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Hosacnumenvnasn 3anucka

MeTtoauyeckie peKOMEHAAlMKM MPU3BAaHbl OKa3bIBaTh MOMOIL CTYJEHTaM B U3YYEHUU
OCHOBHBIX TOHSTHH, WJEH, TEOPUN U MOJIOKEHUN NUCUMUIUIMHBI «MaTeMaTukay, U3y4aeMbIX B
X0/J1e KOHKPETHOTO 3aHSTHS, CHOCOOCTBOBATh PA3BUTHIO UX YMEHH, HABBIKOB U SBIISIOTCS OJTHUM
U3 CIIOCOOOB MPOBEPKH 3HAHUN CTYJEHTOB.

BrinonHenue yqammMucs MpakTHYeCKUX paboT HAlpaBJIeHHO Ha!

- 000011IeHNE, CHCTEMAaTHU3alIMI0, YIIIyOIeHne, 3aKpeTIeHHEe OTYYEHHBIX TEOPETHIECKUX
3HaHWUN 110 KOHKPETHBIM TEMaM;

- (opmupoBaHue yMEHHUI MPUMEHSTH MOJIyYCHHbIC 3HAHUS HA MPAKTHKE W PEaTU3alIHIo
€IMHCTBA UHTEJUICKTYaJIbHOM U MPaKTUYECKON JAeSITeTbHOCTH;

- pa3BUTHE MHTEJUIEKTYAIbHBIX YMEHUN y OyIylIUX CHEIHATIUCTOB: aHATUTUYECKHX,
MPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX U JIP.;

- BBIPaOOTKY MpHU PELICHUH MTOCTABIEHHBIX 33/1a4 TaKUX MPOECCHOHATBHBIX KaueCTB, KaK
CaMOCTOSITENIbHOCTb, OTBETCTBEHHOCTh, TOYHOCTh, TBOPUECKAs HHULIMATUBA.

Ocoboe 3HaueHHWe MAUCUUIUIMHA HMEeT Mpu (OPMHUPOBAHUM M PA3BUTHU OOIIMX
komneTeHui B coorserctBun ¢ I'OC:

OK 01. BsiOupats cmocoObl pemeHus 3anad Mpo(ecCHOHAIBHOW IeSTeTbHOCTH
NPUMEHUTEIBHO K Pa3IMUHbIM KOHTEKCTaM.

OK 02. Hcnonb3oBaTh COBpEMEHHBIE CpEJCTBA IMOWCKA, aHAM3a W HMHTEPIpPETAluU
uH(popMalui, U UH(GOPMALIMOHHBIE TEXHOJOTUU JUIS BBIMOJTHEHUS 3a7ad MPoQecCHOHANIbHON
JESTEIIbHOCTH.

OK 03. [TnanupoBaTh 1 pean30BbIBaTh COOCTBEHHOE MPO(PECCHOHATBHOE U INYHOCTHOE
pa3BUTHE, MPEINPUHUMATEIBCKYIO JEITEIbHOCTh B NMPOQPECCHOHANBHON cdepe, UCIOIb30BaTh
3HaHMS 110 PUHAHCOBOI I'PAMOTHOCTHU B PA3JIMYHBIX )KU3HEHHBIX CUTYalLUSX.

OK 04. O¢pdexTrBHO B3aMMOIEHCTBOBATh U pabOTaTh B KOJUIEKTHUBE U KOMaH/E.

Ocoboe 3HaueHWe JUCHUILUIMHA HUMeeT TMpu  (OPMUPOBAHMM U  PA3BUTUHU
npodeccroHaIbHBIX KoMIEeTeHIH B cooTBeTcTBUH ¢ PI'OC:

1K 6.4. OnpenensTh OCTaTOUHBIA pecypc MPOU3BOACTBEHHOI'O 000PYI0BaHUS.

B pamkax nporpamMMbel  y4eOHOW  JHMCHUIUIMHBI ~ OCBaMBAIOTCA  JIMYHOCTHBIE,
MeTaIpeIMETHbIE U IPeAMETHBIE pe3yJIbTaThl B cOOTBETCTBUHU ¢ TpeboBanusMu OI'OC cpennero
o01ero o6pa3oBaHusI.

Ilnanupyemble  pe3yabTaTbl  OCBOEHHMS] JMCUMIUIMHBI:  JudHOCTHBIE  (JIP),
metanpeameTHsie (MP), mpenmernsie 1ist 6a3oBoro yposHs uzydenus (I1P).

Jluunocmuvie sxaroyaom:

JIP 05. ChopMHpOBaHHOCTh OCHOB CAMOPA3BUTHUSI M CAMOBOCIIUTAHHS B COOTBETCTBHH C
00I11eYeTOBEYECKUMH IIEHHOCTSIMH W HJA€aTaMU TPa)<IaHCKOTo OOIIEeCTBa; TOTOBHOCTh U
CHOCOOHOCTh K CAMOCTOSITETILHOM, TBOPYECKON M OTBETCTBEHHOM IEATETLHOCTH.

JIP 07. HaBblkM COTpyJHHYECTBA CO CBEPCTHUKAaMH, IETbMHM MIIQJIIET0 BO3pacTa,
B3pOCIBIMH B 00pa3oBaTelIbHOM, OOIIECTBEHHO IOJIE3HOM, y4eOHO-MCCIIe0BaTENbCKOM,
MPOEKTHOM U IPYTUX BUIAX AESITEIbHOCTH.

JIP 08. HpaBcTBEeHHOE CO3HAHHE U MOBEJACHUE HA OCHOBE YCBOECHHMSI OOIIEUEIIOBEUECKUX
LIEHHOCTEMN.

JIP 09. I'oTOBHOCTh ¥ CIIOCOOHOCTH K 00Opa30BaHUIO, B TOM YHCJIE CaMOOOpa30BaHUIO, HA
NPOTSDKEHUHM BCEH JKU3HHU; CO3HATEIbHOE OTHOIIEHHE K HEMpPEpbIBHOMY OOPa30BaHUIO Kak



YCJIOBHIO YCTICIITHON PO ECCHOHAIBHON U 0OIIIECTBEHHON JEATEILHOCTH.

JIP 13. Oco3nanHbléi BBIOOp Oynymiedi mpodecCMu M BO3MOXKHOCTEH pealli3aiuu
COOCTBEHHBIX JKM3HEHHBIX IUTAHOB; OTHOLICHHE K NPOPECCHOHATIBHON JEATEIIbHOCTH Kak
BO3MOXXHOCTH  YYacTHsl B  pEIICHUH  JIMYHBIX, OOILIECTBEHHBIX, T'OCYJapCTBEHHBIX,
0O0IIeHAIIMOHAIBHBIX TPOOJIEM.

JIP 14. CdopMUPOBAaHHOCTh JKOJOTHYECKOTO MBIIUICHHUS, TTOHUMAHUS BIWSHHSI
COLIMATILHO-DKOHOMHMYECKUX IPOLECCOB HA COCTOSHUE INPUPOJHOW M COLMAIBHOM CpEnbl;
prOOpETEHNE ONbITa FKOJIOTO-HAIPABICHHON JeITEIbHOCTH.

Memanpeomemnvie:

MP 01. CamocTosTensHO GOPMYIHPOBAThH U AKTYAJIM3UPOBATH MIPOOIIEMY, paCCMaTPUBAThH
€€ BCECTOPOHHE.

MP 02. VYcranaBnuBaTh CYIIECTBEHHBIM NPU3HAK WIM OCHOBAaHMUS Ul CpPaBHEHUS,
KJIAaCCU(UKAUU U 00OOIICHHUS.

MP 03. OmnpenensaTe LenM AEATEIbHOCTH, 3aJaBaThb IIapaMeTpbl U KPUTEPUU HX
JOCTHKEHUS.

MP 04. BpIsIBIIATS 3aKOHOMEPHOCTH U IIPOTUBOPEYHS B PACCMaTPUBAECMBIX SIBICHUSX.

MP 06. Bnaners HaBbIKaMHM Y4eOHO-HCCIIEIOBATEIbCKOW U MPOEKTHOU IEsTENbHOCTH,
HaBbIKaMU pa3pelieHust pooeM.

MP 07. CnocoOHOCTb U TOTOBHOCTb K CaMOCTOSITEIbHOMY ITOMCKY METOJOB pEIICHUS
IPAKTUYECKUX 3aja4, IPUMEHEHUIO Pa3IMYHbIX METOA0B [TO3HAHUS.

MP 08. OsnageHue BuIaMH JAEATEIbHOCTH [0 IOJYYEHUIO HOBOTO 3HAHHUSA, €ro
UHTEpIpeTalny, NpeoOpa3oBaHUI0 U NMPUMEHEHUIO B pa3IMYHBIX Y4EOHBIX CUTyaLUsiX, B TOM
YHCIIe IPU CO3/1aHUM YUEOHBIX U COLIMATIBLHBIX TPOEKTOB.

MP 09. ®opmupoBaHue HAY4HOIO THUIIA MBIIUIEHUS, BJIaICHUE HAYYHOU TEPMHUHOJIOTHEMN,
KJIFOUEBBIMU MOHATHSIMA U METOJIAMHU.

MP 11. BpiBIATH NPUYMHHO-CIEACTBEHHBIE CBSI3UW M aKTyalM3UpOBaTh 3ajaady,
BBIIBUTaTh THIIOTE3y €€ pEelIeHUs, HaXOOUThb apryMeHThl [UIsl JI0Ka3aTeIbCTBAa CBOMX
YTBEPXKACHU, 3a/1aBaTh apaMeTpPbl U KPUTEPUH PEIICHUS.

Ilpeomemnvle:

I[TP 01. Bmamerp MeTodamMu J0Ka3aTeIbCTB, AJITOPUTMAMH PEIICHUs 3a/ad; yMEHHUE
(bopMyIHpOBaTh OIPEIEIIEHUS], aKCUOMBI U TEOPEMBI, TPUMEHATh UX, IPOBOJIUTH J10Ka3aTeIbHbIE
paccyXJIeHHUs B XOJI€ PELICHUsI 3a/1ay.

IIP 02. Ymerp omepupoBaTh MOHATHUAMU: CTENEHb YHCIA, JOrapudM yucia; yMEHHE
BBIMOJIHATh BBIYMCIICHHE 3HAYeHUH U TNpeoOpa3oBaHMs BBIPAKEHUH CO CTENEHAMU U
norapudmMamu, mpeodpa3oBaHus APOOHO-PAITMOHATHHBIX BEIPAKCHUM.

I[IP 03. VYwmersp onepupoBaTh NOHATUSMU: paALUOHAIbHBIE, HPPALNOHAIBHEIE,
MOKa3aTelbHblE, CTENEHHbIe, JIOTapU(PMHUUYECKHE, TPUTOHOMETPUYECKUE YpaBHEHHS U
HEPABEHCTBA, UX CUCTEMBI.

TP 04. YMeTs onieprpoBaTh MOHATUSAMU: (GYHKIUS, HETIPpepbIBHAS (DYHKIIHSL, TPOU3BOIHAS,
nepBooOpasHasi, ONpeAETCHHbIM HHTErpai; yMEHHE HaXOJUTh IPOU3BOJIHBIE 3JIEMEHTaPHBIX
(byHKLUH, UCTIONB3YS CIIPABOYHBIE MaTEPHAJIbl; UCCIEA0BATh B IPOCTEHUIINX CIy4yasX B (GYHKIIUU
Ha MOHOTOHHOCTb, HaXO/AUTh HaOOJIbIINE U HAaUMEHbIINE 3HaYeHNs QyHKIMiT; CTpouTh rpaduKu
MHOTOYJIEHOB C HCIOJb30BaHUEM ammapaTa MaTeMaTH4YeCKOro aHaiu3a; [PUMEHSTh
IIPOU3BOJHYIO IIPU PEIICHUU 3a/1a4 Ha JBIYKCHUE; PEIIaTh NMPAKTUKO-OPUEHTUPOBAHHBIC 3a7a4n
Ha HauOOoJbIINE U HAUMEHbILNE 3HAUCHMsI, HA HaX0XKJICHUE ITyTH, CKOPOCTHU U YCKOPEHMSL.



I[TP 05. Ymenue omepupoBaTh MOHATHAMH: pallMOHaIbHAs (YHKIH, TMOKa3aTeIbHAs
¢dyHkuus, creneHHas QyHKUus, Jorapupmuueckas (GpyHKIUSA, TPUTOHOMETpUYECKHE (YHKIIHH,
oOparHble (QYHKIMH;, YMEHHE CTPOUTH Ipa(UKH M3YYEHHBIX (DYHKIMHA, UCIIONB30BaTh TpapuKu
IPY U3YYSHUH MIPOIIECCOB U 3aBUCUMOCTEH, IPU PELICHUH 33124 U3 IPYTUX YUEOHBIX TPEIMETOB
¥ 33/1a4 U3 peaJbHOM JKU3HU; BBIpaXKaTh (HOpMyIaMH 3aBUCUMOCTH MEXIY BETUYNHAMH.

ITP 06. YMeHue pemarh TEKCTOBBIE 3a]]a4H PA3JIMYHBIX THIIOB (B TOM YHCJIE HA MTPOIICHTHI,
JIOJIM ¥ 4acTH, Ha JBM)KEHUE, paboTy, CTOMMOCTb TOBApOB U YCIIYT, HAJIOI'H, 3a/1a4M U3 00JacTu
yIpaBJIeHUS] JINYHBIMM M CEeMEMHbIMM (DPUHAHCAMHM); COCTABIATH BBIPAKEHMS, YpPaBHEHMS,
HEPABEHCTBA M HX CHCTEMBI II0 YCIOBUIO 3aladyM, HCCIECNOBAaTh IIOJYyYEHHBIE DPEIICHUSA U
OLIGHUBATh MPABJIONOA0OHOCTD PE3YIIbTATOB.

IIP 07. VYmenue omnepupoBaTh NOHATHIMU: CpeAHee apupMETHYECKoe, MeIHaHa,
HauOOoJIbIlIEE U HAMMEHBLIEE 3HAYEHMS], pa3Max, JUCIIEPCHUs, CTAHAAPTHOE OTKJIOHEHHUE YUCIIOBOTO
Habopa; yMeHHEe U3BJIEKaTh, HHTEPIPETUPOBATh HH(POPMAIIHIO, IPEACTABICHHYIO B TAOIUIIAX, HA
JquarpaMmmax, rpaukax, OTpakarollylo CBOMCTBA peaibHbIX IPOLIECCOB U SIBJIICHUH; IPEACTaBIATh
UH(POPMALIMIO C MOMOILBIO TAaOJIUIl M JUarpaMM; UCCIIEOBaTh CTATUCTUUYECKUE JIaHHBIE, B TOM
qucie ¢ MPUMEHEHUEM IrpaduyeckuX METOIOB U AJIEKTPOHHBIX CPEICTB.

[P 08. YMmeHue onepupoBaTh HMOHATUSAMH: CIydailHBI ONBIT M CilydaiiHOoe cOObITHE,
BEPOATHOCTb CIIy4allHOTO COOBITHS; YMEHHE BBIUUCIATH BEPOSITHOCTH C HCIOJIb30BAHUEM
rpadU4ecKuX METOJIOB; NIPUMEHSTh (OPMYIBI CIOXKEHHS M YMHOXXCHHS BEpPOSATHOCTEH,
KOMOMHATOpHBIE (aKThl U (POPMYIIBI TIPU PEIICHUH 33/1a4; OLIEHUBATh BEPOSITHOCTH PEATbHBIX
COOBITHI{; 3HAKOMCTBO CO CIIy4alHbIMHU BEJIMUMHAMU; YMEHHUE NPUBOAUTH NPUMEPHI IPOSBICHUS
3aKOHa OOJIBIIMX YMCEN B IPUPOJHBIX U OOIECTBEHHBIX SIBICHUSIX.

IIP 09. YMmenue oneprupoBaTh MOHATUSAMM: TOUYKA, IIpsiMasi, MJIOCKOCTh, B MPOCTPAHCTBO,
JBYTPaHHBIN yroJl, CKpELIUBAIOIIKMECS PSMBIE, TAPAJIIIEIIbHOCTD U NEPIIEHUKYIIPHOCTD MPSMBIX
U IUIOCKOCTEH, Yroja MeXAy NpsAMBIMH, Yol MEXAY NPSMOM M IUIOCKOCTBIO, Yrojl MEXIy
IUIOCKOCTSIMH, PAaCCTOSIHUE OT TOYKHU A0 IUIOCKOCTH, PACCTOSTHUE MEXAY NPSIMBIMHU, PACCTOSHUE
MEXly TJIOCKOCTSIMH; YMEHHUE UCIOIb30BaTh IPU PEILIEHUH 3a/a4 U3YUEHHbIE (PaKThl U TEOPEMBI
IUTAaHUMETPHUH; YMEHHE OLIEHUBATh pa3Mepbl 00bEKTOB OKPYKAIOIIETO MUPA.

I1P 10. YMmeHue onepupoBaTh MOHATUSMU: MHOIOTPaHHUK, CEU€HHE MHOTOTPaHHUKa, KYO,
napajuiesienunes, npusma, nupamuaa, Gurypa v moBepXHOCTh BpallleHUs, WIMH]P, KOHYC, 11ap,
cdepa, ceyeHus (UTYpbl BpalleHUs, IJIOCKOCTb, Kacaromlascs cdepsl, LMWIMHApPA, KOHYCA;
IUIOINAAb TOBEPXHOCTH MHMPaMMJIbl, MPU3MBI, KOHYCa, LWIMHIpA, IIapa; YyMEHHE H300paxarb
MHOTOTPaHHUKM M IIOBEPXHOCTH BpAIECHUS, UX CEYEHUS OT PYKH, C IOMOIIBIO UYEPTEIKHBIX
MHCTPYMEHTOB U 3JIEKTPOHHBIX CPEJCTB; YMEHHE paclo3HaBaTh CUMMETPHUIO B IPOCTPAHCTBE;
YMEHHE pacro3HaBaTh NPaBUJIbHbIE MHOTOTPAHHUKH.

I1P 11. YMmenue onepupoBaTh MOHATUSMU: IBUKEHUE B IPOCTPAHCTBE, 10100HbBIE (GUTYPBI
B NIPOCTPAHCTBE; HMCMOJIb30BaTh OTHOIICHHE IJIOLIA/Ie MOBEPXHOCTEH M O0OBEMOB MOAOOHBIX
buryp npu pemieHnu 3aaad.

I1P 12. YMeHHe BBIYUCIATH T€OMETPUYECKHE BETMUMHBI (JUIMHA, YTOJI, IUI0IIA/lb, 00bEM,
IUIOINA/b MOBEPXHOCTH ), UCHIOJB3Ysl U3yUYEeHHBIE (POPMYIIBI U METOIBI.

IIP 13. YMeHue omnepupoBaTh MOHATUSAMU: TNPSAMOYIOJbHAs CHCTEMa KOOpAMHAT,
KOOpJMHAThl TOYKH, BEKTOP, KOOPAMHATBI BEKTOPA, CKAISPHOE IPOU3BENEHUE, Yroll MEXIY
BEKTOpaMM, CyMMa BEKTOPOB, MPOM3BEJCHHE BEKTOpa Ha YHUCIO; HAXOJUTh C IOMOIIbIO
U3y4EHHBIX (POPMYJI KOOPAMHATHI CEPEAUHBI OTPE3Ka, PACCTOSHUE MEXKY JBYMs TOUKAMH.

I[IP 14. Ymenue BbIOMpaTh MOAXOMSINIMA H3yYEHHBIH METON IS PEIICHUs 3aJayH,



pacrio3HaBaTh MareMaTHyeckue (akTbl M MaTeMaTH4YEeCKUe MOJENHM B NPUPOAHBIX U
OOLIECTBEHHBIX SIBJIEHUSIX, B HCKYCCTBE; YMEHHUE IPUBOJIUTH IPUMEPHI MaTEeMaTHUYECKHX
OTKpbITHI Poccuiickoil 1 MUPOBOM MaTEMaTUYECKON HAYKHU.

[Tpu nmpoBeAeHNN MPAKTUYECKUX PAOOT ydeOHas TpyIna MOXKET JEUTHCS Ha MOATPYIIIbI
YHUCICHHOCTBIO HE MEHbIIIE 8 YETIOBEK.

Kaxnas npaktudeckas pabora cocTaBieHa ¢ BeAylleH AUIaKTHUECKON LEIbIO -
(bopMHpOBaHUE NPAKTHUECKUX YMEHUI.

ConeprkaHue NpakTHYECKUX pabOT HALEJICHO U Ha Pa3BUTHE NPOPECCUOHATBHBIX YMEHHH
U  HaBbIKOB. DBpInonmHeHWe  pacd€roB, YepTEXEH, HHCTPYKTUBHBIMH  MaTe€pHallaMH,
CIIPaBOYHHUKAMHU, yMeHUue II0JIb30BATHCS COBPEMEHHBIMHU MH(POPMAIIMOHHO-
KOMMYHHUKAIIHOHHBIMU TexXHosorusiMu. Hapsimy, ¢ ¢gopmupoBaHMeM yMEHUH M HAaBBHIKOB, B
IPOLIECCE BHIMOJIIHEHUS IPAKTUYECKUX paboT 0000IIa0TCs, CUCTEMATU3UPYIOTCS, YIITyOIISIOTCS U
KOHKPETU3UPYIOTCS TEOPETUYECKHE 3HAHHUS, BbIPAOATHIBAETCS CIOCOOHOCTh U TOTOBHOCTh
MCII0JIb30BaTh TEOPETUUECKNE 3HAHUS HA MPAKTUKE, PA3BUBAIOTCS NHTEIUIEKTYaJIbHBIE YMEHUS.

B naHHBIX METOOMYECKMX YKa3aHUAX B Hadaje KaKJIOM TEMbl KpaTKO H3JIararoTcs
OCHOBHBIC TEOPETUYECKHE CBEJCHMs (ompeaeneHus, (GpopMmyiibl), HECOOXOAUMBIE JUISl PELICHUs
nociaeayomux 3aaad. [lpuBoasarcs pelmenus THIIOBBIX IPUMEPOB U 3a1ad. JatoTcs ynpaskHeHus
JUIS 3aKPEIUICHUS. MaTepUaa.



IMpakTnyeckas padora Nel.
Tema 1.1: Llenu u 3a1aun MaTeMaTUKU IPU OCBOCHUH CIIELIUATBHOCTH.

Heab: OnpeneneHre OCHOBHBIX LI€ICH U 3a/1a4 U3yYEHHUS] MATEMAaTUKH IIPH OCBOCHHUH
npodeccuu; aKTyalIn3anus 1 CHCTEMaTH3aIisl OCHOBHBIX 3HAHUIN M3 IIKOJILHOTO Kypca
MaTeMaTUKH

Teopernueckasi 4acTh:

I'maBHass 0cOOEHHOCTH 0OPA30BATEIBHOM CHUCTEMBI 3aKJIIOUAETCS B TOM, YTO OCHOBHOM
LENbI0, CTOSIIeH mepea Y4eOHBIMH 3aBEICHUSMH CHUCTEMBI CpPEIHEro MpogecCHOHATHLHOTO
o0Opa3oBaHus, SBISETCS MOJATOTOBKA BBICOKOKBATU(UIIMPOBAHHOTO CIEIUAINCTA B JaHHON
o0nacTH.

Lenp u3yueHuss MaTeMaTUKU B CPEJHUX CHEIHAIBHBIX YU4E€OHBIX 3aBEJCHHUSIX COCTOUT B
TOM, YTOOBI YIIIyOWTH 3HAHUA 10 W3YYEHHBIM B CPEIHEH IIKOJE pa3lieliaM U O3HAKOMHTBHCS C
HEKOTOPBIMU HOBBIMU pa3/ielaMH MaTeMaTHKU (aHAJTUTHUYECKONH TreoMeTpHueil, Teopuei
Qg epeHnaIbHbIX ypaBHEHUH, TEOPUEH BEPOATHOCTEH, U JIp.), KOTOpPBhIE 00O0TamaloT 0OMIyI0
KYJIBTYPY, Pa3BUBAIOT JIOTMUECKOE MBIIUICHHE M HIMPOKO HUCIHOJB3YIOTCS B MaTeMAaTHUYECKOM
MOJICIIMPOBAHUH 3a/1a4, C KOTOPBIMH BCTPEUACTCS COBPEMEHHBIN CIIEUAIUCT B CBOECH
NEeSTeNIbHOCTH. [ TaBHas 11eb U3YYeHHS] MAaTeMAaTHKHU CTYJEHTaMHU CPEAHHUX MPO(PECCHOHANTBHBIX
y4eOHBIX 3aBEJICHUI COCTOMT B TOM, YTOOBI MAaTEMAaTUKy MOXKHO OBUIO NMPUMEHATH. VIMeroTCs B
BUJy NMPUMEHEHHUS B CAMOM IIMPOKOM IUJIaHE: HE TOJIbKO Ha MPOM3BOJACTBE, HO U B JPYTUX
JTUCHUTUTMHAX, MPH YTCHWH CIEIHaIbHONH W TOIYJISPHOW JIMTEpaTypbl, B OBITY; KpOME TOTO,
OCHOBHBIE MaTeMaTUYECKUE IMOHSATHS MO3BOJIAIOT TIy0Ke OCMBICIMBATH pa3ludHbIe (DAKTHI,
BUJETh MX OOIME YePThI; HABBIKA PAa3yMHON TOYHOCTH MOTYT IOMOYb ()OPMYITHMPOBATEH MBICIH H.
T. II.

- OOyueHuss mMareMaTWKe JOJDKHO O0JIafaTh CBOWCTBaM (yHIaMeHTanbHOCTH. Llensb
oOecrieueHns (yHIaMEHTAIbHON MaTeMaTH4YeCKOM MOATOTOBKH B CpeJHEM MPOpECCHOHATILHOM
00pa30BaHUM U CIIEIUANN3ALNH, IT0 KOTOPOH MPOUCXOAUT O0YYEHHE, COCTOUT B TOM, YTO KypC
MaTeMaTHKH JOJDKEH O3HAKOMUTh CTYAEHTOB C OCHOBOMNOJAraroIlIMMU MaTeMaTHYeCKUMHU
NOHATUAMH U (hakTaMH, 00eCTeunuTh YpPOBEHb MAaTEMATWYECKHX 3HAHWHA, YMEHWH W HaBBIKOB,
rapaHTUPYIOUIMX OBJaJleHUe (PyHIaMEHTOM CHEIHATbHBIX JUCLIUIUINH.

- Bropas nens - opueHTams MaTeMaTHYECKOM MOTOTOBKH Ha CIEIUATEHYIO TIOJTOTOBKY
CTYA€HTa, TO €CTh HEOOXOAMMOCTh B Ipolecce OOyuyeHHs OpUEHTHUPOBAThCS Ha TIyOOKOe U
MIOJTHOE YCBOGHHWE CTYIEHTAMH Pa3/IejiOB MaTEMAaTHKH, SBIISIONIMXCS 0a30i U1 OCBOSHHS psija
CHelHaNbHbIX JUCHMILINH. [Ipy TOM 3HaHUSA CTYIEHTOB 110 OCTAJIbHBIM pa3JielaM Kypca JOKHBI
OBITH TOCTATOYHBIMH JISI OCBOCHHUS TPOPECCHOHATIFHO 3HAUNMBIX 3HAHUH.

- TpeTbst 1enp MaTeMaTH4eCKOro oOpa3oBaHus B CPEAHUX MPOPECCHOHATBHBIX YUEOHBIX
3aBEJICHUSX - ITOATOTOBKA CTYJEHTOB K UX MPO(GECCHOHATBHON AEATEIbHOCTH, HAIIPaBICHHON Ha
yMeHue OyAymuxX CHelHaJMCTOB TNPUMEHATh MaTeMaTH4YecKue 3HaHuS B CBOEH
npodeCCHOHATBFHON NIesTeNbHOCTH. J{JIs ee peanm3anuu cieayeT HalOIHUTh MPOPECCHOHATHLHO
Ba)KHbIe pazfensl Kypca «MaremaTuka» 3agadaMu HpodeccroHaabHOro conepxanus. Kypce
MaTeMaTHKH B CpeIHEM MpOo(ecCHOHATLHOM O00pa30BaHWM HECET JBOWHYIO HArpy3Ky — Kak
CaMOCTOSITENIbHBIA y4eOHBIH MpeaMeT, B KOTOPOM JOJKHA COOIOAAThCS CTporasi JIOTHUecKas
MIOCJIEIOBATEIFHOCTD M3JIOKEHUSI MaTepraa, U KaK ammapar Jis IHPOKOTo IPUMEHEHUS ero B
CHeUMaNbHbIX JUCHMIUIMHAX. l3yyeHne wmaremMaTuku B cpelHeM MpodhecCHOHAIBHOM
00pa3oBaHNM HAMPABJICHO HA (OPMHUPOBAHUE OOIIECYICOHBIX KOMIETEHITUN IO YEThIPEeM OJI0KaM:
caMOOpraHu3alK, caMoO0y4YeHus, UHPOPMALIMOHHOMY, KOMMYHUKAaTUBHOMY, @ Ha UX OCHOBE
oOumx komnereHuui. OOume kommereHiuu (OK) dopmupyrorcs B mporecce yueOHOW U
BHEAYAUTOPHOW CAaMOCTOATENBbHOM JIeATENTbHOCTH CTYIEHTOB IPH M3YYEHUH MpPEIMETa.
[IporpamMma yueOHOro mpeAMETa OpPUEHTUPOBAHA HA JOCTH)KCHHE CIEOYIOIIUX Ienen: —
oOecrieyeHrne chOPMUPOBAHHOCTHU MPEACTABICHUH O COLUAIBHBIX, KYJIbTYPHBIX U UCTOPUYECKHX
(dakTOopax CTAaHOBJICHHUS MaTeMaTHKH;, — oOecreuyeHne CcHOPMUPOBAHHOCTH JIOTHYECKOTO,



ITOPUTMUYECKOTO M MATEMaTHUECKOTO MBIIUICHHUS; — 00ecredeHrne chOpMUPOBAHHOCTH YMEHU I
OPUMEHATh [OJIyYEHHbIE 3HAHMs TMpU pEIIeHHM pa3IMuHbIX 3ajad; — obecredeHue
c(OPMHPOBAHHOCTH TPEACTABICHUI O MaTeMaTHKE KaK YacTH OOIIEUETOBEUYECKON KYIbTYPHI,
YHHUBEPCAJIBHOM fA3bIKE HAayKH, IO3BOJISIOIEM ONMCHIBATH M M3y4yaTb peaJbHbIE MPOLECCHl U
apneHus. ['nmaBHOM 3amauelt oOpaszoBanuss B cucreMe CIIO sBiaseTrcs nDOAroTOBKA
BBICOKOKBJIN()MIIMPOBAHHBIX CIIELHAIUCTOB, KOTOPbIE JOJDKHBI 3aHATh CBOE MECTO Ha
KOHKYPEHTHOM PBIHKE TPYJa.

Bonpocsr:
1) HazoBuTe 1enp u3ydeHus MaTeMaTHKU B CPEIHUX CHEIHATBHBIX YYEOHBIX 3aBEACHUSIX
2) B yem cocrout rnaBHas 3agada oopa3zoBanus B cucreme CI1O?
3) IlpuBenuTe mpuMepsl UCMIOIB30BAHUSI MATEMATHKH B Balllel Oyayiiei npodeccuu

Pemenue 3ananuii:

B1. [Toka3zanus cueTdnka iekTpodHeprun | mas coctapisin 37192 kBt /4, a 1 utonst — 37 292 kBt
/4. CKOJIBKO HY>KHO 3aIlJIATUTh 32 3JIEKTPOIHEPTHIO 32 Maii, ecnu 1 kBT /4 3neKTposHepruu CTOUT
4 py6. 17 xon.?

B2. Ha pucyHke ®HpHBIMH TOYKaMH MOKa3aHO CYTOUYHOE KOJIMYECTBO OCAJIKOB, BBIMAIABIINX B
Kazanu ¢ 3 nmo 15 ¢espans 1909 ronma. Ilo ropuzoHTanu ykasbpIBalOTCS 4YUCiIa MecsUa, IO
BEPTHUKAIN — KOJIMYECTBO OCAJIKOB, BHIMABIINX B COOTBETCTBYIOIIHM JIeHb, B MUJUIUMETpax. J{is
HATrJISITHOCTH KUPHBIE TOYKH Ha PUCYHKE COSAMHEHBI IMHUEH. OTpeieNnTe 1Mo pUCYHKY, CKOJIBKO
JTHEH U3 TaHHOTO MEepUo/ia BhINagaio 0oyee 3 MUIUTMMETPOB OCA/IKOB.
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B3.Haiinure 3HaueHNE BBIPAKEHUS ab npué = I"}'1‘3; b=1,3 ; €= 0,84

B4. JIns TpaHCcnopTUPOBKH 3 TOHH Ipy3a Ha 50 KM MOKHO BOCIIOJIb30BaThCsl YCIYIaMU OJHOM U3
Tpex ¢(upm-nepeBo3uukoB. CTOMMOCTh TNMEPEBO3KH U TPY30IMOJIBEMHOCTh aBTOMOOMIIEH JUIs
KaXJIOTO TMepeBOo3urKa ykazaHa B TaOmuie. CKoJIbKo pyOliel mpuiercs 3arjiaTHTh 3a cCaMyro
JIEIIEBYIO IEPEBO3KY?

IlepeBo3uuk | CToMMOCTH nepeBoO3KHU onnum | I'py3onoabemMHoOCTh
aBTOMOOHMJIEM aBTOMOOHMIEH
(pyo0. Ha 10 km) (TOHH)

A 110 2,2

b 140 2,8

B 160 3,2

BS. Ha kieruaroit Oymare ¢ pazmepom kiieTku 1% 1 mzobpaxén yron. Haliaure TaHreHc 3Toro
yrna.




Be HaiiauTe KOpeHb ypaBHEHHS +2x +31 =9,

B7. B copeBHOBaHHMSX 10 TOJKaHUIO sjpa ydacTByroT 4 crnoprcmeHa u3 Dunnsnauu, 7
crioprcMeHoB u3 Jlanuu, 9 cnopremenoB u3 lBenuu u 5 — u3 Hopseruu. [lopsinok, B koTopom
BBICTYIAIOT CIIOPTCMEHBI, olpeaesaeTcs xpedreM. Haliqute BEposSsTHOCTh TOr0, UTO CIIOPTCMEH,
KOTOPBI BBICTYIAET MOCIEeIHUM, OKaxkeTcs u3 [lIBenun.

B rpeyroasauke ABC yroa C pasen 90°, sin A = % Haiiaure cos B.

B

A Oc

BS.

B9.. MotopHas 10/Ka npoliia NpoTUB Te4eHUs peku 112 KM 1 BepHyJIach B yHKT OTIIPABIICHUS,
3aTpaTUB Ha 0OpaTHBIM MyTh Ha 6 yacoB MeHble. Haliure cCKOpOCTh TeUeHUsI, €ClIi CKOPOCTh
JIOJIKY B HETIOJIBMYKHOM Boze paBHa 11 km/4. OTBeT maiiTe B KM/4.

3aBucuMOCTL 00BEMa crpoca ¢ (Teic. py6.) Ha TPOAYKIHIO TIPEHIIPH-
SATHA-MOHOMIOJNIMCTA OT NeHsl p (Teic. py0.) 3amaércs dopMysoit
g = 160 — 10p. Beipyuka npeanpuaTusi 3a mecan r (B Teic. py6.)
BbIYHCJIsIeTCA 110 dopmyae r (p) = q - p. Oupenennre HeHy p, mpu Ko-
TOpo# MecA4YHasa Beipyuka r (p) cocraBur 280 Teic. pyb. OTBeT HpHBe-

B10. auTe B ThIC. PyO.

IIpakTnyeckas padora Ne2
Tema 1.2: Yucna u BbeluucieHus. Bolpaxenus u mnpeoOpazoBaHus. llporeHTHBIE
BBIUNCIICHHUS
Heab: OOoOmeHne W cuctemMarusalus 3HAHWN, YMEHMH, HAaBBIKOB Yy4allluXcs MpU
BBINOJIHEHUH apU(PMETHUYECKUX JeHCTBUN HajJ OOBIKHOBEHHBIMH M JECATHUYHBIMU JpOOSMHU;
MPOLIEHTHBIE BBIUYUCIICHUS

Teopernyeckas 4acThb:
Harypanbnble yncna, noiayyaeMble IpU €CTECTBEHHOM CUETE; MHOKECTBO HATypalbHBIX
gyucen obo3naygaercss N; N= {0, 1,2, 3, ...}.
llenple dncna, mMody4aeMble OOBEIMHEHHEM HATYPalbHBIX YHCET C MHOXECTBOM
OTPHUIIATEIBHBIX YUCET U HYJIEM, 0003HAYAIOTCSA
Z=1{2,-1,0,1,2,...}.
PammonansHbIe yncna — YuCIa, MPeACTaBICHHBIC B BUaAE aApodu m/n (n # 0), rme m —
1[EJI0€ YUCII0, @ N — HATyPaJIbHOE YHUCIIO.
JIist parmoHANBHBIX YWCET OMpPENENeHbl YEeThIPpe «KJIACCHUECKHEe» apu(METUUECKHEe
JEHCTBUS: CIIO)KEHUE, BRIYUTAHUE, YMHOXKECHHE U JelieHue (KpoMe JIeJICHHsI Ha HOIIb).
st 0003HaYCHHS parMoHATBHBIX qHUCeN HCIIOB3YETCS 3HaK
n Ll
Q:{—:nE&,mEN}.
m
JlelicTBUTENbHBIE (BELIECTBEHHBIE) YMCIIA IPEACTABISIOT COO0H paciiipeHne MHOKECTBA
paloHaIbHBIX Yucesl. MHOXECTBO BEIECTBEHHBIX Unces 0003Havyaercs R.

Q.



Kpome pammoHanbHBIX uucesl, R BKIIOYAaeT MHOKECTBO HPPALMOHAIBHBIX YHCET, HE
IpPEJCTaBUMBIX B BHUJE OTHOUICHUs LenblX. Kpome noapasneneHuss Ha palMOHalbHbIE U
UppalnyoHaJIbHbIE, ACUCTBUTEIbHBIC YHCIA TAaKKe MOAPA3CIAIOTCS Ha anredpanyecKkue u
TpaHCLEeHJeHTHbIe. [Ipy 3TOM Ka)10e TPaHCLEHACHTHOE YUCIO SBISETCS UPPALUOHAIbHBIM,
KaX/10€ PallMOHAIBLHOE YUCIIO — ANreOpanyecKiM.

WppannoHaibHble YnCIa.

1) mo6oe panmoHaIbHOE YUCIO N300pakaeTcs OECKOHEUHOM NeCATUIHOM TpoObIo;

2) BCSIKOE MPpALMOHAIBHOE YHCIIO0 U300paxaeTcss 0ECKOHEYHOM eCATUYHON APO0bIo;

3) mo0oe EHCTBUTENBHOE YHCIO MOMKET OBITh IMPEICTaBICHO B BUJEC OCCKOHEYHOM
JECATUYHOMN 1podu;

4) Bcskas OeckOHEYHas JAECATHUYHAS JApOOb TPEACTABIACT ACUCTBUTEIBHOE YHCIO
(oOpaTtHOE yTBEPI)KJICHHUE).

O6o3HaueHue (MM) UTto 03HaUaeT UM
MHOXeCTBO HaTypaJbHBIX YHCET
MHOXeCTBO LIEIbIX YHCENT
MHOXeCTBO pallMOHAIBHBIX YHCET
MHOXeCTBO JIeHICTBUTENBHBIX YUCEIl

AIOIN|Z

delicTBuA ¢ IpoOSIMU:
1. Cnoorcenue. Cymmont apoOeil ¢ OAHUM W TE€M K€ 3HAMEHATeJIeM Ha3bIBalOT JIPOOb,
UMEIOIIYIO TOT )K€ 3HaMEHAaTellb, a YACIUTENIh PAaBeH CyMME YUCIIUTENeH JTaHHBIX Ipo0ei, T.e.

aba+b

i H iy

370 ompeneneHne MOXXHO c(hOpMyTUPOBATh TAKXKE B BUJIE CIECTYIOMIETO ITPABHIIA.

UToOBI CIIOXKHUTH IPOOH ¢ OJIMHAKOBBLIMH 3HAMEHATEISIMH, HAJI0 CJIOKUTh UX YUCITUTEIH, a
3HaAMEHATEb OCTaBUTh TOT XKe€.

TIpumep. '? 7 7 7

YroObI CIIOKUTH APOOH C Pa3HBIMH 3HAMEHATEIISIMH, HAJI0 MPUBECTU UX K HAUMCHBIIIEMY
o0IIeMy 3HaMEHATEN0, a 3aTeM CJOXHTh MOJTYYCHHBIC YUCIUTEIN W TOJ CYyMMOW MOJMHCATh
00IIIMH 3HAMEHATEb.

5 7 15 14 15+14 129 5
—_t — = —+4 _—=_=1_

TIpumep. d§ 12 24 24 24 24 24
5 N 7 15+14 29 -1 3
Kopoue 3anuceiBaror Tak: g 12 24 24 24
UToOBl CIOXHUTH CMEIIaHHBIE YHCIIA, HY)KHO OTIEIBbHO HAUTH CYMMY IENBIX U CYMMY
JIpoOHBIX yacTel. JlelicTBUe 3aruCchIBaeTCs TaK:

PR LY S LTI L Vi
15 45 9 45 45

2. Bviyumanue. Bpruntanue Ipobell MOXXKHO ONpeNeNuTh Kak JeiicTBue, oOpaTHOe
CIIOKEHHIO Jpobeii. BeruecTh U3 0HOr0 IpoOHOTr0 YKcia BTOPOE 3TO 3HAUUT HAaWTH TPEThE YUCIIO,
KOTOpPOE B CyMME€ CO BTOPBIM JaeT nepBoe. M3 a3Toro onpenenenus ciaenyeT NpaBuio:

Uro06bl BbIYECTH APOOM C OAMHAKOBBIMU 3HAMEHATEISIMU, HYKHO BBIUECTh YHCIIUTENb
BBIUATAEMOr0 W3 YMCIUTENS YMEHBIIAEMOIO M OCTAaBUTh NPEXHUM 3HameHarenb. JlelicTBue
3aMKChIBAIOT TaK:
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Uro0Obl BBIYECTh APOOM C pa3HBIMH 3HAMEHATENSIMH, HYXXHO CHaudajga MPHUBECTH UX K
HaWMEHBIIIEMY 00IIeMy 3HAMEHATENIO0, 3aTeM U3 YUCIUTENS YMEHBIIIAEMOTO BBIYECTh YHCIIUTEIh
BBIYMTAEMOTO U TIOJ] KX Pa3HOCTHIO MOMUCATh 00N 3HaMeHaTelb. [[eficTBUE 3amiChIBAIOT TaK:

11 5 22-15 7
12 8 24 24

Ecnu Hy»HO BBIYECTh OJJHO CMEIIAHHOE YMCJIO U3 IPYrOro CMEIAHHOIO YKcia, TO, €CIH
MOYKHO, BBIYMTAIOT IPO0b U3 Apodu, a 1esnoe u3 1enoro. JleldcTBre 3anmuchiBaoT Tak:

i 3 36-33 9
§——5—=3——=3—
11 4 44 44
Ecnu e 1po0b BEIMUTaEMOT0 O0JIbIIEe IPOOH YMEHBIIIAEMOT0, TO OEPYT OJHY CIUHUILY U3
IIEJIOTO YMCJIa YMEHBIIAEMOTro, pa3Apo0IIsIOT €e B HaJUIeKAIUE JOJIM U MPHOABISIOT K ApoOH

YMCHBIIACMOI'0, ITOCJIC YCTO MOCTYNAI0T, KaK OIMMCAHO BBIIIC. I[ef/'ICTBI/Ie 3allMChIBAIOT TaK:

4 11 16-33 _52-33 19

5—-1—=4 =3 =3
9 12 36 36 36
AHaJOrMYHO MOCTYMAIOT, KOT/Ia Ha/I0 BBIYECTh U3 IIEJIOT0 YUCiIa JpOOHOE.
3_22_32 3.2
IIpumep. 3 3 5 5,

3. Pacnpocmpanenue ceoticme cnodxcenus u gbluumanusi Ha Opoduvle yucna. Bee 3aKoHbI
U CBOWCTBA CJIOKEHUS U BBIYUTAHMS HATYypPAIbHBIX YHCEI CIPaBEUIUBBI U ISl JPOOHBIX YHCEIL.
Hx nmpumeHeHne BO MHOTHX CIIy4asX 3HAYUTEJIbHO YIPOIIAET MPOIECC BEIYUCICHHUS.

4E+13+Ei+ﬁg+l+3£= 43+Ell + 13+5E +
4 9 1 4 4 4 g 9

+[Zi+1]=8+?+3=18
[Ipumep 1. 12 12

3I[eCI) HCITIOJIb30BaHbI HGpCMGCTHTGJ’IBHBIfI M COYETATCIIFHBIM 3aKOHEI CIIOKCHHUS.

SN AN O
720 144 720 720 720 144
31 12 +3|1_5 43

6
=2—+3°_ =5 =
Mpuvep2. 72 144 144 144

3,[[60]3 HCIIOJIb30BAHO ITPABUIIO HpI/I6aBJ'IeHI/I$I CYMMEBI K YHUCITY.

32 (1510 1) (4322 5100 41 g5l 4l g
6 2 36 3, 2 2 2

177 (22462 )=(170 62 ]_22-11-22-32
5 8 8/ 5 5 3

[Ipumep 4. 8

3/1ech UCTOJIb30BaHbl MPaBUJIa BEBIUUTAHUS U3 YUCIIa PA3HOCTU U CYyMMBI.

4. YmHnoocenue. YMHOXKEHUE JAPOOHM Ha IE]I0€ YHMCIO MOXHO MOHUMATh TaK K€, KaK H
YMHOKEHHE 11eJIOT0 YKCIIa Ha LIeJI0e, T.€. KaK CII0KEHUE OJIMHAKOBBIX ciaraeMbix. Hampumep,

22,22 22
S5=S,242,2

3 3 3 13 3 3
Ho nns yMHOXeHuss Ha JpoOb Takoe TOJKOBAaHME HE MOAXoAuT. Hampuwmep,

2 3 2
3

ITpumep 3.

3
7

yMHOXast ¢ Ha -, HeJb3s CKa3aTh, 4TO 371eCh " 7 HaJ0 B3ATh 3 pasa cinaraembiM".
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3nech HeOOXOMMO J1aTh HOBOE OIpe/IeIICHHE.
[IpousBenennem npoOeli Ha3BIBAIOT TaKyl JpoOb, YHCIUTEIh KOTOPOH paBeH
MPOU3BE/ICHUIO YUCITUTENCH TaHHbBIX Ipo0Oeii, a 3HAMEeHAaTellb - MPOU3BEICHUIO UX 3HAMEHATENeH,

a b _ab

Te. I AL HI-F | y1o06b1 yMHOXUTH IpOOb Ha APOOb, HYKHO YMHOKHMTH YUCIUTENb Ha
YUCIIUTENb, & 3HAMEHATENb HA 3HAMEHATENb M NIEPBOE MPOM3BEICHUE CHENATh YMCIUTEIEM, &

BTOPOE - 3HAMCHATEIIEM: b d bd
[Ipu ymHOXeHuUU cienyer AenaTh (€CIU BO3MOXHO) COKpaLIEHHE.

12 19 12-1% 2

Mpiep. 19 30 1930 5

Ecam ydecTth, 4TO 1€0€ YKCIO TPEACTABISIET cOO0OM apoOb co 3HameHaTenem 1, TO
YMHOXKEHHUE JPOOU Ha IEJI0C YHCIIO M IEJIOT0 YKcia Ha IPOOb MOYKHO BBIMOJIHATEH MTO3TOMY JKE
MIPaBHITY.

Mpmveps, 12 112 12 2

5. Vmmnoowcenue cmewannvix yucen. UtoObl MEepEeMHOKUTH CMEIIAHHBIE YHUCIIA, HYKHO
MPEBAPUTEIILHO OOpaTUTh UX B HEMPABUJIBHBIC JPOOHM M TIOTOM IEPEMHOXATh IO MPABUITY
YMHOXEHUS Ipo0eit.

211 216 _380 g

Mpuvep. 2 5 2 5 10
Ecnu xe MNEPEMHOKAKOT CMCIIAHHOC YHMCJIO Ha LEJI0C, TO MPOIIC MHOXHUTb OTACIHBHO
HCJIYIO 4aCTh U ,Z[p06HYIO qacCThb.

22.3-62_72

ITpumep. 3 3 3

6. Pacnpocmpanenue ceoticme ymHodcenusi Ha Opobuvie uyucia. CBONCTBA YMHOKEHUS
HATypaJIbHBIX YHCEN CIpaBeMJIMBBI U Ais ApoOel. VX ucmonp3oBaHHE YOpOIIAET YCTHBIE U
MMMCbMEHHBIEC BHIYUCIICHHUS.

?i-3ﬂ= ['?+ i]-ﬂlﬂ =210+ 4=1214
[Ipumep 1. 15 15
7 7

Q_-8=90-8+_—-8=72+7=79
ITpumep 2. 3

E.[qi.ll-_;]_[i i] g2 172 g2
Momep3. 4 L 31 377 L43) 31 31 31

[12E 435] > [52 5] 432 —2.43° g6
Mpmvepa, & 5 17/ 31 L5 31) 717 17 17

7. Henenue opobeii. Ins nenenust Apodel coxpaHseTcs TO K€ ONmpeeeHne, 9YTo U s
JIeTICHHSI LIENBIX YMCEIT: 3TO - IEHCTBHE TIOCPECTBOM KOTOPOTO IO JaHHOMY TIPOM3BEACHUIO JIBYX
COMHOXHUTEJIEW U OJHOMY M3 OTHUX COMHOXHUTEIEH OTBICKMBACTCS BTOPOM COMHOKHTEIND.
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Pa3nenuTh 0AHO YMCIIO HA BTOPOE - 3HAYUT HAMTH TaKOE TPEThE YUCII0, KOTOPOE MPH YMHOKEHUH
Ha BTOPOE JaeT IepBoe. BRIMomHsIoT Aenenue apodeii 1o ciaeayomeMy IpaBuiy.

YroObl paznenuTs OpoOb Ha JpoOb, HY)KHO YHCIUTEIb NEPBOM APOOM yMHOXUTH Ha
3HAMEHaTe b BTOPOH, a 3HaMEHAaTeb NMEPBOW HAa YMCIUTENIb BTOPOH M NEpBOE IPOU3BEICHUE

a ¢ ad

3alucaTtb YUCIUTEIIEM, a BTOPOC - 3BHAMCHATCIIEM: b d bﬂ' .

6 9 610 60 20

ITo 3TOMy € IpaBUIy MOXKHO BBIIIOJIHATH JEJIEHHE APOOH Ha LEJI0E YUCIIO U LIEJI0ro Ha
IpoOb, ecIi MPeICTAaBUTh 1eJI0€ YUCIIO B BUIE APOOH cO 3HaMeHaTesneM 1.

IIpumepsl.
7 17 1.5 1
a_z_ 8§ 2 81 4
137 131 13.2 13
O,I[HaKO B [IOCJIICAHEM HpI/IMCpe HpOIJ_IC YUCIINUTCIIb paS,Z[eJ'II/ITB Ha 1eJj10€ 4uciio:

] 8:2 4
—: 2= =
13 13 13
8. ,ZZ eélleHue CMEeulaHHvlx Yucei. LITO6I)I BBIIIOJIHUTL ACJICHUC CMCIIAHHBIX YUCCI, HUX
MMpeaABapUTCIbHO o6pa1uafoT B HCIIPABUJIbHBIC ,I[pO6I/I 1 3aTEM ACIIAT 11O IpaBUITy ACJICHUS z[po6el71.

1221 - =22, 2 894V _qy
OI[HaKO npu ACJICHUU CMCIIAaHHOI'0 4HuCjia Ha HEJI0C ObIBaeT YI[O6Heﬁ JCJINUTh OTACIBHO
OCJIYI0 4aCTh U OTACIIBHO I[pO6Hy1'O HaCcTh CMCIIAHHOT'O YHCJIa.

:*):IE'IE:S:ﬁl
7

ITpumep.
9. 3amena oenenus ymuoocenuem. Ecau B Kakoi-HHOyAb ApoOM NMOMEHATh MecTaMH
YUCIUTENb W 3HAMEHaTelb, IMOJYYUTCS HOBas ApoOb, oOparHas paHHOW. Hampumep, ms

8 7

Ipodu 7 oOpaTHast 1poOb OyeT 8
OdeBHIHO, YTO MTPOU3BENCHUE ABYX B3aUMHO OOpaTHBIX Apobeit paBHO 1.

YuutbeiBas 3T0, MOKHO JIEJIEHUE BBIMOJHATH MO CIEAYIONIEMY MTPABUITY.
UToOB! pa3aenuTh OJHO YUCIIO Ha IPYTroe, HY>KHO AeIMMOE YMHOXKHTh Ha YHCII0, 00paTHOE
JIEITUTEIIO.

2_5_2_'?_11
HpHMep1.3 7 335 15
[Tpumep 2. 3 7 7
4_51_4_1ﬁ_4_3_3
773 73 716 28

ITpumep 3.
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10. Ilpumepvl Ha 6ce Oelicmsusi ¢ 00bIKHOBeHHbIMU OpoOsimu. PellieHne mpruMepoB Ha BCE
JEWCTBUSL ¢ APOOSMH BBITOJIHSIOT C TIOMOIIBIO 3aIIMCH O OTACIHHBIM JCHCTBHUSIM HIIH 3aIHCH
LIEITOYKOM.

[Ipnmep. BelauciauTh:

35,155 1,1
521 288 2 31 16
s1i10 Lippliq 36 35
2 2 3
Perienue mo 4actsaM.
3 5 3.5 1 1 1
P == -2 3)-19-9-;
5 21 5-21 7 7 7
15 5 15-84 1
2)—: —=——=9; 4)5: - =10,
28 84 28-5 2
5110 +10=20;
1 64 16 1 1
69—:20=———=—;11)—:3=—;
7 7-20 33 3
1 1 1 13
7)2:—=4; 1) -+ -=—";
2 4 9 36
8)3:1=9; 13)13:E=ﬂ=35;
3 36 13
0)4+9=13; 14)36. 1 -1,
36
1 1 16 16
10)—:2=—; 15y —+1-—=1
2 35 35
Ortser. 1.

IIpnMep BBIUMCIIEHUS [IETTOYKOM:

1 3y .1 (.1 _7Y.7
g—_>]:32 [a-_1i]al ,1.,1 ;1.3
4 4 2+ & 8 8_ 2 2,4 5_
s-a2)a0 [2-13)8r 20 2:al
5 8/ 78 3 88
152 58 15
2 7, 45 _7 2 250
= =7 .2,2.5-2Y 110-=
3158 3 1° 7 ©
510 8 25 50 5
35° 110=-45>
7 7

IIpoueHTHbIE BBLIYMCIECHHS.

Korma ™Mbl omuchiBaeM pa3HbIE YacTH IIEJIOTO, MBI HCIIONB3YeM TaKHe IOHSATHS, Kak
nonoBuHa (1/2), Tpets (1/3), yerBepth (1/4). ITO YyMOOHO: OTpe3aTh MOJIOBUHY MUPOTa, IPOUTH
TPETh MYTH, 3aKOHYUTH TIEPBYIO YETBEPTH B IIIKOJIE.
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YroObl Ha3bIBATh COTHIE JOJH, NpuyMain npoueHT (1/100): ¢ maTMHCKOTO sA3bIKa — «3a
CTO».

[IporieHT — 3TO O/1HA COTast YacTh OT JitoOoro ynciaa. Obo3HavaeTcs BOT Tak: %o.

1%=1/100=0,01

Kak mepeBectu mpoIeHTHl B AecATUYHYI0 ApoOb? HyxHO yOparh 3HaK % U pa3aenuTh
gyucio Ha 100. Hanpumep, 18% — 310 18 : 100 =0,18.

A eciu HY)KHO TIEPEBECTH JACCITHYHYIO IpOOb B MPOIEHTH — yMHOXaeM apoos Ha 100 u
nobasmsiem 3HaK %. Hampumep:

0,18=10,18 - 100% = 18%.

A BOT, KaK IIEpeBECTH MPOIEHTHI B ACCATUYHYIO TPOOh — OOPAaTHBIM JIeHCTBUEM:

18% : 100% = 0,18.

Beipazute 1poOb B mpomeHTax mpocrto. s mepeBoga cHavana IMpeBpaTHM €€ B
JNECATHUUHYIO Ipo0b, a MOTOM HCIOJIb3YeM Mpelblayllee MPaBuio U MepeBeleM ACCITHUHYIO
IpoOb B MPOIICHTHI:

2/5=0,4

0,4-100%=40%

8/25=0,32

0,32-100%=32%

Tunel 3a1a4 Ha IMPOUCHTLI

Tun 1. HaxoxxaeHue npoieHTa ot yucia

UToOb! HAITH MPOLIEHT OT YKCIIA, HYKHO YUCIIO YMHOXKUTh Ha MPOLIEHT.

3apauva. biorep 3anucan 500 Buzeo AJisi TUKTOKA, HO €ro mpojtocep ckazani, 4yto 20% u3
HUX — OTCTOM. CKOJIBKO POJIMKOB MPUJIETCS TIepe3anucarh oaorepy?

Kak pemaem: Hy>kHO HaiiTu 20% OT 00111ero KoJM4ecTBa CHATHIX poiukos (500).

20%=0,2

500 * 0,2 =100

OTBeT: 13 001Iero KOJUYECTBA CHATHIX POJIMKOB Mporocep 3adpakoBai 100 mryk.

Tun 2. Haxox1eHre 4ucia 1o ero mpoieHTy

UtoObl HAWTH YHCTIO MO €r0 MPOIEHTY, HY)KHO €r0 M3BECTHYIO YacTh Pa3JeliuTh Ha TO,
CKOJIBKO ITPOIIEHTOB OHA COCTABJISIET OT YHCIIA.

3aa4yy Mo MOMCKY MPOIIEHTA MO YKUCITY U YHUCIIA MO €ro MPOIEHTY OYeHb MOX0XKH. UTOOBI
HEC nepenyTaTL — BHHUMATCJIIBHO 4YHWTACM yCJ'IOBI/ISI, NHA4Ye 3a171neM B TYIHUK WA pCIHI/IM
HENpaBWIbHO. EcCiIM B 3aJaHUM €CTh CII0OBA «KOTOPBIM», «UTO COCTAaBIIET» U «KOTOPBIU
COCTaBJISIET» — MEPE HAMH 3aj]1aya M0 HaX0KJICHUIO YHCIIA 110 €r0 MPOLIEHTY.

3amaua. [lIkonsHuk permm 40 3amad u3 yueOnuka. Uto cocrapnser 16% uucia Bcex 3amaqd
B kHHre. CKOJIBKO BCEro 3a7a4 coOpaHo B TOM yueOHUKe?

Kak pemaem: MbI He 3HaeM, CKOJIBKO BCero 3aj1ad B yueOHuke. Ho Ham m3BecTHO, uTO 40
3ama4d cocTaBisaoT 16% ot obmero xonmuwdectBa. 3amumeM 16% B Buae npodu: 0,16. [lanee
M3BECTHYIO HAM YacTh IIEJIOTO Pa3JIeIMM Ha Ty J0JII0, KOTOPYIO OHA COCTABJISIET OT BCETO IEJIOTO.

40:0,16=40-100: 16 =250

Otsert: 250 3amau coOpaHO B 3TOM y4eOHUKE.

Tun 3. HaxoxaeHue NpoueHTHOrO OTHOIICHUS JBYX YHUCEI

Uto0Ob! HAlITH, CKOJIBKO MPOILIEHTOB OJTHO YUCIIO COCTABISIET OT APYroro, HY>KHO Ty 4acThb,
0 KOTOpOH crpalinBaeTcs, pa3AeauTh Ha 001ee KOJIUYecTBO U YMHOKUTH Ha 100%.

3anaua. B cexperHom uatuke 25 yenoBek. 10 u3 HUX — AeBOYKU. CKOJIBKO MPOIEHTOB
JIEBOYEK B yaTe?
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Kak permaem: nogenum 10 Ha 25, momydeHHYIO IpoOb TIEpPEBEEM B TPOIICHTEHI.
10/25 *100% = 2/5 * 100% =2 * 100/5 = 40%
Otser: B uatuke 40% neBoOYEK.

Tun 4. YBenuueHnue 4uciia Ha MPOLEHT

UToObl yBEIMUYUTH YUCIO HA HEKOTOPOE KOJIMYECTBO MPOIEHTOB, MOXKHO HAaWTH YHCIIO,
KOTOPOE BbIPaXaeT HYKHOE KOJIMYECTBO IIPOLIEHTOB OT JAHHOI'O YMCJIA, U CII0XKUThH €r0 C JaHHBIM
YUCIIOM.

A MOHO BOCIIOJIB30BaThCs (HOPMYITOW:

a=b-(1+c:100),

IJIE€ @ — YUCI0, KOTOPOE HYKHO HAlTH,

b — nepBoHauaIbHOE 3HAYCHHE,

C — IPOLIEHTHI.

3amaua. B npomom Mmecsie ctukeprak crown 110 py6neit. A B aTom mecsitie Ha 12%
6ombiie. CKOTBKO CTOUT CTUKEp-Tak?

Kak pemaem: Mmoxxno Haiitu 12% ot 110:

0,12 - 110=13,2.

[TprGaBUTh K UCXOTHOMY YHCITY:

110 + 13,2 = 123,2 py6us.

Wnm MOKHO BOCTIONIB30BaThCs (DOPMYIION, TOTIA!

110 - (1+12:100)=110 - 1,12 =123,2.

OTBeT: CTOMMOCTh CTHKEpIIaka B 3TOM Mecsie — 123 pyois 20 komeexk.

Tun 5. YMeHblIeHHe yucia Ha MPOLEHT

UYroObl yMEHBIIUTh YUCIO Ha HECKOJBKO MPOIIEHTOB, MOXHO HaWTH YHCIO, KOTOpPOE
BBIpaXKaeT HY>KHOE KOJINYECTBO MPOLIEHTOB JAHHOTO YKCIIA, U BBIYECTh €0 OT JAHHOTO YHUCIIA.

A MOXXHO BOCHOJIB30BaThCsl (OPMYIIONt:

a=b-(1-c:100),

IJI€ @ — YUCII0, KOTOPOE HYKHO HaliTH,

b — mepBoHavYaIbHOE 3HAUEHUE,

C — IIPOLIEHTHI.

3anaua. B nponutom roay mkomy 3akoH4nan 100 pedsT. A B 3TOM rofy BBIITYCKHUKOB Ha
25% wmenbiie. CKOJIBKO BBIITYCKHUKOB B 3TOM roy?

Kak pemaem: MoxxHO Haiith 25% ot 100:

0,25 - 100 = 25.

Brruects u3 ncxogsoro umncia 100 — 25 =75 yenosexk.

Wi MoxHO BOCTIOIB30BaThCS GOPMYIIO, Tora:

100 - (1 —25:100) =75/p>

OtBeT: 75 BBIMYCKHUKOB B 3TOM TOJY.

Tun 6. 3amaun Ha TPOCTHIE MTPOLEHTHI

[IpocTble MpoIIeHThl — METO/ pacueTa MPOIEHTOB, IPU KOTOPOM HAYUCIEHUS TPOUCXOAST
Ha TIEPBOHAYAIIbHYIO CYMMY BKJIAJa WIIH JIOJITA.

dopmyna pacyera BBITISIUT TaK:

S=a-(1+y-x:100),

TJie @ — WCXOJIHAsl CyMMa,

S — cymma, KOTOpast HapalIuBaeTCs,

X — TMPOIICHTHAs CTaBKa,

Y — KOJHMYECTBO MEPHUOI0B HAUYNCIICHUS TTPOIICHTA.
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3amava. Mapuu cpo4YHO MOHAIOOMINCEH IEHBIM U OHA B3sula Ha ofuH roAa B noar 70 000
py6ueii mox 8% exxemecsyHo. CKOJIBKO JIEHET OHa BEpHET uepe3 roa?

Kak pemaem: mojcraBum B (popMyiTy JaHHBIC U3 YCIOBUI 3a/1a4H.

70000 - (1 +12-8:100)=137200

Otset: 137 200 py6ueit Bepuer Mapus uepes ro/.

Tun 7. 3agaun Ha CIOKHBIE TPOLEHTHI

CrnoxxHble MPOLIEHTHI — 3TO METOJ pacueTa MPOIEHTOB, KOrjaa MpPOLEHTbl NPUOBLIU
NpuOaBISIOT K CyMME Ha OCTaTKe KaKIblid Mecsl. B cneayromuil pa3 mpoLeHThl HAUUCTSIOT Ha
3Ty HOBYIO CYMMY.

@®opMyita pacyeTa BBITIIAIUT TaK:

S=a-(1+x:100),

rje S — HapaiuBaemas CyMma,

a — UCXOJIHAas,

X — TPOLICHTHAs CTaBKa,

y — KOJIMYECTBO NIEPHO/I0B HAYUCIICHUS IIPOLICHTA.

3amaua. AHTOH xoueT opopmuTth Bkian 10 000 pybneit Ha 5 neT B 6aHKe, KOTOPBIN TaeT
10% ronosbix. Kakyto cymMMy cHEUMET AHTOH 4epe3 5 JIeT XpaHEeHHUs IEHET B ’TOM OaHKe?

Kak pemraem: npocto nogcraBum B popMyiy JaHHBIC U3 YCIOBHM 3a/1a4H:

10000 - (1 +10:100)3 =13 310

Otger: 13 310 py6uneit cHUMET AHTOH Yepe3 rol.

CriocoObl HaX0XKACHUS MTPOLIEHTA

- Jenenue uncna Ha 100

[Ipu nenenun Ha 100 nomyyaetcs 1% oT 3Toro yucna. ITo NPaBUIO0 MOKHO HUCIIOJIb30BAThH
no-pasHomy. Hanpumep, 4ToObl y3HaTh MPOLIEHT OT CYMMBI, HY’)KHO YMHOXKUTB UX Ha pa3zmep 1%.
A 4TOOBI TIEpEeBECTH M3BECTHOE 3HAYEHUE, CIENYET Pa3JeiuTh ero Ha pazMep 1%. IToT meTon
OTJIMYHO IIOMOTAET B BONPOCE, KaK MEPEBECTH 1IeJI0€ YUCIIO B MPOLIEHTHI.

[IpencraBbTe, 4TO BBI MPUIILIM B Mara3u 3a 1mokosagoM. O6s14HO oH cTouT 250 pyoOnei,
HO cerojHs ckuaka 15%. Ecnu y Bac ecTh TMCKOHTHAs KapTa Mara3uHa, okosaj o0oiercs Bam
B 225 pyO:neiil. YUem OyneT BbIro/IHEE BOCIIONb30BATHCS: CKUAKONW MM KapTOi?

Kak pemaem:

[Tepesenem 15% B pyOnu:

250: 100 =2,5—»5310 1% OT CTOMMOCTH IIIOKOJIa]1a,

3Hayut 2,5 X 15=37,5 — s10 15%.

250-37,5=212,.

212,5<225.

OTBeT: BBIFOJIHEE BOCIIONB30BATHCS CKUAKON 15%.

- CocraneHue nponopuun
[Tponopust — onpenieeHHOE COOTHOLIEHUE YacTeH Mexkay coOOH.

C moMo1IbI0 METO/1a IPOTOPLIUU MOXKHO PacCUUTATh JIt00bIe %. BBITISAUT 3TO Tak:

a:b=c:d.

Yuraerca: a oTHocUTcs K b Tak, kak ¢ oTHocurcs K d. Takke BaXXHO MOMHHUTH, UTO
MIpOU3BeIeHNE KpallHUX YJICHOB PABHO MPOU3BEACHUIO cpeHUX. UTOOBI y3HATh HEM3BECTHOE U3
3TOr0 PaBEHCTBA, HY)KHO PELIUTH NIPOCTEHIIEE YpaBHEHHUE.

Paccmorpum mpumep. Ha ckosibko BBITOHO TOKYMaTh CHOpTUBHYIO (pyTOONKY 32 1390
pyOJieii py yCIoBHH, UTO B Mara3uHe B YeCThb JHS BCEX BIIOOJICHHBIX ACUCTBYET ckuaka 14%?

Kak pemraem:

VY3HaeM CKOJIbKO CTOUT (hyTOoIKa ceiiyac B % COOTHOILICHHUH:
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100 - 14 = 86,
3HauuT 1390 pyOeit aTo 86%.

CocTraBUM IPOITOPIIHIO:

1390 : 100 =x : 86,

x =86 * (1390 : 100),

x =1195.4.

1390 - 1195,4 = 194,6.

OTBet: KynuTh CIOpPTUBHYIO (hyTOONKY BBITOIHEE Ha 194,6 pyOuIs.

- COOTHOIIIEHUS YUCET

EcTb ciydan, Korjja HAlTH IPOIIEHT OT YKCJIa IIPOIIE, €CIIU MPEJACTABUTh MPOIICHTHI B BUIC
pOCTHIX JApobeit. B Takom cimydae OyeM UCKaTh 4acTh YHCIA.

10% — nmecgrasg 4vacTh Henaoro. UroObl HaWTH Aecath %, IMOHAIOOUTCS H3BECTHOE

pasznenuts Ha 10.
20% — msATas 4acTh 1es0ro. YToObI BEIUMCIUTD ABALATh % OT U3BECTHOIO, €ro HY>KHO

pa3aenuTh Ha S.
25% — ueTBepTh LENI0ro. UTOOBI BEIUMCIUTD BAAIATH MATh %, MTOHATOOUTCS U3BECTHOE

pa3nenuts Ha 4.
50% — nosioBUHA 11€710T0. YTOOBI BEIUKUCIUTD [TOJIOBUHY, HY’KHO U3BECTHOE Pa3/IeIUTh Ha

2.
75% — Tpu yeTBepTH 1ENOr0. YTOOBI BBIYUCIUTH CEMbBECAT ATh %, HYKHO U3BECTHOE

3HAUYCHHUC Pa3JICJIUTh Ha 4n YMHOKHWTb Ha 3.

3ajaya 11 TPEHUPOBKU. B 4epHyI0 MATHHIY BBl HAIUIM OTVIMYHBIN IMHJHKAK CO CKUJIKON
25%. B oObrunbiii 1eHb oH cTouT 8500 pyOnelt, HO celiuac ¢ co0oit ecth Toapko 6400 pybreit.
XBaTUT JIM CPENICTB AJIs OKYIIKHU?

Kak pemraem:

100 - 25 =175,

3HAYUT HYKHO 3a1IaTuTh 75% OT nepBOHaYaIbHON LEHBI.

Hcnonp3yeM npaBUiI0 COOTHOIIEHHUS YU CEIL:

8500 : 4 *3 =6375.

OTBeT: CpeACTB XBaTUT, TaK KaK MUKaK CTOUT 6375 pyOieil.

Pemrenne 3agau:

1. Bonma 3anumaer l noBepxHocTtu 3emiu. IlosTomy 3emito Ha3bIBAIOT «roiy0oi

maHeTo». Kakyro 4acTe 3eMHOM OBEPXHOCTH 3aHUMaeT cyma? Ortser: Ml cymia.

2. Oty 42 roga, a BO3pacT CblHA COCTAaBIIAET l Bo3pacta oTua. CKOJBKO JIET ChIHY?
Ortser: 12 JIeT.

3. IlpenenbHblil BO3pacT O0enku 6 JIeT, 4TO COCTaBISET l MpeAebHOro Bo3pacta 3aifia. CKoIbKo
JIET MOXET NpoxkuTh 3as1? Oteer: 10 ner.

4. JlnnHa CTOpOHBI KBajpaTa l oM. KakoBa ero miomans? OTBeT: .)IMZ.

5.PaGounii MOKET BBIMTOTHUTH TPOU3BOJACTBEHHOE 3aJ]aHUE 32 5 4acOB, a €T0 YUCHHK — 3a

8 vacoB. Kakyro yacTe paOOThl OHHM BBITIOJIHAT BMeCTe Tociie daca padoTei? OTBeT: .
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6. B mepBbIit yac aBTOOYC MpoIIesn l BCETO IyTH, BO BTOPOH I NyTH, 4 B TPETUH —
ocrampHple 28 kM. Kakoe  paccrosHme — mpomen ~— aBTodyc 3a  Tpu  daca?

1). + l = . (1) — 3a ABa yaca.

2)1- = (4) — mpomien B TpeTuit vac. 4
3)28: =105 (xm) — 3a Tpu 4aca.
Otser: 105 KM MPOLIEI aBTOOYC 3a TpHU yaca.

7. Kakoe paccTosHuE yIuTKa 3a lqaca, €CJIM OHA OYIET MOJI3TH CO CKOPOCTHIO . KM/4a?
OrtBer: - KM.

8. U3 Oouku ¢ OEH3MHOM BHAayajle OTJIMIIU . BCCro HMMCHOIICTOCA TaM 66H31/IHa,

OTOM l Bcero OEH3MHA U MOCJe 3TOro B 6ouke octanoch 99 autpos O6en3una. CKOJIBKO JIUTPOB
OcH3uHa ObLUTO B OOYKE IMEPBOHAYATHHO?

1) . + l = . (4) — oTIMIIH.

2)1- = (9) — ocTanock.

3)99: = 252 (1) — ObLIO epBOHAYATIHHO.
Otsert: 252 1 6eH3nHa OBLIO B O0YKE MEPBOHAYAIIBHO.

3amaua 1. Opranusm B3pocioro yenoBeka Ha 70% coctouT u3 Boabl. KakoBa Macca BOJIbI
B TEJIE YelIOBeKa, KOTOPBINA BecuT 76 Kr?

Kak pemraem:

76 - 0,7=153,2 kr

OrtBert: Macca BOJBI 53,2 Kr

3anayva 2. Ilena ToBapa nonusunacek Ha 40%, 3atem emie Ha 25%. Ha ckoJabKo MpOLEHTOB
MOHU3UJIACH 1I€HA TOBapa 10 CPABHEHUIO C MEPBOHAYAIBHOU LIEHON?

Kak pemraem:

O603HaunM MepBOHAUATBHYIO IIEHY TOBapa depe3 X. llocie mepBoro MOHMKEHUS IieHa
CTaHET paBHOII.

x - 0,4x =0,6x

Bropoe nonmkenue 1ieHsl coctasisieT 25% ot HOBoM 1eHsb! 0,6X, MOITOMY MOCIIE BTOPOTO
MOHUKEHUS TOJIYYHUM:

0,6x - 0,25 * 0,6x = 0,45x

[Tocne nByX NOHMKEHHUI U3MEHEHUE LIEHBI COCTABUT:

x - 0,45x = 0,55x

Tak kak Bennunna 0,55x coctaBisier 55% OT BENMMUYUHBI X, TO IIeHa TOBapa MOHU3UJIACh HA
55%.

OrtBet: 55%.

3amaua 3. Yerslpe mapbl OpIoK JiemieBie oJHOro nanbTo Ha 8%. Ha ckombko MporeHToB

IATh Nap OPIOK CTOST JOPOXKE, YEM OAHO MAIBTO?
Kak pemaem:
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[To ycnoBusAM 3a7auil CTOMMOCTD YeThIpeX map Oprok — 370 92% OT CTOMMOCTH MaJIbTO

100 - 8 =92

[Tosrygaercsi, 9TO CTOMMOCTB OJTHOH Mapbl OPrOK — 3T0 23% CTOMMOCTH MAaJIbTO.

92:4=23

Teneps YMHOKMM CTOMMOCTH OJTHOM Tapbl OPIOK Ha MATh U Y3HAEM, YTO MATh Map OproK
oboriayres B 115% cTommMocTH nmaybTo.

23*5=115

Otgert: naTh nap Oprok Ha 15% gopoxe, yeM 0JJHO MajIbTo.

3anaya 4. CeMbs COCTOUT U3 TPEX YEJOBEK: MYXK, XKEHa U 104b-CTyeHTKa. Eciu 3apriara
My>Ka BBIpACTET B J[Ba pa3a, oOmui 1oxo4 ceMbu Bo3pacTteT Ha 67%. Ecnu nodyepu B Tpu pasza
YPEXKYT CTUICH/IHIO, OO TOXO 3TOW CeMbH YMEHBITUTCS Ha 4%. BIUUCINTD, KaKOM MPOLICHT
B OO 10X0/ CEMbU IPUHOCUT 3apa0O0TOK KEHBI.

Kak pemaem:

[To ycrnoBusiM 3amaum OOIIMI JOXOJ CEMbU HAIPSIMYIO 3aBUCUT OT JIOXOJIOB MYXKa.
bnarogaps yBenuueHuto 3apriaTel OOIIKMK TOXOI ceMbU BbIpacTeT Ha 67%. 3HauuT, 3apmiarta
MyXa COCTaBJIsIeT Kak pa3 67% oT o01ero qoxosa.

Ecnu ctunennus nouepu yMEeHbIIUTCS B TpH pasa (T.e. Ha 1/3), octanercs 2/3 — 310 U
ecTb 4%, Ha KOTOPble YMEHBILIWICSA Obl CEMEIHBIX JI0XO/.

MO3KHO COCTaBUThH MPOCTYIO MPOIMOPIIUIO U BBISICHUTH, UTO pa3 2/3 crunenauu — 310 4%
J10X071a, TO BCA cTUIIEHAUS — 3T0 6%.

A Temepb OTHUMEM OT BCEro 0XO/a BKJIAJ MYyKa U JOYEPHU U Y3HAeM, KaKoil MpOIEHT
COCTaBJISIET 3apabOTOK *KEeHbI B 00111eM goxoae cembr: 100 — 67 — 6 = 27.

OTBerT: 3apaboTOK KeHbI cocTaBmsieT 27%.

3anaua 5. B cBexux abpuxocax 90% Biaru, a B cyxo(pykre Kypare Toibko 5%. CKoJIbKo
KUJIOTPaMMOB a0pHUKOCOB HYXHO, 4YTOOBI NOTYyYUTh 20 KUIOrpaMMOB Kyparu?

Kak pemaem:

Ucxonst w3 ycnoBusi, B abOpukocax 10% mnuTaTenbHOro BeEIIeCTBa, a B Kypare B
KOHLIEHTPUPOBAHHOM Buae — 95%.

[Toatomy B 20 kunorpammax kyparu 20 * 0,95 = 19 kr nutateabHOro BELECTBA.

3HauuT, 19 KUIOrpaMMOB UTATENBHOTO BellecTBa B abpukocax — 3To 10% Beca cBexHX
abpukocoB. Haiijem 4ncio no mpoueHTy.

19:0,1 =190

Otget: 190 kr cBexxux abpuKocoB noTpedyercs 11 u3rotopieHus 20 Kr Kyparu.

IIpakTnueckas padora Ne3

Tema 1.3: YpaBHenus u HepaBeHCTBA. CHCTEMBI YPaBHEHUIN U HEPABEHCTB
Heanb: O600IUTH M CHCTEMATU3MPOBATh 3HAHUS, YMEHHS y4allluxcs MpH pPELICHUU
JMHEHHBIX U KBaJIpaTUUHBIX YpaBHEHUI U HEPABEHCTB

Teopernyeckas 4acThb:
JInnelnHbIe ypaBHEHUs
JInHEeNHBIM ypaBHEHHEM OTHOCHUTEIBHO IEPEMEHHOW X Ha3bIBACTCS YpaBHEHHUE ITEPBOM
crenean kx +b =0 (1), rme k uw b — MpOM3BOJIEHBIC BEIIECTBEHHBIC YHCIIA.
B cnyuae k # 0 ypaBHenue (1) uMeeT eIMHCTBEHHOE PELICHUE ITPH JII0OOM 3HAY€HUH b :
X =——

k
B ciyuae, korna k = 0,b # 0 ypaBuenue (1) pemieHuii He UMeeT.
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B cnyuae, korma k =0, b =0, pemenuem ypaBHenus (1) sBusercs iaro0oe 4ucIO
X € (—c0; + €0).
Ecnu n3HavanbHO 3a/1aHO ypaBHEHHE, CO/IepIKalllee IEPEMEHHYI0 B 3HAMEHATEIIE, TO TIepe]

pCHICHUCM HGO6XOI[I/IMO YKa3aTb 00J1acThb OIpCACIICHUA, HWCKIIOYHUTL H3 OTBCTA KOPHH, IIPU
KOTOPBIX BBIPAXKCHUC HEC UMCCT CMBICJIA.

Ilprinep 1
3x=6 Hpumep 4
=2 5 5x+15_,
3 x+4
x=2 Doxz-4
Ilprinep 2
PLUMED 5x+15-[x+4j=4-[x+4j
3x=-12 x+4
-2 Sx+15=4x+16
r=—
r=-1
x:—% Cmeam x=—1
3
Ilpriaeep 5
Hpunep 3 5x+15
8(x—1)+2x=2(4- 2x) 5
Bx—8+Zx=8-4x 0 xz-—3
Bx+2x+4x=84+8
e D (43 =4(243)
Bx+ex+4dx=84+8 x+4
1dx =16 Sx+15=4x4+12
16 8 x==3
14 7 Ormer . Hem KopHet

JInHelHbIC HEPABEHCTBA

JInHEeHBIM HEPABEHCTBOM OTHOCHUTEIBHO MEPEMEHHOW X  Ha3bIBAETCS HEPABEHCTBO,
MpUHAJIeKALIEE K OTHOMY U3 CIEAYIOIINUX THUIIOB!

kx+b =0,
kx+b >0,
kx+b <0,
kx+b <0,

rme k ub — MPOU3BOJIBHBIC BEIISCTBEHHBIC YHCIIA.

Pemas nuHeitHbIe, 1a 1 HE TOIBKO JMHEHHBIC, HEPABEHCTBA, CIIEYET MMOMHUTD, YTO MPHU
YMHOXXEHUM WJIM JICJICHWM HEPaBEHCTBA HAa TMOJOXHUTEIbHOE YHCIO 3HAaK HEpaBEHCTBA
COXpaHseTCsl, & P YMHOKEHUU WIM JIEICHUH HEPABEHCTBA HA OTPHUIATEIBHOE YHUCIO 3HAK
HEpaBEHCTBA MEHSETCS Ha MPOTUBOIIOIOKHBIM.

B cootBeTcTBUUM C 3TUM pelIeHHE JIMHEWHBIX HEPABEHCTB, B 3aBUCHMOCTH OT 3HAYEHUU
kodpduuuentoB k u b, mpencrasneHo B cneayromeit Tadbmure 1.

Tabnuia 1. — Perenne HepaBeHCTB MEPBOM CTENEHU

kx+b>0  [kx+b>0 [ kx+b=0  [kx+b<0
k>0 3HaK HEPABEHCTBA COXPAHSIETCS
b b b b
X2—— X - — XE—— X< ——
K K K
k=0, b<0| & & XE(—0j+ ). | XE(-0;+ ).
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k=0, b=0 | xe(-w;+w). | & X e(—w0;+ ). |
k=0, b>0| xe(-w;+w). | xe(-w;+w). | & (2
k<0 3HaK HEpPaBEHCTBA MEHSIETCS] HA IPOTHUBOIOJIOKHBIN
b b b b
X<—— X<—— Xz2—— X>——
k K k

CucTeMbl TUHEUHBIX HEPABCHCTB
PaccmoTpum pelieHne cucTeM JTMHEWHBIX HEPABEHCTB Ha IPUMEPAX.

2x-3=0,
—3x+11=0

[Tpumep 1. Pemnth cuctemMy HEpaBEHCTB
Pemenue. Pemm kaxioe U3 HEpaBEHCTB CUCTEMBbI:

3

=

2x-320, 2x 23, =3
= =

“3x+11>0, x> -11, 11

x-:::;.

N300pa3uB Ha omHON KoopauHaTHOW mpsimor (Puc. 1) 00a TOYEHYHBIX MHOXKECTBA,
COCTaBIISIIOLIUX MOCIEIHIOI0 CUCTEMY, MTOJIy4aeM OTBET IpUMepa.

S5x+4<0,

{—Zx -7 20.
[Tpumep 2. Pemnth cucteMy HEpaBeHCTB

Pemenue. Pemnm kaxioe u3 HEPAaBEHCTB CUCTEMBI:

5x+4<0, Sx<—4, -y
o o

_2x-7 =0. _2x27, 7

X=——.

2

N300pa3uB Ha omHON KoopauHaTHOW mpsimod (Puc. 2) o06a TOYEUHBIX MHOXKECTBA,
COCTABJISIFOIIUX TOCIEAHIOI CUCTEMY, IIOJIy4aeM OTBET MPUMeEpA.

N300pa3uB Ha omHON koopauHaTHOW mpsimod (Puc. 1) o6a TOUEUHBIX MHOXKECTBA,
COCTABJISIFOIIUX TMOCIEAHIOI CUCTEMY, ITOJIy4aeM OTBET MPUMeEpA.

%

— X
_f _40
2

]

Puc.2
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XE|— o ——
2

Ortser:
[Tpumep 3. Pemuth cucteMy HEPaBEHCTB

6x-7 >0,
4x+13 < 0.

Pemenne. Pemmm KaXX10€ U3 HCPABECHCTB CUCTEMBI:

6x-—-7 =0, 6x =7,
e e
4x+13 <0, 4x <-13, 13

N300pa3uB Ha oaHON KoopauHAaTHOW mpsimMoii (Puc. 3) o00a TOYEUHBIX MHOXKECTBA,
COCTaBJIAIOLIMX MOCIETHIOK CUCTEMY, I10JIy4aeM OTBET IPUMEpa

2, KT
_13 07
4 6
Puc.3
OTBeT: (&
Omnpenenenue
Ksaopamnoe ypaenenue — 3TO ypaBHEHHE BUIA ax> + bx + ¢ = 0, rTme

KO3 ULMEHTHI a, b U ¢ — MPOU3BOJIbHBIE YKCHa, TprueM a # 0.

IIpexxne, ueM u3ydaTb KOHKPETHBIE METOJbl PEIICHHUs, 3aMETUM, YTO BCE KBaJpaTHBIE
YpaBHEHHUS MO>KHO YCJIIOBHO pa3/IeUTh Ha TPU KJlacca:

He nmerot xopHei;

HMeroT poBHO OJIMH KOPEHB;

HwMeroT aBa pa3nu4HbIX KOPHS.

JIuckprMHUHAHT

Onpenenenue

IlycTh naHo KBaapaTHOE ypaBHeHue ax’ + bx + ¢ = 0. Torna ouckpumunanm — 3To mpocTo
yucio D = b* — dac.

Oty dopmyny Hamo 3HaTh Ham3ycTh. OTKyna oHa Oepercss — celyac HEBaXKHO.
BaxHo napyroe: mo 3HaKy AMCKpPUMHHAHTa MOXHO OIPEAEIUTb, CKOJIBKO KOpPHEH HMeeT
KBaJIpaTHOE ypaBHEHUE. A UMEHHO:

Ecau D <0, kopHel HeT;

Ecmu D = 0, ecTe pOBHO OZIMH KOPEHB;

Ecnu D > 0, xopHeit Oynert 1Ba.

OOpaTtuTe BHUMaHue: TMCKPUMUHAHT YKa3bIBae€T Ha KOJIMYECTBO KOPHE, a BOBCE HE Ha UX
3HAKH, KaK IOYEMY-TO MHOTHE CUMTAIOT. B3IIIIHUTE HA IPUMEPHI — MU CaMU BCE TIOWMETE:!

3amaua

CKOJIbKO KOpHEW UMEIOT KBaJIpaTHbIE YPaBHEHUS:

xX2—8x+12=0;

5 +3x+7=0;

xX—6x+9=0.

Pemenne

Bremmumiem ko3 uIMeHTHl AN TEpBOTO  ypaBHEHUS © HaWJIeM JUCKPUMHHAHT:
a = 1, b = =8, c = 12;

D=(-8%-4-1-12=64-48=16
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Wtak, MTUCKpPUMHUHAHT TMOJIOKUTEIbHBIA, MO3TOMY YpaBHEHUE HMMEET JBa pPa3IUUYHBIX
KOpHsI. AHaJIOTMYHO pa30upaeM BTOpOE ypaBHEHUE:

a=5b=3;,¢c=7,

D=32-4-5-7=9-140=-131.

JIMCKpUMMHAHT OTpULIATENbHBIN, KOpHEN HeT. OcTanoch MOCIEHEE YpaBHEHUE:

a=1;b=-6;c=09;

D=(-6%*-4-1-9=36-36=0.

JIMCKpUMHHAHT paBeH HYJII0O — KOpPEHb Oy/eT OJIUH.

OTtser

1) 2 xopHs; 2) HET KOpHEH; 3) OAMH KOPEHbD.

Kopnu kBagpatHOro ypaBHEHUS

—b++D —b—+D
1 2a 2 2a
Korna D = 0, MOHO HUCII0JIb30BaTh JIO0YIO U3 3TUX POPMYI — MOIYUUTCS OAHO U TO XKe
4KCI0, KOTopoe u 0yneT orBeToM. Hakoner, ecnu D < 0, KopHE# HET — HUYEro CYUTATh HE HAJIO.
3anava
Pemnth kBagpaTHBIC YpaBHEHUS:
X2 =2x—-3=0;
15-2x—x*=0;
¥ +12x+36=0.
Pemenue
IIepBoe ypaBHEHuE:
X-2x-3=0=2a=1;b=-2;c=-3;
D=(-2—-4-1-(-3)=16.
D > 0 = ypaBHeHue umeeT JBa KopHs. Haiinem ux:
2 +416 ; 2 —+16 .
T T R T T
Bropoe ypaBHeHue:
1I5-2x—-x*=0=2a=-1;b=-2;c=15;
D=(2%-4-(-1)-15=64.
D > (0 = ypaBHeHHE CHOBa UMeEET JiBa KopHs. Haiinem ux:

_2+4/64 _2-464
T 2-(-1) S 2-(-1)

Haxkower, TpeTbe ypaBHEHHUE:

XX + 12x + 36 = 0 = a = 1, b = 12, ¢ = 36
D=122-4-1-36=0.

D = 0 = ypaBHeHHE MMeeT OJWH KOpeHb. MOXXHO HCIOIIb30BaTh 0Oy (Gopmymy.
Hampumep, nepsytro:
-12++/0

2-1

X1 —2; X3

X =

OtBeT

Dxi=3;x=-1;2)x1=-5;x=3;3)x=-6.

Hemnonnasie kBagpaTHbIe ypaBHEHUS

beiBaer, 4To KBaJgpaTHOE YpaBHEHHE HECKOJBKO OTJIMYAETCA OT TOro, 4YTO JaHO
B onpenenenun. Hampumep:

x>+ 9x=0;

x> —16=0.

HecnoxxHo 3aMeTUTh, YTO B 3THUX YpPaBHEHHUSX OTCYTCTBYET OJHO M3 cllaraeMbIX. Takue
KBaJpaTHBIC YPaBHEHUS PEIIAIOTCS JaKe JIerde, 4YeM CTaHAapTHRIC: B HUX JaXKe HE MOTpedyeTcs
CUUTATh TUCKPUMHHAHT.
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Omnpenenenue

VpasHenue ax’ + bx + ¢ = 0 Ha3bIBAETCS HENOTHLIM KEAOPAMHBIM ypasHeHuem, eciti b =0
wi ¢ = 0, T.e. KOOQPHUIKUEHT MPH MEPEMEHHON X WM CBOOOIHBIN JIEMEHT PaBEH HYIIIO.

Pazymeercs, BO3MOKEH COBCEM TsDKETBIN ciydal, Korjna 006a aTux ko3p@uiirenta paBHsl
nymo: b =c = 0. B a3tom ciyuae ypaBHeHHe npuHAMaeT By ax> = 0. OueBHIHO, TAKOE YPABHEHHE
MMEET €JUHCTBEHHbIN KOpeHb: X = 0.

PaccmoTpum octanbble ciaydau. Ilycte b = 0, Torga mojgyduM HEMOJIHOE KBaJpaTHOE
ypaBHeHue Buja ax* + ¢ = 0. HemHoro npeo6pasyem ero:

2 7 C C
ax“+tc=0=2x"=——=2x=+ |——
a a

[Tockonbky  apudmeTHuecKkuil  KBaApaTHBIA  KOpPEHb  CYHIECTBYET  TOJBKO
U3 HEOTPULATEIbHOIO 4YMCJA, IIOCIEJHEE PABEHCTBO MMEET CMBICI HCKIIIOUUTEIBHO
npu (—c/a) > 0. BeiBox:

Ec/u B HENOJIHOM KBaJpaTHOM YPaBHEHMH BHA ax’ + ¢ = ( BHIIOJHEHO HEPABEHCTBO
(—c/a) = 0, xopueit 6yner na. Dopmyna qaHa BBILIE;

Ecmu xe (—c/a) < 0, kopHEel HeT.

Kak Bunute, TUCKPUMHHAHT HE MOTPEOOBAJICS — B HEMOJHBIX KBAaJIPATHBIX ypaBHEHUSX
BOOOIIE HET CJIOXHBIX BbUMCICHHWH. Ha camom [neme pake HeoOsS3aTENbHO TOMHHTH
HepaBeHCTBO (—c/a) > 0. JIoCTaTOYHO BBIPA3UTh BEIUUUHY X° M IOCMOTPETh, UTO CTOUT C JAPYroif
CTOPOHBI OT 3HaKa paBEHCTBAa. EciM TaM MOJOXKHUTENbHOE YHMCIO — KOpHEH Oyxer nBa. Ecim
OTpHUIaTeNIbHOE — KOPHEH He OyaeT BoooIIe.

Teneps pasbepeMcs ¢ ypaBHEHUAMHU BUa ax’ + bx = 0, B KOTOPBHIX CBOOOIHBIN 3JIEMEHT
paBeH Hymt0. TyT Bce mpocTo: KopHel Bceraa Oynaer aBa. JlocTaTOYHO pa3lioXUTh MHOTOWIECH
Ha MHOXKUTEIIN: ,

ax*+bx=0=x-(ax+b)=0=>x,=0; x, = ——
a
HpOI/I3Bez[eHI/Ie paBHO HYIIIO, KOT'J1a XOTH OBl OJWH U3 MHOKHUTEIIEeH PaBEH HYIIIO. OTCIO,Z[a

HaXOJATCs KOpHU. B 3akimtoueHne pazdepeM HECKOJIBKO TaKUX YpaBHEHHI:

3anaqa

Pemmnts kBagpaTHbIE ypaBHEHUS:

xXX=Tx=0;

5x% +30=0;

4x* —9=0.

Pemenue

X=Tx=0=>x-(x—7)=0=2>x1=0;x2=—(-7)/1=17.

5x> + 30 = 0 = 5x* = =30 = x? = —6. KopHeii HeT, T.K. KBaApaT HE MOKET OBITH PaBeH
OTPULIATEIILHOMY YHCITY.

4 -9=0247=9=>x"=9/4>x=32=15x2=-15.

OtBer

x1=0; x2 =7; 2) xopue# HeT; 3) x1 = 1,5; x2 = 1,5.

Pemienue KBaapaTHYHBIX CHCTEM YPABHEHMH

o X—=ry= 19
IIpumep 1. Pemute cucreMy ypaBHEHHI .,
X +y =41.
Pemenue. BrlpazuB X U3 IepBOro ypaBHEHMs CUCTEMBI U MOJCTABUB BO BTOPOE, MOJIy4YUM
x=y+],
2y° +2y—40=0.
PaBHOCHJIBHYIO CUCTEMY Y Y (1)
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Pemas BTOpoe ypaBHeHue cucrembl (1), HaxoauM JBa 3HAYEHUS MEPEMEHHON Y:

=4, :_5, IIOJICTABJIsAs ATH 3HAYEHUS B IIEPBOE ypaBHEHME cucTemsl (1), momydaeM naBa

3HAYCHHS TIEPEMEHHOI X: 1 5%, =—4

Otsert: (5; 4),(-4; -5).
L |2x-3y—-xy=4
IMpumep 2. Pemnts cucreMmy ypaBHEHUH
3x+y+3xy=3
Pemenue. Cpa3y BbIpa3uTh OJHY IEPEMEHHYIO dYepe3 JAPYryl0 B JIaHHOM Cllydae
3aTpyJHUTENIbHO, MelIaeT cjaraeMoe Xy. YToObl M30aBUTHCS OT ATOrO CIAraeMoro YMHOXKUM
IepBOEC ypaBHEHHUE CUCTEMBbI Ha 3 M CIIO)KMM CO BTOPBIM ypaBHeHHEeM. Ilpu sToM momydum
o 2x=3y—-xy=4,
PaBHOCWJIBHYIO CUCTEMY ypaBHEeHUM 1~ ... 2)
9x—-8y=15.

15+8
%3 BTOPOI'O ypaBHeHI/I}I nonyqaeM: X=Ty. HO,Z[CTaBI/IB 9TO BBIPAKCHHUC B IICPBOC

5+8x 15+8y

ypaBHEHUE CHCTEMBI (2) MOIyYrM ypaBHEHHUE 21T—3 y—y =4 . IlpeobpazoBas ero,

TIOJTyYMM KBAJpPaTHOE ypaBHEHHE OTHOCHUTENHHO y: 43° +13y+3=0. KopHu TOr0 ypaBHEHHS

1 13
Ww=-3y,= R HOJICTaBUM B OPMYITy AJIS X, ¥ IOMYyIUM X, = —1,x, = —.

Otser: (-1; -3),(13/9; -1/4).
x*(x+y) =80,
x*(2x—3y)=80.
Pemenne. B 151eBBIX 4YacTsIX ypaBHEHHHM CHCTEMBI CTOST IIPOM3BEIACHUS [IBYX

COMHOXUTEJIEH, a CIpaBa YUCJIO OTJIMYHOE OT HYJA, MO3TOMY, OYEBUIHO, HU OJHUH U3
COMHOJKMUTEJIEH JIEBBIX YacTel ypaBHEHHH HE MOXKET OBITb paBeH Hy0. Takum o0Opaszom,

IIpumep 3. Pemuts cucremy ypaBHEHUN

nonygaem, 9to X 7 O 2x—3 y#=0=>x# —% y . Paznenum nepBoe ypaBHEHUE CUCTEMBI Ha BTOPOE
MOYIEHHO, B CHJIy CJIIETaHHOTO BBIIIE 3aMEYaHMs, TMOJYYHMM PABHOCUIBHYIO CHCTEMY
x+y
2x—-3y T BripazuMm U3 miepBOro ypaBHEHHs IMOJYYEHHON CHCTEMBI BBIPA3UM X: x =4y .
x> (x+ ) =80.
[ToncraBuM 5TO 3HaY€HHWE BO BTOpOE ypaBHEHHWE CUCTEMBI W Haijgem y =1, torma x=4.
Ortgert: (4; 1).

KBanpaTHOe HepaBEeHCTBO — 3TO HEPABEHCTBO, B JIEBOM YaCTH KOTOPOTO CTOUT KBAJPATHBIH
TPEXYJIEH, B JIEBOM — HYJIb.

To ecTh, KBaipaTHBIC HEPABEHCTBA OBIBAIOT CIEAYIOIIUX BHUJIOB:

ax* +bx+c¢>0, a’+bx+c>0, ax>+bx+c<0, ax’+bx+c<0.

Pemmth kBagpaTHOE ypaBHEHHE MOKHO C TTIOMOIIIBIO METO]a HHTEPBAJIOB.

J1st 3TOTO HEOOXOIMMO CHAYaIa HAWTH KOPHU KBAJIPAaTHOT'O HEPAaBEHCTBA (BMECTO 3HAKA
HEpPaBEHCTBA OCTABUTH «=» U PEIIUTH ypaBHeHHUe ax> + bx + ¢ = 0). KopHeii MoxeT ObITH 1160
nBa, MO0 oauH, MO0 He OBITh BoOOIIE. JlanpHelne qeCTBUS 3aBUCAT OT KOJINYSCTBA KOPHEH:

1. Eciu ypaBHeHHe nMeeT Ba KOPHS, HEOOXOAMMO HAaHECTH UX HA YHCIIOBYIO MPSMYIO.
OHu pa3oOblOT €e Ha Tpud TOpoMexyTka. HyxkHo Oymer ompenenuTb  3HAKU
BBIPAKEHHS ax> + bx + ¢ Ha KaXKI0M U3 IPOMEKYTKOB (KOHKPETHBIH IPUMep PElIeH s Bbl MOKETE
IOCMOTPETh, BB/ B (hOPMY BBILIE KaKoe-TH00 HepaBEeHCTBO, HanpuMep 5x° + 2x — 7> 0):

- emu a > 0, TO 3Hakm Oymyr +, —, + (cmeBa  Hampasmo);
- eciu a < 0, To 3HAKM OyayT —, +, — (CJIeBa Hampago).
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B citydae, ecnu 3HaK HEpaBEHCTBA > WM >, OTBETOM OYAYT MPOMEXYTKH CO 3HAKOM «1».
Ecnu ke 3HaK < My <, TO OTBETOM OyAyT OTPHULATEIbHBIE IPOMEKYTKH.

Ecnu 3Hak HepaBeHCTBAa > WM <, TO TOYKU-TPAHUIBI [IPOMEXYTKOB 3allMCHIBAIOTCS B
KpyribIX ckoOkax. Ecim ke 3Hak > wiM <, TO IpaHUIbl NPOMEXKYTKOB 3aIMCHIBAIOTCS B
KBaJPaTHBIX CKOOKaX.

2. Ecin ypaBHeHHe HMeeT OJUH KOPeHb, TO HYKHO TAaK)K€ HAHECTH €ro Ha YUCIIOBYIO
TIPSAMYIO ¥ ONPEENUTh 3HAKU BBIPAKEHUsA ax’ + bx + ¢ Ha KaXKIOM U3 IPOMeXYTKoB. KopeHb
pas3enauT NpsIMyIO Ha JIBa IPOMEXYTKA, 3HAKU B KOTOPHIX OYIyT OJUHAKOBBIMU (B 3aBUCUMOCTH
ot ko3 dunmenra a):

- ecnu a > 0, To 3HaKkM OynyT +, +. B 3TOM cityyae, eciy 3HaK HEpaBEHCTBA >, TO OTBETOM
OyZeT Bcs 4uciioBas MpsMasi, KpOMe TOUKU-IPaHUIbl IPOMEXYTKa. Eciu jxe 3HaK HepaBeHCTBA >,
TO OTBET — BCS YKMCIIOBas npsimasi. Eciau 3Hak HepaBeHCTBa <, TO OTBET — [IyCTOE MHOXKecTBO. Eciu
3HaK HEpaBeHCTBa <, TO OTBET — OJHAa TOYKa — TpaHHULA MEXAY IPOMEXKYTKAMHU.
- ecu a < 0, To 3HaKu OynyT —, — B 3TOM ciydae, eciiv 3HaK HEpaBeHCTBA >, TO OTBETOM OyJieT
IIyCTOE MHOKECTBO. ECiu e 3HaK HepaBEHCTBA =, TO OTBET — OJJHA TOUKA — IPAaHUIIA TPOMEXKYTKA.
Ecnu 3Hak HepaBeHCTBaA <, TO OTBET — BCS YUCIIOBAsI IPsIMasi, KpOME TOUKH-TPAHULIbI TPOMEKYTKA.
Ecnu 3Hak HepaBeHCTBa <, TO OTBET — BCS YUCIIOBAs IPSIMas.

3. Eciiu ypaBHeHHMe KOPHell He HMeeT, TO HUYEro Ha KOOPAMHATHYIO OCh M HE HY)XHO
HAHOCHUTB: HaJI0 IPOCTO ONPEIEIUTh 3HAK BhIpaKEHHUs ax” + bx + ¢ Ha Bceii YncII0Boi NpAMOIi:

- ecii a > 0, To 3Hak OyneT +. B 3ToM ciryyae: eciiu 3HaK HEpaBeHCTBA > WIIM =, TO OTBETOM
OyZIeT Bcs yuciioBas npsiMas. B mpoTUBHOM citydae — eciu 3HaK < WK < — OTBETOM OyJIeT IyCToe
MHOXECTBO.

- ecin a < 0, To 3HaK OyzeT — B 3TOM citydae: eciy 3HaK HEpaBEHCTBA < MIIU <, TO OTBETOM
Oyzer Bcst uucioBas npsiMast. B mpoTUBHOM ciydae — eciii 3HaK > WIN > — OTBETOM OyJieT MycToe
MHO’KECTBO.

IIpumep 1. PemuTs HEpaBEHCTBO 2% +4x — 6> 0.

KBajpaTHeiii Tpexwien 2x> + 4x — 6 uMeeT JBa AeHCTBUTENBHBIX KOPHS X1 = —3, X2 =1.
[TosTomy napa6oa y = 2x> + 4x — 6 nepecekaeT 0ch X B JIBYX TOUYKaX, a0CIMCChI KOTOPHIX PABHbI
—3 u 1. TTockonbky ko3 puuueHT npu x> 6oIbIe HyIs, mapabosa y = 2x> + 4x — 6 HanpaBlieHa
BBEPX

U3 pucyHKa BUHO, YTO TpexXulieH 2x° + 4x — 6 MON0KHUTeNeH IpU X < — 3 1 1pu X >1.

IIpumep 2. Pemmth HEpaBEHCTBO

—x*+x—1>0.

JIMCKpUMHHAHT KBaJIpaTHOTo TpexuneHa — x> + x — 1 otpunarenen: D = —3. [Tostomy
TIPH BCEX X 3HAYEHHS GYHKIUH y = — x> + X — | UMEIOT OJIMH U TOT K€ 3HAK, & UMEHHO 3HaK
ko3 duimenta npu x%, To ecTh mMunyc. CleoBaTeNbHO, HEPaBEHCTBO — X° + x — 1 > 0 He
BBITOJIHACTCS HA ITPU KaKUX 3HAYEHUSAX X.
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IIpumep 3. BBISICHUTE, IPH KaKUX 3HAYEHUSAX X JPOOb
¥ 4-2x =3
2y — 3

IMOJIOKUTCIIbHA W TIIPU KaKUX — OTpULATCIIbHA.

