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1. ]_le.]'lb n 3aJa491 U3YUYCHUSA TUCHUITINHBI

Lenb TuCHMIUIMHBL: opMHUpOBaHUE Habopa oduIenpodeccHoHaNbHBIX KOMIIETEHIIMH OakanaBpa
1o HarpasieHuto noArotoBku 09.03.02 «MHpopMaMOHHbBIE CUCTEMBI U TEXHOJIOTUNY.

3amaun OCBOEHUS TUCHMIUIMHBL: (HOPMUpPOBAHHE MPEACTABICHUN O POJIM U MECTE MaTeMaTHKH
B COBPEMEHHOM MHpE, JTamax pa3BUTHS, YHUBEPCAJBHOCTH €€ TMOHSITHH W MpelCTaBICHMIA;
(opMHpOBaHHE YMEHUH KOHCTPYHUPOBAHUS M aHAJIN3a MaTeMaTHUECKUX MOJee 00bEeKTOB, CUCTEM U
MPOIIECCOB MPHU PEIIEHUH 3a7a4, CBSI3aHHBIX cO cepoit Oyaymel mpodecCHoHaTbHON NeITeTbHOCTH;
OBJIAJICHUE HABBIKAMU TOYHOI'O M C)KAaTOTO BBIPAKEHUS MaTEMAaTUYECKOM MBICIM B YCTHOM U
MMCbMEHHOM H3JI0’KEHUH, C UCIIOJIb30BAHUEM COOTBETCTBYIOIIEH CHMBOJIMKH.

Ilenbro mpoBeAEHNS NPAKTUUECKUX 3aHATHI 110 TUCLUIUIMHE SBJISIETCS Pa3BUTUE JIOTHYECKOTO
U aJITOPUTMHUYECKOTO MBIIIICHHUS, (OPMUpPOBAHUE 3HAHUN MO OCHOBHBIM pa3jieiaM JUCHUIUIUHBI,
HEOOXOJUMBIM CTYJIEHTaM KakK JUIi OCBOEHHUS 0a30BBIX M CIELUUAIBHBIX AMCLUUIUIMH, TaK U IS
JTaTbHEHIIIeH caMOCTOSATEILHOM paboTHI.

B Xxoze npakTHMUeCKOro 3aHATHs CTYJEHT YUYUTCS JIOTUYHO, $ICHO, YETKO, I'PaMOTHBIM
MaTeMaTHYECKUM SI3bIKOM HM3J1araTh CBOU MBICIH, IPUBOJIUTH J0BObI, (POPMYIHMpPOBATH APIYMEHTHI B
3alUTy CBOEH MMO3ULIUN.

Ha 3aHsATUM CTyIeHT omupaeTcss Ha CBOM KOHCIEKTHI, CIEJaHHbIE Ha JIEKLIUH, COOCTBEHHbIE
BBIMHUCKU U3 YYEOHUKOB U CIIOBAPHO-CIPABOUHYIO JIUTEPATYPY.

2. Ob0opynoBaHue U MaTepUAJIbI
[IpakTryeckue pabOTHI MO IUCHHILINHE «MaTeMaTHUeCKUil aHaNIM3» MPOBOAATCS B yU4eOHOM

AyJuTOpUun ¢ MyJIbTUMCIHA O60py,[[OBaHI/IeMZ IIPOCKTOP, KOMIIBIOTCP, OKPaH HaCTEHHBIH.

3. HammeHOBaHMe NPAKTHYECKHUX PadoT
CTyneHThI 3a09HOM (hOpMBI 00YUICHHUS BRITOIHSIOT paboThl Ne 3-4, 6-7, 8-9, 14-15, 21, 23, 25, 31

Ne HanmeHoBaHMe TeM THCHMILUIMHBI, HX KPaTKOE CO/IEpKAHUE Oobem W3 Hux npakTHYeckast
Tembl 4acoB MOJAr0TOBKA, YaCOB
AUCIA
TJIUH

bl

1 cemectp
1. Ilpemenmsr w  HenpepblBHOCTb.  CHocoObl  3amaHus 8 8
2 TIOCIIEI0BATEILHOCTH. Beruncnenue npezena

MOCJICA0BATCIIBHOCTHU € MMOMOLIBIO OIMPEACICHUS. OI‘paHI/I‘IeHHLIe
1 HCOT'PAHUYCHHBIC ITOCIICA0BATCIBHOCTH.

2 2. Ilpemensl ¥ HempepbIBHOCTb. BrluucieHune mnpezena 8 8
MOCJIENOBATEIBHOCTH. YHUCIIO €.

2 3-4. TIpenensl 1 HeIPEPHIBHOCTE. Brrancienue npeaesna GyHKINH. 8 8
OJIHOCTOPOHHHUE MPEACNIbl (DYHKITHIA.

2 5. llpemensl W HENPEPHIBHOCTh. 3aMedaTeNbHBIC IIPEICIHI. 8 8
OKBHBaJICHTHBIE OECKOHEYHO MaIbIe.

3 6-7. ubddepennmaapHoe ucuucieHue (GYHKOUHA  OIHOM 8 8
[IEPEMEHHOM. IIpou3BomHBIE  HEKOTOPBIX  BJIEMEHTapHBIX
¢yukiuii. OcHOBHBIE MpaBuiIa qubhepeHIIMPOBAHMSL.

3 8-9. JuddepennuaipHoe ucuucieHHe (GYHKIUHA  OJHOM 8 8
nepeMeHHoi. [uddepeHnupoBanre CIOXKHOW W 0OpaTHOM
GYHKIHH.

3 10. 'eomeTpryecKuil 1 MEXaHUUECKHU CMBICI TPOU3BOIHOM. 8 8

3 11-12.IudpdepennpoBanne  HESIBHBIX M [apaMETPUUYECKH 8 8

3agaHHbIX (yHknumit. Jlorapupmuyeckoe nuddepeHIpoBaHue.
[Tpon3BoiHBIC BBICIIMX MOPSIKOB.

4 13. Ilpunoxxenus: npoussogHoi. IIpasuno JlonuTans packpeITus 8 8
HeonpeneneHHocred. @opmyna Teinopa ans MHOrouwleHa.
Dopmyna Teliaopa It IPOU3BOJIBHON (DYHKIHU.

4 14-15.Bo3pacranue u yobBarue GyHKIHH. DKCTpeMyM (QyHKIIHH. 4 4
Bremyknocts rpaduka ¢pyakmun. Touku meperuba. ACHUMIITOTEHI
rpaduka GyHKIHH.




4 16. OOmas cxema wucciaenoBanus (QYHKIUHA W TOCTPOCHUS 8 8
rpaduKoB.
5 17-18. duddepentman ¢ynxkunu. ['eomerpuueckuil  cMbICT 8 8
muddepennmana ($yHKIHIH. OcCHOBHEIE TEOPEMBI 0
muddepennmanax. IIpumenenue muddepennmana K
OpUOIIKEHHBIM ~ BBIYMCICHHAM.  uddepeHunansl  BBICIINX
HOPSAKOB.

Hroro 3a 1 cemecTp 36 36
6 19-20. Tabnuma OCHOBHBIX HEONPEACICHHBIX WHTETPajoB. 2 2
[Ipocreiimue CBOICTBA HEONPEIEIIEHHOTO HHTErpana.
HenocpeacTBeHHOE HHTETPHPOBAHUE.

7 21. 3aMeHa TIepEeMEHHOW B HEONpPEIENCHHOM HHTETrpae. 1 1
HaTerpupoBaHue IO YaCTSIM.
7 22. VHTerpupoBaHue dJIEMEHTapHBIX Apobel. MHTerpupoBanme 1 1
paIMOHATBHBIX (YHKITHI
8 23. Cnioco0Obl BBIUKMCIICHUS OTpeieJieHHOro nHTerpaina. dopmyia 1 1
Herorona-JleitOnuma. 3aMeHa MEpeMEHHOH B OIPEICICHHOM
uHrerpane. @dopmyna  MHTErpUpOBaHUA IO  4acTsIM B
OINpE/IeTICHHOM HUHTErpae.

9 24. TeoMmeTpuuecKHe NPUIIOKEHUS OMPEJEICHHOTO HHTEerpana. 1 1
[Tnomane mmockoi ¢urypel. O0beM Tena. J{nuHa xyru KpuBOH.
[Tomaib MOBEPXHOCTH BpAICHUSI.

10 25. UYactHble TNpPOU3BOAHBIE MEpPBOro mnopsaaka. YacTHble 1 1
MIPOM3BO/IHBIC BBICHIMX MOpSAKoB. [lomublid anddepeniman
GyHKIHN. Juddpepenmmanst BBICIITUX TIOPSIAKOB.
JnddepeHimpoBanue CI0KHBIX H HESIBHBIX (DYHKIUIA.

10 26. KacarenpHass M1 HOpManb K MOBEpXHOCTH. [Ipom3BomgHas mo 1 |
HanpasJeHuio. ['pagueHT.
11 27.  DkctpemyM  (DYHKOMH  HECKONBKHX  IEPEMEHHBIX. 1 1
Heobxoaumble W JOCTaTOYHBIE  YCIOBHA  JKCTPEMyMa.
HanGonpuree u HauMmeHblIee 3Ha4eHHS (YHKIUH B 3aMKHYTOH
obsacTr. Y CIOBHBIN dKcTpeMyM. MeToa MHOXuTenel Jlarpamxka.

12 28. CBoiicTBa JBOMHOrO MHTErpaia. BelaucieHne B JeKapTOBBIX 1 1
KOOpAMHATAX.

13 29. IlpunosxeHusi ABOMWHOTO UHTETpaa. 1 1

14 30. duddepeHunanbHble ypaBHEHHS C  Pas3JCISIFOLIMMUCS 1 1

NEPEMCHHBIMU. OL[HOpOZ[HLIe YpaBHCHUA. JIuneliHbIe YpaBHCHUA.
ypaBHeHI/IH, IIPUBOJUMBIC K JIMHEHHBIM.

15 31. YpaBHeHHs BbICIIET0 MOpPsAKA, AOMYCKAIOIIME MOHIKEHHE 1 1
nopsiaka. JluneitHele nuddepeHnnanbHble YpaBHEHHUS! BBICIIMX
HMOPSAKOB.

16 32. Cucremsl muddepeHnnanbHbBIX ypaBHEHHH, OCHOBHBIC 1 1

moHATHs. VHTerpupoBaHWE HOPMANbHBIX cHcTeM. CHCTEMBI
YPaBHEHMH C MOCTOSHHBIMU KO PHUIIMESHTAMH.

17 33. Tlpu3HaKu CXOOUMOCTH YHUCIOBBIX psmoB. HeoOxommMmerii 1 1
MIPU3HAK CXOIUMOCTH YHCIOBOTO psma. JloctaTodHble MpU3HAKH
CXOAMMOCTH 3HAKOIOCTOSHHBIX PSIOB: NPU3HAKH CPaBHEHUS,
npusHak  Jlamambepa, npuszHaku ~Komm.  OO600meHHBIH
TapMOHHYECKHUH Psifl.

17 34. 3nakouepeayrouiecs U 3HaKOMepeMeHHbIe psnbl. Ipu3Hak 1 1
Jleiibnnma.  OOmmiA  OCTaTOYHBIM  NPH3HAK  CXOAWMOCTHU
3HAKOIICPEMEHHBIX PSIIOB. AOCOIOTHAS M YCIOBHASI CXOJIUMOCTH
YHCIIOBBIX PSJIOB.

HToro 3a 2 cemectp 16 16

4. Conep:kanue NpakTU4YecKux pador

Pa3nen 1. BBenenue B aHams.

Tema 2. IIpeaennbl U HeNPEPBHIBHOCTD.

IIpakTnueckoe 3ansatue 2.1. Ilpeneasl u HenpepbIBHOCTL. Croco0bl 3ajaHUs MOCIEI0BATEJLHOCTH. BoIunciienue

npeaeJia NocJaeJ0BaTeIbHOCTH ¢ IOMOIILIO onpene/ienusa. OrpaHn4eHHbIe H HCOTPAHUYECHHBIE M0CIeJ0BATEIbLHOCTH.
Ecnmu mo HeKOTOpOMY 3aKOHY Ka)KAOMY HaTypalbHOMY 7 TIOCTABIEHO B COOTBETCTBHE BIOIHE ONPEACICHHOE YHCIIO

dy, TO TOBOPAT, YTO 33jaHa YUCIIOBAs OCIENOBATENbHOCTE: {a,}: df, A2, ..., Uy, -



d, — YJICHBbI MOCJICAOBATCIBHOCTH 3aHYMCPOBAaHbI BCEMU HATYpPaJIbHBIMU YHCJIaAMU WU PACIIOJOXKCHBI B MOPAAKE
BO3pacTaHnsd HOMEPOB.

HpI/IMepLI YHUCJIIOBBIX HOCHGHOB&TCHBHOCTCﬁZ

1) a,a+d,...,a+(n-1)d, ... - apudMeTHyecKas Mporpeccus.

2) b, bgq,....bq"!, ... - TeoMeTpHYUECKas IPOTPECCH.

3) 1,4,1,41,1,414,1,4142, ... - mOCIeA0BATEILHOCTD JECATUIHBIX MPUOIMKESHUN K \/ 2 , CO BCE BO3pacTaroniei
TOYHOCTEIO.

WHora nmocnenoBaTesIbHOCTD 33/1a€TCS TEM, YTO YKa3aHO HEITOCPEACTBEHHO BRIpAXKEHUEM I a, (pumep 1, 2). B
JPYTHX CIydasx HaM MOXKET OBITh HEW3BECTHO BBIpKCHME JUI OOIIETO wWieHa a,, Kak B mpuMepe 3. Tem He MeHee:
MIOCIIEA0BATEIbHOCTD CUMTAETCS 3aJaHHOM, €CITM MBI BIIaIEEM IIPaBHUIIOM, TI0 KOTOPOMY MO>KET OBITh BBIUHCIICH JIFO00 WieH
TMIOCIIEA0BATEIbHOCTH JIUIIb TOJIBKO U3BECTEH €TI0 HOMED.

[Ipenen uncaoBoi mocaeq0BaTENbHOCTH

1o Do
JlaHa moc1en0BaTeNnbHOCTS | 1 + ———\7 . Bomumiem ee uneHs
i p
n=1 n=2 n=3 n=4 n=5 n=6 n=7
0 3 2 5 4 7 6
ar= ar=— az=— a=— as=— a=— a=—
2 3 4 5 6 7
H300pazum wnenvl 3moit OC1€008aMENbHOCHIU HA YUCT080U OCU:
¢ G A b % %
0 2 4 6 1 7 5 3
3 5 7 6 4 2

MO’KHO 3aMETHTb, YTO YWICHBI TOCIIEIOBATENFHOCTH @), C POCTOM 71 KaK YTOJHO OJIM3KO MPHOIKAIOTCS K SIMHULIE.
[Ipu 5TOM aOGCOMIOTHAS BEIMYWHA PA3HOCTH  |a@,-1| cTaHOBHTCS BCe MEHbBIIIE U MEHbIIE. [IeHCTBUTEIHHO:

la;-1]=10-1|=1 |a2-1|=\5—1|=— las-1]=|—-1|= — ut.n

2
(_ 1)’7 1
——=-1=, 1e. ¢ poctoM 7 |a,-1| Oymer MeHbmme IIOO0OTO CKOJIb YTOTHO MAajoro
n n

la,-1] = |1 +

IMOJIOXKHUTCIIBHOI'O YHCJIa.

Yuciio A Ha3bIBaeTCS MPENESIOM YHCIIOBOM MOCIEI0BATENBHOCTH {d,} €CU IS JII0OOT0 CKOJIb YTOJHO MaJoro
MOJIOKUTENbHOTO 4YHcia €>(0 cymectByer Takoi Homep N (3aBucsaummii or €) N = N, 4YTO A BCEX UJIECHOB
I0CIIEI0BATEILHOCTH ¢ HOMepaMu #>N BEpHO HEPaBEHCTBO |a,-Al<e

[Ipenen uncinoBoi MOCIEeI0BATEIEHOCTH 0003HAUACTCS lim a, =A wm a, ® A4 mpu 1 ® ¥ .
n®¥

I/IHOFﬂa TOBOPAT, UTO €CJIN A ecth npeaes YHUCJIOBOM IoCICA0BATCIIBHOCTH {an JL , TO 9Ta MOCJICA0BATCIIBHOCTh
CXOOUTCA K A. Cwmbicn OIIpCACIICHUA MTpCaciia YHCIIOBOM IoCICaA0BATCIbHOCTHU COCTOUT B TOM, UTO AJISI JOCTATOYHO OOJIBIINX
N YICHBI MOCJICA0BATCIIBHOCTH Cln KaK YyroaHo MajJiO OTJIMYaroTCA OT YHrciia A. BaxHo OTMETHUTH, YTO HOMEP N, BOO6III€

TOBODs, HE MOKET OBITh YKa3aH pa3 M HABCET/IA: OH 3aBHMCHUT OT BbIOopa uncia € . [Ipu ymenbinenun € , COOTBETCTBYIOIIHIA
HOMep Ng, BOOOIIIE TOBOPS YBEIUIHBAETCSI.

Jl1si reoMeTpUYIECKON MHTEPIIPETALUY IOHATHS IPE/IeNa YUCIIOBOH IT0CIe0BaTEIbHOCTH PACIUIIIEM HEPABEHCTBO:
a, - 4 <e
-€e<a,- A<e
A-e<a ,<A+e
U306pasum uncna A, A + €, A-€ u 3Ha4yeHne (I, TOYKaMU Ha YMCIIOBOH ocu. [loyunM HATIISAHO rEOMETPUYECKOE
HCTOJIKOBAHHE TIPE/IEIIa MOCIECI0BATEIbHOCTH:

A-e A A+e
[ ] [ ] [ ]

v - Ay o
Kaxoii ObI MabIi OTPE30K (HHI/IHBI Ze) C IEHTPOM B TOYKE A HI B34Th, BCEC TOYKH an HayrHasg ¢ HEKOTOPOU U3 HUX

JOJDKHBI TIOTIACTh BHYTPH 3TOTO OTPe3Ka (TakK, YTO BHE €ro MOXKET OCTATHCS JIUIIb KOHEYHOE YUCIIO ATHX TOYEK).
IIpumep
[Tonp3ysich onpeaeneHneM npeena Mmocie0BaTeIbHOCTH, 10Ka3aTh, 4YTO

Hm &, = a.
n—o



ITnan pemenus:
1. Ilo onpejgereHnIO YUCIO @ HA3KIBAETCA NPedeaom UUCAL060T nocae-
dosameavnocmu {a, }, ecam

Ve >0 dN(e): n> N(e) = |an — a| <e.

JTo o3Hauaer, uro Ve > 0 HepaBeHCTBO |a, — a| < & Mmeer peueHue
n > N(e).
2. Hangem, nmpu Kakux n CIPABENIUBO HEPABEHCTBO

lan, — a| <&,

T.€. PEIIAM 3T0O HEPABEHCTBO OTHOCHTEJIBLHO 7.
3. Eciu pemenue mmeer Bug n > N(£), To a — mpeges YNCIOBON
0CIeJ0BATEABHOCTH {ay, }.
3AMEYAHUE. Ecan pemenne HepaBeHCTBA |4, — | < € HEAb3A Npe-
cTaBUTh B BHAE 1 > N(£), To 9uCI0 @ He ABIAETCA NPELeaOM MOCIeA0Ba-
TeasHOCTH {A5}.
[IPUMEP. Iloms3ysck onpejejeHueM npejgea MOCIeI0BaTeIEHOCTH,

JN0Ka3aThk, 4TO
. In3
Iim —— = 2.
n—oc N3 — 2
PEIMEHUE.

1. TTo onpeaeneHno YACI0 2 HA3BIBAETCA MPEIEJOM HHCIOBOW IMOCIE-

2n3
JOBATEILHOCTH , €CIIH

nd —2
2n?
Ve >0 HN(E) n)N(E):> ‘1’33—2_2 < E.
2. Hamaem, npn kakux n cnpaBsejiiiBO HEPaBEHCTBO
2n3
m —2| < £,

T.e. PEIMM 3TO HEPABEHCTBO OTHOCHTEILHO M.
3. Hepasernctso mveer pemenne n> N(g) = §/4/¢ + 2. CregosaTems-

. 203
HO, 2 — mpeJle] TUCIOBOH MOCIe0BATELHOCTH {—2 .

0o —
OTeet. n > %/4/¢+2.

Bagaun
38]:[3‘18 1 HOJ'H)SyHCL OIIpEACICHUEM ITpEACIa NOCICA0BATCIbHOCTH, 10Ka3aTh, YTO
lim a, = a.
TE—r O
2n — 2 2 4n — 2
1 = — = —, 2 = — =
0n=3n—_1 3 0= om+3 °
3 3n+2 3 4 n+2 5
Gp=——, a=—. Gpn=—", 6= —.
" om+1 o) " 3n+1’ 3
bn +2 an? +1
s T A
3—nd 6n —2
7 Qp = ——, = —1. 8. = — = 3.
IS L my & oS g™ @
3+ 8n? 3n
9. = — = 10. ] ; =5
=g +4n?’ i o= +1 %

3amaya 2. Hammmcarts mociie1oBaTeENbHOCTH C OOIMME YJICHAMMU:



L

l)xﬂﬁ?m—ﬁ.: E)xn:nll: 3)xn=—rl;.;
‘ 1 g
4)-[,1:—12“;' 5?xn==§; 6)xn=E'—__|-_u.i.;
sin nm
— ! . 8 2,
D= @mn@Fns O W=

1

= A4 N1 HeYeTHHIX; 14 (—1)n
9 %=1)_n 18 N YETHHIX; L

el ;

3a,uaqa 3. Hammicath q)OpMyJ'Iy O6HICFO WICHA NOCICAOBATCIbHOCTU MO JAHHBIM €€ IEPBLIM YJICHAM:

l A 4 1 4 )
[) ?v ?v Ev 12 i_s“, HIRETRC |

i 1 1 1
2) 3.4 5.6" 7.8 9. 10" """
| 4 7 i0 13
3) ‘ﬁ‘v '1_1» E| 57 - B
3 7 11 15 19
Vg 11 > m -
gl L 1 1 1.1
3:% 1ok T I+ 243" 7238 "¢
t 2 3 4 5 ,
6) 0| ?* I‘ i' _B'v 7;‘- ey
e 12 o s I8
)5 T T @ o1 e

Bompocet
1. [laiiTe onpenenenne YMCIOBON MOCIEA0BATETHLHOCTH.
2. Iepeuncianre crocoObl 3aaHUs YUCIOBOM MMOCICI0BATCIBHOCTH.
3. Kakasg 1OCNeIOBaTEILHOCTh HA3bIBACTCS OrPAHMUYCHHON, OrpaHUYCHHOW CBEpXYy, OIPAHMYCHHOW CHU3Y;
HeorpaHuueHHo#? [IpuBenuTe MpUMephI IEPEUUCICHHBIX TOCIEA0BATEIbHOCTEH.
4. NaiiTe onpeielcHAE TIpeieia MOCIeI0BATEIIbHOCTH.
5. Kak Ha3pIBaeTCs MOCIIECIOBATEIIBHOCT, HMCIOIIAst KOHCYHBIH mpeen?
6. Kakas mociienoBaTeIbHOCTh HAa3bIBAETCSI MOHOTOHHOM ?
7. IlpuBecTH NPUMEPBIL:
1) Bo3pacratomiei orpaHUYeHHOHN TOCIICA0BATEILHOCTH;
2) BO3pacTaromeii HeorpaHUIEHHOH ITOCIIeA0BATEILHOCTH;
3) yOrIBaromiel orpaHNYEeHHOM ITOCIeA0BaTEILHOCTH;
4) yOsIBaroIeil HEOrpaHHISHHOH ITOCIIEI0BATEIHHOCTH.

IIpakTnyeckoe 3ansaTue 2.2. [Ipegens! u HenpepbIBHOCTH. BhIuncieHne npeaesa nociaegosareabHocTH. Uncio e
INTocnenoBaTenbHOCTD @, UMeIoIast cBoUM IpenenoM 0 Ha3bIBaeTCsl OECKOHEUHO Majloi BeIWYMHON WU, IPOCTO,
0eCKOHEYHO MaJIOH.
JleMMbI 0 GECKOHEYHO MaJIBIX.
Jlemma 1. Cymma 1100010 KOHEUHOTO YKciIa OECKOHEYHOTO MAJIBIX €CTh TAKXKE BEJIMUMHA OECKOHEYHO MaJasi.

Jlemma 2. [Ipousse/ieHne OrpaHMYEHHON IEpEMEHHOM X Ha 6ECKOHEYHO MaTylo & | €CTh BEMYMHA OECKOHEUHO Manasl.

Beckoneunas mocie10BaTENIbHOCTh {xn } Ha3bIBAETCs1 OECKOHEYHO 60.1'[])1110171, €CJIH OHa IO a0COIOTHOM BETNUYMHE
CTAaHOBHTCS U OCTAeTCs OOJbIIEH CKOJIb YroagHo 0OJIBIIIETO Hanepea 3aJaHHOro 4ucijiia E>0, Ha4yuHasg ¢ HCKOTOPOIo MECTa

‘xn‘ >E (ama n>N,).
Ecnu nocnenoBaTensHOCTD {xn} SIBIIsIETCSI OECKOHEYHO OOJNBIION U COXpaHIET ONPEACICHHBINA 3HaK (+ WIH -) TO

B COOTBCTCTBUU CO 3HAKOM, TOBOPAT, YTO IMOCICA0BATCIILHOCTD {xn Jl HUMCCT Ipeaci1 +¥um ¥u MUImyT

lim x, =¥ x, ® ¥

n®¥

lim x, =-¥

n® ¥
Ecmu {xn} ABJISETCA OECKOHEUHO GONbIION, TO ee oOpaTHas BenuuunHa (I, ——— OyaeT GECKOHEYHO MaJoH
X

n
(BepHO U 00paTHO).
TocnedosamenbHOCHb MOYEK PACUWUPEHHOU YUCTOBOLU NPAMOU MONCEM UMemb Ha MOt NPAMOU MOAbKO OOUH
npeoez.



Teopewmsl 0 nnpenenax. IIpenenbHbIi nEpexo B paBEHCTBAX U HEPABEHCTBAX

1. Ecnm nBe mocnenoBaTensHOCTH xn} U |}, [ TpH BCEX MX U3MEHEHHMAX PaBHbl: X, =) , IpUYEM

KaXkas U3 HUX UMeeT KOHEUHBI! npeaen lim X, =4 lim V., =B , TO paBHBI U TU Ipeaensl A= B.
n® ¥ n®¥

n?

o 3
2. Ecimm U IBYX TMOCJICA0BATCIIBHOCTCHU {anl n {yn} BCCrda BBIMIOJHACTCA HCPABCHCTBO x” y

MpUYeM Kaxaas U3 HUX UMeeT KOHEUHBIH Mpenen: lim X, =4 lim V., =B , T0 A®B.
n®¥ n®¥

5. Ecmm gms  mocnemoBarenbHOCTEH {xn} u {yn} , {Z n} BCErJa BHIMIOJNHSIOTCS HEPaBEHCTBA
X, £ Y, £z , IpaaeMm X ® A z, ® A (r.e. x 0buemy npezneny A), TO U OCIEI0BATEIBHOCTD {yn} HMeEET TOT

)K€ Ipenel, T.€. lim Y., =4.
n®¥

Apudmerndeckre oneparyy Hal I0JICIeI0BaTeIbHOCTIMA

1. Ecn {xn} " {yn} HAMEIOT KOHEYHBIE MPEHEIBI lim X, =a lim V., =b , TO ¥ cyMMa (pa3HOCTbh) X
n®¥ n® ¥

TaKyKe NMeeT KOHeUHbli mpexes, 1M (xn Ty, ) =a *+b

2. Ecim {x”} u {y"} HMMEIOT KOHEYHBIE IIPENEbL: lim X, =a lim Y, =b , TO UX IPOU3BEJICHUE TaKKe
n®¥ n® ¥

MMEIOT KOHEYHBIN Mpefen lim X, Yy, =a >b

3. Ecim {x"} U {y"} HMMEIOT KOHEYHBIE IIPEIEIIBI: lim X, =a lim Y, =b npudgeM b'0, To BX OTHOIICHHE
n® ¥ n®¥

o 1 n
TaKKe UMEET KOHEUHbIN npenen 1M — ——.

y”
. 16
lim g + —g =e» 2,718281 - UppalOHAIEHOE YHCIIO.
n® ¥ e n Q

IIpumep

Brruucnuts npeaen:



lim (2n+1)%2 —(n+1)2
n-—.w:: n?4+n+1 '

PEmEHNE. 3gece (2n+1)% — (n+ 1) = 3n” + 2n — ummoroqwen sro-
poil cTenenH (GeckoneHO GOJIbIIAR NOCIEI0BATEILHOCTL NOPAIKa 11°) 1
n? +n+ 1 — MAOTOWIEH BTOPOH cTenenn (GecKoRedHO HoThman mocie-
AOBATEILHOCT NOPATKA 71° ).

1. BriHecesM B YHCTHTENE MHOKHTEIS 11°, IOJTY SHM

(2n+1)° - (n+1) =n* (3+ %) 3

2

2. BriHeceM B 3HAMEHATEIE MHOMHTEIb 11°, IOTY9HM

n2+n+l=n2(l+l+—12—).
n T

3. Hueewm

(2n+1)2—(n+1) L n3(3 +2/n)
n—m n?+n+1 Conscen?(l41/n41/n2) "

4. Cokpamaa n® 1 HCTIOILAVA TEOPEMY O NPEIETe TACTHOTO, MOTYIAeM

(2rn+1°—(n+1) lim, oo (3 +2/n)
n—mn. nf4+n+1 n lm, o (14+1/n+ 1.."712_} n
= 2
P, (2n+1)% - (n+1) o
n—m n?+n+1

3agaun. BerauciuTh npenesns:
Bamauva 1.

(5—nP +(5+n)? (4 —n)® —(2—n)?

1. I 3 2. i
o (5-n) - (5+n)? R (1-n)?—(2+n)*
s g GmnPm@=nP L (@—w)? =
Tnmoo (1—npPF — (1 +n)F T on=ee (14+m)? - (2—n)?
5. lim (3+mn)* —(2+n)? 6 n+2)% —(n+2)?
P (L vk (= 2) = (n+ )
3amava 2.
n g 2n + 43"
1. "151;.0 (‘n ) 2. nlggo (2n+ 3)
n ; 2n?+3
3. "IEI;O ( ; ) 4. ﬂ]l*n;o (an = 1) ;
n? 43
5. lim niin+3 y 6. lim M i
nsso\n2+n—1 n—eo \ N+ 5
y It oy AT B M2 +n+5
’ nﬁtx 32 —2n+5 ' n—oo \2n? + n41
. n® 43 . n 41y
e n]HI-;n (n.a - 2) ) e nler;m (n - l)
Bamaya 3.

DIim(Vai+n+1—Vai—n+1);

Mo

2) lim(V{n + a) (n + &) — n).

3agaua 4.



iy umy B2ttt
B2 L o | 3T
e, Bn*fn-+3
L
=y d
ain
m(} 7o)
2 tim(}) 5s) -
Bonpocm
1. [laiiTe ompenenenue OECKOHEYHO MaJIOi MoceI0BaTebHOCTU. [IpHuBeIuTE IpUMED.
2.  CdopmynupyiiTe JIeMMBI 0 OSCKOHEYHO MAaJIbIX.
3. Kakas mocne0BaTeIbHOCTh HA3bIBACTCS OCCKOHEYHO OOJIBINON?
4. OxapakTepu3yiTe B3aUMOCBSI3b MEXTy OCCKOHEYHO OOJBIION U OCCKOHEYHO MAaJIOH MOCIEI0BATCILHOCTSIMH.
5. Kakue apudmerndeckue oneparui MOXKHO BBITOIHATE HAJl TOCIEOBATENEHOCTAMI? OMUIIUTE AITOPHUTM
BEITIOTHEHUS apH(PMETHICCKUX OTIepalnii HaJ| ITOCIIeI0BATCILHOCTSIMU.
6. CodopmynupyliTe OCHOBHBIC TEOPEMBI O TIpeeTax.

[paxTtuyeckoe 3anaTue 2.3-2.4. [Ipeaesbl H HenpepsIBHOCTH. Borunciaenue npeneia gyakuun. OqHOCTOpPOHHEE
npenesbl PyHKUMIA.

Yuciao A HaswiBaeTCs mpenesioM QyHKIMH y=f(X) mpu X cTpemsmeMcs K @, eclid s jiroboro €>0 cyiiecTByer
yucio d(e)>0, takoe, uto mpu ¥2x-a¥2<d(€) BhimoJHsIeM HepaBeHCTBO V2f(X)-AY2<e.

B srom cinyyae numryt lim f (x) =
x® a

Yuciio A Ha3bIBaETCS MPABOCTOPOHHUM MPEIEIIOM HJIH TIPEIeIoM cripaBa GyHKIMH f(X) B Touke x=a ecinu 1yis "€>0

$ d(e)>0, uro mpu 0<x-a<d(e) BrmONHAETCA HEpaBeHCTBO Vaf(X)-AVz<e. ITumyT lim f x) =4
x®a+

Yucno A Ha3bIBacTCs JEBOCTOPOHHUM IIPEAEIIOM KM TpeeioM ciieBa GpyHKuuu f(X) B TOYKAX X=a, €CIIH IS
mo6oro €>0 $ d(e)>0, uto npu 0<a-x<d(e) Bimonnsercs HepaeHCTBO Y4f(x)-AVs<e. Mumyr 1M f (x ) =4.
x® a-

pumep. ITokazatk, uTo lim x2 =].
x®1

IMycts €>0 — npousBoaHoe uucno. Haitnem takoe uucio d>0 4To Juis BCeX X, yIOBICTBOPSIOUIMX HEPABCHCTBY
0<%2x-1%%<d BBIMONHsNOCH ObI HEPABEHCTBO  Vox2-1Y4<e
Vox2-1Vo=Vo(x-1)(x+1)Vo=Vo(x-1)(x-1+2) Vo=Va(x-1)+2(x-1) oL Vo(x-1)*Vo+2|x-1|£ d*+2d<e
d* +2d-e<0 d* +2d-e=0

d=-1+/1+e d,=1*+/1+e 1x d>0
T.e. 110 moGomy €=0,3 d=-1++/1,3 .

Oynxnus a(x) Ha3bIBaeTcs OECKOHEYHO Maioi npu x®a, ecu lima (X ) =0 , T.€. ey Juis "e>0 cymiecTByeT

x® a

d>0, ato mis Bcex 0<Vzx-a¥2<d, BBIMOIHSAETCS HEPABEHCTBO Ga(X) ¢<e. beckoneuHo manyro QyHKIMO ¢a(X) G HA3BIBAIOT
Takke OECKOHEYHO MAJION BETMYUHOMN.

v n
Oyukius f(x) HaspiBaeTcs OeckoHeyHO Oosbinol mpu Xx®a, ecnu mit -~ M>0 cymectByer takoe d>0, urto

X)| > M nnsa Bcex x, ynosnersopsionmx HepaBeHCTBY 0<Vsx-a%4<d, 0603HauaeTcs lim f'(x) =¥
®
X a

IIpumMepsl BeIUKCIIEHU TIpeaena
2 "
X A0
1) lim =c—+=¥ .
x®7 [ - _x eO @
x®0 xZ - X eOQ x® 0 x(x- ])

oNx-4-2 a6 (Ja-4-2)(x-4+2) (x-4-4)

1
___l =_
3) ).®8 x-8 eOQ x®8 (x 8)(‘l 4+2) x®8(x 8)(,[ 4+2) 4

(YMHOX€EHHE Ha COTPSDKEHHE).

=-3 (pa3noxeHHe HAa MHOKHUTEIIH).

3
2 I+—-—;
. X"+ 3x = 1 . X -
4 Iim =lim —_ (meneHuWe Ha CTApINYIO CTETICHB).
x® ¥ 3x‘?+x x® ¥ 3+1

3agaun. Beraucnuts npenen QyHKIuu:
Bamayva 1.



1) lim S =T 5 — 4
]x_._ P R
P ) L C e ) K ot ) IO
2) lim X fr—11 ¢
3;mnfi§$%;

o O — 2t oy
4y lim ALy —1
X + x
; Tt 24— 14
5) lim 3
e A —1
3amaya 2.
: 222 4+ 11z + 15 Bt +2p—8 >
1. lim o F = 2. lim ! o = —10,
2——38 r+3 r——2 rz+2
 d |- )l Y 4
3 m w T, | 4. lim M = 6.
z—-1/2 @ +1/2 r—-1/3 @+ 1/3
9.2 T s
5. lim M = —5h. 6. limn & =0
z——1 r41 z23 =3
i — O : 4x? - 15z
7 lirn ing i =4 8. lim ‘L—M} = 1.
r—1 r—1 T35 r—3
gy ’ ‘] [ 5 ‘
9. 11111 w = —16. 10. lim JI—M =
s—+—3 r+3 z=1 r—1
3amaya 3.
V:+s—3 Ve x—2
h lm*~————; 2) lim ——=.;
) FEs -3 ) £t —2 1‘+2

RENT |21—5 n h.mlfs_xa-

—2 X+l S l—x

3) lim

K+
Bonpocst
1. Haiite onpexnenenue npenena GpyHkuuy, npenena GyHKuum ciesa (crpasa).
Haiite onpenencane GpyHKInN y=f(X) mpu x®¥.
Copmynupyiite onpeneneHre 6€CKOHETHO Matoif (OecKOHEYHO OOIBIIO0i) (GYHKINH.
[lepeuncnure CBOWCTBA OECKOHEYHO MANBIX (PYHKIUH.
OxapakTepu3yiTe CBAI3b MEXIy O€CKOHEUHO OONBIIMMH U OECKOHEYHO MAJBIMH (DYHKIHSIMU.
CodopmynupyiiTe 0OCHOBHBIE TEOPEMBI O IIpeenax.

