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Mertoanyeckre yKazaHUsl Ui MPaKTHUYECKUX paboT Mo JUCHMIUIMHE «MaremaTuka»
cocraBiieHbl B cooTBercTBUU ¢ TpeboBanuamu PI'OC CIIO, npenHazHauyeHbl 1S CTYACHTOB,

oOyuaromuxcs o crenuaibHocT 43.02.16 Typu3m 1 roCTEIPUUIMCTBO.



Hosacnumenvnasn 3anucka

MeTtoauyeckie peKOMEHAAlMKM MPU3BAaHbl OKa3bIBaTh MOMOIL CTYJEHTaM B U3YYEHUU
OCHOBHBIX TOHSTHH, WJEH, TEOPUN U MOJIOKEHUN NUCUMUIUIMHBI «MaTeMaTukay, U3y4aeMbIX B
X0Jle KOHKPETHOI'O 3aHsTHs, CIOCOOCTBOBaTh PA3BUTHIO HMX YMEHUN, HABBIKOB M SIBJISIOTCS
OJIHUM U3 CIIOCOOOB MPOBEPKU 3HAHUUN CTYICHTOB.

BrinonHenue yqammMucs MpakTHYeCKUX paboT HAlpaBJIeHHO Ha!

- 000011eHNe, CHCTEMAaTHU3alIMI0, YIIIyOIeHne, 3aKpeIeHHEe TOTYYEHHBIX TEOPETHIECKUX
3HaHWUN 110 KOHKPETHBIM TEMaM;

- (popmupoBaHuEe yMEHHUI MPUMEHSTH MOJyYCHHbIC 3HAHUS HA MPAKTHKE W PEaTU3alIHIo
€IMHCTBA UHTEJUICKTYaJIbHOM U MPaKTUYECKON JAeSITeTbHOCTH;

- pa3BUTHE MHTEJUIEKTYAJIbHBIX YMEHUN y OyIylIUX CHEIHaTUCTOB: aHATUTUYECKHX,
MIPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX U JIP.;

- BBIPA0OTKY MpPH PEHICHHH IOCTABIEHHBIX 3a7a4 TaKuX MPOPECCHOHANBHBIX KauecTB,
KaK CaMOCTOSATEIbHOCTh, OTBETCTBEHHOCTb, TOUHOCTb, TBOPUYECKAsi HHULMATHUBA.

Ocoboe 3HaueHHWe MAUCUUIUIMHA HMEeT Mpu (OPMHUPOBAHUM M PA3BUTHU OOIIMX
KoMrieTeHuii B coorserctBun ¢ ®I'OC:

OK 01. BsiOupate cmocoObl pemeHus 3anad Mpo(hecCHOHAIBHOW IeSTETLHOCTH
NPUMEHUTEIBHO K Pa3IMUHbIM KOHTEKCTaM.

OK 02. Hcnonb3oBaTh COBpEMEHHBIE CpEJCTBA IMOWCKA, aHAM3a W HMHTEPIpPETAluU
uH(popMalui, U UH(GOPMALIMOHHBIE TEXHOJOTUU JUIS BBIMOJTHEHUS 3a7ad MPoQecCHOHANIbHON
JESITEIIbHOCTH.

OK 03. [InanupoBath U peann3oBbIBaTh COOCTBEHHOE MPO(ecCcHoHalIbHOE U TMYHOCTHOE
pa3BUTHE, MPEIIPUHIMATENBCKYIO JEATEIBHOCTh B MPO(GECCHOHATBHON cdepe, HCIOIb30BaTh
3HaHMS 110 PUHAHCOBOI I'PAMOTHOCTHU B PA3JIMYHBIX )KU3HEHHBIX CUTYalLUSX.

OK 04. O¢pdexTnBHO B3aMMOIEHCTBOBATh U pabOTaTh B KOJUIEKTHUBE U KOMaH/E.

Ocoboe 3HaueHWe JUCHUILUIMHA HUMeeT TMpu  (OPMUPOBAHMM U  PA3BUTUHU
npodeccroHaIbHBIX KOoMIEeTeHIH B cooTBeTcTBUU ¢ PI'OC:

I1K 1.4 OcymiecTBasATh pacyeThl ¢ OTPEOUTENAMH 3a MTPEIOCTABICHHBIE YCIYTH.

B pamkax nporpammsl 00111e00pa3oBaTeIbHOM JUCIUIUIMHBI OCBAUBAIOTCS IMYHOCTHBIE,
MeTaIpeIMETHbIE U IPeAMETHBIE pe3yJIbTaThl B cOOTBETCTBUHU ¢ TpeboBanusMu OI'OC cpennero
o01ero o6pa3oBaHusI.

IInanupyemblie  pe3yabTaTbl  OCBOGHMS AUCHHUILUIMHBI:  JU4YHOCTHBIE  (JIP),
metarnpeameTHsie (MP), mpenmernsie st 6a3oBoro yposHs uzyuenus (I1P).

Jluunocmuvie sxnroyaom:

JIP 05. ChopMHpOBaHHOCTh OCHOB CAMOPA3BUTHUSI M CAMOBOCIIUTAHHS B COOTBETCTBHH C
00I11eYeTOBEYECKUMH IIEHHOCTSIMH W HJA€aTaMU TPa)<IaHCKOTo OOIIEeCTBa; TOTOBHOCTh U
CHOCOOHOCTh K CAMOCTOSITETIbHOM, TBOPYECKON M OTBETCTBEHHOM /1€ TENBHOCTH.

JIP 07. HaBblkM COTpYJHMYECTBA CO CBEPCTHUKAaMH, IETbMHM MIIAJIIET0 BO3pacTa,
B3pOCIBIMH B 00pa3oBaTeIbHOM, OOIIECTBEHHO IOJIE3HOM, y4eOHO-MCCIIe0BaTENbCKOM,
MPOEKTHOM U IPYTUX BUIAX AESITEIbHOCTH.

JIP 08. HpaBcTBEeHHOE CO3HAHHME U MOBEJACHHUE HA OCHOBE YCBOEHHS OOIIEYEIOBEYECKUX
LIEHHOCTEMN.

JIP 09. I'0TOBHOCTH ¥ CIIOCOOHOCTH K 00pa30BaHUIO, B TOM YHCJIE CaMOOOpa30BaHUIO, HA
NOPOTSDKEHUM BCEH JKU3HHM; CO3HATEIbHOE OTHOIIEHHE K HEMpPEepbIBHOMY OOPa30BaHHUIO Kak



YCJIOBHIO YCIICTITHON PO eCcCHOHATTbHON U 00IIECTBEHHOMN JeSTeTLHOCTH.

JIP 13. Oco3nanHbIl BBIOOp Oynymiedl mpodeccuu M BO3MOMKHOCTEH pealln3aiuu
COOCTBEHHBIX JKM3HEHHBIX IUTAHOB; OTHOLICHHE K NPOPECCHOHATIBHON JEATEIIbHOCTH Kak
BO3MOXXHOCTH  YYacTHsl B  pEIICHUH  JIMYHBIX, OOILIECTBEHHBIX, T'OCYJapCTBEHHBIX,
00IIeHAIIMOHATBHBIX MTPOOJIEM.

JIP 14. CdhopMuUpPOBAaHHOCTh DKOJOTHYECKOTO MBIIUICHUS, TTOHUMAHHS BIIMSHHS
COLMAJIbHO-9KOHOMHYECKUX IPOLECCOB HAa COCTOSHUE INPUPOAHOM U COLMAIBHOW Cpeibl;
IprOOpETEHNE ONbITa FKOJIOTO-HAIPABICHHON JEITEIbHOCTH.

Memanpeomemnvie:

MP 01. CamocrosTensHo  (GOpMYJIHpPOBaTh M aKTyalIM3HpOBaTh  MpoOsemy,
paccMaTpuBaTh €€ BCECTOPOHHE.

MP 02. VYcranaBnuBaTh CYIIECTBEHHBIM NPU3HAK WIM OCHOBAaHMUS Ul CpPaBHEHUS,
KJIacCCU(UKAUU U 00OOIICHHUS.

MP 03. OmnpenensaTe LenM AEATEIbHOCTH, 3aJaBaThb IIapaMeTpbl U KPUTEPUU HX
JOCTHKEHHUSL.

MP 04. BbISIBIIATS 3aKOHOMEPHOCTH U IPOTUBOPEUHSI B pacCCMaTPUBAEMBbIX SBJICHUSX.

MP 06. Bnagers HaBbIKaMHM Y4eOHO-HCCIIEI0BATEIbCKOW U MPOEKTHOU IEsTENbHOCTH,
HaBbIKaMU pa3pelieHust pooeM.

MP 07. CnocoOHOCTb U TOTOBHOCTb K CaMOCTOSITEIbHOMY ITOMCKY METOJOB pEIICHUS
IPAKTUYECKUX 3aJa4, IPUMEHEHUIO Pa3IMUHbIX METOJOB IT03HAHUS.

MP 08. OsnageHue BuIaMH JAEATEIbHOCTH [0 IOJYYEHUIO HOBOTO 3HAHHUSA, €ro
UHTEpIpeTalny, NpeoOpa3oBaHUI0 U NMPUMEHEHUIO B pa3IMYHBIX Y4EOHBIX CUTyaLUsiX, B TOM
YHCIIe IPU CO3/1aHUM YUEOHBIX U COLIMATIBHBIX ITPOCKTOB.

MP 09. ®opmupoBaHue HAyYHOTO TUIA MBIIUICHUS, BJIaJICHUE HAYYHOH TEpPMUHOJIOTHEH,
KJIFOUEBBIMU MOHATHSIMA U METOJIAMHU.

MP 11. BpiBIATH NPUYMHHO-CIEACTBEHHBIE CBSI3U M aKTyaJIM3UpOBaTh 3ajady,
BBIIBUTaTh THIIOTE3y €€ pEelIeHUs, HaXOOUThb apryMeHThl [UIsl JI0Ka3aTeIbCTBAa CBOMX
YTBEPKACHUM, 3a/1aBaTh apaMeTpPbl U KPUTEPUU PELICHHUS.

Ilpeomemnvle:

IIP 01. Bmagets MeTomaMM JOKa3aTeNIbCTB, AJTOPUTMAaMM pEIIEHUs 3a7ay; yMEHHeE
(bopMyIHpOBaTh OIPEIEIIEHUS], aKCUOMBI U TEOPEMBI, TPUMEHATh UX, IPOBOJIUTH J10Ka3aTeIbHbIE
paccyXJIeHHUs B XOJI€ PELICHUsI 3a/1ay.

IIP 02. YmeTh omepupoBaTh MOHATHUAMHU: CTENEHb YHCIA, JOrapudm dYucia, yMEHHE
BBIMOJIHATh BBIYMCICHHE 3HAYeHUH U TNpeoOpa3oBaHMs BBIPAKEHUH CO CTENEHAMU U
norapudmamu, mpeodpazoBaHus APOOHO-PALMOHATIBHBIX BbIPaXKEHU.

I[IP 03. VYwmersp onepupoBaTh NOHATUSMU: paALUOHAIbHBIE, HPPALNOHAIBHEIE,
MOKa3aTelbHblE, CTENEHHbIe, JIOTapU(PMUUYECKHE, TPUTOHOMETPUYECKUE YpaBHEHHS U
HEPABEHCTBA, UX CUCTEMBI.

IIP 04. VYwmerp omepupoBaTh MOHATUAMU: (YHKIMS, HEOpepbIBHas (QYyHKIUA,
NPOM3BOJIHAS, TEpBOOOpa3Hasi, OIpEJeIeHHBI WHTErpaj; yMEHHE HaXOJUTh HPOU3BOJHBIC
AIIEMEHTApHBIX (DYHKIMHA, UCIONB3YS CIpPAaBOYHBbIE MaTepHajbl; UCCIENOBaTh B IMPOCTEHIINX
ciydasx B (DYHKIMM Ha MOHOTOHHOCTb, HAaXOJUTh HAWOOJbIIME W HAUMEHbIINE 3HAUYEHUS
¢byuknuii; Ctpouth rpadukyd MHOTOUYJIEHOB C MCIIOJIB30BAHMEM arapaTa MaTeMaTH4ecKoro
aHaJM3a; MPUMEHATh MPOU3BOJHYIO NMPHU PEUICHUM 33/Jay Ha JBW)KEHHE; pellaTh IpPaKTHKO-
OpUEHTUPOBAaHHBIE 3a/layll Ha HAWOOJIbLINE M HAaWMEHbLINE 3HAUYEHHs, HAa HaXOXKJEHUE MIYTH,



CKOPOCTH M YCKOPEHHUSI.

I[P 05. Ymenue omnepupoBaTh NOHATHSAMH: pallMOHANbHAs (DYHKIHS, TOKa3aTelbHAs
¢byHkuus, creneHHas QyHKuus, JorapupmMudeckas QyHKIUSA, TPUTOHOMETPHUECKUE (DYHKIIHH,
oOparHble (QYHKIMH;, YMEHHE CTPOUTH Ipa(puKu M3Y4EHHBIX (DYHKIMHA, UCIIONB30BaTh TpapuKu
IIPY U3YYSHHUH MIPOIIECCOB U 3aBUCUMOCTEH, IPU PELICHUH 33124 U3 IPYTUX YUEOHBIX IPEIMETOB
U 33/1a4 U3 peabHOM JKU3HU; BhIpaXKaTh (pOpMysIaMH 3aBUCUMOCTH MEXKAY BEJIMYMHAMHU.

I[IP 06. Ymenue pemiatb TEKCTOBBIE 3aJaud PA3IMYHBIX THUIOB (B TOM 4YHCIE Ha
IPOLIEHTHI, 10JIM U YaCTH, HA JBHKEHUE, pabOTy, CTOUMOCTh TOBApOB U YCIIYT, HAJIOTH, 3a7a4l
U3 00JIaCTM YNpPABICHUS JIMYHBIMM M CEeMEHHbIMM (UHAHCAMH); COCTABIIATh BbIPAXKEHUS,
YPaBHEHHUs, HEpPABEHCTBA M HUX CHCTEMbI IO YCIIOBHUIO 3aJaud, HUCCIIENOBAaTh IOJIYy4YCHHbIE
pELICHHS U OLIEHUBATh MPABON0I00HOCT PE3yJIbTAaTOB.

IIP 07. VYmenue omnepupoBaTh MOHATHIMU: CpeAHee apupMETHYECKoe, MeIHaHa,
HauOoJbIlleE M HAUMEHbIIEE 3HAYEHMs, pa3Max, JUCHEPCUs, CTAaHJAPTHOE OTKJIOHEHHE
YUCIOBOro Habopa; yMEHHE U3BIIEKAaTh, HHTEPIPETUPOBATH UH(OPMAIIHIO, MPEACTABICHHYIO B
TabauIax, Ha JuarpamMmax, rpaukax, OTPa)Karollyl0 CBONCTBA peaJbHBIX IPOLIECCOB U
SBJICHUH; NPEACTaBIATh HHPOPMALMIO C MOMOIIBIO TaOJaMIl M JuarpaMM; HcCiIeI0BaTh
CTaTUCTHUYECKUE JJaHHbIE, B TOM YHCJIE C IPUMEHEHHUEM IpaUYecKUX METOJIOB U 3JEKTPOHHBIX
CPEICTB.

[P 08. YMmeHnue omepupoBaTh MOHATUSMU: CIIyYalHBIM ONBIT U CllydyallHOE COOBITHE,
BEPOATHOCTb CIy4YallHOTO COOBITUS; YMEHHUE BBIYUCIATH BEPOSATHOCTh C HCIOJb30BaHUEM
rpadU4ecKuX METOJIOB; NIPUMEHSTh (OPMYNBI CIIOKEHHS M YMHOXXCHHS BEpOATHOCTEH,
KOMOMHATOpHbIE (aKThl U (GOPMYJIBl MPU PELICHUM 3a/1a4; OLIEHUBATh BEPOSTHOCTb PEAJIbHBIX
COOBITHI; 3HAKOMCTBO CO CIIy4ailHBIMHM BEIMYMHAMM; YMEHHE IPUBOJUTH IPUMEPHI IPOSIBICHUS
3aKOHa OOJIBIIMX YKMCEN B IPUPOJHBIX U OOIECTBEHHBIX SIBICHUSX.

I1IP 09. YMmenue onepupoBaTh NOHIATUAMM: TOUYKA, IPsIMasi, MJIOCKOCTh, B POCTPAHCTBO,
JBYTpaHHBIA Yroj, CKpEIIMBAIOIIMECS NpsMble, NapaJIEIbBHOCTh W NEPIEHIUKYJIIPHOCTD
OPSIMBIX U IUIOCKOCTEH, Yrojl MEXIy HpPSIMBIMHU, YroJd MEXAY HpSAMON M IJIOCKOCTBIO, YIroJ
MEXJy IUIOCKOCTSIMH, PAacCTOSHME OT TOYKHU JI0 TUIOCKOCTH, PACCTOSHUE MEXIY HIpSIMbBIMHU,
paccTosiHUE MEXIy IUIOCKOCTSIMH; YMEHHUE HCIIOJIb30BaTh IMpPH PEIIEHUU 33/1a4 HU3y4YCHHbIE
(bakThl U TeOpeMBbl IJITAHUMETPUH; YMEHHUE OLIEHUBATh Pa3Mepbl 00bEKTOB OKPYXKAIOIIET0 MUpA.

IIP 10. YMmenue omepupoBaTh MOHATHSIMHM: MHOTOIDAHHUK, CEUEHHWE MHOIOIDAaHHUKA,
KyO, mapansenenurnes, Npu3Ma, mupamuia, Gurypa 1 moBepXHOCTh BPAIEHUs, LIMITUH/IP, KOHYC,
map, cdepa, cedeHus GUrypbl BpalleHHs, IUIOCKOCTh, Kacarollascsa cepbl, INHAPA, KOHYCa;
IUIOINAAb TOBEPXHOCTH MHUPaMM[Ibl, MPU3MBI, KOHYCa, LWIMHJIpA, IIapa; YMEHHE H300pakaTh
MHOTOTPaHHUKU M IOBEPXHOCTHU BpAIlIEHUS, MX CEUYEHUS OT PYKH, C TOMOILIBIO UYEPTEKHBIX
MHCTPYMEHTOB U 3JIEKTPOHHBIX CPEJCTB; YMEHHE pacro3HaBaTh CUMMETPHIO B IMPOCTPAHCTBE;
YMEHHE paclo3HaBaTh NPaBUIIbHbIE MHOTOTPAHHUKH.

I[P 11. YmeHue omepupoBaTh NOHATHUSAMHU: JIB)KEHHE B IPOCTPAHCTBE, IMOJOOHBIE
¢Gurypel B MPOCTPAHCTBE; HCIIOJIB30BaTh OTHOLICHHE IUIONIA/EH IMOBEPXHOCTEH M OOBEMOB
NoJ00HBIX (PUTYp NPU PELICHUH 3a/1a4.

I1P 12. YMeHHe BBIYUCIATh T€OMETPUYECKHE BETMUUHBI (JUIMHA, YTOJI, IUI0MIA/lb, 00bEM,
IUIOIAb MOBEPXHOCTH ), UCTIOJIB3Ysl U3yUEHHBbIE (POPMYIIBI U METO/IBI.

I[IP 13. Ymenue omnepupoBaTh NOHATHSAMHU: HPSMOYIOJIBHAs CHCTEMa KOOpIUHAT,
KOOpJMHATBl TOYKH, BEKTOpP, KOOPAUHATHI BEKTOPA, CKAJISPHOE MPOU3BENEHUE, YIOJd MEXIY
BEKTOpPaMM, CyMMa BEKTOPOB, MPOU3BEIEHHE BEKTOpa Ha YHCIO; HAXOIUTh C IOMOUIBIO



U3y4EHHBIX (POPMYJT KOOPJUHATHI CEPEAUHBI OTPE3Ka, PACCTOSHUE MEXKY JBYMs TOUKAMH.

I[P 14. YMeHue BbIOMpATh MOAXONSANINN HM3YYCHHBIA METOH ISl PEIICHUsS 3aqadu,
pacrio3HaBaTb MareMaruyeckue (akThl W MaTeMaTH4YeCKUE MOJENM B NPUPOAHBIX U
OOLIECTBEHHBIX SIBJICHUSIX, B HCKYCCTBE; YMEHHE IPUBOJIUTH IPUMEPbl MaTEMaTHUECKHUX
OTKpbITHI Poccniickoil 1 MUPOBOM MaTEMaTUYECKON HAYKHU.

ITpu nmpoBeaeHNN MPAKTUYECKUX paObOT ydeOHas IpyIna MOXKeET JeJIUThCS Ha MOArPYIIIIbI
YHUCJIEHHOCTBIO HE MEHBLIE § YEIOBEK.

Kaxnas npaktudeckas pabora cocTaBiieHa ¢ BeAyILIeH AUJaKTHUECKON 1IEeIIbIO -
(bopMHpOBaHUE MPAKTHUECKUX YMEHUI.

CopnepxaHue MPaKTHYECKHX pPAa0OT HAIEIeHO M Ha pa3BUTHE MPO(ECCHOHATBHBIX
YMEHUH W HaBBIKOB. BBINOJHEHHE pacy€roB, 4YepTeKEH, MHCTPYKTHUBHBIMU MaTCPHAIAMHU,
CIIPaBOYHHUKAMHU, YMEHHE 10JIb30BaThCs COBPEMEHHBIMU MH(POPMAIMOHHO-
KOMMYHHUKAIIHOHHBIMU TeXHosorusiMu. Hapsimy, ¢ ¢gopmupoBaHMeM yMEHUH M HaBBHIKOB, B
npoliecce BBIIOIHEHUS NPAaKTUYECKUX paboT 0000IIat0TCs, CUCTEMATU3UPYIOTCS, YIITyOIAI0TCS
U KOHKPETH3UPYIOTCS TEOPETUYECKHE 3HaHUS, BbIPAOAThIBAETCS CHOCOOHOCTh U T'OTOBHOCTH
MCII0JIb30BaTh TEOPETUUECKNE 3HAHUS Ha MPAKTUKE, PA3BUBAIOTCS NHTEIUIEKTYaJIbHBIE YMEHHUS.

B 1maHHBIX METOOMYECKMX YKa3aHUAX B Haydaje KaKIOM TEMbl KpaTKO H3JIararoTcs
OCHOBHBIE TEOPETUYECKHE CBEIACHHS (OmpeaeneHus, (pOopMylibl), HEOOXOAUMBIC Ul PEHICHUS
nocyenyromux 3anad. IIpuBoasTcs pemenns: THNOBBIX IPUMEPOB U 3a1ad. JlaroTes ynpaxHEeHUs
JUIS 3aKPEIUICHHs MaTepraa.



IIpakTuyeckas padora Nel

Tema 1.1 ]_ICJ'II/I 1 3a1a4Yi MaTEMAaTUKU IIPU OCBOCHHUHU CIICIIUAJIBHOCTH. Yucna u
BBIYMCIICHUSA

Hean: Onpenenenne OCHOBHBIX IEJICH U 33/1a4 U3YUYEHUSI MATEMaTHKH ITPH OCBOCHUH
npodeccuu; akTyaau3alus U CUCTEMaTU3allls OCHOBHBIX 3HAHUN U3 HIKOJILHOTO Kypca
MaTeMaTHKH

Teopernyeckas 4acTh.

I'maBHast 0COOEHHOCTH 00pPa30BATEIBLHON CHCTEMBI 3aKJIIOYACTCS B TOM, YTO OCHOBHOM
LEeNblo, CTOALIeH meped Y4eOHBIMH 3aBEJCHUSIMU CHUCTEMbl CpeIHEro MnpodeccruoHaIbHOTIO
o0pa3oBaHus, SBIAETCS MOATOTOBKA BBICOKOKBATH(HIMPOBAHHOIO CIEIHAINCTa B JAaHHOU
o0nacTu.

Lenp n3ydeHUs: MAaTEMaTHKH B CPEIHUX CIEIHAIbHBIX YUEOHBIX 3aBEJCHUAX COCTOHUT B
TOM, 4TOOBI YIJyOUTh 3HAHHS O M3YYEHHBIM B CPeJHEH IIKOJIe pasfienaM M O3HAKOMHUTHCS C
HEKOTOPbIMH HOBBIMU pa3/ielaMM MaTeMaTHUKU (QaHAJIUTHUYECKOHM TIeoMeTpHueil, Teopuei
muddepeHIaNbHbIX ypaBHEHUH, TeOpuel BEpOATHOCTEH, U JIp.), KOTOphIe 000TalaoT O0IIyI0
KYJIBTYPY, Pa3BUBAIOT JIOTHYECKOE MBIIUICHHE M IIHPOKO HCIIOIB3YIOTCS B MaTEeMAaTHYECKOM
MOJICJIMPOBAHUHM 3a7a4, C KOTOPBIMH BCTPEUAETCS COBPEMEHHBIM CIENHAaTUCT B CBOEH
NeSITeTbHOCTH. | TaBHAs 1eNb M3yYeHHUS MaTEMAaTHKHU CTYACHTAMH CPEIHHUX MPO(ECCHOHATBHBIX
y4eOHBIX 3aBEJCHUI COCTOUT B TOM, YTOOBI MAaTEMATHKy MOKHO ObLIO MpUMEHATH. MMeroTes B
BUAY NPUMEHEHHS B CAMOM IIMPOKOM IUIaHE: HE TOJBKO Ha MPOW3BOJCTBE, HO U B JIPYTHX
TUCIUIIMHAX, TPU YTCHUH CHEIMATbHOM M TOIMYISIPHOW JUTEPaTyphl, B OBITY; KpOME TOTO,
OCHOBHBIE MaTEMaTHUYECKUE TOHATHS TO3BOJSIFOT TIIYO)KE OCMBICIMBATH pa3iIHuHbIe (DAKTHI,
BUJIETh MX OOIIME YePThl; HABBIKM PAa3yMHON TOYHOCTHU MOTYT MOMOYb (POPMYIUPOBATH MBICIU
U.T. 1.

- OOyueHusi mMarematuke JOJDKHO oOjanaTh cBoiicTBaMm (yHaameHTanbHOCTH. Llenb
obecrieyeHns (yHIAMEHTAIBHON MaTeMaTHYeCKOH MOATOTOBKH B CpeJHEM MPOpECCHOHATHLHOM
00pa30BaHUM U CIELUAIN3ALUY, [0 KOTOPOH MPOUCXOAUT O0YUEHHE, COCTOMT B TOM, YTO KypC
MaTeMaTHKH JOJDKEH O3HAKOMHUTH CTYAEHTOB C OCHOBOIOJATAIOIIMMH MaTeMaTHYeCKUMHU
NOHATUSIMH U (pakTamu, 0OeCTeYynTh YPOBEHb MAaTeMaTHYEeCKHX 3HAHWW, YMEHUW U HaBBHIKOB,
rapaHTHPYIONINX OBJa/eHNe (PYHIAMEHTOM CIEIHaIbHBIX JUCIUTUINH.

- Bropas wnenp - opueHTanMs MaTeMaTHYECKOW TMOATOTOBKM Ha CIELUAIbHYIO
MOJTOTOBKY CTYJEHTa, TO €CTh HEOOXOJMMOCTh B IpoOIecce OOY4YeHHsS OPHEHTHUPOBATHCS Ha
rJ1yOOKO€ M TMOJHOE YCBOEHHE CTYJEHTAaMHU pa3/esioB MaTeMaTHKH, SBJSAIOIIUXCS 0a30f i
OCBOCHHS psila CHENUANBHBIX TUCHMIUIMH. [Ipum 3TOM 3HaHHS CTYAEHTOB IO OCTaJbHBIM
pas3zenaM Kypca JOJDKHBI ObITh JOCTaTOYHBIMHU JUIl OCBOEHHS MPO(ECCHOHATBHO 3HAUYUMBIX
3HAHUM.

- TpeTbst 1enp MaTeMaTH4ecKoro oOpa3oBaHus B CPEAHUX MPOPECCHOHATBHBIX YUEOHBIX
3aBEJICHHSX - MOJATOTOBKA CTYJEHTOB K UX MPO(GECCHOHATBHON AEATEIbHOCTH, HAIIPaBICHHON Ha
yMeHue OyAylmMX CHELUAJIUCTOB TNPUMEHATh MaTeMaTHYecKue 3HaHUS B CBOEH
npodeccuoHanbHOM JesTenbHOoCTU. [l ee peanu3anuu clieyeT HaloJIHUTh MpodeccnoHalIbHO
Ba)XKHbIe pa3jienbl Kypca «MaremaTHka» 3agadyaMu IpodeccroHaabHOro coaepxanus. Kypce
MaTeMaTHKH B CpeIHEM Mpo(ecCHOHATLHOM O00pa30BaHWU HECET IBOWHYIO Harpy3Ky — Kak
CaMOCTOSITENIbHBIA y4eOHBIH MpeaMeT, B KOTOPOM JOJDKHA COOJIIOJAaThCs CTporasi JIorhueckas
MIOCJIEIOBATEIFHOCTD M3JIOKEHUSI MaTepraa, U KaK ammapar sl ITHPOKOTo TPUMEHEHUS ero B
CHeUMaNbHbIX JUCHMIUIMHAX. V3ydyeHue MareMaTuku B cpelHeM MNpoecCHOHATHLHOM
00pa3oBaHWM HampaBiieHO Ha (opMuUpoBaHHE OONICYYEOHBIX KOMIIETEHIIUA TIO0 YEThIpEM
OJ0KaM: caMOOpraHu3aluy, caMooOyueHHsl, THPOPMALMOHHOMY, KOMMYHUKAaTUBHOMY, a Ha MX
ocHoBe o0mmx komnereHuud. Ooume komnereHuu (OK) dopmupyrores B mpornecce yueOHOM
U BHEAYyIUTOPHOM CAMOCTOSITEIbHON JAEATEJbHOCTH CTYAEHTOB MpPU HU3YUYEHUH IpeaMeTa.
[Iporpamma yueOHOro mnpeAMeTa OpPUEHTHUPOBAaHA HAa JOCTH)KEHUE CIENYIOIIUX Ienen: —



oOecrieyeHrne cOPMHUPOBAHHOCTHU MPEACTABICHUH O COLMABHBIX, KYJIBTYPHBIX U UCTOPUYECKHX
dakTopax CTAaHOBJICHHS MAaTEMAaTHKH; — o0ecredeHue CcHOPMUPOBAHHOCTH JIOTHYECKOTO,
QITOPUTMUYECKOTO W MaTEeMaTHYECKOTO MBIIUICHHUsS; — obOecredeHue cGOpPMHPOBAHHOCTH
YMEHHUHM NPUMEHSATh MOJyYEHHbIC 3HAHMS NPU PEUICHUH Pa3IWYHBIX 3a/Ja4y; — oOecreueHue
c(OPMHUPOBAHHOCTHU TIPEACTABICHUI O MaTeMaTUKE KaK YacTH OOLICYEIIOBEUECKOW KYJIbTYpHI,
YHHUBEPCAIbHOM SI3bIKE€ HAYKH, MO3BOJISIOLIEM OMHUCHIBATH M W3Yy4aTh peajbHbIe MPOIECCH U
apineHus. ['nmaBHOM 3amauelt oOpaszoBanuss B cucreMe CIIO sBiasercss nNOAroTOBKA
BBICOKOKBIM(DUIIMPOBAHHBIX ~ CIEIUAIMCTOB, KOTOpBIE JOJDKHBI 3aHSITh CBOE MECTO Ha
KOHKYPEHTHOM PBIHKE TpyZa.

Bonpocsr:
1) HazoBuTe 1enp n3ydeHus MaTeMaTHKU B CPETHUX CHEIMAIbHBIX YUeOHBIX 3aBEACHHSIX
2) B 9em cocrtout rnaBHas 3agada oopaszoBanus B cucreme CI1IO?
3) IlpuBenuTe mpuMepsl UCIIOIL30BAHUS MATEMATHKH B Balllel Oyayiiei npodeccuu

Pemenue 3ananuii:

B1. Ilokazanus cuerunka 3nekTpodHepruu 1 mas cocrapisin 37192 kBt /4, a 1 uronst — 37 292
KBT /4. CKOJIBKO HYXKHO 3aIlJIaTUTh 3a 3JEKTPOIHEPTHIO 3a Mai, eciu 1 kBT /4 anexTposHeprun
crout 4 py6. 17 xom.?

B2. Ha pucyHke >KUPHBIMH TOYKAaMHU TOKa3aHO CyTOYHOE KOJIMYECTBO OCAJIKOB, BBINA/IABIINX B
Kazanu ¢ 3 nmo 15 ¢espans 1909 roma. Ilo ropusoHTanu yka3plBarOTCS 4yMciaa Mecsla, MO
BEPTUKAJIM — KOJHMYECTBO OCAJIKOB, BBINABIIMX B COOTBETCTBYIOINUHN JCHb, B MHJUIUMETpAX.
JUsis HarNsAHOCTH JKUPHBIE TOYKH HA PUCYHKE COEAMHEHBI JUHHEH. OnpeaenuTe Mo pUCyHKY,
CKOJIBKO JIHEH U3 JJAHHOTO MEPHO/Ia BBINAAaI0 00siee 3 MUJLUTUMETPOB OCAIKOB.
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B3.Haiinute 3HaueHne BbIpa)KeHUS ab nput = 0, 8; b=1 ,5; c=0, 34.

B4. /{5 TpaHCOPTHUPOBKU 3 TOHH Ipy3a Ha 50 KM MOYKHO BOCITIOJIb30BAThCS YCIIyTaMU OJHOM U3
Tpex (upm-nepeBo3uukoB. CTOMMOCTh MEPEBO3KM M TPY30MO0JIBEMHOCTh aBTOMOOMIIEH JUIs
KaXJIOTO TMepeBOo3urKa ykazaHa B Tabmuie. CKOJIBKO pyOJied mpuaercs 3aljlaTUTh 3a CaMyro
JIEIIEBYIO IEPEBO3KY?

IlepeBo3uuk | CToumMocTh nepeBo3KH oauuMm | 'py3onoabeMHOCTH
aBTOMOOHMJIEM aBTOMOOHMIEH
(pyo0. Ha 10 km) (TOHH)

A 110 2,2

b 140 2,8

B 160 3,2

BS. Ha kiietuaroit 6ymare ¢ pazmepoM kiietku 1x 1 nzobpaxkén yroin. Haiinure TaHrenc storo
yria.




B6 HaiiznTe KOpeHb ypaBHeHHA 2x +31 =9,

B7.B copeBHOBaHMSX MO TOJKAHUIO slipa y4dacTByroT 4 crnoprcmeHa u3 OuninsHauu, 7
crnoprcMeHoB U3 Jlanuu, 9 cnoprecmenoB u3 lBenun u 5 — u3 Hopseruu. Ilopsinok, B koTopom
BBICTYNAIOT CIOPTCMEHBI, onpezensercs xpeduem. Haiiiute BepoSsTHOCTb TOTO, UTO CIIOPTCMEH,
KOTOPBIN BBICTYIIAET IOCIEAHUM, OKaxkeTcs u3 IIBenuu.

B Tpeyroasauke ABC yrox C paseH 90°, sin A = % Haiingure cos B.

B

A Oc

BS.

B9.. MotopHast Jiogka mnpouuia MNPOTHB TedeHUs peku 112 kM U BepHyJach B IYHKT
OTMPABJICHUS, 3aTPATUB HA OOpAaTHBIA MyTh Ha 6 yacoB MeHbIe. Halimure cKOpoCTh TeueHus,
€CJIM CKOPOCTh JIOJAKHU B HETOABMKHOM Bojie paBHa 11 km/4. OTBeT naite B KM/4.

3aBucHMOCTE 00BéMa cnpoca ¢ (TeiC. py0.) Ha IPOAYKIMNIO HPEAIIpU-
ATHUSI-MOHOIIOJMCTA OT HeHwl p (Teic. py0.) 3agaérca dopmyaon
g = 160 — 10p. Beipyuyxka npeanpudaTusi 3a mecan r (B Teic. pyb.)
BbIYHCHseTcA 10 dopmyie r (p) = q - p. Onpegennrte neHy p, NpHU Ko-
TOpO# MecsA4YHasa Beipyuka r (p) cocraBur 280 Toic. py6. OTBeT HmpuBe-

B10. JUTE B ThHIC. pYO.

IIpakTnyeckas padora Ne2
Tema 1.2 Bripaxxenuss u npeoOpazoBanusi. [IpornieHTHBIC BBIYHCICHHS. YPAaBHEHHS WU
HEPABEHCTBA
Heab: OOoOmeHne W cuctemMarusals 3HAHUNA, YMEHMH, HAaBBIKOB Yy4allUXcs Mpu
BBITTOJIHEHUH apu(METHYECKUX JEHCTBUN HajJ OOBIKHOBEHHBIMH M JECATHYHBIMU JIpOOSMU;
MOBTOPUTH TPOIEHTHHIE BBIYMCIEHUS; OOOOIIMTh W CHUCTEMATHU3UPOBATh 3HAHUS, YMEHUS
ydalumxcs Mpyu pelieHnH JTMHEWHBIX U KBaIpaTUUHBIX YPaBHEHUI U HEPABEHCTB

Teopernyeckas 4acThb:

HarypanbHble yuciia, mojydaeMbie TIPH €CTECTBEHHOM CYETE; MHOXKECTBO HATYpaIbHBIX
yrcen obo3Havaercs N; N = {0, 1, 2, 3, ...}.

Lenbie uymciaa, mOdy4aeMble OOBEIUHCHHEM HATYpPaIbHBIX YHCET C MHOMKECTBOM
OTPHIIATENIBHBIX YUCE U HYJIEM, 0003HAYAIOTCS

Z={2,-1,0,1,2,...}.



PanmonaneHble ynclia — 4Kca, MpeACTaBICHHBIE B BUAE aApoou m/n (n # 0), Tme m —
IEJI0€ YKCIIO, & N — HATypaJIbHOE YHCIIO.

Jlisi pallMOHATIBHBIX YHUCEN OINpPENEICHbl YETBhIPE «KIACCHUYECKHE» apu(METHUECKUe
NEHCTBUS: CIIOKEHUE, BRIYUTAHUE, YMHOXKEHHE U JielieHue (KpoMe JIeJICHHs Ha HOJIb).

Hns 0003HauYeHUS palMOHAIBHBIX yuCel HCIIOJIb3YETCS 3HaK
n Lol
Q:{—:nEL,mEN}
m
JleiicTBuTENbHBIC (BEIICCTBCHHBIE) YMCIIA MPEACTABIISIOT COO0H paclIupeHne MHOKECTBA
paloHaIbHBIX Yncesl. MHOXKECTBO BELIECTBEHHBIX uncen ooo3Hayaercs R.

Kpome pammoHanbHBIX uYucesl, R BKIIOYAaeT MHOKECTBO HPPALMOHAIBHBIX YHCEN, HE
MPEJCTaBUMBIX B BHJE OTHOIIEHHUs IenblXx. Kpome mnoapasneneHuss Ha paluOHAIbHBIE U
UppalyoHaJIbHbIE, JCUCTBUTEIbHBIC YHCIA TAaKXKe MOAPA3CNAIOTCS Ha anredpanyecKkue u
TpaHcueHeHTHbIe. [Ipy 3TOM Ka)kaoe TPaHCIEHAEHTHOE YHCIO SIBISETCS HPpPaldOHAIIbHBIM,
KaX/10€ PallMOHAIBLHOE YUCIIO — ANreOpanyecKuM.

WppanmonanbHblie yucia.

1) nmr060€e panroHalIbHOE YUCIIO N300pakaeTcss OECKOHEUHOU JECATUUHON TPpOObIO;

2) BCAKOE MPPALMOHATIBHOE YU CIIO U300pakaeTcsi 0ECKOHEUHON AECITUYHON JIPOOBIO;

3) moboe NEHCTBUTENBHOE YKCIO MOXET OBbITh MPEACTAaBICHO B BUIEC OECKOHEYHOMH
JNECATUIHOMN Tpoou;

4) Bcskas OeckoHeUHas JecsITHYHAs JpoOb MPEACTaBISAET ICHCTBUTEIBHOE YHUCIIO
(oOpaTtHOE yTBEpIKJICHHUE).

Q.

O06o3HauyeHu Yto 03HaYaeT UM
e (ums)

N MHOXKECTBO  HaTypaJIbHBIX
YqHcen

Z MHO€eCTBO HEIBIX YHUCE

Q MHOXECTBO parfiOHAIBHBIX
quCcen

R MHO0XeCTBO
JIEHCTBUTEIBHBIX YHCENT

JlelicTBHSA € IPOOAMMU:
1. Cnoorcenue. Cymmoin apobeli ¢ OJHUM U TE€M K€ 3HAMEHATelleM Ha3bIBaloT JAPOOb,
MMEIOIIIYIO TOT )K€ 3HAMEHATENh, @ YACITUTEh PAaBeH CYMME YMCIUTENECH TaHHBIX ApOOeH, T.e.

aba+b

noH Ly

910 ONpeACIICHUEC MOXKHO C(l)OpMYJ'II/IpOBaTL TAK¥XKXEC B BUAC CIICAYIOIICTO IMpaBHJIA.

YTOOKI CIOKHUTE leO6I/I C OAMHAKOBBIMH 3HAMCHATCIISIMU, HAJJO CIIOXUTH UX YHCIINUTCIIH,
a 3HaAMCHATCJIb OCTAaBUTBh TOT KC.

ITpumep. T 7 7 7,

UTOOBI CIOKUTH APOOH C pa3HBIMU 3HAMEHATEIISIMH, HAJI0 IPUBECTH UX K HAUMEHBIIIEMY
o0mieMy 3HaMEHATelo, a 3aTeM CJIOXKHUTh IMOJYYCHHbIE YUCIUTENH U MOJ CYMMOMW MOJIUCAThH
001U 3HAMEHATEIb.

5 7 15 14 15+14 29 _5
A R P, Pl

Mpuvep, 8 12 24 24 24 24 24

5 7 15+14 129 3
=" - = =1-

Kopoue 3anuchiBator Tak: 8 12 24 24 24
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YroObl CIOXKHUTH CMELIAHHbIE YHCIA, HY)KHO OTJECNBbHO HANTH CyMMY HENbIX U CYMMY
JIpoOHBIX yacTel. JlelicTBue 3aruchIBaeTCs TakK:

a7 2l gd qp21HlIv20,5 4902 4,7
15 45 Q 45 45

2. Buviuumanue. Berantanue apo0Oeli MOXXHO OIpeNenuTh Kak JeHCTBUE, 00paTHOe
CIIOKEHHIO Jpobeil. BriuecTh M3 OAHOrO IPOOHOrO YMCiIa BTOPOE 3TO 3HAYUT HAWTH TpeThe
4KCII0, KOTOPOE B CyMME CO BTOPBIM JaeT nepsoe. M3 3Toro onpenenenus cienyer npaBuiio:

Uto0Obl BbIYECTH APOOM C OAMHAKOBHIMU 3HAMEHATESIMHU, HY)KHO BBIUYECTh YHCIUTENb
BbIUUTACMOI'0 M3 YHCIUTCIIA YMCHBIIACMOTO M OCTAaBHUTb Hpe)KHI/Iﬁ 3HaAaMCHAaTCIIb. I[eﬁCTBHe
3aMKCHIBAIOT TaK:

YroObl BeIYECTH POOHM C Pa3HBIMH 3HAMEHATENISIMH, HYXKHO CHadaja NPUBECTH UX K
HalMEHbLIEMY O0LEeMy 3HaMEHATENI0, 3aTEM U3 YHCIUTENS YMEHbIIAEMOI'0 BEIUECTh YUCIUTEND
BBIUMUTAEMOT0 W TIOJ] MX PA3HOCTHIO MOJNHMCATh OOIIMI 3HaAMeHaTelb. J[eficTBHe 3amuChIBAIOT
TaK:

11 5 22-15 7

12 8 24 24

Ecmu HYXHO BBIYCCTb OAHO CMCHIAHHOC YHCJIO U3 APYTroro CMCIIaHHOTO 4Yucia, To, €CJIU
MOKHO, BBIYUTAIOT ,I[pO6L nu3 I[p06I/I, a [eJI0€ U3 LCJI0ro. HeﬁCTBHe 3aIIMCBIBAIOT TaK:

8 3 A6-33 4
g——5—-=3—_ =3
11 4 44 44
Ecnu ke apoOb BeIYMTaeMOro 0osbile Apodu YMEHBIIAEMOT0, TO OepyT OJHY EAMHHILY
U3 IIeJI0T0 YMCIIa YMEHBIIIAEMOTO0, Pa3IpO0JISIOT ¢ B HaAJIe)KAaIlrue JOIU U IPUOABIISIOT K IPOOH

YMCHBIIACMOTI'O, ITOCJIC YECTO IMMOCTYIIAKT, KaK OITMCAHO BBIIIC. I[eﬁCTBHe 3aIIMChIBAIOT TAK:

4 11 le-33 _52-33 19

g 12 36 36 36
AHaNOrMYHO MOCTYMAKOT, KOTJIa Ha/l0 BBIYECTh U3 1IEJIOT0 YUCIIa JPOOHOE.
3_23_37 53 2
ITpumep. 3 3 3 3,

3. Pacnpocmpanenue c80licme Cr0d4cenus U 8bluumanus Ha opobusie yuca. Bee 3akoHbI
Y CBOWCTBA CJIOKEHUS U BBIYMTAHMSI HATypaJIbHBIX YKCEJ CIIPABEUIMBBI U JUISl IPOOHBIX YHUCEIL.
WX npruMeHeHne BO MHOTUX CIIy4asX 3HAYUTENIBHO YIPOIIAET IPOLECC BBIYUCICHHUS.

4E+11+Zi+sg+l+3£= :!I2+3l + 13+5E +
4 9 12 9 4 4 4 9 9

+ Ei+1 =8+7+3=18
12

ITpumep 1. 12
3,[[CCB HNCITOJIb30BaHbI HepeMeCTHTeHLHLIﬁ M cOUYeTaTeIbHBIN 3aKOHBI CI0KECHHUS.
7 31 53 7 53 31
+13 + =|2—+—|+3—=
720 144 720 720 720 144
G 31 12 +31 43
_g gt gt g
TTprmep 2. 72 144 144 144

3/1ech UCIOIBL30BAaHO MPABUIIO IPUOABICHHS CYMMBI K YHCITY.
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2 36

1?3— [2§+53]= [1?3—53]—2§=11—2§= SE
[Tpumep 4. 3 8 8 8 3 3 5.

3I[€Cb HCIIOJIb30BAHBI ITpaBHJia BBIYUTAHWA U3 YHUCJIa Pa3HOCTU U CYMMBI.
4. Ymnoowcenue. YMHOXKCHUE I[pO6I/I Ha LEJI0€ YHUCIIO MOXXHO IIOHUMATh TaK XK€, KaK H
YMHOKCHHE LCJIOro 4ucjia Ha LEJIO0C, T.C. KaK CJIIOXKCHUC OAMHAKOBLIX CJIaracMbIX. HaHpI/IMep,

2 2 2 2 2 2
—S=—t -+ —+—+—
3 3 3 3 3 3
Ho s ymHOXeHMS Ha JApoOb Takoe TOJKOBaHHME HE moaxonuT. Hampuwmep,

3 2 3 2

43:%—[15&—41]: [43§—15£]+ 4l= 23l+4l=33
[Tpumep 3. 36 36 A e 2 .

YMHOXast 7 a3 , HEeJIb3s CKa3aTh, 4TO 371eCh " 7 HaJ0 B3ATh 3 pasa cinaraembiM".

31ech He0OXOAUMO JaTh HOBOE ONpEeICICHHE.

[IpousBenenuemM npoOell HA3BIBAIOT TAaKyl JApOOb, YHCIHTENb KOTOPOW paBeH
IOPOM3BEACHUIO YHUCIUTENCH JaHHBIX JpoOed, a 3HaMeHareslb - TPOM3BEIEHUIO UX

a b _ab

sgamenarene, t.e. 1 1 M gro6p1 yMHOXKMTE Opo6b Ha IpOOb, HYKHO YMHOXHTH
YKMCIINTEIb HAa YHCIMTENb, 4 3HAMEHATE]Ib Ha 3HaMEHATENb M INEPBOE MPOU3BEICHUE CJIETIaTh

a C _ac

YUCIIUTEIIEM, a BTOPOE - 3HAMCHATEIIEM: b d bd
[Ipu ymHOeHuUU ciieyer AenaTh (€CIu BO3MOXKHO) COKpALIECHHE.

12 19 1219 2

Ecmu YUCCTh, UYTO HEJIOC YHCIO NPCACTABIIACT coboit ):[p06b CO 3HaAMCHAaTCIJIEM 1, TO
YMHOKCHHE )IpO6I/I Ha [ESJI0€ YUCIIO U 1IECJIOTr0 4Yucjia Ha ]lpO6I) MOKHO BBITIOJIHATH ITO3TOMY K€
IpaBUITY.

5.5 _ 65 _30_,1
Mpuvepws, 12 112 12 2

5. Ymmnoowcenue cmewannvix uucen. YUtoObl MEpeMHOXHUTH CMEIIAHHBIE YHUCIA, HYKHO
MpeBapuTeNbHO OOpaTUTh UX B HEMpaBUJIbHBIC IPOOM U TOTOM MEPEeMHOXATh MO MPAaBHIY
YMHOXKEHHS IPOOEi.

1.1 516 80
2—3_=——=—=8

pumep. 2 5 2 5 10

Ecam ke mepeMHOXarOT CMEIIaHHOE YWCJIO Ha IEJI0€, TO MPOIIE MHOXHTH OTAEIHHO
HENYIO YacTh U APOOHYIO 4acCTh.

z§3=ﬁg=?§

ITpumep. 3 3

6. Pacnpocmpanenue ceolicme ymHodicenuss Ha OpodHble uucaa. CBONCTBA YMHOKECHHS
HATYpaJIbHBIX YHCEN CIpaBeJMBBI U Js ApoOeld. VX ucmonp3oBaHWE YIpOIAeT YCTHBIE U
MMACbMEHHBIC BHIYUCIICHHUS.
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T£-3ﬂ=['?+i]-33=213+4=214
[Tpumep 1. 15 15
7 7
Q_-8=9-8+—--8=T2+7=79
[Tpumep 2. 8 8

E.(qi.ll;;]:[E.E].qizl.qizqi
Momep3. 4 & 31 °37) L4 3) 31 7 31 31

[125.431].22[E.i}.q:«;i;g.qgi;gﬁg
Tpimep 4. 5 17 } 31 5 3] 17 17 1'?.

7. llenenue opobeti. Ins nenenust qpodei coXpaHseTcsl TO K€ ONPEACICHHE, YTO U IS
JIeJICHUST LIENbIX YMCEI: 3TO - ACHCTBUE MOCPEACTBOM KOTOPOIO IO JIAHHOMY IPOU3BEICHUIO
JIBYX COMHOKHUTEJIEH M OJTHOMY M3 ITHX COMHOXHUTEJICH OTHICKUBAETCS BTOPOH COMHOXXHTEIIb.
Paznenuth OAHO 4YHMCIIO HA BTOPOE - 3HAYUT HAWTH TaKO€ TPEThE YUCIO, KOTOPOE IMpH
YMHOXXEHUH Ha BTOPOE J1aeT MepBoe. BIMONHSIOT enenue qpobeii 1o cneayonemMy mpaBuy.

UYroObl paznenuTs OpoOb Ha JpoOb, HY)KHO YHCIUTEIh MEPBOM APOOM YMHOXUTH Ha
3HaAMEHaTeJIb BTOPOHM, a 3HAMEHATeb NEPBOM HAa YUCIUTENh BTOPOH M TIEPBOE NMPOU3BEICHHE

ad
be

a.
34l CaTh YUCIUTCIEM, 4 BTOPOC - BHAMCHATCJICM: b d

6 9 610 60 20

[To sTOMY € MpaBUILy MOXHO BBINOJHSTH JAeNieHHE ApoOH Ha LeJ0e YUCIIO U IEJIOT0 Ha
Ipo0b, eCII MPEJICTABUTD 1EJI0€ YHCIIO B BUJIE APOOH CO 3HAMEHATeeM 1.

ITpumepsr.
lj:izg:ézﬂz E: 21,
7 17 1.5 1
8 . 82 81 4
137 131 13.2 13
OI[HaKO B IIOCJICAHEM HpHMepe npome YUCIIUTCIIb pa3I[€J'II/ITI> Ha 1IeJI0€ 4YucCJio:
8§ ,_8:2_4

13 13 13

8. ﬂeﬂeHH@ cmewtannvix yucen. YtoObl BBIMOIHUTE JCICHHUC CMCIHIAaHHBIX YHCCII, HUX
HpeJlBapHTeJILHO 06paH1aIOT B HeraBI/IHBHBIe ﬂpO6I/I " 3aTeéM JACIAT 110 HpaBI/IJIy JCIICHUSA
Ipobeii.

3.1 63 21 63-20
12—:1—=—: —=——=12

OnHaKo MPH JIEIEHUH CMEIIAaHHOTO YKCiIa Ha Iej0e ObIBaeT ya00HEH JIeTUTh OTAEIBHO

OCJIYI0 4aCTh U OTACIIBHO ,I[p06Hy}O qaCcTb CMCIIAHHOT'O YHCJia.

31!]15:5:5l
7

ITpumep.
9. 3amena oOenenusi ymuodcenuem. Ecnu B KakoW-HHOyAb NpoOM MOMEHSTh MeCTaMu
YUCIUTENb M 3HAMEHATeNb, MOJYYHUTCS HOBas JpoOb, oOparHas naHHo. Hampumep, s

8 7

npodu 7 oOpatHast 1poOb Oyzaer g
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OdeBHIHO, YTO MIPOU3BEICHUE ABYX B3aUMHO O0OpaTHBIX JpoOeit paBHO 1.

2.0

T 8

YYHUTBIBas 3TO, MOXKHO JICJICHUE BBIMOIHATH 10 CICAYIOMEMY IIPaBUITY.

Uro0bl pa3ienuTh OJHO YHCIO Ha APYroe, HYKHO JEIMMOE yMHOXHUTh Ha YHCIIO,
00paTHOE JIEeTUTEIIO.

2_5_2_'? 11
[Tpumep 1. 37 35 15
[Tpumep 2. 8 7 7
4 .1 416 4 3 3

T e P
Mpuvep3. 7 3 7 3 716 28

10. Ilpumepol Ha 6ce Oeticmaus ¢ O6blK‘H06€HHbZMu Opobsimu. Permenue npuMepoB Ha BCE
JNEUCTBUS C APOOSIMH BBIOJHSIOT C TIOMOIIBIO 3aITMCH IO OTJCIBHBIM JCUCTBUSM HIIU 3aIHCH
LEOYKOH.

IIpumep. BeIUucIUTE:

3 5 15 5 1 1
——t—— 2:—+3:-
521 288, 2 3 1 16
1 1 1
5-410 —:2+-:3 3% 3
2 3
PeHICHI/IC 10 YaCTsIM.
3.5 1 1 1
]— —=—=—; 3= +9=9=;
521 5:21 7 7 7
15 5 15-84 1
2)—:—=—=9; 4)5: - =10;
28 8 285 2
5)10+10 =20,
1 64 16 1 1
6)9—:20=——=—; 11)—:3=—;
7 7:20 35 3
1 1 1 13,
T)2:—=4; 12) —
2 4 9 3'5
8)3:1=9; 13)13: E—H—Bﬁ
3 36 13
4+9=13; 14]36-l=1;
36
1 1 16 16
10)—:2=—; 15y —+1-—~=1
2 4 35 35

Otser. 1.
[IprMep BEIUMCIEHNS TETOYKOM:
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1 3Y.1 (.1 .7Y.7
g——2132 [as_1l]af L1.,1 ;1,3
4 4 2 & 8 __2 2.4 5_
3 5 1
s—42l0 f2-12)al 20 2:32
5 8)°8 5 38
152 58 15
_ 27,45 _17 2 . 250 _
"3 175 8 3 1 2777 7107
510 8 25 50 5
352 110-45°
7 7

IIpouieHTHbIE BHIYUCIEHHUS.

Korma ™Mbl omuceiBaeM pa3HbIC YacTH IIEJIOT0, MBI HCIIONB3YeM TaKHE IOHSATHS, Kak
nonoBuHa (1/2), Tpets (1/3), yerBepth (1/4). DTO YyNOOHO: OTpe3aTh MOJOBUHY MUPOra, MPOUTH
TPETh IYTH, 3aKOHYUTH TIEPBYIO YETBEPTH B IIKOJIE.

YroObl Ha3bIBATh COTHIC JNOJH, MpuayMann mpoueHT (1/100): ¢ 1aTHHCKOTO sI3bIKa — «3a

CTO».
IIporieHT — 3T0 0O/1HA cOTast YacTh OT JitoOoro ynuciaa. Obo3HavaeTcs BOT Tak: %o.
1%=1/100=0,01

Kak mepeBectu mporeHTsl B qecaTudHyio Apo0s? HyxHo yOpaTh 3HaK % H pa3ieiuTh
yucio Ha 100. Hanpumep, 18% — 310 18 : 100 =0,18.

A ecny Hy)KHO TIEPEBECTH JIECITUYHYIO APOOb B MPOLIEHTH — YMHOXaeM Apo0s Ha 100 u
no6asiisieM 3HaK %. Hanpumep:

0,18=0,18 - 100% = 18%.

A BOT, KaK MepeBeCTH MPOLEHTHI B AECATHUHYIO AP0Ob — OOpaTHBIM JIeHCTBHEM:

18% : 100% = 0,18.

Beipazute npoOb B mpomeHTtax mnpocto. [lis mepeBoja cHawala HpeBpaTUM €€ B
JECSATUUHYIO Jpo0b, a MOTOM HCIOJIb3YeM Mpenblayllee MPaBUiIO U MEePeBEeM AECITUUHYIO
IpoOb B MPOIICHTHI:

2/5=0,4

0,4-100%=40%

8/25=0,32

0,32-100%=32%

Tursr 3ala4 Ha IMPOLCHTbLI

Tun 1. HaxoxneHue npomeHTa ot yucia

UtoOb! HATH MPOLIEHT OT YKCIa, HY’)KHO YHUCIIO YMHOXUTH HA MPOLICHT.

3amaua. brorep 3anucan 500 Buaeo A TUKTOKA, HO €ro mporocep ckasai, uto 20% u3
HUX — OTCTOH. CKOJIBKO POJIMKOB NPUAETCS Mepe3anucars oaorepy?

Kak pemraem: myxHo Haiiti 20% 0T 00111eT0 KOTMYeCTBa CHATHIX posukoB (500).

20% =0,2

500 * 0,2 =100

OTBeT: u3 00I11er0 KOJIMYECTBA CHATBIX POJIUKOB Mpo/tocep 3adbpakosai 100 mTyk.

Tun 2. Haxox/1eHre yucna 1no ero NpoueHTy
UToOBI HAWTH YUCIIO TIO €ro MPOIEHTY, HYXKHO €r0 M3BECTHYIO YacTh pa3/euTh HA TO,
CKOJIBKO ITPOLIEHTOB OHA COCTABIISIET OT YUCIIA.
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3amaun 1o MOMCKY MPOIICHTA IO YHCITY M YKCIIA MO €ro MPOLEHTY OYEeHb MOXO0KHU. UTOObI
HE IepelnyTaTb — BHUMATCIBHO YHMTAEM YCJIOBMs, MHA4e 3aiiicM B TYNHK WM PELIUM
HenpaBuiabHO. EciaM B 3alaHMM €CTh CIIOBA «KOTOPBIM», «4TO COCTABIIET» M «KOTOPBIA
COCTaBJISICTY» — II€pEe] HaMU 3aJ1aya 110 HaXO0XKICHHUIO YKCIIA 110 €70 IPOLEHTY.

3amava. lllxonpHuk permmn 40 3amau w3 yuyeOHuKa. Uto cocraBiser 16% uyucna Bcex
3anad B kHUTe. CKOJBKO BCETO 3a/1a4 COOPAHO B 3TOM y4eOHHKE?

Kak pemraem: Mbl He 3HaeM, CKOJIbKO Bcero 3ajad B yueOHuke. Ho Ham uzBectHo, uro 40
3ama4d cocTaBisaoT 16% oT obmero xonmuwdectBa. 3amumeM 16% B Buae npodu: 0,16. [lanee
M3BECTHYI0 HaM YacTh LEJIOr0 pa3lefiuM Ha Ty JAOJI0, KOTOPYIO OHa COCTaBIISIET OT BCEro
LEJI0TO.

40:0,16=40-100: 16 =250

Otget: 250 3ama4 coOpaHO B 3TOM y4eOHUKE.

Tun 3. Haxox1eHue NpoLeHTHOTO OTHOLLEHUS IBYX YHMCEl

Uto0Obl HAlITH, CKOJIBKO MPOLIEHTOB OJTHO YUCIIO COCTABISET OT APYroro, Hy>KHO Ty 4acThb,
0 KOTOpOH cIipaliuBaeTcs, pa3AeauTh Ha 0011ee KOJINYecTBO U YMHOXUTH Ha 100%.

3agada. B cekpetHoM yatuke 25 denoBek. 10 u3 HUX — JaeBoYku. CKOJBKO MPOIEHTOB
JIEBOYEK B 4yaTe?

Kak permaem: nogenum 10 Ha 25, monydeHHYIO IpoOb IEpPEBEEM B MPOIICHTHI.

10/25 * 100% = 2/5 * 100% = 2 * 100/5 = 40%

OrtBer: B uatuke 40% neBoYeK.

Tun 4. YBenuueHue yucia Ha IpoLeHT

UToOBI yBEIMYUTHh YUCIIO HAa HEKOTOPOE KOJMYECTBO MPOIEHTOB, MOKHO HAWTH YHUCIIO,
KOTOPOE€ BBIPAXKAET HY>KHOE KOJIMYECTBO IPOLEHTOB OT JAHHOTO YHUCIA, U CIOXUTb €ro ¢
JIAaHHBIM YHICJIOM.

A MOHO BOCITIOJIb30BaThcs (HOPMYIIOH:

a=b-(1+c:100),

I71e @ — YHUCJ0, KOTOPOE HY>KHO HaWTH,

b — mepBoHavanbHOE 3HAYCHHE,

C — IPOLICHTHI.

3agava. B mponuom mecsine crukepnak ctomn 110 py6reit. A B aTtom Mecsiie Ha 12%
6ombiie. CKOJIBKO CTOUT CTUKEp-TIaK?

Kak pemaem: MmoxxHo Haiith 12% ot 110:

0,12 -110=13,2.

[Tpu6aBUTH K NCXOHOMY YHUCITY:

110 + 13,2 =123,2 pyOmsi.

Wnu MokHO BOCTIONIb30BaThCs (hOPMYJIION, TOTaa:

110 - (1+12:100)=110 - 1,12 =123,2.

OTBeT: CTOUMOCTDH CTUKEpIaKa B 3TOM Mecsitie — 123 py6mns 20 xomeexk.

Tum 5. YMeHb1IEeHME Yncia Ha IPOLEHT

UTo0bl YMEHBUINTH YHUCIO HAa HECKOJIBKO MPOIEHTOB, MOXXHO HAWTH YHCIIO, KOTOpPOE
BBIPAKAET HY’KHOE KOJIMYECTBO IIPOLIEHTOB JaHHOI'O YKCJIA, U BBIYECTh €r0 OT JAHHOI'O YHCIIA.

A MOHO BOCIT0JIb30BaThcs (HOPMYIIOH:

a=b-(1—-c:100),

IJI€ @ — YUCJ0, KOTOPOE HY>KHO HalTH,

b — nepBoHavanbHOE 3HaYCHUE,

C — IIPOLCHTHI.
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3amada. B nponuiom roay mikony 3akoHunian 100 pedar. A B 3TOM rofy BBIITYCKHHKOB Ha
25% wmensbuie. CKOJIbKO BBITYCKHUKOB B 3TOM rojy?