CHavana yka3aHHBIM BBIIIE CHOCOOOM OINpEACTNM 3HAKH YHCIUTEIS U 3HAMEHATes
JAaHHOM Ipo0H, a 3aTeM CpaBHUM HUX.

Yucmutens x* + 2x? — 3 MOI0XKHUTeNeH Opu X < —3 U TIpH X > 1, a oTpunaTenes npu
—3 <x <1 (puc. BepXHss YUCIOBas OCh).

4-3-2~1 0 1.2 3

i i
A
0 b4

3nameHaresb 2x — X* nojoxureneH npu 0 < x < 2 u oTpunareneH npu x < 0 u npu x >2
(puc. , HYDKHSS YKrCIoBast ochb). VI3 pucyHKa BUIHO, YTO JJaHHAs IPOOb OyNET MOJ0KUTEIbHA TIPH
— 3 < x < 0 (B 7TOM cCiy4yae 4YMCIUTENIb W 3HAMEHATelb OTPULATEIbHBI) WU IpPH
1< x <2 (B 3TOM CiTyyae YUCIHUTENb U 3HAMEHATEJb MOJIOKHUTEIBHBI); OTPUIIATEILHOIM OHa Oy/er
npu X <. —3 (YUCTUTENH TOJIOKHUTEJICH, 3HAMEHAaTeb oTpuIaTeseH), npu 0 < x < 1 (yuciaurens
OTpHULIATENICH, 3HAMEHATEIb TIOJIOKUTENIEH) U TIPU X > 2 (YUCITUTENb MTOJIOKHUTEIICH, 3HAMECHATEIb
OTpHUIIATEIICH).

Pemienue 3aganuii:
Nel. Pemuth nanubie cuctembl HepaBeHCTB (No 179 —184):

2—1>1, 5x 43>8,
179. 181.
{ 3—x>0. {U,T—Sxé—ﬁ.ﬁ.
18&{!—-—21‘{—9. 182. {QI—-S}I-—S.
3x 4 1 < 13. 4x+3>8—x.
183, {3):-]—7‘,;»9—{—2& 184. {x+4{2x'
5+ x> 21 4 2. | —x>—2
Ne2. Pemnth HepaBeHCTBa:
2x+3)(2—2x)>0.
2—m) (2x—15) (x+4)>0.
x>%,
3x -4 >0, 3x >4, 3 . & 4
i sev650, |50 -6 _||F7 75 777
Gr-d)Gr+e)>0e 07 e e >x<i @x<—E
Sx+ 60, Sx -6 ) 3 5
&
T4 -—=;
| 5

Ne3. Pemnth ypaBHEHUS:

1. x*-8x*-9=0

2. x*—15x*-16=0

3.(x* =2x-5)"=2(x* =2x-3)-4=0
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Ne4. Pemnth cucTeMbl ypaBHEHHMN:

! xy =2,
lox? 42 =13.

2
X +y=2
2. Y
Y 4+x=2
1 + 1 =2,
+ p—
3 x3y x4y
+ =7
X+y x+y

No5. Peminth jaHHbIE HEPABEHCTBA:

1. x> —4x+3>0. 5.xF +x+1<0.

2. x> —6x+5<0. 6. x> —x+1>0.

3. —5x*+3x+2>0. 7.x*—6x+10<0.
4. x(1—x)>0. 8. —3x? +2x+1>0.

Ne6. BpinonHuTh 3a1aHUs:

1. Pemmth HEpaBEeHCTBO:

8x?-6x+1>0

2. HaiiTn HauMeHblIIee TOJI0KUTENIBHOE LIEJI0€ PEILICHUE HIPABEHCTBA:
X2+ 2x>-3

3. Pemnth HEpaBEHCTBO:

¥ +3x+8=0

4. PemmuTh HEPaBEHCTBO:

X -dx+4>0

5. Pemnts HEpaBEHCTBO:

X -dx+4>0

6. HaiiTi Bce 3HaueHus X, HE SABJISIOLINECS PEIICHUEM HEPABEHCTBA:
x¥’>16

IIpakTyeckas padora Ned

Tema 1.4: dyuxuuu: auHeiHast, o0paTHas NPONOPIUOHAIBHOCTh, KBaApaTUYHas

byHKIUS
easn: 3akpenuTh y yyaluxcs 3HaHUS ¥ YMEHUSI IOCTPOeHUS TpaduKoB (PyHKIIHIA

Teopernyeckas 4acThb:

CaoiicTBa nuHeiHON QyHKIUU Yy = kx + b.

1. O6nacTh onpeneneHust GYHKIIMA — MHOKECTBO BCEX JIEHCTBUTEIBHBIX YHCEI.

2. OO6nmactp HW3MEHEHHUS (QYHKIUU TP YCIOBUH, 49TO0 k # 0 — MHOXKECTBO BCexX
neiicrButenbHbIX uncen. Ecan k = 0, TO MHOXeCTBO 3Hau€HUH (QYHKIUM COCTOMT M3 OJHOM
TOYKH b.

3.1lpu k # 0, b # 0 dpyHKuus He sIBIISIETCA HU YeTHOM, HU HeueTHO. Ecm k = 0 (b moboe)
— (pynkumst yetHas. Ecrm b = 0 (k mo6oe) GpyHKIus HeueTHas.

4. IMpu k > 0 dysaxmmst Bozpacraet mpu 100X x. [Ipu k < 0 pyrkmus yosiBaet npu
mo6bIX x . [lpu k = 0 yHKIMA OCTOSTHHA.

Ilpumep. Iloctpoutsb rpaduk GyHKIUU y=2x+ 4.
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Pewenue. I'padukom sBiseTcs npsmMasi TuHus. [t €€ mocTpoeHus 10CTaTOYHO HalTh

TOUYKH TIEPECEUEHUs] C OCAMHU KOOPAMHAT: MpPH x=0,y=4 x=-2,y=0

A(0:4)  B(-20)

U Tpu . Takum

o0pa3om, npsiMasi IPOXOAUT Yepe3 TOUKU

|/
v=2x+d

/ |o
y= ax+b
OyHkIWMs BHUIA exX+d , rne @, b , € d _ IOCTOSIHHBIC YHCIIa, TpHdeM © #0

, ad # bf," Ha3bIBACTCS OpoOHO-uneinnon @ynxkyuen. OyHKMsS onpeneneHa BCIOIY, KpoMe

d
X =—==
3HAYCHUS €  Ecm 2= 0 , c=1 , d= 0, TO TOJIyYMM YaCTHBIN CiTydail APOOHO-TMHEHHOM
b
y=3 ~
byHKIMU X . O6nacts ompenenenus Takoi (yHKIMH X E{ tﬂ,ﬂ)U (ﬂ=+m). I'paduxom
y = b
KLU X sapisiercst KpuBas, COCTOANIAs M3 IBYX BETBEH, CHMMETPHYHBIX OTHOCHTEIBHO
YH p yX e1p

Hayajga KoopiauHar. Takas KpuBas HasblBacTcs cunepoonoi. Ecim b> 0, TO BETBHU THUIEPOOIIBI

pacrionoxkens!l B [ u III KoOpAMHATHBIX YETBEPTSX; €CIM Ke b<0 , To BO II m IV xoopauHaTHBIX
yeTBepTAX. [ unepbona He nMeeT OOIIMX TOUEK € OCSIMU KOOP/AMHAT, a JIUIIb CKOJIBKO YTOAHO OJIM3KO K

-b

HUM npubmpkaerca. DyHKUUSA X pevermas. Ha pucynke n3o0paxkeH  rpaduk

rUnepooIIbl x JUTSL CITydast b> 0
Y

A

2

y=ax“ +bx+c e Vo ¥ abc

OyHkuMs, 3a7aHHast GopMyIIoit — [IEPEMEHHBIE,

3a/laHHBIE YUCIIA, X+ ﬂ, HazbIBaeTCs Keaopamuunou @ynkyueir. OOIaCTbiO ONpeAeTEeHUs
KBaJIpaTUYHOM  (YHKIMH  SBJISIETCS MHOXECTBO  JEHCTBUTENbHBIX uHcel. ['padukom

2

y=ax“ +bx+c

byHKIIUN sBasiercss napadona. Ecmm @ }U, TO BETBU MapaboIIbI

HATIpaBJICHbI BBepX; ecinn @ < U, TO BETBU Napabojibl HampamieHbl BHU3. OCbIO CUMMETPUU
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b

X =

napaboIbl SBISETCS TPSIMast 2‘1. Koopaunatel BepimHbI MapaboIibl ONPEACTISIOTCS 110
b [ ] dac —B°
X =—— = X = e =
2a Yo =¥ X A

dbopmynam

Jlnst mocTpoeHus napadoiibl yioOHO BIOPATh CIEAYIOUINE TPU TOUYKH:

a) TOYKY TepecedeHHsi Mapadobl ¢ OChIO Oy’ npu x=0 MOJTYyYUM y =C’ TaKUM
0o0pa3omM, repBasi Touka C(ﬂ,ﬂ') ;
0) Touky Ha mapaboie mpu y=¢ , TO €CTh TUOO TOYKY ¢ abcuuccoi x=0 (Touka
x=-5 s(0sc)
C), mubo Touky c abcruccon @  taxum 0Opa3om, BTOpas TOUKa l .
__b
B) BEPLIMHY napa0oJibl TOYKY A(I[j:y[:') , rae ID N _E
_dac—b°

=y X
Yo =7 ( 0 4a
MOXHO Takk€ B Ka4€CTBE OCHOBHBIX TOYEK BBI6paTb TOYKHU IICPCCCUCHUA napa6om>1 C

o _—btb* 4ac _—b+D

1.2
OCBhbIO O.-t , ) za za , €CJIM TaKHUC CYHICCTBYIOT, TO €CTb
AUCKPUMHUHAHT KBaJIPpATHOT'O TPEXYJICHA HCOTpHHaTeHBHLIﬁ.

2
ITpumep. Iloctpouts rpaduk GyHKIUU Y= 2x%+2x+2 .
Cl0,2) B(-1;2) A(-0,51,5)

3

OTMeTHM TpU TOYKH . BerBu mapaboibl HarpaBieHbI

BBEpX (a = 0) [Tapabona cuMMeTprYHa OTHOCUTENBHO MPSIMOM x= _0 ’5
Y ;
X
D

Pemenue 3aqanmii:

Nel. IToctpoiite rpaduku QyHKIIMIA:
ly=3x+4

2y = %x -1

3.y=5—4x

42y —4x =6

53x +4y =2

® N o
= K <
Il
RIRPRINR W
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2
9.y = - ; +22

10.y =4+ -

Neo2. TToctpoiite rpadku KBaAPATUIHON (YHKITHH:
1. y=x2—4x+3. 5. y=x2 +x+ 1.

2. y=xX’—6x+5. 6.y=x> —x+1.
3.y=—5x2+3x+2. 7.y=x2—6x+]0.

4. y=x(1—x). 8.y=—3x +2x+1.
Ne3. Tloctpoiite rpaduku GyHKITHN:

l.y=4x—-5

2.y=3—-x

3. y = - ;

Ne4. TToctpoiite rpaduku KBaAPAaTUIHON (YHKIIHH:
1. y=8x’-6x + 1

2.y=-x>+2x +3

3.y=x? +3x + 8

4. y=x-4x+4

5.yv=x’-4x+4

IIpakTuyeckasi pabora NeS
Tema 1.5: ['eomeTpust Ha IOCKOCTH
Heab: Onpenenuts HampaBlIeHUs MPAKTUYECKOTO MPUMEHEHHs 3HAHUH IJIaHUMETPUU B
po(hecCUOHATILHON e TENbHOCTH.

Teopernyeckas 4acThb:

I'ne BcTpeuyarorcs reomerpuyeckue GUIypbl B Hamei Ku3Hu?

Kaxxnprit 3 Hac — ¥ B3pOCIbIN, U PEOCHOK — 3aMeyasl, Kak MHOTO T€OMETPHUYECKUX
buryp cymecTByeT BOKpYr Hac. Mbl BCTpedaeMcsi ¢ HUMHU Be37le, BO BCEX OKPYXAIOIIUX Hac
npeaMerax.

JIronn MaBHO 3aMHTEPECOBAIMCH pPa3HOOOpasueM reomerpuueckux ¢uryp. Emé s
NEPBOOBITHBIX JIOAEH Ba)KHYIO pOJIb Urpaja (opMa OKpYKaBIIUX MX IpeameToB. OnaaeBas
MHUpPOM, JIOAM 3HAKOMWINCH C MpocTeHmuMH reoMerpudyeckumu ¢opmamu. CHayana OHU
U3TOTaBIMBAJIN OpYyIUs TpyJla OTHOCUTEIBHO MNPaBUWIbHOM (OPMBI, MOTOM HAYYMIIUCh HX
coBepIIeHCTBOBaTh. CrelManbHbIX HAa3BaHUHM JJI T€OMETPHUUECKUX (Uryp TOIr/a, KOHEYHO, He
ObL10. VIX mpuayManu 3HauuTeNbHO o3xe. Korna o crainy CTpouTh J0Ma, UM IPUILIIOCH e1lé
riry0xe pa3Ouparbcsi B 0OCOOEHHOCTSAX Pa3HbIX (UTyp, 4TOOBI MOHATH, Kakylo (Gopmy ciexyer
IpHUIaBaTh CTE€HAM M Kpblllie, Kakoi (OpMbI JOJKHBI ObITh OpEBHA WIIM KaMEHHbIE IIbIOBI. Cam
TOTO HE 3Has, 4YeJIOBEK BCE BpeMs 3aHUMANICAd HM3ydeHHEM (UTryp: KEHIIUHBI, W3rOTaBIHUBas
OJIeX/1Y, OXOTHUKM — HAKOHEUHUKH JUIsl KOMUN WIIM OyMEpaHTu CII0KHON (OpPMBI, PHIOOJIOBHI,
Jienasi Takue KproUKH U3 KOCTH, YTOOBI PbIOa C HUX HE CPhIBAJIACh.

N B coBpeMeHHOM Mupe 6€3 ITHX 3HAHUI HE MPOXKUTh.

I'ne :xe BcTpedaroTcsi reomeTpuyeckue (pUrypbl B HaLIen sKU3HA ?

Bo03MOXHO, KTO-TO CUUTAET, YTO PA3IMYHBIE TUHUHU QUTYPBI «BOJATCSI» TOJIBKO B KHUTAX
y4€HBIX MaTeMaTukoB. OHAKO, €CIM MOCMOTPETHh BOKPYI, CTAHOBUTCS IMOHSTHO, YTO MHOTHE
npeaMeTsl UMeroT (opMy, MOX0XKYI0 Ha OCHOBHBbIE reomeTpuyeckue ¢urypsl. [Ipocto mbl He
BCerJa HTO 3aMedyaeM. Hemano 3aMedarenbHBIX TE€OMETPUYECKUX (UTYyp BCTpedaeTcs B
OKpyXxaroliei Hac mpupojie. [lose umeer popmy npsIMOYTOIbHHKA, peKa — KPUBOM JIMHUH, 03€PO
— KpYyTra, KpUcTayu1 coiau — (Gopmy KyOa, 0ObIYHasi TOPOIIMHKA, Kanelbka pockl — (GopMy Liapa.
Kpacupbl 1 pa3HOOOpa3HbI MHOTOIPAaHHUKH — KPUCTAJUIBI TOpHOTO XpycTais. Ho u B mpuBbIYHON
’KM3HM OCHOBHBIE '€OMETpHUYECKHE (PUTypBl TOKE MOBCIOAY. JTO 3[aHUA, CTPOCHUS, TPAHCIIOPT,
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MHTEphEp KBApTHUPBI, Ja)Xke MOocyla U MpeaAMeTsl ofexasl. K mpumepy, skeHckas r00ka — 3T0
Tpamneuus, Tapeaka — Kpyr, 1OM — KBaJpaT U TPEYrOJbHUK, a B TPyOe — IMIUHID.

3HaTe Bce (UTypHl, UX BUJBI, Ha3BaHUS M CBOMCTBA OYeHb BakHO. CHCTEMaTH3HpYyET
3HaHHUSA O TEOMETpPHUYecKUX (uUrypax M HM3y4daeT HX CBOWCTBa MareMaTH4ecKas Hayka —
reomerpus. Hayka s3Ta oueHp BakHas, €€ MPUMEHEHHE MPOCTO OECLlEHHO BO BCE BPEMEHA U
He3aBUCHUMO OT npodeccuu. bes 3HaHmii reoMmeTpun He 0OXOIUTCS HU pabOUuuil, HU UHKEHED, HU
apXUTEKTOP, HU XyJ0KHUK. /1 0ueHb Ba)KHO HA4aTh OCBAaUBaTh 3Ty HAyKy B paHHEM BO3pacTe.

Y Kakou ¢Urypbl 4 BepLUUHbBI?

3 ISMART

Bbibepu ocTpbie yribi.

_

3t ISMART

Hrak,
FEOMETP UMECKUE OUTYPbI
L
Touka Mpamasn Otpe3sok Nyuy Yron
TpeyroneHWK MpAMOYronbHNK OKpYXHOCTb Kpyr

IIpocreiimme BuAbI puryp

JIBe ocHOBHBIE (HUTYpBI — ATO TOYKa M JIMHUs. CKOIUICHHE TOYEK W JIMHUN o0pa3yer
pasnuyHble reomerpuueckue ¢urypsl. Kaxkaas w3 HUX MHIUBHAyaJbHA, OTIMYAETCS CBOMMH
napaMerpamMu, uX (OopMbl OYeHb pa3HOOOpa3Hbl. PUTYpbl OBIBAIOT MPOCTHIMU M CIIOKHBIMHU,
IUIOCKUMH U 0OBEMHBIMHU.

Touxa

Touka — 3TO camblii MUHUMAaJIbHBIA, HO B TO K€ BpEMsl CaMblii TJIAaBHBIH OOBEKT B
reoMeTpuu. OTO camas Majias reoMeTpudeckas (urypa, Ho MMEHHO OHa HeoOXoauma JUls
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MOCTPOCHUS IPYTUX (PUTyp Ha MIOCKOCTH U SBISETCS OCHOBOM st Beex Apyrux ¢uryp. OHa He
COJICP’KUT TAaKMX CBOMCTB, KakK JJIMHA, BBICOTA, O0OBEM, IUIONIA[b, HE UMEET H3MEPHUTEIbHBIX
O0COOCHHOCTEH M XapaKTepUCTHK. BaxkHO TONBKO TO, T/Ie OHA pacmonoxkera. O003HaYaeTCst TOUKa
3arjaBHOM OYKBOM JlaTHHCKOTO andauta b0 urciaom. Hanpumep, A, B, C wiu 1, 2, 3.

Bcesikas Gonee cioxHas reoMeTpudeckas Gurypa — 3TO MHOXKECTBO MOueK, KOTOPHIC
00J1a/1a10T ONPEICIIEHHBIM CBOMCTBOM, XapaKTEPHBIM TOJIBKO Ui 3TOU (QUTYPBHI.

CaMbIMH TPOCTEUITUMU (PUTYPAMU SIBIISTIOTCS Iy B OTPE30K.

e Jlyy — yacTh MNpsSIMOHM, Y KOTOPOH €CTh HauyajbHas TOYKA, HO HET KOHLA. IJTO
MIPOJIOJKEHHE B OJTHY CTOPOHY.

e  Ompe30x — COCTaBHAs YaCTh MIPSIMOIA, KOTOpas orpaHu4eHa IByMs ToukamMu. OH UMeeT
Ha4yaJio ¥ KOHEIl, I0ATOMY U3MepsieTcs. JIuHy oTpe3ka MOKHO OIPEeAeNIUTh, U3MEPUB PACCTOSIHUE
MEX/1y €ro KOHIIaMHU.

JIlunus

Jlunust oOpa3yercss U3 MHOXKECTBA TOYEK, MOCJIEIOBATENBHO PACIIOJIOKEHHBIX JIPYT 3a
JIPYroM W COEAMHEHHBIX MEXAy co0oi. JIuHMM OBIBAIOT 3aMKHYTBIMH W Pa30MKHYTHIMU,
IPSIMBIMU U KPUBBIMU, @ TAK)Ke JTOMaHBIMH.

e 3amkHymas — KOTrJa B OJIHOM TOYKE pAacIOJO)KeHa HaydajdbHas W KOHEYHAas 4YacTb
HanpaBieHus. V3 He3aMKHYTON JIMHUM MTOJTy4atoT oOpaTHBIN BapHUaHT.

Pazomxnymas — xorja Ha4ajio 1 OKOHYAHUE JTUHUU HE COCJIMHEHBI.
IIpsamas — HenpepblBHAS JTUHUS 0€3 U3MEHEHUH.

Kpuseas — otiinuHas OT NPSIMOU JIMHUU.

Jlomanas — xoraa coeIMHEHbI OTpe3KHu He noA yriaom 180 rpamycos.

\

Yepes 0/1HY TOUKY MOXKHO IPOBECTH OECKOHEYHOE YMCIIO JIUHUH, a Yepe3 JIBe — TOJIbKO
OJIHY NPSIMYIO U1 MHOXKECTBO KPUBBIX.

OcHoBHBIE reoMeTpHYeCKHe (PUrypsbl

Coenunénnbie MeXIay coOOW TOYKH OOpasyloT JIMHHH, a COSAMHEHHBIE MEXAY CO00i
JIMHUU — OCHOBHBIE T€OMETpHUYECKHE (PUTYPHI HA TIIOCKOCTH.

I'eomerpuueckue ¢urypsl OBIBAIOT IJIOCKHE WM JABYXMepHble (2D) u 00bEMHBIE
pOCTpaHCTBEHHbBIE, WU TpéxMepHble (3D). OHM orpaHMyYeHbI 3aMKHYTOM MOBEPXHOCTHIO CBOEH
Hapy’>KHOM I'PaHHUIIBI.

Ecnu Bce Touku (Urypbl HAXOJATCS B OJIHON MJIOCKOCTH, 3HAYUT, OHA SBJISIETCS TIOCKOM.
[Tnockue Qurypsl, KOTOpble 3HAIOT BCE: TOYKA, KBAJApaT, MPSMOYTOJIbHHUK, TPEYTOJIbHUK, KPYT,
HOJYKPYT, OKPYKHOCTb, OBaJI, pOMO, Tpamerus.

A ecnu y TeOMETpUUYECKON (PUTYPHI BCE TOUKH HE HAXOAATCS B OJTHOM TJIOCKOCTH, TO OHA
o0béMHas. K HUM oTHOCATCS 1map, KOHYC, HUIUHAD, chepa, MupaMuaa u ap.

Paz6epém mmockue Gurypsi.
Tpeyrojabuuk
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Tpeyzonvhuxk — 310 Qurypa, Koropas oOpasyercs, KOorja TpH OTpe3Ka COSAMHSIOT TPH
TOYKH, HE JISKAIINE Ha OJHOM MPSMOW. DTH TPU TOYKU HA3bIBAIOTCS BEPUIMHAMH, & OTPE3KA —
CTOPOHAMH.

EcTb Tpu BuIa TPpEyroabHUKOB:

o [IpamoyeonvHulil — KOTJIa OIUH YTOJI MPSIMOM, Ipyrue aBa MeHblie 90 rpaaycos.

Ocmpoyzonvusili — Koraa rpaayc ero yriaos Oounbiie 0, Ho MeHbIe 90 rpaaycos.
Tynoyzonvuelii — KOrJa OAUH yroJl TYIOM, To ecTh Oosbiie 90 rpaaycos, a JBa Ipyrux

— OCTpBIE.
TpeyronbHUKM UMEIOT CIELYIOLINE CBOMCTBA!

B TPEYrOJIbHHUKE HAIIPOTHB OOJIBILETO YIJia JEKUT OOJIbIIas CTOPOHA U HA00OPOT;
CyMMa YyTJI0OB TpeyrojbHUKa Bcernaa paBHa 180 rpagycam;

BCE YIJIbl PABHOCTOPOHHETO TPEyrojbHKUKa paBHbI 60 rpagycam;

B IPAMOYTOJBHOM TpPEYIrOJbHUKE KBaJpaT TUIIOTEHY3bl pPaBE€H CyMME KBaJpaToB

KaTeTOB (HO 3TO M3y4YaeTcs YK€ B CTAPILUX KIaccax).

Bepiunbl TpeyroasHUKOB 0003HAYAIOTCS 3aryIaBHBIMU OYKBaMU JIATHHCKOTO ajiaBuTa:
A, B, Cu np.

Ipumepsr mpeyeonvbHUKO08:

B 3)
1) 2)
M
T R
A C K
a) N Q
D F 5)
0 G
t
35 ISMART
OxpyxHOCTH
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OxpystcHocmbs — TeoMeTpudeckas Gurypa, oOpazoBaHHas 3aMKHYTOW KPHUBOH JHMHUEH,
BCE TOYKH KOTOPOH HaxXoJsATCS Ha OJMHAKOBOM OT IICHTPA PACCTOSHUM.

Kpyr

YacTh IUIOCKOCTH, HaXOASIIAsACs BHYTPU OKPYKHOCTH, Ha3bIBaeTcs Kpy2om. TO €ecTb,
OKPYXKHOCTh — 3TO TPaHMIIA Kpyra. A paccTOSHUE OT IIEHTPa OKPYKHOCTHU JI0 JHOOO0N TOUKHU Ha
Hell Ha3bIBaeTCs paanycoM. J(nameTp Kpyra — 3TO OTPE30K, KOTOPBIM COECIUHSET ABE TOUKH Ha
OKPYKHOCTHU U IPOXOJHUT 4epe3 €€ LeHTp. JluameTp Kpyra paBeH JIByM €ro paguycam.

IIpsAMoOYroJbHUK

IIpamoyzonvruk — 3T0 GUTypa, COCTOALIAsI U3 YETHIPEX CTOPOH U YETHIPEX MPSIMBIX YIJIOB,
Yy KOTOpOH:

e IIPOTUBOMNOJIOKHBIE CTOPOHBI PABHBI MEX]Y COOOM;

e JIMaroHAJIA PaBHBI U JEIATCA B TOUKE IIEPECEUCHHUS MOTI0aM;

* OKOJIO ITPSAIMOYT'OJIBHUKA MOYKHO OITMCATh OKPYKHOCTB € LIEHTPOM B TOUYKE IIEPECEUECHUS
€ro JuaroHajied U pajnycoM, KOTOPBIM paBeH IOJIOBUHE AUaroHasiei.

KBaapar

Keaopam — 310 TOT k€ MPSIMOYTOJIBHUK, Y KOTOPOTO:
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e BCE CTOPOHBI PaBHBI;

e BCE YIUIbl PaBHBI U COCTaBIAIOT 90 Tpanycos;

e JUAaroHaJIU PaBHBI U IEPIEHIUKYIIAPHEL,

e I[EHTPHl BIUCAHHOW M OINHUCAHHOM OKPYXHOCTH COBMAJAIOT U HAXOISATCS B TOYKE
IIEPECEUCHMS €T0 AUaroHaie.

Tpaneuus

YeTpIpEXyroapbHUK, y KOTOPOTrO JBE CTOPOHBI MapajulebHbl, a JBE — HeT,
Ha3bIBaeTCsl mpaneyuetl. Eciiu cymMMa JUIMH OCHOBaHUM Tpaneuuy paBHA CyMMeE JJIMH OOKOBBIX
CTOPOH, B HE€ MOXKHO BIUCATh OKPY>KHOCTb.

IMapajnesorpamMmm u pomMo

Ilapannenoecpamm — 4eTbIPEXYTOJIBHUK, TPOTUBOMNOJIOXKHBIE CTOPOHBI KOTOPOTO IONApHO
napauieNbHBI.

Pom6 — 310 napanienorpaMM ¢ paBHbIMH CTOPOHaMHU.
[TapanmnenorpaMm UMEET CIENYIOINE CBOMCTBA:

e TPOTHUBONOJOXHbIE CTOPOHBI U YIJIbl PABHBI,

e CyMMa JBYX JIIOOBIX cOCeTHHX yrioB paBHa 180 rpamgycawm;

e JIMaroHaJlu MEePECcEeKaroTCsa U TOUKOM MepecedeHus AesTcs Nomoam;
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e KaXKJas IMaroHalb JEIUT (GUTypy Ha JIBAa paBHBIX TPEYTOJIbHUKA.

OcHOBHbIE BeJIMYMHBI U UX (POPMYJIbI

Bce reomerpuueckne GUrypsl IMEIOT CBOU XapaKTEPUCTUKHU M COOCTBEHHYIO BEJTHUUHY.
CaMbIMH pacpOCTpPAaHEHHBIMU SIBJISIOTCS TAKME BEIMYMHBI KakK IUIOmanbs U nepumerp. OHu
UCTIOJIB3YIOTCS] B TIOBCETHEBHOM JKM3HU, B CTPOUTENILCTBE U B Ipyrux obnactsax. Hampumep, Bo
BpEeMsl PEMOHTa WJIM HOBOT'O CTPOMTEIbCTBA, KOJIMYECTBO HEOOXOIMMBIX MAaTepHalioB U 00bEM
paboT HE ONPENEIINTh, HE BHIYMCIUB 3apaHee MJI0LAAb U IEPUMETP.

IMepumerp

[lepumeTpoM Ha3bIBaeTCs 3aMKHYTas TpaHUIA IJIOCKOM TE€OMETPUYECKOH (HUrypsl,
KOTOpas OTAesieT e€ BHYTPEHHIOK 00sacTh oT BHewHel. [lepumerp ecthb y m1000i 3aMKHYTOM
reOMETPUIECKOi (pUrypsi:

I3 O I

35 ISMART

Ha pucyHke mepumerpsl BblIEICHBI KpacHOM JiMHMEHR. [lepuMerp OKpyKHOCTH 4acTo
Ha3bIBAIOT JJINHOM.

[lepumeTtp u3MepsieTcs B €qUHUIIAX U3MEPEHUS IJTMHBL: MM, CM, M, M, KM.

O6o03HayvaeTcs 3ariaBHOM JaTuHCKOM P.

Bbiuncienue nepumMeTpa M MJIOIAIN

Ilepumemp — 5TO JUIMHA 3aMKHYTOTO KOHTypa TeoMeTpuuecKoil ¢urypel. MoxHO,
KOHEYHO, U3MEPUTH JIMHEMKOMN JIUIMHBI BCEX CTOPOH M CIIOKUTh MX. HO Jydire BOCIosnb30BaThCs
crielManbHBIMH (POPMyIaMHU Uil BBIYMCICHHS IEPUMETPa, 3TO 3HAYUTEIBHO YIPOCTUT 3a/1ady.

o KBganpat: nepumerp =4 * cropoHa.

o TpeyronbHUK: IepuMeTp = cTopoHa 1 + cropoHa 2 + cTopoHa 3.

o HenpaBuibHbII MHOTOYTOJIBHUK: IEPUMETP = CYMME BCEX CTOPOH MHOTOYTOJIbHHKA.

o Kpyr: mnmHa okpyxkHocTu = 2 * m * paguyc = n * nuamerp (rze T — 3TO YUCIO MU
(koHCTaHTa, MpUMEPHO paBHasd 3,14), paguyc — 3TO AJMHA OTPE3Ka, COEOUHSIOLIETO LIEHTP
OKPYKHOCTH U JIIOOYIO TOUKY, JIEXKAIYI0O Ha 3TOH OKPYXHOCTH, AMaMETp — 3TO JIJIMHA OTpe3Ka,
MIPOXOJAIIETO Yepe3 LEHTP OKPYKHOCTH U COESTUHSIONIET0 JIF0ObIe IB€ TOUKH, JIeKAIue Ha 3TON
OKPY>KHOCTH).

JI1st BBIYUCIHEeHUS naowaou GUrypsl Takke moTpedyeTcs: cooTBeTcTBYIomas dhopmyna. K
pasHbIM (pUrypaM NPUMEHSIOTCS pa3Hble GopMyiibl. J[1s BEIYMCIEHUS TUIOMAAM CTaHAAPTHBIX
reOMEeTPUUECKUX (GUTYP MOKHO BOCIIOIB30BAThCS CIAEAYIOUIMME (pOpMyIamMu:

o [lapannenorpaMm: miomaab = OCHOBaHUE * BpICOTA
KBagpar: mmomrans = cropona 1 * cropona 2
TpeyronapHUK: MmiIomane = 2 * ocHOBaHUE * BBICOTA

o Kpyr: mnomans =t * paguyc? (rae paauyc —3To JJIMHA OTPe3Ka, COSIUHSIONIET0 HEHTP
OKPY)KHOCTH U JIIO0YIO TOUKY, JISKAIIYI0 Ha 3TOI OKpyXHOCTU. KBasipart paanyca — 3To 3HaUeHUe
paanyca, yMHOKEHHOE caMO Ha ce0s).

38



NnowAnb

5 =q*
d
. P=4a P — cyMMa CTOPOH (HLYPBI
Haa,;paT d=av2 d- gavxa gnaroHanu
d ; S=a+bh
= a i = ﬂ.z + bZ
NPAMOYFONbHUK
b & S=a-h
A% A /
AT S=a-b-sing  h—BbicOoTa
S=a~h
3
% S=a?-sing h — BblcoTa
1
pomb S= 3" dy-d, d, ud, — AUaroHanu
b a+b
S= -h  awub— ocnoanus
= 2
h h — BpIcOTA
a a+b
Tpaneyms M=—— = CPAHAA HHHUA
S = nR?
L=2aR=nD D-— auamerp
Kpyr L — pnnHa oKpyXHOCTH

A\
N
e

TPEYTONbHUK

~a-b-sing

‘t: NIH Mll—l

-7 p— noaynepHMeTp
' — pajuyc BIHCAHOH OKPYKHOCTH
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S==-a-b
b < 2
C a B S — 1 - C - h
NPAMOYTONbHBIN 2
TPEYronbHUK
¢2=g% 4 p?

Pemenue 3ananui:
3apanue 1. Haittu miiomanp y4actka, OTBEICHHOTO 11O CTPOUTEILCTBO:

8 cm. 12cm

3cm

10 cm

4cm

5¢cm

3ananme 2. /Ian miian KOMHATBI. BeI4ucinTh:
1)S cren=

2) S notonka=

3) S nmona=
L 4m
| noTonoK
| a&m
I cTeHa cTeHa cTeHa
| o [ 3
3m
im
| 8M 8m 4m
o 8m
L non
L a4m
3ananmue 3.

HzBectHO uTO: 1) S cren= 67 m 2 2)S moToaka= 32 m % 3) S mo1a=32 m 2

Haiit cTOouMOCTh peMOHTa 3KOHOM KJIACCA, UCTIOJIL3YS TaHHBIC TAOJINIIbI:
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HaumenoBanue Ilena KonuuectBo CTouMOCTh
O6owu, 1 Tpydbka=10m 2 500p.

Jlamunat, 1m 2 500 p.

Kpacka, | 6anka Ha 10m 2 1000 p.

PeMoHT cBOMMHU pyKamMu

Hmoczo:

Haiiti ctoumocTth PEMOHTA ou3Hec KJacca, MCII0JIb3YyA JaHHBIC Ta6J'II/II_[I)IZ

HaumenoBanue Ilena KomnuectBo | CTouMocTh
O6owu, 1 Tpydbka=10m 2 2000p.
Jlamunar, 1m 2 1500 p.
Kpacka, 1 6anka na 10m 2 | 2000 p.

PemoHT BEIMOTHSIOT pa60qne, CJICAOBATCIIbHO, CTOMMOCTH HYKHO YMHOXXHWUTH HA 2.

Hmozo:

IIpakTnueckas padora Ne6
Tema 1.6: Bxonnas koHTposibHas paboTa
Hean: IIpoBepuTh ypoBeHb YCBOEHUS TAaHHOTO Marepuaina mo pasnaeny 1 «lloBropenue
Kypca MaTeMaTUKH OCHOBHOM IIKOJIBI»

Ilpu pewenuu 3ad0anuit 1-4 3anuwiume npasuIbHLLL omeem U3 Uemvlpex
npeo10HCceHHbIX.

1. (1 6am1) Packpoiite (hopMyITy COKpAIIEHHOTO YMHOXKEHHS a>-b’:

A) a’-2ab+b?%; B) (a-b)(a+b); B) a*+2ab-b%; I') (a-b)(a-b)

2. (1 6ann) [Inomaap TpeyroabHUKA BEIYUCISAETCS 11O GopMyJie:

A) S=a*b; B) S=(a*b)/2; B) S=2a*b; I') S=(a*b)/3.

3. (1 6amr) Kakoe u3 ciaeayrommx 4uce 3aKII0UeHO MEXTy YUCIIaMU g " g?

A)0,4;b5)0,5;B)0,6;1)0,7

4. (1 6ann) Jaus! rpaduxu pynkumii. Kakas ¢popmyna coorBeTcTByeT rpaguky 3):

1) 2) 3)

LTI \l _ mRA

| beuke [ [T TT | | peuory, 1 Feukoral
Ay =%x—6; B)y=x>-8x+11;B)y = —%; INy=x+5.

\
\
|
| ‘ == |
! { ‘
|
\
| | |
| N/ A =
FT T T 1T T T T T NA - —t—— —
A manrian Be
= i | ‘ A
Ilpu evinonnenuu 3ad0anuil 5-8 3anumiume xo00 peuwieHus U nNOJYUEeHHbLIL Omeem.

5. (2 6anna) Beraucnute % + %

6. (2 6anna) Pemmre ypasnenue x> - 7x + 10 = 0. Eciiu ypaBHeHHe uMeeT 60j1ee 0HOTO
KOpH$, B OTBET 3allUIINTE MEHBIIUIN U3 KOPHEH.
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7. (2 Oamna) [lmomane 3emMenb KPECTBIHCKOTO XO3SMCTBA, OTBEICHHAS IOJ TOCAIKY
KYCTapHUKOB U LIBETHUKOB, COCTaBJISET 24 ra u paclpenenacHa Mexay HUMH B OTHOUIEHUH 5:3.
CKOJIBKO TeKTapOB 3aHUMAIOT LIBETHUKU?

8. (2 6amna) Bricora BH mapamnenorpamma ABCD nenut ero ctopony AD Ha OTpe3kH
AH = 2 u HD = 32. Jluaronanp mnapamienorpamma BD pasuna 40. Haiigurte momans

HapaJIJIeJIOFpaMMa.
3maﬂ0ﬂbl omeemoe.
Howmep 1 2 3 4 5 6 7 8
3adaHUuA
OtBeT b b B A 2,7 2 9 816

IIpakTuyeckas padora Ne7

Tema 2.2: OCHOBHbIE TPUTOHOMETPUUECKHUE TOXKAECTBA. DOPMYIIbI IPUBEICHUS
Heas: Hayunth uConbp30BaTh OCHOBHBIE TPUTOHOMETPUYECKHE TOXKIECTBA B (HOPMYJIBI
MPUBEICHUS ITPU MIPEOOPA30BAHUU BBIPAKEHUI

Teopernyeckasi 4acTh:

Dopmynvl npusedenus

Cpa3y nepeducinM OCHOBHBbIE TPUTOHOMETPUYECKHE TOXKAECTBA, KOTOphIE pa3dbepeM B
9TOM cTarbe. 3amuiieM uX B TaONMIly, a HIDKE JaJUM BBIBOA 3THUX (GOPMYN M TNpHUBEIEM
HE0OXO0UMbIE TTOSICHEHUS.

sin‘a+cos’ a=1

Sin o COS
leat=———. clea=——
COSeY sin ¢

tgc-ctear =1

2 1 2 1
e +l=——— l+cig o=—7F

cCos™ o Sin o

CBs3b MeK1y CHHYCOM M KOCHHYCOM OJHOI0 YIJIa
WNuoraa roBopsT He 00 OCHOBHBIX TPUTOHOMETPUUECKUX TOKIECTBaX, MEPEUNCICHHBIX B
tabnuie Bbe, a 00 OJHOM €IWHCTBEHHOM OCHOBHOM TPHUIOHOMETPHYECKOM

sin“a+cos  a=1 ,
TOXKJIeCTBe BHIA . O0bsicHeHue sToMy (haKTy JAOCTATOYHO TPOCTOE:

2 1 ) 1
lgra+l=——s—, l+cig o=—5—

paBeHCTBa cos o Sl & pomywarorcs M3 OCHOBHOTO
TPUTOHOMETPUYECKOTO TOXKIECTBA nocne JeneHus 06enx ero vacreii
A N 2
COS™ & sim” o
Ha u COOTBETCTBEHHO, a

sin & CoSQ
teor = . Clga=

PaBCHCTBA cosa Sy iga-ciga=1 CIEAYIOT U3 OIpENeNICHUN
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CHHYCa, KOCHHYCa, TaHIreHca M KotaHreHca. [logpoOHee 00 3TOM MOTOBOPHM B CIETYIOLIMX
IIYHKTaXx.

- 2 2
. sin“ @ +cos  a=1
To ectb, 0coOBIIl WMHTEpEC MPEICTABISIET NMEHHO pPaBEHCTBO ,

KOTOPOMY M JlajIi Ha3BaHHE OCHOBHOI'O TPUTOHOMETPUUYECKOTO TOXKIECTBA.

[Ipexxne ueM JokazaTh OCHOBHOE TPUTOHOMETPUYECKOE TOXKIECTBO, JMAAJUM €O
bopMyIUpOBKY: CyMMa KBaJpaTOB CHHYCa M KOCHHYCa OJHOTO YIJia TOXJECTBEHHO pPaBHA
eauuuie. Tenepp JOKaKEM €ro.

OO6parumcs K eTMHUYHON OKpY>KHOCTH. [lycTh HauanbHas Touka A(/, ()) mociae moBopoTa
Ha yroiu a NEepPEXOUT B TOUKY A;. B cuny onpeneneHnuii cuHyca U KOCUHYca TOYKa A; UMEET

(cos e, sin ) N
KOOPAUHATHI . bonee Ttoro, Touka A; JNEKUT HA EAUHUYHOU OKPYKHOCTH,
CJIeI0BATENIbHO, €€ KOOPIAUHATHI JIOJDKHBI YJIOBICTBOPSTH YPABHEHUIO €IUHUYHON OKPYKHOCTH,
KOTOpoe  uMeeT  BuA  x +)y°=1. To €CTb, JOJHKHO ObITh CIIPaBeIMBO

1 4 2
cos  g+sm a=1
paBeHCTBO . BTI/IM JOKAa3aHO OCHOBHOC TpI/IFOHOMeTpI/I‘IeCKOG TOXIOCCTBO

JUIA JIFOOBIX YTJI0OB MOBOPOTA a .

p sin“a+cos a=1 .
aBEHCTBO 4acTo Ha3pBalOT Teopemoid [Iudaropa B

TpuroHoMeTpuu. [1osiCHUM 3TOT MOMEHT.
Bo3pMeMm eauHuYHYI0 OKpY)XHOCTb. [loBepHeM HauvanbHyro TOuky A(I, () BOKpyr

Touku O Ha yroi a ITyctb TOUKA A4 11OCIIE 3TOr0 HOBOPOTA EPEXOAUT B TOUKY A;(X, ¥). OnmycTum
U3 TOUYKU A; neprneHaukyisip A;H na npamyro Ox.

vA

Jwww.cleverstudents.ru

PaccmoTpum npsimoyroibHbIN TpeyroibHUK OA;H. XOpolio BUIHO, YTO B HEM JJIMHBI
katetoB A;H u OH paBHBI COOTBETCTBEHHO MOJYJIO OPAMHATBI U aOCIUCCHI TOYKH Aj, TO
ectb, |A:H|=|y| u |OH|=|x|, a nnuHa runoteny3sl OA4; paBHa pajuycy eIMHUYHOW OKPYKHOCTH,
T0 ecTh, |OA;|=1. Teopema ITughazopa no3BonseT 3amucaTh paBeHCTBO |AH|’+|OH|?=|0Al|?,
KOTOpoe MBI ~ MOKeM mepermcath  kak  |y|°+|x[=1° wm  y’+x’=I. Ho 1o

sin@ =y , Cosa=x

OIIPENIEIICHUIO , TOTJIa OT paBeHCTBa ) +x’=1 Mbl MO’keM mHepeiftu k

sin @ +cos” =1
PaBEHCTBY .

OcHoOBHOE TPUTOHOMETPHUYCCKOC TOKACCTBO 3a1a€T CBA3b MCXKAY CHHYCOM U KOCUMHYCOM
OIHOTO Yyrja. OTO MO3BONSACT BBIUYHUCIATH CHHYC yrJia, KOorjga M3BE€CTCH KOCUHYC 3TOI0O yria, U
BBIUUCIIATE KOCHHYC yIjla, Korga HM3BECTCH CHHYC YyTiia. 21.]'[5{ 9TOro JO0CTaTO4YHO

sin @ +cos” =1

paBeHCTBO pa3peu11/ITL OTHOCHUTCIIBHO CI/IHyca n KOCI/IHyca
sin g =++1—cos” & cosar==24/l —sin” &
COOTBETCTBEHHO: u . 3HaK nepes KOpHEM
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3aBHCUT OT BEJIMYMHBI yIJa a ITonpobuee 06 3TOM MBI OTOBOPUM B pasjielie BBIYHCICHHUE
CUHYCa, KOCUHYCA, TAHI'€HCA U KOTAaHT€HCA C UCIIOJIb30BAaHHEM TPUTOHOMETPHUUECKUX (HOPMYII.

OCHOBHOE  TPUTOHOMETPUYECKOE  TOXKIECTBO  OUYEHb  YacTO  HCIOJb3YyeTCs
pU npeobpazoeanuy mpueoHomempudeckux evipasiceHuti. OHO TMO3BOJISIET CyMMY KBaJpaToB
CHHyca W KOCHMHYCa OJHOTO yIJla 3aMeHsATh eauHuieil. He MeHee dwacTto OCHOBHOE
TPUTOHOMETPHYECKOE TOXKJIECTBO HCIOIB3YEeTCAd M B OOpaTHOM MOPSIKE: €IUHUIA 3aMEHSAETCS
CYMMOIi KBaJpaTOB CHHYCa M KOCHHYCa KaKoro-JInbo yria.

TaHreHc U KOTaHreHC Yepe3 CHHYC M KOCHHYC

ToxnecTBa, CBA3BIBAIONINE TAHTCHC M KOTAHTEHC C CHHYCOM U KOCHHYCOM OJHOTO yTja

sin o Cos
leag=—— clga=——

BUA COSL gy S €& cpa3y cieAylOT W3 ONPEACICHUN CHUHYCa, KOCHHYCA,
TaHreHca ¥ KOTaHreHca. JlelCTBUTEIRHO, 110 ONPEACICHHIO CHHYC €CTh OpANHATA Y, KOCHHYC €CTh
Vv o sing
Igaf = =_
abcrcca X, TAHT€HC €CTh OTHOIIEHHE OPAMHATHI K abCIucce, TO eCTh, X CO3 a

X cosa
clgat=—=——

KOTaHT'€HC €CTh OTHOIICHHE a0CIIUCCHI K OpAMHATE, TO €CTh, yoosme

sin o cosa
tfea=——  clga=——

bnaromapss Takoil OYEBHIAHOCTH TOKICCTB COSE p S & wacro
OIpeieJICHUs TAHI€HCa M KOTaHIeHCa JIAI0T HEe Yepe3 OTHOMICHHE a0CIIMCChI U OPAMHATEI, a 4epes3
OTHOILICHUE CHHYCA U KOCHHYCA. Tak TAHT€HCOM yIJla Ha3bIBAIOT OTHOLIEHHE CHHYCA K KOCHHYCY
3TOTO yIJla, & KOTAHIEHCOM — OTHOIIEHHE KOCHHYCA K CHHYCY.

B 3aKITIOUCHUE 3TOTO MyHKTA clemayer OTMETHTD, 4TO
sin oS
loag=—— cltga=— o
TOXJIECTBA COS ¢y S & pMerT MecTo Ui BCEX TaKHX YIJIOB — , MPH
KOTOPBIX BXOMMIIME B HUX TPUTOHOMETpUYECKHE (GYHKIHH HMEIOT CMBICA. Tak
sin o T
tea=—— o —%+ 7Tz

dopmyna COS& crhpaBemnmBa IS JTOOBIX ° , OTIMYHBIX OT 2 (uHaue B

COSY

clga=——
3HaMeHarese OyIeT HyJb, a JAeJICHUEe Ha HYJIb MBI HE ONpeessuin), a popMyia sm o -

nmsBeex & | ormmumsix or 7" Z | tye 2 - mo6oe westoe wncIo.

CBs3b MEXKTY TAHI'CHCOM M KOTAHI€HCOM
Eme Oolee OYCBUAHBIM TPUT'OHOMCTPHUYCCKUM TOXIACCTBOM, YCM JIBa IMPCABIAYIINX,

ABJIACTCA TOXKACCTBO, CBA3BIBAOIICC TAHI'CHC U KOTAHI'CHC OIHOTO yIJjla BHUJA fg[lr ) cfg - ]'

T

o L

TTOHATHO, YTO OHO HMEET MECTO ISl TOOBIX YIIIOB * , OTIIMYHBIX OT <  , B IIPOTHBHOM CJIydae
100 TaHTeHC, TMO0 KOTAaHT€HC HE ONPEIEIICHBI.

Jloka3aTenbCcTBO hopMyITBI rga-ciga=1 OYEHb MPOCTO. ITo

, X PX

Igg_f:l ciga = — rgcx-crgazj—-—_zl

OIIPEACIICHUIO X mu y, OTKyZa Ly MoxHo ObUIO
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sin o cosa
lea=——  clga=——

JIOKA3aTeIbCTBO IPOBECTH W HEMHOro HMHaye. Tak Kak COSLE g s o |

sino cosa
rga-ctgal = : =1

TO

COsS¢y sine

Wtak, TaHreHC ¥ KOTAHTEHC OJTHOTO YTJIa, P KOTOPOM OHU UMEIOT CMBICII, €CTh B3aUMHO
oOpaTHbIC Ynca.

TaHreHc U KOCMHYC, KOTAHT€HC U CHHYC

Hakonern, Mbl OpHUIOUIM K JBYM IIOCICAHMM W3 OCHOBHBIX TPHUTOHOMETPUYECKHX

5 1 . 1
g a+l=———, l+cligra=———
TOXIIECTB Cos o Sl &  Onu CBA3BIBAIOT TAHTEHC U KOCUHYC, a

TaK)K€ KOTAHI'€HC ¥ CHHYC OJHOIO yria.

[TpuBenem ux GopMyIHPOBKH: CyMMa KBaJipaTa TaHTEHCA YIJla U €IWHUIIBI PaBHA YHCIY,
00paTHOMY KBaJipaTy KOCHHYCa 3TOr0 YIJla, a CyMMa eIMHUIIbI U KBaJjpaTa KOTaHI'€HCa yIJla paBHa
YHCITy, 0OpaTHOMY KBaJpaTy CHHYCa 3TOTO yIJia.

BbiBoj  ykazaHHBIX (OpPMYNT MOXKHO IPOBECTH, OTTAIKHBAasChb OT OCHOBHOI'O

sin“a+cos a=1
TpI/IFOHOMeTpI/ILIeCKOFO TOXIACCTBA BUa . ECJH/I paSIIeJH/ITI) 066 qaCcTHu >TOro

= =

cos o cos o
paBeHCTBA Ha (pu 3TOM, KOHEYHO, JOJOKCH OBITh OTJIMYCH OT HYJIS), TO MBI

5 1
g+l —5—
MOJTy9UM bopmyiry Cos o Ecmm xKe obe JacTH
sin" a+cos” a=1 sm- & sm- o
paBeHCTBa pa3zienuTe Ha (mpu 3TOM JIOJIKEH OBITh

2 1
l+ctgat =———
smn- o

(]

OTJIMYCH OT HyJ'IfI), TO MbI IPUACM K TOKACCTBY

3 1
g a+l=s—7—
COs o
T 5 1
ez l+cigror =———
or 2 , @ TOXKJIECTBO S & py mo6eix o , OTIIMYHEIX oT 7~ < .
DopMysbl IPUBEACHHUSA:
Onpeodenenue. dopMylaMyu TPUBEIEHUS HA3bIBAIOT (OPMYJIbI, KOTOpBIE IO3BOJISIIOT
nepenTH oT TPUTOHOMETPUUECKUX byHKIni
L T o] e

sinf— gl cos(— ta) tg(— +a) ctg(T + o)

2 2 o,
BUJIA K pynkuusam aprymenta . C ux
IIOMOULIBI0 CHUHYC, KOCUHYC, TAHI€HC M KOTAHTE€HC IMPOU3BOJBHOIO YIJIa MOXXHO MHPHUBECTH K

CHHYCY, KOCHHYCY, TaHT€HCY W KOTaHTeHCy yria u3 uHTepBasia oT 0 mo 90 rpamycoB (oT

I/ITaK, TOXICCTBO HUMECT MCCTO OJId THO0BIX {I, OTJIMYHBIX

0 10 * pamuan). Takum 06pazoM, GOPMyIIbI IPHBEIEHHS TT03BOJIAIOT HAM HEPEXOAUTh K paboTe
¢ yrinamu B mipezenax 90 rpamycoB, 4To, HECOMHEHHO, OYEHb yI00HO.
Dopmynvl npugedenun:
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sin(90° —a) = cosa cos(90° — a) = sina

sin(90°+ a) = cosa

cos(90°+ a) = — sina
sin(180°— a) = sina cos(180°— @) = —cosa
sin(180°+ a) = —sina cos(180°+a) = —cosa
sin(270°—a) = —cosa cos(270°—a) = —sina
sin(270°+ @) = —cosa cos(270°+ a) = sina
sin(360°— a) = —sina cos(360°—a) = cosa
sin(360°+ a) = sina cos(360°+ a) = cosa

/na ucnonviosanusn popmyn npueedenus cyuwiecmeyem 06a npasuia.
1. Ecniu yros MOKHO TIpeIcTaBUTh B Bue (/2 +a) unu (3*n/2 +a), To Ha3BaHue GyHKIIUH

MeHsieTcsl sin Ha cos, oS Ha sin, tg Ha ctg, ctg Ha tg. Eciu ke yros MOKHO MpeICTaBUTh B BHJIE
(m +a) unmu (2*m £a), To Ha3BaHWe (PYHKIHUHU OCTaeTcs 0e3 H3MEeHEeHHIi.

HOCMOTpI/ITe Ha pUCYHOK HMIKE, TaM CXCMATHYHO I/1306pa)K€HO, Koraa CJICAyCT MCHATH
3HaK, a Koraga HET

ff\
y >

HEMEeHAEM

PYHKIMIO

HE HMSMEHSEM

PYHKIMIO

2. 3nak npugedennoit pynkyuu octaercs npexxuuM. Ecnm ucxomHas QyHKIusS mumena
3HAK «IUTFOCY, TO U TIpUBEeHHAs! QYHKIINS UMEET 3HaK «TUTIoCcy. Ecu cxonHas QyHKIUS uMena
3HAK «MHHYC», TO U TIpUBEJeHHAsT (DYHKIINS UMEET 3HAK «MUHYCY.

Ha PUCYHKC HUIKC MPCACTABIICHBI 3HAKU OCHOBHBIX TPUTOHOMCTPHUYCCKUX (I)yHKI_II/II‘;I B
3aBUCUMOCTH OT UCTBECPTHU.
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Pelenue 3aganuid:
Nel.Haitaute sin @, eciu U3BECTHO CIEAYIOIIEE:

cosa=—3:{?; (IEG;TE)

Pemenue

Ham wu3BecTeH KOCHHYC, HO Heum3BecTeH cuHYC. OCHOBHOE TPHUTOHOMETPUYECKOE
TOKAECTBO (B «4MCTOM» BHJIE) CBSI3BIBACT KAK Pa3 3TH PYHKIUH, TOATOMY OyeM paboTaTh C HUM.
Nwmeewm:

sinfa+cos?a=1=sin?a+99/100 =1 = sin? a = 1/100 =sin o = +1/10 = £0,1.

Jns  pemieHuss  3aJayd OCTaJOCh ~ HAWTH  3HAK  cHHyca.  [lOCKOJIBKY
yrou o. €(7/2; ),T0 B TpaJyCHON Mepe ITO 3amuchiBaeTcs Tak: a € (90°; 180°).

CrnenoBatenbHO, yroil a JeXUT BO Il koopAMHATHON YETBEPTM — BCE CHUHYCHI Tam
noyioxkuTenbHbL. [ToaTomy sin o = 0,1.
Orser: 0,1

No2.Haiinute cos a, eciu U3BECTHO CIEIyIOIIee:

o v@_ E(_STE)
sina = ——-; a € (1,

Pemenue

Wrak, HaMm U3BECTEH CHHYC, a HaJ0 HalTH KocuHyc. O0e 3TH (QYHKIIMH €CTh B OCHOBHOM
TPUTOHOMETpHYECKOM ToxaecTBe. [loncraisem:

sina+cos’a=1=3/4+cos’a=1=cos’a=1/4= cosa=+1/2==0,5.

Octanoch pazobpaThcsi CO 3HaKOM mepen ApoObio. UTo BeIOpaTh: IIIIOC WM MUHYC?
[To ycnoBwHrI0, Yot o MpUHAMIEKUT TPOMEKYTKY (7 37/2). [lepeBenem yrisl U3 paanaHHON MEephI
B rpaycHyto — noiyuum: o € (180°; 270°). OueBuano, 310 I1l KOOpAMHATHAS UETBEPTH, TIE BCE
KOCHUHYCHI oTpuLiaTenbHbl. [loatomy cos a = —0,5.

OtBet:—0,5

Ne3.Haiigure tg a, ecnyu U3BECTHO CIELYIOIIEE:

1 E(3TE ) )
oS =—; i —; 21

v 10 2
Pemienue

Tanrenc W  KOCHMHYC  CBsI3aHbl  YpPaBHEHHMEM, CJIEAYIOUIMM M3  OCHOBHOI'O
TPUTOHOMETPUYECKOTO TOXKAECCTBA:

el +1l=——=2tg?a=10—1=9
Cos“ &

[Tonydaem: tg a = +3. 3HaK TaHTeHca OIpeaenseM o yriy a. M3BectHo,uto a € (37/2;
27). TlepeBenem yriibl M3 paJuaHHOW MeEphl B TPaayCcHyrO — moiayduM a € (270°; 360°).
OueBuaHO, 310 [V KOOpIMHATHAS YETBEPTH, I/I€ BCE TAHT'€HCHI OTpUIATENbHbIL. [loaTOMY tg o0 =
—3.

Otser: —3

Ne4 . Haitaute cos o, €ciau U3BECTHO CIEAYIOIIEe:

) 3
sine =—-0,8; x € (?, 2?’[)

Pemenue

CHOBa U3BECTECH CHHYC M HEM3BECTEH KOCHHYC. 3alUIIIeM OCHOBHOE TPUTOHOMETPHUIECKOE
TOX/ECTBO:

sin?a+cos?a=1= 0,64+ cos’a=1= cos> a= 0,36 = cos a==0,6.

3nak onpeaensieM no yriay. Umeem: a € (37/2; 2x). IlepeBenem yriibl U3 rpagyCcHON Mephl

B pamuanHyto: a € (270° 360°) — »10 IV KoOpauHaTHas YeTBEPTh, KOCHHYCHI TaMm
MOJIOKUTENRHEI. CremoBaTensHo, cos a = 0,6.
OtBeT:0,6
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No5.HaiinuTe sin o, ecu H3BECTHO CIEAYIOIIee:
A
ctg o = 2{6; a e (O;E)

Pemenue:
3anumem (Gopmyiy, KOTopas CIIeIyeT U3 OCHOBHOT'O TPUTOHOMETPHYECKOTO TOXKICCTBA
nu HaHpHMyIO CBA3BIBACT CI/IHyC N KOTAHI'CHC:

1
2
cg*a+1=— = — =24+1=25
€ sina  sina
Otcroza nomydaeM, uto sin? o = 1/25, T.e. sin o = +£1/5 = £0,2. U3BecTHO, uTO yron o €
(0; 7/2). B rpamycHoit mepe 310 3anucbiBaeTcs Tak: o € (0°; 90°) —I xoopauHaTHASI YETBEPTh.

Urak, yron nHaxomutrcss B | KOOpAMHATHOW YETBEPTH — BCE TPUTOHOMETPUUYECKHUE
(GYHKLINU TaM TOJOXKHUTEIbHBI, T03TOMY sin a = 0,2.
Ortser: 0,2
. . 5
Ne6.Haitgute sina v tga, ecnu cosa = 5
o . 5
Ne7.Haitnute cosa v tga, ecnusin a = 1
. . 4
Ne8.Haitnure sina u tga, ecnu cosa = — -
o . 8 3T
Ne9.Haitnure cosa u tga, ecnusin a = — SUT <a< >
o . 3
NelO.Haiinure cosa usin a,ecmntga = —1lun < a < >

Nell. YmpoctuTs BelpaxkeHHE:

1
(cosg = —1] sctgta
1.

Perienue:

1
( = —1]'Cﬁg2&'={1+¢‘.gg&'—1)'cfg2&'=l
cos® &

2. g -cfgcr—{zga-cos .::r}g
Pemenue:

1 22
zgcr-cﬁgﬁr—{zg&-cosﬁr} =l-sn*“@=rcos” &

1-sm & cosd
3 tos G 1+an 8
Pemenue:

l-sn 8 cos 8 _l—singﬁ—cosgﬁ
cos 4 1+sin,:3_ n:c::sﬁ[1+sinﬁ)

Nel2. YmpoctuTte BelpaxeHue

=10

1. l-cos® @

cos? -::'c.*+[1—sin2 .::H)
3.0
4 cos? rx—(l—Esin:4 cr)

cos &—1) [1+n:os .::E)

5 sin & cos&-ciga—1
cost @
)
6. cos” @—1
l-cos* @

7. 1-sin’ &
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8 sin® @4cos’ a+igia
it c¥
9 fg&'

SIMLCE- CO8

1—

10 cEga

Nel3. IIpeoOpazoBarh, UCTIOIB3YS (HOPMYJIIBI IPUBEICHHUS:
V3

. 13m . T . T
sin— = sm(z - 2T +—) =sin—-=—
3 3 3 2

131 T . T 1
coSs— = cos(2-2n+—) =sin-=-
3 3 3 2

tgli)—nztg(2-2n+§) =tg§=\/§
ctglng= ctg(2-2n+§) =ctg§=\/%

Nel4. Beruucnure:
a) cos105%  6)sin105°;  B)cos75°;  r)sin75° o) tg75°;  e)sin15°
Nel5. HaiinuTe 3HaueHHE BbIPAXKECHMUS;
2)sin240°; 6)c0s300°; B) tg(—225%); 1) ctg T
Nel6. IIpeoOpa3syiite BbIpaKEHUE:
cos(—a)-cos(180°+a)
sin(—a)-sin(90%+a)

IIpakTnyeckas padora Ne§
Tema 2.4: ®opmyiibl MOJOBUHHOTO yriaa. @opMyibl IOHMKEHUS CTEIIEHH
Henab: Hayuntbes ucnonb3oBath (OpMyIbl MOJOBUHHOTO yria NMpU NpeoOpa3oBaHUU
TPUTOHOMETPHUECKUX BBIPAKEHUN

Teopernyeckas 4acTh:
®opmyJibl MOJOBHHHOIO yrja (uUX eme Ha3bBaloT (opMyJaMy TOJIOBHHHOTO

(4

apryMeHTa) BBIPAXKAIOT CHHYC, KOCHHYC, TaHI'€HC M KOTaHIEHC yrjia 2 yepes

TPUTOHOMETpHUECKHEe (PYHKIHH CaMOTo yIiia &y tem cambim MPEJICTaBISAIOT COO0M HEKOTOPYIO
IPOTUBONOJIOXKHOCTH (pOpMysiaM JBOMHOIO yria.

. 2 1—Ccosw
s —=—
2 2
s 1+coso
oy’ —=———
2 2
a.‘g: ¢ 1-cosa
2 l+cosa
s 1+ coso
g™ —= ———
2 l-cosa

Pemenue 3ananui:
Nel. Jloka3aThb:
o Sinda
tg - =———.
2 1+ cosa
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JlokazaTenbCcTBO:

. . . 7
@ S5 28NS 285N 08 sina SiTe
tg—=—%- G = 2t 1— cose '
2 et bt 22 — 1+ cose
cos 5 2008 5 2cos 2 2 —
casg #+ 0.

Ne2. JlokazaThb:
¢ 1—cosa

tg—= -
2 sina
HOKa?)aTeJ'IBCTBO:
B N . o 1 — cosa
a sinz 2sin 5 2sin? Z 2 5 1-cosa
tg 5= i a= o T = -
2 cos= 2sin= 2Sin—cos— sina Sine
2 2 2 2
& . [
cos—= 0 sin— =0
Ananus: Kpome 2 noGasseTcs 2 , uto cyxkaer OJ13.
12
cosa = — —
13
A
M= < —.
Ne3. ano: 2
Haiitu:
a o a o

sin—, cos—, tg—, ctg—.
2 2 gE gE

AHanus ycnoBus: Yrod 3a7ad OAHO3HAYHO, CM. puc.l.

vt
@
. Ty i
F
X
P-I
] ax
2
Puc. 1.

VYkazanue: Bce (YHKIIMH TOJOBHHHOTO apryMEeHTa MOXHO BBIYHCISATH 4Yepe3 KOCHHYC
MOJIHOTO apryMeHTa.

Pemenne:
12
L, l+cosa l—-73 1
sin® —= = =—,
D 2 2 26
In T o 3T
T<a<s— —<—<—
T0 2 2 4 | T.c. yrom BTOpOil YeTBEpTH, Ile CHHYC BEIMYMHA
ITIOJIOKUTCIJIbHAA.
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. 5
51— — —

OTtBeT: 1‘{26.
12
a 1+cosa 1— 13 1
cos— = = = —
2) 2 2 2 2."
o
Bele mokasainu, 4to 2 HAXOJUTCS BO BTOPOH YETBEPTH, I'JI€ €r0 KOCHHYC BEIHYHHA
OTpHIIATEIIbHAS.
C-‘:.'Sﬂf - - 1
OTtBeT: 1!26.
IIposepka:
2 2
s So1(Z) +(-5) -
sin- —+ cos —=1,| — ——] =1,
2 \.-"E JE
1=
sin it >
2 cosZ 1
2 _II':
3) W 26
tg— = —b.
OtBer 2
. a 1 1
cg—=—7g=—=
4) 2
[
rtg— = — =
Ortser: g 2 5,
Ned. Tario: sinad = 0,2.
.3 T (g
Sin -—— — .
Haiitu: (‘1' 2)
Pemrenue:
T
5 (?I a) 1 _CC’S(E""I) 1+sine 1+02 1,2 0.6
sin® |———=) = — — — — 0,6.
4 2 2 2 2 2
OtBeT: "

IIpakTHyeckas padora Ne9

Tema 2.7: Onucanuie Npou3BOICTBEHHBIX MPOIECCOB C MOMOIIBIO IPaPUKOB HYHKIUI
Heab: HayunTthes npuMeHITh PyHKUINN B pelIEHUH MPO(eCcCCHOHATBHBIX 33a1a4

Teopernyeckas 4acThb:

[IyTe k TOSIBIEHWIO TOHATHS (QYHKIHHM 3aJOXKWIA B 17 Beke ¢paHIly3CKUE YUYEHBIC
Opancya Buer u Pene Jlekapr; oHM pa3paboTanu eIuHYl0 OYKBEHHYIO MaTeMaTHYECKYIO
CHUMBOJIMKY, KOTOpasi BCKOpe IMoiyuujia BceoOulee mnpu3HaHue. BpeneHo Obulo eanHoe
0003HauEHME: HEM3BECTHBIX - OCIETHUMU OYKBaMH JIJATUHCKOTO ai(aBuTa - X, Y, Z, H3BECTHBIX -
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HaYaIbHBIMH OyKBaMH TOro ke andaButa - a, b, ¢, ... u T.4. [lox kaxmoii OykBoil cTano
BO3MOJKHBIM IIOHUMATh HE TOJIBKO KOHKPETHBIE JAHHBIC, HO U MHOTME APYrH€; B MATEMATHKY
NpUILIA HJes I3MEHEHUs. TeM caMbIM MOSBUIIACH BO3MOKHOCTh 3alMChIBATh 00IIHe (POPMYIIHI.

Kpome Toro, y Jlekapra u ®@epma (1601-1665) B reomeTpudeckux padboTax MOSIBISETCS
OTUYETJINBOE MPECTABICHUE IEPEMEHHON BEJIMUMHBI U MPSMOYIOJIbHOM CUCTEMBI KOOpAUHAT. B
cBoeit «I'eomerpun» B 1637 roxy JlekapT naet moHaTHe QYHKIHMH, KaK U3MEHEHUE OPJAMHATHI
TOYKU B 3aBUCHMOCTH OT U3MEHEHHS €€ a0CIMCChI; OH CUCTEMAaTHYECKH pacCMaTpUBaIl JIUIIb T€
KpUBBIE, KOTOpPBIE MOYKHO TOYHO TPEICTaBUTh C IIOMOIIbI0 ypPaBHEHUH, MPUTOM
peuMyIIecTBEHHO anredpanyeckux. [locreneHHO MOHATHE (DYHKIIMH CTAlIO0 OTOXKIECTBISATHCS,
TaKUM 00pa3zoM, ¢ MOHITHEM aHATUTUYECKOTO BBIPAXKEHUS (DOPMYIIBI.

Yro Takoe GpyHKIusA? PazHbie yueHbIe BBIABUTAIN pa3Hble MbICTH. HO MBI OCTaHOBHMCS Ha
onpeneneHun @PyHKIMEH HaA3bIBAIOT COOTBETCTBHE, NPU KOTOPOM KaXJAOMYy D>JIEMEHTY W3
MHO’K€CTBa X COOTBETCTBYET €IMHCTBEHHOE 3HaUEHUE U3 MHOXKecTBa Y. [lpu 3TOM 311€MEHT U3
MHOXkeCTBa X Ha3bIBAlOT apryMEHTOM, a 3JIEMEHT W3 MHOXECTBa Y Ha3bIBalOT 3aBUCHUMOU
nepeMeHHoOl. DYHKIHS - OHO U3 OCHOBHBIX MaTEMAaTUIECKUX U OOIIEHAYYHBIX TOHATHI. OHO
CBITPAJIO ¥ MIOHBIHE UTPAeT OOJIBIIYIO POJIb B MO3HAHUU peabHOT0 Mupa. DYHKIUS 3TO HE TOJIBKO
MaTeMaTHYECKOE MOHITHE, HO U: (QYHKIHSA 3TO padoTa, MPOU3BOIMMAs OPraHOM, OPraHH3MOM;
pOJIb, 3HAUEHUE Yero-In00; QyHKIMS B MATEMAaTUKE 3TO 3aKOH 3aBUCMOCTH OJHOW BEJIMYUHBI OT
Jpyroii; PyHKIUS 3TO BO3MOXHOCTb, OMIHSA, YMEHHUE MPOTPaMMbl MM TPUOOpa; QyHKIHS 3TO
00s13aHHOCTh, KpPYr JA€ATEeIbHOCTH; (GYHKIUS IEpCOHa)xka B JIMTEPATYpHOM IIPOU3BEIICHUU;
(GyHKIHMS 3TO BHJI TOANPOTpaMMBbl B HH(pOpMaTHKE coanbHast (QyHKITHS.

Kaxxnas obGmacte 3HaHmii: Qu3uka, XUMHsI, OUOJIOTHUS, COLIMOJIOTHS, TUHTBUCTUKA HUMEET
CBOM OOBEKTHI M3YyUCHHsI, yCTAHABIIMBACT CBOMCTBA U, YTO OCOOCHHO BaXKHO, B3aMMOCBSI3U ITHX
00BEKTOB.

B pasznmuHbIX Haykax M 00JIaCTSX UEJIOBEYECKOM JIEATENbHOCTH BO3HUKAIOT
KOJIMYECTBEHHBIE COOTHOLIEHUS, U MaTEMATHKA U3y4aeT UX B BUJE CBOWCTB YHCEI.

Matematuka co3aeT yCIOBUS AJIsl pa3BUTUSI YMEHHUS IPUMEHSTh TEOPETUUECKUE 3HAHUS
JUISL pelIeHUs NPAaKTUYECKUX 3a/1ad, OPUEHTUPOBATHCSA B OKPYXKAKOLIEW HAc JEHCTBUTEIBHOCTH.
Ham kaxercs, yTo (hyHKUIHMOHAJIbHbIE 3aBUCUMOCTH MOTYT KacaTbCs CaMbIX pPa3HOOOpa3HBIX
ABJICHUN TIPUPOIBI M OKpyXkaromew cpensl. KaxaoMy uYenoBeKy B €ro IOBCEIHEBHOM
MPAKTUYECKON EATEIbHOCTH MPUXOIUTCS MPUMEHATh NPAKTUYECKUE MPUEMBI TEOMETPUUECKUX
U3MEPEHUN U MOCTPOCHUH, YUTAaTh UH(OPMAIIHIO, TPEACTABICHHYIO B BUE TaOIMII, Uarpamm,
rpaduxoB. be3 KOHKPETHBIX MaTeMaTHMYECKUX 3HAHUM 3aTPyJAHEHO MOHMMAaHUE W BOCHPUSTHE
Hay4YHbIX 3HAHUH, pa3HOOOpa3HOW  COLMAIBbHOM, HSKOHOMUYECKOH, TEXHOJIOTHYECKOH
uH(pOpMaLIHH.

CBo0o/1HOE BIIaJICHUE TEXHUKOW MOCTPOEHUS IpaIKOB YAaCTO MOMOTAET PeIIaTh MHOTHE
3a/1a4M, a MIOPOH ABJIIETCS €CTECTBEHHBIM CPEJICTBOM UX pelIeHHs. MaTeMaTuKa siBIsieTcs sI3bIKOM
pa3IMYHBIX 001acTe HAYKU U HAIleH XKU3HHU.

DKojoruueckre npoOiaeMbl SBISIOTCSA NI0O0ATBHBIMU NMPOOJIEMaMH YE€IOBEYECTBA, BCEX
CTpaH HE3aBUCUMO OT Pa3MEPOB TEPPUTOPHH, YUCIEHHOCTH HACEIEHHUS, YPOBHS SKOHOMHUYECKOTO
pa3Butus. C ¢pyHKIME MBI BCTpeuaeMmcsl Kaxblil 1eHb. [Ipumep:

(] exxeIHEBHAs TEMIIEpaTypa Ha YJIHIle eCTh QYHKIUS OT BpeMeHU. B 0/1HO U TO e Bpemsi
TEeMIEpaTypa HEe MOXKET MPUHUMATh OoJiee OJTHOTO 3HAUYEHHUS U ObITh OJJHOBpeMeHHO -30 u -45.

] IToxoxn B MarazuH. CTOMMOCTB IOKYIIKM BO3PacTacT ¢ POCTOM KOJIMYECTBA TOBAPOB.

Crnioco0rl 3a1anust QyHKIUH.

[0 AHAJIMTHYECKUA,

[ I'padpuueckuid,

[0 TaGauuHBbIH,

1 CnoBecHBIH.

Ananutudeckuii. Camblii paclipOCTpaHEHHBIA CHIOCO0, MPU KOTOPOM (YHKIHUS 33JaeTCs
dbopMyIoii, ycTaHaBIMBAIOUICH, KaKhe BBIYUCIUTEIbHBIE OMEPALMHd HAI0 MPOU3BECTH HAI X,
9TOOBI HANTH Y.

52



I'padpuueckuii. I'paduueckuii ciocod COCTOUT B MPOBEACHUU JIMHUH, Y KOTOPOI a0CIIUCCHI
M300paXkaroT 3HAYCHUS apTyMEHTA, a OpJMHATHl — COOTBETCTBYIOIIUE 3HAYCHUS (PYHKIHUU. DTOT
Croco0 MO3BOJISIET HATIATHO PEACTaBUTh (PYHKIIMOHAIBHYIO 3aBHCUMOCTD

Tabmuunerii. [Ipu TabnuaHoM crocobe 3amanus GYHKIMS 3a/1aeTcs B BUAC TaOJUIBI, B
KOTOPOW JUIsl KaKJIOTO 3HAYCHHS apTyYMEHTA YKa3bIBae€TCS COOTBETCTBYIOIIEE €My 3HAUCHUE
byHKIUHA

CnosecHaiii. C IOMOIIBIO CIIOBECHOT'O OIMCAHHSL.

Pemrenue 3axanmii:

Nel. IIpouwsBonctBenHass (ynkius ¢upmbl umeer Buma: Q=5 XY. llena enuHwuIbI
pecypca X = 10 py0., emununsl pecypca Y = 20 py06. @upma pacmosaraet JeHEKHBIMU
cpeactBamu B pasmepe 40 teic. py0. Ompenenure MaKCUMalbHO BO3MOXHBIM 00BEM
MIPOU3BO/ICTBA.

Pemenne: MakcuMu3upoBaTh BBIMYCK HpPHU JAHHBIX H3IEPXKKaX IMO3BOJIAET MpsMas
paBHBIX u3nepxkek, wim u3okocta C = Py x X+ Py x Y. IloxacraBisis ucxoaHbie JaHHBIC, TTOJTYYUM
ypaBHeHue: 10X+20Y=40000. Haxonum u3 ypaBaenuss X=4000-2Y. IloncraBum 310 3HaUY€HUE B
3aganHoe ypaBHenue Q = 5XY. IMonyuaem Q= 20000y-10y* DyHKIMS COBOKYITHOIO TPOYKTA
JOCTUTAaeT MakCUMyMma, Korja (YHKIUS TMpeAeNbHOro MpoAykTa paBHa Hymo MPx = 0.
[IpenenbHbId TMPOAYKT €CTh IEpBas MPOU3BOJHAS COBOKYIMHOTO MPOJYKTAa IO MEPEMEHHOMY
dakropy. MPx = Q’ (X). MPx =20000-20Y= 0. Otcroga Y=1 000, X=2 000.

Torma makcuManbHO BO3MOXKHBIA 00BeM mpomsBoiactBa Q = 5 XY = 10 muH. en.
MPOTYKIIHH.

No2. [IpeanpuHUMAaTENh OCYIIECTBISET MPOMBIILIEHHOE MPOU3BOJICTBO HA KOHKYPEHTHOM
pBIHKE B pailoHe, TJie IOCTUTHYTa MOJIHAS 3aHATOCTb. [Ipy 5TOM UMEIOTCs ciieyronne JaHHbIe:

Uucno paboTaronnx CTaHKOB 1(2 |3 (4 |5 (6 |7 |8

BeITyCK IPOAYKLIMH B THIC. IIIT. 6|15 (23|30 |36 |42 |46 |48

[Ipn kakoil cTenmeHW 3arpy3Kd CTaHOYHOIO Mapka OyJeT JOCTUTHYT C TOYKH 3pEHUs
IOpenpUHUMATENs ONTUMANIbHBIA 00beM MPOU3BOACTBA? ByeT a1 OH TakuM Ke ¢ TOUKH 3pEHUs
oOmiectBa?

Ne3. TTopcuuraiite cpetHUl U NpeaeabHbIN NPOIYKT GUPMBI.

Uucno | Cookynubiil | Cpennuit | [lpenenbHblit
pabouux | IPOAYKT IPOAYKT | MPOIYKT

L TP AP MP

1 30

2 70

3 100

4 120

5 130

Ne4, 3amomaute IMPOITYCKH B T3.6J'II/II_[C, OTpaXXaromue 3aBUCUMOCTL PC3YJIbTATUBHOCTH
IMPOMU3BOJACTBA OT obneMa HCII0JIB3YEMOI'O Tpyaa.

O6beM | O0beM Hpenensublit | Cpenuuii

MPOJYKT MPOYKT
ipy):[a }gmyCKa pysa pyza
MPL APL
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1 1000
2 1000

3 2790

4 610

5 770

Ne5. IlpenenbHast HOpMa TEXHMUYECKOTO 3aMEILEHUs TpyAa KamurtajioM pasHa 2. g
obecrieueHus MPEKHEro 00beMa MPOU3BOJCTBA MPOAYKIUU MPU COKPAIICHUU HCIOJIB30BaHUS
TpyZa Ha 4 €QUHMIIBI HAa CKOJIBKO €AMHUI] HEOOXOIMMO YBEIUYUTD KarluTam?

No6. 3amoHUTE TaOIUILY MPOU3BOICTBEHHBIX MTOKA3aTEIICH:

KoJ-Bo equnu TP | MP | AP
pecypca, L

1 4

2 7

3 8

4 1

5 3,2

Ne7. 3anonmnuTe npomycku B TabnMile, OTpa)Karollell 3aBHCUMOCTh pPE3yJbTaTOB
IPOM3BOJICTBA OT 00bEMa NCIOIB3yEMOT0 KanuTaa:

Eon-no CAMHUIL PECYPCA, | +p | nyp | AP
) 10
) 22

3 36

4 11,5
5 55

6 63

No8. TlycTh TEXHONOTHSI HEKOTOPOTO MPOM3BOJICTBEHHOTO Mporiecca 3amaHa (QyHKIHeH
Q=10KL. Ha mpousBojicTBe 3aHATO 5 4yenoBeK. TpedyeTcst OleHUTh HOPMY 3aMEIICHUs] OJTHOTO
pabOTHHKA TOTIOJHUTEIBLHBIM KOJUYECTBOM 000PYI0BAaHHUS, YTOOBI OOBEM BBIITYCKAa COXPAHSIICS
Ha ypoBHe Q = 500 ez. npoAyKIMU B ACHb.

Ne9. IIpousBoacreennas pynkuus Gupmel umeet Bua: Q=5 XY. Llena eauHuIs! pecypca
X = 10 py6., enuaunbl pecypca Y= 4 py6. Kakoe coueranue pecypcoB obecneuuT ¢pupme
MaKCHUMaJIbHBIM 00BEM BBIITYCKA, €CIIU 3aTpaThl Ha MpuodpeTaeMbie (GaKTOPhI MPOU3BOJICTBA HE
noixHbl ipeBbiate 5000 pyo. B cMeHy?

Nel0. HMmxenepHoit Mepoil 3(pGEeKTHBHOCTH MAIIMHBI SBJISIETCS OTHOIIEHHE BBIMTYCKa
PHEpPruM K ee 3arparam. [Ipenmnonoxum, UMEITCs Be MaIIWHbBI, TepBas — ¢ 3 (HEKTHBHOCTHIO
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10%, BTOpast — 20%. MoxeT 11, ¢ SKOHOMHUYECKOW TOUKH 3pEeHHs, IepBas MalliuHa ObITh Ooiee
s exTuBHOM, YeM BTOpas?

Nell. TexHonorust HEKOTOPOH PUPMBI TAKOBA, YTO COOTHOIIICHUE MEXKIY 3aTpaTaMu Tpyaa
U Kalnuranaa JOJDKHO ObITh cTporo (QuxkcupoBaHHbIM: 1 crtaHok - 3 pabGoTHHKa. Pecypcsbl
MIPOM3BO/JICTBA HE SIBJISIFOTCS] B3AMMO3aMEHSIEMBIMH, TO3TOMY H30BITOYHOE KOJIMUYECTBO JIFOO0TO U3
pecypcoB He MOBbIMIAeT BbIMyck. [lomyctum, uto ¢upma apeHaoBaia Ha Mecsl 4 cTaHKa.
Mecsunas craka 3apriatsl 900 en., MmecsiuHas apeHHast 1iarta 3a craHok 300 en., ieHa eIUHULIbI
npoaykuuu (UKCUpOBaHA M paBHa 15 en. 3a JeHb C OJHOTO CTaHKAa CHUMaeTcs 15 eauHuIl
nponayknuu, a B Mmecsne 20 pabounmx gHeit. Omnpenenute o0ObeM MPOU3BOJCTBA, (DMHAHCOBBIN
pe3ynbTaT (MPUOBLIb UK YOBITKH) B JAHHOM MeECSIe Y (PUpPMBL.

Nel2. JIBurasicb CO CKOpPOCTBIO V=3 M/C, TPakTop TamuT caHu ¢ cwioi F=50 kH,
HAIPaBJIEHHOW MMOJA OCTPBIM YIJIOM 6 K TOPHU30HTY. MOIIHOCTb, pa3BUBaeMasi TPAaKTOPOM,
BEIUUCIseTCs 10 hopmyne N=Fvcosa. Haiinure, npu kakom yriie a (B rpaaycax) 3Ta MOITHOCTh
Oynet 75 kBrT.

IIpakTnyeckas padora Nel(
Tema 2.7: Onucanue Npon3BOICTBEHHBIX POLIECCOB € MOMOIIBIO TpadukoB HyHKINI
Henb: Hayunthes ucnonp3oBaTh rpaduku (QyHKIUN B pEUIEHMM MPUKIAIHBIX 3a7ad

Teopernyeckas 4acThb:

[Tpumenenne TMHEHHON (QYHKIIMH MPOCIEKUBACTCS MPAKTUYECKH BO Beex cdepax Haien
#u3HU. [IpuMeps! TMHENHON QYHKIMY B KU3HU!

[JPacuer B Mmara3uHe 3a KyIUICHHBIE TOBaphl. Bce MBI coBeplmaeM IMOKYIKH, YTOOBI
YIIOBJIETBOPUTH CBOM MOTpeOHOCTU. UeM Oosbllie Mbl KYyIIUM BEIIEH, TeM OO0JIbIlie Mbl 3aIIaTUM
3a MOKYIIKY.

UTlotpe6ienue 3neKTpodHepruu. AGCOIIOTHO BCe MOIB3YIOTCS eKTponpudopamu. OHH
HOTPEOIIAIOT SHEPTUI0. YeM J0JIbIle MbI UCTIONIb3YeM IEKTPOIIpUOOpHI, TeM O0JIblIe MOTpedIsieM
sHeprun. COOTBETCTBEHHO M IJIATUM OOJIBIIE. DTa 3aBUCUMOCTD BhIpaxkaercs hopmymnoit [TI=k*N,
IJie K- CTOMMOCTb OJTHOTO KHUJIOBaTT-4aca, N- KOJIMYEeCTBO YacoB.)

(1B DxoHomuke. PaboTHHKYM MOTy4aroT 3apIuiaTy U elle OHU IUIAaTAT I0I0XO/AHbIN HaJor.
1 gem Gonblile HaYKMCICHHAs 3apIuiaTa, TeM OOJIbIIe BEIMYMHA MOJOXOJHOTO Haiora. JlaHHble
BEJIMUYMHBI CBsi3aHbl cienyromeit popmynoit: [TH=0,13*D (ITH- BennunHa noJ0X0IHOTO HAJIOTa,
D- BenuumHA 10X0/1a).

[J Ilorpebnenne mumm. Bcem He0OXOIMMO €CTh, UTOOBI Y HAC OBLITU CHJIBI U SHEPTHS IS
paboThl. DTy SHEPrUI0 MbI MOJTy4aeM U3 eabl. UeM 0oJblie Mbl CheUM, TeM OOJIbIIe SHEPrUU
MOJIyYUM.

[J IIpoBepka 3uanmii. Korjma Mpl yuumcs, Mbl y3HaeM 49TO- TO HoBoe. Ho HeoOxoammo
NePUOANYECKU MPOBOJUTH MPOBEPKY TOTO, KAK MbI BBIYUWIM MaTepuai. 3a 3TH IPOBEPOUYHbIE
paboThI HaM CTaBAT OlLeHKU. UeM Ooubliie omnboK B paboTe, TEM HUXKE OLICHKA.

(1 JIBmwkeHne (U3NYECKOTO Tejla C MOCTOSIHHOM CKOpOCThIO. BeceM HaM mepuoamuecku
OPUXOJUTCA OBITh yYaCTHUKAMHU JBIDKEHHUsS. PaccTosHue mnpu JBH)KEHHM C MOCTOSHHOM
CKOPOCTBIO 3aBUCUT OT BPEMEHH JIBUKEHUS, YeM JOJIbIIEe Mbl HAXOAUMCS B IyTH, TeM OoJibliee
paccrosiHue npoiaeM. J[aHHbIe BEIMYMHBI CBA3aHbI cienyromeil Gpopmynoit: S=vt (v- ckopocTb
JBUKEHMUSI, t- BpeMsl IBUKEHUS ).

Bo Bcex mnpuBeneHHBIX NpuMepax Mbl HaOmonaeM JnMHEHHyo (yHKnuo. MHorue
peasibHble CHUTYyallUd ONMCHIBAIOTCSA MaTEeMaTHYECKMMHM MOJEISIMHU, MPEACTaBISIONIUMU
TUHEHHYIO (QYHKIIHIO.

KBanpatuunas ¢QyHkuus sBisercs HaumOojiee XOpOUIO H3Y4YeHHOH (yHKIueH, oHa
JIOBOJIBHO 4YacTO BCTpedaeTcss Ha IpakThuke. OHa HaXOAWT IIMPOKOE IPUMEHEHUE B Pa3HBIX
pa3zenax MareMaTHK{, U IPYrux oOjacTax Hayku. lIMeeT TeopeTHUecKylo U MPaKTUYECKYIO
3HaYMMOCTb. Beib MOUTH BCe, UTO OKPY’KACT YeslOBeKa TaK WIIM MHA4Ye CBSA3aHO C MapaboIIoi.
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XopoIo HW3BECTHO, YTO TPACGKTOpHsl KaMHs, OpOIIEHHOTO TOJ YIJIOM K TOPH30HTY,
aersmiero  (GpyTOONBHOTO Ms4a, CTPYH BOJIBI, BBHINYIIEHHOW W3 MUIAHTa, MApaIllOTUCTA,
BBINPBHITHYBIIETO M3 TOPU30HTAIBHO JIETALIETO CaMoJIeTa, apTUIUICPUHCKOro cHapsaa, Oyxaer
napabosoi (Mpu OTCYTCTBUHU CONPOTHUBIICHHS BO31yXa). M3BeCTHO Takke, 4YTO MHOTHE 3aKOHBI
IIPUPOJIBI BBIPAXKAIOTCA B BUAE KBAIPAaTUYHON 3aBUCUMOCTH.

[1 3ameuaTenbHOE CBOWCTBO TMMapaloJibl IMUPOKO HCIIOJIB3YETCsS B HAyKe W TEXHHUKE,
Hanpumep, napaboryeckas apKa; CBOJ MOCTA.

.y f ; b
CBOIMCTBO MapabOJMYECKUX 3€pKaJl HCIMOJIB3YIOT MPU KOHCTPYHPOBAHWUU COJTHEUHBIX
neveid, COTHEYHBIX IEKTPOCTAHIINM, OTPaKaTeIbHBIX TEIECKOMOB - pe(hIeKTOPOB.

Pemenue 3ananuii:

Nel. Ha pucyHke wu3zo0pakeH TrpaduK 3aBUCUMOCTH KOOPJIHWHATHI OT BPEMEHHU
KOJIEOTIOIIerocs Tena.

7

7 \ 3

o 1T /

mllw

T

20

ITo rpaduky onpenenute: 1) ammutyay kKoiebanuii; 2) nepuoj Koyedanuii; 3) 4acToTy
KosieOaHui; 4) 3aNHIINTE ypaBHEHUE KOOPIUHATBHI.

No2. 'apmoHHMUYecKkoe KoJieOaHWEe OMUCHIBACTCS yPAaBHECHUEM
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. FWL W
x=2sinsin(5t+-) 5 5
P 4/ UYemy paBHBI ImUKIMUecKas YacTOTa KojieOaHMil, NMHEHHAs
gacToTa KojiebaHuii, HadyaabHas ¢a3a KoueOaHuit?
Ne3. Ectb MraoBerHas GpoTtorpadus BOJIHbBI B PE3UHOBOM IIHYPE.

Omnpenenure: 1) ATMHY BOJHBI; 2) aMIUIMTYy KOJI€OaHUN YaCTHUYEK IIHYpa.

Ne4. Tlo mpencraBieHHOMY TpaduKy ONPEISIIHTE AMIUIUTYAy W IEPUOJ KOJICOAHMIA
HUTSIHOTO MasiTHUKA.

x, cm 4

1 % £\
0 3
2\ te

=1

No5. Tlo ypaBHEHHIO TapMOHHUYECKHX KOJeOaHUN OMpENeNuTh aMIUIUTYIy, YTJIOBYIO
CKOpOCTB, TIEPHOA U 4acTOTy. HauepTuTh rpadmk JaHHOTO TApMOHUYECKOTO KOJIeOaHusI.

1) x =15 sin 3xt

2) x = 8 sin /3t

3) x =10 sin mt

Ne6. Hexoropas Touka JABHKETCS BJOIb OCH X IO 3aKOHYy X = a sin’ (ot - m/4).
Haiitu: amnnutyay u nepuoa kosnebdanuit; n300pa3uth rpaduxk x (t).

No7. HamumuTe ypaBHEHHWE TapMOHMUYECKMX KoseOaHuii, eciu dacrtota paBHa 0,5 T,
ammutyaa 80 cm. HauanbHas ¢a3za konebaHuil paBHa HYJIIO.

IIpakTnyeckas padora Nell
Tema 2.10: IIpocTeiinme TpUroHOMETPUUYECKHE HEPABEHCTBA
Henb: HayunTthes pemaTts NpocTedIne TPUrOHOMETPUUECKHE HEPABEHCTBA

Teoperuyeckast 4acThb: ]
MpocTeHWMMKA TDMIOHOMETDMUSCKMMIM HEPABEHCTEAMM HAZbIBAKITCA HEDABEHCTEA BMIA
sine \ a,
CcosT YW o,
tgr V a,
ctgxr vV a,

roe 'V — OOWH W2 BHaKoe <<, >, <. = a & .
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1. [puUMepbl peLleHns NpocTerLwnX
TPUrOHOMETPUYECKUX HepaBeHCTB

C NMoMoLubKo e,[I,HHM'-IHOIﬁ C NOMOLULIO Fpaq)MKOB
OKPY>XHOCTH
y
Y _1 e
1 P e O 2 2 N B
p—i5n T < ! ~ 7
2 il o bn
= 6 6 6 \_/
L

\y t —_—

sinx>1 T omk<x<® i onk kcZ
2 6 6
y o ¥ " y=cosx
n—£=2_“ L 4Tt
373 \ 3 N3 iy,
N | 0o NJ yd ™
_\I \_/ _% \_/ y=_%
1!
-4 40/ 1 i
1 2n 2n
—2n CoSX>—= ——+2nk<x<—+2nk kcZ
3 2 3 3
y
y=tgx

/—:rt _% 0 % /1::

tgx > -1 —E+nk§x<%+nk,kez
Yy
=ctg x -
\ V3 \y % \ y=v3
0 % n x

ctgx<\/§ %+nk<x<n+ﬂ:k,kez
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Cnocobbl peleHnd Donee CNOXHbIX TPUTOHOMETPNHECKMX HEPaBeHCTB

a)

6)

Hemoan3oBaHue

PaBHOCHJBHBIX

mpeoOpa3oBaHHII ®W, B YaACTHOCTH,

ceedeHULle MPUZOHOMEMPUYECKO0Z0 HEPABCHCNEA K aJzebpaudeckomMy Hepa-

gerncmay no cxeme: 1) k odHomMy apzymenmy, 2) k odHoll pyHryuu, 3) 3a-

MeHa nepemeHHoll (aHATOTUIHO CXeMe PpEIeHWd TPUTOHOMETPUIECKHX

ypaBHeHUIl, IpuBeeHHOH Ha c. 249) u nocredyouwee peuleHue NONYULEHHBLY

npocmelluiix MpuzoHOMEMPULECKUX HEPABCHCTLE.

Hemoans3zoBaHUMe MeTOIa HHTEPBAJOB

(nocae ceedenus HepaseHemea k eudy [ (x) < 0) no cxeme:

1) Hasitu O/I3 HepaBeHcTBA.

2) HaiiTu obmuit mepuoy (ecim OH CYIMECTBYET) A9 BeeX QMYHKITAI, BXO/I-
IUX B HEPaABeHCTBO, TO €cTh mepuon pyHKIuM [ (x).

3) Haiitu synmu dpyarmun: f(x) = 0.

4) OrmeTuTsh HyJH (PyHEDUH Ha O/[3 Ha ogHOM mepHode M HATH 3HAK
¢dpyarmuu f(x) B KaKIOM H3 IMPOMEKYTKOB, Ha KOTOpble pa30OMBaeTcs
O/13 (ma ogHOM mepuome).

dyrRIIA [ (X).

r)) 3anHcaTh 0TBeT, YYHUTBIBad 3HaAK 3aJaHHOI'O HepaBeHCTBa H IIepHO[T

PelwieHne I'IpOCTel;iLIJMX TPUTOHOMETPHECKNX HeEPaBEeHCTB B obulem Bnae

3HayeHUs a PewweHne
1. HepaBencTBO sin x > a
-1<a<1 arcsin a + 2nk < x < m — arcsin a + 2nk,
rae kB — moboe menoe aucio (kB € Z).
a>1 Permrenuit HeT.
a<-1 x — nboe AeHCTBUTEIbHOE YHCJIO.
2. HepaBeHeTBo sin x = a
-1<a<l1 arcsina + 2nk < x < m — arcsina + 2nk, ke Z.
a>1 Permrenuit HeT.
=1 x:%+2nk,ke Z.
a< -1 x — Jroboe melficTBATEILHOE UHCJIIO.
3. HepaBeHcTBO sin x < a
-1<ax1 -7 — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
i =] Pemrennii HeT.
a>1 x — a1000e OJeHCTBUTENbHOE YHCIIO.
4. HepaseHeTso sin x < a
-l1<a<l1 —nt — aresin a + 2nk < x < arcsin a + 2nk, k€ Z.
a< -1 Pemrennii Her.
a=-1 x:—g+2nk,ke Z.
az=1 x — mboe IeficTBUTEIBHOE UHCIO.
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5. HepaBeHCTBO cos x > a
-1<a<1 — arccos a + 2nk < x < arccos a + 27k, k € Z.
azl Pemennii Her.
a<-1 x — maoboe metficTBUTEIBLHOE YUCJIO.
6. HepaBeHCTBO €cOs x = @
-l1<a<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a=>1 Pemtenuii HeT.
a=1 x=2nk, ke Z.
a< -1 x — Jr0boe AelicTBUTEIHLHOE THUCIIO.

7. HepaBeHcTBO cos x < a

arccos a + 2nk < x < 2m — arccos a + 2nk, ke Z.

x — Jmr0boe AeHcTBUTEIBHOE THUCTIO.

a< -1 Peurenuii Her.
8. HepaBeHCTBO €08 x < @
-1<a<1 arccos a + 2nk < x < 2 M — arccos a + 2nk, k € Z.
a<-—-1 Pemtennii HeT.
a=-1 x=m+2nk, kec Z.
a=1 x — nboe JelCTBUTEIBHOE UHCJIO.

9. HepaBencTBo tg x > a

a — nboe JefiCTBUTENb-

Hoe uncygo (a € R)

arctga+nk<x<%+ﬁk, ke Z.

10. HepasencrtBo tg x > a

ac R arctga+ﬂk€x<%+nk, ke Z.
11. HepaBencTtBo tg x < a
ac R —%+nk<x<arctga+ﬂk, ke Z.
12. HepaBeHerBo tg x < a
ac R —%+nk¢xéarctga+nk,kez.
13. HepasencTtBo ctg x > a
ae R nk < x < arcctga + 7k, ke Z.
14. HepasercTrso ctg x = a
ac R nk < x < arcctg a + 1k, ke Z.
15. HepaBeHncTBo ctg x < a
ace R arcctga+nk<x<m+mnk, ke Z.
16. HepaBeneTBo ¢tg x < a
ac R arcctga+ k< x<mn+nk, ke Z.
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Pelenue 3aganuid:
Nel. BEIIOJHUTE 3a0aHUS:

1. PeWwnTb HEPABEHCTBO: SINT < —%.
OTseT:

(—3% +2an; —% +27n), n€ Z
2. PeWwnTb HEPABEHCTBO: COST > — %-
OTBET!:

(--“'T' + 27n; 3—:' +2mn),. ne Z
3. PewuTh HepaBeHCTBO: SINT =~ —1.
OTeeT:

(—oc; +00)

4. PewwTb HepaseHcTso: sina = ().
OTeeT:

2mn; 7 + 2mn, n € Z)

5. PewwnTb HepaseHcTeo: cost < 0, 2,
OTser:

larccos0, 2 + 27n; 27 — arecos0,2 + 2mn, n € Z)
Ne2. BLIITOJIHUTE 3aaHus:
1. PewwuTb HepaeeHcTeo: Lgr > —1.

OTseT:

X +m:5+mn), neZ

2. PewnTb HepaseHcTso: ctgr < —7133
OTseT:

[2—;" + w4+ 7mn), n € Z

3. Pewwutb HepaseHcTso: Lgr < 3.

OTeeT:

(=5 +mniarctg3 +mn), n € Z
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IpakTnyeckas padora Nel2
Tema 2.12: KontponbHas paborta mno pasgeny 2 «OCHOBBI TPUTOHOMETPHUHU.
Tpuronomerpudeckue GyHKIAN
Heasn: IIpoBeputh ypoBEeHb YCBOCHMS JAHHOTO Marepuana mo pazaeny 2 «OCHOBBI
Tpuronomerpuu. Tpuronomerpuueckue GyHKIUIY

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL OmMeem U3 Yemblpex
nPeOI0HCEHHBIX.
AB

1. (1 6aim) B AABC sinC = o

A) AB; b) AC; B) BC; I') CB.

2. (1 6amn) Yriom kakoi 4eTBepTH sBisieTcst yrou oa=400°?

A)LB)ILB)ILT) IV.

3. (1 6amn) Kakue u3 QyHKIUH SIBISIFOTCS] YETHBIMUA?

A) y=sin x; B) y=cos x; B) y=tg x; I') y= ctg x.

4. (1 6ann) Kakue u3 uncen sBISIFOTCS KOPHEM YPaBHEHUS COS X = %?
_T. I _I. —2r

A)X—6,E)X 3,B)X 2,1"))( S

Ilpu évinonnenuu 3adanuit 5-8 3anuwiume xo00 pewienus u nOJIYYEHHbLI OMEem.

Kakas u3 ctopoH siBnsiercst runorenysoit AABC?

. T Vs
5. (2 6amna) Beramcnure: sin S Tcosz.

. V2 .2
6. (2 6amna) Halinure 3HaYCHUE BRIPAKCHUS 4arccos7 - 4arcs1n(—?)

7. (2 6amna) JlokaxuTe TOKIECTBO: 2sin(m/2+a)+ cos(m — a)= cosa.
8. (2 6ana) Pemmte ypaBHenue: sin’x - 4 sinx + 3 =0.

IDmanonvt omeemos:

H
OMep | 2 3 4 5 6 7 8
3aJaHUS
T
OTtBeT b A B b 1 2n - 5 + 2wk, keZ

IIpakTuyeckas padora Nel3
Tema 3.4: [IpeoOpa3zoBaHue HppalMOHATBHBIX BBIPAKEHUH
Hennb: Hayuntsest ynpomarh BeIpaKeHUs, COAEPKAIINE KOPHU

Teopernyeckas 4acThb:
Yro Takoe HPPALMOHAIbHBIC BHIPAKEHUA?

WppatmonanbHble BEIpaKEHUS HAUMHAIOT BCTPEYaThCs Ha Tare 3HaKOMCTBA C KOPHEM U3
qucia, 4T0 0OBIYHO MPOUCXOMUT Ha ypOoKax anreOpsl B 8 kiacce. 3/1ech MHTYUIUS 110/ICKa3bIBaEeT,
4YTO HMppPaLUOHATbHbIE BBIPAKEHUS KaK-TO CBA3aHBI C KOPHSIMH, M 3TO JICHCTBUTENBHO TakK.
Crnenyrolee onpeeiaeHue MOATBEPKAAET HAIly TOTaKY:

HppanmoHaibHBIMH BbIPa:KEHHUSIMH HA3bIBAIOT BBIPAKEHUS, COZEpIKAIIMe ONepalnio
U3BJICUEHUs] KOpHs. [IpyruMH CJIOBaMH, MPpPALMOHAIbHBIE BBIPAKEHUS — 3TO BBIPAKEHUS C
panukanaMu (BbIpaXKEHHUs, COAEpKalIe B CBOEH 3alIUCH 3HAKU KOPHS).
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. x-1
Ha ero ocHoBe MBI MOKEM MPUBECTH MPUMEPHI UPPANUOHATIBHBIX BBIPAKECHUII:

2 )
i,/g-if_— J4ra” d

J

1
S ) Ve

5
9

UtoOBbl B najgpbHEWIIEM HE BO3HUKAJIO IYTAaHUIIBI, JaBalTe OOCYIWM OJMH MOMEHT.

x-(x—ﬁ]-(x+ﬁ]
s 3V 8
I+— |- x——
PaccmoTpuM BeIpaxkeHue 2 3 u3 KHuru [1, c¢. 19]. I3 KOHTEKCTa MOHSTHO,

YTO 3TO PAaLMOHAIBHOE BBIPaKEHUE, OHO MOAXOJAUT IOJI COOTBETCTBYIOLIEee onpeneneHue. Ho B
9TOM BBIPQXCHUM IPUCYTCTBYIOT KOPHH, 3HAUUT, COIJIACHO BBEICHHOMY B JTOM IIYHKTE
OIPECIICHUIO OHO UppallMOHaIbHOE. Tak Kakoe 3TO BBIpa)KEHUE HA CAMOM JIEJIe: PAllHOHAIBHOE
WJIM UPPalliOHAILHOE?