Sk Wb

HpaKaneCKoe 3anaTHe 2.5. Hpelle.]'lbl U HENPEPbLIBHOCTb. 3ameuareJbHBIE npeaeabl. JKBHBAJIEHTHbIE 0€CKOHEYHO

MaJble.
ITepBblil 3amMeuaTenbHbIN Mpeaen:

Sinx 0

lim =1 (packpbIBacT HEOMPEACICHHOCTh THIIA . ).
*®0 X 0

Bropoii 3aMedaTenbHbli npeaen:

lim (1 g %] -

X =+ oa

Bo3MO0XHO Takke MPUMEHEHHE CIEAYIOMmUX GOpMyIT:
=3

lin (1 4% 7=

X =0

lim (l + T't-)x= g
L5

uﬂ{L+kn‘—

Uro6bl cCpaBHUTH ABE OECKOHEYHO MaJible (DYHKIIMU HY>KHO HAlTH NpeJen UX OTHOIIEHHUS, T.€.



i0 Torma a(x) Oomee BbICOKOrO mopsiaka, uemb (x);

alx {¥ - b(x) Oomnee BbICOKOTO TMOpsiaKa, dYeM a (x);

lim =
x®a b X

| b .
jeonst - a(x)ub(x) omHOoro mopsaKa MajoOCTH;

{1- a(x) u b(x) >xBuBaneHTHBIE GECKOHEUHO MAaJIbIE.

DKBHBAJICHTHBIEC OECKOHEYHO Malibie 0603HagaoTcst a (.X') ~Db (x) .

Teopema. Ilycts a(x) ~ a¢(x) u b(x) ~ b¢(x). Ecnu cymecTByeT mpeaen OTHOIIEHHS ABYX OECKOHEYHO
Maieix a(x) u b(x), To OH paBeH npejeNy OTHOIIEHHS COOTBETCTBYIOIINX UM DKBHBAJIEHTHBIX OECKOHEYHO MAJIBIX,

T.C.

sin a(x) ~ a(x)

tg a(x) ~ a(x)
arcsin a(x) ~ a(x)
arctg a(x) ~ a(x)
-1 ~ a(x)

In (1+a(x)) ~ a(x)

Ipumep. lim

3agauu. Beraucnute npenen:
3anaya 1.
. In(1 +sin2z)
1. lm ———

x—+0 sin 3

3. lim g
e—0 Inf1 + )

. 1 —cos2r
5. lim ————
r—0 =t — ]

=]
3t
=
=1
1=

- &
. sin 2
8. lm—m.
x—0 In(1 — 2x)

Bamaya 2.

ECR
e =1
=1 Ina

14 cos2me

&3
=
g

T zolj2 tg?lna

Vit —x—-1-1
z+2  In(x —1)

o
—
=
=
=

|

lim — .
#—+1 SO TX

te ha
9. lim -2
r—w 5in o

3anaya 3.

arcsin 7x

x®0 3x

tim @) —im

adx)

x®a b(x) x®a b

)

Tabnuma SKBUBAJIEHTHBIX OSCKOHEYHO MAJTBIX.

. Ix T
=lim — =—.
®0 3x 3
.0 .
2. lim —JI 1 i

x—0  sindx

l—cos2z

lim

. A9+ -—-3
6. lim ——.
x—0 Jarctg2r

— ‘
. arcsin 2x
10, lim

=0 Infe — 22) — 17

1+ cos da

b3

lim ——
z—w gin® Ja

sin dme

e

1 — :
»—+2 51N 8TE

tg Har

lim ;
z—+1,/2 CE Ja

=
B

8. lim :
x—+1 sl T

2% _ 4

[0, lim

x—2 sinTE

x—0 cos b — cos 3z

25—z



1423\ 1 _ 1+ p2gn 1
: 4
- ‘1'1_13'.' (l + -'1-'21) ’ ' }1—]!}1 (l - .1'2'—1"") '

4 . ' 1/ sin® =
: | +sinxcosde 9 gind
3. lim ( : . 4, lim(1 - Incosax)" g

z=0 \ 1 +smzcosy )

. lim(2 — gein® e . 6. lim (cosz)V/™
x ||| =)
Bonpocst

1. CdopmymupyiiTe epBEIi 3aMe9YaTeNbHBIA IPeae.
ChopmynupyiiTe BTOpoii 3aMedaTeTbHbIA Ipeaed.
Kak cpaBHHBaOT OECKOHEYHO Majbie?
Kakne 6eckoHeTHO Masble Ha3bIBAIOT SKBUBAJICHTHBIMU?

CoopmynupyiiTe TeopeMy O 3aMeHe IKBUBAJICHTHBIMU OECKOHEYHO MAJIBIMH.

bl

Paznen 2. {ludgdepennuanbHoe ucuncjieHne PyHKIMA OJHON epeMeHHOI
Tema 3. IuddepennnanbHoe ucuucjieHue GyHKuuii 0HOH nmepeMeHHOi.
IIpaktnuyeckoe 3ansaTue 3.1-3.2. IIpouM3BoAHBIE HEKOTOPLIX 3JeMeHTapHbIX (yHKknUA. OCHOBHbIE NpaBHJIa

augdepeHIMPOBAHNS.
IMpaBuia BEIYKUCIEHHS IPOM3BOIHBIX, CBA3aHHbIE C apU(PMETHIECCKAMH ACHCTBUSIME HAJl ()YHKIIHSIMH.
I TTocmosiuHbiii MHOXNCUMEND MOJICHO GbIHECTUL 3d 3HAK NPou3soOHol. Hnvimu ciosamu, eciu gynxyus U =j (x)
umeem 6 mouxe X npouseoonyo US, mo 6 smoii mouxe
(Cu)¢ =Cu¢ (C :const).
IIpumep
y =5cosx, y¢=(5cosx)¢=5(cosx)¢=-SSinx.

1I. IIpoussoonas om aneebpauueckoll cymmul 08yX YHKYUIl pasHa aneedpauieckoll Cymme npou3sso0OHbIX Om IMux
yHryuil.

Bonee Touno: ecnu ¢pynkun U :j (x ) uy =y (X ) HAMEIOT B TOUYKE X INPOU3BOIHEIE, TO
(u iv)¢ =u¢tv(.

IIpumep
y=x"-3x"+2x- 1,

ye= Qc)t (3x)t (2xF- (1F =5x"- 6x+2.

1II. Echu ¢ynxyuu U Zj X |uv =Y \x)umerom ¢ mouke X npouzgoouvle, mo cnpaseoiusa Gopmyna

(uv)¢ =u® +uvg.
ITpumep

y =Lx2 - 3x)sinx,

y¢=(x2 - 3x}sinx+ (\’2 - 3stinx);=(2x- 3)sinx+ crz - 3x)cosx.
3 =l - 2 3)

ye=(x-2)r- 3)+ (x- 1)x- 3)+ (x- 1)(x-2)

V. Echu @pynxyuu U :j (x u V=Y \X | umeiom 6 mouxe X npouséoouvie, npuvem 6 amoii mouxe V 1 0,

mo cnpasednusa popmyna

@t _uw-we

G-+ = 2
evg %
IIpumep
x+1
Yy =——. B cooTBeTcTBHU ¢ (OopMyYIIOH HAXOAUM

x-1



1Pl 1) (e )a-1f -2 .
ye= 1] e (x 1).

Ipy BEIYHUCIICHAN TIPOM3BOTHOM (QYHKITHH 11EIECO0OPA3HO MOIB30BATHCS CIICAYIOIUMH (HOPMYITaMH:
a :
y=-=—: y' = —-5-u' (a— nocTofHHaA BeJHUHHA);

y=um ¢ =nmu! yu'
{n — moboe peficTBHTENBHOE YHC/IO)

1 '
= W == :
y=Vu; ¢ T
y=a% ¢ =a*-Ina-u’; y=o% ¢y =e*u'; a>0 a+1;
. S5 N I
4 = log,u; Y=gt 10gee = e ]
: T P
y=Inu; y =—u'y
y = sinu; y' =cosu-u';
Y = COS i; y' = —sinu - u';
1
. . S LS
yr'tguv_ y"'ms:uu'
: Py s s
y=clgai Y =~ sime®’
y = sec u; y =secutgu . u';
Y = COsec &; -y = —cosecu -ctgu - u';

y = arcsin u; y’:-—];,—-i—_]._—;.l_-;u;

y = arccos u; y = — u';
I —ut
' e ] f,._._ I LM
i = arctg u; ¥=1Twb
r I r

y= amctgu_; y =—mﬂ-_.

Bamgaun
3anaua 1. Haiiti npon3BonHyto GpyHKIMHU B Touke X=0:

= 5 : 2 S |
ot ] I e o { In (1—t-g (xl sm—)). o # 0,

. flz)= sl (I + z° sin J‘) , o#0, g flz) = . Z

L 0, z=0. | 0, z=0.

r i 3 )
P 1 t ( c _) r =0
o Do i pog g | @ sin e FED
2. flz)= tE (3. Cos 91) +2z, x#0, 5 f(z) N =
| 0, z=0. L0, 2=0.

i [

1 | . ,

3. f(z) arcsin (.r cos 5—1) , &F£0, 6. flz)= V‘ 1+In (l f 22 sin .r) 1, =#0,
|0, z=0. | 0, z=0.

3anaua 2. HaiiTi mpon3BoHbIe (HYHKIHNA:

. 1. y=2x"+5x"-Tx- 4

2 y=x
3

y=-clgx-Xx
1
4 y=—=

X
y=l?
6. y =5sinx+3cosx
7. y=5(tgx-x)
1
e +1
9 y=2x2

10. y =x\/;

8. y=



Bonpocst
1. Cdopmynupyiite 3agaum, TIPUBOASIINE K MOHATHIO IIPOU3BOJHOM.
2. [laiiTe onpezeneHue Npon3BOIHON (QyHKIIUH B TOUKE.
3. CdopmynupyiiTe OCHOBHBIE NTpaBuiIa TUPPEPEHIMPOBAHNS.

[pakTtuuyeckoe 3anaTue 3.3-3.4. JuddepenuuanbHoe ucyucieHHe (YHKIOUA  OAHOH  mepeMeHHOIA.
JuddepenunpoBanue cJI0:KHOI 1 00paTHOH PyHKIMIA.

[TycTs nanbl QyHKIMSA f (L[ aprymeHTa U u (1)YHKLII/IHj (x ) aprymenTa X . C UX IOMOIIBIO MOXHO 00pa3oBaTh

ARty

aprymeHTa X . B 3ToM cirydae roBOpSIT, 4TO MBI «B3sUTH (DYHKIIHIO OT (DYHKIIHI HIIH IPOU3BEIH «CYTIEPIIO3HIINIO» (DYHKIUH.

CIIOKHYTO (QYHKITHIO

Tounblil cMBICH TaKOB: 110 3aJaHHOMY X HaXOAUTCA 4ucio | |\X ); 9TO YHKCIIO OepeTCs B KA4eCTBE 3HAYCHHUS apryMEHTa
ISt (byHKuHI/I f (u ); TO, YTO IIPH 3TOM ITOJIYYUTCS, U €CTh 3HAUYCHHE f (J (X )) s JaHHoro X .

I'oBopsr emte, uto GyHKINSA f (J (x )) MOJTy4aeTcs U3 f (Lt ) C IMMOMOIIBIO MMOJICTAHOBKU U :j (x )
2
Ipumep Y =u3. Ecmu B3sTh U =x2 - 3x + 1, to nonyunm crnoxuyto dyHKuHI0O y :(( - 3x+ 1)3.
Ilpumep y :\/;, u=2- X .Torma Yy :\/2 - X.
1

U =sSinx.Torma y =————.
Sin x + ‘Sll’l x‘

1
Ilpumep y ZuT|u|,

YcraHoBum BaXHYIO TCOPEMY, O3BOJIAIOUIYTIO0 BECbMaA MPOCTO BBIYUCIIATH MMPOU3BOAHBIC CIIOKHBIX (byHKI.[PIﬁ.

Teopema. Ilycts Yy = f U, roe U :j X ). Ecnu [uid COOTBETCTBYIOIIUX APYr ApPYyry 3HaueHud U u X

CYILIECTBYIOT KOHEYHBIE IMPOU3BOJIHBIE f ¢(u) 3 u¢, TO CYIIECTBYCT W KOHEYHasi MpOU3BOJHAs OT ) mo X, mpudyem

»e =f¢(u )u¢, T. €.

dy _dv du
dx du dx’
pumep y :G +x° ) [TonoxuM y=u’, u=1+x>.

y¢=5u4u¢=5<l +x° ) (l +x° }:10)(6 +x° ) .
Opuvep ¥ =SIN3X,1.e. Y =SINU, rae u =3x. y¢=cosu u¢=cos3x >{3x)¢=30053x.

B ciywae cnoxHOW (QYHKIHMH, TOJYYEHHOW B pE3yNbTaTe HECKOIbKUX CYTEPIO3UIINNT,
MIPOU3BO/IHAS HAXOAUTCS TOBTOPHBIM IPUMEHEHHUEM (DOPMYJIBI HECKOJIBKO pa3.
Ilpumep y =(1+sin2x)3,
y¢=3(1 +sin Z)C)z (1 +sin 2x)$ :3(1 +sin 2x)z Ccos 2x(2x)¢ 26(1 +sin 2)c)z cos2x.
IIycTs mana Qpynkumus ) = f (x ) (omHO3HAYHAS), E - ce o6nacts 3agaHus, € - 00JacTh H3MEHEHHS.

Bossmem Kakoe-HHOy b 3HauCHHE yu3 obsactn U3MEHEHHS e. Ecim byHKIHA

y=f (x) sospacmaiowas (WM yovieaiowas), TO B3ATOMY )/ OTBEYAET JIUIIbL OJHO 3HadeHHe X U3 E, s KOTOpPOTO
y = f (x ), U TE€M CaMBbIM MBI [10Jy4aeM HEKOTOPYIO OIHO3HAYHYIO (QYHKIUIO X =g (y), KOTOPYIO Ha3bIBAIOT OOpaTHON

st GyHknuum Yy = f (x) OHa HMeeT CBOel 00IacThIO 3aJaHUS MHOXKECTBO €, a 00JIacThIO H3MEHEHHS E ; Eue

MIOMEHSUTHCE POJISIMH.
Teopema. ITycts y = f (x ) nx =g (y) - B3aMHO 00paTHbIE, BO3paCcTaOINe (MK yOBIBAIOIINE) M HETPEPHIBHBIC

'
1
q)yHKHI/II/I, 3aJaHHBIC B HCKOTOPBIX MPOMEKYTKAX. Ecnu B Touke X CYHIECTBYET KOHCUHAs MPOU3BOAHAA f (x> O , TO

B COOTBETCTBYIOLIEH Touke ) QyHKuus & (y) TAaKXKe UMEET NPOU3BOJHYIO (110 ) ), IpUYEM

g'(y)=ﬂl;):



YTO MOXXHO 3a11ucaTthb U TakK:

Eciu dyHKIMS nMeeT HyneByro WM GECKOHEYHYIO IIPOM3BOIHYIO, TO 00OpaTHAs (YHKLHS B COOTBETCTBYIOIICH TOUKE
nuMeeT OECKOHEUHYIO WM COOTBETCTBEHHO HYJIEBYIO IIPOM3BOIHYIO.
Bamgaun
3anaua 1. HaiiTi mpon3BoHbIe 331aHHBIX (QyHKIINIL:

1. y= ovisz g y=In{z++v14+22). 3. y=I*1-cosz).
£ AT B 3% (sin .lf-l-('.‘(;lt\‘».'l." In3) , B Sh.,?r .
1+1n°3 ch*2r
7. y = arcsin L_ : 8 y=arctg3¥". 9. y=In(l1+tha).
Ve
10. y = Insin 3 — “;,]S . :
sin
3anganue 2. BeranciuTh Npon3BoIHYI0 (GyHKINT
a) y =5+ xlnx,BTque X =1;
0) (x) =%x3 _ lx - 4x3 + 5, B TOUKE Xy 21;
3 5
B)f(x) :2x\/_- L B TOYKE X, =4,
Jx

r f(x) =4x" + 6x +3 Brouxe Xy =1.
3ananue 3. BoruncnuTh NpOU3BOAHLIE:
a)

1) y=arcsinbx; 2) y=arcsinV x(x>0); 3) y=arcsinmux;
4) y = arceosbx;  5) y = arccos (1 — x®); 6) y =‘arccas—:~ .
6)

1} y = arcig5x; Hy= arctg-‘:—; 3) y= arclg 3x7%;

— - 1

4) y =V arctgx; 5) y = arccigmx; * 6) arcelg ;0.
B)

1) y = In{ax + b); 2) y=In®x; 3) y = Insinx;

4) y=Inarctgx; 5) y=xInx Ejy=-]nTx;

Ny=In@x+VTE; 8 y—Iin(nx.
Bomnpocst

1. Kaxkast hyHKIHMsI Ha3bIBACTCSI CIIOKHOM?

2. O0bscuuTe npaBuia AuddepeHITUpoBaHHS CII0KHON (QYHKIIHH.
3. Kakast ¢pyHKIMS Ha3bIBaeTCS OOpaTHOW TaHHOW?

4. KaxoBsl npaBuia quddepeHnnpoBanust 00paTHOH GyHKIMN?

IIpakTnueckoe 3anaTue 3.5. 'eoMmeTpuyueckuii 1 MeXaHHYECKHUIH CMBICJI IPOU3BOAHOI.
Crkopocte N Toukn M , nemxymelics o mpsMOH, €CTh MPOU3BOAHAS OT paccTosHus S no Bpemenn I, T. €.

_ds
dt

VYrnoBoif Ko3Gh@UIHEHT KacaTeNnbHONH K HEHMPEPHIBHOW KpHBOH ) = f (x) €CTh Npou3BojHas or ) no X (B

n

COOTBETCTBYIOIIEH TOUKE):

tga :y'
nin
dy
tea =—.
& dx

ITpu 3TOM ecinu cylecTBYeT KacaTelbHas, TO CYyIIeCTBYET U IPOU3BOIHAs, 1 HA000poT. Cilyyaro KacaTelbHOHU, He
napamnensHoit ocu (Jy , oTBeUaeT KOHEYHas MPOW3BOJHAS; CIy4al0 KacaTenbHOH, mapamtensHoit ocu Oy , oTBeyaer



OecKOHEeYHas IMpon3BOHAsA.

o —.3
[pumep Touka ABIKETCS 10 TPAMOI 10 3aKoHy S =~ (myTh S M3MepsieTcst B MeTpax, Bpemst £ - B ceKyH/Iax).

HaiiTu ee ckopocts B MoMenT | =3 .

o ds 2
Pemenue. CkopocTs B 000l Moment £ paBHa: v =— =31¢".
t

Tostomy V|, =36 =75 m/cex.

IMpumep Touka, ocraBasich Ha HPSMOI, coBeplIaeT KojeOaTenbHOE NBIKEHHE M0 3aKOHy § =SINZ/. B kakue
MOMEHTHI BpEMEHH CKOPOCTh 00pariaercs B HyJIb?
Pemenne. CkopocTh B 10001 MOMEHT UMEET 3HAUCHHE

s
Vv =— =cos ¢
dt

Tosromy V =0 npu ¢ I(Zn + 1)%,}1 =0,1,2,...

1 16
ITpumep HamucaTh ypaBHEHHs KaCaTENbHON M HOPMAJIU K KPUBOK ) —— B TOUKE 0’3, — -
e a2

Pemenue. YTi0Boit KO3 pHUIMEHT KacaTeNsHOH B IIO00H ToUke gaeTcs popMyItoi

1
k=y¢=- —.

y 2
[TosTOMYy IS TOUKH %,19 =- l
e 29 4
cy

MIPOXOAAIICH Yepe3 TaHHYI0 TOUKY (X 0> Y0 ) TJIOBBIM KO3 (HUITHEHTOM k , ameer Bun

. Kak u3BecTHO M3 aHaNMMTHYECKOM reoMeTprn, YpaBHCHHC HpﬂMOﬁ,

V- :k(x- X, )
B Hamewm ciyuyae Mbl osTydaem
1 1
y- —=- —(x- 2),
2 4
Nin
x+4y-4=0.
3TO U €CThb ypaBHeHI/Ie I/ICKOMOﬁ KacaTeﬂLHOﬁ, H306pa)KeHHOﬁ Ha pHcyHKe.
Yy
~
@ @
0 1 / 2 3 X
. . % 16
yFHOBOI/I KOS(I)(bI/II_[I/IeHT HOpMaJ'H/I K KpI/IBOI/I B TOUKE (; N 5 — UMEET 3HAUYCHUEC
e [}
1
kH()pM =" k :4

Kac

(B crTy yCIIOBUS MEPIICHANKYISIPHOCTH OBYX MPsAMBIX). Clle1oBaTeIbHO, YpaBHEHHE HYKHON HaM HOPMaJIl UMEET BUJ
1
y-—=4 (x - 2)
2

nim

8x-2y-15=0.



3amaun .
S=5Pp-3+4

a BpeMs t—B CCKYHJax. Haiitn CPCAHIOI0 CKOPOCTH 3a MPOMEKYTOK BPEMCHU OT

3anaya 1. Touka qBUXKETCS MO MPSAMOIL O 3aKOHY

At = 0,5; 0,3; 0,1. OnpenenuTs TaKke UCTUHHYIO CKOPOCTh B MOMEHT t = | cek.

Yxasanne, 1) Haitrn AS; 2) V¢p=i-§.

'rae IIyTb S HU3MEPSCTCA B CAHTUMCTPAX,

tyv=1 no fe=(1-+ Af), cuuras

3agaya 2. CocTaBUTh ypaBHEHHE KacaTeIbHOW M HOPMaJIU K rpaduKy GyHKINH y B TOUKE:

l. y=2=z ;I{.'.z_, a=1. 2. y= ;172 +x+1, a=-1.
3. y=m3+3:, a=1 4. y=+T-2, a=4
5. y=2+Vva?, a=1. 6. y= Va2-90, a=-27.
24+ ) — .
e —  a=19, B. y=324%x-2, a=16.
e ¥ 2z Y i *
22 —2x 42

9. y=z'—z—-1, a=1 10. y = , a=2

T 2

3ana4a 3. CocTaBUTh ypaBHEHHS KacaTeJIbHOW U HOPMAIHX K rpadukaM (YHKIHH, 3aJaHHBIM MTapaMeTPUIECKH:

r=1t—sint, : x =2t + 12,
y=1-cost, tp=m/2 y=2-12, =1

x = v/3eost, g | w=t-¢8,
y =sint, tp=n/6. ¥ y=t—1t%, to=1.

: 6 2 = oos”t,
y=tsint, iy=m/ 2 : y=sin"t, fp=m/d.

=~

z=1-#, ; x = In(1 + t?),
8.
¥ to = —1. y = arctgt, tp= 1.

0. { x=Intgt, 7 'lﬂ.{ .r— fsint + cost,

= l,a".-sin3 i, tog=m/ y =sint — tcost, fp =7/ /4

Bonpocst
1. KakoB reomeTpuueckuii CMbICI IPOU3BOAHON?
2. KakoB MexaHHYeCKHI CMBICI IPOU3BOJHOMN?

3. 3anummmre ypaBHEHHE KacaTesbHOH K rpaduKy GyHKIUH B 00LIEM BHIE.

[IpakTtuyeckoe 3anaTHe 3.6-3.7. JIuddepeHuupoBanHue HeSBHbIX H Mmap
Jorapupmuueckoe nuppepenuuposanue. [lpon3soaHbie BbICIINX NOPSIAKOB.

aMeTPUYeCKH 3aJaHHbIX (PYHKUMId.

[Tycts HEOOXOIUMO BBIYMCIMTH NPOU3BOAHYIO (YHKIHH, 3aAaHHON MapaMETPHUYECKH, €CIIH 3aBUCUMOCTb ) OT X

3a/1aHa TIOCPEJICTBOM IIapamerpa t:

x = f(t),
y = g(t),

TO 3ABHCHMOCTE y’ OT I 3a1acTCHd NOCPRETCTREOM ITAPAMeTRA t (l)()p.\!}'ﬂﬂl-["

(1)

z = f(t),
frie)
Brrancasenm f'(t) n g'(t). nogerasmren s dopuyay (1) n sanncrsaen
OTBET.
IIpumep

Hairru npomasogayio y), ecin

{ r=In(t+ 1+ %),

4 : s 2
y=1/1+12 lnl+\tl+f’ :




PEMEHWE. Buramciges:

di _ 1 (] i ¢ ) _ 1

dt 1+ V1+12 Vv1I+iE
.{2

d_y B t B t V1t B i |

di \W 1+ VW 2 i

—(1+v1+8)

Moacrapiag noaySeHHBle PeayIbTaThl 8 hopuyay (1), noayvaaen

@ = Inft + /1 + %),
_14#
=

Ecnu HesaBucuMas mepeMeHHas x W (DYHKIMS ) CBsS3aHbl ypaBHEHHEM Buaa f(x,y)=0, KOTOpoe He
pa3pelieHo OTHOCUTEBHO , TO Y Ha3bIBaeTCs HesIBHOH (yHKuei x. HecmoTpst Ha To, uTo ypaBHeHuUE f(X,y) =0 HE pa3penicHo
OTHOCHTEJIFHO ), OKa3bIBaeTCsl BO3MOXKHBIM HAWTH ITPOM3BOJAHYIO OT ¥ 1o X. [Ipuem BbIYMCIIEHHS MPOU3BOIHON HESBHOI
(YHKIIH COCTOUT B TOM, 4TO 00€ yacT ypaBHeHHs f{X,)) =0 auddepeHIupyOTCs O X C yYETOM, YTO ¥ ecTh QyHKIMs X. 13
MOJTy9IeHHOTO ypaBHeHus onpenensercs 1¢.

!

¥

[pumep Haittn npon3BogHyto oT HesiBHOH pyHKINH SX+3y-7=0.
Huddepenuupys 1o x 00e 4acTH paBeHCTBA U YYUTHIBAd, 4TO: 1) y €cTh PyHKIHMS X M YTO 2) NPOM3BOJHAS IIPABOM

L"
B - - ’ L
£ L ) f B Y = ——,
YacTH paBeHCTBa paBHa (, moyyyaeM -3 3-” =0, 3!! - 5‘ : 3
[Iycte ¢ynkmus ) = f (x ) MMECT KOHEYHYIO IIPOM3BOJHYIO y¢: f (I(x ) B KaXJOH TOYKE HEKOTOPOTO
MIPOMEXYTKA. DTa IPOU3BOJHAS cama sIBIAeTcS @yukyuelr o X W, MOXET OBITh, B CBOIO OY€peab UMEET MPOU3BOIHYIO.

[IpousBoanyro oT pyHKIIH y¢ = f ¢(x) HA3bIBAIOT 6MOpOoL TPON3BOTHON (WM MPOU3BOIHOU 8MOp020 NOPAOKA) OT
Gynxuun ) = f (x ) # 0003HAYAIOT OJHUM U3 CHMBOJIOB
2 2 2
40 rdy) @ /) d (x)
V& >, flx), -, - fx).
dx dx dx
MoOXeT CITy4UThCS, YTO ¥ BTOpasi IPOU3BOIHAS B CBOIO OYEPEIIh UMEET IPOU3BOAHYIO; ATY MPOU3BOIHYIO Ha3BIBAIOT

mpemuetl NPOU3BOAHON (MIIM POU3BOJIHOM mpembe2o nopsoka) oT yHKIMH ) = f X ) u 0003HAYAIOT KAKUM-JTHOO U3

3 3 3
& LV Iflx) 4 P
y 3> X 3 s 3 X ).
dx x dx
AHanOrn4HO BBOOUTCA uwemeepmas, namas W APYTru€ IMPOU3BOAHBIE - IIPOU3BOAHBIC Jr000ro mopsaaka. ﬂﬂf{
0003HaueHHUs IPOU3BOJIHOM N-TO MOPSIKA YIIOTPEOIISIOTCS CUMBOJIBI:

wody oy dflx)
s dx"’ J (x) dx"  dx” f(x)

WHorna st yka3zaHus TOW epeMEHHOMH, 110 KOTOpoi OepeTcst MPOU3BOJHAS, ITUIIYT

vé, v&,,

ye, e,

CHUMBOJIOB

win, 6oJree KOPOTKO,

IIpumep

y=2x°, ye=6x?, ye=12x, ye=12, y* =6 =_=0.

pumep

p=2x - 5x7+1, p¢=6x- 10x, y¢=12x-10, =12, ) =) = =0.

Ipumep

y=sinx, y¢=cosx, y¢=— sinx, y(ﬂt:- COS X, y(4) =SINX, 3HAYeHHA MOCTETYIONMX TPOM3BOIHBIX

YepeayIOTCS B TOM K€ TIOPSIIIKE.
n
UTOoOBI UMENIO CMBICT TOBOPUTH O KOHEUYHOM WM OECKOHEYHOM 3HAYCHHUU y( ) B TOYKE Xy, HYXKHO, 4TOOBI

S

o6pa30M, Korjia roBopsT, YTO B TOYKE xo HMEETCS KOHEYHass WM OEeCKOHEeUHas 71-s npousBoAHasd, TO TEM CaMbIM

kaK Qynkuus or X ObUla ONpeseieHa U KOHEYHa B HEKOTOPOM MPOMEKYTKE, CONEPKAIIEM TOUKY X. Takum

NOAPA3yMEBAIOT CYLECTBOBAaHUE KOHEUHOM (l’l - 1)—171 HPOU3BO/IHOM B HEKOTOPOM IMPOMEXKYTKE, COICPIKAIIEM TOUKY X .

Bamgaun



3agava 1. BeranciuTh Npon3BoIHYIO QYyHKINU:

a)
1 I+ xV 34 a2

l}y_”ﬁ(ln Vi -+*2a1'c:tgI )
1 i-—-.t]/ﬁ-[—x'

2) yﬂ-‘ﬁ(ln eVt 2arctgl )

3) y = V (Val '—i"—*i-j-r‘—"1+2arctg 1/3)

6)
1. y = (sinx) VE 2 y= VT
5. = I,l:." 'T:Iln ", 6. y= J_.\,"T geinz
v = " ol 8 y=a'ET
a. i I::h‘ill 3x) In sin 0. y J::r,. 4

3ananue 2. HaiiTu mpou3BOIHBIC N-TO MOPSIKA 3aJaHHBIX (YHKITUI:

L. y=sn2r+cosde. 2. y=sin(dr+1)+cos2z. 3. y= 2"

: r+1
4. y=In(2z +4). bh.oy= % 6.y = ;J 5
7.y = 3%+, 8.y =In(3z +1). 9, y = 52+,
10,y = /x

Bompocst

1. Kaxkast pyHKIMsI cuuTaeTCs 33/1aHHON HESIBHO?

2. 3anummre Gopmyiisl auddepeHnupoBanus GYHKIMH, 3aJaHHON HESBHO.

3. Jna nmuddepeHumpoBaHus KakuX ~(QYHKIMH  [enecooOpa3sHO NPUMEHEHHWE MEeToJa  JIorapu(MHUYECKOro
muddepenunposanus?

4. NaiiTe onpeaencHre MPOU3BOAHON mopsaka n. Kak 0003Hauar0TCs MPOU3BOIHBIC BBICIIAX ITOPSIAKOB?

5. Ommummre ocobennoctn muddepeHnrpoBanns GpyHKINi, 3a1aHHBIX TAPAMETPUIECKH.

Tema 4. IIpuiio:keHusi TPOU3BOTHOIA.
[paxkTtunyeckoe 3ansitue 4.1. IIpuiaoxenus npousBoanoii. IIpaBuio JlonuTansa pacKpbITHSI HeonpeaeJdeHHOCTENd.
®opmy.ia Teilsopa aiast MHorowiena. @opmyJa Teitsiopa 1 npon3BoJibHONH QyHKIMH.

Peub moiiner o BbIYHMCICHUH TIpejiesia OTHOIICHHUS IBYX OECKOHEYHO MaJIbIX WIIM JIByX OECKOHEYHO Oonblinx. B

HEPBOM CITydae TOBOPAT, YTO UMEIOT JIENO C KHEONPEIETEHHOCTHIO THIIA — », BO BTOPOM CIIydae — ¢ «HEOHPEAENeHHOCTIO
tuna — ». KoneuHo, camu 1o cebe CUMBOJIBI — ¥ — JIMIIEHBI CMBICHA, U UX HCIONB3YIOT JIHIIb AN 0003HAYCHHS TUIIA
HEOpeIeNeHHOCTH.
. sinpx 0
Ipumep. lim — HEOIpeeIeHHOCTh THIIA — .
@1 Inx
2
. x"+5x-1 ¥
Hpumep. lim ——————— — HeonpeneneHHocTh THIA — .

@Y 2x7 +3
Crnenyrolas TEOpeMa OCHOBBIBAETCS Ha TeopeMe KOIIM M JIaeT MOJE3HOEe OOLIEe MPaBUIIO JUIS PacKpPBITHS

0 ¥

HeOHpeHeJ’ICHHOCTeﬁ BUAa — U ——, BJIUTCPATYpC 00BIYHO Ha3bIBAIOUICECA npasuiom Jlonumans:

Iyemo npu X ® A gynxyuu f (x ) odﬁoepeMel-mo cmpemamcest K Hymo uiu k 6eckoneunocmu. Toeoa

11m~é—§ —lim%,
x®a g X x®a g X

€CJI BTOPOW mpenen (KOHEYHBIM MM OeCKOHEUHBIN) cymecTByeT. [Ipu 3ToM mpenmonaraercs,
4TO B HEKOTOPON OKPECTHOCTH TOYKH a (32 HCKIFOYEHHEM, OBITh MOKET, CAMOU 3TOW TOUKH) [ (x) u
g(x) nuddepeHIupyeMbl 1 gG(x)1 Ompu x' a.
IIpasuno coxpansem cuny u mozoa, Kozoa paccmampueaiomest i snavenus X < A ww X > A, a maxoice 6
cyuae A =¥ , +¥ ww - ¥ .



pumep.

. sin5x .. 5cos5x
lim :11m42 =5.
®0 tgx  ®0 gecTx
IIpumep.
lim sinpx :1imp cospx _
x®1 lnx x®1 1
X
IIpumep.
lim an‘ 3) —lim & =4

m
w2 x? - 3x+2 2 2 - 3)2x- 3)

Moxert CJIYYUTBHCS, YTO OTHOIICHUE MPOU3ZBOAHBIX OIATH MPUBOAWUT K HEOMNPCIACICHHOCTH. Ho k oTHomeHuo
MOPOU3BOAHBIX MOKHO CHOBa IMPHUMCHUTHL YCTAHOBJICHHOC IIPpaBUIIO (GCJ'H/I, KOHCYHO, BBbIIIOJHCHBI YCJIOBUSA €TO
HpI/IMeHI/IMOCTI/I), T.C. HepeﬁTH K OTHOLICHHIO BTOPLIX IMPOU3BOJAHBIX. Ecmu u 3[€Ch IMOJYy4YacTCd HCOIIPEACICHHOCTb, TO
nepexoauM K TpEeTbUM HNPOU3BOAHBIM, U T. A. Konp CKOPO Ha KaKOM-TO Iare Mbl MOJYYUM HOpEACII, KOTOpBIﬁ CMOXEM
BBIYUCIIUTB, TO HaﬁﬂCHHOG €T0 3HAaYCHUC U 6yZ[€T HUCKOMBIM MPEACIIOM OTHOLICHUA q)yHKHI/Iﬁ

Ipumep.
. 1-cos3x . 3sin3x .. 9cos3x 9
lim ———— =lim =lim =—.
x® 0 X ®0 Dy x® 0 2 2
Ipumep.
. x-sinx . l-cosx .. sinx .. cosx 1
lim 3 =lim — =lim =lim =—.
x®0 X ®0 3y x®0 Hx ®0 6
HNmeercs CIIC pAng OCO6BIX CJIy4acB BBIYMCIICHHS TIIPEACTIOB, OAHAKO BCC OHHM JICTKO CBOJATCA K ClIy4dasaM
0 ¥
HEOIIpEeeICHHOCTEe TUIa — U ¥ :

a) llm(f( )>g(x)) rue f( )® ¥, g(x)® ¥ - ciryyaii HeolpeaeTIeHHOCTH THTIA 0% ;
0) £1®m( ( ) ( )) rae f ( )® ¥, g(x)@ ¥ —cnyuait ¥ - ¥ ;
B) li®m(f(x))g(x),r,ue 6o f(x)® 0wu g(x)@ 0 - cinyuaii OO,JII/I6O f(x)® ¥u g(x)@ 0 - cnyqait

¥O,nn6o f(x)@ l u g(x)® ¥ — cayuqaii ¥

Inx . .
[Ipumep. llm(x >{nx) =lim =lim—*— =- limx =0
@0 ] X®0 1 x® 0
X x’
. . . Insinx . cosx in’x . .
pumep. hm(tg x nsin x) =lim— =- lim—— =- hm(cos X $1n x) =0
x®0 x®0 Ctg X x®0 SIn x x®0

®opmyna Teitnopa ans MHOTOYIeHA
PaccMmoTpuM MHOTOUIEH n-i CTENICHN

f(x)zco +ex+e,x” +ex +..+c x” (1)
(Cy,Cy5 Cy ... C,, —nocTosuubIe). [Iponuddepeniupyem sty GyHKIMIO 12 pas:
f¢(x) =c, +2c,x +3¢,x° +... +ne,x" !,
f‘II(x)Zl e, +2R8cx+... + (n - l)ncnx"'z,
falx)=1528¢, +...+(n- 2)n- e,

£ (x) =123 .. c, .
Ecnu Bo Bcex atux Qopmynax monoxurs X =0 , TO TOJIyYUM f(()) =Cy> fQ(O) =, f‘a(O) :2!02 )
140)=3lc,..... £ (0)=nlc,.