Kak pemaem: MmoxxHo Haiith 25% ot 100:

0,25 - 100 = 25.

Boruects u3 nucxognoro yucna 100 — 25 =75 yenosex.

Wi MoxkHO BOCIONIB30BaThCs OPMYIIOii, Tora:

100 - (1 —25:100) =75/p>

OtBeT: 75 BBIIYCKHUKOB B 3TOM TOJ1Y.

Tun 6. 3agaun Ha TPOCTHIE MTPOLEHTHI

[IpocTeie NpOLEHTHI — METOA pacdyeTa MPOLEHTOB, IPU KOTOPOM HAUYUCIECHHUS
MIPOUCXOAT HA IEPBOHAYAIBHYIO CYMMY BKJIa/1a UJIU JI0JITa.

dopMyia pacyeTa BBITIISAIUT TaK:

S=a-(l+y-x:100),

I7le @ — MCXOJIHasl CyMMa,

S — cyMMa, KOTOpasi HapaluBaeTcs,

X — IMPOLIEHTHAs CTABKa,

Yy — KOJIMYECTBO MEPUOI0B HAUUCIICHHS MPOIICHTA.

3amaya. Mapuu CpoyHO MOHATOOMIIMCh JCHBIM U OHA B3sjia Ha oAuH roa B goar 70 000
py0:eit mox 8% exemecssuHo. CKOJIBKO JICHET OHA BEPHET Yepe3 Toj?

Kak pemaem: nmoacraBum B popmyity JaHHbBIE U3 YCIOBHIA 3a/1a4H.

70000 - (1 +12-8:100)=137200

Otget: 137 200 py0:eit BepueTr Mapus uepes rof.

Tun 7. 3agaun Ha CJIOYKHbBIE TPOILEHTHI

CnoxxHble MPOIEHTHI — 3TO METOJ pacyeTa MPOLEHTOB, KOTJa MPOLEHTH MPUObLIH
npuOaBISIOT K CyMME Ha OCTaTKe KaK[blii Mecsll. B creayromuii pa3 mporeHTsl HAaYuCISIOT Ha
9Ty HOBYIO CYMMY.

®dopmyiia pacuera BBITJISAIAT TaK:

S=a-(1+x:100),

rae S — HapaiuBaemas CyMma,

d — HCXOJIHad,

X — MIpOICHTHAas CTaBKa,

Y — KOJIMYECTBO IIEPUOJIOB HAUUCICHHS IIPOLICHTA.

3anavya. AHTOH XoueT opopMuth Bkiaa 10 000 py6Ouseit Ha 5 et B 6aHKe, KOTOPBINA JaeT
10% ronossix. Kakyro cymmy cHUMET AHTOH 4epe3 5 JIeT XpaHEHUs JIeHer B 3ToM OaHke?

Kak pemaem: npocto nojcraBum B popmyiy JaHHBIE U3 YCIOBUI 3a1a4u:

10000 - (1 +10:100)3 =13 310

Otger: 13 310 py6seit cHUMET AHTOH 4Yepe3 rol.

CriocoObl HaX0XAEHUS MTPOLIEHTA

- Jenenue uncna Ha 100

IIpu pnenenun Ha 100 momywaercst 1% oT 3Toro uymcina. OTO MNpPaBWIO MOXHO
UCIIOJIb30BaTh Mo-pazHoMy. Hampumep, 4ToObI y3HATh MPOLEHT OT CYyMMBbI, HY’KHO YMHOXHUTb HX
Ha pa3mep 1%. A uyToOBI IepeBeCTH N3BECTHOE 3HAUEHHE, CIIEAYET pa3enuTh ero Ha pasmep 1%.
OTOT METOJ OTJIMYHO TOMOTAeT B BOMPOCE, KaK MEPEBECTH 1I€JI0€ YUCIIO B IPOLEHTHI.

IIpencraBbTe, YTO BbI MPUIIUIA B MarasuH 3a M10koaaoM. O0bIYHO OH cTouT 250 pyOnei,
HO cerojHsa ckunaka 15%. Eciu y Bac ecTh AUCKOHTHAs KapTa MaraswHa, IIOKOJaj 000WaeTcs
BaM B 225 pyOuneit. Uem OyzieT BBIro{HEE€ BOCIIONB30BATHCS: CKUIKOM UM KapTOi?

Kak pemraem:
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[TepeBenem 15% B pyOu:

250 :100 = 2,5 — 510 1% OT CTOMMOCTH LIOKOJ3/a,
3HayuT 2,5 x 15=37,5 — s10 15%.
250-375=2125.

2125 < 225.

OTBeT: BEITOJIHEE BOCIOIb30BaThCI CKUIKOH 15%.

- CocrapneHue nponopuuu
[Tponopuus — omnpeaesieHHOe COOTHOIIEHUE YacTeH MEX Ty COOOM.

C noMonipo MeToia MPONOPLUUUA MOKHO PACCUUTATh JIt0Obie %. BBIMIsAUT 3TO Tak:

a:b=c:d.

Yuraerca: a oTHOCUTCA K b Tak, Kak ¢ oTHocuTcs K d. Taxke BaXXHO MOMHHUTH, UTO
IPOM3BEACHUE KPalHUX YJIEHOB PABHO MIPOU3BEACHUIO cpeHuX. UTOOBI y3HAaTh HEM3BECTHOE U3
ATOTO PAaBEHCTBA, HY)KHO PEIIUTH MPOCTEiIIee ypaBHEHHE.

PaccmoTpum npumep. Ha ckoibko BBIFOAHO HOKyNaTh CHOPTHBHYHO (yTOoaKy 3a 1390
pyOJieit mpu YCIIOBHMH, YTO B Mara3suHe B YECTh JTHS BCEX BIIIOOJICHHBIX JecTBYeT ckuaka 14%?

Kak pemraem:

Y3HaeM CKOJIbKO cTouT (hyTOOoIKa ceiiyac B % COOTHOIICHHH:

100 - 14 = 86,

3Hauut 1390 py6ueit 3To 86%.

CocTraBuM IPOIIOPIIHIO:

1390 : 100 =x : 86,

x =86 * (1390 : 100),

x =1195.4.

1390 - 1195,4 = 194,6.

OTBeT: KynuTh CIOPTUBHYIO (yTOOJKY BhIro/IHEE Ha 194,6 pyOss.

- COOTHOIIICHHUS YHCEI

Ecth cnywam, korma HaTH OPOIEHT OT YMCIA MPOIIE, €CIHU MPEACTABUTH MPOICHTHI B
BU/JIE MPOCTHIX Ipo0Oeil. B TakoM ciydae OyzemM HCcKaTh 4acTh YKcIa.

10% — pecgras 4acTth nenoro. UrtoOnl HaWTH necsaTh %, MOHAZOOUTCS H3BECTHOE
paznenuts Ha 10.

20% — msTas yacTh 1enoro. YToObl BEIYUCIUTD ABAAIATh % OT U3BECTHOTO, €ro HY>KHO
pa3aenuTh Ha S.

25% — yeTBepTh 1eN0r0. YTOOBI BRIYUCIUTD ABAANATH MATh %, MTOHAI0OUTCS U3BECTHOE
pa3zienuTh Ha 4.

50% — monoBuHa 11e0r0. UTOOBI BRIYHUCINTE TIOJIOBHUHY, HY)KHO M3BECTHOE Pa3JeiUTh
Ha 2.

75% — Tpu yeTBepTH 11eNOT0. YTOOBI BRIYUCIUTH CEMBIECAT TSATh %, HYKHO U3BECTHOE
3HauUEHUE Pa3/IenTh Ha 4 U YMHOXHTH Ha 3.

3anava A1 TPEHUPOBKU. B UepHYIO MSATHUILY BBl HAllUIM OTJIMYHBIA MHUKAK CO CKUJIKON
25%. B oObrunbiii 1eHs oH cTouT 8500 pyOnelt, HO celiuac ¢ co0oit ecTh Toapko 6400 pybrei.
XBaTUT JIM CPENICTB AJIs1 OKYIIKHU?

Kak pemraem:

100 - 25 =75,

3HAYUT HYKHO 3a1IaTuTh 75% OT nepBOHavYaIbHON LEHBI.

Hcnonp3yeM npaBUiIo COOTHOLIEHUS YU CEIL:

8500 : 4 * 3 =6375.

OTBeT: CpeCTB XBaTUT, TaK KaK MUKAK CTOUT 6375 pyOieii.
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JInneliHbIe ypaBHEHUS

JInHEeHBIM ypaBHEHHEM OTHOCUTEIBHO MEPEMEHHON X Ha3bIBAETCAd YpPaBHEHUE MEPBOM
crenean kx + b =0 (1), tne K u b —npousBosbHbIC BelleCTBEHHBIC YHCIIA.

B caywae k # 0 ypaBHenue (1) wuMeeT eOUHCTBEHHOE pELICHHE TMPH JIOOOM

3HaueHUn b :

b
YTk

B ciyuyae, korna k = 0,b # 0 ypaBuenue (1) pemienuii He UMeeT.

B cinyuae, korma k= 0, b= 0, pemenuem ypaBHenus (1) sBisercs 1r000€ YHCIO
XE(—w; + w),

Ecnu w3HauanbHO 3aJaHO ypaBHEHHE, COJepiKallee MEPEeMEHHYI0 B 3HAMEHATele, TO
nepes pemeHrueM HeoOXOAMMO YKaszaTh O0JIACTh OMpEeNICHHsI, UCKIIOYNTh M3 OTBETa KOPHH,
IIPU KOTOPBIX BBIPAXKEHUE HE HMEET CMBICTIA.

Hpiamep 1
Sx=6 ITpunep 4
=8y 52415 _,
3 x+4
x=2 Doxz-4
Hpaep 2
PuMED 5x+15-[x+4):4-[x+4)
3x=-2 x+4
-2 Sx+15=4x+16
r=—
x=-1
x:—g (e x=-1
3
Hptiatep 5
Hptiastep 3
5x+15_4
8[x—1)+2x:2[4—2x) 13
Bx—b+2x=8-4x D orz-32
Brx+ex+4dx=84+8
rexya 2D 3= 4 (2 43)
Bx+2x+4x=8+8 x+4
1dx =16 Sx+15=4x+12
168 x=-3
14 7 Chepegrn . Hewm kopueil

JInHeliHbIe HEPABEHCTBA

JIMHEMHBIM HEPaBEHCTBOM OTHOCHUTEIBHO IEPEMEHHOW X Ha3bIBA€TCS HEPABEHCTBO,
MIPUHAJIeKALIEE K OTHOMY U3 CIEAYIOIINUX TUIIOB:

kx+b =0,
kx+b >0,
kx+b <0,
kx+b <0,

rnek ub — npousBOJIbHBIE BEIIECTBEHHBIE YUCIIA.

Pemas nuHeiiHble, 1a U HE TOJBKO JIMHEIHBIE, HEPABEHCTBA, CIEAYET IOMHUTbD, YTO MIPH
YMHOKCHUM WJIM JEJIICHWH HEPAaBEHCTBA Ha TMOJOXXKHUTEIBHOE YHCIO 3HAaK HEPaBEHCTBA
COXpaHsieTcs, a IpU YMHO)KEHUM WIN JCJICHUM HEPABEHCTBA HAa OTPHULATEIBHOE YHCIIO 3HAK
HEPaBEHCTBA MEHSETCS Ha MPOTHUBOIOJIOKHBIH.
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B cootBercTBUU C 3TUM pELICHHE JIMHEWHBIX HEPABEHCTB, B 3aBUCUMOCTU OT 3HAYECHUH
kodpdunuentoB K u b, mnpencraBmeno B cnemyroreii Tabmure 1.
Tabnuna 1. — Penienne HepaBeHCTB NIEPBOM CTENEHU

kx+ 520 [kx+b>0 | kx+b=0 [kx+b<0
k>0 3HaK HEPaBEHCTBA COXPAHSAETCS
b b
X2—— Xor—— xi—g x{—E
k k k k
k=0, b<0| i ( xe(—w;+w). | xe(-w;+ w©).
k=0, b=0 | xe(—e0;+ ). | & XE(—0;+w), | &
k=0, b>0| xe(—e0;+0). | xe(—0;+ ). | I (2
k<0 3HaK HEPaBEHCTBA MEHSIETCS HA TPOTUBOIOJIOKHBIN
b b b
X<—— X<—— X=2—— x}—E
k k k k

Cucrembl TMHEHHBIX HEPABEHCTB

PaccmoTpuM penieHre cucTeM JUHEMHBIX HEPABEHCTB HA IPUMEpax.
2x-3=0,
-3x+11>=0

[Tpumep 1. Pemutsh cuctemy HEpaBEeHCTB

Pemenue. Pemnm kaxioe u3 HEPAaBEHCTB CUCTEMBI:

3

.

2x-320, 2x23, t=3
e e

3x+11>0, 3x > 11, 11

X< —.

N306pa3uB Ha omHON koopauHaTHOW mpsimod (Puc. 1) o0a TOUeUHBIX MHOXKECTBA,
COCTABIISIIONINX TIOCIIEIHIOI0 CHCTEMY, ITOJIy4aeM OTBET MPUMEpA.

-~ -~

J/,-’ J-'_,..-" JH?_:;{,H;{;‘\KFWW \\\ -\
o 3 11

2 3

o

Puc.1

[3 11]
Xe|l——
OTBeT: 23
dx+4<0,

{—Zx -7 20.
[Tpumep 2. Pemuts cucteMy HEpaBEeHCTB
Pemenue. Pemmm kaxioe U3 HEPaBEHCTB CUCTEMBI:

4
‘fx+4{D, _fx{—4, re-g
= =

—2x-7 =20 —-2x27, 7
X=s——.
2
N300pa3uB Ha oaHON koopauHaTHOW mpsimoil (Puc. 2) oba TOYEYHBIX MHOXECTBA,
COCTaBJISIOLIMX IOCIEAHIOI CUCTEMY, ITOIy4aeM OTBET pUMeEpa.
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N300pa3uB Ha omHON KoopauHaTHOW mpsimor (Puc. 1) 00a TOUEUHBIX MHOXKECTBA,
COCTABIISIIONINX TIOCIICIHIOI0 CHCTEMY, ITOJTy4aeM OTBET MPUMEPA.

" ~ - = - - -

P etevav S SN
_/4 _40
2 5
Puc.2
7
XeE| -0 ——
OtBerT:
[Tpumep 3. Pemuth cucteMy HEPaBEHCTB
6x-7 >0,
4x+13<0.
Pemenue. Pemnm kaxioe u3 HEPAaBEHCTB CUCTEMBI:
X o= 7
6x-7 >0, 6x =7, ,5’
L L
4x+13 <0, 4x <-13, y 13

N3o0pa3uB Ha omHON KoopauHaTHOM mpsmoir (Puc. 3) oba TOUeYHBIX MHOMXKECTBA,
COCTABIISIIONINX MOCIETHIOI CHCTEMY, ITOJIy9aeM OTBET MPUMeEpa

\_.. ; \-; _l"'u. M .-"{ .-f'-} .-"'H }{
13 07
4 6
Puc.3
Orser: &
Onpenenenue
Keaopamnoe  ypaenenue — 3TO ypaBHEHUE Buya ax’ + bx +c =0, rie

K03 duIreHTs &, b 1 C — npou3BoJbHbIE YKca, npuueM a # 0.

[Ipexne, yeM U3ydaTh KOHKPETHBIE METOJbI PEIICHHs, 3aMETHUM, YTO BCE KBaJpaTHBIE
YPaBHEHMSI MOKHO YCJIOBHO pa3ZefIUTh Ha TPH KJacca:

He nmerot xopHei;

VmeroT poBHO OZIMH KOPEHb;

HmeroT 1Ba pa3iiuyHBIX KOPHSL.

JIMCKpUMHUHAHT

Onpenenenue

[lycTh faHO KBajpaTHOE ypaBHeHHe ax’+bx +c=0. Torma ouckpumumnanm — 3T0
npocto uucio D = b? — 4ac.

Oty dopMyny Haao 3HaThb Hau3ycTh. OTKyga oHa Oepercs — ceiuac HEBaXKHO.

BaxHo apyroe: 1o 3HaKy JIUCKPUMHMHAHTa MOXKHO ONPEAETUTb, CKOJIBKO KOpHEH HMeer
KBaJ[paTHOE YpaBHEHHE. A UMEHHO:

Ecmu D < 0, kopHeii HeT;

Ecnu D =0, ecTb pOBHO O/IUH KOPEHb;

Ecnu D > 0, kopueit Oynert aBa.

21



OOparuTe BHHMaHHE: IUCKPUMUHAHT YKa3blBaeT Ha KOJIMYECTBO KOPHEW, a BOBCE

HE HA UX 3HAKW, Kak TOYEeMY-TO MHOTHE CYHMTAIOT. B3risHUTE Ha MpUMEphl — U CaMHu
BCE ITOMMeETe:

3amava

CKOIBbKO KOpHEH UMEIOT KBaJPaTHBIC YPABHCHUS:

x> —8x+12=0;

5x°+3x+7=0;

x> —6x+9=0.

Pemenue

Bommumem  k03Q@QUIMEHTH Ui IEPBOTO  ypaBHEHUs W HalWIeM JTUCKPUMHHAHT:
1,b=-8,c=12;
(—8)2—4-1-12=64—-48=16
WTak, OUCKPUMHMHAHT IOJIO)KUTEIbHBINA, IMOTOMY YypPAaBHEHUE HUMEET JIBA Pa3IU4HbIX
KOpHsI. AHaJOTMYHO pa30upaeM BTOpOe ypaBHEHHE:
a=5b=3;c=7,
D=32-4-5-7=9-140=—131.
JIMCKpUMHMHAHT OTpULIATENbHBIN, KOpHEN HeT. OcTaaoch MOCIeHEE YpaBHEHUE:
a=1l,b=-6;c=9;
D=(-6)?-4-1-9=36-36=0.
JIMCKpUMHHAHT PaBeH HYIIO — KOpPEHb Oy/eT OJIMH.
OTtser
1) 2 xopHs1; 2) HET KOPHEIA; 3) OJUH KOPEHb.
Kopnu kBagpaTHOr0 ypaBHEHHUS

" —b+yD  —b—+D

*1 2a @ 2 2a

Korma D =0, MOXHO HCHOJIB30BaTh JIOOYI0 W3 3THUX (DOPMYIT — TOIYIUTCS OJIHO
U TO )K€ 4YHCIIo, KoTopoe u Oyaer orBeroM. Hakonen, ecnu D <0, kopHeil HET — HHUYETrO
cyuTaTh HC HAIO0.

3agaua

Pemnth kBagpaTHBIC ypaBHEHUS:

X>—2x—3=0;

15-2x—x*=0;

X? +12x + 36 = 0.

Pemrenue

[TepBoe ypaBHeHHE:
X*—-2x—3=0=a=1b=-2;c=-3;
D=(22-4-1-(-3)=16.

D > 0 = ypaBHeHue umeer /Ba KopHs. Halinem ux:

2 +4/16 5 2 —+16 .
T T
Bropoe ypaBHeHue:
15-2x—-x*=0=>a=-1;b=-2;c=15;
D=(-2)2?-4-(-1)-15=64.
D > 0 = ypaBHeHue cHOBa uMeeT J1Ba KopHs. Halinem ux:

2+464 _2-+64
=T D= % 2T -

Hakonen, TpeTse ypaBHEHMUE:
X*+12x+36=0= a=1;
D=122-4-1-36=0.

Xy

O
I

12; c=36;
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D =0 = ypaBHeHHEe WMeeT OJIWH KOpPEHb. MOXHO HCIIOIB30BaTh OOy (GopMyIy.
Hanpumep, nepsyro:

—12+Jﬁ_
2-1

X =

OTtser

Dxi=3;%X2=-1;2) X1 =—5; X2 =3; 3) Xx=—6.

HemnonHble KBagpaTHBIC YpaBHEHHS

BbiBaeT, 4YTO KBaApaTHOE YpPAaBHEHHE HECKOJBKO OTJIMYAETCS OT TOrO, 4YTO JaHO
B onpenenenun. Hampumep:

X2+ 9x=0;

x*—-16=0.

HecoHO 3aMeTHTh, YTO B 3THX YPaBHEHHSX OTCYTCTBYET OJHO M3 CiaraeMbiX. Takue
KBaJIpaTHBIC yPaBHEHUsI PEIIAIOTCS JaXKe JIerde, 4eM CTaHAapPTHBIC: B HUX JaXe HE MOTpeOyeTcs
CUUTATh TUCKPUMHHAHT.

Ornpenenenue

VpaHenne ax> + bX + C =0  Ha3BIBACTCA HENOIHLIM — KEAOPAMHWIM — YPAGHEHUEM,
ecmub=0 wmc=0, T1.e KOIQOUIMEHT IPU NEPEMEHHOMN X MJIK CBOOOJHBIA  DIIEMEHT
paBeH HYJIIO.

Pa3ymeercsi, BOSMOXKEH COBCEM TSDKEIBIN Cllydaid, Korjia 00a 3THX K03 PHUIUEHTa PaBHBI
Hymo: b=c=0. Bostom criydae ypaBHeHwe mnpuHEMaeT BHAax>=0. OueBHIHO, TaKoe
ypaBHEHUE UMEET €JMHCTBEHHBIN KOpeHb: X = 0.

Paccmorpum ocranbHbie ciydad. ITyctb b =0, Torma mojayduM HEMOJHOE KBAJApPaTHOE

ypaBHeHHe Bua ax> + ¢ = 0. HemHoro npeo6pasyewm ero:
2 2 C C
ax“+c=0=2x"=——=2x=% [——
a (vl

[Tockonbky  apupMeTHUECKHIA KBaJpaTHbBIN KOpEHb CYILIECTBYET  TOJIBKO
U3 HEOTPULATEJIbHOIO  YHMCJIA, T[IOCJIEAHEEe PAaBEHCTBO MMEET CMBICH  HMCKIIOYMTEIbHO
npu (—c/a) > 0. BeiBox:

EcM B HEMONHOM KBAJpPAaTHOM YPaBHEHHH BHA aX’ + C =( BBHINOTHEHO HEPABEHCTBO
(—c/a) > 0, xopueit Oyner nBa. Popmyiia gaHa BBIIIC,

Ecnu xe (—c/a) < 0, kopHeii HeT.

Kak Buure, IMCKpUMHUHAHT HE MOTPeOOBaIcsS — B HEMOJHBIX KBaJPATHBIX YpPaBHEHUSIX
BOOOIIE HET CJOXHBIX BbluMciaeHuil. Hacamom gene pgaxe HeoOs3aTeIbHO IIOMHUTH
HepaBeHCTBO (—C/a) > 0. JJoCTaTOuHO BBIPA3HTh BENMUMHY X2 M TOCMOTPETh, UTO CTOUT C APYroii
CTOPOHBI OT 3HaKa paBEHCTBA. Eciu TaMm MONOXKHUTENbHOE 4YuCiIO — KOpHeW Oyner nBa. Eciu
OTpHIIATEIbHOE — KOpHEH He OyneT BooOIe.

Teneps pazdepeMcs ¢ ypaBHEHHAMH BHAA ax> + bX = 0, B KOTOPHIX CBOGOHBINA JIEMEHT
paBeH Hymto. TyT Bce mpocTo: KopHel Bcerna Oyzaer aBa. JocTaTOyHO pa3iokHUTh MHOTOUJIECH
Ha MHOYKUTEIIN: b

ax?+bx=0=2x-(ax+b)=0=2x,=0; x, = ——
a
HpOI/IBBe,ueHI/Ie PaBHO HYJIIO, KOrJa XOTA 6]91 OJUH U3 MHOKUTEIENH PaBCH HYIIIO. OTCIOI[a

HaxoJATcs KopHU. B 3akimoueHne pazdepeM HECKOJIBKO TaKUX YPaBHEHMIA:
3agaua
PemmTh kBagpaTHbIE ypaBHEHUS:
X2 —7x=0;
5x2+30=0;
4x?-9=0.
Pemenne
X—Tx=0=2Xx-(X—-7)=0>x1=0;x2=—(-7)/1 =T7.
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5x2 +30 =0 = 5x?=-30 = x> =—6. KopHeii HeT, T.K. KBafpaT HE MOXKET ObITh PaBEH
OTPHIIATEIBHOMY YHCITY.

4 -9=0=24x°=9=>x>=9/4=>x,=3/2=15;x, =—1,5.

OtBeT

X1 = 0; x2 = 7; 2) kopHeii Het; 3) X1 = 1,5; x2 = 1,5.

Penrenune 3agav:

2
1. Boga 3anumaer 3 moBepxHocTH 3emid. [loaTomy 3emii0 Ha3bIBaIOT «TOIXYOOH
1
naaHeToi». Kakyro 4acTh 3eMHOI oBepXHOCTH 3aHuMaeT cyma? OtseT: 3 cyma.
2
2. Oty 42 roma, a BO3pacT ChblHA COCTaBiigeT 7 Bo3pacTa oTua. CKOJIBKO JIET ChIHY?
OrtBet: 12 JIET.

3
3. IlpenenvHbIit BoO3pacT Oenku 6 JIE€T, YTO COCTABISIET S MPEACIIBHOrO BO3pacTa 3aula.

CKOJIBKO JIET MOKET MpoxkuTh 3as1? Oteet: 10 jerT.
5 25

4. Jlnuna ctopoHbl kBagpata © am. Kakosa ero miomans? Oteer: 81 M2,

5.Pabounii MOKET BBIIIOJHUTE IMPOU3BOJACTBCHHOC 3a/IaHUC 3a 5 YacoB, a €ro YYCHHK — 34
13

8 wacoB. Kakyio yacth pabOThl OHU BBINOJHAT BMecCTe mocjie yaca pabotel? OtBer: 40 u.

2 1
6. B mepBbIii yac aBTOOYC mpomien S Bcero MyTH, BO BTOPOW 3 IyTH, a B TPETUH —
ocrampbHple 28 kM. Kakoe  paccrosHue  mpomen — aBTodyc 3a  Tpu  4aca?

2 1 11
1)5 + 3 = 15 (4)—3aaBa yaca.
1 4
2)1- 15 = 15 (4)— mporien B TpeTuii yac. 4
4
3)28: 15 =105 (kM) — 3a TpH Yaca.
Otser: 105 KM MpoIesn aBTOOYC 3a TpHU yaca.
3
7. Kakoe paccrosHue ynuTka 3a 6 yaca, eciM OHa OyJmeT TOM3TH  CO
3 1
CKOpOCThIO 250 km/u? OTBer: 100 KM.
2
8. U3 Ooukm ¢ OEH3MHOM BHAYale OTIMIA 28 BCEr0 HMEIOIIErOoCs TaM OeH3HHa,

2
MoTOM 7 Bcero O€H3MHA U TOCTE 3TOTO B 60UKe ocTanock 99 nmutpoB 6eH3nHa. CKOIBKO TUTPOB
OeH3nHa ObIO B OOUYKE IMepBOHAYAITHHO?

9 2 17
1) 28 + 7 = 28 (4)— OTIWIN.
17 11
2)1- 28 = 28 (4)— OCTANOCh.

11
3)99: 28 =252 (11) — 6BUIO HEPBOHAYAIBHO.
Otsert: 252 11 6eH3uHa OBIIO B O0YKE MTEPBOHAYAIIBHO.
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3agaya 1. Opranusm B3pociioro yenoBeka Ha 70% cocTtouT u3 Bozbl. KakoBa Macca BObI
B TEJI€ YeJIOBEKa, KOTOPBIA BECUT 76 KI?

Kak pemraem:

76 - 0,7=153,2 kr

OTBeT: Macca BojbI 53,2 Kr

3anayva 2. Ilena ToBapa nonusuinack Ha 40%, 3atem emie Ha 25%. Ha ckoJIbKO MPOLIEHTOB
IIOHM3WIACh LIEHa TOBapa 10 CPAaBHEHUIO C IIEPBOHAYAIbHON LIEHOM?

Kak pemraem:

O0603HaunM MEepPBOHAYATBHYIO IICHY TOBapa 4epe3 X. llocie mepBoro MOHMKEHUS IIeHA
CTaHET paBHOIA.

x - 0,4x =0,6x

Bropoe mnonmxenue ueHnl coctaBisieT 25% oT HOBOM 1eHbl 0,6X, MOATOMY MOCIE
BTOPOT'O MOHMKEHHUS MOTYIUM:

0,6x - 0,25 * 0,6x = 0,45x%

[Tocne nByX NOHMKEHHUI N3MEHEHUE LIEHBI COCTABUT:

X - 0,45x = 0,55x

Tak kak BenmumHa 0,55x cocraBnseTr 55% OT BETWYUHBI X, TO I[€HA TOBapa MOHU3WIACH
Ha 55%.

OrtBert: 55%.

3amaua 3. Yerpipe mapbl OpIoK JelieByie 0OJHOTo najabTo Ha 8%. Ha ckoJIbKO MpOIEHTOB
ST Tap OPIOK CTOSAT AOPOXKE, YEM OHO MAIBTO?

Kak pemraem:

ITo ycnoBusaM 3a1auu CTOMMOCTB YeThIpex map Oprok — 370 92% OT CTOMMOCTH MaIbTO

100-8 =92

[Tonmy4aercsi, 4TO CTOUMOCTb OZHOM Mapbl OprOK — 3T0 23% CTOMMOCTH MaNbTO.

92:4=23

Tenepb yMHOXKUM CTOMMOCTB OJIHOM Maphl OPIOK Ha IATh U Y3HAEM, UTO MSATh Map Oprok
oborayres B 115% cTommMocTH majbTo.

23*5=115

Otgert: naTh nap Oprok Ha 15% gopoxe, yeM 0JJHO MajbTO.

3anaga 4. CeMbsl COCTOMT M3 TpEX UEJIOBEK: MYX, >KEHa M J0ub-CTyJeHTKa. Ecnu
3apIuiaTa My’ka BBIPACTET B JIBa pa3a, OOIIMH JT0X0J ceMbU Bo3pacTeT Ha 67%. Ecnu nouepu B
TPU pa3a ypeKyT CTHIEHJINIO0, OOIIMN MOXOJA 3TOM ceMbH yMeHbUIMTCS Ha 4%. Bpramcnute,
KaKOH MPOLEHT B OO J0X0A CEMbH IPUHOCHUT 3apabOTOK >KEHBI.

Kak pemraem:

ITo ycnoBusiM 3amauuM OOLIMI JTOXOJ CEMbH HANpsAMYIO 3aBHCUT OT JOXOJOB MY’Ka.
bnarogapsi yBenuueHuro 3apriiaThl oOIMN T0XOA ceMbU BbIpacTeT Ha 67%. 3HauuT, 3apriiarta
My»Xa COCTaBJIsIeT Kak pa3 67% oT ob1ero 1oxosa.

Ecnu ctunennus nouepu yMEeHbIIUTCS B TpU pasa (T.e. Ha 1/3), ocranercs 2/3 — 310 U
ecTb 4%, Ha KOTOpbIe YMEHBIIUJICS OBl CEMEHHBIX TOXO/I.

MOo’KHO COCTaBUThH MPOCTYIO MPOMOPLIMIO U BBIICHUTH, UTO pa3 2/3 crunenauu — 310 4%
JI0X0J1a, TO BCA CTHIIEHAUS — 3TO 6%.

A Tenepb OTHUMEM OT BCEro J0XO0/a BKJIaJ My)Xa U IOUYEPHU U y3HAeM, KaKOW NMPOILIEHT
COCTaBJISIET 3apabOTOK XKeHbI B 0011eM qoxoae cempu: 100 — 67 —6 = 27,

OTBerT: 3apaboTOK eHbI cocTaBiseT 27%.

3amaga 5. B cBexux alOpukocax 90% Bnaru, a B cyxodpykre Kypare Tojbko 5%.
CKOJIBKO KHJIOIpaMMOB aOpPHKOCOB HYKHO, YTOOBI MOJIy4uTh 20 KUJIOTrpaMMOB Kyparu?
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Kak pemaem:

Ucxons u3 ycnoBus, B alOpukocax 10% mnurarenbHOro BemlecTBa, a B Kypare B
KOHIIEHTPUPOBaHHOM BHjie — 95%.

[ToaTomy B 20 kmnorpammax kyparu 20 * 0,95 = 19 kr nutateabHOTrO BEIIECTBA.

3nauynt, 19 KWIOrpaMMOB NHUTATENBHOTO BemlecTBa B adpukocax — 310 10% Beca
CBeXHX adpukocoB. Haiiem 4ncio mo npoueHry.

19:0,1 =190

OtBet: 190 Kr cBe)XHUX aOpPUKOCOB MOTpPeOyeTCs sl U3roToByieHus 20 KT Kypary.

Pemenne KBaApaTHYHBIX CUCTEM YPABHEHM

o X—y= 1!
IIpumep 1. Pemnts cucremy ypaBHeHUI .
X“+y =41,
Pemenne. BpipazuB X M3 MEpBOro ypaBHEHUS CHUCTEMbl M IOJACTaBUB BO BTOPOE,
X=Yy+1,
2y’ +2y-40=0.
MOJIYYUM PaBHOCWIIBHYIO CHUCTEMY © ° 7 i (1)

Pemas BTOpoe ypaBHeHue cucreMbl (1), HaxoauMm JBa 3HAUYEHUs IEPEMEHHON y:
yi=4Y, =_5, MIOJICTaBJIsAs ATH 3HAUEHUS B IIEPBOE ypaBHEHHE cucTemsl (1), moiaydaem nBa

3HAYeHHS [ICPEMCHHOMN X: 1 — 5%, =4
Ortser: (5; 4),(-4; -5).
2X-3y—-xy =4
IIpumep 2. Pemuth cuctemMy ypaBHEHUN
3X+y+3xy=3
Pemenne. Cpa3zy BbIpa3uTh OJHY IEPEMEHHYIO uepe3 JApPYryl0 B JIaHHOM Ccllydae
3aTPyJHUTENBHO, MEIIAeT claraemMoe Xy. UToObl M30aBUTHCS OT ATOTO CIAraeMoro YMHOXKHUM
IEpPBOE YpaBHEHHE CUCTEMBbI Ha 3 M CIOXHM CO BTOpPbIM ypaBHeHueM. [Ipu sToM momydum
2X -3y —xy =4,

PaBHOCUJIBHYIO CUCTEMY YPaBHEHHM § =~ ... (2)
9x -8y =15.

15+8
N3 BTOpOTrO ypaBHEHHS MOJYy4aeM: X = Ty [ToacTaBuB 3TO BBIpaXKE€HUE B NEPBOE

ypaBHEHHE CUCTEMBI (2) MOJIyYUM ypaBHEHHE 2@ -3y - yM =4 . [IpeobpazoBas ero,

TOJNYYUM KBaJpaTHOE YpaBHEHHE OTHOCHTENbHO y: 4y° +13y+3=0. KopHu 3Toro ypasHeHus
1 13

y,=-3,y, = e HOZACTaBUM B (OPMYITy JJIs X, M HOJIy4uM X, = —1,X, = e

Ortsert: (-1; -3),(13/9; -1/4).
x*(x+y) =80,
x*(2x —3y) = 80.
Pemenne. B 15eBBIX 4YacTSIX ypaBHEHHHM CHCTEMBI CTOST IPOMU3BEIACHUS [IBYX

COMHOXUTEJIEH, a CIpaBa YUCJIO OTJIMYHOE OT HYyJA, MO3TOMY, OYEBUIHO, HHU OJHUH U3
COMHOKHTEJIEH JIEBBIX YacTel ypaBHEHH HE MOXKET OBITh paBeH Hy0. Takum o0Opaszom,

IIpumep 3. Pemuts cucrtemy ypaBHEHUN

3
nonydyaem, uro X% Ou 2x- 3yz0=>x# - y . Paznenum nepBoe ypaBHEHHE CUCTEMBI Ha

BTOpPOC NOYWICHHO, B CUJIY CACIIAHHOI'O BBIINIC 3aMCUAHUA, MOJYYUM PABHOCHUIIBHYIO CUCTEMY
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X+Yy

2x -3y L BeIpazum U3 1epBOro ypaBHEHUs IIOJTYYEHHON CUCTEMBI BBIPA3UM X: X =4y .
Lx2(x+ y) = 80.
[TonctaBuM 3TO 3HAaYEHHE BO BTOPOE ypaBHEHUE CHUCTEMBl M HaiineM y =1, torma X=4.

Otser: (4; 1).

KBanpaTtHoe HEpaBEeHCTBO — 3TO HEPABEHCTBO, B JIEBOW YacTU KOTOPOIO CTOUT
KBaJIpaTHbIN TPEXYJICH, B JIEBOU — HYJIb.

To ectb, KBajipaTHBIC HEPABEHCTBA OBIBAIOT CICAYIOIIMX BHJIOB:

ax’+bx+c>0, ax+bx+c>0, ax*+bx+c<0, ax’+bx+c<0.

Pemmts kBagpaTHOE ypaBHEHNE MOKHO € TOMOLIbIO METOJ]a HHTEPBAJIOB.

Jl1s 5TOro HeoOX0AUMO CHavajga HAWTU KOPHU KBaJIpaTHOIO HEPABEHCTBA (BMECTO 3HAKa
HEPaBEHCTBA NOCTABUTH «=» M PENIUTh ypaBHeHue ax? + bx + ¢ = 0). Kopueii MoxkeT GbITH 1160
1Ba, 1100 0/1MH, 1100 He ObITh BooOIe. [lanbHeiliue neiicTBUs 3aBUCAT OT KOJIMUYECTBA KOPHEH:

1. Eciu ypaBHeHHMe MMeeT 1Ba KOPHS, HEOOX0AMMO HAHECTH UX HA YHUCIIOBYIO MPSAMYIO.
OHu pa3o0blOT ee Ha TpU HOpoMmMexyTka. HyxHo Oyzaer onpenenuTb  3HaKU
BEIpaKEHHUS ax> + DX + C Ha KaKJIOM M3 MPOMEKYTKOB (KOHKPETHBIH HpUMEp pEIIeHHs BbI
MOJKETe TIOCMOTPETh, BBEIS B (JOPMY BBIIIE KaKoe-TubGO HEpaBEHCTBO, HATpuMep SX° + 2X — 7>
0):

- eciy a > 0, TO 3HAKU OynyT +, -, + (cmeBa  HampaBo);
- ecnu @ < 0, TO 3HaKkM OynyT —, +, — (cIeBa HaMpaBo).

B ciydae, ecnu 3HaK HEpaBEHCTBA > WM >, OTBETOM OYAYT MPOMEXYTKU CO 3HAKOM «1».
Ecinu xe 3HaK < win <, TO OTBETOM OyAyT OTpULIATEIbHbIE IPOMEKYTKH.

Ecnu 3Hak HepaBeHCTBAa > WM <, TO TOYKU-TPAHUIBl IPOMEXKYTKOB 3allMCHIBAIOTCS B
KpYyribIX ckoOkax. Ecim ke 3HaKk > wiM <, TO TIpaHUIbl MPOMEXKYTKOB 3aIMCHIBAIOTCS B
KBaJPaTHBIX CKOOKaX.

2. Eciin ypaBHeHHe HMeeT OAMH KOPEeHb, TO HY)KHO TaK)K€ HAaHECTH €ro Ha YUCIIOBYIO
TIPSMYIO ¥ ONpPENETNTh 3HAKM BBIPAKEHHUS ax® + X + C Ha KaXJIOM M3 MPOMEXyTKoB. KopeHb
pa3enauT MpsIMyI0 Ha JIBa MPOMEXYTKA, 3HAKU B KOTOPHIX OYIyT OJUHAKOBBIMU (B 3aBUCUMOCTH
ot ko3 durnueHTa a):

- ecni @ > 0, To 3Haku OynyT +, +. B 3TOM cityuae, ecim 3HaK HEpaBEHCTBA >, TO OTBETOM
OyZIeT Bcsl yuCIOBas IpsiMasi, KpOME TOUKU-TPaHUIIbl IpoMexXyTKa. Eciu jke 3HaK HepaBeHCTBa
>, TO OTBET — BCS UMCIIOBas npsMas. Ecnu 3HaK HEpaBeHCTBA <, TO OTBET — IIyCTOE MHOKECTBO.
Ecnin 3Hak HepaBeHCTBa <, TO OTBET — OJHA TOYKAa — TpaHUIA MEXIy MNPOMEXYTKaMU.
- ecu a < 0, To 3Haku OynayT —, — B 3TOM citydae, eciiu 3HaK HEpaBeHCTBA >, TO OTBETOM OyneT
ycToe MHOXecCTBO. EciM ’ke 3HaK HepaBeHCTBAa >, TO OTBET — OJHA TOYKa — TIpaHULIA
IpOMeXyTKa. Eciu 3HaK HepaBeHCTBa <, TO OTBET — BCS UYMCIIOBAs IpsMas, KpOME TOUYKH-
rpaHuLbl TpoMekyTKa. Eciy 3HaK HepaBeHCTBa <, TO OTBET — BCS UMCIIOBas MpsiMasl.

3. Ecin ypaBHeHHe KOpPHeil He MMeeT, TO HUYEro Ha KOOPAMHATHYIO OCh U HE HY)KHO
HAHOCHTB: HaJI0 MPOCTO ONPEIETHTh 3HAK BRIpaKeHHs ax’ + bX + C Ha Bceil uncioBoil mpsAMoii:

- ecnm a > 0, To 3HaK Oyner +. B aToM ciydae: ecnu 3HaK HEpPaBEHCTBA > WIM >, TO
OTBETOM OyJeT BCs YHClOBas npsiMasi. B mpoTuBHOM ciyyae — eciii 3HaK < MJIM < — OTBETOM
OyzeT MycToe MHOXECTBO.

- ecmi a < 0, To 3HaK Oyaer — B aTOM ciyuae: ecnu 3HAK HEpaBEHCTBA < WU <, TO
OTBETOM OYJIeT BCs YMCIIOBas MpsiMast. B MpOTHBHOM ciiydae — €Clii 3HaK > WJIM > — OTBETOM
OyzIeT mycToe MHOXKECTBO.

IIpumep 1. PemuTs HEpaBEHCTBO 2x2+4x — 6> 0.

KBaznpatHslii TpexuieH 2X° + 4X — 6 uMeeT /1Ba IeHCTBUTENBHBIX KOPHS X1 = —3, Xz =1.
[ostomy mapaGona y = 2X2+ 4X — 6 mepecekaeT oCh X B ABYX TOYKAX, aBCIHCCHI KOTOPBIX
pasEbl —3 1 1. ITockombky ko>(hdHIMERT mpu X° Gombe Hyns, mapabomay = 2X° + 4X —
6 HampaBiieHa BBepX
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U3 pucyHKa BUHO, 9TO TpexuleH 2X2 + 4X — 6 HoJIoKuTeseH Ipu X < — 3 u ripu x >1.

[Ipumep 2. Pemuth HEPABEHCTBO

—Xx2+x—1>0.

JIMCKPUMUHAHT KBAAPATHOTO Tpexunena — X + X — 1 orpunarenen: D = —3. TTostomy
TP BCEX X 3HAYeHHs (GyHKIHH y = — X + X — 1 UMEIOT OIMH M TOT K€ 3HaK, 3 MMEHHO 3HAK
ko3 dunuenta npu X2, To ecth MuHyc. CIIeI0BaTelbHO, HEPABEHCTBO — X2+ X — 1> 0 He
BBITNOJIHACTCS] HU IIPU KaKUX 3HAUYEHUSX X.

ITpumep 3. BBISICHUTB, IPH KaKUX 3HAYEHUSIX X JIPOOb

24 2x—3

2y — x°

IOJOXHUTCIIbHA W IIPH KaKUX — OTPULATCIIbHA.

CHayana yka3aHHBIM BBIIIE CIIOCOOOM OIpENeTNM 3HAKU YHUCIUTENS U 3HAMEHATess
JIAaHHOM ApoOH, a 3aTeM CPaBHUM HX.

Yncnutens X2 + 2X?— 3 MonoXkuTeNneH pH X < —3 U Ipu x> 1, a oTpuuareneH npu
—3 <x <1 (puc. BepXHss YHCIOBas OCh).

4-3-2-1 0 1.2 3

i ki
e
0 2

3nameHatenb 2x — X2 monoxkuTeseH npu 0 < x < 2 u oTpHUIareneH mpu x < 0 u npu x >2
(puc. , HWXKHSS ynucaoBast ock). M3 pucyHka BUAHO, UTO JaHHAs ApoOb OyJIeT MOJ0KUTENbHA TPU
— 3 <x< 0 (B »oTOM cny4yae YHCIHUTENb M 3HAMEHATElb OTPHULATENIBHBI) U TpHU
1< X <2 (B 3TOM clly4ae YHCIUTENh U 3HAMEHATEIb TIOJIOKUTEIbHBI); OTPUIIATEILHON OHAa OyieT
npu x <. —3 (YUCIUTENH MOJOKUTENCH, 3HAMEHaTeNb oTpuliareieH), npu 0 <x < 1 (uucnurens
OTpUILaTeNIeH, 3HaMEHATEIb MOJ0XKHUTENEH) U MpU X > 2 (YUCIUTEND MOJI0KHUTENEH, 3HaMeHaTelb
OTPHULIATEIIEH ).

Pemrenue 3axanmii:

Nel. Peminth HEpaBEeHCTBA:
(2x+3)(2—2x)>0.
(2—m) (2x —15) (x + 4) > 0.
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x >%,

3x-4 >0, >4, |8 ¢ 4
Gr-4) (524650 e [VFFO70 L |26 x>_§;<:» 73

3x-4<0, 7 |[3x<a, T[4 T 8

Sx+ 60, Sx 4 -6, ) 37 5

&
xa-=
L 5

No2. Pemiuth ypaBHEHUS:
1. x*—8x*-9=0
2. x®-15x*-16=0
3.(x* —2x-5)*—2(x* -2x—-3)-4=0
Ne3. Pemuth 1aHHbIC HEPABEHCTBRA!
1. X*—4x+3>0. 5. x2 +x+1<0.
2. x> —6x+5<0. 6.x> —x+1>0.
3. —5x?+3x+2>0. 7.x>—6x+10<0.
4, x (1—x)>0. 8. — 3x? +2x + 1 >0.
Ne4. BeIOJIHUTE 3a0aHUS:
1. Pemuth HEpaBEHCTBO:
8x°-6x+1>0
2. Halitu HanMeHbIIIeE MOJIOKUTEIRHOE OeJI0C pCUICHUC HtpaBeHCTBaZ
X2+ 2x>-3

3. PemuTh HEPaBEHCTBO:

X*+3x+8>0

4. PemnTh HEPABEHCTBO:

X2 -4x+4>0

5. Pemte HepaBEeHCTBO:

X2 -4x+4>0

6. Haittn BCC 3HAUYCHHUA X, HC ABJIAOINIHCCA peHIeHI/IeM HepaBeHCTBa:
X?>16

IIpakTnyeckas padora Ned
Tema 1.4 BxogHast KOHTpoJibHast paboTa
Heasn: IIpoBeputh ypoBeHb ycBOeHHMs MaTepuana mo pasneny 1 «IloBTopeHue kypca
MaTeMaTHKU OCHOBHOM HIKOJIBI»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL OmMeem U3 Yembvlpex
npeoI1oIHCceHHbIX.

1. (1 6amm) Packpoiite GOpMYITy COKpaIEHHOTO YMHOXKEHHs a2-b?:

A) a%-2ab+b?; B) (a-b)(a+b); B) a’+2ab-b?; I) (a-b)(a-b)

2. (1 6amn) [Tnomaap TpeyrodbHUKA BEIYUCISIETCS 1O OopMyIie:

A) S=a*b; B) S=(a*b)/2; B) S=2a*b; I') S=(a*b)/3.

3. (1 6amr) Kakoe u3 caeayromumx 9uce 3aKII0UeHO MEXTy YUCIIaMU 1—(7) " g?

A)0,4;5)0,5; B)0,6:T) 0,7
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4. (1 6amn) Jans rpadbuxu pyakumii. Kakas ¢popmyna coorBeTcTBYeT rpaduky 3):
1) 2) 3)

: j \ /}‘ ¥ :
| ;\ | ‘
| | —
: 1 \“I | — 1 1
] ol 1 o 1
{ '0 J_ \\ | T
| J
| [/ = + L
| NA S EREEEFEaEE

A)y=sx—6:B)y=x'-8x+11;B)y = —= ) y=x+5.

Ilpu évinonnenuu 3a0anuil 5-8 3anuwiume x00 peuwienus u nOJIy4eHHbLL OMeEem.

5. (2 6anna) Beraucnure % + %

6. (2 6anna) Pemmure ypaBHenue x° - 7x + 10 = 0. Eciu ypaBHeHHe nMeeT 6071€e 0HOTO
KOPHSI, B OTBET 3alUIINTE MCHBIIIHIA U3 KOPHEH.

7. (2 Gamna) Ilmomaap 3eMeNb KPECThSIHCKOTO XO3SIMCTBA, OTBEIEHHAs O] MOCAIKY
KYCTapHHUKOB M [[BETHHKOB, COCTABISEeT 24 ra U pacupeiesieHa MeXy HUMH B OTHOIICHUH 5:3.
CKOJIBKO TeKTapOB 3aHUMAIOT [[BETHUKH?

8. (2 6amma) Beicota BH mapamrenorpamma ABCD nenut ero ctoporny AD Ha oTpe3ku
AH = 2 u HD = 32. Jluaronanp napamienorpamma BD paBua 40. Haiigute mmomans
napajiesiorpaMmma.

Amanonvt omeemos

Howmep 1 2 3 4 5 6 7 8
3aaHuA
OtBeTr b b B A 2,7 2 9 816

IIpakTnyeckas padora NeS

Tema 2.2 OcHOBHBIE TPUTOHOMETPUYECKHE TOXKAEeCTBA. DOPMYIIbI IPUBEICHUS
Henanb: Hayunts ncnonb3oBaTh OCHOBHBIE TPUTOHOMETPUYECKHE TOXKJIECTBA U (POPMYJIBI
NPUBEICHNS IPU PpeoOpa30BaHUM BBIPAKEHUH.

Teopernyeckas 4acThb:

Dopmynvl npusedenus

Cpa3y mepeducinM OCHOBHBIE TPUTOHOMETPHUUYECKHE TOXAECTBA, KOTOphIe pa3dbepeM B
9TOM cTaTbe. 3amuiieM HMX B TaOMUIly, a HIKE JIaJuM BBIBOJ 3TUX (OPMYNI M IpPHUBEIEM
HEO0OXOUMBbIC TIOSICHEHUSI.
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sin‘a+cos’ a=1

Sin o COS
et =———. cCloa=———o
COSeY sin ¢

tgc-ctear =1

2 1 2 1
e +l=——— l+cig o=—7F

cCos™ o Sin o

CBs13b MKy CHHYCOM M KOCHHYCOM O/IHOI'0 YIJIa
WNHuoraa roBopsT He 00 OCHOBHBIX TPUTOHOMETPUUECKUX TOKIECTBAaX, EPEUNCICHHbIX B
Tabauie  Bblle, a 00 OJAHOM  E€IUHCTBEHHOM OCHOBHOM  TPHUI'OHOMETPHYECKOM

sin” o +cos’ a=1

TOKIECTBE BU/Ia . OObsacHenwe 5TOMY (DaKTy JTOCTATOYHO MPOCTOE:
2 1 2 1
g a+l=———, l+ctgoa=———
paBeHCTBa cos o sl & ponywarores u3 OCHOBHOTO
TPUTOHOMETPUUYECKOTO TOXKECTBA nocine JeNneHus 0benx ero yacrei
~ - ol
cCos" @ s o
Ha u COOTBETCTBEHHO, a

sin o cosa
lea = . clga=

paBeHCTBa cosx sma y fga-ciga=1 CIEyIOT U3 OnpeeneHu
CHUHYyCa, KOCHHYyCa, TaHreHca U KoTaHreHca. IlompoOGHee 00 3TOM MOTOBOpUM B CIENYIOIIMX
MyHKTaXx.

To ecTh, 0cOOBIi HHTEpEC MpPEACTaBISET UMEHHO PABEHCTBO SIn” & PEgs {I_l,

KOTOPOMY H J1aJii Ha3BaHHUE OCHOBHOT'O TPUTOHOMETPHUYECKOTO TOXK/IECTBA.

[Ipexne ueM [Joka3aTb OCHOBHOE TPUTOHOMETPUYECKOE TOXKIECTBO, MAAJUM €ro
(GopMyIUpPOBKY: CyMMa KBaJpaTOB CHHYCa U KOCHHYCa OJHOTO YIJIa TOXJECTBEHHO pPaBHA
equnuue. Tenepb TOKaXeM €ro.

OOpatumMcest K eTMHIUYHOM OKpyxkHOCTH. [TycTh HavanbHas Touka A(1, 0) mocie moBopora

Ha yroi @ nepexoauT B Touky Ai. B cuity ompenenenuit cuHyca u KocuHyca Touka A1 uMeer

(cos e, sin ) y
KOOPJIUHATHI . bomee Toro, Touka A1 I€KUT Ha EIWHUYHOH OKPYNKHOCTH,
CJI€I0BATENIbHO, €€ KOOPJAUHATHI JIOJKHBI YJIOBIETBOPSTh YPABHEHUIO €IUHUYHON OKPYKHOCTH,
KOTOpO€e HMEET BUT X2+y2=l. To €CTb, JIOJDKHO OBITH CIIpaBEJINBO

5l r 5l
cos  +sm =1
paBeHCTBO . 3TI/IM JOKa3aHO OCHOBHOC TpI/IFOHOMeTpI/I'-IeCKoe TOXKICCTBO

JUIA JTFOOBIX YTJIOB MOBOPOTA a .

p sin“ & +eos a=1 .
aABCHCTBO qacTo Ha3bIBAKOT TeOpCMOI/I Hn(baropa B

TpUrOHOMETpHUH. [I0CHUM 3TOT MOMEHT.
Bo3bMmeM enuHUYHYIO OKpY)KHOCTB. [loBepHem HauanpHyr TOUKy A(1, 0) Bokpyr

touku O Ha yron a [Tyctp TOYKa A mocje 3TOro MOBOPOTa MepexoauT B TOYKy Ai(X, Y).
Onyctum u3 Touku A nepnernukysip AiH Ha npsmyro OX.
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PaccmoTpum mpsimoyronbHeiid TpeyroiabHuk OA1H. Xopomio BHAHO, 4TO B HEM JUIMHBI
karetoB A1H 1 OH paBHBI COOTBETCTBEHHO MOJYJIIO OpAMHATEL M abcuucchl TOYKH A1, TO
ecth, [A1H|=|y| u |OH|=|x|, a nnuna runoreny3st OA1 paBHa paanycy €IMHUYHON OKPYKHOCTH,
10 ectb, |OA1|=1. Teopema ITughacopa nossonser 3amucath paseHcTBO |AiH[>+|OH|?=|OAL|?,
KOTOpO€e MBI MOXKEM nepenucarb KkaK |y|*+[x|>=1? umn y>+x>=1. Ho o

sing =y , COs=x

OIIPENIEIIEHUIO , TOTIa OT paBeHCTBA Y>+X*=1 MBI MOXkeEM HepeiTH K

= 2 2
sin~a+cos =1
paBeHCTBY .
OCHOBHOG TpI/IFOHOMeTpI/ILIGCKOC TOXIACCTBO 3a1a€T CBA3b MG)KIIy CI/IHyCOM nu KOCI/IHyCOM
OJHOT'O yrna. 9T0 ITO3BOJISICT BBIYUCIIATH CI/IHYC yrna, Koraga M3BCCTCH KOCI/IHyc 3TOTI'O yrna, Hu

BBIYUCIIATH KOCI/IHyC yrna, Koraga N3BCCTCH CI/IHYC erIa. ,Z[.Hﬂ 9TOIro JOO0CTATOYHO
- 2 2
smm - a+cos  ag=1

paBeHCTBO pEBpeI_HI/ITB OTHOCHUTCIIBHO CI/IHyca n KOCI/IHyca
smea=x41-cos ¢ cosag==x41-5n" &
COOTBETCTBEHHO: 51 . 3HaK 1mepex KOpHEM

3aBUCHUT OT BEJIMUMHBI yria a. ITonpobHee 006 3TOM MBI MOTOBOPUM B pa3jiesie BEIUYUCICHHE
CHHYCa, KOCUHYCa, TAHI€HCA U KOTAaHT€HCa C MCI0JIb30BAaHUEM TPUTOHOMETPUYECKUX (OPMYII.

OCHOBHOE  TPUTOHOMETPUUYECKOE  TOXKIECTBO  OYEHb  4acTO  HCIOJIb3YeTCs
pU npeobpazosanuu mpucoHomempuieckux evipadxceruii. OHO TO3BOJSIET CyMMY KBaJpaToB
CMHyca M KOCHHYyCa OJHOrO yrja 3aMeHsTh enuHuneil. He MeHee yacTto OCHOBHOE
TPUTOHOMETPHUUYECKOE TOXKAECTBO HMCIOJIb3YeTCSd M B OOpPaTHOM IMOPSAJKE: €AMHUIA 3aMEeHseTCs
CYMMOM KBaJpaToOB CUHYCa M KOCUHYCa KaKoTro-JIn0o yria.

TaHrenc u KOTaHreHc Yepe3 CHHYC M KOCHHYC

ToxnaecTBa, CBA3BIBAIONINE TAHTEHC M KOTAHI'€HC C CUHYCOM U KOCMHYCOM OJHOTO yrja

S O COscx
tea=—— cloot=——
BU/IA COS y Sl & cpasy chnenyroT W3 ONpENEIeHHWH CHUHYyca, KOCHHYCa,
TaHTeHCa U KOTaHreHca. J[eHCTBUTENBHO, IO ONPEACICHUIO CHHYC €CTh OpAHMHATA Y, KOCHHYC
Vo sina
toar ==—=——
ecTh abciucca X, TAHT€HC €CTh OTHOIICHHE OPAWHATHI K a0cIucce, TO €CTh, X COosd,

X cosa
clgag=—=——

a KOTAHTEHC €CTh OTHOIICHUE a0CIHCChI K OpJIMHATE, TO €CTh, ¥y o smda

sin o cosa
lga=—— clga=——

brnarogapss Takoil OYEBHIHOCTH  TOXIECTB COS y» 1M & ygacrto
OTpe/ieNIeHUs] TaHreHCa W KOTaHTeHCa JAl0T HE Yepe3 OTHOIIEHHWE aOCIMCChl M OPIMHATHI, a
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Yyepe3 OTHOIICHHE CHHYCa M KOCHHYCA. TaKk TaHM€HCOM YIJia Ha3bIBAIOT OTHOIIEHHE CHUHYCA K
KOCHHYCY 3TOT0 YIJia, 8 KOTAHT€HCOM — OTHOIIIEHHE KOCHHYCA K CUHYCY.

B 3aKJIIOUYCHHE 3TOrO MyHKTa CleayeT OTMETHTD, 4TO
sin & cos
tea=—— clgd=——0 o
TOXKIECTBA COS y Sl & pmeroT MecTo IS BCEX TaKWUX YIVIOB ~ , THpH
KOTOPBIX BXOMASANIME B HHUX TPUTOHOMETPUYECKHE (YHKIMH HMMEIOT cMbica. Tak
sin o T
toor=—— o —+ 7Tz

dbopmyia COS cnpasemmmBa s JTHOOBIX ', OTAMYHBIX OT 2 (vHaue B

COs0x

clgot=——
3HaAMeHaTese Oy/IeT HyJb, a JIeJICHHe Ha HyJIb Mbl HE ONpeIeNsiin), a Gopmyra smoce -

s Beex & , OLIMYHBIX 0T %~ Z | rjie 7 - 0606 [elI0e YHCIIO.

Ca3b MEXKTY TAHI'CHCOM M KOTAHI€HCOM
EHIG Ooitee OYCBUAHBIM TPUT'OHOMCTPHYCCKUM TOXIACCTBOM, 4YCM JBa IMPCALIAYIINX,

ABJIACTCA TOXIACCTBO, CBA3ZBIBAIOIICC TAHI'CHC M KOTAHI'CHC OJHOI'O yrjia BHAd fg{l’-cfg - ]'

T
o L
[ToHSATHO, YTO OHO MMEET MECTO MJisi JIOOBIX YIJIOB ~ , OTJIMYHBIX OT 2 , B IPOTUBHOM
ciydae Ju00 TaHTeHC, THO0 KOTAaHT€HC HE OMpPE/ICICHBI.
JlokazaTenbCcTBO bopMyIibI Iga-ctgo = 1 OY€eHb MpOCTO. ITo
' X X

;gg._-:l ctgal = — rga'-cfgtle-—zl

OIPEICIICHUIO Xn y , OTKyZHa ¥ MoxHOo  OBUIO

sin o cosa
lea=—— clgog=——

JIOKA3aTeIbCTBO IMPOBECTM M HEMHOTO WHade. Tak Kak COS y s

sing cosa _1

lea -clga = .
0 cosa sina
I/ITaK, TAaHICHC W KOTAHI€HC OAHOI0 Yyrja, HOpd KOTOPOM OHHM HMECIOT CMBICI,
€CTh B3aUMHO 06paTHI>Ie qucia.

Tanrenc u KOCHUHYC, KOTAHI'CHC 1 CHUHYC

HaKOHeI_I, Mbl IPpUIUIA K ABYM TIIOCICAHUM U3 OCHOBHBIX TPHUTIOHOMETPHUYCCKUX

5 1 5 1
tga+l=——5—, l+cigra=———
TOKJIECTB cos « SH1 €& | Ouu CBA3BIBAIOT TAHTE€HC U KOCUHYC, &

TaKXe KOTAHI€HC U CUHYC OJIHOTI'O yIJIa.

ITpuBenem ux GopMyIMpPOBKH: CyMMa KBajipaTa TaHT'€HCa YIJla U €IMHUIIBI paBHA YHCIY,
0o0paTHOMY KBaJpaTy KOCHHYCa 3TOrO yrijla, a CyMMa €JUHMIBI U KBajpara KOTaHTEHCa yIia
paBHa 4MCITy, 0OpaTHOMY KBaJpaTy CHHYCa 3TOrO yIia.

BeiBon  ykazaHHbIX (QOpPMYN MOXHO TMPOBECTH, OTTAJIKUBAsACh OT OCHOBHOI'O

sin® o +cos” =1

TPUTOHOMETPUUYECKOTO TOXKIECTBA BHJA . Ecnu pazgenuth 06e wactu
ol "
cos” o cos o
3TOr0 paBEHCTBA Ha (TIpu 3TOM, KOHEYHO, JTIOJDKEH OBITh OTJIMYEH OT HYJIS), TO
2
lgra+l=———
MBI MOJIy4YUM bopmymy cos Ecmn xKe o0e qacTu
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) R,

in’ ‘o= sin” o sin” o
paBeHCTBa sin” o +eos” o =1 paznenuTh Ha (mpu  sTOM JIOJDKEH  OBITH
2 1
l+ctg o =—
OTJIMYCH OT H Sl ) o
yiIs1), TO MBI IPUJIEM K TOKIECTBY .
3 1
e a+l=——5—
Wrak, TOXIECTBO COS & yyeer mecro st mHOGBIX a, OTIIMYHBIX
T 2 1
— ¥ T-F ]+lf'ilg o= 3
or 2 , @ TOXKJIECTBO S & ppy mr06BIx x , oTmgHbIX oT ¥ " Z,

@OopMyIIbl IPUBEICHUSA:
Onpeodenenue. DopMmynaMu IpHUBEIEHHUS Ha3bIBalOT (POPMYJIbI, KOTOpBIE MO3BOJISIOT
HepenuTn 0T TPUTOHOMETPUYECKUX byHKUIni

T g N < TR X iy} 4
sm(— = ): cos(\—)~ = o). tgl zo) ctg(=— = a)

N

2 o.
BHJIA K ¢(yskmusm aprymenta . C ux

MIOMOUIbI0 CHHYC, KOCUHYC, TAHT€HC U KOTAHI€HC IPOU3BOJILHOTO YIja MOXXHO NPUBECTU K
CHUHYCY, KOCHHYCY, TAaHT'€HCY U KOTaHIeHCy yria u3 uHTtepBana or 0 mo 90 rpamycoB (or

0 no * pamuan). Takum 06pa3oM, GOPMYIIBI IIPUBENEHHUS MO3BOISAIOT HAM IIEPEXOIUTH K paboTe

¢ yriiamu B npenenax 90 rpaaycos, YTO, HECOMHEHHO, O4Y€Hb y100HO.

