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MeTtoanyeckue ykazaHus

10 BBIMOJHEHUIO MPAKTHYECKUX padoT
no mucruminae «MATEMATHKA»
JUTSL CTYJICHTOB HAIPABJICHUS MOATOTOBKH /CIICIIMATEHOCTH
40.02.03 TTIPABO U CYJAEEHOE AJIMUHHUCTPUPOBAHUE

H_II/I(bp W HAMMCHOBAHUC HAIIpaBJICHUA HO,Z[FOTOBKI/I/ CIICHHUAJIBHOCTHU




MeTtonnueckue ykazaHus JUIsl IPaKTUUYECKUX padoT M0 AUCLMIUINHE
«Mamemamukay coctaBiieHbl B cooTBeTcTBUM ¢ TpeboBanussmu OI'OC CIIO.
[Ipeana3zHayeHsl 151 CTYJEHTOB, O0YyYaIOIIMXCA 110 CIEIUATBHOCTH:

40.02.03 IIpaBo u cynebHOE aAMUHUCTPUPOBAHKE



Hosacnumenvnasn 3anucka

MeTtoauyeckie peKOMEHAAlMKM MPU3BAaHbl OKa3bIBaTh MOMOIL CTYJEHTaM B U3YYEHUU
OCHOBHBIX TOHATUH, UJEH, TEOPUIl U MOJOXKEHUM AUCUMILTUHBI «MareMaTuka», U3y4aeMbIX B
X0J1e KOHKPETHOTO 3aHSTHSI, CIOCOOCTBOBATH PA3BUTHIO UX YMEHH, HABBIKOB U SBJIIOTCS] OJTHUM
U3 CIIOCOOOB MPOBEPKH 3HAHUN CTYJEHTOB.

BrinonHenue yqammMucs MpakTHYeCKUX paboT HAlpaBJIeHHO Ha!

- 000011eHHEe, CHCTEMAaTH3alIMI0, YIIIyOJIeHNe, 3aKPETIICHHE MTOTyYeHHBIX TEOPETUIECKUX
3HaHUM 110 KOHKPETHBIM TEMaM;

- (popmupoBaHuEe yMEHHUI MPUMEHSTH MOJyYCHHbIC 3HAHUS HA MPAKTHKE W PEaTU3alIHIo
€IMHCTBA UHTEJUICKTYaJIbHOM U MPaKTUYECKON JAeSITeTbHOCTH;

- pa3BUTHE MHTEJUIEKTYAJIbHBIX YMEHUH y OyIylIMX CHEHATUCTOB: aHATUTUYECKUX,
MPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX U JIP.;

- BBIPaOOTKY MpHU PELICHUH MTOCTABIEHHBIX 33/1a4 TaKUX MPOECCHOHATBHBIX KaueCTB, KaK
CaMOCTOSITENIbHOCTb, OTBETCTBEHHOCTh, TOYHOCTh, TBOPUECKAs HHULIMATUBA.

Ocoboe 3HaueHHWe IUCHUIUIMHA HMEET MpH (OPMUPOBAHMM M PA3BUTHH OOIIMX
KoMrieTeHuii B coorserctBun ¢ ®I'OC:

OK 1. TloHumaTh CyIIHOCTh M COLMAIbHYI0 3HAaYUMOCTh CBOEH Oyaymieil npodeccuu,
IIPOSIBJIATH K HEW YCTOWYMBBINA MHTEPEC.

OK 2. OpranuzoBbIBaTh COOCTBEHHYIO AESTEIBHOCTb, BHIOMpATh TUIIOBBIE METOIBI U
CIocOObI BHIMOHEHUS MTPO(eCcCHOHANBHBIX 33/1a4, OLICHUBATh UX 3(PPEKTUBHOCTH U KaYECTBO.

OK 3. IlpuHuMaTh penieHus B CTAaHAAPTHBIX U HECTAHJAPTHBIX CUTYAIUSIX U HECTU 33 HUX
OTBETCTBEHHOCTb.

OK 4. OcymecTBiasTh HOUCK M HCIOJIb30BaHHE HHGOpMallMU, HEOOXOAMMOMN s
3¢ (PEKTUBHOTO BBIMOJHEHUSI MPOPECCUOHANBHBIX 3a/1ad, MPO()ECCHOHATBFHOTO U JTUYHOCTHOTO
pa3BUTHSL.

OK 5. MHcnonb3oBath  HMHPOPMAIMOHHO-KOMMYHHUKAIIMOHHBIE  TEXHOJOTHMH B
npodecCHOHATBLHOMN 1A TENTbHOCTH.

OK 6. CamocTosATeNbHO ONpeAesITh 3ajauyd NpOo(ecCHOHANIBHOTO W JIMYHOCTHOTO
pasBUTHS, 3aHUMATbcd  caMOOOpa3OBaHMEM,  OCO3HAHHO  IUJIAHUPOBAaTh  IOBBIIICHHE
KB (DUKALIHH.

OK 7. OpueHTHpOBaThCS B YCJIOBHUSX TIOCTOSHHOTO OOHOBJICHHS TEXHOJOTUW B
npohecCuOHATbHON NeSTENbHOCTH.

OK 8. OpranuzoBsiBaTh pabodee MECTO ¢ COOJIOACHHEM TPEOOBAHHWI OXpaHBbI TPya,
MIPOU3BOJICTBEHHON CaHUTApUH, HHPEKIIMOHHOHN U MPOTUBOIOKAPHON OE30MaCHOCTH.

OK 9. [IposIBIIAT HETEPIIUMOCTD K KOPPYILIMOHHOMY [TOBEACHHUIO.

OK 10. Opranu3oBbIBaTh CBOIO HU3Hb B COOTBETCTBUU C COLMAIBHO 3HAYMMBIMU
IPECTaBICHUAMHU O 3I0POBOM 00pa3e *KHU3HH, MOIJIEPKHUBATH JODKHBIA YPOBEHb (hU3NUYECKOM
HOJTrOTOBJICHHOCTH, HEOOXOIMMBIH Uil COLMaIbHOM M TpodeccuoHanbHON aedrenbHoCcTH.B
paMKax TporpaMMbl Y4eOHOH IMCHMIIMHBI OCBAaMBAIOTCS JTUYHOCTHBIC, METANpPEIMETHBIE U
peIMEeTHbIe pe3ynbTaTbl B coOTBeTCTBUM ¢ TpeboBanusiMu @OI'OC cpeanero oOuiero
o0Opa3oBaHwUsl.

Ilnanupyemble  pe3yabTaTbl OCBOEHHMSl JMCHUIUIMHBI:  JuYHOCTHBIE  (JIP),
MmetanpeameTHsie (MP), mpenmernsie 1ist 6a3oBoro yposHs uzydenus (I1P).

Jluunocmmuvie xarouaiom:



JIP 05. ChopMuUpOBaHHOCTH OCHOB CaMOPA3BUTHS U CAMOBOCITUTAHUS B COOTBETCTBUH C
OO0IIIeYEeTOBEYECKUMH IIEHHOCTSIMH W HWJACaJaMU TPaXJaHCKOTo OOINeCTBa; TOTOBHOCTh U
CIIOCOOHOCTB K CaMOCTOSITENIbHOM, TBOPUECKON Y OTBETCTBEHHOM AESTEIbHOCTH.

JIP 07. HaBblkM COTpYJHMYECTBA CO CBEPCTHUKAaMH, JETbMM MIIAJIIET0 BO3pacTa,
B3pOCIBIMH B 00pa30oBaTelIbHON, OOIIECTBEHHO TOJIE3HOH, Y4eOHO-MCCIIEA0BaTEIbCKOM,
MPOEKTHOM U IPYTUX BUAAX ACSITEIbHOCTH.

JIP 08. HpaBcTBEeHHOE CO3HAHHME U MOBEACHHE HAa OCHOBE YCBOCHHS OOIIECUETIOBEUECKUX
[IEHHOCTEMH.

JIP 09. I'0TOBHOCTB U CIIOCOOHOCTH K 0Opa30BaHUIO, B TOM YHCJIE CaMOOOpa30BaHUIO, HA
NOPOTSDKEHUHM BCEH JKU3HHM; CO3HATEIbHOE OTHOIIEHHE K HEMpPEpbIBHOMY OOpa30BaHUIO Kak
YCIIOBUIO YCIICITHOM MPpodecCHnOHABHON 1 00IIECTBEHHOW e TSIIEHOCTH.

JIP 13. Oco3nanHbIil BBIOOp Oynymiedl mpodeccu M BO3MOXKHOCTEH pealln3aluu
COOCTBEHHBIX JHU3HEHHBIX IUIAHOB; OTHOIIEHHE K MPOPECCHOHAIBHON JESITEIbHOCTH Kak
BO3MOXKHOCTH  y4yacTHsl B PEIICHWH  JIMYHBIX, OOIECTBEHHBIX, TI'OCYJapPCTBEHHBIX,
00IIeHaIIMOHATIBLHBIX TTPOOJIEM.

JIP 14. CdopMUPOBAHHOCTh HKOJIOTMYECKOTO MBIIUICHHUS, TOHUMAHUS BIUSHUSA
COLIMATIbHO-9KOHOMHMYECKUX TPOIIECCOB HA COCTOSHUE TMPUPOJHOW U COLMAIBHOM Cpebl;
IPUOOPETEHHUE OIBITA FKOJIOTO-HAPABIECHHON JESITEIbHOCTH.

Memanpeomemmnuie:

MP 01. CamocTosTensHO GOPMYIMPOBATh U AKTYAIM3UPOBATH IPOOIEMY, pacCMaTpUBATh
€€ BCECTOPOHHE.

MP 02. YcranaBnuBaTh CYUIECTBEHHBIM MpPU3HAK WJIM OCHOBAHHWS JUIsl CpPaBHEHMS,
KJacCU(UKAUU U 000OIICHHUS.

MP 03. Omnpenenste Uenu JOEATEIbHOCTH, 33J1aBaTh MapaMeTpbl M KPUTEPUU HUX
JOCTHUKEHUS.

MP 04. BpIsIBISTS 3aKOHOMEPHOCTH M POTUBOPEUHNS B pACCMAaTPUBAEMBIX SIBICHUSX.

MP 06. Bnagets HaBbIKaMU y4e€OHO-HCCIIEOBATENICKON U NMPOEKTHON JEeSTENbHOCTH,
HaBbIKaMU pa3perieHus MpooieMm.

MP 07. CiocoOHOCTh U TOTOBHOCTb K CaMOCTOSITEIBHOMY ITOMCKY METOJOB pEIICHUS
MPAKTUYECKHX 3ajay, IPUMEHEHUIO Pa3IMYHbIX METO/I0B [TO3HAHUS.

MP 08. OsinageHue BUIaMH JAEATEIBHOCTH IO IOJYyYEHUIO HOBOTO 3HAHUA, €rO
UHTEpIpeTaln, NpeoOpa3oBaHUI0 U NMPUMEHEHHUIO B Pa3IMYHBIX Y4EOHBIX CUTYyalUsiX, B TOM
YHCIIe IPU CO3/1aHUM YUEOHBIX U COL[MATIBHBIX TPOSKTOB.

MP 09. ®opmupoBaHuE HAYYHOT'O THIIA MBIIUIEHUS, BJIaJIEHUE HAYYHON TEPMUHOJIOTUEH,
KIIFOYEBBIMU MTOHSATHSIMH U METOJIaMHU.

MP 11. BpIBIATE NPUUYMHHO-CIEICTBEHHBIE CBA3M M aKTyalIM3WpOBaTh 3ajady,
BBIIBUTAaTh THIIOTE3y €€ pelIeHUs, HaXOOUThb apryMeHThl s JO0Ka3aTelbCTBa CBOMX
YTBEPKACHUM, 3a/1aBaTh apaMeTpbl U KPUTEPUH PEIICHUS.

IIpeomemmnule:

IIP 0l. Bmagets MeTomaMM JOKa3aTENIbCTB, AJTOPUTMAMM PEILIEHUS 3a7ad; yMEHHE
(bopMyIHpOBaTh OIpEIEIIEHUS], aKCUOMBI U TEOPEMBI, TPUMEHSTh UX, IPOBOJIUTH JI0Ka3aTebHbIE
paccyX/IeHHUs B XOJI€ PELICHUsI 3a/1a4.

ITP 02. YmeTsr omepupoBaTh MOHATHSMHU: CTENEHb YHWCIA, JIOTapudM YuciIa; yMEHHE
BBIMIOJHATh BBIUMCJICHHE 3HAUEHUW U MpeoOpa3oBaHMsl BBIPAKEHUH CO CTEHNEHSIMU U
norapudmMamu, mpeodpa3oBaHus APOOHO-PAITMOHATHHBIX BEIPAKCHUM.



I[TP 03. VYmerp omnepupoBaTh TMOHATUAMH: paAlUMOHAIBHBIE, HWPPALMOHAIBHEIE,
NOKa3aTeJbHbIC, CTENEHHBIE, JIorapu(MUYECKUe, TPUTOHOMETPUYECKHE YpaBHEHUS U
HEPABEHCTBA, UX CUCTEMBI.

1P 04. YMeTs onieprpoBaTh MOHATUSAMHE: (PYHKLUS, HETIPEphIBHAS (DYHKIIHSL, TPOU3BOIHAS,
nepBooOpasHasi, ONpEACICHHBI WHTErpal; yMEHHE HAXOAWUTh IMPOU3BOIHBIC AJIEMEHTAPHBIX
(GyHKLUH, UCIIOJIB3Ys CIIPABOYHBIE MaTepHAJIbl; UCCIEI0BATh B IPOCTEHIINX CIIydyasiX B (YHKLUU
Ha MOHOTOHHOCTb, HaXOAUTh HaOOJIbIINE U HAUMEHbIINE 3HaueHUs QyHKuit; CTpouTh rpaduku
MHOIOYICHOB € HCIOJIb30BaHMEM  amapara MaTeMaTU4YeCKOro aHajau3a; IPUMEHATH
IIPOU3BOJHYIO IIPU PEIIEHUU 3a/1a4 Ha JIBH)KCHUE; PEIaTh NPAKTUKO-OPUEHTUPOBAHHBIE 3a1a4n
Ha HauOOJbIINE U HAUMEHbBINNE 3HAUYCHHS, HA HaX0XKJICHHE ITyTH, CKOPOCTH U YCKOPEHHS.

I[P 05. Ymenue omepupoBaTh HMOHATHAMH: paloOHANbHAs (DYHKIHS, TOKa3aTelbHas
dyHKuus, creneHHas (QyHKUus, Jorapupmuueckas (QpyHKIUsSA, TPUTOHOMETpUYecKre (yHKIUH,
oOpaTHble (QYHKLUUHU; YMEHHE CTPOUTHh I'paUKU M3y4EHHBIX (DYHKUIUH, UCIOIB30BaTh rpauku
IPY U3YYEHUH IIPOLIECCOB U 3aBUCUMOCTEH, IPU PELICHUH 33/1a4 U3 IPYTUX YUeOHbIX IPEIMETOB
¥ 33/1a4 U3 peajbHOM JKU3HU; BhIpaXKaTh (HOpMyJIaMH 3aBUCUMOCTH MEXAY BETUYNHAMH.

I1P 06. YMeHue pematb TEKCTOBBIE 33/1a4M PA3JIUYHBIX TUIIOB (B TOM YHCIIE HA MIPOLICHTHI,
JIOJIM ¥ 4acTH, Ha JBM)KEHUE, paboTy, CTOMMOCTb TOBApOB U YCIIYT, HAJIOI'H, 3a/1a4 U3 00JacTu
yIpaBJICHUS JIMYHBIMH M CEMEHHBIMH (DPUHAHCAMM); COCTABISATH BBIPAKEHHS, YpPaBHEHHS,
HEPAaBEHCTBA M HX CHCTEMbI [0 YCIOBHUIO 33Ja4M, HCCIENOBaTh MOJIYYCHHBIE DPELIECHUS U
OLICHUBATh MIPaBAOI0I00HOCTb PE3yJIbTATOB.

I[P 07. VYmeHue omnepupoBaTh TOHSATHAMHU: CpeAHee apupMeTHdecKoe, MeIHaHa,
HauOoJIbIlIee U HAUMEHbLIIee 3HAUCHUs], pa3Max, JUCIEPCHs, CTaHIapTHOE OTKIOHEHUE YMCIOBOTO
Habopa; yMeHHe U3BJIEKaTh, HHTEPIPETUPOBATh HH(POPMALINIO, IPEACTABICHHYIO B TaOIUIaX, HA
rarpaMmmax, rpaukax, OTpakarollylo CBOMCTBA peallbHbIX IPOLIECCOB U SIBJICHUI; IPEACTaBISTh
UHGPOPMALIMIO C MOMOILBIO TAOJIUIl M UarpaMM; UCCIIEAO0BaTh CTATUCTUYECKUE JIaHHBIE, B TOM
qucie ¢ MPUMEHEHHEM Irpa)udeckuX METOJIOB U AJIEKTPOHHBIX CPEJCTB.

[P 08. YmeHnue omepupoBaTh MOHATUSMU: CIIyYallHBIM ONBIT U CllydyallHOE COOBITHE,
BEPOATHOCTh CIy4YallHOTO COOBITHS; YMEHHME BBIYHUCIATH BEPOSATHOCTH C HCIOJIB30BAHHUEM
rpauyeckux MeETOJOB; MPUMEHATh (OPMYJbl CIOXKEHHS M YMHOXKEHHS BEpOATHOCTEM,
KOMOMHATOpHbIE (DaKThl U (GOPMYJIBI IPU PELICHUH 33]a4; OLIEHUBATh BEPOSTHOCTH PEAJTIbHBIX
COOBITHI; 3HAKOMCTBO CO CIIy4aifHBIMHU BEIMUMHAMH; YMEHHE NPUBOIUTH IPUMEPHI MPOSBICHUS
3aKOHa OOJIBIINX YUCET B IPUPOJIHBIX U OOIIECTBEHHBIX SBICHUSX.

I1IP 09. YMmenue onepupoBaTh NOHIATUAMM: TOUYKA, IPsIMasi, MJIOCKOCTh, B MPOCTPAHCTBO,
JBYTpaHHbIN yroJl, CKpELUBaIOIIMECs IPSMBIE, TApaJIIIEIbHOCTD U NEPIIEHIUKYIIPHOCTD NMPSIMBIX
U IUIOCKOCTEH, Yroja MexXay HOpsSMbIMH, Yol MEXAY MpsIMOW M IUIOCKOCTBIO, Yrod MEXIy
IJIOCKOCTSIMHU, PACCTOSIHUE OT TOYKH /10 TIOCKOCTH, PACCTOSIHHE MEXAY MPSIMBIMH, PACCTOSTHUE
MEXly TUIOCKOCTSIMH; YMEHHUE UCIOIb30BaTh IPU PEIIEHUH 3a1a4 U3YUEHHbIE (PaKThl U TEOPEMBI
IUTAHUMETPHUH; YMEHHE OLIEHUBATh Pa3Mepbl 00bEKTOB OKPYXKAIOIIET0 MUPA.

ITP 10. YMeHue onepupoBaTh NOHATUSAMH: MHOTOTPAaHHHK, CEU€HHE MHOTOIpaHHHKA, KYO,
napaenenurnes, npu3sMa, nupamuaa, Gurypa 1 moBepxXHOCTb BpallleHUs, LIUJIUH/IP, KOHYC, 11ap,
chepa, ceyeHus (UTYpbl BpalleHUs, IUIOCKOCTb, Kacaromiascs cepbl, HUIMHAPA, KOHYCA;
IUIOINAAb TOBEPXHOCTH MHPaMMJIbl, MPU3MBI, KOHYCa, LWIMHJpA, I1apa; YMEHHE H300pakaTh
MHOTOTPaHHUKU M IOBEPXHOCTHU BpAIEHHUS, MX CEUYEHUS OT PYKH, C TOMOIIBIO UYEPTEKHBIX
MHCTPYMEHTOB U DJIEKTPOHHBIX CPEICTB; YMEHHUE paclo3HaBaThb CHMMETPHUIO B IPOCTPAHCTBE;
YMEHHE PaclO3HABATh IPaBUJIBHBIC MHOTOTPAHHUKH.



ITP 11. YMenue onepupoBaTh MOHATUSMHU: JIBMKEHUE B IPOCTPAHCTBE, TOJ00HBIC (DUTYPHI
B MPOCTPAHCTBE; MCIOJIH30BaTh OTHOIICHHUE IUIOMAACH MOBEPXHOCTEH M OOBEMOB MOJOOHBIX
¢buryp npu perieHuu 3aaad.

ITP 12. YMeHue BBIUUCISITh TEOMETPUUYECKUE BETUYHHBI (JNTMHA, YrOJl, TUIONIA/lb, 00beM,
TUTONIA/Ib TTIOBEPXHOCTH ), UCIIOJIb3YS U3YUYCHHBIE (POPMYIIBI U METO/IBI.

I[TP 13. VYmenue omnepupoBarh MNOHATUSAMHU: MPSIMOYrojibHas CHUCTEMA KOOpPJIHMHAT,
KOOPJIMHATBl TOYKH, BEKTOP, KOOPAMHATHI BEKTOpA, CKAISPHOE NPOU3BEIAEHUE, YTOJd MEXAY
BEKTOpAaMH, CyMMa BEKTOPOB, MPOM3BEACHUE BEKTOpPAa HA YHUCJIO; HAXOAWTh C IOMOIIbIO
M3YYEHHBIX (DOPMYII KOOPIUHATHI CEPETUHBI OTPE3Ka, PACCTOSHUE MEKIY IBYMs TOUKAMHU.

I[P 14. YMeHue BbIOMpATh MOAXOMSAIINN HM3YYCHHBIH METOH JUIsl PEIICHUs 3aaadu,
pacrmo3HaBaTh MaTeMaTHUecKue (akThl W MaTEeMaTHYeCKHEe MOJCIH B MPUPOIHBIX U
OOILIECTBEHHBIX SIBJICHUSX, B HCKYCCTBE, YMEHUE NPUBOJIUTH MPUMEPHl MaTEeMaTUYECKUX
OTKpbITHI Poccniickoil 1 MEPOBOM MaTEMaTUYECKON HAYKH.

[Ipu npoBeaeHNN MPAaKTUYECKUX pabOT yueOHas Ipymma MOXKET ASTUTHCS HA MOATPYIIIBI
YHUCJIICHHOCThIO HE MEHBIIIE § YEJIOBEK.

Kaxxnas npaktuyeckas pabota cocTaBieHa ¢ Beyllen JUIaKTUYECKOM LEebIo -
dbopMupOBaHUE TPAKTHUECKUX YMEHUH.

Coneprxkanue MpakTHUYECKUX padoT HAIIEJICHO U HA Pa3BUTHE MPOPECCUOHAIBHBIX YMEHUM
W  HaBBIKOB. BpImonmHeHue  pacy€roB, UepTeXed, HMHCTPYKTUBHBIMH  MaTepHUaJIaMU,
CIIPaBOYHHUKAMHU, yMeHHUe MOJIb30BATHCS COBPEMEHHBIMHU MH(pOPMaALIUOHHO-
KOMMYHUKAIIMOHHBIMU TeXHOJOTHsIMU. Hapsigy, ¢ ¢gopMupoBaHueM yMeHUW U HaBBIKOB, B
MIPOLIECCE BHITOTHEHHS MTPAKTHYECKUX pabOT 0000IIat0TCs, CHCTEMAaTU3UPYIOTCS, YIIIyOIsI0TCA U
KOHKPETH3UPYIOTCS TEOPETUYECKHE 3HAHUS, BBIPAOATHIBAETCS CHOCOOHOCTH M TOTOBHOCTH
HCII0JIb30BaTh TEOPETUUECKHUE 3HAHUS HA MTPAKTUKE, Pa3BUBAIOTCS MHTEIIEKTYaJIbHbIE YMEHHUS.

B naHHBIX METONMYECKMX YKa3aHUSAX B Hauvaje KaXKJOM TeMbl KpPAaTKO M3J1ararTcs
OCHOBHBIE TEOpETHUYECKHe CBeAeHHs (orpeaencHus, (GopMyInbl), HEOOXOAUMBIE ISl pelleHUs
nocyienyromux 3anad. [IpuBoasiTCs pemieHns: TAMOBBIX MPUMEPOB U 3a1ad. JlaroTcs yrmpakHeHUs
JUTSL 3aKPETUICHUs MaTepurara.



IIpakTuyeckas padora Nel

Tema 1.1. Ilenn ¥ 3amauyd MaTeMaTUKU TPU OCBOCHUHU CIEHHATbHOCTH. Yucna u
BBIUKCJICHUS.

Hean: Onpenenenne OCHOBHBIX ILIEJe M 3a/a4 M3y4eHHs] MAaTEeMAaTUKU MPU OCBOCHUH
npodeccuyu; akTyaau3alus M CHCTeMaTH3alus OCHOBHBIX 3HAHMM M3 IIKOJIBHOTO Kypca
MaTeMaTHKH

Teopernyeckas 4acTh.

I'maBHast 0COOEHHOCTH 00pPa30BATEIBLHON CHCTEMBI 3aKJIIOYACTCS B TOM, YTO OCHOBHOM
LEJIBIO, CTOsIIEH nepes y4eOHBIMHM 3aBEIEHUSIMH CHUCTEMbBI CPEIHEro HpogecCHOHAIBLHOIO
o0pa3oBaHus, SBIAETCS MOATOTOBKA BBICOKOKBATH(HIMPOBAHHOIO CIEIHAINCTa B JAaHHOU
o0nacTu.

Lenp n3ydeHUs: MaTeMaTHKH B CPEJIHUX CIICIUAIBHBIX YUEOHBIX 3aBEJCHHUSIX COCTOUT B
TOM, YTOOBI YIIIyOUTh 3HAHUS 110 U3YYEHHBIM B CpPE/IHEH LIKOJIE pa3/iellaM U O3HAKOMHTBHCS C
HEKOTOPbIMH HOBBIMU pa3/ielaMM MaTeMaTHUKU (QaHAJIUTHUYECKOHM TIeoMeTpHueil, Teopuei
muddepeHIaNbHbIX ypaBHEHUH, Teopruell BEPOITHOCTEH, U Ap.), KOTOPhIE 000ramaT OOIIYI0
KYJIBTYPY, Pa3BUBAIOT JIOTHYECKOE MBIIUICHHE M IIHPOKO HCIIOIB3YIOTCS B MaTEeMAaTHYECKOM
MOJICJIMPOBAHUM 3a/la4, C KOTOPBIMH BCTPEUYaeTCsd COBPEMEHHBIM CIENUAIUCT B CBOEH
NeSITeIbHOCTH. | JTaBHAs 11eNb U3y4YeHUsI MAaTEMATHKH CTYICHTaMH CPEIHHUX MPO(PECCHOHATBHBIX
y4eOHBIX 3aBEJICHUI COCTOMT B TOM, YTOObI MaTEMAaTUKy MOKHO ObUIO NMPUMEHATh. VIMeroTcs B
BUAY NPUMEHEHHS B CAMOM IIMPOKOM IUIaHE: HE TOJBKO Ha MPOW3BOJCTBE, HO U B JIPYTHX
JUCLUIUIMHAX, [PU YTEHUU CHELHUaIbHOM M HOIYJSPHOM JMTepaTypbl, B OBITY; KpOMe TOro,
OCHOBHBIE MaTEMaTHUYECKUE TOHATHS TO3BOJSIFOT TIIYO)KE OCMBICIMBATH pa3iIHuHbIe (DAKTHI,
BUJIETh UX OOIME YePThl; HABBIKA Pa3yMHON TOUHOCTH MOT'YT IOMOYb ()OPMYJIMPOBATH MBICIIH H.
T. 1.

- OOyueHuss MaremMaTHKe AOJDKHO o0siafaTh CBOWCTBaM (yHIaMeHTanbHOCTH. Llenb
obecrieueHns (yHIAMEHTAIBHON MaTeMaTHYEeCKOH MOATOTOBKH B CpeIHEM MPOGECCHOHATHEHOM
00pa30BaHUM U CIELUAIN3ALUY, [0 KOTOPOH MPOUCXOAUT O0YUEHHE, COCTOMT B TOM, YTO KypC
MaTeMaTHKH JOJDKEH O3HAKOMHUTH CTYAEHTOB C OCHOBOIOJATAIOIIMMH MaTeMaTHYeCKUMHU
HNOHATUAMHM U (paKTaMH, 00eCHeunuTh YpOBEHb MAaTEMAaTHYECKHX 3HAHUH, YMEHUI M HaBBIKOB,
rapaHTHPYIONINX OBJa/eHNe (PYHIAMEHTOM CIEIHaIbHBIX JUCIUTUINH.

- Bropas nensb - opueHTalus MaTeMaTH4eCKOM MOJIrOTOBKH Ha CIIEUANIBHYIO TIOJTOTOBKY
CTyJIGHTa, TO €CTh HEOOXOJMMOCTh B Tpollecce OOYYEeHHsS OPUEHTHUPOBATHCS Ha TIIYOOKOE M
MIOJTHOE YCBOEHHUE CTYIEHTaMM pa3/ielioB MaTeMaTHKH, SBISIOMIMXCS 0a30il Ui OCBOEHHs psijaa
CHENHATBHBIX TUCIHILIHH. [Ipy ’TOM 3HaHUS CTYJIEHTOB 110 OCTAIBHBIM pa3JiesiaM Kypca JOJIKHBI
OBITh TOCTATOYHBIMHM JUI1 OCBOCHUS POPECCHOHATBHO 3HAUUMBIX 3HAHUH.

- TpeTb4 11€71b MaTeMaTHYeCKOoro o0pa3oBaHus B CPEIHUX NPO(ECCUOHATIBHBIX YUEOHBIX
3aBEJICHUSX - ITOJITOTOBKA CTYJEHTOB K UX MPO(ECCUOHATBHON AEATENbHOCTH, HAlIPaBICHHON Ha
yMeHHE OyAymuX CIECNUAINCTOB TNPUMEHATh MaTeMaTHYeCKWe 3HaHUS B CBOCH
npodeccuoHaIbHOM JesTenbHOCTH. s ee peannzanuy ciaeayeT HaloJHUTh NpOoecCHOHATbHO
Ba)XHBIE pa3fenbl Kypca «MaremaTtuka» 3agadaMu TpodeccHoHaIbHOTO cozaepkanus. Kypc
MaTeMaTHKH B CpeIHEM IpOo(ecCHOHATILHOM 00pa30BaHUWU HECET IBOWHYIO Harpy3Ky — Kak
CaMOCTOSITENTbHBIA yUeOHBIH MPEeaMeT, B KOTOPOM JIOJDKHA COOJIIOJAThCS CTpOTasi JIOTHYecKast
MOCJIEI0BATEIbHOCTD M3JI0KEHUSI MaTepuana, U Kak ammapar JJs IIHPOKOro MPUMEHEHHUs ero B
CHEeNHANbHBIX JUCHHMIDIMHAX. V3ydeHne wMareMaTuku B cpemHeM MNpodeCCHOHATHLHOM
00pa30BaHUM HAIPaBJIEHO HAa (OPMHUPOBAHUE OOIIEYUEOHBIX KOMIETEHIIUH 110 YETHIPEM OJI0KaM:
caMOOpraHu3aIK, CaMOOOY4YCHHUs, HHPOPMAIIMOHHOMY, KOMMYHHUKAaTHBHOMY, & Ha X OCHOBE
o0mux komnereHimit. O6mue xommerenuuu (OK) cdopmupyrorcs B mpouecce yuyeOHOU u
BHEAYJAUTOPHOW CaMOCTOSATENBHON JIEATENHOCTH CTYACHTOB TMPH H3YyYCHHUH TMpeaMeTa.
[Iporpamma y4yeOHOro mpenMeTa OpPUEHTHPOBAHA HA JOCTHIKEHHE CIEAYIOUIMX Ienel: —
obecnieyeHre CHOPMHUPOBAHHOCTH MPEACTABIECHUHN O COLUAIBHBIX, KYJIBTYPHBIX U HCTOPUYECKUX



dakTOopax CTaHOBJIEHUS MaTeMaTHKH,; — oOecrneyeHne CGHOPMHUPOBAHHOCTU JIOIMYECKOTO,
AITOPUTMHUYECKOTO U MATEMAaTHIECKOTO MBITIUICHHS; — oOecrieueHrne cPoOpMUPOBAHHOCTH YMEHUH
NPUMCHSTh TOJYYCHHBIE 3HAHUS TPU PEIICHUW PA3IMYHBIX 337a4; — OOecleueHHe
c(hOpMUPOBAHHOCTH TPEACTABICHUN O MaTeMaTHKE KaK 4acTH OOIEYEeIIOBEUECKOM KYJIbTYPHI,
YHUBEPCAIBHOM S3bIKE€ HAYKH, MO3BOJIAIONIEM OIKUCHIBATH M HM3y4aTh peayibHbIE MPOLIECCH U
sapiueHus. [maBHOM 3amaveit oOpazoBanusi B cucreme CIIO  sBmsieTcss MOATOTOBKA
BBICOKOKBTM(DUIIMPOBAHHBIX ~CIEIHAIMCTOB, KOTOPBIC JOJDKHBI 3aHITh CBOE MECTO Ha
KOHKYPEHTHOM pPBIHKE TPy/Ia.

Bonpocsbr:
1) HazoBuTe 1enps n3ydeHuss MAaTEMATHKU B CPETHUX CHEIUATBHBIX YUeOHBIX 3aBEICHHSIX
2) B uem cocTouT rinaBHas 3aaada oopazoanus B cucreme CI10?
3) IlpuBenuTe MpUMEpHl UCTIOIB30BAHUSI MATEMATHUKH B Balei Oyayiei npodeccun

Pemienue 3aganuii:

B1. [Tokazanus cuerynka 35ekTposHeprun 1 mas coctaisii 37192 kBt /4, a 1 utonst — 37 292 kBt
/4. CKOJBKO HYXKHO 3aIUIaTHTh 32 3JIEKTPOIHEPTHIO 3a Maii, ecii 1 kBT /4 anekTposHeprum crout
4 py0. 17 xomn.?

B2. Ha pucyHke »KUpHBIMU TOYKaMHU IIOKa3aHO CYTOYHOE KOJIMYECTBO OCAJKOB, BBINAJABIINX B
Kazanu ¢ 3 mo 15 ¢despans 1909 roma. Ilo ropusoHTanu yka3pIBarOTCS 4YMcCiIa MecAla, MO
BEPTUKAIA — KOJMYECTBO OCAJKOB, BHITIABIIINX B COOTBETCTBYIOIIUN JIeHb, B MUJUIUMETpax. Jis
HATJISTHOCTH JKUPHBIE TOUYKU Ha PUCYHKE COeIMHEHBI THHUeH. OnpeaenuTe Mo pucyHKy, CKOJIbKO
JHEH U3 TaHHOTO Mepro/ia BhlNagano oosnee 3 MUJUIMMETPOB OCAJKOB.
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B3.Haiizure 3Hauenue Boipaxkerus 40 mpud = 0,8, b= 1,5, ¢ =0,84

B4. J1511 TpaHCIOPTUPOBKY 3 TOHH Ipy3a Ha 50 KM MO>KHO BOCIOJIB30BAThCs YCIYraMy OJTHOW U3
Tpex ¢upMm-nepeBo3unkoB. CTOMMOCTh MEPEBO3KH U TPY30MOJABEMHOCTh ABTOMOOWIIEH st
KaX/I0r0 MepeBo3uuKka yka3aHa B Tabuune. CKoimbko pyOsed mpuaercs 3amjaTUTh 3a caMylo
JIEMIEBYIO TTEPEBO3KY?

IlepeBo3uuk | CrommocTh MepeBO3KHU oanuM | I'pysonoabemMHOCTH
aBTOMOOMIIEM aBTOMOOUIIEH
(py0. Ha 10 km) (TOHH)
A 110 2,2
b 140 2,8
B 160 3,2
BS5. Ha kneruaroii 6ymare ¢ pazmepom kieTku 1x 1 uzoOpaxkén yros. Haiiaute TaHreHC 3TOrO
yria.
B A
0



B6 HaiianuTe KOpeHb ypaBHEHHA +2x +31 =9,

B7.B copeBHOBaHUSX IO TOJKAHUIO fApa ydacTBYloT 4 crnoprcMeHa u3 PunnsHauu, 7
crioprcMeHoB u3 Jlanuu, 9 cnopremenoB u3 [Benuu u 5 — u3 Hopseruu. [lopsinok, B koTopom
BBICTYIAIOT CIIOPTCMEHBI, olpeaeseTcs xpeduem. Hailiure BeposTHOCTb TOTO, YTO CIIOPTCMEH,
KOTOPBI BBICTYIAET MOCIEeIHUM, OKaxkeTcs u3 [lIBenun.

B Tpeyronsauke ABC yron C pasen 90°, sin A = % Haiipure cos B.

B

A ¢

BS.

B9.. MoTopHas 10/1ka npoluia NpoTUB Te4eHUst peku 112 KM 1 BepHYJIach B yHKT OTIPaBIEHUS,
3aTpaTUB Ha 0OpaTHBIM MyTh Ha 6 yacoB MeHblle. Haliaure cKkopocTh TeUEHMs, €CIM CKOPOCTh
JIOJIKY B HETIOJIBMYKHOM Boze paBHa 11 km/4. OTBeT maiiTe B KM/4.

3aBucuMOCTb 00BEMa cnpoca ¢ (Teic. py0.) Ha IPOAYKIHIO TIPEHIIpH-
SATHA-MOHOMOJIMCTA OT HeHH p (Teic. py0.) 3amaércs dopmMyaoit
g = 160 — 10p. Beipyuka npeanpuaTusi 3a mecan r (B Teic. py6.)
BbIYHCJIseTCa 1o dopmyae r (p) = ¢q - p. Oupenennre HeHy p, mpu Ko-
TOpO# MecA4YHada Beipyuka r (p) cocraBur 280 Thic. pyb. OTBeT HpHBe-

B10. JuTEe B ThIC. Py0.

IIpakTnyeckas padora Ne2
Tema 1.2: Bripaxenus u mpeoOpazoBaHus. [IpolieHTHbIE BBIYHCICHHUSA. Y PaBHEHUS U
HEPABEHCTBA
Heab: OOoOmeHne W cuctemMarusalus 3HAHWN, YMEHMH, HAaBBIKOB Yy4allluXcs MpU
BBIMOJIHEHUH apu(METHYECKUX JeHCTBUN HajJ OOBIKHOBEHHBIMM M JECATHYHBIMU JpOOSMU;
MPOLIEHTHBIE BBIUYUCIICHUS

Teopernyeckas 4acThb:
Harypanbnble yncna, noiayyaeMble IpU €CTECTBEHHOM CUETE; MHOKECTBO HATypalbHBIX
gyucen obo3naygaercss N; N= {0, 1,2, 3, ...}.
llenple dncna, mMody4aeMble OOBEIMHEHHEM HATYPalbHBIX YHCET C MHOXECTBOM
OTPHUIIATEIBHBIX YUCET U HYJIEM, 0003HAYAIOTCSA
Z={2,-1,0,1,2,...}.
PammonansHbIe yncna — Yuca, MPeACTaBICHHBIC B BUaAE aApodu m/n (n # 0), rme m —
1[EJI0€ YUCII0, @ N — HATYPaJIbHOE YHUCIIO.
JIist parmoHANBHBIX YWCET OMpPENENeHbl YEeThIPpe «KJIACCHUECKHEe» apu(METUUECKHEe
JEHCTBUS: CIIO)KEHUE, BRIYUTAHUE, YMHOXKECHHE U JelieHue (KpoMe JIeJICHHsI Ha HOIIb).
st 0003HaYCHHS parMoHATBHBIX qHUCeN HCIIOB3YETCS 3HaK
n Ll
@:{—:nE&,mEN}.
m
JlelicTBUTENbHBIE (BELIECTBEHHBIE) YMCIIA IPEACTABISAIOT COO0H paciinpeHne MHOKECTBA
paloHaIbHBIX Yucesl. MHOXECTBO BEIECTBEHHBIX Unces 0003Havyaercs R.

Q.



Kpome pammoHanbHBIX uucesl, R BKIIOYAaeT MHOKECTBO HPPALMOHAIBHBIX YHCET, HE
IpPEJCTaBUMBIX B BHUJAE OTHOUICHUs LeiblX. Kpome mnoapasieneHuss Ha palMOHalbHbIE H
UppalnyoHaJIbHbIE, ACUCTBUTEIbHBIC YHCIA TAaKKe MOAPA3CIAIOTCS Ha anredpanyecKkue u
TpaHCLEeHJeHTHbIe. [Ipy 3TOM Ka)10e TPaHCLEHACHTHOE YUCIO SBISETCS UPPALUOHAIbHBIM,
KaX/10€ PallMOHAIBLHOE YUCIIO — ANreOpanyecKiM.

WppannoHaibHble YnCIa.

1) mo60e panroHaIbHOE YHCI0 H300paXxkaeTcs 0eCKOHEUHOU AECATUIHON APOOBIO;

2) BCSIKOE MPpALMOHAIBHOE YHCIIO0 U300paxaeTcss 0ECKOHEYHOM eCATUYHON APO0bIo;

3) mo0oe EHCTBUTENBHOE YHCIO MOMKET OBITh IMPEICTaBICHO B BUJEC OCCKOHEYHOM
JECATUYHOMN 1podu;

4) Bcskas OeckOHEYHash AECATHUYHAS ApPOOb TPEACTABISACT ACUCTBUTEIBHOE YHCIO
(oOpaTtHOE yTBEPI)KJICHHUE).

O6o3HaueHue (MM) UTto 03HaUaeT UM
MHOXeCTBO HaTypaJIbHBIX YHCET
MHOXeCTBO LIEIbIX YHCENT
MHOXeCTBO pallMOHAIBHBIX YHCET
MHOXeCTBO JIeHICTBUTENBHBIX YUCEIl

DONIZ

delicTBHA ¢ APOOSAMU:
1. Cnoorcenue. Cymmont apobeii ¢ OJHUM M TE€M JK€ 3HAMEHATelIeM Ha3bIBalOT JPOOb,
UMEIOIIYIO TOT )K€ 3HaMEHAaTellb, a YACIUTENIh PAaBeH CyMME YUCIIUTENeH JTaHHBIX Ipo0ei, T.e.

aba+b

N g

370 ompeneneHne MOXXHO c(hOpMyTUPOBATh TAKXKE B BUJIE CIECTYIOMIETO ITPABHIIA.

UToOBI CIIOKUTH IPOOH ¢ OJIMHAKOBBHIMHU 3HAMEHATEIISIMU, HAJIO0 CJIOKUTh UX YUCITUTEINH, a
3HaAMEHATEb OCTaBUTh TOT XKe€.

ITpumep. ? 7 7 7.

YroObI CIIOKUTH APOOH C Pa3HBIMH 3HAMEHATEIISIMH, HAJI0 MPUBECTU UX K HAUMCHBIIIEMY
o0I1IeMy 3HaMEHATEN0, a 3aTeM CJOXHTh TMOJIYUYCHHBIC YHUCIUTEIN M TOJ CYMMOW MOJIKCATh
00IIIMH 3HAMEHATEb.

5 7 15 14 15+14 129 5
—_t — = —+4 _—=_=1_

TIpumep. 8 12 24 24 24 24 24
5 N 7 15+14 29 -1 5
Kopoue 3anuceiBaror Tak: 3 12 24 24 24
UToOBl CIOXHUTH CMEIIaHHBIE YHCIIA, HY)KHO OTIEIBbHO HAUTH CYMMY IENBIX U CYMMY
JIpoOHBIX yacTel. JlelicTBUe 3aruCchIBaeTCs TaK:

PR LT Lt bt TR P LI VI
15 45 9 45 45

2. Buiuumanue. Beruntanue apoOeil MOXHO ONpeNeNuTh Kak JAeHCTBHE, oOpaTHOe
CJIO’KEHUI0 IpoOeit. BeluecTs U3 0JTHOr0 IPOOHOTO YKCIIa BTOPOE 3TO 3HAYUT HATHU TPETHE YUCIIO,
KOTOpPOE B CyMME€ CO BTOPBIM JaeT nepBoe. M3 a3Toro onpenenenus ciaenyeT NpaBuio:

Uro06bl BbIYECTH APOOM C OAMHAKOBBIMU 3HAMEHATEISIMU, HYKHO BBIUECTh YHCIIUTENb
BBIUMTAEMOI0 W3 YMCIUTENS] YMEHBIIAEMOIO M OCTAaBUTh NPEXHUHM 3HameHarenb. JlelicTBue
3aMKChIBAIOT TaK:
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Uro0Obl BBIYECTh APOOM C pa3HBIMH 3HAMEHATENSIMH, HYXXHO CHaudajga MPHUBECTH UX K
HaWMEHBIIIEMY 00IIeMy 3HAMEHATENIO0, 3aTeM U3 YUCIUTENS YMEHBIIIAEMOTO BBIYECTh YHCIIUTEIh
BBIYMTAEMOTO U TIOJ] KX Pa3HOCTHIO TOJITUCATh 00N 3HAaMeHaTelNb. [[eficTBUE 3amiChIBAIOT TaK:

11 5 _22-15 7
12 8 24 24

Ecnu Hy»HO BBIYECTh OJJHO CMEIIAHHOE YMCJIO U3 IPYrOro CMEIAHHOIO YKcia, TO, €CIH
MOYKHO, BBIYMTAIOT IPO0b U3 Apodu, a 1esnoe u3 1enoro. JleldcTBre 3anmuchiBaoT Tak:

i 3 36-33 9
8 ——5—=3——=3—
11 4 44 44
Ecnu e 1po0b BRIMUTaEMOT0 00JIbIIe IPOOH YMEHBIIAeMOr0, TO OEPYT OJHY CIUHUILY U3
IIEJIOTO YMCJIa YMEHBIIAEMOTro, pa3Apo0IIsIOT €e B HaJUIeKAIUE JOJIM U MPHOABISIOT K ApoOH

YMCHBIIACMOI'0, ITOCJIC YCTO MOCTYNAI0T, KaK OIMMCAHO BBIIIC. I[ef/'ICTBI/Ie 3allMChIBAIOT TaK:

4 11 16-33 _52-33 19

5—-1—=14 =3 =3
9 12 36 36 36
AHaJOTMYHO MOCTYMAIOT, KOTJIa HaJI0 BBIYECTh U3 LIEJIOT0 YUCIa JpOoOHOE.
3_32_32 53 2
IIpumep. 3 3 3 3,

3. Pacnpocmpanenue ce0ticme ciodiceHus u 8blvumaHnus Ha OpobHvle yucia. Bee 3aKoHBI
W CBOMCTBA CJIOKCHHS M BBIUMTAHUS HAaTypaJbHbIX YUCCII CIIPABCAJINBLL U JJIsL ,Z[pO6HBIX YHCCII.
Nx IMPUMCHCHHUEC BO MHOTHX CJIydasaX 3HAUYUTCIIbHO YIIPOIIACT IMMPOLECC BLIYHUCIICHHA.
3 7 3 2 7 1 3 1 7 _2
4—+1—4+2—+5—-+—+3—=|4—+3— |+|1-+353- |+
4 % 12 9 12 4 4 4 9 9

+ Ei+1 =8+7+3=18
12

[Ipumep 1. [ 12

3)1601) HCITIOJIb30BaHbI HGpCMGCTHTGJ’IBHBIfI M COYETATCIIFHBIM 3aKOHEI CIIOKCHHUS.

5 7 {3 31 33 5 1 7 53 3£=
720 144 720 '?20 720 144
31 12 +31 5 43

6
=2—+3 =5 =
Mpuvep2. 72 144 144 144

3,[[60]3 HCIIOJIb30BAHO ITPABUIIO HpI/I6aBJ'IeHI/I$I CYMMEBI K YHUCITY.

132 (151041 (4322 5100 41 g5l 4l g
6 2 36 36, 2 2 2

177 (226l ]=(177 61 ] 22-11-22-382
5 8 8 5 5

[Ipumep 4. 8 5

3/1ech UCTOJIb30BaHbl MPaBUJIa BEBIUUTAHUS U3 YUCIIa PA3HOCTU U CYyMMBI.

4. YmHoorcenue. YMHOXKEHHE TpOOW HA IIEJIO€ YHMCIO MOXKHO IMOHUMATh TaK K€, KaK W
YMHOKEHHE 11eJIOT0 YKCIIa Ha LIeJI0e, T.€. KaK CII0KEHUE OJIMHAKOBBIX ciaraeMbix. Hampumep,

25.2,2,2.22

3 3 3 3 3 13
Ho nns yMHOXeHuss Ha JpoOb Takoe TOJKOBAaHME HE MOAXoAuT. Hampuwmep,

3 2 3 2

ITpumep 3.

YMHOXast 7 pa 3 , HEeJIb3s CKa3aTh, 4YTO 371eCh " 7 HaJ0 B3ATh 3 pasa cinaraembiM".
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3nech HeOOXOMMO J1aTh HOBOE OIpe/IeIICHHE.
[IpousBenennem npoOeli Ha3BIBAIOT TaKyl JpoOb, YHCIUTEIh KOTOPOH paBeH
MIPOU3BE/ICHUIO YUCITUTENCH TaHHbBIX Ipo0Oeii, a 3HAaMEeHAaTellb - MPOU3BEICHUIO UX 3HAMEHATENeH,

Te. I T FIH | yro6b1 yMHOXHTH 1po0b Ha APOOb, HYKHO YMHOXKHUTH UYHCIUTEIb Ha
YUCIIUTENb, & 3HAMEHATENb HA 3HAMEHATENb M NIEPBOE MPOM3BEICHUE CHENATh YMCIUTEIEM, &

fa [

BTOPOE - 3HAMCHATEIIEM: bd bd
[Ipu ymHOXeHuUU cienyer AenaTh (€CIU BO3MOXHO) COKpaLIEHHE.

12 19 1219 2

Ecimu ydecTh, 4TO I€]I0€ YMCIIO MPEACTABIsAET COOOW IpoOb CO 3HaAMeHareyireM 1, TO
YMHOKCHHEC ,Z[pOGI/I Ha [EJI0€ YMUCIJIO U 1ICJIOro 4uciia Ha ,I[p06b MOKHO BBITIOJIHATE IIO3TOMY K€
HpaBuUIY.

5 6 5 30
Mpumeps, 12 112 12 2

5. Vmnoowcenue cmewannvix yucen. YToObl MEPEMHONKUTH CMELIAHHBIC YUCIA, HYKHO
MPEBAPUTEILHO OOpaTUTh WX B HEMPaBUJIBHBIC IPOOH M TIOTOM IMEPEMHOXKATh IO MPABUITY
YMHOXEHUS Ipo0eit.

211 _216_30 g4

Mpuvep. 2 5 2 5 10
ECJ'II/I XE HepeMHO)KaIOT CMCUIaHHOC YHCJIO Ha IICJIOC, TO npome MHOXHUTHb OTOCIIBHO
I_ICJ'IYIO 4yaCThb U ,Z[p06HYIO 4HacCTh.

22.3-62_7%

ITpumep. 3 3 3

6. Pacnpocmpanenue c80uicme yMHOJCeHUs. Ha OpoOHble uucia. CBONCTBA YMHOKEHHS
HATypaJIbHBIX YHCEN CIpaBe[JIUBBI M i Apobeid. VX ucmonp3oBaHUE YNPOIIAET YCTHBIE U
MMMCbMEHHBIEC BHIYUCIICHHUS.

T£-3ﬂ=['?+£]-33=213+4=214
[Ipumep 1. 15 15
7 7

0_-8=9-8+_—-8=T2+7=T70
ITpumep 2. 3

E.[qi.llg,]:[E.E].qizl.qizqi
Momep3. 4 L 31 37 L43) 31 31 31

[12%.431].3:[E.i}.{gi:z.qgi:aﬁm
Tprmep 4. 5 17 y 31 5 31 17 17 17
7. Henenue opobeii. [Ins nenenust qpodeil coxpaHseTcsl TO K€ OmpeeNieHue, 4To U s

JIETICHUS IIEJIBIX YUCEN: ITO - AEHCTBUE MOCPEACTBOM KOTOPOTO IO JAHHOMY MPOU3BEICHHIO IBYX
COMHOXHUTEJIEW U OJHOMY M3 OTHUX COMHOXHUTEIEH OTBICKMBACTCS BTOPOM COMHOKHTEIND.
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Pa3nenuTh 0HO YMCIIO HA BTOPOE - 3HAYUT HAMTH TaKOE TPEThE YUCII0, KOTOPOE MPH YMHOKEHUH
Ha BTOPOE JacT MepBoe. BRIMomHIOT Aeienue qpodeii 1o caenyoneMy IpaBuiy.

YroObl paznenuTs OpoOb Ha JpoOb, HY)KHO YHCIUTEIb NEPBOM APOOM yMHOXUTH Ha
3HAMEHaTe b BTOPOH, a 3HaMEHAaTeb NMEPBOW HAa YMCIUTENIb BTOPOH M NEpBOE IPOU3BEICHUE

a_ o ad

3alucaTb YUCIUTEIIEM, a BTOPOC - 3BHAMCHATCIIEM: b d bc .

6 9 610 60 20

I[To sTOMY € IpaBHITy MOKHO BBIIIOJIHATH AEIEHHE IpoOU Ha IEJI0e YHMCIIO U LENIOro Ha
IpoOb, ecIi MPeICTAaBUTh 1eJI0€ YUCIIO B BUIE APOOH cO 3HaMeHaTesneM 1.

IIpumepsl.
7 17 1. 1
8 82 81 4
13 131 13.2 13
OI[HaKO B [IOCJIICAHEM HpHMepe Hpome YUCIINUTCIIb paS,Z[eJII/ITB Ha 1eJj10€ 4uciio:
3 8:2 4
13 13 13

8. [lenenue cmewannvix yucen. YtoObl BBIIOIHUTH JCIEHHE CMEIIAHHBIX YHCEN, HMX
MMpeaABapUTCIbHO O6paH.[aIOT B HCIIPABUJIbHBIC ,I[pO6I/I 1 3aTEM ACIIAT 11O IpaBUITy ACJICHUS Z[p06eﬁ
3.1 63 21 63-20
12—:1 —=—;. —=—=12
OI[HaKO npu ACJICHUU CMCIIAaHHOI'0 4HuCjia Ha HEJI0C ObIBaeT y2106HeI\/JI JCIIUTh OTACIIBHO
OCJIYI0 4aCTh U OTACIIBHO ,Z[p06Hy}O qaCcTb CMCIIAHHOT'O YHCJia.

3'.':15:5=|‘5l

ITpumep. 7 7,
9. 3amena oOenenus ymuoxcenuem. Ecin B KakoH-HUOYIb NIpOOM MOMEHATH MECTaMHU
YUCIUTENb W 3HAMEHaTelb, IMOJYYUTCS HOBas ApoOb, oOparHas paHHOW. Hampumep, ms

8 7

Ipodu 7 oOpaTHast 1poOb OyeT 8
OdeBHIHO, YTO MTPOU3BENCHUE ABYX B3aUMHO 0OpaTHBIX JApoOeit paBHO 1.

YuutbeiBas 3T0, MOKHO JIEJIEHUE BBIMOJHATH MO CIEAYIONIEMY MTPABUITY.
UToOB! pa3aenuTh OJHO YUCIIO Ha IPYTroe, HY>KHO AeIMMOE YMHOXKHTh Ha YHCII0, 00paTHOE
JIEITUTEIIO.

25 27 11
HpI/IMepl.:'!I 7 335 15
[Tpumep 2. 3 7 7
4_51_4_1ﬁ_4_3_3
Mpuvep3. 7 3 7 3 7 16 28
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10. Ilpumepvl Ha 6ce Oelicmeusi ¢ 0ObIKHOBeHHbIMU OpoOsMu. PelieHne mpruMepoB Ha BCe
JEWCTBUSL ¢ APOOSMH BBITOJIHSIOT C TIOMOIIBIO 3aIIMCH O OTACIHHBIM JCHCTBHUSIM HIIH 3aIHCH
LIEITOYKOM.

[Ipnmep. BelauciauTh:

3 5 15 5 1 1
—_t—— 22— -
521 288, 2 3 1 16

5%+1n 1.5,1.936 35
Perienue mo 4actsaM.

3 5 3.5 1 1 1
P =" -, 3)-49-0";
5 21 5.21 7 7 7
15 5 15-34 1
2)—: —=—=9; 4Y5: —=10;

28 84 28-5 2
3110 +10=20;

1 64 16 1 1
6)9—:20=——=—;11)—:3=—;

7 7-20 33 3

1 1 1 13
7)2:—=4; 1) -+ -=—";

2 4 89 a6
8}3:1=9; 13}13:E=ﬂ=36;
3 a6 13
0)4+9=13; 14)36. 1 -1,
a6

1 1 16 16
10)—:2=—; 15y —+1-—-=1

2 4 35 35
Ortser. 1.

IIpnMep BBIUMCIIEHUS [IETTOYKOM:

g2 313l (3l 7,7 1,1 1.3
4 4 2+ a8 & & 3 2 4 5
1
&

+
5—*‘-1E 10 2‘.—1E :3):l E:llfll E:3.
3 8 8 3 3

152 58 15

27,45 _17 2 250
- -7 . 242.5-22 0=
31 58 31 7

510 825 50 5
352 +10-452

7 7

IIpoueHTHbIE BLIYUCICHHUS.

Korma MbI onmceiBaeM pasHbIE YacTH IEJIOTO, MBI HCIOJB3yeM TaKHe IOHSITHS, KakK
nosnosuHa (1/2), Tpets (1/3), uerBepTh (1/4). TO YNOOHO: OTpE3aTh MOJIOBUHY MUPOTa, IPOUTH
TPETh ITyTH, 3aKOHYHUTH TIEPBYIO YETBEPTH B LIKOJIE.
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YroObl Ha3bIBATh COTHIE JOJH, NpuayMaiu npoueHT (1/100): ¢ 1aTuHCKOTO sI3bIKa — «3a
CTO».

[IporieHT — 3TO O/1HA COTast YacTh OT JitoOoro ynucia. Ob6o3HavaeTcs BOT Tak: %o.
1%=1/100=0,01

Kak mepeBectu mpoIeHTHl B AecATUYHYI0 ApoOb? HyxHO yOparh 3HaK % U pa3aenuTh
gyucio Ha 100. Hanpumep, 18% — 310 18 : 100 =0,18.

A eciu HY)KHO TIEPEBECTH JACCITHYHYIO IpOOb B MPOIEHTH — yMHOXaeM apook Ha 100 u
nobasmsiem 3HaK %. Hampumep:

0,18=10,18 - 100% = 18%.

A BOT, KaK IIEpeBECTH MPOIEHTHI B ACCATUYHYIO TPOOh — OOPAaTHBIM JIeHCTBUEM:

18% : 100% = 0,18.

Beipasute npoObp B mpomenTtax mpocto. /s mepeBoga cHayana NpeBpaTUM €€ B
JNECATHUUHYIO Tpo0b, a MOTOM HCIOJIb3yeM IMpeablayllee MPaBUio U MepeBeleM IECATHUHYIO
IpoOb B MPOIICHTHI:

2/5=0,4

0,4-100%=40%

8/25=0,32

0,32-100%=32%

Tunel 3a1a4 Ha IMPOUCHTLI

Tun 1. HaxoxxaeHue npoieHTa ot yucia

UToOb! HAITH MPOLIEHT OT YKCIIA, HY>)KHO YUCIIO YMHOXUTh HA MIPOLIECHT.

3apauva. biorep 3anucan 500 Buzeo AJisi TUKTOKA, HO €ro mpojtocep ckazani, 4yto 20% u3
HUX — OTCTOM. CKOJILKO POJIMKOB MPUJIETCS TIepe3anucarh oaorepy?

Kak pemaem: Hy>kHO HaiiTh 20% OT 0011Iero KoJuyecTBa CHATHIX poiaukoB (500).

20%=0,2

500 * 0,2 =100

OTBeT: 13 001Iero KOJUYECTBA CHATHIX POJIMKOB Mpojtocep 3adpakoBai 100 mryk.

Tun 2. Haxox1eHre 4ucia 1o ero mpoieHTy

UtoObl HAWTH YHCTIO MO €r0 MPOIEHTY, HY)KHO €r0 M3BECTHYIO YacTh Pa3JeliuTh Ha TO,
CKOJIBKO TTPOIIEHTOB OHA COCTABJISIET OT YHCIIA.

3aa4yy Mo MOMCKY MPOIIEHTA MO YUCTY U YUCIIA 10 €ro MPOLEHTY 0YeHb MOX0XKU. YTOOBI
HEC nepenyTaTL — BHHUMATCJIIBHO 4YHWTACM YCJ'IOBI/H[, NHA4Ye 3aI\/JI)1€M B TYIUK WA p€IHI/IM
HENpaBWIbHO. EcCiIM B 3aJaHUM €CTh CII0OBA «KOTOPBIM», «UTO COCTAaBIIET» U «KOTOPBIU
COCTaBIISIET» — MEPE] HaMH 3a]1aya M0 HaX0KJACHUIO YHCIIA MO €r0 MPOLEHTY.

3amaua. [lIkonsHuk permm 40 3amad u3 yueOnuka. Uto cocrapnser 16% uucia Bcex 3amaqd
B kHHre. CKOJIBKO BCEro 3a7a4 coOpaHo B TOM yueOHUKe?

Kak pemraem: MbI He 3HaeM, CKOJIBKO BCETO 3aj1a4 B yueOHuke. Ho Ham u3BecTHO, uTo 40
3ama4 cocTaBisaoT 16% ot obmiero xonuyecta. 3anumeMm 16% B Buge apodu: 0,16. [lanee
M3BECTHYIO HAM YacTh IIEJIOTO Pa3JIeIMM Ha Ty J0JII0, KOTOPYIO OHA COCTABJISIET OT BCETO IEJIOTO.

40:0,16=40-100: 16 =250

Otsert: 250 3amau coOpaHO B 3TOM y4eOHUKE.

Tun 3. HaxoxaeHue MpoIeHTHOrO OTHOILICHHS ABYX YHCEI

Uto0Ob! HAlITH, CKOJIBKO MPOILIEHTOB OJTHO YUCIIO COCTABISIET OT APYroro, HY>KHO Ty 4acThb,
0 KOTOPO# CHpaIInBaeTCs, pa3ieTuTh Ha o0Iee KOIMIecTBO U yMHOKUTH Ha 100%.

3amaua. B cexperHom uatuke 25 yenoBek. 10 u3 HuX — aeBOYKU. CKOJIBKO MPOIEHTOB
JIEBOYEK B yaTe?
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Kak permaem: nogenum 10 Ha 25, momydeHHYIO IpoOb TIEpPEBEEM B TPOIICHTEHI.
10/25 * 100% = 2/5 * 100% = 2 * 100/5 = 40%
Otser: B uatuke 40% neBoOYEK.

Tun 4. YBenuueHnue 4uciia Ha MPOLEHT

UToObl yBEIMUYUTH YUCIO HA HEKOTOPOE KOJUYECTBO MPOIEHTOB, MOKHO HAWTH YHCIIO,
KOTOPOE BbIPAXAaeT HY>KHOE KOJIMYECTBO IIPOLIEHTOB OT JAHHOI'O YMCJIA, U CIOXKUTH €r0 C JaHHBIM
YUCIIOM.

A MOHO BOCIIOJIB30BaThCs (HOPMYITOW:

a=b-(1+c:100),

IJIE€ @ — YUCI0, KOTOPOE HYKHO HAlTH,

b — nepBoHaYanbHOE 3HAYCHHE,

C — IIPOILICHTHI.

3amaua. B npomom Mmecsie ctukeprnak crouwn 110 pyGneit. A B atom Mmecsie Ha 12%
6ombiie. CKOTBKO CTOUT CTUKEp-TIaK?

Kak pemaem: Mmoxxno Haiitu 12% ot 110:

0,12 - 110=13,2.

[TprGaBUTh K UCXOTHOMY YHCITY:

110 + 13,2 = 123,2 py6us.

Wnu MOKHO BOCTIONB30BaThCs (DOPMYJIION, TOTAA!

110 - (1 +12:100)=110 - 1,12 =123,2.

OTBeT: CTOMMOCTh CTHKEpIIaka B 3TOM Mecsie — 123 pyois 20 komeexk.

Tun 5. YMeHbl1IEHME Ynciia Ha IPOLEHT

UtoObl YMEHBUIUTh YHUCIO Ha HECKOJIBKO MPOIICHTOB, MOXHO HANTH YHCIIO, KOTOPOE
BBIPAKAET HY)KHOE KOJIMYECTBO MPOIEHTOB JAHHOTO YHUCIIA, M BRIUECTh €0 OT JAaHHOTO YHCIa.

A MOHO BOCITIOJIb30BaThcs (HOPMYIIOH:

a=b-(1-c:100),

I71e @ — YHUCJ0, KOTOPOE HY>KHO HaWTH,

b — mepBoHavanbHOE 3HAYCHHE,

C — IPOLICHTHI.

3anada. B nponuiom roxay mikoiy 3akoH4uan 100 pedar. A B 3TOM roay BbIITYCKHUKOB Ha
25% wmenbiie. CKOJIBKO BBIITYCKHUKOB B 3TOM Io1y?

Kak pemaem: MoxxHO Haiith 25% ot 100:

0,25 - 100 = 25.

Beruects u3 ncxogsoro uucia 100 — 25 = 75 yenosek.

Wi MoxHO BOCTIOIB30BaThCS GOPMYIIO, Tora:

100 - (1 —25:100) =75/p>

OtBeT: 75 BBIMYCKHUKOB B 3TOM TOJY.

Tun 6. 3amaun Ha TPOCTHIE MPOLEHTHI

[IpocTeie MPOIIEHTH — METO/T pacueTa MPOIEHTOB, TPYU KOTOPOM HAYUCTICHHSI TIPOUCXOIST
Ha TIEPBOHAYATIFHYI0 CYMMY BKJIaJa WIIH J0JITa.

dopmyna pacyera BBITISIUT TaK:

S=a-(1+y-x:100),

TJie a — WCXOJIHAsl CyMMa,

S — cymmMma, KoTOpasi HapaluBaeTcs,

X — TIPOLIEHTHAs CTaBKa,

Y — KOJMYECTBO MEPHUOI0B HAUYNCIICHUS TTPOIICHTA.
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3amava. Mapuu cpo4YHO MOHAIOOMINCEH IEHBIM U OHA B3sula Ha ofuH roAa B noar 70 000
py6ueii mox 8% exxemecsyHo. CKOJIBKO JIEHET OHa BEpHET uepe3 roa?

Kak pemaem: mojctaBum B (hopMyiTy JaHHBIE U3 YCIOBUHN 3a1a4H.

70000 - (1 +12-8:100)=137200

Otset: 137 200 py6ueit Bepuer Mapus uepes ro/.

Tun 7. 3agaun Ha CIOKHBIE TPOLEHTHI

CrnoxxHble MPOLIEHTHI — 3TO METOJ pacueTa MPOIEHTOB, KOrjaa MpPOLEHTbl NPUOBLIU
NpuOaBISAIOT K CyMME Ha OCTaTKe Kaxablid mecsl. B cneayromuii pa3 npoueHThl HAUUCISIOT Ha
3Ty HOBYIO CYMMY.

@®opMyita pacyeTa BBITIIAIUT TaK:

S=a-(1+x:100),

rje S — HapaiuBaemas CyMma,

a — UCXOJIHAas,

X — TPOLICHTHAs CTaBKa,

Y — KOJMYECTBO MEPUOI0B HAUNCIICHUS MTPOLICHTA.

3amaua. AHTOH xoueT opopmuth Bkian 10 000 pyOuneit Ha 5 net B 6aHKe, KOTOPBINA JaeT
10% ronosbix. Kakyto cymMMy cHEUMET AHTOH 4epe3 5 JIeT XpaHEeHHUs IEHET B ’TOM OaHKe?

Kak pemraem: npocto nogcraBum B popMyiy JaHHBIC U3 YCIOBHM 3a/1a4H:

10000 - (1 +10:100)3 =13 310

Otget: 13 310 py6ueit cHuUMET AHTOH Yepe3 roj.

CriocoObl HaX0XKACHUS MTPOLIEHTA

- Jenenue uncna Ha 100

[Ipu nenenun va 100 nomyyaercs 1% ot 3Toro yucna. ITo NpaBUIIO0 MOKHO UCIIOJIb30BAThH
no-pazHomy. Hanpumep, 4ToOb! y3HaTh MPOLIEHT OT CYMMBI, HY’)KHO YMHOKUTh UX Ha pa3mep 1%.
A 4TOOBI TIEPEBECTH M3BECTHOE 3HAYEHUE, CIEAYET Pa3JeiuTh ero Ha pazMep 1%. IToT meTon
OTJIMYHO IIOMOTAET B BONPOCE, KaK MEPEBECTH 1IeJI0€ YUCIIO B MPOLIEHTHI.

[IpencraBbTe, 4TO BBI MPUIILIM B Mara3u 3a 1mokosagoM. O6s14HO oH cTouT 250 pyoOnei,
HO cerojHs ckuaka 15%. Ecau y Bac ecTh TMCKOHTHAsS KapTa Mara3uHa, mokoJjaj 00oiaercs Bam
B 225 pyO:neiil. YUem OyneT BbIro/IHEE BOCIIONb30BATHCS: CKUAKONW MM KapTOi?

Kak pemaem:

[Tepesenem 15% B pyOnu:

250 :100 = 2,5 — 9310 1% OT CTOMMOCTH LIOKOJA/a,

3Hayut 2,5 X 15=37,5 — s10 15%.

250 - 37,5=2125.

212,5 < 225.

OTBeT: BBIFOJIHEE BOCIIONB30BATHCS CKUIAKON 15%.

- CocraneHue nponopuun
[Tponopust — onpeneeHHOE COOTHOLIEHUE YacTeH Mexkay cOOOH.

C moMo1IbI0 METO/1a IPOTOPLIUU MOXKHO PacCUUTATh JIt00bIe %. BBITISAUT 3TO Tak:

a:b=c:d.

Yuraerca: a oTHocUTCs K b Tak, kak ¢ oTHocurcss K d. Takke BaXHO MOMHHUTH, UTO
MIpOU3BeIeHNE KpallHUX YJICHOB PABHO MPOU3BEACHUIO cpeHUX. UTOOBI y3HATh HEM3BECTHOE U3
3TOr0 PaBEHCTBA, HY)KHO PELIUTH NIPOCTEHIIEE YpaBHEHHUE.

Paccmorpum mpumep. Ha ckosibko BBITOAHO TMOKYINATh CHOPTHUBHYIO GyTOONKY 32 1390
pyOJieil py ycIoBHH, UTO B Mara3uHe B YECTh JHs BCEX BIIOOJIEHHBIX JiecTByeT ckuaka 14%?

Kak pemraem:

VY3HaeM CKOJIbKO CTOUT (hyTOoIKa ceiiyac B % COOTHOILICHHUH:
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100 - 14 = 86,
3HauuT 1390 pyOeit aTo 86%.

CocTraBUM IPOITOPIIHIO:

1390 : 100 =x : 86,

x =86 * (1390 : 100),

x =1195.4.

1390 - 1195,4 = 194,6.

OTBet: KynuTh CIOpPTUBHYIO (hyTOONKY BBITOIHEE Ha 194,6 pyOuIs.

- COOTHOIICHUS YHCEI

EcTb ciydan, Korjja HAlTH IPOIIEHT OT YKCJIa IIPOIIE, €CIIU MPEJACTABUTh MPOIICHTHI B BUIC
npocThIX ApoOeil. B TakoMm cityuae Oyaem UCKaTh 4acTh YUCTa.

10% — necaras dacTth Henoro. UYroObl HaWTH necath %, MOHATZOOWUTCS H3BECTHOE
pasznenuts Ha 10.

20% — nsTas yacTh 1enoro. YToObl BEIYUCIUTD BAILATh % OT U3BECTHOIO, €ro HY)KHO
pa3aenuTh Ha S.

25% — getBepTh 11e510T0. UTOOBI BBIYMCIUTD ABAIIATE AT %0, TOHAIOOUTCS U3BECTHOE
pa3nenuts Ha 4.

50% — mostoBMHA 11€710T0. UTOOBI BEIYHCIIUTH MTOJIOBUHY, HY)KHO H3BECTHOE Pa3/ICTUTh Ha
2.

75% — Tpu deTBepTH 1EIOT0. UTOOBI BEIYUCIUTH CEMBACCAT ISITh %, HY’)KHO U3BECTHOE
3HAYCHUE Pa3JICUTh Ha 4 M1 YMHOXXHUTH Ha 3.

3ajaya s TPEHUPOBKU. B 4epHYI0 MATHUIY BBl HAIUIM OTVIMYHBIM IUIKAK CO CKUIKOU
25%. B o0brunbIii 1eHs oH ctout 8500 pybnelt, HO ceituac ¢ coboit ecth Toibko 6400 pybreit.
XBaTUT JIM CPENICTB AJIs OKYIIKHU?

Kak pemraem:

100 - 25 =75,

3HAYUT HYKHO 3a1IaTuTh 75% OT nepBOHaYaIbHON LEHBI.

Hcnonp3yeM npaBUiI0 COOTHOIIEHUS YU CEIL:

8500 : 4 * 3 =6375.

OTBeT: CpeACTB XBaTUT, TaK KaK MUKaK CTOUT 6375 pyOieil.

Penrenne 3agavu:

2
1. Boxa 3ammMaer 3 MOBEpPXHOCTH 3eMid. I105ToMy 3eMIiO Ha3bIBAIOT «TONyGOit
1
miaHeToi». Kakyro yacTh 3eMHOM IOBEpXHOCTH 3aHUMaeT cyma? OTeer: 3 cymia.
2
2. Oty 42 rona, a BO3pacT CblHA COCTaBJIIeT 7 Bo3pacTa oTHa. CKOJIBKO JIET ChIHY?
Ortser: 12 JIeT.

3
3. IlpenenbHbIil BO3pacT OeNKH 6 JIET, YTO COCTABISAET S MpeesIbHOTO Bo3pacTa 3aiiia. CKoIbKO

JIET MOKET MpOoKUTh 3as1? Oteet: 10 ner.
5 25

4. Jlnuna ctopoHsl kBagpata 9 am. Kakosa ero miomans? Oteer: 81 M2,

5.PaGounii MOKET BBIMOTHUTH TPOU3BOJACTBEHHOE 3aJJaHUE 32 5 YacOB, a €r0 YUCHHK — 3a
13

8 yacoB. Kakyr 4YacTh paboThl OHU BBINIOJHAT BMecCTe mociie 4aca pabotei? OtBeT: 40 4,
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2 1
6. B mepBbIii wac aBTOOyC mpoIIen 5 BCEro MyTH, BO BTOPOH 3 IMyTH, a B TPETUH —
ocrampHple 28 kM. Kakoe  paccrosHme  mpomen ~— aBTodyc 3a  Tpu  daca?

2 1 11
1)5 + 3 = 15 (y) —3a aBa 4aca.
14
2)1- 15 = 15 (4)— mporea B TpeTui yac. 4
4
3) 28 : 15 =105 (kM) — 3a Tpu 4aca.
Otser: 105 KM MPOLIEI aBToOYyC 3a TpHU yaca.
3
7. Kakoe paccrosHue ynuTka 3a 6 yaca, eciM OHa OygeT TMON3TH €O
3 1
CKOpocThIO 250 km/u? OTBeT: 100 KM.
2
8. M3 Ooukum c OEH3WMHOM BHAYajle OTIMWIM 28 BCEro HMEIOIIErocsi TaM OeH3HHa,

2
noTOM 7 Bcero O€H3MHA U MOCTE 3TOT0 B 60UKe ocTanock 99 nutpoB 6eH3nHa. CKOIBKO TUTPOB
OcH3uHa ObLUTO B OOYKE IMEPBOHAYATHHO?

o 2 17
1) 28 + 7 = 28 (4)— OTJIWIH.
17 11
2)1- 28 = 28 (4)-— 0CTaJIOCH.
11

3)99: 28 =252 (1) — OBLIO MEPBOHAYAILHO.
Otsert: 252 1 6eH3uHa OBLIO B O0YKE MEPBOHAYAIIBHO.

3amaua 1. Opranusm B3pocioro yenoBeka Ha 70% coctouT u3 Boabl. KakoBa Macca BOJIbI
B TEJIE YeNIOBEKa, KOTOPBINA BecuT 76 Kr?

Kak pemraem:

76 - 0,7=153,2 kr

OrtBert: Macca BOJBI 53,2 Kr

3anayva 2. Ilena ToBapa nonusunacek Ha 40%, 3atem eme Ha 25%. Ha ckonbko nporeHToB
MOHU3UJIACH 1I€HA TOBapa 10 CPABHEHUIO C MEPBOHAYAIBHOU LIEHON?

Kak pemraem:

O603HaunM MepBOHAUATBHYIO IIEHY TOBapa yepe3 X. [locne mepBOoro moHMKeHUs IIeHA
CTaHET paBHOII.

x - 0,4x =0,6x

Bropoe nonmxkenune mieHsl coctaBisieT 25% ot HoBo# 1eHs! 0,6X, MOATOMY TTOCIIE BTOPOTO
MOHUKEHUS TOJIYYHUM:

0,6x - 0,25 * 0,6x = 0,45x

[Tocne nByX NOHMKEHHUI U3MEHEHUE LIEHBI COCTABUT:

x - 0,45x = 0,55x

Tak kak Bennunna 0,55x coctaBisier 55% OT BENMMUYUHBI X, TO IIeHa TOBapa MOHU3UJIACh HA
55%.

OrtBet: 55%.

3amaua 3. Yerslpe mapbl OproK JiemieBie oJHOro naabTo Ha 8%. Ha ckombKo MpOIEHTOB

IATh Nap OPIOK CTOST JOPOXKE, YEM OAHO MAIBTO?
Kak pemaem:
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ITo ycnoBusAM 3a7auul CTOMMOCTb YeThIpeX map Opiok — 370 92% OT CTOMMOCTH MaJIbTO

100-8=92

[Tosrygaercsi, 9TO CTOMMOCTB OJTHOM Mapbl OPrOK — 3T0 23% CTOMMOCTH MajIbTO.

92:4=23

Teneps YMHOKMM CTOMMOCTH OJTHOM Tapbl OPIOK Ha MATh U Y3HAEM, YTO MATh Map OproK
oboriayres B 115% cTommMocTH nmayibTo.

23*5=115

Otgert: naTh nap Oprok Ha 15% gopoxe, yeM 0JJHO MajIbTo.

3anaya 4. CeMbsi COCTOUT U3 TPEX YEJOBEK: MYK, KEHA U JI04b-CTyIeHTKa. Eciu 3apriara
My>Ka BBIpACTET B J[Ba pa3a, oOmui 1oxo4 ceMbu Bo3pacTteT Ha 67%. Ecnu nodyepu B Tpu pasza
YPEXKYT CTUICHIHIO, OO TOXO 3TOW CeMbH YMEHBITUTCS Ha 4%. BIYUCINTD, KaKOM MPOLICHT
B OO 10X0/ CEMbU IPUHOCUT 3apa0O0TOK KEHBI.

Kak pemraem:

[To ycrnoBusiM 3amaum OOIIMI JOXOJ CEMbU HAIPSIMYIO 3aBUCUT OT JIOXOJIOB MYXKa.
bnarogapsi yBenuueHuro 3apruiaThl OOIIMK JTOXOJA CeMbU BbIpacTeT Ha 67%. 3HauuT, 3apIuiara
MyXa COCTaBJIsIeT Kak pa3 67% oT o01ero qoxosa.

Ecnu ctunennus noyepu yMeHbIIUTCS B TpH pasa (T.e. Ha 1/3), ocranercs 2/3 — 310 H
ecTb 4%, Ha KOTOPble YMEHBILIWICSA Obl CEMEIHBIX JI0XO/.

MO3KHO COCTaBUTH MPOCTYIO MPOIMOPIIUIO U BBISICHUTH, UTO pa3 2/3 crunenauu — 310 4%
J10X071a, TO BCA cTUIIEHAUS — 3T0 6%.

A Temepb OTHUMEM OT BCEro J0XOJa BKJIAJ MYKa U IOUYEPH U y3HAeM, KaKOW MPOILIEHT
COCTaBIISIET 3apabOTOK XKEHBI B 001IeM oxozae cembu: 100 — 67 — 6 = 27.

OTBerT: 3apaboTOK KeHbI cocTaBmsieT 27%.

3anaua 5. B cBexux abpuxocax 90% Bnaru, a B cyxoppykre Kypare Tojbko 5%. CKOIbKO
KUJIOTPaMMOB a0pUKOCOB HYHO, 4YTOOBI MOIYYUTh 20 KHJIOIrpaMMOB Kyparu?

Kak pemaem:

Ucxonst w3 ycnoBusi, B abOpukocax 10% mnuTaTenbHOro BeEIIeCTBa, a B Kypare B
KOHIIEHTpHUPOBaHHOM BHzie — 95%.

[Toatomy B 20 kunorpammax kyparu 20 * 0,95 = 19 kr nuTareabHOrO BELECTBA.

3HaunT, 19 KUIOrpaMMOB UTATENBHOTO BellecTBa B abpukocax — 3To 10% Beca cBexHX
abpukocoB. Haiijem 4ncio no mpoueHTy.

19:0,1=190

Otget: 190 kr cBexxux abpuKocoB noTpedyercs 11 u3rotopieHus 20 Kr Kyparu.

IIpakTnueckas padora Ne3

Tema 1.3: IIpouieHTHBIE BBIYKCIEHUS B IPO(ECCHOHATIBHBIX 3a7auax
Henb: HayuuTbCcs uUCHOAB30BaTh MPOCTHIE NPOLEHTHI IPU PEIIEHUWH 3a1ad B
npodhecCuoHaTBbHON NeSTENbHOCTH.

Teopernyeckas 4acThb:

3amauyn Ha TPOCTHIE TMPOIEHTHI BCTPEYAIOTCI B KypCce MAaTeMaTHUKH, JIKOHOMHKE,
OaHKOBCKOM cdepe u T.A. be3 moHuMaHus UX colep’kaHus U 3HaAHUSA QOPMYJ PElIUTh 3aJa4u
qyacTo ObIBaeT cnokHO. Hike Ha pacmpocTpaHEHHBIX MpUMepax OyAyT TaHbl OCHOBHBIE 337aUd U
(bopMyIIbI ISl UX PELIEHUSI.

[IpouienToM OT umcla A Ha3bIBa€TCA OAHA COTask 4acTh 3TOro 4ucia. CIOBO «IIPOIEHT
MPOM3O0ILIO OT JIATUHCKOTO pro cento, 4To 3HAYUT «C cOTHU». OO03HaueHHe MpOIeHTOB «%0»
MPOUCXOJUT OT UCKAXKEHUS TMCEMEHHOTO C10.

Hampuwmep: 10% = 0,1; 10 wactp uncna A4.
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B cinyuae KpeaMTOB M JIETIO3UTOB HCIONB3YIOT (DOPMYJIBI JIJIsl BBIYMCICHUS MPOCTBIX
IPOLIEHTOB Ha MEPUOJ B rojiax, Mecslax U AHAX. 3a4a4l He TPeOyIOT CJIOKHBIX BBIUUCICHUN U
MOHPABATCA KaK HIKOJbHHKAM, TaK M TE€M, KTO NEpBbI pa3 3HAKOMUTCS C MpoueHtamu. Ha
IPAaKTUKE IPOLIEHTHI UCTIONB3YIOT B 0AHKOBCKOU cdepe, XUMHUU, METULIMHE, XO035ICTBE.

Jlpyrasi 4YacTh 3aJad KacaeTcsi HaXOXICHHUS COJEPKAHHMS YEro-T0 IO H3BECTHBIM
IPOLIEHTaMH, WJIX HA000POT - 3a COAEP )KaHUEM HAlUTH IIPOLIEHTHOE COOTHOILIEHHE.

O6a Tumna 3agay OyyT pacCMOTPEHBI HUXKE.

[IpocToii mponEeHT Ha Mepuo/i B rogax

dopmyIia IpOCTOro MPOLEHTa Ha MEPHOJ B TOAAX

B= P[l PR r]

100%

rae P[i] — yBenuuenue BenmuuHbl P uepes I JieT, eclii cTaBKa COCTaBJISET N MPOLEHTOB.
Benuuunoit P MoryT BeICTYnaTh 1€MO3UTHI, KPEIUTHI, MaTEpUAJIbI.

3agaua 1. Bmamguuk pasmectun cymmy pasmepom 2400 pyGneit B 6ank. Omnpenenwure,
KaKyl CyMMY ITOJIy4UT BKJIQIUUK yepe3 3 rojia, eciiv NpoLeHTHas cTaBka cocTasiseT 19 % B rox.

Pemenue: /lannplie 3amaun noacrapisieM B (GOpMyITy IPOCTBIX IPOIICHTOB

P[3]=2400%(1+19/100%3)=3768 (pyonei.)

Takum oOpa3om 3a 3 roja BKIATIHK TOTYyIUT 3768 pyOieii.

OOparHas 3a1a4a Ha MPOLIEHTHI

OOpaTHoil 3ajmadyeil Ha NPOLEHTHl HA3bIBAIOT TaKyl, B KOTOPOM 3a HEU3BECTHHIE
BBICTYMAIOT KOJUYECTBO JIET WIN MPOLIEHTHAsI CTaBKa.

3agaua 2. Bruaguuk B3su1 B kpeaut 3000 pyOineit u 1ODKEeH BEPHYTHh 4epe3 ISTh JIeT.
HaiiTi npouieHTHYI0 CTaBKy KpeauTa, eIl U3BECTHO, YTO HYKHO oTaTh 6anky 8100 pyoinei.

Pemenue: BriBenem ¢hopmyiy ams 3Toif 3a1a4u.

P[i]=P*(1+n/100*r);

P[i]/P=1+n/100*r;

5
M 0w

r
BeinonHseM BeIYMCIEHNS IO BBIBEJIEHHON (opmyIie
n= (8100/3000-1)/5*100=1,7/5*100=34 (%).
CrenoBarenbHO, IPOLIEHTHAs CTaBKa KpeauTa coctapiser 34 %.
Eciu B oOpaTHON 3a7aud Ha NPOLEHTHl HYXHO HAWTH KOJUYECTBO JIET, TO HYXKHas
(dopMyna Ha OCHOBE MPEABLAYIUX BBIKIAJOK OyeT BBIIISIETh

£
P—-IDU%

M
Pacuer IMPOCTHIX MPOLCHTOB 3a MEPHUOA B HECKOJIBKO MECAILICB
CDOpMy.TIa IMMPOCTBIX MPOLICHTOB B 3TOM CJIy4dac 6y,ueT HUMCETHb BUJ

E;-:P-(H - E]
100% 12 35ech 0603HaueHO M — KONMYECTBO MECALEB (month).

3apgava 3. Briiaguuk pasmectus cymmy pasmepom 1600 pyGuieit B 6aHK Ha OAMH TO[,
OJIHAaKO eMY IPUIILUIOCH 3a0paTh IeHbI'H Yepe3 ceMb MecslieB. [IpolieHTHas cTaBka pu I0CPOUHOM
CHSTHH AETno3uTa cocTaBiieT 9 % B ron. Haiftu cyMMy, KOTOPYIO OJTYYHUT BKIIATUHK.

Pemenue: [Ipumensiem Gpopmyiy uist BBIYUCIEHUN

P[3]=1600%(1+9/100%7/12)=1684 (pyobaeii.)

3a 7 MecseB BKIaIUK oydut 1684 pyomeit.

W3 npuBeneHHoN (opMyITbl TOCTaTOYHO MPOCTO MOJYYUTHh BCE HEOOXOAUMBIEC BETHUMNHBI
JU1s1 OOpaTHOM 3a/1a4Hu.

KonuyecTBo MecsIeB onpeensior no popmyie

M=

»=
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a IPOLCHTHYIO CTaBKY HAXOJAT U3 3aBUCUMOCTHU

S
= P—-IUU%-IE

#H
Pacuer IMPOCTBIX IIPOLCHTOB 3a IICPUOA B JHAX
I[aHHBIfI TUIT 3ada4 IMPUMCHAIOT HIPH HMUTALUKW KPATKOBPCMCHHBIX KPCAWUTOB WA
JCIIO3UTOB. q)OpMYJ'Ia HAYHUCJIICHUN UMEeT BUJ

o
E:P. ]_+ " —_—
100% 265

31ech d — KOJIMYECTBO JHEH.

3agaua 4. 3aeMmuK noay4yms Kkpeaut Ha cymmy 20000 pyoaei mox 32% roaosbix.
Yepes 240 gHeil kpeauT ObLT MOJHOCTHIO Noramed. Paccunraiite, Kakyl cymMMy 3aeMIIHMK
otaana 6anky? HackoJbKo OT/IHYaeTCsl 3Ta CyMMA OT OA0JIKEHHOM?

Pemenue: [Ipumensiem popmMyiy NpocThIX MPOLEHTOB JIsl BBIYMCICHUN

P[i]=20000%(1+32/100%240/365)=24208,22 (pyb6aeii)

24208,22-20000=4208,22 (pyoaeir)

[Tonyuunm, yTo 3a 3TOT NepuoA HacuuTana cyma 4208,22 pyOeii.

Penrenne 3agau:

Nel. B o¢duc 3akynuiam 3 3HeprocOeperamommue OKHa, KoTopbie Ha 20 % mgopoxe
00bIYHBbIX. CKOJIbKO MOTPATHJIM [I€Her, eCJIH 32 O00bIYHbIE OKHA HYKHO 3amjaatuth 1400
pyoJieii.

Pemenne:

Haiinem nieny sHeprocoeperaromniero OokHa
P[s]=1400*(1+20/100)=1680 (py6.)

3a Tpu OKHA 3aruIaTUiIn

1680%*3=5040 (pyo).

No2. B 6ouke oobemom 200 jquTpoB mepeBo3wim maciao. Ha cranmum otymiam 60
JUTPOB. CKOJIBKO NPOLEHTOB OT 00beMa 0CTAI0Ch?

Pemenue:

3ajaua COCTOUT B HAXOXJACHUH KOJMYECTBA B MPOIIEHTaX Macja OT 001ero oorema 00uKu.
200-60=140 (n);

140/200*100%=70 %

Octanock 70% oO6bema OOUKH.

Ne3. TIpu HecBOeBpeMEHHOW ymJjaTe J0JIFOB HACUMTHIBAIOT 2% MeHH 3a KamAbIil
NpOoCcpoYeHHbI JeHb. Kakyl cyMMy HY’KHO 3amiiaTurh 4epe3 12 gHeil mociie cpoka
noramenus 500 pyoJiei nosara?

Pemenue.

[To ¢popmyre mpocThIX MPOLIEHTOB HAXOAUM

P[i]=500%(1+2/100*12)=620 (py6reii)
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Hyx#no 3ammaruts 620 pyOei.

Ne4. K cnnaBy maccoii 600 r, conepaxkamemy 12 % cepedpa, no6aBuiu 60 r cepedpa.
Kaxoe conep:xxanmne cepedpa B HOBOM cILjiaBe?
Pewrenue:

OmpenensieM CKOJIBKO TpaMM cepedpa B IEPBOM CILIaBe
P[i]=600%12/100=72 (2)

K naiinennomMy 3HaueHuto nqobasusiem 60 rpamm cepedpa
PI1=72+60=132 (2)

[Ipu onpeneneHrH MPOLEHTHOTO COJICPXKAHUS cepedpa He cliieayeT 3a0bIBaTh, YTO BEC
HOBOTO CILJIaBa BBIPOC HA Maccy cepedpa, KOTOPYIo J00aBUIIH.

Ecnu 61 Bl Bbuucism cienyrommuM o6pa3om
132/600*100%=22%
TO TIOJIYYMJIN - HENPABUIIBHBIN pe3ysIbTaT .

3AIIOMHHUTE: 6 nodobuwix 3a0auax cHauana Haxoosm mepy ( ec, 00vem, ONUHY) HOBO20
00veKkma, a 3amem Haxoosim cooepicaHue.

B 3amanHOM 3a/1a4y HOBBIU CILIAB IIOJIYYUT MACCy
P2=600+60=660 (2)
a IPOLIEHTHOE coJiepKaHue cepedpa

P1/P2*100%=132/660*100%=20 %

oyzner ciemyronmm - 20%.

No5. Ha ¢epme pocin s16,10HM ¥ BUIIIHHM, IpuYeM s10J10HU cocTaBiasiu 42% Bcex
AepeBbeB. Bumen 0b1710 Ha 48 nepeBbeB 0oJib1Ie, YeM s10710Hb. CKOJIBKO IepeBbeB POCJIO Ha

(pepme?
Pemrenue.