OTKyZa



0 0 0 ™10
¢, =f0). ¢ :%), : :ff, ) ‘. :%') . :f_'()_
. . . n:
IToncTaBuB 3TH 3Ha4eHUs B paBeHCTBO (1), Hallgem

f(x)Zf(0)+ fﬁo)x+ f‘;i(!o)xz +f“:‘§0)x3 +...+M " @)

X
n!

3nech k03¢ GUINEHTH MHOTOWIEHA BEIPaKEHBI Y€PE3 €ro 3HAaUCHUE W 3HAUCHHUS €r0 MMPOU3BOJAHBIX B TOUKE X =0.

OxkasbIBaeTcs CrpaBeunBoil u 6osee obmas opmyra. Ilycts a — kakoe-Hubyab yncno. [onoxkum X = d =,
t — nosas nepemennas. Torma
f(x):f(t+a):co +cl(t+a)+c2(t+a)z +c3(t+a)3 +...+cn(t+a)1;
9TO — MHOTOWIEH CTEIIEHH /1 OTHOCHTEIBHO 7. PacKpbIB CKOOKH U CIPYNITMPOBAB YWIEHBI, IIOJY4YUM
f(x):CO +Ct+Ct* +Ct* +...+C 1"

(CO, C] , C2 , C3 ...C ,, — HOBbIE KOO(Q(QHIMEHTBI) UK, BEPHYBIIHMCH K IEPEMEHHO X,

f(x):CO +C1(x- a)+C2(x- a)z +C3(x- a)3 +...+C”(x- a)’. A3)
Takum 00pa3om, Kakoeo Obl HUL OBLIO A, MHO2OUNIEH CIeneHu N 8ce20a MOXCHO 3anucams 6 sude (3). Ita hopMmyraa HOCUT
Ha3BaHUe gopmynvl Teinopa 1is MHOTOWICHA U COOEPKUT (hopMyy (2) Kak 9acTHBIN ciaydaid (mpu =0 ); dopmymy (2)
Ha3BIBAIOT 4acTo ¢opmynou Maxiopena.
®Dopmya Tetinopa as mo0oi n pa3 quddepeHnnpyeMoit QyHKITUH:

f(b):f(a)+f‘i(!“)(b-a)+f‘2‘(!")(b-a)2+ ...... %MJT)(b a) '+ f(n)< >(b al-

®opmyna Telnopa WMeeT BaKHbIE NPUMEHEHUS BO MHOTHX BOIPOCAaX MaTEMaTHYECKOrO aHaju3a WU ero
MPUJIOKCHUH. B 9acTHOCTH, BO MHOTHX CIy4asX OHa IMO3BOJSCT (DYHKIMIO CIOXKHON HPUPOABI C OOJBINON CTEICHBIO
TOYHOCTH 3aMCHUTh MHOTOWICHOM, T.¢. (PYHKIHUCH OoJiee TMPOCTOMH, JaeT MPOCTOH CIOCO0 MPUOIIKEHHOTO BBIYUCICHHS
3HAYCHUN (PYHKIIUH.
3agaun
3amaya 1. Beruucnuts Hpelz[enblz

1) lim (; 2z arctgx)? (0°)

2) lim (% arcig.ﬁ:\]x (0°)
Y : J
3) lim (cosax)* (1%)
x-+0
3anaua 2. Berauenuts npenensr:
1) lim (cos gx)eosectbs  (]=);
-
1 re
2) lam( }.) (1™,
3) !!m{tgx}m % (17),
4) lim (—Inx)* (=%);
x40
5} ]Em {tg x)sll.'rlx: {mu}.

]
3azaya 3. BeIYMCIIMTB IIPEAEIIBL:

b LT; ¥ — ;:3___ tiu FEE 2) I'm 5_ e ;ﬂ”—t ﬁr”—’-ﬁ'
o it s tn S

ol fifx?-i“ A2 5 ’ff: 'JfT—iJ—

" ]mwv_p;::_ " *:rsz,r_‘——izf“-

3anmava 4. BEIYMCITUTD TIPEIeITb:



. 1 1 ’ . X | P T |
1) lend (?ﬁ Q}tg_x)’ 2) Ix|_1:r||. (m = }], 3 ;J!nj [‘x tgx — 5 sec x) .

2
3azaya 5. Pa3iokuTh MHOTOWIEH IO CTENEHAM X = X, €CJIH:
a) P(x) =x’ +4x”- 6x-8, x, =-1;

6) P(x) =x"-3x* +7x+2, x,=2.

1
3anaua 6. Pasnoxuts o popmyse Teiinopa pynxumio f(x) =— B Touke X, =1.
X

3agaua 7. Pasznoxwuts o ¢popmyne Tenopa GyHKnnio f (x) =2" B Touxke X :10g2 3.

Bormpocet

Copmynupyiite mpasuito JlomuTans s pacKpBITHS HEOTIPEIEIeHHOCTEH.

HeonpeneneHHOCTH KaKoro Bia MOKHO «PacKpbIBaTh» MPH MOMOIIH npasuia Jlomuransa?

3anucats Gopmymy Teiinopa s MHOTOWIeHA. [IpiBecTr mpuMep MPaKTHIECKOTO MPUIOKEHUST (POPMYIIBL.
Sanumure Gpopmyity Maxiiopena. O0bsicHUTE B3auMOCBs3b popmyd1 Teinopa u MakiopeHa jijisi MHOTOUJIeHa.
Sanummre Gpopmyiy Teitnopa st 1000 quddepeHnmrpyemMoi n pa3 QyHKIHH.

bl

IIpakTnueckoe 3anstue 4.2-4.3. Bospacranue n yosiBanne GpyHknmii. JxkcrpeMyM GyHKIHH. BeinmykiaocTs rpadpuka
¢ynknuu. Toukn neperndéa. AcuMnToThl rpaguka GyHKIHMN.
Touku, 6 KOMOPLIX GYHKYUA UMeem IKCmMpemMyMbl, ciedyem UCKamy cpedu mex 6HYmpeHHux mouex ee oonacmu

3a0anus, 20e aubo f ¢(x ) =0, wbo f (I(x ) =¥ | 6o f (D(x ) He cywjecmgyem. Bce 3TH ciydan peam3yroTcs,

/3

o — 2 — -2 —
Hanpumep, 1 Qyakmud Y =X, Y =X 7, Y —’x ‘ , K&X/ast U3 KOTOPbIX MIMEET MUHIMYM TIpH x = 0.

Touknu YKa3aHHOTO BHJA YCJIOBHUMCS Ha3bIBaTb KPUTUYCCKHUMU TOYKaAMH. He B Ka)I(Z[Oﬁ KpPITPI‘ICCKOﬁ TOYKEC

o o o . .3
obs3arenbHO Oyner skcTpemym. [lelicTButenbHo, Touka X = 0 OyneT xputHueckolt st kaxaod uz gynkuuit Yy =X~ (

1 .
y¢=3x2,y¢:O npu x=0), :3\/; (y¢:§x 2/3,y¢:¥ npu x=0),

Cne,uylomﬂe TCOPEMBI ITO3BOJIAIOT ONPCACIINTD, UMECTCS B JTaHHOM KpHTH‘ICCKOﬁ TOYKE OKCTPEMYM UJIM HET, U €CJIIN
HUMEETCA, TO MAKCUMYM HUJIMX MUHUMYM.

Teopema 1. [lycmb X(—Kkpumuueckas moyuxa u QyHKyus f (x ) HenpepwvigHa 6 smotl mouke. Ecnu 8 nekomopoti
oKkpecmuocmu mouku X :

1) fﬂ(x) >0 npux< Xo u fQ(X) <0 npux> X, m. e. npu nepexooe uepes mouxy X, npouseoOHas. MeHsem
3HAK ¢ NAIOCA HA MUHYC, UAU

2) f(I(x)< 0 npux< Xy u fd(x) >0 npux< X, m. e. npu nepexooe uepes X npousc0OHAs. MEHsem 3HAK
€ MUHYCA HA NIIOC, UTU

3) npouseoonas ne mensem 3naxa npu nepexooe uepes Xy, mo 6 cayuae 1) umeem mecmo MaKkcumyMm, 6 ciyuae 2)—

MUHUMYM, 8 cyuae 3) IKcmpemyma Hem.
IIpumep. f X =x3 - 3x+1. Oyuknus Berogy muddepenimpyema. ClenoBaTeNibHO, BCE KPUTHUCCKHE
TOYKH HAXOJISATCS U3 ypaBHEHUS
f¢<x):3x2 - 3=0.
Otcrona
x*-1=0,x =-1,x, =1
— JIB€ KpUTHUECKHE TOUKH.

1 X =-1. Ipu x < — 1 umeem: f(I(x):sz -3>0; mpu -1 (o x<1): f(I(x)<O.

CrenosarenbHo, B TOUKe X| == 1 mmeer mecto makcumym.

2) X, =] . Hpu x<1 (so x> = 1): f¢<x) :3.?62 - 3<0; mpu x>1 nmeem: ftl(x)> 0. CnenoBarensho, B

TOYKe X, =1 umeer mecto MUHUMYM.
Teopema | 03BOJISIET BBICKA3ATh CIEAYIOIINE IPAKTHUECKH TTOJIE3HBIE COOOPAKEHHUS.
ITycts peup mzmer 00 OTHICKAHHM SKCTPEMYMOB (YHKIMH f (x), HENPEPBIBHOM B HEKOTOPOM INPOMEXKYTKE H

UMEIOIIeH B HEM KOHeyHOe MHOXKECTBO KPUTHUECKIX TOUEK.
Haiing Bce KpuTHYECKHE TOYKH, PACTIONIOKUM HX B MTOPSAKE BO3pacTaHHUs abCIucc:



a<x <x,<..<x,,<x,<b (1)
(am b — xonupt paccMaTprBaeMoro IpoMexyTka). B kaxmoMm n3 uHTEpBaIoB

(a,xl)(xl,xz ),...,(xn_l,xn),(xn,b) )
CYILICCTBYET KOHEUHAas f ((I(x ) 1 0 (TIOCKOJIBKY BCE TOYKH, TJe f (I(x ) =0 , f (I(x ) =¥ uwm rae f ¢(x ) HE
CYILECTBYET, BOLIM B YUCIIO TOYEK Xj, X;, ..., X, ). IIpenmonarast f (lix) HEIPEPBIBHOM B Ka)XXJOM M3 YaCTUYHBIX
WHTEPBAJIOB (2) — Ha MPaKTHUKE 3TO OOBIYHO TaK M ObIBAET, — HETPYIHO MPUNUTH K BBIBOAY, YTO f (l(x ) coxpausiem 3Hax

BHYTPH KaXXIOTO TaKOTO MHTepBaia (ecnu OblI f (I(x) MeHAna 3HAK BHYTPH KaKOTO-HHOYIb M3 MHTEPBAIOB (2), TO MO

CBOWCTBY HEIPEPHIBHBIX (HYHKIMH OHa oOparmnaiachk Obl B HYJIb B HEKOTOPOH 6HympenHell TOUKE 3TOTO MHTEpBaja, YTO
HEBO3MOXHO). UTOOBI HaliTH 3TOT 3HAK, JOCTATOYHO, HAIPUMEP, YCTAHOBUTH €ro Uil KaKOH-HUOYIb KOHKpemHOU TOYKA
COOTBETCTBYIOIIEr0 HHTEPBAa.

B pesynbrare unTepBanaM (2) OyJeT COOTBETCTBOBATH HEKOTOpPAsl MOCIENIOBATENLHOCTh 3HAKOB IUTIOC U MHUHYC,
XapakTep 4epeoBaHMs KOTOPBIX B CHIIy TEOPEMBI 1 MO3BOJISIET CYIUTh O HAIMYUKM MakCUMyMa (CMEHa IUTIoCa Ha MUHYC),
MHHHMYMa (CMEHa MHHYca Ha IIII0C) WIK 00 OTCYTCTBUH SKCTPEMyMa (COXpaHEHHE 3HaKa) B COOTBETCTBYIOIINX TOUKaX.

IIpumep. f (x ) =(x + 1)2 (x = 1)3 @DyHKOUA 3a7aHa ¥ HENPEPHIBHA BO BCEM OECKOHEYHOM IMPOMEXYTKE
(‘ ¥ ,¥ ) Ee npouzsoanas

fdo)=2(c+1)(c- 1F 30+ 1P (- 1P =(e+1)(r- 1P (5 1) =5(x +1)x - 1)ng+__<3)

BCHOAY CYLIECTBYET 1 KOHECYHA. CJ'IC,I(OBEITGJ'IBHO, KPUTHUIYCCKUMHU TOYKaAMHU 6yZlyT JUb TC, IJI1 KOTOPBIX

fdx)=

T. €
— — 1 —
.xl —_" 1, X2 - —, x3 —1
5
IIpomexxyToK 3a1aHus PYHKIIUH TEM CaMbIM pa30MBACTCs HA HHTCPBAJIBI
e, loel o
F¥1)g Lo on e Sl (L)
508 5 o
CooTBeTCTBYIOIIAsA NOCIEJ0BATENIEHOCTD 3HAKOB IPOM3BOJHON MMEET BH]
+, -+ +.
CnepoBarenbHo, B TOYKE X == | (byHKIHS f (x ) MMEET MAKCUMYM, IIPHYEM f (- 1):0; B TOYKE
1 @ 16__ 16 216 3456
X, == — - MUHHMYM, TIpHIeM f - == , B TOUKE X3 =] 9KCTpEMyMa HET.

e 5@ 25 125 3125
Teopema 2. [lycmbv 8 Kpumuueckou mouxe X QYHKyus f (X ) n pas ouggpepenyupyema (n > 1), npuuem

¢(xo ) @(XO ) = :f(n_ 1)()60 ) =0, no f(n) (XO )1 0. Ecau n vemnoe, mo umeem mecmo IKCmpemym, a

UMEHHO: npu f (n) (xo )< 0 —maxcumym, npu f (n) (xo )> O —munumym. Ecnu oce n nevemnoe, mo sxcmpemyma nem.

OTpIcKkaHve HanOOIBIINX U HANMEHBIINX 3HAYCHUH (PyHKITHIA

[TycTts dyHKIMA f (x ) 3a7laHa W HETPEPBIBHA B HEKOTOPOM MPOMEXYTKE. ECIM 3TOT MPOMEKYTOK HE SIBISETCS

OTPE3KOM, TO, KaK MBI 3HAEM, CPEAN 3HAYCHHI f(.X) MOJKET U HE OBITh HAMOOJIBIIETO U HAUMEHBIIIETO. O,HHaKO MOXXHO

yKa3aTh MPOCTOH MPHU3HAK, KOTIa TaKKe 3HAUCHISI 3aBEJOMO CYIIECTBYIOT.

Teopema 3. Eciu 6 0aHHOM npomexcymke umeemcs eOUHCIMEeHHbI IKCIMPEeMyM, Mo COOMEemcmayiouee 3HaieHue
Gyurxyuu 6yoem 1ub0 HaubOTLUUM, TUOO HAUMEHBULUM, CMOMPS NO MOMY, OYOem Ju IMOm IKCMPEMYM MAKCUMYMOM UIU
MUHUMYMOM.

Ecnau Hanbomsliee WM HauMEHbIIEE 3HAUEHHE JOCTUTACTCA BO 6Hymp€HH€L‘i TOYKE OTpPE3Ka, TO OHO Heobx00UMO
6yﬂeT OAHUM U3 MAKCUMYMOB WJIM MUHUMYMOB U, CJICAOBATCJILHO, 6yH€T JOCTUTaThCA B OHHOﬁ N3 KPUTUYICCKUX TOYCK. Ho
OHO MOXKET AOCTUIaTbCA WU B KOHIIC OTPE3KaA. OTCIO,I[a CJICAYCT, YTO I OTBICKAHUSA HauOOJIBIIET0 WA HAUMEHBIIErO

3HAYCHMI f(.X) JA0CTATOYHO CPABHUTL MCKIY co00ii ee 3HAUYEHHS BO BCEX KPUTUYCCKUX TOYKAX U B TOUKAX an b;



Haubobuiee U3 BCEX ITHX YHCET 6y,Z[eT HAUOONILUIUM 3HAYCHUECM f(X) Ha OTPE3KE [Cl, bJ, HaumeHvuiee U3 dTUX YUCCIT

JacCT HaumeHvluiee 3Ha4veHue f(X)

2 2
Ipumep. DyHKIUA f (x ):\/ Q - X }1+ 2x ) nMeeT o0macTpio cymecTBoBaHHs oTpe3ok [-1,1]. Ee

HauboupIiee M HalMEHDbIIEe 3HAUCHHS, OYCBMIHO, JOCTHTAIOTCA B TeX JKe TOUKAX, 4TO M A ¢byHKIHN
g (x ) - Q - X 2 XI +2x 2 ) (paccMaTpuBaeMoi Ha YIIOMSIHYTOM OTpe3ke). 13 ypaBHeHUs
g¢(x) =- ZxQ +2x7 )+ Q - x° )>4x :2xQ - 4x7 )=O
HaxoquM X; =0, Xy == 0,5 , X3 :0,5 . B otux Toukax Z\X ) uMeeT 3HaYeHMs:
g(0)=1, g(- 0,5)=g(0,5)=1,125.
Eciu conocraBuM 3TH 3Ha9€HHS CO 3HAYEHHAMH B KOHIAX & (— 1)= g (1 ) =0, To yBuaMM, 4TO HAMGOIBIIIM 3HAYCHHEM
s g (x ) Ha otpeske [-1, 1] Oymet 1,125 (mpu x=+0,5), Haumenbium Oyaet 0 (mpu x=+ 1). Jnsa yHKIHM f (x )

HauOOJIBIINM 3HAYEHUEM OyJIET TOTraa +/ 1,1 25 (mpu x=+0,5), HanmeHpIIUM — 1ro-nipeskHeMy 0 (pu x = =+ 1).

ITycTb KpuBas 3ajana ypaBHEHHEM ) — f (x) U B TOYKE ¢ abcruccoit X () IMECT KacaTeJIbHYI0, HE apaJLICIbHYIO
ocu Oy.
Ecnu B HEKOTOPOI OKPECTHOCTH TOUKU X, KPUBasl JICKUT HaJl OTOM KacaTelIbHOM, TO TOBOPAT, YTO

KPHUBasi B TOYKE X, BBIIYKIA BHU3. AHAIO2UUHO, €ClU 8 HEKOMOPOU OKPECMHOCIU X KPUBASL IEHCUM
IO KACAMEbHOL, MO 2060PsM, YMO OHA 8 MOUKe X, BBIYKJIA BBEPX. EC/M B HEKOTOPO OKPECTHOCTH
TOYKHU X, CJIeBA OT X, KPHUBAsi JISKHT 110 OJHY CTOPOHY YIOMSHYTOMN KacaTelIbHOM, a CIIpaBa OT X, —
II0 APYTYIO CTOPOHY, TO TOBOPSIT, YTO X, €CTh MOUKa nepe2uda KPUBOH.

Teopema 4. Ecau 6 mouxe X, cywecmeyem KOHeunas npous600Has. f (ﬁ(xo ) npuyem f @(xo )> 0, mo 6 mouxe
X Kpusas 6binyKa 6Hu3, ec Jice f (Ii(xo )<(), MO Kpuedsi 6bINYKILA 6EPX.

Teopema 5. Ilycmo f @(x ) cywecmeyem u KOHeuHA € HeKOMOpOl okpecmuocmu mouxu Xg. Ecnu f di(x )
MeHsem 3HAK npu nepexooe X uepes mouky X, mo Xg—mouxa nepeauba. Ecnu owce f @(x ) 6 okpecmnocmu X
coxpansaem 3HAaK, mo 6 modxKe )CO nepeeu6a Hem.

[Ipumep. Haiith Touku mnepernba M MCCIENOBATH XapaKTEP BBIMIYKIOCTH KPUBOM
y =x° - 3x° +1. Beumcmsem: y¢=3x° - 6x, y¢=6x - 6. Vpasuenne y&=6x- 6 =0 naer
x =1.TIpu x <1, oueBunno, y¢< 0 (xpuas BbimyKIa BBEpX), ecim ke X > 1, 10 y¢>0 (kpusas

BBIMyKIa BHM3). Touka X =1 sBasgercs Toukoii neperuta.
OTpICKaHUE ACUMIITOT

ITycth KpuBas 3agaHa ypaBHEHHEM ) — f (x) MoskeT ciay4uThbes, 4yTo Ipu X ® +¥ wm npu X ® -¥
KPHUBas HEOTPaHHIECHHO NPHOIMKACTCA K HEKOTOPOH (PHKCUPOBAHHOM IIPAMOH ) =kx+b , Ha3pIBa€MOU acumnmomou

IJis JaHHOM kpuBoi. Tounee rosops, npamas ) =kx+b naswsaemcs acumnmomoii ons Kpueou ) = f (x) pu

X® +¥ wmupn X ® -¥ ), ecim l(én;l%lf(x)- kx - bJZO

W3 BBICKA3aHHOIO ONPENENEHUS CIEMYET, YTO KpuBas ) — f (x ) UMEET 20PU3OHMANbHYIO ACUMITOTY Y =b

TOI/a M TONBKO TOr/a, Korxa 11m f (x ) =b (umu coorsercrenno mpu X ® =¥ ).
x® +¥

st cylmecTBoBaHMsl HAKIOHHOM aCMMITOTHI ) =kx + b HEOOXOIUMO M TOCTATOYHO, YTOOBI CYIIECTBOBAIN

. X .
KOHEYHEIE MPEEIIbI lim f( ) =kwu lim [ f (x) = ka =b. (ITpn k =0 MOJIy4aeM OIAThL FTOPU30HTANILHYIO
x®+¥  x X® +¥

ACHMIITOTY.)

x2 +3x+5

Ipumep. Haittu acumMntoTsl rpaduka GyHKIMN ) — 1
X+



f(x) . x?+3x+5

k = lim = lim ——— = =]
x®+¥  x x® +¥ x+1
éx’ +3x+5 u
b=Ilm|f(x)- kx|=lim g——- x3=2
x®+¥[f( ) ] x®+¥é x+1 g

CrnenoBaTenbHO, IMEETCS] aCUMITTOTA (M IpH X ® +¥ u npu X ® -¥ ) y=x+ 2.

4 2
Hpumep. Onpenenum HanOoNbIIee U HANMEHBIIEE 3HAYCHUS (YHKIIUU f (x) =x"-2X" +3 m OTpe3ke |[-
2;1].
Pemenne. @yHkums fx) HempepblBHa Ha 3aJaHHOM oTpeske [-2;1], xkak MHorowreH. IloaTromMy mo Teopeme
BeiiepmiTpacca oHa JIOCTUTAET HAa 3TOM OTPE3Ke HAHOOJbIIIee U HAMMEHBIIICE 3HAUCHHSL.
Haiinem kputHueckne TOUKH, st 4ero npoanddepeHupyem QyHKuuio.

Fqx) =4x> - 4x =4x(x* - 1)
Torma f(t(x) :O,GCJ'II/I)C:OI/IJ'H/I)C:—I nmx=1.

[onyunnu aBe kpuTHueckue ToUku x = 0 U x = -1 npUHaUIeKaAIIKME TaHHOMY POMEXYTKY [-2;1]. Touka x = 1 He
SIBIISIETCS] BHYTPEHHEH M TI03TOMY HE KPUTHUYECKas.

Beruncnnm 3HadeHust QyHKINH Ha KOHIAX MMPOMEXKYTKA U B KPUTHYECKHX TOYKaX M BBIOEPEM M3 HUX HanOOIbIIee
1 HauMEHBIIIEE.

f(-2)=(-2)*- 2(-2)*> +3 =16 - 8+3 =11
F)=1-2+3=2
f(0)=3
f(-1)=1-2+3=2
Cresommeno. min /() = /(D) =2 max /() =/(-2) =I1.

;1
3amaun

3anaua 1. Haiitu 3Hauenust X , Ipu KOTOPBIX (QYHKIHSI f ( X ) =4x + — umeer SKCTPEMYMBI.

2
3anaua 2. Haiitu 3Hauenust X , IpH KOTOPBIX (QYHKIHSI f ( X ) =3x° + — umeer 9KCTPEMYMBEI.

3agava 3. HaliTh HHTEpBAIbl MOHOTOHHOTO yObIBaHHS QYHKIHH ) =x3 + 1,5)(? +2.

3
3anmada 4. Halitu uHTEpBaisl MOHOTOHHOTO yObIBaHusA QyHKIUKM ) = - 2x 2 +3x+1.
3 2
X X
3anaya 5. Haiitu uHTEpBAabl MOHOTOHHOIO yObIBaHUs QyHKIMKM ) :? + 4 - X.
2
-3x"-5x-4
3anava 6. Halitu ypaBHEHME HAKJIOHHON aCUMITOTHI Tpaduka GyHKuud ) — 1 .
X+
2
x“+3x-12
3anaya 7. Haiitu ypaBHEHME HAKIOHHON aCUMITOTHI Ipaduka GyHKuuid ) :—5 .
X +

3anmaua 8. HaiiTu Bce KpUTUYECKUE TOUYKH (DYHKIMU f(x) :2x2 - 6‘)6 + 1| +5.

3anaua 9. Haiiti Bce KpUTHYECKHE TOUKH X (PYyHKIHH f(x) =x2 - 5’x‘ +6.

Bomnpocst

1.Ccopmynupyiite ycaoBUsi MOHOTOHHOCTH (pYHKIIWH.

2. Kakue TOUYKH Ha3pIBaIOTCS CTALlMOHAPHBIMU; KPUTHYECKUMH; TOUKAMU 3KCTpeMyma?
3. Chopmymnupyiite HeOOXOIUMBIE YCIOBHE IKCTPEMYMA.

4. Kaxast (hyHKIMSI Ha3bIBACTCS BBITYKJIOW BBEPX (BBITYKJIOH BHU3)?

5. Uro Takoe Toyka neperuda?



6. ChopmynupyiiTe 10CTaTOYHOE yCIOBHE BBITYKIOCTH BBEPX (BHH3).

7. ChopmynupyiiTe HEOOXOIMMOE YCIOBHE TOUKH Meperuoa.

8. Uro Takoe acumnrora rpaduka pynkuun? Kakue Buns acumnror Bel 3Haete?
9. Kak onpenenuts Hamu4ue BEPTUKAIbHON aCUMITOTHI?

10. B xaxkom ciry4ae npamas ) =kx + b snsercs naxnonnoi acumntoroit rpaduka GpyHKInu?

IIpakTnueckoe 3anaTue 4.4. O0mas cxema ucciaeJ0BaHust PyHKIUHA U MOCTPOEeHHs TPadUKOB.
Cxema uccnenoBanus GyHKIUU

1. Haiit o6nacts onpeneneHnst QyHKIMU, TOYKH Pa3pbIBa 1 HHTEPBAIB! HEMPEPHIBHOCTH.

2. UccnenoBath (YyHKIHIO HA 9€THOCTD, HEYETHOCTD M MIEPHOANIHOCTD (TA€ BO3MOXKHO).

3. Haiitu Touku nepecedeHus rpaguka QyHKIHUI ¢ OCIMH KOOPIMHAT M MHTEPBAJIBI 3HAKOIIOCTOSHCTBA (DYHKLIUH.

4, OHpe}IeHI/ITB HHTEPBAJIbl MOHOTOHHOCTH, TOUKH JIOKAJIBHBIX OKCTPEMYMOB, 3KCTPEMAJIbHBIC 3HAYCHU A (byHKHI/H/I.

5. Haiitu Touku nneperu6a rpaduka GpyHKINY, BBIYUCIUT 3HAUeHUS (PYHKIMN ITUX TOYKaX, YCTAHOBUTH HHTEPBAJIBI
BBINYKJIOCTH M BOTHYTOCTH rpaduka GyHKIHH.

6. UccrnenoBare mnoBesneHue (YHKIMM Ha TpaHHMIax ee oOmactu ompezeneHus. Haiitm acumnrorsl rpaduka
(GyHKIHH.

7. Beraucnuth o He0OXOAMMOCTH 3HaUCHHUS! (PYHKIMU B HEKOTOPBIX JONOJIHUTEIBHBIX TOUYKAX.

8. Mcnonb3yst Bce Mmoy4eHHbIe CBOMCTBA B MyHKTax 1-7, HOCTPOUTH TpaduK GyHKIHS.

OTOT MOPSIOK IIPU MCCIICAOBAHUH (QYHKITMH MOXKHO M3MEHSTb.

[pumep. [ocTpoiite rpadux GyHKIHN:

3

1.y = X
x° -9
Hccnenosanue.

1) ®ynkus onpeneseHa U HEMPEPbIBHA MPHU BCEX XT (-¥ 3 3) U (' 3,3) U (3;+¥ )

0 _ _
5 =- ———.re. f(-x) == f(x).
(-x)*-9 x° -9

CrnenoBarenbHO, rpaduk (QYHKIIUM CHMMETPUYCH OTHOCHUTEIIFHO Hadajla KOOPIWHAT, MO3TOMY JOCTATOYHO
HCCIIEOBATh PYHKIUIO Ha MpoMexyTke [0;+0), Jlerko 3ameTnts , uto Touka O(0;0) - eqMHCTBEHHAS TOYKA MIEPECCUCHHS C
OCSIMU KOOPIFHAT.

3) Haiinem acuMOTOTHI.

2) OyHKIMS HeYeTHas, T.K.

: X : X
lm ——— =-¥ |, lim ———— =+¥.
x®3-0 x2 - Q x®3+0 x2 - 9

HOSTOMy npsaMasd x=3 sBIsgeTCS BepTPIKaJ'ILHOﬁ ACHMIITOTOM.

Halizem Tenepb HaKJIOHHYIO aCUMIITOTY ) =kx+b:

2
k= lim £ &) A

=lm —— =
X® ¥ x x®+¥ x2 . Q
: . @ x o . 9x
PRV =ing s gm0

[Moxy4dnim HaKIIOHHYIO aCHMIITOTY Y=X.
4) Haiinem nHTEpBaIbl MOHOTOHHOCTH (DYHKIIMU M TOYKH 3KCTPEMyMa, JUI 4ero npoauddepeHmupyem ee:

¢_ae x’ 'Of_3x2(x2 -9)- 2xx’ 3x*-27x7-2x X' 27X XP(x7-27)
e 9, T ooy F-97  (F-9  (x-9)

Torna y¢:0 , ecan x=0 umm X :3\/§ u y¢ He cymecrsyer, ecnu X =3 .Ho x =3I D(y) . IToaTomy

KPUTUYECKUMU TOUKAMHU SABIIOTCS X :0 u X :3\/5 . CoctaBuM Tabnuily.

X 0 (0;3) (3:3V3) 343 (3V3;+¥)

1

y 0 -




6) Brruuciaum 3navenue (byHKHI/II/I B HCKOTOPBIX JOMOJTHUTCIBHBIX TOYKaX.

8 3 4 64 1
2) = =- =12, 4)y=—" =" =09_—
/)= 4-9 5 5 J@ 42-9 7 7

7) Hcmonw3yst pe3yabTaThl HCCIEIOBAHUS, CTPOUM TpaduK:

y

y=X

Tema 5. luddepenunan pynkumun.

IpakTtnueckoe 3anaTue 5.1-5.2. Iudpdepennuan ¢pynknun. I'eomerpuueckunii cmbica guddepennnana GpyHkuum.
OcnoBHbie Teopembl 0 auddepennnanax. Ilpumenenne auddepennnana K NPHOIHKECHHBIM BbIYMCICHHSAM.
JAuddepenuuanpl BICIIMX NOPSIAKOB.

[Ipupamenve pynkuun ) = f (x ), MMeEIOIIEH B TOYKE X KOHEYHYIO ITPOM3BOAHYIO, IPECTAaBIMO B BUJIE
Dy =fdx )Dx +aDx
rze a - 0eCKOHEeYHO Majas Ipu Dik® 0.
IlepBoe cnaraemoe f d(x )Dx B TIpaBOil 4acTH (HOPMYJIBI IPOIOPINOHAIBHO BEIMUNHE Dx (xoaddurenTOM
MPONOPIHOHATFHOCTH CIIYKUT YUCIIO f <[(x )). Ecmn f (I(x)1 0,70
fim /4 =rdx)" 0.
Dx®0 Dy
a 3TO O3HAYaeT, YTO 33 MCKIIOYCHHEM ciydasi, KOornaa f (I(x) =0, ynomsnyToe craraemoe f (I(x )Dx SIBIISIETCSI TIPU
Dx ® 0 6eckoneuno manoit mozo sce TIOpSIIKA, 4TO U Dx .
ITomaraem dy = f (I(x )D)CH Ha30BEM 3Ty BENM4UHY nuddepennnanom GpyHkuun ) = f (x ) B TOYKe x. J{nd
muddepennnana ynorpeonsercs Takke 0003HaUCHUE df (x ) Juddepennnanom He3aBUCHMON EPEMEHHON X Ha3bIBAIOT

€€ IIpUpaIlEeHNeE, T. €. HOAA2AIOM dx =Dx .
CrenoBarennbHO, MOKEM MMHCATh dy = f ¢(x )dx .

Takum 00pazom, Jugpgepenyuanrom GyHKyuu 6 mouke X HA3bl18ACMC s NPOU3EEOeHUE NPOUZBOOHOU 6 MO MOUKe
Ha Jupgepenyuan nesasucumol nepemenHol (m. e. Ha NPUPAWEHUE HE3ABUCUMOU NePEMEHHO).

2 . o
Hampumep, n1g pyskuun Y =X auddepeHnnan B moboi Touke x gaeTcs GopMyInoi

dy =2xdx.



OO0byHO CcTpyKTypa muddepeHnnana GyHKIUM 3HAYUTEIBHO NPOLIE CTPYKTYpHl €€ HPUPAIICHUS, K MOITOMY
(opMyJIOH IIMPOKO MOJB3YIOTCS B IPHOJIMKEHHBIX BEIYMCICHUSX.

Hampumep, nig pysknun Y =X 3
Dy =(x + Dx f - x* =3x7 »Dx + 3x >Dx” + Dx”,
B TO BpeMsl KaKk
dy =3x >Dx.
Ecmu B3sTh x=2, D 20,01 , TO
Dy=3><4><0,01+3><2><0,0001 +0,000001 =0,120601,

dy=3%4x0,01=0,12.
Taxum obpa3om, abcomroTHAs onTrOKa

ldy - Dy| =0,000601,
OTHOCHTEJIbHAS OIIMOKA

|dy - Dy| _0,000601 0,05881%9-
| Dy | 0120601 & g

Korjia XOTAT BBIMHCTHTH 3Hauenue f (x + Dx), suas [ (x ), TO 4acTO MOCTYNAKOT TAK: MOYHOE PABEHCTBO
f (x + Dx) =f (x)+ Dy sameHsitor npuOIMKEHHBIM PAaBEHCTBOM f (x + Dx)» f (x )+ dy w sam ynpomator
BBIKJIA/IKH.

Tax, Bo3Bpamascek onars K yHKuun y =X 3 , IoJry4aem (x + Dx)3 » x3 + i,'_ci@x
dy

u, B uactHOCTH, (2,01)°=(2+0,01)*»23+0,12=8,12.

Ecmm y :\/;,TO ~x+Dx »x/;+#>0x
2B
dy

Dx
u, B wactrocti, /1 +Dx » 1 + 5~ JIOBOJIEHO M3BECTHAS IPUOIKEHHAs QopMyIa.

I'eomerpuueckuit cMbicn auddepenunana: 3nadenue auddepeHunana (GpyHKIUM, OTBEHAIOIIEe HEKOTOPOMY
NPHUPAIICHAID HE3aBUCHMON MMEPEMEHHOMN, COBMANaeT C COOTBETCTBYIOIIMM MPHPAIICHHEM OPIHHATHI KAcaTelbHOH K

rpaduky QpyHKIUH.
OCHOBHBIE TIpaBHJIa BBIYHCIICHHS U depeHrana GyHKIHN:

1. dC =O(C =const).
n. d (u iv)za’u +dv.

a0 _duX-uXy

eveg v

VIL. d(ga ):aua'ldu.

2

IX. d&z” ):a“ Ina >du
(a=const>0,a’ 1)

st d(lg, u)=1g, e.
u

xir. d (sinu) =cosu Xdu .

XV. d(tgu ) :coa;izu'

XVIL d (arcsinu ) :diu

l-uZ.

. d (Cu) =Cdu (C =c0nst).
IV. d(uv) =du X +u Xlv.

a6 dv
VI dg— == —.
evg v

du
vIIL d (x/;):m
X. d‘g” ):e”du.