@ODMWlbl npueedenu}l:
sin(90° —a) = cosa

sin(90° 4+ a) = cosa

sin(180°—a) = sina
sin(180°+ a) = —sina
sin(270°—a) = —cosa
sin(270°+ a) = —cosa
sin(360°—a) = —sina

sin(360°+ a) = sina

cos(90°— a) = sina
cos(90°+ a) = — sina
cos(180°— a) = —cos«a
cos(180°+ a) = —cosa
cos(270°— a) = —sina
cos(270°+ a) = sina
cos(360°—a) = cosa

cos(360°+ a) = cosa

na ucnonvioeanusn popmyn npueedenusn cyuiecmeyem 06a npagu.ia.

1. Ecnm yron MoxxHO mpenctaButh B Buae (m/2 +a) wimm (3*m/2 +a), TO Ha3BaHHe
(pyHKUIMM MeHsieTCsl Sin Ha COS, COS Ha sin, tg Ha ctg, ctg Ha tg. Ecnm e yrom MoOXKHO
MIPEACTaBUTH B BUJIE (T +a) uiu (2*7 +a), To Ha3BaHue PyHKIMHU OCTaeTcsA 0e3 H3MEeHeHM .

[TocmoTpuTe Ha PUCYHOK HUXKE, TaM CXEeMAaTUYHO M300pakeHOo, KOT/ia cleayeT MEHSTh

3HAK, a KOrJa HET



‘\ ’
'J

HBMEHSEM

PyHKLIMIO

HE MBMEeHSEeM

PyHKIMIO

2. 3HaK npueedennoil ynkyuu ocraerca npexxHuM. Ecim ucxonHas QyHKUus umena
3HAaK «IUTFOC», TO W TpHUBEICHHAs (YHKIUS MMEET 3HaK «wuroc». Eciam mcxomnas (yHKIus
uMesia 3HaK «MHHYC», TO U IIpUBEJIeHHAs (PYHKIMS UMEET 3HAK «MUHYC».

Ha pucyHke Huxe mpeicTaBlieHbl 3HAKW OCHOBHBIX TPUTOHOMETPUYECKHUX (YHKIUI B
3aBHCHUMOCTH OT YETBEPTH.

AN AN A AN

NN PN AN Y

2TU (X) Gcoz (X) £A(x) ced (x)

Pemienue 3axanmii:
Nel.HaiiouTe sin o, ecu U3BECTHO CeAyIOIIee:

coscx=—3:g_1; cxeg;n)

Pemenue

Ham wu3BecTeH KOcHHYyC, HO HeW3BeCTeH CcHHYC. OCHOBHOE TPUTOHOMETPHUYECKOE
TOXIECTBO (B «IMCTOM» BHJE) CBS3BIBACT Kak pa3 ATU QYHKIMH, MOITOMY Oynem paboTrarh
¢ HuM. Mmeem:

sin? g + cos? o = 1 = sin? ¢ + 99/100 = 1 = sin? ¢ = 1/100 =sin a = +1/10 = +0,1.

Jns  pemieHus ~— 3aadyd  OCTajloCch ~ HaWTH  3HaK  cuHyca.  [locKonbky
yroi a €(n/2; ), To B TpajyCHO# Mepe 3TO 3amuchiBacTcs Tak: a € (90°; 180°).

CrnemoBaTeibHO, YTOJI 0. JIGKUT BO |l KOOpAMHATHONH YETBEPTH — BCE CHHYCHI TaM
nosioxuTenbHbl. [loatromy Sin o = 0,1.
Ortser: 0,1

No2 Haiinute cos o, €ciu U3BECTHO CIIEYIOIIEE:
i V3 3
SIH(I=—7;(IE T[;?

Pemenue

Ntak, HaM U3BECTEH CHHYC, a HaJl0 HaWTU KocuHyc. O6e 3T PyHKIIMK €CTh B OCHOBHOM
TPUTOHOMETPHUUECKOM TOXkaecTBe. [loncraBisem:

sina+cos?a=1=3/4+cos?a=1=cos?a=1/4=cosa==+1/2==0,5.

Ocranoce pa3o0parbcsi co 3HAKOM Tepen ApoObro. UTo BBIOpaTh: IUIIOC WM MUHYC?
[To yciioBHIO, Yrol o IPUHAUICKUT TPOMEKYTKY (7 37/2). [lepeBenem yribl W3 paauaHHON
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MeEpBHI B rpaaycHyo — nonyuum: o € (180°; 270°). OueBunHo, 1o 11l KOOpaAMHATHAS YETBEPTD,
I/ie Bce KOCUHYChI oTpunarenbHsl. [loaTomy cos o = —0,5.

OtBet:—0,5

No3.Haitaute tg o, eciii U3BECTHO ClIeAyIOIIEe:

1 3
cosa=—; @ € (—;Zn)

Pemenue
Tanrenc 1 KOCUHYC CBSI3aHbI YpaBHEHUEM, CIHEAYIOUIUM U3 OCHOBHOTI'O

TPUTOHOMCTPUYCCKOI'O TOKACCTBA:

tgla+l=——=1tg2a=10—-1=9
COs“ &

[Monmyuyaem: tg o = £3. 3HaK TaHreHca ompeaessieM mo yriy a. M3BectHo,uro o € (37/2;
27). [lepeBeieM yriibl W3 pajuMaHHON Mepbl B rpaaycHyro — mounydum a € (270°%; 360°).
OueBuaHO, 370 IV KOOpIMHATHAS YETBEPTh, I'/I€ BCE TAHTCHCHI OTpUIIATeIbHEI. [loaTomy tg a =
-3.

Otser: —3

Ne4 . Haitaute cos a, €ciu U3BECTHO CIIEAYIOIIEe:

) 3
sinae=—-0,8; a € (?, 2?’[)

Pemenue

CHOBa  W3BECTEH  CHHYC U HEMU3BECTCH  KOCHHYC.  3alMIIeM  OCHOBHOE
TPHUTOHOMETPUYECKOE TOXKIECTBO:

sinfa+cos?a=1=0,64+cos’?a=1=cos?a=0,36 = cos a==0,6.

3Hak omnpezensieM 1o yriuy. Umeem: o € (37/2; 2x). [lepeBeneM yribl U3 rpaayCHOM MEpbI

B pamuaHHywo: a € (270° 360°) —o710 IV KkoopiuHaTHas YeTBepTh, KOCHHYCHI TaM
MoJIOKUTENLHBL. CaemoBaTensHo, COS o = 0,6.
OtBeT:0,6

No5.HaiiouTe sin o, ecu U3BECTHO CIEAYIOIIee:

Ctgat=2v',g; aE(U;%)

Pemenne:
3anumem (Gopmyiy, KoTopas ciaeAyeT U3 OCHOBHOTO TPUTOHOMETPHUYECKOTO TOXKIECTBA
Y HaIPSIMYIO CBSI3BIBAET CUHYC U KOTAHTEHC:

1 1
2
ctgca+ 1 =— = — =24+1=25
8 sinfa sin‘a
Otcrozia monydaem, 4to sin® a = 1/25, T.e. sin a = +£1/5 = £0,2. W3BecTHO, 4TO yron a €
(0; #/2). B rpagycHoii Mepe 310 3anuchiBaeTcs Tak: o € (0°; 90°) —I kooparHATHAS YETBEPTb.

Wrtak, yronm Haxomutcs B | KOOpJWHATHONW YETBEPTH — BCE TPUTOHOMETPUUECKHUE
(YHKLIUH TaM MOJIIOKUTEIbHBI, o3TOMY Sin a = 0,2.
Otser: 0,2
. . 5
No6.Haiinute sina u tga, ecnu cosa = 3
. . 5
No7.Haitnute cosa v tga, ecnusin a = n
N , 4
Ne8.Haitaute sina u tga, ecnu cosa = — =
o . 8 3T
Ne9.Haitnure cosa v tga, ecnusin a = —SUT <a< >
o . 3
NelO.Haiinure cosa usin a,ecnmntga = —1lun < a < ~

Nell. Ynpoctuts BelpaxeHHe:

- l] -c.ﬁgzcx

1. [c:-::-sj a
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Pemenne:

2

1
[ —l]icf.gzcr:[1+£ggﬁr—1)-c£g2cr:1
cos® &

2 fgaeoiod— [r.g.::E Ll H] -::E]I2

Pemenue:

zg&-cﬁgﬁr—{zg&-cosﬁr}j =l-sin‘@=cos’a

l-sn 8  cosd
3, cosd l+sn 8
Pemenue:

1-sin & cos 8 _1—Si112,5—'3052a5_0
cos 8 1+sin,-:3_ cosﬁ[l+sin,-:5’} -

Nel2. Ynpocture BelpaxeHue
1. 1= cos® @

cogt ¢:E+[1— sin® .::1’)
2.

3 [cos .::r—l) |[1+|:c::s -::L’)

4 cost & — (1— 2sin’ cl’)
5_sin &-cosdociga—1
cos” @

6. cos® a—1
l-cos

7. 1-sin’ @

8_sin2 a+cos® atigia
Ll &

9. lEG

SIf1 &Y COS &

1—
10 ciooy
Nel3. IIpeoGpa3zoBatrhb, UCHONB3YS (GOPMYIIbI IPUBEICHHUS:

. 137 ) T . m 3
sin— = sm(Z -2 +—) =sin—-=—
3 3 3 2

13w T . T 1
coS — = cos(2-2n+—) =SsSin—=-
3 3 3 2

tglgT”=tg(2-2n+§)=tg§=\/§

Nel4. Beruucnure:

a) cos1059; 6)sin105%;,  B)cos75%°;  r)sin75° n) tg75°;
Nel5. HaiinuTe 3HaueHHE BBIPAXKCHUS;

a)sin240°; 6)cos300°; B) tg(—225%); 1) ctgT
Nel6. TIpeoOpa3yiite BbIpaykeHUE:

cos(—a)-cos(180°+a)

sin(—a)-sin(90%+a)
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IIpakTuyeckas padora Ne6

Tema 2.6 Onncanue Mpou3BOJCTBEHHBIX MPOIIECCOB C MOMOIIBIO IPaGUKOB PYHKIIMIA
Henab: HayunThes npuMeHsTh PyHKUIMU B pelIeHUH MPOPEeCcCUOHANBHBIX 3a/1a4

TeopeTnyeckas 4acThb:

[Iyte k moOsBICHHUIO TOHATUSA (PYHKIMU 3aM0Kuiau B 17 Beke (paHIy3CKHE YYCHBIC
®pancya Buer u Pene [lekapr; oHu paspaboranu eauHyr0 OYKBEHHYIO MAaTeMaTHYECKYHO
CUMBOJIMKY, KOTOpas BCKOpE IMOJy4miia BceoOliee mnpusHaHue. BBemeHo ObUIO eaMHOE
0003HaYCHKE: HEU3BECTHBIX - TOCIEAHUMHU OYKBaMH JJATHHCKOTO ayipaBuTa - X, Y, Z, U3BECTHBIX
- HaualbHBIMU OyKBaMU TOTO ke andaBurta - a, b, ¢, ... u T.4. [log kaxgol OyKBOW CTayo
BO3MOKHBIM MOHUMATh HE TOJIbKO KOHKPETHBIE JaHHbIC, HO U MHOTHE JAPYTHE; B MAaTeMaTUKy
MpHILIA Ues N3MEeHEHUs. TeM caMbIM MOSIBUIIACH BO3MOYKHOCTh 3aITUCHIBATH 00ITHE POPMYIIBL.

Kpome Toro, y Jlekapra u ®@epma (1601-1665) B reomeTpudeckux paboTax MOSIBISETCS
OTUYETIMBOE MPEJICTABIICHUE IEPEMEHHON BEIIMUYMHBI U MPSMOYTOJIbHOM CUCTEMBbI KoopAnHaT. B
cBoeit «['eomerpun» B 1637 roay Jlekapt naer moHsTHEe (QYHKIUU, KaK U3MEHEHUE OpJIUHATHI
TOYKH B 3aBUCHMOCTH OT U3MEHEHHUS €€ a0CIMCChI; OH CUCTEMAaTHUYEeCKH paccCMaTpUBall JHUIIb T
KpUBBIE, KOTOpPbIE MOKHO TOYHO TPEICTaBUTh C IIOMOIIbIO ypPaBHEHUH, MPUTOM
MIPEUMYIIECTBEHHO anreOpandeckux. [[ocTeneHHO MOHATHE (YHKIIMH CTAJO0 OTOXKICCTBIIATHCS,
TaKUM 00pa3zoM, ¢ MOHITHEM aHATUTUYECKOTO BBIPAXKEHUS (DOPMYIIBI.

Uro Ttakoe ¢yHKIUA? PazHbIe yUeHbIC BBIABUTAIN pa3HbIe MBICIIA. HO MBI OCTaHOBHUMCS
Ha omnpeneneHu DyHKIMEN Ha3bpIBalOT COOTBETCTBHUE, MPU KOTOPOM KaXKIOMY 3JIEMEHTY H3
MHO€ECTBa X COOTBETCTBYET €IMHCTBEHHOE 3HaueHHEe U3 MHOXecTBa Y. [lpu aToM a5ieMeHT u3
MHOXk€CTBa X Ha3bIBAlOT apryMEHTOM, a 3JIEMEHT W3 MHOXXECTBa Y Ha3bIBalOT 3aBUCHUMOU
MepEMEHHOI. OYHKIUA - OJJHO U3 OCHOBHBIX MATEMaTHYECKUX M OOIIEHAYUHBIX MOHSTHMN.
OHO CBITpaso U MOHBIHE UTPAET OOJIBILIYIO POJb B MO3HAHUU peaibHOro Mupa. OyHKIUS 5TO HE
TOJILKO MaTeMaTH4eCKOe IOHATHE, HO W: (yHKIMS 3TO paboTa, MPOU3BOIUMAS OPTaHOM,
OpPTaHU3MOM; PpOJIb, 3HAYEHHE Yero-nubo; (GyHKIUS B MaTeMaTHKE 3TO 3aKOH 3aBHUCHMOCTH
OJIHOW BEJIMYMHBI OT APYro; (QYHKIMS 3TO BO3MOXKHOCTH, OIIIUS, YMEHHE MPOTPAMMBI WIIU
npubopa; QyHKIHMS 3TO OOS3aHHOCTh, KpYr JEATENbHOCTH; (QYHKIUS TMEpcoHaxa B
JUTEPATYPHOM MPOU3BEACHUU; (DYHKIMS 3TO BHUJ MOIIPOrpaMMbl B HH(GOPMATHKE COIMaTbHAs
byHKLHS.

Kaxnas ob6nacts 3HaHmii: ¢pu3MKa, XUMUsS, OMOJIOTHS, COIIMOJIOTHS, TUHTBUCTUKA UMEET
CBOM OOBEKTHI U3YUYCHHsI, yCTAHABIMBAET CBOMCTBA M, YTO OCOOEHHO Ba)KHO, B3aUMOCBSI3U ITUX
00BEKTOB.

B pazmuusbix Haykax W 00JIACTAX  YEJOBEUECKOW JIEATEbHOCTH  BO3HHUKAIOT
KOJIMYECTBEHHBIE COOTHOILICHHUSI, U MATEMATHKA U3Y4aeT UX B BUJE CBOMCTB YHCEIL.

MaremMartuka co3/1a€T YCIOBHS JUIsl PA3BUTHS YMEHUS IPUMEHSTh TEOPETUUECKUE 3HAHUS
JUISL PELlICHUs MPAKTUYECKUX 3a]a4, OPUEHTUPOBATHCS B OKPYKAIOIIEH HAC JAEMCTBUTEIBHOCTH.
Ham xaxertcsi, 4To (yHKIIMOHAJIbHBIE 3aBUCUMOCTH MOTYT KacaThCsS CaMbIX Pa3HOOOpPa3HBIX
ABICHUM TpUPOABI U OKpyxXaromieil cpenbl. Kaxaomy uenoBeKy B €ro MOBCEIHEBHOM
MPaKTUYECKOU JEATETHPHOCTH MPUXOJUTCS MPUMEHSATh MPAKTHYECKUE TTPUEMBbl TEOMETPUUECKHUX
U3MEpPEHUI U TIOCTPOCHUH, YUTaTh UH(OPMALINIO, IPEJICTABICHHYIO B BHIE TaOIUII, TUArpamM,
rpa¢ukoB. be3 KOHKPETHBIX MaTEeMaTHYECKUX 3HAHWM 3aTPYAHEHO MOHWMAHHE W BOCIPHUATHE
HAyYHBIX 3HAHWM, pa3sHOOOpa3HOM  COLMAIBHOW, OSKOHOMHYECKOH, TEXHOJIOTHYECKOMN
uH(pOpMaLIUH.

CBoOOIHOE BiIaJIeHUE TEXHUKON MOCTPOCHHS TPAPUKOB YaCTO MOMOTAET peniaTh MHOTHE
3a/laud, a TOPOM SBIIAETCS ECTECTBEHHBIM CPEJICTBOM HX peIIeHHs. MaTtemaThka SBISETCS
SI3BIKOM PA3IMYHBIX 00JIacTed HAYKU U HAIIeH KU3HU.

DKOJIOTHYECKUE TPOOJIEMBI SIBISIOTCS TI00aTbHBIMU MPOOJeMaMy 4YeI0BEUeCTBa, BCEX
CTpaH HE3aBUCUMO OT pPa3MEpPOB TEPPUTOPUM, UUCICHHOCTH HACEJICHUs, YPOBHS
sKoOHOMHUYeCcKOTro pa3Butus. C QpyHKIMEN Mbl BcTpeuaeMcs Kaxablil neHb. [Ipumep:
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[ eXxeHEBHasl TemIiepaTypa Ha yJIUIlEe €CTh (YHKIUS OT BpeMeHH. B oaHO U TO Ke
BpeMsl TeMIiepaTypa He MOKET IPUHUMATh 0oJiee OJJHOTO 3HaUeHUs U ObITh OJHOBpeMeHHO -30 u
-45.

) IToxox B marazuH. CTOMMOCTh MOKYIIKH BO3PACTaeT C POCTOM KOJIMYECTBA TOBAPOB.

CriocoOb1 3a1aHus PYHKITUH.

[0 AHAJIMTHYECKUMH,

1 I'paduueckuii,

00 TabauuHbIH,

[ CJ10BECHBIH.

Ananmutuyecknii. CaMbIii pacipOCTpaHEHHBIH CIIOCO0, TPU KOTOPOM (DYHKITUS 3a1aeTCst
dbopMyIoi, ycTaHABIMBAIOIICH, KaKHe BBIYUCIUTEIBHBIC ONMEPAIMH HAI0 MPOU3BECTH HAI X,
4TOOBI HANTH Y.

I'padpuueckuii. I'paduyeckuir cnoco® COCTOMT B MPOBEACHUU JHMHUHM, Y KOTOPOii
abcuucchl M300paXKalOT 3HAYEHHs] apryMEHTa, a OpJAMHAThl — COOTBETCTBYIOUIME 3HAUCHUS
¢yHKIHU. DTOT cr10coO MO3BOJISAET HATIISIHO MPEACTABUTEH (PYHKIIMOHATBHYIO 3aBUCHMOCTD

Tabnuunerii. [Ipu Tabnuunom crmocoOe 3ananus QYHKIMS 3a7aeTcs B BHUJIE TAaONIUIbI, B
KOTOPOW JUIsI KaKJIOTO 3HAYCHHS apTyYMEHTA YKa3bIBaeTCSl COOTBETCTBYIOIIEE €My 3HAUCHUE

byHKIIUN
CioBecHbiii. C ITIOMOIIBIO CJIOBECHOIO OIIMCAHMUA.

Pemienue 3aganuii:

Nel. ITpousBonactBenHas ¢yHknus ¢upmbl umeer Bua: Q=5 XY. Llena enuHUIBI
pecypca X= 10 py6., emununsl pecypca Y = 20 pyo. dupma pacrnonaraetr IAeHEKHBIMH
cpeactBaMu B pasmepe 40 TbIc. py0. Omnpeaenure MakCUMalbHO BO3MOXKHBIM 00beM
IIPOU3BO/ICTBA.

Pemenne: MakcMMM3MpOBaTh BBIIYCK INPU JaHHBIX H3JEPXKKaX I03BOJIAET MpsMas
paBHBIX u3nepkek, uiau u3okoctra C = PxX X+ Pyx Y. IloacraBmssi ucxoaHble [aHHEBIE,
nosyunM ypasHeHue: 10X+20Y=40000. Haxonum n3 ypaBHenuss X=4000-2Y. IToxcraBum 310
3Ha’eHMe B 3anaHHoe ypaBHeHne Q = SXY. [Momyuaem Q= 20000y-10y* OyHKIHSA COBOKYTHOTO
IPOAYKTa TOCTUTAaeT MaKCUMyMa, Korja (pyHKIUS MpeAeabHOro MpojayKTa paBHa Hymar0 MPx =
0. IlpenenbHbIl TPOAYKT €CTh MepBasi MPOU3BOJIHAS COBOKYIHOIO MPOJIYKTa MO MEPEMEHHOMY
daxTopy. MPx = Q’ (X). MPx = 20000-20Y= 0. Otcrona Y=1 000, X=2 000.

Torma makcuManbHO BO3MOXKHBIM 00beM mpou3BoactBa Q = 5 XY =10 muH. en.
IPOJYKIIH.

Ne2.  IlpennpuHuMarenb  OCYIIECTBISET  IMPOMBIIUIEHHOE  IPOU3BOACTBO  Ha
KOHKYPEHTHOM pBIHKE B pailioHe, IJie JAOCTUTHyTa MOJHAas 3aHATOCTh. [Ipu 3TOM HMeroTcs
CIIeIyIOIINE JaHHbIE!

Yucno paboTaronux CTaHKOB 112 (3 |4 |5 (6 |7 |8

BrImycK mpOyKIMH B THIC. IIT. 6|15 |23 |30 |36 |42 |46 |48

IIpu kakoil cTemeHu 3arpy3kd CTaHOYHOTO Tapka OyJIeT JOCTUTHYT C TOYKU 3PEHUs
IpeIIpUHUMATENS ONITUMANIbHBINA 00BEM MPOoN3BOACTBA? ByeT u OH TaKUM K€ C TOUKHU 3pEHUS
obmecTBa?

Ne3. [Toncuuraiite cpeTHUN U IPEAEIbHBIN NPOYKT GUPMBIL.

Yucino CoBokynnsbiii | Cpennuii | IIpenensHbrit
pabouux | IpPOAYKT MPOAYKT | MPOIYKT

L TP AP MP

1 30

2 70
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3 100

4 120

5 130

Ne4. 3amonHuTe IIpOIIYCKHN B Ta6n1/1ue, OTpaXKaromue 3aBUCHUMOCTb PE3YJIbTATUBHOCTHU
IMPOU3BOACTBA OT o0BeMa HCITOJIB3YCMOI'O TpyJa.

Obvon | OGsew | MPEACIs | Cpo

Tpr,[[a gbmycxa pyna pyaa
MPL APL

1 1000

2 1000

3 2790

4 610

5 770

Ne5. TlpenenbHas HOpMa TEXHMUYECKOTO 3aMEIllEHUs TpyAa KanmutajaoM paBHa 2. Jlus
o0ecrieyeHns MPex)HEero o0bemMa MPOU3BOJACTBA MPOAYKIUU NPU COKPAIICHHH HCIOIb30BAHUS
TpyZa Ha 4 eJUHUIBI Ha CKOJIBKO €JHHUI] HEOOXOMMO YBEIHYHUTh KauTal?

Ne6. 3anonaauTe TaONIHITy TPON3BOICTBEHHBIX IOKA3aTEIICH:

Kou-Bo equHun TP | MP | AP
pecypca, L

1 4

2 7

3 8

4 1

5 3,2

No7. 3amonmHuTe NPOMYyCKM B TaOJUIE, OTPAXKAIOIIEH 3aBUCUMOCTH PE3yJIbTaTOB
MIPOM3BOJICTBA OT 00BEMA UCIIOJIH3YEMOT0 KanuTaa:

EOJI-BO eIMHHMIL pecypea, | - | 16 | Ap
1 10
2 22

3 36

4 11,5
5 55
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6 63

Ne8. Ilycth TexHONOTUSI HEKOTOPOTO MPOU3BOJICTBEHHOrO IMpoliecca 3aaaHa (yHKIHeH
Q=10KL. Ha npousBojcTBe 3aHATO 5 4enoBeK. Tpedyercss OLEHUTh HOPMY 3aMEIICHUsT OJJHOTO
paboTHUKA JOTOIHUTEIBHBIM KOJIMYECTBOM 000PYA0BaHUs, YTOOBI 00BEM BBIITyCKa COXPAaHSIICS
Ha ypoBHe Q = 500 ef. mpoAyKIMU B ACHb.

Ne9. TlpousBoactBenHas Gpynkius Gupmsl umeet Bua: Q=5 XY. llena equHuel pecypca
X = 10 py06., enununsl pecypca Y= 4 py0. Kakoe coueranme pecypcoB obecrmeuuT Qupme
MaKCHMaJbHBIA 00BEM BBIITYCKa, €CIH 3aTpaThl HAa mpuodpeTaecmbie (HAaKTOPHI MPOU3BOACTBA HE
noJkHBI ipeBbimaTh S000 pyo. B cmeny?

Nel0. HMmxenepHoit Mepoil 3(pGEeKTUBHOCTH MAIIMHBI SBJISETCS OTHOIICHHE BBIMYyCKa
SHEpPruu K ee 3arpaTtam. [Ipeamonoxum, UMEIOTCs ABE MaIIMHBI, NepBas — ¢ 3(pPEeKTUBHOCTHIO
10%, Bropast — 20%. MoxeT 11, C SKOHOMUYECKON TOYKH 3pEHHsI, IEpBasi MalIMHA ObITH OoJiee
3 PEeKTUBHOM, yeM BTOpasi?

Nell. TexHoyorusi HEKOTOpOH (UPMBI TaKOBa, YTO COOTHOIIEHHWE MEXIYy 3aTpaTamH
TPpy/Aa U KamuTana JOKHO OBITH CTPOro (MKCUPOBAHHBIM: 1 cTaHOK - 3 paboTHUKa. Pecypchr
MIPOU3BOJICTBA HE SIBIISIOTCS B3aUMO3aMEHSIEMBIMU, MTO3TOMY M30BITOYHOE KOJIUYECTBO JFOOOTO
U3 PEeCcypcoB HE MOBBIIIAET BHIMYCK. JlomycTuM, 4To upMa apeHpoBajia Ha Mecsl 4 CTaHKa.
Mecsiunas craBka 3apmiatel 900 en., MecsiuHasi apeHjaHas Iwiata 3a craHok 300 en., 1eHa
€AMHMLIBI MPOAYKIMHU (UKCUpOBaHAa U paBHa 15 en. 3a JeHb C OJHOrO CTaHKa CHHUMaercs 15
eAVHMIl TpoAyKuuu, a B Mecaue 20 paboumx nauedd. Ompenenute o0OBEM MPOU3BOJICTBA,
(uHaHCOBBIN pe3yabTat (MTPUOBLIL WIIM YOBITKH) B IAHHOM MECSAIIE Y (UPMBI.

Nel2. JlBurasce co cKoOpocThio V=3 M/c, TpakTop Taummt canu c cuinoit F=50 kH,
HAIPaBJIEHHOM M0 OCTPhIM YIJIOM 0. K TOPU30HTY. MoOIIHOCTh, pa3BUBaeMasi TPAKTOPOM,
Bbruncisiercs mo gopmyne N=Fvcosa. Haiigute, mpu kakom yrie o (B rpaaycax) 3Ta MOIIHOCTb
Ooyner 75 kBT.

IIpakTnyeckas padora Ne7
Tema 2.6 Onrcanue MPOU3BOJICTBEHHBIX MPOIIECCOB C IOMOIIBI0 TPaGuKOB (PYHKITHIA
Heab: Hayuuthes ucnonb3oBaTh Tpaduku (QYHKIUH B peUICHUHM MPHUKIAIHBIX 3a7ad

Teopernyeckas 4acTb:

[Ipumenenne TMHEMHON QYHKIIMH MPOCIEKUBAETCS MPAKTUYECKH BO BCEX cepax Haien
xu3HU. [IpuMepbl TuHEHHONW (GYHKIMU B )KU3HU:

[JPacyer B MarasuHe 3a KyIJICHHblE TOBapbl. Bce MBI coBepliaeM MOKYNKH, YTOOBI
yJIOBJIETBOPUTH CBOU MOTpeOHOCTU. UeM OoJibllle MbI KyIHM Belllel, TeM OOJble Mbl 3aJIaTUM
3a MOKYIIKY.

[lloTpeOneHue 31E€KTPOIHEPrUuU. AOCOIIOTHO BCE IOJIB3YIOTCS AIIEKTPOIPUOOpaMHU.
OHu noTpeOusiIoT PHepruto. YeMm [osblle Mbl HCHOJB3YEM AJIEKTPONPUOOpHI, TeM Ooblle
notpebnseM sHepruv. COOTBETCTBEHHO W IJIAaTUM Oojblle. JTa 3aBUCUMOCTh BBIPAXKAETCs
dbopmyroit [I=x*N, rie K- CTOMMOCTh OJTHOTO KMJIOBATT-4aca, N- KOJIMYECTBO YacOB.)

(1B Dxonomuke. PaGOTHUKH MOJIy4yaroT 3apIljiaTy U €Ile OHU IUIATAT M00XOAHBIA HAJIOT.
W yem Oosbliie HauMcCIeHHas 3apIuiaTa, TeM OoJiblle BeJIMYMHA MOJOXOJHOT0 Hayora. JlanHbie
BEJIMYMHBI CBsI3aHbI cienytoiei Gpopmymnoii: [TH=0,13*D (ITH- BennunHa mMog0X0AHOT0 HAjIOra,
D- BenmuumHa 10x0/12).

(1 [lorpebnenue numu. BeceM He00X0AUMO €CTh, YTOOBI y HAC OBLTH CHJIBI U DHEPTUS IS
paboTHI. DTy PHEPTUI0 MBI MOJTydaeM U3 eibl. Uem OOJbIle MbI CheIUM, TEM OOJIbIIE YHEPTUU
MOJIyYUM.

(1 ITpoBepka 3Hanuil. Korna Mbel yuumcsi, Mbl y3HaeM 4TO- TO HoBoe. Ho HeoOxoaumo
NEPUOANYECKH TPOBOJUTH MPOBEPKY TOTO, KAK MbI BBIYUYWIM MaTepuai. 3a 3TH IPOBEPOUYHbBIE
paboThl HaM CTaBAT OlleHKU. Yem Ooublie omnmbok B paboTe, TEM HHUKE OLIEHKA.
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[ JIBmkeHue (PU3MUECKOTO Tella ¢ MOCTOSHHOM CKOPOCThIO. BceM HaM mepuoanyecKu
NPUXOAUTCS OBITh Y4YaCTHHKaMH JABM)KEHHs. PaccrostHMe mnpHu JABMKEHUU C TOCTOSHHOMU
CKOPOCTBIO 3aBUCUT OT BPEMEHH JIBHKEHUS, YeM JOJbIIEC Mbl HAXOAUMCS B IIyTH, TeM OoJibIiee
paccTostHue nporaeM. JlaHHbIe BEIMUMHBI CBS3aHBI ClaeAyrole GgopmMynoii: S=vt (V- CKOpOCTh
JBUKEHUSI, t- BpeMs IBUXKEHUS ).

Bo Bcex mnpuBeAeHHBIX NpuUMepax Mbl HaOmogaeM JIuHEHHYyo ¢yHKIuo0. MHorue
peajbHble CHUTyallUM OIMCHIBAIOTCS MATEMAaTHUUYECKUMHU MOJCISAMH, MPEICTABISIOMIUMHI
JUHEHHYIO () YHKIIHIO.

KBampatnunass (yHKuus sBisercs HaumOoliee XOpOIIo H3Y4YeHHOU (yHKIUEH, OHa
JIOBOJIHO 4YacTO BCTpedaercs Ha mpakTuke. OHa HAXOAWT IIMPOKOE MPUMEHEHHE B Pa3HbIX
paszenax MaTeMaTUKH, U JPYruxX 0o0JacTsX Hayku. KMeeT TeopeTHYecKyro U MPAKTHYECKYIO
3HaYUMOCTb. Belb moYTH BCe, 4TO OKpY’KaeT YeJI0BeKa TaK WM HHAYe CBSA3aHO C Mapabosion.

XopoIo W3BECTHO, YTO TPACKTOpHsI KaMHs, OpOIICHHOTO TOJ YIJIOM K TOPH30HTY,
aetsimero (QyrOéOJIbHOTO Msi4a, CTPYHM BOJbIL, BBIMYIIEHHOM W3 [UIaHra, MapallloTHCTa,
BBINPBITHYBIIETO M3 TOPU30HTAIBHO JIETALIETO CaMoJIeTa, apTUIUICPUHCKOro cHapsaa, Oyxaer
napaboioil (Mpu OTCYTCTBHH COINPOTUBICHHUS BO3Ayxa). VI3BECTHO TakyKe, YTO MHOTHE 3aKOHBI
MPUPOJIBI BBIPAKAIOTCSA B BUAC KBAIPAaTUYHON 3aBUCHMOCTH.

(] 3ameuarenbHOE CBOWCTBO MapaloJibl MIMPOKO HCHONB3YETCSl B HayKe M TEXHHUKE,
Harpumep, mapadoIudecKkas apka; CBOJ MOCTA.

‘i’;. N ; .
CBolicTBO MapaboNMUecKuX 3epKall UCHOJb3YIOT MHpU KOHCTPYMPOBAHUHM COJHEYHBIX
neyei, COTHEUHBIX JIEKTPOCTAHIINH, OTpaXKaTeIbHBIX TEJIECKOMOB - Pe(IEKTOPOB.

Penrenne 3agannii:

Nel. Ha pucyHke wu3o0pakeH rpaduK 3aBUCUMOCTH KOOPJIWHATHI OT BPEMEHH
KOJIEOTIOIIerocs Tena.
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A £33

2
[To rpaduky onpenenure: 1) ammuuTyay KosieOaHui; 2) nepuoa KoinebaHuii; 3) 4acToTy
KoJIeOaHUH; 4) 3aHIINTE YPABHEHUE KOOPIUHATHI.
Ne2. T'apmonnyeckoe KosiebaHnue ONUCHIBACTCS yPaBHEHUEM

‘ . . w w
x = 2sin sin (%t +—

YeMmy paBHBI LUKIMYECKas YacToTa KojeOaHWM, JMHEHHas

4acToTa KoJiebaHui, HavasibHasl (a3za KojJeOaHu?
Ne3. Ects MraoBenHas portorpadusi BOJHBI B pE3UHOBOM LIHYPE.
Omnpenenure: 1) MHY BOJTHBL; 2) aMIUTMTYAY KOJeOaHUI YacTHYEK LIHYpa.

Ne4. Tlo mpencraBieHHOMY TpaguKy OIpEACIUTEe aMIUIUTYIy M TEpUuoja KoJeOaHuit
HUTSHOT'O MasITHUKA.

x,cm 4

— N\
z\t'c

-1
Ne5. Tlo ypaBHEHHMIO TapMOHHUYECKUX KOJ€OaHUN ONpENeNuTh aMIUIUTYIy, YTIJIIOBYIO
CKOPOCTb, MIEPUOJI ¥ YacToTy. HauepTuTs rpadmk qaHHOTO rapMOHUYECKOTO KoJIeOaHusl.
1) x =15 sin 3nt
2) x = 8 sin 7/3t
3)x =10 sin zt
Ne6. HexoTtopass Touka ABMXKETCS BIOJb OCHM X IO 3aKOHY X = a sin? (ot - 7/4).

Haiiti: ammnutyny u nepuos koiedanuii; n300pa3uth rpaduk x (t).
Neo7. Hamummte ypaBHeHHE TapMOHHUYECKHX KoyieOaHMH, ecnu vactoTta paBHa 0,5 I,

amrmutyna 80 cMm. HauanpHas asza xonebaHuii paBHA HYIIIO.
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IIpakTnyeckas padora Nell
Tema 2.9 IIpocreiiniie TPUrOHOMETPHUECKHE HEPABEHCTBA
Hean: Hayunthes pemaTs IpoCTEUIINE TPUTOHOMETPUUECKUE HEPABEHCTBA

Teoperuyeckast 4acThb: ]
MNpocTefWHMMK TPMIOHOMETPHMYSCKMMK HEP3BSHCTEAMM HAZLIE3KTCA HED3ESHCTES BMAS
sinx W a,
cosT N (,
tgxr \ a,
ctgr V' a,

roe Vv — OOWH M3 3HaKos <, =, =, =, a & [1.

1. [puMepbl peLleHna NpPoCTenLLInX
TPUrOHOMETPUYECKMX HepaBeHCTB

C MOMOLLbIO rpacrKoB

C MOMOLLbIO eANHUYHOWN

OKPY>XHOCTH
y
y _1 bS
1 o Yy=- P s e
n_%=% % N\ | I\ /
o 0x 5
0 3 y=sinx
sinx>l E+21tlaz<x<5—n+27tliz,keZ
2 6 6
Y
po o Yy=Ccosx
\ 3 /"\ 3 /-\
o / 0 AN o N
N - N R 4 kR
2 y=—r>
t
cosx>—% —2?"+21tk<x<-23£+2nk,keZ
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y=tgx

tgx > —1 —%+nk<x<%+nk,kez
Y
=ctg x
il WY
0| & n *
ctgx<x/§ %+nk<x<n+nk,keZ

Cnocobbl peLlleHnd Bonee CNOXHbIX TPUTrOHOMETPUYHEeCKNX HepaBeHCTB

a)

0)

Hemonn3oBaHMe paBHOCHIBHBIX IIpeoOpa3oBaHWil W, B YacTHOCTH,

ceedeHUue MPUZOHOMEMPUYECKO020 HepaseHcmea kK aJazebpauyveckomy Hepa-

eeHcmaey no cxeme: 1) k o0Homy apeymenmy, 2) Kk 00HOl QyHKUUU, 3) 3a-

MeHa nepemeHHOU (aHAJIOTUYHO CXeMe pemIeHHsA TPUTOHOMETPUYECKHUX

ypaBHEHUIl, IpuBegeHHOH Ha c. 249) u nocaedyroujee peuieHue NOJYYCHHbBLX

npocmetluiux mpuzoHOMENPUYCCKUX HEPABCHCME.

Hecmoap3oBaHue MeTOla MHTEPBAJIOB

(nocae ceederus HepaseHemea k eudy f (x) < 0) no cxeme:

1) Haiitu O/I3 HepaBeHcTBA.

2) HaiiTu obmiuii mepuos (ecyid OH CYIIeCTBYET) AJIsA BceX (DYHKIIUIT, BXOMI -
mUX B HEPaBEHCTBO, TO ecTh mepuoa pyHEKIuu f (x).

3) Haiitu mynu pysxmun: f(x) = 0.

4) Ormeruts Hyau ¢pyakmuum Ha O/[3 Ha ogHOM mepHoae M HAWTH 3HAK
¢yaxrnuu f(x) B KakaoM U3 IMPOMEKYTKOB, HAa KOTOpbIe pa30uBaercd
O/I3 (Ea ogHOM mepHoOe).

5) 3amucaTh OTBeT, YYWTHIBaAsg 3HAK 3aJaHHOTO HEpaBEeHCTBA W IIEPHO/
dyaRIUT [ (X).
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PelleHune ﬂpOCTeVILLMX TPUTroOHOMEeTPUHEeCKUX HePaBeHCTB B O6U_l,eM Buae

3HayeHus a PeleHne
1. HepaBeHcTBO sin x > a
-1<a<1 arcsin a + 21k < x < W — arcsin a + 2nk,
rae B — maroboe mernoe uncio (k € Z).
a=> Pemenuii Her.
a<-1 x — Jr0boe JedcTBUTEIbHOE YHCIIO.
2. HepaBeHcTBoO sin x = a
-1<axl1 arcsin a + 2nk < x < T — arcsin a + 2nk, k€ Z.
a>1 Pemteruit mer.
a=1 x:%+27rk,keZ.
a< -1 x — Jar0boe IefcTBUTENbHOE UHCJIO.
3. HepaBeHcTBO sin x < a
-1<a<x1 —m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
@ =] Pemnrtenuii Her.
a>1 x — Jr000€e JeHCTBUTEIbHOE YHCJIO.
4. HepaBeHCTBO sin x < a
-1<axl1 —m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
a<-1 Permtenuit HeT.
a=-1 x:—-’2£+2nk,ke Z.
a=>1 X — J1000€ JeHCTBUTEIbHOE YHCJIIO.

46




5. HepaBeHCTBO cos x > a
-1<a<1 — arccos a + 2nk < x < arccos a + 27k, k € Z.
a>1 Permteruii Her.
a<-1 x — J0boe JelcTBUTEIbHOE YHCJIIO.
6. HepaBeHCTBO cos x = a
-1<ax<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Pemenuii =Her.
a= x=2nk,ke Z.
a< -1 x — noboe JeliCcTBUTEJIbHOE YHCJIO.
7. HepaBeHCTBO cos x < a
-1<ax1 arccos a + 2nk < x < 2n — arccos a + 2nk, k€ Z.
a>A x — Jr000e AedCTBUTETbHOE YUCIO.
a< -1 Pemmenuii HET.
8. HepaBeHCTBO €0Ss x < a
-l1<axl1 arccos a + 2nk < x < 2 — arccos a + 2nk, k € Z.
a<-1 Pemrenuit HeT.
a=-1 x=m+2nk, kc Z.
a>1 x — nboe IeiiCTBUTEIbHOE YHCJIO.

9. HepaBeHncTBo tg x > a

a — n1000e NeCTBUTEb-
Hoe uucyo (a € R)

arctga+7tk<x<g+nk, ke 2

10. HepaBencTBo tg x = a

ac R arctga+7tk<x<%+nk, ke Z.
11. HepaBenctBo tg x < @
ace R -%+nk<x<arctga+nk,ke Z.
12. Hepasencrso tg x < a
ac R —%+nk<x<arctga+nk,kez.
13. HepaBeHcTBO ctg x > a
a€ R nk < x < arcctga + Tk, ke Z.
14. HepaseHcTBo ctg x > a
ac R mk < x < arcctg a + 7k, ke Z.
15. HepaBeHrcTBo ctg x < a
a€e R arcctga+nk<x<mn+ 7k, ke Z.
16. HepaBencTBo ctg x < a
ac R arcctga + k< x <mn+ nk, ke Z.
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Pelenue 3aganuid:
Nel. BEIIOJHUTE 3a0aHUS:

1. PeWwWTb HEPABEHCTBO: SINT < —%.
OTeeT!:

(—3% +27n; —% +27n), n€ Z
2. PeWwnTb HEPABEHCTBO: COST > — %
OTBerT:

(--2—;- + 27n; %’: +2mn), n€ Z
3. PewuTb HepaseHcTBo: sine > —1.
OTeer:

(—o0; +00)

4. PewwTb HepaseHcTso: sinT = (.
OTeeT:

[2mn; 7 + 2mn, n € Z)

5. PewwnTb HepasencTeo: cost < (0, 2.
OTser:

larccos0, 2 + 27n; 27 — arecos0,2 + 2mn, n € Z)
Ne2. BLIITOJIHUTE 3aaHus:
1. PewwuTb HepaseHcTeo: Lgr > —1.

OTBeT:
-3 +mn:5+7n),neZ

2. PewunTb HepaseHcTso: Clgr < — 71=3

OTBerT:

[5,: +mn;w+7n), n€ Z

3. PewnTb HEepaBeHCTBO!: I,g.'l.' Z 3.
OTBerT:

(=3 +mn;arctg3 +mn), n € Z
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IIpakTuyeckas padora Ne9
Tema 2.10 KoutponpHas pabota mo pasgeny 2 «OCHOBBI TpPUTOHOMETpPHUHU.
Tpuronomerpuueckue GyHKIUN
Heasn: IIpoBepuTh ypoBEHb YCBOCHHS TAHHOTO Marepuana 1o pasaeny 2 «OCHOBBI
Tpuronomerpuu. Tpuronomerpuueckue GyHKIUIY

Ilpu pewenuu 3adanuii 1-4 3anuwiume npPasuIvbHLIL OmMeem U3 Yembvlpex

nPeOI0HCEHHBIX.

1. (1 6amm) B AABC sinC = %. Kaxkas u3 cropon siBisiercst runorenyzoi AABC?

A) AB; b) AC; B) BC; I') CB.

2. (1 6amn) Yriom kakoi 4eTBepTH sBisieTcst yrou oa=400°?

A)L;B) I B)IIL; ') IV.

3. (1 6amn) Kakue u3 QyHKIUH SIBISIFOTCS] YETHBIMUA?

A) y=sin x; b) y=cos x; B) y=tg x; I') y= ctg x.

4. (1 6ann) Kakue u3 uncen sBISIFOTCS KOPHEM YPaBHEHUS COS X = %’?

A)X:%; E)ng; B)ng; F)X:%T.

Ilpu eévinonnenuu 3adanuit 5-8 3anumume x00 peuienus u nOJy4eHHbLI OmMeem.

5. (2 6amna) Beramcnure: sin % + COS %

. V2 . V2
6. (2 6anna) HaiinuTe 3HaUYeHUE BBIPAKEHUS 4arccos7 - 4arcs1n(—7)

7. (2 6amna) Yopocrture: 2sin(mw/2+0)+ cos(m — o).
8. (2 6anna) Pemmte ypaBHenue: sin’x - 4 sinx + 3 =0.

IDmanonvt omeemos:

Homep |y 2 3 4 5 6 7 8
3a1aHUsA
IS
OTtBeT b A B b 1 2n cosa, > + 2wk, keZ

IIpakTnyeckas padora Nel(
Tema 3.2 IIpeoOpa3oBaHue UPPATMOHAIBHBIX BBIPAKEHUN
Hean: Hayuntbes ynpomare BeIpaskeHHs, CoJiepKaliue KOpHU

Teopernyeckas 4acThb:
Yro Takoe HPPALMOHAIbHBIC BHIPAKEHUA?

HppanuunoHaibHble BBIPaKEHUsS HAYMHAIOT BCTPEYAaThCS HA JTalle 3HAKOMCTBA C KOPHEM
U3 4YHUCla, YTO OOBIYHO NPOMCXOOUT Ha Yypokax aireOpsl B 8§ Kkiacce. 31eCh HHTYHMLHUS
MIOJICKA3bIBAECT, YTO HUPPALMOHAIBHBIE BBIPAXKEHUS KaK-TO CBSA3aHbl C KOpPHAMM, MU 3ITO
JIeiCcTBUTENBHO Tak. ClieAyrolee onpeIeieHue OATBEPKIAaeT Hallly T0TaKYy:

HppannoHajJbHbIMH BbIPA/KEHHUSIMU HA3BIBAIOT BBIPAKEHUS, COACPKALIUE ONEPALHIO
W3BJICYCHHS] KOpHS. J[pyrMMH ClIOBaMHM, MpPpPALMOHAIbHBIE BBIPAXKEHUS — 3TO BBIPAKEHUS C
panukanamMu (BbIpaKe€HHUs, COJIEprKalllie B CBOEH 3alluCu 3HAKU KOPHS).
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. owa—1
Ha ero ocHoBe MBI MOKE€M MPUBECTH MPUMEPHI UPPALMOHAIBHBIX BBIPAKCHUMN:

4-a* .l d’

3 & 1
B ) Va e

"y " T.1I.

S

UtoObl B najgpbHEWIIEM HE BO3HUKAJIO MYTaHWIBI, JaBaiiTe OOCYyIMM OJMH MOMEHT.

x-(x—ﬁ]-(x+«ﬁ]
338
X¥—|-x——
PaccmoTpum BhIpakeHue 2 3 u3 kauru [1, c¢. 19]. I3 KOHTeKCcTa OHATHO,

YTO 3TO PallOHAJIIBHOE BBIPAKEHUE, OHO MOAXOAUT IO/l COOTBETCTBYMOIIEE onpezeneHue. Ho B
9TOM BBIPQKEHUU IPHUCYTCTBYIOT KOpPHH, 3HAUUT, COIJIACHO BBEJCHHOMY B 3TOM ITyHKTE
OIpEeJIeIEHUI0 OHO UppaltoHaIbHOe. Tak Kakoe 3TO BhIpa)KEHUE Ha CaMOM JIeJie: palliOHaIbHOe
WIN UppaLlioOHaIbHOE?

OTO HEe CyThb Ba)XHO. DTHUM MBI XOTHM CKa3aTh, YTO HE CTOMT (paHATMYHO MOJIXOAUTH
K pa30MeHHIO BBIPAKCHHWI HA BUABI, TaK KaK 3Ta KJIACCU(UKAIMI HE JOCTAaTOYHO cTporas (B
OTIIMYME OT KJIAcCU(PUKALMU YHUCeN, BEeAb HATypaJlbHble, LElble, pallOHaJIbHbIE,
UppalMOHATIbHbIE, JCUCTBUTENbHBIE YHCIA ONPEJEJIEHbl CTPOro, U €CIU JIaHHOE YHUCIIO
palnroHaIBFHOE, TO OHO YK TOYHO HE HPPAMOHAIBHOE U HA000pOT). BeIpaxeHus moapas3aenisor
Ha palUOHaIbHbIE, UPPALMOHAIBHBIE U T.II. IO OOJIbIIEH YacTu Ui yA00CTBa Mpe/ICTaBICHUS U
onucanus Matepuaia. Harmpumep, Mbl uMeeM €10 ¢ palliOHAIbHBIMU BBIPQXKEHUSIMH BCE BpEM,
IIOKa yyuMcs paboTaTh ¢ MHOTOUJIEHAMHU U aJlreOpandeckuMu Apo0siMHU. A K UppalOHAIbHBIM
BBIP)KEHUSM MBI IIEPEXOJIUM TOT/A, KOI'/la CTAIKUBAEMCS ¢ HEOOXOAMMOCTBIO IIPOBECTH KaKHe-
TO omepanuuu ¢ KopHsAMmu. HauHeMm u3yuaTh jorapuM — CTOJKHEMCS C .J102apupmMuyecKumu
svipadxcenusmu. VI Tak panee. BooOie, eciu HET TBEpAOW YBEPEHHOCTH B TOM, KAaKOro BHJa
BbIp@XCHHE HAXOAMTCA IEpe] HaMM, TO JydYllle CKa3aThb IPOCTO BBIpAXKEHHE, HE N00aBiss
YTOYHSIIOIIEE ONPEEIICHHUE.

3aBepmiass WMH(OpPMAIMIO ATOTO MMYHKTA, 3aMETUM, UYTO B IIKOJE€ TEPMHUH
«UppAlMOHAIbHBIE BBIPAKEHUS» HCIONB3YIOT Majlo, OOJIble TOBOPAT O BBIPAKEHUSX,
coJiepKalIX KOPHU (BO3MOXKHO, TO JeJaeTcsi BO U30eKaHUE CTOJIKHOBEHMS C OTOBOPEHHBIMU
BBIILIE HIOAHCAMHU).

OcHoBHBIC BHIBI NPE0OPA30BAHUI HPPALMOHAIBHBIX BbIPAKECHHI

KaKk M IpU IpeoOpa3oBaHUU JIIOOBIX JPYrMX BBIPAXKEHWH, HAl0 YYUTHIBATH 00JacTb
nonyctumbix 3HaueHui (O/[3) u He nomyckath ee CyKeHHs.

C uppanMoHaJbHBIMU BBIPQKEHUSMHU, KaK M C BBIPQKEHUSAMU APYTUX BHUJIOB, MOXKHO
MIPOBOJIUTH JIFOOBIE M3 OCHOBHBIX TOXKJIECTBEHHBIX ITPeoOpa3oBaHuii, Oy/Ib TO PACKPHITHE CKOOOK,
IPYNIMPOBKA M MPUBEJCHUE MOAOOHBIX claraeMbIX M T.I. DTO U MOHITHO, TaK KaK B OCHOBE
TUX NpeoOpa3oBaHUIl Jie)KaT TaKkue CBOWCTBA JCWCTBUI C YHCIaMH, KOTOpbIE SBIAIOTCS
OOIIMMHU JJISi YKCeNl pa3HbIX BHJOB. Takxke MOHATHO, YTO MPU HPOBEIEHUH IMpeoOpa3zoBaHUN
VPPALMOHAIBHBIX BBIPAKEHUM COXPAHAETCS MPUHATHIN MOPSAOK BBIIOJHEHUS JCUCTBUH.
[ToxakeM pelieHns HECKOJIbKUX MTPUMEPOB.

Ilpumep.
0+33-2+4-33+1-2-33

[IpeoOpasyiiTe uppaoHaNIbHOE BBIpAXKEHUE
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Pewenue.

Jns Havama 3aMeHUM KopeHb u3 81 ero 3HadeHueM 9 (mpu HE0OXOAUMOCTH
CMOTPUTE U3BJICUEHUE KOpHEM), nMeeM

J81+i3-2+4.331-2.43=
=90:+33 _2443f3:1-2.3f3

OLIGBI/I,I[HO, B IIOJIYUYEHHOM BBIPAXKCHHU IPHUCYTCTBYIOT HOI[O6HLIC cj1ara€MbI€, I1I02TOMY
uenecoo6pa3Ho BBIIIOJTHUTD ux IIPUBCACHUC!

0+33-2+4-33+1-2-33=
=(9—2+1}+{{E+4-%—2-%E]=
=8+3-13

Omeem.:

0+33-2+4.43+1-2.33=-8+3.43
Ilpumep.
I/ICHOHLSYH q)OpMy.HBI COKpaH_[CHHOFO YMHO)I(CHI/IH, HPCHCTaBBTe I/IppaHI/IOHaHBHOC

s - )

BBIPAKECHUE B BHUJIC MIPOU3BEIICHUS JABYX HPPAIMOHAIBHBIX
BBIPAKCHU.
Pewenue.

O‘IeBI/I,I[HO, HPppallMOHAJIBHOC BBIPAKCHUC B CKOOKax npeaACTaBIIACT coOoi KBaJpar

fxz3-1)

-
o

pasHoCTH, TO €CTb, €ero MOKHO 3aMEHUTD Ha

Um]z—lﬁﬂj—g:
=(i/m—1}2—9

A TCIICPb JACBATKY MOXKHO IICPCIINCATh KaK 32, IIOCJIC 4Y€Tr0 BOCIIOJIb30BATHCA (I)OpMy.]IOﬁ

, MIOATOMY

Pa3HOCTb KBaApaToOB:

Brs3-1] —o=(x=+3-1] —32=
=(ﬁ-1-3)-(§/ﬁ-1+3]=
=(¥r+3-4) {3 +2)

B pesynbTaTe mpojenaHHbIX TOXIASCTBEHHBIX MTPEOoOpa30BaHU MBI MPUIIITH K HY)KHOMY
HaM TMIPOM3BEJICHUIO IBYX UPPAUOHATHHBIX BBIPAKCHHI.
Omeem:

((mf—Z-M+1]—g=
={ﬁ—4]-(ﬁ+z]

CymectByeT emie psia mpeoOpa3oBaHU, OTHOCAMIMXCS HUMEHHO K HMPPAMOHAIBHBIM
BBIPAKEHUSIM. PacCMOTpUM OCHOBHBIE U3 HUX.
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IIpeoOpa3oBaHne MOJAKOPEHHOI0 BbIPAKEHUS

OpHo M3 BaxHEHIIMX MpeoOpa3oBaHUN MPPALMOHANBHBIX BBIPAXKEHUM COCTOUT B
CIIEYIOIIEM: BBIPRKEHHUE 1107 3HAKOM KOPHS MOYKHO 3aMEHUTh TOXIECTBEHHO DPAaBHBIM
BbIpaxkeHHeM. CHauana puBEAEM IIPUMEPHI €r0 BBIIOIHEHHUS, IIOCIIE YETO MOSICHUM, Ha YEM OHO
Oazupyercs.

OTO yTBEpXKAECHUE [aeT BO3MOXHOCTb pPAa0OTaTh C IOJAKOPEHHBIMU BbIPAXKECHUSIMHU.

N1+ 6

Harnpumep, 0HO 103BOJISIET CyMMY I10J KOPHEM B BBIPAKEHUU 3aMEHUTh €€ 3HAUYCHUEM,
TO €CTb, MepenTH K KOPHIO . Hpyrou puMep: HppaALMOHAIIBHOE
4 5
2-a -6
BBIPAXXCHUC MOXHO 3aMCHUTH TOXIACCTBCHHO PaBHBIM cMy

4 4
2-a -a—=6
BLIpa)KeHI/IeM .

[Touemy manHoe mpeoOpa3oBaHue umeer Mecto? Jlemo B TOM, YTO KOTJa MBI J1aBaliu
orpezieNieHue KOPHS U3 YUCIIa a, TO MBI CKa3aJid O €r0 €IMHCTBEHHOCTH. T0 eCTh, HE CYIIECTBYET
yyclia a1, OTIIMYHOTO OT a, /ISl KOTOPOIro CIIPaBeAJIMBO PABEHCTBO , 3TO PaBEHCTBO
BO3MOJXHO JIMIIb IIpH a=aj. Taxxe MBI 3HACM, UYTO 3HAYCHUA TOXICCTBCHHO pPaBHbIX
BeIpakeHUI A 11 A1 paBHBI TP JIIOOBIX JOMYCTUMBIX 3HAUYEHUSIX NMEpeMeHHbIX. M3 3Tux dakton
clenyeT pa3doupaeMoe yTBEpKICHHE.

Hcnonb3oBanue cBOMCTB KOPHeH

Jlis  TOXAECTBEHHBIX MpeoOpa3oBaHUN  HUPPALUOHAIBHBIX  BBIPAXKEHUH  IIHPOKO

Va-b=Ha-b

UCIIONIB3YIOTCS CBOMCTBA  KOpHeW. Hampumep, HcCIonas3ys  CBOMCTBO

1+ 43412

rae a>0, b>0), oT UPPALMOHATBLHOTO  BBIPAKEHUS MOXHO  TEpedTH K

1++/3:12 g =g

TOXIACCTBECHHO PpPAaBHOMY BbIPAKCHUIO . A cBoiicTBO )

x? +aalifa 2 Yy
rae a>0, IO3BOJIAET BHIPAKEHUE HEPENNCaTh KaK * W :

Hpeo6paSOBaHI/Ie I/IppaI_[I/IOHaJIbHLIX BLIpa>I<eHI/II7I, CO,Z[Gp)KaI_uI/IX 104 3HaKaMHu KOpHCP’I
OTpI/ILIaTeJILHHe quciia Hu BBIpEDI(eHI/I}I C HepeMeHHLIMI/I, COprDKeHO C pHﬂOM HIKOAHCOB.

-7 W A-T
-81 431

Haan/IMep, MBI HE HMCEEM npaBa 3arinucaTtb paBeHCTBO HAa OCHOBAaHHU
o Aia

Hl— =
/b
. Jlemo B ToM, 4TO yKazaHHas ¢opmyna
JaHa ISl HEOTPHIATEIIbHOTO YHCIIa & U MOJIOKUTEILHOrO D, a —7 u —81 — OoTpHIaTeIbHbIC

CBOICTBa KOpHEH, BBIPaKEHHOTO (OpMYJIIOi

gucna. Ho ecnu mpenBapuTenbHO 3aMEHUTH ApOOb 1MOJ] 3HAKOM KOPHS paBHOMU eit npoObio 7/81,
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TO JaJIbIIE MOXXHO MPUMEHATH YIOMSHYTOE CBOMCTBO KOPHEH M MEPEXOAUTh K BBIPAKEHUIO
1)

J'81_

BHJA

[TogoOHBIE TOHKOCTH B JIETaISAX Pa300paHbl B CTaThe MPEeoOpa30BaHUE UPPAITMOHATBHBIX
BBIPAXKEHUM C UCIIOJIb30BAHUEM CBOMCTB KOPHEA.

CBoiicTBa KOpHEW JIeKAaT B OCHOBE ABYX CIEAYIOIIHMX MpPeoOpa3zoBaHUM, HA3bIBAEMBIX
BHECEHHMEM I10J1 3HAK KOPHS M BHIHECEHUEM M3-T10]] 3HaKa KOPHS, K PACCMOTPEHHUIO KOTOPBIX MbI
U TIEPEXOIUM.

BHeceHne MHOKUTEJISA MO/ 3HAK KOPHA

B-yC
BHecenne MHOXUTENA moa 3HaK IIOApa3syMEeBACT 3aMCHY BBIPpaXCHUSA )
rac BucC- HCKOTOPBIC YHClla MJIKM BBIPAXKCHUS, a N — HATypaJIbHOEC 4YHUCIIO, Ooubllee CAWHUILIBI,

H H F H
VB -C —AlBs O
TOXJECTBEHHO PaBHBIM BBIPAKCHHEM, UMCIOIIUM BH{ WITH .

2.3%

HaanMep, HPppallMOHAJILHOC BbIPAKCHUC II0CJIC BHCCCHUA MHOXHUTCIIA 2 mon
3043
27 -x
3HaK KOpHﬂ HpI/IHI/IMaeT BUI
BbIHeceHHe MHOKHATEIISA HU3-110JA 3HAKA KOpHH
[IpeoOpa3oBanreM, B M3BECTHOM CMBICIIC OOpAaTHBIM BHECCHHIO MHOXHUTEIS IO 3HAK
KOpH?[, SABJIACTCA BBIHCCCHUEC MHOXXUTECIIA HU3-11014 3HAKa KOpHSI. OHO COCTOMUT B HpeILCTaBJIGHI/II/I
¥ H
NBT-C B-3C
KOPHA B BHUJIC IIPOU3BCACHUS IIpu HEYETHHIX N NN B BHUJC
1B 5/Ic]
HpOI/ISBeI[eHI/IH HpI/I YCTHBIX n, rae B n C — HCKOTOpLIe quciia njin BBIpa)KeHI/IH.
3a MIpUMEPOM BepHEMCH B MpEABI YA ITyHKT: AppaoHaIbHOS

S\JEE X
BLIpa)KeHI/Ie ITI0CJIC BBIHCCCHUA MHOXHUTECIIA HN3-110[4 3HaAKa KOpH)I HpI/IHI/IMaeT

2.3

B Jpyroii npuMep: BBIHECEHME MHOXWTENS U3-1I0J 3HAKa KOpHA B

(x=1) -7 b+ 1)<, 1]7]

BBIPpAXKCHUU JAac€T MPOU3BCIACHHUC , KOTOpPOC MOXHO ICPCIIUCATL B

|x+1|-vq

BUIIE

Penrenue 3aganuni:
Nel.
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Mpumep 1: Ynpocmume ebipaxeHue:

a) Naib* =\ \b* = ab’;
oy (e’ _ﬁfm__ia_
o

Mpumep 2: Bbmecmu MHOXUMEeNs U3-nod 3Haka
K8adpamHo20 KOPHA.

a) 8la=~81-Ja=9a:
6) 32a°=\16-a* 2 =\16 @ V2 = 4a\l2:

&) Joa'b'=+9-a*-a-b*-b =

5 a5 B
No2.
¥YNpoCTHTE BbIPANKEHHA:

a) 42 + 50 - /18 ; a) 7V/3 - /48 + V27 ;

6) V3 (248 + V12); ) V3(VB +442);

5) (V5-2)'; 5) (V3+5) ;

0 (J‘ f)(@hr) ) (V5 +V8) (5 - 3).
Ne3. Brr

» &4
? | 7] 75
7 N2-i0] +[Vio—
Y WS- vis-3
R R ]
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IpakTnyeckas padora Nell
Tema 3.2 IIpeoOpa3oBanue UPPATMOHAIBHBIX BBIPAKCHUN
Hean: Hayuutbcest npeoOpa3oBbIBaTh APOOHBIE HPPALIMOHATIBHbBIE BBIPAXKEHUS

Teopernyeckasi 4acTh:
IIpeoOpa3oBanne aqpodeii, cogepKramMX KOPHU

WppainoHaibHble BBIPAKEHHS MOTYT COIEpXaTh JAPOOH, B YMCIHUTENC U 3HAMEHATEIe
KOTOPBIX MNPUCYTCTBYIOT KOpHH. C TakuMH JApOOSIMH MOXKHO TPOBOJAUTH JIIOOBIE W3
OCHOBHBIX MOJICOeCmMEEeHHbIX NPeodpazoeanuti Opooeil.