K npaBunpsHOMY OTBETY MOXHO MITH HECKOJIBKUMU criocobamu. PaccMoTpuM cienyromnuii
U3 HUX.

[Tycth s1070HU cocTaBnsOT 42% BCeX IEPEBbEB, TOTIA BUIITHU

100-42=58%.

Bumien Ha 48 Gosnbliie HeXKeH SIOJIOHbD.

PasHu1a Mex 1y HUMU B MPOIIEHTAX COCTABIISCT

58-42=16%

a B KOJIMYECTBE - 48 J1IepEeBbEB.

3a/aga COCTOUT B HAXOXK/ICHUU KOJIMYECTBA JIEPEBHEB, TIOITOMY CKJIA/ILIBAEM OTHOIIICHUS
16% — 48 oepesves

100 % —X depesves

OTcro/1a HaX0IMM KOJIMYECTBO JIEPEBHEB Ha hepme
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X=100*48/16=300 (0epesves).

Ne6. 3a nBa 1HA ObLT MPOJIOKEH Kaldeib. 3a MepBblil 1eHb NPOJIOKIIN 56% kadess,
a 3a apyroii - Ha 132 M MeHble, yeM nepBoro. Cko/JabKO Bcero MeTpoB Kabeisi ObLIO
MPOJIOKEHO 32 JIBA {HA?

Pemenmne.

3ajaua moxoxa Ha IpeIbAYIIYIO0. 32 BTOPOM JIEHb MPOJIOKUIH
100-56=44%

Ka0esi, pa3Hulla MEXKTy MEPBBIM U BTOPHIM THEM COCTaBJISIET
56-44=12%

u cocrapisieT 132 metpa.

Ha ocHoBe 3T0T0 COocTaBisieM OTHOILICHHUE

12% — 132 m

100 % —X m

OTcroa Hax0IUM UCKOMYIO JUIUHY

X=100%132/12=1100 (m.)

3a nBa qHs npostoxkud 1100 m.. kabens.

IIpakTnueckas padora Ned

Tema 1.3: IIpouieHTHBIE BBIYMCIEHUS B IPO(ECCUOHATBHBIX 3a7jauax
Henb: Hayuutbecsd HCIONB30BaTh CIOKHBIE IPOLIEHTHI IPU  PEIIEHUM 3aJad B
PO EeCCUOHAIBHON JESTEIHHOCTH.

Teopernyeckas 4acThb:

3aayn Ha CIOXKHBIE MPOLIEHTHI PEIIAIOTCS B IOCTATOYHO OBICTPBIM cOCO0 MpH 3HAHUH
HECKOJBKUX MPOCThIX Gopmyn. YacTh U3 HUX KacaeTcs HAYMCICHHH 10 BKJIQAy WU KPEAUTY,
KOrJla T€ OCYIIECTBIISIIOTCS 4Y€pe3 OIpPEACNICHHbIE MPOMEXYTKH BpeMEHU . Takke CIOKHbIE
IPOLIEHTHI UCHIOJB3YIOT B 3a7jauaXx XMMUU, METULIMHBI U psijie APYTux chep.

OOPMVIJIBI CJIOXKHBIX ITPOLHEHTOB

B cnydae pa3menieHus BKJIaI0B ¢ KauTaIn3aluel MPOIEHTOB Ha TOJIbl KOHEYHAsi CymMMa
JENo3uTa onpenensercs GopMynoi

n
B=P1+ 7
100%

3,[[CCB P— HepBOHaanBHBIﬁ B3HOC, ' — IIPOLICHTHAs CTaBKa, N — KOJMYECTBO IJICT. IIo
CJIOKHBIM IIPOLCHTaAM pa60Ta}0T 6aHKI/I, HHBCCTHIIMOHHBIC (1)OHJIBI, CTpaxOBbBIC KOMITaHHUH.
PaCHpOCTpaHCHHBIC 3a py6e>1<0M, a TCUCpb U B praI/IHC - IICHCHOHHBLIC (1)0HI[LI )51 (I)OHJIBI
CTpaxoBaHUs )KU3HU pa60Ta}0T IO CXEMCE CJIOXKHBIX ITPOLICHTOB.

HpI/I pa3sMCIICHUN BKJIAA0B C KannTaﬂmauneﬁ IMMPOLCHTOB CIKCKBAPTAJILHO q)opMyna
CJIOKHBIX IPOUCHTOB 6y21€T BBITTIAACTD

- g
P; =F (1 + —o]
4-100%, 1ne q - KOTMHECTBO TIOTHBIX KBAPTAIOB.
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[Tpu kanuTanmU3auyu TPOIEHTOB €XKEMECSIYHO MPUMEHSIOT CIeAYIONIyo (GopMmymny uis
BEIYHCIICHUN

¥

&
12. 100%] _
r7ie S — KOJMYEeCTBO MECSIIEB CYIIECTBOBAHUS COTIAIICHUSI.
[Tocnennuii cinydaid, HEMPEPHIBHOE HAUYMCIIEHUE MPOLIEHTOB, KOTJIa CJIOKHbBIE MPOLICHTHI
HAYMCIISIOTCS €XKEIHEBHO, PACCUUTHIBAIOT 110 hopMyIie

E:P®+

m
365.100% rJ1e M — KOJMYECTBO JTHEH.

CrpaxoBaHue »U3HW M OTKJIAIbIBAHUSA MEHCUM HCUUCISIOT CIOXKHBIMU (DOpMYIIaMu,
KpOMeE HAYMCIICHHS CII0KHBIX MPOIIEHTOB €XKET0JHO OCYIIECTBISIOTCS HEOOXOJMMbIE B3HOCHI.

Paccmorpum aBa cirydas HakorieHus. MyxkuuHa oTkaaasiBaer 5000 py6. B Teuenue 20
JeT. 3a 3TO BpEeMsl OH OTJIOKUT

20*5000=100000 (pyo.).

[Ipu oTknasbIBaHUK B HaKONHUTEIbHBIE (DOHIBI ¢ TOMOBON cTaBKoM 13%, 3a mepBbIi rox
CyMMa BO3pacTeT 10

5000*%(1+13/100)=5650 (py6).

B cnenyromem rony yenoBek B JaHHOM cymmbl qobasmset emie S000 py6. B pesynbrare,
3a BTOPOH I'0J] CYMMa YBEJIMYUTCS

(5650+5000)*(1+0,13)=12034.50 (pyo) .

[Ipomomxkast mogOoOHBIE  BBIYMCICHWS, B  KOHIE CpPOKa  IOJYYUM  CYMMY
pa3mepom 457349,58 pyo

PaccmoTpuM pacripocTpaHeHHbIE 331a4U Ha CJI0KHBIE TPOLIEHTHI.

[Tpumep 1. Bkaagunk moao:xui Ha aeno3ut $ 3000 mox 9% rogosbix Ha 10 jget. Kakasn
cymMMa akkymyJupyercs koHue 10-ro roga mpu rogosoii kanutaauzanuu? Ha ckoubko
BbIPACTET CyMMA M0 CPABHEHHUIO C IEPBOHAYAJIbHBIM B3HOCOM?

Pemenue: Ilpumensiem hopmyiy CIOXKHBIX POLIEHTOB JJIsi HAXOXKJICHHUS] CyMMBI B KOHIIE
CpoKa

9

0%

]
E=3000[1+m ] =3000.-2,367=7102,09 [LSD)

UTo0Obl OTBETUTH HA BTOPOW BOIPOC, OT 3HaueHus 7102,09 BbruntaeM cyMMy BKJIaJa.
7102,09-3000 =4102,09 (LED).

Pasnuna cocrasnsier 4102 nonnapa.

ITpumep 2. MuBectop Baoxu1 7000 pyo. mox 10% romxoBbIx npu ycJI0BHH HAYHUCICHUS
CJI0KHBIX MPOLEHTOB e:KeKBapTaIbHO. Kakylo cymMmMy OH mostyuuT 4epes 8 ser?
Pemenue: [lpumensem 2 ¢opMmyay CIOXHBIX TpoLEHTOB. Haxoaum KoiauuecTBO

KBapTaJIOB
8*4=32.
Y TIOZICTABIIsIEM B (hOpMYITy
10 32
E=7 [1 +—] =7.2,2037 =15426,30
4.100%
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Pemrenne 3agau:

Nel. Koctiom ctoni 600 py6. Ilocsie Toro kak neHa 0Obljia CHUKEHA ABaXK/bl, OH CTAJ
cTouthb 432 pyo., [IpnyemM npoueHT CHUKEHHMsI BTOPO# ObLJI B 2 pa3a 00Jibllie, 4YeM B NePBbIil
pa3. Ha cko/1bKO MPOIEHTOB KAXK/AbIi pa3 CHUKAJIACH leHa?

Pemenue: [{ns ynpoiieHus BeIYUCIEHUNH 0003HAYHM

X — nepBast CKUJIKa;

X/2 — BTOpast CKuaKa.

J1Jis BEIYHCTICHUS] HEU3BECTHOM X COCTaBJIsIeM YpaBHEHHE

600(1-X)(1- X f2) =432

Ymporiaem, U CBOJIUM K KBaIpaTHOMY YPaBHEHHIO

30052 - 900X +168=10

U peliaeM
D=(-900)" - 4300168 = 608400 = 780°
+
x=20E0  ogx=n2
2.300

HepBbeI pPEeICHUEC HC HMCCT (1)I/ISI/I‘I€CKOFO CMBICJIA, BTOpOﬁ YUUTBIBACM IIPU BBIYHUCIICHUAX.

3nayenne 0,2 coorBercTByer cHmxkenuto Ha 0,2*100%=20% mocne mepBoit Cckuaku, u X/2
=10% mociie BTOPOM CKUIKH.

No2. Onpenenennsiii ToBap crowa 200 py6.. CHauyaja ero meHy HOBBICHJIM Ha
HECKOJILKO IPOLEHTOB, a 3aTeM CHU3WJIM HA CTOJIbKO JKe IPOLeHTOB, I0cjIe Yero CTOMMOCTh
ero craja 192 py6. Ha cko/IbKO NPOLEHTOB KaKAbIi Pa3 NPOMCX0AMUJIAa CMEHA LieHbl TOBapa?

Pemenue: HOCKOHBKy IMPOLCHTbI OAWMHAKOBBI, TO 0003HaYaeM HM3MEHEHHUU LCHBI TOBapa
yepes X.

Ha ocHoBe ycnoBus 3a1auu OJIy4uM YpaBHEHHE

200(1+ X)(1- X) =192

EFO ynpomeHHe HpI/IBe,Z[eT K peH_IeHI/IIO ypaBHeHI/ISI

8- 20054 =0

OTKYJla KOPHU IPHUOOPETYT 3HAYEHUI

X =—0,2:X=0,2

HepBa;I 3HAUYCHUC OTBepFaCM, OHO MCHJCT CYTB 3aa4uu (CHaqana HNMCCM CHHIKCHHUC, a

3aTeéM  POCT  MPOIIGHTOB,  MNPOTUBOPEYUT  YCIOBHUIO). Bropoe mpu  mepecuere
coctaBut 0,2*100%=20% mporieHTOB.

No3. Bkaaguuk mnosioxkua B O0ank 4000 pyo6. 3a mepBblii rog eMy Hauuc/eHa
omnpe/eJIeHHbII MPOLEHT rOI0BbIX, 2 BTOPOro rojia 0aHKOBCKHUI NPOLEHT yBeJaudeH Ha 4%.

Ha xonen BTOporo roga Ha cyere crano 4664 pyo. CkojbKO TNPOIEHTOB COCTABHJIA
0aHKOBCKasi CTaBKa B NepBblii rog?

Pemenue: O603naunm yepe3 X — yBeTUUCHUE BKJIAa B TIEPBBINA T'0JI, TOTIA
X+4/100%=X+0,04

HAUYUCIICHUSI BO BTOPOM TOI.

[To ycnoButio 3a/1a4¥ COCTABISIEM YpaBHEHUE IS OTIPE/ICIICHUs] HEU3BECTHOU X
40010 [1+X) [1+X+ 0, 04) = 4664,

[Tocne ynpoleHuii moayyuM KBaJpaTHOE YpaBHEHHUE BUA

AD00X2 +81605 —504 = 0.

Brruucnsiem gucKpuMUHAHT

D=8160% —4.4000. (-504) = 86407
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U KOPHU ypaBHEHHUS

—2160+
poBle0EESA0
24000

[1epBbIif KOpeHb 0TOpAcKIBaeM, BTOPOM COOTBETCTBYET CTaBKE B 6% rOJIOBBIX.

Ne4. B cocyne 12 kr kucorbl. YacTh KHMCJAOTHI OTJIMJIM M JOJWIN 10 NPeEKHEro
YPOBHSI BOJ0ii. 3aTeM CHOBA OTJIWJIH CTOJILKO e, KAK M B NIePBbIi pa3, U J0JUIH BOJOIH 10
npexHero ypopusi. CKoJ1bKO JUTPOB KHUAKOCTH OTJIMBAJIM KAaXK/IbIil pa3, ecJiu B pe3yJbTaTe
MOJIYYMJIM 25-TIPOLEHTHBIA PACTBOP KUCJIOThI?

Pemenune: O603HauuM yepe3 X — 4acTh KHCIOTHI, KOTOPYIO OTJIUBAIIH.

[Tocne mepBoro pasa ee ocranoch 12-X, a MpOLIEHTHOE COIEP)KaHUE KUCTIOThI

H.mg%
12

Ilocme BTOpOﬁ INOIIBITKH COACPKAHNEC KHUCJIOTBI B COCYIC COCTAaBHUIIO

12_}{_}{H
12

PazBenss Bomoit no 12 kr, mporeHTHOE cojaep:kanue coctaBisuio 25%. CocraBisem
ypaBHEHHE

12_}{_;{H

12 1009 = 25%,

12
VYpouiaem MpoLeHTsl U n30aBisieMcs 3HaMeHaTesnein

12{12-X)-X(12-X)=0,25 12 12=
[IE—XJE =360 = X% - 24X +108=0,
Pemraem kBagpaTHOE ypaBHEHHE
D=(-24)" - 4.108=144;

24112

¥= — ¥ =12 X =6

VYcnoBuu 3amaud yAOBJIETBOPSET BTOPOE PEIICHHE, a 3TO 3HAYUT, YTO KaXKIBIM pa3
OTIUBAIH 6 K2 KUIKOCTH.

IIpakTnyeckas padora NeS
Tema 1.4: BxonHas KOHTpOJIbHas paboTa

I_le.m,: HpOBCpI/ITB YPOBCHBb YCBOCHHUA NAHHOI'O MaTCpHaja Io pas3acilty 1 «HOBTOpCHI/Ie
KypCa MaTEMaTHKN OCHOBHOM IIKOJIBI»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yembvlpex
npeoIoIHCceHHbIX.

1. (1 6amm) Packpoiite GOpMYITy COKpaIEHHOTO YMHOXKEHHs a2-b:

A) a?-2ab+b?; B) (a-b)(a+b); B) a’+2ab-b?; I') (a-b)(a-b)

2. (1 6amn) [Tnomaap TpeyrodbHUKA BEIYUCISIETCS 1O OopMyIie:

A) S=a*b; b) S=(a*b)/2; B) S=2a*b; I') S=(a*b)/3.

3. (1 6amr) Kakoe u3 caeayromux 9uce 3aKII0UeHO MEXTy YUCIIaMU 1—(7) " g?

A)0,4;5)0,5;B)0,6;T) 0,7

4. (1 6amn) Jans rpaduku pyakumii. Kakas popmyna coorBeTcTByeT rpaduky 3):
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A)y=sx—6:B)y=x'-8x+11;B)y = —= ) y=x+5.

Ilpu evitnonnenuu 3ad0anuil 5-8 3anumiume xo00 peuwieHusA U NOJYUEeHHbLIL OMeEem.

5. (2 6amna) Beraucnure % + %

6. (2 6amna) Pemmre ypaBHenue x° - 7x + 10 = 0. Eciu ypaBHeHHe nMeeT 6071€e 0HOTO
KOPHSI, B OTBET 3alHILINTE MEHbIINN U3 KOPHEH.

7. (2 6amna) Ilnomane 3eMens KPECTHSIHCKOTO XO3SHCTBA, OTBEACHHAS IO/ IMOCAJKY
KYCTapHUKOB U LIBETHUKOB, COCTaBJIseT 24 ra u pacrpeaeiacHa Mexay HUMH B OTHOLIEHUH 5:3.
CKOJIbKO TeKTapOB 3aHUMAIOT [IBETHUKU?

8. (2 6amma) Beicota BH mnapamrenorpamma ABCD nenut ero ctoporny AD Ha oTpe3ku

AH = 2 u HD = 32. Jlnaronans mnapamineirorpamma BD paBua 40. Halinure mnomanb
napajuiejorpaMmma.
Omanouvt omeemos:
Howep 2 3 4 5 6 7 8
3a71aHUS
OTtBeT b b B A 2,7 2 9 816

IIpakTnuyeckas padora Ne6

Tema 2.2: OcHOBHbBIE TPUTOHOMETPHUECKUE TOXKAecTBA. DOpMYIIbl IPUBEACHUS
Henab: Hayunts ncronb3oBaTh OCHOBHBIE TPUTOHOMETPHUYECKHE TOXKIECTBA U (OPMYJIBI
NPUBEICHUS IPU peoOpa30BaHUM BbIPAXKEHU I

Teopernyeckas 4acTb:
Dopmynvl npusedenus
Cpa3y nepeducinM OCHOBHBbIE TPUTOHOMETPUUYECKHE TOXAECTBA, KOTOphIe pa3dbepeM B

9TOM cTaTbe. 3amuileM HMX B TaONMUIly, a HIKE NIaJUM BBIBOJ 3TUX (OPMYyNI U IpHUBEIEM
HE00XO0/IUMBbIE TIOSICHEHHUS.

sin & +cos” =1
SN ¢ cCosar
foo = . Cloa=—
cCosar SN o
tec-ctect =1
2 1 3 1
g a+l=——s—., lrcigiad=—s—
cos™ o smnc oo
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CBs3b MeK1y CHHYCOM M KOCHHYCOM OJHOIO0 YIJIa
I/IHOF,I[a FOBOpS[T HC 06 OCHOBHBIX TpI/IFOHOMeTpI/I‘ICCKI/IX TOXACCTBAX, Hepe‘lI/ICHeHHBIX B
Ta6JII/II_Ie BBIIIIC, a 06 OJHOM CIANHCTBCHHOM OCHOBHOM TpI/IFOHOMeTpI/I‘leCKOM
. ] 1
sin" o +cos =1
TOKIEeCTBE BUJa . OObsacaenne »HTOMY (aKTy JOCTAaTOYHO TIPOCTOE:

2 1 ) 1
tga+l=——s—, l+cig’a=——

paBeHCTBA cos o Sl & ponywarores u3 OCHOBHOT'O
TPUTOHOMETPUYECKOTO TOXKIECTBA nocie JeNeHHs obenx ero yacreit
A - 2
COS ¢ s &
u

Ha COOTBCTCTBCHHO, a

sin o cosar
et =—, elgat=——
PaBCHCTBA cosa sma y fga-cigar=1 CIIEIYIOT U3 OIIPEICIICHUN
CHUHYycCa, KOCHHYycCa, TaHreHca W KoTaHrenca. [logpoOHee 00 3TOM MOTOBOPUM B CIEIYIOIIMX
IIYHKTaX.
-2 2

To ecth, 0COOBI HWHTEpPEC NPEICTABISICT HMEHHO PABEHCTBO Sin” & s a= 1,
KOTOPOMY M JIajIli Ha3BaHHUE OCHOBHOT'O TPUTOHOMETPUUYECKOTO TOXKIECTBA.

[Ipexxne yeM J0Ka3aTh OCHOBHOE TPUTOHOMETPHYECKOE TOXKIECTBO, IaJUM €ro
bopMyIUPOBKY: CyMMa KBaJpaTOB CHHYCa U KOCHHYCAa OJHOTO yrja TOXKIECTBEHHO paBHA
enuuuie. Tenepp JOKaKeEM €ro.

OO6patuMcs K eTMHIUYHO#M OKpykHOCTH. [lycTh HayambHas Touka A(1, 0) mocie moBopora
Ha yroi a nepexoauT B Touky A1. B cuiy ompenenennii cunyca U KocuHyca Touka A; nMeer

(cosa, sin ) N
KOOpAWHAThI . bonee TOro, TOYKa Al JICKUT Ha CAWHHUYHOU OKPYKHOCTH,
CJIEI0BATEIIBHO, €€ KOOPAWHATHI JIOJDKHBI YJIOBJIETBOPATh YPABHEHUIO €IMHUYHON OKPY/KHOCTH,
KOTOpOE UMeeT BU X°+Yy?=1. To eCTh, JIOJDKHO OBITh CIIPaBEIJIUBO

1 4 2
cos g+sm o=1
paBeHCTBO . 3TI/IM JOKa3aHO OCHOBHOC TpI/IFOHOMeTpI/ILICCKOG TOXIOCCTBO

JJIA THOOBIX YTJIOB MOBOPOTA a .

= 2 2
p sin“+ecos  a=1 .
ABEHCTBO 4acTo Ha3bIBAIOT TEOpEMOU [Tugaropa B
TpUrOHOMETpHUH. [[0SICHMM 3TOT MOMEHT.

Bo3bMeM enuHUYHYIO OKpYXHOCTh. I[loBepHeM HauanbHyo TOouky A(l, 0) Bokpyr

touku O Ha yron o [Tycth TOYKa A mmocje 3TOro MOBOPOTa MepexoauT B TOYKY Ai(X, Y).
Onyctum u3 Touku A nepnerukyisp AiH Ha npsamyro OX.
Y

Jwww.cleverstudents.ru

PaccmoTpum npsimoyronbeHelid TpeyroiabHuk OA1H. Xopomo BHIHO, 4TO B HEM JUIMHBI
karetoB AtH 1 OH paBHBI COOTBETCTBEHHO MOJYJIIO OPAMHATEI M aOCIHUCCHI TOYKU A1, TO
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ectb, [A1H|=|y| u |OH|=|x|, a nnuna runoreny3s OA1 paBHa paanycy €IMHUYHON OKPYKHOCTH,
10 ecth, |OA1|=1. Teopema ITugpacopa no3ponser 3amucaTh paseHcTBO |A1H|>+|OH|?=|OAL[?,
KOTOpOe MBI MOXKEM nepenucarb kaK |y|*+[x|>=1? umn y?+x>=1. Ho 1o

sing=y , Cos@=x

OIIPENIEIICHUIO , TOTIa OT paBeHCTBA Y>+X*=1 Mbl MOXkeM HepeiTH K

= 2 2
simm - ag+ecos  ag=1
PaBEHCTBY .
OCHOBHOG TpI/II‘OHOMeTpI/ILIeCKOC TOXKICCTBO 3a1a€T CBSI3b Me>1<)1y CI/IHYCOM n KOCI/IHYCOM
OJHOTO yrna. STO ITIO3BOJISICT BBIYUCIIATH CI/IHyc yrﬂa, Koraga M3BCCTCH KOCI/IHYC 3TOI'0 yrﬂa, H

BBIYUCIISTH KOCI/IHYC yrna, Korga N3BCCTCH CI/IHyc erIa. HJ’ISI 3TOTI'O JA0CTATOYHO
= 2 2
sim“ag+cos  ag=1

paBeHCTBO paBpeHlI/ITB OTHOCHTCIIBHO CI/IHyca nu KOCI/IHyca
smea=x4l—cos" ¢ cosg==x4l—-sn" &
COOTBCTCTBCHHO. n . 3HaK nepezl KOpHeM

3aBHCHUT OT BEJIIMYHMHBI yIJia a. [TonpoOHee 00 3TOM MBI MOTOBOPUM B pasfielie BEIUKCICHHE
CHHYCa, KOCHHYCAa, TAHT€HCA M KOTAaHTEHCAa C MCII0JIb30BaHUEM TPUTOHOMETPUYECKHUX (POPMYIIL.

OcHOBHOE  TPUTOHOMETPHYECKOE  TOXKIECTBO  OYEHb  YacTO  HCIOJIb3YyeTCs
IPU npeobpazosanuy mpueoHomempudeckux evipasxceruii. OHO TO3BOJSIET CyMMY KBaJpaToB
CMHyca ¥ KOCHHYCa OJHOrO Yyrjia 3aMeHsTh enuHuneil. He MeHee YacTo OCHOBHOE
TPUTOHOMETPUUECKOE TOKIECTBO MCIIONB3YETCSd U B OOpPAaTHOM IOPSIKE: €IUHUIA 3aMEHSAETCS
CYMMO} KBaJpaToOB CUHYCa M KOCHHYCa KaKOT0-JI100 yria.

TaHrenc u KOTaHreHc Yepe3 CHHYC M KOCHHYC

ToxnaecTBa, CBA3BIBAIONINE TAHTEHC M KOTAHT'€HC C CHHYCOM U KOCHHYCOM OJHOTO yria

S ¥ COscr
tea=—— cloat=——
BUIA COSC y Sl &X' cpasy cnenyrOT W3 ONpEICICHUH CHHYCa, KOCHHYCA,
TaHTeHCa U KOTaHTreHca. J[efiCTBUTENBHO, 10 ONPECTICHUIO CHHYC €CTh OpJIMHATA Y, KOCHHYC €CTh
¥ o sihe
oo ===——
abcrucca X, TAHTCHC €CTh OTHOIICHHWE OPAMHATHI K abCIucce, TO €CTh, X COSL g

X cos
clga=—=——

KOTaHT€HC €CTh OTHOIIEHHE abCIIMCCHI K OPJMHATE, TO €CTh, yoosma

sin o COsS
lgog=—— clgog=——

bnaromaps Takoii OYEBHIHOCTH  TOXKICCTB COSE 8in & vacro
OIIpe/IeTICHNs] TAHT€HCa M KOTaHTeHCa IAI0T He Yepe3 OTHOLICHNE a0CIIUCCH M OPAMHATEHI, a 4epes3
OTHONICHUE CHHYCa M KOCHHYca. Tak TaHreHCOM yTiia Ha3bIBAIOT OTHOILICHNUE CHHYCA K KOCUHYCY
3TOTO yIJIa, 8 KOTAHTCHCOM — OTHOIIEHHE KOCHHYCA K CHHYCY.

B 3aKITFOUCHUE 3TOTO MYHKTa creayer OTMETHTH, 9TO
sin o cosa
tea=—— cltgot=—— o
TOXKIECTBA COS y S € yMeroT MeCTO sl BCeX TaKuX YIJIOB ~ , TIPU
KOTOPBIX BXOMMIIME B HUX TPUTOHOMETpUYECKHe (GYHKIMH HMEIOT CMbICA. Tak
sin o T
toot=— o —+T-z

dopmyna COSC cnpaBemmmBa st JTOOBIX &, OTAMYHEIX oOT 2 (vHaue B

CoOsc

cteor=——
3HaMeHarelne Oy/AeT HyJb, a ICICHHE Ha HyJIb MbI HE OIpeaessiin), a hopMyria s & -

IUISL BCEX a , OTJIMYHBIX OT T-Z , TIe Z - 11000€ LeI0€ YHUCIIO.
CBsi3b MEXK1Y TAHTE€HCOM M KOTAHT€HCOM
Eme Oomee oO4yeBHIHBIM TPUTOHOMETPUYECKHM TOXKIECTBOM, UEM JBa MPEIABIIYIIHX,

SABJSETCS TOXAECTBO, CBSA3BIBAIOIIEE TAHTCHC M KOTAHT€HC OJHOTO yIyia BHJA g -ciga = 1.
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Fi 3

=
[ToHSITHO, YTO OHO UMEET MECTO JIJIsl TIOOBIX YIIIOB o , OTJINYHBIX OT 2 , B IIPOTUBHOM CJTy4yae
100 TaHTeHC, JIMOO KOTAaHT€HC HE OIPE/ICICHBI.
Jloka3aTenbCTBO hopMyIIbI iga-ctgor = 1 OY€EHb MPOCTO. ITo
' . X
;g,g;:l ctgal = — rga'-cfgﬂzl-—zl
OIpEACICHUIO Xn ¥ , OTKyZJa ¥ MoxHo  OBUIO

sin o cosa
lea=—— clgog=——

JIOKA3aTeNbCTBO MMPOBECTH W HEMHOTO HHade. Tak Kak COS y sin e |
sin @ cosa

fea -cltgo = 1

TO cOSCr 51l & _
Nrak, TaHreHC U KOTAaHT'€HC OAHOTO YIJIa, IPY KOTOPOM OHU UMEIOT CMBICII, €CTh B3aUMHO

oOpaTHbIe Uncia.

TaHreHc 1 KOCHHYC, KOTAHI€HC M CHHYC

HaKOHeI_I, Mbl IIpUIOUIA K ABYM TIIOCICAHHUM M3 OCHOBHBIX TPHIOHOMETPHUYCCKUX

- 1 , 1
gra+l=——5—, l+ciga=——-—
TOXJIECTB Cos & Sl &  Onu CBA3BIBAIOT TAHTEHC M KOCUHYC, a

TaK)K€ KOTAaHI€HC ¥ CUHYC OJHOIO yrija.

IIpuBenem ux ¢GopMyIMPOBKH: CyMMa KBajipaTa TaHI'€HCa YIJla U €AMHULIBI PaBHA YUCIY,
00paTHOMY KBaJpaTy KOCUHYCa 3TOTO YyIJia, a CyMMa €IMHULIbI U KBaJlpaTa KOTaHI€HCca yIJla paBHa
quCiTy, 00paTHOMY KBaJpaTy CUHYCa 3TOr0 yria.

BbiBon  ykazaHHbIX (QOpPMYJN MOXHO IPOBECTH, OTTAIKUBAsACh OT OCHOBHOI'O

= 2 2
sin“g+ecos  ag=1
TpI/IFOHOMeTpI/I‘leCKOFO TOXIACCTBA BHUa . ECJ'II/I pa3,[[eJ'II/ITB 066 YqaCTHu 3TOro

ol "

08 cos o

c
paBeHCTBa Ha (Ipu 3TOM, KOHEYHO, JIOJDKEH OBITh OTJIMYEH OT HYJS), TO MBI

5 1
gra+l=——F—
MOJIy4UM bopmyiy cos Ecmn xKe obe 4acTH
sin“ & +cos g =1 sin” o sin” o
paBeHCTBa pa3fenuTh Ha (mpu  >TOM JIOJDKEH  OBITh

2 1
l+ctgat =———
sm- o

B3

OTJIMYCH OT HyJ'ISI), TO MbI IPUACM K TOKACCTBY

2 1
g o+l=——5—
Cos™ & o
Wrak, ToXIecTBO MMEeT MeCTO JJs JIOOBIX ~~ , OTJIMYHBIX
T 5 1
STz 1+ Iffg o&=—F
or 2 , @ TOXKIECTBO S & | U JTOOBIX x , OTJINYHBIX OT
@DopMysbl IPUBEAECHHUS:
Onpeodenenue. DopMynaMy TPUBEIEHUS HA3bIBAIOT (HOPMYIIbI, KOTOpPbIE MO3BOJISIIOT
nepenTn oT TPUTOHOMETPUUECKUX byHKIni
T _ i , T : T _
sm(— T a). cos(— = o) tg(= za) ctg( = )
2 2 o
BUJA K ¢(yakmusm aprymenra . C ux
MIOMOUIbI0 CHHYC, KOCUHYC, TAHT€HC U KOTAHI€HC IPOMU3BOJILHOTO YIja MOXXHO IPUBECTH K

CHHYCY, KOCHHYCY, TaHT€HCY W KOTaHTeHCy yria u3 uHTepBasia oT 0 mgo 90 rpamycoB (oT

Tz
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0 mo ? panman). Takum o6pa3om, GOPMYIIBI IPUBEACHUS MO3BOJIAIOT HAM MEPEXOUTH K paboTe
¢ yrinamu B nipezenax 90 rpaaycoB, YTO, HECOMHEHHO, OYEHb yJ00HO.

Dopmynvl npueeoenu:
sin(90° —a) = cosa

sin(90°+ a) = cosa

sin(180°— a) = sina
sin(180°+ a) = —sina
sin(270°—a) = —cosa
sin(270°+ a) = —cosa
sin(360°— a) = —sina

sin(360°+ a) = sina

cos(90°— a) = sina
cos(90°+ a) = — sina
cos(180°—a) = —cosa
cos(180°+ a) = —cosa
cos(270°—a) = —sina
cos(270°+ a) = sina
cos(360°—a) = cosa

cos(360°+ a) = cosa

/Jlna ucnonvzoseanus gpopmyn npusedenusn cyuyecmayem 06a npasua.

1. Ecnu yros MO>KHO TipeZIcTaBuTh B BuE (11/2 +a) uin (3*1/2 +a), To Ha3BaHue PyHKIHH
MeHsIeTesl Sin Ha cos, oS Ha sin, tg Ha ctg, ctg Ha tg. Eciu jke yrosm MOXHO NpeCTaBUTh B BHJIE
(m +a) wim (2*m +a), To Ha3BaHMe (PYHKIIUM OCTaeTCsl 0e3 u3MeHeHHUid.

[TocMoTpHTE Ha PUCYHOK HHIKE, TaM CXEMaTHMYHO M300pakeHO, KOT/1a CJelyeT MEHATh

3HaK, a KOrJqa HET

s ABMEHSIEM

PyHKLMIO

—  HE HBMEHSIEM

dyHKIMIO

2. 3naKk npueedennoii ynkyuu ocraercs npexxHuMm. Eciu ucxonHas QyHKUusS uMmena
3HAK «IUTIOC», TO U MpUBEJCHHAs! PYHKIMS UMEET 3HaK «uttoc». Ecinu ncxonnas GyHKIMsS nMmena
3HAaK «MHUHYC», TO U IPUBEACHHAS (PYHKIUS UMEET 3HAK «MHHYC.

Ha pucynke Huxe mpeacTaBlieHbl 3HAaKU OCHOBHBIX TPUTOHOMETPUYECKUX (PYHKIMH B

3aBUCUMOCTHU OT YCTBCPTHU.



A A A A

L RN R N P N (Y

8TU(X) CO2 (X) £A(x) Ged(x)

Pelnenne 3axanui:
Nel.HaiiguTe sin o, eciu U3BECTHO CIEAYIOIIEE:

_ 3V11 ECI)
Cos @ = 10 P 2,?1

Pemenne

Ham wu3BecTeH KOCHHYyC, HO Heu3BecTeH cHUHYC. (OCHOBHOE TpPUIOHOMETPUYECKOE
TOXKAECTBO (B «YUCTOM) BHJIE) CBA3BIBACT KaK Pa3 3TU (PYHKIUH, IOATOMY OyZieM paboTaTh ¢ HUM.
Nmeem:

sin? a + cos? o = 1 = sin? @ + 99/100 = 1 = sin? o = 1/100 =sin o = £1/10 = +0,1.

Jing  pemieHMs  3agadd OCTAIOCh  HAaWTM  3HaK  cuHyca.  llockoisbky
yroi o. €(n/2; 7),T0 B rpajiyCHON Mepe 3TO 3amuchiBaercs Tak: a € (90°; 180°).

CrnemoBaTebHO, YTOJI 0. JIGKUT BO |l KOOpAMHATHONH 4YETBEPTH — BCE CHHYCHI TaM
nosoxuTenbHbl. [Toatomy Sin o = 0,1.
Orser: 0,1

No2.Haiinute cos a, eciu U3BECTHO CIeIyIOIIee:

43 E(_Sn)
sina = ——-; a € (1~

Pemenue

Ntak, HaM U3BECTEH CHUHYC, a HaJl0 HaWTU KocuHyc. O6e 3TH PyHKIIUU €CTh B OCHOBHOM
TpUTrOHOMETpHUYeCcKoM ToxecTBe. [loacTaBnsem:

sin2a +cos? o =1 = 3/4+cos’ a=1= cos? a = 1/4 = cos o =+1/2 =+0,5.

Ocranochk pa3zo0parhbcsi CO 3HAKOM Tiepen ApoObio. UTo BBIOpATh: IUIIOC WU MUHYC?
ITo yciioBHIO, YroJl o IPUHAUICKUAT TPOMEKYTKY (7 37/2). [lepeBeeM yribl W3 paadaHHON
Mepbl B rpaaycHyo — noixydum: o € (180°; 270°). OueBunno, ato 11l koopauHaTHAst YeTBEPTS,
I/ie Bce KOCMHYCHI oTpuliatenbHbl. [loaTomy €OS o = —0,5.

OtBet:—0,5

Ne3.Haiigure tg a, ecny U3BECTHO CIELYIOIIEE:

1 3
cosa =—; @& € (—;Zn)

4/ 10 2
Pemenue
Tanrenc Y KOCUHYC CBS3aHbI YpaBHEHUEM, CIEAYIOIIUM U3 OCHOBHOTO

TPUTOHOMCTPUYCCKOI'O TOKACCTBA:

tefa+1= =>tg?a=10—-1=9

COS“ ¥

[Monygaem: tg o = +3. 3HaK TaHTeHca ompenenseM o yriy a. M3sectno,uro a € (37/2;
27). [lepeBeneM yribl W3 paguaHHONM Mepbl B rpaaycHyr0 — mouydum a € (270°%; 360°).
OueBuaHO, 310 IV KOOpAMHATHAS YETBEPTH, I/I€ BCE TAHIE€HCHI OTpULaTesbHbl. [loaTomy tg o =
-3.

Otser: -3

Ne4 . Haitaute cos o, €ciu U3BECTHO CIEAYIOIIEe:
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) 3
sinae =—0,8; a € (?, 2?’[)

Pemenue

CHOBa U3BECTEH CUHYC U HEU3BECTEH KOCHHYC. 3aluIlleM OCHOBHOE TPUTOHOMETPHUECKOE
TOXJIECTBO:

sina+cos?a=1= 0,64+ cos’a=1= cos’>a=0,36= cos a==0,6.

3uak onpezaensiem mo yriay. Umeem: o € (37/2; 2x). IlepeBeneM yriibl U3 rpaayCHON MephI

B paguaHHywo: a € (270° 360°) —o710 |V KOOpAMHATHAs 4YeTBEPTh, KOCHHYCHI TaM
nojtokuTenbuel. CaemosarensHo, Cos o = 0,6.
OtBeT:0,6

No5.HaiinuTe sin o, eciu H3BECTHO CIEAYIOIIee:
A
ctga = Zv{g; a e (O;E)

Perienue:
3anumem Gopmyiy, KOTopasi cleayeT U3 OCHOBHOI'O TPUTOHOMETPHUYECKOIO TOXKIECTBA
%1 HaHpﬂMYIO CBA3BIBACT CI/IHyC 1 KOTAHI'CHC:

1 1
agia+l=—"—=>——=24+1=25
sSm- o SN~ o
Otcioza monydaem, 4to sin® a = 1/25, T.e. sin a = +£1/5 = £0,2. W3BecTHO, 4TO yron a €
(0; #/2). B rpagycHoii Mepe 3T0 3amuchiBacTes Tak: a € (0°; 90°) —I| koopAMHATHAS YETBEPTh.
Wrak, yrom Haxomutrcs B | KOOpIMHATHOW YETBEPTH — BCE TPUTOHOMETPUYCCKHE
(GYHKIMH TaM TOJIOKUTENBHBI, T03ToMYy Sin o = 0,2.

Ortser: 0,2
Ne6.Haitnure sina u tga, ecnu cosa =

vl
= wlm

Ne7.Haitnute cosa v tga, ecnusin a =

o . 4
Ne8.Haitaute sina u tga, ecnu cosa = ——

5
o . 8 3T
Ne9.Haitnute cosa v tga, ecnusin a = —GAT <a< >

N , 3
NelO.Haiinure cosa usin a,ecmntga = —1lun < a < 7”
Nell. Yopoctuts BeIpakeHue:

1
. (cosj = —1] icigzﬂ

Perenue:

1
( = —l]-czgz.&:{1+£g2&—1)-c.fg2&:1
cos”t &

2 g eofon— {r.g-::E ®Cos .::E}Ig

Pemenne:

zg&-cﬁgﬁr—{zg&-cosﬁr}z =l-sin‘@=rcos’a

l-sin 8  cosd
3 cosf l+sm &
Pemenue:

l-sn 8 cos 8 _l—sinzﬁ—cosgﬁ
cos 1+sinﬁ_ cosﬁ[1+sinﬁ)

Nel2. YmpoctuTte BelpaxeHue

1. 1-cos® &

5 cos? .::E+(1— sin? .::1’)
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3 [cos -::r—l) [1+|:c:-s -::E:l

4 Cos® & — (1— 2sin’ -:1’)
5 sn - cos&-ciga—1
cos’ @

6. cos® -1
l-costa

7. 1-sin’ @

8 sin® @4 cos’ a+igia
sin &

9 fgcy

SIML Y- COS

1—
10 ciga
Nel3. IIpeoOpa3oBaTh, UCII0NIb3Yys (POPMYIIbI IPUBEICHUS:

sinBTnz sin(2-2n+§) =sin§=§
tg="=tg(2-2m+3) =tgT =3
cthT”= ctg(2-2n+§) =Ctg§=\/i§

Nel4. Beruucnure:
a) cos1059; 6)sin105%  B)cos75%; 1)sin75° n) tg75°;  e)sin15°
Nel5. Haiinnre 3Ha4eHHE BBIPAXKECHUS;
a)sin240°; 6)cos300°; B) tg(—225%); r)cty 4?”
Nel6. ITpeoOpa3yiiTe BoIpaXKeHHE:
cos(—a)-cos(180%+a)
sin(—a)'sin(90°+a)

IIpakTHyeckas padora Ne7

Tema 2.4. Tpuronomerpuueckue pyHKINN, UX CBONCTBA U rpaUKH.
Hean: HayuuThbest cTpouTh TpagiKi TPUTOHOMETPUUYECKUX (YHKUIUH U MCCIEI0BATh MX
CBOMCTBa

Teopernyeckas 4acThb:

1. Haynem c noctpoenus rpaduka GyHKIMH y = sin X.
-

Bri6epem noaxomsamuii MacmTa6. ITo ocu X: TpH KIETKH mpuMeM 3a 2 (3TO IPUMEPHO
MOJITOpA).

!

Torma O — onna kierouka,
m

3 — JIBe KIIETKH.

ITo ocu Y: 1Be KIIETKH MIPUMEM 32 CTUHUILY.

O6mactp onpeneneHuss GyHKIIMA y = Sin X — BCE JACHCTBUTEIbHBIC YUCIIA, TTOCKOJIBKY
3HAUEHUE Sin 00 MOKHO IMOCYUTATH JJIs JTFOOOTO yIiia o.
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BcnoMHuM, 4TO Y HaC €CTh TPUTOHOMETPUYECKHUIA KPYT, HA KOTOPOM 0003HAUYEHBI CHHYCBHI
Y KOCUHYCBI OCHOBHBIX YTJIOB. Y 100HEE BCEro OTMETUTH Ha OyyiieM rpaduke TOYKU, B KOTOPBIX
3HAUEHUE CHHYCA SIBJISIETCS PallMOHAIbHBIM YHCIIOM.

7|75
X Ol=1=5|— 13
61206 |"
i 0 1 1 1 0
sin X — —
2 2
T 2w
MoskeM 106aBHTh, JIsi GoNbleil MIaBHOCTH rpaduka, TOUKH 3 M 3 B HHEX 3HaueHHe
V3
Y= %0, 86.
CHHYyCa PaBHO 2
CoenMHUM NOJTy4YE€HHBIE TOUKH IJIABHOW KPUBOH.
YA
Lt
1 P!
2 AT TET T
| | I I
1 1 I < -
5w
0] § 2 ® " X
Mkl IIOMHHM, 4TO sin(—x) = — sin L Oro 3HAYUT,
. (¥ | T
sin(——) = —=;sin(——=) = —1.
4TO0 6 2 2
[Tonmyyaercst yacTh rpaduka, CAMMETpUYHAs TOW, KOTOPYIO HApUCOBAJIN paHbILIE.
YA
| P———
1 |
2 P l
J T A .
: /10 % ™ X
I - ] '
2
|
—————— 1

Kpowme Toro, 3HaueHns1 CHHYCa OBTOPSIFOTCS Y€PE3 MOIHBINA KPYT WIN YEpPE3 LENOE YNUCIIO
KpPYyTOB, TO €CTh

sin(x + 27n) = sin .

OT0 3HAUMT, YTO (QYHKIUS y = sin X SBIAETCS NEpUOAMYECKOH. MBI yke MOCTPOUIIU
y4acToOK rpaduka ATUHON 27. A Tenepb Mbl Kak OyATo "Komupyem" 3TOT y4acTOK U MOBTOPSEM
€ro ¢ NepuoJIoM 21:
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YA

Cunycomnja nocTpoeHa.

[lepeuncnum OCHOBHBIE CBOMCTBA (DYHKIIUHU Y = Sin X.

1) D(y): X € R, T0 ecTh 067aCTh ONpe/IeIeH sI — BCE ICHCTBUTEIbHbIC YHCIIA.

2) E(y): y € [1; 1]. D10 03Hauaer, 4To HanbOIbIIICe 3HAUCHHE (DYHKIMH y = SiN X PaBHO
e/IMHUIIE, 2 HANMEHbIIIEE — MUHYC CTUHHIIE.

3) @yukuus y = sin X — HeueTHas. Ee rpaduk cuMMeTprueH OTHOCUTENBHO HYJIS.

4) ®ynkuus y = sin X — nepuoanyeckas. Ee HanMeHb M oJI0KUTETHHBIN IEpHOJT PaBEH
2m.

2. Cnenyronmuii rpaduk: y = cos X. Macmrab — 1ot xe. OTMeTuM Ha TpaduKe TOUYKH, B
KOTOPBIX KOCHHYC SIBJISIETCS PAIllOHATIBHBIM YHCIIOM:

2

X 0 — |7

o
o] =
e

o
|

cosx | 1

YA

5

ITockonbky cos (—X) = cos X, rpaduk OyJIeT CMMMETpHUEH OTHOCUTEIBHO OCH Y , TO €CTh
JieBasi ero 4yacTh Oy/eT 3epKajJbHbIM OTPAKEHUEM MTPABOM.

YA

9

37



OYHKIUA Y = COS X — TOXKE Mepuoguveckas. Tak ke, Kak U JJi1 CUHYCa, €€ 3HAUCHUs
noBTOpstOTCs Yepe3 27n. "Komupyem" yaactok rpaduka, KOTOPBIH yKe MOCTPOHIIN, ¥ IIOBTOPSIEM
MEePUOIUYECKH.

YA

Y = COST

[lepeuncnum OCHOBHBIE CBOWCTBA (DYHKIIUHU Y = COS X.

1) D(y): X € R, T0 ecTh 007aCTh ONpe/IeIeH s — BCE ICHCTBUTEIbHbIC YHCIIA.

2) E(y): y € [-1; 1]. D10 03Hauaet, uTo HanbObIIICEe 3HAYCHUE QYHKIIMH Y = COS X PaBHO
eMHMUIIC, 2 HAUMEHbIIIEEe — MUHYC €TUHUIIE.

3) ®yHkuus y = cos X — ueTHas. Ee rpaguk cuMMeTpuueH OTHOCUTEIBHO OCH Y.

4) Oyukuus y = cos X — mnepuoaudeckas. Ee HaMMeHbIIUI MONOXUTETbHBIA TEPUOJ
paBeH 2.

OTmeruMm erie oJ1HO cBOMCTBO. I'paduku GpyHKIHMI y = sin X U y = COS X BecbMa MOX0XKHU
JpyT Ha ﬂpyra.TTMmKHo Jake cKas3aTbh, 4TO rpad)uKk KOCHHYCa MOJIYYHUTCS, €CIH TpaduK CHHYycCa

CABUHYTH Ha 2 BjIeBO. Tak OHO M €eCTb — IIO OI[HOﬁ nu3 (1)OpMy1'I IIPUBCACHUA,
, T
sin(x + 3} = CcOosxT

®opma rpadukoB HYHKIHN CHHYC U KOCHHYC, KOTOPBIE MBI TIOCTPOMIIH, OY€Hb XapaKTepHa
¥ XOpOILIO 3HaKoMa HaM. Takoi JTMHUEH 1eTH pUcytoT BOJIHBL. Jla, 3TO U ecTh BOJIHBI!

OYHKIMM CUHYC U KOCUHYC WJ€aJIbHO MOJIXOAT JUIsl ONUCAaHUs KoJeOaHu! U BOJIH — TO
€CTb IPOLIECCOB, TOBTOPSIIOIIUXCS BO BPEMEHHU.

[To 3akoHy cuHyca (MM KOCHMHYCA) MPOUCXONAT KOJeOaHWs MasTHHKA WJIA Tpy3a Ha
npyxuHe. [lepeMeHHBIN TOK (TOT, KOTOPBIH B po3eTKe) BeipaxkaeTcs popmyioii I(t) = 10 cos(owt+a).
Ho u 310 He Bce. DyHKIIMN CUHYC U KOCUHYC OMMCHIBAIOT 3BYKOBbIE, HHPpPa— U yIbTPAa3BYKOBBIE
BOJIHBI, a TaKXX€ BEChb CIIEKTP JJIEKTPOMArHUTHBIX KojeOaHuil. Beap TO, 4yTO Ham r7a3
BOCIIPUHMMAET KaK CBET M I[BET, Ha cCaMOM JeJjie MpeACTaBIseT COO0OM 3JIeKTpOMarHUTHbIE
KosiebaHus. Pa3Hble JUIMHBI BOJIH CBETa BOCIIPMHMMAETCs. HAMM Kak pasHble 1BeTa. Hamm riasza
BUISIT JIUIIH HEOOJBIIYIO YacTh CIIEKTPa 3JIEKTPOMAarHUTHBIX BOJH. Kpome BuamMoro msera, B
HEM TNPHUCYTCTBYIOT PaJHOBOJIHBI, TEIJIOBOE (MH(pPAaKpacHOE) U3IIyuyeHHE, YIbTpaduoIeTOBOE,
PEHTIC€HOBCKOE M TaMMa—u3iydeHne. bosiee Toro — 00beKThl MUKpOMHUpPA (HapuMep, SJIEKTPOH)
IPOSIBIISIOT BOJIHOBBIE CBOICTBA.

3. Ilepeiinem k rpaduky GyHKINHT Yy = tg X.

YtoObl HOCTPOUTH €T0, BOCHIOIB3yEMCS Ta%@mueﬁ 3Ha4YeHUH TaHTeHca. MaciTab Bo3bMeM

TOT %€ — TPH KJIETKH [0 0CH X COOTBETCTBYIOT 2 , 1IBe KIeTkn 1o Y — exunune. ['paduk 6ynem
ctpouth Ha otpeske oT 0 1o w. [TockonbKy tg (X + ©tn) = tg X, PyHKITUS TAHTEHC TAKXKE SIBISETCS
epuoanYecKor. Mbl HApUCyeM y4acTOK JUIMHOU T, a 3aTEM MEPUOJUYECKH €r0 IIOBTOPHUM.
m
|T-I - -

HernmoHSITHO TOJBKO, KaK OBITH ¢ TOUKOM 2 Bemp B 9TO# TOUKE 3HAYCHHE TAHTEHCA
i

HE ONpEJIeNeHo. A Kak e Oyner BecTr ceOst rpaduk GpyHKIMH y = tg X IPH X, OIH3KHX K 2 TO
ectb k 90 rpagycam?
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UT06Hl OTBETHTH HA 3TOT BONIPOC, BO3bMEM 3Hauenue X, omuskoe k J0°, u nocunraem na
KaNbKyJIATOpE 3HAUEHHs CHHYCa M KOCHHYca 3Toro yria. [lycts 1 = 897,

Cunyc yrna 897 — 310 nourn 1. Tounee, sin 89 = 0,9998. Kocunyc 3toro yria 6am3ox
K Hymo. Tounee, cos 897 = 0,0175.

Tornma
rpaduk yhaer Ha 59 em/IHI/%_[ (to ectp Ha 118 kierok) BBepX. MOXKHO CKa3zaTh, YTO €CIH X

crpemutcs x 907 (To ects k 2), 3Hauenne GpynKiuu Y = tg X CTpeMHTCs K GeCKOHEUHOCTH.
m

AHAJIOTHYHO, TIPH X, OIM3KUX K 2 , padHK TaHTeHCa YXOJUT BHU3, TO €CTh CTPeMHUTCS
K MHUHYC 0€CKOHEYHOCTH.

(SIE]
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OcTanoch TOJNBKO "CKOMMPOBATh" ATOT YYaCTOK rpaduka v MOBTOPUTH €TO C EPUOIOM T.

Yh y=tgz
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[lepeuncnum cBoiicTBa PyHKIUH Yy = g X.
m

1)D|[y} L E I[—E —|—TTH-'.§ + m:r.}.

T
r=_—-4+T7n,
Jpyrumu cioBamu, TAHT€HC HE ONIPENEIIEH IS 2 raen € Z.

2) O6unacte 3HaueHnit E(y) — Bce elCTBUTENbHbIE YUCIIA.

3) @yukuus y = tg X — HeuerHas. Ee rpaduk cuMMETpUYeH OTHOCHUTENILHO Hadaja
KOOpJUHAT.

4) ®ynkuus y = tg x — nepuoanyeckasi. Ee HaMMeHbIINHN ONI0XKUTEIbHBIA IEPUOJ PABEH
T.
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m

r € (—5+mn; 5 +mn)
5) @yHkus y = tg X BO3pacTaeT 1pu 2
y4acTKe, Ha KOTOPOM OHa HENpephIBHA.

4. I'padux GyHKIUHN y = ctg X CTPOUTCS aHAIOTUYHO. BOT OH:

o] =

, TO €CTh Ha KAXKIOM

YA =gz

I

I

I

|

|

|

I

|

|

I

|

I

|
O

3
z 0 3 s i

O
O

(S

___-_________‘C)_____________

nDly) v e (mymn+7),
I[pyrHMI/I CJI0BaMM, KOTAaHI'CHC HE OIpEAECNICH Ul ' = Tl raen € Z.

2) O6nacts 3HaueHui E(y) - Bce neiicTBUTEIIbHBIC YUCIIA.

3) dynkuusa y = ctg X — HeueTHas. Ee rpaduk cummerpuueH OTHOCHTEIbHO Hadaja
KOOpJMHAT.

4) Oynkuus y = ctg X — nepuoauyeckas. Ee HauMeHbIINI NOJOXUTENbHbBIN Nepruos
paBeH T.

5) dyHKIus y = ctg X yOBIBAeT IpH € (mnymn + ?T]', TO €CTh Ha KaKJIOM y4acCTKe, Ha
KOTOpPOM OHa HETIpEpPhIBHA.

ITpumep. Hcnonb3ys  YETHOCTBbIO/HEYETHOCTh  TPUTOHOMETPUYECKMX  (YHKLHH,
MCCJIEIOBATh Ha YETHOCTbIO/HEYETHOCTD (PYHKIINIO

. X+sinx
wx)=——.
Jcosx
Pemenne:

ITomeHsieM 3HAK dpPrymMcHTa, IMMoay4HM,

Poy) o XFSAEX)  mxosmx | xAsSAX o cnenoBaTenbHO (yHKIMS
Jcos(—x) Jcosx 3cosx ’

HEYETHAA.

Pemenue 3aganmii:
Nel. IToctpouts rpaduk QyHKINU:

1) y =sinx;
2) y = COsX;
3) y = tgx;

4) y= ctgx.

Ne2. Mccnenyiite pyHKIMIO HA YeTHOCTBIO/HEYETHOCTB!
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8. y()= 22X

7—=cosx *

Jtgx —sinx
1. yix) = oS x . 9. y(x)=2sinx—cosx;

0. y(x)=x"-1gx +6cosx;

. y(x)=tgx-sinx+ctg " x; o
1. J-‘{I):M,

2
3. y(x) =3cosx-sinx —fgx; sin“x
X-sinx
4. y(x)= BT 12 )= e
Ismnx A3, y(x)=5cos” x—x-tgx:
5. _].-‘[.I'} _ fg:.l'— Scos x 1 14. y(x) =2sinx - xcosx + Stgx ;
sin x ! 15. }'{I):lrl—rfﬂ.
oy ®
6. y(x)=x-ctgx —2cosx; I;iim:r
.o ] .16 ? = —_—
7. ¥(x)=sin" x—cosx+x" -fgx ) cosx

IIpakTHyeckas padora Ne§

Tema 2.5: [IpeoOpa3oBaHue rpaiKOB TPUTOHOMETPUUECKHUX (DYHKIHH.

Heab: HayunTbes pemiath 3a1auu Ha npeoOpa3oBaHue rpa)ukoB TPUTOHOMETPUUIECKUX
byHKIHIA.

Teopernyeckas 4acThb:

1. dnst moctpoenusi rpaduka dynkuuu y=f(X)+a, rme a - MOCTOSHHOE YHCIO, HaJI0
nepenectu rpaduk Y=Ff(X) Bgons ocu opaunat. Ecnu a>0, To rpaduk mepeHOCHM MapauieIbHO
camoMmy cebe BBepX, ecin a < 0, TO — BHH3.

2. Ins  moctpoenust  rpapuka  QyHkumu Y=Kf(X) Hamo  pactsaHyTh  rpaduk
¢dynxuun y=F(X) B k pa3 Broap ocu opaunat. Ecmu [K|>1, To mpoucxoauT pactsbkeHue rpaduka
B10J6 ocu OY, ecim 0<|k|<1, To — cxkarue.

3. I'padpuk  dynkmum y=f(x+b) nonydaercs u3 rpaduka y=Ff(X) myreMm mnapamiensHOTO
nepeHoca Bnoiab ocu abcuuce. Eciu b>0 , To rpaduk mepemerntaercs BiaeBo, eciu b<(0, To —
BIPABO.

4. JIns noctpoenus rpaduka ¢pyukimn Y=F(kx) Hamo pactsayts rpaduk y=f(X) Bromas ocu
aobcimec. Ecmu |K|>1, To mpoucxoauT cxartue rpaduka Bmoiab ocu OX, ecmu 0<k|<l , To —
pacTspKeHHe.

Pemienue 3aganmii:
[Toctpoiite rpaduku GyHKUIMI

X
y=sin=
1 3
y=sins e
I'paduk yHkIHN 3 nomyuaercs u3 rpaduxa ¥~ ™ myTem pacTsKeHHsS BIOMb
ocu OX B 3 pa3za.
o ‘
8 6 4 2 0 2 4 6 8
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2 ¥= 2cos x

CosX

I'paduk QyHKIMU mOTydaeTcs u3 rpaduka ~ — MyTeM pacTsbKeHHs B1ob ocu Oy B

2 pa3za.
ANV
| v v ‘
2-

8 6 4 2 0 2 4 6 8
3. y=tgx+ 2

Ipadux dyrkuan ¥~ 9% 2 ponyuaercs u3 rpaduka ¥~ T*

nepeHoca Ha 2 eIMHUITBI BBEpX BII0JIb ocu OY.

)l

3-

IIyTeM IapaJlJICIIbHOI'O

2-

-
y=c0s| x+ —
4 2
)
y=cos|x+ =
['paduk GpyHKIMHU MOTyIaeTcst U3 rpaduxa - I myTem mapasniensHOro nepex
II
0ca BIOJIb OCH aGCIHCC HA 2 EIMHHUIL BIICBO.
.
Q
RE
5 4 3 2 1 0 1 2 3 4 5
V= =sin x
5.
V= lsin X .
I'paduk dyHKIHH nonydaercs u3 rpaduka ¥~ ¥ myrem cxkatus BIOIb
ocu Oy B 4 pa3za.
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=ch [IX—EI]
- ¥ E,i'. 3

6
=[x
y=clg | x——
I'paduk dpyHkuM nomaydaercs us rpapuxa - 3 IIyTEM IapaIJICIbHOIO IEPEH
I1
3

oca BJI0JIbL OCH a0cCIuce Ha €JIMHUIL BIIPaBO.

8-

-8

1 (I
f= z o5 X —F

7. I'padux pyHkumn - ' momyvaercs u3 rpaduka GyHKIUN
MOCJIEI0BATEIBHOTO BBITIOJHEHUS CIEAYIOLUX TPE00pa30BaHUM:

IT

1) mapastebHbIN TepeHoC Ha © equHMLBI BIIEBO BIOMB OCH abeuuce
2) cxxatue Bosib ocu Oy B 4 pasa.

¥=CosX

yTeM

8 y=—2cosx

— 2cos x W=CO05X

I'padux dyaxmum =~ nojiydaercs u3 rpaduka (QyHKIUH - , Kaxmas
OpAMHATa KOTOPOTO N3MEHSETCS B -2 pa3a. I 3TOTo BHINOIHIEM CIIeTyONIHe IPeoOpa3oBaHMs:

1) oroOpakaeM CUMMETPUYHO OTHOCUTENBHO ocH OX,

2) pactsruBaeM B 2 pa3za Broib ocu Oy.
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/)
i

g ¥= 3sin2x+ 1

i+ 1

I'paduk pynkmun Y= 35102

¥=sin x

nory4qaercst u3 rpaduka GpyHKIHH
MI0CJIEIOBATEIBHOTO BBITIOJTHEHUS CIEAYIOIINX MPeoOpa3oBaHUM:
1) cxxaTre BOoabs ocH abcumce B 2 pasa;
2) pacmsiocenue 8 3 paza 0o ocu QY;
3) napannenvuwiii nepernoc na 1 edunuyy 68epx 60016 ocu OpOUHAmM.

\
iYL/ IRVAS

V= isin x—2
10. - 2
)= isin x—2 .

I'paduk dyHKIHH 1O nmydaercsi w3 rpaduka ¢yakiwpm < - ¥ myrem
M0CJIEI0BATEIBHOTO BBITIOJIHEHNUS CIIEAYIOIINX TPeoOpa3oBaHU:

1) oroOpakeHre CUMMETPHYHO OTHOCUTENBHO och OX,

2) cxxatue B 2 pasa B11osib ocu Oy;

3) mapayutenbHBIN IEPEHOC Ha 2 eIWHUIIB BHU3 BAOIHL ocH Oy.

—]
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y=5cos [ X+ %]

11.
)
y= 5cos[x+ =
I'paduk pysakmmm ' ! momy4daercs u3 rpaduka QyHKIHHA
YZEOSX nocnenoBaTeNbHOTO BHIOIHEHUS CAEAYIOMINX IPe00pa3soBaHuii:

11

o 3
1) mapayensHBIN IEPEHOC BIOJIb OCH a0CICce Ha €IMHULI BIIEBO,
2) pactsixeHue B 5 paza BjoJib ocu Oy.

a-

2’ L

i ' i ' ' '
-8 -6 -4 0 2 4 6 8

x, I
y=2sin| =+ =|
12, \2 2]
y=2sin [ﬁ E
I'padux pyHKIIN 2 2 ! momyuaercs u3 rpaduka GyHKIUU

&= S X 110C1e 10BaTeNIbHOTO BBIIOJIHEHUS CIIEIYIONIMX TPeodpa3oBaHumii:

1) pacTskeHHe BIOMIb ocH abcuucce B 2 pasa;
I1

. 2
2) napainenvbHbvlil NepeHoC Ha eIMHHLL 81€80 800JIb OCU AOCYUCC.
3) pacmsiocenue 6 2 paza sdons ocu QY.
4 y=|cosx|
Tax kak cos (-X)=cos X, CJlel0BaTelIbHO, y= COS X - 4€THas (QYHKIUS, 3HAYUT, TpapuK
(GYHKLUU TOT e, YTO U rpaduK QyHKIHUU y= COS X.

13 y=lsin x|

Ipadpux Gpysxiuu ¥ =lsin A noy4aercs u3 rpaduxa Gynkuun .Yactu rpaduka

Gynkiuu ¥~ ¥ 1 pacnonoxkeHHble HEXKE OCH a0CIHCC, 3epKaJbHO OTPassTCs W OymyT
PACIIOJIOKEHBI B BEPXHEH MOIYILIIOCKOCTH.
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IIpakTuyeckas padora Ne9

Tema 2.6: Onucanue NMPOU3BOJCTBEHHBIX IMPOIIECCOB C IIOMOIIBIO IPaGUKOB (PYHKITUIH
Henab: Hayunthcs npuMeHATh QYHKIUU U UX Tpa@UKU B peuIeHUH MpodeccnoHambHbIX
3a1a4y

TeopeTnyeckas 4acThb:

[Iyte k mosBICHHUIO TOHATUSA (DYHKIMU 3a0kuiau B 17 Beke (paHIy3CKHE YYCHBIC
®pancya Buer um Pene [lekapr; oHu paspaboranu eauHyH0 OYKBEHHYIO MAaTeMaTHYECKYHO
CUMBOJIMKY, KOTOpasi BCKOpE IMOIy4Ymjia BceoOlee TNpu3HaHWe. BBeneHo OBUIO eauHOE
0003HaYeHHE: HEU3BECTHBIX - MMOCIETHUMHU OYKBAaMU JIATUHCKOTO alihaBUTA - X, Y, Z, U3BECTHBIX -
HavYaJbHBIMH OyKBaMH TOTO ke andaButa - a, b, ¢, ... u T.4. [loxg kaxmoii OykBOil cTano
BO3MOJKHBIM IIOHUMATh HE TOJIbKO KOHKPETHBIE AAHHBIE, HO U MHOTME JPYrue; B MATeMaTHKY
MpHIILIA Ujes U3MEHEHUs. TeM caMbIM TOSIBUIIACH BO3MOYKHOCTh 3aITUCBHIBATh 00ITHE (POPMYIIBL.

Kpome toro, y [ekapra u @epma (1601-1665) B reomerprueckux paboTax MOSBISIETCS
OTUYETIMBOE MPEICTABIICHUE IEPEMEHHON BEJIMUUHBI U MPSAMOYTOIBHON CUCTEMBbl KoopauHat. B
cBoeit «['eomerpun» B 1637 rony Jlekapt naet moHsTHe (GYHKINH, KaK U3MEHEHHE OpPIHHATHI
TOYKH B 3aBUCHMOCTH OT U3MEHEHHUS €€ a0CIMCChI; OH CUCTEMAaTHYE€CKH paccCMaTpUBall JHUIIb TE
KpUBBIE, KOTOpPbIE MOKHO TOYHO HPEACTaBUTh C IOMOLIBIO YPAaBHEHUN, MPUTOM
MPEUMYIIECTBEHHO anreOpandeckux. [locTeneHHo nmoHsTHEe (DYHKIUU CTAIO0 OTOXIECTBISTHCS,
TakKUM 00pa3zoM, ¢ MOHITHEM aHATUTUYECKOTO BBIPAXKEHUS (DOPMYIIBI.

Uro takoe pynkuus? PazHble yueHbIe BBIIBUTAIN pa3HbIe MbICITH. HO MbI OCTaHOBUMCS Ha
onpeneneHun @OyHKIMEH HA3bIBAIOT COOTBETCTBHE, MPU KOTOPOM Ka)XJAOMY DJIEMEHTY W3
MHOeCTBa X COOTBETCTBYET €IMHCTBEHHOE 3HaueHHEe U3 MHOXecTBa Y. [lpu aToM ayieMeHT u3
MHOXkeCTBa X Ha3bIBAlOT apryMEHTOM, a 3JIEMEHT W3 MHOXXECTBa Y Ha3bIBalOT 3aBUCHUMOU
nepeMeHHON.  DYHKIHS - OJIHO U3 OCHOBHBIX MaTEMAaTUUECKUX U OOIIIEHAaYYHBIX MOHITHI. OHO
CBITPAJIO ¥ MIOHBIHE UTPaeT OOJBIIIYIO POJIb B MO3HAHUU PEAIbHOTO MUpa. DYHKIIHS 3TO HE TOIBKO
MaTeMaTU4YeCcKoe MOHATHE, HO U: QYHKIUSA 3TO paboTa, MPOU3BOIUMAs OPTAaHOM, OPTaHU3MOM;
pOJIb, 3HAUEHHUE Yero-In00; QyHKIMS B MAaTEMaTUKE 3TO 3aKOH 3aBUCUMOCTH OJTHOW BETHUHUHBI OT
JIpyroi; GYHKIMS 3TO BO3MOXHOCTb, OIIIMS, YMEHHE MPOrpaMMbl WK MpuOopa; GyHKIUS 3TO
00s13aHHOCTh, KpPYT [A€ATeNbHOCTH; (GYHKIMS TEpCOHa)xka B JIMTEPATypHOM MPOU3BE/ICHUU;
(GYHKIHMS 3TO BUJ TOANPOTrPAMMBI B HHPOPMATHKE COLIMaIbHas (QyHKITHS.

Kaxxnas ob6macte 3HaHMii: Qu3nKa, XUMHsI, OUOJIOTHS, COLIMOJIOTHSI, TUHTBUCTUKA UMEET
CBOM OOBEKTHI M3YYCHHS], YCTAHABIUBAET CBOMCTBA U, UTO OCOOCHHO Ba)KHO, B3aWUMOCBSI3U ITHX
00BEKTOB.

B paznmuuspix Haykax W 00JIacTAX  YEIOBEUECKOW JIEITEIbHOCTH  BO3HUKAIOT
KOJIMYECTBEHHBIE COOTHOILICHHUS], © MATEMATUKA U3Y4aeT UX B BUJI€ CBOMCTB YUCE.

MaremMatrka cO3/1a€T YCIOBHS ISl PA3BUTHS YMEHUS MPUMEHSTh TEOPETUUECKUE 3HAHUS
JUISL pEIlIeHUs] MPAKTUYECKUX 3a]a4, OPUEHTUPOBATHCS B OKPYKAIOIIEH HAC AEMCTBUTEIBHOCTH.
Ham kaxercs, uTo ¢GyHKIIMOHAIBHBIE 3aBHCHMOCTA MOTYT KacaThCsi CaMbIX Pa3HOOOpPa3HBIX
ABICHUM TpUPOABI U OKpyxXaromieil cpenbl. Kaxaomy uenoBeKy B €ro MNOBCEIHEBHOM
MPAKTUYECKOU JEATETPHOCTH MPUXOJUTCS MPUMEHSATh MPAKTHUYECKUE TTPUEMBbl TEOMETPUUECKHUX
WU3MEpPEHUI U TIOCTPOCHUH, YUTaTh UH(OPMAIIHIO, TIPEICTABICHHYIO B BUAE TAOJHUII, UArpaMM,
rpa¢ukoB. be3 KOHKpETHBIX MaTeMaTHYECKUX 3HAHUU 3aTPYAHEHO NMOHWMAHHUE U BOCIIPHUSATHE
HAyYHBIX 3HAHWM, pa3sHOOOpa3HOM  COLMAIBHOW, OSKOHOMHYECKOH, TEXHOJIOTHYECKOMN
uH(pOpMaLIUH.

CBo0OoIHOE BiIaJIeHUE TEXHUKOW MOCTPOCHHSI TPa(UKOB YACTO MIOMOTAET pPeliaTh MHOTHE
3aJ1auu, a MOPOH SIBJISIETCS] €CTECTBEHHBIM CPEJICTBOM UX peIIeHus. MaTeMaTHKa sSBIsSeTCS sI3bIKOM
pa3INyYHbIX 00JacTel HAYKH U HAIeH KU3HU.
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DKOJOru4ecKre MpoOIeMbl SBISIOTCS TJIOOATBHBIMH MPOOJIEMaMH YEIOBEYECTBA, BCEX
CTpaH HE3aBUCUMO OT pa3MepOB TEPPUTOPHUH, YUCICHHOCTH HACEICHHUSI, YPOBHS SKOHOMHUYECKOTO
pasButus. C GpyHKIMEH MBI BcTpeyaeMces Kaxblid eHb. [Ipumep:

[] exxeIHEBHAs TEMIIEpaTypa Ha yJIHIle eCTh QYHKIIUS OT BpeMeHU. B 0/1HO U TO ke Bpemsi
TeMIIepaTypa He MOKeT MPUHUMATh 00Jiee OHOTO 3HAYCHUSI U OBITh OTHOBpEMEHHO -30 1 -45.

[J [Toxox B marazuH. CTOMMOCTh OKYITKH BO3PAcTaeT ¢ POCTOM KOJMYECTBA TOBAPOB.

CriocoOb1 3a1aHus PYHKITUH.

[0 AHAJIMTHYECKUMH,

1 I'paduueckuii,

00 TabauuHbIH,

[ CJ10BECHBIH.

Ananmutnyeckuid. CaMbIil pacIpOCTPaHEHHBIM CIIOCO0, PH KOTOPOM (PYHKITHS 3adacTCs
dopmynoli, ycTaHaBIMBAIOIIEH, KaKUe BBIYMCIUTENbHBIC ONEpallMi HAA0 MPOU3BECTH HAX X,
4TOOBI HANTH Y.

I'paduueckuii. I'paduueckuii crrocod COCTOUT B MPOBECHUN JIUHHUH, Y KOTOPOI aOCIIUCCHI
M300paxkaroT 3HAUEHUSI apryMEHTa, a OpJMHATHl — COOTBETCTBYIOIINE 3HAYEHUSI PYHKIUU. DTOT
C10co0 MO3BOJISIET HAIVIAIHO MPEACTABUThH (DYHKIIMOHATIBHYIO 3aBUCUMOCTh

Tabnuunerii. [Ipu Tabnuunom crnocoOe 3ananus QYHKIMS 3a7aeTcs B BHUJIE TAaONUIbI, B
KOTOpPOM JUIsl KaKJI0OTO 3HAYEHHs apryMEHTa YKa3bIBaeTCs COOTBETCTBYIOILEE €My 3HAUEHUE
byHKIIUN

CnosecHblil. C IOMOIIBIO CIOBECHOTO ONHUCAHUS.

[IpumeneHne TMHEHHON (QYHKIIMH MPOCIEKUBACTCS MPAKTUYECKH BO BceX cdepax Haien
#u3HU. [IpuMeps! TMHENHON QYHKIIMY B KU3HU:

[JPacuer B Mmara3mHe 3a KyIUICHHBIE TOBaphl. Bce MBI coBepiaeM MOKYIKH, YTOOBI
YIIOBJIETBOPUTH CBOU MOTpeOHOCTH. UeM OoibIie MBI KYITUM BeIIei, TeM OOJIbIIEe MBI 3aIUIATHM
3a MOKYTIKY.

UTlotpeb6ienue 3meKTpodHepruu. AGCOIIOTHO BCE MOJIB3YIOTCS deKTponpudopamu. OHI
HOTPEOIIAIOT SHEPTUto. YeM J0JIbIe MBI UCTIONIb3YEM IEKTPOIIPUOOpPHI, TeM O0JIbIIe TOTpedIsieM
sHeprun. COOTBETCTBEHHO M IJIATUM OOJIbIIIE. DTa 3aBUCUMOCTD BhIpakaeTcs popmynoit [I=k*N,
/i€ K- CTOUMOCTh OJTHOTO KHJIOBaTT-4aca, N- KOIMYECTBO YacoB.)

(/B Dxonomuke. PaboTHHKYM MOTyYaroT 3apIuiaTy | €€ OHU IUIATAT O0J0XOAHBIN HAJIOT.
W yem Ooubllie HauMCICHHAs 3apIuiaTa, TeM OOJbIe BENIWYMHA MOJOXOMHOT0 Hanora. /laHHbie
BEJIMUMHBI CBsi3aHbl cienyromei popmynoit: [TH=0,13*D (ITH- BennunHa noJ0X0IHOTO HAJIOTA,
D- BenmnuuHa 10x0/1a).

[J Ilorpe6nenne mumnm. Bcem He0OXOIUMO €CTh, UTOOBI Y HAC OBLTU CUJIBI U DHEPTHS TS
paboThl. DTy PHEPTUIO MBI MONlydaeM U3 efbl. Uem Oolblle Mbl ChEAUM, TeM OOIbIIE YHEPTUH
MOJIyYUM.

[J IIpoBepka 3nanmii. Korja Mpl yuumcs, Mbl y3HaeM 49TO- TO HoBoe. Ho HeoOxoamumo
MEePUOIUYECKH TTPOBOJIUTH MPOBEPKY TOTO, KAK MBI BBIYYHJIM MaTepuai. 3a 5TH MPOBEPOYHBIC
paboThl HAM CTaBIT OIleHKU. YeM Ooubliie onrnboK B paboTe, TEM HHKE OIICHKA.

(1 JIBmwxeHue (U3NYECKOTO Tejla C MOCTOSIHHOM CKOpOCThIO. BeceM HaM mepuoamyuecku
MPUXOAUTCSA OBITh YYaCTHHKAMH JABW)KEHHs. PaccTossHME TpH JABHKEHHH C TOCTOSTHHOMN
CKOPOCTBIO 3aBHCHUT OT BPEMEHH JBIKCHHUSI, YEM JIOJIBIIIE MBI HAXOJUMCS B ITyTH, TeM OoJIbIliee
paccrosiHue mpoiineM. JlaHHbIE BENWYMHBI CBS3aHbBI clieayromiel popmMynoit: S=vt (v- CKOpOCTh
JIBKCHUS, t- BPEMSI IBIDKCHUS ).

Bo Bcex mnpuBeAeHHBIX NpHUMepax Mbl HaOMIogaeM IUHEHHYI (QyHKIU0. MHorue
peaNbHBIE CHUTYallMd OINHKCHIBAIOTCS MAaTEMAaTUYECKUMH  MOJCTSIMU, TPEACTABISIONIUMA
TUHEHHYIO (QYHKIIHIO.

KBanpatuunas ¢QyHkuus sBisercs HaumOojiee XOpOUIO H3Y4YeHHOM (yHKIueH, oHa
JIOBOJIBHO YacTO BCTpedaeTcss Ha mpakTuke. OHa HAXOAWUT IIUPOKOE MPUMEHEHHE B Pa3HBIX
pa3zenax MareMaTHK{, U IPYrux oOjacTax Hayku. lIMeeT TeopeTHUecKylo U MPaKTUYECKYIO
3HAUYMMOCTh. Belb TOUTH BCe, YTO OKPYXKAeT YeIOBEKA TaK WJIM MHAYE CBSI3aHO C MapaloIIoi.
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Xopomo HM3BECTHO, YTO TPACKTOPHS KaMHs, OpOIIEHHOrO IMOJA YIJIOM K TOPH30HTY,
aetsimero (QyrOéOJIbHOTO Msi4a, CTPYHM BOJbI, BBINYIIEHHOW W3 UUIaHTa, M[apallioTHCTa,
BBINPBITHYBIIETO M3 TOPU30HTAIBHO JIETAILIETO CaMoJIeTa, apTH/UIEPHICKOTO cHapsga, Oyaer
napaboioil (Mpu OTCYTCTBHM COINPOTUBIICHHUS BO3Ayxa). VI3BECTHO Tak)Ke, YTO MHOTHE 3aKOHBI
IIPUPO/IbI BBIPAXKAIOTCS B BUJIE KBAIPATUYHON 3aBUCUMOCTH.

[] 3ameuarenbHOE CBOWMCTBO MapaloJibl HIMPOKO HCIOJB3YETCsl B HayKe M TEXHUKE,
Hanpumep, nmapadoaudeckas apka; CBOJl MOCTA.

CBoiicTBO MmapaboNMMUecKux 3epKall UCHOIB3YIOT MpPU KOHCTPYMPOBAHUHM COJHEUYHBIX
neveid, COJTHEUHBIX AMEKTPOCTAHIINM, OTPaKaTeIbHBIX TEJIECKONOB - pe(IEKTOPOB.

Pemenue 3aganmii:

Nel. IIpousBoactBenHas QyHkius ¢upmsl umeer Bua: Q=5XY. llena eauHuIs!
pecypca X= 10 py6., emuaumsl pecypca Y = 20 pyo. dupma pacromaraet JAeHEKHBIMH
cpeactBaMu B pasmepe 40 TbIc. py0. Omnpeaenure MakKCUMalbHO BO3MOXKHBIM 00BeM
IIPOU3BO/ICTBA.

Pemenne: MakcMMM3UpOBATh BBIMYCK IPH JAHHBIX H3IEpKKaxX MO3BOJSET MpsmMas
paBHBIX U3nepxKeK, i n3okocta C = Px X X+ Py x Y. [loxcTraBisis ucxoiHbIe TaHHBIE, TOITYIUM
ypaBHenue: 10X+20Y=40000. Haxonum u3 ypaBaenus X=4000-2Y. IloacraBum 3170 3HaUeHHE B
3amanHoe ypasHeHne Q = 5XY. Iomygaem Q= 20000y-10y* OyHKINS COBOKYITHOTO MPOIYKTa
JIOCTUTaeT MaKCUMyMa, Korja (QyHKIMsS TNpeAesbHOro mnpojaykra paBHa Hymo MPx= 0.
[IpenenbHBI TPOAYKT €CTh MepBas MPOU3BOJHAS COBOKYIHOI'O MPOJYKTa MO MEpEMEHHOMY
dakropy. MPx = Q’ (X). MPx = 20000-20Y= 0. Otcroga Y=1 000, X=2 000.

Torma makcuMambHO BO3MOXHBIM 00beM mpousBojactBa Q = 5 XY =10 muH. en.
HPOAYKIUH.

No2. [TpeanpuHUMAaTENb OCYIIECTBIAET MPOMBIIIUIEHHOE TPOU3BOJICTBO HA KOHKYPEHTHOM
PBIHKE B palioHe, I'/le JOCTUTHYTA MIOJIHAS 3aHATOCTh. [Ipy 3TOM UMEIOTCS CIeAyIOLIUE TaHHBbIE:
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Yucno paboTaromux CTAaHKOB 112 |3 (4 |5 |6 |7 |8

Brlmmyck npoayKmuu B ThIC. IIT. 6 (15 |23 |30 |36 |42 |46 |48

[Ipn kako¥l cTeneHW 3arpy3Kd CTAaHOYHOTO Tapka OYyJeT JOCTUTHYT C TOYKH 3pEHUs
IpeIpUHUMATENS ONITUMAIbHBINA 00BeM MPou3BoACcTBa? ByeT u oH TakKUM K€ C TOUKH 3pEHUS
oOuiecrBa?

Neo3. TloacunTaiiTe cpeHUNA U TPEACIBbHBIA TPOTYKT (PUPMBI.

Yucno CoBOKyIHBIN Cpennuii IIpenenbubii
pabouux L | mpomykt TP npoxaykt AP | mpoxykt MP
1 30

2 70

3 100

4 120

5 130

Ned. 3amomnuTe MPOMYCKH B TAOIUIlE, OTPAXKAIOIIME 3aBUCHMOCTH PE3yJbTaTHBHOCTH
MIPOU3BOJICTBA OT 00BEMA HCIIOIB3YEMOTO TPY/a.

O6wem | O6beM 1;5 g;;;:;HHﬁ ggs;;lff

TLPYIla gﬂnycxa pyna pyna
MPL APL

1 1000

2 1000

3 2790

4 610

5 770

Neo5. IlpenenbHas HOpMa TEXHMYECKOTO 3aMEIllEHUs TpyAa KamurtajioM paBHa 2. g
o0ecrieyeHns MpexHero o0bemMa MPOU3BOACTBA MPOIYKIMU MPU COKPAIIEHUH HCIOIb30BAHUS
TpyZa Ha 4 eJUHMIIBI HAa CKOJIBKO €AMHUI] HEOOXOIMMO YBEJIUYUTh KalluTam?

No6. 3amoHUTE TAaOIUITY MPOU3BOICTBEHHBIX TTOKA3aTEIICH!

KoJ-Bo eqnHuI TP | MP | AP
pecypca, L

1 4

2 7
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Ne7. 3amonmnute mpomycku B TalNMIEe, OTpaXkarolled 3aBUCUMOCTb Pe3yJIbTaToOB
IPOM3BOJICTBA OT 00bEMA NCIOIb3YyEMOT0 KaluTaa:

ﬁOH-BO eIMHHMLL pecypea, | - |\ | Ap
1 10
2 22
3 36
4 11,5
5 55
6 63

Ne8. Ilycth TeXHONOTHSI HEKOTOPOTO IMPOU3BOJCTBEHHOrO Ipoliecca 3aqaHa (yHKIIHeH
Q=10KL. Ha npousBoicTBe 3aHATO 5 4enoBeK. Tpedyercss OlEeHUTh HOPMY 3aMEIICHUsT OJJHOTO
paboTHUKA JOMOIHUTEIBHBIM KOIMYECTBOM 000PYIOBaHUS, YTOOBI 00BEM BBIITyCKa COXPAHSIICS
Ha ypoBHe Q = 500 ez. mpoAyKIMU B ACHb.

Ne9. ITpousBoacreennas pynkuus Gupmer umeet Bua: Q=5 XY. Llena equHuis pecypca
X = 10 py0., enununbl pecypca Y= 4 py0. Kakoe coueranme pecypcoB oOecmeuuT Qupme
MaKCHUMaJbHbIA 00BEM BBINTYCKA, €CIH 3aTpaThl HAa MpuoOpeTacmbie (HAKTOPHI MPOU3BOACTBA HE
nosxHbl pesbiath 5000 py6. B cMeny?

Nel0. UmxenepHoit Mepoit 3¢(hEKTHUBHOCTH MAIIMHBI SIBISETCS OTHOIICHHE BBIMYCKa
PHEPruu K ee 3arpaTtam. [Ipeamonoxum, UMEIOTCs ABE MAalIMHBI, NepBas — ¢ 3(pPeKTUBHOCTHIO
10%, BTOpas — 20%. MoxeT 11, ¢ SKOHOMUUECKOW TOUKH 3pEeHHs, NepBas MalluHa ObITh OoJiee
3¢ (deKTUBHOM, ueM BTOpasi?

Nell. TexHonorust HEKOTOPOH PUPMBI TAKOBA, YTO COOTHOIIIEHUE MEXAY 3aTpaTaMH TpyAa
U Kaluranaa JOJDKHO ObITh cTporo (ukcUpoBaHHBIM: 1 crtaHOk - 3 paOoTHHKa. Pecypcsbl
IPOM3BOJICTBA HE SABISIOTCSA B3aUMO3aMEHAEMBIMH, TIO9TOMY U30BITOYHOE KOJIMYECTBO JIFOOOT0 U3
pecypcoB He MOBBIMIAET BbIMycK. JlomycTum, uto (upMma apeHaoBajia Ha Mecsll 4 CTaHKa.
Mecsunas craBka 3apmiatsl 900 ef., MmecsiuHas apeHHas miarta 3a ctaHok 300 ef., ieHa e IMHUIIbI
npoaykuuu (UKCUpOBaHA W paBHa 15 en. 3a JeHb C OJHOTO CTaHKAa CHUMAaeTcs 15 eauHuIl
npoaykiuu, a B mecaue 20 pabouux aned. Ompenenute 00beM NPOU3BOJCTBA, (PUHAHCOBBIN
pe3ynbTat (MpuoObLIb WK YOBITKH) B JAHHOM MECSIE Y PUPMBI.

Nel2. JIBurasch co cKopocThio V=3 mM/c, TpakTop Taumt canu c cuinoil F=50 kH,
HAIpaBJIEHHOW IO OCTPHIM YIJIOM 0. K TOPU30HTY. MoOIIHOCTh, pa3BUBaeMasi TPaKTOPOM,
Beruucisiercs mo gopmyne N=Fvcosa. Haiigute, mpu kakom yrie o (B rpaaycax) 3Ta MOITHOCTb
Ooynet 75 kBT.

Nel3. Ha pucynke wuszoOpaxeH rpaduk 3aBHCHUMOCTH KOOPAWHATHI OT BpPEMEHU
KOJIeOIIoIIerocs Tea.

VAN 7
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ITo rpaduxy onpexnenure: 1) ammuTyny kojeOaHuif; 2) nmepuosa kKonedaHui; 3) 4acToTy
KoJieOaHuit; 4) 3anmuIIMTe ypaBHEHHUE KOOPIUHATHI.

Nel4. 'apmonmnueckoe KonebaHue OMUCHIBACTCS YPaBHEHHEM

9 ain cin (T )
x=2smsn(st+—-) . .
- 4/ Yemy paBHBI LMKIMYECKas 4YacTOTa KojeOaHWM, JUHeiHas

4acToTa KoJiebaHui, HavasibHast (a3za KojJeOaHu?

Nel5. Ectb MruoBenHast ¢potorpadus BOJIHBI B PE3HHOBOM IIHYPE.

Omnpenenure: 1) nauHY BOJHBL; 2) aMILTUTYly KOJIeOaHU YaCTHYCK ITHYpa.

Nel6. Ilo mpencraBieHHOMY TpaduKy OINPEACIUTE aMIUIUTYAY W TEPHOJ KoJeOaHui
HUTSIHOTO MasiTHUKA.

X, cm 4

1 % 7%
0 >
2\ tc

’

-1

Nel7. Tlo ypaBHEHHIO TapMOHWYECKHUX KOJEOAHHI OINpEeAesUTh aMIUIUTYAY, YTIOBYIO
CKOPOCTb, MIEpUO]I ¥ YacToTy. HauepTuTs rpadvk 1aHHOTO rapMOHUYECKOTO KOIeOaHusl.

1) x =15 sin 3nt

2) x = 8 sin /3t

3)x =10 sin zt

Nel8. HekoTopast Touka ABIKETCS BIONb OCH X IO 3aKOHY X = a sin’ (ot - m/4).
Haiitu: ammutyay u nepuoa kojiebaHuit; n300pa3uth rpaduk X (t).

Nel9. Hamummte ypaBHEeHHE rapMOHUYEecKUX KonebaHui, ecnu vacrora pasHa 0,5 I,
amrmutyna 80 cMm. HauanpHas asza xonebanuii paBHa HYIIO.

IIpakTnyeckas padora Nel0
Tema 2.8: [IpocTeiiimrie TPUrOHOMETPUYECKHUE YPABHEHUS.
Henb: HayunThcs pemars mpocTeillline TPUTOHOMETPUYECKHE YPABHEHUS C IOMOIIBIO
TPUTOHOMETPHUUECKOTO KpyTa.

TeopeTnyeckas 4acThb:

Ilycts a — Hekoropoe uuncio. Ilpocreiimine TpUroHOMETPUUECKUE YPAaBHEHUS — 3TO
ypaBHEHUs CIEAYIOIMX BHJOB: COS X = a, Sin X = a, tg X = a, ctg X = a. PemmTh mpocreiiniee
TPUTOHOMETPUUECKOE YPABHEHHE — 3TO 3HAYUT ONMCATH MHOYKECTBO 3HAYEHHMH NEPEMEHHOM X,
JUTSI KOTOPBIX JJaHHAsi TPUTOHOMeTpUYecKas (pyHKIMs IPUHUMAET 3a/laHHOE 3HaYeHue a. Pemienue
JT1000T0 TPUTOHOMETPHUECKOTO YPAaBHEHMS CBOJIMTCS, KAaK MPAaBHJIO, K PELICHHUIO OJHOTO WU
HECKOJIBKMX IPOCTENUIINX TPUTOHOMETPUYECKUX ypaBHEHUN. [IpocTeiinme TpuroHoMeTpuiecKme
ypaBHEHHSI MBI OyZIeM pelaTh ¢ IOMOIIbI0 TPUTOHOMETPHUUECKOM OKPY>KHOCTH.

1) YpaBHeHue cos X =a
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HanomMHuM, 4TO 10 OIpeesIeHUI0 COS X — 3TO abclucca TOYKH X TPUTOHOMETPUYECKON
OKPYKHOCTH, KOTOpasi OTBEYAET YIIIy X. DTOr0 JOCTaTOYHO JJIsi PACCMOTPEHHUSI YPaBHEHHSI COS X
=a. Eciim a> 1 nnm a <—1, TOo ypaBHEHUE COS X = a HE UMEET pelleHuil. B camoM aene, kocuHyc
HE MOXET MPUHHUMATh 3HAYCHUM, MO0 MOJYJII0 MpeBocxoasmux enuHuny. Ecnu xe |a| < 1, To
YpaBHEHHE COS X = a IMEET PELICHHs, MPUIEM perieHui OyneT 6€CKOHEYHO MHOTO (BCIOMHUTE
MPebIAYIYIO cTaThio «O0paTHBIE TPUTOHOMETpUUYECKUE QYHKIUI»: IpsiMasi Y = a MepecekaeT
rpaduk GyHKIHH Y = COS X B OECKOHEYHOM MHOXKECTBE TOUECK).