OTO He CyThb Ba)XHO. DTUM MBI XOTHM CKa3aTbh, YTO HE CTOMT (haHATMYHO HOJXOAUTh
K pa30MeHHIo BBIPAXCHWH Ha BHJBI, TaK KaK dTa KJAcCH(UKaIMs HEe NOCTAaTOYHO cTporas (B
OTIIMYME OT KJIAcCU(PUKALMU YHUCeN, BEeAb HATypaJlbHble, LElble, pallOHaJIbHbIE,
UppalMOHATIbHBIE, JCUCTBUTEIbHBIE YHCIA ONPEIENIEHbl CTPOro, WU €CIM JaHHOE YHUCIO
palnroHaIBFHOE, TO OHO YK TOYHO HE HPPAMOHAIBHOE U HA000pOT). BeIpaxeHus moapas3aenisor
Ha palUOHaIbHbIE, UPPALMOHAIBHBIE U T.II. IO OOJIbIIEH YacTu Ui yA00CTBa Mpe/ICTaBICHUS U
onucanusa Marepuana. Harmpumep, Mbl nMeeM €710 ¢ pallMOHAIbHBIMU BBIPAXKEHUSAMH BCE BPEMH,
[OKa yyuMcs paboTaTh ¢ MHOTOUJIEHAMHU U areOpandeckuMu Ipo0siMHU. A K UppalMOHAIbHBIM
BBIPQKEHUSM MBI IIEPEXO/IUM TOT/A, KOT/Ia CTAIKMBAEMCSl ¢ HEOOXOJMMOCThIO IPOBECTH KaKue-
TO omnepauuu ¢ KopHsAMHU. HauneM u3ydarh jorapudM — CTOJIKHEMCS C J102apugpmuyecKumu
svipadxcenusmu. W Tak panee. BooOie, ecnmu HET TBEpAOM YBEPEHHOCTH B TOM, KaKoro BHJA
BbIp@XCHHE HAXOAMTCA IEpe] HaMM, TO JydYllle CKa3aThb IPOCTO BBIpAXKEHHE, HE N00aBiss
YTOYHSIIOIIEE ONPEEIICHHUE.

3aBepiiast UH(HOPMALIKIO 3TOTO ITYHKTA, 3aMETHM, 4TO B IIKOJIE TEPMUH «HUppaL[MOHATIbHBIE
BBIPQKEHUS» HCHOJB3YIOT Majio, OOjbllle TOBOPAT O BBIPAKEHUAX, COAEPXKAIIMX KOPHHU
(BO3MOJKHO, 3TO JIeIaeTCs BO N30€KaHHe CTOIKHOBEHUS C OTOBOPEHHBIMHU BBIIIIE HIOAHCAMH).

OcHoBHBIC BHbI NPE0OPA30BAHUI HPPALMOHAIBHBIX BbIPAKECHHI

KaKk M TpH NpeoOpa3oBaHUM JHOOBIX JPYTUX BBIPAKEHHWH, HAJ0 YUYUTHIBaTh 00JacTb
nomyctumbix 3HaueHui (O/[3) u He nomyckath ee CyKeHHs.

C uppaloHaJbHBIMU BBIPQKEHUSMHU, KaK M C BBIPQKEHUSAMU APYTUX BHUJIOB, MOXKHO
MIPOBOJIUTH JIFOOBIE M3 OCHOBHBIX TOKJIECTBEHHBIX MTPeoOpa3oBaHmii, OyIb TO PACKPHITHE CKOOOK,
rPYNIUPOBKA U MPUBEIEHUE MOJOOHBIX CJIaraéMbIX U T.N. DTO U MOHATHO, TaK KaK B OCHOBE ATHX
npeoOpa3oBaHuil IexaT Takue CBOMCTBA JEMCTBUI C YHCIaMu, KOTOpbIE SIBIISIOTCS OOIIMMU TS
quceN pa3HbIX BUJOB. Takke MOHATHO, YTO IPU MPOBEICHUH MTPeoOpa30BaHnil UPPALMOHATBHBIX
BBIPQXEHUM COXpPAHSAETCS TPUHATBHIM TMOPSIAOK BBINOAHEHUS nAelcTBUi. IlokakeM pemieHus
HECKOJIbKUX ITPUMEPOB.

Ilpumep.
0+33-2+433+1-2-33

[IpeoOpasyiiTe upparoHaNIbHOE BBIPAXKEHUE .
Pewenue.
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Jlns Havama 3aMeHMM KopeHb u3 81 ero 3HadeHueM 9 (IIpu HEOOXOIUMOCTH
CMOTpHUTE U3BJICUCHUE KOpHEQ), HMeeM

Vel+33-2+4:343+1-2-3f3=
=9+33-2+4.3/341-2.3f3

OLIGBI/I,I[HO, B IMOJIYYCHHOM BBLIPAXKCHUUN IMPUCYTCTBYIOT HO,Z[O6HLIC cj1araéMaI€, IO3TOMY
uenecooGpa3Ho BBIIIOJTHUTD ux IIPUBCACHUC!

0+33-2+4-33+1-2-{3=
=(9—2+1}+(§/§+4-%§—2-{/§J:
=8+3-3f3

Omeem:
0+33_2:4.4321-2.33=8+3.33
Ilpumep.

Hcnonb3ys ¢GopMylibl COKpAIlEHHOTO YMHOXKEHUS, INPEJCTaBbTE HPPALUOHAIBLHOE

; =
U?-,f:c+3 ]‘ —2-3x+3 +1]—9
BbIpaXKCHHE ) B BUJIE MPOU3BEJCHUS JIBYX HPpPaLOHAIBHBIX
BBIPAKCHU.
Pewenue.

OueBuaHO, MpPpANMOHATIBHOE BBIPAKEHHE B CKOOKAax NpeACTaBiIsieT co00il KBaapar

Kxz3-1)

-
F

pa3HoCTH, TO €CTb, €ero MOKHO 3aMEHUTD Ha

[(ﬁ] —2'ﬁ+lj—9 =
=(i/m—1]2—9

A TCIICPb ACBATKY MOXHO ICPCIIUCATD KaK 32, IOCJIC 4€T0 BOCIIOJb30BaThHCA (I)OpMy.]'IOfI

,  IOdTOMY

Pa3HOCTb KBaApaToOB:

(ﬁ—l]z—s;:[i x+3—]]2—32=
—fr=3-123) Rrz3-1+3)=
=(ﬁ-4]-(ﬁ+2)

B pesynbpTaTe mpojieaHHBIX TOKIECTBEHHBIX MPEOOpa30BaHUN MBI MIPUIILTH K HY>KHOMY
HaM MIPOM3BEJICHUIO IBYX UPPAMOHATBHBIX BBIPAKCHHI.
Omeem:

[(mf—Z-M+1]—g=
o) b

CymectByeT eme psa HpeoOpa3oBaHUM, OTHOCAIMIMXCS MMEHHO K HMPPalMOHAIBHBIM
BbIpaXEHUSIM. PaccMOTpUM OCHOBHBIE U3 HUX.
IIpeoOpa3zoBaHue NOAKOPEHHOT0 BbIPAKEHUSI
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OmHO W3 BaXHEWIIUX MPeoOpa3oBaHUl HMPPAIMOHAIBHBIX BBIPAKEHUN COCTOUT B
CJIEIYIOIIEM: BBIPQKEHHUE I10J] 3HAKOM KOPHS MOHO 3aMEHHUTh TOXICCTBEHHO paBHBIM
BBIPAXKCHUCM. Cuhauaina MPUBCACM ITPUMCPELI €TI0 BBIIIOJIHCHUS, ITOCJIC YCTO MMOSACHUM, HA YCM OHO
Oasupyercs.

DTO yTBEpXKIEHUE AaeT BO3MOXXHOCTH paboTaTh C MOJAKOPEHHBIMU BBIPAKEHUSIMHU.

N1+ 6

Hamnpumep, 0HO TIO3BOJISIET CyMMY IIOJI KOPHEM B BBIPAKEHUU 3aMEHUTh €€ 3HaYEHUEM,
TO €CTb, MEepEeUTH K KOPHIO . Hpyroi puMep: HPPALUOHAIBHOE
4 5
2-a -6
BBIPAKECHHE MOKHO 3aMEHUTh TOXJIECTBEHHO paBHBIM eMy

4 4
2-a -a—=6
BLIpa)KeHI/IeM .

ITouemy nanHoe mpeoOpazoBaHue uMeeT MmecTo? Jleno B TOM, 4TO KOrja Mbl JaBajH
oIpeieIeHUue KOPHs U3 YUCIIa a, TO Mbl CKa3aJIH O €ro €JMHCTBEHHOCTH. TO eCTbh, He CYILECTBYET
4ucia aj, OTIIMYHOTO OT a, sl KOTOPOTrO CIPaBelIMBO PAaBEHCTBO , 3TO PaBEHCTBO
BO3MOXKHO JIMIIb HpU a=a;. Takke Mbl 3HAaeM, 4YTO 3HAYEHUS TOXKIAECTBEHHO pPaBHBIX
BbIpaXeHUN A U A; paBHBI IpU JIIOOBIX JONYCTUMBIX 3HAYEHMSIX MepeMeHHbIX. U3 aTuX (akToB
ClleflyeT pa30upaeMoe yTBEPKICHUE.

Hcnoab3oBanue CBOMCTB KOPHeH

JUis  TOXAECTBEHHBIX INPEoOpa3oBaHU  HMPPALMOHAIBHBIX  BBIPAXKEHUH  LIMPOKO

Jab=da-b

UCIIOJIB3YIOTCS  CBOWMCTBA KOpHeH. Hampumep, HCHONb3ys CBOWCTBO

]+v"§--u'{13

rae a>0, b>(), oT uppallMOHATEHOTO BHIPAKEHUS MOYHO TEPENUTH K TOXKIECTBEHHO
mimfon CRCERR)
Lend = a
1+43-12 .
pPaBHOMY BBIPAKCHHIO . A cBOiicTBO , Te a>(0), mo3BOIseT

2 314
X+ 4 2
V4 19+ 44
BI)Ipa}KCHI/Ie HepCHI/ICZlTB KaK .

Hpeo6pa30BaHHe I/IppaI_[I/IOHaJ'IBHLIX BLIpa)KeHPIfI, conepmamnx 104 3HaKaMHu KOpHCfI

OTpULATCIIbHBIC YN CJIa U BBIPAKCHUSA C ICPEMEHHBIMU, COIIPSAKCHO C pAAOM HIOAHCOB. HaHpHMep,

MBI HC UMEEM IIpaBa 3alucaTh PaBEHCTBO Ha OCHOBAaHHMM CBOMCTBa KOpHEW,
1o Ria

., /
2/b

HEOTPHUIIATEIILHOTO YUCIIA a ¥ TIOJIOKHUTEIIBHOTO b, a —7 1 —81 — oTpunaTenbabie yncia. Ho ecim

BBIPQ)KEHHOTO (hopMyIIoi . Heno B TOM, uTO YyKazaHHas ¢opMmyia JdaHa s

IpeIBapUTENbHO 3aMEHUTD APOOb O] 3HAKOM KOPHSI paBHOM el 1poObto 7/81, To nanbiiie MOXKHO

%

.
)
—

IIPUMEHSATH YIIOMSHYTOE CBOMCTBO KOPHEHN U IIEPEXOAUTH K BBIPAKECHUIO BUA

65


http://www.cleverstudents.ru/expressions/identically_equal_expressions.html
http://www.cleverstudents.ru/expressions/identically_equal_expressions.html
http://www.cleverstudents.ru/roots/properties_of_roots.html

[TogoOHBIE TOHKOCTH B JIETAISIX Pa300paHbl B CTaThe MPeoOpa3oBaHNe HPPAIMOHATBHBIX
BBIPAKEHUM C UCIIOJIb30BAHUEM CBOMCTB KOPHEM.

CBolicTBa KOpHEH J€XaT B OCHOBE JBYX CJIEAYIOUIMX IpeoOpa3oBaHUil, Ha3bIBAEMbIX
BHECEHHUEM I10/] 3HAK KOPHS M BBIHECEHUEM U3-110]1 3HAaKa KOPHSI, K PACCMOTPEHUIO KOTOPBIX MBI U
HEPEXOIUM.

BHecenne MHOKMTeIS IO 3HAK KOPHS

n

BHaecenue MHOXHUTENS 1101 3HaK IIOoAPasyMEBACT 3aMECHY BBIPAXKCHUA , TAC BuC-
HCKOTOPBIC YU CJIa NI BBIPAXKCHUA, a4 1 — HATYPAJIbHOC YUCJIO, OoJIbIIICE CAWMHUIBI, TOXKACCTBCHHO

NBT-C —AB"-C

paBHBIM BHpa}KeHI/IeM, UMCHIIIUM BU NnIn
3
2-3fx
HaanMep, I/IppaI_II/IOHaJ'ILHOC Bpra)I(eHI/Ie ITOCJIC BHECCHMU S MHOKHUTCIIA 2 1104 3HAK
3143
27 -x

KOpHSI IPUHUMAET BUJ]

BbiHeceHMe MHOKUTEJISA U3-110/] 3HAKA KOPHS

[IpeoOpa3oBanreM, B M3BECTHOM CMBICIIC OOpAaTHBIM BHECCHHIO MHOXHUTEIS IO 3HAK
KOpPHSI, SIBJIIETCSI BBIHECEHUE MHOKHUTEINS M3-110J 3HaKa KOpHsI. OHO COCTOUT B MPEICTaBICHUU

VB™.C B-3c

KOPHA B BHAC IIPOU3BCIACHHA Inpun HCYCTHBIX 7 HWJIKX B BHAC

|B1-5/ic
IIPOU3BEIECHUS IIPYU YETHBIX 71, T1€ B 1 C — HEKOTOpBIE YKCIIA WIN BBIPAKCHUS.
3a MIPUMEPOM BEpHEMCH B MPEABITYIIHAN ITYHKT: UPPALMOHAIIBHOE

2%« 2-3fx

BBIPAXKCHUC IMMOCJIC BBIHECCHUSA MHOXKUTCIIA U3-TI0A 3HAKA KOPH IPUHUMACT BUL

«.lf(x +]]2 -7

. I[perfI MMPUMEP: BEBIHCCCHUEC MHOXKUTCIIA U3-T10J] 3HAaKa KOPHS B BBIPAKCHUN aacT

|x+1|-ﬁ

i
MMPOU3BCACHUC , KOTOPOC MOXKHO IIEPCTINCaTh B BUJIC

Pemienue 3axanmii:
Nel.
Mpumep 1 ¥Yapocmume abipaXeHue.

a) \.I'.r'.lzhl = \{'ru_:qff.'r_' = ab’:

. ii]t’:u-:;r' % \.l'[lfu?' ” da
Vob®  Jop© 3V
Mpumep 2; BuiHecmiUu MHOKUMENE U3-nod 3Haka
K8adpamHO20 KOPHRA:

) -Jﬂ]:‘.r=w'r?¢_|--q'r.;=‘}u'r;;
6) 32at=16-a* -2 = J16 Ja* 2 =da 2

g) \J'I‘PJ'-:'J'HJ"?E '-.I'f‘.l‘-u“ a-b b=

= a® Ja-b* b
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Ne2.
¥ TIpoCTHTE BhIPpAMKEHHA:

a) 42 ++/50 - V18 ; a) 7v3 — V48 + 27
6) V3-(2V8 +Vi2); 6) V2 (V8 +442);

5 (V5-2); 5) (V3 +5) ;
0) (VB -2)(v8 +2). ) (V5 +3)(v5 - V3).

Neo3. BeUUCIUTE:

Vs V74
? | -7 75
2 | V2iof +([Vio—4f
@ is-af +flvis—3f
R R CREl

IIpakTnyeckas padora Nel4
Tema 3.4: [IpeoOpa3zoBaHue HppalMOHATBHBIX BIPAKEHUH
Heanb: Hayuntbest npeoOpa3oBbIBaTh APOOHBIE UPPALIMOHAIBHBIE BBIPAXKEHUS

7

Teopernyeckas 4acThb:

IIpeoGpa3oBanue apodeii, coaepKamuX KOPHU

HppanuoHaibHbie BBIPAXKEHUS MOTYT COACPIKATh APOOH, B YUCIUTENC M 3HAMEHATEIe
KOTOPBIX MNPUCYTCTBYIOT KOpHH. C TakuMu JApOOSMH MOKHO TPOBOJUTH JFOOBIC U3
OCHOBHBIX MO}COeCmEeHHbIX Npeodbpazoeanull Opooe.

Bo-mepBbixX, HUYTO HE MeIaeT paboTaTh C BRIPAKCHUSIMHU B YHCIIMTENE U 3HAMeHaTene. B

(2+3)-3x

3 2
X+ 5
KayecTBe IpUMepa pacCMOTPHUM ApoOb . UppannoHanbHOE BEIPAKEHHUE B UUCITUTEIE,
Ax
OYCBUJHO, TOXKJICCTBEHHO PaBHO , 4, 0OpaTUBLINCH K CBOWCTBAM KOpHEM, BBIpRXKEHUE B
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XT+5
3HaMEHATEJIE MOKHO 3aMEHUTh KOPHEM . B pesynbrare ucxoanas apoos npeobdpasyercs

5.4/x
K BUIY E\-'II"'S.

BO-BTOpHX, MOXHO HM3MCHUTH 3HAK IICPCa I[pO6bIO, HN3MCHHB 3HAK 4YHCIIUTCIA HIIU
3HaMCHAaTCJIA. HaanMep, HUMCKOT MECTO  TaKuce HpeO6paSOBaHI/I$I HUppanikioHaJIbHOI'O

B x+2-ﬁ _ x+2-ﬁ _x+2-ﬁ
—3-x2+3{E —(—3~x2+J{EJ 3-:{2—3{}?

BBIPpAXKCHUA: .

B-Tperbux, WHOra BO3MOXHO M IEJIeCOO0Opa3HO MPOBECTH CokparieHue apodou. K
3.3 ed-1)fx
Brra-1f

3-afx

Visd-1 {3«”'"{+4—]]
MPPALHOHAILHOE BHIPAKEHHE , B pe3yJIbTaTe MOJTydaemM ' ¥ - )

HOH?ITHO, 4TO BO MHOTHX ClydasaXx, HPCKAC UYCM BbIIIOJIHUTH COKPAIICHUC Z[pO6I/I,

[IpuUMEpy, KakK OTKa3aTb cebe B YAOBOJILCTBUHU COKPATUTH ,I[p06b Ha

-
e

BBIPQXECHUS B €€ YHUCIUTENE U 3HAMEHATeNe MPUXOAUTCS PACKIIAbIBATh HA MHOXHTEIH, YETO B
IOPOCTBIX CIIy4yasiX MO3BOJSIFOT JOOMTHCA (OPMYNBI COKPALIEHHOTO YMHOXEHHsA. A HHOrza
COKpaTHTh JApoOb IOMOraeT 3aMeHa IepEeMEHHOH, MO3BOJAIOIIAs OT HCXOJHOW JaApobu ¢
UPPalMOHATIBHOCTBIO MEPEeHTH K palMoOHaIbHON ApoOu, paboTaTh C KOTOpPOH KOMQOpTHee U
HpUBbIYHEE.

x—v

\/;-F ¥

)

2.

Hns npuMepa BO3bMEM BBIPaKECHHUE Brenem HOBBIE

u=ax  v=afx
MEPEMCHHBIC n

A ol
e

u-—v

, B O9TUX TICPCMCHHBIX HNCXOAHOC BBIPAKCHHUEC HNMECT

2.
BU/T U=V Bpmonnus B unciurene pa3oKeHUue MHOTOWIEHA Ha MHOKUTENH 10 (hopmyrie

pa3HOCTb  KBaJpaToB,  I[OJIydaeM  BO3MOXKHOCTb  COKpaTUTh  OpoOb  Ha  u+tv,

l <

2.u=2. (u—v]-(ujw]:zl(u_r)

nMeeM =1 H=1 .  BommonmnuB  oOpaTHylo  3ameHy,

2-(F4)

NpuxoaAuM K BBIPAXCHUIO , KOTOpPOC TOXIACCTBECHHO pPaBHO HUCXOAHOMY

MppaLMOHaIbHOMY BhIpaxkeHHro Ha O/13.
B-ueTBepThIX, 1poOH ¢ UPPALMOHATBHOCTHIO MOKHO IPUBOANUTH K HOBOMY 3HAMEHATEITIO,
YMHO)XKasl €€ YUCIINTENb U 3HAMEHATelb Ha JIONOJHUTENIbHBIA MHOXHUTEIb. Hanpumep, npuseaeM

x -1
0.5-v1

I[pOGb K HOBOMY 3HAMCHATCIIIO X. I[JISI 9TOro €€ 4YuCJIMTCIIb U 3HAMCHATCIIb CICAYCT
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p

Ha HppaluOHAILHOC BBIPAXXCHUC ,
-1 24x(r-1) 247 R -1)
0.5-x  05-vx-2:+/x x

MMEEM
Hanmomu#MM, 9TO BBINIOJHSTH COKpAIIeHHWE IpoOei Wiu mpuBeneHue aApodell K HOBOMY

YMHOKHTb

3HaMeHarenro Heooxoaumo Ha O/]3 mepeMeHHBIX 171 HCXOIHOM IpooHu.

YMHOKEHHE 4YHCITUTENs W 3HaMeHaTelnss JpoOW Ha HEKOTOpPOe HppaIoOHAIBHOE
BBIPQXCHHE YaCTO MCIIOIB3YeTCs ISl TPOBEACHHSI peoOpa3oBaHusl, HA3bIBAEMOT0 N30aBIeHUEM
OT UPPALMOHATILHOCTH B 3HaMeHarene. PazdepeM, Kak OHO POBOAUTCSI.

HN306aBieHUE OT HPPANMOHAJIBHOCTH B 3HAMEHAaTeJ1e

N30aBnennemM OT UppalMOHAIBLHOCTH B 3HAMEHATENEe Ha3bIBAIOT MpeoOpa3oBaHUE, MPU
KOTOPOM Jpo0b 3aMEHSETCsS] TOXKIIECTBEHHO PaBHOW IpoObI0, HE COAepKalleil B 3HAMEHaTelne

3HAKOB KOpPHEM.
39 .x

3

JPOOBIO €CTh  OCBOOOXIEHHE OT

Lad
o

Hampumep, 3amena npobu

UPPAIMOHATLHOCTH B 3HAMECHATEIC.

ITepexox oT KOpHeii K CTEMEHAM
[lepexoa OT KOpHEH K CTENECHSIM IpH MPEoOpa30BaHUU UPPAIMOHATIBHBIX BBIPAKCHUMH
L
nl _m ™
a =a”
MPOBOAMTCS Ha 0a3e paBEeHCTBA , C TIOMOIIBI0O KOTOPOTO JAETCS OIpPEICICHHE
CTETNEeHH C pallMOHAIBHBIM TMOKa3zareiaeM. ViM 6e30053HEHHO MOXHO MONB30BaThCSA, KOTJA a —
32
5

MOJIOKUTEITHHOE YHCIIO, M — IEJI0e YHCIIO0, a 1 - HaTypaibHoe. Hampumep, KopeHb MOKHO

2
<73

3aMCHHUTDB CTCIICHBIO C ,Z[pO6HBIM IIOKa3aTcJIEM BHU A
Ecnu xe nion KOpPHEM HaXOAUTCS OTPpULATCIIbHOC YUCIIO UJIU BBIPAKCHUE C ICPEMCHHBIMU,

F iz

a =a”
TO (hopMyJII0it HaJI0 II0JI30BaThCs aKKypaTHO. Hanpumep, Mbl He MeeM IipaBa cpasy
3 2
- a - -
JE8)  y=16) (=8)s  (16):
3aMCHHUTH KOpHI/I " CTCIICHSIMHU BHJA nu , TaK KakK
i
nl _m -
a =a”
dbopmyna HE UMEET CMBICIIA ISl OTPUIIATENBHBIX d.

Pemrenue 3axanmii:
Nel. ITpeoOpasoBathk ApooOb:

avfar + 343
w:jfur;f- m YY)
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) aa+33=(Va) +(\) =(Va=B)|(Va) ~va-vB+(Bf |-
=(ar ) a-Bass)s |

ey {u'rr;"*ﬁ}-'\l'r¥= [{@]_uix";-ﬁqu{qﬁ}_]@ﬂ.@:
=a-2f3a +3+S3a =

Ne2. ITpeoOpa3oBaTh BbIpaKEHHE:

a) x-10Jx + 25 2x -10
3Jr+12  x-16°

0) 1-a u+i-.|l'ab+4b_

4Ja +8J6 3-3Ja

B)  ¢-25  3Jc+18,
c+12Jc + 36 2c +10

r)5/m -10Jn 4n-4Jmn +m
Jm-5  15-3/m

Ne3. BLIToJHUTE 3aaHus:

® 1. YupocTHTe BhIpa)keHHe:

a) 6V3+V27-3V75;  6) (V50 -2V2)V2;  B) (2-V3)
e 2. CpasHuTe % 12 u é\/ig

3. Cokparure aApolbb:

V5-V15 3Va-6
4. OcBobogure npobk OT 3HAKA KOpPHA B 3HAMeHaTeJe:

5 ., 6 8
5 ) = =
3V1io V6 +V2
5. IMoxaxure, 4T0 3HAUYeHHEe BBIPAKEHHA
1 1
2V7-1 2V7+1

eCTh YHCI0 panmHoOHaJBHOE,

a)

6. IIpu Kakux 3HaA4YeHUAX X ApoOb ﬁ:"’f NPpUHUMAaeT
HauboJblIee 3HAYEHHE?
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IpakTnyeckas padora NelS
Tema 3.5: Pemienue uppanyioHanbHbIX YPAaBHEHUN U HEPABEHCTB
Henanb: Hayuutbes pemars nppallioHaIbHbIE YPAaBHEHUS U HEPABEHCTBA

Teopernueckas 4acThb:

Onpenenenne. UppanuoHaJbHBIM Ha3bIBaeTCs yPaBHEHHE, B KOTOPOM HeH3BeCTHOE
(mepeMeHHas1) COIEPKUTCHA MO 3HAKOM KOPHSI MJIM 1O/ 3HAKOM ONepauuu BO3BedeHHUS B
PALMOHAJIBHYIO (IPO0HYI0) CTENeHb.

Jlisa pelieHuss UPpPAUMOHATBHBIX YpPaBHEHHI OOBIYHO HCIOJB3YIOTCS CIEIYIOIINE
IIPUEMBI:

1)Bo3BeieHrE B COOTBETCTBYIOIIYIO CTETIEHb 00€ YacTH ypaBHEHUS;

2) BBeJICHUE HOBOM NMEPEMEHHOM;

3) cBelleHHE K CUCTEME YPaBHCHU;

4) npuMeHeHrne CBOUCTB (DYHKIMIA, BXOSIIMX B ypaBHEHHUE.

[Tpu pemieHun UppaLMOHAIBHBIX yYpaBHEHHH HE0OXOoIuMa MpOBEpKa BCeX HaNICHHBIX
KOpHEW IyTeM MX IOACTaHOBKU B MCXOJHOE ypaBHEHHE Win HaxoxzaeHue O3 u ciuemyromuii
aHaJIKU3 KOpHEW (IpHU pEelIeHMH METOJOM IPHUBEACHUS K PAaBHOCHIBHOM CMELIAHHOW cucTeMe
YpaBHEHUH U HEPABEHCTB HEOOXOJUMOCTb B 3TOM OTIIJIAET).

[IpocreiimmmM nppaloOHaILHBIM YPaBHEHUEM SIBIISICTCS YpaBHEHHE BHUJIA!

7@ - 2(x)

IIPU PELIEHUH KOTOPOTO BaYKHYIO POJIb UTPAET YETHOCTh MJIM HEYETHOCTD A.
Ecimu n- HeueTHOE, TO JAHHOE ypaBHEHHUE PABHOCUIIBHO YPABHEHUIO

fe)=(el)

Ecmu n - YCTHOC, TO, TaK KaK KOPCHb CHUTACTCIA apHQ)MeTPI‘leCKI/IM, HeO6XO,Z[I/IMO

> af =
yunthiBaTh O/13 (001aCTh JOMYCTUMBIX 3HAYEHHI): f (I)_ 0 . YpaBHEHHE F&)=2) 5 5r0m
CJlydae paBHOCUIIBHO CUCTEME:

S &)= (=)
2(x)=0
IIpumep 1.

Pemute ypaBHeHHe VX — 3 = 5.
Pemenne. Tak kak n=2 - yeTHoe, TO 00€ YaCTU ypaBHEHHUS BO3BOJMM BO 210 CTETEHB!

(Vx—3)2=5%2e x—-3=25 ©x=128

Otser: 28
IIpumep 2.

3/ 3
Peunts ypasuenue vX —2¥+1=1

Pemenne. Tak kak B JaHHOM mpumMepe n=3 - HCYCTHOC, TO ITOCJIC BO3BCACHHA o0enx

qaCTeﬁ ypaBHeHI/Iﬂ B TpeTI)IO CTCIICHb HOJ’Iy‘II/IM
paBHOCI/IHBHOC ,Z[aHHOMy ypaBHeHI/IC:

3 3 x=0 x=0
L-x+1=-Podt-mx-0 o>

xt-2=0 x=+2

Orger: ¥1~ -2, xy =0,x3 = 2 :
IIpumep 3.

Pemnts ypaBHerue Y% +tl=2-x
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Pemenue. Tak kak n=2 - 4eTHOE, TO UCXOJHOE YpaBHEHUE PAaBHOCHIHHO CUCTEME:
2 y.
x+1={2—x x+1=4—-4x+x x“—-5x4+3=0
( )2 L L
2—-x>0 x<2 <2

= =
x<2

x=(5-13)/2

EESIES __5-B
-

OTtBeT:

] _n
YpaBHEeHHS BUIA ""/f(x) "j‘g(x) , PEIIAIOTCS CIETYIONNM 00pa3oM:
n — HevYeTHoe = f(x) = g(x)

I i i

Peumts ypaBHenue: V5 — x = Vdx + 2

IIpumep 4.

5-x=0 xX<5
{ 4x+2=>20 = {XZ—O,S =
5—x=4x+2 x =06

Otsert: 0,6
ITpumep 5.
Pewmts ypaBHenue: V2x+6 —vVx+1 =10
Pemenne. 3anuinem 1aHHOE ypaBHEHHUE B BHE: V2x + 6 = vx + 1. BosBoas o6e yactu
x+1 =0
2x+6 =20
€CTb X = -5 — He YIOBJIETBOPSET BHIIIMCAHHOMY YCJIOBHIO. 3HAaYMT, JAHHOE YpPaBHEHHE HE UMEET
peLeHui.

OrtBer: HET peleHni

Ecnu uppanmonanbHOe ypaBHEHHE COJIEPKUT HECKOJIBKO paJnKaioB. B aTom cinydae s
n30aBJIeHUs] OT PAJAMKAJIOB ypaBHEHHME MPUXOJUTCS BO3BOJIUTH B COOTBETCTBYIOIIYIO CTEIEHb
HECKOJIBKO pa3. [Ipu 3ToM mpeaBapuTebHO YEIUHSIOT OMH U3 PaIUKAIOB TaK, YTOOBI 00€ YacTH
YpaBHEHMsI CTaJld HeoTpuuareabHbIMU. Oco0oe BHUMaHME ClIeAyeT OOpaTUTh Ha NpPaBHIBLHOE
Haxoxaenue O/13.

ITpumep 6.

B KBa/IpaT M yYUTHIBAsI, 4TO { MIOJIy4YHM ypaBHEHHE 2x+6=x+1, perieHre KOToporo

2x-9-+x-3=1

Pemnte ypaBHEHHE

Pemenue. 3anuiiemM ypaBHEHUE B BUJE: V2x-9 =1++/x-3 . Tak kak Temepsr 06e
YacTH MOJYYEHHOI'O YPaBHEHUSI HEOTPUIIATENIbHBI, TO BO3BEJEM UX B KBaJIparT:

2x—-9=1+x-3+2/x-3 & x-T=-/x-3 .

[TonyyeHHOEe ypaBHEHHE PaBHOCHIBLHO HCXOAHOMY. [l €ro pemieHus pacCMOTPUM
CHCTEMY:

x-720 x=27 x=27
= 2 = 2
(x—7Y = 4(x-3) x°-14x +49=4x-12 x°-18x+61=0
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x=7
x=9t@

Orger: ¥ =9++20

BBenenue HOBOM IIEPEMEHHOM B PSI€ CIIy4acB IO3BOJIIET IEPEUTU OT UPPALUOHATIBHOTO
YPaBHEHHUs K PallUOHAJIbHOMY YPaBHECHMUIO.
Ipumep 7.

Lo I=9+-\;'{2_ﬂ

2 2
PelunTh ypaBHEHHE ¥ +3x+4Jx +3x—-5=10 .

Pemenne. Bo3BeneHue AaHHOIO ypaBHEHHMS B KBaJpaT INPUBEIO Obl K ypaBHEHHIO
YETBEPTOM  CTENEHW, YTO  HepauuoHanbHO. IlosTomy  3amummeMm — ypaBHeHHE B

) z _
puge X 3x-5+4Jx"+3x-5=5 BBEJIEM «HOBYIO» MIEPEMEHHYIO:

y= x+3x-5 y=0
=1
y1+4y—5=ﬂ — [y
[Tonyuum y:—j.

{2 _ {2 _
BepHeMcsi K «CTapbIM» II€pEeMEHHBIM ¥ % +3x-5=1 w4 +3x-5= _5.

BTOpOG N3 TMOJYYCHHBIX ypaBHeHI/II‘/JI peH_IeHI/Iﬁ HC HMCCT, a PpCIICHUA IICPBOIO €CTb
—-3+33
r=-———-.

qucia 2

—3-./33 ~3+.33
e 2 S —

OTBeT: 2 2 .

Wuorna npu penieHuu UppalmoHalIbHOTO YpaBHEHUS BO3HUKAET HEOOXOIMMOCTh  BBECTHU
HC OI[Hy, a HECKOJIBKO <«HOBBIX» HCpCMCHHBIX. TaKafl CI/ITyaHI/ISI BO3HUKACT, HaHpI/IMep, HpI/I
pELIeHNN YPaBHEHU, COAEpKALIUX pPauKaIIbl pa3HbIX CTEIEHEH.

[Tpumep 8.
3 —
Pewmuts ypaBHeHHE ”&_ 2 +“hl —x =1

_ _ 3
Pemenme. ITycte %= x-220 , v=31-x Torna #¥+¥=1 Apyroi

2
croponsr ¥ T v =x-2+11-x=9 . TTony4aem cucremy

utv=1 u=1-v u=1-v
L >
v =9 (1—v)1+v3:9 Vvl —2v-8=0

Penmm nocsieiHee ypaBHEHUE CHCTEMBI:
Vivi-2v-8=0 < (¥ -8)v(v-2)=0c

v=2
(v—21v1+2v+4+v)=ﬂ < |, < v=2
v +3v+4=0

Monyaum, uro ¥=2, a rtorma ¥=1-¥=-1<0 110 ycnopmo =0,

CJIeI0BATENIbHO UCXOJIHOE YPAaBHEHHE PEUICHUIN HE UMEET.
OTBeT: HET pelICHUH.
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[Ipn pemieHUM HEKOTOPHIX HWPPAIMOHATBHBIX YPABHCHHA HAXOXACHHE O00JacTh
JOIYCTUMBIX 3HAUEHUN BXOISIIMX B ypaBHEHHE HEU3BECTHBIX MOXKET CYIIECTBEHHO OOJIErdyuTh
peleHre ypaBHEHHUS.

[Ipn pemenun uppalMOHAIBHBIX YpaBHEHUH OBIBa€T TMOJIE3HO BOCIOJIb30BATHCA
MOHOTOHHOCTBIO (DYHKITHH.

[Tpumep 10.

x+6)=6-3x+6

Pemtenne. OMH KOPEHb JAHHOTO ypaBHEHUs ¥ = 2 jterxo naitu nonbopom. Ilokaxem,

JUx+6)+ix1+6=6

Pemuth ypaBHeHMe

YTO APYTUX KOpHEH HeT. 3anuileM ypaBHEHHE B BUJIE

ITo CBOWCTBY CTETEHHBIX byHKIMHA
_ fz—) _3
byHKIIIN ¥ l(x) x+6 u 12 (x) x+6 SBIISIOTCA ~ BO3pACTAlOIIMMU  Ha
&0
IPOMEXKYTKE | ) , rae OHH o0e OTIpE/ICTICHBI. [ToaTomy ux

y(x)=.2x+6)+3x+6
cymMma Ha 9TOM IPOMEXKYTKE TaKK€ BO3PACTAET, CIIEI0BATENbHO,
OHA MPUHUMAET KaXJ10€ CBOE 3Ha4eHHUE (B TOM uuciie U 6) Toabko oguH pa3s. [loatomy npyrux
KOpHEH HeT.

Otger: X =2

Onpenenenue: [log MppauMoHAIbHBIM HEPABEHCTBOM MOHUMAETCS HEPABEHCTBO, B
KOTOPOM HeHM3BeCTHbIe BeJMYHMHbI (MJIM HEKOTOpble (PYHKUMU BeJHYNH) HAXOASATCS IO/
3HAKOM paJuKaJja.

OCHOBHBIM METO/IOM PEIICHHS] UPPAMOHATILHBIX HEPABEHCTB SBIISECTCS METOJ CBEICHHS
MCXOJIHOTO HEPABEHCTBA K PAaBHOCHJILHOM CUCTEME HEPABEHCTB WJIM COBOKYITHOCTH TAKUX CUCTEM,
HE COJIEpKAIINUX UPPAIIHIOHATHHBIX BBIPAKEHUH.

CxeMmbl penieHus:

) yf(x) <ygx) <

f(x) >0,

f(x) < g(x),n e N.
f(x) >0,
2) }/f(x) <g(x) = 1g(x) >0,
f(x) < (g(x))*",n e N.

g(x) 20,

3 W00 > g(x) & f(x) > (g(x)™;
g(x) <0,
| |f(x)>0.

IIpumep 1. Pemnts HepaBeHCTBO
NE T 5 <1.

Pemrenne.
066 qacTu HepaBeHCTBa HeOTpI/IIIaTeJ'II)HBI, MO>XXHO BO3BOJAUTEH B KBaHpaT, 3Ha‘-II/IT,

=520 Tz

<
x-5<1, x<6; PE Xl
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Orser: [5:6).
IIpumep 2. Pemnts HEpaBEeHCTBO

VI8,

Penrenne.
JlonmycTuMble 3HaYeHUs HEPABEHCTBA!

210
x+8° T xZ —h.
JleBast yacTh HEOTpHIIATENIbHA, NTpaBas — OTPHIIATEIIbHA, T.€. HEPABEHCTBO BBITIOJIHSICTCS

IIpU BCCX NONIYCTUMBIX X.

OtBerT: [-8i+el.

IIpumep 3. Pemnth HepaBEeHCTBO
NEx - 20 o

Penrenne.
JlonycTuMble 3HaU€HUs HEPABEHCTBA!

Br-20209x220,x 2 2%.

[IpaBast yacTb HepaBEHCTBA MOXET OBITb OTPHULATEIBHOM, HO C YYETOM JONYCTUMBIX
3Ha4YeHU#, 00e 4acTH HeoTpHULaTelbHbl. Bo3BoIMM B KBajpar:

y;
23, 2_: 23:

x: 9 Xz 9 x4

9x—20< x° - xi+9x-20<0 <4 xr 5

El

2
[2—;4] WL -1
Ortser:
IIpumep 4. Pemnth HepaBeHCTBO

Nrxtblox 45

Pemienue.
JlonycTuMble 3HaUeHUsI HEPABEHCTBA!

x+6120= xz -l

[IpaBast yacTh HEpaBEHCTBA MOKET ObITh OTPUILIATEIHHOM.
Paccmorpum aBa ciryyast.

x+5z210, x2=5 x 2 =5,
l-l"x+61|2<|x+5'2; x+61< xj+10x+25; x*+9x-36 >0;

x 2 =5,

< -12.15 3 32k

2. x+5 <0
B orom cinyuae seBas 4acThb MCXOJHOIO HEPABEHCTBA HEOTPUIATENbHA, a IpaBas

oTpunarenbHa. Het pemenuii.

Otser: 5+

IIpumep S. Pemnte HepaBEeHCTBO

X T Sxp ]

Pelnenmne.
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JlomycTruMble 3HaYeHUs HEPABEHCTBA:
x+720,x 27

IIpaBast 4acTh HEpaBEHCTBA MOXKET ObITh OTPULATEIBHOM.
Paccmorpum aBa cirygast.

x+120, x2 -1 x2 -1
1.
|.,|';{+j-'|2>.x+1_.2; x+7 25 + 25+ P +x-640,
xz-1
1=
—3( x4 2 1= x< 2
P x+1<0,
: T. €. JIeBasg 4acTh HMCXOIHOTO HEPABCHCTBA HEOTPHUIATEbHA, a IpaBast

OoTpUuLarcibHa. CJICI[OB&TCJIBHO, Ta 4aCThb paCCMaTprUBACMOr'o y4yaCTKa, KOTopas BXOJUT B o0J1acTh

JIOMYCTUMBIX 3HAYCHHI UCXOJTHOTO HEPABEHCTBA, SIBJISICTCS €0 PEIICHUEM.
xz2-7 xx-,

x+1<0; x<-L _72 5021

OObeMHUM OTBETHI B IIEPBOM M BO BTOPOM CIIydasix:

Orser: [~ %:2)

Pemiarte uppanuoHa/JbHbIe HEPaBEHCTBA MOKHO, IPHAEPKMBAsICh, HalpuMep,
CJICAYIOIIEro aIropuTMa:

1.Haiiti 001acTh TOMYCTHMBIX 3HAUEHUH 3aJaHHOTO HEPABEHCTBA.

2.PyKOBOACTBYSCh NPEUIOKECHUSIMU O PaBHOCHIBHOCTHA HEPABEHCTB, PEIIMTH 33JaHHOE
HEPaBEHCTBO.

3.13 HaliieHHBIX pelieHuil 0ToOpaTh 3HaUe€HUE MEepeMEHHON, MpUHaaIeKallee o0IacTH
OIpeEIICHNUs 3aJaHHOTO HEPABEHCTBA.

Pemenue 3aganmii:
Nel. Pemth ypaBHEHHS:

pVx-2=1

2)w’x—'l = —3’

3) W-1=-3,
.

4) N2 3

Ne2. Pemth ypaBHEHHS:
1) =72 —17Tx = —x

2

2) Vxi+Tx =2 =6—x

3) Vel—x—6=+-2x

Ne3. Pemuts ypaBHEHHS:
1) Yr+24+4/3x—2=4

2) Vr—1+4/x+2 =x-"'l'l—:x.'.

Ne4. Pemnth ypaBHEHUS:
4 e
— L
1) w2 5
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2) Ve—2+4+2yx—-2=3

I|;+ llm_m
3)  NxHs J2-x 3

Ne5. Pemnts ypaBHEHHUS:
1) (x?—4x+31W5x—2—-2x2 =10,

2) Yr—1yx —24x—-3=0.

No6. Peminth HEepaBeHCTBA:
1) Vi—x=x+4+3

2) Vx*-3x-18>4-x

Ne7. Pemintb CUCTEMBL:
{2& +3/y=7

3Wx—,/y=5

1)

{‘{,-"x +y+yx—y=2

3y Wrty—Jx-y=8
{ Jr+y—-1=1
3) Jrx—y+2=2y—2

IIpakTnyeckas padora Nel6
Tema 3.6: KonrponbHas pabora no pasaeny 3 «Crenenu u kopHu. CTeneHHas QyHKIUI»
Heasn: [IpoBepuTh ypoBeHb YCBOEHHS JaHHOIO Marepuana 1o pasneny 3 «CreneHu u
kopHH. CTeneHHas QyHKIUS»

Ilpu pewenuu 3a0anuii 1-4 3anuwiume npaguibHLIL OmMEem U3 UYemblpex
npeo10IHCceHHbIX.

1. (1 6amn) Mexny KakuMH JBYMsI HATYPaJIbHBIMU YHCIIaMU HAXOAUTCS YUCIIO V19?

A)19u20;5)2u3;B)18ul9; )3 u4.

2. (1 6amn) OnpesienuTe KOPEHb ypaBHEHHs X°=125

A)3.;b)-3;B)-5;T) 5.

3. (1 Gamr) Pacrionoxute B mopsiake Bo3pacTanus uncia: 2; V5; V17

A) 2; ¥/5; V17; ) 2; V17; ¥/5; 3 B) ¥/5; 2; V17, T) V17; 2; V/5;

4. (1 6amn) YMHOXKas 9uciIa ¢ OAMHAKOBBIM OCHOBAaHUEM, UX CTETICHH. ..

A) ymHoxxaeM; b) nenum; B) cknanpiBaem; I') oTHuMaem.

Ilpu evinonnenuu 3ad0anuil 5-8 3anumiume xo00 peuieHus U nNOJYUEeHHbLIL Omeem.
5,58.,2,9
255892,

5. (2 6anna) Haitnure 3HaueHue BHIpAYKEHUS —as 1IPH a=7.

2
(Vi2+v8)
10+v96
7. (2 6amma) PaccrostHue oT HaOMIOAATelNs, HAXOMAIIETOCs Ha HEOOJBIIOW BbICOTE h

6. (2 6amra) Haiinure 3HaUYe€HNUE BRIPpOKCHUS

KUJIOMETPOB HaJl 3eMJIEH, 10 HaOII01aeMOoil UM JIMHUU TOPU30HTA BRIUUCIISIETCA 10 Gopmyne [ =
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V2Rh, rne R=6400 kM — panuyc 3emnu. C Kakoil BHICOTHI TOPU3OHT BHJIEH Ha PAcCTOSHUU 48
KujioMeTpoB? OTBET BbIpa3UTE B KMJIOMETPaX.

8. (2 6ama) Pemure ypaBHeHue V—32 — x = 2.

Smanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aaHuA
OtBeT b r B B 49 2 0,18 -36

IIpakTnyeckas padora Nel7
Tema 4.2: Penienue nokasarenbHbIX YPAaBHEHUN U HEPABEHCTB
Henab: Hayuntbes pemarh nokasareabHble ypaBHEHUS

Teopernyeckasi 4acTh:

Onpeoenenue YpaBHEeHHE, B KOTOPOM TE€pEeMEHHAsi COIEPKUTCS B MOKa3aTese CTEIeHH,
Ha3bIBACTCA ITOKA3aTCIIbHBIM.

[Ipumepsl oka3aTeabHbIX YPaBHEHUM:

1 2°=4;

-2

5. 4% 425 4+1=0,
6. 9% —43.2" 467 = 0.
BriGepuTe mokazarenbHble ypaBHEHHUS:
D2+ —x+3=0.
23 =2 =0,
/ v X

1
3] -

425" -5"+2=0,

3)

= \
—— =
-

51 -
—
Il

Id |
"

§)37 ! —57 =48

Cnoco0bI penieHnsi MOKa3aTeJbHBIX YPaBHEHHIA

Beiensior aBe rpynmsl cnoco00B: TpaguuecKuil 1 aHATUTUYECKUE.
BcnomuanM cyTh rpadgudeckoro crocoda perieHus: ypaBHEHH:

1. IMoctpouts rpaduku AByX (GYHKIMH (JIeBast ¥ IpaBasi YacTH YpaBHEHHS);
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2. Haiitu abcuuccsl Touek nepeceueHus rpadukos;
3. 3anmcarb OTBET.
PaccmoTpum rpaduyeckuii cioco0 pemenus Ha npumepe ypaBHeHus 2* = 4 Iloctpoum

rpaduku GyHKIUH y = 2%, y = 4 1 HalijieM aOCIUCCy TOUYKHU MepecedeHus TpaduKoB: x = 2.
v4 --?.-_;'a

—a¥

=4

OtBeT: x =2
I'padmyeckuii cocod MOXHO TPUMEHHTH HE BCEraa, MOITOMY paccMOTpuM Ooiiee
YHHUBEpPCaIbHbIE OCHOBHBIE aHATUTUYECKHE CIIOCOOBI pelIeHHsI TOKA3aTeIbHBIX YPaBHEHH .
AHaTUTUYECKUE CITOCOOBI:
1. IlpupaBHUBaHUE MMOKA3ATENCH;
2. BreiHeceHue 00IIero MHOKHTEINS 32 CKOOKH;
3. BBejeHue HOBOM MEPEMEHHOM;
4. Wcnosnb30BaHUE OJTHOPOAHOCTH.
Paccmotpum kaxablil cioco0 moapoOHee u pazdepeM Ha mpuMepe.
1. IlpupaBHUBaHUE IOKA3aTEIEH.
Cytp MeToaa:
1. Yeaunuts ciiaraemoe, coaepkaniee nepeMeHHYyIo;
2. [IpuBecTH cTeneHu K OTHOMY OCHOBAHUIO;
3. [IpupaBHATH NMOKA3aTENH;
4. PemuTh MOTy4eHHOE YpaBHEHHE,
5. 3amucaTh OTBET.
IIpumep:
3F=-27=0
3 =27,
3?: — 33;
x =73
Otser: x =3

2. BriHecenne 0011ero MHOKHUTEIS 3a CKOOKHU
[Ipumeuanue: BEBIHOCUM 32 CKOOKH MHOXHUTEIb C MEHBIIIUM TTOKa3aTEJIEM.

[Tpumep:
33" =78
3#(-3)=-78
31— 27)=-78,
3 (- 26)= —78;
3t =3

=1

OtBet: x =1
3. BBeneHue HOBOM IIEpeMEHHON
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Kak npaBumno, ypaBHeHUsI, periaeMpie 3TUM CIIOCOOOM, CBOJIATCS K KBaJIPATHBIM.
2 3 _

Tpumep: 4% =54 +4 =10

[Tycth 4* = a Torna ypaBHEHUE MOXKHO 3aMUCaTh B BUJIE:

a’—Sa+4=0,
D=25-16=9
Q‘_l = E =-’-'L
2
5-3

=——=1
Cnenaem oOpaTHYIO 3aMEHY:
4 =4um4 =1,

x=1 nmx=0
Omer:x=1nmx=0

4. Vicnonb30BaHUE OJTHOPOTHOCTH
L0 g0
Onpeoenenue Iloka3aTenbHble YpaBHEHHS BUIA = Ha3bIBAIOTCS OJTHOPOIHBIMU.

CYTB MmeTtoja: Tak Kak mokaszaTelibHas (1)YHKI_[I/IH HC MOXXCT IIPUHUMATb 3HAYCHUC, PaBHOC

HYJIIO, U 00e yacTu YpaBHCHUA MOXXHO ACJIUTb HA OAHO U TO K€ HC PaBHOC HYJIIO YUCJIO0, pasaCiInM

)
00e yacTu ypaBHEHUS, HAIpUMED, Ha B

[Ipumep: 2* = 3*

Pasnenum 00e yacTu ypaBHEHHUS Ha =0
2t 3

33

y-

x =10
OtBeT: x =0

2

Pemenue 3aganmii:
Nel. Pemmts ypaBHEHHS:
12" =16,

205° = 0125 75 = vk
. -
34°F = —. )2 = 4,
16 s
1y 93 = - .|-
1) =| =36 Sl
WO s .
5y10° = Y100, 1067 =216%
1000 1139 . 5= L

=

6103 = ——;
-

Ne2.Pemute ypaBHeHuUeE:

12—3}:
2 (E) B 25; r)?"+1+3-?"= 2x+5+3-2x;
6 +2°—20=0 p3¥—2= —2x+3

x —2 __
g5 —7-552=90.

No3.Pemute ypaBHEHUE:
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0 (0,177 =10, 32 3T = 5.2 —17- 2%,

x—2 ’
(5) "= 2x+1
3 .

59 —7-3"—18=0,
L ¥ —3-472=52,
No4. Peminth ypaBHEHHUE:
p02)7 =25 412274320
x—y=4,

577 =25.

n)

Ne5. Pemnts cucremy ypaBHEHUN
No6.Pemnth ypaBHEHUE

n7+5-7" =588
2) 3" +4.3* =279

IIpakTnyeckas padora Nel8
Tema 4.2: Pemienue nokasaTeabHbIX YpaBHEHUN 1 HEPABEHCTB
Hean: HayuuTscs pemars nokazareabHble HEPABEHCTBA

Teopernyeckas 4acThb:
IIpocTeliniee mokazarejbHOE HEPABEHCTBO UMEET BHUJI:
flz)  gfx)
f A ,Tae V - OQUH U3 3HAKOB: <,>,<, HIIK =,
Uro0Obl pemuTh MNOKa3aTelbHOe HEPABEHCTBO, HAM HYKHO OT CpPaBHEHUS CTETEeHEH
MEPENUTH K CPABHEHUIO MOKa3aTeNeHn.

y=a
Kak Mbl TOMHHM, TOKa3aTelnbHas GyHKIms o O BO3pacTaeT MpU BCEX

neifcTBuTenbHbIX 3Hauennsx © , ecmn @ 1. Dro swaunt, uto 0oJIblIEMy 3HAUYCHHIO apryMeHTa
COOTBETCTBYET Oosbliiee 3HaueHHe GyHKmu. To ecTh U3 HepaBeHCTBA

fix glr Y ¢

a” J5q? 17 flz)=g(x)

cleayeT HEpaBeHCTBO : :

AHaNOrM4HO, TaK KaK MokKa3aTesibHas (QYHKIUS yObIBaeT, eciau U<a<l , U OombiieMy

3HAUEHUIO apTyMEHTa COOTBETCTBYET MEHbIIIee 3HaUeHUE (PYHKIINH, U3 HEPaBEHCTBA
Ix g s ;s

a ]:3 ‘] CJIElyeT HEPaBEHCTBO Flz)<g(z)

To ecTb mpM pelmieHHMM NPOCTEHINIHX MMOKA3aTeJbHBIX HEPABEHCTB INpekKIe 4YeM
CPaBHUBATDH BBIPAKCHUSA, CTOALIIUE B IOKa3aTe/Ji€ CTCNNCHU, HYKHO CPaABHUTL C elll/lHI/lllei/i
OCHOBAaHHE CTENEeHEeH.

Emgé pa3, 3To BaxkHo:

€CJI OCHOBAHHUeE CTeNeHH 00JIbIIe eIMHUIBI, TO [P NEPEX0/I€ K BBIPAXKEHUSAM, CTOSIIIIUM
B [IOKa3aTele, 3HAK HePaBeHCTBA COXPaHsIeTCsl

€CJIi OCHOBAHMeE CTeleHH 0oJiblle HYJIsl, HO MeHbIe eMHHUIbI, TO IIPU MEepexoe K
BBIPpAXKCHUAM, CTOAIIMWM B ITOKA3aTCJIC, 3HAK HEPABCHCTBA MECHACTCH HA HpOTHBOHOJIO)KHbIﬁ.

Bce moxkazarenpHBIE HEpaBEHCTBA JIFOOOTO YPOBHS CIOKHOCTH, B KOHEUHOM HTOTE,
CBOIATCA K pCHICHUTO HpOCTeI\/’IIHI/IX IMMOKAa3aTCJIbHBIX HCPABCHCTB.

PaccMoTpuM HECKOJIBKO MPUMEPOB.

1. Pemrim HEpaBEHCTBO:
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x G

P P |
(0,3)°7% <(0.3)

Tak kak OCHOBaHHME CTEIIEHCH []"g{:l, opu Mnepexon€ K BBIPpAXKCHUAM, CTOAIIUM B

IMMOKa3aTeii€, 3HaK HCPABCHCTBA MCHACTCA Ha HpOTPIBOHOJIO)KHLIﬁI
T ]
-~

x-2 7 x-1

[lepeHeceM Bce BJIEBO, M PUBEIEM K OOILEMY 3HAMEHATEIIO:
x i

S —T1

-2 x-1

w({x-1)-6{x-2)

=]

(#-1) (2-2)
a
r =Tar+12
orrtE g
(z-1) (-2)
Kopun uncnurens:
r =34 x_=4
1 2
(-3 ) (x-4
# =)
(-1 ){x-2)

PeriM HepaBeHCTBO METO/I0M MHTEPBAJIOB: HAHECEM KOPHU YUCIIUTENS U 3HAMEHATENs Ha
YHCIIOBYIO OCh M PACCTAaBUM 3HAKHU:

Crree

o<l Dexpesd xmd
OTBerT: , S : s
2. Pemum HepaBeHCTBO:
T A
25 <hOxi -9

HepCHGCGM BCC cJlara€MbI€ BJICBO W Pa3JIOKXKHUM OCHOBAaHHA CTEIICHEH Ha IMPOCTHBIC

MHOXUTEIHN:
e . _x
5 -bhxd 49 <0
Ecnu 651 5T0 ObUIO ypaBHEHUE, MbI periaan Obl €ro ¢ MOMOIIBIO 3aMEHbI EPEMEHHOM.
[TocTtynum Takxe.

BooOrie, moka3aTenbHbIE HEPaBEHCTBA ACNSATCS HA TE KE THUIIBL, YTO U MOKa3aTelbHbIC
YpaBHEHUS, U PEIIAIOTCS TEMU K€ CIIOCOOaMH.

Buumanmue! Eciamn Mbl pemaeM HEPABEHCTBO ¢ MOMOIIbBIO 3aMEHbI IMEPEMECHHBIX, TO
HYKHO pe€larb OTHOCUTCJIbBHO 3aMCEHbBI 10 IMMOJYYCHHUSA IIpOCTCﬁIHBFO HEpaBCHCTBA.

[TosicHum Ha 3TOM TIpHUMeEpeE.
£

Brenem 3ameny: t=5 ’ t =1

[Tonyuum cucteMy HEpaBEHCTB:
2
L7 -6i4+5 =<0
{0
Otcrona:
L=f=5

L=
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To ectp L=t <9
3anuiueM JBOMHOE HEPABEHCTBO B BUJIE CHCTEMBI:

f =1
f=h

Bort Teneps Mbl MOXKEM BEPHYTBCS K HCXOJIHON NIEPEMEHHOM:

&

T
Orcrona: it I el |
OTBeT: I i |

Pemrenue 3axanmii:
Nel. Pemnte HepaBeHCTBO:

(E)X S 1} x% +2x—15
2) 3, )? 3 x4 < 1;
1
(‘/_) <5, 5 A +2-25% < 7-10°%
x -1
(i) > 1
B) 13 ;
No2. Pemnte HEepaBeHCTBO:
(1 E)X < 5 x% —9y+14
o\ s 6. N 0,5 > 1
3 x+6 1
(V{_) ; 7. 4% 4 25x+0,5 = 7 - 10):

; 2)
(1 E)X 2_1a <1

B - 7 ;

Ne3. Pemnte HEpaBeHCTBO:

q) 5% =125

6) 0,01 <10 * <10000
(E)3X*8 <(§)X’3

B 3 S

) 1=6"" <216

No4 .BEITIOJIIHATD 3alaHAS
A) CpaBHuTe uucia m u n, €CIu:

1) (9,8)">(9,8)"; 2) (0,6/"<(0,6)".
b) CpaBuute uncna a u b, ecnu:
1) (7.6]">(7,6)"; ) (0,3]"<(0,3]".

Ne5. Haiinute MHOXKECTBO PEIICHHUI HEPABEHCTBA

I' E X | E \3x-5
! 11/ I ].1
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Ne6. Pemite HepaBeHCTBO:
X ‘“. 24 ]

1) 0,2 *? <0,0016; 2) 2 =5-2"+220,
X+x—15

3) 0,3 % 20,027; 4) 5 '-2-5"-7520

IIpakTnyeckas padora Nel9
Tema 4.3: Cuctembl IOKa3aTENIbHBIX YPaBHEHUN
Hean: HayuuTscs pemars CUCTEMBI TI0KA3aTENbHBIX YPABHEHUN

Teopernyeckas 4acThb:

N3BectHbie BaM cmoOCOOBI pelIeHHs] anredpandeckux ypaBHEHHH (IOACTaHOBKA,
CJIO’KE€HUE, BBEJICHUE HOBBIX IMEPEMEHHBIX) MPUMEHSIOTCS M K PEIICHUIO CUCTEM, COJIEPKAIIUX
nokasarenbHylo (yHKIUI0. J[aBaliTe pacCMOTPUM pelICHHE CUCTEM MOKa3aTeNbHbIX ypaBHEHUN
Ha IIpuMepax.

3apanue 1. Pemnre cucremMy ypaBHEHUI.

{2X-3P=24,
2 - 3% = 54,
Peuienue.
24=2%.3
54 =2-3%
2%.3Y =24,  {2%.3¥=23.3, _ [x+y=4 _[r=4-y  [r=4-y
{z?-3==54,"’{zr-3==z-3=,"’"{x—y=z,"'{x—y-2.='{ ~y-y=2"%
2¥.2¥.3%.3*=2%.2.3.3 2%:2Y.3¥:3=2%:2.3:3°
2x+y  3x4¥ z-l- ,3-[- 2X-F , IFX 22 ,3—2
¥ = gt NIV _ 2
xt+y=4 G) G)
x—y=2
2%.3¥ = 24, 2%.3¥ =23.3, x+y=4, x=4-y, =4=-1y,
{23'-3"-54,ﬁ[zr-3==z-33,“{x—y=z,“[x—y=2. 4-y-y=2"°
x=4-—y, x=3,
afTtralrms
OTBeT: pemieHHeM HCXOJHON CHUCTEMBI ypaBHEHUU SIBISETCS YIMOPAJOUYEHHAs Mapa
qucenB;l).
3ananmue 2. Pemure cucreMy ypaBHEHUH.
i — —
5 -6 -%
1\2 3/ 36
xy —x +y=118.
Pemenue
=y =y
,() _() :: H_{x—y=2, %{x—y=2,
xy x+y =118, xy—x+y=118, xy = 120,

84



x5
G—)H=t,t::r0 36t2 — 65t —36 = 0 @ =2
t—%=§ D=(—ﬁ5)2—4°36'(—3ﬁ}=94ﬂ‘9 ®H=®2
1 65 =
t—;—ﬁ=ﬂ|-3ﬁt tl_g 2-36 x—y=2
36LC 65358 -~
te36t—=F—— =0 . _
2=—3

He 3abynmem 3amucaTh OTBET: peEUIEHWEM HalIed WMCXOAHOM CHCTEMBI SIBIISIOTCS

YIOPSIOYEHHBIE APhI YMCET (12;10),(-10;-12) :
3apanue 3. Pemnre cucreMy ypaBHEHU.

{3M¢-mf=?za

¥
3* — 22 = 25,
Pewienue.
[3"*"‘—2: =725, _ (3= 2§)(3x+25 725, _ J25.(3%42%) = 725,
3% — 27 = 25, 3% — 2% = 25, 8% _ 2% = 25,

ﬁ

x % —
IR ELT - EF R 3x+z§+(3=—z§)=29+25,ﬁ[2 ¥ =54 (=127,

_Fezs  leraddbo(xoofozg-zs |2-B=4 " |d=2
3™ = 33, x=3 _

= =4, = x _ 3,
2¥=21, 5—1, y—2.

3anuiemM OTBET: PENICHUEM HMCXOIHOM CHCTEMBl YPaBHEHHM SIBISCTCS YIIOPSIOYCHHAS

(3;2)

napa gucel

Penrenne 3agannii:

Iepewiii gapuarm Bmopoii sapuanm Tpemuii eapuanm Hemeepmuotii 6apuanm
[3x+y=6. [3x+¥=9. [2x+y=6. [3x+y=7.
a) - L a P L a) P L a P L
l0.777 =1 lo.6 =1 los= =1 lo.6=7 =1
[qrelly _ (1250 _ (117450 — 7 i 2:‘—2_1' — 14
5) [4 16, 5) [13%7 =169, 5) [ =121, 5) [1 144,
[3x—10y =4 [4x—5y=4 l4x—5y =4 [4x-2y=4
) [277 =4, 4 [10°77 =1000, o [47 =64 5) [557 =125,
Lr—Lh' =5 L\'—31 =10. l.\'—gj'z . Lr—}'r: 7
[107* =100 [37 =31, [32r =27, [527 =125,
r) - i r) - . r) -
) |51 —125 ) |10 =1000. ) [5=55r —125 ) [315 = s1.
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(2" =1024.

27 =64, 27" =512 277 =128
ﬂ) |'.l\|“_:1-_1 _ i ﬂ) |'. 1 -‘l:;—]T—l =i ﬂ) Irl\i —2r+1 _ i ﬂ) I,l\i —1y+1 =i
1‘ 2) 32 L_z,s' 16 L_z,: 16 Lz; 16
|0 7%.0.77 = 0.7, [0.9%.0.9" =09 [0.6%-0.6" =0.6 [0.5 .05 =03
) e) 1 . e)
1?“ 27 =32, 12 27 =32 12 T2 =32 125’ 27 =32
Is 2" =1, 4727 =1 (472" =1 (1287 .27 =1
}K Fa X _}K Iy n }K Iy X
)1 ' =3 )1!1\' 277 =3 )1!1" 8" =2 )1!1‘_ 2437 =3
\3) \3) W2 \3)
37 +37 =30, (27427 =3 27 +27 =12 (3" +3" =10,
Shui SR Sl SR
31 -37 =24 27 -2 = 2027 =4 373" =s.
Omeemul:
Ilepgstii sapuanm  Bmopoii sapuanm Tpemuii sapuanm  Temeepmotil
6apuaHm
a) (0.75:3.75) a) (1.125:5.625) a) (1.2:3.6) a) (0.875:4.375)
6) (1.5:0.05) 6) (1,2:0 ) 6) (1.2:0.16) 6) (1.2:0.4)
B) (2.6;-0.6) B) (4.75,-1.?5) B) (3.4:-0.4) B) (4:-1)
r) (0;-2) r) (1.9;-0.2) r) (1.35:-0.3) r) (1.25:-0.5)
m) (16:6) m) (9:3) ) (6:15) 7 (4:11)
e) (1.5:-2) e) (0.75:-2.75) e) (0.75:-1,25) e) (0.75;-0.5)
&) y=0.5:v=-0.6; %) (-0.4:0.2) &) u=-0.4:1t=0.2; x®) | - 1-’; 11;'
3) t=3: y=1; 3) (1:0) 3) t=3; y=2; 3) u=0:v=2.

IIpakTuyeckas padora Ne2(
Tema 4.4: KonrponbHas padora no pasneny 4 «[lokasarenbHas QyHKIHS»
Hean: [IpoBepuTs ypoBEHBb YCBOCHMSI JAHHOTO MaTepuaa 1o pasnaeny 4 «llokazarenbHas
byHKIHS

Ilpu pewenuu 3a0anuini 1-4 3anuwiume npaguibHLIL OmMeem U3 UYemvlpex
nPeo10IHCceHHbIX.

1. (1 6ann) [Ipu kakom 3HaueHUH a PyHKIMS y=a* ObIBaeT Ha Bcel 00J1acTH onpeieneHus ?
A) a=§; b) a=8,25; B) a=é; I) a=\3.

2. (1 6ann) Ha pucynke uzo0paxén rpapuk ¢pynkunu Buna f(x)=a*. Haiinure 3Hauenue
f(2).

Wl
5

—g’(r)—a"-f

SRSl
|| [Olpelyeri &l

A) 25; B) 5; B) 32; I') Het BepHOTO OTBETA.
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3. (1 6amn) Oynkus 3agana GopMynou: f(x)=(%)x. Yemy paBHo (-2)?
A) =1 B) -4; B) 4, T) 2.

4. (1 6amn) Kopenb ypaBHeHUs (%)X " = 3?
A) 12,5;b) 13; B) 14;T') 15.
Ilpu evinonnenuu 3ad0anuil 5-8 3anumiume xo00 peuwieHus u NOJYUEeHHLLIL OMeEem.
5. (2 6amna) Haiinute KopeHp ypaBHeHHs 3¥72-5%3%=]2
6. (2 6anna) CKOIBKO LIEbIX PEIIeHHH MeeT HepaBeHcTBo 1 < 751 <497
7. (2 6anna) Haiinute Touky MakcuMyMma GyHKIUU Yy = 25-8x—x*

8. (2 6ama) B xoze pacnaga paJuoakKTHBHOTO U30TOIA €r0 MacCa YMEHBIIIACTCS 110 3aKOHY
m(t) = mg - 27T
MoMeHTa, T — mepuoa nonypacnajga. B HauanbHbBIME MOMEHT BpeMEHU Macca u3oTorna 184 wr.

rae mop — HaydajbHasg Macca u3orona, t — BpewMms, npomecamee OT Ha4aJIbHOT'O

Ilepuon ero nosypacnana cocrasisier 7 MuH. Halinure, yepe3 CKOJIBKO MUHYT Macca M30TOIa
Oynet paBHa 23 Mr.

Imanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3adaHuA
OtBeTr B A B A 1 2 -4 21

IIpakTuyeckas padora Ne2l
Tema 5.1: Jlorapugm uucna. CpoiicTBa sorapupmMos
Heanb: HayuuThCst BBIYUCIATH JOTapu(pMbl W YNpOLIaTh BBIPAXKEHMS, COJEprKallue
aorapupm

Teopernyeckas 4acThb:

Jlorapugm uncna b mo ocHoBanwmI0 @ onpeenseTcs Kak MOKa3aTelb CTENEHH, B KOTOPYIO
HaJ0 BO3BECTH YHCIO (I, 4TOOBI MOMyunTh uuciao U (Jlorapudm cymecTByeT TOMBKO Y
HOJIOKHUTETBHBIX YHCEN).

Jlorapudm B mepeBoje C TIpeyecKoro OyKBaJbHO O3Ha4yaeT 'duciao, W3MEHSIoIee
OTHOLIEHHE".

CnennajnbHble 0003HAYEHUS:

1. HarypansHeiii norapudm [11a - morapudm no ocHosanmio €,

2. JlecATUYHBIN JoTapudm lga Jorapudm mno ocHoBanuto 10.

CaoiicTBa norapugmos:

log, b
1° a”" = b ochosHoe JOrapuPpMHUECKOE TOKIECTBO.

70 log,a=1.a>0a+#1
l=0.a=0.a#1

Jlorapudm eUHUIBI 110 JFOOOMY MOIOKUTEIEHOMY, OTIMYHOMY OT 1, OCHOBaHHIO paBeH
HYJII0. DTO BO3MOXKHO MOTOMY, YTO U3 JIFOOOr0 JEHCTBHUTENBHOIO YHCIIAa MOXKHO IMONYYUTH |
TOJIBKO BO3BE/IS €TI0 B HYJIEBYIO CTCIICHb.

g0 log, (be) =log, b+ log, ¢

i

30 log

e

Jlorapum npousBeeHNs paBeH cyMMe JIOTapu(pMOB COMHOKUTENEH.

50 log, o= log, b—log, ¢

Jlorapudm yactHOTO (IpOOH) paBEH pa3HOCTH JIOTapU(YMOB COMHOKUTEIICH.
6° L L b’ = P Li i

i =
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Jlorapugm cTerneHu paBeH NPOM3BEACHUIO IOKa3aTels CTENeHW Ha Jorapudm ee
OCHOBAHHS.

1
log, b= —-log, b
1
log, b=
8" log, a
log b
log, b = Se
9° log.a . Mepexo/i K HOBOMY OCHOBAHHUIO.

Pemenue 3aganuid:
Nel. Haiinute 3HaueHUE BbIpaKEHUS:

6 * lﬂg? 31';?

E
an = \."{'.Lm

M _ gy
log. b™ =m-log_ b

Otser: 2
No2. Halinure 3HaueHue Beipaskenus logog 3 - logz1,25

log, 1,25
—log;1,26=——— =
log,0,8 -2 log, 0,8

o

log,o3+1log, 1,25 =

=10g&3L25==10gig==1ng,~ =—-1:1=-1

Wcnons3oBanu:

log, b=
od
log,a

gy

log

&

log

b

c

Otser: —1

Ne3.Haiinute 3HaueHNE BBIPAKECHMUS:
5 log,s 49

5]og2549 — 5]cg25?2 — 52-]og25? — ('52 }]og25? —

— 25legs7 — 7
Ortser: 7
Ne4. Haninute 3HaU€HUE BBIPAKECHHUS:
g2 logg 3

g2-loge3 _ (Blagsaf e
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OrtBer: 9
No5.Haiinure 3HaueHUE BBIPAKEHHUS:

6410g9 V3

6410%9"3 (8 8)103’5\,3 glogsxj glogsxj V343 =3

Ortser: 3
Ne6. Halinute 3HaueHue BbIpaXKEHUS:
24
3log; 2
24 24 1
3legzs2 2
Ortsert: 12
Ne7. Haiinure 3Ha4eHUE BBIPAKEHUS:
—
log1 v13
13

— .1
log 1 v13 = log,s-1 1395 = — . log;313%5 = —1.0,5=—0,5
°i3 -1

Otset: — 0,5

Ne8 . Haiinure 3nauenue Beipakenus logs 8,1 + logs10.

log,8,1+1log,10 =log,(8,1-10) =log,81 =4

Otser: 4
Ne9. Haiinure 3HaueHNE BBIPAKEHUS:
lOg 6 y’lﬁ
logg 13
% — log45 VI3 = logy; 132 :% 05
Ortser: 0,5

Nel0. Beruncnure 3HaueHUE BBIPAKEHUS:

(31032 3)mgg 2

(3]'3'%2 EJ]OEEZ — (S]GEEEJ]QEEB — ologz3 _ 3

Ortger: 3
Nell. Haiinure 3HaueHne Beipaxkenus loga(ab?), eciu log, a = 1/7.
[Ipeobpaszyem nmaHHOE BBIPAKEHUE:

B3y _ 3 _
log (ab®) =log_a+log b*=1+3log b
OnpenenumM 3HaYeHue BeIpakeHust log, b. Ham n3BectHo, uTo

1
log,a = 7

Hcnonb3yeM CBOMCTBO:
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l0gy @ =155
o
1 1
7 log.b

CrnenoBatenpHO log. b =17.
Takum oOpazom:

1+3log,b=1+3-7=22

OtBeT: 22
Nel2. Haiinure loga(a:b*), ecm loga b = 5.
a
lngaﬁ =log,a —log b®=1—3log, b=
—1-3-5=-14
Otser: —14

Nel3. Haiinure loga(a’b?), ecu loga b =—2.
log (a*b?®) =log,a* +log, b* =2log,a +3log, b =
=2+1+3log_, b=2+3-(-2)=—4

Otset: 4
Nel4. Haitnure 3Hauenue Bolpakenus loga(a*b®), eciu logy, a = 1/3.

log (a*h®) =log a* +log_b® = 4log a+9log, b =

=4.1+9log_ b

1
log,a = 3
1 ! L L log b =3
%0 % = 0g_b 3 log.b 98a? =
4.1+9log b=4+9-3=31
Ortger: 31
Nel5. Haitnure loga(a’:b?), ecu log, b = 10.
o
lngaﬁ =log,a” —log, b* =7log,a —3log, b =
=7-1-3-10 = —23
Ortser: —23

Nel6. Haiiaure loga(ab'®), ecrm loga b= 7.
log (ab'®) =log_ a+log b®=1+10log b =

=1+10-7=71
OrtBert: 71

90



IpakTnyeckas padbora Ne22
Tema 5.3: Pemenne norapuMuuecKux ypaBHEHUH 1 HEPABEHCTB
Heas: Hayuntbes pemars gorapuMuyeckie ypaBHEHHS U HEPaBEHCTBA

Teopernyeckas 4acThb:

Teopema 1. Eciu f(x) > 0 1 g(x) > 0, To norapudmuueckoe ypaBuenue log , f(x) = log . g(x)
(rme a > 0, a # 1) paBHOCWIIBHO ypaBHEHHIO f(x) = g(x).

IMpumep 1. Pemnte ypaBHeHue:
lg(x* — 6) = 1g(8 + 5x).
Pemenne. B o0macte JONMyCTMMBIX 3HAQUYE€HUH BXOIAT TOJBKO TE€ X, IPU KOTOPBIX

BbIpa)KEHUE, HaXo1s1Ieecs M0 3HaKoM Jiorapugma, 6oiblie Hylsd. DTH 3Ha4eHUs ONPEeIIAIOTCS
CJIEYIOLEH CUCTEMON HEPABEHCTB:

2 —6 >0, - z2 > 6,
8+0x >0 x> —1,6.
x € (—o0; —v8) U (V6; +o0),
x € (—1,6; +o0).

C yueTom TOro, 4yTO

—1,6 = —/2,56 > — /8,

HOJIy4aeM IPOMEKYTOK, OHPEIESIONMiA 00JIacTh JOMYCTHMBIX 3HAYECHHH JIaHHOTO
JOTapu(PMHUECKOTO YPAaBHEHHS:

z € (V6; ).
Ha ocHoBanum TCOPCMbI 1, BCC YCJIOBUA KOTOpOﬁ 3AC€Ch BBIIIOJIHCHBI, IIEPEXOAUM K
CIIEAYIONIEMY PaBHOCHIIBHOMY KBaJpaTHYHOMY YPaBHEHHIO:

—6=845xar —5rx—14=0
1 =1, 33 =—2.
B 00nacTh 10mycTUMBIX 3HaYEHHUM BXOAUT TOJBKO MEPBbII KOPEHb.

OtBer: x = 7.
IIpumep 2. Pemnire ypaBHeHue:

logga(—=* + 4z + 5) = logga(—= — 31).

Pemienne. OOnacTh [OMYyCTUMBIX 3HAYEHHWH YypaBHEHUS OIpEAENAETCS CUCTEMOMN
HEPaBEHCTB:

—x2 4+ dx+ 5> 0, - 1<z <5,
—x—31 >0 o << —3l.

OueBuHO, YTO 3TH JBAa YCIIOBHS NMPOTHUBOpEUYAT APYr Apyry. To ecTh HET HU OJHOIO
TaKOT0 3HAYEHUs X, IIPU KOTOPOM OJJHOBPEMEHHO BBINOJIHSUIMCH Obl 00a HepaBeHCTBa. ObOIacTh
JIOITyCTUMBIX 3HAYE€HUI YPAaBHEHHUSI SIBIISIECTCA ITyCTHIM MHOXECTBOM, a 3HAYUT PEIICHUN Y TAHHOTO
JOrapu(pMHUECKOTO YPAaBHEHHS HET.

OTBeT: KOpHE HET.

OOparuTe BHHUMaHUE, YTO B ATOM 33/JlaHUM HaM BOOOILE He MPHUIUIOCh MCKATh KOPHU
ypaBHeHHUA. J[OCTaTOYHO OKa3ajioch ONPEAETUTh, YTO €ro 00JIacTh JONMYCTUMBIX 3HAYEHHUH He
COJIEP)KUT HM OJIHOTO JCHCTBUTENBHO 4YHCIA. OJTO OAHO M3 MPEUMYLIECTB TaKOM
NIOCJIEIOBATEIBHOCTH PELICHUs JIOTapU(PMUYECKUX YpaBHEHHMH W HEpaBEHCTB (HAYMHATH C

-
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orpeneneHuss O0JacTH JOIMYCTUMBIX 3HAYeHUWH YpaBHEHHUS, a 3aTeéM pellarb €ro IyTem
PaBHOCHJIBHBIX MTPE0OpPa30BaHMIA).
IIpumer 3. Pemute ypaBHeHue:

3lng§m+5lug%m—zzﬂ.
2

Pemenne. O6macTh AOMYCTUMBIX 3HAUCHUHN YPaBHEHHSI OTIPEICIISICTCS 3/1ECh JIETKO: X > ().
HCHOHI—:3yeM IMOACTAHOBKY:
t =log. =.
2

YpaBHEHHE IPUHUMAET BUJ:

=+
32 45t—-2=0& | %
tg = —2.
OOpatHas HOILCTlaHOBKa:
_ 1
]ng% x = g3, T = 3
]ng% x=—2 r =4

O6a oTBeTa BXOIAT B 00J7aCTh IOMYCTUMBIX 3HAYCHUI ypaBHEHUS, TOCKOIBKY SIBIISIFOTCS
MOJIOKUTEIBHBIMU YUCIIAMH.
IIpumep 4. Pemute ypaBHeHue:

logg 4(z +2) + logg 4(x + 3) =logy 4 (1 — ).

Pemenne. BHOBb HauHeM pellIEHUE C OINpeAeseHUus 00JIacTU JOMYCTUMBIX 3HAYEHHH
ypaBHeHus. OHa onpenesseTcs Caeayoue CHCTEMO HEPaBEHCTB:

z+2>0 x> =2,
z+3>0, ©<<x>-3 ze(-2;1).
l—x>0 r<l1

Bocnonp30BaBIINCE PAaBUIIOM CIIOKEHUS JIOTrapu(pMOB, IEPEXOIUM K PaBHOCUIBHOMY B
00J1aCTH JIOTTYCTUMBIX 3HAUYCHUH YPaBHEHHUIO:

lngﬂl‘i(m +2)(z+3) = ]Dg(}!4[1 —x) =
OCHOBaHHﬂ ﬂOFapI/I(bMOB OIHMHAKOBBI, HO:‘)TOMy B O6HaCTI/I ]:[OHYCTI/IMI)IX 3HaquI/H\/’I MO>XXHO
HepeﬁTH K CJICAYIOIICMY KBAaJIpaTHOMY YPABHCHUIO:

(z+2)(z+3)=(1-2) s’ +6x+5=0+&
x1 = —9,
x9 = —1.
IlepBbIif KOpeHb HE BXOAMT B O0JIACTH JOMYCTUMBIX 3HAYEHUN YpaBHEHUs, BTOPOH —
BXOJIUT.
Oteer: x =-1.
IIpumep S. Pemure ypaBHEeHuUeE:
FOBIT = 8]
Pewmenne. bynem uckats pemienus B npomexxyTtke x > 0, x#1. [IpeoOpa3yem ypaBHEHHE K
PaBHOCHUIIBHOMY:

Ilnggz — mlug_,ﬂl o Ilug3 — 2’:1“—5‘;3 =

_ logg = =2, x =1,
lnggm—fl# []nggm:—z = m:%.

O0a oTBeTa BXOJAT B 00/1aCTh IOMMYCTUMBIX 3HAUEHUH ypaBHEHMS.
IIpumep 6. Pemvite ypaBHeHue:
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logy(z +12) -log, 2 = 1.
Pemenne. Cucrema HEpaBEHCTB, OIpenesionmias 00JacTh JOIMYCTHMBIX 3HAYCHUN
ypaBHEHU:I, UMEET Ha 3TOT pa3 BHUI:

x+12 > 0,
x > 0, Sz>0 z#1.

x#1

Hcnone3ys cBoiicTBa jgorapudma, npeodpasyeM ypaBHEHUE K paBHOCHIBHOMY B 00J1aCTH
JIOIYCTUMBIX 3HAYCHUH YPaBHEHUIO:

logg(z+12) 1
2logyx
HCHOHI):‘]yﬂ (I)OpMyJIy nepexoaa K HOBOMY OCHOBaHHIO JIOFapI/I(i)Ma, moJrydyacm:
log,(z4+12) =222 —z-12=0% E itfa

B o6macth nonmycTUMBIX 3HAUEHUM BXOJIUT TOJIBKO OJIUH OTBET: X = 4.

[lepeiinem Teneps K Jozapugpmuueckum Hepasencmeam. ITO Kak pa3 TO, C UEM Bam
npuaercs umerh aeno Ha EI'D mo martemartuke. i pemieHusi JanbHEHIIMX TPUMEPOB HaM
notpedyeTcs cineayromas Teopema:

Teopema 2.

Ecnu f(x) > 0 u g(x) > 0, To:

pu a > 1 jorapupMudeckoe HepaBeHCTBO log a f{x) > log a g(X) paBHOCHIIBHO HEPABEHCTBY
TOTO XK€ cMbIciaa: flx) > g(x);

mpu 0 < a < 1 norapupmuueckoe HepaBeHCTBO log . fx) > log a g(x) paBHOCHIBEHO
HEPaBEHCTBY MPOTUBOIIOIOKHOTO CMBICHA: f(x) < g(X).

IIpumep 7. Pemure HEpaBEeHCTBO:
logy 5 (2 + 2 —6) > logg 5 (= + 4).

Pemenne. Haunem c ompeneneHust o0IacTH JOMYCTHMBIX 3HAYEHUH HEpaBEHCTBA.
Boipaxkenue, crosiiee moja 3HaKOM JorapuMuyeckol (QpyHKINHU, JOIKHO NMPUHUMATh TOJIBKO
MOJIOKUTEbHBIE 3HAU€HHUs. OJTO 3HAUUT, YTO HCKOMas OOJIaCTh JOMYCTHUMBIX 3HAuYCHUI
ONPEAENSETCA CIEAYIONIEH CUCTEMO HEPABEHCTB:

2 4x—6>0, - x € (—oo;—3) U(2; +ox),
z+4>0 x> —4
Sz e (—4-3)U(2; +o0).

Tak kak B OCHOBaHUH JIOl"apI/I(I)Ma CTOUT YUCIIO, MCHBIICC CANHUIIBI, COOTBCTCTBYIOIIIAA

norapupmuueckas GyHkius Oyaer yObIBaOIIEH, a TOTOMY PaBHOCHJIBHBIM T10 TeopeMe 2 OyeT
Nepexo] K CIAeAYIOIIEMY KBaJpaTUYHOMY HEPABEHCTBY:

P rr-6<r+4e 2 €10 xe [-V10;V10).
OxoHYaTeNbHO, C Y4€TOM 00IaCTH JOIMYCTUMBIX 3Ha4E€HUH OJIy4aeM OTBeT:
x € [-v10; —3) U (2; V10).
IIpumep 8. Pemure HEpaBeHCTBO:

(2’..' _ 9)11
11 - logg(? — 122 + 27) € 12 + logg g
m —
Pemenue. BHOBS HauHEM C ompeiesieHHs 00IacTH TOMyCTUMBIX 3HAUYCHUMN:
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2 — 122 + 27 > 0,

(z—9)1 & 2 € (—o0;3) U (9; +o0).
—— >0
Ha wMHOXecTBE JOIMIYCTUMBIX 3HAYCHUI HCPAaBCHCTBA IIPOBOJUM PABHOCHIIBHLIC
peoOpa3oBaHus:
(2’: _ 9)11
11-logg(zx — 9(x— 3) — logg ——L— « 12
il
logg (= — Oz - 3)11] — logg % £ 12
m’ —
120, qyll
(z—38)"(=—9)" logg 912,

logg (z —9)1I
[Tocne cokparieHus U nepexoa K paBHOCHJIBHOMY 10 TEOpEME 2 HEPABEHCTBY MOJIY4AEM:
-2 e 9g<r-3<9e e [-612).
C YUueTOM o0Oiactu AOIIYCTUMBIX 3Ha4YCHUM nojrygacm OKOHYATEJIbHBIN OTBET:
x € [-6;3) U (9;12].
Ipumep 9. Pemute norapudmMuyeckoe HEPABEHCTBO:

log, ,1(=* + 3% 4 2) < 2.

Pemenue. O06nacth JOMYCTUMBIX 3HAYEHHM HEPABEHCTBA OMPEIEISCTCS CIEAYIOIICH
CHCTEMOM:

z+1>0,
x+1#1, < x € (0;+o0).
gz +1)(x+2)>0

Buano, uro B 00JacTH NMOMYCTUMBIX 3HAYEHUH BBIPAKEHHUE, CTOSIIEE B OCHOBAHUHU
norapudma, Bceraa 0oIblile eIUHUIIBI, a TOTOMY PAaBHOCHIIBHBIM 10 TeopeMe 2 OyIeT mepexo K
CIEAYIOLEMY HEPABEHCTBY:

P3Pt <P tlerr 122 -1<0s
(z+1)(z* +z—-1) < 0e
145 v5—-1

2 2

C Y4CTOM o0ractu AOIYCTUMBIX 3HAYCHUH nojrygacm OKOHYATEJIbHBIA OTBET:

o—1
) V5

X e ; 2

IIpumep 10. Pemure HEpaBeHCTBO:
2 logs(x? — 4x)
£ 1.
logs o2

Peuienue.
OO6nacTh TOMyCTUMBIX 3HAYCHHUI HEPaBEHCTBA OIPEIEIsIeTCS CUCTEMOM HEPaBEHCTB:

rE| —o0— —-1;
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2 — 4z >0,
> 0, Sz e (—oo;—1)U (-1;0) U (4; 4+0).
w2 A1

I cnoco6. Bocmonb3yemcst ¢hopMylioil mepexoia K HOBOMY OCHOBaHHUIO Jiorapudma u
nepeiieM K paBHOCHIBHOMY B 00JIACTH JIOITYCTUMBIX 3HAYCHUI HEPABEHCTBY:

log,z (2? — 4x)? < 1.

HepasenctBo OyaeT paBHOCHIIBHO IByM cucteMaM. llepBoii:

z € (—1;0), o JZE (-1;0), -
(22 — 4z)? > o (-5 (z—3) 20

x € (—1;0).

U Bropoii:

x € (—o0;—1) U (4; +o0),
w(x—5)(z—-3)<0
WTak, OKOHYATEIIHHBIN OTBET:
x & (—1;0) U (4;5].
II cnoco6. Pemaem metogom untepaios. [Ipeobpa3zyem HEpaBEHCTBO K BUIY:
2logs(z? — 4x) — logg &
logg =2

< x € (4;9].

s 0&

BrruteM u3 3HaMeHaTeNs ]Dg3 1' DTO HUYETO HE HN3MCHUT, TOCKOJIBKY ]Dg3 1 - D'
logs (z* — 4z)? — logy 2
£ 0
logz #2 — logg 1
C y4eroM TOro, YTO BBIPAKCHUS logg f —logz g un f—9 — OZIHOTO 3HaKa

npu ;8> 0 5 o6nacru JOMYCTUMBIX 3HAYCHUH MMEET MECTO CIICAYIOUINH PaBHOCHIbHBIN
Hepexo:

(z? — 4z)? — 2
x2 —1
(z? — 5z)(z* — 3x)
x2 —1

S R

< 0.

- &

-1 [i] 1 2 3 4 5
MHOXECTBO peI_HCHI/Iﬁ JaHHOI'O HCPABCHCTBA

Urak, € € (_1; 1) U [3; 5]: a C y4eToM 00JIaCTH JOMYCTUMBIX 3HAUEHHUH IMoiyyaem

TOT K€ Pe3yJabTaT: < = [_1;[}) U [4; 5]-

Pemenue 3aganmii:
Nel. Pemmts ypaBHEHHS:
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1. log,(2x + 1) =log, 3 + 1:

2. log-2—-1=—log,(5—x):

3. %logz{Sx— 2) = 3;

4. loggys(3x—1) = —3;

5. 2logz; 2 —logg(x — 1) =1 4+ log; 5:

No2. Pemiuth ypaBHEHUS:

O

 log.(x—1) =log,; 2 + log- 3;
. logs(2x — 1) — log: 16 = 5;

=]

8. lg(5x+2) = %lgSﬁ +lg2;

9. logix —5logysx+4=0:
10.1g°x =3 —2lgx.

Dig(x+4) - lg (x — 3) = 1g 8;
Dlg(x+2)-1gb=I1g (x — 6);
Dlg(x—-2)+1gx=1g 8;

4)lg Jx -~ 7 +1g J3x - 8

5) log, (x + 10) = 2;

6)log, 2 + log, 3= 3.

No3. Pemnth HEepaBeHCTBA!

1. log, (2x-6)<log, x
3 3
2. lgl2x-5)>1
3. log, X <2
2-X
4. log, 18x-2]20

¥

5. log,, x+log, (x—15) <1

1;

IIpakTyeckas padora Ne23
Tema 5.4: CucteMsbl JOrapupMUUECKUX ypaBHEHUN
Heas: Hayuntbes pemarb CUCTEMBI JTOTapu(pMUUECKUE YPAaBHEHHS

Teopernyeckas 4acThb:

Cucrembl Jorapu(pMuUYecKHX ypaBHEHHHl DEIIAIOTCA TEMHU K€ METOAAMH, YTO U

CUCTEMBI ITOKa3aTeIbHBIX ypaBHeHUH (ypok «lloka3aTenbHbIC ypaBHEHHWs, HEPaBEHCTBA U WX
CUCTEMBI»).

Camble IPOCTBIE CUCTEMBI JIOTapU(PMHUUECKHX YPABHEHHH — 3TO cucmembl, 8 KOMopbvlx 00a

[Ipumep Takol CUCTEMBI:
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ypasHenus c800samcs K npocmetiwium. B manpHelieM moiydaetrcss oObIUHAs CHCTEMa U3 ABYX
YpaBHEHHMIA C IBYMsI HEU3BECTHBIMH, KOTOPYIO MBI YK€ YMEEM pPeIlaTh.
{lugz (x+3y)=2

log;xy=1



Emé ommn Tum cucreM mnorapuMHUECKUX ypaBHEHUH — ITO cucmemsvl, KOMopble
{ log,x —logzy =2

o 4log,x—5S5log, v=7
CB00SIMCSL K 0OBIYHBIM ¢ NOMOWbIO 3ameHbl. [IpuMep TaKoi CUCTEMBI: 82 CED .

IMpumep 1
log z(2y—x) =2
y {lﬂgﬂy —x)=-—
Pemmuth cucreMy ypaBHeHHIA: 7
Kak Buanm, 06a ypaBHEHHS SBIISOTCS IPOCTEHILIMMHE, IO3TOMY HCIIOJIb3YEM OIpe/IeIeHIe
norapu¢Ma 1 oay4aeM CHCTEMY JIMHEHHBIX YpaBHCHUIH:

2y —x = [‘JE):

Ilposepka: (=3:1) _ HOJIXOJTHT.
Orser: (—3i1)

IIpumep 2
log,x —log,y =2

Peumnth cucTeMy ypaBHeHMii: {4 log,x —Sloggy =7

x log,x

Kax BUIUM, NCPEMCHHAA

nepeMeHHas ¥ TONBKO B BBIPOKEHHH logzy , TOTOMYy C  IOMOUIBIO

B CUCTEMC BCTPEYACTCA TOJBKO B BBIPAKCHHUU s a

samensr: 1082% =@ 1083 ¥ = b appag crcrema cBosmTCS K CHCTeMe THHEHHBIX ypaBHEHUI:
{ a—b= 2
4a — b = ?
{41} +8— S.b =7

a =3

b = 1

{v =3
Ilposepxa:

(8;3) _ MOIXOINT.

OrBer: (8:3) .

IIpumep 3.

x+ty=6

¥ T T | =
Pemmre cucremy ypaBHeHHNI 105‘ x+lo g2) =

Pemenue:
HOHSTHO, 4T0 *> 0 1 Yo

W3 nepBoOro ypaBHEHUsI CUCTEMBI ITOITYYUM Y-¢_x , I3 BTOPOTO MOJy4UM 0g> (I-}')

—3Hnnx1—8
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y=6-—x
xy =8

Takum o00pazoM, TOJy4aeM CHCTEMY { [ToncraBum Y='6 — Xg

ypaBHEHHE XV_¢ Torma TOTyuHM KBaIpaTHOE ypasHerne X 1 6x + 8 = 0 Ero KOPHSIMHU
sBysiorest uncaa X 1=2, X2 =4 [loxcraBum ux B V=6_— X, nomyunm V1= 4, Viog,
Pemenuem nanHoi cuctemsl sBisieTcs napa (2; 4) u (4; 2).
IIpumep 4.
loga(x—y)=1

27+ 3+ 1=72

Pemnre cucreMy ypaBHeHUI
Pemenue:
U3 MEPBOTO YPAaBHEHMsS CHCTEMbl MMeeM X— Y= 2. Bumomnm 3aMEHy: BO BTOpOE

2+y. qy+1
ypaBHEHUE 22713 = 72 BMmecto -‘momcraBum N= 2 + J. Torma MOXHO

v+ 1. ay+1 r+1 — &2 H
3anucarb 3 2 =36. Orcrona 6 =67y IIOJIyYUM, YTO Y. Torma ¥=3.
Takum oOpazom, pelieHueM TaHHOM cucTeMbl siBisercs napa (3; 1).

Pemenue 3ananuii:
Pemmts cucremy norapupMuueckux ypaBHEHH:

Lix+y=34 2. |log,(x+y)=2
log, x+log, y=6 |log;x+log;y=2+log,7

% 4.
og,(x+y)=2 |logox—log,y=0

og,(x—y)=2 (¥ =5y°+4=0

5. 6.
log, y+2log,x=4 lo(x*+)")=1+1g13

g, (x> +y%)=5  Ugx+)y)=lgx-y)+18

IIpakTnyeckas padora Ne24

Tema 5.5: Jlorapu¢msl B mpupojie ¥ TEXHUKE
Heanb: Hayuutbest BBIBISATH TPOSBIECHUE JTOTapUPMUUECKON CIUPAIH B IPUPOJE.

Teopernyeckas 4acThb:
Ha npotsbxenuu 16 Beka ObICTpO BO3pacTaio KOJUYECTBO MPUOIMKEHHBIX BBIUMCICHUH,

IPEeX/ie BCEro, B aCTpOHOMUHU. MHOTHe paboThl TpeOOBAIN KOJIOCCAbHBIX, HHOTIa MHOT'OJIETHUX,
pacueToB. ACTpOHOMaM Tpo3uiia peaibHas ONAaCHOCTh YTOHYTh B HEBBIIIOJIHEHHBIX pacyeTax.
Torna MmareMaTHKH JUTsl 00JeTYeHUsT BRIYUCIECHUH mpuryManu jgorapudmsl. 1 B 1614 roay Obuiu
OonyOJMKOBaHbl  TEpBble  Jorapudmuyeckue  TaONMIbI, COCTABICHHbIE  IIOTJIAHACKUM
matematukoM Jl>xonom Henepom (1550-1617), oHn Bepoii u nmpaBaoi CIy>KUJIM aCTpOHOMaM U
WH)KEHEepaM, reoIe3UcTaM U MOpsIKaM, COKpallasi BpeMsl Ha BEIYUCIICHUSL.
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Psn sBneHuit mpupo/ el MOMOTaeT OnucaTh UMEHHO JorapudMuyeckas 3aBUCUMOCTb. J1Jis
COCTaBJICHUS MaTeMaTUYECKOM MOJENd TOro WM HMHOrO SIBJIEHUS 4YacTo oOpaijaroTcs K
norapudmuueckoit pynkuun. OgHUM U3 HaUOOJee HATVISAIHBIX MPUMEPOB TAKOTO OOpaIIeHUs
ABIIsETCS JorapupmMuyeckas cnupaib. Jlorapupmudeckas cnupanb — 3TO IJI0CKask KpUBast JIMHUS
MHOTOKpPATHO 00XOJIAIIast OJJHY U3 TOYEK Ha TIOCKOCTH.

I'ne ke npumensitoTcs Jorapupmbi?

IIpumeHeHNe B aCTPOHOMHUH.

B actponomuu norapudmsl UMEIOT O4eHb OOUIMPHOE pacrpocTpaHeHue. B 3Toit Hayke
3a[eiiCTBOBaHbl OYEeHb OoJbinne MacmTadbl. llo norapugMuyeckuM CHUpPaIsIM 3aKpyYeHbI
MHOTHE TaJaKkTUKHU, B 4YacTHOCTH [ajlakThka, KOTOPOl NPUHAMIEKHUT COJIHEYHAsl CHCTEMa.
ACTPOHOMBI paclpeneNsaioT 3Be3Ibl M0 CTENEHSIM BHIMMOW SPKOCTM HAa CBETHJIA IEpPBOU
BEJIMYMHBI, BTOPOW BeNUYMHBI, TpeThbedl u T.1. [locrmenoBarenbHble 3BE3IHBIC BETUUYHHBI
BOCTIPHHUMAIOTCS TJ1a30M, KaK WIeHbI apudmeTrndeckoit nporpeccun. Ho ¢pusndeckas sipkocTh UxX
U3MEHSAETCS 10 HHOMY 3aKOHY: OOBEKTHBHBIC SIPKOCTH COCTaBISIOT TE€OMETPUUYECKYIO
MIPOTPECCHIO CO 3HaMeHaresneM 2,5. JIETKO MOHATh, YTO «BEIMYMHAY 3BE3]IbI MPEICTABIISET COOOM
HE YTO MHOE, Kak jorapudm ee ¢puznueckoit apkoctu. [Ipakruuecku kaxaas Bropas popmyia B
aCTPOHOMHMH, acTPO(U3UKE U IPYTUX MMEPEKPECTHHIX HayKaxX He 00xoxasaTcs 0e3 morapudma.

IIpumenenne B 0MOJIOTHH.

PakoBUHBI MHOTHX MOJUTIOCKOB, YJIHTOK, a TakKXe pora apxapoB (TOpHBIE KO3JIbI),
3aKpy4eHsbl 1o Jiorapudmudeckoii cnupanu. [lo morapudmudeckoit crimpain 04epueHbI He TOJIBKO
paxoBunbl. [layk omelpa, cruietas NayTHHY, 3aKpy4dBaeT HHTH BOKPYT LIEHTpa IO
Jorapu(pMHUUECKUM CIUPATISM.

IIpumeHeHne B My3bIKe

Korna my3blkaHT urpaet Ha posiie, COOCTBEHHO TOBOpsI, OH UrpaeT Ha jorapudmax. Tak
Ha3bIBAEMBIC «CTYIECHM» TEMIEPUPOBAHHONH XPOMATUYECKOH TaMMBI TPEACTABISIOT COOOM
norapudmbl ITUX BEJIMYKH. OcHoBaHue ITUX norapudmon paBHO 2.
Homepa xnaBuimedd posuisi TPENCTaBISIOT co00#  jiorapudMbl  4ducen — KoJeOaHuit
COOTBETCTBYIOIIUX 3BYKOB (YMHOXKEHHBIE Ha 12). MBI Ha)ke MOXKeM CKazaTb, YTO HOMEP OKTaBbI
MIPEACTABISIET COOOM LETYI0 YacTh (XapaKTEepUCTHUKY) JIoraprudma drciia KoyiedaHuid 3TOro TOHa,
a HOMep 3ByKa B JaHHOW OKTaBe, NEeNeHHbI Ha 12 — npoOHy0 YacTh (MaHTHCCY) 3TOTO
norapudma.

IIpumeHeHune B NCUXOJIOTHH.

I'pOMKOCTh 3ByKa HM3MEpSIOT B JenuOenax, KOTOpbhIe MPONOPIHOHAIBHBI JIOTapr(pMy
MOIITHOCTH 3BYyKa, BO3JCHCTBYIOIIEr0 Ha yxo. YmnorpeOieHue JorapupMuUyYecKux MIKal
MPOJUKTOBAHO 0COOCHHOCTSIMH HAIIIMX OPTaHOB YYBCTB: 3pEHUS, CIIyXa U T.JI. YelroBeueCcKuit Mo3r
BOCTIPUHUMAET Pa3ApaXeHHUsI OT OPraHOB UYBCTB HE MPOMOPLHUOHAIBLHO CHIIE Pa3paKUTelNsd, a
JWIIB TPONOPIIMOHAIIFHO ee Jorapudmy. IMEHHO MO3TOMY yXO OAMHAKOBO CIIOCOOHO CIIBIIIATH
[IOPOX JINCTHEB U HE OTJIOXHYTh OT TPOMKOTO yapa CTaHKa Ha 3aBOjie. A ria3 MOKET 3aMeTHUTh,
KakK OJISCTHT CHET Ha CBETY M HE OCJIENHYTh, €CIIM MOCMOTpUT Ha COJHIIE, KOTOPOE B MUJLTAAPTBI
pa3 spue. OnucaHHbIE BBIIIE CBEACHUS OOBEIUHSAIOTCS 3aKOHOM MICUXO(PU3UKH, YCTAHOBICHHBIM
dexHepoM, KOTOPBIF TOBOPHUT, YTO Mepa ONTYIICHHUS MPOMOPIHOHANIbHAS JoTrapu(dMy BeTHIHHBI
paspaskeHusl.

IIpuMeHeHne B ceTbCKOM X0351iiCTBe

Kak okazanoce, 1 B CeJIbCKOM X03siiicTBe He oboruock 6e3 norapugmon. Hampumep,
UCCIICIOBAaB POXKACHUE TEJAT, OKAa3aJoCh, YTO HMX BEC MOXKHO BBIUHCISITH M C TIOMOIIBIO
J0rapuQmoB.

OOnacte mpuMeHeHHs JIorapu(MOB HE OTrpaHHUYMBACTCS JIUIIb PACCMOTPEHHBIMH
HayKaMH, TaK’Ke€ OHA UTPAET BAXXHYIO POJIb B TUTEpaType, HHGOPMATHKE, UCTOPHH, PUCOBAHUU U
MHOTUX JIpyrux. Jlorapupmudeckas GyHKIHS TaeT HAM BO3MOXXHOCTB TIO-JJPYTOMY B3TJITHYTh Ha
MacIITaOHbIE TTPOIIECCHI, TPOUCXOSAIINE B OTPOMHBIX MPOCTPAHCTBAX U BPEMEHHBIX MHTEPBAJIAX
JUTSI TOHUMAaHUSI U OCMBICIICHHSI 00111el KapTUHBI.
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Pemrenue 3axanuii:
Nel. TlpuBenute mpuUMeEpbl MPOSBICHUS JOTAPU(DMHUYECKON CIHpaTd B OKPYKAIOIIEM
MHUpE.

No2. B nauanbpHbIif MOMEHT BpeMeHH ObuT0 § OakTepuil. Uepes 2 yaca mocie moMereHus
OaxTepuil B MUTATENbHYIO Cpey, UX uncio Bo3pociio 10 100. Yepes ckoabKko BpeMeHU ¢ MOMEHTA
pa3MeIIeHHs B MUTATENbHYIO Cpey claeayeT oxuaath nosiienus 500 6akrepuii?

Pemenue.

Jlnis peuieHust JaHHOM 3a7a4u, HEOOXOAMMO BCIOMHUTD MOHSTHUSI CKOPOCTU M YCKOPEHHUSL.

Bbino -8
1 M3MEHEHWE: Ctano- 100 } ==8*=100=> x= Iﬂgglﬂo

=> Iggslﬂﬂ — KOHEMHOE 3HAYEHWE CKOPOCTH pacnpocTpaHeHns DakTepui NPy NeEPBOM U3MEHEHWH -
VKDH.I.

Beino -6
2 smenenne. o -0n }=>8Y =500=> y=1log,500

=» logg 100 —koHesHoe 3Ha4eHne CKOPOCTH pacnpocTpaHeHia GakTepuit Npn BTOPOM M3MEHEHUK -

%

KOH.2.

[lepeiinem k HaTypaibHOMY OCHOBAHHIO JIOTapu(MOB, IJs TOrO, YTOOBI MOKHO OBLIO
BOCIIOJIb30BaThCs TAOJMYHBIMU 3HAUEHUSIMHU:
In100—In8 I[n500—-In8

2%In8 L*n8
. 2+ (In500—In8)
17 100
In (=g~)

OrtBer: npubaM3uTENILHO 3 yaca 15 MUHYT.