Bo-mepBbiX, HUYTO HE MeIIaeT paboTaTh C BHIPAKCHUSIMHU B YHCIIMTENC U 3HAMEHaTele. B

(2+3)-4x
VVxT+5 .

KauecTBe MpHUMEpPa PacCMOTPUM JIpoOb UppannonansHoe BBIpaKEHHE B

YUCIIUTENE, OYEBUIHO, TOXKIAECTBEHHO PaBHO , a4, OOpaTUBIIKCH K CBOMCTBAM KOpHEH,
& 2
Ny T+ 5

BBIP@KEHUE B 3HAMEHATEJIEC MOXKHO 3aMEHUTh KOPHEM . B pe3ynbrare ucxoanas 1poon

5.4/x

6f,.2
npeobpasyercs K BULy V=L +35

Bo-BTOpBIX, MOXKHO M3MEHHUTb 3HaK Iepe] ApoObl0, M3MEHUB 3HAK YHUCIUTENS WU
3HaMeHarens. Hanpumep, uMeOT MeCTO Takue IpeoOpa3oBaHUs — UPPALMOHAIBHOIO

3 x+2-ﬁ _ x+2-ﬁ _x+2-ﬁ
—3-x:+iﬁ —(—3~x2+J{EJ 3-:{2—%

BBIPpAXKCHUA: .

B-Tperbux, mMHOrAa BO3MOXHO M I€JIecOOOpa3HO MPOBECTH CcokparieHue apodu. K
3.(3x=a—1)Jx
Grra-1f

3eafx

Vr+d-1 (3«.!‘f+4—1]
HPppaliuOHAIILHOC BBIPAKCHUC , B pE3YyJIbTATEC MOJTy4acM : !

HOHHTHO, 4TO BO MHOTHX CIyYasaXx, HOpCeKAC YCM BbIIIOJHUTL COKpAIlCHHUC )IpO6I/I,

npuMepy, Kak OTKa3aTb cebe B YJIOBOJBCTBUU COKpPAaTUTh JIpOOb Ha

=
i

BBIPOKEHHS B €€ YUCIHUTENEC U 3HAMEHATeNIe MPUXOJUTCS PACKIaJAbIBATh HA MHOXKHUTENH, YETO B
MPOCTHIX CIIYYasiX TO3BOJISIOT JOOUTHCA (DOPMYIBI COKPAIIEHHOTO YMHOXEHHS. A HWHOTIA
COKpaTUTh ApOoOb TOMOTaeT 3aMeHa TEPEeMEHHOM, IO3BOJIAIONIAsl OT HCXOJHOW Ipodu ¢
HUPPAMOHATEHOCTRIO TIEPEUTH K palMOHAIBHOW ApoOm, paboTaTh ¢ KOTOpod KOMGpOpTHEE U

MIPUBBIYHEE.
Xx—y
g
NI+ LY
Hns npumepa BO3bMEM BBIpaKECHHUE . Brenem HOBBIE
U=4lx V= '\J{;
MepEMEHHBIE u , B OJTUX TIEPEMEHHBIX HCXOAHOE BBIPAKEHUE HMEET
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BU u=1 . BrimomauB B ymcimuTene Pa3I0KECHUE MHOIowIiCHa Ha MHOXHUTEIIHN I10

dopMmyrne pa3sHOCTh KBaJAPaToB, IIOJIy4aeM BO3MOXKHOCTb COKPaTHTh JpoOb Ha U+V,

2.“2_1‘: =2I(H—U}'(H+1')_2I(u_r}

uMeeM =1 H=1 . BpimonHuB  oOpaTHyr0  3aMeHY,

2 (G2 d5)

npuxoaguM K BbIPAKCHUIO o, KOTOPOC TOXKACCTBCHHO PABHO HCXOIHOMY

MppalMoOHaIbHOMY BhIpaxkeHuto Ha O/13.
B-uetBepThIX, OpoOM C HPPAMOHATBHOCTHIO MOXKHO MPHUBOIUTH K HOBOMY
3HAMEHATEeNI0, YMHOXas €€ YWCIUTEIb M 3HaMEHATeldb Ha JOMOJHUTEIBHBIH MHOXKHTEIb.

-1
0.5-v1

HaanMep, IIpUBCICM I[p06]5 K HOBOMY 3HAaMCHAaTEIIIo X. I[JIH 9TOro €€ 4MCJIUMTCIb U

2%

3HAMCHATCJ/1b CJICAYCT YMHOXUTDH Ha HUppaluoOHaJIbHOC BBIPAXKCHHUC
-1 24k (Wa-1) 24k RA-)
0.5-4x  05-x-2:4x x

MMEEM
Hamomua#MM, 9TO BBITIOJHSTH COKpAIICHHWE IPOOCH WM MpHBEIeHUE JpoOell K HOBOMY

3HaMeHarero Heooxoaumo Ha O/[3 mepeMeHHBIX I KCXOIHOHN Ipo0Hu.

YMHOKEHHE YHCIUTENsl W 3HaMeHaredst ApoOM Ha HEKOTOpPOe HppaIlroHAIBHOE
BBIpQXEHHE YaCTO HCIOIb3YeTCs sl IpOBeAeHHsI TpeoOpa3oBaHus, HA3bIBAEMOT0 N30aBIeHUEM
OT UPPALIMOHAILHOCTH B 3HaMeHaTene. PazdepeM, kak OHO MPOBOIUTCS.

N306aBiieHue 0T HPPANMOHAIBLHOCTH B 3HAMeHAaTeJIe

N30aBneHnemM OT UppaIMOHAIBLHOCTH B 3HAMEHATENE Ha3bIBAIOT MPEoOpa3oBaHHE, MPH
KOTOPOM JpOOb 3aMEHSIETCSl TOKJIECTBEHHO PaBHOM ApOOBIO, HE COJAEpXaIllel B 3HaMEHATele

o .x

3HAaKOB KOpHEH.

g
)

3
Hanpuwmep, 3aMeHa Ipobu IpoObIo ecThb 0CBOOOKICHHE oT
UPPaLMOHATILHOCTH B 3HAMEHATEIE.
Ilepexoa oT KOpHEH K CTENEHAM

Ilepexoa OT KOpHEH K cTemeHsM IMpH MpeoOpa30BaHUU UPPALMOHATIBHBIX BBIPAKEHUH

R F

MMPpOBOAUTCA Ha Oaze PaBCHCTBA , C TIOMOIIBIO KOTOPOro HAacTCsd OIPECACICHUC
CTCIICHU C PAllMOHAJIbHBIM ITOKA3aTCJICM. MM 6e3003HEHHO MOXKHO II0JIb30BaThCs, KOrga a —
Flm=2
Y5
MOJIOKUTEJIBHOE YMCIIO, M — IICJIOC YMCJIIO, a N - HAaTypaJIbHOE. HaHpI/IMCp, KOpPCHb MOXXHO

)

| pa

3aMCHHUTH CTCIICHBIO C ):[pO6HBIM IIOKa3aTcjIEM BHU A
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Ecmu  xe moa KOpPHEM HaxXOAUTCA OTpULOATCIIBHOC 4YHCIO HWJIHW BBIPAXCHUE C
FH

ni _m "

a =a”
HEPEMEHHBIMH, TO (OpMyII0i HaJ0 M0Jb30BaThCA akKyparHo. Hampumep, Mbl He
3 2
JE8) 416y (=8)F (<16)3
Hu )

HMEEM IIpaBa Cpa3y 3aMCHUTH KOPHU u CTCIICHAMHA BHa
i

TaK KaK (bOpMy.]'Ia HE UMEET CMBICJIA AJI1 OTPULIATCIIBHBIX a.

Pemenue 3ananuid:
Nel. ITpeoOpa3oBathk qpoob:

) I;'.i"l"."l"k,llll..'l-'
w@;f;ﬁm-ﬁ}.

) afa+33=(Va) +(\) = (V= B)|(Va) a5 +(Bf |-
={w":_r+-ﬁ]{a~xﬁ+-‘f]; H |
2) {,,,G_ﬁ}“ 4B = [{@]_ -.~.'f;r-u"§+[ Jﬂ_]eﬂ.@;:

=2 3-:*.-+3+~.Ir§.-:":=

Ne2. [Tpeobpa3zoBatrh BbIpaXKeHHE:
a) x - 10yx +25 2Jx-10
3x+12 ~ x-16 '

0) 1-a u+l-.|l'ab+4b_

aJa +8J6 3-8Ja

B) ¢-25  3Jc+18,
c+12Jc + 36 2Jc +10

r)5Jm -10Jn _4n - 4Jmn + m

Jm -5 15 - 3Jm

No3. BBITTOJIHATH 3aIaHU:
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® 1. YupocTHTe BhIpa)keHHe:
a) 6V3+V27-3V75;  6) (V50 —-2V2)V2;  B) (2-V3)2
@ 2. CpaBHHuTe %vﬁ " %UZE

3. Coxkparure Apobb:
V3-3 . 6 a-2Va

V5-V1s5 "’ 3Va-6
4. OcBoboguTe Apo6k OT 3HaKa KOpHA B 3HaMeHaTeJe:
5 8
a) ; 6) ——.
3V10 V6 +V2

5. IloxayxuTe, 4T0 3HAYeHHEe BBIPpaKeHHUHA
1 1

2V7T-1  2V7T+1
ecTeE HHUCJIO pEl]J,HDH&JIhHDE-

Ve -V7
7

6. IIpu Kakux 3HaYeHMAX X Apobb ::_ NpHHIMAaeT

HaubonblIee 3HAUeHHe?

IIpakTnyeckas padora Nel2
Tema 3.3 Pemenue uppaliiioHaibHbIX YpaBHEHUI
Heas: Hayuntbes pemats UppanroHaabHbIE YpaBHEHUS

Teopernyeckas 4acThb:

Onpenenenue. UppauuoHaJbHbIM Ha3bIBaeTCs yPaBHEHUE, B KOTOPOM HeH3BeCTHOE
(mepeMeHHas) COAEPKUTCH MO 3HAKOM KOPHSI MJIM 1OJ 3HAKOM ONECPAlMH BO3BEJACHUS B
pPauMoHAJIbLHYIO (IPO0HYI0) CTENEHb.

Jns peuieHus HPPAMOHAIBHBIX YpaBHEHUH OOBIYHO HCHOJB3YIOTCS CIEAYIOLIHNe
IPUEMBI:

1)Bo3BeIeHNE B COOTBETCTBYIOIIYIO CTEIIEHb 00€ YaCTH YpaBHEHUS;

2) BBeJIeHUE HOBOM IIEPEMEHHOI;

3) cBelieHHE K CUCTEME YpaBHEHUH;

4) mpuMeHeHHe CBOICTB (YHKIIMM, BXOIALINX B YpaBHEHUE.

[Tpu pemeHnn MppalMOHANBHBIX YpaBHEHUH HeoOXOJMMa MpOBEpKa BCEX HaWJEHHBIX
KOpHEW MyTeM MX IMOACTaHOBKU B MCXOJIHOE ypaBHEHHE win HaxoxzaeHue O3 u ciemyromuii
aHau3 KOpHeH (MpH pelIeHud METOJO0M INPHUBEACHUS K PaBHOCHIIBHOW CMEIIaHHOW cUcTeMe
yYpaBHEHU U HEPABEHCTB HEOOXOMMOCTh B ’TOM OTIIAIAET).

[IpocreimmM nppalioOHaIbHBIM YPaBHEHUEM SIBIISIETCS YpaBHEHHME BUJIA!

/70 -gl)

MIPY PELIEHUH KOTOPOT'O BAXKHYIO POJIb UTPAET YETHOCTD UJIM HEYETHOCTH N.
Ecnu n- HedeTHOE, TO JaHHOE YPABHEHHE PABHOCUIIBHO YPABHEHHIO

) =(g)"

Ecmun - YCTHOC, TO, TaK KaK KOPCHb CUHUTACTCA apI/I(I)MCTI/I‘-IeCKI/IM, HCO6XOI[I/IMO

o x)=>0 af =
yuuthiBath O3 (001acTh JOMYCTUMBIX 3HAYEHUIN): f . YpaBHeHHE 7(@)=2x) 5 yrom
ClIy4ae paBHOCHJIBHO CHCTEME:
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{f ()= (=)
g(x)=0
IIpumep 1.

Pemmmte ypaBHenue vx — 3 = 5.
Pemenne. Tak xak N=2 - yeTHOe, TO 00€ YaCTU YpaBHEHHUS BO3BOJIUM BO 210 CTEITICHB!

(Vx—3)2=52e x—3=25 ©x=128

Ortger: 28
IIpumep 2.

3/ 3
Peumuts ypasrerne ¥ —2X+1=1

Pemenne. Tak kak B JaHHOM MpuMepe N=3 - HEYETHOE, TO IOCJIC BO3BEACHUS O0EHX
yacten ypaBHEHUS B TPEThIO CTENeHb MOJIy4YUM
PaBHOCUIIBHOE JTAHHOMY ypaBHEHHUE:!

x=10 x=10
©-kx+rl=Por -u-0o =
x°=-2=0

2 X = i‘\E
Orser: X1~ -2, xy=0,x; = 2 .
IIpumep 3.

Pemmte ypaBHeHue x+l=2-x
Pemenne. Tax xak N=2 - 4eTHOE, TO UCXOAHOE YpaBHEHHE PABHOCHILHO CHCTEME:

=i{7—_ x+l=4—4x+x? 2-5x+3=0
x+1=(2-x) . .
2—-x=20 x<2 =2

<> =,
x<2

x=(5-+13)/2

g 5t13 __5-B
—

OTtBer:

" —_n
YpaBHECHHS BUIA “'/f(x) Jg(x) , PEIIAIOTCs CIETYIONIM 00pa3oM:
N — HeueTHOE = f(X) = g(x)

I S e

IIpumep 4.
Pemmnts ypapuenne: V5 —x = Vax + 2

5—-x2>20 x<5
{ 4x+2=20 = {xZ—O,S =
5—x=4x+2 x =06

Otsert: 0,6

IIpumep S.

Pewmts ypaBHenue: V2x+6 —vVx+1 =0

Pemenne. 3anunieM JaHHOEe ypaBHeHHME B Buje: V2x + 6 = vx + 1. Bospoas obe
x+1>0
2x+6 =20

YacTH B KBaJpaT U YUUTHIBAs, 4YTO { NOJIy4UM ypaBHeHHE 2x+6=x+], peuienue
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KOTOpPOI'0 €CThb X = -D — HE Y/IOBJIETBOPSIET BBHIIIMCAHHOMY YCIIOBUIO. 3HAYUT, JAHHOE YpaBHEHUE
HE UMEET PEIICHUH.

OrtBet: HET pelieHnit

Ecnu uppanuonansHoe ypaBHEHHE COJIEPKUT HECKOJIBKO paJuKaioB. B atom ciyuae ans
n30aBJICHHS] OT PAJUKAJIOB YpaBHEHUE MPHUXOJIUTCS BO3BOJUTH B COOTBETCTBYIOIIYIO CTEIEHB
HECKOJIbKO pa3. [Ipu 3TOM mpeaBapUTENbHO YEOUHSIOT OJAMH M3 PaJUKalloB TaK, 4ToObI 00e
YacTH ypaBHEHHUS CTanu HeoTpunarenbHbiMu. Oco0oe BHUMaHUE cieayer oOpaTHTh Ha
npaBwibHOE HaxoxaeHue O/13.

IIpumep 6.

J2x-9—+x-3=1

Pemmts ypaBHeHue

Pemenue. 3anuiieM ypaBHEHUE B BUAE: * 2x-9=1++x-3 . Tak kak Tenepp o0e
YacTH MOJIYYEHHOTO YpaBHEHHS HEOTPULIATEIbHbI, TO BO3BEJIEM HX B KBaJIpar:

2x—-9=1+x-3+2/x-3 = x-T7=-x-3 .

[TonyyeHHOe ypaBHEHHE PaBHOCWIBHO HCXOMHOMY. [l €ro pemeHus paccMOTPUM
CHCTEMY:

x-720 x=27 x=27

= =
(x—7) =4(x-3) x’ —14x +49 = 4x—12 x*-18x+61=0
x=7

Lo x=9+xf2_ﬂ

ngi@

OTBeT: x=9+-20

BBenenue HOBOM NepeMeHHOM B psijie C1y4aeB [103BOJIAET NEPEeiTH OT UPPALUOHATIBHOIO
YpaBHEHHS K pallMOHAJIBHOMY YPaBHEHUIO.
Ipumep 7.
2 2
Pemnth ypasuenne * Tt 3x+4x" +3x-5 =10
Pemenne. Bo3eneHne NaHHOrO ypaBHEHUs B KBaJpaT MNpPUBEIO Obl K YpaBHEHHIO
YETBEPTOM  CTENEHW, 4YTO  HepauumoHanbHO. [losTOMy  3ammmiemM  ypaBHEHHME B

2 2
pige X FIX—5+ANXT+3X-5=5 | pponen wonyion nepemenyio:

y= xt+3x-5 y=0

=1
y1 +4y-5=0 <= [y
[Tonyyum J-'=—5.

f.2 _ f.2 _
BepHeMcs K «CTaphIM» TEpeMEHHBIM * % +3x-5=1 i ¥ E +3x-5=-5

Btopoe w3 moJlydeHHBIX YpaBHEHUW pEHNICHUWM HE HWMEeT, a pPEIIeHUus IEepBOro €cTh
—3+./33
x=———.

quciia 2

_-3-.33 . _-3+.33

X 2
OTtBer: 2 2

WHorma mpu pemeHNuH HPPAIMOHAIEHOTO YpaBHEHHS BO3HHKAE€T HEOOXOJUMOCTh
BBECTH HE OJIHY, a HECKOJIbKO «HOBBIX» MEepeMEeHHbIX. Takas cUTyalusi BOZHUKAET, HAlpUMeED,
NIPY PEIICHUN YPaBHEHUH, COJIEpIKAIINX PATUKaIbl Pa3HBIX CTEIICHEH.

ITpumep 8.
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3 _
Pemmte ypaBHEeHUE V{I_Z +'\hl_x =1
_ _ 3
Pemenue. [Tycrs ¥ = x-220,v=31-X qoypu+v=1 ¢ ApyTroi

2
cToponsl ¥ +¥ =x—2+11-x= 9 Honyuaem cucremy
utv=1 u=1-v u=1-v
o <
u v =9 (1—v)1+v3:9 Vv —2v-8=0

PemmMm mocieaHee ypaBHCHHE CHCTEMBI:
Vivi-2v-8-0 < (¥ -8)+v(v-2)-0c

v=2
v—2 v1+2v+4+v =0 o ow=12
G-2) ) ?  3vi4=0

[Monyunm, uro ¥ = 2 4 tormal=l-v=-1<0 1 ycnosuro ¥ 20
CJIEIOBATEJIbHO HCXOIHOE YPABHEHUE PEILICHUI HE NMEET.

OTBeT: HET peleHuN.

IIpu pemieHUuM HEKOTOPHIX MPPALUOHAIBHBIX YpaBHEHMH HaxoXAeHue o001acTu
JOIYCTUMBIX 3HAYEHUN BXOJAIIMX B ypaBHEHHE HEU3BECTHBIX MOXKET CYILECTBEHHO OOJIEIYUTh
pelleHue ypaBHEHUS.

[Ipu pemenun HppaLMOHAIBHBIX YpaBHEHHUH OBIBAE€T I0JIE3HO BOCIOJIb30BATHCA
MOHOTOHHOCTbBIO (DYHKIIHIA.

[Tpumep 10.

x+6)=6-%x+6
Pemenne. OMH KOPEHb JAHHOTO ypaBHEHUs ¥ = 2 Jterko Haiitn nonoopom. Ilokaxem,

JUAx+6)+3x+6=6

Pemntes ypaBHEHHE

YTO JPYTUX KopHeﬁ HeT. 3amnuileM ypaBHEHHUE B BUJIE

CBOI/ICTBy CTETIEHHBIX GyHKIMI
GyHKIUH Filx 1( ) v ( j ¥2 (I) ) SABJIAIOTCS BO3PACTAIOIIUMH Ha
IPOMEXKYTKE [-6; ), e OHH o0e OTIPEIENEHEL. [TosTomy ux

y(x)= J2(x+ﬁ)+¥x+ﬁ
cymMMma Ha 5TOM IPOMEXYTKE TaKK€ BO3pPACTacT, CIIEA0BATENBHO,
OHA MPHUHUMAET KaX10€ CBOE 3Ha4eHHUE (B TOM uuciie U 6) Toabko oauH pa3. [lostomy npyrux
KOpHEH HeT.

Otger: ¥ =2

Pemenue 3aqanuni:
Nel. Pemmts ypaBHEHHS:

1) Vx-2=1,

2) YJr—1= —3’

g Wr—1=-3
N

4) V523

Ne2. Pemuth ypaBHEHUS:
1) V=72 —-17x = —x
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2) Vxi+Tx—2=6—x

3) Vii—x—6=+-2x

Ne3. Pemnth ypaBHEHUS:
1) Vi+2+43x—2=4

2) Yxr—14+4/x+2 =x|"'l'l—x.

Ne4. Pemnth ypaBHEHUS:
4 Vz+3 5
1) x+z 5
2) Vx—2+23x—-2=3
-x  [x+3 10

=+ =
3) Axt3d 4l2-x 3

Ne5. Pemnts ypaBHEHHS:
1) P—dx+3)Wox—2-2x7 =0,

2) Vvi—1Iyx —2¢x—3 =0.

IIpakTnyeckas padora Nel3
Tema 3.4 Tloka3arenbHas QyHKINA, €€ CBOWCTBA. PerieHne mokazarenbHbIX YPAaBHCHHUH U
HEPaBEHCTB
Hean: Hayuntbes peniath noka3arebHbIC YPAaBHCHHS

Teopernyeckas 4acThb:

Onpeoenenue YpaBHEeHHE, B KOTOPOM TIEPEMEHHAsl COJCPKUTCS B TOKa3aTesie CTETEHH,
Ha3bIBACTCA ITOKA3aTCIIbHBIM.

[Ipumepsl noka3aTeabHbIX YPaBHEHUM:

1 2°=4;

-2

5. 4% 425 4+1=0,
6 5_)x+1_43‘:2x+3+63—r :{_-'.
BBI6epI/ITe IMMOKAa3aTCIIbHBIC YPABHCHUA:
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§)3 7 -5 =48,

Crnoco0b! penieHus MOKAa3aTeJIbHbIX YPABHEHH

Beiensror aBe rpynibl cnoco00B: Tpa@uuecKuil 1 aHATUTHYECKHE.

Bcenomuum cyth rpaduueckoro crocoda peneHus ypaBHeHHIA:

1. Iloctpouts Tpaduku 1ByX YHKIHUH (JeBas U MpaBasi 4YaCTU ypaBHEHHUSA);

2. Haiiti abcuucchl Touek rnepecedeHus rpaukos;

3. 3amucartp OTBET.

Paccmorpum rpadudeckuii crocob perieHus Ha npuMepe ypaBHeHus 2* = 4 Tloctpoum
rpaduku pyukimii Y = 2%,y = 4 u HalizeM abCIUCCY TOUKH TepecedeHus rpagukoB: X = 2.

i 5/
o R ]
/
/ .
-
— [1] 1 1 I.'

OtBet: X =2

I'paduueckuii cnoco® MOXXHO NPUMEHUTh HE BCErja, MOITOMY paccMOTpuM Ooiee
YHHBEPCAJIbHBIE OCHOBHBIC aHATUTHUYECKUE CITOCOOBI PEIICHHSI TOKa3aTeIbHBIX YPaBHEHHH.

AHaIUTHYECKHE CTIOCOOBI:

1. IlpupaBHUBaHKE TOKA3aTENEH;

2. Brinecenue o01ero MHOXKHUTEIS 3a CKOOKH;

3. BBeneHne HOBOI MepeMeHHOMH;

4. Vcnonp30BaHuE OJHOPOJAHOCTH.

PaccmoTpuM kax eIl ciocod moapoOHee U pazdepeM Ha mpumMepe.

1. IlpupaBHUBaHKE TOKA3aTENEH.

Cytb MeTOna:

1. Yeaunuts cnaraemoe, cojepikaliee epeMEHHYIO;

2. IIpuBecTH CTENEHU K OTHOMY OCHOBAHHIO;

3. [IpupaBHATH MOKA3aTENH;
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4. PemnTh MOJYy4YEHHOE YPAaBHEHHUE;
5. 3amucaTb OTBET.
IIpumep:
F_27=0
=27
3 =3,
x=3
OtBer: X =3

2. Boinecenue O6H.[€I‘O MHOJKHTEIIS 32 CKOOKHU
HpI/IMe‘laHI/ICZ BBIHOCHM 3a CKOOKH MHOXKUTEJh ¢ MEHBIIINM IT0Ka3aTeIEM.

ITpumep:

3 3™ =78

3{1-3)=-78
3" (1-27)=-78,
3 (- 26)= -78;

3 =3

=1

OtBet: X=1

3. BBenieHue HOBOM IlepeMEHHOM

Kak nmpaBuiio, ypaBHEHUs, peliaeMble 3TUM CIIOCOOOM, CBOJIATCS K KBAJAPATHBIM.

Tpumep: 4% 5.4 44=10

[Tycts 4* = a TOrAa ypaBHEHHE MOXKHO 3aIUCaTh B BH/IC:

a® —Sa+4=0,

D=25-16=9,

_5+3

===
5-3

@, =——=1.

2
Cnenaem 0OpaTHYIO 3aMEHY:
=4mwmd* =1,
x=1wmx=0
OtBer: x=1mmux =0
4. Vicnionb30BaHue OAHOPOJIHOCTH

4,

&y

27— Fx
Onpeodenenue Iloka3zarenbHble ypaBHEHUs BHJIA = Ha3bIBAKOTCS
OJIHOPOJHBIMU.

Cytb Metoga: Tak kak nmokaszaTenbHas QyHKIUS HE MOXKET IPUHUMATh 3HAUYE€HUE, paBHOE

HYJIHO, U 00e yactu YpaBHCHHA MOKHO ACJIUTb HAa OJHO U TO K€ HC PABHOC HYJIKO 4YHUCIIO,

ity
pasaciimm 00e Jactu YpaBHCHM, HAlIpUMCEP, Ha b .

[Mpumep: 2* = 3*

¥ .
Paznenum o6e yactu ypaBHEHUs Ha 3= 0
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I3

g

=10
OtBer: X=0

Pelnenne 3axanui:
Nel. Pemuth ypaBHEHUS:

12" =16,
1

2)0.5% = 0,125 > = o=

! v
347 = —. 82" =4

16 2rwd

1y mﬁ“ﬂll
WF|=m A
5)10% = 100 mw“”::mﬂl
00 2045 _
6)0.3" = —“j"_"". HE ==
N92.PemI/IT; yYpaBHEHHUE:!
13 273X
(E) =25 T 4375 = 25 4 3. 2%
a) ; F) - ;
5 4+ 2 —20=0, 3 2= —2x+3
. BE=2 _
p 5 —7-52=90.
No3.Pemmmte ypaBHEHUE:
o (0777 =10, 3 435 = 5254 —17. 2%
(I)X—z ’
— = 2x+1
X _ . X _ —_

59 —7-3"-18=0, o\ |
| ¥ —3-42=52.
Ne4. Pemnth ypaBHEHHE:

2-3x
n(02)" =25 4" _12.2132-0

{x—y:A
X+y _

Ne5. Pemmtsb cuctemy ypaBHEHUM > = 25.

Ne6.Pemuts ypaBHeHue

)7 +5-7" =588
2) 3*° + 4.3 =279

IIpakTnyeckas padora Nel4
Tema 3.4 [loka3zarenbHas (GyHKIMS, €€ CBOMCTBA. Pemenne nmoka3zaTeabHbIX YpaBHEHUH U

HCPAaBCHCTB
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Ieab: HayuuThbcs pemiats moka3aresibHbIE HEPABEHCTBA

TeopeTnyeckas 4acThb:
[Ipocreiiiiee mokasaTeJbHOe HEPABEHCTBO UMEET BHI:
flz)  gfx)
a - ya , e V - OIuH U3 3HAaKOB: <,>,<, HJIK >.
UToOBI pemuTh NOKa3aTeJbHOE HEPABEHCTBO, HAM HYKHO OT CpPaBHEHHUsSI CTENeHen
MEPEUTH K CPABHEHUIO MOKa3aTeleH.
fix)

=
/=a BO3pacTacT IIpHU  BCEX

Kak wmBI IIOMHHUM, IIOKa3aTcJibHaA (bYHKHI/Iﬂ !

NeHCTBUTENBHBIX 3HAUEHHUAX © , ecru =1 9o 3HAYMT, 4TO OOJBIIEMY 3HAUYECHHUIO apryMEHTa
COOTBETCTBYET OoJbliiee 3HauYeHNe PyHKIUU. To ecTh U3 HEpaBEHCTBA
S e g (r F. f o

ol 5a" ) CIIeTyeT HEPABEHCTBO flz)=g(z)

AHaNOrMYHO, TaK Kak Moka3aTesibHas (QYHKIUS YOBIBAaeT, €Clu U<a {1, u OosblemMy
3HAYCHHIO apTyMEHTa COOTBETCTBYET MEHbIIIEe 3HaYCHNE (DYHKIIUU, U3 HEPABEHCTBA

fx g (x s ;s

o st CIIe/lyeT HEpPaBEHCTBO Flz)<g(=)

To ecTb mpu pelieHHMH NPOCTEHIIMX MOKA3aTeJbHbIX HEPABEHCTB Ipekae 4YeM
CPABHUBATH BBIPA:KEHHs, CTOSIIIME B MOKAa3aTese CTENEeH!, HY’)KHO CPABHUTDH C eIMHHLel
OCHOBAHHE CTENeHeH.

Emé pa3, 310 BaKHO:

€ClIi OCHOBAHME CTeleHM O0oJibllle eJUHHUIbI, TO IPU NEPEXOoJe K BBIPAKEHUSM,
CTOSIIIIMM B IIOKa3aresie, 3HAK HEPABEHCTBA COXPAHSIETCS

€ClIi OCHOBAHMeE CTeleHH 0oJiblle HYJs, HO MeHbllle eAMHHMUbI, TO IPU NEepexose K
BBIPAKEHMSIM, CTOSALLMM B I10Ka3aTese, 3HAK HEPABEHCTBA MEHSIeTCSl HA MPOTUBONOJI0KHbIM.

Bce noxazarenbHble HEpaBEHCTBA JIIOOOTO YPOBHSI CIOKHOCTH, B KOHEUHOM MWTOTE,
CBOJATCA K PELICHUIO IPOCTEHIINX NTOKA3aTENbHBIX HEPABEHCTB.

PaccMoTpuM HECKOIBKO TPUMEPOB.

1. Pemium HCPAaBCHCTBO:
& G

(0.3)77% <(0.3)""

Tak kak OCHOBaHHE CTEICHEH []":;{1, npru HnepexoaA€ K BBIPAXKCHUAM, CTOSAIIUM B

IMMOKa3aTeji€, 3HaK HCPABCHCTBA MCHACTCA HA HpOTHBOHOJ’IO)KHI:IfIZ
T ]
-~

s Ty T 1
E=i A
[lepeneceM Bce BiI€BO, U IPUBEJIEM K O0ILIIEMY 3HAMEHATEINIO:

T i
0
-2 x-1

afa-1-60 (-2

=]

(-1 ){x-2)

9
¥ =Tr+12
R e
(#-1){x-2)
KOpHI/I YUCJIIUTCIIA:
r =3 x_=4

1 2
(=3 (-4
_— A ) =)
[a-1){x-2)
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PemmMm HCPAaBCHCTBO MCTOAOM HHTCPBAJIOB: HAHCCCM KOPHHU YUCIUTCIIA U 3HAMCHATCIIA
Ha YUCJIOBYIO OCh U paCcCTaBUM 3HAKU:

+ - + - +

._.
N

w
NG

Orser:
2. PemiuM HEpaBEeHCTBO:

xT A

25 <b6xhH -9

IlepeneceM Bce crnaraemsle BJIIEBO M Pa3jOoKMM OCHOBAHMS CTEIIEHEW Ha IIPOCTHIE
MHOXUTEIHN:

e _x

5 -hxd +o <0

Ecnu 651 3T0 ObUIO ypaBHEHHUE, MbI periaan Obl €ro ¢ MOMOIIBIO 3aMEHbI EPEMEHHOM.
ITocTynum Taxxe.

Boob61e, noka3aTenbHble HEPABEHCTBA AENATCS HA T€ XK€ THUIIBI, YTO U IOKa3aTelIbHbIE
YPaBHEHHSI, U PEIIAIOTCS TEMH K€ CIIOCOOaMHU.

Buumanue! Ecin MBI pemiaeM HepaBeHCTBO ¢ IOMOIIBIO 3aMEHbI IIEPEMEHHBIX, TO
HY’KHO peliaTb OTHOCHTEJIbHO 3aMeHbl [0 IOJYYEeHUs MPOCTEHIIero HepaBeHCTBA.
ITosicHUM Ha 3TOM IpUMeEpeE.

=5 t=0

<]l Y=ox=3 1=d

t
Beenem 3ameny:
[Tonyyum cucteMy HEpaBEHCTB:

FE-[H+5 <)
£ =0
Orcropa:
1<t <n
£ =0
To ectp L=<
3anuiieM IBOMHOE HEPAaBEHCTBO B BUJIE CUCTEMBI:
[ =1
L5

Bort Tenepps MbI MOXEM BEPHYTBCS K HCXOJIHON NIEPEMEHHOM:

Orcrona: r=l rl

OTBeT: I i |

Pemienue 3axanmii:
Nel. Pemnte HepaBeHCTBO:

)" 2 g2 2 +2x-15
a)(;) ?:;; G738 e <1
H— 1
6 (V8) "< c

: H)5-4"—|—2-25"£T-1D".
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B) ;
No2. Pemnte HEpaBeHCTBO:
1\V* g *© —Ox+14
a)(lg) {E. 05 = >1
3 x+6 1
(\/_) ; H) 2. 4% 4 25x+0,5 = 7 - lox

B) (1 %)X ) = 1;

No3. Pemnite HEpaBEHCTBO:

q) 5% =125

6) 0,01 <10”"* <10000
(E)SX—S <(§)x—%

B) 3 9

n 1<6"" <216

No4.BbINOTHUTD 3a1aHUsT
A) CpaBHuTe yncia M u N, eciu:

1) (9.8)">(9.8]"; 2) (0,6]"<(0,6]"
b) CpaBHuTte uncna a u b, ecnu:
1) (76)°>(7.6)"; 2) (0,3)°<(0,3)".

Ne5. Halinute MHOKECTBO pELIEHUI HEPABEHCTBA

||i.'c ||E3'c—3
1) | 11 111/
||£6'c E x+8
2) | 3/ | 3/
Ne6. Pemite HepaBeHCTBO:
-2x-M4
1) 02 7 <£0,0016; ) 2°7'—5-2"+2=0
¥ex—15

3) 0,3 7 =0,027; 4) 5 '-2-5"-7520

IIpakTnyeckas padora NelS
Tema 3.5 Jlorapudwm uncna. Coiicta orapudmon
Heab: HayuuTbes BBIMUCHATH JOrapudMbl U YIOPOIIATh BBIPAXKEHHUS, COAepkKallne
norapudm

Teopernyeckas 4acThb:

Jlorapudm uncna b o ocHoBaHMIO @ ompenenseTcs Kak MOKasaTelb CTENEHH, B
KOTOPYIO HaJI0 BO3BECTH UHMCIIO I, 4TOOBI TONyunTh uncio b (JlJorapudm cymecTByeT TONBKO y
ITOJIOKHUTEIJIbHBIX tmcen).
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Jlorapum B mepeBoJie C TPEUECKOTO OYKBaIbHO O3HA4YaeT 'dHCIO0, W3MEHSIOIIee
OTHOLLIEHHE".

CnenuajbHble 0003HAYEHHS:

1. HarypanbHblii torapudm l11a - norapudm mo ocHosanmIoO €,

2. Jlecatuunslii torapudm lga . norapudm mo ocHoBaHuto 10.

CBoiicTBa 1orapumMoB:

log b
1° @ = b- ocnosuoe jorapupMuUecKoe TOXIECTBO.

20 log,a=1a=0a+#1

30 log,1=0.a=0a+#1

Jlorapugm eTuHHIIBI TI0 JTF000MY MOJOKHUTEIHLHOMY, OTIMYHOMY OT 1, OCHOBAaHHIO PaBEH
HYJTI0. DTO BO3MOXXHO IMOTOMY, YTO W3 JIOOOTO JIEHCTBUTENBHOTO YHCIa MOXXHO TOJYYUTH |
TOJILKO BO3BE/ISl €TO B HYJICBYIO CTETICHb.

go log, (be) =log, b+ log, ¢

Jlorapugm npou3BeeHNsI paBeH CyMMe JIorapu(MOB COMHOXKUTEIIEH.

50 log, e log, b—log, ¢

Jlorapudm gacTHOTO (IpoOM) paBeH Pa3HOCTH JIOTapU(PMOB COMHOKUTEIICH.

6o log, b =p-log, b

Jlorapugm CcTerneHu paBeH NPOM3BEACHHUIO IIOKAa3aTelsl CTENeHW Ha Jorapudm ee
OCHOBAHHUSI.

1
log,. b= —-log, b

0

1
log, b=
go log, a
log b
log, b= B
9° log.a - Mepexo/i K HOBOMY OCHOBAHHUIO.

Pemenue 3aganuii:
Nel. Haiinure 3Ha4eHHE BBIPAKEHUS:

6 * lﬂg? 3*\-'{?

— 1 1 1
6-log- V7 =6-log,73 =6-§~lng?? =6~§~1=

Wcnons3oBanu:
m

an = yam

mo__ .
log, b™ =m-log_ b

Ortgert: 2
Ne2. Hatigure 3nauenue Beipakerus 10gog 3 - 10931,25
log, 1,25
log,o3+log, 1,25 = log 0,8 -log, 1,25 = 02,08 =
5 5
=10g,41,25 = ID%E = lﬂgg]—i -1 luggg =—-1-1=-1

Ucnons3oBanu:
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log_b =
=a log,a
log. b
= =log,b
log.a
1
log kb = T log_ b
Otser: —1
No3.Haiinute 3HaueHUE BbIPAKEHHUS:
510g25 49

5]og2549 — 5]cg25?2 — 52-]cg25? — ('52}]og25? —

= 25log2s7 = 7
Ortsert: 7
No4. Haiinute 3HaU€HUE BbIpaKEHUS:
g2 logg 3

gZ-loge3 _ (B]GES3J2 =32 =g

Otger: 9
Ne5.Haiiaure 3HaueHuE BBIPAKEHHUS:

6410g9 NE)

g4log:3 _ (8- g)lﬂgs V3 _ glog:3 , gloge3 _ V3:4/3=3

Ortser: 3
Ne6. Halinute 3HaueHuE BBIpAXKEHUS:
24
3log; 2
24 24 1
3legzs2 2
Otger: 12

Ne7. Haiinute 3Ha4eHUE BBIPAKEHUS:

—_—
log1 V13
13
- 1 s
log1 V13 =logyy-1 13%° = = log3 13%° =—-1.0,5 =-0,5
13 -

Otser: — 0,5
Ne8 . Haiinure 3nauenue Boipaxkenus 1093 8,1 + 10g310.

log,8,1+1log;10 =log4(8,1-10) =log,81 =4

Otgert: 4
No9. Haiinnte 3HaueHUE BBIPAKEHUS:
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log 13
loge V13 _ L1
og 13 — 0813 V13 =logi3132 =5 =05
Otser: 0,5

Nel0. Beruucnure 3Hau€HUE BBIPAKEHUS:

(31032 3)10@:3 2

(S]GEE EJ]OEEZ — (3].::522)]“523 — ologz3 _ 3

Otger: 3
Nel 1. Haiinure 3Hauenue Beipaxenns 10ga(ab®), ecmm logs a = 1/7.
[Tpeobpa3zyem TaHHOE BBIPAKCHUE:

log_(ab®) =log a+log, b®=1+3log b

Omnpenenum 3HaueHune Boipakenus 10gab. Ham usBectHO, uTO

| 1
o, = —
ob :I,r
HcnonszyeM CBOMCTBO:
1 1
Q. =
=27 log,b
1 1
7 log.b

CnenoBarenbHo 10gab =7.
Taxum oOpazom:

1+3log,hb=1+3:7=22

Ortser: 22
Nel2. Haitaure loga(a:b®), ecm loga b = 5.
a
lngaﬁ =log.a —log, b*=1—-3log b=
=1—-—3:-5=-14
Ortser: —14

Nel3. Haiigure l0ga(a?b®), ecru loga b = 2.
log, (a*b?) =log,a* +log, b* =2log,a +3log, b =
—2-1+3log b=2+3-(-2) = —4

Otget: 4
Nel4. Haitnure 3Hauenue Beipaxkenns l0ga(a’b®), ecom logy a = 1/3.
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1
logpa = 3
1 ! . = log,b=3
%50 = 0g_b 3 log.b 98a? =
4.1+9log hb=4+9-3=31
Otger: 31
NelS. Haitnure loga(a’:b®), ecu loga b = 10.
a’
lngaﬁ =log,a” —log, b* =7log,a —3log, b =
=7+1—-3-10=-23
OteT: —23

Nel6. Haitmure loga(ab®®), ecnu loga b =7.
log (ab'®) =log a+log b"=1+10log b =

=1+10-7=71
Otser: 71

IIpakTuyeckas padora Nel6
Tema 3.6 Jlorapupmuyeckas pyHkius, ee cBoiicTa. Jlorapudmuueckre ypaBHeHuUs U
HEpPaBEHCTBA

Hean: Hayuutbes pemars gorapuMuyueckie ypaBHEHUS U HEPAaBEHCTBA

Teopernyeckas 4acThb:

Teopema 1. Eciu f(x) > 0 ug(x) > 0, To nmorapudmuueckoe ypaBHenue log af(x) =
log a g(X) (rme @ >0, a # 1) paBaocuinbHO ypaBHenuio f(X) = g(x).

IIpumep 1. Pemvite ypaBHeHue:
lg(2? — 6) = 1g(8 + bx).
Pemienne. B oOnacte 1ONMyCTUMBIX 3HAYEHMH BXOAST TOJBKO TE X, IPU KOTOPBIX

BBIpQXXCHHE, HaXOMAsdIIeecs IMOA 3HAaKoM Jorapudma, Oonplie HymIs. OTH 3HAUYCHUS
ONPEAEIISIOTCS CIEAYIONIEH CUCTEMOI HEPABEHCTB:

2 —6>0, x? > 6,
—
8+ hr =10 r > —1.6.

x € (—00; —v6) U (V6; +00),
r e (—1,6;4+00).
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C ydetoM TOTO, 4TO

—1,6 = —/2,56 > —V/6,

MOJIy4aeM TPOMEXKYTOK, OMPEICNIOMUNA 001acTh JOMYCTUMBIX 3HAYCHWH JaHHOTO
Jorapu(pMUUECKOTr0 ypaBHEHUSI:

= {\/E +00).

Ha ocnoBanum teopemsl 1, Bce yCIOBHS KOTOPOH 3/1€Ch BBIIIOJHEHBI, MEPEXOJUM K
CJIEIYIOIIEMY PAaBHOCWJIBHOMY KBaJAPaTUUHOMY YPAaBHEHHUIO:

2 —6=8+brea’-br-14=0%

1 =17, 19 = —2.
B 00nacTh 10myCcTUMBIX 3HaYEHUM BXOAUT TOJBKO IEPBbII KOPEHB.
OtBer: X = 7.

IIpumep 2. Pemnte ypaBHEHHE:
lOgD._E[_TE + dx + 5} = log[;.‘_g{—:r. — 31}

Pemenne. O0nactp JONMYyCTUMBIX 3HAUEHUM YpaBHEHMSI ONpPENENSIETCd CUCTEMOM
HEPABEHCTB:

— 2 dr+5>0, - 1<z <5,
—r—31 =10 r < —31.

OueBuAHO, YTO 3TU JIBAa YCJIOBUS MPOTHUBOpEYAT APYr Ipyry. To ecTb HET HU OJHOTO
TAKOIro 3HA4YEeHMsI X, IPU KOTOPOM OJIHOBPEMEHHO BBINOJIHIIUCH Obl 00a HepaBeHcTBa. O0sacTh
JIONYCTUMBIX 3HAYEHUN YpaBHEHHs SIBISETCA IYCTHIM MHOXKECTBOM, a 3HAUUT pPELICHUH Y
JTAHHOTO JIOTapu(MUIECKOTO YPAaBHEHHS HET.

OTBer: KOpHEIl HET.

OOparuTe BHHUMaHHE, YTO B ATOM 33/IaHUM HaM BOOOIIE HE MPHILIOCH UCKATh KOPHH
ypaBHeHMs. J[0CTaTOYHO OKa3ajoCh ONpPENENIUTh, YTO €ro 00JacTh JAONYCTUMBIX 3HAYCHUH HE
CONEpXUT HH OJHOTO JCHCTBUTEIHHO dYHCIA. OTO OJHO W3 MPEUMYIIECTB TaKOH
NOCJIEI0BATEIbHOCTH pEIIeHHs JIOTapu(MUYECKUX YypaBHEHHH W HEpaBEHCTB (HAYMHATh C
ompeneNieHus OOJIaCTH JIOMYCTHMBIX 3HAa4eHWH YpaBHEHHWS, a 3aTeM pemiarb ero IyTemM
PaBHOCHJIBHBIX NPE0Opa30BaHUM).

IIpumer 3. Pemute ypaBHeHue:

SIGgEi:r.—i—Erlog%:r—Q:ﬂ.
2

Pemenne. O0nactb AO0IIYCTUMBIX 3HAYCHHUH YpPaBHCHUs ONPEACISICTCA 3€Ch JICTKO: X >

0.
HCHOJ’IIBYCM HO)ICTB.HOBKy:
t =logi x.
2
YpaBHEHHE IPUHUMAET BUJ:
1
= 5,
32 L5t 2=0e | '3
ty = —2.
OOpaTHas MOJCTaHOBKA:
ogrz=1, [2=L
3 Y V2
logi x = -2 r = 4.

2

O0a oTBeTa BXOAT B 00JIaCTh JIOMMYCTUMBIX 3HAaYEHUH ypaBHEHUS, TOCKOJIBbKY SBISIOTCS
MTOJIOKUTEIBHBIMU YHACIAMU.
IIpumep 4. Pemvite ypaBHeHue:
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logp 4(x + 2) + logy 4(x + 3) = logy 4(1 — x).

Pemtenue. BHOBp HauHeM pelieHHE C OmpeAeieHHus 00JacTh JOMYCTHMBIX 3HAYCHUH
ypaBHeHusA. OHa onpenesseTcs caeayone CHCTEMO HEPaBEHCTB:

r+2>=0, —
r+3>0, e<{xr>-3 <xec(-21).
1—ax>=>0 r <1

Bocnonp30BaBuivch NpaBUIOM CIIOKEHUS JIOrapu(pMOB, IEPEXOIUM K PaBHOCUIBHOMY B
00JacTH JOMYCTUMBIX 3HAUEHUIN YpaBHEHUIO:

logg 4(x + 2)(x + 3) = logp 4(1 — z) =

OcHoBanust JOrapu(MOB OAMHAKOBBIL, MO3TOMY B OOJIACTH JONYCTHMBIX 3HAYEHUM
MOKHO TIEPETH K CIeIyIoneMy KBaIpaTHOMY YPaBHEHHIO:

(z+2)(z+3)=(1-a)=2’+62+5=0<«
r] = —9,
r9g = —1.
[lepBbiii KOpeHb HE BXOAUT B 00JACTbh JOMYCTHUMBIX 3HAUEHUW ypaBHEHUS, BTOPOU —
BXOJIUT.
Otsert: X = -1.
Ipumep S. Pemuure ypaBHeHue:
08T = 81,
Pemenne. bynem nckats permenust B mpomexytke X > 0, X#1. [IpeoGpasyem ypaBHEeHHE K
PaBHOCHUIIBHOMY:

4
T_lﬂg;; T _ TlﬂgrEl o= T_lﬂg;; T _ plogze o
loggx =2 r =29,
1

—

2 ; !
logar =4 < logs 2 = —2 oy
gq T : _

O6a oTBeTa BXOJAT B 00J1aCTh JONMYCTUMbIX 3HAUEHUIN ypaBHEHHUSI.
IIpumep 6. Pemvite ypaBHeHue:

logy(x +12) -log, 2 = 1.

Pemenue. CuctemMa HEpaBEHCTB, OMNpeACNAmONias o00JacTh JOMYCTUMBIX 3HAYCHHI
YpaBHEHUs, UMEET Ha 3TOT pa3 BUJ:

r+ 12 > 0,
x>0, S x>0 x#1.
x# 1

Hcnonb3ys cBoiicTBa norapugma, npeodbpazyemM ypaBHEHUE K paBHOCHIIBHOMY B 00J1acTH
JIOMTYCTUMBIX 3HAYCHUN YpaBHEHUIO:

logy(x+ 12)

= 1.
2logy x
Ucnonb3ys popMyily nepexosia K HOBOMY OCHOBAHHMIO JIorapr(ma, MmojrydaeM:
r1 =4,
log,(r+12)=2 =2’ —2-12=0 < Tl p
= —a.

B 06macth nomycTHMBIX 3HAUEHUM BXOAUT TOJIBKO OJMH OTBET: X = 4.
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IlepeiineM Tenepsb K .102apughpmuueckum HepageHcmeam. DTO KaK pa3 TO, C YEM BaM
npuaercss uMmeTh aeno Ha EI'D mo marematuke. [[ns pemieHus ganbHEWIIMX TPUMEPOB HaM
oTpedyeTcs cieayrolas Teopema:

Teopema 2.

Eciu f(X) > 0 u g(X) > 0, To:

npu a> 1 norapudpmuueckoe HepaBeHcTBO logaf(X) > logag(X) paBHOCHIBHO
HEPaBEHCTBY TOT0 ke cMbicia: f(X) > g(x);

npu 0 <a< 1 norapupmudeckoe HepaBeHCTBO logaf(X) > logag(X) paBHOCHIBHO
HEPaBEHCTBY MPOTHUBOMOIOKHOTO cMbicia: f(X) < g(x).

IIpumep 7. Pemnre HEpaBeHCTBO:
lﬁgn.ﬁ[f-z +x —6) = logys(x+4).

Pemenue. Haunem c ompezaenenus 00JacTH JONYCTHUMBIX 3HAYECHUW HEPABEHCTBA.
Bripaxkenue, crosiee moJ 3HAKOM JIorapudMudeckod (QYHKIUU, TOJKHO MPUHUMATH TOJBKO
MOJIOKUTEIbHBIC 3HAYEHHUs. OJTO 3HAYUT, YTO HCKOMas OOJIACTh JOIMYCTHUMBIX 3HAUYCHUI
OTIpeIeIIIeTCs CeAYIONel CUCTEMON HEPaBEHCTB:

o —6>0, x € (—o0;—3) U (2;+00),
-
r+4>=10 T > —4
s e (—4;-3)U(2;+00).
Tak xak B OCHOBaHUU ﬂorapn(bMa CTOUT YUCII0, MCHbIICC CANHUIBI, COOTBCTCTBYIOILAsA

norapudpmuueckas GyHKIMs OyneT yObIBarollel, a IOTOMY paBHOCHIIBHBIM 110 TeopeMe 2 Oyaer
nepexo/l K Ce1yloleMy KBaIpaTUYHOMY HEPABEHCTBY:

P rr-6<r+4e <10 s e [—v10;V10].
OKOHYATeIbHO, C YYETOM 00JIACTH JOIYCTUMBIX 3HAYCHUH II0Jy4aeM OTBeT:
x € [—V10; =3) U (2; V10].
IIpumep 8. Pemvire HEpaBeHCTBO:
r—3

Pemenne. BHOBb HauHeM ¢ orpejiesieHus: 00JIaCTH JOMYCTUMBIX 3HaYeHUH:
2
xt — 12z 4+ 27 = 0,
g1l
(z—9)
r—3 >0
Ha MHOXecTBe [OMyCTMMBIX 3HAYEHMH HEpPaBEHCTBA IPOBOJUM PaBHOCHIIBHBIE
npeoOpa3oBaHus:

11 -logg(x — 9)(x — 3) — logg

11 - loggy (7% — 122 4 27) < 12 + log

S x e (—oo;3)U (9 +00).

r—3
xr— 3

< logg 912,

< 12

logg [(z — 9)"(z — 3)'] —logg

{T- o 3}12[2__ o 9}11
(z — o)1

Ilocne cokpameHus M Iepexoja K pPABHOCWIBHOMY II0 TeOpeMe 2 HEpPaBEHCTBY
MOJIy4aeM:

(z-3)2 <9< 9<r-3<9< xe|[-612.

C Y4CTOM o0actu AOIMYCTUMBIX 3HAYCHUH nojrygacm OKOHYATEJIbHBIA OTBET:

< 12

logg
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e[—6:3) U (9;12].
HpnMep 9. Pemme norapnq)MquCKoe HEPABEHCTBO:
log.. [:r + 322 + 2x) < 2.

Pemienue. O0nacTh JOMYCTUMBIX 3HAYEHWN HEPABEHCTBA OMPENEIACTCA CICTYIOIICH
CUCTEMOM:

r+1>0,
r+1#1, = x € (0;400).
rix+1)(x+2) =0

BunHo, 4ro B o0nacTu JONMYCTUMBIX 3HAUYEHUM BBIpAKEHHE, CTOALIEE B OCHOBAHUU
norapudma, Bceraa 0oJblIe eAMHULBL, @ IOTOMY PaBHOCHIIBHBIM IO Teopeme 2 OyJeT mepexon K
cnez[yfomeMy HepaBeHCTBy

2 —|—3:r —|—2:r~:?i:r —|—2:r—|—1-<:}:r —|—2:r —-1<0=
(z+1) (2’ +2-1) <0

1++5 vh—1

r€| -0 ——F— U | -1

2 2

C yderoM 00J1aCTU JOMYCTUMBIX 3HAYEHUH MTOJTy4aeM OKOHYATEIbHBIN OTBET:

V5 —1
2

IMpumep 10. Pemure HEpaBEHCTBO:

2logy(z? — 4x)

x e |0

< 1.
logs x? -
Pemrenne.
O065acTh 10MyCTUMBIX 3HAaYEHHUI HEPaBEHCTBA OIPEIESIeTCSl CUCTEMOM HEPaBEHCTB:
22— Adx > (.
22 >0, s re(—oo;—1)U(—1:0)U (4; +00).

22 # 1

I cmoco6. Bocrionb3yemcst popMyioii mepexoja K HOBOMY OCHOBAaHHIO Jiorapudpma u
nepeneM K paBHOCI/IJ'IBHOMy B 0071aCTH OMYCTUMBIX 3HAYEHHUI HEPABEHCTBY:

log,2 (2% — 42)? < 1.
HepasenctBo OyzeT paBHOCHIIBHO JIByM cucteMaM. llepBoii:
x e (—1;0), re (—1:0),
2 42w .2 T2 .
(x° —4dx)” =z x r(x —d){x—3) =0
e (—1;0).
U Bropoii:
x € (—o0;—1)U (45 +00),

:1“.2{:11—0}{:1“.—3}5;0 & x e (4;5].

HTak, OKOHYATEILHBIN OTBET:

x e (—1;0) U (4;5].

76



IT cnoco6. Pemmaem meronom uHTEepBanoB. [IpeoOpasyeM HEpaBEHCTBO K BUY:

2logs(z? — 4z) — logs 22

5 el |
logq x
Brrarem u3 3HameHarens logs 1. OTO HUYETO HE U3MEHUT, IOCKOJIbKY logg1 = 0.
logg (22 — 4a)? — logg 2 <0
logg r2 — logg 1 h
C y4YeToM TOro, 4YTO BBIPAKCHHUS ngE f— lﬂgSg ul —9— OJTHOTO 3HaKa

npu f g > D.- B 00JacTH JAONMYCTHUMBIX 3HAYCHUH MMEET MECTO CIICAYIONIMHA PaBHOCHIILHBIN
HEPEXOLI:

(2% — 4x)? — 22

71 < 0&

I —_—
{:1:2—51:}{:1:2—3:1:}{0

2 —1 o

o 0 - &

-1 [u] 1 2 3 4 5
MHOX€eCTBO pCI_HeHI/Iﬁ JaHHOI'O HCPABCHCTBA

Urak, € (-1 1) U [3' 5] ’a ¢ y4eToM O0JIaCTH JONYCTHMbIX 3HAUEHHUI IojaydaeM

x e (—1;0) U (4;5].

TOT KC pe3yabTar:

Pemienue 3aganuii:

Nel. Pemnth ypaBHEHUSA:

log,(2x + 1) =log, 3 + 1:
log.2—1= —log,(5— x):
~log;(3x —2) = 3:

logp<(3x — 1) = —3;

2log; 2 —logz(x — 1) =14 log; 5;

=)

. log.(x —1) =log,; 2 +log- 3;
. log:(2x — 1) — log: 16 = 5:

|
=]

L]

Cg(5x+2) = %lgSEr +1g2;

N S |
o

 logix —5logyax +4=0;
10.lg°x =3 —2lgx.

L

Ne2. Pemth ypaBHEHHUS:

Dig(x+4)-lg (x — 3)=1g 8;
Dlg(x+2)—1gb=1g (x — 6);
Dig(x—-2)+1gx=1g 8&;

A)lg Jx — 7 +1g J3x — 8 = 1;
5) log, (x + 10) = 2;

6)log, 2 + log, 3= 1.

Ne3. Pemnth HepaBeHCTBa:
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4. log. {18x-2}20

l;)"

log,, x +log,,(x—-19) <1

IpakTnyeckas padora Nel7
Tema 3.7 Jlorapudmsl B mpupo/ie U TEXHUKE
Henab: Hayuutbcest BBISBIATH MPOSBICHUE TOTapU(PMUUECKON CIIUPATIN B PUPOJIE.

Teopernyeckasi 4acTh:

Ha npotsxenun 16 Beka GbICTPO BO3PACTaIO KOJUYECTBO MPUOIMIKEHHBIX BBIYMCICHUH,
OpeXJae BCEro, B AaCTPOHOMHH. MHOrHe paboThl TpPeOOBAIM KOJOCCAIBHBIX, WHOT/A
MHOTOJIETHUX, pPacyeToB. ACTpOHOMAaM TIpO3MJa pealbHas ONAacHOCTb yTOHYTbH B
HEBBINOJIHEHHBIX pacuerax.
Torna maremMaTHKH JUIsl 00JerYeHns BEIYUCIeHUH putyManu jgorapudmsl. M B 1614 roay Obuiu
ONyOJIMKOBaHbl ~ IEpBble  Jorapumuueckue TaOMUIBl, COCTAaBICHHBbIE  IIOTJIAHICKUM
maremaTnkoM J[xonom Hemepom (1550—-1617), onu Bepoit 1 mpaBaoi CIYKWIN acTpPOHOMaM U
WHXXEHepaM, reoJIe3ucTaM U MOpsikaM, COKpaliasi BpeMsi Ha BBIYUCIICHUS.

Psin siBneHuit nmpupoibl MOMOraeT onucaTb UMEHHO Jlorapudmuyeckas 3aBUCUMOCTb. J{ist
COCTaBJICHUS MaTeMaTUYeCKOM MOJENW TOro WM HMHOIO SIBIEHUS YacTo oOpaiiaroTcs K
norapupmuueckoi ¢pyHkuuu. OTHUM K3 HauOoJiee HArJIsAHBIX MPUMEPOB TAaKOro OOpaleHHs
ABIIIE€TCS JorapupmMuyeckas cnupais. Jlorapupmudeckas cnupanb — 3TO MJI0CKask KpUBasi JIMHUSA
MHOT'OKpPaTHO 00X0/Is111asi OJJHY U3 TOYEK Ha MIOCKOCTH.

I'ne ke npumensirorcs Jorapugmpi?

IIpyMeHeHne B aCTPOHOMHUM.

B actpoHomMuu sorapudmel UMEIOT OY€Hb OOIIMPHOE pacrnpocTpaHeHue. B 3Toi Hayke
3aJeiicTBOBaHbl O4YeHb Oojbinne MacmTadbl. Ilo morapugmuyueckuM CHoupazsiM 3aKpydeHbl
MHOTHE TaJaKTUKHU, B 4YacTHOCTH ['ajlakThka, KOTOPOH NPUHAMIEKHUT COJIHEYHas CHCTEMa.
ACTpPOHOMBI pacHpeleNoT 3BE3Abl 10 CTENEHSAM BHIUMOW SPKOCTM Ha CBETHJIA MEPBOU
BEJIMYMHBI, BTOPOW BeNUWYMHBI, TpeThbedl u T.A. [locrmenoBarenbHble 3BE3HBIE BETUUHHBI
BOCIIPHHUMAIOTCS TJ1a30M, KaK wieHbl apudmerndeckoil nporpeccun. Ho ¢gusuueckas spkocTh
UX HU3MEHSETCSd 10 WHOMY 3aKOHY: OOBEKTHUBHBIE SPKOCTH COCTABIISIOT TE€OMETPHYECKYIO
IIPOrPECCUI0 CO 3HaMeHaTeneM 2,5. JIerko MoHATh, 4TO «BEJIWYMHA» 3BE3/bl NPEACTABIAET
co0oil He YTO MHOe, Kak Jjorapudm ee ¢uznueckoil spkocTtH. lIpakTHueckn Kaxkaas BTOpas
dopmyna B acTpOHOMHUH, acTpOPHU3MKE U JAPYIMX IEPEKPECTHHIX HayKax He o0xonsarcs 0e3
norapudma.

IIpumenenne B OHoJIOTHH.

PakoBHHBI MHOTMX MOJUIIOCKOB, YJIMTOK, @ TakKKe pora apxapoB (TOpHbIE KO3JIbI),
3aKpydyeHsl 1o Jjorapugmuueckoi crnupanu. Ilo nmorapupmuyeckoil cnupanu odepueHbl He
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TOJILKO pakoBHHBI. [layk smeiipa, cruieTas NMayTHHY, 3aKpy4dMBaeT HUTH BOKPYT IIGHTPa IO
JOTapU(PMHUUECKUM CITAPATISIM.

