _12+31 _ 43

6
=2—+3 5 =35
Mpuvep2. 72 144 144 144

3,[[CCB HCIIOJIb30BAHO ITPABUIIO HpI/I6aBJ'IeHI/I$I CYMMEBI K YHUCITY.

132 (151041 (4322 5100 41 g5l 4l g
6 36, 2 2 2

2 36

177 - [ﬁmz]: [1?3—63]—2§=11—2§= g2
[Tpumep 4. 3 8 8 8 3 3 5.

371ech UCOJIb30BaHbl MPaBUJIa BEBIUUTAHUS U3 YUCIIa PA3HOCTH U CYyMMBI.
4. Ymnoorcenue. YMHOXKEHHE TpOOW HA IIEJIOE YHUCIO MOXKHO IMOHHUMATh TaK K€, KaK U
YMHOKEHHE 11eJIOT0 YKCJIa Ha LIeJI0e, T.€. KaK CII0KEHUE OJIMHAKOBBIX ciaraeMbix. Hampumep,

ITpumep 3.
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2 2 2 2 2 2

— =t —+—+ —+—

3 3 3 3 3 131

Ho s yMmHOXeHMS Ha JApoOb Takoe TOJKOBaHME HE moaxonuT. Hampuwmep,

3 2 3 2

YMHOXast 7 a3 , HEeJIb3s CKa3aTh, YTO 371eCh " 7 HaJ0 B3ATh 3 pasa cinaraembiM".

31ech He0OOXOMMO J1aTh HOBOE OIIpEIeIICHHE.

[IpousBenenuemM Jnpo0ell HA3BIBAIOT TaKyl JApoOb, YHCIHTENb KOTOPOW paBeH
IPOM3BEACHUIO UUCIUTENCH JaHHBIX JpoOeil, a 3HamMeHaTeslb - I[POM3BEIEHUIO UX

a b _ab

sgamenarenei, r.e. 1 1 MM y1o6p1 yMHOXHTE OpoOb Ha ApOOb, HYKHO YMHOXKHTH
YUCIIUTENIb HA YMCIUTENb, 4 3HAMEHATEIb HAa 3HAMEHATENb M IIEPBOE MPOM3BENEHHE CEIaTh

a C _ac

YHCIIUTEIIEM, a BTOPOE - 3HAMCHATEIIEM: b d bd
[Ipu ymHO€eHUU clieyeT AenaTh (€CIH BO3MOYXKHO) COKpaLCHHE.

12 19 1219 2

Ecnu YUCCTh, YTO LECJIOC YHCIO NPCACTABIIACT coboit )Ip06b CO 3HaMCHAaTCIJIEM 1, TO

YMHOKCHHE I[pO6I/I Ha 1IejI0€ 4YuCJIO U 1CJIOro 4mucia Ha IlpO6I> MOKHO BBIIIOJIHATH IIO3TOMY K€
IIpaBUIy.

5 6 5 30 .1
Mpuvepws, 12 112 12 2

5. Ymmnoowcenue cmewanmvix uucen. UtoObl MEpeMHOXKHUTH CMEIIAHHBIE YHUCIA, HYXKHO
MpelBapuUTeNbHO 00OpaTUTh UX B HEMpaBUJIbHBIC IPOOM U TOTOM MEPEeMHOXATh MO MPAaBHIY
YMHOXKEHHS IPOOEi.

1.1 516 80
2—3_=——=—=8

Tpumep. 2 5 2 5 10

Ecnam ke mepeMHOXArOT CMEIIaHHOE YUCJIO Ha IeJ0€, TO MPOIIe MHOXHTH OTAEIHHO
HENYIO YacTh U APOOHYIO YacCTh.

ﬁ-a:&sg:?%

IIpumep. 3 3

6. PacnpocmpaneHnue ceolicme ymHodiceHuss Ha OpodHble uucaa. CBOWCTBA YMHOKECHHS
HATYpaJIbHBIX YHCEN CIpaBeJMBBI U Ais ApoOeild. VX ucmonp3oBaHWE YIpOIIAeT YCTHBIE U
MMACbMEHHBIC BHIYUCIICHHUS.

Ti-3ﬂ=['?+i]-39=21ﬂ+4=214
[Ipumep 1. 15 15
7 7
0_-8=9-8+_—-8=T2+7=T70
IIpumep 2. 3 3

E.[-;E.llg,]:[E.E].qizl.qizqi
Momep3. 4 L 31 377 L43) 31 31 31
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[12E.43i].i=[E.i]@:;i:z.qg,i:aﬁg
Tpemep 4. 5 17 31 5 131 17 17 17

7. Henenue opobeii. [Ins nenenust qpoOeil coXpaHsSeTcs TO K€ OMpeesieHrue, 9To U s
JIETICHUST LEJIbIX YUCEJ: 3TO - JCHCTBHE IMOCPEACTBOM KOTOPOrO IO JAHHOMY IPOU3BEACHUIO
JIBYX COMHOKHUTEJIEH U OJHOMY M3 ITUX COMHOYKUTEJIEH OTBICKMBAETCS BTOPON COMHOKHTEIb.
PaznenuTh OAHO 4YHCIO HA BTOPOE - 3HAYUT HANTH TakKoe TPEThE YHUCIO, KOTOpOE MpHU
YMHOXXEHUH Ha BTOPOE JIaeT MepBOE. BRIMONHSIOT ieneHne qpooeii 1o cleayonemMy mpaBuy.

UtoOBI paznenuTs ApoOb Ha APOOb, HY)KHO YHCIHTENIb NMEPBOM IpoOHM YMHOXHUTH Ha
3HaMEHaTeNb BTOPOM, a 3HAMEHATEJIb MEPBOM HAa YUCIUTENb BTOPOW U MEPBOE MPOU3BEACHUE

a_ ¢ ad

3arurcaThb YUCJIUTCIICM, 4 BTOPOC - BHAMCHATCIICM: b d bc .

6 9 610 60 20

ITo 3TOMy € IpaBUIy MOXKHO BBINOJIHATH JEJIEHHE APOOH Ha LEJI0€ YUCIIO U LIEI0ro Ha
IpoOb, ecI MPeJICTABUTh LeJI0e YUCIIO0 B BUJIE APOOH cO 3HaMeHaTesneM 1.

[Ipumepsl.
7 17 1.5 1
8 . 82 81 4
130 131 13-2 13
O,[[HaKO B ITOCJICAHEM HpI/IMepe HpOHIG YUCIIUTCIIb pa3z[em/m, Ha 1IeJ10€ 4YucCiio:
8 8:2 4
13 13 13

8. Henenue cmewanuvix uucen. YToObl BBIMOIHUTH JICJICHUE CMEIIAHHBIX YHCEN, UX
MpEeABAPUTEIILHO O0paIlaloT B HEMpPaBWIbHBIC IPOoOM M 3aTeM JACNAT 1O NPABWITY JEICHUS
Ipobeii.

lig:li= E:E=—.‘53I 20 =12

TIpumep. 5 20 5 10 5-21

OnHaKo MpH JIEJICHUH CMEIIaHHOTO YHCIIa Ha Iejloe ObIBaeT yIOoOHEH JCIUTh OTIEIBHO
IETYIO YacTh U OTJEIBHO IPOOHYIO YacTh CMEIIAHHOTO YKCIIa.

Zill.':'li:iznﬁl

[Tpumep. 7 7.
9. 3amena oOenenus ymuoxcenuem. Eciim B KakoH-HUOYIb NIpOOHM IMOMEHATH MECTaMHU
YUCIUTEIh M 3HAMEHATellb, TOJYYHTCS HOBas IpoOb, oOpaTHas naHHOW. Hampumep, mis

8 7

Ipodu 7 oOpatHast 1po0b OyeT 8

OdeBHIHO, YTO MTPOU3BENCHUE ABYX B3aUMHO 0OpaTHBIX JApoOeit paBHO 1.

8 7

2.0

T 8

Y4YuTHIBask 3TO, MOXKHO JICJICHNE BBIMOIHSITH 110 CIEAYIONMEMY MIPaBUITY.

Uto0Bl pa3euTh OJHO YHCIO Ha JAPYroe, HYKHO JEIMMOE yMHOXHTh Ha YHCIIO,
00paTHOE JAETUTENIO.
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[Tpumep 2. 8 7 7
4 _1 416 4 3 3

T e e A A
Mpumep 3. 7 3 73 7 15 23
10. Ilpumepol na ce deticmeus ¢ 06blKH06€HHblMu Opobsmu. PerieHne mpumMepoB Ha BCe
JEHCTBUSL C APOOSMH BBITOJIHSIOT C MIOMOIIBIO 3aIIMCH 0 OTACIHHBIM JCHCTBHUSIM HJIH 3aIHCH
LEITOYKOM.
[Tpumep. BerauciaunTs:

3 5 155 2_1 1

=2 243
5212334 ) 3 1 16
24

+ e
5110 ligpl.536 33
2 3
PemeHHe I10 4aCTsM.
3.5 1 1 1
p2.2 -3 1 3li9-0l;
5 21 5-21 7 7 7
15 5 15. 84 1
2) o == 4)5: - =10
28 84 28.5 2
5)10+10=20;
1 64 lﬁ 1 1
6)9-:20= —— 11)=:3="—;
7 7-20 35 3 4
1 1 13
7)2:—=4; 12) +—=—
2 4 9 36
3)3:1=9; 13)13: 13 _13-36 _ 4
3 36 13
0)4+9=13 14)36. 1 -1,
36
1 1 16 16
10)—:2=—; 15y —+1-—~=1
2 4 as as
Ortser. 1.

IIprmep BBIUUCIIEHUS LIETTOYKOM:

1 3 1 1 7 7
§g-—> |32 [a2_1l]al ,1.,1 ;1.3
4 4 2 a8 8 8 2 2 4 5 _
1
]

3 " 3\ 1 3. 3
5-421:10 2-121:32  Z:10 Z:3

5 8/ 8 5 8
152 58 15
_27.,.435_7 2 5 250 .0_
3_1+5_8 3l1+2.5 - 10
510 825 50 5
35:+1n 45>
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IIpoueHTHbIE BbIYUCIECHHUS.

Korpa Mbl onmchiBaeM pasHble YacTH L€JIOTO0, Mbl HCIOJNb3yeM TaKHe MOHATHUS, Kak
nonosuHa (1/2), Tpets (1/3), uerBepth (1/4). ITO YNOOHO: OTpE3aTh MOJIOBUHY MUPOTa, POUTH
TPETh IIYTH, 3aKOHYUTh MIEPBYIO YETBEPTH B IIKOJIE.

YroObl Ha3bIBATh COTHIC NOJH, npuayMann npoueHT (1/100): ¢ maTuHCKOTO SI3BIKa — «3a

CTOY.
[IporieHT — 3TO O/1HA COTast YacTh OT JitoOoro yncia. Ob6o3HavaeTcs BOT Tak: %.
1%=1/100=0,01

Kak mepeBectu mporneHTsl B AecaTuyHyro aApoOb? HyxHo yOparh 3Hak % U pa3neiauThb
gyucio Ha 100. Hanpumep, 18% — 310 18 : 100 = 0,18.

A eciu HY)KHO TIEPEBECTH JACCITHYHYIO IpOOb B MPOIEHTH — yMHOXKaeM apoob Ha 100 u
nobasmnsiem 3HaK %. Hampumep:

0,18=10,18 - 100% = 18%.

A BOT, KaK MEPEBECTH MPOIEHTHI B ICCITUYHYIO TpOOb — OOpaTHBIM JIEHCTBUEM:

18% : 100% = 0,18.

Boipasuts npobb B mporeHTax mnpocto. Jlyis mepeBoja CHauyala IpEBpaTUM €€ B
JIECATHUUHYIO Ipo0b, a MOTOM HCIOJIb3YeM Mpeblayllee MPaBuio U TepeBeleM ACCATHUHYIO
IpoOb B MPOIICHTHI:

2/5=0,4

0,4-100%=40%

8/25=0,32

0,32-100%=32%

Tunel 3a1a4 Ha IIPOLCHTBI

Tun 1. HaxoxxaeHue npoueHTa ot yucia

UTo06b! HAITH MPOLIEHT OT YKCIIA, HY>)KHO YHCIIO YMHOXHUTH HA MTPOLIEHT.

3anaua. brorep 3anucan 500 Buaeo A1 TUKTOKA, HO €ro mpofrocep ckazai, uto 20% u3
HUX — OTCTON. CKOJIBKO POJIMKOB MPUJIETCS TIepe3anucars oaorepy?

Kak pemaem: Hy>kHO HaiiTh 20% OT 0011Iero KoJuuecTBa CHATHIX poiaukoB (500).

20%=0,2

500 * 0,2 =100

OTBeT: U3 00IIEro KOJUYECTBA CHATHIX POJIMKOB Mpoarocep 3abpakoBai 100 mTyk.

Tun 2. HaxoxeHue yucia mno ero mpoueHTy

YroObl HalTH YUCIIO MO €ro MPOLEHTY, HY’)KHO €ro M3BECTHYIO YacTh pa3JeNIUTh Ha TO,
CKOJIBKO ITPOLIEHTOB OHA COCTAaBJISIET OT YUCIIA.

3amaun 1Mo MOMCKY MPOIIEHTA MO YUCIY M YKCIIA MO €ro MPOLEHTY OYEeHb MOXO0KHU. UTOObI
HEC TCpCllyTaTb — BHUMATCIBHO YWTAaEM YCJIIOBHA, HWHA4YC 3a171)1eM B TYINHUK WA PpCHIUM
HenpaBuiIbHO. Eciau B 3alaHuM €CTh CJIOBA «KOTOPBIM», «4TO COCTABISAET» U «KOTOPBIU
COCTaBIISIETY» — MEPE]l HaMH 3aa4a 10 HaXO0XKJACHUIO YUCIIA IO €r0 MPOLEHTY.

3anava. IlIxonpHuk pemmn 40 3amay u3 yuebHuka. Yto cocraBnsger 16% uucna Bcex
3a1a4 B KHUTe. CKOJIBKO BCETo 3a7ay cCOOpaHo B 3TOM yueOHHKe?

Kak perraem: MbI He 3HaeM, CKOJIBKO BCero 3a/1a4 B yueOHuke. Ho HaM m3BecTHO, uTo 40
3ama4d cocTaBisaoT 16% ot obmiero xonmuwdectBa. 3amumeM 16% B Buae npodu: 0,16. [lanee
W3BECTHYIO HAM 4YacTh IEJIOTO pa3feiM Ha Ty JOJII0, KOTOPYIO OHAa COCTaBISIET OT BCETrO
LEJIOTO.

40:0,16=40-100: 16 =250

Otgert: 250 3agau coOpaHO B ATOM y4eOHHKE.
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Tun 3. HaxoxaeHue NpoLeHTHOr0 OTHOLLIEHUS IBYX YHMCEl

Uto06b! HAlTH, CKOJIBKO MPOLIEHTOB OJTHO YUCIIO COCTABISIET OT APYroro, Hy>KHO Ty 4acTb,
0 KOTOpPOH CIIpaliuBaeTcs, pa3AeauTh Ha 001ee KOJINYECTBO U YMHOXKUTH Ha 100%.

3agaya. B cexkperHoM uartuke 25 yenoBek. 10 u3 HuX — neBoYKkd. CKOJBKO MPOLIEHTOB
JIEBOYEK B yaTe?

Kak pemraem: mogenum 10 Ha 25, moy4eHHYIO IpOOb MEpeBeieM B MPOIICHTHI.

10/25 * 100% = 2/5 * 100% =2 * 100/5 = 40%

OrtBert: B yatuke 40% neBouex.

Tumn 4. YBenuueHue 4ucia Ha IpoLeHT

UTOoOBI yBEIMYUTHh YUCIIO HA HEKOTOPOE KOJMYECTBO MPOIEHTOB, MOKHO HAWTH YHUCIIO,
KOTOPOE€ BBIpAKAET HY)XHOE KOJIMYECTBO IPOIEHTOB OT JAHHOTO YHCJIA, W CJIOXHUTb €ro C
JIaHHEBIM YHICJIOM.

A MOHO BOCITOJIb30BaThCsI (POPMYIION:

a=b-(1+c:100),

r7ie @ — YUCII0, KOTOPOE HY)KHO HalTH,

b — nmepBoHavaIbHOE 3HAUCHUE,

C — TIPOLICHTHI.

3amaua. B mponuiom mecsie ctukepnak crown 110 pyGneit. A B aToM mecsue Ha 12%
0ombiie. CKOJIBKO CTOUT CTUKEP-TaK?

Kak pemaem: moxno Haiitu 12% ot 110:

0,12 - 110=13,2.

[TprGaBUTH K UCXOHOMY YHUCIY:

110+ 13,2 =123,2 pyOmsi.

Wi MoxkHO BOCTIONB30BaThCs (OPMYIIOi, TOraa:

110 - (1 +12:100)=110- 1,12 =123,2.

OTBeT: CTOUMOCTDH CTUKEpIaKa B 3TOM Mecsitie — 123 py6mns 20 komeexk.

Tun 5. YMeHb1IeHME Yncia Ha IPOLEHT

UToObl YMEHBUINTH YHUCIO HAa HECKOJBKO MPOIEHTOB, MOXHO HANTH YHCIIO, KOTOpPOE
BBIPAKAET HY>KHOE KOJIMYECTBO IPOLIEHTOB JaHHOI'O YKCJIA, U BBIUECTH €r0 OT JAHHOT'O YHCIIA.

A MOHO BOCIT0JIb30BaThcs (hOPMYIION:

a=b- (1 —c:100),

7€ @ — YUCI0, KOTOPOE HYKHO HalTH,

b — nepBoHayalbHOE 3HAUYEHUE,

C — IPOLIECHTHI.

3anava. B npouom roay mkony 3akoHumin 100 pe6GsT. A B 3TOM roy BhIITYCKHUKOB Ha
25% wmenpie. CKOJIBKO BBIITYCKHUKOB B TOM roy?

Kak pemaem: moxxno Haiiti 25% ot 100:

0,25 - 100 = 25.

Breraects 3 ncxomaoro uucina 100 — 25 = 75 dyenoBexk.

Wnu MoHO BOCTIONIb30BaThCs (hOpMYJIIOHN, TOraa:

100 - (1 —25:100) =75/p>

OtBeT: 75 BBITYCKHUKOB B 3TOM TOAY.

Tun 6. 3agaun Ha TPOCTHIE MPOIICHTHI

[IpocThie mTpOLEHTHI — METOJ pacdera TPOIEHTOB, IPH KOTOPOM HAYHCICHUS
IPOMCXOJAT Ha IEPBOHAYATILHYIO CYMMY BKJIaJa UM JIOJITa.

®opmyna pacueTa BBITIINT TAK:

S=a-(1+y-x:100),
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rJie a — UCXOJHAast CyMMa,

S — cymma, KoTOpasi HapalBaeTcs,

X — IIpOoUCHTHAasd CTaBKa,

y — KOJIMYECTBO MEPUOI0B HAUUCIICHHS MPOIICHTA.

3amava. Mapuu CpoYHO TOHAIOOWINCH JIEHBIH M OHA B3sy1a HA oauH roa B goar 70 000
py6uteii mox 8% exxemecsyHo. CKOJIBKO JIEHET OHAa BEpHET uepe3 roa?

Kak pemraem: mojacrtaBum B GopMyily JaHHBIE U3 YCIOBUN 3a/1a4H.

70000 - (1 +12-8:100)=137200

Otsert: 137 200 pyOneit BepHeT Mapus uepes To/.

Tun 7. 3agaun Ha CJIIOKHbBIE TPOLECHTHI

ChoxHBIE MPOLEHTHI — 3TO METOJ pacyera MPOLEHTOB, KOTJa IMPOLEHTHI MPHOBLIH
npuOaBISIOT K CyMME Ha OCTaTKe KaK[bli Mecsll. B crnenyromuil pa3 mporeHThl HAYUCISIOT Ha
3Ty HOBYIO CYMMY.

CDOpMy.TIa pacydeTa BbIIIAANUT TAK:
S=a-(1+x:100),

rac S — HapaliuBacMas CYMMa,

a — MCXOJIHas,

X — IIPOLCHTHAsA CTaBKa,

y — KOJINYECCTBO HepI/IOIIOB HA4YUCJICHUA HpOHCHTa.

3anavya. AHTOH XoueT opopmuth Bkiaa 10 000 py6usieit Ha 5 et B 6aHKe, KOTOPBINA JaeT
10% ronossix. Kakyro cymmy cHUMET AHTOH 4epe3 5 JIeT XpaHEHUs JIeHer B 3TOM OaHke?

Kak pemaem: npocto noacraBum B popMysly JaHHBIE U3 YCIOBHM 3a/1a4u:

10000 - (1 +10:100)3 =13 310

Otget: 13 310 py6sieit cHUMET AHTOH Yepe3 rofl.

CriocoObl HaX0XACHUS MTPOLIEHTA

. Jenenue uncna Ha 100

IIpu nenenunm Ha 100 momywaercst 1% oT 3Toro 4ymcima. OTO MNpaBUWIO MOXKHO
MCII0JIb30BaTh No-pazHoMy. Hanpumep, 4ToObI y3HATh IPOLEHT OT CYMMBI, HY>)KHO YMHOXKHUTb UX
Ha pa3mep 1%. A uyToOBI IepeBeCTH N3BECTHOE 3HAUEHUE, CIIEAYeT pa3fenuTh ero Ha pasmep 1%.
OTOT METO/1 OTJINYHO IOMOTAET B BOMPOCE, KaK MEPEBECTH 1I€JI0€ YUCIIO B IPOLEHTHI.

IIpencraBbTre, YTO BbI MPHUIIUIM B Mara3uH 3a mokosaaoM. O0bIYHO OH cTouT 250 pyOneH,
HO cerojHsa ckunka 15%. Eciu y Bac ecTh AUCKOHTHAs KapTa Mara3uHa, IIOKoJajd 00ouaeTcs
BaM B 225 py6uneit. Uem OyzieT BBIrOJHEE BOCIIONIB30BATHCS: CKUIKOM UM KapTOi?

Kak pemraem:

[TepeBenem 15% B pyOmu:

250 : 100 =2,5— 310 1% OT cTOMMOCTH IIOKOIaa,

3HayuT 2,5 X 15=37,5 — s10 15%.

250-37,5=212,5.

212,5 <225.

OTBeT: BBITOIHEE BOCIIOIb30BATHCSI CKUIKON 15%.

- CocraBieHne nmponopuuu
[Iponopuus — onpezeneHHOe COOTHOIIEHUE YacTel MeK Ty COOO0H.

C moMomipo0 MeToAa MPOMOPIIUYA MOKHO PACCUUTATH JIF0ObIe %. BeITIsiiuT 310 Tak:
a:b=c:d.
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Yuraerca: a oTHOcUTCA K b Tak, Kak ¢ oTHocurcs K d. Takke BaXXHO MOMHHUTH, UTO
MpPOU3BeIeHNE KpallHUX YJICHOB PaBHO MPOU3BEACHUIO cpelHUX. UTOOB y3HATh HEM3BECTHOE U3
3TOr0 PaBEHCTBA, HY’KHO PELIUTh IIPOCTEHIIIEE YpaBHEHHUE.

Paccmorpum npumep. Ha ckosibko BBITOAHO TMOKYIAaTh CHOPTHUBHYIO (GyTOONKY 3a 1390
pyOJiei py yCIoBHH, YTO B Mara3uHe B YECTh JHS BCEX BIIOOJICHHBIX ACUCTBYET ckuaka 14%?

Kak pemraem:

Y3HaeM CKOJIbKO cTouT (hyTOOIKa ceiiuac B % COOTHOIICHUH:

100 - 14 = 86,

3HauuT 1390 pybneit aTo 86%.

CocraBUM MPONOPIHUIO:

1390 : 100 =x : 86,

x =86 * (1390 : 100),

x =1195.4.

1390 - 1195,4 = 194,6.

OTBeT: KynuTh CIOPTUBHYIO (yTOOIKY BeIro/IHEE Ha 194,6 pyOss.

- CooTHolleHus ynce

Ectp cimyuan, xoraa HalTH MPOLEHT OT YMCIIA TMPOIIE, €CIH MPEACTaBUTh MPOICHTHI B
BUIC IPOCTHIX ApoOeii. B TakoMm cirydae OynemM HCKaTh 4acTh YUCIA.

10% — necstasg 4yacth wesnoro. YtoObl HalTH aecsaTh %, MOHATOOUTCS H3BECTHOE
pasznenuts Ha 10.

20% — nATas yacTh 1esoro. UToObl BEIYMCIUTD ABAALATh % OT U3BECTHOIO, €r0 HYXKHO
pa3aenuTh Ha S.

25% — ugeTBepTh 11es0r0. YT0OB! BEIYUCIUTD 1BALATh IATh %, IOHAT00UTCS U3BECTHOE
pa3nenuth Ha 4.

50% — nonoBuHa 1en0ro. UToObl BHIYUCIUT MOJIOBUHY, HY’KHO M3BECTHOE pa3/enuTh
Ha 2.

75% — Tpu ueTBepTH 1eN0ro. UToObl BEIYUCIUTD CEMBJIECST MATh %0, HY)KHO U3BECTHOE
3Hau€HUE Pa3/IeInTh Ha 4 1 YMHOXUTDH Ha 3.

3amava Ui TPEHUPOBKH. B 4epHYIO MATHUIY BBl HAILIM OTIIMYHBIN MUKAK CO CKUIKON
25%. B 0oObrunbIil 1eHb OH cTouT 8500 pybiielt, HO ceifuac ¢ coboit ecTh ToabKko 6400 py6uieit.
XBaTHUT JIM CPEJICTB JUISI TOKYITKH?

Kak pemaem:

100 - 25 =75,

3HAYUT HYXHO 3aIU1aTUTh 75% OT MepBOHAYaIbHOMN 1IEHBI.

Hcnonp3yeM mpaBuiIo COOTHOIICHHS YHCEI:

8500 : 4 * 3 =6375.

OTBeT: CpeACTB XBAaTUT, TaK KaK MUHKAK CTOUT 6375 pyOseil.
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JIuneliHble ypaBHEHUS

JIMHEeHBIM ypaBHEHHEM OTHOCUTEIIBHO MEPEMEHHON X HA3bIBAETCA YPAaBHEHHUE MEPBOM
crenean kx + b =0 (1), rne k u b — npousBoibHBIE BEIIECTBEHHBIE YHCIIA.

B cnywae k # 0 ypaBHenue (1) wuMeeT eOUHCTBEHHOE pELICHHE TMPH JIOOOM

3HaYeHuu b :

b
YTk

B ciyuyae, korna k = 0,b # 0 ypaBuenue (1) pemieHuii He UMeeT.

B cnyuae, korma k= 0, b= 0, pemennem ypaBHeHus (1) sBisercs mo0oe YHCIIO
XE(—w; + w),

Ecnu w3HavanbHO 3aJaHO ypaBHEHHE, COJepiKallee MEPEeMEHHYI0 B 3HAMEHATele, TO
nepes pemeHrueM HeoOXOAMMO YKaszaTh O0JIACTh ONpEeNICHHsI, UCKIIOUYUTh M3 OTBETa KOPHH,
IIPU KOTOPBIX BhIPAKEHUE HE HMEET CMBICTIA.

Hpiamep 1
Sx=6 ITpunep 4
=8y 52415 _,
3 x+4
x=2 Doxz-4
Hpaep 2
PuMED 5x+15-[x+4):4-[x+4)
3x=-2 x+4
-2 Sx+15=4x+16
r=—
x=-1
x:—g (e x=-1
3
Hptiatep 5
Hpunep 3 5x+15
8(x—1)+2x=2(4- 2x) —5
Bx—b+2x=8-4x D orz-32
Brx+ex+4dx=84+8
rrertan D (4324 (2 43)
Bx+2x+4x=8+8 x+4
1dx =16 Sx+15=4x+12
168 x=-3
14 7 Chepegrn . Hewm kopueil

JIuneliHbIE HEPABEHCTBA

JIuHEeNHBIM HEpPaBEHCTBOM OTHOCHUTENIBHO MEPEMEHHOM X HAa3bIBa€TCS HEPABEHCTBO,
MpUHAJIeKAIIEE K OTHOMY U3 CIETYIOIINUX THUIIOB:

kx+b =0,
kx+b >0,
kx+b <0,
kx+b <0,

rae k ub — MPOU3BOJIbHBIE BEIIECTBEHHBIC YHCIIA.

Pemras nuHeliHble, 1a U HE TOJIBKO JIMHEWHbIE, HEPABEHCTBA, CIEAYET MOMHUTh, YTO MPHU
YMHOXKCHUM WM JICICHWH HEPaBEHCTBA Ha TIOJOXKHUTEIBbHOE YHCIO 3HAaK HEPaBEHCTBA
COXpaHsAETCs, a IPpU YMHOXEHUU WIM JIEJICHUU HEPAaBEHCTBA HA OTPULATENIBHOE YHUCIO 3HAK
HEpPABEHCTBA MEHAETCS HA MTPOTUBOIOJI0KHBIM.

B cootBercTBUM € 3TUM peLICHUE JIMHEWHBIX HEPABEHCTB, B 3aBUCHUMOCTH OT 3HAYEHUU
kodddurmentoB k um b, mpexacrarieHo B cneayromiei Tadmure 1.
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Tabnuia 1. — Perenne HepaBeHCTB MEPBO CTENECHU

kx+ b0 [kx+b>0 | kx+B=0 [ kx+b<0
k>0 3HaK HEPaBEHCTBA COXPAHSAETCS
b b b b
X2—— Xor—— XE—— X<——
k k k k
=0, b<0| i (2 xXe(—w;+w). | xe(—0;+ ).
k=0, b=0 | xe(—w;+w). | & xe(—w;+e0) |
=0, b>0 | xe(-e0;+ ). | XxXE(—w0;+ ). | & (i
k< 3HaK HEPaBEHCTBA MEHSETCSI HA TPOTUBOIIOIOKHBIN
b b b
XE—— X<l—— X2—— X>——
k K k K

CucreMbl TUHENHBIX HEPABEHCTB
PaccMoTpuM pellieHre CUCTEM JIMHEWHBIX HEPABEHCTB Ha IIPUMEPAX.

2x-3=20,

{—3x+11}ﬂ
[Ipumep 1. Pemutsh cuctemy HEpaBeHCTB

Pemenue. Pemnm kaxioe u3 HEPAaBEHCTB CUCTEMBI:

3
.

2x-320, 2x23, t=3
3x+11>0, 3x > 11, 11
I{E.

N300pa3uB Ha omHON koopauHaTHOW mpsimoi (Puc. 1) oba TOYEeYHBIX MHOXKECTBA,
COCTABJISIFOIIMX TOCIEAHIOI CUCTEMY, IIOJIy4aeM OTBET PUMeEpA.

-~ -~

-

- _,-'"H _,,-"-:JXH:XH‘\KFW'\ \\\ -\
o 3 11

2 3

o

Puc.1

[3 11]
Xe|— —
OTtBeT: 23
dx+4<0,

{—Zx -7 20.
[Tpumep 2. Pemuts cucteMy HEpaBeHCTB
Pemenue. Pemmum kaxioe U3 HEPaBEHCTB CUCTEMBI:

4
Sx+4<0, Sx<—4, -y
2x-720. 2x27, 7
Xs——.

2

N300pa3uB Ha oaHON koopauHaTHOW mpsimod (Puc. 2) 006a TOueYHBIX MHOXKECTBA,
COCTaBJISIOLIUX MOCIEAHIOI CUCTEMY, ITOIy4aeM OTBET IpUMeEpa.

N300pa3uB Ha oaHON koopauHaTHOW mpsimod (Puc. 1) o0a TOYeUHBIX MHOXKECTBA,
COCTaBJISIOLIMX IOCIEAHIOI CUCTEMY, IT0Iy4aeM OTBET pUMeEpa.
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-k
é
N,
*,
5,
\"\.
-h\\
-
.
x

_/4 _40
2 5
Puc.2
7
XeE| -0 ——
OrTBer:
[Tpumep 3. Pemnth cuctemMy HEpaBEHCTB
6x-7 >0,
4x+13<0.
Pemenue. Pemnm kaxioe u3 HEPAaBEHCTB CUCTEMBI:
X o= 7
6x-7 >0, 6x =7, 5’
L L
4x+13 <0, 4x <-13, y 13

N3o0pa3uB Ha omHON KoopauHaTHOM mpsmon (Puc. 3) oba TOUeYHBIX MHOMKECTBA,
COCTABIISIIONINX MOCIETHIOI CHCTEMY, ITOJIy9aeM OTBET MPUMEpa

S 0Ly
13 07
4 6
Puc.3
Orser: 7
Onpenenenue
Keaopamnoe  ypaenenue — 3TO ypaBHEHUE Buga ax’ + bx+c=0, rje

K03 puLMEeHTH! a, b 1 ¢ — NMPOU3BOJIbHBIE YHCa, TpudeM a # 0.

[Ipexne, yeM M3ydaTh KOHKPETHBIE METOJbI PEIICHHs, 3aMETHUM, YTO BCE KBaJpaTHBIE
YPaBHEHMsI MOKHO YCJIOBHO pa3fiefIuTh Ha TPH Kiacca:

He nmerot xopHei;

VmeroT poBHO OIMH KOPEHb;

HmeroT 1Ba pa3imyHBIX KOPHSL.

JIMCKpUMHUHAHT

Onpenenenue

[lycT maHoO KBaapaTHoe ypaBHeHue ax’ + bx +c=0. Torna ouckpumunanm — 3T0
npocto uucno D = b> — 4dac.

Oty ¢dopmyny Hago 3HaTh Hau3ycTh. OTkydga oHa Oepercs — ceiuac HEBaXKHO.

BaxkHo npyroe: 1o 3HaKy AMCKPUMHMHAHTAa MOKHO OIPEAEIUTh, CKOJBKO KOpHEH HMEeT
KBaJIpaTHOE ypaBHEHUE. A UMEHHO:

Ecmu D <0, kopHel HeT;

Ecmu D = 0, ecTe pOBHO OZIMH KOPEHB;

Ecnu D > 0, xopHeit Oynert 1Ba.

OOpatuTe BHUMAaHHE: JMCKPUMHUHAHT YKa3blBaeT Ha KOJIMYECTBO KOpHEH, a BOBce
HE Ha UX 3HAKM, KaK I[04YeEMY-TO MHOIME€ CUMTalT. B3risHMTE Ha IpUMeEpel — U caMu
BCE IIOWMETE:!

3agaua
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CKOIbKO KOpHEN UMEIOT KBaJpaTHbIE YPaBHEHHUS:

X —8x+12=0;
52+ 3x+7=0;
xX2—6x+9=0.
Pemenue

Bommumem k03 @QUIMEHTH Ui IEPBOTO  ypaBHEHUs W HAWIEM JUCKPUMHHAHT:

a=1,b=-8,¢c=12;
D=(-8—-4-1-12=64—-48=16

KOPHSIL.

Wtak, MUCKPUMUHAHT MOJOXKUTEIbHBIN, MO3TOMY YPaBHEHHE HMMEET J1Ba PA3JIMYHBIX
AHanoru4Ho pa3dupaeM BTOpOE YpaBHEHUE:

a=5b=3;,¢c=7,;

D=32-4-5-7=9-140=-131.

JIMCKpMMMHAHT OTpULIATENbHBIN, KOpHEN HeT. OcTanoch MOCIEHEE YpaBHEHUE:
a=1;b=-6;c=09;

D=(-6)—4-1-9=36-36=0.

JIMCKpUMHHAHT paBeH HYIII0 — KOPeHb OyJeT OJIUH.

OTtser

1) 2 KOpHSI; 2) HET KOPHEH; 3) OIMH KOPEHb.

KopHu kBagpaTHOTO ypaBHEHUS

" —b+yD _ —b—D

*1 2a 0 2 2a

Korma D=0, MOXHO HCIOJB30BaTh JIOOYI0 W3 3THUX (DOPMYIT— TOIYIUTCS OJIHO
U TO K€ 4YHCIIo, KoTopoe u Oyner orBetoM. Hakonem, eciu D <(0, KOpHEW HET — HHUYETO
CUUTATh HE HAJO.

3amaua

PemmTh KBagpaTHBIC YPABHCHHUS:

xX2=2x—-3=0;

15-2x—x*=0;

x>+ 12x+36=0.

Pemenne

[IepBoe ypaBHEHUE:
X-2x-3=0=2a=1;b=-2;c=-3;
D=(2%-4-1-(3)=1e6.
D >0 = ypaBHeHue umeeT aBa KopHs. Haitnem ux:

2 ++/16 5 2 —+/16 .
1T T
Bropoe ypaBHeHue:
15-2x—x*=0=2>a=-1;b=-2;c=15
D=(22-4-(-1)15=64.
D >0 = ypaBHeHHE CHOBa UMeeT JiBa KopHs. Haiinem ux:

_2+464 _2-64
T2-(-1) T2-(-1)

Hakonen, TpeTse ypaBHEHMUE:
X+12x+36=0=> a=1; b=12; c=36;

Xy —32; X3

D=12>-4-1-36=0.

D=0= ypaBHeHHE HMEET OAWH KOPEHb. MOXXHO HCIIOJIB30BaTh JIIOOYI0 (opmyiy.

Hanpumep, nepsyro:

_—12+\fﬁ_
r*TTo 1 T

OTtBeT
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Dx1=3;x=-1;2)x1=-5;x2=3;3)x=—6.

Henonnble kBampaTHbIC YpaBHEHUS

BeiBaer, uTO KBaJgpaTHOE YpaBHEHHUE HECKOJIBKO OTJIMYAETCS OT TOro, 4YTO JIaHO
B ompenesneHuu. Hanmpuwmep:

x>+ 9x=0;

¥ —16=0.

HecnoxxHo 3aMeTUTh, 4TO B 3TUX YPaBHEHUSAX OTCYTCTBYET OJIHO M3 cllaraeMbix. Takue
KBaJ[paTHbIC YPABHEHHS PEIIAIOTCS JaKe Jerde, YeM CTaHIapTHhIC: B HUX JaXKe He MoTpedyercs
CUHMTATh AUCKPUMUHAHT.

Onpenenenue

Vpasuenue ax> +bx+c=0  Ha3BIBACTCA HENOIHbIM  KEAOPAMHBLIM — YPAGHEHUEM,
ecmnb=0 wumuc=0, T.. KOXDPUIMEHT TIPU NEPEMEHHON X UM  CBOOOJHBIA  DJIEMEHT
paBeH HYIIO.

Pazymeercsi, BO3SMOKEH COBCEM TSDKEIBIN CITydaid, Koraa 00a 3THX KodpQHIneHTa paBHbI
Hymo: b=c=0. BoatoM ciyuae ypaBHeHMe npuHHMaeT Bujax>=0. OueBMAHO, TaKoe
ypaBHEHHE UMEET CIMHCTBEHHBIH KOpeHb: X = 0.

PaccmoTtpum octanbabie citydau. Ilycts b =0, Torna moiryduM HETMOJTHOE KBaJpaTHOE
ypaBHeHue Buja ax> + ¢ = 0. HemHoro npeo6pasyem ero:

2 2 C C
ax-+c=0=2x"=——=2x=% |——
a vl

[Tockonbky ~ apudMETHUYECKHII  KBaJpaTHbIW  KOPEHb  CYIIECTBYET  TOJBKO
U3 HEOTPUIATEIBHOTO  YHWCJIA, TIOCIEJAHEE pPAaBEHCTBO HMEET CMBICH  HCKIIOYHTEIHHO
npu (—c/a) > 0. BeiBox:

Ec/u B HENOIHOM KBAaJpPAaTHOM YpaBHEHHMM BMA ax’+ ¢ =( BBIIOJIHEHO HEPABEHCTBO
(—c/a) = 0, xopueit 6yaer na. Dopmyna qaHa BBILIE;

Ecmm xe (—c/a) < 0, kopHeii HeT.

Kak BuguTe, TMCKPUMHUHAHT HE MOTPEOOBAICS — B HEMOJIHBIX KBAJIPATHBIX YPaBHEHUSIX
BOOOIIE HET CIOXHBIX BbUUCIeHWH. Hacamom neme paxe HeoOs3aTenbHO TOMHHTH
HepaBeHCTBO (—c/a) > 0. JIoCcTaTOUHO BBIPA3UTh BEIUUUHY X° U HOCMOTPETH, YTO CTOMT C JAPYToii
CTOPOHBI OT 3HaKa paBeHCTBA. Eciu TaMm MONOXKHUTENbHOE 4Yuciio — KopHel Oyzxer nBa. Ecmu
OTpHIIATEIbHOE — KOpHEH He OyneT BooOIe.

Teneps pazbepeMcs ¢ ypaBHEHHUAMHU BUA ax’ + bx = 0, B KOTOPBIX CBOOOJHBIH 3I€MEHT
paBeH Hyit0. TyT Bce mpocTo: KopHe# Bcerja Oyzaer aBa. JlocTaTOYHO pa3iokUTh MHOTOYJICH
Ha MHOXKUTEIIH: .

ax?+bx=0=2x-(ax+b)=0=2x,=0; x, = ——
a
[pousBeieHNHE PaBHO HYJIIO, KOTJa XOTs OBl OJIMH W3 MHOKHTENEN paBeH Hyo. OTcroa

HAXOJATCs KOpHU. B 3akmioueHne pazdepeM HECKOIBKO TaKUX YPaBHEHHIA:
3agava
PemnTh kBagpaTHBIC YpaBHEHUS:
XX=Tx=0;
5x*+30=0;
4> -9=0.
Pemenne
X=Tx=0=2>x-x—7)=0=2>x1=0;x2=—(-7)/1=17.
5x*+30=0= 5x’=-30 = x> =—6. KopHeii HeT, T.K. KBaZpaT HE MOXET ObITh paBeH
OTPUIATEIILHOMY YHCITY.
452 -9=0=24"=9=2>x*=9/4=>x=32=1,5x=-15
OtBer
x1=0; x2 =7; 2) kopue#t HeT; 3) x1 = 1,5; x2 = 1,5.
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Pemrenne 3agau:

2
1. Boga 3anmmaer 3 moBepxHocTH 3emid. [loaTomy 3eMii0 Ha3bIBaIOT «TOIYOOH
1
nIaHeToi». Kakyro 4acTh 3eMHOI oBepXHOCTH 3aHuMaeT cyma? OtseT: 3 cyma.
2
2. Oty 42 ronma, a BO3pacT ChlHA COCTaBisgeT 7 Bo3pacTa oTHa. CKOJBKO JIET ChIHY?
Ortser: 12 JIeT.

3
3. TlpenenwvHbIi BO3pacT Oenku 6 JeT, YTO COCTaBISIET S TPEASIBHOTO BO3pacTa 3aiIia.

CKOJBKO JIET MOKET MpoxkuTh 3as1? Oteet: 10 jerT.
5 25

4. Jlnuna ctopoHsl kBagpata © am. Kakosa ero miomans? Oteer: 81 M.

5.Pabounii MOKET BBIIIOJHUTE IIPpOU3BOJACTBCHHOC 3aJlaHUC 3a 5 4acoB, a €I0 YYCHHUK — 34
13

8 wacoB. Kakyio yactb pabOThl OHU BBINOJHAT BMecCTe mocie yaca paborel? OtBer: 40 4.

2 1
6. B mepBbIii yac aBTOOyC mpolien 5 BCEro mMyTH, BO BTOPOM 3 MyTH, a B TPETUU —
ocrambHple 28 kM. Kakoe  paccrosHue mpomen — aBro0yc 3a  Tpu  4yaca?

2 1 11
)5S + 3 = 15 (4) —3a /Ba 4aca.
11 4
2) 1 - 15 = 15 (y)— npoien B TpeTHii yac. 4
4
3)28: 15 =105 (km) — 3a Tpu Haca.
Ortser: 105 KM oL aBTOOYC 3a TpHU yaca.
5
7. Kakoe paccrosHue ynauTka 3a 6 yaca, ecid OHa OygeT TOJ3TH  CO
3 1
CKOpocThi0 250 km/u? OTBeT: 100 KM.
)
8. N3 Oouku ¢ OCH3WHOM BHAUajle OTIMIN 28 BCEro MMEIOIIErocs TaM OcH3HWHa,

2
OTOM 7 Bcero O€H3MHA U MOocJe 3TOT0 B 00uke ocTanock 99 nutpoB 6eH3nHa. CKONbKO JTUTPOB
OeH3MHa ObUIO B O0YKE NMepBOHAYATIBHO?

s 2 17
1) 28 + 7 = 28 (4y)— OTJIWIN.
17z 11
2)1 - 28 = 28 (4)-— oCTaNOCH.
11

3)99: 28 =252 (1) — ObUTO IEPBOHAYATBHO.
Otgert: 252 1 Gen3uHa ObUI0 B OOUKE IEPBOHAYAIIBHO.

3anaua 1. Opranusm B3pocioro yenoBeka Ha 70% coctouT u3 Boabl. KakoBa Macca BOJIbI
B TEJIE YEJIOBEKA, KOTOPBIA BECUT 76 KI?

Kak pemaem:

76 - 0,7=53,2 kr

OrtBer: Macca BoJpI 53,2 kT
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3anaua 2. [{ena ToBapa nonusunack Ha 40%, 3areM eme Ha 25%. Ha ckoJabKO MpOIEHTOB
MMOHU3MJIACH LIEHAa TOBapa MO CPABHEHHMIO C IEPBOHAYAIBHOM [IEHOM ?

Kak pemraem:

O6o03HaynM MepBOHAYAIBHYIO IIEHY ToBapa depe3 X. [locie mepBoro moHMXEHHS IIEHA
CTaHET paBHOM.

X - 0,4x = 0,6x

Bropoe mnonmxkenue ueHbl cocraBiser 25% ot HOBOM 1eHbl 0,6X, MO3TOMY IMOCie
BTOPOTO MOHMKECHHUS TTOTYIUM:

0,6x - 0,25 * 0,6x = 0,45x

[Tocne nByX MOHM)KEHHMI U3MEHEHHUE 1IEHbI COCTABHT:

X - 0,45x = 0,55x

Tak kak BenmuuHa 0,55x coctaBisgeT 55% OT BEIMYUHBI X, TO IIEHA TOBapa MOHU3UIIACH
Ha 55%.

Otset: 55%.

3amaua 3. YeTslpe mapsl OpIOK JelIeBie 0JHOTO manbTo Ha 8%. Ha ckoibKo MpoieHToB
ISITh Map OPIOK CTOST AOPOKE, UEM OJHO MMaJIbTO?

Kak pemaem:

[To ycnoBusM 3aauil CTOMMOCTB YEThIpeX map Oprok — 370 92% OT CTOMMOCTH MAJIbTO

100 - 8 =92

[TonywaeTcsi, 4TO CTOMMOCTH OJTHOM mapbl OproK — 3T0 23% CTOMMOCTH MAJBTO.

92:4=23

Tenepp YMHOXHUM CTOMMOCTb OJJHOW Iapbl OPIOK Ha MATh U Y3HAEM, YTO MATh Map Oprok
oboitnytcs B 115% cronmocTtu nansTo.

23*5=115

Otgert: naTh nap Oprok Ha 15% nopoxke, 4eM OJJHO MajbTO.

3amaua 4. CeMbsi COCTOMT M3 TpEX 4YeNOBEK: MYX, )K€Ha M J0Yb-CTyAeHTKa. Ecmu
3apIuiaTa Myka BBIPAcTET B JIBa pasza, OOIIMI 10X0J ceMbU Bo3pacTeT Ha 67%. Ecnu modepu B
TPU pa3a ypexxyT CTUIECHIUIO, OOIIMH J0XOA 3TOW ceMbH yMeHbIIUTCS Ha 4%. BbrumcinTts,
KaKOH MPOIEHT B OOIIHIA T0XO/ CEMBbH MTPUHOCHT 3apa00TOK JKEHBI.

Kak pemaem:

[To ycmoBusiM 3amaum OOUIMIA TOXOJ CEMbH HANPSMYIO 3aBHCHT OT JOXOJOB MYKa.
bnaronaps yBenudeHuro 3apruiatel OOLIUIl 10XOA ceMbH BbIpacTeT Ha 67%. 3HauuT, 3aprara
My’Ka COCTaBJIseT Kak pa3 67% ot ob1ero 1oxoja.

Ecnu ctunennus nouepu yMeHbIIUTCS B TpU pasa (T.e. Ha 1/3), octanercs 2/3 — 310 1
ecTb 4%, Ha KOTOpble YMEHBIIWICSA Obl CEMEIHBIX T0XO/.

MOHO COCTaBUTb MPOCTYIO MPOMOPLHUIO U BBIICHUTb, YTO pa3 2/3 cruneHanu — 310 4%
10X07a, TO BCA CTUIIEHAUS — 3TO 6%.

A Temepb OTHUMEM OT BCETrO J0XOJa BKJIAJ MY)Xa U JOYEpPH U y3HaeM, KaKOd MpPOILEHT
COCTaBJISIET 3apabOTOK KEHBI B 00111eM joxoae ceMmbr: 100 — 67 — 6 = 27.

OtBert: 3apabOTOK >keHBI cocTaBisieT 27%.

3amaga 5. B cBexux abpukocax 90% Bnaru, a B cyxopykTe Kypare TOIbKo 5%.
CKOJIbKO KHJIOTPaMMOB aOpUKOCOB HY>KHO, UTOOBI MOTY4YUTh 20 KHMJIOTpaMMOB Kyparu?

Kak pemaem:

Ucxons u3 ycnoBus, B aOpukocax 10% mnurarenbHOro BellecTBa, a B Kypare B
KOHLIEHTPUPOBAHHOM Buae — 95%.

[Toatomy B 20 kunorpammax kyparu 20 * 0,95 = 19 kr nuTaTenpHOro BEleCTBa.

3Haunt, 19 KWIOrpaMMOB NHTATENBHOrO BemlecTBa B abpukocax — 310 10% Beca
CBEXKUX abpukocoB. HaliieM 4iciio mo mporeHTy.

19:0,1 =190
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Otger: 190 kr cBexkux aOpUKOCOB MOTpedyeTcs s U3rotoBiaeHus 20 Kr Kypar.

Pemenue KBaJIpaTUYHLIX CUCTEM ypaBHeHnﬁ

I L lx=y=1
pumep 1. Peluntsb cucremy ypaBHeHui ¢
X +y =41.
Pemenne. BeipazuB X W3 MEpPBOro ypaBHEHUS CHUCTEMBI M IOJCTaBUB BO BTOPOE,
x=y+1,
2y* +2y-40=0.
MOJIYYMM PaBHOCHIIBHYIO CHCTEMY V7 7 e (1)

Pemas BTOpoe ypaBHeHue cucrteMbl (1), HaxoauM JBa 3HAYEHHS MEPEMEHHOHN Y:

n=4y __5, MOJICTaBJIsASl ATH 3HAYEHHUS B IMEPBOE ypaBHEHHE cucTembl (1), moiaydaem 1Ba

. = =—4
3HA4YCHUS IEPEMEHHOU X: * 5,x2 .

Otsert: (5; 4),(-4; -5).
_[2x-3y—xy=4
IIpumep 2. Pemuts cuctremy ypaBHEHUI
3x+y+3xy=3
Pemenue. Cpa3y BbIpa3uTh OJHY IE€PEMEHHYIO dYepe3 JApPYryl0 B JIaHHOM Cllydae
3aTpyJHUTENIBHO, MELAeT ciaaraeMoe Xy. UTtoObl M30aBUTHCSA OT ATOrO CIAraéMoro YMHOXKUM
[IEpBOE€ ypaBHEHUE CUCTEMbl Ha 3 M CIIO)KUM CO BTOPbIM ypaBHeHueM. Ilpu sTtoMm mosnyuum
2x-3y—xy=4,

PaBHOCUJIBHYIO CUCTEMY YpaBHeHMH ¢ =~ ... 2)
9x—-8y=15.

15+8
N3 BTOPOrO ypaBHEHMS NHOJIY4aEM: szy. [loncTaBuB 3TO BBIpaKEHUE B IIEPBOE

ypaBHEHUE CHCTEMBI (2) MOIyYUM ypaBHEHUE 2% -3y-— y@ =4 . IlpeoOpazoBas ero,

TIOJYYHM KBAJPAaTHOE ypaBHEHHE OTHOCHTENbHO y: 4)° +13y+3=0. Kopuu sToro ypasHeHus
1 13

y=-3y,= e HOJICTaBUM B (POPMYITy JJIs X, ¥ IOIYy4UM X, =—1,x, = R

Otger: (-1; -3),(13/9; -1/4).
x> (x+y) =80,
x*(2x—3y)=80.
Pemenne. B 7eBpIX dacTAX YpaBHEHHH CHUCTEMBI CTOST TMPOU3BEACHUS JBYX

COMHOXMHTENEH, a clpaBa 4YHUCIO OTJIIMYHOE OT HYyJs, MOATOMY, OYEBHAHO, HH OJUH U3
COMHOJKUTENCH JIeBbIX yacTell ypaBHEHHMH He MOXeT OBbITh paBeH Hymo. TakuMm obOpazom,

IIpumep 3. Pemuts cucremy ypaBHEHUN

x#0 3
[OJIy4aeM, 4YTO n 2x-3y#0=>x+# > y. Paznenum mepBoe ypaBHEHHE CHCTEMBI Ha

BTOPO€ MOYIEHHO, B CHJIy CAEIIAHHOIO BBIIIE 3aMEUYaHHWsl, MOJYYHM DPABHOCWIBHYIO CHUCTEMY
xX+y 1
ST o,
2x—-3y . BeIpazum u3 1epBoro ypaBHEHUs IOJIYYEHHON CUCTEMBI BBIPA3UM X: X =4y .
x> (x+y)=80.
[ToncraBuM 3TO 3HaY€HHE BO BTOPOE YpaBHEHUE CHCTEMbl M Haiaem y =1, torga x=4.
OtgerT: (4; 1).
KBanpaTHOe HEpaBEHCTBO — 3TO HEPABEHCTBO, B JIEBOM YacTH KOTOPOTO CTOWT
KBaJPaTHBIN TPEXWICH, B JIEBO! — HYIIb.
To ectb, kBasipaTHbIE HEPABEHCTBA OBIBAIOT CJAEAYIOIINX BHJIOB:
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ax*+bx+¢>0, ax*+bx+c>0, ax*+bx+c<0, ax’*+bx+c<O0.

Pemmth kBagpaTHOE ypaBHEHHE MOKHO C MTOMOIIBIO0 METO]a HHTEPBAJIOB.

Jist 3T0T0 HE0OXOIMMO CHAYaJla HAWTH KOPHU KBAJIPATHOT'O HEPABEHCTBA (BMECTO 3HaKa
HEpPaBEHCTBA MOCTABUTh «=» U PEIIUTh ypaBHeHue ax’ + bx + ¢ = 0). Kopneil MoxkeT 6bITh 1160
JIBa, TM00 OJIMH, TUO0 HE OBITH BOOOIIIE. JlanbHEIre 1eHCTBHS 3aBUCAT OT KOJUYCCTBA KOPHEH:

1. Eciu ypaBHeHMe MMeeT Ba KOPHS, HEOOXOAMMO HAaHECTH UX HA YHCIIOBYIO MPSAMYIO.
OHu pa3o0bIOT €e Ha TpU MHOpoMexyTrka. HyxkHo Oymer oOmpeiaenuTh  3HAKU
BBIpaKEHHsS ax’ + bx + ¢ HA KaKIOM U3 HPOMEKYTKOB (KOHKDETHBIH IIpHMMep pelIeHHS BbI
MO’KeTe MOCMOTPETh, BBeA B (JOPMY BBIIIE KaKOE-THOO0 HEPAaBEHCTBO, HampuMep 5x> + 2x — 7>
0):

- eclii a > 0, TO 3HAKHU Ooynyt +, -, + (cneBa HaIpaso);
- eciu a < 0, To 3HAKM OyayT —, +, — (CJIeBa HampPago).

B cnyuae, ecniu 3HaK HEpaBEHCTBA > WUJIM >, OTBETOM OYIYT MPOMEKYTKU CO 3HAKOM «+».
Ecnu xe 3HaKk < win <, TO OTBETOM OyAyT OTpHULIATEIbHbIE TPOMEKYTKH.

Ecnu 3Hak HepaBeHCTBA > WM <, TO TOYKU-TPAHUIIBI MTPOMEKYTKOB 3aIMCHIBAIOTCS B
KpyriibIX ckoOkax. Ecmu ske 3Hak > unm <, TO TpaHMIBI MPOMEKYTKOB 3alUCHIBAIOTCS B
KBaJPaTHBIX CKOOKaX.

2. Eciin ypaBHeHUe UMeeT OJUH KOpPeHb, TO HY)KHO TaK)K€ HAaHECTH €ro Ha YHCIOBYIO
NpAMYIO ¥ OIIPEJENUTh 3HAKHU BBIpAXKEHUs ax’ + bx + ¢ Ha KaXIOM U3 IIPOMEXYTKOB. KopeHs
pa3zeNuT NpsSMYI0 Ha JIBa MPOMEXKYTKA, 3HaKH B KOTOPBIX OyIyT OAMHAKOBBIMU (B 3aBUCUMOCTH
ot ko3 unmenTa a):

- ecnu a > 0, To 3Haku OynyT +, +. B 3TOM ciyuae, ecnu 3HaK HEpaBEHCTBA >, TO OTBETOM
OyZIeT BCsl YUCIIOBas MpsiMasi, KpOME TOYKU-TPAHUIIBI TPOMEXKYTKA. Eciu ke 3HaK HepaBEHCTBA
>, TO OTBET — BCS yuCloOBas npsmMas. Eciu 3Hak HepaBeHCTBA <, TO OTBET — IIyCTOE MHOKECTBO.
Ecim 3Hak HepaBeHCTBa <, TO OTBET — OJHA TOYKAa — TpaHUIA MEXKIy MPOMEKYTKAMHU.
- ecnu a < 0, To 3HaKku OynyT —, — B 3TOM ciydae, ecinu 3HaK HEpaBEHCTBA >, TO OTBETOM OyJeT
MycTOe MHOXECTBO. Ecim >ke 3HaK HEepaBeHCTBA >, TO OTBET — OJHA TOYKAa — TPAaHHIA
npoMexyTka. Ecnu 3HaK HepaBeHCTBAa <, TO OTBET — BCS UYMCJIOBas MpsiMasi, KpOME TOUYKH-
TpaHUIBI MPOMEXKyTKa. Ecii 3HaK HepaBeHCTBA <, TO OTBET — BCS YMCIIOBAs MpsiMasi.

3. Eciin ypaBHeHHe KOPHeil He UMeeT, TO HUYETO0 Ha KOOPAMHATHYIO OCh U HE HYXHO
HAHOCHUTB: HaJI0 IPOCTO ONPEEIUTh 3HAK BhIpAKEHHUs ax> + bx + ¢ Ha Bceii UncIoBoi NPAMOIL:

- ecnu a > 0, To 3HaKk Oynmer +. B aToM ciydae: eciau 3HaK HEpaBEHCTBA > WIH >, TO
OTBETOM OYJET BCS YUCIIOBas MpsiMasi. B MPOTHBHOM cily4ae — €Clid 3HAaK < WJIU < — OTBETOM
OyZIeT mycToe MHOXKECTBO.

- ecmu a < 0, To 3HaK Oyaer — B aTOM criyuae: ecnu 3HAK HEpaBEHCTBA < WIU <, TO
OTBETOM OYJeT BCSl YMCIIOBas MpsiMas. B MpOTUBHOM cilydyae — €Clid 3HaK > WM > — OTBETOM
OyzIeT mycToe MHOXKECTBO.

IIpumep 1. PemuTs HEpaBEeHCTBO 2x° +4x — 6> 0.

KBanpatHblii TpexuneH 2x? + 4x — 6 uMeeT 1Ba ACHCTBUTEIBHBIX KOpHS X1 = —3, x2 =1.
[ostomy mapaGonay =2x? + 4x — 6 TepecekaeT OChbX B JBYX TOYKAX, abCIMCCHI KOTOPBIX
paBasl —3 u 1. Tlockoneky kod(pduIMeHT npu X° Gonbie Hyns, mapadonay= 2x° + 4x —
6 HampaBlieHa BBEPX
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U3 pucyHKa BUHO, YTO TpeXuleH 2x° + 4x — 6 HOI0kKHUTeNeH IpU X < — 3 1 11pu X >1.
[Ipumep 2. Pemuth HEPAaBEHCTBO

—x*+x—1>0.
JIMCKPUMMHAHT KBaJApaTHOTO TpexuieHa — x> + x — 1 orpunarenen: D = —3. [Tostomy
TIpY BCeX X 3HaYeHUs QYHKIUU p = — x* + X — | UMEIOT OMH M TOT K€ 3HaK, a HIMEHHO 3HAK

koo uuuenta npu x>, To ecth MuHyc. Cle0BaTeNbHO, HEPABEHCTBO — x> +x — 1> 0 He
BBITIOJTHSCTCS] HA TP KaKUX 3HAUCHUSX X.
IIpumep 3. BEIACHUTE, IPY KaKMX 3HAYEHUAX X APOOb
¥ J-2x =3
2 — x®

IMOJIOKUTCIIBHA W TIpU KaKUX — OTPULATCIIbHA.

CHayvana yka3aHHBIM BBIIIE CHOCOOOM ONpEAEIMM 3HAKM YHCIUTENs] U 3HAMEHaTels
JAaHHOM ApoOH, a 3aTeM CpaBHUM HX.

Yucmutensb x* + 2x° — 3 MONoXKUTeNeH TpH X < —3 M npu x > 1, a oTpuuareneH npu
—3 <x <1 (puc. BEepXHssI YUCIIOBas OCb).

4-3-2-1 0 1.2 3

i ki
e
0 2

3HamMeHaTenb 2x — X° mojoxuTeneH npu 0 < x < 2 ¥ oTpuuareneH npu x < 0 u npu x >2
(puc. , HWXKHSA YUCIOBast och). V3 pucyHka BUIHO, YTO TaHHAS APOOH OyAET MOJOKHUTENIbHA TPU
— 3 <x< 0 (B dPTOM cCiIy4Yae YHCITUTEIb U 3HAMEHATeIhb OTPUIIATEIbHBI) WU TIPH
I1<x <2 (B 3TOM CiIy4ae YUCIHUTENIb U 3HAMEHATENh TTOJIOKUTEIBHBI); OTPUIIATEIHFHOM OHA OYyAEeT
npu X <. —3 (YUCIUTENH MOJOKHUTENEH, 3HaMeHaTeNb oTpuIareneH), npu 0 <x < 1 (uucioutens
OTpHUIIATEJICH, 3HAMEHATENh TTOJIOKHUTENICH) U TIPU X > 2 (YUCITUTENh TTOJIOKUTENICH, 3HAMEHATEITh
OTPHULIATEIIEH).

Pemrenue 3axanuii:

Nel. Peminth HEpaBEeHCTBA:
2x+3)(2—2x)>0.
2—m)(2x—15)(x+4)>0.
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x >%,

ax =40, x> 4, i 6 4
Gr-)Sx+6) >0 [PFFO70 L (1726 x>_§;¢> 73

3x-4<0, 7 |[3x<a, T[4 T 8

Sx+ 6L, ax < -6, ) 3 5

&
xa-=
L 5

No2. Pemiuth ypaBHEHUS:
1. x*—8x*-9=0
2. x*-15x*-16=0
3.(x* —2x—5)" —2(x* —=2x-3)—4=0
No3. Pemnth 1aHHBIC HEPABEHCTBA:
1. x> —4x+3>0. 5.x% +x+1<0.
2. XX —6x+5<0. 6.x> —x+1>0.
3. —5x2+3x+2>0. 7. —6x+10<0.
4. x(1—x)>0. 8. —3x? +2x+1>0.
No4. BoIOTHUTH 3a/1aHUS
1. Pemuth HEpaBeHCTBO:
8’ -6x+1>0
2. HaiiTu HanMeHbI1Iee TOJI0KUTEIBHOE 1IeTI0€ pellleHne HtPaBeHCTBRA:
X2+ 2x>-3

3. Pemnth HEpaBEHCTBO:

¥+ 3x+820

4. PemunTh HEPaBEHCTBO:

X -dx+4>0

5. Pemnts HepaBEHCTBO:

X -dx+4>0

6. HaiiTu Bce 3HaueHUs X, HE SBJISIIOIIMECS PEILIEHUEM HEPABEHCTBA!
¥>16

IIpakTnyeckas padora Ned
Tema 1.4 BxoaHast KOHTpoJibHas paboTa
Hean: IIpoBepuTs ypoBeHb ycBoeHHs Marepuana mno pasuaeny 1 «lloBTopeHue kypca
MaTEMaTUKU OCHOBHOM LIKOJIBI»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yemblpex
npeo1oIHCceHHbIX.

1. (1 6amn) Packpoiite (hopMyTy COKpAIIEHHOTO YMHOXKEHHS a2-b’:

A) a-2ab+b?; B) (a-b)(a+b); B) a’+2ab-b?; I') (a-b)(a-b)

2. (1 6amn) [Tnomaap TpeyrodbHUKA BEIYUCISIETCS 11O hOopMyIie:

A) S=a*b; b) S=(a*b)/2; B) S=2a*b; I') S=(a*b)/3.

3. (1 6amr) Kakoe u3 caeayromumx 9ucet 3aKITI0UeHO MEXTy YUCITIaMU 1—(7) " g?

A)0,4;b5)0,5;B)0,6;T) 0,7

4. (1 6amn) Jans rpadhuku pyaknuii. Kakas ¢popmyna coorBeTcTBYeT rpaduky 3):
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1) 2) 3)

L T besberd T T =11 pecbors

A)y=-x—6:B)y=x'-8x+11;B)y = —ZT)y=x+5.

Ilpu évinonnenuu 3a0anuil 5-8 3anuwiume x00 peuwienus u nOJIy4eHHbLIL OMEem.
1

5. (2 6anna) Beraucnure % + 1?

6. (2 6amna) Pemure ypaBHenue x° - 7x + 10 = 0. Eciu ypaBHeHue umeeT 60j1ee 0HOIO
KOPHSI, B OTBET 3alUIIATE MCHBIIIHIA U3 KOPHEH.

7. (2 Gamna) Ilmomaap 3eMeNnb KPECThSIHCKOTO XO3SIMCTBA, OTBEIEHHASs MOJ MOCAIKY
KYCTapHHMKOB U [[BETHHKOB, COCTABISICT 24 ra U pacupezeiicHa MEX/y HUIMH B OTHOIICHUH 5:3.
CKOJIbKO TeKTapOB 3aHUMAIOT [IBETHUKH?

8. (2 6amma) Beicota BH mnapamrenorpamma ABCD nmenut ero cropony AD Ha oTpe3ku
AH = 2 u HD = 32. Jluaronanp mnapamienorpamma BD pasuna 40. Haiigurte momans
napaienorpaMmma.

Omanonvt omeemos

Howmep 1 2 3 4 5 6 7 8
3aaHuA
OtBer b b B A 2,7 2 9 816

IIpakTnueckas padora NeS

Tema 2.2 OCHOBHBIE TPUTOHOMETPUYECKHE TOKIeCTBA. DOpMYIIbI IpUBEIEHUS
Henab: Hayunts ncronb3oBaTh OCHOBHBIE TPUTOHOMETPHUUECKHE TOXKIECTBA U (OPMYJIBI
NpUBEJCHUS IPU IPeoOpa30BaHUM BBIPAKEHU.

Teopernyeckas 4acThb:

Dopmynvl npusedenus

Cpa3y mepeducinM OCHOBHBIE TPUTOHOMETPUUYECKHE TOXAECTBA, KOTOphIe pa3dbepeM B
9TOM cTaTbe. 3amuileM HMX B TaONMUIly, a HIKE JIaJuM BBIBOJ 3TUX (OPMYNI U IpHUBEIEM
HEOOXOIUMbIC TIOSICHEHUSI.
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sin‘a+cos’ a=1

Sin o COS
et =———. cCloa=———o
COSeY sin ¢

tgc-ctear =1

2 1 2 1
e +l=——— l+cig o=—7F

cCos™ o Sin o

CBs13b MeKIy CHHYCOM M KOCHHYCOM O/IHOI'0 YIJIa
WNHoraa roBopsT He 00 OCHOBHBIX TPUTOHOMETPUUECKUX TOKIECTBAaX, EPEUNCICHHbBIX B
Tabauie  Bblle, a 00 OAHOM  E€JMHCTBEHHOM OCHOBHOM  TPHIOHOMETPHYECKOM

sin” o +cos’ a=1

TOKIECTBE BU/Ia . OObsacHenwe 5TOMy (PaKTy JTOCTATOYHO MPOCTOE:
2 1 2 1
g a+l=———, l+ctgoa=———
paBeHCTBa cos o sl & ponywarores u3 OCHOBHOTO
TPUTOHOMETPUYECKOTO TOXKECTBA nocine JeNeHus 06enx ero yacrei
~ - 2
cCos" @ sm o
Ha u COOTBETCTBEHHO, a

sin o cosa
lea = . clga=

PaBCHCTBA cosa sma y fga-ciga=1 CIIEIYIOT U3 OIIpEACIICHUN
CHHYCa, KOCHHYCa, TaHIreHca M KoTaHreHca. IlogpoOHee 00 3TOM MOroBOpHM B CIELYIOLIUX
ITyHKTaXx.