IIpakTnyeckas padora Ne25
Tema 5.5: Jlorapu¢msl B mpupojie ¥ TEXHUKE
Heas: Hayuntbes ucnonb3oBaTh Jorapu(Mel B peIEHUN PUKIAIHBIX 3a1a4.

Teopernyeckas 4acThb:

Jlorapudmuueckne GyHKIUU pacipoOCTPAHEHbI YpEe3BbIUAHO HIMPOKO KaK B MaTeMaTHKe,
Tak ¥ B €CTECTBEHHBIX HayKaX. [IpuBenémM HEeCKOIbKO MPUMEPOB UCIOIB30BaHUS JTOTapH(PMOB B
pa3HOOOpa3HBIX HAyKaX.

B crartuctuke u Teopun BeposiTHOCTEH JorapudmM BXOIUT B Psij MPAKTHUYECKU BAKHBIX
BEPOATHOCTHBIX pacnpezenenuii. Hanpumep, norapupmuyeckoe pacrpeaeneHue UCIoiab3yeTcs B
reHeTuke U ¢usnke. JIOTHOpMaNbHOE paclpeeNieHue YacTo BCTPEYaeTCs B CUTYAIUsX, KOrna
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UcclleyeMas BEIMYMHA €CThb IPOU3BEICHHE HECKOIbKUX HE3aBUCHUMBIX IOJIOKHTEIBHBIX
CIIy4aifHbIX NT€PEMEHHBIX.

3akon bendopna («3akoH mepBOi HHUQPPB») OMUCHIBAET BEPOSTHOCTH TOSIBICHUS
ornpeaenéHHON nepBoii 3Havamel nudpsl Mpu U3MEPEHUHN pPeabHbIX BEIUYHH.

JUis OLEHKHM HEW3BECTHOI'O IapameTpa LIMPOKO IMPUMEHSIOTCS METOJ MaKCUMaJbHOI'O
MPaBa0NOI00US U CBA3aHHAS C HUM Jiorapudmudeckas QyHKIHS MPaBIONOA00us.

@uryKTyaluu Ipy ciaydailHOM OJ1y>KJaHUM ONUCBIBAeT 3aK0H XuH4YMHA-Koamoroposa.

B undopmaruke: eqununa usmepenus uabopmanuu (ourt). Hanpumep, 11 XpaHeHus B
KOMIIbIOTEpPE HATypajdbHOro uucia N (B OOBIYHOM Ui KOMIIBIOTEpa JBOMYHOM (hopmarte)
noHaaoourcs logoN + 1 6uToB.

WudopmanroHHas 3HTPONUS — Mepa KOJIMYecTBa HHPOPMAITUH.

OneHka acHMIITOTHYECKON CIOXHOCTU PEKYPCHUBHBIX aQJITOPUTMOB, OCHOBAaHHBIX Ha
NPUHIUIE «Pa3/eNsaid ¥ BIACTBYIH» — TaKUX KakK OBICTpasi COPTUPOBKA, OBICTPOE MPpeodOpa3oBaHue
Dypbe U T. 1.

OObIYHO  4YMCIIOBBIE  3HAYEHUS  XpaHATCS B NaMsITH  KOMIIbIOTEpa WU
CHEIHaIM3UPOBAHHOTO MIpolieccopa B popmaTe ¢ ruiaBarolieii 3amsatoi. Eciu, onHako, crioxxeHnue
Y BBIYMTAHUE JUIsl TPYIIIbI JAHHBIX BBIMOIHSIOTCS PEIKO, & YMHOXKEHHE, JI€JICHUE, BO3BEICHUE B
CTEMEeHb U U3BJICUECHUE KOPHS — ropasJio yalie, TOTrJa KMEEeT CMBICI PACCMOTPETh BO3MOXKHOCTh
XpaHEHHS TaKUX JaHHBIX B JJorapummuueckoM popmare. B 3ToM cirydae BMeCTO 4rcia XpaHUTCS
jgorapumM ero Moaynas M 3HaK, U CKOPOCTh BBIYUCIICHHUN Onaromaps cBoWcTBaM Jlorapudma
3HAYUTEIbHO ToBbImaeTcs. Jlorapupmuueckuit ¢opmar xpaHeHHs OBUI HCIOJIB30BaH B
HECKOJIbKUX CHUCTeMaXx, TJe 10Ka3all CBOI 3(PPEeKTUBHOCTD

[Ipuaiun bosibiiMaHa B CTAaTHCTUYECKOW TEPMOJAMHAMUKE — OJHA W3 BAKHEHIIUX
GyHKIMI ~ COCTOSHUS TEPMOAMHAMMYECKON CHUCTEMbI, XapaKTepU3YIOIIas CTENeHb ¢
XaO0TUYHOCTH.

®opmyna [{M0IKOBCKOTr0 MpUMEHSAETCS s pacy€Ta CKOPOCTH PAKETHI.

VYpaHenue HepHcTa CBA3BIBAET OKUCIUTENBHO-BOCCTAHOBUTEIbHBIN MOTEHI[NAJ CHCTEMBI
C AKTUBHOCTSIMHM BEIIECTB, BXOIALIMX B DJJIEKTPOXMMHYECKOE YpaBHEHHE, a TaKkKe CO
CTaHJIapTHBIMU JIEKTPOIHBIMH MTOTEHIIMATIAMH OKUCIUTEIbHO-BOCCTAHOBUTEIBHBIX TIap.

Jlorapudm ucmonb3yercs B ONMpeleleHUsIX TaKUX BEJIMYMH, KaK MOoKa3aTellb KOHCTaHThHI
aBTONPOTONM3a (CAMOMOHHM3ALMKM MOJIEKYJIbI) W BOJOPOAHBIM IOKa3aTenb (KUCIOTHOCTU
pacTBopa).

Jlorapugmuueckas crivpalib MepecekaeT CBOM paanyc-BEKTOPHI MO MOCTOSTHHBIM YTJIOM.
Ha ocHOBaHMM 3TOTr0 €€ Ha3bIBalOT PAaBHOYIOJIbHOW. DTO CBOMCTBO HAXOIUT CBOE NIPUMEHEHHUE B
TexHHKE. Jles10 B TOM, 4TO B TEXHHMKE YaCTO MPUMEHSIOTCS Bpalarouecs Hoxu. Cuia ¢ KoTopoi
OHM JIaBAT Ha pa3pe3aeMblil MaTepHall, 3aBUCUT OT yIJIa PE3aHus, T.€. yIila MEeXKIY JIE3BUEM HOXKa
U HalpaBJIeHUEM CKOPOCTH BpalleHus. /{1l MOCTOSHHOTO 1aBleHUs! HYKHO, YTOOBI Yo pe3aHust
COXpaHsJI MOCTOSHHOE 3HAUEHUE, a 3TO OyJIeT B TOM cily4ae, ecii Je3BUS HOXKEH O4YepueHbl 10
nyre Jjorapupmuueckoi cnupaiv. BenuumHa yria pesaHuss 3aBHCUT OT 0OpabaThIBaeMOro
Marepuana.

B rugporexnuke mo jporapuMAYECKON CUpaTH U3THOAOT TpyOy, MPOBOMASIIYIO MTOTOK
BOJIBI K JIOMACTSAM TypOuHbI. braronaps Takoit ¢opme TpyOBl MOTEpH SHEPrUM Ha U3MEHEHHE
HaIpaBJIEHUs! TEYEHHs] B TpyOe OKa3bIBAIOTCS MUHUMAJIbHBIMH U HAIMop BOJbI HCIOIb3YETCS C
MaKCHMaJIbHOW TPOU3BOJUTEIBHOCTBIO.

Haxumass Ha KIaBUIIM COBPEMEHHOTO pOSUIs, MbI, MOXXHO CKa3aTh, HIpaeM Ha
Jorapugpmax.

Pemenue 3aganmii:

Nel. Jlns oborpeBa moMeleHMs, TeMIepaTypa B KoTopoMm paBHa Ty = 20°C, uepes
pajuaTop OTOIUIEHHMS, IIPOIYCKAIOT TopAdyio Boxy Temmeparypoii T = 100°C. Pacxon
npoxosme yepe3 TpyOy Boasl m = 0,2 kxr/c. Ilpoxons mo Tpyde pacctosHHe X (M), BoJa
oxnaxaaercs 10 Temneparypbl T°C, mpu uém
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cm 1 . —T,
r=u (WL
y TT-T,
riae ¢ = 4200x/kr*C — TeII0eMKOCTh BOJIbI
v =42 Br/m * °C— ko>ddunment termoodoMena
a = 1,4 — nocrosHHasl.

Jlo kakoit Temneparypsl (B rpagycax Llenbcus) oxiiagures Boaa, € IIuHa TpyOs! 28 M?
(OtBert: 60°)

No2. Omnpenenuts MHGOPMAIUIO, KOTOPYIO HECET B ceOe OJMH CHMBOJI B KOJHUPOBKAX
ASCII u Unicode.

Pemenue.

1) B andasute ASCII mpegycMmoTpeHo 256 pa3audHbIX CHMBOJIOB, T.€.

M =256, al=1log, 256 = 8 Out = 1 OaiiT

Otser: 1 Gaiir.

2) B cospemennoii koampoBke Unicode 3amoxeHO ropas3mo OoJblee KOIUYECTBO
CUMBOJIOB. B Hell onpeneneHo 256 andaBUTHBIX CTPaHHUIL 110 256 CUMBOJIOB B KaXIOM.

Takum o6pazom:

[=1log (256 * 256) = 8 + 8 = 16 Out = 2 GaiiTa

Otser: 2 Gaiira.

IIpakTuyeckasi pabora Ne26
Tema 5.6: KonrpombHas pabota mo pazmeny S «Jlorapudmel. Jlorapudmmueckas
byHKIHS

Heasn: IIpoBepuTh ypoBEeHb YCBOEHUS JAaHHOTO Marepuaia Ho pasfeny 5 «lorapupmsl.
Jlorapudmuueckas GyHKIUD»

Ilpu pewenuu 3adanuit 1-4 3anuwiume npPAGUNbLHLII OMEEmM U3 Uemblpex
npeooIceHHbIX.
1. (1 6ann) Kakas u3 ¢pyHkuuii Bo3pactaeT Ha Bcel o01acTu onpeseseHus?
A) f(x)=logs x; B) f(x)=0,7%; B) f(x)=x%; I') f(x)=log1 x.
2

2. (1 6amn) Ykaxkute obnacTs onpeenaeHus GyHkuuu f(x)=lg 2XX+_73

A) (-7; 1,5); B) (-0; -1,5), (7; +90).; B) (-1,5; 7); T') (-0; -7), (1,5; +o0).
3. (1 6ann) Pacnonoxuts B nopsake Bospactanus: logg s 4; logg s 0,4; logg 5 i.

A) loggs 4;10go5 0,4; logo,s i; b) logo s 4; 10g0,5i1 logo,s 0,4;

B) logg s i; logo50,4;logos4; ") loggs0,4; logo,sii logo s 4.

4. (1 6anm) Haiinure xopeHs ypaBHeHUs log, (5 — x) = 2.

A)11;b)-11;B)-3;T) 3.

Ilpu évinoanenuu 3a0anuil 5-8 3anuwiume x00 pewienusn u nOJy4eHHbLL OMeEem.

5. (2 6anma) Onpenenure 3HaueHue BRIpaxkenns logg 2 + logg 3 + 219824,

6. (2 banna) Ykaxute HauMeHbIIIEe 11e10€ pellleHUue HepaBeHCTRa: log; (6x — 4) > 2.

7. (2 6amna) Haiigure Touky Mmakcumyma GyHkimn y = 8In(x + 7) — 8x + 3

8. (2 Gaynna) [Ina oborpeBa MOMeEIICHHUs, TEMIIEpaTypa B KOTOPOM TOJIEPKUBACTCA HA
ypoBHe T =15° uepe3 pamuarop OTOIJICHHUS MPOMYCKAIOT ropsiayo Boay. Pacxon mpoxosieit

yepe3 TpyOy paauaropa Bojsl m = 0,6 kr/c. [Ipoxoas mo TpyOe paccTosiHUE X, BOJIa OXJIaXJaeTCs
Tg-Tp
T-Tp

4 o cm
OT HavyaJbHOM TemmnepaTtypsl T,=91° no temneparypsl T, mpuuém x = a710g2

Btc . BTt
4200 — TeII0€MKOCTh BOJBI, ¥ = 28 o
"

, TJe ¢ =

— KO3 unueHT terwioodmena, a o = 0,8 —
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nocrosiHHas. Halinute, 1o xakoil temmeparypsl (B rpaaycax Lleabcus) oxnmaaurcs Bona, €Ciu
JUTMHA TpYOBI paauaropa paBHa 144 M.

Imanonvt omeemoes:

Howmep 1 2 3 4 5 6 7 8
3aaHuA
Orser A T A 5 3 3 6 34

IIpakTnyeckas padora Ne27
Tema 6.1: PaBHOCHIIBHOCTH YpaBHEHUH 1 HepaBeHCTB. OOIIME METO/IBI PEIICHUS
Hean: HayuuTscs onpenensaTe paBHOCUIBHOCTh YPABHEHUN.

TeopeTnyeckas 4acThb:

Onpenenenue. /[Ba ypaBHeHHs ¢ oHON niepeMeHHOi f(x) = g(X) u p(x) = h(X) Ha3pIBaIOT
PaBHOCUJIIBHBIMHU, €CJIM MHOKECTBA MX KOPHEH COBMAAIOT.

WHpiMu croBamu, [1Ba YpaBHEHHMSI HA3bIBAlOT PaBHOCUJIBHBIMU, €CIM OHU HMEIOT
OJIMHAKOBbIE KOPHU HIIM €clii 00a ypaBHEHHS HE UMEIOT KOPHEH.

IMpumepsl

1) VpapHenns 4% — 3 = 2x+ 3 2X = 6 papHoCHIIBHBL, T.K. KOKI0E U3 HUX HMEET TOJIBKO
OJMH KOpPEHb X=3.

2) YpaBHeHuUs (x=2)(x+5) =0ux"+3x—10 = 0 raype PaBHOCWIIBHBL, T.K. Y HUX OJIHU
¥ T e KOpHH ¥1 = 2,X2 = =5,

3) A BoT ypaBHeHms oX=6H 4x* =16 ye PaBHOCWIBHBI, IOTOMY 4YTO Yy IIE€PBOIO
YpaBHEHHUS KOPEHb X=2, @ y BTOPOIr'0 ypaBHEHUS /iBa KOPHS X=2 U X=-2.

W3 onpeneneHns paBHOCUIBHOCTH CIIEAYET, YTO JBa YPABHEHMsI PAaBHOCHWIIBHBI, €CIH
KaXKblii KOPEHb [IEPBOTO YPAaBHEHUS SIBIISIETCS KOPHEM BTOPOTO YpaBHEHUSI, U HA000pOT.

Pemenne ypaBHeHHs OCYIIeCTBJISACTCS B TPH JTana.

[TepBerit aTan — TexHuveckuid. Ha 3Tom sTarme ocymiecTBisoT mpeodpa3oBaHus MO CXeMe
(1) > (2) - 3)> (4) — ... ¥ HaXOJIT KOPHU MOCIETHETO (CaMOro MPOCTOT0) YpaBHEHHS
YKa3aHHOM LIENIOYKH.

Bropoit sram — ananmu3 pemenus. Ha 3Tom arame, aHanu3upys IIPOBEIEHHBIE
npeoOpa3oBaHus, OTBEYAIOT Ha BOIIPOC, BCE JIM OHU OBLJIM PaBHOCHIIBHBIMH.

Tperuit sTan — nposepka. Eciu aHanus, MpoBeIEHHBIM HA BTOPOM 3Tarle, MOKa3bIBaET,
YTO HEKOTOpbIE MpPeoOpa3oBaHUsi MOIJIM MPHUBECTH K YPaBHEHUIO-CIEACTBHUIO, TO O0s3aTelbHA
IIPOBEPKA BCEX HAWJEHHBIX KOPHEHN MX IOJICTAHOBKOW B NCXOJHOE YPaBHEHUE.

Peasm3anms 3T0ro njiaHa cBsi3aHa ¢ NOMCKaMHU OTBETOB HA YeThbIpe BOIpoca.

o Kak y3Hatp, sABISETCS M NEPEXOA OT OJHOTO YPAaBHEHHS K JIPYrOMY PaBHOCUIIbHBIM
npeobpazoBaHrueM?

o Kakue nmpeobpa3oBaHusi MOTYT MIEPEBECTH JJAHHOE YPAaBHEHHE B ypaBHEHHE-CIIECTBHE?

e Ecnu Mbl B KOHEYHOM UTOTE PELINIIM ypaBHEHUE-CIIEACTBHE, TO KaK CAeIaTh MPOBEPKY
B CJIy4ae, KOI'/la OHa CONpPsKEHA CO 3HAYUTEIbHBIMU BBIUNCIUTEIbHBIMUA TPYAHOCTAMU?

e B kakux ciyuasix mpu nepexojie OT OAHOIO YpaBHEHHs K APYTrOMY MOXKET MPOU30UTH
1OTepsl KOPHEN U KaK 3TOr0 HE I0IyCTUTh?

W3 xypca cpeaHeil KOkl Mbl 3HAEM, YTO MOKHO CZeJaTh CIeayIolIe Ipeodpa3oBaHus
yYpaBHEHMIA: JTF000 WieH ypaBHEHUsI MOYKHO MEPEHECTH U3 OJTHON YacTH B IPYT'YIO, H3MEHUB €ro
3HAK Ha MIPOTUBOMOJIOKHBIMH.

O0e yacTu ypaBHEHHsI MOKHO YMHOXXUTh WJIM Pa3/IeMTh HA OJHOM M TO K€ YMCIO, He
paBHOE HYIIIO.

Ecnu npu nepexoze 0T OAHOIO ypaBHEHUS K JPYrOMy ITOTEPU KOPHEW HE IIPOUCXOIUT, TO
BTOpPOE ypaBHEHUE HA3BIBACT CIIEJICTBUEM MEPBOro ypaBHeHUs. M Haue, eciu Bce KOPHU MEPBOTO
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YPaBHEHHs SIBIAIOTCA KOPHSAMHU BTOpPOTO YpPaBHEHHUS, TO BTOPOE YpPAaBHEHHs Ha3bIBACTCA
CJIEJICTBUEM TIEPBOTr0 YPaBHEHUS.

W3 aToro onpenenenys 1 onpeaeacHusl paBHOCWIBHOCTH YPAaBHEHUH CJEyeT, YTo:

1. ecnu Ba ypaBHEHHUS PaBHOCUJIBHBI, TO KaXKJI0€ U3 HUX SIBJISIETCS CIEICTBUEM JIPYrOro;

2. eciaM KaxJ0€ U3 JABYX YpaBHEHUH SIBISETCS CIEACTBHEM JIPYroro, TO 3TH ypaBHEHUS
PaBHOCUJIbHBI.

[Ipu pemreHny ypaBHEHUH ITIaBHOE- HE NTOTEPSATh KOPHU, & HAIMYNE IOCTOPOHHUX KOPHEH
MO’KHO YCTaHOBUTBH IpoBepKoil. [I03TOMy Ba)kHO cleIuTh 3a TeM, 4TOObI MpU IPeodpa30oBaHUU
YpaBHEHHSI KOXKA0€ CIeIyloliee ypaBHEHHE ObLIO CIIEACTBUEM MPEIBITYIIETO.

CTOUT OTMETUTH, YTO MOCTOPOHHUE KOPHU MOTYT MOJYUUTHCS NMPU YMHOKEHUU 00EUX
yacTell ypaBHEHMsI Ha BBbIpaXXEHHE, COZAEpIKalllee HEU3BECTHOE; a BOT IOTEpPs KOPHEH MOKET
MIPOM30MTH MPH JAETICHUH 00€UX YacTell ypaBHEHHS Ha BBIPAXKEHUE, CO/IepIKalllee HEM3BECTHOE.

Wtak, cpopMmynupyeM OCHOBHBIE TEOPEMBbI, KOTOPHIE HCIIOJIB3YIOTCS TPH PELICHUU
PaBHOCUJIBHBIX YpaBHEHHI:

Omnpeneaenne. OO6Gmacteio onpeneneHus ypaBHeHus f(x) = g(x) wim o06macTbio
JIOMYCTUMBIX 3HaueHuWd mnepemeHHoi (OJ[3) Ha3pIBalOT MHOXKECTBO TeX 3HAUYECHUU
MEPEMEHHOM X, TPU KOTOPHIX OJHOBPEMEHHO UMEIOT CMbICT BhIpaxkeHus f(x) u g(x).

Teopema 1. Ecnu xakoi-nu0o 4jieH ypaBHEHHS IEPEHECTH U3 OJHOW YacTH ypaBHEHUS B
JPYTYIO C IPOTUBOIOIO0KHBIM 3HAKOM, TO MOJYYUTCS YpaBHEHHUE, PABHOCUIILHOE JTAaHHOMY.

Teopema 2. Ecnu 00e yacTu ypaBHEHUSI BO3BECTU B OJJHY U TYK€ HEUETHYIO CTEIEeHb, TO
MOJIYYUTCS] ypaBHEHUE, PABHOCUIIbLHOE JTAaHHOMY.

Teopema 3. [oxasarensroe ypasuenne @ ) = a?™) (rpe a > 0, a#l)

paBHOCHUIILHO ypaBHEeHHIO f(X) = g(x).

Teopema 4. Eciu o6e uvactu ypaBHeHHs f(X) = g(X) yMHOXHUTb Ha OJHO U TO K€
BBIpakeHue h(x), koTopoe:

a) UMEeT CMBICT BCIOAY B oOiactu ompezeneHus (B o0iacTv JOMYCTHUMBIX 3HAUEHUM)
ypaBHeHus f(x) = g(x)

0) Hurae B 3Toi obstactu He oOpartaercs B 0, To monyuntcs ypasHenue f(x)h(x) = g(x)h(x),
paBHOCHIIBHOE JaHHOMY B ero O/13.

CaencrBueM TeopeMbl 4: eciii 00€ YacTH ypaBHEHUS YMHOXKHUTD WJIH Pa3JeIUTh Ha OHO
Y TO K€ OTVINYHOE OT HYJIS YHUCJIO, TO IOJIYYUTCSl yPAaBHEHUE, PABHOCWIIBHOE IaHHOMY.

Teopema 5. Eciiu 00e yactu ypaBHenus f(x)=g(x) HeorpunarensHsl B O/13 ypaBHeHus, To
nocjie BO3BeleHHs O0erX ero yacted B OJHY M Ty JK€ YETHYIO CTENeHb N MOJY4YHUTCS

ypaBHEHHE (f)N™ = (gx))" paBHOCHIIBHOE JaHHOMY B ero O/13.
Kparkas 3anuch Teopem 4, 5.
4. f(x) = g(x) ©h(x)f(x) = h(x)g(x), e h(x) #0
u h(x) umeet cmbica B O/]3 naHHOTO ypaBHEHUSI.
5. f(x) = g(x) & TEN™ = (D" | rre f(x)>0, g(x)>0
u n=2k (4€THOe uncmo).
Hanpumep, x —1=3;x=4
YMHOX)UM 00€ yacT Ha (X — 2):
(x—2)(x—1)=3(x—-2); x =4 u X =2 — NIOCTOPOHHUI KOPEHb= MpPOBepKa!
PaBHOCHILHOCTH HEPaBEHCTB C HEM3BECTHBIM OIPEEIAETCS] aHAIOTUYHO.
HepaBeHncTBa, nMeIoIIHe OHO U TO K€ MHOXECTBO PEIICHNUH, HA3bIBAIOT PAaBHOCHIIBHBIMH.
HepaBeHcTBa, HE UMEIOIINE PELICHUH, TAKXKE SBIISIOTCS PABHOCUIBHBIMH.

Pemenue 3aganuid:
IIpumep 1.

o = w—
PeuriM ypaBHenue: VX=X~ 2
Bo3sBeznem B kBajipaT 00¢ YacTH YpaBHEHHSI, TOTYIUM:
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— _ 2
x=(x—-2) , KoTopoe He OyAeT paBHOCHIBHO HCXOJHOMY YPaBHEHHIO, IIOTOMY 4YTO Yy
3TOTO ypaBHeHHs Ba KopHs ¥1 = 1, X2 = 4 3 y repBoHauanbHOro ypaBHEHHUS TOIBKO OIUH KOPEHb
x=4.
IIpumep 2.
x—3
S——)
1. HepaBenctBa x~+1 n X-3<0 paBHOCWIIbHBI, TaK KaK HMEIOT OJHO U TO XK€

MHO’KECTBO pelIeHU X<3.
2x

=1
2. HepaBencrtBa x — 1 n 2x>x-1 He paBHOCHUJIBHBI, TaK KAaK PEILIECHUSMU I1EPBOTO
ABIIAIOTCA yncia X<-1 m x>1, a pemieHUsIMU BTOpOro- uucia x>-1. Ilpu pemenun HepaBeHCTB
0OBIYHO IaHHOE HEPAaBEHCTBO MPeoOpa3zyeTcs B eMy PaBHOCUIIBHOE.

Nel.
ELIBepH PAaBHOCHNEHLIE YPABHEHHA.
2 3r-6=0uT-12zc=1
ll ; T 1
—1—-TF=10 —= = ——
6l —i7 71
B (zg—1lx+2)=0u(z+1)xz—-2]=0
r (2r—18)(4,240,7x) = 0w (bx + 30)(54 — 6x) =0
T
a (X 1y —(z+43)= =0
(2z 1) (z+3)=zn_— i
e (2r-1)—(z+3)—z—4nt T _q
‘ ! a -4

Ne2. Haittu ¢yHKIHIO, 00paTHYIO K JaHHOM: a) y = —3x +2;6) y=2 —x°
Ne3. BIACHUTH paBHOCWIIBHBI JIM YPABHEHUS:
a)2x?-9x —5=0mux(6x — 13) = 14x +15
0)5x*+4x—-1=0ux(2x+11)=-6-x*
Ne4. Peminth ypaBHeHueE:

3 4x-1 _x*+5

ay)x-1 x+1 x*-1
x+2 3+4x _2(x- 2)
6)X- 2 x*- 4 x+2

IIpakTnyeckas padora Ne28
Tema 6.2: I'paduyeckuii MeTo pelieHHs ypaBHEHHH, HEpaBEHCTB
Iesn: Pa3BuTh HaBBIKK TpaUUECKOrO PEIICHUs] YPaBHEHUH 1 HEPABEHCTB.

Teopernyeckas 4acThb:

7x)=0

= fix
dyskun ¥ S U TIOCMOTPETh, T/Ie OH TepeceKaeT ocb abcyucc. TaMm U HaxXOIATCS KOPHH.
Ecnu Towek mepeceyeHHss HET, TO YpPAaBHEHHE HE MMEET JIEUCTBUTENIbHBIX PEIICHUN.

Urobbl  pemuTh  ypaBHEHHE  BHUAA HY)KHO  TOCTPOUTH  Trpaduk

2 —
Tak, npu penieHN: KBaJApaTHOTO ypaBHEHUs * ~— &~ 2=0 yepe3 JUCKPUMHUHAHT MBI TTOJTYYHIIN

n=—1lx==2 .
KOopHH 1 ’3 , HO 37IeCh MOXXHO IPOCTO TOCTPOUTH Tapadoiy, U BcE TMOHATHO Oe3

KOMMCHTApPUCB.
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x)=0

Pemenuem HepaBeHCTBa S (=) ABIISIIOTCSL  T€ TPOMEXKYTKH, Ha KOTOPBIX
x

rpaduk S (=) BBIIIIE ocH X

U, HA000POT, Jx)<0_ Tam, rae rpaguk J (=) HUKE OCH.

b

2
Takum 00pa3oM, BMECTO TOTO, YTOOBI BHIMYYHBATh HEPABEHCTBO * ~ 220 veromom
xei—oo -1 (2 oo

rei-1, 2).

HHTCPBAJIOB, IIPpOCTO CMOTpUM Ha rpa(bm( n OTBET TIOTOB.

2
COOTBETCTBEHHO, PEIIICHUEM HepaBeHcTBA * ~ 4~ 2 <0 gpngercs WHTEpBAI
2 2
—x-2= —x-2=
B cinydae wecmpoeux uepasencms T * 220, 2" —x-220 PELICHUSM HY>KHO
rel—eo -1 +o0) xe|-12

J00ABUTh MOTPAHUYHBIC TOYKH: (-0 ] [ ’ ) u [ ’ ] COOTBETCTBEHHO.

A ecni BaM HE XOUYETCSI BOSUTHCS C HAXOXKICHUEM OIIOPHBIX TOUCK, «ThIKAs B HUX HAYTaI»
(Benp mapaboibl OBIBAIOT OOJbIIIKE, PA3MAIIUCTBIE), TO €CTh OOILIUI CITyyai:

F®=g@

= fix =gix .
rpaduxu y=Jx, y=glx) Y HalTH UX TOYKH IepecedeHus. «IKCoBbIe» KOOpPAMHATBI ITHX
TOueK U OynyT pemieHusMu. Ecinu rpaduku He nepecekaroTces, TO IeUCTBUTEIbHBIX PEIICHUHN HET.

YroOsI pEeLnTh YpaBHEHHE HY)KHO IIOCTPOUTH

P —
Takum o00pa3oM, BMECTO pELICHUS YpaBHEHUS & —x-2=0 BBIYEPUYNBAHUEM

4 _
napa60J1H, npeacTaBuMm €ro B BUAC x=x+a 51 I/I306paBI/IM OJICMCHTApPHBIC I‘pa(bI/IKI/II
- F 3 .

|/ y=x42

HOII‘-IépKI/IBaeM elé pas, 4TO pCUHICHUCM SBJIAIOTCA «MKCOBBIC) KOOPAWHATBI TOUCK ITCPCCCUCHUA.

Pemenuem HepaBeHCTBa J(x) > glx) ABIISIIOTCSL T€ MPOMEXYTKH, Ha KOTOPBIX
rpaduk J(x) BhIIe  Tpadmuka g(x) , ®, Hao0OpOT: Jlx)=glx) TaMm, TAe
rpadux J(x) HIDKEe Tpaduka glx) .

2 —oo, — s
Tak, penreHneM HepaBenctBa + = X+ 2 BIAIOTCA TIPOMEKYTKH ~ = (-, — 1) (2; +o0)
p yT

— IIOCKOJIbKY Ha HHUX Hapa60J1a pacIiojio’K€Ha BBIIIC Hp}IMOﬁ. I/I, HaO60pOT, pCHICHUCM

2 .
xe(-12

HEpaBeHCTBA <X+Z  gpngercs MIPOMEKYTOK -1 :', TaKk Kak 37ech mapaboia

pacIoyio’keHa HUXKE MPSIMOi. AHAIOTUYHO JUISL HeCmpo2ux HEPaBEHCTB.
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001mx
npaBuia

KakK us3

BCEM M MIOHATHO,
Jix) =g(x) HOJIyYarOTCsI YaCTHEIE

Kcrarn,
Jix)=gix), fix) = gix),

MIPaBHII
TUTSt Jx)=0,7(x) =0 u Jx) =0 ? DnemeHTapHO. DTO TOT Cllydaid, KOTa y=glx)=0 , a9Ta

byHkuus 3a0aéT 0Ch Ox
Korna ynoGHo ucnonb3oBaTh rpadudeckuit Meton? IIpexae Bcero, B MPOCTHIX CIIydasix.

1
— =0
MPOIIE MBICJICHHO IMPEACTaBUTh THUIEPOOITY, HEXKEIH
x el +co)

Tak, mpu pernieHuu HepaBeHCTBA *
HCIIOJIb30BaTh METO/ MHTEPBaioB. [ e runepbosia Bhllie OCU OX 9 Ha WHTEpBaJe
Ha

KOTOpass JICKUT I1I0J OCBIO,

1
— <0
COOTBCTCTByeT JieBas BCTBb,

HepasenctBy  *
x & (—oo, ) U ewwé
. 1 em€ 3TOT MeTO1 XOPOIIl AJISl JIy4IIero HIOHUMAaHNUS MaTeMaTHKH.
Wnorna rpaduka >¢pdexTHBHA B YpaBHEHUSIX «PasHOPOAHBIMIY (QyHKIMsMH. Tak, ams

WHTEpBaje

peleHus ypaBHeHus * ~ St &= 0 he CYLIECTBYET CTAaHJAPTHHIX AHATTUTHUYECKUX METO/I0B, HO 3TO
y==x y=isnx

He Oena. MbIcneHHO npeacTaBisieM rpapuk u rpaduk cuHyca , TIOCJIe Yero cpaszy

HOHSTHO, YTO YPaBHEHHE UMEET AMHCTBEHHbIH KOpeHb + = 0.

Kcrartu, B HeKOTOpBIX 331a4aX HY>KHO IIPOCTO ONPEIEIUTh KOJIUYECTBO KOPHEN U / WM UX
MPUOJIM3UTEIHHOE PACTIONOKEHHUE, U Ha 3TOT BOIPOC 3a4aCTYIO JIETKO OTBETUT YepTEK!
Pazymeercs, rpaduku 10JKHBI OBITh IPOCTHIMU — 3TO BaYKHEHIIIEE YCIOBUE TPUMEHEHHUS

Pix+2) Plx+2)
= — =10
=1 peleHns x—1 — 3ares Kak-TO

rpaduueckoro merozaa. Moo crpouth
HE o4eHb. Jlydie Kcroyib30BaTh METOI MHTEPBAJIOB.

Penrenne 3agannii:
N x5 =3 -2x
pumep 1. I'paduyecku pemuTs ypaBHEHHE:
R . —_ _ .
=xX"my=3-2x (Puc. 1).

npoxoadiasa 4Yepe3 TOUYKHU

Pemenue:
[octpoum rpadguku GpyHKITHiT ¥
5
aBIsieTcs  mapabona,

Ipapuxom ¢yskmuu ~

(—L;—13,0(0;00,(1:1).
v =3— 2x ..
— TIpsiMasi, TIOCTPOMM €€ 10 TabJIHIIE.

I'paduk QyHkumy -
0 3
x p—
2
¥13]0

3% [ ¥=x
\
t::ii (1:1)
"o E\' X
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(110,
I'paduku mepecekaroTcsi B Touke - '~ JIpyrHX TOYEK IMEpPecedYeHusi HET, T.K.

7 = x5 r=3—2x
dyrkmus ¥~ * MoHOTOHHO Bo3pacTaet, yHKIHS “ MOHOTOHHO YOBIBa€eT, a, 3HAYHUT,
UX TOYKA [1epEeCceUYeHUs SABISAETCA €ANHCTBEHHOM.

x= 1

Orger:
[Ipumep 2. Pemiuth HEPAaBEHCTBO

52 o,
g X F J—2x

.5 = — -
pX = 3 —2x
Pemenue:

;= x5
a. UTOOBI BHIIONHAIOCH HEPABEHCTBO, rpaduK GyHKUUM ¥ — *~ JIOIKEH pacronaraThes
Ly =3 — 2x x> 1
HaJl IPAMOM ¥ (Puc. 1). Dro BeIMONHAETCS MTPH

= 5 5
b. B aToM ciyudae, HaoGopoT, mapabona ¥ — ** M0oKHA HAXOMUTHCS MO MPSAMOI. DTO

= 1.
BBITIOJIHACTCS IIPU ~ —
Ortger:
x=1;
a.
- 1.
%70 =2y — 1.
[Ipumep 3. Pemiuth HEpaBEHCTBO
Pemenue:
1
u}r:E H}r:EK— 1
[Toctpoum rpaduxu GpyHKIHiA * (Puc. 2).
o
|
[ || 1
I | ==
O I
| fym Je—1
|I | ."'I
(-1:1) / AWLETEY
.-"'. & L
i 4 e — = >
o / i
=1 |
g, Jd
1
. S =2x— L =10 o
Haiinem  xopens  ypaBHeHus  * IIpn HET  pELICHUM.
x=0 =1
IIpu CYILECTBYET OAHO PEILICHUE .
1 1
- = 2x —1, V==
UroObl  BBIMIONHSJIOCH HEPaBEHCTBO runepoona * J0JDKHA
sy =2x—1 0<x==1lmx=20
pacronaraTbCsa HaJ NpsiMOi * .

" OTO BBIIOJIHSETCS TIPH

Orger: = (= 03U, 1),

[Tpumep 4. Pemuts rpaduuecku HEpaBeHCTBO:
x3 = ‘Fx.

a. " =V
x? = %

b =V

Pemenue.

x= 0.
OO6mactp onpeaeeHus:
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SRS S .
Hocrpoum rpadukn Gyrxrmit © - 0¥ = VE g =0 (Puc. 3).

fo; 0" ?
Pusc, 3 *
}Z" = xg

a. I'paduk QyHKIIUN JOJDKEH pacrojiaratbCsl oA TpaduKoM

x € [0;1].
BBIIIOJIHACTCS IIPU

r= % —
YZNE pp F = L Ho tx. B

x=40.

;= 3
b. I'paduk PpyHkumu ¥R pacnojoxeH Haj rpadukom

YCIIOBUM UMEEM HECTPOTHH 3HAK, BAXKHO HE MOTEPSITh U30JIMPOBAHHBINA KOPEHb
OrTBer:
a = e[0;1].

b‘ xNE [1;.—0'3-) Ux =10,

IIpakTnyeckas padora Ne29
Tema 6.3: YpaBHEHHS U HEPABEHCTBA C MOTYJIEM
Heas: Hayuntbes pemats ypaBHEHUsI M HEPaBEHCTBA, COJIEprKalllie 3HAK MOJYJISL.

Teopernyeckasi 4acThb:

1. Pewwenwe ypaBHeHWIA W HEPaBEHCTE,
COAEP¥ALLMX 3HAK MOy A

€ MCHOALIOEAHNEM
T} QIO IR reoMeTpHYSCKOro

MUY IS
CMLICIA MOXyLE 1. Haiirs OJI3.

no obmei cxeme

| a| — paccmoanue na 2. HaijiTh myam Bcex
YUCAOSOLU MPAMOLL O DOAMONYALHEEX

a, ecaH a > 0, mourcu O do mourcy a. . E}'“'“L"ﬁ-
= = s TMETHTE HYJIH HA
|a] =10, cona=0, L|f ()] =a. O/13 m pasGars OJ13
~a, ecu a <0. 2.|f(x)|=|g @] HA HPOMEeNYTIH,
3. |7 (x)] >a. 4. Hajitm pemenne B
4. |1 ()| <a. KAM/I0M NPOMEIKYTIE

(M DpOREPHTE, EXO/HT
AH 9TO pelmeHHe B
paccMATpHEBACMELN

OPOMEEYTOK).

€ HCHOJALIOBAHHEM
CHENHANBHLIX COOTHONIEHHE
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2. Mcnonb3opaHve reoMeTpr-eckoro cMelcna mogynsa (npua = 0)

[t|=a |t]=a
| ¢ -u{ |[t]<a llrl -
-a 0 a '3
1. |f(l] a = Fix) = a wau F(x) a.
2. | f(x) | g (%) | = Fix) = g(x) wan f(x) E(x).
3.|f(t'l w1 4= Flx) < —a maux F(x) > a.
4. |1 (=) f(x) {745)>4,
. X = —i X il =
[f (x) < a.
OGobleHme

- [g(x)=0,
5. |f':x}|‘g|:x-"'#1_f{x)=g[x] M f(x)=—g(x).

6. |[fx) > g (x) = f(x) < —g (x) wam F(x) > g (x).

[ (x)>—-g(x),

T |f®<g@es-gE)<fx)<gx)= |1 (x)< g (x).

3. Mcnonk3oeaHue cneumansHLIX CoOTHOLLEHWA

1. |u|=u=uz0.

2. |lu|=—u=uszo.

3. |u|=|v|eu=1.

4. |u|>|v|=u*>v". Torga |u|— |v|>0 <= u* — v* > 0;

FHaK pasHocmu modynell deyxr ewpameHull cosnadaem co FHAKOM pas-
HOCMLU UX KEadpamos.

:H-;a']!
5. |u|+|u|=u+m=1r-ilv}ﬂ_
[us0,
6. |u.|+|u|=—u—u#clug“.
7. Ju|+|v|=|lu+v|euv 0.
8. |u|l+|v|=lu-v|euv<o.
9. |x-a|+|x-b|=b-a=a<x<braea<h.

OObsicHeHHE 1 000CHOBaHHE

Pemrats mo6oe ypaBHEHHE WM HEPABEHCTBO, COJIEpIKaIllee 3HAK MO, MOXKHO OTHHUM
U3 TPEX OCHOBHBIX CIIOCOOOB: MO OMPEAETICHUI0 MOIYJS, HCXOS M3 T€OMETPUUYECKOTO CMbICIIA
MOJyJis WU o o01elt cxeme. HekoTopeie ypaBHEHMsI MJIM HEPABEHCTBA C MOAYJIEM MOTYT OBITh
TaKXe PeLIeHbI C CIIOJIb30BAHNEM CIIEIIUAIBHBIX COOTHOLICHUH.

B 3aBrcuMOCTH OT BRIOPAHHOTO CITOCO0A PENICHHS MTOTyYaeM Pa3HbIE 3aIHCH PEIICHUSI.

Ipumep 1. Pemute ypaBHenue | 2x — 4 | = 6.

I crioco0 (1o onpeneneHno Moy )
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Pemenne KomMeHTapui

1) Eciin 2x —4 =0, (1) | YtoOBl pacKpblTh 3HAK MOIYIS IIO

ONpeleNeHID,  PacCMOTIPHM  1Ba
TO IOTy4aeM ypaBHeHHe 2X — 4 = 0. | ciyyas:

Torga X = 5, 9TO YHOBISTBOPAET II
VCIIOBIIO (1). 2x—4>0 H 2x—4<0

2) Ecin 2x—-4<0, (2) |IIo OIpeIeISHHIO MOJIYIIEM
MOJIOAIITENIEHOO (HEOTPHIATENbHOTO)
TO TOTy4aeM ypapHeHNe —(2X —4) = 6. | qcna sBAfeTcA caMo 3T0 TICTO, 2
Torma x = —1, 9TO YHOBIETBOPACT H | MomyleM  OTPHIATENBHOTO  9HCIA
YCIIOBHEO (2). ABIIASTCH  IPOTHBOIOIOQXKHOE  €MY
qpcno. IToatomy

OtBeT: 5; —1.
npa2x—-4>0, [|2x—-4|/=2x-4,a

npu 2x — 4 <|0, [2x—4|=—2x—4).

B KaxI0M ciIydae pelllaeM MoIyIeHHoe
YpaBHeHITe i BEIACHAEM,
VIOBIETBOpPAET  TH  KaXKIBI 113
HaflIeHHBIX KOpHell TOMY YCIOBHIO,
IIPH KOTOPOM MBI eT0 HAXOIHIL

1l cnoco0 (MCI0abp30BaHNE TEOMETPUUECKOTO CMBICIA MOIYIISA)

Pemenne KomMmeHTapHI

2Xx—4=6 mm 2x—-4=-6, C reoMeTpideckoil TOYKH 3peHHA
|2 — 4| — s3T0 paccTosHHe OT ToUKI 0
J10 TOYKH 2X — 4.

2x=10 mwm 2x=-2, Ilo ycrnoBiro ypaBHeHIA OHO PaBHO 6,
HO paccTofHHe 6 MOXeT OBITB
OT/IOKEHO 0T 0 Kak BIIPABO (IIOIydIasm
X=35 wm x=-1. 4ICIO0 6), TAK H BIEBO (IIOTyIasM JHCIo
—6).

Taxm obpazom, paBeHCTBO

OTteeT: 5; 1. | 2x — 4 | = 6 BO3MOKHO TOT/1a I TOJIEKO
TOrma, korqa 2x—4=6mwm2x 4=
—6.

3ameuanme. [Ipu perieHnn ypaBHEHMS C MCIIOJIB30BAaHMEM TI'€OMETPHUYECKOTO CMbICIA
MOJYJIsl 3HaK MOJYJSI PacKpPBIBAETCsl HESIBHO, TO €CTh OIpEesIeHHEe MOIYJsl B SIBHOM BHIE He
MPUMEHSETCS.

OOmiast cxema pemieHus] ypaBHEHUH W HEPaBEHCTB, COJEPXKANIUX 3HAK MOIYJSl — 3TO
(akTHUECKM HEMHOTO M3MEHEHHBIH MeToJl MHTepBasoB. [losicHUM cozep:kaHue 3TOH cXxeMbl Ha
pUMepe YpaBHEHUS C IByMs MOJIYJISIMU BHJIA

fX)+lg®)]=a (a>0).

UTo0bl pemuTh 3TO ypaBHEHHE, HEOOXOIUMO PACKpBITh 3HAKU MOJIYJEH, a JJii 3TOro
HeoOxoaumo 3HaTh, rae ¢yHkmuu f (X) m g (x) OyAyT NOJNOXWUTEIbHBIMH, a TAEe —
OTpHIATENbHBIMA. TO €CTh (PaKTHUECKU MBI TOJDKHBI PEIIUTh HEPABEHCTBA

f (x) > nmm <0, (1)

g (x) = nwu <0. (2)

Kaxmoe u3 3THX HEpPaBEHCTB MBI yMEEM pellaTh METOJ0oM HHTepBanoB. Ilepectpoum
IpUEM pEIIeHUs HEPaBeHCTB METOJIOM HMHTEpPBAJIOB TakuM 00pa3oMm, uTOObl OH JaBal
BO3MOXXHOCTh OJHOBPEMEHHO peIllaTh KaXJI0€ W3 IOCIEAHUX HepaBeHCTB. Kak H3BeCTHO,
penieHre HepaBeHCTBA (1) METO0M MHTEpBAIIOB HaunHaeTcs ¢ HaxoxaeHus ero O/13 (To ecth
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oOmactu onpenenenus Gynkuuu f (X)), a pemenue HepaBeHCTBa (2) — ¢ HaxoxaeHus ero O/13
(To ectb obmactu ompeneneHus GyHKIEH g (x)). UToOBI HayaTh OJHOBPEMEHHO pelIaTh 00a
HEPAaBEHCTBA, HEOOXOAMMO HAWTH OOIIYI0 00nacTh onpeaeneHus s Gyakuuit f (x) u g (x), T0
ectp HaliTh O/I3 naHHOrO ypaBHeHHs (3TO U €CTh Nepblll U3 OPUEHMUPOE HEOOXOIUMON
CXEMBI).

UtoObl mpoaomkuTh pemenne HepaBeHCTB f (x) >mwm<0 u g (X) >nm< 0 MeroaoMm
MHTEPBAJIOB, HEOOXO0IMMO HaWTH Hynu ¢yHKuuid f (X) u g (X), TO ecTb HAWTH HYJIH BcCex
MOAMOAYJIbHBIX (PYHKIUIA (3TO U €CTh 86MOPOL OpUeHmup).

Ecnu nanee npuMeHUTh CXeMy METOJ1a MHTEPBAJIOB OJIHOBPEMEHHO /ISl IByX HEPABEHCTB,
HeoOxomumo Ha OJI3 oTMeTHTH HYJIM NOAMOAYJAbHBIX (yHkuuii u pa3outs O3 Ha
NMPOMEKYTKH (3TO mpemuti OpueHmup).

B kaxaoMm #3 MONMy4eHHBIX MPOMEXKYTKOB 3HAaKW (yHkmui f (X) m g (X) HE MOTyT
U3MEHUTBCA. Torma Mbl MOXEM HAWTH 3HAKM INOAMOAYJIbHBIX (YHKUMHA HAa KaXKIOM
NMpoMexXyTKe (B JII0O0H TOYKE STOr0 MPOMEXKYTKA), PACKPBHITH 3HAKH MOAYJIell W HaHTH
pelleHHe JAaHHOTO ypPaBHEHUS] B KaKIOM M3 3THX NPOMEKYTKOB (3TO U €CTb yemeepmulil
opuenmup oowell cxemwt).

ObocHOoBaHME BO3MOXHOCTH IPUMEHEHHUS PUBEICHHON CXEMbI K PEIICHUIO0 HEPABEHCTB
C MOJYJISIMU TIPOBOJAUTCS AHAIIOTMYHO.

3agaua 2° Pewrnte ypassenne |x — 5+ |2x + 5| = 3x.
Pemenne KoMmmenrapnit

P IMockoaery 3x =(x — 5) + (2x + 5), BEennm obogHaunT: x — 5 = 4 H

TO JAHHOE YpPABHeHHe HMeeT BHI | 2x + b =v, To u + v = 3x u ganHOe

|u| + |v|= u + v, Ho 8T0 paBenmcTBO | YpaPmeHMme mmeer Bum |u| + |v| =

MOMET BHIOOJHATBHCA TOTJA M TOABKO | = u + U, A 00 COOTHOLmeHHKO D TakKoe

TOTOA, KOTOA YHCTa U ¥ U — oba HeoT- | YpABHEHHE  DABHOCHILHO  CHCTEME

pHnaresabie. CaegopaTe bio, JaHHOES (=0,

YpABHEHNE  DABHOCHIBHO  CHOTEME 1{; 30

f E x=h

4.-1'—-13':]. Oretona ' JamMeTM, UYTO JAHHOE YDABHeHe

1By + 520, 1.1‘.}—2. MOMHO DELTATL U mo obmeft cxeme, Ho
- Torga peurenme 6yger Gomee rpoMosn-

Tawxmum obpasonm, x # 0.

Omaeent: [5; +99). <]

dagaua 3

FPemersne

P VunTHIBEA TeoMeTDHHYecHHH CMBICT
MOIVIA, DOIVIAEM, UTO SATAHHOE He-
PABEHCTEO PABHOCHIIBHO HEDPABEHCTBEY

=T 2x-5b= T, (1)
Tormga —2 4« 2x £ 12, Takum obpasom,
-1< x% 6.

Omeem: [-1; 6]. <]

KITM.

Pemrnre mepaseserso | 2x — 5|5 7.

KomumesrTapmit

HepaseHcTBD BROA |f(x} | % a (rge
a = () vyoodHO PEIIATE, NCOOIRSYH T'E0-
METDHYECHNE cMbBIlcT mMogyada. Ilo-
CHOIBKY SAIAHHOS: HEPABEHCTED — ITO
HepaseHeTEe Buza |t| € 7, a mogyme
UNCIA — BT0 PACCTOAHNE HA KOODIH-
HATHOH npamofl or Touwkm, meobpaska-
wmelt zaEHEOc:e YHeTo, go Touwwrm 0, To
SATAHHOMY HeDABSHCTEY VIOBISTBODH-
T BCE TOUKH, HAXOOAUMIHECA B ODOME-
wmyTtee [-7; 7). Takmm obpasom,
-7 % t £ 7. Econ BOGHHNKAKT SATDVI-
HEHHA ¢ PEIIEeHNeM JBORHOTO HEDABEH-
crEA(l), T0O ero SAMEHAHT HA DABHO-

[2x-53 -7,

CHIBHYIO CHOTEMY N
121' =5,
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Penrenne 3agannii:

Pemire ypaBHeHUS 1 HEpaBEHCTBA, coepkKaIiue 3Hak moayis (1-15).

1. 1) |3x-5|=7;
2. 1)|2x - 8|>5;
3. 1)|x-2 -2x-1=10;
4. 1) |x-1|+|x-3|=2;

H|x+5|+|x—-8|=13.
5 1) |x+ 3|-c:x—2;

H|x+3|+|x—-1|<|6- 3x|

6. 1) Vx'-2r+1+|x-2|=1;

7. 1) Jxrf—dx+4 +«J’F=B;

I.rﬂ—d.t|—3_ X
xa-l-lx—frl_ '

9. 1) ||lx-1]-21=1;
10. 1) | x® — 4x | = 5:

11. 1) 3 [x -1 |+ =5 - T=0;

12, 1) lx+8l=
r+2

13. 1) x-1|-5|< 2;
14. 1) |x - 2«7 |> 22° — x;

8. 1)

2) |8 —4x|=8;

2 |8-56x|<T; )

3) |x® - 5x|=86.
2x -4

b

<1,

21,9 4)
¥+

ADxr+3x+|x+ 3| =0.

X=
2}|x+ 1|+|x—5|=2ﬂ;
|x+1|+|x-2|s 2x-1;

2) Vx'+dx+4+|x|=x+5.

2) V16-8r+x? +Jx?+2¢x+1=5.

4
| .
) |::-l|—'3

E}I||2r—4 -5 |=3
2) [ FF-x—-6|>4.
2)|x-6|2x"- 5+ 9.
}|r|j_:i{:?

2 |x=1|+|x+2|-|x-3|>4.
2) [x*+x—-20|< £+ x— 20.

=|x+1|.

4

»|x+2|; 2) ﬁklr-ll-

| =+

IIpakTnyeckas padora Ne3(
Tema 6.4: YpaBHEeHUs U HEPABEHCTBA C TapaMeTpaMu
Hean: Hayuntbes pemats ypaBHEHUs. M HEPaBEHCTBA, COJIEprKalllie TapameTp.

Teopernyeckas 4acThb:
HamoMHuM cMBICTT BBIpaXXEHHUS! «PELIUTh C MapaMETPOM» — MOKHO peliaTh ypaBHEHUS,
HEPAaBEHCTBA, CUCTEMBI C IAPAMETPOM.

x,a)=10 x,a)=0
Pemnte 3amady, Hanpumep ypaBHEHHE f(x.a) WM HEPABEHCTBO flx,a) = c
apaMeTpoM a — O3HAYaeT «1epedpaThy» BCe 3HAUCHUS MapaMeTpa U s KaXk/I0T0 U3 HUX yKa3aTh
OTBET.
1. Pemienne ypaBHEHUN ¢ mapamMeTpoM
ITosicHMM Ha NPOCTENIINX ITpUMEpPAX.
[Ipumep 1 — pemnTe ypaBHEHHUE C TAPAMETPOM:
ax=1
a
3amada COCTOMT B TOM, YTOOBI JJIs1 K&KIOTO 3HAUYEHUS MapaMeTpa = PelIdTbh ypaBHEHHE
X
OTHOCHUTEIIBHO .
a=12 o o
[Iycts , TOTJ1a IMEEM IPOCTeillIee TMHEHHOE YpaBHEHUE:
2Zx=1lex=—
2
B o0miem ciiydae B JTaHHOM ypaBHEHHH BO3MOXKHBI /1B BApUAHTA PEIIEHUS — KOTJa MOKHO
JeNUTh Ha KO((UIIMEHT a U KOTJa Hellb3s, He00X0AUMO 1epedparh Bce JOMyCTUMbIC 3HAYCHUS

aeR
napamerpa a ( )

113


https://interneturok.ru/lesson/algebra/11-klass/uravneniya-i-neravenstva-sistemy-uravneniy-i-neravenstv/uravneniya-i-neravenstva-s-parametrom-prosteyshie-primery#mediaplayer

a=~1n0
Paccmorpum nBa ciyvas. Ilpu Mbl HE HWMEEM IMpaBa Pa3JACiIuTh CIWHUIY Ha

KOBq)(l)I/II_II/IeHT a, IO3TOMY MOACTABJISICM 3HAUYCHUC HOJIb B 3a/IaHHOC YPABHCHUC U U3Yy4YaCM €TO.
HpI/I JIFOOBIX APYTUX 3HAUYCHUAX a UMEEM IIPaBO BBIIIOJIHUTH JCJICHUC!:

a=~0 {EI=EI {a=l:l {EI=|:|
{ax=1 Dxx=1 0=1 XED

{a¢0+* az0 “|l@az0"|ra+0

a a a
a= |:| o a -.0_'.—_ D = E
OTtBeT: IIpu PEIICHUHU HET, ITPU 2

PaccmoTpuM penieHre npocTeniinero HEpaBeHCTBA ¢ MapaMeETPOM.
2. Penienrie HepaBeHCTBA C MAPaMETPOM

PaccmoTpuM penienre npocTeniinero HEpaBeHCTBA € MapaMeTPOM.
[Ipumep 2 — pemuTh HEPABEHCTBO C TAPAMETPOM:

ax =1

Ecim a — KOHKpPETHOE YHCIIO0, MBI MOXEM JIETKO PEIIUTh 3aJaHHOE€ HEPaBEHCTBO,
HaIpuMep:

1 1
a=2:2x=> 19:{?:5;3:—2: —Ex:::lfr}x:::—i

y Hac ke ecTb ko3 duuueHT a B o0mmem Bune. Paccmorpum Tpu ciryyast:

[ a==>0 {E'ZD a=10
{ 0=1 EQ
ax =1 a==0 a=»>0
{aaa‘:l](—} 1(—} 1
x>1 X< = X< =
a=0 2 a
{a o1 a=~0 a=>0
Llax
_{x‘:‘s% _x}g
1 1
Orper: a=0 L a< X< a=0%X>7
TBET: [IPU pELIEHN HET; IPU ; IpU

IIpumep 3 — pemuTh ypaBHEHHE C TAPAMETPOM:
—a

x—5
JlpoOb paBHa HYTIO TOTJa M TOJBKO TOTJA, KOTJA YWCIHTENh €€ pPaBeH HYIo, a
3HAMEHATEb HE PABEH HYIIIO:

{x —a=10 o {x =a
x—5+#0 X+F5
3HaueHue napameTpa MoKeT ObITh JIIoObIM. PaccMoTpuM ABa ciyyasi:
a=>5
x—5
x—5 ©
a#s
X—a _
—5 0

. a
[Ipu 3TOM mosydaeM B IEPBOM cilydae: X ¢ OJTHOM CTOPOHBI PaBEH IIATH, T. K. ,ac
JIPYroi CTOpOHBI HE paBeH MATH, T. K. 3HAMEHATENb APOOU HE MOXKET ObITh paBeH HYJIO, KpoMe
0
- = ﬂ
TOTO MOJTy4aeM BhIpakeHue ° , @ TAKOTO BBIPAXKEHUS HE CYILIECTBYET.

az*xbhbx=a

Korna , IPOTUBOPEYHT HE BOBHUKAET

. a=25 . aF=bhx=—a
OtBert: npu pELIEHHI HET, IPU

IIpumep 4 — pemuTh ypaBHEHHE C TAPAMETPOM:
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—

YyX=a
3HaueHue a MOKET OBITh JIFOOBIM, HO KBAAPATHBINA KOPEHb — 3TO CTPOT'0 HEOTPHUIATEIILHOE

yrciao. Clie10BaTelIbHO, pacCMaTPUBACM JBa CIydast:
{ a=10 { a=0

VE=a x = a’
=
{ac‘:l] {EI:::IZI
\.'IE=E| XE@
o . az=0x=a® a<0xe@
TBET: MpHU ; Ipu

3. Pelienue uppanroHaiIbLHOIO yPaBHEHUS ¢ IAPAMETPOM

Pemmm uppanioHanib,HOE HEPABEHCTBO C APAMETPOM.

[IpumMep 5 — pelIuTh HEPABEHCTBO C APAMETPOM:

\."E =a

I/ICCHGHyeM AaHHOC HCPABCHCTBO.

X CTOUT MIOA 3HAKOM KBaApPATHOI'O KOPHS, 3HAYUT AOIMYCTHUMBIC 3HAYCHHA IO X - BCC

HEOTPUIIATEIIbHBIC 3HAUCHHUS. & MOKET MPUHUMAThH JIFOObIE 3HAUEHHUS. PACCMOTPUM TPHU CIIyYasl.
a a==~0 o
Ecnu © MeHbI11€ HYJISI 1 KOPEHb CYIIECTBYET, TO HEPABEHCTBO BhINOJHsETCA. Ecnu , TI000M

o a
HEOTpULATCIIbHBIN X YIOBJICTBOPACT HCPABCHCTBY. Ecau xe OoubliIe HYJII, ©UMECM IIpaBoO
BO3BCCTH B KBaapar:

_’EI::G -{EI{D
L&Ea XEE

- da =

a==>0 =>0

lWx = a ‘”X_D

- Xx=

a'_}l] {a::bl]
L{~ = a
Wx=a |z 42
0 . a=0x=0 a>0x=a’
TBET: IIPU ; IpHA

PaCCMOTpI/IM peHIeHI/Ie JAaHHOT'O HepaBeHCTBa Fpa(l)I/IquKI/IM METOAOM. I[.Hﬂ 3TOro CHayvajia
o o = n'E o
CTpOI/IM rpa(I)I/IK q)yHKHI/H/I, CTOAIICHN B JICBOU YaCTH: y v N 06J-IaCTI) OHpeI[eJIeHI/ISI JaHHOU

x=0 . =a
dbyakuun © = . PaccekaeM MogydyeHHYIO KPUBYIO CEMEHCTBOM MPSIMBIX y 1 HaXOJIUM TOYKHU
repecevyeHus.

X—
-1 i] 1 2 3 4 5 & 7 g ] 10

a=-0

IIo pUCYHKY OYE€BHIHO, YTO KOIAa , KpuBas HAXOAUTCS HaJ IPSIMOW IPHU BCEX
JOIIyCTUMBIX X, TO €CTh IIPU BCEX JOIYCTUMBIX X HEPABEHCTBO BBITIOJIHAETCS.

Ecnamn a monoxurenbHO, KpUBass UMEET €AUHCTBEHHYIO TOUKY IEPECEYEHUs] C MPSIMOUA U
KpUBas HAXOIUTCS BBIIE NPAMOM TNpaBee TOYKM TIEpecedeHus, abcuucca TOUYKHU
[EPECEYCHU 2= II03TOMY PEILICHUEM HEPABEHCTBA SIBIISCTCSA xza

OueBUAHO, YTO OTBET COBIA/IAET C OTBETOM IPU PELICHUH aHATUTUYECKUM CIIOCOOOM.
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[Ipumep 6 — pemInTh ypaBHEHHE C TAPaAMETPOM:
EI'\."E =0

HpOI/I?;BeI[eHI/IC ABYX MHOXHUTENEH PpaBHO HYJIIO TOI'Ida U TOJIBKO TOT'ld, KOTrAa XOTA OBl OJJWH

U3 MHOXKUTEJIEH paBeH HYIII0, @ BTOPOIl PU 3TOM CYIIECTBYET.

a=20
PaccmarpuBaem nBa BapuanTa — 160 , HO KOpEHb IIPH 3TOM JIOJDKEH CYIIIECTBOBATb,
x=10
100 , B TAKOM CJIy4ae a — Jr000¢e Ynco:
a=10
=0
x=0
ER
a=0xe |0;+co a+=0x=20
OtBeT: ipu [0; + :]; npu =

Pemenue 3ananuii:

Nel. Pemnth ypaBHEHHE € TApaMETPOM:
ax+ 2 =-5,

a) ;

6) —3ax = 4;

-
as'x—5=20

B) =V ;

Ixta

r) x—a B .
No2. Pemiuth HEpaBEHCTBO C ITAPaAMETPOM:

—4ax = 5,
a)

b

EI\."E > z
6) 7.

ax+1 = 0
B) x+3 ;

r)a-l- Vx= 1;

IIpakTnyeckas padora Ne31
Tema 6.5: TexcroBble 3a1aun MPOHECCHOHATBHOTO COACPIKAHUS
Hean: HayunThes pemars 3aa4u Ha MPOIEHTE B MPO(HECCUOHATBLHOM TSI TEIbHOCTH.

Teopernyeckas 4acThb:

Jnist perieHus 3a1a4 Ha IPOLIEHTHI, CMECH, CIUIaBbl HAM MOHAA00STCS:

1. Onpenenenue mpouenta: 1% yucna — 3to ero 1/100 yacTts.

2. OnpeneneHne KOHIEHTpAIMK (MAacCOBOM JI0JIM): KOHIIEHTpPALUs BELIECTBAa B pacTBOpPE

(cmecwH, cruiaBe) — ATO OTHOIICHUE Macchl (00beMa) ATOTO BellecTBa K obmeld Macce (00beMy)
pacTBopa (cMecH, criaBa), ymHokeHHoe Ha 100%:

n =% 100% = ¢ x 100%, rae

N- KOHIICHTPAIIHsI BEIIECTBA B PaCTBOpE (CMECH, CIUIaBe),

m- Macca BeIecTBa,

M- macca pactBopa (cmecH, CIutaBa),

v- 00beM BEIIECTBa,

V- o0beM pacTBOpa (cMecH, CrijiaBa).

3. MaccoBas 707151 — 9TO OTHOIIEHHE Macchl (00beMa) BeliecTBa kK oo1ieit macce (00bemy)

pacTBopa (cMecH, CIjiaBa):

(D_m_v rac
_M_V, pi

W - MaccoBas 7074,
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m- Macca BeIllecTBa,

M- macca pactBopa (cMmecH, CIuiaBa),

v- 00bEM BEIIECTBa,

V- o6beM pacTBOpa (cMecH, CIiaBa).

Hanpuwmep, ecnmu 10 r comu pactBopwiu B 90 r Boapl, TO o0mas macca pacTtBopa
paBHa 100 r, a KOHLIEHTpAIUs COJIU B HEM:

= ﬂ 100 % = 10 9%

n =100 (] b

4. Tlpu cmemeHuH pacTBOPOB (CIUIABOB): Macca (00BEM) CMECH paBHa CyMME Macc
(00BEMOB) MCXOMHBIX BEIIECTB; Macca (00beM) pacTBOPEHHOTO (PacIUIaBICHHOTO) BEIIECTBA B
CMECH paBHa CyMMe MacC (00ObEMOB) pacTBOPCHHBIX (PACILIABICHHBIX) BEIIECTB B MCXOJHBIX
pacTBopax (criaBax).

Hamnpuwmep: ecmu cmemmBator 20 T 10%-ro pactBopa conu u 30 r 20%-ro pactBopa coJiu,
TO B pe3yibTare mnony4aroT 50 T pactBopa coimu. UToObl HaWTH KOHIICHTPAIUIO COJIM B
MOJTYYHMBILIEMCSI PACTBOPE, HAWIEM MacCy COJIM B KaXJIOM U3 PaCTBOPOB:

1. B nepBom:

10 % oT 20 = 1-:1-{1%u-r20]=10-(i-30)=2r

100
2. Bo Bropom: 20 ot 30:
20 % or 30 = 20- (1 %ot 30) = zu-(i-m): 6T
100

Uroro: B mepBOM 1 BTOPOM pacTBopax ObuI0 2+6=8 I COJM, 3HAYUT, B UTOTOBOM PAacTBOpPE

cosia Takoke Oyzer 8 r. KoHmeHTpanus coiau B UTOrOBOM PacTBOPE:
5]

n =0 100% = 16 %

3amaga 1. Mmeerca nBa cruiaBa. IlepBwlii CruiaB comepKuT 10% HUKeJs, BTOpPOH
— 30% mnHukens. M3 »3Tux JByX CIUJIaBOB NOJYyYWIM TpeTtud cmiaaB Maccoi 200 kr,
coaepxamuit 25% Hukens. Ha ckonbko K Macca nepBoro cIjiaBa MEeHbIIe MacChl BTOPOTro?

Pemenue:

1. AHanus ycnoBus

W3 1Byx cruiaBoB moJy4Yuiv TpeTuil. Macca nojay4eHHOro CruiaBa, COOTBETCTBEHHO, paBHA
CyMMe Macc JABYX UCXOIHBIX. [Ipr 3TOM Macca HUKeINs B MOTYYEHHOM CIIJIaBe TaK)Ke paBHA CyMMeE
Macc HUKEJS B HICXOJHBIX cIuiaBax (puc. 1).

30% 25%
10%
cnnae 1 cnnas 2 cnnae 3 200 kr

Pucynok 1 - Wnmroctpanus k 3agaue 1
2. CocraBiieHrE MOJEIIH
[ crnae 1 + conae 2 = cnaae 3
10 % conmaea 1 + 30 %% cnnaga 2 = 2504 cnnaga 3
3. Pemenue 3amaun

200

Macca cruiaBa 3 HaMm aaHa: kr. Iy ymo6¢cTBa 0603HaUMM Maccy cruiaBa 1 kak * kr, a

Maccy cruraBa 2 Kak ¥ xr coorsercreenno. U MIEPEIHIIEM TTOTYICHHBIC YCIIOBUS B HOBBIX
0003HaYEHMSIX:

101
10% =10-1%=10-— = — = 0,1
" % 100 10



1 3
30 =30-10%= Eﬂ.ﬁ_ﬁ_ﬂj
25 25-1 25 - 25 0,25
i % 100 100
Torna:
x+y= 200
{D,lx + 0,3y =0,25-200

[Tonydaem cuctemy U3 IBYX JMHEHHBIX YPAaBHEHUH C IBYMsI HEU3BECTHBIMU, KOTOPYIO MbI

YK€ YMEEM pelIaTh:

( x4y =200

0,1x + 0,3y =50

Pemaem ee n1r006bIM Y100HBIM CITOCOOOM:
[ x=200—vy
10,1(200 — ¥) + 0,3y = 50

[ x=200—y

(20— 0,1y + 0,3y = 50

(x =200 — vy
L 0,2y =30
[ x =50
v =150

T.e. mepBoro crutaBa B3suin 50 kr, a Broporo — 150 kr. B ycnoBuu cnpaimmBanock, Ha
CKOJIBKO KHJIOTPAaMMOB MEHBIIIE B3SJIM IIEPBOTO CILIaBa:

150-50=100

Otsert: Ha 100 kr.

[Tpu sTOoM 00OpaTuTe BHUMAaHWE, YTO METO]| PEIICHHs] HE MOMEHSETCS, €CIIi MBI OyaeM
CMeIINBaTh JAPYyrue METalibl, pacTBOPHI )KUJKOCTEH U T. A. BakHa uzes perieHus Takux 3aaady:
IpU CMEIICHWW JIBYX BEUIECTB O0IIAas Macca MOJYyYMBIIErocCs BEUIECTBA paBHA CyMME Macc
UCXOJIHBIX BeIlecTB. [leficTBUTENBHO, B pACCMOTPEHHOM 3a/1a4e Mbl COCTaBHIIM CUCTEMY M3 JIBYX
ypaBHeHmid. [lepBoe 03Hauano, 4To CymMMa Macc JABYX CIUTABOB paBHA Macce OOIIero cruiaBa, a
BTOPOE, UTO CyMMa MaccC HHUKEJIS B IByX CIJIaBaX paBHA Macce HUKEIs B OOIEM CIIIaBe.

Penrenne 3agannii:
Nel, B 2008 roJly B TOPOJICKOM KBapTajie MpOKUBaAI0 40000 yeJoBeK. B 2009 roay

o
B pesyanaTe CTPOUTECIIBCTBA HOBBIX JJOMOB YHUCJIO JKUTENCH BBIPOCJIO HA 8 ((,f ,aB 9{]1{] roay —

Ha 9 U 1o CpaBHCHHIO C 2{]{]9 ToJ0M. CKOIBKO 4YeJIOBEK CTajo NIpOKHUBATH B KBapTajc
5 2010 rozy?

|:"'.
IIo YCJIOBUIO, B 2[][]9 roay 4Yucio JKUTeNei BBIPOCJIO Ha 8"{', TO €CTh CTallo

pamio 2000 - 1,08 = 43200 wenoper.

o
A s 2010 rojly 4HMCJIO JKHATEIEH BBIPOCIO Ha 9*’}[«', TENEeph YyXKe II0 CPaBHEHUIO
¢ 2009 rogoM.  Ilomywaem, u4ro B 2010 roxy B KBapraje  Crajo

nposcmars 20000 - 1,08 - {00 = 47088 ,yrremeit

NQZ. B noHemenpHUK aKIUM KOMIIAHUH noaopoOXkKajini Ha HCKOTOPOC KOJIUYCCTBO
IMPOLCHTOB, @ BO BTOPHUK IMOACHICBEIIM HA TO K€ CaMO€ KOJIMYECTBO IMPOLCHTOB. B pE3YIbTATC
|:"'.

OHH CTaIM CTOUTH Ha 47 JIelIeBye, YeM MPU OTKPHITUU TOProB B MOHEAENbHUK. Ha CKOJIbKO
MIPOLIEHTOB MOJOPOKAINA AKIIUU KOMIIAHUHU B MOHEAEIbHUK?

Ha mepBbIii B3r1s1 KaXKETCsl, YTO B YCJIOBUHM OIIMOKA M IIEHA aKIMK BOOOIIE HE JOJDKHA
NU3MCHUTHLCA. BGI[I: OHHU HOIIOpO)KaJII/I U IIoACHICBCIIM HA OJHO M TO XK€ YHCIIO HpOLleHTOB!
Ho ne 6ynem cnemuth. [IycTh mpu OTKPBITUH TOPTOB B MOHEACIBHUK aKIIMU CTOMIIH &' pyOIIei.
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P
" (142
K Bedepy momeenbHIKa oHE mogopoxkamd Ha 170 i cranu cronts 100/, Teneps
0
y’Ke 3Ta BeIMYMHA MPUHUMAETCS 3a 100 *’{«', U K Bedyepy BTOPHUKA aKLUU MOJCIIEBENN

s
na /o 110 CPaBHEHUIO 3TOH BenmnunHOi. CobepeM JaHHbIE B TaOIUILY:

B NoOHeOeNbLHWK YTPOM B NoHedenbHWK Be4epom BO BTOPHWMK BEYepom

CTOMMOCTb aKLMiA T x- (1 + ﬁ) T (1 + ﬁ) (1 B ﬁ)

497
Ilo YCJIOBUIO, aKIIUW B UTOI'C MMOACHICBCIIM HA _‘L "f{
[Tonyyaem, uro

:l.'-(l—l—ﬁ) (1—%)=m-(1—%)

[Mogenum obe YacTu ypaBHEeHHUS Ha ' (Beab OH HE PaBEeH HYII0) U MPUMEHUM B JIEBOW YaCTH
(bopMyITy COKpPAIIEHHOTO YMHOKCHHUS:

pg B |

- L ——
, 100° 100
P 4

1002 100
20

ITo CMBICITY 3a1a"4y, BEIINYNHA p IIOJIOKUTCIIbHA. HonyqaeM, 4qTo p = &Y

Ne3, Ilena xonoAuIbHUKA B Mara3uHe €XKEroJlHO YMEHbBIIAETCS HA OJHO U TO K€ YHCIIO
MPOLEHTOB OT Npenslaymel neHbl. Onpenenure, Ha CKOJBKO MPOIEHTOB KaxXAblid TOJ

YMEHbIIANACh LI€HA XOJIOAWIBHUKA, €CIIH, BBICTABICHHBIA Ha MPOJAXy 3a 2000 py6ueii, uepes
= n g o
J1Ba rojia ObLI MPOJIaH 3a 15842 pyOneii.
Ora 3a7aya TOXKE pemaercs Nmo OAHOM U3 (GopMyJ, NMPUBEIACHHBIX B Hayalleé CTATbHU.

0
XOJIOIUIBHUK CTOUI 20000 pyOueii. Ero neHa Ba pa3a yMeHbIINWIACh Ha p Y, u Tenepn oHa
paBHa:

%
20000- {1 — L) = 15842
( 100) ?

(1_ p )2_15842
100/~ 20000°
n 32 709
(1_ p) _ f[Lll
100 10000
pr _ 89
100 100°
p=11.

Ned Yerpipe pybamku nemesne KypTku Ha 8%. Ha ckosIbKO MpOLEHTOB MATh pyOariek
JIOPOKE KypTKH?

ITycTh cTOMMOCTh pybamkm paBHa ', crommocTh KypTku Y. Kak Bcernma, mpuHEMaeM
3a CTO IIPOLICHTOB Ty BEJIUYHMHY, C KOTOPOH CPAaBHUBAEM, TO €CTh LICHY KYPTKH. TOr1a CTOMMOCTb
YeThIpeX pyOallek CoCTaBIIsSET 92% OT LIEHBI KYPTKH, TO €CTh de =10, ng'
CroumocTb 0J1HOM pyOamiku — B 4 pasa MeHbIIIE:
x=10,23y.

A CTOMMOCTH MATH pyOallex:
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E E . . EOF,
S =115y = —y = 115%u.
r, I'.J 1 [] [] I'.J r-.ri
[Mosy4niiu, 4To MATh pyOalleK Ha 15% JOPOXKE KYPTKH.
OrtBerT; 15.

NeS5. Cembst cocTouT U3 MyXa, )K€HbI U UX JA04epu-cTyaeHTKU. Eciau Obl 3aprutata myxa
0
yBEIUYMIIACh BIBOE, OOIIMII OXOJ CeMbU BBIPOC ObI Ha 67 x’f Ecnu Obl cTunenmus nouepu

49
YMCHBIINJIACh BTPOC, O6H_[I/II/I A0X0o4 CEMBU COKpaTHIICA Obl Ha —‘L‘({ CKOIBKO IIPOLICHTOB
oT O6IH€FO A0xoaga CEMbH COCTAaBJIACT 3apIijiara JKEHBI?

Hapucyewm tabmuiry. Cutyaiuu, 0 KOTOPBIX TOBOPHUTCS B 3a/1a4€ («eciiv ObI 3apIuiaTa Myka

yBE€IW4UMWIaCh, €CIU OBI CTUIICHIUA OOYKH }’MCHI)H_II/IJ'IaCB...») HA30BEM «CUTYyal Ui ‘4' »
H «CUTyalusa B ».

MYX JKeHa 0Yb OO0wmuH 1oxoxn
B peanpHOCTH T Y z T+ Y+ =z
Curyanus A 2x Uy = 1__ G |[ x4y + :}
1
Curyauns B T Yy §; 0,96 (z +y + 2)

Ocranoce 3anucaTh CUCTEMY YPaBHEHUM:
20 +y+z2=1,6T(x+y+2z)
1 :
r+y+ 3% = 0,96 (z +y+ z)

Ho uto xe Mbl BunuM? JIBa ypaBHEHMsI U TpU Heu3BecTHBIX! Mbl HE cMoxeM HalTu I
, Y u Z no ornensrocTu. TlpaBsa, HaM 3T0 M He HyxkHO. JIyulle BO3bMeM MepBOE YpaBHEHHE
¥ 13 00eHX ero yactei BerateM cymmy L+ Y + 2

Monyam: & = 0,96 (x +y + =z).

=0
OTO0 3HAYUT, YTO 3apIljIaTa My>Ka COCTaBIAET 67% OT OOLIETO 10X0/1a CEMbH.
Bo BTOPOM yPaBHEHHH MBI TOXE BBIYTEM M3 00EHX dacTeil Bblpaxennme L + Y + 2
YIIPOCTUM U MOJTYYUM, Y4TO

x=0,06(x+y+ z).

0
3HAYHUT, CTUIICHAMUS JOUYKH COCTABIISIET 6% oT oOlmiero moxona ceMbu. Torma 3apruiata

JKEHBI COCTaBJISICT 27% o011ero 10xoja.

Orser: 27.

No6 PezepByap 3anonnsiercs Ha 95 %. Paccunrars, Moxer mu 6eH30B03 00beMoM 4 KyOa
CJIUTH TOIUTMBO B Pe3epByap, €CiIu B HEM ocTasiock 75% ToruBa, a 00beM pezepByapa 10 kyooB.

Pewrenue:

1)10 xy6 : 95% = 0,1xy0 npuxoautcs Hal %

2)0,1ky6 x 95% = 9,5 xyba TomnMBa HaXOAUTCS B pe3epByape

3)0,1 xy0 x 75% = 7,5 xy0a ToTuiMBa 0CTaJI0Ch B pe3epByape

4)9,5xy0 -7,5ky0 = 2 Kyba MOXKHO JAOJUTH B pe3epByap

OtgerT: 4 KyOa CIUTH HETb3S.

Ne7. IInoTHOCTBH 3JEKTpONMTAa MOJHOCTHIO 3apsbkeHHON AKD 1,27 r/em3. llpm
ouepenHoMm TO-2 mokazanusi ammnepmerpa — 1,22 r/cm3. Ha ckoibKO MPOLIEHTOB pa3psauiiach
Oarapest U JIOIyCKaeTCs JIM ee SKCIUTyaTalusl B 3MMHee Bpemsi?
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IIpakTnyeckas padora Ne32
Tema 6.5: TexkcToBbie 3a1aun TPOPECCUOHATHBHOTO COJEPIKAHUS
Heas: Hayuntbes pemarh 3aau Ha ABMKEHHE B IPOPECCUOHATIBHOM 1S TETbHOCTH.

Teopernueckas 4acThb:

Crnenyromuil TN 3a7a4, KOTOPbIE Mbl PACCMOTPHUM, — 3alayd Ha ABwkeHue. [Ipu sTtom
II0Ka Mbl OCTAHOBUMCSI Ha 33]1a4ax, I'/1€ HET IBUKEHUS 10 BOJIE (peEKe, 03epy U T. 1.). st pemeHus
3ajja4y Ha JBM)KEHUE HaM IOHAI00UTCS: ONpeesIeHe CKOPOCTH P PABHOMEPHOM JIBU)KEHUU:

V= %, rae

V-CKOpOCTb,

t-Bpems,

S-paccrosinue.

13 KOTOPOI'0 MOXHO MOIYyYUTh elle J1Be (OpMYJIbl sl HAXOXKAECHUS IIyTH U BPEMEHU NpU
PaBHOMEPHOM JIBUYKEHUU:

S =vt, rne

V-CKOpOCTb,

t-Bpems,

S-paccrosHue.

t= E, Tae

\'4

V-CKOpOCTb,

t-Bpems,

S-paccrosinue.

3amaya 2. JIpa Besocumneaucra OAHOBPEMEHHO OTHPABWINCH B 240-KHIOMETPOBBIH
npooer. IlepBblii exail co ckopocTbio, Ha 1 KM/4 GoJbLIeH, 4eM CKOPOCTh BTOPOT0, U MPUOBLT K
¢uHumy Ha 1 yac paspie Broporo. HaiiTu ckopocTh BenocunenucTa, NpUIIeAnero K GuHUILy
nepBbIM. OTBeT AaiTe B KM/U.

Pemenne

1. AHanus ycnoBus

Paccrosinue, koTopoe mpoexajiy BeTOCUIIEAUCTHL: S.

CkopocTb epBOro: vi, CKOPOCTh BTOPOTO: V2.

Bpewms nBuxenus nepBoro: ti.

Bpewms nBuxeHus BToporo: ta.

2. CocraBieHre MOJIETU

Bpemst IBMKEHUS IEPBOTO BEIOCHIICNCTA!
g
t, = —
l ¥
vy

Bpewms 1BHkeHNs BTOPOTO BEJIOCUIIEANCTA!

CxopocTh 1epBOro BelocuneaucTa Ha 1 km/4 6osblie CKOpOCTH BTOPOIO:

v, =1 —1

Bpems nBukeHus epBOro BEJOCUIIEANCTA Ha | yac MeHbIIE BpEMEHHU JIBHXKEHHS BTOPOTO
BEJIOCUIICAMUCTA:

HOZ[CTaBI/IB TNICPBLIC TPU YCIIOBUA B HETBCPTOC, IOJTYyH4aCM YPABHCHHC!
5 5

_:—_1
vy vy, — 1

3. Pemenue 3agauu
Ham pnano paccrostame: s=240xm. HaiiTh HeoOXOIUMO CKOPOCTh BEJIOCHIICANCTA,
KM
MpUIIeANero K GuHUITY nepBbiM: vi—. It ynoOcTBa 0603HAYMM:
q
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i'.Jl =X

240 240

T B x—1

[Tonmygaem npoOHO-paAIlOHAIIFHOE YpaBHEHHE, KOTOPOE MBI yXKE€ yMeeM pelarb —
IEPEHOCUM BCE Cliara€MbI€ B OAHY CTOPOHY U IIPHUBOJIUM I[p06I/I K O6H_[eMy 3HAMCHATCJIIIO:

240"t 240 W

— - + 1wl =g
x x—1
240(x —1) — 240x + x(x —1) _ 0
x(x—1) B
240x — 240 — 240x + x* — x
=0
x(x—1)
x%—x— 240
—:ﬂ
x(x—1)

[IpupaBuuBaem unciautenb apodu k 0 (mpu 3toM x#0;1 , T. K. 3HaMeHarelb He paBeH 0):

x*—x—240=0

[ x, =16

CkopocTh He MOKET OBbITh OTPULIATEIHHON, TIO3TOMY OTBET B JAHHOM 3a/1aue — CKOPOCTh
NepBOTo BejocunenucTa 16 km/4.

Ortser: 16 xM/u.

Pewenue 3a0anuitii:

Nel Heobxonumo paccuuTaTh KOIMUecTBO TorumBa Ha peiic (Tpacca «Kypck-Mockay,
pacxoj aBromoouiis Mmapku «Man» 10 1/100kMm. ), eciiu paccrosnue ot Kypcka 1o Mockssl — 830
KM.

Pewrenue:

MuHuMabHOE  KOJHMYECTBO TOIUIMBA, KOTOpOE CIIEAyeT 3aluTh B OeH300ak
830:100%10=83x.

No2 JIns MamvHbl, ABHXKYIIEHCS cO CKOpocThio 30 M/C, TOPMO3HOM TyTh ONpPEACNISIeTCs
dopmyioit s(t) =30t—16t%, rae s(t) — myTh B MeTpax, t — BpeMsi TOPMOKEHHS B CEKyH/ax. B
TEYEHUH KaKOTO BPEMEHH OCYIIECTBIISICTCS TOPMOKEHHE 10 TIOJTHOM OCTaHOBKH MammmHbl? Kakoe
paccTosiHUe MPOUIET MaIllMHA C Hadaia TOPMOXKEHHUS J0 MOJTHOM ee OCTaHOBKU?

Ne3. OmpenenuT MUHUMAIBHO O€30TMaCHOE PACCTOSHUE JI0 aBTOMOOWIISI, €CJIM IIMPUHA
npoe3kel 4acTH, Ha KOTOPOH OH Mpe/ICTaBIIseT OMACHOCTh — 8 M, CKOPOCTh aBTOMOOMIIS 60 kM/4
(17 m/cek), ckopocTsb nemexona — 1 M/cexk.

Ned. Onpenenutp Ge30macHbIl MHTEPBAT MEXIY ABIKYIIUMHCS B OJHOM HaIlpaBICHUU
apromobmismu 3UJI u KamA3. Ckopocts aBromMo6mist 3UJI — 60 km/4, CKOPOCTh aBTOMOOUJIS
KamA3 — 90 km/4.

IIpakTyeckas padora Ne33
Tema 6.5: TexkcToBbie 3a1aun TPOPECCUOHATHBHOTO COJEPIKAHUS
Heas: HayuuThcs pemaTh 3agaud Ha COBMECTHYIO paboTy B mpodeccHOHaTbHON
JeSITEIbHOCTH.

Teopernyeckas 4acThb:

PaccMmoTpuM npumepsl TEKCTOBBIX 33124 Ha COBMECTHYIO padoTy.

3amaua 3. 3aka3 Ha 110 meraneit mepBblii pabounii BHIMOJIHSAET Ha 1 yac OwIcTpee, YyeMm
BTOpoi. CKOJBKO JieTanell B 4ac JeNlaeT BTOPOil paboumii, €Cii M3BECTHO, YTO IMEPBHII 3a Yac

JIeJaeT Ha 1 JeTalb OOJIbIIE?
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Pemienue

1. Ananu3s ycnoBusi.

KomnuectBo neraneit: s.

CkopocTtb paboThI IepBoro padouero: vi. Bpems ero paboTsr: t;.
CkopocTb paboTsl BTOporo padbodero: v2.Bpems ero paboTsr: to.
2. CocTaBiieHue MOOEIHN

S
Bpewmst paboTtel mepBoro padouero: t=—
1

S
Bpewmst pabothl BTOpOro padbodero: t=—
2

[Tpu 3TOM 1O YCIIOBHIO, IEPBHIi BBIIOIHSIET paboTy Ha 1 1 ObicTpee BToporo: t1=tz-1
ITo ycinoBHIO CKOpOCTh NEPBOTO pabovero, KOTOPbIM M3roTaBIMBaeT Ha 1 JneTanb B yac
Oonbie: vi=va+l
IToncrasnsiem nepBoe U TpeTbe ycioBue Bo BTopoe. [lonyuaem ypaBHeHMe:
110 110
—= -1
v, +1 v,
3. Pewienue 3apaun
[lonyunnu npoOGHO-pallMOHANIBHOE YpaBHEHHE, KOTOPOE MbI YXKE YMEEM pellaTh.
[TepeHocum Bce ciiaraeMble B OJJHY CTOPOHY, 3aT€M IIPUBOAUM ApOOH K 001IeMy 3HaMEHATEIO:
110 W= 110\w=*!
v, +1 N
110v, —110v, — 110 + v7 + v,
vy (v, + 1)
v + v, — 110
v, (v, + 1) B
[IpupaBuuBaem uncnutens K 0 (mpu 3ToM vo#-1,0, T. K. 3HaMeHaTenb He paseH 0).
vi+ v, —110=10
v, = 10
[uz =-11
T. k. pabounii He MOXKET M3rOTaBIMBaTh OTPULIATEIILHOE KOJIMYECTBO AeTallel B 4ac, TO
NOJIy4aeM, YTO BTOPOH paboUMii M3roTaBIMBaEeT JeTalel B yac.
Otgert: BTOpO# pabounii u3rorasnuaet 10 neraneil B yac.

+ 1"\1,‘5 I:L‘z'l'l:l =0

Pemenue 3aganmii:

Nel. Kommanus «beToH-mapTHep» AOCTaBIsSeT OETOH MJsl CTPOUTENbCTBA OOBEKTOB
Kypckomy 3aBogy KIIJI- Mukcepamu BMecTUTENbHOCTHIO MO 5 U 10 kyboB. 3a oaMH yac
cTpoutenu MoryT npuHsTh He 6onee 10 KAMA3oB, npu 3Tom He 6onee § KAMA30B 1o 5 kyOoB
u He 6onee 6 KAMA3oB o 10 ky6oB. Cxonpko KAMA3o0B 110 5 1 10 ky00B HYKHO OTIPaBIATh
Ha CTPOUTENBHYIO TUIOMIAAKY 32 1 yac, yToObI IepeBO3UTh HAaUOOJIbIIIEe KOJIMYeCTBO OeToHa?

Bcero 3a onun vyac nepeBo3utcs 5x +10y kyooB 6eToHa. 3amava cBeIach K HaXO0XKICHUIO
HauOOJIbIIEro 3HAUCHUS TuHEeHHOoN ¢yHKmu: S(X ; y) = 5x + 10y. B xoxe pemenus momyunm:4
KAMA3a no 5 ky6oB u 6 KAMA3o0B no 10 kyb6oB 6eToHa.

Ne2. Tlpu moaBojKe Tra3a K JOMY HMCIOJB3YIOT TPYOBl pa3MepoM 3 U 5 METpOB, HYKHO
npoioxuTh 40M. Ckoibko TpyO pa3HOTO pa3Mepa HYXKHO HCIOJIb30BaTh, YTOOBI OBLIO
HalMEHbIIIee KOJIMYECTBO CBAPOYHBIX IIBOB?

Pemenne. O603HaYMM X —4uCI0 3-X METPOBBIX TPYO, y —4HCIO 5-TH METPOBBIX TPYO.
Pemraem ypaBHeHue 3x +5y = 40 B LenbIX 4yHMciax, BbIpa3uB, HAIpUMEp, IEPEMEHHYIO Y depe3
MEPEMEHHYIO X.

Ne3. JIBoe pabounx, paboTast BMECTE, MOT'YT BBIIIOJHUTH ITPOU3BOICTBEHHOE 3a/laHHE 32
20 mHei. 3a CKOJIBKO JHEH MOYKET BBITIOJIHUTD 3aJJaHUE KaXKIbIN U3 HUX, pa00Tasi CaMOCTOSITEIIBHO,
€CIIM OJJTHOMY M3 HUX JJIS 3TOT0 Ha/I0 Ha 9 nqHel Oosnblie, yeM Apyromy?
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Pemenue:
[Ipumem Bce 3amanue 3a eqununy. [lycts II pabounii, pabotas caMOCTOATEITHLHO, MOXKET
BBIIIOJIHUTH BCE 3aJlaHueE 3a X AHeH, Torna I — 3a x+9 nHen.

Bpewms [Ipon3BoaUTENBHOCTD O6bem
paboThl Tpyza paboThl
I paGounii x+9 Ilﬁ 1
II paGounii X 1 1
I
Bwmecte 3a 1 nenp paboune BBITOJIHSIOT

1 1

rt9 T
3aganud. 3a 20 1Heil BMeCTe OHM BBINIOJIHAT Bee 3ajanne. CocTaBUM ypaBHEHHE:
1 1
20 - —1=1
I[:1': +9 + :r:}
B
20N N 20\ =+9) 9 _ g
r+9 T
20z 4+ 20{x +9) —z{z +9) 0
z{z + 9} B
20z + 20z + 180 — =2 — 9z _o
z{z + 9} N
—=’ + 31z +180 _ —z* + 31z 4+ 180 =0
z{z + 9} N {z + 9} #0

Hz+9) A>3 £ £ -9
? — 31z — 180 =0
x1 = 36,3 = 5.

Bropoii kopeHb HE MOAXOAUT MO CMBICIY 3aJaud (TaKk Kak BpeMsl HE MOXET ObITh
OTPHIIATENIbHBIM YHCIIOM). 3HAUUT, II paboumnii, paboTas caMOCTOATENbHO, MOXKET BBINOJIHUTH BCIO
pabory 3a 36 nuei, a [ — 3a 36+9=45 nneii.

OrTBer: 3a 45 nqHel U 36 qHEN.

W emie onHa 3a1aua Ha COBMECTHYIO padoTy.

Ned4. Ogun Hacoc MOXKET HAOJIHUTH OacceltH Ha 24 yaca ObicTpee, ueM apyroil. Uepes 8
4acoB I0OCJI€ TOTO, Kak ObUI BKJIIOYEH BTOPON HAacocC, BKJIIOYWJIM NEpBbIM, u yepe3 20 yacoB
COBMECTHOM paboThl OKa3zajoch, YTO 3amojHeHo 2/3 OacceliHa. 3a CKOJBKO YacoB MOXKET
HaIOJTHUTH 0ACCEMH KaXIbI HACOC, paboTast CaMOCTOSATEIHHO?

Pewrenue:

ITpumem Bech Gacceitn 3a 1. Ilycts I Hacoc, paboTast caMOCTOSATETHEHO, MOYKET HAITOJTHUTH
BeCh OacceliH 3a X yacoB, Toraa Il — 3a x+24 yaca.

Bpewms [Ipon3BoIUTENBHOCTH O6bem
paboThI Tpyaa paboThI
I'macoc X % 1
II +24 1 1
Hacoc X —
o

N3zBectHo, uTo Il Hacoc Obut BkItoueH 8+20=28 gacoB, a | — 20 wacoB, u 3a 3TO BpeMs
OHM HarnoJIHWIH 2/3 GacceitHa. COCTaBUM U pEeIIUM ypaBHEHUE:!

Zl]_l_ 28 _2
T z+24 3

O6e yacTu ypaBHEHHUsI JeJIMM MTOWICHHO Ha 2 U TIEPEHOCHM BCE CIaraeMble B JIEBYIO YaCTh:
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10°3(=+24) 1443 1\z(=+24)
+ - -
T r+24 3
30{z + 24) + 42z — z{x 1+ 24)

3z{r + 9} ¢
30z + 7204 427 — ' — 24z _
3x{x + 24} N
30z + 720+ 42z — ' — AUz _
3z(z + 24) N

—’ +48z 4720 _ —z* + 48z 4+ 720 =0
3z(r+24) { 3z{r+ 24} £ 0

3x{z +24) £0, > £ 0z £ —24

—z* + 48z + 720 = 0

o ARz — T =10
r = 60,z = —12.

Bropoit kopeHb — mnoctopoHHmii. 3HauuT, | Hacoc MOXKET HAMOJHUTH OacceiH

camocTosaTenbHO 3a 60 yacos, a II — 3a 60+24=84 yaca.

OtBeT: 3a 60 yacos u 84 4aca.

IIpakTnyeckas padora Ne34
Tema 6.6: KonTponbHas pabota 1o pazzaeiny 6 «YpaBHEHUS U HEPABEHCTBA»
Hean: IIpoBeputh ypoBeHb YCBOCHUS JaHHOI'O MaTepuaia mo pasieiny 6 «YpaBHEHUS U

HCPAaBCHCTBA»

Ilpu pewenuu 3a0anuii 1-4 3anuwiume npaguibHLIL OmMEem U3 Uemblpex

npeo./'IOJl(’eHHblx.'

1. (1 6amm) Kakoe u3 uncen sBisieTcst KopHeM ypaBHeHHs log, (x + 1) = 1
A)-1;b5)2;B) 1;T)0.

2. (1 6ann) Kakue u3 ypaBHeHU UMEIOT OoJiee OJTHOTO KOpHs?

A) x2-6x+5=0; B) 3*2=9; B) (x-4)(x+3)(x-8)=0; I') 2x-7=0.

3. (1 6amn) Onpenenute BU ypaBHEHUs V—32 — X = 2

A) nuneiinoe; b) kBanpatHoe; B) uppanuonansHoe; I') pannonanbHoe.

4. (1 6amn) OnpesienuTe HaMMEHBIIIEE EJ0E PEIEHHEe HepaBeHCTBa 5¥ <17
A)-3;5)0;B)3;T) -4.

Ilpu e¢vinonnenuu 3ad0anuii 5-8 3anuuwiume x00 pewieHuA u NOJIYUEHHbLIL Omeent.
5. (2 6anna) Haitnure kopeHb ypaBHEHUS | x-3 | =2

—y =38,

6. (2 6anna) Pemute cuctemy ypaBHeHUIH {;_33} — 16,
2_

7. (2 6amna) Pemute HepaBeHCTBO Zxx_35x <x

8. (2 6ayuta) Pemmre ypaBuenune (2x — 3)V3x? —5x—2 =0

Idmanonvt omeemoes:

Howep 1 2 3 4 5 6 7 8
3aIaHMsI
OTtser B B B A I;5 (10; 2) (-o0; 0]; [2; 3) -1; 6
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IIpakTnyeckas padora Ne3S
Tema 7.2: [lonsaTre o mpou3BOAHON PYHKITUN
Heﬂb: OHpGI[eJ'II/ITb CYIIHOCTb IOHATUA I[POU3BOAHASA, HAYYUTHBCA  BbBIYUCIIATH
MIPOU3BOIHYIO, UCIIOJIB3YS MIPEIEbl.

TeopeTnyeckas 4acThb:

[IpousBoaHas - riiaBHeillIee MOHATHE MaTeMaTH4eckoro aHanu3a. OHa xapakTepU3yeT
u3MeHeHue QyHKIMU apryMeHTa X B HeKoTopo# Touke. [Ipu 3Tom 1 cama npon3BoAHas SBISETCS
¢byHKLIMEH OT aprymMeHTa x

o = x
Hpouaeo()nou d)yHKL,luu ' f( :I B TOYUKC & Ha3bIBACTCA MPCACIT (GCJII/I OH CYHICCTBYCT U
KOHGLIGH) OTHOIICHUSA IMPpHUpAICHUS (bYHKI_[I/II/I K MpUPAIICHHUIO aprymMcHTa IIpU YCJIOBUH, YTO
MOCJICAHCC CTPCMUTCA K HYJIIO.

To ecTs,
£ = lim 2 o fi JETAD S
hx—0 ﬁx hx—=0 ﬂ.tx
Haubonee ynorpeOuTenbHbI CICTYIOIINE 0003HAUEHUSL RPOU3BOOHOIL:

o dy  dfix)
Yo Flxoax’ dx
AJ'IFODI/ITM HAXO0XIACHUA HDOHSBOHHOﬁ

fxo)

Ji1st Toro yToOBI HANTH HYXXHO:

1) 3apmare mnpuparieHue Ax _ 9TO MpUpALlCHHEe apryMeHTa U  BBIYUCIUTH
Ay Af = fxp+ Ax)— f(x
COOTBETCTBYIOILIEE IpUpalleHne PyHKIUU Y v f=1x )= f( ':").
AfF
2) Haiitu pa3sHocTHOe cooTHOIEHHE 4%, yIIPOCTHTEH €ro U COKPaTHTh Ha

Af
A Ax—= 0

3) Ecau otnomenue 4% mpu CTPEMUTCSI K KaKOMY-TO YHCILy, TO 3TO YHCIIO

fl(xu)'

Oyzner

Pemenne 3aganmii:
IIpumep 1. [Tons3ysck onpeaeseHueM NPOU3BOAHOM, HAUTH IPOU3BOIHYIO (PYHKIMH

y=afx+1
Pemenue. N3 onpenesieHnst MpoOM3BOAHON BBITEKAET CIECAYIOMIAs CXeMa €€ BBIYMCICHUS.
JlanuMm aprymMeHTy mpupaiieHue (1e1bTa) U HaiiéM npupaiieHue ¢yHKIU:
Ay =fx+hx+l—ofx+1
Haiiném oTHOIEHNE npupamieHus GyHKIUH K MPUPALICHUIO apTyMEHTa!
by \.'rx+.-i\.x+1—\.'rx+1 _
fiks Ax

(Jx+ﬂx+1—Jx+1)(u'rx+ﬂx+1+~,-'rx+1)

ﬂx(«fx+ﬂx+1+«fx+ 1)

T+ hx+1-(x+1)

B ﬂx(-qr'x+ﬂx+1 +q"x+1) B
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_ Fi%s
- ﬂx(ﬂ’x+ﬂx+1 +qfx+1)

1

Jx+ﬂx+1+\.'rx+1 '
Bpruncium mpenen 3TOr0 OTHOLIEHUS IPU YCIOBHM, YTO MPHUPALICHUE apTryMEHTa
CTPEMUTCS K HYJIIO, TO €CTh TPEOYEMYIO B YCIIOBHH 33J1a4H MIPOU3BOIHYIO:

: 1
litm =
ix 0 Jx+1&x+1+—\.'rx+%

Jrrleda+l o 2dx+1
Ipumep 2. Haiitu npou3BoaHYI0 (yHKIIUH
y= fix)=2x"+1.
Pemienne. M3 omnpeneneHuss NpPOU3BOJHOM BBITEKAET CIEAYIOIIAs cxeMa s €€
BBIYHCIICHUS.

Har 1. lTaaum aprymeHTy npupalieHue A%y Haiiném
y+hy=Flx+Axn=20x+Ax) +1=

= 2xf fdxein420Ax0°% +1.

ar 2. Haiiném npupaiienue GyHKINH:

Ay = f[x+ﬂx)—f[x)=

= [ 25" +dxenr+2(ax) +1]- (247 +1)=

= dxehr+2(Ax)"

Hlar 3. Haiiném oTHOIIEHNE NpUpaIIeHus] GYHKIUHU K IPUPAIIEHUIO apryMeHTa:
by Axehxr+2(fx)  Ax(4x+24x)
Ax Ax  Ax
=dx+2hx

[ar 4. BeruncnuMm npeen 3Toro OTHOLEHUS Ipu 42 =0 10 ects MIPOU3BOJIHYIO:
¥y =f(x)= lim (4z+247) =4x

o =X o o
Mpumep 3. Haiity npomssomuyio (yHKmum * U 3HAYEHUE DTOU IPOU3BOJHOU

npu * = 9
Pemenue. Bocnonb3yemcs cxemoil, npuBeIEHHON B ipumepe 1.
[Iar 1.
y+iv=Fflx+An=Jx+ix
[IIar 2.
Ay = Flx+ix) — F(x) =~z +Ax —fx
[Iar 3.
Ay  Nx+ihx-— ﬁ
Ax Ax '
[Iar 4.
V= £ )= fim 2 gy YEHET AT
dxr—=0 Ao Ax—d Ao
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Bripaxkenue 1o 3HaKOM Mpeniesia He ONPENESIeHO MpU hx=0 (Heonpenen€HHOCTh BUA
0/0), moaTomMy mpeoOpaszyeM ero, U30aBUBIIMCH OT WPPANMOHAIBLHOCTH B YUCIIHMTENC U 3aTeM
COKpaTHUB JIpO0b:

i («#x+&x—£)(dx+&x+ﬁ)_
I BTN v

Mz

= lim =

S a rt hr 4]

: 1 1
N N N

Haiiném 3HaueHune npou3BOIHOM pu * = 2.

yie=f @ =1/(240)=1/6.

IIpakTuyeckas padbora Ne36
Tema 7.3: ®opmynsl u npaBuiia auddepeHInpoOBaHUS
Hean: HayunThcst BEIUMCIATH NPOU3BOAHYIO (DYHKIMH, UCIIOIBL3Ys (GOPMYIIbI U MpaBUiia
mudepeHIpOBaHUsI.

Teopernyeckas 4acThb:
dopmynsl auddepeHInpoBaHUS

1. ': = . ’
c _.0’ ¢ = const 12, (arcsinx) = 1 :
2. (:r:”) = nx" ! 1-x~
{ ' 1
3 (ax) g 13. (arccosx) =— —
N — X
X _ X '
4. (e ) € 14. (arctgx) = ! .
5. (log, x) = e
| xlna 15. (arcctgx) = ———
x 16. (shx) =chx
7. (sinx) = cosx 17. (ch x)’ _shx
8. x) =—sin: '
(cos:c) lsmr 18, (th x) = 1,)
9. (Vx) N ch”x
v 19. (thx) =—
10. (tgx) = — sh-x
cos“ x
11. (ctgx)' =—— 1,)
s~ x

IIpu BBIYUCIICHUU MIPOU3BOHOMN HCIIOIB3YIOTCS CIeoyIoIue IpaBUIIa
nuddepennupoBanus. [lpaBusio nuddepeHnupoBanusi cyMMbI IBYX (DYHKITHHA.
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[TpousBomHas CyMMBI paBHa cymMMe TTpou3BoaHBIX: (f(X) + g(x))' = f'(x) + g'(x).

[Togpo6HO 3TO CBOWCTBO TPOM3BOAHOU (dopmynupyercs Tak: Ecom kaxmas wu3
byakuuu f(x) u g(X) UMeeT MPOU3BOAHYIO, TO UX CyMMa TakKXe HMEET NpPOH3BOIHYIO U
cipaseinBa Gpopmyia.

[Tpon3BoaHasi CyMMBI HECKOJIBKUX (DYHKIIMU paBHA CYMME IIPOU3BOIHBIX 3TUX (DYHKIIMHU:

(f(x) +...+ gx))' =f'(x) +...+ g'(x).