2) YpaBHeHHeE sin X = a

Jlnist paccMOTpeHHs YpaBHEHUS Sin X = a JIOCTaTOYHO OMpEJENICHUs] CHHYca: Sin X — 3TO
OpIMHATa TOYKH X TPUTOHOMETPUYECKOM OKPYKHOCTH, KOTOpasi oTBevaet yriay x. [lpu a > 1 unu
a<—1 ypaBHEHHE Sin X = a HE UMEET PELICHHIA, TOCKOJIBbKY CHHYC HE MOKET IPHHUMATh 3HAUCHHH,
10 MOJTYJIIO MpeBOCXoAsAIuX equuuiy. Ecnu xe |a| < 1, To ypaBHeHHeE Sin X = a UMeeT OECKOHEYHO
MHOTO peIIeHUH (CHOBa BCIOMHHUTE CTaThio «OOpaTHBIE TPUTOHOMETPHUYECKUE (DYHKIHI:
npsiMasi y = a rnepecekaeT rpaguk GyHKIUU y = sin X B 06CKOHEYHOM MHOXKECTBE TOUYEK

3) YpaBHeHue tg x = a

BcrnomMHuM, 4TO TaHreHC MOXET NPUHUMATh JIOOble 3Ha4YeHHs (00JIacTh 3HAYCHHIA
¢GyHKIMM Y = tg X ecTb Bc€ MHOecTBO R). Crasno ObITh, ypaBHEHHE tg X = @ UMEET PEIICHUs IIPU
mo0oM a

4) YpaBHeHue ctg X =a

VYpaBHeHHeE ctg X = a MOXHO HE pacCMaTpUBaTh OT/EIbHO, TOCKOJIbKY:

— ypaBHeHue ctg x = 0, Oyayuyu 3amucaHo B Buie cos x/ sin x = 0, paBHOCHIBHO
ypaBHEHHIO cos X = () ¥ MOTOMY UMeeT peleHus X =1 2 + 7n (n € Z);

— npu a #0 ypaBHEHHE Ctg X = a paBHOCWJIbHO YpaBHEHHIO tg X = | a U mOoTOMy HMeeT
pemienus x = arctg 1 a +zn (n € Z).

Penrenue 3aganuni:

| =

Mpumep 1. PEWWTE YDABHEHME SN X =

PeleHune. HapuoyemM TRMIOHOMETRWYECKMIA KPYT. HAC MHTERECYHOT TOUYKK, Y KOTOREIX

KOOPOWHaTa No BE'[:ITHKEI,"II:HEII::I OCK pagHa —. Taxux ToHek gge. B I'IEpBDlﬁ HETEBELDTIK 3TO

It | =

an

6
TOrQ, MCOMXHC I'I[’JUI;ITH HECKONBKO NOMHBIX OG0ROTOR M3 3THX ABYX TOYEK, 4TO 08T

kg . )
TOMEG, Oak0ULaA yran E, MO3TOMY BO STOROW YETBELTH YION SyaeT @ — E = CKpome

o iT Sal -
OKOHUYATENRHRIA OTEET X = E + 2k, ke Fx = ? +2za.n e £.
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5
OTEET: & —%—i-’l;'rk,k e x= ki + 2rnn e £,

OTMETMM CRA3Y, UTO Sil X W COS X BCEra HAaxogaTCa B npomexyTre | —1: 1], noatomy,
ECNK 3 NPas0i YacTi NoQoSHOTO YPABHEHWA HANWCAHO YMCNO HE 13 3TOMQ NPOMEXYTKE, TO
YPEBHEHME HE MMEST KOPHER.

Mpumep 2. PelumTe YDAaBHEHWE COS X = ———.

Fa

PelleHWe. Hapuoyem TPUFOHOMETRMYECKMIA KPYT. HAac MHTERECYHOT TOYKK, Y KOTORBIX
2
KOOPAMHETA MO TOPU3OHTANLHOM 0CW PasHa — —_—. Takyx To4ex ABe. Bo BTOPONA HeTBEpTH

In 37

J . i
3TO TOUK3, AAI0WIAA yron — -, MO3TOMY B TPETbe/ HeTBepTH yron ByaeT - Kpome Toro,
MOKHO MPORTI HECKOMBKO NOMHEIX OS0P0TOR W3 3TVX JBYX TOYEK, Y4TO AaET

311
OKOHYATENEHBIA OTEET X = =T +2ml, ke £.

3

7
OTEET: ¥ = :Tl + 2ok, ke £.
Mpumep 3. PelunTe ypaBHeHKe fgx = |,
T
PelueHne. Ha NpoMexyTHe [_E; E] TAHIeHC NPWHMMAET BCE 3HAYEHWA POBHO N0 QOHOMY

i1 .
pazy (HyXKHOE Ham Npu x = Z]' Kpome Toro, OH NEPUOANYEH C NEPUOAOM T, YTO AaET

" T
QOKOHYATENBHRIWM OTBET X = Z + k. k € Z.

OTBeET: X = ;l;,{TE +2rk. ke Z.

Mpumep 4. PeluvTe ypaBHeHWe sin 3x = L.

PelweHWe. C NOMOLLbKD TRMIOHOMETRMYECKOrD KDYTa Halasm 3HaqveHwre 3x. Hac
WHTERECYIOT TOYKM, Y KOTOPLIX KOOPOWMHATE N0 BEPTUKaNsHOM OCK paBda 1. 3To Touka,

?r ~ -
AakoWaA yron = KponMe TOMD, MOHD NPOMTA HECKCONBKO NONHEBIX CROPOTOE M3 HEE,

Fa

nostomy 3x = — + 2xk.

3|
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A&

f/f \ﬁ‘
N

OCTAETCA NOOENWTE 058 YacTM YDABHEHIMA Ha 3, 4To 02ET OKOHYATEMbHEIA OTEET

k3]

s 2k
X=—+ =i
0 3
x  2xk

=

+

OTEeT: x = — +
5] 3

IIpakTnyeckas padora Nell
Tema 2.8: IIpocreline TPUroHOMETPUUECKHE YPABHEHUS.
Iean: HayuuThcs pemaTs npocTeiime TpuroHOMETpUYECKHE YPaBHEHHS ITPU TOMOILU

dbopmyL.

Teopernyeckas 4acThb:
IIpocTeiilMMy TPUTOHOMETPUYECKMMH YPABHEHUSIMH HAa3bIBAIOT YPaBHEHUS BUA:
sinx=a, cosx=a, tgx=a, ctgx=a.
IZie & — IPOU3BOJIBHOE YUCIIO.
Pemiennie ypaBHeHus Sin X = a

OO0bryHas popMa 3aITUCH PEIICHUS = [—l)n arcsin g + 7, e £

bonee ynobnas ¢popma 3anucu X = aresin ¢ + 2an, n e Z,

perIeHust X, =—aresin a+a+ 2an,ne Z

a g[-11] N
OrpaHuYeHHs Ha YHCIIO a B ciyuae, korga "1, ypaBHeHUE penieHnii He
HMEET

Pemienne ypaBHEHUs COS X = a

OO6bIyHast popma 3aUCH perIeHUs x=tarccos g+ 2w, ne L
Bonee yno6uas ¢popma 3anucu X = areeos ¢ + 2w, n € Z,
peIICHUA x,=—arccos g+ 2an,ne 2
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ae[-11] N
OrpaHpIquH;[ Ha YHCJIO a B cJiydgac, Korga * , YPAaBHCHHE PCHICHNUU HE
uMmeer

Pewenne ypaBaenust tg X = a

OOGbrunast hopMa 3aMiCH PELICHHS: r=arctga + WL, nEZ

x; = aretg a+ 2An,ne 2,
Bonee ynobnast popma 3anucu perieHus
x,=arctg a+a+dan,ne s

OrpaHuyeHus Ha YUCio a OrpaHuyeHuii HeT

Pemenue ypaBHeHus Ctg X = a

OObI1uHas Gopma 3auCH peLeHUs x=arcctg a+ L nE L

x; = areetg a + 2mmn, ne 2,
Bbonee ynobnast popma 3anucu perieHus
x,=arcetg a+ A+ 2an,ne X

OrpaHudeHus Ha 4UCIIo a OrpaHuyeHuii HET

UACTHbIE C/TYYAN
NpPoOCTeMLInX TPUrOHOMET PUYECKNIA YpaBHEHUN

T
sinx=—1ﬁx=—5+21m,nEZ cosx=—-1eox=-n+2mmnec’z
T
sinx=0x=mnec’Z cosx=0@x=§+7m,nEZ
sinx:lﬁx:l—r.}.zmjnez cosx=1ex=2mmn€zZ

Penrenne 3agannii:

1) Pemenue ypaBHeHust SIiNX = a

|’ YpaBHeHue PeweHne

sinx=-1 x=—%+2m,rzEZ
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I
n=—-—+2dmn,nez,
3

SN =——— An
,=—+2mn,nes

3
I1=—E+2TLF’I,?‘IEE,

. 1 4

smxz—T s
2 ,=—+2dm,nes

4
I1=—E+2TLF’I,?‘IEE,

. 1 6

51nx=—5 —
,=—+2dim,nes

6

sinx=0 {=7,REZ
x1=g+2:lm,ne.2’,
SInX =—

5n
I2=?+2WI,FI =y

I
x1=1+2:|m,rze.2’,

3n
I2=?+2WI,FI =y

SINX =

7
x1=§+2:rm,n =P

in
X,=—+2an,nes

3

. i
sinx=1 JC=E+2?I.F’I,P‘IEZ

2) Pemenne ypaBHeHus: COSX = a

|’ YpaBHeHue

PeweHue

cosx=-1
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x1=%+2m,neﬁ,
CO5L=—— 570
L,=——+2mw,nes
6
x1=3—n+2m,neﬁ,
1 4
cosxz—T .
2 L,=——+2mw,nes
4
xlzz—n+2:lm,n €7,
1 3
CGSJC=—E 2
L,=——+2mn,ne s
3
i
cosx=0 x=E+1m,rIEZ
x1=g+2:lm,ne.2’,
COSXY = —
T
X,=——+2W,neZ
3
x1=E+2:|m,rzeZ,
1 4
T
2 X,=—-—+2m,nes
4
x1=g+2:lm,ne.2’,
COSY = —
T
,=—-—+2dm,nes
i}
cosx=1 Xx=2mi,ne

3) Pemenne ypaBHeHust tgx = a

YpaBHeHue PewweHue
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tgx=—\E

I
n=—-—+2dmn,nez,
3

in
I2=?+2TLF’I,YIEE

tgx=-1

I
n=—-—+2dmn,nez,
4

3
I2=?+2TE‘I,HEE

1
tgx=——+
J3

I1=—E+2TLF’I,?‘IEE,
0
57
I2=E+2TE‘I,HEE

tgx=20

X=THNEZ

I
x1=g+2:lm,ne.2’,

1
tgx=—
mn
V3 X,=—+2m,nes
O
x1=E+2:|m,rzeZ,
4
tgx=1

5n
I2=?+2WI,FI =y

tgx=~.f§

7
x1=§+2:rm,n =P

4n
I2=?+2TLF’I,FIEZ'

4) Pemenne ypaBHeHust Ctgx = a

paBHeHue

PeweHue

ctgx=—\5
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x2=E+2Tm,nEE




7
Hn=-—+2m,neZ,
4

ctgx=-1 A
X,=—+2im,ne s
4
1 I1=—;—I+2TLF’I,HEE,
ctg x =— —
n
V3 X,=—+2lmn,ne s
3
T
ctgx=0 x=5+m‘1,FIEZ

Il
I1=5+2TE‘I,F’I =P

1
ctg x = —&
in
V3 I,=—+2an,nes
3
I1=E+2TLF’I,?‘IEE,
4
ctgx=1

3n
I2=T+2TB‘I,H =y

T
x1=g+2:lm,nez,

ctgx=\/§ -
x2=€+2:rm,ne,2'

IIpakTyeckas padora Nel2
Tema 2.9: [IpocTeiinme TpUTOHOMETPHUYSCKIE HEPAaBEHCTBA
Heab: HayunThes pemaTh NpoCcTeIlne TPUTOHOMETPHUYECKIE HEPAaBEHCTBA

Teoperuyeckas 4acThb: ]
MNpocTeRWKWMK TPUIOHOMETPHYECKMMIM HEP3BEHCTEAMMW H3ZbIE3HTCA HEP3BE&HCTEa EMAS
sine  a,
CosF W,
tgx \V a,
ctgr V' a,

rae ' — OOMH M3 3Hakos <, >, <, =, a € [.
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1. MpumMepsbl pelleHns NpocTenLImnX
TPUrOHOMETPUYECKNX HepPaBEHCTB

C MOMOLLBIO eAUNHNYHOW

C NOMOLLbIO rpachrkoB

OKPY>XHOCTH
y
y _1 s
P e 3 y-'z 2 N A
n—%=% _é_ N\, I 5i\ 7
o 0on
: U
\y t i
sinx>é E+21tli:<x<%’t+21tk,lazeZ
Y
2n 2n EElon
"y 3 \ 3 /\
o I/ 0 N\ v N\ ¥
N A I N y=__;_
t
cosx>—% —2?”+2nk<x<2?"+2nk,kez
Y
y=tgx

/—n _% 0 % /1t x

tgx2—1 —§+nk<x<§+nk,kez

\y=ctgx \

ofa

ctgx<\/§

%+nk<x<n+nk,kez
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Cnocobbl peLleHnd Donee CNOXHbIX TPUTrOHOMETPUYHECKNX HepaBeHCTB

a)

0)

Hemonbp30BaHMe pPaBHOCHJIBHBIX IIpeoOpa3oBaHMW W, B YaCTHOCTH,

ceedeHUue MPUZOHOMEMPUYECKO020 HepaseHcmea kK aJgzebpauyveckomy Hepa-

eeHcmaey no cxeme: 1) k o0Homy apeymenmy, 2) Kk 00HOU QyHKUUU, 3) 3a-

MeHa nepemeHHOU (aHAJIOTUYHO cCXeMe pemieHHs TPUTOHOMETPUYECKUX

ypaBHEHUIl, IpuBeAeHHON Ha c. 249) u nocaedyrnuwee peuleHue NOAYLCHHBLX

npocmetluiux mpuUzOHOMEMPUYCCKUX HEPABCHCME.

Hemoap3oBaHue MeTOa MHTEPBAJIOB

(nocae ceedernusn Hepasencmea k eudy f (x) < 0) no cxeme:

1) Haiitu O/I3 HepaBeHCTBA.

2) HaiiTu obmiuii mepuos (ecyid OH CYIIECTBYET) AJIsA BCceX (DYHKIIUI, BXOMI -
mUX B HEPaBEHCTBO, TO ecTh mepuoa pyHkmuu f (x).

3) Haiitu mynu pyaxmun: f(x) = 0.

4) Orverutrs Hyau ¢yHrmuu Ha O/I3 Ha ogHOM mepHode M HAWTH 3HAK
¢yarmuu f(x) B KakaAoM U3 MPOMEKYTKOB, HAa KOTOpbIe pa30uBaeTcd
OJI3 (Ha omHOM mepHuoje).

5) 3ammcaTh OTBeT, YYHUTHIBasg 3HAK 3aJaHHOTO HepaBeHCTBA U TIEPHO/
dyaRIIUT [ (X).

PelweHune npoaeﬂwmx TPUroHOMeTpU4eCKNX HepaBeHCTB B obuem Bnae

3HayeHus a PelleHne

1. HepaBencTBo sin x > a

-1<ax<1 arcsin a + 21k < x < W — arcsin a + 2nk,
rae k — aroboe mesoe gucio (k € Z).
a>1 Penteruii Her.
a<-1 X — JII000€e IeHCTBUTEJIbHOE YHCJIO.

2. HepaBeHcTBO sin x > a

-l1<axl1 arcsin a + 2nk < x < — arcsin a + 2nk, k€ Z.
a>1 Pemteruit Her.
a=1 x:%+2nk,ke Z.
a< -1 X — JIr00oe IeHfCTBUTEIbHOE UHCJIO.

3. HepaBeHcTBO sin x < a

-1<ax1l —71 — aresin a + 2nk < x < arcsin a + 2nk, k € Z.
a =] Pemrenuii HeT.
a>1 x — J1000€e JeHCTBUTEIbHOE YHCJIIO.
4. HepaBeHcTBoO sin x < a
-1<a<l1 —7m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
a< -1 Permtenuii HeT.
a=-1 x:—g+2nk,ke Z.
a=1 X — J1000€ JeHCTBUTEJIbHOE YHCJIIO.
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5. HepaBeHCTBO cos x > a
-1<a<1 — arccos a + 2nk < x < arccos a + 27k, k € Z.
a>1 Permteruii Her.
a<-1 x — J0boe JelcTBUTEIbHOE YHCJIIO.
6. HepaBeHCTBO cos x = a
-1<ax<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Pemenuii =Her.
a= x=2nk,ke Z.
a< -1 x — noboe JeliCcTBUTEJIbHOE YHCJIO.
7. HepaBeHCTBO cos x < a
-1<ax1 arccos a + 2nk < x < 2n — arccos a + 2nk, k€ Z.
a>A x — Jr000e AedCTBUTETbHOE YUCIO.
a< -1 Pemmenuii HET.
8. HepaBeHCTBO €0Ss x < a
-l1<axl1 arccos a + 2nk < x < 2 — arccos a + 2nk, k € Z.
a<-1 Pemrenuit HeT.
a=-1 x=m+2nk, kc Z.
a>1 x — nboe IeiiCTBUTEIbHOE YHCJIO.

9. HepaBeHncTBo tg x > a

a — n1000e NeCTBUTEb-
Hoe uucyo (a € R)

arctga+7tk<x<g+nk, ke 2

10. HepaBencTBo tg x = a

ac R arctga+7tk<x<%+nk, ke Z.
11. HepaBenctBo tg x < @
ace R -%+nk<x<arctga+nk,ke Z.
12. Hepasencrso tg x < a
ac R —%+nk<x<arctga+nk,kez.
13. HepaBeHcTBO ctg x > a
a€ R nk < x < arcctga + Tk, ke Z.
14. HepaseHcTBo ctg x > a
ac R mk < x < arcctg a + 7k, ke Z.
15. HepaBeHcTBO ctg x < a
a€ R arcctga+nk<x<mn+ 7k, ke Z.
16. HepaBencTso ctg x < a
ac R arcctga + k< x <mn+nk, ke Z.
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Pelenue 3aganuid:
Nel. BEIIOJHUTE 3a0aHUS:

1. PeWwWTb HEPABEHCTBO: SINT < —%.
OTeeT!:

(—3% +27n; —% +27n), n€ Z
2. PeWwnTb HEPABEHCTBO: COST > — %
OTBerT:

(--2—;- + 27n; %’: +2mn), n€ Z
3. PewuTb HepaseHcTBo: sine > —1.
OTeer:

(—o0; +00)

4. PewwTb HepaseHcTso: sinT = (.
OTeeT:

[2mn; 7 + 2mn, n € Z)

5. PewwnTb HepasencTeo: cost < (0, 2.
OTser:

larccos0, 2 + 27n; 27 — arecos0,2 + 2mn, n € Z)
Ne2. BLIITOJIHUTE 3aaHus:
1. PewwuTb HepaseHcTeo: Lgr > —1.

OTBeT:
-3 +mn:5+7n),neZ

2. PewunTb HepaseHcTso: Clgr < — 71=3

OTBerT:

[5,: +mn;w+7n), n€ Z

3. PewnTb HEepaBeHCTBO!: I,g.'l.' Z 3.
OTBerT:

(=3 +mn;arctg3 +mn), n € Z
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IpakTnyeckas padora Nel3
Tema 2.10: KontponbHas pabora no pasgeny 2 «OCHOBbI TPUTOHOMETPHH.
Tpuronomerpudeckue GyHKIAN
Heasn: IIpoBeputh ypoBEeHb YCBOCHHS JAaHHOTO MaTepuana mo pazaeny 2 «OCHOBBI
Tpuronomerpuu. Tpuronomerpuueckue GyHKIUIY

Ilpu pewenuu 3adanuii 1-4 3anuwiume npPasuIvbHLIL OmMeem U3 Yembvlpex
nPeOI0HCEHHBIX.

1. (1 6aym) B AABC sinC = %. Kaxas u3 cropon siBisiercst runorenyzoi AABC?
A) AB; b) AC; B) BC; I') CB.
2. (1 6amn) Yriom kakoi 4eTBepTH siBisieTcst yron oa=400°?
A)IL;B) I B)IIL; T') IV.
3. (1 6amn) Kakue u3 QyHKIUH SIBISIFOTCS] YETHBIMUA?
A) y=sin x; B) y=cos x; B) y=tg x; I') y= ctg x.
4. (1 6ann) Kakue u3 uncen sBISIFOTCS KOPHEM YPaBHEHUS COS X = %’?
_T. = _T —2r
A)X—6,E)X 3,B)X 2,1"))( -
Ilpu eévinonnenuu 3adanuit 5-8 3anumume x00 peuienus u nOJy4eHHbLI OmMeem.

5. (2 6amna) Beramcnure: sin % + COS %

. V2 . V2
6. (2 6anna) HaiinuTe 3HaYeHNE BBIPAYKEHUS 4arccos7 - 4arcs1n(—7)

7. (2 6amna) JlokaxuTe TOXKIAECTBO: 2sin(m/2+a)+ cos(m — a)= cosa.
8. (2 6anna) Pemmte ypaBHeHue: sin’x - 4 sinx + 3 =0.

IDmanonvt omeemos:

Homep 1 2 3 4 5 6 7 8
3aJaHUS
T
OTtBeT b A B b 1 2n - 5 + 2wk, keZ

IIpakTuyeckas padora Nel4
Tema 3.2: CgoiictBa KOpHS n-oi creneHu. [IpeoOpa3oBaHue HppalMOHATIBHBIX
BBIPKECHUI
Heas: HayunTscs ynpomaTe MppalMOHAIbHbIE BBIPAXKEHUS

Teopernyeckas 4acThb:

Kopenp N-oii cTeneHW 4Ymcia W3 4YMCIA & paBHAETCS TaKOMy 4HCIy D, Ui KOTOpOro
CIIpaBeUTMBO clieayromniee paBeHcTso: b" = a (b B crenenu N paBHO a).

a=bh

e N — 1OKa3aTelb/CTeNneHb KOPHS;

e A — IOJKOPEHHOE 3HAYCHHUE.

OcHOBHBIE CBOICTBA KOPHEHN B N-OM CTENEHU
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KopeHb W3 npownssegeHna Vab = Va- Vb
“Ja _Va
KopeHb u3 genexHns b ﬁ
KopeHb, BO3BeAEHHLIA B CTENEHDb {%m = Vam
KopeHb HeYeTHOH cTeneHK 13 V—_ﬂ - —W

OTPWULUATEAEHOIO 4KCna

" m nm
KopeHb W3 KopHA J a="%a
A a>0 W nobblx HAaTYpaNbHBIX i W 11
o P e = Y

BEPHO PABEHCTEBO

Ecnw nokazartens KODHA WU CTENEHE
NMOAKOPEHHOINO BEIPAXEHWA YMHOH(MTE:." nk a""" = Va—m

noaeninTe Ha 04HO U TO XKe YCno,

BeMMHYKHA KOPHA HE M3MEHWTCH

Yar = {Ial, ECIH 1 — YETHOE

BzanmonoraweHmne KOpHA WU CTEMEHK a, eclHd i — HedYeTHoe

Ya<Vbmpro<a<h
Va>Vanmpum>nuld<ac<i

CpaBHeHWe KopHe#R

Va<Vanpum>nua>1

EIL

Vx=x
KopeHb kak Bo3BedeHue B Apo6HYi0

CTENEHb

=
ﬁ
3
I
=]
23

Yrto Takoe HPPANMOHAIbHbIE BHIPAKEHU?

HppatmoHanbHble BRIpOKEHUS HAUMHAIOT BCTPEUYaAThCs HA ATAre 3HAKOMCTBA C KOPHEM U3
YHUCia, YTO 0OBIYHO MPOUCXOIUT Ha YpoKax anreOpsl B 8 kiacce. 31eCh HHTYUIINS MTOCKa3bIBACT,
YTO HPpalMOHAIILHBIE BBIPAKEHHUS KAK-TO CBSI3aHBI C KOPHSMHU, M 3TO JACHCTBUTEIHHO TaK.
Crnemyrolee onpeeeHIe MOATBEP K IaeT Hally JTIOTaJIKYy:
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HppanuoHajbHBIMH BbIPAa’KEHUSIMU HA3bIBAIOT BBIPAKEHUS, COIAEPIKALIME OINEPALHIO
U3BJICUEHUS] KOpHA. JlpyruMu cilOBaMH, MPpPALMOHAJIBHBIE BBIPAKEHUS — 3TO BBIPAKEHUS C
panukaiaMu (BbIpaKE€HHUs, COJIEPKalIe B CBOEH 3alliCU 3HAKU KOPHS).

_oafx—1
Ha ero ocHoBe MBI MOXEM INPUBECTH NPUMEPHI UPPALUOHAIBHBIX BBIPAKCHUM:

l4.a” d’

3 6 ]' 5 i
BB ) {a

. 3
? 2-a’
, U T.II

UroObl B JanbHEWIIEM HE BO3ZHUKAJIO IIyTAHUIIBl, JaBalTe OOCYIUM OJUH MOMEHT.

x-(x—ﬁ]-(x+«ﬁ]
s 3V 8
X+— | x——
PaccmoTpuMm BeIpakeHue 2 3 u3 kuuru [1, c. 19]. I3 KOHTEKCTa MOHSTHO,

YTO 3TO PallMOHAJIBHOE BBIPAKEHUE, OHO MOAXOAUT IIOJ COOTBETCTBYMOIIEE onpeaeneHue. Ho B
9TOM BBIPQXCHUM IPUCYTCTBYIOT KOPHH, 3HAUWT, COIJIACHO BBEICHHOMY B JTOM IIYHKTE
OINIPECIICHUIO OHO UpPAllMOHANbHOE. Tak Kakoe 3TO BBIpa)KEHHE HA CAMOM J€JIe: PallMOHAIbHOE
WIHM UppaliOHAIbHOE?

3TO HE CyThb Ba)XHO. DTUM MBI XOTUM CKa3aTh, YTO HE CTOUT (PAaHATUYHO TOAXOIUTH
K pa30OMeHHIO BBIPAKCHHWI HA BUABI, TaK KaK 3Ta KIACCU(UKAIMSI HE JOCTAaTOYHO cTporas (B
OTIMYME OT KJIAacCU(pUKAIMM YuCell, BeIb HaTypalbHble, LEJble, PpalUOHAIbHBIE,
UpPpalMOHAIIbHBIE, JCUCTBUTENIbHBIE YHCIA ONPEICIEHBl CTPOro, W €CIU JIaHHOE YHUCIIO
palroHaIbHOE, TO OHO YK TOYHO HE HPPALMOHAIILHOE U HA000poT). BeIpaxeHus moapas3iensior
Ha paluOHalbHbIE, UPPALMOHANBHBIE U T.I. IO OOJIbLIEH YacTH s yI00CTBa MpEeACTaBICHUS U
onucaHusa Marepuana. Harmpumep, Mbl nMeeM JI€10 ¢ pallMOHAIBHBIMU BBIPA)KEHUSMU BCE BpEMS,
MoKa y4uMcs paboTaTh ¢ MHOTOWIEHAMHU U alnreOpanyeckuMu ApoOsMHU. A K UppallMOHAIbHBIM
BBIPQXEHHUSIM MbI [IEPEXOIUM TOI'/Ia, KOTJa CTAIKUBAEMCsl ¢ HEOOXOAMMOCTBIO MPOBECTH KaKHe-
TO omepauuu ¢ KopHsAMu. HauHem m3yudaTh jorapuM — CTOJKHEMCS C .102apupmMuvecKumu
svipadcenusmu. W Tak panee. BooOie, ecniu HET TBEpAOH YBEpEHHOCTH B TOM, KaKoro BHJA
BbIp@)KEHUE HAXOIUTCSA IEepe] HaMmM, TO Jyd4llle CKa3aTh HPOCTO BbIpakeHUE, HE J100aBIIss
YTOYHSIOIIEE ONPEAEIECHHUE.

3aBepiuas HH(GOPMAIIMIO 3TOTO MMYHKTA, 3aMETUM, YTO B LIKOJIE TEPMHH «UppallMOHAIbHbIE
BBIPQKEHUS» HCHOJB3YIOT Majlo, OOJbIlle TOBOPAT O BBIPAKEHHUAX, COAEPKAIIMX KOPHHU
(BO3MOYXHO, 3TO AeNaeTcs Bo n30exaHne CTOJIKHOBEHUS C OTOBOPEHHBIMHU BbIIIIE€ HIOAHCAMHU).

OcHoBHBIE BH/IBI IPE0OPa30BaHUIl HPPALMOHAJIBHBIX BbIPasKeHUI

Kak M TpU TpeoOpa3oBaHUU JIOOBIX JPYrHMX BBIPAKEHWH, HAJ0 Y4YMTHIBATH 00JacTh
nomyctumbix 3HaueHui (O/[3) u He nomyckath ee CyKeHHs.

C uppauuoHaIbHBIMU BBIPRKEHUAMH, KAK U C BBIPQXKECHUSIMM APYTHUX BHUAOB, MOYKHO
IPOBOJUTH JHOOBIE U3 OCHOBHBIX TOXKJECTBEHHBIX NPe0Opa3zoBaHui, Oy/Ib TO PACKPBITHE CKOOOK,
IPYNIIMPOBKA U MPHUBEIEHHE MOJOOHBIX CIaraeéMbIX U T.I1. TO U MOHATHO, TaK KaK B OCHOBE 3TUX
npeoOpa3oBaHuil IexaT Takue CBOMCTBA JACHCTBUI C UUCIaMu, KOTOPBIE SIBIISIOTCS OOIIMMU ISt
YHCcell pa3HbIX BUAOB. Takxke MOHATHO, YTO PU MPOBEACHUH NpeoOpa3oBaHUil HPpaLlMOHAIBHBIX
BBIPDAKEHHUM COXPAHSIETCS NPHUHATHINA MOPSAOK BBINONHEHUsT AecTBui. llokaxkem pemeHns
HECKOJIBKUX ITPUMEPOB.

Ilpumep.
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0+33-2+4.43+1-2.33

[IpeobpasyiiTe upparoHaTbHOE BIPAKCHHE
Pewenue.

Jns Havama 3aMeHHMM KopeHb u3 81 ero 3HadeHueM 9 (nmpu HEoOXOAMMOCTH
CMOTPUTE U3BJICUECHUE KOpHEM), nMeeM

J81+i3-2+4.331-2.43=
=90:+33 _2443f3:1-2.3f3

OLIGBI/I,I[HO, B IIOJIYUYEHHOM BBIPAXCHHUHU IMPUCYTCTBYIOT HO,Z[O6HBI€ cjara€MbI€, I102TOMY
uenecoo6pa3Ho BBIIIOJTHUTD ux IIPUBCACHUC!

0+33-2+4-33+1-2-33=
=(9—2+1}+{{E+4-%—2-%E]=
=8+3-13

Omeem.:

0+33-2+4.43+1-2.33=-8+3.43
Ilpumep.
Hcnonb3ys GopMysibl  COKpAILlEHHOTO yMHOXEHMs, NPEICTaBbTE HPPALUOHAIBLHOE

(Gl

BBIPAKECHHE B BUJIC IIPOMU3BEJICHUS ABYX MPPALOHAIBHBIX

BBIPAKCHU.
Pewenue.

O‘leBI/II[HO, HPppaliMOHAJILHOC BBIPAXKCHUC B cKkoOKax MMPpEACTaBJIACT coboit KBaapar

fxs3-1)

PAa3HOCTH, TO €CTh, €ro MOXHO 3aMCHHUTDH Ha

Um]z—lﬁﬂj—g:
=(i/m—1}2—9

A TCIICPb JACBATKY MOXKHO IICPCIINCATh KaK 32, IIOCJIC 4Y€Tr0 BOCIIOJIB30BATHCA (1)0pMy.]'IOI>i

-
o

, MIOATOMY

Pa3HOCTb KBaaApaToB:

-
e

Brs3-1] —o=(x=+3-1] —32=
=(ﬁ-1-3)-(§/ﬁ-1+3]=
=(¥r+3-4) {3 +2)

B pesynpTaTe npojienaHHbIX TOKIECTBEHHBIX MPE0Opa30BaHUN Mbl MPULILIA K HYKHOMY

HaM TIPOM3BENICHUIO IBYX UPPAIMOHATBHBIX BHIPAKCHUM.
Omeem:

((mf—Z-M+1]—g=
- [{rr3-4) K342
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CymectByeT eme psa HpeoOpa3oBaHUMl, OTHOCAIIMXCS MMEHHO K HMPpPalMOHAIBHBIM
BBIPAKEHUSIM. PacCCMOTpHUM OCHOBHBIE U3 HUX.

IIpeoOpa3oBaHue NOAKOPEHHOI0 BbIPAKEHUS!

OpHo M3 BaxHEHIIMX MpeoOpa3OBaHUN HMPPALMOHANBHBIX BBIPAKEHUM COCTOUT B
CIENYIOIIEM: BBIPAKEHHE II0J 3HAKOM KOPHS MOXHO 3aMEHMUTH TOKIECTBEHHO paBHbBIM
BbIpakeHHEeM. CHavana IpuBeIeM IIPUMEPHI €70 BBIIIOIHEHHUS, IIOCIIE YEro MOSICHUM, Ha YEM OHO
Oasupyercs.

OTO yTBEpXKAECHUE [aeT BO3MOXHOCTb pPAa0OTaTh C IOJAKOPEHHBIMU BBIPAKECHUSIMHU.

A1+6

Harnpumep, 0HO 1O3BOJISIET CyMMY I10J KOPHEM B BBIPAKEHHUU 3aMEHUTh €€ 3HAUYCHUEM,
TO €CTb, MepenTH K KOPHIO . Hpyrou puMep: HppaLMOHAIIBHOE
4 5
2ca -6
BBIPAKECHUE MOXHO 3aMEHUTh TO/IECTBEHHO paBHBIM eMy

4 4
2-a ~a-—=6
BLIpa)KeHI/IeM .

[Touemy manHoe mpeoOpazoBanue umeeT Mecto? [leno B TOM, YTO KOT/a Mbl JaBaJIH
oTpeieieHre KOPHS M3 YUCIIa 8, TO MBI CKa3aJi O €T0 €MHCTBEHHOCTH. T0O eCTh, HE CYIIECTBYET
qrcia a1, OTIMYHOTO OT 8, JUII KOTOPOTO CIPABEIHNBO PABEHCTBO , 9TO PaBEHCTBO
BO3MOXXHO JIMIIb MpH @=a;. Takke Mbl 3HAEM, YTO 3HAUYEHHUS TOXKIECTBEHHO pPaBHBIX
BbIpaxxeHHH A 1 A1 paBHBI IIPH JFOOBIX JOMYCTUMBIX 3HAUEHUSAX MepeMeHHbIX. M3 3Tux ¢aktoB
clenyeT pa3doupaeMoe yTBEpKICHHE.

Hcnonb3oBanue CBOMCTB KOPHeEH

Jlis  TOXAECTBEHHBIX TMpeoOpa3oBaHUN  HUPPALMOHANBHBIX BBIPAKEHUNH  IIHPOKO

Va-b=a-b

HCIIONIB3YIOTCSI CBOMCTBA  KOpHeW. Hampumep, Hcnons3ys CBOMCTBO

1+ 43312

rae a>0, b>0, oT uppalIOHAILHOTO BBIPa)KEHUS MO’KHO IEPENTH K TOKIECTBEHHO
mimf on CROSERT
Leyd = a
1+43-12 .
PaBHOMY BBIPAKEHUIO . A cBoWcTBO , TIe a>0, no3BoJsieT

2 3
X+ J&G T: o zﬁ
BBIPAXXEHUE nepenucarhb Kak .

[Ipeobpa3oBaHue HppaOHATBHBIX BBIPAKEHUHM, CONEpKAlINX TO0J] 3HAKAMH KOpHEH

OTpULATCIIbHBIC YHCJIAa U BBIPAKCHUSA C ICPCMCHHBIMU, COIIPSAKCHO C pAAOM HIOAHCOB. HaHpHMep,
=7

A—81

MBI HC UMCCM HpaBa 3a11mcarTrb paBeHCTBO Ha OCHOBAHUNU CBOﬁCTBa KOpHeﬁ,
a Aa

R =
b
. Jleno B TOM, UYTO yKa3zaHHas QopMyna daHa s
HEOTPHUIIATEIILHOTO YHCIIA @ U MOJIOKUTENBHOTO0 b, a —7 u —81 — oTpuniatensHbie ynucaa. Ho ecnu

BbIpaXXEHHOTO (hopMyIon
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MpeABAPHUTEIILHO 3aMEHHUTH JPOOK 101 3HAKOM KOPHS paBHOM eit 1poObio 7/81, To manbiie MOKHO

%

J'8].

MIPUMEHSATH YIIOMSHYTOE CBOMCTBO KOPHEH M MEPEXOJUTh K BRIPAKESHUIO BUAA

[TogoOHBIE TOHKOCTH B JIETaIsAX pa3o0paHbl B CTaThe MPEeOOPa30BaHUE UPPAITMOHATBHBIX
BBIPAXKEHUM C UCIIOJIb30BAHUEM CBOMCTB KOPHEA.

CBoiicTBa KOpHEW JIeKaT B OCHOBE JBYX CJECAYIONIMX MpeoOpa3oBaHMii, Ha3bIBAEMbIX
BHECEHHEM I10]] 3HAK KOPHS U BRBIHECEHUEM U3-T10/1 3HaKa KOPHS, K PACCMOTPEHHUIO KOTOPBIX MBI U
MEePEXOIUM.

BHeceHne MHOKUTEJISA MO/ 3HAK KOPHA

B-c

rac BuC- HEKOTOPBIC YMCJIa UJIM BBIpAXKCHUS, a N — HATYpaJIbHOE YMCIIO, Ooubliee CAMHUIIBI,

H H F H
VB -C —AlBs O
TOXJECTBEHHO PaBHBIM BBIPAKCHHEM, UMCIOIIUM BH{ WITH .

2.3%

HaHpHMep, HPppallMOHAJILHOC BbIPAKCHUC II0CJIE BHECEHHUS MHOMXHUTEIA 2 non

3043
27 -x

BHecenne MHOXUTENA moa 3HaK IIOApa3syMEeBACT 3aMCHY BBIPpaXCHUSA

3HAK KOpHs IPUHUMAET BUJ
BoineceHrne MHOKUTEJISA U3-110] 3HAKA KOPHSH
[IpeoOpa3oBanuemM, B M3BECTHOM CMBICIE OOpaTHBIM BHECEHHIO MHOMKHUTENS O[] 3HAK
KODHSI, SIBJISIETCS BBIHECEHHE MHOXHTENS M3-110J 3HaKa KOpHs. OHO COCTOMT B IPEACTaBJICHUU
L "
VB -C B-5C
KOpHS B BHJIE IIPOU3BEICHHUS pu HEYETHBIX N WIH B BHJIE
1B-%lc
IIPOU3BEICHUS npu 4eTHbIX N, rae B u C — HekoTophle uncia Wil BEIpaXKeHUs.
3a MIPUMEPOM BEpHEMCH B MpEABI YA IyHKT: VPPALMOHAIIBHOE

V2P« o

BBIPAXKCHUC MMOCJIC BBIHCCCHUA MHOXKHUTECIIA U3-T10/] 3HAKA KOPHS IPUHHUMACT BUJ

(x+]]: -7

. Z[perﬁ MMPpUMEP: BEBIHECCCHUC MHOKHUTCIIA U3-T10 3HAKAa KOPHA B BLIPAKCHUU JacT

|I+]|- |T| |x+1|-vq

MMPOU3BCACHUC , KOTOPOC MOXKHO IIEPCTIUCaTh B BUJIC

IIpeoOpa3oBanue apodeii, coaepKaluX KOPHH

HppanroHanbHble BBIPaKEHUS MOTYT COAEP)KaTh APOOH, B YHCIUTENIC M 3HAMEHATEIe
KOTOPBIX MPHUCYTCTBYIOT KOpHH. C TakMMH JApPOOSMH MOKHO MPOBOAUTH JIOOBIE W3
OCHOBHBIX MO0}COeCmEeHHbIX Npeodpazoeanuli Opooeil.

Bo-miepBbiX, HUUTO HE MelaeT paboTaTh C BRIPAKCHUSIMHU B YHCIIMTENE U 3HAMEHaTele. B

(2+3)-4x

3 2
X +2
Ka4uCCTBC IIpUMEpa paCCMOTPUM I[pO6B . I/IppaI_II/IOHaJ'IBHOC BBIPAKCHUC B YUCJIUTCIIC,

5-4x

OUYEBUJHO, TOXKIECTBEHHO PAaBHO , 4, 0OpaTHBILUCH K CBOIICTBaM KOpHEH, BbIpa)KEHUE B
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x +5
3HaMEHATEIe MOXKHO 3aMEHHUTh KOPHEM . B pesynbTaTe ucxomnas npods mpeodpasyercs

5.4/x
K BUIY E\-'Iz"'j.

BO-BTOpHX, MOXHO HM3MCHUTH 3HAK IICPCa I[pO6bIO, HN3MCHHB 3HAK 4YHCIIUTCIA HIIU
3HaMCHAaTCJIA. HaanMep, HUMCKOT MECTO  TaKuce HpeO6p330BaHI/IH HppanuoHaJIbHOI'O

B x+2-J§ _ x+2-J§ __x+2~J§
—3-x3+ﬂ? -—Lﬁ~x?+ﬂ?J 3-xy—ﬂ?

BBIPpAXKCHUA: .

B-Tperbux, WHOr/a BO3MOXHO M IIENIECOOOpa3HO MPOBECTH CokpaiieHue apobu. K
3. 3xed-1)fx
Grra-1f

3eafx

EE L (¥r+4—ﬂ
MPPALHOHAILHOE BHIPAKEHHE , B pe3yJIbTaTe moTydaem ' ¥- )

HOH?ITHO, 4TO BO MHOTHX Clydasx, HOpCKAC YCM BbLIIIOJIHUTH COKpPAOICHUC I[pO6I/I,

NpuMepy, KakK OTKa3aTb cebe B YAOBOJIBCTBUHU COKPATUTH ,I[p06b Ha

-
i

BBIPQXECHUS B €€ YHUCIUTENE U 3HAMEHATes e MPUXOAUTCS PacKiiaaplBaTh HA MHOXHUTENIH, YEro B
IOPOCTBIX CIIy4yasiX MO3BOJSIFOT JOOMTHCA (OPMYNBI COKPALIEHHOTO YMHOXEHHsA. A HHOrza
COKpaTUTh JApoOb IOMOraeT 3aMeHa IIepEeMEHHOH, MO3BOJAIOIAs OT MCXOJHOM Ipodu ¢
UPPalMOHATIBHOCTBIO MEPEHTH K palMOHaIbHOM ApoOu, paboTaTh ¢ KOTOpOM KoMmdopTHee U
HpUBbIYHEE.

X—y
2 . &
NI+ LY
Hns npumepa BO3bMEM BBIpAKEHHUE . Brenem HOBBIE
U=Aafx V= '\J{;
IIEPEMEHHBIE u , B OTHUX TEPEMEHHBIX MCXOAHOE BBIPAXKEHHE HMEET
H - _ 1.2
2.Vl
BU/T U=V Brmonnus B unciutene pa3oKeHUue MHOTO4JIEeHa Ha MHOXHUTENHU 1o hopMyJie
pa3HOCTH KBaJpaToB, MOJIy4aeM BO3MOKHOCTb COKpaTUTh Ipo0b Ha U+v,
ut —v? Uu—v)-\u+v
2 _o. (el )=2-@—r}
nMeeM u+1 H=1 . BpimonnuB  oOpaTHyi0  3aMmeHy,
2- (Ve =)
MPUXOJUM K  BBIPAKEHUIO ", KOTOpOE€ TOXKIECTBEHHO PABHO HCXOIHOMY

MppaLMOHaIbHOMY BhIpaxkeHHro Ha O/13.
B-ueTBepThIX, 1pOOH ¢ UPPALMOHATBHOCTHIO MOKHO IPUBOANUTH K HOBOMY 3HAMEHATEITIO,
YMHO)XKasl €€ YUCIINTENb U 3HAMEHATelb Ha JIONOJHUTENIbHBIA MHOXHUTEIb. Hanpumep, npuseaeM

-1

5.
I[pOGB []:'_ X K HOBOMy 3HAMECHAaTEIIO X. I[HSI 3TOI'0 €€ YUCIUTCIIb U 3HAMCHATCJIIb cne,uyeT
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2-+x

YMHOKHTb Ha UPPALMOHAIILHOE BBIPAKCHUE ,
V-1 24x[{r-1) 2x R -1)
0.5-+x  05-x-2:4/x x

MMEEM
Hanmomu#MM, 9TO BBINIOJHSTH COKpAIIeHHWE IpoOei Wiu mpuBeneHue aApodell K HOBOMY

3HaMeHarenro Heooxoaumo Ha O/]3 mepeMeHHBIX 171 HCXOIHOM IpooHu.

YMHOKEHHE 4YHCITUTENs W 3HaMeHaTens JpoOM Ha HEKOTOpOoe HppalroHaIbHOE
BBIPQXCHHE YaCTO MCIIOIB3YeTCs IS IPOBEICHHS peoOpa3oBaHusl, HA3bIBAEMOT0 U30aBICHUEM
OT UPPALMOHATILHOCTH B 3HaMeHarene. PazdepeM, Kak OHO POBOAUTCSI.

HN306aBieHUE OT HPPANMOHAJIBHOCTH B 3HAMEHAaTeJ1e

N30aBneHnemM OT UppaliOHAIBLHOCTH B 3HAMEHaTesle Ha3bIBAIOT MpeoOpa3oBaHue, MpU
KOTOPOM Jpo0b 3aMEHSETCS] TOXKIIECTBEHHO PaBHOM IpoObIO, HE COJAepKallleil B 3HAMEHATele

3HAKOB KOpPHEM.
X i@ - X

&

3
Hanpuwmep, 3aMeHa npobu IpoObIO €CTb 0CBOOOKIEHHE oT
UPPALUOHATILHOCTH B 3HAMEHATEIIE.
ITepexon oT KOpHeii K cTeneHAM

[lepexon OT KOpHEW K CTEMEHsSM IpH MpeoOpa3oBaHUU HPPAIMOHAIBHBIX BBIPAXKCHHIA

R iz

IpoBOAUTCA Ha 0a3ze paBEHCTBA , C IIOMOIIBI0 KOTOPOIO JaeTcs OIpPE]eIICHUE
CTENEHU C palMOHAIBbHBIM MoKa3aTeneM. VM 6e30053HEHHO MOXHO MOJb30BaThCs, KOTJa a —
32
5
HOJIOKHUTEIBHOE YHCII0, M — [eJ0e YHcio, a N - HaTypainbHoe. Hanpumep, kopeHb MO>KHO

2
53
3aMCHHUTDB CTCIICHBIO C ,Z[pO6HBIM IIOKa3aTcJIEM BHU A
Ecnu xe nion KOpPHEM HaXOAUTCS OTPpULATCIIbHOC YUCIIO UJIU BBIPAKCHUE C ICPEMCHHBIMU,

H P
a =a”
TO opMyJIOit HaJI0 M0JIb30BaThCs aKKypaTHO. HarpruMep, Mbl He nMeeM npasa cpasy
3 2
- 7 - -
S8 4c16) (=8)s (<16):
3aMCHHUTH KOpHI/I " CTCIICHAMU BHUa nu , TaK KakK
i
nl _m -
a =a”
dbopmyna HE UMEET CMBICIIA UL OTPUIATENIBHEBIX a.

Pemenue 3aganuid:
Nel.
Mpumep 1: Ynpocmume ebipaxeHue:

a) Ja'b' =\/(_IT-\.//)_1:¢1/):;

_ ;I()ul .y 16a’ B da’

%) \J' 9h° Jopt 3
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lMpumep 2: BoiHecmu MHOXUMENL U3-nod 3Haka
K8adpamHo20 KOPHA:

a) JSIG-‘-M-\/;:‘)\/;:
6) V32a°=V16-a* -2 =16 a* V2 =4a2:

8) J9a'b'= J9-aba-b'-b=

=0 -a* a-b* b

No2.
YNpoCTHTE BhIPANKEHHA:
a) 42 +/50 - V18 ; a) 73 - V48 + 27
6) v3-(2V3 +V12); 6) V2 (V8 +442);
B) (\/5—2)2; B) (\/§+5)2;
) (V3 -V2) (3 +2). ) (VB +V8)(v5 - V3).

Neo3. Berunciauts:

R A
? | o7+ i7-s]
> Na-io] +[Vio—
" Nis-af Vs
? | 2l o]

Ne4, TIpeoOpazoBath qpo0b:

;;-.,I'E-r—}-.ﬁ
VA
I aa+33 ={¢3]5+|{ﬁ]$={ﬁ+ﬁ}(l{d§}:—¢;-ﬁ+{ﬁ}:]=
=I{'+G+-Jr§]{a~al"3c_:+3]:
ey {#G-ﬁ}ze\l'ri";= [{@]z-.@-dﬁﬂ-ﬁf]éﬁﬂ
=a-230+3+fa=
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No5. TIpeoOpa3oBaTh BEIpaKECHHE:

a) x -10Jx + 25 2Jx -10
3fx+12 ~ x-16 "'

0) 1-a a + 4.ab + 4b_

4Ja +8Jb 3-3Ja

B)  ¢-25  3Jc+18,
c+12Jc + 36 2c +10

r)5Jm -10Jn 4n - 4/mn + m

Jm -5 15 - 3Jm

No6. BBITTOJIHUTE 3aaHUA:

® 1. YupocTHTe BhIpa)keHHe:

a) 6V38+V27-3V75;  6) (V50 -2V2)V2;  B) (2-V3)2

® 2. CpasBHure %U12 u %U*—Lﬁ.
3. Coxkparure Apobb:

V5-V15 3Va-6
4. OcBobogure npobk OT 3HAKa KOpDHA B 3HaAMeHarTeJe:
5 8

a) ; 0) .

3V10 V6 +V2

5. IloxayxuTe, 4T0 3HAYeHHEe BBIPpaKeHHUHA

1 1
2V7-1  2V7+1

eCTh YHCIO panmHoOHaAJBHOE,

6. IIpu Kakux 3HaYeHMAX X Apobb Ve VT NpHHIMAaeT
HaubonblIee 3HAUeHHe?

IIpakTnyeckas padora NelS
Tema 3.3: Pemienne uppaiiMoHaJbHBIX YpaBHEHHH

He.]'lb: HayLII/ITBCH peuraTb UPpPAUOHAJIBHBIC YPABHCHUA

Teopernyeckas 4acThb:

Onpenenenue. UppauuoHaJbHbIM Ha3bIBaeTCs yPaBHEHUE, B KOTOPOM HeU3BeCTHOe
(mepeMeHHas1) COAEPKUTCH IMOJ 3HAKOM KOPHSI MJUIM 1OJ 3HAKOM OINEePAlMH BO3BEJACHUS B

PallMOHAJILHYIO (IPO0HYI0) CTeNeHb.
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Jis  perieHuss MpparOHANBHBIX ypaBHEHUH OOBIYHO WCHOJB3YIOTCS CIEIYIOIIHE
IIPUEMBI:

1)Bo3BeIEHNE B COOTBETCTBYIOUIYIO CTENIEHh 00€ YaCTH YpaBHEHHS;

2) BBEZICHUE HOBOM IMEPEMEHHOM;

3) cBeneHME K CUCTEME ypaBHEHUM;

4) npuMEHEHHE CBOMCTB (YHKIIUN, BXOJISIIIUX B YpaBHCHHE.

[Tpu pemieHnn uUppanuoOHaIbHBIX YPaBHEHMM HE0OX0IuMMa IpOBEpKa BCEX HaJAEHHBIX
KOpHEW MyTeM HX MOJCTAaHOBKHM B MCXOJIHO€ ypaBHeHUE WM HaxoxzaeHue OJI3 u ciemgyroniuii
aHAIN3 KOpHEW (IIpU pElIeHMH METOAOM IIPUBEACHUS K PABHOCUJIBHOW CMEIIAHHOM CUCTEME
YpaBHEHUU U HEPABEHCTB HEOOXOIUMOCTh B TOM OTIIAJIAET).

[Ipocreitmnm uppanmoHaIbHBIM YPAaBHEHUEM SIBJIIETCS YpaBHEHUE BHUJIA:

7 - 2(x)

IIPU PELICHUH KOTOPOr'0 BaXKHYIO POJIb UTPAET YETHOCTD MJIM HEYETHOCTH .
Ecan n- HedeTHOE, TO JAHHOE YPaBHEHUE PABHOCUIIBHO YPABHEHUIO

f)=(gl)f"

Ecau n - 4€THOC, TO, TaK KaK KOPCHb CYUHHTACTCA apI/I(i)MCTI/I‘IeCKI/IM, HeO6XO,I[I/IMO

yuutbiBaTh O/13 (061acTh JOMYCTHUMBIX 3HAYECHUH): f (I)E 0 . YpaBHEHHE 1) =20 5 yrom
Cllydae paBHOCUJIBHO CUCTEME:

J&)=(e=)y
g(x)=0
IIpumep 1.

Pemmte ypaBHenme vx — 3 = 5.
Pemenne. Tak xak N=2 - yeTHOe, TO 00€ YacTU YpaBHEHUS BO3BOJIUM BO 210 CTEIEHb:

(Vx—3)2=5%2e x—-3=25 ©x=128

OrtBer: 28
IIpumep 2.

3/ 3
Pewuts ypaBHenue ¥ X 2x+1=1,

Pemenne. Tak kak B JaHHOM mpuMepe N=3 - HEYETHOE, TO IOCJIC BO3BEACHHS O0EUX

qaCTeP’I ypaBHeHI/IH B Tpebeo CTCIICHb HOHy‘II/IM
PaBHOCHJIBHOE JTAHHOMY ypaBHEHHE:

3 3 x=10 x=10
L-x+rl=P ol -ua-0 o>

11—2=ﬂ I=i‘\E

x; =—*\E, xy =0,x; =’\)|I'i

Otser: .

IIpumep 3.

Pemrnts ypasrenne ¥ % +tl=2-x

Pemenne. Tak Kak N=2 - YETHOE, TO UCXOHOE YPABHEHHE PABHOCHJILHO CHCTEME:

=i{7—_ x+l=4—4x+x?* x2-5x+3=0
x+1=(2-x) o o

2—-x>0 x<2 x<2
+
I=ﬂ 5_ 13
@ 2 @ I:T.
x<2
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x=(5-+13)/2
YpaBHeHus Bua Eff(x) - II{'I'g(x)

N — HeueTHOE = f(X) = g(x)

L0260  [16)-2()

N - yeTHoE I) :j u HIJIN g(x) :j u

IIpumep 4.

OTBeT:

, PEIIAIOTCS CIAEAYIOUIM 00pa3oM:

Peumnts ypaBHenue: V5 — x = Vdx + 2
5—x=>0 x<5
{ 4x+2=>0 = {x2—0,5 =
5—x=4x+2 x =06

Ortser: 0,6
ITpumep 5.
Pewmts ypaBHenue: V2x+6 —vVx+1 =10
Pemenue. 3anumiemM JaHHOE ypaBHEHUE B BHUJIE: V2x +6 = +/x + 1. Bo3Bous obe
x+1=0
2x+6 =20
KOTOPOT'O €CTh X = -D — HE Y/IOBJIETBOPSIET BHIITMCAHHOMY YCIIOBHIO. 3HAYUT, JAHHOE YpaBHEHUE
HE UMEET PEIICHUM.

OTBer: HET pemeHui

Ecnu uppanumonansHoe ypaBHEHHE COJIEPKUT HECKOJIBKO paJuKaioB. B aTom ciyuae ans
n30aBJICHHS] OT PAJUKAJIOB YpaBHEHUE MPHUXOJIUTCS BO3BOJUTH B COOTBETCTBYIOIIYIO CTEIEHB
HECKOJIbKO pa3. [Ipu 3ToM mpeaBapuTeNbHO YEAUHSIOT OJUH U3 PAAUKAIIOB TaK, YTOOBI 00€ 4acTu
YpaBHEHHUS CTalIM HeoTpuuaTenbHbIMU. Oco00e BHUMaHUE CleqyeT OOpaTUTh Ha MpaBUIbHOE
Haxoxaenue O/13.

ITIpumep 6.

YacCTH B KBaJpaT U Y4YMTBIBAs, YTO { [I0JIy4uM ypaBHeHUe 2x+6=x+/, penieHue

J2x-9 —+x—-3=1

Pemnte ypaBHEHHE

Pemenue. 3anumiem ypaBHEeHUE B BUAE: * 2x-9=1++x-3 . Tak kak Temepp o0e
YaCTH MOJYYEHHOTO YPaBHEHUS HEOTPHUIIATENbHBI, TO BO3BEJEM UX B KBAJIparT:

2x—-9=1+x-3+2x-3 &< x-T7=-/x-3 .

[TonyyenHnoe ypaBHEHHE pPaBHOCHJIBHO UCXOAHOMY. [l €ro pemeHus paccMOTPUM
CUCTEMY:

x-7z0 x=7 x=7

= =
(x—7) =4{x-3) x’ —14x+49=4x-12 x* —18x+61=0
x=7

Lo x=9+n’ﬁ

x=9i@

Orger: ¥ =9++20

BBenenue HOBOM NEpEMEHHOM B Psijie CIIy4aeB IMO3BOJISIET IEPEUTH OT UPPALUOHATIBHOTO
YpaBHEHUs K PallMOHAJIbHOMY YPABHEHUIO.
Ipumep 7.

2 2
Peumts ypasnerne X T Ix+4x" +3x-5=10
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Pemenue. Bo3BeneHne MaHHOrO ypaBHEHUSI B KBaJIpaT MNpPUBEIO OBl K YpaBHEHHIO
YEeTBEPTOM  CTENEHW, 4YTO  HepauumoHanbHO. [losTomMy  3amumemM  ypaBHEHHME B

) ) _
puge ¥ F 3x—-5+4Vx" +3x-5=5 , BBEJIEM «HOBYIO» [IEPEMEHHYIO:

y= xl+3x-5 y=0

=1
yz +4y-5=0 = [y
[Tonyuum y‘=—5.

f.2 _ f.2 _
BepHeMcss K «CTapbIM»  IepeMeHHbIM ¥ X +3x-5=1 X +3x-5=-5

Bropoe W3 mNONyYEHHBIX YPAaBHEHUN PEIICHHM HE HMEET, a pPEIICHUs IepBOro ecTh
-3+ 33

quciia 2

—3-.33 —3+.33
M=k

OTtBeT: 2 2 .

Wuorna npu penieHuu UppalvoHalIbHOTO YPaBHEHUS BO3HUKAET HEOOXOIMMOCTh  BBECTHU
HC OI[Hy, a HECKOJIBKO <«HOBBIX» HCpCMCHHI)IX. TaKaH CI/ITyaLII/Iﬁ BO3HHUKACT, HaHpI/IMep, HpI/I
pellIeHNr ypaBHEHUH, COAEePKAINX PATUKAIbl Pa3HBIX CTEIEHEH.

[Tpumep 8.
3 —
Pemnts ypaBHEeHUE “&_ 2 +“<f[11 -x=1 .

— . _ 3
Pemennue. ITycts ¥ = =220 ,v=3l-x o utv=1 ¢ Apyroii

2
croponst ¥ T vV =x-2+11-x=9 . Tloygaem cucremy

utv=1 u=1-v u=1-v
> >
W +v' =9 (l—v)1+v3:9 Vv —2v—-8=0

Pemmmum MOCJICAHEC YPABHCHUC CUCTCMBI:
Vivl-2y-8=0 < (¥ -8)+vv-2)=0e

v=2

v—2 v1+2v+4+v =0 > v=2
2
¥ +3v+4=0

[Monyunum, uto ¥ = 2 4 tormal#=l-v=-1<0_ 1 ycnosuio ¥ 20
CJIEIOBATENIbHO UCXOTHOE YPABHEHHE PEIICHUIN HE UMEET.

OTBeT: HET pelIeHNH.

[Ipu pemeHnr HEKOTOPBHIX MPPANUOHAIBHBIX YpPaBHEHHH HaXOXIACHHE OO0JIacTH
JOMYCTUMBIX 3HAYEHUN BXOJSIINX B ypaBHEHUE HEU3BECTHBIX MOXKET CYIIECTBEHHO OOJErdyuTh
perieHre ypaBHECHHS.

[Ipu pemennn WppaMOHAIBHBIX YpaBHEHHN OBIBa€T TMOJE3HO BOCIOJIB30BATHCA
MOHOTOHHOCTBIO (DYHKITUH.

ITpumep 10.

x+6)=6-3x+6

Pemenue. OnuH KOpeHb JAHHOTO ypaBHEHUS & = 2 JIETKO HaiiTu moxoopoM. [Tokaxkem
9

JAx+6)+%x+6=6

Pemute ypaBHeHue

4TO APYTrUX KOpHEHN HET. 3alulleM ypaBHEHUE B BUJIE
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CBOI/ICTBy CTEIIEHHBIX byHKIni

GyHKIMH Yk 1( ) ! [ ] Y2 (I) SABIISIIOTCA

HpOMe}KYTKe[ 6; 0 ), rae OHHU o0e OTpe/ieNICHBI. [ToaTomy ux

BO3pacTaromuMun Ha

y(x)= J2(x+6)+?{fx+ﬁ
cyMMa Ha TOM IIPOMEKYTKE TaKXKE BO3PACTAET, CJIEI0BATEIbHO,
OHa IPUHMMAET KaXKJ0€ CBOE 3Hau€HUE (B TOM uucie U 6) Toapko oauH pas. Iloatomy apyrux
KOpHEU HET.

Orger: X=2

Penrenue 3aganui:
Nel. Pemuth ypaBHEHUS:

1) Vx— 2—1
Z)wx 1——3,
g) Va—1=-3,
.
4) \s-2 7 3

Ne2. Pemnth ypaBHEHUS:
1) =72 —-17x = —

2) Vx*+Tx-2=6-x

3) Vil—x—6=+-2x

Ne3. Pemnth ypaBHEHHS:
1) Vr+24+43x—2=4

2) x-’x—'l+w.-’x+2=w"l'l—x.

Ne4. Pemnth ypaBHEHUS:

3 Vxtd 5
1) V=2 5
2) Vx—2+28x—-2=3
[x+3 _ 10
3) WEd 2w 3

Ne5. Pemnth ypaBHEHHUS:
1) (P —4x+3)V5x—-2-2x* =0,
2) Vvi—1lyx—24x—-3 =0.

Ne6. Pemnts cucTeMBI:
{2& +3/y=7

o _ ."_.‘=
1) Wx— Jy=5

{‘{,-’x +y+yx—y=2
2) Xty —x-y=8
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A

{ x+y—1=1
3y Wr—y¥2=2y-2

IIpakTnyeckas padora Nel6

Tema 3.4: Iloka3zarenbHas GyHKIUS, €€ CBOIcTBA. Perienne nmoka3aTenbHbIX ypaBHEHUN
Y HEPABEHCTB
Hean: Hayuntscs ctpouts rpaduk mokasaTeabHONU (HYHKIHMH

TeopeTnyeckas 4acThb:

y y yV
Iloka3arenbHoii  ¢yHKuMell  Ha3bpiBaeTCs  (QYHKIHMS  BHJIA v rae
a=0, a=l

U SIBIISIETCS YUCIIOM.
I'paduk pyHKINM UMEET CIEAYIOUINI BUI.
Mpachuk y=a”, ecnu a>1

A
8_

Mpaduk cpyHKYUU y=a”, ecnu 0<a<i

T —
X

12

CaoiicTBa QyHKIMH
1) Ob6nacteio onpenenacHUs] QYHKIMA SBISIETCS MHOKECTBO BCEX JICHCTBUTEIBHBIX YUCEI

2) MHOXeCTBOM 3Ha4yeHWH (YHKIUH SBIAIOTCS BCE TIOJOXKUTEIbHBIE YHCHA, T.C.
E(y) (0 4]
IIPOMEXYTOK

3) HaumensIiero 1 HaubobIIEro 3HaYeHNUH (PYHKIUS HE UMEET.

4) OyHKIMS HE ABJISETCS HU HEUEeTHOU, HU yeTHoU. Mmeet o0t Bu.

5) ®yHKIMS HENEePUOIUIECcKasl.

6) I'paduk pynkuuu nepecexaer kooparuHatHyto och Oy B Touke (0; 1).

7) OyHKIMS HE UMEET HYyJIEH.

8) Ilpu a>1 ¢yHkus Bo3pacTaeT Ha Bced 4ucioBOM mpsamoi; mpu 0<a<l QyHKIUSA
yObIBaeT Ha MHOXecTBe R.

9) OyHKIMS MPUHUMACT MOJOKUTEIbHBIC 3HAYEHUS Ha BCEH 00JIaCTH ONPEICTICHUS.
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ITpumep 1.

1) HocTpouTh rpad UK QYHRIUH y=2% HatijeM 3HaueHHI QYHKIWUH

NpH X=0, X=%1, X=+2 X=%3.

x=0,y=2%=1; Toura A.
X=1,y=2'=2; Touka B.
X=2,y=2?=4; Toura C.
x=3,y=23=8; Touka D.

NEET IS EINE R x=-1,y=2"'=1/,=0,5; TourakK.
x=-2,y=2"%=!/,=0,25; Toura M.

X=-3,V=23=1/3=0,125; Touxa N.

BonpleMy 3HaYeHHIO apIVMeHTa X COOTBeTCTBVeT M O0MEIIee 3HaUeHHe (PYHKLHH V.

OyuKIMA y=2% Bo3pacTaeT Ha Beeil o0macTu onpefenenud D (v)=R, Tak Kak ocCHOBaHHe
OVHRIAK 2 > 1.

ITpumep 2.
2) llocTpouTs rpadur ¢pyarnun y=(1/,)*. Haligem 3HaueHUd QYHKITUH

MPH X=0, X=+1, X=+2, X=£3,

x=0, y=(12)"=1; TouKa A.
x=1, y=(¥2)'=12=0,5; Touxa B.
x=2,y=(12)*=%s=0,25; TouraC.
x=3,v=(Y2)3=1/8-0,125; TouraD.

x=-1,y=(Y2)1=21=3; Tourka K.

X=-2,y=(¥2) 2=2%=4; Toura M.

x=-3, y=(12)3=23=8; Toura N.

Bonemnremy 3HaUeHHIO apIVMeHTa X COOTBETCTBYeT MeHblllee 3HaueHHe (DYHKIIHH V.
Oyurmug y=(1/,)* yorieaeT Ha Beefi cBoelt obmacTu onpenenenuda: D (y)=R, Tak Kak
OCHOBaHHe QVHKIIAHU 0 < (1/3) < 1.
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Pemrenue 3axanuii:
Nel. Pemmuth rpadryueckn ypaBHEHUS:

1) 3%=4-x.

B opHO1 KOOpOMHATHON NMITOCKOCTH NOCTPOMM rpadMKia
QYHKIHH: y=3 1 y=4-X.

I'padpHEH IIepeceRTHCE B ToUKe A(l; 3).

OTBeT: 1.

B opgHOII KoOpgMHATHOH! ITOCKOCTH CTPOMM IpadUKI
byHRUMIA: y=0,5%

(y=C(/2)%)

M y=X+3.

I'pacdpUKH TIepeceKITUCE B TOUKe B(-1; 2).

OTeer: -1.

Ne2. Haiitu obnacTh 3HaueHUN QyHKIUU:
1)y=-2%

QbnacTh 3HaYeHUH NOKA3ATeNEH 0 QYHKINY y=2% — BCe MOTOKHATeNLHELR YHCIA, T.8.

0 <« 2% < +00, 3HAUHT, YMHOKas KayKIYI0 4acTh TBOHHOI0 HepaBeHCTBa Ha (-1), IomyJdaeM:
— o< -2%< 0.

OtBeT: E(y)=(-=; 0).

2) y=(/3)%+15

0 < (Y/3)* < +=, TOrAA, NpHUOABILA KO BCeM YacTSIM JBOHHOrC HepaBeHCTBA YHCTIO 1,
Toy4aem:

0+1 < (M3)*+1 < +eot1;
1< (M3l < +oo,

OteeT: E(y)=(1; +x).
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IpakTnyeckas padora Nel7

Tema 3.4: Iloka3zarenbHas GyHKIUs, €€ CBOIcTBA. Perienne nmoka3aTenbHbBIX ypaBHEHUN
Y HEPaBEHCTB
Hean: HayuuTses pemars noka3areabHble YPaBHEHUS U HEPABEHCTBA

Teopernyeckasi 4acTh:

Onpeoenenue YpaBHEHHE, B KOTOPOM IEpEeMEHHAasi COACPKUTCS B IOKa3aTelie CTEIeHH,
Ha3bIBACTCS MOKA3aTEIbHBIM.

[Ipumepsl MokazaTeNbHbIX YPAaBHEHUM:

1 2" =4:

LB

5. 47 4275 41=0

6 5_)x+1_43‘:2x+3+63—r :{_-'.

Br16epute nokasaTesbHble YpaBHEHHUS:
D2yl —xy+3=0.

N3F =2 =0,

Cnoco0bI penieHnsi MOKa3aTeJbHBIX YPaBHEHHI

Beiensior aBe rpynmsl cnocoO60B: TpaguuecKuil 1 aHATUTUYECKHE.

Bcenomuum cyTh rpadudeckoro crocoda perieHus ypaBHeHHIA:

1. Iloctpouts rpaduku 1ByX GyHKUUH (JeBas U MpaBasi YaCTU ypaBHEHUS);

2. Haiitn aOciuicchl ToueK nepeceueHust rpauKoB;

3. 3amucartp OTBET.

Paccmotrpum rpadudeckuii crocob pemieHus Ha npuMepe ypaBHeHus 2* = 4 Tloctponm
rpaduku pyukiuii y = 2%,y = 4 1 HaiigeMm aOCcIucCy TOYKH NepeceyeHus! rpagukoB: X = 2.
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~4%2,

=4

[] 1 2 >

OTtBet: X =2
I'padmyeckuit cnocod MOXHO MPUMEHUTb HE BCErjaa, MO3TOMY paccMOTpuM Ooiiee
YHHUBEPCATbHBIC OCHOBHBIC aHATUTHYECKHE CIIOCOOBI PEIICHHS TOKA3aTeIbHBIX YPABHCHHIA.
AHanuTuyeckue crocoobl:
1. IIpupaBHUBaHKE NTOKA3aTENEH;
2. Brinecenue o0IIero MHOXKHUTENS 3a CKOOKH;
3. BBenenue HOBOM TIEpEeMEHHOI;
4. Vcnonb30BaHUE OJTHOPOAHOCTH.
PaccmoTrpuM kaxaplil ciocod noapoOHee 1 pazdepem Ha mpumepe.
1. IlpupaBHUBaHKE MMOKA3aTENCH.
Cytb MeTOzA:
1. Yenunuts ciaraemoe, cojiepraiiee NepeMeHHYIO;
2. IlpuBecTH CTENEHN K OTHOMY OCHOBAHHIO;
3. [IpupaBHATH MOKA3aTENH;
4. Pemith Moayuye€HHOE YPABHEHHUE,
5. 3anucaTh OTBET.
[Tpumep:
-27=0
3T =27,
3:': — 33;
x=73
Oteet: X =3

2. Boinecenue O6IJ.I€FO MHOJKHTEIIS 32 CKOOKHU
HpI/IMeanI/IGI BBIHOCUM 33 CKOOKH MHOXKUTEIh C MEHBIIIUM ITOKa3aTeIEM.

IIpumep:
33 =78
3f1-3*)=-78
3 (1-27)=-78,
3 (- 26)= —78;
3t =3

=1

OtBeT: X=1

3. BBeneHue HOBOM NIEPEMEHHOM
Kaxk mpaBumno, ypaBHeHUs, pemiaeMpie TUM CIIOCOOO0M, CBOJIATCS K KBaIPATHBIM.

Tpemep: 4% 5.4 44=1(
[Tyctb 4* = a Torna ypaBHEHHE MOKHO 3aIKCcaTh B BUIC:
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CnemaeM oOpaTHYIO 3aMEHY:
=4 ym 4" =1;

x=1 mmx=0

OmBer: x=1mmx=0

4. Ucnonb30BaHUE OTHOPOAHOCTH

F) _ p F )
Onpeoenenue TlokazarenbHble ypaBHeHUS Buga &~ = 5 Haspisarorcs OJIHOPOJIHBIMU.

CYTI) MeToJa: Tak xak Imoxa3aTelbHas ¢)YHKIII/I$[ HC MOXCT MIPUHUMAThb 3HAYCHUC, paBHOC

HYJIIO, U 00e yacTu YpaBHCHUA MOXXHO ACJIUTh HA OAHO U TO K€ HC PABHOC HYJIIO YHUCJIO, pa3ACInM

HEY
00e yactu YpaBHCHUS, HAIIPUMEDP, Ha & .

[Tpumep: 2* = 3*

X .
Pa3znenum o6e yacTu ypaBHEHUS Ha =0

i
33

4

=10
Otger: X=0

[Ipocreiiniee noka3zaTeJbHOEe HEPABEHCTBO UMEET BU/I:
flz)  afx)

a - ya ,rae V - oIMH U3 3HAKOB: <,>,<, WU >,

Uro0bl pemmTh MNOKa3aTelbHOe HEPABEHCTBO, HAM HY)KHO OT CPaBHCHHS CTENEHEH
MEepeTH K CPaBHEHHIO MTOKa3aTeneil.

RE

Kak wMbl moOMHHMM, TOKa3aTenbHas (QyHKIUS y=a - BO3pacTaeT TMpHU BCEX
JeHCTBUTEIBHBIX 3HAYCHHUSX *© , eciu =1 319 3HAYUT, YTO OOJNBIIIEMY 3HAYCHHIO apryMEHTa
COOTBETCTBYET OOJIbIIIee 3HaUeHNEe PyHKIMH. To eCTh U3 HEpaBEHCTBA

f e f e
r.'f ) g’V ] [z |

a =g {x)
clleayeT HEPaBEHCTBO FTE

4

AHaNOrMYHO, TaK Kak Moka3aTesibHass (QyHKIUS YOBIBAET, €CIU U<a<l , 1 OoJbIIEMY
3HAUEHUIO apTyMEHTa COOTBETCTBYET MEHbBIIIee 3HaAUCHUE (PYHKIINH, U3 HEPaBEHCTBA

(=) 9(x)

. - clIeqyeT HEpaBEHCTBO

To ecTe mpH pemIeHMH NPOCTEHIINX IMMOKA3aTEJIbHBIX HEPABEHCTB IMpekKae 4YeM
CPaBHMBATH BbIPAa’KeHHs, CTOSILIME B MOKAa3aTe/ie CTeleHH, HY’KHO CPAaBHUTH € eAMHHMLeH
OCHOBaHHE CTeleHeM.

Emeé pas, 310 BaxKHO:

€CJIM OCHOBAHMUE CTCIICHU 60.]1];[1[6 €¢INHUIBbI, TO HpI/I HGpGXO}Ie K BI)Ipa)KeHI/IHM, CTOAIITUM
B [10KA3aTeNe, 3HAK HEPABEHCTBA COXPAHACTCH

€CJIM OCHOBAHHUE CTeleHUu 00JIblle HYJisl, HO MeHbllle eIMHHUIbI, TO MPU MEPEXOJE K
BBIPAKEHUSM, CTOSIIMM B TIOKA3aTeJIe, 3HAK HEPABEHCTBA MEHSACTCH HA POTUBOIOJIOKHBIH.

fz)<g(x)
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Bce mokazarenbHble HEpaBEHCTBA JIIOOOTO YPOBHS CIIOKHOCTH, B KOHEYHOM HTOTE,
CBOJIATCS K PEIICHHIO MPOCTEHIINX OKAa3aTEeIbHbIX HEPABEHCTB.
PaccMoTpuM HECKOJIBKO TPUMEPOB.

1. Pemum HepaBeHCTBO:
@ fi

(0.3)77% <(0.3)""

Tak kak OCHOBaHHWE CTEIICHEH []";{1, Ipru 1IepexXoac K BbIPpAXKCHUAM, CTOAIIUM B

IMMOKa3aTceiiC, 3HaK HCPABCHCTBA MCHACTCA Ha HpOTPIBOHOJIO)KHLIﬁI
T ]
~

-2 7 x-1

[Tepenecem Bce BIIEBO, U MPUBEIEM K 00IIEMY 3HAMEHATEITIO:
T i

_ =l

-2 x-1

x(x-1)-6({x-2)

- - =
(a-1)(x-2)
2 - 3
xro=Tr+12
P EE—— =]
(x-1)(x-2)
Kopun uncnurens:
r =3 x =4
1 2
)
(-3 ){x-4)
1 1
— =0
[a-1){x-2)
Pemnm HEpaBEeHCTBO METOJIOM HHTEPBAIIOB: HAHECEM KOPHU YUCIIUTEIS U 3HAMEHATEIS Ha
YHCJIOBYIO OCh M PACCTABUM 3HAKH:

>+—|
il ¢
g
3
&

N
W ¢
0

<l Yeox=3 1>d

Otser:

2. Pemium HEPaBEHCTBO:
T N

20 <bxh -0

Ilepenecem Bce crnaraemsle BJIEBO M DPA3jOKUM OCHOBAHMS CTEIIEHEH HA IIPOCTHIE
MHOXUTEIHN:
e _x
5 -hxd +o <0
Ecnu 6561 5T0 ObUTO ypaBHEHUE, MbI pemiagn Obl €ro ¢ MOMOIIBIO 3aMEHBI EPEMEHHOM.
ITocTynum Taxxe.

BooOrie, moka3arenbHbIe HEPAaBEHCTBA JIESTCS HA T€ K€ THUIIBI, YTO W IMOKA3aTeNbHBIC
YpaBHEHUS, U PEIIAIOTCS TEMU K€ CIIOCOO0aMH.

Buumanmue! Eciin MbI pemaeM HEPABCHCTBO € NMOMOIIBLIO 3aMEHbI NMEPEMECHHBIX, TO

HY’KHO pemaThb OTHOCHTEJbHO 3aMeHbl 0 NOJYYeHHUsl MNpPocTeillero HepaBeHCTBA.
[TosicHuM Ha 3TOM IpHUMepe.

- -
Bsenem 3ameny: t=5 ’ t =)
ITosy4uM CHCTEMY HEPABEHCTB:

a
L -6145 =0
£ =)
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Otcrona:

L= =5
£ =)
To ectp 1<t <9
3anuiieM JBOMHOE HEPABEHCTBO B BUJIE CHCTEMBI:

[ =1
{0

Bot teneps Mbl MOKEM BEPHYTHCS K UICXOTHOM MEPEMEHHOM:

o)
Orciona: =t | B e |
Otger: ! <7 <1

Pemenue 3ananuii:
Nel. Pemuth ypaBHEHUS:
1)2° =16, 1

2)0.5° = 0,125 )3 =

ifag’
1 T
347 = —. 82" =4
16 2rwd
FNT e _ (1]
9) %| =36, =53]
510 =300, 1067 =216% |
e L -
6)0,3" :@ 13" 3= .
N92.PemI/IT¢; yYpaBHEHHUE:!
(1)2—3}{ 25
- = x+1 LJE . 945 LK
2) 5 ; r)?’““+3?_2++32;
6)4"4—2"—2{]:0; H)Sx—2=—2}(+3.
X H—2 _
p 5 —7-52=90.
No3.Pemmte ypaBHEHUE:
o (0777 =10, 3+ 3% = 524 —17. 2%
) (l)x_z )
— = 2x+1
6)9"—?-3"—18={]; 0 3 .
—2 _
1. 3)43_3'4’{ —52;
Ne4. Pemnth ypaBHEHHE:
p02)7 =25 54 _12.2" +32=0
X—Yy =4,
5" = 25,

Ne5. Pemmnts cucremy ypaBHEHUI
Ne6.Pemuts ypaBHeHue

)7 +5-7" =588
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2) 3% +4.3% =279

No7. Pewinre HEpaBEHCTBO:

Nopet

No9. Pemite HEpaBeHCTBO:

q) 5% =125
6) 0,01 <10** <10000

S.ax8 25, .3
=)" < ()
0 ) o

n 1=<6"" <216

Ne10.BeImoHNTE 3a1aHUS

A) CpaBHuTe ynciaa M U N, eciu:

1) (9.8)">(9.8)"; 2) (0,6]"<(0,6]".
b) CpaBuure uncna a u b, ecru:

1 | 7.61°>(7.6)"; 2y (0.3)<( 0,3)".

{ G 15 f G 13x-5
N

f 2 I ) f y) | x+l

5/ <3|

Nel2. Peunte HepaBEHCTBO:

¥ —2x—24

%2 +2%—15

73 =4 <1
T) X

H)5-4x—|—2-25" = 7-10%

¥ —Ox+14

05 =2 >1
T) ;

. AX x+0.5 . b
2 42550 > 7107

1) 02 % <0,0016; ) 2*7'—5-2"+2=0 .

X+x—15

3) 03 ** 20,027; 4) 5 '-2-5"-7520
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IpakTnyeckas padora Nel8
Tema 3.5: Jlorapudwm uucna. CpoiicTBa sorapupmMos
Heanb: HayuuThCst BBIYUCIATH JOTapu(QMBI W YIOPOLIATH BBIPAXKECHUSA, COJEpPIKAIIUE
aorapupm

TeopeTnyeckas 4acThb:

Jlorapudm uncna b no ocnoBanuio @ onpeensercs Kak MoKa3aTelb CTENEHH, B KOTOPYIO
HAaJ0 BO3BECTH YMCJO @, uTOObl ToOMyduth umcio b (Jlorapudm cymiecTByeT TOIbKO Y
MOJIOKUTEIBHBIX YHCEIT).

Jlorapugm B nepeBojie € IPEUecKOro OYKBAJbHO O3HAYaeT "4YMCIO, H3MEHSIOIee
OTHOLIEHHE".

CneunuajbHble 0003HAYCHHS:

1. Harypanbubiit norapudm 11 a - norapudm no ocnosanuio €,

2. JlecsaTHUHBIN JOTapr(pM lga . norapudm 1o ocHoBanuto 10.

CaoiicTBa 1orapuMoB:

o log b b
1° a = U - ocHOBHOE JTorapru(PMUYECKOE TOKIECTBO.

20 log, a=1.a=0a+#1

30 log,1=0.a=0a+#1

Jlorapum eIUHHUIIBI IO JTFOOOMY MOJOKHUTEILHOMY, OTJIMYHOMY OT 1, OCHOBaHHIO pPaBEH
HYJII0. DTO BO3MOXHO ITOTOMY, YTO U3 JIFOOOrO JCHCTBUTEIBHOTO YHCIIA MOKHO IOJYYHThH |
TOJIBKO BO3BE/IS €r0 B HYJIEBYIO CTCIICHb.

go log, (be) =log, b+ log, ¢

Jlorapum npou3BeIeHHs PaBEH CyMME JIOrapu()MOB COMHOKUTEIICH.

i

50 log, o= log, b—log, ¢
Jlorapudm yactHOTO (IPOOM) paBEH Pa3HOCTH JOrapu(hMOB COMHOXKHUTEIICH.
po_
6 log, b =p-log, b
Jlorapugm CTeneHH paBeH NPOM3BEACHUIO IIOKA3aTeNisi CTENeHW Ha Jorapupm ee
OCHOBAHWSI.

1
log . b= T log, b

1
log, b=
80 log, @
log . b
log, b = Se
9° log.a - IIepexo/i K HOBOMY OCHOBAHHUIO.

Pemenne 3aganmii:
Nel. Haiinute 3HaueHuE BBIPA)KEHHUS:

6 * lﬂg? 3??

—

1 1 1
6-log- V7 =6"log-732 =6-§~lﬂg?? =6~§~1= 2

Hcnons3oBanu:
™

an = yam
M e,
log . b™ =m-log_ b
Ortger: 2
Ne2. Haiigure 3nauenue Beipakenus 10gog 3 - 10931,25
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log,,3+1l0g,1,25=——+]oo.1,25 =
=08 =3 log, 0,8 ~ °2 log, 0,8
5 5
=10g,451,25 = lnggg = lﬂgg]—i -1 lnggg =-1-1=-1
Ucnomnp3oBanu:
| 1
oo =
=a log,a
log. b
= =log,b
log.a
1
log kb = T log, b
Ortser: —1
No3.Haiinute 3HaueHUE BHIPAKEHHUS:
510g25 49

5]og2549 — 5]cg25?2 — 52-]cg25? — ('52}]og25? —

— 2508257 = 7
Ortsert: 7
No4, Haiinute 3Ha4€HUE BbIpaKEHUS:
g2 logg 3

gZ-loge3 _ (810593)2 =32 =g

Otger: 9
Ne5.Haiinure 3HaueHNE BBIPAXKEHUS:

6410g9 3

g4log:3 _ (8- g)lﬂgs V3 _ glog:3 , gloge3 _ V3.4/3=3

OtBer: 3
Ne6. Haiinure 3HaueHHe BbIpayKEHUS:
24
3 log; 2
24 24 1
3legzs2 2
Otser: 12

No7. Haiinnte 3Ha4eHUE BBIPAKEHUS:

log1 V13

13

i _ 1
log1 V13 =log,3-1 139° = —-log43 13
13 -1
Ortser: — 0,5
Ne® . Haiinure 3nauenue Boipaxkenus 1093 8,1 + 10g310.

05— -1.0,5=-05
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log,8,1+1og;10 =log,(8,1-10) =log,81 =4

Ortser: 4
Ne9. Haiinute 3HaueHue BbIPAXKEHUS:

lﬂgﬁ *v“lﬁ

log, 13
logs V15 13 11
1;&7? =10g13v13 = log;3 132 = 7=05
Orser: 0,5

Ne10. Beruucnure 3Ha4Y€HUE BBIPAKCHUS:
crﬂ
(31022 3)1':'::._-. 2

(Slcgz 3)10%32 _ (3]0522)10523 — plog:3 _ 3

Ortger: 3
Nell. Haiinure 3Hauenue Boipaxenus 10ga(ab®), ecim logs a = 1/7.
[TpeoOpaszyem naHHOE BBIpaXKCHUE:

log_(ab®*) =log_ a+log b®=1+3log, b

Omnpenenum 3HaueHue Boipakenus: 10gab. Ham u3BectHo, uTo

b

CnenoBarenbro logab =7.
Takum o6pazom:

1+3log,b=1+3-7 =22

7 log

od

Ortser: 22
Nel2. Haiimure loga(a:b®), ecm loga b = 5.
a
lngaﬁ =log,a—log b*=1—3log, b=
—1-3-5=-14
Ortger: —14

Nel3. Haiimure 10ga(ab®), ecom loga b = —2.
log (a*b®) =log_ a*+log b® =2log a+3log b =

=2+1+3log,b=2+3+(-2)=—4
Otser: —4
Nel4. Haitnure 3Hauenue soipaxkenus loga(a*h®), ecnu logy a = 1/3.
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1
logpa = 3
1 ! . = log,b=3
%50 = 0g_b 3 log.b 98a? =
4.1+9log hb=4+9-3=31
Otger: 31
NelS. Haitnure loga(a’:b®), ecmu loga b = 10.
a’
lngaﬁ =log,a” —log, b* =7log,a —3log, b =
=7+1—-3-10=-23
OteT: —23

Nel6. Haitmure loga(ab®®), ecnu loga b =7.
log (ab'®) =log a+log b"=1+10log b =

=1+10-7=71
Otser: 71

IIpakTnyeckas padora Nel9
Tema 3.6: Jlorapupmuueckas ¢pyHkuus, ee cBoiicTBa. Jlorapupmuueckue ypaBHEHUS U
HEPaBEHCTBA
Hean: Hayuuthest cTpouth rpaduk jgorapuMuueckol (yHKIHHM U HCCIIEAOBaTh €€
CBOMCTBA

Teopernyeckas 4acThb:

N . v=log x
Jlorapupmuyeckoii ¢QyHkunmeii HaszpBaeTcs (yHKIMS BUAa & , Trae

a=0, a#l
: U SIBJISICTCS YUCIIOM.

I'paduk GyHKIMU UMEET CIe YOIl BUI.
Fpacpuk cpyHKyuU y=log, X, ecnu a>T  rpaduk oymkyuL y=log,x, ecnu 0<a<1

| vl
5 5
4 4
BN 3
2 2
11 1
& T T = — T T T T —p—
1, 12 3 4 5§ 7 & 9§ 10X 1, 1 S 6 7T & 9§ 10x
-2 2
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CaoiicTBa pyHKINU
1) OGnacteio onpenencHUs] GYHKIUH SBISETCS MHOXECTBO BCEX MOJIOKHTEIBHBIX

D[yj:(& Hm)
2) MHOXecTBOM 3HaYCHUI (PYHKIINU SIBIISIOTCS BCE ACHCTBUTENbHBIC Yncia R.
3) HaumenbIiero u HanboIbIIETo 3HaYeHUH (QYHKIIMS HE HMEET.
4) OyHKIUS HE ABISETCS HU HEYETHOU, HU 4eTHOU. MimeeT oOmuii BuI.
5) ®yHKIUS HEeTIepuoANIecKasl.
6) Hymu ¢pynkuuu. I'paduk pyaknum nepecexaetr koopanHaTHyto ock Ox B Touke (1; 0).
7) Ilpu a>1 dbynkuus Bo3pactaet; npu 0<a<l ¢yHkius yObIBaer.
3agaHue: NoctpouTte rpadmk PyHKUKKM ¥ = Icngx + 2} — 3.

YHUCCII

[Tpumep 1.

Jly1st TOrO, 9TOOBI OBICTPO HAWTH OTBET 3a/1a4M HYKHO PAacCUMTATh 3HAYCHUS TOUYCK IS Y
= logziix, a 3aTeM MPOCTO MEPEHECTH Havala TOYKH KOOPIUHAT Ha TPH JeeHus BHU3 110 ocu OY
1 Ha 2 peneHus BiaeBo o ocu OX.

1r uy

w N “

N

|
=
4]
e
==
#

/ -4
X ={=2 I =3

B kauecTBe qOKa3aTenbCTBa MOCTPOMM PACUETHYIO TaONUILy Ui TOYEK rpadukay =
l0g2(X+2)-3 1 cpaBHMM MOTYYCHHBIC 3HAUCHHS C PUCYHKOM.

X |-1|0|2
Y [-3]2]|-1

Kak BHJHO, KOOpJMHATHI U3 TaOJIUIBI U TOUYEK Ha rpaduKe COBIAAAOT, CIEI0BATEIbHO,
MIEPEHOC TI0 0CSM OBLT OCYIIECTBIIEH MTPABHIIBHO.

IIpumep 2.

Onpenenuth yObIBarolas WIM Bo3pacTaromias Ju (QyHKUHMS M yKa3aTb 00JIacTh ee
OTpeieNIeHusl.

Y = logo.7(0,1x-5)

Tak kak ocHOBaHMe Jorapu(pMa MEHbIE €JUHMIBI, HO OOoJbIIe HYNS — (QYHKIHSA OT X
sBisieTcs yosiBatomeid. CorsiacHO CBOMCTBaM JioraprdmMa apryMeHT TaKkKe JTOHKEH ObITh O0JIbIIe
Hys1s. Pemum HepaBeHCTBO:

0,1x—5:0,
x» 50,

OTBer: obmacts onpeneneHust D(x) — uaTepBai (50; + ).
IIpumep 3. Haiitu oGnacts onpeneneHust i GyHKIMU:

f(x) =log;(x +4) +log;(8 —x)
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W3 cBOHCTB norapugma U3BECTHO, YTO APTYMEHT MOKET OBbITh TOJBKO MOJIOKUTEIbHBIM.
[ToaToMy paccumTaeM 00JaCTh MOMYCTUMBIX 3HAUYeHWU (PyHKIuU. st 3TOro HYXHO OyaeT
PCIINTE CUCTEMY U3 IBYX HEPABCHCTB:

0J13: x+4> [}I:}{x > —4
B-—x>0 x<8

Wrak, MCKOMBIN NMPOMEXYTOK HAaXOIUTCS B Ipenene uHrepBaia (-4; 8), mpu Ipyrux X
CTAaHOBUTCS HEBO3MOJXKHBIM BBIYMCIUTh 3HAUYE€HHE OAHOTO M3 JAHHBIX JIOrapu(pMUUYECKHX
BBIPAKCHU.