= 2 2
. smm-ag+cos  a=1
To ecth, 0COOBII WHTEpPEC NPEICTABIAET HMEHHO PABEHCTBO ,

KOTOPOMY H J1aJii Ha3BaHHWE OCHOBHOT'O TPUTOHOMETPUYECKOTO TOXKJIECTBA.

[Ipexne ueM [Joka3aTb OCHOBHOE TPUTOHOMETPUYECKOE TOXKIECTBO, MAAJUM €O
(GOopMyIUpPOBKY: CyMMa KBaJpaTOB CHHYCa M KOCHHYCa OJHOTO YIJIa TOXJECTBEHHO pPaBHA
equnuue. Tenepb TOKaXeM €ro.

ObpaTtumcs kK eqTMHUYHOM okpyXHOCTH. IlycTh HavanbHas Touka A (7, () nociae moBopoTta

Ha yroi @ NEPEXOIUT B TOUKY 4;. B cuy onpenenenuil cuHyca U KOCHHYCa TOYKa 4; UMEET

(cos e, sin ) y
KOOPIMHATEI . Bomee Toro, Touka A; NIEXUT HAa €IMHUYHON OKDPYKHOCTH,
CJIe/I0BaTeNIbHO, €e KOOPAMHATHI JOJKHBI YIOBIETBOPATh YPABHEHUIO €IMHUYHON OKPYKHOCTH,
KOTOpOE uMeer Bua x°+)°=1. To ecTh, JIOJDKHO OBITH CIIPaBeUTBO

5l r 2
cos  +sm =1
paBeHCTBO . 3TI/IM JOKa3aHO OCHOBHOC TpI/IFOHOMeTpI/I'-IeCKoe TOXKICCTBO

JUIS1 JTFOOBIX YTJIOB IIOBOPOTA a

p sin“ & +eos a=1 .
aABCHCTBO qacTo Ha3bIBAOT TeOpeMOI/I Hn(baropa B

TpUroHOMETpHUH. [I0CHUM 3TOT MOMEHT.
Bo3sbmeMm enuHuuHyl0 OKpykHOCTb. [loBepHem HauanbHyl TOUKYy A(1, () BOKpyT

Touku O Ha yroiu @ [Tycth Touka A mocie 3TOTO MOBOPOTa MEPEXOIUT B TOUKY A;(X, V).
OnycTtum U3 TOUKU A; nepneHaukynsap A;H Ha npsmyto Ox.
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Paccmotpum npsimMoyroinbHbIil TpeyroabHUK OA;H. Xopomo BUAHO, YTO B HEM JJIMHBI
KaTeToB A;H 1 OH paBHbl COOTBETCTBEHHO MOJYJIIO OPIAMHATBl M aOCLUCCHI TOYKU A7, TO
ectb, |A1H|=|y| n |OH|=|x|, a nnuHa runoteny3sl OA; paBHA panyCy €IUHHYHONW OKPYKHOCTH,
T0 ecTh, |OA;|=1. Teopema ITughazopa no3BosseT 3anucath paBeHCTBO |AH|’+|OH|’=|0Al|?,
KOTOpoe MBI~ MOXeM  Hepenucatb  Kak |[y|°+|x|*=1° um y’+x’=1. Ho  mo

sing =y , COs@=x

OIIPEIETIEHUIO , TOTJ]a OT PaBEHCTBA )’ +x°=] MBI MOKeM HepelTH K

= 2 2
sin~a+cos =1
PaBEHCTBY .
OCHOBHOG TpI/IFOHOMeTpI/ILIGCKOC TOXIOCCTBO 3a1a€T CBA3b MG)KIIy CI/IHyCOM nu KOCI/IHyCOM
OJHOT'O yrna. 3T0 ITO3BOJISICT BBIYUCIIATH CI/IHyc yrna, Koraga M3BCCTCH KOCI/IHyc 3TOTI'O yrna, Hu

BBIYUCIIATH KOCI/IHyC yrna, Koraga N3BCCTCH CI/IHYC erIa. ,Z[JI?I 9TOro OOCTATOYHO
- 2 2
smm - a+cos  ag=1

paBeHCTBO pa3peH_II/ITB OTHOCHUTCIIBHO CI/IHyca n KOCI/IHYCa
smea=x41-cos ¢ cosag==x41-5n" &
COOTBETCTBEHHO: u . 3HaK 1mepel KOpHEM

3aBUCHUT OT BEJIMYMHBI yria a. ITonpobHee 06 3TOM MBI MOTOBOPUM B pa3jiesie BEIYUCICHHE
CHHYCa, KOCUHYCa, TAHI€HCA U KOTAaHT€HCa C MCI0JIb30BAaHUEM TPUTOHOMETPUYECKUX (OPMYII.

OCHOBHOE  TPUTOHOMETPUUYECKOE  TOXKIECTBO  OYEHb  YacTO  HCIOJIb3YeTCs
pU npeobpazosanuu mpuzoHomempudeckux evipadxcenuii. OHO TO3BOJSIET CyMMY KBaJpaToB
CMHyca M KOCHHYyCa OJHOr0o yrjia 3aMeHsTh enuHuneil. He MeHee yacTo OCHOBHOE
TPUTOHOMETPUUYECKOE TOXKAECTBO HMCIIOJIb3YeTCSd M B OOpPaTHOM IMOPSAJKE: €AMHUIA 3aMEeHseTCs
CYMMOMH KBaJpaToOB CUHYCa U KOCHHYCa KaKoTro-JI10o yria.

TaHrenc u KOTaHreHc Yepe3 CHHYC M KOCHHYC

ToxnaecTBa, CBA3BIBAIONINE TAHTEHC M KOTAHI'€HC C CUHYCOM U KOCMHYCOM OJHOTO yrja

S O COscx
tea=—— cloot=——
BUA COS y Sl & cpasy chnenyroT W3 ONpENEeHHH CHHYyca, KOCHHYCa,
TaHTeHCa U KOTaHreHca. J[eHCTBUTENBHO, IO ONPEACICHUIO CHHYC €CTh OpAHMHATA Y, KOCHHYC
Vo sina
toar ==—=——
ecTh abciucca X, TAHT€HC €CTh OTHOIIIEHHE OPAWHATHI K a0cIucce, TO €CTh, X Qo3

X cosa
clgag=—=——

a KOTAHTE€HC €CTh OTHOIICHUE a0CIHCChI K OpJIMHATE, TO €CTh, ¥y osmda

sin o CosSc
lea=—— clgag=——

brnarogapss Takoil OYEBHIHOCTH  TOXIECTB COS y» S & yacro
OMpeeNIeHUs] TaHreHca M KOTaHTreHcCa JAl0T HE Yepe3 OTHOIICHHWE aOCIUCChl M OPIMHATHI, a
Yyepe3 OTHOIICHUE CHHYCa M KOCHHYCa. Tak TaHTCHCOM YIJla HA3bIBAIOT OTHOIICHHE CHHYCA K
KOCHHYCY 3TOT0 yIJjia, @ KOTAHI€HCOM — OTHOIIIECHHE KOCHHYCA K CHHYCY.
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B 3aKIIIOYCHUC 9TOro ITYHKTAa CJICOyCT OTMCTUTH, qTo

S cOscx
too= ctgor=— o
TOXKIECTBA COS y Sl & pmeroT MecTo IS BCEX TaKHUX YIVIOB ~ , TpH
KOTOPBIX BXOJASAIIME B HHUX TPUTOHOMETPUYECKHE (YHKIMH HMMEIOT CcMbIca. Tak
sin o T
toor= o —+ 7Tz
dbopmyia COS cnpaBemmmBa s JTOOBIX ', OTAMYHBIX OT 2 (vHaue B
COs0x
ctgor=—
3HaAMeHaTese Oy/IeT HyJlb, a JIeJICHHe Ha HyJIb Mbl HE ONpe/IeNsiin), a Gopmyra smoce -
s Beex & , OLIMYHBIX 0T %~ Z | rjie z - M1060e LeIoe YHCIIo.

CBs3b MeK1y TAHT€HCOM H KOTAHT€HCOM
Eme 06onee 0o4eBHUIHBIM TPUTOHOMETPUUYECKUM TOXKAECTBOM, YEeM JIBAa IPEIbITYyIIHX,

ABJIACTCA TOXIACCTBO, CBA3ZBIBAIOIICC TAHI'CHC M KOTAHI'CHC OJHOI'O yIrjia BHUAd fg{f‘ﬂfg - ]'

T
o L
[ToHSATHO, YTO OHO MMEET MECTO Jisi JIOOBIX YIJIOB ~ , OTJIMYHBIX OT 2 , B IPOTUBHOM
ciydae 100 TaHTeHC, THO0 KOTAHT€HC HE OMpPE/ICICHBI.
JlokazaTenbCcTBO bopMyIibI Iga-ctgo = 1 OY€eHb MpOCTO. ITo
' . X

;gg._-:l ctgal = — rga'-cfgtle-—zl

OIPEICIICHUIO Xn y , OTKyZHa ¥ MoxHo  OBUIO

COsd

S ¥
tear= clgor=—
JIOKA3aTebCTBO IMPOBECTH M HEMHOTO WHade. Tak Kak COS y sl & |
sina cosa

fga -clgo = 1

TO COscr 51 ¢ )
WNrak, TaHreHC W KOTAHIE€HC OJHOrO Yyrja, IpH KOTOPOM OHH MMEKT CMBICIH,

€CTb B3aMMHO OOpaTHbIE YHCIa.

TaHreHc U KOCHHYC, KOTAHI€HC M CHHYC

HaKOHeI_I, Mbl IIPpUINUIA K ABYM TIIOCICAHUM K3 OCHOBHBIX TPHUTIOHOMETPHUYCCKUX

5 1 5 1
tga+l=——5—, l+cigra=———
TOKJIECTB cos « SH1 €& | Ouu CBA3BLIBAIOT TAHTE€HC U KOCHHYC, &

TaK)K€ KOTAaHI€HC ¥ CUHYC OJHOIO yrija.

ITpuBenem ux GopMyIMpPOBKH: CyMMa KBaJipaTa TaHT'€HCa YIJla U €IMHULIBI pPaBHA YHCIY,
o0paTHOMY KBaJpaTy KOCHMHYCa 3TOrO yrjia, a CyMMa €IMHMIIBI M KBaJpara KOTaHIeHca yria
paBHa 4yMCITy, 0OpaTHOMY KBaJpaTy CHHYCa 3TOrO yIia.

BeiBon  ykazaHHbIX (QOpPMYN MOXHO TMPOBECTH, OTTAJIKUBAsACh OT OCHOBHOI'O

sin® o +cos” =1

TPUTOHOMETPHYECKOTO TOXKIECTBa BHJA . Ecnm pazpmenute 06e yactu
cos” o cos o
3TOr0 paBEHCTBA Ha (TIpu 3TOM, KOHEYHO, JIOJDKEH OBITh OTJIMYEH OT HYJIS), TO
3 1
lgra+l=———
MEI I CoOs &
OJIy4HM bopmyny . Ecin xKe obe 4acTH
sin“ e +cos” a=1 sm” B
paBeHCTBa pa3nenuth  Ha (mpu  3TOM JOJKEH OBITh
p 1
l+ctgoe=———
sm1

OTJIMYEH OT HYJISA), TO MBI IPUAEM K TOXKIECTBY
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2 1
g a+l=——5—

Hrak, TOXI€ECTBO cos” o UMEEeT MeCTO Ui JIOOBbIX o , OTJIMYHBIX
) 1
£+E'Z ]+CI§L{I= 3
or 2 , @ TOXKIECTBO smoa U JTHOOBIX x , OTIHYHBIX oT 7 " Z |
@OopMyIIbI IPUBEACHUSA:
Onpeoenenue. DopMmynaMu IpHUBEIEHHUS Ha3bIBAlOT (POPMYJIbI, KOTOpBIE MO3BOJISIOT
HepenTn 0T TPUTOHOMETPUYECKUX byHKunit
T ) N , el \ ied _
sml;T_ = o) cos(T =a). tgl= = a): ctg(= = a)
BUJIA - N K (yHKIUSAM aprymenra % C nx

MOMOIIbI0 CHUHYC, KOCHHYC, TAaHI€HC M KOTAHIE€HC MPOU3BOJIBHOIO YIia MOKHO MPHUBECTH K
CHUHYCY, KOCHHYCY, TaHT€HCY M KOTaHreHCy yria u3 uHTepBaia or 0 mo 90 rpamycoB (oT

0 10 ? pagman). Takum o6paszom, (dhopMyIbl IPUBEICHUS MTO3BOJISIOT HaM MEPEXOAUTH K paboTe
¢ yriiamu B mipenenax 90 rpaaycos, 4TO, HECOMHEHHO, O4€Hb y100HO.
Dopmynvl npueedenun:

sin(90° —a) = cosa c0s(90°— a) = sina
sin(90°+ a) = cosa cos(90°+ a) = — sina
sin(180°— a) = sina cos(180°—a) = —cosa
sin(180°+ a) = —sina cos(180°+ a) = —cosa
sin(270°— a) = —cosa cos(270°—a) = —sina
sin(270°+ a) = —cosa cos(270°+ a) = sina
sin(360°— a) = —sina cos(360°—a) = cosa
sin(360°+ a) = sina cos(360°+ a) = cosa

na ucnonvioeanusn popmyn npueedenun cyuiecmeyem 06a npaguia.

1. Ecnu yronm MOXHO TpencTtaBuTh B Buae (w/2 +a) wimm (3*m/2 +a), TO Ha3BaHHe
(pyHKIMM MeHseTCsl Sin Ha COS, COS Ha sin, tg Ha ctg, ctg Ha tg. Ecim e yrom MOXHO
MIPEACTaBUTH B BUJIE (T +a) uiu (2*7 +a), To Ha3BaHue PyHKIHHU OCTaeTcsA 0e3 H3MeHeHM .

[TocmoTpuTe Ha PUCYHOK HUXKE, TaM CXEeMAaTUYHO M300pakeHo, KOr/a cleayeT MEHSTh
3HAaK, a KOrJa HET
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HBMEHSEM

PyHKLIMIO

HE MBMEeHSEeM

PyHKIMIO

2. 3nax npueedennoii ¢pynkyuu ocraerca npexxkHuM. Ecin ucxonnas ¢yHKuus umena
3HAaK «IUTFOC», TO W TpHUBEICHHAs (YHKLIUS MMEET 3HAaK «wuroc». Ecim mcxomHas (yHKIus
uMesia 3HaK «MHHYC», TO U IIpUBeJIeHHAs (PYHKIHS UMEET 3HAK «MUHYC».

Ha pucyHke Huxe mpeicTaBlieHbl 3HAKW OCHOBHBIX TPUTOHOMETPUUYECKHUX (YHKIUI B
3aBHCHUMOCTH OT YE€TBEPTH.

= = = + + - + =
+ + = + = + - +
2TU (X) Gcoz (X) £A(x) ced (x)

Pemienue 3axanmii:
Nel.HaiiguTe sin o, ecu U3BECTHO CIeAYyIOIIee:

cnscx=—31—\%_1;cxeg;n)

Pemenue

Ham wu3BecTeH KOCHHYC, HO HEU3BECT€H CHUHYC. (OCHOBHOE€ TPUTOHOMETPUYECKOE
TOXJIECTBO (B «IMCTOM)» BHJE) CBS3BIBACT Kak pa3 ATH QYHKIHMH, MOITOMY Oynaem paborarh
¢ HuM. Mmeem:

sina+cos?a=1=sin>a+99/100 =1 = sin? a = 1/100 =sin o =+1/10 = +0,1.

Jns  pemieHus — 3aadyd  OCTajloCch  HaWTH  3HaK  cuHyca.  [loCKONBKY
yrou o. €(7/2; ),T0 B TpajyCHON Mepe 3TO 3anuchiBaeTcs Tak: a € (90°; 180°).

CrnemoBaTellbHO, YTOJI 0, JIGKUT BO Il KOOpAMHATHONH YETBEPTH — BCE CHHYCHI TaM
noyioxuTenbHBL. [ToaToMy sin o = 0,1.
Ortser: 0,1

No2 Haiinute cos o, €Ciu U3BECTHO CIIEYIOIIEE:

. V3 31

sina = —?; a e (H;?)

Pemenue

Ntak, HaM U3BECTEH CHHYC, a HaJl0 HaWTU KocuHyc. O6e 3TH PyHKIIMU €CTh B OCHOBHOM
TPUTOHOMETPHYECKOM ToxaecTBe. [loncraisiem:

sina+cos’a=1=3/4+cos’a=1=cos>a=1/4= cosa==%1/2==0,5.

Ocranoce pa3o0parbcsi co 3HAKOM Tepen ApoObio. UTo BBIOpaTh: IUIIOC WM MUHYC?
[To ycnoButo, yromi o MpuHAISKAT TPOMEXKYTKY (7 37/2). IlepeBeaem yriibl W3 pajuaHHON
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MepBI B rpaaycHyo — noiyuum: o € (180°; 270°). OueBunHo, 1o 11l koOopaAuHATHASI YETBEPTD,
I/ie Bce KOCUHYChI oTpunarenbHsl. [loaTomy cos o = —0,5.

OtBet:—0,5

No3.Haitaute tg o, eciii U3BECTHO ClIeAYyIOIIEE:

1 3
cosa=—; @ € (—;Zn)

Pemenue
Tanrenc 1 KOCUHYC CBSI3aHbI YpaBHEHUEM, CIEAYIOUIUM U3 OCHOBHOTI'O

TPUTOHOMCTPUYCCKOI'O TOKACCTBA:

tgla+l=——=1tg2a=10—-1=9
COs“ &

[Tomygaem: tg a = +3. 3HaK TaHreHca ompenensieM mo yriy a. U3Bectno,uro a € (37/2;
2m). llepeBegemM yriabl W3 pajMaHHOW MeEpbl B IpaaycHyr0 — moiyduM a € (270°; 360°).
OueBuaHo, 310 IV KOOpAMHATHAS YETBEPTh, IJIe BCE TAHT€HCHI OTpULlaTeabHbL. [loaTomy tg o =
—3.

OtBeT: —3

No4 . Haitaute cos a, €ciu U3BECTHO CIISAYIOIIEE:

) 3
sinae=—-0,8; a € (?, 2?’[)

Pemenue

CHoBa  W3BECTEH  CHHYC W HEM3BECTEH  KOCHHYC.  3alUlIeM  OCHOBHOE
TPUTOHOMETPHUYECKOE TOXKJIECTBO:

sin?a+cos’>a=1=0,64+cos’>a=1= cos® a=0,36 = cos a = +0,6.

3nak onpexaensiem o yriuy. Umeem: o € (37/2; 2x). IlepeBenem yrisl U3 rpaJyCHON MephI

B pamuaHHywo: a € (270° 360°) —o10 IV KkoOopMHaTHAs YeTBepTh, KOCHHYCHI TaM
MOJIOXKUTEIbHEL. ClaeaoBaTeabHo, cos o = 0,6.
OtBeT:0,6

No5.HaiiauTe sin o, ecu H3BECTHO CIEAYIOIIee:

T
ctga = 2v6; a € (D; E)
Pemienue:
3anumem Qopmyiy, KoTopas cleAyeT U3 OCHOBHOTO TPUTOHOMETPHUYECKOTO TOXKIECTBA

" HalIpsAMYIO CBA3BIBACT CUHYC U KOTAHI'CHC!:

1 1
2
ctgca+ 1 =— = — =24+1=25
8 sinfa sin‘a
Otcrofa momydaem, uto sin® a = 1/25, T.e. sin a = £1/5 = £0,2. U3BecTHO, UTO yron a €
(0; 7/2). B rpamycHoit mepe 310 3anuchiBaeTcs Tak: o € (0°; 90°) —I xoopuHATHASI YETBEPTH.

Wrak, yron Haxomurcs B IKOOpIAWHATHOM YETBEPTH — BCE TPUTOHOMETPUYECKHUE
(GYHKLIMU TaM HNOJOXKHUTEIbHBI, T03TOMY sin a = 0,2.
Otser: 0,2
. . 5
Ne6.Haiinute sina u tga, ecnu cosa = 5
. . 5
No7.Haitnute cosa v tga, ecnusin a = n
N . 4
Ne8.Haitaure sina u tga, ecnu cosa = — -
< . 8 3
Ne9.Haitpure cosa v tga, ecnusin a = —SUT <a< >
o . 3
NelO.Haiinure cosa usin a,ecnmntga = —1lun < a < ~

Nell. Ynpoctuts BelpaxeHHe:

1
[cosj = —l] -c.ﬁgzcx
1.
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Pemenue:

EOS2 o

1
[ —l]icf.gzcr:[1+£ggﬁr—1)-c£g2cr:1
2. fgaeoiod— [r.g.::E Ll H] -::E]I2
Pemenue:

zg&-cﬁgﬁr—{zg&-cosﬁr}j =l-sin‘@=cos’a

l-sn 8  cosd
3 cosd  l+sm 8
Pemenue:

1-sin & cos 8 _1—Si112,5—'3052a5_0
cos 8 1+sin,-:3_ cosﬁ[l+sin,-:5’} -

Nel2. Ympocrute BolpakeHue
1. 1= cos? &
5 cos® ¢:E+[1— sin’ .::1’)
3 [cos a— 1) |[1+ Cos -::L’)
4 cos® a— (1— Dain? cl’)
5 SN & cosd-ciga—1
cos® &
6. cos® a—1
1-cos @
7.1- sin’ e
8 sin® @+ cos® at+igia
s G
9 fga
SN COS &

1—
10 ciooy
Nel3. IIpeoGpa3oBatrhb, UCHONB3Ys GOPMYIIbI IPUBEICHHUS:

. 137 ] T . m 3
sin— = sm(Z - 21 +—> =sin—-=—
3 3 3 2

13m T . T 1
coS — = cos(2-2n+—) =Ssin—=-
3 3 3 2

tglz—n=tg(2-2ﬂ+§)=tg§=\/§

Nel4. Beruucnure:

a) cos1059; 6)sin105%  B)cos75%;  r)sin75° n) tg75°;
Nel5. HaiinuTe 3HaueHHE BBIPAXKCHUS;

a)sin240°; 6)cos300°; B) tg(—225%); 1) ctgT
Nel6. TIpeoOpa3yiite BbIpaykeHUE:

cos(—a)-cos(180°+a)

sin(—a)-sin(90%+a)
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IIpakTuyeckas padora Ne6

Tema 2.6 Onucanue Mpou3BOACTBEHHBIX MPOIIECCOB C MOMOIIIBIO TpauKOB (HyHKIIHI
Henab: HayunThes npuMeHsTh PyHKUIMU B pellIEeHUH NMPOPEeCcCCUOHANBHBIX 3a/1a4

TeopeTnyeckas 4acThb:

[Iyte k mosBICHHUIO TOHATUSA (DYHKIMU 3a0Kuiau B 17 Beke (paHIy3CKHE YYCHBIC
®pancya Buer um Pene [lekapt; oHm paspaboranu eauHyr0 OYKBEHHYIO MAaTeMaTHYECKYHO
CUMBOJIMKY, KOTOpas BCKOpE IMOJy4miia BceoOllee mnpu3HaHue. BBemeHo ObUIO eaMHOE
0003HaYeHHE: HEM3BECTHBIX - MOCIEAHUMH OyKBaMU JJATUHCKOTO andaBuTa - X, Y, Z, U3BECTHBIX
- HaualbHBIMU OyKBaMHU TOTrO ke andaBurta - a, b, ¢, ... u T.4. [log kaxaol OyKBOW cTayo
BO3MOJKHBIM IIOHUMATh HE TOJIBKO KOHKPETHBIE JAHHBIC, HO U MHOTME APYrH€; B MATEMATHKYy
MpHILIA Ues N3MEeHEHUs. TeM caMbIM TOSIBUJIACH BOZMOYKHOCTh 3aITUCBHIBATh 00ITHE OPMYIIBL.

Kpome toro, y [ekapra u @epma (1601-1665) B reomerprueckux paboTax MOSIBISIETCS
OTUYETIUBOE MPEICTABIICHUE TIEPEMEHHON BEIIMUYMHBI U MPSMOYTOJIbHOM CUCTEMBbI KoopAuHaT. B
cBoeit «['eomerpun» B 1637 roay Jlekapt naer moHsTHEe (HYHKIUU, KaK U3MEHEHUE OPJIUHATHI
TOYKH B 3aBUCHMOCTH OT U3MEHEHHUS €€ a0CIIMCChI; OH CUCTEMAaTHYE€CKH pacCMaTpUBall JUIIb T
KpUBBIE, KOTOpbIE MOKHO TOYHO TPEICTaBUTh C IOMOIIbIO ypPaBHEHUH, MPUTOM
MIPEUMYIIECTBEHHO anreOpandeckux. [[oCTeneHHO MOHATHE (YHKIIMH CTAJO0 OTOXKICCTBIIATHCS,
TaKUM 00pa3zoM, ¢ MOHITHEM aHATUTUYECKOTO BBIPAXKEHUS (DOPMYIIBI.

Uro Ttakoe ¢yHKIUA? PazHbIe yUeHbIC BBIABUTAIN pa3HbIe MBICIIA. HO MBI OCTaHOBHUMCS
Ha omnpeneneHu DyHKIMEN Ha3bpIBalOT COOTBETCTBHUE, MPU KOTOPOM KaXKIOMY 3JIEMEHTY H3
MHO€ECTBa X COOTBETCTBYET €IMHCTBEHHOE 3HaueHHEe U3 MHOXecTBa Y. [lpu aToM ayiemMeHT u3
MHOXkeCTBa X Ha3bIBAlOT apryMEHTOM, a 3JIEMEHT W3 MHOXECTBa Y Ha3bIBalOT 3aBUCHUMOM
MepEMEHHOI. OYHKIUA - OJJHO U3 OCHOBHBIX MATEMAaTHYECKUX M OOIIEHAYUHBIX MOHSATHMN.
OHO CBITPao U MOHBIHE UTPAET OOJNBIIYIO POJIbH B MO3HAHUU peaibHOro Mupa. DyHKIUS 3TO HE
TOJIBKO MAaTeMaTUYeCKOe TMOHSTHE, HO H: (PyHKIUs 5TO padoTa, MPOU3BOIMMAS OPraHOM,
OpPraHU3MOM; PpOJIb, 3HaYEHHE Yero-nubo; (GyHKIUS B MaTeMaTHKE 3TO 3aKOH 3aBHUCHMOCTH
OJIHOW BEJIMYMHBI OT APYro; (QYHKIHS 3TO BO3MOXKHOCTH, OIIIUS, YMEHHE MPOTPaMMBbI WU
npubopa; QyHKIHMS 3TO OOS3aHHOCTh, KpYr JEATENbHOCTH; (QYHKIUS TMEpcoHaxa B
JUTEPATYPHOM MPOU3BEACHUH; (DYHKIMS 3TO BHUJ MOIIPOTrpaMMbl B HHHOPMATHKE COIMaTbHAs
byHKLHS.

Kaxnas ob6nacts 3HaHmii: ¢pu3MKa, XUMUs, OMOJIOTHS, COIIMOJIOTHS, TUHTBUCTUKA UMEET
CBOM OOBEKTHI U3yUYCHHsI, yCTAHABIMBAET CBOMCTBA M, YTO OCOOEHHO Ba)KHO, B3aHUMOCBSI3U ITHUX
00OBEKTOB.

B pazmuusbix Haykax W 00JIaCTAX  YENOBEUECKOW JIEATENbHOCTH  BO3HHUKAIOT
KOJIMYECTBEHHBIE COOTHOILICHHUSI, U MATEMATHKA U3Y4aeT UX B BUJE CBOMCTB YHCEIL.

MaremMatrka co3/1a€T YCIOBHS ISl PA3BUTHS YMEHUS MPUMEHSTh TEOPETUUECKUE 3HAHUS
JUISL PEIlIeHUs] MPAKTUYECKUX 3a]1ad, OPUEHTUPOBATHCS B OKPYKAIOIIEH HAC JAEMCTBUTEIBHOCTH.
Ham kaxertcs, uTo (yHKIMOHATIBHBIE 3aBUCHMOCTH MOTYT KacaThCsl CaMbIX Pa3HOOOpa3HBIX
ABICHUM TpUPOABI U OKpyXaromiedl cpenbl. Kaxaomy uenoBeKy B €ro MOBCEIHEBHOM
MPaKTUYECKOU JEATETPHOCTH MPUXOJUTCS MPUMEHSATh MPAKTHYECKUE TTPUEMBbI TEOMETPUUECKHUX
U3MEpPEHUI U TIOCTPOCHUH, YUTaTh UH(OPMAIINIO, IPEICTABICHHYIO B BHJIE TaOIUII, TUarpamMm,
rpa¢ukoB. be3 KOHKPETHBIX MaTEMaTHYECKUX 3HAHWM 3aTPYAHEHO TMOHWMAHHE W BOCIPHUATHE
HAy4YHBIX 3HAHWH, pa3sHOOOpa3HOW  COLMAIBHOW, OSKOHOMHYECKOH, TEXHOJIOTHYECKON
uH(pOpMaLUH.

CBo0OoHOE BiIaJIeHUE TEXHUKOW MOCTPOCHHS TPAPUKOB YaCTO MOMOTAET peuiaTh MHOTHE
3a/lauu, a TOPOM SIBIIIETCS €CTECTBEHHBIM CPEJICTBOM HX peIIeHHs. MartemaThka SBISETCS
SI3BIKOM PA3IMYHBIX 00JIacTel HAYKU U HAIlIeH KU3HU.

DKojoruueckre mnpoOiaeMbl SBISIOTCSA TNI0OATBHBIMU MPOOJIeMaMH YE€IOBEYECTBA, BCEX
CTpaH HE3aBUCUMO OT pa3MEpPOB TEPPUTOPUM, UHUCICHHOCTH HACEJICHUs, YPOBHS
SKOHOMHUYECKOTO pa3BuTus. C QyHKIMEH MBI BCTpedaeMcsl KKl 1eHb. [Ipumep:
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[J eXxeHEBHasl TemIiepaTypa Ha yJIUIlEe €CTh (YHKIUS OT BpeMeHH. B oaHO U TO ke
BpeMsl TeMIiepaTypa He MOKET MPUHUMATh 0oJiee OJJHOTO 3HaUEHUs U ObITh OJHOBpeMeHHO -30 1
-45.

) IToxox B marazuH. CTOMMOCTh MOKYIIKH BO3PACTaeT ¢ POCTOM KOJIMYECTBA TOBAPOB.

CriocoOb1 3a1aHus PYHKITUH.

[0 AHAJIMTHYECKUMH,

1 I'paduueckuii,

00 TabauuHbIH,

[ CJ10BECHBIH.

Ananmutuyecknii. CaMbIii pacipOCTpaHEHHBIH CIIOCO0, TPU KOTOPOM (DYHKITUS 3a1aeTCst
dbopMyIoi, ycTaHABIMBAIOIICH, KaKUe BBIYUCIUTEIBHBIC ONMEPAIMH HAIO0 MPOU3BECTH HAI X,
yTOOBI HANTH Y.

I'padpuueckuii. I'padpuyeckuit cnoco® cOCTOMT B MPOBEACHUU JIMHUHM, Y KOTOPOIi
abcuucchl M300paKalOT 3HAYEHHs] apryMEHTa, a OpJAMHATBl — COOTBETCTBYIOUIME 3HAUCHUS
byHKIHU. DTOT crTOcOO MO3BOJSAET HATIISIHO MPEACTABUTH (PYHKIMOHAIBHYIO 3aBUCHMOCTD

Tabnuunerii. [lpu Tabnuunom crnocoOe 3amanus QyHKIMS 3a7aeTcs B BHUJIE TAaONUIbI, B
KOTOPOW JUIsl KaKJIOTO 3HAYCHHS apTyMEHTA YKa3bIBaeTCSl COOTBETCTBYIOIIEE €My 3HAUCHUE

byHKIIUN
CioBecHbiii. C ITIOMOIIBIO CJIOBECHOIO OIIMCAHUA.

Pemenue 3aganmii:

Nel. ITpousBonctBenHass ¢yHknus ¢upmbl umeer Bua: Q=5 XY. Llena enuHUIbI
pecypca X = 10 py6., emununsl pecypca Y = 20 pyo. dupma pacrnonaraer IeHEKHBIMH
cpeactBaMu B pasmepe 40 Thic. pyO0. Omnpeaenure MakCUMalbHO BO3MOXKHBIM 00beM
IIPOU3BO/ICTBA.

Pemenne: MakcuMu3upoBaTh BBIIYCK IPH JaHHBIX HM3JEP/KKAX IO3BOJISIET IpAMas
paBHBIX u3nepkek, uiam u3okocta C = Pyx X+ Pyx Y. IloacraBmsisi ucxomHble NaHHEBIE,
nosyunM ypasHeHue: 10X+20Y=40000. Haxonum n3 ypaBHenuss X=4000-2Y. IloxcraBum 310
3HaueHue B 3a7aHHoe ypasHeHue Q = 5XY. [Momyuaem Q= 20000y-10y* DyHKIHUSA COBOKYIIHOTO
IPOAYKTa JIOCTUTaeT MaKCUMyMa, Korjaa (pyHKUUS NpeAeabHOro NpoayKTa paBHa Hymo MPx =
0. IlpenenbHbIl TPOAYKT €CTh MepBasi MPOU3BOJIHAS COBOKYITHOI'O MPOJIYKTa MO MEPEMEHHOMY
daxTopy. MPx = Q’ (X). MPx =20000-20Y= 0. Otcrona Y=1 000, X=2 000.

Torma makcuManbHO BO3MOXKHBIM 00beM mpou3BoactBa Q = 5 XY =10 muH. en.
IPOYKIIMH.

Ne2.  IlpeanpuHuMarenb  OCYIIECTBISET  NPOMBIIUIEHHOE  IPOU3BOACTBO  Ha
KOHKYPEHTHOM pBIHKE B paliOHE, IZle JOCTUTHYyTa IIOJIHAs 3aHATOCTh. [Ipm 3ToM mMeroTcs
CIIeIyIoIINe JaHHbIE:

Yucno paboTaromux CTaHKOB 1(2 |3 (4 |5 |6 |7 |8

BelTyCK MpOYKIIMM B THIC. IIIT. 6 |15 (23 |30 (36 |42 [46 |48

IIpu kakoil cTemeHu 3arpy3ku CTaHOYHOTO Tapka OyJIeT JOCTUTHYT C TOYKU 3PEHUS
IpeIpUHUMATENS ONITUMANIBHBINA 00BEM MPON3BOACTBA? ByJeT u OH TaKUM K€ C TOUKHU 3pEHUS
obmecTBa?

Ne3. [Toncunraiite cpeTHUN U IPEAENbHBIN NPOYKT GUPMBIL.

Yucino CoBoxkynnsbiii | Cpennuii | IIpenensHblit
pabouux | IpPOAYKT MPOAYKT | MPOIYKT

L TP AP MP

1 30

2 70
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3 100

4 120

5 130

Ne4. 3amonHuTe IIpOIIYCKHN B Ta6n1/1ue, OTpaKaromuye 3aBUCUMOCTb PE3YJIbTATUBHOCTHU
IMPOU3BOACTBA OT o0BeMa HCITOJIB3YCMOI'O TpyJa.

O6mem | O6Bem Epjﬂeﬂ;Hmn gpsﬂHHTH

Tpyna | Bbiycka | - DorYK poayxk

L Q Tpyaa Tpyaa
MPL APL

! 1000

2 1000

3 2790

4 610

> 770

Ne5. TlpenenbHas HOpMa TEXHMUYECKOTO 3aMEIllEHUs TpyAa KamuTajaoM paBHa 2. Jlns
o0ecrieyeHns MPex)HEro o0bemMa MPOU3BOJACTBA MPOIYKIUU NPU COKPAIICHHH HCIOIb30BAHUS
TpyZa Ha 4 eJMHUIBI Ha CKOJIBKO €JHHUI] HEOOXOMMO YBEIHYHUTh KaIuTa?

Ne6. 3anonaauTe TaOIHITy TPON3BOICTBEHHBIX TOKA3aTEIICH:

Koa-Bo eqmHnIx TP | MP | AP
pecypca, L

1 4

2 7

3 8

4 1

5 3,2

Ne7. 3anonmnuTe mnpomycku B Tabnuile, OTpa)karolled 3aBUCHMOCTb pe3yJIbTaTOB
IPOM3BOJICTBA OT 00BbEMA HCIOIH3yEMOT0 KaluTaa:

Eon-no CAMHUIL PECYPCA, | oop | nrp | AP
| 10
) 22

3 36

4 11,5
5 55
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6 63

Ne8. Ilycth TexHONOTUSI HEKOTOPOTO MPOU3BOJACTBEHHOrO Mpoliecca 3aaaHa (yHKIHeH
Q=10KL. Ha npousBojcTBe 3aHATO 5 4enoBeK. Tpedyercss OLEHUTh HOPMY 3aMEIICHUsI OJJHOTO
paboTHUKA JOTOIHUTEIBHBIM KOJIMYECTBOM 000PYA0BaHUsI, YTOOBI 00BEM BBIITyCKa COXPaHSIICS
Ha ypoBHe Q = 500 ez. mpoAyKIMU B ACHb.

Ne9. TlpousBoactBenHas pynkius Gupmsl umeet Bua: Q=5 XY. llena equHuIer pecypca
X = 10 py06., enununbsl pecypca Y= 4 py0. Kakoe coueranme pecypcoB obecrmeuuT Qupme
MaKCHMaJbHBIA 00BEM BBIITYCKa, €CIHM 3aTpaThl Ha mpuodpeTacmbie (HAaKTOPHI MPOU3BOACTBA HE
noJpkHBI ipeBbimaTh S000 py6. B cmeny?

Nel0. HMmxenepHoit mepoil 3(pGEeKTUBHOCTH MAIIMHBI SBJISIETCSI OTHOIICHHE BBIMyCKa
PHEpPruu K ee 3arpaTtam. [Ipeamonoxum, UMEIOTCs ABE MAaIIMHBI, NepBas — ¢ 3(pPEeKTUBHOCTHIO
10%, Btopast — 20%. MoxeT 11, C 5KOHOMUYECKON TOYKH 3pEHHsI, IEpBasi MallIMHA ObITH OoJiee
3 PEeKTUBHOM, yeM BTOpas?

Nell. Texnomorus HEKOTOpoW (PUPMBI TaKOBa, YTO COOTHOULICHHE MEXAY 3aTpaTaMu
TPy/Aa U KamuTana JOJKHO OBITH CTPOro (MKCUPOBAHHBIM: 1 cTaHOK - 3 paboTHuKa. Pecypchr
MIPOU3BOJICTBA HE SIBIISIOTCS B3aUMO3aMEHSIEMBIMU, MMO3TOMY M30BITOUYHOE KOJIUYECTBO JFOOOTO
U3 PEeCcypcoB HE MOBBIIIAET BHIMYCK. JlomycTuM, 4To upMa apeHaoBajia Ha Mecsl 4 CTaHKa.
Mecsiunas craBka 3apmiarel 900 en., MecsiuHasi apeHjaHas 1iata 3a craHok 300 en., 1eHa
€AMHMLIBI MPOAYKIMU (UKCUpOBaHAa U paBHa 15 en. 3a IeHb C OAHOrO CTaHKa CHHUMaercs 15
eAVHMIl TpoAyKuuu, a B Mmecaue 20 paboumx nuedd. Ompenenute o0BEM MPOU3BOJICTBA,
(uHaHCOBBIN pe3yabTat (IPUOBLIL WIIM YOBITKH) B IAHHOM MECSIIE Y (UPMBI.

Nel2. JlBurasch €O CKOPOCTBIO V=3 M/C, TpakTOp TaumT canu c cuinoil F=50 kH,
HAIPaBJIEHHOM M0 OCTPhIM YIJIOM 0. K TOPU30HTY. MoOIIHOCTh, pa3BHUBaeMas TPAKTOPOM,
BbIuncisiercs no gopmyne N=Fvcosa. Haiigute, mpu kakom yrie o (B rpajaycax) 3Ta MOIIHOCTb
oyner 75 kBT.

IIpakTnyeckas padora Ne7
Tema 2.6 Onucanue mpou3BOACTBEHHBIX MPOIIECCOB € MOMOIIBIO TpauKOB (HyHKITHI
Heab: Hayuuthes ucnonbp3oBaTh Tpaduku (QYHKIUH B peUICHUHM MPHUKIATHBIX 3a7ad

Teopernyeckas 4acThb:

[IpumeneHne TMHEMHON (QYHKIIMH MPOCIEKUBAETCS MPAKTUYECKH BO BCEX cepax Haien
xu3HU. [IpuMepbl TuHEHHON (PYHKIMU B )KU3HU:

[JPacyer B MarazuHe 3a KyIUJICHHblE TOBapbl. Bce MBI coBepliaeM IMOKYNKH, 4YTOOBI
yJIOBJIETBOPUTH CBOU MOTpeOHOCTU. UeM Oosibllle MBI KyIHM Belllel, TeM OOJbIe Mbl 3ajIaTUM
3a MOKYIIKY.

[lloTpeOneHne 31eKTPOIHEPrUuu. AOCOIIOTHO BCE IOJIB3YIOTCS BIIEKTPOIPUOOpaMHU.
OHu noTpeOusiIoT PHepruto. YeMm [osblie MBI HCHOJB3YEM AJIEKTPONpPUOOpHI, TeM Oosblle
notpebinseM sHepruv. COOTBETCTBEHHO W IIATUM OoJbIle. JTa 3aBUCUMOCTh BBIPAXKAaeTCs
dopmymoit [I=k*N, re K- CTOMMOCTh OJTHOTO KMJIOBATT-4aca, N- KOJIMYECTBO YacOB. )

(1B Dxonomuke. PaGOTHUKH MOJIy4yaroT 3apIljiaTy U eIie OHU IUIATAT M00XOAHBIA HAJIOT.
W yem Oosbllie HauMCIeHHAas 3apIuiaTa, TeM OoJiblle BeJIMYMHA MOJOXOJHOT0 Hayora. JlanHbie
BEJIMYMHBI CBsI3aHbI cienytouiei gpopmymnoii: [TH=0,13*D (ITH- BennunHa mMog0X0AHOT0 HAjIora,
D- BenuumHA 10X0/2).

(1 [lorpebnenue numy. BeceM He00X0AUMO €CTh, YTOOBI y HAC OBLTH CHUJIBI U DHEPTUS IS
paboTHl. DTy PHEPTUI0 MBI MOJTydaeM U3 ebl. Uem OOJbIie MbI CheIUM, TEM OOJIbIIE YHEPTUU
MOJIyYHUM.

[J IIpoBepka 3nanuii. Korjma Mbl yuumcs, Mbl y3HaeM 4TO- TO HoBoe. Ho HeoOxoamumo
NEPUOANYECKH IPOBOJIUTH MPOBEPKY TOTO, KAK MbI BBIYUWIM MaTepuai. 3a 3TH IPOBEPOUYHbBIE
paboTHI HAM CTaBAT OIleHKH. Yem OosbIle OomrOoK B paboTe, TEM HIDKE OIEHKA.

41



[ JIBmkeHue (PU3MUECKOTO Tella ¢ MOCTOSHHOM CKOPOCThIO. BceM HaM mepuoaMyYecKu
NPUXOAUTCSA OBITh Yy4YaCTHMKaMH JABM)KEeHHs. PaccrossHMe mnpHu JABMKEHUU C TOCTOSHHOMU
CKOPOCTBIO 3aBUCUT OT BPEMCHHU ABWIKCHUSA, YCM HOJIBIIC Mbl HAXOJAUMCH B ITIYTHU, TCM 60JIBLHCG
paccTostHue TpoiaeM. JlaHHbIe BEIMUMHBI CBSA3aHBI CleAyrolen GopmMynoii: S=vt (V- CKOpOCTh
JIBUKEHUSI, t- BpEMs IBUKEHUS ).

Bo Bcex mnpuBeneHHBIX MpUMEpax Mbl HaOmOAaeM JUHEHHYH ¢GyHKIH. MHorue
PCATIBHBIC CHUTyallUM  OIHUCBIBAOTCA MATCMATUYCCKHUMU MOACIAMH, HNPCACTABIAIOIINMU
JUHEHHYIO () YHKIIHIO.

KBagpatuunast ¢yHkuus sBisiercs Hauboliee XOpOIIO H3Yy4eHHOW (yHKIMEH, OHa
JIOBOJILHO YacTO BCTpedaercs Ha mpakTuke. OHa HaXOAWT IMIMPOKOE MPUMEHEHHE B Pa3HbIX
paszenax MaTeMaTUKH, U JPYruxX 0o0JacTsX Hayku. KMeeT TeopeTHYecKyro U MPAKTHYECKYIO
3HaYUMOCTb. Belb moYTH BCe, 4TO OKpY’KaeT YeJI0BeKa TaK WJIM HHAUe CBA3aHO C Mapadoion.

XopoIo HW3BECTHO, YTO TPACKTOpHsI KaMHs, OpOIICHHOrO TOJ YIJIOM K TOPH30HTY,
aersimero (QyrOéOIbHOTO Msi4a, CTPYHM BOJbIL, BBIMYIIEHHOM U3 IUIaHra, MapallloTHCTa,
BBINPBITHYBIIETO M3 TOPU30OHTAIBHO JIETALIETO CaMoOJIeTa, apTUUICPUHCKOTO cHapsaa, Oyxaer
napabooil (Mpu OTCYTCTBUH COINPOTUBICHUS BO3Ayxa). VI3BECTHO TakyKe, YTO MHOTHE 3aKOHBI
IIPUPOJIbI BBIPAXKAKOTCA B BUAE KBAIPAaTUYHON 3aBUCUMOCTH.

[] 3ameyarenpHOE CBOWMCTBO MapaloJibl HIMPOKO HCHOJB3YETCsl B HayKe M TEXHUKE,
Harpumep, mapadoIudecKkas apka; CBOJ MOCTA.

-~

AK:‘. N ; 3
CBolicTBO MapaboNMUecKuX 3epKall UCHOJb3YIOT NpU KOHCTPYMPOBAHUHM COJHEYHBIX
neyei, COTHEUHBIX 3JIEKTPOCTAHIINH, OTpaXKaTeIbHBIX TEJIECKOMOB - Pe(IEKTOPOB.

Penrenne 3agannii:

Nel. Ha pucyHke wu3o0pakeH rpaduK 3aBUCUMOCTH KOOPJIWHATHI OT BPEMEHH
KOJIEOTIOIIerocs Tena.
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A £33

2
[To rpaduky onpexnenure: 1) ammauTyny kojeGaHuif; 2) nmepuosa Koiebdanui; 3) 4acToTy
KosieOaHmii; 4) 3aNUIIUTE YpaBHEHUE KOOPAUHATEI.
Ne2. Tapmonnyeckoe KojiebaHue ONMCHIBACTCS yPaBHEHUEM

‘ . . w w
x = 2sin sin (%t +—

YeMmy paBHBI LUKIMYECKas 4acToTa KojeOaHUM, JMHEHHas

4acToTa KoJiebaHui, HayasibHast (a3za KojJeOaHu?
Ne3. Ects MraoBenHas portorpadusi BOJHBI B pE3UHOBOM LIHYPE.
Omnpenenure: 1) iMHY BOJTHBL; 2) aMIUTMTYAY KOeOaHUI YacTHYEK LIHYpa.

Ne4. Tlo mpencraBieHHOMY TpauKy OINpEACIUTEe aMIUIUTYIy W TEpUoja KoJeOaHuit
HUTSHOT'O MasITHUKA.

x,cm 4

— N\
z\t'c

-1
Neo5. Tlo ypaBHEHHIO TapMOHHUYECKUX KOJ€OaHUN ONpEeNeNuTh aMIUIUTYIy, YTJIOBYIO
CKOPOCTB, MIEPUOJI ¥ YacToTy. HauepTuTh rpadmk JaHHOTO TapMOHUYECKOTO KoJIeOaHusl.
1) x =15 sin 3nt
2) x = 8 sin 7/3t
3)x =10 sin zt
Ne6. HekoTopas Touka ABHKETCS BAONb OCH X IO 3aKOHY X = a sin’ (ot - m/4).

Haiiti: ammnutyny u nepuop koiedanuii; n300pa3uth rpaduk x (t).
Neo7. Hamummte ypaBHEHHE TapMOHHUYECKHX KoyieOaHHH, ecnu vactoTa paBHa 0,5 I,

amrmutyna 80 cMm. HauanpHas asza xonebanuii paBHa HYIIIO.
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IIpakTnyeckas padora Nell
Tema 2.9 [IpocTeiiime TPUrOHOMETPUIECKHE HEPABEHCTBA
Hean: Hayunthces pemaTs IpoCTEUIINE TPUTOHOMETPUUECKUE HEPABEHCTBA

Teoperuyeckast 4acThb: ]
MNpocTefWHMMK TPMIOHOMETPHMYSCKMMK HEP3BSHCTEAMM HAZLIE3KTCA HED3ESHCTES BMAS
sinx W a,
cosT N (,
tgxr \ a,
ctgr V' a,

roe Vv — OOWH M3 3HaKos <, =, =, =, a & [1.

1. [puMepbl peLleHna NpPoCTenLLInX
TPUrOHOMETPUYECKUX HepaBeHCTB
C NOMOULbIO eAVHNYHOW C MOMOLLbIO rpacpmnKoB
OKPY>XHOCTH
Y
Y _1 kS
1 —~ Y~™72 2 P i
n—E=5% 1 N\ I N\, 4
6 6 2 n (1[4 5n
e 6 K A
0 2 y=sinx
sinx>% %+2nk<x<%"+27tk,kez
Y
po o Yy=Ccosx
~ 2 N3 P s, Y
o |/ 0 N\ ¥ i N %
N = N A

2 y=—r>

t

cosx>—l —2?“+2nk<x<%n+2nk,keZ
y
y=tgx

tgx2-1

—£+ﬂ:k<x<§+nk,keZ
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\ /3 \y=ctgx \ _—

o
ol
A

®

ctgx<\/§ %+nk<x<n+nk,keZ

Cnocobbl peLleHnd Donee CNOXHbIX TPUTrOHOMETPUYHEeCKNX HepaBeHCTB

a)

0)

Hemonb30BaHMe paBHOCHJIBHBIX IIpeoOpa3oBaHMW W, B YaCTHOCTH,

ceéedeHUue MPUZOHOMEMPUYECKO020 HepaseHcmea kK aJgzebpauyveckomy Hepa-

eeHemay no cxeme: 1) k o0HOMYy apzymenmy, 2) k 00HOU PYHKUUU, 3) 3a-

MeHa nepemeHHol (aHAJTOTUYHO CXe€Me peIlleHWs TPUTOHOMETPUIECKUX

ypaBHEHUIl, IpuBeaeHHOH Ha c. 249) u nocaedyoujee peureHue NOJYYCHHbBLX

npocmetluiux mpuUzOHOMEMPUYCCKUX HEPABCHCME.

Hemoap3oBaHue MeTOa MHTEPBAJIOB

(nocae ceedernusn Hepasencmea k eudy f (x) < 0) no cxeme:

1) Haiitu O/I3 HepaBeHCTBA.

2) HaiiTu obmiuii mepuos (ecyid OH CYIIECTBYET) AJIsA BceX (DYHKIIUI, BXOMI -
IUX B HEPaBEHCTBO, TO ecTh mepuoqa GpyHrmuu f (x).

3) Haiitu mynu gpyaxnun: f(x) = 0.

4) Orverutrs Hyau ¢gysHrmuu Ha O/I3 Ha ogHOM mepHode M HAWTH 3HAK
¢yarnuu f(x) B KakaAoM U3 MPOMEKYTKOB, Ha KOTOpbIe pa30uBaercd
OJI3 (Ha omHOM mepHuoje).

5) 3ammcaTh OTBeT, YYHUTHIBasg 3HAK 3aJaHHOTO HepaBeHCTBA W TIEPHO
dyaRIIUN [ (X).
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PelleHune ﬂpOCTeVILLMX TPUroHOMeTpU4HeCKNX HepPaBeHCTB B O6U_l,eM Bunae

3HayeHus a PeleHne
1. HepaBeHcTBO sin x > a
-1<a<1 arcsin a + 2nk < x < W — arcsin a + 2nk,
rae k — maroboe mernoe uncio (k € Z).
a=> Pemenuii Her.
a<-1 x — JIr00oe JedcTBUTEIbHOE YHCIIO.
2. HepaBeHcTBO sin x = a
-1<axl1 arcsin a + 2nk < x < T — arcsin a + 2nk, k€ Z.
a>1 Pemteruit wer.
a=1 x:%+27rk,keZ.
a< -1 x — Jar0boe IeficTBUTENbHOE UHCJIO.
3. HepaBeHcTBO sin x < a
-1<a<x1 —m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
@ =] Pemnrtenuii Her.
a>1 x — Jr000€e JeHCTBUTEIbHOE YHCJIO.
4. HepaBeHCTBO sin x < a
-1<axl1 —m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
a<-1 Permtenuit HeT.
a=-1 x:—-’2£+2nk,ke Z.
a=>1 X — J1000€ JeHCTBUTEIbHOE YHCJIIO.
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5. HepaBeHCTBO cos x > a
-1<a<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Permteruii HerT.
a<-1 x — J0boe JelcTBUTENbHOE YHCJIIO.
6. HepaBeHCTBO cos X = a
-1<ax<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Pemmenuii Her.
a= x=2nk,ke Z.
a< -1 x — noboe JeliCcTBUTEJIbHOE YHCJIO.
7. HepaBeHCTBO cos x < a
-1<ax1 arccos a + 2nk < x < 2n — arccos a + 2nk, k€ Z.
a>A x — Jr000e AedCTBUTETbHOE YUCIO.
a< -1 Pemmenuii HET.
8. HepaBeHCTBO €0Ss x < a
-l1<axl1 arccos a + 2nk < x < 2 — arccos a + 2nk, k € Z.
a<-1 Pemrenuit HeT.
a=-1 x=m+2nk, kc Z.
a>1 x — nboe IeiiCTBUTEIbHOE YHCJIO.

9. HepaBeHncTBo tg x > a

a — n1000e JedCTBUTEb-

Hoe uucyo (a € R)

arctga+7tk<x<g+nk, ke 2

10. HepaBencTBo tg x = a

ac R arctga+nk<x<%+nk, ke Z.
11. HepaBenctBo tg x < @
ace R —%+nk<x<arctga+1tk, ke Z.
12. Hepasencrso tg x < a
ac R —%+nk<x<arctga+nk,kez.
13. HepaBencTBO ctg x > a
a€ R nk < x < arcctga + Tk, ke Z.
14. HepaseHcTBo ctg x > a
ac R mk < x < arcctg a + 7k, ke Z.
15. HepaBeHrcTBo ctg x < a
a€ R arcctga+nk<x<mn+ 7k, ke Z.
16. HepaBencTBo ctg x < a
ac R arcctga + k< x <mn+ nk, ke Z.

Pemenue 3ananui:
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Nel. BeITOJIHATE 3a0aHUA:
1. PelimnTb HEpaBeHCTBO: SINT < —%.

OTeer:

(-3 +2mn;—§ +2mn), n€ Z
2. PElIWTb HEPABEHCTBO! COST > — %-
OTeert:

(-5—;- + 2mn; i;: +2mn). ne Z
3. PewwnTb HepaseHcTBO: Stner = —1.
OTteer:

(—o0; +0¢)

4. PewuTs HepaseHcTso: sint = (.
OTser:

[2mn;m + 2mn, n € Z]

5. PewwnTb HepaseucTeo: cost < 0,2,
OTeert:

larccos0,2 + 2an; 2n — arccos(,2 + 2an, n € Z|
No2. BBITTOJIHUTE 3aIaHUA:
1. PewnTs HepaseHcTeo: Lgx > —1.

OTBert:

[-3+m™;F+mn),n€Z

2. PewwuTb HepaseHcTso: ctgr < —713
OTtser:

(2 + 7n;w+7n), n€ Z

3. PewwuTb HepaseHcTso: Lgx < 3.

OTBeT:

(=5 + 7n;arctg3 +mn), n € Z
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IIpakTuyeckas padora Ne9
Tema 2.10 KoutponpHas pabota mo pasgeny 2 «OCHOBBI TpPUTOHOMETpPHUHU.
Tpuronomerpudeckue GyHKIUN
Hean: [IpoBepuTh ypoBEHb YCBOEHMs AAHHOIO Marepuana 1o pasneiny 2 «OCHOBBI
Tpuronomerpuu. Tpuronomerpuueckue GyHKIUIY

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL OmMeem U3 Yemblpex
nPeOI0HCEHHBIX.
AB

1. (1 6a;m) B AABC sinC = o

A) AB; b) AC; B) BC; I') CB.

2. (1 6amn) Yriom kakoi 4eTBepTH sBisieTcst yrou oa=400°?

A)LB)ILB)ILT) IV.

3. (1 6amn) Kakue u3 GyHKIU SIBISIFOTCS] YETHBIMUA?

A) y=sin x; B) y=cos x; B) y=tg x; I') y= ctg x.

4. (1 6ann) Kakue u3 yncen sBISIFOTCS KOPHEM YPaBHEHUS COS X = %?
_T. I _I. =2r

A)X—6,E)X 3,B)X 2,1"))( S

Ilpu évinonnenuu 3a0anuit 5-8 3anuwiume xo00 pewienus u NOJIYYEHHbLI OMEeEm.

Kakas u3 cTropoH siBisiercst runorenysoit AABC?

. T Vs
5. (2 6amna) Beramcnure: sin S Tcosz.

. V2 .2
6. (2 6amna) Halinure 3HaYeHNE BRIPAKCHUS 4arccos7 - 4arcs1n(—7)

7. (2 6amna) Yopocture: 2sin(mw/2+a)+ cos(m — o).
8. (2 6anna) Pemmte ypaBHenue: sin’x - 4 sinx + 3 =0.

IDmanonvt omeemos:

H
OMEP | 2 3 4 5 6 7 8
3a1aHUsA
IS
OTtBeT b A B b 1 2n cosa, > + 2wk, keZ

IIpakTnyeckas padora Nel(
Tema 3.2 IIpeoOpa3oBaHue UPPATMOHAIBHBIX BBIPAXKECHUN
Henanb: Hayuntsest ynpomath BeIpaKe€HUs, COAEPIKAINE KOPHU

Teopernyeckas 4acThb:
Yro Takoe HPPALMOHAIbHBIC BbIPAKEHUA?

HppaimonanbHble BbIpaXEHUsI HaYMHAIOT BCTPEYAThCs Ha JTAale 3HAKOMCTBA C KOPHEM
U3 4YHUCla, YTO OOBIYHO NPOMCXOTUT Ha Yypokax aireOpsl B 8§ Kkiacce. 31eCh HHTYMLHUS
MIOJICKA3bIBAET, 4YTO HUPPALMOHAIBHBIE BBIPAKEHUS KaK-TO CBA3aHbBl C KOPHAMM, U ITO
JIeicTBUTENBHO Tak. ClieAyrolee onpeieieHue MOATBEPKIAaeT Hallly TOTaKYy:

HppauuonaibHbIMU BbIPAa:KeHUSIMU HA3bIBAIOT BBIPAKEHUS, COJEpPIKAIINE OINEpalHIo
U3BJIEYeHUS] KOpHA. JlpyrMMu cloBaMM, HUppalMOHAIbHBIE BBIPAKEHHS — 3TO BBIPAKEHUS C
panukanaMu (BbIpaXKEeHHUs, COAEpKalIe B CBOEH 3alIUCH 3HAKU KOPHS).
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. ovwa—1
Ha ero ocHoBe MBI MOKE€M MPUBECTH MPUMEPHI UPPALMOHAIBHBIX BBIPAKCHUMN:

4-a* | d°

3 & 1
B ) Va e

o, U T.II.

S

b

UtoObl B JajgpbHEWIIEM HE BO3HUKAJIO IYTAaHUIBI, JaBaiiTe OOCYyIMM OJMH MOMEHT.

x-(x—ﬁ]-(x+«ﬁ]
338
X¥—|-x——
PaccmoTpum BhIpakeHue 2 3 u3 kauru [1, c¢. 19]. I3 KOHTeKCcTa OHATHO,

YTO 3TO PallMOHAJIBHOE BBIPAKEHUE, OHO MOAXOAMT IO/l COOTBETCTBYMOIIEE onpezeneHue. Ho B
9TOM BBIPQKEHUU IPHUCYTCTBYIOT KOPHH, 3HAUUT, COIJIACHO BBEJCHHOMY B 3TOM ITyHKTE
OIpeIeIEHUI0 OHO UppalroHaIbHOe. Tak Kakoe 3TO BhIpa)KEHUE Ha CaMOM JieJie: PalliOHaIbHOe
WIN UppalioHaIbHOE?

OTO He CyThb BaXKHO. DTUM MbI XOTHM CKa3aTh, YTO HE CTOMT (paHATMYHO MOJIXOAUTH
K pa30MeHHIO BBIPAKCHHWI HA BUABI, TaK KaK 3Ta KJIACCU(HUKAIMSA HE JOCTAaTOYHO cTporas (B
OTIIMYME OT KJIAcCU(PUKALMU YHUCeN, BEeAb HATypaJlbHble, ILeNble, pallOHaJIbHbIE,
UppalMOHATIbHBIE, JCUCTBUTENbHBIE YHCIA ONPENEJIEHbl CTPOro, U €CIU JIaHHOE YHUCIIO
palnroHaIbHOE, TO OHO YK TOYHO HE HPPAMOHAIBHOE U HA000pOT). BeIpaxeHus moapa3aensor
Ha paluOHalbHbIE, UPPALIMOHAIBHBIE U T.II. IO OOJIbIIEN YacTu i yA00CTBa MpeJICTaBIECHUS U
onucaHus Matepuaia. Harmpumep, Mbl UMeeM €10 € pallMiOHAIbHBIMU BBIPQXKEHUSIMHU BCE BpEMs,
[OKa yyuMcs paboTaTh ¢ MHOTOYJIEHAMHU U aIreOpandeckuMu Jpo0siMH. A K UppalMOHAIbHBIM
BBIPQKEHUSIM MBI IIEPEXOJIUM TOT/A, KOT/Ia CTAIKMBAEMCsl ¢ HEOOXOJMMOCThIO IPOBECTU KaKue-
TO omepanuu ¢ KopHsAMmu. HauHeMm u3yuaTh jorapuM — CTOJKHEMCS C .J102apupmMuyecKumu
svipadcenusmu. W Tak panee. BooOie, eciu HET TBEpAOW YBEPEHHOCTH B TOM, KAaKOro BHJA
BBIp@XEHHE HAXOAMUTCA IEpe] HaMM, TO Jydllle CKa3aThb IPOCTO BBIpAXKEHHE, HE N00aBiss
YTOYHSIIOIIEE ONPEEIICHHUE.

3aBepmias WMH(OpPMAIMIO ATOTO MYHKTa, 3aMETUM, UYTO B IIKOJE€ TEPMHUH
«UppALMOHAIbHBIE BBIPAKEHUS» HCIONB3YIOT Majlo, OOJIble TOBOPAT O BBIPAKEHUSX,
coJiepKalX KOPHU (BO3MOXKHO, TO JeJaeTcsi BO U30€KaHUE CTOJIKHOBEHMS C OTOBOPEHHBIMHU
BBIILIE HIOAHCAMHU).

OcHoBHbBIC BHbI NPe0OPA30BaAHUI HPPALMOHAIBbHBIX BbIPAKEHHI

Kak M TpU TpeoOpa3oBaHUU JIOOBIX JPYrMX BBIPAKEHWM, HAJ0 YYUTHIBATH 00JacTb
nomyctumbix 3HaueHui (O/[3) u He nomyckath ee CyKeHHs.

C uppaiioHaJbHBIMU BBIPRKEHUSMHU, KaK M C BBIPQKEHUSIMU APYTUX BHUJIOB, MOXKHO
MIPOBOJIUTH JIFOOBIE U3 OCHOBHBIX TOXKJIECTBEHHBIX ITPeoOpa3oBaHmii, Oy/Ib TO PACKPHITHE CKOOOK,
IPYNIMPOBKA M MPUBEJCHUE MOJ0OHBIX claraeMbIX M T.N. DTO U MOHITHO, TaK KaK B OCHOBE
TUX TpeoOpa3oBaHUIl Jie)KaT TaKkue CBOWCTBA JCWCTBUI C YHCIAMH, KOTOpbIE SBIAIOTCS
OOIMIMMHU JJISl YKCeN pa3HbIX BHJOB. Takxke MOHATHO, YTO MPU MPOBEAEHUH IMpeoOpa3zoBaHUN
VPPALMOHAIBHBIX BBIPAKEHUM COXPAHAETCS NPUHATHIN MOPSAOK BBIIOJHEHUS JEMCTBHUM.
[ToxaxkeM pelieHns HECKOJIbKUX MTPUMEPOB.

Ilpumep.
0+33-2+4-33+1-2-33

[IpeoOpasyiiTe upparoHaNIbHOE BhIPAXKEHUE
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Pewenue.

Jns Havama 3aMeHUM KopeHb u3 81 ero 3HadeHueM 9 (mpu HEOOXOAUMOCTH
CMOTPUTE U3BJICUECHUE KOpHEi), nMeeM

J81+i3-2+4.331-2.43=
=90:+33 _2443f3:1-2.3f3

OLIGBI/I,I[HO, B IIOJIYUYEHHOM BBIPAXKCHHU IPHUCYTCTBYIOT HO,Z[O6HLIC cjara€MbI€, I1I0OTOMY
uenecooGpa3Ho BBIIIOJTHUTD ux IIPUBCACHUC!

0+33-2+4-33+1-2-33=
=(9—2+1}+{{E+4-%@—2-{E]=
=8+3-13

Omeem.:

0+33-2+4.43+1-2.33=-8+3.43
Ilpumep.
I/ICHOHLSYH q)OpMy.HBI COKpaH_[eHHOFO YMHO)I(CHI/UI, HpeI[CTaBBTe I/IppaHI/IOHaHBHOC

s - )

BBIPKECHUE B BHUJIC MIPOM3BENICHUS JABYX HPPAIMOHAIBHBIX
BBIPAKCHU.
Pewenue.

OquI/II[HO, HPppaliMOHAJIbHOC BBIPAXKCHUC B cKkoOKax MMpEACTaBJIIACT coboit KBaapar

fxz3-1)

R
pa3HoCTH, TO €CTb, €ero MOKHO 3aMEHUTD Ha

Um]z—lﬁﬂj—g:
=(i/m—1}2—9

A TCIICPb ACBATKY MOXKHO IIEPCIINCATh KaK 32, IIOCJIC 4Y€T0 BOCIIOJIb30BATHCA (I)OpMy.]IOﬁ

, MIOATOMY

Pa3HOCTb KBaApaToOB:

Brs3-1] —o=(x=+3-1] —32=
=(ﬁ-1-3)-(§/ﬁ-1+3]=
=(¥r+3-4) {3 +2)

B pesynpTaTe mpojenaHHBIX TOXIACCTBEHHBIX MPEOOpa30BaHU MBI MPUIILTH K HYKHOMY
HaM MTPOM3BEJICHUIO IBYX UPPAMOHATHHBIX BBIPAKCHUI.
Omeem:

((mf—Z-M+1]—g=
={ﬁ—4]-(ﬁ+z]

CymecTByeT emie psii IpeoOpa3oBaHUi, OTHOCANIMXCS HUMEHHO K HMPPANMOHATBHBIM
BBIPXKEHUSIM. PacCMOTpUM OCHOBHBIE U3 HUX.
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IIpeoOpa3oBaHne MOJAKOPEHHOT0 BbIPAKEHUS

OpHo M3 BaxHEHIIMX MpPeoOpa3OBaHUN MPPALMOHAIBHBIX BBIPAKEHUM COCTOUT B
CIIEYIOIIEM: BBIPRKEHHUE 1107 3HAKOM KOPHS MOYKHO 3aMEHUTh TOXKIECTBEHHO pPaBHBIM
BbIpaxkeHHeM. CHauasa pUBEAEM IIPUMEPHI €r0 BBIOJIHEHHUS], IIOCIIE YETO MOSICHUM, Ha YEM OHO
Oazupyercs.

OTO yTBEpXKAECHUE [aeT BO3MOXHOCTb pPAadOTaTh C IOJAKOPEHHBIMU BbIPAXKECHUSIMHU.

N1+ 6

Hamnpumep, 0HO 1O3BOJISIET CyMMY I10J KOPHEM B BBIPAKEHUU 3aMEHUTh €€ 3HAUYCHUEM,
TO €CTb, MepenTH K KOPHIO . Hpyrou puMep: HpPpALMOHAIIBHOE
4 5
2-a -6
BBIPAXXCHUC MOXHO 3aMCHUTH TOXIACCTBCHHO PaBHBIM cMy

4 4
2-a -a—=6
BLIpa)KeHI/IeM .

[Touemy manHoe mpeoOpa3oBaHue umeer Mecto? Jleno B TOM, YTO KOTJa MBI J1aBaliu
orpezieNieHue KOPHS U3 YUCIIa a, TO MbI CKa3aJId O €r0 €IMHCTBEHHOCTH. T0 €CTh, HE CYIIECTBYET
YyHclia @, OTIIMYHOTO OT @, JUJIsl KOTOPOro CIIPaBeAJIMBO PABEHCTBO , 3TO PaBEHCTBO
BO3MOJXHO JIMIIb IIpU a=daj. Taxxe MBI 3HACM, UYTO 3HAYCHUA TOXICCTBCHHO paBHBIX
BBIpaKEHUI A M A; paBHBI TP JIIOOBIX JOMYCTUMBIX 3HAUYEHUSIX NMEpeMeHHbIX. M3 3tux dakton
clenyeT pa3doupaeMoe yTBEpKICHHE.