XII. d(lnu) :d_u

<

Xiv. d (cosu):- sinu Xdu .
du

2

XVI d (ctgu) =- :
u
du

1-u

sin

XVIIL d (arccosu)z- =



du

XIX. d (arctgu) = xXX. d (arcctgu) =-

1+ u? 1+u’
XXI d (shu) =chu >du . XX1. d (chu) =shu >du .
du du
XXl d (thu) = XXIV. d (cthu) =- —
ch u shu
Bcerony 3nece U u V. — npousBosnbHbIC AuddepeHiupyembie QyHKIMH OT X.
Ipumep.
(/7): x? - l xdx
x -
W1 ded
IIpumep.
: dsinx _ cosxdx
d(lnsmx)z - = =ctgxdx .
S x sSin x
IIpumep.
dshe” )=che*de* )=che™ 5" Xix.
Bamgaun
3anaua 1. Haiitu nuddepenipanpl QyHKIUM:
1gx
a) y _L 6)y =In(ax’ +bx +c¢); B) y 3Ctgx ;1) Yy =e'tgx;n) y _L;e) y =In’ x; %)
In® x e - sinx +2
2x -2x x?
- + e
Y =arccos(x2 } 1);3) y Z%;H) y =Insin 2044 5 y=——"m:", _ 1+ xarctgx
e +e™ x+1 e +e’ N
3anmava 2. BeaucanTs npuOIMmKeHHO ¢ MOMOIIBI0 uddepeHnrana 3HaueHue (QyHKIMHA B JAHHON TOYKe:
L y=2% o=2001. 2. y=+42 -3, z=0,98.
JLE= Vad, p= 1,02. 4, y= 2, =2,999,
5 y= ¥z, ==1,03 6. y=+T, =3, 099.
7. y=+1+sinx, x=002. 8. y=+v2xr+cosx, x=0,01

o . X —
9. y= '\“‘.‘ 2r —sin 5 &= 1,03. 10.y=+4x+1, z=1,97.

Bonpocst

1. Uro Takoe nuddepenunan pyHkunu?

2. KakoB reomerprdeckuii cMpich nuddhepeHnmana?

3. [lpuBeaute Gopmyiry s BeraucieHus auddepennnana GyHKINH.
4. Kak onpenensirorest audepeHInaisl BEICIINX TOPSIIKOB?

5. IlpuBeauTe mpuMepsI MPAKTHUECKOTO MPUIIOKeHUS TuddepeHimana.

Pa3znen 3. UnTerpanbHoe ucuncjieHne PyHKuunii 0JHOM nepeMeHHO’
Tema 6. HeonpeneneHHbIH HHTErpaJl.
IIpakTnuyeckoe 3aHaTHe 6.1-6.2. Tadiuua OCHOBHBIX HeompenedeHHbIX HHTerpaaoB. IIpocreiimme cBoiicTBa
HeonpejieJeHHOro uHTerpajia. HemocpeacTBeHHOe HHTETPHPOBAaHHe.
[eproobpasnas GpyHKIMs.

Oynkuus F(x) HazpiBaeTcs: mepBoodpasHoii pynkuueii ynkuunn f(x) Ha otpeske [a,b], ecin B moboii Touke
9TOT0 OTpe3Ka BepHO paBeHCTBO:F¢(X) = f(x).

Hano ormeTnTs, 4To nepBOoOOpa3HBIX ISt OAHOW M TOH ke (DyHKIIMH MOXET ObITh OeckoHeuyHO MHOTO. OHHM OyIyT
OTJINYATHCS APYT OT JIpyTra Ha HEKOTOPOE MOCTOSHHOE YUCIIO.

Fi(x) =Fy(x) + C.
Heomnpenenennpiit uHTErpa.

HeomnpenesenubiM nHTEerpaiaoM ¢yHkuuu f(X) Ha3pIBaeTCs COBOKYITHOCTH IEPBOOOPA3HBIX (PYHKIIHH, KOTOPHIE

OIIPEAEIEHBl COOTHOILICHUEM:
F(x) + C.

Bammceisaior: () (x)dx =F(x)+C.

VYcnoBueM CyIecTBOBaHHMSA HEOMPENENCHHOTO MHTErpaga Ha HEKOTOPOM OTpe3Ke SIBISETCS HENPEephIBHOCTH
(YHKIIMM Ha 3TOM OTpE3Ke.



CaoiicTBa:
l Q‘y(x)dx} =(F(x) +C)¢= £ (x);
2. d oy (x)dx )= (x)d;
3. d]F(x) =F(x)+C;
4. Qu +v- wydx =Qdx + (ydx - Qvdx; rae u, v, w — nexotopsie GyHKImH OT X.
5.0F > (x)dx =C>Of (x)dx;
Hpumep: dxz - 2sinx + )dx Zévzdx - 2¢yin xdx + ¢ylx =§x3 +2cosx+x+C;

Jns ynoOcTBa 3HAueHMs HEONpE/IENCHHBIX WHTErpajoB OONBIIMHCTBA JJIEMEHTAPHBIX (GYHKIHMHA CcOOpaHbI B
crienasbHbIe TaONUIBI UHTErPaIoB, KOTOPbIE OBIBAIOT MHOT'/Ia BECbMa 00beMHBIMU. B HUX BKIIIOUYEHBI pa3iinuHble Hanboee
4yacTo BCTpevaromyecst komOuHanuu ¢yHknuid. Ho GOJBIIMHCTBO MpeCTaBICHHBIX B ATHX TaOiunax GpopMys SBISIFOTCS
CIIC/ICTBUSIMH IIPYT IpYra, MO3TOMY HW)KE INPHBEIEM TalOJHIy OCHOBHBIX HHTETPAIOB, C MOMOIIBIO KOTOPOH MOYKHO
TIOJTYYNTh 3HAUEHHS HEOIPEICTICHHBIX HHTETPAIIOB PA3IMYHbBIX (QYHKIIHH.

HuaTterpan 3HaueHue MuTerpan 3HaueHue
(‘jgx dx -In%acosxVo+C 9 C‘YX dx e+ C
;) InVasinx¥a+ C 10 S sinx + C
Oytgxdx Cpos xdx
O dx a” ‘C 11 Oin xdx -cosx +C
Ina
41, dx 1 o X aC 120 1 d tgx +C
O+ = —arctg— O—
a’ +x° a a cos’ x
5 . dx 1 IHX+a+C 13 1 i -ctgx + C
:x2 -a’ 2a |x-a Csin2 X
6 14
dx Inlx +4/x* xa*|+C 07‘ dx arcsini +C
x? +a’ a’ - x* a
7 Py ad a+l 15 1 A
Ix N
o +C,a'-1 O—dx 1ntg¢aai+£ +C
a+l1 Cos x e2 4
8 dx ln‘x‘ +C 16 1 X
O—‘ 0—‘ ——dx Infte =+ C
X sin x & 2

MeroJ, HENoCpPeNCTBEHHOTO WHTEIPUPOBaHHMS OCHOBAH Ha IPEANOJIONKEHHH O BO3MOXKHOM 3HAYCHHU
nepBo0OpasHoOi (PyHKIMKM C HaibHEHIIEH NpoBepKOi 3Toro 3HaueHus auddepeHipoBanneM. Boooie, 3aMeTHM, 4YTO
T hepeHIIMPOBAHUE IBISCTCS MOIIHBIM HHCTPYMEHTOM MPOBEPKH PE3yIbTATOB HHTCTPUPOBAHUSL.

PaccMoTpuM npuMeHEHHE 3TOro METOoJIa Ha IIpuMepe:

L ax N 1
TpebyeTcst HaliTH 3HAYCHHE HHTETpajia o Ha ocHoBe usBecTHO# opmyiisl auddepeHupoBanms (lnx)¢ =—
X

X
MOKHO CJIeNaTh BHIBOJI, 4TO HcKoMblii uuterpai pasen In x + C, rae C — nekoTopoe nocrostuaoe 4ucio. OHaKo, ©
1 1
APYTroil CTOPOHBI (ln(- )c))¢ =- — X~ 1) =—. Taxum 0Gpa3oM, OKOHYATEIBHO MOXHO C/ENIATh BBIBOJ:
X X
Jdx
O— =Infx|+C
X

3ameTnm, 4TO B OTJIMUHE OT AUGPEPEHIMPOBAHMS, T/I€ U HAXOXKICHHUS MTPOM3BOAHON MCHONB30BAIINCH YETKHE
MIPUEMBI U METO/IbI, IPaBHJIA HAX0XKIEHHS IPOU3BOIHOM, HAKOHEL! OIpeeNIeHHe IPOU3BOIHOM, JUI HHTETPUPOBAHHS TaKHeE
METOJBI HEOCTYHBI. ECIIN IPH HaX0KICHUN TPOU3BOIHON MBI ITOJIB30BANINCH, TAK CKAa3aTh, KOHCTPYKTHBHBIMU METOIaMH,
KOTOpBIE, 0a3upysch Ha ONpPENCICHHBIX MpaBWIaX, NMPUBOMWIN K PE3ydbTaTy, TO NPH HAXOXKACHUU HEPBOOOpPA3HOMN
MIPUXOJUTCS B OCHOBHOM OMMPATHCS Ha 3HAHMS TaOJIHI IPOU3BOJHBIX U IEPBOOOPA3HBIX.

Uro kacaeTcsi METOa HENOCPEICTBEHHOIO MHTETPUPOBAHUSA, TO OH NPUMEHUM TOJIBKO JJIsi HEKOTOPHIX BECbMa
OrpaHMYEHHBIX KiaccoB pyHkuumil. @yHKUUHI, 47151 KOTOPBIX MOYXKHO C XOJly HallTH NepBooOpas3Hyto o4eHb Mano. [loatomy B
OOJIBIIMHCTBE CITyYyacB NPUMEHSIOTCS Ipyrye CIIOCOObI MHTETPUPOBAHUSI.
3agaun:



3anauva 1.Haiitu HeonpeaeneHHbIe HHTETPAIbL:

1)5(ﬁ~3ﬁ+5x~4) dx;

2) [ (3x° + 5x2 — 8) (922 + 100 dx; 3) [ VT 6 2xdxs
8 f@a+2xde 5) [V F8adr; 6) [V —rxdr.

3anauva 2. HaliT HeonpeneneHHbIe HHTErPaIb:

) [iie o [Vetuwo [oes 0 [

5)fmdx 6)jm—’fdx; 7) jv,sm_-zl_._dx; a)j'lf”d"

T4 ot 7 — cos® e

9) j’shaxchxdx 10) &"ffc * d.
ctgx

3amaya 3. Beraucauth uHTErpaisl: 1) 0—
xX+a

) [Hsas o [rise o (2
. j'a—x‘ 6) L;i:x 7) j‘a fCue.’xa“!"“
8) 57%7 dx;  9) jlf:ﬁdx; 10) j'

Bompocsr:

1. UYro Takoe nepBooOpasHas GyHKIuUs?
Yro Ha3bIBaETCS HEONPEIEICHHBIM HHTETpaIoM?
[epeuncnure OCHOBHBIE CBOICTBA HEONPE/ICIIEHHOTO UHTETpaIa.
3anuImTe 1o namsaTH TabIrIly OCHOBHBIX HEOIIPEAEIEHHBIX HHTETPAJIOB.
B 4em cocTonT METOI HEMOCPEACTBEHHOT'O HHTEIPHUPOBAHHMS?

bl ol

Tema 7. MeToasb! U cioco0bl MHTErPUPOBAHUS.
I[IpakTuyeckoe 3anaTue 7.1. 3aMeHa nepeMeHHON B HeonpeaedeHHOM HHTerpasie. MHTerpupoBaHue Mo 4acTaM.
3amMeHa IepeMeHHON B HEONPeIeICHHOM UHTETpae.

Teopema: Ecniut TpeOGyeTcst HAWTH HHTETpat ‘Of (x)dx , HO CIOXKHO OTBICKATh NEPBOOOPA3HYIO, TO C MOMOLIBIO 3aMEHbI X
= j(t) u dx = j¢(t)dt monyuaercs:

O ()dx =@y (| (1))] 4y

Hpumep. HaiiTi HeonpeieneHH b1 MHTErpan ()VSIN X COS xdX .

Cnenaem 3aMeny ¢ = sinx, dt = cosxdt.

OVedt =¢y'"%dt = JieC =§sin3/2x+C.
[puwmep. ‘Ov(xz +1)*"* dx.

dt
Bamena t =x° +1; dtf =2xdx; dx 22—; [Monyuaem:
X

windt 1 1 2 " C(xP+1)7?

3/2 5/2
— == dt =—Xt""+C=—-+C= +C.
g 2 2Cj 25 5 5

HHrerpyupoBanue no 4yacTsm.
Crioco6 OCHOBaH Ha U3BECTHOM (OpMyJie MPOU3BOAHOM Mpou3BeneHus: (uv)¢ = u¢v + véu, rie u U v — HeKOTophIe

¢bynkuun ot x. B inddepenumansraoit popme: d(uv) = udv + vdu.

Y Y Y ~
Tpounterpuposas, nonysaem: (y (uv) =dv + (ydu , a B COOTBETCTBHN € IPHBETCHHBIMH BEILIIE CBOHCTBAMH

HeonpeienenHoro uurerpana: uv =(ydv + Cydu  wm Oudv =uv - Cydu ;

[onmyunnu QopMyny MHTETPHPOBaHHA TIO YacTSIM, KOTOpass TMO3BOJSET HAXOOUTHh HMHTETPAIBI MHOTHX
3JIEMEHTAPHBIX (PYHKIIHA.
. lu =x*; dv=sinxdx; U 5 .
[pumep. O‘ sin xdx =j =- X" cosx + (yosx Rxdx =
fdu =2xdx; v =- cosxé



u =x; dv =cosxdx;{
du =dx; v =sinx f\;

Kak BumHO, mocienoBaTeilbHOE NpUMEHEHHE (GOPMYJBI MHTETPHUPOBAHHS MO 4YacTSAM IO3BOJISET IOCTEHEHHO
YIPOCTUTH (DYHKIUIO U TIPUBECTH UHTETPAII K TAOJIHMYHOMY .

=-Xx cosx+2L¢s1nx O;mxdx]—-x cosx+2xsinx+2cosx +C.

Iu =e™; du =2e*dx; u

Ipumep. cy * cos xdx =i ’ “sinx- ¢yinx e dx =

—€
fdv =cosxdx; v =sin xg

u=e*; du=2edx; u_

=e® sinx - 2[ e* cosx - O cosx >Qez'*dx]=ez" sin x +

i
=i
fdv =sinxdx; v =- cosx;

+2¢* cosx - 4¢yos xe**dx

BunHo, 9T0 B pe3yipTaTe MOBTOPHOTO MPHUMEHEHISI HHTETPUPOBAHUS 110 YacTSIM (QyHKIHIO HE YAAJIOCh YIIPOCTHTH
K TabnunyaOMY BUAYy. OHAKO, TTOCICAHHAN MTOTyYSHHBIM HHTETPall HUYEM He OTIIMYaeTCs 0T HcXoaHoTo. [loaTomy mepenecem

€ro B JICBYIO 4aCTb paBCHCTBA.
N 2x 2X (2
5C " cosxdx =e”(sinx +2cosx)

2x
\ e’ .
sz cos xdx :?(smx +2cosx)+C.

Takum o6pa3oM, HHTETpall HallZieH BooO1Ie 6e3 MpUMEHEHHs TaOIUIl HHTETPAJIOB.

3amaun:
3anava 1. BeIYMCIUTD HHTETpaNbL:

1. /I.r + 1)e* dz. /
3. / r*singzdr. ]
5. /.r In e o, /
sin® r
T. / e cosr da. j
9. jbitlllu'{hh 10. /I'Ertf.l'.

3amaya 2. BIUKMCIUTD UHTETPAIBI:

l} 'Il:

arcsin x dix.

(" + 2x + ) cos rdx.

= arctg r dx.

S ... - NOJACTAHOBKA X = z’)
S{Sx-i—?h (

X
2} IE: xy ot —x?

dx
3 [z= —— (nopacTaHOBKA cltgx =7
) /s i!lsu'u:y’-isin’.'r——Eu:r.'nsii:«{ . E )-

1
(nnm:‘raﬂosxa X = —z-) )

Bompocsr:
1. 3ammmmre GopMyiry 3aMEeHbI IEPEMEHHOH B HEONIPEAEICHHOM HHTETrparle.

2. OnumuTe MEeTOJ HHTETPHUPOBAHUS I10 YACTSIM.
3. B kaxux cirydasx 1enecoo0pa3Ho MPUMEHATh METOI HHTETPHPOBAHUS 110 YACTSIM?

I[IpakTnyeckoe 3angaTue 7.2. UHTerpupoBanue 31eMeHTAPHBIX Apodeii. UHTerpupoBaHue panMoHAIbHBIX (yHKIMIA.

HHTerpupoBanme 1eMeHTapHBIX IPOOEH.

JJIeMeHTApPHBIMH Ha3bIBAIOTCS IPOOU CIIEAYIOIIMUX YEThIPEX THIIOB!

1 Mx+ N
L —; m ——
ax+b ax” +bx+c
1 Mx+ N
L — Iv. ) -
(ax +b) (ax” +bx +¢)

m, n — HaTypanbHeIe uncna (m 2 2, n 3 2) u b — 4ac <0.



[lepBbic BA THIIA HHTETPAJIOB OT AJIEMEHTAPHBIX IPOOCH JOBOJIBHO MPOCTO MPHUBOAATCS K TAOIUIHBIM
II0JICTAaHOBKOM t=ax+ b.

dx 1
L ~ —1nt+C:—1nax+b +C.
O =& =+ C = Infar +1]
11 Oidx 23 ;+C =- ! +C;
' (ax+b)"  a~t"  a(m- ™! a(m- D(ax+b)""

PaccMoTpuM MeTo MHTErpUPOBAHMUS dIIEMEHTapHBIX npobeii Buaa I11.
WuTerpan npobu Buaa I Mmoxxer OBITH TIpeACTaBIICH B BHIE:

Lexep ey PO

. Ax+B . ) A, 2 Ap 6. d
2x dr =@ : e 2p¢, _4 x+p dx+§§ Pgo%:
X"+ px+gq X"+ px+gq 25+ px+gq e 2 g°x"+px+gq
A Ap O, dx A 2B- Ap
=—ln‘x2 +px+q‘+6?B- O —ln‘x2 +px+q‘+7><
2 o= ps & po 2 Jag - p?
Qx+——+§ p—i 4-p
e 4 %)
2x+p
Xarctg +C

V4q- p’

3meck B 00IIeM BUIE MTOKAa3aHO MpHUBEIeHIE HHTErpaia Apoou Buaa Il k AByM TaOIMYHEIM HHTETpaTaM.
PaccmoTpuM npuMeHeHHe yKa3aHHOH BHITIE (POPMYIIBI Ha IpUMeEpax.

IIpumep.
lu =6x-15; du =6dx;]
L 7x-2 L Bdw-24 o Bdx-24 1 D _
O sxea Ber?-60x 448" Oox- 5)° +23 -'fx:";'s; i;
1 J4u+70-24 7 . udu 23, du 7 2 23 u _
=60 e MT300, 03 30,5 T +23)+3J§ar6tg@+c_
x-5

:%ln’36x2 - 60x +48|+ @arctg -5 e

\23
Boo011e ToBops, eciu y TpexulieHa ax> + bx + ¢ Belpaskenue b? — 4ac >0, To 1poOb [0 ONpEENICHHIO HE SABISETCS
AJIEMEHTAPHOMH, OJTHAKO, TEM HE MEHEE €€ MOKHO HHTCTPUPOBATh YKa3aHHBIM BBIIIC CIIOCOOOM.

Ipumep.

. 5x-3 g = 5x-3 fu=x+3; du =dx ‘Su-15-3du 50 udu
Ot e 20 =0 37 20™ = =507 49"
2 4+ 6x- 40 +3) - 49 bx=u-3: Eﬁ O 49 % - 49

du u-17 5 9 |x-4
- 18—~ == - 49)- 18y, +C ==Inlx* +6x- 40|- =In +C.
u’ - 49 ’ ’ u+7’ 2 ‘ 7 x+10’
Ipumep.

. 3x+4 3x+4 |u—x 3, du =dx;u 3u+9+4d —3p +
O— & =5 dn =3y
\V7- x* +6x 1/16 (x-3)° Tfx=u+s; k/) V16- u V16- u

b du 2 . u 2 R 3
+130———==-3v16- u” +13arcsin—+C =-3y7- x” - 6x +13arcsin +C.
V16 - u? 4
PaccmoTpuM Tenepb METOABI MHTETPUPOBAHUS NpocTeHnx Apobdeit IV tuma.
CHauaya paccMOTpPHUM YacTHbIHN caydail mpu M =0, N= 1.
Torna HUHTETpaJl BUOA 0 dx MOXHO IIYTEM BbBIACJICHUA B 3HAMCHATECJIC IIOJHOI'O KBaJgpara

(ax® +bx +c¢)"

du
MPEACTaBUTh B BUJIE 0(7)’1 Crenaem ciexylolee npeoOpa3oBaHue:
u- +s



. du 1 SHut-u’ 1. du _l‘ u’du

C:(uz +5)" s C (u® +s)" ! s w? +5)"" s u’ +s)"

Bropoii nHTerpa, BXoasmuii B 3T0 paBeHCTBO, Oy1eM OpaTh 10 4acTsIM.

}dv1 :;‘&; u, =u; du, =du; i’l
| (u” +s)" ]
O6o3HaunM: | y
iy —a udu _. 1 i
f W’ +s)"  2n- D@’ +s)""p
. uldu u 1 . du

+ 5
O(Mz +5)" 2n- 2)w’* +s)"" 2n- 20(142 +5)"!
J11st ICXOTHOTO MHTETpajia MoTydacM:
du 1 du N u ) 1 . du
:(u +5)" (u +8)"" sQ2n-2)w +s5)"" s2n-2) 0(u2 +5)"!

. du u 2n-3 . du
O no 2 P _ O n-1°
(u” +5) s2n-2)(u" +s) s(2n-2) (u” +5s)

[omydennas ¢opmyna HasbiBaeTcs peKyppeHTHoii. Ecim npumenuts ee n-1 pas, To momyuurcss TaOIUYHBIN

. du
I/IHTerpaJ'I 02— .

u- +s
Bepremcs Teneps kK HHTErpaty OT JIEMEHTapHOU Apobu Bua [V B obmiem ciydae.

lu =2ax+b; du =2adx;|)
. Mx+N . Mx+ N [
0 2 n _(4a) d I 1/[ b 2 y =
(ax? +bx +c) (2ax +b)* +(dac- b*) | S s =dac- by
M(u- b) N
G dy = (4a)" €M | udu N 2aN-Mb , du U
2¢ O (u® +5)" 2a La (u +5)" 2a 0(u2 +5)" 8

B nony4eHHOM PaBEHCTBE MEPBBIA MHTETPAI C MOMOMIBIO MOJACTAHOBKU ¢ = u° + § TIPUBOAMTCS K TaGIMYHOMY

Jdt
O— a KO BTOPOMY MHTETPATy IPUMEHSAETCS PACCMOTPEHHAs BBIIIE pEKyPPEeHTHAs popMyIia.
HecMoTps Ha KaXKyIIyrocs CIIOKHOCTh HHTETPUPOBAHNUS 3JIEeMEHTapHOH apoou Bunaa IV, Ha mpakTHKe ero
JOCTaTOYHO JIETKO NMPHUMEHSTH U APoOei ¢ HEOOMBIION CTENEHBIO /1, @ YHUBEPCATBHOCTh U OOIIHOCTH MOJIXO0/a JEIacT
BO3MO>KHBIM OY€HB IPOCTYIO peaTu3alliio 3Toro Merona Ha OBM.

[Ipumep:
. 3x+5 g =2 3x+5 e fu=x-2; du=dx 3u+6+5
O 4 i v®=0, o ™=l _ =
(x> - 4x+7) (-2 +3) by =u+2; g (u? +3)°
3 udu . du it=u’+30 3 dt+11(;3 u LI du U _
o(u2 +3)° o(u2 +3)? |dt 2udu% 2 0_ 'g3>Q(u2 +3) 3R’ +3H
3 1u 11 3 I1(x- 2) 11 x-2
=+ + arctg — + + arctg +C.

f T -4x+T) 6(-4x+7) 643 NE)

UHTerpupoBanmne panoHaIbHEIX GYHKINH.
HHTerpupoBanne panroHaIbHBIX IPOOEH.

it TOTO, YTOOBI MPOUHTETPUPOBATH PAITHOHAIHHYIO APOOs HEOOXOANMO PA3IOKUTh €€ Ha
3JIEMEHTaPHBIE IPOOH.

2t 6(u’+3) 643

Teopema: Ecom R(x) :%Eii

MPE/CTABICH B BHJC MPOM3BEICHUS JTHHEHHBIX M KBAJPATUYHBIX MHOXHUTENEH (OTMETHM, YTO JHOOOH MHOTOYICH C
JeHCTBUTENLHBIMU KO3 (HUIHMEHTAMI MOXKET ObITh IIPEICTaBIEH B TakoM Buie: P(x) = (x - a)?...(x - b)P(x> + px + q)'... (X
+ rx +5)™), TO 3Ta APOOH MOKET OBITH pa3IOKEHA Ha HIIEMEHTAPHEIC 0 CIEAYIOMICH CXeMe:

- TpaBWJIBHAs palMoHaibHas IpoOb, 3HaMeHaTens P(X) KoTOpoi




B
O(x) — A 4, — 4, .+ B, + B, _+o+ b _+ ]illx-l-Nl
P(x) x-a (x-a) (x- a)® (x-b) (x-b) (x-b) x +px+gq
L Myx+N, .+ M, x+N, .+ Rx+S, Rx+S, .+ Rx+S,
(x> + px+q)° (x> + px +q)' xP+rx+s  (xF +rx+s)’ (x> +rx+5)"

rae A;, Bi, Mj, N, R, S; — HeKoTOpbIe OCTOSTHHBIEC BETUUHHBL.

DJICMCHTAPHBIC.

[Ipy WHTETPUPOBAHWUU PAIUOHANBHBIX JApPOOCH NPHUOEraroT K Pas3IOXKCHUI0 WCXOMHOW JIpoOu Ha
Jst HaxoxkaeHus: BenuuuH A;, B;, M, N, R;, S; npuMeHstoT Tak Ha3plBaeMblii MeTO HeompeaeIeHHbIX

K03(ll(l)l/llll/leHTOB, CyTb KOTOpPOro COCTOUT B TOM, 4YTO A TOTO, YTOOBI JBa MHOI'OYJICHA ObLIU TOXKACCTBCHHO PABHBI,
HeO6XOZ[I/IMO n J0CTATO4YHO, YTOOBI OBLIN PaBHBbI KOS(I)(I)I/I]_II/IGHTBI Ipu OJMHAKOBBIX CTCIICHAX X.

[IpumMeHeHHe 3TOro MeTola PACCMOTPHM Ha KOHKPETHOM IIpUMepe.

IIpumep.

9x°

- 30x% +28x - 88

O(.X2

- 6x+8)(x* +4)

T (x% - 6x +8)(x> +4) =(x- 2)(x- 4)(x* +4), 10
9x’-30x"+28x-88 A4 B  Cx+D

(x-2)(x- (x> +4) x-2 x-4 x’+4

[TpuBoas k 00ImEMy 3HAMEHATENIO U IPUPABHUBAS COOTBETCTBYIOIINE YHCIUTENH, TTOTyIaeM:

A(x -

4)(x* +4) + B(x- 2)(x* +4) +(Cx+ D)(x* - 6x+8) =9x° - 30x” +28x - 88

(A+B+C)x* +(-44- 2B- 6C +D)x* +(4A+4B+8C- 6D)x +(- 164~ 8B +8D) =

=9x* - 30x” +28x - 88,

i A+B+C =9 iC=9-4- B
t-44-2B-6C+D=-30 ED=-30+44+2B+54- 64- 6B
44 +4B +8C- 6D =28 {24 +2B+4C- 3D =14
f-164- 88 +8D =-88 f24+B- D =11

iC=9-4- B iC=9- A4- B
kD =24-24- 4B kD =24-24- 4B
{24 +2B+36- 44- 4B- T2+64+12B =14 {44+10B =50
f24+B-24+24+4B =11 fa4+5B =35
iC=9- 4- B 1C=9- 4- B P 4=5

LD =24-24- 4B tD=24-24-48 {B=3

44 +10B =50 444108 =50 =1

$50- 108 +5B =35 {B =3 D=2

Hroro:

5 3
by dx+‘ d+
:x-2 Ox-4x 02

b . 2
YOz, 40, &

=51n|x- 2’+31n|x- 4’+Eln(x2 +4)+arctg5+C.

3amaun:
3anaua 1. Pa3noxuTh Ha mpocTeiiinme Ipoou CICAYIONINE PallHOHAIBHBIC IPOOH:

llx—4

) s5o—=%
YEazaHHe: 3HAMBHATENB pazidHEHTE Ha MHOBEHTEMH.

2.3 —i—41x—-91 33 dx® — 24x2 — 4lx - 20 .
x—-]}Ix T x—4)" (x4 Die+2)(x—3)(x—2)°
4) bt — x4 26 5} Ilx 440
F=DE—2(x—23) =012
6) _ -2 28
FFDEFH =D
3amaya 2.

Brerauciaute:



dx:. .. dx | dx | ad
1 Sﬁ-’_———IB' 2) S—-—m_ax. 3) 54—"——_“. 4)]3%; 5]5‘1—;-_-_‘5-@.
3amaya 3.
Breranciants:

dx | _ dx___. - dx___,
) h=arigm 2 b= a9 b= [aphs
dx ’ o dx = g 'dx
1) 14=Sx—a_g—x+25' 5) Iy ”j}f._rx+14'6) Ty _'5x'—x-{—ld'

Banaya 4.
Brerancants:

l}j dl & 2) Y dx _
B! FOx 10" J T —3x+5 '

dx ; dx .
9 Sﬂﬂ+x+lsz b S 6 7x+ 15"

dx
S}XW'

Bamaua 5.
BeruncauTs:
dz | dx dx

D hy={aZm: D L= g 0 1=[atm
Bompocsr:
1. Kaxkue npobu Ha3BIBAIOT MPOCTEHITIMH?
2. Kaxkas n1poOb Ha3pIBAETCS pallMOHATBLHOM?
3. Kakas paunoHanbHasi 1poOb Ha3bIBa€TCs IPABUIILHOMN?
4. Kak paznoxuTh NpaBUIbHYIO JpoOb Ha MpocTeiinie?
5. B 4em cyniHocTs MeTOa HEOpeeIeHHBIX KO PHIIMEHTOB?

Tema 8. OnpenesieHHbI HHTErpaJl.
IIpakTnuyeckoe 3ansiTue 8.1. Cnoco0bl BBHIYHCICHUS ONpedeIeHHOro HHTerpajga. ®opmyna Helorona-Jleiibanuna.
3aMeHa mepeMeHHOHl B oOmnpesfejJeHHOM HHTerpajie. ®opMysia HHTETPHPOBAHHMS MO YACTAM B ONpeAeJeHHOM
HHTerpaie.

O6o3HaunM m U M HauMeHbIIIee 1 HanOoJbIIee 3HaUYeHne (YHKIINN Ha oTpe3Ke [a, b] .

0 a X b X

PazobbeM oTpe3ok [a, b] Ha wacTu (He 00s3aTEIEHO OIMHAKOBEIC) N TOYKAMH.
Xo<X;<Xp;<...<Xpy

Tornma x; —Xo = Dx, Xo — X1 = DXy, ... ,Xp — Xp.1 = DXy

Ha xakoM U3 morydeHHBIX OTPEe3KOB HaiiieM HanMeHbIIlee U HanOoJbIee 3HaueHHEe (PyHKIINH.

[X(), Xl] ® mi, Ml; [Xl, Xz] ® mp, Mz; [Xn,|, Xn] ® my, Mn.

CocTaBUM CyMMBI:

n
o

En: 1’111DX1 + szXZ + ... +IIlnDXn: a m,; Dxl-
i=l



§n:M1DX] +M2DX2+ +MnDXn: é Mlii

i=l
Cymma S Ha3biBaeTcsl HHZKHEH MHTETPAILHON CyMMOId, a CymMma S’ — Bepxmeii MHTerpaLHOI CyMMOI.

Tx. mEM,10 S,£ S5, a mb-a)f S, £S5, £Mb-a)
BHyTpH KakJI0T0 OTpe3Ka BhIOEpeM HEKOTOPYIO TOUKY €.
Xo<e;<X;, Xi<e< Xy ...,Xp <e<X,

Haiinem 3HaueHust QyHKIIMU B 3THX TOYKaX U COCTABUM BBIpaXKEHHE, KOTOPOE HA3bIBACTCSl MHTErPATBHOI CyMMO
st pyrkunu f(x) Ha oTpeske [a, b].

S, = f(e)Dx, + f(€,)Dx, + ... + fle)Dx,= q f(e,)Dx,
i
Torma moxxHo 3anucath: m;Dx; £ f(e;)Dx; £ M;Dx;

CrienoBaTesbHO, é m,Dx, £ é f(e)Dx, £ é M Dx,

i=l i= i=l
S £S5 £S,

I'eomMeTprUecKy 3TO MPEICTABISAETCS CIEAYIONM 00pa3oM: rpaduk GyHKInH f(X) OrpaHUYeH CBEPXY ONMCAHHOM
JIOMaHOH JIMHKEH, a CHU3Y — BIIMCAaHHOM JIOMaHOM.

0603naunM maxDx; — HanOonbIIHiA 0TPe30K pa3dueHwust, a minDx; — Haumenbimid. Eciin maxDx;® (0, To uncio
OTPE3KOB pa3dUeHUs OTpe3ka [a, b] cTpeMUTCst K 6ECKOHEYHOCTH.

Eem S, =g f(e)Dx, .10 lim g f(e)Dx, =S.
= max Dx;® 0 i

Ecnmu mpu moObix pazOueHusx orpeska [a, b] Takux, urto maxDx;® () W TPOM3BOIBLHOM BBHIOOpPE TOUYCK €;
n

(]
unrerpanshas cymma S, =g f(€,)Dx; crpemurcs k npeneny S, KOTOpbIi Ha3bIBAETCA ONPEEIEHHBIM HHTETPATIOM OT
i
f(x) Ha oTpeske [a, b].
b

OGosnauenne : () (x)dx.

a

a — HIDKHHUH TIpenient, b — BepXHUH Mpezen, X — IepeMeHHasi HHTErPUPOBaHHS, [a, b] — OTPE30K HHTETPUPOBAHUSL.

b
n
. o by
Ecn i ynxumn f(x) cymecrsyer mpenen  lim g f(€,)Dx; =f (x)dx, 1o dymxums naseisaercs
max Dr;® 0
®0 g a

HHTerpupyemoii Ha oTpeske [a, b].

n
[

b
Takoke BepHbl yTBepienus:  lim g m, Dy, :bf (x)dx,
max Dx;® 0 i
a

n b
lim § M,Dx, =0f (x)dx

Dy;® 0
max Dx; i

CBoiicTBa OIIpEIeIEHHOT0 HHTETpaa.

) O (x)dx =AQ (x)dx;

D YA EL)dx = f (x)dx 2y (x)d



3) Of (x)dx =0

b b
4) Ecmu f(x) £ j(x) Ha oTpe3ke [a, b] a<b, To (‘)f(x)dx £ (‘j (x)dx

a

5) Ecmu m u M — cOOTBETCTBEHHO HaMMeHbIIIee W HanOoJIbIlee 3HaYeHNs GyHKIUH f(X) Ha oTpeske [a, b], To:

m(b- a)£ of (x)dx £ M(b- a)

6) Teopema o cpennem. Eciu dyukims f(X) HempepbiBHA HA OTpe3ke [a, b], ToO HA ITOM OTpe3Ke CYIIECTBYET TOUYKA €
Takas, 4To

Of (x)dx =(b- a)f(e)

7) J171s1 IpOU3BOJIBHBIX YKCET a, b, ¢ CIpaBeIIMBO PaBEHCTBO:

Of (x)dx Zé)f(x)dx + 0O (x)dx

PaSyMCeTCH, 3TO PABE€HCTBO BBITIOJIHACTCA, €CJIN CYIIECTBYET KaXKIbIH U3 BXOIIINX B HETO HWHTETPAJIOB.

a

b
8) Of ()dx =- O (x)dx
a b
Teopema HeroToHa-JIeliOHHAIIA.
Teopema: (Teopema HeroToHa — JleitOnuIa)
Ecmu gynkmus F(x) — kakas- mubo mepBooOpas3Has oT HenpepslBHOH GyHKIHH f(X), TO
b
Of (X)dx =F(b)- F(a)
9TO BBIPRKEHHE M3BECTHO M0J] Ha3BaHueM (opmyiisl HptoTona — JlelOHuIa.

b
Wnoraa npumensitotr oboznauenue F(b) — F(a) = F(x) ’ .

a
®opmyna Herotona — JleiGHuma npeacrasisger coboil 00wl moaxo1 K HaX0KACHUIO OMPEeICHHBIX HHTErPaIOB.

Yto kacaetcs IIPUEMOB BBIYHCIICHUA OMPEACIICHHBIX UHTCTPAJIOB, TO OHU HNPAKTHYCCKHN HUYEM HE OTJINYAIOTCA OT
BCEX TCX MPUEMOB U METOJI0B, KOTOPHIC ObUIH PacCMOTPEHBI BBILIC ITPU HAXOXKIACHUNU HEOIIPCACIICHHBIX NHTCTPAIOB.