2 XE(—4:8)

Penrenue 3agannii:

1.  HaiguTte oBnacTb onpegeneHna GyHKLKUK.
y = lg(3z — 2)

2. HaWpute oBnacTb onpegenesna GyHKLUN.

y=2In(l+z)—-31g(3z—-1)

3. HaWpguTe oBnacTb onpegeneHna GyHKUKUK.
y = logy, (x°-3z—4)

4. Haigute obnacTb onpegenedna dyHKUKUK.
y=1In(7- |z +2|)

5. Haiigute obnacTb onpegenedna dyHKLUA,
y = logg (4 — 5z)

6.  Kakomy npoMexyTky NPUHaANeXUT 06NacTb onpeaeneHna GyHKLUWN Y = In(—4m2 + 10z)7

Ne7. IToctpouts rpaduku JorapupmMuueckux QyHKIHUI:
1) y = logsx
2) y = logasz)X

Ipaduk norapupmudeckomt PyHKIHUY

y=logyx y=logx
3
1 1 1 1
X 3 - 1 3 9 27 X > s 1 3 9 27
y =2 =1 0 1 2 3 y 2 1 0y =1 =2+ =3
>4 '
|

92



IpakTnyeckas padora Ne2(
Tema 3.6: Jlorapudmuueckas ¢pyHkuus, ee cBoicTBa. Jlorapupmuueckue ypaBHEHUS U
HEpaBEHCTBA
Heas: Hayuntbes pemars norapudMuyeckie ypaBHeHUS U HEPAaBEHCTBA

Teopernyeckas 4acThb:

Teopema 1. Eciu f(x) > 0 ug(x) > 0, To norapudmuueckoe ypaBHeHue log af(x) =
log a g(X) (rme @a >0, a # 1) paBaocuibHO ypaBueHuio f(X) = g(X).

IMpumep 1. Pemute ypaBHeHuUe:
2 _ =
lg(x® — 6) = lg(8 + Hx).
Pemenne. B o0mnacte OMyCTMMBIX 3HAUEHHUH BXOIAT TOJBKO TE X, IPU KOTOPBIX

BbIpa)KEHUE, HaXod11eecs 0] 3HaAKOM Jiorapudma, 0osbIle Hyls. DTH 3HaUSHHsI ONPEAEISIIOTCS
CJIEYIOLIEH CUCTEMOM HEPABEHCTB:

2 —6>0, x? > 6,
—
8+ hr =10 r > —1.6.

x € (—oo;—v6) U (vV6; +oc),
re(—1,6;+0c).
C ydetoM TOTO, 4TO

1.6 = —+/2.56 > —6,

MOJTy4aeM IIPOMEKYTOK, ONpPEACISIONMA 00JacTh AOMYCTUMBIX 3HAYCHHUH JaHHOTO
Jorapu(pMUUECKOTr0 ypaBHEHUS:

z € (V6; +).

Ha OCHOBAaHHUHU TeOpeMLI 1, BCC YCJ'IOBI/IH KOTOpOﬁ 3JC€Ch BbIIIOJTHCHEI, HepeXOZLI/IM K
CJIEAYIOIIEMY PABHOCUIIBHOMY KBaJIpATUYHOMY YPaBHEHUIO:

22— 6=84+bre1t—br—14=0«

ry =17, 10 = —2.
B 0065acTh 10MyCcTUMBIX 3HaYEHHUM BXOJUT TOJBKO MEPBbIM KOPEHb.
OtBer: X =7.

IIpumep 2. Pemnte ypaBHeHMeE:
logg o(—a% + 4z + 5) = logg o (—x — 31).

Pemienue. OGacTb JIOMMyCTHUMBIX 3HAYEHWH YpaBHEHHUS OINpPENENseTcs CUCTEMOM
HEPaBEHCTB:

—x? 44+ 5> 0, - —1<gx<h,
—x—31 =10 T < —31.

OuyeBuHO, YTO 3TH JIBA YCIIOBHs NMPOTUBOpEYAT APYr Apyry. To ecTb HET HU OJHOIO
TaKOT0 3HA4YEeHHUs X, IPU KOTOPOM OJIHOBPEMEHHO BBITIOIHSIUCH Obl 00a HepaBeHCTBa. O0OIacTh
JIOITYCTHMBIX 3HAYEHUI YPAaBHEHHUSI IBIISIETCA ITyCTHIM MHOXECTBOM, a 3HAYUT PEIICHUN Y TAHHOTO
JOrapu(pMHUECKOTO YPAaBHEHHS HET.

OTBeT: KOpHE HET.

OOparuTe BHHUMaHHE, YTO B ATOM 33/laHUM HaM BOOOIIE HE MPUIUIOCh UCKATh KOPHH
ypaBHeHHUA. J[OCTaTOYHO OKa3ajioch ONpPEAETUTh, YTO €ro 00JIacTh JONMYCTUMBIX 3HAYEHHUH He
COJIEP)KUT HM OJHOTO JEHCTBUTENBHO 4YHCIA. OJTO OAHO M3 IPEUMYLIECTB TaKOU
IIOCJIEI0BATEIBHOCTA PEIIEHHs JIOTapU(PMUYECKUX YpaBHEHMH M HEPaBEHCTB (HAYMHATh C
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orpeneneHuss O0JacTH JOIMYCTUMBIX 3HAYeHUWH YpaBHEHHUS, a 3aTeéM pellarb €ro IyTem
PaBHOCHJIBHBIX MTPE0OpPa30BaHMIA).
IIpumer 3. Pemute ypaBHeHue:

3103%1—#510&1—2:0.
5 )

Pemenne. OGacTh JOMyCTUMBIX 3HAYCHUN YPaBHEHUS OIIpeesieTcs 3/1ech Jerko: X > 0.
Hcnonb3yeM NOACTaHOBKY:

t = log% T
YpaBHEHHE IPUHUMAET BUJ:
1
t1 = 7,
3 4t —2=0s |, %
ty = —2.
OO6parHas moJIcTaHOBKa:
logi ¢ = L. =1
53 R o I Bk
logi x = -2 r = 4.

p)
O6a oTBeTa BXOJAT B 00JIACTh JOMYCTUMbBIX 3HAYCHHUI YPaBHEHHUSI, IOCKOJIBKY SIBIISIFOTCS
MOJIOKUTEIBHBIMU YUCIIAMH.
IIpumep 4. Pemute ypaBHeHue:

logp 4(x + 2) + logg 4 (v + 3) = logg 4 (1 — x).

Pemtenue. BHOBp HauHeM pelieHHe C OmpeaeieHHus 00JacTH JOMYCTHMBIX 3HAYCHUH
ypaBHeHuA. OHa onpenesseTcs Caeayoue CHCTEMO HEPaBEHCTB:

r+2 =0, r > —2,
r+3>0, ©{rx>-3 <axec(-21).
1l—x =10 r <1

Bocnonp30BaBIINCE PAaBUIIOM CIIOKEHUS JIOTrapu(pMOB, IEPEXOIUM K PaBHOCUIBHOMY B
00J1aCTH JIOTTYCTUMBIX 3HAUYCHUH YPaBHEHHUIO:

logg 4(x + 2)(x + 3) = logp4(1 — ) =

OcHoBaHus jg0rapu(pMOB 0JIMHAKOBBI, TO3TOMY B 00JIACTH AOMYCTUMBIX 3HAYEHUH MOXKHO
NEPENUTH K CIENYIOIIEMY KBaJIpaTHOMY YPaBHEHHUIO:

(z+2)(z+3)=(1-z)=s’+6z+5=0<
x] = —0,
r9 = —1.
IlepBbIif KOpeHb HE BXOAMT B O0JIACTH JOMYCTUMBIX 3HAYEHUN YpaBHEHUs, BTOPOH —
BXOJIUT.
Oteer: X = -1.
IIpumep S. Pemure ypaBHeHuMe:
%837 = 81,
Pemenue. Bynem nckats perrenust B mpomexytke X > 0, x#1. [IpeoOpasyem ypaBHeHHE K

PaBHOCHUJIIBHOMY:
1

T_lﬂg;; T _ TlﬂgrEl = T_lﬂg;; T _ ylogze o

loggx =2 - T =

2 ) ,
logar =4 < logs & = —2 -
Oq T :

[Tl ]

O0a oTBeTa BXOJAT B 00/1aCTh NOMYCTUMBIX 3HAUEHUH ypaBHEHMUS.
IIpumep 6. Pemvite ypaBHeHue:
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logy(x 4+ 12) -log,. 2 = 1.
Pemenne. CucteMa HepaBEeHCTB, ONpenensomas o01acTb JONYCTUMBIX 3HAYEHUH
YPaBHEHMsI, UMEET Ha ITOT pa3 BUJ:

r+12 =0,
x =0, x>0, # 1.
xF# 1

Hcnonp3ys cBoiicTBa orapudma, mpeodpasyemM ypaBHEHHE K pAaBHOCHIIBHOMY B OOJIACTH
JOIYCTHMBIX 3HAUCHUI yPaBHEHUIO:

logy(x+ 12)

=1.
2logy x
Hcnonb3ys popmyiny nepexosa K HOBOMY OCHOBAHHUIO JIOTapr(pma, moTydaeM:
rp = 4,
log, (x+12)=2=2’ —2-12=0< Tl F
= —a.

B o6macth nonmycTUMBIX 3HAaU€HU BXOJUT TOJIBKO OJIUH OTBET: X = 4.

[lepeiinem Teneps K.102apugpmuueckum nepagenHcmeam. ITO Kak pa3 TO, ¢ YEM BaMm
npuaercs umerh aeno Ha EI'D mo martemartuke. i pemieHusi JanbHEHIIMX TPUMEPOB HaM
notpedyeTcs cineayromas Teopema:

Teopema 2.

Ecmu f(x) > 0 u g(X) > 0, To:

npu @ > 1 norapupmuueckoe HepaBeHCTBO logaf(x) > logag(X) paBHOCHIBHO
HepaBeHCTBY TOro e cMbicia: f(X) > g(x);

npu 0 <a< 1norapupmuueckoe HepaBeHCTBO logaf(X) > logag(X) paBHOCHIBHO
HEPaBEHCTBY MPOTHBOMOIOXKHOTO cMbicia: f(X) < g(X).

IIpumep 7. Pemure HEpaBEeHCTBO:
logg 5(22 4+ = — 6) = logg 5(x + 4).

Pemenne. Haunem c ompenenenuss o0nacTé JOMYCTUMBIX 3HAUEHUH HEpaBEHCTBA.
Boipaxkenue, crosiiee moja 3HaKOM JorapuMuyeckol (QpyHKINHU, JOIKHO NMPUHUMATh TOJIBKO
MOJIOKUTEbHBIE 3HAU€HHUs. OJTO 3HAUUT, YTO HCKOMas OOJIaCTh JOMYCTHUMBIX 3HAuYCHUI
ONPEAEISIETCA CIEAYIONIEH CUCTEMO HEPABEHCTB:

22+ —6>0, - xr € (—o00;—3)U(2;+0x),
r+4=10 x> —4
S are(—4-3)U (2 +00).

Tak xak B OCHOBaHHH Jorapr(ma CTOUT YMCIIO, MEHbIIIEE EAMHUIIBI, COOTBETCTBYIOIIAS
norapupmuueckas GyHkius Oyaer yObIBaOIIEH, a TOTOMY PaBHOCHJIBHBIM T10 TeopeMe 2 OyeT
Nepexo] K CIAEAYIOIIEMY KBaJpaTUYHOMY HEPAaBEHCTBY:

P +r-—6<r+4er?<10s e [—V10;V10].
OKOHYATENBHO, C YYETOM OOJIACTH AOMYCTUMBIX 3HAYEHHH MOTy9aeM OTBET:
z € [—V10; —3) U (2; V10].
IIpumep 8. Pemnite HEpaBEeHCTBO:
{T . 9}11
r—3

Pemenue. BHOBS HauHEM C ompeiesieHHs 00IacTH TOMyCTUMBIX 3HAUYCHUMN:

11 - logg (2% — 122 + 27) < 12 + logg
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v? —12x 427 > 0,
[T_glll
r—3 >0
Ha wMHOXecTBe MJOMYCTHMBIX 3HAYCHWH HEPABEHCTBA IPOBOJMM PaBHOCHUJIBHBIC
peoOpa3oBaHus:

e (—ood)U (9 +00).

_ qll
11 - logg(z — 9)(x — 3) —1ogg¥ <12
xr —.
_gyll
logg [(z — 9)'(x — 3)1] — log, % <12
Tr —
(= 3)(x—9) 12
logg z _ o < logg 977,

[Tocne cokparieHus u nepexoa K paBHOCUIbHOMY 110 TEOPEME 2 HEPaBEHCTBY MOJIydaeM:
(z-3)2 <9« 9<r-3<9e xe|—612.

C y4eTOM oOJactu AOITYCTUMBIX 3HAYCHUH nojrygacm OKOHYATEJILHELIA OTBET:
xr e [—6;3)U(9;12].

IMpumep 9. l?eH_II/ITe Jorapu(MUIEecKoe HEPaBEHCTRBO:
log, .1 (2® + 322 + 2x) < 2.

Pemenne. OGnacTp JOMyCTUMBIX 3HAYEHUI HEPABEHCTBA OIPEAEISAETCS CIEAYyIoIIen
CHUCTEMO:

r+1>0,
r+1#1, e x € (0;400).
w(x + 1)(x+2) =0

Bunno, uto B 005acTH NOMYCTUMBIX 3HAYCHHWI BBIPAXKCHHE, CTOSIIEE B OCHOBAHHH
norapudma, Bceraa 0oIblile eIUHUIIBI, a TOTOMY PAaBHOCHIIBHBIM 10 TeopeMe 2 OyIeT mepexo K
CJIEIyIOIIEMY HEPABEHCTBY:

:1"-3—|—3:1"-2—|—2:I"-{:172+2:11—|—1-#}:1"-3—|—2:r-2—1{U-#}
(z+ (22 +rx-1) <0

145 Vb -1
g JU{h T

C Y4CTOM o0actu AOIYCTUMBIX 3HA4YCHHIH nojrygacm OKOHYATEIbHBINM OTBET:

Vvh -1
2

IIpumep 10. Pemure HEpaBeHCTBO:
2logg(2? — 4x)

Tr e | —oo;

x e |0

< 1.
log, 12 =
Peuienue.
06J'IaCTB ,Z[OHyCTI/IMBIX 3Ha‘-ICHI/II71 HepaBeHCTBa OHpe,Z[CJ'ISICTC}I CHCTCMOfI HepaBCHCTBZ
9
¢ —4dx =0,
22 >0, sze(—oo—1)U(=1;0)U (4; +o0).

22 # 1
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I cnmocod. Bocrionb3yemest dopMyroil mepexoga K HOBOMY OCHOBAaHHIO Jorapudma u
nepeneM K paBHOCI/IJ'IBHOMy B 00J1aCTH JOMYCTUMBIX 3HAUEHUH HEPABEHCTBY:

log,» (22 — 4a)? < 1.
HepaBencTBo Oyzner paBHOCHIBHO IByM cucteMam. [lepBoii:
e (—1;0), r e (—1;0),
2 402w 2 .2
(x° —4dx)* = x r(x —H)(x—3) =0
€ (—1;0).
U BTOpOIL:
r € (—oo;—1) U (di4020),

g &z e (4;5].
T {:1".—5}{:1”.—3}%0

WTak, oOKOHYATEIIHHBIN OTBET:
€ (—1;0) U (4:5].

IT cnoco6. Pemmaem meronom unTepBaios. [IpeobpasyeM HEpaBEeHCTBO K BUY:

aal e _loos 12
2logg(x -l:r.}2 logy <0

logq x

Borurem u3 3HameHarenst log 83 L. OTO HUYETro HE U3MEHUT, IOCKOJIBKY ngg 1=10.
loga (22 — il:r 2 _oga 22
23 ) BT

logg 12 — logy 1

C yuyeToM TOro, 4YTO BBIPAKECHUS ngH f - lﬂ'gﬁg Hf — § — onHoro 3Haka

npu f g = 0, 5 o0jacTu JOMYCTUMBIX 3HAYEHUN MMEET MECTO CIIEAYIOIIHUN PaBHOCHUJIBHBIN
HEPEXONI:

|[:1“.2 — il:r.]l2 —z?

1 < 0&
2
(@ o:r}l[ 1—3:1“} <0.

o 0 - &

-1 0 1 2 3 4 5
MHOXECTBO pelIeHUI JaHHOTO HEPABEHCTBA

Vrax, ¥ € (—1;1)u [3;5]

'a ¢ y4eToM 00JacTH JOMYCTHMBIX 3HAYeHHil Tonydaem
. q- E
TOT e pesyabrar; £ < (—1;0) U (4;5].

Pemienue 3aganmii:
Nel. Pemuth ypaBHEHUS:

1. log,(2x + 1) =log, 3 + 1: 6. log-(x — 1) =log, 2 +1log- 3

2. log,2—-1=—log,(5—x): 7. log:(2x — 1) — log: 16 = 5:
1 2 2

3. ;logz(3x —2) =3 8. lg(5x+2) =1g36 +1g2:

4. logos(3x —1) = —3; 9. logix —5log.x +4 = 0;

5. 2logz 2 —logz(x — 1) =1+ log; 5;

10.1g°x=3—-2lgx.
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Ne2. Pemnth ypaBHEHUS:

Dig(x+4)-lg (x — 3) = lg 8;
2Dlg(x+2)-1gb=I1g (x — 6);
Dig(x-2)+1gx=I1g 8;

4) g Jx — 7 4 g J3x — 8 = 1;
5) log, (x + 10) = 2;
6)log, 2+ log, 3- % .
No3. Peminuth HEpaBEHCTBA:

1. log,(2x—6)<log, x

” 3

4. log,{18x-2)20

TNy

Eed

"'Jl

log,, x +log,,(x—19) <1

IIpakTnyeckas padora Ne2l
Tema 3.7: Jlorapudmbl B IpUpoe U TEXHUKE
Henb: HayuuThcs BBIABIATH MPOSIBICHUE JOrapu(MHUUYECKON CHHUpaiu B HPHUPOAE U
MCIIOJIb30BAaTh JIOrapu(Mbl B pEIIEHUN PUKIIATHBIX 3aa4.

Teopernyeckas 4acThb:

Ha npotsbxenuu 16 Beka ObICTpO BO3pacTaio KOJUYECTBO NMPUOIMKEHHBIX BBIUMCICHUH,
IPEeXJie BCEro, B aCTpPOHOMUHU. MHOTHE paboThl TpeOOBAIN KOJIOCCAIBHBIX, MHOT 1A MHOTOJIETHUX,
pacueToB. ACTpOHOMaM Ipo3ujia peajbHas ONMAaCHOCTh YTOHYTh B HEBBINOJIHEHHBIX pacyuerax.
Torna MmareMaTHKH JUTsl 00JIeTYeHNsT BRIYUCIECHUH puryManu jorapudmsl. 1 B 1614 roay Obumu
ONMyOJIMKOBaHbl ~ MepBble  Jorapudmuyueckue  TaOJIUIBI, COCTaBJICHHbIE  IIOTJIAHJICKUM
maremaTrkoM J[xonom Hemepom (1550—-1617), onu Bepoit u mpaBaoi CIYXHJIM aCTpOHOMaM U
WHXXEeHepaM, reoJIe3ucTaM U MOpsikaM, COKpariasi BpeMsi Ha BBIYUCIICHUS.

Psin siBneHuit mpupoibl MOMOraeT onucaTb UMEHHO Jlorapudmuyeckast 3aBUCUMOCTb. J{ist
COCTaBJIEHUS MaTeMaTU4YeCKON MOJENM TOro WM HMHOrO SBJIEHUS 4YacTo oOOpamaroTcs K
norapupmuueckoi ¢pyHkuud. OnHUM U3 HauOoJiee HArJsIHBIX NMPUMEPOB TaKoro oOpalieHHs
ABIIIE€TCS JorapupmMuyeckas cnupais. Jlorapupmudeckas cnupanb — 3TO MJI0CKask KpUBasi JINHUS
MHOT'OKpPaTHO 00X0/IA111ast OJTHY U3 TOYEK Ha IIOCKOCTH.

I'ne ke npumensitoTcs Jorapupmbi?

IIppMeHeHre B aCTPOHOMHUM.
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B actpoHoMuu norapudmbl UIMEIOT O4YE€Hb OOLIMPHOE pacrpocTpaHeHue. B aToii Hayke
3aICUCTBOBaHbBl OYEHb Oousibiie MacimTadbl. [lo yorapudmudeckuM cnupansiM 3aKpydeHbBI
MHOTME€ TaJaKTUKHM, B YAaCTHOCTH ['‘ajlakTWKa, KOTOPOM NPUHAJIEKUT COJHEYHAs CHCTEMA.
ACTpPOHOMBI pacHpeneNsitoT 3Be3Abl 0 CTEHNEHSM BHUIUMOM SPKOCTM Ha CBETWJIA MEpPBOU
BEJIMYMHBI, BTOPOW BENWYMHBI, TpeTbedl u T.A. IlocienoBarenbHble 3BE3HBIE BEIUYMHbI
BOCIPUHUMAIOTCS T1a30M, KaK WieHbl apudmerndeckoii nporpeccun. Ho ¢usnueckas sspkocth UxX
U3MEHSETCS 10 HMHOMY 3aKOHY: OOBEKTUBHBIE SPKOCTH COCTAaBIIAIOT T'E€OMETPUYECKYIO
MIPOrPECCHUI0 CO 3HaMeHaresneM 2,5. JIerko MmoHsATh, UTO «BEIMYMHAY 3BE3/Ibl IPEJICTABISIET COO0M
HE 4YTO MHOE, KakK Jorapudm ee ¢puzmueckoit sspkoctu. [IpakTuuecku kaxaas Bropas Gopmyna B
aCTPOHOMHUH, aCTPOPU3UKE U APYTUX MEPEKPECTHHIX HayKax He o0xoasaTcs 0e3 morapudma.

IIpumenenne B OHOJIOTHH.

PakoBUHBI MHOTMX MOJUIIOCKOB, YJIHMTOK, a TakKe pora apxapoB (TOpHBbIE KO3IIbI),
3aKpYYEHHI 10 JIorapupMudeckoit cimpand. [1o morapudmudeckoi crimpaiu 04epUueHbl He TOJIBKO
pakoBuHbl. [layk osmeiipa, cmjetas nayTuHy, 3aKpydydBaeT HUTH BOKPYr ILEHTpa IO
norapu(pMHUECKUM CITUPATISM.

IIpumeneHnue B My3bIKe

Korna my3bIkaHT Urpaer Ha posisie, COOCTBEHHO TOBOpSI, OH UTpaeT Ha Jorapudmax. Tak
HA3bIBAEMble «CTYINEHH» TEMIIEPUPOBAHHON XPOMATUYECKOW TamMMbl MPEJICTaBISIIOT COOOMU
J0rapuQMbI ITUX BEJIMYUH. OcHoBaHue TUX JorapupmMoB paBHO 2.
Homepa «knaBumield posiisi mpeAcTaBisioT co0oil  morapudmbl  ymcen — KojeOaHui
COOTBETCTBYIOIINX 3BYKOB (YMHOXEHHBIE Ha 12). MbI 1a)ke MOXeM CKa3aTh, YTO HOMEP OKTaBbI
MpeJICTaBIsIeT cOOOM LIETyI0 YacTh (XapaKkTepUCTUKY) JiorapudMa ymciia KojaebaHuid 3Toro ToHa,
a HOMEp 3ByKa B JIAaHHOW OKTaBe, JEJEHHbIH Ha 12 — ApoOHYI YacTh (MAaHTHCCY) 3TOTO
norapudma.

IIpumeHeHne B ICUXO0JIOTHH.

I'poMKoOCTh 3ByKa H3MEpAIOT B Jerubenax, KOTOpble MPOMOPIHOHAIBHBI JIOTapupmy
MOIIHOCTH 3BYKa, BO3JICHCTBYIOIIEIO Ha yX0. YNOTpeOjeHHe JIorapupMUUYECKUX IIKal
IPOJUKTOBAaHO 0COOEHHOCTSIMH HAILIIMX OPraHOB UyBCTB: 3pEHUS, CllyXa U T.1. YenoBeueckuit Mo3r
BOCIPUHUMAET Pa3ApaXeHUsI OT OPraHOB UYBCTB HE MPOMOPLUOHAIBLHO CHUJIE Pa3ApakKUTENs, a
JMIIB MPONOPIMOHATIBHO ee Jorapudpmy. IMEHHO MO3TOMY yXO OMHAKOBO CIIOCOOHO CIIBIIIATh
HIOPOX JINCTHEB U HE OTJIOXHYTh OT TPOMKOTO yapa CTaHKa Ha 3aBOjie. A a3 MOKET 3aMETUTh,
KakK OJIECTUT CHET Ha CBETY M HE OCJIENHYTh, €CIM MOCMOTPUT Ha ColHIle, KOTOPOE B MUJLITHAPAbI
pa3 sipue. OnucaHHbIe BbILE CBEACHHS O0BEAUHAIOTCS 3aKOHOM MCUXO(PHU3UKH, YCTAHOBICHHBIM
®dexHepoM, KOTOPBI TOBOPUT, YTO Mepa OLIYIIEHHUS MPOMOPIUOHANIbHAS JorapudMy BeTHUIUHBI
pasapakeHusl.

IIpuMeHeHne B CeJILCKOM X03AHCTBE

Kak okazanoch, © B CEIBCKOM XO3SIHCTBE HE oOomuiock 0e3 sorapudmon. Hampumep,
HCCIIEIOBAB POXKJIEHUE TEIAT, OKa3aloCh, YTO MX BEC MOYKHO BBIUMCIATH U C IOMOLIBIO
norapuMoB.

OO6nacTe TpUMEHEHHs JIOTapU(MOB HE OTrPAHUYHMBACTCS JIUIIb PACCMOTPEHHBIMHU
HayKaMH, TaK’Ke€ OHA UTPAeT BaXXHYIO pOJib B JTUTEpaType, MHPOpMaTHKE, HICTOPUH, PUCOBAHUU U
MHOTUX Jpyrux. Jlorapupmudeckas GyHKIH Ta€T HAM BO3MOKHOCTh TIO-JJPYTOMY B3TJISIHYTh Ha
MacIITaOHbIe TPOLECCHI, MTPOUCXOSAIINE B OTPOMHBIX POCTPAHCTBaX U BPEMEHHBIX MHTEpBAJIaxX
JUTSI IOHUMAHWSI B OCMBICTICHHSI 001l KapTUHEI.

IIpuMeneHnue Jjorapu(pMu4ecKo PyHKIUH

Jlorapudmuueckre GyHKIIMN pacIpOCTPaHEHbl YpE3BbIYAITHO MIMPOKO KaK B MAaTEMAaTHUKE,
TaK U B €CTECTBEHHbIX Haykax. [IpuBenéM HECKOIBKO MPUMEPOB MCIIOIB30BaHUA JIorapu(MoOB B
Pa3HOOOpa3HBIX HAyKaxX.

B cratuctuke n Teopuu BeposATHOCTEH Jorapu@m BXOJIUT B Psii MPAKTUYECKH BAKHBIX
BEPOSATHOCTHBIX pacnpenencHuid. Hampumep, norapudmuyeckoe pacrnpeeneHne UCIoib3yeTcs B
reHeTuke U ¢usuke. JIorHopMalbHOE pacHpeesiCHHe YacTO BCTPEUYaeTcs B CUTYaIUsIX, KOT/a
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ucciieqyeMass BETHMYMHA €CTh IPOU3BEJCHHEC HECKOIbKUX HE3aBUCHUMBIX IOJOKHUTEIHHBIX
CIIy4aifHbIX NT€PEMEHHBIX.

3akon bendopna («3akoH mepBoi HHUQPB») OMUCHIBACT BEPOSTHOCTH TOSBIICHUS
ornpeAenéHHON nepBoii 3Havalen nudpsl IpU U3MEPEHUH PEaTbHBIX BEIUYHH.

JInisi OLIEHKM HEU3BECTHOTO Napamerpa IIUPOKO MPUMEHSIOTCS METOJ] MaKCHMAaJIbHOTO
MpaBao0NOI00Us U CBA3aHHAS C HUM JiorapudMudeckas QyHKIIHS MPaBIONOA00Ms.

@uyKTyaluy Ipy ciaydailHOM OJ1y>KJaHUH ONUCBIBAeT 3aKOH XuH4YMHA-Koamoroposa.

B undopmaruke: eqununa usmepenus uabopmanuu (ourt). Hanpumep, 11 XpaHeHus B
KOMIIbIoTepe HaTypanbHOro ymcia N (B OOBIYHOM /il KOMIBIOTEpa ABOMYHOM (opmare)
nonagoourcs 1ogoN + 1 6uros.

WudopmanroHHas 3HTPONUS — Mepa KOJIMYecTBa HHPOPMAITUH.

OneHka acHMIITOTHYECKON CIOXHOCTU PEKYPCHUBHBIX aQJITOPUTMOB, OCHOBAaHHBIX Ha
MIPUHIIAIIC «Pa3AeIIsii U BIACTBYI» — TaKUX KakK ObICTpasi COPTUPOBKA, OBICTpOE Mpeodpa3oBaHue
®dypbe U T. 1.

OOBIYHO  YHCIIOBBIC  3HAYEHUS  XPaAHATCS B MAMSITH  KOMIIBIOTEpa  WIIK
CHEIHaIM3UPOBAHHOTO MIpolieccopa B popmaTe ¢ ruiaBarolieii 3amsatoi. Eciu, onHako, crioxxeHnue
Y BBIYMTAHUE TSI TPYIITBI JAHHBIX BBIMOJIHSIIOTCS PEIIKO, & YMHOXKEHUE, JICTICHUE, BO3BEICHUE B
CTENEeHb U U3BJICUECHUE KOPHS — ropasJio yalie, TOrJa IMEEeT CMBICI PACCMOTPETh BO3MOXHOCTh
XPaHEHUs TaKUX JAHHBIX B Jorapudmmaeckom Gopmate. B 3ToM cirydae BMECTO YnCiIa XpaHUTCS
jgorapum ero MoIynas M 3HAaK, U CKOPOCTh BBIYUCICHUN Onarofaps cBoiicTBaM Jorapudma
3HAUUTENBHO TMOBbImaeTcs. Jlorapupmudeckuii Gopmar XxpaHeHHs OBUI HCIOJIH30BAaH B
HECKOJIbKUX CHUCTeMaXx, TJe 10Ka3all CBOI 3(PPEeKTUBHOCTD

[Ipuaiun bosibiiMaHa B CTAaTHCTUYECKOW TEPMOJAMHAMUKE — OJHA W3 BAKHEHUIIUX
GyHKIMI  COCTOSHUS TEPMOAMHAMMYECKON CHCTEMbI, XapaKTepusylomas CTeleHb e&
XaOTUYHOCTH.

®opmyna LIH0IKOBCKOTO MpUMEHseTCs sl pacy€Ta CKOPOCTH PAKETHI.

VYpaBuenue HepHcTa CBA3BIBACT OKHCIUTEIHHO-BOCCTAHOBUTEIHHBIN MOTEHIHAI CHCTEMBI
C AKTUBHOCTSMHM BEIIECTB, BXOIAIIMX B DJIEKTPOXHMMHUYECKOE ypaBHEHHE, a TakkKe Co
CTaH/IAPTHBIMU JICKTPOIHBIMH ITOTCHIIHATIAMH OKHCIUTEIIEHO-BOCCTAHOBUTEIBLHBIX TIap.

Jlorapudm ucmonb3yercs B ONMpeleleHUsIX TaKUX BEJIMYMH, KaK MOoKa3aTellb KOHCTaHThHI
aBTOINPOTOJM3a (CAMOMOHU3AIIMM MOJEKYJIb) W BOJOPOAHBIM TIOKa3aTenb (KUCIOTHOCTH
pacTBopa).

Jlorapudmuueckasi ciupaib MepeceKacT CBOM PaIuyC-BEKTOPHI MO/ MTOCTOSTHHBIM YTIIOM.
Ha ocHOBaHuUM 3TOTO €€ Ha3bIBAIOT PAaBHOYTOJIBHONW. DTO CBOMCTBO HAXOJHUT CBOE MPHUMEHEHHE B
TeXHUKe. /Iero B TOM, 4TO B TEXHUKE YacTO MPUMEHSIOTCS Bpammaronmecs: Hoxu. Cuiia ¢ KOTopoi
OHHM JIaBAT Ha pa3pe3aeMblil MaTepHall, 3aBUCUT OT yIJia pe3aHus, T.€. yIiia Mexay JIe3BUEM HOXKa
U HaIlpaBJICHUEM CKOPOCTH BpareHus. J{J1s TOCTOSTHHOTO IaBJIeHUsI HY)KHO, YTOOBI YTOJl pe3aHust
COXpaHsUI TOCTOSIHHOE 3HAUYEHUE, a 3TO OyAEeT B TOM ClIy4ae, €Cclii JIe3BHUS HOXKEH OuepueHsbI 1Mo
nyre JorapuMuueckol crnmpaid. BenwmuwmHa yriia pesaHusi 3aBHCHT OT 00pabaThIBaeMoOro
MaTepuana.

B rugporexnuke mo porapuMUYECKON CUpai U3THOaT TpyOy, MPOBOISIIYIO TTOTOK
BOJBI K JlomacTsM TypOuHbl. braromaps takoit ¢opme TpyOBbl MOTEPH SHEPTUU HA U3MEHEHHUE
HaIpaBJICHUSI TCUCHHS B TPyOE OKa3bIBAIOTCS MUHUMAIBHBIMH W HAIOP BOJBI UCIOIB3YETCS C
MaKCHUMaJIbHOU MPOU3BOJUTENILHOCTHIO.

Haxumass Ha KIaBUIIM COBPEMEHHOTO pOSUIS, MBI, MOXXHO CKa3aTh, WIpacM Ha
Jorapugpmax.

Penrenue 3aganui:
Nel. TlpuBenute mpuUMEpHI MPOSBIEHUS JOTapU(PMUUYECKON CIUpAd B OKPYKAIOIMIEM
MHUpE.
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A .4
Ne2. B HayanbHBIIE MOMEHT BpeMeHH Obu1o 8 OakTepuii. Uepes 2 yaca mociie moMenieHus
OakTepuil B MUTATEIBHYIO CPEey, UX YUCIo Bo3pocio g0 100. YUepes CKOIBKO BpEMEHU C MOMEHTA
pasMeleHHs B TUTATEIBHYIO Cpelly CielyeT OxuaaTh nossiuenus 500 6akrepuii?
Pemenue.
Jlnis pelieHust AJaHHOM 3a7a4u, HEOOXOAUMO BCIIOMHUTD ITOHSTHUSI CKOPOCTU M YCKOPEHUSI.

Bbino -8
1usmeHensie. o 400 }=>8%=100=> x=1og,100

== IGQSIUU — KOHEYHOE 3HAYEHWE CKOPOCTH pacnpocTpaHeHWA GakTepHid NpW NEPBOM U3MEHEHWH -

V,

woH.1,

Bbino -8
2 usMenenne: o 00 3 =>8Y =500=> y=logy,500

=> [0 g4 100 —koHeuHoe 3HaUEHNE CKOPOCTI PAcNpoCTPaHEHNA GakTepUil NpH BTOPOM M3MEHEHUM -

V,

KOH.2."

IlepeiineM Kk HaTypaJbHOMY OCHOBaHMIO JIOTapU(MOB, AJS TOr0, YTOOBI MOXHO OBLIO
BOCIOJIb30BaThCS TAOJIMYHBIMU 3HAUECHUSMHU:
In100—n8 In500—In8

2+m8 t,*In8
. 2+ (In500—In 8)
17 100

In (5g™)

OrBet: npubau3uTenbHO 3 yaca 15 MUHYT.

Ne3. Jlna oborpeBa momelieHus, Temmeparypa B kotopoM paBHa Tn= 20°C, wuepes
paamMaTop OTOIUIEHHs, TPONYCKAIOT Topsdyio Bomay Temmeparypoir Tp= 100°C. Pacxon
npoxonsuiei yepe3 Tpyoy Boasl m = 0,2 kr/c. IIpoxoas mo TpyOe paccrostHue X (M), BOja
oxmaxkaaeTcs 10 Temmeparypsl T°C, mpu uém

cm l T, — T,
- o

XxX=a » 082 = T

riae ¢ = 4200/x/kr*C — TermI0eMKOCTb BOJIbI

v =42 Br/™ " °C— ko>ddummenT Temoodmena

a =1,4 — nocrosHHas.

Jlo kakoit Temnepatypsl (B rpamycax Llenbcust) oxmaauTcst Boaa, €Ciiu JyiiHa TpyObI 28 m?

(OTtBet: 60°)

Ne4. Omnpenenuth nHGOpPMANNIO, KOTOPYIO HECET B ceOe OJMH CHUMBOJ B KOJIHWPOBKaX
ASCII u Unicode.

Pewrenne.

1) B andasute ASCII npenxycMoTpeHO 256 pa3nuuHbIX CHMBOJIOB, T.€.
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M =256, al=10g>256 =8 6ur = 1 Gaiit

Ortger: 1 Gaifr.

2) B cospemennoii koaumpoBke Unicode 3amoxeHo ropas3no Oojblee KOJIUYECTBO
CUMBOJIOB. B Helt onpeneneHo 256 andaBUTHBIX CTpAHHMIL 110 256 CUMBOJIOB B KaXKOM.

Takum o6pazom:

| =logz (256 * 256) = 8 + 8 = 16 6ut = 2 Oaiita
Ortger: 2 Gaiira.

IIpakTyeckas padora Ne22
Tema 3.8 Kontponphas pabGora mo pazgeny 3 «Crenenn u kopHU. CrerneHHas,
nokasareibHasl U jorapupmMudeckas GyHKIITN
Heas: [IpoBepuTh ypoBEHb YCBOEHHUs JAHHOTO MaTepuaia o pazgeny 3 «CreneHu u
kopau. CTeneHHas, nokasareiabHas ¥ JJorapugmuueckas QyHKIUN»

Ilpu pewenuu 3a0anuni 1-4 3anuwiume npaguibHLIL Omeem U3 UYemblpex
npeo10IHCceHHbIX.

1. (1 6amr) Mexay KaKuMH JABYMS HATYPaTbHBIMH YHCIAMH HAXOXUTCS JHCI0 3/ 19?
A)19u20;b)2u3;B)18ul19;I)3u4.

| 1 e
A) 25; B) 5; B) 32; I') Het BepHOTO OTBETA.
3. (1 6amm) Kakast u3 ¢pyHkiuii Bozpacraer Ha Bcel 00s1acT onpeaeaeHus?
A) f(x) =logs x; B) f(x) = 0,7 B) f(x) = x* T) f(x) = log1 x;
2

4. (1 6ayn) Ykaxure obnacte onpenenenus Gpyakuuuf (x) = lg 2;;73

A) (-7; 1,5); B) (-o0; -1,5), (7; +o0); B) (-1,5; 7); I') (-o0; -7), (1,5; +o0).

Ilpu e¢vinonnenuu 3ad0anuii 5-8 3anuuwiume x00 pewieHus U NOJIYUEHHbLIL Omeent.

5. (2 6anna) Haiinure 3Havenue Beipakenus 4% - 1110 : 448,

6. (2 6ayuta) Haiinure kopens ypaBuenus logs (4 + x) = 2.

7. (2 6anma) PaccrossHue oT HaOMIOAaTeNsl, HAXOMSIIEToCs Ha HEOOJBIIONW BbICOTE h
KUJIOMETPOB HaJl 3eMJIEH, 10 HaOII01aeMOoil UM JIMHUU TOPU30HTA BBIUUCIISIETCS 10 Gpopmyne [ =

V2Rh, rne R=6400 kM — panuyc 3emnu. C Kakoil BBICOTHI TOPU30OHT BHJIEH Ha PacCTOSHUU 48
KuioMeTpoB? OTBET BbIPAa3UTE B KMJIOMETpaXx.
8. (2 6anna) Pemmre 3HaueHue Boipaskenus logg 108 + logg 2.

Idmanonvt omeemoes:

Howmep 1 2 3 4 5 6 7 8
3aaHuA
OTtBer b A A T 121 21 0,18 3
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IIpakTyeckas padora Ne23
Tema 4.1: PaBHOCHMIBHOCTD YpaBHEHUN U HepaBeHCTB. OOIIHE METOIBI PEIICHUS
Hean: HayuuTscs onpenensaTte paBHOCWIBHOCT YPABHEHU.

Teopernueckasi 4acThb:

Omnpenesenue. /[Ba ypaBHeHHsI ¢ 0HOM niepemeHHoM f(X) = g(x) u p(x) = h(x) Ha3bIBaOT
PaBHOCHJIHBIMH, €CJTH MHOYKECTBA UX KOPHEH COBIAIAIOT.

WNupiMu  croBamu, [1Ba YpaBHEHHs HA3bIBalOT PaBHOCUJIBHBIMU, €CIM OHU HMEIOT
OJIMHAKOBBIE KOPHU WJIM €CIIM 00a ypaBHEHHUsI HE UMEIOT KOPHEH.

IIpumepsl

1) Ypauenns 4% — 3 = 2x+ 3 2X = 6 pappocHiIbHBI, T.K. KAXKI0E U3 HUX HMEET TOJIBKO
OJMH KOpPEHb X=3.

2) Vpasuenns (X~ 2)(x+5)=0mn x* + 3% — 10 = 0 rapee PaBHOCHWIIBHBI, T.K. Y HUX OJTHH
¥ T e KOpHH ¥1 = 2,Xz = =3,

3) A BOT ypaBHeHHs 9% = 6H 4x’ =16 ye PAaBHOCUIIBHBI, IIOTOMY 4YTO Y II€PBOIO
YpaBHEHHUS KOPSHb X=2, & y BTOPOTO ypaBHEHUS JIBa KOPHS X=2 U X=-2.

W3 ompenenenus paBHOCUIBHOCTH CIEAYET, YTO JABa YPABHEHMsI PaBHOCUIIBHBI, €CIIU
KaX/IbIii KOPEHb TIEPBOTO YPaBHEHHS SIBIISICTCS KOPHEM BTOPOTO YpaBHEHUS, 1 HA00OPOT.

Peienne ypaBHeHusl oCyllleCTBJIsIETCSl B TPH 3Tamna.

[TepBbrit aTan — TexHuvyeckuid. Ha 3Tom stame ocyiiecTBisioT mpeodpa3oBaHus Mo CXeMe
(1) > (2) - 3)> (4) — ... ¥ HaXOJAT KOPHHU MOCIEIHEro (CaMOro MPOCTOr0) YpPaBHEHUS
YKa3aHHOM LIENIOYKH.

Bropoit sranm — ananmu3 pemenus. Ha 3Tom orTame, aHanmu3upys IpPOBEIEHHBIC
peoOpa3oBaHys, OTBEUYAIOT Ha BOIIPOC, BCE JIM OHU OBLIN PaBHOCHIIEHBIMH.

Tperuit atan — nposepka. Ecnu ananus, npoBeeHHBI Ha BTOPOM 3Tarie, MOKa3bIBaeT,
YTO HEKOTOpBIE MPeoOpa30BaHMs MOTJIM TMPUBECTH K YPABHEHUIO-CIEACTBHIO, TO 00s3aTeIbHA
IPOBEpPKa BCEX HalIEHHBIX KOPHEH MX MOACTAaHOBKON B MCXOJJHOE YpaBHEHHUE.

Peasm3anms 3T0ro njiaHa cBsi3aHa ¢ NOUCKaMHU OTBETOB HA YeTbIpe BOIpoca.

o Kak y3Hath, sBIsE€TCS M MEPexXoa OT OJHOTO YPaBHEHHUS K JIPYTOMY PaBHOCUJIbHBIM
npeobpazoBaHueM?

o Kakue npeobpa3zoBaHus MOTYT IEPEBECTH JAaHHOE YPAaBHEHHE B ypaBHEHHE-CII€CTBHE?

o Ecnu MBI B KOHEUHOM UTOT€ PEUIMIIN YpaBHEHUE-CIISICTBHIE, TO KaK CAEIaTh MPOBEPKY
B CJIy4ae, KOT/la OHa COTPSKEHA CO 3HAUUTEIbHBIMU BBIUMCIUTEIbHBIMUA TPYAHOCTIMU?

e B Kakux cimy4asix MpH nepexojie OT OJHOTO YPaBHEHHUS K JPYroMy MOXKET MPOU30UTH
noTeps KOpHEH U Kak 3TOro He JOMyCTUTh?

W3 xypca cpeaHeil KOkl Mbl 3HAEM, YTO MOKHO CHEJNIaTh CIeAYIOIIIe Ipeodpa3oBaHus
ypaBHEHMIA: 000 ujleH ypaBHEHUsI MOYKHO NEPEHECTH U3 OJTHON YacTH B JIPYTYI0, U3MEHUB €ro
3HaK Ha MPOTHUBOIIOJIOKHBIM.

O06e yacTi ypaBHEHHUS MOKHO YMHOXXHTh HIIM Pa3AeNUTh HA OJHOW M TO K€ YMCIO, HE
paBHOE HYIIIO.

Ecnu npu nepexojie OT OAHOTO YpaBHEHHs K IpyroMy MOTepH KOPHEH He MPOUCXONT, TO
BTOPOE YpaBHEHHE Ha3bIBACT CICICTBHEM IIEPBOTO ypaBHEHUs. VHave, eciin Bce KOPHU TIEPBOTO
YpaBHEHHUS SBISIIOTCS KOPHSIMH BTOPOTO YpPaBHEHHUs, TO BTOPOE YypaBHEHUS Ha3bIBAETCS
CJICZICTBHEM TIEPBOTO YPABHEHHSI.

W3 sTOro onpeneneHus U onpeaesieH!sl paBHOCHIBHOCTH YPaBHEHUH cielyeT, YTo:

1. ecnu Ba ypaBHEHHsI PaBHOCHIIBHBI, TO KOKI0€ M3 HUX SBIISETCS CICICTBHEM APYTOTO;

2. ecnu KaxJ0e W3 JABYX YpPaBHEHHH SBISIETCS CIEACTBUEM JPYTOro, TO 3TH ypaBHEHUS
PaBHOCHIIBHBI.

[Ipu pemienny ypaBHEHUI I1aBHOE- HE TOTEPSTH KOPHU, a HAIMYHME MOCTOPOHHUX KOPHEH
MO’KHO YCTaHOBUTbH IpoBepKoil. [103ToMy Ba)XHO cleauTh 3a TeM, 4TOOBI MPU MPeoOpa30BaHUU
YpaBHEHHSI KXKA0€ CIelyloliee ypaBHEHHE ObLIO CIEACTBUEM MPEIBITYIIETO.
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CTOUT OTMETUTH, YTO TMIOCTOPOHHHUE KOPHU MOTYT TMOJIYYUTHCS MPU YMHOKEHUU 00X
yacTell ypaBHEHMsI Ha BbIpaX€HHE, cOeprkalllee HEHW3BECTHOE; a BOT IMOTepsi KOpHEH MoKeT
IIPOM30UTH MPH JEJICHUN 00enX YacTell ypaBHEHHs Ha BBIpAKEHHE, COAEpIKaIee HEM3BECTHOE.

Utak, chopmynupyeM OCHOBHBIE TEOPEMBI, KOTOPbIE MCIIONB3YIOTCS TMPU PELICHUU
PaBHOCHIILHBIX YpaBHEHUI:

Omnpenenenne. O6nacteio omnpeneneHus ypaBHeHuss f(x) = g(x) wim 00JacThIO
JOMYCTUMBbIX 3HaueHud rnepemenHod (OJl3) Ha3bIBAIOT MHOXECTBO TE€X 3HAYCHUM
MIEPEMEHHOM X, PU KOTOPBIX OJTHOBPEMEHHO UMEIOT CMbICI Bbhipaxenus f(x) u g(x).

Teopema 1. Eciaun xakoli-1100 4jeH ypaBHEHUS IEPEHECTH U3 OJHON 4acTU YPaBHEHHUSI B
JIPYTYIO C IPOTUBOIOIO0KHBIM 3HAKOM, TO MOJIYUYUTCSl ypaBHEHUE, PABHOCHIIBHOE TaHHOMY.

Teopema 2. Eciiu 06e yacTu ypaBHEHHs BO3BECTH B OJIHY M TY)KE€ HEUETHYIO CTEIICHb, TO
MOJIYYUTCS] ypaBHEHUE, PABHOCUIILHOE JTAHHOMY.

Teopema 3. [okasarensnoe ypasuenne @ ) = a9} (pre a > 0, al)

paBHOCHUIILHO ypaBHEeHHIO f(X) = g(X).

Teopema 4. Eciiu 00e wactu ypaBHeHus f(x) = g(X) yMHOXHUTh Ha OZHO U TO XKe
BbIpaxkeHue h(x), koropoe:

a) UMeeT CMBICT BCIOAY B OOjacTu ompezeneHus (B o0JacTU MOMYCTHMBIX 3HAUCHUN)
ypaBHeHus f(x) = g(x)

0) Hure B 3ToM obsactu He obpamraercs B 0, To momyuntest ypasuerue f(x)h(x) = g(x)h(x),
paBHOCHJIbHOE JaHHOMY B ero O/13.

CaencrBueM TeopeMbl 4: eciu 00€ YaCTH YpaBHEHUS YMHOXKHUTD UJIH Pa3feNiuTh Ha OJHO
U TO K€ OTJIMYHOE OT HYJISL YHCIIO, TO MOJyYUTCS ypaBHEHHE, PABHOCHIIBHOE JTAHHOMY.

Teopema 5. Ecnu 06e yactu ypaBHenus f(x)=g(x) Heorpunarensusl B O/13 ypaBHeHuUs, TO
1ocjae BO3BeIEHHs O0eMX €ero yacteid B OJHY M Ty JK€ YETHYIO CTENeHb N TOJYYHUTCS

ypaBHEHUE ()™ = (g™ paBHOCHIIbHOE JaHHOMY B ero O/13.
Kparkas 3anucs Teopem 4, 5.
4. f(X) = g(x) ©h(x)f(x) = h(x)g(x), rae h(x) #0
u h(x) umeet cmpici B O/]3 nanHOTO YypaBHEHUS.
5. f(x) = g(x) & TEN™ = D™ | e f(x)=0, g(x)>0
u n=2k (4€THOE Ynco).
Hanpumep, x —1=3;x=4
YMHOKUM 00€ YacTH Ha (X — 2):
(x—2)(x—1)=3(x—-2); x =4 u X =2 — IOCTOPOHHUI KOPEHH=> MPOBEpPKa!
PaBHOCHILHOCTH HEPABEHCTB C HEU3BECTHBIM OIPEIEISICTCS aHATIOTHYHO.
Hepasencta, nMeroIine 0JJHO 1 TO K€ MHOXKECTBO PEIIeHUH, HA3bIBAIOT PABHOCHIIBHBIMH.
HepaBeHcTBa, He UMEIONINE PEIICHUM, TAKXKE SIBIISTFOTCSI PABHOCHIIEHBIMH.

Pemenue 3aganmii:
IIpumep 1.
o=y —
PemriM ypaBHenue: VX=X~ 2
Bo3sBezem B kBajipaT 00¢ YacTH YpaBHEHHSI, TOTYIUM:
— _ 2
x=(x=2)° koropoe He GyjeT PaBHOCHIBHO MCXOXHOMY ypAaBHEHHIO, IOTOMY HUTO Y

3TOrO ypaBHeHHs ABa KopHs ¥1 = L, X2 = 4 3 y mepBoHauanbHOro ypaBHEHUs TONBKO OJUH KOPEHb
x=4.
IIpumep 2.
x—3
—— =0
1. HepaBencrBa ¥~ +1 n x-3<0 paBHOCWIBHBI, TaK KaK HMEIOT OJHO H TO XK€
MHO’KECTBO pelIeHni X<3.
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2x

=1
2. HepaBenctBa x — 1 u 2X>X-1 He paBHOCHIBHBI, TaK KaK PEIICHUSIMH IEPBOTrO
SBISIIOTCS uncna Xx<-1 u x>1, a pemenusmu BToporo- uncna x>-1. Ilpu pemennn HepaBeHCTB
0OBIYHO JJAHHOE HEPABEHCTBO IIPE00Pa3yeTcsl B eMy paBHOCHIIBHOE.

Nel.

ELIfepH pAEHOCHNEHLIE YPAEHEHHA,
a do—fG=0nT-1,2x=1
5 —]:I:"‘I.H—i:—i
i i
5 (= 1)z +2) = Du(z+1)(2—2) =0
r(2r— 13]{4,2+1},?:l!]l = 0w (5x + 30}[5-‘1 - ﬂ:L':I =1
T
a fr— 1) {x+3)=an =0
r+1
x? — 4
4

¢ (Zr—1)—(x+3)=a—4n =1

&

Ne2. Haiitu GyHKIHMIO, 0OpaTHYIO K JaHHOM: a) y =—3x +2;6) y =2 — x°
Ne3. BbIsiICHUTD PaBHOCHUJIBHBI JIU YPABHEHUS:
a)2x?-9x - 5=0ux(6x — 13) = 14x +15
0)5x*+4x—-1=0ux(2x +11)=-6-x2
Ned. Pemuts ypaBHEHUE:
3 4x-1_x"+5

a)x-1 x+1  x*-1
x+2 3+4x _2(x-2)
6)x-2 x'-4  x+2

IIpakTnyeckas padora Ne24
Tema 4.2: YpaBHEeHUS U HEPABEHCTBA C MOAYJIEM
Hennb: Hayuntses pemars ypaBHEHNS U HEPABEHCTBA, COJAEPIKAIIME 3HAK MOJTYJIS.

Teopernyeckas 4acThb:
(‘i. PeweHre ypagHeHWA 1 HepaBeHchj

COAEPKALMX 3HK MOLYNA

C HCHONbIOESHHEM

IO OINHSIEEHII no obmeii cxeme

reoMeTPHIECKOre
o CATEMCTA MOMyaIa 1. Haiirn OJI3.
| &] — pacemonnue na 2, HajiTH myam EBcex
wuCA0E0H Apamoil om HOAMOAYABHEX
a,ecmra>0, movice O 8o mowru a. 5 35'““'“'“-

_ _ . OTMeTHTE HYIH ma
|a|=10, ecmna=0, L|T(x)]|=a. O/I3 n pasﬁuﬁ;'i- 0J13
-a,ecmma<0. 2. lf@|=lg@ | HA NPOMERYTEH,

3.7 (x| >a. 4. Haiirn pemenme m
4.7 (x) | <a. KAKI0M NPOMEKYTRe

(1 mpoEepuTE, BXOIHT
AH 3TO pemeHHe B
paccMATPHEASMEI
MPOMEEYTOK),

¢ HCIIOALIOBANHAEM
CICHHANTBHLIX COOTHOMEGHI
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2. Micnonb3oBaHuWe recMeTpyHecKors cMeIcna Moayna (npua = 0)

[t =a [t|=a
|£:»al |t|<a \Hhu
=i 0 a t

L |f(x) ]| =a+« f(x)=anm f(x) = —a.

2. |F(x)| = | g (x) | & F(x) = g (x) mam f(x) = —g (x).
g |f(x)|>a < Fi{x) < —a nau f(x) > a.

(1 (x)>-a,

lrx<a.

OBobleHne

4. |[f(x)|<a=-a<f(x)<as

_ g(x)>0,
“(x}l_g(x){:}{f(x): glx) i flx)=—g(x).
@) > g () & Fx) < —g () wam F () > g ().

f(x}>-g(x),
f(x)< g (x).

e

h

=]

. If{rll-ig(x}%—g{rlfiHI)*:g(x}#{

3. Mcnonk3osanue cneyWanbHeIX COOTHOLIEHMIA

1. |Ju|=u=ua=0.

2. |Ju|=—us=u=s 0.

3 |u|=|v|=u=1r.

4. Jul|=|v|=u>v Torga |u|— |v|>0 = u®— v®>0;

FHaK pasHocmii Medyacll fsyx swpameHull coenafaem co SHAKOM Pas-
HOCMI UY KEddpamos.

5 =0,

. |u]|+|e|=g+es 030,
u%

G. |w|+|v|=—u—u¢r{u{3?

7. Jul|+|v|=|u+v|=uwz0.
8. Ju|+|v|=|u—v|=uvs 0.
9. |x-a|+|x-b|=b—a=sa<x% b raea<h

OObscHeHre U 000CHOBaHUE

Pemarp 1r000€ ypaBHEHHE WIIH HEPABEHCTBO, COJIEPIKAIEe 3HAK MOIYJIS, MOKHO OJTHHM
U3 TPeX OCHOBHBIX CIIOCOOOB: MO OMPEIEIICHUI0 MOAYJISI, UCXOM U3 TE€OMETPUIECKOT0 CMBICIIA
MOYJISl Wi 110 o01eit cxeme. HekoTopbie ypaBHEHUST UM HEPABEHCTBA C MOJIYJIEM MOTYT OBITh
TaK)Ke PElIeHBI C UCTIOIH30BAHUEM CIICIIUATBHBIX COOTHOIIICHHA.

B 3aBucuMOCTH OT BEIOpAaHHOTO CITOCO0A PEIICHHUS MTOJTydaeM Pa3HbIe 3aIUCH PEIICHUS.

IIpumep 1. Pemnte ypaBuenue | 2X — 4 | = 6.

| criocol (1o onpeneneHno MoJLyJIs)

106



Pemenne KomMeHTapmid

1) Eciim 2x—4=0, (1) | Y1oObl pacKphiTh 3HAK MOIYIA IO

ONpelleleHHD,  PacCMOTPHM  [IBa
TO MOTy4YaeM ypaBHeHHe 2X — 4 = 0. | ciyyas:

Torma X = 5, 9TO0 VIOBISTBOPHAET I
VCIIOBHIO (1). 2x—4>0 H 2x—4<0

2) Ecnn 2x—-4<0, (2) |IIo OIpeIeIeHHID MOJIYIIEM
TOJIOAIITENIBHOTO (HeOTPHIATEIBHOIO )
TO TONy4aeM ypaBHeHHe —(2X —4) = 6. | qiicna sBAfeTcA caMo 3T0 9ICIO, 2
Torma x = —1, 9TO YIOBNETBOPAST H | MomyleM  OTPHIATENBHOIO  9IHCIA
VCIOBHIO (2). ABIAETICH  IPOTHBOIOINOXKHOE — €MY
qicno. IToatomy

OteeT: 5; —1.
npu2x—-4>0, [2x—4|=2x-4,a

mpu 2x— 4 <|0, [2x—4|=—(2x—4).

B KazI0M cIIydae pelaeM IoTydeHHoe
YpaBHEHIIE I BEIACHAEM,
VIOBNETBOpAET M  KaXKIBIH I3
HallIeHHEIX KOpHell TOMY VCIIOBHIO,
IIPH KOTOPOM MBI €70 HaXO0 IILIIL

Il crtoco6 (ucIoIp30BaHNE TEOMETPUUECKOTO CMBICIA MOIYIISA)

Pemenne KomMmeHTapHid

2x—4=6 umum 2x—-4=-06, C reomeTpidecKkoil TOYKH 3peHHA
|2x — 4| — 3T0 paccTosHHe OT TOUKI 0
110 TOYKH 2X — 4.

2x=10 mwm 2x=-2, Ilo ycrnoBIro ypaBHEeHIA OHO PaBHO 6,
HO paccTofHHe 6 MOXKeT OBITh
OTJIO:KeHO oT 0 Kak BIPaBO (IIOIydIaem
X=35 wm x=-1. 4HCI0 6), TaK I BIEBO (IIOTyIasM JICIo
—6).

Taxum oOpazom, paBeHCTBO

OteeT: 5; 1. | 2x — 4 | = 6 BO3MOKHO TOT/1a I TOJIEKO
TOrHa, korga 2x—4=6mm2x 4=
—6.

3ameuanme. [Ipu perieHnn ypaBHEHHs C MCIIOJB30BAaHHMEM I'€OMETPUUYECKOI'O CMBICIA
MOJTYJIsl 3HaK MOJYJSI PAaCKpPBIBAETCSI HESIBHO, TO €CTh OINpEIesIeHHNe MOJYJsl B SIBHOM BHIE He
MPUMEHSETCS.

OOmiast cxema pemieHus] ypaBHEHUH W HEPaBEHCTB, COJEPXAIIUX 3HAK MOIYJSl — 3TO
(akTHUECKM HEMHOTO M3MEHEHHBIH MeToJl MHTepBasoB. [losicHUM cozep:kaHue 3TOH cXxeMbl Ha
pUMepe YpaBHEHUS C IByMsI MOJIYJISIMU BHJIA

If Ol +1g (¥)[=a (a>0).

UTo0bl pemuTh 3TO ypaBHEHHE, HEOOXOJIUMO PACKPBITh 3HAKU MOJYyJEH, a JJii 3TOro
HeoOxomumo 3Hath, Thae ¢yHkuuu f (X) m g (X) OyayT MONOXKUTENBHBIMU, a TIAE —
OTpHIATENbHBIMA. TO €CTh (PaKTHUECKU MBI TOJDKHBI PEIIUTh HEPABEHCTBA

f (X) > nm <0, 1)

g (X) > umm <0. (2)

Kaxmoe u3 3THX HEpPaBEHCTB MBI YMEEM pellaTh METOJ0M HHTepBaioB. Ilepectpoum
NpUEM pelIeHUs] HEPaBeHCTB METOJIOM HWHTEPBAIOB TaKUM OOpa3oM, YTOOBI OH JaBai
BO3MOXXHOCTh OJHOBPEMEHHO peIIaTh KaXJ0€ M3 TOCIEIHHX HepaBeHCTB. Kak H3BecTHO,
pemicare HepaBeHcTBa (1) MeTOIOM MHTEpBANIOB HaunWHaeTcs ¢ HaxoxaeHus ero OJI3 (To ecth

107



obmactu onpenenenus Gynkuu f (X)), a penrenue HepaBeHcTBa (2) — ¢ Haxoxaenus ero O/13
(To ecth obmactu ompeaencaus Gyaxiuu ¢ (X)). UToObl HauaTh OAHOBPEMEHHO pemiaTh 00a
HEPaBEHCTBA, HEOOXOIMMO HalTH 00IIyI0 00acTh onpeaesneHus it pyuakuuii T (X) u g (X), To
ects HaliTH O[3 nanHOro ypaBHeHMs (3TO M €CTb nepavlll U3 OpueHmupos HeoOXOaUMON
CXEMBI).

Yrobsl npomoinkuth pernenne HepaBeHCTB T (X) >wmu<0 u g (X) >mwm< 0 meromom
UHTEpBaJIOB, HeoOxoaumo HaiTu Hymu (yskumid f (X) u g (X), TO ecThb HAWTH HYJH Bcex
MOAMOAYJILHBIX (PYHKIHUI (3TO M €CTh 6MOpoIl OpueHmup).

Ecnu nanee npuMeHUTH CXeMyY METO/Ia UHTEPBAJIOB OJJHOBPEMEHHO IS IByX HEPaBEHCTB,
HeoOxoaumo HAa O3 oTMeTHTh HYJM NOAMOAYJBHBIX (yHkuMii W pa3outs O3 Ha
NPOMEKYTKH (3TO mpemuii opuenmup).

B kaxmoMm u3 moiydeHHBIX MpoMeKyTkoB 3Haku (yakmmii f (X) u g (X) He moryr
U3MEHUTBCA. Torga Mbpl MOXKEM HAWTH 3HAKH MNOAMOAYJIbHBIX (YHKIMI Ha KaXKIOM
NMpoMexyTKe (B JIF000 TOYKE 3TOTO0 IMPOMEKYTKA), PACKPBHITH 3HAKH MOAYJeld W HAWTH
pellleHHe JAHHOTO YPABHEHHS] B KaXKJIOM M3 ITHX NPOMEKYTKOB (3TO M €CTh Yemeepmulil
opuenmup ooweil cxemo).

ObocHOBaHME BO3MOXHOCTH IIPUMEHEHHUS IPHUBEICHHON CXEMbI K PEIICHUI0 HEPABEHCTB
C MOJYJISIMU TIPOBOJUTCS AHAJIOTHYHO.

3agaua 2° Pewrnre ypassenne |x — 5+ |2x + 5| = 3x.
Pemenne KomMmmenrapnit

P IMockoaery 3x =(x — 5) + (2x + 5), Bemnt obosmHaunmTs x — & = u o
TO JAHHOE VDPABHEHNE HMeeT BHI 2x+ b=v, T0Uu + v = 3x U gaHHOE
|uw|+ |v|= u + v, Ho s10 pamenmcTBOo | ypasmemme mmeer Bug |u| + |v]| =
MOMET BRINOMHATHCA TOTIA M TOABKO =u + v, A 00 COOTHOLIEHMIO D TaKOe
TOTHA, KOTOA YHMCTA U ¥ U — oba HeoT- | YpABHEHNE  DABHOCHILHO  CHCTEME
pHnaresabie. CaegopaTe bio, JaHHOES (=0,
YpABHeHNE — DABHOCHIBHGO  CHOTEME 1"3"
Pe xz5h
{.-1'—-13'“. Oretona ! JaMeTHM, HTO JAHHOE YDADHEHIE
By +520, 1.1‘ _E_ MOMHO DELIATE I o obirefl cxeme, HO
- ‘ L)

2 Torga petmenme 6yvaer Goaee rpoMozd-
Taxmum cbpasom, x # 0. KITM.

Omaeent: [5: +99). <]

dagaua 3 Pemrnre mepaseserso | 2x — 5|5 7.

Femersne Komumesrtapmit

P VuNTHIBEA TeoMEeTDHHYecHKHH CMBICT
MOOVAA, DOXVIaeM, 9TO GAJAHHOE He-
PABEHCTEO PABHOCHIBHC HEDABEHETBY

-T% 2x-56+% T. (1)
Torga —2 % 2x = 12, TaxkuM obpasomM,
-1 x= 6.

Omeem: [-1; 6]. <]

HepaseHcTBD BROA |f(x} | % a (rge
a > () voobHO pelIaTs, HCOoIbSYHE Ieo-
mMerTpHuYecknil cmecn mogyvaa. Ilo-
CHOIBKY SAOAHHOE HEPABEHCTEO — 3TO
HepaseHeTEo Buza |t| € 7, a mogyme
UMCIA — BT0 PACCTOAHNE HA KOODIH-
HaTHOR npamoil or Touwm, msobpasxa-
wmelf gaEHECE YHeT0, Do ToukHm 0, To
SAMAHHOMY HEDABEHCTEY VIOBIETBODH-
0T BCE TOUKH, HAXOOAINECA B ODOME-
myTtwe [-7; 7). Tammm obpasom,
-7 % t = 7. Econ BOSHHNKAIOT SATDYVI-
HEHHA ¢ PEIIEeHNEeM ABORHOTO HEDABEH-
crea (1), To ero saMEeHANT HE PABHO-

[2x-53 -7,

CHILHYIO CHCTEMY N
121‘ =BT,
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Pemienue 3axanmii:
Permre ypaBHEHUS ¥ HEPABEHCTBA, coaep Kaniie 3HaK moayis (1-15).

1. 1) [3c-5|=T7; 2)|8 - 4x|=6: 3) |x* - 5x|=6.

2.|2-3]>5 2s-sel<n 8 [Zdla g |E=dle
X = X =1in

3. 1) |z =2|=-2x=1=0; ) s 4 Bx+ |+ 3|=0.

4. ) |x—-1|+|x—-3|=2; D|x+1|+|x—5|=20;

H|x+5|+|x—8|=13.

5. 1) |x+ 3|<x— 2; D|x+1|+|x—-2|= 2x—1;

B|x+ 3|+ |x—-1|<|6- 3x|

6. 1) Vx*—2e+1+|x-2|=1; 2) Vai+dr+4+|x|=x+5.
7. 1) V2 dx+ 4+ =8 2) V16—8x+x? +x?+2x+1=5.

a
I.r —dx|+3 4
6. 1) 4———=1; ) ———= 1].
) %4 z-8] L }|x+1|—2 |x+1]
9. O ||x—1]|-2]|=1; 2)||2c—4|-5]|=3.
10. 1) | x® — 4x | < 5; |- x—6|=4.
11. 1) 3 |x -1 |+ £f-7=0; D|x-6|zx*-5c+9.
12, 1y lx3lix g 2 L <1
) z+2 0 ]I::I—:I{Z
12. ) |x-1]|-5|% 2 2 |x-1|+|x+2|-|x-3|>4.
14. 1) |x — 2£°|> 22° — x; 2=+ x— 20| 2+ x— 20.
4 . 4 x-
15. nmﬂmm, 2) |xJ-l|—2}|I 1].

IIpakTnyeckas padora Ne25
Tema 4.3: YpaBHeHUs M HEPABEHCTBA ¢ TapaMeTpamMH
ean: Hayuntbes pemars ypaBHEHUsI M HEPaBEHCTBA, COJIEprKalllie Mapamerp.

Teopernyeckas 4acThb:
HamoMHuM cMBICTT BBIpaXKEHHUS! «PELIUTh C MapaMEeTPOM» — MOKHO peliaTh YpaBHEHUS,
HEPAaBEHCTBA, CUCTEMBI C IAPAMETPOM.

Pemnte 3amady, HampuMmep ypaBHEHHE flx,a) =0 WU HEPaBEHCTBO flx,a) =0 c
apaMeTpoM a — O3Ha4aeT «IepedpaTh» BCe 3HAUCHUS TapaMeTpa U JJIs KaKJ0ro U3 HUX YKa3aTh
OTBET.

1. Pemienne ypaBHEHUH ¢ mapameTpoM

ITosicHMM Ha NMPOCTENIINX ITpUMEpPAX.

[Ipumep 1 — pemnTh ypaBHEHUE C TAPAMETPOM:

ax=1

a
32[,[[8.‘{8. COCTOHUT B TOM, YTOOBI I KaXKJ0ro 3HAaUCHUSA IMapaMCTpa PCUHIUNTb YPAaBHCHUC

b4
OTHOCHUTCIIBHO .

a=2 . o
ITycth , TOTJIa UMEEM TIPOCTEMNIIEE INHEWHOE YPABHEHHUE:
1

2X=1lex=—
2
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B o0mem ciydae B JTaHHOM ypaBHEHUH BO3MOYKHBI 1B BAPUAHTA PEIICHUS — KOTJa MOKHO

JeNUTh Ha KO3 GUIIMEHT a ¥ KOoTJa HeJb3sl, HE00X0IMMO MepedpaTh BCe MOMYyCTUMbIC 3HAYCHUS
acE R

napamerpa a ( )

a=~a0
PaccmoTpum nBa ciyuas. Ilpu Mbl HE HMMEEM IIpaBa pa3[eiuThb EIUHUIlY Ha

KO3(pQULKMEHT a, O3TOMY IIOJCTABIsIEM 3HaYEHHE HOJIb B 3aJlaHHOE YPAaBHEHHE U U3Yy4aeM €ro.
[Tpu m00BIX APYrUX 3HAYEHUSIX @ UMEEM IIPABO BBIIIOJIHUTH JCJICHUE:

a= { a==~0 {El:l] {EI=IJ
{ax=1 D=x=1 0=1 xED

{aiﬂf_} a0 “|lmaz0® a=10

- 1 1 1
a a a
1
a=0 ! a0x=
Ortsert: npu peLIeHU! HET, Ipu 2

PaccmoTpuM penienre npocTeninero HEpaBeHCTBA € MAPaAMETPOM.
2. PelieHrie HepaBEHCTBA C MTApaMETPOM

PaccmoTpuM penieHre npocTeniiero HEpaBeHCTBA € MapaMmeTPOM.
[Ipumep 2 — pemiuTh HEPABEHCTBO C MMAPAMETPOM:

ax =1

Ecnn a — KOHKpETHOE 4YHCIIO, MBI MOXEM JIETKO PEUIMTh 33/JlaHHOE HEPaBEHCTBO,
HarpuMmep:

1 1
a=2:2x=>= 1<—rx}i;a=—2: —Zx}le}c:‘:—i

y Hac e ecTb KodduiueHT a B 001em Buje. PaccMorpum Tpu cirydas:

-E|=l:l {3:'] a=0
{ax::l ﬂz% i%
{aac‘:l]e a 1<—> a 1
x=1 X = X =
a=0 2 a
{a i a=0 a=0
Llax

x}l x?l

L a L a

1 1

Orper: a=0 L a< 0X= a=0%~
TBET: TIPU pELIeHnuN HET; IPU ; TIpH

[Ipumep 3 — pemuTh ypaBHEHHE C TAPaMETPOM:

x—5
JlpoOp paBHa HYNIO TOTJa W TOJIBKO TOTJA, KOT/A YHUCIUTENh €€ paBeH HYJ0, a
3HAMEHATENb HE PAaBEH HYIIO:
{x —a=2=0 o {x =a
x—5#0 Xx+#5
3HaueHue mapameTpa MOKeT ObITh II0ObIM. PaccMoTpuM ABa ciyyast:
a=>5
Xx—5
=0
Xx—5
a#bh
X—a
=0
—5

o X=a
HpI/I 9TOM IOJIY4acM B IICPBOM CJIydac: X C OOAHOU CTOPOHBI paBCH IIATH, T. K. ,acC

JIPYroi CTOpOHBI HE paBeH IATH, T. K. 3HAMEHATENb APOOU HE MOXKET ObITh paBeH HYJI0, KpoMe
o
_—— ':I

TOTO MOJTy4aeM BbipaxkeHue ° , @ TAKOT'0 BBIPAYKEHUS HE CYILECTBYET.
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qucCJo.

a*bx—=a

Korna , IPOTUBOPEYHT HE BOBHUKAET

a=>5 . az*xhbx=—a
OtBeT: ipu pELIEHN HET, IPU i

[Tpumep 4 — pemTh ypaBHEHHE C ITAPAMETPOM:

\."E =a

3Ha4yeHne a MOXKET OBITh JIFOOBIM, HO KBaJIpaTHBI KOPEHb
CrnenoBaTenbHO, paCCMaTPUBAEM JIBA CITyYas:

{ a=0 { az0

VE=a x = a’

a=10 a=10

{\."E=EI {XEE'
OTBeT:HpHaEDx=az;npﬂac:l3x5@

3. Penienue nppalilnoOHaIbHOTO YPaBHEHHUS C TApaMETPOM
Pemmm nppannoHaibHOE HEPABEHCTBO € IaPaMETPOM.
[Ipumep 5 — pemnTh HEPABEHCTBO € TAPAMETPOM:

YEX = a

I/IccnenyeM JAaHHOC HCPABCHCTBO.

— 9TO CTPOr'0 HCOTPULIATCIBHOC

X CTOUT IIOJ 3HAKOM KBaJApPaTHOI'O0 KOPHA, 3HAYUT AOMYCTHUMBLIC 3HAUCHHUA IO X - BCC
HCOTPpUIATCIIbHBIC 3HAYCHUA. 4 MOXKCET IIPUHUMATDH JII00bIE 3HAYEHHS. paccMOTpHUM TpH Clrydas.

a a=2~0 o
Ecau © MmeHsbime HYJII U KOPEHb CYHICCTBYCT, TO HCPABCHCTBO BBINIOJIHACTCA. Ecmu , J'IIO6OI/I

. a
HEOTPULATENbHBIM X YAOBIETBOpPsAET HepaBeHCTBY. Eciu ke = Ooibllie Hyls, UMEEM IpaBo
BO3BECTH B KBaJpar:

CTpouM rpa@uk (QYHKIMH, CTOSALIEH B JIEBOM YacTH: Y=

x=0 .
dbyukuu © = . PaccekaeM momyueHHYIO KPUBYIO CEMEHCTBOM MPSIMBIX

_’Eld:u -{Eld:ﬂ
Wx=a ng
r a =
a==0 =0
Wx=a ‘”X_ﬂ
- X=
a'_:::l] 2= 0
Liyx=a [ 1% = 52
0 . a=0x=10 a>0x=a’
TBET: IIPU ; TIpA

PaccmoTpuM pelieHne JaHHOTO HEpaBeHCTBA rpaudeckuM MeTooM. Jliist aToro cHavana

|

MepeceUCHU.

X—
-1 0 1 2 3 4 5 & 7 g 9 0

X o
, 00JIacTh ompeneneHus TaHHOU

y—a
M HaXOJIUM TOYKH

a=10 o
[To pucyHky O4Y€BMAHO, YTO KOTJA , KpuBasg HAaXOJWTCA HAJ TMPSIMOW TIPH BCEX
JOIYCTUMBIX X, TO €CTh IIPX BCEX JONMYCTUMBIX X HEPABEHCTBO BBIIIOJIHACTCS.
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Ecnu a nmonoxurenpbHo, KpUBasi UMEET €IMHCTBEHHYIO TOUKY IEPECEUEHMs C IPSIMON U
KpUBas HAaxXOJUTCS BBIIE MpPSAMOM IpaBee TOUKM IepecedeHus, alciucca TOUYKU

X X=Fa
repeceueHusn , IODTOMY pEIICHUEM HEPABECHCTBA SIBIISIETCS = —

O‘-ICBI/II[HO, 4TO OTBCT COBNAAACT C OTBCTOM IIPHU PCIICHUUN aHAJIMTUYICCKUM CII0COOOM.

j— r

=

HpHMep 6— PCHIINUTL YPAaBHCHHUEC C IapaMETPOM:

Eh,,"; =0

HpOI/I3BeI[CHI/Ie ABYX MHOYKUTEIEN PpaBHO HYJIIO TOI'ZIa U TOJIBKO TOT'Aa, KOTaa XOTs OBl OaNH
U3 MHOKHUTEIEH PaBCH HYJIIO, a BTOpOfI IIpU 5TOM CYHICCTBYCT.

PaccmaTpuBaem aBa BapuaHTa — 1100 4= ﬂ, HO KOPEHb IIPH ITOM JIOJDKEH CYIIECTBOBATD,
mbo D, B TaKOM cjydae a — Jito00oe YKclIo:
a=10
=0
Cen
cER
= ] =
Otser: an/IEI 0x€e[0;+ :]; npu a#0x=0

Penrenue 3aganni:
Nel. Pemnth ypaBHEHHUE € TapaMETPOM:
a) ax+ 2 = —5;

-
ayx—5=10

B) ¥ :

2xta __

r) x—4 -

No2. Peminth HEPaBEHCTBO C MAPAMETPOM:
—4ax =< 5,

a) :

EI\,,"E} z

0) 7

axtl ~ 0

B) =3 = 1
E|.'_=

IIpakTuyeckas padora Ne26
Tema 4.4: KontponbHas pabora 1o pasaeny 4 «YpaBHEHHs 1 HEpaBEHCTBa»

Leas: [IpoBepuTh YpOBEHB YCBOEHHMS TaHHOI'O MaTepHana Io pasaeiny 4 «YpaBHEHUS U
HEPABEHCTBA»

Ilpu pewenuu 3adanuni 1-4 3anuwiume npaguibHbLLl Omeem U3 UYemblpex
RPEONOHCEHHBIX:

1. (1 6aimn) Kakoe n3 gucen sBiseTcss KopHeM ypaBHeHus log,(x+ 1) = 1

A)-1;b5)2;B) 1;1)0.

2. (1 6amn) Kakue u3 ypaBHeHU UMEIOT Oosiee OJTHOTO KOpPHs?

A) x%-6x+5=0; Bb) 3¥"2=9; B) (x-4)(x+3)(x-8)=0; I") 2x-7=0.

3. (1 6amn) Onpenenute BUI ypaBHEHUs V—32 — x = 2

A) nuneitHoe; b) kBanpaTHoe; B) uppanuonansHoe; ') pannonaasHOE.

4. (1 6amt) OnpesenuTe HaMMEHbIIIEE EN0e PellleHHe HepaBeHcTBa 5¥2<1?

A)-3;b5)0;B)3;T) -4.
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Ilpu évinoanenuu 3a0anuil 5-8 3anuwiume x00 pewienusn u noOJIy4eHHbLL OMeEem.
5. (2 6amna) Halimute KOpeHb ypaBHEHHS | x-3 | =2

x—y=2_§,

2%73Y = 16.

<x

6. (2 6anna) Pemute cuctemy ypaBHEHUI {

x2—5x

7. (2 6anna) Pemmte HepaBeHCTBO 2 —

8. (2 6anna) Pemmre ypaBuenue (2x — 3)V3x2 —5x—2 =0

manonvt omeemos:

Howep 1 2 3 4 5 6 7 8
3aaHuA
OtBer B B B A 1;5 | (10;2) (-o0; 0]; [2; 3) -1;6

IIpakTnyeckas padora Ne27
Tema 5.2: IToustue npoussoanoit. opmyisl u npasuia quddepeHIpoBaHuSL
Heab: OmnpenenuTs CyIHOCTh MOHATHS MPOU3BOAHAS, HAYYUTHCS BBIYUCIATH
MIPOU3BOHYIO, UCITIOJb3YS MIPEAEIIBI.

Teopernyeckasi 4acTh:

[IpousBonHas - riaBHeillIee NOHATHE MaTeMaTHYecKoro aHainsza. OHa XapakTepu3yeT
M3MeHeHne (YHKIUU apryMeHTa X B HeKOTopo# Touke. [Ipu 3ToM 1 cama mpou3BoHas SABISETCS
¢GyHKIMEN OT apryMeHTa X

o = X
IIpoussoonoii ghynkyuu y=J :IB TOYKe * Ha3pIBaeTCs mpezes (€Ciau OH CYIIECTBYET U
KOHEYEH) OTHOLIEHHS MpUpalleHHus (YHKIUM K MPUPAIEHUI0 apryMeHTa MpH YCJIOBHH, UYTO
IIOCJIETHEE CTPEMUTCS K HYIIIO.

To ecTs,
) = lim 2 2 fi SR )
ar—=0 Ay Ax—0 B
Haubonee ynorpeOurenbHbl CIEAyIOIINE 0003HAUeHUS RPOU3BOOHOIL.

dy  dfix)
yo F&h @’ dx
AJTOopuTM HaXO0XKJICHUS IPON3BOJIHOMN
fixo)

1) 3apmate npupalieHue Ax _ 9TO NpPHUpALIEHHWE apryMeHTa W  BBIYHACIUTH

Ay Af =f(xo+ Ax) — f(xﬂ)_

COOTBETCTBYIOIIIEE pUpalieHne QyHKIUU © WU

J151s TOrO YTOOBI HAUTHU HY)XHO:

Af
. Ax Ax
2) Haiitu Pa3HOCTHOC COOTHOIICHUEC , YIIPOCTUTD €0 U COKPATUTL Ha .
af
Ax Ax — 0
3) Eciu otHOmIEHME npu CTPEMHUTCSI K KaKOMY-TO YHCIY, TO 3TO YHCJIO

fl(l—u)_

Oyner

Pemenne 3aganmii:
IIpumep 1. [Tons3ysck onpeaeseHueM NPOU3BOAHOIM, HAUTH IPOU3BOIHYIO (DYHKIMH

y=Jx+1

Pemenue. N3 onpenenenus: mpou3BOAHON BBITEKAET CIEAYIONIAs CXeMa €€ BBIYMCICHUS.
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Jlamum apryMeHTy npupaiieHue (1e1bTa) 1 HailnéMm npupanieHne GyHKIuu:
Ay =afx+hx+1—ofx+1
Haiiném oTHomeHue npuparienus GyHKINU K TPUPAIICHUIO apryMEHTa:

Ly N'rx+ﬂx+1—\.'rx+1 _

fiks Ax

(\f‘x+ﬂx+1—Jx+1)(~,fx+ﬁx+1+~,:‘rx+l) _

B ﬂx(\u’x+ﬂx+1+«fx+1)

_ A+ix+1-(x+1)
ﬁx(-qfx+ﬁ.x+1 +\'JX+1)

_ Az
- ﬂx(ﬂ’x+ﬂx+1 +qfx+1)

1

Jx+ﬂx+1+\.'rx+1-
Bpruncivm mpenen 3TOrO0 OTHOLIEHUS IPU YCIOBHM, YTO MPUPALICHUE aApTryMEHTa

CTPEMHTCS K HYJIIO0, TO €CTh TPEOyeMyI0 B YCIOBHH 33a4U IPOU3BOJHYIO:

: 1
litn =
i~ Jx+1&x+1 +\."x+%

NS EN e RN

IMpumep 2. Haiftu npon3BoaHYI0 GyHKINN

y= fix)=2x"+1.

Pemenne. I3 ompeneneHus NPOU3BOAHOM BBITEKACT CIEAYIOLIAas cXema Mg €€
BBIYMCIICHHUS.

Hlar 1. /lagum aprymeHTy npHpalieHue A%y naiiném
y+hy=F(x+hax)=20x+4x)" +1=

= 2x* +4xehn 4+ 20An)° +1.

ar 2. Haiiném npupaiienue QyHKIUH:

My = f[x+ﬂx:l—f|':x:l=

=[2x® +4xeax+2(ax)’ +1]- (227 +1)=

= dxehx+2(Ax)"

[ar 3. Haiiném oTHomIEeHNE pupalieHus GQyHKIUU K IPUPAIIEHHI0 apryMeHTa!
by dxehx+2(Ax)  Ax(dx+24x)
Ax Ax A
=dx+2hx

[ar 4. BerunciuM npeesn 3Toro OTHOIEHUS IIpU Lx =0 10 cems IIPOU3BOJHYIO:
y = f(x)= lim (4x+242) = 4x

IIpumep 3. Haiftu npou3BoAHYIO (QYHKIHMH Y =\EI/I 3HAQYEHHE HTOW IPOU3BOAHOU

npu * = g
Pemenue. Bocnionb3yemcst cxemoit, nmpuBei€HHOM B ipumepe 1.
Har 1.
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y+iyv=Fflx+hn=Jx+ix

[ar 2.

Ay = Flx+Ax) — F(x) =[x+ ix -7
[Iar 3.

by «.,l'x+&x—ﬁ

Ar Mx '

[Iar 4.

3= £ = lim Y = lim —”“‘E_‘E.

a0 A ax—0

BbIpakeHHe 10 3HAKOM mpezena He ompexnerero npu L% = U (weonpenenénnocts Buna
0/0), mosTomMy mpeobOpa3zyem ero, W30aBHBIIKUCH OT MPPANMOHAILHOCTH B YUCIIHTENEC W 3aTEM
COKpaTHUB JIpO0b:

i [dx+ﬁx—ﬁ)(dx+ﬁx+~.f;)_
S IR v - R

Mx

5 [t hr 4 45)

. 1 1
:]_ = .
PHECON sy vy N

Haiiném 3HaueHue npou3BoaHOM npu + = 9 :

yoo=F (@ =1/(240)=1/6,

IIpakTuyeckas padora Ne28
Tema 5.2: [Tonsitue npousBoHoN. @opMynsl U npaBuiia auddepeHInpoBaHMs
Henanb: HayunTbes BBIMUCIATH TPOU3BOJHYIO (YHKIIMU, UCHIONIB3YS (POPMYJIBI M ITpaBUiIa
T epeHIpoBaHus.

Teopernyeckas 4acThb:
®opmyinbl AuddepeHnpoBaHUs

1. ¢'= = .y
c .'O,c const 12. (arcsinx) = 1 i
2. (xﬂ) = ! 1-x”
! - 1
3 (ax) i na 13. (arccosx) =— —
T _x
x|y _ X ’
4. (e ) € 14. (arctgx) = : 5
' 1 1+x~
| xiha 15. (arcctgy) = ———
X 16. (shx) =chx
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7. (sinx) =cosx 17. (ch I)' —shx
8. (cosx) =—sinx

' 1
, 18. (thx) =—
5. (Vx) =1 ch”x
24x , 1
, 1 19. (thx) =——
10. (tgx) = —— sh“x
cos” x
11. (ctgx)' =—— lj
Sm- x

[Ipu BBIYHCIICHUH IPOU3BOTHON UCIOJIB3YIOTCS [ D13% 011128 MpaBuIIa
muddepennmpoBanus. [IpaBuio nudgepeHuupoBanus cyMMsbl ABYX GyHKIHI.

[IpousBoaHas cyMMbI paBHa cymMMe TTpou3BoaHbIX: (f(X) + g(x))' = f'(x) + g'(x).

[lonpoOHO 3TO cBOMCTBO Mpou3BOAHON (dopmynupyercs Ttak: Ecnm kaxnaas wu3
bynkun f(X) 1 g(x) uMeeT NPOU3BOAHYIO, TO HX CyMMa TaKK€ HMEET MPOHM3BOIAHYIO H
crpaBeIiBa popmyIa.

[IpousBoHas CyMMbI HECKOJIBKUX (PYHKIIMH paBHA CyMME MPOU3BOAHBIX STUX (DYHKIUU:

(fx) +...+ gx))' =f'x) +...+ g'(x).

ITpou3BoaHas pa3HOCTH paBHa pasHocTH mpou3BoaHbIX: (f(x) - g(x))' = f'(X) - g'(X).

A Terepb pacCMOTPHUM MPUMEP MPUMEHEHHSI JAHHOTO MpaBwiia TupGepeHINPOBAHMUS.

Paccmotpum BTOpOoe mpaBuiio nuddepeHmpoBaHus:

[TocTOsTHHBII MHOYKUTEh MO’KHO BBIHECTH 32 3HAK MPOU3BOIHOM:

(cf(x))=cf " (x)

[lepexogum k TpeTbemy mpaBuiy auddepennmpoanus. [IponsBogHas mpou3BeICHUS
paBHA MIPOU3BEJICHUIO NTEPBOIO MHOXKHTENSI HA BTOPOH IJIFOC MEPBBIA MHOXKHUTEIb, YMHOKEHHBIN
Ha npou3BoAHYyI0 Broporo. (f(x)-g(x)) '=f' (x) g(x)+H(x) g' (x)

YerBeproe mnpaBuio  audepeHUHPOBAHMSA: TPOM3BOAHAS  YAaCTHOTO  paBHA
NIPOM3BOIHONW YHCIHMTENS YMHOKEHHOTO Ha 3HAMEHATENb MHHYC YUCIUTENb YMHOXKEHHBIH Ha
IPOM3BOJIHYIO 3HAMEHATENsl U BCE 3TO JIeNICHHOE Ha KBaJpaT 3HaMEHaTelIsl.

(f(x} ) @) - ) g'(®)
g(x)) g*(x)

Pemenue 3aganmii:

Mpumep 1.

Haiizem npoussoxuyio Gyrxmmn: | () = 2x% + 4

Pemenue:

MPOM3BOJHAS CYMMBI paBHa CyMMe TNPOM3BOJHBIX. HaligeM NpPOH3BOIHYIO Ka)I0To
cJaraeMoro

Fiix)=02x2+4x)" = (2x%)" + (4x)’

filx)=4x+4

Orser: f'(x) = 4x +4

Ipumep 2.

Haittu ipoussoanyto pynxiuun f(X)=8x3+3x2-x.

Pemenne:

f(x)=8x3+3x2-x

£ (x)=(8x%)"+(3x%)*-x’

PaccMoTpuM Kaxaplii 4ieH MHOTOWIEHA IO OTAEIbHOCTH

(8x3) '=8(x%) '=8-3x?=24x?

116



(3x?) '=3(x?) '=3-x=6x

(-x) '=-(x) = -1

' (x)=(8x3) '+(3x?) '-x'=24x%+6x-1.

Otser: f' (x)=24x%+6x-1.

IIpumep 3.

Haiitu npoussoanyro ¢pyuximu f(x)=(3x-4)(4-5x).

Pemenue:

Bocrnonssyemcst popMyInoi pOU3BOIHOM TIPOU3BEICHHSL:

£ (x)=(3x-4) ' (4-5%) + (3x-4)(4-5%) '=3(4-5%)-5(3x-4)=12-15x-15x+20= 32
Otser: f' (x)=32

IIpumep 4.
IJx—2
X =
Haiitu nponsBoanyio GpyHKuuu x+3
Pemenue:
Bocnone3zyemcs popmyInoil mpou3BOAHOIN YaCTHOTO:
£ (x) = (3x —2)"(x+3)-Bx—2)(x+3)" 3(x+3)—(3x+2) 3x+9-3x—-2 7
= (x +3)2 = (x +3)2 T x+3)? (x+3)2
7

fx)=——75

Orser: (x + 3)°

IIpakTuyeckas padora Ne29
Tema 5.4: Ouznueckrii 1 reOMETPUUECKHUM CMBICI MPOU3BOTHOM
Heas: OnpenenuTs (U3NUECKUN M TEOMETPUUYCCKUN CMBICI MPOU3BOIHONW, HAYYHTHCS
pelaTh 3aaun Ha MpUMEHEeHHe (PU3NYECKOTO U TEOMETPUUECKOTO CMBICIA.

Teopernyeckas 4acThb:

T'eomer Puqecmm CMBICJI IPOU3BOAHOM
——————— ¢ B
Af
A C

Ax

Af

ECnu Mbl pacCMOTPUM MPAMOYToNbHbIA TpeyronsHuk ABC, To sametum, uto A ecTb tgBAC.