Hcnoab3oBanue CBOMCTB KOPHeH

Jlis  TOXAECTBEHHBIX MpeoOpa3oBaHUN  HUPPALUOHAIBHBIX  BBIPAXKCHHH  IIHPOKO

Va-b=da-b

UCIIOJIB3YIOTCS CBOMCTBA  KOpHeW. Hampumep, HcCmons3ys  CBONCTBO

1+ 43412

rae a>0, b>0), oT UPPAUMOHATBLHOTO  BBIPAKEHUS MOXXHO  TIEpEeUTH K

1++/3:12 g =g

TOXIACCTBCHHO PpPAaBHOMY BbIPAKCHUIO . A cBoiicTBO ,

x? +aalifa 2 Yy
rac aEO, IIO3BOJISICT Bpra>KeHI/Ie HepenHCﬁTB KaK o .

Hpeo6paSOBaHI/Ie I/IppaI_[I/IOHaJIbHLIX BLIpa)KeHHﬁ, COL[Gp)KaI_uI/IX 104 3HaKaMHu KOpHCP’I
OTpI/II_[aTeJIBHLIe yuciia Hu BBIpa)KeHI/IH C HepeMeHHBIMI/I, COHpiDKCHO C pHHOM HIOAHCOB.

-7 W A-T
-81 431

Haan/IMep, MBI HE HMCEEM npaBa 3alInucaTtb paBeHCTBO HAa OCHOBAaHHNU
o Aia

Hl— =
/b
. Jlemo B ToM, 4TO yKkazaHHas ¢opmyna
JaHa IS HEOTPHIATEIIPHOTO 4YHCIa @ U TOJIOKHUTENBHOTO b, a —7 M —81 — oTpHUIIaTeTbHbIE

CBOICTBa KOpHEH, BBIPaKEHHOTO (OpMYJIIOi

ymcna. Ho eciau mpenBapuTenbHO 3aMEHUTH ApOoOb MOJT 3HAKOM KOpHS paBHOM el 1poObio 7/81,
TO Jajiblle MOXXHO IPHUMEHATh YINOMSHYTOE CBOMCTBO KOPHEH M IMEPEXOAUTh K BBIPAXKECHHIO

%

e
&)
—

BUIA
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[TogoOHbBIE TOHKOCTH B JIETaIsX Pa300paHbl B CTaThe MPEeoOpa30BaHNE UPPAITMOHATBHBIX
BBIPAKECHUM C UCIIOJIb30BAHUEM CBOMCTB KOPHEM.

CBolicTBa KOpHEH J€XaT B OCHOBE JBYX CJIEIYIOLUIMX IpeoOpa3oBaHUil, Ha3bIBAEMbIX
BHECEHHUEM I10]1 3HAK KOPHS U BBIHECEHUEM H3-110/1 3HAKa KOPHS, K PACCMOTPEHUIO KOTOPBIX MbI
U IIEPEXOIUM.

BHeceHnne MHOKHMTeISI IO 3HAK KOPHS

B-3c

BHecenne MHOXMTENsT MOJ 3HAK MOApPa3yMEBaeT 3aMEHY BbIPAXEHUs ,

rae B u C — HeKOTOpbIe YKCia WM BBIPAXKEHUS, a 71 — HATYpaJIbHOE YUCIIO, OOJIbIee €TUHHIIbI,

F H F H
VB -C —AlBs O
TOXKJECTBEHHO PaBHBIM BBIPAKCHHEM, UMCIOIIM BH]{ WITH .

23

HaanMep, HPppallMOHAJIbHOC BbIPAKCHUC IOCJIE BHECECHUS MHOXUTEIS 2 mon
A2 x
3HAK KOPHA IIPHUHUMACT BUJI
BrpiHecenne MHOKHTEIA H3-110J1 3HAKA KOpPHSH
[IpeoOpazoBanreM, B M3BECTHOM CMBICIIC OOpAaTHBIM BHECCHHIO MHOXHUTEIS IO 3HAK
KOpH?[, SABJIACTCA BBIHCCCHUEC MHOXXUTCIIA HU3-1104 3HAKa KOpHH. OHO COCTOUT B HpeIlCTaBJIeHI/II/I

rtll'Bn_C E’{/{E

KOpHA B BUJIE [IPOU3BEICHUS npu HEYETHBIX 71 WK B BHJIE
|B1-5/Ic]
IIPOU3BEICHUS IIPYU YETHBIX 71, T1€ B u C — HEKOTOpBIE YKCIIA WIN BBIPAKECHUS.
3a IIPUMEPOM BEpHEMCH B IIPEABL YN IIYHKT: UPPALMOHAIILHOE

31,# 27«
BLIpa)KeHI/Ie I1I0CJIC BBIHCCCHU A MHOXHUTCIIA N3-1104 3HaAKa KOpHSI HpI/IHI/IMaeT

2-3fx

B Jpyroii npuMep: BBIHECEHME MHOXMWTEIS U3-1I0J 3HaKa KOpHA B

(x+1) -7 b+ 1)<, 1]7]

BBIPpAXKCHUU Aac€T MPOU3BCIACHHUC , KOTOpPOC MOXHO ICPCIIUCATL B

|x+1|-ﬁ

BUIC

Penrenue 3aganni:
Nel.
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Mpumep 1: Ynpocmume ebipaxeHue:

a) Naib* =\ \b* = ab’;
oy (e’ _ﬁfm__ia_
o

Mpumep 2: Bbmecmu MHOXUMEeNs U3-nod 3Haka
K8adpamHo20 KOPHA.

a) 8la=~81-Ja=9a:
6) 32a°=\16-a* 2 =\16 @ V2 = 4a\l2:

&) Joa'b'=+9-a*-a-b*-b =

5 a5 B
No2.
¥YNpoCTHTE BbIPANKEHHA:

a) 42 + /50 - /18 ; a) 7V/3 - /48 + V27 ;

6) V3 (248 + V12); ) V3(VB +442);

5) (V5-2)'; 5) (V3+5) ;

0 (J‘ f)(@hr) ) (V5 +V8) (V5 - B).
Ne3. Brr

» 5] d
? | 7] 7]
' N2-i0] +[Vio—]
" WS- Vis-3
R R ]
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IpakTnyeckas padora Nell
Tema 3.2 [IpeoOpa3oBanue UPPATMOHATBHBIX BBIPAXKCHUN
Henab: Hayuutbcest npeoOpa3oBbIBaTh ApOOHbBIE HPPALIMOHAIBHBIE BBIPAXKEHHUS

Teopernyeckasi 4acTh:
IIpeoOpa3oBanme aqpodeid, cogepKraMX KOPHU

WppainoHaibHble BBIPAKEHHS MOTYT COIEpXaTh JAPOOU, B YHCIHUTENC U 3HAMEHATEIe
KOTOPBIX MHPUCYTCTBYIOT KOpHH. C TakuMH JApOOSIMH MOXKHO TPOBOJAUTH JIIOOBIE W3
OCHOBHBIX MONCOeCMEEeHHbIX NPeobpazoeanull Opooell.

Bo-miepBbix, HUYTO HE MelIaeT paboTaTh C BRIPAKCHUSIMHU B YHCIIMTENIC U 3HAMEHaTele. B

(2+3)-4x
VVxT+5 .

KauecTBe MpHUMEpPa PacCMOTPUM JIpoOb UppannonansHoe BBIpOKEHHE B

YUCIIUTENE, OYEBUIHO, TOXKIAECTBEHHO PaBHO , 4, OOpaTUBIIKCH K CBOMCTBAM KOpHEH,
& 2
Ny T+ 5

BBIP@KEHUE B 3HAMEHATEJIEC MOXKHO 3aMEHUTh KOPHEM . B pe3ynbTare ucxoanas 1po0p

5.4/x

6f,.2
npeobpasyercsa k Bugy v T 5,

Bo-BTOpBIX, MOXKHO M3MEHHUTb 3HaK Iepel] ApoObl0, M3MEHUB 3HAK YHUCIUTENS WM
3HaMeHarens. Hanpumep, uMeOT MeCcTO Takue IpeoOpa3oBaHUs  UPPALMOHAIBHOIO

3 x+2-ﬁ _ x+2-ﬁ _x+2-ﬁ
—3-x:+iﬁ —(—3~x2+J{EJ 3-:{2—%

BBIPpAXKCHUA: .

B-TpeTrbux, mMHOrAa BO3MOXHO M I€JIecOOOpa3HO MPOBECTH CcokparieHue apodu. K
3.(3x=a—1) V%
3
(ifx +4 —]]

3eafx
Vr+d4-1 {3x+4—]]2_

HPPpaluOHAIIEHOC BBIPAKCHUC , B pC3YJIbTATC MMOJTy4acM
HOHHTHO, 4TO BO MHOTHX CIyYasaXx, HOpCKAC YCM BbIIIOJHUTL COKpAICHHUC I[pOGI/I,

npuMepy, Kak OTKa3aTb cebe B YyJIOBOJBCTBUU COKpPAaTUTh JIpOOb Ha

BBIPAKEHMS B €€ YUCIIHUTENEC U 3HAMEHATeNIe MIPUXOJUTCS PACKIaJAblBaTh HA MHOXKHUTENH, YETO B
MPOCTHIX CIIyYastX TO3BOJISAIOT JOOUTHCA (DOPMYIBI COKPAIIEHHOTO YMHOXEHHS. A HWHOTIA
COKpaTUTh ApOoOb TOMOTaeT 3aMeHa TEPEeMEHHOM, IO3BOJIAIONIAsl OT HCXOJHOW Ipodu ¢
HUPPAMOHATFHOCTRIO TIEPEUTH K palMOHAIBHOW Apodm, paboTaTh ¢ KOTOpod KOoMGpOpTHEE U

MIPUBBIYHEE.
Xx—y
g
NI+ LY
Hns npumepa BO3bMEM BBIPAKECHHUE . Brenem HOBBIE
U=4lx V= '\J{;
IIEpEMEHHBIE 51 , B OJTUX TIEPEMEHHBIX HCXOAHOE BBIPAKECHUE HMEET
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BU =1 . BrimomauB B umcimTene Pa3I0KECHUE MHOIoOwIiCHa Ha MHOXHUTEIIHN I10

dopMyne pa3HOCTH KBaIpaTOB, IOJly4aeéM BO3MOXKHOCTb COKPAaTUTh JApoOb Ha u+tv,

2.“2_1‘: =2I(H—U}'(H+1')_2I(u_r}

uMeeM =1 H=1 . BpimonHuB  oOpaTHyr0  3aMeHY,

2 (G2 d5)

NpuxoaAuM K BbIPAKCHUIO o, KOTOPOC TOXKACCTBCHHO PABHO HCXOIHOMY

UppaLMOHaIbHOMY BhIpaxkeHuto Ha O/13.
B-uetBepThIX, [OpoOM C HMPPANMOHATBHOCTBIO MOXXHO MPHUBOIUTH K HOBOMY
3HAMEHATEeNI0, YMHOXas €€ YUCIUTEIb WM 3HaMEHATeldb Ha JOIOJIHUTEIbHBIH MHOXXHTEIb.

-1
0.5-v1

HaHpHMep, IIpUBCICM I[p06]5 K HOBOMY 3HAMCHATCIIIO X. I[JI?I 9TOro €€ 4MCJIMUTCIb U

2eaix

3HAMCHATCJ/1b CJICAYCT YMHOXUTDH Ha HUppalioOHaJIbHOC BBIPAXKCHHUC
-1 24k (Wa-1) 24k RA-)
0.5-4x  05-x-2:4x x

MMEEM
HamomuamMM, 9TO BBITIOJHSTH COKpAIICHHWE IPOOCH WM TpHBeIeHUE JpoOell K HOBOMY

3HaMeHarero Heooxoaumo Ha O/]3 mepeMeHHBIX 11 KCXOMHOHN Ipo0Hu.

YMHOKEHHE YHCIUTENs W 3HaMeHaredss ApoOM Ha HEKOTOpPOe HppaIoOHAIBHOE
BBIpaXEHHE YaCTO MCIOIb3YeTCs sl IPpOBEAeHHsI TpeoOpa3oBaHusl, HA3bIBAEMOT0 N30aBIeHUEM
OT UPPALIMOHAILHOCTH B 3HaMeHaTene. PazdepeM, kak OHO MPOBOIUTCS.

N306aBiieHue 0T HPPANMOHAIBLHOCTH B 3HAMeHAaTeJIe

N30aBneHnemM OT MppaIroHAIBLHOCTH B 3HAMEHATENE Ha3bIBAlOT MPEoOpa3oBaHHE, MPH
KOTOPOM JpOOb 3aMEHSIETCSl TOXKJIECTBEHHO PaBHOM ApOOBIO, HE COJEpaIllel B 3HaMEHATele

o .x

3HAaKOB KOpHEH.

g
)

3
Hanpuwmep, 3aMeHa Ipobu IpoObIO ecTb 0CBOOOKICHHE oT
UPPaLMOHATILHOCTH B 3HAMEHATEIE.
Ilepexoa oT KOpHEH K CTeNEHAM

Ilepexoa OT KOpHEH K cTemeHsM IpH MPeoOpa30BaHUU HPPALMOHAIBHBIX BBIPAKEHUH

R F

MMPpOBOAUTCA Ha 0aze PaBCHCTBA , C TIOMOIIBIO KOTOPOro HAacTCsd OIPCACICHUC
CTCIICHU C PAlMOHAJIbHBIM ITOKA3aTCJICM. MM 6e3003HEHHO MOXKHO IIOJIB30BaThHCA, KOIrJa a —
Flm=2
Y5
MOJIOKUTECIIBHOC YHUCJIO, m — LCJI0C YUCIIO, a4 1 - HATYPAaJIbHOC. HaHpI/IMCp, KOpPCHb MOXHO

g

| ka

3aMCHHUTDH CTCIICHBIO C ):[pO6HBIM IIOKa3aTcJIEM BHU A
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Ecmn  xe moag KOpPHEM HaxXOAUTCA OTpULOATCIIBHOC 4YHCIO HWJIHW BBIPAXCHUE C
FH

ni _m "

a =a”
HEPEMEHHBIMH, TO (BOpMyII0i HaJ0 MO0Jb30BaThCA akKyparHo. Hampumep, Mbl He
3 2
JE8) 416y (=8)F (<16)3
H b

HNMEECM IIpaBa Cpa3y 3aMCHUTH KOPHU u CTCIICHAMHA BHa
i

TaK KaK (bOpMy.]'Ia HC UMCET CMBICJIa I OTPHULATCIBHBIX A.

Pemenue 3aganuii:
Nel. ITpeoOpa3oBathk qpoob:

) I;'.i"l"."l"k,llll..'l-'
w@;f;ﬁm-ﬁ}.

) afa+33=(Va) +(\) = (V= B)|(Va) a5 +(Bf |-
={w":_r+-ﬁ]{a~xﬁ+-‘f]; H |
2) {,,,G_ﬁ}“ 4B = [{@]_ -.~.'f;r-u"§+[ Jﬂ_]eﬂ.@;:

=2 3-:*.-+3+~.Ir§.-:":=

Ne2. [Tpeobpa3zoBatrh BbIpaKeHHE:
a) x - 10yx +25 2Jx-10
3x+12 ~ x-16 '

0) 1-a u+l-.|l'ab+4b_

aJa +8J6 3-8Ja

B) ¢-25  3Jc+18,
c+12Jc + 36 2Jc +10

r)5Jm -10Jn _4n - 4Jmn + m

Jm -5 15 - 3Jm

No3. BBITTOJIHATE 3aIaHU:
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® 1. YupocTHTe BhIpa)keHHe:
a) 6V3+V27-3V75;  6) (V50 —-2V2)V2;  B) (2-V3)2
@ 2. CpaBHHuTe %vﬁ " %UZE

3. Coxkparure Apobb:
V3-3 . 6 a-2Va

V5-V1s5 "’ 3Va-6
4. OcBoboguTe Apo6k OT 3HaKa KOpHA B 3HaMeHaTeJe:
5 8
a) ; 6) ——.
3V10 V6 +V2

5. IloxayxuTe, 4T0 3HAYeHHEe BBIPpaKeHHUHA
1 1

2V7T-1  2V7T+1
ecTeE HHUCJIO pEl]J,HDH&JIhHDE-

Ve -V7
7

6. IIpu Kakux 3HaYeHMAX X Apobb ::_ NpHHIMAaeT

HaubonblIee 3HAUeHHe?

IIpakTnyeckas padora Nel2
Tema 3.3 Perenue uppaiuoHaibHbIX YPaBHEHUI
Heas: Hayuntbes pemats uppanroHaabHbIE YpaBHEHUS

Teopernyeckas 4acThb:

Onpenenenue. UppauuoHaJbHbIM HA3bIBaeTCs yPaBHEHUE, B KOTOPOM HeH3BeCTHOE
(mepemMeHHAas1) COAEPKUTCH MO 3HAKOM KOPHSI MJIM IO/ 3HAKOM OIlepaliiu BO3BeACHHUS B
pPauMoHAJbLHYIO (IPO0HYI0) CTENEHb.

Jlns  perieHus HMppalMoHANbHBIX ypPaBHEHHH OOBIUHO MCIOJB3YIOTCS CIEIYIOIINE
MIPUEMBI:

1)Bo3BeIcHNE B COOTBETCTBYIOIIYIO CTEIIEHb 00€ YaCTH YpaBHEHUS;

2) BBeJIeHUE HOBOM IIEPEMEHHOI;

3) cBeieHHE K cUCTEME ypaBHEHUM;

4) mpuMeHeHHe CBOICTB (YHKIIMM, BXOIALINX B YpaBHEHUE.

[Ipu permenun uppanMoOHATBHBIX YpaBHEHHH HEOOXOAMMa MpPOBEpKa BCEX HaNICHHBIX
KOpHEW MyTeM HX MOJCTAHOBKHM B MCXOJHOE ypaBHeHHE WM HaxoxzaeHue OJ[3 u ciaemgyroniuii
aHaJIu3 KOpHEW (Mpu pelIeHuH METOJOM NPHUBEACHUS K PAaBHOCHIBHOM CMEIIAHHOM CHUCTEME
YpaBHEHU U HEPABEHCTB HEOOXOMMOCTh B ’TOM OTIIAIAET).

[Ipocreitimnum uppanuoHaIbHBIM YPABHEHUEM SIBIIIETCS YpaBHEHUE BUIA:

7@ - £(x)

IIPH PELIEHUN KOTOPOTO BaKHYIO POJIb UTPAET YETHOCTh UM HEUETHOCTD .
Ecnu n- HeueTHoe, TO JaHHOE ypaBHEHHE PABHOCHIIBHO YPABHEHUIO

f&)=(gl)

Eciu n = 4€THOC, TO, TAK KaK KOPCHb CYHUTACTCA apI/I(i)MCTI/I‘-IeCKI/IM, HCO6XOI[I/IMO

o x)=0 af =
yuntbiBath OJ[3 (061acTh TOMYCTUMBIX 3HAYEHUN): f . YpaBHeHUe T(x)=2(x) 5 5rom
CIIy4ae paBHOCHIILHO CHCTEME:
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{f ()= (=)
g(x)=0
IIpumep 1.

Pemmmte ypaBHenue vx — 3 = 5.
Pemienne. Tak kak n=2 - 4eTHOE, TO 00€ YACTU YPaBHEHHS BO3BOAMM BO 210 CTCICHB!

(Vx—3)2=52e x—3=25 ©x=128

Ortser: 28
IIpumep 2.

3/ 3
Peumuts ypasrernne ¥ —2X+1=1

Pemenune. Tak kak B JaHHOM IpuMepe n=3 - HEUETHOE, TO TOCIE BO3BEICHUS O0EUX
yacten ypaBHEHUS B TPEThIO CTENeHb HOJIy4YUM
PaBHOCHJIBHOE JTAHHOMY ypaBHEHHUE:!

x=10 x=10
©-kx+rl=Por -u-0o =
x°=-2=0

2 X = i‘\E
Otser: 1~ —/2, Xy =0,x; = 2 :
IIpumep 3.

Pemmte ypaBHeHue X+l=2-x
Pemenne. Tak kak n=2 - 4eTHOE, TO UCXOJIHOE YPAaBHEHHUE PABHOCUIBHO CUCTEME:

=i{7—_ x+l=4—4x+x? 2-5x+3=0
x+1=(2-x) . .
2—-x=20 x<2 =2

<> =,
x<2

x=(5-13)/2

g 5t13 __5-B
—

OTtBer:

" —_n
YpaBHECHHS BUIA “'/f(x) Jg(x) , PEIIAIOTCsl CIETYIONM 00pa3oM:
n — He4YeTHoe = f(x) = g(x)

I S e

IIpumep 4.
Pemmnts ypapuenne: V5 —x = Vdx + 2

5—-x2>20 x<5
{ 4x+2=20 = {xZ—O,S =
5—x=4x+2 x=0,6

OtserT: 0,6

IIpumep 5.

Pewmts ypaBHenue: V2x+6 —vVx+1 =0

Pemenne. 3anunieM JaHHOEe ypaBHeHHME B Buje: V2x + 6 = vx + 1. Bossoas obe
x+1=0
2x+6 =20

4acTU B KBaJpaT U y4UTHIBAsA, YTO { [I0JIy4UM ypaBHeHue 2x+6=x+/, penieHue
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KOTOPOI'0 €CTh X = -5 — HE Y/IOBJIETBOPSIET BBHIIIMCAHHOMY YCIIOBUIO. 3HAYUT, JAHHOE YpaBHEHUE
HE UMEET PEIICHUH.

OrtBet: HET pelieHni

Ecnu uppanmonanbHOE ypaBHEHUE COJIEPKUT HECKOIBKO paJuKanoB. B aToMm ciaydae s
130aBJICHHS] OT PAJUKAJIOB YpaBHEHUE MPHUXOJIUTCS BO3BOJUTH B COOTBETCTBYIOIIYIO CTEIEHB
HECKOJIbKO pa3. [Ipu 3TOM mpeaBapUTENIbHO YEIWHSIOT OJAWH W3 PAJUKAIOB TakK, 4TOOBI 00e
YacTH ypaBHEHHUS CTanu HeoTpunarenbHbiMu. Oco0oe BHUMaHUE cieayer oOpaTHTh Ha
npaBwibHOE HaxoxaeHue O/13.

IIpumep 6.

J2x-9—+x-3=1

Pemts ypaBHeHue

Pemenue. 3anuiieM ypaBHEHUE B BUAE: * 2x-9=1++x-3 . Tak kak Tenepp o0e
YacTH MOJIYYEHHOTO YpaBHEHHS HEOTPULIATEIbHBI, TO BO3BEJIEM HX B KBaJIpar:

2x—-9=1+x-3+2/x-3 = x-T7=-x-3 '

[TonyyeHHOEe ypaBHEHHE PaBHOCWIBHO HCXOMHOMY. [l €ro pemeHus paccMOTPUM
CHCTEMY:

x-720 x=27 x=27

= =
(x—7) =4(x-3) x’ —14x +49 = 4x—12 x*-18x+61=0
x=7

Lo x=9+xf2_ﬂ

ngi@

Orper: X =9++20

BBeneHne HOBOM NIEPEMEHHON B PsI/IE CIy4aeB MO3BOJISAET EPEUTH OT UPPALMOHAIBHOIO
YpaBHEHHSA K pallMOHAILHOMY YPaBHEHHIO.
Ipumep 7.
2 2
Pemnth ypasuenne * Tt 3x+4Vx" +3x-5=10
Pemenne. Bo3eneHre NaHHOrO ypaBHEHUsI B KBaJpaT MNpPUBEIO Obl K YpaBHEHHIO
YETBEPTOM  CTENEHW, 4YTO  HepauuoHanbHO. [losTOMy  3ammmiemM  ypaBHEHHME B

2 2
pige X FIX—5+ANXT+3X-5=5 | pponen wonyion nepemenyio:

y= xt+3x-5 y=0

=1
y1 +4y-5=0 <= [y
[Tonyuum J-'=—5_

f.2 _ f.2 _
BepHeMcs K «CTaphM» TEpEMEHHBIM * % +3x-5=1 i +3x—-5=-5 .

BTtopoe w3 mMoJydeHHBIX YpaBHEHUW pENICHHWM HE HWMEeT, a pPEHIeHUus IEepBOro €cTh
—3+./33
x=———.

quciia 2

_-3-.33 . _-3+.33

X 2
OTtBer: 2 2

NHorma mpw pemeHur WPpalMOHAIBLHOTO YPaBHEHUS BO3HHMKAET HEOOXOIUMOCTh
BBECTH HE OJIHY, a HECKOJIbKO «HOBBIX» MEepeMeHHbIX. Takas cUTyalusi BOZHUKAET, HAIpUMeED,
IpY PEIICHUN YPAaBHEHUH, COACPIKAIINX PAAUKAJIbl Pa3HbIX CTEIICHEH.

ITpumep 8.
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3 _
Pewuth ypaBHEeHHE Jx-24311-x =1
_ _ 3
Pemenue. [Tycrs ¥ = x-220,v=31-X qoypu+v=1 ¢ Apyroi

2
cToponsl ¥ +v =x—2+11-x= 9 Honyuaem cucremy
utv=1 u=1-v u=1-v
o <
u v =9 (1—v)1+v3:9 Vv —2v-8=0

PemmMm mocieanee ypaBHCHUE CHCTEMBI:
Vivi-2v-8-0 < (¥ -8)+v(v-2)-0c

v=2
v—2 v1+2v+4+v =0 o ow=12
G-2) ) ?  3vi4=0

Monyaum, uro¥=2, a rorma#=1-¥v=-1<0_ 156  ycnosmo ¥=0
CJIEOBATEJIbHO UCXOIHOE YPABHEHHUE PEILICHUI HE NMEET.

OTBeT: HET peleHuN.

IIpu pemieHUHM HEKOTOPHIX MPPALUOHAIBHBIX YpaBHEHMH HaxoXaAeHue o001acTu
JOIYCTUMBIX 3HAUEHUN BXOJAIIMX B ypaBHEHHE HEU3BECTHBIX MOXKET CYILIECTBEHHO OOJIEIYUTh
pelleHue ypaBHEHUS.

[Ipn pemenun HppaLMOHAIBHBIX YpaBHEHHUH OBIBAE€T II0JIE3HO BOCIOJIb30BATHCA
MOHOTOHHOCTbBIO (DYHKITHI.

[Tpumep 10.

x+6)=6-3x1+6

Pemenne. OMH KOPEHb JaHHOTO ypaBHEHUs ¥ = 2 jterko Haiitn nonoopom. Ilokaxem,

JUx+6)+3x+6=6

Pemntes ypaBHEHHE

YTO JPYTUX KopHeﬁ HeT. 3amnuileM ypaBHEHHUE B BUJIE

CBOI/ICTBy CTETIEHHBIX GyHKIMI
GyHKIUH Filx 1( ) v ( j ¥2 (I) ) SABJIAIOTCS BO3PACTAIOIUMH Ha
IPOMEXKYTKE [-6; ), e OHH o0e OTIPEIENEHEL. [TosTomy ux

y(x)= J2(x+ﬁ)+¥x+ﬁ
cymMMa Ha 5TOM IPOMEXYTKE TaKK€ BO3pPACTacT, CIIEJ0BATENBHO,
OHA MPHUHUMAET KaX10€ CBOE 3Ha4eHUe (B TOM uuciie U 6) Toabko oguH pa3. [lostomy npyrux
KOpHEH HeT.

Otser: X =2

Pemenue 3aqanui:
Nel. Pemmts ypaBHEHHS:

1 VE-2=1

2)~\.’x—1 = —3’

3 Vr-1=73,
N

4) V523

Ne2. Pemith ypaBHEHHUS:
1) *-,‘-"—?2 —17x = —x

b

2) Vxl+Tx—2=6—x
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3) Vit—x—6=+2x

No3. Pemiuth ypaBHEHUS:
1) Vi+2+43x—-2=4

2) Vvxr—1++/x+2 =1,"11—x.

No4. Pemiuth ypaBHEHUS:
4 +3
— 27
1) ¥w+2 5

2) Vi—2+23x—-2=3
IIE Iﬁ 10

4 =
3) -.1Ix+3 -.1I2—x 3

Ne5. Pemuth ypaBHEHHS:
1) (x2—4x +3Wox—2—-2x2 =0,

2) Vr—1yxr —24/x—3 = 0.

IIpakTuyeckas pabora Nel3

Tema 3.4 Iloka3zarenbHas (GyHKIMS, ee CBOMCTBaA. PemieHue noka3aTeabHbIX YpaBHEHUH U
HEPaBEHCTB

Iean: HayuuTscs pemars noka3areabHble YPaBHEHUS

Teopernyeckas 4acThb:

Onpeoenenue YpaBHEHNE, B KOTOPOM NE€PEMEHHasl COAEPKUTCS B NOKa3aTesle CTENEHH,
HA3bIBAETCS MMOKA3aTEeNbHBIM.

[IpuMeps! moka3aTenbHbIX YPaBHEHUM:

1. 2" =4;

5. 47427 41=0,
6 5‘:’x+1_43‘:2x+3+63-r :{}.
BLI6epI/ITe MMOKAa3aTCIIbHLIC YPABHCHU:
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-

D2 —x+3=0,

23 =27 =10

E}-..":'."(-] _ :."11-3 — ':..E':

Crnoco0b! penieHus MOKa3aTeJIbHbIX YPABHEHH

Beiensror aBe rpynibl cnoco00B: TpaguuecKuil 1 aHATUTHYECKHE.

BcenomuuM cyTh rpaguieckoro crnocoba peieHus ypaBHEHH:

1. IMoctpouts rpaduku AByX (HyHKIMHU (JIeBast ¥ IpaBasi YacTH YPaBHEHHS);

2. Haiitu abcuuccsl Touek nepeceueHus rpaukos;

3. 3anucarb OTBET.

PaccmoTpuM rpaduueckuii cnoco6 pemieHust Ha npumepe ypaBHeHus 2 = 4 Iloctpoum
rpaduku pyHkuui y = 2%, y = 4 u HaiiieM abCIUCCY TOUKH IepecedeHus rpagukos: x = 2.

i 5/
o R ]
/
/ .
-
— [1] 1 1 I.'

OtBeT: x =2

I'paduueckuii cnoco® MOXXHO TNPUMEHUTh HE BCErJa, MOITOMY paccMOTpuM Ooiee
YHHUBEpCaIbHbIE OCHOBHBIE aHATUTUYECKHE CIIOCOOBI pEHIeHUsI TOKa3aTeIbHbIX YPAaBHEHUH.

AHaIUTHYECKHE CTIOCOOBI:

1. IlpupaBHMBaHUME OKA3ATENEH;

2. BriHeceHue 00IIero MHOXKHUTES 32 CKOOKH;

3. BBeneHne HOBOHM IEPEMEHHO;

4. Vcnonp30BaHUE OTHOPOAHOCTH.

PaccmoTpuM kax bl ciocod moapoOHee U pazdepeM Ha mpumMepe.

1. IlpupaBHUBaHNE OKA3aTENEH.

Cytb MeTOna:

1. Yeaunuts cnaraemoe, cozepskaliee NepeMEHHYIO;

2. [TpuBecTH CTENEHU K OJHOMY OCHOBAHUIO;

3. IIpupaBHATH OKA3aTENH;

4. PeminTh NOJIy4YEHHOE YPABHEHHE;
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5. 3anucarh OTBET.

[Tpumep:
F_27=0

F =27

3" =3

=73

OtBer: x=3

2. Beinecenue 0o0I1Iero MHOKHUTEIS 38 CKOOKH
[IpuMeyanue: BBIHOCUM 3a CKOOKM MHOXKUTEJb C MEHBIINM TOKa3aTeIeM.

[Tpumep:

3F -3 =78

3f1-3*)=-78
31— 27)=-78,
3 (- 26)= —78;

3 =3

x=1.

OtBeT: x =1

3. BBeneHue HOBOM NepeMeHHON

Kaxk nmpaBumno, ypaBHeHUs1, peiaeMbie 3ITUM CIIOCOOOM, CBOJIATCS K KBaIPATHBIM.
2 3 _

TIpumep: 4= 5. 47 44 =10

[lycth 4* = a Torja ypaBHEHUE MOXKHO 3a1UCaTh B BUJE:

a®—Sa+4d=10
D=25-16=9
@ = E =4
2
5-3

=——=1
a, >
Cnenaem oOpaTHYIO 3aMEHY:
4 =4mm 4 =1;

x=1 mwmx=0
OmBeT: x=1nmx=0

4. Ucnonb30BaHNUE OTHOPOJAHOCTH

L@ )
Onpeoenenue IlokazaTenbHble YpaBHEHUS BHJIA Ha3BIBAOTCS
OJTHOPOJTHBIMU.

Cytb Metoga: Tak kak mokazaTenbHas (QyHKIMS HE MOKET IPUHUMATh 3HAUYE€HUE, pABHOE

HYJIIO, U 00e yacTH YpaBHCHHUA MOXHO ACJIUTH HAa OAHO M TO K€ HEC PaBHOC HYJIIO YUCIIO,

Fx)
pazzenuM o0e 4acTu ypaBHEHUs, HalpuMep, Ha B

[Ipumep: 2 = 3*

Pasngenum 00e yacTu ypaBHEHHUS Ha 3= 0
2 3"

Fa

g

=10
OtBeT: x =0
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Pelnenne 3axanui:
Nel. Pemuth ypaBHEHUS:

12" =16,
1

T7)5°

D05 = 0125 = Tk
| M
4= —. 8)2 =4,
16
. 1 x4+
{ Y 0 -l-x _ -

'”{%! SO £
:q'}]ﬂr — _:|~.I|'-1““~ 1':”(';-1:-“ B :I(it.
6)0,3" = —IT{.I“. L33 = %
N92.PemI/IT; yYpaBHEHHUE:!

1 2—3x

(_) — 25 x+1 X x+5 X

2\ ; T+ 37 = 25 432

X X — X __ —_
5 4+ 25 —20=0. 3 2= —2x+3

X . -2 __
g 55— 7-52=90.
No3.Pemmte ypaBHEHUE:

2Xx—3 _
a) (011) X — 10. r)3x+3 13¥— |{. 2x+=1- —17- 2% '
(I)X—z ’
— = 2x+1

oo . X _ —

59 —7-3*—18=0, o\ |

L g4 —3- 472 =52

Ne4. Pemnth ypaBHEHHE:

p(02)7 =25 4 _12.27432-0,
x—y=4,
5% =125,

b

Ne5. Pemmtsb cuctemy ypaBHEHUN
Ne6.Pemuts ypaBHEHME

n7 " +5-7" =588
2) 3" +4.3* =279

IIpakTnyeckas padora Nel4
Tema 3.4 [loka3zarenbHas (GyHKIMS, €€ CBOICTBA. PemeHne nmoka3zaTenbHbIX YpaBHEHUH U

HCPAaBCHCTB
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Ieab: HayuuThbcs pemiats moka3arejibHbIE HEPABEHCTBA

TeopeTnyeckas 4acThb:
[Ipocreiiiiee mokasaTeJbHOe HEPABEHCTBO UMEET BHI:
e gz ]
f A ,Tae V - OJIMH U3 3HAKOB: <,>,<, HJIH >.
UToOBI peuuTh NOKa3aTeJbHOE HEPABEHCTBO, HAM HYKHO OT CpPaBHEHHUSI CTENeHen
MEPEUTH K CPABHEHUIO MOKa3aTeleH.
fix)

=i

Kak wBI IIOMHHUM, IIOKa3aTcJibHaA (byHKHI/IH ! BO3pacTacT IIpU  BCEX

JeHCTBUTEIBbHBIX 3HAYCHHSAX © , eciu =1 g 3HAYUT, YTO OOJBIIIEMY 3HAYCHHUIO apryMEHTa
COOTBETCTBYET OOJIbIlIee 3HaUeHUE PyHKIMH. TO eCTh U3 HEpaBEHCTBA

M) gfx) .

T f (x|

=g(r)
CIIEyET HEPABEHCTBO J=81

4

AHaJIOrMYHO, TaK KaK MMoKa3aTeibHas (YHKIHUS YObIBAaEeT, €CIH U<a {1, U OOJIBIIEMY

3HAYCHHUIO apFYMCHTa COOTBCTCTByeT MCHBIIICC 3HAYCHHC q)yHKIII/II/I, nu3 HepaBCHCTBa
Sz gz e

o st CIIe/TyeT HEPaBEHCTBO Flz)<g(=)

To ecTh HpH pelIeHHH NPOCTEAIIMX MOKA3ATEILHLIX HEPABEHCTB IMPEKIE YeM
CPaBHHMBATH BHIPAKEHHsI, CTOSIIIHE B MOKAa3aTeJie CTeNeHH, HY)KHO CPABHHUTH C eIHHHIEN
OCHOBAHME CTENEHEN.

Emé pa3, 310 BaKkHO:

€CJIM OCHOBAHHE CTEeNeHH O00JIbllle eIMHHMIbI, TO INPH IEPEXOJE K BBIPAKCHUSIM,
CTOSILMM B II0Ka3aTelle, 3HAK HEPABEHCTBA COXPAHSIETCS

€CJIM OCHOBAHHE CTENEHH OOJIbINE HYJISl, HO MEHbIE eIMHHUIbI, TO IIPH IEPEXOJE K
BBIPKEHHAM, CTOSIINM B TIOKa3arelie, 3HAK HEPABEHCTBA MEHSETCS HA MPOTHBOMOJIOKHBI.

Bce mokaszarenbHble HEpaBEHCTBA JIIO0OI0 YPOBHS CJIOKHOCTH, B KOHEYHOM WTOTE,
CBOJIATCS K PELIEHHUIO POCTEMIIMX MMOKa3aTeIbHBIX HEPABEHCTB.

PaccMOTpPHM HECKOJILKO TIPUMEPOB.

1. Pemium HCPAaBCHCTBO:
& G

(0.3)77% <(0.3)""

Tak kak OCHOBaHHE CTEICHEH []":;{1, Inpru Hnepexoa€ K BBIPAXKCHUAM, CTOSAIIUM B

II0Kas3aTeJiC, 3HaK HepaBeHCTBa MCHJCTCS HA HpOTHBOHOJ’IO)KHI)H\/JI:
N

-

-2 -1

I[lepeHeceM Bce BIEBO, U IPUBEEM K 00OIIEMY 3HAMEHATEIIO:

X £
: '~

-2 -1
afa-1-60 (-2

- - =
(2-1)(2-2)
2 B
r -Tx+12
FrEYaE =0
(w-1){x-2)
KOpHI/I YUCIIUTCIIA:
r =3 x_=4
1 2
b
(-3 ){x-4)
1 |
0
[a-1){x-2)
Pemum HCPAaBCHCTBO MCTOAOM HHTCPBAJIOB: HAHCCCM KOPHHU YUCIIUTCIIA U 3HAMCHATCIIA
Ha YUCJIOBYIO OCh U paCcCTaBUM 3HAKU:
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<]l Y=ox=3 1=d

>

Orser:
2. Pemium HepaBeHCTBO:
xT A
20 <bxh -0
IlepeneceM Bce criaraemble BJIIEBO M Pa3jlOKMM OCHOBAHMS CTENEHEW Ha IIPOCTHIE
MHOKUTEIIHN:
e _x
5 -bx5 +95<l
Ecnu 6b1 3T0 ObUIO ypaBHEHHUE, MbI peliagn Obl €ro ¢ MOMOILBIO 3aMEHbI EPEMEHHOM.
[TocTtynum Takxe.
Boo06ie, noka3aTenbHble HEPABEHCTBA AENATCS HA T€ XK€ THUIBI, YTO U IOKa3aTelbHbIE
YPaBHEHHSI, U PEIIAIOTCS] TEMH K€ CIIOCOOaMHU.
Buumanue! Ecin MBI pemiaeM HepaBeHCTBO € IOMOIIBIO 3aMEHbI IIEPEMEHHBIX, TO
HY’KHO pemiaTb OTHOCHTEJIbHO 3aMeHbl [0 IOJIyYeHHsl INpOcCTeillllero HepaBeHCTBA.
[TosicHuM Ha 3TOM IpUMEpE.

[Tonyuum cucteMy HEpaBEHCTB:
FE-[H+5 <)
£ =)
Otcrona:
1<t <n
£ =0
To ectp L=<
3anuiieM IBOMHOE HEPAaBEHCTBO B BUJIE CUCTEMBI:
[ =1
L5

Bort Tenepps Mbl MOXEM BEPHYTBCS K HCXOTHON NIEPEMEHHOM:

Orcrona: r=l rl

OTBeT: I i |

Pemrenue 3axanmii:
Nel. Pemnte HepaBeHCTBO:

)" 2 g2 2 +2x-15
a)(;) :’:g; G738 e <1
o 1
6 (V8) "< <

: ﬂ)5-4"—|—2-25"£?’-10"’
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() =1

B) ;

No2. Pemnte HEpaBeHCTBO:
(1 E)K < 5 x% —9x+14

a) [ 5 : r) 0,5 x—3 :-:’ 1’
(%)X+E - E o

6) 5. P24 +25%05 = 7-10%

2 x°—4

(12) <1

B 7 ;

No3. Pemnite HEpaBeHCTBO:

q) 5% =125

6) 0,01 <10”"* <10000
(E)SX—S <(§)x—3

B) 3 9

n 1<6"" <216

No4.BbINOTHUTD 3a1aHUsT
A) CpaBHuTE yHnCla m U 1, €CIU:

1) (9,8)">(9,8)"; 2) (0,6)"<(0,6]".
b) CpaBnaute uncna a u b, eciu:
1) (7.61°>(7,6)"; 2) (0,3]°<(0,3]".

Ne5. Halinute MHOKECTBO pELICHUI HEPABEHCTBA

f 5 13x-5
[ 6 2|£
D! 11 | 11
||' 2'.6:( ,lll 2'.:&3
2) 13 13
Ne6. Pemite HepaBeHCTBO:
-2x-M4
1) 0,2 ** <0,0016; 2) 271 —5-2"42=0,
¥ex—15

3) 0,3 7 =0,027; 4) 5 '-2-5"-7520

IIpakTnyeckas padora NelS
Tema 3.5 Jlorapudwm uncna. Coiicta orapudmoB
Henab: HayunTbes BBIMUCHATH JOrapudMbl U YIOPOIIATh BBIPAXKEHHUS, COAepkKallne
norapudm

Teopernyeckas 4acThb:

Jlorapudm uncna b o ocHoBaHMIO @ ompenenseTcs Kak MOKasaTelb CTENEHH, B
KOTOPYIO HaJ0 BO3BECTH YHUCIIO €, YTOOBI MOTYyYUTh YUCIIO b(ﬂorapmbM CYLIECTBYET TOJIBKO Yy
MOJIOKUTEIBHBIX YUCEIT).
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Jlorapudm B mepeBojie C TPEUECKOTo OYKBaIbHO O3HA4YaeT 'dMCIo, W3MEHSIOIIee
OTHOLLIEHHE".

CrnenuajabHble 0003HAYEHHS:

1. Harypanensrit norapudm Il a - norapudm no ocHosanmio €,

2. JlecatuuHbIi orapudm lga _ norapudm mo ocHoBaHuto 10.

CBoiicTBa 1orapumMoB:

log b
1° @ = b- ocnosuoe jorapupMuUecKoe TOXKIECTBO.

20 log,a=1a=0a+#1

30 log,1=0.a=0a+#1

Jlorapudm enuHUIBI 10 THOOOMY MOJOKUTEIBHOMY, OTIIMYHOMY OT 1, OCHOBAaHHUIO paBeH
HYJTI0. DTO BO3MOXXHO NOTOMY, YTO W3 JIOOOTO JEHCTBUTENBHOTO YHCIAa MOXXHO TOJYYUTH |
TOJIBKO BO3BEJISl €r0 B HYJIEBYIO CTEIICHb.

go log, (be) =log, b+ log, ¢

Jlorapugm npou3BeeHNsI PaBEH CyMMe JIorapu(MOB COMHOKUTEIIECH.

50 log, e log, b—log, ¢

Jlorapudm yacTHOTO (IpoOM) paBeH Pa3HOCTH JIOTapU(PMOB COMHOKHUTEIICH.

6o log, b =p-log, b._

Jlorapugm CcTerneHu paBeH NPOM3BEACHUIO IIOKa3aTelsl CTENeHW Ha Jorapudm ee
OCHOBaHHUSI.

1
log,. b= —-log, b

0

1
log, b=
go log, a
log b
log, b= B
9° log.a . Mepexo/i K HOBOMY OCHOBAHHUIO.

Pemenue 3aqanmii:
Nel. Haiinure 3Ha4eHHE BBIPAKEHUS:

6 * lﬂg? 3*\-'{?

— 1 1 1
6-log- V7 =6-log,73 =6-§~lng?? =6~§~1=

Wcnons3oBanu:
m

an = yam
log, b™ =m-log_ b

Ortser: 2
Neo2. Haiinure 3Hauenue BoipaskeHus logos 3 - logz1,25

log;1,25
log,o3+log, 1,25 = log 0,8 -log, 1,25 = 02,08 =
5 5
=10g,41,25 = ID%E = lﬂgg]—i -1 lnggg =-1-1=-1

Ucnons3oBanu:
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log_b =
oa
log,a
log. b
= =log,b
log.a
1
log kb = T log_ b
Ortser: —1
Neo3 Haiinute 3HaueHUE BBIpa}KeHI/ISI:
SIGbZJ
5]og2_:_¢1-9 5]cg2_j 52-]cg25? — ('52}]og25? —
= 25108227 = 7
OtseT: 7
No4., Haiinute 3HaU€HUE BbIpaKEHUS:
Bz-mgg 3

gZ-loge3 _ (B]GES3J2 =32 =g

Ortser: 9
Ne5.Haiaure 3HaueHuE BBIPAKEHHUS:

6410g9 V3

64103’8\,3 (8 8)103’5\,3 glogsxj glogsyz V343 =3

Ortser: 3
Ne6. Halinute 3HaueHuE BBIpAXKEHUS:
24
3log; 2
24 24 1
3legzs2 2
Ortsert: 12

Ne7. Haiinute 3Ha4eHUE BBIPAKEHUS:

log1 V13
13

.1 _
log 1 V13 = log g1 1395 = —.log;313%5 = —1.0,5 = —0,5
233 -1
Ortser: - 0,5

Neo8 . Haitnure 3Hauenue Boipakenus logs 8,1 + logs10.

log,8,1+1log;10 =log4(8,1-10) =log,81 =4

Otser: 4

No9. Haiinnte 3HaueHUE BBIPAKEHUS:
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log 13
LDgﬁ- \'ﬁ _ 1 1
e = 10g.; VT3 = logi, 137 =5 = 05
OtserT: 0,5

Nel0. Beruncnure 3Hau€HUE BBIPAKEHUS:

(31032 3)10@:3 2

(S]GEE EJ]OEEZ — (3].::522)]“523 — ologz3 _ 3

Ortser: 3
Nell. Haiinure 3HaueHue Beipaxkenus loga(ab?), eciu log, a = 1/7.
[IpeoOpasyem naHHOE BBIpasKEHHE:

log_(ab®) =log a+log, b®=1+3log b

OHpeI[eJ'II/IM 3HAUYCHUC BbIPAKCHUA IOga b. Ham HU3BCCTHO, YTO

| 1
o, = —
ob :I,r
Hcnons3zyeM CBOMCTBO:
1 1
Q. =
=27 log,b
1 1
7 log.b

CrnenoBatenbHo log. b =7.
Taxum oOpazom:

1+3log,hb=1+3:7=22

Ortser: 22
Nel2. Haiinure loga(a:b*), ecrm loga b = 5.
a
lngaﬁ =log.a —log, b*=1—-3log b=
=1—-3-5=-14
Otser: —14

Nel3. Haiinure loga(a’b?), eciu loga b = 2.
log, (a*b?) =log,a* +log, b* =2log,a +3log, b =

—2.1+3log hb=2+3-(-2) =4
Otser: 4
Nel4. Haiinure 3HaueHue BoIpakeHus loga(a*b’), ecu logy, a = 1/3.
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=4.1+9log_ b
1
log,a = 3
l = . = log. b =3
0. — —_ = —
05p @ log, b 3 log.b 93a
4:1+9log,b=4+9-3=231
Otser: 31
Nel5. Haiigure loga(a’:b?), ecm loga b = 10.
{1?
lngaﬁ =log,a” —log, b* =7log,a —3log, b =
=7:1-3+10= —23
Otser: —23

Nel6. Haiinure loga(ab'®), eciu loga b= 7.
log (ab'®) =log a+log b"=1+10log b =

=1+10-7=71
OtBert: 71

IIpakTuyeckas padora Nel6
Tema 3.6 Jlorapupmuyeckas pyHkius, ee cBoiicTa. Jlorapudmuueckrue ypaBHeHuUs U
HEpPaBEHCTBA

Henan: Hayuntbes pemars gorapuMuyueckie ypaBHEHUS U HEPaBEHCTBA

Teopernyeckas 4acThb:

Teopema 1. Eciu fix) > 0 ug(x) > 0, To norapudmudeckoe ypaBHeHue log ., fx) =
log 4 g(x) (rme a > 0, a # 1) paBHOCHIIEHO YpaBHEHHIO f(x) = g(x).

IIpumep 1. Pemvte ypaBHeHue:
lg(2? — 6) = 1g(8 + bx).
Pemienne. B oOnacte 1ONMyCTUMBIX 3HAYEHMH BXOAAT TOJBKO TE X, IPU KOTOPBIX

BBIpQXXEHHE, HaXOMAsIIeecs TMOA 3HakoM Jorapudma, Oonpiie HymIs. OTH 3HAUYCHUS
ONPEAEIISIOTCS CIEAYIONIENH CUCTEMOI HEPABEHCTB:

2 — 6 >0, 2 > 6,
—
8+ bx >0 x> —1,6.
x € (—00; —v6) U (V6; +00),
r e (—1,6;4+00).
C yuyeTom TOTrO, 4TO
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1.6 = —/2.56 > —6,

[OJIy4yaeM IPOMEXYTOK, OINpelNesaoluil 001acTh JOMYyCTUMBIX 3HAYEHUH JTaHHOTIO
JOTapu(pMHUECKOTO YPAaBHEHHS:

z € (V6 +00).
Ha ocHoBanum Teopembl 1, BCe yCIIOBHS KOTOPOM 3/1€Ch BBIMOIHEHBI, MEPEXOAUM K
CIIEIYIOIIEMY PABHOCHIBHOMY KBAJIPaTHYHOMY YPABHEHHUIO:

2 _6=8+bhrext_br—14=0<
=1, r0 = —2.
B O6J'IaCTI> ,I[OHYCTI/IMBIX 3Haqu1/1171 BXOOAUT TOJIBKO HCpBBIfI KOpeHB.

OTtBer: x = 7.
Ipumep 2. Pemnte ypaBHEeHUE:

logg o(—x% + 4x 4 5) = logy o(—a — 31).

Pemienne. OGacTh  JIOMyCTHUMBIX 3HAYEHHH YpaBHEHUS OINpPENENseTCs CUCTEMOM
HEPaBEHCTB:

—x? 4+ 4r+5>0, - 1<z <h,
—x—231 =10 T < —31.

OueBHIHO, YTO AT JIBa YCJIOBHS HPOTHBOpeYar Apyr Apyry. To ecTb HET HU OAHOIO
TaKOr0 3HA4YEHHUs X, IPU KOTOPOM OJHOBPEMEHHO BBINOJIHIIUCH Obl 00a HepaBeHCTBa. O0nacTh
JOIYCTUMBIX 3HAUEHUN YpaBHEHMs SBIIIETCS IIYCTBIM MHOKECTBOM, a 3HAYUT pPEILIECHUN Y
JTAHHOTO JIOTapu(MUUECKOr0 YPaBHEHUS HET.

OTBeT: KOpHEH HET.

OOparuTe BHHUMaHUE, YTO B ATOM 3a/laHUM HaM BOOOIIE HE MPUIUIOCh UCKATh KOPHH
ypaBHEHHUd. J[OCTaTOYHO OKa3ajioch ONpPEAETUTh, YTO €ro 00JIacTh JONYCTUMBIX 3HAYEHHUH He
COJEPKUT HHM OJHOTO JECHCTBUTENBHO 4YHCIa. OJTO OJHO M3 MPEUMYLIECTB TaKOH
MOCJIEI0BATEIbHOCTH PEIIEHUsT JIOTapU(PMUUYECKUX YPaBHEHMH M HEPaBEHCTB (HAYMHATh C
onpenieNeHuss O0JacTH JOMYCTHMBIX 3HAa4eHUH YpaBHEHHUS, a 3aTeM pellarb €ro myTrem
PaBHOCHWJIBHBIX Tpe0Opa3oBaHuil).

IIpumer 3. Pemute ypaBHeHueE:

SIQgE{ r+Slogrx—2=10.
3 2
Pemenue. OGnacTh JOMYCTUMBIX 3HAYEHUW yYPAaBHEHHS OIpPEAENseTcs 37eCh JIErKO: X >
0.
Hcnonb3yeM MoacTaHOBKY:
t =log1 x.
2
YpaBHEHHE TPUHUMAET BU/I:
1
1 = 7,
32 45t —2=0% 3
th = —2.
OO6parHas moIcTaHOBKA:
1
log @ = g, T =
2 o V2
log Lr= —2 T = 4.

O6a oTBeTa BXOJAT B 00JIaCTh JOMYCTUMbBIX 3HAYEHUH YpaBHEHMS, IOCKOJIbKY SIBIISIFOTCS
MIOJIOXKUTEIbHBIMY YHUCIIAMU.
IIpumep 4. Pemure ypaBHEeHuME:

logp 4(@ + 2) + logg 4(x + 3) = logy 4(1 — x).
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Pemenne. BHOBb HauHeM pelieHHE C OmpeAeieHHus 00JacT JOMYCTHMBIX 3HAYCHUH
ypaBHeHUsA. OHa onpenensercs ClIeAyIed CUCTEMON HEPABEHCTB:

r+2 =0, —
r+3>0 e{r>-3 <xc(-2;1).
1—ax>=0 r <1

Bocnonp30BaBuivch NpaBUIOM CIIOKEHUS JIOrapu(pMOB, IEPEXOIUM K PaBHOCUIBHOMY B
00JacTH JOMYCTUMBIX 3HAUEHUIN YpaBHEHUIO:

logg 4(x + 2)(x + 3) = logg 4(1 — z) =
OcHoBaHMsl J1Orapu(MOB OAMHAKOBBI, [IO3TOMY B O0JIACTM JONYCTHUMBIX 3HA4YEHUI
MO>KHO IIEPEUTH K CIEAYIOIIEMY KBaJAPaTHOMY YPaBHEHHUIO:
(x+2)(z+3)=(1-a)=2°+6z+5=0<«
r] = —0,
ry = —1.
[lepBbiii KOpeHb HE BXOAUT B 00JACTb JOMYCTHUMBIX 3HAUEHWUW ypaBHEHUS, BTOPOU —
BXOJIUT.
Oteer: x =-1.
Hpumep S. Pemunre ypaBHeHue:
710837 = g1,
Pemenne. bynem uckats pemenus B mpomexytke x > 0, x#1. [Ipeobpazyem ypaBHeHUE K
PaBHOCUIIBHOMY:

4
T_lﬂg;; T _ TlﬂgrEl = T_lﬂg:ﬁ T _ plogge o
loggx =2 r =29,
1

-

2 , :
loggr =4« logs  — —2 ~ 1
gq ; _

O0a oTBeTa BXOJAT B 00J1aCTh IOMMYCTUMBIX 3HAUEHUH ypaBHEHHUS.
IIpumep 6. Pemite ypaBHeHue:

logy(x 4+ 12) -log,. 2 = 1.

Pemenue. CuctemMa HEpaBEHCTB, OMNpeACNsAmONias o00JacTh JOMYCTUMBIX 3HAYCHHI
YpaBHEHUs, UMEET Ha 3TOT pa3 BUI:

r+12 =0,
x =0, x>0, x# 1.
xF# 1

Hcnonb3ys cBoiicTBa jorapudma, nmpeodpasyemM ypaBHEHHE K paBHOCHIBHOMY B 00JIACTH
JOTTYCTUMBIX 3HAUEHUN ypaBHEHUIO:

logy(x+ 12)

=1.
2logy x
Ucnonb3ys hopMyity nepexojia K HOBOMY OCHOBAHHMIO JIoTapr(ma, MmojrydaeM:
rp = 4,
log,(r +12)=2=2’ —2-12=0= T‘ F
= —a.

B 065acTh 1OMyCTUMBIX 3HAYSHHUH BXOAUT TOJIBKO OJUH OTBET: X = 4.

[lepeiinem Tenepsb K.102apugpmuueckum nepagencmeam. DTO KaK pa3 TO, C YEM BaM
npunercs uMeTh neno Ha EI'D mo maremartuke. [[nst pemieHus nanpbHEWIIUX TPUMEPOB HaM
notpedyeTcs cieyronas Teopema:

Teopema 2.
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Ecmu f(x) > 0 u g(x) > 0, To:

npu @ > 1 norapudmMuyeckoe HEpaBEeHCTBO logaflx) > logag(x) paBHOCHIBHO
HEPABEHCTBY TOTO ke CMBICHA: f{x) > g(x);

mpu 0 <a< 1 norapupmuueckoe HeEpaBeHCTBO loga f(x) > loga g(x) paBHOCHIBLHO
HEpaBEHCTBY IIPOTHUBOIIOIOKHOTO CMBICHA: f{x) < g(xX).

IIpumep 7. Pemnre HEpaBEeHCTBO:
lﬁgn.ﬁ[f-z +x —6) = logys(x+4).

Pemenue. Haunem c ompezaenenus 00JacTH JONYCTHUMBIX 3HAYECHUW HEPABEHCTBA.
Bripaxkenue, crosiee moJ 3HAKOM JIorapudMudeckod (QYHKIUU, TOJKHO MPUHUMATH TOJBKO
MOJIOKUTEIbHBIC 3HAYEHHUs. OJTO 3HAYUT, YTO HCKOMas OOJIACTh JOMYCTHUMBIX 3HAUYCHUMN
OTIpeIeIIIeTCS ClIeAYIOIel CUCTEMON HEPaBEHCTB:

o —6>0, x € (—o0;—3) U (2;+00),
-
r+4>=10 T > —4
s x e (—4;-3)U(2; +o0).
Tak xak B OCHOBaHUU norapn(bMa CTOUT YUCII0, MCHbIICC CANMHHUIBI, COOTBCTCTBYIOIAsA

norapudpmuueckas GyHKIMs OyneT yObIBarolLIel, a IOTOMY paBHOCHIIBHBIM 110 TeopeMe 2 Oyaer
nepexo/l K CeyloleMy KBaIpaTUYHOMY HEPABEHCTBY:

P rr-6<r+4e <10 s e [—v10;V10].
OxoHYaTeIbHO, C YIETOM O0JIACTH AOMYCTUMBIX 3HAUCHUH MOTy4aeM OTBeT:
x € [—V10; =3) U (2; V10].
IIpumep 8. Pemnte HEpaBeHCTBO:
r—3

Pemenne. BHOBb HauHeM ¢ orpejiesieHus 00JIaCTH JOMYCTUMBIX 3HaYeHUH:
2
x° — 12z 4+ 27 > 0,
11
(z—9)
r—a3 >0
Ha MHOXecTBe [OMyCTMMBIX 3HAYeHMH HEpPaBEHCTBA IPOBOJUM PaBHOCHIIBHBIE
npeoOpa3oBaHus:

11 - loggy (7% — 122 4 27) < 12 + log

e xr e (—ood)U (9 +00).

gyl
11 - logg(z — 9)(z — 3) —lﬂgg% <12
xr —.
oyl
logg [(z — 9)(x — 3)1] — log, % <12
T — .
(x —3)*(@—9)" 12
logg @ _ o)1l < logg 977,

Ilocne cokpameHus M Iepexoja K pPABHOCWIBHOMY II0 TeOpeMe 2 HEpaBeHCTBY
MOJIy4aeM:

(z-3)2 <9< 9<r-3<9< xe|[-612.

C ydeToM 001acTH JOIyCTUMBIX 3HAYEHUH [10JIy4aeM OKOHYATEIbHbII 0TBeT:
xr € [—6;3) U(9;12].

IIpumep 9. Pemnre JorapuMuuecKoe HepaBEeHCTBO:

log,. 1 (a® + 32° + 2x) < 2.
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Pemenne. OGnacTh JOMyCTUMBIX 3HAYEHHWH HEPABEHCTBA OIPENENETCS ClEAYIOIIeH
CUCTEMOM:

r+1 =0,
r+1+#1, = x e (0;400).
rlx+1)(x+2) >0

BunHo, 4ro B o0nacTu JONMYCTUMBIX 3HAUYEHUM BBIpAKEHHE, CTOALIEE B OCHOBAHUU
norapudma, Bceraa 0oJblIe eAMHULBL, @ IOTOMY PaBHOCHIIBHBIM IO Teopeme 2 OyneT mepexon K
CJIEAYIOLIEMY HEPABEHCTBY:

:1“.3—|—3:r.2—|—2:r.{:112—|—2:11—|—1-#:r.3—|—2:112—1{0-#
(z+D(z?+x-1) <0<

1+5 Vb -1
)Y\

C y4eTOM obnactu AOIIYCTUMBIX 3HAYECHUI oJjrygyacm OKOHYATCIIbHBIA OTBET:

Vo —1
2

IMpumep 10. Pemure HEpaBEHCTBO:
2logy(2? — 4x)

T e | —oxo,

x e |0

< 1.
log, 12 -
Pemrenne.
O065acTh 10yCTUMBIX 3HAaYEHHUI HEPaBEHCTBA OIPEIEISIeTCSl CHCTEMOM HEPaBEHCTB:
22 — Az > 0,
2 >0, s 1 (—o0;—1)U(=1;0) U (4; +00).

22 # 1

I cmoco6. Bocronb3yemcst popmyioii mepexoja K HOBOMY OCHOBAaHHIO Jiorapudpma u
nepeieM K paBHOCHIBHOMY B 00JIACTH IONMYCTUMBIX 3HAYEHU HEPaBEHCTBY:

log,» (22 — 4a)? < 1.

o
HepaBeHcTBo OyneT paBHOCHIBHO IByM cucteMam. [lepBoii:

x e (—1;0), N r e (—1:0),

(22 — 42)% = 22 22z —5)(z—3) =0
x e (—1;0).
U BTOpOIL:

r € (—oo;—1)U(4; +00),
2 (x—5)(x—3) <0
HTtak, OKOHYaTEILHBIN OTBET:
xr e (—1;0) U (4;5].
II cnoco06. Pemaem metogom nnTepBaioB. [Ipeobpa3zyem HEPAaBEHCTBO K BUITY:
2 lr::aggl[:r.2 — dx) — logy 22
2

& x € (4;9].

<0«
logg -
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BerureM u3 3HamMeHarTens IOgE 1. OTO HUYErO HE U3MEHUT, IIOCKOJIBKY lo 53 1=0.
logs (z2 — 4:1:)2 — logg ° <0
logg 12 — logy 1 A
C yueTtoM TOro, 4YTO BBIPAKECHUS ngS f= ngSg U OJIHOTO 3HaKa

npu f g = D, B 00JacTH AONYCTHUMBIX 3HAYCHUH MMEET MECTO CIIEAYIONIMHA PaBHOCHIILHBIN
NEPEXOLI:

(2% — 4x)? — 22

< 0
z —1 =
2 2
(% — ba)(x* — 3x) <0.
2 — 1
T o { > s 4 5

MHOX€ECTBO pelIeHUI JaHHOTO HEPABEHCTBA
Urak, T € {_1! 1) U [3! 5] ’a ¢ y4eToM OO0JIaCTH JOMYCTHMBIX 3HAUYEHHUH TOJIydaeM

re (—1;0) U (4;5].

TOT XK€ pe3yJbTart:

Pemenue 3aganmii:
Nel. Pemnth ypaBHEHHUS:

log,(2x + 1) = log, 3 + 1:
log,2—1= —log,(5—x):
%ngE{Sx— 2) = 3;

logp=(3x —1) = —3;

2log; 2 —logg(x— 1) =14 log; 5;

(=

 log.(x —1) =log,; 2 +log- 3;
. logi(2x — 1) — log: 16 = 5;

[d
=]

o]

Cg(5x+ 2) = %lgEﬁ +1g 2;

k=]

 logix —5logsx +4=0:
10.lg°x=3—2lgx.

LA s Lad

Ne2. Pemnth ypaBHEHHUS:

Dig(x+4)-lg (x — 3) = lg 8;
Dlg(x+2)-1gbh=1g (x — 6);
DNig(x—-2)+1gx=1g 8;

4)lg Jx — 7 +1g J3x — 8 = 1:
5) log. (x + 10) = 2;

6)log, 2 + log, 3 - %

Ne3. Pemnth HepaBeHCTBa:
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4. log. {18x-2}20

l;)"

log,, x +log,,(x—-19) <1

IpakTnyeckas padora Nel7
Tema 3.7 Jlorapudmsl B mpupo/ie U TEXHUKE
Henab: Hayuutbcest BBIABIATH MPOSBICHUE TOTapU(PMUUECKON CIIUPATIN B PUPOJIE.

Teopernyeckasi 4acTh:

Ha npotsxenun 16 Beka GbICTPO BO3PACTaIO KOJUYECTBO MPUOIMIKEHHBIX BBIYMCICHUH,
OpeXae BCEro, B AaCTPOHOMHH. MHOrHe paboThl TpPeOOBAIM KOJOCCAIBHBIX, WHOT/A
MHOTOJIETHUX, pPacueToB. ACTpOHOMAaM TIpO3MJa pealbHas ONAacHOCTb yTOHYTbH B
HEBBIINOJIHEHHBIX pacyerax.
Torna MmareMaTHKH JUIsl 00JerYeHns BEIYMCIeHUH mpuryManu jgorapudmsl. 1 B 1614 roay Obuiu
ONMyOJIMKOBaHbl ~ IEpBble  Jorapumuueckue TaOMUIBL, COCTaBICHHbIE  IIOTJIAHICKUM
matemaTnkoM J[xonom Hemepom (1550—-1617), onu Bepoii u mpaBaoi CIy>KHWJIM acCTpOHOMaM H
MHXXEHepaM, reoJIe3ucTaM U MOpsikaM, COKpaliasi BpeMsi Ha BBIYUCIICHUS.

Psin siBneHuit nmpupoipl MoMoraeT onucarb UMEHHO Jlorapudmuyeckas 3aBUCUMOCTb. J{ist
COCTaBJICHUS MaTeMaTUYeCKOM MOJENW TOro WM HMHOrO SIBIEHUS YacTo oOpaijaroTcs K
norapupmuueckoi ¢pyHkuuu. OIHUM K3 HauOoJiee HArJSAHBIX MPUMEPOB TAaKOro OOpalleHHs
ABIIIE€TCS JorapupmMuyeckas cnupais. Jlorapupmudeckas cnupanb — 3TO MJI0CKask KpUBasi JIMHUA
MHOT'OKpPaTHO 00X0/IA111asi OJJTHY U3 TOUYEK Ha MIOCKOCTH.

I'ne ke npumensirorcs gorapugmpi?

IIpyMeHeHne B aCTPOHOMHUM.

B actpoHomMuu sorapudmel ©UMEIOT OY€Hb OOIIMPHOE pacrpocTpaHeHue. B 3Toil Hayke
3aJeiicTBOBaHbl O4YeHb Oojbiine MacmrTadbl. Ilo norapugmuyeckuM CHupazsM 3aKpydeHb
MHOTHE TaJaKkTUKHU, B YacTHOCTH [alakTuka, KOTOPOHl NPUHAMIEKHUT COJIHEYHAs CHCTEMa.
ACTpPOHOMBI pacHpeleNsIoT 3BE3Abl 0 CTENEHSM BHUIUMOW SPKOCTM Ha CBETWUJIA MEPBOU
BEJIMYMHBI, BTOPOW BeNWYMHBI, TpeThbed u T.A. [locrmenoBarenbHble 3BE3HBIE BETUUHHBI
BOCIIPMHUMAIOTCS TJ1a30M, KaK wieHbl apudmerndeckoil nporpeccun. Ho gusuueckas spkocTh
UX HU3MEHSETCSd 10 WHOMY 3aKOHY: OOBEKTHUBHBIE SPKOCTH COCTABISIOT TE€OMETPHYECKYIO
IIPOIPECCUI0 €O 3HaMeHaTeneM 2,5. JIerko NoHATh, 4TO «BEJIWYMHA» 3BE3/bl NPEACTABIAET
co0oil He 4yTO MHOe, Kak jorapudm ee ¢uznueckoil spkocTtH. IIpakTHueckn kaxnuas BTOpas
dopmyna B acTpOHOMHUH, acTpOPHU3MKE U JAPYIMX IEPEKPECTHhIX HayKax He o0xonsarcs 0e3
norapudma.

IIpumenenne B OuoJIOTHH.