To4HO Tak e MPUMEHSIOTCS METO bl TOACTAaHOBKHU (3aMEHBI IEPEMEHHOI ), METO/I HHTETPUPOBAHUS IO YaCTSIM, T

)K€ TIPHEMBl HaXOXJICHHs MEPBOOOPA3HBIX JJIsi TPUTOHOMETPHYECKUX, UPPALNOHAIBHBIX U TPAHCUECHICHTHBIX (YHKIHH.

Oco0OeHHOCTBIO SBJISIETCS TOJIBKO TO, YTO IIPH IIPUMEHEHUH 3THX IIPHEMOB HaJI0 PaclipoCTPaHsATh IPeoOpa3oBaHKe HE TOJIBKO

Ha NOAMHTErpaJIbHYI0 (DYHKIMIO, HO M Ha Npe/elibl HHTEIrPUPOBAHMs. 3aMeHsIs IEpEMEHHYI0 HHTEIPUPOBAHMUs, HE 3a0BITh
b

\
N3MEHUTh COOTBETCTBEHHO Mpezaensl mHTerpupoBaHus. IlycTs 3amaH wmHTerpain Of (x)dx, rme f(x) — HenpepbiBHAas
a

GbyHkuust Ha oTpe3ke [a, b]. BBemeM HOBYIO TIepeMeHHYO B COOTBETCTBHH ¢ hopMmyIoii X = j(t). Toraa ecnu

Dj@) =a, j(b)=b
2) j(t) u jé(t) HempepbIBHBI Ha oTpe3ke [a, b]

3) {(j(t)) onpenenena Ha oTpeske [a, b], To

Of (dx =/l (O] Ko)dr



Torna ¢fTj (0] €)dr =F[j (01| =FIj (b)]- Flj (@)] =F(b)- F(a)

[Ipumep.
: i x =sint; 1 P2
ovl- x Ydx = 0/1- sin’ ¢ costdt = Ozos >tdt = dl+cos2t)dt
0 ia =0;b= p/2g

/2
ol 1 .
—a?+—sm2t E+—s1np ZE.
27 T gy 4 4 4
[Tpn 3ameHe HepeMEHHOW B ONpENEeICHHOM HHTErpaje cliefyeT MOMHUTh O TOM, YTO BBoJMMAas (QyHKUHs (B
PacCMOTPEHHOM NpUMeEpe 3TO GYHKIMS Sin) JOJKHA OBITH HETIPEPHIBHA Ha OTPE3KE HHTErPUPOBaHus. B mpoTHBHOM city4ae
(opmanbHOe puMeHeHne (GOpPMYJIbl IIPUBOIUT K abCypay.

pumep.
P
c‘yx =X ‘ =P, c apyroii CTOPOHEI, €CIM IPUMEHUTH TPUTOHOMETPHUIECKYIO TIOACTAHOBKY,
0
P . dx dt

o =0 o=

. sin” x +cos” x

dx 0
=t = =0
cos” x(1+1g>x) {tgx t} OCE +1

T.e. nBa cioco6a HaXOXKIECHHUS HHTETpasa Jal0T Pa3INyHbIe Pe3yIbTaThl. ITO MPOU3OILIO U3-3a TOTO, YTO He OBUT YUTEH TOT
(akT, 9TO BBEICHHAS IIEpEeMEHHAas tgX MMeeT Ha OTPe3Ke MHTETPHUPOBAHUS pa3phIB (B Touke X = P/2). [loatomy B JaHHOM
Cllydae Takas IOJCTaHOBKAa HempuMeHHMa. I[Ipu 3aMeHe nepeMeHHOH B OIpeNeIeHHOM MHTErpajie cieayeT BHUMATeIbHO

CJIETUTH 32 BBIMIOJTHEHUEM TIEPEUUCIICHHBIX BBIIIE YCIOBHA.
HHTerpupoBaHue no 4acTam.
Eciu dyHkuuu u = j(X) U v = Y(X) HENpepbIBHBI HA OTpe3Ke [a, b], a Takke HEMPEPhIBHBI HA 3TOM OTPE3KE HX
MPOU3BOJIHBIC, TO CIIPABEUINBA (POPMYJIa HHTETPUPOBAHHUS IO YACTSIM:

b

b b
C‘ydv :uv| - d}du.

el

Bamaun:

3anava 1.BeraucnuTh onpeneieHHbIe HHTErPaIbL.

0 0
1. (‘sz +5x +6)cos 2xdx. 2. (‘)(x2 - 4 )cos 3xdx.
-2 -2
0 0 5
3. &xz +4x+3 )COS xdx. 4. (‘fx + 2) cos 3xdx.
-1 -2
0 p
5. (‘)(xz +7x+12 )cos xdx. 6. dez +4x+7 )cos 2xdx.
-4 0

p p
7 (‘{9x2 +9x+1 l)cos 3xdx. 8. &sz +16x +17 )cos 4xdx.
0 0



2

9. : <3x2 +5 )cos 2xdx.

0

. 25)(3 7x )cos2xdx.

0
0

13, &xz +2x +1 )sm 3xdx.

-1

©

1. (\x% - 3x +2)sinxdx.
0

0

1- 5x° )sin xdx.

19.

1
QT

3amaya 2.
BI)I‘-II/ICJ'II/ITI) onpe,ueneHHbIe I/IHTeI‘paJ'II:-I.

e+ _
) (‘)11+1n(x1 l)dx.

e+l X=

4arctgx - x

(‘) dx.
0

1+ x*

2
P X +cosx

5. dx.
2 .
o X +2sinx

Y28y - arctg2x

7. > dx.
0 1+4x
1
< xdx
9% O
0 X +1
8
. x-1/x
1 X.

7. C‘{x2 +6x+9 )sin 2xdx.

—_
=

[S®] [\
Q¥ O

(2x - 15)COS3xdx

_.
N

(1 - 8x7 )cos 4xdx.

x* - 3x )sin 2xdx.

o —
o -
QP e e

2. 5x+ 6)sm 3xdx.

x> +17 5)s1n 2 xdx.

_
OO
cQerT e

w

20. (\3x- x? )sin 2xdx.

~|T

(x2 +1 )dx

(x +3x+1)2

2
X dx

O
ox’+4

4 .
p/‘ 2cosx +3sinx

o -

2.

(=}

6.

dx.
0 (2sinx- 3cosx>3 ’

3
arctg x + x

12. O—zdx.

1+x



x- (arctg X )4 X

dx. 14. O—d‘ X.
1+ x° 2+

; . 2
sinl (arcsmx) +1 So1-Ux

1s. 9 m dx. 16. 1\/;<x+1)dx'
B dx ‘1+Inx
17.ﬁxm. 18 1()Ta’x.
> dx ‘x> +Inx?

19. m 20. Oidx

Bonpocsr:
1. PackpoiiTe CMBICT ITOHATHS ONPEACICHHOTO HHTETpaa.
I'eomeTpruecknii CMBICI ONPEICIIEHHOTO HHTETpaa.
IIepeuncnante OCHOBHBIE CBOWCTBA ONPEACIEHHOTO HHTErpaa.
Teopema o cpegHEM.
[TpousBoaHast onpeeIeHHOT0 HHTErpaa [0 BEpXHEMY MpEey.
®dopmyna Herorona — JleliOHMIIA.
3aMeHa mepeMeHHON M HHTETPUPOBAHHE 0 YacTAM B OIPEACICHHOM HHTErpae.

N wh

Tema 9. IIpuiio:keHns onpeneJeHHOr0 MHTErpasa.
IIpakTnueckoe 3anaTue 9.1. 'eoMmeTpuyeckue NpUIIOKeHUs ONpeaeaeHHOro nurerpania. Ilnomans miockoit
¢urype1. O0bem Tesa. [nuna qyru kpusoii. ILliomans noBepxHocTH BpallieHns.

BrIunciienne miomanei miockux Guryp.

N3BecTHO, 4TO ompeaeneHHbI WHTETPAT Ha OTPE3KEe MPEJCTaBIsIeT cOO0H TIIONAaab KPUBOJIMHEHHON Tpareiuu,
orpanudeHHoi rpadukom pyukiuu f(x). Eciu rpaduk pacnonoxed muxe ocu Ox, T.e. f(x) <0, To miomnaas uMeeT 3HaK -
“, ecnu rpaduK pacmoioskeH Boiie ocu Ox, T.e. f(x) > 0, To miomnams uMeeT 3HaK “+”.

b
I[J'IH HaXO0XIOCHUA CyMMapHOﬁ TuIonraan UCIoOJIb3y€ETCA (i)OpMyHa S = éf(X)dx .
a

[Tromans GUrypsl, OrpaHUYEHHONH HEKOTOPHIMH JIMHHSMH MOJKET OBITh HaieHa C MOMOINBIO OIPEAEICHHBIX
HHTETPajioB, €CJIM U3BECTHBI YPABHEHHUS 3THX JIMHUI.

[pumep. Haittu niommans GUrypbl, OrpaHHYEHHON JIMHUAMU Y = X, y = X2, X = 2.



Hckomast mutoniajp (3alITpHXoBaHa Ha PUCYHKE) MOXKET OBITh HalieHa 1o popmyIie:
., o éx’ x*0> 8 4 1 1 5
S=Q¢dx- Qudx =g—- — = +
) ) é3 21 3 2 3 2 6
Haxoxnenune nioniaam KpuBOIMHEHHOTO CEKTOPA.
,Z[J'IH HaxXO0XJACHUA IUTOaanu KpHBOJ’H/IHGﬁHOFO CCKTOpa BBEACM IMOJSIPHYIO CUCTEMY KOOpAWHAT. YpaBHeHHe KpHBOﬁ,
OrpaHUYMBAIOIIEH CEKTOP B 3TOU CHCTEME KOOpAUHAT, uMeeT BuJ I = f{(j), rie r - [yInHa pajuyc — BEKTOPA, COSTUHSIOIIETO

TMOJTIOC € MMPOU3BOJIBHOM TOYKOW KPHBOW, a j - YToJI HAKJIOHA 3TOTO PaIUyC — BEKTOPa K MOISPHOI OCH.
[Trromaas KPUBOJIMHEHHOTO CEKTOPA MOJKET OBITh HaiiieHa o (Gopmyore:

1° .
S =2/ )

Brruncienne JInHb AYTH KPUBOM.

el y=tz

—

A5~ T
P




Ecnmu ypaBHeHMe KpUBOM 3aJaHO TapaMeTpPUYECKH, TO C Y4YeTOM IIPaBUI BBIUUCICHUS IPOU3BOIHOMN
rapaMeTpUIecKy 3a1aHHOHN (DYHKIIUH MOTydaeM:

s=olli @f +lyawla,

rae x =j(t) my = y(b).
Ecnu 3a1aHa mpocTpaHcTBeHHas KpuBasi, ¥ X = j(t), y = Y(t) u z = Z(t), To

s =l ] +ly ] +[zan [ ar

Ecmmn KpuBas 3aJaHa B MOJIIPHBIX KOOpAMHATAX, TO
b

S=0)r¢ +r’dj ., r=xj).
a
[pumep: Haliti muHy OKpYKHOCTH, 3aJaHHOM ypaBHEHHEM X° + y° = 12,

X

2 2
r =X

1 cmoco6. BripasuM U3 ypaBHEHHs IEPEMEHHYIO y. Y =+ r-xt. Haiinem npoussoanyto )¢ =-

N r

00\/1”2 - x°

.ox)
dx =r >arcsin —‘ = r% . Torna S = 2pr. Iomyunnu o61IEN3BECTHYIO
Y

(opMyITy JIMHBI OKPY>KHOCTH.

2 ¢noco6. Eciy Ipe/icTaBuTh 3a/IaHHOE yPABHEHKE B MOJSPHOM CHCTEME KOOPAMHAT, TO MOTyduM: r>cos? + r’sin?j = 12, T.e.
2p

. 2p
Gyukmus r = f(j) =r, F¢=% =0 rorma § = Q) 0+ 7> dj =royi =2pr.
J 0

0

Brrunciienne 00beMOB Tel.

Briunciienre o6beMa Tela 1Mo W3BECTHBIM IUIOMIAISAM €0 MapaieIbHbIX CEUYCHUN.

/._@_. il / b / b 4

ITycts nmeercst teno obovema V. [Tnomans moboro momepeyHoro ceyeHus Tena Q, M3BECTHA KaK HETPEepHIBHAS
¢ysaxmusa Q = Q(x). PazoOsem Tenmo Ha “clion” MoMepeYHBIME CCUSHUSIMH, TPOXOIAIINMH Yepe3 TOUKH X; pa30HeHUs 0Tpe3Ka
[a, b]. T.x. Ha KakOM- THOO MMPOMEKYTOUHOM OTpe3Ke pa3domeHus (X, X;] GyHKmus Q(X) HenpepbIBHA, TO IPHHUMAET Ha
HEM HanOOJIbllIee M HauMeHbIIee 3HadeHus1. O003HAYMM MX COOTBETCTBEHHO M; M m;.

Ecnu Ha 3TuX HauOONBIIEM M HAUMEHBIIEM CEUCHUSIX MOCTPOUTH IUIMHAPHI C 00pa3yoMUMH, TapaIeIbHBIMA
OCH X, TO 00BEMBI 3THX LIMIUHAPOB OyAyT cooTBETCTBEHHO paBHBI M;Dx; 1 m;Dx; 3zecs Dx; = x; - Xi.1.

[TpousBenst Takue MOCTPOCHUS Ul BCEX OTPE3KOB pa3OMEHMsi, MOJYYHUM LMIMHIPHL, 00bEMbI KOTOPBIX PaBHBI

n n
o o
cootsercteenno @ M,Dx, u g m,Dx; .
i=t i
IIpu CTpeMIIeHHH K HYJIIO 1uara pasouenus |, 5Tu cyMMbl MIMEIOT 00Lmii mpezient:

I ®0
i= a

n n b
limg M,Dx, =|h@r>r<}2 m,Dx, = (x)dx.



Takum oOpa3om, 00beM Tea MOKET OBITh HalICH 1O (hopMyJIe

b
V =2(x)dx .
a
BECbMa HpO6HeMaTI/I‘IHO JUISA CJIOKHBIX TEJI

HenocratkoM 3T0it popMyItbl sIBISIETCS TO, YTO JUIS HAXOXKIEHHsT 00beMa Heo0X0JuMO 3HaTh GyHKIUIO Q(X), 4TO
Ipumep: Haiitu 06beM 1rapa paguyca R

B momnepedHbIx cedeHnAX mapa MOoIyJatoTcsl OKPY)KHOCTH TIEPEeMEHHOT0 paanyca y. B 3aBuCHMOCTH OT TeKymeit
[p2 2

KOOPJMHATHI X 3TOT PaJANyYC BBIpaKaeTcs mo Ghopmyie R° - x° . Torma dbyHKIIMA WTomane ceueHnit umeeT BUI: Q(X)
2 2

- plR>- )

[Monydaem o6bem Iuapa

V= c)(R - x%)dx =p(R x-—)\ =p

gR
-R

PaccMoTpuM KpuBYI0, 3a1aHHYyI0 ypaBHeHueM y = f(x). [Ipennonoxum, uto Gpynkuus f(x) HenpepbIBHA Ha OTpe3Ke
[a, b]. Eciu cooTBeTCTBYIOIIYIO € KPUBOJIMHEHHYIO TpaleHio C OCHOBaHUAMH a U b Bpamark BOKpyr ocu OX, TO ITOJIy4uM
TaK Ha3bIBAEMOC TEJI0 BPALIeHHS.

3
L p K9 e
) 3g 3

O0BeM Tel BpalleHHsL.

= f(x)

T\
1

T.K. KaX10€ CEeYEHHE Tesa IIOCKOCTBIO X = const MpesicTaBiser coboi kpyr paauyca R
BpaIeHUst MOXKET OBITh JIETKO HalIeH M0 MOTyYeHHOU BhIlIE Gopmyrie

, TO 00bEM TeNna

b
2
V =pQf (x)dx.
a
Hnomagb TIOBEPXHOCTHU TEJIAd BPAICHUSA.



/

\
e A

Ilnomans0 MOBEPXHOCTH BpallleHUs KpuBoii AB BOKpYT JaHHOW OCH HA3BIBAIOT MPEe, K KOTOPOMY CTPEMSTCS
TUTOIIA/IM TIOBEPXHOCTEHN BpaIlleHHs JIOMAHBIX, BIIMCAHHBIX B KPUBYIO AB, pu cTpemiieHn# K HyIt0 HanOONBIINX U3 JUTMH
3BEHBEB ITHX JIOMAHbIX.

[Inomanb NOBEPXHOCTH, ONIUCAHHON JIOMAHOM paBHAa:

P, =pa (1) + £ T+ €D,

OTta CyMMa HE SABJISACTCS HHTeI‘paHLHOfI, HO MOXHO IMOKa3aTh, 4YTO

P=lim pg (f(x.)+/)N1+/¢(€)Dr, = lin pg 2/(e W1+ /¢ (e)Dx,.

max Dx; ® 0

b
Torna P :2p(‘)f (X)4/1+ f ¢ (X)dx - popmyna BbIUKCIICHHS MJIOMIAM MOBEPXHOCTH TeJia BPALIEHHSI.
a

3amaun:
3agaua 1. BerauciuTh mwionaam ooiactei, OrpaHUUYEeHHBIX rpauKaMu 33aHHbIX (YHKIIHA:
1. y=32-22, y=-4z.

2. y = 3/, y=3/z, z=4.

3 z=>5-y2 T = —4y.

4. y=vex—-1, y=0, r=In4d

5. y = sinz, y=cosz, x=0 (z>0).

6. y=", y=1/z, z.=16.
7 r=27T-92, z=-6y.
8. y =sinz, Y = COB &, z=0 (z<0)
9. y=v9-2z% y=0, r=0 =z=3/2
10. y=2/x, y = de*, ¥v=2, y=45

3anava 2. BeIUCIUTD AJTUHBI IYT 33aHHBIX KPUBBIX.

l. y=lInz, 2v2 < z < 2V/6. 6. y=chaz, <<l

2., y=Incosz, 0<z<n/6. 7. y=23/2, 0<z<l,

3. y=¢*, Inv3 <z <Invs. B. y=1—-Inzx, V3<rx <8

4. y=Insinz, n/3<z<nf2 9. y=1-chg, 0<zx<i

5 y=2z, 1/3<r<1/8. 10. y = v1 — 2% + aresin z, 0<2<1/2,

33[[8.‘{3 3. Beruucauth JJIMHBI AYT 3aJaHHBbIX KPUBBIX.



r=t—sint,
y=1- cost,

2cosi,

2sint,

r = cos” ¢,
L
y=sm t,

r= 2cost — cos 21,

L3
.
—— p—— p—— ——

= H
~
P

=
'

¥ = 2sini — sin 2¢,

{ rFr=¢ ! cost, ” <t l_

&en

v = e'sint,

33}18‘13 4. BEIYHCIIUTE 00BEMEI TCJI, OTPAaHUYCHHBIX 3aJTaHHBIMU TOBCPXHOCTAMMU.

1. 2 =42% 492, z =6.
2. z=9z%+4y?, 2 =6.
3. z=2z2+8y?, z=4.
2 22
4, ¥4 =1 z=10, =2
Tty Ty
72 2
[ 2 = - —
5. +y 4+ —=1 z=0, Z=3
> 16 Y T
72
8 —4y—-3F=1 z=0 z=1
9 y
7 .‘1‘2—-l—‘:?:1. z=10, z=1.
9

3agaua 5. Berumcants 00beMbl Tel, 00pa30BaHHBIX BpamieHHeM BOKpyr ocu OX oOnacTel, orpaHWYeHHBIX IpapuKaMu
3aJ]aHHBIX (QYHKIHH.

. y=-a*+1, =0 2 y=sin(rz/2), y==z.
3 p=at y=1ilx. i y=a22 p=2.
J. Yy =0C05T, y=sinzr, x=0 (0D=<zx<m/4).
G y—win"'.r. y=10 r=nf2 (0D=<r<w/2)
T. y=¢ y=1 r=1
B. y=Ingz, y=0 F f

2
9 v p y=1 a |

T
10. y = cos® r, yu=0 (-x/2 <z <n/2).
Bonpocsl.

1. 3anumure U3BeCTHHIE BaM (OPMYJIbI BBIYUCICHUS IJIOIIA/ACH TUIOCKUX (UTYD.
2. Kak BeruciseTcs miomaap IIocKo (GUrypbl pU MOMOIIH OTIPEeTICHHOT0 HHTerpana?
3. UYro Takoe KpUBOJIUHEWHAs Tpanenus?
4. Kax BbIUMCIHTD IUIOUIA/Ib KPUBOJIMHENHON Tpaneuuu, OorpaHuuYeHHON CBEpXY KPUBOM, 3aJaHHON
TapaMeTpUIecKu?
5. UYro Takoe KpUBOIMHEUHBIN cekTop? Kak BEIUHCIUTE IUIOMAAb KPUBOJIHMHEHHOTO ceKTopa’?
Kak BBIMHCINTE IIMHY TyTH KPUBOH?
Kak BeranciuTh 00beM Telna Mpy IMOMOIIH ONPEIEIICHHOT0 HHTerpaia?
Kax HaiiTu mionaap MOBEPXHOCTH BpaleHus?
Kakue duznueckue (MexaHMYECKUE) TIPHIIOKEHHSI ONPEISTICHHOI0 HHTErpajia Bbl 3HaeTe?

0P

Pa3znen 4. ®yHKIIUM HECKOJIbKHUX IepeMEHHBIX

Tema 10. IIpousBoanbie u TudPepeHunaNbl PYHKIMU HECKOJLKUX MePpeMEHHbIX.

IIpaktnuyeckoe 3ansite 10.1. YacTHble NpPOM3BOAHBIE MEPBOro mnopsinka. YacTHble NMPOM3BOAHBIE BBICHINX
nopsaakoB. Ilonnblii auddepenmman ¢ynxuun. JAuddepenumansl Boiclinx nopsinkos. uddepenmmposanue
CJI0KHBIX U HeSIBHBIX (DYHKIMIA.



[Tyctp B HexoTopo# obnacty 3amana ¢yHkuust z = f(x, y). BosbMem npounsBonbHyro Touky M(X, y) U 3a1aqum
npupanieHne Dx k mepemenHoit Xx. Toraa Benmnunna Dz = f( x + DX, y) — f(X, y) Ha3bIiBaeTCs YaCTHBIM MPHpPALIEHHEM
¢ynkuuu no x.

MoxHo 3amnucaTth

D,z _f(x+Dry)- f(x.)
Dx Dx '

Dz

X

Torma lim Ha3bIBACTCS YACTHOW MPOoM3BOAHOI (QyHKINK Z = f(X, y) Mo X. O0o3HaueHue:
Dx® 0

. . V&,
o ¢ T fax,p).

AHanorunyHo OIPEACIACTC YaCTHAs IMMPOU3BOAHAA q)yHKL[I/II/I noy.
Ty Sy +Dy) - fOxy)

o Dy

I'eomeTpuyeckHMM CMBICJIOM YacTHOM MPOM3BOAHOHN (IOMyCTUM ——) SBISETCS TaHTEHC YIyla HaKJIOHA

KacaTelbHOMU, MPOBEACHHOHN B TOUKe No(Xo, Yo, Zg) K CEUEHHUIO TTOBEPXHOCTH TUIOCKOCTBIO Y = Y.
Jhih eponyuposdnie KoamnosuLiL

1. Ecou 2= f(x: y): x:x(f), yzy(‘f)’“ro

&_od Fd
Vi

ax xt oy dt
2 Een 2= Loy r=xll, s} y=0f €)1
d_ofd o d
zt  Bxoxt v dt
Z_ox oy

MomnbiM nuddepennmanom ¢yskumu z = f(x, y) Ha3plBaeTcs IiaBHas JuHeiHas oTHocutenbHOo Dx u Dy

npupatienus ¢pyukimu Dz B Touke (X, y):
dz = f¥(x,y)dx + f@x,y)dy .

I(JI?I (I)yHKI_[I/II/I MPOU3BOJIBHOI'O YHUCJIa IICPEMCHHBIX!

df (x,v,2,...,t) Z%dx +%dy +..+ Ea’t.

I

2

IMpumep. Hatitn nonusiit muddepentman GpyHkmn U =X vE

du Zﬂ—udx +ﬂ—udy + 1T—udz
= W

ﬂ_u :yzzx'\,z;—l; 1‘[.[)/_“ :x),vz;' 1nx >QyZ; ﬂ_u :xyz;' 1nx >§}2;

i
du =y zx" " dy + 23" yzInxdy + yx* Inxdz

YacTHblE NMPOU3BOJHbIC BLICHIUX IMOPAIKOB:



- 2(Z) s =5
2628 ),

o,
("“\‘

£ a(é R
B a Y Hﬂnff =(j:2j P

" %{i—f] o g = (57 -

JuddepeHnnalbl BICHINX NOPAIKOB:
2 2 2
arr=2L g 1220 ey 2T e,
7 Sl Byt

g T sy
a2 )

¥

mi!

& i
Y Hm -k

. o
d f—{adefady] i

&
roe d= adx + ady - onepatop fudhepeHIHPOBAHNA

3amauu:
3anauva 1.
HaiiTi yacTHbIe MPOU3BOAHBIC 1O BTOPOTO NOPAAKA BKIIFOUHUTCIIBHO 3a/IJaHHBIX (l)yHKHHfI:
1. z=e%, 2. z=zIn(z/y).
3. z =sin(zy). 4. z = e*cosy.
5. 2= /22 + 92 6. z=In(z%+y).
7. z=+/2xy+ 2. 8. z=In ¥xy.

9. z=zcosy+ysinz. 10. z=(1+z)*(1 +y).
3anaya 2.
Haiitu nmpousBoanble pyHKINU Z=Z(U,V):

]

-

o
2 U2y u=u(z,y) uv=1(z,y).

1. z=u?+v® u=z+y, v=z-—.

2. z=In(u?+v?), u=uazyp, v=uxly.

3. z=u" u = s§inr, U= Cosy.

. =z u® + 3t o=z y". v = ety

5. z=arctg(u/v), u=uzxsiny, V=TCO8Y.

6. z=In(u-v?), u =z +y, vy,

T. z=u’+1? u=Inz?+y* v=arctg(y/z).
8. =z v ur, u = In(z? + y"]. v .r.r,r"'.

g z=¢e"", u=Inz, v=Iny.

10, = ]Ill:re_,-"r.']. u sin (r y'l. u l,bJ'Q
3amaya 3.

Haiitu npon3BoHbIe QYHKITHIA, 3aJaHHBIX HESBHO:



1. 3y~ ==V, 2. y=14+y*.

3. y=xr+Iny. 4, T4 y=e""".

5. %™ - yle?® =00 6. r—y+ arctgy = 0.

7. ysinr —cos(zx—y) = 0. 8. sin(ry) —e®™ —zy = 0.

9. 14zy—In(e™ +e*¥)=0. 10.2* -2zy+y* +2+y-2=0.
Bompocsr:

1. aiiTe onpeaencHre YaCTHOTO MpHpaIieHus QYHKIIMH 10 He3aBICUMOW NIEPEMEHHOM.

2.Uro Takoe MmoHOe IpupamieHne GpyHKm?

3.Yro Takoe yacTHas MPOM3BOIHAS (PYHKIINH HECKOIBKHUX TIepeMeHHBIX ? Kak 0003HayaeTcst 9acTHAs IPON3BOIHAS?
4.TlosicHATE TEOMETPUIECKUI CMBICT YaCTHOM MPOM3BOTHOM.

5.Yro takoe auddepeninan GyHKINH HECKOJIBKUX TEPEMEHHBIX?

6.Yrto Ttakoe nuHeapu3aus GpyHKIuiA?

7 Iosaute mpaBuiia quddepeHrpoBaHus CI0KHBIX U HESIBHBIX (yHKIHIL.

8. Kak HaliTu 4acTHBIE IPOU3BOIHBIE BTOPOT'O, TPETHETO, . .., N-TO MOpsiaAKa?

9. 3anummTe hopMyity Al BEIMUCIeHH AuddepeHiana BToporo nopsaka GyHKIUH ABYX IIEPEMEHHBIX.

IIpaktnueckoe 3anaTue 10.2. KacarenbHasi 1 HopMaab k nopepxHoctu. IIpousBoaHas Mo HanpaBJIeHUIO.
I'paauenr.

KacaTeNbHaA I OCTE

ITycts N 1 Ny — Touku nanHoi nosepxHoctu. [IposeneM npsimyro NNj. IInockocTs, KOTOpas MPOXOAUT YEPE3 TOUKY
Ny, HazpIBaeTCs KacaTeJbHOH IJIOCKOCTBIO K IOBEPXHOCTH, €CIM yroil Mexnay cekymied NNp W 9TOH IUIOCKOCTBIO
CTPEMUTCS K HYJIIO, KOT1a CTPEMUTCS K HYJII0 pacctosiane NNj,.

Hopmasabio k noBepxHOCTH B TO4Ke Ny Ha3bIBacTCs HpsiMas, MPOXoJsiias uyepe3 ToUKy Ny NepHeHANKYIISIPHO
KacaTelbHOH IIIOCKOCTH K 9TOM ITOBEPXHOCTH.

B xaxkoii — 1100 TouKe MOBEpXHOCTH UMEET, JINOO TOIBKO OHY KacaTelbHYIO INIOCKOCTh, TH00 HE MIMEET ee BOBCE.

Ecmu moBepxHOCTE 3aaHa ypaBHeHUeM z = f(X, y), rae (X, y) — dyHkuus, muddeperuupyemas B Touxe My(Xo, Yo),
KacaTenbHast INIOCKOCTh B TOUKE No(X0,¥0.(X0,Y0)) CYLIECTBYET U UMEET ypaBHEHHUE:

z= f(x0,50) =fHxg, o )(x - xo)"'f}qxoayo)(y' Yo) -

YpaBHEHHE HOPMAJIU K IOBEPXHOCTHU B 3TOH TOYKE:

X=Xy _ V= )Vy _Z27 2

fUx0y,)  f8x0,p,) -1

I'eomeTpuyecKHM CMBICJIOM TONHOTO AuddepeHnrana QyHKINA OBYX TepeMeHHBIX f(X, y) B Touke (Xo, Vo)
ABJISIETCS TIPUPAICHUE aNIUINKAThl (KOOPAUHATHI Z) KacaTeNbHOM INIOCKOCTH K ITOBEPXHOCTH MPU MEPEX0JE OT TOUKH (Xo,
Vo) K Touke (XotDx, yo+Dy). Kak BHJHO, TeOMEeTpHYECKHil CMbBICH MOJHOro auddepeHyana (GpyHKIUU IBYX
NEepEeMEHHBIX SBIISIETCS MPOCTPAHCTBEHHBIM aHAJIOTOM TE€OMETPHYECKOro cMbicia nuddepenHimana (yHKIUH OIHOI
NIEPEMEHHOM.

[pumep. Halitn ypaBHEHHS KacaTeIbHON INIOCKOCTH U HOPMAJIH K TIOBEPXHOCTH

z=x"-2xy+y° - x+2y

B Touke M(1, 1, 1).

==

=2x-2y-1; E=-2)c+2y+2
v

¥ =1 =2;
el Wl

YpaBHEeHHUE KacaTeJIbHOM MJIOCKOCTH:
z-1=-(x-D+2(y-1);  x-2y+z=0;

YpaBHEHHE HOpMAJIH:



x-1_y-1_z-1
-1 2 -1

I'paamenT QyHkuum Beraucnsercs no Gpopmyoie:

gradf=%£+%}.

[Mpumep. HaiiT rpagueHT QyHKIMH
u = x> — arctg (y + z)

B Touke M (2,1,1).
1. HaxoamM gacTHBIe Tpou3BogREe GYHKIHA U = > — arctg (y + 2):
0f o, OF____ 1 _ OF_ 1
8z 7 8y 1+(y+2)? 0z 1+ (y+2)?*

2. BrrumcaseM 9acTHBIC TPOM3BOAHbIC byHKIMM u = =2 — arctg (y + 2)
B Touke M(2,1,1):

i - ' ,,_1 ! 7_1
L@L)=4, [EL)=-; [@L)=-:.

3. Boramcasem rpagment ¢ynxkuum u = x° — arctg (y + 2) B TOUuKe

M(2,1,1):
/ ' ' 11
gmdf| = {f;.»(25]11)e fy{zelal)e- f:(2,1.])} T {4* TR _F} *
(2,1,1) = N
I 1
OTser. grad f = {4,__,_._}_
(2,1,1) 5 5

IIpou3BoaHAst O HANPABJIEHHIO, ONPEACITSIEMOMY BEKTOPOM:
[ =cose-i+sina-Jf

OIMPCACIIACTCA KaK:

g:icosa+£sma‘, i=gmdf'f-

8l &y o
Bamaun:
3anaua 1.
Haiitu ypaBHEeHHUs KacaTeIbHOM MIIOCKOCTH M HOPMAJTH K MOBEPXHOCTHU B 3aIaHHOM TOuke M.

1. =z :_‘1}2 4 yz, .‘[(1,—2,5)

2. ‘£+ % - "8—2 =0, M(4,3,4).

3. z=sinzcosy, M (n/4,7/4,1/2).

4, z=¢""V, M(1,x1/e).

5. z=ytgz, M (n/4,1,1).

6. z=arctg(z/y), M(1,1,7/4).

7. z(y+2)(z—2y)=8, M(2,1,3).

8. 2=/2 4 2v/z =8 M(2,2,1).

9. 22+42+22-16=0, M(2,2,2V2).

10. 22 + 2 - 22 =-1, M(2,2,3).

3agaua 2.
Haiitu rpaaueHT QpyHKINHU B TOUKE.
1. u=2+In(2?+y?), M(2,1,1).

2. u=2*y—ry+22, M(,5 -2).
3. uw=sin(z + 2y) + 2/x7yz, M(n/2,37n/2,3).



4. w=2+ y?* +22, M(1,1,0).
5. u=2y+v9—-22, M(1,1,0).

6. u=In(3-z2)+ay?z, M(1,3,2).
7. u=2z’y’z—In(z-1), M(1,1,2).
8. u=I(z2%2+14?%), M(1,-1,2).

9

ey —x/z, M(—4,3,-1).

10. u = In(z + /22 +y%), M(1,-3,4).

u

3anaua 3.

Hatiti mpon3BomHy0 (YHKIMK U B TOUKE A TI0 HAaIlPaBJICHHUIO K Touke B.

1. u=z+In(2%+y?), A(2,1,1), B(0,2,0).

2. u=z%y—+\xy+ 22, AQ1,5,-2), B(1,7,-4).

3 e g o frrg 4173?r3 B[~ _13: 3 3
. u=sin(z + 2y) + 2,/Tyz, - 305 3) 5 T4 +33).

4. u=z3+ /42 + 22, A(1,1,0), B(1,2,-1).

5. u=/xy +v9— 22, A(1,1,0), B(3,3,-1).

6. u=In(3 — z?%) + zy’z, A(1,3,2), B(0,5.0).

7. u=z%y2z—In(z - 1), A(1,1,2), B(6,-5,2v/5 + 2).

8. u=In(z* +y?), A(1,-1,2), B(2,-2,3)

9. u=In(z++/2%2+y?), A(1,-3,4), B(-1,-4,5).

10. u=zy — %, A(-4,3,-1), B(1,4,-2).

Bompocsr:

1.410 Takoe kacarenpHasi INIOCKOCTh K ITOBEPXHOCTH?

2.YT0 Takoe HOpMaJib?

3.Kak cocTtaBUTh ypaBHEHUE KacaTeNIbHO IMJIOCKOCTU U HOpMaIn?

4. NaiiTe onpeaieTicHUE TpagueHTa GyHKINH.

5. Jlafite ompeneneHHe TMPOW3BOMHOW TIO HANPaBICHUIO Ui (QYHKIUH HECKOINBKAX TEPEMCHHBIX. 3alHIInTe
COOTBETCTBYIONTHE (HOPMYJIHI.

Tema 11. HcciienoBanue pyHKIUM HECKOJIbKUX NepeMeHHBbIX.

IIpakTtuyeckoe 3anaTue 11.1. IxcrpemyMm ¢GyHKUIUM ABYX mepeMeHHbIX. Heo0XoauMble M J0OCTATOYHBIE YCIOBHSA
skcTpemyma. HaubGoJibiee U HauMeHblllee 3HAYeHUs] PYHKUMU B 3aMKHYTOH 00J1acTH. YCJIOBHBIH 3KCTPEMYM.
Metoa mHOxkuTesel Jlarpanxka.

Ecmu st pynknmm z = f(X, y), onpeeeHHONH B HEKOTOPOI 001aCTH, B HEKOTOPOH OKPEeCTHOCTH TOUKH Mo(Xo, Yo)

BEPHO HEPABEHCTBO
S (xo>20) > f(x, ),

TO TOYKa My Ha3bIBAaETCS TOUKOH MaKCMMyMa.
Ecmu nnist pynkumm z = f(x, y), onpeneneHHOH B HEKOTOpOi 00J1acTH, B HEKOTOPOH OKPECTHOCTH TOUYKH My(Xo, Yo)

BCEPHO HCPABCHCTBO
S (%95 30) < f(x,3),
TO TOYKa Mo Ha3bIBACTCS TOYKOMH MHHHMYMa.

Teopema. (Heo0xoaumble yCI10BHS IKCTPEMYMA).