Ipumenenune B My3bike

Korna My3bIkaHT urpaet Ha posiie, COOCTBEHHO TOBOpsI, OH UrpaeT Ha jorapudpmax. Tak
Ha3bIBACMBIC «CTYIECHH» TEMIIEPUPOBAHHONW XPOMATHYECKONW TaMMbl TPEACTABISIOT COOOM
J0TapuPpMbI ITHX BEJIMYHH. OcHoBaH#ue ITHX J0rapupmMoB paBHO 2.
Homepa xnaBumieid posii TPEACTABISIOT CO00H JyiorapudMbl  4yucenl — KoJeOaHMiA
COOTBETCTBYIOIIUX 3BYKOB (YMHOKEHHBIE Ha 12). MBI Jake MOXKEM CKa3aTh, YTO HOMEP OKTaBbI
MPEJICTaBISIET COOOM HETYI0 YacTh (XapaKTEepPUCTUKY) JiorapudMa guciia KoJaeObaHu 3TOro TOHa,
a HOMEp 3ByKa B JAaHHOH OKTaBe, JENEHHBbIH Ha 12 — ApoOHYH dYacTh (MaHTHCCY) 3TOTO
norapudma.

I[IpuMeHneHune B MCUXOJIOTHH.

I'pOMKOCTh 3ByKa HM3MEpSIOT B JelrOenax, KOTOPbIC MPONOPIHOHAILHBI JIOrapu(my
MOIITHOCTH 3BYKa, BO3JCHCTBYIOIIErO0 Ha yX0. YMNOTpeOJeHHEe JOrapuPpMHUECKUX IIKa
IPOJUKTOBAHO OCOOCHHOCTSIMU HAIlIUX OPIaHOB YYBCTB: 3pPCHUs, ClayXa U T.A. YenoBedeckuit
MO3T BOCIPHHHMMAET pa3JApakeHUss OT OpPraHoB YyBCTB HE MNPONOPIMOHAIBHO CHIIC
pasapakuTelis, a JHIIb MPOMOPIMOHANIBHO ee Jiorapudmy. IMEHHO MO3TOMY YXO OIMHAKOBO
CIOCOOHO CIIBIIIATh IMOPOX JIMCTHEB U HE OTJIOXHYTh OT 'POMKOTO yjaapa CTaHKa Ha 3aBoje. A
rJla3 MOXKET 3aMETHTh, KaK OJIECTHT CHET Ha CBETY U HE OCJICIIHYTb, ecii mocMoTpuT Ha ColHIle,
KOTOpO€ B MMWUIMApAsl pa3 sipye. OmnucaHHBbIC BBINIE CBEICHHUS OOBECIUHSIOTCS 3aKOHOM
nCUXO(PHU3UKH, YCTaHOBJICHHBIM DexXHEepOM, KOTOPbIi TOBOPHUT, YTO Mepa OIIYIICHUS
IPOTIOPIIMOHATILHAS JIOTAPU(PMY BEIIMUUHBI Pa3IpasKCHUS.

IpumMeHeHune B ceJIbLCKOM X035IiiCTBE

Kak okasajnoce, U B CEJIIBCKOM XO3siiCTBe He o0Oomuiock 0e3 sorapudmo. Hampumep,
UCCIICIOBAB POXKIACHUE TEJAT, OKAa3ajloCh, YTO HMX BEC MOXKHO BBIUHCIATH M C IOMOIIBIO
Jorapu(MoB.

OOnacte mnpuMeHeHHsS Jiorapu(MOB HE OrPaHHYMBACTCS JIMIIb PACCMOTPCHHBIMH
HAyKaMU, TAK)KE OHA UTPACT BAKHYIO POJIb B IUTEpAType, MHPOPMATUKE, HCTOPHH, PUCOBAHUU U
MHOTHX JapyruX. Jlorapupmudeckas GyHKIUS Ja€T HaAM BO3MOYKHOCTH TO-JPYIOMY B3IUIAHYTh
Ha MacHITa0HbIE TPOIECCHI, MPOUCXOJAIINE B OTPOMHBIX MPOCTPAHCTBAX M BPEMEHHBIX
UHTEpBaJIaxX /Ui IOHUMAaHKS U OCMBICIICHHUS OOIIEH KapTHHBI.

Penrenue 3aganni:
Nel. TlpuBenute mpuUMEpHl MPOSBIEHUS JOTapu(PMUUYECKON CIUpaAd B OKPYXKAIOIIEM
MHUpE.

v

Ne2. B HavyanbHBIIE MOMEHT BpeMeHH Obl1o 8 GakTepuii. Uepes 2 yaca mociie moMemnieHus
OakTepuil B MUTATENIbHYIO Cpely, UX 4ucio Bo3pocio a0 100. YUepe3 cKOIbKO BpEMEHH C
MOMEHTA pa3MelleHHsI B TUTATEIbHYIO Cpely cielyeT oxuaaTh nossienus 500 6akrepuii?

Pemenue.

Jlnst perieHust JaHHOU 3a7a4i, HE0OXOAUMO BCIIOMHUTH MOHATHS CKOPOCTU M YCKOPEHHS.
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. Bbino -8
usmenerme: - .00 }=>8¥=100=> x=1og,100

=> IGQSIOO — KOHEYHOE 3HaYeHWe CKOpPOCTH pacnpoCTpaHeHWA ﬁEK"EpHE] Nnpu NEPEOM U3MEHEHWM -
VKD[—(.l.

. Beino -8
ZUSMEHEHUME. . =nn } =2 8Y = 500 == y= Iog85OU

== logy 100 —koHeyHoe sHaYEHWE CKOPOCTI pacnpocTpaHeHns GakTepuit Npi BTOPOM M3MEHEHWM -

V,

KOH.2.

[epeiineM Kk HATYpaJbHOMY OCHOBAHMIO JIOTApU(PMOB, JJISI TOTO, YTOOBI MOXHO OBLIO
BOCII0JIb30BaThCsl TAOJMYHBIMU 3HAUCHUSIMHU:
In100—In8 In500—-In8

2«In8 t*In8
. 2 * (In500—In 8)
1= 100

In (75~

OT1Ber: pubOIM3UTENIBHO 3 Yyaca 15 MUHYT.

IIpakTnyeckas padora Nel8
Tema 3.7 Jlorapudmbl B mpupo/ie U TEXHUKE
Heab: Hayuntbces ucnonb3oBath Jorapu@mbl B peICHUHN MPUKIAAHBIX 3a/1a4.

Teopernyeckas 4acThb:

Jlorapugmuueckne (YHKIMHM pPAaCHpOCTPaHEHBl YpE3BBIYAMHO IMIMPOKO Kak B
MaTeMaTHUKe, TaK U B €CTECTBEHHbIX HayKax. IIpuBenéM HECKOIbKO MPUMEPOB MCIOJIb30BaHUS
J0rapu(pmMoB B pa3HOOOPA3HBIX HayKaX.

B crartuctuke u Teopun BEpoOSTHOCTEN Jorapu@m BXOIUT B P MPAKTHUYECKU BaXKHBIX
BEPOSTHOCTHBIX pacnpenenenuii. Hampumep, norapudmudeckoe pacnpeeneHre HCIoib3yeTcs
B TeHeTuKe U pusuke. JlorHopManbHOE pacipesieeHle YacTO BCTpeYaeTcsl B CUTyalusaX, Korjaa
UCClIeyeMas BEIMYHMHA €CThb IPOU3BEIACHHE HECKOIBKUX HE3aBUCHMBIX IOJIOKUTEIIBHBIX
CIIy4alHBIX IEPEMEHHBIX.

3akon bendopna («3akoH mnepBoi LUGPHD) OMNUCHIBAET BEPOSTHOCTH IMOSBICHUS
onpeaenéHHON nepBoii 3Havamen nudpsl MpU U3MEPEHUHN PEATbHBIX BEIUYUH.

JUIs OLEHKHM HEHU3BECTHOIO INapameTpa LIMPOKO NPHUMEHSIOTCS METOJ MaKCUMaJbHOIO
MpaBo0N0100Us U CBA3aHHAS C HUM JIorapupMudeckas QyHKIHs PaBIONoA00Ms .

dnyKTyanuu npu ciiydyaitHoM Ody)XJaHUM ONKCHIBAET 3aKOH XuHUKMHa-Koamoroposa.

B undopmaruke: enununa uzmepenust unpopmanuu (6ur). Hanpumep, s xpaHneHus B
KOMIIbIOTepe HaTypaibHOro uucia N (B OOBIYHOM Ui KOMIIBIOTEPA JABOMYHOM (hopmare)
nonanoburcs 1ogoN + 1 6utos.

WHudopmanroHHas 3HTPONUS — Mepa KOJIMYecTBa HHPOPMAIIUH.

OneHka acHMIITOTHYECKON CIIOXKHOCTU PEKYPCHUBHBIX aJITOPUTMOB, OCHOBAaHHBIX Ha
OPUHIUIE «pa3fensiii M BIACTBYW» — TakuX Kak ObICTpas COPTHUPOBKA, ObICTpoe
npeoOpa3zoBanne Oypbe u T. TI.

OObIYHO  YMCJIOBBIE  3HAYEHUS  XpaHATC B HaMiATH  KOMIIBIOTEpAa  HIIH
CIIENUATM3UPOBAHHOTO TIporieccopa B (opmate ¢ TutaBaromed 3amstoi. Ecmum, omHaxo,
CJIOKEHHME M BBIYMTAHUE JJISl TPYIIIBI JaHHBIX BBIMOJIHIIOTCS PEIKO, a YMHOXEHHE, JEIICHUE,
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BO3BCJICHUC B CTCIICHL U U3BJICUCHUC KOPHA — ropa3ao 4damie, Torga MMECT CMBICIT paCCMOTPETh
BO3MOXKHOCTh XpaHEHHsI TAaKUX JaHHBIX B Jiorapupmudeckom popmare. B aToM ciydae BMecTo
YHCIia XPAHUTCS JIOTapudM ero MOAYJs U 3HAK, U CKOPOCTh BBIYUCIICHUHN O1aromapsi CBOHCTBaM
jJorapupmMa 3HAYUTEIBHO TOBbImaercs. Jlorapudmuveckuii ¢dopmar XpaHeHHS ObLI
UCIIOJIb30BaH B HECKOJILKMX CHUCTEMaX, TJe TI0Ka3al CBOK () (PEKTUBHOCTH

[Mpunnun BonbliMaHa B CTaTHCTUYECKOW TEPMOJMHAMHKE — OJIHA W3 BaKHEHIIUX
GYHKIIUH  COCTOSHUST TEPMOAMHAMHYECKON CHUCTEMBI, XapaKTePU3YIOIIas CTEIEeHb ¢
Xa0THYHOCTH.

®opmyna LIH0IKOBCKOTO IPUMEHSETCS I pacyéTa CKOPOCTH PAKETHI.

VYpaBHenne HepHcTa CBSI3BIBACT  OKHCIMTEIHHO-BOCCTAHOBUTEIBHBIA  IMOTCHIIUAI
CUCTCMbI C aKTUBHOCTAMH BCUICCTB, BXOIAIIUX B 3JICKTPOXUMHUUYCCKOC YPAaBHCHHUC, a4 TAKIKC CO
CTaHJAPTHBIMU 3JICKTPOTHBIMHU MMOTCHIIMAIAMHU OKUCIIUTEIBHO-BOCCTAHOBUTEIBHBIX TIap.

Jlorapudm HCIONB3yeTcs B ONMPEICICHHUSIX TaKUX BEJIMYMH, KaK MOKa3aTellb KOHCTAHTHI
aBTOIPOTOJM3a (CAMOMOHU3AIMM MOJICKYJbl) W BOJOPOIHBIN TMOKa3areidb (KUCIOTHOCTH
pacTBopa).

Jlorapudmuueckas ciupalib MePeceKacT CBOU PaauyC-BEKTOPHI MO MTOCTOSIHHBIM YTJIOM.
Ha ocHOBaHMHM 3TOT0 €€ HAa3BIBAIOT PABHOYTOJBHOW. ITO CBOWCTBO HAXOJUT CBOE IPUMEHEHHUE B
TexHHKe. J[e10 B TOM, YTO B TEXHHUKE YacTO MPHUMEHSIOTCS Bpamarouiuecss Hoxu. Cuma c
KOTOPOH OHH JaBAT Ha pa3pe3acMblii MaTepual, 3aBUCUT OT yIjla pe3aHus, T.C. yria MExIy
JIC3BUEM HOXKAa M HAIPABJICHUEM CKOPOCTH BpalieHUs. s MOCTOSHHOTO IaBJICHUS HYXKHO,
YTOOBI YTOJI pe3aHusl COXPAHSJ IMOCTOSHHOE 3HAYCHUE, a 3TO OYAET B TOM CIIydae, €ClIU JIE3BHA
HOXEH odYepueHsbl M0 Jayre Jiorapumuyeckor crnmpaiu. BemuunmHa yria pe3aHusi 3aBUCHT OT
o0pabaTpIBaEMOro MaTepuaa.

B rugpoTexHuike 1o gorapupMUUECKON CIUPATA U3THOAIOT TPYOY, MPOBOISIIYIO MOTOK
BOJBI K JiomacTsM TypOunsl. biarogapst Takoit ¢opme TpyObl OTEpU SHEPIUU Ha HW3MEHEHHE
HAIpaBJICHUSI TEYCHUSI B TPYOE OKa3bIBAIOTCS MUHHMAJIbHBIMH M HAIOpP BOIBI UCIOJIB3YETCS C
MaKCHMaJIbHOU MTPOU3BOJUTEIIEHOCTHIO.

Haxumass Ha KIaBUIIM COBPEMEHHOTO pOSUIS, MBI, MOXXHO CKa3aTh, HIpaeM Ha
norapudmax.

Pemenue 3aganmii:

Nel. Jlna oborpeBa momemieHus, Temmeparypa B KoTopoM paBHa Tn= 20°C, wuepes
paamMaTop OTOIUIEHHs, TPONYCKAIOT Topsdyio Bomay Temmeparypoir Tp= 100°C. Pacxon
npoxonsauie depe3 Tpyoy Boasl m = 0,2 kr/c. IIpoxoas mo TpyOe paccrosiHHMe X (M), Boja
oxmaxkaaeTcs 10 Temmeparypsl T°C, mpu uém

cm l T. — T,
- -

X=a y 0827 T

rae ¢ = 4200/x/kr*C — TemI0eMKOCTh BOIBI

¥ =42 Br/™m " °C— xoddunment temmooomena

a=1,4 — mocrosiHHAsL.

Jlo xakoit temmepaTypbl (B Trpamycax llembcust) oxmamurcs BoAa, €CIH JIMHA TPYObI

28 m?
(OTtBer: 60°)

No2. Omnpenenuth uHGOpPMAILIUIO, KOTOPYIO HECET B ce0e OJMH CHMBOJ B KOJHUPOBKAX
ASCII u Unicode.

Pemenne.

1) B andasute ASCII npenycMoTpeHo 256 pa3nuuHbIX CUMBOJIOB, T.€.

M =256, al=1og2 256 = 8 out = 1 GaiiT

Ortger: 1 Gaifr.
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2) B coBpemennoii komupoBke Unicode 3amoxkeHO ropa3fo Ooibliee KOJIHYECTBO
CUMBOJIOB. B Helt onpeneneHo 256 andaBUTHBIX CTpaHMUIL 110 256 CUMBOJIOB B KaXIOM.

Takum o6pazom:

| =logz (256 * 256) = 8 + 8 = 16 6ur = 2 Oaiita

Orser: 2 Oaiita.

IIpakTnyeckas padora Nel9
Tema 3.8 KontpombHas pabora mo pasgeny 3 «Crenenu u kopHH. CTemneHHas,
nokaszaresbHas U jorapupmMudeckas GyHKIUN»
Heas: [IpoBepuTh ypoBEHb YCBOEHHS JAHHOTO Marepuana mo pasneny 3 «CTeneHu u
kopHH. CTeneHHas, mokasareybHast u Jjorapumuaeckast QyHKIHN»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nNPasuIbHLIL OmMeem U3 Yembvlpex
npeo10IHCceHHbIX.

1. Mex/1y KaKUMH AByMSI HATYPAIbHBIMH YHCIAMH HAXOAUTCS dncao v/ 197?
a) 19 1 20; B) 18 1 19;
0)2u3; r) 3 u 4.
2. OnpenenuTe KopeHb ypaBHeHus x> = 125.
a) 3; B) —5;
6)-3; r) 5.

3 4
3. Pacnionoxxure B mopsijke Bo3pactanus uucia: 2; V5; V17.

a) 2; V5; V17, B) ¥5;2; V17;

6) 2; Y17, V5; r) V17; 2; /5.
4. YMHOXasl 9YHCIa C OTUHAKOBBIM OCHOBAHUEM, X CTEIICHU:

a) JIeJIAT; B) CKJIaJIbIBAIOT;

0) YMHOXAIOT; T') BBIYUTAIOT.

IIpu eévinonnenuu 3ad0anuii 5-8 3anuuiume xX00 pewienus u NOJIY4YeHHbLIL OMeen.
5. Haiinure kopeHb ypaBHenus: 372 — 5- 3% = 12,

6. OnpenenuTe 3HaUeHNE BhIpaxkeHns logg 2 + logg 3 + 210824,
7. YKkaxxuTe HauMeHbIIIee 1eJIoe penieHne HepaBeHcTsa: logs (6x — 4) > 2.
8. Haiinute Touky Mmakcumyma pyrakuun y = 8In(x + 7) — 8x + 3.

Omanonvt omeemos:

Homep 1 2 3 4 5 6 7 8
3aJaHUusA
OTtBer b T B B 1 5 x> 2%
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IIpakTuyeckasi pa6ora Ne2(0
Tema 4.1 PaBHOCMIIBHOCTD ypaBHEHUN U HepaBeHCTB. OOIME METOIBI PELICHUS
Hean: HayuuTscs onpenensaTe paBHOCUIBHOCTh YPaBHEHUM.

TeopeTnueckast 4acTh:

Omnpenenenue. /[Ba ypaBHeHHsI ¢ 0HOM niepeMeHHoM f(x) = g(x) u p(x) = h(X) Ha3bIBaIOT
PaBHOCHUIILHBIMH, €CJIM MHOKECTBA MX KOPHEH COBIA/IAOT.

WupiMu  croBamm, [Ba YpaBHEHHS HA3bIBAlOT PAaBHOCUJIBHBIMU, €CIM OHU HMEIOT
OJINHAKOBBIC KOPHU HIIK €CIIM 00a YpaBHEHUS HE UMEIOT KOPHEH.

IIpumepsl

1) VYpanenns #x— 3 =2x+ 3u2x =6 pappocunpHB, T.K. KaKIOE U3 HHUX MMeEeT
TOJIbKO OJIMH KOPEHb X=3.

2) Vpasueuns (¥~ 2)(x+5)=0wu x* + 35— 10 = 0 ape PaBHOCHIIBHBI, T.K. y HHX
OJITHU U TE XK€ KOPHU ¥1 = 2,%; = =5,

3) A BOT ypaBHEHHs % = O H 4x’ =16 ye PAaBHOCUIJIBHBI, IIOTOMY 4YTO Yy IIEpBOIO
YpaBHEHHUS KOPSHb X=2, & y BTOPOTO ypaBHEHUS JIBa KOPHS X=2 U X=-2.

W3 ompenenenus paBHOCUIBHOCTH CIEAYET, YTO JABa YPABHEHMsI PaBHOCUIIBHBI, €CIIU
KKl KOPEHB MIEPBOTO YPABHECHUS SIBIISIETCSI KOPHEM BTOPOTO YpaBHEHHUS, © HA000POT.

Peienne ypaBHeHHs ocyllecTBJIsSeTCS B TPH JTamna.

[TepBeiii dTanm — TexHUYecKwWit. Ha 3TOM 3Tame OCyHIECTBISIFOT TpeoOpa3oBaHUsS TI0
cxeme (1) — (2) — (3)— (4) — ... ¥ HAXOAAT KOPHU MOCIEAHETO (CAaMOT0 MPOCTOT0) YPaBHEHHS
YKa3aHHOM LIENIOYKH.

Bropoit sram — ananmu3 pemienus. Ha sTom srtame, aHanu3upys MpOBEICHHBIC
peoOpa3oBaHys, OTBEUYAIOT Ha BOIIPOC, BCE JIM OHU OBLIN PaBHOCHIIEHBIMH.

Tperuit atan — nposepka. Ecnu ananus, npoBeeHHBI Ha BTOPOM 3Tarie, MOKa3bIBaeT,
YTO HEKOTOPBIE MPeoOpa30BaHMs MOTJIM NMPUBECTH K YPABHEHUIO-CIECACTBHIO, TO 00s3aTeIbHA
MPOBEpKa BCEX HAWEHHBIX KOPHEH MX MOJCTAHOBKOW B UCXOHOE ypaBHEHUE.

Peasu3zanms 3TOro njiaHa cBsi3aHa ¢ IOMCKAMHU OTBETOB HAa YeThIpe BONpoca.

o Kak y3Hath, sBIsSETCS 1M MEPexXoa OT OJHOTO YPaBHEHHUS K JIPYTOMY PaBHOCUJIbHBIM
npeobpazoBaHueM?

o Kakue mnpeoOpa3oBaHusi MOTYT TepeBECTH J[JAaHHOE YypaBHEHHE B YypaBHEHHE-
ciencraue?

e Eciu MBI B KOHEUHOM HWTOT€ pEIIUIN YypaBHEHHE-CIEACTBHE, TO KaK CHAelaTh
MPOBEPKY B Ciy4dae, KOIJIa OHA COMNPSHKCHA CO 3HAYUTCIBHBIMU  BBIYHCIUTEIIHBHBIMU
TPYAHOCTAMU?

e B xakux cirydasx mpu mnepexojie OT OJHOTO YPaBHEHHS K APYroMy MOXKET IMPOU30UTH
noTepsi KOpHEH U KakK 3TOro He JI0MYCTUTh?

W3 xypca cpemHeil mIKoIbpl MBI 3HAeM, YTO MOXKHO C/IeaTh CIenyronue nmpeoOpa3oBaHus
ypaBHEHUM: OO0 YJieH ypaBHEHHUSI MOKHO TIEPEHECTH U3 OJTHOM YacTH B APYTYI0, U3MEHUB €0
3HAK Ha MTPOTHUBOMOJIOKHBIMH.

O0e yacTh ypaBHEHHUS MOKHO YMHOXXHTH WJIM Pa3CiUTh HA OJHOW M TO K€ YUCIIO, HE
paBHOE HYIIIO.

Ecim ipu mepexozie 0T OAHOTO ypaBHEHUS K JPYToMY MTOTEPH KOPHEW He TIPOUCXOINT, TO
BTOpPOE ypaBHEHHUE HA3BIBACT CIICJICTBUEM MEPBOro ypaBHeHHs. MHaue, eciiu Bce KOPHH MEPBOTO
YPaBHEHUS SIBJISIIOTCS KOPHSIMH BTOPOTO YPaBHEHHS, TO BTOpPOE YpPaBHEHUS HAa3bIBACTCS
CJIEJICTBUEM TIEPBOTO YPABHEHUSI.

W3 sToro onpeneneHus U ONpeaesieH sl paBHOCHIIBHOCTH YPaBHEHHH CIIeyeT, 4To:

1. ecnu Ba ypaBHEHUS PaBHOCHIIBHBI, TO KaX10€ M3 HUX SIBIISETCS CIEACTBHEM IPYTOro;

2. eCli KaXJI0e W3 JBYX yYpaBHEHUH SBJISETCS CIEACTBHEM JIPYTOro, TO 3TH ypaBHEHUS
PaBHOCUJIBHBI.

83



[Ipu pemieHnn ypaBHEHHWH TJIaBHOE- HE TOTEPSATh KOPHHU, a HAIUYHE MOCTOPOHHUX
KOpHEH MOXHO YCTaHOBUTH MNpOBepKod. I[lodTOMy BakKHO cleAWTh 3a TEM, YTOOBI TpHU
IpeoOpa30BaHNU ypaBHEHUS KaXk/10€ CAEAYIOLee ypaBHEHUE ObLIO CIEACTBUEM IIPEIBLIYILETO.

CTOUT OTMETUTH, YTO MOCTOPOHHUE KOPHU MOTYT MOJYUUTHCS NMPU YMHOKEHUU 00X
yacTell ypaBHEHMsI Ha BBIpAXKEHME, COJAEpIKalllee HEU3BECTHOE; a BOT IOTEpPs KOpPHEH MOKET
MIPOM3ONTH MPH JETICHUH 00€UX YacTell ypaBHEHHs Ha BRIpaXKEHHUE, CoeprKallee HEM3BECTHOE.

Wtak, cpopMmynupyeM OCHOBHBIE TEOPEMBbI, KOTOPHIE HCIIOJIB3YIOTCS TPH PELICHUU
PaBHOCUJIBHBIX YpaBHEHHI:

Onpenenenue. O6macteio onpeneneHus ypaBHenus f(x) = g(x) wiam  00JIACTBIO
JOMYyCTUMBIX ~ 3HaueHud tmiepemenHodt (OJ[3) Ha3pIBalOT MHOXKECTBO TEX 3HAYEHUU
MEPEMEHHOM X, TPU KOTOPHIX OJHOBPEMEHHO UMEIOT CMbICH BhIpaxkeHus f(x) u g(x).

Teopema 1. Eciiu kakoli-1u00 4ieH ypaBHEHHS MIEPEHECTH W3 OJHON YacTH YpaBHEHUS B
JPYTYIO C IPOTUBOIOIO0KHBIM 3HAKOM, TO IIOJYYUTCS] YpaBHEHUE, PABHOCUIILHOE JTAHHOMY.

Teopema 2. Ecnu 00e yacTu ypaBHEHHUS! BO3BECTU B OJHY U TYK€ HEUETHYIO CTEIEeHb, TO
IIOJIyYUTCS] ypaBHEHUE, PABHOCUIILHOE JTAHHOMY.

Teopema 3. [oxasarensroe ypasuenne @ ) = a?™*) (rpe a > 0, a#l)

paBHOCUIILHO ypaBHEHHIO f(X) = g(x).

Teopema 4. Eciin 00e wactu ypaBHeHus f(X) = g(X) yMHOXHUTh Ha OJHO U TO XK€
BBIpakeHue h(x), koTopoe:

a) UMEET CMBICI BCIOQY B oOiactu ompezeieHus (B o01acTu JOMYCTHUMbBIX 3HAUECHUM)
ypaBHenus f(x) = g(x)

0) Hurzme B 2TOM oOmactu He oOpamraercss B 0, To momyuutcst ypaBHenue f(x)h(x) =
g(x)h(x), paBHOocuibHOE nanHOMY B ero O/13.

CaencrBueM TeopeMbl 4: eciii 00€ 4acTH YPaBHEHHUS YMHOXKHUTH WJIM Pa3JelUTh Ha
OJIHO U TO K€ OTIMYHOE OT HYJISI YUCIIO, TO TOTYYUTCS YpaBHEHHE, PABHOCUIILHOE TAHHOMY .

Teopema 5. Eciiu 06e wactu ypaBaenus f(x)=g(x) Heorpunareiabasl B O[3 ypaBHEHUs,
TO TIOCJe BO3BEICHHS OOEUX €ro 4acrteil B OAHY M Ty K€ UETHYIO CTENEHb N MOJYYUTCS

ypaBHEHUE (=)™ = (g™ paBHOCHIIbHOE qaHHOMY B ero O/]3.
Kparkas 3anmuce Teopem 4, S.
4. f(X) = g(x) ©h(x)f(x) = h(x)g(x), rae h(x) #0
u h(x) umeet cmbica B O/]3 naHHOTO ypaBHEHUSI.
5. f(x) = g(x) & TEN™ = (D" | e f(x)>0, g(x)=0
u n=2k (4€THOE 4nco).
Hanpumep, x —1=3;x=4
YMHO)UM 00€ YacTH Ha (X — 2):
(x—2)(x—1)=3(x—-2); x =4 u X =2 — NIOCTOPOHHUI KOPEHb= NMPOBepKa!
PaBHOCHIBHOCTH HEPaABEHCTB C HEM3BECTHBIM OIPE/EIAETCS aHAIOTUYHO.
HepaBenctBa, wuMmeromme OJHO H TO JK€ MHOXECTBO pEUICHWH, HAa3bIBAIOT
paBHOCHJIbHBIMU. HepaBeHCcTBa, HE MMEIOLIHNE PEIICHUH, TAK)KE SIBISAIOTCS PAaBHOCUIbHBIMH.

Pemenue 3aganmii:
IIpumep 1.
o=y —
PeuriM ypaBHenue: VX =X~ 2
BosBenem B kBagpaT 00e 4yacTu ypaBHEHUS, TOJIYUUM:
— _ 2
x=(x—2)" KOTOpO€ He OyJIeT PaBHOCHJIBHO HMCXOJHOMY ypPaBHEHHUIO, MMOTOMY 4YTO Yy
3TOro ypaBHeHHMs nBa KopHs ¥1 = LX2 =4 3 y mepBoHAYanbHOTO ypaBHEHHS TONMHKO OJWMH
KOpEeHb X=4.
IIpumep 2.
x—3
—— =0
1. HepaBencrBa ¥~ +1 n x-3<0 paBHOCWIBHBI, TaK KaK HMEIOT OJHO H TO XK€
MHO’KECTBO pEIIEHNH X<3.
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2x
2. HepaBenctBa x — 1 n 2x>x-1 He paBHOCWIBHBI, TaK KaK PELICHUSIMH IEPBOTO
ABIAIOTCA uncna Xx<-1 m x>1, a pemeHussMu BToporo- uncia x>-1. [Ipu penienun HepaBeHCTB
0OBIYHO JJAHHOE HEPABEHCTBO IIPE00Pa3yeTcsl B eMy paBHOCHIIBHOE.

Nel.
Euifiepy pARHOCHNLHLIE YPABHEHWA,
a dr=0G=9n7-1,2x=1
T 1

6§ —l=r=du—==—=
[ i

B (r—1)z+2)=0ujz+1)z—2)=0
r (2r—18)(4,2+40,7z) = 0w (dz + 30)(54 —6z) =0

T
A (2z—1)—(z+3)=zu _1=E]
I
T
e l{?r—lj—{;{:—ﬁj=:-:—*1ﬁ£1 =1

Ne2. Haittu pyHKIMIO, 0OpaTHYIO K JaHHOM: a) y =—3x +2;6) y =2 — x°
Ne3. BbIssiCHUTbH paBHOCWIIBHBI JIM YPAaBHEHHUS:
a)2x?-9x - 5=0wux(6x — 13) = 14x +15
0)5x*+4x—-1=0ux(2x +11)=-6-x2
Ne4. Pemnth ypaBHEHHE:
3 4x-1_x'+5
a)x-1 x+1  x*-1
x+2 3+4x _2(x-2)

6)X-2 x'-4  x+2

IIpakTnyeckas padora Ne2l
Tema 4.2 YpaBHEHUS 1 HEPABEHCTBA C MOJTYJIEM
Hean: Hayuntbes pemars ypaBHEHUSI U HEPABEHCTBA, COJEpKAIINe 3HAK MOTYJIS.

Teopernyeckasi 4acTh:

[‘I. Pewenune ypagHeHui u HE‘paBEHCI’Bj

COAEPKALLMX 3HAK MOY A

€ MCIOALI0BAHREN no obmei cxeme

0 OIPETe.

reomMmerTp Li]

|a|=10, ecima=0,
—a, ecama <0,

1. | (x)] =a.
2.7 (=) =g =]
3.|f(x)| >a.
4.|f ()| <a.

o CMBICHA MO/LyH 1. Haiira OJ13.
| a| — pacemosnue na 2. HajiTh ByaHm Bcex
HUCADE0I NPAMOIL Om ODOAMOLYALHLX
a, eca a > 0, maoyuru O do moyku a. ymupmii,

3. OrmeTHTE HyAH Ha

013 m paztuars 013
HA NPpOMEeYTHH.

. Hajith pemenme B

KAMIOM HPOMEKYTES
(W NpoBEPHTH, BXOIHT
AH 3T0 pemeHHEe B
paccMaTpHBaeM bk
OPOMERYTOR).

C HCNOJALIOBAHKEM
CIEIHANLHLIX COOTHOMSHNI
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2. Ucnonk3oBaHme reoMeTpuHeckoro cveicna mogyna (npua = 0)

|[t|=a |[t|=ua
| ¢ -ul |t] < a llrl - a
-a 0 a P
1.|,|F(-.] a & Filx) = a wom F(x) a.
2. | fix) | g (x) | &= Fix) = g(x) mam fix) £ (x).
3,|,|Ffl.] i &= Fx) < —a mau F(x)>a.
4. |f(x)| f(x) 1(0>~4,
B X i = —i X il =
[f(x)<a.
OBobujeHue

T [g(x)=0,
5. 11N =8@) &) o) wam 1(2)--g(®).

6. |fix)|> g(x) = fx)<—g(x) wan f(x) > g (x).
[f(x)>—g(x),

T |f(x)<g@es-g@<fo)<gx)= “{;){g[x).

3. Mcnonk3oBaHue cneumansHLIX CooTHOLEHMA

1. |u|=u=uz0.

2. |lu|=—u=us<o.

3. |u|=|v|eu=1.

4. |u|>|v|e=2 u?>v’. Torga |u|- |v|>0 < u® - v*>0;

FHak pasHocmu modynell deyx swpameHull cosnadaem co FHAKOM pas-
HOCMU UX KEA0pAmos.

:H}'}!
5. |u|+|u|=u+u<=1--;y}ﬂ‘
[us (),
6. |u,|+|u|=—u—v=rclug“.
7. Ju|+|v|=|lut+v|euv 0.
8. |u|l+|v|=lu-v|=2ur<o.
9. |x-a|+|x-b|=b-—a=2axx<braea<h.

OObsicHeHHE 1 000CHOBaHHE

Pemrates mo60e ypaBHEHHE WM HEPABEHCTBO, COJIEpIKaIlee 3HAK MO, MOXKHO OTHHUM
U3 TPEX OCHOBHBIX CIIOCOOOB: MO OMPEAETICHUI0 MOIYJS, HCXOS M3 T€OMETPUUYECKOTO CMbICIIA
MOJyJIs WU o o01elt cxeme. HekoTopelie ypaBHEHMsI MJIM HEPABEHCTBA C MOAYJIEM MOTYT OBITh
TaKXe PeLIeHbI C CIIOJIb30BAHNEM CIIEIIUAIBHBIX COOTHOLICHUH.

B 3aBrcuMOCTH OT BRIOPAHHOTO CITOCO0A PENICHHS MTOTyYaeM Pa3HbIE 3aIHCH PEIICHUSI.

IIpumep 1. Pemnte ypaBuenue | 2X — 4 | = 6.

| cioco0 (1o onpeeeHno MOy )
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Pemenne KomMeHTapmid

1) Eciim 2x—4=0, (1) | Y1oObl pacKphiTh 3HAK MOIYIA IO

ONpelleleHHD,  PacCMOTPHM  [IBa
TO MOTy4YaeM ypaBHeHHe 2X — 4 = 0. | ciyyas:

Torma X = 5, 9TO0 VIOBISTBOPHAET I
VCIIOBHIO (1). 2x—4>0 H 2x—4<0

2) Ecnn 2x—-4<0, (2) |IIo OIpeIeIeHHID MOJIYIIEM
TOJIOAIITENIBHOTO (HeOTPHIATEIBHOIO )
TO TONy4aeM ypaBHeHHe —(2X —4) = 6. | qiicna sBAfeTcA caMo 3T0 9ICIO, 2
Torma x = —1, 9TO YIOBNETBOPAST H | MomyleM  OTPHIATENBHOIO  9IHCIA
VCIOBHIO (2). ABIAETICH  IPOTHBOIOINOXKHOE — €MY
qicno. IToatomy

OteeT: 5; —1.
npu2x—-4>0, [2x—4|=2x-4,a

mpu 2x— 4 <|0, [2x—4|=—(2x—4).

B KazI0M cIIydae pelaeM IoTydeHHoe
YpaBHEHIIE I BEIACHAEM,
VIOBNETBOpAET M  KaXKIBIH I3
HallIeHHEIX KOpHell TOMY VCIIOBHIO,
IIPH KOTOPOM MBI €70 HaXO0 IILIIL

Il crtoco6 (ucIoIBp30BaHNE TEOMETPUUECKOTO CMBICIA MOIYJIISA)

Pemenne KomMmeHTapHid

2x—4=6 umum 2x—-4=-06, C reomeTpidecKkoil TOYKH 3peHHA
|2x — 4| — 3T0 paccTosHHe OT TOUKI 0
110 TOYKH 2X — 4.

2x=10 mwm 2x=-2, Ilo ycrnoBIro ypaBHEeHIA OHO PaBHO 6,
HO paccTofHHe 6 MOXKeT OBITh
OTJIO:KeHO oT 0 Kak BIPaBO (IIOIydIaem
X=35 wm x=-1. 4HCI0 6), TaK I BIEBO (IIOTyIasM JICIo
—6).

Taxum oOpazom, paBeHCTBO

OteeT: 5; 1. | 2x — 4 | = 6 BO3MOKHO TOT/1a I TOJIEKO
TOrHa, korga 2x—4=6mm2x 4=
—6.

3ameuanme. [Ipu perieHnn ypaBHEHHs C MCIIOJB30BAaHHMEM I'€OMETPUUYECKOI'O CMBICIA
MOJlyJIsl 3HaK MOJYJIsl pacCKpbIBaeTCsl HESBHO, TO €CTh ONpEesIeHue MOAYJS B SIBHOM BHJIE HE
HpUMEHSEeTCS.

OOmias cxema peleHus: ypaBHEHUN M HEPaBEHCTB, COAEpXAIlMX 3HAK MOIYJS — 3TO
(akTHUECKM HEMHOTO M3MEHEHHBIH MeToJl MHTepBasoB. [losicHUM cozep:kaHue 3TOH cXxeMbl Ha
pUMepe YpaBHEHUS C IByMsI MOJIYJISIMU BHJIA

If Ol +1g (¥)[=a (a>0).

UTo0bl pemuTh 3TO ypaBHEHHE, HEOOXOIUMO PACKpBITh 3HAKU MOJYyJEH, a JJii 3TOro
HeoOxomumo 3Hath, Thae ¢yHkuuu f (X) m g (X) OyayT MOJNOXKUTENBHBIMH, a TIAE —
OTpHIATENbHBIMA. TO €CTh (PaKTHUECKU MBI TOJDKHBI PEIIUTh HEPABEHCTBA

f (X) > nm <0, 1)

g (X) > umm <0. (2)

Kaxmoe u3 3THX HEpPaBEHCTB MBI yMEEM pellaTh METOJ0oM HHTepBanoB. Ilepectpoum
IpUEM pEeIIeHUsT HEPaBeHCTB METOJIOM HMHTEpPBAJIOB TakUM 00pa3oMm, uTOObI OH JaBal
BO3MOXXHOCTh OJHOBPEMEHHO peIIaTh KaXJ0€ M3 TOCIeIHUX HepaBeHCTB. Kak H3BecTHO,
peuienue HepaBeHcTBa (1) METOOM MHTEPBAIOB HauMHaeTcs ¢ HaxoxaeHus ero OJ13 (To ecth
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obmactu onpenenenus Gynkuu f (X)), a penrenue HepaBeHcTBa (2) — ¢ Haxoxaenus ero OJ/13
(To ecth obmactu ompeaencuus Gyaxiuu ¢ (X)). UToObl HauaTh OAHOBPEMEHHO pemiaTth 00a
HEPaBEHCTBA, HEOOXOIMMO HalTH 00IIyI0 00acTh onpeneneHus it pyuakuuii T (X) u g (X), To
ects HaliTH O[3 nanHOro ypaBHeHMs (3TO M €CTb nepavlll U3 OpueHmupos HeoOXOaUMON
CXEMBI).

Yrobsl npomoinkuth pernenne HepaBeHCTB T (X) >mmu<0 u g (X) >mwm< 0 meromom
UHTEpBaIOB, HeoOxoaumo HaiTu Hymu (yskumid f (X) u g (X), TO ecThb HAWTH HYJH Bcex
MOAMOAYJILHBIX (PYHKIHUI (3TO M €CTh 6MOpoIl OpueHmup).

Ecnmu namee mnpuMEHHTH CXEMy METO/a HWHTEPBAJIOB OJHOBPEMEHHO IS JIBYX
HepaBeHCTB, HeoOxoaumMo Ha OJI3 oTMeTuTh HYJM NMOAMOAYJbHBIX (PYHKIHIA W Pa3douTh
O/I3 Ha npomexyTKH (3TO mpemuti opuenmup).

B kaxmoMm u3 moiydeHHBIX NpoMeKyTkoB 3Haku (yukmmii f (X) u g (X) He moryr
U3MEHUTBCA. Torga Mbel MOXKEM HAWTH 3HAKH MNOAMOAYJIbHBIX (YHKIMIA Ha KaXIOM
NMpoMexyTKe (B JIF000 TOYKE 3TOTO IMPOMEKYTKA), PACKPBHIThH 3HAKH MOAYJeld W HAWTH
pellieHHe JAHHOTO YPABHEHHS] B KaXJIOM M3 ITHX NPOMEXKYTKOB (3TO M €CThb Yemeepmublil
opuenmup ooweil cxemo).

ObocHOoBaHME BO3MOXHOCTH IPUMEHEHHUS PUBEICHHON CXEMbI K PEIICHUIO0 HEPABEHCTB
C MOJYJISIMU TIPOBOJUTCS AHAJIOTHYHO.

3agaua 2° Pewrnre ypassenne |x — 5+ |2x + 5| = 3x.
Pemenne KomMmmenrapnit

P IMockoaery 3x =(x — 5) + (2x + 5), Bemnt obosmHaunmTs x — & = u o
TO JaHHOe YVDPABHEHNe HMeeT Bug | 2x + D =v, Tou + v = 3x n ganHOES
|uw|+ |v|= u + v, Ho s10 pamenmcTBOo | ypasmemme mmeer Bug |u| + |v]| =
MOMET BRINOMHATHCA TOTOA M TOMBKO | = i + U, A& OO0 COOTHOLIEHII D TAKOSe
TOTHA, KOTOA YHMCTA U ¥ U — oba HeoT- | YpABHEHNE  DABHOCHILHO  CHCTEME
pHnaresabie. CaegopaTe bio, JaHHOES (=0,
YpABHeHNE — DABHOCHIBHGO  CHOTEME 1;3;“}
Pe xz5h
{.-1'—-13'“. Orciona ! 3ameTnM, WTO JAHHOE YDABHeHNE
9% + 520, 1)‘}—2. MOMHO pelmaTs i oo obueft oxeme, HMo
- ‘ L)

2 Torga petmenme 6yvaer Goaee rpoMozd-

Taxmum cbpasom, x # 0.

Omaeent: [5: +99). <]

KITM.

dagaua 3 Pemrnre mepaseserso | 2x — 5|5 7.

Femersne Komumesrtapmit

P VuNTHIBEA TeoMEeTDHHYecHKHH CMBICT
MOOVAA, DOXVIaeM, 9TO GAJAHHOE He-
PABEHCTEO PABHOCHIBHC HEDABEHETBY

-T% 2x-56+% T. (1)
Torga —2 % 2x = 12, TaxkuM obpasomM,
-1 x= 6.

Omeem: [-1; 6]. <]

HepaseHcTBD BROA |f(x} | % a (rge
a > () voobHO pelIaTs, HCOoIbSYHE Ieo-
mMerTpHuYecknil cmecn mogyvaa. Ilo-
CHOIBKY SAOAHHOE HEPABEHCTEO — 3TO
HepaseHeTEo Buza |t| € 7, a mogyme
UMCIA — BT0 PACCTOAHNE HA KOODIH-
HaTHOR npamoil or Touwm, msobpasxa-
wmelf gaEHECE YHeT0, Do ToukHm 0, To
SAMAHHOMY HEDABEHCTEY VIOBIETBODH-
0T BCE TOUKH, HAXOOAINECA B ODOME-
myTtwe [-7; 7). Tammm obpasom,
-7 % t = 7. Econ BOSHHNKAIOT SATDYVI-
HEHHA ¢ PEIIEeHNEeM ABORHOTO HEDABEH-
crea (1), To ero saMEeHANT HE PABHO-

[2x-53 -7,

CHILHYIO CHCTEMY N
121‘ =BT,
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Penrenne 3agannii:

Permre ypaBHEHUS ¥ HEPABEHCTBA, coaep Kanie 3HaK moayis (1-15).

1. 1) |3x-5|=T;

2. 1) |2x - 8|>b:
3. 1)|x=-2 =-2x-1=10;

D]x—1]|+|x—3|=2;

B x+5|+|x—-8|=13.

5 1) |x+ 3|<x - 2;
H|x+3|+|x—-1|<|6-3x|
1) Jx?-2r+1+|x-2|=1;

1) Ve —dx+4+4x" =8

I.rﬂ—dx|—3_
.:rg-l-lJ:—E-l_
9. 1) ||x-1|-2
10. 1) | x® — 4x | < 5;

11. 1) 3 [x -1 |+ - T=0;
1) lx3lex o

r+2 *

1
=1-

»

8. 1)

12,

13. D ||x-1|-5|< 2Z;
14. 1) |x - 2£°|> 22° — x;
15. 1) ——3|x+2[;

|x+3]-1

2) |8 - 4x|=86;

2 |8-5x|=<T;

3) |x® - 5x|=6.

3) ﬂ‘}i’.:

x+1
2+ 3x+ |x+ 3| =0.

4)

2x-3
e <1,

X =ip
2}|x+ 1|+|x—5|=2ﬂ;
2 |x+1|+|x—-2|= 2x—1;

2) Jx'+dx+4+|x|=x+5.

2) J16—-8x+x? +/x?+2¢+1=5.

4

2 |[z=1]|-2
2)||2x—-4|-5]|=3.
2| xF-x—-6|=>4.
2)|x-6|22"-5x+9.
}lrlj_ﬂ-zzé.
2 |x=-1]+|x+2]|-|x-3|>4.
2)[x*+x-20|< 25+ x— 20.

=|x+1|.

4

s

IIpakTuyeckas padora Ne22

Tema 4.3 YpaBHeHUs U HEpaBEHCTBA

C MmapaMeTpaMu

Ieas: HayunTscs pemars ypaBHEHUs U HEPABEHCTBA, COAECPIKAIME TapamMeTp.

Teopernyeckas 4acThb:

HarmoMHHM CMBICT BBIpaXKEHHUSI «PELINTH C IApaAMETPOM» — MOKHO peliaTh YpaBHEHUS,

HEPAaBCHCTBA, CUCTCMEI C MIApaMCTPOM.

Pemmmte 3amauy, Hampumep ypaBHEHUE

flx,a) =10

WM HEPABCHCTBO

flx,a) <0 c

napameTpoM a — O3HA4YacT «nepe6paTL» BCC 3HAYCHHUA IapaMeTpa U I KaXIOI0 M3 HHUX

YKa3aTb OTBCT.

1. Pemenue ypaBHeHUH ¢ TapaMeTPOM
[TosicHMM Ha pOCTENIINX TPpUMEpPaAX.

IIpumep 1 — pemnTh ypaBHEHHE C TApaMETPOM:
ax=1

d
3amaya COCTOUT B TOM, YTOOBI JIUISl KaX/JI0r0 3HAYEHHS MapaMeTpa - peuIuTbh YpaBHEHHE

X
OTHOCHUTCIIBHO .

a=2 . o
[Iycth , TOTJ]a UMEEM MPOCTEMIIEE JIMHENHOE YPAaBHEHUE:
1

2x=1ox=—
2
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B O6H.I€M cnyqae B JaHHOM ypaBHeHI/II/I BO3MOXHBI JIBa BapI/IaHTa peI_HeHI/IH — Korzaa
MOXXHO JIeTTUTh Ha KOA((HUIIMEHT a 1 Korjaa Hellb3sl, He0OX0uMO TepedpaTh BCE JOIMYCTUMBIE
aeER

3HAYCHMsI mapaMeTpa a ( )

a==~0
PaccmoTpum nBa ciyuas. Ilpu Mbl HE HMMEEM IIpaBa pa3[eiuThb EIUHUIlY Ha

KO3(QULKEHT a, O3TOMY IIOJCTABISIEM 3HAaUEHUE HOJIb B 3a/laHHOE YPaBHEHUE U U3Yy4aeM €ro.
[Tpu m00BIX APYrUX 3HAYEHUSIX @ UMEEM IIPABO BBIIIOJIHUTH JCJICHUE:

a= { a==~0 {El:l] {EI=IJ
{ax=1 D=x=1 0=1 xED

{aiﬂf_} a0 “|lmaz0® a=10

- 1 1 1
a a a
1
a=0 ! a0x=
Ortsert: npu peLIeHU! HET, Ipu 2

PaccmoTpuM penieHre npocTeninero HepaBeHCTBA C MapamMeTPOM.
2. PelieHrie HepaBEHCTBA C MTApaMETPOM

PaccmoTpuM penienre npocTeniiero HEpaBeHCTBA € MAPaMETPOM.
[Ipumep 2 — pemiuTh HEPABEHCTBO C MMAPAMETPOM:

ax =1

Ecnn a — KOHKpETHOE 4YHCIIO, MBI MOXEM JIETKO PEUIMTh 33/JlaHHOE HEPaBEHCTBO,
HarpuMmep:

1 1
a=2:2x=>= 1<—rx}i;a=—2: —Zx}le}c:‘:—i

y Hac e ecTb KodduiueHT a B 001em Buje. PaccMorpum Tpu cirydas:

-E|=l:l {3:'] a=0
{ax::l ﬂz% i%
{aac‘:l]e a 1<—> a 1
x=1 X = X =
a=0 2 a
{a i a=0 a=0
Llax

x}l x?l

L a L a

1 1

Orper: a=0 L a< 0X= a=0%~
TBET: TIPU pELIeHnuN HET; IPU ; TIpH

[Ipumep 3 — pemuTh ypaBHEHHE C TAPAMETPOM:

x—5
JpoOp paBHa HYNIO TOTJa W TOJIBKO TOTJA, KOTJAa YHUCIUTENIbh €€ paBeH HYJ0, a
3HAMEHATENb HE PaBEH HYIIO:

{x —a=2=0 o {x =a
Xx—5+#0 X+5
3HaueHue mapameTpa MOKeT ObITh II0ObIM. PaccMoTpuM ABa ciyyast:
a=>5
Xx—5
x—5 0
a#bh
X—a
—5 =0

. XxX=a
IIpu 3TOM 1nOJIy4aeMm B IIEPBOM Cllydae: X ¢ OJHOW CTOPOHBI PAaBEH IIATH, T. K. ,ac
JIPYroi CTOpOHBI HE paBeH IATH, T. K. 3HAMEHATENb APOOU HE MOXKET ObITh paBeH HYJI0, KpoMe
o
_—— ':I
TOrO MOJTy4aeM BbipaxkeHue ° , @ TAKOT'O BBIPAYKEHUS HE CYILLECTBYET.
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a*bx—=a

Korna , IPOTUBOPEYHT HE BOBHUKAET

a=>=5 o a*bx=a
OtBert: npu peuieHuil HeT, pu *
[Ipumep 4 — pemnTh ypaBHEHUE C TAPAMETPOM:
\."E =a

3HayeHHe a MOXKeT ObIThb JIOOBIM, HO KBaJIpaTHBIA KOpPEHb
HeoTpHIarenbHoe yncio. CiaenoBaTeIbHO, PACCMAaTPUBAEM ABA CITydast:
{ a=0 { az0

VE=a x = a’

a=10 a=10

{\."E=EI {XEE'
OTBeT:HpHaEDx=az;npﬂac:l3x5@

3. Penienue nppalilnoOHaIbHOTO YPaBHEHHUS C TApaMETPOM
Pemum nppannoHanbHOE HEPABEHCTBO € IaPaMETPOM.
[Ipumep 5 — pemuTh HEPABEHCTBO € IAPAMETPOM:

YEX = a

I/IccnenyeM JAaHHOC HCPABCHCTBO.

CTpOTO

X CTOUT IIOJ 3HAKOM KBaJApPaTHOI'O0 KOPHA, 3HAYUT AOMYCTHUMBLIC 3HAUCHHUA IO X - BCC
HCOTPpUIATCIIbHBIC 3HAYCHUSA. 4 MOXKCT IIPHUHUMATDH JIIO0BIE 3HAYEHH. paccMOTpUM TpU Cirydas.

d a =
Ecau © menbine HYJII U KOPEHb CYHICCTBYCT, TO HCPABCHCTBO BBINIOJIHACTCA. Ecau

0 .
, TIOOOH

. a
HEOTPULATENbHBIM X YAOBIETBOpPsAET HepaBeHCTBY. Eciu ke = Ooibllie Hyls, UMEEM IpaBo

BO3BCCTH B KBaJpar:

_’Eld:u -{Eld:ﬂ
Wx=a ng
r a =
a==0 =0
Wx=a ‘”X_ﬂ
- X=
a'_:::l] 2= 0
Liyx=a [ 1% = 52
0 . a=0x=10 a>0x=a’
TBET: IIPU ; TIpA

PaccmoTpuMm pelieHne JaHHOTO HEpaBeHCTBAa rpaduueckuM MeTofoM. Jlns atoro

|

. . = /x
CHaYalga CTPOMM rpaduk (YHKIMHM, CTOSMIEil B JIEBOH wacTw: ) V', 06JACTh ONPELCICHHUS

o x=0
JTaHHOW (YHKIIUU .

HaxXO0JUM TOYKHU IICPECCUCHUS.
K 0 1 2 3 i 5 & 7 g 3 10

X—
-1 0 1 2 3 4 5 & 7 g 9 0

Paccekaem IMNOJIYYCHHYIO KPHBYIO CEMENCTBOM MMpAMBIX

y=a,

a=10 o
[To pucyHky O4Y€BHIHO, YTO KOTIA , KprBasg HAaXOJWTCA HAJ TMPSIMOU TIPH BCEX

AOMMYCTHUMBIX X, TO €CTh IIPHU BCCX JOIMMYCTHUMBIX X HCPABCHCTBO BBINIOJIHACTCA.
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Ecnu a nmonoxurenpbHo, KpUBasi UMEET €IMHCTBEHHYIO TOUKY IEPECEUEHMs C IPSIMON U
KpUBas HAxXOJUTCS BBIIE MpPSAMOM @paBee TOUKM IepecedeHus, adcuucca TOUYKU

X X=Fa
repeceueHusn , IODTOMY pEIICHUEM HEPABECHCTBA SIBIISIETCS = —

O‘-ICBI/II[HO, 4TO OTBCT COBNAAACT C OTBCTOM IIPHU PCIICHUUN aHAJIMTUYICCKUM CII0COOOM.

j— r

=

[Ipumep 6 — pemuTh ypaBHEHUE C TAPAMETPOM:

Eh,,"; =0

[IpousBeneHne IByX MHOXKHUTENEW paBHO HYIIO TOT/Ia M TOJBKO TOINa, KOTJa XOTs Obl
OJIMH U3 MHOXHUTEJIEH PAaBEH HYJIIO0, @ BTOPOU MPH 3TOM CYLIECTBYET.

a==0
PaccmatpuBaem nBa BapuaHta — JM00 , HO KOpEHb IpH 3TOM JIOJKEH
x=10
CYLIECTBOBATh, JIUOO , B TAKOM CIydae a — JIr000oe 4ncio:
a==>0
=0
Cer
ER
a=0xe|[0;+c0 azx=0x=20
Otsert: npu [0;:+ :]; npu *

Penrenue 3aganni:
Nel. Pemnth ypaBHEHHE € TapaMETPOM:
a) ax+ 2 = —5;

-
ayx—5=10

B) ¥ :

2xta __

r) x—4 I

No2. Pemiuth HEpaBEHCTBO C TAPaAMETPOM:
—4ax =< 5,

a) :

EI\,,"E} z

0) 7

axtl ~ 0

B) =3 = 1
E|.'_=

IIpakTuyeckas padora Ne23
Tema 4.4 KontponbHas padota o pasneny 4 «YpaBHEHUS U HEPaBEHCTBa»

Heas: [IpoBepuTh YpOBEHb YCBOCHHS JAHHOTO MaTepHaia mo paznuerny 6 «YpaBHEHUS U
HEPaBEHCTBA»

Ilpu pewenuu 3adanuni 1-4 3anuwiume npaguibHbLIL OmMEem U3 UYemblpex
NPeOnoINHCEHHBIX:

1. (1 6amm) Kakoe u3 uncen sBisieTcst KopHeM ypaBHeHHst log, (x + 1) = 1

A)-1;b)2;B) 1; 1) 0.

2. (1 6amn) Kakue u3 ypaBHeHU UMEIOT Oosiee OJTHOTO KOpPHs?

A) x2-6x+5=0; B) 3¥?=9; B) (x-4)(x+3)(x-8)=0; I') 2x-7=0.

3. (1 6amn) Onpenenute BUI ypaBHEHUs V—32 — x = 2

A) nuneitHoe; b) kBanpaTHoe; B) uppanuonansHoe; ') pannonaasHOE.

4. (1 6amn) OnpesienuTe HaMMEHbIIEE HEN0e PellieHre HepaBeHcTBa 5¥2<1?

A)-3;5)0;B)3;TI') -4.

92



Ilpu évinoanenuu 3a0anuil 5-8 3anuwiume x00 pewienusn u noOJIy4eHHbLL OMeEem.
5. (2 6amna) Halimute KOpeHb ypaBHEHHS | x-3 | =2

—y =38,

6. (2 6anna) Pemute cuctemy ypaBHEHUI {2§_3 3} 16,
2_

7. (2 6anna) Pemmte HepaBeHCTBO 2K < i

x—

8. (2 6amna) Pemmre ypaBuenue (2x — 3)V3x2 —5x—2 =0

manonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3adaHUA
Otger B B B A 1;5 | (10; 2) (-0; 0]; [2; 3) -1;6

IIpakTnyeckas padora Ne24
Tema 5.2 Tlonsrue npousBogHOi. DopMynsl U paBuia AU depeHurnpoBanus GyHKIUN
Heab: OmnpenenuTs CyHHOCTh MOHSTHUSL TNPOU3BOJHASA, HAYYUTHCS BBIYMCIATH
MIPOU3BOJHYIO, UCIIOJb3YS MIPEAEIIbI.

Teopernyeckasi 4acTh:

[IpousBonHas - riaBHeillIee NOHATHE MaTeMaTHYecKOro aHainsa. OHa XapakTepu3yeT
u3MeHeHne (YHKIUU apryMeHTa X B HeKOTopo# Touke. [Ipu 3ToM 1 cama npou3BoHas SABISETCS
¢GyHKIMEN OT apryMeHTa X

o = X
IIpoussoonoii ghynkyuu y=J :IB TOYKe * Ha3pIBaeTCs mpeen (€Ciau OH CYLIECTBYET U
KOHEUYEH) OTHOMICHUS NMpPUpAIIEHUs (YHKIUU K TPUPANICHUIO apryMEHTa NpU YCIOBHH, YTO
IIOCJIEIHEE CTPEMUTCS K HYJIIO.

To ecTs,
. A ) +Ax)—
Fixr=lim 2 Aim Jlx+hx) f{x}.
ax—=0 A ax—=0 B
Haubonee ynorpeOurenbHbl CIEAYIOIINE 0003HAUeHUS RPOU3BOOHOIL.

& AW
yi fxh odx’ dx
AJNTOpUTM HaxOK/JICHUS TPOU3BOIHOU
) -
f'(xo)
Ax
1) 3apmate npupalieHue — 3TO NpHpalleHHEe apryMeHTa W  BbIUYHCIHUTH
Ay Af =f(xo+ Ax) — f(xo)
WIN .
Af
2) Haiitu pa3HOCTHOE COOTHOIIEHHE 4%, yIIPOCTHTH €ro U COKPATHTh Ha

Af
Aa Ax =0

3) Ecau otHomenne 4% mpu CTPEMHUTCSI K KaKOMY-TO YHCIYy, TO 3TO YHCIIO

fl(xu)'

J151s TOrO YTOOBI HAUTHU HY)XHO:

COOTBETCTBYIOLIEE MTpHUpalleHle QyHKIHH

Ax

Oyzner

Pemenne 3aganmii:
IIpumep 1. [Tons3ysck onpeaeseHueM NPOU3BOAHOIM, HAUTH TPOU3BOIHYIO (PYHKIMH

y=afx+1

Pemenue. N3 onpenesnennst mpou3BOAHON BBITEKAET CIEAYIONIAs CXeMa €€ BBIYMCICHUS.
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https://interneturok.ru/lesson/algebra/10-klass/proizvodnaya/opredelenie-proizvodnoy-eyo-fizicheskiy-i-geometricheskiy-smysl-algoritm-nahozhdeniya-proizvodnoy#mediaplayer

Jlamum apryMeHTy npupaiieHue (1enbTa) U HailiéM npupamieHue QyHKIum:
Ay =afx+hx+1—ofx+1
Haiiném oTHomeHue npuparienus GyHKINU K TPUPAIICHUIO apryMEHTa:

Ly N'rx+ﬂx+1—\.'rx+1 _

fiks Ax

(\f‘x+ﬂx+1—Jx+1)(~,fx+ﬁx+1+~,:‘rx+l) _

B ﬂx(\u’x+ﬂx+1+«fx+1)

_ A+ix+1-(x+1)
ﬁx(-qfx+ﬁ.x+1 +\'JX+1)

_ Az
- ﬂx(ﬂ’x+ﬂx+1 +qfx+1)

1

Jx+ﬂx+1+\.'rx+1-
Bpruncivm mpenen 3TOrO0 OTHOLIEHUS IPU YCIOBHM, YTO MPUPALICHUE aApTryMEHTa

CTPEMHTCS K HYJIIO0, TO €CTh TPEOyeMyI0 B YCIOBHH 33a4U IPOU3BOJHYIO:

: 1
litn =
i~ Jx+1&x+1 +\."x+%

NS EN e RN

IMpumep 2. Haiftu npon3BoaHYI0 GyHKINN

y= fix)=2x"+1.

Pemenne. M3 onpeneneHuss IpOU3BOJHONW BBITEKAET ClEAylOIIas cxema s €€
BBIYMCIICHHUS.

Hlar 1. /lagum aprymeHTy npHpalieHue A%y naiiném
y+hy=F(x+hax)=20x+4x)" +1=

= 2x* +4xehn 4+ 20An)° +1.

ar 2. Haiiném npupaiienue QyHKIUH:

My = f[x+ﬂx:l—f|':x:l=

=[2x® +4xeax+2(ax)’ +1]- (227 +1)=

= dxehx+2(Ax)"

ar 3. Haiiném oTHomeHne npupalieHus GyHKIUU K IPUPAIIEHUI0 apryMeHTa:
by dxehx+2(Ax)  Ax(dx+24x)
Ax Ax A
=dx+2hx

[ar 4. BeruncauM npeen 3Toro OTHOLEHUS TIpU Lx =0 10 cems IIPOU3BOJHYIO:
y = f(x)= lim (4x+242) = 4x

IIpumep 3. Haiftu npou3BoAHYIO (QYHKIHMH Y =\EI/I 3HAQYEHHE HTOW IPOU3BOAHOU

npu * = g
Pemenue. Bocnionb3yemcst cxemoit, nmpuBei€HHOM B mpumepe 1.
[ar 1.
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y+iyv=Fflx+hn=Jx+ix

[ar 2.

Ay = Flx+Ax) — F(x) =[x+ ix -7
[Iar 3.

by «.,l'x+&x—ﬁ

Ar Mx '

[Iar 4.

ax—0

3= £ = lim Y = lim —”“‘E_‘E.

a0 A

BbIpakeHHe 1107 3HAKOM Tpefena e onpexeneno npu L% = U (meonpenenéunocts Buna
0/0), mosTomMy mpeobOpa3zyem ero, W30aBHBIIKUCH OT MPPANMOHAILHOCTH B YUCIIHTENEC W 3aTEM

COKpPAaTUB Jpo0b:

y'=lim

(w\f'x+ﬁx—u"';) («u'x+ﬁx+~u';;_:) _

Mx

5 [t hr 4 45)

= lim !