[Tpou3BoHas pa3HOCTH paBHA pazHOCTH Mpou3BoAHBIX: (f(X) - g(x))' = f'(x) - g'(x).

A Tenepb pacCMOTPUM IPUMEP MPUMEHEHUS JAaHHOTO MpaBuiia nuddepeHupoBaHusl.

Paccmotpum BTOpOe mpaBuio nuddepeHmpoBaHus:

[TocTosIHHBIN MHOKHUTEIh MOXHO BBIHECTH 32 3HAK IMPOU3BOIHOM:

(cf(x))'=cf"' (x)

[lepexonum k Tperbemy mpaBuiy nuddepeniuponanus. [IpousBoaHas npousBeaeHUS
paBHA NIPOU3BEICHUIO IIEPBOIO MHOXKUTENS HA BTOPOU IUIFOC IIEPBBIM MHOKHUTEINb, YMHOXKEHHBII
Ha Mpou3BoAHYI0 Broporo. (f(x)-g(x)) '=f' (x)-g(x)+H(x) g' (x)

YerBepToe mnpaBuio JuddepeHHPOBAHUA: TPOU3BOAHAS YAaCTHOTO  paBHA
MPOU3BOJHON YHUCIUTENS YMHOKEHHOTO HAa 3HAMEHATeJIh MHHYC YHMCIUTENb YMHOXXEHHBIA Ha
NIPOM3BOIHYIO 3HAMEHATESI U BCE ATO JCJICHHOE Ha KBaJpaT 3HAMEHATEJIs.

(f(x} ) _f@gx) - fx)g'(x)
glx)) g% (x)

Pemenue 3ananuii:

Mpumep 1.

Haiinem npou3BoaHy0 GYHKIUH: flx) = 2x% +4x

Pemenue:

MPOM3BOJIHAST CYMMBI paBHa CyMME NPOU3BOIHBIX. HalijiemM NpOW3BOMHYIO Ka)JIOTO
CJIaraeMoro

Fiix)=02x2+4x)" = (2x2)" + (4x)’

filx)=4x+4

Orper: f'(x) =4x +4

IIpumep 2.

Haiitu npoussoanyio Gpynkimu f(x)=8x>+3x%-x.

Pemenne:

f(x)=8x>+3x%-x

£ (x)=(8x%)’+(3x%)’-x’

PaccMoTpuM Kax/pIil 4jeH MHOTOUIEHA 110 OTJETbHOCTH

(8x%) '=8(x?) '=8-3x?=24x>

(3x?) '=3(x?) '=3-x=6x

(x) '=-(x)=-1

' (x)=(8x>) +(3x?) '-x'=24x>+6x-1.

Otset: f' (x)=24x>+6x-1.

IIpumep 3.

Haiitu npousBoanyro pyakmmn f(x)=(3x-4)(4-5x).

Pewrenue:

Bocnonszyemcs popmyiioit mpou3BOgHOM MPOU3BEICHUS :

f (x)=(3x-4) ' (4-5x) + (3x-4)(4-5x) '=3(4-5x)-5(3x-4)=12-15x-15x+20= 32

Ortsert: f' (x)=32

IIpumep 4.
3x—12
X)) =
Haiitu nponsBoanyio GpyHKIUN x+3
Pemenue:

Bocnonb3yemcst popmyinoit mpon3BoAHOM YaCTHOTO:
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(B3x—2)(x+3) - Gx - 2(x+3) 3 x+3)—(3x+2) 3x+9-3x—2 7
(x+3)° B (x+3)° T (x+3)? T (x+3)2

f'{x) =
7
OrtBer: @)= (x + 3)2

IpakTnyeckas padora Ne37
Tema 7.6: ®u3nueckuil U FEOMETPUUYECKUI CMBICI IIPOU3BOJIHOMN
Hean: Onpenenuts (U3NYSCKUA W TE€OMETPHUYECCKUN CMBICI MPOU3BOJIHON, HAYYUTHCS
pemaTh 3a/1a4y Ha MPUMEHEHHe (PU3MYECKOr0 M TeOMETPUIECKOTO CMBICTIA.

Teopernueckasi 4acTh:
I'eomeTpuyecknii cCMbICJI IPOU3BOHOM

ECNM Mbl pacCMOTPMM NPAMOYTONbHbIA TpeyronsHuk A B, To sametum, uto %i- ects tgBAC.

A npu cTpemnennn AT K Hynio, Touka BB 6yaet npubnuxatecs k Touke A u cekywan AB «npespatuica» B
KacaTebHYI0 K rpaduky dyHkuumn f(x) B Touke A(ﬂ:‘g; f(:ro:])

MosTomy reDMETpH‘IECKHﬁ CMbICH I'IpOH3BOnHOﬁ TaKDB!

MpoussogHas B TOMKE g PaBHA TAHTEHCY YIAa HAaKNOHa KacaTenbHOW K rpabuky dyHkuum f(x) B 3ToRA
TOYKE:

f'(xo) = tgo,

rae ¢x — ¥ron HaKknoHa KacaTtensHol (NpoBegeHHOR K _,"(1:) B T. p)

KacaTenbHas

Du3HYeCKUN CMBICJ IPOU3BOIHOM

Ecnw Toyka ABMMETCA BAONbL OCW I M €8 KOOPAWMHATBl M3MEHRAKOTCA MO 33KO0HY :I.'{f':], TO MIHOBEHHaA CKOpPOCTb
TOYKMW:

v(t) = o/(t),
a ycKopenne:
a(t) =o' (t) = 2"(1)

N S — a2 e
MpuMep. MaTepuansHas TOUKa ABIKETCH NpAMonuHeiHo no sakony &(t) = 68° — 48t + 17, rpe 2(f) —
PACCTCAHWE OT TOUKW OTCYETa B METpaX, f — BpeMs B CEKyHAaX, U3MEPEHHOE C HAYaNa ABUXeHWA. HaliguTe
ee CKOpoCTb (B METPaX B CeKyHOy) B MOMeHT epeMenn T = 9.
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v(t) = a'(t) = 12t — 48;
v(9) =129 — 48 = 60 m/c

OTeeT: 6.

Pelnenne 3axanui:

Nel. Haiigure yrioBoi ko3 duumeHT kacaTenbHON, MPOBEACHHOM K rpaduky QyHKIUN
f(x) = 14x - x2 + 5 B Touke ¢ abcmuccoit x0 = 3.

No2. Haitnure TaHreHC yria HakJIOHa KacaTelnbHOU K rpaduky Gynkiuuf(x) =+ 12x -3 B
TOYKE C abcuuccoi Xo = 2.

Ne3. [Tpu nBUXkEHUH Teja 110 NPSAMOM pacCcTosHUE S (B METpax) OT HAYaJIbHON TOUYKU
U3MEHSETCS 0 3aKOHYy S(t) = - 42+ 15t +2 (t - Bpemst 1BMKEHUS B ceKyH1ax). Haiitu ckopocThb

(m/c) Tena yepes 3 CeKyH/IbI ITOCIIC Havajia JIBHKSHUSI.

Ne 4. BBITOTHUTD 3a1aHUS

BapuaHT Ne |

1. Haiinute  yrmoBoil KO3 QUIHEHT
KacaTeIbHOH, TPOBEICHHON K rpaduky
dyukuun f(x) = 5x° - 3x*> - 7 B Touke ¢
adcruccoit xo = - 1.

2. HaliguTe TaHreHC yrja HakKJIOHA
KacaTeabHON K rpaduky ¢pyHkuuu f(x) = 4
- sin X TO4Ke ¢ abcuuccoi Xo = 6.

3. Ilpm nBwXeHuum Tera MO HOPSIMOU
paccrosHue S (B MeTpax) OT HayalbHOU
TOYKHU U3MEHSIeTCs 110 3aKoHy S(t) =t - 3t +
1 (t - BpeMs ABM>KEeHHUS B cekyHax). Haiitu
CKOpPOCTh (M/C) Tena depe3 6 CEeKyHJ Mocie
Hayaja JIBUKEHUS.

BapuaHT Ne 2

1. Haiinute  yrioBoit  koddduumeHt
KacaTeNbHOH, TIPOBEIEHHOH K Tpaduxy
yukuun f(x) = 2x* +3x? -5 B Touke ¢
abcrmccoit xo = -2.

2. HalimuTte TaHreHc yriia HakJIOHa
KacaTenbHOH K rpaduky ¢pynkuuu f(x) = 10
- COS X B TOUKE € abCIMCCOM Xo = .

3. Ilpu pBWXeHHMH Tena MO TNPSAMOKN
paccrossuue S (B MeTpax) OT HaudalbHOU
TOYKHM U3MeHsETCA Mo 3aKkoHy S(t) =t>+ 15t +
2 (t - Bpems JIBHXKEHUS B cekyHaax). Haiitu
CKOpOCTh (M/C) Tena yepe3 8 CeKyHJ| Mocie
Havaya JBIKEHHS.

Ne5. Haiinure a6eimccy Touku rpaduka GyHKIUK y = X* + 7X - 9, B KOTOpPOii KacaTesbHas,
IpPOBEJEHHAs K 3TOMY IpaduKy, napaieiabHa npsaMoi y = -5x.

Ne6. Touka ABHKETCS MO KOOPAMHATHOMN MPAMOii coracHo 3akony x(t) = 1,5t + 7t -11,
rae X(t) - KoopauHaTa TOUKM B MOMEHT BpeMeHH t. B kakoii MOMEHT BpeMEeHH CKOPOCTh TOYKHU
Oyner paBHa 137

Ne7. BoibpaTh BEpHBIil OTBET:

BapuanTt Ne 1

1. Touka mBMKeTCS MpAMONMHEHO Mo 3akoHy S(t) = t* - 2t Beibepure, Kakoil u3
(dhopMyI1 3a1a€TCsl CKOPOCTH IBUKEHHSI 3TOM TOUKM B MOMEHT BPEMEHHU t.

1) 3t2-22) t2 -4t 3) - 4) 3t> -4t

2. Haliaute TaHreHc yriia HakjJoOHa KacaTelbHOM K rpaduky GyHKIuu y = X(X - 2) B
TOUKe ¢ abcuuccoit xo =4.

1)82)63)44)0

3. Ilpu npsAMOJMHENHOM JABM)KEHUM Tena myTh S(t) (B MeTpax) HM3MEHSETCs IO
3akoHy S(t) = 5> - 15t> +12. B kaKkoii MOMEHT BpeMeHH yCKOpeHHe Tesa Oy/eT paBHO HYI0?
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1) Ic 2) Oc 3) 2c¢ 4) 0,5¢

4. Tlox KakuM YIJIOM K MOJIOKUTEILHOMY HAmpaBlIEHUIO OCH abcuucc HaKJIOHEHa
KacaTebHas, IPOBEIeHHAs B 000 TouKke KpHBOH y = -2X° - x> - 4x +10007?

1) ocTpbIM 2) TynbIM

3) mpsimbim 4) napaiienbHa ocu Ox

Bapuant No2

1. Touka ABMXKeTCA TPAMOJHUHEHHO 10 3akoHy S(t) = t° - 2t Bribepute, Kakoil u3
(dbopMyI1 3a1a€TCsl CKOPOCTh JBUKEHHS 3TOM TOUKM B MOMEHT BPEMEHHU t.

1) 5t-22)t* -t 3) - 4) 5t* -4t

2. HalimuTe TaHTeHC yriia HaKJIOHA KacaTelabHOUM K rpaduky GyHKImu y = X(X + 3) B
TOUKe ¢ abcuuccon Xo = 2.

1)12)53)74) 10

3. Ilpu npsMoIMHENHHOM JABM)KEHHUM Tena nyTh S(t) (B MeTpax) HU3MEHsETCsl IO
3akoHy S(t) = 2t° - 6t +12. B KaKoif MOMEHT BpeMeHH YCKOPEHHE Tela OyIeT PaBHO HYIII0?

1) Ic 2) Oc 3) 2¢ 4) 0,5¢

4. Tlox KakuM YIJIOM K MOJIOKUTEITFHOMY HAIpPaBIEHUIO OCH a0CIMCC HAKJIOHEHA
KacaTesbHas, IPoBeeHHas B M000i1 Touke KpuBoil y =2x° + x> + 4x +1000?

1) ocTpbIM 2) TyIBIM

3) mpsimbim 4) napaiienbHa ocu Ox

IIpakTnyeckas padora Ne38
Tema 7.7: YpaBHeHue kacaTenbHOM K rpaduKky QyHKIMH
Heanb: HayunThcs cocTaBisTh ypaBHEHUE KacaTeNbHOM K rpaduKy QYHKIINN U IPUMEHSATh
bopmyy 11t TPUOIMIKEHHBIX BEIYMCIICHUH 3HAYEHNUI BBIPAXKEHHH.

Teopernyeckas 4acTb:

BcrioMmHUM  reomerpuueckHii  CMbICT  NPOM3BOJHOH: eciM K rpaduky
E.Jlr:f | x | = ]

byHKIIN /B TOUKE IpoBe/ieHa KacaTelbHas, TO KOX(PQHUIMEHT HaKJIOHA
KacaTeJbHON (paBHBIM TAHIEHCY YIJIa MEKIY KacaTEIbHOM M MOJIOKUTEIbHBIM HAIPaBIECHUEM
OX) 0

ocH paBeH MPOU3BOJAHON (PYHKIIMH B TOUKE

]

| k=tga=f .EU

E5)

Bo3pMeM Ha KacaTenbHOU IPOU3BOJIBHYIO TOUKY € KOOPAWHATAMH '
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ABC.

N paccMOTpuM IpsIMOYTOJIBHBIN TPEYTOJIbHUK
P

tgo=

AB ax,
B atom Tpeyronpauke 0

y-f (I[] ) =f'(:r:[] ) (:r:—:r:[] )
Orcrona

%0054

y=1 ()£ (1) -2,

DTO U ecTh ypaBHEHHE KacaTelbHOM, MPOBEAEHHOW K rpaduxy (QyHKUIUU
T
0

TOYKEC
Anr OPUTM IMOCTPOCHUA KacaTellbHOMU

o ('r”)
oy,

y=flz)

War 1. HaitTk 3HaueHKne (HyHKLKUW B TOUKe KacaHua fzg)

War 2. Haittv obuiee ypaBHeHne nponssofHoi f'(z)

War 3. HailTh 3Ha4eHne NPON3BOAHON B ToUke KacaHua f(aq)

War 4. 3an1caTh ypaBHeHue kacatensHolt y = f'(zg)(z — xp) + f(zg), npuBecty ero k Buay
y=kx+b

Ha ebIXope: ypaBHeHWe KacaTensHoW B Buiey = kz + b
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Mycts f(z) = 2% + 3.
Haiioem kacaTensbHyto K 3Toi napabone B Touke zg = 1.
(1.4
flzg)=12+3=4
f'(z) =2z
fllmg) =2-1=2
VYpaeHeHWe KacaTeNbHow:
y=2x—-1)+4=2z—-2+4=2x+2

Otger:y = 2x + 2

Npumep: f (z) = 22 — 2z + 3,

Anroputm
P Iy = 3

1. Beluncaum f () flz)=f(3)=32-2.3+3=6

2. Haiigém dopmyny nponssogHom

I _ 9 o [} _ B
dyrkumn f' (z) f(z) = (m 2:13+3) 2 — 2

3. Boiuncm f' () ff(®)=f(B3)=2-3—-2=4

4. Mogcrasum g, f(xg) n ' (zo) B y=f (zo) (x—x)+ f(zp) =
bopmyny ypaBHeHWs KacaTenbHoli =4(z—3)+6=4x—12+4+6 =
y=f (20) (z —z) + f(z0) =4z — 6

Pemrenune 3aganuii:
Nel. BermmosiguTh 3a1anne

1 Bapuant | 2 papuant
1. Cocrasere ypasnenne kacateasnoi k rpagmry dyuwunn (1) B roure rpadura ¢ xa.
) flx)=x% x5=1 Al fx)=x x,=2
6) f(x) =% —x xg=2 6) f(x) =5 —2x; % =1
B) f(x) =Vidx —x%; x, =2 B flx)=vaT+3x; xg =1

2
Ne2. CocraBpTe ypaBHEHHE KacaTeNbHOW K rpaduky QyHKINU flxI=x"=2X g touxe ¢
abcrmccoit %o =3,
2
Ne3. CocraBbTe ypaBHEHHE KacaTeTbHON K TpaguKy (yHKIIHA fix|=x"=3X g Touke ¢

aberuccoit X0 =4,
Ned 3anumunTe ypaBHeHUE KacaTenbHOM K rpaduky ¢pyHkuuu f(x) = sin X -3X + 2 B Touke

xo=0.

o 3 2
No5.Hamucats ypaBHeHUe KacaTenbHOH K rpaduky pyHkuuu f(x) =x = +2x = + 3 B Touke

x0=2,

v 3 2
Ne6.HanucaTh ypaBHeHHE KacaTenbHOM K rpaduky GpyHkiun f(x) =x ~ +4x = — 6X B TOUKe

xo=-2,
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- ) o

Neo7. Haiigute aOcuuccy Touku rpaduka (QyHKIUU fixl=x"—xv3, g KOTOpO

npoBeEHHAs K HEMY KacaTelibHasi 00pa3yeT C IOJIOKUTEIbHBIM HAIPaBICHUEM OCH a0CIHCC yroi
30°.

- = o

Neo8. Haiinute abcumccy TOukM rpaduka (QyHKIHH fixl=x"+4xv3, p KOTOpOi

npoBeEHHAs K HEMY KacaTelibHasi 00pa3yeT C IMOJIOKUTEIbHBIM HAIPaBICHUEM OCH a0CIHCC yro
60°.

2
Ne9. Haiinute ypaBHeHue KacaTensHOl K rpaduky dynxuun [ X=X +3x—8, ecnu ota
KacaTelIbHas NapauienbHa npsavoii Y=2X+1

2
Nel0. Haiinure ypaBHEHHE KacaTeNbHOM K rpaduKy QpyHKIMH fix|=x"=4x+6, ecm o1a
KacaTelbHasl apaulenba opsimoil Y =2X—8

> 3 2
Nel1.Haitnure Touku rpaduka ynkmuu f(x)=x = - 4X © , B KOTOpPBIX KacaTelbHas K HEMY
napajuiesibHa ocu abcuuce.

IIpakTnyeckas padora Ne39
Tema 7.8: MonotonHOCTh (hyHKIIMU. TOUYKH SKCTpeMyma
Heas: Hayuntbes uccnenoBars GyHKIIMA HA MOHOTOHHOCTB M 9KCTPEMYMBI.

Teopernyeckasi 4acTh:

Onpenenenne « MOHOTOHHBIC (DYHKITUN

MonoToHHO Bo3pacTaromas GyHKIUS — 3T0 PYHKIHS, Y KOTOpOil OosblIeMy 3HAUYECHUIO
apryMeHTa COOTBETCTBYET OOJIbIIICE 3HAUCHUE (PYHKIIHH.

MounoTtonHo yObiBatomiasi GyHKIUS — 3TO (QYHKLHUSA, ¥ KOTOPOH OOJNbIIEMY 3HAUYCHUIO
apryMeHTa COOTBETCTBYET MEHbIIIEe 3HaYCHNE (PYHKIINH.

CBsi3b TPOU3BOJHON U MPOMEKYTKOB MOHOTOHHOCTU (DYHKITUU

Ax =0 Ay . Xg
Ecin , TO 3HAaK IIpUpAIIEHUS - W 3HaK IMPOU3BOJHON B TOYKE COBIIAJIACT CO

f(x) f1x) - Ay >0
3HAaKOM . To ecTb ecnu IMpou3BOaAHAs B OTOH TOYKE OOJIBIIIE HYyJid, TO -~ u
IIOHATHO, 4YTO HKIINSA B OKPECTHOCTU 9TOIl TOUKH O €T BO3pacTarthb. A ecin 1 ON3BOAHAasA

b

Ay =20 o
MEHBIIIE HYNS, 3HAUUT, - Y TIOHSTHO, YTO B OKPECTHOCTH 3TOH TOYKM (YHKIUS OyIeT
yOBIBaTH.

X v
[[anee, MMpoOnu3BOJAHAsA B TOUKE U ecTh TaHI€HC yrijia HakKJIOHa KaCaTCJIbHOU. KacarenpHas

ONMCHIBAETCS JIMHEHHON (QyHKuMel. B okpecTHOCTH TOUKH *o KpuBas U JUHEWHas QyHKUIUS
MOYTH COBMAJAIOT. EcaM yron HakjioHa OCTpbIM, TaHT€HC OyIeT MOJOXKHUTEIbHBIM, YIJIOBON
KO3 QUIMEHT — BeJWYHMHA TOJIOKUTENbHAS, U JUHEHHass (DyHKIMsS BO3pAcTaeT, a 3HA4YuT, B
OKPECTHOCTH 3TOM TOUKH U cama (PYHKIIMSI BO3PACTaeT:

fllg)=0=f()T

W naobopoT, ecnu nuHEHHass (QYHKIUS YOBIBAeT, yrojl TYNOW, TaHI€HC — BEJIWYHHA

y=F(x)

OTpHIIATENbHAS, 3HAYUT, TUHEHHas QyHKIMS yObIBaeT, a ¢ Hel yObIBaeT PyHKIUSA

fllx) <0 =f(x)l

¥
y=1x)
fix, + Ax) ;
T A
o) |
&/ B
0 )'c,, X +Ax X

o X
Yo HaKJIOHA KacaTeJbHOU B TOUke = ¥
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X
Tak coOBITHSI PAa3BUBAIOTCS B OKPECTHOCTAX TOYKH ~ . DTH COOBITHS TOTIUHSIOTCS
F€OMETPUUECKOMY CMBICITY MIPOU3BOTHOM (ee duznueckomy CMBICITY,

i I .
coorromenmio ©Y (%) ﬂlx).

HccnenoBanue mpoMesKyTKOB MOHOTOHHOCTH (DYHKIIMU C TIOMOIIBIO TIPOU3BOTHOMN
Paccmorpum dynkmuio u ee nosenenue Ha Beeit O/13. [Ipeanonoxum, 9To 3T0 rpaduk

UCCIIeTyeMOl (PyHKITHH.

v =flx
I'padux GpyHKIINY - fx)
x1 @y
Ectp Touka “1. KacatenpHas HakjJOHEHa IIOJ OCTPBIM YIJIOM . 3HauuT, B

X4
Touke ~ 1 pyHKIMS BO3pacTaer.

1

o x
Vron HakiIoHa KacaTeJIbHOM B TOUKE ~ 1

Xa Ox Xa
B touke 2 kacaTenbHas napajuiesibHa OCH , 3HAYHT TOYKa ~ ¢ — TOYKa IKcTpemyma. O0
5TOM MBI ITIOFOBOPUM OTAEIIBHO.

X4
< — TOYKa 3KCTpEMyMa

x e . .
B Touke T3 yrom ? HakJIOHa KacaTelbHOW OYAET TYyINbIM, TAHT€HC OyJIeT BEIUYMHOU
OTpULATENIbHOM, 3HAYUT, MPOU3BO/IHASL OTpUIIaTeNIbHAs U QYHKIIHS 37€Ch YObIBaeT.

-
b
ok et
e

o X
VroJj1 HaKJIOHA KacaTeJbHOH B TOUKE ~ 3
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Xx
W, nakone1, B Touke ~# MPOM3BOIHAS PABHO HYJIIO U Jajblie (yHKIUS BO3pacTaeT.

VT0JI HAKJIOHA KACATENLHOM B TOUKE ~ % — TOUKE AKCTpEMyMa

Briscusietcs, uto GyHKIIMS BO3pacTaeT Ha HUHTEpBajiaX, Ie MPOU3BOIHAs OOJIbIIE HYIIS:

fr(xﬂ =tga,; =0 = f[xﬂ T

Ecnu e 3Ha4YeHne IPOU3BOIHON OTPHUIIATEILHOE, TO (DYHKIUS yOBIBACT:

f’[xa:] =tgaz; <0 :}f[xa:] 1

Bes OJI3 coctonT M3 OTACNBHBIX TOYEK, 3HAYUT, HAJIO BBIACIUTH T€ WHTEPBAJIbI, HA
KOTOPBIX MPOU3BOAHASI MEHBIIIE HYJIS, HA KOTOPBIX MTPOU3BOIHAS OOJIbIIE HYJISI, U OHU OTPEACIISAT

te yuactku OJ13, Ha KOTOPBIX (YHKIUS JIMOO BO3pacTaeT, TUO0 yObIBacT. DTOT KE BBIBOJ MBI

Ay & f'(xy) - Ax
IIOJTy4UM, DPAcCMATpUBasi COOTHOIICHHE - .

Ay =20

Ha Ttex oOnactsx, Ha KOTOpBIX

'
x
IMPpOU3BOJHAA f ( D] MCHbBIIC HYIJIA, (bYHKHI/ISI Y6BIBaeT. COOTBGTCTBCHHO, Ha TEX

!
obnactsax OJ13, rae npousBoHas () OombIIIE HYIIA, Ay <0 (yHKIUS BO3pacTaerT.

Tenepb MBI I'OTOBBI HaItycaThb, A€ Y6I>IBaeT, a rac BO3pacTacT AaHHass HaM (bYHKIII/I?IZ

P

y=fG1

q X € (—oosxy], [x, + 00)

i
:
I
X

;
i
L
'
;
I
:
¥
'
:
L

1 X X 4

TIpoMeKyTKM BO3pacTaHus GyHKImH > fx)
Teneps BbIsicCHUM, T1Ie JaHHAS (DYHKIMS yObIBAET:
y=Ff(x) ! HpI/Ix £ [x:;xﬂ

=f(x)

o X
ToHkMit MOMEHT: BKJIIOYATh JIM 3HAUCHUS B TOUKAX ~ 2

[TpomexxyTku yObiBaHUS (DYHKITH Y
H x‘m
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Filx) < 0,x € (xpxy)
Ay M Xy
z HE BKJIFOYaeM, MIOTOMY YTO B HUX ITPOM3BO/HAS pPaBHA HYJIIO, @ Mbl pacCMaTPHUBAEM

. x
TOT cly4ail, Korja Mpou3BOAHAs MeHbIe HyIs. Ho ¢yHKIus yObIBaeT, Koraa = MPUHAICKHAT

OTPE3KY [x3:x4].
[Tpu 5TOM 3TH TOYKHM BKIIFOUEHBI TAKXKE B HHTEPBAIIBI, KOTJa QYHKIIHUS BO3PACTAET.
!
[IpuxonuM K BaXHOMY BBIBOAY: HMHTEpPBAIBI 3HAKOIIOCTOSHCTBA f(x)
UHTEpBAJIaMU MOHOTOHHOCTH f (xj.

Lenp ypoka: HayduThCSI HAXOAUTh MPOMEKYTKH BO3pACTaHUS M yObIBaHUS (DYHKIHH C
IIOMOIIIBIO HpOHSBOI[HOfI. BBISICHSIeTCSI, 4YTO Haa0 HalTH MMPOU3BOJHYIO, BBIACIUTE €€ NHTCPBAJIbI
3HAKOIIOCTOSIHCTBA U TEM CaMbIM MBI y3HaeM, IJie 3Ta (QYHKIUSI MOHOTOHHO yOBIBAaeT W IJie OHA
MOHOTOHHO BO3pacTaerT.

Jlanee HaC MHTEPECYIOT TOUKH IKCTPEMyMOB (DyHKIMH. MBI pacCMOTpENH Ciy4au, Koria
MMponu3BOJHAasAs MCHBIIC HYJIFA, KOrJa OHa 0oJbIle HYJISA, TaKXKC BaKHBIN cnyqaﬁ, Korga
NPOM3BOJIHAS pPaBHA HYJIIO.

BCHOMHI/IM, 4YTO TAaKOC TOYKa MakKCUMyMa U TOYKa MUHUMYMa q)YHKIII/II/I

SABJIAKOTCA

X, X, X, X
= fx)
xﬂ
Paccmotpum pucynok. Touka ~2 — Touka MakcumMyMa (pyHKIHK (max), €ciiu CyLIIEeCTBYET

OKPCCTHOCTb TOYKH *2 JJIA KOTOpOfI f(x:) = f(x] TO €CTh €CJIM 3HAYCHHC (I)YHKI_II/II/I B 2TOH
b 3
TOYKC 6OJ'ILI_HG, YCM 3HAUCHUC (bYHKI_II/II/I B JIFO0O0OH TOYKE ee OKPCECTHOCTH.

X

v
Touku s3KcTPeMyMOB (PYHKIIUY -

X
Amnanorudtoe OIMPEACIICHUC JIsI TOYKH MHHUMYMaA. Touxka * — Touka MHWHUMYMa

¢GyHKIMM (Min), €CIU CYIECTBYET OKPECTHOCTh TOUKU *4 s KOTOpOH flxg) <f [x:]’ TO €CTh
ecliu 3HaueHue (YHKLIMU B 3TOW TOYKE MEHbIE, YeM 3HaueHue (QyHKIUH B JI000H TOUKe ee
OKPECTHOCTH.

ITpu nmoucke HanOOJIBIIETO U HAMMEHBIIIEro 3HaueHus GyHkuuu Ha Beeit O[3, To ecTh ee
IJ100aJbHBIX 9KCTPEMYMOB, CJI€1yeT NOHUMATh, YTO OHU MOTYT HE COBIAJaTh C €€ JIOKATbHBIMU
AKCTpPEMYMaMH, TOUKaMH, II€ IPOU3BO/IHASL MEHSET 3HAK.

[Ipumep n0KaIBLHOTO U IN100ATBHOTO 3KCTPEMyMa

PaccMotpuM dyHKImIO ¥ 2x*(x" - 1),x €[-2;2]

x=0
31ech ToUKa — TOYKA JIOKAIBbHOTrO MakcuMmyMa. DyHKIKMS 3/1€Ch paBHA HYJIIO.

x=+32
Touka — TOYKa I1100aIbHOr0 MaKCUMyMa, B HUX (YHKIIHS paBHseTCS 24.
2x*(x*-1);x€ [- 2; 2]
y

I'papux q)yHKLII/II/I}T =2x*(x*—1),x € [-2;2]
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Ha nanHOM ypoke, Korja roBOpUTCS 00 3KCTpeMyMax, IMOJpa3yMeBAaIOTCs JIOKaJIbHBIC
9KCTPEMYMBI.
Kak y3nartb, rae Touka MakcuMmyma, a r€ TOYKa MUHUMYMa, MOJCKaXET MPOU3BOAHAS.

xﬂ A4
Bepnemcs k Touke ~ 2. Ha pucyHKe Haris{HO MOKa3aHO, YTO A0 STOU TOUKH (PYHKIIUS BO3PACTAET,

v !
IIPOU3BOIHAS fix) = ﬂ, a mocie 3TOM TOYKM (PYHKIUS yObIBaeT, MPOU3BOAHAS fix) < 0 A

I
o Xa X, ) =0 o
3HAYEHUE MPOU3BOJAHOW B TOUYKE ~ 2: f [: *) . Mbl monay4usid JIOCTaTOYHBIA MPU3HAK
MaKCHMyMa: MPOU3BOJHAS paBHA HYJIO W MPHU ATOM 3HAK MPOM3BOJAHOM MEHSIETCS C IUIIOCAa Ha

Xaq
MUHYC [IPH NEPEX0ie apryMeHTa yepe3 TOUKy ~ 2.

x o x.) =10

Paccmotpum Touky 4. IIpousBogHast B 3TOM TOUYKE Fxy) . Ho sBiisieTcs nmu nannas
TOYKa TOYKOM skcTpemyma? IIpousBoaHast ciieBa OT 3TOM TOUKM OTpHUIATENbHA, KacaTeabHas
HAaKJIOHEHa MOJ TynbiM yriaoM. lIpous3BoaHas crpaBa MOJOXHUTENbHAs, 3HAYUT, MMPOU3BOJHAS

Xy Xy
, 3HAYUT, TOYKA — TOYKa

MEHSET 3HAK C MHUHYCa Ha IUIIOC IIPU IIEPEXOJE 4epe3 TOUKY
MUHUMYMa.

Hrak, Mbl paccMOTpenIu TOYKY MUHUMYMa U TOYKY MaKCUMyMa M JOCTaTOYHBIA IIPU3HAK
TOYKM MUHHMYyMa U TOYKH MakKCUMyMa.

Kak y3Hatp, sBisieTcs JaM TOYKa TOUYKOW MUHUMYyMa WIM TOUKoM Makcumyma? HyxHo

. Xy X
B35Th MPOU3BOJIHYIO U NPUPABHATH €€ K HyMI0. Torja Mbl HaijeM Touku ~ 2, 7% u 1. A. 10

BHYTPEHHHUE TOYKH 00JIACTU OMpEICNICHUs, B KOTOPBIX TPOU3BOIHAS paBHA HYIIIO.
Kputnueckas Touka pyHKIIMU — 3TO BHYTPEHHSS TOYKA 00JIaCTH ONpEAENeHHs, B KOTOPO

Xaq Xx
IMPOU3BOJHAs paBHA HYJIIO UJIN HC CYLICCTBYCT. To ecTth TOUKHM "2 1 ™% — KPUTHYCCKHUC TOYKH.

XA
< —T. max.

*4_ 1. min.

Ho Tak mpoucxonur He Bceraa.
Touxka neperuda

Paccmotpum crenyromyto QyHKITHIO:

y= ﬂ)(:l

I/IJ'IJ'IIOCTpaI_II/ISI TOYKHU IICP eruba

F(x) =0 ox

Xx
HpOI/I3BOI[Ha$I B Touke ~ ¢ paBHa HYJIIO: , KaCaTCjibHasA IapauIClibHa OCHU

7 ? ? %o
SBnsiercs nmu oHa Toukou skctpemyma? Her. ITouemy? [loromy 4TO 10 TOUKH MPOU3BOTHASA
MOJIOKUTENIbHA, QYHKIIUS BO3pPACTAET:

y = flx)

Bospacranue ¢pyHKIMM 10 TOUYKH reperunda
[Tocne 3To¥ TOYKH MPOU3BOAHASA TAKKE MOJT0KHUTEIbHA:
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Bospacranue ¢pyHKIMM 1ociae TOYKU nepernda

X o
OyHKIMA BO3pacTaeT M CJIeBa, U COpaBa OT TOYKU, 3HAYUT, ~ U HE SBJISETCS TOYKOMN
IKCTpEMYyMa.
Jlemma @epma

Ecnu ¢pynkus f(x) HMMEET MPOU3BOJHYIO U B TOUKE *0 pmeer 3KCTPEMYM, TO 3HAUECHUE
MPOU3BOAHON B 3TOM Touke paBHO 0.

D10 HEOOXOUMBIN MOITHBIN MPU3HAK, U3 HETO MBI BBISCHSAEM, KAKUE TOUYKH HAM HY>KHBI
JUIsl McciieioBaHus. Bee ocTanbHble OTMETaeM.

Eme pa3 nmoguepkHeM, 4TO HaM WJUTFOCTPUPYET AAHHBIM PUCYHOK: PAaBEHCTBO HYJIIO — 3TO
JUIIb HeOOXOIUMBIN MPU3HAK AKCTPEMYMa, HO HE JOCTATOYHBIH.

Touka nepern6a, JTOKaIbHBIN XapaKTep TOUEK IKCTPEMyMa

PaccmoTpuM B KadecTBe pumepa QyHKIHUIO, rpaduK KOTOPOi H300pakeH Ha PUCYHKE.

I'paduk QyHKIINN C HECKOJIBKUMU JIOKATBHBIMH SKCTPEMYMaMU
x X5 x
1 — ToukaMUHHUMYMa, 2 — TOUKAMaKCUMYyMa, = 3 — TaK)KETOUYKaMHHUMYyMa.

x
1 TOYKaMHUHUMYMaA, 3HAYUT, CYHIECCTBYCT HCKAsA OKPECTHOCTDL, I'’/IC 3HAUCHHUC (I)YHKI_[I/II/I
ABJIACTCA HAMMCHBIIINM, HO CYIIECTBYCT TAKIKEC BTOPAA TOUYKA MUHHUMYMaA.

}’(xl:] = }’(xajs .
TakUM 00pa3oM, r100anbHO, HAUMEHBITUM 3HaYeHHEeM (PYHKIIMH Ha BCEH

x
O/13 siBnsieTcst 3HaYeHHe QYHKIUU B TOUKE ~ 2.
X5 .
2 — TOYKaMaKCMMyMa, HO HauOOJbIIEro 3HA4YEHUs JAHHOM (YHKIMU HE CYIIECTBYET,

Xaq
MOTOMY YTO €CTh TOYKH, B KOTOPBIX 3HaUEHUE (PYHKIIMH 3HAYUTEIHHO OOJbIIE, YeM B TOUKE = 2.
Takum 00pa3oM, AaHHBIM PUCYHKOM MBI TOJYEPKHBAEM JIOKABHBIM XapaKTep TOYEK
3KcTpeMyMa. MoXeM 3anucaTh:

Yz = V(%305 ¥(x5) < v(x)

To ecTb 3HaueHHE QYHKIHH B TOUKE 3 MEHbIIE THOO0 PABHO 3HAYCHHIO (DYHKIIHH B OGO
apyroi touke O/13.

AnroputM

MpI 3HaeM, Kak 0 3HaKy MPOU3BOAHON HaTH HHTEPBAJIbl MOHOTOHHOTO BO3pACTaHUSI WIIH
yObIBaHUS (YHKIIMH, 3HAEM, KAKUM 00pa3oM ONpEeeTUTh TOUKH MaKCUMyMa U TOYKH MUHUMYyMa
¢ynkuuu. [TycTs TEneps ecThb 3a1a4a UCCIE0BATh (PYHKIMIO HA SKCTPEMYMBI U HA MOHOTOHHOCTh
C IIOMOIIBIO IIPOU3BOJIHOM.
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ANTOpUTM TaKOB:

fx)

'
x
2. BBII[GJII/ITL HWHTCpPBAJIbl 3HAKOIIOCTOSIHCTBA f[: j Onu OIPCACIIAT HHTCPBAJIbI

1. Haitu

MOHOTOHHOCTH f (x:] .

!
. =0
3. Haiitu kputnueckue Touku (BHyTpeHHHE Touku O/I3, B KOTOpBIX f UM HE

CYILIECTBYET).
4. Bp11enuTh U3 KpUTUYECKUX TOYEK U KOHIIOB OTPE3Ka TOYKU IKCTPEMyMa U HCCIe0BaTh

uX.
3amaua
— 42 '
HaiiTi HHTepBaIbl MOHOTOHHOCTH M TOUKH 3KCTpeMyMa GyHKIHM @ ¢ OMOUIBIO
Haiinem nmpousBoanyto:
y' =2x
[IpupaBHUBaeM ee K HYJIIO U HAXOJAUM €MHCTBEHHOE PELICHUE:
y' =0
2x=10
x=0
x=10
— €IMHCTBEHHAs! KPUTUYECKAs TOUKA.
Ha pucyHnke B HIKHeH 9acTi H300paxeH rpaduK MPOU3BOTHOM.
NEE
Y
o\ AP .
0 X
I
yt y'(x)=2x
y' <0 y'>0
Y\ v/
0 X"
r v =x>_ vy =2x
paduku GyHKIUH - u-
Ha unTtepBane neBee mpou3BoHAS OTpHUIIATENbHA, (PYHKITNS yObIBACT.
— 32
, — X
yly (x)= 2x ¥ Y
y'<0 y'>0
¥\ v/ h
0 X g AP .
0 X
JleBb1i1 MHTEPBAN MPOU3BOIHOMN JleBslii nHTEpBaN QYHKIIUU

Ha unTepBane npasee npon3BoHast MONOKHUTENbHA , PYHKIIHS BO3pacTaeT.
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y1y60=2x WX

Y
y'<0 y >0 \
N 7
i /10 H o\ P |

0 X

[TpaBbiii nHTEpBaN npou3BoaHOW | [IpaBbiii HHTEpBaN QYHKINU

OTBeT:
> yv=x>T npux e [0; +=)
3. x:':'—T.min.};rm]=[I

Wtak, Mbl pemmian 3agady, UCCIEAOBAIM (YHKLHIO C IOMOIIBIO MPOU3BOAHOM, HO MBI
3HAJM CBOWCTBA 3TOW (DYHKIMH, 3HAJM, TJI€ OHA BO3pacTaer, rie yObIBaeT, W 3HAIA TOYKY
JKCTpEeMyMa.

BunumMm, 4ro pe3ynbTaThl, KOTOpPbIE MOIYYEHBI C TOMOIIBIO POU3BOIHOM, COBIANAIOT C
pe3ysbTaTaMH, HallIeHHBIMU paHee.

3aoaua.

HaiiTu 3kcTpeMyMbl pyHKmum y = x>+ (x — 1).

Pewenue.

DKcTpeMyMbl PYHKIUH - 3TO €€ MaKCUMYMbl 1 MUHUMYMBI. [Ipexie uem HaxoauTh
AKCTPEMAJIbHBIE 3HAYEHUS] (PYHKIIMH, HY’)KHO HaliTU 3HaYEHUs apIryMEHTa, B KOTOPhIX OHU
JOCTUTAKOTCS, T.€. TOUKH IKCTPEMYMOB.

B Touke skcTpemyMa mpou3BoHas GYHKIIMH paBHA HYIIO.

Haxonum npounsBoaHyto:

1) no mpasuiy nuddepeHupoBaHus TPOU3BEICHUS:
Y =)@ D)+ = 1))

2) no Tabsniie TPOU3BOJHBIX:

(x*)' = 3x2,
x-1)=1-0;
3) mpeobpazyem:

Y =3x>(x—1)+x°(1 -0)=3x" = 3x> + x> = 4x° - 3x°.
[IpupaBHUBaeM MPOU3BOJHYIO K HYJIIO U PEILIAEM YPABHEHHUE OTHOCUTEIBHO X!
43 —3x?=0;
x> (4x—-3)=0.
31eCh KOPHH JIETKO ONPEIEISIOTCS PA3JIOKEHUEM Ha MHOKHUTENH - IPOU3BEICHUE PABHO HYIIIO,
€CJIM XOTs1 OBl OJIMH U3 COMHOXKHUTEJIEH paBeH HYIIO.
x1=0ux2=3/4=0,75.

Ha yucnoBoii mpsiMmoit 0TMeUaeM HallJIEcHHbIE 3HAYEHUST apryMeHTa x. B aTux Toukax
MpOM3BOIHAS QYHKIIMK paBHA HY/II0. Mex a1y HUMU (Ha HHTepBajiaX) OHa CoXpaHseT 3Hak "+"
wian "—". YToOBI OnpeIeIuTh MOJIOKUTEIbHA WIIH OTPHIIAaTEIIbHA MPOU3BOIHAS (DYHKIIMHK Ha
KOHKPETHOM WHTEpBAaJe, MOJICTaBIsieM B (POPMYITY ISl POU3BOIHOM TPOU3BOJILHOE 3HAUCHHE
13 3TOr0 MHTEpBaja.

Y =4x° - 3x%;

V(D) =417 =3(-1)=-4-3<0;

3 (0,5) =4-(0,5)° - 3-(0,5*=0,5-0,75 < 0;
y'(1)=4-13—3-12=4—3>0.
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Taxum 00pa3oM, TOUKH, B KOTOPBIX MPOU3BOHAS PABHAETCS HYIIIO, pa30MIId YHCIOBYIO
IPSIMYIO Ha TPU MHTEpBaja. B mepBoM v BTOPOM U3 HUX NIPOU3BOJHAS OTPHULATEIbHA, B TPETHEM
10JIOKUTENbHA. OTMEYaeM 3TO Ha YHCIOBOM IPSAMOM.

@DyHKIMS BO3pacTacT Ha HHTEPBAJIE, €CIU €€ IPOU3BOIHASA HA 9TOM UHTEPBAJIC
IIOJIOKUTCJIbHA, U y6LIBaeT, CCJIM ITPpOU3BOAHAA OTpHULATCIIbHA. OTMETHM 3TO CTPCJIOYKAaMHU C
COOTBETCTBYIOIIUM HAKJIOHOM, COOTHOCS UX CO 3HAKaMU IIPOU3BOJHOM.

[Tonyuniin ClIenyOIIYIO CXEMY:

) 1 1
f N N /
J('F _ | _ | +
t t -

X 0 0,75

ITo cxeme BUIHO, 4TO B Touke X1 = 0 SKCTpeMyMa HeT, GyHKLUs YObIBAeT U IpaBee, u
aeBee 3Toi Touku. B Touke x2 = 0,75 QpyHKIMS MEHsET XapakTep MOHOTOHHOCTH C YOBIBaHHS Ha
BO3paCTaHMe, 3HAUUT 3Ta TOUKA ABJSETCA TOUKOW MUHUMYMA.

OmnpexensieM MUHIMAaJIbHOE 3HaUCHUE (DYHKIIHH:
y=x(x-1);

1(0,75) = (0,75)*:(0,75 — 1) = -0,10546875 = —0,11.

OtBer: ymin = —0,11.

Penrenue 3aganmne:

. y=1n(xj—6x+10:]
Nel. Haiitu skcTpeMyMbl (yHKITUN .

x* 8
y=—+=
No2. Haiitu skcTpeMyMbl pyHKITHH 2 x
y= ®_ 2x +3x4+1
Ne3. Haiitu sxcTpeMyMbl pyHKIIHH 3
_1_ 4
Ned. Haitrn sxcTpemMymsl GyHKIMH = 1=
3
y=[(x-1)

NeS. Haiitu sxcTpeMyMbl pyHKINN
_ ez
Ne6. Haittu sxcTpemymbl pynkimm & — * 2-x .

2
™ +1
flx)=
Ne7. Haiitu mpoMexXyTKH BO3pacTaHus U yObIBaHUS (QYHKIUU x=1,
f[x): 2xt—lnx

Ne§8. Haiitu mpoMexyTKH BO3pacTaHHs U yObIBaHUS (YHKIIUH

Ne9. Haiit mpoMexyTKH BO3pacTaHus U yObIBaHUS (QYHKIIUU J [x) =2 462" +0x
Nel0. MccnenoBate Ha MOHOTOHHOCTB M 9KCTPEMYMBI CIeyIOIue (PyHKIUH:

0 filx)=2x +x7°2

5 F) =273

3 Fx) =x?+x*+16

4) fix) =x* —8x*?

IIpakTuyeckas padora Ne4(
Tema 7.9: MccnenoBanue GyHKIUN U TOCTPOSHHUE UX I'PadUKOB
Hean: Hayuntbes uccnenoBath QyHKIMM U CTPOUTH UX TPaQUKH.
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Teopernyeckas 4acThb:

HccnenoBanue GpyHKIMA 3aHMMAaeT HEMAJIO BPEMEHHU IIPU PEILIEHUN KOHTPOJIbHBIX,
JOMAIIIHUX 3aJJaHUi U 4TOOBI HAYYUTHCS OBICTPO peIIaTh HY)KHA HHCTPYKLUS OOBSICHAIONIAs
MOPSAIOK NEUCTBUIN U JIJISl UETrO 3TO HYXKHO. Takas HHCTPYKLUS pa3padoTaHa MaTeMaTUKaMu U
00o011eHa Ha BCe TUTIBI (DYHKIMINA y>Ke TaBHO, & MBI €€ Ha3bIBaeM — 00IIas cXeMa UCCIe0BaHuUs

GyHKIUH.
y=75(x)
Uto0s!I ucciienoBarh HyHKIIHIO Y TIOCTPOUTH €€ TpaPuK HEOOXOTUMO:
1) naiiTi o6sacTh onpeaeneHus: GyHKIUH, TO €CTh MHOXKECTBO BCEX TOYEK JJISi KOTOPBIX
CYIIECTBYET 3HaUeHUE (PYHKIINY;
2) HalTH (eCH OHU CYIIECTBYIOT) TOUKH IepecedeHusl rpauka ¢ KOOpAHuHATHBIMU
y=f(x)

OoCsIMH. /{71 3TOro Hy’)KHO B YpaBHEHUE TIOJICTABUTh ApTYMEHT *+ — 0 a TaKxKe

Flx)=0
pELIUTh YPaBHEHUE JUISL OTBICKAHUS TOUYEK MEPECEUECHUS C OChIO Ox ;
3) ucciienoBath (GYHKINIO HA IEPHOJUIHOCTD, YSTHOCTh M HEYETHOCTh. B HEKOTOPHIX
CIIy4asiX 3TO MOKHO CJIeaTh BU3YyalbHO MO caMOMy BUIY (DYHKIIMHU, €CIIU HET, TO MPOBECTU

MIPOBEPKY:
1. f(_x) - f(x) — (yHKIIMS YeTHas;
2. f(_x) - _f (I) — (yHKIIUSI HECUCTHAS;
3 Flx+T)y=F(x)

— GyHKIMS epuoanyecKas, r_ nepuos pyHKIIH.

Taxum oOpa3oM, eciu UMeeM MapHyIo PYHKLUIO y=7 (x) TO TOCTaTOYHO MOCTPOUTH
ee JUTs TTOJIOKUTETBHBIX 3HAYCHHH * = 0 , IOCJIE€ YETO OTPa3UTh €€ CAMMETPUIHO
OTHOCHTEJIBHO OCH abCLMCC Ha IPYTYIO YacTh. B ciydae HeueTHOH QyHKIMM rpaduk Oyaer
CUMMETPUYEH OTHOCUTEIBHO Hayaja KkoopauHat. Hanpumep, ecinu nMeeT HeUeTHYIO (QYHKIIUIO
rpaduK KOTOPOI MPUHAUICKUT IIEPBOM YETBEPTU BTOPYIO MOJIOBUHY MOJYYUM IIOBOPOTOM
nepBoii yeTBepTd Ha 180 rpagycoB (TpeTbsi YUETBEPTD).

[lepuonnyeckuMu SBISIOTCS MPEUMYIIECTBEHHO (YHKIIUU COCTABICHHBIE U3 MTPOCTHIX
TPUTOHOMETPUUECKHUX U HEKOTOPbIE MapaMeTPUUECKH 3aJaHHbIE (YHKITHH.

4) HaliTu TOYKM pa3pbIBa U UCCIEA0BATh UX (TAKUMM TOUKAMHU SIBIISIOTCS Kpas
MHTEPBAJIOB OIpeieeHUs PYHKIINN);

5) HaliTH MHTEPBAJIbl MOHOTOHHOCTH, TOUYKH SKCTPEMYMOB M 3HaUeHUs (QYHKIIMU B 3TUX
TOUKaXx;

6) HallTH UHTEPBAJIbI BHITYKJIOCTH, BMSTHHBI U TOUKH Meperuoa;

7) HaliTH aCUMOTOTHI KPUBOMH;

8) moctpouTh rpaduk QyHKIUH.

BoJIbIIIMHCTBO M3 ATUX IMMYHKTOB OBUIO PACCMOTPEHO Ha MPAKTHKE B MPEIbLAYIINX
CTaThsIX, IO3TOMY MOJIPOOHO pacluChIBaTh Mbl UX He OyzeM. Takke He nepexxuBaire, eciu
Haii/ieTe IJIaH B IUTepaType WK HHTEpHETe, KOTOPBINA COAEPKUT Ooiee WM MeHee ITyHKTOB.
[TomHUTE, 4TO 11EJTH MX BCEX - TOMOYB IIPH MocTpoeHnu rpaduka Gynkiuu. [lepeiaem k
NPaKTUYECKON YaCTH U MCCIIEyeM 10 cxeMe (PyHKIUIO.

IIpumep.
HccnenoBaTh GyHKIMIO U IOCTPOUTH €€ Ipaduk
¥ 2
y=
2(x-1)
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Pemenue:
1) ®yHKIMS ONpeiesieHa 1Mo BCIOAY KPOME TOYKH B KOTOPOU 3HAMEHATENh TPEBPAIacTCs

B HOJIb (* = 1 ). OGnacth onpesesieHus: COCTOUT U3 JIByX UHTEPBAJIOB
D(y): (=0, 1)U (1 +0).

2) Ilpu HO,I[CTaHOBKe snaverms % = U MOJTYIUM
y(0)=

Taky1o e TOYKy MOIy4UM eciId IpUpaBHieM GyHKLHIO K Hymo. Touka * = 0.
€IMHCTBCHHAS TOYKA IEPECEYCHUS C OCSIMH KOOPIUHAT.
3) [IpoBepsieM QyHKIHMIO HA YETHOCTh

z(n 1)

N N
7 (=)= 2(-x-1)  2(z+1)
y(=x)zy(x) y(=x)#-y(x).
Utak (bYHKI_II/IH HH 4CTHAsdA, HU HCUYCTHAA, HCIICPHUOAUYICCKaAs.

4) B 1aHHOM ciTydae UMeeM OJIHY TOUKY paspbiBa ** — 1 Bouncanw TpaHUIIBI CJIeBa U
CIpaBa OT 9TOM TOUKHU

. Iz
lim ——— = —«0;
x—=1-0 Z(I —1)
xz
lim +eo,
x—21+10 Z(I 1)

Hrax * =1 _rouxa paspbiBa BTOPOIo poJa.
5) [lnst oThICKaHUSI MHTEPBAJIOB MOHOTOHHOCTHU BBIUUCIISIEM MIEPBYIO MPOU3BOIHYIO

byHKIIUN

e 25 (x-1)-x" x(.x—Z).

2s-1F  2(5-1)

HpI/IpaBHI/IBaH €C K HYJIIO ITOJTYYHMM TOYKHU MMOJO3PUTCIIbHBIC HA

x=0x=2

JKCTPEMYM . OHu pa30uBaOT 00J1aCTh ONpEIEICHHs Ha CIeIYIOIINe UHTEPBAJIbI
MOHOTOHHOCTH

(=0, 0)U (0, 1)U (L2) U (2, 40).
Uccnemyem noseienue npOI/IsBOI{Hoﬁ CJIEBA U CIIPaBa OT HAWJIEHHBIX TOYEK pa3OUEHNs

R W ) -1(-1-2)

——>U
2(-1-1)° 4
y’(n,s)_“(US 2)_ -1,5<0;
2(0,5-1°
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, 1.5(1,5-2)
sy

3(3-2
y(3)=2 )——?U
2(3-1)° 8
I'paduveckn nHTEpPBATBI MOHOTOHHOCTH OYIyT UMETh BU]T
Y
+ . - +

>
0 ]2
Uccnemyemas GpyHKIMS BO3PACTAET HA MHTEPBAIAX
(0,1),(1:2)

Touka * = 0 _ TOYKA JIOKAIHHOTO MaKCUMYyMa, x=2_ JIOKaJIbHOTO MUHUMYMa.
Haiinem 3Hauenue QyHkuuu

-15<0;

(70:0).(240)

yObIBaeT

22
= U.? . S —
.:I’? it 2 (2 _ 1)
6) Jlnst OThICKaHUSI MHTEPBAJIOB BBITYKJIOCTH HAWJIEM BTOPYIO IPOU3BOIHYIO
_(2x-2)(x- 1)’ =25 (x—2)(x— )_ 1
2 (x-1)" C(x-1)

Takmx HWHTCPBAJIOB HCT, ITOCKOJIBKY BTOpasda MPOU3BOAHAA HC MPUHUMACT HYJICBBIX
3HAYCHHUH B 00J1aCTH OIIPECACIICHUS.

Finaz

7) Touka * = 1 BEpTUKAJIbHAsA aCUMIITOTA (YHKIMHU. Y paBHEHUE HAKIIOHHOM
ACUMIITOTBI UIMEET BUJL

y=kx+h
Flls)
rie - TPaHUIILI KOTOPHIE BHIUUCIISIOTCS MO IPABUITY
. b1

= lim f( )

rX—=tm X
b= lim x)—kx]).

X—tco (f( ) )
HaxoauM HyKHBIE TPAHHIIEI

%° . %° 1

b= lim —— = fim — -1

r—steo 2% (.x 1) x—steo 212 [1 B 1] 2

X

2 2 .
b= lim (———1:)= lim = sx=1)_
X—teoo 2(1 1) 2 x—too Z(I — 1)
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lim — =
xeimZ(.x—l)_ 2

Koneunslit BUs1 npsaMoit clie1yromii

J
8)

= —x+=.
2 P

Ha ocHoBe npoBeeHHOro aHalIM3a BBINOHSAEM ocTpoeHue rpaduka GyHkuuu. [

9TOro CHavdaJla CTpOUM BCPTUKAJIBHLIC 1 HAKJIOHHBIC aCUMIITOTHI, 3aTEM HAXOAUM 3HAUCHUC

byHKIUHA

B HCCKOJIBKHX TOYKaXx U 110 HUX IIPOBOJUM ITOCTPOCHUCE.

4.

y=(x+1)/2

x=1

Pemenue 3aganuii:
1.Mccnenyiite GpyHKIHMIO M MOCTpOiiTE €& rpaduk: y = x> (x — 2)(x + 2).

2.

O 0 3 N Lt AW

Uccrnenyiite GyHkimio u noctpoiite eé rpaduk: y = x* — 2x° — 1.

. Uccnenyiite gpyHkuuio u nocrpoiite eé rpaduk: y = (x> + 1),

. Uccnenyiite gpynkuuio u nocrpoiite eé rpaduk: y = 0,125(x> — 12x).
. Uccnenyiite GpyHKIMIO U TOCTpOiiTE €8 rpaduk: y = (x> + 4x — 3)2.

. Uccnenyiite ¢pyHkuuio u nocrpoite e€ rpaduk: y = sin (2x + 3).

. Uccnenyiite Gynkimio u moctpoiite eé rpadux: y = 3x? + 5x — 2.

. Uccnenyiite GyHKIHMIO M MOCTpOiiTe €& rpaduk: y =X + x!.

. Uccnenyiite GyHKIMIO 1 mocTpoiiTe eé rpaduk: y = 8x? - 2x + 1.

10. Mccnenyiite GpyHKMIO U IOCTpoiiTe eé rpaduk: y = 2x° - 6x + 3.

11. Uccnenyiite GyHKIMIO M IOCTPOiiTe €€ rpaduk: y = - 0,5x° + x + 4.
12. UccnenyiiTe GyHKIMIO U IOCTpoiiTe eé rpaduk: y =x - 1,25.

13. Uccnenyiite GyHKIUIO 1 TOCTpoiiTe eé rpaduk: y = (2x + 1)(3 — x) .
14. Uccnenyiite GyHKIUIO ¥ TOCTPOiiTe eé rpaduk: y =4 + x .

15. Uccnenyiite GyHKIUIO 1 ocTpoiiTe eé rpaduk: y = 3(1 —2x)™.

16. Uccnenyiite GpyHkuuio u noctpoiite eé rpadpuk: y = 2x(x> + 1)1,

IIpakTnyeckas padora Ne4l

Tema 7.10: Haubonbiiee u HaMeHbllIee 3HaYeHUs (PYHKINN
Heas: HayunThcs HaX0AUTh HaNOOJIbIIIEE M HAMMEHbIIIEE 3HAaYeHUS (PYHKIIMH Ha OTPE3Ke.

Teopernyeckas 4acThb:
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Haxoxnenne Han0o0/1b1Ier0 1 HAMMEHbIET0 3HAYeHNH QYHKIIMH Ha OTPe3Ke.

1. Ecnu ¢yHKIUS HempepblBHA Ha OTpe3Ke, TO OHA JOCTUraeT Ha HEM CBOEro
HanOOJIBIIET0 M CBOETO HAUMEHBIIETO 3HAYCHUSI.

2. HaubGonpiiero u HauMEHbBLIETO 3HAYEHUIN HempepbiBHAs (YHKIUS MOXET AOCTUTATh
KaK Ha KOHIIaX OTPe3Ka, TaK U BHYTPHU HETO.

3. Ecnu naubosnpiiee (HauMeHblee) 3Ha4eHne GyHKIUU JOCTUTAETCS BHYTPU OTPE3Ka, TO
TOJIBKO B CTAllMOHAPHON MJIM KPUTHYECKOM TOUKE.

AJNTOPUTM HaxOXXJIEHUs HanOOJBIIETO U HaWMEHbIEro 3HaYeHui ¢pyHkuun y = f(X) Ha
otpeske [a; b]:

1. Haiitu o6nacts onpenenenus pynkiuu D(f).

2. Haiitu nmpousBoanayto f* (x).

3. Haiitu crauuroHapHble ¥ KPUTHYECKHUE TOUKH (PYHKIIMH, IPUHAJJICKAIINE UHTEPBATLY
(a; b).

4. Haiitu f(a), f(b) u 3HaueHuss QyHKUIMU B CTAIMOHAPHBIX TOYKAX, MPUHAAICKALTUX
uHTEepBaIy (a; b).

5. Cpenu mostydeHHBIX 3HaYeHHM BHIOpATh HAaOOJIbIIIEE U HAUMEHBIIIEE.

IIpumepsI u pa3dop pelieHus 3aJaHUI TPEHUPOBOYHOTO MOTYJIS

Nel.Haiitu Hau6Gonbluee 1 HauMeHbliee 3HaueHns Gynkuuy f(x) = 2x> — 9x% + 12x — 2 Ha
otpeske [0; 3]

Pemenue. JleiicTByeM B COOTBETCTBUH C aJITOPUTMOM.

1) D(f) = (-00; +o0).

2)f (x)=6x>—18x + 12

3) CranmonapHsie TOUKH: X = 1; X = 2.

1€(0;3); 2 (0; 3)

4) f(0) = -2
f(3)=7
f(1)=3
f(2) =2

5) fuann=f(0) = -2

fuans=f(3) = 7.

OtBeT: fham= -2

fhane.= 7.

Ne2.Haiinure nBa MOJOKUTENBHBIX YMCIIA, CYMMa KOTOPBIX paBHa 16, a mpousBeieHUe
HauOobIIee.

Pemenue.

IlycTs mepBoe uncio pasHo X, * = 0

Torna sropoe uncino - (16 — x),16 - x>0

CrnenoBarenbho, 0 < x < 16

[TpousBeneHue 3tux yncen paBHo X(16 — x).

CocTaBuM QyHKIIHIO:

f(x) =x(16 — x)

fl(x)=—-2x+16

X = 8 — €IMHCTBEHHAs cTalMoHapHas Touka Ha uHTepBaie (0; 16), oHa ABIsIETCS TOUKOMN
MaKCHUMyMa.

CrnenoBatenbHo, B 3T0M Touke QyHkmus F(x) = x(16 — X) mpuHHMaeT HauOOJbIIee
3HAYCHHE.

CrnenoBaTenbHO, Ba MOJIOKUTEIBHBIX YHUCIIA, CYyMMa KOTOPBIX paBHA 16, a mpou3BeieHne

HauOobIIee, 3TO 8 U 8.
OtBer: 81 8

Penrenue 3agannii:
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_ 3 o2
Ne 1. Haiith mamverbiiee u Hambombiree sHauenms (ymxmum ¥ =7 ~ 0% 9 gy

otpeske [-1, 2].

. 2
Ne 2. Haiitu HauMeHbIIee ¥ HaMOONbIIee 3HAUEHHS (YHKIUH 82" +3

oTpeske [-3, 3].

Ha

o =x+A/x
No 3. HaiiTu HauMeHbIIee M HAWOOJIbIICE 3HAYCHHS (YHKIHH * ""{_ Ha
otpeske [0, 4].

4—x*

Y= 7
Ne 4. Haiitn HauMeHblliee U HauOoublIee 3HaYCHUsT (YHKIUN 4+x" ma orpeske [-
1, 3].

——
Ne 5. Haiin HanMeHbIee ¥ HAMOOMNbIIEE 3HAYCHNS QYHKIMH = 43 a OTpe3Ke
1=+ x

3

J.?_
No 6. Haiitu HauMeHbliee W HauOosblee 3HAYEHHUS (YHKIIUU I+x—x" pa

[0, 1],

OTpe3Ke

" =x—2Jx
Ne 7. Haiitu HaumMeHblllee W HauOoONbIIee 3HAYCHUS (PYHKIIHH Y "'If_ Ha

[0; 4]

OTpe3Ke

_ 2
Ne 8. HaiiTi HauMeHbIIee 1 Hanbobllee 3HAYCHNS GyHKIHT » In x Ha otpeske [ 1, e].

Ne9. Haiitu HaumensbIiee 1 HauOoublee 3HaYCHUs HYHKITUU y=2xtcosix

£t

Ha OTPE3KEC

IIpakTuyeckas padora Ne42
Tema 7.11: HaxoxneHrne ONTUMAIBHOTO PE3YJIbTaTa C IOMOIIBIO TPOU3BOIHOM
Hean: HayunTbcss HaXOOUTh ONTHUMAJIBHBIN PE3YJIBTAT B IPOU3BOACTBEHHBIX ITPOLIECCAX C
IIOMOILBIO IIPOU3BOJAHOM.

Teopernyeckas 4acThb:

Kaxxpiii 4eoBeK BpeMs OT BPEMEHH OKa3bIBaCTCS B CHTYaI[MH, KOTJIa HAJI0 OTHICKATH
HAWIYYIIUH CHOCOO pelieHHus Kakoi-mubo 3amadv, U MaTeMaTHKa CTAHOBHUTCS CPEACTBOM
pelIeHus MpoOJieM OpraHU3alliu MPOM3BOJICTBA, IMOMCKOB ONTHUMAJIBHBIX pENICHHA. BakHBIM
YCIIOBUEM TMOBBIMIEHUsT d(PGEKTUBHOCTH TPOU3BOJCTBA M YIYUIICHHS KauecTBa MPOAYKIUU
SIBIIICTCS] TUPOKOE BHEJPEHNE MaTeMaTHIEeCKHX METOJIOB B TeXHUKY. Cpen 3a7ad MaTeMaTHKH
OOJBIIYIO POJIb OTBOMAT 3a7auaM Ha SKCTPEMYMBI, T. €. 3a/ladaM Ha OTBHICKaHHWE HauOOIBIIEeT0 U
HAaUMEHBIIIETO 3HAYCHU S, HAWTY4Iero, HanboJiee BRITOAHOT0, Hanbosee 3kKoHOMHOro. C TaKUMU
3aladaMi  TIPUXOJUTHCS HMMETh JEJI0 TPEJCTaBUTENSIM CaMbIX Pa3HBIX CIENHUaTbHOCTEH:
WHXCHEPBI-TEXHOJIOTH CTaparoTCsl TaK OPraHW30BAaTh IMPOU3BOJICTBO, YTOOBI MOIYYHIIOCH Kak
MO>KHO OOJIbIIIE MPOIYKIINH, KOHCTPYKTOPHI XOTAT TaK CIJIAHUPOBATH MPUOOP HA KOCMHUYECKOM
Kopabie, uToObl Macca mpubopa OblIa HAUMEHbBINEH, YKOHOMHCTHI CTapaloTCs CIIAaHUPOBATH
MPUKPEIICHUE 3aBOJIOB K UCTOYHUKAM CBHIPhS TaK, YTOOBI TPAHCIIOPTHBIE PACXOJIbI OKA3bIBAINCH
MHHHUMAJIbHBEIMHA. MOXHO CKa3aTh, YTO 3aJadd Ha OTBHICKAHHE HAMMEHBIIEr0 M HauOOJBIIETO
3HAYCHUS, HIMCIOT OOJIBIIIOE MIPAKTHIECKOE PUMEHEHHE.

3amaua Ha M3rOTOBJICHHE O0aKka HAaMOOIBLIIEr0 00BLEMA
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[IpencraBbTe cebe, 9TO BaM MOCTYIWII 3aKa3: V3 KBapaTHOTO JIKCTA Kelie3a HE00X0IUMO
H3TOTOBUTH 0aK B popMe MPSMOYTOJIBHOTO MapasuieienuIieia ¢ HanoonbpImM oobemMoM. JlaBaiite
MPAKTUYECKUM ITYTEM OTPESINM, KaKHe MapaMeTphl TOJDKEH HMETh 3TOT 0aK?

Ha xasicovii cmon (2 cmyoenma) vloan OymadicHulil Keaopam co cmoponou 24x24 cm u
PA3UYHOU pa3ZMemKoU (8blpe3ka no Kpasm keaopamos co cmopounamu I1x1, 2x2, 3x3, 4x4x, 5x35,
6x6, 7x7, 8x8, 9x9, 10x10, 11x11cm). Heobxooumo ckieumsv «0axy» u noocuumams e20 0bvem
amnupudeckum nymem. Omeem ghuxcupyemcs Ha 0ocKe u bloOUpaemcs HauboIbuwul 06veM.

Hrak, HanOompmmii 00beM uMeeT 0ak BhICOTOM 4 ¢cM 1 ocHOBaHueM 16x16 cm. s Toro,
9TOO0Bl TPHUTH K O3TOMY pE3yabTaTy, HaM TPUIUIOCh NPAKTHYECKAM IyTEM BBITIOJHUTH
noctpoeHue 12 «0akoB». B XKu3HM 3TO — HEMO3BOJUTENbHAS POCKOIIb. T.e. HEOOXOAUMO
npodiieMy  peIuTh  JPYTHUM  ITyTEM. it 3TOro MBI TPUMEHUM  3HAHHUS U
MPUHIIUIT MATEMATHY€CKOI0 MO/1eTHPOBAHHUSA

3aauyn  Ha ONTHMHU3ALMIO  PEIIAIOT, WCIONB3Ys MPUHIMI  MaTEMaTHYECKOTO
MOJICTTUPOBAHUS, KOTOPBII COCTOUT U3 TPEX ITAIOB:

1. CocraBieHue MaTeMaTHUYECKON MOJIENH

2. Pabora ¢ cocTaBIEHHOU MOJIEIIBIO

3. OtBer Ha BOIIPOC 33J1a4u

Hcnonb3ys MpUHIMIT MATEMAaTUYECKOTO MOJICITMPOBAHMS, PEIINM 337]auy Ha U3TOTOBJICHUE
Oaka HanboIbIIer0 00BEMA.

1 stan: CocTtaBneHue MaTeMaTUYECKOW MOJIETIH:

1) Tlpoananu3upoBaB YCJIOBUS 3aJla4y¥, BBIACIUM ONTHMH3HPYEMYIO BEIUYUHY, T.C.
BEJIMUMHY, HauOoJblllee WM HauMEHbIllee 3HAUeHHEe KOTOpoW HeoOXoaumo Haiitu. B manHOM
cirydae 3To 00beM 06aka, 0003HaUMM ero V

2) OnHy U3 y4acTBYIOIIMX B 33/1a4e BEIMYUH 0003HAYHUTH 32 HE3aBUCUMYIO NIEPEMEHHYIO
x. IlocrapaTbcs BbIpa3uTh 4epe3 3Ty NEPEMEHHYIO OCTAIbHBIE BEIMYMHBL. B Hamien 3agade
JIOTUYHO 32 HE3aBUCHMYIO TEpEMEHHYIO X MPHUHATH BBICOTY 0aka, TOTJa OCHOBaHHE Oaka —
KBaJpaT co cTopoHOM (24-2x). Onpenenum peajibHble TpaHUIBI epeMeHHoN X. JlormuHo, 4to
BbICOTa 0aKa —TOJIOKUTENbHAS BETMYMHA, MEHbITast 12.

3) Ucxons u3 ycnoBus 3a/1a4, BEIpa3uM V yepes X:

V(x)=(24-2x)*x, 0<x<12. MaTemaTnuueckas MoJejb II0OCTPOEeHA

2 aran. PaboTa ¢ cocTaBneHHOM MOJIEIBIO

Haiinem HanGonpinee 3Hauenne pynkuuu V(x) Ha uarepsaie (0;12)

V(x)=576x-96x>+4x*

Haxoaum npon3BoAHYIO U CTallMOHAPHBIE TOUYKU

V'(x)=576-192x+12x%,  576-192x+12x*=0, x1=12,x2=4.

Tonbko oxHa Touka Xx=4 nmpuHaIexuT uaTepBaiy (0;12), mpuuem npu 0<x<4 V'(x)>0, a
npu 4<x<12 V'(x)<0, T.e. x=4 Touka MakcUMyMma, a 3HAYUT, B 3TON Touke QyHKuMs V(X)
MPUHUMAET HanOoJbIllee 3HAaYCHNUE.

3 oramn. OTBET Ha BONPOC 3a7a4H.

X — 9710 BBICOTA 0akKa, T.e. BRICOTa paBHA 4, CTOPOHBI OCHOBaHUS Oaka — 16.

Nrak, 6ak ¢ HanbonbIIMM 00BEMOM HMEET mapaMmeTphl: 16x16x4.

3ajaya 2.

Jlan OGak 0e3 KpbIIKM B (opmMe TpsIMOYTOJBHOTO TMapajuiefienuIiesa, B OCHOBAHHH
KOTOPOTO JIEKHUT KBajIpaT U 00beM kKoToporo pasen 108 mv’. Ipu kakux pasmepax 6aka Ha ero
W3TOTOBJICHHE TIOW/IET HAMMEHBIIIee KOJIMIeCTBO MaTeprasia?

1. CocraBisieM MaTEMaTUYECKYIO MOJIEIb

Bormpoc OtBer
Uro sBasieTcst Inowaow oemaneii, us
ONTUMU3UPYEMON BETUUNHOMN? KOMOopbIX ceapeHr 6ax
CKOJIBKO TaKuX JeTajei? Oono ocnosarnue u 4 60K08bIX
epanu
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Yro npeacrasisieT co0oil THO Keaopam

Oaka?
Ero nnomans? X°, NPUHSE CIMOPOHY OCHOBAHUS.
3a x
Uro npeacTaBisitoT cooon 4 pasmhbix NPAMOY20NbHUKA
OOKOBBIE TpaHu?
Hx momans? 4xh, 20e h — evicoma baka
CKOJIbKO HEM3BECTHBIX Cmopona ocnosanus 6axa u
BEJIMYMH, OT KOTOPBIX 3aBUCUT svicoma

ONTUMU3MpYEeMasi BeTUUrHa?
MO>KHO JIU CBECTH K OJHOMN?
Bripasum BeicoTy huepes x | V=hx’  108=hx’  h=108/x’

BEIpasuM MI0MAab 9epes X S(x)=x"+4x
KakoBsl mapameTpsi x? 0<x<108
Wrak, MmaremaTrueckas MOJICIb S(x)=x>+4x 0<x<108
3aaun

2. Pabora ¢ maremaruueckoir Mosienbto. HaliTu HaumeHblee 3HaueHre QyHKIMM S(X) Ha
untepsaie (0;108) mo anropurmy

Bomnpoc Omeem
Haiitu cranimonapHbie TOUKH S'(x)=2x-4
2x-4 =0
2x’=432
=216 x=6
CranuoHapHasi TOYKa SBISETCS Ja, x=6 mouxka munumyma

TOUKOM skcTpeMyma? (TOUKOH
MaKCHMyMa UM MUHHUMYMA)

Haumenbiiee 3HaueHUEe PYHKITAH Jla, m.x. na unmepsane
S(X) mocturaercs B TOUYKE (0,108) ¢ynxyus
MUHUMYMa? HenpepvleHa

3. OTBeT Ha BOIIPOC 3aJjauu.

Bomnpoc Omeem
B mannoi 3amaue KaKoM CMBICT
UMeEeT HaliJIeHHas BEeIMYrHA X7

Kakue eiie mapamMeTpsl UMEET
621310 B Bvicoma

Cmopona ocnoeanus baxa

KaxoBo ee 3aauenune? H=3
Haumenvuee xonuuecmeso
Mamepuana Ha uzeomoeieHue
baka npu wupuHe 0CHOBAHUSL
6 Om u ebicome 3 OM

OTtBer Ha BOIIpPOC 3a7a4n

Pemrenue 3axanmii:

Nel. Cpapuuky TOCTYNHI 3aKa3 BBITIONHUTH OTPAXKAEHHE YJacTKa Iuomanbio 2400m2,
pa30dMB ero Ha JBa y4acTKa MPSMOYToJbHOW (hOpMBI Tak, YTOOBI JIMHA OTpaKAeHHUsS ObLIa
HanMmeHble. Hailtu pa3mMepbl y4acTKOB.

No2. Tpebyetcst cBapuTh SIIUK C KPBIIIKONH 00BEMOM 576 1M, CTOPOHBI OCHOBAHUS SITIIHKA
JIOJDKHBI OTHOCHUTHCSI Kak 1:2. Kakolt momkHa OBITH BEIMYMHA €r0 CTOPOH, YTOOBI TOJIHAsS
MOBEPXHOCTh ObLIIa HANMEHBIIICH?
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Ne3. Vuactok mpsMOyroibHOH (OpMBI OJHON CTOPOHOM MpWieraeT K 3JaHuio. Y
cBapmuka ectb 20 MeTpoB u3ropoau. Hamo oroponuts ydyacTok Tak, 9ToOBI TUIOMIAAL €r0 Oblia
HanOoJIbIIAs

Ne4. TpeOyeTcsi M3TOTOBUTH OTKPBITBIM JKECTSHOW KOpoO B (opMe NPSIMOYTOIBHOTO
napajuiejenunesa ¢ KBaJgpaTHbIM OCHOBAHMEM, C HAaWMEHBIIMM OOBEMOM, €CIM Ha €ero
M3rOTOBJIEHHE MOKHO TTOTPATUTh kecTH 300cm?

IpakTnyeckas padora Ne43
Tema 7.11: Haxox/1eHHE ONTUMAIBLHOTO PE3YJIbTAaTa C IOMOIIbIO TPOU3BOAHOM
Henab: HayuuTbcs HaXOAUTHh ONTUMAIbHBIA pE3yabTaT B MPAKTHUYECKHX 3a/adax C
MTOMOUIBIO TPOU3BOTHOM.

Teopernueckas 4acThb:

[Ipexne uem pewmiath Kakyro - JuM00 KM3HEHHYIO 3aJauy, 4eJIOBEK CTapaeTcsl B3BECUTh
UMEIOIYIOCS Y HEero nH(pOpMaIHio, BHIOpaTh U3 Hee CyHIecTBEHHYI0. W TOIbKO mOTOM, Korja
cTaHeT OoJjiee MJIM MEHee SICHO, U3 4Yero MCXOAMUTh M Ha KaKOil pe3yiabTaT pPacCUUTHIBATH, OH
IpUCTYNAeT K pelIeHHI0 3a7ayd. YacTo OnmMcaHHBIA MPOLIECC HA3bIBAIOT YCJIOBHEM 3aJayH,
(akTHUECKH >K€ 3TO 3aMEHa MCXOJHOM >KH3HEHHOM 3aJaud ee MOAeNblo. B ocmbicieHuu
IpocTeiIlel )KU3HEHHON CUTYalluy IPUCYTCTBYET MOJIETbHBIN MOXO0, XOTS YeJIOBEK OOBIYHO HE
3aMe4yaeT CBOCH NEATENBHOCTH 10 CO3/IaHUI0 MOJENEH - HACTOJIBKO OHA JUIsl HErO €CTECTBEHHA.
Wnoe neno, ecnu BO3HUKAIONIAs 3ajada 3aTparuBacT KIIOYEBBIE MOMEHTBHI JKHU3HHM OJIHOTO
YeJI0BEKa MIIM KaKoro - oo cooduiectsa jirojaell. Paznoobpa3ue MHPOPMALMOHHBIX aCIIEKTOB B
KaXIOM TaKoi 3a7aye HACTOJIBKO BEIIMKO, YTO OBIBACT CIOXKHO W3 BCETO MHOT000pa3us
uHpopManuu 00 U3yyaeMoM SIBICHUH WM 00bEeKTe BbIOpaTh Hanbosiee cyliecTBeHHble. B Takux
clydasix HEOOXOIUMO cJenaTh YIPOIIAIoIee MPEANOIOKEHNE, YTOOBl BBACTUTh HCXOJHBIC
JTAaHHbIE, ONPEAETUTh, YTO OyAeT CIYXHUThb PE3yJbTaTOM M KaKOBa CBS3b MEXKJY MCXOIHBIMU
JAaHHBIMU M Pe3yJabTaToOM. Bce 3To - MpenrnosioxkeHus, UICXOAHbIE JaHHbIE, PE3yJbTaThl, CBSI3U
MEXy HUMH - MX Ha3bIBAIOT MOJIENBIO 3aa4u.

Ecnu moctpoeHHas Mojenb JaeT yIOBJIETBOPUTENbHBIE pPE3YyJIbTaThl MPU PELICHUU
KU3HEHHBIX 3a/1a4, TO TOBOPAT, YTO MOJEIb aJeKBaTHAa pacCMaTPUBAEMOMY OOBEKTY, MPOLECCY
wiu  gBieHuto. Hepenko nns  pemeHuss MOAENBHOM  3amaud  TpeOyeTcsi HEKOTOPbII
UHCTPYMEHTApH. DTOT MHCTpyMEHTapuil OOBIYHO OpPraHU3yeTcss B BUJE €JUHOI0 OOBEKTa,
Ha3bIBAEMOT0 UCIIOJIHUTEIEM. UTOOBI HCIIOTHUTEND MOT MOJIYYUTh OTBET, EMY HYKHbI yKa3aHUS,
4YTO M Kak Jenarb. Takue ykazaHHs 4acTO IMPEACTaBISAIOTCS B BHUJE AJITOPUTMa, B KOTOPOM
3a/1al0TCAd MaTeMaTUYeCKUE COOTHOILIEHUS, CBSI3bIBAIOIIME NCXOIHBIE JJAHHBIE U PE3YJIbTaT.

B sTOM ci1yyae roBopsAT 0 NOCTPOEHUH MaTEMaTUYECKON MOJENIN 3aJayH.

PaccmoTpuM npuMepsl UCHOIB30BaHUS MAaTEMAaTUYECKUX MOJENEH B ONTUMHU3ALMOHHBIX
NPaKTUYECKHX 3a/1a4ax, pelIeHHe KOTOPhIX TpeOyeT HaX0xkIeHHE TPOU3BOIHON (DYHKIIHH.

3amaua 1. Paccrosiane mexay nByms maxtamu A u B mo mocceitHoit mopore 60 km. Ha
maxte A no6siBaetcst 200 T pynsl B cyTku, Ha maxte B - 100 T B cytku. I'ne HyxHO
MOCTPOUTH 3aBOJ| MO THepepaboTKe pyabl, YTOObI JUIsl €€ MEePEeBO3KHM KOJIWYECTBO TOHHO-
KAJIOMETPOB OBUIO HAaUMEHbIINM?

Pemenue. BeisicHsiem, 4TO cymMMapHO€ KOJMYECTBO TOHHO-KHJIIOMETPOB HM3MEHSETCS B
3aBUCHUMOCTH OT MECTa HaX0XKJI€HUs 3aB0/1a, BBIYHMCIIUB €T0, HAIIPUMED, IS CIIydaeB, KOT1a 3aBOJ
HaxoauTed oT myHkTa A Ha paccrosHun 30 kM, 20 kM, 10 kM.

Jlanee mpucTymnaeM K peleHHIo 3ajaui, 0003HaYMB paccTosiHUE OT 3aBoga C 10 IMIaxThl
A uepe3 x: AC=xuBC=60-x.

KonnuecTBo TOHHO-KWIIOMETPOB, IPOMACHHBIX TpaHCOpToM OT A 1o C 3a KaKIbli
neHb, cocrapisier 200 x 1/kMm, oT B 1o C-100 (60 - x) /kM. CyMMapHOe KOJMYECTBO TOHHO-
KUJIOMETpOB BhIpasutcs ¢pynkuueit y =200x + 100 (60 - x) = 100x + 6000, koTopast onpezaeneHa
Ha cermente [0; 60].
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SIcHO, 9TO 3TO YpaBHEHHE MOXKET HMETh OECKOHEYHO MHOro pemieHuil. Bompoc -
HaWTH JCIIEBbIA BapUaHT IEPEBO3OK.

Uccnenys pynkuuro y = 100x + 6000 Ha cermente [0; 60], momydum ymin = 6000. DTa
nuHelHas QyHKOUsS OyAeT UMETh ~ MUHUMajbHOEe  3HadeHue npu X = 0, ymin = 6000 T/KkM.
3aB0oJ1 HaJI0 CTPOUTH BO3JIE MIAXTHI A.

JUisa nydimiero NMOHMMAaHMSI 3TOM 3aJauM 11eJIeCO00pa3HO JOMOJIHUTEIHHO BBIACHUTH
BOIIPOC, TJI€ HY>KHO OBI IIOCTPOUTH 3aBO/I, €CIIH OBI:

a) B maxte A nmooOsBasiock 100 T, a B maxte B -200 T pymsr;

0) Bmaxte A-200T, a B maxte B-190T;

B) Bmaxte A u maxte B - mo 200 T pynsr;

YrtoObl pemuTh 3TOT BOIIPOC, HY)KHO HaiiTu Ha cermenTe [0; 60] MUHUMYM (QYHKIIUH:

a) y =100x +200(60 - x) =- 100x + 12000;

0) y =200x + 190(60 - x) = 10x + 11400;

B) y = 200x + 200(60 - x) = 12000.

OtBet: 13 Bcero 3TOoro MOXHO ceJIaTh TAKOH BBIBOJ: €CIIH B IaxXTe A J00BIBACTCS PyIbI
Oonbile, yeM B maxTe B, To 3aBOJ HaI0 CTPOUTH BO3JIE MIAXTHI A; €CIIU e KOJTUYECTBO PYyIbl B
ATHX LIaXTaX OJMHAKOBOE, TO 3aBOJ MOXHO CTPOUTH B JIFOOOM MecTe BOJM3M  LIOCCEHHOM
Joporu Mexnay maxtamu A u B.

3amaga 2. Ha xkomxo3HoW (epMe HYKHO MPOBECTH BOJONPOBOA IJIHHOW 167 M.
Wmerorcs TpyObl anuHOW S5 M u 7 M. CKOJBKO HYXHO HCIIONIB30BaTh TEX U JIPYTHX TPYoO,
4TOOBI C/IeTIaTh HAaWMEHBIIEe KOJIMYECTBO COCIMHEHUH TPyOBI HE pe3arh)?

Pemenue. YuuThIBas, YTO KOJMYECTBO KAaK OJHUX, TaK U JAPYrUX TpyOd MOXKeT
WU3MEHSTHCS,

KOJMYECTBO 7 - METPOBBIX TPyO 00O3HAUMM uepe3 X,

KOJIMYECTBO S5 - METPOBBIX — uUepe3 vy,

Toraa 7X - JUIMHA 7 - METPOBBIX TPYO,

Sy - miMHa 5 - METPOBBIX TPYO.

[Tonmygyaem ypaBHeHue 7x + Sy = 167. Tak kak X,y € Z, To meromoM mnepedopa
JIETKO HAWTH  COOTBETCTBYIOLIME TMapbl 3HAUEHUH X M Yy, KOTOpPbIE  YIOBJIETBOPSIOT
ypaBHeHHe 7x +5y=167.

(1;32), (6;25), (11;18), (16;11), (21;4).

OtBet: M3 »Tux pemeHuil Haubolee BHITOAHOE TMocieaHee, T.e. X=21,y=4.

Pemenue 3aqanmii:

Nel. TpeOyeTcst oropoAUTh MIPSIMOYTOJIBHBIN Y4aCTOK 3€MJTH, UCTIOJB3Ys B KaUECTBE OTHOM
U3 CTOPOH 3a00pa 4acTh CTEHBI AOMa. YUYaCTOK JOJDKEH MMETh OINpelesIeHHYIo Iuiomazs. Kak
clenyeT BhIOpaTh COOTHOLIEHHME MEXIY JJIMHAMH €ro CTOPOH, 4TOObl Ha IMOCTPOIKY 3abopa
MOIIJI0 HAUMEHBIIIEE KOJIMUECTBO MaTepuaa?

OtBet: CropoHa 3a0opa, napajuieiabHas CTEHE JOMa, JOJKHA ObITh B /1Ba pa3a JUIMHHEE
OOKOBOI CTOPOHBI.

No2. TpeOyercst oropoauth cetkoil amuHOoW 600 M 30HY OTABIXA MPSAMOYTOJIHHON
dbopmbl, npuseraroiyo kK pexe. Onpeaenure, KAKOBbI JOJDKHBI ObITh JUIMHA U IMIMPHHA YYacTKa,
YTOOBI OH UMEJ HAaUOOJIBLIYIO MJIOIIAb.

OtBet: HanOobIIAs TUIOIIAAb YUacTKa, eciu mupuHalS0 m, umHa 300 M.

Ne 3. Onpenenuts pasMepsl OTKPHITOTO GacceiiHa 00beMoM 256 M>, HMEIOIEro JHO B
BUJEC KBajJpaTa, TaK YTOObI Ha OOJMIIOBKY €ro CTEH U JHa ObUIO M3PAacX0/I0BAaHO HaWMEHbIlIEe
KOJIMUECTBO MaTepHara.

OtBer: 8 M. 8 M, 4 M.

No 4. Tlpuneraroiiyro K AOMY OPSIMOYTOJbHYIO IUIOMIAJAKY HYXHO OTPAaJUTh PEIIETKON
mmHo 120 M. OmpenenuTs pa3Mepbl IUIOUIAJKH, TaK YTOOBI OHA HMMela HauOOJIBLIYIO
IJI0IA/Ib.

OtseT: 30 M, 60 M.
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IIpakTnyeckas padora Ned44
Tema 7.11: HaxoxneHne onTUMaabHOTO pe3ysibTaTa ¢ TOMOIIBIO TPOU3BOIHOM
Heas: HayunThCs HAXOAWTh ONTHUMAJIbHBIA pE3yJbTaT B SKOHOMUYECKHX 3aJadyax C
MIOMOUIBIO TTPOU3BOTHOM.

TeopeTnyeckas 4acThb:

JuddepeHnnanbHOoe HCUUCICHUE - ITUPOKO MPUMEHSIEMBIH 1T SKOHOMHYECKOTO aHaTTN3a
MaTemMaTuueckuil amnmapaT. ba3oBoi 3agauell SKOHOMHMUYECKOTO aHaau3a SBISIETCS U3YyYeHUE
CBsI3e DKOHOMHYECKUX BEJIMYHH, 3alMChIBACMBIX B BHJE (QYHKIHA. B KakoM HampaBlieHUU
M3MEHUTCS JIOXOJ TOCyJapCTBa IMPH YBEJIWYEHUH HAJIOrOB WIIM IMPU BBEICHUU HMIIOPTHBIX
NONUIMH? YBEIUYHUTCS WM YMCHBIIUTCS BBIpyYKa (UPMBI TPU TIOBBIIICHUH IICHBI Ha €e
npoaykuuio? B kakoil mpomopuuu  JOMOJHUTENbHOE O00O0pYIOBAHHE MOXKET 3aMEHUTh
BEIOBIBatONMX paboTHUKOB? [[yist pemenus moJo0HbIX 337249 JOKHEI OBITh TOCTPOCHBI (PYHKIIUN
CBS3M BXOJALIMX B HHUX IMEPEMEHHBIX, KOTOpBIE 3aTe€M M3y4yalOTCS C TMOMOIIBIO METOJIOB
i depeHIMATEHOTO UCYHCIICHUS. B 9KOHOMUKE 0YeHb 4acTO TpeOYeTCsl HAWTH HAMITy4IIIee, T
ONTUMAJIFHOE 3HAaYCHHE TOTO UM MHOTO MMOKa3aTeNsi: HAauBBICIIYI0 TMPOU3BOAUTEIBHOCTh TPY/IA,
MaKCUMaJIbHYIO NMPUOBLIb, MAKCUMAJIbHBIN BBITYCK, MHUHUMAJIbHBIC M3ACPKKH U T.1. Kaxnmpri
MOKa3aTeNb MPeICTaBIseT Cco00i (hYHKIHIO OTHOTO MM HECKOJBbKUX apryMeHToB. Hampumep,
BBIITYCK MOXXHO paccMaTpuBaTh Kak (YHKIUIO 3aTpaT TpyJda W Kamurtaia (Kak dTO JeiacTcs B
MPOU3BOJCTBEHHBIX (PYyHKIMAX). Takum o00pa3oM, HaXOXKJIEHHE ONTUMAIBHOTO 3HAYCHUS
MOKa3aTessl CBOJUTCS K HAXOXJIECHHIO dKCTpeMyMa (MakcuMyma WM MUHUMYyMa) (QYyHKIUU
OJIHOM WIIM HECKOJIbKUX IepeMeHHbIX. [[og00HbIe 3aaun MOPOKAAIOT KIACC IKCTPEMATIbHBIX
3a/1a4 B 9KOHOMHKE, PEIICHNE KOTOPBIX TPEOYET HCIOIh30BaHUSA METOI0B AU HEpEeHIINATHEHOTO
ucuncnenus. Ecmu SKOHOMHMYECKUN TMOKa3zaTedb y HYXHO MAaKCUMH3UPOBATh WU
MUHHUMH3UPOBATh KakK (YHKIMIO JAPYroro mokaszaTens X (Hampumep, 3ajadya Ha MaKCUMyM
npuOBUIM Kak (PYHKIMU 0ObeMa BBIITYCKa), TO B ONTUMAaJIbHON TOUKE (T.€. B TOUKE MAaKCHUMyMa)
OTHOIIICHUE TTPUPAIICHUS (DYHKIINH Y K TPUPAIIEHUIO apTyMEHTa X JIOJKHO CTPEMHUTHCS K HYJIO,
KOI/ia MpUpAIlEHUEe apryMEHTa CTPEeMUTCS K Hyto. MHade, eciiu Takoe OTHOILIEHHUE TPUpALEHUI
CTPEMHUTCSI K HEKOTOPOM TMOJIOKUTEIHLHON WM OTPUIATEIHHOM BEIMYMHE, paccMaTpuBaeMas
TOYKA HE SIBJIAETCS ONTUMAIbHOM, MOCKOJIBKY YBEIMYMB WM YMEHBUIUB apTyMEHT X, MOXHO
W3MEHUTH BEJIMYUHY Y HYKHBIM 00pa3oMm.

B tepmunax nuddepeHanbHOrO0 MCYMCIEHUS 3TO  O3HAYAET, YTO HEOOXOIUMBIM
yCJIOBHEM 3KcTpemMyMma (QyHkiuu y = f(X) ABIsIETCS paBEeHCTBO HYJIIO €€ Mpou3BoAHOW. B
SKOHOMHUKE YaCTO NPUXOJUTCS pEIIaTh 3aJa4yd Ha HKCTPEMYM GYHKIIMI HECKOIBKUX
MEePEMEHHBIX, TTOCKOJIbKY SKOHOMUYECKHE IOKa3aTea OOBIYHO 3aBUCAT OT MHOTHX (DaKkTOpOB.
Takue 3a1a4u XOpOIIO H3y4eHBI TeopUuer PYHKINNA HECKOIbKUX TEPEMEHHBIX, UCTIOIb3YIOMIeH
MeTOo bl TG HepeHIIMATBEHOTO HCUUCIICHUS.

3apaya 1. Mononoit npennpunumarens Muxaitno IOpuil B cBeTe 3KOHOMHYECKOTO
KpHU3HCa PEIII BRIKYITUTh HEPeHTa0eIbHOE MPOBUHIIMAILHOE TIepepadaThIBAIOIIEE MPETPUSITHE
U npuriiacuil 3konomucra ['ynpaepoa ['epmana moMods ¢ pacueTamMu o ONITUMHU3ALIUN PACXO/I0B.
Onna 13 3a7a4 OCTABICHHBIX Tiepen ['epmaHom Oblia Ciieyronas: HalTH, MPY KaKUX YCIOBUAX
pacxo/1 )KeCTH Ha M3TOTOBIIEHUE KOHCEPBHBIX OAHOK IIMIIMHIPUYECKON (hOPMBI 3aJaHHOM €MKOCTH
Oy/leT HauMEHBIIIUM.

Pewenue.

Bcnmomanm 3 3Tama MareMaTwuecKoro MOJESIHPOBAHUS, MPUMEHSEMbIE TPH PEIICHUHN
3a/1a4 Ha OMTHMH3AIHIO (I0Ka3 Ha SKPaHE):

¢ 1 stamn. CocraBieHne MaTeEMaTHYECKOM MOJIEITH.

e 2 oran. PaboTa ¢ cocTaBneHHOW MOAEIBIO.

e 3 3tan. OTBET HA BONPOC 33]1a4H.

1 3man. Cocmaenenue mamemamuyecKkoi MooeJu.

CocraBnenre MoJienu 0bJierdaeTcs TeM, 94To u3BecTHa (hopMa OaHKHU i OTOBOPEHO, YTO OHA
JOJKHA OBITh 33/IaHHON €MKOCTU. JTO CYIIECTBEHHO JIs cOcTaBleHust Moaenu. CylecTBEHHBIM
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SBIISIETCS TAKXKE TpeOOBaHUE, YTOOBI PACXOJI )KECTH HA H3TOTOBJICHNE OAHKH OBLIT MUHUMAJTbHBIM.
D10 TpeOOBaHMWE O3HAYAET, YTO IUIONIA[b IOJHOW TOBEPXHOCTH OaHKH, WMEromied ¢Gopmy
WIMHPA, JOJDKHA OBITh HAaMMEHBIIIEH; CYIIECTBEHHBI U pa3Mepsl 6anku. HecymecTBeHHBI a7
COCTaBJICHUS] MaTEMaTHYECKON MO KOHKPETHOE (YMCIIEHHOE ) 3HaYeHHE eMKOCTH OaHKH U BUT
KOHCEPBOB (MSICHBIX, OBOILHBIX ), JJISl KOTOPBIX OaHKa MpeHa3HavYeHa.

O603HauuB eMKOCTb OaHKH 4epe3 V cM?, chopmynupyeM 3aaauy: OnpeneiauTb pa3mepbl
IMHApa ¢ 00beMoM V cM? Tak, YTO ObI IUIOMIA/Ih €r0 MOJIHOM MOBEPXHOCTH Obllla HANMEHBIICH.

Jliia peuieHus 3a1ayu 0003HAYMM PAJANYC OCHOBAaHUS LUJIMHApPA Yepe3 X, a BHICOTY €ro
gepe3 h (Bce u3amepenus B cantumerpax). Torna oobeM UIUHApa

V= = h= ig
P
MonHas NOBEPXHOCTE LIMNMHAPA:
S=2mx+2axh=27x+ Ejrxig =2 xE+ . M
pioa x x
Jrax, S = A
X

Tak Kak NepeMeHHan X MOXET NPUHWMATE TONMBKC NONOMUTENEHBIE 3HAYEHWA, PELUEHWE 33034M
CBOOMTCA K HAXOWASHUH HAWMEHbLUETD 3HAYEHWA S(x) Ha (0;c0).

2 aman. PaBoma ¢ cocmasneHHol ModenkFo.

Haigem npou3BogHYID S'(X):

- 2
X

X X

S0 = [nf + zvj _ [6;?1:{21{— (27 + 2{«*)} _ 4w’ W

[NA HAaXOWAEHWA KPMTHYECKHX TOMEK PELUMM YpasHeHue S°(x) = 0.

KopeHb YpaBHEHWA. X = 3||£ :
27T
Mpux =0 = 3||£ S}j=0,anpux= 3||£ S x) =0
27 27

7
CnenoeatensHo, B TOYKE X = 3 ||_ S(x) UMEET MHHUMYM.
2

AV V
X (0:’5) ﬁ

[}

7.
{:E:m)
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CnenoBatentHo, @YHKUWA B 3TOA TOYKE OOCTMIAET HAMMEHLLIETD 3HAYEHWS.

Takum opa3zom, NNOWAAL NOMHOA NOBEPXHOCTM UWIMHADE, MMekllero odbem WV, GY0eT HAWMEHbLLER
P N I T ) . .
npuh=2x=2 3| = 3]  Te KOra UWnUHAD PABHOCTOPOHHMIA.
2T T

3 aman. Omeem na eonpoc 3aoauu.

Haumenbimmii pacxon »eCTH Ha M3TOTOBJIEHHE KOHCEPBHBIX OAHOK IMJIMHJIPUYECKOM
dbopMbI 3a1aHHOI €MKOCTH OyAeT JOCTUTHYT IPU YCIOBUH, YTO JHUAMETP OCHOBAHHUS U BHICOTA
0OaHKH paBHBI MEXy COOOA.

3anaua 2. llemenTHbINM 3aBO] TPOU3BOAUT X T LIEMEHTA B JIeHb. [10 10roBOpY OH JA0KEH
€XKEeJIHEBHO IOCTaBIIATh cTpoutenbHoi ¢upme He mMeHee 20 T nemeHrta. IIpom3BoacTBeHHbIE
MOIIHOCTH 3aBOJIa TAKOBBI, UTO BBIITYCK [IEMEHTA HE MOKET NpeBbIaTh 90 T LIeMEHTa B J€Hb.

Omnpenenutsb, Ipu KakoM 00beMe MPOU3BOACTBA YAETbHBIEC 3aTPaThl OYAYT HAUOOIBIIUMU
(HauMEHBIIUMH)), €M (PYHKIIHS 3aTpaT UMEET BU:

K =—x*+ 98x? + 200x,

a yZIeJIbHbIE 3aTPaThl COCTABSIT:

K/x =—x%+ 98x + 200 .

Pemenwue: Haiinem HanOombIiee 1 HanMeHbIee 3HaueHne QyHKIMU y = —x2 + 98x + 200
Ha npomexyTke [20; 90].

BriBenem x = 49 — kputndeckas Touka ¢pyHkuuu. Haiinem 3HaueHne GyHKIMU Ha KOHIIAX
u B kputnueckoi Touke: f(20) = 1760; £(49) =2601; f(90) = 320.

Wrak, npu Beilycke 49 T LleMEHTa B J€Hb YJEJIbHbIE H3JEPKKU MaKCUMaJbHBI (T.€
SKOHOMMYECKHU 3TO HE BBHITOAHO), a IpH BhITycke 90 T B IeHb yJEIbHbIE U3AEPKKH MUHUMAIBHBI,
3HAUUT 3aBOAY MOKHO paboTaTh Ha Mpele’dbHONM MOIIHOCTU U enié Oosiee yCOBEPIIEHCTBOBATh
CBOM TE€XHOJIOTUH, TIOCKOJIBKY Jajibllle HAUHET AeHCTBOBATh 3aKOH YObIBaroOIIEH JOXOJHOCTH U 0e3
HOBOBBE/ICHUH BBIMTYCK MPOIYKIIMH HE MOKET ObITh YBEIHYEH.

3agaua 3. BoiOpath onTuManbHbIi 00beM npon3BoacTBa N ¢pupmoi, GyHKIUS NpUObUIH
KOTOPOil MOKET OBITH CMOJIEIMPOBaHa 3aBUCHMOCThIO: F(q) = g - 8q + 10.

Pemenue: OntumanbHbIi 00bEM IPOU3BOACTBA €CTh TPOU3BOJHAS OT (DYHKIIUU TPUOBLIH,
T.e. N=F(q)

F(@=R(@-C(@)=29-8=0— qexr =4

Iy q gextr =4 — F'(q)

ITpu q gextr = 4 — F'(q) 0 m mpubbLTH BO3pacTaer

ITpu q = 4 npuOBLIL MPUHUMAET MUHUMAJILHOE 3HAUCHHE.

Pemenue 3anau:

Nel. ITpu6bins GupMel 3a1aHa 3aBUCUMOCTBIO : F(q) = 5¢ - 5q + 12. HaiiTu onTuManbHbIi
00BEM npon3BoicTBa N (DUPMBI.

Ne2. ITpu6binb GUpMbI 3a1aHa 3aBUCUMOCTBIO : F(q) =4 g - 4q + 12. HaiiTu onTuManbHbIi
00BEM npon3BoicTBa N (PUPMBI.

Ne3. Tlycre dynkius crpoca umeet Bug QD = 100 — 20p, moctossaAbIe M3aepx Kk TFC
(total fixed costs) coctaBisitor 50 AeHEXKHBIX €IUHMIL, a MepeMeHHble u3nepxkku TVC (total
variable costs) Ha MPOM3BOJICTBO €AMHUIIHI MMPOAYKIIMH — 2 JIEHEe)KHbIE eNUHUIBI. HallTn 00béM
BBIITYCKa, MAKCUMHU3UPYIOIINI PUOBLTE MOHOTIOIUCTA.
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IpakTnyeckas padora NedS
Tema 7.12: KontponsHas paboTta o paszneny 7 «IpousBoaHas GyHKINH, €€ IPUMEHEHHE)

Hean: [IpoBeputh ypoBeHb YCBOCHHMS TAaHHOTO MaTepuaia no paszaeny 7 «l[IpousBogHas
byHKINH, €€ TPUMEHEHUE)

Ilpu pewenuu 3aoanuii 1-4 3anumwiume npasunbHLIL OMmMEem U3 UemMblpex
npeo10IHCceHHbIX.
1. (1 6amn) Uemy paBHa IpoM3BOIHAS GYHKIMH Y=COS>X?
A) y'=—sin’x; B) y'= - 2 sin’x; B) y'= -2cos x sin x; I') y'=2cos X.
2. (1 6ayn) ITo xakoit n3 GOpMYIT BEIYUCISAETCS MPOU3BOIHAS TPOU3BEICHUS?
uv—uv

A) () =u"+v'; B) () =u'viuy’; B) (5) 7 = 28 T)(f(e(x) = ((x))*g (x).

3. (1 6amn) PemmTe ypanenue f'(x)=0, ecim f(x)=3x> — 6x +4. BriGepute oTBeT.

A)1;B)-1;B)4;T') -4.

4. (1 6ann) Ha pucynke uzo0OpaxkeH rpaduk npousBoaHoi ¢pyHkiun f(x), onpeneneHHON
Ha uaTepBaie (—10; 8). Haitnure kommdecTBo Touek Makcumyma Gyrknmu f(x) Ha oTpeske [—9;6].

YA | | |
/MNVIN/ ANy 7o
N \ AV
\ YT\ /
| AN
—10 ol 1 | /8 [ X
N/ | ll /
Y
! \l/

A)5;b)4;B)2; 1) 3.

Ilpu évinoanenuu 3a0anuii 5-8 3anuwiume x00 peuwtenus u NOJIy4eHHbLIL OMmeem.