PakoBUHBI MHOTMX MOJUIIOCKOB, YJIMTOK, a TakKKe pora apxapoB (TOpHBbIE KO3JIbI),
3aKpydyeHsl 1Mo Jorapudmuueckoi crnupanu. Ilo morapupmuyeckoil cnupanu odepueHbl He
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TOJILKO pakoBHHBI. [layk smeiipa, cruieTas NMayTHHY, 3aKpydMBaeT HUTH BOKPYT IIGHTPA IO
JOTapUPMHUUECKUM CITAPATISIM.

Ipumenenune B My3bike

Korna my3bIkaHT Urpaet Ha posiie, COOCTBEHHO TOBOpsI, OH UrpaeT Ha jorapudpmax. Tak
Ha3bIBACMbBIC «CTYIECHH» TEMIIEPUPOBAHHONW XPOMATHYECKONW TaMMbl TPEICTABISIOT COOOM
J0TapuPpMbI ITHX BEJIMYHH. OcHoBaHme ITHX J0rapupmMoB paBHO 2.
Homepa xnaBuImieid posis TPEACTABISIOT COO0H JyiorapudMbl  4ucel — KoJeOaHMIA
COOTBETCTBYIOIIUX 3BYKOB (YMHOKEHHBIE Ha 12). MBI Jake MOXKEM CKa3aTh, YTO HOMEP OKTaBbI
MPEJICTaBISIET COOOM LETYI0 YacTh (XapaKTEepPUCTUKY) JiorapudMa guciia KoJaebaHui 3TOro TOHa,
a HOMEp 3ByKa B JAaHHOH OKTaBe, JCNeHHbIH Ha 12 — ApoOHYH dYacTh (MaHTHCCY) 3TOTO
norapudma.

IIpuMeHeHne B MCUXOJIOTHH.

I'pOMKOCTh 3ByKa HM3MEpSIOT B JelrOenax, KOTOpbIC MPONOPIHOHAILHBI JIOrapu(my
MOIITHOCTH 3BYKa, BO3JCHCTBYIOIIErO Ha yXO0. YMHOTpeOJeHHEe JOrapupMHUECKUX IIKaT
NPOJUKTOBAHO OCOOCHHOCTSIMU HAIlIMX OPraHOB YYBCTB: 3PCHUs, ClAyXa U T.A. YenoBedeckuit
MO3T BOCIPHHHMMAET pa3JApakeHUs] OT OpPraHoB YYBCTB HE MNPONOPIHOHAIBHO CHIIC
pasapakuTelis, a JHIIb MPOMOPIMOHAIBHO ee Jiorapudmy. IMEHHO MO3TOMY YXO OIMHAKOBO
CHOCOOHO CIIBIIIATH IMOPOX JIMCTHEB U HE OTJIOXHYTh OT 'POMKOTrO yjaapa CTaHKa Ha 3aBoje. A
rJia3 MOXKET 3aMETHTh, KaK OJIECTHT CHET Ha CBETY U HE OCJICIHYTb, ecii mocMoTpuT Ha ColHile,
KOTOpO€ B MHWUIMApAbl pa3 sipye. OnucaHHBbIC BBIINIE CBEICHHUS OOBECIUHSIOTCS 3aKOHOM
nCUXO(PHU3UKH, YCTaHOBJICHHBIM DexHEpOM, KOTOPbIi TOBOPUT, YTO Mepa OLIYIICHUS
IPOTIOPIIMOHATILHAS JIOTAPU(PMY BEIIMUUHBI Pa3IpasKCHUSL.

IpumMeHeHune B ceJIbLCKOM X035IiiCTBE

Kak okazajnoce, 1 B CEIICKOM XO3siiicTBe He obormuiock 0e3 norapudmon. Hampumep,
UCCIICIOBAB POXKIACHHUE TEJAT, OKAa3ajloCh, YTO HMX BEC MOXKHO BBIUHCIATH M C IOMOIIBIO
Jorapu(MoB.

OOnacte mpuMeHEHHsS Jiorapu(MOB HE OrPAaHHUYMBACTCS JIUIIb PACCMOTPCHHBIMH
HayKaMU, TAaK)KE OHA UTPAET BAKHYIO POJIb B IUTEpaAType, MHPOPMATUKE, HICTOPHH, PUCOBAHUU U
MHOTHX JapyruX. Jlorapupmudeckas GyHKIUS Ja€T HaAM BO3MOYKHOCTH MO-JPYIOMY B3IUIAHYTh
Ha MacHITa0HbIE TPOIECCHI, MPOMCXOJAIIMNE B OTPOMHBIX MPOCTPAHCTBAX M BPEMEHHBIX
UHTEpBaJIaxX /I TOHUMAHKS U OCMBICIICHHUS OOIIEH KapTHHBI.

Penrenue 3aganuni:
Nel. TlpuBenute mpuUMEpHl MPOSBIEHUS JOTapU(PMUYECKON CIUpAd B OKPYKAIOIIEM
MHUpE.

}'h"(“'\,mg‘ j

v

Ne2. B HavyanbHBII MOMEHT BpeMeHH Obl1o 8 GakTepuil. Uepes 2 yaca mociie moMemnieHus
OakTepuil B MUTATENIbHYIO Cpely, UX 4ucio Bo3pocio a0 100. YUepe3 CKOIbKO BpEMEHH C
MOMEHTa pa3MelleHHsI B TUTATEIbHYIO Cpely cielyeT oxuaaTh nossienus 500 6akrepuii?

Pemenue.

Jlnst perieHust JaHHOU 3a1a4i, HE0OXOAUMO BCIIOMHUTH MOHSATHS CKOPOCTU M YCKOPEHHS.
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) Bbino -8
usmenerme: - .00 }=>8¥=100=> x=1og,100

=> IGQSIOO — KOHEYHOE 3HaYeHWe CKOpPOCTH pacnpoCTpaHeHWA ﬁEK"EpHE] Nnpu NEPEOM U3MEHEHWM -
VKD[—(.l.

. Beino -8
ZUSMEHEHUME. . =nn } =2 8Y = 500 == y= Iog85OU

== logy 100 —koHeyHoe sHaYEHWE CKOPOCTI pacnpocTpaHeHns GakTepuit Npi BTOPOM M3MEHEHWM -

V,

KOH.2.

[epeiineM K HATYpaJbHOMY OCHOBaHMIO JIOTApU(PMOB, JJISI TOTO, YTOOBI MOXHO OBLIO
BOCII0JIb30BaThCsl TAOJMYHBIMU 3HAUCHUSIMHU:
In100—In8 In500—-In8

2«In8 t*In8
. 2 * (In500—In 8)
1= 100

In (g7

OTBer: pubOIM3UTEIBHO 3 Yaca 15 MUHYT.

IIpakTnyeckas padora Nel8
Tema 3.7 Jlorapudmsl B mpupo/ie U TEXHUKE
Henab: Hayuntbes ucmnonb3oBath Jorapu@mbsl B pelIeHUH MPUKIAAHBIX 3a/1a4.

Teopernyeckas 4acThb:

Jlorapudgmuueckne (YHKIMHM pPacCHpOCTPaHEHbl UYpE3BBIYAMHO MIMPOKO Kak B
MaTeMaTHUKe, TaK U B €CTECTBEHHBIX HayKax. IIpuBenéM HECKOIbKO MPHUMEPOB MCIOJIb30BaHUS
Jorapu(pmMoB B pa3HOOOPA3HBIX HAyKaX.

B crartuctuke u Teopuu BEpOSTHOCTEN Jorapu(m BXOIUT B P MPAKTHUYECKU BAXKHBIX
BEPOSTHOCTHBIX pacnpenenenuii. Hampumep, norapudmMuyeckoe pacupeesneHre HCIoIb3yeTcs
B TeHeTuKe U pusuke. JIorHopManbHOE pacipesieIeHHe YacTO BCTpeYaeTcsl B CUTyalusaxX, Korjaa
UCClleyeMas BEIMYHMHA €CThb IPOM3BEIACHHE HECKOIBKUX HE3aBUCHUMBIX IOJIOKUTEIBHBIX
CIIy4alHBIX IEPEMEHHBIX.

3akon bendopna («3akoH mnepBod LUGPHD) ONUCHIBAET BEPOATHOCTH IMOSIBICHUS
ornpeaenéHHON nepBoii 3Havamen nudpsl MpU U3MEPEHUHN PEATbHBIX BEIUYUH.

JUIs OLEHKHM HEW3BECTHOIO IapameTpa LIMPOKO NPUMEHSIOTCS METOJ MaKCUMaJIbHOIO
MpaBI0N0100Us U CBA3aHHAS C HUM JIorapudMudeckas: QyHKIIHS MPaBIONoA00Hs .

dnyKTyanuu npu cirydyaitHoM Oy>KJaHUM ONUCHIBAET 3aKOH XuHUKMHa-Koamoroposa.

B undopmaruke: enununa uzmepenust uupopmanuu (6ur). Hanpumep, s xpaneHus B
KOMITbIOTEpPE HaTypajbHOro uucia N (B OOBIYHOM Ui KOMIIBIOTEPa JABOMYHOM (hopmare)
noHaaooutcs logoN + 1 6uToB.

WHudopmanroHHas SHTPONUS — Mepa KOJIMYecTBa HHPOPMAIUH.

OneHka acHMIITOTHMYECKON CIIOXKHOCTU PEKYPCHUBHBIX QJITOPUTMOB, OCHOBAaHHBIX Ha
OPUHIUIE «pa3fensiii M BIAacCTBYW» — TakuX Kak ObICTpas COPTHUPOBKA, ObICTpoe
npeobpazoBanue Oypbe U T. 1.

OObIYHO  YMCJIOBBIE  3HAYEHUS  XpaHATCS B HaMiITH  KOMIIBIOTEpa  HIIH
CIIENMATM3UPOBAHHOTO TIporieccopa B (opmate ¢ TutaBaromed 3amstoi. Ecmum, omHaxo,
CIIOKEHHME U BBIUMTAHUE JJISl TPYIIIbI JaHHBIX BBIMOJIHIIOTCS PEIKO, a YMHOXEHHE, JEJICHUE,
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BO3BCJICHUC B CTCIICHL U U3BJICUCHUC KOPHA — ropa3ao damie, Torga MMECT CMBICIT paCCMOTPETh
BO3MOXKHOCTh XpaHEHHsI TaKUX JaHHBIX B Jiorapupmudeckom popmare. B aToM ciydae BMecTo
YHCIia XPAHUTCS JIOTapudM ero MOAYJs U 3HAK, U CKOPOCTh BBIYUCIICHUHN Oiaromapsi CBOHCTBaM
jJorapupmMa 3HAYUTEIBHO TOBbImaercs. Jlorapudmuveckuid ¢dopmar XpaHeHHS ObLI
UCIIOJIb30BaH B HECKOJILKHX CHUCTEMaX, TJe I0Ka3al CBOK (M (PEeKTUBHOCTH

[Mpunanun BonbliMaHa B CTaTHCTUYECKOW TEPMOJMHAMHKE — OJIHA W3 BaKHEHIIUX
GYHKIMI  COCTOSHUST TEPMOAMHAMHYECKON CHUCTEMBI, XapaKTePU3YIOIIas CTEIEeHb ¢
Xa0THYHOCTH.

®opmyna LIH0IKOBCKOTO IPUMEHSETCS I pacyéTa CKOPOCTH PAKETHI.

VYpaBuenne HepHCTa CBSI3BIBACT  OKHCIMTEIHHO-BOCCTAHOBUTEIBHBIA  IMOTCHIUAI
CUCTCMbI C aKTUBHOCTAMH BCUICCTB, BXOIAIIUX B 3JICKTPOXUMHUUYCCKOC YPAaBHCHHUC, a TAKIKC CO
CTaHJAPTHBIMU 3JICKTPOIHBIMHU MTOTCHIIMAIAMHU OKUCITUTEIBHO-BOCCTAHOBUTEIBHBIX TIap.

Jlorapudm HCMONB3yeTcs B ONMPEICICHHUSIX TAaKUX BEJIMYMH, KaK MOKa3aTellb KOHCTAHTHI
aBTOIPOTOJIM3a (CAMOMOHU3AIMM MOJICKYJIbl) W BOJOPOIHBINH TMOKa3areidb (KUCIOTHOCTH
pactBopa).

Jlorapudmuueckas ciupalib MEPeceKacT CBOM PaauyC-BEKTOPHI MOJI MTOCTOSIHHBIM YTIIOM.
Ha ocHOBaHMHM 3TOT0 €€ HAa3BIBAIOT PABHOYIOJHHOW. ITO CBOWCTBO HAXOJUT CBOE IPUMEHEHHUE B
TexHHKe. Je10 B TOM, YTO B TEXHUKE YacTO MPHUMEHSIOTCS Bpamarouiuecss Hoxu. Cuma c
KOTOPOH OHH JaBAT Ha pa3pe3aeMblii MaTepual, 3aBUCUT OT yIjla pe3aHus, T.C. yria MExIy
JIC3BUEM HOXKAa M HAMPABJICHUEM CKOPOCTU BpamieHUs. s MOCTOSHHOTO IaBJICHUS HYXKHO,
YTOOBI YTOJI pe3aHusl COXPAHSJ IMOCTOSHHOE 3HAYCHUE, a 3TO OYAET B TOM CIIydae, €CIIU JIE3BHS
HOXEH odYepueHbl 10 Jayre Jiorapumuyeckor crmpaiu. BenuunmHa yria pe3aHusi 3aBUCHT OT
o0pabaTpIBaEMOro MaTepHara.

B rugpoTexHuke 1o jorapupMHUUECKON CIUPATA U3THOAIOT TPYOY, MPOBOISIILYIO MOTOK
BOJbI K JiomactsaM TypOuHbl. biarogapst Takoit ¢opme TpyObl OTEpU SHEPIUU HA HW3MEHEHHE
HAIpaBJICHUS] TEYCHUSI B TPYOE OKa3bIBAIOTCS MUHHMAJIbHBIMH M HAIOpP BOJBI MCIOJIB3YETCS C
MaKCUMaJTbHOU MTPOU3BOJUTEIIEHOCTHIO.

Haxumass Ha KIaBUIIM COBPEMEHHOTO pOSUIS, MbI, MOXXHO CKa3aTh, HIpaeM Ha
norapudmax.

Pemienue 3aganmii:

Nel. JIns oGorpesa moMelleHHUs, TemmepaTypa B koTopoM pasHa Tn= 20°C, uepes
pajuaTop OTOIUIEHHs, MPOINYCKAIOT TropsAuylo Boxy TemmepaTypoit Tp= 100°C. Pacxon
npoxonsauie yepe3 Tpyoy Boasl m = 0,2 kr/c. IIpoxoas mo TpyOe paccrosiHHe x (M), BOja
oxnaxaaercs 10 Temneparypbl T°C, npu uém

cm l T, — T,
_ o

X=a y 0g- T_T,

rae ¢ = 4200/ x/kr*C — TemI0eMKOCTh BOIbBI

v =42 Br/™m * °C— ko> punuent tennoobmena

a = 1,4 — mocrosiHHAA.

Jlo xakoit TtemmepaTypbl (B Trpamycax llenbcusi) oxmanurcs Boda, €ClH JUIMHA TPYObI

28 m?
(OTtBer: 60°)

No2. Omnpenenuth uHGOpPMAILIUIO, KOTOPYIO HECET B ce0e OJMH CHMBOJ B KOJHUPOBKAX
ASCII u Unicode.

Pemenne.

1) B andaBute ASCII npenxycMoTpeHo 256 pa3nuuHbIX CUMBOJIOB, T.€.

M =256,al=1log; 256 = 8 6ur = 1 OaiiT

Ortger: 1 Gaifr.
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2) B coBpemennoii komupoBke Unicode 3amoxkeHO ropa3fo Ooiblnee KOJIHYECTBO
CUMBOJIOB. B Helt onpeneneHo 256 andaBUTHBIX CTPaHMUIL 110 256 CUMBOJIOB B KaXIOM.

Takum o6pazom:

I =1log> (256 * 256) = 8 + 8 = 16 6ut = 2 Oaiita

Orser: 2 Oaiira.

IIpakTnyeckas padora Nel9
Tema 3.8 KontpombHas pabora mo pasgeny 3 «Crenenum u kopHH. CTemneHHas,
nokaszaresbHas U jorapupmudeckas GyHKIUN»
Heas: [IpoBepuTh ypoBEHb YCBOEHHS JAHHOTO Marepuana mo pasueny 3 «CreneHu u
kopHH. CTeneHHas, mokasareybHast u JJorapumuaeckast QyHKIIN»

Ilpu pewenuu 3adanuini 1-4 3anuwiume npasuibHBLIL Omeem U3 UYemblpex
nPeo10IHCceHHbIX.

1. Mex/1y KaKUMH AByMSI HATYPAIbHBIMH YHCIAMH HAXOAUTCS dncao v 19?
a) 19 u 20; B) 18u 19;
0)2u3; r) 3 u 4.
2. OnpenenuTe KopeHb ypaBHeHus x> = 125.
a) 3; B) —5;
0) —3; r) 5.

3 4
3. Pacnionoxure B mopsiKe BO3pacTaHus yucia: 2; V5 s V17,

a) 2; V5; V17, B) V5;2; V17,

6) 2; Y17, V5; r) V17; 2; /5.
4. YMHOXasl 9HClIa C OTUHAKOBBIM OCHOBAHUEM, X CTEIICHU:

a) JIeJIAT; B) CKJIa/IbIBAIOT;

0) YMHOXKAIOT; T') BBIYUTAIOT.

Ilpu evinonnenuu 3ad0anuil 5-8 3anumiume xo00 peuwieHus U NOJYUEeHHbLIL OMmeem.
5. Haiinute xopeHb ypaBHenus: 372 — 5- 3% = 12,

6. OnpenenuTe 3HaUeHNE BhIpakeHns logg 2 + logg 3 + 210824,
7. YKaxxuTe HauMeHbIIIee 1eJIoe penieHne HepaBeHcTna: logs (6x — 4) > 2.
8. Haiinute Touky makcumyma pyrakuun y = 8In(x + 7) — 8x + 3.

Smanonvt omeemos:

Homep 1 2 3 4 5 6 7 8
3aJaHUusA
OTtBer b T B B 1 5 x > 2%
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IpakTnyeckas padora Ne2(
Tema 4.1 PaBHOCMIIBHOCTD ypaBHEHUN U HepaBeHCTB. OOIME METO/IbI PEIICHUS
Hean: HayuuTscs onpenensaTs paBHOCUIBHOCTh YPaBHEHUH.

TeopeTnueckast 4acTh:

Omnpenesenue. /[Ba ypaBHeHHsI ¢ 0JHOM niepeMeHHoM f(x) = g(x) u p(x) = h(X) Ha3bIBaIOT
PaBHOCHJIHBIMH, €CJTH MHOYKECTBA UX KOPHEH COBIAIAIOT.

WNupiMu  croBamm, [Ba YpaBHEHHS HA3bIBAlOT PABHOCUJIBHBIMU, €CIM OHU HMEIOT
OJIMHAKOBBIE KOPHU WJIM €CIM 00a ypaBHEHHUSI HE UMEIOT KOPHEH.

IIpumepsl

1) VYpauenns #x— 3 =2x+ 3u2x =6 pappocunpHBl, T.K. KaKI0E M3 HHUX MMeEET
TOJIbKO OJIMH KOPEHb X=3.

2) Vpasueuns (¥~ 2)(x+5)=0wu x* + 35— 10 = 0 ape PaBHOCHJIBHBI, T.K. y HHX
OJTHU U TE K€ KOPHU ¥1 = 2,%3 = =5,

3) A BOT ypaBHeHHs % = 6 H 4x’ =16 ye PaBHOCUIIBHBI, IIOTOMY 4YTO Yy IIEpBOIO
YpaBHEHHUS KOPEHb X=2, a y BTOPOI'0 ypaBHEHUS JiBa KOPHS X=2 U X=-2.

W3 ompenenenus paBHOCHUIBHOCTH CIEAYET, YTO JBa YPAaBHEHMsI PaBHOCUIIBHBI, €CIIU
KKl KOPESHB MIEPBOTO YPABHEHUS SIBIISICTCSI KOPHEM BTOPOTO YpaBHEHHUS, © HA000POT.

Peienne ypaBHeHHs ocylleCcTBJIsSIEeTCS B TPH JTama.

[TepBeiii dTanm — TexHUYeCKwWit. Ha 3TOM 3Tame OCyHIECTBISIFOT TpeoOpa3oBaHUs IO
cxeme (1) — (2) — (3)— (4) — ... ¥ HAXOAAT KOPHU MOCIEAHETO (CAMOT0 MPOCTOT0) YPaBHEHHS
YKa3aHHOM LIENIOYKH.

Bropoit sram — ananmu3 pemenus. Ha sTom srtame, aHanu3upys MpOBEICHHBIC
peoOpa3oBaHys, OTBEUAIOT Ha BOIIPOC, BCE JIM OHU OBLIN PaBHOCHIIEHBIMH.

Tperuit atan — nposepka. Ecnu ananus, npoBeeHHBIN Ha BTOPOM 3Tarle, MOKa3bIBAeT,
YTO HEKOTOpbIE MpeoOpa3oBaHUsi MOIJIM MPHUBECTH K YPaBHEHUIO-CIEACTBHUIO, TO O0s3aTelbHA
MPOBEpKa BCeX HAWEHHBIX KOPHEH MX MOJCTAHOBKOW B UCXOJHOE ypaBHEHUE.

Peasm3anms 3T0ro njiaHa cBsi3aHa ¢ NOMCKaMHU OTBETOB HA YeThbIpe BOIpoca.

o Kak y3Hath, sBIs€TCS M MEepPexoa OT OJHOTO YPaBHEHHUS K JIPYTOMY PaBHOCUIbHBIM
npeobpazoBaHuemM?

o Kakue mnpeoOpa3oBaHus MOTYT TEepeBECTH JJaHHOE YypaBHEHHE B YypaBHEHHE-
ciencraue?

e Eciu MBI B KOHEUHOM HWTOT€ pEIIUIN YypaBHEHHE-CIEACTBHE, TO KaK CHAeNlaTh
NPOBEPKY B Cllydae, KOTJa OHa CONpPSHKEHAa CO 3HAYUTEIHHBIMH  BBIYHCIUTEIEHBIMU
TPYAHOCTAMU?

e B xakux ciygasx mpu mepexojie OT OJHOTO YPaBHEHHS K APYroMYy MOXKET MPOHU30UTH
noTepsi KOpHEH U KakK 3TOro He JI0MYCTUTh?

W3 xypca cpeaneil MKOIbl Mbl 3HA€M, UTO MOKHO CIeJIaTh CIeAYIoUIe Ipeodpa3oBaHus
ypaBHEHUM: THO00U 4JieH ypaBHEHHUSI MOKHO TIEPEHECTH U3 OJTHOM YacTH B APYTYIO, U3MEHUB €0
3HAK Ha MPOTUBOITOJIOKHBIN.

OO0e vacTi ypaBHEHHSI MOYKHO YMHOXXHTBH WJIM Pa3/IeIUTh HA OJHON M TO K€ YHCIO, HE
paBHOE HYIIIO.

Ecnu mpu mepexojie OT OHOTO ypaBHEHHS K IPYTOMY TIOTEpH KOPHEH HE TIPOUCXOIHT, TO
BTOPOE ypaBHEHUE HA3BIBACT CIICJICTBHUEM MEPBOro ypaBHEeHHs. MHaue, eciiu Bce KOPHH MEPBOTO
YPaBHEHHUS SIBJISIOTCS KOPHSAMH BTOPOTO YPaBHEHHS, TO BTOPOE YpPaBHEHHUS HAa3bIBACTCS
CJIEJICTBUEM TIEPBOTO YPABHEHUSI.

W3 sToro onpenenenus u onpeaeacHus paBHOCHIBHOCTH YPaBHEHUH CIIEyeT, UTo:

1. ecnu Ba ypaBHEHHUS PaBHOCHUIIBHBI, TO KaXKJ0€ U3 HUX SIBJISETCS CIEICTBUEM JIPYTOTO0;

2. eclli KaXJ0e W3 JIByX yYpaBHEHHU SIBISICTCS CIIEACTBHUEM JIPYTOTO, TO 3TH ypaBHEHUS
PaBHOCUJIBHBI.
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[Ipu pemieHnn ypaBHEHHH TJIaBHOE- HE TOTEPSATh KOPHHU, a HAIUYHE MOCTOPOHHUX
KOpHEH MOXHO YCTaHOBUTH MNpOBepKor. I[lodTOMy BakHO cleAWTh 3a TEM, YTOOBI TpHU
IpeoOpa30BaHNU ypaBHEHUS KaXk10€ CIEAYIOLee ypaBHEHUE ObLIO CIEACTBUEM IIPEIBIYILETO.

CTOUT OTMETUTH, YTO MOCTOPOHHUE KOPHU MOTYT MOJYUYUTHCS MPU YMHOKEHUU 00X
yacTell ypaBHEHMsI Ha BBIpAXKEHME, COJAEp)Kalllee HEU3BECTHOE; a BOT IOTEpPs KOPHEH MOKET
MIPOM30MTH MPH JETICHUH 00€UX YacTell ypaBHEHHs Ha BRIpaXKEHHUE, CoeprKallee HEM3BECTHOE.

Wtak, cpopMmynupyeM OCHOBHBIE TEOPEMBbI, KOTOPHIE HCIIOJIB3YIOTCS TPH PELICHUU
PaBHOCUJIBHBIX YpaBHEHHI:

Onpenenenue. O6macteio onpeneneHus ypaBHeHus f(x) = g(x) wuiam  00JIACTBIO
JOMYCTUMBIX  3HaueHud tmiepemenHoit (OJ[3) Ha3pIBalOT MHOXKECTBO TEX 3HAYCHUU
MEPEMEHHOM X, TPU KOTOPHIX OJHOBPEMEHHO UMEIOT CMbICT BhIpaxkeHus f(x) u g(x).

Teopema 1. Eciiu kakoi-1100 4ieH ypaBHEHHS MIEPEHECTH W3 OJTHON YacTH ypaBHEHUS B
JPYTYIO C IPOTUBOIOJIO0AKHBIM 3HAKOM, TO IIOJYYUTCS] YpaBHEHUE, PABHOCUIIbHOE JTAaHHOMY.

Teopema 2. Ecnu 00e yacTu ypaBHEHHUS! BO3BECTU B OJHY U TYK€ HEUETHYIO CTEIEeHb, TO
MOJIyYUTCS] ypaBHEHUE, PABHOCUIIbHOE JTAHHOMY.

Teopema 3. [oxasarensroe ypasuenne @ % = a?™*) (rre a > 0, a#l)

paBHOCHIILHO ypaBHEeHHIO f(X) = g(X).

Teopema 4. Eciiu 00e wactu ypaBHenus f(X) = g(X) yMHOXHTh Ha OJHO U TO XK€
BBIpakeHue h(x), koTopoe:

a) UMEET CMBICI BCIOQY B oOiactu ompezeieHus (B o01acTv JOMYCTHMbBIX 3HAUECHUM)
ypaBHenus f(x) = g(x)

0) Hurzme B 2TOM oOmactu He oOpamraercs B 0, To momyuutcst ypaBHenume f(x)h(x) =
g(x)h(x), paBHocuibHOE nanHOMY B ero O/13.

CaencrBueM TeopeMbl 4: eciii 00€ 4acTH YPAaBHEHHUS YMHOXKHTH WJIM Pa3JelUTh Ha
OJIHO U TO K€ OTIMYHOE OT HYJISI YUCIIO, TO TIOJTYYUTCS YpaBHEHHE, PABHOCUIIBHOE JAHHOMY.

Teopema 5. Eciiu 06e wactu ypaBHenus f(x)=g(x) neorpuuarenabusl B O3 ypaBHeHus,
TO TIOCJIe BO3BEIEHHUS OOEMX €ro 4acTel B OAHY M Ty K€ YETHYIO CTENEeHb N MOJyYUTCS

ypaBHEHHE (fG))™ = (g™ paBHOCHIIBHOE JaHHOMY B ero O/13.
Kparkas 3anmuce Teopem 4, S.
4. f(x) = g(x) ©h(x)f(x) = h(x)g(x), e h(x) #0
u h(x) umeet cmbica B O/I3 naHHOTO ypaBHEHUSI.
5. f(x) = g(x) & TEN™ = (D" | e f(x)>0, g(x)=0
u n=2k (4€THO€ unco).
Hanpumep, x —1=3;x=4
YMHOxkUM 00€ yacT Ha (X — 2):
(x—2)(x—1)=3(x—-2); x =4 u X =2 — NIOCTOPOHHUI KOPEHb= MpPOBepKa!
PaBHOCHIBHOCTH HEPABEHCTB C HEM3BECTHBIM OIPE/EIAETCS] aHAIOTUYHO.
HepaBenctBa, wMmeromme OIHO H TO JK€ MHOXECTBO pEIICHWH, HAa3bIBAIOT
paBHOCHJIbHBIMU. HepaBeHCTBa, HE MMEIOLIHNE PELICHUH, TAKKE SBISAIOTCS PaBHOCUIBHBIMH.

Pemenue 3aganmii:
IIpumep 1.
o=y —
PeurnM ypaBHenue: VX=X~ 2
Bo3Beznem B kBagpaT 00e 4yacTu ypaBHEHUS, IOJIYUUM:
— _ 2
x=(x—2)" koropoe He GyaeT PaBHOCHIBHO HCXONHOMY YpAaBHEHHIO, IOTOMY H4TO Y
3TOro ypaBHeHHs nBa KopHs ¥1 = LX2 =4 3 y mepBoHAYanbHOTO ypaBHEHHS TONHEKO OJWMH
KOpEeHb X=4.
IIpumep 2.
x—3
— =10
1. HepaBencrpa ¥< + 1 u X-3<0 paBHOCHJIBHBI, TaK KaK HMEIOT OJHO M TO K€
MHO’KECTBO pelIeHnH X<3.
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2x
=1
2. HepaBenctBa x — 1 n 2x>Xx-1 He paBHOCWIIBHBI, TaK KaK PELICHUSIMH IEPBOTO
ABIAIOTCA uncna X<-1 m x>1, a pemeHussMu BTOporo- unucia x>-1. IIpu pemienun HepaBeHCTB
OOBIYHO JJTAHHOE HEPABEHCTBO IIPE00Pa3yeTcsl B €My paBHOCHIBHOE.

Nel.
Euifiepy pARHOCHNLHLIE YPABHEHWA,
a dr=0G=9n7-1,2x=1
T 1

6§ —l=r=du—==—=
[ i

B (r—1)z+2)=0ujz+1)z—2)=0
r (2r—18)(4,2+40,7z) = 0w (dz + 30)(54 —6z) =0

T
A (2z—1)—(z+3)=zu _1=E]
I
T
e l{?r—lj—{;{:—ﬁj=:-:—*1ﬁ£1 =1

Ne2. Haiitu QpyHKIMIO, 0OpaTHYIO K JIaHHOM: a) y = —3X +2;6) y =2 — x°
Ne3. BbISICHUTD PaBHOCHIIBHBI JIN YPAaBHEHUS:
a)2x?-9x - 5=0wux(6x — 13) = 14x +15
0)5x*+4x—-1=0ux(2x +11)=-6-x2
Ne4. Pemnth ypaBHEHHE:
3 4x-1_x'+5
a)x-1 x+1  x*-1
x+2 3+4x _2(x-2)

6)X-2 x'-4  x+2

IIpakTnueckas padora Ne2l
Tema 4.2 YpaBHeHUsI 1 HEPABEHCTBA C MOAYJIEM
Heas: Hayuntbes pemarh ypaBHEHUST M HEPABEHCTBA, COJIEPIKAIINE 3HAK MOJYIISL.

Teoperndeckasi 4acTh:

[‘I. Pewenune ypagHeHui u HE‘paBEHCI’Bj

COAEPKALLMX 3HAK MOY A

€ MCIOALI0BAHREN no obmei cxeme

0 OIPETe.

reomMmerTp Li]

|a|=10, ecima=0,
—a, ecama <0,

1. | (x)] =a.
2.7 (=) =g =]
3.|f(x)| >a.
4.|f ()| <a.

o CMBICHA MO/LyH 1. Haiira OJ13.
| a| — pacemosnue na 2. HajiTh ByaHm Bcex
HUCADE0I NPAMOIL Om ODOAMOLYALHLX
a, eca a > 0, maoyuru O do moyku a. ymupmii,

3. OrmeTHTE HyAH Ha

013 m paztuars 013
HA NPpOMEeYTHH.

. Hajith pemenme B

KAMIOM HPOMEKYTES
(W NpoBEPHTH, BXOIHT
AH 3T0 pemeHHEe B
paccMaTpHBaeM bk
OPOMERYTOR).

C HCNOJALIOBAHKEM
CIEIHANLHLIX COOTHOMSHNI
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2. Ucnonk3oBaHme reoMeTpuHeckoro cveicna mogyna (npua = 0)

|[t|=a |[t|=ua
| ¢ -ul |t] < a llrl - a
-a 0 a P
1.|,|F(-.] a & Filx) = a wom F(x) a.
2. | fix) | g (x) | &= Fix) = g(x) mam fix) £ (x).
3,|,|Ffl.] i &= Fx) < —a mau F(x)>a.
4. |f(x)| f(x) 1(0>~4,
B X i = —i X il =
[f(x)<a.
OBobujeHue

T [g(x)=0,
5. 11N =8@) &) o) wam 1(2)--g(®).

6. |fix)|> g(x) = fx)<—g(x) wan f(x) > g (x).
[f(x)>—g(x),

T |f(x)<g@es-g@<fo)<gx)= “{;){g[x).

3. Mcnonk3oBaHue cneumansHLIX CooTHOLEHMA

1. |u|=u=uz0.

2. |lu|=—u=us<o.

3. |u|=|v|eu=1.

4. |u|>|v|e=2 u?>v’. Torga |u|- |v|>0 < u® - v*>0;

FHak pasHocmu modynell deyx swpameHull cosnadaem co FHAKOM pas-
HOCMU UX KEA0pAmos.

:H}'}!
5. |u|+|u|=u+u<=1--;y}ﬂ‘
[us (),
6. |u,|+|u|=—u—v=rclug“.
7. Ju|+|v|=|lut+v|euv 0.
8. |u|l+|v|=lu-v|=2ur<o.
9. |x-a|+|x-b|=b-—a=2axx<braea<h.

OObsicHeHHE 1 000CHOBaHHE

Pemrats mo60e ypaBHEHHE WM HEPABEHCTBO, COJIEpIKaIlee 3HAK MO, MOYKHO OTHHUM
U3 TPEX OCHOBHBIX CIIOCOOOB: MO OMPEAETICHUI0 MOIYJIS, HCXOS M3 T€OMETPUUYECKOIO CMbICIIA
MOJyJis WU o o01elt cxeme. HekoTopeie ypaBHEHMsI MJIM HEPABEHCTBA C MOAYJIEM MOTYT OBITh
TaKXe PEeleHbI C CII0JIb30BAHNEM CIIEIIUAIBHBIX COOTHOLICHUH.

B 3aBrcuMOCTH OT BRIOPAHHOTO CITOCO0A PENICHHS MOTyYaeM Pa3HbIE 3aIHCH PEIICHUSI.

Ilpumep 1. Pemute ypaBHenue | 2x — 4 | = 6.

I crioco0 (1o onpeneneHnto Moy )
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Pemenne KomMeHTapmid

1) Eciim 2x—4=0, (1) | Y1oObl pacKphiTh 3HAK MOIYIA IO

ONpelleleHHD,  PacCMOTPHM  [IBa
TO MOTy4YaeM ypaBHeHHe 2X — 4 = 0. | ciyyas:

Torma X = 5, 9TO0 VIOBISTBOPHAET I
VCIIOBHIO (1). 2x—4>0 H 2x—4<0

2) Ecnn 2x—-4<0, (2) |IIo OIpeIeIeHHID MOJIYIIEM
TOJIOAIITENIBHOTO (HeOTPHIATEIBHOIO )
TO TONy4aeM ypaBHeHHe —(2X —4) = 6. | qiicna sBAfeTcA caMo 3T0 9ICIO, 2
Torma x = —1, 9TO YIOBNETBOPAST H | MomyleM  OTPHIATENBHOIO  9IHCIA
VCIOBHIO (2). ABIAETICH  IPOTHBOIOINOXKHOE — €MY
qicno. IToatomy

OteeT: 5; —1.
npu2x—-4>0, [2x—4|=2x-4,a

mpu 2x— 4 <|0, [2x—4|=—(2x—4).

B KazI0M cIIydae pelaeM IoTydeHHoe
YpaBHEHIIE I BEIACHAEM,
VIOBNETBOpAET M  KaXKIBIH I3
HallIeHHEIX KOpHell TOMY VCIIOBHIO,
IIPH KOTOPOM MBI €70 HaXO0 IILIIL

1l cnoco0 (MCI0ab30BaHNE TEOMETPUUECKOTO CMBICIA MOIYIIA)

Pemenne KomMmeHTapHid

2x—4=6 umum 2x—-4=-06, C reomeTpidecKkoil TOYKH 3peHHA
|2x — 4| — 3T0 paccTosHHe OT TOUKI 0
110 TOYKH 2X — 4.

2x=10 mwm 2x=-2, Ilo ycrnoBIro ypaBHEeHIA OHO PaBHO 6,
HO paccTofHHe 6 MOXKeT OBITh
OTJIO:KeHO oT 0 Kak BIPaBO (IIOIydIaem
X=35 wm x=-1. 4HCI0 6), TaK I BIEBO (IIOTyIasM JICIo
—6).

Taxum oOpazom, paBeHCTBO

OteeT: 5; 1. | 2x — 4 | = 6 BO3MOKHO TOT/1a I TOJIEKO
TOrHa, korga 2x—4=6mm2x 4=
—6.

3ameuanme. [Ipu perieHnn ypaBHEHHs C MCIIOJB30BAaHHMEM I'€OMETPUUYECKOI'O CMBICIA
MOJTYJIsl 3HaK MOJYJSI PACKpPBIBAETCSI HESIBHO, TO €CTh OINpEIesIeHHEe MOJYJsl B SIBHOM BHJE He
MPUMEHSIETCS.

OOmiast cxema pemieHus] ypaBHEHUH W HEPaBEHCTB, COJEPXANIUX 3HAK MOIYJSl — 3TO
(akTHUECKH HEMHOTO M3MEHEHHBIH MeToJl MHTepBasoB. [losicHUM cozep:kaHue 3TOM cXxeMbl Ha
pUMepe YpaBHEHUS C IByMsI MOJIYJISIMU BHJIA

fX)+lg®)]=a (a>0).

UTo0Obl pemuTh 3TO ypaBHEHHE, HEOOXOJIUMO PACKPBITh 3HAKU MOJYJEH, a JJii 3TOro
HeoOxoaumo 3HaTh, rae ¢yHkmuu f (X) m g (X) OyAyT NOJNOXWUTENbHBIMH, a TAEe —
OTpHIATENEHBIMA. TO €CTh (PaKTHUECKH MBI TOJDKHBI PEIIUTh HEPABEHCTBA

f (x) > nnm <0, (1)

g (x) = <0. (2)

Kaxmoe u3 3THX HEpPaBEHCTB Mbl YMEEM pellaTh METOJ0oM HHTepBaioB. Ilepectpoum
IpUEM pelIeHUs] HEPaBeHCTB METOJIOM HWHTEPBAIOB TaKUM OOpa3oM, YTOOBI OH JaBall
BO3MOXXHOCTh OJHOBPEMEHHO peIIaTh KaXJ0€ M3 TOCIEIHHX HepaBeHCTB. Kak H3BecCTHO,
perieHre HepaBeHCTBA (1) METO0M MHTEpBAJIOB HaunWHaeTcs ¢ HaxoxaeHus ero O/13 (To ecth
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oOmactu onpenenenus Gynkuun f (X)), a pemenue HepaBeHCTBa (2) — ¢ HaxoxaeHus ero O/13
(To ectb obmactu ompeneneHus GyHKIEH g (x)). UToOBI HayaTh OJHOBPEMEHHO peIIaTh 00a
HEPAaBEHCTBA, HEOOXOAMMO HAWTH OOIIYI0 00nacTh onpeaeneHus s Gyakuuii f (x) u g (x), TO
ects HaliTH O/[3 nanHOro ypaBHeHMs (3TO M €CTb nep@vlll U3 OpueHmupos HeoOXOaUMON
CXEMBI).

UtoObl mpoaomkuTh pemenne HepaBeHCTB f (x) >mm<0 u g (X) >nm< 0 MeroaoMm
UHTEPBAJIOB, HEOOX0onMMO Hatu Hynmu ¢QyHkuui f (x) u g (X), TO eCThb HAWTH HYJHM BcCeX
MOAMOAYJIbHBIX PYHKIUIA (3TO U €CTh 8MOPOL OpUeHmuUp).

Ecin panee npuUMEHHTh CXEMYy METOJAa MHTEPBAJIOB OJHOBPEMEHHO [UIsl JIBYX
HepaBeHCTB, HeoOxoaumo Ha OJ/I3 oTMeTuTh HYJM NMOAMOAYJbHBIX (PYHKIHUIA W Pa3douTh
O/13 Ha npoMe:xXyTKH (3TO mpemuti opuenmup).

B kaxaoMm Hu3 MONMy4YEeHHBIX MPOMEXKYTKOB 3HaKW (yHkmuil f (X) m g (X) HE MOTyT
U3MEHUTHCA. Torga Mbpl MOXKEM HAWTH 3HAKH MNOAMOAYJIbHBIX (YHKUMI Ha KaMKIAOM
NMPOMeKyTKe (B JII0O0OM TOYKE 3TOT0 MPOMEKYTKA), PACKPBHITH 3HAKH MOJYyJell W HaHTH
pellieHre JAaHHOI0 YPABHEHHS] B KayKAOM M3 I3THX NPOMEKYTKOB (3TO U €CTb Yemeepmulii
opuermup ooweli cxemwt).

ObocHOBaHME BO3MOXHOCTH IPUMEHEHHUS PUBEICHHON CXEMbI K PEIICHUIO0 HEPABEHCTB
C MOJYJISIMU TIPOBOJAUTCS AHAIIOTMYHO.

3agaua 2° Pewrnre ypassenne |x — 5+ |2x + 5| = 3x.
Pemenne KomMmmenrapnit

P IMockoaery 3x =(x — 5) + (2x + 5), Bemnt obosmHaunmTs x — & = u o
TO JAHHOE VDPABHEHNE HMeeT BHI 2x+ b=v, T0Uu + v = 3x U gaHHOE
|uw|+ |v|= u + v, Ho s10 pamenmcTBOo | ypasmemme mmeer Bug |u| + |v]| =
MOMET BRINOMHATHCA TOTIA M TOABKO =u + v, A 00 COOTHOLIEHMIO D TaKOe
TOTHA, KOTOA YHMCTA U ¥ U — oba HeoT- | YpABHEHNE  DABHOCHILHO  CHCTEME
pHnaresabie. CaegopaTe bio, JaHHOES (=0,
YpABHeHNE — DABHOCHIBHGO  CHOTEME 1{: 30
f E x=h
4.-1'—-13'“. Oretona ' JaMeTnM, YTO JAHHOS VDABHeHmE
By +520, 1.1‘ _E_ MOMHO DELIATE I o obirefl cxeme, HO
- ‘ L)

2 Torga petmenme 6yvaer Goaee rpoMozd-
Taxmum cbpasom, x # 0. KITM.
Omaeent: [5: +99). <]

dagaua 3 Pemrnre mepaseserso | 2x — 5|5 7.
Femersne Komumesrtapmit
P VunThIBAA TeoMETDHUeCHHH CMBICT HepaseHeTED BHOA |f{x} | % a (rge
MOOVIA, DOIVYaeM, 9T0 SAJAHHOE He- a > () voobHO pelIaTs, HCOoIbSYHE Ieo-
PABEHCTED PABHOCIIIBHD HEDABEHCTEY mMerTpHuYecknil cmecn mogyvaa. Ilo-
-7 2x -5 T. (1) CHOTBKY SAJAHHOE HEPABEHCTBO — 3TO
Torma -2« 2x = 12, TakuM obpasoM, HepaseHeTEo Buza |t| € 7, a mogyme
-1 x= 6. 9HCIA — 8T0 PACCTOAHNE HE HKOODIH-

HaTHOR npamoil or Touwm, msobpasxa-
wmelf gaEHECE YHeT0, Do ToukHm 0, To
SAMAHHOMY HEDABEHCTEY VIOBIETBODH-
0T BCE TOUKH, HAXOOAINECA B ODOME-
myTtwe [-7; 7). Tammm obpasom,
-7 % t = 7. Econ BOSHHNKAIOT SATDYVI-
HEHHA ¢ PEIIEeHNEeM ABORHOTO HEDABEH-
crea (1), To ero saMEeHANT HE PABHO-

[2x-53 -7,

CHILHYIO CHCTEMY N
121‘ =BT,

Omeem: [-1; 6]. <]
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Penrenne 3aganunii:

Pemire ypaBHeHUST 1 HEpaBEHCTBA, cojaep KaIiie 3Hak moays (1-15).

1. 1) |8x-5|=T;
2. 1)|2x - 3|> 5;
3. 1)|x=-2 =-2x-1=10;
4. ) |x-1|+|x—-3|=2;

H|x+5|+|x—-8|=13.
5 1) |x+ 3|-c:x—2;

H|x+3|+|x—-1|<|6- 3x|

6. 1) Vx'-2r+1+|x-2|=1;

7. 1) Jxrf—dx+4 +«J’F=B;

I.rﬂ—dx|—3_ X
.:rg-l-lx—E-l_ '

9. 1)||x-1]|-2|=1;
10. 1) | x® — 4x | < 5;

11. 1) 3 [x -1 |+ - T=0;

12, 1) sl g
42

13. ) |x-1|-5|= 2;
14. 1) |x - 2«7 |> 22 — x;

4
| x+8|-1

8. 1)

15. 1) #|x+2);

2) |8 - 4x|=6;

2)|8-5x|<T; )

3) |x® - 5x|=6.

2x_ri|
=—_———l<1.
x=-h

ﬂ‘}ﬁ: 4)

x+1
2+ 3x+ |x+ 3| =0.

2}|x+ 1|+|x—5|=2ﬂ;

|x+1|+|x-2|s 2x-1;

2) Jx'+dx+4+|x|=x+5.

2) V16-8r+x? +Jx?+2¢x+1=5.

4

) |[z=1]|-2
2)||2cx—4|-5]|=3.
2| xF-x—-6|=>4.
2)|x-6|22"-5x+9.

}|r|1_:i{é‘
-1+ |x+2|-|x—3|>4.
2 [x*+x—-20|< £+ x— 20.
4

mkll’-ll

=|x+1|.

2)

IIpakTyeckas padora Ne22
Tema 4.3 YpaBHeHUs 1 HEPABEHCTBA C MapaMeTpaMu
Heas: Hayuntbes pemats ypaBHEHUST M HEPABEHCTBA, COJIEPIKAIINE TTapaMeTp.

Teopernyeckas 4acThb:
HarmoMHHM CMBICTT BBIpaXKEHHUS «PELINTH C MApaAMETPOM» — MOKHO peliaTh YpPAaBHEHUS,
HEpaBEHCTBA, CUCTEMBI C TAPAMETPOM.

Fflx,a) =0 flx,a) <0
Pemnts 3apmady, HampuMep ypaBHEHHUE WM HEPaBEHCTBO c
napaMeTpoM a — O3HayaeT «epedpaTh» BCe 3HAUEHHUS MapaMmerpa W A KakJOro U3 HHUX
yKa3aTb OTBET.
1. Pemenue ypaBHeHUH ¢ TapaMeTpoOM
[TosicHuM Ha MPOCTEUIINX MPUMEPAX.
IIpumep 1 — pemnTh ypaBHEHHE ¢ TApaMETPOM:
ax=1
d
3aaya COCTOUT B TOM, YTOOBI JIJIsl KaX/I0T0 3HAYEHHs MapaMeTpa - peuIuTbh YpaBHEHHE
X
OTHOCHUTEIIBHO .
a=2 o o
Ilycts , TOr1a IMEEM IIPOCTEMIIIEE INHEWNHOE YPaBHEHUE:
1
2x=1leox=—
2
B o0mem ciydae B JaHHOM YpaBHEHHMHM BO3MOXKHBI [IBA BapHaHTa PELICHHUS — KOT/a

MOXXHO JIENTUTh Ha KOA((UIIMEHT a W KOorjaa Hesb3s, He0OX0IuMO TepedpaTh BCE JOMYCTHMBIS

ach
3HAYCHMsI mapaMeTpa a ( )
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a=~an
PaccmoTpum nBa cayuas. Ilpu Mbl HE MMEEM IIpaBa pPa3ACiIuTh CIUHUIY Ha

KOX((UIMEHT a, IOATOMY IOJICTABIIsIEM 3HAYCHUE HOJb B 33/IaHHOE YPAaBHCHHUE M M3yYaeM €ro.
[Tpu rOOBIX APYTUX 3HAUCHUSX & UMEEM ITPaBO BBIMOJHUTH JCIICHHE:
a=~0 a==>0 a==0 {EI =0
{ax=1 {ﬂ#x=1 {III=1 XEQ

{a¢ﬂ+* a0 “|@a=z0"|ax0

ax=1 w = 1 = 1 ¥ = 1
a a a
a= [:] o a ¢ ':' N = E
OTtBeT: Ipu PEIICHUHU HET, ITPU 2

PaccmoTpuM penieHre npocTeniinero HEpaBeHCTBA € MapaMeETPOM.
2. Penienrie HepaBeHCTBA C MapaMETPOM

PaccmoTpuM penienre npocTeniinero HEpaBeHCTBA € MapaMeETPOM.
[Ipumep 2 — peminTh HEPABEHCTBO C TAPAMETPOM:

ax =1

Ecim a — KOHKpPETHOE YHCIIO0, MBI MOXEM JIETKO PEIIUTh 3aJaHHOE€ HEPaBEHCTBO,
HaIpUMep:

1 1
a=2:2x> 19:{?:5;3:—2: —Ex:::lfr}x:::—i

y Hac ke ecTb ko3 duuueHT a B o0mmem Bune. Paccmorpum Tpu ciryyasi:

[ a==>0 {E'ZD a=10
{ax}l ﬂzé i%
{aaa‘:l](—} a 1(—} a 1
x>=1 X< — X <=
az>=0 2 a
{a -1 a=0 a=>0
Llax
{xl‘:l x}l
L a L a
1 1
- a=0 oo a<0X< a=0%~7
OtBert: npu pELIEHN HET; IPU ; IpU

IIpumep 3 — pemnTh ypaBHEHHE C TAPaMETPOM:
—a

x—5
JlpoOb paBHa HYTI0 TOTJa M TOJBKO TOTJA, KOTJA YWCIWTENh €€ pPaBeH HYIo, a
3HAMEHATEb HE PABEH HYJIIO:

{x —a=20 o {x =a
x—5#0 X#F5
3HaueHue napameTpa MoKeT ObITh JIIoObIM. PaccMoTpuM ABa ciyyasi:
a=>5
x—5
x—s5 0
a#s
X—a _
—5 0

. XxX=a
[Ipu 3TOM MOJTy4aem B MEPBOM CIIydae: X ¢ OJHOM CTOPOHBI PAaBEH IIATH, T. K. ,ac
JIpYroil CTOpPOHBI HE paBeH MATH, T. K. 3HAMEHATENb APOOU HE MOXKET ObITh paBeH HYJ0, KpoMe
0
- = |:|
TOTO TOJTy4aeM BhIpakeHue ° , @ TAKOTO BBIPAKEHUS HE CYILIECTBYET.

a*bhbx=a

Korga , IPOTUBOPEYN HE BOZHUKAET

. a=2>5 o aFbhbx=—a
OtBert: npu pELIEHHI HET, IPU

IIpumep 4 — pemnTh ypaBHEHHE C TAPaMETPOM:
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—

YyEXE=a
3HaueHWe a MOXeT ObITh JIFOOBIM, HO KBAJpPaTHBIH KOPEHb — O3TO CTPOTrO

HeoTpuaTensHoe ynciio. CiieoBaTeabHO, paCCMaTPUBAEM JIBa CIIydas:
{ a=0 { a==0

w.,."§=EI x = a’
—3
{afiﬂ {Elﬁiﬂ
\."EZEI x €@
o . az=0x=a’ a<0xe@
TBET: MpU ; Ipu

3. Pelienue UppalroHaIbLHOIO YPABHEHHUS € IIAPAMETPOM

Pelmm uppanioHaib,HOE HEPABEHCTBO C APAMETPOM.

[TpumMep 5 — pelIuTh HEPABEHCTBO C APAMETPOM:

\."E =a

I/ICCHGHyeM AaHHOC HECPABCHCTBO.

X CTOUT IIOA 3HAKOM KBaJApPaTHOI'O KOPHS, 3HAYUT AOMYCTUMBIC 3HAUCHUSA IO X - BCC

HEOTPHUIIATEIIbHBIC 3HAYEHHUSA. & MOXKET MPUHUMAThH JIFOObIE 3HAUCHHUS. PACCMOTPUM TPH CIIydasl.
a a==0 .
Ecnu © meHblIe HYJII U KOPEHB CYLIECTBYET, TO HEPABEHCTBO BhINIOIHAETCS. Ecimn , JI000H

o a
HCOTPpULATCIIbHBIN X YJOBJICTBOPSICT HCPABCHCTBY. Ecimu ke © Gonblire HYJIsI, UMECM IIpaBoO
BO3BCCTH B KBaapar:

_’EI::G -{Elcc:ﬂ
L&Ea XES

- a =

a==0 =>0
Wx=a ‘”K—ﬂ

r KE

a'_,‘.:ﬂ {a}l]
L~ = -
Wxza |]y= 2
0 . a=0x=0 a>0x=a’
TBET: IIPU ; IpHA

PaccmoTpuMm pelieHne JaHHOrO HEpaBeHCTBAa rpaduueckuMm MeTtofoM. Jlns aToro

o o =X
CHAaYama CTPOMM rpaduK (YHKIHMH, CTOSIICH B JeBOH wactd: ¥, 0GNACTh OIpeIeicHHs

o x=0 o =a
nanHou ¢yHKuMu - — ~. PaccekaeM TONYYEHHYIO KPHUBYIO CEMEUCTBOM Hp;{MI)IX:rr "u

HaxXOJUM TOYKHU NCPECCUCHUS.

-1 0 1 2 3 4 5 6 7 8 9 i)

X—
-1 0 1 2 3 4 5 & 7 g ] 10

a=0

Ilo pucyHky 0Ye€BHUIHO, YTO KOTIJa , KpUBasi HaxOAWTCS HaJ IpPsSIMOM IIPU BCEX
JIOIIyCTUMBIX X, TO €CTh IIPU BCEX JOIYCTUMBIX X HEPABEHCTBO BBIIOJIHAETCA.

Ecnamn a monoxurenbHO, KpUBass UMEET €AUHCTBEHHYIO TOUKY IEPECEUYEHUs] C MPSIMOUA U
KpUBas HAXOJUTCS BBIIE MpPSAMOM mpaBee TOUKM IepecedeHus, alcimcca TOYKU
TIePECEUeH s~ ° , I03TOMY PELICHHEM HEPABEHCTBA SBIISCTCS - =a

OueBUAHO, YTO OTBET COBMAJIAET C OTBETOM IPHU PEIICHUU aHATUTUYECKUM CIIOCOOOM.
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[Ipumep 6 — pemInTh ypaBHEHHE C TAPaMETPOM:

Eh,,"; =0

[IpousBenenne AByX MHOMKHUTENEH pPaBHO HYJIO TOTJA M TOJIBKO TOTJA, KOTJa XOTs Obl
OJIMH U3 MHOXXUTEJIEH PaBEH HYJII0, 2 BTOPOU MPU ITOM CYLIECTBYET.

a=2=~0
PaccmatpuBaem nBa Bapuanta — JH00 , HO KOpEHb MpU 3TOM JIOJKEH
x=10
CYIIECTBOBATh, JTMOO0 , B TAKOM ClIy4ae a — J11000€ Yuclio:
a=2=0
=0
x=10
ER
a=0xe|0;+oo aF0x=20
OtBeT: ipu [0; + :]; npu *

Pemenue 3ananuii:
Nel. Pemnth ypaBHEHHE € TapaMETPOM:
a) ax+ 2= —5;
6) —3ax = 4,
= |"_ — —
B) ayx—>5 lZI;
Ix+a
r) x—4 .
No2. Pemiuth HEpaBEHCTBO C TAPaAMETPOM:
—dax < 5,
a)

2

ayx ==
v 7.

0)
ax+1 ~ 0
B) =3 = :

r)a-l- Vx= 1;

IIpakTuyeckas padora Ne23
Tema 4.4 KontponbHas pabota o pasneny 4 «YpaBHEHUS U HEPaBEHCTBa»

Hean: IIpoBepuTh ypoBeHb YCBOCHUS JaHHOIO MaTepuana mo pasieny 6 «YpaBHEHUS U
HEPABEHCTBA»

Ilpu pewenuu 3a0anuii 1-4 3anuwiume npaguIbHLIL OmMEem U3 UYemblpex
nPeOI0IHCEHHBIX:
1. (1 6amm) Kakoe u3 uncen sBisieTcst KopHeM ypaBHeHHs log, (x + 1) = 1
A)-1;b)2;B) 1;I) 0.
2. (1 6amn) Kakue u3 ypaBHeHU UMEIOT O0Jiee OJTHOTO KOpHs?
A) x?-6x+5=0; B) 3*"2=9; B) (x-4)(x+3)(x-8)=0; I') 2x-7=0.
3. (1 6amn) Onpenenute BUI ypaBHEHUs V—32 — X = 2
A) nuneitHoe; B) kBanpaTHoe; B) uppanuonansHoe; ') paninonansHOe.
4. (1 6amn) OnpesienuTe HaMMEHbIIEE HEN0e PelleHHe HepaBeHcTBa 5¥2<1?
A)-3;5)0;B)3;T) -4.
Ilpu eévinonnenuu 3a0anuii 5-8 3anuuwiume x00 pewieHuA u NOJIYUEHHbLIL Omeent.
5. (2 6anna) Haiiagute KOpeHb ypaBHEHUS | x-3 | =2
x—y=2_§,

6. (2 6anna) Pemute cuctemy ypaBHeHUI {2 -3y _ 16,
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2x%-5
X x<x

7. (2 6anna) Pemmte HepaBEeHCTBO pors

8. (2 6ana) Pemmre ypaBuenne (2x — 3)V3x2 —5x—2 =0

Omanonvt omeemos:

Homep | 2 3 4 5 6 7 8
3adaHUsA
OtBer B B B A I;5 (10; 2) (-o0; 0]; [2; 3) -1; 6

IpakTnyeckas padora Ne24
Tema 5.2 Ilonstue nponsBoanoil. @opmyisl 1 npaBuwia AudQepeHIpoBanus GyHKIUU
Heab: OnpenenuTh CYIMIHOCTh MNOHSATHA TNPOU3BOJHAS, HAYYUTHCS BBIYHUCIATH
MIPOM3BOIHYIO, UCTIONB3YS TPEACIbI.

Teopernyeckas 4acThb:

[Ipou3BoaHas - riiaBHeilllIee MOHATHE MAaTeMaTH4ecKoro aHanu3a. OHa XapakTepu3yeT
n3MeHeHue (PyHKIMHU apryMeHTa X B HEKOTopoit Touke. [Ipy 3ToM 1 cama mpou3BOaHAS SIBISETCS
byHKIMEH OT apryMeHTa x

« = X
Ipouszeoonoii gynxkyuu * S :IB To4Ke * Ha3pIBaeTCs mpezes (€ciau OH CYIIECTBYET U
KOHEYEH) OTHOLICHHS MpupalieHus (yHKIUH K MPUPAIICHUI0 apryMEHTa MpPH YCJIOBHH, UYTO
MIOCJIEIHEE CTPEMUTCS K HYIIIO.

To ecTb,
£ = lim 2 o fi LETAD S
ax—0 A ax—=0 Ax
Haubonee ynorpeOurenbHbl CIEAYIOIINE 0003HAYEHUA RPOU3IEOOHOIL:

& dw
yo FEh odx’ dx
ANTOpUTM HaxOXIECHUS TPOU3BOJHON
LI .
X
f'(xo) HYKHO:
1) 3amate mnpupalieHue Ax _ 9TO MNpHUpPALICHHE apryMEHTa W  BBIYHMCIUTH
Ay Af =f(xg+Ax)— f(x
COOTBETCTBYIOIIEE PUpAIIEHHe GyHKImH > Hin f=1 )= J( ':"j.
Af
2) Haiit pa3HOCTHOE COOTHOIIEHHE 4%, yIIPOCTHTE €10 U COKPATHTh Ha

Af
. Ax—=0

3) Eciu otHomenne 4% mpu CTPEMHUTCSI K KaKOMY-TO YHCIY, TO 3TO YHUCIIO

fJ(xu)_

Jlnst Toro yT0OBI HAUTH

Oyner

Pemenne 3aganmii:

IIpumep 1. [Tons3ysck onpeaeseHueM NPOU3BOAHOIM, HAUTH IPOU3BOIHYIO (DYHKIMH
y=afx+1

Pemrenne. U3 onpenenennst nponu3BOIHOM BBITEKAET CIEAYIOMIAs CXeMa €€ BBIYMCIICHHUS.
Jlamum apryMeHTy npupalieHue (J1enbTa) U Hai1éM npuparieHue QyHKIum:

Ay =afxt+hx+l—nfz+1

Haiiném oTHomeHue npuparienus GyHKINU K TPUPAIICHUIO apryMeHTa:
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g_y'rx+ﬁ.x+1—\.'rx+1 ~
Jiks Fiks

w,u"x+f_".x+1—Jx+1)(~,fx+ﬁx+1+~.u'rx+l)

ﬂx(\u’x+ﬂx+1+«fx+ 1)

_ r+hx+1-(x+1)
ﬂx(afx+ﬂx+1 +-q'[x+1)

_ Az
- ﬂx(ﬂ’x+ﬂx+1 +qfx+1)

|
-q'[x+ﬂx+1+\.'rx+1 '
Bpruncium npenen 3TOrO0 OTHOLIEHUS IIPU  YCIOBHM, YTO MPUPALICHUE aApPTyMEHTa
CTPEMUTCS K HYJIO, TO €CTh TPEOYEMYIO B YCIOBHH 33J]a4H MPOU3BOIHYIO:

: 1
litn =
x>0 Jx+1ﬂx+1+—\.'rx+%

Jrrledz+l 240x+1
Ipumep 2. Haiftu npon3BoaHYI0 GyHKINN
y= fix)=2x"+1.
Pemenne. M3 onpeneneHus IpoU3BOJHONW BBITEKAET ClEAylOIIas cxema s €€
BBIYMCIICHHUS.

Hlar 1. /lagum aprymeHTy npHpalieHue A% o naiiném
y+hy=F(x+hax)=20x+4x)" +1=

= 2x* +4xehn 4+ 20An)° +1.

ar 2. Haiiném npupaiienue QyHKIUH:

My = f[x+ﬂx:l—f|':x:l=

=[2x® +4xeax+2(ax)’ +1]- (227 +1)=

= dxehx+2(Ax)"

ar 3. Haiiném oTHomIeHNe npupalieHus GyHKIUU K IPUPAIIEHUI0 apryMeHTa:
by dxehx+2(Ax)  Ax(dx+24x)
Ax Ax C Ax
=dx+2hx

[lar 4. Belyrcaum Mpeen 5Toro OTHOLIEHUS IPU Lx =0 10 ectn IIPOU3BOJIHYIO:
y = (x)=lim (4x+24x) = 4x

IIpumep 3. Haiftu npou3BoAHYIO0 (QYHKIHMH Y =\EI/I 3HAQYEHHE HTOW IPOU3BOAHOU

npu = q
Pemenue. Bocnionb3yemcs cxemoit, nmpuBe1€HHOM B ipumepe 1.
[ar 1.
y+iyv=Fflx+hn=Jx+ix
[ar 2.
Ay = Flx+Ax)— F(x) = fx+ix -7
[Tar 3.
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Ly  fx+hx- ﬁ
Mz Ax '
Iar 4.

. . . oNxthx -z
¥ :f{xj:hm_y:hm —ﬁ'lll'_

A=) ﬂ'l.?f Ax =l 1"_I"|..'-’f
Bripakenue moja 3HakoM mpejiena He ONpeNesIiCHO MpU hx=0 (HeonpenenEHHOCTh BUJIA

0/0), moaTomMy mpeoOpaszyeM ero, U30aBUBIINCH OT UPPANMOHAIBLHOCTH B YUCIIHMTENC U 3aTEM
COKpaTHUB JIpO0b:

i («#x+&x—ﬁ)(ﬂx+&x+ﬁ)_
T by

Mz

= lim =

0 aart hr 4]

: 1 1
RN N N

Haiiném 3HaueHune npou3BOIHOM pu * = 9.

yoa=F@=1/2401=1/6.

IIpakTnyeckas padora Ne2$S
Tema 5.2 Tlonarue npousBogHoi. PopMynsl U paBuia AU depeHurnpoBanus GpyHKIUN
Hean: HaydanThcsi BBIYUCIATH IPOU3BOAHYIO (DYHKIMH, UCTIONB3YS (POPMYITBI U MpaBHIIa
T epeHIMpOBaHUS.

Teopernyeckas 4acThb:
®opmynsl auddepeHInpoBaHUS

1. ¢ %'0, ¢ = const 12 (arcsinx)' _ 1 ]
2. (x”) = nx" 1 1—x~
W . 1
3. (ax) —a*-Ina 13. (arccosx) = — —
y —x
X _ X ,
* (e J - € 14. (arctgx) = 1 .
' 1 1+ x~
5. (log, x) = . ' )
xina 15. (arcctgx) = — _
6. (Inx) _1 ' 1+x
, X 16. (shx) =chx
7. (sinx) = cosx 17, (Chx)' _ shx
8. (cosuj«:) =l—sinx 1S, (thx) — 1?
9. («J"}) = ch~“x
2+/x : 1
: 1 19. (thx) = -
10. (tg,‘\:) = = sh<x
cos” x
11. (ctgx) — — — 1
s X
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[Tpu BBIYUCIICHUH MIPOU3BOIHOM UCTIOJB3YIOTCS CIIEIyIOIIHE IpaBuJIa
nuddepennupoBanus. [lpaBuiio nuddepeHnupoBanusi CcyMmMbl IBYyX (DyHKITHH.

[TpousBoaHas cymMmMBl paBHa cymme pou3BoaHbIX: (f(x) + g(x))' = f'(x) + g'(x).

ITonpobHO »3TO cCBOMCTBO mpou3BOAHON (opmynupyercs Tak: Ecnu kaxnas us
byukuuu f(x) 1 g(X) UMeeT NPOM3BOIHYIO, TO HX CyMMa TaKKe HMEET IpPOU3BOAHYI0 U
crpaBeaauBa Gpopmya.

[Tpon3BoaHasi CyMMBI HECKOJIBKUX (DYHKIIMU paBHA CyMME IIPOM3BOIHBIX 3TUX (YHKIHU:

(f(x) +...+ gx))' =f'(x) +...+ g'(x).

[Tpou3BoaHas pa3HOCTH paBHA pazHOCTH Mpou3BoAHBIX: (f(X) - g(x))' = f'(x) - g'(x).

A Ternepb pacCMOTpPUM IIPUMEpP IPUMEHEHHsI JaHHOTO NpaBuiia AuddepeHunpoBaHmsl.

Paccmotpum BTOpOe mpaBuiio nuddepeHmpoBaHus:

ITocTOSIHHBIM MHOKUTEIh MOXKHO BBIHECTH 32 3HAK MPOU3BOHOM:

(cf(x))'=cf"' (x)

Ilepexoaum k Tperbemy mpaBuiay auddepenunpoanus. [IpousBoanas mpousBeneHus
paBHA NPOU3BEACHUIO IIEPBOI0 MHOKUTEIS Ha BTOPOH ILIIOC IIEPBBIA MHOXKHUTENb, YMHOKEHHBIN
Ha Mpou3BoAHYI0 BToporo. (f(x)-g(x)) '=f' (x)-g(x)+H(x) g' (x)

Yerpeproe mnpaBmio auddepeHUNPOBAHUS: IPOU3BOJHAS  YAaCTHOIO  paBHa
IPOM3BOHON YMCIMTENS] YMHOXKEHHOI'O Ha 3HaMEHATelb MMHYC YHMCIUTEIb YMHOXXEHHBIM Ha
IIPOM3BOJHYIO 3HAMEHATENS U BCE 3TO JIEJICHHOE Ha KBaApaT 3HaMEHaTeJIsl.

(f(x} ) g — Fx)g'(x)
glx)) g°(x)

Pemenue 3ananuii:

IIpumep 1.

Haiinem mponsBonnyio dyskrmm: | () = 2x% + 4

Pewrenue:

MPOM3BO/IHAS CYMMBI paBHa CyMMeE IPOM3BOJHBIX. HalijieM NpOM3BOMHYIO Ka)IOTO
CJIaraeMoro

Fiix)=02x2+4x)" = (2x%)" + (4x)’

filx)=4x+4

Orper: f'(x) =4x +4

IIpumep 2.

Haiitu npoussoanyio Gpynkimu f(x)=8x>+3x%-x.