A npu cTpemnennn AT K Hynio, Touka B 6yaet npubnnxatecs k Touke A u cexywan AB «npespatutcas B
KacaTe/bHyo K rpaduky dyHkumn f(x) B Touke A(.’ﬂn; f(ii"{):])

MosToMY reoMeTpHYSCKHi CMBICN NPOM3BOAHOW TaKoB:

MpouseodHas B TOUKE X PAEHA TAHTEHCY YINa HAKMNOHA KacaTenbHOMA K rpapuky dyHkuwm f(x) B 570
TOuKeE!

f'(zo) = tgo,

rAe (x — Yrofl HaKknoHa KacaTenbHoi (nposeaennon K f(x} B T. Zp)
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KacarcibHas

DuU3NYeCKHl CMBbICJ NPOU3BOIHOIM

Ecnu To4Ka ABMMETCA BAOMb OCM T M €& KOOPAWHAaTBI U3MEHAKTCA MO 33KDHY:N{f),TD MrHOBEHHaA CKOpPOCTh

TOHKHK!

v(t) = #'(t),

a YCKOPEHWE!

alt) =v'(t) = x"(t)

. . D ) .
MpuMep. MaTepuansHas TOUKa ABIKETCH NpaMonuHeiiHo no sakony 2(t) = 68° — 481 + 17, rpe 2(f) —
PACCTORHWE OT TOYKM OTCYETA B MeTpax, | — BPEMA B CEKYHAAX, M3MEPEHHOE C HAYana ABKeHns. HalauTe

ge CKOPOCTb (B METpax B CeKyHay) B MoMeHT BpeMenm T = 9.
v(t) = 2/ (t) = 12t — 48;
v(9) =129 — 48 = 60 m/c

OTeeT: 6l

Penrenne 3agannii:

Nel. Haiigure yrioBoit ko3¢ duumeHT kacaTeabHON, IPOBEAEHHOM K rpaduky QyHKIUHN

f(x) = 14x - x2 + 5 B Touke c abcuuccoit x0 = 3.

Ne2. Haliaute TaHTeHC yria HakJIOHa KacateabHOU K rpaguky pynkuuuf(x) =+ 12x -3 B
TOUKe ¢ abcuucco Xo = 2.

Ne3. Ipu nBMkeHNH Tena Mo NpsSMOM paccTosiHUE S (B METpax) OT HaAYaIbHOW TOYKH
u3MeHseTcs 1o 3akony S(t) = - 4t2+ 15t + 2 (t - Bpems ABMWKeHHUs B ceKyHax). Haiftu ckopocTs
(M/c) Tena yepe3 3 ceKyH/bl OCIIE Hayala JABHKEHHSL.

Ne 4. BLIIOJTHUTE 3a1aHUS

BapuaHT Ne |

1. Haiinute  yrimoBod  ko3PuuHeHT
KacaTeJIbHOM, TMPOBEJEHHON K rpaduky
dynxman f(x) = 5x3- 3x?- 7 B Touke c
abcruccoit xo = - 1.

2. Haiigute TaHreHc yriia  HakJIOHA
KacaresibHOU K rpaduky ¢yHkimu f(X) = 4
- Sin X Touke ¢ abciuccoi Xo = 6.

3. Ilpm nBwXKeHuMm Tena 1O NIPSIMOU
paccrosiHue S (B MeTpax) OT HadallbHOMI
TOYKH M3MeHseTcs 1o 3aKkoHy S(t) = t2 - 3t +
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BapuaHT Ne 2

1. Haitnure  yrioBoil ko3 duumeHt
KacaTelbHOW, TPOBENEHHOW K Tpaduky
dyskmmnm f(x) = 2x*+3x?-5 B Touke cC
abcrmccoi xo = -2.

2. Haiigute TaHreHc yriia HakJIOHa

KacaresibHON K rpaduky ¢ynkimu f(x) = 10
- COS X B TOYKE ¢ a0CIIMCCON X0 = .

3. llpum pBwKeHHMH Tela MO NPAMOKN
paccrosiHue S (B MeTpax) OT HavaabHOM
TOYKH M3MeHseTcs 110 3aKoHy S(t) =t + 15t +



1 (t - Bpems aBrokeHUs B cekyHnax). Haiitu 2 (t - Bpems JBvkeHUs B cekyHnax). Haiitu
CKOpOCTh (M/C) Tena uepe3 6 CeKyHJ Mociie  CKOPOCTh (M/C) Tenna depes 8 CeKyHH Iociie
Hayvaja JBIKEHUSI. Hayvasa JBIKEHUS.

NeS. Haiitute abemuccey Touky rpaduka QyHKIHT Y = X + 7X - 9, B KOTOPO# KacaTebHas,
NpoBe/IeHHAs K 3TOMY rpaduKy, napaienbHa IpsIMon y = -5X.

Ne6. Touka JBIIKETCS 110 KOOPAMHATHOM IIPSIMOM COrTacHo 3aKkony x(t) = 1,5t% + 7t -11,
rae x(t) - KoopaAuHaTa TOYKH B MOMEHT BpeMeHH t. B kakoii MOMEHT BPEMEHU CKOPOCTh TOUKH
Oyner paBHa 13?

Ne7. BeiOpaTh BepHBIN OTBET:

Bapuant No 1

1. Touka JBIKETCS NpAMOJIMHEHHO mo 3akomy S(t) =t° - 2t? Bribepure, kakoi u3
(dbopMyI1 3a1a€TCsl CKOPOCTh BUKEHHS 3TOM TOUKM B MOMEHT BpeMeHH {.

1) 3t% - 2 2) t? -4t 3) - 4) 3t% -4t

2. Haligute TaHreHc yriia HaKjJIoHa KacaTelbHOH K rpaduky GyHKIuu y = x(X - 2) B
TOuKe ¢ abcuuccoit Xo =4.

1)82)63)44)0

3. Ilpu mpsMonuHENHOM JABMXKEHHMM Tena IyTh S(t) (B MeTpax) H3MEHseTCs IO
3akony S(t) = 5t° - 15t2 +12. B kakoif MOMEHT BpeMEHH YCKOPEHHME Tena OyIeT PaBHO HyJIIo?

1) 1c 2) Oc 3) 2c 4) 0,5¢

4. Tlox KakuM YIJIOM K MOJIOKUTEILHOMY HAmpaBlIEHUIO OCH abcuucc HaKJIOHEHa
KacaTeIbHas, IPOBEIEHHAs B 000 TOUKe KPHBOH y = -2X° - X° - 4x +10007?

1) ocTpbIM 2) TyIBIM

3) mpsimbim 4) napaiienbHa ocu Ox

BapuanT Ne2

1. Touka ABWXKETCS MPAMONHMHEHHO 10 3akoHy S(t) = t° - 2t? BriGepuTe, Kakol u3
dbopMyI 3a1aeTcs CKOPOCTh ABMYKEHHSI TON TOUKH B MOMEHT BpeMeHH {.

1) 5t - 2 2) t* -t 3) - 4) 5t* -4t

2. Haiigute TaHreHC yriia HaKJIOHA KacaTelabHOH K rpaguky QyHKun y = x(x + 3) B
TOYKE C a0CIHCCOoi Xo = 2.

1)12)53)74)10

3. Ilpu mpsMonuHENHOM JABMXKEHHMU Tena myTh S(t) (B MeTpax) H3MEHseTcs IO
3akony S(t) = 2t3 - 6t +12. B xakoif MOMEHT BpeMeHH YCKOpeHHe Tena GyieT paBHO HyJTko?

1) 1c 2) Oc 3) 2c 4) 0,5¢

4. Tlox KakuM YrioM K HOJOXHUTEIbHOMY HalpaBiICHHUIO OCH alCIMCC HaKJIOHEHa
KacaTesIbHas, IPOBEIEHHAs B 000 TouKe KpHBOH y =2X° + X° + 4x +1000?

1) ocTtpbIM 2) TynbIM

3) mpsimbiM 4) mapaienpHa ocu Ox

IIpakTuyeckas padora Ne30
Tema 5.5: YpaBHeHue kacarenbHo# k rpaduky pyHKIUU
Heanb: HayunThcs cocTaBisTh ypaBHEHUE KacaTeNbHOM K rpaduKy QYHKINN U IPUMEHSTh
bopmyy 11t TPUOIMKEHHBIX BEIYUCICHUH 3HAYEHUH BBIPAKECHUH.

Teopernyeckas 4acThb:
BcnomanM reomerpudeckui CMBICJI NPOM3BO/HOI: eciu K rpaduxy

y=r|z| x
byHKUIHIH /B touke U MpoBe/eHA KacarenbHas, TO KOX(PQUIMEHT HAKIOHA
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KacaTelbHON (paBHBIM TAHIEHCY YIJIa MEXKIY KacaTeJbHOM M IOJIOKUTEIIBHBIM HaIPaBICHUEM

OX " o
ocHu ) PaBeH IIPOU3BOAHON (DYHKLMH B TOYKE .

2 k:tga:f'(;rn)

o ¥
BOSLMGM Ha K_acaTeHbHOI/I HpOI/I3BOHLHyI'O TOqu C KOOpI[I/IHaTaMI/I (

= -+
17 N y=kx+b
f(xp)®--—------ : E
2 : :
et
=)/ | 0o X
ool
U paccMOTPUM TIPSMOYTOJIBHEIH TPEYTrONEHIK ABC'.
4. i
Vgooqooatosals . y
kg
el 2 & | |
y-f{ =,
" BC o=
P S Y A
ITAE T :

B atom TpeyronpHuke

e

%0054
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i o))

u u v=1x)
OTO M ecTh ypaBHEHHME KacaTeJbHOM, NMPOBENEHHOH K rpaduky ¢GyHKIUU B
T
Touke U
ANTOpUTM NIOCTPOEHHUS KacaTelbHON

War 1. HaiiTk 3HaueHne yHKUMKM B TOYKE KacaHua f(wxg)

Lar 2. Haittu obiyee ypaBHeHKe nponssofHoi f'(z)

Lar 3. HaitT 3HaueHKe NPON3BOAHOI B Touke kacanua f'(xq)

War 4. 3anucaTs ypaskenue kacatensHol y = f'(zg)(z — @) + flxo), npusectv ero k eumy
y=kxr+b

Ha Bbixope: ypaBHeHMe KacaTensHol B Buaey = kx + b

MycTs f(z) = 2% + 3.
HaiigemM KacaTenbHyk K 3T0M napabone B Touke zg = 1.
1.4
flzg)=12+3=4
f'(z) =2z
fll@o) =2-1=2
YpaeHeHWe KacaTebHowM:
y=2zx—1)+4=22—-24+4=2zx+2

OrgeT!y=2x 42

Npumep: f (z) = 22 — 2z + 3,

Anropntm
P Iy = 3

1. Bolumcnum f () flz)=f(3)=32-2.-3+3=6

2. Haligém dopmyny nponssogHom

I o 2_ ;: B
yrxun f (x) fl(z)= (2" —22+3) =222

3. Buiumcum f' () f'()=f(3)=2-3—-2=4

4. Mogcrasum 2o, f(xo) n f' (z0) B y=f"(xg) - (x—xzp) + f(zg) =
dopmyny ypaBHeHUs KacaTelbHO =4(z—-3)+6=4z—-12+6=
y=f"(z0) - (z —z0) + f (20) =4z — 6

Pemenue 3ananui:
Nel. BeITOMHUTE 3a1aHHE
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1 Bapuaut | 2 Bapuant

1. Cocrasure ypasHenue kacareabnoit Kk rpadguxy Gpyukunn /(x) B rouxe rpadura ¢ xo.
a) flx)=x3 x5=1 a)f(x)=x% xs=2
61;'(x)=§—x; X =2 6)f(x)=§—2x; Xp =—1
B) f(x) = Vdx — x?; x, =2 B) f(x)=vVx?+3x; xp=1

_ .z
Ne2. CocraBbTe ypaBHeHHE KacaTelbHON K rpaduky ¢pynxumn [ X/=X —2X g touke ¢
abcuuccoit o =3,
2
Ne3. CocraBbTe ypaBHEHHE KacaTelbHOH K rpaduky QyHKIHH fixI=X"=3X g touke ¢

aberuccoit Yo =4,
No4 3anumvte ypaBHEHHE KacaTellbHOU K rpaduky ¢yHknuu f(X) = sin X -3x + 2 B TOUKe

xo=0.

No5.HanucaTp ypaBHEeHHE KacaTelbHOH K rpaduky dyHknmum f(X) = x * +2x 7 +3 B TOUKE

xXo0=2.

v 3 2
Ne6.HammcaTh ypaBHeHHE KacaTenbHOM K rpaduky GpyHkun f(x) =x = +4x = — 6X B TOUKe

X0 =-2.
— B o
Ne7. Haiigure abcuuccy TOYKM rpaduka QyHKIHH flxl=x"—xV3, g KOTOPOI
HpoBeIEHHAS K HEMY KacaTellbHasi 00pa3yer ¢ MOJI0KUTEIbHBIM HAPAaBICHHEM OCH a0CIICC Yol
30°.
— g ) o
Ne8. Haiigure abcumccy TOYKM Tpaduka QYHKIUH fixl=x"+4xv3, g KOTOPOH
npoBeAEHHAs K HEMY KacaTelibHasi 00pa3yeT C MOJIOKUTEIbHBIM HAPaBICHUEM OCH a0CIHCC yro
60°.
2
Ne9. Haiizure ypaBHeHue kacatenbHoil k rpaduky dpynkimn [ X=X +3X—8, ecym s1a
KacaTelbHasl apaulenbHa npsamoiil Y =2X+1

2
Nel0. Haitnute ypaBHEeHUe KacaTelbHOU K rpaduky QyHKIIUH fIX|=X"=4x+6, ecm o1a
KacaTeNbHasI IapajuIeibHa npsvoi ¥ =2 X—8

> 3 2
Nell.Haiiaure Touku rpaduka pyHkuuu f(x)=x = - 4X ~ , B KOTOpPBIX KacaTeibHas K HEMY
napajuiesibHa ocu abcuuce.

IIpakTnyeckas padora Ne31
Tema 5.6: MonotoHHOCTH (hyHKIIMU. TOUKHM 3KCTpeMyma
Heasn: Hayuntbes uccnenoBath QyHKIIMM HA MOHOTOHHOCTB M 9KCTPEMYMBI.

Teopernyeckas 4acThb:

Onpenenenne «MOHOTOHHBIE (QYHKITUN

MOHOTOHHO Bo3pacTarouas GyHKIUS — 3TO PYHKLUS, Y KOTOPOi OOJblIeMy 3HAUCHUIO
apryMeHTa COOTBETCTBYET OoJiblliee 3HaU€HUE (PYHKIIMH.

MoHOTOHHO yObIBaromiast GyHKIUS — 3TO (QYHKUUS, Y KOTOPOil OoJyibleMy 3HauE€HUIO
apryMeHTa COOTBETCTBYET MEHbIIICE 3HaUCHUE ()YHKITUH.

CBs3b IPOM3BOAHON U TIPOMEKYTKOB MOHOTOHHOCTH (DYHKLIUU

Ax =0 Ay . Xy
, TO 3HaK IpUpAlIEHUd - MW 3HAK IIPOU3BOJHOM B TOUYKE COBIIAJacT CO

JED f'(xg) o Ay =0
3HAKOM . To ectb eciu mpou3BOAHAS B OTOW TOYKE OOJbINE HYJSA, TO - u

MOHSATHO, YTO (PYHKIHS B OKPECTHOCTH 3TOM TOYKM OyaeT Bo3pacTaTb. A €clid MPOU3BOJIHAS

Av =0 o
MEHBIIIE HYJIS, 3HAYMT, - M TIOHATHO, YTO B OKPECTHOCTH 3TOW TOUYKH (PyHKIHMsS Oyaer

yOBIBaTh.

Ecnn
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x o
Janee, npou3BoHAs B TOUYKE ~ 2 €CTh TAHI€HC yIJla HAaKJIOHA KacaTenabHOU. KacarenbHas

OTHUCBIBACTCS JIMHEWHOW (yHKIHMEH. B OKpecTHOCTH TOYKH *o KpuBas W JUHEHHas (yHKIHS
MOYTH COBMAJAIOT. ECIM yron HakJIOHa OCTpBIM, TaHTeHC OYyJeT IMOJIOXKUTENIbHBIM, YTJIOBON
KOO(PQUIMEHT — BeNWYHMHA TOJIOXKUTENbHAS, U JUHEHHass (DYHKIHMS BO3pPAcTaeT, a 3HAYUT, B
OKPECTHOCTH 3TOW TOUKH U cama (PYHKIIMS BO3PACTAeT:

flixg) =0 =f()1

N naobopot, ecnu nuHelHas (yHKIUs yObIBAaeT, Yroji TYIOW, TaHT€HC — BEJIWYHHA

o 6 i v6 F::fo]
OTpHUIIaTENIbHAS, 3HAYHT, JTUHEHHAas PYHKIMSA yObIBACT, a C HEH yObIBaeT (PyHKITUS :

) <0 =flx)!l

Y
y=1f(x)
flx, + Ax) ,
tAy
T .
Ax |
I”' I !
0 i’x X, +Ax X
AX

o Xx
VYron HakJIOHa KacaTeJbHOU B Touke = ¥

x
Tak coOBITHS Pa3BUBAIOTCS B OKPECTHOCTSAX TOYKH ~ 2. DTH COOBITUS TMMOAYUHSIOTCS

F€OMETPUUECKOMY CMBICITY MIPOU3BOIHOM (ee buznueckomy CMBICITY,
Ay & F'(x,) Ax
COOTHOIIIEHHUIO - (o) ).
HccnenoBanue NpoMeKyTKOB MOHOTOHHOCTU (DYHKIIMU C TIOMOIIBIO TPOU3BOTHOM
Paccmotpum ¢yrakmuio u ee nosenenue Ha Beeit O/13. [Ipeamonoxum, 9To 310 rpaduk
uccuenyeMoi GpyHKIuu.

= f(x)

Xy 1
Ecteb Touka "!. KacarenpHas HakJIOHEHa TIOJ OCTPbIM yrJioM !. 3Ha4yuT, B

I'paduk GyHKImM >

Ay
Touke ~ 1 pyHKIIMS BO3pacTaer.

1

o x
VYTroi1 HaKJIOHa KacaTeabHOM B TOUKE ~ 1

X, Ox X,
B touke "% kacarenpHas napajuieiibHa OCH , 3HAYUT TOYKA = < — TOYKA DKCTpEMyMa. 00
9TOM MBI ITIOTOBOPUM OTAEIBHO.
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X,
2 — To4YKa IKCTpEMyMa

x a . .
B Touke 3 yronm 3 HakioOHa KacaTeNbHOW OyIeT TYIbIM, TAaHTE€HC OyJeT BEIMYUHOMN
OTPHIIATEIIbHOM, 3HAUUT, TPOU3BOIHAS OTpULIATENbHAS U (DYHKIIHSA 3/1€Ch YOBIBAET.

X, X

bl et
e

o x
VYTroi1 HaKJIOHa KacaTeJbHOI B TOUKE ~ 3

Xx
I/I, HAaKOHCI, B TOYKC § MMPOU3BOJHAA PABHO HYJIIO U JAJIBIIC CI)YHKHI/IH BO3pacTacrT.

3 SR

YToJI HAKJIOHA KACATeIBHON B TOUKE ~ % — TOUKe JKCTpEMyMa

BrrsicHsieTcs, uTo pyHKIMS BO3pacTaeT Ha MHTEpBalax, IJ1e MPOU3BOAHAs OOJIbIIIE HYJIA:

i) =tga, >0 = flx)T

Ecnu jxe 3HaueHue Mpou3BOAHOM OTpHUIIaTeNbHOE, TO (YHKINS yObIBAET:

fil) =tga; <0 = flxz) !

Bea O3 cocTOMT M3 OTAENBHBIX TOYEK, 3HAYUT, HAJO BBIACIUTH T€ MHTEPBAJIbI, Ha
KOTOPBIX MPOU3BOAHASI MEHBIIE HYJIS, HA KOTOPHIX IPOU3BO/IHAS OOJIbIIE HYJISI, U OHU ONPEAEIIAT
Te ydactku OJ13, Ha KOTOpBIX QYHKIUSA JTUOO BO3pAcTaeT, MO0 yObIBaeT. DTOT K€ BBIBOJ MBI

Ay & f'(x,) - Ax
MOJIyYUM, paccMaTpuBasi COOTHOIIEHHUE .
¢
x Ay =
MIPOM3BOHAS f'(x) MEHbIIIE HYJS, -
Av =<0

!
obmactsax OJ13, riae npou3BoHas f'(x0) OombITIe HYIIS, - (dbyHKIIHS BO3pacTaer.
Teneps MBI TOTOBBI HANTUCATh, T/Ie YOBIBAET, a T/Ie BO3pacTaeT JaHHAs HaM (DYHKITHS:
y=FEOT % € (—ooix] [x, +00)

Ha Ttex O6J'IaCT$IX, Ha KOTOPBIX

0
¢byukius  yoObiBaeT. COOTBETCTBEHHO, Ha TeX
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X, X X

TIpOMeXyTKH BO3pacTaHus GyHKIMH © fx)
Tenepb BbIACHMM, TI€ NaHHas QyHKIUs yObIBAET:

y=Ff) L x € [xgx,]

npu

X

3 e

o B s

Heewonasamas

y=f(x)

TOHKHIT MOMEHT: BKIIOYATh JI1 3HAYECHUS B TOUKAX
Filx)<0,x € (x;,x,)

X3

[IpomexyTku yObIBaHUs (PYHKIIUU
Xy W Xyn

HX
* He BKJIIOYaeM, IOTOMY YTO B HUX IIPOM3BO/IHAS paBHa HYJIIO, @ Mbl pacCMaTpuBaeM
. x
TOT ciy4al, Korja npou3BoJHast MeHblle Hyns. Ho QyHkius yObIBaeT, korja ™ HpUHAIICKUT

XarX
OTPE3KY [x2: 4].
HpI/I OTOM 3THU TOYKH BKIIOYCHBI TAKKC B MHTCPBAJIBI, KOraa q)yHKIII/ISI BO3pacTacrT.

'
x
HpI/IXOI[I/IM K BaXXHOMY BBIBOJY: HHTCPBAJbI 3HaKOHOCTO$IHCTBaf( jSIB.]'ISIIOTCSI

MHTEpBaJlaMd MOHOTOHHOCTHU f [x]_

enb ypoka: HAydMTbCSI HaXOJUTh MPOMEXYTKH BO3pAcTaHUs U YObIBaHUS (YHKIIMH C
MIOMOLIBIO TPOU3BOJHON. BBIsICHAETCS, UTO HAa/l0 HAMNTH IPOU3BOIHYIO, BBIIEIUTH €€ HHTEPBAJIbI
3HAKOMOCTOSIHCTBA M TEM CAMbIM MBI Y3HaeM, rie 3Ta (pyHKIHsS MOHOTOHHO YOBIBAaeT U IJie OHa
MOHOTOHHO BO3pacTaerT.

Jlanee HaC MHTEPECYIOT TOUKH SKCTPEMYMOB (DyHKIMH. MBI paccMOTpenu ciay4au, Korjaa
NPOM3BOJIHAS MEHbIIE HYyNsA, KOrjJa OHa Oojbllle HyJs, TakkKe BaXHbBIM chy4ail, Kkorna
IIPOM3BOJIHAS paBHA HYJIIO.

BcnoMHuM, 4TO Takoe TOYKa MaKCUMyMa M TOYKa MUHUMYMa () yHKIIUH.

X, X, X X, X

J y = F(x)

Touku sxcTpeMyMOB (PYHKIIMH -
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X
Paccmotpum pucynok. Touka =2 — Touka MakcuMyMa GyHKIIUM (Max), €CIIN CYIIECTBYET

5 ) = fx)

Xaq o
OKPECTHOCTb TOYKH =, IJIsI KOTOPOHU , TO €CTh €CJIM 3HAUYCHHC (bYHKHI/II/I B 3TOHU
TOYKC 60J'II>I.H€, 4YEM 3HAUCHUC q)YHKHI/II/I B JIIOOOH TOYKE €€ OKPECTHOCTH.

x
Amnanoruynoe OImpeaAcCICHUE i1 TOYKHM MHUHHMYMaA. Touka “# — TOUKa MHWHHMYMa

¢yHkuuu (min), €CliM CyIECTBYET OKPECTHOCTh TOUKH *4 s KOTOpOU flxy) <f [xj’ TO €CTb
eciu 3HaueHHe (YHKIMU B 3TOW TOYKE MEHbINIE, YeM 3HadeHHe (YHKIUHU B 000 TOuke ee
OKPECTHOCTH.

[Tpu morcke HanOOMBIIETO U HAUMEHBIIIETO 3HaYeHUs QyHkuu Ha Beeid O13, To ecTh ee
[100aNbHBIX SKCTPEMYMOB, CJIe1yeT MOHUMATh, YTO OHU MOTYT HE COBIAJATh C €€ JIOKAIbHBIMU
HKCTPEMYMaMH, TOUYKaMH, I/I€ IPOU3BOIHAS] MEHSET 3HAK.

[Tpumep s10KaIBLHOTO U TN100ATBLHOTO SKCTPEMyMa

PaccMoTpuM (PYHKIIHIO y=2x"(x*"—1),x €[-2Z; 2]_

x=0
3mech TOUKa — TOYKA JJOKAIBbHOTrO MakcumyMa. DyHKIKMS 3/1€Ch paBHA HYJIIO.

x=42
Touka — TOYKa rII00aTbHOTO MaKCUMyMa, B HUX (DYHKIHS paBHseTCs 24.
2*x*-1);x€[-2; 2]
y

Tpadux dynkmm > 2x%(x* = 1),x € [-2;2]

Ha nanHoM ypoke, koraa roBoputcsi o0 SKCTpeMyMax, MOJApa3yMEBAIOTCS JIOKaJIbHbIE
IKCTPEMYMBI.
Kak y3Hatb, rae Touka MakcuMmyma, a rJe TOYka MUHUMYyMa, MOJCKaXeT MPOU3BOAHAS.

X, o
BepHeMCH Kk Touke ~ 2. Ha PUCYHKE HaArjIIAHO MMOKa3aHo, 4YTO 40 3TOU TOUYKHU q)YHKIII/Ifl BO3pacTacT,

I !
HpOI/ISBO,[[HaHf (x) > D, a 1mocyie 3Toil Touku (PyHKIMs YOBbIBaer, HpOI/ISBOI[HaSIf () < 0 A

!
o Xg x,) =0 o
3HaYEHUE IPOU3ZBOJHON B TOYKE ™ 2. f(x) . MBI monyyunam JOCTATOYHBIA MPHU3HAK
MaKCHMyMa: MPOU3BOJHAs pPaBHA HYJIO U MIPU ITOM 3HAK IIPOM3BOJHON MEHSETCS C IUIKOCA Ha

x5
MUHYC IIpH NIEPEXOJE apTyMEHTA Yepe3 TOUKY ~ 2.

x . x,) =10

Paccmorpum Touky 4. TlpousBoaHast B 3TON TOUKe fxs) . Ho sBnsiercs nu nanHas
TOYKa TOYKOM skcTpemyMa? IIponsBojHas cieBa OT 3TOM TOYKM OTpHUIATENbHA, KacaTelbHas
HAaKJIOHEHa I0J TymnbIM YyriaoM. IIpousBoaHas cripaBa MOJOKHUTENBbHAs, 3HAYUT, NPOU3BOJHAS

MEHsET 3HAK C MUHYCa Ha IUIIOC IIPU IEpeXojJe 4Yepe3 TOUKY *4 3HaunT, Touka * — TOUKA
MUHHUMYMa.

Nrak, MbI paccMOTpenu TOUKY MUHAMYMa U TOYKY MaKCUMYMa M JOCTATOYHBIN IPU3HAK
TOYKM MUHUMYMa U TOYKH MaKCHUMYyMa.

Kak y3HaTp, siBIseTCA IM TOYKA TOYKOM MHUHMMyMa WIH TOYKOM MakcnmyMma? HyxHo

-

B35Th NMPOM3BOJHYIO M NPHUPABHATH €€ K HYJI0. Torna Mbl HaliieM TOYKH *2 *4y 1o Ao
BHYTPEHHUE TOYKU 00JacTH ONpeesieHus, B KOTOPbIX MPOU3BOIHAS PaBHA HYIIIO.

Kputnueckast Touka GyHKIMHU — 3TO BHYTPEHHSS TOUKa 001aCTH ONpeieNieHHs, B KOTOPOH
IIPOU3BO/HAS PABHA HYJIIO WK HE CyIIECTBYET. TO €CTh TOUKHU T2y te KPUTUYECKUE TOYKH.
*2 _ 1. max.

x .
2 _ 1. min.
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Ho Tak nmpoucxoaur He Bceraa.
Touka nmepernba
Paccmotpum crieyromniyto ¢yHKITUIO:

Y= f(x)

WnmocTpanys Touku nepernda

f'(x) =0 ox

x
[IpousBonHas B Touke = ? paBHa HYIIO: , KacaTelabHas NapajJiellbHa OCH

i ? ? *o
SIBnsieTcst M OHA TOYKOM 9KCTpEMyMa: Her. HO‘-ICMy. HOTOMy YTO A0 TOYKH IIPpOU3BOJHAA
IIOJIOKHUTCJIbHA, Q)YHKHI/IFI BO3pacCTacT:

y= flx)

Bospactanue pynkuuu 10 Touku neperuda
[Tocne aTo¥ TOYKHM MPOU3BOIHAS TAKKE MOJOKUTEIbHA:

Bospacranue ¢pyHKIMM Mociae TOYKU nepernda

x o
@DyHKIMS BO3pacTacT U CJIE€Ba, W CIpaBa OT TOYKM, 3HAUUT, ° HE SBISIETCA TOYKOU
AKCTpPEMYyMa.
Jlemma @epma

Ecnu ¢pynxnus f(x) AMeeT MPOU3BOJHYIO U B TOYKE *0 pmeer OKCTPEMYM, TO 3HAYEHUE
IIPOU3BOJHON B 3TOM TOUKe paBHO (.

3T0 HEOOXOJMMBII MOITHBII NPU3HAK, U3 HETO MBI BBISICHAEM, KaKH€ TOUKM HaM HY>KHBI
JUIs UcclieloBaHus. Bee ocTanbHbIE OTMETaeM.

Eme pa3 nmoguepkHeM, 4TO HaM WJUTFOCTPUPYET AaHHBINA PUCYHOK: PAaBEHCTBO HYIIIO — 3TO
JIUIIb HEOOXOIUMBIN MPHU3HAK AKCTPEMYMa, HO HE JOCTaTOYHBIH.

Touxka nepernda, TOKaTbHBIA XapaKTep TOUEK IKCTpEMyMa

Paccmotpum B kauecTBe npumepa GyHKIUIO, TpaduK KOTOPOMl H300pakeH Ha PUCYHKE.
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I'paduk pyHKINY ¢ HECKOIBKUMHU JIOKAIbHBIMH SKCTPEMYMaMu

-

x X x
1_ TOYKaMUHHUMYMA, < — TOYKaAMaKCUMYyMa, 3 TaKXKE€TOUKaMHUHHUMYMaA.

x
i TOYKAaMHMHHUMYMaA, 3HAYUT, CYIHCCTBYCT HCKAsl OKPECCTHOCTDb, I'’IC 3HAYCHHUC (bYHKI_[I/II/I
SABJIACTCA HAMMCHBIIIUM, HO CYIICCTBYCT TAKKC BTOPAsA TOYKA MUHHUMYMaA.

F(xl:] = }’(xajj TAKAM 06 6 o
pa3oMm, TI100aTbHO, HAMMEHBIIIUM 3Ha4YeHHEM (DYHKIIMU Ha BCEU

x
O/13 siBnsieTcst 3HaUeHUe (QYHKIIUU B TOUKE ~ 3.
e o
2 — TOYKaMaKCUMyMa, HO HauOOJIBIIEr0 3HAYCHUS JNaHHOW (YHKIMH HE CYIIECTBYET,

IMOTOMY 4YTO €CTb TOYKH, B KOTOPBIX 3HAUYCHUC (1)YHKIII/II/I 3HAa4YUTCIIbBHO 6OJII)IIIG, Y€M B TOUYKE xz.
Taxum O6p2130M, JaHHBIM PHUCYHKOM MbI IMOAYCPKHBACM JIOKAJIbHBIN XapaKTep TOUYCK
OKCTpEeMyMa. Moewm 3anucars:
Yeaun = }r(xaj,}r[xa:] = }r(xj

To ectb 3HaUeHUE DYHKIIUU B TOUKE *3 Menpie 60 paBHO 3HAYCHUIO (DYHKIIUH B JIFO00#
npyroi Touke O/13.

AJroputm

MBpI 3HaeM, Kak 10 3HaKy MPOU3BOAHOMN HANTH HHTEPBAIBI MOHOTOHHOTO BO3pPACTaHUS WIIH
yObIBaHUS QYHKIIUH, 3HAEM, KAKUM 00pa30M OMpeeNUTh TOUKH MaKCUMyMa U TOYKH MUHUMYMa
¢ynkuuu. [TycTs Teeps ecTh 3a/1a4a HCCIIE0BATh (DYHKIHIO Ha SKCTPEMYMBI 1 HA MOHOTOHHOCTh
C TIOMOLIBIO IIPOU3BOJIHOM.

AJNTOpUTM TaKOB:

fx)

!
x
2. Brinenuts HWHTCPBAJIbI 3HaKOHOCTO$IHCTBaf( ] Onu ONpPCACIIAAT HHTCPBAJIbL

fx)

3. Haiitu kputmyeckue Touku (BHyTpeHHue Touku OJI3, B KOTOpPBIX

CYIIIECTBYET).
4. BolaenuTh U3 KpUTHUYECKUX TOUEK U KOHIIOB OTPE3Ka TOYKH IKCTPEMYyMa U UCCIEA0BaTh

1. Haiitn

MOHOTOHHOCTHU

f'=0

HJIn HEC

ux.
3amaya

2 !

=x y
C MOMOLIBIO ~

o ¥V
Haiitu HWHTCPBAJIBLI MOHOTOHHOCTH U TOYKHU 3KCTPEMYyMa (I)YHKI_[I/II/I -

Haiinem nmpon3sBoaHyto:
y' =2x

[IpupaBHUBaeM ee K HYJIIO U HAXOJIUM €IMHCTBEHHOE PEIICHHE:

v =0
2x =10
x=10
x=10

— CIUHCTBCHHAs KPUTUUCCKAA TOYKaA.
Ha pucynke B HMKHEH 9acTH n300paXkeH rpaduk MpOU3BOIHOM.
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y'<0

I\

y'>0

0

LV
I'paduku QyHKIHI -
Ha wHTepBane nesee Npou3BogHAs OTpHUIIATEIbHA, (QYHKIUS yObIBACT.

y/
;»

=x* y' =2x
-

= ){2
y y'(x)= 2x y y
y'<0 y'>0
Y\ y/ b\
0 X (AN AP N
0 X

JleBb1i1 MHTEPBAI IPOU3BOIHOMN

JleBblil nHTEpBAN QYHKINH

Ha unTepBasne nmpaBee npon3BOIHAS IMOJIOKUTENbHA , QYHKIIHS BO3pACTAET.

yt ¥y (x)=2x y Ao 2
y'<0 y' >0
y \ N . }’/ , ,f"
0 i u\'L,.\ ,QB !
0 X

[IpaBblii MHTEpBaAI NPOU3BOIHON

[IpaBs1ii nHTEpBaN QYHKIUU

OTBeT:

1.}F=x“l'npnx

€ (—oo; 0]

2 v=x>T npux e [0; +m)

x=10

3.

— T. min.

Wtak, Mbl pemuiam 3aaady, UCCAeAOBAIA (DYHKIIMIO C MTOMOIIBIO TTPOU3BOJTHON, HO MBI
3HAM CBOWMCTBA ATOW (YHKIIMH, 3HAIHW, TIe OHA BO3pPACTaeT, I/ie yObIBAET, W 3HAIH TOUYKY

IKCTpEMyMa.

BI/I,Z[I/IM, YTO PpE3YyJIbTAThbl, KOTOPLIC IMOJYYCHBI C ITOMOIIbBIO HpOHSBO,Z[HOﬁ, COBIIaaaroT C

y(0) =0

pe3yabpTaTaMu, HalJICHHBIMH paHee.

3aoaua.

HaiiT 3xcTpeMmymbl yHKnun y = X3+(X — 1).

Pewenue.

DKCTpeMyMbl (PYHKIIHH - 3TO €€ MAKCUMYMbI 1 MUHUMYMBI. [Ipexie ueM HaxoauTh
AKCTpEMabHbIC 3HAUCHUS (PYHKIINH, HY>)KHO HalTH 3HAYCHHS apryMEHTa, B KOTOPHIX OHH

AOCTUTAIOTCA, T.€. TOYKH SKCTPEMYMOB.
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B Touke 3xcTpemyma npousBoaHas GyHKINMU paBHA HYIIO.
Haxoaum npousBogHyto:
1) o npasuiny quddepeHIpoBaHNs TPOU3BEACHUS:
y' =) (x=1) +x*-(x - 1)}
2) no Tabnuiie TPOU3BOTHBIX:

(x%)' = 3x2,
(x-1)'=1-0;
3) mpeoOpa3zyem:

y'=3x%(x—1) +x3(1 -0) = 3x3 - 3x% + x3 = 4x3 - 3x2,

[IpupaBHHUBaeM MPOU3BOJHYIO K HYIIO U PEIIaeM YpaBHEHHE OTHOCUTENILHO X:

4x3 —3x* =0;

X?-(4x—3) = 0.

371eCch KOPHHU JIETKO ONPEAEISAIOTCS PA3JI0KEHUEM Ha MHOKUTENHN - IIPOM3BEEHUE PABHO HYJIIO,
€CJIM XOTs OBl OJIMH U3 COMHOXKUTEJIEH paBeH HYIIO.

X1=0wux2=23/4=0,75.

Ha uncnoBoit npsiMoii oTMeuyaeM HaliieHHbIe 3HaYeHHS apryMeHTa X. B aTux Toukax
POM3BOHAS (QYHKIIMH paBHA HYITI0. Mex 1y HUMU (Ha HHTepBajiaXx) OHAa COXpaHseT 3HaK "+"
win "-". UToOBI onpeAenuTh MOJI0XKUTEIbHA WK OTPUIIATeNIbHA TPOU3BOAHAS (PYHKIIUU HA
KOHKPETHOM MHTEPBAJIE, IMOJICTABIISIEM B (JOPMYITY JUIsl TPOM3BOIHON MPOU3BOJILHOE 3HAUECHUE
U3 3TOTO MHTEpBaa.

y' = 4x3 — 3x?;

Y (1) =4(-1)*-3(-1)>=-4-3<0;

y' (0,5) =4-(0,5)* - 3-(0,5?=0,5-0,75<0;
Yy (1)=413-3-12=4-3>0.

Taxum 00pa3oM, TOUKH, B KOTOPHIX IIPOU3BOHAS PABHACTCS HYIIIO, pa30MIIA YHCIOBYIO
IpsIMYIO Ha TPU MHTEpBajia. B mepBoM v BTOPOM U3 HUX MPOU3BOHAS OTPUIATENIbHA, B TPETHEM
noJIoKUTENbHA. OTMEYaeM 3TO Ha YHCIOBOM MPSIMOM.

@yHKIMA BO3PACTAET HA UHTEPBAJIE, €C/IM €€ MPOU3BOAHAS HA ITOM UHTEpBaJe
MOJIOKUTENbHA, U YOBIBAET, €CJIM TPOU3BOIHAS OTpULlaTeabHa. OTMETUM 3TO CTPEIOYKAMHU C
COOTBETCTBYIOIIMM HaKJIOHOM, COOTHOCS UX CO 3HAKaAMH MPOU3BOIHOM.

[Tonyuniin clenyrouIyro cXemy:

f N\ N o/
A R . -

x 0 0,75

ITo cxeme BUIHO, 4TO B Touke X1 = 0 SKCTpeMyMa HeT, GyHKLUs YOBIBAeT U IpaBee, u
neBee 3Toil Touku. B Touke X2 = 0,75 QpyHK1IMS MEHAET XapakTep MOHOTOHHOCTH C YOBbIBaHHUS Ha
BO3pacTaHUE, 3HAYUT 3Ta TOUKA SBJISIETCS TOUKOH MUHUMYMA.

OnpenensieM MUHUMaIbHOE 3HaYCHUE (DYHKIINUHU:

y =x%(x—1);
y(0,75) = (0,75)3-(0,75 — 1) = —0,10546875 ~—0,11.

OTtBer: Ymin = -0,11.

Y

Pemienue 3apanue:

. yzln(xg—6x+1[]:l
Nel. Haiitu sxcTpemMmyMbl pyHKUINN .

x
y=—+—=
Ne2. Haiitu sxcTpeMyMbl pyHKITHH 2 x
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y= ©_ 2% +3x+1
Ne3. Haiitu skcTpeMyMbl (yHKITUN 3
1 .t
Ned. Haiiti sxcTpeMyMsl GyHKIUH » 1-x .
3
y=(x=1]"

NoS. Haiitu skcTpeMyMbl pyHKITHH

R S
Ne6. Haiitu skcTpeMyMbl GyHKImH & — * Z-x"

2
41
f(x)=
Ne7. Haiitu mpomMexyTKH Bo3pacTaHus U yObIBaHUS (PYHKIIUU x=1,
f[x): 2x* —Inx

Ne8. HaiiTu mpoMexyTKH BO3pacTaHus U yObIBaHUS (PYHKITUH

Ne9. Haiitu mpomexyTKu Bo3pacTaHus ¥ yObIBaHUS (PYHKIIUH f(x)= x+6x 492
Nel0. HMccnenoBaTh Ha MOHOTOHHOCTB M OKCTPEMYMBI CIIEAYIOIINE (QyHKINU:

1) flx)=2x +x7°2

o) F(x) = x73

3) f(x) =x?+x*+16

4) f(x) =x* —8x*?

IIpakTuyeckas pabora Ne32
Tema 5.7: UccnenoBanue GyHKIUI U IOCTPOEHHUE UX TPaPUKOB
Hean: Hayuntbes uccnenoBath JpoOHbIe GYHKIIMU U CTPOUTH UX TpaduKH.

Teopernyeckas 4acTb:

Uccnenoanue GhyHKIMIM 3aHUMAET HEMAJIO BPEMEHH MPHU PEIICHUH KOHTPOJIbHBIX,
JIOMAIITHUX 3a/IaHU ¥ 4TOOBI HAYUYUTHCS OBICTPO peliaTh Hy>KHA HHCTPYKIUS 00BICHSIOMIAS
MOPSAJOK NEUCTBUMN U JIJISl UETr0 ATO HYXKHO. Takas HHCTpyKLuUs pazpaboTaHa MaTeMaTHKaMu U
0000111eHa Ha Bce TUMBI (DYHKITUH yXKe TaBHO, a MBI €€ Ha3bIBaeM — 00IIasi CXeMa UCCIIeIOBAHMS

GhyHKIIUN.
y=F(x)
YtoOb! uccnenoBath GyHKIIHUIO U TIOCTPOUTH ee rpapuk HeOOXOAUMO:
1) naiitu 06macTh onpeneneHus GYHKIUH, TO €CTh MHOXKECTBO BCEX TOYEK JUI KOTOPBIX
CYIIECTBYET 3HaUEHUE (PYHKIINH;
2) HaiiTh (ecJii OHH CYIIECTBYIOT) TOUKH HepecedeHust rpaduKa ¢ KOOPANHATHBIMH

y=f(x)

OCsIMH. 21.]'[5[ 9TOI'0 HY>XKHO B YPaBHCHUE MMOACTAaBUTH APTYMCHT A= U a TaKXKeE

f{x)=0

pELINTh YpaBHEHUE JUISL OTBICKAHUSI TOYEK MEPECEUECHUS C OChIO Ox ;
3) ucciaenoBarh GYHKIMIO HA TIEPHOMYHOCTD, YSTHOCTh U HEYETHOCTh. B HEKOTOPBIX
CIIy4asiX 3TO MOKHO CJIeaTh BU3yalbHO MO caMOMYy BUIY (DYHKIIMHU, €CITH HET, TO MMPOBECTU

TIPOBEPKY:
1. f(_x) - f(x) — (QyHKIIUS YeTHas;
2. f(_x) ==/ (I) — (yHKILUS HEUETHAs;
N Flx+T)= f(x)

— (byHKIHS TIEpUOTUYECKAs, I_ nepuoa pyHKIH.
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Taxum 0Opa3oM, eciau UMeeM MapHYyIo PYHKIUIO J f (I) TO TOCTaTOYHO MOCTPOUTH
ee JUTs ITOJIOKUTEIBHBIX 3HAUYCHHH ~* = 0 , IOCJIE YETO OTPa3UTh €€ CUMMETPUIHO
OTHOCHTEJIBHO OCH aOCLMCC Ha IPYTYIO 4acTh. B ciydae HeuetHoit pynkuu rpaduk Oyzaer
CUMMETpPUYEH OTHOCUTEIHHO Havaja KoopauHat. Hanpumep, ecinu nuMeeT HeUeTHYIO (PYHKIIHIO
rpaduK KOTOPOI MPUHAICKUT TIEPBOM YETBEPTH BTOPYIO MOJIOBHHY MOJIYYUM IIOBOPOTOM
nepBoit uerBeptr Ha 180 rpagycoB (TPEThs YETBEPTH).

[lepronnyeckuMu SBISAIOTCS TPEUMYIIECTBEHHO (PYHKIIMU COCTABICHHBIE U3 MTPOCTHIX
TPUTOHOMETPUYECKHUX M HEKOTOPbIE MMapaMeTPUIECKH 3aJaHHbIe (PYHKITHH.

4) HaliTH TOYKH Pa3pbiBa U UCCIIEOBATh UX (TAKUMH TOYKAMHU SIBIISIOTCS Kpast
WHTEPBAJIOB OINpeeICHHs PYHKITUN);

5) HaliTW MHTEPBAJILI MOHOTOHHOCTH, TOYKU 3KCTPEMYMOB ¥ 3Ha4CHUs QYHKIIUU B ATHX
TOYKaX;

6) HaliTH MHTEPBAIBI BBITYKJIOCTH, BMSITUHBI M TOYKH MEpernoa;

7) HaliTH aCHMIITOTHI KPHUBOIA;

8) moctpouts rpaduK GYHKIHH.

BonbIIMHCTBO U3 3TUX MMyHKTOB OBLIO pACCMOTPEHO HA MPAKTHKE B IMPEIBITYIIUX
CTaThsIX, IO3TOMY IOJPOOHO pacluChIBaTh Mbl UX HE OyzeM. Takke He nepexxuBaiite, eciu
HaliZieTe TUIaH B JTUTEepaType Ui MHTEPHETE, KOTOPBIM COAEPKUT OoJiee UM MEHEe IMTyHKTOB.
[TomHuUTE, 4TO 1IETH UX BCEX - MOMOYB IIPH nocTpoeHun rpaduka pyukiuu. [lepeiaem k
MPAKTUYECKON YaCTH U UCCIeyeM Mo cxeMe (QYHKIIHUIO.

ITIpumep.

HccnenoBaTh PyHKIUIO U TOCTPOUTH €€ Tpaduk
ETCE)

Pemenue:

1) ®yHKIMS onpeiesieHa Mo BCIOAY KPOME TOYKH B KOTOPOI 3HAMEHATeIh TIPeBpaIiaeTcs
B HOJB (* = 1 ). ObnacTp onpeneneHus COCTOUT U3 IByX HHTEPBAJIOB

D(y): (=, 1)U (1 +e0).

2) [Ipn HOI[CTaHOBKC 3HAYEHH
y(0)=

Takylo e TOUYKy HOJTy4HM ecii IPUpaBHIeM (yHKIHUIO K Hyto. Touka * = 0.
€IMHCTBEHHAsI TOYKA IIEPECEUCHHUS C OCSIMH KOOPIUHAT.
3) IlpoBepsieM (pyHKIMIO HA YETHOCTh

0 MIOJTyYUM

2(0 1)

N T
7 (=)= 2(-x-1) 2(x+1)
y(=x)2y(x), v(=x)#=-y(x).
Urak q)YHKI_[I/Iﬂ HU YCTHAd, HU HCUCTHAA, HCIICPUOJNYICCKA.

4) B 1aHHOM ClTydae UMeeM OJIHY TOUKY pa3phiBa ** — 1 Bomucmum TpaHULIbI CIIEBa U
CIipaBa OT 3TOW TOYKH

132



2

lim — =
x—1-0 Z(K—l)_ ’
. .xz
lim ——— =+«
x—=1+40 Z(x —1)

Urak * =1 _ 1ouxa pa3pbIBa BTOPOTO poAa.
5) [lns oThICKaHUS MHTEPBAJIOB MOHOTOHHOCTHU BBIUUCIISIEM IIEPBYIO POU3BOIHYIO

byHKIUHA

F

5 :Zx{}—J)—xz__x(x—Z)

2x-1¢  2(x-1)°

HpI/IpaBHI/IBaSI €C K HYJIO ITOJTYYHMM TOYKHU MMOJO3PUTCIIbHBIC HAa

z2=0x=2
3KCTPEMYM . OHU pa30UBaOT 00JIACTH OMPEICIICHIS HA CIICIYIOIINE HHTEPBAIIBI

(~0:0) U (0:1) U (1:2) U (2:4+<0).

I/ICCJ'IGI[yeM IIOBCACHUC HpOHSBOI[HOﬁ CJICBa U CIIpaBa OT Haﬁ,[[eHHLIX TOUYCK p836I/IeHI/I${

yT_U:-JQJ—z)Zl}U_

B

2(-1-1)° 4
yTus):Uj(aj_i):—qun;
2(0,5-1)
jfﬁj):}f££i:%2:—qun;
2(1,5-1)
, 3(3-2) 3
y(ﬂz—i——%=—>u
2(3-1)° 8
I'paduuecku nHTEpPBATBI MOHOTOHHOCTH OYIyT UMETH BUJT
Y
-+ e s

0 y [
Uccnenyemast pyHKIMS BO3pacTaeT Ha HHTEpBajax
(0:1).(1:2)

Touka * = 0_ TOYKA JIOKAIIBHOTO MaKCUMYMa, x=2_ JIOKAJIBHOTO MUHUMYyMa.
Haiinem 3HaueHue GpyHKIIUU

(-0,0),(2:4)

yObIBaeT

52
=QEMn:a§jﬁ:2

6) 1y OThICKaHUsI HHTEPBAJIOB BBITYKJIOCTH HaiIeM BTOPYIO TPOU3BOTHYIO

Yinax
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,_(2x-2)(x- 1)’ =25 (x—2){x— )_ 1

2(x-1)" (x-1)°

Takux MHTEPBAJIOB HET, IIOCKOJIBbKY BTOPast IPOM3BOHAS HE IPUHUMAET HYJIEBBIX
3HA4YEeHUH B 00J1aCTH OIIpEeNICHHS.

7) Touka * = 1_ BEpPTUKAJIbHAS aCUMNTOTA (DYHKIIMHU. Y paBHCHHE HAKJIOHHOU
ACUMITOTHI UMEET BUJT

y=kx+5b
rac k?b - FpaHI/H_IBI KOTOpre BBIYUCJIISIKOTCA 11O HpaBI/IHy
x
&= lim f( )
r—tom X
b= lim x)—kx].
X—stoo (f( ) )
HaxoauM Hy>XHbIE TpaHHIIbI
2 2
F= lim — = lim — > ==
xX—sten Zx(.x 1) x—steo ng 1— l 2
X
2 2
) — -1
b= lim (———12)= lim = *(x=1)_
X—steo Z(I 1) 2 X —sto Z(I — 1)
x 1
= lmm

x—steo 2 (x 1) 2
KoHeuHbIl1 BUJ IPSIMON CIEAYIOIINAN
_1 X+ 1
TRy
8) Ha ocHOBe mpoBeIeHHOT0 aHaJIN3a BBIMOIHIEM NOCTpoeHue rpaduka GyHkuuu. s

9TOI'0 CHavaJla CTpOUM BCPTUKAJIBHBIC 1 HAKJIOHHBIC ACUMIITOTHI, 3aTEM HAXOJUM 3HAYCHUC
q)yHKHI/II/I B HCCKOJIBKHUX TOYKAaXx U 110 HUX MPOBOJUM IMOCTPOCHHUC.

".

y=(x+1)/2

\

x=1
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Pemenue 3aqanmii:

Nel. Uccnenyiite pynkiuio u noctpoiite eé rpaduk: y = (x2 + 1)

Ne2. Uccnenyiite GyHKIMIO 1 TOCTpOiiTe €8 rpaduk: y = X + X .

Ne3. Uccnenyiite GyHKIMIO 1 OCTpoiiTe eé rpaduk: y =x* - 1,25,

Ne4. Uccnenyiite GyHKIMIO 1 ocTpoiite eé rpaduk: y = (2x + 1)(3 —x)™.
NeS. Uccnenyiite GyHKIMIO 1 HOCTpoiiTe eé rpaduk: y = 4 + x .,

Ne6. Uccnenyiite Gpynkiumio u moctpoiite eé rpaduk: y = 3(1 —2x) ™.

Ne7. Uccnenyitte GpyHKIMIO 1 mocTpoiite eé rpaduk: y = 2x(x% + 1)L,

IpakTnyeckas padora Ne33
Tema 5.7: ccnenoBanue GyHKIUN U TOCTPOSHHUE UX TPadUKOB
Hean: Hayuntbes uccnenoBarh cTeneHHble GYHKINUU U CTPOUTH UX I'padUKy.

Teopernyeckasi 4acTh:

PaccmoTrpum mpumep uccienoBanus CTeeHHON QyHKIIMH

HccnenoBaTh GyHKIMIO U 110 pe3yIbTaTaM UCCIIEIOBAHUS TOCTPOUTH rpaduK.
5 3

flxy=xr—Zx*-2x4+2
2 2

Penrenmne:

1) ®yHkuMs ompeneneHa U HENpepblBHA HA BCEHl YMCIIOBOM MpsSMOI: D=9 oo
OYEHb XOPOILIO, OTHAAAIOT BEPTUKAIbHbIE ACUMIITOTHI.

[IpoBepum GyHKIHMIO HA YETHOCTH/HEYETHOCTD:

Fi-x1= (—x}3—i-(—xj2— 2. (—x}+i= - —Exj +2x+i

2 2 2 2

[Tocne vero cienyer madIOHHAs! OTIUCKA!

JEex)= flx), fox=-fx) , 3HAUWT, AaHHasg (YHKUIUA HE SBISETCS YETHOM WU
HEUYETHOM.

OdeBHIHO, YTO QYHKIIMS HENEPUOANUECKAS.

2) AcuMnTOTHI, NOBeACHUE (PYHKIIMU HA OECKOHEUYHOCTH.

Taxk kak (I)YHKI_II/IH HCTIPpEpbIBHA HA H , TO BEPTUKAJIBHBIC ACUMIITOTBI OTCYTCTBYIOT.
£ f—ixg—2x+i 5 3 0
k= lm = lhm 2 o tim | X -Zx-2+— |=+0
Fehe X ¥ x ¥—= o 2 2x

Het 1 HaKJIOHHBIX aCUMIITOT.

5
—X

2

Ipumeuanue: nanomunaro, umo *  6Gonee 6vicoko2o nopadka pocma, uem 2
NO2MOMY UMO208blll npede paéeH UMEHHO «RAI0C 6ECKOHEeYHOCTUY.

BrisicHum, kak BeA€T ce0st GyHKIMS Ha OECKOHEYHOCTHU:

. ) ) . 3
x]J—I}ni'm flix): thlim(xz_gx - 2x+§]=im

WNupiMu cnoBamu, eciau uAEM BIIPaBO, TO Tpa@UK YXOIUT OECKOHEYHO AaJeKO BBEpX,
€CIIM BJIEBO — OECKOHEYHO Janeko BHU3. Jla, 37ech Toxe JBa Mpezesa Moj €JUHON 3alHChiO.
Eciu y Bac BOSHHKIIM TPYIHOCTH C paciiudpoBKoi 3HaKoB T2 | moxamyifcTa, HOCETHTE yPOK
0 0eCKOHEYHO MAJIbIX QYHKIUSAX.

Takum o0pazoM, PpyHKUUS He ocpanuueHna céepxy Ml He O2paHuyeHa CHu3y. YUuTbIBasl,

YTO Y HAaC HET TOYEK pa3pbiBa, CTAHOBUTCS MOHATHA U 001ACMb 3HAYEHUU DYHKYUU: E(=% _
TO’KE JII000€ NEHCTBUTEIBHOE YUCIIO.
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MOJE3HBIA TEXHUYECKU IPUEM

Kaxknplii 3Tan 3ajaHusi NPUHOCHUT HOBYKW HHopMauui o rpaduxe QpyHKIHMH,
MOSTOMY B XOJ€ pEUIeHHs yIOOHO Hcmoyib30BaTh cBoeoOpasuelii MAKET. M300pazum Ha
YEpHOBUKE JIEKaPTOBY CUCTEMY KoopauHaT. UTo yxe TouHO u3BecTHO? Bo-mepBhIX, y rpaduka
HET aCUMIITOT, CJICAOBATCIILHO, IPAMBIC YCPTUTHL HE HYXHO. BO-BTOpBIX, MBI 3HAa€M, Kak
byHk1us BeAET cedst Ha OeckoHeuHOCTH. COrIacHO MPOBEAEHHOMY aHAIIU3Y, HAPUCYEM IEPBOE
npUOIMKEHUE:

3aMeTbTe, YTO B CHJIy HeNPepbIBHOCTH (QYHKIIUU Ha A 4 toro ¢axkra, 4TO E(f)=H ,

rpaduk IOJDKEH, MO MEHbIIeH Mepe, OJMH pa3 Mepeceyb OCh OX A moxer 6bITb TOUEK
nepecedeHmsi HECKOJIbKO?

3) Hynu GyHKIIMY 1 HHTEPBAIIBI 3HAKOIIOCTOSIHCTBA.

CHayana HalaéM TOUKy MepecedeHus rpaduka ¢ OCbIO OpAMHAT. DTO MPOCTO.

Heo6x011Mo BBIYMCTUTE 3HAYCHNE (PYHKIIMU TIPH * = 0.
5 303
= filh=0"-2.0"-2.0+==2
y= 0} : 2= 3

[TonTopa Haxg ypoBHEM MODSL.
UtoObl HaWTU TOYKH MEPECEUEHUsI C OCBIO QX (mynmu GyHKIMHM) TpeOyeTcsl PeluTh

YpaBHEHHE Flx)=10 , U TYT HAC MOJKUAAET HENMPUATHBIN CIOPIIPU3:
- E r©-1x+ E =
2 2

B xon1ie npuransics cBOOOIHBIN WIEH, KOTOPBIN CYIIECTBEHHO 3aTPYIHSET 3a/1a4y.

Takoe ypaBHEHUE UMEET, KAK MUHUMYM, OJUH EHCTBUTEIIbHBIA KOPEHb, U Yallle BCErO
ATOT KOPEHb UPpAalHOHANEH. B Xynmen ke cka3ke Hac MOKUIA0T TPU NOPOCEHKA. Y paBHEHUE
pa3pemMo ¢ MOMOILBIO TaK Ha3bIBaeMbIX ¢popmyn Kapoano, HO mopua Oymard conocTaBUMa
YyTh JIM HE CO BCEM HcclefoBaHHeM. B 3Toil cBsi3u pazymHee ycTHO MO0 Ha YEpHOBHUKE

MOINBITATHCA HOJIO6paTB XOTs1 OBl OJHNH L;e]lbllj KOpPCHb. HpOBCpI/IM, HEC ABJIAIOTCA JIM OHBIMHU

quena A=Lx=-1.

5 3 5 3
D=1 -2 -2 1+2=1-2-2+"=-2=10
7 2 2 2 2

— HE MOAXOJINUT;

Ji-1= .(-1;.3_3..(_1;.2 -2 (—1)+3= IR SN
2 2 2 — eCTh!
3mech IIOBE3JIO. B ciyJae Heyaauu MOYKHO MPOTECTUPOBATH

emé *= Zx=-1,x=3x=-3 , @ €CIM W OTH YHCjia HE MOMOLUIM, TO IIAHCOB Ha BBLITOJHOE

pellieHrue ypaBHEHHUs, 00I0Ch, OYeHb Mayio. Toraa MyHKT KCCIEeIOBAaHUS Jydlle MOJHOCTHIO
IPOMYCTUTh — aBOCh CTAaHET YTO-HUOYIb TMOHSTHEE Ha 3aBEpILIAIOLEM Iare, Korga OyayT
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MPOOUBATHCS TOTIOTHUTENbHBIE TOUKH. M ecliu Taku KOpeHb (KOPHH) SIBHO «HEXOPOIINE, TO 00
MHTEpBaJlaX 3HAKOIOCTOSHCTBA JIydllle BOOOIIE CKPOMHO YyMOJYaTh [Ja MOaKKypaTHee
BBITIOJIHUTD YEPTEK.

OnHako y Hac €CThb KpPaCHUBBIN KOpeHb * = -1 , MO3TOMY EJINM
5
- Ixt-2x42 |
MHOTOWIEH 2 Ha (x+1) 0e3 ocraTka:
R 3 l x+1
” . 3|
Y ==X = 2x4+— = =
] S 5 S
5! o .\”’ o : .\' + :
X +x2 - -
2
——x"=2x
,
——xt——x
o) 2
3 3
—X+—=
9 “
3 3
—X+—
2 o)
0
5 3
-l -2x+2=0
B wutore neBas 4acTh MCXOAHOTO YpaBHEHHS 2 2 packiaabIBacTCs B
MPOU3BEICHHUE!

(x+1)-(x3—3x+§]=o
2" 2

A Tenepb HEMHOTO O 3J0pOoBOM oOpa3e XKH3HU. SI, KOHEUHO K€, MOHHUMAIO,
YTO KBAaJpaTHbIe yPABHEHHUS HY)KHO PELIaTh KaXKIbIN I€Hb, HO CETO/IHS CIIEIAEM UCKIIIOUEHUE!

7 3 1
——x4+==0 x=—,x=3
ypaBHEHHUE 2 2 HMMEET JBa JCUCTBUTEIbHBIX KOPHS 2 .
1
x=—-lx==,x=3
Ha uucnoBoi npsiMoil OTJIOKHUM HaWJEHHbIC 3HAYEHUS 1 METOAO0M

HHTEPBAJIOB OIIPEACINM 3HAKU (bYHKI_II/II/IZ
- + b +
' ‘ A
-1

o — @
W
et

(—CD;—lj,[Ji 3]
Takum 00pa3oMm, Ha HHTEpBajIax rpaduK pacroyioKeH HHXKE OCH
1
-1 —] L3 4o
abcce (fix) <0 , 4 Ha MHTEepBajax ( 2 — BBIIIE JAHHOMN OCH (x>0 )

[TonydeHHbIe BHIBO/IBI MTO3BOJISAIOT JETAIM3UPOBATh HAIl MAKET, U BTOPOE MPUOINKEHHE
rpaduka BRIISIUT CIEAYIOIIMM 00pa3oM:
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y=f(x)

1
2

O6paTI/ITe BHHMAHHC, YTO Ha HHTCPBAJIC ( ] (I)YHKI_[I/ISI 00s13aTeIbHO JOJDKHA UMCTb

1

XOTs OBI OJIMH MAaKCUMYM, 2 Ha HHTEPBAJIC [2 ] — XOTs ObI OJTMH MUHIUMYM. HO CKOJIBKO pas,
IJie U Korjia OyleT «IeTisiThy rpaduK, Mbl TIOKa He 3HaeM. K cloBy, YHKIIUS MOKET UMETh U
OCCKOHEYHO MHOTO IKCTPEMYMOB.

4) Bospactanue, yObIBaHHE U SKCTPEMYMBbI (DYHKIIHH.

Haitném kputnyeckue TOUKu:
r

f'{x}z(x3—§xz—2x+§] =3x -5x-2=0

1
r=——=,x=2
JlaHHOE ypaBHEHHME UMEET J1BA ICUCTBUTEIIBHBIX KOPHS 3 . OTIn0XUM HX Ha
YUCJIOBOU MPSIMOM M ONIPEEIIMM 3HAKH IPOU3BOIHOM:
+ b +
A A . A A . A A A :
1 X
- 2
3

(—m; —%]u {2, +c0)

1
(‘ 3 2]
CrnenoBaTenbHO, QYHKIIHS BO3pacTaeT Ha 1 yObIBaeT Ha

1
x=—=
B TOYKE 3 byHKIMsA JOCTUTaeT
1 1 5 2 3 50
j'[— —J =——--——+—-t+t—=—=185
MAKCHMYMa: 3 20 18 3 2 27
j(2)=3_10_4+5=_3=_41
B Touke % = 2 (GyHKIUS TOCTUTaeT MUHUMYMa! 2 2 2

VcranoBneHHEIS (baKTI)I 3arOHAIOT HaIlll 11a0JI0H B JOBOJIbBHO KECTKHE paMKHu:
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Yro wu roBoputh, auddepeHIManbHOe HCUUCICHHE — IITyKa MolHas. JlaBaiite
OKOHYATEJIBHO pazdepémcs ¢ hopmoii rpaduka:

5) BeIykiiocTh, BOTHYTOCTh U TOYKHU MEperuoa.
Haitném kputndeckre TOYKM BTOPOl IPOU3BOIHOM:
FNR =05 -5 -2 =6x-5=0

5

==

6
Onpenenum 3HaKu J'(x) :

A A A

>

X

aAlwbwme

[-=3) 5+
— 0o, —, 4
Fpa(bI/II( (l)yHKL[I/II/I SIBJSICTCS  BBINIYKJIBIM  Ha 6 M BOIHYTBIM Ha 6 .

(D)2t 5 1
Boruncnum opavHaTy TOUYKHM neperuda: 6 2l6 72 3 2 108 .
[IpaxkTruecku BCE MPOSICHUIOCH.
6) Ocrasioch HalTH JOMOJHUTENIbHBIE TOYKH, KOTOpbIE MOMOTYT TOYHEE MOCTPOUTh
rpaduK U BBIIOJIHUTH CAMOIIPOBEPKY. B maHHOM ciyyae ux maino, HO peHeOperaTh He OyaeMm:

X 2538 1.5 2.5 3.5
J(x) 45| -37| =35 6.7

Brimosnaum yeptéx:

139



3en€HBIM 1IBETOM OTMEUYEHa TOYKa Iepernda, KpeCTUKaMHU — JOMOJHUTEIbHBIC TOUKH.
I'paduk xyOmdeckoil GpyHKIMH CHMMETpPHYEH OTHOCHTEIHHO CBOEH TOUKM meperuda, KOTopas
BCETr/la PACIIOJIOKEHA CTPOrO MOCEPEANHE MEXKAY MAaKCUMyMOM U MUHUMYMOM.

Penrenne 3agannii:

Nel.
N2,
Ne3.
Ne4,
Nes.
No6.
No7.
No§.
No9.

Hccnenyiite pyHKIMIO U TOCTpOiiTE €€ rpaduk

Uccnenyiite pynkuuio u nocrpoiire e€ rpapuk:
Uccnenyiite pynkuuio u nocrpoiire e€ rpapuk:
Uccnenyiite pynkuuio u nocrpoiire e€ rpapuk:
Uccnenyiite pyHkuuio u nocrpoiire e€ rpapuk:
Hccnenyiite pyHKIMIO U IOCTpOiiTe €€ rpaduk:
Hccnenyiite pyHKIMIO U IOCTpOiiTe €€ rpaduk:
HUccnenyiite pyHkiuio u noctpoiite e€ rpaduk:

Uccnenyiite pyHkimio u noctpoiite e€ rpaduk

ty=x2(x -2)(x +2).
y=x*-2x3-1.
y=0,125(x3 - 12x).
y=(x?+4x - 3)2

y =sin (2x + 3).
y=3x? +5x - 2.
y=8x2-2x + 1.
y=2x3 - 6x + 3.
(y=-0,5x>+x+4,

IIpakTnyeckas padora Ne34
Tema 5.7: UccnenoBanue GyHKIUI U TOCTPOSHHUE UX TPapUKOB
Heawb: Hayuntbes ucciaenoBaTh 3KCIOHEHIUATbHYIO (DYHKIIUU U CTPOUTDH UX TPaPUKH.

Teopernyeckas 4acThb:
OnopHBIMH TOYKAMH MPH UCCIEAOBAHUU (DYHKIIUN M MOCTPOSHUS MX IpadUKOB CIy)KaT
XapaKTepHBIE TOUYKH — TOYKH Pa3phiBa, SKCTPEMyMa, Iepernda, mepecedeHus ¢ OCSIMU KOOPANHAT.
C nomortpio quddepeHIMaT,HOT0 UCYUCIECHUS MOKHO YCTAHOBUTH XapaKTepHbIE 0COOCHHOCTH
U3MEHEHUs (QYHKIMI: BO3pacTaHue U YOBIBAaHME, MAKCUMYMbl U MHUHHUMYMBbI, HaIlpaBJICHUE
BBIITYKJIOCTH U BOTHYTOCTH rpaduka, HaTM4ue aCUMITOT.
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Ocku3 rpaguka (QyHKIMM MOXHO (M HYXKHO) HaOpachIBaTh YK€ MOCJIE HaXOXKICHHS
ACHUMITOT ¥ TOYEK dKCTPEMYMa, a CBOJAHYIO TaOJIUIy UCCIeNOBaHUS PYHKINU yIOOHO 3aNIOJTHATh
10 XOJly UCCJIEI0BAHUS.

OO0BIYHO MCNOJIB3YIOT CJIEYIONULYI0 CXeMYy HCCae10BaHusA (PYHKIIHH.

1. Haxogar oOnacte omnpeAeneHHs, MHTEPBAJIbl  HEMPEPHIBHOCTH U TOYKH  pa3pbiBa
GyHKIIHH.

2. Uccnenyror (QyHKUMIO Ha YETHOCTh MM HEYETHOCTH (OCeBas WIIM IICHTpajbHAas
cumMmeTpus rpaduka.

3. HaxonsaT acuMnTOTH (BEepTHKAJIbHBIE, TOPU30HTAIBHBIC WIM HAKIOHHBIE).

4. HaxooaT W HCCIEAYIOT MIPOMEXKYTKH BO3pacTaHUS U YOBbIBaHWS (PYHKIMH, TOUYKH
€€ IKCTpeMyMa.

5. HaxonsT uHTepBaibl BBITYKIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ reperuoa.

6. HaxonsT TOukH nepeceueHust KpUBOM ¢ OCSAMHU KOOPJMHAT, €CIIH OHU CYIIECTBYIOT.

7. CoCTaBISIIOT CBOJHYIO TaOJIMIly UCCIIEI0BaHUS.

8. Ctposr  rpaduk, y4uTBIBasS  HUCCIeIOBaHWE  (DYHKIHMH, TPOBEACHHOE IO
BBIIICONUCAHHBIM ITYHKTAM.

IIpumep. MccaenoBars GyHKINIO

—x*
y=e

Y TIOCTPOUTH €€ TpaduK.

Pemenue.

1. O6nactb onpenenennss GyHKUMH — BCS YUCIIOBas npsiMas. MHOKECTBOM 3HAYCHUN
JaHHOW (PYHKIIMH, KaK U BCSIKOM Moka3aTenbHON (QyHKIUH, CIykHUT uHTEepBai |0, +oo[. [ToaTomy
rpaduk GpyHKIHH pacnoioxeH Boie ocu OX,

2. HanoMH#MM: U3 HIKOJILHOTO Kypca W3BeCTHO, uTo (yHkuus Y = f(X) HazpiBaeTCs 4€THOM,
ecim

f(-x)=7(x) JUIs BCeX X, IPUHAJIeKAIIUX 00JIacTH onpeaesieHus (pyHKIIH.

I'papux uyérHOM (QyHKIMM cHMMeETpUYeH oOTHocuTenbHO ocu Oy, Tak Kak, IO
OIIPEJICTICHUIO, BMECTE C JIF000 CBOCH TOUYKOH (X; Y) OH COMEPKHUT U TOUKY (-X; Y).

®yuknus Y = f(X) HassiBaeTcs HEUETHOM, eCITn

S [—x) =-f [x] JUTSL BCeX X, IPUHAAJIeKAITUX 00JIaCTH OnpeiesieHns (PyHKITUH.

I'paduk HeuéTHOM PYHKIIMM CHMMETPUYCH OTHOCUTEIFHO Havajla KOOPIMHAT, TaK KakK, 10
OTpEeJICTICHUIO, BMECTE C JTIF000M CBOEH TOUYKOH (X; Y) OH COMEPXKHT U TOUKY (-X; -Y).

Hama uccnenyemas gynkius y€tHasi, Tak KaK

) et

Flenzeti o gt gy

e€ rpaduk cummerpuueH OTHOCUTENbHO ocu OYy. I[losToMy wuCCIeJOBaHHE MOXHO
BBITIOJHATH TOJBKO s |0, +o0[.

3. BepTukanbHbIX ACHMITOT Y rpaguka HEeT, NOCKOJIbKY (YHKIIHMS HENpephIBHA Ha BCel
YUCIO0BOM MpsiMoii. ['opu30HTaNBHON acUMIITOTOM siBIsieTcst ock OX, Tak Kak

. . i . 1

lim Fixi=lim e “ =lim ——=0.

x—}i‘mf( :I ¥ dw F—iw é.?fq-"ﬂ

ITockonbKy KpHuBasi UMEET ABYCTOPOHHIOIO TOPU30HTaJIbHYIO acuMnTory Y = 0, y Heé He
MOJKET ObITh HAKJIOHHBIX aCUIITOT.
—xtia

0 x=0 (" 20

4. Haxomum @ =% M3 ypasuenns ¥ = umeem

Tax xax @ npu mepexofe uepes 3HadeHue X = 0 MeHsSET 3HAK C ILUIFOCA HA MHHYC, TO
bynkius B Touke X = O mepexoauT OT Bo3pacTaHuss K yoObBaHuio, a (0; 1)— Touka

. . ko= F{n=0
makcumyMma. KacaTebHasi K KpUBOM B 3TON TOYKE TOPH30HTAIBHA, IIOCKOIbKY  *=" SO

5. Haxonum N3 ypaBHeHus MOJy4aemM
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YuuThiBas UETHOCTh (DYHKIHMH, HCCIEAyeM 3HAKH @ B  OKPECTHOCTH TOIBKO
x=1 f {12y <0 F'(2)=0
CrnenoBarenbHO, Tpu X = 1KpuBasg MeEHSET BHIMYKJIOCTh HAa BOTHYTOCTh. Tak

e D=, 1o G 11E)=

TOYKH

TOYKA neperuda KpHUBOM. YrioBoit

. y y k=7 (h=- <0
KO3 (UIIMEHT KacaTeJbHOM K KPUBOM B 9TOM TOUKe ~ *=
neperuda kacareiabHas 00pazyeT ¢ ochio OX Tymoii yroi.
6. I'paduk He mepecekaeT ocu OX, MOCKOJIBKY OH pacnoJiokeH Bbiiie He€. Haitném Touku

* . [ToaTomMy B TOUKe

0
" =g =1.
nepeceueHust KpuBoii ¢ ocsio OY: mosaras X=0, umeem V-0

Tem cambim nomyunm Touky (0; 1) rpaduka, KoTOpast coBnagaet ¢ TOYKO MaKCUMyMa.
7. CocTaBUM CBOJIHYIO TaOJIMIly UCCIeAOBaHUS (PYHKIINU, KyJa BHECEM BCE XapaKTEPHbBIE
TOYKA W MHTEPBAJIBl MEXKIY HHUMHU. YUYHUTHIBAS YETHOCTh (YHKLMH, TOIYY4aeM CIETYIOUIYIO

Tabyuiy:
x ' »' b OcobennocTu rpaduka
[-1, 0] + - Bospacraer Boimykisiit
0 0 - 1 (0; 1) — Touka makcuMyMa
[0, 1] - - YoObIBaeT Brimykoibiit

L 1 J;) - TOYKa neperuoa,
obpasyer ¢ ockto OX Tyrmoii yromu

1 _ 0 1/ Je

[1, +oo] - + YoObIBaeT BornyTthrii
= 0 — ropusoHTaNBHAS
+00 - + y p
aCHMIITOTa
8. cnonb3ys pe3ynbTaThl HCCIEI0BAaHUS, CTPOUM IpaUK GYHKIUH (CM. pUCYHOK).
YA

Penrenne 3agannii:

Nel. UccnenoBath pyHKIIHIO x
gx
y=—
Ne2. UccnenoBats GyHKIMEO x
y=x-¢&
Ne3. UccnenoBath QpyHKIINIO
y =g

Ne4. VccnenoBath (hyHKITHIO
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IIpakTnyeckas padora Ne3S
Tema 5.8: Hanbonbiee n HaumMeHbIee 3HaYeHUS (DYHKITIH
Heas: HayunThcs HaX0aUTh HANOOJIbIIICE U HAMMEHbIIIEE 3HAYCHUS (YHKIIMH Ha OTPE3Ke.

Teopernueckas 4acThb:

Haxo:xnenne Han0o0/1b11€r0 1 HAUMEHbIIEro 3HA4YeHU i (PYHKIMU HA OTpe3Ke.

1. Ecniu ¢yHKUMs HenpepblBHA Ha OTpe3Ke, TO OHAa JOCTHraeT Ha HEM CBOETO
HauOOJIBIIIET0 U CBOETO HAUMEHBIIETO 3HAUCHUSI.

2. HauGomnpIiero 1 HaMMEHBIIETO 3HAYEHUH HEMpepbIBHASA (PYHKLIUS MOXXET JOCTHTaTh
KaK Ha KOHIIaX OTPe3Ka, TaK U BHYTPHU HETO.

3. Ecnu nanbosbiiee (HanMeHbllee ) 3Ha4eHUE QYHKITUHU JOCTUTACTCS BHYTPH OTPE3KA, TO
TOJIKO B CTAIlMOHAPHON WJIM KPUTHYECKON TOUKE.

ANTOpUTM HaxXOXICHHSI HaHOOJBIIETO M HAMMEHBINEro 3HaueHui pyHkinu y = f(X) Ha
oTpeske [a; b]:

1. Haiitu o6nacts onpenencaus pyakmuu D(f).

2. Haiitu npousBoanyio f* (x).

3. Haiitu crannoHapHble U KPUTHYECKUE TOYKH (DYHKIMH, PUHAJICKALIINEC UHTEPBATY
(a; b).

4. Haittu f(a), f(b) n 3HayeHns QpyHKOMHM B CTalMOHAPHBIX TOYKAX, NMPHHAIICKAIIHX
uHTEpBaly (a; b).

5. Cpenu monydeHHBIX 3HAYCHUH BBIOpATh HAMOOJIbIIEE U HAUMEHBIIIEE.

IIpumepsI 1 pa30op pelieHUs: 32JaHNH TPEHUPOBOYHOT0 MOYJISI

Nel.Haiiti Hau6onbinee u HauMeHbIIee 3Hauenns Gpyaxun f(x) = 2x3 — 9x% + 12X — 2 Ha
otpeske [0; 3]

Pemenne. JleiicTByeM B COOTBETCTBUH C AITOPUTMOM.

1) D(f) = (-o0; +o0).

2) f' (x) = 6x%>— 18x + 12

3) CranuoHapHble TOUKH: X = 1; X = 2.

1e€(0;3); 2 € (0; 3)

4)(0) = -2
f(3)=7
f(1) =3
f(2) =2

5) fham.=f(0) = -2

fHauﬁ,:f(3) =7,

OtBeT: fuan= -2

fHauﬁ.: 7.

Ne2.Halinute nBa MOJOKHUTENBHBIX YUCIA, CyMMa KOTOpPBIX paBHa 16, a mpousBeneHne
HauOobIIee.

Pemenue.

IIycTh mepBoe YMcIo paBHoO X, X = 0

Torna Bropoe uncino - (16 — x),16 - x>0

CremoBarenbho, 0 < x < 16

[TpousBenenue >tux uncen paBHo x(16 — x).

CocTaBuM QyHKIIHIO:

f(x) = x(16 — x)

flx)=—2x+16

X = 8 — emMHCTBEHHAs CTAallMOHapHAs Touka Ha uHTepBaie (0; 16), oHa ABIAETCS TOUKOU
MaKCHUMyMa.

CrnenoBatenpHO, B 3TOM Touke (yHkiusa F(x) = x(16 — x) nmpuHHMaeT HamOOJbIIEe
3HAYCHHUE.
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CnenoBatenbHO, 1Ba MOJIOXKUTEIBHBIX YKCiIa, CyMMa KOTOPBIX paBHa 16, a mpousBencHue
HauOobIIee, 3T0 8 U 8.
OtBer: 81 8

Penrenue 3agannii:

R S
Ne 1. Haiitn HauMmeHbllee M HauOOJNbIIEE 3HAYCHUA (QYHKIHH < 62" +9 ja
orpeske [-1, 2].
N y=xt 82" 43
Ne 2. Haiitu HauMmeHblliee ¥ HauOOJbIllee 3HAYCHUS (OYHKIMH Ha

orpeske [-3, 3].

o =X+
Ne 3. Haiftu HaWMeHpIlee M HAWOONbINGE 3HAYCHHUS (GYHKIHH * Vx Ha
orpeske [0, 4].

4—x*
y y= 3
Ne 4. Haiitu HaumeHblliee U HanOousblee 3HAYEHUS (PyHKUIUU 4+x" ma orpeske [-
1, 3].
N y=x 343
Ne 5. Haiitu HanMeHblllee U HauOoJbIIee 3HAaUCHUS (PYHKIIUH Ha OTpe3Ke
3
2
l-x+ x*

Y= 7
Ne 6. Haiitu HaumeHblllee M HauOoJbllee 3HAYEHUS (PYHKIMU l+x-x" ma

[0, 1]

OTPE3KE

. =x—2Jx
Ne 7. Halith HauMmeHblllee U HauOombllee 3HAYeHUS (YHKIUU Y "'II'_ HA

[0, 4]
OTpe3Ke .
=x*lnx
Ne 8. Haiftu HawMeHbllee ¥ HamboOJNbIIEE 3HAYECHHS (DYHKIHH © Ha
orpeske [1, €].
Ne9. HaiiTi HauMeHblee U HauOOMbIee 3HAUYCHUS QYHKIMH » 2x+c082% by OTpe3Ke

£t

IIpakTnyeckas padora Ne36
Tema 5.9: HaxoxaeHne onTUMaIBHOTO pe3yiIbTaTa ¢ TOMOIIBIO TIPOU3BOIHON
Hean: Hayuntbcst HAXOAUTH ONTUMAJIBHBIN pe3yIbTaT B IPOU3BOJCTBEHHBIX MPOIIECCAX U
MPAKTUYECKOHN JESITETbHOCTHU C IIOMOIIBIO TPOU3BOTHOM.

Teopernyeckas 4acThb:

Kaxnp1ii uenoBek BpeMsi OT BPEMEHHM OKa3bIBa€TCsl B CUTYallUM, KOT/Ia HAJ0 OTBICKATh
HaWJIy4dIIui Ccrmoco0 perieHus: Kakou-mubo 3amaud, W MaTeMaTHKa CTAaHOBUTCA CPEJICTBOM
pelieHus mpobieM OpraHU3alliu MPOU3BOJICTBA, MOUCKOB ONTHUMANIBHBIX pelIeHHd. BaxHbIM
YCIIOBUEM TMOBBIMIEHUsT d(PGEKTUBHOCTH MPOU3BOJACTBA U YAYUIICHHs] KauecTBa MPOAYKIIMH
SABJIACTCA IIMPOKOC BHEAPCHUC MATCMATHYCCKUX METOJ0B B TEXHHUKY. Cpegm 3aJa4 MaTE€MaTHuKu
OOJBIIYIO POJIb OTBOJAT 3a7auaM Ha dKCTPEMYMBI, T. €. 3a/ladaM Ha OTBHICKaHWE HauOOIBIIEeTO U
HAaWMEHBIIIETO 3HAYEHU s, HAWTy4IlIero, Han0oJiee BRIrOJHOT0, Hanbosee 3KoHOMHOT0. C TakuMH
3a/lauaMy  TPUXOJUTHCS UMETh J€J0 TMPEJACTABUTENSIM CaMbIX PAa3HBIX CIELHAIbHOCTEN:
MHKEHEPBI-TEXHOJIOTH CTapaloTCsl TaK OPraHU30BaTh MPOU3BOJCTBO, YTOOBI MOIYYHIIOCH Kak
MO>KHO OOJIbIIIE MPOIYKIINH, KOHCTPYKTOPHI XOTAT TaK CINIAHUPOBATH MPUOOP HA KOCMHYECKOM
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Kopabiie, uToObl Macca mpuOOpa ObljIa HAWUMEHbBIIEH, SKOHOMHUCTBI CTApalOTCs CIJIAHUPOBATH
MPUKpPETJICHHE 3aBO/IOB K UICTOYHHUKAM CBIPhS TaK, YTOOBI TPAHCIIOPTHBIE PACXO/Ibl OKA3bIBAIUCH
MUHHMaJIbHBIMH. MOXHO CKa3aTh, YTO 3aJjauyd HAa OTHICKAHME HAMMEHBIIETO0 W HauOOJBIIEro
3HAYEHUS], UMEIOT OOJIBIIOE MPAKTUYECKOE IIPUMEHEHHE.

3ajaya Ha U3rOTOBJICHUE OaKa HAMOOIBIIEr0 0ObeMa

[IpencraBere cebe, UTO BaM MOCTYIWII 3aKa3: M3 KBaipaTHOrO JIMCTa Keie3a HE00X0JUMO
U3rOTOBUTH 0ak B popMe MpAMOYTOJILHOTO apaiesienunesa ¢ HanbonpmuM oobemom. JlaBaiite
MPAKTUYECKUM IIyTEM OIPEIEINM, KaKie MapaMeTphl JOJKEH UMETh ATOT 0ak?

Ha xascovuii cmon (2 cmyoenma) 6vloan Oymadichviili Keaopam co cmoponou 24x24 cm u
PA3UYHOU pa3ZmMemKou (8vlpeska no Kpasim keaopamos co cmopounamu Ix1, 2x2, 3x3, 4x4x, 5x5,
6x6, 7x7, 8x8, 9x9, 10x10, 11x11cm). Heobxooumo ckieumsv «bax» u noocuumams e2o obvem
amnupuveckum nymem. Omeem uxcupyemcs Ha 0ocke u 8bloOUpaemcs HauboIbLUWULL 00BeM.

Nrak, HanOoapIuii 00beM uMeeT 0aK BHICOTOM 4 ¢cM U ocHOBaHueM 16x16 cm. st Toro,
yTOOBl MPUHTH K 3TOMY pe3yJbTaTy, HaM HPUIUIOCH NPAKTHUYECKUM IIYTEM BBIOJIHUTD
nocrpoeHue 12 «0akoB». B Xu3HM 3TO — HEMO3BOJIUTENbHAsE POCKOLIb. T.e. HEOOXOIMMO
npobiieMy  pemuTh  JApyruM  mytem.  Jlng  3TOro MBI IPUMEHUM  3HAHUS U
NPUHIUI MATEeMaTHYeCKOT0 MOAeTUPOBAHUSA

3amaun  HA  ONTUMHU3ALMIO  PEMIAIOT, HCMONb3yd MNPHUHIMI ~ MaTeMaTHUYeCKOTO
MOJIEJIMPOBAHUS, KOTOPBII COCTOUT U3 TPEX ITAIOB:

1. CocraBieHnue MaTeMaTUYECKOM MOenn

2. Pabota ¢ cocTaBIeHHON MOJIEIBIO

3. OTBeT Ha BOIPOC 33/1a4u

Vcnonp3ys MpUHIAT MAaTEMaTHYECKOTO MOJICTTMPOBAHNS, PELINM 33,124y Ha H3TOTOBJICHUE
Oaxa HanOOJbIIET0 00bEMA.

1 aran: CocraBiieHne MaTEMATUYECKON MOEIH:

1) Ilpoananu3upoBaB yCIOBUS 3aJadd, BBIICIUM ONTUMHU3UPYEMYIO BEJIMYHHY, T.€.
BEJIMYHMHY, HanOOJIbIIee WM HauMEHbIlee 3HAaYeHHE KOTOPOH HeoOXoauMo HaiTH. B maHHOM
ciydae 3To 00beM Oaka, 0003HauUUM ero V

2) OnHy U3 y4acTBYIOIIMX B 33/1a4€ BEIMYUH 0003HAYUTH 32 HE3aBUCUMYIO IIEPEMEHHYIO
x. ITocrapaTbcst BbIpa3uTh yepe3 3Ty NEPEMEHHYIO0 OCTajbHbIE BEIMUYMHBL. B Hameil 3amaue
JIOTUYHO 32 HE3aBUCHMYIO MEPEMEHHYIO X INpPHUHATH BBICOTY 0aka, TOrjJja OCHOBaHHME Oaka —
KBaJpaT co CTOpoHOH (24-2x). OnpenenuM peasibHble TPaHULIBI TepeMeHHON X. JIorudHo, uTo
BBICOTA 0aKa —TI0JIOKHUTENbHAS BEIMYMHA, MEHbIIast 12.

3) Ucxoas u3 ycnoBus 3a/1a4, BeIpasuM V depes X:

V(x)=(24-2x)?X, 0<x<12. MaTemaTHdecKas MOJENb OCTPOEHA

2 stamn. PaboTa ¢ cocTaBneHHON MOJAEIBIO

Haiinem HanGonbiiee 3HaueHue pyHkuuu V(x) Ha uatepsaiue (0;12)

V/(X)=576X-96x%+4x>

HaxoauMm npon3BOIHYIO ¥ CTAI[HOHAPHBIE TOYKH

V'(X)=576-192x+12x?, 576-192x+12x%=0, x1=12,x,=4.

Tonpko onHa Touka Xx=4 npuHaanexut uarepsainy (0;12), mpuuem mpu 0<x<4 V'(x)>0, a
npu 4<x<12 V'(x)<0, T.e. x=4 TOuka MakCMMyMa, a 3HAYUT, B OTOH Touke QyHKUUsA V(X)
PUHUMAET Hauboblliee 3HaUeHHUE.

3 stan. OTBET Ha BONPOC 33J1a4H.

X — 9710 BBICOTA 0aka, T.€. BRICOTAa paBHA 4, CTOPOHBI OCHOBaHHS Oaka — 16.

Wrak, 6ak ¢ HaubonpmM 00beMOM UMeeT rapaMmeTpbl: 16x16x4.

3amaya 2.

Jan OGak 0e3 KpbILIKK B (GopMe NPSIMOYTOJILHOTO MapajuieNenunesia, B OCHOBaHUU
KOTOPOTO JIEKHUT KBAApaT H 00beM KoToporo paseH 108 ave. ITpu kakux pasMepax Oaka Ha ero
U3rOTOBJICHHE MOW/IET HAaMEHbIIIee KOJIMYEeCTBO MaTepraa?
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1. CocraBisieM MaTEMaTUYECKYIO MOJIEIIb

Bormpoc OTtBer
Yro aBisercs Ilnowaow oemaneii, us
ONTUMU3UPYEMOMN BEIUUNHOMN? KOMOopbIX ceapeHr 6ax
CKOJIBKO TaKHUX JeTajiei? O0Ho ocHosanue u 4 6oKoeblx
epanu
Yro npeacraBisieT co00il THO Keaopam
Oaka?
Ero mnomans? X?, NPUHAE CMOPOHY OCHOBAHUSL
3a x
Uro npeacTaBisitoT cooou 4 pashbix NpAMOY20NbHUKA
OOKOBBIE TpaHu?
Nx momans? 4xh, 20e h — sbicoma 6axa
CKOJIBKO HEM3BECTHBIX Cmopona ocrosanus 6axa u
BEJIMYMH, OT KOTOPBIX 3aBUCUT svicoma
ONTUMU3UpYEeMasi BeTuInHa?
MOKHO JIM CBECTH K OJTHOM?
BripasuM BeicoTy h uepes x | V=hx?  108=hx>  h=108/x?
Bripaszum mmomanp yepes x S(X)=x?+4x
KakoBsl mapameTpsi x? 0<x<108
Wrak, MaTemaTndeckass MOJIEIb S(X)=x2+4x 0<x<108
3aaun

2. Pabora ¢ marematuueckoir Mosenbto. HaliTu Haumenblee 3HaueHne GyHKIMM S(X) Ha
untepsaine (0;108) mo anropurmy

Bomnpoc Omeem
Haiitu cTanmoHapHble TOUKH S'(x)=2x-4
2x-4 =0
2x3=432
x3=216 X=6
CrannoHapHas TOYKa BISAETCS a, x=6 mouka munumyma

TOYKOM IKCTpeMyMma? (TOUKOM
MaKCHMyMa UM MUHHUMYMA)

Hanmenbiiee 3HaueHne GyHKIAN Ha, m.x. na unmepsane
S(X) mocTHraeTcsi B TOUYKE (0;108) @ynryus
MUHUMYMa? HenpepvleHa

3. OTBeT Ha BONPOC 3aJa4uH.

Bompoc Omeem
B mannoi 3amaue KaKOM CMBICIT
UMeeT HailJIeHHas BelIUYnHa X?