5. (2 6anna) MatepuanbHas TOUKa JBMKETCS NMPSAMOIMHEIHO Mo 3akoHy X(t) = -t* + 6> —
41> + 5t — 5 (r;1e X — paccTOSHHE OT TOUKU OTCYETA B METPaX, t — BpeMs B CEKYH/aX, H3MEPEHHOE
¢ Hauana aBuxkeHus ). Haliaure ee ckopocTts (B M/C) B MOMEHT BpeMeHu t = 3 c.

6. (2 6anna) Ha pucynke n3obpaxén rpadpuk pyHkuuu y = f(x) u kacareiabHas K HEMY B
TOYKe ¢ abcuuccoi xo. Haiinure 3HaueHune nponsBoaHon GyHkuuu f(X) B TOUKE Xo.

Y /
x| ! //
0 Vi -
-5 [ 1oV [ /3 [
A AL
L%-/ = ()~
4
/|
r/ =7
]

(x=2)(x+3)
(x—8)
8. (2 6amna) UccnenoBats pyHkimio f(x) = x> — 3X U HOCTPOUTH €& rpaduk.

7. (2 6amna) Pemmte HepaBEHCTBO: >0

Imanonsvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aaHuA
OtBeTr B b A B 8 1,25 (-3;2); (8;+0) -
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IIpakTnyeckas padora Ne46

Tema 8.1: IlepBooOpa3znas pyukmnus. [IpaBuina Hax0XISHUS IEPBOOOPA3HBIX

Hean: HayunTs HAXOOUTH IEPBOOOPA3ZHBIC

TeopeTnyeckas 4acThb:

IlonsiTHe nepBoOOpPa3HOI

Jlerko  moramatbcs, YTO TEPMHUH  “‘lIepBOOOpa3Has’” MPOUCXOAWT OT  JIBYX
CJIOB: nepswiii M 00pa3. IlepBbiM 00pa3oM y aBTOMOOMIISI ObLIa MMOBO3KA, a Y MIOPe — KapTOQeb.

Bepuemcs k matemaruke.

JlaBaiite OBICTPO BCIIOMHUM, 4To HaXOXXJICHHUE MIPOU3BOAHOMN
niu guddepeHIMPOBaAHHE — 3TO COBEPIICHUE MAaTEMAaTHIECKOW onepanuu Haj GyHKuei. To
€CTb, CIEeIys ONpeeICHHBIM MpaBUiIaM, Jr00as QYHKIUS MOXKET ObITh MpeoOpa3oBaHa B HOBYIO
byHKIMIO, KOTOpasi U OyIeT MPOU3BOAHOM.

B 00bI4HO¥ KU3HU, COBEpIIasi HECKOJIBKO JEHCTBUN, MBI MOXeM IpeoOpa3oBaTh MyKy B
TECTO, a 3aTeM M B MUPOKKU. Ho pa3oOpaTe roTOBBIIM MUPOKOK HA MYKY Y HAC YK€ HE MOIYUYUTCS.
3aTo B MaTeMaTuKe BCErJa MOKHO BEPHYTBhCS Ha ILIAr Ha3aj: CJIOXWIN J[Ba YUCJIa — BBIYTEM
00paTHO, BO3BENH B CTENIEHb — M3BIICYEM KOPEHb.

[ToxoxuM 00pa3oM MBI MOKEM MOCTYIHUTH ¢ (DYHKIIHCH.

BosbMeM mo0yto GpyHKIMI0, Hanpumep, f(x) = x* u HaiineM 171s Hee pousBoanyio fi(X) =
2X — moy4ymiiach HoBasi QyHKIHs. Teneps Aiist TOro, YTOObI BEPHYTHCS HA IIar Ha3a 1, HaM HY)KHO
HalTH nepBooOpa3Hyto oT HOBOM PpyHkumu (f'(x) = 2X).

IlepBooOpa3noii s yskmum f(x) HaszeBaercss Takas (ysxmus F(x), st koTopoi
BbINIOJIHAETCS paBeHCcTBO: F'(x) = f(X).

To ectb, eciu B3ATh MPOU3BOAHYIO OT MIEPBOOOPA3HON KAKOK-TNO0 (HYHKIIMU, TOTYIUTCS

caMa JTa (bYHKI_II/IH. Hpouecc HaXO0XACHUA MHOXCCTBa HepBOO6paSHHX
HAa3bIBACTCA HHTCTPUPOBAHUEM.
F'(x) = f(x)

JI71st HaX 0K ACHUS IEPBOOOPA3HBIX CYIIECTBYET CleHalIbHAs Tabauia. B Hell mpuBeeHbI
nepBooOpasHble A Kaxka0H QyHKIMU. A 4TOOBI YOETUTHCS B 3TOM, MO>KHO HAlTH MPOU3BOJHYIO
OT NepBOOOPa3HOMN U CPaBHUTH C PyHKIMEH. OHU OynyT OJJMHAKOBBIE.

Tabanna nepBoodpasHbIX

Ta6anna nepBoodpasHbIX:

dyuknus f(x)|[lepBoodpaznas F(x)

0 C = const

1 x + C
xn+1

nFE -1 +C
4+ 1

1

—,x =0 Inlnx+C

x

cOS X sin x + C

sin x -cos x + C

g% e* 4+ C

I'ne C — npou3BOIBHOE YUCIIO

Pemrenue 3axanmii:

Nel.MarepuanpHasi TOUYKa JBMIKETCS MPSIMOIMHEHHO cO CKOpocThio V(t)=8t—4. Haiinute
3aKOH JIBWKEHHS TOUKH, €CTH B MOMEHT BpEMEHU t=2C MPOWIEHHBIH MyTh COCTaBHII 4 M.

Pemenue:

Bocnonssyemcs onpeielieHueM IepBooOpasHoit, T.K. S(t)=vot+at?/2

S’(t) = v(t).

Haiinem Bce mepsoobpasnbie S(t)= -4t+4t +c.

[ToacraBum t=2¢ u npoiiieHHbIN TYTh S=4 M.
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4= -8+16+c

C=-4.

CrenoBarenbHO, 3aKOH JIBUKEHUS OY/IET BBITIISJCTD CIEAYIOUIMM 00pa3oM:

s(t)=4t>—4t—4

OtseT: s(t)=4t>—4t—4

Ne2. Ilo rpaduky nepBooOpasnoit ¢pyHkumu y = F(X) onpenenute KOJIMYECTBO TOUYEK, B
KOTOpPBIX (yHKIHMA y = f(X) paBHa HYIIO.
¥

AN
4

l',.,.II'
Py

Pemenue:

Tak kak F'(x) = f(x) -1mo onpenenennio nepBooOpa3Hoii, TO TOUKH, B KOTOPBIX (DYHKITHS
f(x) (mpomsBonnas ¢yHkiuu F(x)) — 310 Touku 3kcTpemyma pyHkuuu F(X). A Takux Touek Ha
rpaduke 4.

Ortger: 4.

Ne3, 1o rpaduxy nepBooOpa3Hoii pyHKIMYN y = F(X) onpenenuTe 9ucioBbie MPOMEKYTKH,

Ha KOTopbIX PyHKIMS y = f(X) UMeeT oTpuLaTeIbHbIHN 3HaK.
i/

/\
/

\

Pemenue:

Tax xak F’(x) = f(x)- mo omnpenenenuio nepBooOpa3HOi, TO YUCIOBbIE TPOMEKYTKH, Ha
KoTopbIX ¢yHkuus f(x) (mpousBomnast ¢yHkuuu F(X)) MMeeT oTpHULATENbHBIA 3HAK — 3TO
OpOMEXyTKH yObiBaHHus QyHKIMH F(X). Takux mpomMexyTkoB Ha AaHHOM rpaduke 2. 1o (-2; 1)
u(2;9).

OtgerT: (-2; 1); (2; 5).

Neq. Jlokaxwure, uro pyHkuus y = F(X) sBnseTcs nepBooOpasHoii i pyHkuuu y = f(x).

F(x) = x?— e™ 4+ 2,f(x) = 2x — 2™

Pemenue:

JlokazarenbCcTBO.

F'(x)=(x?-e¥+2)'=2x-2e**
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[lo ompenenenuto mepBooOpasznoit, F'(x)=f(x), cmemoBarenpHo, F'(X) u ecthb
nepBoodOpasHas i GpyHkuuu f(x)

NeS. Jlna dynkuuu f{x) = x ? HaiiTn nepBooOpasHyo, rpaguk KOTOPOH IPOXOJUT Yepe3
Touky (-3; 10).

Pewrenue:

53

Haiinem Bce nmepBooOpasubie GyHKIMH f{x) : Fx) = 3 te

Haiiiem uncio C, takoe, uTo6bl rpaduk GyHkuum fx) = x> mpoxoaun yepes Touky (-3;
10). IToxcraBum x = — 3, y = 10, moay4um:

10 = (-3)*/3 +c

C=19
3
X
CrenoBarenabHO, Fx) = 3 +19
3
x
OTgeT: F(x) = 3 +19

IIpakTuyeckas padbora Ne47
Tema 8.2: [Inomans kpuBoauHeitHo! Tpanenuu. ®opmyia Hetotona-JleitoHuma
Heab: HayunTs pemaTs HHTETpalibl, UCHONB3Ys popmyny HeroTona-JleiiOHuma
Teopernyeckas 4acTb

Dopmyna Heromona-J/Ieiionuya
[lycte  ¢ynkumms  f (x)  HempepslBHA ~ HAa  3aMKHYTOM  HMHTEpBaje  [a,
b]. Ecmu F (x) - nepBooOpa3nas ¢pyHkimu f (x) Ha[a, b], TO

}fﬁﬁﬁ=ﬂ[ﬂE=F@ﬂ—F@)

Peurenue 3aganuid:

ITpumep 1
2
II[ X - ) dx
Beryncnuts MHTETpan ’
Pewenue.
[Tpumenss popmyny Herotona-JleiiGHuna, moxydaem
2 4 3y
X —xj).ﬂ’x= A - E—§ —U=i.
4 3 o 4 3
[Tpumep 2

J({6-F)ar

Brruncautes uaTET pax o

Pewenue.

j‘[{f{_—'\fg)dﬁ ’f—.c/ﬁ dt =

1
1

/+1 /+1

2.2). L
4 3 12

A
NI

1]
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ITpumep 3

y=x' y=+«zx

Haiitu momans Gurypsl, orpaHiueHHON KPUBBIMU u

Pewenue.
CHauana onpeaenuM TOYKH MepeceueHus IBYX KPUBBIX (PUCYHOK 3).

=,
= -Jr=0,
= ﬁ(x%—1)=m,

= =0 x=1

Takum oOpa3om, naHHbIEe KpUBBIE MepecekaroTcs B Toukax (0,0) u (1,1). CnegoBarensHo,

wionaab GUrypsl paBHa
1

S

b1
"3

y=2x-x*

X
Puc.3 Puc.4
ITpumep 4
y=2x-2* x4 y =10

Haiiti niomans Gurypsl, orpaHU4eHHYIO rpagukaMu GyHKIUH u .
Pewenue.
Haiinem koopinHaThl TOUEK MTEPECEUEHUS KPUBBIX (PUCYHOK 4).

2x-x = -1,

= x-3x=0,

= x(x-3)=0,

= x =0 x =3

2

i Y T2ETX 4 crmsy - npsvioit

JlanHas 0051acTh OrpaHUYMBACTCS CBEPXY MapaboIIo

“ =—-X “
nvHuei . CneoBarenbHO, IUIONIAIb ATOM 001aCTH paBHA
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9
(Ex—xg—[—xj)dx=f[2x—xg+x)dx= _?+E o e e

0 0 0

3 3 i3 1.3
S=J« 2 XX 3i_x 20 2
0

HpnMeHeHne onpene.ném{oro HHTErpaJa:

1. Haxo:kneHue miomaan KpUBOJIHHEHON Tpaneuuu

5 : y=fix) IInoumaap ¢rrypel, orpaHideHHoi
] THHHAMEL 2= x=b; y=0 1t y=f{x)

8
S=[Alxldx
|

IInomame GuUrypsl, orpaHHUeHHOMH MM ¥ =/} 1 y=gfx ).
HaliTH TOuKH MepeceucHIA X 14 Xp U3 YCTOBHA: fix)=gfx)
5= j[ﬂx]— glx)dx

%

2. Haxo:knenne BeJIMYHHBI CKOPOCTH V MO 3aJaHHOMY 3aKOHY YCKopeHus a(t) 3a

t2
NPOMEKYTOK BpeMenH [t1;t2], T.e BT f“ a(t)dt
IIpumep: Touka ABH:KeTCH MO 3aKOHY yckopenus a(t)=t+1. Haiitm Beiuvuny ee

CKOPOCTH 32 POMEKYTOK BpeMeHH [2;4] cexyHa.
_ (a+1)? _ (2+1)2

o 4.
PemeHI/Ie:v('t') = [, (t + 1)dt = = e g B

3. HaxoxneHue myTH S 1O 3aKOHY HM3MEHEHHSI CKOPOCTH V(t) 3a NMPOMEKYTOK

t2
BpeMenn [t1;t2], T.e. > fu v(t)dt

IIpumep: Haitm 1nyTrs, KOTOpBIM  mpojenana  MarepuajgbHas  TOYKa  3a
IIPOMEXYTOK BpeMEHU [2;4], IBUrasice €O CKOPOCTBIO, KOTOpas M3MEHsUIACh IO 3aKOHY:
v(t)=2t+2.

4., . .
Pemrenne: 3= fz (2t + 2)dt = 22 (en. AnUHBI)

IpakTnyeckas padora Ned8
Tema 8.3: HeornpeneneHnuslii 1 onpeIeI€HHbIN HHTETPaIbI
Hean: HayuuTh BBIYUCISATH HHTETPATIBI
Teopernyeckas 4acTb
IlepBooGpa3nasn
Onpenesnenne. HenpepoiBHas ¢pynknusa F(x) Ha3biBaeTcss mepBooOpasHoii pyHKUMH

f xex F(x) =f(x)
(x), ecsin HA MPOMEKYTKe X, eCJIM JJIsl KaKI0ro .

Onepanys Hax0XAeHUs epBooOpa3Hoi GpyHkumH f(X), Ha3pIBaeTCS HHTErPHUPOBAHUEM.

HeonpeaejieHHBbI HHTErpPaJl

HeonpeneaéHnblii HHTErpai-3To COBOKYITHOCTh BCeX MepBOo0Opa3HbIx (pyHKIMU f(x). B
o011eM ciryyae, HaX0XX/JIeHHE HeoNpeeEHHOr0 MHTErpalla BBITJISAUT CIIEAYIOIIUM 00pa3oM:

[f(x)dx=F(X)+C

)

rae f(x)-nogsinTerpanbHas GyHkuus, F(x)-nepBooOpasnas Gpynkius ¢pynkuun f(x), dx-
mupdepennman, C-koHcTaHTa uHTerpupoBaHus. Heompenen€HHbIM HMHTErpan HpeicTaBiseT
CO0OMH, KaK Obl, «ITy4OK» MEepPBOOOPA3HBIX, H3-32 HATMYHS TOCTOSTHHON MHTETPUPOBAHUS.
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JuddepeHunan-npon3BoabHoe, OECKOHEYHO Malloe TNpUpALICHHE TepeMEHHOU
BEJIMYMHBI.

CBoiicTBa HeonpeneaéHHOT0 MHTerpaJa

1. d(J f(x)dx) = f(x)dx

2. [d(F(X))=F(x)+¢C

3. [af(x)dx =a[ f(x)dx

4. [(f(x) £ g(x))dx = [ f(x)dx + [ g(x)dx

Tabanna 0CHOBHBIX HeonpeAeéHHbIX HHTErpaJioB

B Bune
ff('x)dx =F(X)+C

rae f(x)-moapiHTerpanbuas pynkuus, F(x)-nepsoodpaznas pynkuus pynkuuu f(x),
dx-nuddepenunan, C-KOHCTAHTA MHTEIPHPOBAHUS.

fﬂdr=£‘ fcosxdx=sinx+£‘
dx
ldx=x4C J-—ﬂ=tgx+C
(cosx)*
Lt dx -
fl’ dl’—n+l+C m——ctgx—l—
dx dx
J‘—=ln|x| +C f,: = arcsinx + C
x g1 —5°
frd 4 j = tgx + C
e"dx = e’ -
—— arctgx
Jardx= i +C frhxdx=shjr+£‘
Ina
fsinxdx=—ccsx—|—£‘ fshxdx=rhx+£‘

OmnpeneséHHbIil HHTErPaa
Onpenenennsiii mHTErpat- Ilpupamenue onHol n3 nepBooOpasHbix QyHkIMH f(X) Ha
oTpeske [a;b].

OOGuii BU ONpeIeIEHHOr0 HHTErpaa; Jo f()dx.

riae f(x)-mogpiHTErpanbHas (QyHKOUSA, a | b-mpedensl MHTErpupoBaHus, dx-
nuddepenmman

CaoiicTBa onpeae1éHHOr0 HHTErpaJia: CM. CB-Ba OINPeIeIEHHOTO HHTErpaa.

Onpenenéunuplii uHTETpan BbruucisieTcs 1o ¢opmyte Hbworona — JleiioHuma:

b
J f(x)dx = F(b) — F(a)

Penrenue 3aganui:
Boruucnure uHTErpaibl:
Nel

l.jx3dx
-1

T

t dx

2. >
, COS™ X
2

3J(1+2x4
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No2

l.jxsdx
-1

\®]

e L) o'.—ﬂ;\g‘

sin” x

3.((4+2xkx

IIpakTuyeckas padora Ne49

Tema 8.4: OnpeneneHHbli HHTETPaAN B KU3HU

Hean: HayunThes HCIIONB30BaTh HHTETPAN IS HAXOXKICHUS (PU3NICCKUX BEITHUNH

Teopernyeckas 4acThb:

WuTerpan — 370 MareMaTHYeCKHi OOBEKT, KOTOPBI BO3HHK HCTOPUYECKH HAa OCHOBE
NOTPEOHOCTH PELICHUs pa3IMYHBIX NPUKIAIHBIX 3a7ad (U3MKK M TeXHUKU. Te (uzndeckue
BEJIMYMHBI, KOTOPBIE OMNPEACISIOTCS C IOMOIIbI0 HMHTETpajla — Kak TMPaBWIO, HA3bIBAKOTCS
UHTETPATBHBIMH, & T€ BEIMYUHBI, Yepe3 KOTOPHIC BBIPAKAIOTCS WHTETPAJbHBIE BEIHUYUHBI —
nuddepeHIMaTbHBIMH.

WHTerpansl HAIM CBOE PUMEHEHHE B aCTPOHOMUH (MHTETPANIbl SHEPTHH M TUIOIIAICH;
JBUKEHHE 3B€3]1); METUIIHE (KOMITbIOTepHasi ToMorpadusi); Ouonoruu (yCTaHaBIMBAIOT MPUPOCT
YHCICHHOCTH TMOMYJSIUH; Ouomaccy MONYJSIIMA W CPEeTHIO JUIMHY IyTd (ToJeTa) Npu
POXO0XKJIEHUH HEKOTOPOTo (PMKCUPOBAHHOTO Y4aCTKa).

Ha ceropHs HEBO3MOXXHO M3ydeHHE T€MOJWHAMHKHN — JIBUKEHHUSI KPOBH IO cocyam 0e3
NPUMEHEHHs MHTErpajioB. B TeueHue ATUTETHHOrO BpPEMEHM KaTeTepH3allls MPaBbIX OTIIENOB
cepla sBISIACh €MHCTBEHHBIM METOJOM HCCIIEIOBAHMSI, TIO3BOJISBIINM OI[CHUBATH COCTOSTHUS
IPaBbIX OT/AEJIOB CepAlla 1 JIeroyHoi aprepuu. C MOMOIIbIO HHTETPAIOB B MEAUIIMHE BHIUUCIISIOT
UHTETPATBHYIO CKOPOCTB JIJISl IIEJIOTO cocyna (apTepUy WM BEHBI), 3HAS JTHMHEWHYIO CKOPOCTh
KPOBOTOKA; TaK K€ pacCUMTBIBACTCS yIapHbIH 00beM (00bEM KPOBH).

[IpencraBnennbie BbIme (GakThl IEMOHCTPUPYIOT IUPOKOE MPUMEHEHHE WHTETPAIOB B
pa3IMYHBIX HAYYHBIX 0OJIACTSX, YTO JI0KA3bIBAET HEOTHEMIIEMYIO BaXKHOCTh HHTETPAIOB B HaIlleH
xu3HH. [IprMeHeHrne omnpeeIeHHOr0 HHTerpaja BO MHOTOM OOJIeTYaeT pelieHue MPUKIaTHBIX
3a/1a4 reOMeTpUH, PU3UKU U APYTUX HAYK.

Pemenue 3apau:

1. 3agavya © EbIYHUCIEeHHHA NYyTH

COMACHO W3MYECKOMY CMBICTY NEPBOA NPOW3BOAHON, NPOM3BOAHAR HYHKLMM B TOYKE CTh
ds

MIHOBEHHAR CKOPOCTL TOMKM, TE. v(£) = 5°(¢) = — . OTCI00a, ds = w(E)d: . HTErpUpyA NOMy4eHHoe
it

DABEHCTEO B Npedenax oT t; 4o ty nonyyaem

H

Ids = ‘I‘v(r.jdr.

T

Torga nyTe, NPOMAEHHEIA TOYKOH NPY HEPABHOMEPHOM OEMAEHMM MO NPAMONA C NEPEMEHHONA
CKOpOCTBIO L(€) 33 OTPE30K BPEMEHH [ £, £, |BbIPA#AETCA MHTErPaNom

t
a= | Litdt. m

H
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Mpumep 1. CKOPOCTE NPAMONWUHERHOTO ABMKXEHNA TENA BRIPAKAETCA HOPMYNOR 1y = 2t+3t2(M/c).
HaiTh NyTe, NPOROEHHLIA TENOM 33 5 CEKYHL OT HaYana ABWHEHHA.

PelueHne.

5 ]
S=1(2tH3t yde = (1417 | =150(m).
1}

1}
MNpumep 2. [IBa TeNa HAYANW ABWMATHCA OOHOBPEMEHHO W3 OLHOW TOYKM B OOHOM HANDABNEHWW NO
npAMOoi. MepBoe TENo ABWAETCA CO CKOPOCThIO v =(612+21) M/C, BTOPOE — CO CKOPOCTLIO V2=(41+5) mic.
Ha Kakom paccToAHWA APYT OT APYTa OHW OKaXYTCA Yepes 5 .7

2. 3agava © BeIMMCNEHWH paGoTEl NepeMeHHON CHNkI

MycTh MaTEpUANbHAR TOMKA NOJ, IEACTEMEM CUMbl F BWKETCA No NpAMoil. Ecnu AeRcTey0WLas cuna
NOCTORHA, & NPORAEHHBIA NYTh PABEH S, TO KAK U3BECTHO W3 KypCa dhusnkn, paboTta A aTol F
BbMUCNAETCA Mo opMyne;

A=F*s

PafoTy nepeMeHHoR cunbl f{X) Npy NepeMeLledi No ook OX MaTepuansHoR TOMKKM OT X=a A0 x=b,
HaxogumM no gopMyne (3):

3
A= If(x)dx (2)

PelueHWH 3a0ady Ha BeiYMCNeHne paboThl CUNbBl YNIPYTOCTH, CBA3EHHEIX C PACTAMKEHHWEM W CHETHEM
NpY#MH, OCHOBLIBAETCA Ha 3akoHe Myka. Mo 3akoHy Myka cuna F, pacTAMMBAIOWAA UMK CHUMMANLLAR
NPY#MHY, MPONOPLUMOHATNBHAA 3TOMY PACTSKEHWHD UMK CKATHIO, T.e. F=kx, rge X — BenudnHa
DACTHKEHWA UMK CKaTUA, K — Ko3dhhUUMEHT NPONOPLWOHANEHOCTH.

Mpumep 1. Cuna ynpyrocti F Npy#MHbl, PACTAHYTOW Ha 1= 0,05 M, paBHa 3H. Kakywo paboTy Hago
NPOW3BECTH, YTOOEI PACTAHYTE NPYHKUHY HA 12 =0.1 m?

Pelerue. MNoACTABUE OAHHBLIE B (DOpMYNY 3aKoHa M'yka, nonyyum: 3=k*0.05, Te. k=60, cneqosaTensHo,
CHNa YNPYrocTK BhIpE#aeTCA COOTHOWEHWEM F=60x. Haindem padoTy nepeMeHHON CHNbl No opmMyne
(2}, nonarad, yto a=0; b=01:

0.1 1
A= JSOxdx= 30xf*r =0,3 0%
1]

3. 3aagaya o cuiie 1aBJIEHUSA KUAKOCTH

CornacHo 3akonHy I[lackans BenuunHa P jmaBneHust XUAKOCTH Ha TOPU3OHTAIBHYIO
MJIOMIAKY BhIauciseTcs mo popmyine P=gphS, (4)

I'1e g — ycKopeHue cBOGOIHOTO MajieHus B M/c2;

P— MIIOTHOCTB KUIKOCTH B KI/M;

h — rmyOuHa morpyXeHus TIOMIAIKH B M;

S — mIoIIab IIOMAAKH B M2,

ITo aTo#t hopmyre Henmb3si UCKATh JaBICHHUE KUAKOCTU HAa BEPTUKAIBHO MOTPYKEHHYIO
TUTACTHHKY, TaK KaK €€ pa3Hble TOUKH JIe)KAT Ha Pa3HbIX ITyOnHaX.

[TycTh B *KHAKOCTH MOTPYKEHA BEPTUKAIBHO TIACTHHA, OTPAaHUYEHHAS THHUSIMH X = a, X
=b, yl =f1(x) u y2=f2(x); cuctema KOOpJMHAT BbIOpaHa Tak, KaKk yKa3aHO Ha PUCYHKE.
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[nA pelweHnd 3agaqM pasotbeM MNAcTUHY HA N YacTel (ManblX ropU3oHT anbHLIX NONOCOK) NPAMBIMH,
napannentHeMA NOBEPXHOCTH AMOKOCTH (T.€. NapannentHeiMK 0cH OY). Ha rmy0uHe X Bulden|m OgHy
M3 HUX W 0003Ha4YMM Yepes T(X) ee ANUHY, & Yepe3 Ax €€ LWHPKHY. MPUHAE NONOCKY 33 NPAMOYTONLHME,
Haxodum ee nnowaas & = fx) Ax.

F=gafixy fx x
Hainaem auddepeHuman dp 3Tol OyHEUMK.
dr = gaf (x) xdx

Torga no 3akoHy MackanA MHTEMpUPYA NonyYeHHOS PEBEHCTBO B Npefenax oT X = a A0 X = D, nony4umM

A
P=QIPKJ’ (x)dx (3)
MpumMep

AKBApMYM WMEeT hopMy NPAMOYTONBHOM Napannenenuneia. Haigem cuny AaBneHWa Boabl
(MNoTHOCTL Boabl 1000 Kr/M®), HANONHAILLEH aKBApUYM, Ha OIHY U3 €0 BEPTUKANLHLIX CTEHOK,
pasmeptbl KoTopoid 0,4 Mx 0.7 M.

PelleHue. Brifepenm CUCTEMY KOOPAMHAT TaK, 4ToObl ocH Oy M OX COOTEETCTEEHHO COOE[HANnU
BEpXHee OCHOBAHWE W DOKOBYI0 CTOPOHY BEPTHMKANLHON CTEHKW AKEAPMYMA. [NA HAXOHOEHUA CUILI
OABNeHWA BOALI HA CTEHKY BOCNONL3yeMCa opmynoi (3). CTeHKa uMeeT hopMy NPAMOYTONbHWES,
noatomMy f{x)=0 7= x<[0,0.4] TaK KaK npeagnbl MHTErpUpoBaHnA a=0 1 b=0,4, TO Nony4Hm:

0.4 2

4
D=2 Jmoo*o,? * xdx = 700 %r =56g ~ S49H
i}

IIpakTnyeckas padora NeS0
Tema 8.4: OnpeneneHHbIN UHTETPA B )KU3HU
Heab: HayunThes ucnons30BaTh UHTETPAI IS HAXO0XKIEHUS 00BEMOB
TeopeTnyeckasi 4acTh:

[ToMuMO HaXOKAECHUS IUIOIIAAM IUIOCKOH (UIypbl ¢ NMOMOIUBLIO ONpeNeJeHHOIo
HHTerpaJjia BaXHEUIINM IPUIIOKECHUEM TEMBI ABIISETCS BbIYHCICHHE 00beMAa Te/1a BPpallleHus .

O0beM Tena BpalieHHsl BBIYHCISAETCS 110
0J1HOH H3 (popmy:

1 a , €CJIH BpalCHHE
KPHBOJIMHEHHOH Tpaneuxy BOKpYr ocH OX.,
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2. V=7l ecny ppamenue
KPHBOJIMHEHHOH Tpaneuud BOoKpyr ocH OY.

Pelnenne 3axanui:
Ipumep 1. Haiit 00BpEM Tena, oOpazoBaHHOTO BpalieHHEM BOKpYT ocu abciucc (Ox)
4

Y
(burypsl, orpaHUuYEHHON TUIIEPOOITOI X, ocblo abcruce U mpsaMeiMu X =1 F=4

)

Pemenne. O0bEM Tena BpameHus Haiaém mo ¢opmyne (1), B koropoi X,a
npenensl uHTerpupoBanus a = 1, b = 4. [IpumenseM Tabau4Hblid uHTerpaa. IlocTosHHBIN
MHOXHUTENb 4°=16 BEIHOCUM 32 3HaK uHTerpana. [lomydaem:

4 4

4 2
v:nj(i] dx = 16;rrj‘i—f: 16;r.r[—l]
1 X

lx X

1
=127 kyb en.
IMpumep 2. Haiitu 06béM mapa paguyca R.

Pemenue. PaCCMOTpI/IM Iap Kak T€JI0, IoJIydaleccCs IMpru BpalllCHU BOKPYT OCU a6CLII/ICC

MOJIYKpyTa paguyca R ¢ IEHTpoM B Hadaje koopauHat. Toraa B popmyne (1) moasiHTETpambHas

3_ gt
GyHKIMS 3amumercs B BUAE © , a TIpeJieaMl UHTErpupoBaHus ciayxkar -R u R. B
BBIYHCIICHUSIX paanyc R CUMTAaeTCss KOHCTAaHTOW (BMECTO HETO MOXKHO TOJCTaBUTH JIH000E

3Ha4YeHHe JUIS 11apa ¢ To0bIM paguycom). [Ipumensem Tadau4uHblIi uHTerpaj . CienoBaresibHo,

B JERTE
v= JTI [Rg —xzjdx= J‘T[sz—?J
]

= im’f.
3

-k
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Ipumep 3. Haiitu 00bEM Tena, 0Opa3oBaHHOTO BpallleHHEM BOKpYTr ocu adbcumcc (Ox)

2 _ 2
HUrypBI, 3aKITI0UEHHON MEX Ty Tapabonamu < — 3-x ur =% +1.

Pemenwue. IlpencraBuM HCKOMBIM 00BEM Kak pPa3sHOCTh OOBEMOB TeJ, IMOJIYYEHHBIX
BpallleHueM BOKPYT ocH abcuuce KpuBoiauHeHHbIX Tpanenuit ABCDE n ABFDE. O0bEMbI 3THX

U e o x]. = —]_ xﬂ = ]_
Ten Halaém no Qopmyrne (1). B Hell mpenenasl MHTETPUPOBAHUS PaBHBI 51

abcruccaM Touek B u D mepeceueHus napadboin. DTH TOYKH M MX a0CIHCCHI BUIHBI HA rpaduke.
TouHo Takxke - Ha rpaduKe - MOKHO OMPEICNIUTh KOOPAUHATHI TOUYEK MEpPEecedeHUs TUHUM U3
Balux 3a1a4. TOJBKO I 3TOTO HY)KHO TOCTPOUTh rpaduk. Temeps MoxkeM HalTH 00BbEM Tea,
MIPUMEHSS BCE TOT e TaOJUYHBIM UHTETpa 7:

1 2 1 2
v= ;?TI (3—:{2) cfx—;??j (xg +1) dr =

-1 -1

_ ﬁ_]l[(z_ 2) (41 Jar=

=:ar](8—8x2).:fx=8;r x—g : =

| -1
= —Tryb.em
3 ¥i

IIpumep 4. Boruuciute 006€M TOpa (TOPOM Ha3bIBAaeTCA TeENO, MOJy4arolieecs MpU
BpAIllEHNH KPyra paguyca a BOKPYT OCH, JeXkKallel B ero MIOCKOCTH Ha PACCTOSHUM b OT IeHTpa
Kpyra (’EJ 2 ). QopMy Topa HMeeT, HaIpuMep, GapaHKa).

¥

C

-al

Pemenue. Ilycts kpyr Bpamaercs Bokpyr ocu Ox (puc. 20). O6sEM TOpa MOMKHO
IPEACTaBUTh KAaK Pa3HOCTH OOBEMOB TeJN, IOJYYCHHBIX OT BpAIICHHS KPUBOJIMHEHHBIX
tpaneuuit ABCDE u ABLDE Bokpyr ocu Ox.
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VYpasaenue okpyxHoctu LBCD nmeet BUA
HH(y-b) =4,
npuyéM ypaBHeHue KpuBoit BCD

y=(x =btafa’ —x°,

a ypaBHEHHE KpuBOil BLD
y=mx=b-~a- 2

Hcnonb3ys pa3sHOCTh OOBEMOB TeJ, IMOJydaeM s o0bEMa Topa Vv BBIPDOKEHHE U
BBIUKCIISIEM UHTErpat:

v= 27| yidx - 27| ydx = 27| (f — yh)dx =
0 0 1]

- EJ‘T-T|:(E:'+ o —f)z—(b—MJg} drx =
T

IIpumep 5. Haiitu 06bEM Tena, 0Opa30BaHHOTO BpallleHuEM BOKPYT ocu opauHat (Oy)
Yx y=13x
u .

2 _
GHTYpBI, OrpaHMYEHHOM MMHUAME »
¥

Pemenue. IlpencraBuM HCKOMBIM 00BEM KaK pa3HOCTh OOBEMOB TeJ, IMOIYYEHHBIX
BpallleCHUEM BOKPYI OCH OpIMHAT TpeyroibHHKa OBA u KpuBOoiauHEWHON Tpaneuun OnBA.

=0 Yy =3

[TpenenamMu WHTETPUPOBAHUS CITYKAT u - opauHATH Touek O U B TmiepeceueHus
napaloibl ¥ MPSMOH, 4TO BUIHO HA rpaduke K aToMy npumepy. Takum oO6pa3zom, moaydaem o0bEM
Tena:

3 3
T 4 i
I = Dty =
9!}' b 81!y y
3 3
T 5 T 2
277 |, 4057 |75

IIpakTuyeckas padora Ne51
Tema 8.5: KontponpHas pabora mo pazgeny 8 «llepBooOpazHas ¢dyHKIHH, €€
MPUMEHEHUE»
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Hean: [IpoBeputh ypoBEeHB YCBOSHUS JAHHOTO MaTepuaia 1o pasaeny 8 «IlepBoobpasznas
byHKLINH, €€ TPUMEHEHUE)

Ilpu pewenuu 3aoanuii 1-4 3anumwiume npasunbHLIL OmMEem U3 Uemblpex
NPeONoHCEHHDIX.

1. (1 6amn) s kakoit n3 gpynkumii pyskmms F(x) = x> - 3x2 + 1 sBasercs nepBooOpa3Hoii?

A) f(x)=3(x>-2); B) f(x)=3x(x>-2); B) f(x)=3x2-6x+1; I') f(x)=3x2-6x.

2. (1 6ann) Jdana pysxmus f(x)= 3x>+1. Uemy pasHa F(1)

A)2:B)4;B)6;1) 1+.

3. (1 6amr) O6mmit BUI Becex nmepBooodpa3HbIx s f(x)=sinx?

A) F(x)=cosx+C; b) F(x)=-cosx+C; B) F(x)=tgx+C; I') F(x)=-tgx+C.

4. (1 6amn) Beraucnure onpeeaeHHbIN HHTETPaT flz xdx.

A)-1;b)1;B)-1,5;T) 1,5.

Ilpu ¢vinonnenuu 3a0anuii 5-8 3anuuwiume x00 pewieHuA U NOJIY4EeHHbLIL Omeent.

5. (2 6anna) Asnsercs mu F(x)=x3-3x+1 nepsoobpasnoii mis Gpyukuun f(x)=3(x>-1)?

6. (2 6amna) 3anaiite nepsoobpasHyro F(x) mns dynkuun f(x)=3x>-2X, eclu H3BECTHHI
koopauHatel Touku M (1, 4) rpaduka F(X).

7. (2 6amma) Ha pucyHke wnzoOpaxeH rpaduk ¢yHkmum y=f(x), ompeaenéHHOW Ha
unTepBane (—3; 11). Haliqute Hanmenpee 3Hauenne pyHknuu f(x)na orpeske [2; 9,5].

4 y=f{z)

A

1 AR
/
1] 11

LN / \
AV 1

¥ 1 CLITE L GER

8. (2 6anna) Ha pucynke mzobpaxeH rpapuk Hekoropoi ¢yHkuuu y=f(x). [lonb3ysch

k

o 5
PUCYHKOM, BBIYUCIIUTE OIIPECACIICHHBIN NHTECTPAJl fl xdx.

YA

4 y=f(x)

ol 1 3 15X
3maJl0Hbl omeemoe.
H
OMep | 2 3 4 5 6 7 8
3aaHUuA
OTtBeT T A b I na X —x>+4 -3 12
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IIpakTyeckas padora Ne52
Tema 9.3: MuoxecTBO U Tpadbl. PeneHne npukiaaHpIX 3a1aq
Hean: HayunThes ucnonb30BaTh rpadsl P peLICHUN 3a1a4

Teopernueckas 4acThb:

Teopusi rpadoB - 0MH U3 OOIMMPHEHIITNX PA3ALIOB JUCKPETHON MAaTEMAaTHKH, IIUPOKO
IPUMEHSIETCS B PEIICHUH 3KOHOMUYECKMX M YIPaBICHUECKUX 3a/ay, B IPOrpaMMHUpPOBAHUM,
XUMHUH, KOHCTPYUPOBAHUU U WU3YYCHHH DJIECKTPUUYECKHUX Lerneil, KOMMYHUKALUU, TCUXOJIOTHH,
NICUXOJIOTUH,  COLMOJOIMM,  JMHTBUCTHKE, JApyrux  obmactsx  3HaHuid.  Teopus
rpaoB CHUCTEMAaTUYECKU W MOCIEAOBATEIbHO HM3Y4aeT CBOMCTBA IrpadoB, O KOTOPHIX MOXKHO
CKa3aTh, YTO OHHU COCTOST U3 MHOXKECTB TOYEK U MHOKECTB JIMHUN, OTOOPAKAIOLINX CBSI3H MEXTY
stuMu Toukamu. OcHoBatenem Tteopuu rpadoB cumtaercs Jleonapa Oimep (1707-1882),
pemuBIIKi B 1736 roy H3BECTHYIO B TO BpeMsI 3a/1a4y O KEHUTCOEPrCKUX MOCTaX.

I'padbl cTposiT 17151 TOro, uyToObl OTOOpPA3UTH OTHOILIEHUS HAa MHOXecTBax. I[lycTb,
Hanpumep, MHOxecTBO A = {al, a2, ... an} - MHOXECTBO JIIOJEH, a KaxAbli 3JeMeHT Oyner
0TOOpaxEH B BUIIE TOUKU. MHOXkecTBo B = {b1, b2, ... bm} - MHOXKECTBO CBSI30K (IIPSIMBIX, YT,
OTpE3KOB - 110Ka He BakHO). Ha MHOecTBe 4 3aJaHO OTHOIIEHNE 3HAKOMCTBA MEXAY JIIOJIbMU U3
sToro MHOXxecTtBa. CTpouM rpad u3 Touek U cBsI30K. CBs3kH OyIyT CBSI3BIBAThH Mapbl JIOJACH,
3HAKOMBIX MEXIy co00il. EcTecTBEHHO, YMCIIO 3HAKOMBIX y OJHUX JIIOAEH MOXKET OTJINYAThCS OT
Yrclia 3HAaKOMBIX y JPYTHX JIOJEH, a HEKOTOPhIE BIIOJIHE MOTYT U HE OBITh HH C KEM 3HAKOMBI
(Takue 3meMEeHTBl OyIyT TOUYKaMH, HE COCAMHEHHBIMU HU C OJHOM apyroii). BoT u nmomyuuncs

rpad!

ag as

To, 9yTO MBI CHauasna Ha3BaJId "TOYKaMH'', CIeNyeT Ha3bIBaTh BepIIMHAMU Tpada, a To, 94To
Ha3bIBaJM "cBsI3KaMu'" - péOpamu rpada.

Teopust rpadoB HE yYUTHIBAET KOHKPETHYIO Mpupoay MHOXkecTB 4 u B. CyuiecTByer
00JIbIIIOE KOJMYECTBO CaMBIX pa3HbIX KOHKPETHBIX 3ajiay, MpPU PEHIEHUH KOTOPBIX MOXHO
BPEMEHHO 3a0BITh O CEIU(PUIECKOM COJEPKAHNN MHOXKECTB U MX JJIEMEHTOB. JTa crienuduka
HUKAaK HE CKa3bIBAETCS HA XOJ€ PEIIECHUS 3aa4ul, HE3aBUCUMO OT €€ TpynHoctu! Hanpumep, npu
peIlIeHnr BOIpOca O TOM, MOXKHO JIM M3 TOYKH @ J00paThCs 10 TOYKHU e, JBUTAsICh TOJBKO IO
COEIMHSAIOIIUM TOUYKH JMHUAM, HEBAKHO, UMEEM JIM MBI €TI0 C JIIOJbMH, TOPOJIaMH, YUCIIAMH U
T.4. Ho, xorma 3amauya peiieHa, Mbl MOJIy4aeM pELIEHHE, BEpHOE AJsl JII0OOTo COoAep KaHMUs,
KOTOpO€ OBLIO CMOJIENUPOBaHO B BHJIE rpada. He ynuBuTEeNbHO MO3TOMY, UTO Teopus rpados -
OJIMH M3 CaMbIX BOCTPEOOBAaHHBIX WHCTPYMEHTOB MPU CO3/IaHUU HMCKYCCTBEHHOTO MHTEIIEKTA:
Be/lb MCKYCCTBEHHBIH HHTEIIEKT MOXET OOCYIUTh C COOECEeIHHMKOM M BOIPOCH JIOOBH, U
BOIPOCHI MY3bIKH WJIM CIIOPTA, U BOMPOCHI PEIICHUS PA3IMYHBIX 3a/1a4, IpUUYeM JielaeT 3To 0e3
BCSIKOTO Tepexo/ia (MepeKItodeHus ), 6e3 KOToporo B MOAOOHBIX CIIydasiX He 0OOHTHCH YETIOBEKY.

A Tenepp CTporue MaTeMaTHUecKHe onpezeneHus rpaga.

Onpenenenue 1. I'padom Ha3biBaeTcsi cucreMa OOBEKTOB IMPOU3BOJIBHOW HPUPOABI
(BepuIMH) U CBA30K (pEOEp), COSTUHSIIOUINX HEKOTOPBIE aphl 3TUX 0OHEKTOB.

Onpenenenue 2. [Tycte V — (HemycToe) MHOKECTBO BEPIIIHH, 3JIEMEHTHI VE V' — BEpIITHUHEI.
I'pap G = G(V) ¢ MHOKECTBOM BEpIIUH V €CTh HEKOTOPOE CEeMEUCTBO map Bupa: e = (a, b),
rae a,b€V, yka3pIBalOINX, KaKWe BEPIIUHBI OCTAIOTCS coenMHEHHBIMH. Kaxknas mapa e = (a, b) -
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pebpo rpada. MuoxxectBo U - MHOKeCTBO p&bep e rpada. BepmuHbl a 1 b — KOHIIEBBIE TOUKH
pebpa e.

I'pagbl kak crTpykTypa aaHHbIX. llupokum mnpumenenuem teopuu rpadoB B
KOMIIBIOTEPHBIX HAayKaX M HWH(MOPMALMOHHBIX TEXHOJIOTUSX OOYCIIOBJIEHO J00aBICHHEM K
BBIIICH3JIOKEHHBIM OIPEICICHUSM MOHATHA Tpada Kak CTPYKTYpHI JaHHBIX. B KOMITbIOTEPHBIX
Haykax M HMH(GOPMAIMOHHBIX TEXHOJIOTHSAX Ipad OIpeleNnsercss Kak HeJIMHEeHHas CTPyKTypa
JMaHHbIX. YTO XKe Torja - JUHEWHas CTPYKTypa JaHHBIX M Ye€M OT HUX OTJIMYAITCsA Trpadbi?
JIuHeliHble CTPYKTYpPBI JAHHBIX XapaKTEPU3YIOTCS TE€M, YTO CBSI3bIBAIOT 3JIEMEHThI OTHOILIEHUSIMU
Tuna "npoctoro coceacTna'. JIMHEHHBIMU CTPYKTYpaMu JaHHBIX SIBJISIFOTCS, HAIIPUMEDP, MAaCCHUBBI,
TaOJIMIIBI, CIIUCKHU, OYEPENIH, CTEKU, CTPOKHU. B IPOTHBOIIOI0KHOCTS UM HEJIMHEHHBIE CTPYKTYpPBI
JAHHBIX - TAaKWe, B KOTOPBIX JIEMEHTHl PaclojararoTcs Ha pas3/IMYHBbIX YPOBHSX HEPAPXUU U
HOJPA3/eNIA0TCsA Ha TPU BUJA: HCXOAHBIE, TOPOXKAEHHbIE U 110100HbIe. UTak, rpad - HenuHelHast
CTPYKTYypa JaHHBIX.

CrnoBo rpag rpeueckoro npoucxoxIaeH s, oT ciioB "mumry", "onuceiBar". M3 Hayana 3Toi
CTaTbU U3BECTHO, YTO MMEHHO OIUCHIBAET rpad: OMMCHIBAET OH OTHOIIEHUS. To ecTb, 1100011 rpad
OINHUCBIBAaET OTHOUIEHUs. M1 HA000POT: J1I000€ OTHOLLIEHHE MOYKHO OIUCaTh B BUjE rpada.

OcHoBHbIE NIOHATHS TeOpHHU rpadoB

OTOT ypoK - BBOJHBIA B T€OpHIO IpadoB, NOITOMY JIHUIIb MEPEUUCIUM €€ OCHOBHBIE
MOHSTHS, 3a0/lHO AHOHCUPYA Jpyrue ypokud Tembl. OJHO U3 LEHTPAJIbHBIX MOHSATHI TEOpUU
rpa¢oB, ONUPAsACh Ha KOTOPOE CTPOSATCS APYTUe MOHITUSA - TOHATHE MHUUACHTHOCTH. pyr Apyry
WHIUICHTHBI JIBE€ BEPINIUHBI rpada, eciau OHM COSIMHEHBI peOpoM; BeplIimHa u pedpo rpada
MHIIMJICHTHBI, €CIIU BEpIIMHA SBJSETCS HAyaloM WM KOHIIOM pebpa. bosiee moapoGHO BHABI
BepIIMH U pédep rpagda ucxoasi U3 MOHATHS MHIMIECHTHOCTH NpPeICTaBJIeHbl B 0TAeJbHOM
ypoxke.

A mHOTHE BUABI rpadoB ONpEeNeNsIIoTCs TeM, Kakue BUABI peédep W/WiM BEPIIUH JTH
rpadsl copepxat. Ha 3TOM OCHOBaHbBI U MOHATUS OPUEHTUPOBAHHOTO M HEOPUEHTHPOBAHHOTO
rpadoB, KOTOpbIMH 00s3aH BIAJETh KaXKIbli OCBOMBIIMH JUCKPETHYIO MaTeMAaTHKy BOOOIIE U
Teoputo rpadoB. EcTh Takxke rpadsl, KOTOpble ONpenensoTcs HEKOTOPBIMHU crenu(uyecKuMu
MPUHLIMIIAMHU TTIOCTPOEHUS], HAallpUMeEp, ABYAOJIbHBIE Tpadbl, KOTOPbIE pa300paHbl Ha 3TOM ypOKe
B naparpade ¢ 3a7a4amH, a Tak’Ke Ha BCE TOM e ypOKe O BHAAX rpagos.

[ToHsITHE MHIIMIEHTHOCTH HEOOXOIMMO U ITPU COCTABICHUH AJITOPUTMOB PELIEHHS] MHOTHX
OpakTUYeCKUX 3anad ¢ rpadamu. Hampumep, MOXKHO O3HAKOMHUTBCS C IMPOrPaMMHOMN
peanuzanueit 00xona B riyouny rpadga, npeacTtaBjieHHOro MaTpuleil MHIUAeHTHOCTH. M es
IpOCTa: MOXKHO JABHUraThCs JIMIIbL Y€pe3 BEPILUHBI, COeNMHEHHBIE pEéOpaMu. A yx eciu péopam
IPUIHCAaHbl Kakue-To 3HaueHus ("Bechl”, Jallle BCEro B BUJAE YHMCENl, TaKUe rpadbl HA3bIBAIOTCS
B3BELICHHBIMM MJIM TOMEYEHHBIMH), TO MOXKHO pEIIaTh CJOXHbIE NPUKIAJAHBIE 3a/lauH,
HEKOTOpPBIE U3 KOTOPBIX YIIOMSHYTHI B 3aBEpILIAIOLIEM Maparpage 3Toro ypoka.

Kuaccnueckne 3a1a4u Teopuu rpadoB U UX pelieHus

OpavH 13 nepBbIX ONMyOIMKOBAaHHBIX MPUMEPOB pabOT MO TEOPUH IpadoB U MPUMEHEHUS
rpa¢os - pabota o "3agaue ¢ Kénurcoeprckumu moctamu" (1736 r.), aBTOpOM KOTOPOIi sIBIIsI€TCS
BbIIarONIMCAa MaremaTuk 18-ro Beka Jleonapn Disiep. B 3amade maHbl peka, OCTpOBa, KOTOPHIE
OMBIBAIOTCA 3TOM pPEKOH, W HECKOJIBKO MOCTOB. Bompoc 3ajgaun: BO3MOXHO JIM, BBIMAA W3
HEKOTOPOTO MYHKTAa, IPONUTH Ka)KJbli MOCT TOJIBKO MO OJIHOMY pa3y U BEPHYTHCS B HayaJIbHBIN
NyHKT? (PUCYHOK HUXKE)

3amaqyy MOXHO CMOJEIHUPOBATH CIEAYIOIUM 00pa3oM: K KaKIOMY Yy4YacTKy CYIIU
MPUKPEIUISETCS OJHA TOYKA, a JIBE TOYKH COCIUHSIIOTCS JIMHUEHW TOTJa W TOJBKO TOTNA, Korjaa
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COOTBCTCTBYIOIHEC YHACTKHU CYIIHU COCAUHCHBI MOCTOM (pI/ICYHOK HMXKE, COCAUHUTCIIbHBIC ITNHUN
HadyepuyeHbl MyHKTUPOM). Takum 006pa3om, MoCcTpoeH rpad.

_————— —;:-.--._.‘

|
I
| I l
S — =

OTtBet Diiyiepa Ha BONPOC 3a7a4l COCTOUT B ciieayromieM. Eciau Ob1 y 3T0# 3agaun ObLIO
MOJIOKHUTEIPHOE pEIICHHE, TO B IOJyYMBIIEMCs Tpade CyIIecTBOBaJl Obl 3aMKHYTBIA IyTh,
npoxoaduii mo péopam M coaepiKalMi Kaxaoe pedpo Tolbko oAuMH pa3. Ecnu cymectByer
TaKOM MyTh, TO y KaXJIOM BEpUIMHBI JODKHO OBbITh TONbKO ué€THOe uucio pédbep. Ho B
HoJy4uBIIeMcs rpade ecTh BEepLUIMHBI, Y KOTOPBIX HedéTHOe uncio pédep. [loaromy 3amaya He
UMEET IMOJI0KHUTEIBHOTO PEIIECHUS.

ITo ycrosiBlIelca Tpaauuuu 3iiepoBeIM rpadom HazpiBaeTcsl rpad, B KOTOPOM MOXHO
000MTH BCce BEPILLIMHBI U IIPU 3TOM IIPOUTH OJJHO PeOPO TOIBKO OAMH pa3. B HEM kaxkas BepiInHa
JIOJDKHA MMETh TOJIBKO 4ETHOE Ynciio pédep. 3a1aua cpeHel TPy IHOCTH Ha 3iIepoBbI Ipadsl - B
matepuaie "OcHoBHbBIE BUIBI TpadoB'.

B 1847 r. Kupxrod pa3paboran Teopuro AEpEeBbEB IS PEIICHUS COBMECTHON CHCTEMBI
JUHENHBIX anreOpanyecKux ypaBHEHMH, O3BOJIIONLYIO HAMTH 3HAUEHUE CUJIbI TOKA B KaXJIOM
OPOBOJHHUKE (Ayre) M B KaXKIOM KOHType »3JEeKTpuueckoil uenu. AOcTparupysicb oOT
JIIEKTPUYECKUX CXEM U Leneid, KOTOpble COJEp)KAaT CONPOTHBIICHUS, KOHJEHCATOPBI,
UHAYKTUBHOCTM U T.I., OH paccMaTpuBaj COOTBETCTBYIOIIME KOMOWHATOPHBIE CTPYKTYpBHI,
coJiepKalllie TOJIbKO BEpIIMHBI U CBsA3U (pE€Opa WM 1Iyru), npuuéM s CBsi3ed HE HYKHO
YUUTBIBaTh, KAaKUM THUIAM 3JIEKTPUYECKHX 3JEMEHTOB OHU COOTBETCTBYIOT. TakuM oOpazom,
Kupxrod 3amMeHn KaXKayIo 3JeKTPUUECKYIO 1IeTIh COOTBETCTBYIOLIMM IrpadoM U Mmokaszai, yTo JiIs
peLIeHHUs] CUCTEMbl YpaBHEHUH HEOOs3aTEeIbHO paccMaTpUBaTh B OTACIBHOCTH KaXKIBIA ITUKII
rpada 3neKTpuYecKou Lemnu.

Komu B 1858 r., 3aHMMasCh YUCTO NMPAKTHUYECKUMHU 3a7ayaMU OPraHUYECKOW XHMMHH,
OTKPBUI Ba)KHBIN Ki1acc rpadoB, Ha3bIBaeMbIX AepeBbsIMHU. OH CTPEMUJIICS IEPEUUCIUTD U30MEPbI
HACBILIECHHBIX YIJIEBOJOPOAOB, C JaHHBIM YHCIOM aromMoB yriepoja. Koamm mpexzae Bcero
chopMynMpoBall 3aJauy adCTPaKTHO: HAMTH YHCIIO BCEX JEPEBHEB C p BEPIIMHAMH, KaXa0€ U3
KOTOPBIX UMEET BEPIIMHBI O cTeneHsaMu | u 4. EMy He ynanock cpa3y pemmTh 3Ty 3a4ady, U OH
CTaJl UBMEHATDH €€ GOPMYIUPOBKY TaKUM 00pa3oM, YTOOBI MOKHO OBLIO PELINTH HOBYIO 337a4y O
NIEPEYNCIICHUN!

e KOPHEBBIX JIEPEBBEB (B KOTOPHIX BBIJEJIEHA OJTHA U3 BEPILUH);

e BCEX JIEPEBHEB;

e JIePEBHEB, Y KOTOPHIX CTENEHU BEPLINH HE MTPEBBILIAIOT 4;

e JIEpPEBHEB, Y KOTOPBIX CTENEHU BEPIUIMH paBHbI | 1 4 (MOCTaHOBKA 3a7aul U3 XUMHH)

&

Pemenue 3apau:

3agaua 1. [lycte A - mHOXecTBO uucen 1, 2, 3: 4 = {1, 2, 3}. Iloctpouts rpad s
oTtoOpaxenus otHomeHus "<" ("MeHbIe'") Ha ’TOM MHOXKECTBE.

Pemenne. OueBuano, uro uncna 1, 2, 3 ciemyeT mpeacTaBUTh B BUJIE BEpIIMH Trpada.
Toraa kaxxayro mapy BepIINH JTOJDKHO COSAUHATh OHO peOpo. Perras 9Ty 3amady, Mbl MPUIILITH K
TaKUM OCHOBHBIM TOHSTHSIM T€OpPHH rpadoB, KAK OPUEHTHPOBAHHbIE U HEOPUEHTHUPOBAHHbBIE
rpa¢si. HeopuentupoBanHblie rpadsl - Takue, pédpa KOTOPHIX HE UMeNu HampaBieHus. Wmu, kak
roBOPAT ewé yamie, MOpsIOK ABYX KOHIIOB peOpa He cyliecTBeHeH. B camom nene, rpad,
MOCTPOCHHBIN B CAaMOM Hadaje 3TOTO ypoKa M OTOOpakaBIIMK OTHOIICHHWE 3HAKOMCTBA MEXKIY
JIOJIbMU, HE HYXK/1aeTCsl B HaIpaBJIeHUIX pédep, TaKk Kak MO’KHO YTBEPKAATh, YTO "UeTIOBEK HOMEP
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1" 3HaKoM c "yenoBexoM Homep 2" B TOM k€ Mepe, Kak U ""'uesioBek HoMmep 2" ¢ "4eI0BEKOM HOMEp
1". B Hammewm jxe HbIHEITHEM MPUMEpPE OJHO YHUCIIO MEHBIIE IPYroro, HO He HaoO0opoT. [ToaTomy
COOTBETCTBYMOIIEEe pedpo Trpada MTODKHO MMETh HAMpaBJICHHE, MOKAa3bIBAIOIIee, KaKoe BCE ke
YHCIIO MeHb1Ie Apyroro. To ecTs, MOpsI0K KOHIIOB pedpa cymiecTBeHeH. Takoii rpad (¢ pé€opamu,
UMEIOIIMH HAMPaBJICHNE) HA3bIBACTCS OPUEHTUPOBAHHBIM rpadoM mim oprpadom.

Hrak, B HamreM MHOXecTBe A 4mciao 1 MeHbIIe yucia 2 M 4ucia 3, a YHUCJIO 2 MEHBIIE
gyrcna 3. OToT (akT oroOpakaem pEéOpamMu, MMEIOIIMMH HAmpaBleHUE, YTO IMOKa3bIBACTCS
crpenkamu. [lomydaem crnemyromnuii rpad:

1

2 3

3agaua 2. [Iycts A - MHOXKeCTBO uncen 2, 4, 6, 14: 4 = {2, 4, 6, 14}. [loctouts rpad mis
OTOOpaXCHHSI OTHOIICHUS "IEJTUTCS HAIEI0 Ha' HAa 9TOM MHOXECTBE.

Pemenue. B aTom npumepe yacte pébep OynyT MMeTh HampaBlieHHE, a HEKOTOpPHIE HE
OyIyT, TO €CTh CTPOUM CMeIIaHHbIA Tpad. [lepednciuM OTHOIICHUS HA MHOXKECTBE: 4 NEIUTCS
HalleJIo Ha 2, 6 AeauTcs Haieno Ha 2, 14 menuTcs Halello Ha 2, ¥ elIé Ka)JI0€ YHMCIIO U3 3TOro
MHO>KECTBA JICJIUTCS HAIIEJIO HAa CaMO ¢e0s1. ITO OTHOIICHHE, TO €CTh KOT/Ia YHCIIO ACITUTCS HAIEIIO
Ha caMo ce0s1, OyzeM oToOpaxarh B Buje pédep, KOTOPhIE COSTUHSIOT BEPIIMHY caMy € COOOH.
Takue péOpa HA3BIBAIOTCS NETIISIMUA. B TaHHOM cliydae HET HE0OXOIUMOCTH JaBaTh HAIIPABJICHUE
netie. Takum 06pazoM, B HaIlIEM MPUMEPE TPU OOBIYHBIX HAIMIPABJICHHBIX pedpa U YeThIpe MEeTIH.
[Tomrygaem cienyromuii rpad:

3apaua 3. [lycte nansl MHOXecTBa 4 = {a, B, Y} u B = {a, b, c}. [loctpouts rpad aus
0TOOpaXeHUsI OTHOLLIEHUS "JIeKapTOBO MPOU3BEICHHE MHOXKECTB" .

Pemenue. Kak n3BecTHO U3 onpeiesieHNs AeKapTOBa MPOU3BEICHHSI MHOXKECTB, B HEM HET
YIIOPSIOYSHHBIX HA0OpPOB M3 3JIEMEHTOB OJHOTO M TOTO XK€ MHOXecTBa. To ecTh B HalieM
OpUMepe HeNb3sl COCIMHATh Tpeyeckre OYKBbI C TPEYECKUMU U JATUHCKUE C JIATUHCKUMHU. DTOT
dbakT oToOpakaeTcs B BUIE IBYAOJIBLHOTO Tpada, TO €CTh TAKOT0, B KOTOPOM BEPIIUHBI Pa3/IeIICHbI
Ha JIB€ YaCTH TaK, YTO BEPIIHHBL, TPUHA/UISkKAINE OJHON U TOH K€ YacTH, HE COSMHEHBI MEKIY
coboii. [Tonydaem caenyromuii rpad:

o a
B b
¥ C
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4. 3agaya KOMMHBOSTKepa

3aaya KOMMUBOSKEpa SBISIETCSA OJHOW M3 3HAMEHMTHIX 3aj]a4 T€OPUU KOMOMHATOPUKH.
Omna 6b1a moctaninena B 1934 roxgy, u 00 He€ 00aMbIBaIi 3yObl JIydlIie MaTeMaTHKH.

[TocranoBka 3a1a4n ClIeyIoIasl.
KommuBoskep (Oponsiuuii Toproseir) JOHKEH BBIMTH U3 MEPBOTO TOPOAA, MOCETHTH MO pa3y B
HEU3BECTHOM Topsiake ropojaa 2,1, 3.n u BepHYTbCS B NEpBbIA ropoj. PaccTosiHus mexny
rOpoZaMy U3BECTHBI. B KakoM MOpsiIKe clieayeT 00XOAUTh ropoia, YT00bI 3aMKHYTHIM YTh (TYp)
KOMMHMBOSDKEpa ObLT KpaTyanuimm?

MeTtoa pelieHus 3a1a4M KOMMHBOSIKepPa

Kaauplii aaropuTm «uau B OJvKalmmi (B KOTOPBIH €11e He BXOIMII) TOPOJI».

«KamHpIM» 3TOT aJIrOpUTM HA3BaH IMOTOMY, YTO Ha MOCJIEIHUX IIarax MPUXOJUTCS
’)KECTOKO PaCIIauuBaTHCS 3a JKaIHOCTbh.

PaccmoTpum 11 mpumepa ceTb Ha PUCYHKE, NPEACTaBISIONYI0 y3kui pomO. IlycTth
KOMMUBOSI)KEp CTapTyeT U3 ropojia 1. ANropuT™ «uau B ONMKalIHi rOpoa» BEIBEAET €T0 B TOPOT
2, 3ateM 3, 3aTeM 4; Ha MOCJIEIHEM Ilare MPUJETCA IUIATUTh 3a >KaJHOCTh, BO3BPAIIASACH I10
JUIMHHOM nuaroHaiu pomOa. B pe3ynbrare momyuuTcs HE KpaTyailliuid, a JIIMHHEHIIU TYp.

5. 3aga4a o Tpex JOMHKAX M TpeX KOJI0Anax

Tpu cocena uMeOT TpU OOIMIMX KoJoALA. MOXHO JIM MPOBECTU HENEPECEKAIOLIUECs
JIOPOKKH OT KaXKJI0TO JIoMa K KaX10My KOJIoI1y?

Jlyist pettieHurs 3TOM 3a71a4K BOCTIONB3yeMCsl TEOPEMOi, Toka3zanHo# JleonapaoMm Ditiepom
B 1752 r. Ecnu MHOTOYTOJIbHUK pa30UT Ha KOHEYHOE YMCIIO MHOTOYTOJIbHUKOB TakK, 4TO JIIOObIE
JIBa MHOTOYT'OJIbHUKA Pa30MEeHNs WM HE UMEIOT 00IIMX TOYEK, MJIM UMEIOT OOII1e BEPILNHBI, WIN
uMeroT olmme pebpa, TO UMeeT MecTo paBeHCTBO : B- P + I'=1, rne B — obmee ymcio
BepiinH, P — oOmee uncio pedep, I' — 4nciio MHOTOYTOIBHUKOB (TpaHei).
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Pemenue. [Ipeanonoxum, 4To 3T0 MOXKHO cAenartb. OTMeTUM JOMUKH Toukamu [1,, J12,
I3, a xomoansl — toukamu K1, K2, K3. Kaxayro TOUKy-IOMHK COCIUHUM C KaXI0M TOUYKOM-
konoznem. [lomyuum neBaTh pedep, KOTOphIE MONMApHO HE MepeceKarTcs. DT pedpa o0pa3yroT
Ha TUIOCKOCTH MHOTOYTOJIbHUK, pa3/ieJIeHHbIN Ha Oojiee MeIKue MHOTOYyrojdbHUKU. [ToaTomy st
3TOro pazOMeHusi JOJKHO BBIMONHATHCS cooTHomIeHue Ditmepa B - P + I' = 1. JlobaBum k&
paccMaTpuBaeMbIM TPaHSAM €lle OJIHY — BHEIIHIOI YacTh IUIOCKOCTH. Torna cOoOTHOIIEHHE
Oitnepa npumet Bug B - P+ ' =2, npuuem B — 6 u P = 9. CnenoBarensho, I' = 5. Kaxnas u3
IISITU TpaHell UMeeT Mo KpaiitHeil Mepe ueThbipe pedpa, MOCKOIBKY 110 YCIOBHIO 3a7]a4ui HU OJTHA U3
JIOPOXKEK HE JOHKHA HEMOCPEICTBEHHO COSUMHATD JIBa JOMa HJIM JIBa KOJoa1a. Tak Kak Kaxaoe
pedpo JICKUT POBHO B JIBYX I'PaHsIX, TO KOJMYECTBO pedep MODKHO ObITh HE MeHbIle 5*4:2=10,
YTO MPOTHUBOPEUYHUT YCIOBUIO, MO KOTOPOMY MX uuciio paBHO 9. [lonmyueHHoe mpoTHBOpeuune
MOKA3bIBAET, UTO HENb35 IPOBECTH HEMEPECEKAIOIINECS JOPOKKH OT KaXJI0Tr0 IOMHUKA K KOKIOMY
KOJIOALLY.

IIpakTnyeckas padora Ne53

Tema 9.3: MHoxecTBO U rpadbl. PeneHue npukiaaHpIX 3a1a49

Hean: HayanThcs ucnonb3oBath rpadsl B IpoheCCHOHATBHON IEATEIIbHOCTH

Teopernyeckasi 4acTh:

Teopus rpadgoB U Ba:kHeillIMe COBPeMEHHbIE IPUKJIAJAHbIE 3212491

Ha ocHoBe Teopuu rpado pa3paboTaHbl METObI pEIICHUS MPUKIIAAHBIX 33724, B KOTOPBIX
B BUJE IpaOB MOJCITUPYIOTCS BEChMa CIIOKHBIC CHCTEMBL. B 3THX MOHENSX Y3JBI COJEpIKAT
OTJIeIbHBIE KOMIIOHEHTHI, a p&Opa 0TOOpakaroT CBSI3U MEXAy KoMHoHeHTamMu. OOBIYHO AJist
MOJIEJIMPOBAaHUS TPAHCIOPTHBIX CETEH, CHCTEM MaccOBOIO OOCIYKHBAaHUS, B CETEBOM
TUTAHUPOBAHUM WCIOJB3YIOTCS B3BELIEHHBIE Tpadbl. MBI 0 HUX YK€ TOBOPHIIH, 3TO rpadsl, B
KOTOPBIM JyraM MPUCBOCHBI BECHI.

I'padbi-nepeBbs MPUMEHSIFOTCS, HAIPUMED, IJIs IOCTPOSHUS AepeBbeB peleHuii (Cyxar
JUISL  aHalli3a pPHUCKOB, aHaJn3a BO3MOXXHBIX TMPUOOPETEHUM U YOBITKOB B  YCIOBHSX
HeonpeaenénHocreit). C  mpuMeHeHueM Teopun rpadoB  pa3paboTaHbl U ApYyrue
MHOTOYHCJIEeHHbIE MaTeMaTHYeCKHe MOJIeJIU I PEIICHUs 3a/1a4 B KOHKPETHBIX MPEAMETHBIX
o0racTsax.

I'padbl 1 3aga4a 0 morokax

[TocranoBka 3amaun. MimeeTcst cuctemMa BOJONPOBOJIHBIX TPYO, MpeacTaBieHHas rpadom
Ha PUCYHKE HUXKE.

3 : 5
— 3
s 2 3 2 2 (T
\ /

4
Kaxnas nyra rpada otoOpaxaer TpyOy. Uwcna Hajg nyramu (BeChbl) - MPOMYCKHAS
CIOCOOHOCTh TPYO. Y3Ibl - MecTa coenuHenust Tpyo. Boga Teu€r mo Tpybam TONBKO B OJHOM
HampaBleHUU. Y3en S - UCTOYHUK BOABI, y3en T - cTok. TpebyeTcss MakCUMU3HPOBATh 00BEM

BOJbI, HpOTeKaI-OHIeﬁ OT UICTOYHHKA K CTOKY.

Jliis petieHus 3aja91 O MOTOKAaX MOYKHO BOCIOJIL30BaThCsl MeTojioM Popaa-DynkepcoHa.
Wnest meroma: MOUCK MaKCHMAaJIbHOTO ITOTOKAa MPOM3BOAWUTCSA MO maraM. B Hadaie paboThI
aITOpUTMAa MOTOK TOJIAraeTCs paBHBIM HYII0. Ha Ka)KIoM MmocIeayIoleM mare 3HaueHue MoToKa
YBCIUYMUBACTCA, MOJId YE€ro MHHIICTCA )IOHOJ'IH?IIOHH/If/i nyThb, Mo KOTOpOMY IOCTYMHAcCT
JOTIOTHUTENBHBIA TOTOK. OTHU IIard TMOBTOPSIOTCS JI0 TeX TOp, IMOKa CYIIECTBYIOT

JOIMMOJIHUTCIIBHBIC ITYTH. 33}13‘13 YCIICHIHO TMPUMCHACTCA B Pa3IMYHBIX pacnpe;lenéHHHx
CHUCTCMaxX:. CUCTEMA BHGKTOCHHG)KGHI/IH, KOMMYHUKAIIMOHHAA CCTh, CUCTEMaA KCIIC3HBIX HOPOT U

JIPYTHUX.
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Pemrenue 3axanuii:
Ha pucynke m3o00paxéH cereBoi rpaduk crpoutenbcTBa. OnpenenuTh HAMMEHBIIYIO
BO3MOKHYIO TTPOJIOJKUTENBHOCTh CTPOUTEIHCTBA.

Mpo=nanxa
IQHI@DHH‘DFG )

MNposnagxa
RO R T

MNpoxnaaxa
goonposcga

MNpoknagxa
»Ew !P“EIN

h

(Y cmammene

I'pad, n300pakeHHBII HAa PUCYHKE, HA3bIBACTCS CETEBHIM TPaUKOM CTPOUTENLCTBA. B
JAHHOM Cllydae OH COCTaBJE€H JUIsl CTPOUTENBbCTBA >KHIOrO Joma. BepmwuHbl 3TOoro rpada
0003HAYAIOT OTJENIbHBIC BUBI paOOT Ha CTPOWKE, KPOME TOTO, €CTh €Ile JIBE BEPIIUHBI: HAYaJIO
CTPOMTENBCTBA U €ro OKoH4YaHue. OKOJI0 BepIInH rpada yka3aHbl Yuciaa — MPOAOKUTENBHOCTD B
JHSX COOTBETCTBYIOMIEH pa0oThl. Temepp MBI MOXXKEM Y3HATh HAUMEHBIIYIO BO3MOXKHYIO
IPOIOJKUTEIBLHOCTh CTPOUTENBCTBA. J[J1s 3TOro 13 Beex myTei 1o rpady B HapaBJIEHUHU CTPEIOK
HYXXHO BBIOpaTh MyTh, Y KOTOPOTO CyMMa 4YHCell IpY BepmuHax HauOombmas. OH Ha3bIBaeTCs
KPUTUYECKUM ITyTeM (Ha PHC. OH BbIJIEJIEH KOPUYHEBBIM I[BETOM). B Hamewm cityuae nomygaem 170
THEW. A eciau COKpaTuUTh Bpemsi Mpokiaiku siektpocetd ¢ 40 mo 10 mguel, To U Bpems
cTpouTenbcTBa Toxke cokparutcs Ha 30 nueit? Her. B aTom ciaydae KpUTHUYECKHid MyTh CTaHET
NPOXOJUTh HE Yepe3 3Ty BEpIIMHY, a 4Yepe3 BEPIIUHBI, COOTBETCTBYIOIINE CTPOUTEIHCTBY
KOTJIOBaHa, yKiajke pyHnamenTta u 1.4. M ob1iee BpeMst ctpoutenbeTBa cocTaBut 160 qHei, T.e.
CPOK COKpatutcs Juinb Ha 10 gHei.

L%
-

IIpakTuyeckas padora Ne54

Tema 9.4: KoutponwsHas pabota mo pazaeny 9 «MHOkecTBa. DIEMEHTHI TEOPUH rpadoBy

Lean: IIpoBepuTh ypoBEeHb YCBOSHUS TAHHOTO MaTepuaia 1o pasaeny 9 «MHoxecTBa.
DneMEeHTHI TeOpUH rpadoB»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yembvlpex
nPeOnNoHCeHHbIX.

1. (1 6amn) YkaxkuTe uncio, mpuHajiexaiiee MHokecTBy M = {5, 10, 12, 37, 41}.

A) 6;b)5;B) 11;T) 40.

2. (1 6amr) YkaxkuTe BepHOE COOTHOIIeHUE st MHOXkecTB A = {5, 9, 11}; B = {4, 5, 10,
11,12}; C=1{4,5,9,11}?

A)AcB;B)BcC;B)AcC;T')CcB.

3. (1 6amr) MomHOCTS, MHOYKECTBA, COCTOSIIIETO M3 BCEX OYKB pyccKoro ajidasura, paBHa?

A)32;b)33; B) 28; I) 26.
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4. (1 6amn) 3akoHunTe ompeaeneHue: «MHOXKECTBO, COAEPIKAIEe TOJBKO TE€ AJIEMEHTHI,
IIPUHAJUIEKAIINE U MHOKECTBY A U MHOKECTBY B, Ha3bIBaIoT ...»?

A) nepecedeHreM MHOXECTB; b) 00bequHeHEM MHOXeECTB; B) pasHOCTBIO MHOXKECTB; )
00bEIMHEHHOCTHIO MHOXKECTB.

Ilpu eévinonnenuu 3ad0anuii 5-8 3anuuwiume x00 peuwieHusA U NOJIYUEeHHbLIL Omeent.

5. (2 6amra) 3anuImMTe MEPEYUCICHUEM IEMEHTOB TepeceueHrne MHOXKECTB A u B, eciu:
A=1{3;57,27;14; 9}, B={9; 3; 7; 27, 14}.

6. (2 6amna) lansel nBa MHOXKecTBa A = {1,2,3,4,6,12} uB={1,2, 3, 6,9, 18}. 3anummure
00beIMHEHNE MHOKECTB.

7. (2 6anna) Kaxpiit yaeHHK B KJIacce U3ydaeT aHTJIMHCKUIA MM HEMELIKHH S3bIK, UITH 00a
ATUX S3bIKA. AHTTIMHACKUH s3bIK U3y4aroT 30 yenoBeK, HEMEIKU — 25 4elloBeK, a TOT U ApYyrou
— 15 uenoBek. CKOIBKO BCErO YUYCHHUKOB B Kjiacce?

8. (2 6amna) Bemmmute Bce aneMeHTsl MHOXKecTBa F, ecnu F — 3TO0 MHOXKECTBO KOpHEH
ypaBHeHHs X> +4x — 5=0.

Omanonvt omeemos:

H
OMP 234 5 6 7 8
3aaHUS
ANB= AUB=
O Bb|B|b|A 40 | F=14{-5;1
TBeT {3;7;14; 27} {1;2;3;4;6;9;12;18} =5 1}

IIpakTnyeckas padora NeSS
Tema 10.3: BeposiTHOCTB B Ipo(heCCHOHAIBHBIX 3a/1a4ax
Heab: HayunTthbes pemaTe NpakTUYECKHE 33]Ja4l HA BEPOSTHOCTD

Teopernyeckas 4acThb:

1. Teopusi BeposiTHOCTell — pa3jen MaTeMaTHKH, U3y4yarollui ciaydaiHble COOBITHS,
ClIy4aiiHble BEJIMYMHBI, UX CBOWCTBA U ONEpalluy HajJ HUMU. PaccMOTpUM HEKOTOpHIE KIIFOUEBbIE
MIOHSITHSL, KOTOPBIE UCIIOJIB3YIOTCSI B TEOPUH BEPOSTHOCTEH.

Onpenesienne.

HcnbiTanuem Ha3bIBacTCs OCYLIECTBICHUE ONPEACIEHHBIX IEHCTBUN.

[Tog coObITMEM MOHUMAIOT JIIOOOW (HAaKT, KOTOPBIM MOXET MPOU30UTU B PE3yibTaTe
WCIIBITaHUSI.

JIr000i1 pe3yabTaT UCTIBITAHUS HA3BIBACTCS MCXOA0M.

JlocTOBepHBIM Ha3bIBalOT COOBITHE, KOTOPOE B pe3ylbTaTe HUCHBITAaHHS 00f3aTeIbHO
NMPOU30HIET.

HeB03MOKHBIM Ha3bIBaIOT COOBITHE, KOTOPOE 3aBeIOMO He MPOM30MIET B pe3ynbpTare
WCITBITAaHUSI.

CoObITust 00bIYHO 0003HAYAIOTCS 3aryIaBHBIMU OykBamu JatuHckoro andasura (A, B, C,
yeut)-

PaccmarpuBas mnpHBeIEHHBIH NpuUMep, MBI MOXeM Cc(OpMYIUpOBaTh CIEAYIOIINE
3aKJIFOYEHUS.

1. Ilponecc nocraBanus MpeaMeTa U3 KOPOOKH SIBIISIETCS UCTIBITAHUEM.

2. PesynbTaT mocTtaBaHus MpeMeTa U3 KOP3UHBI SBIISETCS COOBITHEM.

3. CoObITHE «BBIHYTHIN MPEAMET OKAKETCS KITyOKOM» SIBIISIETCS IOCTOBEPHBIM COOBITHEM.

4. CoObITHS «BBIHYTBIH MpPEIMET HE OKa)XeTcs KIyOKOM» WM «BBIHYTBHIM INpeaMer
OKa)KeTCs KPACHBIM KIIyOKOMY SIBJISIFOTCS HEBO3MOXHBIMH COOBITHSIMHU.

5. CoObiTHE «BBIHYTBHIN MpPEIMET OKaXeTCs 3€JCHBIM KIyOKOM» SIBISIETCSI BEPOATHBIM
COOBITHEM.

D
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A = {BBIHYTBII ITpeIMET OKa3aCs KIyOKOM }.

B = {BBIHYTHII TpeAMET HE OKa3aJICs KIIYOKOM.

C = {BBIHYTBI} TIPEMET OKA3AJICS 3€TCHBIM KITyOKOM } .

D = {BbIHYTHII IpeIMET OKa3aJICs KPACHBIM KITyOKOM } .

2. Omnpenenum e1e HECKOJIbKO BaXKHBIX MIOHATHI TEOpPUN BEPOATHOCTEN

Onpenesienne

IIpocTpaHcTBO 3JIeMEHTAPHBIX COOBITHH {2— MHOMXECTBO BCEX PA3IMYHBIX HCXOJ0B
MIPOU3BOJIBLHOTO UCIIBITAHUS.

Hanpuwmep, npu 6pocke 01HOM UTPabHOM KOCTH MPOCTPAHCTBO HJIEMEHTAPHBIX COOBITUI
Q={wW 1, W2, W3, W4, W5, We}, TJIC Wi- BBITIQJICHHE 1 OYKOB.

Ecnu coObITHS HE MOTYT MPOU3OUTH OJHOBPEMEHHO B OJHOM HCIIBITAHHU, TO COOBITHS
HA3bIBAIOTCS HECOBMECTHBIMH.

Hanpumep, mpu 6pocaHny MOHETHI HE MOT'YT OJTHOBPEMEHHO BhIIacTh «Opém» u «Perikay.

[Ipocreiimmm IpUMEPOM HECOBMECTHBIX COOBITHIA SBIIETCS
napa NpPOTHUBOMOJI0KHBIX COOBITHH.

IIpoTuBonoO/I0KHOE COOBITHE TPOWCXOMUT TOTAQ, KOTAA KMCXOAHOE COOBITHE
A He IIpOUCXOIUT.

Co0bbITHE, MPOTUBOIIOIOKHOE JAHHOMY, OOBIYHO 0003HAUAETCs TOM K€ TATHHCKOM OYKBOM
¢ 4EPTOYKOM CBEPXY.

Hampuwmep:

¢ A — cjai ’K3aMeH 110 MaTeMaTHKe;

e A — He clan 5K3aMeH 10 MaTEMAaTHKE.

Onpenesienne.

IlosHoii rpynmoii coOBITHI Ha3bIBaeTCs Takash CUCTeMa COOBITUH, YTO B pe3yibTare
WCIIBITaHUSI HEITPEMEHHO MPOU30MIET OJTHO M TOJIBKO OJIHO U3 HHUX.

IIpumep .

Mosety noa0pocuiIy ABaXbl. YKaXXUTE BCE AJIEMEHTApHbIE COOBITUS MOJHON T'PYIIIbI
COOBITHIA.

DneMEHTapHBIMHU COOBITHSIMU SIBIISTFOTCSI:

- Beinasno aBa «opna»

- Beimano nBe «pemkm»

- Beinan oauH «open» 1 0JJHa «peIKa.

3. UToOB! BBIICHUTH, HACKOJIBKO BEPOSITHO TO WM MHOE Cly4ailHOe COOBbITHE, HYXHO
MO/ICUNTATh, KAK YaCTO OHO MPOUCXOIMT.

Onpenesienne.

Uucno ucnbITaHuM, B KOTOPBIX COOBITHE HACTYIHUIIO, HA30BEM A0COJIKTHON 4aCTOTOI M
0003Ha4uM n. OO0IIee YUCIIO MPOU3BEACHHBIX UCTIBITAaHUM 0003HauyuM N.

OtHomieHne aOCOMIOTHOM YacTOTHI K 4YHMCAy UCObITaHUH n/N  Ha3pIBaeTcsi
OTHOCHTEJIbHOM YaCTOTOM COOBITHS.

OTHocuTeNnbHAs 4YacTOTa I[IOKAa3bIBAaeT, Kakas JOJisi HCIbITAHUW  3aBEpIIMIIACh
HACTYIUICHHEM JIaHHOTO COOBITHS. DTa OTHOCUTENbHAs 4acTOTa M OINpeelisieT BepPOsiTHOCTH
cJIy4aitHoro co0bITus. Ee emie Ha3bIBaIOT CTATUCTUYECKON BEPOSITHOCTHIO COOBITHS.

Crartuctrdeckasi BEpOSITHOCTh COOBITHSI PACCUYUTHIBAETCS OTBITHBIM ITyTEM.

IIpumep.

Eme co Bpemen /[IpeBHero Kutas 3a 2238 ner 1o Hamie 3pel HA OCHOBAaHWHM METPHUK
nemorpadsl 0OHAPYKUIIH, UTO Ha KXKAYIO THICSYY HOBOPOXKIEHHBIX MIPUXOAUTCSA 514 MaIb4uKOB.

DTO 03HaYaeT, 4To BeposSTHOCTh poxkaeHus: Majibunka coctaBiisieT 0,514.

1. Knaccuueckoe omnpeneneHue BEPOSITHOCTH NPUMEHSETCS HJii PaBHOBO3MOKHBIX
COOBITHIA.

K paBHOBO3MOXXHBIM (PaBHOBEPOSITHOCTHBIM) OTHOCSTCSI TaKHE COOBITHS, JIJISI KOTOPBIX
HET HUKAKUX OOBEKTHUBHBIX OCHOBAHHM CUMTATh, YTO OJHO SIBJISETCS 0OJiee BO3ZMOXKHBIM, YEM

JpyTHe.
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Hanpuwmep, npu OpocaHuu UrpaibHOTO KyOHMKa COOBITHS BBINAACHUS JTIO00T0 M3 OYKOB
PaBHO BO3MOXHBI.

PaccMoTpuM 1pou3BOIBHBIN SKCIIEPUMEHT.

[Iyctb n- ymClIO BCEX HCXOJOB JKCHEPUMEHTAa, KOTOPbIE O0pa3yloT MOJIHYK TPYIILY
MIOTIAPHO HECOBMECTHBIX M PABHOBO3MOKHBIX COOBITHI, M — YUCIIO OJIarONpHUATHBIX COOBITHIO A

P(4) ==

ucxo/0B. Torga BepoSTHOCTHIO COOBITHA A Ha3bIBAETCS YHCIIO 7

CornacHo ompeneNeHnuI0 BepOsTHOCTH HauMEHbIlee 3HAYCHUE BEPOSTHOCTU NMPUHUMAET
HEBO3MOXKHOE COOBITHE, TaK KaK OHO HE MOKET HACTYIUTh U 71 Hero m=0, 3HAYUT U BEPOATHOCTh
paBHa 0.

Haubonpiiee 3HaueHWe MPUHUMAET AOCTOBEpHOE coObiTMe. B cmiy Toro, 4ro oHO
rapaHTHPOBAHHO MPOU30MUIET, A1 HETO m=n, P=m/n=n/n=1.

2 .Cymmoii coOwbitrii A u B Ha3zwsiBaeTcs coObiTHe A+B, KOTOpOE COCTOUT B TOM, YTO
HACTYNIUT WM coObITHE A, WM coObiTie B, Hitn 006a COOBITHS OJTHOBPEMEHHO.

IIponsBenennem cobwiTuii A u B Ha3piBaetcs coObiTe A°B, cocrosiiiee B COBMECTHOM
OCYyIIEeCTBIEHUH coObITUI A 1 B.

Hampuwmep:
1. Ilycte A - uaer noxnab, B - uner cHer, Torna A + B — «ueT CHer uim T10XKIb»
2. Ilpu 3-x BBICTpENIaX IO MHIICHH COOBITHSA: Ao — «IomagaHuil HET», A1 — «OJIHO

nonagaHuey, Ar — «IBa momamaHusy, Toraa A=A¢tAitA: - «Ipou3onuio He OoJblle ABYX
omnaJgaHuiy

3. Ilycts C - u3 ypHbI BeIHYIH Oenblii map, D - u3 ypHbl BeIHYIU Genblii map, Toraa C-D -
U3 YPHBI BBIHYJIU JBa O€JbIX 11apa

4. Tlycts C - u3 ypHBI BEIHYIH Genblii map, D - u3 ypHsI BeIHYIH Genbiit map, Toraa C [
*- U3 YPHBI BbIHYJIM J[Ba L1apa: OeJiblii 1 He Oenblii

Teopema c10:keHUs1 BEPOATHOCTE HECOBMECTHBIX COOBITHI: BEPOSTHOCTD IOSIBIICHUS
OJIHOTO M3 /IByX HeCOBMECTHBIX COOBbITUI A min B paBHa cymme BeposiTHOCTEN 3TUX COOBITHI:

P(A+B)=P(A)+P(B)

IIpumepsl 1 pa3dop pelieHus 3aJaHUI TPEHUPOBOYHOI0 MOIYJIA

IIpumep 1.

N3BecTHa HcTOpUS O TOM, Kak OHax bl K ['. ["asniiero sBUiIcs conaat v onpocuiI HOMOYb
€My B pellIeHUH HACyIIHOro BoIpoca: Kakas cymMma 9 wiu 10 oukoB mpu OpocaHuu Tpex KocTei
BBITaaeT Jaie”?

MoskeT nmokas3aTbCsi, 4YTO IIAHCBI PaBHBI, TaK Kak Kaxkaas cymma u3 9 u 10 o4koB MOXKeET
OBITH IIOJTyY€HA OJJHUM MX IIECTH CIOCOOO0B:

9=1+24+6=1+3+5=1+4+4=2+2+5=2+3+4=3+3+3;

10=1+3+6=1+4+5=2+2+6=2+3+5=2+4+4=3+3+4.

OpHako ¢ ydyeToM IEpPECTAHOBOK I CyMMBI 9 OYKOB MOJy4aeTcsl 25 pazIudyHbIMU
criocobamu (110 6 crmoco60B 7151 IEPBOTO, BTOPOTO, MATOTO BAPUAHTOB CYMMBI, 11O 3 crioco0a Jis
TPEThEro M YeTBEPTOro BapuaHToOB, 1 crocol ams nmocieanero Bapuanta 6 +6+3+3+6+ 1), a
1utst cyMMbl 10 oukoB — 27 paznuusbiMu ciocobamu (6 +6 + 3 + 6 + 3 + 3). Kak BugHO, maHchl
3THUX CIYYalHBIX COOBITUI TOBOJIBHO OJIM3KU MEXTy COOOM U OTHOCATCS APYT K IpYTy Kak 25:27,
YTO U BBI3BAJIO 3aTPYAHEHHS COJlaTa.

Taxum oOpa3om, yaie Beinagaer cymma 10.

IIpumep 2. B cpennue Beka cpenu peomanbHOM 3HATH OBUTH IMIMPOKO PaCIpOCTPAHEHBI
azapTHble UTpbl. bonbimM mroduTenemM Takux urpa Osl1 ppaniry3 mesanbe 1e Mepe. CTpacTHOrO
UTPOKa B KOCTH, MPUABOPHOTO (GPaHIly3CKOT0 KOPOJIs HIeBaJibe e Mepe MOXKHO OTHECTH K YUCITY
«OCHOBATeJIEN» TEOPUH BEPOATHOCTEN. 3aciIyra €ro COCTOUT B TOM, YTO OH HACTOMYMBO 3aCTaBIISLI
MaTeMaTUKOB pellaTh pa3jMyHble 3a/ladd, Ha KOTOphle HATaJIKMBAJICA caM BO BpeMs CBOEi
npakTukd urpsl. OH XOTen pa3zborareTh NMpU MOMOIIM UTPHl B KocTU. [lyg 3TOro meBaibe
IIPUAYMBIBAJ PA3JIMYHBbIC YCIOXKHEHHBIE INpaBuiaa Urpel. CTpacTHOMY MIPOKY, HO IUIOXOMY
MaTeMaTuKy, e Mepe noc4yacTiIMBUIOCh UMETh TAKOro Apyra, kak Ilackans. B 1654 r. meBanbe

180



ne Mepe oOparuica k bresy Ilackamio 3a moMoIbi0 B paspelieHuu NpoOseM, CBSI3aHHBIX C
BEPOATHOCTHIO OJIArONMPUSITHBIX PE3YIbTATOB MPU OPOCAHUN UTPATBHBIX KOCTEH.

Onna w3 3a1a4 ObUIa MOCTaBJIEHA CIEAYIOIIMM oOpazoMm: MrpanbHas KOCTh OpocaeTcs
yeTbipe pasa. llleBanbe Ouscs 06 3akiiaj, 4To MpU 3TOM XOTs Obl OJIMH pa3 BBINAJET HIECTh OUKOB.
KakoBa BepoSATHOCTb BBIMTPHIIIA JUIA [I€Bajbe? OTBET OKPYTIUTE J0 JACCATHIX.

Pemenue:

Tak kak npu KaX10M OpOCaHUU UTPATBLHON KOCTH UMEETCs 6 pa3IMYHBIX BO3MOKHOCTEH,
TO MPHU YEThIPEX OPOCAHUIX KOCTH YHCIIO PA3IUYHBIX BO3MOXHBIX cilydaeB Oyner 6 - 6 - 6 - 6 =
1296.

Cpemu stux 1296 cimydaeB Oyaer S - 5 - 5 - 5 = 625 Takux, r/1€ mecTepka HE BbINAACT HU
pasy.

B 1296 — 625 = 671 cnayuyae XoTs Obl OJMH pa3 M3 YETHIPEX BBINMAJACT IIECTEpPKa.
CrnenoBarenbHO, BEPOSITHOCTD BBIMAJCHHUS XOTs OBl OJTHOW HIECTEPKH MPH YETHIPEX OpOCaHMIX
KOCTH paBHa 671/1296, yto uyTs 60:mb11e 0,5.

Pemenue 3ananuii:

1. U3 1000 coOpaHHBIX HA 3aBO/ie TEJIEBU30POB 5 IITYK OPAaKOBAHHBIX. JKCIEPT
NMpoBepsieT OAMH HAYra/J BbIOpaHHbIN TesieBU30p U3 310l 1000. HajinnTe BEpOSITHOCTH
TOr0, UTO NIPOBEPsieMbIil TeJIEBU30P OKAKeTCS OPAKOBAHHBIM.

Pewenue. Ilpu evibope menesuzopa nayeao 6o3modichvl 1000 ucxooos, coovimuro A
«8bLOPAHHDLL MeNesU30p — OPAKOBAHHBLILY Oaazonpusmusl 5 ucxo0os. Ilo onpedenenuio
seposmruocmu P(4) = 5+1000 = 0,005. Omsem. 0,005.

2. B ypHe 9 KkpacHBbIX, 6 KEITbIX U 5 3e/1€HBIX 1IapoB. U3 ypHBI HAyraja 10CTaloT
oauH map. Kakopa BepoOsiTHOCTb TOI'0, YTO ITOT ILAP OKAMKETCS KEITHIM?

Pewenue. Obwee uucno ucxo0os pasno wuciy wapog: 9 + 6 + 5 = 20. Yucno ucxooos,
bnazonpusamcmeayouwux 0aHHomy codbvimuio, pasHo 6. Mckomas eeposmnocms pasna 6+20 =
0,3. Omegem: 0,3.

3. llers, Buka, Karsa, Uropb, AuTOH, [los1MHA Opocniin :Kpednii — KOMY HAYHHATH
urpy. Haiigure BeposTHOCTH TOr0, YTO HAYUHATH UTPY A0JKEH OyIeT MATbYHK.

Pewenue. Beposmuocms cobvimus pasHa OmMHOUWIEHUIO KOAuvecmea O1a2onpusimHulx
cyyaes K Koauuecmsy ecex cayuaes. brazonpusmuvivu cayuaamu aensaromces 3 caydas, Ko2oa uepy
Hauunaem Ilems, Heopv unu Anmon, a konuwecmeo ecex ciayuaes 6. Ilosmomy uckomoe
omHoweHue pasno 3:6=0,5. Omsem: 0,5.

4. B yemnuonare mupa y4acrBylwT 16 xomana. C nmoMompblo Kpedus MX HY’KHO
pa3aeJuTh HA YeThIpe I'PYNNblI MO YeThbipe KOMaHAbl B Kaxaoil. B simuke Bnepememky
Jie)KaT KapTo4kW ¢ Homepamu rpymm: 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4. Kanurans!
KOMaH/ TAHYT MO oAHOH KaprTouke. KakoBa BeposiTHOCTH TOro, 4ro komanaa Poccuu
OKaKeTcs BO BTOPOii rpynme?

Pewenue: Oboznauum uepez A cobvimue «xomanoa Poccuu 6o emopou epynney. Toeoa
KOIUYecmao O1a20npusimuulx cooblmuil m = 4 (uemvipe KapmouKu ¢ HOMepom 2), a ooujee 4ucio
PABHOBO3MONCHBIX cobbimutl n = 16 (16 kapmouex) no onpedeneHuro 6eposmHoCmu P=4:
16 = 0,25. Omsem:0,25

5. Ha kaxabie 1000 31ekTprYecKUX JJaMIIO4eK npuxoaurcs S OpakosanHbix. Kakosa
BEPOSITHOCTH KYNIUTh HCIPABHYIO JIAMIIOYKY?

Pewenue. Ha xasxcovie 1000 namnouex npuxooumcsi 5 Opakosanmuwix, ececo ux 1005.
Beposamuocms kynumv ucnpaguyro aamnoyky 6Oyoem pasHa 001e UCHPABHBIX JIAMNOYEK HA
kaxcovle 1005 namnouex, mo ecmo 1000:1005=0,995.0Omesem. 0,995.

7. B rpynmne TypucroB 8 4yesnoBek. C moMoub1o :kpedusi OHM BHIOMPAIOT LIECTEPbIX
YyeJIOBEK, KOTOPbIEe J0JKHBI HITH B CeJI0O B Mara3u 3a npoaykramu. Kakosa BeposiTHOCTH
TOro, 4To TypHcT /I., BXOAAIIMII B COCTAB rPyNNbl, NOiHAET B Mara3un? 6 : §=0,75.
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8. B uemnuonare no ¢gyrooay ydacrBywT 16 KoMaHA, KOTOpbIe KepeObeBKO
pacnpenenasitorcss Ha 4 rpynnbsi: A, B, C u D. KakoBa BeposiITHOCTH TOro, 4T0 KOMaH/a
Poccuu He monajgaer B rpynny A?

Pewenue. Kasicoas komanoa nonadem 6 epynny ¢ eeposmuocmoio 0,25. Takum obpazom,
8EPOAMHOCMb MO20, YUMo KOMaHOa He nonadaem 6 epynny pasna 1-0,25=0,75. Omeem:0,75

9. Ha TypHup no maxmaram npuobuio 26 yuactHukos B ToMm unciie Koss u Tous.
Jliis1 mpoBe/ieHNs KepedbeBKH NMEPBOro Typa YYACTHUKOB CJIy4ailHbIM 00pa3oM pa3ouiu
Ha ABe rpynnsl mo 13 yesoBek. HaiiTu BepossTHOCTH TOro, uro KoJsist u ToJsist monaayrt B
pa3Hble rPpynmbl.

Pewenue. Bceeo 26 mecm. [lycmo Kons 3aiimem cuyyaiinoe mecmo 6 ito0ot epynne.
Ocmanemcs 25 mecm, u3 nHux 6 opyeou epynne 13. Hcxooom cuumaem 8vi60p mecma ons Tonu.
braconpusmuvix ucxooos 13. P=13/25 = 0,52. Omeem:0,52

10. B xn1acce 16 yuammxcsi, cpean HuX ABa Apyra —Baaum u Cepreii. Yuyammxcs
cJIy4ailHbIM 00pa3oM pa3ouBaOT Ha 4 paBHble rpynnbl. Haligure BeposITHOCTH TOT0, YTO
Baaum n Cepreii okaskyTcsi B 0HOM rpyIie.

Pewenue. Ecnu Cepzero nepeomy oocmanoce Hekomopoe mecmo, mo Onezy ocmaémces 15

mecm. W3 nux 3 — 6 motl sice epynne, 20e Cepeetl. Uckxomas eeposmuocms pagua 3/15. Omeem: 0,2

IIpakTuyeckasi pabora NeS56
Tema 10.3: BeposiTHOCTE B Ipo)eCCHOHATBHBIX 3a/1a9aX
Henab: HayunThcs pemaTh 3a1a4u Ha MCMOJIB30BaHUE BEPOSTHOCTU B MPO(HECCHOHATBEHOM
JESTSIIbHOCTH

Teopernyeckas 4acThb:

OCHOBBI TEOPUU BEPOATHOCTEW HY)KHO 3HATh KaKIOMY YeNIOBEKY A (HOpMHpOBaAHUS
MPaBUIBHOTO MHPOBO33PEHHS, JJISI OCO3HAaHUS TOTO, YTO MBI JKHBEM B CIy4allHOM,
BEPOSITHOCTHOM MHpE.

[Icuxomnorus yenoBeka TakoBa, YTO €My HEYIOTHO cpeau ciay4ailHocTed. OH kaxaer
OTIPEZICIEHHOCTH U CIPABEATUBOCTH, WINET MPUYMH M OOBsicHeHWH. YacTo TakuM oOpazom
BO3HHMKAIOT CyeBepHUs: HAIPUMED, cpeau ahpUKAHCKUX TIJIIEMEH PACIpOCTPAHEHO MOBEPHE O TOM,
4TO OBIBAIOT MPOCTO JbBHI M JIbBBI, B KOTOPBIX MepecenuiInch aymu ymepmux. [locnennue Ha
o7l He HamagarT. JTo OOBSICHEHHE HE HEeceT MOJIe3HON HH(pOpMalluu, MOCKOJbKY HET
MPU3HAKOB, 110 KOTOPHIM 3apaHee MOXKHO ObLIIO OBl OTPEAETUTh, U3 KaKOi KaTeropuu JieB, HO OHO
YCIIOKanWBAaET MCUXOJIOTHYECKU. TOYHO TaK ke MOSBISIOTCS U3BECTHHIE BCEM CYEeBEPHS MPU Caue
sK3aMeHOB. HekoTopeie cyeBepus, KCTaTH, OCHOBAHBI Ha YaCTOTHBIX COBIAJCHUIX (HAIpHUMeED,
MEJIKUX HEMPHUSATHOCTEH M BCTPEU C YEPHOM KOIIKOM). DTO OTHOCUTCA U K NMPUMETaM, KOTOPbhIE
MOpOM MOAMEYAIOT BEPOATHOCTHBIE 3aKOHOMEpPHOCTH. Tak, moroBopkam «bena Hukorga He
NPUXOAUT OHa» uiu «Ku3Hb, OHA MoJIocaTas COOTBETCTBYET B TEOPUU BEPOSITHOCTEH 3aKOH
CEpU.

Crnenyetr MOMHHTH U TO, 9YTO MBI )KUBEM B MUPE, T/I€ MPOUCXOIAT CIydaliHbIe COOBITHS, U
TO, YTO 3aKOHOMEPHOCTH MPOOUBAIOTCS Uepe3 Maccy cirydyaitHocTeil. UeM crokHee cuctema, TeM
TpyZHEEe OOHAPYKUTh 3aKOHOMEPHOCTH. IMEHHO B 3THX ClTydasx W UCIOJB3YIOT BEPOSITHOCTHBIC
METO/IBI.

Takum oOpa3zoM, TeOpHs BEPOSTHOCTH aKTyalbHa B HAIIIM JHU KaK B MAaTEMATHUKE U TOYHBIX
HayKax, TaK U B Halleil MOBCEIHEBHOM KU3HHU.

Teopus BeposTHOCTEH H3ydaeT OOBEKTHBHBIE 3aKOHOMEPHOCTH MACCOBBIX CIy4alHBIX
coObiTuii. OHa SBIsETCS TEOpeTHUeCKOM 0a30il Ayii  MareMaTH4ecKOoW CTaTUCTUKH,
3aHUMAIOIIEHCs pa3paboTKON METOI0B cOOpa, ONMCAaHUS M 00paOOTKU pe3yIbTaTOB HAOIIOICHU.
[Tyrem HabOmoneHU (UCOBITAHUN, DKCIIEPUMEHTOB), T.€. OIBITA B HIMPOKOM CMBICIE CIIOBA,
MIPOUCXOAUT IMO3HAHUE SIBJICHUM AEHUCTBUTEIBLHOTO MUPA.
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Pemrenue 3axanuii:

1. B mara3zune Tpu npoaasua. Kasxkabiii 13 HUX 3aHAT ¢ KJIMEHTOM € BEPOSITHOCTHIO
0,3. HaiiquTe BepOATHOCTH TOI0, YTO B CJAy4YaiiHbIi MOMEHT BPpeMeHH BCe TPH MpoJaBLA
3aHAITHI O/ITHOBPEMEHHO (CYUTAlTe, YTO KJIMEHTHI 3aX0AAT He3aBHCUMO JAPYT OT APyra).

Pewenue. Beposmnocms npoussedeHusi He3a8UCUMBIX COOLIMULL PABHA NPOU3BEOEHUTO
seposimHocmetl omux coovimuil. I[loamomy 6epoamuocms mozo, Yymo 6ce mpu npooasYa 3aHsmMuol
pasna (0,3)> = 0,027. Omeem: 0,027.

2. B marazuhe crofiT ABa IVIATEKHBIX aBToMara. Kamkapld M3 HHUX MOKET OBITH
HeucnpaBeH ¢ BeposiTHOCTBIO (0,05 He3aBucuMo oT jApyroro astomara. Haiigure
BEPOSITHOCTH TOT0, YTO XOTH ObI O/INH ABTOMAT HCIPABEH.

Pewenue. Hatioem éeposamnocms mo2o, umo Heucnpagrvl 0oa asmomama. Imu coobimusl
He3asucumvle, 8epOAMHOCb UX NPOU3BEOCHUSl DABHA NPOU3BEOCHUI0 6ePOAMHOCMEl dMUX
coovimuti: 0,05 - 0,05 = 0,0025. Cobvimue, cocmosuee 8 mom, Ymo ucnpagen xoms Ovl 0OUH
asmomam, NPOMUBONONOINHCHOE. Cnedosamenvho, e2o 8€POSMHOCMb pasHa
1 —0,0025 =0,9975. Omsem: 0,9975.

3. B ToproBom meHTpe ABa OJAMHAKOBBIX aBTOMAaTa MpoaarwT kode. BeposiTHOCTH
TOro, YTO K KOHILYy JHSl B aBTOMAaTe 3aKOHYMTCS Kode, paBHa 0,3. BeposiTHOCTH TOr0, YTO
Ko(e 3aKOHYMTCA B 000uX aBTOMAaTaX, paBHa 0,12. Haiigute BepoSITHOCTH TOT0, YTO K KOHILY
aHs1 Ko(e ocTaHeTCsA B 000X aBTOMATAX.

Pewenue. Paccmompum coovimueA = koghe 3axonuumces 6 nepgom aemomame, B = koge
3aKOHYUMCSL 80 8MOPOM agmomame.

Beposmnocms moeco, umo koghe ocmanemces 6 nepsom asmomame pasrwa 1 — 0,3 = 0,7.
Beposmuocms moeo, umo xoghe ocmanemcs 6o emopom asmomame pasua I — 0,3 = 0,7.
Bepoamunocms moeo, umo koghe ocmanemcs 6 nepsom uiu GMOPOM A8MOMAMe pPAHA
1 — 0,12 = 0,88. l[lockonvky P(A + B) = P(A) + P(B) — P(A'B), umeem: 0,88 = 0,7 + 0,7 — x,
omxyoa uckomas eeposmuocms x = (0,52. Omeem: 0,9975.