Pemenne:

f(x)=8x>+3x2-x

£ (x)=(8x%)’+(3x%)’-x’

PaccMoTpuM KaXkplii 4jeH MHOTOWIEHA 110 OT/IEIbHOCTH

(8x3) '=8(x%) '=8-3x°=24x>

(3x?) '=3(x?) '=3-x=6x

(%) '==(x) = -1

' (x)=(8x>) +(3x?) '-x'=24x>+6x-1.

Otser: f' (x)=24x>+6x-1.

IIpumep 3.

Haiitu npousBoanyto ¢pyukuuu f(x)=(3x-4)(4-5x).

Pewrenue:

Bocnonszyemcs popmyiioi mpou3BOgHOM MPOU3BEICHUS

f (x)=(3x-4) ' (4-5x) + (3x-4)(4-5x) '=3(4-5x)-5(3x-4)=12-15x-15x+20= 32

Ortgert: f' (x)=32

IIpumep 4.
3x—12
X)) =
Haiitu nponsBoanyio GpyHKIUN x+3
Pemenue:

96



Bocnonb3yemcst popmyIioit mpon3BoAHON YaCTHOTO:

£ (x0) = (3x —2)"(x+ 3}—(3x—2}(x+3}’_3(x+3}—(3x+ 2) 3x+9-3x—-2 7
= (x +3)2 = (x +3)2 T x+3)? (x+3)2

7

f' (%) =——
OTBeT: ® (x+3)°

IpakTnueckas padora Ne26
Tema 5.4 Ousnyeckuili 1 reOMETPUUECKUNA CMBICIT IIPOU3BOJHON
Hean: Onpenenuts GU3NYSCKUA W TEOMETPUYECCKUN CMBICI MPOU3BOIHON, HAYYUTHCS
pemath 3aJa4u Ha MpUMEHEHHE (PU3NYECKOTO U TEOMETPHUECKOTO CMBICIIA.

Teopernyeckasi 4acTh:
I'eomeTpuyecknii cCMbICJI IPOU3BOHOM

—————— ¢ B
Af

A C
Ax
o A

ECnu Mbl paccMOTPMM NpAMOYronbHbii TpeyronsHuk A B, To sametum, uto A3 €CTb tgBAC.

A npu cTpemnedmnmn AT K Hynio, Touka B 6yaet npubnnxatecs k Touke A u cexywan AB «npespatutca» B
KacaTensHyio K rpaduky dynkumm f(x) 8 Touke A(zg; fzo)).

MosTomy FBOMETDM‘IECKHE CMbICH I'I|JOH3BOHHOﬁ TaKDB:

MpousBoAHas B TOYKE Xy PaBHa TAHTEHCy YIfla HAaKMOHa KacaTenbHOW K rpaduky dyHkuMu (&) B 3ToRA
TOUKE:

flxo) = tgey,

rAe (x — ¥yron HaKnoHa KacatensHol {(NpoBejeHHOR K _,f(q-,) B T..Xpn)

KacarciabHas
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DuU3HYeCKUN CMBICJ POU3BOIHOM

EcnwW ToYKa ABMMETCH BAOME OCHM ' M €€ KOOPAWHATLI M3MEHAKTCH MO 383KOHY ;I-'{:f), TO MrHOBEHH&A CKOpPOCThE

TOYKK!

{'{f'] = ,n"Jl(l'\J,

d YCROpEHKWE!

a(t) =v'(t) = x"(t)

Mpumep. MaTepuanbHas TOYKa ABMKETCH NpAMOAMHERHO no sakoHy X (1) = 612 — 48t + 17, rae ax(t) —
PACCTORHWE OT TOMKM OTCYETA B MeTpax, | — BPEMA B CEKYHAAX, M3MEPEHHOE C HAYaNa ABMKEHUA. HalauTe
ge CKOpOCTh (B METpax B CeKyHAy) B MOMeHT epemenn T = 9,

v(t) = 2/(f) = 12t — 48;
v(9) =129 — 48 = 60 m/c

OTeeT: 6l

Penrenue 3aganuii:

Nel. Haiigure yrioBoi ko3¢ duumeHT kacaTrenbHON, MPOBEACHHOM K rpaduKy QyHKIHHI
f(x) = 14x - x2 + 5 B Touke ¢ abcmuccoit x0 = 3.

No2. Haliaute TaHTeHC yria HakJIOHa KacaTenbHOU K rpaduky pynkuuuf(x) =+ 12x -3 B

TOYKE ¢ abcuuccoun xo = 2.

Ne3. [Tpu nBUXkEHUH Teja 10 NPSAMOM pacCTOSHUE S (B METpax) OT HAYaJIbHON TOUYKU
M3MeHseTCs Mo 3aKoHy S(t) = - 42+ 15t + 2 (t - BpeMs ABMKeHHUs B ceKyHax). HailTu ckopocTs
(m/c) Tena yepes 3 CeKyH/IbI ITOCIIC Havaja JIBHKEHUSI.

Ne 4. BBITOTHATE 3a1aHUS

BapuaHT Ne 1

1.  Haiigure
KacaTelIbHOM,

YIJIOBOH  KOA(PPHUIHUEHT
MPOBEJIEHHOW K Trpauky

dynkmun f(x) = 5x*- 3x*- 7 B Touke c
abcuuccoit xo =- 1.
2. HalimuTte TaHreHc yria HakJIOHa

KacaTenbHOU K rpaduky QyHkiuu f(x) =4 -
sin X Touke ¢ abcIuccon Xo = 6.

3. Ilpm pBwkKeHHMH Tela TO MPSAMOH
paccrosinue S (B MeTpax) OT HayalbHOUN
TOUKH M3MEHseTCs Mo 3aKkoHy S(t) = t? - 3t +
1 (t- Bpems nBmKeHUs B ceKyHaax). Haiftu
CKOPOCTh (M/C) Tena uepe3 6 CeKyH]I Tocie
Hayasa JBIKEHUS.

Ne5. Haiigure abcumccy Toukum rpaduka QyHkuum y = x>+ 7x - 9, B KoTopoii

BapuaHT Ne 2

1. Haiizute  yrnoBoit ko3 duimeHt
KacarelbHOW, MPOBEIEHHOM K TIpaduky
ynkmun f(x) = 2x*+3x*>-5 B Touke ¢
abcuuccoit xo = -2.

2. Haiimute TaHreHc yriia HakJIOHa

KacatenabHOM K rpaduky ¢ynkuuu f(x) = 10
- COS X B TOUYKE C a0CIIMCCON X0 = .

3. Ilpm pgBuwxkeHUHM Tena 1O TPSAMOI
paccrosinue S (B MeTpax) OT HavalbHOU
TOYKM M3MeHseTcss 1Mo 3akoHy S(t) =t>+
15t+ 2 (t- BpeMms IBMXKEHUS B CEKYHAAX).
Haiitu ckopocTh (M/c) Tena depe3 8 cexkyH[
MoCIie Havasa JBUKEHHUS.

KacaTeJbHasl, IpOBeIeHHAas K 3TOMY rpaduKy, napaienbHa IpsaMon y = -5X.

Ne6. Touka aBHMKETCS 110 KOOPAMHATHOMN IPSAMOI cornacHo 3akony x(t) = 1,5t + 7t -11,
rae X(t) - KoopAuHaTa TOYKH B MOMEHT BpeMeHH t. B kakoii MOMEHT BPEMEHU CKOPOCTh TOUKH

Oyner pasHa 137
Ne7. BeiOpaTh BepHBIi OTBET:

BapuanTt Ne 1
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1. Touka ABIKETCS MPAMONHMHEHHO 10 3akoHy S(t) = t’ - 2t> BriGepuTe, Kakoi us3
dbopMyI 3a1a€TCsl CKOPOCTH JBUKEHHSI STOM TOUKH B MOMEHT BPEMEHHU t.

1)3t2-22) t* -4t 3) - 4) 3> -4t

2. Haiinure TaHTeHC yriia HaKJIOHA KacaTeabHOH K rpaduky QyHKIHM y = X(X - 2) B
TOYKE C abcuuccoi Xo =4.

1)82)63)44)0

3. Ilpu mnpsMonuHENHOM JIBIKEHMHM Tela myTh S(t) (B MeTpax) H3MEHSIeTCs IO
3akoHy S(t) = 5t - 15t +12. B kaKkoif MOMEHT BpeMeHH YCKOPEHHe Tena OyIeT paBHO HYIIO?

1) 1c 2) Oc 3) 2c 4) 0,5¢

4. Tlog KakuM yIJIOM K MOJIOKUTEIBHOMY HANpaBICHUIO OCH abclucC HaKJIOHEHA
KacaTeJbHas, IPOBEIEHHAs B 00O TouKe KpHBOH y = -2X° - x> - 4x +1000?

1) ocTpbIM 2) TYIIBIM

3) npsimbim 4) napaiuiensHa ocu Ox

IIpakTuyeckas padbora Ne27
Tema 5.5 YpaBHeHne kacaTenbHON K TpaduKy (yHKIHH
Heanb: HayuuTbcs cOCTaBIATh YpaBHEHHE KacaTellbHOM K Trpaduky (yHKIMH U
OPUMEHATH HOPMYITy ISl TPUOIMKEHHBIX BHIYACICHNH 3HAUEHUH BBIPAKECHUH.

Teopernyeckas 4acThb:
Bcnomuum reomerpuyeckuii CMBICJ NPOU3BO/IHOM: eciu K rpaduky

y: f |' T | xIr
byHKIUN /B TOYKe 0 MpoBe/eHA KacarenbHas, TO KOX(PQUIMEHT HAKIOHA
KacaTeHLHOﬁ (paBHI)If/i TaHreHcy yrna Me)KI[y KacaTeHLHOfI U IIOJOXUTCIbHBIM HaHpaBHeHI/IeM
- I
OX ) 0

ocH paBeH NPON3BOAHON (QYHKIIUU B TOUKE
o T /4

y=flx)/|

v ,’{:fg(l{:f .BU

| T3 |

Bo3pMeM Ha kacaTtenbHON TPOU3BOJIBHYIO TOUKY C KOOPJAWHATAMH ' /e
3 /

IS B

-

=

So---------

y=fx) |
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ABC.

N paccMoTpuUM NPSAMOYTOIBHBIN TPEYTOJIbHUK

HO-—— - -—@ -

y-fl =,
BC ,
e=gg == |%
B stom TpeyronbHuke v
OTtcronga

N

i) oo

OTO M ecTh ypaBHEHHME KacaTelbHOM, NMpOoBENeHHOH K rpaduky ¢GyHKIUU
T
0

TOUKE
ANTOpUTM NTOCTPOEHHUS KacaTelbHON

[
—
=y

[ov}

War 1. HaiiTh 3HaueHKne (yHKUMK B TOUKE KacaHua f(azg)

Lar 2. Haittu obiyee ypaBHeHKe nponssofHoi f'(z)

Lar 3. HaitTu 3HaueHKe NPOU3BOAHON B ToUKe Kacanma f'(axq)

War 4. 3anucaTs ypaeskeHue KacatensHol y = f'(zg)(z — zq) + flzo), npusecTy ero k euay
y=kxr+b

Ha Bbixope: ypaBHeHKWe KacaTensHol B Buaey = kx + b

Mycte f(x) = 2% + 3.
Haligem KacaTenbHyk K 370l napabone B Touke zp — 1.
(1,4
flmg)=1*+3=4
fl(z) =2z
fl(@o) =2-1=2
YpaeHeHWe KacaTebHoM:
y=2z—-1)+4=22—-2+4=2x+2

Orger:y = 2 + 2
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Npumep: f (z) = 22 — 2z + 3,

Anroputm
P Iy = 3

1. Boluneavm f () flz)=f(3)=32-2.-3+3=6

2. Haligém dpopmyny nponssogHom

! o 2 ;: B
dyrxun f (x) fl(z)= (2" —22+3) =22 -2

3. Boiumcaum f' () ff()=f(3)=2-3-2=4

4. NMogctasum g, f(xo)n f (zo)e | y=f (x0)  (x —x0) + f(z0) =
dopmyny ypaBHeHUs KacaTelbHO =4(z—-3)+6=4z—-12+6=
y=f"(z0) - (z —z0) + f (20) =4z —6

Pemmenue 3ananuii:
Nel. BeITOJIHUTE 3aiaHue

| Bapuant | 2 papuaunt
1. Cocrasbre ypaBHenue Kacareabnoi k rpadguxy Gpyviuxuun /(X) B rouxe rpaguka ¢ xo.
a) f(x) = .t?: X0 =1 Ay fx) =x% x5=2
6)f(x)=§—x; Xp =2 6)f(x)=x—;—2x; xg =—1
B) f(x) =Vadx —x7; x, =2 B) f(x) =VxZ+3x;: xg =1

2
No2. CocraBbTe ypaBHEHHE KacaTelbHOH K rpa@uky (yHKIUU flaxl=x"=2X g Touke ¢
abcruccoit %o =3,
_ .2
Ne3. CocraBbTe ypaBHEHHE KacaTelbHOU K Tpaduky (YyHKIIUU flxl=x"=3X g Touxe ¢

abcuuccoit X0 =4,
Ne4 3anumnrte ypaBHeHue KacaTelbHOH K rpaduky ¢pyHkuuu f(x) = sin x -3x + 2 B Touke

xo0=0.

Ne5.HanucaTth ypaBHeHHe KacaTesbHOM K rpaduky ¢yHkuuu f(x) = x T +2x°+38B

TOYKE X ° = 2.

Ne6.HanucaTte ypaBHeHue kacaTtenbHOM K rpaduky ¢yHkuuu f(x) = x ®+4x? - 6x B

TOYKE X ° = -2,

[— B) .
Ne7. Haiigure abGcuuccy TOYKM rpaduka QyHKIMH flxl=x"—xV3, g KOTOpOH
poBelEHHAasE K HEMy KacaTellbHas 0Opa3yeT C IOJIOKUTEJIBHBIM HalpaBIEHUEM OCH adcuucc
yrou 30°.
|— o2 5 .
Ne8. Haiigute abcuuccy TOuYKM Tpaduka (QYHKIUU fixl=x"+4xv3, g KOTOpOW
IpoBeEHHAsE K HEMY KacaTellbHas 00pa3yeT C IOJIOKUTENIbHBIM HaIpaBIeHHEM OcH alcIuce
yrou 60°.
| 2
Ne9. Haiinure ypaBHeHUe KacaTenbHOU K rpaduKy QyHKIUU flx|=x"+3x—8, ccm o1a
KacaTebHAas mapauienbHa mpsimoii ¥ =2 X+1

.2
Nel0. Haiiute ypaBHEHHe KacaTelIbHOMN K rpaduky Gpyukuun [ X=X —4X+6, ecnu sta
KacaTelbHas apaulenbHa npsvmoil Y=2X—8

v 3 2
Nell.Haiiaure Touku rpaduka pynkuuu f(x)=x = - 4X ~ , B KOTOpPBIX KacaTeiabHas K HEMY
napajuiesibHa ocu abcuuce.
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IIpakTnyeckas padora Ne28
Tema 5.6 MoHOTOHHOCTH QYHKIIUU. TOYKHU IKCTpEMyMa
Heas: Hayuntbes uccnenoBarh GyHKIMA HA MOHOTOHHOCTB M 9KCTPEMYMBI.

Teopernueckasi 4acThb:

Omnpenenenne «MOHOTOHHBIE (PYHKITUN)

MOHOTOHHO Bo3pacTaromas GyHKIUSI — 3TO (PYHKLHUS, Y KOTOPOi OOJbIIeMy 3HAUCHUIO
apryMeHTa COOTBETCTBYET Oouibllee 3HaYeHNUE (PYHKLIUU.

MoHOoTOHHO yObIBaromast GyHKIUS — 3TO (QYHKUUS, Y KOTOPOil OoJyiblieMy 3HAUYECHUIO
apryMeHTa COOTBETCTBYET MEHblIee 3HaUeHNE (PYHKILINU.

CBs3b IPOM3BOAHON U IPOMEKYTKOB MOHOTOHHOCTH (DYHKLIUU

Ax =0 Ay - Xy
, TO 3HaK IpUpALlEHUd - U 3HaK IIPOM3BOJHOU B TOYKE ~ ¢ COBIIANAET CO

f'(xg) f'(xg) = Ay =0
3HAKOM . To ectb eciu npou3BOAHAS B 3TOM TOYKE OOJbIIE HYNIS, TO - "

MOHATHO, 4TO (DYHKIMS B OKPECTHOCTH ITOH TOYKH OyAeT BO3pacTaTb. A €CiH MPOU3BOIHAS

Av =20 o
MEHBIIE HYJISI, 3HAYUT, - U TIOHSATHO, YTO B OKPECTHOCTH ITOW TOYKH (pyHKIUsS Oymer

yOBIBaTh.

Ecnn

X o
I[anee, IMPOU3BOJHAA B TOYKEC ¥ ecTh TAaHI'CHC yrijia HaKJIOHa KaCaTCJIbHOM. KacarennHas

OMKCHIBACTCS JTUHEHHON (QyHKIMEH. B OKpecTHOCTH TOYKH *0 xpuBas U IMHeiHas byHKIUSA
MOYTH COBMANAIOT. ECIM yron HakliOHa OCTpBIM, TaHTeHC OYyIeT MOJOXKUTEIbHBIM, YTJIOBON
KOO(QQHUIMEHT — BeNWYHMHA TIOJOXKUTENIbHAS, U JUHEHHass (DYHKIHMS BO3pPAcTaeT, a 3HAYUT, B
OKPECTHOCTH 3TOW TOUKH U cama (PYHKIIHS BO3PACTAECT:

Filag) =0 = f(x)7

W naobopoT, ecnu nuHEHHass (QyHKIUS YObIBAaeT, yroj TYHOW, TAHI€HC — BEJIWYHMHA

o 6 it V6 v=F (x:]
OTpI/II_IaTeJ'IBHaH, 3HAa4YuT, JUHCHUHAaA (I)YHKI_II/IH y bIBACT, 4 C HCHU y bIBACT (bYHKI_[I/IH .

fllx) <0 =flx)l

y
y = f(x)
fix, + Ax) ,
Ay
X " %
; Ax |
: !
lO X X + \x X
iy

o X
VYTroi1 HaKJIOHa KacaTeabHO B TOUKE ~ ¢

X
Tak coObITHS Pa3BUBAIOTCA B OKPCCTHOCTAX TOYKH 0. Ot coObITHS MNOJYHUHAIOTCA
TCOMECTPHUICCKOMY CMBICITY HpOHSBO)IHOﬁ (CC (I)I/ISI/I‘-ICCKOMy CMBICITY,

g I .
COOTHOIIICHUIO Ay % f'(xo) ﬂlx).

HccnenoBanue mpoMexyTKOB MOHOTOHHOCTH (DYHKIIUH ¢ IOMOIIBIO TIPOU3BOJHOM
Pacecmorpum dyukmuio u ee nmosenenue Ha Beeit O/13. [Ipeanonoxum, 9Tto 3T0 rpaduk
uccuenyeMon GpyHKIum.
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v =flx
I'paduk pyskmm - fx)
Xy €y
Ectp Touka ~1. KacarenpHas HaKJIOHEHAa TIOJ OCTPHIM YIJoM 1. 3HauuT, B

x1
Touke ~ 1 (pyHKIMS BO3pacTaer.

1

o x
VYroi HakJI0OHA KacaTeJIbHOU B TOYKe = 1

-

X Ox x
B Touke "2 kacarenbHas mapaiieibHaA OCH , 3HAYUT TOYKA < — TOYKA JKCTpEMYyMa.
OO0 >TOM MBI IOTOBOPHUM OTIEIBHO.

X,
2 — To4YKa IKCTpEMyMa

x a . .
B Touke 3 yron "2 HakjOHa KacaTelbHOH OyleT TYINbIM, TaHT'€HC OyIeT BEeJIWYMHOU
OTpULATENIbHOM, 3HAUUT, MPOU3BO/IHASL OTPUILIATENbHAS U PYHKIUS 37€Ch YObIBaET.

_?'C-—-——-—-—

el

e 1 SR R
-

o x
VToi1 HaKJIOHA KacaTebHOI B TOUKE ~ 3

Xx
I/I, HaAKOHCII, B TOYKEC # MMPOU3BOJHAA PABHO HYJIIO U JAJIBIIC q)YHKI_II/I}I BO3pacCTacrT.

o x

VYros HakJIOHA KacaTelbHOW B TOUKE ~ # — TOYKE IKCTpeMyMa

Brisicusiercst, uTo GyHKIHS BO3pacTaeT Ha MHTEPBAIax, I/ie MPOU3BOIHAs OOJIbIIIE HYJIS:
¢ —_

f [xl:] =tga; =0 = f(xﬂ T
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Ecnu xe 3HaUYeHHEe IPOU3BOAHON OTPHUIIATENHEHOE, TO (DYHKIUS yOBIBACT:

fllxg) =tga; <0 = fxg) L

Bcesa OI[3 COCTOUT H3 OTHACJIBbHBIX TOYCK, 3HAYUT, HAAO BBIACINTH TC HMHTCpPBAJbI, Ha
KOTOPBIX TPOM3BOJIHAS MEHbBIIE HYJS, Ha KOTOPBIX IMPOU3BOJHAS OOJIbIIE HYJSI, U OHHU
onpenenar ¢ yaactku OJ[3, Ha KoTophIx GyHKIHS 60 Bo3pacTact, b0 yObIBaeT. DTOT Ke

Ay % f'(x,) - Ax

BbIBOJA MbI IIOJIY4YHUM, paccMaTpuBas COOTHOIICHHEC - . Ha Ttex O6J'IaCT$IX, Ha

v
X Ay =0
KOTOPBIX HpOI/I3BOl[HaSIf ( “':] MEHbIIE HYJIA, - ¢bynkius yobBaeT. COOTBETCTBEHHO, Ha

I
tex obnactsax O/13, rme mpousBogHAs f(x) OoJIbIIIe HYJIA, Ay <0 (GyHKIMS BO3pacTaeT.
Teneps MbI TOTOBBI HAITUCATh, I7I€ YOBIBAET, a I/ie BO3pacTaeT AaHHAs HaM (YHKIUS:
y=F@) T x€ (—00x,],[xs + o)

npu

e
[TpomexxyTku Bo3pacTaHusi (yHKIIUH y=f(x)
Teneps BoIsicCHUM, T1Ie TaHHAS (PYHKINS yObIBAeT:
y=FE) L, * € [zl

b
X damaocaonca -
X TR
. /

>

y = fl(x)

ToHKUN MOMEHT: BKJIIOYATH JIM 3HAUYEHUS B TOUKAX
Fix) < 0,x € (x5,x,)
X

ITpomexxyTku yObIBaHUS (QYHKIIUU
Xy M Xy

H X
* He BKJIIOYaeM, IOTOMY YTO B HHMX IPOM3BOJHAs paBHA HYIIO, a MBI
paccMaTpuBaeM TOT Ciyd4ail, Korja Npou3BogHas MeHblle Hyis. Ho ¢yHkuus yObIBaer,

K x [x: ; x4:|
oraga HpI/IHaI[He)KI/IT OTpe3Ky .
HpI/I 9TOM O5TH TOYKHU BKJIKOUYCHBI TAKXC B I/IHTCpBaHBI, Koraga (I)YHKL[I/IH BO3paCTaeT.

'
Xx
HpI/IXOIlI/IM K BaXXHOMY BBIBOAY: HWHTCPBAJIbI 3HaKOHOCTOHHCTBaf( ijBJBIIOTCSI

MHTEpBaJlaMi MOHOTOHHOCTHU f (x:].

lenbp ypoka: HAydUTbCSI HaXOJUTh MPOMEXYTKH BO3pacTaHUs U YObIBaHUS (YHKIIMH C
MIOMOLIBIO TPOU3BOJHON. BhIsICHAETCS, UTO HAa/10 HAMTH IPOU3BOIHYIO, BBIJIEIUTH €€ HUHTEPBAJIbI
3HAKOIIOCTOSIHCTBA M TEM CaMbIM MbI Y3HaeM, rje 3Ta QyHKIUsS MOHOTOHHO YOBbIBaeT U IJe OHa
MOHOTOHHO BO3pacTaerT.

Jlanee HaC MHTEPECYIOT TOUKH SKCTPEMYMOB (DyHKIMH. MBI paccMOTpenu ciay4au, Korjaa
NPOM3BOJHAS MEHbIIE HyNsd, KOrjJa OHa Oojbllle HyJs, TakKe BAXHBIM cly4ail, Korma
IIPOM3BO/IHAs paBHA HYJIIO.
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BCHOMHI/IM, YTO TAKOC TOYKAa MaKCUMyMa U TOYKa MUHUMYMa (I)YHKI_[I/II/I

X, X X X

] E]
= f(x)
X,
Paccmotpum pucynok. Touka *2 — Touka MakcumyMa (QyHKIMHU (max), €Clu CYIIECTBYET

Xq o flx,) = flx o
OKPECTHOCTh TOYKHU ~ 2, JUIsl KOTOPOU Flx) = £( j, TO €CTh €CITU 3Ha4YeHHUE (YHKIMH B ITOU
TOYKe OOJIbIIIE, YeM 3HaUeHHE (YHKIUH B JIF0OOOM TOUKE €€ OKPECTHOCTH.

1

TOYKH SKCTPEMyMOB (yHKITHH

x
Amnanoruunoe OIpeAcCICHUC I TOYKU MHUHHMYMaA. Touka *# — TOuYKa MHUHHUMYMa

dyHKIUK (Min), €cIH CyIMECTBYET OKPECTHOCTD TOUYKH ~ %, JUIsi KOTOPO flxg) <f (xj, TO €CTh
eci 3HaueHue (PYHKUIMU B 3TOH TOYKE MEHbIE, YeM 3HadeHHe (QyHKUIUU B J000I Touke ee
OKPECTHOCTH.

[Ipu nmovcke HanOOMBIIET0 U HAUMEHBIIIETO 3HaYeHusa QpyHkuuu Ha Beed O13, To ecTh ee
rJ100aTBbHBIX SKCTPEMYMOB, CIIEAYET IOHUMATh, YTO OHH MOTYT HE COBIAAATh C €€ JIOKAIbHBIMU
JKCTpEMyMaMu, TOYKaMHU, TJe IPOU3BOIHAS MEHSET 3HAK.

[Ipumep 10KaIBHOTO U IN100ATBHOTO SKCTpEMyMa

PaccMoTpuM (QyHKIIHIO y=2x"(x"—1)x €[-2 2].

x=0
31ech TOUKa — TOYKa JIOKaJIbHOTO Makcumyma. DyHKIUS 3/1eCh paBHA HYJIIO.
r= =12
Touxa — TOYKa r1100aIbHOr0 MaKCUMyMa, B HUX (DYHKIIHS paBHseTCs 24.
2x*x*-1);x€[-2; 2]
Yy
1 1
2 0
=5 =1 1 2 X
4
3
-1
y=2x*(x*—1),x €[-2;2
I'paduk Qynkuuu - ( ), [-2;2]

Ha nanHOM ypoke, Korja roBopuTcs 00 3KCTpeMyMax, MOJpa3yMeBaloTCs JOKaJlbHbIE
KCTPEMYMBI.
Kak y3Hatp, rae Touka MakcuMyMma, a TJ€ TOYKa MUHUMYMa, MOJCKaXET MPOU3BOAHAS.

Xa o
BCpHCMC}I K Touke 2. Ha PUCYHKC HarJsIIHO II0OKa3aHO, YTO [0 3TOU TOYKH (I)YHKI_II/ISI

F(x)> 0

a mocie ATOM  TOYKM  (YHKIHUS  yObIBaer,

) )
x)=<0 o Xn X, ) =10
HpOI/ISBO)]HaHf ( j . A 3HaueHWe MPOM3BOJHON B TOYKE = Z: f ( *j . MBI nonyuunu
JIOCTaTOYHBIN MPU3HAK MaKCUMyMa: MPOW3BOJIHAS PaBHA HYJIIO M MIPU 3TOM 3HAK MPOU3BOIHOMN

BO3pacTacT, IMPONU3BOJHAA

xﬂ
MEHSIeTCs C IJII0ca Ha MUHYC IPU TIEPEXo/ie apryMeHTa Yepe3 TOUKy = 2.

x . x,) =10

Paccmorpum Touky ¢, IIpousBoaHast B 3TOM TOUKe £ 4:] . Ho gaBisteTcda nu maHHas
TOYKa TOYKOM skcTpemyma? IIpousBoaHas ciieBa OT 3TOM TOUKM OTpULATENbHA, KacaTelbHas
HaKJIOHEHA MOJ TynbIM yriioM. [Ipow3BomHas crnpaBa MOJOXKUTEIbHAS, 3HAYUT, MPOU3BOIHAS

x x
MEHSIeT 3HaK ¢ MHHYCa Ha IUIIOC IPHU TEepexoj]ie 4Yepe3 TOUKY ~ *, 3HA4YMT, TOYKa  * — TOYKa
MUHUMYMa.
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Wrak, Mbl pacCMOTpeId TOYUKY MUHUMYMa U TOYKY MaKCUMyMa U JOCTaTOYHBIA IIPU3HAK
TOYKM MHHAMYMa U TOYKH MaKCUMyMa.
Kak y3Hatp, sBAsSE€TCS IM TOYKA TOYKOM MHUHUMYyMa WIM TOukKod Makcumyma? HyxHo

. X, X
B35Th MPOU3BOAHYIO M IPHUPABHATH €€ K HyJro. Toraa Mbl HaiineM TOuku ~ 2, #u T. 1. OTO

BHYTPEHHUE TOYKH 00JIaCTH OIPEesIeHHs], B KOTOPbIX IPOU3BOIHAS paBHA HYJIIO.
Kputnueckast Touka (QyHKIMM — 3TO BHYTPEHHsSI TOYKa OOJACTH ONpEAETICHHUS, B

. X, X
KOTOPOM MPOM3BOJIHAS PaBHA HYJIIO WK HE CylIecTBYeT. To ecTh TOUKU ~2 U ™% — KpUTUUYECKUE
TOYKH.

Xaq
< —T. max.

*4 _ 1. min.

Ho Tak mpoucxoaut He Bcerna.
Touka neperuda

PaccmoTpum crienyronnyro GyHKIUIO:

y = f(x)

WNnmroctpanus Touku neperuda

Xg f(x) =0 Ox
[IpousBonHas B Touke = ° paBHa HYJIO: , KacaTeibHas IapajjellbHa OCH .

i ? ? *o
SIBnsieTcs M OHA TOYKOH 9KCTpEMYyMa: Her. Hoquy. HOTOMy YTO A0 TOYKHU IMPpOnU3BOAHAA
IOJIOXKHUTCIIbHA, (1)YHKLII/ISI BO3pPAacCTacT:

y = f(x)

Bozpacranue pyHKIMN A0 TOYKK NIeperuda
ITocne 3TOM TOYKM IPOM3BOJHAS TAKXKE MOJIOKUTEIbHA:

y=f(x)

Bospacranue ¢pyHKIMM 1ociae TOYKU nepernda

Xx o
@yHKIMA BO3pacTaeT W ClieBa, M ClpaBa OT TOYKH, 3HAUUT, © HE SBISAETCA TOYKOM
KCTpEMyMa.
Jlemma @epma
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Ecnu ¢pynkmums fx) MMEeT MPOU3BOHYIO H B TOUKE 0 HMEET SKCTPEMyM, TO 3HAUCHHE
IIPOU3BOJHON B 3TON TOouke paBHO 0.

DT0 HEOOXOJUMBIN MOIIHBIA MPH3HAK, U3 HErO MBI BBIACHIEM, KaKUe TOYKH HaM HYKHBI
JUIs McclleioBaHus. Bee ocTanbHble OTMETaeM.

Eme pa3 mogyepkHeM, 9TO HaM WLTIOCTPUPYET JaHHBIH PUCYHOK: PABEHCTBO HYIIO — 3TO
JIMIIB HEOOXOJUMBIH MPHU3HAK SKCTPEMyMa, HO HE JOCTATOYHBIH.

Touka neperu0a, JTOKIBHBIN XapaKTep TOYEK IKCTpEeMyMa

PaccmoTpuM B KauecTBe npumepa GyHKLUIO, FpaduK KOTOpoi H300pakeH Ha PUCYHKE.

Fpa(l)I/IK (1)YHKLII/II/I C HCCKOJIbKUMU JIOKAJIBHBIMH 9KCTPEMYMaMU
x X4 x
1_ TOYKaMUHUMYMaA, < — TOYKAMaKCUMYyMa4, 3 TAKXKXCTOUKAMUHHUMYMaA.

x
i TOYKaMHUHUMYMaA, 3HAYUT, CYIICCTBYCT HCKAad OKPCCTHOCTDL, I'’/IC 3HAUCHUC (bYHKIII/II/I
SABJIACTCA HAMMCHBIINWM, HO CYIICCTBYCT TAKXKC BTOPAsA TOYKAa MUHHUMYMa.

F(xl:] = }’(xajj TAKAM 06 6 .
pa3oMm, TI100aTbHO, HAUMECHBIIIUM 3Ha4YeHUEM (DYHKIIMU Ha BCEH

x
O/13 sBnsieTcst 3HaueHue QYHKIIUU B TOUKE ~ 3.
o o
2 — ToUKaMaKCUMyMa, HO HAWOOJBIIEr0 3HAYCHUsS! JaHHOW (YHKIIUA HE CYIIECTBYET,

MMOTOMY 4YTO €CTb TOUKH, B KOTOPBIX 3HAUYCHUC q)YHKHI/II/I 3HA4YUTCIIbBHO 6OJ'II)HIG, Y€M B TOUYKE *2 .
Taxum O6p2130M, JaHHBIM PHUCYHKOM MbI IMOAYCPKHBACM JIOKAJIbHBIH XapaKTep TOUCK
9KCTpEMyMa. Moxem 3anucars:
Yeaun = }r(xaj,}r[xa:] = }r(xj

To ectb 3HaueHne (yHKUHUU B TOUKE *3 MenbIne G0 paBHO 3HAYEHUIO (PYHKIHMH B
mo0oit apyroit Touke OJ13.

AnroputM

MBI 3HaeM, Kak 0 3HaKy MPOM3BOJHOM HAaWTH MHTEPBAJIBI MOHOTOHHOTO BO3PACTAHMS
win yObIBaHUS (QYHKIMH, 3HaeM, KakUM OOpa3oM OINpeNeNuTh TOYKM MAaKCUMyMa U TOYKH
MuHUMyMa (yHKUIuU. [IycTh Tenepp ecTh 3a7aya uccieoBaTh (QYHKINIO Ha SKCTPEMYMBI U Ha
MOHOTOHHOCTB C IIOMOIIBIO ITPOU3BOJHOM.

ANTOpPUTM TaKOB:

1. Haiiru £ @9,

!
x
2. Brimenuts HHTCPBAJIbI 3HaKOHOCTOHHCTBaf( ] Onu ONpCACIIAAT HMHTCPBAJIbL

165}

r
3. Haiitu kputmyeckue Touku (BHyTpeHHue Touku OJ13, B KOTOpBIXf 0 WA HE
CYIIIECTBYET).
4. BplienuTh W3 KPUTHMYECKMX TOYEK M KOHIIOB OTPE3Ka TOYKUM DBKCTpEMyMa U
HCCJIEI0BATH HX.
3anaga

MOHOTOHHOCTHU

2 !

=x y
C MOMOLIBIO ~

“ vV
HaiiTi uHTEpBaIbl MOHOTOHHOCTH M TOYKHU AKCTpeMyMa (yHKITUH -
Haitnem nmpousBoanyto:
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v =2x

IIpupaBHUBaeM €€ K HYJIIO U HAXOJHUM €IMHCTBEHHOE PEILICHUE:

y'=0
2x=10
x=10
x=10

— CIMHCTBEHHAS! KPUTUYECKasi TOUKA.
Ha pucyHke B HUKHEH 4acTH N300paXkeH rpaMK IPOU3BOHOM.

:x2
7 y
\ /'
o\ | /AB N
0 X
yt y'(x)=2x
y'<0 y'>0
y\ y/
i £ >

- S

I'paduxu pysxmmit ¥ — © u Y 2x

Ha wHTepBane nesee Npou3BoHAs OTPHUIIATEIbHA, QYHKIUS yObIBACT.
2

JleBb1i MHTEPBAN IPOU3BOIHOMN JleBbIit mHTEpBAT QPYHKITUH

Ha HHTCPBAJIC ITpaBCC MPONU3BOJHAA ITOJIOKUTECIIbHA , q)YHKIII/IH BO3pPacCTacT.

IIpaBblit nHTEpBAI NPOU3BOIHON

Otser:

— 2 _
1LY =x lHHxE{ o0; 0]
2y=sz npu x € [0; +o0)
3.x=':'—T.min.J’;{l:'}=':l
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Wtak, Mbl pemmiy 3amady, UCCIeA0BaTd (PYHKIHUIO C MTOMOIIBIO MPOU3BOIHON, HO MBI
3HaJU CBOWCTBA 3TOM (PYHKIMM, 3HAJIHM, IJIE OHA BO3pAacTaeT, rae yObIBaeT, U 3HAIU TOUKY
IKCTpEMyMa.

BunumMm, 4to pe3ynbTaThl, KOTOPbIE MOIYYEHBI C MOMOIIBIO MPOU3BOIHOM, COBMANAIOT C
pe3ylbTaTaMu, HaliICHHBIMU pPaHee.

3aoaua.

Haiitn 5kcTpeMyMmbl GyHKmuu y = x3-(x — 1).

Pewenue.

DKCTpeMyMBbI QYHKITUH - 3TO €€ MAaKCUMYMbI 1 MUHUMYMBI. [Ipekae ueM HaXOauTh
JKCTpeMalibHble 3HaueHusl GyHKINH, HY’)KHO HAMTH 3HAYEHUS apTyMEHTa, B KOTOPBIX OHU
JIOCTUTAIOTCS, T.€. TOYKU IKCTPEMYMOB.

B Touke skcTpemyma mpousBoHas GyHKIIMH paBHA HYIIO.

Haxoaum npounsBoaHyto:

1) mo npaBuiny auddepeHInpOBaHUs TPOU3BEICHUS
V=) (=D (o= 1)

2) 1o TabJInIIe MPOU3BOTHBIX

() =3x?,
x-1)=1-0;
3) mpeoOpa3zyem:

P =3x(x—1)+x(1-0)=3x>-3x" +x° = 4> — 3x%

[IpupaBHHUBaeM IPOU3BOJHYIO K HYJIIO M PEIIa€M YPaBHEHHE OTHOCUTEINIBHO X:
4x3 - 3x* =0;
x*(4x -3)=0.
371eCh KOPHH JIETKO ONPEAEIAIOTCS PA3JI0KEHUEM Ha MHOKUTEINHN - IIPOM3BEICHUE PABHO HYJIIO,
€CJIM XOTs OBl OJIUH U3 COMHOXKUTEJIEH paBeH HYIIO.
x1=0ux2=3/4=0,75.

Ha yucnoBoii mpssiMoit 0TMeYaeM HalJICHHbIE 3HaYEHUs apryMeHTa x. B aTux Toukax
npou3BOIHAs (YHKIIMH paBHA HYJI0. Mexy HUMU (Ha MHTEpBajax) OHa COXpaHseT 3Hak "+"
win "-". UToOb!I onpeAenuTh NOJI0KUTEIbHA WM OTPULIATENIbHA TPOU3BOHAS PYHKIIMM Ha
KOHKPETHOM MHTEpBaJie, MOICTaBIIsgeM B (OPMYITy JUIsl TPOM3BOAHOM MTPOU3BOJILHOE 3HAUEHUE
U3 3TOTO MHTEpBaa.

Y =4x> - 3x%

Y (1) =4(-1) =3(-12=-4-3<0;

' (0,5) =4-(0,5)° - 3-(0,5)*=0,5-10,75 < 0;
Yy (1)=41°-312=4-3>0.

Taxum 00pa3oM, TOUKH, B KOTOPBIX MPOU3BOIHASL PABHAETCS HYIIIO, pa30MIId YHCIOBYIO
IpsIMYIO Ha TpU UHTEpBaja. B mepBom 1 BTOpOM U3 HUX MPOU3BO/IHASL OTPULATENbHA, B TPETHEM
NOJIOKUATENbHA. OTMEYaeM 3TO Ha YHUCIOBOM MPAMOM.

OyHKIMS BO3pacTaeT Ha MHTEpBaJie, €Cau €€ MPOU3BO/IHAs HAa 3TOM UHTEpBaJIe
MOJIOKHUTEIbHA, M YOBIBAET, €CIIH MIPOU3BOAHAS OTpULlaTebHa. OTMETHUM 3TO CTPEIOYKaMHU C
COOTBETCTBYIOIIMM HAaKJIOHOM, COOTHOCS UX CO 3HAKaMU IIPOU3BOTHOM.

[Tonyunnm cnenyrouyo cxemy:

fON N
J('F_I_I+

X 0 0,75

[To cxeme BUAHO, uTO B Touke x| = 0 3KCTpeMyMa HeT, pyHKIMs yObIBaeT U mpasee, U
aeBee 3Toi Touku. B Touke x2 = 0,75 QyHKIMS MEHsET XapakTep MOHOTOHHOCTH C YOBIBaHHS Ha
BO3pacTaHue, 3HAYMUT 3Ta TOUKA SIBJISIETCS TOUKOH MUHUMYMa.

)
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OmnpenensieM MUHUMAaJIbHOE 3HaUCHUE (DYHKIIMU:
y=x"(x—1);
(0,75) = (0,75)*:(0,75 — 1) = —0,10546875 = —0,11.
OTBeT: Ymin = —0,11.

Pelnenne 3aganue:

. yzln(x2—6x+1[]:l
Nel. Haiitu skcTpeMyMbl (yHKITUN .

x 8
y=—+—=
Ne2. Haiitu skcTpeMyMbl (yHKITUH 2 x
%
y="2x +3x+1
Ne3. Haiitu skcTpeMyMbl (pyHKITHH 3
14
Ned. Haiiti sxcTpemyMsl GyHKIHH * 1-x"
3
y=(x-1) .

NeS. Haiitu sxcTpeMyMbl pyHKUINN

_ o fn_ 3
Ne6. Haitrn sxcTpemymsl Gynkimm @ — =~ 2-x

3
= +1
flx)=
Ne7. HaiiTu mpoMesKyTKM BO3pACTaHUs U YObIBaHHS (QYHKIIUH =1
Flx)l=2x"-lnx

Ne8. Haiitu mpoMexyTKH BO3pacTaHus v yObIBaHUS (YHKITUU

_ 2
Ne9. HaiiTi IpOMEKYTKH BO3pacTaHus U YObIBaHUS (DYHKIIHH f(x)=x +6x"+0x
Nel0. Vcenenosath Ha MOHOTOHHOCTE M OKCTPEMYMBI CIICAYIOLINE yHKkmm:
nf(szzx‘Fx =
) F) =27
3) flx)=x*+x*+ 16
4) f[.‘Ij =x* — 8x?

IIpakTnyeckas padora Ne29
Tema 5.7 UccnenoBanue GpyHKIMIA U TOCTPOCHUE UX TpadUKOB
Hean: Hayuutbes uccnenoBath QyHKIMU U CTPOUTH X TpaduKH.

Teopernyeckas 4acThb:

Uccnenoanue QpyHKIMiA 3aHMMAaeT HEMAIIO BPEMEHHU TIPU PEIIEHUN KOHTPOJIbHBIX,
JIOMAIITHUX 3a/laHui ¥ 4TOOBI HAYUYUTHCS OBICTPO peliaTh Hy>KHA HHCTPYKLUS 00BICHSIOMIAs
MOPSTIOK IEUCTBUHN U JIJIS UETro ATO HYXKHO. Takast MHCTPYKIUs pa3padoTaHa MaTeMaTUKaMH
0000111eHa Ha BCE THIBI (DYHKITNI y)Ke JaBHO, a MBI €€ Ha3bIBaeM — 00IIasi CXeMa MCCIeI0BaHMS

GyHKIHH.
y=5(x)
UtoO0s1 riccrenoBaTh (QYHKITHIO Y TIOCTPOUTH €€ Tpaduk HeOOXOUMO:
1) HaiiTu 06acTh onpeneneHus PyHKIIUU, TO €CTh MHOKECTBO BCEX TOYEK TSI KOTOPBIX
CYIIECTBYET 3HaYeHHE (PYHKIINH;
2) HaliTH (€CJTM OHM CYIIECTBYIOT) TOUKH IepecedeHus rpaduka ¢ KOOpAMHATHBIMU
y=1(x)

OCsIMHU. I[J'ISI 9TOI'0 HY’>KHO B YPaBHCHUC MOACTABUTHL APpTYMCHT A= D a TaKKeC

flx)=0

pPCIIUTEL YPABHCHUC IJI1 OTBICKaHHA TOYCK MEPCCCUCHU C OChIO O'x )
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3) uccrnenoBarh (GYHKIHIO HA IEPUOAUYHOCTD, YETHOCTh M HEYETHOCTh. B HEKOTOPBIX
CIIy4asiX 3TO MOKHO CJIeaTh BU3yalbHO MO caMOMy BUIY (DYHKILIMHU, €CIIU HET, TO MPOBECTU

POBEPKY:
F(=%)=f(x)

1. — (yHKIIMS YeTHAas;
-5 l=- =
f ( ) f ( ) — (G yHKITUS HeUeTHAS;
x+7)y=J(x
f ( ) f ( ) — (G YHKIUS TIepUOIUYecKasi, I_ nepuo QyHKIH.
y=7(x)
Takum oOpazom, eciii MeeM MapHYIo (QYHKITUIO TO JOCTAaTOYHO IMOCTPOUTH

ee JUIs TIONIOKUTEIBHBIX 3HAUCHUH & ~ 0 , IOCJIE Yero OTpa3uTh €€ CHMMETPUYHO
OTHOCHUTEJIBHO OCH a0CLIUCC Ha IPYTYIO 4acTh. B ciydae HeueTHOH QyHKIMM rpaduk Oyaer
CHMMETPHUYECH OTHOCHTEIBHO Havyajia KoopAuHatT. Hanprumep, eciii UMeeT He4eTHYIO0 (PYHKITUIO
rpaduK KOTOPOI NMPUHAUICKUT IIEPBOM YETBEPTU BTOPYIO MIOJOBUHY MOJYYUM IIOBOPOTOM
nepBoii yeTBepTd Ha 180 rpagycoB (TpeTbsl YETBEPTD).

[lepuonnyeckuMu SBISIOTCS NPEUMYIIECTBEHHO ()YHKLIUU COCTABICHHBIE U3 ITPOCTHIX
TPUTOHOMETPHUYECKUX M HEKOTOPBIE MapaMeTPUIECKH 3aJaHHbIE (DYHKITHH.

4) HallTu TOYKM pa3pbIBa U UCCIEA0BATh UX (TAKUMM TOUKAMHU SIBJISIOTCS Kpas
MHTEPBAJIOB ONpeAeieHs QyHKIINN);

5) HalTU MHTEPBAJIbl MOHOTOHHOCTH, TOUYKH SKCTPEMYMOB UM 3Ha4eHUs QYHKIMU B 3TUX
TOUKaXx;

6) HaliTH MHTEPBAJIbI BBITYKJIOCTH, BMSTHHBI U TOUKH I1€PEruoa;

7) HaliTH aCUMITOTHI KPUBOH;

8) moctpouTs rpaduk GyHKIUH.

BonbIIMHCTBO U3 3THX MMyHKTOB ObUIO pACCMOTPEHO HA MPAKTHKE B PEIBITYIIIX
CTaThsAX, IOITOMY MOJIPOOHO pacHMChIBaTh Mbl UX He OyneM. Taxke He mepexuBaiire, eciu
HaliieTe IUIaH B JJUTEpaType UM UHTEPHETE, KOTOPbI cOAepKUT OoJiee U1K MEHEe ITyHKTOB.
[ToMHuTE, YTO L1ETH UX BCEX - IOMOYB NPH MOCTpOeHHH rpaduka pyHkuuu. [lepeiiaem k
MPAKTUYECKON YaCTH U UCCIIENYyeM M0 cXeMe (QYHKIUIO.

IIpumep.

HccnenoBaTh PyHKIMIO M TOCTPOUTH €€ Tpaduk
¥ 2

TrE)

Pewenne:

1) ®yHKkIMs onpeeneHa mo BCIoAy KpoMe TOUKH B KOTOPOIl 3HaMEeHATelNb IpeBpaIiaeTcs
B HOJB (* = 1 ). OGmacTh omnpeseNieHrs: COCTOUT U3 JIBYX UHTEPBAJIOB

D(y): (— 1)U (L+e0).

2) Ipu HOI[CTaHOBKe sHauenns * = U HOJIYYUM
y(0)=——=

Takyro e TOUYKy MOTy4uM ecid IpUpaBHieM BYHKIHIO K Hymo. Touka * = 0.
€MHCTBEHHAS TOUKA MEePECeUeHUs C OCIMHU KOOPAMHAT.
3) [IpoBepsieM GHyHKIHIO HA YETHOCTh

2@ U
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) N S
Ay sy B

y(=x)2y (=), y(=3)#-y(x).

Wtak QyHKIUS HA YeTHAs, HU HEYETHAs, HETIEPUOINIECKasl.

4) B naHHOM CiTyuae MMeeM OJIHY TOUKY paspbiBa = — 1 Bouncnu TPAHUILIBI CIIEBA U
CIpaBa OT 3TOM TOYKHU

. .3.'2
lim —— = —c0;
x—1-0 2(.3: —1)
IE
lim —— = +w,

r—1+02 (.x 1)

Mrak * =1 _1ouxa pa3pbiBa BTOPOTO poja.
5) J1nst oThICKaHUSI HHTEPBAIOB MOHOTOHHOCTH BBIYHCIIIEM MIEPBYIO IPOU3BOIHYIO

byHKUIUM
Z.x-(x—l)—.xz _ x(x-2) |
2(x-1)" 2(x-1)

[IpupaBHUBas €€ K HYJIIO OJy4YUM TOYKHU ITOJO3PUTEIIBHBIE HA

f

..}?:

x=0x=2
BKCTpeMYM . OHI/I p336I/IBaIOT OGJ’I&CTL OIIpCACIICHUS Ha cnenyiomne HHTCPBAJIbI

(~0;0) U (0:1) U (1:2) U (2:4+<0).

Hccnez[yeM IIOBCACHUC HpOPBBOI[HOﬁ CJICBA U CIIpaBa OT HalJICHHBIX TOYEK pa36I/ICHI/I}I

yn=2C2) ]

.?

2(-1-1Y° 1
¥'(0,5)= 05(05-2) =-15<0;
2(0,5-1Y°
y’(l}j)_M —15<0;

2(1,5-1Y’
y'(g) — M =20
2(3-1)" 8
Fpa(bnqeafﬂ UHTEPBaJIbl MOHOTOHHOCTH OyIyT UMETh BUJ
y
- 2 = +-
» >

0 1.2
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(—0:0).(2:40)

Uccnenyemast pyHKIHs BO3pacTaeT Ha MHTEpBalax
(0:1).(1:2)

Touxa * = 0 _ rouka noxansroro MakcUMyMa, = — 2 _ jokansHOTO MUHHMYMA.
Haiinem 3nauenue GpyHKmm

yObIBaeT

22
= U_, = e— = 2
Jmin =5 (2-1)
6) Jly1st OTBICKaHUSI HHTEPBAJIOB BBITYKJIOCTH HAMIEM BTOPYIO MPOU3BOIHYIO
. (2D (-1 2 (G-2)(x-1)
¥ = . = .
2(x-1) (x—1)

Takmx HHTCPBAJIOB HCT, ITOCKOJIBKY BTOpPasA MPOU3BOAHAA HC IPUHUMACT HYJICBBIX
3HAYE€HHUI B 00J1aCTH OIIpCACIICHUA.

-J',IIIEIK

7) Touka * = 1 BEPTHUKAIbHAS aCUMITOTA QYHKIUU. Y paBHEHUE HAKIOHHOM
ACUMIITOTBI UMEET BH/]I

y=kx+b
rie L2 IPaHUIbI KOTOPBIE BEIYUCISIOTCS 110 TIPAaBUITY
A
£ = lm f( );
r—tmm X
b= lim x)—kx].
X—too (f( ) )
HaxouM HyXKHbIE TPaHHUIIbI
2 2
F=lim — = lim — ==
x—steo Zx(x—l) x—steo 212 1_1 2
X
2 2
) ) — -1
b: l]_‘[‘n (I—_lx): l]ﬂl * 'x('x ):
x—steo Z(x — 1) 2 x—steo Z(K — 1)
. X 1
= lmm

xaimZ(I—l) - E

KoHeuHbIi1 BUJ NpsIMON CIEAYIOIINAN

y—lx+l
22

8) Ha ocHOBe mpoBeIeHHOT0 aHaIN3a BBIMOJIHIEM MOCTpoeHue rpaduka pyHkuuu. s
3TOrO CHayaja CTPOUM BEPTHKAJIbHbIE U HAKIIOHHBIE aCUMIITOTHI, 3aTEM HaXOAUM 3HAUEHUE

q)yHKIH/II/I B HCCKOJIBKHUX TOYKAaXx U 110 HUX MMPOBOJUM IMOCTPOCHHUCE.
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y=(x+1)/2

Pemenue 3ananuii:
1.Uccnenyiite GyHKIHMIO U TIOCTpoiiTe €8 rpaduk: y = x? (x — 2)(x + 2).

2.
. Uccnenyiite ¢pyHKIMIO U IOCTpOiATE €€ Tpadux
. Uccnenyiite ¢pyHKINIO U TOCTpOiATE €€ Tpadux
. Uccnenyiite ¢pyHKINIO U TOCTpOiATE €€ Tpadux
. Uccnenyiite ¢pyHkuuI0 U noctpoiite e€ rpapuk
. Uccnenyiite ¢pyHKuMI0 U nocTpoiite e€ rpagux
. Uccnenyiite ¢pyHK1MIO U TOCTpOiiTE €€ Trpadux
. Uccnenyiite ¢pyHK1MIO U TOCTpoOiiTE €€ Trpadux

O 0 9 N Lt AW

Uccnenyiite GyHKIINIO 1 IOCTpOTE €€ rpaduk

cy=x*t-2x° - 1.
cy=x2+ 1)

1y =0,125(x - 12x).
ty=(x2+4x - 3)%
:y =sin (2x + 3).
ty=3x% +5x - 2.
:y=x+x'1.
ty=28x% -2x + 1.

10. Uccnenyiite GyHKIUIO U TOCTPOiiTE €€ rpaduk: y = 2x° - 6x + 3.
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IIpakTnyeckas padora Ne30
Tema 5.8 HaunbGombIiiee 1 HaumMeHblee 3Ha4YeHUS (PYHKITIH
Heas: HayunTbcs HaxoauTh HauWOoOJblIee W HAaUMEHbIIEe 3HAYCHUS (QYHKIUH Ha
OTpe3Ke.

TeopeTnyeckas 4acThb:

Haxo:xnenune HanGo/IbIIEr0 1 HAUMEHbIIEr0 3HAYEeHUH QYHKIIMM HA OTpe3Ke.

1. Ecnu ¢yHKus HempepblBHA Ha OTpe3Ke, TO OHA JOCTUraeT Ha HEM CBOEro
HAuOOJIBIIIETO U CBOETO HAUMEHBIIIETO 3HAUCHUSI.

2. HaubGonpiiero u HauMEHbLIETO 3HAYEHUIN HempepbiBHAS (DYHKIUS MOXET AOCTUTaTh
KaK Ha KOHIIaX OTPe3Ka, TaK U BHYTPHU HETO.

3. Ecnu naubGonbliee (HauMeHbllee) 3HaUeHUE (YHKLIUU JOCTUTAETCA BHYTPH OTpE3Ka,
TO TOJIBKO B CTAIMOHAPHOM WJIM KPUTHYECKOW TOUKE.

AJNTOPUTM HaxOXXJIEHUs HauOOJBIIEr0 ¥ HauMEHbIEro 3HadeHul pyHknun y = f(X) Ha
otpeske [a; b]:

1. Haiitu obnacts onpeaenenus pynkuuu D(f).

2. Haiitu npousBoanyto f* (X).

3. Haiitu crauuroHapHble ¥ KPUTHYECKUE TOYKH (PYHKIIMU, TPUHAJJISKAIINE UHTEPBALY
(a; b).

4. Haiitu f(a), f(b) u 3Hauenuss QyHKUMU B CTalMOHAPHBIX TOYKAX, MPHHAJIEKAIIINX
uHTEepBaIy (a; b).

5. Cpenu moytydeHHBIX 3HaYeHHM BHIOpATh HAaOOJIbIIIEE U HAUMEHBIIIEE.

IpumepsI 1 pa3dop penieHus 3aJaHUH TPEHUPOBOYHOTO MOTYJIs

Nel.Haiitu HanGonbluee ¥ HauMeHblIee 3HadeHus Gpynkmuu f (x) = 2x3 — 9x* + 12x — 2
Ha otpeske [0; 3]

Pemenue. JleiicTByeM B COOTBETCTBUH C aJITOPUTMOM.

1) D(f) = (-00; +00).

2)f (x)=6x>—18x + 12

3) CranmonapHbie TOUKH: X = 1; X = 2.

1€(0;3; 2 € (0; 3)

4) f(0) = -2
f(3)=7
f(1)=3
f(2) =2

5) fuam=1(0) = -2

fuans=f(3) = 7.

OrtBer: fham= -2

fHaMG.: 7.

Ne2. Haiinure Ba MOJOKUTENBHBIX YKCIa, CyMMa KOTOPBIX paBHa 16, a mpou3BencHHe
HauOOoJIbIIEE.

Pemenue.

ITycTs mepBoe unciio pasHo X, * = 0
Torna Bropoe uncno - (16 — x),16 - x>0

CrenoBarenbHo, 0 < x < 16

[TpousBenenue 3tux yncen paBHo X(16 — x).

CocTaBuM QyHKIIHIO:

f(x) = x(16 — x)

fllx)=—-2x+16

X = 8 — €IMHCTBEHHAs cTalMoHapHas Touka Ha uHTepBaie (0; 16), oHa ABISETCS TOUKOM
MaKCHMyMa.

CrnenoBarenbHo, B 3TOM Touke QyHkius F(x) = x(16 — X) nmpuHUMaeT HauOoIbIIee
3Ha4YEHHE.
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CrnenoBatenbHO, /1Ba MOJIOKUTEIBHBIX YHCIA, CyMMa KOTOPBIX paBHa 16, a mpousBeneHue
HauOobIIee, 3T0 8 U 8.
OtBer: 81 8

Pentenue 3agannii:

I
Ne 1. Haiitn HauMmeHbllee M HauOONbIIEE 3HAYCHUS (QYHKIHH © 62" +9 ja
oTtpeske [-1, 2].
., y=x -8z +3
No 2. Haiitu HauMmeHblllee W HauOOJbINee 3HAYCHHUS (DYHKIIMH Ha

otpeske [-3, 3].
No 3. Haiitu HauMmeHbIllee W HauOoJbIIee 3HA4YCHHS (QYHKIUU V= x+—\.'{; Ha
otpeske [0, 4].
_4-x

F= 3
Ne 4. Haiitn HauMeHblee ¥ HauOOJblIee 3HAUCHUS (DYHKIMU 4+x" mHa orpeske [-
1,3].

— 3 _
Ne 5. HaiiTi HanMeHbllee 1 HaUOObIIee 3HAYCHNS (PYHKIUH »  * 3543 a OTpe3Ke

3

Y= 7
Ne 6. Haiitu HaumeHblllee M HauOoJbllee 3HAYEHUS (PYHKIHUU I+x-x" m

[0, 1]

3 1— x+2*

OTPE3KE

. =x—2Jx
Ne 7. Halith HauMmeHblllee U HauOombllee 3HAYeHUs (YHKIUU Y "'II'_ HA

[0, 4]
OTpe3Ke .
=x*lnx
Ne 8. Haiftu HawMeHblee ¥ HamboOJNbIIee 3HAYECHHS (DYHKIHH © Ha
otpeske [1, e].
Ne9. HaiiTi HauMeHblee U HauGOmNbIee 3HaYeHUs QYHKIUT » 2x+0082% by OTpe3Ke

£t

IIpakTnyeckas padora Ne31
Tema 5.9 HaxoxieHue onTHMaabHOIO pe3yabTaTa ¢ MOMOLIBIO TPOU3BOIHOM
Henb: Hayuntbcss HAXOOUTh ONTUMANIBHBIN PE3YJIbTAT B MPOU3BOACTBEHHBIX IPOLIECCAX
C IMTOMOUIBIO TTPOU3BOTHOM.

Teopernyeckas 4acThb:

Kaxnp1ii yenoBek BpeMsi OT BPEMEHHM OKAa3bIBAa€TCS B CUTYAllUH, KOT/Ia HAJO0 OTBICKATh
HAaWIy4IIUd CcHoco0 pemieHuss Kakoi-nmubo 3anadv, U MaTreMaTHKa CTaHOBHUTCS CPEICTBOM
pelieHus mpobdieM OpraHU3alliu MPOU3BOJICTBA, MOUCKOB ONTHUMANIBHBIX pelleHHd. BakHbIM
YCIIOBUEM TMOBBIMIEHUsT d(PGEKTUBHOCTH IMPOU3ZBOJCTBA M YIYUIICHHS KauecTBa MPOAYKIUU
SABJIACTCA IIMPOKOC BHEAPCHUC MATCMATHYCCKUX METOJ0B B TEXHHUKY. Cpegm 3aa4 MaTE€MaTHuKu
OOJBIIYIO POJIb OTBOMAT 3a7jauaM Ha dKCTPEMYMBI, T. €. 3a/ladaM Ha OTBHICKaHHWE HanOOIBIIEeTO U
HAaWMEHBIIIETO 3HAYEHUsI, HAWTyUIlIero, HanboJiee BHITOAHOT0, Hanbosee 3KOHOMHOTO. C TakuMu
3a/lauaMyd MIPUXOJUTHCS UMETh JI€J0 TMPEJACTABUTENSIM CaMbIX PAa3HBIX CIELHAIbHOCTEN:
MHKEHEPBI-TEXHOJIOTH CTapaloTCsl TaK OPraHU30BaTh MPOU3BOJCTBO, YTOOBI MOIYYHIIOCH Kak
MO>KHO OOJIbIIIE MPOIYKIINH, KOHCTPYKTOPHI XOTAT TaK CINIAHUPOBATH MPUOOP HA KOCMUYECKOM
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Kopabiie, 4ToObl Macca MpuOOpa OblIa HaWMEHbBIIEH, SKOHOMHUCTHI CTaparOTCs CIIAHUPOBATH
NPUKPEIUICHHE 3aBOJIOB K HCTOYHUKAM CHIPBS TaK, YTOOBI TPAHCIIOPTHBIE PACXO/IBI OKa3bIBAINCH
MUHHMaJIbHBIMH. MOXHO CKa3aTh, YTO 3aJauyd HAa OTHICKAHME HAMMEHBIIETO0 M HAMOOJBIIETO
3HAUCHHS, IMEIOT OOJIBIIOE TPAKTUYECKOE IPUMEHEHHE.

3aaya Ha U3rOTOBJICHUE OaKa HaMOOIBIIEr0 0ObeMa

[TpencraBpre cebe, 4YTO BaM MOCTYNMWJ 3aka3: M3 KBagpaTHOTO JMCTa JKene3a
HEOO0XOMMO H3TOTOBUTH Oak B (hopMe MPSMOYTOJIBHOTO Mapajulejenuieaa ¢ HanOOoIbIINM
o0beMoM. JlaBaiiTe MPAaKTUYECKUM IIYTEM OIpENesIUM, KaKhe IMapaMeTpsl JODKEH MMETh 3TOT
0ak?

Ha xaosicoviii cmon (2 cmyoenma) vroan Oymagicuwlii keaopam co cmoponou 24x24 cm u
PA3UYHOU pa3ZMemKoU (8blpe3ka no Kpasam keaopamos co cmopounamu I1x1, 2x2, 3x3, 4x4x, 5x35,
6x6, 7x7, 8x8, 9x9, 10x10, 11x11cm). Heobxooumo ckieumsv «0ax» u noocuumams €20 0dOvem
amnupudeckum nymem. Omeem ghuxcupyemcs Ha 00cKe U 8bloOUpaemcs HauboIbUULl 00veM.

Hrak, HanOompmmii 00beM uMeeT 0aK BhICOTOM 4 ¢cM 1 ocHOBaHueM 16x16 cm. s Toro,
yTOOBl TPUHTH K O3TOMY pe3yJbTaTy, HaM IMPHUIUIOCh MPAKTUYECKHUM IyTEM BBIMOJHUTH
noctpoeHue 12 «6akoB». B KHU3HM 3TO — HEMO3BOJIUTENbHAs POCKOIIb. T.e. HEOOXOIMMO
npoOjeMy  pemuTh  ApyruM  myteM.  JlJis 9TOro  Mbl  NPUMEHMM  3HaHUA U
MPUHIIUIT MATEMATHY€CKOI0 MO/1e TUPOBAHHUSA

3agaud Ha ONTUMHU3AIMIO PEHIAlOT, MCHOJB3yS IMPUHIMI ~ MaTeMaTH4YeCKOTO
MOJICTTUPOBAHUS, KOTOPBII COCTOUT U3 TPEX ITAIOB:

1. CocraBieHue MaTeMaTHUYECKON MOJIENH

2. Pabora ¢ cocTaBIeHHOU MOIEIIBIO

3. OtBeT Ha BOIIPOC 33J1a4u

Hcnonp3ys MOpUHIMI MaTeMaTHYeCKOrO0  MOJEIMPOBAHMS, pEIIUM 3aJadyy Ha
M3rOTOBJICHHE Oaka HanOOoIIbIIero 00BeMa.

1 sram: CocraBiieHHEe MATEMAaTHYECKON MOJEIH:

1) Tlpoananu3upoBaB YCJIOBHS 3a/layd, BBIICIUM ONTHUMHU3UPYEMYIO BEJIMYUHY, T.€.
BEJIMUMHY, HauOoJbIllee WM HaUMEHbIllee 3HAYeHHEe KOTOpOoW HeoOXoAaumo Haiitu. B manHOM
ciy4ae 3To 00beM 0aka, 0003HaYMM ero V

2) OnHy U3 yY4acTBYIOIIMX B 3a/1a4e BEIMYUH 0003HAYHUTH 32 HE3aBUCUMYIO TIEPEMEHHYIO
x. IlocrapaTecs BBIpa3WTh 4epe3 3Ty NEPEMEHHYIO OCTaJbHbIE BEJIMYMHBIL. B Hamen 3amade
JIOTUYHO 32 HE3aBUCHMYIO TEPEMEHHYIO X MPHUHATH BBICOTY 0aka, TOTJa OCHOBaHHE Oaka —
KBaJpaT co cTOpoHOM (24-2x). Onpenenum peasibHble TpaHUIBI epeMeHHoN X. JlormuHo, 4to
BbICOTa 0aKa —TOJIOKUTENbHAs BETMYMHA, MEHbITast 12.

3) Ucxons u3 ycnoBus 3a/1a4, BeIpa3uM V yepes X:

V(x)=(24-2x)*x, 0<x<12. MaTemaTuueckas MoJejb II0CTPOEHA

2 aran. PaboTa ¢ cocTaBneHHOM MOJIEIBIO

Haiinem HanGonpinee 3Hauenne pynkuuu V(x) Ha uarepsaie (0;12)

V(x)=576x-96x*+4x>

Haxoaum npon3BoAHYIO U CTallMOHAPHBIE TOYKU

V'(x)=576-192x+12x%, 576-192x+12x?=0, x1=12,x,=4.

Tonbko oxHa Touka Xx=4 mpuHaIexuT uaTepBaiy (0;12), mpuuem npu 0<x<4 V'(x)>0, a
npu 4<x<12 V'(x)<0, T.e. x=4 TOYKa MakCUMyMa, a 3HAYUT, B ATOM Touke PyHKUUA V(X)
MpPUHUMAET HanOoJbIllee 3HAaYCHNUE.

3 aramn. OTBET Ha BONPOC 3a7a4H.

X — 9710 BBICOTA 0aKa, T.e. BRICOTa paBHA 4, CTOPOHBI OCHOBaHUS Oaka — 16.

Nrak, 6ak ¢ HanboabIIMM 00BEMOM UMEET mapameTpsl: 16x16x4.

3aiaya 2.

Jlan OGak 0e3 KpbIIKA B (opmMe TPsSMOYTOJBHOTO TMapajuiefienuIies;a, B OCHOBAHHH
KOTOPOTO JIEKHUT KBajIpaT u 00beM Kotoporo paseH 108 mm>. ITpu kakux pasmepax 6aka Ha ero
M3TOTOBJICHHE MOWIET HAUMEHbIIIEE KOJIMYECTBO MaTepuana?
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1. CocraBisieM MaTEMaTUYECKYIO MOJIEIb

2. Pabora ¢ marematuueckoir Mosienbto. HaliTu HaumeHblee 3HaueHne GyHKIMM S(X) Ha
;108) mo anroputmy

untepsaie (0

3.0T1B

Bonpoc

OTtBeT

Yro sBiIsieTcs
ONTUMU3UPYEMON BETUUHUHOMN?

Ilnowaow oemaneii, u3z
KOMOPYbIX c8apeH 6ax

CKOJIBKO TaKHUX JeTajici?