1
ﬂ**”\frx+ﬂx+\.'; - E\E-

W Ny e )

Haiiném 3HaueHue npou3BoaHOM npu + = 9 :

yoo=F (@ =1/(240)=1/6,

IIpakTnyeckas padora Ne25
Tema 5.2 Ilonarue npousBogHoi. @opMyisl U TpaBuiia AMPPepeHInpoBaHns PyHKINUN
Hean: HayunThcsi BBIUUCIATH POU3BOAHYIO (DYHKIMH, UCTIONB3YsS (OPMYIIBI U MpaBHiia

b depeHIMpOBaHUS.

Teopernyeckas 4acThb:

®opmysl AudphepeHInpOBaHUS

1. ¢" =0, ¢ = const
) (x”) — sx” L
] (ax) =a”-lna

2
3
4. (ex)' =e"
5 1

xlna
6. (h’lx)r _1
X
7. (sinx) = cosx
8. (cosx) = —sinx
' 1
9. (Wx) =
(/) 2+/x
10. (tgx) =~
cos” x
11. (ctgx)' =— — 1,
ST x

12.

13.

14.

15.

16.
17.

18.

19.

(arcsin x)' =
w1 —x™
(arccosx)' = — 1 —
1—x~
(arctgx) =
1+ x=
(arcctgx)' _ ! -
1+ x=
(shx) =chx
(ch x)' = sh x
’ 1
(thx) =
ch?x
’ 1
(thx) ———L
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[Tpu BBIYUCIICHUH MIPOU3BOIHOM UCTIOJB3YIOTCS CIICAYIOLIHE npaBuia
nuddepennupoBanus. [lpaBuio nuddepeHuupoBanusi CcyMMbI ABYX ()YHKITHIA.

[TpousBoaHas cymMmMbl paBHa cymme pou3BoaHbIX: (f(x) + g(x))' = f'(x) + g'(x).

[TonpoOHO 3TO cCBOWCTBO Mpou3BOAHON (dopMmynupyercs Tak: Ecnm kaxnpas wu3
Gynkuu f(X) 1 g(x) MMeeT MPOM3BOJHYIO, TO MX CyMMa TaKKe WMEET IPOU3BOJAHYI W
cipaseinBa GpopmyIa.

[Tpon3BoHasi CyMMBI HECKOJIBKUX (PYHKIIMU paBHA CYMME IIPOM3BOIHBIX 3TUX (YHKIHU:

(f(x) +...+ gx))' =f'(x) +...+ g'(x).

[Tpou3sBoaHas pa3HOCTH paBHa pa3HoCTH npou3BoaAHbIX: (f(X) - g(X))' = '(X) - g'(X).

A Teneppb pacCMOTPUM IIPUMEp MPUMEHEHUs JaHHOTO IpaBuiia AU PEepeHInPOBAHHUS.

Paccmotpum BTOpOe mpaBuiio nuddepeHmpoBaHus:

[TocTosIHHBIN MHOKHUTEIh MOXHO BBIHECTH 32 3HAK IMPOU3BOIHOM:

(cf(x))=cf" (x)

[lepexonum k Tperbemy mpaBuiy auddepenunpoBanus. [IpousBonHas npousBeAeHUS
paBHA NIPOU3BEICHUIO IIEPBOIO MHOXKUTENSA HA BTOPOM IUIKOC NIEPBBI MHOKUTEIb, YMHOKCHHBIN
Ha Mpou3BoAHYI0 BToporo. (f(x)-g(x)) '=f' (x)-g(x)+H(x) g' (x)

YerBepToe mnpaBwio Aud¢epeHUHMPOBAHUS: IPOU3BOJHAS ~ YAaCTHOIO  paBHA
MPOU3BOJHON YHUCIUTENS YMHOKEHHOTO HAa 3HAMEHATelIh MHHYC YHCIUTENb YMHOXXEHHBIA Ha
NIPOM3BOIHYIO 3HAMEHATEJSI ¥ BCE ITO JCIICHHOE Ha KBaJpaT 3HAMEHATEJIs.

(f(x} ) g — Fx)g'(x)
glx)) g°(x)

Pemenue 3ananuii:

Mpumep 1.

Haiinem npou3BoaHy0 GYHKIUH: flx) = 2x* +4x

Pemenue:

MPOM3BOJIHAS CYMMBI paBHa CyMME TNPOM3BOJHBIX. HalaeM NpPOM3BOMHYIO Ka)I0To
CJIaraeMoro

Fiix)=02x2+4x)" = (2x%)" + (4x)’

filx)=4x+4

Orper: f'(x) =4x +4

IIpumep 2.

Haittu nipoussoanyro dymkimu f(X)=8x3+3x2-x.

Pemenne:

f(x)=8x3+3x2-x

£ (x)=(8x%)’+(3x%)’x’

PaccMoTpuM KakIpIi 4iIeH MHOTOYIICHA 1O OT/ICIIBHOCTH

(8x3) '=8(x3) '=8-3x2=24x>

(3x?) '=3(x?) '=3-x=6x

(-x) '=-(x) =-1

' (x)=(8x3) '+(3x?) '-x'=24x%+6x-1.

Otser: f (x)=24x%+6x-1.

Ipumep 3.

Haittu npoussoanyro ¢pyukimu f(x)=(3x-4)(4-5x).

Pewrenue:

Bocnonszyemces popmyiioi mpou3BOgHONM MPOU3BEICHUS :

f (x)=(3x-4) ' (4-5x) + (3x-4)(4-5x) '=3(4-5x)-5(3x-4)=12-15x-15x+20= 32

Ortser: f' (x)=32

IIpumep 4.

Ix— 2
Haiitu nponsBoanyto GpyHKIUN Y%y 3
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Pemenue:

Bocnons3yemcs popmyiioi mpon3BOIHON YaCTHOTO:

() = (GBx —2)"(x+ 3}—(3x—2}(x+3}’_3(x+3}—(3x+ 2) 3x+9-3x—-2 7
= (x +3)2 = (x +3)2 T x+3)? (x+3)2

7

f %) =——
OTBer: ® {(x+ 3)°

IIpakTnyeckas padora Ne26
Tema 5.4 Ouznueckuii 1 reOMETPUUECKU CMBICI IPOU3BOTHOM
Heas: Onpenenuts (U3NUECKUN M TEOMETPUUECKUNA CMBICI MPOU3BOJHOM, HAYUUTHCS
pelaTh 3aJa4u Ha IpUMEHEeHHEe (PU3NYECKOI0 U FEOMETPHUECKOTO CMBICIIA.

TeopeTnyeckas 4acThb:

T'eomer Puqeclcm‘i CMBICJI IPOU3BOAHOM
——————— ¢ B
Af
A C
A X
ECAW Mbl paCCMOTPUM NPAMOYTONbHbIA TpeyronsHuk A B, To sameTum, uto %i- ecte tgBAC.

A npu cTpemneHun AT K Hynto, Touka B Byaer npununkatsca k Touke A n cekywan AB «npeepaTutcas g
KacaTenbHyio K rpacduiy dynkumn f(x) 8 Touke A(zo; f(20)).

MosToMY reoMeTpHYSCKHi CMBICN NPOM3BOAHOW TaKoB:

MpouseodHas B TOUKE X PAEHA TAHTEHCY YINa HAKMNOHA KacaTenbHOMA K rpapuky dyHkuwm f(x) B 570
TOuKeE!

f'(zo) = tgo,

rAe (x — Yrofl HaKknoHa KacaTenbHoi (Nposeaennoi K f(x} B T. Zp)

KacarcibHas
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DuU3HYEeCKUN CMBICJ POU3BOIHOM

EcnwW ToYKa ABMMETCH BAOME OCHM ' M €€ KOOPAWHATLI M3MEHAKTCH MO 383KOHY ;I-'{:f), TO MrHOBEHH&A CKOpPOCThE

TOYKK!

{'{f'] = ,n"Jl(l'\J,

d YCROpEHKWE!

a(t) =v'(t) = x"(t)

Mpumep. MaTepuanbHas TOYKa ABMKETCH NpAMOAMHERHO no sakoHy X (1) = 612 — 48t + 17, rae ax(t) —
PACCTORHWE OT TOMKM OTCYETA B MeTpax, | — BPEMA B CEKYHAAX, M3MEPEHHOE C HAYaNa ABMKEHUA. HalauTe
ge CKOpOCTh (B METpax B CeKyHAy) B MOMeHT epemenn T = 9,

v(t) = 2/(f) = 12t — 48;
v(9) =129 — 48 = 60 m/c

OTeeT: 6l

Penrenue 3agannii:

Nel. Haiigure yrioBoi ko3 duumeHT kacaTrenbHON, MPOBEACHHOM K rpaduKy QyHKIHHI
f(x) = 14x - x2 + 5 B Touke ¢ abcmuccoit x0 = 3.

No2. Haliaute TaHTeHC yria HaKJIOHa KacaTeabHOU K rpaduky pynkuuuf(x) =+ 12x -3 B

TOYKE ¢ abcuuccom xo = 2.

Ne3. TIpu nBrKEeHUU Tema Mo MPsIMOi paccTosiHre S (B METpax) OT HA4YaIbHOW TOUKU
M3MeHseTCs 1o 3akony S(t) = - 4t2+ 15t + 2 (t - Bpems ABIWKeHHUs B ceKyHax). Haiftu ckopocTs
(m/c) Tenma yepes 3 CeKyH/IbI ITOCIIC Havaja JIBHKSHUSI.

Ne 4. BeITOTHATD 3a1aHUS

BapuaHT Ne 1

1. Haiizute  yrimoBod — KO3 QHUIMEHT
KacaTelbHOM, NPOBEACHHOM K rpaduxy
dynkman f(x) = 5x3- 3x?- 7 B Touke c
abcuuccoit xo = - 1.

2. HaliquTte TaHreHc yria HakJIOHa
KacatenbpHOU K rpaduky dynkiuu f(X) = 4 -
sin X Touke ¢ abcIucco xo = 6.

3. Ilpm pBwXKeHHMH Tela TO MPSIMOH
paccrosiuue S (B MeTpax) OT HayalbHOMN
TOYKH M3MeHseTcs 1o 3akoHy S(t) =t2 - 3t +
1 (t - Bpemst nBWKeHUs B ceKyHaax). Haiitu
CKOPOCTh (M/C) Tena depe3 6 CeKyH]I Tociie
Hayasa JIBU>KECHHUSI.

NeS. Haitnure aGcmuccy Toukm Tpaduka (ymkmuu y = X2+ 7x - 9, B KOTOpOi

BapuaHT Ne 2

1. Haiizute  yrmoBoit ko3 duimeHt
KacaTelbHOW, IPOBEIEHHOM K Trpaduky
dynxmuum f(x) = 2x*+3x2-5 B Touke ¢
abcruccoit xo = -2.

2. Haiimute TaHreHc yriia HakJIOHa

KacaTespHOU K rpaduky ¢pynkuuu f(x) = 10
- COS X B TOYKE ¢ a0CIIMCCOH Xo = .

3. Ilpm pgBuwxkeHUHM Tena MO TPSAMOM
paccrosiHue S (B MeTpax) OT HaudadbHOU
TOYKH W3MeHseTcs To 3akoHy S(f) =t?+
15t + 2 (t- Bpems OBWKEHUS B CEKyHIaX).
Haiitu ckopocTh (M/c) Tena depe3 8 cexkyH[
MOCIie Havasa JBUKEHHUS.

KacaTeJbHast, IpOBEe/IeHHAas K 3TOMY rpaduKy, napaienbHa IpsaMon y = -5X.

Ne6. Touka ABIDKETCS MO KOOPAMHATHOH MPAMOM COTNAacHo 3aKkoHy x(t) = 1,5t + 7t -11,
rzae x(t) - KoopuHaTa TOYKH B MOMEHT BpeMeHH t. B kakoii MOMEHT BpEMEHU CKOPOCTh TOUKH

Oyner pasHa 137
Ne7. BeiOpaTh BepHBIi OTBET:

Bapuant Ne 1
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1. Touka ABIKETCS MPAMONHMHEHHO 10 3akony S(t) = t3 - 2t? BriGepute, Kakoi us3
dbopMy1 3a1a€TCsl CKOPOCTh JBUKEHUSI STOM TOUKH B MOMEHT BpeMeHH t.

1) 3t? - 2 2) t? -4t 3) - 4) 3t? -4t

2. Haitnure TaHTeHC yrila HaKJIOHA KacaTeabHOH K rpaduky QyHKIHM y = X(X - 2) B
TOYKe ¢ abcuuccoi Xo =4.

1)82)63)44)0

3. Ilpu mnpsMonuHENHOM JBIKEHMHM Tela myTh S(t) (B MeTpax) U3MEHSIeTCs M0
3akoHy S(t) = 5t° - 15t2 +12. B kaKoii MOMEHT BpeMEHH YCKOPEHHE Tela OyIeT PaBHO HYIIIO?

1) 1c 2) Oc 3) 2c 4) 0,5¢

4. Tlog KakuM yIJIOM K MOJIOKUTEIBHOMY HANpaBlICHUIO OCH abclucC HaKJIOHEHA
KacaTeJbHAas, TIPOBEIEHHAs B 00O TouKe KpHBOH y = -2X° - X° - 4x +1000?

1) ocTpbIM 2) TYIIBIM

3) npsimbim 4) napaiuiensHa ocu Ox

IIpakTuyeckas padora Ne27
Tema 5.5 YpaBHeHue kacaTenbHOU K TpaduKy (yHKIHH
Hean: HayunThcst cocTaBnsATh ypaBHEHHME KacaTelbHOH K Tpaduky GyHKIUH U
OPUMEHATH GOPMYITy ISl IPUOTMKEHHBIX BBIYMCICHUH 3HAUCHUI BBIPAKCHUH.

Teopernyeckas 4acThb:

BcnoMuuM reomerpudeckuii CMBICJI MPOU3BOJTHOM: ecliu K rpaduky
y=F(x) r,

byHKIIUN L /B TOYKE MpoBe/IeHA KacarenbHas, TO KOX(PQUIMEHT HAKIOHA
K&C&TGHLHOﬁ (paBHI)If/i TaHFeHCy yrna MG)KI[y KacaTeHLHOfI " ITIOJIOXKUTCIBbHBIM HaHpaBHeHI/IeM

- I

(X . 0
ocu ) paBeH MPOU3BOAHON (DYHKIIMU B TOUKE .
o1 /4

xX)®-—-—- .
2T i
L |
sl \
— I :x= —
y=x)/| ’
21 k:tga:f .I:

0

| T3 |

Bo3bpMeM Ha kacarenbHON TPOU3BOJIBHYIO TOUKY C KOOPJAWHATAMH ' /:
7 /

=) |
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ABC.

N paccMOTpUM NPSIMOYTOJIBHBIN TPEYTrOJIbHUK

y-f (-r”)
tg (‘t=‘__B—C —— =f'(a:[])

B stom TpeyronbHuke v

y-f (J:[] ) :fr(:r:[] ) (:r:—:r:[] )
Otcrona

N

) f($0)+f ‘(%)(‘”"BU)

DTO U eCcTh ypaBHEHHE KacaTelbHOW, MPOBEACHHON K Tpaduky (QyHKUIUU
T
0

TOUKE
ANTOpPUTM NTOCTPOEHHUS KacaTelbHOU

y=r|z]|
| ) B

War 1. HaiiTh 3HaueHKne (yHKUMK B TOUKE KacaHua f(azg)

Lar 2. Haittu obiyee ypaBHeHKe nponssofHoi f'(z)

Lar 3. HaitTu 3HaueHKe NPOU3BOAHON B ToUKe Kacanma f'(axq)

War 4. 3anucaTs ypaeskeHue KacatensHol y = f'(zg)(z — zq) + flzo), npusecTy ero k euay
y=kxr+b

Ha Bbixope: ypaBHeHKWe KacaTensHol B Buaey = kx + b
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Mycts f(x) = 2% + 3.
Halioem KacaTenbHyk K 3ToM napabone & Touke zg = 1.
(1,4
flmo) =12+3=4
fl(z) =2z
fllzg)=2-1=2
VpaBHeHWe KacaTelbHow:
y=2(zx—1)+4=22—-24+4=2z+2

Orger:y =2z + 2

Npumep: f (z) = 2> — 2z + 3,

Anropntm
P Iy = 3

1. Belumcaum f(xp) flz)=f(3)=32-2.3+3=6

2. Haligém dopmyny nponssogHom

fl(z)= (2 —2z+3) =22 -2

yrkunn f' (z)

3. Boiuncm f' () ff(®)=f(B3)=2-3—-2=4

4. Moactasum o, f(zo) n f' (zo)e | y=f (o) - (z —z0) + f(20) =
dopMyny ypaBHeHWs KacaTenbHOoW =4(z—-3)+6=4z—-12+6 =
y=f"(20) - (z —z0) + f (o) =4z —6

Pemrenune 3aganuii:
Nel. BermmosiguTh 3a1anne

1 Bapuant | 2 BapHant
1. Cocrasbre ypasuenue Kacare1bnoii K rpaguky pyukunn f(x) B rouxe rpaduxa ¢ x.
a)fix)=x xg=1 a)f(x) =x* x,=2
6)f(x)=i—2—-x: Xo =2 6)f(x)=%2—2x: xp =—1
B) f(x) =Vadx —x%; x, =2 B) f(x)=VxZ+3x; xp=1

2
Ne2. CocraBbTe ypaBHEHHE KacaTelbHOW K TpaduKy (QpyHKIUU fixI=x"=2X g rouke ¢
abermecoit o = 3.
2
Ne3. CocraBbTe ypaBHEHHE KacaTelbHON K TpaduKky QyHKIIUH flxI=x"=3X g touke ¢

aberuccoit X0 =4,
Ned 3anumunTe ypaBHeHUE KacaTenbHOM K rpaduky ¢pyHkuuu f(x) = sin X -3X + 2 B Touke

xo=0.

No5.HanmcaTte ypaBHeHHE KacaTelbHOW K Trpaduky dyHkmum f(x) = x +2x°+38B

TOYKE X © = 2.

Ne6.Hanucath ypaBHeHHEe KacaTenbHOW K rpaduky QyHkumu f(x) = x Y +4x” - 6x B

TOYKE X 9 = -2.
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- 3 o

Ne7. Haiigute aOcmuccy Touku Trpaduka (QyHKUIUU fixl=x"—x+3, g KOTOpOi

npoBeJEHHAs K HEMY KacaTejbHasi 00pa3yeT C IOJIOKUTEIbHBIM HaIllPaBJICHUEM OCH a0CLHUCC
yroa 30°.

— 4 7 o

Ne8. Haiiqute abcuuccy Touku rpaduka QYHKIHH fixl=x"+4x7V3, g KOTOpPOU

npoBenEHHAs K HEMY KacaTellbHasi 00pa3yeT C IOJIOKUTEIBHBIM HAlpaBJICHUEM OCH alcCIHce
yroa 60°.

_ 2
Ne9. Haiinute ypaBHeHUE KacaTeabHOU K rpaduky GyHKIIMU fixl=x"+3x—8, cciu ora
KacaTelbHas NapauienbHa npsavoii Y =2X+1

_ 2
Nel0. Haiinure ypaBHEeHUE KacaTelbHOH K TpaduKy QyHKIIMN fix|=x"=4x+6, ccim o1a
KacaTelbHasl IapaulenbHa opsMoil Y =2X—8

o 3 2
Nel1.Haitnure Touku rpadguka pyHkmuu f(x)=x = - 4X = , B KOTOpPBIX KacaTelbHas K HEMY
napaiesibHa OcH abcuucc.

IIpakTuyeckas padora Ne28
Tema 5.6 MoHoTOHHOCTH pyHKIMHU. TOUKH IKCTpeMyMa
Heas: Hayuntbes uccnenoBats GyHKIMHA HA MOHOTOHHOCTB M 9KCTPEMYMBI.

Teopernyeckas 4acThb:

Onpenenenne «MOHOTOHHBIE (PYHKIIUN

MOHOTOHHO BoO3pacTaromas GyHKIUSI — 3TO (PYHKIHUS, Y KOTOPOH OOJbIIeMy 3HAUCHUIO
apryMeHTa COOTBETCTBYET OoJIblliee 3HaYeHNUE (PYHKLIUH.

MoHOTOHHO yObIBatomast GyHKIUS — 3TO (QYHKIHUS, Y KOTOPOil OoyblIeMy 3HA4YEeHUIO
apryMeHTa COOTBETCTBYET MEHbIlIee 3HaYeHUE (PYHKIUU.

CBs3b MPOM3BOAHON 1 IPOMEKYTKOB MOHOTOHHOCTH (DYHKIIUU

Ax =0 Ay . Xy
, TO 3HaK IpUpAIlEHUusd - W 3HaK IIPOM3BOJHOU B TOYKE ~ ¢ COBIIANAECT CO

Ecmu
) )
f(xg) T £ (x5) - 6 Ay >0
3HAKOM . To ecTh eciam mpoW3BOIHAS B 3TOH TOYKE OOJbINE HYJS, TO u

MOHSTHO, YTO (PYHKIHS B OKPECTHOCTH 3TOH TOYKHM OyAeT Bo3pacTaTb. A €clid MPOU3BOJIHAS

Av =20
MEHBIIIE HYJISI, 3HAYUT, -

yOBIBaTh.

Y TIOHSTHO, YTO B OKPECTHOCTH ITOW TOUKH (PyHKIHS OyaeT

X o
I[anee, IMPOMU3BOJHAA B TOYKEC U eCcTh TAaHI'CHC yrijia HaKJIOHa KaCaTCJIbHOM. KacarenpHas

OMHUCBIBAaETCs JMHENHHOU (yHKIMeld. B okxpecTHOCTH TOYKH *o KpUBas U JUHEWHass (QyHKIMS
NOYTH COBMaJaroT. EciaM yron HakjOHa OCTpbIM, TaHreHC OyAeT MOJOXKHUTEIbHBIM, YIJIOBOU
KOA(p(UIMEHT — BEJWYMHA MOJIOKUTENbHASI, U JUHEHHas (DyHKUMsS BO3pacTaeT, a 3HAUMUT, B
OKPECTHOCTH 3TOM TOYKH U caMa (yHKIIHS BO3PACTAET:

Filag) =0 = f(x)7

W naoOopot, ecnu nuHelHas (yHKIUs yObIBaeT, Yroji TYIOW, TaHI€HC — BEJIMYHHA
OoTpulaTeNIbHasA, 3HAYNT, JIMHEWHas QyHKIUs yObIBaeT, a ¢ Hell yObIBaeT (PyHKIUS y=f£ (x]

fllx) <0 =flx)!l

y

fix, + Ax){
X )1
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o x
VYroJ HaKJIoOHa KacaTeJIbHOH B TOUKe = ¢

x
Tak coObITHS pa3BUBAIOTCS B OKPECTHOCTAX TOYKH ~ . DTH COOBITUS TMOAYUHSIOTCA
FEOMETPUUECKOMY CMBICITY MIPOU3BOTHOM (ee buznueckomy CMBICTTY,

g ¥ .
cootromermo *Y N 1 (x) &x)'

HccnenoBanue MpoMeKyTKOB MOHOTOHHOCTU (DYHKITUU C IIOMOIIBIO TPOU3BOIHOM
Paccmotpum ¢yrkuio u ee nosenenue Ha Becet O/3. IIpeamonoxum, 4To 310 rpaduk
uccieyeMoil (PyHKIIUH.

y=flx)

v =flx
I'paduk Gynkuuu - f(x)
X4 @y
Ectp Touka “1. KacarenpHas HakIOHEHa TIOJ OCTPHIM YIJoM 1. 3HauuT, B

X
Touke ~ 1 pyHKIHMS BO3pacTaer.

1

o x
VYToi1 HaKJIOHa KacaTelabHOI B TOUKE ~ 1

-

X Ox x
B Touke "¢ kacarenbHas napajieIbHa OCH , 3HAYUUT TOYKA =~ < — TOYKA JKCTpEMyMa.
OO0 3TOM MBI IIOrOBOPHUM OTAENLHO.

B
2 — ToYKa IKCTpEMyMa

Xx s v o
B Touke "3 yroJia 3 HaKJIOHa KacaTelIbHOMU 6y,[[CT TYIIBIM, TAHI'CHC 6y,ueT BCIMYHWHOU
OTpHHaTCHBHOﬁ, 3HAYUT, MPOU3BOJHAA OTpHULATCIIbHAA U (I)yHKI_II/I}I 3J€Ch y6LIBaCT.

o3
=
Eo b et
»
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o x
VYTroJ HaKJIOHa KacaTebHOI B TOUKE = 3

x
W, nakone1, B Touke ~ % MPOU3BOJIHASL PABHO HYJIIO U Jajblie (yHKIUS BO3pacTaeT.

YToJI HAKJIOHA KAaCaTe/IBHON B TOUKE * % — TOUKe JKCTpEMyMa

Brrisicusercs, yTo GyHKIMS BO3pacTaeT Ha MHTEPBAIaXx, I71€ MPOU3BOIHAS OOJIbIIIE HYIIS:

i) =tgay, >0 = flx)T

Ecnu jxe 3HaueHue Mpou3BOAHOM OTpULIaTeNbHOE, TO QYHKINS yObIBAET:

fil) =tga; <0 = fxz) !

Bea O3 cocTOMT M3 OTAENBHBIX TOYEK, 3HAYUT, HANO BBIACIUTH T€ MHTEPBAJbI, Ha
KOTOpBIX TPOM3BOAHAsI MEHBLIE HYJs, Ha KOTOPBIX IPOM3BOJAHAs OOJbIIE HYJISA, U OHU

onpezaenat te ydactku O/[3, Ha koTOpbIX QyHKIMS TUOO BO3pacTaer, MO0 yObIBaeT. DTOT ke

Ay & f'(xg)- Ax

BbBIBOZA MbI IIOJYYHUM, paccMaTrpuBasg COOTHOILICHHUC Ha Ttex o6nacmx, Ha

v
X Av =0
KOTOPBIX HpOI/ISBOZIHaﬂf ( “':] MEHbUIE HYJA, - ¢ynakus yoeBaeT. COOTBETCTBEHHO, Ha

)
tex obnactsax O/13, rme mpousBogHAs f'(xo 0oJIbIIe HYIS, Ay <0 GbyHKIIMS BO3pacTaerT.

Tenepb MBI I'OTOBBI HAIIKMCAaTh, I'AC Y6BIBaCT, a rac BO3pacCTacT JaHHasd HaM (I)YHKI_[I/ISIZ

y = FG) T oy ¥ € (—o03x,], [, + 00)

I'/
L9

S
Ras
>

X

X jracsvasssa

y=f(x)

[IpomMexyTku Bo3pacTaHusl PyHKIIMH

Teneps BbIsICHUM, I'/1€ JaHHas! QYHKIMS yObIBaeT:

P

y=fG1L

i X € [x2ix,]

= f(x)

TIpOMEXYTKH YOBIBAHHS DYHKITHH »
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. ) Xy U Xyn
ToHKHIT MOMEHT: BKIIIOYATh JIM 3HAYSHUS B TOUKax ~ 2 /

fi(x) < 0,x € (x5x,)

X, MX
27 7% He BKIIOYAEM, IIOTOMYy 4YTO B HHUX IIPOM3BOJHAs paBHA HYIIO, a MBI

paccMaTpuBaeM TOT CiydYail, KOrja Npou3BogHas MeHblie Hyas. Ho ¢ynkums yObIBaer,

Koraa [IPUHAJIEKUT OTPE3KY [x:;x‘}].
[Tpu 3TOM 3TH TOYKH BKIIIOYEHBI TAKXKE B MHTEPBAIIbI, KOTJa (DYHKIMS BO3paACTaeT.
I
IIpuxonuM K Ba)XHOMY BBIBOJY: HHTEPBaJIbl 3HAKOIIOCTOSHCTBA fiix)
MHTEpBajJaMU MOHOTOHHOCTH f (x]_

Lenp ypoka: HaydYUTHCSI HAXOAUTh MPOMEKYTKH BO3PACTaHUSA M yOBIBaHUS (DYHKIHH C
IIOMOUIBIO TPOU3BOJHON. BBIsICHAETCS, 4TO Hal0 HAMTH IPOU3BOJHYIO, BBIIEIUTH €€ HHTEPBAJIbI
3HAKOMOCTOSIHCTBA U TEM CaMbIM MBI Y3HaeM, TJe 3Ta (yHKIHsS MOHOTOHHO YOBIBAa€T U TJ€ OHA
MOHOTOHHO BO3PacTaerT.

Jlanee HaC MHTEPECYIOT TOUKU IKCTPEMYMOB (YHKIMH. MBI pacCMOTpENH CIydau, Korjaa
IOPOM3BOJIHAs MEHbIIE HyNsd, KOrja OHa Oojbllle HyJs, TakkKe BaXKHbIM cly4ail, Kkorna
IIPOU3BO/IHAS PABHA HYIIIO.

BcnoMHuM, 4TO Takoe TOYKa MaKCUMyMa M TOYKa MUHMUMYMa () yHKIIHH.

SABJIAKOTCA

X, X, X X X

-} Bl
v =f(x
Touku S5KCTPeMyMOB (PYHKIIUH - f(x)
x5
PaccmoTpum pucynok. Touka =2 — Touka MakcuMyMa (yHKIMHU (max), €ciu CyIIecTBYET

X i ) = f=) .
OKpPECTHOCTb TOYKH , JIL KOTOpOU , TO €CTh €CJIN 3HAUYCHUC q)yHKHI/II/I B OTOHU
TOYKE OOJIBIIIE, UeM 3HaUeHHE (PYHKIIUU B JTHO0O0M TOUKE €€ OKPECTHOCTH.

x
Amnanormunoe OMmpeAcCICHUC JId TOYKU MHUHHMYMaA. Touka “# — ToOuYKa MHWHUMYMa

dyHKIHE (Min), €cTH CYIECTBYeT OKPECTHOCTh TOUKH ~ %, JIsi KOTOPOIA fles) < f [x:]’ TO €CTh
ecliu 3HaueHHe (YHKLIMU B 3TOW TOYKE MEHbILE, YeM 3HadeHHe (QYHKUIUHU B J000H Touke ee
OKPECTHOCTH.

ITpu nmoucke HanOOJIBIIETO U HAMMEHBIIIEro 3HaueHus: GyHkuuu Ha Beeit O[3, To ecTh ee
IJ100aIbHBIX 9KCTPEMYMOB, CJI€1yeT NOHUMATh, YTO OHU MOTYT HE COBIAJaTh C €€ JIOKATbHBIMU
IKCTPEMYMaMH, TOUKaMH, € IPOU3BOIHASI MEHSET 3HAK.

[Ipumep n0KaNBbHOTO U IN10OATBHOTO SKCTPEMyMa

PaccMOTpUM QyHKIHIO © 2x*(x"—1),x € [—2:2]_

x=0
31ech ToUKa — TOYKA JIOKAIBHOTO MakcuMmyMa. DyHKIHMS 31€Ch paBHA HYJIIO.

r= =12
— TOYKa T100aIbHOr0 MaKCUMyMa, B HUX (DYHKIIHS paBHseTCs 24.

2x*x*-1);x€[-2; 2]

Touxka

y

N|—

e
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Tpaduk pymxman ¥ = 2% (07— 1),x € [-2;2]

Ha nanHoM ypoke, koraa roBoputcst o0 SKCTpeMyMax, MOJpa3yMEBaIOTCS JIOKAJIbHBIE
IKCTPEMYMBI.
Kak y3Hnatb, rae Touka MakcuMmyma, a r€ TOYKa MUHUMYMa, MOJCKaXET MPOU3BOAHAS.

X5 .
Bepuemcsi k Touke “2. Ha pucCyHKe HarisgHO TOKa3aHO, YTO JO 3TOH TOYKH (DYHKIUS
fl(x)=0 .

, a mociae OTOM TOYKM  (YHKIHUS  yObIBaer,

fl(x)<o0 . Xq. f'x,) =0
[POM3BOIHAS . A 3HaYeHWE MPOM3BOIHOM B TOYKE ~ 2. 2 . MBI mony4miu
JOCTaTOYHBIM MPU3HAK MAKCHMyMa: IPOU3BOIHAS PaBHA HYJIIO M IPHU 3TOM 3HAK MPOU3BOIHOM

BO3pacTacT, IMpOU3BOJHAA

XA
MEHSETC C IIJIK0Ca Ha MUHYC IIPU IIEPEX0/IE apIyMEHTa Yepe3 TOUKY ~ 2.

x o x.) =10

PaccmoTpum Touky “#. IIpousBoaHasi B 3TOM TOYKE Flxg) . Ho sBnsiercst u manHas
TOYKa TOYKOM 3kcTpemyma? lIpomsBomHas ciieBa OT 3TOM TOYKM OTpULATENIbHA, KacaTeabHas
HAKJIOHEHA MOJ TynbiM yrioMm. lIpousBoaHas cripaBa MOJOKHUTENbHAs, 3HAYUT, MMPOU3BOIHAS

MEHSIET 3HAK C MUHYCa Ha IUIKOC MPU NEPEXOJE YEPE3 TOUKY %4 3paunt, TouKa "+ — TOYKa
MHUHUMYMa.

Wrak, Mbl paccMOTpeIN TOUKY MUHUMYMa U TOYKY MaKCUMyMa M JOCTaTOYHBIA IPHU3HAK
TOYKH MUHUMYMAa U TOYKHM MaKCUMYyMa.

Kak y3HaTh, siBiIleTCS M TOYKA TOYKOM MUHUMyMa WIM TOYKON makcumyMma? HyxHo

. X, X
B35Th NPOM3BOAHYIO M IIPUPABHATH €€ K Hyr0. Toraa Mbl HaiineM TOUKM = 2, "4 u T. 4. OTO
BHYTPEHHUE TOUYKH 00JIaCTH ONpe/iesIeHHs], B KOTOPbIX IPOU3BOIHAS paBHA HYJIIO.

Kputnueckast Touka (QyHKIMM — 3TO BHYTPEHHSS TOUKa OOJIACTU OMNPENENIECHHUs, B

. Xy X
KOTOPOM MPOW3BOJHAA PaBHA HYJIIO WIM HE CYIIECTBYET. TO €CTh TOUKU ~ 2 U~ # — KDUTHYECKHE
TOYKH.

*2 _ 1. max.

*4_ 1. min.

Ho Tak mpoucxonur He Bceraa.
Touxka neperuda

Paccmotpum crenyromyto QyHKITHIO:

y = f(x)

I/IJ'IJ'IIOCTpaLII/ISI TOYKHU IICPp eruoda

F') =0 ox

Xx
HpOI/I3BOI[Ha$I B TOuke = ? paBHaA HYJIIO: , KaCcaTCjibHas IMnapauiCiibHa OCHU

i ? ? *o
SBnsiercs nmu oHa Toukoi 3kctpemyma? Her. Ilouemy? Ilotomy uto 10 Touku ~ ¢ mpou3BOgHAS
MOJIOKUTENbHA, QYHKIUS BO3pACTaAET:
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y= flx)

Bospacranue ¢pyHKIMH 10 TOUYKH reperuoda
[Tocre 3TOM TOYKM MPON3BOIHAS TAKXKE TTOJIOKUTEIbHA!

y=f(x)

Bospactanue pyHkunu nocne Touku neperuda

Xx o
@OyHKIMSA BO3pacTaeT M CJIE€Ba, M CIpaBa OT TOYKH, 3HAUUT, ©C HE SBJISETCS TOUKOH
JKCTpEeMyMa.
Jlemma @epma

Ecmu dynxmms fx) HAMeeT MPOU3BOJHYIO U B TOUYKE *0 pmeer JOKCTPEMYM, TO 3HAYCHUE
IIPOM3BOJIHON B 3TOM Touke paBHO 0.

310 HEOOXOJUMBII MOLIHBIN NPU3HAK, U3 HETO MbI BBISICHAEM, KaKM€ TOUKH HaM HY>KHBI
JUI UccllieloBaHus. Bce ocTanbHbIE OTMETAEM.

Eme pa3 moguepkHeM, 4TO HaM WIUTFOCTPUPYET AaHHBINA PUCYHOK: PABEHCTBO HYIIIO — 3TO
JIUIIb HEOOXOIUMBIN MPU3HAK AKCTPEMYMaA, HO HE JOCTaTOYHBIH.

Touka nepernda, TOKaIbHBIA XapaKTep TOUEK IKCTpEMyMa

PaccmoTpuM B KauecTse nmpumepa QyHKINIO, rpaduK KOTOPOH H300paXkeH Ha PUCYHKE.

I'paduk QyHKIIMM C HECKOJIBKUMU JIOKATBHBIMH SKCTPEMYMaMHU
x X x
1 — ToukaMUHUMYMa, 2 — TOUKAMaKCUMYyMa, = 3 — TAK)KETOUYKaMHUHUMYMa.

Xx
1 TOYKaMUHUMYMaA, 3HAYUT, CYHICCTBYCT HCKAd OKPCCTHOCTDL, I'’/IC 3HAUCHUC (bYHKI_[I/II/I
SABJIACTCA HAMMCHBIIINM, HO CYIICCTBYCT TAKIKC BTOPASA TOYKA MUHHUMYMaA.

v(xy) = ylxs), TAKHM 00 6 =
o0pa3oM, T7100aIbHO, HAUMEHBIINM 3HaYeHHEeM (DYHKIIMM Ha Bcei
x
O/13 siBnsieTcs 3HaueHUEe (PYHKIIUU B TOUKE ~ 3.
Xq -~
2 — TOUKAMAaKCUMYyMa, HO HauOOJIbLIEr0 3HAUYEHHUS AAHHOW (YHKLIMU HE CYILIECTBYET,

X4
IMOTOMY 4YTO €CTb TOUKH, B KOTOPBIX 3HAUYCHUC q)YHKHI/II/I 3HA4YUTECIIbBHO 6OJ'II)HIG, YEM B TOUKE <.
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Takum 00pa3oMm, JaHHBIM PUCYHKOM MbI MOJYEPKHUBAEM JIOKAJBHBIA XapakTep TOYEK
3KcTpeMyMa. MoXeM 3anucaTh:

Yuzum — }F(xﬂja}r[:xaj = }F(xj

To ecTb 3HaueHHe (QYHKIMH B TOYKE ? MEHBIIE JHOO PABHO 3HAYCHHIO DYHKIMH B
mo0oit apyroi Touke O/13.

Anroputm

Mpbl 3HaeM, Kak MO 3HaKy MPOU3BOJIHON HaWTH MHTEPBaJlbl MOHOTOHHOTO BO3pacTaHUs
win yObIBaHus (DYHKIMH, 3HAeM, KaKMM O0pa3oM ONpPESIUTh TOYKHM MAKCUMyMa U TOYKH
mMuHuMyMa GyHKuuu. [IycTs Teneppb ecTh 3a7auda ucciieoBath (PYHKIHIO Ha SKCTPEMYMBI U Ha
MOHOTOHHOCTH C IOMOIIBIO TIPOU3BOTHOM.

AJITOPUTM TaKOB:

I
o Xx
1. HaI/ITI/If ( j
f(x)
2. BplgenuTe HHTEpBaJIbl 3HAKOIIOCTOSHCTBA . OHu ompenenar HHTEpBaJIbI

MOHOTOHHOCTH f [:xj .

v
o =0
3. Haiitu kputmyeckue Touku (BHyTpeHHue Touku OJ13, B KOTOpI)IXf WM He

CYILECTBYET).

4. BplgenuTh W3 KPUTHYECKUX TOYEK M KOHIIOB OTpe3Ka TOYKH DSKCTPEMyMa H
UCCIIEI0BATh UX.

3ajgaua

2 !

=x v
C ITIOMOUIBIO -

. v
HaiiTi unTepBaabl MOHOTOHHOCTH M TOUYKHU SKCTpeMyMa (YHKIUH -

HaiizemM npon3BoIHy0:
v =2x

HpI/IpaBHI/IBaeM €€ K HYJIFO U HaXOAUM CANHCTBCHHOC PCIICHUC!

vi=0
2x =10
x=10
x=10

— €IMHCTBEHHAsl KpUTHYECKasl TOUKa.
Ha pucynke B HIbkHEH 9acTu n300paxeH rpaguk Mpou3BOJHOM.

=X

o ¥V
I'paduku pynkumii - u-
Ha unrepBase geBee mpon3BoIHAs OTpULIATeNbHA, QYHKINS yOBIBAET.

108


https://interneturok.ru/lesson/algebra/10-klass/proizvodnaya/primenenie-proizvodnoy-dlya-issledovaniya-funktsiy-na-monotonnost-i-ekstremumy-teoriya#mediaplayer
https://interneturok.ru/lesson/algebra/10-klass/proizvodnaya/primenenie-proizvodnoy-dlya-issledovaniya-funktsiy-na-monotonnost-i-ekstremumy-teoriya#mediaplayer

y=x;

yl y'(x)=2x y
y'<0 y'>0
Y\ y/ | i
i o X AN AP "
0 X
JIeBblil HTHTEpBAI TPOU3BOAHOMN JleBbIit mHTEpBaAT PYHKIIUN

Ha unTepBane npaBee npou3BoHast MONOKHUTENbHA , PYHKIIHUS BO3pACTaeT.

vt y'(x)=2x FJ}'“ .
y' <0 y'>0
y\ i/ A /
' V4 i o\ ,{\B 1
0 X

[TpaBsiit uHTEpBan npousBoanoi | [IpaBelil uHTEepBaN QyHKINUN

Ortger:
1y =x ‘annx € (—oo; 0]
5 ¥ =x2T npux € [0; +o0)

3 x=0 y(0)=0

— T. min.

Wtak, Mbl pemmian 3agady, UCCIEAOBaIM (YHKLHIO C IOMOIIBIO NMPOU3BOAHOM, HO MBI
3HAJM CBOWCTBA 3TOW (DYyHKIWH, 3HAIM, TJI€ OHA BO3PACTaeT, Iie yObIBaeT, W 3HAIH TOYKY
AKCTpPEMYyMa.

BunuwMm, 4ro pe3ynbTaThl, KOTOpbIE MOIYYEHBI C MOMOIIBIO MPOU3BOIHOM, COBMNAJAOT C
pe3yJipTaTaMu, HaliIEHHBIMU PaHEE.

3aoaua.

HaiiTu s3xcTpemymbl pyHkmun y = X3+(X — 1).

Pewenue.

DKcTpeMyMbl QYHKIUH - 3TO €€ MaKCUMYMBbl 1 MUHUMYMBL. [Ipex/ie ueM HaxouTh
HKCTpEMaJIbHbIE 3HAYEHUS] (PYHKIIMH, HY>)KHO HallTH 3HaYEHUs apIryMEHTa, B KOTOPhIX OHU
JOCTUTAKOTCS, T.€. TOYKH IKCTPEMYMOB.

B Touke skcTpemyMa mpou3BoHas GYHKIIMH paBHA HYIIO.

Haxonum npounsBoaHyto:

1) no mpasuiy nuddepeHupoBaHus TPOU3BEICHUS:
y' =) (x=1) +x*(x - 1)}

2) o TabyuIle MPON3BOTHBIX:

(x%)' = 3x2,
(x-1)=1-0;
3) npeobpazyem:

y' =3x%(x— 1) + x3(1 —0) = 3x3 — 3x? + x3 = 4x3 - 3x2.
HpI/IpaBHHBaeM MPOU3BOJAHYIO K HYJIFO U pCIIACM YpaBHCHHUEC OTHOCHUTCIILHO X:
4x3 - 3x° =0;
X?-(4x—3) = 0.
3/1eCh KOPHHM JIETKO OMPEACISIOTCS Pa3IoKEHUEM Ha MHOKUATEIHN - MPOU3BEICHNE PaBHO HYJIIO,

€CJIN XOTHA 6BI OJUH U3 COMHOKUTEIEN PaBCH HYIIIO.
Xx1=0wux2=3/4=0,75.
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Ha gucnoBoii npsimMoit oTMeYaeM HaiiICHHbIE 3HAYEHUS apryMeHTa X. B 3Tux Toukax
npon3BoHas (YHKIIMHM paBHA HYITIO. Mexny HUMHU (Ha MHTEpBaIax) OHA COXpaHseT 3HaK "+
win "-". UToOBI OnpeAeTuTh MOJ0KUTEIbHA WIH OTPUIIATEIbHA TPOU3BOIHAS (PYHKIIMH Ha
KOHKPETHOM HHTEpBaJje, MoACTaBisieM B GOpMyIly AJisl IPOU3BOAHON IPOU3BOIHHOE 3HAYCHHE
13 3TOr0 MHTEpBaJja.

y' = 4x3 - 3x%;

y (-1) =4(-1)° - 3(-1)*=-4-3<0;

y' (0,5)=4-(0,5)®-3-(0,5)2=0,5-0,75<0;
Yy (1)=413-3-12=4-3>0.

Taxum oOpa3om, TOUKH, B KOTOPBIX MPOU3BOIHAS PABHICTCS HYIIO, Pa30MIIA YHCIOBYIO
NpsIMYIO HA TPU UHTEpBaJia. B mepBoM U BTOPOM W3 HUX MPOU3BOIHASL OTPULIATENIbHA, B TPETHEM
nosioxkuTenbHa. OTMe4aeM 3T0 Ha YUCIOBOM HPSIMOM.

OyHKIMS BO3pACTAET Ha UHTEPBAJIE, €Clid €€ MPOU3BOAHAS HA ITOM UHTEpBAJIe
MOJIOKUTENbHA, U YOBIBAET, €CJIM MIPOU3BOIHAS OTpHIIaTeIbHa. OTMETUM 3TO CTPEIOYKAMHU C
COOTBETCTBYIOIIMM HaKJIOHOM, COOTHOCSI KX CO 3HAKaMH MPOU3BOJIHOM.

[Tonyunmnm cneayromy cxemy:

fOON N
J('F_I_I+

X 0 0,75

I[To cxeme BUIHO, 4TO B Touke X1 = () AKCTpeMyMa HeT, GyHKIUS YOBIBACT U IIpaBee, u
neBee 9Toi Touku. B Touke X2 = 0,75 QpyHKIMS MEHAET XapakTep MOHOTOHHOCTH C YOBbIBaHHUS Ha
BO3pPAaCTaHUC, 3HAYUT 3Ta TOYKA ABJIACTCA TOYKOU MHHUMYMaA.

OnpenenﬂeM MHUHHUMAJIBbHOC 3HAYCHUC (bYHKI_[I/II/I:

y =x%-(x—1);
y(0,75) = (0,75)3-(0,75 — 1) = —0,10546875 ~—0,11.

OtBer: Ymin = -0,11.

)

Penienue 3apanmne:

. yzln(xg—6x+1[]:l
Nel. Haiitu sxcTpemyMbl pyHKUINN .

8
y=—+—=
Ne2. Haiitu sxcTpeMyMbl pyHKIHH 2 x
y= X o od 34l
Ne3. Haiitu sxcTpeMyMbl pyHKINN 3
_q_ 4
Ned. Haittu sxcTpeMymbl GyHKImn 2 — I-x
3
y=(x-1) .

NeS. Haiitu sxctpeMyMbl pyHKIIHH

_ ez
Ne6. Haitrn sxcTpemyMsl GyHKImm < — =~ 2-x

2
f[x):x +1

Ne7. Haiitu npomexyTKH Bo3pacTaHus U yObIBaHUS (PYHKIIUU x=1,

fl':x:l: 2x% —lnx
fl[x:l =x +6x° +9x

Ne8. Haiitu mpomexyTku Bo3pacTaHus U yObIBaHUS (PYHKIIUU

Ne9. Haiitu mpomexyTkH Bo3pacTaHUs U yObIBaHUS (PYHKLIUU
Nel0. HUccrnenoBaTh HA MOHOTOHHOCTB U KCTPEMYMBI Clleytolye QyHKIUU:
1) flx)=2x+x"°
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) F() =73
3) flx)=x¥+x*+ 16
4) f(x) = x* — 8x°

IpakTuyeckasi pa6ora Ne29
Tema 5.7 UccnenoBanue GyHKIMIA U TOCTPOCHUE UX TpaUKOB
Hean: Hayuntbcs nccnenoBats GyHKIMN U CTPOUTH UX TPa(UKH.

TeopeTnyeckas 4acThb:

UccnenoBanme GpyHKIMIA 3aHUMAET HEMAIIO BPEMEHHU TIPU PEIICHUN KOHTPOJIbHBIX,
JIOMAITHUX 33JaHAH B 4TOOBI HAYYUTHCS OBICTPO PeIIaTh HYKHA HHCTPYKIUS OOBICHSIOIAS
HOPSIOK ASUCTBUM U JIs 4ero 3To HyXHO. Takas HHCTpYKLuUs pa3paboTaHa MaTeMaTUKaMU U
0000111eHa Ha BCE THIIBI (DYHKIMI y)Ke JaBHO, a MBI €€ Ha3bIBaeM — 00IIasi CXeMa HMCCIeI0BaHMS

GdhyHKIUY.
y=F(x)
YtoObl uccnenoBath GyHKIIHIO U TIOCTPOUTH €€ TpaduK HEOOXOIUMO:
1) naiitu o6sacTh onpeneneHust QyHKIIUH, TO €CTh MHOXKECTBO BCEX TOUYCK IS KOTOPBIX
CYILIECTBYET 3HaYCHHE (PYHKIINH;
2) HaiiTu (ecJii OHH CYIIECTBYIOT) TOUKH HepecedeHust rpapuka ¢ KOOPANHATHBIMH
y=f(x)

OCsIMHU. I[JI?I 9TOI'0 HY>XHO B YPaBHCHUC MMoACTABUTH APTYMCHT A= U a TaKxKeE

Flx)=0
pELIUTh YpaBHEHUE JUISL OTBICKAHUS TOUYEK MEPECEUECHUS C OChIO Ox ;

3) uccienoBarh GYHKIHUIO HA IEPHOAMYHOCTD, YSTHOCTD U HEYCTHOCTh. B HEKOTOPBIX
CIIy4asiX 3TO MOKHO CJIeaTh BU3YyalbHO MO caMOMy BUIY (DYHKIIMHU, €CIIU HET, TO MPOBECTU

IPOBEPKY:
1. f(_x) - f(x) — QyHKIIUS YeTHas;
2. f(_x) ==/ (I) — (yHKIUS HEUEeTHAs;
N Flx+T)=f(x)

— QyHKIUS eproUuecKast, T nepuoJt GyHKIH.

y=f(x)

Takum 06pa3om, eciii uMeeM MapHyr QYHKIHIO TO JOCTATOYHO MOCTPOUTH

€€ IS MOJ0KUTEIbHBIX 3HAYCHUIH &= U , IIOCJIC Y€TO OTPA3UTh €€ CUMMETPUIHO

OTHOCHTEJIBHO OCH abCLMCC Ha IPYTYIO YacTh. B ciydae HeueTHOH QyHKIMM rpaduk Oyaer
CUMMETpPUYEH OTHOCUTEIBHO Havaja KoopauHat. Hanpumep, eciiv uMeeT HEUeTHYIO (PYHKITHIO
rpaduK KOTOPOI MPUHAUICKUT IIEPBOM YETBEPTU BTOPYIO MOJIOBUHY MOJYYUM IIOBOPOTOM
nepBoii yeTBepTH Ha 180 rpagycoB (TpeTbsi YETBEPTD).

[lepuonnyeckuMu SBIAIOTCS TPEUMYIIECTBEHHO (PYHKIIMU COCTABICHHBIE U3 MTPOCTHIX
TPUTOHOMETPUUECKUX M HEKOTOPhIE MMapaMeTPUUECKH 3aJaHHbIE (PYHKIIUH.

4) HaiiTH TOYKH pa3pbiBa U KCCIIENOBATh UX (TAKUMH TOUKAMH SIBIISIFOTCS Kpast
MHTEPBAJIOB OIpeieeH s PYHKIINN);

5) HalTH UHTEPBAIBI MOHOTOHHOCTH, TOUYKH SKCTPEMYMOB U 3HAYCHHS (DYHKIIUU B ITUX
TOUKaXx;

6) HaliTi HHTEPBAJIBI BBIMYKJIOCTH, BMSITUHBI U TOYKH TIeperuoda;

7) HaliTH aCUMITOTHI KPHBOIA;

8) mocTpouts rpaduk HyHKIHH.

BonbmMHCTBO U3 3THX MyHKTOB ObUIO pACCMOTPEHO HA MPAKTHKE B IMPEIBITYIINX
CTaThsX, IOITOMY MOJIPOOHO pacHHChIBaTh Mbl UX He OyneM. Taxke He mepexuBaiite, eciu
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Hali/ieTe IIaH B JIMTepaType WK UHTEPHETE, KOTOPBINA COAEPKUT OoJiee TN MEHEe ITyHKTOB.
[TomHUTE, YTO 11ETH MX BCEX - TOMOYB IIPH MocTpoeHnu rpaduka GyHkiuu. [lepeiaem k
MPAKTUYECKON YaCTH U UCCIIECNYEeM IO cXeMe (QYHKITHIO.

IIpumep.
HccnenoBaTh PyHKIMIO U TOCTPOUTH €€ Tpaduk

.,»".'2

EICEN)

Pemenue:

1) ®yHKIMS ONpeesieHa 1Mo BCIOIY KpOME TOYKH B KOTOPOM 3HaMEHATEe b IIPEBPAIacTCs
B HOJB (* — 1 ). ObnacTh onpeneeHus COCTOUT U3 IByX HHTEPBAJIOB

D(y): (=, 1)U (1 +e0).

2) [Ipu HO,Z[CTaHOBKC snavenms * = U HOJIy4YUM

7(0)=

Taky1o e TOUYKy HOJTy4HM ecild IIpUpaBHsAeM yHKIHMIO K Hyito. Touka * = 0.
€/IMHCTBEHHAsl TOYKA I1€PECEUEHUs C OCSIMU KOOPAMUHAT.

3) [IpoBepsieM QyHKIHMIO HA YETHOCTh

2(0 1)

C2(-x-1) 2(.x+1);

y(x)2y(x), y(-x)2-y(x).

Hrak (bYHKHHH HU 9€THAs, HU HEUYCTHAA, HCICPUOANYICCKAA.

T I

4) B 1aHHOM ClTy4ae UMeeM OJIHY TOUKY paspbiBa = — 1 Beraucmm IpaHMIIbI cIeBa U
CIpaBa OT ITOM TOYKHU

. .,»".'2
lim ——=-
x—=1-0 Z(K —1)

.3.'2

inII}-DZ(.x 1) -

Urak * =1 1ouxa pa3pbIBa BTOPOTO poJa.

5) J1st OTBICKaHHSI HHTEPBAJIOB MOHOTOHHOCTH BBIYHUCIISIEM TTEPBYIO TPOU3BOIHYIO
byHKIIUN

yt_ZX-Qx—l)—xz__x(x—Z)
2(x-17  2(x-1)*
HpI/IpaBHI/IBaH €C K HyHIO HOHyLH/IM TOYKH HO,Z[O3pI/ITeHLHBIe Ha
x=0x=2

KCTPEMYM . OHu pa30uBaOT 00J1aCTh OINPEIETICHHS Ha CIeIYIOIINe UHTEPBAIbI
MOHOTOHHOCTH

(~0:0) U (0:1) U (1:2) U (2:4+<0).

I/ICCJ'IC,Z[YCM IIOBCACHUC HpOPI3BOI[HOI>i CJICBA U CIIpaBa OT HalJICHHBIX TOYEK pa36I/ICHI/I${
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(1 )_-4( 1-2)

2(-1-1)° 4’
yias)_ﬂj(ﬂj ). -1,5<0;
2(0,5-1)°
y’(l}j)_M ~1,5<0:;
2(1,5-1)°
y’(g) — M =~ =0
2(3-1)" 8
I'padmyecku mHTEPBATBI MOHOTOHHOCTH OYIyT UMETh BUJT
Y
- _ - ~+-
x >

0 ]2
Hccnenyemas GyHKIHS BO3pacTaeT Ha HHTEpBajax
(0:1).(12)

Touxa * = 0 _ rouka noxansroro MakcUMyMa, * — 2 _ joxansHOTO MHHUMYMA.
Haiinem 3nauenue GpyHKmm

(-0:0).(2:4) |

yObIBaeT

22
= UJ = =
_j” i 2 (2 _ 1)
6) Jlnst OTBICKaHUSI MHTEPBAJIOB BBHITYKJIOCTH HAMIEM BTOPYIO MPOU3BOIHYIO
_(2x-2)(x- 1)’ - 25 (5 —2)(x— )_ 1

3
2(x— 1) (x—1)
TaKI/IX I/IHTepBaJ'IOB HECT, HOCKOJ‘IBKy BTOpaSI HpOI/I3BO,I[Ha$I HEC HpI/IHI/IMaeT HyJ'IeBLIX
3HauEHUM B 00J1aCTH ONpeeTICHUS.

Yinax

7) Touka * = 1 BEpPTHUKAJIbHAS aCUMITOTA QYHKIUHU. Y paBHEHUE HAKIOHHOM
ACUMIITOTBI UIMEET BH/]T

y=kx+h
i b
€ - I'paHUIlbl KOTOPBIC BEIYUCIAIOTCS O IIPaBUILy
. b4
£= lim f( ) ;
X—=tm X
b= lim x)—kx).
x—teo (f( ) )

Haxoaum HYXXHBIC I'DAHUIIBL
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2 2

F=lim — = lim ——— =~

x—steo ZI(I — 1) x—stco 212 [1_ l} 2

X
P 2 .

be fim ("~ Lo 2 A

x—sken Z(I—l) 2 e Z(I—l)

: x 1
= lim

xeimZ(I—l) - E

Koneunslit BUs1 psAMoi clie1yromii

1 1
y=—x+—.

2 2

8) Ha ocHOBe mpoBeIeHHOT0 aHaIN3a BBIMOIHIEM MOcTpoeHue rpaduka pyHkun. s
ATOr0 CHayvaja CTPOMM BEPTUKAIbHBIC U HAKIIOHHBIC aCUMIITOTHI, 3aTEM HAXOJIUM 3HAUYCHUE
(GYHKIIMY B HECKOJIBKUX TOYKAaX U MO HUX MPOBOJUM MOCTPOCHUE.

4‘

y=(x+1)/2

x=1

Pemenue 3aganuii:
1.Uccrnenyiite GyHKIMIO U MOCTpoiiTe e Tpaduk: y = X2 (x — 2)(x + 2).

2.
. Uccnenyiite ynkmuio u moctpoiite eé rpaduk: y = (x2 + 1),

. Uccnenyiite gyrkmuio u noctpoiite eé rpaduk: y = 0,125(x3 — 12x).
. Uccnenyiite yHKINIO M MOCTpoiiTe 8 rpaduk: y = (x2 + 4x — 3)°.

. Uccnenyiite ¢hyHKIIMIO U IocTpoiTe e€ rpaduk: y = sin (2x + 3).

. Uccnenyiite GyHKIMIO M OCTpOiiTe €6 rpaduk: y = 3x% + 5x — 2.

. Uccnenyiite GyHKIHIO M HoCTpoiiTe €& rpaduk: y =X + x .,

. Uccrnenyiite GyHKIMIO U TIOCTpoOiiTe €€ rpaduk: y = 8x2 - 2x + 1.

O 0 3 N L AW

Uccrenyiite QyHKIMIO 1 OCTpoiiTe eé rpaduk: y = x* — 2x° — 1.

10. VccnenyiiTe GyHKIMIO U TOCTpoiiTe eé rpaduk: y = 2x° - 6x + 3.
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IIpakTnyeckas padora Ne30
Tema 5.8 HanbGomnbIiiee n HaumMeHblee 3Ha4YeHUS (PYHKITIH
Heas: HayunThcs HaxoauTh HauWOOJbIIEE W HAaUMEHbIIEe 3HAYCHUS (QYHKIUH Ha
OTpe3Ke.

TeopeTnyeckas 4acThb:

Haxo:xnenune HanGoJIbIIEr0 1 HAUMEHbIEr0 3HAYEeHNH QYHKIIUM HA OTpe3Ke.

1. Ecniu QyHkuus HenmpepplBHA Ha OTpE3Ke, TO OHA JOCTUTaeT HAa HEM CBOEro
HAuOOJIBIIIETO U CBOETO HAUMEHBIIIETO 3HAYCHUSI.

2. Haubonpiiero 1 HauMEeHbIIET0 3HaYeHU HempepbiBHAsA (YHKIUS MOXKET JTOCTHraTh
KaK Ha KOHIIaX OTPe3Ka, TaK U BHYTPHU HETO.

3. Ecnu HauOosbiee (HamMeHbIee) 3HaYeHUEe (DYHKIIUU TOCTUTAaeTCs BHYTPHU OTPE3Ka,
TO TOJIBKO B CTAIMOHAPHOM MJIM KPUTHYECKOU TOUKE.

AJNTOPUTM HAaxOXXJIEHUsS HauOOJBIIETr0 U HauMEHbIEro 3HadeHui ¢pyHknun y = f(X) Ha
otpeske [a; b]:

1. Haiitu obnacts onpeaenenus pynkuuu D(f).

2. Haiitn npousBoanyio f* (X).

3. Haiitu crauuroHapHble ¥ KPUTHYECKUE TOYKH (PYHKIMH, IPUHAJJISKAIINE UHTEPBALY
(a; b).

4. Haiitu f(a), f(b) u 3HaueHuss QyHKUMU B CTalMOHAPHBIX TOYKAX, MPHHAJICKAIINX
uHTEepBaIy (a; b).

5. Cpenu mony4eHHbIX 3HaAYEHUI BBIOpAaTh HanOoJIbIllee U HAMMEHBIIIEE.

IIpumepsI 1 pa3dop penieHus 3aJaHUH TPEHUPOBOYHOTO MOTYJIs

Nel.Haiiti Hanbonplnee 1 HauMeHbIIee 3HadeHus Gynkmun f (x) = 2x3 — 9x% + 12x — 2
Ha otpeske [0; 3]

Pemenue. JleiicTByeM B COOTBETCTBUH C aJITOPUTMOM.

1) D(f) = (-o0; +o0).

2) f' (x) = 6x%— 18x + 12

3) CranmonapHbie TOUKH: X = 1; X = 2.

1€(0;3; 2 € (0; 3)

4) £(0) = -2
f(3)=7
f(1)=3
f(2) =2

5) fuaum.=f(0) = -2

Fuans.=F(3) = 7.

OtBeT: fuam= -2

fHaMG.: 7.

Ne2.Haiinure 1Ba MOJOKUTENBHBIX YKCIa, CyMMa KOTOPBIX paBHa 16, a mpou3BencHHe
HauOOoJIbIICE.

Pemenue.

ITycTs mepBoe uncio pasHo X, * = 0

Torma Bropoe uncno - (16 — x),16 - x>0

CrenoBarenbho, 0 < x < 16

[TpousBeneHue 3tux yncen paBHo X(16 — x).

CocTaBuM QyHKIIHIO:

f(x) = x(16 — x)

fllx)=—-2x+16

X = 8 — eqMHCTBEHHAs CTallOHapHasi Touka Ha uHTepBaie (0; 16), oHa SABISETCS TOUKOU
MaKCHUMyMa.
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CrnenoBartenbHO, B 3TOM Touke QyHkus F(x) = x(16 — X) nmpuHUMaeT HauOoIbIlIee
3HaYEHHE.

CrnenoBaTenbHO, 1BA MOJIOKUTEIBHBIX YHCIIa, CyMMa KOTOPBIX paBHA 16, a mpou3BeieHNE
HauOobIIee, 3T0 8 U 8.

OtBet: 8 1 8

Penrenue 3agannii:

I
Ne 1. Haiitm HauMmeHbllee M HauOOJNbIIEE 3HAYCHUS (YHKIHH © 62" +9 ja
orpeske [-1, 2].
., y=x -8z +3
No 2. Haititu HauMmeHblllee W HauOOJbINEe 3HAYCHHUS (DYHKIIMH Ha

orpeske [-3, 3].

o =X+
No 3. Haiitu HauMmeHblllee W HauOoJbIIee 3HA4YCHHS (QYHKIUH Y "'r Ha
orpeske [0, 4].