Ecmm ¢pyskums f(x,y) B Touke (Xg, Yo) HIMEET SKCTPEMYM, TO B 3TOH TOUKe JIHOO0 00e ee YacTHBIC NMPOU3BOIHBIC
nepBoro nopsika pasusl Hymo f A(x,,v,) =0, f¥(x,,y,) =0, m60 xotrs 651 0HA H3 HUX HE CYIIECTBYET.

DTy TOUKY (X, Vo) OyIeM Ha3bIBaTh KPUTHYECKOI TOUYKOI.

Teopema. (JlocTaTo4YHble YCI0BHS IKCTPEMYMA).

[TycTs B OKpeCTHOCTH KPUTHIECKON TOUKH (X, Vo) PyHKIHUS f(X, Y) IMeeT HenpephIBHbIE YaCTHBIEC IPOM3BOJHBIE
JI0 BTOPOTO MOPsIAKa BKIIOYUTENBHO. PacCMOTpUM BBIpaskeHUe:

D(x,y) =f¢(x.) ¥ ¢(x.) - [f$(x. )]
1) Ecau D(X, yo) > 0, T0 B TouKe (Xo, Yo) PyHKIHS f(X, y) HMEET SKCTPEMYyM, €CIIH fx@(xo , Vo) <0 - makcumym,

ecmn f€(x,,y,) >0 - Munnmym.



2) Ecmu D(Xo, yo) <0, TO B TOUKE (X0, Yo) PyHKIHS f(X, y) HE UMEET IKCTpEMyMa.

B cnyuae, eciiu D = 0, BBIBOJT O HAMYNH SKCTPEMyMa CJIeIaTh HENb3S.
YcaoBHBINH IKCTPEeMyM HAaxXOAWTCS, KOIJa HepeMeHHble X M Yy, Bxojsmme B ¢yHkumio u = f( X, y), HE SBISIOTCS
HE3aBUCHUMBIMH, T.€. CYLECTBYET HEKOTOPOE COOTHOLICHHE j(X,y)=0, KOTOpOe Ha3hIBAacTCsl ypaBHEHHEM CBSI3H.

Torzaa U3 MEepEeMEHHBIX X U y TOJBKO OHA OYyAET HE3aBUCHMOI, T.K. Apyras MOXKeT OBITh BEIpaXKEHA Yepe3 Hee U3
YpaBHEHUS CBSI3H.

Torma u = f(x, y(x)).

du Y W dy
dx T[x ﬂydx
V. Yo

— =0 )

dx ﬂx ﬂydx

B Toukax OKCTpEeMyMa:

Kpowme Toro:
o to o =0 2)

YMHOXUM paBeHCTBO (2) Ha yncio | u cnoxxum ¢ paBeHCTBOM (1).

Vo, &ﬂl I
§11x g & g

adlf ‘Il] T[lOdy ~o
o o g'ny W g

J171st BBITIOJTHEHHS 3TOTO YCJIOBHUS BO BCEX TOUKax HaiileM HeonpeneleHHbIH KodddumueHT | Tak, 4To0bl
BBINOJIHAJTIACH CUCTEMA TPEX YPaBHEHUI:

i
)
|
!
|
)
Ij (x,») =0
l
|

[MTonydeHHast cucTema ypaBHEHHUH SBISIETCSI HEOOXOAMMBIMH YCIOBHSMH YCIOBHOTO SKcTpeMyma. OJHaKo 3TO
YCIIOBHE HE SIBJISETCS IOCTATOYHBIM. [109TOMY NpW HaxOoXJICHWM KPUTHYECKUX TOYEK TpeOyeTcss MX JOTOJIHUTEIHLHOE
HCCIIeIOBaHUE HA SKCTPEMYM.

Bripaxxernune u = f(x, y) + lj(x, y) Ha3biBaeTcs dpyHkuueii JIarpan:xka.

[pumep. Haiiti sxctpemym yHkmmm (X, y) = Xy, €Clii ypaBHEHUE CBS3H:

2x+3y-5=0
u=xy+l 2x+3y-5)

u |7

o y+2l; x+3l;
iy+2l =0
:'x+3| =0
L2x+3y-5=0
=" i; X :é; Y :é;
12 4 6
Takxum 00pa3oM, PyHKITHS HUMEET SKCTPEMYM B TOUKE (i:“i 2—
2

Hcnonp3oBanue ¢ynkuun Jlarpamxka Uit HaX0XKJICHUS TOUEK SKCTpeMyMa (QYHKIIMU Ha3bIBACTCS TaKKE METOA0M
MHoO:xuTeJeil Jlarpanaxa.

Bamaun:
1.Haiitu sxcTpeMyM GyHKINU:



[
1o
I
8
C
)
=
=
C
o~
(&)
Il
=
t
=
=
=
3

(o]

3.2=2°-20y+20°+22. 4.z=23+9% — 2% - 22y — 92

2

4z + 2y — x% — o2

n
o]

= 23 — 293 — 3z + 6y. 6.

2

.z=2%+y3 — 152y. 8. 22+ zy + y® — 3z — 6y.

«©

9. z = 22 + 4y° — 2zy + 4. 10. z=z/y+1/z+y.
2. Haiitu ycioBHBIN 3KCTpeMyM (DYHKITHI:
Dz=x"+y"-xp+x+y+3=0mpu x+ y+3 =0;
) u=xy°z upn x +2y+3z =12(x >0,y >0,z > 0);
3) z=x+2y npu x" +y° =5.

Bonpocsr:

1.JlafiTe onpeneneHue JOKAILHOTO MaKCUMyMa (MUHUMYMa) QYHKITUH B TOUKE.
2.Copmynupyiite HEOOXOAUMBIE YCIOBUS IKCTPEMyMa.

3. ChopMynupyiiTe TOCTATOYHBIC YCIOBHS DKCTPEMyMa.

4. OObsicHUTE MOHATHE KCTpeMyMa (DYHKIUH B 00JIaCTH.

Tema 12. [IBoiiHOi1 HHTErpa.
IpakTnyeckoe 3ausaTHe 12.1. CBoiicTBa ABOITHOr0 MHTErpaJa. BoluucijeHue B 1eKAPTOBbLIX KOOPAMHATAX.
PaccMoTpuM Ha IIIOCKOCTH HEKOTOPYIO 3aMKHYTYIO KPHBYIO, ypaBHEHHE KoTopoi f(X,y)=0.

Vi

—1)

COBOKYITHOCTh BCEX TOYEK, JISKAIINX BHYTPH KPHBOH U Ha caMOil KpHBO#t Ha30BeM 3aMKHYTO# obnacteio D. Eciu
BBIOpATh TOUKH 00JIaCTH Oe3 yueTa Touek, JexalluX Ha KPUBOii, 00acTh Oy/eT Ha3bIBaeTCs He3aMKHYToit obnacts D. C
reoMeTpudeckoii Touku 3penus D - miomans Gurypsl, orpaHuueHHO KOHTYPOM.

Pa3o6sem 061acTh D Ha n yacTHYHBIX 0OMACTEH CETKOM NPSIMBIX, OTCTOSIIUX APYT OT JAPYyra MO OCH X Ha
paccrosiaue Dx;, a mo ocu y — Ha Dy;. Boo6iiie roBopsi, Takoii mopsiioK pa3oHeHust HeoOs3aTeNeH, BO3MOKHO pa3OucHHe
00J1aCTH Ha YaCTUYHbBIE YYACTKU MPOM3BOJIBHON GOPMBI U pazMepa.

HonyqaeM, YTO IUIOIIA/b S IEIUTCS HA OJIEMCHTAPHBIC IPSIMOYTOJIBHUKH, TIOMAIN KOTOPBIX PABHBI Si= DXi X
Dyi .
B kaxmoit yacTUIHOI 00J1aCTH BO3bMEM IIPOU3BOJIBHYIO TOYKY P(Xi, Yi) 1 COCTaBUM HMHTETPATIBHYIO CYMMY

i=n

a (xS

rae f— QpyHkuus HenpepsiBHAs M OIHO3HAYHAsS JUIsl BceX Touek obiactu D.

Eciu OeCKOHEYHO yBEIMYMBATH KOJUYECTBO YaCTHUHBIX 00jacteil D;, Torma, oueBUaHO, IUIOMAAb KaXKI0T0
YaCTHYHOTO yJacTKa S; CTPEMHUTCSI K HYIIIO.

i=n
o
Eciin npu cTpemieHus K HyJIro mwara pasouenust oonactu D unterpansisie cymmsr @ f (X, v;) 8, uMeror koHeunblii
i=
[IPeIe, TO ATOT MPEEN Ha3bIBACTCsI ABOMHBIM HHTErpasioM oT GyHkuuu f(x, y) mo obnactu D:

i=n

limg f(x,,y,)S, =OG(r.y)drdy.
i=1 D



C yuerom toro, uto S; = Dx; X Dy; nonyuaem:

i=n i=n i=n

a /(x.y)S; =4 a f(x,y)y,Dx,

i i

B mpuBeieHHOIA BBIIIIE 3aIIMCH UMEIOTCS Ba 3HAKa S, T.K. CyMMHPOBaHHE IPOM3BOMUTCS MO IBYM MTEPEMEHHBIM X
ny.

T.k. nenenne o0IacTH HHTETPUPOBAHUS IIPOU3BOJIEHO, TAK)KE IIPOU3BOJIEH M BEIOOP Touek Pj, To, cumras Bce
Iom@amy S; OJIMHAKOBBIMH, HIOTy4aeM (popMyJIy:

O ydydx =lim 3 & f(x,»)DyDx.
D D®0 D

CopmynupyeM 10CTaTOYHbIE YCIOBHS CYIECTBOBAHUS JBOMHOTO HHTETpaIa.

1. Ecnu dyukuust (X, y) HempepbIBHA B 3aMKHYTO# 061actu D, To n1BOMHO#M nHTErpat Oé(x ,v)d D

D
CYIECTBYET.

2. Eciu pynkims f(X, y) orpanndeHa B 3aMKHyTo# obnactu D u HenpepbiBHA B Hell BCIOJTY, KpOME KOHEYHOTO YUCIia

KyCOYHO — TTaJIKUX JTHUHUMN, TO JBOMHOW MHTErpa bé(x ,1)dD cymectayer.
D

CBolicTBa IBOMHOIQ MHTETPAA.

D O (5.3 + /2 (%, 0) = £ (x5, ) Hydx =8 (e, y)dvx + g8, (x, »)dvedx = &8 (x, »)dydx.

2) Q@ (x, y)dvdx =kg)(x, y)dydx .
D D
3) Ecnu D =D, + D,, To

OB, »)dydx = Q@ (x, y)dydx + Q@(x, y)dydx .
D

D, D,

4) Teopema o cpennem. JIBoiiHol nHTEerpa oT GyHKIMH f(X, y) paBeH NpoU3BEeICHNIO 3HAYECHUS 3TOH QYHKINH B
HEKOTOpPOii TOUKe 00JIACTH UHTETPHUPOBAHUS Ha ILIOMA (b 00JaCTH HHTEIPUPOBaHHS.

Oé(xo y)dydx = f(xy,,) X

5) Ecmu f(x, y) ® 0 B o6mactu D, T0 OQS(x,y)dydx 3 0.
D

6) Ecimu fi(x, y) £ £5(x, y), TO 06 (x,y)dydx £ 062 (x, y)dydx .
D D

7 (OB »)dvx| £ S (x, »)|dvedx
D D

Brruncnenne 1BOMHOrO MHTErpana.
Teopema. Eciu ¢pynxyus f(x, y) nenpepuviena 6 3amxnymotil oonacmu D, oepanuuennoii nunusmu x = a, x = b, (a <
b), y =jx), vy = Y(x), 20e ju y - nenpepuviguvie hynkyuu u
Jj £y, mozoa
b 8 (x) o) by

OO (x, »)dxdy =§ Of (x,y)dy dx =ylx Of (x,)dy.

a @j (x) (%] a j(x)



Fit

g, B A )

¥ =)

i
o
=

[pumep. BEraucauts HHTErpa (‘)é’ - y)dxdy , ecnu o6nacts D orpanuyena munuamu: y = 0, y = x%, x = 2.
D

@’ 5

x4)a’x— _x_%zz
2 _§7 10 g,

2 X2 2 2 y=? 2
O (x, y)dxdy = ylx (§x - y)dy =§xy - )/2 )| =gt
D 0 0 0 y=0 0

=4-3,2=08

Teopema. Ecnu ¢hyurxyus f(x, y) nenpepwisna 6 3amxrymou oonacmu D, oepanuuennoti iunusimuy = ¢,y =d (¢ <

d), x =F(y), x=Y() (F) £Y()), mo

d Y
OO, Vdxdy =yly Of (x,y)dx
D c  F
[pumep. BeraucanTs HHTErpa (‘)Gz +y?)dxdy , ecnu oGnacts D orpanmuena mHuIME Y =X, X =0,y =1,y
D
=2.
¥
¥T X
2
Fil
1 /
0 it

2 X 2 3 e 2
& % 4 4 ,° 64 4
N+ )dxdy =y x’ + v )dx =¢p—+ vixat dy =y v’ dy =—y*| =—- — =5
(D)@ y?) yldygj y*) %3 ygoy O/ =5Vl = h

Y 2
[Ipumep. BerucnuTh UHTErpa O@x - 2xy + y)dxdy , ecnu o6nacTh narerpuposanus D orpannuena
D
muauAMA X = 0, X = y2, y = 2.



2 y2

2 y2
b@xz - 2xy + y)dxdy = &yly c‘j3x2 - 2xy + y)dx :C‘jx3 - x’ +yx)‘ dy =
D 0 0 0 0

2
NV - v vy =G -
gy -y +y)dy §7

(=]

3amaun:
3anauva 1. I3MeHUTH NOPAJOK HHTETPUPOBAHUS:

1 2" 2 2z /du / flz,y)dx +/a'y / flz,y)de.
/dl:/f(a:,y)dy ! /d.r/f(r,y)dy. —y/4

4 V6 Vez? 3 V12—z2
/dy/flyd1+/dy/f.ty de/nydy+/dr / flz.y) dy.
1/y 0
—3 V3642 [—y?-12y
3. /dy/fryd1+/dy / /‘]”/f’q‘1’+/ / f(z,y)dzx.
"6 0 Y

3a)1aqa 2. Berancnuth Z[BOI/IHBIC HWHTCETPAJIbI 1O 00acTIM D, OIrpaHUYCHHBIM 3aJaHHbIMU JIMHUSAMMU:

//(‘2.1- —y) dz dy, y=2z%, y=+7.
D
2. //(.T —y) dz dy, y=2-2% y=2z-1.

1
3. //y]nl)dldy. y=—, y=Vz, z=2.
p
T
4, /f cos 2z + siny) dx dy, y=7-7 y=0, z=0.
. T
5. //sm(:c+y)d;rdy, y=z, y=3, z=0.
D
2
6. /fx—Odard;g, yzl, =", He=0,
y? T
D

7. f/(l‘“ry)dwdy, y=a? ==
D

Bompocsr:

1.[JaiiTe onpenenenye ABOMHOTO UHTETpaa.

2. [losicHUTE TEOMETPHUECKUI CMBICIT JBOWHOTO HHTETpaa.

3.Ilepeuncnute CBONCTBA IBOWHOTO MHTETpaa.

4.Yto Takoe MOBTOPHBINA HHTErpa?

5.0numuTe mporece BEIYUCICHNS ABOHHOTO HHTETpasa B JEKapTOBBIX KOOPIUHATAX.

Tema 13. IlpunoskeHus: ABOHHOr0 HHTErpaja.
IIpakTnueckoe 3ansaTue 13.1. Ilpuitoxkenns 1BOITHOr0 MHTErpasa.
1) Brrunciienue miomaseii B AeKapTOBBIX KOOPIMHATAX.

¥
y=9(=
3
y=fx
a |2, X

[Tnomazns S, moka3aHHas Ha pUCYHKE, MOKET ObITh BBIYMCIICHA C IIOMOIIIBIO TBOWHOTO HHTErpaia mo Ghopmyie:



bj(x)

S =0 Otvdx.

a f(x)
Ipumep. BBMUCIMTE MIOMAAL GHTYPHI, OTPAHMYEHHON IMHUAME Y- = 4X + 4; X +y — 2 = 0.

[MocTponm rpaduky 3agaHHBIX HYHKIIHHA:

Jlunuu nepecekatores B 1ByX Toukax — (0, 2) u (8, -6). Takum o6pazom, 0b61acTs HHTErPUPOBAHMS OTpaHUYEHA 1O
2

ocu Ox rpaduikamMu KPUBBIX OT X = 1m0 x =2 —y,amno ocu Oy — ot —6 10 2. Torga nckomas IIomanb paBHa:

2 2-y 2 2 -t 2
< N y -40 - 4y- y° +4O 1

S=0Q Qdxdy = %-y- <y = -y -4y +12 4y =

-6y2-4 -% 4 g -% 4

4
2 3 2 62 . .
:l _y__4L+12yﬁ :laeﬁ 8 +24- £6_>6_ ﬁ_ 12>690 l 8_§2:211

4 3 2 @6 4% 3 e 3 2 g 4 e 3g 3

2) Beraucnenwne mromaaeii B MOMSPHBIX KOOPINHATAX.

a2 (a)
S=08/rda=Qaydx = gdrdq
t D q, /()

3) Brruncnenne o0eMOB Tell.

[TycTpb TEn0 OrpaHNueHO CHU3Y IIOCKOCTHIO XY, @ CBEPXY— IMOBEPXHOCTHIO Z = f(X,y), a ¢ G0KOB —
LUIMHAPUIECKON MOBEPXHOCTHIO. Takoe TENI0 Ha3bIBAECTCS HUJIHMHIAPOH.

X2 Y2

= hm a a zDyDx = Ogiydx = OCydydx

XN
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[pumep. BeraucnuTs 06beM, OrpaHIYEHHBIH TOBEPXHOCTAMHU: X2+ y2 = 1; X + v + z =3 u tutockoctsio XOY.
& 2

Ipenenbl nuTerpuposanust: mo ocu OX: y; =-+/1- x?; v, =1~ x?*;

mo ocu OY: x;=-1; x,=1;

I VI-x
V=0 3- x- y)dydx =3p;
L y1- 22

4) BrruucieHnue mionaan KpUBo MOBEPXHOCTH.

Ecnu noBepxHOCTh 3aaHa ypaBHeHueM: (X, y, z) = 0, To miomap ee MOBEPXHOCTH HAXOIUTCS 10 (hopmyJie:

adIfo ad]fo

S:(;?UeﬂxQ ggg eT[zg dydx

|2

Eciu moBepXHOCTD 3a/jaHa B HESIBHOM BHJIE, T.€. YPABHEHHEM Z = j(X, y), TO IUIONIA b 3TOH MOBEPXHOCTH
BBIYHCISIETCS IO hopMyJIe:

2 2.2
S = 0 3 +C— — = dydx
o Mg %
5)BerunciieHre MOMEHTOB MHEPIMH TIIOIMIAAEH IUIOCKUX (Quryp.
[Mycte mioniaap miockoii Gurypsl (06aacte D) orpannyena nunueit, ypaBHeHue koropoii f(x,y) = 0. Torma

MOMEHTBI HHEPLUH 3TOH (PUTYpHI HAXOATCS 10 (hOpMyJIam:

N 22

- otHocutensHo ocu Ox: [, =) dvdx
N 22

- otrocutensHo ocu Oy: 1, =)@ dydx
D

— — N 2 2
- OTHOCUTECJIbHO Ha4aJla KOOpAWHAT: [0 _[x + [y — o@ + y )dydx - 9TOT MOMCHT MHCPIIUN HA3BIBAIOT CIIEC
D
MOJSAPHBIM MOMEHTOM MHEPIUH.

6) BeruuciieHue IIEHTPOB TSHKECTH IUTOMIAACH TIOCKUX (Uryp.

KoopauHaThl IEHTpa TSHKECTH HAXOATCS 1o (hopMyJiam:



Odydx Odydvdx
D D
Xe == Ve ==
OOdvdx O0Odvdx
D D
3l1eCh W — ITOBEPXHOCTHAS IDIOTHOCTH (dm = wdydx —Macca 3JieMeHTa IIIOIIA T ).

Bamaun:

3anmaua 1. Haiit 06beMBI TEJ, OTpaHNYEHHBIX 3aJaHHBIMH TOBEPXHOCTSIMHU:

1. ==/, z = 2,/Y, z=1-y, z2=0.

2. y=y/x, y = 2/, z2=6-=z i)

3. Y=, y=0, =1, z2=z+y+l, z=0.

4. y=a?, =1, z=z% + 93, z=0.

5. y=6-3z/2, y=6-3z, y=0, z=6-z—-y, 2=0
6. z2+y% =4, z =z, z2=0 (x>0, y>0)

Te y=\/:f:—/§, y=20 z2=4—z -2y, 2=

8. 24y —4y=0, z2=4-2% 2=

9. 224+y?-22=0, ::Jrz+y2, z=10.

10. 22+ y% - 2x =0, z =2z, z = 4z.

3anmava 2. Haiitu mnomany Guryp, orpaHUIeHHBIX 3aJaHHBIMA JINHUSMH:
1. y=2/z, y=4e%, y=2, y=4.

2. y=1/z, y=2e%, y=1, y=2.

3. y=2/z, y=2V/z, z=4.

4. 2?2+y°=2, y=-2% (y<0).

5. y=1=, 9=0, =4

7. y=sinz, y=cosz, =0, z=n/4.
8 y=222-1, y=u=z.

9. z=+4-92, z=9%/3.

10. y=lnz, y=¢efz, =1,

3anaua 3. Haiftu Maccy nnactunbsl D ¢ moBEpXHOCTHOM mIOTHOCTRI0 M, T1ie D orpannyena 3a1aHHbIMU JTUHUSIMH:



1. p=2z+y3% z=4, y=0, y=+/=.
2. u=z%+y, =1, y=0, y=2z.

3. u=z%+2y, r=0, y=4, y=2% (z>0).

4. p==z+1y% £=0, y=1, y=a%/4 (x> 0).
5. p=——5, z=0, y=0, 2’+y?=4, 2®+y’=09
T+ Yy
(x>0, y <0).
6. H?M, x=0, y=0, z2+4y2=3, z’+4°=5
z? + 92 ' '
(z <0, y=>0).
7 ,uz—‘z 3:‘” z=0, y=0, z’+y°=4, z>+y*=16
? +y?
(<0, y>0)
y? y?
8. wu(z,y) =1y, y=0, y=zv3, $3+‘I:l m“+Z:9

Bormpocsr:

1 .Ilepeuncaure reomMeTprdeckre M (pr3nydecKre IPUIOKEHUS TBOMHOTO HHTETpaja.

2.0nummre, KaK BBIYUCIUTD IJIOMAAb KPUBOH IIOBEPXHOCTH C TOMOIIBIO ABOMHOTO MHTETpaa.
3.Yro Takoe NOISAPHBINA MOMEHT HHepIin? Kak MOXHO BBIYMCIUTD NOISPHBI MOMEHT HHEPIH?
4. 3anumute GopMyIty ISl BRIYMCICHUS LIEHTPOB TSHKECTH IUIOIIAACH IIOCKHUX (QUryp.

Paznen 5. lu¢pepennuanbHbie ypaBHEHHS.
Tema 14. [Inddepennuanbabie ypaBHeHUs NepPBOro Mopsaka.

IIpakTnueckoe 3ansatue 14.1. luddepennnaibabie ypaBHeHHs ¢ pa3fAeasOIUMuc NepeMeHHbIMH. OHOPOAHBIE
ypaBHeHus. J/IuHeiiHbIe ypaBHeHUs. Y PABHEHHS, IPUBOIUMBIE K THHEHHBIM.

JuddepenunansHblM ypaBHEHHEM HA3bIBAacTCsl ypaBHEHHE, CBS3HIBAIONIEE HE3aBHCHMBIE IEpEeMEHHBIE, HX
(¢yHKIMU W TpoW3BOAHBIe (WiH muddepeHnmans) 3Toi ¢pyHkumu. Ecmu puddepeHmmansHoe ypaBHEHHE HMEET OTHY
HE3aBUCUMYIO TEPEeMEHHYIO, TO OHO Ha3bIBaeTCSd OOBIKHOBEHHbIM NH((depeHNHATbHBIM ypPaBHEHMEM, CCIH Ke
HE3aBUCHUMBIX NIEPEMEHHBIX JBe WIH Oojee, To Takoe qu(depeHnnanbHoe ypaBHEHIE HasbIBaeTcsl Au¢depeHIHATbHBIM
ypaBHeHHEeM B YacTHBIX NMPOM3BOAHBIX. HauBbICIINI MOPAIOK IPOM3BOMHBIX, BXOMSIINX B YPaBHEHHE, Ha3bIBACTCS
nopsiakoM 1updepeHIMaIBLHOIO ypaBHeHUs.

[Ipumep.
x3y¢+ 8y - x+5 =0 - o6rikHOBeHHOE MbdepenimanbHoe ypasHenue 1 — ro nopsaka. B obiem Busie 3anuchiBaercs

F(x,y,y9 =0.
d 2)’ dy | >
xd—2 +xyd— + X =) - oObikHOBeHHOE auddepeHIUaNbHOE ypaBHEHHE 2 — To Hopsaka. B oOmem Buie
X X
sammuceiBaeres F(x, y, y§ y@ =0
=

2
y ﬂ + Xy ﬁ =0 - muddepennunanbHOe ypaBHEHHE B YACTHBIX MPOU3BOIHBIX MIEPBOTO TIOPSIKA.

O6mmm pemenneM nudhepeHInaTBLHOTO YpaBHEHHUS Ha3biBaeTcs Takas auddepenuupyemast pyHkims y = j(x, C), koTopas
NP NIOACTAHOBKE B HCXOJHOE YPaBHEHUE BMECTO HEU3BECTHON (PyHKIMU oOpalnaeT ypaBHEeHHE B TOXKIECTBO.

ﬂl/l{l}{l}CQGHﬂI/Iaﬂbele YPaBHCHUS NIEPBOT'O MOPAAKA.

JuddepenunanbHbiM ypaBHEHHEM MEPBOro MOPSIIKA HAa3bIBAETCS COOTHOLICHUE, CBsI3bIBalOlee (PYHKIIHUIO, €€
HEPBYIO IPOU3BOJHYIO U HE3aBUCUMYIO IEPEMEHHYIO, T.€. COOTHOILICHHUE BUJA:

F(x,y,y9 =0
YpaBHeHus ¢ pa3iesOMUMUCS NepeMeHHbIMHA
Huddepenuunansroe ypasaenne y¢= f (x, y) Ha3bIBaeTCs ypaBHEHHEM C Pa3/e/ISIIOLIMMUCS NePEMEHHBIMH, ECIIH €ro

MOJKHO 3ammmucaTtb B BUAC

yé=a(x)b(y).



- 2x
COSy

[pumep. Haiitn obuiee peuenne quddepenumansHoro ypasuenns: yy¢=

ycosy >d& =-2x
dx
ycos ydy =-2xdx

Oy cos ydy =-2(ydx

u=y; dv=cosydy;l

i . .. .
Oy cosydy =i g:ysmy- Oin ydy =ysin y+cosy
|

du =dy; v =siny
ysiny+cosy =-x> +C

. 2 .
ysiny+cosy+x” +C =0
- 3TO ecTb OOLIMH MHTErpal UCXOAHOTO AU PepeHIINaIBHOTO YPaBHEHNUS, T.K. UCKOMast (YHKIMS U HE BhIpaKeHa Yepes
HE3aBHUCHMYIO TIEPEMECHHY0. B 3TOM U 3akitoyaercs: OTJam4me o0Iero (4acTHOro) MHTerpaja ot oormiero (4acTHOro)

peleHns.
% A _

IIpumep. Peuuth ypaBHEHUE y¢ =y d y
X
v dy =dv
by -%d — by
o “dy =0k
3y% =x+C

27y =(x+ C)3 - 00mmii MHTErpan
1
=—(x+C)’ - obmee permenue
y =57+ ) P

JIuHeliHble ypaBHEHUS.
JuddepeHnmanpHOe ypaBHEHIE Ha3BIBACTCS IMHEHBIM OTHOCHTEIIEHO HEN3BECTHON (DYHKIIUH U €€ TIPON3BOTHOM,

€CJIM OHO MOXCT 6LITL 3aIIMCaHO B BUJIC:
ye¢+ P(x)y =0(x),

OpyU 3TOM, €clIH IpaBasg dYacTh (J(X) paBHAa HyJNI0, TO TaKoe YypaBHCHHME HAa3bIBACTCAd JIMHEHHBIM OJIHOPOIHBLIM
nuddepeHnnanbHBIM ypaBHEHHEM, €CIIH ITpaBas yacTh QJ(x) He paBHA HYIIO, TO TAKOE YpaBHEHUE Ha3bIBACTCS JIMHEHHBIM
HEOHOPOAHBIM H(pdepeHIINaTbHBIM YPABHEHUEM.

Jisi MHTErpUpOBaHKs JTMHEHHBIX HEOMHOPOJHBIX ypaBHeHU# (Q(x)() NpUMEHSIOTCS B OCHOBHOM JIBa METO[A:
Metof beprynmu u meton Jlarpanxka.

Merton beprynnu.

CyTbh MeTOZa 3aKJII0YACTCS B TOM, YTO MCKOMasi (DYHKIIHSI TIPEICTABIACTCS B BUAE NMPOU3BEICHUS NBYX (YHKIMH

Y =uv.

dv du
IIpu 5TOM OYeBHAHO, uT0 V¢ =u >7 +v >7 - mudpepeHTIpPOBaHUE IO YACTAM.
X X

[loxacraBmsas B ucxomgHoe YpaBHEHHUE, TOTIydaeM:

dv du
Uu—+v—=+ P(x)uv =0(x
PR (x) O(x)

u g + vc?‘iu + P(xX)u 92 O(x)
dx edx o

Janee crnemyer BakHOE 3aMe4yaHWE — T.K. IEpBOHauaylbHas (yHKUMS ObLIa IpeAcTaBlieHa HAaMU B BHUJE
MPOU3BEICHUS, TO KAX/IbIA U3 COMHOXHTEIEH, BXOAAIINX B 3TO MPOU3BEACHUE, MOXKET OBITh IPOU3BOIBHBIM, BEIOPAHHBIM
IO HAIIEMY YCMOTPCHHIO.

—n,2 — 2, — 2, —
Hanpumep, byukius ) =2X~ moxer ObITh npescTabieHa kak Y =122x7; y =2>4"; y =2x>; u ..

Taxum 06pa30M, MOXHO OJHY H3 COCTaBJIAKONIUX HNPOU3BCACHHUC (I)yHKIII/Iﬁ BI)I6paTI> TaK, 4YTO BbIPpAKCHUC

du

— + P(x)u =0. Takum 06pa3zom, BO3MOKHO TOIy4UTh (DYHKIHMIO #, IPOMHTETPUPOBAB, MOJTYYEHHOE COOTHONIEHHE KaK
X

ogHOpoaHOE M (hepeHInaTbHOe ypaBHEHHE 110 OTMCAHHOH BBIIIE CXEMeE:



u__ P(x)dx; bd—u =- OP(x)dx; ln|u‘ =- OP(x0)dx;
u u

. - O (x)dx
ln‘C1|+ln‘u| :-OP(x)dx; u =Ce o ; C=1/C;
J1Jist HaXOXKIEHHsI BTOPOI HEM3BECTHOM (PYHKIIMH V [TOJICTABUM MOY4YEHHOE BhIpaKEHHE [UIsl (PYHKIUH U B HCXOJHOE

dv  aslu 0
ypaBHEHHME U — + V(;d— + P(x)u - Q(x) C Y4ETOM TOT0, YTO BEIPa)KEHHUE, CTOSIIIIEE B CKOOKAX, paBHO HYJIIO.
X edax

Ce-d)(x)dx @ =0(x); Cdv =Q(x)ec‘f(x)dxdx;

dx
Wurerpupysi, MoxxeM HalTH QyHKIHUIO V:
N oY (x)dx 1 < Y (x)dx
Cv =(Q(x)ed) dx+C; v ZECQ(x)eOD dx+C,;

T.e. ObUIa MOTy4YeHA BTOPAsi COCTABIISIOIIAS IIPOU3BECHHST ) —UV , KOTOPOE U ONpeeIseT HCKOMYIO (QDYHKIIHIO.

HOZ[CTaBJI?[?[ HOJ'Iy‘IeHHBIe 3HA4YCHMU, nonyqaeM:
-pdr 1 P (x)dx 5
y =uy=Ce O >%é%@(x)e"” M+,
(]

OKOHYATEIHHO TOTyYaeM POpMYITy:
- OP(x)dx Y (x)dx 0
y =e o >§CQ()C)€OD dx + C2 (—?, C, - IpOU3BOJIBHBIN KOAPPHUIIUEHT.
o

DTO COOTHOLICHHE MOXKET CUMTATHCS PELICHUEM HEOAHOPOAHOTO JIMHEHHOro AuddepeHIHansHOr0 ypapBHeHHST B
o61em Bujie 1o crnocody bepuyiu.

Bamaun:

3anava 1. HaiiTu uaTerpanbHble KpuBble U depeHInaTbHbIX YPAaBHEHUIH:
1. ydz+ (14 z%)dy =0. 2. Y =tgxtgy.
3. vy = —2rsecy. 4. y' +sin(x+y) = sin{x — y).

5 y(l+z3)y +x(1+4+y*)=0. 6. e*dr—-(l+e*)ydy=0.

T. ¥ = 2% cosa. 8. ¢ =ylny.
2r 1
i .. 10, ¢f = ———
1+ x? va?—1
3agaua 2. Haiitu obmiee pemennii 1uddepeHInaIbHOro ypaBHEHHS:
1. = eW/r 4 E 2 4 = £ 1. 3. .rzy' = ry + 3/3r-:_‘-""".
- r
; y y Wl s
{. xrcos=dy+ |xr— ycos )d.zf———[l. b. (z° + 2ry) dr + zy dy=0.
T T
. e (Y 'y . o
6. zy'ln (-—) =r+yln (— . T.ydr+ (2,/xy —x)dy = 0.
x T
g i o 1
8. (4y*+z3)y = zy. 9. xy’ sin (—;-)-1 r=ysin ( !) i
E ¥.7

10. zy+ ¢ = (222 4+ zy) v
3anaua 3. Haiiti pemrennst 3amad Komu it nuddepeHnnanbHbIX ypaBHEHUH:
l. zy +y—e*=0, y(l)=0.
. - y(0) =0,

cCos T

2, y-ytgx=

3. ycosizty=tga, y(0) =0.



4. y —ythr= ch? T y (0) = 0.

.

36 y e
= rinx, y el = —.

rinx SR 2

» e T s AR

b. Yy sinx —ycosa 1, i E J 0.

7. ¥ —ytgr=rcosr, y(0)=0.
Bompocsr:

1. [ladite onpenenenue nudhepeHInaIbHOTO YpaBHEHHMS.

Kak onpenensercs nopsiaok 1uddepeHuanbHoro ypaBHeHUs ?

Uro Ha3bIBaIOT OOLIMM (YaCTHBIM) pemieHneM auddepeHInaaIbHOr0 ypaBHeHUs ?

B uem cymnocTs 3agaun Komm?

[Ipusenute npumMep anddepeHnaIbHOr0 YpaBHEHUS C Pa3IeISIFOIMMUCS IepEMEHHBIMU.
OmnummTe X0 pemeHns TuQQepeHnanbHOT0 YPaBHEHUS ¢ pa3AeIONMUICS TIEPEMEHHBIMH.
Kakoe nn¢depenimansaoe ypaBHEHHE HA3bIBAIOT OTHOPOIHBIM?

Kakoe muddepenimansHoe ypaBHEHIE HA3bIBAIOT JINHEHHBIM?

Omummte Meton beprymm pemenns nuHeHHBIX quddepeHnnanrsHbIX ypaBHEHUH.

e

Tema 15. Iudpepenuuabubie ypaBHeHUsI BLICIIHX MOPSIAKOB.
IMpakTnyeckoe 3ansTHe 15.1. YpaBHeHusI BbICIIEro MOPSAKa, J0NycKalolue NMOHU:KeHUe TMopsiaka. JIuHelHbIe
nuddepeHnuaIbHbIe YPABHEHHUS BHICHIUX MOPSIKOB.

AuddepennnanbHbIM ypaBHEeHHEM MOPSIKA # Ha3bIBACTCSl ypaBHEHUE BUJIA:

F(x,y,yd;...,y(”)) =0

B HEKOTOPBIX ClydasX 3TO yPaBHEHHE MOYKHO Pa3pPELINTh OTHOCHTENLHO Y™:

y" =f(x, 98,07 ).

Tak e kKaK ¥ ypaBHEHHE IIEPBOro NOPSIKA, YPABHEHHUS BBICIIMX MOPSIIKOB UMEIOT OECKOHEYHOE KOJIMYECTBO
perieHuil.

JuddepeHnmranbHbie ypaBHEHUS BBICHIAX MOPSAKOB, PEIICHUE KOTOPBIX MOXET OBITh HAICHO aHATUTUYCCKH,
MOJKHO Pa3JICIUTh Ha HECKOJIBKO OCHOBHEIX THITOB.

YpaBHEHU, TOMYCKAIONINE TOHWKECHUE MTOPSIKA.

[Moumwkenne mopsaka auddepeHnnaTsHOr0 ypaBHEHUsT — OCHOBHOW METOJ| PEIICHUS YPABHEHUH BBICIIMX
MOPSIIKOB. DTOT METO/I IAeT BO3MOXKHOCTh CPABHUTENILHO JIETKO HAXOAUTh PEIICHUE, OJHAKO, OH IPHUMEHHUM JaJIeKO He KO
BCEM ypaBHEHHSIM. PaccMOTpUM citydau, KOr/ia BO3MOXHO MOHIKEHUE MOPSIIKA.