Oo0no ocHosanue u 4 bokoswix
2paHu

Yro npeacrasisieT co0oil THO
Oaxa?

Keaopam

Ero mmomans?

x2, NPUHAE CMOPOHY OCHOBAHUA
3a X

Urto npeacTaBisitoT cooou
OOKOBBIE TpaHu?

4 pasHvix npsAMOy20IbHUKA

Hx wromans?

4xh, 20e h — evicoma baxa

CKOJBKO HEU3BECTHBIX

CmopOHa OCHOBAHUA baka U

BEJIMYMH, OT KOTOPBIX 3aBUCUT gvicoma
ONTUMU3UpYEeMasl BeTuInHa?
MOKHO JIM CBECTH K OJTHOM?
Bripaszum Beicoty h yepes x V=hx’ 108=hx’  h=108/x’
BhIpa3uM II0MAb Yepes X S(x)=x’+4x
KakoBsl mapameTpsi x? 0<x<108

Wrak, maTeMaTuecKass MOJIC/Ib
3aJa4u

S(x)=x’+4x 0<x<108

Bomnpoc Omeem
Haiitu cranimoHapHble TOUKH S'(x)=2x-4
2x-4 =0
2x’=432
x’=216 x=6

CranuoHapHas TOUKa sIBIsETCA
TOYKOM IKCTpeMyMma? (TOUKOM
MaKCHMyMa WU MHHIMYMA)

Ja, x=6 mouxa munumyma

Haumenbiiee 3HaueHue QyHKIAH
S(X) mocturaercs B TOUYKE
MUHUMYMa?

Ha, m.x. na unmepeane
(0;,108) ¢ynxyusa
HenpepvleHa

€T Ha BOIIPOC 3aJja4u.

Bomnpoc

Omeem

B nannoi 3amaue KaKOM CMBICIT
MMeeT HaliJleHHast BeJIWYrHa X?

Cmopona ocnosanus baka

Kakue erie mapamerpsl ©MeeT
0ax?

Bvicoma

KakoBo ee 3nauenue?

H=3

OTtBer Ha BOIIpOC 3a7a4n

Haumenvuee konuuecmeo
MAmMepuana Ha u320moeieHue
baka npu wupune 0CHOBAHUS

6 Om u 6bicome 3 Om

Penrenne 3agannii:
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Nel. Cpapmuky MOCTYNHI 3aKa3 BHIUIONHUTH OTPakIeHHE ydacTKa IUIomaabio 2400m2,
pa3OMB €ro Ha JBa y4acTKa MPSMOYTroJbHOW (POpPMBI Tak, 4TOOBI JJIMHA OTpakaeHHs ObLia
HanmeHnble. Hailtu pa3mepsl y4acTKOB.

No2. TpebOyercs cBapuTh SIIHUK C KPBIIKOH 00BEMOM 576 nM3, CTOPOHBI OCHOBAHUS
SIUKA JTOJDKHBI OTHOCUTHCS Kak 1:2. Kakoil moymkHa OBITh BEIHMYMHA €r0 CTOPOH, YTOOBI MOJTHAS
MTOBEPXHOCTh ObllIa HAUMEHBIIICH?

Ne3. Vwyactox npsMOyronbHOM (OpMBI OJHOM CTOPOHOW MpHIEraeT K 3AaHUi0. Y
cBapiuka ectb 20 MeTpoB uzropoau. Hamo oropoauts ydyacTok Tak, 4ToObI IJIOLIAAb €ro Oblia
HauOobILIAs

Ne4. TpeOyeTcsi M3TOTOBUTH OTKPBITBIM JKECTSHOW KOpoO B (opMe MPSIMOYTOIBHOTO
napajieNienunesa ¢ KBaJApPaTHBIM OCHOBaHHMEM, C HAMMEHBUIMM OOBEMOM, €CIH Ha €ro
M3rOTOBJIEHHE MOKHO IOTPATUTh skecTu 300cm?

IIpakTyeckas padora Ne32
Tema 5.9 HaxoxzeHue onTHMaabHOIO pe3yipTaTa ¢ OMOLIBIO IIPOU3BOJHON
Hean: HayunTbcss HaXOOUTh ONTHMMAJIBHBIM PE3YJbTAT B IPAKTHYECKUX 3aJadax C
IIOMOUIbIO IIPOU3BOIHOM.

Teopernyeckasi 4acTh:

[Ipexne yem pemarh Kakyr - Ju00 KM3HEHHYIO 33Jady, YEJIOBEK CTapaeTcsl B3BECHUTh
UMEIOIYIOCS Y HEero nHpopMmaluioo, BeIOpaTh U3 Hee CyllecTBeHHYH0. M Tonpko moTOM, Korna
cTaHeT OoJjiee WJIM MEHee SICHO, U3 4YEero MCXOJWUTh UM Ha KaKOH pe3ylbTaT pacCUUThIBATh, OH
IIPUCTYNAET K PELICHUIO 3a7add. YacTo ONMCaHHBIA MPOLECC HA3BIBAIOT YCIOBUEM 3a/auy,
(aKkTHYEeCKH KE€ 3TO 3aMeHa HUCXOJHOM KMU3HEHHOW 3a/Jauyu ee MOjeNbio. B ocMmbiciieHnn
npocTeiiiel KU3HEHHOM CUTyalluy MPUCYTCTBYET MOAEIbHBIN MOAXOJ, XOTS YEeJIOBEK OOBIYHO
HE 3aMedaeT CBOEH JEATEIbHOCTH IO CO3JAaHUI0 MOJEIEH - HACTOJBKO OHa Uil HEro
ecTecTBeHHA. MHOE 1e1o, eciau BO3HMKAIOUIas 3a/1aya 3aTparuBacT KIIFOUYEBBIE MOMEHTBI KU3HU
OJIHOTO 4YeJIOBeKa MM Kakoro - jgubo coobmiectBa mrofeil. PaznooOpasue MHPOpPMAIMOHHBIX
aclieKTOB B KaXJOH TakoW 3agaue HACTOJIIBKO BEJIHMKO, 4YTO OBbIBaeT CJIOXKHO U3 BCEro
MHOroo0pasusi HH@OpManuu 00 H3y4aeMOM SBJIEHMM WIM O0O0beKTe BbIOpaTh Haubosee
cyliecTBeHHbIE. B Takux ciaydasx HEOOXOJUMO cIeNaTh YIpoLIarolee MpeanoaokKeHne, YTOObI
BBIIETIUTh HCXOJHBIE JaHHbIE, OMPEIENIUTh, YTO OyJET CIY>)KUTh PE3yJbTaTOM M KaKoBa CBS3b
MEXy UCXOAHBIMU JaHHBIMU U Pe3yJabTaTOM. Bce 3TO - ImpenrosioKeHns, HCXOHbIE TaHHBIE,
pe3yNbTaThl, CBA3M MEKIY HUMH - UX Ha3bIBaIOT MOJEIIBIO 331a4H.

Ecin moctpoeHHas MoJenb OaeT yIOBJIETBOPUTENBHBIE DPE3YyJIbTaThl INPU PELICHUH
YKU3HEHHBIX 3a71a4, TO TOBOPST, YTO MOJIENb aJeKBaTHA paccCMaTpuBaeMoMy OOBEKTY, IMPOLECCY
wid sBieHuto. Hepeaxko s pemeHuss MoOJENbHOM 3amaunm  TpeOyeTcss HEKOTOPbIH
MHCTPYMEHTApUi. DTOT MHCTPYMEHTapuil OOBIYHO OpraHU3yeTcs B BUAE €IMHOTO OOBEKTa,
Ha3bIBAEMOT0 UCHOJIHUTENEM. YTOOB! UCTIOIHUTENH MOT TIOJTYYHUTh OTBET, EMY HYHBI yKa3aHUS,
YTO M Kak JienaTh. Takue ykazaHus 4acTo MPEACTaBISAIOTCS B BHJE alfOPUTMa, B KOTOPOM
3a/1al0TC MaTEMaTHUECKUE COOTHOLLIEHUS, CBS3bIBAIOIINE NCXOIHBIE JAHHBIE U PE3YJIbTAT.

B aTOM cityyae roBOpsT 0 MOCTPOCHUHM MATEMATHYECKOW MOJENH 3a/1a4H.

PaccmoTpuM npuMepsl UCIOIB30BaHUS MaTEMAaTUYECKUX MOJEIEN B ONTHUMM3ALIMOHHBIX
MIPAKTHYECKHX 3aj[auax, pellieHne KOTOPBIX TpeOyeT HaX0XKIeHUE MPOU3BOAHON (YHKIIUH.

3amaga 1. PaccrosHue mexny nsyms maxrtamu A u B mo mocceitHol nqopore 60 kM.
Ha maxte A noGeiBaercs 200 T pynel B cyTku, Ha maxte B -100T B cytku. I'ne Hyx)HO
IOCTPOUTh 3aBOJI MO TepepaboTKe pyabl, YTOOBl JIsi €€ MEPEeBO3KU KOJIUYECTBO TOHHO-
KHJIOMETPOB ObUIO HaWMEHBITUM?

Pemenue. BpricHsiem, 4To cyMMapHOE KOJMYECTBO TOHHO-KHUJIIOMETPOB HM3MEHSETCS B
3aBHCHUMOCTH OT MECTa HAaxXOXKICHHs 3aBOJA, BBIYHMCIUB €ro, HaIpUMEp, M CIydacB, KOrja
3aBOJ HaxoAuTcA OoT yHKTa A Ha paccrostHuM 30 kM, 20 kM, 10 k™.
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Jlanee mpucTymnaeM K peleHHIo 3aadi, 0003HauMB paccTosHue oT 3aBoja C 10 mIaxThl
A uyepe3 x: AC=xu BC=60-x.

KonnuecTBo TOHHO-KMIIOMETPOB, IPOHACHHBIX TpaHcnopToM oT A 1o C 3a KaxIbli
nenb, coctaBimsier 200 x 1/kM, or B mo C - 100 (60 - x) 1/kM. CyMmapHOE KOJIMYECTBO
TOHHO-KHJIOMETPOB BbIpazutcs pynkmueir y = 200x + 100 (60 - x) = 100x + 6000, koTopas
onpezneneHa Ha cermente [0; 60].

SIcHO, YTO 3TO ypaBHEHHE MOXKET HMETh OECKOHEYHO MHOTO pemieHuil. Borpoc
- HAWTHU JEUEBbIA BapHaHT TMEPEBO3OK.

Uccnenys pynkuuo y = 100x + 6000 ©Ha cermente [0; 60], TOXYIUM Ymin = 6000.
Ota nuHelHas QyHKIUA OyleT UMETh ~ MUHUMajdbHOe  3HaueHue mpu X = 0, ymin = 6000
T/KM. 3aBOJI HA/IO CTPOUTH BO3JIE IMAXTHl A.

Jig nmydiiero NMOHMMAaHMSI 3TOM 3a/layd 11eJIeCO00pa3HO JTOTOJHUTEIBHO BBISICHUTD
BOIIPOC, TJI€ HY>KHO OBI IIOCTPOUTH 3aBO/I, €CIIH OBI:

a) B maxte A nmooOsBasiock 100 T, a B maxte B -200 T pymsr;

0) Bmraxte A-200T, a B maxre B-190T;

B) BIaxTe A u maxte B- mo 200 T pyasl;

UTo0b!I peuTh 3TOT BOIIPOC, HYHO HalTH Ha cermente [0; 60] MUHMMYM QYHKIUM:

a) y =100x +200(60 - x) =- 100x + 12000;

0) y =200x + 190(60 - x) = 10x + 11400;

B) y = 200x + 200(60 - x) = 12000.

OtBet: M3 Bcero 3Toro MoOXKHO c/elaTh TaKOil BBIBOJ: €ciu B IIaxTe A a00bIBaeTcs
pyZsl Oouibliie, 4eM B IIaxTe B, TO 3aBOJ HAJO CTPOUTH BO3JE IIAXTHl A; €CIIU K€ KOJTUYECTBO
pyIbl B 3THUX IlaxTaX OJIMHAKOBOE, TO 3aBOJ MOXHO CTPOUTh B JIIOOOM MecTe  BOIU3U
IOCCEMHOW Joporu Mexay maxtaMmu Awu B.

3amaua 2. Ha konxo3Hoil ¢epmMe HYXHO MPOBECTH BOAOIPOBOJA JIMHONH 167 Mm.
Nmerorcs TpyObl anuHOW S5 M u 7 M. CKOJBKO HYXHO HCIIONIb30BaTh TEX U JIPYTHX TPYO,
yTOOBI ClIeNaTh HAaUMEHbIIIee KOJIMYECTBO COCINMHEHHH TpyObl HE pe3aTh)?

Pemenue. Y4uuThIBas, YTO KOJMYECTBO KaK OJIHUX, TaK M APYTUX TPYO  MOXKET
WU3MEHSTHCS,

KOJIMYECTBO 7 - METPOBBIX TPYO OOO3HAYMM uepe3 X,

KOJMYECTBO S5 - METPOBBIX — uUepe3 v,

Toraa 7X - JUIMHA 7 - METPOBBIX TpPYO,

Sy - mnMHaA 5 - METPOBBIX TPYO.

ITonmygyaem ypaBHenue 7x + 5y = 167. Tak kak X,y € Z, To meronoMm mnepedopa
JIETKO HAWTH  COOTBETCTBYIOLIME TMapbl 3HAUEHUH X M Yy, KOTOpPbIE  YIOBJIETBOPSIOT
ypaBHeHHe 7x +5y=167.

(1;32), (6;25), (11;18), (16;11), (21;4).

OtBet: U3 »TuX pemeHuil Haubonee BBITOAHOE TMocinenaHee, T.e. Xx=21,y=4.

Pemenue 3aganmii:

Nel. TpeOGyeTcsi OoropoauTh TPSMOYTOJIBHBINM yYacTOK 3€MJIM, MCIOJIb3yS B KadeCTBE
OJTHOW M3 CTOPOH 3a00pa YacTh CTEHBI IOMA. YYACTOK JIOJDKEH UMETh ONPEIETICHHYIO TUIOIMAIb.
Kak cnenyer BbIOpaTh COOTHOIIEHHE MEXIY JUIMHAMU €T0 CTOPOH, YTOOBI Ha MOCTPOIKY 3a0opa
MIOILIJI0 HAUMEHBIIIEE KOJIMUECTBO MaTepuaa?

OtBer: Cropona 3alopa, mapajulefibHas CTEHE J0Ma, JOJDKHA ObITh B JBa pasa
JUIMHHEEe OOKOBOM CTOPOHBI.

No2. TpeOyercst oropoauth cetkoil anmuHOW 600 M 30HY OTABIXA MPAMOYTOJIBHOU
dopmbl, puserarmIyo kK pexe. Onpeaenure, KAKOBbI JOJDKHBI ObITh JUIMHA U IMIMPHHA YYacTKa,
YTOOBI OH UMEJ HAauOOJIBLIYIO MJIOIIAb.

OtBer: HanOobIIAs TUIOIIAAb YUacTKa, eciu mupuHalS0 m, mraa 300 m.
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Ne 3. Onpenenuth pazMepsl OTKPBITOTO GacceiiHa 00beMoM 256 M, MMEIOIIEro HO B
BHUJIC KBajpara, TaK 4TOOBI Ha OOJMIIOBKY €r0 CT€H M JHA OBLIO M3PACX0JI0BAHO HAaWMEHBIIIEEe
KOJIMYECTBO MaTepuara.

OtBeT: 8 M. 8 M, 4 M.

Ne 4. Tlpunerarouryto K JOMY IPSIMOYTOJIBHYIO IIJIOLIAJKY HYXHO OIpauTh PELIETKOM
mmuHoM 120 M. OmnpenenuTs pa3Mepbl IUIOMAAKHA, TaK dYTOOBI OHA HMeJa HauOOJIBIIYIO
TJIOIIA/Tb.

Otset: 30 M, 60 M.

IIpakTyeckas padora Ne33

Tema 5.10 [TepBoobpasznas ¢pynkuus. [IpaBuia HaxoxIeHUS TEPBOOOPA3HBIX

Heuan: HayunTs HAX0OUTH IEPBOOOPAZHBIC

Teopernyeckasi 4acTh:

Ilousitue mepBooOpa3HoOi

Jlerko  nmoragaTthCcs, 4YTO TEPMHUH  “mepBooOpa3zHas’”  MPOMCXOAUT OT  JIBYX
CJIOB: nepewiii M 00pa3. IlepBbIM 00pa3oM y aBTOMOOMIISI ObLIa MOBO3KA, a Y MIOPe — KapTOQeb.

Bepnemcs k maremaruke.

JlaBaiite OBICTPO BCIIOMHUM, qT0 HaXxO0XXJICHHUE MIPOU3BOAHOMN
i fuddepeHunpoBanne — 3TO COBEPIICHUE MaTeMaTU4YeCKo onepanuu Haja ¢pyHkiuei. To
€CTb, CIEeIys ONpEeeICHHBIM MPaBUiIaM, Jr00ass PYHKIIUS MOXKET ObITh MpeoOdpazoBaHa B HOBYIO
byHKIMIO, KOTOpasi U OyIeT MPOU3BOAHOM.

B 00bI4HOI KU3HU, COBEpIIAsi HECKOJIBKO JEHCTBUH, MBI MOXKEM IPEoOpa3oBaTh MyKY B
TECTO, a 3aTeM M B NUPOXKU. Ho pa3oOpaTh roToBbIM MHPOKOK HA MYKY y Hac yxke He
MOJIYYUTCS. 3aTO B MaTEMAaTHUKE BCETJa MOXKHO BEPHYTHCS Ha IIar Ha3a/: CIOXKWIN J[Ba YhciIa —
BBIYTEM OOPATHO, BO3BEJIU B CTEIIEHb — U3BJIEUYEM KOPEHb.

[Toxokum 06pa3oM Mbl MOXKEM MOCTYIHUTH C (PYHKIUEH.

BosbMeM 100y10 QpyHKIMIO, HarpuMmep, f(x) = x* u HaiineM 71 Hee ipou3Boanyio fI(X) =
2x — monyuunack HoBast pyHkuusa. Temeps Ans Toro, yToObl BEpHYThCA Ha IIAr Hasajll, HaM
HY)KHO HaWTH niepBooOpa3Hyto oT HoBou PyHkIuu (f'(x) = 2x).

IlepBooOpa3noii 1t pyakiuu f(x) HasbpiBaeTcst Takas QyHkuus F(x), s KoTopoi
BhITIONTHSIETCS paBeHCTBO: F'(X) = f(X).

To ectb, ecnu B3ATh NPOU3BOIHYIO OT MEPBOOOPA3HON KAKON-INO0 (PYHKIMHU, TOTYUUTCS

cama 3Ta byHKIHS. [Tpouecc HaXO0XKJICHUS MHOKECTBA nepBOOOPa3HBIX
Ha3bIBAECTCSI HHTETPUPOBAHHEM.
F'(x) = (x)

Jlnist Hax 0K AeHUs IepBOOOPa3HBIX CYLIECTBYET clieluaibHas Tabnuna. B Heil npuBeneHs
nepBooOpa3Hple Il KakIodW (QyHKIUU. A dYTOOBl YOEAWTHCS B ITOM, MOXKHO HaWTH
MPOM3BOJIHYIO OT EPBOOOPA3HOI U CpaBHUTH ¢ (pyHKuIMEH. OHU OyyT OJTMHAKOBBIE.

Tadauua nepBoodpasHbIX

Tabanna nepBoodpasHbIX:

dynknus f(x)|lleppoodpaznas F(x)

0 C = const

1 x + C
xn+1

x"n¥E -1 +C
mn+ 1

1

—,x =0 Inlnx+0C

¥

coS X sinx + C

sin x -cosx + C

g% ¥+
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I'ne C — npou3BOIBEHOE YHCIIO

Pemenue 3aganmii:

Nel.MarepuanbpHasi TOYKa JBMXKETCS MIPSMOJIMHEHHO CO CKOpOCThIO V(t)=8t—4. Haiinure
3aKOH JIBWKCHHS TOYKH, €CJTH B MOMEHT BPEMEHH t=2C MPOUICHHBIN MTyTh COCTABHII 4 M.

Pewrenue:

Bocmonb3yeMcs onpesielleHIeM epBoodpasHoii, T.. S(t)=vot+at>/2

S’(t) = v(t).

Haiiniem Bce mepsooOpasubie S(t)= -4t+4t% +c.

[ToacraBuM t=2c¢ 1 mpoiiieHHBIN TyTh S=4 M.

4= -8+16+c

C=-4.

CrenoBarenbHO, 3aKOH JIBUKEHUS OY/IET BBITIISAJCTD CIEAYIOUIMM 00pa3oM:

s(t)=4t>—4t—4

Otsger: s(t)=4t>—4t—4

Ne2. Tlo rpaduky nepBooOpaznoit pyHkiuu y = F(X) onpenenuTe KOINYECTBO TOYEK, B
KOTOpPBIX (yHKIHA y = f(X) paBHa HYIIO.
¥

AN
é

l.I,.,.lli
Py,

Pewrenue:
Tax xak F'(x) = f(x) -no onpenenenunto nepBoodOpa3HoOi, TO TOUKH, B KOTOPHIX (YHKIUS
f(x) (mpomsBoaHas ¢yHkuu F(x)) — 370 Touku skcTpemyma dyHKiuu F(X). A Takux Touek Ha

rpaduxke 4.
Ortser: 4.

Ne3. Ilo rpaduxy mnepBooOpazHoil ¢yHkuuun y = F(X) omnpenenure 4YUCIOBbIE

IPOMEXYTKH, Ha KOTOPBIX (pyHKIMS y = f(X) UMeeT oTpuiaTeabHbIi 3HaK.
¥,

/\
/

Pemrenue:
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Tak kak F’(x) = f(x)- mo onpeznenenuo nepBooOpa3HOil, TO YUCIOBbIE MPOMEKYTKH, Ha
KoTopbIX (yHkiusa f(x) (mpowsBomHas ¢yHkuuu F(X)) MMeeT OTpHIATENBbHBIA 3HAK — ATO
MpPOMEXKYTKH YObIBaHUs QyHKImMH F(X). Takux mpoMexyTkoB Ha qaHHOM rpaduke 2. 3to (-2; 1)
u(2;5).

Otsert: (-2; 1); (2; 5).

Ne4. Jlokaxute, uto pyHkuus y = F(X) sBisercs nepBoodpazHoit mis Gyakmun y = f(X).

F(x) = x?— ™+ 2,f(x) = 2x — 2%

Pewrenue:

Jloka3zarenbCTBO.

F'(x)=(x?-e¥+2)'=2x-2e**

Ilo onpenenenuto mnepBooOpaznoii, F'(x)=f(x), cnenosarensno, F'(X) u ecThb
nepBooOpasHas s GpyHkuun f(X)

NeS. Jlns dynximu f{x) = x 2 HaliTH HepBo0OPa3HyIo, IpaduK KOTOPOH IPOXOIUT depes
Touky (-3; 10).

Perienue:
3

x
Haiinem Bce nmepBooOpasubie GyHKIMH f{x) : Fx) = 3 T

Haiiiem uncno C, Takoe, 4To0bl rpaduk QyHKIUHU f{x) =x> HpPOXOAUI Y4epe3 TouKy (-3;
10). [ToacraBum x = — 3, y = 10, momyuum:
10 = (-3)*/3 +c

C=19
3
x
CruenoBarenbHO, F(x) = 3 +19
3
X
OTBer: F(x) = 3 +19

IIpakTnyeckas padora Ne34
Tema 5.11 [Inomaas kpuBoarHeHOM Tpanenuu. ®opmyna Hetorona-JleltoHuma
Iean: HayunTs pemats HHTErpaiisl, UConb3ys Gpopmyiny HeroTona-JleiiOnuna
Teopernyeckas 4acTb

@opmyna Heromona-J/lIeiionuya
Ilycte  ¢yHkuus f(x) HempepblBHA Ha  3aMKHYTOM  uHTepBasie [a, D). Ecmu F (x) -
niepBooOpasHas pyHkiuu f (x) Ha[a, b], TO

]f[xj.:ix=F[xj|: - F(b)-Fla).

Pemnenue 3aganuii:
[Tpumep 1

}(f —xg)dx

i
Brruncnuts uHTErpan

Pewenue.
[Tpumensist popmyny HeroTona-Jleli6Huia, nonydaem

Ji2 -wtan-[ 22N - [16-2) -
. 4 3 4 3]

3

0
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[Tpumep 2

f(4-F)ar

Bprunciuts uaTErpan o

Pewenue.

‘lf(if—n.f{f)dz oK K - | £

1 1

1

/+1 /+1

3

I —
§ § y=x y=ifx
Haiitu rurormans GUrypsl, OorpaHHYEHHON KPHUBBIME u .

5.2) .1
4 3 12

]

[Tpumep 3

Pewenue.
CHauana onpeaenum TOYKH IMepecedeHus IBYX KPUBBIX (PUCYHOK 3).

©=x,

= 2-Jr=0
= J'E(x —1)=
= z=0 -1

Takum 006pa3om, nanHbie KpuBbie iepecekatorcs B Toukax (0,0) u (1,1). CnegoBatenbHo,
ioniaib GUrypsl paBHa

S = ! [/ g(z'\}?—f)u—

y=2x-x2

X
Puc.3 Puc.4
ITpumep 4
y=2xr-x" 4 y=10
Haiitu nomans Gurypsl, orpaHndeHHyo rpadukaMu QyHKIUH u .
Pewenue.
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Haiinem koopauHATHI TOUEK MEepeceueHns KPUBBIX (PUCYHOK 4).

Sx—x =-x,
= x-3x=10
= x[x—3)=l:l,

= x=0, x=3

_ _
Jlannas o6acTh orpaHMuMBaeTcs cepxy mapadoioii ¥~ 2% % a crusy - npsamoii

L ¥=-x 9

JUHUEH . CitefioBarebHO, IIOLIAas STOM 001aCTH paBHA
3 3 i a2y 1 3

S=J‘(2x—x:‘—[—x)jdx=f(2x—xg+x)dx= 221 = 3i—x =E—E=E.
5 ER A \

. 2 3] 2 3 2

IIpumeneHnne onpeneJéHHOro0 MHTErpaJa:
1. HaxoxkneHune nJiomaan KpMBoOJIMHEHON Tpanenuu

¥ : y=fix) ITnowaxs GHryps1, orpaHIYeHHOI
. THHIAMH: X=@; x=D; y=0 u y=f(x)

»
S=If|x|dx

IInomage GUrypsl, orpaHHUEHHOMN MHHHAMH: } =f{x} 1 y=g(x).
Haifri ToukH riepeceteHiA X 1 X, 13 yenosui: f{x)=gfx)
S= jl’f(x"— glx)dx

X,

2. Haxo:kaeHne BeJIHYHHbI CKOPOCTH V IO 33IJaHHOMY 3aKOHY ycKopeHus a(t) 3a
~t2 ;
npoMeskyTOK Bpemenu [t1;t2], T.e Jy alt)de
IIpumep: Touka nBH:KeTCs 1O 3aKOHY yckopenusi a(t)=t+1. Haiitm Beauuuny ee

CKOPOCTH 32 POMEKYTOK BpeMeHH [2;4] cexyHa.

(4+1)%2 (2+1)?

~4
Pemeﬂne:l’(ﬂ =/, (t+1)dt = s el M/c

3. HaxoxaeHue nmyTH S 10 3aKOHY HM3MEHEHHsl CKOpocTH V(t) 3a NMPOMEXKYTOK

t2
Bpemenu [t1;t2], T.e. § = J v(t)dt

IIpumep: HaiiTu  myTh,  KOTOpBIM  mpojenaja  MaTepHaJibHas  TOYKa  3a
IIPOMEXYTOK BpeMEHM [2;4], ABUrasch €O CKOPOCTBbIO, KOTOpas HM3MEHSIACHh 110 3aKOHY:
V(H)=2t+2.

4, . _
Pemenne: ° [, (2t + 2)dt = 22 (en. pnunbi)
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IIpakTuyeckas padora Ne35

Tema 5.12 OnpeneneHHbIN UHTETPaAT B KU3HU

Hesan: HayunThest HCIIONB30BaTh HHTETPANT I HAXOXKJICHUS (PU3NUECKUX BEITMUNH

TeopeTnyeckas 4acThb:

WuTerpan — 3T0 MareMaTHYeCKHil OOBEKT, KOTOPHI BO3HHK HCTOPUYECKH HAa OCHOBE
HOTPEOHOCTH PELIeHUs pa3IMYHBIX NPUKIAJHBIX 3a7ad (QU3MKM M TeXHUKH. Te Qusnueckue
BEJIMYMHBI, KOTOPBIE OMNPENENIAIOTCS C IMOMOUIbI0 HHTErpajla — KakK IIPaBUJIO, HA3bIBAIOTCS
MUHTETPAJIIBHBIMHU, @ T€ BEIUYMHBI, Y€pe3 KOTOPBIC BBIPAKAIOTCS HUHTETPAJIBHBIC BEIUYMHBI —
QG epeHIaIbHBIMHE.

WHTerpassl HalLIM CBOE€ MPUMEHEHUE B ACTPOHOMUU (MHTErpaibl SHEPTUU U IUIOLIa/eH;
JIBUKCHHUE 3BE3M); MeauluHe (KOMIbIOTEpHass Tomorpadus); Ouosoruu (yCTaHABIMBAIOT
IPUPOCT YUCIEHHOCTH IMOMYJIALUH; OMoMaccy MOMYNIALMN M CPEIHIOW JJIMHY IYyTH (I10JeTa)
IPY IPOXOKICHUN HEKOTOPOTO (PMKCUPOBAHHOTO YUACTKA).

Ha cerosHs HEBO3MOXXHO M3yu€HHE I'eéMOJIMHAMHUKHN — JIBUKEHUSI KPOBH 110 cocyam 0e3
IPUMEHEHUs UHTErpajioB. B TeyeHue UIMTENbHOIO BPEMEHU KaTeTepu3allusl MpaBbIX OTIEJIOB
cepua sIBIsAIach €IMHCTBEHHBIM METOJOM MCCIEA0BAHNUS, I03BOJISIBIIMM OLIEHUBATh COCTOSHUSA
IpaBbIX OTHENOB cepaua U JieroyHod aprepuu. C MOMOLIbIO HHTETPaJoB B MEIULIMHE
BBIUUCIIAIOT HHTETPATIbHYIO CKOPOCTb JJIS LIEJIOT0 cocyia (apTepuu WM BEHbI), 3Has JIMHEHHYIO
CKOPOCTbh KPOBOTOKA; TAK K€ PACCUMTHIBAETCS yIapHbIH 00beM (00BEM KPOBH).

IIpencraBneHHble Bbllie (GakTbl IEMOHCTPUPYIOT IIMPOKOE NPUMEHEHHE MHTErpajioB B
pPa3IUYHBIX HAy4YHBIX OOJACTAX, YTO JOKAa3bIBA€T HEOTHEMJIEMYIO BAa)KHOCTb WHTEIPalOB B
Hamedl ku3HHU. [IpuMeHeHue OIpelesIeHHOro0 HHTerpaja BO MHOIOM O0O0Jerdaer peleHue
NPUKJIAJHBIX 33/1a4 TeOMETPUH, (PU3UKH U IPYTHUX HAYK.

Penrenne 3agau:

1. 3agava o EbIYUCNEHWH NYTH
CormacHo QU3MYECKOMY CMEICTY NEPBOA NPOM3BOAHON, NPON3BOAHAR DYHKLMK B TOYKE eCTh

. d
MFHOBEHHAR CKODOCTL TOMKM, TE. v(f) = &'(f) = f OTcHoaa, ds = viE)dt . VIHTETpMPYA NoMy4YeHHoe
£

PABEHCTEO B Npefenax oT tq Ao t, nonydaem

H

Ia?s = ‘I‘v(r.)cx‘r.

1,

Torga nyTe, NPOAAEHHBIA TOYKOH NPY HEPABHOMEPHOM OEWKEHWK N0 NPAMON C NEPEMEHHON
CKOPOCTBIO L(€) 33 OTPE30K BPEMEHH [ £, £, |BbIPAXAETCA MHTErPaNoM

t
S=J Lit)dt. n
t
Mpumep 1. CKOPOCTh NPAMONMHEAHOTO NEMKEHNA TENA BLIPAKASTCA OPMYNON 13 = 2t+3t2(M/C).
HaiTi NyTe, NPOROEHHLIA TENOM 33 5 CEKYHL, OT Ha4Yana ABWAEHNA.

PelleHne.
5 5

S=1(2tH3t Hyde= (41| =150(m).

i 1]

Mpumep 2. [Ba TeNa HaYanu ABMIATbCR OOHOBPEMEHHO W3 OQHON TOYKW B OOHOM HANPaBNEHWM NO
NpAMON. MEPBOE TENO ABMKETCA CO CKOPOCTLID v =(6t2+21) M/C, BTOPOE — CO CKOPOCTLH Vo=(41+5) MiC.
Ha Kakom paccTOAHWA APYT OT ApPYTa OHW OKaKyTCA Yepes & .7

126



2. 3agaya O BeIYHMCNEHWH PaGoTel NepeMeHHON CHNkI

MycTb mMaTepUansHas To4Ka nod AelCTEMEN CHMbI F ABMAETCA No NpAMOR. ECNK AsACTEYIOWARA cuna
NOCTOAHA, A NPOMASHHBIA NYTh PABEH S, TO KaK M3BECTHO U3 Kypca U3KKKM, padoTa A 3ToH F
BbIMMCNASTCA NO DOpMYyNE:

A= F7s

PafoTy NnepeMeHHOR cknbl T(X) NP NEpeMEeLLesn No ock OX MaTepuansHol TONKK OT ¥=a 0o x=b,
HaxogumM no popuyne (3)

3
A= If(x)dx (2)

PellieHHM 33134 HA BbIYMCNEHUE paGoThl CUNbI YNIPYTOCTH, CEA3AHHBIX C PACTAKEHWEM W CHATHEM
MpY#UH, OCHOBLIBAETCA Ha 3akoHe Myka Mo 3akoHy Myka cuna F, pacTAMMBAILIAR UMW CRUMAILLAR
MPYHUHY, MPONOPLUMOHATBHAR 3TOMY DACTIHEHWH UMK CRATHIO, TE. F=kx, Me X — BenW4uHa
DACTAKEHWA UMK CRATAA, K — KoadhWLMEHT NDONOPLUMOHANBHOCTH.

Mpumep 1. C1Na ynpyrocTd F Npy#MHLl, pACcTAHYTOH Ha 11=0,05m, paBHa 3H. Kakyw paboTy Hago
NPOW3BECTH, YToObl PACTRHYTE NPYHMUHY Ha 12 =01 m?

PelweHue. MoACTABKE JaHHEE B DOPMYNY 33K0Ha TyKa, nonyvumM: 3=k*0.05, Te. k=60, cneqosatensHo,
CHMa YNPYroCcTH BhIpE#AETCA COOTHOLWEHKWEM F=60x. Haiaem padoTy nepeMeHHOl CHNbl No dopMyne
(2), nonarag, 41o a=0; b=0,1:

0.l 1
A= J60xdx= 3ox2r =031
1]

3. 3agaua o cuiie JaBJEHHS KUIKOCTH

Cornacno 3akony Ilackans BenmnumHa P maBieHWs] JKUAKOCTH HAa TOPH3OHTAIBHYIO
IUIOINAAKY BeIuUciseTcs o Gopmyne P=gphS, (4)

I'ne g — yckopeHue cBOOOHOTO MajieHus B M/c%;

P— IIOTHOCTb KUJKOCTH B KI/M°;

h — rnmyOuHa norpyxeHust MIoMaaKu B M;

S — momak MWIOMAAKU B M2,

ITo sToii popmyrie HeNmb3st HCKATh JaBJIEHUE JKUAKOCTH HAa BEPTHKAIBHO MOTPYKEHHYIO
IUTACTHHKY, TaK KaK €€ pa3Hble TOUKH JIe)KAT Ha pa3HbIX IyOnHaXx.

[TycTh B ®KHUIKOCTH MOTPYKEHA BEPTUKAIBHO IJIACTHHA, OTPAHWYCHHAS JIMHUSMH X = a, X
=b, yl =f1(x) u y2=f2(x); cucreMa KOOpJJMHAT BbIOpaHa TaK, KaKk yKa3aHO Ha PUCYHKE.

o y

N\ v =fa(@)
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[Ong pelweHud 3aga4y pasodbem NNacTMHY HA N YacTel (ManbiX ropU30HT anbHBIX NONOCOK) NPAMBIMMK,
napannentHeMK NOBEPXHOCTH #HMOKOCTH (T.€. NapannentHbiMK oci OY). Ha ryOuHe X BbigenvmM ogHy
W3 HUX W 0603HA4YKMM Yepes T(X) ee ANUHY, a Yepes Ax €€ LUMPMHY. NPUHAB NONOCKY 38 NPAMOYTONLHWK,
HaxodumM ee nnowans S = f{x) Ax.

F=gafix) b x
Haigem gudppepeHuman dp 3ol MyHKUMK.
dp = gof (X)) xdx

Torga no 3akoHy MNackana MHTErpUPYA NonyYeHHoe paBeHcTBo B Npefenax oT X = a 40 X = b, Nony4um

A
P=QIPIf (x)ex (3)
Mpumep

AKBAPMYM WMEET hopMy NPAMOYTONBHOM Napannenenuneia. Hamgem cuny AaBneHWa Boabl
(MNOTHOCT BoAbl 1000 Kr/M?), HANOMHAIOLLEH AKBAPUYM, Ha OIHY W3 €0 BEPTUKANBHLIX CTEHOK,
pa3mepbl KoTopoid 0,4 M x 0.7 M.

PelleHwe. Brifepenm CUCTEMY KOOPAWHAT TaK, 4To0bl oM Oy M OX COOTEETCTEEHHO COOE[HANnU
BEpXHee OCHOBAHWE W DOKOBYI0 CTOPOHY BEPTHMKANLHON CTEHKW AKEaPMyMA. [NA HAXOHOEHWA CUILI
OABMNeHUA BOALI HA CTEHKY BOCNONL3yeMCA opmynoi (3). CTeHKa uMeeT hopMy NPAMOYTONbHWES,
noatomy fi{x=0 7= =x<[0,0.4] TaK KaK npeagenbl MHTErpUpoBaHKA a=0 1 b=0,4, TO Nony4Mm:

0.4 2.4
P=g Jlﬂﬂﬂ*ﬂ,?*xd}:= 700 %rﬂ =56g ~ S49H

IIpakTnyeckas padora Ne36
Tema 5.12 OnpeneneHHbI UHTETPAJT B KU3HU
Hean: HayunThbes ucnonb30BaTh HHTETPA Ul HAX0KIEHUs 00BEMOB
Teopernyeckas 4acThb:
[TomMrMO HaXO0XKAeHUs] IUIOINAAM ILUIOCKOH (Urypsl ¢ NOMOIILIO OIPeNeTeHHOI0
HHTErpaJja Ba)XHEHIINM NPUIOKEHUEM TEMBI SBIISETCS BbIYUC/IeHHE 00beMa Tesla BpALleHHs .

O0bem Tena BpaiieHHst BBIYHCISETCS 110
OJIHOH H3 popmy:

b :
v=x[[f(x)]
i a , €CJIH BpallCHUE

KPUBOJIMHEHHOH Tpaneniy BOKpYr ocH OX.

8

o

2. V=7l % ecnyu BpameHue
KPUBOJMHEHHOH Tpaneuud BOKpYr ocu OY.
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Pemrenue 3axanmii:
IIpumep 1. Haiitn 00bEM Tena, oOpa3oBaHHOTO BpamieHHEM BOKPYTr ocu abcumcce (Ox)

4
(buUrypsbl, OrpaHUYCHHON THIIEPOOIION X, ocbro abcuuce u npsimpivg =1 x=4
Y A
}
'.
' 8
} x
i i
| |
|
|
|
¥
!
4
x)=—
Pemenne. O0béM Tenma BpamieHus Haném mo dopmyne (1), B KoTopoid X,a

npeaensl uHTerpupoBanus a = 1, b =4. Ilpumensem Tadau4Hblii WHTerpaj. I[locTosHHBIM
MHOXUTENb 4*=16 BbIHOCUM 32 3HaK uHTerpana. [lonydaem:

4 2 4 4
v=;¢j[i] dleﬁﬂ[d—leﬁfr[—l] _
1 X 1:": X 1

=127 uyben.

IIpumep 2. Haiitn 00béM 1mapa paguyca R.
¥

Pemenue. PaccmoTpuM miap kak Teso, Hojydalieecs Ipy BpallleHUH BOKPYT OcH abciuce
MOJIyKpyra pajauyca R ¢ IIeHTpoM B Havajie koopauHat. Toraa B popmyne (1) nmonpiHTErpanpHas

1_ p2_ 2
dyHKIUMS 3amumercs B BuAe ¥ =& -x , a TpeelaMi MHTETpUpOBaHMs ciykaT -Ru R. B

BBIUMCJICHUSX paauyc R cuuTaercss KOHCTAHTOM (BMECTO HEro MOKHO IOACTaBUTH JH000€

3HaueHWe s Iapa ¢ J00bIM  paauycoM). [lpuMeHseM TaOJAMYHBIA HMHTErpaJ
CrnenoBaTeabHO,

_ T 2.2 _ z_i
v-;?TII[R x)cfx—;?r[ﬂx 3}

iy

R

-
_dar
3
IIpumep 3. Haiitn 00bEM Tena, oOpa3oBaHHOTO BparieHHeM BOKpYr ocu abcmmcce (Ox)

_=2_ _ 2
DUTypBI, 3aKTI0UEHHOM Mexk Ty mapaGomamu -~ 3-x" yy=x+l
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s =
[} ;1 S —

Pemenue. IlpencraBuM HCKOMBIM 00BEM Kak pa3sHOCTh OOBEMOB TeJ, IMOJYYEHHBIX

BpallleHueM BOKPYT ocu abcuuce kKpuBosmHEWHbIX Tparneuuid ABCDE n ABFDE. O0bEMBI 3THX
ten HaigéMm mo dopmyne (1). B Helt mpenmenbl MHTErpUpOBAaHUS pPaBHBI %=1 u2= .
abcruccaM Touek B u D nmepecedeHus mapadoi. ITH TOYKU U UX aOCIMCChl BUAHBI Ha rpaduke.
TouHo Takxke - Ha rpaduKe - MOKHO OMPEICIUTh KOOPAUHATHI TOUEK MEpEecedeHUs JTUHUNA U3
BaIux 3a1a4. TOJBKO IS 3TOTO HY)KHO TOCTPOUTh rpaduk. Teneps MokeM HaTH 00BbEM Tela,
MIPUMEHSS BCE TOT e TaOJUYHBIN UHTETpaT 7:

1 2 1 2
V= ;?TI (3—;{2) c:t’x—;?TI (xj +'l:l dx =

-1 -1

_ ﬁ_jl[(g_ 2) (7 +1f Jae=

1
= 7[(8-8x")dx= Bﬂ{x—iJ -
-1 3 -1
= %J‘TKFE.EI{.

IIpumep 4. Beruncants 06bEM TOpa (TOpPOM Ha3bIBaeTCs TeNo, MOJydarolieecs MpU
BpAIlIEHNH Kpyra pajuyca a BOKpYT OCH, JeXkKallel B €ro MIOCKOCTH Ha PACCTOSIHUU b OT IeHTpa
Kpyra (’EJ 2 @) QopMy Topa HMeeT, HaIpuMep, GapaHKa).

¥

C

Pemenue. Ilycts kpyr Bpamaercss Bokpyr ocu Ox (puc. 20). O06bEM TOpa MOXKHO
MPEJICTaBUTh Kak pa3HOCTH OOBEMOB TeJ, IMOJYUYEHHBIX OT BpallleHHUsS KPUBOJIMHEHHBIX
tpaneunit ABCDE w ABLDE Bokpyr ocu Ox.

VYpaBHenue okpyxHoctu LBCD uMeeT BUJ
P Hy-b7 =4,
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npuuéM ypaBHeHue kpuBoid BCD

y:yl(x}:b+~.,|l|ag —xj,

a ypaBHEeHMeE KpuBou BLD
y=y,(x) :b_"\lﬂz— x

Hcnonp3ys pa3HOCTh OOBEMOB Tell, MOdy4aeM i 00bEMa Topa v BBIDAKEHHE W
BBIUKCIISIEM UHTErpat:
a

v= 27| yidx - 27| yidx = 27 (5 — y})dx =
i} i} 1]

- EFTT|:(EJ+ o —xf*)z—(b—m)z} dx =
T

IIpumep 5. Haiitu 06b€M Tena, 00pa30BaHHOTO BpallleHHEM BOKPYT ocu opauHat (Oy)

2 _ —
GHTYpBI, OrpaHMYEHHOM MMHUAME » Iy ¥= 3‘7‘-.
¥

Pemenue. IlpencraBuM HCKOMBIM 00BEM Kak pa3HOCTh OOBEMOB TeJ, MOJYYEHHBIX
BpallleHUEeM BOKPYI OCH OpIMHAT TpeyroidbHuka OBA U KpuBOIMHEWHON Tpaneuuun OnBA.

=0 =3
IlpesienaMi MHTETPUPOBAHHS CITyKaT ° 1 n 2 - opaunHatbl Touek O u B nepeceueHus

napabosibl ¥ TPSMOM, 4TO BHUAHO Ha TpaduKe K 3TOMYy npumepy. Takum oOpa3oM, moxydaem
00BEM Tena:

v= ;:-ri ET dy —ni[§]2 dy =

n n

3 3
T 4 AT 4
I iy [ty =
9_!'-}" LV Bl'l-y LV
ELE] N
277 |, 405" | T30

IIpakTHyeckas padora Ne37
Tema 5.13 Koutponbhas pabora mo pasgeny S5 «lIpousBogHas M mnepBooOpazHas
G YHKITII
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easn: [TpoBepuTh ypoBEHb YCBOCHHS JAaHHOTO Marepuaia 1o pazueny S5 «lIpousBoanas
U IepBoOOpa3Has PyHKIIUN

Ilpu pewenuu 3adanuii 1-4 3anuwiume npaeunbHLLL OmMeem U3 UYemwvlpex
NPeONoHCeHHDIX.

1. Yemy paBHa npou3BoaHas QYHKIMU Y = c0S2x?

a)y' = —sin’x; B) y' = —2sinx cos x;

6)y' = —2sin’x; r)y' = 2cosx.
2. TTo kakoii u3 (OPMYIT BEIYUCISCTCS IPOU3BO/IHAS TPOU3BEICHHS?

I ! I, u ! _ u’v—uv’.

ay(ut+v) =u +v'; B)(;)— e

6) (uv)’ = u'v +uv’; ) (Fle@®)) =f(9t) g'@.
3. Pemmute ypaBuenue f'(x) = 0, eciu f(x) = 3x? — 6x + 4.

a) 1; B) 4;

6)—1; r) 4.

4. Ha pucynke u3oOpaxeH rpaduk npomsBogHoi (yHkumu f(Xx), ompeneacHHONW Ha
unrepsaie (—10; 8). Haiigure xoamyecTBO Touek Makcumyma GyHkiuu f (x) Ha OTpe3ke

[-9:6].
YA | ]
NN MDA =]
i | SN [ ]
\ f] Y | | 1/
IN T VT
-10 ol 1 71 8 [
NS ll / ‘
Vil
VAN
a) 5; B) 2; |
6) 4; r) 3.

IlIpu evinonnenuu 3adanuit 5-8 3anuwiume x00 pewienus u NOJIYYEHHLL OmMEem
(6epubtit omeem — 2 o6anna)
5. MarepuanbHas TOYKa IBHXKETCS MPSIMOJMHEWHO Mo 3akoHy x(t) = —t* + 613 —
4t 4+ 5t — 5 (rme x — paccTosiHHE OT TOYKH OTCUETa B METpax, t — BpeMs B CEKyHIaX,
U3MEpEeHHOe ¢ Havyasa JABwxkeHus ). Haliure ee ckopocTh (B M/C) B MOMEHT BpeMeHH ¢ = 3
C.

6. Ha pucynke n3obpaxén rpaduk ¢pyakimu y = f(x) u KacarenpbHas K HEMy B

TOYKe ¢ abcuuccoii xy. Haiiaure 3HaueHne mpon3BoaHo# (pyHKIMH f(X) B TOUKE X
. 20 AT —

Ir
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7. SIBnsercs mu F(x) = x3 — 3x + 1 nepoobpasnoii ansa pysxmun f(x) = 3(x? — 1)?
8. 3apaiite nepsoobpasnyo F(x) mna ¢ymkumm f(x) = 3x% — 2X, eclld H3BECTHBI
koopauHatel Touku M (1; 4) rpaduka F(x).

Omanonvt omeemos

Howmep 1 2 3 4 5 6 7 8
3aaHusa
OtBeT B b A T 83 -3 na X —x2+4

IIpakTnyeckas padora Ne38
Tema 6.2 BeposTHOCTH B poheCCHOHATBHBIX 3a1auax
Iesan: HayunThcs pemaTh NpakTHUECKUE 3a/1a4l Ha BEPOSATHOCTh

Teopernyeckasi 4acTh:

1. Teopusi BeposiTHOCTe# — pa3jesl MAaTEeMAaTHKU, U3YYaAIOIIUNA CIydailHbIe COOBITHS,
Cly4yaliHbl€ BEJIMYMHBI, UX CBOMCTBA U ONEpallMy HaJl HUMHU. PacCMOTpUM HEKOTOpBIE KIIOUEBbIE
MOHSITUSI, KOTOPBIE UCIIOJIb3YIOTCS B TEOPUU BEPOSTHOCTEH.

Onpenesienne.

HcnbiTaHMeM Ha3bIBAETCS OCYIIECTBICHUE ONPEICIICHHBIX TEUCTBUM.

[Ton coObITHEM MOHUMAIOT JHOOON (hakT, KOTOPBIM MOXKET MPOM30MTH B pe3yibTare
UCIIBITAHUS.

JIroO0# pe3yabTaT UCIBITAHUS HA3BIBAETCS HCXOAO0M.

JlocToBepHBIM Ha3bIBAIOT COOBITHE, KOTOPOE B PE3YJbTAaTE HUCIBITAaHUS 00A3aTEJNbHO
NMPON30MIET.

HeB03M0KHBIM Ha3bIBAIOT COOBITHE, KOTOPOE 3aBeIOMO He MPOU30IAET B pe3ynbTaTe
WCIIBITaHUSI.

CoObITus 00bIYHO 0003HAYAIOTCS 3aryIaBHBIMU OyKBaMu JaTUHCKoro andasura (A, B, C,
D,...).

PaccmaTpuBas mnpuBENEHHBIH MNpuUMEp, Mbl MOXeM Cc(HOPMYIHPOBAaTh CIEAYIOIINE
3aKJIFOYEHUS.

1. Tlpormecc noctaBaHus MpeaIMeTa U3 KOPOOKH SBISIETCS] HCTIBITAHUEM.

2. PesynbTat nO0cTaBaHMs MpeaMeTa U3 KOP3UHBI ABISIETCSA COOBITHEM.

3. CoObiTHE «BBIHYTBII MpenIMeT OKaXeTcss KIyOKOM» SIBISIeTCS JOCTOBEPHBIM
COOBITHEM.

4. CoObITHS «BBIHYTBIH TNpEAMET HE OKaXeTcd KIYyOKOM» WIM «BBIHYTBIH HpeaMeT
OKa)KeTCS KPACHBIM KITyOKOM) SIBJISIFOTCSI HEBO3MOXHBIMU COOBITUSIMH.

5. CoObITHE «BBIHYTBHIA MPEIMET OKaXETCS 3€JCHBIM KIYOKOM» SIBIISETCS BEPOSTHBIM
COOBITHEM.

A = {BBIHYTBI IIpeIMET OKa3acs KIyOKOM }.

B = {BrIHYTBIIl IpeIMET HE OKa3aJcs KIyOKOM.

C = {BBIHYTBII IpeIMET OKa3ajcs 3eJIEHBIM KITyOKOM | .

D = {BbIHYTHII IpeAMET OKa3aJCcs KPACHBIM KIYyOKOM }.

2. Onpenenum ele HECKOJIbKO BaXKHBIX MIOHATHI TEOPUN BEPOATHOCTEN

Onpenesienune

IIpocTpaHcTBO 3JIeMEHTAPHBIX COOBITHI (2— MHO)KECTBO BCEX Pa3IMYHBIX HCXOJOB
MIPOU3BOJIBLHOTO UCIIBITAHUS.

Hanpuwmep, npu 6pocke 01HOM UTpabHOM KOCTH MPOCTPAHCTBO HJIEMEHTAPHBIX COOBITUI
Q= {w 1, W2, W3, W4, W5, W}, TJIC Wi- BBITIQJICHHE 1 OYKOB.

Ecnu coObITHSI He MOTYT TIPOM30MTH OJHOBPEMEHHO B OJHOM HCIBITAHHH, TO COOBITUS
Ha3bIBAIOTCSI HECOBMECTHBIMHU.
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Hanpuwmep, npu OpocaHun MOHETHl HE MOTYT OJHOBPEMEHHO BbIMAacTh «Opém» u
«Pemikay.

IIpocreimmm [IPUMEPOM HECOBMECTHBIX coObITHI SBIIACTCS
napa NPpOTHBOMOJIOKHBIX COOBITHH.

IIporuBono/siokHOe  COOBITHE IPOMCXOAUT  TOIJA, KOTJa HCXOAHOE  COOBITHE
A He IPOUCXO/HUT.

CoObITHE, TPOTHBOIOIOKHOE TaHHOMY, OOBIYHO OOO3HAYAETCS TOM KE JIATHHCKOMN
OyKBOH C UEPTOUKOU CBEPXY.

Hanpumep:

e A — czlaj 9K3aMeH 110 MaTEeMAaTHKe;

o A — He c1a)1 5K3aMeH 110 MaTEMATHKE.

Onpenesienne.

IMosHo¥ rpynmoi coObITHII Ha3bIBaCTCS TaKas CHCTEMa COOBITHH, YTO B pe3yJbTare
VCIIBITaHUSI HEIIPEMEHHO ITPOU30UJET OJHO U TOIBKO OJHO U3 HUX.

IIpumep .

MoHeTy noaopocuian ABaKAbl. YKaXXUTE BCE 3JIEMEHTapHbIE COOBITHS MOJHOM I'PYIIIbI
COOBITHH.

DneMeHTapHbIMU COOBITUSIMU SIBIISIFOTCS:

- Beimasno aBa «opia»

- Beinano ase «pemku»

- Boinan oguH «opem» 1 0JHa «peLKa.

3. YToOb! BBISICHUTH, HACKOJBKO BEPOSITHO TO WJIM MHOE CllydailHOe COOBITHE, HY)KHO
MOJICYUTATh, KAK YACTO OHO IPOUCXOUT.

Onpenesienne.

Yucno ucnplTaHuM, B KOTOPBIX COOBITHE HACTYIHIIO, HA30BEM a0COTIOTHON YaCTOTOH H
0003HauynM n. OO011ee YKCI0 NPOU3BEIEHHBIX UCTIBITAHUN 0003HaunM N.

OtHomeHne  aOCOJMIOTHOW  4YacTOThl K  4uCiIy  HchbITaHuil n/N  Ha3biBaeTcsi
OTHOCHUTEJIbHON YaCTOTOM COOBITHS.

OtHocuTenbHAsE 4YacToTa IIOKa3blBaeT, Kakas JIoJId HWCIBITAHUW  3aBEpIIMIIACh
HACTYIUICHMEM JAaHHOTO COOBITHS. DTa OTHOCUTEIbHAs 4acToTa M ONpeleNseT BeposiTHOCTh
ciay4daitHoro co0biTHus. Ee emie Ha3pIBalOT CTATUCTUYECKON BEPOSITHOCTHIO COOBITHS.

CraTtuctuyeckas BEpOSITHOCTb COOBITUSI PACCUNTBIBACTCSI OMBITHBIM ITYTEM.

IIpumep.

Eme co Bpemen [lpesnero Kuras 3a 2238 jer 1o Hameil 5psl HA OCHOBAaHUM METPHUK
nemorpadsl OOHapYKWJIM, YTO Ha KaXIyl0 ThICAYY HOBOPOXKAEHHBIX mpuxoaurcsa 514
MaJIbUHKOB.

DT0 03HaYaeT, uTo BeposaTHOCTh pokieHus Manbunka coctasisier 0,514.

1. Knaccuueckoe ompenesneHne BEpPOSTHOCTH IPUMEHSIETCA I PABHOBO3MOKHBIX
COOBITHIA.

K paBHOBO3MOKHBIM (PaBHOBEPOSITHOCTHBIM) OTHOCSITCS TaKM€ COOBITHSA, JUI KOTOPBIX
HET HUKAKUX OOBEKTHUBHBIX OCHOBAHHWM CUMTATh, YTO OJHO SIBJISETCS 0OJiee BO3ZMOXKHBIM, YEM
IpyTHE.

Hanpumep, npu Opocanuu UrpajgbHOr0 KyOHWKa COOBITHS BBINAJEHUS JIOO0r0 U3 OYKOB
pPaBHO BO3MOXHBI.

PaccMoTpuM npou3BOIBHBIN SKCIIEPUMEHT.

ITycTh n- 4uCIIO BCEX HCXOAOB SKCIEPUMEHTA, KOTOpbIE OOPa3ylOT MOJHYIO TpPYIIY
MOTIAPHO HECOBMECTHBIX M PABHOBO3MOXKHBIX COOBITHI, M — YHCIIO OJaronpUsTHBIX COOBITHIO A

P4) ="
ucxXon0B. Torna BepoATHOCTHIO COOBITHS A HA3bIBACTCS YHUCIIO n

CornacHoO OmpeneNeHn0 BepOsITHOCTH HauMEHbIllee 3HaYeHHe BEpOSTHOCTU MPUHHUMAET
HEBO3MOXXHOE COOBITHE, TaK KaKk OHO HE MOXET HAcTymuTh M i Hero m=0, 3HAYUT U
BEPOSATHOCTH paBHa 0.
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HauGonpiiee 3HaueHWe NPUHUMAET JOCTOBEPHOE COOBITHE. B cHily TOro, 4To OHO
rapaHTHPOBAHHO MPOU30UIET, A1 HETO m=n, P=m/n=n/n=1.

2 .Cymmoii coObiTrii A u B HazweiBaercs cobbiTue A+B, KoTOpoe cocToWT B TOM, YTO
HACTYMIUT WM coObITHE A, WM coObiTie B, Hitn 00a COOBITHS OTHOBPEMEHHO.

IIpousBenenuem codbiTuii A u B Ha3piBaeTcst coObiTe A*B, cocrosiiiee B COBMECTHOM
OCYIIECTBIIEHUU COOBITUH A M B.

Hanpumep:

1. ITycTth A - uaer noxab, B - uger cHer, Torna A + B — «uaer cHer uiv J10xab»

2. Ilpu 3-x BbICTpenax MO MHUUIEHH COOBITUA: Ao— «IONaAaHUA HET», Ai— «OJIHO
nonagaHue», A — «iBa monagaHus», toraa A=AotAi+Az - «Ipou3onuio He OO0JbIIe ABYX
TIOIaTaHUI»

3. Ilycte C- w3 ypHBI BBIHYJIM Oenplid map, D - W3 ypHBI BBIHYJIM Oe€Niblid IIap,
torga C-D - u3 ypHbI BRIHYIH J1Ba O€IbIX I1apa

4. Tlycts C - U3 ypHBI BRIHYIIH Oenblii map, D - u3 ypHbI BeIHYIH Genblii map, Toraa C D
*- U3 YPHBI BBIHYJIM J[Ba 1Iapa: OeJblidi u He OernbIid

Teopema ci10:keHUsI BepPOSTHOCTell HECOBMECTHBIX COOBITHI: BEPOSTHOCTD MOSIBICHUS
OJIHOTO U3 IByX HECOBMECTHBIX COOBITHI A win B paBHa cymMe BEpOATHOCTEH ITHX COOBITHIA:

P(A+B)=P(A)+P(B)

IIpumepsI 1 pa30op pelieHUs 32JAHNH TPEHUPOBOYHOI0 MOIYJIs

IIpumep 1.

M3BecTHa ucTopus O TOM, Kak ofHaxabl K [. I'anunero sBuicd cosijgar ¥ MONPOCHI
IIOMOYb €My B PEIICHUH HACYIIHOTO BOIpoca: Kakas cymma 9 wim 10 oukoB mpu OpocaHuH Tpex
KOCTeH BbINaAaeT yare?

MoskeT moka3aThCs, YTO IIAHCHI PAaBHBI, TaK KaK Kaxkaas cymma u3 9 u 10 0ukoB MOXKET
OBbITH [OJIy4eHa OJTHUM MX IIECTHU CIOCOOOB:

9=14+2+6=1+3+5=1+4+4=2+2+5=2+3+4=3+3+3;

10=1+3+6=1+4+5=2+2+6=2+3+5=2+4+4=3+3+4.

OnHako ¢ yd4eToM MEpPEeCTaHOBOK IS CyMMBbI 9 OUYKOB TOJIy4aeTcs 25 pa3mudHbIMH
criocob6amu (1o 6 crmocoOoB /71t IEPBOTr0, BTOPOT'0, MATOTO0 BAPMAHTOB CYMMBI, 0 3 criocoba s
TPETHETO U YETBEPTOTO BapUAHTOB, 1 criocod Juist mocnenHero Bapuanta 6 +6+3+3+6+1),a
1utst cyMMbI 10 oukoB — 27 paznuasbiME ciocobamu (6 +6 + 3 + 6 + 3 + 3). Kak BugHO, maHcsl
ATUX CIy4YailHBIX COOBITUH JTOBOJIBHO OJIM3KM MEXIy COOOM M OTHOCSTCS APYr K APYry Kak
25:27, 4T0 ¥ BBI3BAJIO 3aTPYAHEHHUS COJIATA.

Takum 06pa3zom, yare Beinaaaet cymma 10.

IIpumep 2. B cpennue Beka cpenu ¢GeoqanbHONU 3HATH OBUTH IIUPOKO PacIpOCTPaHEHbI
azapTHble Wrpbl. bonbimimM mro0uteneM Takux wurpa Obul ¢paHiy3 meBaidbe jae Mepe.
CrpacTHOro Mrpoka B KOCTH, MPHUABOPHOrO (hpaHILy3CKOTO KOpOJs IIeBajibe Jie¢ Mepe MOXKHO
OTHECTH K YHCIy «OCHOBATEJIC» TEOPUU BEPOATHOCTEH. 3aciiyra €ro COCTOMT B TOM, YTO OH
HAacCTOWYMBO 3aCTaBJIs/ MAaTEMAaTHKOB pELIaTh Pa3JIMYHbIE 3a/ladd, Ha KOTOpPbIE HAaTAJIKHUBAJICS
caM BO BpeMsi CBOeW MpakTHKU Urpbl. OH X0Ten pa3dorareTs Mpy MOMOIIM UIPhI B KocTH. J{is
ATOrO LIEBAJIbE NMPUAYMBIBAI Pa3INYHbIE YCIOKHEHHBIE MTpaBuiia Urpbl. CTpacTHOMY UTPOKY, HO
IJIOXOMY MaTeMaTHKy, Ae Mepe mocyacTiIMBHIIOCh UMETh TaKOro Jpyra, Kak ITackams. B 1654 r.
meBaibe Je Mepe oOparwics k brnesy Ilackamio 3a momompio B paspelieHHHd Hpodiem,
CBSI3aHHBIX C BEPOATHOCTHIO OJIArONPUSITHBIX PE3YJIbTATOB MPU OPOCAHUN UTPAIBHBIX KOCTEH.

Onna w3 3a1a4 ObUIa MOCTaBJIEHA CIEAyOIIMM oOpazoMm: MrpanbHas KOCTh Opocaercs
yeTbipe paza. llleBanbe Ouscs 00 3akiaa, YTO MPU STOM XOTS Obl OJAMH pa3 BHIMAJET IIECTh
0ukoB. KakoBa BEpOATHOCTb BBIUIPHIIIA )i IeBasibe? OTBET OKPYTIIUTE 0 JECATHIX.

Pemienue:

Tak kak npu KaxJ10M OpOCaHUU UTPATBLHON KOCTH UMeeTCsl 6 pa3IMUHBIX BO3MOXKHOCTEH,

TO TIPH YETHIpeX OPOCAHUAX KOCTH YHCIIO PA3TUIHBIX BO3MOXKHBIX ClIy4aeB Oymer 6 - 6 - 6 - 6 =
1296.
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Cpemu stux 1296 ciydaes Oynmer 5 - 5 - 5 - 5 = 625 Takux, T1ie MecTepKa He BBIAIET HU
pasy.

B 1296 — 625 = 671 cnayuyae xotsa Obl OJMH pa3 W3 YETHIPEX BBINAJACT IIECTEpKa.
CrnenoBarenbHO, BEPOSTHOCTh BBIAJICHHUS XOTsI Obl OJJHOW IIECTEPKH IMPH YETHIpEeX OpOCaHMsIX
KOCTH paBHa 671/1296, uto uyTs 60mb1Ie 0,5.

Pemrenue 3axanmii:

1. U3 1000 coOpaHHBIX HA 3aBO/Ie TEJEBU30POB 5 MITYK OPAKOBAHHBIX. JKCIIEPT
npoBepsieT OUH HAYraj BbIOPaHHbI TeseBu3op u3 31oii 1000. Hajlinure BepoSITHOCTH
TOT0, YTO MPOBEPSieMbIH TEJIEBU30P OKAKETCS OPAKOBAHHbBIM.

Pewenue. Ilpu evibope menesuzopa nayeao 6o3modictvl 1000 ucxooos, coovimuio A
«B8bIOPAHHDLLL MENeBU30P — OPAKOBAHHBIY OaazonpusmHul 5 ucxo0os. Ilo onpedeneruio
sepoamuocmu P(4) = 5+1000 = 0,005. Omeem. 0,005.

2. B ypHe 9 kpacHbIX, 6 KéITHIX U 5 3eJ1éHBIX IAPOB. U3 ypHBI HAYraja 10CTaoT
oauH map. KakoBa BeposiITHOCTH TOI0, YUTO 3TOT IIAP OKAMKETCS KEITHIM?

Pewenue. Obwee wucno ucxo0oe pasuo yucny wapos: 9 + 6 + 5 = 20. Yucno ucxooos,
bnazonpuamcmesyrouux 0aHHomy cobvimuio, paséro 6. Hckomas eéeposimuocms pasna 620 =
0,3. Omeem.: 0,3.

3. llers, Buka, Karsa, Uropb, AuToH, [loiuHa Opocuiin :kpednii — KOMY HAYUHATH
urpy. Haiigute BeposiTHOCTH TOr0, YTO HAYMHATH UTPY A0JKeH OyAeT MAJIbYHK.

Pewenue. Beposimnocme cobvimus pasHa OmMHOWEHUIO Koauvecmed O1a20NpUusimHblx
cyyaes K Koauwecmey gcex ciyuaes. brnaconpusmuvimu cnyuasmu aensiomcesa 3 cayuas, Koeod
uepy Hauunaem Illems, Heopv unu Anmon, a xoauuecmeo 6cex ciuydaes 6. [loosmomy uckomoe
omuoutenue pasno 3:6=0,5. Omsem: 0,5.

4. B yuemnuonare mupa y4acTBylor 16 xomana. C nmoMoumpio Kpedusi UX HYKHO
pa3eJuTh HA 4YeThbiIpe IPYyNNbl MO 4YeThbIpe KOMaHJbl B Ka:K10il. B siiuke Bnepememky
Jie)KaT KapToYKM ¢ Homepamu rpynm: 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4. KanuTtansl
KOMaH/ THAHYT MO OJHOH kapTouke. KakoBa BepoAATHOCTH TOro, 4ro komanaa Poccum
OKaKeTcs BO BTOPOii rpynme?

Pewenue: Oboznauum uepez A cobvimue «xomanoa Poccuu 6o emopoii epynney. Toeda
KOIUYeCmaeo 0O1a20Npusmuulx coovimuii m = 4 (yemovipe Kapmouku ¢ Homepom 2), a odowee
YUCTIO  PABHOBO3MOJICHBIX  cobbimui n = 16 (16 «kapmouex) no onpedeneHuro
8epOSAMHOCIU P=4:16=0,25 Omeem:0,25

5. Ha xaxabie 1000 sjeKTpHYecKHX JaMIIOYEK HNPHUXOAUTCH S OpaKOBaHHBIX.
KakoBa BepoSATHOCTH KYNIUTh UCIIPABHYIO JIAMIIOUKY ?

Pewenue. Ha xaoicovie 1000 namnouex npuxooumcs 5 6pakosanuvix, ececo ux 1005.
Beposamnocms kynume ucnpaguyro aamnouky 6yoem pasHa 001e UCHPABHBIX JIAMNOYEK HA
kaxcowle 1005 namnouex, mo ecmo 1000:1005=0,995.Omeem: 0,995.

7. B rpynmne typucroB 8 4yesioBek. C moMoubIo sKpedusi OHU BHIOMPAIOT IIeCTEePbIX
YeJIOBEK, KOTOPbIe J0JIKHbI HATH B CeJI0 B Mara3uH 3a npoaykramu. KakoBa BeposiTHOCTH
TOr0, 4TO TYpHCT /., BXOAAIIMHA B COCTaB IPyNIbl, MOHAET B Marasuu? 6 . 8§=0,75.