4—x*
y Y=
Ne 4. Haiitu HauMeHblIee U HauOoblee 3HAUCHUS (PYHKIHUU 4+2" wa orpeske [-
1,3].
. y=x"—3x43
Ne 5. Haiitu HauMeHbIiee 1 HauOoJIbIIee 3HaYeHUs (PyHKIMU Ha OTpe3Ke
3
2
1- x+x°
. -y, . T
Ne 6. Haiitu HaumeHblllee M HauOoJpllee 3HAYEHUS (PYHKIMU l+x-x" ma
[0 1]
OTpe3Ke .
Ne 7. HaiiTu HamMeHpliee M HauOoIblee 3HAYCHMS GQYHKIMH ©  ~ 2 Ha
[0, 4]
OTpEe3Ke .
N y=x‘lnx
Ne 8. Haiitu HaumMeHbliee u HauOosblllee 3HAYEHUS (QYHKUIUU Ha
orpeske [1, €].
Ne9. HaiiTh HauMeHblee U HauGOmbIee 3HaYeHUs QYHKIUT » 2x+c082% by OTpe3Ke

£t

IIpakTnyeckas padora Ne31
Tema 5.9 HaxoxieHue onTHMaabHOIO pe3yabTaTa ¢ MOMOLIBIO TPOU3BOIHOM
Hennb: Hayuntbcst HaXOQUTh ONTUMAJIBHBIN PE3yJIbTAT B MPOU3BOACTBEHHBIX IIPOLECCAX
C MTOMOUIBIO TPOU3BOTHOM.

Teopernyeckas 4acThb:

Kaxnp1ii uenoBek BpeMsi OT BPEMEHHM OKAa3bIBa€TCS B CUTYallMH, KOT/Ia HAJ0 OTBICKATh
HAWIYYIIUH CHOCO0 pelieHus Kakou-mubo 3ajadv, U MaTeMaTHKa CTaHOBHUTCS CPEICTBOM
pemieHus: mpoOJieM OpraHW3aIKi MPOW3BOJICTBA, MOUCKOB ONTHMAIBHBIX pelleHuid. BakHbIM
YCIIOBUEM TMOBBIMIEHUsT d(PGEKTUBHOCTH TPOU3BOJCTBA M YAYUIICHHS] KauecTBa MPOAYKIIUU
SABJIACTCA IIMPOKOC BHECAPCHUC MATCEMATHYCCKUX METOJ0B B TEXHHUKY. Cpegm 3aa4 MaTE€MaTuKu
OOJBIIYIO POJIb OTBOMAT 3a7jauaM Ha dKCTPEMYMBI, T. €. 33/ladaM Ha OTHICKaHWE HauOOIBIIEeTO U
HAaWMEHBIIIETO 3HAYEHUsI, HAWTyUIIero, Handoyiee BHIrOAHOT0, Hanbosee 3KOHOMHOT0. C TaKuMu
3a/lauaMyd  MPUXOJUTHCS MMETh J€J0 TMPEJACTABUTENSIM CaMbIX Pa3HBIX CIELHAIbHOCTEN:
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MH)KEHEPBI-TEXHOJIOTH CTapalOTCsl TaK OPraHU30BaTh MPOU3BOACTBO, YTOOBI MOJYYHMIIOCH Kak
MO>KHO OOJIBIIE MPOTYKIIUH, KOHCTPYKTOPBI XOTAT TaK CINIAHUPOBATH MPUOOP HA KOCMHUYECKOM
Kopabiie, 4ToObl Macca HpuOOpa OblIa HaUMEHbBIIEH, SKOHOMHUCTBI CTAPAOTCS CIIAHUPOBATH
MPHUKPEIICHUE 3aBOJIOB K UICTOYHHKAM CBIPhS TaK, YTOOBI TPAHCIIOPTHBIC PACXO/IbI OKA3bIBAIUCH
MHHHUMAJIbBHBIMUA. MO)KHO CKaszaTb, 4YTO 3aJa4u Ha OTbICKAaHHC HAMMCHBLIICIO H HaI/I6OHBH_IeFO
3HAYCHHS, UMCIOT OOJIBIIIOE MPAKTHYECKOE PUMEHECHHE.

3amaua Ha M3rOTOBICHUE Oaka HAaMOOIBLIIEr0 00hLEMA

[IpencraBeTe cebe, YTO BaM TOCTYNHJI 3aka3: M3 KBaapaTHOro JIMCTa IKelie3a
HEOOXOMMO H3TOTOBHTH Oak B (hopMe MPSMOYTOIBHOIO Mapajiesienuiea ¢ HanOOIbIIUM
o0bemMoM. JlaBaiiTe MpPaKTHYECKUM IIyTEM OIPEICIMM, KaKHe MapaMeTphl JOJDKEH MMETh 3TOT
6ak?

Ha xasicovii cmon (2 cmyoenma) vioan Oymadicuwlii keaopam co cmoponou 24x24 cm u
PA3UYHOU pa3ZMemKou (8blpeska no Kpasam keaopamos co cmopounamu I1x1, 2x2, 3x3, 4x4x, 5x35,
6x6, 7x7, 8x8, 9x9, 10x10, 11xI1cm). Heobxooumo cxkneumv «b6ax» u noocuumams e20 oovem
amnupudeckum nymem. Omeem ghuxcupyemcs Ha 00cKe U 8bloupaemcs Haubo ULl 00veM.

Hrak, HanGopmmii 00beM uMeeT 0aK BhICOTOM 4 ¢cM U ocHOBaHueM 16x16 cm. s Toro,
9TOOBI MPUHTH K 3TOMY pe3yJIbTaTy, HaM IMPHILIOCH MPAKTUYCCKHM ITyTEM BBIIIOJHHUTH
noctpoeHue 12 «06akoB». B KHM3HM 3TO — HEMO3BOJUTENbHAs POCKOIIb. T.e. HEOOXOIMMO
npobieMy  pemuTh ApyruM  myTeM.  Jlus  3TOro MBI IPUMEHMM  3HAHHA U
MPUHIIMIT MATEMATHY€CKOI0 MO/1eTUPOBAHHUSA

3amaun  Ha  ONTHMH3ALMIO  PEIIAIOT, HWCHONb3ysd MPUHIMI ~ MaTEeMaTUYECKOTO
MOJICTTUPOBAHUS, KOTOPBII COCTOUT U3 TPEX ITAIOB:

1. CocraBieHne MmaTeMaTUYECKON MOenn

2. Pabora ¢ cocTaBieHHOI MOJIEIbBIO

3. OtBer Ha BOIpOC 3a/1a4u

Hcnonp3ys MOpUHIMI MaTeMaTHYeCKOrO0  MOJEIMPOBAHMS, pEIIUM 3aJadyy Ha
U3roToBJIEHHE Oaka HauboJbLIero oobema.

1 stan: CocTaBneHre MaTEMaTHUYECKOM MOJIEIH:

1) IlpoaHanu3mpoBaB YCIIOBHS 3a/la4d, BBIICIUM ONTHMH3HPYEMYIO BEJIHUYWHY, T.C.
BEJIMUMHY, HauOoJblllee WM HauMEHbIllee 3HAYeHHEe KOTOpoW HeoOXoAaumo Haiitu. B manHOM
ciydae 3To 00beM 0aka, 0003HauuM ero V

2) OaHy U3 y4acTBYIOIIMX B 3ajjaue BEJIMYMH 0003HAUUTh 32 HE3aBUCUMYIO TIEPEMEHHYIO
x. IlocrapaTecs BBIpa3uTh 4epe3 3Ty NEPEMEHHYIO OCTaJbHbIE BEJIMYMHBL. B Hamen 3amade
JIOTMYHO 32 HE3aBUCHUMYIO NEPEMEHHYI0 X NPHUHATH BBICOTY 0Oaka, TOrJa OCHOBaHHE Oaka —
KBaJpaT co cTopoHOM (24-2x). Onpenenum peajibHble TpaHUIBl epeMeHHoN X. JlormuHo, 4to
BbICOTa 0aKa —TOJIOKUTENbHAs BETMYMHA, MEHbITast 12.

3) Ucxons u3 ycnoBus 3a/1a4, BbIpa3uM V yepes X:

V(x)=(24-2x)?x, 0<x<12. MaTteMaTHdecKas MOJeNb IOCTPOEHA

2 aran. PaboTa ¢ cocTaBieHHON MOJEINbIO

Haiinem HanGonpiee 3Hauenne pynkunu V(x) Ha uarepsaie (0;12)

V/(X)=576x-96x%+4x°

Haxoaum npon3BoAHYIO U CTallMOHAPHBIE TOYKU

V'(X)=576-192x+12x?, 576-192x+12x%=0, x1=12,x,=4.

Tonbko oxHa Touka Xx=4 mpuHaAIexuT uaTepBay (0;12), mpuuem npu 0<x<4 V'(x)>0, a
npu 4<x<12 V'(x)<0, T.e. x=4 TOYKa MakCUMyMa, a 3HAYUT, B ATOM Touke PyHKUUA V(X)
MpPUHUMAET HanOoJbIllee 3HAYCHNUE.

3 oramn. OTBET Ha BONPOC 337a4H.

X —9T0 BBICOTa OaKa, T.€. BHICOTA paBHA 4, CTOPOHBI OCHOBaHUs Oaka — 16.

Nrak, 6ak ¢ HanbobIIMM 00BEMOM UMEET apameTpsl: 16x16x4.

3ajauya 2.

117



Jlan OGak 0e3 KpbIIIKK B (GopMe NpSIMOYTOJILHOTO Mapajiesienuiesia, B OCHOBAHUU
KOTOPOTO JISKHT KBAApaT u 00beM KoToporo paseH 108 mmS. Ipn Kaknx pasmepax 6aka Ha ero
M3rOTOBJIEHHE MTOI1ET HAUMEHbIIIEE KOJIMUECTBO MaTepuaa?

1. CocraBisieM MaTeMaTH4ECKYIO MOJIETb

Bormpoc OtBet
Yro aBisercsd Ilnowaow oemaneii, u3z
ONTHUMH3UPYEMON BETHUUHOMN? KOMOPYBIX c8apeH 6ax
CKOJIBKO TaKHuX JeTajiei? O0Ho ocHosanue u 4 bokoewvix
2paHu
Yro npeacTaBisieT co00il THO Keaopam
Oaka?
Ero nnomans? X°, NPUHAE CIMOPOHY OCHOBAHU
3a x
Yro npeacTaBisoT cooou 4 pagnvix npAMOY20IbHUKA
OOKOBbIE rpaHu?
Wx momans? 4xh, 20e h — sbicoma baka
CKOJIBKO HEM3BECTHBIX Cmopona ocrosanus 6axa u
BEJIMYMH, OT KOTOPBIX 3aBUCUT svicoma
ONTUMU3UpYEeMasl BeTuInHa?
MOKHO JIM CBECTH K OJTHOM?
BripasuM BeicoTy h uepes x | V=hx?  108=hx>  h=108/x?
Bripaszum mmomane yepes x S(X)=x?+4x
KakoBsl mapameTpsi x? 0<x<108
Wrak, MaTemMaTuieckasi MOJICIb S(X)=x2+4x 0<x<108
3aaun

2. Pabora ¢ maremaruueckoir Mosienbto. HaliTu Haumenblee 3HaueHne GyHkmuu S(X) Ha
untepsaie (0;108) mo anropurmy

Bomnpoc Omeem
Haiitu cTannoHapHble TOUYKH S'(x)=2x-4
2x-4 =0
2x3=432
x3=216 X=6
CrannoHapHas TOYKa BISAETCS a, x=6 mouxa munumyma

TOYKOM IKCcTpeMyMma? (TOUKOM
MaKCHMyMa UM MUHIMYMA)

Hanmenbiiee 3naueHne GyHKIAN Ja, m.x. na unmepesane
S(X) mocTUraeTcst B TOUKe (0;108) hynryus
MUHUMYMa? HenpepuléHa

3. OTBeT Ha BONPOC 3aJa4H.

Bompoc Omeem
B mannoi 3amaue KaKOM CMBICIT
UMeeT HailJIeHHas BelIUYnHa X?
Kakue emie mapamerpbl uMeeT

Cmopona ocnosanus baka

6aK? Boicoma
KaxkoBo ee 3HaueHue? H=3
Haumenvuee xonuuecmeso
OTBeT Ha BOmpoc 3a7auu Mamepuana Ha u320mosieHue

baka npu wupune OCHO6AHUA
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| | 6 Om u gvicome 3 Om |

Pelnenne 3axanui:

Nel. CBapiuKy NMOCTYIHII 33aKa3 BBINTOIHHTH OTPAKIEHHE ydacTKa IIomanbio 2400m2,
pa30buB ero Ha JBa yd4acTKa MPSMOYToJbHOM (QOpMBI Tak, 4TOOBI IJIMHA OTpakIeHus OblLia
HanuMmeHblen. Hailtu pazmepsl y4acTKOB.

No2. TpebOyercss cBapuTh SIIHUK C KPBIKOKW 00BEMOM 576 nM3, CTOPOHBI OCHOBAHUS
SIUKA TOJDKHBI OTHOCUTHCS Kak 1:2. Kakoil momkHa OBITh BEIMYMHA €r0 CTOPOH, YTOOBI MOJTHAS
MMOBEPXHOCTh ObllIa HAUMEHBIIICH?

Ne3. Vwyactok npsMOyronbHOM (OpMBI OJHOM CTOPOHOW MpHIEeraeT K 3JaHUI0. Y
cBapiuka ectb 20 MeTpoB uzropoau. Hamo oropoauts yqyacTok Tak, 4ToObI IJIOMIAAb €ro Oblia
HauOobILIAs

Ne4. TpeOyeTcsi M3TOTOBHUTH OTKPBITBIA JKECTSHOW KOpoO B (opMe NPSIMOYTOIBHOTO
napajuiejenunesa ¢ KBaJgpaTHbIM OCHOBAHMEM, C HAaWMEHBIIMM OOBEMOM, €CIM Ha €ero
M3TOTOBJIEHHE MOXKHO TOTPATUTH xKecTH 300cM?

IIpakTnyeckas padora Ne32
Tema 5.9 HaxoxaeHue onTUManbHOTO pe3ysibTaTa ¢ HOMOILIBIO MPOU3BOIHOM
Hean: HayunTbcss HaXOOUTh ONTHUMAIBHBIM PE3yJbTAT B IPAKTUYECKUX 3aJadax C
MTOMOUIBIO TTPOU3BOTHOM.

Teopernyeckasi 4acTh:

[Ipexne yem pemath Kakyro - Ju00 KM3HEHHYIO 33J1ady, YEJIOBEK CTapaeTcsl B3BECUTh
UMEIOIYIOCsS Yy Hero nHpopMmaluioo, BeIOpaTh U3 Hee CyllecTBeHHYH0. M Tonpko moToM, Korna
cTaHeT OoJjiee WJIM MEHee SICHO, U3 4Yero MCXOJWUTh UM Ha KaKOH pe3yibTaT pacCUMThIBATh, OH
IIPUCTYNAET K PEIICHUI0 3a7add. YacTo ONMMCaHHBIM MPOLECC HA3BIBAIOT YCIOBUEM 3a/auy,
(aKkTHYEeCKH Ke ITO 3aMeHa HCXOJHOM »KWU3HEHHOW 3a/Jauyu ee Moeibio. B ocMbiciennn
npocTeiiiel KU3HEHHOM CUTyallul MPUCYTCTBYET MOAEIBHBIN MOAXOJI, XOTSA YeIOBEK OOBIYHO
HE 3aMeyaeT CBOEH JEATEeNIbHOCTH IO CO3JaHUI0 MOJIEJe - HAcTOJBKO OHa MJi HEro
ecTecTBeHHA. MHOE 1ei1o, eciau BO3HMKAIOLIas 3a/1aya 3aTparuBacT KIIFOUYEBBIE MOMEHTBI XKU3HU
OJIHOTO 4YeJIOBeKa WM Kakoro - jJubo coobmiectBa mrofeil. PaznooOpasue MHPOpMAIMOHHBIX
aclieKTOB B KaXJOH TakoW 3agaue HACTOJIBKO BEJIHMKO, 4YTO OBbIBaeT CJIOXHO U3 BCEro
MHOroo0pasusi HH@OpManuu 00 H3ydaeMoM SBJIEHMM WIM O0O0beKTe BbIOpaTh Haubolee
cyliecTBeHHbIE. B Takux ciydasx HEOOXOJUMO cIenaTh YIpoLIarolee MpeanoaokKeHne, YTOObI
BBIJICJIUTh HCXOJAHbIE JJAHHBIE, ONPEIENUTh, YTO OyJET CIY)KUTh PE3yJIbTaTOM M KaKoBa CBS3b
MEX/ly UCXOAHBIMU JaHHBIMU U pe3yiabTaToM. Bce 3To - mpennosiokeHus, NCXOHbIE TaHHBIE,
pE3yJIBTaThl, CBA3H MEXAY HUMH - UX HAa3bIBAIOT MOJEIBIO 3a/1a4H.

Ecnu moctpoeHHas Mojenb JaeT yJIOBJIETBOPUTENbHBIE pPE3YyJIbTaThl MPU PELICHUU
KU3HEHHBIX 3a/1a4, TO TOBOPAT, YTO MOJENb aJeKBaTHA pacCMaTpUBAEMOMY OOBEKTY, MPOLECCY
wiu  gBieHuto. Hepenko nns  pemieHuss MOAENBHOM  3amaud  TpeOyeTcsi HEKOTOpBI
UHCTPYMEHTApH. DTOT MHCTPYMEHTapuil OOBIYHO OPraHU3yeTcss B BUJE €JUHOIO OOBEKTa,
HA3bIBAEMOT0 UCTIOIHUTEEM. UTOOBI HCIIOTHUTEND MOT MOJTYYUTh OTBET, EMY HYKHBI YKa3aHUS,
4TO M Kak Jenarb. Takue yka3aHUs 4acTO IPEACTaBISIOTCS B BHJE AITOPUTMA, B KOTOPOM
3aJJal0TCsl MaTEMAaTUYECKHUE COOTHOLICHMS, CBSI3bIBAIOIINE UCXOAHBIE TaHHbIE U PE3yJIbTaT.

B sTOoM ci1yyae roBopsAT 0 IOCTPOEHUH MaTEMaTHUECKON MOJENIN 3aJayH.

PaccmoTpuM npuMepsl UCIOIB30BaHUS MAaTEMAaTHYECKUX MOJIEe B ONTUMU3AIIMOHHBIX
NPaKTUYECKHX 3a/1a4ax, pelIeHHe KOTOPhIX TpeOyeT HaX0xkIeHHE TPOU3BOIHON (DYHKIIMH.

3amaua 1. PaccrosHme Mexnay nByms maxtamMd A u B mo mocceitHoit mopore 60 kwm.
Ha maxte A no6siBaetcs 200 T pynasl B cyTku, Ha maxte B -100T Bcyrku. I'ne HyxHO
MOCTPOUTH 3aBOJ MO THepepaboTKe pyAbl, YTOObI ISl €€ MEepPeBO3KU KOJIMYECTBO TOHHO-
KAJIOMETPOB OBUIO HAaUMEHbIINM?
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Pemenue. BprsicHsiem, 4TO CyMMapHO€ KOJMYECTBO TOHHO-KMUJIIOMETPOB HM3MEHSETCS B
3aBHCHUMOCTH OT MECTa HaxXOXICHMs 3aBOJA, BBHIYHUCIUB €ro, HampuMep, AJs ciydaeB, Korja
3aBOJI HAXOAMUTCS OT MyHKTa A Ha paccrosau 30 kM, 20 kM, 10 km.

Jlanee mpucTynaem K pelieHuIo 3ajauu, 0003HauuB paccTosHue oT 3aBoja C 10 MIaxXThl
A uepe3 x: AC=xuBC=60-X.

KonnuecTBO TOHHO-KMJIIOMETPOB, MPOMACHHBIX TpaHcnopToM OoT A 10 C 3a Kaxablid
nenb, cocraBisier 200 x 1/kM, or B mo C - 100 (60 - x) T1/kM. CyMMapHOE KOJHYECTBO
TOHHO-KHUJIOMETPOB BbIpasutcs ¢yHkuuei y = 200x + 100 (60 - x) = 100x + 6000, xoTopas
onpeneneHa Ha cermente [0; 60].

SIcHO, UTO 3TO ypaBHEHHE MOXET HMETh OECKOHEYHO MHOro peuieHuid. Bormpoc
- HAWTH JEUICBbII BAapHUaHT IIEPEBO3OK.

Uccnenys dpynkmuio  y = 100x + 6000 Ha cermente [0; 60], momyuum Ymin = 6000.
Orta nuHelHas QyHKUMA OyAeT UMETh ~ MHHMManbHOe  3HaueHue npu X = 0, Ymin = 6000
T/KM. 3aBOJI Ha/I0 CTPOUTDH BO3JIEC IAXThl A.

Jist aydiero TMOHUMAaHMSA STOW 3aJadd IEeIecoo0pa3sHO JOMOJHUTENILHO BBIICHUTD
BOINPOC, IJI€ HY>)KHO ObI OCTPOUTH 3aBOJI, €CIIU OBI:

a) B maxrte A poOwBasioch 100 T, a B maxre B -200T pynsi

0) Bmaxte A-200T, a B maxte B-190T;

B) B1axte A u maxre B- mo 200 T pyasl;

UToOb!I pemuTh 3TOT BOIIPOC, HYHO HalTH Ha cermente [0; 60] MuHHUMYM GYHKINH:

a) y =100x +200(60 - X) = - 100x + 12000;

6) y =200x + 190(60 - x) = 10x + 11400;

B) y = 200x + 200(60 - x) = 12000.

OtBet: M3 Bcero 3Toro MOXKHO CJeNaTh TaKOil BBIBOJ: €clU B IIaxTe A J00bIBaeTCs
pyZibl Oonbllie, 4eM B axTe B, To 3aBoA Ha/l0 CTPOUTH BO3JIE HMIAXThl A; €CIM K€ KOJIUYECTBO
pyIObl B OTUX IIAXTax OJWHAKOBOE, TO 3aBOJ MOXXHO CTPOUTH B JIIOOOM MecTe  BOIU3U
niocceiiHoW goporu Mexnay maxtamu A u B.

3amaua 2. Ha konxo3HOH ¢epMe HYXKHO IPOBECTH BOAONPOBOJ AIMHONH 167 M.
Nmerotcst Tpyosl qumHOM 5 M 7 M. CKOJBKO HY)XHO HCIOJB30BaTh TE€X U JPYTUX TPYO,
4yTOoOBI C/eNaTh HaWMEHbIEe KOJIMYECTBO COECJUHEHUN TpyObl He pe3aTh)?

Pemenne.  YuuTeiBas, 4TO KOJMYECTBO KaK OJHHUX, TaK U JPYrUX TpyO MOXKET
WU3MEHATHCA,

KOJIMYECTBO 7 - METPOBBIX TpyO 00O3HAYMM Hepe3 X,

KOJIMYECTBO S5 - METPOBBIX — 4U€pe3 Y,

Torga 7X - AnuHA 7 - METPOBBIX TpYO,

Sy - nanuHa 5 - METPOBBIX TPYO.

[Tonyuyaem ypaBHeHnue 7x + S5y = 167. Tak kak x,y € Z, To Meronom mnepebdopa
JETKO HAWTH  COOTBETCTBYIOIME Mapbl 3HAYEHUH X M Yy, KOTOpPBIE  YIOBJIETBOPSIOT
ypaBHeHue 7x + S5y =167.

(1; 32), (6;25), (11;18), (16;11), (21;4).

OtBer: U3 »TuxX pemieHuid HamOoJiee BBITOJHOE TmocheaHee, T.e. X=21,y=4.

Pemenne 3aganmii:

Nel. TpeOyercs oropoauTh NPSMOYTOJbHBIA Y4YacTOK 3€MJIM, HCIIOJIb3Ysl B KauecTBE
OJIHOM M3 CTOPOH 3a00pa YacTb CTEHBI I0MA. YUYACTOK JIOJDKEH UMETh ONPEAEICHHYIO TUIOIAb.
Kak cnenyer BEIOpaTh COOTHOLICHHE MEXKY JUITMHAMHU €r0 CTOPOH, YTOOBI HAa MOCTPOIKy 3a00pa
MOIILJI0 HAUMEHbIIIee KOJIMYECTBO MaTepuaa?

OtBer: CropoHa 3abopa, mapajulelbHas CTE€HE JOMa, JOJDKHA OBITh B JIBa pasa
JUTMHHEE OOKOBOM CTOPOHBI.

Ne2. Tpebyercsas oropoauth cetkoi mHOW 600 M 30HY OTABIXA MPSAMOYTOJIBHON
dbopMbI, mpuseraroiyo kK peke. Onpeaennre, KaKoBbl JOJKHBI ObITh JJIMHA U IIMPHUHA y4yacTKa,
4TOOBI OH UMeJ HauOOJIBIIYIO TUIOIIA/Ib.
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OtBet: HanOoNbIIAs TUIOIIAAb YUacTKa, ecnu mupuHalS0 m, mmuaa 300 m.

Ne 3. Onpenenuth pazMepsl OTKPBHITOTO GacceitHa o6beMoM 256 M3, MMerommero JHO B
BUJE KBaJpaTa, TaK YTOObI Ha OOJMIIOBKY €ro CTEH M JiHa ObUIO M3PacX0/I0BAaHO HAWMEHbINEE
KOJINYECTBO MaTepuaa.

OtBer: 8 M. 8 M, 4 M.

Ne 4. Tlpuneraromyro K J0My NPsIMOYTOJbHYIO IUIOIIAJIKY HYXKHO OIpaJHuTh pPEIETKON
mmHor 120 M. OmpenenuTs pa3Mepbl IUIOMIAJKHA, TaK YTOOBI OHA HMMeJa HauOOJBLIYIO
IUIOIIAb.

OtseT: 30 M, 60 M.

IpakTnyeckas padora Ne33

Tema 5.10 [TepBooOpa3znas Gpynkmwms. [IpaBuina HaX0XACHUS TEPBOOOPA3HBIX

Iesan: HayunTh HaxoquTh NEpBOOOpPA3HBIE

Teopernyeckas 4acThb:

ITonsiTe mepBOOOPa3HOM

Jlerko  norajgaTtbCcsi, 4YTO TEPMHH  “mepBooOpa3Has’”  MPOUCXOJUT OT  JBYX
CJIOB: nepswiii U 06pas3. llepBbiM 00pa3oM y aBTOMOOUIISI ObLTa MOBO3KA, a Y IMIOpe — KapTodeb.

Bepremcs k MaTeMatuke.

JlaBaiite ObICTPO BCIIOMHUM, 4To HaXO0KJeHUe POU3BOIHON
wii Ju¢depeHIupoBaHNe — 3TO COBEPIICHHE MaTEMAaTUYECKON omnepannu Haj ¢pyHkuuei. To
€CTb, CJIeys OIpeJe/ICHHBIM IIPaBUiIaM, Jr00as QYHKIUS MOXKET ObITh peoOpa3oBaHa B HOBYIO
(GyHKIMIO, KOTOpast U OyeT MPOU3BOAHOM.

B 00bI14HOI U3HU, COBEpILIasi HECKOJIbKO JEMCTBUI, Mbl MOXKEM MpeoOpa3oBaTh MYKY B
TECTO, a 3aTeM W B MUPOXKH. Ho pa3o0parh TrOTOBBII MHPOKOK HA MYyKy Yy Hac yxXe He
HOJY4YHUTCS. 3aTO B MaTEMaTHKE BCET1a MOKHO BEPHYThCS Ha IIar Ha3aJl: CIOKWIM J1BA YUCIIA —
BBIYTEM OOPATHO, BO3BEJIU B CTEIIEHb — U3BJICYEM KOPEHb.

[Toxoxxum 00pa3oM MBI MOKEM MOCTYIUTH C (YHKIIHEH.

BosbsMeM mobyro ynkimio, HanpuMep, f(x) = x? u HaiiaeM a1 Hee npousBoaHyto f(X) =
2X — modydniachk HoBas (GyHKuus. Tenepsb Iisl TOro, 4TOOBI BEPHYTHCS HA IIar Ha3aid, Ham
HYXXHO HaliTH nmepBooOpa3Hyro oT HOBOM QyHKIuH (f'(X) = 2X).

IlepBooGpa3noii 1iia pynkuuu f(x) HaszpBaeTcst Takass (yHkuusa F(x), ans kortopoi
BBITIOJTHsIETCsT paBeHCTBO: F'(X) = f(X).

To ecth, eciu B3sTh IPOU3BOJHYIO OT IEPBOOOPA3HOIN KaKON-TH00 (PYHKIIMH, TOITYYUTCS

camMa oTa q)YHKI_II/IH. Hpouecc HaXO0XJICHUA MHOX>KECTBaA HepBOO6pa3HHX
Ha3bIBACTCA HHTCITPUPOBAHUEM.
F'(x) = f(x)

JI71st HaX 0K ACHUS IEPBOOOPA3HBIX CYIIECTBYET ClieHalIbHAast Tabauna. B Hell mpuBeeHbI
nepBooOpa3zHble Uil Kaxaod (QyHKIuUU. A 4YTOObl YOEOUTbCS B OSTOM, MOXHO HalTh
IIPOM3BOJHYIO OT MEPBOOOPA3HON U CpaBHUTH ¢ (pyHKIMEH. OHM OYIYyT OJIMHAKOBBIE.

Tabanna nepoodpasHbIX

Tabauua nepBooOpasHbIX:

®yuxkuus f(x)[[Iepsoodpaznas F(x)
0 C = const
1 X + C
nt+l

xnx -1 a +C

4+ 1
1
—,x =0 Inlnx+C
X
COS X sinx + C
sin X -cos X + C
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e* e*+C
I'ne C — npoun3BoabHOE YHCIIO

Pemenue 3aganuii:

Nel.MatepuanbHasi TOYKa JABMIKETCS MPAMOIHMHERHO cO cKopocThio V(1)=8t—4. Haiigure
3aKOH JIBWKCHHS TOUYKH, €CJTH B MOMEHT BPEMEHH t=2C MPOUICHHBIN MyTh COCTABHII 4 M.

Pewrenue:

Bocmonb3yeMcs onpesielieHIeM epBoodpasHoii, T.. S(t)=vot+at?/2

S’(t) = v(t).

Haiiziem Bce mepsooOpasubie S(t)= -4t+4t2 +C.

[ToncraBuM t=2c¢ 1 poiiAeHHBIN TyTh S=4 M.

4= -8+16+c

C=-4.

CrenoBarenbHO, 3aKOH JIBUKEHUS OY/IET BBITIISJCTD CIEAYIOUIMM 00pa3oM:

s(t)=4t>—4t-4

Otser: s(t)=4t>—4t—4

Ne2. Tlo rpaduky nepBooOpaznoit pyHkiuu y = F(X) onpenenuTe KOIUYECTBO TOYEK, B
KOTOpPBIX (yHKIHA y = f(X) paBHA HYIIO.
¥

AN
4

#
=)

Pemenue:

Tak kak F'(x) = f(x) -nmo onpenenenuto nepBoodOpazHoOid, TO TOUKH, B KOTOPBIX (DYHKIIHS
f(x) (mpomsBonHas ¢pyHkuH F(X)) — 370 TOukM 3kcTpemyma pyHKuuu F(X). A Takux Touek Ha
rpaguxe 4.

Ortser: 4.

Ned. [To rpaduky mnepBooOpazHoil ¢yHkuuu y = F(X) ompenenuTe YHCIOBbIE

MIPOMEXKYTKH, HAa KOTOPBIX PyHKIMS Yy = f(X) UMeeT OTpHULIaTeIbHbIN 3HAK.
¥,

/\
/

\ +F
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Pewrenue:

Tak kak F’(x) = f(x)- mo onpeneneHuto nepBooOpasHON, TO YUCIOBBIE MPOMEXKYTKH, HA
KoTopbiX ¢yHkuus f(x) (mpouwsBomHast ¢yHkumu F(X)) MMeeT OTpUIATENbHBIM 3HAK — 3TO
npOMEKYTKH yobiBanus GyHKIuu F(x). Takux mpoMe:kyTKoB Ha ganHoM rpaduke 2. O1o (-2; 1)
u(2;5).

Otser: (-2; 1); (2; 5).

Ne4. Jlokaxwure, uto ¢pyHkuus y = F(X) sBisiercst mepBooOpa3Hoit st pyHKmn y = f(x).

F(x) = x?—e™ 4+ 2,f(x) = 2x — 2%

Pewrenue:

JlokazaTenbCcTBO.

F'(X)=(x2-e>+2)'=2x-2e>

I[To ompenenenuro mepBooOpasznoi, F'(x)=f(x), cnengoarenbro, F'(X) wu ecth
nepBoodOpasnas st Gpyakuun f(x)

Ne5. Jlna pynximu f(X) = x 2 HaliTn nepBoo6pasHyro, rpaguK KOTOPOil MPOXOIUT uepes
touky (-3; 10).

Pemenne:
3

X
Haiinem Bce nmepBooGpasubie Gyrkimu f(X) : F(x) = 3 T

Haiinem uncno C, Takoe, 4to6bl rpaduk dynkumu f(X) = x? npoxoamn yepes Touky (-3;
10). IToxcraBum x = — 3, y = 10, noay4um:
10 =(-3)%3 +c

C=19
3
x
CrenoBarenbsHO, F(x) = 3 +19
3
X
OrtBer: Fx) = 3 +19

IIpakTuyeckas padora Ne34
Tema 5.11 ITnomanes kpuBonuHeitHo# Tpaneunu. @opmyna Hetotona-Jleitbuuna
Heanb: HayunTs pemaTs HHTETpasibl, UCHONIB3Ys popmyny HeroTona-JIeliOHuna
Teopernyeckas yacrb

@opmyna Heromona-Jleiionuuya
[Tycte  ¢ynkuus f (X) HempepbiBHa Ha  3aMkHyToM  uHTepBaine [a, b]. Eciu F (X) -
nepBoobOpasnas dynkiwu f (X) Ha[a, b], To

]f(x)dpﬁ(xjﬂ = F(b)-F(a).

Pemenue 3ananuii:
ITpumep 1

j(xz —xg)cfx

1]
Breraucnouts HHTCrpal

Pewenue.
[Tpumenss popmyny Herorona-JleiiOHuna, momnydaem
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(2 - ")z - [? ?] _

0

[Tpumep 2

f({6-F)ax

Breranciaurts HHTErpai; n

Pewenue.

j‘(if—q.&_)dz é—z”‘ﬁ dt =

1 1

1

/+1 /+1

“[2-2)-0-1
43 12

3% o4
4 3

y=x' y=dx

Haiiti nnomans Gurypsl, orpaHU4eHHON KPUBBIMU u

0

[Tpumep 3

Pewenue.
CHayana onpeaenuM TOYKU MEPEeCceYeHHs IBYX KPUBBIX (PUCYHOK 3).

= x,

= 2-Jx=0,
- JE(x —1)=0
= x=0, z=1

Takum 006pa3om, nanHbie KpuBbie iepecekatorces B Toukax (0,0) u (1,1). CnegoBatenbHo,
ioniaib GUrypsl paBHa

oo 72 -2 -

y=2x-x*

Puc.3 Puc.4
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[Ipumep 4

y=2x-x x4+ vy =0
Haiitu nomaas Gurypsl, orpaHndeHHyo rpadpukaMu GyHKIUH u .
Pewenue.
Haiinem koopInHaThl TOUEK NIEPECEUEHUS KPUBBIX (PUCYHOK 4).

2x-x =-x,

= x*-3x=10,

= x [x - 3) =1

= x5 =0 x =3

a2
JlaHHas 061acTh OrpaHUUMBAETCS CBEPXY Mapabooi + 2x—x , @ CHU3Y - IPSIMOH

v =—-X o
JIMHUCH Y . CJ'IC,I[OBaTeJ'IBHO, miomajab 9TOH obnactu paBHaA
3

3

3 PR = S 27 27 9
B s G B e

IIpuMeHeHMe onpeaeIEHHOT0 HHTErpaJsia:
1. HaxoxneHue MJIomaau KpuBOJIHHEHHON Tpaneunuu

y y=fx) | IInomaas GHrypsl, OrpaHIEHHOT
: THHIAMH: X=@; x=D; y=0 u y=f{(x)

»
S=J'ﬂx!dx
a

| x=a x= x

IInowmazae GpUrypbl, orpaHHUEHHOH IMHMAMM: ¥ =[{x ) 1 y=gfx ).
Haifri ToukH nepeceyeri X 1 X, w3 yenopmi:  flx)=gfx)
S= J'(ﬂxb— glx)dx

2. Haxo:xneHue BeJIWYHHBI CKOPOCTH V 1O 33JaHHOMY 3aKOHY yckopeHus a(t) 3a
2 .
v= a(t)dt
NpPOMeKYTOK Bpemenn [t1;t2], T.e Jy @(®)
Ipumep: Touka nBuKercsi Mo 3akoHy yckopenusi a(t)=t+1l. Haiitm BeqmumHy ee

CKOPOCTH 32 IPOMEKYTOK BpeMenu [2;4] cekyH/I.

: 4 (a+1)%2 (2+1)°
v(t) = t+1 dt:———=8MC
Pemenmne: (® "2 ( ) 2 2 /

3. Haxoxnenue myTm S mo 3aKkoHY H3MeHeHHsi ckopoctdH V() 3a mpomMexKyTOK

t2 ’
S = v(t)dt
Bpemenu [t1;12], T.e. Ju v(®
IIpumep: HaiiTu  myTh,  KOTOpBIM  @poAenaja  MaTepHaJibHas  TOYKa  3a
IIPOMEXYTOK BpeMEHHM [2;4], ABUrasch €O CKOPOCTBbIO, KOTOpas HM3MEHSIACHh 10 3aKOHY:
v(t)=2t+2.

4, : 7
Pemenne: S = [, (2t + 2)dt = 22 (ea. AnuHBI)
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IIpakTuyeckas padora Ne35

Tema 5.12 OnpeneneHHbI UHTETPAT B )KU3HU

Hean: HayunThcs HCTIONB30BaTh HHTETPANT I HAXOXKICHUS (PU3NYECKUX BEITMUNH

TeopeTnyeckas 4acThb:

WuTerpan — 3T0 MareMaTHYeCKHil OOBEKT, KOTOPHI BO3HHK HCTOPUYECKH HAa OCHOBE
HOTPEOHOCTH PELIeHUs pa3IMYHbIX NPUKIAIHBIX 3a7ad (QU3MKM M TeXHUKH. Te Qusnueckue
BEJIMYMHBI, KOTOpBIE OMNPENENIAIOTCS C IOMOUIbI0 HHTErpajla — KakK IPaBUJIO, HA3bIBAIOTCS
UHTETPaJbHbIMM, a T€ BEJIMYUHBI, Yepe3 KOTOPbIE BBIPAKAIOTCS WHTETPAJIbHBIC BEIMUYUHBI —
QG epeHIaTbHBIMHE.

WHTerpaisl HalLIM CBOE MPUMEHEHUE B ACTPOHOMUM (MHTErpaibl SHEPTUU U IUIOLIa/eH;
JIBUKCHHUE 3BE3M); MeauluHe (KOMIbIOTEepHass Tomorpadus); Ouosoruu (yCTaHABIMBAIOT
IPUPOCT YUCIEHHOCTH MOMYJIALUH; OMoMaccy MOMYNIALUN M CPEIHIOW JJIMHY IYyTH (I10JeTa)
IPY IPOXOKICHUN HEKOTOPOTO (PMKCUPOBAHHOTO YUACTKa).

Ha cerosHs HEBO3MOXXHO M3yu€HHE I'eéMOJIMHAMUKHN — JIBUKEHUSI KPOBH 10 cocyam Oe3
IPUMEHEHUs UHTErpajioB. B TedeHue UIMTENbHOIO BPEMEHU KaTeTepu3allysl MpaBbIX OTIEJIOB
cepAla sIBJIIACh €MHCTBEHHBIM METOA0M HCCIIE0BaHMsI, T03BOJIBLIMM OLIEHUBATh COCTOSIHUS
IpaBbIX OTHENOB cepaua U JeroyHod aprepuu. C MOMOLIbIO HHTETPaJOB B MEIULIMHE
BBIUUCIIAIOT HHTETPATIbHYIO CKOPOCTb JJIS LIEJIOT0 cocyia (apTepuu WM BEHbI), 3Has JIMHEHHYIO
CKOPOCTbh KPOBOTOKA; TAK K€ PACCUMTHIBAETCS yIapHbINA 00beM (00BEM KPOBH).

IIpencraBneHHble Bblle (GakTbl IEMOHCTPUPYIOT IIUPOKOE MPUMEHEHHE MHTErPaJIoB B
Pa3IUYHBIX HAy4YHBIX OOJACTAX, YTO JOKAa3blBA€T HEOTHEMJIEMYIO BAa)KHOCTb HHTEIpPajlOB B
Hamedl ku3HHU. [IpruMeHeHue OIpelesIeHHOro0 HHTerpaja BO MHOIOM 0O0Jerdyaer peleHue
NPUKJIAJIHBIX 33/1a4 TeOMETPUH, (PU3UKH U IPYTHUX HAYK.

Penrenne 3agau:

1. 3agava o EbIYUCNEHWH NYTH
CormacHo QU3MYECKOMY CMEICTY NEPBOA NPOM3BOAHON, NPON3BOAHAR DYHKLMK B TOYKE eCTh

. d
MFHOBEHHAR CKODOCTL TOMKM, TE. v(f) = &'(f) = f OTcHoaa, ds = viE)dt . VIHTETpMPYA NoMy4YeHHoe
£

PABEHCTEO B Npefenax oT tq Ao t, nonydaem

H

Ia?s = ‘I‘v(r.)cx‘r.

1,

Torga nyTe, NPOAAEHHBIA TOYKOH NPY HEPABHOMEPHOM OEWKEHWK N0 NPAMON C NEPEMEHHON
CKOPOCTBIO L(€) 33 OTPE30K BPEMEHH [ £, £, |BbIPAXAETCA MHTErPaNoM

t
S=J Lit)dt. n
t
Mpumep 1. CKOPOCTh NPAMONMHEAHOTO NEMKEHNA TENA BLIPAKASTCA OPMYNON 13 = 2t+3t2(M/C).
HaiTi NyTe, NPOROEHHLIA TENOM 33 5 CEKYHL, OT Ha4Yana ABWAEHNA.

PelleHne.
5 5

S=1(2tH3t Hyde= (41| =150(m).

i 1]

Mpumep 2. [Ba TeNa HaYanu ABMIATbCR OOHOBPEMEHHO W3 OQHON TOYKW B OOHOM HANPaBNEHWM NO
NpAMON. MEPBOE TENO ABMKETCA CO CKOPOCTLID v =(6t2+21) M/C, BTOPOE — CO CKOPOCTLH Vo=(41+5) MiC.
Ha Kakom paccTOAHWA APYT OT ApPYTa OHW OKaKyTCA Yepes & .7
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2. 3agaya O BeIYHMCNEHWH PaGoTel NepeMeHHON CHNkI

MycTb mMaTepUansHas To4Ka nod AelCTEMEN CHMbI F ABMAETCA No NpAMOR. ECNK AsACTEYIOWARA cuna
NOCTOAHA, A NPOMASHHBIA NYTh PABEH S, TO KaK M3BECTHO U3 Kypca U3KKKM, padoTa A 3ToH F
BbIMMCNASTCA NO DOpMYyNE:

A= F7s

PafoTy NnepeMeHHOR cknbl T(X) NP NEpeMEeLLesn No ock OX MaTepuansHol TONKK OT ¥=a 0o x=b,
HaxogumM no popuyne (3)

3
A= If(x)dx (2)

PellieHHM 33134 HA BbIYMCNEHUE paGoThl CUNbI YNIPYTOCTH, CEA3AHHBIX C PACTAKEHWEM W CHATHEM
MpY#UH, OCHOBLIBAETCA Ha 3akoHe Myka Mo 3akoHy Myka cuna F, pacTAMMBAILIAR UMW CRUMAILLAR
MPYHUHY, MPONOPLUMOHATBHAR 3TOMY DACTIHEHWH UMK CRATHIO, TE. F=kx, Me X — BenW4uHa
DACTAKEHWA UMK CRATAA, K — KoadhWLMEHT NDONOPLUMOHANBHOCTH.

Mpumep 1. C1Na ynpyrocTd F Npy#MHLl, pACcTAHYTOH Ha 11=0,05m, paBHa 3H. Kakyw paboTy Hago
NPOW3BECTH, YToObl PACTRHYTE NPYHMUHY Ha 12 =01 m?

PelweHue. MoACTABKE JaHHEE B DOPMYNY 33K0Ha TyKa, nonyvumM: 3=k*0.05, Te. k=60, cneqosatensHo,
CHMa YNPYroCcTH BhIpE#AETCA COOTHOLWEHKWEM F=60x. Haiaem padoTy nepeMeHHOl CHNbl No dopMyne
(2), nonarag, 41o a=0; b=0,1:

0.l 1
A= J60xdx= 3ox2r =031
1]

3. 3axaua o cuiie JaBJIEHHMSA JKUAKOCTH

Cornacno 3akony Ilackans BenmnumHa P maBieHHs] JKMAKOCTH HAa TOPHU3OHTAIBHYIO
IUIOINAAKY BeIuHcseTcs o Gopmyne P=gphS, (4)

I'1e g — ycKopeHne cBOGOHOTO MaeHUs B M/c;

P— MIOTHOCTh KHUAKOCTH B KI/MS;

h — r1yOuHa norpy»eHus MJIOIMAAKH B M;

S — momAIb MIOMAAKH B M2,

ITo sToii popmyrnie HeNmb3st HCKATh JaBJIEHUE JKUAKOCTH HAa BEPTHKAIBHO MOTPYKEHHYIO
IUTACTHHKY, TaK KaK €€ pa3Hble TOUKH JIe)KAT Ha pa3HbIX IIyOnHaXx.

[TycTh B ®KHUIKOCTH MOTPYKEHA BEPTUKAIBHO IJIACTHHA, OTPAHWYCHHAS JIMHUSMH X = a, X
=Db, yl =f1(x) n y2=f2(x); cucrema kooparHaT BIOpaHa TaK, KaKk yKa3aHO Ha PUCYHKE.

o y

N\ v =fa(2)
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[Ong pelweHud 3aga4y pasodbem NNacTMHY HA N YacTel (ManbiX ropU30HT anbHBIX NONOCOK) NPAMBIMMK,
napannentHeMK NOBEPXHOCTH #HMOKOCTH (T.€. NapannentHbiMK oci OY). Ha ryOuHe X BbigenvmM ogHy
W3 HUX W 0603HA4YKMM Yepes T(X) ee ANUHY, a Yepes Ax €€ LUMPMHY. NPUHAB NONOCKY 38 NPAMOYTONLHWK,
HaxodumM ee nnowans S = f{x) Ax.

F=gafix) b x
Haigem gudppepeHuman dp 3ol MyHKUMK.
dp = gof (X)) xdx

Torga no 3akoHy MNackana MHTErpUPYA NonyYeHHoe paBeHcTBo B Npefenax oT X = a 40 X = b, Nony4um

A
P=QIPIf (x)ex (3)
Mpumep

AKBAPMYM WMEET hopMy NPAMOYTONBHOM Napannenenuneia. Hamgem cuny AaBneHWa Boabl
(MNOTHOCT BoAbl 1000 Kr/M?), HANOMHAIOLLEH AKBAPUYM, Ha OIHY W3 €0 BEPTUKANBHLIX CTEHOK,
pa3mepbl KoTopoid 0,4 M x 0.7 M.

PelleHwe. Brifepenm CUCTEMY KOOPAWHAT TaK, 4To0bl oM Oy M OX COOTEETCTEEHHO COOE[HANnU
BEpXHee OCHOBAHWE W DOKOBYI0 CTOPOHY BEPTHMKANLHON CTEHKW AKEaPMyMA. [NA HAXOHOEHWA CUILI
OABMNeHUA BOALI HA CTEHKY BOCNONL3yeMCA opmynoi (3). CTeHKa uMeeT hopMy NPAMOYTONbHWES,
noatomy fi{x=0 7= =x<[0,0.4] TaK KaK npeagenbl MHTErpUpoBaHKA a=0 1 b=0,4, TO Nony4Mm:

0.4 2.4
P=g Jlﬂﬂﬂ*ﬂ,?*xd}:= 700 %rﬂ =56g ~ S49H

IIpakTnyeckas padora Ne36
Tema 5.12 OmnpeneneHHBIN HHTETPAI B )KU3HU
Hean: HayunThbes ucnonb30BaTh HHTETPA Ul HAXO0KIEHUS 00BEMOB
Teopernyeckas 4acThb:
[TomMrMO HaXO0XKAeHUs] IUIOINAAM ILUIOCKOH (Urypbl ¢ NMOMOIILIO OIPeNeJTCHHOI0
HHTerpaJja Ba)XHEHIINM NPUIOKEHUEM TEMBI SBIISIETCS BbIYHCIeHHE 00beMa Tesla BpaleHus .

O0bem Tena BpaiieHHst BbIYHCISETCS 10
OJIHOH H3 popmy:

b :
v=x[[f(x)]
i a , €CJIH BpallCHUE

KPUBOJIMHEHHOH Tpaneniy BOKpYr ocH OX.

8

o

2.V =7[lP) ¥ ecnyu BpameHue
KPUBOJMHEHHOH Tpaneuud BOKpYr ocu OY.
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Pemrenue 3axanuii:
Ipumep 1. Haiitu 06BEéM Tema, 0Opa3oBaHHOTO BparieHneM BOKpyr ocu abcimcc (OX)

4
(buUrypsbl, OrpaHUYCHHON THIIEPOOION X, ocbro abcuuce U npsimpivp =1 x=4
Y A
}
'.
' 8
} x
i i
| |
|
|
|
¥
|l
4
x)=—
Pemenne. O0béM Tenma BpamieHus HanéMm mo dopmyne (1), B KoTopoid X,a

npenensl uHTerpupoBanus a =1, b =4. [Ipumensem Ta0au4Hblii uHTerpai. IlocTosHHBIMI
MHOXUTENb 4*=16 BbIHOCUM 32 3HaK uHTerpana. [lonydaem:

4 2 4 4
v=;¢j[i] dleﬁﬂ[d—leﬁfr[—l] _
1 X 1:": X 1

=127 uyben.

IIpumep 2. Haiitn 00béM 1mapa paguyca R.
¥

Pemenue. PaccMoTpuM miap kak Teso, mojydalieecs Ipy BpallleHUH BOKPYT OCcH abcuce
noJIykpyra paauyca R ¢ nieHTpom B Hauasne koopauHat. Toraa B popmyne (1) nmonpiHTErpanpHas

1_ p2_ 2
(yHKIUS 3amumercs B BuAE ¥ =& -x , a IpeJenaMu MHTErpupoBaHus ciyxaT -Ru R. B

BBIUMCJIEHUSIX paauyc R cuutaercss KOHCTaHTOM (BMECTO HEro MOJKHO IOJACTaBUTH JH000€

3HaueHWe s Iapa ¢ J00bIM  paauycoM). [lpuMeHseM TaOAMYHBIA HMHTErpaJ
CrnenoBaTenabHO,

V= ;:-rf (R*—x")dx = ﬁ[ﬂﬂx—iJ

R

- 3 -k
_2 B
37R
Ipumep 3. Haiitu 006EéM Tema, 0Opa3oBaHHOTO BpareHneM BOKpyr ocu abcimce (OX)

_=2_ _ 2
DUTypBI, 3aKTI0UEHHOMN Mexk Ty mapaGomamu -~ 3-x" yy=x+l
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Pemenue. IlpencraBuM HCKOMBIM 00BEM Kak pa3sHOCTh OOBEMOB TeJ, IMOJYYEHHBIX

BpalleHueM BOKPYT ocu abcuuce kpuBosmHelHbIX Tparneuuid ABCDE u ABFDE. O6bEMbI THX
ten HaunaéMm mo dopmyne (1). B Heil mpenmenasl MHTETpUPOBAHHS DPABHBI 7=l w2 1
abcruccam touek B u D nepeceuenus mapaboi. ITH TOYKK U UX aOCIMCChI BUAHBI Ha rpaduke.
TouHo Takxke - Ha rpaduKe - MOKHO OMPEACIUTh KOOPAUHATHl TOUEK MEpEeceUeHHs JIUHUNA U3
Balux 3a1a4. TOJBKO IS 3TOTO HY)KHO TOCTPOUTh rpaduk. Teneps MoxkeM HaTH 00BEM Tela,
MIPUMEHSS BCE TOT K€ TaOJUYHBIN HHTETpaT 7:

1 2 1 2
V= ;?TI (3—;{2) c:t’x—;?TI (xj +'l:l dx =

-1 -1

_ ﬁ_jl[(g_ 2) (7 +1f Jae=

1
= 7[(8-8x")dx= Bﬂ{x—iJ -
-1 3 -1
= %J‘TKFE.EI{.

IIpumep 4. Borunciaute 06bEM TOpa (TOpOM Ha3bIBaeTcs Telo, MOJdydarouieecs MpU
BpAILCHUH KpyTa pajuyca & BOKPYT OCH, JIeXKaIleH B ero IUIOCKOCTH Ha PacCTOSIHUH D OT meHTpa
Kpyra (’EJ 2 @) QopMy TOpa HMeeT, HaIpuMep, GapaHKa).

¥

C

Pemenue. Ilycts kpyr Bpamaercss Bokpyr ocu OX (puc. 20). O6bEM TOpa MOXKHO
NpEJCTaBUTh Kak pa3HOCTH OOBEMOB TeJ, IMOJYYEHHBIX OT BpallleHHWs KPUBOJIMHEHHBIX
tpanenuit ABCDE u ABLDE Bokpyr ocu OX.

VYpaBuenue okpyxnoctu LBCD umeer Bun

P Hy-b7 =4,
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npuuéM ypaBHeHue KpuBoit BCD

y:yl(x}:b+~.,|l|ag —xj,

a ypaBHeHue kpuBoi BLD
y=x(x) =b—nla’—x"

Hcnonb3yss pazHOCTh OOBEMOB Ten, moiiydaeM Uil 00BEMa TOpa V BRIpAKCHHE W
BBIUKCIISIEM UHTErpat:
a

v= 27| yidx - 27| yidx = 27 (5 — y})dx =
i} i} 1]

- EFTT|:(EJ+ o —xf*)z—(b—m)z} dx =
T

IMpumep 5. Haiitu 00b6éM Tena, 00pa3oBaHHOTO BpaiieHHeM BOKpYr ocu opauHat (Oy)

2 _ —
GHTYpBI, OrpaHMYEHHOM MUHUAME » Iy ¥= 3‘7‘-.
¥

Pemenue. IlpencraBuM HCKOMBIM 00BEM Kak pa3HOCTh OOBEMOB TeJd, MOJYYEHHBIX
BpallleHWeM BOKPYr ocu opauHar TpeyronbHuka OBA u kpuBonmuHeiHO#W Tpanemmn OnBA.

=0 =3
IlpesienaMi MHTETPUPOBAHHS CITy’KaT 1 n 2 - opauHatel Touek O u B mepeceuenus

napabosibl ¥ TPSMOM, YTO BHUAHO Ha TpaduKe K 3TOMYy npumepy. Takum oOpa3om, mosxydaem
00BEM TeENa:

v= ;:-ri ET dy —ni[§]2 dy =

n n

3 3
T 4 AT 4
I iy [ty =
9_!'-}" LV Bl'l-y LV
ELE] N
277 |, 405" | T30

IIpakTHyeckas padora Ne37
Tema 5.13 KoutponpHast pabota mo pasgeny 5 «lIpousBogHas u mnepBooOpazHas
G YHKITHI
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Ieasn: [TpoBepuTh ypoBEHb YCBOCHHS JAaHHOTO Marepuaiia 1o pazueny S5 «IIpousBoanas
U TIepBOOOpazHas PyHKIIUN

Ilpu pewenuu 3aoanuii 1-4 3anumwiume npasunbHLIL OmMeem U3 UeMblpex
NPeONoHCEHHDIX.

1. Yemy paBHa npou3BoaHas QYHKIMU Y = c0S2x?

a)y' = —sin’x; B) y' = —2sinx cos x;

0)y' = —2sin’x; )y’ =2cosx.
2. I1o xako# u3 HopMyIl BBIYHUCIISETCS POU3BOIHAS TPOU3BEICHHS?

a)(u+v) =u +v'; B) (%) = u’";‘"’;

6) (w)' = u'v +uv’; ) (Fla@®)) =£(9t) g'@.
3. Pemmute ypaBuenue f'(x) = 0, ecmu f(x) = 3x? — 6x + 4.

a) 1, B) 4;

6)-1; r) -4,

4. Ha pucynke m3oOpaxkeH rpaduk npomsBoanoi ¢GyHkumu f(x), ompeneacHHONW Ha
unrepsaie (—10; 8). Haiigure xoamyecTBO Touek Makcumyma GyHkiun f (x) Ha oTpeske

[-9:6].
YA | ]
INZANAY ML ALy = e
-/ | SN [ ]
\ f] Y I |1/
N TPV
-10 ol 1 /718 [
7 VT T/ 1
\ L/
VAR
a) 5; B) 2;
6) 4; r) 3.

Ilpu evinonnenuu 3adanuit 5-8 3anuwiume x00 pewienus u NOJIYYEHHLLL OmMEem
(6epubtit omeem — 2 o6anna)
5. MarepuanpHas TOYKa IBHXKETCS MNPSIMOJMHEWHO Mo 3akoHy x(t) = —t* + 613 —
4t% 4+ 5t — 5 (rme X — paccTosiHHE OT TOYKH OTCUETa B METpax, t — BpeMs B CEKyHIaX,
M3MEpeHHOe ¢ Havasa JBrKeHus). Haiimute ee ckopocTs (B M/C) B MOMEHT BpeMeHHu t = 3
C.

6. Ha pucynke n3obpaxén rpaduk ¢pyakimun y = f(x) u KacarenpbHas K HEMy B

TOYKe ¢ abcuuccoii xy. Haiiaure 3HaueHne mpon3BoaHo# GyHKImH f(x) B TOUKE X,
. 20 AT —

Ir
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7. SIBnsercs mu F(x) = x3 — 3x + 1 nepoobpasnoii ans pysxmun f(x) = 3(x? — 1)?
8. 3apaiite nepsoobpasnyo F(x) nna ¢ymkumm f(x) = 3x% — 2X, eclld H3BECTHBI
koopauHatel Touku M (1; 4) rpaduka F(x).

Smanonvt omeemos

Howmep 1 2 3 4 5 6 7 8
3aaHus
OtBer B b A T 83 -3 na x2—x%2+4

IIpakTnyeckas padora Ne38
Tema 6.2 BeposTHOCTH B poeCCHOHATBHBIX 3a/auax
Iean: HayunThes pemaTs NpakTHUECKUE 3a/1a4l Ha BEPOATHOCTh

Teopernyeckasi 4acTh:

1. Teopusi BeposiTHOCTe# — pa3zesl MAaTEeMAaTHKU, U3YYAIOIIUNA CIydailHbIe COOBITHS,
CIIy4aiHbI€ BEJIMUMHBI, UX CBOWCTBA U OIEpallMy HaJ HUMU. PaccMOTpUM HEKOTOPBIE KIIFOUEBBIE
MOHSITHSI, KOTOPBIE UCIIOJIb3YIOTCS B TEOPUU BEPOSTHOCTEH.

Onpenesienne.

HcenbiTanueM Ha3bIBaCTCS OCYLIECTBICHUE ONPEAECICHHBIX ACHCTBUM.

ITox coObITHEM MOHMMAIOT JIFOOOH (AaKT, KOTOPBIA MOXET NPOU30HTH B pe3ysbTare
UCIIBITAHUS.

JIr000i1 pe3yabTaT UCTIBITAHUS Ha3bIBACTCS HCXOAO0M.

JlocToBepHBIM Ha3bIBAIOT COOBITHE, KOTOPOE B PE3YJbTaTe HUCIBITAaHUS 00S3aTEJIbHO
MPOU30MIET.

HeB03M0KHBIM Ha3bIBAIOT COOBITHE, KOTOPOE 3aBeIOMO He NMPOU30IAET B pe3ynbTaTe
VCIIBITAHUS.

CoObITust 00bIYHO 0003HAYAIOTCS 3aryIaBHBIMU OyKBaMu JaTUHCKoro andasura (A, B, C,
D,...).

PaccmaTpuBasi mnpuBENEHHBIH TNpUMEp, Mbl MOXeM Cc(HOPMYJIHPOBATh CIEAYIOIINE
3aKJIFOYEHUS.

1. IIpouecc nocraBanus npeaMera U3 KOPOOKHU SBISETCSI UCIIBITAHUEM.

2. Pe3ynbTar AOCTaBaHUA NpEAMETa U3 KOP3UHBI SBISIETCS COOBITHEM.

3. CoObiTHE «BBIHYTBII MpeIMeT OKaXeTcss KIyOKOM» SIBJISeTCS JOCTOBEPHBIM
COOBITHEM.

4. CoObITHS «BBIHYTBIH TNpEAMET HE OKaXKeTcsd KIYyOKOM» WIM «BBIHYTBIH HpeaMeT
OKa)KeTCS KPACHBIM KITyOKOM) SIBJISIFOTCSI HEBO3MOXHBIMU COOBITUSIMH.

5. CoObITHE «BBIHYTBHIA MPEIMET OKaXETCS 3€JEHBIM KIYOKOM» SBIISETCS BEPOSTHBIM
COOBITHEM.

A = {BBIHYTBII ITpeIMET OKa3aucs KIyOKOM }.

B = {BBIHYTBIIl IpeIMET HE OKa3aICcs KIyOKOM.

C = {BBIHYTBII IpeIMET OKa3ajcs 3eJIEHBIM KITyOKOM | .

D = {BbIHYTBHII IpeAMET OKa3aJcs KPaCHBIM KIYyOKOM }.

2. OnpenenuM e1ie HeCKOJIbKO BaXKHBIX MOHATHI TEOPHH BEPOSTHOCTEH

Onpenesienune

IIpocTpaHcTBO 3JIeMEHTAPHBIX COOBITHI (2— MHO)KECTBO BCEX Pa3IMYHBIX HCXOJOB
MIPOU3BOJIBHOTO UCIIBITAHUS.

Hanpuwmep, npu 6pocke 01HOM UTpabHOM KOCTH MPOCTPAHCTBO AJIEMEHTAPHBIX COOBITUI
Q= {w 1, W2, W3, W4, Ws, Ws}, TJIC Wi- BHITIQJICHHE 1 OYKOB.
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Ecnu coObITHSI He MOTYT NIPOM30MTH OJHOBPEMEHHO B OJHOM HCIBITAHHH, TO COOBITUS
Ha3bIBAIOTCS HECOBMECTHBIMH.

Hanpuwmep, npu OpocaHun MOHETHI HE MOTYT OJHOBPEMEHHO BbIMAacTh «Opém» u
«Pemikay.

IIpocreimmm [IPUMEPOM HECOBMECTHBIX coObITHI SBIIACTCS
napa NPpOTHBONOJIOKHBIX COOBITHH.

IIporuBono/siokHOe  COOBITHE IPOUMCXOAUT  TOIJA, KOTJa HCXOAHOE  COOBITHE
A He IPOUCXO/HUT.

CoObITHE, TPOTHBOIOIOKHOE TAaHHOMY, OOBIYHO OOO3HAYAETCS TOM KE JIATUHHCKON
OyKBOI C UEPTOUKOU CBEPXY.