4. Iee ¢adpuku BBINYCKAIT OJUHAKOBbIE CTEKJIA /IS ABTOMOOMJBHBIX (ap.
IlepBasi ¢adpuxa BbImyckaer 45% 3Tux crekoJs, Bropas — 55%. IlepBas ¢aOpuxa
BbIycKaeT 3% OpakoBaHHBIX cTeKo0J1, a BTopass — 1%. Haliqute BeposiTHOCTH TOro, 4YTO
CJIy4aiiHO KyNJIeHHOE B Mara3uHe CTEKJI0 0Ka)KeTcsl OPaKOBaAHHBIM.

Pewenue. Bepoamuocmv moeo, umo cmekno KynieHo Ha nepeou ¢habpuke u OHO
opaxosannoe: 0,45 - 0,03 = 0,0135. Beposmnocms mo2o, 4umo cmexio KYNnieHo Ha 6mopou
¢abpuxe u ono oparxosannoe: 0,55 - 0,01 = 0,0055. [losmomy no ghopmyne nornoi 6epossmuocmu
8EPOSIMHOCMb MO20, YMO CIYYAUHO KYNIEHHOEe 8 MAa2d3uHe CMeKI0 OKAXCemcsi OpaKO8aHHbIM
pasna 0,0135 + 0,0055 = 0,019. Omsem: 0,019.

S. Ilpu M3roToBJICHMH NMOAIIMIIHMKOB AMaMeTpPOM 67 MM BepOSITHOCTbH TOr0, 4TO
auaMeTp OyaeT OTJMYATHCA OT 3aJaHHOr0 He Oojibmie, yem Ha 0,01 mMm, paBua 0,965.
Haiinure BeposITHOCTH TOr0, YTO CJHYYAHHBIA MOAIUITHUK Oy/leT MMeTh JUaMeTP MeHbIIIe
yeM 66,99 MM niau 6oabiie yem 67,01 mm.

Pewenue. Ilo ycnosuro, ouamemp noowunnuxa 6yoem nedxcams 8 npeoenax om 66,99 oo
67,01 mm c seposmuocmoiro 0,965. [loomomy uckomas 6eposmHOCHb NPOMUBONOTOHCHO2O
coovimus pasna 1 — 0,965 = 0,035. Omsem. 0,035.

IIpakTnyeckas padora NeS7
Tema 10.5: 3agaun MaTeMaTHYECKOU CTaTUCTUKU
Heab: HayunThes pemaTh 3aa4d MaTeMaTUYECKOM CTaTUCTUKA

Teopernyeckas 4acThb:

MareMaTH4eCKOM CTATHCTHMKOM HA3bIBAaeTCA HayKa, 3aHUMAIOLIASACA METOAaMH
00pabOTKHM HKCIEPUMEHTAIBHBIX JaHHBIX, IOJyYEHHBIX B pe3ylbTaTe HAOMIOACHUN HaJ
ciydaiiHbIMU siBIeHUsIMH. [lepBas 3a1a4a MaTeMaTHYECKOM CTaTUCTUKU: yKa3aTh CIOCOOBI cOopa
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U TPYIIHAPOBKYU CTATUCTUYECKUX IAHHBIX, ITOJIYYCHHBIX B PE3yJbTAaTe 3KCIEPUMEHTOB. Bropas
3ajjaya MaTeMaTUYeCKON CTaTUCTUKU: pa3padoTaTh METObI aHAIM3a CTATUCTUYECKUX JTaHHBIX.

Ko BTOpOIii 3a1aue oTHOCATCA:

1. OneHka HEM3BECTHBIX MAPAMETPOB (BEPOSITHOCTU COOBITHS, (QYHKIIUU pacIpeaesieHIs
U €€ IapaMeTpoB U T.[.) C [IOCTPOEHUEM JOBEPUTEIbHBIX HHTEPBAIOB (METO/Ibl OLIECHUBAHUSA).

2. IlpoBepka CTaTHUCTUYECKUX THIIOTE3 O BUAE HEU3BECTHOIO paclpeiciieHuss Hu
apaMeTpoB pacipenesieHus: (MeTO bl IPOBEPKU TUIIOTES).

IIpu 3TOM perraroTces caeayoUIe B MOPSIIKE CI0KHOCTU U BaXKHOCTH 3aa4u:

e OmnucaHue sBIEHUH, TO €CTb, YINOPSJOYEHHE IOCTYNUBLIETO CTATUCTUYECKOTO
MaTepuaia, peICTaBIeHUe ero B Hanboee yIo0HOM JiyIsl 0003pEHHUsS U aHalIM3a BH e (TaOIHIIbI,
rpadukm).

e AHanu3 M MPOTHO3, TO €CTh NPUOJMKEHHAS OLEHKA XapaKTePHUCTUK HAa OCHOBAHHUH
CTaTUCTHUYECKUX NaHHbIX. Hampumep, npuOnukéHHas OLIEHKa MaTEeMaTH4ECKOTro OXHJIAHHS U
JUCIIEpCUU HaOJI0JaeMOM CIIy4aiiHOM BEJIMYMHBI U OINIPEIEICHUE TOIPEIIHOCTEN 3TUX OLICHOK.

o BripaGorka ontumanbHbIX pemeHuil. Hampumep, ompenesneHue 4yuciaa ONBITOB N,
JOCTAaTOYHOTO JJIsl TOTO, YTOOBI OIIMOKA OT 3aMEHBI TEOPETHUECKUX YHUCIOBBIX XapaKTEPUCTHK UX
SKCHEPUMEHTAJIbHBIMM OLIEHKAMHU HE IIPEBbIIlIANa 3a/JaHHOrO 3HaueHus. B cBA3M ¢ 3TUM
BO3HHUKAET 3ajaua MPOBEPKH MIPaBAOII0A00MsI TUIIOTE3 O MapaMeTpax paclpeesIeHUs U 0 3aKOHaX
pacrpesiesieHus] ClIy4ailHOM BEJIMYMHBI, PELIEHHEM KOTOPOH SBISETCS BO3MOXHOCTb CHAEIaTh
OJIUH U3 BBIBOJIOB:

— OTOPOCUTH TMIIOTE3Y, KaK IPOTUBOPEYALYIO ONBITHBIM JJAaHHBIM;

— MPUHSTH TUIIOTE3Y, CYNTATH €€ IPUEMIIEMO.

MaremaTnueckasi CTaTUCTHKAa IIOMOTaeT HKCIEpUMEHTATOpy Jiydlle pa3o0parbcsi B
OTBITHBIX JAHHBIX, TMOJYYEHHBIX B pe3yjibTaTe HAONIOACHUH HaJ CIy4alHBIMU SIBICHHUSMU;
OLIEHUTb, 3HAUUMBI UJIM HE 3HAUUMBI HAa0JI0/JaeMble (PaKThl; IPUHATH WIM OTOPOCUTH T€ WU UHBIE
TUIIOTE3BI O MIPUPOJIE CITYUANHBIX SBJICHUMN.

Pemenue 3agau:

3agaua 1.

Ha sx3amMeHe 110 UICTOpUH CTYIEHTHI OJYYHIIN OLICHKH:

344434

343544

552323

344533

545444

[TocTpouTh IUCKpPETHBIN BapUALIMOHHBIA Psiji paclpesesieHus: CTYJEHTOB Mo OajuiaM U
n300pa3uTh ero rpaguyecKu.

Xox pelieHus 3a1aum:

OnpenensieM 21EMEHTHI psijia pacIpeeIeHNs: BApUAHTBI, YaCTOTHI, YACTOTHI.

Orenka, 0amutpIKOoI-BO CTYZCHTOB C TAKOM OIIEHKOM, 4eI0BEK|B MpoIreHTax K UTOTYj
2 2 6,7

3 9 30

4 13 43,3

5 6 20

MToro 30 100

Tenepy rpadguuecku u300pa3uM AMCKPETHBIM psii pacmpeleieHus: B BUAE MOMIIOHA
pacupeneneHus.
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Kon-o cTYHeHTOE B 4
TOUEHT &% K HTOTY
] TIQIMHIOH PacIIpe e eHHA
0T !
30 -————- i
20 === 13
o
o4 -
[ | 1 | -
I >
01 2 3 4 5 X  OIeHKa, 0aIsI

MoxHO caenaTh BBIBOJ O TOM, YTO IIpeodiaaromiee O0NbIINHCTBO CTYAEHTOB MOJIyYHIIO
«» (43,3 %).

3amgaua 2.

Bo Bpemst BEIOOpOYHOH MPOBEPKH OBLIO YCTAHOBIEHO, YTO MPOJOIKUTENILHOCTD OJTHON
HNOKYIIKU B KOHJUTEPCKOM OT/eJie Mara3uHa Obl1a Takou: (CEeKyH/Ibl).

7770 82 81 81

82758071 80

8189756778

737678 73 76

82 69 61 66 84

7274 82 8276

[locTponTh HMHTEpPBANBHBIA BAapUALMOHHBIM  pAX  pacOpelneieHus IMOKYINOK IO
IPOJIOJDKUTEIBHOCTH, CO3JaB 4 IpyMIbl ¢ OAMHAKOBBIMU MHTepBaaMu. OO03HAUUTh 31€MEHTHI
psina. M300pa3uth ero rpauvecku, clieaTh BBIBOI.

Xoa pemieHust 3a1a4M M0 CTaTHCTHKe:

OmnpenensieM 2JIEMEHTHl psiAa paclpeiesieHus: BapHaHTbl, 4YacTOThl, YaCTOCTH,
HAKOIUICHHBIE YaCTOTHI.

Ho npexne paccuntaem rpanuiibl 4 3aJaHHBIX TPYII C OIMHAKOBBIMU UHTEPBATIAMU:

5 — 2o ™ s

Bennuuny uHTepBana onpeaeaum mno Gpopmyine n

. 89-61

i= =7
B namewm cinyuae 4
I'panuLBI TPy COOTBETCTBEHHO PABHBI:
161+7=68 (61-68)
IT 68+7=75 (68-75)
I 75+7=82 (75-82)
IV 82+7=89 (82-89)
[ pynmel MOKYIIOK 1O Yucio B nponenrtax k  [HakorieHHbIe
[TPOIOJKUTEIIBHOCTH, CEK. [TOKYIIOK UTOTY 4acTOTBI
61-68 3 10 3
68-75 9 30 12
75-82 16 53,3 28
82-89 2 6,7 30
MToro 30 100

Teneps rpaduueckn oTOOpa3sMM Hall WHTEPBAJIbHBIA BapUAllMOHHBIA psAI B BUIE
TUCTOIPaMMBbI U KYMYJISITBI.
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ITo Tabnuie u rpaduka MOYKHO CIIENIaTh BHIBOJI O TOM, YTO IpeodIiagaromiee O0IbIINHCTBO
nokymnok (16 unu 53.3%) HaxoaUTCst BO BpeMEHHOM MHTepBaie 75-82, cek.

IpakTnyeckas padora Ne58
Tema 10.6: CoctaBnenue Tabaul U 1uarpaMM Ha MpPaKkTHUKeE
Hean: HayunThcs pemaTth npocTeiime ctaTHCTUYECKHE 3a1a4K

Teopernyeckasi 4acTh:

Cratuctuueckass CBOJAKAa — HaydHO OOpaOOTaHHBI MaTepuan CTaTUCTHYECKOIO
HaOJI0ICHUS B LIEJSIX MOTY4YeHHUs! 0000IEHHON XapaKTepUCTUKN U3y4aeMOTo SIBJICHHS.

['pynnupoBka — pacnpezesieHne eIMHNALL U3y4aeMOro o0beKTa Ha OAHOPOJHbIE TUIIMUHBIE
IPYMNIIBI IO CYIIECTBEHHBIM I HUX IIPU3HAKAM.

WuTepBan — pazHuna Mex1y MakCUMalibHbIM U MMUHMMAJIbHBIM 3HAUEHHWEM IpPU3HAKa B
Ka)XJIOH TpyIIIE.

R xX_.

f:_:Iﬂn_ min

n n T8

1 — BeJIMYMHA UHTEPBAJa;

R — pazmax xone6anus (R=Xmax-Xmin)

N — IPUHATOE YHUCIIO TPYTIIL;

Xmax, Xmin — HAUOOJIbIIIEE 1 HAUMEHbIIIEE 3HaUEHUE IIPU3HAKA B U3y4aeMOM COBOKYITHOCTHU.
Emr " i

1000+3221g N |

N — uncnao HaOIrOAEHUI

CraTucTHUecKMi psAl  paclpefesieHuss — YHOPSAJOYEHHOE pacHpeleieHHe €IUHHUIL
COBOKYITHOCTH Ha TPYIIIHI 10 ONpeAeIEHHOMY BapbUPYIOIIEMY MPU3HAKY.

JIUCKpETHBIII  BapHMAallMOHHBIA  psAJ — XapakTepU3yeT paclpeiciieHue EIUHMIL
COBOKYITHOCTH IO TUCKPETHOMY (IIPEPHIBHOMY) NMPU3HAKY.

WHTepBanbHbIl BapHallMOHHBIA psAJ — XapaKTepU3YEeT pACIPEAEICHUE EAMHMIL

COBOKYITHOCTH 110 HHTEPBAIHLHOMY (HEMIPEPHIBHOMY) TIPU3HAKY.

s n300pakeHus] JAMCKPETHBIX BapHALMOHHBIX PSAIOB PaCHpeeeHHs] MCIONb3yeTCs
«IOJIUTOH pacnpeaeneHus». s rpadudeckoro n3o0pakxeHUs: MHTEPBATLHOTO BapUAIIMOHHOTO
psiaa IPUMEHSIOTCS «TUCTOTpaMMa U «KyMYJISITay.

Cpennue BeMWMYMHBI — OTO TIOKa3aTeNMd. BeIpakaromiye TUMHWYHBIE YEPThl W JIAl0T
0000IIAIONTYI0 KOJIWYECTBEHHYIO XapaKTEPUCTHUKY YPOBHS TpPU3HAKA TI0O COBOKYITHOCTH
OIHOPOJIHBIX SIBJICHUIA.

1. Cpennsist apudmeTnveckas:
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T Z:rxf
_—Zf

(BzEemenHan)

X -BapHaHTa
f -=acToTa
2. Cpennss rapMOHHYECKas:
- n
x= —7 (mpocTas)
Z -
x
- x
x = ZI f (rzEemenHan)
Z xx f
x

3. CpenHss kBagpaTHUecKast:

2x

(opocrax)

x=

2x*f
2.f

4. CpenHsisi XpOHOJIOTUYECKAS:

x5 X,
— + + + _+—
2 2Tl 2

(ezRemenHan)

n—1

Fl —HHCHO EapHaHT
5. CpeI[H}I}I reoMCTpHUICCKaid:
x=2K, *K, *K, *_*K, *100%

;E:...\-[g*lm
x

K1, K2, K3 u Kn — ko3¢ unimeHTsl AUHAMHUKH 110 OTHOIIEHUIO K IPEIBIIYIIEMY MIEPHOTY.
6. MOJla MIHTEPBAJIbHBIX PAJOB pacCHpeIesIeHNs BEIYUCISETCS 10 cleayomen Gopmye:

I 2 fl
(- R+ (L -1)

x(0 — MUHUMaNbHas rpaHUIla MOJIAJIbHOTO UHTEPBAJIA;

1 — BeJIMYMHA UHTEpPBaa;

f2 — yacToTa MOJAILHOTO UHTEPBAa;

fl — yactoTa uHTEpBaNa, MPEIIIECTBYIOLIETO MOJAIBHOMY;

f3 — yactoTa UHTEpBaNa, CIEIYIOIIETO 32 MOAATBHBIM.

Mopna ansi AMCKPETHBIX PSAIOB pachlperielieHuss — 3TO Haubosee 4acTo BCTpedarolascs
BEJIMYMHA IPU3HAKA B JAHHOW COBOKYITHOCTH.

7. MenuaHna Al MHTEpBaJIbHBIX PAIOB pACIPEIEICHUs BEIYUCISETCS 110 hopMyIie:

M,=x;+i
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TOHH

p

£ S -D
fis

M, =x, +i

X0 — HUKHSAS rpanriia MEAJUaHHOI'O HHTEPpBAaJia,
1 — BeJIMYUHA MCIUAHHOTO MHTCPBAJIA,

> f— cymma gacTort psja;

SME-1 — cyMMa HaKOIUIEHHBIX YacTOT, IPEALIECTBYIOIINUX MEINAHHOMY HHTEpBAIy;
fME — yacToTa MeJMaHHOT0 HHTEpBAA.
YroObl onpeaenuTh MEANaHy B TUCKPETHOM BapHalMOHHOM psay. Heo6xoaumo cymmy
YacTOT Pa3/eIUTh IONOJIaM U K IOJIYYEHHOMY pe3yibTaTy J00aBUTh /2.

Pelnenue 3agau:
3ama4va nmo cratucruke 1.

Nmerotcs CJICAYIOIUEC JaHHBIC 00 ypO)KaﬁHOCTH 3CPHOBBIX KYJIBTYP:

YP0oKallHOCTb 3€pHOBBIX KYJIBTYD
Ho 20

20-30

30-40

40 u BbIIIE

OHpeI[eJ'II/ITB CpCaAHIOIO ypO}KaﬁHOCTB 3CPHOBLIX KYJIIbTYP, MOAY U MEHAHY.

OTtBerT.

cpenusis ypoxkainocts: 30,3 1/ra
mona: 33,3

meanana: 30,8

3anaua 2.
Tonsr 97r. 98r. 99r. 2000r.
[TIpousBoacTBa 3epHa, ThIC. 150 168 179 186

KommdaecTBO X035HMCTB
30
40
60
20

Tpebyercs onpeaenuTh: (LEMHBIM U 0a3UCHBIM CITIOCOOOM):

1) aGconroTHBIM NPUPOCT;
2) Temm pocTa U IPUpOCTa;

3) cpenHuil aGCOMIOTHBIN MPUPOCT;

4) cpenHue TEMIIbI pOCTa U MPUPOCTA.

Ortser 2.

LEMHBIM CIIOCOO0OM
abcomoTHBIN npupoct 18

11

7

5

TeMI pocta 1,12

1,07

1,04

1,03

TeMm npupocra 0,12

0,07

0,04

0,03

cpenHuit abconmoTHbIN npupoct: 31
cpenHuil Temn pocra 1,02
cpeanuii Temn npupocrta 0,02
3amaua 3.

0a3uCHBIM CIIOCOOOM
abcomoTHBIN TpupocT 18
29
36
41
TeMmn pocta 1,12
1,19
1,24
1,27
teMmn npupocra 0,12
0,19
0,24
0,27
cpenHuit abcomoTHbIN npupocT: 31
cpenHuit Temn pocra: 1,05
cpennuii Temn npupocta: 0,05
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MetonoM citydaifHOH MOBTOPHOM BBIOOPKM OBLIO B3STO AJIs MpoBepku Ha Bec 200 miT.
netaneil. B pesynprare mpoBepku ObUT yCTaHOBJCH cpenHuil Bec aetanu 30 r. mpHw cpeaHeM
kBagparnueckoM oTkinoHeHuu 4 1. C BepostHocThiO 0,954 TpebOyercs ompenenuTh mpenen B
KOTOPOM HaxOJUTCS CpEAHMIA BeC JeTajieil B reHepaTbHOM COBOKYITHOCTH.

OrtBer.

Cpennuii Bec netanu kosieonercs B mpenenax 29,44 < x < 30,56.

IIpakTnyeckas padora NeS9
Tema 10.6: CocraBnenue TaOnUIl ¥ TUarpaMM Ha MPaKTHKE
Hean: HayunTbes paboTathk ¢ TaOIMYHBIMU JAHHBIMU

TeopeTnyeckas 4acThb:

IlonsiTHE 0 CTATHCTUYECKUX TAOIHIIAX

Oco0oe MecTo B CTaTHCTUKE 3aHUMAeT TaOJUYHBIA METOH, KOTOPBIA HMeeT
yHHBEpcadbHOe 3HadeHWe. C  IMOMOMIBI0  CTATUCTHYSCKUX  TAONHMII  OCYIICCTBIISCTCS
MPEJICTABICHUE JaHHBIX PE3YJbTaTOB CTATUCTHUYECKOr0 HAOIIOACHMS, CBOJKH U TPYHIUPOBKHU.
HOBTOMy O6I)I‘-IHO CTaTUCTHUYCCKAas Ta6m/1ua OIIPCACIIACTCA KaK (1)opMa KOMITaAKTHOT'O HarJisiAtHOIro
MPEJICTABICHUS CTATUCTUYECKUX TaHHBIX.

Anamus Ta6HI/IIl IMMO3BOJIACT p€lIaTb MHOTHEC 3ala4M ITPU U3YYCHHUU NU3MCHCHUA SIBJICHUH BO
BPEMEHH, CTPYKTYPHI SIBJICHUN U MX B3auMOCBsi3el. Takum o0pa3oM, CTaTHCTUYECKUE TaOIHIIbI
BBITIOJHSIOT POJIb YHHUBEPCAIBHOTO CPEACTBA PAIMOHAIBHOTO TPEICTABICHUS, OOOOIICHHUS U
aHaJIM3a CTaTUCTUYECKON MH(POpMAIUH.

BremHe cratucTudeckasi Ta0JMIa mpeacTaBisier co00i crucTeMy MOCTPOCHHBIX OCOOBIM
00pa3oM TOpPU3OHTAIBHBIX CTPOK M BEPTUKAIBHBIX CTOJOLIOB, MMEIOIIUX OOIIMH 3arojoBOK,
3arjiaBusd rpa(b " CTPOK, HA ICPECCUCHUU KOTOPBIX U 3AIMUCBIBAIOTCA CTATUCTUYCCKUEC JAHHBIC.

Kaxnas uudpa B craructuyeckux TabIMIaX — OSTO KOHKPETHBIM MOKa3aTeb,
XapaKTEepU3yIOIUN pa3Mepbl WIM YPOBHU, JUHAMUKY, CTPYKTYpPY WJIH B3aUMOCBSI3H SIBIICHUU B
KOHKPETHBIX YCJIOBHSIX MECTa U BPEMEHH, TO €CTh OIpe/eTieHHas! KOJIMYECTBEHHO-KaueCTBEHHAs
XapaKTePUCTUKA U3Yy4aeMOI0 SIBJIICHUS.

Ecnu Tabnuna He 3anoiaHeHa nudpamMu, To €CTh UMEET TOJIBLKO OOIINI 3aroJI0BOK, 3arfaBus
rpadg ¥ CTPOK, TO MBI UMEEM MAaKET CTaTHUCTHYECKOW TaOmuipl. IMEHHO C ero pa3padoTKu u
HAYMHAETCS TIPOIECC COCTABJICHUS CTATUCTUYECKUX TAOJIHII.

OCHOBHBIMH DJIEMEHTAMU CTAaTHCTUYECKOM Ta6J'II/IHI)I SABJIAOTCA IMOAJICKAIee U
cKazyemoe Ta0JIuIbI.

[Momnexamee TaOIUIBI — 3TO OOBEKT CTATHCTUYCCKOTO M3YyUEHUS, TO €CTh OTACIbHBIC
€MHUIIBI COBOKYITHOCTH, X TPYIIIHI K BCS COBOKYITHOCTD B I[EJIOM.

Cka3yeMoe TaOJHIIBl — ATO CTATHCTHYECKUE MTOKA3aTeIH, XapaKTePU3YIOIINE N3yIaeMbIi
00BEKT.

[Momnexkamee W mMoOKa3aTeNd CKa3yeMOTo TAOJHIIBI JIOJKHBI OBITh OMpEICIICHBl OYeHBb
touHo. Kak mpaBmiio moamnexainee pacrmosioraercs B JIEBOM YacTh TaOMUIBI M COCTaBIsET
CoJIep’KaHue CTPOK, a CKa3yeMoe — B TIPABOM YacTH TaOIHUIIBI U COCTABIISICT cojiep kanue rpad.

[TocTpoeHne aHATUTUYECKUX TAOJIHIL

[TocTpoeHne aHATMTHYIECKUX TaOIUI] TakoBO. JI00ast TAGJIMIa COCTOUT U3 MOICKAIIETO
u ckazyeMoro. llomiexariee packpblBaeT IKOHOMUYECKOE SIBICHHE, O KOTOPOM HJET pedb B
JIAaHHOW TaOJIMIle W COAEPKUT HAOOp TMOKazaTesel, oToOpaxarmux 3To sBieHue. Ckazyemoe
TaOJIUIIBI TOSICHSET, KaKue MMEHHO IIPU3HAKU OTOOPaXKaIOT MOAJIexKaIlee.

[TpakTHKO¥ CTAaTUCTUKN pa3pabOTaHbI CISAYIONINE MPaBUiIa COCTABICHUS TAOJHII;

= Tabnuma nomkHa OBITH BBIPA3UTENBHON W KOMMakTHOH. [losTomMy BMecTO OIHOM
TPOMO3KOH TaOIHIBI TI0O MHOXKECTBY MPHU3HAKOB JIyYIlle CAENaTh HECKOJBKO HEOOJBIIHX TIO0
06’beMy, HO HarjisaaHbIX, OTBCUYAIOIIUX 3aJa4€ UCCICIOBAHUA T3.6J'II/II_[.

= Haspanue TaOimipl, 3armaBusi rpad w CTpok cieayeT (GopmMyIupoBaTh TOYHO U
JTAaKOHUYHO.
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= B Tabnuue o0s13aTeNbHO AOKHBI OBITH YKa3aHbI: M3y4aeMblii 0OBEKT, TEPPUTOPUS, U
BpeMsI K KOTOPBIM OTHOCSITCSI IPUBOMMBIE B TAOJIUIIE TaHHBIE, €AMHULIBI U3MEPEHUS.

= Ecnu Kakue-To JJaHHBIE OTCYTCTBYIOT, TO B TaOIHIIC JTUOO CTaBAT MHOTOTOYHE, JTHOO
MUIITYT "HET CBEJIEHUI", €CJIM KaKOe-TO SIBJICHUE HE UMEJIO MECTa, TO CTaBST TUPE

= 3HadyeHHWs] OJHUX M TeX JK€ TOoKa3aTelied MPUBOAITCS B TaOIUIE C OJWHAKOBOM
CTEMEeHbIO0 TOYHOCTH.

» Tabnuma nomKHA WMETh WTOTM TO TpynmaMm, MOATpyHnaMm W B menoM. Ecnwm
CYMMUPOBaHHE JTAHHBIX HEBO3MOXHO, TO B ATOU rpade CTaBsAT 3HAK yMHOXKeHUs "*".

= B Gonbmmx TabauIax mocie KaxablX MATH CTPOK ACISIOT MPOMEXKYTOK, YTOOBI OBLIO
ynoOHee YUTaTh U aHAIU3UPOBAThH TaOJIHILY.

Buabl craTucTHyecKuX Tad M

Cpenn MeToI0B 3KOHOMHYECKOI0 aHalln3a HanboJjee pacnpocTpaHeH TaOIMYHBIM METO.
(crtoco0) oTOOpaXkeHUsT HCCIeayeMbIX NU(PPOBBIX NaHHBIX. Jleno B TOM, YTO KaK HCXOJHBIC
JaHHbBIE JUIs TIPOBEACHUSI aHATIN3A, TaK M PA3IMYHBIC PACUETHI, a TAK)KE PE3YJIbTAaThl IPOBEICHHOTO
UCCIICIOBaHMSI OPOPMIISIFOTCSI B BUJIC QHAMTUYCCKUX TaOmuil. TaOiuIbl mpencTaBisiFoT co00i
BEChbMa II€7IECO00pa3Hyl0 M HarisagHyro ¢GopMy OTOOpa)K€HUS YHUCIOBOM uH(pOpMaluy,
UCIIONIB3YEMON B aHAIM3€ XO3AWCTBEHHOW NEATEIHPHOCTH. B aHamuTHYeckux TabIUIax B
OTpeieIieHHOM MOpsIKE pacnonaraercs uudponas nHbopMaius 00 U3y4aeMbIX SKOHOMHUYECKUX
sBIICHUSAX. TaONMMuHBIA MaTepual ropa3fao 0osiee WH()OPMATUBEH M HATJIAJEH MO CPABHEHUIO C
TEKCTOBBIM H3JIO)KEHHEM MaTepuana. TaOmuipl MO3BOJSIIOT MPEACTaBUTh AaHATUTHUECKUE
MaTepUaJIbl B BUAE €AUHON LETOCTHON CUCTEMBI.

Bun cratuctudeckoid TaOIUIBI ONMpEAeNsaTecs XapakTepoM pa3pabOoTKH ToKa3aTeliell ee
MOJISKAIIETO.

Pa3znuyaroT Tpu Buga CTaTUCTHUECKUX TaOIHIIL:

* TIPOCTHIE

* TpPYNIOBBIE

* KOMOHWHAIMOHHBIC

IIpocThie TadaMUBI cOAEp)KAaT MEPEUYEHb OTIEIbHBIX EIUHUI, BXOJAIIMX B COCTaB
COBOKYITHOCTH aHAJIM3UPYEMOTO IKOHOMHUYECKOTO sIBJIeHUs. B rpynmoBbIx Tadaunax nudponas
uH(poOpMallisg B pa3pe3e OTAETbHBIX COCTABHBIX YACTeW HMCCIEAyeMOH COBOKYMHOCTH TaHHBIX
00BbEMUHSAETCSI B OMNpENCJIICHHBbIE  TPyNmbl B COOTBETCTBUM  C  KaKUM-JTHOO
npu3zHakoM. KomMOnHupoBaHHbIe Ta0IMIBbI COAEPKAT OTIEIbHBIE TPYNNbl U MOATPYIIbI, Ha
KOTOpBIE TOJPA3JCISIOTCA JIKOHOMHUYECKHE TII0Ka3aTeld, XapaKTEepU3yIoIue H3ydaeMoe
SKOHOMUYECKOE siBlieHue. [Ipu 3TOM Takoe nmoapa3aeneHne OCyeCcTBISIETCS. HE IO OJTHOMY, a 10
HECKOJBKMM TpU3HAKaM. B TPYIMIMOBBIX TaOMUIIAX OCYIIECTBISAETCS MPOCTas TPYMITHPOBKA
MoKa3arenei, a B KOMOMHUPOBAHHBIX — KOMOMHHMpOBaHHasI TpynnupoBka. [IpocTeie TabIuUIIBI
BOOOIIIE HE COJIEpKAT HUKAKOW TPYNMUPOBKHU ToKazatenen. [locnennuii Bua Tabauil COAEpKUT
JIUIIb HECTPYMITUPOBAHHBINA HAOOP CBEIEHUI 00 aHATM3UPYEMOM SKOHOMHYECKOM SIBJICHHH.

B 3aBucHMOCTH OT 3Tamma cTaTUCTUYECKOTO UCCIIEIOBAHUS TAOJIHIIBI JENISTCS Ha:

= pa3paGoToyHble (BCIIOMOTaTeibHBIC), IeNb KOTOPHIX 0000IUTH WH(POPMAIUIO IO
OT/IENTbHBIM €AMHUIIAM COBOKYITHOCTH JIJIsl TIOJTYYE€HHSI HTOTOBBIX MTOKa3aTeNICH.

* CBO/JHbBIE, 33]1a4a KOTOPBIX TOKA3aTh UTOTH 11O TPYIIIaM U BCE COBOKYITHOCTH B IIEJIOM.

* aHAJMTHYeCKHe TaOIuIlbl, 3a]ja9a KOTOPBIX — pacueT 0000MIAIIMINX XapaKTEPUCTHK
U MOATOTOBKAa MH(OPMAIMOHHOW 0a3bl AJS aHAIW3a M CTPYKTYpPhl U CTPYKTYPBIHBIX CIABHIOB,
JTUHAMHUKHU U3Y9a€MbIX SIBIICHUN U B3TUMOCBSI3EH MEXKTY MTOKa3aTEeIISIMU.

Wrak, MBI paccMoTpenu TaOIMYHBIA METOA OTOOpaKEHHUS HCCIEAYEeMBIX IU(PPOBHIX
JAHHBIX, IIMPOKO HCIIONB3YEMBI B XOJi€ TMPOBEACHUS aHAIW3a SKOHOMUYECKUX SIBICHHM,
CTATUCTUYECKUX JAHHBIX U XO3SIIICTBEHHOM JESTEIbHOCTU OpTraHU3allHil.

Pemenue 3agau:
3agaua 1.
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YeMnHoHAT MO XOKKEI MPOXOIWJ B YEThIpe Kpyra. AJEKCed CIeI 32 KOJIMYECTBOM
3a0pOIIICHHBIX IIal0 CBOMX JIFOOMMBIX KOMAH/I M 3alUCHIBAJ PE3YNIbTAaThl B TaOmiy. Mcronb3ys
JaHHBIC ATOW TaOIUIIBI, OTBETH HA BOIPOC.

HOMeEpI;’?;OBOFO «Metaniaypr» «I%Q.‘nﬂaz:::: «Axk bapc»
IlepBsiii kpyr 32 35 29

Bropoii kpyr 40 45 34

Tperuit xpyr 37 38 30
YeTBEpTHIN KPYT 44 31 46
CkoubKo mai6 Ob110 3a0poIIeHO KOMaHI0H «MeTaTypr» B 4eTBEPTOM Kpyre?

3amaua 2.
Hwxe npuBeneHbl JaHHBIC 32 TPU I'0JIa O KOJWYECTBE IO JIMBBIX JTHEH B HIOHE-OKTIOpe

B Crapom Ockose. Mcnosib3ysl 3TH JaHHBIE, OTBETH HA BOINPOC.
Mecsan 2013 rox 2014 ron 2015 ron
Hronb 11 6 8
Uronp 8 3 8
Asrycr 9 5 0
CeHTs0pb 13 4 1
OxkTs0pB 7 3 5
Cxoubko ok auBbIX aHEH Obu1o B Ctapom Ockose B ceHTsiOpe 2014 roga?
3agaua 3.
Ha nrpe KBH cyapu nocraBuim OLIeHKM KOMaHJaM 32 KOHKYPCHI:
baner baner bayner 3a
Komanna 3a KOHKYpC 3a KOHKYPC | MY3bIKaJIbHBIN
«IIpuBercTBUE» «CTOM» KOHKYpC
«Anoann» 23 20 24
«lapm» 28 21 22
«bneck» 21 18 27
«JIupuxn» 27 22 20

Kakas xomanna Habpana HaubombIiee yrcio 6amioB B KoHKypce «IIpuBeTcTBre»?

B omeeme ykasicume 00HO c10860 — HA36aHUE KOMAHObL 8 UMEHUMETbHOM NAoeice.

3amaua 4.

B Ta6m/1ue HpI/IBe}IeHBI JaHHBIC O KOJIMYECTBC NCBOYCK U MAJIBYUKOB B ITSITU quBémex
KJIaccax MmKoJbl. Mcnosnb3ys 3T JaHHbIE, OTBETHTE HA BOIIPOC.

KonuuecTBo MIKOIBLHUKOB
4 «A» 4 «by» 4 «B» 4 «I'» 4 «J»
Manburku 13 10 15 16 17
JleBouku 15 14 14 12 9
B kakom kitacce HanOobIas pa3HUIA MEeXKAY YUCIOM MaTbUUKOB U JEBOYEK?
3agaua 5.

B Tabnune mpuBeneHBI HaHHBIE O YMCICHHOCTH HaceleHusi Tpéx obOnacteét Poccun B
pasHbIe TOJIbI (B THIC. YeTOBEK). VICmonb3ys 3TH TaHHbBIE, OTBETHTE Ha BOMPOC.
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YucneHHOCTh HaceIeHus
1970 r. {1979 1. {1990 1.|2000 .| 2010 T.
ActpaxaHckas 1400 | 1467 | 1575 | 1390 1230
MypmaHckas 800 965 1191 941 795

Kanununrpanckas 730 807 881 959 940

B xakoM rojty YMciI€HHOCTh HAceIeHHUS B ACTpaxaHCKOM 00acTH Obljia HAanOOIbIICH?

B omeeme ykaowcume uucio — 200.

3agaua 6.

backerbonbHas KOMaHAa [ETCKOM CHOPTHBHOM MIKOJBI BCTpeYalach € KOMaHIaMHU
HECKOJIbKUX MIKoJA. KomnyecTBo 04koB, HAOpaHHBIX UTPOKaMH, TPEHEP 3alUChIBANl B TAOJIHILY.
Hcnonb3ys Tabnuily, OTBEThTE Ha BOIIPOC.

O061acTh

Homep urpsoi ApTém Tumyp Baagummup
[TepBas urpa 2 9 9
Bropas urpa 6 5 8
Tperss urpa 8 2 7
YersépTas urpa 4 10 9

CkoipK0 04KOB HaOpast Bnagumup B TpeTheit urpe?

3agaua 7.

Hwuxe npuBeneHbl JaHHBIE O KOJMYECTBE pPa3jIMUHBIX OTMETOK II0 MaTeMaTHKE 3a
YETBEPTYIO YETBEPTh B PA3HBIX Kjaccax OJHOM WIKOJbL. MCHonp3ysd 3T JaHHbIE, OTBETh Ha
BOTIPOCHL.

Kiace OtMmetka «3» OtMmetka «4» OtMmetka «5»
4 «A» 6 11 6
4 «b» 2 13 8
4 «B» 5 12 5
4 «I'» 7 9 10
Ckomnpko naTépok no Mmatematuke B 4 «I'» kiacce?
3anaua 8.

B Tewenue TpE€X €T yuuTenb (PUKCUPOBAT KOJUYECTBO «IIATEPOK» 3a KOHTPOJIbHBIE
paboThl MO MaTeMaTuKe JJIs OJHOM M TOM K€ TPyHmbl JAeTei. DTU JaHHBIE MPEJICTaBICHBI B
Ta0JIHIIE.

I'on
Mecsn
2013 rog 2014 roxg 2015 rox
CeHts0pb 16 14 17
OxkTs0pb 6 4 10
Hosi6pb 8 16 5
JexaOpb 16 5 18

B xaxom mecstie 2014 roqa 66110 HaHOOIBIIEE KOTUYECTBO CITSITEPOK»?

B omeeme ykasicume 00HO c1060 — HaA38aHUE MeCAYA 8 UMEHUMETbHOM Nadedice.

3agaua 9.

[1érp MBaHOBMY BBIpALIMBAET MOPKOBbB, JYK U CBEKITY. Kakblii 0BOILl OH BhIpalMBal Ha
OTJEJILHOM y4yacTKe B Te€4eHUH ueTbIpéx JeT. [1éTp MBaHoBHY 3aHOCHUT B TaOnMIly KOJIMYECTBO
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KAJIOTPAaMMOB ypoXasi, KOTOPOE€ OH IOJIy4aeT ¢ KaXJ0To ydacTka 3a roji. Mcrons3ys tabnuiy,
OTBETHTE Ha BOIPOC.

I'oabl mo mopsiaky MopkoBb Jyk Ceékia
[lepBslii rog 750 kr 560 kr 690 kr
Bropoii rox 720 xr 380 xr 740 xr
Tperuii rox 630 kr 730 kr 680 kr
YeTBEpTHIN rof 690 xr 710 kr 620 kr

YpoxaifHOCTh KaKOTO OBOIIA OblJIa HAMOOJBIIEH 32 BTOPOi roa?
B omeeme ykaosxcume 00HO c1060 — Ha36aHue 080WaA 6 UMEHUMETILHOM NAOedice.

IIpakTnyeckas padora Ne60
Tema 10.6: CocraBiieHre TaOIMI] M TUarpaMM Ha TIPAKTHKE
Henb: HayunTthes paboTars ¢ AuarpaMMaMu

Teopernyeckas 4acThb:

Haubonee pacnpocTpaHeHHBIM CIOCOOOM rpaguuecKoro M300pa)KeHUsI CTATUCTUYECKOM
nH(pOpMaLUH ABISIOTCSA AUATPAMMBI.

JlmarpaMMbl IPUHATO TOAPA3ALIIATH 110 UX (POPME Ha CIICTYIOIINE BHIBL:

* CTOJIOMKOBBIE IUArPaMMBlI;

* [I0JIOCOBBIE JHarpamMMbl;

= KPYTOBBIE IUAarPaMMBl;

* JIMHEWHBIEC JUarpaMMmBbl;

= (urypHsle 1uarpaMmei;

JlpyruM mpuU3HAKOM MOJApa3JelieHus AuarpaMM sBIseTcs MX cojepkaHue. [lo atomy
MPU3HAKY OHU MOJPA3IEISIOTCS Ha IMATPAMMBblI CPABHEHHS, CTPYKTYPHbIe, THHAMHYECKHUeE,
rpaguKu cBs3M, rpauKu KOHTPOJISA U JIp.

JluarpaMmMbl cpaBHEHHSI OTPAXKAIOT COOTHOIICHUS PA3IMUHBIX HUCCIEAYEMBIX 00OBEKTOB
B CBA3M C KakMM-JIMOO 3KOHOMHYECKHM IMokaszareneM. CaMbiMM yAOOHBIMU Tpadukamu, Ha
KOTOPBIX OCYLIECTBJIIETCS COIOCTABIICHUE BEJIMYMH JSKOHOMHYECKUX IOKA3aTENeH, SIBISIFOTCS
CTOJIOMKOBBIE U TIOJIOCOBBbIE auarpammbl. [l M300pa)keHUs TaKUX aUarpamMMm IMpPUMEHSETCS
OpsMOYTOJIbHas cucTeMa koopauHat. Ha ocu abcuuce Takux rpadukoB moMemiaeTcsi OCHOBA JJist
OTpe/IeNIEHHBIX CTOJIOLOB OJAMHAKOBOIO pa3Mepa sl BCeX HccleayeMbIX o0bekToB. Bricora
Ka)KIOT0 X CTOJIOIIOB JJOJIKHA BBIPAkKaTh BETHUNHY TOTO IKOHOMUYECKOTO TTOKAa3aTesl, KOTOPBIH
OTpa)KE€H B OMNpEJEICHHOM MaciiTade Ha OCH OpAHHAT. TaKoBbl OCOOEHHOCTH CTOJIOMKOBBIX
nuarpamm. [IpowuroctpupyeM ux caenyronieit cxemon (cm. cxemy Nel).

ITosiocoBBIe qUArpamMMbl, B OTIMYHE OT CTOJOMKOBBIX, H300paXatOT MO TOPU3OHTAIU:
OCHOBA II0JIOC PACIIOJIaraeTcs Ha OCH OPJMHAT, 3 DKOHOMUYECKHUE M0KA3aTeNU B ONPEACICHHOM
Macirabe — Ha ocH abcIucce.

KakoBbl k€ OCOOEHHOCTHM KPYrOBBIX U KBaJpaTHbIX auarpamm? B psge cioydaes
JarpaMMbl CpaBHEHUS TNPEACTaBISAIOT COOOW Kpyru JIMOO KBaapaThl; UX IUIOMIAJb SIBJISETCS
IIPONOPLUOHAIEHON BETMYMHE ONPEEIIEHHBIX JKOHOMUYECKUX [TOKA3aTENEH.

durypHble AMArpaMMbl COJEpPXKAT COOTHOILIEHUS OMpPEIEICHHbIX AKOHOMUYECKUX
nokasaresneil (0ObEKTOB), KOTOpbIE NPEACTABICHbI B YCIOBHOM BHUJE Kak OIpe/eIeHHBIE
XyJI0’KE€CTBEHHBIE (DUTYPBI, HAITPUMED, TOJIOBbI KPYITHOI'O POraToro CKOTa, Kakue-a1u0o MallvHbI,
u np. Takue nuarpaMMbl TIpU MEPBOM K€ B3TIs[Ae HAa HUX (UKCHUPYIOT Ha ceOe BHHMAaHUE, H
MPEJICTABIISIIOT ONPEEICHHYI0 YHUCIOBYI0 HMH(OpMalMio B Haubosiee JA0XOAYUBOM BHJIE.
CtpykTypHble JUarpamMMmbl (MHA4Ye-CEKTOPHbBIE) JAlOT BO3MOXHOCTh MPEACTABUTH COCTaB
UCCIIETyeMbIX 3KOHOMHYECKHX TMOKa3aTeled U 100 (YIelbHbI BeCc) KOHKPETHBIX YacTed B
COBOKYITHOM CyMMe SKOHOMMYECKOIO IOKas3aTens. B paccmaTpuBaeMbIX —AMarpaMmax
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HKOHOMHYECKHUE SIBJICHUS MPECTABISIOTCS KaK ONpe/ielieHHbIe reoMeTpruueckue Gurypsl (Kpyru
WINA KBaJpaTbl), KOTOpbIE pa30OMThl Ha HECKOJBbKO CeKTopoB. Ilmomans kpyra wim KBajpara
NPUHUMAETCSl PAaBHOHM CTa mpoleHTaMm Jnbo enunuue. Ilnomanp xe ar000ro JaHHOTO CEKTOpa
XapaKTepu3yeTcs JoJIeH pacCMaTpUBAEMOM YaCTH B COCTaBE CTa IPOLICHTOB WIN €AVHUIIBI.

JluHaMu4YecKHe JHArpaMMbl XapakTepU3yIOT JUHAMHMKY, TO €CThb H3MEHEHHUS
KOJIMYECTBEHHOW OLIEHKH JaHHOTO YKOHOMHYECKOIO SIBJICHUS B TEUEHHUE U3BECTHBIX IEPUOIIOB
BpeMeHH. C 3TOM LeNIbl0 MOTYT IPUMEHATHCSA JIIOObIE U3 PACCMOTPEHHBIX BHUJOB JUarpamm
(cTonOUKOBBIE, [10JIOCOBBIE, KPYTOBBIE, KBaJlpaTHbIE, PUTypHBIE). BMecTe ¢ TeM ualle Bcero 3/1ech
UCTIONB3YIOTCSl JIMHEHHbIe nauarpammbl (rpadukm). Ha Takux pamarpamMmax HM3MEHEHHE
KOJINYECTBEHHON OLEHKHM 3KOHOMHYECKOrO SIBJICHMs H300pa’kaeTcs OIpPENeIEHHON JIMHUEH,
KOTOpasi BBIpaXKaeT HEMPEPBIBHOCTh MPOUCXOAAIIero mporecca. Ha ocu abcuucc nMHEHHOTO
rpagpuka H300pakaroTCsl OINpENeEeHHbIE IEepPUOAbl BPEMEHH, a Ha OCH OpAMHAT —
COOTBETCTBYIOILINE BEIMYMHBI JAHHOTO SKOHOMUYECKOTO SIBJIEHUS 32 pAaCCMaTPHUBAEMbIE IEPUOABI
BPEMEHU B COOTBETCTBUU C MPUHATHIM YMCIOBBIM MacIITabOM.

Penrenne 3agau:
3anaua 1.
Hcnons3ys auarpaMmy, OTBETbTE Ha BOIIPOC.

Hucmo &
neredt

PoxpaemocTs geteil 8 cene Tpowuxom

5~

Hun. Den, Mapr Anp. Maft Hoes Hiooas Anr. Cent. Omt, Hoaf, e

CKoJIBKO JIeTel pOoIUIIoCh B MapTe?
3amaua 2.
Ha numarpamme moKa3aHO paclpelielicHHE JIHEBHOH HOPMBI THTAHUS, KOTOPYIO

PCKOMCHAYIOT Bpa4iu. HCHOJ’IB?»YH AuarpaMmmy, OTBETHTC HaA BOIIPOC.
Hopma NUTaHMA 3a CYTKW

Bropoit aaBTpax

SABTPAK
5

20

CKOJBKO pa3 B IeHb PEKOMEHAYIOT MTUTAThCS Bpayu?

B omeeme ykascume yugpy — xonuuecmso pas.

3anaua 3.

N300paxéHHast HUKe uarpaMma Iocajiok B caJly HarJIsJHO [TOKa3bIBaeT, KaKas 4acTh caja
OTBeJIeHa Mo/ I0JI0HH, TPYLIU U KyCThl CMOpPOAUHEL. Mcnonb3ys quarpammy, OTBETHTE Ha BOIIPOC.
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— KONHYecTBO S0n0Hb

— KOJIHYCCTBO I'pyLu

e .® — KOJIHYECTBO KYCTOB CMOPO/AHHBI

Kakue nepeBbst 3aHUMarOT OOJIBIIYIO YacThb caga?

IIpakTuyeckas padora Ne61

Tema 10.7: KontponpHas pabGora mo pazaeny 10 «DieMeHTbl KOMOMHATOPHUKH,
CTaTHCTUKH U TEOPUHU BEPOSTHOCTEH»

Heab: [IpoBepuTh ypoBEHb yCBOEHUS NaHHOTO MaTepuaina mo pazaeny 10 «3ineMeHTsI
KOMOMHATOPHUKH, CTATUCTHKU ¥ TCOPUH BEPOSITHOCTECI

Ilpu pewenuu 3a0anuini 1-4 3anuwiume npaguibHLIL OmMEem U3 UYemvlpex
npeo10HCceHHbIX.

1. (1 6amn) KomOuHaTtopuka - 3TO pasfen MaTeMaTUKH, OTBEYAIOIIMA Ha BOMPOCHI
CKOJIBKUMU CIIOCOOaMU MOYKHO BBIOPATh JIEMEHTHI ...

A) 3aJlaHHOTO KOHEYHOI'0 MHOXECTBa, b) OeckoHeyHOro MHOXkecTBa;, B) mro0oro
MHOXecTBa; ') MppalmoHaNbHBIX YHCEIL.

2. (1 6ann) CoequHEHUS U3 N AIIEMEHTOB, OTIMYAIOIINECS JPYT OT IPYra TOJIBKO MOPSAKOM
PacIoJIOKEHUSI B HUX JIEMEHTOB, Ha3bIBAIOTCS:

A) nepecranoBkamu; b) coueranusimu; B) pasmemenusamu; [') komOuHanusIMu.

3. (1 6am) Yucno Bcex BO3MOXKHBIX pa3MeIlleHUH BBIYUCIAETCS 0 (popmye:

MAMAG} =n(n—m); ) At =n(n—1)..(n—m+1);B) A} = NAY =n(n+

n!

(n-m)?’
m)

4. (1 6ann) I'pynnupoBka — 370. ..

A) ymopsgoueHuWe eIMHMII COBOKYIMHOCTH IO Tpu3HaKy,; b) pa3Ouenue eauHwuIl
COBOKYITHOCTH Ha TpYIIBl M0 MpU3HaKy; B) o0oOmeHne enunnuHbiX (paktoB; 1) 00oOmeHne
eAMHUYHBIX IPU3HAKOB.

Ilpu évinonnenuu 3adanuit 5-8 3anuwiume xo00 pewienus u NOJIYYEHHbLI OMEEm.

5. (2 6anna) B cpemnem u3 2000 camoBBIX HAcCOCOB, MOCTYMUBIIUX B TPOJAXy, 6
noaTekaroT. Haliaure BEpOATHOCTh TOTO, YTO OJMH CIy4ailHO BBIOPAHHBIN 71T KOHTPOJIS HACOC
HE NOATEKaeT?

6. (2 6amra) CpaBHUTH BCXOXKECTh CEMSH JIFOOBIX TPEX BHUJIOB OJHOJICTHHUX I[BETOB 3a
nocneanue 3 roga. CocTaBUTh [uarpaMmy o HaIeHHBIM JaHHBIM. CIenaTh BBIBOIBI.

7. (2 6amna) LlBeTOoBOAY MPENTIONKWIM YKPACUTh KIyMOy I[BETaMH, UCIIONB3ys 3 BHIA.
CKOIBKO pa3IMYHbIX BAPHAHTOB €CTh Y IBETOBO/IA, €CIIA €CTh BBIOOP U3 5 BUIOB Pa3HOI paccaibl?

8. (2 6amna) CkoIbKUMHU CIIOCOOAMH MOKHO TIOCATUTh 4 KyCTapHUKA B OJIUH Psii?

Imanonvt omeemogs:

Howep 1 2 3 4 5 6 7 8
3aaHuA
Otser A A B A 0,997 _ 10 24
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IIpakTyeckas padora Ne62
Tema 11.2: [TapannenbHOCTh OPSIMBIX, MPSIMOM U TIJIOCKOCTH, INTIOCKOCTEHN
Hean: Hayunthes pemaTs 3a1a4u, UCIOJIb3Ysl CBOMCTBA APaJUICIIbHBIX INIOCKOCTEN

Teopernueckas 4acThb:

Omnpenenenune. [IpsiMas ¥ MIOCKOCTh HA3bIBAOTCA MAPAUICIbHBIMU, €CJIM OHU HE UMEIOT
o0mmwmx Touek (a || o)

IIpu3Hak napajjieJbHOCTH NPAMO U MJIOCKOCTH.

Teopema. Ecniu npsimasi, He Jiexaiasi B JaHHOM IJIOCKOCTH, MapajiesibHa KaKoH-HHOYIb

HpHMOﬁ, nemameﬁ B 3TOH IIJIOCKOCTH, TO OHA IMapaJuICJIbHA CaMOM IIJIOCKOCTH.
a

g allb
b= allw
b ag o
puc. 1
3ameuaHus.

Ecin minockocTs MPOXOOUT 4epe3 JaHHYK MPsSMYIO,
napaiesIbHyI0 IpYroil MiI0CKOCTH, U MEPECEKAET 3Ty MIOCKOCTb, TO
JIMHUS [IEPECEUCHMS TUIOCKOCTEN MapajulebHa JaHHOU MPSMOM.

Ecnu onHa w3 ABYX mapajulelbHBIX HPSMBIX NapajliesibHa
JAHHOM IUIOCKOCTH, a Apyras IpsMas UMeeT ¢ INIOCKOCTbIO OOLIYIO
TOYKY, TO 3Ta IpsAMas JIKUT B JTaHHOU IIOCKOCTH.

BoiBoabl.

Crnyyan B3aMMHOTO PacHoIOKEHUS MPSIMON U TUIOCKOCTH:
a) IpsiMast JISKHT B TUIOCKOCTH;

0) mpsiMasi ¥ MIOCKOCTh UMEIOT TOJBKO OJHY OOIIYIO TOUKY;
B) IIpsIMas U IUIOCKOCTh HE UMEIOT HU OJJHOM 0011ell TOUKH.

i == Onpenenenue. [Be IJIOCKOCTH Ha3bIBAIOTCS
— napajuieIbHBIMH, €CIIM OHM HE HMEIT OOImUX  TOYeK.
/ [ [TapannensHOCTH MIIOCKOCTEH o U B 0003HAYaeTCs Tak: o || b.
S * PaccmoTpyuM  mpu3HaK — MapayuieIbHOCTH  ABYX — IUIOCKOCTEH.
Teopema. Ecinu naBe mnepecekarommecss NOpsIMbIE OJHOU

MJIOCKOCTH COOTBETCTBEHHO TMapajUIebHbI JIByM MPSMBIM JIPYTrou

IJIOCKOCTH, TO 3TH IIJIOCKOCTH ITapaJlJICIIbHBI.
Cnyqan B3aMMHOTO PAaCIIOJIOKCHUA IUIOCKOCTEI:

puc. 3

IUIOCKOCTH a. U P IIepeceKaroTcs.

puc. 4

/ IUIOCKOCTH = U F TapajiebHbl.
ol
puc. 5

CaolicTBa napaienbHbIX MNIOCKOCTEH:
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1. Ecmu ABC MapaJuICIIbHBIC IIJIOCKOCTH TMCPECCUCHLL
TpeTBeﬁ, TO JIMHUHN UX IICPCCCUCHUA ITapaJlJICIIbHBI.

puc. 6
- —
E I A
| >
AX0
2. OTpe3ku napajuiesbHbIX MPSMBIX, 3AKIT0YEHHBIE MEXKIY
/ et ? MapajyIENbHBIMU INIOCKOCTSIMU, PABHBI.
v
puc. 7

Penrenue 3agau:
Han yron AOD wu n1Be nmapasuienbHble IIOCKOCTH O U 3.

ITnockocte a nepecekaer ctoponsl yrna OA u OD coorBeTcTBEHHO B Toukax A u D,
IJIOCKOCTH 3 3TH CTOPOHBI IEPECEKAET COOTBETCTBEHHO B Toukax B u C.

Hano:

OB=38

AB=6

BC=9

CD=2

Haiitu AD, OD

UYepes Touky O, KoTOopas HaXOAMTCS MEXIy MapajUIeTbHBIMU IUIOCKOCTSIMH o U 3,
pOBeJeHBI NpsiMble ¢ U d, mepeceKkarolue MIOCKOCTH TakK, YTOo TOYkM A u B Haxonsarcs B
1ockocTH a, a Touku C u D - B imockoctu  AB=18 cm, DO=26 cm 1 AC=3-A0

Bremucnuts: BD;CD
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[TapannenbHble TUIOCKOCTH 0. U 3 IepeceueHbl IpsMbIMU ¢ U d
Croponsbl 4N nepecekaroT napaiesbHble II0cKocTh B 1 o B Toukax C,D u A,B. Beruncnu
nmuny otpe3ka AB, eciii NA=13 cm, NC=20 cm u CD=55 cm.

Croponbl 4N nepecekaroT napauieibHble JI0CKOCTH B U o

Jlanbl mapaiutenbHble Tuiockoctd o ¥ . Toukn A u B Haxomsrcs B IUIOCKOCTH o, a
touku C u D B mockoctu B. nuna orpeska AC=7, nnuna otpeska BD=12.
CyMMa IpoeKIHid 3TUX OTPE3KOB B IUNIOCKOCTH [ paBHa §.
Haiitu nnuny npoekuuii 000MX OTPE3KOB.

IIpakTuyeckas padora Ne63
Tema 11.4: Teopema o Tpex neprneHaAuKysapax. Pemenue 3agau
Hean: Hayunthces pemaTs 3a/1a4u, UCHOJIb3Yys TEOPEMY O TPEX NEPHEHANKYIIAPAX

Teopernyeckas 4acThb:

Nmeem mockocts o (puc. 1). B mmockoctu o nexut npsimast b. AH — neprneHuKysp K
MJI0CKOCTH 0., AM — HaknoHHasi, MH - mpoeKkius HaKJIOHHOU AM Ha ITOCKOCTH 0.

[To Teopeme o Tpex MepHeHIUKYIsIpax, HAKJIOHHAs MEPIEHAUKYISIpHA K MPsAMOii b Toraa
Y TOJIBKO TOT/Ia, KOT/Ia €€ MPOEKIINSI MEPIICHINKYIISIpHA K TIPSMOit b.

blAM < b | HM

Puc. 1

B Tteopeme uzer peus Tpex NepneHAuKyIsIpax. Y KakeM ux:

AH — 3T0 MepNeHIuKYISp K TIIOCKOCTH O, @ 3HAYUT, K TIPSIMOi b.
HM — nipoexuusi, IEpIEHAUKYISAP K IPAMOH b.

AM — HakJIOHHAS, IEPIICHIUKYIISP K IPSIMOit b.
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Yroia Mexay IpsMOH U IUNIOCKOCTBIO

PaccmoTtpum miockocTh o B mipsimyto @, a = AM (puc. 2). Ilycte npsimas a mepecekaet
IUIOCKOCTh O, HO HE NEpIEeHIUKysipHa ei. Toraa yraoMm Mexay OpsMON a U IJIOCKOCTBIO O
Ha3bIBAECTCS YroJl MEXAY IPsMON a W €e NMPOEKUUEH Ha 3Ty IUIOCKOCTh. To ecTh, Yyroia meay

IPsIMOM @ U IJIOCKOCTBIO 0 - 3T0 yroi AMH. Ilycte LAMH = ¢y,

Puc. 2
CBoiCTBO yriIa MeKAy NPAMOM U ITIOCKOCTHIO
UYepes Touky M B IIIOCKOCTHU 0. poBeeM npsimyro MB (puc. 2). PaccmoTpum yros Mexay

npsMoil a u npsimoilt MB, Ha3oBeM ero ¢. Toraa no CBOMCTBY yria MEXAy IPsIMOM U MIIOCKOCTBIO
=
MOJIy4aeM, uTo Po =@

Pemrenue 3agau:

3ajaua |
[Ipsimas AK neprieHuKyJIIpHA K IIIOCKOCTH MPaBUIIbHOTO TpeyrojabHuka ABC, Touka M —

cepenuHa cTopoHsl BC.

1) Hokaxwute, uto MK L BC
2) Haiigute yron mexay npsimoit KM u rnockoctbio ABC, ecnu AK = a, BC = 2a.

1) Aano:

AB =BC = CA,

AK 1 ABC,

BM = MC.
Jlokazamv: MK L BC.

M
B

Puc. 3

Jlokazamenvcmeo:
AM - sTo mpoekuus HaknoHHOM KM nHa minockocte ABC. AM - menuana. Ilo cBoiicTBy

NPaBWIBHOTO  TpeyrojbHUWKa  MeauaHa AM  sBisiercs W BBICOTOM, TO  €cCThb

npsimble BC u AM niepneHIuKyIspHBbIL.

[epBsIii criocob:
IIpsmas BC nepnenpukynspHa AM - npoekuuun HakinoHHoW MK. Ilo teopeme o Tpéx

NEepPHIEeHANKYJIsSIpax MojiydaeM, 4to mnpsiMas BC mepneHIuKyJsipHa WM HakiIoHHOM MK, 4To u
TpeOOBAIOCH TI0KA3aTh.
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Bropoii cnioco6:

[Ipsamas AK nepnenaukymisipHa miaockocth ABC, a 3Hauut, U npsamoil BC, nexaiiei B
mwiockoctd ABC. Umeem, BC nepnennukynspia AM, BC nepnenaukynspHa AK, 3nauut, BC
NepHeHANKYIJIsIpHA TIockocTu MAK, a 3HauuT, u ipsimoid MK, nexxainiei B 3TOi MIIOCKOCTH, YTO U
TpeOOBAIOCH JOKA3aTh.

2) /lano:

AB =BC = (4,

AK 1 ABC,

BC = 2a,

AK = a,

Haimu: 2(KM; ABC)

Pewenue:

VYoM Mexy nNpsMOM U TUIOCKOCTBEO HA3bIBAETCS YTOJI MEXAY HPSIMOM U €€ MpOeKIHei
Ha IJIOCKOCTH. MBI nMeeM HakJoHHYI0 MK, nmeem ee npoekuuto AM. 3HaUuT, yriioM Mexay
npsimoit MK u mnockoctero ABC siBnsiercs yron AMK.

Tpeyronbuuk ABC — npaBwiibHbIA. 3HAUUT, BCe €ro yribl paBHbl 60°. 3nauut, £ZABC =

60°.
Pacemotrpum tpeyronsauk AMB. OH npsitmoyrodnbHbli, Tak kKak AM L BC. Haitnem AM:
V3
AM = AB -sin £ABC = 2a -5in 60° = 2a - — = av' 3.
4
Paccmotpum npsimoyrosibHbli TpeyroabHUK AMK. AK = a, AM = a3,
tg LAMK AR “ :
g = — = —,
AM  ay3 V3
Yron AMK — ocTpblii, 3HaUuT, LAME = 30°%
Omeem: 30°.
3anaua 2
W3 Touku M npoBeneH nepneHaukynsp MB k miaockoctu npsMoyroiasHuka ABCD (puc.
4).

1) HokaxuTte, yto TpeyroiabHUKu AMD n MCD — npsiMOyToJIbHbIE.

2) Haiinute yron mexay npsmoit MD u nnockocteio ABC, eciiu CD = 3cwm,
AD =4 cm, MB=5 cMm.
M

Puc. 4

1) Jano: npamoyronsuuk ABCD, MB 1 ABC.

Lokazamv: AAMD n AMCD — npssiMOyrojbHbI€

Jlokazamenvcmeo:

MB — mnepnenaukynsp k miaockoctu ABC. MA — HakioHHas, BA - ee mpoekuus.
[Ipoexkuust BA nepnenaukyiasipHa npsmoit AD u3 mnockoctu ABC. 3Hauut, u
HakiIoHHasg MA nepnenaukynsipaa DA (1o TeopeMe o Tpex NeprneHIuKyispax). Takum odpazom,
TpeyroidbHUK AMD - IpAMOYTOJIbHBIN, TaK Kak yroy MAD - npsiMOu.
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Amnanornuno, MC — nHaknonHas, BC - npoekuus HakioHHoM MC Ha miockocts ABC.
[Tpoekus BC mepnennukyiasipHa CD, 3Haunt, W HakimoHHas MC nepneHaukyiaspHa CD(mo
TeopeMe O Tpex nepneHaukyspax). Yron MCD npsmoit, TpeyroabHuk MCD npsiMOyTrOJIbHBIH.

2) /lano:

ABCD — npsimoyronsuuk, MD L ABC

CD=3cm, AD =4 cm, MB =5 cmM.

Haiumu: £(DM; ABC).

Pewenue:

Yron Mexay npsMOW M IUIOCKOCTBIO - 3TO YIroJl MEXAY MpsIMOM M €€ MpOEKIuerd Ha
I0CKOCTh. DM - HakioHHas, DB ee npoekuus Ha MmI1ockocTb ABC, clienoBaTeabHO, HAaM HY>XKHO
Haitu yron MDB. O603Ha4uM €ro 3a .

PaccmoTrpuMm mpsMoyrosbHbIi  TpeyronbHuUk BAD. AB = CD = 3 cM (kak
MIPOTHUBOIIOJIOKHBIE CTOPOHBI MPpsMOyroibHUKA). Haitnem BD o Teopeme ITudaropa.

BD =+/AB? + AD? = /32 + 42 =5 (s,
PaccmoTrpuM npsimoyroisibHbIN TpeyroasHUK MBD. Haiinem yron BDM.

L _MB_5 |
8¢ =3p "5~
— [u]
Yrou ¢ — octpsiii, 3Haunt, ¢ 45°
45°

Omeem:

IIpakTnyeckas padora Ne64
Tema 11.5: [TapamenbHbie, NEPICHIUKYISIPHBIE U CKPEIIUBAIOIINECS TIPSIMbIC
He.]'lb: Hay‘-II/ITI)Cﬂ HaxXoJUuTb YrojJ MCKAY CKpCIIMBAOIMMUCA IIPAMBIMH, MPUBCCTU
NPaKTHYECKHE TPUMEPbI ApAJUIETbHBIX U CKPEIIMBAIOIIUXCS TPSIMBIX

Teoperuyeckas 4acTb:
Bo03MOKHBI TpH Cilydast paclooKEHUs NPSIMBIX B IPOCTPAHCTBE:!

o napayienbHO / / 4
/ ) i

° MEPECCKArOTCA

° CKpCHINBANOTCA s

Yeon mercoy ckpewqusarowgumuca npamoimu
Yenom  mescoy ckpewqusarowpumuca - npameimu  Ha3BIBAIOT  YIOJN  MEXIY
MEePECEKAIOIIUMHUCA MPSIMBIMU, COOTBETCTBEHHO MapaUIeIbHBIMU JaHHBIM CKPEIIHMBAIOIIUMCS
MPSIMBIM.
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Ha pucynke un3o0pakeHbI CKpemuBatomuecs npsimeie a u  b. [Ipsimas a’ napamiensHa
npsMOit a, ipsiMast b’ mapasuienbHa npsimoi b. [psimbie a’ v b' mepecekaroTcs. Yroil ¢ | sSBIACTCS
YIJIOM MEXIY CKPEUIMBAIOMIMMUCS IPSIMBIMU a U b.

Pemienue 3axau:

1) 3aoaua. B xybe ABCDA1B1C1D1 HaiiTu yroia Mexnay npsmeiMa AB1 u BCi.

Pewenue. 1lockonpky npsiMast AB: MEPECEKAET IUIOCKOCTh BB Ci B
TOuKe Bj, KOTOpas He JNexuT Ha npsmoil  BCi, TO IO NPU3HAKY CKPEUIUMBAIOIIMXCA
npsimbix npssMbie AB1 u BCi  ckpemuBaroTcsl.

g toro, 4roObl HailTM yron mexnay npsmeiMu  AB1  u  BCi, npoBeneMm B KyOe
JMaroHasib 00OKOBOM rpaHu  AD1 W AuaroHajab BEpXHEro ocHoBaHus Di1B1 (puc. 4).

o ompenenenuto yria MexIy CKpEIIUBAIOUIUMUCS IpSIMbIMU yrosl D1AB1 U sBisieTcs
yriaoMm mexnay npsameiMu AB1 u BCi. Ilockonbky TpeyronbHUK AD1B1 paBHOCTOPOHHMIA,
yron D1AB1 paBen 60°.

Omegem. 60°.

2) [IpuBenuTe npuMepsl NapauIETbHBIX U CKPEUIUBAIOIINXCS IPSIMbIX, BCTPEUYAIOLINXCS B
OKPY’KaIOILEM MUDE.

Pemenne:

[IpuMmeps! napayeabHBIX IPSAMBIX: JBa IPOBOJA JIMHUM 3JIEKTPOIepeay; UPUHA M10JI1a U
MIMPHHA TOJIKA; JIBE MOJIOCH aBTOMOOMIIBHOM JOPOTH.

IIpakTnyeckas padora Ne6S
Tema 11.5: [TapamtensHble, IEPIEHANKYISPHBIE U CKPEIUBAIOIINECS IPSIMBbIE
Henan: Hayuntecs pemars 3a/1a4M npo¢eccCHOHATBLHO-OPUEHTHPOBAHHOM
HaIpPaBJIEHHOCTU

Teopernyeckas 4acThb:

Ha nnockoctn naBe mnpsiMble WM NEPECEKANOTCS, WM MApAJUIEIBHBL JPYr JPYTY.
A B MPOCTPAHCTBE BO3MOXKEH €IE OAUH CIydail B3aUMHOI'O PACTIOJIOAKEHUS PSIMBIX.
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PacnonoMmeHne NpAMbIX B NpoCTPaHcTBe (TPW cnyvan)
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/[Be mpsiMble B NPOCTPAHCTBEe NapajlieJbHbI APYr APYry, IepeceKkarTcsi HJIH
CKPeLIUBAKTCS.

Ecnu nBe npsMble napajienbHbl TPEThEN, TO OHU NapaJuleabHbl APYT APYTY.

CkpemuBarmuecs: NpsiMble HE MEPECEKAIOTCSA U HE MapajuleibHbl Apyr apyry. Yepes
HUX HEBO3MOYKHO IPOBECTH IUIOCKOCTh. CKpelMBarolyecs NpsMble JeKaT B MapajliebHbIX
IUIOCKOCTSIX.

Pemenue 3ana4

1. JlBa rpy30BHKa BBIEXaJIX B PEUC O B3aUMHO-NIEPIICHANKYISIPHBIM JIoporam. CKOpoCTh
otHOTO — 50 KM/4, CKOPOCTH Ipyroro — 60 KM/4, B JAHHBI MOMEHT OHU HaXOJISATCS HA PACCTOSIHUN
7 kM 1 10 kM oT Hauana nyTH. Yepes kakoe BpeMs pacCTOsHUE MEX1y HUMU OyneT 35 km?

2. Ckoipko motpedyercst 0eToHa sl TOro 4ToObl 3aIHMTh IIBEUIEP C MapajuieIbHBIMU
rpanamu nosiok 1211 gymunoit 10M?

WEEMMEP C ¥YKACGHOM WEEANEF C
BH¥TPEHHWX FrPAHEW NONOK NAPANAEABHBINMKWM FPAHAMM
12 ¥ nonoxk 12 N
[ o
- 5 4. 8mm
F120 mm 120 mm
1 P
b 52 Mm
-

IIpakTuyeckas padora Ne66
Tema 11.6: KoutponsHas padota mmo pazaeny 11 «IIpsiMbie U IIOCKOCTH B TPOCTPAHCTBEY
Heas: [IpoBeputs ypoBEHb YCBOEHMS JaHHOro marepuana no paszeny 11 «lIpsmsie n
MJIOCKOCTH B IPOCTPAHCTBEN»

Ilpu pewenuu 3adanun 1-4 3anuwiume npaguibHLLL OmMEEmM U3 uemvlpex
npeooIHCceHHbIX.

1. (1 6ayn) PacmmudpyiiTe KpaTKyro 3amuch: acf.

A) TouKa a MPUHAANIEKUT TUIOCKOCTH [B; b) Touka a mpuHauIekuT npsmoii B; B) npsimas a
NPUHAISKUT TTI0CKOCTH ; ') mpsimast a mepecekaeT MIoCKOCTh .

2. (1 6amn) [psmeie AB u CJ] ckpemuBarotcs. Kakoe pacrnonoxenne nmerot npsimbie AC
u BJ1?

A) napamnensHsle; b) nepnennukynspusie; B) ckpemusarores; ') nepecexarorcs.
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3. (1 6amm) Ilmockoctn a u [ wumeror 1 ob6myro Touky. KakoBo ux B3ammHOE
pacnosoxeHue?

A) mapannensHbl;, b) mepecekatorcs o npsimoii; B) copnagarot; I') ckpemuBaroTcs.

4. (1 6amn) Eciu mpsimasi, IpoBeJCHHAS HA IJIOCKOCTU Yepe3 OCHOBAHHME HAKJIOHHOM,
NEePIEeHIUKYIIApHA €€ IPOEKIUH, TO OHA. ..

A) nepreHIUKyJIspHAa U cCaMOM HaKJIOHHOM; b) mapamnenbHa u camMoil HaKJIOHHOM; B)
CKpEIIMBAETCs C HAKIOHHOM; [') mepneHauKynsipHa OCHOBaHUIO HAKJIOHHOM.

Ilpu évinonnenuu 3a0anuil 5-8 3anuwiume x00 peuwienus u nOJIy4eHHbLL OMeEem.

5. (2 6amra) Yepe3 koHIel otpe3ka AB u ero cepenuny M mpoBeneHbl Mapajuie/IbHbIC
IpsIMbIE, TIEPECEKAIOIIME HEKOTOPYIO INIOCKOCTh B ToUKax A1, B1 u Mi. Haiinure anuny otpeska
MM, ecnu oTpe3ok AB He nepecekaeT nmiaockocTh U ecii AA 1= 6,8cm, BB = 7,4cMm.

6. (2 6amna) Ipsameie AC, AB u A/l nonapuo nepnenaukyisipasl. Haitnute orpesok C/I,
ecii AB=5cm, BC=13cm, ALl =9 cm.

7. (2 6amra) M3 TOYKHM K TUIOCKOCTH IIPOBEJICHBI JIBE HAKJIOHHBIE. HaliuTe JIMHbBI 00111eT0
NEPIEeHIUKYIISAPA, €CIIH MPOSKIIMH HAKJIOHHBIX OTHOCSTCS KakK 2:3 U ATMHBI HAKIIOHHBIX PaBHBI 23
cM u 33 cm.

8. (2 6anna) Haueptuts kyo ABC/ZIA1B1C /1. IToctpouts Touky KEAB, Touxy MeI/1:C,
otpe3ok PEEAB:C;.

Omanonvt omeemos:

H

OMEp 1 2 3 4 5 6 7 8
3adaHUsA

OtBert B B b A 7,1 15 9 -

IIpakTHyeckas pabora Ne 67
Tema 12.5: bokoBasi u nojgHas MOBEPXHOCTh MPU3MBbI, TUPAMHIbI
Heab: HayuuTh BIYUCAATH OOKOBYIO U MOJIHYIO OBEPXHOCTh MPU3MBbI U MHUPAMUIBI

Teopernyeckas 4acThb:
[Ipusma

ITnowaow nosepxnocmu: S=2SocitSeox, TN1€ Seox — IUIONMAAb OOKOBOH IOBEPXHOCTH,
paBHas CyMMe IIJIOIIAIEH BCEX IPaHEM.

[Tpsimast mpuszMa — nmpusma, 60KoBoe pedpo KOTOPOH MEePHEHIUKYISIPHO OCHOBAHHUIO.

Obvem: V=Socn'l .

IInowaow b6oxosou nogepxrnocmu: Ssox=P-1, rae P — nepumerp ocHOBaHusI.

[IpaBunpHasgs mpusma — mOpsmas [OpHU3Ma, OCHOBAaHHE KOTOPOW — TPaBHIbHBIN
MHOT'OYTOJIbHUK.
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Ai i
_________ )
LD
A a B
[Napamnenenunen — mnpus3Ma, OCHOBaHUME KOTOPOM — Iapajuienorpamm. Bce rpanu

napasuiesienuneia BIsS0TCA napauieIorpaMMaMU.

[IpssMOyTONBHBIN NTapajuieIenuIe] — IpUu3Ma, BCE TPaHU KOTOPOU — IPSIMOYT OJIbHUKH.

Ceoticmea ouaconaneii: ACi=BD;=CA;=DB;=d; d2=a’>+b*+c?.

Inowaow nogepxnocmu: S=2-(ab+ac+bc).

Ky0 — mpu3ma, Bce rpanu KOTopoii — kBasipaThl (a=b=c). Ky0 siBisieTcs mapasuienenureiom
1 00J1a1aeT BCEMU €T0 CBOICTBaMHU.

d= v@ﬂ; S=6a’.

IupamMmuaa — »53T0 MHOTOrpaHHas oObBeMHas Qurypa, OrpaHHYCHHAs ILIOCKUM

MHOTOYTOJIbHUKOM (OCHOBOIA) U TPEYrOJIbHIUKAMU, UMEIOIIHUX OOIIYI0 BePIUIMHY, HE JIeXKAIIYIO B
TJIOCKOCTH OCHOBAHHUSI.

O0béM 1 III0IA/Ib IOBEPXHOCTH MUPAMM/IBI

@opmyna. O0beM NMPAMHUABI YEPE3 IJIOUIAIb OCHOBBI U BBICOTY:

V= SOCH'H

Onpeodenenue. bokoBasi MOBEPXHOCTh NMHUPAMMIBI - 3TO COBOKYIHAs IUIOIIAJb BCEX
OOKOBBIX I'paHEl TUPAMU/IBL.

Onpeodenenue. IlonHasi NMOBEPXHOCTb NMHMPAMUIbI - 3TO COBOKYIHOCTH IUIOIIAJEH
OOKOBOM TOBEPXHOCTH U IIJIOLIA/I OCHOBAHUS TUPAMU/IBL.

@opmyna. Ilnomagb 60KOBOM MOBEPXHOCTH NPABHIBHON MUPAMHUABI YEPE3 IEPUMETP
OCHOBaHUS U anogemy:

1
S = —ph
b Zp

IIpumep 1. YUemy paBHa mojHas MOBEPXHOCTh NMPSMON TPEYTOJIbHON NMPU3MBI, €CIIA €€
BbIcOTa paBHa 50, a cropoHbl ocHOBaHuA 13, 37 u 407

Pewenue:

IIepumerp ocHoBaHus npu3Msl paseH P=13+17+40=90.

[Tmomane 60xK0BOI MOBEPXHOCTH Sso= 90-50=4500.

[Tnomans ocHoBaHus Haiaem no ¢opmyine [epona. Ero momynepumerp p=45 u

See =/45(45-13)(45-37)(45-40) =+/45-32-8-5 =240
OcTanoch BBIYUCIUTD MOJHYIO TOBEPXHOCTH NMpU3MbL: S=2-240+4500=4980.

Omeem: 4980.
IIpumep 2. B ocHoBanuu npsmoii npuzMel ABCDA1B1C1D1 nexut kBaapaT co CTOpOHOM

2 .
2. bokoBoe pebpo MpU3MBI PABHO *\E . Haligute rpapycHyro mepy yriia Mexay IUIOCKOCTBIO
TpeyroiabHuka AB1C 1 INIOCKOCTbIO OCHOBAHUS MPU3MBI.

Pewenue:
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[Tnockocts ABiC mnepecekaeT miuockocTh ocHoBaHus npo mpsmoid AC. Iloctpoum
JIMHEWHBIN YroJl, COOTBETCTBYIOIIUN YTy MEXAY 3TUMU TuiockocTsiMu. T.k. ABCD — kBaapar, To
ero JMaroHagH mepecekarorcss mox mpsmeiM yrimom, T.e. B0 LAC Tanee, T.k. mpusma
npaBuibHas, To0 BiA=BC. Tpeyronsank AB1C — paBHoOenpennsbiii. Ero menuana B1O siBnsercs

TaKXe€ €ro BBICOTOM, T.€. B0 LAC CnenoBaTenbHO, JUHEHHbBIN £B,0B paBeH yriy MEXIy
IIJIOCKOCTSIMH.
Paccmotrpum TtpeyronpHuk Bi1OB. Ilockonbky npusma — mpsmas, To yroa B B
1 1
A BO=—-BD=-22=./2
TpeyroJibHuKe — npsamoii. BiB=¥+ o ycnosuro 3agaumu. 2 2 . T.k. xareTsl B

psIMOYTOJIbHOM TpeyroyibHuke B1OB paBHbl, TO ZB,0B 450,

Omeem: 45°.

Pemenue 3ananuii:

1.B npsiMoyronpbHOM mapajuielenunese CTOPOHbI OCHOBaHHUS paBHBI 12 ¢cM U 5 cwm.
Juaronaine napasuienenunena oOpa3yer ¢ MIOCKOCTbIO OCHOBaHUs yrou B 45°. Haiiaute 6okoBoe
pebpo nmapauienenunesa.

2.0OcHOBaHuEM MPSAMOro Mapajuienenuneaa spisercs poMo ¢ auaronansimu 10 cm u 24 cm,
a BbIcoTa napaienenurena paHa 10 cm. Haligure 60mb11yto 1uaroHais napasuieenurmesa.

3.CtopoHa OCHOBaHHS MPABHIBHON TPEYyroibHOW MPU3MBI paBHA § cM, 00KOBOE pedpo
paBHO 6 cM. HaiinuTe ruiomans ceueHus, MPOXOASIIEero Yepe3 CTOPOHY BEPXHETO OCHOBAHMS U
MIPOTUBOJICKAIIYIO BEPIINHY HUKHETO OCHOBAHHUS.

4.B npaBWIBHOM N-yrojibHOW MpH3ME CTOPOHA OCHOBAaHHUS paBHA a M BBICOTA paBHA h.
Breruucnure momaayu 60KOBOM U TIOJHOM MOBEPXHOCTH MPU3MBL, eciii: a)n=3,a=10cm, h=15
cM; 0)n=4,a=12am,h=8 am;B)n=6,a=23 cm, h=51m;T)n=5,2a=0,4 M, h =10 cm.

5.0cHOBaHME NMPSMOMN NPU3MbI — TPEYTOJBbHHUK CO CTOPOHAMH S5 cM U 3 cM 1 yriaom B 120°
Mexay HuMu. Haunbonbiias u3 miomiaaei 60KoBbIX rpaHeit paBHa 35 cm2. Hailiaure miomans
OOKOBOI TTOBEPXHOCTH MPU3MBI.

6.CTOpOHBI OCHOBAHHUS MPSIMOTO NapajuleNenue a paBHbl 8 cM U 15 cM 1 00pa3yroT yroia
B 60°. MeHblnas W3 IUIOLIAJEH OUaroHalbHbIX cedeHuil paBHa 130 cm2. Haligurte miomanas
MOBEPXHOCTHU Napasuieenunesa.

7. laHa mpaBUJIbHAs YETHIPEXYroJibHas MUpaMuJa CO CTOPOHOM OCHOBAaHMS 2 CM M
BbICOTOM OOKOBOHM rpann 6 cm. Haiinute momanb

OOKOBOI TMOBEPXHOCTH MHPAMUJIBL.

8. BoicoTa mpaBUIBHOM  YETHIPEXYrOJIbHOW MUpaMHUAbl 7CM, CTOpPOHA OCHOBAHUS
8cm. Omnpenenure OokoBoe pedpO.

9. Mano: SO = 4 - Beicota nupamusl. ABCD - npsimoyronshauk, AD = BC = 6; AB=DC
= &8. Haiitu: Stmomu., S60k., V.

SME% DC-SM. 3M=J5d+mf;

Pemenne:
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AC=BD=64+36 =10; AO=0D=5; OM~=
=%AD=~§=3. SM=16+9=5. Sm=% .8

- B=20; Saiems=20; GK=~I~ DC
2 (cpenusia munus AADC). OK =4.

_1 :
SK =16 +16 =44/2; S""”"Eﬁ"“ﬁ’uﬁ* Sascs =122.
Seoe #2122 +2:20 =244/2 + 40 = 8 (332 + 5); S = 6 - 8= 48; Sy = S +
F 8o = 243/2 +40 +48=2442 + 88 =8(11 +34/2 ).

1 1
V-gSm-h-g 48 -4 =64, (Orer: B(32 + 58011 +342 ) 64.)

IIpakTyeckas padoralNe 68
Tema 12.7: [Ipumepbl cummeTpuii B ipodeccuu
Iean: PaccMOTpeTs IpUMEPBI CAMMETPUU BOKPYT HaC

Teopernyeckas 4acThb:

PaccMoTpuM NOHATHE CUMMETPUU C T€OMETPUYECKON TOUKH 3PEHUS.

B ydeOHMKe 1O T€OMETPHH TO MOHITHE BBOAUTCS clieayromuM oopasom. Toukn A u Al
Ha3bIBAIOTCS CUMMETPUYHBIMU OTHOCUTENIBHO TOUKH O (LeHTp cuMMeTpun), eciu O — cepearHa
orpe3ka AA1 (puc. 1, a). Touka O cuuTaercs CHMMETPUYIHON camMoii cede.

Touxu A 1 Al Ha3bIBaIOTCS CUMMETPUYHBIMU OTHOCHUTEJIBHO MIPSIMOIL @ (OCh CUMMETPHH),
ecJId IpsiMasi a IPOXOJUT Yepe3 cepelnHy oTpe3ka AAl u nepneHAMKYJIspHA K 3TOMY OTPE3KY
(puc. 1, 6). Kaxxnast Touka npsiMoii a cCYUTaeTCsl CHMMETPUYHOM camoli cele.

Toukn A n Al Ha3pIBalOTCS CUMMETPUYHBIMU OTHOCUTENIBHO IUIOCKOCTH  (TJIOCKOCTH
CUMMETPUN), €CIIU TUIOCKOCTh  IIPOXOIMT YEPE3 CEPENNHY OTpe3ka AAl M mepneHIuKyIspHa
K 3TOMY 0Tpe3Ky (puc.l,B). Kaxkas Touka miI0CKOCTH  CUMTAETCsl CUMMETPUYHOM camoii cede.

Touka (mpsimMasi, TIOCKOCTb) Ha3bIBAeTCS ILIEHTPOM (OCBIO, IJIOCKOCTBIO) CHMMETPHH
burypsl, eciau Kaxxaas Touka QUrypbl CHMMETPUUYHA OTHOCUTEIHLHO HEE HEKOTOPOI TOUKE TOM ke
¢urypsl. Ecau purypa umeer (puc. 1) uentp (och, I0CKOCTb CAMMETPUN), TO TOBOPST, YTO OHA
o0JaiaeT 1eHTpaIbHON (0CEBOM, 3epKaIbHON) CUMMETpHUEH.

Bbizensist reoMeTprUUecKyr0 CHMMETPHIO, TOBOPUM O MOJIOKEHHUHU, POpMe, CTPYKType. ITO
Ta CUMMETPUS, KOTOPYIO MOKHO HETIOCPEICTBEHHO BUJIETh.

| A F'H. |
. |
b —a

a = | Ar—ie |

e
|

B | ==

CuMMeTpuI0 MOKHO OOHapy)XHUTh IOYTH Be3Jle, €ClIM 3HaTh, KaKk €€ MCKaTb. MHOrue
Hapobl C APEBHEHIINX BPEMEH BIIaJI€H MPEJICTABICHUEM O CUMMETPUHU B HIMPOKOM CMBICIIE --
Kak 00 ypaBHOBEIIEHHOCTH M TapMOHUHU. TBOpPYECTBO JIOJIe BO BCEX CBOMX MPOSIBICHUIX
TAroreeT K cumMMmerpuu. llocpencTBoM cHMMETpUM YEJIOBEK BCEr/a MbITANCS, IO CIOBaM
HeMelKoro wmarematuka I'epmana Beins, «noctuub M co3AaTh MOPAJOK, KpacoTy U
coBepieHcTBOY. . Belnb Mo cuMMeTpueit moHuMai «kHEM3MEHHOCTh KaKoro-JIn0o 00beKTa, Ipu
OTIpENIeIEHHOr0, pojia MPeoOpa3oBaHMX; MPEIMET SBISETCS CUMMETPUYHBIM, B TOM cCiydae,
KOI'Jla €ro MOXHO MOJIBEPTHYTh KaKOW-HUOYb Onepaliu, rmocie KOTOpoi OH OYAeT BHITJISAICTD
TaK ke, Kak ¥ 10 npeodpazoBanusy. OnpeneneHnyio riasy I'. Belnb mocBATHI OpHAMEHTHOU
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CUMMETPUU. YTIOPAJOYCHHOCTh M TOJAYMHEHHOCTh OIpEJeNeHHOMY Ha0opy MpaBHI MBI
0oOHapyXHBaeM B y30pax U OpHaMeHTax (cM. puc. 16).

Henb3s He yBHIETh CHUMMETPUI0O UM B OIPAaHEHHBIX JpParolieHHBIX KaMHAX. MHorue
IPAaHWIBLIMKK CTapaloTCs MpuIaTh OpwiuMaHTaM (QopMy TeTpasapa, Kyba, OKTa’[pa WU
uKocadzpa. Tak Kak rpaHaT UMEET T€ >K€ DJIEMEHThI YTO U KyO, OH BBICOKO LIEHUTCS] 3HATOKAMU
JParoleHHbIX KaMHeH. XyJ0KeCTBEHHbIE U3/EIUs U3 IPaHAaTOB ObUIM OOHApY>KEHbI B MOTMJIaX
[pesuero Erunra, oTHOCAIMXCS €11€ K JOJUHACTUYECKOMY IEpUOY (CBBILLIE IBYX ThICAYEIETUN
JI0 H.D.).

B komnexknumsx OpmuTaka 0COOBIM BHHUMAHHUEM TIIOJIB3YIOTCSl 30JI0THIE YKpaIICHUs
npeBHUX cku(oB. HeoObIyaiiHO TOHKA XyJ0KECTBEHHAs pab0Ta 30JI0ThIX BEHKOB, IMAJIEM, IepEBa
U YKpAaIeHHBIX AParoleHHbIMUA KPacHO-(pHOJIETOBBIMH I'paHaTaMHU.

OnHUM U3 caMbIX HarjsIIHBIX HCIOJIb30BAaHUM 3aKOHOB CUMMETPHM B JKM3HM CIIyXat
CTPOEHHUSI apXUTEKTyphl. JTO TO, YTO 4Yallle BCETO Mbl MOXEM YBHUJETh. B apxurexkrype ocu
CUMMETPHUU HCIIONB3YIOTCS KaK CpE/ICTBA BBIPAXKEHMS apXUTEKTypHOro 3ambicia. ITpumepon
UCIIOJIb30BAaHUSl CHUMMETPUU B apXUTEKTYpE MHOKECTBO, OJJHUM W3 HHUX SBIIETCS MPEKPACHBIN
HoBocuOupckuii Teatp onepsl u Oanera.

Eme onHuM npuMepoM MCIOJIB30BaHUS YEJIOBEKOM CUMMETPUU B CBOEH IPAKTUKE - 3TO
TeXHUKa. B TexHHuKe ocu cuMMeTpuu Hanbosiee 4eTKo 0003HAYar0TCs TaM, Tie TpeOyeTCs OLEHUTh
OTKJIOHEHHE OT HYJIEBOTO IOJIOKEHMSI, HAI[pUMEpP Ha pyJie TPy30BHKa WM Ha LITypBajie KopaoJs.
Wnu ogHO U3 BaKHEHIIMX W300pETEHUI YenoBeyecTBa, UMEIOIIUX LIEHTP CUMMETPHUH, SBIISIETCS
KOJIECO, TAK)KE LIEHTP CUMMETPUU €CTh Y MPOINEIIepa U IPYruX TEXHUUECKUX CPEACTB.

CuMMeTpuI0 MOXHO 3aMETHTh Jake TaM, Ha 4TO HHMKOI/la He oOpalajg BHUMAaHUE.
Hampumep, eciu Bbl momectute OYKBbI IEPE]] 3€pPKAJIOM, PACIIOJI0KUB €T0 MapalieIbHO CTPOKE,
TO 3aMETUTE, YTO T€ U3 HUX, Y KOTOPBIX OCb CUMMETPUHU MPOXOJUT TOPHU3OHTAIBHO, MOKHO
IIpOYECTh U B 3epKaje. A BOT T€, y KOTOPBIX OCbh PAcHOJ0KE€HA BEPTUKAJIBHO MU OTCYTCTBYET
BOBCE, CTAHOBSITCS «HEUMTAOCIBbHBIMI.

Cy1ecTBYIOT SI3bIKH, B KOTOPBIX HauepTaHHE 3HAKOB ONUPAETCS Ha HAIMYUE CUMMETPHUHU.
Tak, B KUTaliCKOW MMCbMEHHOCTH MePOrnG 03Ha4aeT MMEHHO UCTUHHYIO CEPEUHY.

CummeTpusi Takke €CTh M B 4YHCIax, Hampumep, v12345678987654321=111111111;
v123454321=11111 u T.1. cuMMeTpHsI LIEHTPAJIbHASL OCEBAsl 3€pKaAJIbHASI TEOMETPHUS

3a/1aﬂne: MMpUBCANUTEC TIPUMCPBI CUMMETPHUH, BCTpG‘lElIOH.ICfICH B )XMU3HHU YCIOBCKA.

IIpakTuyeckas padoraNe 69
Tema 12.7: [Ipumeps! cummeTpuii B mpodeccuu
Iean: PaccMoTpeTs mpuMepbl CHMMETPHUH B ITPOGECCUOHATLHON AEATEIbHOCTH

TeopeTnyeckas 4acTh:

[Ipumenenne mareMaTUku B Oyaymiedl mpodeccuu — OouyeHb akTyajbHas T€Ma HaIIero
BPEMEHU.

CummMeTpus B mpodeccuu afMUHUCTPATOpa Mara3uHa OJ1eX1bl

B MarasmHe ofekIbl 00S3aHHOCTH aJMUHHUCTpAaTOpa Mara3uHa OyayT 3aKIr4YaTrhCs B
opraHu3alr TOProBbIX IMPOLECCOB. HOHOJ’IHI/IT@J'IBHO B 065133HHOCTI/I AIMUHHUCTpAaTOpa BXOAUT
KOHTPOJIb HaJl pa3MEIICHUEM TOBapa B TOProOBOM 3ajie MarazuHa. M TyT riiaBHBIMH TpUHIUTIAMU
co37aHus OanaHca SIBISIOTCS CHMMETPUSI 1 ACHMMETPHSL.

Kak wucnonb3oBaTh CHMMETPHUIO B MaraswHe oaekael? Tak ke, Kak HaOOp BECOB
YpaBHOBEIIMBAET JIEBOE W MPABOE Ha BecaxX, TAK JieBas MMOJOBHHA BUTPUHBI WM MPOCTPAHCTBA
MarasuHa ypaBHOBEIIMBAETCS MTPaBOM:

® BCIIN U MAHECKCHEI B JIEBOM CTOPOHE BUTPHUHBI OKHA JOJI’KHBI 6aHaHCI/IpOBaTB C O6’BGMOM
CIIpaBa;

® CTONKH CIIOXCHHBIX (PyTOOJIOK PAaBHOMEPHO M CHMMETPHYHO PpaACIPEACIICHBI 10
OTIEIBHO CTOAIIEMY CTOIY Y BXOJa B Mara3uH;
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® BUCST BEIIM OJMHAKOBOT'O ACCOPTHUMEHTA CJIeBa U MpaBa.

Cummetpusi (oceBasi) 4acTO HCIONB3YeTCs i OGOPMIICHHS BEIICH B KJIACCHUYECKOM
ctwie. CUMMETpHS TIPUIACT 3JIETAHTHOCTh M (POPMAIBHOCTH BUTPHHBI C MY>KCKOH OJICKIOH;
opopmiieHHEe B JU3aWHEPCKUX Mara3MHax C MHUHUMAQJIMCTUYHBIM JTU3alHOM ; BUTPUHBI C
MaHEKCHaMU ¢ HCOOBIYHOM TU3aitHEPCKOM 0183k 101. OJHAKO CUMMETPUYHOE O(POPMIICHHUE MOYKET
OBITH HEMHOT'O CKYYHBIMU I O0Jiee MOBCETHEBHOM U 0a30BOM 0/1€kKIbI, KOTOPBIE TPEOYIOT Yero
UHTEPECHOTO.

Acummertpus. st pa3menieHust MOBCEAHEBHON U 0a30BOM OAEKIbl OOBIYHO HUCIIOJIB3YIOT
ACUMMCTPUYHBIC BUTPHHEIL. Bnaronap;{ ACUMMCTPHUHU MOJY4YaCTCA HNpCACTaBUTb 6330BBIC BCIIIN
0osiee HEOOBIYHBIMU. ACUMMETPUYHBIN AU3aiiH MOXKET BBI3bIBATh UYBCTBO JABM)KCHUS U Ka3aThCs
Ooiee COBPEMCHHLBIM, YEM CHMMGTpH‘-IHBIﬁ, HO IIpHU BCEM 3TOM CO34aTh IIPABUJIBHBIC ITPOIIOPUU U
3JIEMEHTOB 3/IECh CIIOJKHEE.

Kak wucnomp3oBaTh acMMMETpPHIO B MarasuHe OACKIsI? B KkadecTBe mpumepa
ACUMMETPUYHOT0 OamaHca MOKHO MMPUBECTH CIEIYIOIIee OJIMH MAHEKEH B JIEBOW YaCTH BUTPUHBI,
YPaBHOBEIICHHBIN JIBYMSI MaHCKCHAMH CIIPaBa, CTOSANIUMHU OJHM3KO Ipyr K Apyry. B 1menowm,
rapMoHus Oy/IeT JOCTUTHYTA, TOCKOJIbKY TPU MaHEKeHa yJ00HO 3aMOIHSIOT MPOCTPAHCTBO, XOTS
OHHM U pacrpeielicHbl HEPABHOMEPHO

CummMmetpus B npodeccun Boautens. Bce aBToMoOUIN UMEIOT MPOAOIBHYI0 CHMMETPHIO
Ky30Ba. He SBIAIOTCS HCKITFOUEHUEM M OOJIBIIIETpY3HBIC MaIIMHEL. [IepBoe, 4TO MPUXOUT Ha YM,
KOrJla peyb UAET O CHMMETPUM aBTOMOOWMIICH, 3TO a’poarHaMuKka. Eciiu neBast U mpaBasi 4acTu
MalIuHbl OyAyT MMETh pa3Hyl (OpMy, TPYIHO IPEIyrajaaTh, Kak IOBEACT ceOs BO3MYIIHBIN
MOTOK Ha OOJIBIION CKOPOCTU. B 3aBUCMMOCTH OT CKOPOCTH BO3JYIIHBIE MacChl IO 00€ CTOPOHBI
Ky30Ba MEHSUTH ObI CBOW yrojl MU HEM3BECTHO KaK IMEPEeCceKaMch OBl MEXIy COOOM, co3maBas
JUIIHKE MpoOieMbl BoauTeto. M3-3a ommbok mpoekTHpoBaHUS (OPMBI Ky30Ba aBTOMOOMIH
MOTYT TEPATh YCTOMYMBOCTH Ha OOJIBIION CKOPOCTH U JIaXKe TIEPEBOPAYUBATELCS . ITO OCOOCHHO
OTMacHO sl OOJBIIErpy3HbIX MalMH. Eciiu mocMoTpeTs Ha Gypy ¢ pa3HBIX CTOPOH, TO MOKHO
3aMETHTh, YTO OHA UMEET Cpa3y HECKOJIBKO oceil cuMMeTpru. HekoTophie neTaiy MaliiH UMEIOT
HEHTPaJbHYI0 CUMMETPUIO: KOJECO aBTOMOOWIIS, IIECTepeHKa W Jp. PyrneBoe koieco mumeeT
oceByro cummeTpuro. [Ipu MoeTupoBaHM aBTOMOOMIIBHBIX TUCKOB, JJIS PAaCUYETOB MPUMEHSIOT
MOBOPOTHYIO CHMMETPHUIO. PerymmpoBka CXOXAEHHS KOJEC aBTOMOOWIISA TPOU3BOAUTCS
OTHOCHUTCIIBHO HpOI[OJ'IBHOfI OoCh CUMMCETpPHUH MalllWHBI. I[J'If{ HAa3€MHOI'0 BHJa TpPaHCIIOpTa B
OoJIbIIIel CTENIEHH BCE OCEeBasi CHMMETPHSL.

3aganme: mnpuBEIUTE NPUMEpPHl CUMMETpPUH, BCTpedarolleiics B Bamed Oyaymei
npodeccuu.

IpakTuyeckas padoraNe 70
Tema 12.13: O6bem Tena. OTHOIIEHUE 00HEMOB MTOTIOOHBIX TE
ean: PaccMoTpeTh mpuMepbl HAXO0XKACHUS 00bEMOB TEOMETPUUECKUX TEI
Teopernyeckas 4acThb:
Bce ¢popmynsl 00b€MOB reOMETPUUECKUX TEI
1. Pacuer o6bpema kyba

a - CTOpoHa Ky0Oa
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®opmyna oobema kyba, (V):

a, b, ¢ - cTOpOHBI MapasuieNnenuIeia
E1e nHOT 1A CTOPOHY NapasuieNienuieia, Ha3pIBatoT peOpoM.

dopmyna oobeMa napaienenunena, (V):
V=ahc

3. ®opmyna I BEIYMCIIEHUST 00beMa mapa, cheps

R - paguyc mapa
n~=3.14

[To popmyre, ecnu 1aH paguyc, MOKHO HallTH oObema mapa, (V):

4. Kak BBIYUCIUTH 00BEM ITUIHMHAPA ?
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h - BbICOTa UNIMHpA
I - paAnyCc OCHOBaHUS
n=3.14

[To hopmye HaiiTu 0ObEMa IMIIUHPA, €CIU U3BECTHBI - €70 PAUyC OCHOBAHUS U BHICOTA,
(V):

5. Kak naiitn 00beM KoHyca ?

R - paguyc ocHOBaHUs
H - BbICOTa KOHYCa
n~=3.14

dopmyna od6beMa KOHYyca, €CITU U3BECTHBI pajguyc U BbicoTa (V):

r - paauyc BEpXHEr0 OCHOBAHUS
R - paguyc HUXKHEr0 OCHOBaHUS
h - BbICOTa KOHYCa

n~=3.14
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dopmyna odbeMa YCEYEHHOTO KOHYCA, €CIM M3BECTHBI - PAaliyC HUIKHETO OCHOBAHUS,
paauyc BEpXHET0 OCHOBaHUS U BhIcoTa KoHyca (V ):

[IpaBunbHBI TeTpadap - MNUpamMuAa y KOTOPOM BCe TpaHH, pPaBHOCTOPOHHHE
TPEYTOJIbHUKH.
a - pebpo TeTparapa

dopmyina, 11t pacuera o0bema npaBuibHoOro terpaszapa (V):

9. O0BeM MpaBUIBLHON YETHIPEXYTOJIbHON MUPaMHU/IbI
[Mupamuna, y KOTOpoH OCHOBaHME KBaJpaT M TpaHU paBHbIE, paBHOOEApPEHHBIE
TPEYrOJIbHUKH, HA3bIBAETCS ITPABUIIBHON YETHIPEXYTOIbHON TUPAMUION.

a - CTOpOHA OCHOBAHMS
h - BeICOTa upamMu el

®dopmyra 1715 BEIYUCIEHNs 00beMa MPaBUIIbHONM YeThIPEXyroibHOM nupamusl, (V):

10. O6beM npaBUIIBHOM TPEYTrOJbHONW MTUPAMUIBI
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IInpamuja, y KOTOPOM OCHOBAHME PAaBHOCTOPOHHUN TPEYTrOJIbHUK U TI'PAaHU pPaBHBIE,
paBHOOEAPEHHBIC TPEYTOJbHUKH, HA3bIBACTCS TTPABUIILHON TPEYTOIHHON MUPAMHION.

a - CTOpOHA OCHOBAHMUS
h - BbIcOTa TUpaMu bl

dopmynna o0beMa MPaBUIILHOW TPEYTrOJIbHON MUPaMUIbl, €CIIU JIaHbI - BBICOTA U CTOPOHA
ocHoBanus (V):

11. Haliti 00beM MpaBHIILHON THPAMUIBI

[InpamMuia B OCHOBaHMH, KOTOPOM JIEKUT IIPABUIIBHBIM MHOTOYTOJIBHUK U I'PAHU PaBHBIE
TPEYrOJIbHUKH, HA3bIBAECTCS IIPABUIIBHOM.

h - BeICOTa TUpamMu el
a - CTOpOHA OCHOBAHMS ITUPAMUIbI
N - KOJIMYECTBO CTOPOH MHOTOYTOJIbHUKA B OCHOBAaHHUH

®dopMyna oObeMa TPaBUIBLHON MUPAMU[BI, 3HAs BBICOTY, CTOPOHY OCHOBAaHHS W
KOJIMUYECTBO 3TUX cTopoH (V):

nah

- 180°
12 tg( = )

12. Pacuer o0bema nmupamMubl
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h - BICOTa TUpaMu bl
S - mromans ocHoBanuss ABCDE

dopmyna g BBMHCICHHS OOBbeMa NMUPAMUIbBI, €CIM JaHbl - BBICOTA M ILJIONIA[Ih
ocHoBanus (V):

18!
3 5h

V =

13. Pacuér o0b€Ma yceu€HHOM MTUPaAMUIBI

h - BbIcOTa TUpaMuUbI
S - II0IAAE HUKHETO ocHOBaHusA, ABCDE
Sgepx - TUIOIIAL BEPXHETO OCHOBaHUsI, abecde

®opmyna odbema yceueHHO nupamusl, (V):

1 _
3 II(SHD‘['.{'.' _i_ -\"I.'II SHI}-‘['.{'.' SEFE'[:I}C _:_ SEFE'[.'I:‘C)

V—

14. O6beM 1mapoBoro cerMeHTa, hopmyia

[ITapoBbIi1 CErMEHT- ATO 4YacTh IIapa OTCEYEHHas INIOCKOCThIO. B maHHOM mnpumepe,
miockocTeio ABCD.