8. B uemnuonare no ¢gyrooay y4acTBylwT 16 KoMaHA, KOTOpbIe KepeObeBKOM
pacnpenenasitorcss Ha 4 rpynnbsi: A, B, C u D. KakoBa BeposiITHOCTH TOro, 4T0 KOMaH[Aa
Poccuu He monajgaer B rpynny A?

Pewenue. Kaxcoas xomanoa nonadem 6 epynny c¢ eeposmuocmoio 0,25. Takum obpazom,
8EPOSIMHOCMb MO20, YMO KoMaHOa He nonadaem 6 epynny paeua 1-0,25=0,75. Omeem:0,75

9. Ha TypHup mo maxmaram npuobLI0 26 ydacTHUKOB B TOM uncJie Kous u Tous.
JL1s1 IpoBeieHus kepedbeBKHU NMEepPBOro Typa Y4aCTHHKOB CJIy4YaiHbIM 00pa3oM pa30onimn
Ha aBe rpynnsl 1o 13 yenosek. Haiitu BepositHocTh TOTO, 4TO0 Kos1st M Touiss monaayr B
pa3Hble rpynbl.
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Pewenue. Bceco 26 mecm. [lIycms Kons 3atimem ciyuatinoe mecmo 8 1000t epynne.
Ocmanemcs 25 mecm, u3 Hux 6 opyeoti epynne 13. Hcxooom cuumaem evi6op mecma ons Toau.
brazonpusamusix ucxooos 13. P=13/25 = 0,52. Omeem:0,52

10. B kaacce 16 yuammxcsi, cpeau Hux ABa apyra —Baaum u Cepreid. Yuammuxcst
cJy4yailHbIM 00pa3oM pa3ouBaT Ha 4 paBHble rpynnbl. Haligure BeposITHOCTH TOT0, YTO
Banum u Cepreii oka:KyTcsi B OJJHOI rpyIiie.

Pewenue. Ecnu Cepeero nepsomy oocmanocs Hekomopoe mecmo, mo Onezy ocmaémces 15

mecm. M3 nmux 3 — 6 mou oce epynne, 20e Cepeeii. Hckomas eeposmHocms pasHa
3/15. Omeem:0,2

IIpakTnyeckas padora Ne39
Tema 6.2 BeposTHOCTH B TpoheCCHOHATBHBIX 3aauax
Henab: Hayuutbes  pemats 3agaud  Ha  UCIHOJB30BAaHUE  BEPOSITHOCTH B
PO eCCHOHAIBHON JEATEIHHOCTH

Teopernyeckas 4acThb:

OCHOBBI TEOPUU BEPOATHOCTEW HY)KHO 3HATh KAKJIOMY YeNIOBEKY Al (hOpMHpOBaAHUS
MPaBUJIBHOTO MHPOBO33PEHHS, JJISI OCO3HAaHUS TOTO, YTO MbI JKHBEM B CIy4allHOM,
BEPOSITHOCTHOM MHMpE.

[lcuxonorusi yemoBeka TaKOBa, YTO €My HEYIOTHO cpeau ciydaiiHocTed. OH KaxIeT
OTPEACNIEHHOCTH U CIPABEAJIUBOCTH, HINET NPUYMH M OOBscHeHWH. YacTo Takum oOpazom
BO3HUKAIOT CYeBEpHs: HapUMep, cpean aQpUKaHCKUX INIEMEH PacIPOCTPAHCHO TTOBEPHE O TOM,
YTO OBIBAIOT MPOCTO JIbBBI U JIbBBI, B KOTOPBIX MEpeceNwInch Aymu ymepmux. [locnennue Ha
JIOJCH HEe HamagarT. JTO OOBSCHEHHE HE HECeT MOJIe3HOH WH(OpMAIMU, MOCKOJIBKY HET
MPU3HAKOB, MO KOTOPBIM 3apaHee MOXHO ObLIO OBl OMpPENeNHuTh, U3 KaKOW KaTeropuu JieB, HO
OHO YCTIOKaWBaeT TICUXOJOTUUECKH. TOYHO TaK K€ TMOSBIISIOTCS U3BECTHBIC BCEM CYEBEPHS NP
caade sKk3aMeHOB. HekoTopble cyeBepusi, KCTaTH, OCHOBAaHbl Ha YacCTOTHBIX COBIIAJICHUSAX
(HampuMep, MEJKUX HENPHUATHOCTEH M BCTPEY C UYEPHOM KOIIKOW). DTO OTHOCUTCS U K
pUMeTaM, KOTOpbI€ MOPON MOJMEYAIOT BEPOSITHOCTHBIE 3aKOHOMEPHOCTH. Tak, MOTrOBOpKaM
«benga HUKOrIAa HE MPUXOAUT OAHA» WU «JKU3HB, OHA TOJIOCATas» COOTBETCTBYET B TEOPUU
BEPOSATHOCTEMN 3aKOH CEPUU.

Crnenyetr MOMHHUTH U TO, UYTO MBI )KUBEM B MUPE, T/I€ MPOUCXOIAT CIydaliHbIe COOBITHS, U
TO, YTO 3aKOHOMEPHOCTH MPOOUBAIOTCS Uepe3 Maccy ciydaitHocTeil. Uem criokHee cuctema, TeM
TpyJlHEEe OOHAPYKUTh 3aKOHOMEPHOCTH. IMEHHO B 3THX CITydasX W UCIOJIb3YIOT BEPOSITHOCTHBIC
METO/BI.

Takum 00pa3om, Teopusi BEpOSTHOCTH aKTyaJlbHa B HAaIllM JHH KaK B MaTE€MaTHUKE U
TOYHBIX HayKaX, TaK U B HAIlIe MOBCETHEBHOM KU3HHU.

Teopus BeposTHOCTEH M3y4aeT OOBEKTHBHBIE 3aKOHOMEPHOCTH MACCOBBIX CIYYalHBIX
coObiTuii. OHa SBISETCS TEOpPeTHUECKOM 0a30i AJii  MaTeMaTH4ecKOW CTaTUCTUKH,
3aHUMaroleicss pa3paboTkoil MeTonoB cOopa, omucaHus UM 00pabOTKH  pe3ylbTaToB
Habmonenuit. [lyrem HaOmroneHud (WCTBITAHWMA, YKCIEPUMEHTOB), T.€. OMbBITA B IITUPOKOM
CMBICJIE CJI0BA, TPOUCXOAUT MO3HAHUE SIBJICHHUI IEMCTBUTEIHLHOTO MUPA.

Pemenne 3aganmii:

1. B rocrunnne Tpu aamMuHucTparopa. Kakablii M3 HHX 3aHAT € KJIHEHTOM C
BeposaTHOCTHIO 0,3. Haiinure BepoOSITHOCTH TOro, 4YTO B CJY4YailHbIii MOMEHT BpPEeMEHHU BcCe
TPH aAMHUHHCTPATOPA 3aHATHI OJHOBPEMEHHO.
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Pewenue. Beposmnocme npousgedenusi He3a8UCUMBIX COOLIMULL PABHA NPOU3EEOEHUIO
seposimHocmetl omux coovimuil. [1oamomy eeposimuocms mozo, ymo 6ce mpu AOMUHUCMPAMOpPa
sanamol pasua (0,3)° = 0,027.  Omeem. 0,027.

2. B roctunune «MHTYpHCT» CTOAT JBa ILVIATEKHBLIX aBTOMara. Kakabli M3 HMX
MOKeT ObITh HeUCNpPaBeH ¢ BeposATHOCTHIO 0,05 He3aBHCMMO OT Jpyroro apToMara.
HajignTe BEepOSITHOCTH TOT0, YTO XOTSl ObI O/IUH ABTOMAT MCIIPABEH.

Pewenue. Hatioem e6eposimuocms mo2o, 4mo HeucnpagHvl o0ba asmomama. Imu
cobbimus He3asucUMble, 8ePOSMHOCMb UX NPOU3BEOEHUS PABHA NPOU3BEOCHUIO 8EPOAMHOCIEl
amux coovimuti: 0,05 - 0,05 = 0,0025. Cobvimue, cocmosiwee 8 mom, Y¥mo UCnpaseH xoms Ovl
o0uH  asmomam,  npomueononodxcuoe. (CredosamenvHo, €20  8EPOAMHOCMb  PABHA
1 —0,0025 = 0,9975. Omgem: 0,9975.

3. B neHTpe Typu3Ma JABa OJMHAKOBBIX aBTOMAaTa npoaarwT kode. BepossiTHOCTH
TOro, YTO K KOHILYy JHSI B aBTOMAaTe 3aKOHYMTCS Kode, paBHa (,3. BeposiTHOCTH TOr0, YTO
kode 3axkoHUMTCH B 00oux aBromarax, paBHa (,12. Haiigure BepOsITHOCTH TOr0, 4TO K
KOHILY JHSI KOo(pe OcTaHeTCsA B 000UX aBTOMATAX.

Pewenue. Paccmompum cobvimueA = koghe saxonuumcs 8 nepgom asmomame, B = koge
3aKOHYUMCSL 80 8MOPOM agmomame.

Beposmuocms moeo, umo xoge ocmanemcs 6 nepsom aemomame pasua 1 — 0,3 =0,7.
Beposmuocms mozo, umo koge ocmanmemcsi 6o emopom aemomame pasua 1 — 0,3 =0,7.
Bepoamunocms moeo, umo koghe ocmanemcs 6 nepsom uiu 6MOPOM A8MOMAmMe pAeHd
1—0,12=0,88. Ilockoavky P(A + B) =P(A) + P(B) — P(A'B), umeem: 0,88 =0,7 +0,7 —x,
omkyoa uckomas eeposmuocmo x = 0,52. Omeem: 0,9975.

4. /IBe (paOpUKHU BBIMYCKAKT OJMHAKOBYIO MOCYAYy IS TOCTUHUI UepHOMOPCKOro
nodepexbs. Ileppas ¢padpuka Beimyckaer 45% 310l mocynbl, BTopasg — 55%. IlepBasi
¢padpuka Bbinyckaetr 3% OpaxkoBaHHOW mocyabl, a BTopas — 1%. Hailininte BeposAiTHOCTH
TOr0, YTO CJOYYailHO KYIUICHHAs B Mara3uHe Mocy/ia 0Kaxercs OpaKoOBaHHOM.

Pewenue. Beposmunocms moco, umo nocyda Kyniewa Ha nepeou ¢habpuke u oHa
opaxosannas: 0,45 - 0,03 = 0,0135. Bepoamnocms mozo, umo nocyoa KynieHa Ha 6mopou
¢abpuke u owma oOpaxosannas: 0,55 0,01 =0,0055. I[loosmomy no ¢opmyre noanou
8EPOSIMHOCMU 8ePOSAMHOCIb MO20, YMO CIVHAUHO KYNIEHHAS 8 MdA2a3uHe nocyod OKAXNCemcs
opakosannot, pasna 0,0135 + 0,0055 = 0,019. Omeem: 0,019.

IIpakTnyeckas padora Ne4(
Tema 6.4 3amayn MaTeMaTHYECKON CTATUCTUKHU
Henab: HayunTthes pemaTh 3aaud MaTeMaTUYECKOM CTaTUCTUKU

Teopernyeckas 4acThb:

MartemaTH4ecKOil CTATHCTHKOM Ha3bIBA€TCA HayKa, 3aHUMAIOLIAsCi METOJAMHU
00paboOTKM HKCINEPUMEHTAIbHBIX JIaHHBIX, IOJIYYEHHBIX B pe3yJbTaTe HaOMIOACHUM HaJ
ciyuyaiiHeIMU siBieHUsIMM. [lepBasi 3aaua MareMaTW4yecKOM CTATUCTHKH: YKa3aTh CIIOCOOBI
c6opa U TPYNIUPOBKHU CTATUCTUYUCCKHUX JAHHBIX, MOJTYYCHHBIX B PE3YJIIBTATC OKCIICPUMCHTOB.
Bropas 3agaua maremaTuyeckod CTaTUCTHKH: pa3paboTaTh METOJbl aHAIN3a CTAaTUCTHYECKUX
JaHHBIX.

Ko BTOpoOIii 3a1aue oTHOCATCA:

1. OneHka HEM3BECTHBIX MAPAMETPOB (BEPOSITHOCTU COOBITHS, (GYHKLIMHU paclpeieieHus
U e€ rmapameTpoB U T.J.) C IOCTPOECHUEM JIOBEPUTEIbHBIX HHTEPBAIOB (METObI OLICHUBAHUS).

2. IlpoBepka CTaTHUCTUYECKUX THIOTE3 O BUAE HEU3BECTHOIO pAcCIpEAcieHUus H
napaMeTpoB pacnpesesieHns (MeTo bl IPOBEPKU THIIOTES).

IIpu aTOM pemaroTes caeayoue B MOPSIKE CI0KHOCTH U BaXXHOCTH 3aauu:
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e Onucanue SBICHUH, TO €CThb, YHOPSAOYEHHE IOCTYNUBIIETO CTATUCTHUUYECKOTO
MaTtepuaa, MpeJCcTaBiIeHue ero B Hanboee ya1oO0HOM st 0003peHUs U aHaIn3a BUjIE (TaOJIHIIbI,
rpadukn).

e AHanmM3 ¥ MPOTHO3, TO €CTh NPUOMIKEHHAS OLIEHKA XapaKTEpUCTUK HAa OCHOBAHHUH
CTaTUCTHYECKUX JaHHbIX. Hampumep, nmpuOmmxEéHHas OLlEHKa MAaTeMaTHYECKOTO OXUIAHUSA U
JUCTIepCcUr HaOI0JaeMOM CITy4aifHOM BEJIMYUHBI U OINpeIeTICHUE MOTPEIIHOCTEH STUX OIL[CHOK.

e BripaGoTka onTuManbHBIX pemeHuid. Hampumep, ompenerneHue dYucia OINBITOB N,
JIOCTaTOYHOTO JJIsi TOTO, YTOOBI OMIMOKa OT 3aMEHbl TEOPETUYECKUX UYHCIOBBIX XapaKTEPUCTHK
UX SKCIIEPUMEHTAJIbHBIMUA OLICHKaMM HE IpeBbIllIaja 3a/JlaHHOTO 3HaueHus. B cBsi3u ¢ atum
BO3HMKAET 3ajJlaya IPOBEPKH IMPaBAONOA0OMS TUIOTE3 O MapaMeTpax paclpeneieHus U O
3aKOHAaX pacCIpeleseHus CIy4allHOM BEJIMYMHBI, PEIICHUEM KOTOPOM SBIIAETCS BO3MOKHOCTh
CENaTh OJUH U3 BBIBOJOB:

— OTOPOCUTH THMOTE3Y, KaK MPOTUBOPEYAIYIO OTIBITHBIM JJAHHBIM;

— IPUHATH TUIOTE3Y, CYUTATh €€ PUEMIIEMOM.

MaremaTrueckasi CTaTUCTHKAa IIOMOTAeT JKCIEPUMEHTATOpy JIydlle pa3o0parhcsi B
OTBITHBIX JAHHBIX, TMOJYYCHHBIX B pe3ysibTaTe HaAONIOJEHUN HaJ CIy4YalHBIMHU SBICHUSMU;
OLICHUTH, 3HAYMMBI WJIM HE 3HAYMMBI HaOJrogaeMbie (akThl; MPUHATH WIA OTOPOCUTH T€ MU
MHBIE TUIIOTE3bI O MPUPOJIE CIYyYAHHBIX SBICHUI.

Penrenne 3agau:

3anauva 1.

Ha sx3aMeHe 1o ucTopuu CTYACHTHI MOTYYMIN OI[CHKU:

344434

343544

552323

344533

545444

[TocTpouTh MUCKpPETHBIA BapHALMOHHBIA Psii pacrlpesieNieHuss CTYyJeHTOB Mo OaiaM u
n300pa3uTh ero rpauyecKu.

Xoa pelueHus 3a1a4m:

OmnpenensieM IEMEHTHI psijia PaCIPe/ICIICHHS: BAPUAHTBI, YaCTOTHI, YACTOTHI.

Onenka, 6amiblKon-Bo CTY/IEHTOB € TAaKOM OLIEHKOM, 4eJI0BEK|B MpoIleHTaxX K UTOTY]
2 2 6,7

3 0 30

4 13 43,3

5 6 20

HToro 30 100

Tenepp Tpaduuecku W300pa3suM JAMCKPETHBIN DSl paclpelesieHus: B BHJC IMOMIIOHA
pacrpeieneHus..

Komn-eo CTYLEHTOE B v
IIPOIEHT A K MTOTY

A

— TIQMTHTOH ¥ CTIpe TeTIEHITA

04N
£ Y
[ Y
30 s 70\
/ | \
20 71
/ I |
] i | |
LU - L i i
| | | -
1 T 1 >
o 1 2 3 4 5 X OIeHK:a, GaTIsI
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Mo:KHO caci1aTh BbIBOJA O TOM, YTO Hpe06nanafomee OOJIBIIIMHCTBO CTYACHTOB IIOJIY4YUJIO

«» (43,3 %).
3anaua 2.

Bo Bpems BbIOOpOYHOI MPOBEPKU OBLIO YCTAHOBIIEHO, YTO MPOJIOJIKUTEIBHOCTH OJTHOM
NOKYIIKY B KOHJUTEPCKOM OTJEJe MarasuHa ObUIa Takou: (CEKyH/IbI).

7770 82 81 81
82758071 80
8189756778
737678 73 76
82 69 61 66 84
7274 82 8276
[Toctpouth

HWHTEPBaJIbHbBIN

BapHAIIMOHHBIM  psii  pacnpeaencHus

IMOKYIIOK  IIO

MPOJOIHKUTEILHOCTH, CO3/1aB 4 TPYIIBI ¢ OJMHAKOBBIMU HHTEepBaTaMu. OO03HAYUTH 3JIEMEHTHI
psaa. M306pa3uts ero rpaduyecku, cenarh BHIBOI.
Xoa pelieHUs1 3a1a4M M0 CTATHCTHKE:

OHp CACIKIEM  3JICMCHTHI
HaKOIIJICHHBIC YaCTOTHI.

psaga pacrnpeneneHus:

BapUaHThI,

4aCTOThbI, 4YaCTOCTH,

Ho MMpCKAC paCCUUTACM I'PaHUIIbI 4 3aJaHHBIX TPYIIIT C OANHAKOBBIMH UHTCPBAJIAMMU:

BenuunHy nHTEpBana onpeaenum mno Gopmyie

b

B namewm cnyuae 4

. 89-61 _

FpaHI/IHH rpyIii COOTBETCTBEHHO paBHBI:

161+7=68 (61-68)
11 68+7=75 (68-75)
III 75+7=82 (75-82)
IV 82+7=89 (82-89)

a7 K

M

[ pynmbl MOKyYIIOK 1O Hucio B nponenrtax k  [HakomieHHble
[TPOOJKUTEIIBHOCTH, CEK. [TOKYIIOK UTOTY 4acTOTHI
61-68 3 10 3

68-75 9 30 12

75-82 16 53,3 28

82-89 2 6,7 30

Hrtoro 30 100

Tenepr rpaduueckun OTOOpa3WM HAIl WHTEPBAJIBHBIN BapUAIMOHHBIA P B BHJEC

TUCTOT'PpAMMEBI U KYMYJISATBI.

y

TFCTT t HAKOIIIeHHEIE t
_______ YACTOTEL
50
404 - ] KV MYIIATA
30
30— e ) :
20| 0
4 ">
W0 | | | _
. | | >
] 0 61 63 7582 %9 X
X
0 616875828 X oen TIpOTOIE

TIORVIIEH, CEE.

ITo Tabmume wu rTpaduka MOXKHO CIEJNaTh BBIBOA O TOM, 4YTO IpeoOiajaroliee

60abpmMHCTBO MOKYMNOK (16 nmu 53.3%) HaxoauTcs BO BpeMEHHOM MHTepBalie 75-82, cek.
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IIpakTuyeckas padora Ne4l

Tema 6.5 KontponbHas paborta mo pazaeny 6 «DJIEMEHTBHl TEOPUU BEPOATHOCTEH M
MaTEMaTUYECKON CTATUCTUKI

Iean: [IpoBepuTh ypoBeHb YCBOEHHUSI TAaHHOrO maTepuana mo paszaeny 10 «DiemeHTbI
KOMOMHATOPHUKH, CTATUCTHKYU ¥ TEOPUU BEPOSITHOCTEH»

Ilpu pewenuu 3adanuii 1-4 3anuwiume npasuIbLHLIL OMEeM U3 UYemblpex
nPeOI0IHCEHHBIX.

1. (1 6amn) KombOunaropuka - 3TO paslien MaTeMaTUKH, OTBEYAIONIMI Ha BOIPOCHI
CKOJIBKUMH CIIOCO0aMU MOYKHO BBIOPATh 3JIEMEHTHI ...

A) 3aJaHHOTO KOHEYHOrOo MHOXecTBa; b) OeckoHeuHoro MHoXecTBa;, B) mroboro
MHO’K€eCTBa; ') uppaliuoHaIbHBIX YHCEN.

2. (1 6amn) CoeauHeHHUS W3 N DJIEMEHTOB, OTIMYAIOIIMECS IPYr OT Jpyra TOJBKO
HOPSIKOM PAcCIOJIOKEHHUS B HUX JIEMEHTOB, Ha3bIBAIOTCS:

A) nepecranoBkamu; b) coueranusmu; B) pazmemenusivu; [') komOuHanmsMu.

3. (1 6amn) Yucno Bcex BO3MOXKHBIX pa3MeIlleHUH BBIYUCIAETCS 10 (popmyie:

A) Am=n(n—-m); B) AT =n(n—1)..(n—m+1); B) AT ==
n(n +m)
4. (1 6amn) I'pynnupoBka — 370. ..

A) ymopsimoueHWe EIMHHUIl COBOKYITHOCTH 10 Tpu3HaKy,; b) pa3OueHue emauHUI
COBOKYITHOCTH Ha TPYIIBI 1O Npu3Haky; B) o0obmenue enunuunbix (aktos; ') 0bobmeHue

I) Ay =

(n-m)?’

€IMHUYHBIX TPU3HAKOB.
Ilpu évinonnenuu 3a0anuit 5-8 3anuwiume xo00 pewienus u nOJIYYEHHbLI OMeEem.
5. (2 6anna) B cpemnem u3 2000 cagoBBIX HACOCOB, MOCTYMUBIIUX B TPOJAXy, 6
noaTekaroT. Haliqure BEpOATHOCTh TOTO, YTO OJMH CIy4yailHO BBIOPAHHBIN 1T KOHTPOJIS HACOC
HE MOoJTeKaeT?

6. CpaBHUTE BCXOXKECTh CEMSH JIOOBIX TPEX BUAOB OJHOJETHHUX IIBETOB 3a MOCIETHUE 3
rona. CoctaBbTe UarpaMMmy 1Mo HalIeHHbIM JaHHBIM. CienaiTe BEIBOIBI.
7. (2 G6amna) 1{BeToBOAY MPEUIOKUIN YKPACUTh KIIyMOYy IIBETaMH, UCIIONL3Yys 3 BHJA.

CKOJIBKO DPAa3JIMYHBIX BapUaHTOB €CTh Y IIBETOBOJA, €CIIM €CTh BHIOOp M3 5 BHUJOB pa3HOM
paccapl?
8. (2 6ayna) CkoNbKMMHU CIOCOOAMH MOKHO MOCAJUTh 4 KyCTapHUKA B OAMH PSI?

Omanonvt omeemos

Howmep 1 2 3 4 5 6 7 8
3amaHus
Otser A A B A 0,997 - 10 24

IIpakTuyeckas padora Ne42
Tema 7.2 [lapamienbHOCTb NPSIMBIX, IPSAMON U INIOCKOCTH, MIJIOCKOCTEHN
Hean: Hayuntbes pemats 3a1a4u, UCHOJIb3Ys CBOMCTBA MapajUIeNIbHBIX IUIOCKOCTEN

Teopernyeckas 4acThb:

Onpenenenue. [Ipsmas 1 MI0CKOCTh HA3BIBAIOTCS NAPAJIIENIBHBIMU, €CJIM OHU HE UMEIOT
o0mux Touek (a || o)

IIpu3Hak napa/jie1bHOCTH NMPAMOM U IVIOCKOCTH.
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Teopema. Eciu npsimasi, He Nexalias B JaHHOW IJIOCKOCTH, MapajlieibHa KaKoH-HHOYIb
MPSMOM, JIeXKaIEH B 3TOM MIIOCKOCTH, TO OHA MapaJijiebHAa CAMOU MJIIOCKOCTH.

s allb
boof=
b
ag o
puc. 1
3ameuanus.
Ecnu nmiaockocTs NpoXoAuT Yepe3 NaHHYI MPSAMYIO, HapaiiedbHYIo
JIPYTOM TJIOCKOCTH, U MEPECEKAET 3TY IUIOCKOCTb, TO JIMHUSA MEPECEUCHUS
IJTIOCKOCTEH napajuielibHa JaHHOW MPSAMO.
Ecnu onna W3 ABYX mapauielbHBIX NMPSMBIX MapajuielibHa JTaHHOU
TJIOCKOCTH, a JApyras mpsMas UMeeT C IUIOCKOCTBhIO OOIIYI0 TOUYKY, TO 3Ta
npsiMas JICKUT B JTAHHOU TJIOCKOCTH.
puc. 2
BoiBoabl.
Cnyyan B3aMMHOTO PacoIOKEHHUS MPSIMON U TUIOCKOCTH:
a) mpsAMasi JISKUT B IJIOCKOCTH;
0) mpsiMasi ¥ MIOCKOCTh UMEIOT TOJIBKO OAHY OOIIYIO TOUKY;
B) IIpsSIMast ¥ TUIOCKOCTh HE UMEIOT HU OJTHOM OOIIEH TOYKH.
>;\E Onpenenenue. /IBe MIOCKOCTH HA3BIBAIOTCS MApaIICIbHBIMH, €CIIU
— OHH HE HMEIOT 00mux TOYEK.
/,/ \>'< [TapamiensHOCTb TUTOCKOCTEH o M B 0003HaYaeTCs TaK: o || B.
— 4 Paccmotpum MPU3HAK napasuieIbHOCTH JBYX MIJIOCKOCTEM.
3 Teopema. Ecnu 1Be nepecekaromuecss MpsMble OJHOW IUIOCKOCTH
uc. .
p COOTBETCTBEHHO TapaJlIEIbHBI JABYM MPSIMBIM JPYTON IJIOCKOCTH, TO 3TH
MJIOCKOCTH TMapasiebHbI.
Cnydan B3aMMHOT'O PacioJIOKEHUs MIIIOCKOCTEM:
IUIOCKOCTH o U | IIEpece
KaroTCHl.
puc. 4
i
/ / IUIOCKOCTH & U f IMapant
€JTbHBI.
puc. 5

CBolicTBa mapayuIeNIbHBIX INIOCKOCTEN:
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1. Eciin nBe mapauienbHble IUNIOCKOCTH IIEPECEUEHBbl TPEThEH, TO
JMHUU UX NIepeCceyeHUsl apajiesIbHBbI.

puc. 6
Tor—
Lt
R 2. OTpeskd TapalIENbHBIX TPAMBIX, 3aKIIOYEHHBIE MEXITY
/ B~ mapamienbHbIMM IUIOCKOCTSIMH, PABHBI.
puc. 7

Penrenne 3agau:
Han yron AOD u n1Be nmapasuiesibHbIe TIOCKOCTH o U 3.
0

Al

[Tnockocth o nepecekaer croponsl yriaa OA u OD coorBerctBeHHO B TOukax A u D,
MJIOCKOCTH 3 9TH CTOPOHBI MEPECceKaeT COOTBETCTBEHHO B Toukax B u C.

Hano:

OB=38

AB=6

BC=9

CD=2

Haiitu AD, OD

Uepes Touky O, KOTOpas HaxXOJUTCS MEXAYy MapaUIeNbHBIMH IIJIOCKOCTSMU O U [3,
MPOBEICHBI TIpsiMbIe ¢ U d, Tepecekarone IUIOCKOCTH Tak, 4TO TOo4Ykd A u B HaxonsTcs B
mockoctH o, a Touku C u D - B utockoctu f AB=18 cm, DO=26 cm u AC=3-A0

Beraucauts: BD;CD
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[TapanienpHble MIOCKOCTH 0O U 3 IepecedeHbl NpsMbIME ¢ U d
Croponsl AN nepecekatoT  mnapajuienbHble  Mmockoctd Bu o B Toukax C,D u A,B.
Boruucnu nnuny otpeska AB, eciiu NA=13 cm, NC=20 cm u CD=55 cm.
N

A

Croponbl 4N nepecekaroT napauieiabHble JI0CKOCTU B U o

Jlansl mapamienbHble MIockocTH o v 3. Touku A u B Haxomsrcss B IUIOCKOCTH 0, a
touku C u D B mockoctu PB. nuna orpeska AC=7, nnuna otpeska BD=12.

CyMMa npoeKIHii STUX OTPE3KOB B IUNIOCKOCTH 3 paBHa 8.

Haiiti nnuny npoekunii 000MX OTPE3KOB.

IIpakTyeckas padora Ne43
Tema 7.4 Ilepnennukyinsap 1 HakJIOHHas. TeopeMa 0 Tpex NepPHeHINKYIIpax
Henb: HayunTthes pemaTs 3a1aun, UCHOIb3YsI TEOPEMY O TPEX MEPIEHAUKYIIAPAX

Teopernyeckas 4acThb:

Nwmeem mnockocts o (puc. 1). B miockoctu o nexut npsamas b. AH — nepneHauKkysp K
MJIOCKOCTH 0., AM — HaknoHHasi, MH - npoeKius HaKJIOHHOU AM Ha IIIOCKOCTH 0.

ITo Teopeme o Tpex mepreHIuKyIspax, HAaKJIOHHAS MEPIICHINKYsApHA K MPSIMOM b Tora
¥ TOJIBKO TOT/Ia, KOTJa €€ MPOSKIIHsI MEePIeHANKYISIPHA K TIPSMOi b.

blAM e b L HM
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Puc. 1

B teopeme uzaer peds Tpex NepHeHANKYIApax. YKaxeM ux:

AH — 570 nepneHANKYSp K IIIOCKOCTH 0, @ 3HAYUT, K MPAMOi b.

HM — nipoexuusi, IEPIEHAUKYISAP K IMPSAMOH b.

AM — HakJIOHHASs, IEPIICHIUKYIISAP K TIPAMOit b.

Yron Mexay npsaMou ¥ III0CKOCThIO

Paccmorpum mitockocTs o U npsamyro a, a = AM (puc. 2). Ilycte npsimast a mepecekaeT
IUIOCKOCTh 0, HO HE NMEpHeHAUKYJsipHa eid. Torga yrioM MexAy NpsSMOM @ U IJIOCKOCTBIO

HAa3bIBACTCA YT'OJI MCKAY HpHMOﬁ an €C HpOGKHHeﬁ Ha 3Ty IJIOCKOCTb. To €CThb, Yrojl Meay

NPsIMOM @ U TIJIOCKOCTBIO 0 - 3T0 yroi AMH. Ilyctb LAMH = @y,

Puc. 2

CBoICTBO yriIa MeKAy NPAMOM U INIOCKOCTHIO

UYepez Touky M B IUIOCKOCTH o mpoBeneM mpsmyto MB (puc. 2). Paccmotpum yron
MEeXIy NpsAMOU a U npsimoii MB, Ha3oBeM €ro ¢. Torga mo CBONCTBY yria MeXAy NPSAMOU H

IUIOCKOCTBIO TIOJTy4a Po =@
y4aeM, 4To .

Pemenne 3agay:

3agaua 1

[Ipsimas AK nepneHAMKYyIsipHA K  IUIOCKOCTH — IPaBWIBHOrO  TpeyronbHuka ABC,
Touka M — cepeaurna ctopons! BC.

1) Hokaxwute, uto MK L BC
2) Haiinute yron mexay npsmoit KM u miockoctbio ABC, ecnn AK = a, BC = 2a.

1) Aano:

AB =BC =CA,

AK 1 ABC,

BM = MC.
Joxazamv: MK 1 BC.
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A
C
M
B
Puc. 3
Jlokazamenvcmeo:
AM - s1o mpoekiusi HakiaoHHOW KM Ha mnockocts ABC. AM - menuana. Ilo cBoiicTBY
MIPaBUIILHOTO TpEeYroJbHUKA Mmennana AM sBisieTcst u BBICOTOH, TO ecThb

npsimble BC u AM niepneHAuKyIsipHBbI.

[TepBrrit cioco0:

[Ipsmas BC nepnenauxynsipua AM - npoexuuu HaxkioHHoW MK. Ilo teopeme o Tpéx
NEPIEHIUKYIIApax MojiaydaeM, 4To mpsaMmas BC nepneHauKkyisspHa ¥ HakiIoHHOM MK, 4TtOo 1
TpeOOBAIOCH JOKA3aTh.

Bropoii crioco6:

[Ipsmas AK nepnenaukyisipHa miockoctd ABC, a 3HauuT, u npsmoi BC, nexaieil B
mockoct ABC. Umeem, BC nepnenaukynsipua AM, BC nepnenaukynspHa AK, 3nauut, BC
NepHEeHAUKYJIIpHA TIockocTh MAK, a 3HaunT, U npsmoil MK, nexaien B 3TON IIJIOCKOCTH, YTO
U TpeOoBasIOCh J0Ka3aTh.

2) /lano:

AB = BC = (A4,

AK 1 ABC,

BC = 2a,

AK = a,

Haimu: 2(KM; ABC)

Pewenue:

VYoM MeXy IpsMON U INIOCKOCTBIO Ha3bIBAETCS YIOJ MEXAY MPSIMOU U €€ IPOEKIHen
Ha MjIockocTu. Mbl uMeeM HakJIoHHYI0 MK, nmeeM ee mpoekuuto AM. 3Ha4uT, YriioM MExXAy
npsimoit MK n nnockoctsio ABC sBnsercs yron AMK.

Tpeyronsauk ABC — npaBWIbHBIN. 3Ha4UT, BCe €ro yribsl paBHbl 60°. 3Hauut, £4ABC =

60°.
Paccmotpum tpeyronsHuk AMB. OH npsMoyroasHeli, Tak kKak AM L BC. Haiinem AM:
V3
AM = AB -5in 2ABC = 2 -5in 60° = 2a - — = av/3.
4
Paccmotpum npsmoyrosnbHblil TpeyroabHuk AMK. AK = a, AM = a3,
AME AK £
tg £ =— =,
AM a3 V3
— Lu]
VYron AMK — ocTpblii, 3HaUUT, LAMEK = 307
Omeem: 30°.
3anaya 2
W3 touku M npoBeneH nepneHaukyisap MB k 1miiockoctu npsimoyronbHuka ABCD (puc.
4).

1) HokaxuTte, uto TpeyroiabHUKu AMD n MCD — npsiMOyTOJIbHbIE.
2) Haiigute yron mexay npsimoit MD u muiockoctbio ABC, ecnu CD = 3¢,
AD =4 cm, MB=5 cm.
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Puc. 4
1) Aano: npamoyronsuuk ABCD, MB 1 ABC.
Jokazamv: AAMD n AMCD — npsiMOyTOJIbHbBIE

Jlokazamenbcmeo:
MB — nepnengukynsp k 1uockoctd ABC. MA — HakioHHasA, BA - ee NpoeKuus.
[Tpoexuust BA nepneHaAUKyIsIpHA npssmMout AD u3 miockoct ABC. 3HayuT, u

HakiIoHHasg MA nepnenukyisipHa DA (1o TeopeMe o Tpex neprneHaukyisapax). Takum odpasom,
TpeyroiabHUK AMD - npsIMOYToibHbIN, TaK Kak yroyi MAD - npsMoil.

Amnanoruuno, MC — naksioHHasi, BC - npoekuusi HakioHHOW MC Ha tuiockocth ABC.
[Tpoexuust BC nepnenaukynspia CD, 3Hauut, u HakioHHas MC nepnenaukynspHa CD(1o
TeopeMe O Tpex nepreHauKyspax). Yron MCD npsmoi, TpeyronbHUK MCD npsiMOyTOJIbHBIN.

2) /lano:

ABCD — npsimoyronbauk, MD 1 ABC

CD=3cm, AD =4 cm, MB =5 cM.

Haimu: 2(DM; ABC).

Pewenue:

Yrom Mexay HpsAMOM U IJIOCKOCTBIO - OTO yroJI MEXAY NPsMOM U €€ MPOEKLUHUEeH Ha
MI0CKOCTh. DM - HakyioHHas1, DB ee npoekius Ha TockocTh ABC, ciaeaoBaTebHO, HAaM HY)KHO
Haiitu yroin MDB. O603Ha4iM €ro 3a ¢.

Paccmorpum  mpsiMoyrosbHbIM  TpeyronbHUK BAD. AB=CD= 3 oM  (Kak
POTHBOIOJIOXKHBIE CTOPOHBI NpsiMOyroibHUKa). Halinem BD no teopeme [Iudaropa.

BD = +/AB? + AD? = /3% + 42 =5 (cad).
PaccMmoTpuM nipssMoyroJibHbIN TpeyroasHUK MBD. Haiinem yron BDM.

.o _MB_5
9 Bp 5
J— o
Yron ¢ — octpsiii, 3HaunT, ¥ 45°
45°

Omeem:

IIpakTnyeckas padora Ned44
Tema 7.5 IIpsimble 1 IITOCKOCTH B IPAKTUYECKUX 33]1a4ax
Hean: Hayuutscs peuiaTth 3a1a4u po¢ecCHOHATBLHO-OPUEHTHPOBAHHOM
HaIlpaBJIEHHOCTH

Teopernyeckas 4acThb:

Ha mmockocty nBe mpsMble WIM IMEPECEKAIOTCA, WU MapajUIesIbHBL APYr JpYry.
A B IIPOCTPAHCTBE BO3MOXKEH €I1I€ OJNH CIIy4ail B3AUMHOTO PACIIOJIOKEHUS MPSAMBIX.
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Pacnono)eHune NnpAMbIX B NPOCTPaHCcTBe (TpK cnyyas)

i
a M C :
i
Im
b d '
i o o b 0 0 e 0 o 0 ? P —— -
s 7
e % P
nepeceKkalnTca napannenbHb CKpeWMBaloTCs
aNb=M c||d m-—=p

/[Be mpsiMble B IPOCTPAHCTBe MNapa/uleJIbHbI JAPYr JpPYry, IHepeceKalTcsi HJIH
CKPeLIUBAKTCS.

Ecnu nBe npsMble napaiienbHbl TPeThe, TO OHU NapajuleabHbl APYT APYTY.

CkpemuBarmuecsi npsiMble He IEPECEKAIOTCST U HE MapajuleabHbl ApYyr apyry. Yepes
HUX HEBO3MOXXHO IMPOBECTU IIOCKOCTh. CKpElIMBAOLIMECs MPSMbIE JIEKAT B MapauIeIbHBIX
IUIOCKOCTSIX.

Pemenue 3axa4

1. JlBa rpy30BHKa BBIEXaJIM B PEUC O B3aUMHO-NIEPIICHANKYIISIPHBIM JIoporamM. CKOpoCTh
omHoro — 50 km/4, ckopocTh npyroro — 60 Km/4, B JaHHBI MOMEHT OHH HaxXOJITCS Ha
paccrosHuu 7 kM 1 10 kM OT Hauana myTu. Yepes3 Kakoe BpeMsl pacCTOSIHUE MEXy HUMU OyaeT
35 km?

2. Ckoapko motpedyeTcst OeToHa Al TOr0 YTOOBI 3aJHMTh IIBEUIEP C MapalieIbHBIMU
rpanamu nosiok 1211 gyunoit 10m?

WEBENMNEP C YKANQGHOM WEENMNEPF C
BHY¥TPEHHWX NPAHEF NONOK NAPANNENBHBIMY FPAHAMM
12 Y nonok 12 N

I ] e

- 5 4.8
F120 M F120 mm

T e

b 52 mm

IIpakTnyeckas padora Ne4S
Tema 7.6 KonTponsHas pabota mo pazaeny 7 «IIpsMbie v IITOCKOCTH B TPOCTPAHCTBEY
Heas: [IpoBeputh ypoBEeHb YCBOEHHS JaHHOrO MaTepuana no pazaeny 11 «lIpsmbie u
MJIOCKOCTH B TIPOCTPAHCTBE

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yemblpex
nPeOnoHCeHHbIX.

1. (1 6ann) PacmmdpyiiTe kpaTkyro 3anuck: a€f.

A) TouKa a MPUHAIUICKUT TUIOCKOCTH [3; B) Touka a mpuHamiexut npsmoi §; B) mpsmas
a MPUHAJUISKUT TUIOCKOCTH [3; ') mpsiMast a mepeceKkaeT MmiIoCKoCTh f3.
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2. (1 6amn) Hpsmeie AB u CJI ckpemmBatorcs. Kakoe pacrionoskeHre UMEIOT MpsiMble
ACu BJ1?

A) napamenssslie; b) neprnenaukynsapusie; B) ckpemubatores; [') nepecexarorcs.

3. (I 6amn) Ilnockocth @ u [ wumeror 1 obmyro Touky. KakoBo uX B3auMHOE
pacnosoxeHue?

A) napaensHbl; b) nepecekatorcs no npsimoit; B) coBnanatot; I') ckpemmBarorcs.

4. (1 6amn) Ecnu npsimasi, IpoBeZieHHAsE HA IJIOCKOCTU Yepe3 OCHOBAHHE HAKJIOHHOM,
NEPIEHUKYJIIPHA €€ IPOEKIIMH, TO OHA. ..

A) mepneHAUKYJISIpHAa U CaMOW HAKJIOHHOW; b) mapamienbHa u camoil HakJIOHHOW; B)
CKpEIMBAETCS C HAKIOHHOM; [') nepneHanKynsipHa OCHOBaHUIO HAaKJIOHHOM.

Ilpu evinonnenuu 3a0anuit 5-8 3anumiume xo00 peuieHusA U NOJYUEHHLLIL OMEem.

5. (2 6amna) Yepe3 koHIbl oTpeska AB u ero cepeanny M mpoBeneHbl mapajuieibHbIE
NpsIMbIE, MIEPECEKAIOIME HEKOTOPYIO TJIOCKOCTh B Toukax A1, B1 u Mi. Haitaute nyumny orpeska
MM, ecnu oTpe3ok AB He nepecekaeT miockocTh u eciu AA| = 6,8cm, BB1=7,4cMm.

6. (2 6amna) [Ipsmeie AC, AB u AJl nonapHo nepneHaukyisipusl. Haiinute orpezok C/I,
ecmu AB=5cm, BC=13 cm, AJI =9 cm.

7. (2 Gamna) M3 ToukM K IUIOCKOCTH TPOBEACHBI ABE HaKIOHHBIC. Haiiaute IiauHbBI
o01Iero NnepneHIuKyispa, eciau NPOeKIMY HAKIOHHBIX OTHOCATCS Kak 2:3 W JJIMHBI HAKIIOHHBIX
paBHbI 23 cM 1 33 cMm.

8. (2 6amma) Haueptuth ky0 ABCJIA1B1C1 /1. [Tocrpouts ceuenne AJliC.

Omanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3adaHuA
OTtBeT B B b A 7,1 15 9 -

IMpakTuyeckas padboraNe46
Tema 8.4 IIpumepsl cummerpuii B mpodeccun
Iean: PaccMOTpeTs IpUMEPBI CUMMETPUH BOKPYT HAC

Teopernyeckas 4acThb:

PaccMoTpuM NoOHATHE CUMMETPUU C T€OMETPUUECKON TOUKH 3PEHUS.

B y4yeOHuKe o reoMeTpuu 3TO MOHITUE BBOJIUTCS CleAyIOIUM obpazoM. Touku A u Al
Ha3bIBAIOTCS CUMMETPUYHBIMU OTHOCUTENBHO TOUKH O (LeHTp cuMMeTpun), eciu O — cepeaurHa
orpe3ka AA1 (puc. 1, a). Touka O cuuTaercst cCHMMETPUYHOMN camoii cele.

Toukn A wu Al Ha3bIBAalOTCS CHUMMETPUYHBIMH OTHOCHTEIBHO HpsAMOM a (och
CUMMETpHUH), €CIH MpsiMasi a MPOXOJUT uepe3 cepeArHy oTpe3ka AAl U mepneHIuKymIsipHa K
TOMY OTpe3Ky (puc. 1, 6). Kaxnas Touka npsiMoit a cuutaeTcss CHMMETPHUHON camoit cebe.

Toukn A m Al Ha3bpIBaIOTCS CUMMETPUYHBIMU OTHOCHUTENIBHO IMJIOCKOCTH  (TJIOCKOCTH
CUMMETPUN), €CIIU TUIOCKOCTh  IPOXOAMT Yepe3 cepeiuHy oTpe3ka AAl M nepneHaAuKyisipHa
K 3TOMY 0Tpe3Ky (puc.l,B). Kaxknas Touka miIoCKOCTH  CUMTAeTCsl CHMMETPUYHOM camoi cebe.

Touka (mpsiMasi, TJIOCKOCTb) Ha3bIBAETCS IIEHTPOM (OCBIO, IJIOCKOCTBIO) CHMMETPHH
burypsl, eciu Kaxkaas Touka QUIypbl CAMMETPUYHA OTHOCUTEIHLHO HEE€ HEKOTOPOIl TOUKE TOM
xe ¢urypsl. Eciiu purypa umeer (puc. 1) nentp (och, MIOCKOCTh CHMMETPHUH), TO TOBOPSIT, YTO
OHa 00J1a1aeT HEeHTpaIbHOU (0CEeBOM, 3epKaIbHOI) CUMMETpPHUEH.

Bbiensss reoMeTpruecKy0 CUMMETPHIO, TOBOPUM O IOJIOKEHUH, (opMe, CTPYKTYype.
OTO0 Ta CUMMETPUS, KOTOPYIO MOXKHO HEMIOCPEACTBEHHO BUECTD.
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CuMMeTpuI0 MOKHO OOHapY)XHUTh IOYTH B3/, €CIM 3HaTh, KaK e MCKaTh. MHOTrue
HapoJibl C APEBHEMIINX BPEMEH BIIAJIETHU MPEICTABICHUEM O CUMMETPUU B IIUPOKOM CMBICIE --
Kak 00 ypaBHOBEIIEHHOCTH M TapMOHHHU. TBOpPYECTBO JIOEH BO BCEX CBOMX MPOSIBICHUSIX
TAroTeeT K cumMmerpuu. [locpencTBoM cCuUMMETpUM YEIOBEK BCEIr/a NBITAICS, IO CJIOBaM
HEMELKOro wmaremaruka ['epmana Beisd, «nocTMub M CO34aTh MOPSAINOK, KpacoTry H
coBepuieHCcTBOY». ['. Belinb moa cummeTrpueld mOHMMal «HEM3MEHHOCTh KaKoro-imbo oObekTa,
IPU OINpPEAEIEHHOr0, pojAa NpeoOpa3oBaHUAX; NPEIMET SBJAETCS CHUMMETPUUYHBIM, B TOM
ClIy4ae, KOTJla €ero MOXXHO TOJBEPrHYTh KaKONH-HHUOYAb Olepaluu, Mocjie KOTOpoil oH Oyner
BBITJISICTh TaK JKe, KaK W JI0 NpeoOpazoBaHus». OnpenencHHyro riaBy [. Beisb mocBsTHI
OpPHAMEHTHOW CHMMETPUU. YTOPSAJOUYEHHOCTh W MOJYMHEHHOCTh OIpeAeJIeHHOMY Habopy
IpaBUJI MBI OOHAPY)KHMBaeM B y30pax U OpHaMeHTax (cM. puc. 16).

Henp3s He yBUAETh CHUMMETPUI0O M B OIPAaHEHHBIX APArol€HHBIX KaMmHAX. MHorue
TPAaHWIBIIMKK CTapaloTCs MpHIaTh OpwumManTam QopMmy TeTpasapa, Kyba, OKTadapa WiIH
uKocadipa. Tak Kak rpaHaT UMEeT Te K€ DJIEMEHTHI YTO U KyO, OH BBICOKO IIEHUTCS] 3HATOKaMU
JParoleHHbIX KaMHeH. XyJI0KeCTBEHHbIE U3ACTHs U3 TPaHaTOB ObUIM OOHApPY>KEHBI B MOTHJIAX
HpeBuero FErumrta, OTHOCSAMIMXCS e€mle K JOAMHACTUYECKOMY TIepuoay (CBBIIIE ABYX
TBICSYEIICTUM JI0 H.D.).

B komneknusx OpmuTaka 0OCOOBIM BHHUMAaHHUEM TOJB3YIOTCS 30JIOThIE YKpAallleHUS
npeBHUX CKU(OB. HeoObuailHO TOHKAa XyIO0)KECTBEHHass paboTa 30J0TBIX BEHKOB, AHMAJIEM,
JIEpeBa U yKpAaIIEHHBIX IParolieHHbIMU KPacHO-(HUOIETOBBIMU TpaHATAMH.

OaHMM M3 caMbIX HAarJSIAHBIX HCIOJb30BaHUM 3aKOHOB CUMMETPUU B KU3HHU CIyXKaT
CTPOEHHSI apXUTEKTYphl. JTO TO, YTO 4Yallle BCETO MbI MOXEM YBHJIETb. B apxurekrtype ocu
CUMMETPUHU HCIONIB3YIOTCA KaK CpPEACTBA BBIPAKEHMSI ApPXUTEKTYpPHOro 3amsbicia. [Ipumepos
WCIIOJIb30BaHUSI CHUMMETPUH B apXUTEKTYypE MHOKECTBO, OJJHUM W3 HMX SBIIAETCS NMPEKPACHBIN
HoBocubupckuii Teatp ornepsl u 0anera.

Eme onHMM npuMepoOM MCIOJB30BaHUS YEJIOBEKOM CUMMETPHUH B CBOEH MPAKTUKE - ITO
TEXHHKA. B TexHUKe OoCHM CUMMeTpuu Hanmbojiee 4eTKo O00O3HaualTcs TaM, e Tpedyercs
OLICHUTH OTKJIOHEHUE OT HYJIEBOTO NIOJIOKEHNUS, HAIPUMEpP Ha pyJie IPy30BUKA WJIM Ha IUTypBaje
kopaOist. nu o1HO U3 BaKHEHIIMX M300pETEHHH YenoBeuecTBa, MMEIOIINX LIEHTP CUMMETPUH,
ABIIIETCS KOJIECO, TAK)KE LIEHTP CUMMETPUU €CTh Y MPOIMEIJIEPA U IPYIMX TEXHUUECKUX CPEACTB.

CuMMeTpHIO MOXKHO 3aMETUTh Jake TaM, Ha YTO HUKOI/Ia He oOpalial BHHUMaHUE.
Hanpumep, ecnu Bbl momecTuTe OYKBBI IEpe]] 3epKajioM, pacloI0kKHUB €ro MapajuleIbHO CTPOKE,
TO 3aMETHTE, YTO T€ U3 HUX, Y KOTOPBIX OCb CUMMETPHH MPOXOAUT TOPU3OHTAIBHO, MOMXHO
IIPOYECTh U B 3€pKaje. A BOT T€, y KOTOPBIX OCh PaclOJI0KEHA BEPTUKAIBHO WU OTCYTCTBYET
BOBCE, CTAHOBSITCS «HEUUTAOEIbHBIMU.

Cyl1ecTBYIOT SI3bIKH, B KOTOPBIX HauepTaHUE 3HAKOB ONUPAETCS HAa HAIMUUE CUMMETPUH.
Tak, B KHTalCKOW MMCbMEHHOCTH MEpOTn( 03HAYaeT MMEHHO UCTHHHYIO CEpe/IMHY.

CummeTpusi Takke €CTh M B 4YMCIax, Hampumep, v12345678987654321=111111111;
v123454321=11111 u T.1. cuMMETpHS LIEHTPAJIbHAsL OCEBAsl 3€PKaIbHas FEOMETPHUS

3ana}me: MMPUBEINUTE IPUMEPbI CUMMETPHUH, BCTpe‘-IaIOHIGI;’ICSI B )XM3HU YCIOBCKA.
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IIpakTuyeckasi padoraNe 47
Tema 8.4 [Ipumepsl cumMeTpuii B ipodeccuu
ean: PaccMoTpeTh mpUMeEpbl CHMMETPHUH B MTPOGECCUOHATLHON AEATEIIbHOCTH

Teopernyeckasi 4acTh:

[Ipumenenune mareMaTUku B Oyaymiedl mpodeccuu — Oo4YeHb akTyalbHash T€Ma HAaIIero
BpPEMEHU.

CummMetpus B mpodeccuu aIMUHUCTPATOpa Mara3uHa OJ1eX 1bl

B marasune onmexmpl 00sI3aHHOCTH aJIMUHUCTPATOpa Maras3uHa OyayT 3aKiIrodarbcs B
OpraHMU3aIi TOPTOBBIX MPOIEcCOB. [lOMONMHUTENBHO B 00SI3aHHOCTU aJMUHUCTPATOpPa BXOAUT
KOHTPOJIb HaJl pa3MEIICHUEM TOBapa B TOProBOM 3ajie Marazuta. M TyT riiaBHIMH TpUHIIUTIAMUA
co3aHus OanaHca SBJISIOTCS CUMMETPHUS U aCUMMETPHSL.

Kak wucnonp3oBaTh CHMMETPHIO B MaraswHe ofexnabl? Tak ke, Kak HaOOp BecOB
YPaBHOBELIMBAET JIEBOE U IPABOE HA BECaX, TAK JIEBas IOJOBHMHA BUTPUHBI WM IPOCTPAHCTBA
Mara3uHa ypaBHOBEIIMBAETCS MTPaBOMi:

® BCIIM U MAaHEKECHbl B JIEBOW CTOPOHE BUTPUHBI OKHA JIOJDKHBI OallaHCUPOBATh C
00BEMOM CITpaBa;

® CTONKU CIOXEHHBIX (PyTOONIOK pPABHOMEPHO M CHUMMETPUYHO PACHpPEICICHBI I10
OT/IENIbHO CTOSIIIIEMY CTOJIY Y BXOJa B MarasuH;

® BICST BEIIM OJJMHAKOBOT'O ACCOPTUMEHTA CJIEBa U IpaBa.

Cummerpusi (OceBasl) 4acTO HCIONB3yeTCs sl o(OpMIICHHUs BEIeH B KIACCHUECKOM
ctiie. CUMMETpHSl PUIAET DJETaHTHOCTh U (POPMAIBHOCTH BUTPHUHBI C MYXCKOH OJIEXKIOM;
obopmiieHHEe B JAM3aWHEPCKUX Mara3pHax C MUHUMAQJIMCTAYHBIM [U3aiiHOM ; BUTPUHBI C
MaHEKEHAaMU C HEOOBIYHOW Au3aiiHepckoW onexnoil. OgHaKO CHUMMETpHUYHOE OdopmIileHuE
MOKET OBITh HEMHOTO CKYYHBIMHU MJisg OoJiee IMOBCEAHEBHOW M 0a30BOM OJCXKIBI, KOTOPHIE
TpeOyIOT Yero HHTEPECHOTO.

Acummetpus. J{ns pazMenienust TOBCEAHEBHOM U 0a30BOM 0K IbI OOBIYHO HCTIONB3YIOT
ACUMMETpPUYHbIE BUTPHUHBI. biaromaps acHMMETpUU TOJy4aeTcs MPEICTAaBUTh 0a30BbIC BEUIU
0oJiee HEOOBIYHBIMHU. ACUMMETPUYHBIN JTU3aiTH MOKET BBI3BIBATh YYBCTBO JIBHXKCHHS U Ka3aThCs
0oJee COBPEMEHHBIM, Y€M CUMMETPHYHBIIM, HO MPH BCEM ATOM CO3/aTh MPaBHIbHBIE MPOMOPIIU
Y 3JIEMEHTOB 3/1€Ch CIIOXHEE.

Kak wucnonp3oBaTh acuMMETpUIO B MarasuHe ojexasl? B kauectBe mpumepa
acCMMMETpUYHOro OajaHca MOXXHO TPHUBECTH CJEAYIONIee OJUH MaHEKEH B JICBOM 4YacTu
BUTPHHBI, YPABHOBEIICHHBIN IBYMsI MaHEKEHAMH CIIpaBa, CTOAIIUMHU ONM3KO APYr K apyry. B
1eJI0OM, TapMOHHUsI OyAeT JOCTUTHYTa, TOCKOJbKY TpU MaHEKeHa YJO0OHO 3aIoJIHSIOT
MIPOCTPAHCTBO, XOTSI OHU U paclpeesieHbl HEPABHOMEPHO

CummMmetpus B npodeccun Boautens. Bce aBToMoOMIIN UMEIOT NMPOJIOJIBHYI0 CHMMETPUIO
Ky30Ba. He gBIAIOTCS HCKITIOUEHHEM U OOJNbIIErpy3Hble MAIMHEL. [IepBoe, YTO MPUXOAUT Ha YM,
KOrJa pedyb UACT O CHMMETPUU aBTOMOOWIICH, 3TO a’dpoanHaMuKka. Eciu neBas u mpaBas 4yacTu
MaIIMHBI OYAYyT UMETh pa3Hyio (opMy, TPYIHO MpEeAyrajaaTh, Kak MOBEAET ceOsl BO3MYIIHBII
MOTOK Ha OOJIBIIION CKOPOCTH. B 3aBUCHMOCTH OT CKOPOCTH BO3/YIIHBIE MAaCChI IO 00€ CTOPOHBI
Ky30Ba MEHSUTM ObI CBOW yroll M HEM3BECTHO KaK MepeceKaluch Obl MeXay co0oii, co3maBas
JTUITHUE TIpoOJeMbl BoauTeno. M3-3a ommbOok mpoekTupoBaHus (HOpMBI Ky30Ba aBTOMOOWIIH
MOTYT TePATh YCTOMUYMBOCTH Ha OOJBIION CKOPOCTH U JIaXKe MEPEBOPAUUBATHCS . ITO OCOOCHHO
OTacHO JiJIsi OOJNBIIErpy3HBIX MamKH. Eciu mocMoTpeTs Ha Qypy ¢ pa3HBIX CTOPOH, TO MOXKHO
3aMETHUTh, YTO OHA UMEET Cpa3y HECKOJBKO Oceil cumMeTpuu. HekoTopele neTtanu MaiuH UMEI0T
LHEHTPaJbHYI0 CUMMETPUIO: KOJIECO aBTOMOOWIIA, IIecTepeHka u jap. PyneBoe koseco nmeer
oceByto cummeTputo. [Ipu MogenupoBaHUN aBTOMOOUIIBHBIX JUCKOB, AJISI PACYETOB MPUMEHSIOT
MOBOPOTHYIO CHUMMETpHIO. PerymmpoBka CXOXIACHHS KOJIEC aBTOMOOHWIS TMPOW3BOIUTCS
OTHOCHUTEJIbHO TPOJIOJIbHOW OCH CHUMMETPUM MallMHbL. [[1s Ha3eMHOro BUJa TpaHCHOpPTa B
0oJIbIIIeH CTENIEHH BCE OCEBasi CHMMETPHSL.
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3aganme: mnpuUBEOUTE NPUMEpPHl CUMMETpPUH, BCTpeYarolleiics B Bamied Oyaymei
npodeccum.

IIpakTuuyeckas padoraNed8
Tema 8.7, Tema 8.8 O0neM Tema. OTHolIeHHE 00BEMOB IOAOOHBIX Tea. OOBEMBI H
IJIOIIAAN TOBEPXHOCTEMN TEN
Heawb: PaccMoTpeTs mpuMepsl HAX0XICHUS 00bEMOB F'€OMETPUYCCKHX TEIT
TeopeTnueckast 4acTh:
Bce ¢popmynel 00beMOB reOMETPUUECKUX TEI
1. Pacuer o6bema kyba

)

a - cTopoHa Kyba

dopmyna oobema Kyoa, (V):

V=a3

2. Haiitu no ¢opmyse, 00beM NpsIMOYTOJIBHOTO Mapajuiesenumneaa

&

a, b, ¢ - CTOpOHBI apasuIeNenune1a
Ete nHOT 1A CTOPOHY Mapasuieienue/ia, Ha3bIBalT PEOPOM.

®dopmyna oobema napayenenuneaa, (V):

m

3. ®opmyna a5 BEIYUCIEHUs 00beMa I1apa, chepsl
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R - paguyc mapa
n~=3.14

ITo popmyre, ecau 1aH paguyc, MOKHO HallTH oObema mapa, (V):

4. Kak BBIYUCIUTH 00BEM ITUIHMHAPA ?

h - BbIcOTa IUIIHH]Ipa
I - panyC OCHOBaHUS
n~3.14

[To gopmyne HaiiTu oObeMa HHUIWHIpPA, €CIAU U3BECTHHI - €r0 PAJUyC OCHOBAHHS U
BhIcOTAa, (V):

V=mr2h

5. Kak Haiitu 06beM KoHYCa ?

R - pagnyc ocHOBaHUs
H - BbICOTa KOHYCa
n~=3.14

dopmyna oObeMa KOHYyca, eCIIM U3BECTHBI paauyc U BeicoTa (V):
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7. ®opmysa oObeMa yCEUSHHOTO KOHYCa

C D

I - paguyc BEpXHEro OCHOBAHMUS

R - pagnyc HUXKHEro OCHOBaHUS

h - BbICOTa KOHYCA

n=3.14

®opmysna o0beMa yCEYEHHOI0 KOHYCa, €CIM HU3BECTHBI - PAIUyC HUIKHETO OCHOBAHUS,
paznyc BEpXHEro OCHOBaHUS U BbicoTa KoHyca (V ):

1
V= Enh(Rz +R-r+1?

8. O0beM MpaBUIIBHOTO TETPadApa

[IpaBunbHBIN TETPAdAp - NOHUpaMHAA y KOTOPOM BCE TIpaHM, pPaBHOCTOPOHHHUE
TPEYrOJIbHUKH.
a - pebpo Terparapa

dopmyma, 115 pacuera oobema npaBuibHOTO TeTpadapa (V):

9. O0BeM MpaBUIBLHON YETHIPEXYTOJIbHON MUPaMUIbI
[Mupamuna, y KOTOpoil OCHOBaHHME KBagpaT U TpaHU paBHbIe, paBHOOEIPEHHBIE
TPEYrOJIbHUKH, HA3bIBAETCS IPABHIIBHOM YETHIPEXYTOIbHON TUPAMUION.
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a - CTOpOHA OCHOBAHMUS
h - BbIcOTa TUpaMu bl

dopmyiia a7 BBIYUCICHUs 00beMa MPaBUIIBHON YeThIpeXyroibHON nmupamMusbl, (V):

1
V = = ha?
zha

10. O6beM npaBUIBLHON TPEYTOJIBHON MUPAMHU/IBI

[Mupamuna, y KOTOpOil OCHOBaHME DPABHOCTOPOHHMH TPEYroJbHUK U TI'PAaHU paBHBIE,
paBHOOEAPEHHBIE TPEYTOJIbHUKHU, HA3bIBACTCS MTPABUIIBHON TPEYroJIbHON MUpaMUAOH.

a - CTOpOHA OCHOBAHMS
h - BeICOTa TUpamMu el

®opmyna o0beMa MPaBHIILHOW TPEYTOJIbHON MUPaMUJIbI, €CIIN JIaHbI - BBICOTA U CTOPOHA
ocHoBanus (V):

11. Haiitu 06beM paBUIBLHOM MHUpPaMUIbI

[Inpamua B OCHOBaHUU, KOTOPOU JIEKUT IIPABUIbHBIA MHOTOYTOJIBHUK U I'PaHU PaBHBIE
TPEYTOJIbHUKH, HAa3bIBAECTCS NPABUIIBHOM.

NV

h - BbIcOTa TUpaMu bl
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a - CTOpOHA OCHOBAHUSA IMUPAMHUIBI
n - KOJIMYECTBO CTOPOH MHOTOYTOJIbHUKA B OCHOBaHUH

@®opmyna oObemMa MPaBHWILHOW MUPAMUIBI, 3HAs BBICOTY, CTOPOHY OCHOBAHHS H
KOJIMYECTBO 3TUX CTOPOH (V):

na’h

N 180°
12 tg( = )

12. Pacyer oObeMa mupamuIbl

C
B

A E

h - BeICOTa TUPAMHU/IBI
S - mromans ocaoBauuss ABCDE

D

dopmyna s BBEYHCICHUS O0ObeMa MHpPAaMUIBI, €CIU JaHbl - BBICOTA W IUIOMIANb
ocHoBanus (V):

h - BeIcOTa TUpaMHU/IBI
Sunx - TIOIIAAL HIDKHETO ocHOBanus, ABCDE
Ssepx - TUIOLIAL BEPXHETO OCHOBaHMUsI, abede

®opmyna odbema yceueHHOoM nupamusl, (V):

1 —
V = § h(SHH'.ﬂ + \,’:Smm: Ssepx ek Ssepx)

14. O6Bem mapoBOTO cerMeHTa, popmMyna

[ITapoBbI1 CErMEHT- ATO 4YacTh IIapa OTCEYEHHas INIOCKOCThIO. B maHHOM mpumepe,
miockocTeio ABCD.
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R - paguyc mapa
h - BbIcOTa cerMeHTa
n~3.14

®opmyna a1 pacueTa 06bemMa IapoBoOro cerMenra, (V):

1
V= §1t112(3R — h)

15. O6beM 1mapoBoro cekropa

R - pagnyc mapa
h - BeIcOTa cermenTa
n~=3.14

dopmyna odbeMa mapoBoro cexkropa, (V):

h - BbICOTa IapOBOTO CI1OS

R - pagunyc HUXHErO0 OCHOBaHUS
I - paJlnyC BEpXHET0 OCHOBAHUS
n~=3.14
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dopmyna oobema maposoro cios, (V):

1 1
V=—mh(R*+ 1%+ =h?
211'1( +1 +31)

Pemienue 3axau:
1.CymectByet 1 npu3ma, umeromas 50 pédep? 54 pebpa?

Pemenune: Yucno peGep n — yroapHOW NMPU3MBI 3N, MO3TOMY IMPH3MBI, uMmeromei 50
pebep, He cymecTByeT, a 54 pebpa umeet 18-yronpHas mpusma.

2. CTOpOHBI OCHOBaHMsI IMPSIMOYTOJIBHOI'O Mapajulejenunena paBHel 5 ¢cM u 12 cm ,
JMaroHallb NapajulefienuIe a COCTaBIseT C MIOCKOCThI0 ocHOBaHus yroa 60°. Haiiaure 00bEM
napajuiesenumnesa.

3. OcHOBaHMEM MpPsSIMON NIPU3MBI CIY’)KUT TPEYyroibHUK co cropoHamu 10, 10, 12.
JnaroHayib MeHbIIIel OOKOBOW T'paHU COCTABIIACT C TUIOCKOCTHIO OcHOBaHMs yroi 60°. Haitnure
00BEM MPU3MBI.

4. O0peM mHPSIMOYTOJBHOTO TMapajuienenumena paBeH 2. Yemy Oyaer paBeH o0beM
napajuieNienues1a, ecliv Kaxxaoe ero pedpo yBeauuuTh B 3 pasa.

Pemenue. [lycte peOpa nmaHHOTO mapajiesnenurnena paBHel a, b u c. Torma umeem:
V=abc=2.

[Tocne yBenmnueHus kaxaoro pedpa B 3 pasa ero o0béM Oyner paBen V=3a*3b*3c =27
abc=27%*2=54.

OrtgerT: 54.

5. AkBapuyMm umeet (Gpopmy npsMOYyroibHOTo napaienenumneaa seicotoi 30 cm. Ecnu B
Hero HamuTh 30 JI. BOJIBI, TO /10 BEpXHEro Kpas ocTtaHeTcsl 5 ¢cM. CKOJIBKO JIUTPOB BOABI HYKHO,
YTOOBI HATIOTHUTH IMYCTON aKBapUyM JOBEPXY?

Pewenue. Ilycts V 1 H cooTBETCTBEHHO 00BEM U BBICOTA MapajuIeIenUIea.

V=SH . Ilo ycnouto V=30,H=25, Torga 25*S=30.

[Tocne 3anonuenus mycroro akBapuyma gosepxy H=30. 3nauut, 30*S=V.

255 30

Hatigem otHomenune 30S = V| V=36 1.

Ortgert: 36.

6. Ky6uxk Becut 10 rp. Ckoibko rpaMMOB Oy/IeT BeCUTh KyOHK, pedpo KoToporo B 3 pasa
Oospilie, yeM pedbpo TMepBoro KyoOwka, eciiu o0a KyOMKa HW3TOTOBJICHBI M3 OJMHAKOBOTO
MaTepuana.

Pewenue. [lycte V- 00béM ganHOro mapamienenurena. [lociae yBeaudeHUs Kaxaoro
pebpa B 3 paza, ero 006EM OyzeT paBeH 27 V.

v__10
27v. x  x=270 1p.
OrtBer: 270.

7. O06BEéM TPSIMOYTOJBHOTO Mapajuienenumnena paBeH 32. Uemy Oyzaer paBeH 00BEM
napajuieNienune1a, ecliv Kaxaoe ero pedpo yMEHBIIUTh B 2 pasa.