Vpapuenus suna vy = f(x).

Ecmu f(x) — dbyHKIusA HenmpephiBHAS HA HEKOTOPOM MPOMEKYTKE a < X < b, TO pelIeHHe MOXET ObITh HAWICHO

MOCICA0BATCIIbHBIM HHTEIPUPOBAHUCM.

y" U =8 (x)dx +C;
Y = (¥)dx +C, Jix +C, =gleyf (x)dx +Cpx +C;

-1 1- 2
x' x'

v =yixcylx....0cyf (x)dx + C +C,—+..+C;
oroh--of - (n- )
Hpumep. Pemruts ypauenne V@ =e™ ¢ HavaMbHHIMH YCHOBUAMU Xy = 0; yg = I;
yg=-1 yg=0.

1
ye=¢pdx +C, :Ee“ +Cy;

I 1
y¢=(‘iaid—ez" +C, U == + Cix+C,y;
e2 [} 4
' . 1 ! 1
ed o 8 2
HOZ[CTaBI/IM Ha4YaJIbHBIC yCHOBI/Iﬂ:
1 1
1:—+C3; _1:_+C2’ 0:_+C1’
8 4 2
1 5 7
C, =- > C, =- VE C, =3



2x 1 2 7

5
ITosryyaem yactHoe pemenue (pemwenue 3agauu Komm): y =—e™ - —x°~ - Zx +—.

4 8
S’[!aBHeHI/IHa HC COACPKAIUC ABHO HCKOMOU !l!yHK[!HI/I 1 €€ NMPOM3BOJIHLIX JI0 MTOPAIKA k — 1 BKIAIOYUTEILHO.

k k+1 —
Sro ypasuenns suza: F(x, y©, y* ™) =0.
B ypaBHEHHSX TAKOrO THNA BO3MOXKHO TOHIDKEHHE TOpsAKA Ha Kk emHuL. JIis 5TOrO TMPOM3BOAAT 3aMeHy
NepEMEHHOI:
(k) —,. (k+1) _—
yoo=z oyt =z¢ Ly
k)Y —
Torma nonyuaem: F(x, z,z¢...,z"") =0.
Teneps I0OMYCTUM, YTO MONy4YeHHOE AUPdEpEHIHANILHOE YPaBHEHHE NPOMHTETPUPOBAHO U COBOKYIIHOCTH €r0
PeleHnii BBIPAKaeTCsi COOTHONIEHHEM:

() — k).

z =y (x,C,,C,,....,C, ).
Jlenast 0OpaTHYIO MMOJICTAHOBKY, UMEEM:
;) —
Y =yx,C,C,,....C, )
WHTterpupyst mosy4eHHOE COOTHOLIEHUE MOCIIEIOBATENBHO K pa3, MOJy4aeM OKOHYATEIbHBINH OTBET:
y =] (x,C,,C,,...,C).
¢

Ipumep. Haiitn obmee pemenne ypasuenus y@ =—.
X

Ipumensiem noacranosky z =y@& z¢=pd

jonf, iz de_dx dr_dv
x’ dx  x’ z  x’ oz_ O;’
ln‘z‘ :1n’x‘+lnCl; z =C\x;

INpousBens oOpaTHyO 3aMeHy, HOJIydaeM:

y&=Cx;  y¢=¢yf xdx Z%xz +C,;

:3 6, C
y =0 x’ +C, Hx =—x* +Cx + Cy;
e2 2 6
OO1mee penieHre UCXOAHOTO AU HEPeHIINATBHOTO YPaBHEHNUS:

y=Cx’+C,x+Cj;

OTMCTI/IM, YTO 3TO COOTHOUICHUEC SBJISICTCA PCHICHUCM JIJI BCCX 3HAYCHMI HepCMeHHOﬁ X KpOMC 3HAYCHUS X =(0.
y[!aBHCHI/Ii{, HE COZACPIKAIIUC ABHO HE3aBUCHMOU He[!eMGHHOﬁ.

DTO ypaBHEHHs BUJA F(y,yd;...,y‘”’) =0.

TTOpsiIOK TaKKX yPaBHEHMI MOKET OBITh MOHMKEH Ha eAMHHUILY C IOMOLIBIO 3aMeHbI llepeMeHHbIX V¢ = p.
dy¢ dy¢ d d,
dx dy dx dy

®lp O

2

deg—p=
dy g 2 0
dc dy dx dy dy dy gdy 7]

HOI[CTEIBJ'IS[H O9TH 3HAYCHHUA B HCXOJHOC ﬂI/I(l)(l)CpeHHI/IaIII)HOC YpaBHCHUEC, TOJy4YaeM:

@ dp d"'po
Rey,p,— = 2=
dy a&" g

Ecin s10 ypasuenue nponnterpuposats, u P(y, p,C,,C,,...,C, ) =0 - coBoxynuocts ero pewennii, To mst

0

peleHus: JaHHoro TUQdepeHIMaANTFHOT0 YpaBHEHHs OCTACTCsl PELINTh ypaBHEHHE IIEPBOTO MOPSIKA:

?(y,94C,,C,.....C,.,) =O0.
Hpumep. Haiitn oGmiee pemenne ypasnerus Vy@- (y(‘)2 - 4yy¢=0.



3amena nepemenHoit: p = y¢ ye :d_p b;

dy
dp & dp 0
yp——- p’-4yp =0; pgy - p- 4y==0;
dy dy o
1) yd—p- p-4y =0 dp =4+ 2,
dy dy y
. _D
Jnst penienust nmoiay4eHHoro aAudhepeHInanbHOro ypaBHEeH s IIPOU3BEIEM 3aMeHy MepeMEHHOM: U =—.
y
u+d—uy=4+u; du =4d—y;
dy y

b

Olu 2406%; u =4Inly|+4InC;;  u =4In|Cy

p =4yIn|C,y}
C yuerom TorO, 4TO0 P :d_y , IOJTy4aem:
X
dy . dy .
— =4yn|C, y|; O~ =0
dx 4 | Wy 4yln‘Cly‘ o

1 ‘d(ln‘C1y|) _l )
“407mlc,] 4 i+ €

OOGImuii UHTETPAI HMEET BHI ln‘ln’ClyH =4x+C;

2) p=0;  y¢=0; y=C
Takxum 06pa3oM, MOTyYHIN ABa OOIMINX PEIICHHS.
JInHeiinbIM T (pepeHnaILHBIM YPABHEHHEM 1 — I'0 TIOPSIKA HAa3bIBACTCS JII000C ypaBHCHHE MIEPBON CTEIICHU

OTHOCHUTENFHO (DYHKIIUH ) U €€ MPON3BOTHBIX yd; y@...,y(") BHJA:

Py +py "+ oy Lk p yp,y = [(X);

TO€ Po, D1y ---Pn — OYHKIMH OT X WITH TIOCTOSIHHBIC BEJWYHHBI, TIpudeM py ' 0.

OTMeTHM O0JJHO Ba’KHOE CBOMCTBO JIMHEHHBIX YPaBHEHUH BBICHINX MTOPSIIKOB, KOTOPOE OTIINYAET UX OT HENNHEHHBIX.
Jnsi HeMHEHHBIX YPaBHEHUI 4aCTHBIA MHTErpajl HaXOIUTCS U3 OOLIero, a Juisi JIMHEHHBIX — Ha000poT, 00K HHTErpas
COCTaBJIsIeTCs U3 YacTHbIX. JIMHeiHbIe ypaBHEHHS MTPEACTABISIOT CO00H Hanbosee N3yueHHBIN Kiacc TuddepeHIranbHbIX
YpaBHEHHH BBICHIMX HOPSAKOB. ITO OOBSICHSETCS] CPAaBHUTEIBHOM IPOCTOTOM HaXOXKIEHUs pelleHus. Eciau npu pemeHnn
KaKuX — JIN0O0 MPaKTHUECKHX 3a/1au TpeOyeTcst pelnuTh HelnHeHoe Aud pepeHInaTbHOe YpaBHEHHE, TO YaCTO IIPUMEHSIIOTCS
TIPUOIIMKEHHBIE METO/IbI, ITO3BOJISIONINE 3aMEHUTh TAKOE YPaBHEHHUE “OJIM3KMM™ K HEMY JIMHCHHBIM.

3amaun.

3anaya 1. Haiitu obume pemenns nudQepeHranbHbIX ypaBHEHHH]:

Ly" =1-y> 2. xzy"+y =0.

"

31+ 4y +1=0. 4. 2% 42y =1

S.xy" +y"' =1+z. 6. y+y?=1.
"

Ty +y") =" 8. ' =-z/y.

9.z2y"+y +z=0. 10. 3" = 4y".
3amada 2. Haviti pemenns 3agad Ko s auddepeHnnanbHeIX ypaBHEHHH:
L gt y(1/2) =1, y(1/2)=1.

2. yy'+9? =1, y(0) =1, ¥(0)=1

3. ¥y -y*+y(y-1)=0, y(0)=2 y'(0) = 2.
Ly +y® -2y =0, ¥(0) =1, ¥'(0) = 1.

5. 3y =y+y*+1, y(0) = -2, ¥'(0) = 0.
3amada 3. Hatiti obmue pemenns audGepeHIInanbHbIX YpaBHESHAN:



" ’ )

1. ¢y +y=-cosz. 2, y' 4y -2y =8sin2r

3 -2 +5y=ecos2x. 4. y"+y=3sinzx.

5 y"+y=4xrcosa. 6. y" — 9y = e cos.

7. " — 4y = e**sin2z. 8. ¥ —2=2re*(cosz —sinz).

9 y'-y=2sint—4dcosz. 10. y" — 6y’ 4+ 26y =2sinx + 3cosz.
Bomnpocsr:

1. Kaxkwue Bugs! auddepeHnansHpIX ypaBHEHAH, IOy CKAIOIINX TOHKEHUE Topsiaka Bel 3HaeTe?

2. Kakyro 3aMeHy HepeMEHHOH HEOOXOAMMO IPOBECTH, €CIM B YPaBHEHHH SBHO HE COAEPIKUTCSH HCKOMas
(byHKIMS; He3aBUCHMAs TIepeMeHHas1?

3. Kakoe ypaBHeHHE HA3bIBAIOT JMHEHHBIM C TIOCTOSIHHBIMH KO3 dHUIMeHTaMH?

4. Kak crpoutcs oOluee peuieHHE OJHOPOJHOrO JIMHEWHOTO ypaBHEHHsI BTOPOTO IOPSIKA C IOCTOSHHBIMU
koo dunrenramu?

5. Kak naiiTm ofmee pelnieHHe JMHEHHOTO HEOJHOPOIHOTO YpPaBHEHHsI BTOPOTO IOPSJIKA C IMOCTOSHHBIMH
koo unmrenramu?

Tema 16. Cuctremsl 1updepeHHAIBLHBIX YPABHEHH .

[pakTuyeckoe 3ansatue 16.1. Cucrembl au¢depeHIUATLHBIX YypPaBHEHHI, OCHOBHbIEe MOHATHS.
HNHTerpupoBanne HOpMaJIbHBIX cucTeM. CHCTeMbI YPaBHEHMIl ¢ MOCTOSIHHBIMHU K03(puimeHTaMu.

COBOKYITHOCTB COOTHOILICHUH BHJA:

FTE (Y5 Y0000 Y, Y V8, v$) =0

in (X5 V1550000 Y, Y VE,, ¥6) =0

FF, (600 aees s Y8 98y v$) =0

IZle X- He3aBUCHMas TEpPEMCHHas, Vj, V...V, — WCKOMBIE (pyHKIMH, HaszbIBaeTcsid cHcTeMoii auddepeHHHANBHBIX
YPaBHeHMIl IepPBOro MOPSiAKA.

Cucrema muddepeHInanbHBIX YPaBHEHHH MEPBOTO TOPSAAKA, Pa3peIICHHBIX OTHOCHUTENBHO HPOU3BOIHBIX OT
HEU3BECTHBIX (DYHKIMI HAa3bIBACTCS HOPMAJIBLHOM cucTeMoii 1 depeHnaNbHbIX YPABHEHMIA.

Taxkas cucteMa UMeeT BUIL:

idy

T 1 :ﬁ(xaylayza---ayn)
i dx

. dy

%, : :fz(x’ylayza---’yn)
| dax

I ----------------------------------------
.I.d

ray,

3 = X, ’ sV p
f dx Jo (Y13 Ya0es V)

[t mpuMepa MOKHO CKa3aTh, YTO rpaduK PELIeHNs CUCTEMBI IBYX T (GepeHIINaTbHBIX YPAaBHCHUH IPEACTABIIACT
co00l MHTETpabHYIO KPUBYIO B TPEXMEPHOM IIPOCTPAHCTBE.
Teopema. (Teopema Komm). Eciu 6 nexomopoiui obracmu (n-1) —mepHnoeo npocmpancmea QYHKyuu

fl(x,yl,yz,...,y” )s S5 (X V13 YaseesV))s oo [ (V15 V0 5eees),) HenpepbisHbl u uMeiom nenpepbigHbie uacmruble
NPOUSEOOHBIE NO V{3 Vs eves Y, , 10 01 1106011 MOUKU (X. Y 0> Vagse-s Vo) MO 0BIGCTIU CYUgecmEyem eouncmeenoe
peuienue

yl :J l(x)’ y2 :J 2(x)7 yn :J n('x)
cucmemvl oughepenyuanvrbix ypaguernuii euoa (1), onpedenenHoe 6 HeKOMOPOU OKPECMHOCMU MOYKU Xg U

y0os1emseopaouee HaudaIbHbIM YCI08UIM XoV10sV2055Vno-

OO0muM pemreHueM CHCTeMBI IUQQepeHNnANEHEIX ypaBHeHUH Buga (1) OymeT COBOKYITHOCTH (YHKIUH
» =,xC,C,,....C), y, =] ,(x,C,,C,,....C), ... v, =] ,(x,C,,C,,...,C, ), xoTopble pH NoACTAHOBKE

B CUCTCMY O6paH.IaIOT €€ B TOXKICCTBO.

HopmanbHbBIe CHCTEMBI IMHEWHBIX OTHOPOIHBIX JIH CPCHIINATIBHBIX ABHCHHM C IOCTOSHHBIMHU KOD UITUCHTAMU.

[Tpu paccmoTpennu cucteM anddepeHInanbHbIX YPaBHEHUH OrpaHHYMMCS CIIy4aeM CUCTEMBI TpeX ypaBHEHH (n
= 3). Bce Hmkecka3aHHOE CIpaBeUINBO ISl CUCTEM IMPOU3BOJIBHOTO MOPSIKA.



Hopwmanbhas cuctema qudhepeHnnanbHpIX ypaBHEHHH ¢ IIOCTOSTHHBIMU KoddduieHTaMu Ha3bIBaeTCs JHHEHHOM
OJHOPO/HOI, €CIIU €€ MOXHO 3alHCcaTh B BUJE:

idy

'|'$ =a,ytayztaju
|

1dz _

Id_ =a,yta,zta,u
-I- x

Tdu

15 —ayytayztagsu
fdx

Perrenus cuctembl 06J1a1af0T CIEIYIOIIAME CBOMCTBAMHU:
1) Ecmu y, z, u — pemenus cuctemsl, To Cy, Cz, Cu, tne C = const — TOXe ABISIOTCS PEIICHUSIMH 3TOH CHCTEMBI.
2) Eciu y;, z;, u; My, z5, Uy — PEHICHUSI CUCTEMBL, TO V; + V5, z; + 25, U + Uy — TOXKE SIBISIFOTCS PEIICHUSIMA CUCTEMBI.
kx

kx kx
Pemenns cuctemsl HIIyTCs B BHAE: ) —ade Yoz =be . U=, a,b, g k =const
TMozcTaBiss 5TH 3HAYEHUS B CHCTEMY M [IEDPEHECS BCE YJIEHbI B OJIHY CTOPOHY M COKPATHB Ha e, momydaem:
i(a, - k)a+a,b+a;,9=0
|
| aya +(ay - k)b+a,;g=0
\ . —
1 ay@ +a,b+(ay; - k)g=0
Juis Toro, 4TOOBI TIONYYCHHAsh CHCTEMa HMeNla HEHYJIEBOE pEIICHHE HEOOXOOUMO W JIOCTATOYHO, YTOOBI
OTIPENIeNIUTENh CHCTEMBI OBLT paBeH HYIIO, T.€.:

a, -k ap ag
ay; a, -k a,, | =0
as; as ay, - k

B pesynbrare BEIMHUCIEHHS OIPEISIIUTEN IT0JydaeM YpaBHEHNE TPEThel CTENIeHH OTHOCUTEINILHO k. DTO ypaBHEHHE
Ha3bIBACTCS] XaPaKTEPHCTUYECKMM YPaBHEHHEM M MMeeT TpU KOpHS kj, ky, k;. Kakmomy M3 3THX KOpHEH COOTBETCTBYET
HEHYJICBOE PEIICHUE CHCTEMBI:

k, k ki
y, =ae", z, =b,e"", u, =g,
— kyx _ kyx _ kox
Yy, =ae”, z, =b,e™, u, =g,e,
kyx k kxx
y, =a,e”’, z, =b,e™", u, =ge .

HHHeﬁHaﬂ KOMGI/IHaHI/IH ATUX peIHeHI/Ii/'I C IpOU3BOJIbHBIMHA KO3(1)(1)I/IHI/IGHT3MI/I 6y[[eT PCHICHUEM CUCTEMBI:
y =C,a,e"™ +C,a,e" +C,ae"";

z =Cb,e" +C,b,e™ +C,be"";

u =C, gleklx +C, gzekﬂr +C,; g3ek3x-

Ipumep. Haiitu ob1iee pelieHre CUCTEMbI YPaBHEHHI:

ix¢=5x+2y
%y¢=2x +2y
CocTaBUM XapaKTEPUCTHUCCKOE YpaBHCHUE:!
5-k 2
5 9 k=0; 5-k)2-k)-4=0; 10- 5k - 2k +k* - 4 =0;

k*-7k+6=0;, k =1, k, =6
Pemm cuctemy ypaBHEHHUI:
i(a, - k)a+a,b=0
1a,a +(ay - k)b =0

i(5-Da, +2b, =0 i4a, +2b, =0

ki
A e s @2-1b, =0 12a, +b, =0
Honaras @, =] (upuaumaercs n060e 3HaUCHHE), IOTyYaeM: b] =-2.
i(5-6)a, +2b, =0 i-la,+2b, =0
Hns by i

12a,+(2- 6)b, =0  i2a, - 4b, =0



Tonaras @, =2 (npuruMaeTcs 06oe 3Hauenue), notyqaem: b, =1.

ix=Ce' +2C,e"
OG1mee permeHue CHCTEMBL: | ]
ty=-2Ce" +Cue”
OTOT mpuMep MOXKET OBITh PelIeH APYTUM CIIOCOO0M:
[pomuddepenmmpyem nepsoe ypasuenne: X¢=5x¢+ 2 y¢
IMoxcTaBUM B 3TO BHIPAKEHHE MIPOU3BOAHYIO ¢ =2X + 2) U3 BTOPOTO ypaBHEHHSL.
x¢=5x¢+4x+4y;

IToncraBuM crofa y, BEIPaKCHHOE U3 NIEPBOTO YPABHEHUS:

x@=5xC¢+ 4x + 2x¢- 10x
x¢- 7x¢+6x =0
k, =6; k, =1
x =Aé' + Be"; x¢=Ae' +6Be™;

2y =x¢- 5x =Ae' +6Be® - 54¢' - 5Be”;

y =-24e¢' +%Be(";

1 fx=Ce' +2C,e"
O6oznauns A =C,; —B =C,, nony4aem pemieHne CUCTEMBI: | o
2 fy=-2Ce" +C,e”
3amaun.
3azmaya 1. Haiitu oOwiee pewiennii cucremsl audGpepeHunanbHbIX ypaBHEHHIA:
3—’::— —x+y+ 2sinf —3cost

j—f = — 6x + 4y {- Tsint — 20 cos {
3&,[{21‘{& 2. Haiitn peuicHus CUCTCM, YAOBJICTBOPAONINC 3aIaHHBIM YCJIIOBUSAM:
) x=y—2zy x(0)=1;
Y=x+y: y(0)=2
?=x+2] z(00=3.
9 & =6x—T2 + 44z x(0)=79;

' =—4x+ 40y —222% y(0)=25;
2= —6x4+5Ty—31z) z2(0)=T7.
Bompocsr:

1. [aiite ompenenenue cucteMsl auddepeHnnanbHbIX YpaBHEHIH IEPBOTO MOPSAKA.

2. Kakas cucrema quddepeHnnanbHbIX YpaBHEHUI HA3bIBACTCSI HOPMAIbHOMN?

3. Uro Ha3BIBAIOT OOIINM PEUICHHEM CUCTEMBI UG hepeHIINaIbHbIX YPaBHEHUH?

4. Kakas cucrema muddepeHIHanbHbIX YPaBHEHUI C TOCTOSIHHBIMH KOX(QHIIMEHTaMH Ha3bIBaeTCs JIMHEHHOM
OJTHOPOAHOMN?

5. Kak cocraBnsieTcs: XapaKTepUCTHYECKOE YpaBHEHHE CUCTEMbI TU((epeHIHaNbHbIX YPaBHEHN?

6. Kakumu coiicTBamMM 00J1a1at0T PEIICHHs] CUCTEMBI M QEePEHIIMATBHBIX YpaBHEHUHN?

Pa3gea 6. Paabl.

Tema 17. YucsioBble psaabl.

IpakTnyeckoe 3ansatue 17.1. Ilpu3Haku CcX0AMMOCTH YHUCJIOBBIX psaoB. Heo0XxoauMblii NMPU3HAK CXOAUMOCTH
YHCJI0BOr0 psija. JlocTaToOYHbIe MPU3HAKH CXOAMMOCTH 3HAKOMOCTOSAHHBIX PAI0B: MPU3HAKH CPABHEHUs, MPU3HAK
Janamobepa, npuzHaku Komru. O6001meHHbIii rapMOHUYeCcKHii psij.

CyMMa YJIeHOB O€CKOHEYHON YHCIIOBOM IIOCJICA0BATCIbHOCTH Ml ’ uz 9o .,un 5.+ HA3BIBACTCA YUCJTOBBIM PHIAOM.

¥
o}
u tu, +...+u, +..=gqu,,

n=l

IPH 3TOM YHcna U, ,U, ,... OyAeM Ha3bIBATh YICHAMH PSJIA, 4 U, — OOLIUM YIECHOM PAJa.

Qos

Cymmsr S, =u, +u, +..+u, = u,, n=1, 2, ... Ha3bIBAIOTCS YACTHBIMHU (YACTHYHBIMH) CyMMAMH

bl
1L

psna.



¥
o

Psn ul + u2 +..+ I/ln +... :a I/ln Ha3bpIBACTCA CXOAAIIMMCH, CCIN CXOIUTCA ITIOCICIAOBATCIBHOCTH €I0
n=l

YaCTHBIX CyMM. CyMMa CXOAAIIErocHd psiaa — npeacia NoCICa0BaTCIbHOCTH €0 YaCTHBIX CYyMM.

¥
. []
lim§, =8§, S=au,.
n=l
Ecnu mocienoBaTebHOCTh YaCTHBIX CYMM pslia PacXOAUTCS, T.€. HE MMeeT Mpejena, WiIM UMeeT OeCKOHEUHBIH
IpeJien, TO PsJl Ha3bIBACTCS PACXOAAIMMCH U €My HE CTaBAT B COOTBETCTBUE HUKAKOW CyMMBI.
IIpu u3ydeHUU 3HAKOMOCTOSHHBIX PAFOB OTPAaHUYMMCS PACCMOTPEHHEM PSIOB C HEOTPULATEIbHBIMU YJICHAMHU,
T.K. IPH IPOCTOM YMHOXXEHUU Ha —1 U3 3THX PAIOB MOXKHO MOIY4UTh PSABI C OTPULIATEIbHBIMU UIE€HAMH.
IIpusHak cpaBHEHUS PANOB C HEOTPULATENLHBIMYU YUIEHAMHU.

) [o}
[lycTh nanel Bapsinia g U, u g vV, TPH Uy, v, > 0.

) 0
Teopema. Eciu u, £ v, tipu 1060M 7, TO M3 CXOIUMOCTH Psia a V, chemyer cXomuMmocTh psana g U, , a u3
[o} [o}
pacxomuMOCTH psifia @ U, CIEMyeT pacXOAUMOCTb psaaa & V,, -
1 1 1
IIpumep. MccnenoBarb Ha CXOAUMOCTb PsiJL + +..+ +...
In2 In3 Inn
11 o1 o 1
T.K. —— > —, a rapMOHMYECKMH Pl @ — PAaCXOIMTCSA, TO PACXOTUTCA U Pl & — -
Inn n n Inn
s 1
[<}
Ipumep. MccnemoBaTs Ha CXOIMMOCTE Pl &) -
n=l n2
1 o 1 s 1
T.x. X < Y apan g X cxoauTcs ( Kak yObIBaroIas reoMeTpudeckas Iporpeccus), To psag g TOXE
n n=l
CXOJIUTCSL.

Taroke UCTIONb3yeTCs CIEAYIONINNA IPU3HAK CXOAUMOCTH:

.u
Teopema. Ecru u, > 0, v, > 0 u cywecmeyem npeoen }ll®n;1 v—" =h, 20e h — uucno, omnuunoe om uyns, mo
n

) 0
paosl @ U, u g Vv, 6e0ym 00uHAKOBO 6 CMbICIE CXOOUMOCHIU.

Hpusnak Jlamambepa.
(Kan Jlepon lamambep (1717 — 1783) — dbpaHIy3cKuii MaTeMaTHK)

¢}
Ecmu onapaoa @ U, € norodjicumensubiMu YleHamu cywecmsyem makoe 4ucio <1, umo ons ecex 00Cmamouno

OONILUUX N BbINONHACHICSL Hepasencmeo

]
mopsad @ U, cxooumcs, ecnu dice Ons 6cex 00CHAmMoUHO OONbULUX N 6LINONHACICS YCO6UE

u
n+l 3
—>1,

u

n

[o}
mopsad g U, pacxooumcs.

IpenenpHelii npu3Hak Jlanamoepa.

HpeHCHLHLIﬁ IMMpU3HAK I[anaM6epa SABJIACTCA CJICACTBUCM U3 MPUBCACHHOI'O BBILIC ITPU3HAKA Z[anaMGCpa.

un+1

Ecnu cywecmeyem npeden 1im

=r, mo npu r < I pao cxooumcs, a npu r > 1 — pacxooumcs. Ecau r = 1, mo
n®¥ 1
n

Ha eonpoc o CXOOUMOCINU OMBEMUNMb HEJlb35.
¥

o N
[Ipumep. OnpenennuTs CXOAUMOCTD paaa & o
n=l
1+ !
n n+l . u . (m+1)2" n+l n 1
U, =—; U, =—0;  lim—= =11m( n+l) = = =—_<«|
2 2 n®¥ oy o n®¥ Mg 2n 2 2

BriBoa: psa cxoaures.



1 |
[Ipumep. OnpenennuTs cXoauMocTh psaga 1 + i + 5 +...+ - +...
. . n:
1 1 u . n! .
0 ou,,, =—; lim— =lim =lim
(n+D)l no¥ gy ¥ (p+])] ®¥ p+]

BriBoa: psin cxonutcst.
puznak Kouy. (paaukaabHblid IPU3HAK)

[o]
Ecnuonapaoa g U, c HeompuyamenbHblMy YIEHAMU CYWecmsyem maxkoe 4ucio g<lI, umo ons cex 00Cmamo4Ho

V;:Eq,

[o}
mo pﬂ() a u” cxodumm, ecau dce 0Jisl 6cex 00CMAMOUHO OOLUIUX N BbINOJIHAENICS HepaeeHcmeo

3
/1[14" 1’

=0<1

60nbUUX N BBINOTIHACMCS HepaseHcmeo

o}
mo psd g U, pacxooumcs.

Caencreue. Ecim cymectsyer npenen lim%/u, =, To npu r<1 psix cxoautes, a mpu r>1 psig pacxoauTes.

n® ¥
¥ 2 L1
s Xn- +1 0
Ipuvep. OnpesieuTh CXOAMMOCTE Pifia g G——5—— = -
n=l 31’1 + 5 g
24—

. . 21’12 +1 . n2
lim4/u, =lim—— =lim———F— =—<1
n® ¥ n®¥ Ipc 45§ n® ¥ 5 3

t—
n

BriBoa: psin cxonutcsl.
n

(0]
[pumep. OnpenenuTs CXOAMMOCTD psJia é g? +—=.
n=l © ng
. : 16
lim4/u, :hmfﬁ +—=+=I.
n®Y¥ n® ¥ e ng

T.e. mpu3Hak Komm He gaeT oTBeTa Ha BOIPOC O CXOAUMOCTH psana. [IpoBepuM BhIoHEeHHE HEOOXOAUMBIX YCIOBUI
cxoaumocTH. Kak ObLIO CKa3aHO BBIIIE, €CIH PSIT CXOIUTCS, TO OOIIUI YICH psija CTPEMUTCS K HYJIO.
w11
. . % 16 _
limu, =lim¢l+—= =e' 0,
n® ¥ n®¥ e ng
TaKUM 00pa3oM, HEOOXOAUMOE YCIIOBUE CXOIUMOCTH HE BBIIIOJIHAETCS, 3HAUUT, PSJI PACXOJUTCSL.

UnrerpanpHblii npuzHak Koy,
Ecnu j(x) — nenpepwisnas noroxcumenvras ¢ynxyus, yoviearowas na npomedxcymre [1;¥), mo pso j(1) + j2) + ...+

¥ ¥
i o . . .
jo + ... = @ | (n) unecobemsennvii unmeepan (Y (X)dx oounaxossi ¢ cmvicae cxodumocmu.
n=l 1
1 1 1 .
[Ipumep. Psn 1+—a+—a+...+—a+... cxomutest mpu @>1 u pacxomurcs ALl T.K. COOTBETCTBYIOIIHIA
2° 3 n
¥
L dx

HECOOCTBEHHBII HHTErpan ()—~ CXOMMTCS NMpH 8>1 U pacXoauTes afl.
1

s 1
o
Pan g —, Ha3bIBaeTCs 0000111eHHBIM FAPMOHUYECKUM PSJIOM.
n=l n
: . f(x) 1
Cuaencreue. Eciu f{x) u j(x) — HenpepbiBHbIE GyHKIMM Ha uETepBane (a, bl m lim ——==h, h' 0, 1o
x® a+OJ ()C)
b b
unrerpanst Of (X)dx n (§ (X)dX BenyT ceGs OMHAKOBO B CMBICIE CXOAUMOCTH.
a a

3amaun.



3anaua 1. Haiitu cymmy psina:

= =

n=

o

9, b N o
12-1 n(n+ 1)(n + 2)

b2

10.

x 3

Z 12 —5n+6
S
g
L Inl+8u7 5

—

]l anf?.

i: 60
ror (2n 4+ 1)(2n + 3)(2n + 5)°

3anmaua 2. MccnenoBatb CXOIUMOCTh PSIOB:

i arctg (n?)
L HZI nin+2)(n+3)

oo
2+cosn
3. .
2Ty

]

DX - g i
o Z 2 —2cosn
ek, f-
v nd

n=1

2

10.

= 4 — 2sinn
; n=Inn
inelnn
n 2”3_2.

ad

Z 24+ sinn
= n(n?+3)

:., 2
Z COsT™ R
n?+1°

ne=

= 1
Z JET}"

4 ™
n=] v

3anaua 3. MccnenoBaTs CXOAUMOCTh PSAAOB!

o 3742

3n?

[V];

ot

2n? 41

)

- 22‘:(11;-1)." . Z(;;!;a'

=

n=2

o0
-

(3n + 2)! = 27(n% - 1)
e 4. —_———
o 27(2n + 5)! L n!

10.

o

=1

Mz

Mr’

=

oo
nm=]

(e
(:’::;;‘)
(

'}n + 2
.m I

-

1=

n23n

[™]s

5"-11

=
-

2n
— n
v =
n+1

Bormpocsr:

AN

Uro Takoe 4ncIoBoit psa’?
Kakoit psig Ha3bIBarOT 3HAKOIIOCTOSTHHBIM?
Uro Takoe cymma psga?
Kakoii psim Ha3bIBaIOT CXOAAIITIMCS?

CoopmynupyiiTe HEOOXOAUMBII TPU3HAK CXOAUMOCTH Psijia.
Cdhopmynupyiite u3BecTHbIe BaM 10cTaTOYHBIC IPU3HAKK CXOAUMOCTH PSIOB.
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IIpakTnyeckoe 3ansitue 17.2. 3Hakouepeaymoluecsi U 3HakonepeMeHHble psiabl. Ilpu3nak Jleiionuna. OOmmii
JOCTATOYHBIA NMPHU3HAK CXOAUMOCTH 3HAKONEPEMEHHBIX PSI0B. AOCOJIOTHASI U YCJOBHASI CXOJUMOCTH YHUCJIOBBIX

PsiioB.

3Ha1<0qepe,uy}0mnﬁca P MOXKHO 3aliucaTtb B BUAC:



n+l
Uy = Uy *uy-u, +o +(=0)"u, +..

roe U, >0, n=123,..

[pusnak Jlefibuuna.
Ecnu 'y 3uakouepedyioweeocss paoa U, = U, Uy = U, +...+ (- 1)"+lu” +... abconomnvle GenuduHbl U;
yovieaiom U; > U, > Uy > ... u obwuil unen cmpemMumcs K nyaio U, ® 0, mo pao cxooumcs.

AGCOIIIOTHAS U YCIIOBHAS CXOIUMOCTD PSI/IOB.
PaccMoTpuM HEKOTOPEIH 3HAKONIEPEMEHHBIN P (C YJICHaMHU MPOU3BOJIBHBIX 3HAKOB).

(]
u tu, +..+tu, +..=g u, @)
n=l
1 psi/i, COCTaBIICHHBIN M3 a0COIIOTHBIX BEMUUH WieHOB psifa (1):
¥
o
oy |+ ||+ o+ |, |+ =@ Ju, )
n=l

Teopema. /13 cxodwwocmu paoa (2) cnedyem cxooumocmo psaoa (1).

Omnpenenenne. Psn a U, HAa3bIBAETCS A0COMIOTHO CXOAAIUMMCS, ECIIU CXOAUTCS PALL a ’u

O‘ICBI/II[HO, YTO JId 3HAKOIIOCTOSIHHBIX PAAOB IOHATUA CXOAUMOCTH U a0COIIFOTHOM CXOJUMOCTH COBIIAAArOT.

[*] ]
Onpenenenne. Pag @ U, Ha3bIBa€TCA yCJAOBHO CXOASALIMMCS, €CIIM OH CXOAUTCA, a pal g ‘u"

H[!I/I?)HaKI/I ﬂanaM6e[za u Ko JJ14 3BHAKOTIEPEMEHHBIX PAIOB.

[o}
Ilycte @ U, - 3HAKOIEPEMEHHBIN PSL.

[o}
Hpusnak Janambepa. Ecnu cymectByer mpenen hm =r, 1o mpu r<l pax g U, Oynaer abCOMOTHO
n®¥| gy

cxomammMces, a ipu r>1 psan Oynet pacxomsamumcs. [Tpu r=1 npusHak He JaeT OTBETa O CXOOMMOCTH Psfa.

. [o}
Hpuznak Komm. Ecmu cymecTsyer mpemen lim "Junl =r, 1o npu <l pan g U, Oyger abcomoTHO
n® ¥

CXOJSIUMCSI, & ripu >1 psix Oy et pacxosiuumcst. [Ipu r=1 npu3Hak He JaeT OTBETa O CXOJUMOCTH psijia.
CBolicTBa a0COIIOTHO CXOSIINXCS PAJIOB.

[}
1) Teopema. /[ns abconomnoti cxooumocmu paoa g U, Heobxooumo u 00CmamodHo, 4mobvl e2o MOAUCHO Obl10

npeocmagums 6 gude pasHOCMU 08YX CXO0AUWUXCSL PAO08 C HEOMPUYAMETbHIMU YLEeHAMU.

CaeacrBue. YCIOBHO CXOASIIMACS Psil SIBISIETCS Pa3HOCTHIO ABYX PACXOISIIMXCS PSIOB C HEOTPULATEIHHBIMA
CTPEMSILIUMHUCS K HYJTIO YWICHAMH.

2) B cxoxsmemes psae mo0bas TpyNIMpoBKa WICHOB psija, He H3MEHSIONIas UX HOPsAAKA, COXPAaHIET CXOAUMOCTh
U BEIMYHUHY pPsfa.

3) Ecin psim cxoautes abCONMIOTHO, TO Psill, OJMYYSHHBIH W3 HETO JII00OW IMepecTaHOBKOI WICHOB, Takke a0COIIOTHO

CXOJIUTCS U HIMEET TY JKE CYMMY.