Kakue emie mapaMeTpsl UMEET
m 621:10 p Buvicoma

Cmopona ocnoeanus b6axa

KaxkoBo ee 3HaueHue? H=3
Haumenwvuee xonuuecmeo
Mamepuana Ha u3eo0moeieHue
baka npu wupuHe 0CHOBAHUSL
6 Om u ébicome 3 Om

OTtBer Ha BOIIPOC 3a7a4n

PaccmoTpuM npumepbl UCIIOJIB30BAHUS MaTEMATUYECKUX MOJENIe B ONTUMHU3AIIMOHHBIX
MPAKTUYECKHX 3aj[auax, pelieHrne KOTOPBIX TpeOyeT HaX0XKIeHUE MPOU3BOAHON (QYHKIIUH.
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3aznaya 3. PaccrosiHue mexay aByMms maxtamMu A u B no mocceiinoit nopore 60 km. Ha
maxte A goOpiBaercs 200 T pyasl B cyTku, Ha maxte B - 100 T B cyrtku. ['ne HyXHO
MOCTPOUTh 3aBOJ N0 TepepaboOTKe pyasl, YTOOBI sl €€ MEPEeBO3KUM KOJIUYECTBO TOHHO-
KUJIOMETPOB OBLIO HAaUMEHBIIUM?

Pemenue. BeprsicHsiem, 4TO CyMMapHOE€ KOJMYECTBO TOHHO-KMUJIIOMETPOB HM3MEHSETCS B
3aBHCHUMOCTH OT MECTa HaX0XKJICHUS 3aB0O/JIa, BEIYKCIIMB €r0, HallpuMep, JUIsl CIIy4aeB, KOTja 3aBO/]
HaxoauTcs oT myHkTa A Ha paccrosiuud 30 kM, 20 kM, 10 kM.

Jlanee npucTynaeMm K pellieHuIo 3ajaun, 0003HauuB paccTosinue oT 3aBoja C 10 IMaxThl
A uepe3 x: AC=xuBC=60-X.

KonnuecTBO TOHHO-KMJIIOMETPOB, MPOMACHHBIX TpaHcnopToM OoT A 10 C 3a Kaxablid
nensb, cocraBiser 200 x 1/kM, ot B o C - 100 (60 - x) 1/km. CymMMapHOE KOJHYECTBO TOHHO-
KriioMeTpoB BeIpaszutces pynkmnueit y =200x + 100 (60 - x) = 100x + 6000, koTopast onpezeieHa
Ha cermenre [0; 60].

SIcHO, 4TO 3TO ypaBHEHHE MOXKET HMETh OECKOHEYHO MHOro pemieHuil. Bompoc -
HaWTHU JECIIEBbII BAapUAHT IEPEBO3OK.

Uccnenys pynkuuto y = 100x + 6000 na cermente [0; 60], momydum Ymin = 6000. Ota
nuHeHas QyHKIUS OyAeT UMeTh ~ MHHHMalbHOEe  3HadeHWe nmpu X = 0, Ymin = 6000 1/kM.
3aBoJ HAJIO CTPOUTH BO3JIE MAXTH A.

Jlnst ay4inero MOHMMAHHMS 3TOM 3alayd  11eJ1eCO00pa3HO JIOMOJHHUTENIBHO BBISICHUTH
BOIPOC, IJI€ HY>)KHO ObI OCTPOUTH 3aBOJI, €CJIU OBI:

a) B maxte A poObBasioch 100 T, a B maxre B -200T pynsi;

0) Bmaxte A-200T, a B maxte B-190T;

B) Biaxte A u maxre B- mo 200 T pyasl;

UToOb!I pemuTh 3TOT BOIIPOC, HY)HO HaliTH Ha cermente [0; 60] MuUHMUMYM GYHKIHH:

a) y =100x + 200(60 - x) = - 100x + 12000;

6) y =200x + 190(60 - x) = 10x + 11400;

B) y = 200x + 200(60 - x) = 12000.

Otget: 13 Bcero 3TOro MOXHO cieJ1aTh TaKOM BBIBOJ: €CJIM B IIaxTe A J00BIBAaeTCS Py/Abl
Oombiie, yeM B maxTe B, To 3aBOJ HaI0 CTPOUTH BO3JIE MIAXThl A; €CIM K€ KOJIMYECTBO Pyl B
ATHUX IIAXTaX OJMHAKOBOE, TO 3aBOJ MOXHO CTPOUTH B JHOOOM MecTe BONM3M  IIOCCEHHOM
JOpord MeXny Imaxtamu A wu B.

3amaua 4. Ha konxo3HOH ¢epMe HYXHO IPOBECTH BOAONPOBOJ AIMHOH 167 M.
Nmerotcst Tpyosl qumHOM 5 M 1 7 M. CKOJBKO HY)XHO HCIOJB30BaTh TE€X U JPYTUX TPYO,
4yTOoOBI C/eNaTh HaWMEHbIlEe KOJIMYECTBO COECIUHEHUN TpyObl He pe3aTh)?

Pemenune.  YuuTeiBas, 4TO KOJMYECTBO KaK OJHHMX, TaK M JPYrHX TpyO MOXKET
MU3MEHSATHCS,

KOJIMYECTBO 7 - METPOBBIX TpyO 00O3HAUMM Hepe3 X,

KOJIMYECTBO S5 - METPOBBIX — 4U€pe3 v,

Torga 7Xx - AnuHA 7 - METPOBBIX TPYO,

Sy - anuHa 5 - METPOBBIX TPYO.

[Tonygyaem ypaBHeHnue 7x + S5y = 167. Tak kak x,y € Z, To Meronom mnepebdopa
JIETKO HAWUTH COOTBETCTBYIOLME Mapbl 3HAYEHUH X M Yy, KOTOpPbIE  YIOBJIETBOPSIOT
ypaBHeHue 7x + S5y =167.

(1; 32), (6;25), (11;18), (16; 11), (21, 4).

Oter: U3 »TuX pemieHuid HamboJiee BBITOJHOE TmocheaHee, T.e. X=21,y=4.

Pemenue 3agaHuii:

Nel. Cpapimuky MOCTYNHII 33aKa3 BBINOJHUTH OTPaXI€HHME y4acTKa IUIOIIA/IbIO 2400m2,
pa3OMB €ro Ha JBa y4yacTKa MPSMOYTrOJbHOW (POPMBI Tak, YTOOBI NJWHA OTpakaeHHs Oblia
HauMeHblIen. Halitu pa3sMepsl y4acTKOB.
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No2. Tpebyetcst cBapuTh SIIUK C KPBIIKONH 00bEMOM 576 M, CTOPOHBI OCHOBAHUS SIIIIAKA
JIOJDKHBI OTHOCHUTBCSI Kak 1:2. Kakoli momkHa OBITH BEIMYHMHA €r0 CTOPOH, YTOOBI TOJIHAS
MOBEPXHOCTh ObLIIa HANMEHBIIICH?

Ne3. Vwuacrok mnpsMoyrojbHOH (OpPMBI OJHOM CTOPOHOW WpHIIeTaeT K 37aHUI0. Y
cBapmuka ectb 20 MeTpoB u3ropoan. Hamo oropoauTs yd4acTok Tak, 4ToObI MJIOMIAAb €ro Oblia
HanOoJIbIIIAs

Ned. TpeOyercss M3rOTOBUTH OTKPBITHIN JKECTSHOH KOpoO B (opMme MpsSMOYrojJbHOTO
napajuieJienunena ¢ KBaJApaTHBIM OCHOBaHHEM, C HAUMEHBIIUM OOBEMOM, €CIM Ha €ro
M3rOTOBJIEHHE MOYKHO IOTPATHTH skecTh 300cm?

No5. TpeOyeTcst oropoIUTh MPSIMOYTOJBHBIN Y9aCTOK 3€MJIH, UCIIOJIBb3YS B KaUECTBE OTHOM
U3 CTOPOH 3a00pa YacTh CTEHHI JIoMa. YYacTOK JIOJDKEH MMETh OMpPEeICHHYIO Tutomans. Kak
cleyeT BhIOpaTh COOTHOLICHHE MEXIy JJUHAMHU €ro CTOPOH, YTOObI Ha IMOCTPOIKy 3abopa
MOILIO HAUMEHBIIEE KOJIMYEeCTBO MaTepuraia?

OtBet: CropoHna 3a0opa, napasuieiabHas CTEHE JOMa, JOJKHA ObITh B /1Ba pa3a JUIMHHEE
OOKOBOM CTOPOHBI.

No6. TpeOyercst oropoauth cetkoi anuHOW 600 M 30HY OTHBIXa MPSMOYTOJIBHOU
¢dbopMBI, TpuIeTaroIyo K peke. Onpeaenure, KakoBbl TOJKHBI OBIThH JJIMHA U IIUPHHA yIacTKa,
YTOOBI OH UMeJ HAUOOJIBIIYIO MJIOIIAb.

OtBeT: HanOoJIBIIIAS TUIOIIAThL yIacTKa, ecyu mupuHalS0 m, mmaa 300 M.

Ne 7. OnipenennuTh pa3Mepbl OTKPHITOro OacceitHa 00beMoM 256 M3, UMEIOIIIEr0 THO B BUE
KBaJpaTa, Tak 4YTOObI Ha OOJIMIIOBKY €ro CT€H M JHA OBLJIO H3PAacXO0J0BAHO HAWMEHbIIIEe
KOJIMYECTBO MaTepHara.

OtBer: 8 M. 8 M, 4 M.

Ne 8. TIlpuneraronryto K JOMy IPSIMOYTOJIBHYIO IJIOIIAAKY HYXXKHO OTPauTh PELIECTKOM
mmHor 120 M. OmpenenuTs pa3Mepbl IUIOUMIAIKHA, TaK YTOOBI OHA HMMela HauOOJBLIYIO
TUIOMIA/Ib.

OtseT: 30 M, 60 M.

IIpakTnyeckas padora Ne37
Tema 5.9: HaxoxxaeHne onTuManbHOTO pe3yiabTaTa ¢ HOMOIIbIO IPOU3BOJHON
Henb: HayunTbcs HaxoOuTh ONTHMAJbHBIA pE3yJNbTAaT B 3KOHOMHYECKHMX 3ajadax ¢
MMOMOUIBIO TPOU3BOTHOM.

Teopernyeckas 4acThb:

JuddepennnanbHOe HCUUCICHUE - IIUPOKO MPUMEHSEMBI 1711 9)KOHOMHYECKOT0 aHaTn3a
MaTeMaTU4YeCKUil ammapar. ba3oBoW 3amadell SKOHOMHYECKOI'O aHalIM3a SIBISECTCA W3Y4YEHUE
CBsI3eM SKOHOMMYECKHUX BEIMYHMH, 3alMChIBAEMBIX B BHJE (QYyHKIMH. B kakoM HampaBieHUU
W3MEHHUTCS JI0XOJ TOCYIapCTBa MPU YBEIWYEHHH HAJIOTOB WJIM TMPU BBEICHUU HMIIOPTHBIX
NONUIMH? YBETUYHUTCS WIM YMEHBIIUTCS BBIpyYKa (UPMBI TpU TOBBIIICHHH IIEHBI Ha ee
nponykinu? B kakoit mpomopuuy JAOMOJTHHUTENIBHOE OOOpYJAOBaHHUE MOXKET 3aMEHUTHh
BBIOBIBatONNX paboTHUKOB? [l1ist pemieHus moJoOHbIX 3a7a4 JOKHBI OBITh TOCTPOCHBI (PYHKIIUN
CBSI3M BXOISIIMX B HUX IEPEMEHHBIX, KOTOPHIE 3aT€M HU3Y4YalOTCA C TOMOIIbIO METOJIOB
muddepeHIaTFHOTO UCUHCTEHS. B 9KOHOMUKE 0YeHb YacTo TpeOyeTcss HAlTH HamTydIee, Win
ONTUMAIBHOE 3HAYEHHUE TOTO WJIM MHOTO MOKA3aTeNs: HAUBBICIIYIO MPOU3BOAUTEILHOCTD TPY/A,
MaKCHMalIbHYI0 TMPUOBLTb, MAKCUMAJIbHBIA BBITYCK, MHUHUMAaJbHBIC M3ACPKKU U T.O. Kaxmbrit
MOKa3aTeNb MPEACTABISIET €000 (DYHKIIMIO OJTHOTO WJIM HECKOJIBKUX apryMeHToB. Hampumep,
BBIMTYCK MOXHO paccMaTpuBaTh Kak (YHKIUIO 3aTpaT Tpyla U KamuTana (Kak dTO Jelaercs B
MPOU3BOJICTBEHHBIX (PYHKIUAX). TakuM 00pa3oM, HAXOXKACHHE ONTUMAIBHOTO 3HAYCHUS
MOKa3aTeNsl CBOJUTCS K HAXOXKJIEHHUIO dKCTpeMyMa (MakCUMyMa WU MUHUMYyMa) (QYHKIUU
OJIHOM WJIM HECKOJIbKUX IMepeMeHHbIX. [1o100HbIe 3ajaun MOPOXKAAI0T KIIACC IKCTPEMaIbHBIX
3aJa4 B 5KOHOMUKE, peIIeHUe KOTOPBIX TPeOYyeT HCIOIb30BaHUs METOA0B AU hepeHInaIbHOTO
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ucuuciaeHus. Ecmau HSKOHOMHYECKMH TIOKa3aTeslb y HYXHO MAaKCHMHU3UPOBATh WU
MUHMMH3UPOBATh KaK (DYHKIMIO JIpyroro nokasaTeis X (HampuMep, 3ajada Ha MaKCUMyM
npuObUIH Kak (PYHKIMK 00BbeMa BBITYCKa), TO B ONTUMAJIbHON TOYKE (T.€. B TOUKE MaKCHUMyMa)
OTHOILIEHHE NPUPALICHNS GYHKLUH Y K IPUPAILEHUIO apryMEeHTa X JOJKHO CTPEMMTHCS K HYIIIO,
KOI'Zla IPUpPALLEHUE apryMeHTa CTpeMUTCA K Hyto. MlHave, eciiu Takoe OTHOLIEHUE IPUpaIeHN
CTpPEMHTCA K HEKOTOPOH MOJO0XKHUTEIbHOM MM OTpULATEIbHOM BEJIMYMHE, paccMaTpuBaeMas
TOYKa HE SBJISAETCS ONTHUMAJbHOM, OCKOJIBbKY YBEJIMYMB WM YMEHBIIMB apryMEHT X, MOXHO
U3MEHUTD BEIMUYUHY Y HYKHBIM 00pa3oM.

B tepmunax nuddepeHMaNIbHOTO MCYHCICHUS 3TO  O3HAYAET, YTO HEOOXOIUMBIM
yciaoBueM 3kcTpemyMma (yHKIMH y = f(X) sBiIseTCsl paBeHCTBO HYJIO €€ NMpou3BogHOH. B
PKOHOMHUKE 4YacTO MPHUXOAUTCA peIlaTh 3aJaud Ha HSKCTPEMYM (GyHKIMHA HECKOJIBKUX
IEPEMEHHBIX, IOCKOJIbKY IKOHOMMUYECKHE II0KA3aTelId OOBIYHO 3aBHCAT OT MHOTUX (haKTOPOB.
Takue 33124 XOpOLIO H3Y4YEHbI TeOpUei QYHKINUN HECKOIBKUX IMEPEMEHHBIX, HCIIOIb3YIOMIEH
MeToAb! 11 (HepeHInaIbHOTO HCUNCIIEHUS.

3apaua 1. Mononoii npennpunumarenb MuxaitioB KOpuii B cBeTe 3KOHOMHYECKOTO
KpHU3HUCa PELIMII BBIKYIIUTh HEPEHTA0EIbHOE TPOBUHIMATIbHOE NTepepadaThIBaroLIee NpeANpHUsITHE
U Ipuriacui skoHomucra I'ynbeposa ['epmMana momous ¢ pacueTaMu 110 ONTUMU3ALUU PACX0/10B.
OpnHa u3 3ajja4 nocTaBlIeHHBIX nepel ['epmanom Oblia ciaeayromas: HalTH, MpH KaKuX YCIOBHSIX
pacxol JKECTH Ha U3TOTOBJICHHE KOHCEPBHBIX OAHOK IMITMHIPHUIECKON (POPMBI 33 JaHHOM €MKOCTH
OyZAeT HaMMEHBIINM.

Pewenue.

BcenomHuM 3 sTama mMareMaTH4YecKoro MOJAEIMPOBAHUS, NMPUMEHSEMblE MPH PELICHUU
3a/1a4 Ha ONTUMU3ALMIO (TIOKA3 Ha SKpaHe):

e 1 3tan. CocTaBieHue MaTEMaTUYECKON MOJIEIH.

e 2 aran. PaboTa ¢ cocTaBieHHON MOJAEIBIO.

e 3 3Tan. OTBET HA BONPOC 33]1a4H.

1 3man. Cocmaenenue mamemamuyeckoi mooeu.

CocraBieHue MoJienu 06J1er4aercsi TeM, 4To u3BecTHa (hopma OGaHKU U OTOBOPEHO, UTO OHA
JIOJIKHA OBITh 33/1aHHOM €MKOCTH. DTO CYIIECTBEHHO i cocTaBiieHus: Mojieu. CylnieCTBEHHbIM
ABJISIETCA TaKKe TpeOoBaHMUE, YTOOBI PACXOJ] XKECTHU Ha U3TOTOBJIEHHE OAHKH ObUT MUHUMAJIbHBIM.
OTto TpeOoBaHME O3HA4yaeT, YTO IUIOLIA/]b IOJHOM MOBEpXHOCTHM OaHKM, HUMeroIed (opMmy
LWINHPA, JOJKHA ObITh HAaMMEHBIIEH; CYIeCTBEHHBI U pa3Mepbl OaHku. HecymecTBeHHbI s
COCTaBJICHUS] MaTEMaTHYECKON MOJIENIN KOHKPETHOE (YUMCIIEHHOE) 3HaUeHHE eMKOCTH OaHKH U BUJT
KOHCEPBOB (MSCHBIX, OBOILIHBIX ), JJIs1 KOTOPBIX OaHKa MpeHa3HauYeHa.

O603HaunB eMKOCTb OaHKH 4epe3 V cM?, chopMmynnpyeM 3aaady: OnpeneanuTsb pa3Mepsl
WIMHApPA ¢ 00beMoM V cM? Tak, YTO ObI IUIOIIA/Ib €r0 MOJHOM MOBEPXHOCTH Oblila HAMMEHbIIEH.

Jlnia pemieHus 3a71ayv 0003HAYUM paJNYyC OCHOBAHUS LMJIMHJpA Y€pe3 X, a BBICOTY €ro
yepe3 h (Bce u3aMepenus B cantuMerpax). Torna oobeM IUIMHAPa

) v
V= ﬂxg}ﬂ = h= —
iy
[onHas NOBEpXHOCTE LWMNWHAPE:
- [ 28
S=2mx2+2xh=272+ 2,'?T><_2 =2mEE+ = M
iz x x

2 + 20

X

MTak, S(x) =

TaK K3k NnepeMeHHan X MOXET NDPMHMMATE TONMBKO NONHWUTENBHBIE 3HAYEHWA, DELUEHWE 33034M
CBOOMTCA K HAXOWOEHWH HAWMEHBLLETD 3HAYEHWA S(X) Ha (0;c0 ).
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2 aman. PaBoma ¢ cocmacneHHol Modenk .

Hangem npoM3BogHYHD S'(X)

- 2 2

X X X

S0 = (nf + wj _ [m%— (2’ +2V)J _ 4wl -2

[NA HAXOHAEHWA KPHTUYECKMX TOMEK PELUWM ypaBHeHue S°(x) = 0.

KopeHb YPaBHEHWA: X = 3||£ :
27T
MoUux =0<3 E SX)=0,anpux =3 i S(x)=0.
\ 27 \ 27

7
CneqoBaTenbHo, B TOMKE X = 3| S(X) MMEET MUHHMYM.
 2or

I_J'

=)

I_;
27’

Y]
]

X (0:

I_)'
2 2

S - min /"

CrnenoBartentHo, OYHKUWA B 3TOA TOYKE JOCTUrAET HAMMEHBLLErD IHAYEeHHUA.

Takum ofpa3zom, NNoWAaaL NOMHOA NOBEPXHOCTH UWNWHAPE, MMewero odkem vV, ByY0eT HaWMeHbLIEeR
e o4 -
npuh=2x=2 3|_= 3|, T& KOrda WANWHOP paBHOCTOPOHHMA.
25 T

3 sman. Omeem na eonpoc 3aoauu.

Haumenpmmii pacxon ecTd Ha HM3rOTOBJIIEHHE KOHCEPBHBIX OaHOK LIMIMHAPHUYECKON
(dopMbl 331aHHON €MKOCTH OyJleT TOCTUTHYT MpPU YCIOBUH, YTO JAUAMETP OCHOBAHUS M BBICOTA
OaHKU paBHBI MKy COOOI.

3anaua 2. [{eMeHTHBIN 3aBO/ MPOU3BOIUT X T LIEMEHTA B JieHb. [10 10roBOpYy OH OKEH
€XKeITHEBHO TOCTABIATh cTpouTenbHOU ¢upme He MeHee 20 T 1emeHTa. [Ipon3BoACTBEHHBIE
MOIITHOCTH 3aBOJIa TAKOBBI, YTO BBIMTYCK IIEMEHTA HE MOXKET MpeBbImaTh 90 T 11leMeHTa B JICHb.

Omnpenenutsb, Tpu KakoM 00beMe MPOU3BOACTBA YACIbHBIEC 3aTPaThl OYAYT HAUOOIBIIUMHU
(HaMMEHBILIUMHU ), eciIi QYHKIUS 3aTpaT UMEET BUJ:

K = —x3 + 98x? + 200,

a yJIeJbHBIC 3aTPaThl COCTABSIT:

K/x = —x? + 98x + 200 .

Pemenune: Haiinem HanGonpliee 1 HauMeHblee 3HaUYeHne QyHKmn y = —X2 + 98X + 200
Ha npomexyTke [20; 90].

BriBenem x = 49 — kputnueckas Touka ¢yHkiuu. Halinem 3HaueHne pyHKITMN Ha KOHIIAX
u B kputHueckoit Touke: f(20) = 1760; (49) =2601; {(90) = 320.
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Wrak, npu Bbilycke 49 T LleMEHTa B JACHb YACIbHBIE M3ACPKKH MaKCUMAaJbHbI (T.€
9KOHOMHYECKHU 3TO HE BBITO/IHO), a IPH Bhlllycke 90 T B ACHb yJeIbHbIE U3AE€PKKH MUHUMAJIbHBI,
3HAYUT 3aBOJAY MOKHO pPabOTaTh HA MPEAEIbHONM MOIIHOCTH U elé 0ojiee yCOBEPIICHCTBOBATh
CBOHU TE€XHOJIOTUH, TIOCKOJIBKY Jajbllie HAUHET AeHCTBOBATh 3aKOH yOBIBAIOIIEH JOXOAHOCTH U 6e3
HOBOBBEICHUH BBITYCK MPOAYKIIUH HE MOXKET OBITh YBEIUYCH.

3agaua 3. BeiOpars ontuManbHbli 00beM npon3BoacTBa N GupMoid, GyHKIHS TPUObLTH
KOTOPO# MOeT ObITh CMOJIEITHPOBaHa 3aBHCHMOCTRIO: F(q) = g2 - 8¢ + 10.

Pemenue: OnTuManbHbI 00BEM MPOU3BOJACTBA €CTh MPOU3BOAHAS OT (DYHKIIMH MPUObLIH,
T.. N=F(q)

F(@) =R'(Q) - C(q) =20 -8 =0 — qextr = 4

ITpu g gexr =4 — F'(q)

ITpu q gextr = 4 — F'(q) 0 u mpubbLIH BO3pacTaer

[Tpu q = 4 npuOBLIH MPUHUMAET MUHUMAIILHOE 3HAUCHHE.

Penrenne 3agau:

Nel. Tpu6suts GupMsl 3a1aHa 3aBUCHMOCTHIO : F(q) = 5q2 - 5q + 12. Haiftu onTuManbHbIi
00béM npousBojicTBa N (pUpMBL.

Ne2. TIpubbuts GupMsl 3a1aHa 3aBUCHEMOCTEIO : F(q) =4 q? - 4q + 12. Haiftu onTUManbHbIH
00béM npousBojicTBa N (pUpMBL.

Ne3. Iycre dynknus crpoca umeer Bux QD = 100 — 20p, mocrosiaabie n3nepxkkun TFC
(total fixed costs) cocraBmstor 50 AeHEXKHBIX €OUHHMIL, a mepeMmenHble m3aepxkku TVC (total
variable costs) Ha MPOM3BOACTBO €AMHUIIBI IPOAYKIIMH — 2 JIEHe)KHbIE enuHuIbl. Haiitin 00bEM
BBIIMTYCKa, MAKCUMU3HUPYIOMIHNIA MPUObLUIH MOHOIIOJIKUCTA.

IIpakTuyeckas padora Ne38
Tema 5.10: ITepBooOpaznas ¢pynkuuu. [IpaBuna HaxoxAeHUs TEPBOOOPA3HBIX
Heanb: Hayunts HaXoquTh IEpBOOOpPa3HBIE

Teopernyeckas 4acThb:

ITonsiTHe nepBoOOpPa3HOM

Jlerko  norajgaTtbcsi, 4YTO TEPMHH  “mepBooOpa3Has’” MPOUCXOJUT OT  JBYX
CJIOB: nepsebiti U 0opa3. IlepBbiM 00pa3oM y aBTOMOOWIISI ObL1a MOBO3Ka, a y Mope — KapTodenb.

Bepremcs k MaTeMatuke.

JlaBaiite ObICTPO BCIIOMHUM, 4TOo HaXO0XJICHNE IIPOU3BOJHON
i i depeHIupoBaHne — ATO COBEPIIICHUE MaTEMAaTHUYECKOM ornepanuu Haa GpyHkuuei. To
€CTb, CJIeys OIpeeIEeHHBIM MIPpaBUiIaM, Jr00as PYHKIUS MOXKET ObITh MpeoOpazoBaHa B HOBYIO
GbyHKIMIO, KOTOpast U OyeT MPOU3BOAHOM.

B 00bI4HOI KU3HU, COBEpIIasi HECKOJIBKO JEHCTBUI, Mbl MOXKEM MpPeoOpazoBaTh MyKY B
TECTO, a 3aTeM U B MUpOoxKU. Ho pa3oOpaTk roToBbIN MUPOKOK Ha MYKY Y HAaC YK€ He MOJIY4UTCS.
3aro B MaTeMaTHKE BCErJa MOXXHO BEPHYTbCS Ha IIar Ha3aj: CIOXKWJIM J[Ba YHCJIa — BBIYTEM
00paTHO, BO3BEJH B CTENIEHb — M3BJI€YEM KOPEHb.

[Toxoxxum 06pa3oM MbI MOXKEM MOCTYIUTH C (PYHKIIUEH.

BossMeM mo0yo GyHKIHIO, Hapumep, f(xX) = X2 1 HaiifeM 1J1d Hee MPou3BoaHY0 f'(X) =
2X — nody4uiach HoBas (yHKIMA. Teneps A TOro, YToObl BEpHYTHCS Ha IIar Ha3a/l, HaM HYKHO
HalTH nepBooOpa3Hyto oT HOBOM pyHkimH (f'(x) = 2X).

IlepBooGpa3noii niisa pynkiuu f(x) HaszpBaeTcs Takas (ynkuus F(x), ans xoTtopoi
BBINIOJTHsIETCSI paBeHCTBO: F'(X) = f(X).

To ectb, ecnu B3ATh NPOU3BOIHYIO OT MEPBOOOPA3HON KAKON-TNO0 (PYHKIIMHU, TOTYUUTCS
cama 9Ta GyHKIMSL. ITponece HaXO0XKJICHUS MHOX€ECTBA epBOOOPA3HBIX
Ha3bIBACTCSI HHTETPHPOBAHHEM.
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F'(x) = f(x)

Jli1s Hax0XAeHUsI TIEPBOOOPA3HBIX CYILIECTBYET clielnaibHas Tabnuua. B Helt mpuBeneHsl
nepBOOOpa3HbIe I Kaxa0H QyHKIHUHA. A 9TOOBI YOSIUTHCS B 3TOM, MOKHO HAUTH MIPOU3BOTHYIO
OT MepBOOOpa3HOM U cpaBHUTH ¢ PyHKIMEH. OHU OyIyT OAMHAKOBBIE.

Tabanna nepBoodpasHbIX

Tabauna nepBooOpasHbIX:

dyuxkuus f(x)|[[Ieppoodpaznas F(x)

0 C = const

1 X + C
xn+1

xtn=-—-1 +C
4+ 1

1

—,x =0 Inlnx+C

ks

COS X sinx+ C

Sin X -cosx + C

g% e* +

['ne C — npoun3BoabHOE YHCIIO

Pemienue 3aganmii:

Nel.MatepuanbHasi TOYKa JABMKETCS MPSAMOJIMHENRHO cO cKopocThio V(1)=8t—4. Haiigure
3aKOH JBUKEHUS TOUKH, €CITM B MOMEHT BpEMEHHU t=2¢ MPONJICHHBIN MTyTh COCTABHII 4 M.

Pemenue:

Bocmonb3yeMcs onpesielleHIeM epBooOpasHoii, T.. S(t)=vot+at?/2

S’(t) = v(t).

Haiiniem Bce mepBooOpasubie S(t)= -4t+4t2 +C.

IToncraBuM t=2¢ 1 pONUIEHHBINA ITyTh S=4 M.

4= -8+16+c

C=-4.

CrnenoBaTenbHO, 3aKOH JIBHKEHUS OYAET BBITTIAJAETh CIEAYIOUUM 00pa3oM:

s(t)=4t>—4t-4

Otser: s(t)=4t>—4t—4

Ne2. Tlo rpaduky nmepBooOpaznoit ¢pyHkiuu y = F(X) onpenennte KOIUYECTBO TOYEK, B
KOTOpBIX QyHKIMS Y = f(X) paBHa HYIIO.

b

Pemenue:

Tak kak F'(x) = f(x) -o onpenenenuto nepBooOpa3HoOii, TO TOUKH, B KOTOPBIX (DYHKIIHS
f(x) (mpomsBogHas ¢pynkuuu F(x)) — 310 Touku skcTpemyma ¢yHKiuu F(X). A Takux Touyek Ha
rpaguke 4.

Ortser: 4.
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Ne3, Tlo rpaduky nepBoobpasznoit pyHkuuu y = F(X) onpenenute 4ucaoBbie MPOMEKYTKH,

Ha KOTOPBIX QYHKIUA Yy = f(X) UMEEeT OTpUIlaTEIbHBIN 3HAK.
¥,

Pemenue:

Tax xak F’(x) = f(x)- nmo onpenenenuto nepBooOpasHO, TO YUCIOBBIE IPOMEKYTKH, Ha
KoTopeix QyHkuus f(x) (mpoumsBogHas (yHkuumu F(X)) uMeeT oTpuULIaTENbHBIA 3HAK — ATO
npoMexxyTku yobiBaHus pyHkimu F(x). Takux npomexyTkoB Ha gaHHOM rpaduke 2. 9to (-2; 1)
u(2;5).

Otser: (-2; 1); (2; 5).

Neq. Jlokaxwure, uro ¢pyHkius y = F(X) siBnseTcst nepBooOpasHoii i GpyHkuuu y = f(x).

Flx) = x°— ™+ 2,f(x) = 2x — 2%

Pemenue:

JlokazarenbCcTBO.

F'(x)=(x%-e**+2)'=2x-2e**

[To ompenenenuto mepBooOpasznou, F'(x)=f(x), cnenosarenbHo, F'(x) u ecth
nepBoobOpasHas i GyHkuuu f(x)

NeS. Jlns ¢ynxrmu f(X) = x? HaiiTi nepBo06pasHylo, TpaduK KOTOPOH MPOXOIUT depes
touky (-3; 10).

Perenne:
3

x
Haiinem Bce nepBooOpasubie Gpynkuuu f(x) : F) = ER

Haitnem uncno C, Takoe, uto6s! rpaduk dyrkmuu f(X) = x?  mpoxomun yepes Touky (-3;
10). IToacraBum x = — 3, y = 10, nonyuum:
10 = (-3)*/3 +¢

C=19

3

X
F =— 419
CrnemoBaTenabsHO, ) 3
3
X

OTBeT: F(x) = 3 +19

IIpakTuyeckas padora Ne39
Tema 5.11: [Tnomans kpuBonuHeiiHoi Tpanenun. ®opmyna Hetotona-JleiiOHuma
Heawb: HayunTs pemats HHTETpasibl, UCHONB3YsS popmyny HeroTona-JIeiiOHuna

Teopernyeckas 4acThb
Teopema. Eciu ¢pynkius f(X) HempepsiBHA Ha mpomexyTke [a,b], To
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b

[ﬂﬂm=le—HMJ 1)

o

rae F(X) —nepBoobOpasnas Gpyukiuu f(X):
d
—F(x) = f (). @)
x
dopmyna (D) Ha3bIBaeTCs (POPMYJI0i Hbworona—JIeiioHumna.

Joka3aTeabcTBo. CHavama moKaxeM, 9Tto ¢ yHKIIHUS
.
F() = | f(de+c ©)

SIBIISICTCS epBOOOPA3HOM byHKIMN f(x).
CoracHO Onpe/IeNeHHIO TPOU3BOHOM,

F(x + Ax) — F(x) [T f(eyde — [T F(8)de

ey — s - 1 4

F(x) dlirl}c Ax dlirl}c Ax )
C yuerom cBoiicTBa 6,

| fode=[fwa+ | Foae (5)
Torna

. T F(ar
F'(x) = lim L— (6)
Ax—0 Ax

[IpuMmeHnsst TeopeMy O CpeaHEM K IPOMEKYTKY [x, x + 5‘*1'], IIPEICTaBUM HHTErpail B
YUCIIUTEIIE B BUJIE

xtihx

| fae=rax 7)
e € (x,x +Ax) y7— x mpu Ax — 0,

CrnenoBaTeabpHO,

¥

P == [ o = jm L2

Ax

— = F) ®)

BosBparumcs k ypaBaenuto (3). [lonmaras X = a, HaxoauM 3HaueHue noctostHHon C:

o

F(a) = J fiac+c =  c=F(a). )

[Monaras B 3TOM ke ypaBHEHUU X = D, mojydaem:
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F(b) = J F(dt +Fla) =
7 (10)

b

| fode = ) - F@) = Feo)l2.

o

Takum 06pa3om, [UIs BEIYKCICHHUS onpeeacHHoro naterpaia ot f(X) mo mpomexyTky
[a,b] nocTarouno Haiitu nepBoodpasuyo F(X) dyrkiuu f(X), BoIuncanTh e B Toukax a u b u
Beruects F(a) u3 F(b).
Ipumep Nel. BoraucnuTh onpeieIeHHbIN HHTETrpal

T

T
j sin® x cosx dx
0

Pewienue. I1ocKOMbKY OIHON W3 MEPBOOOPA3HBIX MOJBIHTETPATBHON (HYHKIIMH
unterpaina (14) sensercs GyHKIUSL

F(x) = isind‘x .

TO B cooTBeTcTBUHU ¢ (hopMyIoit HeroToHa-JIeiiOHuIa noiaydaem
T T

z b
) 1. d 1., 1. 1
sin” x cosx oy =| —sin? = _sin*=—Zsin*0==

! TLORE [4 x]D 370273 4

1
Omeem.4
Ilpumep Ne2.

1

Brryncaures mHTErpan .[(x -1)dx.
0
» Oguoit us nmepsoobpasHbIXx GYHKIUH X — 1 ABIAeTCA

1
2 2
byHKIHAA —xz——x. ITosromy J‘(x—l)dx=(—12——l]—
0

Penrenne 3agannii:

T{E .

Ne 1. Borauciuthb onpeaenéHHbiid HHTErpan
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https://www.resolventa.ru/spr/matan/integral.htm#int1
https://www.resolventa.ru/spr/matan/antiderivative.htm#ad1
https://www.resolventa.ru/spr/matan/integral.htm#int8

2
I 2 dx.
Ne 2. Beruucnuth onpeaen€éHHbi nHTEerpan 1

3
Ix”.:ix

Ne 3. Haiitu onpenenénublii uHTErpan 2

sin® xdx

o e | 1y

Ne 4. Haittu onpeenn€HHbIN HHTETpait

IpakTnyeckas padora Ned(
Tema 5.11: [Tnomane kpuBonmHEHOM Tpanennu. @opmyrna HeroTona-JIeiiOnuma
Henab: HayunThcs BEIUMCIATH IUIOMIAAL KPUBOJIUHEHHOMN Tpanenun

Teopernyeckasi 4acTh:

KpuBonuueiiHoli  Tpamernueid  Ha3piBaeTcsi  (Qurypa, OrpaHHYECHHAs  TpapuKoM
HENPEepPHIBHONW M HE MeHsIonlel Ha oTpe3ke [a;b] 3Haka dyHkuuu f(X), IpaMbIMH X=a, X=b u
OTpe3KOM [a;b].

Otpesok [a;h] Ha3bIBalOT OCHOBAHMEM 3TOH KPUBOJIMHEHHOM Tpaneuu

hY

y = f(x)

0 A B
b
I_f{.r]dx = F(b)- F(a)

]
S = I_f'{.r}dx

¢dbopmyna Hetotona — JleitOnuna

Ecnu B 3amaue TpeOyercss BBIYMCIUTH IUIOLIA/b KPUBOJUHEHHON Tpameuuu, TO OTBET
Bcerja OyneT moyokuTenbHbld. Ecnu TpebyeTcs, ucnonb3ys 4epTex, BHIUUCIUTh UHTErpall, TO
€ro 3Ha4eHHE MOXKET OBITh JIFOOBIM(3aBUCUT OT PACIIOJIOKEHUS KPUBOJIMHEWHOM Tpanenun).

IIpumeps! u pa3dop pemieHus 3aJaHUH TPEHUPOBOYHOTO0 MOLYJIS

Nel.Haiftu nomaab KpUBOIMHEWHON Tpaneruu, n300paxeHHON Ha pUCYHKE
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y=x*

ol 3 X

Pewenne
JUis  BBIYHMCIICHUS TUIONIAM KPUBOJIMHEWHOW Tpamemuu BOCIOJIb3yeMcs (HOpMyIioi
Herorona — JleitOuuna.

'

5 __[ £l

§ = [ xidv = F3 - F(1) =

a
B 3 — ]? = ﬁ%{mﬁ.cr}}

2

OtBet: 3
IIpumeHeHnue onpeaeJéHHOr0O HHTErpaJia:
1. HaxoxneHue nJiomaau KpUBOJIUHEHHON Tpaneunu
y : y=f1x) IInowaas Gpurypsl, orpaHHIeHHOM
. THHIAMH: X=@; x=D; y=0 u y=f(x)
S= } Axdx

l

| ix=a =4z

IInouazp GHrypbl, OrpaHHUEHHOM MHHIAMM: ¥ =f{x) 1 y =g(x).
Haifri ToukH riepecesei X 1 X, 13 yenosma:  flx)=gfx)
S= J(ﬂxb- glx)x

2. HaxoaeHue BeJMYHHBI CKOPOCTH V MO 3aJaHHOMY 3aKoHY yckopenus a(t) 3a

~t2 ey
npoMeskyToK Bpemenu [t1;t2], T.e Jg alt)de
Ipumep: Touka aBmKeTcs: MO 3akoHy yckopenusi a(t)=t+1l. Haiitm BenmumHy ee
CKOPOCTH 32 POMEKYTOK BpeMenu [2;4] cekyH.

2 2
v(t) = f;(t +1)dt = (@+1)”  (@+1)°

= 3 =8m/c

Pemenne:
3. HaxoxxneHue myTH S 1O 3aKOHY HM3MeHeHHsi ckopoctd V(1) 3a mpomMekyTok

t2
Bpemenn [t1;t2], T.e. 5=[, v(t)dt

IIpumep: HaiiTu  myTh,  KOTOpBIM  @pojenaja  MaTepHaJbHas  TOYKa  3a
IPOMEXYTOK BpeMEHM [2;4], ABUrasch €O CKOPOCTBbIO, KOTOpas HM3MEHSIACHh 110 3aKOHY:
v(t)=2t+2.

4 > -
Pemerme: © — Jo (2t +2)dt = 22 (en. pnunbi)
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Pemrenue 3axanmii:

Nel. BeryuciauTh miomaas KpUBOJIMHEWHOW Tpaneiuy, OrpaHUYeHHON JTUHUSIMU Yy = 4 -
x*uy=0

Pewenue:

1. ITocTpouM KpUBOJIMHENHYIO TPAIIELUIO:

y = 4 - x?- xpafpartuuHas QyHKIMS, rpaduKk — mapaGona, BETBM HANpaBJIEHB BHUS.
y =0 - ock abcIucc.

2. Haiinéwm [a;b]:

4-x? = 0; x% = 4
x=-2mmx=2,T.e.a=-2b=2

3. Haiiném rioniaas KpuBoJIMHEHOM Tpaneuu o Gopmyie: S = F(b) — F(a)

2

S=FQ)-F(Y=(4x~—37)| | =8-83-(-8+&3=16-1653=10 - p o

Ne2,
I[Ipumep. BeruncauTh miomaab KpUBOJIMHEHHOM
Tpaneury OrpaHuYeHHON JUHUAMHU
y=2x+Ly=0%=1%=3

A / ITycts V1 — GyHKIWA KOTOpas HAXOIUTCS HILKE,
y, — QYHKIIA KOTOpas HAXOJAMTHCA BBILIE, H

X <X,

T(J’z = y)dx = i((zx +1) = 0)dx =

X 1

"
@

=j(2x+l)dx = i2xdx+ildx =
1 1 1

2x1+13 3 23 3 53 3
+1xX|=—I+X|=X"|+X|=
: 1 1

/\ t B 1+11 1 21 1

/ : =3 -1)+3-1)=9-1)+2=10

Ne3.

:7

Haumu nnowads KPUBOAUHEUHOU mpaneyuu, 02paHuyeHHoU
epaghuxkom pyrkyuu f(x) =x2 unpameimmu y=0,x=1,x=2.

Ne4,

Y
Hatmu nnowjadb ¢huaypbi, oepaHUYeHHOU JTUHUSMU: 8

y=x3y=0,x=1x=2.

Queypa asngemcs KpusonuHelHod mpaneyueu

=%

B i@ .1
T T == 25 (ks.ea)

Coy
*%
&
I

w3,

e
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Nos,
Havigure mwiomaasb purypsi, orpaHuIeHHOM JIMHUAMU

y=x+3, y=x2-3

S=[(x+3-(x*-3)dx

3

S = j(x—x2+6)dx
=2

IIpakTuyeckas padora Nedl
Tema 5.12: OnpeneneHHbIi HHTETPAT B )KU3HU
esan: HayunThcs UCIONB30BaTh HHTETPAN Il HAX0XKICHUS (PU3NUECKUX BETMUUH

Teopernyeckasi 4acTh:

WuTerpan — 310 MareMaTH4eCKUH OOBEKT, KOTOPBI BO3HMK HMCTOPUYECKHM HA OCHOBE
HOTPEOHOCTH PELICHUs pa3IMYHBIX NPUKIAIHBIX 3a7ad (QU3MKU M TeXHUKH. Te Qusnueckue
BEJIMYMHBI, KOTOpbIE OMNPENENSIOTCS C IMOMOLIBI0 HHTErpajia — KakK IpPaBUIIO, HA3bIBAIOTCS
WUHTETPAIILHBIMHU, @ TE€ BEIUYMHBI, YEPE3 KOTOPBIE BBIPAXKAIOTCS HHTETPAIBHBIE BEITUYHMHBI —
nudepeHIaIbHBIMH.

WHTerpaisl HAlLIM CBOE€ MPUMEHEHUE B aCTPOHOMUU (MHTErpalibl SHEPTUU U IUIOLIa/IeH;
JBUKEHHE 3B€3]1); METUIIMHE (KOMIIbIOTEpHAs TOMOrpadus); 6Moa0ruu (yCTaHaBIUBAIOT IPUPOCT
YUCICHHOCTH TMOMYyJISALUH; Ouomaccy MONYJSIUMA M CPEeIHIO JUIMHY MyTd (Tojera) Mpu
MPOXOKIAEHUN HEKOTOPOro (PUKCUPOBAHHOTO Y4aCTKa).

Ha ceroaHs HEBO3MOXXKHO M3ydeHHE I'eéMOJIMHAMHMKHU — JIBUXKEHUS KPOBH IO cocynam 6e3
NPUMEHEHUs MHTErpajioB. B TeueHue UIMTEIBHOIO BPEMEHM KaTeTepu3alls MpaBbIX OTAEIIOB
cepua sBIsAIach €IMHCTBEHHBIM METOJOM MCCIIEA0BAHNS, I03BOJISIBIIMM OLIEHUBATh COCTOSHUS
IIPaBBIX OT/EJIOB Ccep/ilia U JeroyHoi aprepuu. C MoMoIIbI0 HHTETPAJIOB B MEUIIMHE BHIYUCISIOT
UHTETPAIbHYI0 CKOPOCTb JJIsl LIEJIOT0 cocya (apTepUu MM BEHbI), 3HAs JMHEHHYIO CKOPOCTh
KpPOBOTOKA; TaK K€ pacCUMThIBaeTCs yAapHbId 00beM (00beM KPOBH).

IIpencraBnenHble Bblle (GakThl IEMOHCTPUPYIOT IIUPOKOE MPUMEHEHHE MHTErPAJIOB B
Pa3IUYHBIX HAYYHBIX 00JIACTAX, YTO JOKA3bIBAET HEOTHEMIIEMYIO BaXXHOCTh UHTETPAJIOB B HAIIEH
*u3HU. [IpuMeHeHne onpeneneHHOro HHTerpajga BO MHOTOM OOJeryaeT pelieHrue MpUKIaIHbIX
3aJa4 TeOMETpHUH, GU3UKU U JPYTUX HaAYK.

Peurenue 3agau:

1. 3a4a4a o0 EbIMUCNEHHH MY TH
CormacHo U3MYECKOMY CMEICITY NEPBOA NPOM3BOAHON, NPOM3B0AHAR (DYHKLMK B TOYKE ECTh

ds
MIHOBEHHAA CKOPOCTE TOMKK, T.e. w(f) = 5'(f) = il OTcroaa, ds = viiidi . MHTerpupya nony4YeHHoe
i

pPaBEHCTBO B Npedenax oT ty Ao to nony4Yasm
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t

Ids = Iv(ﬁ)di

H

Torga nyTe, NPOAAEHHLIA TOYKOW MPU HEPABHOMEPHOM ABMAEHWH MO NPAMOA C NepemMeHHOR
CKOPOCTBLIO L(E) 33 OTPE30K BPEMEHM [£,£, |BbIPHAETCA MHTEDANOM

S=l|‘ LDt 1)

Mpumep 1. CKOPOCTE NPAMONUHEAHOMO ABMAEHNA TENA BLIPAKASTCA (DOPMYNOR 1 = 2t+3t3(M/c).
HaiTh nyTb, NPOALEHHBIA TENOM 33 5 CEKYHA OT HAYANA ABMKEHUA.

PeLleHHE.

5 5
S=1( 2643t *ydt=(t* )| =150(m).
1} a

MNpumep 2. [18a TeNa HAYaNKW ABWMraThCA OAHOBPEMEHHO M3 OHOW TOYKM B OHOM HANPABNEHWW NO
npAMoii. MepBoe Teno ABWKETCA CO CKOpPOCThIo v =(612+21) M/C, BTOPOE — CO CKOPOCTLIO V2=(41+5) mic.

Ha Kakom paccToAHWA 4PYT OT ApPYTa OHW OKaXyTCA Yepes 5 C?
2. 3amaya 0 BbIMUCNEHWH PaGoTel NepeMeHHON CHNkI

MycTb MaTepuansHas To4Ka NoJ ASACTEMEM CHNbI F JBMMETCA NO NPAMOA. ECNW JedCTByWAaa cuna
NOCTOAHA, @ NPORAEHHBIA NyTh PABEH S, TO KAK M3BECTHO M3 KypCa W3KKK, paboTa A 3Toi F
BBIMMCNAETCA N0 MODMYTE:

A= F7s

PaboTy NepemMeHHoi cunbl f{X) NpM NepemMeweHi no ook OX MaTepHansHoi TOYKKM 0T X=3a A0 X=b,
HaxoouM no dopMyne (3):

3
A= If(x)dx (2

PellieHHM 33134 HA BbIYMCNEHUE paGoThl CUNbI YNIPYTOCTH, CEA3AHHBIX C PACTAKEHWEM W CHATHEM
MpY#UH, OCHOBLIBAETCA Ha 3akoHe Myka Mo 3akoHy Myka cuna F, pacTAMMBAILIAR UMW CRUMAILLAR
MPYHUHY, MPONOPLUMOHATBHAR 3TOMY DACTIHEHWH UMK CRATHIO, TE. F=kx, Me X — BenW4uHa
DACTAKEHWA UMK CRATAA, K — KoadhWLMEHT NDONOPLUMOHANBHOCTH.

Meumep 1. Cuna ynpyrocTH F NPY#KHLI, PACTAHYTOR Ha 11=0,05m. paBHa 3H. Kakyw paboTy Hago
NPOW3BECTH, 4TOObl PACTRHYTE NPYHMHY HA 12 =0,1 m?

PelueHne. TIOOCTABME OaHHLIE B (DOPMYNY 33K0Ha VKA. nony4nm: 3=k*0.05, Te. k=60, CNeqosaTentHo,
CHMa YNPYrOCTH BhIPEKAETCA COOTHOLIEHWEM F=60x. Haiaem padoTy NepeMEHHOI cHnbl No opmMyne
(2), nonaran, 4to a=0; b=0,1:

0.1 1
A= J60xdx= 3ox2r =031

1]

3. 3agaua o cuiie 1aBJIEHHS] KUIKOCTH

Cormacao 3akony Ilackans BenmmumHa P nmaBieHHS XHIKOCTH HAa TOPH3OHTAIBHYIO
IUIOINAAKY BeIUHCIseTcs o Gopmyne P=gphS, (4)

I'me g — yckopeHue cBOOOTHOTO TAJCHUS B Mm/c?;

P— MIOTHOCTb KHUAKOCTH B KI/MS;

h — riryOrHa morpy>XeHus IIOIIAIKH B M;

S — mIomAIb MIOMIAAKH B M2,
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ITo 3Toii popmyinie Henb3st UCKAaTh JABJICHUE KUIKOCTH Ha BEPTUKAIBHO MOTPYXKEHHYIO
TUTACTHHKY, TaK KaK €e pa3HbIe TOYKH JIeXKAT Ha pa3HbIX ITyOWHAaX.
HYCTL B JXUJAKOCTD IIOI'py’KCHA BEPTUKAJIBHO IJIACTUHA, OrpaHUYCHHAA JIMHUAMU X = a4, X
=b, yl =fl1(x) u y2=f2(x); cucrema KOOpHHAT BHIOpaHa TaK, KaK yKa3aHO Ha PHUCYHKE.
0 v

I\ v2=fa(z)

I

[na pelleHyn 3a0aYd pazodbem NMAcTUHY HA N YacTel (Manbix ropW30HT ANbHbIX NONOCOK) NPAMBIMK,
napannentHbiMA NOBEPXHOCTH #MOKOCTH (T.€. napannenbHeiMK ocH OY). Ha rmyGuHe X BeIOSNWM OOHY

W3 HMX W 0003HEYMM Yepes T(X) e ANWHY, 8 YEPE3 Ax €€ LWWPHHY. MNPHHAB NONOCKY 33 NPAMOYTONbHMUE,
Haxo[uM ee nnowans & = fx) Ax.

P=gaf(x) ba x
Haingem auddepeHunan dp 3Tol gyHKLMK.
dp = gof (x) xdx

Toraa no 3akoHy MNackanA MHTEMPUPYA NoNy4YeHHOE PABEHCTBO B Npeasnax oT X = a A0 X = b, nony4um

A
P=QIPXf (x)dx (3)
Mpumep

AKBAPUYM UMeeT chopMy NPAMOYIONEHOM Napannenenunena. Hamgem cuny AaeneHusa soasl
(MnoTHOCTE BOgb! 1000 Kr.f'm3j|. HaNONMHALWER aKBEAPKUYM, Ha OOHY M3 Er0 BEPTHKANEHLIX CTEHOK,
pasmepsl koTopor 0,4 m X 0.7 M.

PelleHwe. Brifepenm CUCTEMY KOOPAWHAT TaK, 4ToObl oM Oy M OX COOTEETCTEEHHO COOE[MHANU
BEpXHee OCHOBAHWE W DOKOBYI0 CTOPOHY BEPTHMKANLHON CTEHKW AKEaPMyMA. [NA HAXOHOEHWA CUILI
OABMNeHUA BOALI HA CTEHKY BOCNONL3yeMCA opmynoi (3). CTeHKa uMeeT hopMy NPAMOYTONbHWES,
noatomy fi{x=0 7= =x<[0,0.4] TaK KaK npeagenbl MHTErpUpoBaHKA a=0 1 b=0,4, TO Nony4Mm:

0.4 2.4
P=g Jlﬂﬂﬂ*ﬂ,?*xd}:= 700 %rﬂ =56g ~ S49H

IIpakTnueckas padora Ne42
Tema 5.12: OnpeneneHHbII HHTETPAT B )KU3HU
Iesan: HayunThcst HCIOIB30BaTh HHTETPAN I HAXOKJCHUS 00BEMOB
Teoperuyeckast 4acTh:
[ToMuMO HaXOKAECHUA IUIOIIAAM IIOCKOH (UIYypBI ¢ NOMOIUBLIO ONPEAEIEHHOIO
HHTerpaja Ba)XHEHIINM NPUIIOKEHUEM TEMBI SBIISETCS BbIYUC/IeHHe 00beMa Tesla BpAllleHHs .
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O0beM Tena BpalieHHs: BBIYHCIISIETCS 110
OJIHOH H3 (hopmyr:

< ’
0

V= :I'[[j'(r‘)]-dr
i a , €CJIM BpallCHHE

KPUBOJIMHEHHON Tpareuxyd BOKpyr oca OX.
2. V=7t ecny ppamenue

KPUBOJMHEHHOH Tpaneunn BOKpyr ocu OY.

Pemienue 3aganuii:
IMpumep 1. Haiitu 06béM Tena, 06pa3oBaHHOrO BpalieHHeM BOKpyr ocu abcimcce (OX)

4
burypsl, orpaHu4eHHON rurnepooIoit X, ocbro abcupce U npsimpivp =1 k=4
Y A
|
l
l 8
} x
i i
| |
n
|
E
|l
|
|
4
. o ()=
Pemenue. O0bEM Tena Bpamenus Haiaém mo ¢opmyne (1), B KoTopoi X, a

npeaensl uHTerpupoBanus a =1, b =4. [Ipumensem Ta0au4HbIii uHTerpaid. I[locTOSHHBIH
MHOXUTENb 4*=16 BbIHOCUM 32 3HaK uHTerpana. [lonydaem:

4 2 4 4
v= nj(i] dx = lﬁfrfd—f= 16;??(—1]
1h A 14

X

1
=12 xyb.eg.

IIpumep 2. Haiitn 06béMm mapa paguyca R.
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Pemenue. PaccMoTpuM 1ap kak Temo, moirydarnieecs mpy BpalieHuHd BOKPYT OCH abcIuce
noyrykpyra paauyca R ¢ ieatpoM B Hayane koopauHat. Torna B hopmyde (1) moasiHTETpanbHas

1_ p2_ 2

yHKIMs 3anmmercs B Bume ¥ =& -x , a IpeaenamMu uHTerpupoBanus ciyxar -Ru R. B
BBIUUCIIEHUSAX paauyc R cunTaercs KOHCTaHTOM (BMECTO HEro MOXKHO IOJICTaBUTh JH000€
3HaYeHHE JUIS apa ¢ JI00bIM pagunycoMm). [Ipumensiem Tadau4uHbli uHTerpaj . CienoBarenbHo,

T 2 2 2. X .
vz:rT_I-(R -x ).:x‘xz;rr(ﬂ x—?J

] -R

= i;?'rf{'E_
3

Ipumep 3. Haiitn 066EM Tena, 00pa3oBaHHOrO BpalieHneM BOKpyr ocu abciucc (OX)

_=2_ _ .2
uTYpBI, 3aKITIOUEHHOI Mex Ty mapabonamu ¥ 3-x py=x+l

Yic

; F RS SRt

Pemenue. IlpencraBuM HCKOMBIM 00BEM Kak pa3HOCTh OOBEMOB TeJd, MOJYYEHHBIX
BpalleHueM BOKPYT ocu abcuuce kpuBosmmHeHHbIX Tparnenuid ABCDE u ABFDE. O0bEMbI 3THX

e o _xlz —]_ _xg =]_
Ten Haiiném mo ¢opmyne (1). B Hell mpenenbl MHTErpHUpOBaHHS DPABHBI u -

abcuuccaMm touek B u D nepeceuenus napa®os. T TOUKM U UX aOCIMCCHI BUJIHBI Ha TpadukKe.
ToyHo Takxke - Ha rpaduke - MOXKHO OIpPENeIUTh KOOPAWHATHI TOYEK NepeceueHus JIUHUN U3
BalMX 3a1a4. TOJBKO /Ui 3TOT0 HYKHO HOCTPOUTh rpaduk. Tenepp MoxkeM HalTH 00bEM Tea,

IpUMEHS BCE TOT )K€ TaOIMYHBIN UHTEerpan 7:
1

v = J'T:II-I[:B— :J'.’E:I2 cfx—:?TI IZ:J:2 +1)2 dx =

=ﬁ_]1[(3_ff_(f+1ﬂdx=
=ﬂi(3—8x3)dx=3;:r x—é g

32
= ??TKE.FE.E,I[.

IIpumep 4. Beruucnute 00bEM TOpa (TOpOM Ha3bIBa€TCsA TEJO, MOdydYarolieecs Mpu
BpaIlleHNH Kpyra pajuyca 8 BOKpYT OCH, JIeXkKallel B €ro MIOCKOCTH Ha PacCTOSTHUU D OT meHTpa

Kpyra (’5 £ @) opMy Topa HMEeT, HapuMep, GapaHKa).

163



T

n

Q
m.____________
x

Pemenue. Ilycte kxpyr Bpamaercss Bokpyr ocu OX (puc. 20). O0bEM TOpa MOXKHO
NPE/ICTaBUTh KaK PA3HOCTH OOBEMOB TeN, IOJYYEHHBIX OT BpALICHUS KPHUBOJIMHEWHBIX
tpamnenuiit ABCDE u ABLDE Bokpyr ocu OX.

VYpasuenue okpyxHoctu LBCD umeet Bua

4 (y-b)F =g,
npuuéM ypaBHeHue kpusoid BCD

y=y1(x]=f:'+~.,|l'az -

a ypaBHeHHe kpuBoi BLD
y=y@=b-a -2

Hcnonp3ys pa3HOCTh OOBEMOB Tell, TOJy4aeM ii oO0bEMa TOpa V BBIpOKEHHE W
BBIUHCIISIEM I/IHTeraJI'

2 2] e = 22 O - -
0

E;E 0t — 1 2—(&—@)1&:
s |77

i

* dx=2mah.

IMpumep 5. Haiitn 00bEM Tea, 00pa3oBaHHOrO BpaiieHHeM BOKpyr ocu opauHat (OY)
2
=9 _ y=>3x
u :

HTYpBI, OrpaHIYEHHO THHUAME
¥
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Pemenue. IlpencraBuM HMCKOMBIM 00BEM Kak pa3HOCTh OOBEMOB TeJd, MOJYYCHHBIX
BpallieHUEM BOKPYr ocu opauHaT TpeyroiabHuka OBA u kpuBonmHeiHoUW Tpaneruun OnBA.

w=0_y=3
[IpenenamMu WHTETPUPOBAHUS CIIYKAT u - opauHatel Touek O u B mepeceuenus
11apaboJIbl ¥ IPSIMOK, YTO BUHO HA rpaduKe K 3ToMy nmpumepy. Takum o0pa3zom, rojydaeM 00bEM

TCJ1a.
3}?2 3‘};:;2
== | dv—mr]|| — | dv=
oo (3] aeef(5 ] 0

] ]

3 3
= gffdy— Z [ ytay=
I

311
3 3
T T 2
=—y'| ———3y"| =Zmryb.en
277 |, 40s” |, T

IIpakTnueckas padora Ne43
Tema 5.13: KonrtponwpHas pabotra mo pasgeny 5 «lIpousBogHas u mepBooOpasHas
byHKIUN
Heas: [IpoBeputh ypoBEHb YCBOEHHUS JAHHOTO MaTepuaia 1o pasaeny S5 «[IpousBogHas u
nepBooOpasHas (PyHKIUN

Ilpu pewenuu 3adanuit 1-4 3anuwiume npasuUNbHLIL OMEEmM U3 Uemblpex
npeo10HCceHHbIX.
1. (1 6amn) Yemy paBHa npousBoaHas GyHKIHH y=2X17?
A)y'=5x;B)y'=6x;B)y=6;T) y=6x%
2. (1 6ann) Ilo xakoit U3 GopMyJ1 BEIYUCISAETCS IPOU3BOAHASI YACTHOTO?
uv—uv

A) (utv)=u'+v'; B) (uv) =u'vtuy’; B) (3) = 25 D)(f(g(x)) = (8(x))*g (%).
3. (1 6amn) Pemmre ypaBHerwue f'(x)=0, ecmu f(x)=3x? — 6x +4. Bribepute oTBeT.
A)1;b)-1;B)4;T) -4.

4. (1 6ann) O6muit B Becex nepBoooOpa3Hbix 1 f(x)=sinx?

A) F(x)=cosx+C; b) F(x)=-cosx+C; B) F(x)=tgx+C; I') F(x)=-tgx+C.

Ilpu e¢vinonnenuu 3ad0anuii 5-8 3anuwiume x00 pewieHus U NOJIYUEHHbLIL Omeent.

o 1
5. (2 6ayna) MarepuasbHast TOYKA IBHIKETCSI IPSIMOJIMHEWHO MO 3aKoHY X (t) = 2 t?+t—

10 (rme x — paccTosiHHE OT TOYKM OTCYeTa B MeTpax, t — BpeMs B CEKYHIaX, U3MEPEHHOE C
Hauasa JABIKeHHs ). B kakoil MOMEHT BpeMeHH (B CEKYH/1axX) ee CKOPOCTh Obljla paBHa 5 M/c.

6. (2 6anna) Ha pucynke u3zo0Opaxén rpapuk ynkuuu y = f(x) u kacareiapHas K HEMY B
TOuKe ¢ abcuuccoit Xo. Haliure 3Hauenue nponsBoaHoil GpyHkiuu f(x) B Touke Xo.

YA y

/
3 {/-
1/
o )4 N
-5 [ [oln /3 [
/A
|
A= -
7
i
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7. (2 6amnma) Ha pucynke mzoOpaxen rpapux ¢(ynxmum y=f(x), ompenenéHHoil Ha
untepBaie (—3; 11). Halinure nHanmenpinee 3HaueHune GpyHkiuu f(x)Ha orpeske [2; 9,5].
v

A v=f(x)

11

AN / \
AV ]

T T CT e A
8. (2 6ama) Ha pucynke m3obOpaxkeH rpaduk HekoTopod (pynkiuu y=f(X) (nBa nyda c
oOrrelt HayampHOU TOUKOM). [lonb3ysice pucynkom, Beraucaute F(8) — F(6), rae F(X) — oana u3
nepBooOpa3ubIX GyHKIHK f(X).
T | S

—1
o] 1

i J

| 7 8

Smanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aJaHuA
OTtBeT r B A b 8 1,25 -3 12

IIpakTnuyeckas padora Ned44

Tema 6.1: CoObiTHE, BEpOATHOCTH COOBITHS. ClI0)KEHHE U YMHOXKEHHE BEPOSATHOCTEH.
ean: HayunThcs pemaTh npocTeifime 3a1aun Ha BEpOSTHOCTb.

Teopernyeckas 4acTb:

OCHOBHBIE CBE/ICHUS O CJI0KEHUU U YMHOKEHUHU BEPOSTHOCTEN

Omnpenenenne 1

Teopusa BeposTHOCTEM — paszzen MaTeMaTH4eCKOM HAyKHM, W3Yy4arollui Ciy4ailHble
COOBITHS U BEIMYUHBI, UX CBOICTBA, a TAKXKe ONepaluu, KOTOPbIe MOXHO COBEPIIUTH C HUMHU.

Teoputo BeposiTHOCTEN M3ydalOT Ha ypokax aiareopsl B 9 kiacce.

JlJ1 4ero Hy>KHO 3HaTh TEOPHUIO BEPOSTHOCTEN

ba3sl Teopun BeposiTHOCTEN HEOOXOIMMO 3HATH KaKJOMY U1 TOTO, YTOOBI CPOPMUPOBATH
IIPAaBWJIBHOE MHUPOBO33pEHHE, [UIsl MOHMMAHUSA TOrO, YTO JIOAW JKUBYT B BEPOSTHOCTHOM,
CIIy4ailHOM MHpE, B KOTOPOM IPOMCXOJAT CaMble CllydailHble COOBITHSA, a 3aKOHOMEPHOCTH
IIPOSIBIIAIOTCA YEPE3 THICSUU CIIY4alHOCTEM.

Uem cnoxHee cucTeMa, TEM HAMHOIO TpyJHEE HAWTH 3aKOHOMEPHOCTH. B JaHHBIX
CIIy4asiX MOJIb3YIOTCSI BEPOATHOCTHBIMU METOAUKAaMU. Tak Moiy4aercs, 4To TEOPUS BEPOATHOCTU
KpaifHe aKTyallbHa B COBPEMEHHOM MHpE KaK B TOYHBIX HayKax, MaTeMaTHKe, TaK U B OOBIYHOMN
YKU3HU.

Uro n3yyaer Teopusi BEpOATHOCTEN

Teopuss BeposITHOCTEH 3aHMMAeTCs H3yYeHHEM OOBEKTHBHBIX 3aKOHOMEPHOCTEH
ciydaiiHbIX coObITHH. CunTaercss OCHOBHOM TEOpUH JJIsl CTATHCTUKU B MaTeMaTHUKe, KOTopas
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3aHHMaeTcs pa3pabOTKOM MeTOAMK cOopa, OOpabOTKM W ONHMCAaHUS WTOrOB HaOIIOJCHU.
[TocpencTBoM HaOMOACHUN (HApUMeEp, SKCIEPUMEHTOB, HUCIIBITAHUN) COBEpIIIACTCS MO3HAHUE
IPOIIECCOB PEaTbHOTO MUPA.

ba3oBpIMU 00BEKTAMU TEOPUN BEPOSTHOCTEN SABISAIOTCS CIydaliHble BEJIMYMHBI, COOBITHS,
MPOIIECCHI, TO €CTh MPAKTUYECKU BECh MUP BOKPYT YEIIOBEKa.

Onpenesienne 2

CoObiTHE — mpolecc, KOTOPBIA MOXKET KaK MPOU30WUTH, TaK M HET B CIIy4ae BBIOJIHEHUS
KOHKPETHOI'O PsJia YCIOBHM, WK )K€ B IPOLIECCE ITPOBEACHUS IKCIIEPUMEHTOB.

CoObiTHsi OBIBAIOT HEBO3MOXKHBIE M JOCTOBepHble. Eciam B mporecce Kaxaoro
9KCHEPUMEHTA IPOUCXOAUT KaKOe-TO COOBITHE, TO TAKOE COOBITHE Ha3bIBAIOT JOCTOBEPHBIM. Eciu
B IIPOIECCe KAXKIO0TO IKCIIEPUMEHTA KaKOe-TO COOBITHE B MPUHIIMIIE HE MOXET COBEPIIUTHCS, TO
Takoe COOBITHE HA3bIBAIOT HEBO3MOKHBIM. Eciu coOblTHe HE sBISETCS HU JIOCTOBEPHBIM, HU
HEBO3MOXKHBIM, TO TAKOE COOBITHE HA3bIBAIOT CITy4aifHBIM.

Bo MHorux cdepax AesTeabHOCTH YeI0BEKa MOSABISAIOTCS CUTYalMM, KOTAa KOHKPETHBIE
SIBJICHUS CIIOCOOHBI MOBTOPATHCS OSCKOHEYHOE YHCIIO pa3 MpH OJUHAKOBBIX YCIOBHsX. [lpu
aHajM3e TAaKUX MPOCTHIX SIBJICHUH, KaK, HalpuMep, 1oa0packlBaHUE MOHETKH, BBIOPOC KapThl,
UTPAILHOW KOCTH, YEJIOBEK MOMKET 3aMETHTH JIBE OCOOCHHOCTH, KOTOpPbIE MPUCYIIH JTaHHBIM
JKCHEPUMEHTaM.

1. He npencraBisieTcst BEpOSTHBIM TPEACKa3bIBATh Pe3ysibTaTa OyAyIIero Uccie 0BaHus
[0 pe3ynbTaTaM IMpPeIblIyLIINX 3KCIEPUMEHTOB, Kakoe Obl YHMCIO HCCIEI0BaHUM HEe ObLIO Obl
MIPOBEJICHO.

2. OTHOCcHUTEeIbHAs YacTOTAa KOHKPETHBIX pPE3ylbTaTOB IO MEpe TOro, Kak pacreT
KOJIMYECTBO IMOTBITOK, CTAOMIN3UPYETCS, MEJUICHHO MPHOIMKAsICh K KOHKPETHOMY IIpEIETY.

Camoe BaXXHO€ IIOHSATHE B TEOPUU BEPOSATHOCTH — BEPOSTHOCTh. [laHHOE CIIOBO,
CHHOHMMOM KOTOPOMY CITY)KHUT CJIOBO «IIIAHC», YAaCTO MCIOJIB3YIOT B XKHU3HHU. Kaxkapiii BcTpeyan
¢dpa3br Tuna: «CeroaHs, BEpOSATHO, MOHAET AOXKIbY», «BEposiTHEE Bcero, (GpyrOONbHBIA MaTy
3aKOHYHTCS BHUYBIO» W T. 1. JlaHHBIe (pa3el Ha ypOBHE HMHTYHMIIMU OIICHWBAIOT IPOICHT
BEPOSITHOCTH TOr0, OyJeT JIM KOHKPETHOE COOBITHE MM HeT. MaremMaThyeckhe BEepOSTHOCTH
NPUJAOT YUCIOBYIO OIIEHKY TOMY, YTO MOXKET IIPOU30UTH.

Teopuss BEpOSATHOCTH JOJKHA YUUTBHIBATBCSI B OCHOBE KaKIOM UeIOBEYECKOM
NesITeTbHOCTH. V3-32 OIIEHOK ITAHCOB TEX WJIM WHBIX HETOIA0K (HapuMep, MOPCKOTO KOpadis),
YeJOBEK Y3HAET, YTO MOXKET OXMJAaTh €ro B ThICSYaX MWIb OT CyIIM. BO3MOXXHOCTH BOWHBI,
HYKOHOMHYECKOTO KpHW3HCa, MaJeHHUs Kypca BaJIOT — BCE MOXKHO BBIYHCIUTH B IPOICHTHOM
COOTHOIIEHUH. VI cCOBEepIINTh MPAaBUIbHBIE KOHTPAECHCTBUS, UCXOS U3 JAaHHBIX aHAJIHM3a.

Teoputo BeposTHOCTEH BO3MOXKHO TPUMEHATH BO BCeX cdepax UeIOBEUECKOM
JesTeNIbHOCTH. UenoBeK pa3yMHbII 0053aH CTPEMUTHCS K TOMY, YTOOBI MBICIUTh MOCPEACTBOM
3aKOHOB BEPOSITHOCTEH, 4TO SBJIETCSA OAHOM M3 YacTed ycmexa. Eciim yduThIBaTh BCE 3aKOHBI
BEPOATHOCTEH, YUUTHIBaTh HEOIAroNpUATHBIE BEPOSITHOCTH M TPEANpPUHUMATh HY)KHbBIE
KOHTPAEUCTBHSI, TO BO3MOKHO YIPOCTUTH COOCTBEHHYIO XKH3Hb, @ TAK)KE COKOHOMUTH BPEMEHHbBIE
peCypChI.

Bunsl coObITHI 1 IpUMEpHI

Kak yxe Obl10 cka3aHo BbIIIIE, CYIIECTBYET TPU BHJ1a COOBITHMA:

1. locToBepHBIE.

2. HeBO3MOJXXHEIE.

3. Cayuaiinsle.

Onpenesienne 3

JlocToBepHOE cOOBITHE — COOBITHE, KOTOPOE JOJDKHO TOYHO MPOU30MTH MPU peaTn3auu
KOHKPETHOW COBOKYMHOCTH ycioBui S. [IpuMepom HT0CTOBEPHOTO COOBITHS MOXKET CIIYKHUTh:
coObiTHE A — «BOAA pacmojaraercs B COCy/A€ B JKHAKOM cOCTOSSHUM». OHO sBiseTcCs
JIOCTOBEPHBIM, IIPH YCIIOBUH, YTO HAXOAUTCS IPU HOPMAIBLHOM aTMOC(HEPHOM JIaBJICHHUH, a TAK)KE
temneparype Boie 0 °C.
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Omnpenenenue 4

HeBo3moxxHOE CcOOBITHE — COOBITHE, KOTOPOE€ TOYHO HE NPOM30MIeT (3apaHee 3TO
U3BECTHO), €CJIM OyIyT peaan30BaHbl KOHKPETHBIE yCI0BUs. [IpuMepoM HEBO3MOKHOTO COOBITHS
MOKET OBbITh: COOBITHE A — «BOJla PACIOJIOKEHAa B COCyl€ B TBEPIOM COCTOSIHUUY» OyneT
HEBO3MOXKHBIM, €CITH OHa OyJeT HaXOIUTHCS TPU HOPMAILHOM aTMOC(hEepHOM JIaBJICHUH, a TAKKE
temnepatype +20 °C.

Omnpenenenue 5

CrnydaifHoe cOOBITHE — COOBITHE, KOTOPOE B MPOIECCE PeaIu3allii YCIOBHH S, MOXKET
1100 He mpOoM30UTH, T100 mpousoiitu. Ilpumepom ciaydaiiHOro cOOBITHSI MOXKET OBITH MOHETA,
KoTopyto OpocaroT. CobbiTHEe A — «B TIporiecce OpocaHus BbInai repd» OyaeT cirydaiHbIM.

Pelnenne 3axanui:
3agava 1.

B notepee w3 1000 GUNETOB MMeTCA 200 BbIMIPRILWHEIX. BRIHMMAKT HaYran oduH GWMNeT. Hewumy pasHa
BEPORTHOCTE TOMD, YTO 3TOT OUNET BbIMIPLILIHBIA?

PeweHune: CoOblTHE A-OMMET BbIMMbLILWHLIA. OOLLEe YUCNO Pa3nUYHbIX MCXOO0B eCcTh N=1000

“YWMCNO WCXo40B, GnaronpUATCTEYIOWMX NONYYEHUKD BLIMIPLIWE, cocTasnAeT m=200. CornacHo

. m . oo
topmyne P{A)=_. nony4um P(A)= [,op == 0.2

Sapaya 2.
13 yPHEI, B KOTOPOW HAXOAATCA 5 Genbix U 3 YepHbLIX Wapa, BEIHUMAT OOWH LWAP. HAATH BEPOATHOCT
TOTD, YTO LUAP OKSKETCH YEPHBIM.
PeweHue: ColbiTHE A-NOABNEHWE YepHOro Wapa. Ofles YUCNo cny4ass n=5+3=38
Yucno chyyYass m, SNaronpUATCTEYIOWMY NOABNEHHWI CODLITMA A, PRBHO 3

IIpakTnyeckas padora NedS

Tema 6.1: CoGbiTHE, BepOATHOCTH COObITHA. CII0)KEHUE U YMHOKEHHE BEPOSTHOCTEH.
Hean: Hayunthes pemaTs 3a/1a4u Ha CIOKEHUE U YMHOKEHUE BEPOSITHOCTEM.

Teopernyeckas 4acThb:
@opMyIIbl CIOKEHUS U YMHOXEHHSI BEPOSITHOCTEH

Q “nojixoasine® cobeITHA m

Pa.BHOHeI)O}I']'I'I bl O (:r”_ COG[)"I‘Hﬁ) P —

coBLITHA @ @ J\ T
Beero roamokno N uexo1on

Cynma

HCCOBMCCTILIX A wm B P(A) —|— P(B)

coDBITHIT

[Tpoussencuue
COBMECTHBIX
cobbITHi

Au B P(A) - P(B)

Cynna
COBMECTHDIX

(1 He3aBHCHMBIX)

P(A)+ P(B)— P(Au B) =
A wm B P(A)+ P(B) — P(A) - P(B)

COOBITHIT
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Pemrenue 3axanuii:

3agaua 1

B simuke Haxomutcs 26 TOTEPEHHBIX OWUIIETOB, U3 HUX 3 OyayT ¢ BeHTpbIeM. HyxHO
HaWTHU:

—BEPOSATHOCTH TOTO, YTO y MEPBOTO OMiIeTa OYJET BHIMTPHIIIL

—BEPOSATHOCTb TOTO, YTO Y BTOpOro Oujera OyAeT BBIUIPHIII (C YCIOBHEM TOTO, YTO
TIEPBBIN OWIIET yKEe HE HAXOTUTCS B SIIIIUKE);

—BEPOSITHOCTh TOTO, UYTO 00a OujIeTa, KOTOphIe OEpPyT MOAPS, OYIyT BHIUTPHIIIHEIC.
Pewenwe:

. . . 3
H’}J'}KHD HaWUTW BEPOATHOCTE TOTQ, 4TO NepPBbIK buner BbIMIPbILUHbBIM: PA)= % =0,115.

Hy»HO HanTW BEPOATHOCTb TOTO, YTO BTOPOMW OUNET BbIMIPbILIHBIA G YCNOBUEM, YTO

. 2
NnepBblt OMNET HE HAXOOMTCA YXe B AluKe: Pa(B)= o5 =0,08.
Hy>HO HaTK BEpPOATHOCTL TOrO, YTO [BA B3aTbiX noapan buneta OynyT BbIMMPBLILHBIMA, TO
eCTb BEpPOSTHOCTb 0DLIEN peanvsauuu ABYX 3aBUCUMbIX COObITUI, KOTOPas ecTb
Npou3BefeHne BEPOATHOCTH NEPBOro cobbiTUA, a TAKXKe YCNOBHOM BERPOATHOCTU BTOPOro
3 2
cobbiTua: PA__B)=PA)xPalB)= 26 %95 = 0,115 0,08 =0,0092.
OTBeT: BEPOSTHOCTb TOTO, 4TO [1BA B3ATbIX NOAPSA[ OMNeTa OKaXyTCA BblMIPblLHbIMKM —
0,0092.
3amauva 2
CynepmapkeT Moay4dns MOCTAaBKY B SIIIMKAX C YETHIPEX PA3HBIX ONTOBBIX CKJIAJIOB: UETHIPE
SAIHUKa HOJIy‘II/IJII/I C HepBOFO CKJIazaa, Is1Th AIIUKOB HOJIy‘II/IJII/I CcO BTOpOFO, CECMb SIIUKOB HOJIyLII/IJII/I
C TPETHETO0, YEThIPE MOMYUMIIH C YeTBepToro ckiaaa. CiaydyailHeIM 00pa3oM BbIOpaliu SIIMK IS
TOTO, 4TOOBI TTPOIaTh. KakoBa BEpOSATHOCTH TOTO, YTO ATO SIIUK C TPETHETO WM TIEPBOTO CKiIaaa?
PeweHnwe:

Bcero auwumkos nony4unu: 4+5+7+4=20 auwukos. B 3101 3a0a4e MOXHO MCNONb30BaTH
DbICTpbI MeToR odhopMNeHUa cobblThin bea pacnUcbiBaHUA NaTUHCKUMK DyKBaMu.

4
CornacHo Kaccu4eckoMy onpeneneHuio: p,= 0 =0,2. 3TO BEpPOATHOIO NPOAaXW AUIMKE C

nepeoro cknaga.

7
=0,35— BEPOATHOCTb NPpOoAaxu AlllMKa ¢ TpeThero cknana.

szﬁ

CornacHo TeopeMe CNOXEHNA HECOBMECTUMbIX cobbITUiA, Gy,EI,ET p=py+p;=0,2+0,35=0,55.
3710 BEPOATHOCTbL Npodax AlKWKa C Nepsoro MNKU TpeTbelro CKnafa.

OTBeT: BEpOATHOCTb TOrQ, YTO BbIDPaHHbIA ANA NPOAAXM ALLMK OKAXETCH ¢ nepsoro nubo
TpeTkero cknaga — 0,95,

IIpakTnyeckas padora Ne46
Tema 6.2: BeposaTHocTh B mpodecCHOHATBHBIX 331a9ax
Iesan: HayuuThcs pemaTh NpakTHUECKUE 3a/1a4l Ha BEPOSTHOCTh

Teopernyeckas 4acThb:

1. Teopusi BeposiTHOCTeill — pa3fesl MAaTeMAaTHKU, W3y4alOUWA CIydallHbIe COOBITHSA,
Cilly4yaliHble BEJIMYMHBI, UX CBOMCTBA U OIEpaluy HaJ HUMU. PaccCMOTpUM HEKOTOpHIE KIIFOUEBbBIE
MOHSTHSI, KOTOPBIE UCIIOJIb3YIOTCS B TEOPUU BEPOSTHOCTEH.
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Omnpenesienne.

HcnbiTaHMEM Ha3bIBACTCS OCYIIECTBICHUE ONPEICICHHBIX TEUCTBUM.

[Tox coObITHEM TOHUMAIOT JTHOO00H (aKT, KOTOPHIM MOXKET MPOU30UTH B PE3yibTare
UCIIBITaHUSI.

JIr000i1 pe3yapTaT UCTIBITAHUS HA3bIBAETCS MCXOA0M.

JlocToBepHBIM HA3BIBAIOT COOBITHE, KOTOPOE B pe3yJbTaTe HUCIBITAaHUS 00S3aTeIbHO
MPOU30M/IET.

HeBo03MO0KHBIM Ha3bIBAIOT COOBITHE, KOTOPOE 3aBEAOMO He MPOM30iAET B pe3ysbTare
UCIIBITaHUSI.

CoOpITHs1 006IYHO 0003HAYAIOTCS 3arIaBHBIMU OyKBamu jaTuHCKOro andasuta (A, B, C,
D,...).

PaccmaTtpuBasi mpuBENEHHBIH TNpUMEpP, Mbl MOXeM C(hOPMYIUPOBATh CIEAYIOIINE
3aKJIFOYEHUS.

1. IIpouecc nocraBanus npeaMera U3 KOPOOKHU SBISETCS UCIIBITAHUEM.

2. Pesynbrar nocraBaHus mpeaMeTa u3 KOP3UHBI SBISICTCS COOBITHEM.

3. CoObITHE «BBIHYTHIN MPEIMET OKAKETCS KITYOKOMY SIBIISIETCS JOCTOBEPHBIM COOBITHEM.

4. CoObITHS «BBIHYTBIH TIPEIMET HE OKAXETCS KIyOKOM» WU «BBIHYTHIH IMpEaMeT
OKa)XeTCS KPACHBIM KITyOKOM) SIBJISIFOTCSI HEBO3MOXHBIMU COOBITHSIMH.

5. CoObITHE «BBIHYTHIA MPEAMET OKAXKETCS 3€JCHBIM KIIYOKOM» SIBIISICTCS BEPOSITHBIM
COOBITHEM.

A = {BBIHYTBII peAMET OKa3aJcs KIyOKOM}.

B = {BBIHYTBIIl IpeIMET HE OKa3aJICs KIyOKOM.

C = {BBIHYTBI! TIPEMET OKA3QJICS 3€TICHBIM KITyOKOM } .

D = {BbIHYTBHII NpeAMET OKa3aJCs KPACHBIM KIYyOKOM }.

2. OnpenenuM erie HeCKOJIbKO BAXKHBIX MMOHSATHI TEOPUU BEPOSTHOCTEH

Onpenesienne

IIpocTpaHcTBO IjIEMEHTAPHBIX COOBITHI {2— MHOMXECTBO BCEX Pa3IMYHBIX MCXOJ0B
MIPOU3BOJIBHOTO UCIIBITAHMUSL.

Hamnpumep, npu 6pocke oHOM UTpabHOM KOCTH TPOCTPAHCTBO AJIIEMEHTAPHBIX COOBITHI
Q= {w 1, W2, W3, W4, Ws, Ws}, TJIC Wi- BBITIQJICHHE 1 OYKOB.

Ecnu coObITHSI He MOTYT MPOU3OWUTH OJTHOBPEMEHHO B OJHOM HCIIBITAHWUHU, TO COOBITHS
Ha3bIBAIOTCSI HECOBMECTHBIMU.

Hamnpumep, mpu 6pocannu MOHETHI HE MOTYT OJTHOBPEMEHHO BhINAcTh «Opénm» u «Perkay.

[Ipocreitmmm IPUMEPOM HECOBMECTHBIX COOBITUI SIBJISIETCS
napa NpoOTHUBOMOJIOKHBIX COOBITHA.

IIpoTuBONO/IOKHOE COOBITHE TPOUCXOOUT  TOTJA, KOTJAa HUCXOAHOE  COOBbITHE
A He IIPOUCXOIUT.

Co0pbITHE, MPOTHBOIIOIOKHOE JAHHOMY, OOBIYHO 0003HAUAETCS TOM K€ TATHHCKOM OYKBOI
¢ 4EPTOUKOM CBEPXY.

Hanpumep:

e A — cI1aJ1 5K3aMeH 10 MAaTEMATHKE;

e A — He clan DK3aMeH 10 MaTEMAaTHKE.

Onpenesienne.

IMosHo¥ rpynmoi coObITHII Ha3bIBaeTCS Takas CHCTeMa COOBITHH, YTO B pe3ysbTare
WCIIBITAaHUSI HEMTPEMEHHO MPOU30MET OJTHO M TOJIBKO OJTHO U3 HUX.

IIpumep .

MoneTty moaOpocHiIn ABAXKABL. YKAXKUTE BCE dJIEMEHTAPHBIC COOBITHS TIOTHOM TPYIIIIHI
COOBITHIA.

DneMEeHTapHBIMH COOBITHSIMU SIBIISTFOTCSI:

- Brinano aBa «opna»

- Beimano nBe «pemkm»

- Beinas oAuH «Open» U 0JIHA «PELIKay.
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3. UT0oObI BBISICHUTH, HACKOJIBKO BEPOSITHO TO WM WHOE CIydailHOE COOBITHE, HYXKHO
MOJICYUTATh, KAK YACTO OHO IIPOUCXOAMUT.

Omnpenesienue.

Ywuciio uCbITaHUM, B KOTOPBIX COOBITHE HACTYNUIIO, HA30BEM a0COJIIOTHOM 4acTOTOH U
00603HaunM n. OO1IIee YHUCII0 MPOU3BEICHHBIX UCTIBITAHUH 0003HauuM N.

OtHomieHre  aOCONIOTHOM  YacTOTBI K  4YMCAy  HCHObITaHUA /N Ha3pIBaeTcs
OTHOCHTEJIbHOMH YaCTOTOM COOBITHS.

OtHocuTenbHAsE 4YacTOTa TIOKa3blBaeT, Kakas JIoJid HUCIBITAHUNA  3aBEepIIMIIACH
HACTYIUICHHEM JIaHHOTO COOBITHS. DTa OTHOCUTEJIbHAS 4acTOTa U ONPECISICT BEPOATHOCTH
ciay4daiiHoro co0bITus. Ee erie Ha3bIBalOT CTATUCTUYECKOM BEPOSITHOCTHIO COOBITHS.

Cratuctudeckasi BEpOSITHOCTh COOBITHS PACCUUTHIBACTCS OTBITHBIM ITyTEM.

IMpumep.

Eme co Bpemen [lpeBHero Kuras 3a 2238 ner no Hamieil 3psl HA OCHOBAaHUM METPUK
nemMorpadsl 0OHAPYKUIIH, UTO Ha KaXKAYIO ThICSYY HOBOPOKIEHHBIX MPUXOAUTCS 514 ManbunKOB.

DT10 03HavaeT, uTo BeposaTHocTh poxeHns Manbuuka coctasisiet 0,514.

1. Knaccuueckoe ompeaeneHue BepOATHOCTH MPHUMEHSIETCS Ui PABHOBO3MOKHBIX
cOOBITHIA.

K paBHOBO3MOKHBIM (PaBHOBEPOSITHOCTHBIM) OTHOCATCS TaKUE COOBITHS, AJSI KOTOPBIX
HET HUKAKUX OOBEKTHUBHBIX OCHOBAaHUUN CUMUTATh, YTO OJHO SBJISIETCS 00Jie€ BO3ZMOXHBIM, YEM
IpyTHe.

Hanpuwmep, npu OpocaHnu UTpaIbHOTO KyOHWKa COOBITHS BBINAJACHUS JTIOOOTO M3 OYKOB
PaBHO BO3MOXKHBI.

PaccMoTpuM npou3BOIBHBINA SKCIIEPUMEHT.

IIycTb N- 4uCIO BCEX HCXOMOB HSKCIEPUMEHTa, KOTOpble 00pa3yloT MOJHYIO TPYIIILY
MOTTAPHO HECOBMECTHBIX I PABHOBO3MOXKHBIX COOBITHI, M — YHCIIO OJaronpusITHBIX COOBITHIO A

PA) ==
1Ccx0J10B. Torja BepOATHOCTBHIO COOBLITHSI A HAa3bIBACTCS YHCIIO n

CornacHo ompeiesieHuI0 BEPOSITHOCTH HaUMEHbBIIIee 3HaYCHUE BEPOSTHOCTH MPUHUMAET
HEBO3MOKHOE COOBITHE, TAK KaK OHO HE MOKET HACTYMHTh U A7l Hero m=0, 3Ha4uT U BEPOSITHOCTh
paBHa 0.

HauGonpiiee 3HaueHWe MNPUHUMAET JOCTOBEPHOE COOBITHE. B cuiy TOro, 4to OHO
rapaHTUPOBAHHO MPOU30MIET, sl Hero m=n, P=m/n=n/n=1.

2 .Cymmoii coObiTuii A u B HazwsiBaeTcs coObiTue A+B, KoTOpoe cocTOMT B TOM, YTO
HACTYMIUT WJIH coObITHE A, WM coObiTue B, miim 06a coOBITHS OTHOBPEMEHHO.

IIpousBenenunem coObiTrii A U B Ha3biBaeTcst coObiTHE A*B, cocTosliee B COBMECTHOM
OCYIIECTBIIEHUHU COOBITHI A M B.

Hanpumep:

1. Ilycts A - uner noxnap, B - uaer cuer, Torna A + B — «uzet cHer win 10K1b»

2. Ilpn 3-x BBICTpeNax MO MUIICHH COOBITUS: Ao— «IOMaJaHui HET», A1 — «OJTHO
normajianue», Az — «IBa ToMagaHus», Torna A=Aot+Ai1+Az - «IpOU30IUI0 HE OOJbINe JIBYX
onagaHuiiy

3. Ilycts C - u3 ypHBI BBIHYIH Oenblii map, D - u3 ypHbI BeIHYAM O6emnbiii map, Toraa C-D -
U3 YPHBI BBIHYIHU JBa O€JbIX mapa

4. Tlycts C - u3 ypHbI BeIHYIH Genblit map, D - u3 ypHbI BeIHYH Genbiit map, Toraa C [
*- U3 YPHBI BBIHYJIM J[Ba I1apa: Oesblif u He Oenblii

Teopema ci10:keHUs1 BEPOSTHOCTE HECOBMECTHBIX COOBITHI: BEPOSITHOCTD MOSIBICHHUS
OJIHOTO M3 JIByX HECOBMECTHBIX cOOBITUI A miu B paBHa cymme BepOsSTHOCTEHN 3TUX COOBITHI:

P(A+B)=P(A)+P(B)

IIpumepsI 1 pa30op pelieHust 3aJaHHH TPEHUPOBOYHOI0 MOYJISI

IIpumep 1.
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N3BecTHa HCTOpHS O TOM, KaKk OgHax bl K ['. ["anuiero sBUIICS coniaT v HOIPOCHII IOMOYb
€My B PEIIEHUH HACYITHOTO BOIpoca: Kakas cymma 9 mwnm 10 oukoB npu OpocaHuu Tpex KocTen
BbINaaeT yauie?