8. B cocyn, umeromuil popmy NpaBUIbHOW TPEYrojbHOW NPU3MbI, HAIUIU BOAY.
VYpoBenb Boabl gocturaet 36 cMm. Ha kakoii BeicoTe OyJeT HaXOAUThCSl YPOBEHb BOJIBI, €CIH €&
NEepeuTh B IPYroi cocys Tou ke (OopMbl, y KOTOPOro CTOpOHA OCHOBaHUS B 3 pasza OoJjblie,
4yeM y nmepBoro. OTBeT BhIpa3UTe B CAHTUMETPAX.

9. 3akphITHIA cOCyN B BUE MPSIMOYTOJIBHOTO Mapaienenumnena ¢ peopamu 30, 40 u 45
CM. CTOHUT Ha TOPU3OHTAIHLHON MOBEPXHOCTH TaKKUM 00pa3oM, YTO HAMMEHBIIAS TPaHb SBIISETCS
nHoM. B cocyn Hamuiu Boay 10 ypoBHs 36 cMm. Ha kakoM ypoBHE OKaKeTCsl BOJia, €CIIU COCYJ
MOCTaBUTh Ha HAHOONBIIYIO rpanb? OTBET JaiiTe B CAHTUMETPaX.

10. Jlano: ABCD - npaBmnsnas mupamuaa. AB = 3; AD = 2V3 (puc. 3).
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Haiitu: a) Soch.; 6) AO; B) DO; 1) V.
11. Hano: ABCDF - npasunbHas nupamuaa. ZFCO = 45°; FO = 2 (puc. 4).
Haiitu: a) SocH.; 6) V.

Puc. 4

Pewenue:

1) Paccmorpum AFOC: 20 = 90°, £C = 45°, 3nauut, £F = 45°. Caeposarensno, AFOC -
paBHOoOenpennsii, OC = FO = 2.

2) AC = 20C = 4.d=AC=ADV2 (mo CBOICTBY JuaroHanu kBajpara,d2 = 2a2).

AC=—1~=2\/£.

AD =
Torna 72! ﬁ

- A -
3) ABCD - xBazpar (mupamuja npaBuibHas). Socw = AD? = (2‘[2-) =8.
ML TS e L
4) 3 3 3 3
(OtBer: a) 8; 6) 5-1/3.)
12. lano: ABCDEKEF - npaBunsnas nupamuga. FO L (ABC), FM L AK, FO=4,FM =5

(puc. 5).
Haiitu: a) Soch.; 6) V.

Puc. §

Pemenne:
1) Paccmorpum AFOM: 20 = 90° (tak xak FO L (ABC), 3nauut, FO L OM) FO =

4,FM =5 OM= VMF? - FO’ (1o Teopeme ITugparopa), FM= J25-16 =49 =3. OM=r(r-

paanyc OKPYKHOCTH, BIUCAHHOU B MPaBUIbHBIN
AK = zr-tg3=2-3tg5=6-£=zJ§.
IIECTUYTOJIBHUK). 6 6 3

3 See ™= ESiaic SAOK-%AK-OM=%-2\/§-3=3J3. Socn. = 6:343=183.

3 Vo= 2 Soon i V= 3185422445,

(OtBer: a) 183, 6) 24V3.)

13. 3apmaya: Jlana TpeyronbHas yceueHHass nupamuzaa. Ee Boicota A = 10 cMm, cTOpOHBI
OJHOTO M3 OCHOBaHUM paBHBI @ = 27 cM, b= 29 cMm, ¢ = 52 cm. [lepumeTp BTOPOro OCHOBAHUS
paBHsieTcs P2=72 cMm. Haiinure o0bemM mupaMuibl.
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h|

|
|

a

Jns pacuera oObeMa HaM NOTpeOyeTcs IUIOMIAJh OCHOBAaHWWA. 3Has IJIMHBI CTOPOH
OJIHOTO TPEYrojibHUKA, Mbl MOXEM pacCuUMTaTth Iiouiaab no dopmyne I'epona. J[lns atoro
noTpeOyeTcsl HAaTH MOJyIEPUMETP:

P l:i—l? +20 +52 =108cm

Teneps Haitnem S2:

HL: .b,.-“fp {g)-f}. ){p-b ){p-r: )

S =\/54(54-27 ) (54-29 ) (54-52 ) = /5427 x25x2 =/ 72900=270cm

3Has, 4TO MHUpaMHJa YCCYCHHAs, JIeJacM BBIBOJ, UYTO TPEYrOJbHHUKH, JICKAIIUE B
OCHOBaHMAX TONOOHBL. KoadduuueHT mnomodust 3TUX TpPEyroJbHHUKOB MOXHO HaWTH Wu3
COOTHOIIEHUsT mepuMeTpoB. OTHOIICHUE IUTOMIAJIEH TPEYrOJIbLHUKOB OyJIET paBHO KBaJIpary
aToro ko3 duiuenTa:

2

] P~ 2

1 1 108 0

2 2

S, p 7%

2
48
, 1
f:?:—”
. AT 2
S, = t}' =120cm

Tenepb, Koraa Mbl HallJIM ILJIOIIaau OCHOBaHHUM ycequHoﬁ InmupaMuJibl, MOXEM JICTKO
paccuuTaTh ee 00beM:

v:% x10% (:m}+ J270% 120 +120 ) o 10

= (270+180+120 )= x570 =1900cm.”

Takum 00pa3zom, BEIYUCIUB KOIPPHUIIMEHT MOAOOHMS U PACCUUTAB IUIONIAlb OCHOBAHUM,
MBI HaITA 00bEeM 3a/ITaHHOU YCEUCHHOU MUPAMU/IBI.
14. lano: A1A2A3A4 -pomO, SAIA2A3A4 -nupamuga, AlA4 = a, 2SBO =
B, OB L A3A4, £A2A10 = a (puc. 6).
Haiitu: V - ?

Puc. 6
Pemrenue:

160


http://2mb.ru/matematika/geometriya/formula-gerona-dlya-ploshhadi-treugolnika/

-
: - OB = ina = —asina,
1) PaccmoTpum AOA3A, 1 OAy=acosa,  AOA3B: OB = acosasing = 5

2) ASOB: SO= -;-asin 2atgp.

3) Soen. = 4Sst301, =4~~;-a-08=2a-%asin2a = a’sin2d

4) Vg, =§Sw,_ -8O, Vo= %-az sin 2uv%asiu 2atgp = %a’ sin? 2atgf
1 g’ 20ugP.

(Otger:

15 .Haiiaure 00beM UIUHPA C BBICOTOM, paBHOM 3CM U AMaMETPOM OCHOBaHHS — OCM.

16. Ilnomaas OceBOro cedyeHus LWJIMHApPA paBHA 21cM’, momans OCHOBaHUS - 181
cm? Haitnute 06beM IUIMHApA.

17. CBunnoBas tpyOa (mioTHocTs cBuHNa 11,4 r/CM3) C TOJIIIIMHOU CTEHOK 4 MM HMeeT
BHYTpeHHu# nuametp 13 mMm. KakoBa macca TpyOsl, eciiu ee 1iauHa paBHa 25 m?

F=11,4r/c™’

Ri=6,5mMm + 4mm = 10,5Mm = 1,05¢cM (HapyKHBI)

Ry =6,5MM = 0,65¢cm

V=Vi-Vy=17 -(1,05)>2500 - - 0,652 -2500 =1700T = 5338 (cm?)

M=F  -V=11,4-5338 = 61kr.

18. Kakoe xonnyectBo He()TH (B TOHHAX) BMEIIAeT HUIMHIPHYECKas IUCTEPHA JrUaMeTpa
18 M u BBICOTOI! 7 M, eclti IIOTHOCTH HedTu pasHa 0,85 r/cm>?

H="7m; d = 1M; Pyepm = 0,85 r/em?

m =?

Vy=TRH=m-92-7=567T (M°)

m=V-P = 1513 T

19. [uaroHanb OCEBOTO CEUEHMsI LWIMHAPA COCTABISET C IJIOCKOCTBIO OCHOBAHMS
munuEapa yron 60°. Haitmute o0beM HMIMHApPA , €COM IUIONIAAb OCEBOTO CEYeHHs paBHA

16 3 oM.

20. Ha ckmag B MacTepcKoM IO MOLIMBY OJEXKIbl NOCTYNWI PYJOH APANOBON TKAaHU B
dopme tmnuHapa. [Ipu TpaHCIOpTUPOBKE OBbLT yTEPSH TOBApHBIA SPJBIK C YKa3aHUEM JJTUHBI
TKaHU B pyJioHe. HeoOxonuMo onpenenuTs JUIMHY TKaHU B pysioHe. [IpousBenu HeoOXoaumbie
M3MEPEHMS, ONIPEIEINIIN BBICOTY U auaMeTp pyioHa: 90cMm u 30cm, TonmuHa TkaHu 0,2¢M.

21. CMouny [11s1 MPOMBILIUIEHHBIX HYXJ COOMpAIOT, MOJBEIINBAasi KOHUYECKHNE BOPOHKHU K
cocHaM. CkonbKO BOpOHOK auameTpoM 10cM ¢ oOpasyromieil 13 cM HykHO coOparb, YTOOBI
3aIlOJIHUTh JECATUINTPOBOE BEAPO?

R=AC/2, R=5cM, H=\132-52=12(cm), V=1/3*3,14*5*12 =314(cm’) ~0,3 1 410>

n=10/0,314 =31,8.
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Omeem: 32 60poHKU.

22. Cror ceHa umeet GopMy IWIMHAPA ¢ KOHMYECKUM BepxoM. Paamyc ero ocHoBaHMs
2,5 M, BbIcOTa 4 M, IpUYEM LIHWJIMHJIPUYECKAsl YACTh CTOra UMeeT BhIcoTy 2,2 M. [InoTHOCTh cena
0,03 r/cm>. OnpeienTh Maccy CTOra ceHa.

Pemenue:

R=2,5m

0100, = 4m

0102=2,2m

P =0,03r/cm’

m=P-V; Vy=m-2,5%-22=13,75 M= 13750000cm>

V=137 -2,5% 1,8 =3,75m> = 3750000 ™ cm’

M=0,03 - 17500000 =0,525 Tt 1t = 1,6 T

O

23. CrakaH4MK 715 MOPOXKEHOT'0 KOHMYECKON (opMbl MMeeT Tiyouny 12 cM u auamerp
BepxHed yactu 5 ¢cM. Ha Hero cBepxy moJIOKWIM JIBE JIOKKA MOPOKEHOT'O B BUJAE MOJyIIApUN
auaMeTpoMm 5 cM. IlepenosHuT a1 MOpOKEHOE CTAaKaHYHK, €CJIM OHO pacTaeT?

OA=12cm
BC=d=5cm
[TepenoyHUT T1 MOPOKEHOE CTAKAHUIHK?
5
Vu=43%FR3(52P1=125%/6 =206 7
2512
Vi=1/3 TRZH=1/3 T (5/2)*12= 12 =25%
OrtBerT: HeT.
24. Haiitu o0bem mapa paguycoM 10 caHTuMETpOB.
Pemenue:
Jnss  Toro 4dYTOOB BBIUMCIAUTHE 00BeM mapa ¢opMmylia HCIOJIb3yeTCH
CllelyIoIas:
_4 03
V= 3T R

rae V — uckombii o0bem mapa, m — 3,14, R — paguyc.
Takum o6pazom, npu paauyce 10 caHTuMeTpoB 00beM mIapa paBeH:
V= ; 3,14 x 10° = 4082 xyOMUeCKUX CAHTHMETPOB.

25. Bo cKkoabKO pa3 yBEeIUYIHUTCS 00BEM IIapa, €CIIN €T0 PaInyC YBEJIMUUTD B IMECTh pa3?
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O06wem mapa HaxoauTes 1o hopmyie:

V : R?

[Ipu yBenuueHnuu paguyca B IIeCTb pa3 ero o0bEM Oyer:
4 4
V =-mn(6R)* =216 --nR?
3 3
Taxum o6pazom, 00beM mapa yBenuuutcs B 216 pas.

Otser: 216
26. O6bem onHOro mapa B 216 pa3z 6omnbine o0bemMa BToporo. Bo ckonbko pa3 miomaiasb

IIOBEPXHOCTH IEPBOrO HIapa 0oJblle MIOMAAN IOBEPXHOCTH BTOPOro?

S

®opmyna 06bEMa mapa:

4 3
V= 3 R
dopmyJia MIOMAaM MOBEPXHOCTH IIAPaA:
S = 4nR?
Hy'CTB 00BEMBI rapoB COOTBETCTBECHHO pAaBHBI:
4 3 4 3
¥y =§}TR1 | =§}TR2

)4 & YCJIOBUA CICAYCT, YTO:

4 3 4 3

R,*=1216+R,"
3

Rl
—5 =216
Rl = r—
— = 5216
R,
Rl
— =5
R
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To ecTh, MBI yCTaHOBWIIM, YTO PAJHyC MEpBOro Ooiblile paauyca Broporo B 6 pa3. Eciu
pamuyc Iapa YMEHBIIUTH B 6 pa3, TO IUIOMAJb MOBEPXHOCTH IIapa W3MEHUTCS CIETYIONIIM
o0pazoM:

s (‘R'f 41R?

6 36

To ecTh oHa yMeHbIIUTCA B 36 pas.

IIpakTnyeckas padora Ne49
Tema 8.9 KonrponbHas paboTa 1o pa3aeny 8 «MHOrOrpaHHUKH U Tejla BPaICHUS
Hean: IlpoBepuTh ypoOBEHb YCBOEHHS [AHHOIO Marepuaiga Mo pasjaeny 12
«MHOTrOTpaHHUKY U TeJIa BpaIICHUS»

Ilpu pewenuu 3a0anuni 1-4 3anuwiume npaguibHBLIL Omeem U3 Yemplpex
npeo10HCceHHbIX.

1. (1 6ayn) B kakux equHUTIAX U3MEPSETCS TUIONIA b TTIOBEPXHOCTH MHOTOIpaHHUKA?

A) B rpanycax; b) B MmeTpax; B) B kBagpaTHbIX MeTpax; ') B IByrpaHHBIX Tpajaycax.

2. (1 6ayn) [Tnomans OOKOBOW MOBEPXHOCTH MTPU3MBI BEIYHUCIISETCS 110 GOpMYyJIe:

A) S = Seox + 2 SOCH; E) Seox = Pocs * H; B) S =DBgoxt S SOCH; F) S6ox = 2Pocu * H.

3. (1 6amn) Yro siBIIsSIETCS. OCEBBIM CEYCHHEM YCEUEHHOTO KoHyca?

A) paBHOOenpeHHBIN TpeyroibHUK; b) paBHOOeApeHHas Tpameuus; B) npsMoyroiabHUK;
I') npsimoyronibHas Tpaneuus.

4. (1 6amn) Kakas ¢urypa monydaercs npu BpalleHUU MPSMOYTOJIBHOTO TPEYroJbHUKA
BOKPYT OJJTHOTO U3 CBOUX KaTeTOB?

A) xonyc; b) yceuennslit konyc; B) nupamuna; I') yceuenHnas nupamuja.

Ilpu évinonnenuu 3adanuit 5-8 3anuwiume xo00 pewienus u NOJAYYEHHbLI OMEem.

5. (2 6anna) Pebpo ocHOBaHMSI MPaBUIILHOM TPEYroJibHOM mupamuabl 3 M, anopema 6M.
Haiinure mmomaas 60KOBOM MOBEPXHOCTH MUPAMHU/IBI.

6. (2 6ama) Jlnaronans Ky6a pasua V588. Haitaure ero o0bem.

7. (2 6anna) IIpsMOYyroapbHMK cO CTOpOHaMHU 8cM M 3CcM BpalaeTrcs BOKPYT OOJblIei
cTopoHnbl. Haiimute 00beM, Tuioma M 60KOBOM U MOJHOM MOBEPXHOCTEH MOIYYEHHOTO Tena.

8. (2 Gamna) BpruMcIuTh MOBEPXHOCTH KPOHBI KyCTapHHMKa, UMeEIomiero (opmy mapa
paauyca 0,5 M. B oTBeT 3anummuTe 4yncio, 1€1€HHOE Ha T.
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Imanouvt omeemos

7]
oMep 1 2 3 4 5 6 7 8
3adaHUusA

Otser B B B A 27 | 2744 | 727 48m 64 n 1

IIpakTuuyeckas padoraNe50
Tema 9.1 KoopauHaThl 1 BEKTOpbI B MpocTpaHcTBe. [IpocTeiimume 3agaun B KOOpAUHATAX
Hean: HayuuThbcs pewars npocTeime 3a1a4i B KOOpAUHATAX

TeopeTn'{eCKaﬂ 4acTb:
(DOpMYJ'IBI ACJIICHU OTPE3Ka B JaHHOM OTHOIICHHWH Ha IJIOCKOCTHU

T Bix,;
Ecnu  wusBecTHBI J[Be TOYKH IUIOCKOCTHU A% s ¥ Bxgi ¥ 3}, TO KOOPJWHATHI

A=
My -
Touxn ¥ Fae> Fae) , KoTopas jJemur orpesok 4Z B orHOmEHHM BM | pppaxkarorcs
dbopmynamu:
g+ A Yo+t A-¥g
Mgg=—2——= =x2# = 8

1+a = 1+ A

Pemrenue 3agau:

[Ipumep 1

Haiitn koopauHaTBI TOUKH M | nensmeit orpe3ok A5 B oTHOmIEHNH '3 ecim m3BecTHBI
Ang 1

Pemienue: B nannHoi 3anaue EM 3 Tlo dopmynam JeeHus OTpe3Ka B JaHHOM

OTHOILIEHNH, HAUJEM TOUKY M(Xae: P o) :

1
X =xA+/I.xB=5+§'{_3)=5—1=4_E=3
M a L 4 4
3 3
1 1 &
34— (-1) 3-- 2
y _YatA¥Va +3( )= 3_i=§3=2
T 1oL 4 4 34
3 3 3
OTtBer: M(3.2)

B 3agmaue He Tpebyercs CTpouUTh 4YepTeka, HO €ro BCErja IOJIE3HO BBIMOJHUTH Ha
YEpHOBHKE:!
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And 1

JleiictBuTenbHO, cooTHomenne FAL 3 ppmonnsercs, To ects otpe3ok AN B Tpu pasza
xopoue orpeska £ . Eciam mpomopuust He OYEBUIHA, TO OTPE3KH BCEra MOKHO HU3MEPHThH
OOBIYHOM JIMHEUKOM.

[Ipumep 2

JlaHbI TOUKH KL L0 6) | Hagirn:

a) rouxy ¥ | nemsmryro orpesox &% B oTHOuUIeHHH 27
6) Touky ¥, nemsiryro otpesox XL B orHomenmn 43,

[Ipumep 3
Touka & npuHamexur orpesky £47. UssectHo, uro orpesok L% B nBa pasa miuHHee

D2 40, P[E; EJ
otpeska 7F . Haiitu Touky 7 | ecin i/,

Pemenne: 113 yCJIoBUA CIEAYET, YTO TOYKa F JCIUT OTPE30K D B OTHOLICHHNHU 4 1,

DF
A="_"_=1
cunTasi OT BEPIIUHBI L) 10 ecTp, CIIPABEIJIUBA TTPOITOPIIHS: HP . ITo popmynam nenenus
OTpe3Ka B IAHHOM OTHOIIICHUH:
Iptd- Xy ¥ot+d-¥e
XP = _— P = —_— -
1+ 4 1+ 4
L SN N LRI JEO I P SN S
3 1+ 2 3
d+ 2yg
2=T S44 iY==Yy =2 = ¥y =1
+
OTBeT: (Y
[Ipumep 4

Touka M € A5 Orpesok &M B monropa pasa xopoue orpeska A4 . Haiitu Touky 4,

€CJIM U3BECTHHI KOOPAUHAT TOYEK BZ0 ML)

Pemenne B xoHIe ypoka. OHO, KCTaTH, He €UHCTBEHHOE, €CIIU MOUAETE OTIUYHBIM OT
oOpasia myTéM, To 3TO He OyAET OMOKOM, TJIaBHOE, YTOOBI COBITATU OTBETHI.

@DopMyIbl AeNeHrs OTpe3ka B JaHHOM OTHOIIEHHH B MIPOCTPAHCTBE

JIJIs MPOCTPaHCTBEHHBIX OTPE3KOB BCE OYAET TOYHO TAK K€, TOJBKO JOOABUTCS €IIé OJTHA
KOOpJHMHATA.

Ecnn u3BecTHBI AB€ TOYKM INPOCTPAHCTBA Axg: ¥ 45240, BE5 ¥ p ZB:', TO KOOPAUHATHI

AAd
. . A=""
rouxn M Far: Pass Zae) , KoTopas JemuT oTpe3ok A5 B orHOmEHMH ZA | pppaxkarorcs
dopmynamu:
X =:er,1+£-;{_E =yﬂ+z1-y3 - =zﬂ+z1-23
e M e M e
IIpumep 5

JlaHBI TOYKHU A-3-3-4). 5(2-40) . HaiiTu KOOpAMHATBI TOUKH M , IPUHA/IJICKAIICH

otpesky A, ecnu ussectno, uro AM  BM =4:2

Pemrenne:

Ilo dopmymnam KOOpJAUHAT CEpEIUHBI OTpe3Ka:
Lo_J2t22 2 _Ci3+24)_ 0 -4+20 4
My 3 YM 1+2 37 M4 3
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2 11 4
M[—; - ——J
OrtBer: EE

[Ipumep 6
JlaHBI TOYKH B(=52,3), ¢4 2 - 5:'. Haiiti KoopauHaThl TOYKU 4, eciu M3BECTHO, YTO

oHa jenuT oTpe3ok T B orHoweHn S L.
®dopmMyIibl KOOPAUHAT CEPEIUHBI OTPE3Ka

A | wacme M | vacms B
e 2 8 °
v o= tat s _Yat¥Va
M‘T= M‘T

JIns mpOoCTpaHCTBEHHOTO Cily4asl COPAaBEIMBA OYEBHIHAS aHAJNOTHUA. ECIM 1aHbl KOHIbI

T F 42 X Fal
0Tp€3KanJ: 4 ¥ 24, Hx5 F525) , TO KOOPJIMHATBI €r0 CEPEAUHBI M BBIPAXKAIOTCS (POPMYITaMU:

Ayt Ap _Yatl¥a _EatEs
Vig=—EE, 7, =48

Kjpg = H]
M 2 M 2 2
IIpumep 7
[MapatenorpamMmm ABCD 3a1aH KOOpPIMHATAMH CBOUX BEPIINH
A(-4,0), B4 4), C(7,2), D=1, -2) . HaiiTi TOuKy mepecedeHusi ero quaroHaei.

Pemrenue:
[Io wu3BecTHOMY  CBOWCTBY, [JMaroHajgud  [apaiejiorpaMMa CBO€W  TOYKOU

nepeceyeHust O%as Fo) JeJIATCS MOTI0JIaM, I03TOMY 331a4y MOYKHO PELIMTh ABYMS CIIOCOOaMHU.
Crioco6 mnepBbIii: PaccMOTpUM MNpPOTHBOIONOXKHBIE BEPIIMHbI A0 C2)
hopMyIaM JeeHns OTpe3Ka MoNoNaM HaiiiéM cepeinHy auaronams A% ;
_Egtxe 44V 3 =yﬂ+yc=E=1
2

Z 2 ’

in

B pesynprare: 2
Crnoco6 Bropoii: PaccMOTpUM NpPOTHBOIIOJIOKHBIE BEPIIUHBI
GopMynam  gmeneHus ~ oTpe3ka  TomojgaM  HaWAéM  cepelMHy  auaroHanu 5L

B44), D-L-2) o

)

Takum o6pazom: 2
)

Otser: “2

IIpumep 8
) s p
JlaHbl TOUKH 7 4 2 . Haiitu cepenmny R orpeska ¥ .

[pumep 9
Touka M pemur  orpesox AF momomam. Haittu  touky &, ecim  u3BecTHSI
A2 0, -3, M5, -4, 1)

Pemenue: McnonszyeM hopmysibl KOOpUHAT CEPEIUHBI OTPE3KaA:

TOYKH
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T _Fatl¥e _Zatip
Kpy=-—2 B oy =ATE g T4 TR
d P 4
Ham HemsBecTHBI KOOpAMHATE ~2 ¢ 3 %2 1 cHOBa MOXHO BBIBECTH OOIIyI0 (OpMyIy
JUTS UX HAXOJKJCHUS, HO TOpa3Jio Jierue cpa3y MoJICTaBUTh Yrcia. TOIbKO MPOHMOPIUSIMU BEPTH:

2+ xp

S= =d+xp=10=xy=28

_4=|:|+%:>}?B=—8

L S S

2
Orser: 5(8,-8,3)

IIpakTnueckas padoraNe 51
Tema 9.2 Yron mexy Bekropamu. CKasipHOE TPOU3BEEHUE BEKTOPOB
Henab: Hayuntbcst HAXOIUTH CKAISIPHOE MMPOU3BEACHNUE BEKTOPOB

Teopernyeckasi 4acThb
Bekmop — 510 HanpaBlCHHbI NPSMOJUHEUHBIN OTPE30K, TO €CTh OTPE30K, UMEIOUIUI
ONpENETCHHYIO JUIMHY U OIpejaesieHHoe HampasieHue. [lycte Touka A — Hayano BeKTopa, a

Touka B—  ero KOHEII, TOrJja  BEKTOp o0o3Hayaercs cumBosiom 48 pum 4

BCKTOp b4 HAa3bIBACTCSA BPOMUBONOI0IHCHBIM BCKTODY AB M MOKET OBITH 0003HAUYEeH a .

Chopmynupyem psi 6a30BBIX ONPEICICHUN.

) T A |
Jlnunoit unu modynem Bextopa 4B naspiBaeTcs nnamHA OTpe3ka M 0003HAYaETCA ‘ .
BeKTOp Hy.]’[eBOfI JJINHBI (ero CYTI) - TO‘IKa) Ha3bIBACTCA HyﬂeﬂblM 0 nu HaHpaBHeHI/IH HC UMCCT.

BCKTOp € €IMHUYHOMN JJIMHBI, Ha3bIBACTCs COUHUYUHDIM. EnuHnyHbIi BCKTOp, HaIIpaBJICHUC
KOTOPOro COBNagacT C HAIIPABJICHHUEM BEKTOpa a , HA3bIBACTCA OpmMOM éeKkmopa a .

BGKTOpBI HAa3bIBAIOTCA KOJllUuHeaprnovimMu, CCiid OHU JIC)KAT Ha OI[HOI\/’I priMOfI WJIN Ha

allb

napanneanHX HpSIMLIX, 3aIIUCBIBAIOT KOJ’IJ’II/IHeapHBIe BCKTOPBI MOFYT HUMECTh
COBIAQJAIOIIME WM  IPOTHBOIOJOXKHBIE  HampaBieHus. HyleBol  BEKTOp  CUMTAIOT
KOJUTMHEAPHBIM JII000MY BEKTODY.

(@a=b)

BexTopsl HasbIBalOTCA paBHBIMU /, eclli OHU KOJUIMHEApHbI, OJMHAKOBO
HAIpPaBJIEHbl U UMEIOT OJJUHAKOBBIE JUTUHBI.

Tpu BexkTOpa B IPOCTPAHCTBE HA3bIBAIOTCS KOMHIAAHAPHBIMU, ECT OHM JIEXKAT B OJJHOU
IUIOCKOCTH WJIM Ha THapajulelbHBIX IUIOCKOCTAX. Ecnm cpenu Tpex BEKTOPOB XOTS Obl OJWH
HYJIEBOM HJIU J1Ba JII0OOBIe KOJUTMHEAPHBI, TO TAKHE BEKTOPHI KOMIUIAHAPHHBI.

PaccmoTpuM B mpocTpaHCTBE MPSAMOYTOJIBHYIO cucTeMy koopauHaT Oxyz. Bergenum Ha
ocsix  koopauHaT  Ox, Oy, Oz enuHUYHBIE  BEKTOpPHI  (OpPTHI) ©W  OOO3HAYMM  HX
qepes b Js k COOTBETCTBEHHO. BbiOepeM NMpou3BOJIbHBIN BEKTOpP MPOCTPAHCTBA U COBMECTUM
€ro HayaJlo ¢ HayaJioM KoopauHatT. CIIpOeKTUpYyeM BEKTOp Ha KOOPAUHATHBIE OCH U 0003HAUUM
MPOEKIINU Yepe3 dyx, dy, d: COOTBETCTBEHHO. Toraa HeTpyaHO MoKa3aTk, 4TO

a=a,-i+a, - j+a, -k

Ora dopmyna  sBIsSETCS OCHOBHO B BEKTOPHOM UCYHCIICHUU u
Ha3bIBACTCS PA3NONCEHUEM 6ekmopa no opmam KOOPOUHAMHBIX oceil.
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Yucna as, ay, a- Ha3bIBAIOTCA Koopounamamu eexkmopa ¢ . Takum 00pa3oM, KOOPIHHATHI
BEKTOpA SIBJIAIOTCS €ro MPOEKLIUSIMU Ha OCH KoopauHaT. BekrtopHoe paBeHcTBO (2.25) wacto
3alMChIBAIOT B BUJIE

A | 1 T T | "
a=\a,:a,:a,{ HIH a=la,:a,:a,)

BRI cErTyrTal Mel OyoeM  HCHONIB30BaTh  0003HAYECHUE
BEKTOpa B (PUIypHBIX CKOOKaxX, 4TOOBI BH3YyaJbHO JIETYE pa3inyaTh KOOPAUHATHI BEKTOpa U
KoOpAuHATHl Touku. C HCIoiab30BaHHEM (OPMYJIBI JUIMHBI OTPE3Ka, M3BECTHOM M3 IIKOJIHHOM

TCOMETpHUU, MOKHO HaWUTH BBIPAXKCHUC IOJId BBIYHUCJICHUA MOAYJIA BEKTOpA:
|-
TO €CTb MOAYJb BCKTOpa pPaBC€H KOPHIO KBaApaTHOMY H3 CYMMBI KBaJpaTOB €TI0

KOOpJMHAT.
O6o3HauuM  yribpl  MEXIYy  BEKTOPOM M OCSIMH  KOOpAMHAT  d4epe3 o, J,

2 2 2
a;:+a. t+a:
X X z

Y COOTBCTCTBCHHO. KOCtuCbl OTUX YIJIOB HA3bIBAIOTCA JIA BCEKTOpPa a HanpasaiAlWumu, 1N

2 2 2
o+ T p+ Ty =
JUIA  HHUX  BBIIOJHACTCA COOTHOLICHUC: CO5, B O08 ﬂ s £ 1BepHOCTI> JaHHOT'O

paBEeHCTBa MOXKHO TOKa3aTh C MOMOIIBI0 CBOWCTBA MPOEKIIMHM BEKTOpa Ha OCh, KOTOpoe OyneT
pPacCMOTPEHO B HIKECTEAYIOIIEM ITYHKTE 4.
[Tyctob B TPEXMEpPHOM MPOCTPAHCTBE 3aJ1aHbI

a={x;:y:z,} b= {G:yazas. e =152

BEKTOPbI CBOMMH KoopauHaTamu. VmeroT
MECTO CJCAYIONIME ONepaldy HaJ HUMHU: JIMHCHHbIC (CIIOKEHHE, BHIYUTAHHE, YMHOKCHHE Ha
YHCIIO U TPOCKTUPOBAHUE BEKTOPA HAa OCh WJIHM JPYrod BEKTOp); HE JIMHEHHBIC — pa3lInuHbIC
HPOU3BENICHUS BEKTOPOB (CKAISPHOE, BEKTOPHOE, CMEIIAHHOE).
1. Cnosrcenue NByX BEKTOPOB MPOU3BOIUTCS IIOKOOPAMHATHO, TO €CTh €CIIU
c=a+b,T0 c={x;;y5:2;) = {x 2V, 213+ za = {n + 050 3,32 + 25}

JlanHast popmyiia UMEeT MECTO JIJIsl TPOM3BOIBHOTO KOHEYHOTO YHCIIA CIIaraeMbIX.

['eomeTpruecku JiBa BEKTOPA CKIIAIBIBAIOTCS 110 JBYM IPaBHIIaM:

a) NPAGUI0 MPEY20IbHUKA — PE3YIbTHPYIOIINA BEKTOP CYMMBI JIBYX BEKTOpPOB
COEIMHSET Hayalo MEepBOr0 M3 HUX C KOHIIOM BTOPOTO MpPU YCIOBUH, YTO HAYAIO BTOPOTO
COBIAJIACT C KOHIIOM IEPBOTO BEKTOPA; JJIsi CyMMBI BEKTOPOB — Pe3yJIbTUPYIOIIUH BEKTOP
CYMMBI COEIUHSET Hayajo MEepBOrO M3 HHUX C KOHIIOM IIOCIETHETr0 BEKTOpa-ClaraéMoro ImpH
YCJIOBUH, YTO HAYAJIO OCJIEAYIOIIETO CIaraeéMoro COBIAIAeT ¢ KOHIIOM TPEIbIYIIEro;

0) npasuno napannenozpamma (115 IBYX BEKTOPOB) — MapajiellorpaMM CTPOUTCS Ha
BEKTOpax-CllaraeMbIX KaK Ha CTOPOHAX, IPHUBEACHHBIX K OJHOMY Hadaly, JIHaroHajb
napaJuienorpaMma UCXOoIsIIasl U3 MX OOIIero Hayama, sIBISETCS CYMMOHW BEKTODPOB.

2. Boiuumanue nByX BEKTOPOB MPOM3BOUTCS TTOKOOPIMHATHO, aHAIOTHYHO CIIOKCHUIO,

c=a-b
TO €CTh €CIIH TO

2
c={xuyuzi={y al-nant=& -—xn-niz -2}

l'eomeTprueckn JBa BEKTOpa CKIAABIBAIOTCA [0 YXKE YIOMSHYTOMY IpaBUILY
napajuleJlorpaMMa  C  Y4€TOM TOTO, YTO Pa3HOCTBIO BEKTOPOB SIBISAETCS JAMArOHAIb,
COEMHSIONIAs KOHIBI BEKTOPOB, MpPHUYEM pE3YJIbTHUPYIOIIMI BEKTOp HaIpaBleH M3 KOHIA
BBIUMTAEMOT0 B KOHELl YMEHBILIAEMOTO BEKTOPA.

BaxxupiM ciieicTBUEM BBIYMTAHHUS BEKTOPOB SBISETCS TOT (PAKT, YTO €CIM H3BECTHBI
KOOpJMHAThl Hayajla ¥ KOHIIA BEKTOPA, TO 0/15 6bIYUCIEHUA KOOPOUHAM 6eKMOPA He00X00UMOo
U3 KOOpouHam ezo0 KOHUa 8bl4eCmb KOOPOUHAmMbL €20 Hauand. J|eicTBUTEIbHO, 000 BEKTOP

MMpOCTPAHCTBA AB MOXET OBITh MMPEACTaBJICH B BUAC PA3HOCTHU ABYX BCKTOPOB, UCXOAAIINX W3

4B-0B-0d

Haydajla KOOpaAWHAaT:
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Koopaunatsl BeKTOpOB 04 OB COBIAJAIOT C KOOpJAMHATaMH TOo4eK 4 U B, Tak Kak
Hayasio koopauHat ((0;0;0). Takum o00pa3om, MO MPaBUIy BBIYMTAHUS BEKTOPOB CIEIYET
MPOU3BECTU BHIYUTAHUE KOOPJMHAT TOUKH A U3 KOOPJIUHAT TOUKH B.

i-a= {}xj./i\.ﬂ'l./"z }
3. Ymnoscenue éexkmopa na yucno A NOKOOPANHATHO: A3 b
Ipu >0 — Bextop 9 conanpasinen ¢ ;1<0 — Bektop ““¢ NPOTHBONOIOKHO
HarpaBieH < ; IA|>1 — mmnHa Bextopa € yBenmuuBaercs B A pas; [A|<1 — JUTHA
Bextopa ¢ ymenbmaercs B A pas.
a=AB
4. Ilyctb B mpocTpaHCTBE 33jJaHa HalpaBieHHas npsMas (ocbh /), BEKTOP 3aJaH

KOOpJMHATaMH KOHIa ¥ Hadayna. O003HAYUM MPOEKIMU TO4YeK 4 M B Ha OCh / COOTBETCTBEHHO
yepez A  u B’

np ;a 7 {'B'

-~ 4“1 B
Hpoemmeu eeKkmopa a Ha ocb [ Ha3bIBAETCA JUIMHAa BCKTOpa , B3dTasd CO

It

3HAaKOM «t», €CJIIn BCKTOP - u OCh [ COHaIlIpaBJICHBbI, u co 3HaKOM «—

It

AB
», €CIIN ul IMIPOTHUBOIIOJIOKHO HAITPABJICHBI.

Eciu B kxadectBe ocu / B3ITh HEKOTOPBIM Jpyrod BeKTOp ¥ , TO MOIY4YUM HPOEKLHIO

Bextopa ¢ Ha BekTOp b

PaccMOTpuM HEKOTOpPBIE OCHOBHBIE CBOMCTBA IPOEKIIMIA:

1) mpoexims Bektopa ¢ Ha och / paBHAa NPOM3BEIEHUIO MOAYIA BekTopa ¢ Ha KocuHYC

np,a = |5| ‘COsS Q@

yria MeXay BEKTOPOM H OChIO, TO €CTh ;

2.) IpOEKIMsI BEKTOpa Ha OCh MOJOXKHUTENbHA (OTpULIATENIbHA), €CTIH BEKTOp 00pa3yerT C
OCBIO OCTPBIH (TYIIO#) YroJl, ¥ paBHA HYJIIO, €CIIH 3TOT yroJl — IPSIMOif;

3) IpoeKIHsl CyMMbI HECKOJIBKMX BEKTOPOB Ha OJIHY M TY K€ OCh PaBHA CyMMe MPOEKLUi
Ha 3Ty OCb.

Chopmynupyem  ompefeneHuss W TEOpeMbl O  TPOM3BEIEHUSX  BEKTOPOB,
MPEJICTaBIISIIOIIMX HEJIMHEHHBIE OTIepalluy HaJl BEKTOPAMHU.

5. Ckanapnoim npouseedenuem a-b BexTopoB ¢ u b naspsaercs wmeno (ckaunsp),

PAaBHOC NPOU3BCACHHUIO IJIMH 3TUX BEKTOPOB HA KOCHUHYC yrjia ¢ MCXKIYy HUMH, TO €CTh

a-b= |c7|-|b|-coscp
O4eBHIHO, UTO CKaJSPHBIN KBaJpaT JII0OOro HEHYJEBOTO BEKTOpa pPaBEeH KBaJpaTy €ro
JUIMHBI, TaK KaK B OTOM CIIy4ae yroil @ , TO3TOMY ero Kocunyc (B 2.27) paseH 1.

Teopema 2.2. Heo6XoauMbIM U JOCTAaTOYHBIM YCIOBUEM NEPIEHIUKYISIPHOCTH JBYX

BCKTOPOB SBJISACTCA PaBCHCTBO HYJIIO UX CKAJIAPHOI'O IIPOU3BCACHU A c:

Cneocmsue. HOHapHBIe CKaJIApHBIC TMPOU3BCACHUSA CAWHUYHBIX OPT PABHBI HYJIIO, TO

ectp ¥ 4
Teopema 2.3. CkansipHoe IIPOU3BENICHNE JBYX BEKTOPOB
a={x:yuz},b ={x:y2.}
: : e , 3aJ]aHHBIX CBOUMH KOOpJJMHATaMH, paBHO
CyMMe MIPOU3BEACHUI ux OJTHOUMEHHBIX KOOpJIMHAT, TO

€CTh
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C nomolIpI0 CKAJIIPHOIO IPOU3BEACHHSI BEKTOPOB MOYKHO BBIYMCIUTH YrOJI MEXKAY
HUMH. Ecin 3a/1aHbl JBa HEHYJIEBBIX BEKTOpA CBOMMU

a={x;:yipz}.b={x:y:z}
KOOpAWHATAMU . - - - , TO KOCHUHYC yIJla ¢ MCXXIAY HUMU:

a-b
cosQ=——

——, TO €CTb
a]- ]

COSgD: 2 ]'.V 2 9 4.
Jxl‘ +W +z -sz' +y, +z,

2

ub.

Ortcroza ciienyer yclioBHe TEPICHANKYISIPHOCTH HEHYJIEBBIX BEKTOPOB
X)X, + Y1V, +2,2, =0.

HaxoxieHue MpoeKnuu BekTopa ¢ Ha HampapieHMe, 3aJaHHOE BEKTOPOM b , MOXET
OCYILECTBIISATHCS 10 PopMyIie

- _a-b - XX, +YY,+22,
np-a=——, TOCCTb np;a= = =
. X 2 2
|b be +b " +b,

C IIOMOIIBIO CKAJIAAPpHOIO IMPOU3BCACHUA BCKTOpPOB HaxogsaT pa6 oTy

SR

IMOCTOSIHHOM CHUIIBI F Ha HpﬂMOJ’IHHGfIHOM Y4acCTKe IIyTH.

[Ipennonoxum, 4YTO TOA HACHCTBUEM IOCTOSHHOM CHJIbI /3 MaTepualibHas TOYKa

IIepEMEIIACTCS NPSIMOJIMHEMHO M3 IOJIOKEHUS A B IOoJI0kKeHue B. BekTop cuiibl F obpazyer

AB =S

YO @ ¢ BEKTOPOM MePEMEIEHHS - (puc. 2.14). Dusuka yTBEpKAAeT, 4TO pabora

cunst £ nipn nepememen S pasna 4 = F-5-cosp,TOCCTb A=F -5

- — -

= o—
A S B

CJ'ICI[OB&TCJ'IBHO, pa60Ta MOCTOSIHHOM CHJIBI Ipu HpHMOHHHCﬁHOM NEPEMCIICHUN TOYKH
€C MPUIIOKCHUSA PaBHA CKAJIPHOMY MPOU3BCACHUIO BEKTOPA CUJIBI HAa BEKTOP NMEPCMCIICHUS.

axb a b &

a
Bexkmopnvim npouseéedenuem BexTopa 4 ma Bextop Y Ha3smBaercs BekTop © |
YJIOBJIETBOPSIIOIININ CIIEAYIOLIUM YCIOBHSAM:

— ¢ nepnenmuxynapes Bektopam ¢ u b ;

= Bsn u
— WUMeeT JJIUHY, PaBHYIO ", rae@— yroia, oOpa30BaHHBIN

BCKTOpaMu a u b )

a,b HC o
— BEKTOpBI  ° 00pa3yroT MPaByIO TPOUKY.

Pemrenne 3agau:
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[pumep 1

— -
) _ 5 Z|=2 B|=5 <Z@i==
Haiitu ckanspHoe npousBeieHre BEKTOpoB ¢ u ¥ | ecnu b

Pemenne: Ucronszyem  dopmymy zb =fa| |b| cosL(@, &)

3

R T i _
Zh :}:1|-|b|-cosi(a,bj—2-5-::055—10-?—5\5

B  nganHoMm  ciyuae:

OtBer: zh = 5”‘E
[Ipumep 2

- Fl=3 H|=+2 135
Haiitn , ECIIH , @ YTOJI MEXIY BEKTOPAMU PABEH .
VYron Mexay BEKTOpaMU U 3HAYEHHUE CKAISIPHOTO MPOU3BEICHUS
B IIpumepe 1 ckaisipHoe pou3BeACHUE MOJYYHIIOCH TTOJIOKUTENIBHBIM, a B [Ipumepe 2 —
OTPULIATEIbHBIM. BBISCHHM, OT 4ero 3aBUCHUT 3HAK CKaJspHOrO mpousBeneHus. CMOTpUM Ha
T b= |§H§| cos S (@, B

Hamry (bOpMy.]'Iy: I[J'II/IHLI HCHYJICBBIX BCKTOpPOB BCCraa

7| = 0, |5| =0
MTOJIOXKUTEIIBHBI: |a| , IO3TOMY 3HAK MOXET 3aBUCETh TOJIBKO OT 3HAUEHUS KOCHHYCA.

YTon MexXIy BEeKTOpaMH MOXKET M3MEHSTHCS B Ipenerax U=z b)=x , ¥ TIPH ITOM
BO3MOXKHBI CIICYIOIINE CITyYau:
- T
0 <03 b)) <—
1) Ecnu yros Mexay BeKTOpaMH OCTPbIii: 2 (or 0 mo 90 rpagycoB),

TO cos L(Z &) > D, U CKAJSIPHOE TNpou3BedeHUe OyAeT MOJI0KUTEIbHbIM: b >0 Ocobprit

CIIy4aii: €cIM BEKTOPbl COHanpagiensl, TO yrojl MeXAy HUMH CUUTAETCS HYJIEBBIM Lid, b= D,

W CKalSpHOE POM3BeICHNE Takke 6yaer monoxutensabiM. Hockonbky 5080 =1 10 popmyna
7 F=a H
yIIPOIIaeTCs: .

z @B <
2) Eci yrost Mexay BEeKTOPaMH TYHO#: < (ot 90 nmo 180 rpanycoB),

1o COSL(E &) {D, U, COOTBETCTBEHHO, CKAJISIPHOE NPOM3BeACHHE OTPULATEIbHO: Zh <0,
OcoOblif city4ail: eciu BEKTOpPbI HANpaeieHvl NPOMUBONONO0NHCHO, TO YOl MEXIYy HUMU

L@ B =m

CUUTACTCH  PA3BEPHYMbBIM: (180 rpanycoB). CkansipHOE MpPOU3BEICHUE TOXKE

OTpULATENbHO, Tak Kak SO087T = ~1
CripaBeasiuBbI U 0OpaTHBIE YTBEPIKICHUS:

1) Ecnu Zh =0 , TO YroJl MEXJy JaHHBIMH BEKTOpPaMH OCTpbIi. Kak BapmaHT, BEKTOPHI
COHAIIPaBJICHBI.

2) Ecin Th < D, TO Yrojl MeXAy JaHHBIMM BeKTOpamu Tynoil. Kak BapmaHT, BEKTOpBI
HaIpaBJICHBI IPOTUBOIIOJIOKHO.
Ho ocoOwlif nHTEpec mpencTaBiseT TPeTHl ciayyail:

- T
(T B =—
3) Ecmm yroa mexmy BEKTOpaMHU MPSIMO¥i: 2 (90 TpaJlyCcoB),
cos— =10 -
TO U CKAJSIPHOE NPOU3BeJACHHE PABHO HYJIIO: Zh =0 OOpaTtHOEe TOXE BEpHO:
_r L@ =2
ecm E8 = D, TO 2 . KoMmakTHoO yTBepkIeHne dopmynupyercs Tak: CkajasipHoe

172



NMpoOU3BEICHME IBYX BEKTOPOB PAaBHO HYJII0 TOrAa M TOJbKO TOr1a, Koraa 1aHHbl€¢ BEKTOPbI

OPTOrOHAJIbHBI. KOpOTKaSI MareMaTn4dCCKasa 3a11ucCh: ab=0=alb

A uto Oyner, ecinu BEKTOp ¥ yMHOXHUTh Ha camoro ce0s? IIoHATHO, YTO BEKTOP
COHAIpABICH caM C COOOM, MOITOMY MOJb3yeMCs BBIIICYKAa3aHHON YIPOIICHHOW (HOpMYIIOii:
za=f| |4
za =|af
W

— — 2

Yucno ¢ Has3pIBaeTCS CKAJSPHBIM KBaJApaToM BekTopa ¢ |, m 0o003Havarcs Kak &

Takum 00pa3om, CKAJISIPHBIN KBaJApaT BeKTOpa ¢ paBeH KBaJAPaTy JAJIMHbI JAHHOIO
BEeKTOpAa:

_a |2
z* =l
W3 maHHOTO paBEeHCTBA MOXKHO MOJYYHTh (POPMYITY UIsS BBIYMCIICHHS JJITMHBI BEKTOpA:

ol

JInsi MpOM3BOJILHBIX BEKTOPOB z,b,¢ M MOBGOro umcia “ CIPaBEJIMBBI CIICAYIOIINE
CBOWCTBA:

1) abh=ba _ MepeMeCTUTEIbHBII WM KOMMYTATUBHBIN 3aKOH CKaJIIPHOTO
MIPOM3BEICHUS.

2) (@ +5)e =ac+bf _ pacnpeenuTeNbHbI WM AMCTPUOYTUBHBIN 3aKOH CKaISIPHOTO

IIPOU3BEICHUS.
3) (Ad) b =Aa5) _ ouerarempmpii ACCOMATHBHBIN 3aKOH  CKAJSIPHOIO
npousBeeHuss. KOHCTaHTy MOKHO BBIHECTH M3 CKAJIIPHOTO IIPOU3BEICHUS.
IIpumep 3
Haiitu ckajisipHOe TpOM3BEJEHHE BEKTOPOB & =—2g@+b yd=a-b , €CIIM W3BECTHO,

F|=4+2, [|=8, g(a-,&:):"g

4yTo .
Pemenue:
Fd=m

=(—2Z+b) (@-&)="1
=23 a+b a+2a-bh-h b=
=-2a3*+a b+2a b -E =1

=-2a+3ab -k ="

= _2|‘7|2 +3 |¢Y||5| cos (@, &) _|5|3 _ (8

:—2(4&)2+3-4ﬁ-8-cos’;—r—82:—64+96ﬁ-§—64:—32

HO}ICT&BJ’IS[GM BBIPpAXKCHUS BEKTOPOB £ d .
PaCKpBIBaCM CKOOKH 110 paBUIly YMHOKCHHA MHOI'OYJICHOB
B IEPBOM M TOCIAECAHEM CJIara€MOM KOMIIAKTHO 3allMCBIBAEM CKAJIAPHBIC KBaApaTbl

g=a', b-h=b"

BCKTOpOBZa. Bo BTOpOM cJlara€MOM HCHOJIB3YEM IEPCCTAHOBOYHOCTDH

=75

CKaJIAPpHOTO ITPOU3BCACHUA: b-a

TIpuBOAMM MOAO0HSIE craraemsble; & & +2& - & = 3Tk

—a _d
@ = o
B IIEPBOM CJjiIara€MOM HUCIIOJIB3YyEM q)OpMy.]'Iy CKaJILIpHOT'O KBaJpara | | , 0 KOTOpOHU
HEC TaK JaBHO YIIOMHWHAJIOCH. B IIOCJICAHEM CcCJlaracMoOM, COOTBETCTBCHHO, pa60TaeT Ta XK€
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5=l )
HITYKa: |b . Bropoe cllaraemMoe packiaasiBacM o CTaH/IapTHON
F-b =B ozl b
dbopmyie |ﬂ| |b| @.5) .
— —
Z|=42, B|l=8 Z@E)==
HOI[CTaBJIHeM JaHHBIC yCl10BuUAa 4 . u IIpoBOAUM
OKOHYATCJIbHBIC BBIYNCIICHUS.

Orger: 7d =—32
OTpHIAaTeNbHOE 3HAUCHHE CKAISAPHOTO MPOU3BEICHNS KOHCTATHPYET TOT (haKT, 4TO Yrod

MEXIy BEKTOpaMHU c.d SBJISIETCS TYIIBIM.
Pewenne ynpaxHeHuil:
[Ipumep 4
HaiiTi ckanspHOe mpom3BeJeHUE BEKTOpoB & = —& T 2b yd=-a+b , €CJIM U3BECTHO,
El=4. Fl=243. z@& =2
4TO 6
[Ipumep 5
L F|=3 Fl=2 z@B=Z
Haiitn iy Bextopa £ =% +32  ecm 3

Pemenue
1 2 3 4
F|= Fa+35|= iz +38)" = T —eab +356° = [f - 6 [a| B cos 2@ 5)+9 [ =
= \/32 -5.3. 2-cosg+9- re =J9—36%+36 =.[27=3.3

OTBerT: |'5_|= 3"-.'@ en. = 020 ex.
Lpuwmep 6

. =5 [|=10, ZL@&==
Haiitn nnuHy Bektopa © =< +é , €CITH .
IIpumep 7

Haiitu yron Mexay BekTopamu % u b , €CJIM U3BECTHO, 4TO |a|
Pemenne: Vicnonsszyem dpopmyiy:

@b 8 1 ‘\E _ '\E

cos (@ B = _ = =——=
@2) Bl | 4242 2 W2z 2
cosi(&;gjzﬁ i(&;gjzmccosﬁzi
Urak, ecou 2 , TO: 2 4

2(E.5) = g pam, = 45°

OTBeT:
[Tpumep 7

_ L@ 5=

i
7| = 3, El= 4 — -
HaHBI le |b| — JJIMHBI BEKTOPOB a , b H YTroJ MCXAy HUMH 3

. Haiitn

YTOIl MEXJLy BEKTOpaMu & = —ex +3b d=4a-3b
3ananue Jlaxe HE CTOJIBKO CIIOKHOE, CKOJIBKO MHOT'OXOJIOBOE.
Pazbepém anroput™ perieHus:
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1) Mo ycnoBuro TpeOyeTcs HaWTH yrojd MEXIy BEKTOpaMu © H d , TTOATOMY HY>KHO
cd

A

2) Haxoaum ckansipHOE MPOU3BEICHHE £d (cm. TIpumepbr NeNe3 4).

cos (8, d )=
UCIIOJIb30BaTh GOPMYITy

3) Haxonum JyIMHY BEKTOpa © U JUIMHY BEKTOpa d (cm. IIpumepnr NeNe5,6).

4) Konmoka pemienus copnaaaer ¢ I[Ipumepom Ne7 — HaM M3BECTHO YHCIIO , a

_ = £d
20T, d ) =atcoos [W}
3HAYMT, JIETKO HAUTHU U caM yToJ:

Kpatkoe penienne u 0oTBET B KOHIIE ypOKa.
Bropoii pa3znen ypoka HOCBSILEH TOMY € CKaJISIpHOMY Ipou3BejeHut0. KoopauHatsl.

byner paxe mpoiie, 4eMm B MIEPBOIl YACTH.

[Ipumep 8
Haiitu CKaJISIpHOE MIPOU3BEICHUE BEKTOPOB:

a) F(2-3) A(-1.0)
0) AR u AC , €CJIIY TaHBI TOYKH AL, -1,3), B0, 1, —-2), 4, -4, 0)
Orser: &) ah=-2 E)AF. AC=6
IIpu HEKOTOPOM OIBITE CKANAPHOE IPOM3BEACHHE MOXKHO NPHHOPOBHTBCS CUUTATh

YCTHO.

[Ipumep 9
Jlaub1 YETBIpe TOUYKH MPOCTPAHCTBA

A=4 -3 -2, B(2 -2, -3, C(-8,-5 1), D4, -3 -1 BhISCHHTS GymyT -
MEPHIEHIUKYIISIPHBIMU CIEAYIOLIME PAMBIE:
A8, DT
a) ;
6) AC, 8D '

[Ipumep 10

[Ipu xakom 3HaYEHUU A BEKTOpHI % (3 A-2,e2-A4-13) OyIyT OpPTOTOHANBHBI?

Pemenue: [Io ycioButo TpeOyeTcss HaWTH TaKoe 3HaUEHHWE TapaMeTpa A , 9TOOBI
JTaHHEIE BEKTOPBI ObLIH OPTOrOHAJIBHEI. [Ba BEKTOpa

NEL AR P Wiy Wy
MIPOCTPAHCTBA 0 vy v), 0wy g, v OPTOTOHAJIbHBI TOrga " TOJIBKO TOT/A,

xorma V1Y TVavz t v = 0

CocraBuM ypaBHEHHE:

ah =10

2=+ (-D+(-2).5=0
PackpbiBaeM ckOOKM U IPUBOAMM MOAOOHBIE CllaraeMble:
£-31-1-10=10

-4A-4=0

Pemraem npocreiiniee mTMHENHOE ypaBHEHHE:
-4i=4

A=-1

OrtBert: pu A=-1

ITpumep 11
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[Ipu xakoM 3HaAYCHHUH A CKaJSIPHOE IIPOU3BEACHUE BEKTOPOB a(z )bz -3) Oyner

paBHO —27?

HaiiTu cKaIsipHOE IpOU3BeIeHHe BeKTopoB ¢ u 2€ 2 ecm © 0 =3 3),4(=410)
DTO mnpuMep U CAMOCTOSITEIBHOTO — pElICHHsS. 3Jech MOMKHO  HCIIONb30BaTh

aCCOLMATUBHOCTH OIEPAIIUH, TO €CTh HE CUUTATH & =30-32=(0-%15) , @ Cpasy BBIHECTU
TPOIKyY 3a MpeeNbl CKAISPHOrO MPOM3BEICHHS M JOMHOXHUTH HA HEE B MOCIEMHIO OUYEPE/Ib.
PelieHue U OTBET B KOHIIE YPOKa.

B 3akouenue naparpada npoBOKaIllMOHHBIN IPUMEP Ha BHIYUCIIEHUE JUIMHBI BEKTOPA:

ITpumep 12

JIaHbI TPU BEPIIUHBI TPEYTOJbHUKA A(-1.0), 5(3, 2). €5 -4 | Yajirn L4BC (yrou mpu
BepumHe & ).

Pemenue: [1o ycinoBuio yepTéx BBIOIHATh HE TPEOYeTCs, HO BCE-TaKU:
‘l : ‘ : H

Haiiném BekTOpBHI:

BA(-1-30—2)= BA(—-4. - )
BC(5—3 —4—-21= BC(2.—6)
Breruncianm CKaJIApHOC IMPOU3BCACHUC!
BA BC=—4.2-2.(-6)=-8+12=4
" JAJIMHBI BEKTOPOB!

|E|= Ji=? = = 164 = 20=2.5
|ﬁ|= S+ -6% = 4136 = a0 =210

Kocunyc yrna:

— — BAd.BC 4 1 1
cosA(BA BT = — = = =
( ) g 50| 245 2010 J500 sz
cosi(ﬁ;ﬁ)ziﬂ'gc = —4-2-2-(4) =
BA|- BT J? + -2 2+ (-6
—8+12 4 4 4 1

T JI6+4 JA+36 2040 300 2042 542

Haitném cam yrour:

e 1,43 pag. = 82°

i(ﬁ; E} = arccos

1
5402
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1
SZABC = arcoos = 1,43 pag. = B2°
OTtBerT: 5\'@

[Ipumep 13

B MIPOCTPAHCTBE 3a/1aH TPEYrOJIbHUK KOOpPJAMHATAMHU CBOUX
BEPILINH ALTL D, 430,00, 4(23.7) . Haititu yron mexy cTopoHamMu A4 u A4,
[pumep 14

C NOMOIIBIO CKATIPHOTO MPOM3BEACHHS BEKTOPOB HANTH YroJI IIPU BEPILMHE 4 NapajuiesiorpaMMa
"AB — r ‘f)' 1 AT — oy S 1
ABCD, moCTpOeHHOTr0 Ha BEKTOpax AB =8:2;05 H AC {3’ 3Ly
Pewenue. BerancnuM MoJyiM BEKTOPOB U UX CKaJISIPHOE MPOU3BEIEHUE 110 TEOpEME:
4B =8 +27 +0> = J68;  |AC|= 3> + (- 5F +(~1) = 0+25+1 =4f35;
AB-AC=3-8+2-(-5)+0-(-1)=14.
Ortcrona cornacHo gopmyiie (2.29) noiay4uM KOCUHYC HCKOMOTI'O yriia

cosQ =

S T 0,3. ClemoBaTelbHoO, £ @ = arccos0,3 ~72°
A[68-4/35

IIpakTu4yeckasi padora Ne 77

Tema 13.3: IIpakTHKO-OPHEHTHPOBAHHEIC 3aa4l Ha KOOPAUHATHOM IIIOCKOCTH
Henab: Hayuntbes pemars 3a1a4u Ha KOOPAMHATHOM IMIIOCKOCTH

Teopernyeckasi 4acTh:

&———  TlnocTeHnme BEI[EI'-IHB EOODIMHMHATEE
1. Koop opmaTei cepemiHET oTpeska i

2. J M eKTona (TI0 eT0 K00p IHHA TaM)
Tk

24

;A{Ii: y£: 2i) A
| f Tl 2) :

: k|
Blxy; ys 23) o
........................... —- H W g A.{.
X ¥ ) [
. . : A,
KoopaiHI TR (D enIHET TOYKH (5 X Y2} : S
EEKTOpA /18 : Fx
BREIMHCIIAETCAIIO 0 . . Lo
_ % $1F'u1'[5‘&UI’Ez 21122 JIHED Ee Topa ey 2]
Civ yas = — ;

) : § ERIUHCILE TCA IO QD@EE
Z Z Z |ée] = v xd by b g
Famedas koapdiHama cepetiiHel QIPEINT PasHR
FUOIVCVAMAE © O S8 I HEVIITLYLD, KO POILHA W 820
HOHIE. :
L
3. Paccroamme I;n?mm* IEVMA TOYKAMIL
i

MalXs Yo Ty)

PaccToammie MEeFTY TEYILA TOYEANIT
H

Pemrenne 3agau:
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1. Haiinure koopamHaTsl BekTopa A%, ecnm A3 =1y #{2 14}

Mano: Pewenue:
ML ~L4) | FExya =2 -5 (-0~ (151~ 23a8 Koop
""" fe-1;{h 2} IMHATBI BEKTOpPa 10 JBYM TOYKaM.
***** iy 2) Haxoaum xoopauHaThl BEKTOpa: U3 KOHIIA
BEKTOpa BBIYMTAEM 3HAYCHHE KOOPAMHAT Hayaja
AB BCKTOpA.
-9

Omeem: " AB™"" {—1;0;2}

2 Touka A — cepenuna otpeska A#. Haiiqure koopaMHATBl TOYKH A1,

ecm Af 3 —di g
g2, 0%,

Hegia:
A T -
{3"" 2{,_:' L]§ lw?{?i 1_.' G T
Miv v a7 Ayt

-H’ {’ I .-y-; @ /.

1 FoopmuHaTEL cepe MUHET BeRTOpA (o

Pericie:
M)
N Nl G s A

g2 Z
R N R AR s N
e e T PR

F i "

Cols 250 1

Ererean: M{—T1: 2.0, -2
3. Haiipure Uiy BekTopa ﬁ, eciu

Hanao:

Pewenune:

A0=1;002) b RS posiopi 10 2l BB

........ +

g e
B(L -2:3) | AH = Jef

Bl ns s gUIMEA TRE BOK L,

i‘,{l{;i a ?‘ ‘:;;E Loan J:Ixz ..... .x-j; }:’_2 }:";; z:.r 2_1?
Thoone 2ulssas 1 EBoPar sy IS S K FODEE

ﬁﬁﬁﬁﬁ

Emiacim: |;’-Ew§ | a1

e ——

{ I ; : pu
Al mé{lw{mi}}2+{{w2}mf}} {3 TP w2 T VY

4. Jaus! Bektopsl f13: -4 41, #{2 3 11 u £~ 3: 2: 1}, Haiimure jéi + B}
J Pewenue:
ano:
afd -2 1% Hait
- alileM  CyMMy  COOTBETCTBYIOIIMX  KOOPJMHAT
BEKTOPOB:

d o+ b -9
o BT 121 22 = VR

Omeem: i+ B =%

HOI[CTaBI/IM 3HA4YCHUA KOOPpAWHAT:
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3agayaNes. Hantu naowaab TpeyronbHUKA,
BEPLUMHbI KOTOPOro Haxo4ATcA B Toukax A(2;-3),
8(111)1 C('615)

3anady O4€Hb MPOCTO PEHIUTH, BOCHOIb30BaBIIMCH

dbopmyrioit

S :%[(xl —x3)(y2 —y3)—(x2 —x3)(y1 - J’3)]

B KOTOPOM HY’KHO B3SITh X; = 2, X, = 1, x5 = -6,

y1=-3,y,=1,y;=5.
[Toxacrasnss 3Tu yucia B GOpMYITy, TTOJTYIUM

S=12 kB. en.

6. [Toctpouts TpeyrosnbHuk ¢ BepmmHamu 4 (— 4; 2), B(0; — 1) u C (3; 3) u onpenenurs

€TI0 IICPUMCETP U YTJIbI.

Pewenue. YToObl BBIYHCIUTH TEPUMETP HEOOXOAMMO HAWTH JJIMHBI CTOPOH

TpeyroibHuKka. Haiinem anunel cropoH no dopmyne (1):

Torna

dy =AB =y/(0+4)? +(- 1- 2)> =/16+9 =5
dy =BC =y/(3- 0)> +(3+1)? =9+16 =5
dy =AC =\ (3+4)* +(3- 2) =49 +1 =50 =542

[Tepumerp BerurcauMm o popmyne p =di +d» + ds, 1. e.
p =5+5+5+2 =5(2+~/2) =171

Belnonaum uyeprex.
Tak kak TpeyrojibHUK pPaBHOOEAPEHHBIA, TO YIJbl IPU OCHOBAaHUU PaBHBL, T. €. O = Y.

B=180—-a—-a=180—-2-a
ITo TeopeMe KOCUHYCOB HaiiieM yrod o
BC?=AC?+ AB* + 2-AC-AB-cos o.

52 :(5\/5)2 +52 - 2552 cosa

N

0 _v2
5042 2

2

25:50-1-25-50-\/50)5(1 = cosa =
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T
o =—
T. €. 4= 45° 3pauut B = 180° — 90° = 90°. Ciie0BaTENBLHO, TPEYTOILHUK SBJISAETCS

MPSIMOYTOJIbHBIM.
7. Jausl BepmuHbl Tpeyroibauka ABC: A (1; 5), B (9; 10); C (10; 3). Onpenenuth
KOOPJIMHATHI TOUKH MEPECEUEHUsI MEIUaH TPEYrOJIbHUKA.
Pewenue. CrHavasia HailieM KOOpAMHATHI TOYKH D cepelMHbl OJHOM M3 CTOPOH,
HanpuMep cTopoHbl AB. [{ist aToro Bocmonb3yeMes hopmynoit (3):
149 5+10
= =§ y=
2
Touka M, B KOTOpOU MepecekaroTcss MeAuaHbl, AeaUT O0Tpe3oKk CD B oTHomieHuu 2:1,
cuutas oT Touku C. CnenoBaTenbHO, KOOpAUHATH TOUKU M onpezenstores o gopmyinam (2):

X =75

X_x3+2xD _10+10 _E_ _y3t+2yp _3+15 —6
1+2 3 37 Y 142 3 _
ml 226l
Omeem: 03 I

8. M3Bectubl Touku A (— 2; 5),B(4; 17) — xoHmsl otpe3ka AB. Ha 3toM orpeske
HaxoauTcst To4yka C, paccTOsHUE KOTOPOH OT TOYKH 4 B JBa pas3a OoOJbIIe pPAaCCTOSHUS OT
Touku B. Onpeaenutb KoopauHaThl TOUKH C.

Pewenue. Tax xak |AC| = 2-|CB|, to A = |AC|:|CB| = 2. CiegoBaTensHo,

_-2+24 6 _, _5+217 39 _
T o1+2 3 T 1+2 3
Omeem: C (2; 13).

13

b

IIpakTnyeckas padora NeS2
Tema 9.3 KontponbHas padoTa 1o pazaeny 9 «KoopanHaTel 1 BEKTOPBI»
Heab: [IpoBepuTh ypoBEHb YCBOCHHUS TaHHOTO MaTepuana mo paszneny 13 «KoopauHatel
H BCKTOPBD»

Ilpu pewenuu 3a0anuini 1-4 3anuwiume npaguibHLIL OmMeem U3 UYemulpex
npeooIceHHbIX.

1. (1 6amn) Hausl Touku A(1,0,5), B(-2,0,4), C(0,-1,0), [1(0,0,2). Kakue u3 HuX nexar Ha
KoopAuHaTHOH npsiMoit Oy?

A)A;B)B; B)C; IN) L.

2. (1 6amn) Kakue u3 BextopoB a(1,0,-1), c¢(1/3,2/3,-2/3), B(1,1,1), p(0,0,-2) sBnsroTcs
€IMHUYHBIMU?

A)a;b)c; B)B; I') p.

3. (1 6amr) Kakue u3 Bexropos a(1,2,-3), ¢(3,6,-6), B(2,4,-6) korumHEapHBI?

A) a, B; b) ¢, B; B) a, ¢; I') konnmuHeapHbIX BEKTOPOB HET.

4. (1 6amm) Hamer Touku A(2,0,5), B(2,4,-2) C(-2,6,3). CepenuiHOil KaKoro OTpe3Ka
sBisiercs Touka M(0,3,4)?

A) AB; b) BC; B) AC; I') CB.

Ilpu ¢vinonnenuu 3ad0anuii 5-8 3anuuwiume x00 pewieHuA U NOJIYUEHHbLIL Omeent.

5. (2 6amna) Jauel Bexktopsl a(-6,0,8), B(-3,2,-6). Haliaure ckansipHoe mpou3BeaeHUE
BEKTOPOB.

6. (2 6aa) [Tpy KakKMX 3HAYEHUAX 11 BEKTOPHI A (4,11,2), B (1,2,I1) neprneHauKyIspHbI?)

7. (2 6amma) Hanmsl BekTopwl a(-6,0,8), B(-3,2,-6). Haiinure KocMHYyC yria MexAy
BEKTOPaMH.

8. (2 6ayna) lansl Bexktopsl B{3,1-2}, ¢ {1,4,-3}. Haiitu nnuny BekTopa 2B-C.

Smanonuvt omeemos:
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