[lepecTaHOBKOW HJIEHOB YCIIOBHO CXOISILErOCs Psifa MOXKHO IOJYYUTh YCIOBHO CXOJISIIUICS Psijl, UMEIOIIU
J00YI0 Harepes 3a1aHHyI0 CyMMY, H JAa)e PaCXOSIIHUACS Pl

4) Teopema. [Ipu n1060u epynnupogke 4ieno8 abComoOmHO CX00Aue20cs paoa (Npu SMom YUCIO SPYRN MOdcem
ObIMb KAK KOHEYHbIM, MAK U OECKOHeUHbIM U YUCTO YNIEHO8 8 PYNne MOodcem Oblmb KAK KOHEYHbIM, MaK U OeCKOHeYHbIM)
NOMYHAEMCst CXOOAWUTICS PSIO, CYMMA KOMOPO2O PABHA CYMME UCXOOHO20 PAOa.

S S
5) Ecim pagel @ U, u @ V, CXOZATCA abCONIOTHO M HMX CyMMbI PaBHBI COOTBETCTBEHHO S M S, TO pal,
n= n=l

COCTaBJICHHBIA M3 BCEX HpOI/IBBe,HeHI/Iﬁ BUaa uivk, l,k :1,2,... B3ATBIX B KaKOM YIOAHO HOPSAAKE, TAKKC CXOAUTCA

abCOIIFOTHO M €T0 CyMMa paBHa SXS - IPOU3BEICHUIO CyMM MEPEMHOXKAEMBIX PSIOB.
Ecmu ke TpoW3BOAWTH TEPEMHOKEHHE YCIOBHO CXOISIIUXCSA PSIOB, TO B PE3yNbTaTe MOXXHO IIONYYUTh
pacxoaiuncs ps.

3anaun.
3anauya 1. MccnenoBaTk CXOIUMOCTh PAAOB!
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Bompocsr:

Kakoii psin HazpIBaeTCs 3HAKOYEPEAYIOMNMCS (3HAKOTIEPEMEHHBIM)?
Chopmynupyiite nmpusHak JleiiOHuIIA.

Kaxkoit psig Ha3bIBaeTCs a0COMIOTHO CXOMSAIIUMCS (YCIOBHO CXOISAIIMMCS)?
Cdopmynupyiite npusnaku JanmamoOepa u Koy 11t 3HaKOIIEPEMEHHBIX PSIIOB.
[lepeuncnure CBOWCTBA aOCOMIOTHO CXOASIINXCS PAIOB.

5. IlepeyeHb OCHOBHOM W [IONMOJHHMTEJIbHON JUTEPATYPbI, HEOOXOAMMOI /1JIs1 OCBOCHUS
JMCHUIJIMHBI (MOIYJIs1)

5.1. IlepeyeHb OCHOBHOI1 JTUTEPATYPHI:

I'ycak, A. A. Matematnueckuii ananu3 u quddepeHnraibaple ypaBHeHus. [Ipumepsl 1 3a1aum:
yuebHoe mocobue / A. A. I'ycak. — Mumnck: TerpaCucremc, 2011. — 415 c. - Pexum ngocryma:
http://www.iprbookshop.ru/28122.html

5.2. IlepeyeHb JONOJHUTEIbHOM JUTEPATYPbI:

I.AnnuBuayanbHbie 3aaHus Mo Bbicied Marematuke. Yacth 1. JIuHelHass w1 BeKTOpHas
anreOpa. AHanutudeckas reomerpus. Auddepenunansnoe ncuncinenne GpyHKIUN 01HOM NepeMEHHOI:
yaeOnoe nmocooue / A. I1. Pa6ymko, B. B. bapxaros, B. B. Jlepxagsen, U. E. IOpyTs; mox penakiueit
A. II. Pabymko. — Munck: Bpmitmas mkoma, 2013. — 304 c¢. — Pexum pnocryma:
http://www.iprbookshop.ru/20266.html.

2. VnauBuayanbHble 3anaHus 1o Beicuied Maremaruke. Yacte 2. KomruiekcHbie uucna.
Heonpenenenusie u onpeneiaeHHble nHTErpaibl. OyHKINN HECKOIBKUX MepeMeHHbIX. OObIKHOBEHHbBIE
muddepeHnmanbabie ypaBHeHU: yaeOHoe mocodue / A. I1. PaGymiko, B. B. bapxaros, B. B. [lepxager,
. E. IOpyTs; moa penakuueii A. I1. PaOymko. — Mwunck: Bermmiimas mkomna, 2014. — 397 ¢. — Pexum
nocrtymna: http://www.iprbookshop.ru/35481.html.

3.nauBuayanbHble 3adaHud 10 Bbicied Marematuke. Yacte 3. Psagel. KpatHbie u
KPUBOJMHEWHBIE MHTErpasibl. DJIEMEHTHl TeOpuH mois : yuyebHnoe mocobue / A. Il. Pabymxo, B. B.
bapxatos, B. B. Jlepxasen, U. E. IOpyTh ; mox penakuueit A. I1. PaOymko. — Munck: Beimmitnmas
mkona, 2013. — 367 c. — Pexxum nocryna: http://www.iprbookshop.ru/20211.html.
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COJEPKAHUE

OO01111€E TTOIOXKEHNS
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TexHomornueckas KapTa CaMOCTOSITEILHOMN pa6OTBI CTyACHTA
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[Tops10K BBITIOJIHEHHSI CAMOCTOATENBHOM paboThI CTYIEHTOM
4.1. Memoouueckue pexomenoayuu no pabome ¢ y4eonou iumepamypou
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4.3. Memoouueckue pexomeHOayuu no camonposepke 3HaHui
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1. OO01ue moJI0KeHUA

CamocrosarenbHas pabora - MiuaHupyemas ydeOHas, y4eOHO-HMCCIeN0BaTeNbCcKas, Hay4dHO-
ucclieioBaTeNbcKasi paboTa CTyNEHTOB, BBHINOJNHAEMAash BO BHEAYJTUTOPHOE (ayAMTOpPHOE) BpeMs IO
3aJIaHUIO U IIPU METOJIMYECKOM PYKOBOJICTBE MPEI0AaBaTesl, HO 0€3 ero HemoCpeICTBEHHOTO y4acTus
(Mpy YaCTMYHOM HEMOCPEACTBEHHOM Y4YacTUHU IPErnojaBaTelis, OCTaBISIONIEM BEAYUIYIO pPOJb 3a
paboToii cTyIEHTOB).

CamoctositenpHast padora cryaertoB (CPC) B BY3e sBusieTcss BaXHBIM BHIOM y4eOHOU H
HAY4YHOH JIeATENbHOCTH cTyAeHTa. CaMocTosTenbHast paboTa CTYyIEHTOB UTPAaeT 3HAYUTEIBHYIO POJb B
PEUTHHTOBOM TEXHOJIOTHU OOYyUYCHHUS.

CamocrosarenbHass palora sBiseTcs BaxHeWmed ¢opMoil ycBoeHus 3HaHuil. B xone
CaMOCTOSITENIbHOW palbOThl CTYJEHTHI YSACHSIOT 3HAHMS 10 KOHKPETHOH TeMe y4yeOHOro marepuana,
3aKpEIUISIOT M YTOYHSIOT YXE MW3BECTHbIE M OCBauMBalOT HOBblE KaTeropuu. CTalKUBasCh C
HEJOCTATOYHO MOHATHBIMM JJIEMEHTAMU TEMBI, CTYAEHTBl CTPEMATCS HAXOAUThb OTBETHl WJIHU
(uKcUpoBaTh BOMPOCHI AJISl TIOCTAHOBKHU U YSCHEHUS MX Ha KOHCYJIBTAIMU C MPErnojaBaTesieM HIIU BO
BpEMS IIPAKTUUYECKOTO 3aHATHS.

3aaun caMOCTOATEIbHON PabOThI COCTOST B CIAEAYIOLIEM:

1. Pa3BUTH JIOTMYECKOE U AITOPUTMHUYECKOE MBIIUICHHUE.

2. BoipaGoTarh nepBUYHbBIE HABBIKM MaTEMAaTHUYECKOT'O UCCIIEIOBAHUS MPUKIIAHBIX BOIIPOCOB.

3. Beipa®oTaTh HaBBIKM JIOBEIEHUS pEIIEHHUs 3aJaud A0 NPUEMIIEMOTro MPaKTHYECKOro
pesynpTata — yHcha, rpadukKa, TOYHOTO KAdeCTBEHHOTO BBIBOAA C MPHUMEHEHHEM aJeKBAaTHBIX
BBIYHMCIUTENbHBIX CPEJICTB, TAOIHII, CIPABOYHUKOB.

4. BrobipaboTaTb yMEHHE CaMOCTOSITENIBHO pa3Ouparbcs B MaTeMaTHUYECKOM armapare,
IIPUMEHSIEMOM B JINTEPATYPE, CBA3aHHON CO CIELUAIBHOCTBIO CTYEHTA.

5. Hayuuts omepupoBaTh aOCTpPaKTHBIMH OOBEKTAMH ¥  aJ€KBATHO YIOTPEOJATH
MaTeMaTHUYeCKHE MOHSATHUS U CUMBOJIBI 1JI51 BBIPAYKEHUS KOJTMYECTBEHHBIX U KAUECTBEHHBIX OTHOILICHUH.

CamocTtosTenbHass paboTa CTyIeHTa MO y4yeOHOW aucuuiimHe «MaTemMaTuuecKuid aHaiuz»»
BKJIIOYAET MOATOTOBKY K NPAKTUUYECKMM 3aHATHUSAM U BBIIIOJHEHUE MPAKTUYECKUX 3aJaHUil,
CaMOCTOSITENIFHOE M3y4YeHHEe TeM Y4yeOHOro marepuaja I0 PEKOMEHAYeMOH JuTeparype Hu C
HCIOJIb30BaHNEM UH(POPMALIMOHHBIX PECYPCOB.

CamocrosiTenbHass paboTta Mo JUCHMILIUHE «MareMaTH4ecKuil aHalu3» HalpaBlieHa Ha

(hopMHUpOBaHUE CIEAYIOMINX KOMIeTeHMii:

[Inanupyembie pe3ysbTaTbl OOYUYECHHS 110

VCIUIIIIMHE MOJTyJIIO
Kon, ¢opmymuposka | Kog, dbopMyupoBKa S (Moy o),
XapaKTepU3yrolue ATarbl
KOMIIETEHIIUH MHAMKATOpa .
dbopmMHpoBaHuUs KOMIIETEHIIHH,

HHIUKATOPOB




OIIK-1: Criocoben N-1onk-1 3HakoM ¢ ocHoBaMu | [IpuMeHsieT  ecTecTBEHHOHay4HbIe U
MIPUMEHSATH MaTeMaTHKH, ¢bus3uky, | OOIMEMH)XCHEPHBIE  3HAHMS,  METOIBI
€CTECTBCHHOHAYYHBIC | BBIUMCIUTEIBHOM TEXHUKH M | MATEMAaTUYECKOTO  MOJICIHPOBAHUSI B
1 0OIIIENH)KEHEPHBIC MIPOrpaMMHUPOBAHUS. poeCCHOHAIBHOMN A TEIHHOCTH.
3HAHHS, METOJIbI NA-20mnk-1 Pemaet

MaTeMaTH4eCKOro CTaHJapTHBIC

aHaiu3a u npodeccuoHalbHBIE 3aJa4d C

MOJICIIUPOBAHUS, MIPUMEHEHUEM

TEOPETUIECKOTO U €CTECTBEHHOHAYYHBIX 51

AKCIIEPUMEHTAJILHOTO | OOIIEHMH)KEHEPHBIX 3HAHUH,

HCCIIEN0BAHUA B METOI0B MaTEMaTHIECKOr0

npodeCCHOHAIBHON aHaIM3a U MOJICIIUPOBAHUS.

EITEIILHOCTH

2. eJub 1 321244 CAMOCTOATEIbHOI PadOTHI

Benymas uens opranuzanuu u ocymectsieHuss CPC coBnagaer ¢ neipo 00y4eHus CTyieHTa —
(dhopmupoBanre Habopa 00IMIEHAYYHBIX, MPOGECCUOHATBHBIX U CIICITHATBHBIX KOMIIETEHIIUN Oy IyIIeT0o
OaxayaBpa 10 COOTBETCTBYIOIIEMY HAlpPaBICHHUIO MOJTOTOBKU

[Ipu opranmzanmu CPC BaxXHBIM M HEOOXOIMMBIM YCIOBHEM CTaHOBSTCS (hopmupoBaHUE
YMEHHSI CAMOCTOSITEIbHON pabOThI JIsl IPUOOPETEHUsI 3HAHWH, HABBIKOB M BO3MOXXHOCTH OPTaHU3AINH
y4eOHOM U HAyYHOU JACSITENBHOCTU. [[ehi0 caMOoCTOsSTENhHOM PAOOTHI CTY/ICHTOB SIBJISICTCS OBJIAJICHUE
(yHIaMEHTaNbHBIMU 3HAHUSAMH, NMPOPECCHOHANBHBIMU YMEHHUSIMH M HABbIKAMU JESTENBHOCTH IO
npouIro, OMBITOM TBOPYECKOHM, HCCIENOBATENbCKON nesTenbHOCTH. (CaMocTosTenbHass paboTa
CTYJEHTOB CIOCOOCTBYET pPa3BUTHIO CAMOCTOSITEIBHOCTH, OTBETCTBEHHOCTH M OPTaHW30BAHHOCTH,
TBOPYECKOTO MOJIX0/1a K PEHIEHHUI0 MPobieM y4eOHOro U MpoPEeCCHOHAIIBHOTO YPOBHS.

3amauyamu CPC gaBigroTcs:

- CHUCTEMaTH3alisl U 3aKPEIUICHUE IOJYyYEHHBIX TEOPETUYECKHX 3HAHUW M IPAKTUYECKHUX
YMEHUH CTYIECHTOB;

- yIIIyOJICHHE U PACIIUPEHUE TEOPETHUECKUX 3HAHUH;

- dbopMUpOBaHME YMEHUH  HCIOJB30BaTh HOPMATHBHYIO, IPAaBOBYIO, CIPABOYHYIO
JOKYMEHTAIUIO U CTIeMATbHYIO TUTEPATypy;

- pa3BUTHE T[IO3HABATEIBHBIX CIOCOOHOCTEM ¥ AaKTUBHOCTH CTYACHTOB: TBOPUYECKOM
WHUIIMATUBBI, CAMOCTOSITEIbHOCTH, OTBETCTBEHHOCTH U OPTraHU30BAHHOCTH;

- (GbopMHpOBaHHE CAMOCTOSITENIBHOCTH  MBIIUIEHUS, CIOCOOHOCTEM K CcamMOpa3BUTHIO,

CaMOCOBEPILIEHCTBOBAHUIO U CAMOpEaTu3alliu;
- Pa3BUTHUE UCCIIEIOBATENCKUX YMEHUN;

- MCIIOJIb30BAaHUE MaTepuaia, COOpaHHOTO U MOJYUYEHHOTO B XO/I€ CAMOCTOSATEIbHBIX 3aHATUH
Ha CeMHHapax, Ha MPAKTUYECKUX U JJAOOPATOPHBIX 3aHATHUIX, IPU HAITMCAHUHN KYPCOBBIX U BBIITYCKHOM

KBaHH(bHKaHHOHHOﬁ pa60T, JJIA 3(1)(1)CKTI/IBHOI‘/'I IIOATOTOBKH K UTOI'OBBIM 3a4€TaM M OK3aMCHaAM.



3.TexHoJoruyecKkasi KapTa cCaMOCTOSAITeJILHOM PadoThI CTyIeHTa

Jlig cTy1eHTOB OYHOM (OPMBI 00YUEHHUSI

Konrr
peanu3yembIxX
KOMIIETEHIINN

Bun nesrensHocTH
CTYJEHTOB

CpenctBa u
TCXHOJIOTHUH
OLIEHKHU

OO0OBeM 4acoB, B TOM YHCIE

(akan.)

CPC

KonTakTH
ast pabora
c
npernojana
TeneM

Bcero

1 cemecTp

OINK-1
(MA-1,2)

IToaroroBka K JEKIUAM

Kommekt
3aJaHUH U
BOIIPOCOB I10
TeEMaM
JIMCITUTIIMHBI

0,62

0,18

1,8

OIIK-1
(I/II[_ 1 52)

IToaroroBka K
MPaKTUYECKUM paboTam

Kommuekt
3aJaHul U
BOIIPOCOB T10
TeMam

TV CITATIITMHEBI

6,48

0,72

7,2

OINK-1
(M]-1,2)

CaMoCTOsITETTEHOE
W3y4YEHHUE JIUTEPATYPHI 10
TeMaMm 1-5

Kommiekt
3aJaHUuH U
BOIIPOCOB 110
TEMaM
JIMCIUIIIMHBI

41,5

4,5

45

Hroro 3a 1 cemecTp

48,6

5,4

54

2 cemecTp

OIK-1
(U71-1,2)

IToaroroBska K JEKIIUAM

Kommmrext
3aJaHuM U
BOITPOCOB T10
TEMaM
JUACIATUTMHEI

10

OINK-1
(MA-1,2)

IloaroroBka k
MPaKTUYECKUM paboTam

Kommuekr
3aJaHud U
BOIIPOCOB I10
TeMaM
JUCHHUIUIMHBI

5,22

0,58

5.8

OINK-1
(MA-1,2)

CaMocTosTensHoE
W3y4YEHUE JIUTEPATyphI 110
TeMaMm 6-18

Kommmrext
3aJaHUN U
BOIIPOCOB T10
TeEMaM
JIMCITUTIIMHBI

37,98

4,22

42,2

Hroro 3a 2 cemecTp

52,2

5,8

58

IMoaroroBka K
IK3aMEeHYy

Bomnpocs! k
IK3aMeHy

48,6

5,4

54




Jlig cTyieHTOB 3a04HON (hOpMBI 00yUEHUS

Konrr
peanu3yembIxX
KOMIIETEHIINN

Bun nesrensHocTH
CTYJCHTOB

CpenctBa u
TCXHOJIOTUU
OLIEHKH

O0BEM YacoB, B TOM YHUCIIE

(akan.)

CPC

KonTakTH
ast pabora
c
npernojana
TeneM

Bcero

1 cemecTp

OIIK-1
(HI[' 1 a2)

IToaroroBka K JEKIUAM

Kommmrext
3aJaHUN U
BOIIPOCOB T10
TEMaM
JMCITUTUIMHBI

0,36

0,04

0,4

OIK-1
(U]-1,2)

IToaroroBka K
MPaKTUYECKUM paboTam

Kommnekt
3aJlaHul U
BOIIPOCOB T10
TEMaM
JTUCITATIINHEBI

1,44

0,16

1,6

OIIK-1
(HI[' 1 a2)

CaMoCTOsITETTEHOE
W3y4YeHHUE JIUTEPATYPHI 10
TeMaMm 1-5

Kommiext
3aJJaHuN 1
BOITPOCOB I10
TEMaM
JIMCIIUTUIMHBI

84,6

9,4

94

Hroro 3a 1 cemectp

86,4

9,6

96

2 ceMecTp

OINK-1
(M]-1,2)

IToaroroBska K JEKIIUAM

Kowmmext
3aJaHuM 1
BOITPOCOB T10
TEMaM
JUCIATUTHHEI

1,08

0,12

1,2

OINK-1
(MA-1,2)

IloaroroBka k
MPaKTUYECKUM paboTam

Kommnekr
3aJaHud U
BOITPOCOB T10
TEMaM
JIMCIIUTUIMHBI

1,08

0,12

1,2

OIIK-1
(HI[_ 1 52)

CaMocTosTenbHOE
W3y4YEHUE JIUTEPATyPhI 110
TeMaMm 6-18

Kowmmext
3aJaHuN U
BOIIPOCOB T10
TEMaM
JMCITUTUINHEI
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4.I1opsiaoK BBINOJHEHUS] CAMOCTOATEIbLHOM PadOThI CTYIeHTOM

4.1. Memoouueckue pexomernoayuu no pabome ¢ y4eOHOU 1umepamypou

IIpu paGote ¢ KHUTOM HEOOXOAMMO MOAOOPATH JIUTEPATYPY, HAYUUTHCS MPABHIIBHO €€ YUTaTh,
BeCTH 3amucu. Jlnsg mnonbopa nuTepaTypbl B OMONMOTEKE UCHONB3YIOTCS —al(paBUTHBIM U
CUCTEMATUUYECKUI KaTaJlOIH.

BaxHO MOMHUTB, YTO paliMOHATLHBIE HABBIKH pAOOTHI C KHUTOH - 3TO BCerAa 0O0JIbIast SKOHOMUS
BPEMEHH U CHUII.

ITpaBusbHBIN OGO YU4EOHUKOB PEKOMEHIYETCs MPEnoAaBaTeIeM, YHTAIOIHUM JEKIIMOHHBIIHI
Kypc. Heobxonumasi nutepaTypa MOKET ObITh TakKe YKa3aHa B METOJUUYECKUX pa3paboTKax Io
JAHHOMY KypCYy.

N3yuas marepuan no y4yeOHUKY, CIEAyeT NEePEXOAUTh K CIEAYIOIIEMY BONPOCY TOJIBKO MOCIE
IIPaBUJIBHOTO YSICHEHHUS MpPEAbIIYyIIEero, ONUCchiBasg Ha Oymare Bce BBIKJIAAKU U BBIYMCICHUS (B TOM
qucie Te, KOTOpble B Y4eOHMKE OMYLICHbI UM HA JIEKLIUH JIaHbl 1711 CAMOCTOSITETIbHOTO BBIBOJIA).

[Tpu wm3yueHun 1000 TUCHMIUIMHBI OOJBINYI0 M BaXKHYIO POJIb UTPAET CaMOCTOSTENIbHAs
UHAMBUAYyaIbHAs paboTa.

Ocoboe BHMMaHHE cileqyeT O0OpaTUTh Ha ONpE/EleHUEe OCHOBHBIX MOHATUN Kypca. CTyleHT
JIOJKEH HOoJpoOHO pa3OupaTh NpUMEPHI, KOTOPbIE MOSCHSIOT TaKUE OINpENeNIeHUsl, | YMETh CTPOUTh
AQHAJIOTMYHBIE IIPUMEPBI caMOCTOATENbHO. HykHO n0OMBaThCS TOUHOrO MPEACTABIEHUS O TOM, YTO
n3yvaenib. [lone3Ho cocTaBisATh OMOpHBbIE KOHCHEKTHL. [Ipu M3ydeHHHM MmaTepuana Mo y4eOHHKY
IIOJIE3HO B TETPAIH (Ha CIIELMAIIbHO OTBEICHHBIX MOJISAX ) IOTIOJIHATH KOHCIIEKT JIeKIMi. Tam ke cienyer
OTMEYaTh BOIIPOCHI, BBIJIEIIEHHBIE CTYIEHTOM JUIsl KOHCYJIBTALUU C IIPENOIaBaTEIIEM.

BbIBOIBI, TOTy4YEHHBIE B PE3YJIbTaTe U3YUCHHUS, PEKOMEHYETCS] B KOHCIIEKTE BBIACIATH, YTOOBI
OHH IIPH NEPEUNTHIBAHUH 3aMHCEN JTyUllle 3alIOMUHAINCE.

OmnbIT NOKa3bIBAET, YTO MHOTHM CTY/AE€HTaM IIOMOIaeT COCTABJIEHUE JIMCTa ONOPHBIX CUTHAJIOB,
coJiepKallero BakHeHIIne u Haubosiee yacto ynorpelnseMble GopMysbl M HoHATHA. Takoil nuct
MIOMOTAET 3aIIOMHUTH (POPMYJIbI, OCHOBHBIE TIOJIOKEHUS JICKIUH, a TAK)KE MOXKET CIIYKHUTh TIOCTOSHHBIM
CIPaBOYHHUKOM JUISI CTY/IEHTA.

UreHne HaydyHOro TEKCTa SBISIETCS 4YacThIO IO3HABATENbHOM nesaTenpHOcTH. Ee wnemp —
U3BJICUEHUE M3 TEKCTa HeoOxoaumol mHpopmauuu. OT TOro Ha CKOJBKO OCO3HAaHHA YUTAIOIIUM
cOOCTBEHHAs! BHYTPEHHSAS YCTAaHOBKA MIPU 0OpaIlleHUH K [I€YaTHOMY CJIOBY (HAMTH HY>KHBIE CBEICHUS,
YCBOUTH MH(OPMAIHIO MOJHOCTHIO WIIM YaCTHYHO, KPUTUYECKHA MPOAHATM3UPOBATH MaTepHal U T.I1.)
BO MHOT'OM 3aBUCUT 3()()eKTUBHOCTh OCYIIECTBIISAEMOIO AEHCTBHSL.

Beiiensitor uemuvipe ocrnognvle ycmanoeku 6 YmeHuu HAYy4YHO20 MEKCMa:

MH(POPMALMOHHO-TIOMCKOBBIN (3371a4a — HAWTH, BBIIEIUTH HICKOMYIO HH(OPMAIIHIO)



ycBauBaromias (yCHJIUSl YMTaTelNlsl HAapaBJeHbl Ha TO, YTOObI KaK MOXKHO TOJIHEE OCO3HATh U
3alIOMHUTh KaK CaMU CBEICHUS H3JIaraéMble aBTOPOM, TaK U BCIO JIOTHKY €r0 PacCy X IeHUN)

aHAINTUKO-KpUTUYECKass  (YUTATeNb CTPEMHUTCS  KPUTHYECKHM  OCMBICIUTh  MaTepua,
[IPOaHAIN3UPOBAB €T0, ONPEIENINB CBOE OTHOLICHHE K HEMY)

TBOpYECKas (CO371aeT y YUTATeNsi TOTOBHOCThH B TOM HJIM HHOM BHJIE€ — KaK OTIIPaBHOMN IMyHKT ISt
CBOMX PacCyXJIEHUi, Kak 00pa3 Al AEUCTBUS 10 aHAJIIOTUH U T.II. — HCIIOJIB30BaTh CY)KICHHS aBTOPA,
XOJl €ro MbICJeH, pe3yiabTaT HaOIOAeHMs], pa3pabOTaHHYI0 METOAUKY, TOMOJIHUTh MX, NMOABEPTHYThH

HOBOI TIPOBEPKE).

4.2. Memoouueckue pexomeHOayuu no N0O20MoeKe K NPaKmuyeckum 3aHamum

Jlis TOro 4TOoOBI MPAKTUYECKUE 3aHITHS MPUHOCWIM MaKCUMAaIbHYIO TOJIB3Y, HEOOXOIUMO
IIOMHHTB, YTO YIPAXKHEHUE U PELIEHUE 3aJ1a4 MPOBOIATCS 10 BBIYUTAHHOMY Ha JIEKUMAX MaTepuany u
CBSI3aHbI, KaK MPaBUJIO, C JACTAJbHBIM Pa300pPOM OTIENbHBIX BOIPOCOB JIEKIIMOHHOTO Kypca. Crienayer
MOAYEPKHYTh, UTO TOJIBKO MOCIIE YCBOEHUS JIEKIIMOHHOTO MaTepuasa ¢ OMpeesIeHHOM TOUKH 3peHus (a
MMEHHO C TOH, C KOTOPOW OH HW3Jaraercs Ha JICKIUSAX) OH OyJeT 3aKpeIuIaTbCi Ha MPAKTUYECKUX
3aHATUAX KAaK B pe3ysibTare OOCY)KJIEHHUS M aHajau3a JEKLIMOHHOIO MaTepuaa, TaK U C IOMOIIBIO
pemieHust MpoOJIEMHBIX CUTyalui, 3anad. [Ipu 3TUX yCIOBHSX CTYACHT HE TOJIBKO XOPOIIO YCBOWT
MaTepual, HO U Hay4YUTCsl IPUMEHATh €ro Ha MPaKTUKE, a TAK)Ke MOTYUYUT TONOTHUTENbHBIN CTUMYI (1
9TO OYEHb BaXXHO) JJIsi aKTUBHOM MPOPAOOTKU JCKIUH.

CnemyeT TOMHHUTH, 4YTO pEIICHUE KaxJAOH ydeOHOW 3aJadyd JIOJDKHO JIOBOJUTHECS IO
OKOHYATEJIbHOTO JIOTUYECKOTO0 OTBETA, KOTOPOTO TPeOyeT yCIOBUE, U MO BO3MOXKHOCTH C BBIBOJOM.
[Tony4eHHBI OTBET clieqyeT MPOBEPUTH CIOCO0aMH, BHITEKAIOIMIMMH W3 CYIIECTBA JAHHOW 3a/ladM.
[Tone3no Takke (ecid BO3MOXKHO) pelIaTh HECKOJBKHUMH CHOCO0aMU U CpPaBHUTH MOTy4YEHHBIC
pe3ynbTathl. Penienne 3a1ay JaHHOTO THITA HYXKHO MPOJOJDKATE 10 TPHUOOPETEHUS TBEPABIX HABBIKOB

B UX PCHICHHUH.

4.3. Memoouueckue pexomeHoayuu no camonposepke 3HaHull
[Tocne n3ydeHus onpeaeeHHON TeMBI 110 3aITUCSIM B KOHCIIEKTE U yUeOHHKY, a TAKXKe peIICHUs

JOCTaTOYHOT'O0 KOJIMYECTBA COOTBETCTBYIOIIMX 3a1a4 Ha MPAKTUYECKHUX 3aHATUAX U CAMOCTOATEIBHO
CTYZIEHTY PEKOMEHIYETCs, IIPOBECTU CaMOIIPOBEPKY YCBOCHHBIX 3HAaHUM, OTBETUB Ha KOHTPOJIBHBIE
BOIIPOCHI 110 U3yYEHHOH TEME.

B cnydae He0OXOJUMOCTH HY’KHO €Ilie pa3 BHUMATEIbHO pa3o0paTbes B MaTepuale.

WNHorga HENOCTAaTOYHOCTh YCBOEHHUS TOIO WM HHOTO BOINPOCA BBIACHAETCS TOJBKO IIPH
M3Y4YEHUU JaJbHEHIIEro marepuana. B 3Tom cilydae Hajgo BEpHYTbCSA Ha3al U IOBTOPUTH ILIOXO
YCBOEHHBIM Marepuan. BakHbli KpUTEPUN YCBOCHHs TEOPETHYECKOrO0 Marepuasa - yMEHUE pelaTh
3ala4d WIM IPOMTH TECTUPOBAHUE IO NMPOWIECHHOMY Marepuaily. OIHAKO CleLyeT MOMHUTb, YTO
IIPABWJIBHOE PEILIECHUE 3a7a4l MOXKET IOJIyYUThCS B PE3YJIbTaTe IPUMEHEHNS MEXAHUUECKU 3ayYE€HHBIX

(dhopMy 6e3 TOHUMaHUS CYITHOCTH TEOPETUUECKHUX TTOJIOKEHUH.



5.KoHTpOJBb caMOCTOATEIBbHOM Pa0OTHI CTYACHTOB

B pamkax peHTHHIOBOM CHUCTEMBI YCIIEBAEMOCTb CTYJIEHTOB IO KaXXIOW AUCLUIUIMHE
OLICHUBAETCA B XOJI€ TEKYILEr0 KOHTPOJISI ¥ IPOMEKYTOYHOM aTTECTALUH.
Texkymmii KOHTPOJIb

PeliTuHrOBasi OlleHKAa 3HAHUN CTyeHTA

No Bup nestenbHOCTH CTYyIEHTOB Cpoxu KonuuectBo
/1 BBITTOJTHEHNS OaJuIoB

1.| IIpakTUueckoe 3aHATHE 5 5 Henend 15
2.| IIpaktuueckoe 3ausatue 10 10 Henensa 20
3.| IIpaktuyeckoe 3ausitue 15 15 nenens 20
HToro 3a 1 cemectp 55
1. IIpakTryeckoe 3aHsATHE 5 5 Henens 15
2. IIpakTuueckoe 3ansatue 10 9 Heneng 20
3. IIpakTryeckoe 3adsatue 15 13 "Henens 20
HToro 3a 2 cemecTp 55

MakcumanbHO BO3MOXHBIM OaJll 3a BECh TEKYLIMH KOHTPOJIb yCTAaHABIMBAETCS pPaBHBIM S5.
Tekyuiee KOHTPOIBHOE MEPONPUITHE CUUTAETCSA CAAHHBIM, €CIU CTYJEHT MOJYYMII 32 HErO HE MEHEe
60% OT yCTAaHOBJIEHHOTO /I OSTOr0 KOHTPOJII MaKCUMalbHOro Oamia. PelTuHroBbeiii Oai,
BBICTaBJISIEMbI CTYJEHTY 3a TEKyIllee KOHTPOJIbHOE MEpPOIPUATUE, CIAHHOE CTYJIEHTOM B
YCTaHOBJICHHBIE TPAUKOM KOHTPOJIBHBIX MEPOIPHUSITHIA CPOKH, OTIPEICIIICTCS CICTYIOIIUM 00pa3oMm:

Yposenw svinonnenus konmponvnozo | Peiimunzoewiit 6ann (¢ % om maxcumanbHozo
3a0anus oanna 3a KOHmpoJbHOe 3a0anue)
Omauunbiii 100
Xopowuti 80
Yooenemseopumenvuwiii 60
Heyoosnemeopumenvnuiii 0

HpOMe)KyTO'-IHaﬂ aTrecranus

[IpomexyTouHas aTrectauus B (QopMe 3IK3aMeHa IpPeJyCMaTpPUBAEeT IPOBEICHUE
00s13aTeNIbHOM K3aMEeHAlMOHHON mpoueaypbl u oueHuBaercs 40 Gammamu u3 100. B cimyuae
€CIM PEUTHHTOBBIM Oalll CTyJEHTAa IO IUCHUIUIMHE IO WTOoraM cemectpa paBeH 60, To
porpaMMoil aBTOMaTudecku noOaBisercss 32 mpeMHuaiIbHBIX Oajla M BBICTABIISAETCS OLEHKA
«OTIANYHO». [lONOXKUTENBHBIM OTBET CTYJEHTA Ha HK3aMEHE OLIEHHWBAECTCS PEUTUHIOBBIMU
Oautamu B gmanazone ot 20 go 40, omenka Menbime 20 0amioB  cuuTaeTcs
HEYJIOBJIETBOPUTEIbHOM.

[ITkana cOOTBETCTBUS PEHTHHIOBOTO Oaiia SK3aMeHa S-0aiibHON crucTeMe

PeiiTHHIrOBBII 0aJ1J1 IO AUCHMILJINHE OueHka nmo 5-0a/LUIbHOM cUcTeMe
35-40 Otimuso
28 -34 Xopouo
20-27 Y 10BIETBOPUTETBLHO




HToroBas oleHKa MO JUCHUIUIMHE, U3Y4aeMOil B OJHOM CEMECTpE, ONpPEAESIeTCs Mo
cyMMe 0auioB, HAOpaHHBIX 3a paboTy B TEUEHHE CEMECTpa, U OAJIJIOB, MOMYUYCHHBIX MPH Cllaue
9K3aMeHa:

Ixana nepecuema petimuneo6o20 6auia no OUCYunIuHe
8 OYeHK)y no 5-bannvholl cucmeme

Peiimunczoevtit 6ann no oucuyuniune Ouenka no 5-6anivHou cucmeme
88-100 Omauuro
72-87 Xopowio
53-71 Yooenemeopumenvro
<53 Heyoosnemeopumenvro

6. Cnincox iurepatypbl

6.1. IlepeuyeHb OCHOBHOI JIUTEPATYPHI:

I'ycak, A. A. MateMmatuueckuii ananu3 u qudepeHnraibaple ypaBHeHUs. [IpuMepsl 1 3a1a4m:
yuebnoe mocobue / A. A. I'ycak. — Mumnck: TerpaCucremc, 2011. — 415 c. - Pexum ngocryma:
http://www.iprbookshop.ru/28122.html
6.2. IlepeyeHb 1ONMOJHUTEIBHON JUTEPATYPHI:

I.AnnuBuayanbHbie 3aaHus Mo Bbicied Marematuke. Yacth 1. JIuHeliHass W BeKTOpHas
anreOpa. Ananutndeckas reomerpus. Auddepenunansuoe ncuncinenne GpyHKIUN 0HOM NEpEeMEHHOI:
yueOnoe nocooue / A. I1. Pa6ymko, B. B. bapxaros, B. B. Jlepxagsen, U. E. IOpyTs; nox penaxiueit
A. II. Psabymxko. — Munck: Bpmmitmas mkoma, 2013. — 304 c¢. — Pexum pnocrymna:
http://www.iprbookshop.ru/20266.html.

2. VnauBuayanbHble 3aiaHus no Beicied Maremaruke. Yacte 2. KomruiekcHbie uucna.
Heonpenenenunsie u onpenenaeHHble HHTErpaibl. OyHKINN HECKOIBKUX MepeMeHHbIX. OOBIKHOBEHHBIE
muddepeHnmanbable ypaBHeHU: yaeOHoe mocodue / A. I1. Pa6ymiko, B. B. bapxaros, B. B. [lepxager,
. E. IOpyTh; mox penakiueii A. I1. PaOymko. — Munck: Beimmiimas mkona, 2014. — 397 ¢. — Pexum
nocrtymna: http://www.iprbookshop.ru/35481.html.

3.UnauBuayanbHble 3aaHug 1o Bbicmied Marematuke. Yacte 3. Psagel. KpatHeie u
KPUBOJMHEWHBIE MHTErpasibl. DJIEMEHTHl TeOpuH mojs : yuyebHnoe mocobue / A. Il. Pabymxo, B. B.
bapxatos, B. B. Jlepxasen, U. E. IOpyTh ; mox penakuueit A. I1. PaOymko. — Munck: Bpimmiinmas
mkona, 2013. — 367 c¢. — Pexxum nocryna: http://www.iprbookshop.ru/20211.html.