MoskeT mokas3aThCsi, YTO IIAHCHI PaBHBI, TaK Kak Kaxkaas cymma u3 9 u 10 04koB MOXKET
OBITH MMOJIy4eHa OJTHUM HX ILECTH COCOOOB:

9=1+2+6=1+3+5=1+4+4=2+2+5=2+3+4=3+3+3;

10=1+3+6=1+4+5=2+2+6=2+3+5=2+4+4=3+3+4.

OpHako ¢ y4yeToM MEpPEeCTaHOBOK IS CYMMbl 9 OYKOB MOJy4aeTcs 25 pazIudyHbIMU
cniocobamu (1o 6 criocoOoB IS IEPBOT0, BTOPOTO, MATOr0 BAPHAHTOB CYyMMBI, TI0 3 crioco0a auist
TPETHET0 U YETBEPTOrO BaPUAHTOB, 1 crmocob /s mociieqHero papuanta 6+ 6 +3+3 +6+ 1), a
1utst cymMmMbl 10 oukoB — 27 paznuasbiME ciocobamu (6 + 6 + 3 + 6 + 3 + 3). Kak BugHO, maHCh
ATUX CIIYYalHBIX COOBITHI IOBOJIBHO OJIM3KH MEXTy COOOM U OTHOCSITCS IPYT K APYTyY Kak 25:27,
4TO ¥ BBI3BAJIO 3aTPYAHEHHUS COJIaaTa.

Takum 06pa3zom, yare Beinaaaer cymma 10.

IIpumep 2. B cpeanue Beka cpeau ¢peonanbHON 3HATHU OBLIM IIMPOKO PacpOCTPAaHEHBI
azapTHbIE UTPBL. bonbinM mo0uTeneM Takux urpa Obut ¢panirys meBaibe e Mepe. CTpacTHOTO
UTPOKa B KOCTH, IIPUABOPHOIO (PaHIIy3CKOI0 KOpPOJIs HIeBaJIbe J1e Mepe MOXKHO OTHECTH K YUCITY
«OCHOBATeNei» TeOpUH BEPOSTHOCTEH. 3aciyra ero COCTOUT B TOM, YTO OH HACTOWYHBO 3aCTaBIISLI
MaTeMaTUKOB pellaTh pa3jMyHble 3a/ayd, Ha KOTOpbIE HATAJIKUBAJICI caM BO BpeMs CBOEH
npakTUKU Urpel. OH XOTen pa3dorareTb MpH MOMOIIM UTPhl B KOCTU. [l 3TOro IieBalibe
IPUAYMbIBAJ Pa3jMuYHbIE YCIOXKHEHHbIE INpaBuia Urpel. CTpacTHOMY MIPOKY, HO IUIOXOMY
MaTeMaTuky, e Mepe moc4acTiIMBIUIOCh UMETh TaKoTo Apyra, kak [lackans. B 1654 r. meBanbe
ne Mepe oOparmics k bresy Ilackamio 3a moMoImpio B paspelieHuu NpoOieM, CBS3aHHBIX C
BEPOATHOCTHIO OJIArONMPUSTHBIX PE3yIbTATOB MPH OPOCAHUU UTPAIBHBIX KOCTEH.

Onna u3 3amau ObUIa TIOCTaBJIeHa CienyromuM oOpasoMm: MrpanpHas kocTh Opocaercs
yeTbIpe pasa. llleBanbe Ouics 00 3akiiaj, 4ToO MPU 3TOM XOTs ObI OJJH pa3 BBINAJET IECTh OUYKOB.
KakoBa BeposSITHOCTb BBIUTpBIIIA 11 HIeBasibe? OTBET OKPYTIIUTE 0 JECATHIX.

Pemenune:

Tax xak npu Kaxa0M OpOCaHUM UTPATTBHOW KOCTH UMeeTCs 6 pa3InYHbIX BO3MOXKHOCTEM,
TO TPHU YETHIPEX OPOCAHMIX KOCTH YHCIIO PA3TUYHBIX BO3MOXHBIX ciiydaeB Oyner 6 - 6 - 6 - 6 =
1296.

Cpenu stux 1296 ciaydaes 6yaer S - 5 - 5 - 5 = 625 Takux, r/1e mecTepka He BbIIAET HU
pasy.

B 1296 — 625 = 671 cnyuyae xoTs Obl OAMH pa3 W3 YEThIpEX BHINAJAET IIECTEPKA.
CnenoBarenbHO, BEPOATHOCTb BBIMAJEHUS XOTS Obl OAHOM LIECTEPKU MPH YEThIpeX OpOCAHUAX
KOCTH paBHa 671/1296, uto uyTs 60mb11e 0,5.

Pemrenue 3axanmii:

1. 3 1000 coOpaHHBIX HA 3aBO/Ie TEJEBU30POB S MITYK OPAaKOBAHHBIX. JKCIEPT
NnpoBepsieT OAUH HayrajJ BbIOpaHHbIi TesaeBu3op u3 31oii 1000. Hajigute BepoSTHOCTH
TOr0, YTO NPOBEPSIEMbIH TEJEBU30P OKAKETCS OPAKOBAHHBIM.

Pewenue. Ilpu evibope menesuzopa nayeao 6o3modichvl 1000 ucxooos, coovimuio A
«B8bIOPAHHDLLL MENIeBU30P — OPAKOBAHHBIY OiazonpusmHul 5 ucxo0os. Ilo onpedenenuio
sepossmuocmu P(A) = 5+1000 = 0,005. Omsem. 0,005.

2. B ypHe 9 kpacHbIX, 6 KEATBIX U 5 3e1éHbIX apoB. U3 ypHBI HAYTraa 10CTAIOT
oauH map. KakoBa BeposITHOCTD TOT0, YTO 3TOT IIAP OKAKETCS HKEITHIM?

Pewenue. Obwee uucno ucxooos pasno uucny wapos: 9 + 6 + 5 = 20. Yucno ucxooos,
bnazonpusmcmeyowux OaHHOMy cobbimuio, pasno 6. Hckomas eeposmuocme pagua 620 =
0,3. Omeem: 0,3.

3. Ilers, Buka, Kars, Urops, AuToH, Ilonuna Opocuin kpeduii — KOMY HAYHHATH
urpy. Haiigure BepoOSATHOCTH TOI0, YTO HAYUHATH UTPY A0JKEH OyAeT MAJIbYHK.
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Pewenue. Beposmuocms cobvimus pagHa OMHOWEHUIO KOAUYeCm8a ONAcONPUSMHbIX
clyyaes K Konudecmsy ecex cayuaes. brazonpuamuvivu cayuaamu aensaromces 3 cayuas, Ko2oa uepy
nauunaem Ilems, Heopv unu Ammon, a konuuecmeo ecex ciayuaeé 6. Ilosmomy uckomoe
omuoutenue paero 3:6=0,5. Omsem: 0,5.

4. B yemnuonare mupa y4acrBylwT 16 xomana. C noMompblo KpeOusi UX HY’KHO
pa3euTh HA 4YeThbIpe IPyNnbl MO 4YeThbIpe KOMaHJAbl B Ka:K10il. B sluke BnepemMemky
Jie)KaT KapToYKu ¢ HomMepamu rpymm: 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4. KanuTtaHbl
KOMAaH/J TAHYT N0 OJHOW KapToyke. KakoBa BeposiTHOCTHL TOro, uro komaunaa Poccum
OKaKeTCsl BO BTOpPO# rpynme?

Pewenue: Oboznauum uepes A coovimue «xomanoa Poccuu 6o emopou epynney. Tocoa
KOU4ecmeo 01a2onpusmHuix coovimuii m = 4 (vemvipe KapmouKu ¢ Homepom 2), a obujee Yucio
PABHOBO3MONCHBIX cobbimuti n = 16 (16 kapmouek) no onpedeieHur epoSIMHOCMU P=4:
16 = 0,25. Omeem:0,25

5. Ha kaxabie 1000 3/1eKTpUYeCKUX JIaMIIOYeK NPUX0AUTCs S OpakoBaHHbIX. KakoBa
BEPOSAATHOCTH KYNIMTh HCIIPABHYIO JIAMIIOUYKY?

Pewenue. Ha xasicovie 1000 namnouex npuxooumcs 5 opaxosanuwix, eéceco ux 1005.
Beposmuocms Kynumos UCHPASHYIO JAMNOYKY OyOoem pasHa 00je UCHPABHbIX JAMNOYEK HA
kaoicowte 1005 namnouex, mo ecmo 1000:1005=0,995.0Omeem: 0,995.

7. B rpynne typucroB 8 yesioBek. C moMouIb10 kpe0usi OHH BHIOMPAIOT 1IeCTepPbIX
YyeJioBeK, KOTOpbIe J0KHbI HATH B CeJI0 B Mara3uH 3a npoaykramu. KakoBa BeposiTHOCTD
TOro, 4yTo TypHCcT /l., BXOAAIMI B cOCTaB rpynnbl, noiaér B marasun? 6 : 8=0,75.

8. B yemnuonare mo ¢yréoay ydacTtBywT 16 KOMaHI, KOTOpbIe KepeObeBKO
pacnpenensiioresa Ha 4 rpynnbsl: A, B, C u D. KakoBa BepoiTHOCTH TOro, 4T0 KOMaHJIa
Poccuu He monagaer B rpynmy A?

Pewenue. Kasxcoas komanoa nonadem 6 epynny ¢ eepoamuocmoio 0,25. Takum obpazom,
8EPOSIMHOCMb MO20, YUMo KoMaHOa He nonadaem 6 epynny paeua 1-0,25=0,75. Omeem:0,75

9. Ha TypHup no maxmaram npuobLio 26 yuacTHukoB B ToM uncie Koas u Tous.
151 IpoBeieHus! KepedbeBKHU NMEePBOro Typa Y4aCTHHKOB CJIy4YaiHbIM 00pa3oM pa3onim
Ha aBe rpynnbl no 13 yenoBek. HaiiTu BepositHocTh TOr0, uTo Kosist u ToJsiss monaayrt B
pa3Hble rPpynbl.

Pewenue. Bceco 26 mecm. Ilycmo Kons 3aiimem ciyuaiinoe mecmo 6 1000t epynne.
Ocmanemcs 25 mecm, u3 nux 6 opyeou epynne 13. Hcxooom cuumaem 6v160p mecma ons Tonu.
Bnazonpusmuvix ucxooos 13. P=13/25 = 0,52. Omeem:0,52

10. B kiacce 16 yuyamuxcsi, cpeau Hux aBa apyra —Bagum u Cepreii. Yuammxest
cay4ailHbIM 00pa3oM pa3douBaloT Ha 4 paBHble rpynnbl. Haiiinre BepoATHOCTH TOT0, 4YTO
Baaum n Cepreii okaskyTcst B OAHOM rpymie.

Pewenue. Ecnu Cepeero nepsomy oocmanoce Hekomopoe mecmo, mo Onezy ocmaémcs 15

mecm. U3 nux 3 — 6 moii ace epynne, 20e Cepeeii. Fckomas geposmuocms pasna 3/15. Omeem: 0,2

IIpakTnyeckas padora Ne47
Tema 6.2: BeposaTHocTh B mpodecCHOHATBHBIX 331a9ax
ean: HayunThes pemaTh 3aa4n Ha UCTIOJIb30BaHUE BEPOSTHOCTH B MPO(HECCHOHATEHON
JeSITEIIbBHOCTH

Teopernyeckas 4acThb:

OCHOBBI TEOPUU BEPOATHOCTEH HYXHO 3HATH KAXKJIOMY YEIOBEKY Ui (pOPMUPOBAHUS
IMPaBUJIBHOI'O MHPOBO33PCHUA, I OCO3HAHUA TOIrO, 4YTO MblI JXHBEM B CJ'Iy‘-IElfIHOM,
BEPOSITHOCTHOM MHUpE.

[Icuxosorusi 4yenoBeka TakoBa, YTO €MY HEYIOTHO Cpeau ciydalhHocTeil. OH KaKIeT
OTIPENIeNICHHOCTH ¥ CIIPaBeUIMBOCTH, WIIET NPUYMH U OOBsicHeHuiH. YacTto TakuM o0Opa3zom
BO3HHUKAIOT CYeBEpHsl: HAIpUMep, cpean aQpUKaHCKUX IIEMEH PaCIPOCTPAHEHO TTOBEPHE O TOM,
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4TO OBIBAIOT MPOCTO JIbBHI H JIbBBI, B KOTOPBIX MEPECENWINCh Ayln ymepmux. [locnennue Ha
JIONIed HE HamagarT. JTO OOBSICHEHHWE HE HECeT IMOJe3HOW HH(POpPMAIMH, TOCKOJBKY HET
MIPU3HAKOB, 110 KOTOPHIM 3apaHee MOKHO OBbLIO OBbI OTIPEICNIUTh, U3 KAaKOH KaTerOpUH JIEB, HO OHO
YCIIOKaMBAET MCUXO0JIOTMYECKU. TOYHO TaK K€ NMOSIBISAIOTCS U3BECTHBIE BCEM CyEBEpHs IIPU cAayde
sk3aMeHOB. HekoTopsie cyeBepus, KCTaTH, OCHOBaHbl Ha YaCTOTHBIX COBMAJACHUSIX (HAmpUMep,
MEJIKUX HEMPUSITHOCTEH U BCTPEU C YEPHOM KOIIKOH). DTO OTHOCUTCA U K IPHUMETaM, KOTOpPbIE
MOPOM IMOJMEUYAOT BEPOSITHOCTHBIE 3aKOHOMEPHOCTH. Tak, moroBopkam «bema HuUKoOraa He
NPUXOIUT OJHa» MU «Ku3Hb, OHa Monocaras» COOTBETCTBYET B TEOPUHM BEPOSITHOCTEHW 3aKOH
CEpHH.

CrnenyeT HOMHUTH U TO, UTO MbI dKUBEM B MUPE, TJI€ TPOUCXOIAT CllydailHble COOBITHUS, U
TO, YTO 3aKOHOMEPHOCTH MPOOUBAIOTCS Yepe3 Maccy ciydaitHocTeill. Uem cliokHee cuctema, TeM
TpyJaHee OOHAPYKUTh 3aKOHOMEPHOCTH. IMEHHO B 3THX CITydasiX M UCIIOJIb3YIOT BEPOSITHOCTHBIE
METO/IbI.

Taxum 06pa3zom, TeOpHs BEPOATHOCTH aKTyasjbHa B HAIIM JHHU KaK B MATEMAaTHKE U TOUHBIX
HayKaX, TaK U B HallIEl TOBCETHEBHOM KU3HHU.

Teopust BepoATHOCTEH H3y4aeT OOBEKTUBHBIE 3aKOHOMEPHOCTH MACCOBBIX CIy4YailHBIX
coObiTuii. OHa SBISIETCS TEOPETHYECKOW 0a3oi jis MaTeMaTUYeCKOW CTaTUCTHUKH,
3aHHUMAlOIIEHCs pa3paboTKOM METOJ0B cOOpa, onucaHus U 00padOTKH Pe3yIbTaTOB HAOIIOICHUN.
[Tyrem HaOmoeHUM (MCHBITAHUN, 3KCIEPUMEHTOB), T.€. OINbITa B IIMPOKOM CMBICIE CIIOBA,
MPOUCXOAUT IMO3HAHUE SIBJICHUMN AEHCTBUTEIBLHOTO MUPA.

Pemienue 3aganuii:

1. B mara3zune Tpu npoaasua. Kaxaplii 13 HUX 3aHAT ¢ KJIMEHTOM € BEPOSATHOCTHIO
0,3. HaiiguTe BepoOsITHOCTb TOI0, YTO B CJY4YailHbIii MOMEHT BpeMeHH Bce TPH NMPoJAaBLA
3aHATHI O/ITHOBPEMEHHO (CYMTANTEe, YTO KJIMEHTHI 3aX0AAT He3aBUCUMO APYT OT APYyra).

Pewenue. Beposimnocme npouszeedeHusi He3a8UCUMbBIX COObIMULL PABHA NPOU3EEOEHUIO
seposimHocmetl omux coovimuil. [loamomy 6eposmuocms mozo, Ymo 6ce mpu npooasya 3aHsmuol
pasna (0,3)> =0,027. Omeem: 0,027.

2. B marasune cTofiT ABa ILIATEKHBIX aBToMarta. Kamabli M3 HUX MOKeT OLITh
HeucnpaBseH ¢ BeposiTHOocThbI0 0,05 He3aBucumo ot jApyroro asromara. Haiinure
BEPOSITHOCTH TOI0, YTO XOTS1 ObI OAMH ABTOMAT HCIPABEH.

Pewenue. Haiidem eposmuocms mozo, umo neucnpasHsl 06a asmomama. Imu coOblmusl
He3asucumvle, BepOAMHOCb UX NPOU3BEOCHUSl DABHA NPOU3BEOCHUI0 BePOAMHOCMel IMuX
coovrmuti: 0,05 - 0,05 = 0,0025. Cobvimue, cocmosiwyee 6 mom, umo ucnpagen xoms Obl 0OUH
asmomam, NPOMUBONONONHCHOE. Cnedosamenvho, e2o 8EPOSIMHOCHIb pasHa
1 - 10,0025 =0,9975. Omeem: 0,9975.

3. B TOpProBoMm 1eHTpe /1Ba OJMHAKOBBIX aBTOMAaTa NpoaawT Koge. BepositHOCTH
TOr0, YTO K KOHIY JHA B aBTOMAaTe 3aKOHUYMTCHA Kode, paBHa (0,3. BepossTHOCTH TOrO, YTO
Ko(e 3axkoHUMTCS B 000UX aBTOMATAX, paBHa 0,12. HaliguTe BeposiTHOCTH TOI0, YTO K KOHILY
AHs Ko(e ocTaHeTcs1 B 000MX aBTOMAaTax.

Pewenue. Paccmompum cobvimue A = koghe 3akonuumces 6 nepgom agmomame, B = koghe
3aKOHYUMCSL 80 BMOPOM agmomame.

Beposmuocmv moeo, umo xkoge ocmanemcs 6 nepgom aeémomame pasua 1 — 0,3 =0,7.
Beposmnocms moeo, umo xoghe ocmanemcsi 6o emopom aemomame pasna [ —0,3=0,7.
Beposmnocms moeo, umo koghe ocmamemcs 6 nepeom UIU GMOPOM ABMOMAMe pPAGHA
1-0,12=0,88. Iockorvky P(A+ B)=P(A)+ P(B) — P(A-B), umeem: 0,88=0,7+0,7 —x,
omxyoa uckomas eepoamuocms x = 0,52. Omeem: 0,9975.

4. IBe ¢adpuKku BBINYCKAIOT OJAWHAKOBbIE CTEKJIA /I ABTOMOOMJIBbHBIX (ap.
IlepBasi ¢gadpuxa BbpImyckaer 45% H3THX cTekosa, Bropas — 55%. IlepBasa ¢adpuxa
BbInyckaeT 3% OpakoBaHHBIX CTeKO0JI, 2 BTOpast — 1%. Haiiiure BeposATHOCTH TOr0, 4TO
CJIY4YAiHO KYIUIEHHOE B Mara3uHe CTEKJ0 0KaKeTCs OpaKOBAHHBIM.
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Pewenue. Beposmuocms moco, umo cmeKkio KYNIeHO HA nepeou ¢habpuxe u OHO
opakosannoe: 0,45 -0,03 = 0,0135. Beposmnocmb moeo, 4mo CmeKkio KYNIeHO HA 6Mmopou
¢abpuke u ono opaxosannoe: 0,55 - 0,01 = 0,0055. ITosmomy no gpopmyne noanot geposmuocmu
8EPOSIMHOCMb MO20, YMO CIYYAUHO KYNIEHHOe 8 MAa2a3uHe CMeKI0 OKAXCemcsi OpaKO8aHHbIM
pasua 0,0135 + 0,0055 = 0,019. Omsem: 0,019.

5. IIpu M3roToB/IeHHMH MOIIIMMHUKOB JHaMeTPoM 67 MM BepoOSITHOCTH TOTO, YTO
auaMeTp OyaeT OTJMYATHCA OT 3aJlaHHOr0 He Oojibuie, yem Ha 0,01 mm, paBua 0,965.
HajiguTe BEpOSITHOCTH TOI0, YTO CJAYYAHHBIN MOAIMUIHUK OyJdeT UMeTh IUaMeTP MeHbIle
4yeM 66,99 MM uiiu 0oJib1te yeM 67,01 mm.

Pewenue. Ilo ycrosuro, ouamemp noowunuuxa 6ydem nexcamo 6 npedeinax om 66,99 0o
67,01 mm c eeposmuocmouio 0,965. Ilosmomy uckomas 8eposmHOCMb HPOMUBONONOHCHOZO
coovimus pasna 1 — 0,965 = 0,035. Omeem: 0,035.

IIpakTuyeckas padora Ne48

Tema 6.3: JluckpeTHas ciydaiiHasi BeJIMYWHA, 3aKOH €€ PaCIpe/IeTICHUsI.
Henab: HayunThes pemaTh 3a7aun Ha ONpeIeIeHHsI 3aKOHA pacIipe/ieIeHHs] TUCKPETHON
CIIy4ailHON BEJINYMHBI

Teopernyeckas 4acThb:

CrnyuaitHas BeIMYUHA - BETMYMHA, KOTOPAsi B PE3yJbTATE OIbITa CO CIIy4alHBIM HCXOJI0M
MPUHUMACT TO WM WHOE YUCIIOBOE 3HAYCHUE, IPUIEM 3apaHee HEM3BECTHO, KAKOEe UMEHHO.

Cnyyaitnble BennuuHbl (kpatko: CB) o6o3HauaroT OONbIIMMH JTATHHCKUMHU OyKBaMu , a
MPUHUMAECMbIC UMU 3HAYCHUS — MAIIBIMH OyKBaMU

JluckpeTHoll (IpephIBHOM) HA3BIBAIOT CIIYYaHYI0 BEJIMYUHY, KOTOpas MpPUHHMAET
OTJICTbHBIC, N30JIMPOBAHHEBIC BO3MOXKHBIC 3HAUCHUS C ONMPECIICHHBIMA BEPOSTHOCTAMU. YuCIo
BO3MOXXHBIX 3HAUEHUU JUCKPETHOW CIy4ailHOW BENUYMHBI MOKET OBITh KOHEYHBIM WITU
OECKOHEYHBIM.

3aKOHOM pacrpeeieHHs TUCKPETHOW CIIydaliHON BENWYMHBI HA3bIBAIOT COOTBETCTBUE
MEXIy BO3MOXXHBIMH 3HAUEHUSMH M WX BEPOSTHOCTSIMH, €r0 MOXKHO 3a/1aTh TaOJIUYHO,
aHAIUTUYECKH (B BUIE (OPMYIIBI) U TpadUUIecKH.

3akon pacnpenenenus JJCB X ymoOHO 3amaBaTh C MOMOIIBIO CIENYIONMIEH TaOJHUIIbI,
Ha3bIBaeMOU psiioM pacmnpenenenus. [Ipu aTom Bo3mokHbie 3HadeHnss CB X B BepxHeil cTpoke
9TOW TaOJUIBI PACIIONATAIOTCS B ONPEACICHHOM IMOPSJIKE, a B HIKHEH — COOTBETCTBYIOIINE
BEPOSTHOCTH .

& T xo e Tn

Pi Pn Pn T Pn

I'paduuecku psin pacnpeneneHus U300paxkaroT B BUA€ MHOTOYTOJBHUKA (MM MTOJIUTOHA)
pacrpeieseHusl.

Pemenue 3aganmii:

1. B samuke 2 HecTaHmapTHbIE W 4 CTaHAApTHHIE netainu. M3 Hero mocienoBaTebHO
BBIHUMAIOT JIeTajdu JO T[EpBOro TNOsBIEHUs craHgaptHod neranu. [loctpouts psan u
MHOTOYTOJIBHUK pactpezaenenus JJCB — uucna u3BIe4eHHbIX JeTalei.

Pemenue.
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PECCMDTDHM BC2 BO3MOMXHblIe 3Ha4YeHWA, KOTOPble MOMXET NPHUHUMAaTE CJ"I)FLIEIHHH BenlM4HMHa
(cn) X:

7 = 1-NEPBOA BbIHYNW CTaHAAPTHYIO AeTanb;
x5 = 2 — MepBad BbIHYTaA AeTanb HecTaHAapTHadA, BTOPan CTaHJapTHas;

s = 3 — Nepean deTanb HecTaHdapTHan, BTopaa AeTanb HecTaHdapTHadA, TpeTbA AeTanb
CTaHOapTHaA.

COOTBETCTBYHOLWME MM BEPOATHOCTW pi.po.p3 HaWAEM BOCNONb30BABLIMCb NPaBUNOM
YMHOMEHUA BEPOATHOCTEN (38METbTE, UTO COBbITUA 3aBUCHMbI):

}‘:’2:P{X::.‘ﬂg:2}:g.%:i
pli:P{X::L'g:S}:%-l.iz%

Torna 3akoH pacnpefeneHua AMCKPETHOW CNyYaliHoW BeNWUYMHbl X NpUMET BUA,

T 1 2 3

I 2
Pi 3

I—'l_,
i

A
15

MoCTPOMM MHOMOYrofibHUK pacnpeaeneHus, oTN0XMB Ha ocu abeyucce (0X) 3Havenuna [CB X,
a Ha ocu opauHaT (OY) COOTBETCTBYHOLLME UM BEPOATHOCTU:
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2. B maptuu, conepxkaniei 20 uznenwii, umeetcs yeTbipe u3aenus ¢ nedpexramu. Haynauy
0oTOOpanyu TpU H3AEIHS JUIsl MPOBEPKH UX KadecTBa. [lOCTpouTh psn pacmpenesieHus 4ducia
neeKTHBIX U3, COaepKaIUXCs B YKa3aHHOM BBIOOPKE.

PeweHue.

X —uncno gedekTHbIX M30enui, COAepHalluXcH B BolBopKe.

PSCCMDTDHM BCe2 BO3MOXHbIE 3HAYEHWA, KOTOpble MOMET NMPUHUMAaTE CJ'I)"LIE'IHHS. BENU4YKWHa
(Cn) X:

21 =10 — HW OAHO W3[eNMe BbLIGOPKW He ABNAeTCA AeheKTHbIM, T.e. BCE W3fenus
YAOBNETBOPAKT CTaHAaPTY;

o2 = 1 — BbIBOPKa COASPXKWT OQHO Uaaenue ¢ edeKToM W ABa CTaHAapTHbIX U30enus;
23 = 2 — BblIBOPKA COEPXUT Ba M3AeNWA C AedeKTOM U OHO CTaHapTHOoe U3feNue;

4 = 3 — BblBOPKa COAEPMUT TPU W3LENUA C AedeKToM;

Hailgem coOTBETCTRYHILLME UM BEPOSTHOCTU Py, pa, Pa, 4’

p=PX=0) = Ci CE:D
;ﬂfz=P{X:]]:'1?'f}(zj:.?_;;ﬂﬂll
ps = P(X =2) = b c:*.-;ﬂ(

pr=P(X =3)= ;@:ﬂ

Torpa 3akoH pacnpeleneHua JUCKPETHOW cny4YalHON BENWYMHBI X NPUMET BUL!

€T

=
—
]
%]

s
Sl
[oe
|.—

yLi

o)
[
iy |
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IIpakTnyeckas padora Ne49

Tema 6.4: 3agaun MaTEMaTHYECKON CTATUCTUKU

Hean: Hayunthes pemath 3aja4u MaTeMaTUYECKON CTaTUCTUKHU

TeopeTnyeckas 4acThb:

MartemaTH4ecKoii CTATHCTHUKOM Ha3bIBA€TCA HayKa, 3aHUMAIOUIAsCS METOJaMHU
00pabOTKM DKCMEPUMEHTATBHBIX JIAaHHBIX, IOJTYYCHHBIX B pe3ylbTaTe HAOIIOACHUA HaJ
ciy4aiiHbIMU siBieHusMHU. [lepBast 3a1aua MaTeMaTHYeCKOM CTaATUCTHKU: yKa3aTh CIOCOObI cOopa
U TPYIIUPOBKH CTATUCTUYECKUX JaHHBIX, MMOJYYEHHBIX B Pe3yJibTaTe dKCIEepUMEHTOB. Bropas
3aJaua MaTeMaTHYeCKON CTaTUCTUKU: pa3paboTaTh METO/IbI AaHATIN3a CTATUCTUYECKUX TAaHHBIX.

Ko BTOpOIi 3a1a4e oTHOCATCS:

1. Ouenka HEW3BECTHBIX APAMETPOB (BEPOSTHOCTU COOBITHSA, (PYHKIIUH paCIpeeCHHs
U €€ mapaMeTpoB U T.[.) C [IOCTPOEHUEM JOBEPUTEIbHBIX HHTEPBAIOB (METObI OLIEHUBAHHUSA).

2. IlpoBepka CTaTHCTUYECKUX THIIOT€3 O BHJE HEH3BECTHOTO paCHpeleNeHust |
apaMeTpoB pacipeesieHus: (MeTO bl IPOBEPKU TUIIOTE3).

[Ipu 3TOM periaroTcest caeayoUe B MOPsIIKE CI0KHOCTH U BaXKHOCTH 3aa4u:

e Onucanue sBIEHUH, TO €CTb, YNOPAJOYCHHE IOCTYINUBLIETO CTAaTUCTUYECKOTO
MaTepuaa, peICTaBIeHUe ero B Hanbosee yIo0HOM Il 0003pEHHUS U aHAIN3a BHIE (TaOIHIIbI,
rpadukm).

e AHanM3 M NPOTHO3, TO €CTh NPUONMKEHHAS OLIEHKA XapaKTEpPUCTUK HAa OCHOBAHUU
CTaTUCTHUYECKUX JaHHbIX. Hampumep, npuOnuxEéHHas OLleHKa MaTeMaTHYECKOro OXXKUIAHUSA U
JUCIIEpCUU HaOJI0JaeMOM CIIy4aiiHOM BEJIMYMHBI U ONPEIETICHUE ITOIPEIIHOCTEN 3TUX OLICHOK.

o BripaGoTka ontumanbHbIX pemeHuid. Hampumep, omnpenesneHue yucia OMNBITOB N,
JOCTAaTOYHOTO JJISl TOTO, YTOOBI OTHOKA OT 3aMEHBI TEOPETHUECKUX YHCITOBBIX XapaKTEPUCTHK UX
SKCHEPUMEHTAJIbHBIMM OLIEHKAMHU HE IIPEBbIIlIANa 3a/JaHHOrO 3HaueHus. B cBA3M ¢ 3TUM
BO3HHUKAET 3aja4a POBEPKH MIPaBAOII01001sI TUIIOTE3 O MapaMeTpax paclpeesieHus U 0 3aKOHaxX
pacripesielieHus] ClIy4ailHOM BEJIMYMHBI, PEIIEHHEM KOTOPOH SBISETCS BO3MOXHOCTb C/EIaTh
OJIMH U3 BBIBOJIOB:

— OTOPOCUTH TUNOTE3Y, KaK IPOTUBOPEYAIIYIO ONIBITHBIM JJAaHHBIM;

— MPUHATH TUIIOTE3Y, CYUTATh €€ MPUEMIIEMOM.

MaremaTnueckasi CTaTUCTMKa IIOMOTraeT AKCHEepUMEHTAToOpy JIydlle pa3o0parbcs B
OTBITHBIX JAaHHBIX, MOJYYEHHBIX B pe3yJibTaTe HAONIONEHUN HaJ CIy4alHbIMH SIBJICHUSIMU;
OLIEHUTb, 3HAUUMBI UJIM HE 3HAUUMBI HAa0JI0JaeMble (PaKkThl; IPUHATH WM OTOPOCUTH T€ HITH HHBIE
TUIIOTE3BI O MIPUPOJIE CITYUANHBIX SBJICHUMN.

Pemenue 3apau:

3agaua 1.

Ha sk3ameHe 1o UCTOPUU CTYIEHTHI MOJYYMIIA OLIEHKH:

344434

343544

552323

344533

545444

[TocTpouTh TUCKPETHBI BapUallMOHHBIN psf paclpeneNeHusi CTyAEHTOB Mo OaiaM U
1300pa3uTh ero rpaduyecKu.

Xoa pelieHus 3a1a4m:

OmnpenensieM J1€MEHTHI psJia pacpeleleHNsl: BapUaHThl, YaCTOTHI, YaCTOTHI.

Orienka, 6auTbIK01-BO CTYICHTOB C TaKOM OIICHKOM, YeJIOBEK|B MpOIIeHTax K UTOTY]
2 2 6,7

3 9 30

4 13 43,3

5 6 20

Toro 30 100
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Tenepp rpaduuecku
pacnpeseneHus.

Kom-Bo CTVAEHTOE B A1
TIRONEHT &% K MTOTY

A

-

04 y
30 T '
)
20 #;’
0 1____ ;’
|
| |
01 2 3

Mo3KHO clienaTh BBIBOJ O TOM, 4YTO npeo6naﬂa}omee OOIBIINHCTBO CTYACHTOB IIOJIYUHUJIO

«» (43,3 %).
3anauva 2.

Bo Bpemst BEIOOpOYHOH MPOBEPKH OBLJIO YCTAHOBIEHO, YTO MPOJOIKUTENLHOCTD OJTHON

S NS

L

L

n300pa3suM JMCKPETHBIM DA paclpelesieHuss B BHJE IOMIIOHA

TIOTMHTOH xa CIIpye JemTeHA

¥ OLEHKA, $aTTIBI

IMMOKYIIKHK B KOHAUTCPCKOM OTHACJIC Mara3nuHa OblL1a TaKOM: (CGKYHI[LI).

7770828181
8275807180
8189756778
7376787376
82 69 61 66 84
7274828276

ITocTponTs HMHTEpPBAIBHBIN

BapHalMOHHBIN

psana. 306pa3utk ero rpaguiecku, cAenaTb BHIBO/I.
Xo/ penieHusi 32/1a4M MO CTATUCTHKE:

OmpenenseM  3JIE€MEHTHI
HAKOIUICHHBIE YaCTOTHI.

psila  pacrpeneseHus:

psil  pacmpesieneHusl
MPOIOJDKUTEIBHOCTH, CO3/1aB 4 TPYIIbI ¢ OAMHAKOBBIMU MHTepBasiaMu. O003HAYNTH IIEMEHTHI

BAPUAHTHI,

YaCTOTEI,

ITOKYIIOK

Ho npexne paccuntaem rpanuiibl 4 3aJaHHBIX TPYII C OIMHAKOBBIMU UHTEPBATIAMU:

BeJ’II/ILII/IHy HHTCpBaJIa OIIPCACINM 110 (bopMyne

. 89-61 _

B namewm cinyuae 4

rpaHI/IL[LI rpyIii COOTBETCTBECHHO PaBHBI:

| 61+7=68 (61-68)
1 68+7=75 (68-75)
11l 75+7=82 (75-82)
IV 82+7=89 (82-89)

- Koz ™ Mg

M

[ pynmel MOKYIIOK 1O Hucio B nponenrtax k  [HakorieHHbIe
[TPOIOJKUTEIIBHOCTH, CEK. [TOKYIIOK UTOTY 4acTOTBI
61-68 3 10 3

68-75 9 30 12

75-82 16 53,3 28

82-89 2 6,7 30

MToro 30 100

Tenepp rpaduueckn oTOOpa3sMM Hall WHTEPBAJIBHBIA BapUAlMOHHBIA psAl B BHJE

TUCTOTPAaMMBbI U KYMYJISITBI.
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[To Tabnuie u rpaduka MOYKHO CIIENIaTh BHIBOJI O TOM, YTO IpeodIiagaromee O0IbIINHCTBO
nokymnok (16 unu 53.3%) HaxoauTCst BO BpEMEHHOM MHTepBaje 75-82, cek.

IIpakTuyeckas padora NeS0
Tema 6.4: 3amaun MaTeMaTHYECKOH CTATUCTUKU
Heanb: HayunThcsa NpoOBOAUTH CTATUCTUYECKOE UCCIEA0BAHUE

Teopernyeckas 4acThb:

Amanvl cmamucmuuecko2o uccie008anu:

1) cHayana naHHBIE H3MEPEHHUH YIIOPSIIOYNBAIOT U TPYIITUPYIOT;

2) 3aTeM COCTaBJISIOT TaOJIUIIBI pacrpeie]eHNs JaHHBIX;

3) Tabauibl pactipeieNieHus IEPEBOAST B rpapUKU pacipeieeHus;

4) HakoHell, MOJy4YaloT CBOET0 Poja MacHopT JAHHBIX MU3MEPEHHs, B KOTOPOM COOpaHO
HEOOJIBIIIOE KOJTMYECTBO OCHOBHBIX YHCIIOBBIX XapaKTEPUCTUK MOTYYCHHON HH(POpMAIIHH.

1. I'pynnupoexa unghopmayuu. IlepBoe, 4TO CleAyeT OLEHUTb, — 3TO PaMKH, B KOTOPBIX
BOOOIIIE MOTYT HaXOAWUTHCS NaHHBIE W3MepeHus. CocTaBisieTcsi OO psaa naHHBIX. J(aHHBIE
pacroyararoT, Kak MpaBuIIo, B MOPsAKE BO3pACTaHMUS.

Bapuanma uzmepenus — OJVH U3 pe3yIbTaTOB 3TOT0 H3MEPEHUSL.

Ecnu cpean Beex TaHHBIX KOHKPETHOTO U3MEPEHMSI O/IHA U3 BAPUAHT BCTPETHIIACh POBHO
k pa3, To uncio k Ha3pIBaIOT KPATHOCTHIO 3TOW BapUaHTHI H3MEPEHHS.

Cepynnupogannbtit psao dannplx — B HEM KakJasi BApHaHTa IOBTOPEHA UMEHHO CTOJIBKO
pa3, CKOJIbKO OHAa BCTPETWIJIACH B M3MEPEHHH, T. €. YHCIIO MOBTOPEHUH KaXKI0H BapHaHTHl PaBHO
KPaTHOCTHU 3TOM BapHaHTHI.

[Mpumep:1,1,1,2,2,2,2,2,2.33,3,.3,4,4,4,4,4,4,4,4,5,5,5,5,5,5,5,6,6,7,7,7,8,9,10

Ha sToM 3akaHumBaercs nepBblil mar o6paboTki HHPOpMaLUU — e€ ynopsaoouusanue u
epYNnUposKa.

2. Tabnuunoe npeocmaenenue ungpopmayuu. Buecém B TabauIly psa JAHHBIX U3MEPEHUS
¥ KPaTHOCTH COOTBETCTBYIOUIMX BapuaHT. [lomyunm Tabnuny pacnpesenenus JaHHbIX (Tabm.1).

Tabnuua 1 — Tabauua pacnpeneneHus JaHHBIX

Bapuanta

1 2 3 4 5 6 7 8 9 10

CymmMma

Kparnocts | 3 6 4 8 7 2 3 1 1 1 36

Ecaun cinoxuTh Bce KpaTHOCTH, TO MOJIYYUTCS KOJUYECTBO BCEX JAHHBIX MU3MEPEHUS —
00vém uzmepenun. Jlens KpaTHOCTh BapuaHThl Ha O0BEM U3MEPEHMs, M MOJY4YaloT YacTOTy
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BAPUAHTHI.

Takum 00pa3oM, 4aCTOTa BAPUAHThI =

To ects yacToTa BapUaHTHI (B MPOLEHTAX) =

KpPaTHOCTb BAPUAHThHI

06'beM U3MepeHHs
YacToTa MOXKET HU3MCPATHCA U B IPOLCHTAX (OmHOCZ/lme}lea}Z uacmoma).

KpPaTHOCTb BaAPUAHThHI

06beM H3MEepeHHud

- 100%.

YacToTsl Bcex BapuaHT yI0OHO MPUIHUCATH CIEIYIOIIEH CTPOKOM K YK€ COCTaBIEHHOM
tabmume. [lomyueHHyro Tabuuily Ha3bIBAIOT TAOMUIEH pacHpenesieHus YacTOT H3MEpEHUs

(Tabmn.2).
Tabnuna 2 — Tabnuna pactipeieeHust 4aCTOT
Bapuanta C
1 [ 234567 [8 ]9 |1
KparHocts 3 6 4 8 7 2 3 1 1 1 36
YacroTa 0,08 0,17(0,11 0,22 0,19 | 0,06 | 0,08 | 0,03 | 0,03 | 0,03 1
Yacrora B % 8 17 11 22 19 6 8 3 3 3 100

3. I'paghuueckoe npeocmasnenue ungpopmayuu. Ot TabNUIl pacnpenerIeHus] JaHHBIX
MO>KHO TEpEUTH K QYHKIHMSAM U rpadukam.
I'padpuueckoe wu3z00pakeHUe HMeIoLIelcs WHPOpMANUK - TpapuK pacrhpeneicHUs
BBIOOpKH. [loCTpOeHHbIE TOUKHM I HATJIAIHOCTH COEANHSIOT oTpe3kamu (puc.l). [lomydeHnyro
JIOMaHYI0 HAa3bIBAIOT MHO20Y2ONbHUKOM WIH NOIUCOHOM pacnpederenus oannvix (polygon u
MIEPEBOUTCS KaK «MHOTOYTOJIBHHK).

M

Pucynok 1 — [1onuron (MHOrOYyroIbHMK) pacipeiesieHus JaHHbIX

]

xy n

Ty

ED

x

ITpu rpaduueckoM NpeacTaBICHUH OONBIINX 00BEMOB MH(OPMAIMM MHOT'OYTOJbHUKH

pacripeielieHust 3aMEHSIOT cUCMOSPAMMAMU, UTTA cmolouamvimu ouazpammamu (puc.2).

M

]

0

100

200

300

400

Pucynok 2 — I'ucrorpamma
JInst oTpakeHWs OTHOLIEHUS 4YacTel OJHOM CEpHHM JAaHHBIX K IEJIIOMY HCIOJIB3YIOT
KPYroByto nuarpammy. Kpyeoswie ouacpammsi — 3TO Kpyrible TIpadukd, IMOJEICHHbIE Ha
CEKTOpbI, KaXJblil M3 KOTOPBIX IMPEACTaBISET pa3Mep Kakoi-TuOO CBSI3aHHOW YacTH JaHHBIX

(puc.3).

500

600 X
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Mpoaamu Nerkux 3aKycoK
15%

0%

B Cougomuu

H Canatw
Cynel

B Hanmtru

M NecepTwl

21%

Pucynok 3 — Kpyrosas guarpamma

4. Yucnoevie xapakmepucmuku OaHHbIX UsMepenus. Y NaHHbIX U3MEPEHUI €CTh CBOETO
poJia KpaTKuil MacnopT, COCTOALIMNA U3 Ha0Opa OCHOBHBIX UMCIIOBBIX XapaKTEPUCTHK.

Pasnocmv meorcoy maxcumanbHou u MUHUMATbHOU BapUaHTaAMH HAa3bIBAIOT pPa3MaxoM
U3MEPEHHUS (PA3Maxom paoa).

Ty Bapuanty, KOTOpass B MU3MEPEHMM GCMpemunachb yawje Opy2ux, Ha3blBalOT MOAON
u3MepeHus (mMoooi paoa).

Haunbonee BakHOW XapaKTEPUCTHKOW YHCIOBOTO psfa TaHHBIX SIBISETCA CpeoHee
sHauenue (cpeonee apugmemuueckoe, unu npocmo cpeonee). Jns HAXOKICHUS CPEIHETO
3HAuEHUs CleAyeT: IPOCYMMHUPOBATh BCE JaHHbIE U3MEPEHNUS; IOJYUYEHHYIO CYMMY pa3/IeiuTh Ha
KOJIMYECTBO JAHHBIX.

Cpeounnyro eapuanmy 6 ccpynnupo8aHHoMm psoe JaHHBIX Ha3bIBAIOT MEANAHON H3MEPEHUS
(meouanoit paoa). Eciu cpelHUX BapuUaHT JIBE, TO MeIMaHa PaBHA UX MOIYCYMME.

Cpennee, MeiMany U MOAY Ha3bIBatOT Mepamu YeHMpPAaIbHOU MeHOeHYUU.

YucnoByro XapakTepUCTUKY JaHHBIX U3MEPEHHUs, OTBEUAOILYIO 3a pa3dpoc (paccenBaHue)
JAaHHBIX BOKPYT UX CPEIHETO 3HAUYEHUs, Ha3bIBalOT ducnepcueni 1 0003Ha4aoT OykBoil D; uncio

o = VD Ha3bIBaOT CPeOHUM KeaopamuyecKkum omraonenuem. Yem venvue nucnepcust D unu
CpelHee KBaJIpaTUYECKOE OTKJIOHCHHUE G©, meM NIOMmHee SPYNRUpyomcs OaHHble UMepeHUs.
B0KpY2 C80€20 CpeOHe20 3HAYEHUS.

Aneopumm Haxoxcoenus oucnepcuu. J1ns HaxoxAeHUs nucnepcuu D naHHbIX X1, X2, ..., Xn

HU3MCEPCHUS CIICAYCT BBIYUCIIUTD:

Xy +Xp+e X
1) cpennee 3HaueHnne M = %;

2) OTKIOHEHHS JaHHBIX 0T M, To ecThb X1 — M, X2 — M, ..., Xp.1— M, Xn — M;
3) kBampatsl (Xi — M)? ortkmomennit (Xi — M) (i = 1, 2, 3, ..., n), HalifeHHBHIX Ha
TpebIAYIIEM IIare;
4) cpeaHee 3HAYEHHE BCEX KBAJAPATOB OTKJIOHEHHH — 3T0 aucrepcus D:
D= (x1=M)?+(x=M)?+-+(Xp—1—M)*+(xn—M)?,
n

g=+vD - CpeaHeC KBaApaTUICCKOC OTKIIOHCHHUC.

Penrenue 3aganui:

1. YueHHUK BHIINCAJ N3 JHEBHUKAa CBOM OTMETKH 3a MapT. Bor
YTO IOJYUYUJIOCH:
4,4,3,2,5,3,3,4,5,4,4,4,5,4, 2,4, 4,5, 3, 3.
a) CocTraBbTe CrpyNIHPOBAaHHBIN PAJ 3TUX JAaHHBIX.
0) Yemy paBHa MoZa 3TOro M3MEpPEeHUA M KAKOBa ee KpaT-
HOCTB?
B) BeimumuTe Tabnuny pacrpeneneHUA NAHHBIX.
r) Haiigute cpengHee 3HaueHMe OTMETOK 3a MapT.
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2. B ouepenguom Type ¢yTO0JBHOIO YEMIIMOHATA COCTOAJHUCH
10 maTtueit. BoT ux pe3yiabTaThbI:
3:1, 0:2, 1:1, 0:0, 0:4, 0:1, 2:2, 0:3, 1:0, 1:1.
PyTOONBLHBIN CTATUCTHK MOACUHUTAJ Pe3yJbTaTHBHOCTH MAaT-
Yyell (KoJIM4eCTBO r'oJIOB).
a) BemumuTe (He CrpynnMpOBaHHEIN) DA MOJTYYEHHBIX JaHHBIX.
0) CrpynnupyiiTe ero M CoCTaBbTe TAOJUILY pacnpepesieHUs
JAHHBIX ¥ pacIipeAeieHUA WX YacToT (B MPONEHTAax).
B) IlocTpoiiTe rucrorpaMmy pacipenesieHUs NaHHBIX.
r) HaitguTre cpeaHIO0 pe3yJbTaTUBHOCTE MaT4eil B 9TOM Type.

IIpakTuyeckas padora NeS1
Tema 6.5: KontponbHas pabota mo pazaeny 6 «IJI€MEHTBl TEOPUH BEPOATHOCTEH U
MaTeMaTUYECKOIN CTaTUCTUKU»
Hean: [IpoBepuTh YPOBEHb YCBOSHUS JTAHHOTO MaTepuaja Mo pasaeiny 6 «JIeMeHTHI
TEOPUHU BEPOATHOCTEU U MATEMAaTUYECKOM CTATUCTHKI

Ilpu pewenuu 3adanuni 1-4 3anuwiume npaguibHbLll Omeem U3 UYemvlpex
npeo10HCceHHbIX.

1. (1 6aymn) KomOmHaTtopuka - 3TO paslen MaTeMaTHKH, OTBEYAIOIIMA Ha BOIPOCHI
CKOJIBKMMH CTI0OCO0aMU MOKHO BBIOPATH SJIEMEHTHI ...

A) 3aJlaHHOTO KOHEYHOrO0 MHOXecTBa; b) OeckoHeuHoro MHoXKecTBa; B) mro6oro
MHOKeCTBa; ) MpparoHaIbHBIX YHCEIT.

2. (1 6ann) CoenvHeHUs U3 N YIEMEHTOB, OTIIMYAIOIINECS APYT OT APYra TOJIBKO MOPSIAKOM
pacMoI0KEHUS B HUX DJIEMEHTOB, Ha3bIBAIOTCS:

A) nmepectanoBkami; b) coueranusmu; B) pasmemenusamu; [') komOuHAIMsIMH.

3. (1 6am) Yncno Bcex BO3MOKHBIX Pa3MEIIeHU BRIYUCIIETCS MO popMyIe:
A AT =n(n—m);B) A" =n(n—1) ..(n—m+1);B) AT = —2 ) A" = n(n +

(n-m)?’

m)

4. (1 6ann) I'pynnupoBka — 370. ..

A) ymopsnoueHue €AUHMI] COBOKYIHOCTH 10 NpHU3HAKy,; b) pazOueHue enuHun
COBOKYITHOCTH Ha TPYMIIbI 1O Npu3Haky; B) o0obmenue enunuunbix (aktos; [') 06obmeHue
€IMHUYHBIX TIPU3HAKOB.

Ilpu evinonnenuu 3a0anuil 5-8 3anumume xo00 peuieHus U NOJYUEeHHbLIL OMmeem.

5. (2 6amma) B cpemnem u3 2000 camoBBIX HACOCOB, MOCTYMHUBIIUX B TPOJAXy, 6
noaTekaroT. Haliiure BEpOSITHOCTh TOTO, YTO OJMH CIy4ailHO BBIOPAHHBIN JUIsI KOHTPOJISL HACOC
HE MOATEKaeT?

6. (2 Gamna) CpaBHUTH BCXOXKECTh CEMSH JIIOOBIX TPEX BHJIOB OJHOJIETHHX IIBETOB 3a
nocienuue 3 roga. CocTaBUTh AMAarpaMMy 10 HaiIeHHbIM TaHHBIM. ClienaTh BBIBOJIBI.

7. (2 G6amma) 1{BeToBOY MPEUIOKUIN YKPACUTh KIIyMOYy IIBETaMH, UCIONL3Yys 3 BHJA.
CKoOJbKO pa3IMYHbIX BAPHAHTOB €CTh Y IIBETOBO/IA, ECJIU €CTh BBIOOP U3 5 BUJIOB pa3HOM paccaibl?

8. (2 6ama) CKOJBKUMHU CITOCOOAMU MOXKHO TMOCAIUTh 4 KyCTapHHUKA B OJIMH P’
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Imanonuvt omeemoes:

Howep 1 2 3 4 5 6 7 8
3aaHuA
Otser A A B A 0,997 ; 10 24

IpakTnyeckas padora Ne52
Tema 7.2: [TapannenbHOCTh OPSMBIX, IPSIMON U INIOCKOCTH, INIOCKOCTEN
Henp: HayunTthbes pemaTs 3a7a4u, UCIOJIb3Yys CBOMCTBA NapauIEIbHBIX INIOCKOCTEN

TeopeTnyeckas 4acThb:

Omnpenenenune. [Ipsimas v MIOCKOCTh HA3bIBAIOTCS NapAJLICIbHBIMU, €CJIM OHU HE UMEIOT
00IuX ToYeK (a || o)

IIpu3Hak napajuieIbHOCTU MPSAMOI U MJIOCKOCTH.

Teopema. Ecnu nipsimasi, He Jiexainas B JaHHOW IJTIOCKOCTH, MapaliielibHa Kakoi-HUOY b

IIPSAMOM, JIEXKAIEH B 3TOU INIOCKOCTH, TO OHA MapajuleIbHA CaMOM IIJIOCKOCTH.
a

a0 allhb
b= allox
b ag o
puc. 1
3ameuaHus.

Ecnmu  mIockoCTh MPOXOAMT dYepe3 JaHHYK IPSIMYIO,
napaieIbHYI0 IPYTOi MIOCKOCTH, ¥ MIEPECEKAET ITY IIIOCKOCTh, TO
JIMHHS TIEPECceUeHMs IJIOCKOCTEH MapajijiesibHa JAaHHOH MPSIMOH.

Ecnmu omHa W3 /ABYX MapayuleNbHBIX NPSMBIX TMapalielbHa
TAHHOM TUTOCKOCTH, a Jpyrasi MpsiMasi IMEET C TIOCKOCTHIO OOIITYIO
TOYKY, TO 3Ta IpsAMas JIEKHUT B JTaHHOU TUIOCKOCTH.

BoiBoabl.

Ciy4an B3aMMHOTO PAaCHOJIOKEHHS MIPSIMOI U TJIOCKOCTH:
a) psiMast JISKHT B TUIOCKOCTH;

0) mpsiMasi ¥ MIOCKOCTh UMEIOT TOJIBKO OHY OOIIYIO TOUKY;
B) IIpsIMas U IUIOCKOCTh HE UMEIOT HU OJJHOM 001el TOUKH.

i == Onpenenenne. [Ise IJIOCKOCTH Ha3bIBAIOTCS

— napajuleibHIMU, €CIIM  OHM HE HWMEIT  OOMMX  TOYeK.

/ 2 [MapamienbHOCTh TUIOCKOCTEH o M B 0003HAYAETCS TaK: . || B

S * PaccMoTpuM  mpu3HaK = MmapaienbHOCTH — ABYX — IUIOCKOCTEH.
Teopema. Ecniu  nBe mepecekaronipecss NpsSMbIE  OIHON

IUTOCKOCTH COOTBETCTBEHHO MapajlIeNIbHbl JIBYM MPSIMBIM JPYTOi

IJIOCKOCTH, TO 3TH IJIOCKOCTH IapaJlJICIIbHBI.
Cnyan/I B3aUMHOTO PACIIOJIOKCHUA IIOCKOCTEH:

puc. 3

IUIOCKOCTH o U P IEPECEKAIOTCS.

puc. 4
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/ IUIOCKOCTH o U f TapajulesIbHBI.
L
puc. 5
CaolicTBa napauienbHbIX INIOCKOCTEH:
LU /
L
1. Ecnu nBe mnapajuienbHble IUIOCKOCTU I1€PECEUEHBI
- ’ TPEThEHl, TO TMHUU UX TEPECEUCHNUS TapaIIeITbHBI.
puc. 6
R I A
|
yat. s
2. OTpe3Ku napauieabHbIX NPSMBIX, 3aKIHOYEHHBIE MEXKTY
/ g > ? napajieIbHBIMUA TUIOCKOCTSIMH, PABHBI.
1 ..
puc. 7

Pemenne 3agay:
Han yroa AOD u 1Be napajiienbHble IIIOCKOCTH oL U 3.
o]

/ D

ITnockocts o nepecexaer ctopoHsl yriaa OA u OD coorBerctBeHHo B Toukax A u D,
TUTOCKOCTB [3 9TH CTOPOHBI TIEPECEKAET COOTBETCTBEHHO B Toukax B u C.

Hano:

OB=8

AB=6

BC=9

Cbh=2

Haiitu AD, OD

UYepes Touky O, KoTOpas HaXOOUTCA MEXIY NapalIeNbHbIMU IUIOCKOCTSAMU O U f3,
NpOBEJICHBI TpsiMble C 1 0, TMepecekarlre IMIOCKOCTH Tak, 4To Toukd A u B Haxomsatcs B
1ockocTH o, a Touku C u D - B utockocTu f AB=18 cm, DO=26 cm u AC=3-A0

Beruucnurs: BD;CD
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[MapasienbHbIe TIOCKOCTH O ¥ B TepeceyeHbl mpsiMbiMu C 1 d
Croponsl 4N nepecekatoT  mapauienbHble  MIockoctd BuaB  Toukax C,Du A,B.
Boraucnu anuny orpeska AB, eciiu NA=13 cm, NC=20 cm u CD=55 cm.
N

Croponsl 4N nepecekaroT napauienbHble IIOCKOCTH B U o

Hanbl mapamnenbHble miockoctd o M B. Touku A u B HaxoadTcss B IUIOCKOCTH ¢, a
touku C u D B miockoctu B. Inuna otpeska AC=7, nnuna otpeska BD=12.

CyMMa TIpOeKIHiA STHX OTPE3KOB B TUNIOCKOCTH [3 paBHa 8.

Haiitu nnuny npoekuuii 000UX OTpe3KOoB.

A B

IIpakTuyeckas padora Ne53
Tema 7.4: Ilepnenaukynsap u HakJIoHHas. Teopema 0 Tpex NEPHEHANKYISIPax
Hean: Hayunthes pemaTe 3a/1auu, UCHOJb3Yys TEOPEMY O TPEX NEPHEHANKYIIAPAX

Teopernyeckas 4acThb:

Hmeem mutockocts o (puc. 1). B mmockoctu o aexut npsmas b. AH — nepneHaukysp K
MJIOCKOCTH 0, AM — HaknoHHas, MH - mpoeKkius HaKJIOHHOU AM Ha TIOCKOCTH 0.

[To TeopeMe 0 Tpex MepIECHIUKYIIpax, HAKJIIOHHAs TIePIEeHANKYIsIpHa K mpsMoii b Torma
Y TOJIBKO TOT/Ia, KOT/Ia €€ MPOCKIIUS MEPICHIUKYIISIPHA K TPsAMOi b.

blAM eb |l HM
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Puc. 1

B teopeme uzaer peus Tpex NepneHANKYIIApax. YKaxeM ux:

AH — 3T0 NepneHIUKYIISP K TUIOCKOCTH 0, @ 3HAYUT, K MPSIMOii D.

HM — npoexuus, mepreHauKyIsIp K IpsaMoii b.

AM — HakiOHHasI, IEPIICHANKYJISP K MPSMOit D.

VYron Mmexay npsaMou ¥ mI0CKOCThIO

Paccmorpum miiockocTs o u npsamyto a, a = AM (puc. 2). Ilycts npsimasi a nepecekaet
IJIOCKOCTh 0, HO HE MEepIeHIuKyIspHa ed. Torma yrioM Mexay MNpsIMOM a U IJIOCKOCTBIO O

Ha3bIBAETCSl YrOJI MEXIy NpPsIMOU @ U €€ NMPOeKLUeHd Ha 3Ty IUIOCKOCTb. TO ecTh, yroia Meny
LAMH = @,.

MPSIMOH @ U TIIOCKOCTBIO 0 - 3T0 yroi AMH. Ilycte

Puc. 2
CBoiicTBO yriia Meskay NpPsAMOi M IJIOCKOCTHIO
Yepes Touky M B IUIOCKOCTH 0. IpoBeeM npsimyto MB (puc. 2). PaccMoTpuM yromn Mexy
psIMOM a u nipsiMoit MB, Ha30BeM ero ¢. Toraa no cBOKWCTBY yriia MEXAY IPSAMOM U INTIOCKOCTBIO

=
MOJIy4aeM, 4To Po =9

Pemienue 3agau:

3amaua 1

[Ipsimas AK neprieHIUKYJIApHA K MJIOCKOCTH PaBUILHOTO TpeyrojbHuka ABC, Touka M —
cepenuHa ctoponsl BC.

1) Hokaxwurte, uto MK 1L BC
2) Haiigute yron mexay npsimoit KM u rnockoctbio ABC, ecnu AK = a, BC = 2a.

1) Jlano:

AB =BC =CA,

AK 1 ABC,

BM = MC.
Jloxazamv. MK L BC.

B Puc. 3
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Lokazamenvcmeo:

AM - >10 mpoexkuusi HakiaoHHOM KM Ha mnockocte ABC. AM - menuana. [lo cBOMCTBY
IIPABUJIBHOTO TPEYroJbHUKA Meauana AM sBnsercs u BBICOTO, TO €CTb
npsmbie BC u AM nepneHIuKyIsipHbI.

[lepBslii crioco6:

[Ipsamas BC nepnennukyisipHa AM - npoekiuun HakiaoHHoOM MK. Ilo Teopeme o Tpéx
NEepIEeHIUKYIApax MojiaydaeM, 4yTo mnpsMmas BC nepneHauKkyispHa U HakiIoHHOH MK, 4Tto u
TpeOOBaNIOCH 10KA3aTh.

Bropoii cioco0:

[Ipsamas AK nepnenaukysipHa miockoctd ABC, a 3Hauut, U npsmou BC, nexaiiel B
mwiockoctd ABC. Umeem, BC nepnennukynspia AM, BC nepnenaukynspHa AK, 3nauut, BC
NEepHeHANKYIIsIpHA TIockocTU MAK, a 3HauuT, u nipsimond MK, nexxaiiei B 3TOi MIOCKOCTH, YTO U
TpeOOBAIOCH JOKA3ATh.

2) [lano:

AB = BC = (A4,

AK 1 ABC,

BC = 2a,

AK = a,

Haimu: 2(KM; ABC)

Pewenue:

VYoM Mexy nNpsMOM U TUIOCKOCTBEO HA3bIBAETCS YTOJ MEXAY NPSIMOM U €€ MpOoeKIHei
Ha MjIockocTu. Mbl uMeeM HakJIoHHYI0 MK, nmeeM ee npoekuuto AM. 3Ha4uT, yriioM MEexay
npsimoit MK u mockoctero ABC sinsiercs yron AMK.

Tpeyronbuuk ABC — npaBuibHBIN. 3HAUUT, BCe €ro yriibl paBHbl 60°. 3Hauut, £ABC =

60°.
Pacemotrpum tpeyronsuuk AMB. OH npsimoyrodnbHbli, Tak kKak AM L BC. Haitnem AM:
V3
AM = AB +5in £ABC = 2Za -sin 60° = 2a - — = av'3.
4
PaccmoTpum npsimoyrosnbHeli TpeyroiabHUK AMK. AK = a, AM = a3,
tg LAMK AR “
g = = = —
AM a3 V3
J— o
Yron AMK — ocTpblii, 3HaUuT, LAMEK = 307
Omeem: 30°.
3anaua 2
W3 touku M npoBeneH nepneHaukyissp MB k miockocTu npsimoyronbHuka ABCD (puc.
4).

1) HokaxuTte, uto TpeyroiabHUKu AMD n MCD — npsiMOyTOJIbHbIE.

2) Haiimute yron mexay npsmoit MD u nnockocteio ABC, ecniu CD = 3cwm,
AD =4 cm, MB=5 cwm.
M

D A4
Puc. 4
1) Aano: npsmoyronsuuk ABCD, MB L ABC.
Jokazamv: AAMD n AMCD — npsiMOyTOJIbHbBIE
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Lokazamenvcmeo:

MB — nepneHIMKyIsip K MIOCKOCTH ABC. MA — HakioHHasA, BA - ee MNpoeKius.
[Tpoexuust BA nepneHaAUKyIsIpHA npsimoi AD u3 mockocti ABC. 3HauuT, u
HakJIOHHast MA nepnienaukynsipaa DA (1o TeopeMe o Tpex MepreHauKynsapax). Takum obpazom,
TpeyroiabHUK AMD - npsMOYTOJbHBIHN, TaK Kak yroyi MAD - npsMoii.

Amnanorununo, MC — nakiioHHasi, BC - npoexkuuss HakJoHHOW MC Ha mockocts ABC.
[Tpoexuust BC nepnenaukynspia CD, 3Hauut, u HakioHHas MC nepnenaukynspHa CD(1o
TeopeMe O TpeX nepneHauKyisipax). Yroax MCD npsmoi, TpeyroabHuk MCD npsiMOyTOJIbHBI.

2) Hano:

ABCD — npsimoyronbHuk, MD 1 ABC

CD=3cm,AD =4 cm, MB=5 cMm.

Haiumu: 2(DM; ABC).

Pewenue:

Yrosm Mexay HpsMOM M IIOCKOCTBIO - 3TO YroJI MEXAY NpsSIMOM M €€ IPOEKIUEH Ha
IJI0CKOCThb. DM - HakiioHHasA, DB ee npoekuus Ha MockocTh ABC, ciaeaoBaTesbHO, HAM HYXHO
Haiitu yroin MDB. O603Ha4nM €ro 3a ¢.

Paccmorpum  mpsiMoyronbHbId  TpeyroyibHUK BAD. AB=CD= 3 cM  (Kak
IPOTHBOIOJIOXKHBIE CTOPOHBI MpsIMOyTroibHuKa). Halinem BD o teopeme [Iudaropa.

BD =+/AB? + AD? = /32 + 42 =5 (ca)
Paccmotpum npsimoyrosibHbli TpeyroabHUK MBD. Haiinem yron BDM.

o MB_5
89 %p "5
— [u]
VToi ¢ — OCTpHIii, 3HAYHUT, @ = 45%
) 45"
meem.

IIpakTnyeckas padora NeS4
Tema 7.5: IIpsAMble U IIIOCKOCTH B MPAKTUYECKUX 3a7a4ax
Heanb: HayunTbcs HaXOAWTH Yroid MEXIY CKPEIIMBAIOUIMMUCSA MPSIMBIMH, MPHUBECTH
MPAKTUYECKHE MPUMEPHI MAPAIIJIEIbHBIX U CKPEIIHMBAIOIINUXCS MPSIMbIX

Teopernyeckas 4acThb:
Bo3M0OHBI TpH cilydast pacrosoxkeHus NPsIMbIX B IPOCTPAHCTBE:!

e  IApajlIeNbHO / /

/ a a
e IIEPECEKATCH / b ’
7 }//// 5
» /
7’
7’

e  CKpENIMBAIOTCS

=
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Yeon mercoy ckpewqusarowgumuca npamoimu
Yenom  merxncoy - ckpewqusarowgumuca - npamvimu  Ha3bIBAIOT  YrOA  MEXIY
MEPECEKAOIIUMHUCS TPSIMBIMU, COOTBETCTBEHHO MapaUICTbHBIMH JAaHHBIM CKPEIIMBAIOIIUMCS
MPSIMBIM.

o

b
Ha pucynke wu300paxkeHbl CKpeluBatomuyecs npsimpie @ u  b. [psmas @' mapamienpHa
npsiMoi @, mpsmast b’ mapamnensHa npsmoit b. [Ipsmeie @' u b’ nepecekatrorcs. Yrom ¢ u
SIBJISICTCS YTJIOM MEXK/Y CKPCLIMBAIOIIMMUCS NIPsIMbIMA & U D.

Penrenne 3agau:

1) 3aoaua. B xyoe ABCDA:B1C:D1 naiitu yron mexnay npsmeimu AB1 u BCi.

Pewenue. Ilockonbky mpsimas  ABg NepeceKkaeT  IIOCKOCTh BB:C1 B
Touke Bi, kotopas He nexur Ha mpsmoid BCi, TO MO TWpU3HAKY CKPEIIUBAIOIIAXCS

npsaMeIx npsimeie AB1 m BCi  ckpemnuBarorcs.

D.
1 I

A B
Jns Toro, uroObl HailTH yron Mexay npsmeiMa AB:1 u  BCi, npoBenem B kyOe
nuaroHaib 0okoBoil rpanu AD:1  u auaronans BepxHero ocHoBanusi DiBi (puc. 4).

 C.

ITo onpeneneHuio yriaa MeXIy CKpeIlMBaIOIIMMHUCA MpsiMbIME yron D1AB1  u siBisiercs
yriiom mexay npsmbiMua AB: m BCi.  Tlockonbky Tpeyronpauk ADiBi paBHOCTOpOHHWH,
yron Di1AB:1 pasen 60°.

Omeem. 60°.

2) IlpuBeauTe npuMepsl NapajIeIbHBIX U CKPELIUBAIOIIUXCS PSIMBIX, BCTPEYAIOIIUXCS B
OKpY’KaroIlleM MUpe.

Pemenue:

[Ipumepsl napayuienbHbIX IPSIMBIX: BA IPOBOJIA JIMHUU 3JIEKTPOIIEpeiay; IIUPHUHA 110J1a U
HIMPUHA MOJIKA; ABE MOJIOCHl aBTOMOOMIBHOMN JTOPOTH.
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IIpakTnyeckas padora NeSS
Tema 7.5: IIpsiMble U IIIOCKOCTH B TPAKTUYECKHUX 3a7adax
Hean: Hayuutscs pewarb 3a1a4u po¢eCCHOHATLHO-OPUEHTUPOBAHHOM
HalpaBIEHHOCTH

TeopeTnyeckas 4acThb:

Ha miiockoctn nBe mnpsmble WIM TNEPECEKAIOTCS, WM NapauielibHbl JIPYTr JPYTYy.
AB IIPOCTPAaHCTBC BO3MOXKCH CIIC OIUH CHy‘Iaﬁ B3aMMHOI'O PACIIOJIOKCHUS IMPSAMbBIX.

PacnonoxeHne npAmMbIX B NnpocTpaHcTee (Tpy cnyyasn)

i
a M c '
|
I
Im
b d i
Fo .- . . - B - - T a Ra }- ——————— -
s s
e 5 P
nepecexkawTca napanne/ibHu CKpewmueaoTcs
ab=M clld m-=p

/IBe mnpsiMble B MPOCTPAHCTBE MNapa/uieibHbI JAPYr [PYry, NepeceKaloTcsi HJIH
CKPeLIUBAIOTCS.

Ecnu nBe npsmMble nmapaiienbHbl TPeThel, TO OHU apauieabHbl IPYT APYTY.

CxpemmBaromumecs npsiMble HE IEPECEKAIOTCS. U HE NapajlUlesibHbl Ipyr apyry. Yepes
HUX HEBO3MOXXHO MPOBECTH IIOCKOCTh. CKpelIMBaIOIIMEecs MpsSMbIE JIEKaT B MapauleNbHbIX
MJIOCKOCTSIX.

Pemenue 3apau:

1. JlBa rpy30oBuHKa Bbl€XaJld B Peic 10 B3aMMHO-TIEPIEHANKYISAPHBIM goporam. CKOpoCTh
oaHOro — 50 KM/4, CKOPOCTH Apyroro — 60 KM/4, B JaHHBII MOMEHT OHU HaXOISITCSI HA PaCCTOSTHUM
7 km u 10 kM oT Hayasia myTu. Yepes kakoe BpeMs pacCTOSTHUE MEKIy HUMU OyzaeT 35 km?

2. Ckonpko moTpedyercss OeTOHa JUIsi TOTO YTOOBI 3AJIUThH IIBEIUIEP C TMapaIeTbHBIMU
rpanamu nosiok 1211 gymunoit 10m?

WEENNEP C ¥YKNGHOM WBENNEF C
BHY¥ TPEHHWX NPAHEW NONMOK NAPANNEABHbLINMWM FPAHAMMKM
12 Y% nonoxk 12 N
1 y
- 5 4. 8mm
F120 ram F120 nara
1]
B 52 ram
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IIpakTnyeckas padora Ne56
Tema 7.6: KoaTtponsHas padota no paszueny 7 «IIpsiMble U MIIIOCKOCTH B IPOCTPAHCTBEY»
Hean: IIpoBepuTh ypOBEHb YCBOCHHMs AAHHOIO Marepuana no pasueny 7 «lIpsmeie u
MIJIOCKOCTH B TIPOCTPAHCTBE»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yembvlpex
NPeONoHCEHHDIX.

1. (1 6amn) PacumdpyiiTe kpaTKyro 3anuch: a€f.

A) TouKa a MPUHAATEHKHUT TUIOCKOCTH [; b) Touka a mpuHaIeKUT npssmoii B; B) mpsmas a
MPUHAUISKUT TuIockocTu fB; ') mpsMas a nepecekaer IIOCKOCTb .

2. (1 6amn) Ipsameie AB u C]] ckpemmBarorcs. Kakoe pacronokenue uMeroT npsimbie AC
u BJ1?

A) mapannensHsbie; b) neprnienaukynspasie; B) ckpemmBatorces; ') mepecexarorcs.

3. (1 6amm) Ilmockoctu a u [ wumeror 1 oOmyro Touky. KakoBo uX B3ammMHOE
pacrojioxeHue?

A) nmapannensHbl; b) nepecekatored o npsmoii; B) coBnagarot; ') ckpenuBarorcs.

4. (1 6amn) Ecnu mpsimasi, IpoBeZieHHAsT HA IJIOCKOCTU Yepe3 OCHOBAHHE HAKJIOHHOM,
NEePIEeHIUKYIIIpPHA €€ IPOEKIMH, TO OHA. ..

A) meprieHAMKYISpHA U caMOM HaKJIOHHOM; b) mapamiensHa u camoil HakJIOHHOH; B)
CKpEIIMBAETCS C HAKIOHHOM; [') mepneHauKynsipHa OCHOBaHUIO HAKJIOHHOM.

Ilpu ¢vinonnenuu 3a0anuii 5-8 3anuwiume x00 peuwieHusA U NOJIYUEeHHbLIL Omeent.

5. (2 6amna) Yepe3 koHIBI oTpe3ka AB u ero cepeanny M mpoBeneHbI MapajuieibHbIE
npsiMbIe, TIEpeceKarolne HEKOTOPYIO MIIOCKOCTh B Toukax A1, Bi1 u Mi. Haiinure qmny otpeska
MM3, ecniu oTpe3ok AB He nepecekaeT iockocTh u eciii AA1= 6,8cm, BB1=7,4cMm.

6. (2 6amna) [Ipsmeie AC, AB u AJl nonapHo nepneHaukyisipusl. Haiinute orpezok C/I,
ecmu AB=5cm, BC=13 cm, AJI =9 cm.

7. (2 6anna) M3 TOYKM K MIIOCKOCTH TIPOBEICHBI /IB€ HAaKJIOHHBIE. HaliiuTe AMHbI 00111er0
MEePIEHIUKYIISIPA, €CIIH MPOSKIIUHA HAKIIOHHBIX OTHOCATCS Kak 2:3 U IJIMHBI HAKJIOHHBIX PaBHBI 23
cM u 33 cm.

8. (2 6anna) Haueptuts ky6 ABC/1A1B1C1/11. IToctpouts Touky KEAB, Touky MEJ1:C,
otpe3ok PEEA1B1C:.

Omanonvt omeemos:

Howep 1 2 3 4 5 6 7 8
3adaHUsA
OTtBeT B B b A 7,1 15 9 -

IIpakTuyeckas padora Ne57
Tema 8.1: Ilpusma, ee snementsl. Cedenus npusmbl. Buasl npusmel. [lapannenenunern,
KYyO.
Hean: HayunThes pemaTh 3a/1a4 Ha HAXO0XK/IEHUE FIEMEHTOB IPU3MBI.

IIpuzma — 510 reomerpuyeckas (urypa B MpPOCTPAHCTBE; MHOTOIPAaHHUK C JABYMS
napajuleIbHBIMU U PaBHBIMU IPaHSIMH (MHOTOYTOJIBHUKAMHU ), a IPYTUE TPAaHU IPU 3TOM SIBIISIOTCS
napausenorpaMMamH.

Ha PUCYHKEC HMKC NPCACTABICH OJUWH M3 CaMBbIX PaClpOCTPaHCHHBIX BHUAOB IMPU3MBI —
uemovipexyzonvnaa  npamasa (UM napanienenuned). Jlpyrue  pasHOBUAHOCTH  (pUTYpBI
PACCMOTPEHBI B OCIIEAHEM pa3/iene TaHHOH MyOIuKaIuy.
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DneMeHTHI IPU3MbI

Jlst pucyHKa BblLIE:

— OcHoéanusn — paBHbIE MHOTOYTOJILHUKHA. DTO MOTYT OBITh TPEYTOJIbHHUKH, YEThIpEX-,
ISTH-, IIECTUYrOJbHUKHM W T.J. B Hamem ciaydae — 93TO mapauenorpamMmsl  (Win
npsimoyrosnbauki) ABCD u A1B1C1D;.

— bBokoevie epanu — 1o napamnenorpammbsl: AA1B1B, BB1C1C, CC1D1D u AAD1D.

— bBokoeoe pedpo — oTpe30K, COCNUHSAIOMINUNA COOTBETCTBYIOIINE APYT IPYTy BEPIIUHBI
pasubix ocHoBauuit (AA1, BB1, CCy u DDy). SIBnsiercst o01mieii cTopoHO# 1ByX OOKOBBIX T'paHEH.

— Boicoma (h) — 5T0 nepneHIUKYISAP, IPOBEICHHBIM OT OJIHOTO OCHOBAHUS K APYTrOMY,
T.e. paccTosiHue Mexny Humu. Ecim GokoBble pedpa pacroyioKeHbl MOJ MPSMBIM YIJIOM K
OCHOBaHUSM (DUTYpPBI, 3HAYUT OHU OJHOBPEMEHHO SIBIISIFOTCS U BHICOTAMH IPU3MBI.

— /Juazonanv ocnosanus — OTPE30K, KOTOPBIM COEAMHSET [IBE IPOTHUBOJICKAIIHE
BEpPILKHBI 0JHOTO ¥ TOro ke ocHoBaHus (AC, BD, A1C1 u B1D1). Y TpeyronsHoi npu3Mbl JaHHOTO
DIIEMEHTA HeT.

— Muazonanv 60K060ili 2panu — OTPE30K, KOTOPHII COEAMHSET JABE NMPOTUBOJIEKAIINE
BEpILIMHBI OJHOW M TOM ke rpaHu. Ha pucyHke wn300pakeHbl JUAroHajld TOJBKO OIHOMN
rpanu (CD1 u C1D), 4T00BI HE MEeperpykaTh €ro.

— /Juazonans npuzmsl — OTPE30K, COSAMHSIONINH JIBE BEPIIUHBI Pa3HBIX OCHOBAHHIA, HE
MPUHAJISKAIINX OJTHOM 00KOBOM IpaHu. MbI moka3aiu TolbKo aBe u3 uetsipex: AC1 u BiD.

— Ilosepxnocms npusmsl — cymMMapHasi IOBEPXHOCTh JBYX €€ OCHOBAaHMH M OOKOBBIX
rpaneil. @opmyibl Ui pacyeTra IUIOMIa[d  MOBEPXHOCTU (71  TPAaBHIBHOM  (QUIYpHI)
¥ 00beMa MPU3MBI IPECTABICHBI B OTJEIIbHBIX ITyOIHKAIHSIX.

Pazeéépmka npusmbl — pa3noxkeHHe BceX TpaHeil (Urypbl B OJHOM TIJIOCKOCTH (Harie
BCEro, OJTHOTO U3 OCHOBaHMIT). B kauecTBe npumepa — 1715l IpSIMOYTOJIbHOM MPSAMOM MPU3MBI:

6okosasn
2paHb

6okosan ocHoaaHue 1 6okosan
2paHb 2paHb

6okosasn
2paHb

OCHOoeaHue 2
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https://microexcel.ru/ploshad-pravilnoy-prizmy/
https://microexcel.ru/obyom-prizmy/

BapuanTel ceuenus npu3mMbl
1. /lnaronajbHOe ceYeHHe — CEKyllass I[UJIOCKOCTh TPOXOAMT 4Yepe3 JAUaroHajib
OCHOBaHUS IPU3MBI U JIBA COOTBETCTBYIOMIMX OOKOBBIX pedpa.
B B

licroexcel.ru

IIpuMmeyanue: Y TpeyroiabHOM INPU3MBI HET IMATOHAIBHOIO CEYEHUS, T.K. OCHOBAHHEM
(burypsl sABIsETCA TPEYrOJIbHUK, Y KOTOPOrO HET AMAroHayeH.

2. IlepneHuKy/IPHOE ceYeHHMe — CEKYINas INIOCKOCTh IepeceKkaeT Bce OOKOBbIEe pedpa
IO/ IPSAMBIM YTJIOM

D

IIpumeuanue: Apyrue BapHaHThl CEUYCHHUS HE TaK PAcIpPOCTPAHEHBI, TOITOMY OTIEIHHO
Ha HUX OCTaHAaBIIUBATHCS HE OyaeMm.

Buas! npuzm

PaccmoTpum pasHOBHIHOCTH (PUTYPHI C TPEYTOJEHBIM OCHOBAHHEM.

1. Mpsamas npu3ma — OOKOBBIE TPAHU PACTIONOKEHBI TTOJT TPSIMBIM YTJIOM K OCHOBaHHSIM
(t.e. HepAHeH}II/IKyJ'ISIpHBI uM). BricoTa Takoi Gurypsl paBHsIETCS ee 00KOBOMY peOpy

1_8

. C
2. HakJjioHHasi npu3Ma — O0OKOBBIE T'paHH (GUTYpHI HE IEPIICHAUKYIISPHBI €€ OCHOBAHUSIM.

194



c
3. HpaBI/IJIbHaﬂ nmpu3Ma — OCHOBAHHUAMM SBJIAIOTCA IIPABUJIBHBIC MHOI'OYI'OJIbHHKH.

MoskeT ObITh IPSIMOMN HJIM HAKJIOHHOM.
A

1

c C
4. YceyeHHass mnpu3Ma— 4YacTb (QUIypbl, OCTaBLIasCs IIOCJIE TIEPECEUCHUsS €€

INJIOCKOCTBIO, HE HapaHHeHBHOfI ocHOBaHMIM. Takke MOKET OBITh KaK HpﬂMOﬁ, TaK ¥ HAKJIOHHOM.
A A

1 AR~ -

Pemenue 3axanmii:
3amava 1. Haiigute OokoBOe peOpO MpaBUIIBHOW YETHIPEXYrOJIBHON MPHU3MBI, €CIIU
CTOpPOHA ee OCHOBaHMS paBHa 15 a mmomaas moBepxHocTH paBHa 930
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3amaua 2. B mpaBuneHON uerbipéxyronphoit npusme ABCDA1B1C1D1 wu3BectHO,
yto BD1 = 2C1D1. Haiinure yron mexay nuaroHansivu BD1 u ACL. OTBer naiite B rpaaycax.

C
/1( /B\
Sy >
D >4
( | ‘A‘
|
ﬁl_____l___
7 //B
D A

3amaua 3. OCHOBaHHMEM TIPSMOW TPEYroJbHOH TPU3MBI CIYKUT MPSIMOYTOJIBHBIN
TPEYTroJbHUK C KaTeTaMu 5 U 7 60koBoe pedpo paBHO 4. Haiinute 00beM MpU3MBI.

1
1
1
1
1
I
1
L

3amaya 4. OcHOBaHHEM MPAMON TPEYroIbHOW NPU3MBI CIYKUT MPAMOYTOJIbHBIN
TPEYroJbHUK C KareTaMu 6 1 8 BbicoTa mpu3Mbl paBHa 10. HaiinuTe miomaas ee HOBEpXHOCTH.

1
1
1
1
1
I
1
L

3amaga 5. OcHOBaHHMEM MPSIMOW TPEYrOJbHOW NPU3MBI CIYXKHUT MPAMOYTOJIbHBIN
TpeyroJapHUK ¢ karetamu 5 u 12 [Tnomans ee nosepxHoctu pasHa 120. HaiinuTe BBICOTY IPU3MBI.

1

1

1

1

1

1

1
"N
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IIpakTnyeckas padora NeS8
Tema 8.2: Ilupamuna, ee ceuenue. [IpaBunbHas u yceu€HHas nupamuia
Heﬂb: Hay‘-II/ITLCSI pemaTth 3aJa4 Ha HAXOXKIACHUC 3JICMCHTOB ITUPAMU/IbI.

Teopernueckas 4acThb:
IImpamuaa — MHOrOrpaHHUK, OCHOBaHHE KOTOPOI'O — MHOI'OYI'OJIBHHUK , @ OCTaJIbHbIE
IpaHU —TpPEYTrOJIbHUKHU, UMEIOIKE OOIIYIO BEPIIMHY.
A

1o uncny yrioB OCHOBaHHUs Pa3IMYaOT TUPAMUBI TPEYTOJIbHBIE, YETBIPEXYTOJIbHBIC U T.
a.

Bepumna nupamuiel — TOUYKa, COeAMHAONIAs O0KOBBIE PEOpPA 1 He JIeKallasi B JI0OCKOCTH
OCHOBAaHUSI.

OcHOBaHHME — MHOIOYI'OJIbHUK, KOTOPOMY HE IPUHAJIEKAT BEPIINHA TUPAMUIBL.

Anodema — BbIcoTa OOKOBOW TpaHM TNPABWILHOW MUPAMUABI, NPOBEJCHHAS U3 €€
BEPILUHBI.

-/ | =
—

=~

BbicoTa — 0Tpe30k NepneHAMKyNsipa, NPOBEAEHHOTO YEpe3 BEPIIMHY NHUpaMUAbl K
IJIOCKOCTH €€ OCHOBaHUS (KOHIIAMM 3TOTO OTpe3Ka SIBJISIFOTCS BEPILMHA MUPaMU/Ibl 1 OCHOBaHUE
NEPIEHIUKYJIIAPA).

(7 —— et

I[I/IaTOHaHBHOC CCUCHUC MUPAMUBI — CCUCHUC THUPAMUIBI, IIPOXOJAIICC YCPE3 BCPUINHY
" aAuaroHajib OCHOBaHNA.
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HexoTopble cBoiicTBa NMpaMUIbI

1) Eciin Bce GoKoBBIe pedpa paBHbI, TO
— OKOJIO OCHOBAaHUS THPAMHJIbI

MOXKHO OIIMCAaTh OKPYXKHOCTb, MPHUYEM BEpIINHA
NpaMUbl IPOELUPYETCS B €€ LIEHTP

\
|\
/o

\

Bepno u oOpatHoe.

Ecnu 6okoBble peOpa 00pa3yroT ¢ MI0CKOCThIO OCHOBAHUSI paBHbBIE YIJIbl, TO BCE OOKOBBIE
pedpa nupaMuIbl paBHBbI.

Ecan oxoso oCHOBaHWS NHMpPaMHUIBI MOKHO OIIMCAaTh OKPYKHOCTb, NPHUYEM BEpIIMHA
IUpaMU/IbI IPOELUPYETCs B €€ LIEHTP, TO Bce OOKOBbIE peOpa MUPaMUIbl paBHBI.

2) Eciiu Bce rpaHM MHPAMUAbI HAKJIOHEHbI K TJIOCKOCTH OCHOBAHMSI 1O OJXHUM
YIJIOM, TO B OCHOBaHUE ITUPAMUbl MOXXHO BIIUCATh OKPYKHOCTb, IPUYEM BEPILIMHA [TUPAMUJIBI
MIPOELUPYETCS B €€ LIEHTP

\

‘\
/ [ \\
s/ | \

/ f"/(__é},._.._._.___

- [ > -
/ &% -~ ZP\/ <

7

Buabl nupamujg

[Iupamua Ha3pIBaeTCs NPABUJBLHOMN, €CIIM OCHOBAaHHEM €€ SIBJISECTCS MPaBHIbHBIN
MHOT'OYTOJIbHUK, @ BEPLIMHA IPOCHUPYETCA B EHTP OCHOBAHUSI.
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J1st npaBUJILHON MUPaMUAbI CIPABEIJINBO:

— OoKoBbIe peOpa MPaBUIBLHON MUPAMHUIBI PABHBI,

— B TMpaBWIbHOW mNHpamMuze Bce OOKOBbIE T'paHU — paBHbIE PpPaBHOOEIPEHHBIE
TPEYTOJIbHUKY;

— B J1I0OYIO0 MPAaBUIIBHYIO MUPAMUAY MOKHO BHHCATh chepy;

— OKOJIO JTF000 IPAaBHIILHOM MUPaMUIBI MOXKHO OMHCATh chepy;

— mom@aab OOKOBOM MOBEPXHOCTH MPaBWIBHOM MUPAMHIbI pPaBHA TOJOBHHE
MIPOM3BEICHUS TIEpUMETPa OCHOBAHUS Ha anodemy.

[Mupamuna Ha3pIBaeTCA MPAMOYTOJBHOM, €CIM OJHO U3 OOKOBBIX pEOEp MUpPaMUIBI
NEePHEHANKYJISIPHO OCHOBaHMIO. Torga 3To pedpo U €CTh BhICOTA TUPAMUJIBI.

YceuéHHoi nmuUpaMuI0i Ha3bIBACTCSI MHOTOTPAHHUK, 3aKIIFOUEHHBIN MEX/1Y OCHOBAHHEM
MUpaMUB] U CEKYLIEN IIIOCKOCTBIO, apaJlJIEIbHON €€ OCHOBAHUIO.

Tetpadap — TpeyronbHas nupamuaa. B terpasnpe mobast U3 rpaHei MOxkeT ObITh TPUHATA
3a OCHOBAHME MUPAMM/IBI.
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Penrenne 3agannii:

3amaua 1. B mnpaBuibHO# uerbipexyrosbhoit mupamuae SABCD touka O — wnentp
ocHoBaHus, S — BepmuHa, SB=13, BD= 24. Haiinqute nnuny orpeska SO.

3amaya 2. B mnpaBunbpHOM weThipexyrosnbHoi mupamuge SABCD touka O — wmeHtp

ocHoBaHusA, S — BepmmHa, SO=8, BD= 30. Haiinure 6oxoBoe pedpo SC.
S

3amaua 3. CTOpOHBI ~ OCHOBAaHHWS  TPABWIBHOW  YETBIPEXYrOJbHOW  IHPaMHIBI

pasHbI 60, 6okoBBIe pebpa paBHbI /8. HalinuTe miomia s TOBEPXHOCTH 3TON MUPAMUJIBI.
S

3amaua 4. B mnpaBunpHOW ueThlpexyroiabHoi mupamuiae SABCD touka O — wnentp
ocHoBauus, S — BepmmHa, SO=48, SD= 60. Haiigute nmunay orpeska AC.
S
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3amada 5. OCHOBaHMEM MUPAMUIBI SBISAETCS NPSIMOYTOJIBHUK cO cTopoHamu 5 u 6 Ee

o6bem paseH 40. Haiinyte BRICOTY 3TOW MUpPAMHUIBIL.
S

IIpakTnyeckas padora Ne59
Tema 8.3: Cummetpus B KyOe, napajijiesienunesie, npu3mMe, mupaMuie
Henab: HayuuTthes pemaTts 3a7ja4d Ha CHMMETPHIO.

Teopernyeckasi 4acTh:

9JIeMeHThI CHMMETPHH IIapajiiejenHnexonB

Bux napannene- | Ilentp cmmmerpun IInockocTs cHMMeTPHH
Mmexa :
I[IpamoyronbHBIH
napaJiaeaeny- ‘:_\ i //
Hen, BCe H3Me- S = |
!~ ~ /
PeHHUA KOTOPOTro e %/
pa3JIA4uHbB TouKa nepeceueHns
‘ JauaroHanei 3 ODJoCcKOCTH CHMMETPHH
HpamoyroasHbI
napaJiiesenu- 1S\ /\
nefn, B KOTOPOM I!——:-;'Z%-‘—"- —
ABa H3MepeHHud = ~ / // [ T '{
paBHBL Touyka nepeceueHund V .
nuaroHaselt 5 naocKocTell cMMMeTDUH
Ky6 e
/ \ !
‘S“ 7 | l
X -1 J -

\

TouKa mmepeceucHUA

nmarosanel 9 nnocKocTef CHMMETPHH
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CnMMeTpusa B Npnusme

1. LLeHTp CMMMeTpPUHU Npu 4YeTHOM
Yyncne CTOpPoOH OCHOBaHUA — TO4YKa
nepecevyeHns AnaroHanewu

npaBUbHOW MPU3MbI -

R
|4 !

-~
-
bt oo - o o - — -

\
g -
]
I
I
1
L
!