R - paguyc mapa
h - BbICOTaA cerMeHTa
n=3.14

®dopmyna 17 pacyera 0obeMa apoBoro cermenra, (V):

1
V= gnhz(BR — h)
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15. O6wvem mapoBoro cekropa

h

o
<37

R - paguyc mapa
h - BeicOTa cermenTa
n~=3.14

dopmya oObema MapoBoro cekropa, (V):

h - BbICOTa 11apOBOTO CIIOS

R - paguyc HIKHETO OCHOBaHHMSI
I - paJyC BEPXHErO OCHOBAHUS
n~3.14

®dopmyna oobema 1mapoBoro cios, (V):

1 1
= —mh(R? + r? + = h?
2:rrm:( +1 +31)

Pemienue 3axau:
1.CymectByeT 1 mpu3ma, umeromas 50 pédep? 54 pebpa?

Pemenwue: Yucno pedep n — yroibHOM NPU3MBI 3n, TOATOMY MIPU3MBI, uMetotei 50 pedep,
HE CYIIECTBYET, a 54 peOpa umeer 18-yronpHas mpusma.

2. CTOpoHBI OCHOBaHMSI MPSAMOYTOJIBHOTO Tapajijiesienuneaa paBHel 5 ¢cM u 12 cm
JTUaroHaNb MapailelienuIea COCTaBIseT C MIOCKOCThIO ocHOBaHMs yron 60°. Haiiaure 06béM
napasuiesenumnena.

3. OcHOBaHMEM MpPsSIMOM TPU3MBI CIY>)KUT TPEYroJbHUK co croponamu 10, 10, 12.
Junaronans MeHbIel OOKOBOM rpaHU COCTaBIISIET C IJIOCKOCTHIO OCHOBaHUs yroi 60°. Halioure
00BEM ITPU3MBI.
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4. O0veM mHPSIMOYTrOJBHOTO Mapajuienenumena paBeH 2. Yemy Oyaer paBeH o0beM
napajuiesienunen1a, eciiv Kaxaoe ero pedpo yBeauuuTh B 3 pasa.

Pemenue. Ilycte pebpa manHoro mapasienenunena pasHel a, b u c. Torma umeem:
V=abc=2.

[Tocne yBennueHus kaxaoro pedpa B 3 pasa ero o0béM Oyner paBen V=3a*3b*3c =27
abc=27%*2=54.

OrtgerT: 54.

5. AxBapuym umeeT HopMy IpsSMOYTroJIbHOTO napayienenuneaa Beicotor 30 cMm. Eciiu B
Hero HanuTh 30 JI. BOJBI, TO IO BEPXHET0 Kpas ocTaHercss 5 cM. CKOJIBKO JIMTPOB BOJABI HYXKHO,
YTOOBI HATIOJIHUTH ITYCTOW aKBapuyM JOBEpXy?

Pewenue. Ilycte V 1 H cOOTBETCTBEHHO 00bEM U BBICOTA MapajuIeIIeUIe 1a.

V=SH . Ilo ycnosuro V=30,H=25, Torma 25*S=30.

[Tocne 3amonHenus mycroro akBapuyma aosepxy H=30. 3uauur, 30*S=V.

255 30

Hatigem otHomenue 305 = V' | V=36 1.

Orser: 36.

6. Kyouk Becut 10 rp. Ckonbko rpaMMoB OyzieT BEeCUTh KyOHK, peOpo KOToporo B 3 pasza
Oobiie, ueM pedbpo nepBoro Kyouka, eciu 00a KyOruka U3roTOBIEHBI M3 OMHAKOBOI'O MaTepHala.

Pewenue. 1lycte V- 00bEM manHoOro mnapawienenumnena. [locne yBenmudeHus: Kakaoro
pebpa B 3 paza, ero 00bEM Oyzet paBeH 27 V.

v _10
27v. x ,x=270 rp.
Otset: 270.

7. O0BEM TPSAMOYTOJBLHOTO Tapasurenenunena paBeH 32. Uemy Oymer paBeH 00BEM
napajuiesienunesa, eciiv Kaxaoe ero pedpo yMEHbIIUTh B 2 pa3a.

8. B cocyn, nmeroiuii popmy npaBUIBLHOM TPEYroIbHON PU3MBbI, HAIUIIU BOAY. Y POBEHb
BOJIbI jocTuraeT 36 cMm. Ha kakoii BeicoTe OyeT HaXOqUThCsl YPOBEHb BOJIbI, €CIIH €€ IIepesIuTh B
JIpyro# cocya Toil ke (hopMbl, y KOTOPOro CTOPOHA OCHOBAaHHUS B 3 pa3a 0oJiblile, 4UeM y MEPBOTO.
OTBeT BbIpa3uTe B CAHTUMETPAX.

9. 3akpbITHI cOCy1 B BUJIE MPSAMOYTOIBHOTO mapasuienenumnena ¢ peopamu 30, 40 u 45 cm.
CTOUT Ha TOPU30HTAILHON MOBEPXHOCTH TAaKUM 00pa30M, UYTO HAUMEHbIIIast TPaHb SBISAETCS THOM.
B cocyn nanmmmm Bozy 10 ypoBHst 36 cM. Ha kakoMm ypoBHE OKa)KeTCs BOJI, €CITH COCY/I TIOCTABHUTH
Ha HauOonblIyIo Tpanb? OTBET JaiiTe B CAHTUMETpaXx.

10. Jlano: ABCD - npaBunsHast mupamuaa. AB = 3; AD = 2V3 (puc. 3).

Haiitu: a) Soch.; 6) AO; B) DO; 1) V.

11. Jano: ABCDF - npaBunsnas nupamuga. ZFCO = 45°; FO =2 (puc. 4).

Haiitu: a) Soch.; 6) V.

Puc, 4

Pemrenne:

1) Paccmorpum AFOC: 20 =90°, £C =45°, 3naunt, £F = 45°. Cnenosarensno, AFOC -
paBHoOeapennbiii, OC = FO = 2.

2) AC = 20C = 4. d = AC = ADV2 (1o cBoiicTBy amaroHans ksaapata, d2 = 2a2).

AC 4
AD= == =22,
Torna 3 "'E

216



3) ABCD - xBagpar (mupaMuaa npaBuiIbHas). Soen, =AD" = ('2"@" y=8.

Vi 8. b, v-i-3-1=5=5%,

4) 3 ' 3 3
(OTtmer: a) 8; 6) 5-1/3.)
12. lano: ABCDEKEF - npaBunsnas nupamuga. FO L (ABC), FM L AK, FO=4,FM =5

(puc. 5).
Haiitu: a) SocH.; 6) V.

Pue, §

Pewrenne:
1) Pacemorpum AFOM: 20 =90° (tak kak FO 1 (ABC), 3nauur, FO L OM) FO =4, FM =

5. OM= JMF’ - FO’ (o Teopeme Iucaropa), OM= J25-16 =49 =3. OM =r (r - paguyc

AK = 2r-tg—“-—=1-3tg£=6-£=2ﬁ_
OKPYXHOCTH, BIIMCAHHOM B IIPAaBUJIbHBIN IECTUYT OJIbHUK). b 6 3

B R w8 S -%AK-OMzé-I-ﬁ-J:}Ji Soc. = 633 =183,

%) y= %sm“_-ﬁ; V= %:1345-4:2445.

(OtBer: a) 18V3, 6) 2413.)

13. 3agaua: Jlana tpeyronbpHasi ycedeHHas nupamunaa. Ee Beicota & = 10 cM, cTOpOHBI
OJIHOTO M3 OCHOBaHMM paBHBI @ = 27 cM, b = 29 cm, ¢ = 52 cMm. Ilepumerp BTOpOro ocHOBaHUs
paBusiercss P2=72 cMm. Haiinure o0bemM nupamMuibl.

|
- R g

Jnst pacueta o0beMa HaM OTpeOyeTCs IUI0IAlb OCHOBAaHHUNA. 3Hast JUIMHBI CTOPOH OJTHOT'O
TPeyrojbHUKa, Mbl MOKEM paccuuTaTh momaab no dopmyie ['epona. [lnst aToro morpedyercs
HaNTH MOIYIIEPUMETD:

P l:?? +29+52=108cm

108
J— — R s
P =5 =5Hdem

Teneps Haiinem S2:

f;L:,U.-’fp {p-u. ){p-b ){p-r: )
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http://2mb.ru/matematika/geometriya/formula-gerona-dlya-ploshhadi-treugolnika/

S =/54(54-27 ) (54-20 ) (54-52 ) = /5427 x25 x2 =/ 72900=270¢cm "

3Has, YTO MUpaMHJAa YCEUCHHAs, JEJAaeM BBIBOJ, YTO TPEYrOJbHUKH, JIeKAIIUEe B
OocHOBaHMAX MONOO0HBL. KodpduuueHT nomodust 3TUX TpPEyrojJbHUKOB MOXHO HalTH H3

COOTHOUICHUS epruMeTpoB. OTHOIIECHHE IIIOINAICH TPEYTrOIbHUKOB Oy/IeT paBHO KBaApaTy 3TOro
Ko unreHTa:

2 .
St Py 108t o
S . 2 4

2 PE [

18

. 1
S 2="§

S Ax270 2
S = L —120em

20

Ternepp, Koraa Mbl HAIUIM TUIOMIAJAW OCHOBAHUI YCEYCHHOW MUPAMUJIBI, MOXKEM JIETKO
paccuuTaTh €€ 00BeM:

L’:% X 10X (2?u}+ J270% 120 +120 ) o

(270+180+120 ):? X570 =19(

3
Takum 00pa3om, BBIYUCINUB KOIPPHUIMEHT MOAOOHMS U PacCUMTaB IUIONIAlb OCHOBAHUM,
MBI HallUId 00beM 33JaHHON YCEUCHHON TUPAMU/IBL.
14. Jlano: A1A2A3A4 - pom06, SA1A2A3A4 - nupamuga, A1A4 = a, £SBO =
B, OB L A3A4, LA2A10 = a (puc. 6).
Haiitu: V - ?

Puc. &
Pemenne:

L —
: - : = ing = —asinla,
1) PaccmoTpHM A0A3A, : OAy=acosa,  AOAB: OB = acosusing = 5

2} ASOB: SO= -%asin 2atgp.
3} Seen. = 4Supy0m, =4~-%-a-08= Ea-%asin?.a = a’sin2d
! V2 Ui 1 3.2
b FWZESWH.‘SG: Vep. = 5-& 5|11211-5:15u12utg|3=ga sin” 2atgp

1§
—a’ sin? 2ectgh.
(Otger:
15 .Haiiaure 06beM UIUHIPA C BBICOTOM, paBHOM 3CM U AMaMETPOM OCHOBaHMS — OCM.

16. Ilnomans OCEBOro CeYeHHs HWJIMHApPA pPaBHA 21cM’, mromane OCHOBaHUS - 18m
cm? Haiiaurte o6bem LWJINHIPA.

17. Ceunnoas Tpy6a (maotHocTs cBuHNA 11,4 T/cM’) ¢ TONIMHOMN CTEHOK 4 MM MMeeT
BHyTpeHHU# nuametp 13 mm. KakoBa macca TpyOsl, eciii ee AnuHa paBHa 25 m?
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P=114r/cm’

Ri=6,5mm + 4mm = 10,5mm = 1,05¢cM (HapyKHBII)

Ry =6,5MM = 0,65¢cm

V=Vi-V=17 -(1,05)>2500 - m - 0,65 -2500 =1700T = 5338 (cm?)

M=F  -V=11,4-5338 = 61kr.

18. Kakoe kosm4ecTBO HePTH (B TOHHAX ) BMEUIACT IMIIMHAPHYECKAs IIUCTEpHA TMaMeTpa
18 M 1 BBICOTOI1 7 M, €CJIM IIOTHOCTH HedytH paBHa 0,85 r/cm>?

H="7m; d= 1M Pyegm = 0,85 r/em?

m =?

Vy=TRH=m-927=567T (M°)

m=V:-P = 15131

19. JluaroHanb OCEBOTO CEYEHHUS LWIMHAPA COCTABISET C IUIOCKOCTHIO OCHOBAHUS
uumueapa yron 60°. Haiimute o0beM LMIMHApA , €COM IUIOMAAb OCEBOTO CEYEHHsS paBHA

16 3 oM.

20. Ha cknag B MacTepCKoil MO MOIIMBY OJIEXK]IbI MOCTYIMII PYJIOH JIparioBOW TKaHU B
dopme nmmHapa. [Ipu TpaHCTIOPTHPOBKE OBLT YTEpPSH TOBAPHBIA SPJBIK C yKa3aHUEM JTHHBI
TKaHU B pyJioHe. HeoOxoaumo ompenenuTs AAMHY TKaHU B pynoHe. [IponsBenn HeoOXxoanMele
M3MEpEHUs], ONIPEIEIUIIN BBICOTY U AuaMeTp pyioHa: 90cm u 30cwm, TonuHa TkaHu 0,2¢M.

21. Cmomy JuIst MPOMBILIUIEHHBIX HYXJ COOMPAIOT, MO/BEUINBAasi KOHMUYECKUE BOPOHKHU K
cocHaM. CkoyibkO BOpOHOK jauameTpoMm 10cMm ¢ obOpasyromieit 13 ¢cM HykHO coOpaTb, 4TOOBI
3aIMOJIHUTH JECSATUIUTPOBOE BeApo?

R=AC/2, R=5cm, H=V132-52=12(cm), V=1/3*3,14*52*12 ~314(cm’) 0,3 14m°

n=10/0,314 =31,8.

Omeem: 32 60poHKU.

22. Cror cena umeet ¢popMy HMIMH]IPA C KOHUYECKUM BepxoM. Paguyc ero ocHoBanus 2,5
M, BbICOTa 4 M, IPUYEM LIMJIMHIPUYECKAs 4acTh CTOra UMeeT BbICOTY 2,2 M. [lmoTtHOCTH cena 0,03
r/cm®. OHpeaenuTh Maccy cTora ceHa.

Pemrenne:

R=2,5m

0100, =4m

0:102=2.2m

F =0,03r/cm’

m=P-V; Vy=1-2,52,2 = 13,75 M’= 13750000cm’

«=1/3m-25%-1,8=3,75> = 3750000 T cm’

M =0,03 - 17500000m =0,525 T T = 1,6 T
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23. CrakaH4MK JUIsI MOPOXKEHOTO KOHUYECKOW (hOpMBI UMEET riyOouny 12 cM u quamerp
BepxHed yactu 5 ¢cM. Ha Hero cBepxy moJIOKWIM J1BE JIOKKA MOPOKEHOI'O B BUJAE MOJYyIIApUN
auaMeTpoMm 5 cM. IlepenosHuT 1M MOpOKEHOE CTAKaHYMK, €CJIM OHO pacTaeT?

OA=12cMm
BC=d=5cm
[lepenoyHUT T MOPOKEHOE CTAKAHIUK?
5
Vu=43FR3(521=125%/6 =200 &
2512
Vi=1/3 TRZH=1/3 T (5/2)*>12= 12 =25%
OtBer: HeT.
24. Hayitu o0bem mapa paguycoM 10 caHTUMETpOB.
Pemenue:
JI5st TOrO 4TOOBI BRIYMCIUTH 00BbEeM mapa popMyia UCIONAB3yETCs CIAeayomas:
_4 o
V= 3T R

rae V — uckoMmeli 00bem mapa, m — 3,14, R — paauyc.
Taxum ob6paszom, npu paguyce 10 caHTUMETPOB 00bEM IIapa paBeH:
V= ; 3,14 x 10° = 4082 xybuuecKuX CaHTUMETPOB.

25. Bo CKONBKO pa3 yBEeIHUUTCS 00BEM I1apa, €CIIU €ro pajnyc yBEIUUUTh B IIECTh pa3?

O6beM niapa HaxoAUTCA 1O GopMmyIie:

V i R?
=—7
3

220



[Ipu yBenmueHuu paanyca B IIECTh pa3 ero 00bEM Oyer:

4 4
V= EH(_ER}B =216 *E}TRB

Takum 06pa3om, 00beM 11apa yBenuautces B 216 pas.

Otsert: 216
26. O6bem oaHoro 1Iapa B 216 pa3 Gosbine o0bema BToporo. Bo ckoybko pas miomaib

HOBEPXHOCTH IEPBOTO HI1apa 0oJblle MIOMAAN TOBEPXHOCTH BTOPOro?

dopmyna oobéMa mapa:

4 3
V= 3 TH
CDOpMYJ'Ia momaau IMOBEPXHOCTHU 1Iapa:
S = 4nR*?
[TycTh 00EMBI IAPOB COOTBETCTBEHHO PABHBI:
4 3 4 3
Vy =§}TR1 V5 =§}TR2

N3 ycnoBus cnenyer, 4ro:

4 3 4 3
EHR] = ZIE'EHRZ

R,*=1216-R,*
3

Rl
—3 =216
Rl ¥
— =3/216
R,
Rl
— =5
RZ

To ecTb, MBI YyCTaHOBWIIM, YTO paJNycC MepBOro Oosiblie paauyca BToporo B 6 pa3. Eciu
paauyc mapa yMEHbUIMTH B 6 pa3, TO IUIOLIaJb MOBEPXHOCTH IIapa M3MEHUTCS CIEIYHOIINM

obpazoM:

S=4 (—
T\e 36

To ectb oHa ymeHbImMTCS B 36 pas.

R ) 4T R?

IMpakTuyeckas padoraNe 71
Tema 12.15: KoMmOuHaMu MHOTOTPAaHHUKOB W Ten BpaiueHus. ['eomerpuueckue

KOMOUHAIMM Ha MPaKTHKE
Hean: M3yunts 4epTe:ku KOMOMHALMN MHOTOTPAHHUKOB U TEJ BPALLICHUS
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http://matematikalegko.ru/wp-content/uploads/2013/12/113.g

Teopernyeckas 4acThb:

Msbl MoOkeM paccMaTpuBaTh KOMOWHAIMM HE TOJNBKO TMap «TEJI0 BpalleHHs-
MHOT'OT'paHHUK», HO U OTACIIbHO TCJI BpalllICHUA WJIN OTACJIbHO MHOT'OI'PAaHHUKOB.

Tak B3aMMOOTHOILIEHUS KOHYCa C IMJIMHIPOM OYEHb HAIIOMHHAIOT B3aUMOOTHOIICHUS
nupaMuJbl 1 HUWJIAHIApPA. 910 HCYAUBUTCIIBHO, €CJIM Mbl BCIIOMHHUM, YTO KOHYC — HpGIIGHLHBIfI
ciy4vaii nmupamMuabl. [IOHATHO, YTO B KOHKPETHBINM LUIMHAP MOXKHO BIHCATh TOJIBKO OJUH KOHYC:
C TAKUMH KC paluyCOM U BBEICOTOH. A BOT B KOHYC MOXHO BITUCATh PA3HBIC HUJIMHAPHI.

Cdepa onucana 0koJ10 HUINHIAPA, €CITU OKPYKHOCTH €r0 OCHOBAaHUI JiexkaT Ha chepe.

Cdepa Bnucana B ONMJIMHIAP, €CJIM OHAa KacaeTCsl €ro OCHOBAaHUM B €ro LIEHTPax, a
OOKOBOI1 MOBEPXHOCTH 110 OOJBIIOMY KPYTY, apaIeIbBHOMY OCHOBAHHUIO LMIMHAPA (HECTIO0XKHO
JI0Ka3aTh, YTO B 3TOM Clly4yae paauychl chepbl U LWIMH/PA COBIAJAIOT, @ BRICOTA LIMJIMHPA paBHA

muameTpy chepsr) .

Cdepa onncaHa 0K0J10 KOHYCa, €CIIH OKPY)KHOCTh €r0 OCHOBAHUSI M BEPIIMHA JIS)KAT Ha
cepe.

Cdepa Bnucana B KOHYC, €CJIM OHA KacaeTCs €ro OCHOBaHUS B IIEHTpPE, a OOKOBOI
MIOBEPXHOCTH TI0 OKPYKHOCTH.
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He crout 3ay4uBaTh OIPCACICHUA BCCX KOM6I/IHaI_II/II71 BIIMCAHHBIX W OIIMCAHHBbIX TCII.
[Ipocto mpencraBpTe cebe Takyrd KOMOWHAIMIO M BaM HE COCTAaBUT OOJBIIOrO TpyJa NaTh €i

onpeieNIieHuE.
3aganue:

Uro mzobpakeHo Ha pucyHKe? BrpiOepure BepHBIH BapuaHT OTBETAa M BBIJCIUTE €r0

LIBETOM.

ITonckaska

1. Konyc, BliucanHbIi B map

2. IunuHap, onvcaHHbBIA OKOJIO IIapa
3. Ilupammua, BiucaHHas B IIap

IIpakTuyeckas padoraNe 72
Tema 12.15: KoMOMHaIMu MHOTOTPAaHHUKOB W Tel BpaimieHus. [eomerpuyeckue

KOM6I/IHaI_II/II/I Ha ITPaKTHKC

Heas: PaccMoTpeTs mpuMepbl KOMOMHAIIMKA MHOTOTPAHHUKOB M TEJl BPALICHUS

Teopernyeckas 4acThb:

Kom0nHanmu MHOTOTPAHHUKOB U TeJI BpallleHUs!

Huaunap - lMpuszma

[{unuHap Ha3bIBaETCS BIMCAHHBIM B
MPU3MY, €CJIA €r0 OCHOBAHUS BITMCAHBI B
OocHOBaHus uiMHApa. [Ipu sToM, mpu3ma
HA3BIBACTCS] OMMCAHHON 0K0JI0 IMJIHH/APA.
CaoiicTBa:

B HpI/I3My MOX>XXHO BIIUCATh III/IJ'II/IHJIp TOraa u
TOJIBKO TOTJa, KOT/Ia B €€ OCHOBaHUE MOKHO
BIIUCATh OKPYKHOCTb.

Panuyc ocHOBaHUS IMIIMHpPA PaBeH PaARYCy
OKPY’KHOCTH, BIINCAHHON B OCHOBAHHUE
MPU3MBL.

BI)ICOTa III/IJ'II/IH)Ipa paBHa BBICOTC HpI/ISMBI.

HunuHap Ha3bIBa€TCS OMUCAHHBIM OKOJIO
TIPU3MBI, €CJTH €0 OCHOBAHUS OTIMCAHBI OKOJIO
ocHOBaHu# munuHApa. [Ipu sToM, mpruzma
Ha3bIBACTCS BIUCAHHOM B IIUJIMH/P.
CsoiicTBa:

OKOJI0 MPU3MBI MOXKHO OIUCATH IIWJIUH/ID,
€CJIM OKOJIO €€ OCHOBAHMI MOYKHO OIHCATh
OKPYKHOCTH.

Panuyc ocHOBaHUs IWIMHIpA PaBEH PagnyCcy
OKPYXHOCTH, OITUCAHHOW OKOJIO OCHOBAHHMS
MIPU3MBI.

BI)ICOTa HI/IJ'II/IH)Ipa paBHa BBICOTC HpI/ISMI)I.

Huauuap - Ilupamunaa

HI/IJ'II/IHJIp Ha3bIBACTCA BIIMCAHHBLIM B
MAPAMUAY, €CIU OJHO €T0 OCHOBAHUE
COBITAJIAET C OKPYKHOCTBIO BIIMCAHHOM B
CEYEHHE MUPaMUIbI TIIOCKOCTHIO,
NapajyieIbHON OCHOBAaHHUIO, & IPYroe
OCHOBAHHUC NPUHAIJICIKUT OCHOBAHHUIO
APaMUJBL.

[unuHap Ha3bIBAETCS OMMCAHHBIM OKOJIO
MMPaMHUJIbI, €CITH BEPIIHHA THPAMHUIbI
MIPUHAJJICKUAT €r0 OJHOMY OCHOBAHHIO, a
JPYro€ €ro OCHOBaHHE OIMCAHO OKOJIO
ocHOoBaHus nmupaMusl. [Ipuuém onucath
LUJIUHIP OKOJIO MUPAMHUJIBI MOKHO TOJIBKO

223




TOrJ1a, Koraa B OCHOBAHUHW MUPaMUABI —
BIIMCaHHBIN MHOTI'OYT'OJIbHHUK

Konyc -

Ipu3zma

Konyc BnmcaH B rpusmy, eciiu ero
OCHOBAHME BIIMCAHO B OJHO OCHOBAHHE
HpI/ISMBI, a BepI_HI/IHa JIC)KUT B I[perM
ocHOBaHUU TpU3Mbl. COOTBETCTBEHHO, B
ATOM clly4dae Mpu3Ma OIlKUCcaHa OKOJIO KOHYCA.
CaoiicTBa:

Ecnu koHyC BIMCaH B IPSIMYIO IIPU3MY,
YacTh CeUEHUs KOMOMHAIIUN TE
MJIOCKOCTBIO0, IPOXOASILEH Yepe3 0Ch KOHYCA,
MIPEACTABIIET COOOM MPSIMOYTOJILHUK.

KOHyC Ha3bIBACTCs OITUCAHHBIM OKOJIO
IIPU3MBEI, €CJIU OKPYXXHOCTHE OCHOBaHUA
KOHYCa OIIMCaHa OKOJIO OCHOBAHHS ITPU3MBI.

Konyc - Ilupamuga

Konyc Ha3bIBaeTCsl BHUCAHHBIM B
NUpaMULy, €CJIM UX BEPIIMHEI COBIIAJAIOT, a
OCHOBaHHE KOHYCa BIIUCAHO B OCHOBAaHHUE
HI/IpaMI/IZIBI.

CaoiicTBa:

KOHyC MOXHO BIIMCATh B nnpaMI/my, €ClInu
anodembl TUPaMUIbI PAaBHBI MEXTY COOOH.

Konyc Ha3bIBaeTCs OMUCAHHBIM BOKPYT
HI/IpaMI/IIH)I, €CJIN UX BepHII/IHI)I COBIIaAar0T, a
OCHOBaHHUE KOHYCA OIKCaHa BOKPYT
OCHOBaHUA HI/IpaMI/II[I)I.

CsoiicTBa:

Konyc M0KHO onucaTe BOKpYT ITHPaMUbI
eciM, Bce OOKOBBIE peOpa mupamMuIbl paBHbI
MEXIy COOOM.

Cdepa-

Ilpu3ma

Cdepa nazpiBaeTcsi BHUCAHHOI B IPU3MY,
€CJIM OHA KacaeTcsl KaKJA0W I'PaHy IPU3MBI.
CpoiicTBa:
B npusmy MoxxHO BriucaTh chepy Toraa u
TOJIBKO TOT/a, KOTJa B IEPIEHANKYJIAPHOE
CEYECHHE MPU3MBI MOYKHO BIIUCATH
OKPY’KHOCTB, a BBICOTa IPU3MBI PaBHA
JUaMETPy 3TOM OKPYKHOCTH:
R=r=0,5H,
rae R — paauyc BIMCAHHOTO 1Iapa, © —
paauyc BOIMCAaHHOM OKPYXXHOCTH, [ — BBICOTA
IIPU3MBL.

Cdepa Ha3piBacTCd OMUCAHHOM BOKPYT
IpU3Ma, €CIM BCE BEPIIMHBI IPU3MBI JISXKAT
Ha cepe.

CaoiicTBa:

OxoJ10 IpU3MBI MOKHO ONUCaTh cepy Toraa
U TOJIBKO TOTJIa, KOTJ1a Mpu3Ma npsimast u
OKOJIO €€ OCHOBaHHS MOYKHO OTIHCATh
OKPY>KHOCTb.

Cdepa - [lupamuaa

B nmupamury MOXHO BicaTh cdepy Tora,
KOr/ia OMCCEKTOPHBIE TUIOCKOCTH
BHYTPEHHUX JIBYTPAHHBIX YIJI0B MUPAMUIBI
MEePeceKarnTCsl B OAHON TOUKe. JTa TOYKa
OyneT 1eHTpoM cepsl.

OKoJ10 MUpaMHIbl MOKHO OMUCATH chepy
TOT/Ia, KOT/Ia B OCHOBAHUH TTHPAMHU/IbI JICKHUT
MHOTOYTOJILHUK, BOKPYT KOTOPOTO MOYKHO
omHcaTh OKPYKHOCTh. LlenTpom chepsl OyneT
TOYKA MEPECEUCHUS MIIOCKOCTEH,
MPOXOJIAIIUX Yepe3 CepeIuHbI pEdep
MUPAMUJIBI IEPIICHIUKYIISIPHO M.

Pemenne 3a1au:

3agaum Ha KOMOMHALIMH KPYIJIBIX TeJl
1.B nununap BriMcax map paauyca 8.
Haitaure nomans noJHONW MOBEPXHOCTH
HWIAHAPA.
2.Paanyc ocHOBaHUs KOHYyca 6, paanyc
BIMICAaHHOW B HETO Cephl paBeH 3.

3agaum Ha KOMOMHALIMH KPYIJIBIX TeJl
1.B nununap BrMcan map paauyca 8. Halinure
TJI0I1IA]Ib MTOJIHOW MOBEPXHOCTU LUIUHAPA.
2.Paguyc ocHOBaHMs KOHyca 6, paanyc
BITMCAHHOM B Hero cepsl paBeH 3. Boruncnure
TJIONIAJb OCEBOI0 CEUCHUSI KOHYCA.
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BoruncnuTe miomaabs 0CEBOro ceYeHUs
KOHYca.

3.B map BO#caH UWIMHAP, Y KOTOPOTO yroil
MEXy TMaroHAJIIMH OCEBOI'0 CEYCHUS
paBen 60°. OOpa3yrorias MUIMHAPA paBHA
24. Haiinure mo1a s> TOBEPXHOCTH 11apa U
TJIOLIA/1b MTOJIHOM MOBEPXHOCTH LMIHHIIPA.
4.B map BnucaH KOHYC, paJilyC OCHOBaHUs
KoToporo 8, BeicoTa paBHa 6. Haitnure
IJI0IIAIb TTOBEPXHOCTH IIapa.

5.B map BnucaHa nupaMua, OCHOBaHHEM
KOTOPOU ABJISIETCS] MPSIMOYTOJIBHUK C
nuaroHaneo 10, kaxaoe 60koBoe pedpo
MMAPAMUJIBI COCTABIISIET C TIIIOCKOCTHIO
ocHoBaHus yroiu 60°. Beruuciure miomasb
MMOBEPXHOCTHU IIapa.

3.B map BnucaH HMIMHAP, Y KOTOPOTO yroi
MEXy IMaroHaJIIMU OCEBOT'O CEUEHUSI paBEH
60°. Obpa3yromas HHIMHIpa paBHA 24.
Haitaure nomans NOBEpXHOCTH 1Iapa v
IUIONIA/Ib MTOJIHOM MOBEPXHOCTH LUIHH]IPA.
4.B map BnucaH KOHYC, palyC OCHOBaHUS
KOTOpOTo 8, BbicOTa paBHa 6. Haiinute
IJI0111a]Ih TTIOBEPXHOCTH I1apa.

5.B map Bnucana nupaMujia, OCHOBaHHEM
KOTOPOU SBJISIETCS] IPSIMOYTOJIBHUK C
nuaroHaneio 10, kaxaoe 60KoBoe pedpo
MMUPAMUJIBI COCTABIISIET C TIIOCKOCTHIO
OocHOBaHMs yroi 60°. Beruuciaure miomaab
MOBEPXHOCTH II1apa.

3agaum Ha KOMOMHALMH KPYIJIBIX TeJl
1.B uunuuap Boucan map paauyca 8.
Haiigure miomaab mojiHOM MOBEPXHOCTH
HUATUHIPA.
2.Pannyc ocHOBaHUS KOHYca 6, paanyc
BIIMCAHHOU B HETo c(epsl paBeH 3.
BrruncnuTe miuomaabs 0OCEBOro ceueHust
KOHYca.
3.B map BO#caH HUIMHP, Y KOTOPOTO yroi
MEXy TMarOHAJIIMH OCEBOTO CEUCHUS
paseH 60°. OOpa3yromas HUIMHIPA PaBHA
24. HaiinuTe 1mi01aas TOBEPXHOCTH I1apa 1
IJIOIIA/Ib MTOJIHOM MOBEPXHOCTH LMIMH/PA.
4.B map BnucaH KOHYC, paJlnyC OCHOBaHUS
KoToporo &, BeicoTa paBHa 6. Haitnure
TIJI0IAIh TIOBEPXHOCTH II1apa.
5.B map BnucaHa nupaMua, OCHOBAaHHEM
KOTOPOU ABJISIETCS] MPSIMOYTOJIBHUK C
nuaroHaneto 10, kaxxgoe 60koBoe pedpo
MMUPAMUJIBI COCTABIISIET C TIIIOCKOCTHIO
ocHoBaHus yrou 60°. Beruucnure miomasb
TMOBEPXHOCTH IIapa.

3agaum Ha KOMOMHALIMH KPYIJIBIX TeJl
1.B uununap Boucan map paauyca 8. Haitnure
TJIOMIA/H TTOJTHOM TOBEPXHOCTH ITUITHMH/IPA.
2.Paanyc ocHOBaHUs KOHYyca 6, pannyc
BIIMCAHHOMW B HETo cepbl paBeH 3. Beruucnure
TJIOIIAIh OCEBOTO CEUCHMS KOHYCA.
3.B map BO#caH HWIHHJP, Y KOTOPOTO yroi
MEXIYy TUArOHAJIIMU OCEBOT'O CEYCHUS paBeH
60°. O6pazyromas HUIMHApPaA paBHa 24.
HaitauTe nomans NOBEPXHOCTH IIapa 1
IJIOIIA/b TTOJIHOM MOBEPXHOCTU LUIMHAPA.
4.B map BnucaH KOHYC, paAlyC OCHOBaHUS
KoToporo 8, BeicoTa paBHa 6. Haiinure
TIJTOIA b TIOBEPXHOCTH I1apa.
5.B map BnucaHa nupaMujia, OCHOBaHUEM
KOTOPOM SBJISIETCS] PSIMOYTOJIBHUK C
nuaroHaneo 10, kaxxgoe 60koBoe pedpo
MMUPAMUJIBI COCTABIISIET C TIIOCKOCTHIO
ocHoBaHus yroiu 60°. Beruncnure miomais
TMOBEPXHOCTH I1apa.

IpakTuyeckas padoraNe 73
Tema 12.15: KoMmOuHamu MHOTOTPAaHHUKOB M Ten BpamleHus. ['eomerpuueckue

KOM6I/IHaI_[I/IH Ha MPAaKTHKE

I_Ie.m,: PaCCMOTpeTB IMPUMCPLI PCIICHHUA 3a/la4 Ha KOMGI/IHaLII/II/I MHOT'OI'PaHHUKOB U TECJI

BpaIllCHUS

Teopernyeckas 4acThb:
Ilap u mnozozpannux.

[Iap OyneT BOUCaHHBIM B IPU3MY, KOTJIa OH KacaeTcsl BCeX rpaHel MPU3MBI.

[IpuHATO cyuTaTh, YTO IIAp ONUCAH BOKPYI IPU3MBI, MCKIIOYUTEIBHO TOIAA, KOrJa
BCE€ BEPILIMHBI IPU3MBI pa3MELICHBI Ha IOBEPXHOCTH IIapa.

[ITap cynTaercs BIUCAHHBIM B IUPAMHUJy, KOTJa OH KAaCaeTCsl BCEX I'PaHEU MUPAMUJIBI.

225



https://www.calc.ru/Geometricheskiye-Figury-Shar-Sfera.html
https://www.calc.ru/Geometricheskiye-Figury-Prizma-Obyem-Prizmy.html
https://www.calc.ru/Geometricheskiye-Figury-Piramida.html

I'oBopsiT, uTO 1mIap omucaH BOKPYI IUpaMMIbl, KOIJa BCE  BEPILIMHBI
IIUPAMHUJIBI pa3MELICHBI Ha IOBEPXHOCTH IIapa

Hununop u mnozozpannuk

VYKa3pIBaIOT, YTO LMIMHAP BIHCAaH B NPSAMYIO IPU3MY, IIPU YCIOBHH, YTO OCHOBAHMS
LWIMH]IpA BIMCAHBI B OCHOBAHUS IPU3MBI.

CunTaroT, 4TO NWIMHJIP ONUCAaH BOKPYT IPSAMOM IPU3MBbI, KOTJa BBIIOIHICTCSA YCIOBHE -
€r0 OCHOBAHUS OIHUCAaHbl OKOJIO OCHOBAaHUH MPU3MBI.

IIpusTo yka3pIBaTh, 4TO LMJIMHAP BIKMCAH B MUPAaMHY, KOT'/Ia BBINOJIHsAETCS TpeOoBaHuUE,
4YTO OJIHO U3 €r0 OCHOBaHWI OTHOCHTCA K OCHOBAaHUIO NHUPaMHbI, a JPYroe €ro OCHOBAaHUE
BIIMCAHO B CEYCHME MUPAMUIBI INIOCKOCTHIO, NTapaAJIJICIBHON €€ OCHOBAHHUIO.

HunuHap onucaH OKOJIO MHUPaMHJbI, KOIZla OCHOBaHME NMUpPAaMMJIbl BIIUCAHO B OJIHO U3
OCHOBaHUM LWINHJPA, @ BEpLIIMHA IMPAMUAbI OTHOCUTCS KO BTOPOMY OCHOBAaHHUIO LIMJIUHJPA.

Konyc u munozozpannux.

Konyc Oyner Bnucan B mpu3My, KOIJla OCHOBaHHE KOHYCA BIIMCAHO B OJJHO U3 OCHOBaHUMN
IIPU3MBL, @ BEPLIMHA KOHYCa OTHOCUTCS K JPYTOMY OCHOBAHHIO IPU3MBI.

Konyc cuutaercsd omucaH OKOJO IPHU3MBI, KOIZA BBINOJIHAETCS YCIOBHUE - BEPLIMHBI
OJIHOTO M3 OCHOBAaHUHN NPU3MBbI pa3MEIICHbl Ha MOBEPXHOCTH KOHYCA, a BCE BEPLIMHBI APYTrOro
OCHOBaHUs IPU3MBbI OTHOCSTCSI K OCHOBAHHUIO KOHYCA.

VYKa3bIBalOT, 4YTO KOHYC BIIMCAaH B NHUpaMH]y, KOIJla OCHOBaHHE KOHYca BIHCAHO
B OCHOBaHUE IIMPaMU/bl, IPUYEM BEPLIMHA KOHYCA U IHPAaMUIbI COBMELICHBI.

YKa3bIBaroOT, 4TO KOHYC OYAE€T OMUCAH BOKPYT MHPAMUIBI TOT/a, KOT1a OCHOBaHHE KOHYCa
OIMCAHO OKOJIO OCHOBAHUS MUPAMHU/IbL, IPUUEM BEPILIMHA KOHYCA U IMPAMUIbI COBMELICHBI.

Penrenne 3agau:
3agauya 1. B unnunap Bnucan mwap. Halitu oTHomeHue ux o0beMoB.

Nnnmroctpanus x 3axaue

Pewenue.

Pamuychl muimuHApa U mapa O IMHAKOBBI

R,=R.,=R

Bricota munuHIpa paBHa IBYM paguycaM (IuaMeTpy) mmapa:
H=2R=D

O06bem mapa BeIpakaeTcst GOpMYIIOu:

4
V. =—mR?
3

m

O0bem UIHH/IPA BEIpAKAETCS POPMYITON:
V,=S,H =nR*-2R = 2nR*

Haitnem oTHOIIEHHE OOBEMOB:

4
v, 37R® 2
v;_znﬁﬂ_3
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https://www.calc.ru/Poverkhnosti-Vtorogo-Poryadka-Tsilindricheskiye-Poverkhnosti.html
https://www.calc.ru/Poverkhnosti-Vtorogo-Poryadka-Tsilindricheskiye-Poverkhnosti.html
https://www.calc.ru/Geometricheskiye-Tela-Tsilindr.html
https://www.calc.ru/Mnogougolniki-Konus-Vpisanniy-V-Prizmu.html
https://www.calc.ru/Poverkhnosti-Vtorogo-Poryadka-Konicheskiye-Poverkhnosti.html
https://www.calc.ru/Geometricheskiye-Tela-Konus.html

2

T. e. map, BIKMCAHHBINA B UIXH/ID, 3aHUMAET ° ero oobemMa. 3a0HO OTMETHM TOT (haKT,
4TO HE B JIFOOOW IIMIIMH]IP MOXHO BHcaTh map. Heo6xoanmo, 4To BeICOTa HMIMHpPA ObliIa paBHA
JUaMeTpy miapa.

2

Otger: 2.

3agaua 2

10 .
Bricora KpyroBoro nujiMmHJpa Ha Ooublle paanyca OCHOBAaHUM, a IUIOINA/lb ITOJIHOH

MOBEPXHOCTU PaBHA 144m Haiigute paanyc onucanHoi BOKPYT HMIUHAPA ChEPBHI.

Nnnroctparnus k 3a1aue
Pewenue.

. 0
HecnoxxHo no0ka3zarh, 4TO HEHTP ONMUCAHHON Cdepbl JSKUT HA CEPeUHE BBICOTHI
HWIMH]IPA, COCIUHSIONIEH HEeHTPhl ero ocHoBaHuil. Eciau Mbl OyzneM 3HaTh BBICOTY U Painyc

LUIMHAPA, TO U3 TPEYTOJIbHUKA AOK 1o HaiizieM paauyc chepsl.
[1nomanap MOIHOM NOBEPXHOCTU LMIIMHJPA BhIpaxkaeTcs: GopMyIIoi:
§=2S,..+ Si, = 2ur® + 2ar- (r +10) = 144x

2w
Pemm nonydyennoe ypaBHenue. CokpatuM o0e 4acTy ypaBHEHUS Ha ~ :

rP+r-(r+10)=72

Packpoem ckoOku, mpuBeieM NoJ00HBIE ClaraeMble:
2r*+10r—72=10

r*4+5r—36=0

r= -9 r=4
u .

Kopau »sToro ypaBHeHus: OTpunaTenbHbli HaM HE TOJXOJIHUT,

r=4
TOrIa .

BricoTa nununapa paBHa:
H=r+10=4+10=14

[TonoBuHa BBICOTHI:
OK =7

Haiinem paauyc cdepsr:
R=+424+7"=VJ16+49 =65

OtBerT:

IIpakTnyeckas padora Ne74
Tema 11.6: KonTponbHas pabora mo pazaeny 12 « MHOTOrpaHHUKH U Tejla BPaICHUS
Hean: IlpoBepuTh ypOBEHb YCBOEHHS [AHHOIO Marepuaia Mo pasjaeny 12
«MHOFOFpaHHI/IKI/I H TCJIa BpalICHUA»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL OmMeem U3 Yemblpex
npeo10IHCceHHbIX.
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1. (1 6amn) B kakux equHUIIaX U3MEPSETCS IIIOIIA b TOBEPXHOCTH MHOTOTPaHHUKA?

A) B rpanycax; b) B MeTpax; B) B kBagpaTtHbIx MeTpax; I') B AByrpaHHBIX Ipagycax.

2. (1 6ayn) [Tnomaas OOKOBOW MOBEPXHOCTH MTPU3MBI BEIYUCIISETCS 11O OopMyIIe:

A) S = Seox + 2 Socs; B) Sé6ox = Pocu * H; B) S = Bgox T S Soc; F) S6ox = 2Pocs * H.

3. (1 6amn) Yro siBiIsIeTCss OCEBBIM CEYCHHUEM YCEUEHHOTO KoHyca?

A) paBHOOEIpEHHBIN TPEYrobHUK; b) paBHOOeApeHHas Tpanenus; B) mpsamoyronbauk; )
MPSIMOYTOJIbHAS TPamelus.

4. (1 6amn) Kakas ¢urypa nmonydaercs npu BpallleHUU MPSMOYTOJIBHOIO TPEYroJbHUKA
BOKPYT OJTHOTO U3 CBOUX KaTeTOB?

A) xonyc; b) yceuennslii konyc; B) nupamuja; ') yceuenHas nupamuja.

Ilpu eévinonnenuu 3ad0anuii 5-8 3anuuwiume x00 peuwieHusA U NOJIYUEHHbLIL Omeent.

5. (2 6amna) PeOpo ocHOBaHUSI MPAaBUIIBHOW TPEyroJbHON MUpaMuisl 3 M, anodema 6Mm.
Haiinute muomanas 00KOBOW MOBEPXHOCTH THPAMUJIBIL.

6. (2 Gamna) Jluaronans Ky6a pasHa v/588. Haiiure ero oobem.

7. (2 6amna) [IpsMOYroapbHUK CO CTOpoHamMH 8cM M 3CM Bpalaercss BOKpPYr Oouiblieit
cTopoHnbl. Haiimute 00beM, Tiona M 60KOBOM U MOJHOM MOBEPXHOCTEH MOIYyYEHHOTO Tena.

8. (2 Gamna) BeruMcauTh MOBEPXHOCTh KPOHBI KyCTapHHKa, uMeroniero Gopmy mapa
paauyca 0,5 M. B oTBeT 3anuiuTe 4yucio, 1eJeHHOE Ha T.

Omanonvt omeemos:

H
OMEP 2 3 4 5 6 7 8
3aJaHus
OtBert B b b A 27 2744 72m; 48m; 64 1

IIpakTuyeckas padoraNe 75
Tema 13.1: JlekapToBel KOOpAMHAaTHl B IMpocTpaHcTBe. llpocTeilmine 3agaun B
KOOpAMHATAX
Hean: HayuuTscs pemars npocTeiimme 3aaui B KOOpAuHaTax

Teopernyeckas 4acThb:
®opMyIbl A€NEHHS OTPE3Ka B JAHHOM OTHOIIEHUH Ha MIOCKOCTH

Ecimm wu3BecTHBI [OBE€ TOYKH IIIIOCKOCTH A% g Pa). Bxg:¥ 3}, TO KOOpPAWHATHI

_AM
rouxn T Fae> Fae) , KoTopas gnemdar otpe3ok A5 B oTHOmWEHMH BM | pppaxkarorcs
dbopmynamu:
g+ A Xy Ya+ 4 ¥g
Ty=-—t T oy =4 T 8
1+ A 1+ 4

Pemenue 3agau:

[pumep 1

Haiitu koopauHaThl TOUKH M , ISJIAIIEeN OTPE30K AF g orHOmIEHNHN 13 , €CIIM U3BECTHBI

_AM 1
Pemienue: B nanHo#N 3amaue EM 3 Tlo dopmysnaM meneHHst OTPe3Ka B JAHHOM

o . M.,
OTHOIIICHUH, HAUJIEM TOUKY (Xag: P o) :
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_xA+zI-x3_ 5—1_ _E_
AT T~ oty
1+ — -
3 3
1 1 3
4o (=) 3-= 2
_Yat A ys "3 ( )= i_3_833_,
1+ 4 1 L 4 4 34
3 3 3
OTtBer: M3, 2)

B 3amaue He TpeOyercs CTpPOMTb uYepTexka, HO €ro BCerja IOJE€3HO BBINOJIHUTH Ha
YEPHOBHUKE:!

Ard 1

JeiicTButensHo, cootHomenne FAM 3 ppmonnsercs, To ects otpesok AN B Tpu pasza
xopoue orpeska HM | Eciu mponopuus He OYeBHIHA, TO OTPE3KHM BCETZA MOKHO HU3MEPHTH
OOBIYHOM JIMHEUKOM.

Hpumep 2

JlaHBI TOYKH K21 20576 Hajiry:

a) Touky M | nemsmryro otpesok £Z B otHOmeHHH 2 7]
6) Touky ¥ , nemsyro otpesox &L B orHomenmn 43,

[Ipumep 3
Touka £ mpuramIexut oTpe3ky L4 . U3pecTHo, uto oTpe3ok L7 B 1Ba pasa miuHHee

D024y, P[%; 2] |

orpeska ‘¥, Haiitu Touky 7 , ecrn
Pemrenne: M3 ycnoBus cieayer, uto Touka & jgenut otpesok L4 B orHomeHmm 41,

ne
A=_"—"=2
CuuTas OT BEPIIMHBI L, TO €CTh, CIPABEINBA TIPOHOPILIHS: AP Tlo ¢popmynam meneHus
OTpe3Ka B JAHHOM OTHOILICHHU:
_xD+z1-xH _yD+z1-yH
d T 1+ 4
§= 2;sz =34 2xg=§-3 =34+ 2y = 8= 2y =6 =Ky =3
+
d+ 2y
= S44 iY==Yy =2 = ¥, =1
Orger: 7731
[Ipumep 4

Touka M € 45 Orpeszox HM g monropa paza kopoue orpeska AM , Haiitu Touky 4, ecnu

U3BECTHBI KOOPMHAT TOYEK B(2,0),M1(-1 1) .
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Pemrenue B xoHue ypoka. OHO, KCTaTH, HE €IUHCTBEHHOE, €CIM MOUAETe OTIAMYHBIM OT
oOpasma myTém, To 3TO He OyAEeT OMMOKOM, TJIABHOE, YTOOBI COBITAIU OTBETHI.

dopMyIibl AENEHHS OTPE3Ka B JAHHOM OTHOIICHUH B IPOCTPAHCTBE

J171st IpOCTPaHCTBEHHBIX OTPE3KOB BCE OYJET TOUYHO TaK K€, TOJBKO JT00aBUTCSA €€ 0/THa
KOOpJIMHATA.

Ecnu m3BecTHBI ABE TOYKM HPOCTPAHCTBA Axg: P 4200, Bx5 ¥ g ZE}, TO KOOpIHMHATEI

Add
touxu s Fas Zag) , KoTopas jenuT orpe3ok A5 B orHOmeHuu B\ | prpipakaroTcs
dbopmynamMu:
X =x}1+/1-x3 =yﬂ+21-y3 - =zﬂ+é1-zB
MU e Y 1A M e A
IIpumep 5

JlaHbl TOYKH A= -3-4) B2 -40)  Hajiry koopauHarsl Toukn M | mpuHamexameit

otpesky A, ecnu ussectno, uro AM  BM =4:2

Perienue:

ITo dbopmynam KOOPJAUHAT CepeINHBI oTpe3Ka:
o222 20 Z3raid) M —4+20 4
Mo ez 5 M 142 T 5

2 11 4
M[—;——;——]
OtBerT; 3 3 3
[Ipumep 6

B(-52,3), T4, 2,

Z[aHLI TOYKH h 5) . Haritu KOOpAUHATBI TOYKH A , €CJIM U3BCCTHO, YTO

OHa JCJIUT OTPE30K BC B OTHOIIICHHUH 3 .
cDOpMy.]'H:I KOOpAUHAT CCPpCANHBI OTPE3Ka

4 | wacmn M | wacms B
k-2 = B
¥ _dat g _¥atl¥a
I e

Z[J'ISI MMPOCTPAHCTBECHHOI'O ClIy4das CIIpaBCIJINBA OYCBUAHAA aHAJIOTUA. Ecau nanbsl KOHIIBI

OTpGSKaA(x-"l"P 424} HX5: 7 525) , TO KOOPAUHATEI €r0 CEPEIUHBI M BBIpaXKaroTcsl OpMyIaMu:

oo At ip _Yat¥s o _ZatZs
Moo M M
IIpumep 7
[Tapamnenorpamm ABCD 3a/1aH KOOpPJIMHATaMH CBOMX BEpUINH
A(=4,0), B(4,4), C(7; 2), D=1, - 2) . Haiit TO4Ky nepeceyeHus ero 1uaroHajIeu.

Pewrenue:
[lo w3BecTHOMY  CBOMCTBY, JWAaroOHaJu  [apajuleIorpaMMa  CBOEHM  TOYKOM

repecevYeHus Olxg: ¥ o) JIEJISITCS TIOTI0JIaM, TI0O3TOMY 3a7[a9y MOXKHO PEIINTh IBYMS CIIOCOOaMH.
Cnoco6 mepBelii: PaccMOTpuM MPOTHUBOIONIOKHEIE BEPIIUHBI A-4.0), (7 2) . Ilo
dbopMynaMm aeneHus: oTpe3Ka MmornojaaM HaaEM cepeiHy AUaroHaIn A
=xﬂ+xc=—4+T=3  ¥at¥e U+

o 2 2 2 2 2
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{2
B pesynbrare: 2

Crnoco6 BrOpo#i: PaccMOTpuM NIPOTHMBOMNOJNOXHBIE BEPLIMHBI
GopMmynam  geneHus  OoTpe3ka  HomosiaM  HaWaéM  cepemuHy — amaroHanu S0

B4, DEL-2) o

iy

Takum o6pazom: 2
it

Otser: 2

[Ipumep 8
—: 1.0

E E a2 ta

A5-vabd-3) :
JlaHbl TOUKH 4 2 . Haiitu cepenuny R orpeska © .

[Ipumep 9
Touka M pemur orpesox AF momomam. Haiitm Touky &5, ecnm  m3BecTHBI
AL 0, =3), MG - 4.1)

TOYKH
Pemenue: Mcmonb3yeM GopMyItbl KOOPAHHAT CEPEIUHBI OTPE3Ka:
x _ gt g _¥atlVa - _ZfatZs
= Y= ———: Egy=——
2 2 2

Ham Hen3BecTHBI KOOpIMHATHI *2: 7222 1] cHOBa MOYHO BBIBECTH o0uryro hopmyity Juist
MX HaXO0XJACHUS, HO TOpa3io JIeTye cpa3y MOACTaBUTh YuCia. TONBKO MPONOPLUHSIMU BEPTH:

5_ 2+ g

=2+xp=10=xz =0

_4=D+%:>.}?B=_E

1=_3%:>—3+23=2:‘>23=5

Orser; 5 ~83)
IpakTuyeckas padoraNe 76
Tema 13.2: BexTtopsl B mpocTpaHcTBe. Yroa Mexay Bekropamu. CkanspHoe
IIPOU3BE/IEHNE BEKTOPOB
Henab: Hayuntbest HAXOIUTH CKAISIPHOE IPOU3BEACHNUE BEKTOPOB

Teopernyeckas yacTb

Bexkmop — 5T0 HanpaBJICHHBIN NPSIMOJIMHEWHBIA OTPE30K, TO €CTh OTPE30K, UMEIOIIUN
ONpeNIeTICHHYIO JUIMHY U ompenereHHoe Hampasienue. IlycTe Touka A — Hauyano BEKTOpa, a
Touka B — ero KoHelm, TOrAa BeKTOp obo3Hauaercs cumBonom 4B  umm 9

BexTop BA yaspisacres npomueononoxicnuvim sektopy 4B u moxer 6bITh 0003HaueH ¢ |

Cohopmynupyem psist 6a30BbIX OMPEaSIICHUM.

Jnunoit uma modynem Bextopa 4B naspiBaeTcs IMHA OTpe3Ka U 0003HAYAETCA | |

BexTop HyneBo# JUIMHBI (€70 CYTh - TOUKA) HA3bIBACTCS HY/1€6bIM 0 u HaIlpaBJICHUS HE UMEET.

231


https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/1.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/2.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/3.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/1.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/4.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/1.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/80.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/5.jpg?attredirects=0

Bekrop € eauHMYHON IJIMHBI, HA3bIBACTCSA eOUHUYHbIM. EIUHUYHBIA BEKTOp, HAIlpaBICHHE

KOTOPOIr'o COBNAaAacT C HAIIPAaBJICHUEM BCKTOpA d , HA3bIBACTCA Opmom éeKkmopa a .

BeKTopH HAa3bIBAIOTCA KOJL/IlUHeaApHbIMU, CCIIM OHHU JIC)KAT Ha O,Z[HOﬁ HpHMOﬁ HIN Ha

alb
Hapaﬂf[eﬂbHBIX HpﬂMBIX, 3aIIMChIBAOT ” . KOJIJII/IHeapHBIe BeKTOpBI MOFyT HUMCTH
COBIIAJAOIINEC UIIN HpOTI/IBOHOJIO)KHLIe HaHpaBHCHI/IH. HYHCBOﬁ BeKTOp CUUTAKOT KOJIJII/IHeapHBIM

JT000MY BEKTODY.
(a=b)

BekTopsl Ha3bIBalOTCS paBHbIMM - 7, €ecaM OHHM KOJUIMHEAapHBI, OJUHAKOBO
HalpaBJIeHbl U UMEIOT OJUHAKOBBIE JJINHBI.

Tpu BekTOpa B IPOCTPAHCTBE HA3BIBAIOTCSH KOMNIAHAPHBIMU, ECIIA OHU JIEKAT B OJHOU
IUIOCKOCTH WJIM Ha MapajuleNbHBIX IJIOCKOCTX. Ecim cpenu Tpex BEKTOPOB XOTS Obl OJUH
HYJICBOM HJIU J1Ba JIIOOBIE KOJUTMHEAPHBI, TO TAKHUE BEKTOPHI KOMIUIAHAPHBI.

PaccMoTpuM B mpocTpaHCTBE NPSAMOYTOJIbHYIO cucteMy KoopauHat Oxyz. Beiienum Ha
ocsix koopauHat Ox, Oy, 0Oz eauHUuYHBIE BEKTOpbl (OpThI) U  O0O3HAUUM  HX

qcpe3 L Js k COOTBCTCTBCHHO. BbI6epeM HpOI/ISBOHBHHﬁ BCKTOp IIPOCTpaHCTBA U COBMCCTHM
€0 Ha4aJIO ¢ Ha4YaJIOM KOOpJHHAT. CnpoeKTpreM BCKTOp Ha KOOpAHWHATHBLIC OCH U 0003HaYUM
MMPOCKIMHU Y€PE3 dx, Ay, Az COOTBECTCTBCHHO. Torma HETPYAHO IMOKa3aThb, 4TO

a=a,-i+a, - j+a,-k

Ota GpopMyna ABIsSETCSI OCHOBHOM B BEKTOPHOM UCUHCIIEHUU U HA3bIBACTCS PA3NOHCEHUEM
6eKmopa no opmam KoopouHamuwix oceil. Uucna a., a,, a. Ha3bIBAIOTCS KOOpOUHaAmMamu
sexkmopa @ . TakuMm 00pa3oM, KOOPIAMHATHI BEKTOpa SABIAKOTCA €r0 NPOEKIUAMH Ha OCH
KoopauHaT. BekropHoe paBeHCTBO (2.25) 4acTo 3alUCBIBAIOT B BUJIE

| | i '

a=\a..d ;a j HIH a= {a,;ar;a- ]

S #PUyrmsl 0 Mpl OyAaeM  HMCIONIb30BaTh  00O3HAuYCHHE
BEKTOpa B (UIypHBIX CKOOKaxX, 4YTOOBI BH3YyalbHO JI€T4e pa3iuyaTh KOOPAUHATHI BEKTOpa U
KoopauHaThl TOYKU. C HCroiab30BaHUEM (OPMYJIbI JJIMHBI OTPE3Ka, U3BECTHOW W3 HIKOJIBHOU

TeoOMETpHU, MOXKHO HaWUTH BBIPAXKCHUC IJId BBIYHUCIICHUA MOAYJIA BEKTOpA:

=
TO €CTh MOJIYJIb BEKTOpA PaBEH KOPHIO KBaIPATHOMY M3 CYMMBI KBaIPATOB €r0 KOOPIUHAT.
O6o3HauuM yriabl MEXIY BEKTOPOM U OCSIMH KOOpAWHAT uepe3 a, Jp,
¥ COOTBETCTBEHHO. Kocumnyco >THX yriioB Ha3bIBAIOTCS IS BeKTOpa & Hanpaenamowumu, v ns
ol ol 5l
.cos  a+cos” f+cos y=1
HHUX BBIITOJHSIETCS COOTHOIIEHHE: ! BepHocTh HaHHOTO paBeHCTBa
MO>KHO TIOKa3aTh C TIOMOIIIbIO CBOMCTBA MPOEKIMH BEKTOpPA HA OCh, KOTOpOe OyIeT pacCMOTPEHO
B HIDKECIIEAYIONIEM ITYHKTE 4.
ITycth B TPEXMEPHOM MIPOCTPAHCTBE 3aaHbI
a= {xlé}'1;z1}: b= {x: + Vs ;ZJ}: C = {Is + Vs ;ZJ}
BEKTOPBI CBOMMH KoopAuHaTamMu. KMmerot
MECTO CJEAYIOIINE OIepaly HaJl HUMHU: JTUHEHHbIE (CIOKEeHUE, BHIUMTAHUE, YMHOKEHHE Ha
YHUCIIO ¥ MPOCKTHPOBAHUE BEKTOpPA HA OCh WM JPYrod BEKTOp); HE JIMHEHWHBIC — pa3IMYHBIC
MIPOM3BEICHUS BEKTOPOB (CKAISIPHOE, BEKTOPHOE, CMEIIAHHOE).
1. Cnosxcenue nByX BEKTOPOB IMTPOU3BOIUTCS TOKOOPIUHATHO, TO €CTh €CIIH

C=a+b,T0 c={x5;¥3:2;} = {1 5}'__431}"'{-‘5:%}'1421} ={x +x:0 t 1137 + 2.}
JlarHas GopMysia UMeET MECTO TS POM3BOJIHOTO KOHEYHOTO YHCIIa ClIaraeMbIX.
['eoMeTpUYECKH J[Ba BEKTOPA CKJIABIBAIOTCS 110 IBYM IPaBHJIaM:

a) npasu10 mpey201bHUKa — Pe3yabTUPYIOLINI BEKTOP CYMMBI IBYX BEKTOPOB COEIUHSET
HayaJio MEpPBOT0 U3 HUX C KOHIIOM BTOPOIO MpPH YCJIOBUH, YTO HAYaJI0 BTOPOrO COBIIAJAET C
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KOHIIOM IEPBOT0 BEKTOPA; JIsl CYMMBbI BEKTOPOB — PE3YJIbTUPYIOIINNA BEKTOP CYMMBI COEIUHSET
HA4aJIo0 MEPBOr0 U3 HUX C KOHILIOM IIOCJIEIHEr0 BEKTOPA-CIIaraéMoro MpHu YCJIOBHH, YTO HAYAJIO
MOCJIEAYIOLIETO CJIAraéMOI'0 COBMAIAET C KOHLIOM MPEbIIYLIETO;

0) npasuno napannenozpamma (1Ji1 IByX BEKTOPOB) — NapajjieIorpaMM CTPOUTCS Ha
BEKTOpax-cllaraéMblX KaK Ha CTOpOHaX, MPUBEIEHHBIX K OJHOMY Hayally; JHaroHajib
napauesorpaMMa UCXos1as U3 Mx oOILero Havyasa, sBJIsieTcs CyMMOWH BEKTOPOB.

2. Boluumanue 1ByX BEKTOPOB IPOU3BOANUTCS MOKOOPAMHATHO, AHAJIIOTUYHO CIIOKEHUIO,

c=a->b
TO €CTh €CIIN , TO

¢ ={X3:y3:23} = {xﬁ}'__%zl}_{xz V23 Zad =% — X350 — Va2 — 23}

I'eomeTpuueckn JBa BEKTOpa CKIAABIBAIOTCS 10 YK€ YIOMSHYTOMY IpaBUILy
napajuieJorpaMma ¢ y4eTOM TOT0, YTO Pa3HOCTBIO BEKTOPOB SIBJISETCS IMaroHajib, COEINHAIOAs
KOHIIbI BEKTOPOB, IPUUEM PE3yIbTUPYIOIINUNA BEKTOP HAIMIPABJICH U3 KOHIA BEBIYUTAEMOI'O B KOHEI]
YMEHbIIIAEMOT0 BEKTOPA.

BaxHbIM ClIeICTBMEM BBIYUTAHHS BEKTOPOB SIBISETCS TOT (DAKT, UTO €CIU H3BECTHBI
KOOpJMHATHI HAavalla U KOHIIA BEKTOPA, TO 071 8bIYUCIEHUA KOOPOUHAN 8¢KMOPA HE0OX00UMO
U3 KOOpouHam e20 KOHUa gvluecmsp KOOpOUHamol €20 Hauana. JIeiicTBUTENbHO, 1000 BEKTOP

npocrpanctBa 45 Moxker ObITH NPEACTABIEH B BUJE PA3HOCTH JBYX BEKTOPOB, HCXOISAIIMX U3
Hayajua KOOp/AUHAT: AB=0B-04
Koopauuarsl Bekropos 94 u98 conanator ¢ KOOp/AMHATaMu ToueK A U B, Tak Kak
Hauano koopamHaT O(0;0;0). Takum oOpa3om, MO MpaBWIIy BBIYUTAHUS BEKTOPOB CIEIyET
IPOU3BECTH BBIUUTAHNUE KOOPIUHAT TOUKU A U3 KOOPIUHAT TOUKH B.
A-a = {Ax;; Ays Az, }
3. Ymnoowenue 6ekmopa na uucno 2 NOKOOpAUHATHO: g .

Mpu />0 — Bektop ~9 comanpasien @; 1<0 — Bektop 9 NPOTHBONOIOKHO
HarpaBJieH a. |A|>1 — nnuna BekTOpa a yBenuumuBaeTcss B A pas; |A|<l — mgiuHa
BEKTOpA a yMEHbIIAaeTCs B A pas.

4. [TycTs B mpoCTpaHCTBE 3aJjaHa HampaByeHHas npsmas (0Ch /), BEKTOP d=AB 3a/1aH

KOOp/MHAaTaMU KOHLa U Hayana. O003HaYMM MPOEKIUU ToueK 4 U B Ha oCh / COOTBETCTBEHHO
yepes A’ u B’

" r

np ,a 7

N A'B

Hpoekuueu eeKmopa d Ha ocb | Ha3BIBaeTCI AJInMHa BECKTOpa , B3dTad CO
TEFaE

3HAKOM «1T», €eciu BCKTOD B n 0OCb / COHAITpaBJICHBI, n CO 3HAKOM <«

r r

AB
», €CIH ul MPOTHUBOIIOJIOKHO HAITPABJICHDI.

Ecnu B kadectBe ocu / B35Th HEKOTOPBIN APYroil BEKTOP b , TO TOJIYYUM IPOEKIUIO

Bextopa & Ha Bextop .
PaccMOTpUM HEKOTOpPhIE OCHOBHBIE CBOMCTBA ITPOEKIIHIA:

1) mpoeknus BekTopa % Ha ochk / paBHA MPOM3BENEHMIO MOy BekTopa % Ha KocHHYC
npa = |::_I| -COS @
yIiia MeXIy BEKTOPOM U OChIO, TO €CTh ;
2.) mpoeKnus BEKTOpa Ha OCh MOJIOKHUTEIbHA (OTpHUIIATEIbHA), €CIIM BEKTOp 00pa3yeT C
OCBIO OCTpBIH (TYIOM) Yroj, U paBHA HYJIIO, €CIIH 3TOT YroJ — MPSMOK;
3) mpoekuusi CyMMbl HECKOJIBKUX BEKTOPOB Ha OJHY U Ty K€ OCb paBHA CyMME MPOEKLNN
Ha 3Ty OCb.
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ChopMmynupyeM onpeeIeHus 1 TEOPEMBI O IIPOU3BEAECHHUIX BEKTOPOB, IPEICTABIAIOIINX
HEJIMHENHBIE ONIEPAMU HaJl BEKTOPAMH.
5. C, a b
. Ckanapusim npouseéedenuem BektopoB ¢ u Y maseBaercs umcino (ckausp),
paBHOG HpOI/ISBCI[eHI/IIO JJINH 3TUX BeKTOpOB Ha KOCI/IHyC yTHa gﬂ Me)KI[y HI/IMI/I, TO €CTh

o

a-b= |§|-|b|-ccs:;:
OuYEBHIIHO, UTO CKAIAPHBINA KBAJAPaT MOOOT0 HEHYIEBOTO BEKTOPA PABEH KBAIPATy €ro

JUTMHBI, TaK KaK B 3TOM CJIy4dae yroJ @ , TOATOMY ero kocuHyc (B 2.27) paBeH 1.
Teopema 2.2. HeoOXOOUMBIM M JOCTATOYHBIM YCIOBHEM IEPHEHAUKYISIPHOCTH IBYX

BEKTOPOB SIBIISIETCS PABEHCTBO HYJIIO X CKAISIPHOTO Ipou3BeneHus *

Cneocmeue. IlonapHble cKalipHble IPOU3BEIEHUS €AMHUYHBIX OPT pPaBHBI HYIIO, TO
i-j=i-k=j-k=0w»

Teopema 2.3. CxkansipHoe MIPOU3BEICHUE JBYX BEKTOPOB

a={x;:ypuz}. b ={x:¥y2:2,}
, 3aJaHHBIX CBOUMHU KOOPJMHATAMH, paBHO

. a-b=x-x,+y,-y,+z;-2,9
CyMMC IPOU3BCACHHUU UX OAHOMMCHHBLIX KOOPAHUHAT, TO €CTh 2 e R e

C MMOMOIIBIO CKAJIAPHOI'0 IMPOU3BCACHUA BCKTOPOB MOXKXHO BBIYUCIUTHL YI'OJ MCKIY
HUMH. Ecin 3a/1aHbl 1Ba HEHYJIEBBIX BEKTOpa CBOMMH

F

a={x;:yyuz}. b ={X1:¥2: 25}

KOOPJMHATAMU , TO KOCHHYC yTJIa ¢ MEXIy HUMH:
a-b
cosp=—__, TO €CTh
al- b
X X; + Y1V, + 2,2,
cosQ =

2 2 2 2 2 2
'\/-’fl +¥ +&4 'sz +¥; +2;

OTCIOI[a CJICAYCT YCIIOBUC NCPICHAUKYIAPHOCTH HCHYJICBBIX BEKTOPOB = n E:I .
XXy + Y)Y +2,2; =0,

=

Haxoxxnenue mpoekuuu BeKTopa Ha HampaBJIeHHUE, 3aJJaHHOE BEKTOPOM b , MOXET
OCYIIECTBIATHCS 1O (hopmyrie

= _#:h —_ 4% w2
np.a=-—, TOECTb mp-a=—— 2 2
& 2 b 2 2 2
| | be +b " +b,

C IIOMOIIBIO CKaJIIpHOT'O MMPOU3BCACHUA BCKTOPOB HaxogsiaT pa6 oTy

IMOCTOSSHHOM CHIIBI & Ha HpHMOJ’IHHCﬁHOM Y4acCTKEe IIyTH.

[IpenmnonoxuMm, 4YTO MOJ ACHCTBHEM TOCTOSIHHOM CHIIBI Iz MaTeprualibHAsE TOYKa

nepemMeniaeTcss MPsIMOJIMHEHO W3 TIONOXKEHHS A B TooeHue B. BekTop cuiibl 4 oOpazyer

AB =
YIOJd @ C BEKTOPOM IEepEMENICHUS __ (puc. 2.14). ®usuka yTBEpXKIaeT, 4TO paboTa

A=F-5-cosp,TOECTb 4=F -§

CHIJIbI £ IIpu NNEpeMEUICHUN S paBHa
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. oo
A S B

CJ'IC,I[OB&TCJ'IBHO, pa60Ta ITOCTOSTHHOM CHJIBI pu HpﬂMOJ’IHHCﬁHOM MNEPEMECIICHU U TOYKU €€
IMPUIIOKCHUA paBHA CKAJIAPHOMY ITPOU3BCACHUIO BEKTOPA CHUJIBI Ha BCKTOP NCPEMCIICHU .

axb a b P2
Bexmopuvim npouseedenuem Bektopa “ na BexTop P HaseBaercs BekTop ©

YZIOBJIETBOPSIOLINI CIEAYIOIUM YCIOBUSIM:

— ¢ nepnenmuxynapen Bextopam 9 u b ;

‘E‘z‘a‘-ﬁ-sing} y
— HUMEeT JJUHYy, pPaBHYIO , Tme ¢ — yroia, oOpa3oBaHHBIN
BEKTOpamu ayb ;
a.b HE y

— BEKTOPBI = 00pa3yoT NMpaByIo TPOUKY.

Pemenue 3agau:

[Ipumep 1

o

_ g|=2. []=>5. i(a;E}:E

Haiiti ckanspHoe mpou3BeeHNEe BEKTOPOB ¥ 1 & ecmn

75 = [3| [p| cos £(@ &
Pemenne: Vcnonmesyem Qopmyny “ |ﬂ| |b| cos £(a, :I. B nmanHOoM cayuae:

.:TE:|J|-|E|- cos (@ h1=2.5. cosg:m-g:ﬂm@

OrBer: Zb = 5”‘-'@
[Ipumep 2

. ad Fl=3 K|=+2 135°
Haiitu ¢ | ecrm , @ YTOJI MEX/Ty BEKTOpaMH paBeH
VToi Mex 1y BEKTOPaMH U 3HAYEHHE CKAISPHOTO ITPOU3BEICHHS
B Ilpumepe 1 ckansipHOE MPOU3BEACHHUE TIOTYIUIOCH MOJIOKHUTEIBHbIM, a B [Ipumepe 2 —
OTpI/ILIaTeJILHLIM. BI)I?ICHI/IM, OT YCro 3aBUCHUT 3HAK CKaHprHOFO HpOI/ISBe}leHI/ISI. CMOTpI/IM Ha HaIHy

E-E:FTHZ? cos S @ B

77| = 0, |§| =0
TIOJIOKUTCIIBHBI +ﬂ| , I0OOTOMY 3HAK MOXET 3aBUCETH TOJIBKO OT 3HAYCHHA KOCHHYCA.
O=A(F b=

bopmymy: JnuHbI HEHYJIEBBIX BEKTOPOB BCeraa

Vron MECXKAY BEKTOpaAMHU MOKCT U3MCHATHCA B IPCACIax , 1 IIpU 3TOM

BO3MOJKHBI CIIETYIOLIHE CITy4au:
0<l@ by«
1) Ecnu yroa mexay BEKTOpaMu OCTPBIii: 2 (or 0 10 90 rpazycos),

o COSL(@E) > D, U CKAJIAPHOEe NMpou3BefAeHHe OydeT NMOJIOKHTEeJIbHbIM: Z& >0 Ocobsit

CILy4aii: eci BEKTOPBI COHANpAgieHbl, TO Yroll MEXly HUMU CUUTAETCS HYJIeBbIM £(@ 5)=0 , 1
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CKaJIIpHOE TPOM3BEACHUE TaKKe OyAeT MOJOXKHUTEIbHBIM. [1oCKOIBKY cos0=1 1o dopmyna
z-5=a| B
YIIPOIIAETCS: :

z < AT B <
2) Ecnu yroan Mmexxny BeKTOpaMu TYIOM: (ot 90 no 180 rpamycos),

o COSL(FE) < D, U, COOTBETCTBEHHO, CKAJSIPHOE NMpOM3BeJdeHHe OTPUIATEIbHO: Zh <0,
OcoOBblii city4aii: eciii BEKTOPbI HanpasieHvl NPOMuUEONOL0HCHO, TO YOIl MEKIY HUMHU CUUTAETCS

PA3BEPHYMBIM: Lag)=m (180 rpamycoB). CxansipHOE ITPOM3BEICHUE TOKE OTPUIIATEIILHO, TaK

CrpaBe/UIMBbI U OOpaTHBIE YTBEPKICHUS:

1) Ecin Zh > ':', TO YroJl MEKJy IaHHBIMHA BEKTOpaMM OCTphli. Kak BapuaHT, BEKTOpPBI
COHAIIPaBJICHBI.

2) Eciun Th < D, TO YIrOJ MEXJy JaHHBIMU BeKTOpamu Tynoi. Kak BapuaHT, BEKTODPBI
HallpaBJICHbI IPOTUBOIOJIOKHO.
Ho ocoOslif nHTEpec mpencTaBiseT TPEeTHii ciayvail:

e T
Lia b=~
3) Ecmu yroa Mexay BeKTOpaMU HNPSAMOM: 2 (90 rpaxycos),
T
cos—=10 -
TO U CKaJsipHOe TNPOU3BeJAeHHE PABHO HYJIIO: ah =0 OOpaTtHOE TOXE BEpHO:
- 1@ 5)=2
ecmn =0 10 2 . KoMImaKkTHO yTBepKaeHHe dopMynupyercs Tak: CKaasipHoe

NMpoOU3BEICHME IBYX BEKTOPOB PABHO HYJIIO TOrAa M TOJbBKO TOr1a, Koraa 1aHHbl€ BEKTOPbI

OPTOroHaJbHBbI. KOpOTKa}I MaTeéMaTHu4dCCKas 3a11ucCh: gb=0=alb

A dro Oyzmer, ecnu Bektop % yMHOXUTh Ha camoro ceds? [loHATHO, YTO BEKTOP
COHANpaBJICH caM C COOOMW, MOITOMY TOJIb3yeMCsl BBIIICYKAa3aHHOW YIPOIIEHHON (hopmyoit:

za =[g| ||
az=lal
Nnn:
Za T 7
Yucno Ha3bIBACTCS CKAJISIPHBIM KBaJpPaTOM BekTopa # | 1 0003Ha4arcs kak &

Takum 00pa3om, CKAJSIPHBII KBAaJpaT BeKTOopa < paBeH KBaApaTy JAJUHBI JaHHOTO
BEKTOpAa:

_1
z* =gl
W3 nanHOro paBeHCTBa MOXXHO MOJYYUTh (OPMYJY Ui BBIYHUCICHHS JUIMHBI BEKTOpA:

ol-a

J{ns pou3BOJIBHBIX BEKTOPOB Z,8,8 W JE06OTO YHcaa CIIPaBEJIUBBI CIICIYIONIUE
CBOMCTBA:

1) zgb=ba _ [IEPEMECTUTENBHBIM WM KOMMYTATHBHBIM 33aKOH CKaJsIPHOTO
IIPOU3BEICHUS.

2) @ +b)r=ar+bl _ pacrpenenuTeabHbIN I AUCTPUOYTHBHBIN 3aKOH CKAJIIPHOTO
IIPOU3BEICHUS.

3) (A7) b =Alas) COUYETATEIbHBI WM ACCOMMATHUBHBIN 3aKOH CKaJISIPHOTO
npousBesieHus. KOHCTaHTy MOKHO BBIHECTHU U3 CKAJSIPHOI'O IPOU3BEIEHUS.

[Tpumep 3
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Haifti ckaispHOe pom3BeacHHe BekTopos & =—2& ¥& y & =@—% | ecnu ussecto,

z|=4-2, Bl=8. z@&=2
qTo 4.
Pemenue:
F.d="
= (2@ +b) (@—&)="
5.5 =3

=2+ h+2m-b-ki=W
— 0zt 1 3gh -5 =
= ~2af +3- | B cos £(@. ) - [ = ©
5

=—2-(4J§)3+3-4ﬁ-8-cos’;i—83=—64+96J§-—2—64=—32

=273 -F+b-a+2a-b-b
a3

2
T,d
IloacraBmsiem BBIPpAXKCHUS BEKTOPOB .
PaCKpBIBaeM CKOOKH I10 paBUIly YMHOKCHHA MHOI'OYJICHOB

B INEpBOM M MOCICAHCM CJIaraCMOM KOMIIAKTHO 3allMCBIBACM CKAJIAAPHBIC KBaApaTbl

S R S
BekTOpoB: % ¥ =% - bb=8" g, BTOPOM CJIaraéMOM HCIIOJb3YEM IE€PECTaHOBOYHOCTh

CKaJIIPHOT'O IIPOU3BEICHUS: b-a=a-b

TIpuBoAMM 0KOGHBIE Criaracmple: & & +2& & =3ak

7 -ff
B 1epBOM cllaraeMoM HCToJb3yeM GOopMyITy CKaTspHOTO KBaJApara , 0 KOTOpOii
HE TaK JaBHO YIOMHHAJIOCh. B MOCTEIHEM CJaraeMoM, COOTBETCTBEHHO, paboTaeT Ta ke

5=l
HITYKa: |b . Bropoe claraemMoe packiaasBacM o CTaHIapTHOM
F- b= | cos (@ b
bopmyne |ﬂ| |b| ( j.
- —
E|=442, B|l=8 z@i)==
[ToacraBiseM JaHHBIC — YCIOBHUS 4 u  mpoomum
OKOHYATEJIbHbIE BEIYUCIICHHUS.

Orger; 7d =—32
OTpUIaTeNbHOE 3HAUYEHNE CKAISPHOTO MPOU3BEIEH S KOHCTATHPYET TOT (haKT, 4TO yrol

MEX/Ty BEKTOpaMH - * a ABJISIETCS TYIIBIM.
Pewrenue yrnpaxHeHMi:

[Ipumep 4
Haiftn ckanspHOe MpoH3BeieHne BeKTopos & = & T eb yd=-a+b , €CJIM U3BECTHO,

z|=4. [F]=2+5, zm;eﬁ:‘g
4TO :
IIpumep 5
o g|=3 Fl=2 z@®=Z
Haiitu niuny Bektopa £ =& T 3 ecmn 3

Penienune
1 2 3 4
Fl=Fa+36|= JCa+35) =7 —6ah 1357 = il —6-[a] f| cos 2@ By +2 B[ =

J32—6-3-2-|:osg+9-22 =\/9—35%+35=WE=3J§
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OrBer: ls_|= 3«4@ en. = 0,20 e
[Ipumep 6

. £|=5 [|=10. 5(5;5):2_”
Haiitu nmuny Bektopa & =< t& ecmm 3.
[pumep 7

Haiiti yron Mexay BekTopamu ¥ u
Pemenue: Vcnons3zyem dhopmyiy:

@b bt 1 'x.llE _ \E

, €CJIM U3BCCTHO, YTO FY|

=

cos L@ b= _ = -
R RT R R
|:-::-si|:.:f;l_‘?]|:E J(J;EJ:MCCOSE:E
Urak, ecau 2 , TO: 2 4

2. 5y =2 pan, = 45°
OTtBeT: 4

[Ipumep 7

_ Lia By =

i
7| = 3, b = 4 — -
I[aHI)I kz| |b | — JJIMHBI BEKTOPOB o N E} " yroj MCxXay HUMU 3

. Hantu

YTOJl MEXY BEKTOpaMH & = —Z +3b , d =4a-3b
3ananue Jaxe HE CTOJIBKO CJIOKHOE, CKOJIBKO MHOI'0XOJI0BOE.
Paz6epém anroputm pemieHus:

1) To ycnoBuio TpeOyeTcsh HAWTH yroi MEXAy BEKTOpaMH ° H E, MO3TOMY HY>KHO
~.  td
cosiE, d )= =
-
UCIIONIE30BaTh GOpMyIy .
2) Haxoaum ckansipHO€ MPOU3BEICHNE cd (cm. TIpumepsr NeNo3 4).

3) HaxoauM JMHY BeKTOpa & U JUTHHY BEKTOpa d (cMm. ITpumepnr NeNe5,6).

alz
4) KonnoBka pemenust copnagaer ¢ Ilpumepom Ne7 — HaMm M3BECTHO YHUCIIO | | , a

_ = 3
L, d )= arcoos [Flcﬂ]
3HAYUT, JIETKO HAWTHU U CaM yTOJI: .

Kpatkoe penienue u 0TBET B KOHIIE YpOKa.
Bropoii pa3zznen ypoka HOCBSILEH TOMY € CKaJSIpHOMY Ipou3BeleHuto. KoopauHartel.
byner nmaxe npoie, 4eM B IEPBOX YacTH.

IIpumep 8
Haittu CKaJISIPHOE MPOU3BEJCHHUE BEKTOPOB:

2 Z(2 - 5) . B(-1,0)
6) 48 u AC , ©CJIN JIaHbI TOUKH AL =13, 801 -2). Ct% -4 0)

ala@h =-2, 8)AB AC=46

OTBerT:

HpI/I HeKOTOpOM OIIBITC CKaJ'ISIpHOG HpOI/ISBeI[eHI/Ie MOXHO HpI/IHopOBI/ITBCSI CUUTAaTh yCTHO.
[pumep 9

JaHbr YeThIpe TOYKH MPOCTPAHCTBA

A=4 =3 =2), B(2 -2, =3, C (=8, =5 1), D(d: -3 - 1)

NEPIEHAUKYJIAPHBIMU CIIEAYIOLINE PAMBbIe:

BriscHUTD OymnyT M
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2) A5, DC;
6) AC, BD

[Ipumep 10

IIpu xakom 3HaYCHUU A BEKTOPBI

Pemenue: [1o ycnoButo TpeOyercs HallTH TaKoe 3HaUCHUE MTapaMeTpa A 4roGp! naHHbIe
BEKTOPbI OBLIIN OpPTOTOHAJILHBI. JlBa BEKTOpa

@iz A -2, bE2-4,-15) OY/LyT OPTOrOHAJILHEI?

VL, WM, M
MPOCTPAHCTBA O ve ), Wy, vy v OpPTOTOHAJBHBI  TOTJa W TOJBKO  TOT[A,

xorpa Y11 ey VW = 0

CocTaBuM ypaBHEHHE:

k=0

S2-A+ A (-D+(-2).5=0

PackpbiBaeM CKOOKH U IPUBOJIUM MOAOOHBIE CllaraeMble:

E—-31-1-10=10

-4A-4=0

Pemraem npocreiiiiee nuHeiiHOE ypaBHEHHE:

-44i=4

A=-1

Otger: npu A=-1

ITpumep 11

[Tpu xakoMm 3HAYEHUH A CKaJIIPHOE MPOU3BEJCHHE BEKTOPOB
paBHO —27?

(2 A),5(2-3) gyper

Haiitu ckansipHOe mpousBeieHuE BEKTOPOB % oy of+d ,ecmm © 0; -3 34 (-4 1.0)

Oro mnpumep A CaMOCTOSITENIBHOTO PEIIEHHsA. 31eCh MOXHO HCIOJIb30BaTh
aCCOLIMaTUBHOCTD OIEPALMH, TO €CTh HE CUUTATH 3 =30-32=00-313) , 4 Cpa3y BBIHECTHU
TPOUKY 3a MpEIeibl CKAIAPHOIO NMPOU3BEIECHUS U JOMHOXKHUTH Ha HEE B ITOCIECIHIO OYEPElb.

Pemenue u oTBET B KOHIIE YpOKa.
B 3axnrouenue naparpada mpoBOKallMOHHBIA IPUMEp HA BHIYHUCIICHHUE JITHHBI BEKTOpA:

pumep 12
JIaHbI TPU BEPIIUHBI TPEYTOJBHUKA A-L0), 5(3,2). €O -4 Yajien L45C (yrout mpu

Bepurae & ).
Pemenne: [1o yciaoBuro uepTéx BBINONHITH HE TpeOyeTcs, HO BCE-TaKu:

L 4

Haiiném BekTOpBHI:
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BA(—1-30— 2= BA(—4. — 2

BO(5—3 —4—21=BC(2 - 6)
Brrauciaum CKaJIIpHOC ITPOU3BCACHUC!
BA BC=-4.2-2.(-61=-8+12=4
W nnvHBI BEKTOPOB:

|ﬁ|= S -2t = f16+4 =20=2.5
|ﬁ|= J2i 4 -6 = 4436 = J40 = 2./10

Kocunyc yrna:

— — BA.BC 4 1 1
cos (B, BC = — = = =
( ) Al o] 245 2410 S50 502
cosi(ﬁ;%)=ﬁq'gc = A =
BA|BC| (=4 +(=2)* 2+ (-6)
— 8412 4 4 4 1

T 1644 JA136 20 40 B0D 2042 542

Haiiném cam yrour:

Z(ﬁ; E} = arccos ]l A3 pan, = H27

1
542
1
SARC = arccos ——= w0 1,43 pag. = 82°
OTtBeT: 542

[Ipumep 13
B MIPOCTPAHCTBE 3a7aH TPEYrOJIbHUK KOOPJAMHATAMHU CBOMX

BEPIINH ALY, 4(3,0,0), 4(2,37) . Halitu yron mexny ctopoHamu A4 44

ABCD, moCTpOEHHOT0O Ha BEKTOpax

[pumep 14
C nmoMoIpI0 CKATIIPHOTO MPOU3BEIECHHS BEKTOPOB HAUTH Yol [P BEPILIMHE A TapajuiesiorpaMma

AB ={8:2;,0} u AC={3—5-1.
Pewenue. Beraucimm MOIyIM BEKTOPOB U UX CKAIAPHOE MPOU3BEIICHUE IO TEOPEME:

|4B|= /8% +27+0> = J68;  |AC| =3 + (=5 +(~1F = 0 +25+1 =.f35;

AB-AC=3-8+2-(-5)+0-(-1)=14.

Ortcrona cornmacHo ¢opmye (2.29) mosydnm KOCUHYC UCKOMOTO YTJia

. 12,
NITENEE

cosp= ~0,3. CleJoBaTelbHO, £ @ = arccos0,3 ~72°

IIpakTn4yeckasi padbora Ne 77
Tema 13.3: IIpakTHKO-OpUEHTUPOBAHHBIE 33]]a4l HA KOOPAUHATHOM IJIOCKOCTH
Heab: HayuuThbces pemars 3a1a4u Ha KOOPAMHATHOM TIIOCKOCTH

Teopernyeckas 4acThb:
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e——  [lhocTefdnme 3an
1. Koop mHATEI cepeqiEET 0Tpe3Ka
4
Alxi v 2)

u_‘_.'{:‘(x; u; Z)

B(xg; ug 23)

FooDmEn TEI € ep SIHET TOMKH 5 AT ¥,
BEKTOpA 113
BEINHCIIARTCA IO oMt |
b yidve 14k .
Y2 2 2 7

Civ yrds

Famedas koapdikama cepetiiHnl QRPEINT PasHy
FUAMVCVAALE OO S8 T MG VHILLLIX, KO POALHA R 820

RS,
3.

aT{ B KOODIHHATAE |

2. J M1 eKTona (T eT 0 KOO0p IEHA TaM)

i
Ay
-
A
skl
w | JA,
70 v
A,
P
rd
oy

JamEA Bes:Topa (1] XL V. 2
ERIUHCILE TCA IO QD@EE

|ée] == v xd by b gd

¥

Pa cc ToAEIIe MeEIY OB VMA TOMEAMIL

=]

o

MalXs Yo Ty)

Miyleyy s ol

<0

o

. l;‘/

........................ —

y

PaccToamie MEeETY TEYILA TOYEANMIT

Penrenue 3agau:

H

1. Haitmre koopauHathl Bektopa A8, ecm A3 = 1dyy  #{2 ~1:4)

" ﬂﬁa}{w: Peme{uue:

HE::;“}:I }iﬁﬁf:{;y;z} m_EWBj (odd e {=Fh 4 - 3}

2i~4dy |- . {mll,' 23 A KoopaunaTel BekTOpa 1o
' JIBYM TOYKaM. Haxonum

el
AR
(')

Omeem: "AB~"

2.
ecim A 3 =iy
B2, 0y,
eio:
AU

KOOpJAMHATBI BEKTOPA: U3 KOHIIA BEKTOpPA BbIYNTACM
3HAYCHUEC KOOPANHAT HavdaJla BEKTOpaA.

{~1,0;,2}
Touka M — cepeauna otpeska AF. Haiinure xoopauHatel Touku A,

Pererine:
FoopmiHaT s cepe MMHEL BeRTopa (dopmia):

e e
{2 2000 My e P )
. 2 2 =
Miviy eyt i PRSI L N I A Sl 100 1. N
For} Aia gt 5 ST N A
M{xivzy e (D 450 -2
Epaen: M{—1: 20, -1

3. Haiinnre ymny BekTopa AB, ecin
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Hano: Pewenne:
Af=1:1:2} AE0r s Op 130 Gl KOOI TAM”

aq B OETE ey
BOE 203y EAHF"" ;fﬁviwjr*)'éﬁf*”
Hesfigons s00pUIHE TRE 0K DG
i;l{;i a ? "\;E L (#2 ..... #3; }:’2 ..... }:’F: z_.ﬂr ‘2'1:,
Tienane kst 3 EODAGSEY LIS SK FOLKE

EAEE f{x# ..... 1)2 F (g }ri}z o4 {?1 - ‘-;g‘}“.d
AB| {1-< 1N (=2 OF # (3 208 e 3T 2 204 10w

EFniaem: |;’ew§ | oz

4. JIaHbI BeKTOPEI #3i = 11, bl 51 -3 2 10 Haiinure i+ B,
ﬂano Pewenue:
&{3:

1 Haiinem cymmMy COOTBETCTBYIOIIUX KOOPJAUHAT BEKTOPOB:
5523 1) u'éwa.iv{ ﬁ}{"gf}'é-il-é-l}:'ﬁii}
fl-3: 2.1}

B = o fxf v g
%Eivi-glw‘)

IToacraBuM 3HaYCHUSA KOOpAUHAT:
e
W Bl 1T 12 2% = 6

Omeem: &+ b} =%
3agavaNes5. Hantu niowaab TpeyrosibHUKA,
BepPLUUHbI KOTOPOro HaxoAATcA B ToUukax A(2;-3),

B(lfl)! C('Gf 5)

3agady O4eHb MPOCTO PEIIHUTh, BOCIIOIb30BaBIIHCH
bopmynon
1
= 5[ %3 —x3)(y2 - y3)_(-x2 —x3)(y1 - y3)]

B KOTOPOM HY>KHO B3SITh X; = 2, X, = 1, x5 = -6,

yi=-3,y,=1,y;=5.
[ToncTaBmsist 3Tn uncia B (popmyiTy, MOJTYyUYUM
S=12 k8. e.

6. IToctpouts Tpeyronbauk ¢ BepmmHamu A (— 4; 2), B (0; — 1) u C (3; 3) u onpenenutsb
€ro MepuMeTp | YIJIHL.

Pewenue. YToObl BBIYUCIUTH TIEPUMETP HEOOXOAWMO HAWTH JIUHBI CTOPOH
TpeyrosbpHuKa. Halimem qymmab! ctopoH no gopmyte (1):

d; =AB =y/(0+4)% +(-1- 2)? =/16+9 =5

dy =BC =/(3- 0 +(3+1)? =/9+16 =5_

dy =AC =\|(3+4)2 +(3- 2)2 =\49+1 =50 =52
[Tepumetp Beruncaum mo Gopmyne p =di + do + ds, T e.
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p =5+5+5+2 =5(2++/2) =171

BrinosHum ueprex.

Tax kak TpeyroiabHUK paBHOOEAPEHHBIH, TO YIiIbl IPU OCHOBAHUU PaBHBL, T. €. o.="7y. Toraa
B=180—a—a=180—-2-a

[1o TeopeMe KOCHHYCOB HalJEM YroJl O

BC?=AC?+ AB* + 2-AC-AB-cos q.

52 :(5\/5)2 +52 - 25542 cosa

- 2
25 =50+25-50+42cosaa = cosa = Soﬁ zﬁ
5042 2
_T
T. €. 4= 45° 3naunt B = 180° — 90° = 90°. Ciie0BaTENBLHO, TPEYTOJBHUK SBJISIETCS
MPSIMOYTOJIbHBIM.

7. Hanbl Bepumnbl TpeyroiabHuka ABC: A (1; 5), B (9; 10); C (10; 3). Onpenenutsb
KOOPJMHATHI TOUYKHU MepecedeHrs MeAaH TPeyrolbHUKA.

Pewenue. Crnavana HaiiieM KOOpAMHATHI TOUYKH D cepeIuHbI OHOM U3 CTOPOH, HAIIPHMEP
cTOpoHbI AB. JInst aToro Bocmnons3yemes popmysoii (3):

1+9 5+10
x=——=5 y=
2 2

Touka M, B KOTOpoOW mepecekarTcss MeauaHbl, AenuT oTpe3ok CD B oTHomenun 2:1,

cumTtas ot Touku C. CienoBareabHO, KOOPAUHATHI TOUKU M ompenenstoTes no popmynam (2):

=75

X_x3+2xD _10+10 _20 _y3+2yp _3+15 6
142 3 3 7 142 3 _
M E;SH
Omeem: 13 1

8. U3zBectHwl Touku 4 (—2; 5), B (4; 17) — ko1 otpe3ka AB. Ha aToM oTpes3ke HaXxoauTcs
touka C, pacCTOSHUE KOTOPOW OT TOUKM 4 B JABa pas3a OOJbIIE€ PAacCTOSIHUA OT TOUYKU B.
Onpenenutb kKoopauHaThl TOUKU C.
Pewenue. Tax xak |AC| = 2-|CB|, to A = |AC|:|CB| = 2. CnegoBaTensHo,
-2+24 6 5+217 39
X=——==2; y=/———— =— =13
1+2 3 1+2 3
Omesem: C (2; 13).

IIpakTuyeckas padora Ne78
Tema 13.4: KonTtponbHas pabota mo pazaeny 13 «KoopauHaTsl U BEKTOPHI»

Heasn: IIpoBepuTh YpoBEHb YCBOCHHS TAaHHOTO MaTepuaia mno pasaeny 13 «KoopamHatel
Y BEKTOPBI»

Ilpu pewenuu 3a0anuni 1-4 3anuwiume npaguibHbLIL OmMEem U3 UYemvlpex
npeo10IHCceHHbIX.
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1. (1 6amr) Jausr Touku A(1,0,5), B(-2,0,4), C(0,-1,0), Z1(0,0,2). Kakue u3 HUX jJeKar Ha
KOOpAUHATHOU npsimoit Oy?

A)A;B)B;B)C; ') .

2. (1 6amn) Kakme u3 Bexropos a(1,0,-1), ¢(1/3,2/3,-2/3), B(1,1,1), p(0,0,-2) sBasitoTCS
eIUHUYHBIMA?

A)a;b)c;B)B;I) p.

3. (1 6amn) Kakue u3 Bexropos a(1,2,-3), ¢(3,6,-6), B(2,4,-6) KoITuHEapHBI?

A) a, B; b) ¢, B; B) a, c; I') ko;utMHEapHBIX BEKTOPOB HET.

4. (1 6amr) Hamel Toukm A(2,0,5), B(2,4,-2) C(-2,6,3). CepenuHoii Kakoro oTpe3Ka
sBisieTcst Touka M(0,3,4)?

A) AB; b) BC; B) AC; I') CB.

Ilpu evitnonnenuu 3ad0anuil 5-8 3anumiume xo00 peuieHusA U NOJYUEeHHbLIL OMeEem.

5. (2 6amna) Jlaner Bektopsl a(-6,0,8), B(-3,2,-6). HalimuTe ckansipHOe MpOU3BEIACHUE
BEKTOPOB.

6. (2 6ana) [Ipy KakKMX 3HAYEHUAX 11 BEKTOPHI A (4,11,2), B (1,2,I1) nepueHauKyIspHbI?)

7. (2 6amma) Hamel BekTopsl a(-6,0,8), B(-3,2,-6). Haiinure KOCHHYC yriia MEXAy
BEKTOPAMH.

8. (2 6aina) Jokaxure, uyto yeThipéxyroasHuk ABC/] siBisiercst pomOom, eciu:

A(6,7,8), B(8,2,6), C(4,3,2), 1(2,8,4).

Smanonvt omeemos:

Howmep ] 2 3 4 5 6 7 8
3aJaHusAa

OtBer B B A B -30 -1 -3/7 -
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Jlutepartypa:

OcHoBHasi iUTEpaTypa:

1. A6nymmuna K.P. Marematuka: yueonuk aiis CI1O / Aoaymumna K.P., Myxameraunosa P.I'.
— Caparos: IIpodobpazoBanue, 2021. — 288 c¢. — ISBN 978-5-4488-0941-5. — Tekcr:
anexktpoHHsbiid / IPR SMART: [caiit]. — URL: https://www.iprbookshop.ru/99917.html

2. AmmatoB A.B. Matemaruka: yde6noe mocodbue s CIIO / AnmaroB A.B. — Caparos:
[IpodobpazoBanne, Ait [Tu Op Memma, 2019. — 162 c. — ISBN 978-5-4486-0403-4, 978-5-
4488-0215-7. —  Tekct: omekrponnbi // IPR SMART: [caiit]. — URL:
https://www.iprbookshop.ru/80328.html

3. byngeik I'. M. Marematuka: ydebnoe mocodbue mns CIIO / I'. M. Bynneik. — CaHkT-

[TerepOypr: Jlanb, 2022. — 156 c. — ISBN 978-5-8114-8283-2. — TekcT: 31€KTpOHHBIN //
Jlanb: sanexkTpoHHO-O0nbMoTeunas cucrema. — URL: https://e.lanbook.com/book/187562

4. MartBeeBa T.A. Marematuka: yae6Hoe nnocooue mist CIIO / MarseeBa T.A., PeikxkoBa H.I'.,
[leseneBa JI.B. — CaparoB, ExarepunOypr: IIpodoOpazoBanue, Ypanbckuil ¢enepanbHbIit
yHuBepcuteT, 2019. — 215 c. — ISBN 978-5-4488-0397-0, 978-5-7996-2868-0. — Tekcr:
anexkTpoHHbIH // IPR SMART: [caiit]. — URL: https://www.iprbookshop.ru/87821.html

5. ®ununenko O.B. Marematuka: yuebHoe mnocobue / @Pumunenko O.B. — MuHck:
PecnyOnukanckuit M”HCTUTYT TpodeccnonanbHoro oopazosanus (PUIIO), 2019. — 268 c. —
ISBN 978-985-503-932-8. — Tekct: snexktponusii // IPR SMART: [caiit]. — URL:

https://www.iprbookshop.ru/94336.html
6. UepnenoB M.M. Maremaruka: yuyeObHoe nmocobue / M.M. UepneuoB [u ap.]. — Mocksa:
Poccuiickuii rocynapcTBeHHbI yHUBepcuTeT npaBocyausi, 2022. — 336 c. — ISBN 978-5-
93916-959-2. —  Tekct: osnektponnsdi // IPR~ SMART: [caiir]. — URL:
https://www.iprbookshop.ru/122921.html

JlonmoTHUTeIbHAS JIUTepaTypa:

1. bapcykosa JI.B. I'eomerpus. Ilpaktukym: ydebnoe nmocobue / bapcykosa JI.B. — Munck:
PecniybnukaHckuil HHCTUTYT npodeccuoHanbHoro oopaszosanus (PUIIO), 2020. — 104 c. —
ISBN 978-985-7234-14-1. — Texkct: anextponnbii // IPR SMART: [caiir]. — URL:
https://www.iprbookshop.ru/100358.html

2. Kopob6eitnukosa M.}0. Matematuka. Teopust BepositHocTei: yuebHoe nmocooue mist CITO /
Kopo6eitnukosa N.10., Tpy6eukas I'.A. — Caparos: IIpodobpazoBanue, 2019. — 154 c. —
ISBN 978-5-4488-0344-4. — Tekct: anextponnbii // IPR SMART: [caiir]. — URL:
https://www.iprbookshop.ru/86073.html

3. KeirmanoB A. M. Maremaruka: yuebHoe nocobue mius CIIO / A. M. Kerrmanos, E. K.
Jleiinaprac, C. I'. MbicnuBen. — 2-e u3f., crep. — Cankr-IlerepOypr: Jlans, 2022. — 288 ¢. —

ISBN 978-5-8114-9447-7. — Texkcr: »neKkTpoHHbIN // JlaHb: 37€KTpOHHO-OMOIMOTEYHAsS
cuctema. — URL: https://e.lanbook.com/book/195439
4. Marematuka: ydyebnoe mocodue / M.M. UepnernoB [u nap.]. — Mocksa: Poccuiickuit

rOCyIapCTBEHHBIN YHUBEpCUTET npaBocyaus, 2022. — 336 ¢. — ISBN 978-5-93916-959-2. —
Texcr: anextponHslii // [PR SMART: [caiiT]. — URL: https://www.iprbookshop.ru/122921.html
5. ®omunbix E.M. Maremaruka. [lpaktukym: yae6Hoe nocobue / @omunbix E.M. — MuHck:
PecniyOnukanckuil HHCTUTYT npodeccnonanbHoro odpazosanus (PUIIO), 2019. — 440 c. —
ISBN 978-985-503-936-6. — Tekct: snektponHsii // PR SMART: [caiitr]. — URL:
https://www.iprbookshop.ru/94307.html

HNHTepHET-pecypcenl:

1. https://online-olympiad.ru/ - Bcepoccuiickue HHTEPHET-OTUMITHATBI

2. http://www.mat/septemba.ru - razera «Marematukay wu3gaTenbckoro goma «llepBoe
CEHTAOPS»

3. http://school-collection.edu.ru/ - equHas KouieKus MUPPOBBIX 00pPa30BATEIHHBIX PECYPCOB
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4. http://www.portalspo.ru/journal/index.php - xypnan «Cpeanee mnpodeccuoHaIbHOE
o0paszoBaHHE»

5. http://mpod-00p.pd/ - uaTepHET-M3MaHUE [IpodobpazoBanue- numep B UHGOPMAIMOHHOM
MpocTpaHcTBE NMpodeccunoHanbHOro oopazoBanus Poccun u crpan CHI'

6. http://window.edu.ru/ - wuHbopManuoHHass cuctema «EIMHOE OKHO JoCTyma K
00pa3oBaTeLHBIM PeCypcam»

7. http://www.mathematics.ru - MmareMaTHKa B OTKPBITOM KOJUIEIKE

8. https://minobrnauki.gov.ru/ - MunucrepcTBo oOpa3zoBanus u Hayku Poccuiickoit deneparun
9. http://www.elibrary.ru - HayuHas snmekrponHas oudnuoreka (HOB)

10. https://nsportal.ru/ - o6pazoBarenbHas colMaabHas CETh

11. http://www/mathnet/ru - 00IepOCCHIICKII MaTEeMaTUIECKHI TOPTA

12. https://nauka.club/ - o6pa3zoBaTeabHBII MOPTAT

13. https://mathematics.ru - OTKpBITBIN KOJUIEDK. MaTremaTuka

14. http://www.bymath.net/ - cpennss MaTemaTHueckasi HHTEPHET-IIKOJIA

15. http://www.edu.ru/ - penepanbHblii moptan «Poccuiickoe 00pazoBaHue»

16. http://fcior.edu.ru/ - penepanbHblil HeHTP UHYOPMALIMOHHO-00PA30BATEIBHBIX PECYPCOB

17. https://www.infouroki.net/ - »rmexkTpoHHas OWOIMOTEKAa CIPABOYHBIX MATEPUAIOB IS
YUaIIUXCsl ¥ TIperoiaBarerie.
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