. .
~ f L} “

- ~

‘\’t ‘/’

2. NMNocKoCTH CUMMETPUMN:

” NNI0CKOCTb, MpoxoAdllas Yepes cepeanHbl
bokoBbix pebep;

> MJIOCKOCTH, npoxogsuine 4yepes
npoTueosieXxalune pe6pa, npun 4eTHOM 4Hucie

CTOPOH OCHOBaHWA__
_—-““"‘-—-f‘

| =
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3. OCH CUMMETPUMK: MPN HETHOM HUCE CTOPOH
OCHOBaHWA
» OCb CUMMETPUN, NPOXOASALLANA Yepe3 LLEHTPLI OCHOBAHWIA,

¥ ocu CUMMETPUK, Mpoxoasune Yepes TOYKM NepecevyeHns
AnaroHanen npoTueonexalwnx BoOKoBbIX rpaHen

CnMmmMeTpusa B nupamMmupe

CuMMeTpuUsA NpaBuJIbHOW NUpaMuabl

1. MnocKkoCcTU CUMMETPUM: NPUN YETHOM YUCNE CTOPOH
OCHOBaHWSA

” NNIOCKOCTU, MPOXOASLLIME Yepes NPOoTUBONEXKaLLME BOKOBLIE
pebpa;

» MNOCKOCTU, Mpoxoaswune yepes MeanaHsl, NpoBegeHHbIe K
OCHOBaHMUIO NpoTuBoONeXalmnx 60KoBbIX rpaHen (puc. 1).

2. Ocb CUMMETPMUMU: Npn 4eTHOM HYuncie CTopoH oCHOBaHWA —
OCb CUMMETpPUMN, NPOXoAALLan Yepes BepWmuHy -~~~
n /

Puc.1 Puc.2
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Penrenne 3agannii:

3amaua 1.

1. CKOJ/IbKO N/10cKocTe CUMMETPUN MMEET NpamMu/a, B OCHOBaHUM
KOTOPOW NEXUT NPAMOYTO/IbHUK, PpOMB?

Kakoe gononHuTesibHOe YCroBue AO/MKHO MPUCYTCTBOBATL B YC/10BUN
3a/ja4uu, YToObl Balll OTBET Obl1 BEpEH?

3anaua 2.
D,
Jano:
ABCDAlBlchl — Kyﬁ, AB = a, T
D - D, npu cummerpuu oTHOCHTENBHO B, D, D, Cy
Haitru: BD, ,
Pewenue: | \
2) AABD — npsmoyrosibHbI#, 110 Teopeme [udaropa: :I: N
o N
| \
D
S C
. S \
,/ \\ \
A a B

IIpakTuyeckas padoraNe 60
Tema 8.4: [Tpumepsl cumMmeTpuii B mpodeccun
Henanb: PaccMoTpeTs npuMepsl CUMMETPUH BOKPYT HAc

Teopernyeckas 4acThb:

PaccMoTpuM NOHATHE CUMMETPHUH C T€OMETPUYECKON TOUKN 3PEHHUS.

B y4eOHMKe MO reoMeTpuH ITO MOHITHE BBOJIUTCS CleayromuM oopazom. Touku A u Al
HA3bIBAIOTCS CHMMETPUYHBIMHU OTHOCUTEIHHO TOUkH O (LeHTp cummeTpun), eciu O — cepenrHa
orpeska AA1 (puc. 1, a). Touka O cuutaercss CHMMETPUYHOM caMoii cebe.
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Toukn A u Al Ha3bIBalOTCS CUMMETPUYHBIMU OTHOCUTEIIBHO MPSIMON a (OCh CHMMETPHH),
€Cu TpsAAMasi a MPOXOJUT Yepe3 cepeluHy oTpe3ka AAl u nmepneHauKylIsipHa K 3TOMY OTPE3KY
(puc. 1, 6). Kaxkmast Touka mpsiMOii @ CUUTAETCSI CHMMETPHYHOM caMoii ceoe.

Toukn A m Al Ha3bpIBaIOTCS CUMMETPUYHBIMU OTHOCHUTENBHO IJIOCKOCTH  (TUIOCKOCTH
CUMMETPHH), €CJIN IUIOCKOCTh  MPOXOJUT Yepe3 cepeiuny orpe3ka AAl  u nepneHAuKyIsipHa
K 3ToMY 0Tpe3Ky (puc.l,B). Kaxknas Touka miIOCKOCTH  CUMTAETCsl CHMMETPUYHOM camoii cebe.

Touka (mpsiMasi, MJIOCKOCTb) HA3BIBAETCS LIEHTPOM (OCBIO, IJIOCKOCTHIO) CHUMMETPHUHU
burypsl, eciau Kaxxaas TOYKa QUrypbl CHMMETPUYHA OTHOCUTEILHO HEE HEKOTOPOIl TOUKE TOM ke
¢urypsr. Ecnu purypa umeer (puc. 1) nueHrp (och, IIIOCKOCTh CAMMETPHUH), TO TOBOPST, YTO OHA
o0JyaaeT eHTpaIbHOM (0CEBOM, 3epKAIbHOW) CUMMETPHUEH.

Bb1ensst reoMeTpuuecKyr0 CHMMETPHIO, TOBOPHM O IMOJIOKEHHUH, opMe, CTPYKType. ITO
Ta CUMMETPHSI, KOTOPYIO MOKHO HETIOCPEICTBEHHO BUJIETh.

|a

A,

—

~
\

.-

| ",
- B)

) 6) -

CHUMMETpHUIO MOKHO OOHApY>KUTh IIOYTH BE3JE, €CIU 3HaThb, Kak €€ HCcKaTb. MHorue
Hapozbl C APEBHEHIINX BPEMEH BIIAJIENH IIPEICTABICHUEM O CUMMETPUU B IIMPOKOM CMBICIIE --
Kak 00 ypaBHOBENIEHHOCTH M TapMOHMHU. TBOPYECTBO JIOJEH BO BCEX CBOMX IMPOSIBICHUIX
TAroreeT K cummerpuu. llocpenctBoM cuMMETpUM YEJIOBEK BCerza IbITAICA, II0 CJIOBaM
HEMELKOro wmaremaruka ['epmana Beid, «nocTMdb M CO34aTh MOPSAIOOK, KpacoTy H
cosepieHcTBOY. I'. Beiinb o cumMeTpueil HoHuMal «HEUn3MEHHOCTh KaKoro-JInbo 00beKTa, pu
OIIPEIENIEHHOr0, poja MpeoOpa3oBaHUAX; IPEIMET SBISETCS CUMMETPUYHBIM, B TOM Cllyyae,
KOTJ]a €ro MOXKHO IO/IBEPTHYTh KaKOM-HUOY/Ab onepanuu, 1nocie KOTopoi OH OyneT BBITJISAETh
TaK ke, Kak U A0 npeoOpasoBanusi». Onpenenennyto riasy ['. Beinb mocBaTuia opHaMeHTHON
CUMMETPUU. YTIOPAJOYEHHOCTh M TOJAYMHEHHOCTh OIpEJeIeHHOMY Ha0opy MpaBUI MbI
0oOHapy>XHBaeM B y30pax U OpHaMeHTax (cM. puc. 16).

Henb3s He yBHIOETh CHUMMETPHUI0O M B OIPAaHEHHBIX IpPAaroLiEHHBIX KaMHAX. MHorue
TPaHUJIBIIMKKN CTaparoTcs NpuaaTh OpuiumaHTam (GopMy TeTpajszapa, KyOa, OKTadapa WU
uKocaspa. Tak Kak rpaHaT UMeeT Te K€ JIEMEHThl UTO M KyO, OH BBICOKO LIEHUTCS 3HATOKaMHU
JIparolieHHbIX KaMHEW. Xy/10’KeCTBEHHbIE U3/1€TUsl U3 I'paHaTOB ObUIM OOHApYXEeHbI B MOTMIax
Hpesnero Erunra, oTHOCAIIMXCS €11€ K TOJAMHACTUYECKOMY NEPHOAY (CBBIIIE IBYX ThICAUETCTUN
JI0 H.D.).

B komneknusax OpMmuTaka OCOObIM BHUMAaHHUEM IIOJIB3YIOTCS 30JI0ThI€ YKpallleHUs
IpeBHUX cku(oB. HeoObIuaitHO TOHKa Xy/10’K€CTBEHHAsl pab0Ta 30JI0ThIX BEHKOB, IUaJIEM, IepeBa
U YKpAaIleHHBIX JAPAroleHHbIMU KPacHO-(PHOJIIETOBBIMH I'paHATaMHU.

OaHMM M3 CcaMbIX HArJISIAHBIX HCIOJb30BaHUM 3aKOHOB CHMMETPUU B KHU3HHU CIyXKaT
CTPOEHMSI apXUTEKTyphbl. DTO TO, YTO 4Yalle BCEr0 Mbl MOKEM YBUIETh. B apXxurekrype ocu
CUMMETPUN HUCHOJB3YIOTCS KaK CPEICTBAa BBIPAKEHUS apXUTEKTypHOro 3ambicia. [IpumepoB
WCIIOJIb30BAaHUSI CHMMETPUH B apXUTEKTYpE MHOKECTBO, OJJHUM W3 HHUX SABIISETCS MPEKPACHBIN
HoBocubupckuii TeaTp onepsl u 0anera.

Eme onHMM npUMepoM MCIOJIB30BaHUS YEJIOBEKOM CUMMETPUU B CBOEH IPAKTHKE - ITO
TeXHHKA. B TexHHKe OcH CUMMETpUU HanboJjiee 4eTKO 0003HAYaI0TCs TaM, I'7ie TpeOyeTCs OLIeHUTh
OTKJIOHEHHUE OT HYJIEBOTO MOJIOKEHHS, HAIIPUMEp Ha pyJie TPY30BUKa MIIM Ha HITypBajie KOpaos.
Wnu onHO 13 BaKHEHIINX U300pETEHUH YeIoBEeYeCTBa, UMEIOUINX LEHTP CUMMETPHH, SBISETCS
KOJIECO, TAK)KE LIEHTP CUMMETPUH ECTh Y IPONENTIEPA U APYTUX TEXHUUYECKUX CPEICTB.

CuMMeTpHIO MOKHO 3aMETUTh Jake TaM, Ha YTO HHUKOI/Ia He oOpaiiajl BHUMaHUE.
Hanpumep, ecnu Bbl momecTuTe OYKBBI IEpe]] 3epKAIOM, PacIIOIOKUB €ro MapajuiebHO CTPOKE,
TO 3aMETHUTE, YTO T€ W3 HUX, Y KOTOPBIX OCb CHMMETPHHM MPOXOAMUT TOPU30HTAIBHO, MOYKHO
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MPOYECTh U B 3€pKajie. A BOT T€, y KOTOPBIX OCh PACIOJI0KEHA BEPTUKAIBHO UM OTCYTCTBYET
BOBCE, CTAHOBSITCS «HEUUTAOCIbHBIMU.
Cy11ecTBYIOT S3BbIKH, B KOTOPBIX HAaUepTAHUE 3HAKOB OMUPACTCS HA HAJIMYUE CUMMETPHUH.
Taxk, B KUTalCKOI MUCbMEHHOCTH HepOrIi( 03HAYaeT UMEHHO UCTUHHYIO CEPEIUHY.
CummeTpusi Takke €CTh M B 4YHCIax, Hampumep, v12345678987654321=111111111;
v123454321=11111 u T.1. cMuMMeTpHs LIEHTPAJIbHASI OCEBAasl 3epKaJIbHAS T€OMETPHUSI

3anafme: MIPUBEINUTE IIPUMEPBI CUMMETPHUH, BCTpeanOIHeﬁCﬂ B )XM3HHU YCIO0BCKA.

IIpakTnyeckas padoraNe 61
Tema 8.4: [Ipumepsl cummeTpHii B mpodeccun
Heanb: PaccMoTpeTs npuMepsl CHMMETPUH B IPO(ECCHOHANBHON AEATEILHOCTH

Teoperudeckast 4acTh:

[IpumeneHne MaTeMaTUKH B Oyaymied mpodeccuu — O4YeHb aKTyallbHas TeMa HAaIIero
BPEMEHU.

CummMeTpusi B MpoecCHr aIMIHUCTPATOPA Mara3uHa 01X bl

B marasune onexapl 00s13aHHOCTH aJIMUHUCTpAaTOpa Mara3uHa OyayT 3aKirodarbcs B
OpraHU3aIMi TOPTOBBIX MPOIECCOB. J[OMOMHUTENHEHO B 00S13aHHOCTH aIMUHUCTPATOPA BXOJIUT
KOHTPOJIb HaJl pa3MEIICHUEM TOBapa B TOProOBOM 3ajie MarasuHa. M TyT riaBHBIMM IpUHIUIIAMU
co3aanus OanaHca SIBISIOTCS CUMMETPUSI 1 ACUMMETPHSL.

Kak wucnonp3oBath cUMMETpHIO B MarasuHe ofexnapl? Tak ke, Kak HabOp BecoB
YpaBHOBEIIMBAET JIEBOE W MPABOE Ha Becax, TAK JIEBas MMOJOBHMHA BUTPUHBI WM MPOCTPAHCTBA
Mara3uHa ypaBHOBEIIMBAETCS MTPaBOM:

® BEIM M MAHEKEHBI B JIEBOM CTOPOHE BUTPUHBI OKHA JIOJKHBI 0aTaHCHPOBATh C 00bEMOM
CIIpaBa;

® CTOINKHU CIIOKEHHBIX (PyTOOJIOK PaBHOMEPHO M CHUMMETPUYHO PaACIPEACIICHBI 10
OT/IENIbHO CTOSIIIIEMY CTOJIY Y BXOJa B MarasuH;

® BICSAT BEIIM OJMHAKOBOI'O aCCOPTUMEHTA CJIeBa U MpaBa.

Cummetpusi (oceBasl) 4acTO MCIONB3yeTcs AN OQOPMIICHHS Belle B KIACCHYECKOM
ctuie. CUMMeETpUs MPUIAET BJIETAaHTHOCTh U (OPMAITLHOCTh BUTPUHBI C MYKCKOW OIEKIION;
opopmiIeHHEe B IU3aWHEPCKUX Mara3MHax ¢ MHUHHUMAQJIMCTUYHBIM TU3alHOM ; BUTPUHBI C
MaHEKeHaMU ¢ HEOOBIYHOM TU3aitHEPCKOM 01ek 101, OTHAKO CUMMETPUYHOE 0(OPMIICHHE MOKET
OBITH HEMHOTO CKYYHBIMU I OOJiee MOBCEHEBHOM U 0a30BOI 0/IEXkKIbI, KOTOPHIE TPEOYIOT YEro
WHTEPECHOTO.

Acummertpus. st pa3menieHus: MOBCEAHEBHON U 0a30BOM OAEKIbI OOBIYHO HUCIIOIB3YIOT
aCMMMETpPUYHBbIE BUTPHUHBI. biiaromaps acUMMETpHH TOJIy4aeTcsl MPeCTaBUTh 0a30BbIE€ BEIU
0osee HEOOBIYHBIMU. ACUMMETPUYHBIN AU3aiiH MOXET BBI3BIBATH YYBCTBO JABM)KCHUS U Ka3aThCS
0oJiee COBpEeMEHHBIM, YeM CUMMETPUYHBIN, HO TIPU BCEM 3TOM CO3/1aTh IPaBUJILHBIC MPOTIOPIIN U
AIIEMEHTOB 37€Ch CIIOJKHEE.

Kak wcnonp3oBarh acuMMETpUr0 B MarasuHe onexapl? B kaudectBe mnpumepa
ACUMMETPUYIHOTO OamaHca MOKHO MIPUBECTH CIIEIYIOIIEe OJTMH MAHEKEH B JICBOW YaCTH BUTPUHBI,
YpaBHOBEIICHHBIM JIBYMSI MaHEKEHaMH CIpaBa, CTOSIIMMHU OJW3KO Npyr K Apyry. B 1memom,
rapMoHHs Oy/IeT JOCTUTHYTA, MOCKOJIBKY TP MaHEKeHa YA0OHO 3aMOIHIIOT MPOCTPAHCTBO, XOTSA
OHH U pacIpeIeIeHbl HEPABHOMEPHO

Cummetpus B mpodeccun Boautens. Bce aBToMOOUIN UMEIOT MPOJIOJIEHYI0 CHMMETPHIO
Ky30Ba. He ABIsITOTCS MCKITFOYEHHEM U OOJIBIIIETpy3HbIe MalHbBL. [IlepBoe, 4To MpUXOANT HA yM,
KOrJla peub UJET O CHMMETPHUH aBTOMOOWIIEH, 3TO adpoanHamuka. Eciu neBas u mpaBasi 4acTu
MaluHbl OyAyT UMETh pa3Hyl GopMy, TPYAHO Tpeayranarb, Kak MOBEAET ceOs BO3IYIIHBIN
MOTOK Ha OOJIBIION CKOPOCTH. B 3aBUCMMOCTH OT CKOPOCTH BO3AYIIIHBIE MacChl IO 00€ CTOPOHBI
Ky30Ba MEHSUIM OBl CBOW YroJ M HEU3BECTHO KakK IMepeceKauch Obl MEXIy coOOoH, co3maBas
JUIITHKE TpoOsieMbl BoauTemo. M3-3a omMOOK MpOeKTUpOBaHHUS (OPMBI Ky30Ba aBTOMOOWIH
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MOTYT TEPATh YCTOMYMUBOCTH Ha OOJIBIIION CKOPOCTH U JJaXKe TIEPEBOPAUYUBATLCS . ITO OCOOCHHO
OMacHo AJisi 0oJblIerpy3HbIX MamuH. Eciiu mocMoTpeTs Ha Gypy ¢ pa3HbIX CTOPOH, TO MOXHO
3aMETHUTh, YTO OHA UMEET Cpa3y HECKOJbKO Oceil cumMmeTpuu. HekoTopele neTanu MaiuH UMEIoT
LHEHTPaJIbHYI0O CUMMETPHUIO: KOJECO aBTOMOOWIIS, LIecTepeHKa u Jp. PyrneBoe koieco umeer
oceByto cummeTputo. [Ipyu MoenupoBaHMU aBTOMOOMIIBHBIX JIMCKOB, JJISI PACUETOB MPUMEHSIIOT
MOBOPOTHYIO CHUMMETpUIO. PerynumpoBka CXOXJEHHUS KOJIEC aBTOMOOWIISA TPOU3BOAUTCS
OTHOCHUTEJIbHO TPOJIOJIbHOM OCH CHUMMETPUM MaluHbl. J[Jisi Ha3eMHOro BHUJa TpaHCIOpPTa B
0oJIbIIIeH CTENIEHH BCE OCEBasi CHMMETPHSL.

3ajanue: TPUBEIUTE TPUMEPHl CHUMMETPHH, BCTpEYalolmielcs B Bamield Oymymiei
npodeccuu.

IIpakTuyeckas pabora Ne62
Tema 8.5: [IpaBuibHbIE MHOTOTPAaHHUKH U UX CBOWCTBA
Hean: HayunThes pemaTth 3a1a4y Ha NpaBUIIbHbIE MHOTOTPaHHUKH.

Teopernyeckas 4acThb:

BbInyKiiblii MHOTOTPaHHMK Ha3bIBACTCS HPABUNbHBIM, €CIIH 6Ce €20 2PAHU - PAGHble
NPAasUIbHble MHO20Y20NbHUKU U 8 KAHCOOU €20 epuluHe CXOOUMCs: 0OHO U MO JHce YUCILO pebep.

OTmeTHM, 4TO NOCKOJIBKY BCE I'DAHHM — PaBHBIE IPAaBUJIbHBIE MHOTOYTOJIBHUKH, TO 6Ce
pebpa npasuibH020 MHO202PAHHUKA PAGHBL.

Bawm y»xe n3BecTHbI IpUMEPBl HEKOTOPBIX MTPaBUIIBHBIX MHOTOTpaHHUKOB. Hanpumep, kyO.
Bce ero rpanu - paBHBIE KBaJpaThl U K K10 BEpUIMHE CXOTUTCS TpH pedpa. Taxke HaM yxe
3HAKOM IPaBUJIBHBIN TETPAdIP.

3aMmeTbTe, YTO MPaBWIbHBIA TETpa3ap M IpaBWIbHAs TPEYrojbHas MUPaMHla — 3TO
pa3IMYHbIE MHOTOIPaHHUKH!

Hanomuum, 4Tro mnupamuia Ha3bplBaeTcs IpaBWIbHOM, €CIM B OCHOBAaHUHM JIEKUT
IIPABWJIBHBIM MHOTOYTOJIBHMK, 2 OCHOBAaHHE BBICOTBHI COBIAJAET C LEHTPOM MHOTOYIOJIbHHKA.
Takum 00pa3om, B IPaBIIIBHON TPEYTrOJIbHOMN MupaMujie O0KOBBIE pedpa paBHBI IPYT IPYTY, HO
MOTYT OBITh HE paBHBI peOpaM OCHOBAaHHMS NMHUPAMU[BI, @ B MPAaBUIBLHOM TETpa’jpe Bce pedpa
PaBHBL.

Taxum 00pa3oM, MHO20ZpaAHHUK HA3bLIBAEMC S NPABULLHBIM, €CITH:

® OH GLINYKIbIU;

® BCE €r0 2paHu ABISIOTCSA PAGHbIMU NPAGUTLHLIMU MHO20)20IbHUKAMU,

® B KaXJOH €ro gepuitHe CXOTUTC 0OUHAKOBOE YUCTLO pébep.

He cywecmgyem npasunvH020 MHO202PAHHUKA, ZPDAHAMU KOMOPO20 AGIAIOMCA
npaguibHvle n-y20bHUKU npu n > 6.

Ecnu Obl cymiecTBoBas MpaBUIbHBIA MHOTOTPAaHHUK, Y KOTOPOT'O TPaHU - MPaBUIIbHBIE N-
JIOJIBHUKM Ipun > 6, TO cCcymMMa IUIOCKMX YIVIOB MpU  KaXI0M  BEpIIMHE
TAKOTO MHOTOTpaHHKKa Obima 661 He MeHbie 360°. Ho 3To HEBO3MOXKHO, TaKk Kak CyMMa BCEX
TIOCKUX YIJIOB MPU Ka’K/I0i BEPIIHE BHITYKJIOT0 MHOTOTpaHHKKA MeHbIe 360°.

[IpaBHUIBHBIX MHOIOTPAaHHUKOB CYIIECTBYET Bcero 5. [lepeuncinm ux.

1) Ilpasunvuviii mempazop — MHOTOTPAHHHUK, COCTABIECHHBIN U3  uemvlpex
pasHocmoponHux —mpeyeonvhuxkos. Kaxnas ero eepwiuna SBISETCS BEpPUIMHOW  mpex
Mpey201bHUKO8, 3HAUUT CYMMA NIOCKUX Y2l06 TIPU KaxA0W BeplInHe paBHa /80°.
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2) Ilpasunvnulit 0kmalop — MHOTOTPAaHHUK, COCTABIICHHBIN U3 80CbMU PABHOCMOPOHHUX
mpeyeonvuuxos. Kaxnas eepuwuna OKTadapa SIBISIETCS BEPIIMHON uemvipex mpey2oibHUKOS,
3HAYUT, CYMMA NAOCKUX Y2108 TIPU Kax10i BepuinHe paBHa 240°.

v

3) Kyo (2exca’op) — MHOTOTpaHHUK, COCTABIICHHBIN W3 wecmu keéadpamos. Kaxnas
sepuiuna Kyoa SIBIIICTCS. 8epULUHOL MpeX K8a0pamos, 3HAYNT, CYMMA NIOCKUX Y206 TIPUA KaKI0U

BepinHe paBHa 270°.

4) Ilpagunvnwvuit  uKkoca’Op — MHOTOTPAHHUK, COCTAaBICHHBIN W3  Osadyamu
PpasHocmoponnux mpeyeonrvHukos. Kaxkmas eepwuna WKOcasapa SBISETCS BEPIIMHON namu
mpey20/1bHUK08, 3HAUUT, CYMMA NJIOCKUX Y2106 TIpU Kaxoi pasHa 300°.

5) Ilpasunvnslit 000ekaIOp — MHOTOTPAHHUK, COCTABIICHHBIN U3 08eHAOYAMU NPABUTbHBIX
namuyzonbHukos. Kaxnas eepwuna J1oAeKadpa SBISETCS BEPIIMHOM mpex npasuibHbix
NAMUY20IbHUKOG, 3HAUUT, CYMMA NIOCKUX Y2l08 TIPH KaKI0N paBHa 324°.
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Ha3Banue Kaxgoro mpaBHIBHOIO MHOTOTPAaHHHKA TPOMCXOJUT OT TI'PEYECKOro
HAUMEHOBAHHUS «30pa» - 2paHb, «mempay - 4, «eekcay - 6; «okmay - 8; «uxocay» - 20; «0ooexay

-12.
Pemenue 3ananuii:
3asiaHue: 3anonHuTh Tabauny "lIpaBuiabHbIE MHOTOTPAaHHUKH'.
MHororpaHHuk H3o0paxenne | Ymcio Yuciio Yuciio ®opma rpaHu
rpaHei BepIIMH pédep
@) B) P
Terpasap
Ky®0 (rekcasnp) |
I
I
|
|
)_____ s
7/
/s
OxkTanp -
Hxocarap
JHonexasap ‘
“J
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Pemrenmne:

Haspague Dopmarpads | KomxgecTteo Konugectso | Kommgectso | KomHgectso
MHOT'OT PAHHHESA pebep H BECPITHH pebep rpaHeH

rpaHem,

CXOJIAITHXCA B

KakmoH

BEpIIHHE
ITpaBHILHBIH TpevronpHHE | 3 4 6 4
TeTpasap
Kyb Ksagpart 3 8 12 6
Oxrasap TpeyronsHHE | 4 6 12 3
Hxocaszop TpevronpHHK | 5 12 30 20
Honexasop IlaTHYTONBHHE | 3 20 30 12

3aoaua Nel. OcHOBaHHEM MPSAMON YETHIPEXYTOIBbHON MPU3MBI SABIISIETCS POMO C THArOHATISIMHU
1,6 am u 3 oM, 6okoBoe pedbpo nmpu3mel paBHo 10 1M, HaliauTe mutoniaas O0KOBOH U TOJTHOM
MOBEPXHOCTHU MTPU3MBI.

A

g

D

OrtBer: 68 qm?

Pewenue:.

- Mlcnonb3ys cBOMCTBO — iuaroHanu pom0a B3aMMHO MEPIEHUKYISIPHbI U
TOYKOU NEpEeCceUeHUsI IEISTCS I0I0JIaM, HaliJIeM CTOPOHY .
0OD=0,8 mm, OC=1,5 om
Paccmotrpum ACOD- npsiMOYTOJIbHBIH.

CD=v0D?+0C*

AB=BC=CD=AD=1,7 1m
S=4- (1,7-10)=68 am>.

|
/E_ —=°CD=v 0.8 + (15 =17 gy
N /
A,—”

3aoaua Ne 2. PeGpo kyba paBHO a. 3alI0JHUTE TaOIMIy, UCTIONB3Ys (GOPMYJIbL:
Jlmaronans rpamm: d= av2
Jlnaronans ky6a: D= a3
[Tepumerp ocHoBanus: P=4a
Inomas rpasu: S=a?

a?+/3 1lnomans nuaroHanbHoro ceuenus: Q= a’\2

g=4>2

Tnommas MoBepXHOCTH Kyba: S= 6a°

[TepumeTp u muIONIAAb CEUEHUS, TPOXOISIIETO YepPe3 KOHIIBI TPEX pedep, BHIXOIAIITNX
Y3 OJIHOW BEPIIUHBL: P= 3a\2 ,

a d D S Q & i
5 52 | 5V3 | 25 | 25v2 I\
7N2 | 14 | 7V6 | 98 |98+2 RN
11 ] 11N2 | 1193 | 121 [12182] M myaE
14 | 14V2 | 1443 | 196 | 196V Lo,
A7
6 | 6V2 | 6V3 | 36 | 36v2 ANl
ENR
/ \\\‘\“
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IIpakTyeckas padora Ne63
Tema 8.6: Llununap, KoHyC, IIAp U UX CEUYCHUS
Hean: Hayunthes pemaTs 3a1a4u Ha HUIMHAD, KOHYC, AP U UX CEYCHUs

Teopernueckasi 4acTh:
HuauHap, KOHYC M AP OTHOCATCS K OOBEMHBIM (TPEXMEPHBIM) T'€OMETPHYECKHM
¢durypam BparieHusl.

OObemHbIe (UTYpPHI BpalleHHs (€mie TOBOPAT — «Tellay, Mojapa3yMeBas 0ObEMHOCTb
burypsl), Kak MpaBUiIO, 0Opa30BaHbl BPAIIEHUEM IIOCKOH (UTYphl BOKPYT KaKOW-TO JIMHUU
(mpsiMoiA).

Tak, yurunop — 310 (urypa, NoIy4eHHas: OT BPALICHUS MIPSIMOYTOJIbHUKA BOKPYT OAHOM
U3 €ro CTOPOH KaK OCH; KOHYC — BpallleHUEM IPSAMOYTOJIBHOTO TPEYroJbHUKA BOKPYT €ro KaTera
KaK OCH, Wap — BPALLEHUEM MOJIYKpYyra BOKPYT €ro J1uaMeTpa Kak OCH.

OO0bemHBIE  GUTYpPHl  OBIBAIOT MpPsAIMBIE (IPAMON  IWIMHAP, NPSAMOH  KOHYC)
Y HAKJIOHHbIe (HAKJIOHHBIM IWJIMHJP, HAKJIOHHBIA KOHYC), YTO 3aBUCUT OT BHUJA TOM IIOCKOM
reoMeTpuuecKoi Gurypsl, KoTopas ux oopasyer.

Omnpenenenue. Huaundp — 31o Teno (00beMHAs reoMeTpudeckas Gurypa), moryaeHHOe
BpALEHUEM NPSMOYTOJIbHUKA BOKPYT OJJHOM M3 €ro CTOPOH KakK OCH.

pasMyc HIIHHADA

BepXHEE OCHOBAHHE

GokoBas MOBEPXHOCTE

| ocesas iuus (0ch)
| BricoTa pMBRApa

obpasylonias
TLIOCKROCTDE
HIDKHES OCHOBARME
Omnpenenenue. Konyc (npsimoi) — 310 Teno (oObemMHas reomerpuyeckas ¢Gurypa),

MOJIyYE€HHOE BpaIllleHUEM IIPSIMOYTOJIBHOTO TPEYTOJIbHUKA BOKPYT €ro KaTeTa Kak OCH.

BepllHa KOHYCa

ocepasd MHHMA (0Cb),
BEICOT2 KOHYCa

PAIMYC OCHOBAHKA
KOHyca

ocHOBaHHe Konyca

Onpenenenue. Hlap — »t1o Teno (oObeMHass reoMmerpuyeckas (urypa), MoJydeHHOE
BPAILLEHUEM TOITYKPYTra BOKPYT €ro JuamMeTpa Kak OCH.

abpaayomas TOBEPXHOCTD 1Apa

IJIOCKOCTh

&m&\\\\\\
A R

A

’/

\

AMAMETP mapa

Pa3BepTku HUIMHAPA U KOHYCA

Pazeepmkoit  2eomempuueckoit  pucypwi Ha3pIBae€TCSI  M300paKE€HHWE  IUIOCKOCTH,
orpaHuuuBaroleil GUrypy, B OJHON IUIOCKOCTH JIUCTA M0 pa3MepaM (UTyphl.

Pa3Beprka nnimHApa NpUBEAEHA CXEMATHYECKH.
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BepxXHee OCHOBaHHe

BoKoBaz MOBEPXHOCTD

HHMKHEe oCcHoBaHHE

Pa3BepTKa KOHYCa IMIPUBCIACHA CXEMAaTHYCCKU.

Goxopas
NOBEPXHOCTH

OCHOBaHMe
KOHyca

Ceuennsi TeJ1 BpameHust
CeueHveM UWIMHIpA WIM KOHYCa TUIOCKOCTHIO, MapauIeIbHON TJIOCKOCTH OCHOBaHMS,
ABIISIETCS. OKPY>KHOCTh paBHas (AJIs UWIMH/PA) WIK 1TOJ00HAs (A1 KOHYCa) OCHOBAHHUIO.

O

CeueHneM UMIUHApPA IUIOCKOCTSIMM, MapajiIeIbHBIMM  OOpa3yIolUM  SIBJISIOTCS
IPSIMOYTOJIBHUKH. CEe4eHHEM IIJIOCKOCTSAMH, MPOXOJAIIMMU YEPE3 BEPIINHY KOHYCA, SIBIISIFOTCS
TPEYTOJIbHUKH.

Ocesbim HA3BIBAETCS CEUYECHUE, IPOXOAAIIECE Yepe3 OCh Tela BpalleHus. OceBoe ceueHue
mapa (cepsrl) TaKKe Ha3bIBACTCS OUAMEMPATbHBIM.

=

Bcesikoe ceuenme miapa IUIOCKOCTBIO €CTh Kpyr. LIeHT 3Toro kpyra ecTh OCHOBaHHE
HEepIEHINKYIISApa, OMYIIEHHOTO U3 IIEHTPA IIapa Ha CEKYIIYIO IIIOCKOCTb.
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Jluausa nepecedeHus IByX cep ecThb OKPYKHOCTh. [Ipyrux TOUYeK IepecedyeHusi OHU He
UMEIOT.

CeveHueM IUIUHIPA WK KOHYCA IDIOCKOCTBIO, HE TTApaJlIeIbHON IIIOCKOCTH OCHOBAHHS
U HE IPOXOAALICH uepe3 BepIINHY KOHYCA SIBISAETCS MO0 3IUTUIIC (€CIH IIIOCKOCTh HE IepeceKaeT
OCHOBaHHE), MO0 Mmapadosia u mpsamas (€CJIM MITOCKOCTh IIEPECEKAeT OCHOBAHUE).

Penrenue 3aganni:

Tena BpaieHus.
1. Haueptute uepTEx, TOMOIHUB €r0 HEAOCTAIONIMMHE dlIeMeHTamMu. Ha3oBuTe 211eMeHTHI
UJIMHPA.

2. Hageptute xonyc u cepy. Ha ueprerkax 0003HAUbTE BCe M3BECTHBIE BaM AJIEMEHTHI
Ka3aHHBIX Guryp. PacctaBbTe OYKBBI, COOTBETCTBYIOIINE HJIEMEHTAM KOHYCA U Cephl.
R— pagnyc koHyca
L — obpa3zyromnias koHyca

f\\ T C — OCHOBaHUE KOHYCa
fﬁf , / N, Kk — ock KoHYyCa
/ \\\ i \1 € — OOKOBasl MOBEPXHOCTh KOHYCA
;o A \ / F — BepmmHa KoHyca
é:) . ) O — uentp chepsl
Bl I — paguyc cdepsl

d — nruametp cdepsl
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3. Hatimure Hen3BecTHbIE ieMeHTEl. OTBET B BUE 3aII0JIHEHHBIX TAOJIHAII.

Humuaap.
Hano: 3amava 1 3amaua 2

S T

R 5

H 8 0,5
Konyc.

Hano: 3anmaga 3 3anava 4

S 407

R 8

H 15

L 6
Cdepa.

JlaHo: 3amgauga 5 3amaua 6
S T
R V10
3anaua:
[Iap pannyca 10 cMm nepecedeHa MIOCKOCThIO Ha pacCcTOSTHUE 8 CM OT IieHTpa. Beraucnure
IJIOIIA/Ib CCYCHHMS.
S R=10,d=8.
emenue: [lo ycnosuro
Scea =mr=mn (R°—d?)=mn (10°—-8%) = 36m(cm?)

Torna

IIpakTuyeckas padora Ne64
Tema 8.6: [{lununap, KOHYC, AP U UX CEUEHUS
Heanb: Hayuutbcd pemars 3a7aud Ha HAaXOKACHUE IUIOMIAACH IOBEPXHOCTEH Tell
BpalllCHUS.

Teopernyeckas 4acThb:

Inomaau 60K0BOIi MOBEPXHOCTH WJIMH/APA U KOHYCA

[IpaBuno. Ilnowads 00K060ii noéepxnocmu YUAUHOPA PaBHA TPOU3BEICHUIO JINHBI
OKPY?KHOCTHU OCHOBAHUSA W BBICOTBI HUJIMHAPA.

See = C.-H=2nRH,

rne C— mmHA OKpyXHOCTH, H — BBICOTa TMIMHIpa, R — pamnyc OKpy:KHOCTH
OCHOBaHMUSI.

[IpaBuno. Ilnowads 00Kk0601t nosepxmnocmu Kouyca paBHa TPOU3BEICHUIO MOJOBUHBI
JUTMHBI OKPY>KHOCTH OCHOBaHHS U 00pa3yroliel KoHyca.

S&m =}2"C'f = HRL

rne C — JuiHa OKPY)KHOCTH OCHOBaHus, | — jyimHa oOpasyrolieit koHyca, R — panuyc
OCHOBaHWUSI.

Ili1omaap MOBEPXHOCTH HIAPA

[IpaBuno. Ilnowados nosepxmocmu wiapa paBHa YYETBEPEHHOW IUIOMIAAN OOJBIIOTO
KpyTa mapa.

S = 4nR?,
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rae R — paauyc mapa.
O0beMbl HUWIHHAPA, KOHYCA U HIapa
[IpaBuno. O6vem yuarundpa paBeH NPOU3BEACHUIO TIJIOMIAU OCHOBAHUS H BBICOTHI.

V=5, H= nR*H,
rac R — paI[I/ch OCHOBaHMH:I, H — BBICOTA HI/IJ'II/IH,I[pa.

[IpaBuno. O6vem Komyca paBeH OJHON TPETH NPOU3BEIACHUS IUIOMIA[A OCHOBAaHUS M
BBICOTHI KOHYCA.

| 1,
V“ESW'H‘“EHR H'l

rae R — paanyc ocHoBaHMsI, H — BBICOTa KOHYCA.
[IpaBuso. O6vem wapa paBeH yeTbIpeM TPETAM npousseneHus uncna [1u na ky0 paanyca.

Vzg-nRa.

rae R — panuyc mapa.

Penrenue 3aganni:

IIpumep Nel
Haiigute niiomaab NoJIHOM MOBEPXHOCTH HMJIMHAPA BbICTOI 12 ¢cM U paanycom S cMm.
S
B

12 cm

e

Hhi

P Seex. =2nrh =21 -5-12=120 1t =376,8 (cMm?)
CIIIcHUuE:
Soen. =mr? =1 - 52 =251 = 78,5 (cm?)

Su.u_ = S(]UE{."‘ 2Sucu. =120n+ 2-25t=170n = 53‘3,3 {{:le)

IIpumep Ne2
Ilo naHHBIM pHCyHKa, HalJUTE IJIOLIAJb OOKOBOW MOBEPXHOCTH MPSMOIr0 LMIMHJIPA,
OCHOBaHUEM KOTOPOU SBJISIOTCS MOTYKPYT.

14 m

g

Pemrenue: St_mh:. cew. — nrh+ 2rh=1n-7-16 + 14-16 =

= 1121 + 224 = 575,68 (m2)

IIpumep Ne3
[To maHHBIM Ha pUCYHKE HAWAWTE IUIOUIA]b MOJHOW MOBEPXHOCTH IMPSIMOTO LMJIMHIPA,
OCHOBaHUEM KOTOPOH SIBISETCSI KPYTOBOM ceKTop ¢ yriaom 40°.
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20 cMm

0 cMm

Su.n. = 2 ) Sm_'H. + Sﬁm-:..
Penrenue: n3BecTHO, 4YTO

[To popmyre mmomaan cexTopa:

0
Socn. = T — 40

360 360
1

BokoBast moBepxHOCTh (pUTYpHI paBHA 9 yacTh OOKOBOH MOBEPXHOCTU LMJIMHApPA C
paauycoM 9 cMm u BbicoToM 20 cM IUIIOC IJIOUIA/b JBYX KOHIPYIHTHBIX MPSIMOYIOJbHUKOB

0O cm % 20 cM.
pa3Mepamu

Séox = % 21-9-20 + 2:9:20 = 40n + 360 (cm?)

Takum o6pazom,
SII.J].: 2- Sm.'u._" SGUE\', =2 -9+ 40 + 360 =581 + 360 = 542,21((:[\42}

IIpumep Ned
ITo pucyHky HaiiuTe 110Ima s OOKOBOI U OJTHOM MOBEPXHOCTEH KOHYCA.

d=5M, h=6M

n - 9% =91 (cm?)

Pemenme: J/[aHo:

St'}r.m_ " SII.J].
S Bok. — TEFF - S nan — ’.I‘U‘U + ?"}
I

YroOsl HaiiTu oOpa3yrolnylo ~ npuMeHuM teopemy Iludaropa

Haiitu:

[=r2+ h? =N2,52+ 6= 6,5 (M)
S ok, — TU ° 6,5 2,5 = 16,25?‘: {}'Iz); S L. 22,?5'!'[ (ME}
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IIpumep NeS
CeueHneM IMIMHIpPA IUIOCKOCTBIO, TPOBEACHHOTO MApaUICIbHO OCH IWIMHIpAa Ha

2
CM™.
paccTossHUU 3 CM OT OCH, SBJISIETCA KBajpaT, IUIOLIAJb KOTOPOro paBHa 64 Hatinure
TJIOIA/Th TTOJIHOM MOBEPXHOCTH IIMJIHH/IPA.
B {0
1
1
oo
P
| 1
Co
- D =
D i
Pemenue: cnauana HalIeEM paaunyc u BBICOTY HAJUHIPA. ITo

CD=AD u Stuu. = CD-AD = 64. Orciona CD:ADZS,

YCJIOBUIO 3HAYUT
_ L2 2 _ 2 2_ 72 2 _
h =8 (cm). ,, AOMD: 7~ = OD*=OM"+ MD"=32+ 47 =125,
IOl[aF =3 {CM)' Takum
Sun=2nr(h+ r)=2n-5(8+5) = 130% (cm?).
obpazom,

IIpumep Ne6

Konyc BbicoTOM 8 CM 1 pagnycoM 6 cM pacceueH MI0CKOCThIO, TapaJlIeIbHOW OCHOBAHHUIO.
BricoTa mosryueHHOTO yceueHHOro KoHyca paBHa 4 cM. Haiinurte mmomanu GOKOBOM M TOJTHOM
MOBEPXHOCTEN YCEUEHHOI0 KOHYCa

Pemenne: nano: 2= 6’ h - 8 CM, h}'ﬁ:.mm = 4 CcM

Haiitu:
Sfim:. = ?

Son=7?
Seox = T (11 +12), 1= ;—2 =3,
Li=1= \4+32=5
Seox = 5(3 + 6) m =451 (cm?).
Sin. = 361 + 91 + 4571 =907 (cm?).
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IIpakTnyeckas padora Ne 65
Tema 8.7: O0neM tema. OTHOIIEHHE 00BEMOB IMOJOOHBIX TE
Heab: PaccMoTpeTs mpuMepsl HAX0XKICHUS 00bEMOB T€OMETPUICCKHX TEll

Teopernyeckas 4acTh:
Bce hopmyibl 00eMOB reOMETPUIECKUX TEI
1. Pacuer o6bema kyba

]

a - cropoHa Kyba
dopmya oobema kyoa, (V):

V=a3

2. Haiitu o ¢opmyre, 00beM IpSIMOYTOJIBHOTO Mapajuieenumneia

b c

a, b, ¢ - croponb! napatenenumnena
Eme nHOr1a CTOPOHY NMapajuieNenuIesia, Ha3bIBaloT PEOPOM.
dopmyna obbema nmapaienenunena, (V):

V=abhc

3. ®opmyna 1S BeIYUCIIeHNs o0beMa mapa, chepsl

R - panuyc mapa
n~3.14
ITo hopmyiie, ecnu gaH paguyc, MOKHO HaiiTh oObema tapa, (V):
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4. Kak BBIYUCIUTH 00BEM ITUIHMHAPA ?

h - BeIcOTa IIMUITHHAPA

I - painyc OCHOBaHHS

n~3.14

[To popmyse HaliTH 00BEMa IUITMHIIPA, €CITH U3BECTHBI - €r0 PAINYC OCHOBAHMSI U BBICOTA,
(V):

5. Kak naiitn 00beM KoHyca ?

R - pagnyc ocHoBaHus

H - BeicoTa KOHYCa

n~3.14

dopmyna oObemMa KOHYCa, €CIIM U3BECTHBI paauyc U Beicota (V):

V'"i' R2H
...n

7. ®opmysa o0beMa yCEUeHHOTO KOHYCa
. L\
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I - paanyC BEpXHETO OCHOBAHMSI

R - pannyc HU>XKHEro OCHOBaHUS

h - BeicoTa KOHYCA

n=3.14

dopmyna odbeMa yCEYEHHOTO KOHYCA, €CIIM M3BECTHBI - PAaUyC HUKHETO OCHOBAHUS,
paanyc BEpXHEro OCHOBaHHMs U BbicoTa KoHyca (V ):

1
V= §1rh(R2 +Rr+1?

8. O0BbeM IPaBUIIHLHOTO TETPadpa

[IpaBuibHBIN TETpadAp - MNUpaMUAa Yy KOTOPOW BCe TpaHH, PAaBHOCTOPOHHHE
TPEYrOJbHUKH.

a - pebpo Terpasapa

dopmya, s pacuera odbeMa npaBuiIbHOro Terpasapa (V):

a’ \ff
12

9. O0BeM MpaBUIBLHON YETHIPEXYTOJIbHON MUPaMU/IbI
[Mupamuna, y KOTOpoil OCHOBaHME KBajpaT W TpaHU paBHbIE, paBHOOEIAPEHHBIE
TPEYTrOJIbHUKH, HA3bIBAETCS ITPABUIIBHON YETHIPEXYTOJIbHON TUPAMHUION.

a - CTOpOHA OCHOBAHHS
h - BeIcOTa TpamMu b1
®dopmyra s BEIYUCICHHST 00beMa MPaBUIILHON YeThIPEXyroibHON mupaMusl, (V):
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10. O6beM npaBUIIBHOM TPEYTrOJbHONW TUPAMU/IBI
[Iupamuga, y KOTOpPOM OCHOBAHME PABHOCTOPOHHUN TPEYrOJIbHUK U TPAHU pPaBHBIE,
paBHOOEIPEHHBIE TPEYTOIbHUKH, HA3bIBACTCS NMPABIIILHON TPEYrOJIbHON MUPaMUION.

a - CTOpOHa OCHOBaHMUS
h - BeicOTa TEpamMu /b1

dopmyiia 06beMa MPaBUIBHOM TPEYrOJIbHON MMPAMU/IbI, €CIIH JaHbI - BBICOTA ¥ CTOPOHA
ocuoBanus (V):

11. Haliti 00beM MpaBHIILHON THPAMUIBI

[InpamMuia B OCHOBaHMH, KOTOPOM JIEKUT IIPABUIIBHBIM MHOTOYTOJIBHUK U I'PAHU PaBHBIE
TPEYrOJIbHUKH, HA3bIBAECTCS IIPABUIIBHOM.

h - BeicOTa Tpamu b1
a - CTOpOHA OCHOBAHHS THPAMUIBI
N - KOJMYECTBO CTOPOH MHOTOYTOJIbHHKA B OCHOBAaHUU

dopmyna oObemMa MPaBWIBHOW NHPAaMUABI, 3Has BBICOTY, CTOPOHY OCHOBAaHUS H
KOJIMUeCcTBO ATHX cTOpoH (V):

na’h

180°
12 tg( = )

12. Pacuer o0bemMa mupamMuabl

C
B

A E

h - BeIcOTa TIpaMUTBI
S - mwiomane ocHoBanust ABCDE

D
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dopmysna A BBIYKCICHUS O0ObEMa MUPAMHIBI, €CIH JTaHbl - BBICOTA W ILIOIIAIb
ocuoBanus (V):

h - BeicOTa Ipamu b1

Sk - IJIONIAIb HIDKHETO ocHoBaHuA, ABCDE
Seepx - IUTOIIA/Ib BEPXHET0 ocHOBaHus, abcde
dopmyna oobema yceueHHOH nmupamusbl, (V):

1 .
V= § h(Smm: B V' S Saepx A SBepx)

14. O6beM mapoBoro cerMenra, popmyiia
[[TapoBbIil CerMeHT- 3TO 4YacThb ILIapa OTCEYEHHas IUIOCKOCThI0. B nmaHHOM mnpumepe,
mockocthio ABCD.

R - panuyc mapa

h - BeicOoTa cermenTa
n~3.14

dopmyita s pacueta oobemMa mapoBoro cermenra, (V):

1
V= §11112(3112 — h)

15. O6Bem mapoBoTO CEKTOpa
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R - paguyc mapa

h - BeicOTa cermenTa

n~3.14

dopmyiia 06beMa mapoBoro cexkropa, (V):

v 2 R?]
= — 1
3T

16. O6BeM IapOBOTO CIIOSA

(e

h - BbIcOTa 111apOBOTO CI10S

R - pagnyc HUKHETO OCHOBaHHUS

I - painyc BEpXHEro OCHOBaHHUS
n~3.14

dopmyia oobema 1rapoBoro cios, (V):

1 1
V=—mh(R?*+ 1%+ _h?
z"n:t( — +3 )

Pemenue 3apau:

1.CymectByet 1 npusma, umerorias 50 pédep? 54 pedbpa?

Pemenue: Yncno pedep n — yroiabHOH MpU3MbI 3n, IO3TOMY IpU3MbI, nMetorei 50 pedep,
HE CYIIEeCTBYeT, a 54 peOpa umeet 18-yronpHas mpusma.

2. CTOpOHBI OCHOBaHMsI NPSIMOYTOJIBHOIO Mapajulejienunena paBHel 5 ¢cM U 12 cMm ,
JIMaroHa b MapajuieNenuIea COCTaBIseT ¢ TUIOCKOCThI0 OCHOBaHMs yroi 60°. Hailinure 00BbEM
napajuleJenunena.

3. OcHoBaHHEM TMPSIMOM TPHU3MBI CIYXHT TPEYrOJIbHHK co crtopoHamu 10, 10, 12.
Jluaronanb MeHblIei OOKOBOM I'paHU COCTABIISAET C IJIOCKOCTHhIO OCHOBaHMA yroia 60°. Haiiaure
00BEM MPU3MBL.

4. O0veM mHpSIMOYTroJbHOTO Mapajuienenumnena paBeH 2. Yemy Oyaer paBeH o0beM
napaesenunena, eciiu Kaxj0e ero peopo yBearmuuTh B 3 pasa.

Pemenue. [lycte peGpa naHHOrO mnapajenenunena paBHel a, b u c. Torma umeem:
V=abc=2.

[MTocne yBennuenust kaxaoro pedpa B 3 pasza ero o0béM Oynmet paBen V=3a*3b*3c =27
abc=27*2=54.

Ortser: 54.

5. AkBapuyM uMeeT GpopMy NpSIMOYTroJIbHOTO napauienenuneaa Beicotoi 30 cm. Ecnu B
Hero HanuTh 30 JI. BOJIBI, TO 10 BEPXHETO Kpas ocTaHeTcsl 5 ¢cM. CKOJIBKO JIMTPOB BOABI HYKHO,
YTOOBI HAIIOJIHUTH MYCTOM aKBapuyM JI0BEpXy?

Pewenue. Ilycts V 1 H cOOTBETCTBEHHO 00bEM U BBICOTA MapajuIeIIeUIe 1a.

V=SH . Ilo ycnosuro V=30,H=25, Torna 25*S=30.

[Tocne 3anonuenus mycroro akBapuyma nosepxy H=30. 3naunr, 30*S=V.
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255 30
Haiigem otHomenune 30S = V| V=36 1.
Orser: 36.
6. Kyouk Becut 10 rp. CkoIbKO rpaMMOB OyJIET BECUTh KYOUK, peOpo KOTOporo B 3 pasa
OombIre, ueM pedpo nmepBoro Kyouka, eciu 00a KyOrnka H3rOTOBJICHBI U3 OJJMHAKOBOTO MaTepUaa.
Pewenue. [lycte V- 00béM gaHHOTO mapamwienenumnena. [lociae yBeaudeHHs Ka)aoro

pebpa B 3 pasa, ero 006EM Oyzaer paBeH 27 V.

v __10
27V x ,x=270 rp.
Otset: 270.

7. O0bEéM TPSIMOYTOJILHOTO Mapajuienenurnena paBeH 32. Uemy Oyzaer paBeH 00BEM
napaieNienuea, eciiv Kax10e ero pedpo yMEeHbIIUTh B 2 pa3a.

8. B cocyn, nmeromuii popmMy npaBUILHON TPEYTOJIBHOM MPU3MbI, HAUIWIN BOY. Y POBEHb
Bo/bI focTuraer 36 cm. Ha kakoii BbIcOTE OyJI€T HAXOAUTHCS YPOBEHD BOJIbl, €CIIM €€ NEPETUTH B
JIpYTo# cocy Toil ke (hOpMBbI, Y KOTOPOT'O CTOPOHA OCHOBAaHHUA B 3 pa3a 0oJblile, YeM Y IIEpBOTO.
OTBeT BBIPAa3UTE B CAHTUMETPAX.

9. 3akphITHIH cOCY] B BUJE MPSIMOYTOJIBHOTO Mapaenenumnena ¢ peopamu 30, 40 u 45 cm.
CTOUT HA TOPU30HTAIBHON MOBEPXHOCTH TAKUM 00pPa30M, UTO HAUMEHbIIIAs TPAHb SBIISETCS THOM.
B cocyn nanunu Bogy 1o ypoBHs 36 cM. Ha kakom ypoBHE OKa)KeTcsl BOZa, €CIIA COCY]l TOCTaBUTh
Ha HauOobIIyIo Tpanb? OTBET JaiiTe B CAHTUMETPAX.

10. Tano: ABCD - npasuisHas mupamuaa. AB = 3; AD = 23 (puc. 3).

Haiitu: a) Socw.; 6) AO; B) DO; 1) V.

11. Jano: ABCDF - mpaBunbHast nmupamuaa. £FCO =45°; FO =2 (puc. 4).

Haiitu: a)FSOCH.; 0) V.

Pemenne:

1) Pacemotpum AFOC: 20 = 90°, £C = 45°, 3naunt, £F = 45°. CnenoarensHo, AFOC -
paBHOOeapenHsbIl, OC = FO = 2.
2) AC = 20C = 4.d=AC=AD\2 (0 cBOiicTBY jamaroHans kpaipara, d2= 2a2).

AC 4
AD= "= =—. =22,
Torna ﬁ ﬁ

. 2 f: P
3) ABCD - xBagpar (mupaMua mpaBuibHas). Socw. = AD? = (2‘[5) =8.

yals b ve %-8-2=§=51.

4) xR 3 3
(OtBer: @) 8; 6) 5:1/3.)
12. lano: ABCDEKF - npasunbnas nupamuga. FO L (ABC), FM L AK, FO =4, FM =5

(puc. 5).
Haiitu: a) SocH.; 6) V.
F
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Pemenue:
1) Paccmorpum AFOM: 20 = 90° (tak kak FO L (ABC), 3nauur, FO L OM) FO =

4, FM =5 OM= VMF? - FO? (mo teopeme IMudaropa), OM=25-16 =49 =3. OM=r(r-

panuyc OKPYKHOCTH, BIIMCAaHHOU B PABUJIbHBIH

AK = 2r‘tg£=2-3tg£=6-£=2\/§.
IIECTUYTOJbHUK). 6 6 3

B SAOK-%AK-OM=%-2\/§-3=3J§. Soe. = 6-333=183.

3) V= 133“,,‘-1{; V= %-18./3'-4:2#3.

(Otser: a) 18V3, 6) 24Y3.)

13. 3agava: Jlana TpeyronpHas ycedeHHas nupamuia. Ee Beicota h= 10 cm, cTopoHbI
OJIHOTO M3 OCHOBaHHi paBHBI @ = 27 cM, b= 29 cMm, C= 52 cm. Ilepumerp BTOPOro OCHOBAHHS
paBusiercss P2=72 cm. Haiinute 06beM nupaMupl.

v

a b

Jlist pacyera 00beMa HaM IOTpeOyeTCst IUIOMIa/b OCHOBAHHIL. 3HAS JUIMHBI CTOPOH OJIHOTO
TPEYroJbHHUKA, MBI MOXEM PAacCUMTaTh ILIowaps 1o dopmyie epona. st storo morpebyercst
HaiTH TIOyIIEPUMETD:

P =27429452=108cm

LS
P =5 =5dcm

Teneps Haiinem S2:

"{;L: ,b,.-’fp (p-a)(p-b)(p-c)

S =/54(54-27 )(54-20 ) (54-52 ) = /5427 x25 x2 =/ 72900=270¢cm

3Has, 4TO NHUpaMHJa YCEYEHHas, JE€JacM BBIBOJ, YTO TPEYTOJIbHHUKH, JIEKaIlUe B
ocHOBaHUAX MoA00Hb. KoapduureHT nogodust 3TUX TPEYroJbHUKOB MOKHO HaWTH U3
COOTHOIIIEHUS NepuMeTpoB. OTHOIIEHHE IITONA/Iel TPEYTroJIbHUKOB OY/IET paBHO KBaipaTy 3TOro

Kod(uimeHTa:
o

S Py w8’

S, p? 1w’
18

Y 1

592—”

o 4x270 >

S,= t}' =120cm

TCHCpB, KOIJla Mbl HAIIM ILJIOIIAAX OCHOBaHMUIM ycequHoﬁ nupaMubl, MOXEM JICTKO

paccuuTaTh €€ 00BeM:

V:é x10% (:a?u+ V270x 1204120 ) :? (27041804120 ):? X570 =1900cm”
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Taxkum 06pa3oM, BBIYUCIUB KOAPPHUIMEHT MOA0OUS U PacCUUTaB IUIOIIAh OCHOBAHMH,
MBI HAIITH 00bEeM 3a/IaHHOW YCEUCHHOU MUPAMU/IBI.

14. lano: Al1A2A3A4 -pom6, SA1A2A3A4 -mnupamupma, AlA4 = a, .SBO =
B, OB L A3A4, LA2A10 = a (puc. 6).

Hatitn: V - ?

Pemrenue:

-
' - :OB= ina = —asin2a,
1) PaccMoTpum AOA3 A, : OAy=acosa,  AOAB: OB = acosasing = 5

2) ASOB: SO= -;-asin 2atgP.
3) Socn.' 4SM)0H4 54";‘0'OB=20'%GSin2Q =028in.2d
4) Vw=§SNu.-S0, Voup, = -;--az sin 2u-%asiu 2alg[3=%a3 sin? 2atgf

103 sin? 2outgP.
(OtBer:
15 .HaiiguTe o0beM IUIMHAPA ¢ BRICOTOW, PAaBHOM 3CM M TMaMETPOM OCHOBaHHS — 6CM.
16. Ilnomans oceBoro ceueHHs WUIMHApA paBHa 2lcM®, miomams ocHOBaHMA - 18
cm? Haiigute o6beM mumHpa.
17. CunIoBas Tpyda (mmotHocTh cBuHNA 11,4 r/cM®) ¢ TOMMHON CTEHOK 4 MM MMeeT
BHyTpeHHu# nuametp 13 mm. KakoBa macca TpyOsl, eciiu ee AiMHa paBHa 25 m?

P=114r/c™m®

R1=6,5vMM + 4mm = 10,5mm = 1,05¢cM (HapyKHBIIT)

R2 =6,5MmM = 0,65¢cm

V=Vi-Vz=17 - (1,05)%2500 - T - 0,652 -2500 =17007 = 5338 (cm?)

M=F -V=11,4-5338 = 6lxkr.

18. Kakoe xonuyectBo He(TH (B TOHHAX) BMEIIAET IUIUHAPUYECKas [IUCTEPHA TUaMETpa
18 M 1 BBICOTOI 7 M, €CIM IIIOTHOCTH HedTH pasHa 0,85 r/cm>?

H="7m;d = IM; Pyegm = 0,85 T/cm®

m =?

Vi = TR?H = m-92.7 = 5677 (M)

m=V-P = 1513
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19. JlmaroHanab OCEBOTO CEUEHHUS LMJIMHIPA COCTABISET C IJIOCKOCTbIO OCHOBAaHUS
HWIAHAPA Yroi 60°. Haiimqure o6BeM HWIMHAPA , €CIW TUIOMIAlb OCEBOIO CEUEHHS paBHA
16 3 ove.

20. Ha cknag B MacTepCKOM MO IMOUIMBY OJICXK/bI MOCTYIWJ PYJIOH APanoBOM TKaHU B
dopme mmnmunapa. [Ipu TpaHCIOPTUPOBKE OBLI yTEPSH TOBAPHBIA SAPJBIK C YKa3aHUEM JITUHBI
TKaHU B pyJioHe. HeoOxonumMo ompenenuTts UIMHY TKaHU B pynoHe. [IpousBenu HeoOXoaumbie
M3MEPEHMS, ONIPEJIEINIIN BBICOTY U auaMeTp pyioHa: 90cm u 30cwm, TonmuHa TkaHu 0,2cM.

21. CMouny 7151 MPOMBILUIEHHBIX HYXJ COOMpAIOT, MOJBEIIMBAs KOHMYECKHE BOPOHKHU K
cocHaMm. Ckonbpko BOpOHOK auameTpoMm 10cMm ¢ obpasyromeil 13 cM HyXHO coOpaTh, YTOOBI
3aIOJIHUTH JECSITUIUTPOBOE BeIpO?

R=AC/2, R=5cM, H=\132-52=12(cm), V=1/3*3,14*5%*12 ~314(cm®) 0,3 141m°

n=10/0,314 =31,8.

Omeem: 32 60poHKU.

22. Cror ceHa umeeT GopMy IIMIIMHIPA C KOHWYECKUM BepXxoM. Paanyc ero ocHoBaHus 2,5
M, BbICOTA 4 M, IpUYEM LIWJIMHAPUYECKAs YaCTh cTOra uMeeT BbicoTy 2,2 M. [InotHocTs cena 0,03
r/cm®. OnpenenuTh Maccy cTora ceHa.

Pewenne:

R=2,5m

01001 = 4m

0:02=2.2m

P =0,03r/cm®

m=P-V; V,=1-2,5-2,2=13,75 M= 13750000cm°

V=137 -2,5% 1,8 =3,75m> = 3750000 ™ cm?

M =0,03 - 17500000 =0,525m T = 1,6 T

O

23. CrakaH4MK Ul MOPOKEHOT0 KOHMYECKOU (OpMBbI UMeeT TIyOouHy 12 cM U quamerp
BepxHEeN yacth 5 ¢cM. Ha Hero cBepxy moJIOKWIM J1BE JIOKKA MOPOKEHOTO B BHJE MOJyIIApUN
auameTpoMm 5 cM. [lepenoaHuT 1 MOpOKEHOE CTaKaHYMK, €CJIM OHO pacTact?

OA=12cm
BC=d=5cm
[TepemoaHUT 11 MOPOKEHOE CTAKAHUHK?

5
Vu=43FR3(5/2)°=1257/6 =206 &
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2512

V=13 TR?H=1/3 ¥ (5/2)>12= 12 =257%

OTBeT: HeT.

24. Haiitu o0beM mapa paguycom 10 caHTUMETpPOB.

Pemenue:

175t TOTO 4TOOBI BRIYMCIUTH 00BbEM Iapa GopMyiia UCHOJNB3YETCS CIEeYIOmas:
V = g nR3

rae V — uckombeli o0beM mapa, 1 — 3,14, R — paguyc.

Takum o6pazom, npu paauyce 10 cantumeTpoB o0beM mapa paBeH:

V= g 3,14 x 10° = 4082 xyOHUECKUX CAHTUMETPOB.

25. Bo cKOJIBKO pa3 yBEJIMUYUTCS 00BEM 1apa, €CIIU €ro paauyc YBEIUYUTh B IIECTh pa3?

OObeM nrapa HaXOAUTCA 1O GopmyIie:

V : R?

[Tpu yBenmueHuu paauyca B ILIECTh pa3 ero 00bEM OyIeT:
4 4
V= E}TI{_ER}E = 216 *E}TR3

Taxum oOpa3oM, 06beM mapa yBeauuuTcs B 216 pas.

Otser: 216

26. O0bem oaHoro mapa B 216 pa3 6onbiie oobemMa BToporo. Bo ckoibko pas miomaib
MOBEPXHOCTH TIEPBOTO MI1apa OOJIbIIIE U0 TTOBEPXHOCTH BTOPOTO?

S

®opmyna o6béMa mapa:

4 3
V= 3 TR
dopmyJia MIOMAa1 MOBEPXHOCTH IIApa:
S = 4nR*?
HYCTB 00BEMBI rapoB COOTBETCTBCHHO paBHBI:
4 3 4 3
Vi =§}TR1 V5 =§}TR2

N3 ycnosus cnenyer, 4ro:
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3
R,®*=216-R,?

4 3 4 3

3

Ry
s =216

-
fa

R
R—l 2216

-
=<

Ry

R,
To €CTb, Mbl YCTAHOBWJIA, YTO pagnuyC IICPBOIo OoublIIe paauyca BTOpPOIro B 6 pas. Ecmn
paanycC nmiapa yMCHBIIUTL B 6 pa3, TO 1mjolaigb IMOBCPXHOCTHU ILIapa U3MCHUTCA CICAYIOLIUM

6

obOpazoM:
¢ (R)E 41R?
~*\6) T 36

To ecth oHa yMeHbIIUTCS B 36 pas.

IIpakTuyeckas padora Ne66

Tema 8.8: OObeMbI U TUIONIAAM TOBEPXHOCTEH TEI
Hean: HayuuThcs pemaTteh 3aa4i Ha HAXOXACHHUE TIJIOMIAEH MTOBEPXHOCTEH U 00HEMOB

TCJI BpalllICHUSA

Teopernyeckas 4acThb:

Dopmyibl IJIOIAAN ITOBEPXHOCTH U
oObeMa TeJ1 BpallleHUs

Dopmyna @opmyna
HassaHue PuY i y ®opmyna
nnowadu 6ok. | nnowadu nonHou
mena obrema

rnogepxHocmu | noeepxHocmu

LinnuHap S=2aRH | S=2aR(H+R)| V=nR"H
Komyc Su=mRL | S=aR(L+R) | V= a'H
1| o S=aL(R+r)+ )
YoeanHhi el e ni(R +7) bl
LWap S=4nR’ =md’ V=%;rk" =%mi"
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Pemrenne 3agau:
LlHmeap 1 KoRYC

1. [Inarosant oceBoro ceueHHs WITTHHAPA pasHa & oM M cocTarngeT ¢ obpasymei yron

6. Haiimme mouiowa s nonHoil noBepxHOCTH WHWIHHIPE.

2. Ocepoe cedeHne UNTHHAPA — KEAApaT, co croponoi 12 ey, Haliaure roomans nonyoi
NMOBCPXHOCTH LHTHHIPA.

Lad

JlHHA OKPYHHOCTH OCHOBAHHA LIIHHIPA PaBHa BT M, & ANAroHLIL OCCEOrO CEYCHHA —
|7 em. Hailanme o0pasy oy UHIHHAPE H ITIOWIE L NOIHOH TOBEPXHOCTH LHIHHIPE.

T - ) r
4. Tlnowans oCcHOEAHUE UMIHHIPA PaEHa 25T o, & JUIHHA oDpasyromed — 24 o, Hailiwre
AHATOHATE OCCEOND COUCHHA  NII0LA R NOTHOH NOBCPXHOCTH LITHHPA.

5. Brnicora xonyca pasda 24 s, a obpasyrowaa 25 v Hallapme noowaas nomHod
NOBESPXHOCTH KOHYCA.

IIpakTnyeckas padora Ne67
Tema 8.8: OObeMbI U TUIOIIAAM TOBEPXHOCTEH IUIOIIAICH TE
Hean: HayuuTscs pemate 3a7a4i Ha HaXOXKIACHUE TIOINIA/IEH TTOBEPXHOCTEH U 00BEMOB
MHOTOTPAaHHUKOB

Teopernyeckas 4acTb:

ILiiomaau 4 00bEMBbI MPOCTPAHCTBEHHBIX TeJl
(pa3maro4HbIid MaTepual)

Ne Ha3spauue 1npocrpanctBeioro [Tnowan, nosepxuoctu (hopmysibl) O0béM (Popmyia)
Tena
l l'[p”"s‘\"'l bll\).’lll.= ocH. i+ 560[(, V = SUL’YL . ]-l
[apanncaenunes Siox. = Poey ¥ h (1psimas npusma )
2 I'lupamu.rla Suo:m‘: 2 Sm:n. + S\’mx, V = I/% Sncufk h
NpaBuIIbHAs  MHpaMiia
Seox = Y2 P, ¥ L. L-anoema
3 VeeuEHHas nupamuia Siom="5;+8;+ S5 » V=1/3* h(S, +S,+
S, Ss-1iowmanu ocHoBanmit +VS,*S,)

S = ¥2( Py +Py)* L, L-anogema

oK.
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Pemrenne 3agau:

[pnsma

OcHoBaHWE NPAMOI MPH3MBL — NPAMOYIOIBHEI TPEYTONBHUK ¢ runoTedyson 10 o u
KareTomM 6 ca. BONBIIMG KATET TPEYTONBHHES B OCHOBAHUH NPH3ME] PABCH IHATOHATH
MEeHBILEH W3 DOKOBRIX Tpadei. HallanTe BRCOTY NPH3IMBL H NIOIWAE MOIHOH
TOBEPXHOCTH.

OcHoBaHmeM NpaMoil npu3Mel sBaseted pomd co croporoit 12 en u yrnom 607
Menblnee 13 AHAroHANLHBIX CeYeHHi NpH3IMBL sBngeTcs keaaparos. Haiiapme noowaie
IOIHOH NOBEPXHOCTH.

B ocHoeaHnn npamoil nprsMsl 1esHT pagHODEIPeHHAd Tpanens ¢ ocTpeM yrzos 60
DOKOBEAS CTOPOHA H MEHbILAR W3 NAPAUIeILHBIX CTOPOH Tpaneunn pagHa 4 cm. BricoTa
npussel pasda 10 ey, Halimere noowane nonsoil nosepxyocTi.

B ocHoBaHHR TIPHMUE MPHEMBL — PD?'.[E'.' __.rlllﬂ.l'l.'.l HATTH MPHEME COCTABRITAKOT C MIIOCKOCTRHY

i ] ar o
OCHOBAHHA :'!'ﬂl H E"Ij . BricoTa MPHEME PABHA fr AL HE.[!_.'[I-'I.TE TIoa ke MoJHOH
NOBEPXHOCTH.

JluaroHans OCHOBAHHA NPAMOYTOIBHOTO napauienenunesa paeda 10 v, a anaronann
DoroBRIX rpadei 24/ 10 eym n 26 cm. Haitaure moumsas noaHoH NOBEPXHOCTH.

[upamnaa

OcHOBAHHE MUPAMMIEL — IPIMOYTOIIBHHE co cTopodavu 6 u 8 ey, Bricora paena 12 cu
H IPOXOIAT Yepes TOUKY NepecedeHns anarodaneil ocHosasng. Halnure bokoskie pebpa
MHPEMHIB! H TUIOMIAL TOIHOH TOBSPXHOCTH.

Ocrosarne nupamiisl — pomd ¢ guarodanamu 10w 18 oM. BeicoTa nHpamMuIs NpoxoauT
Yepes TOYKY NePeceyeHta aHaronanei pomoa. MeHbinee 0oxoBoe pedpo HPaMHIb
pasHo 13 em. Haitanre Gonsinee SokoBoe pedpo MHPAMHILL B IUIOIAAL NOTHOH
NOBEPXHOCTH.

CTOpOHA OCHOBAHUA TPABHILHON TPEYTONMBHOI MHPaMMUIL PaBHa 6 CM, 4 BhICoTa - 413
eu. Haifanre namuans noaHoi nosepxHOCTH NHPaMMbL.

bokogoe pedpo NPaBHIBHON TPEYTOIBHOH MHPAMHILI PABHO 3 ¢M, 8 BRICOTA - ¥13 oM
Hait e nuiowiais noHoH NOBepXHOCTH HPaMIIEL.
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IIpakTnyeckas padora Ne68
Tema 8.9: KonTponbHas padota mo pazaeny 8 «K MHOrOTpaHHUKH | TEJIa BPAICHUS
Heab: IIpoBepuTh ypOBEHb YCBOSHHS JaHHOTO MaTepuansa 1o pazaeny 8
«MHOTrOTpaHHUKY U TeJIa BpaICHUS»

Ilpu pewienuu 3adanuini 1-4 3anuwiume npasuUIbLHBLIL OMmMeEem U3 UYemovlpex
NPeONoHCEHHDIX.

1. (1 6ain) B kakux equHUIIAX U3MEPSETCS TUIONIAIh TOBEPXHOCTH MHOTOTpaHHUKA?

A) B rpanycax; b) B Merpax; B) B kBagpaTtHbIx MeTpax; I') B AByrpaHHBIX I'pagycax.

2. (1 6amn) [Lmomanbk 60OKOBOM MOBEPXHOCTH MPU3MBI BEIYHUCIIACTCS 110 (hopMyJIe:

A) S = Seox + 2 Socn; B) Seox = Pocu * H; B) S =bsox + S Socu; F) S6ox = 2Pocu * H.

3. (1 6amr) Yro sABIAETCS OCEBBIM CEYCHUEM YCEUCHHOTO KOHYca?

A) paBHOOEIpeHHBIN TPEYToNbHUK; b) paBHOOeApeHHas Tpaneuus; B) npsimoyronbhuk; )
IPSIMOYTOJIbHASL TpareLtsl.

4. (1 6an) Kakast ¢urypa moiydaercss Ipy BpamleHHH MPSMOYTOJIBHOTO TPEyroJbHUKA
BOKPYT OJTHOTO U3 CBOUX KaTeTOB?

A) xonyc; b) yceuennslii konyc; B) nupamuna; I') yceuennas nupamua.

Ilpu e¢vinonnenuu 3a0anuii 5-8 3anuuwiume x00 pewieHuA U NOJIY4EeHHbLIL Omeent.

5. (2 6anna) Pebpo ocHOBaHUS MPaBWIIBHON TPEYroibHOM mupamuabl 3 M, anodema 6M.
Haiiaure nmiomaas 60KOBOM MOBEPXHOCTH MHUPAMU/IBL.

6. (2 Gamna) Jlnaronans Ky6a pasHa v/588. Haiiure ero oobem.

7. (2 6anna) [IpsMOYroapHUK CO CTOpoHamMH 8cM M 3CM Bpalaercss BOKpYr Oouiblieit
cTopoHbl. Haiimute 00beM, TuTomna M O0KOBOH | MTOJTHOM MTOBEPXHOCTEH IMOJIYICHHOTO Tea.

8. (2 Gamna) BpruMciauTh MOBEPXHOCTh KPOHBI KyCTapHHMKA, MMEIOLIEro QGopmy Iapa
pamuyca 0,5 M. B oTBeT 3anummTe 41ciio, 1eIEHHOE Ha TT.

IDmanonvt omeemos:

Howep 1 2 3 4 5 6 7 8
3aJaHuA
OtBer B b b A 27 2744 72m; 48m; 64 1t 1

IpakTuyeckas padoraNe 69
Tema 9.1: KoopauHatsl 1 BEKTOPHI B TpocTpaHcTBe. [Ipocteiime 3a1aum B KOOpAXHATaX
Heas: HayunTses pemars npocTeinime 3a1aui B KOOpAUHATaxX

Teopernyeckas 4acThb:
dopMyIibl AeNEHHS OTPE3Ka B JAHHOM OTHOIIEHUH Ha MIIOCKOCTH

Ecimmn wu3BecTHBI JBe TOYKH INIOCKOCTHU A g Pa) Blxgiy 3}, TO KOOpPIMHATHI

ArS
: A=
rouxu M Fa> Fae) , Kotopas nemuT otpe3ok A5 B orHOmEHMn EM | ppIpakaroTcs
bopmymnamu:
_Eg+ A xg _ ¥atA-ya
g = —/——— MT T o
1+ A4 1+ A
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Pemrenne 3agau:
[Ipumep 1

Haiitn koopauHaTBI TOYKH M | nensmeit orpe3ok A5 B oTHOmIEHNH 113 ecou m3BecTHBI
A(5,3), B(=3 -1

TOUKH
_A 1
Pemenue: B mannoit 3amaue  EM 3| [lo dopMynam aeneHust OoTpe3ka B JaHHOM
OTHONIECHUHU, HANAEM TOUKY LLCSYRYY :
1
r+dx, T3P s 3
Xpg = = = =4.==7
1+ 4 14 l i 4
3
1 1 B
3+=-(-1) 3-=— =
ypriyy 23V 5 3 83
M e L1 44 34
3 3 3
OTtBert: M 2)

B 3amaue He TpeOyercs CTpPOUTH dYepTeXka, HO €ro BCErJa IOJE3HO BBHIMOIHUTH Ha
YEepHOBUKE:

JeiicTButensHo, cootHomenne EA 3 ppmonnsercs, To ects orpesok AN B Tpu paza

xopoue orpeska £ . Eciam mpomopiust He OYEBHIHA, TO OTPE3KH BCErJa MOKHO HU3MEPHThH
OOBIYHOM JTMHEUKOM.

Hpumep 2

JlaHBI TOYKH K310 2057 6) | Hajiry:

a) touxy # | nemsmryto orpesox £L B oTHOmeHHH 21 7;
6) Touky ', nemsyro otpesox XL B orHomennn 3.

[Tpumep 3
Touka & npunamnexur orpesky L7 . UssectHo, uto oTpesok L7 B nBa pasa miuHHee

D24, P[%; 2} |

orpeska {77, Haiitu Touky 7 , ecin
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Pemenne: M3 ycnoBusi cieayer, uro Touka £ memut orpesok D B orHomennn 41,

cuuTas OT BEPUIMHBI £, TO €CTh, CIIpaBeIMBa IPONOPIHSL: AP Tlo popmynam nenenus

OTpE3Ka B JaHHOM OTHOLICHHUH:

Xp+A Xy Yo+ A-¥u
Xp=—"—-—=, =
1+ 4 1+ A
ﬁ 2+2IH:}2 sz_E.3:>2+2xH B ixgp=0=xg=13
3 1+ 2 3
d+ 2y
2=T:~f4+2yH=ﬁ:‘*2yH=2:>yH=l
+
OTBert: HE1
[Ipumep 4

Touka 4 €45 Otpesox ZM B monropa pasa xopode orpeska A4 . Haiitu touky 4,

€CIIM U3BECTHBI KOOPAMHAT TOYCK B(Z0) ML)

Pemenne B xoH1e ypoka. OHO, KCTaTH, He €JUHCTBEHHOE, €CIIU MOWIETE OTIUYHBIM OT
oOpa3siia myTéM, TO 3TO He OyIeT ONTHOKOM, TJIABHOE, YTOOBI COBIAJIA OTBETEHI.

dopmyIibl feneHus OTPe3Ka B JAHHOM OTHOILICHHH B TIPOCTPAHCTBE

JIJis MPOCTPaHCTBEHHBIX OTPE3KOB BCE OYAECT TOYHO TAK K€, TOJBKO JOOABUTCS €II¢ OJTHA

KOOpJMHATA.

Ecin u3BeCTHBI JIBE TOYKM MPOCTPAHCTBA Ax o ¥ 43240 B F 5 25) , TO KOOpJUHATHI

A=

touxn ¥ Faer Fae Zae) , KoTopas Jemur oTpe3ok 45 B orHOmEHMH BA | pppaxkarorcs
bopmymnamu:

X CEgt A x  ¥at Ay = IR-FE -5

M T T o ¢ MO o ¢ M T T o
1+ 4 1+ A 1+ 4
IIpumep 5

JTaHbl TOYKHU A-2-3-4), 5(2-40) . Haiitu xoopauHaThl TOUKH M NpUHA UIeKAIIEH

otpesky 4, ecnu mssectro, uro AM  BM =4:2

Pemenne:
ITo hopmynam KOOpAMHAT CEPEeIUHBI OTPE3KA:
-2+ 2 _C3+2(H_ 1 -4+20_ 4
M=z 3 TMT T 37 My 3
5-5-3)
OTtBerT:
[Ipumep 6

JlaHbI TOYKH B=523 T4 2-5) | Hajiru KoOpaAMHAThl Touku 4, ecn M3BeCTHO, 4TO

OHa JCJIUT OTPE30K BC B OTHOIIICHHUH 3 .
(DOpMy.TIBI KOOpAUHAT CCPCAUHBI OTPE3Ka

A | wacme M | vacms B

- s °
_ At X _Yat¥s

M 2 7
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I[HSI MPOCTPAHCTBCHHOI'O Cliy4das CIIpaBCIAJINBA OYCBUAHAA aHAJIOTUA. Ecan JaHbl KOHIIbI

X, e X, =
0Tpe31<a‘q( 47 45%)- 55, P 575 , TO KOOPJAMHATBI €r0 CEPEAUHBI M BBIPAXKAIOTCS (POPMYJIaMU:

_ gt g _Yat¥e . _ZatZs
= }? == = =

R L Z

[pumep 7

[Mapayutenorpamm ABCD 3a/1aH KOOpMHATAMU CBOMX BEPILUH
A=, 00, Bl ), CT 20 DL =2) | Haginy TOYKY IIEPECEUEHUS €r0 TUArOHAIIEH.

Pewrenue:

Ilo wu3BecTHOMY  CBOMCTBY, JUAarOHalu  IapajuleIorpaMMa  CBOEHM  TOYKOM

NrA;
MEPECCUCHUS (xg: Fol JENIATCS TIOTIOJIaM, TTO3TOMY 33J1a4y MOKHO PEIIUTh JBYMsI CIIOCOOaMHU.

Cnoco6 mepBbIii: PaccMOTpUM  TIPOTHUBOIIOIOKHBIE BEPUIUHBI A-4,00, (7, 2:'. ITo

(Gopmynam feneHus OTpe3Ka MononaM HauaéM cepelnHy AUaroHau AL,
 Xg+Ea —4+T 3 Yat¥e 0+2
2 2 2 2 2

Xa

3]
B pesynbrare:

Croco6 BTOpOi: PaccMOTpUM IIPOTHBOIOIOKHBIE BEPLIMHBI
gopMynaM  JeneHMs ~ OTpe3Ka  Iomoimam  HaligéM  cepeauHy — amaroHanm SO

Bi44), D-L-2) o

[3 : 1]

Taxkum 06pa30M: Z
O[—E . 1]

OTBeT: 2

[Ipumep 8
-1 — — 1:0

E E 2 ta

5 1 1
f5rihd) ;
JlaHbl TOYKH 3 4 2 . Haiitu cepenuny & orpeska Q

[Ipumep 9
Touka ¥ pemur  orpesok 45 momonmam.  Haittw  Touky B, ecnu  m3BecTHBI
rouxy AL 0 -3, MG -4:1)
Pemenue: Mcnonb3yem (popMyIIbl KOOPIMHAT CEPEAUHBI OTPE3Ka:
gt g Yot re ZatZp
xj.d:T’ M=T= ZM=T

HaMm HensBecTHBI KOOPIUHATHI *2: Y222 1 cHOBa MOYHO BBIBECTH o01yro hopmymy A
UX HaXO0XJACHUS, HO TOpa3io JIerye cpas3y MOACTaBUTh YUCIA. TONBKO MPONOPLUAMU BEPTH:

52 2+ g

=i+rp=10=x=8

—4=—D+2y3jy3=—3

-3+ zp

1= =-34+zp=d=zp=>5

OrtBer:; 5(8,-8,3)
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IIpakTnyeckas padora Ne70
Tema 9.3: KonTponbHas padota mo pazaeny 9 «kKoopauHaTel 1 BEKTOPBI»
Hean: [IpoBeputh ypoBEeHb YCBOCHUS JaHHOTO MaTepuana mo pasaeny 9 «KoopauHatsl u
BEKTOPBI»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yembvlpex
NPeONoHCEHHDIX.

1. (1 6amr) Jdausr Touku A(1,0,5), B(-2,0,4), C(0,-1,0), /1(0,0,2). Kakue u3 HUX jexar Ha
KoopAuHaTHOH npsiMoii Oy?

A)A;Bb)B; B)C; ') I.

2. (1 6amn) Kakue u3 BexropoB a(1,0,-1), c¢(1/3,2/3,-2/3), B(1,1,1), p(0,0,-2) sBrsrorcs
€IUHUYHBIMU?

A)a;Bb)c;B)B; ') p.

3. (1 6amr) Kakue u3 Bexropos a(1,2,-3), ¢(3,6,-6), B(2,4,-6) KoyutMHEapHBI?

A)a, B; b) c, B; B) a, c; I') ko/uinHEapHBIX BEKTOPOB HET.

4. (1 6amn) Hausl Touku A(2,0,5), B(2,4,-2) C(-2,6,3). CepenuHoii Kakoro oTpe3Ka
apisiercst Touka M(0,3,4)?

A) AB; b) BC; B) AC; T') CB.

Ilpu évinonnenuu 3adanuit 5-8 3anuwiume xo00 pewienus u nOJIYYEHHbLI OMeEem.

5. (2 6amma) Jlansl Bektopsl a(-6,0,8), B(-3,2,-6). Haiinure ckamsapHOe NMPOU3BEICHHE
BEKTOPOB.

6. (2 6ana) [py KaKuX 3HAYEHUSX 11 BEKTOPHI a (4,11,2), B (1,2,11) nepneH uKyIsapHbI?)

7. (2 6amna) Haubl BekTopsl a(-6,0,8), B(-3,2,-6). Haiinure KocHHYyC yria Mexay
BEKTOPAMH.

8. (2 6anmna) Jokaxute, yto 4eThipéxyronbHuk ABC/I sBisieTcss poMOOM, eciiu:

A(6,7,8), B(8,2,6), C(4,3,2), 1(2,8,4).

IDmanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3adaHUA
OtBeT B B A B -30 -1 -3/7 -
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Jlutepartypa:

OcHoBHasi iUTEpaTypa:

1. A6aymmmna K.P. Maremaruka: yueonuk mius CI1O / A6nymnuna K.P., Myxamernunosa P.I'.
— Caparos: IIpodobpazoBanue, 2021. — 288 c. — ISBN 978-5-4488-0941-5. — Tekcr:
snekrponnsiii / IPR SMART: [caiir]. — URL.: https://www.iprbookshop.ru/99917.html

2. AmmaroB A.B. Maremaruka: yuebnoe nocobue mns CIIO / AmmatoB A.B. — Caparos:
[IpodobpazoBanne, Ait [Tu Op Memma, 2019. — 162 c¢. — ISBN 978-5-4486-0403-4, 978-5-
4488-0215-7. —  Tekct: onexrponnsnii // IPR  SMART: [caiit]. — URL:

https://www.iprbookshop.ru/80328.html

3. Bynmmeixk I'. M. Maremaruka: yueoHoe mocodbue mns CIIO / I'. M. Bynapik. — CaHKT-
[TerepOypr: Jlanb, 2022. — 156 c. — ISBN 978-5-8114-8283-2. — TekcT: 31€KTpOHHBIN //
Jlanb: anekTpoHHO-OnOMoTeunas cucrema. — URL: https://e.lanbook.com/book/187562

4. MarpeeBa T.A. Maremaruka: yueoHoe nocooue mist CI1O / MatseeBa T.A., Peokkosa H.T',
[leseneBa JI.B. — Caparos, ExarepunOypr: IIpodoOpasoBanue, Ypanbckuil ¢enepanbHbIi
yauBepeuteT, 2019. — 215 ¢. — ISBN 978-5-4488-0397-0, 978-5-7996-2868-0. — TekcrT:
anekTponHbii / [IPR SMART: [caiit]. — URL: https://www.iprbookshop.ru/87821.html

5. @umunenko O.B. Maremaruka: yue6Hoe mnocobue / Pumunenko O.B. — MuHck:
PecnyOnukanckuit M”HCTUTYT TpodeccnonanbHoro oopazosanus (PUIIO), 2019. — 268 ¢. —
ISBN 978-985-503-932-8. — Tekct: snextponnsiii // IPR SMART: [caiit]. — URL:

https://www.iprbookshop.ru/94336.html
6. UepnenoB M.M. Maremaruka: yuyeObHoe nmocobue / M.M. UepneuoB [u ap.]. — Mocksa:
Poccuiickuii rocynapcTBeHHBIH yHUBepcuTeT npaBocyaus, 2022. — 336 ¢. — ISBN 978-5-
93916-959-2. —  Tekctr: osnektponnsii // IPR SMART: [caiit]. — URL:
https://www.iprbookshop.ru/122921.html

JlonmoTHUTeIbHAS JIUTepaTypa:

1. bapcykosa JI.B. I'eometpus. [lpaktukym: yue6Hoe nocobue / bapcykosa JI.B. — MuHck:
PecnybnukaHckuil HHCTUTYT npodeccuoHanbHoro oopaszosanus (PUIIO), 2020. — 104 c. —
ISBN 978-985-7234-14-1. — Tekcrt: snekrponnsrid // IPR SMART: [caiit]. — URL:
https://www.iprbookshop.ru/100358.html

2. KopooGeitankoBa M.}O. Marematuka. Teopust BeposiTHOcTel: yueOHOe mocodue mst CITO /
Kopo6eitnukosa N.10., Tpy6eukas I'.A. — Caparos: IIpodobpazoBanue, 2019. — 154 c. —
ISBN 978-5-4488-0344-4. — Tekct: snekrponnsni // IPR SMART: [caiit]. — URL:
https://www.iprbookshop.ru/86073.html

3. KeitmanoB A. M. Maremaruka: ydebHoe mocooue mis CIIO / A. M. Ksitmanos, E. K.
Jleiinaprac, C. I'. MbicnuBen. — 2-e u3f., crep. — Cankr-IlerepOypr: Jlans, 2022. — 288 ¢. —

ISBN 978-5-8114-9447-7. — Tekct: snexTpoHHBIA // JlaHb: 31I€KTPOHHO-OMOIMOTEUHAS
cucrema. — URL.: https://e.lanbook.com/book/195439
4. Maremaruka: ydeOHoe mocodue / M.M. UepnemoB [u np.]. — Mocksa: Poccuiickuit

roCyJapCTBEHHbIN yHUBEpcuTeT npaBocynus, 2022. — 336 ¢. — ISBN 978-5-93916-959-2. —
Tekcr: anextponnsiii // IPR SMART: [caiit]. — URL: https://www.iprbookshop.ru/122921.html
5. ®omunbix E.M. Maremaruka. Ilpaktukym: yae6Hoe nocobue / @omunbix E.M. — Munck:
PecnyOonmukanckuit mHCTUTYT mpodeccuonanpHoro oopaszosanus (PUIIO), 2019. — 440 c. —
ISBN 978-985-503-936-6. — Texkct: snextponnsnii // IPR SMART: [caiit]. — URL:
https://www.iprbookshop.ru/94307.html

HNHTepHET-pecypcenl:

1. https://online-olympiad.ru/ - Bcepoccuiickue HHTEPHET-0JIUMITHAIBI

2. http://www.mat/septemba.ru - razera «Marematuka» wusaarensckoro jgoma «llepBoe
CEHTAOPS»

3. http://school-collection.edu.ru/ - equnas kosekiws nudPOBLIX 00pa30BaTEILHBIX PECYPCOB
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4. http://www.portalspo.ru/journal/index.php - xypuan «Cpennee mnpodecCHOHAIBHOES
o0paszoBaHHE»

5. http://mpod-00p.pd/ - uaTepHET-M3MaHUE [IpodobpazoBanue- numep B UHGOPMAIMOHHOM
MpocTpaHcTBE NMpodeccunoHanbHOro oopazoBanus Poccun u crpan CHI'

6. http://window.edu.ru/ - wundpopmanmonnas cuctema «EamHOE OKHO JocTyma K
00pa3oBaTeIbHBIM pecypcam»»

7. http://www.mathematics.ru - maremaTuka B OTKPBITOM KOJUIE/IKE

8. https://minobrnauki.gov.ru/ - MunucTtepcTBo 00pa3oBanus 1 Hayku Poccuiickoit denepariuu
9. http://wwwe.elibrary.ru - Hayunas snexTponHas 6ubimorexa (HOB)

10. https://nsportal.ru/ - o6pa3oBaresnbHas colpanbHas CETh

11. http://www/mathnet/ru - obmepoccuiickuii MaTeMaTHYECKUM TTOPTAI

12. https://nauka.club/ - o6pa3oBaTenbHBIH TOPTAT

13. https://mathematics.ru - oTkpsIThIil KOJIEK. MaTemaTuka

14. http://www.bymath.net/ - cpeausis MaTremaTHyecKast HHTEPHET-IIKOJIA

15. http://www.edu.ru/ - henepanbhbiii mopran «Poccuiickoe 0o0pa3oBaHue»

16. http://fcior.edu.ru/ - dhenepanbHblii IIEHTP HHHOPMATUHOHHO-00PA30BATEIBHBIX PECYPCOB

17. https://www.infouroki.net/ - snekTpoHHas OHONHMOTEKAa CIPABOYHBIX MATEPUATIOB LIS
yYaInmxcs U IpernojaaBarerie.
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