Hanpumep:

e A — can 5K3aMeH 10 MaTeMaTHKe;

¢ A — He cj1a)1 5K3aMeH 110 MaTEMATHKE.

Onpenesienne.

Iosno# rpynmoi coObITHIf Ha3bIBaCTCS TaKas CHCTEMa COOBITHH, YTO B pe3yJbTare
VCIIBITaHUSI HEIIPEMEHHO NTPOU30MJET OJHO U TOJIBKO OJHO U3 HUX.

IIpumep .

MoHeTy noaopocuian ABaKAbl. YKaXXUTE BCE 3JEMEHTapHbIE COOBITHS MOJHOM IpYIIIbI
COOBITHH.

DneMeHTapHbIMU COOBITUSIMU SBIISIFOTCSA:

- Beimasno aBa «opiay

- Beinano ase «pemku»

- Boinan oauH «opem» U 0JHa «PEeLKa.

3. UTOOB! BBIICHUTH, HAaCKOJBKO BEPOSITHO TO WJIM MHOE ClydailHOe COOBITHE, HY)KHO
MOJICYUTATh, KAK YACTO OHO IPOUCXOUT.

Onpenesienne.

Yucno ucnplTaHuM, B KOTOPbIX COOBITHE HACTYIHIIO, HA30BEM a0COIOTHON 4acCTOTON M
0003HaunM n. OO0111ee YnCIIo NPOU3BEICHHBIX UCTIBITAaHNH 0003HaunM N.

OtHomeHne  aOCOJMIOTHOW  4YacTOThl K  4uCIy  HchbITaHuidl n/N  Ha3biBaeTcsi
OTHOCHUTEJIbHOM YaCTOTOM COOBITHS.

OtHocuTenbHAsE 4YacToTa IIOKa3blBaeT, Kakas JIoJId HWCIBITAHUHW  3aBEpIIMIIACh
HACTYIUICHMEM JAaHHOTO COOBITHS. DTa OTHOCUTEIbHAs 4acTOoTa M ONpeleNseT BeposiTHOCTh
cay4daitHoro co0biTus. Ee emie Ha3pIBalOT CTATUCTUYECKON BEPOSITHOCTHIO COOBITHS.

CraTtuctuyeckas BEpOSITHOCTb COOBITUSI PACCUNTBIBACTCS OMBITHBIM ITyTEM.

IIpumep.

Eme co Bpemen [lpesHero Kuras 3a 2238 jer 1o Hameil 5psl HA OCHOBAaHUM METPHUK
nemorpadsl OOHapYKWJIM, YTO Ha KaXIyl0 ThICAYY HOBOPOXKAEHHBIX mpuxoaurcsa 514
MaJIbUHKOB.

D10 03HaYaeT, YT0 BeposaTHOCTH poskIeHUs Maburka cocrasiseT 0,514.

1. Knaccuueckoe oIpeaeneHue BEpOSTHOCTH MNPUMEHSeTCS /11l PABHOBO3MOKHBIX
COOBITHH.

K paBHOBO3MOKHBIM (PaBHOBEPOSITHOCTHBIM) OTHOCSITCS TaKHe COOBITHSA, JUI KOTOPBIX
HET HUKAKUX OOBEKTHUBHBIX OCHOBAHHWM CUMTATh, YTO OJHO SIBJISETCS 0OJee BO3ZMOXKHBIM, YEM
JpyTHe.

Hanpumep, npu OpocaHuu UrpajgbHOr0 KyOHWKa COOBITHS BBINAJEHHS JIOO0r0 U3 OYKOB
pPaBHO BO3MOXHBI.

PaccmoTpuM npon3BOIBbHBIN SKCIIEPUMEHT.

ITycTh N- 4uCIIO BCEX HCXOAOB SKCIEPUMEHTA, KOTOpbIE OOpa3ylOT MOJHYIO TpPYIILY
MOTIAPHO HECOBMECTHBIX M PABHOBO3MOXKHBIX COOBITHI, M — YKCI0 OJaronpUsTHBIX COOBITHIO A

i
P(4) =—
ucxXoa0B. Torna BepoATHOCTHIO COOBITHS A HA3bIBACTCS YHUCIIO 1
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CornacHo onpeneneHri0 BEPOSITHOCTH HAUMEHbIIee 3HaYCHUE BEPOSITHOCTH MPUHUMAET
HEBO3MOXKHOE COOBITHE, TaK KaK OHO HE MOXKET HACTynuTh W i Hero m=0, 3HAYUT U
BEPOATHOCTH paBHa 0.

Haubonpiiee 3HavueHWE NpPUHUMAET JIOCTOBEPHOE coObITHE. B cumiy TOro, 4ro oHO
rapaHTUPOBAHHO MPOM3OUIET, A1 Hero m=n, P=m/n=n/n=1.

2 .Cymmoii coObiTuii A 1 B HaspiBaeTcs coObiTue A+B, KOTOpO€ COCTOWT B TOM, YTO
HACTYIUT WM cOObITHE A, MU coObITHE B, HiIu 00a COOBITHS OTHOBPEMEHHO.

IIpousBeaenuneM coObiTHii A 1 B Ha3zpiBaeTcs coObiTHe A*B, cocrosiee B COBMECTHOM
OCYIIECTBIICHUH cOOBITHI A 1 B.

Hanpuwmep:

1. [lycts A - uner noxnap, B - uaer cuer, Torna A + B — «uiet cHer win 10X1b»

2. Ilpu 3-x BBICTpENIax IO MHIICHH COOBITHS: Ag— «monmagaHudl HET», A1— «OJIHO
nonagaHuey», A — «iBa mnonagaHus», toraa A=AotAi1tAz - «Ipousonuio He OO0JbIIe ABYX
MOMaJaHu)

3. Ilycts C - w3 ypHBl BbIHYIHW Oenblii mmap, D - w3 ypHBl BbIHYNIM Oeunblid 1miap,
toraa C-D - u3 ypHBI BeIHYNH /1Ba O€TIBIX IIapa

4. Tlycts C - u3 ypHbI BeIHYIH Genblit map, D - u3 ypHbI BeIHYH Genblit map, Torga C [
*- U3 YPHBI BBIHYJIH /IBa 11apa: Oelnblif U He Oembii

Teopema ci10:keHUsI BEPOSTHOCTEl HECOBMECTHBIX COOBLITHI: BEPOSTHOCTh MOSIBICHUS
OJIHOTO M3 JIByX HeCOBMECTHBIX COObITUI A mwin B paBHa cymme BeposiTHOCTEN 3TUX COOBITHIA:

P(A+B)=P(A)+P(B)

IIpumepsl 1 pa3dop pelieHus 3aJaHUN TPEHUPOBOYHOI0 MOIYJIA

Mpumep 1.

N3BecTHa ucTtopus 0 TOM, Kak OofgHaxapl K ['. ['anunero gBUICA COJNIAT W MOINPOCHII
MOMOYb €MY B PEIICHUU HACYIIHOTO Bompoca: kakas cymma 9 win 10 oukoB mpu OpocaHuu Tpex
KOCTEH Bbllagaet yare?

MoskeT mokaszaThCsi, YTO IIAHCHI PaBHBI, TaK Kak Kaxkaas cymma u3 9 u 10 04KkoB MOXKET
OBITH IIOJTyY€HA OJJHUM HX IIECTH CIOCOOOB:

9=1+2+4+6=1+4+3+5=1+4+4+4=2+2+5=2+3+4=3+3+3;

10=1+3+6=1+4+5=2+2+6=2+3+5=2+4+4=3+3+4.

OpHako ¢ yd4yeToM IEPECTAHOBOK I CyMMBI 9 OYKOB MOJy4aeTcs 25 paziudHbIMU
crioco0amu (110 6 crmoco6oB ISt IEPBOTO, BTOPOTO, MSATOTO BAPUAHTOB CYMMBI, 110 3 criocoba st
TPETHETO U YETBEPTOTO BApPUAHTOB, 1 criocod /it mocienHero Bapuanta 6 +6+3+3+6+1),a
Juist cyMMbl 10 oukoB — 27 paznuusbiMu ciocobamu (6 +6 + 3 + 6 + 3 + 3). Kak BugHO, maHcsl
ATUX CIIy4yallHBIX COOBITUH JOBOJILHO OJM3KH MEXAYy COO0OW M OTHOCATCA IPYr K JAPYry Kak
25:27, 94T0 ¥ BBI3BAJIO 3aTPYIHEHUS COJIIATA.

Taxum oOpaszom, yaire Beinagaetr cymma 10.

IIpumep 2. B cpeanue Beka cpeau ¢eonaabHONW 3HATU OBLUIM HMIMPOKO PACHpOCTPAHEHBI
azapTHele Wrpbl. bonbmum moOutenem Takux urpa Obul (paHimy3 meBanbe jae Mepe.
CrtpacTHOrO UrpoKa B KOCTH, MPHUABOPHOTO (PaHITy3CKOTO KOpOJIS IIeBajibe e Mepe MOXKHO
OTHECTU K YHUCIy «OCHOBATEJIEH» TEOPUU BEPOSATHOCTEW. 3acilyra €ro COCTOUT B TOM, YTO OH
HAaCTOWYMBO 3aCTaBJIs/ MAaTEMAaTHKOB pelIaTh pa3JIMYHbIE 3a/layd, Ha KOTOpPbIE HATaJIKUBAJICS
caMm BO BpeMs cBO€H MmpakTuku urpsl. OH XO0Ten pa3zdorareTsh MpH MOMOIIM UTpbl B KOCTH. Jlis
ATOrO LIEBaJIbe MPUAYMBIBAI Pa3INyHble YCIOKHEHHBIE MpaBuiia Urpbl. CTpacTHOMY UTPOKY, HO
IUIOXOMY MaTeMaTuKy, Ae Mepe noc4acTauBUiIOCh HMETh TaKOTo Apyra, kak [lackane. B 1654 r.
meBanbe A¢ Mepe oOparmics k bresy Ilackamio 3a mOMOIIBI0O B pa3pelieHUHd MpooOIeM,
CBSI3aHHBIX C BEPOSTHOCTHIO OJIArONPUATHBIX PE3yIbTATOB MPH OPOCAHUU UTPATBHBIX KOCTEH.

Onna w3 3amad ObUIa TIOCTaBJICHA CleayronUM oOpasom: MrpampHas KocTh Opocaercs
yeTelpe pasza. llleBanbe Oumiics 00 3akiaj, YTO MPH 3TOM XOTS Obl OJMH pa3 BHINAJIET IIECTh
oukoB. KakoBa BepOSTHOCTb BBIUIpHIIIA 1)1 1IeBaibe? OTBET OKPYTIUTE 10 IECATHIX.

Pemenue:
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Tak kak mpu KaXJ10M OpOCaHUU UTPATBLHON KOCTH UMEETCs 6 pa3IMYHBIX BO3MOKHOCTEH,
TO TIPH YETHIPEX OPOCAHUAX KOCTH YHCIIO PA3IUIHBIX BO3MOXKHBIX ClIy4aeB Oyzmer 6 - 6 - 6 - 6 =
1296.

Cpenu stux 1296 cimydaeB 6yaer S - 5 - 5 - 5 = 625 Takux, r/1¢ mecTepka He BbINAACT HU
pasy.

B 1296 — 625 = 671 cnayuyae xoTs Obl OJMH pa3 M3 YETHIPEX BBINMAJACT IIECTEpPKa.
CrnenoBarenbHO, BEPOSITHOCTD BBIMAJCHHUS XOTs OBl OJTHOW HIECTEPKH IMPH YETHIPEX OpOCaHMsIX
KocTu paBHa 671/1296, uyto uyTh 60mbIe 0,5.

Pelnenne 3axanui:

1. 3 1000 coOpaHHBIX HA 3aBO/Ie TEJIE€BU30POB 5 MITYK OPaKOBAHHBIX. JKCIEPT
NMpoBepsieT OAMH HAYra/Jl BbIOpaHHbIN TesieBU30p u3 310l 1000. HajinnTe BEepOSITHOCTD
TOr0, YTO MPOBEPSAEMbIii TeJIEBH30P 0KAKeTCS OPAKOBAHHBIM.

Pewenue. Ilpu evibope menesuzopa nayeao 6o3modichvl 1000 ucxooos, coovimuio A
«BbLOPAHHDIL MenesU30p — OPAKOBAHHBLILY Oaazonpusmusl 5 ucxo0os. Ilo onpedenenuro
seposmruocmu P(4) = 5+1000 = 0,005. Omsem. 0,005.

2. B ypHe 9 KkpacHBIX, 6 3KEJTBIX U 5 3e1€HBIX apoB. 3 ypHBI HAyraja 10CTa0T
oauH map. Kakopa BeposiTHOCTb TOI'0, YTO 3TOT AP OKAMKETCH KEITHIM?

Pewenue. Obwee uucno ucxo0os pasno wuciy wapog: 9 + 6 + 5 = 20. Yucno ucxooos,
bnazonpusamcmeyiowux 0aHHomy cobvimuio, pasHo 6. Mckomas eeposmuocms pasna 6+20 =
0,3. Omeem: 0,3.

3. llers, Buka, Karsa, Uropb, AuTOH, [los1MHA Opocniin :Kpednii — KOMY HAYHHATH
urpy. Haiigure BeposiITHOCTH TOT0, YTO HAYMHATH UTPY T0JKEH OyAeT MAJIbYHK.

Pewenue. Beposmnocmov cobvimus pasHa OmMHOWEHUIO Koauvecmea O1a20NnpUusimHubix
cryyaes K Koauwecmey cex ciydaes. braconpusmuvimu ciyuasmu aensiomces 3 cayuas, Ko2od
uepy Hauunaem Ilems, Heopv unu Aumon, a xoauuecmeo ecex ciyuaeg 6. Ilosmomy uckomoe
omHoweHue pasno 3:6=0,5. Omsem: 0,5.

4. B yemnuonare mupa y4acrBylT 16 xomana. C nmoMompbo KpeOdus MX HY’KHO
pPa3leJUTh HA 4YeThbipe IPynnbl Mo 4YeThbIpe KOMaHIbl B Ka:K10ii. B siluke BmepemMemky
Jie)KaT KapToO4YKM ¢ Homepamu rpymm: 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4. KanuTtansl
KOMAaH/ TSHYT MO0 OAHOW KapTouke. KakoBa BeposiITHOCTHL TOro, 4ro komanaa Poccum
OKa’KeTCs BO BTOpPOM rpynme?

Pewenue: Oboznauum uepes A coovimue «xomanoa Poccuu 6o emopou epynney. Tocoa
KOIUYeCmeo Ona2onpusmuslx coovimuii m = 4 (uemvlpe Kapmouxku ¢ Homepom 2), a obujee
YUCIO  PABHOBO3MOJICHBLIX  cobvimuti n = 16 (16 kapmouek) no onpeodeneHuro
8EpPOAMHOCMU P=4:16=025 Omeem:0,25

5. Ha xaxabie 1000 sjekTpuuyecKHX JaMIo4yeK HNPHUXOAUTCH S5 OpaKoOBaHHBIX.
KakoBa BeposiITHOCTH KYNIUTh HCIIPABHYIO JIAMIIOYKY?

Pewenue. Ha xaoscovie 1000 namnouex npuxooumcs 5 oOpaxosanuvlx, eécezo ux 1005.
Bepoamuocms kynumv ucnpaguyro aamnoyky 6yoem pasHa 00.1e UCHPABHBIX JAMNOYEK HA
kaxcovle 1005 namnouex, mo ecmo 1000:1005=0,995.0Omesem. 0,995.

7. B rpynne TypuctoB 8 yenoBek. C moMoIbI0 Kkpedysi OHH BHIOHPAIOT HIeCTePbIX
YyeJioBeK, KOTOPbIE T0KHBI HITH B CeJI0 B Mara3uH 3a npoaykramu. KakoBa BeposiTHOCTH
TOrO, 4yTO TypHCT /l., BXOASAMIi B cOCTaB rpynnbl, noiaér B marasun? 6 : 8=0,75.

8. B uyemnuonare no ¢pyrooay ydacrBywr 16 KoMaHI, KOTOpbIe KepeObeBKOM
pacnpenensiioress Ha 4 rpynnbsl: A, B, C u D. KakoBa BeposITHOCTH TOro, 4T0 KOMaHJIa
Poccun He monaxaer B rpynmy A?

Pewenue. Kaxcoasa komanoa nonaoem 6 epynny c gepoamuocmoio 0,25. Taxum odpazom,
8EPOSIMHOCMb MO20, YMo KomManoa ve nonadaem 6 2pynny paeua 1-0,25=0,75. Omeem:0,75

9. Ha TypHup no maxmaraMm npuobL10 26 yuacTHUKOB B ToM uncie Koas u Tous.
JI71s1 IpoBe/ieHus sKepedbeBKH MEPBOro Typa yYaCTHUKOB CJIyYaliHBIM 00pa3oM pa3ounsim
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Ha aBe rpynnsl no 13 yenosek. Haiitn BepositHOCTH TOT0, 4TO Ko0J1s1 M ToJ1s1 monaayr B
pa3Hble IPyNmbI.

Pewenue. Bceco 26 mecm. [lIycms Kons 3atimem ciyuatinoe mecmo 8 1000t epynne.
Ocmanemcs 25 mecm, u3 Hux 6 opyeoti epynne 13. Hcxooom cuumaem evioop mecma ons Toau.
brazonpusmusix ucxooos 13. P=13/25 = 0,52. Omeem:0,52

10. B kaacce 16 yuamuxcsi, cpeau HUx aBa apyra —Baaum u Cepreil. Yuamuxcst
cJIy4aifHBIM 00pa3oM pa3ouBaiOT Ha 4 paBHbIe rpynnbl. Haiiinte BepoATHOCTH TOr0, YTO
Banum u Cepreii oka:KyTcsi B OJJHOM rpyIiie.

Pewenue. Ecnu Cepeeto nepgomy docmanocs Hekomopoe mecmo, mo Onezy ocmaémcs 15

mecm. M3 nmux 3 — 6 mou oce epynne, 20e Cepeeii. Hckomas 6eposmHocms pasHa
3/15. Omeem:0,2

IIpakTnyeckas padora Ne39
Tema 6.2 BeposTHOCTH B TpoeCCHOHATBHBIX 3a/1auax
Henab: Hayuutbes  pemats 3agaud  Ha  UCHOJB30BAaHUE  BEPOSITHOCTU B
poEeCCHOHAIBHON JESTEIHHOCTH

Teopernyeckas 4acThb:

OCHOBBI TEOPUU BEPOATHOCTEW HY)KHO 3HATh KaKIOMY YeNOBEKY A (HOpMHpOBaAHUS
MPaBUJIBHOTO MHPOBO33PEHHS, JJISI OCO3HAaHUS TOTO, YTO MbI JKHBEM B CIy4allHOM,
BEPOSITHOCTHOM MHMpE.

[lcuxonorusi yemoBeka TaKOBa, YTO €My HEYIOTHO cpeau ciydaiHocTed. OH KaxIeT
OTPEACNIEHHOCTH U CIPABEAJTUBOCTH, UINET NPUYMH M OOBscHeHHWM. YacTo Takum oOpazom
BO3HUKAIOT CYeBEpHs: HAIpUMeEp, cpean aQpUKAHCKUX IIEMEH PacIPOCTPAHEHO TTOBEPHE O TOM,
4YTO OBIBAIOT MPOCTO JIbBBHI U JIbBBI, B KOTOPBIX MEpeceNwInch Aymu ymepmux. [locnennue Ha
JIOJICH HE HamagarT. JTO OOBSCHEHHE HE HECeT MOJIe3HOH WH(OpMAIMU, MOCKOJIBKY HET
MPU3HAKOB, MO KOTOPBIM 3apaHee MOXHO ObLIO OBl OMpPENeNHuTh, U3 KaKOW KaTeropuu JieB, HO
OHO YCTIOKaWBaeT TICUXOJOTUUECKH. TOYHO TaK K€ MOSBIISIOTCS U3BECTHBIC BCEM CYEBEPHS NP
caade fKk3aMeHOB. HekoTopble cyeBepusi, KCTaTH, OCHOBAaHbl Ha YaCTOTHBIX COBIIAJICHUAX
(HampuMep, MEJKUX HENPHUATHOCTEH M BCTPEY C UYEPHOM KOIIKOW). DTO OTHOCUTCS U K
pUMeTaM, KOTOpbI€ MOPON MOJMEYAIOT BEPOSITHOCTHBIE 3aKOHOMEPHOCTH. Tak, MOTrOBOpKaM
«bena HUKOrIAa HE MPUXOAUT OAHA» WU «JKU3HB, OHA TOJIOCATas» COOTBETCTBYET B TEOPUU
BEPOSATHOCTEMN 3aKOH CEPUU.

Crnenyetr MOMHHUTH U TO, UYTO MBI )KUBEM B MUPE, T/I€ MPOUCXOIAT CIydaliHbIe COOBITHS, U
TO, YTO 3aKOHOMEPHOCTH MPOOUBAIOTCS Uepe3 Maccy ciydaitHocTeil. Uem criokHee cuctema, TeM
TpyZlHEEe OOHAPYKUTh 3aKOHOMEPHOCTH. IMEHHO B 3THX CITydasX W UCIOJIb3YIOT BEPOSITHOCTHBIC
METO/BI.

Takum 00pa3om, Teopusi BEpOSTHOCTH aKTyaJlbHA B HAaIllM JHH KaK B MaTeMaTHUKE U
TOYHBIX HayKaX, TaK U B HAIlIe MOBCETHEBHOM KU3HHU.

Teopus BeposTHOCTEH M3y4aeT OOBEKTHBHBIE 3aKOHOMEPHOCTH MACCOBBIX CIYYalHBIX
coObiTuii. OHa SBISETCS TEOpeTHUeCKOM 0a30il AJii  MareMaTH4ecKOW CTaTUCTUKH,
3aHUMaroleicss pa3paboTkoil MeTonoB cOopa, omucaHus U 00pabOTKH  pe3ylbTaToB
HaOmonenuit. [lyrem HaOmroneHud (MCTBITAHWMA, YKCIEPUMEHTOB), T.€. OMbBITA B ITUPOKOM
CMBICJIE CII0BA, TPOUCXOAUT MO3HAHUE SIBJICHUI IEMCTBUTEIHLHOTO MUPA.

Pemenne 3aganmii:

1. B roctunnue Tpu aamuHucrparopa. Kaxablii M3 HHUX 3aHAT ¢ KJIMEHTOM C
BepossiTHOCTHIO 0,3. Haiinure BepoOSITHOCTH TOr0, 4YTO B CJY4YailHbIii MOMEHT BpPEeMEHHU BCe
TPH aAMHHHCTPATOPA 3aHATHI OJHOBPEMEHHO.
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Pewenue. Beposmnocme npoussedenusi He3a8UCUMBIX COOLIMULL PABHA NPOU3BEOEHUIO
seposmuocmeil smux coovimuil. I103momy 6eposimHocms mozo, 4mo 6ce mpu AOMUHUCIPAMOPA
sanamol pasua (0,3)° = 0,027. Omeem. 0,027.

2. B roctunnune « MHTYpHCT» CTOAIT JABA ILUIATEXKHBIX aBTOoMaTra. Kaxablii M3 HUX
MOKeT ObITh HeHCHpaBeH ¢ BeposiTHOCTHIO 0,05 He3aBHCHMO OT JAPYroro aBTOMATa.
HajignTe BEepOSITHOCTH TOT0, YTO XOTs1 ObI O/IUH ABTOMAT MCIIPABEH.

Pewenue. Hatioem 6eposimuocms mo2o, 4mo HeucnpagHvl oba asmomama. Imu
COObIMUsL He3a8UCUMbIE, BEPOSMHOCIb UX NPOU3BEOCHUs. PABHA NPOU3BEOCHUIO BEPOSMHOCHEN
amux coovimuti: 0,05 - 0,05 = 0,0025. Cobvimue, cocmoswee 6 mom, yumo ucnpaser xoms 0Ovl
ooun  aemomam,  npomusononodxcvoe.  CredogamenvHo, €20  8ePOSIMHOCMb  PABHA
1 - 10,0025 = 0,9975. Omeem: 0,9975.

3. B unenTpe Typu3Ma JBa OJMHAKOBBLIX aBTOMaTa mNpoaawT kode. BepositHoCcTh
TOT0, YTO K KOHILY /IHS B aBTOMATe 3aKOHYHMTCHA Ko(e, paBHa 0,3. BeposTHOCTH TOrO0, 4TO
kode 3axkoHUYMTCH B 00oux aBTomarax, paBHa (,12. Haiigure BepOsITHOCTH TOr0, 4TO K
KOHIY JTHsI Ko()e 0OCTAHETCsI B 000MX aBTOMATAX.

Pewenue. Paccmompum cobvimued = koge 3axonuumcs 8 nepsom agmomame, B = koge
3aKOHYUMCSL 60 BMOPOM asmomame.

Beposmnocms moeo, umo xoghe ocmanemcs 6 nepsom asmomame paeua 1 — 0,3 =0,7.
Beposmuocms mozo, umo koge ocmamemcsi 6o emopom asmomame pasua 1 —0,3=0,7.
Beposimnocms moeo, umo koghe ocmamemcs 6 nepeom UiU GMOPOM ABMOMAMe PAGHA
1-0,12=0,88. Iockorvky P(A+ B)=P(A)+ P(B) — P(A'B), umeem: 0,88=0,7+0,7 —x,
omkyoa uckomas eeposmuocmo x = 0,52. Omeem: 0,9975.

4. JIBe ¢padpUKH BBHIMYCKAIOT OAMHAKOBYIO MOCYAY JJs rocTUHUI YepHOMOpCKOro
nodepe:xbs. Ileppas ¢padpuka Bbimyckaer 45% 310l mocynbl, BTopasg — 55%. IlepBas
¢padpuka Bbinyckaetr 3% OpaxkoBaHHOW mocyabl, a BTopas — 1%. Hailininte BeposiTHOCTH
TOr0, YTO CJOYy4YailHO KYIUICHHAsl B Mara3uHe 1Mocy/ia OKaxkercss OpaKOBaHHOIM.

Pewenue. Beposmnocmb moeo, umo nocyoa KynieHa Ha nepeou ¢habpuke u OHa
opaxosannasn:. 0,45 -0,03 =0,0135. Beposamnocms mozo, umo nocyoa Kyniena HA 6mopou
¢abpuke u ona 6paxosannas: 0,55-0,01 =0,0055. [losmomy no ¢opmyne nonnoi
BEPOSIMHOCMU BEPOSIMHOCIb MO20, YMO CAYYAUHO KYNJIEHHAS. 8 MA2A3UHEe NOCYOd OKANCEemcs
opaxosannoi, pasua 0,0135 + 0,0055 = 0,019. Omeem. 0,019.

IIpakTnyeckas padora Ned4(
Tema 6.4 3amayn MaTeMaTHYECKON CTATUCTUKHU
Heab: HayunTthes pemaTth 3aaud MaTeMaTUYECKOM CTaTUCTUKU

Teopernyeckas 4acThb:

MartemaTH4ecKOil CTATHCTHKOM Ha3bIBACTCA HAayKa, 3aHUMAIONIAsCS METOJaMHU
00pabOTKM HKCIEPUMEHTAIbHBIX JIAaHHBIX, IOJIYYEHHbIX B pe3yJibTaTe HaOMIOACHUM HaJ
ciyyaiiHeIMU siBleHUsIMM. [lepBasi 3agaua MareMaTW4YecKOM CTAaTUCTHKH: YKa3aTh CIIOCOOBI
c6opa N TPYINIUAPOBKHU CTATUCTUYCCKHUX JAHHBIX, MOJTYYCHHBIX B PE3YJIIBTATC OKCICPUMCHTOB.
Bropas 3agaua maremaTuyeckod CTAaTUCTHKH: pa3paboTaTh METOJbl aHAIN3a CTAaTUCTHYECKUX
JaHHBIX.

Ko BTOpOIi 3a1aue oTHOCATCA:

1. Ouenka HEM3BECTHBIX MapaMETPOB (BEPOATHOCTU COOBITHA, (PYHKIIMH pacIipeeIeHUs
U e€ mapameTpoB U T.J.) C IOCTPOEHUEM JIOBEPUTEIbHBIX HHTEPBAIOB (METObI OLICHUBAHUS).

2. IlpoBepka CTaTHMCTUYECKUX THUIIOT€3 O BHJE HEU3BECTHOTO paclpeleNeHuss |
napaMeTpoB pacnpesesieHns (MeTo bl IPOBEPKU THIIOTES).

IIpu aTOM pemaroTes caeayoume B MOPSIIKE CI0KHOCTH U BaXXKHOCTH 3ajauu:
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e Onucanue SBICHUH, TO €CThb, YHOPSAOYEHHE IOCTYNUBIIErO CTATUCTHUUYECKOTO
MaTtepuaa, MpeJCcTaBiIeHUue ero B Hanbonee ya1o0HOM /st 0003peHUs U aHaIn3a BUjIE (TaOJHIIbI,
rpadukn).

e AHanmM3 ¥ MPOTHO3, TO €CTh NPUOMIKEHHAS OLIEHKA XapaKTEpUCTUK HAa OCHOBAHHUH
CTaTUCTHYECKUX JaHHbIX. Hampumep, nmpuOmmxEéHHAs OLlEHKa MaTeMaTHUECKOTO OXXKUIAHUSA U
JUCIIepCcur HabI0JaeMOM CITy4aiiHOM BEJIMYMHBI U OINIPeIeTICHUE MOTPEIIHOCTEH STUX OL[CHOK.

e BripaGoTka onTuManbHBIX pemeHuid. Hampumep, ompeneneHue dYmcia OIMBITOB N,
JIOCTaTOYHOTO JJIsi TOTO, YTOOBI OMIMOKAa OT 3aMEHbl TEOPETUYECKUX UHCIOBBIX XapaKTEPUCTHK
UX SKCIIEPUMEHTAJIbHBIMU OLICHKaMM HE IpeBbIllIaja 3a/JlaHHOTO 3HaueHus. B cBsi3u ¢ atum
BO3HMKAET 3aJlaya IPOBEPKH IPaBAOINOA0OMS TUIOTE3 O MapaMeTpax paclpeneieHus U O
3aKOHAaX pacCIpelesIeHUs CIy4allHOM BEJIMYMUHBI, PEIICHUEM KOTOPOHM SBIIAETCS BO3MOKHOCTh
CHENIaTh OJUH U3 BBIBOJOB:

— OTOPOCUTH THMOTE3Y, KaK IPOTUBOPEYAIIYIO OTBITHBIM JJAHHBIM;

— IPUHATH TUIOTE3Y, CYUTATh €€ PUEMIIEMOM.

MaremaTHueckasi CTaTUCTHKAa IIOMOTAaeT AKCHEPUMEHTATOpy JIydlle pa3o0parhcsi B
OTBITHBIX JAHHBIX, TMOJYYCHHBIX B pe3ysibTaTe HAONIOJEHUN HaJ CIy4YalHBIMHU SBICHUSMU;
OLICHUTH, 3HAYMMBI WJIM HE 3HAYMMBI HaOJrogaeMbie (akThl; MPUHATH WIA OTOPOCUTH T€ MU
MHBIE TUIIOTE3bI O MPUPOJIE CIYyYANHHBIX SIBICHUI.

Penrenne 3agau:
3anaua 1.

Ha skx3amene o HUCTOPUHN CTYACHTHI IMOJTYYUIIN OICHKH:
344434

343544

552323

344533

545444

ITocTpouTh TUCKPETHBIN BapUallMOHHBIN psJ paclpesieNeHusl CTyeHTOB Mo OaiaM U
n300pa3uTh ero rpauyecKu.

Xoa pelieHus 3a1a4m:

OmnpenernsieM dJIEMEHTHI psiia pacipeeNIeH s BADHAHTHI, YaCTOTHI, YaCTOTHI.

Orienka, 6auTbIK0JI-BO CTYJICHTOB C TaKOM OIICHKOM, YeJIOBEK|B MpOIeHTax K UTOTY]
2 2 6,7

3 ¢) 30

4 13 43,3

5 6 20

Toro 30 100

Tenepb Fpa(I)I/I‘leCKI/I I/I306paSI/IM I[PICKpCTHBIfI pdaa pacupeaciicHusA B BHUJAC IMOMIIOHA

pacrpeeneHus..

4
Komso crymentos 5

TROIEHT 8% K HMIOTY

— TIQMTHTOH ¥ CTIpe TeTIEHITA

04N
£ Y
[ Y
30 s 70\
/ | \
20 71
/ I |
] i | |
LU - L i i
| | | -
1 T 1 >
o 1 2 3 4 5 X OIeHK:a, GaTIsI
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Mo:KHO caci1aTh BbIBOJA O TOM, YTO Hpe06nanafomee OOJIBIIIMHCTBO CTYACHTOB IIOJIYy4YUJIO

«» (43,3 %).
3anaua 2.

Bo Bpems BbIOOpOYHOI MPOBEPKU OBLIO YCTAHOBIIEHO, YTO MPOJIOJIKUTEIIBHOCTH OJTHOM
NOKYIIKY B KOHJUTEPCKOM OTZeJe MarasuHa Obl1a Takou: (CEKyH/IbI).

7770828181
8275807180
8189756778
7376787376
82 69 61 66 84
7274828276
[Toctpouth

WHTEPBaJIbHbBIN

BapHAIIMOHHBIM P pacnpeaencHus

IMOKYIIOK  IIO

MPOJOIKUTEILHOCTH, CO3/1aB 4 TPYIIBI ¢ OJMHAKOBBIMU HHTEepBaTaMu. OO03HAYUTE SJIEMEHTHI
psaa. M306pa3uts ero rpaduyecku, cenarh BHIBOI.
Xoa penieHus 321241 N0 CTAaTUCTHKE:

OHp CACIKIEM  3JICMCHTHI
HaKOIIJICHHBIC YaCTOTHI.

psga pacrnpeneneHus:

BapUaHTLI,

4aCTOThbI, 4YaCTOCTH,

Ho MMpCKAC paCCUUTACM I'PAHUIIbI 4 3aJaHHBIX TPYIIIT C OANHAKOBBIMH UHTCPBAJIAMHU:

BenuunHy uHTEpBana onpenenum mno Gopmyse

b

B namewm cnyuae 4

. 89-61 _

FpaHI/IHH rpyim COOTBETCTBEHHO PaBHBI:

| 61+7=68 (61-68)
1 68+7=75 (68-75)
111 75+7=82 (75-82)
IV 82+7=89 (82-89)

a7 K

M

[ pynmbl MOKyYIIOK 1O Hucio B nponenrtax k  [HakomieHHble
[IPOIOJKUTEIIBHOCTH, CEK. [MOKYIIOK UTOTY 4acTOTHI
61-68 3 10 3

68-75 9 30 12

75-82 16 53,3 28

82-89 2 6,7 30

HToro 30 100

Tenepr rpaduueckun OTOOpa3UM HAIll WHTEPBAJIbHBIN BapUAIMOHHBIA P B BHJEC

TUCTOT'PpAMMEBI U KYMYJISATBI.

y

TFCTT t HAKOIIIeHHEIE t
_______ YACTOTEL
50
404 - ] KV MYIIATA
30
30— e ) :
20| 0
4 ">
W0 | | | _
. | | >
] 0 61 63 7582 %9 X
X
0 616875828 X oen TIpOTOIE

TIORVIIEH, CEE.

IIo Ta6J'II/II_[e )51 Fpa(i)I/IKa MOXHO CAc€jaTb BBIBOJ O TOM, 4YTO Hpe06nanaromee

00BIIMHCTBO TOKYTIOK (16 mmn 53.3%) HaxoauTCsS BO BpeMEHHOM HHTEpBaie 75-82, cek.
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IIpakTuyeckasi padora Ne4l

Tema 6.5 KontponbHas paborta mo pazaeny 6 «DJIEMEHTBHl TEOPUU BEPOATHOCTEH M
MaTEMaTUYECKON CTATUCTUKI

ean: [IpoBepuTh ypoBEeHb YCBOEHHUSI TAaHHOTO maTtepuana mo paszaeny 10 «DiemMeHTbI
KOMOMHATOPHUKH, CTATUCTHKYU ¥ TEOPUU BEPOSTHOCTEH)»

Ilpu pewenuu 3adanun 1-4 3anumume npasuibHLLL omeem U3 UYemvlpex
nPeOI0IHCEHHDBIX.

1. (1 6amn) KombOunaropuka - 3TO paslien MaTeMaTUKH, OTBEYAIOMIMI Ha BOIPOCHI
CKOJIBKUMH CIIOCO0aMU MOYKHO BBHIOPATh 3JIEMEHTHI ...

A) 3aJaHHOTO KOHEYHOrOo MHOXecTBa; b) OeckoHeuHoro MHoXecTBa;, B) mroboro
MHO3K€eCTBA; ') uppaliuoHaIbHBIX YHUCEN.

2. (1 6amn) CoeauHeHUS W3 N DJIEMEHTOB, OTIMYAIOIIMECS IPYr OT Jpyra TOJBKO
HOPSIKOM PAcCIOJIOKEHUSI B HUX JIEMEHTOB, Ha3bIBAIOTCS:

A) nepecranoBkamu; b) coueranusmu; B) pazmemenusivu; [') komOuHanmsamMu.

3. (1 6am) Yucno Bcex BO3MOXKHBIX Pa3MEIleHUH BBIYUCIAETCS 0 (popmyie:

A) Alt=n(n—-m); b) A =n(n—1)..(n—-m+1); B) A} = n
n(n +m)
4. (1 6amn) I'pynnupoBka — 370. ..

A) ymopsimoueHWe EIMHHUIl COBOKYITHOCTH 10 Tpu3HaKy, b) pa3OueHue emauHUI
COBOKYITHOCTH Ha TPYIIIBI 1O Npu3Haky; B) o0obmenue enunuunbix (aktos; [) 06obmeHue

I) Ay =

(n-m)?’

€IMHUYHBIX TPU3HAKOB.
Ilpu évinonnenuu 3adanuit 5-8 3anuwiume xo00 pewienus u nOJIYYEHHbLI OMEem.
5. (2 6amma) B cpemnem m3 2000 camoBBIX HACOCOB, TOCTYNHBINUX B TMPOAAXKY, 6
noaTekarT. Haiiiure BEpOsSTHOCTh TOTO, YTO OJWH CITy4ailHO BBHIOPAHHBIN JJII KOHTPOJIS HACOC
HE MOoJTeKaeT?

6. CpaBHUTE BCXOXKECTh CEMSH JIOOBIX TPEX BUAOB OJHOJETHHUX IIBETOB 3a MOCIETHUE 3
rona. CoctaBbTe IUarpaMmy 1Mo HalIeHHBIM JaHHBIM. CienaiTe BEIBOBI.
7. (2 6amna) lIBeToBOAYy MPEUIOKUIN YKPACUTh KIyMOY IIBETaMH, UCIOIL3Yys 3 BHJA.

CKOJIBKO DPAa3JIMYHBIX BapuUaHTOB €CTh Y ILIBETOBOJA, €CIM €CTh BHIOOp M3 5 BHUJOB pa3HOM
paccapl?
8. (2 6ayna) CKONBbKUMHU CIOCOOAMH MOKHO MOCATUTh 4 KyCTapHUKA B OAMH P?

Omanonvt omeemos

Howep 1 2 3 4 5 6 7 8
3adaHUA
OTtBeT A A B A 0,997 - 10 24

IIpakTuyeckas padora Ne42
Tema 7.2 [lapamienbHOCTb NPSIMBIX, IPAMON U INIOCKOCTH, MJIOCKOCTEMN
Hean: Hayuntbes pemats 3a1a4u, UCNOJIb3Ys CBOMCTBA MapaUIeNIbHBIX INIOCKOCTEN

Teopernyeckas 4acThb:

Onpenenenue. [Ipsmas 1 MI0CKOCTh HA3BIBAIOTCS NApPAJIIENIBHBIMU, €CJIM OHU HE UMEIOT
00mux ToueK (a || o)

IIpu3Hak napa/ieIbHOCTH NMPAMOM U IVIOCKOCTH.
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Teopema. Eciu npsimasi, He Nexalias B JaHHOW IJIOCKOCTH, MapajlieibHa KaKoH-HHOYIb
MPSMOM, JIeXKaIEel B 3TOM MIIOCKOCTH, TO OHA MapaJljiebHAa CaMOU MJIIOCKOCTH.

s allb
boof=
b
ag o
puc. 1
3ameuanus.
Ecnu miaockocTs NpoXoAuT yepe3 NaHHYI MPSAMYIO, HapaieabHYI0
JIPYTOM TMJIOCKOCTH, U MEPECEKAET 3TY IUIOCKOCTh, TO JIMHUS MEPECEUCHUS
IJIOCKOCTEH napajuiesibHa JaHHOW MPSAMO.
Ecnu onna W3 ABYX mapauielbHBIX MPSMBIX MapajuielibHa JTaHHOU
TUIOCKOCTH, a Jpyras mpsMas UMEeT C IUIOCKOCTBhIO OOIIYI0 TOYKY, TO 3Ta
npsiMast JISXKHUT B TAHHOU TIIIOCKOCTH.
puc. 2
BoiBoabl.
Cnyyan B3aMMHOTO PacHoOIOKEHHUS MPSIMON U TUIOCKOCTH:
a) mpsAMasi JISKUT B IJIOCKOCTH;
0) mpsiMasi ¥ MIOCKOCTh UMEIOT TOJIBKO OAHY OOIIYIO TOUKY;
B) IIpsSIMasi ¥ TUIOCKOCTh HE UMEIOT HU OJTHOM OOIIEH TOUKH.
>;\E Onpenenenue. /IBe MIOCKOCTH HA3BIBAIOTCS MApaJICIbHBIMU, €CIIU
— OHU HE UMEIOT o0mmx TOYEK.
/ ~ [MapaienbHOCTE IUTOCKOCTEH o M fF 0003HAYAETCS TaK: o || B.
— 4 Paccmotpum MPU3HAK napayuienbHOCTH IBYX MJIOCKOCTEH.
3 Teopema. Ecnu 1Be nepecekaromuecss MpsMble OJHOM IUIOCKOCTH
uc. .
p COOTBETCTBEHHO TapaJJIEIbHBI JABYM MPSIMBIM JPYTON IJIOCKOCTH, TO 3TH
TUIOCKOCTH MapasieIbHbI.
Crnyyan B3aMMHOTO PacoONIOKEHHUs TIOCKOCTEH:
IUIOCKOCTH o U | IIEpece
KaroTCHl.
puc. 4
i
/ / IUIOCKOCTH & U f IMapat
€JTbHBI.
puc. 5

CBolicTBa napayuIeNIbHBIX TNIOCKOCTEN:
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1. Eciin nBe mapauienbHble IUNIOCKOCTH IIEPECEUEHBbl TPEThEH, TO
JVMHUU UX IIepeceyeHUsl TapajIesIbHBbI.

puc. 6
Tor—
Lt
R 2. OTpeskd TapalIENbHbIX TPAMBIX, 3aKIOYEHHBIE MEXITY
/ B~ mapamienbHbIMM IUIOCKOCTSIMH, PABHBI.
puc. 7

Penrenne 3agau:
Han yron AOD u aBe mapajuiebHbIe TNIOCKOCTH o, | [3.
0

ITnockocts o nepecekaer ctopoHsl yriaa OA u OD coorBerctBeHHO B Toukax A u D,
TUTOCKOCTB [3 9TH CTOPOHBI TIEPECEKAET COOTBETCTBEHHO B Toukax B u C.

Jano:

OB=38

AB=6

BC=9

CDh=2

Hatitu AD, OD

UYepes Ttouky O, KoTOpas HAaXOOUTCd MEXIYy NapaielbHbIMU IJIOCKOCTSAMU O U [3,
NpOBEJICHBI TpsiMble C 1 d, TMepecekarolre IMIOCKOCTH Tak, 4To Toukd A u B Haxomsatcs B
rutockocTH o, a Touku C u D - B mockoctu B AB=18 cm, DO=26 cm u AC=3-A0

Beruucnurs: BD;CD
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[MapasienbHbIe TIOCKOCTH O ¥ B TepeceyeHbl mpsiMbiMu C 1 d
Croponsl 4N mepecekatoT  mapauienbHble  MIockocTd BuaB  Toukax C,Du A,B.
Berancim nmuny orpeska AB, ectn NA=13 cm, NC=20 cm u CD=55 cwm.
N

A

Croponsl 4N nepecekaroT napauieiabHble JI0CKOCTU B U o

Jlansl mapamienbHble 1IockocTH o v 3. Touku A u B Haxomsrcss B IUIOCKOCTH O, a
touku C u D B mutockoctu B. nmna otpeska AC=7, mimna otpeska BD=12.

CyMMa npoeKIHii STUX OTPE3KOB B INIOCKOCTH 3 paBHa 8.

Haiiti nnuny npoekuuii 000MX OTPE3KOB.

/A BN

IIpakTnyeckas padora Ne43
Tema 7.4 llepnieniukyisap 1 HakJIOHHas. TeopeMa o Tpex NepPHeHINKYIIpax
Henb: HayunTthes pemaTs 3a1aun, UCHOIb3YsI TEOPEMY O TPEX MEPIEHIUKYIIAPAX

Teopernyeckas 4acThb:

Hmeem mnockoctsb o (puc. 1). B miockoctu o nexut npsmas b. AH — neprneHauKymsp K
MJI0CKOCTH 0., AM — HaknouHasi, MH - npoeKius HaKJIOHHOU AM Ha IIIOCKOCTH 0.

ITo Teopeme 0 Tpex MepHEHANKYIAPax, HAKJIOHHAS TEPICHINKYIIAPHA K MPsiMOi b Torma
U TOJIBKO TOTJIa, KOTJIa €€ TIPOCKITHS MEPIEeHANKYIISIpHA K MPsMoit D.

blAM e b L HM
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Puc. 1

B teopeme uzaer peds Tpex NepHeHANKYIApax. YKakxeM ux:

AH — 3T0 nepHeH MKy K IUIOCKOCTH 0, @ 3HAYUT, K MPSIMOit .

HM — npoekuusi, nepueHAUKYISp K Ipsmoi b.

AM — HakJIOHHAs, IEPIIEHANKYIIAP K MPsAMOii D.

Yron Mexay npsamMou ¥ I0CKOCThIO

Paccmorpum miiockocTs o U npsamyro a, a = AM (puc. 2). Ilycte npsimast a mepecekaeT
IUIOCKOCTh 0, HO HE NEpHeHAUKY/IspHa ed. Torga yrioM Mexay NpsSMOM @ U IJIOCKOCTBIO

HAa3bIBACTCA YT'OJI MCKAY HpHMOﬁ an € HpOGKHHeﬁ Ha 3Ty IJIOCKOCTb. To €CThb, Yrojl Meay

NpsIMOH @ U TIJIOCKOCTBIO 0 - 3T0 yroi AMH. Ilyctb LAMH = @y,

Puc. 2
CBoiCTBO yriIa MeKAy NPAMON M IVIOCKOCTHIO
Yepez Touky M B IUIOCKOCTH o mpoBeneM mpsmyto MB (puc. 2). Paccmotpum yromn

MEeXIy NpsAMOU a U npsamoil MB, Ha3oBeM €ro ¢. Torga mo CBOMCTBY yria MexAy NPAMOU H

IIJIOCKOCTBIO ITOJTy4dal Po =@
y4daem, 4To .

Pemenne 3apay:

3agaua 1

[Ipsimas AK nepneHAUKYJIsipHA K  IUIOCKOCTH  MPaBUIBHOrO  TpeyrosibHuka ABC,
Touka M — cepeanna croponsl BC.

1) Hokaxwute, uto MK 1L BC
2) Haiigute yron mexay npsimoit KM u rnockoctbio ABC, ecnu AK = a, BC = 2a.

1) Jlano:

AB =BC =CA,

AK 1 ABC,

BM = MC.
Jloxazamv. MK L BC.
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A
C
M
B
Puc. 3
Jlokazamenvcmeo.
AM - »10 mpoekiuss HakioHHOM KM Ha mnmockocTb ABC. AM - menuana. [lo cBoiicTBY
MPaBUJILHOTO TpeyroJibHuKa menuada AM aBnsaeTcs u BBICOTOH, TO €CThb

npsimble BC u AM nepneHauKyIsipHbI.

[TepBrrit cioco0:

[Ipsmas BC nepnenauxynsipHa AM - npoekuuu HakinoHHoW MK. Ilo Teopeme o Tpéx
NEPIEHIUKYIIApax MojiaydaeM, 4To IpsaMmas BC nepneHauKyisspHa ¥ HakiIoHHON MK, 4TtOo 1
TpeOOBAIOCH JOKA3aTh.

Bropoii crioco6:

[Ipsmas AK nepnenaukyisipHa miockoctd ABC, a 3HauuT, u npsmoi BC, nexaieil B
mockoct ABC. Umeem, BC nepnenaukynsipaa AM, BC nepnennukynspHa AK, 3nauut, BC
NepHEeHAUKYIIIpHA TIocKocTH MAK, a 3HauuT, u npsmoil MK, nexaien B 3TON IJIOCKOCTH, 4TO
U TpeOoBasIOCh J0Ka3aTh.

2) /lano:

AB = BC = (A4,

AK 1 ABC,

BC = 2a,

AK = a,

Haiimu: 2(KM; ABC)

Pewenue:

VYoM MeXy IpsMON U INIOCKOCTBIO Ha3bIBAETCS YIOJ MEXAY MPSIMOU U €€ IPOEKLIUEn
Ha MjIockocTu. Mbl uMeeM HakJIoHHYIO0 MK, nMmeeM ee npoekuuto AM. 3Ha4uT, YriioM MEXAy
npsimoit MK n nnockoctsio ABC sBnsercs yron AMK.

Tpeyronsauk ABC — npaBWIbHBIA. 3HAa4UT, Bce €ro yribsl paBHsl 60°. 3Hauut, £ABC =

60°.
Paccmotpum tpeyronsHuk AMB. OH npsMoyronbsHeli, Tak kKak AM L BC. Haiinem AM.
V3
AM = AB -5in 2ABC = 2 -5in 60° = 2a - — = av/3.
4
Paccmotpum npsmoyronbHblil Tpeyroiabauk AMK. AK = a, AM = a3,
AME AK £
tg £ =— =,
AM a3 V3
— Lu]
Yron AMK — ocTpblii, 3HaUUT, LAMEK = 307
Omeem: 30°.
3anaya 2
W3 touku M npoBeneH neprneHaukyissp MB k 1miockocTu npsimoyronbHuka ABCD (puc.
4).

1) HokaxuTte, uto TpeyroiabHUKu AMD n MCD — npsiMOyTOJIbHbIE.
2) Haiimute yron mexay npsmoit MD u nnockocteio ABC, ecniu CD = 3cwm,
AD =4 cm, MB=5 cwm.
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Puc. 4
1) Aano: npsmoyronsuuk ABCD, MB L ABC.
Jlokazamv: AAMD n AMCD — npsiMOyTOJIbHbIE

Jlokazamenbcmeo:.
MB — nepnieHAUKYJIsIp K MIOCKOCTH ABC. MA — HakioHHasA, BA - ee MNpoeKIus.
[Tpoexuust BA nepneHAUKyIsIpHA npssmMout AD u3 miockoct ABC. 3HayuT, u

HakiIoHHasg MA nepnenukyisipHa DA (1o TeopeMe o Tpex nepneHaukyisapax). Takum obpazom,
TpeyroiabHuK AMD - npsAMOYToibHBIN, TaK Kak yroyi MAD - npsMoil.

Ananorunyno, MC — naksoHHasi, BC - npoekuus HakjioHHOW MC Ha mockocTs ABC.
[Tpoexuust BC nepnenaukynspia CD, 3Hauut, u HakioHHass MC nepnenaukynspHa CD(1o
TeopeMe O TpexX nepreHauKyspax). Yroan MCD npsmoit, TpeyronbHuk MCD npsiMOyTOJIbHBIN.

2) [lano:

ABCD — npsimoyronbauk, MD 1 ABC

CD=3cm, AD =4 cm, MB =5 cM.

Havimu: £(DM; ABC).

Pewenue:

VYron Mexay npsMOM M IUIOCKOCTBIO - 3TO YroJl MEXAY IpPSIMOW M €€ MPOEKUHEeH Ha
MI0CKOCTh. DM - HakiioHHas1, DB ee nmpoekius Ha TocKocTh ABC, ciaeaoBaTebHO, HAM HY>KHO
Haiitu yroin MDB. O603Ha4iM €ro 3a ¢.

Paccmorpum  mpsiMoyronbHbIM  TpeyronbHUkK BAD. AB=CD= 3 oM  (Kak
IPOTHBOIOJIOXKHBIE CTOPOHBI NpsiMOyroibHUKa). Halinem BD no teopeme [Iudaropa.

BD = +/AB? + AD? = /3% + 42 =5 (cad).
PaccMmoTrpuM nipssMoyroiibHbIN TpeyroiabHUK MBD. Halinem yron BDM.

o _MB_5
9 Bp 5
J— o
Yron ¢ — octpsiii, 3HaunT, ¥ 45°
45°

Omeem:

IIpakTnyeckas padora Ned44
Tema 7.5 IIpsimble 1 IITOCKOCTH B IPAKTUYECKUX 33]1a4ax
Hean: Hayuutscs peuaTth 3a1a4u npo¢eccuOHaTBLHO-OPUEHTHPOBAHHOM
HaIlpaBJIEHHOCTH

Teopernyeckas 4acThb:

Ha mmockocty nBe mpsMble WIM IMEPECEKAIOTCA, WM MapajUIesIbHBL APYr JpYry.
A B IIPOCTPAHCTBE BO3MOXKEH €I1I€ OJNH CIIy4ail B3AUMHOTO PACIIOJIIOKEHUS MPSMBIX.
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Pacnono)eHne NnpAMbIX B NPOCTPaHCcTBe (TpW cnyyas)

i
a M C :
i
Im
b d '
i o o o b 0 0 s 0 o 0 ? P —— -
s 7
e % P
nepeceKkalwTca napannebHb CKpeWMBaIoTCR
aNb=M c||d m-—=p

/[Be mpsiMble B IPOCTPAHCTBE MNapa/uleJibHbI JAPYr JpYry, HepeceKalTcsi HJIH
CKpeLIUBAKTCS.

Ecnu nBe npsMble napaiienbHbl TPeThe, TO OHU NapaJuleabHbl APYT APYTY.

CkpemuBamuecsi npsiMble HE IEPECEKAIOTCSl U HE MapajuledbHbl ApYyr apyry. Uepes
HUX HEBO3MOXXHO IMPOBECTU IIOCKOCTh. CKpellMBaroIUecs MpsSMbIE JIEKAT B MapauleIbHbIX
IUIOCKOCTSIX.

Pemenue 3ana4

1. JIBa rpy30BHKa BhIEXAJU B PEIiC 10 B3aNMHO-TIEPIICHIUKYIIPHBIM JoporaMm. CKOpOCTh
omHoro — 50 km/4, ckopocTh npyroro — 60 Km/4, B JaHHBI MOMEHT OHH HaxXOJsITCS Ha
paccrosHuu 7 kM 1 10 kM OT Hauana myTu. Yepe3 Kakoe BpeMsl pacCTOSIHUE MEXy HUMU OyaeT
35 km?

2. Ckonbko moTpedyercs OeToHa JUIsi TOrO YTOOBI 3AJIMThH IIBEIUIEp C MapayIedTbHBIMU
rpanamu nosiok 1211 gyunoit 10M?

WEBENMNEP C YKANQGHOM WEENMNEPF C
BHY¥TPEHHWX NPAHEF NONOK NAPANNENBHBIMY FPAHAMM
12 Y nonok 12 N

I ] e

- 5 4.8
F120 M F120 mm

T e

b 52 mm

IIpakTnyeckas padora Ned4S
Tema 7.6 KontponwsHas pabora mo pazaeny 7 «IpsmMbie v IIIOCKOCTH B TPOCTPAHCTBEY
Heas: [IpoBeputh ypoBEeHb YCBOEHHS JaHHOTO MaTepuana no pazueny 11 «lIpsmbie u
MIJIOCKOCTH B TIPOCTPAHCTBE

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yembvlpex
nPeOnNoHCeHHbIX.

1. (1 6ann) Pacmmdpyiite kpaTkyro 3anuck: a€f.

A) TouKa a MPUHAIUICKUT TUIOCKOCTH [3; B) Touka a mpuHaiexut npsmoit §; B) mpsmas
a MPUHAJUIEKUT TUIOCKOCTH [3; ') mpsiMast a mepeceKkaeT MiIocKoCTh f3.
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2. (1 6amn) Hpsmeie AB u CJI ckpemmBatorcs. Kakoe pacronoskeHre UMEIOT MpsiMble
ACu BJ1?

A) napamensssle; b) neprnenaukynsapusie; B) ckpemubatores; [') nepecexarorcs.

3. (I 6amn) Ilnockocth @ u [ wumeror 1 obmryro Touky. KakoBo uX B3auMHOE
pacrosoxeHue?

A) napaiensHubl; b) nepecekatorcs no npsimoit; B) coBnanatot; I') ckpemmBarorcs.

4. (1 6amn) Ecnu mpsimasi, IpoBeZieHHAsE HA IJIOCKOCTU Yepe3 OCHOBAHHE HAKJIOHHOM,
NEPIEHIUKYJIIPHA €€ IPOEKIUH, TO OHA. ..

A) mepneHAUKYJISIpHa U CaMOM HAKJIOHHOW; b) mapamienbHa u camoil HaKJIOHHOMW; B)
CKpEIMBAETCS C HAKIOHHOM; [') nepneHauKynsipHa OCHOBaHUIO HAKJIOHHOM.

Ilpu evitnonnenuu 3ad0anuil 5-8 3anumiume xo00 peuieHusA u NOJYUEeHHbLIL OMeEem.

5. (2 6amna) Yepe3 koHIbsl oTpeska AB u ero cepeauny M mpoBeneHbl mapajuieibHbIE
NpsIMbIE, MIEPECEKAIOINE HEKOTOPYIO IJIOCKOCTh B Toukax A1, B1 u M1. Haitnute mynny otpeska
MM, ecniu oTpe3ok AB He nepecekaeT miockocTh u eciu AA1= 6,8cm, BB1=7,4cMm.

6. (2 6amna) [Ipsmeie AC, AB u AJl monapHo neprieHaukyisipasl. Haitnure orpezok C/I,
ecmu AB=5cm, BC=13 cm, AJI =9 cm.

7. (2 Gamnma) M3 ToukM K IUIOCKOCTH TPOBEACHBI ABE HakIOHHBIC. Haiiaute IiauHbBI
o01Iero NepneHIuKyIisIpa, eCiu NPOeKIMY HAKIOHHBIX OTHOCATCS KakK 2:3 W JJIMHBI HAKIIOHHBIX
paBHbI 23 cM U 33 cMm.

8. (2 6amma) Haueptuth ky0 ABCJIA1B1C1/11. [TocTpouts ceuenne A/l:C.

Omanonvt omeemos:

Howep 1 2 3 4 5 6 7 8
3adaHuA
OTtBeT B B b A 7,1 15 9 -

IMpakTuyeckas padboraNe46
Tema 8.4 IIpumepsl cummerpuii B mpodeccun
Iean: PaccMOTpeTs IpUMEPBI CUMMETPUU BOKPYT HAC

Teopernyeckas 4acThb:

PaccMoTpuM NOHATHE CUMMETPUU C T€OMETPUUECKON TOUKH 3PEHUS.

B y4yeOHuKe Mo reoMeTpuH 3TO MOHITUE BBOJIUTCS ClEAyIOIKUM oOpazoM. Touku A u Al
Ha3bIBAIOTCS CUMMETPUYHBIMU OTHOCUTENBHO TOUKH O (LIeHTp cuMMeTpun), eciu O — cepearHa
orpe3ka AA1 (puc. 1, a). Touka O cuuTaercst CHMMETPUYHOMN camoii cele.

Toukn A u Al Ha3bIBAalOTCS CHUMMETPUYHBIMH OTHOCHUTEIBHO HpsAMOM a (och
CUMMETpHUH), €CIIM IMpsiMasi a MPOXOJUT uepe3 cepeArHy oTpe3ka AAl M nepneHIuKymIsipHa K
TOMY OTpe3Ky (puc. 1, 6). Kaxnas Touka npsiMoit a cuutaeTcss CHMMETPUUHON camoit cebe.

Toukn A m Al Ha3bpIBatOTCS CHMMETPUYHBIMU OTHOCHUTENIBHO IJIOCKOCTH  (TUIOCKOCTH
CUMMETPUN), €CIIU TUIOCKOCTh ~ IPOXOAMT Yepe3 cepeuHy oTpe3ka AAl M nepneHaAuKyisipHa
K 3ToMY OTpe3Ky (puc.l,B). Kaxkas Touka miioCKOCTH  CUMTAeTCsl CHMMETPUYHOM camoii cebe.

Touka (mpsiMasi, TJIOCKOCTb) Ha3bIBAETCS IIEHTPOM (OCBIO, IJIOCKOCTBIO) CHMMETPHH
burypsl, eciu Kaxkaas Touka QUIypbl CAMMETPUYHA OTHOCUTEIHHO HEE€ HEKOTOPOMl TOUKe TOM
xe ¢urypsl. Eciiu purypa umeer (puc. 1) nentp (och, MIOCKOCTh CHMMETPHUH), TO TOBOPSIT, YTO
OHa 00J1a/1aeT EHTPaTBHOU (OCEBOMH, 3€PKATBHOI) CHMMETPUECH.

Bbiensss reoMeTpruecKy0 CUMMETPHIO, TOBOPUM O IOJIOKEHUH, (opMe, CTPYKTYype.
OTO Ta CUMMETPUS, KOTOPYIO MOKHO HEMIOCPEICTBEHHO BUECTD.
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CuMMeTpuI0 MOKHO OOHApY)XHUTh IOYTH BE3J€, €CIM 3HATh, KaK €e MCKaTh. MHOTue
HapoJibl C APEBHEMIINX BPEMEH BIIA/ICIN MPEICTABICHUEM O CUMMETPUHU B IIUPOKOM CMBICIIE --
Kak 00 ypaBHOBEIIEHHOCTHM M TapMOHMHU. TBOpPYECTBO JIOEH BO BCEX CBOMX MPOSIBICHUSIX
TAroTeeT K cumMmerpuu. [locpencTtBoM cuMMETpuUM YEIOBEK BCEr/a NBITAICS, IO CJIOBaM
HEMELKOro wmaremaruka ['epmana Beid, «nocTM4b M CO34aTh MOPSAINOK, KpacoTry H
coBepuieHcTBOY». ['. Belinb moa cummeTpueld mOHMMal «HEM3MEHHOCTh KaKoro-inubo oObekTa,
IPU OINpPEAEIEHHOr0, poja NpeoOpa3oBaHUAX; NPEIMET SBJAETCS CHUMMETPUUYHBIM, B TOM
ClIy4ae, KOrJla ero MOXKHO TOJBEPrHYTh KaKOH-HUOYAb Olepaluu, Mocjie KOTOpoil oH Oyner
BBITJISICTh TaK JKe, KaKk W JIO NpeoOpasoBanus». OnpenencHHyo riaBy [. Beisb mocBsTHi
OpPHAMEHTHOW CHMMETPUU. YTOPSAJOYEHHOCTh W MOJYMHEHHOCTh OIpeAeJIeHHOMY Habopy
IpaBUJI MBI OOHAPY)KMBaeM B y30pax U OpHaMeHTax (cM. puc. 16).

Henp3s He yBUAETh CHUMMETPUI0O M B OIPAaHEHHBIX APArol€HHBIX KaMmHAX. MHorue
TPAaHWIBIIMKK CTapaloTCs MpHIaTh OpmuMaHTam QopMmy TeTpasapa, Kyba, OKTadapa WiIH
uKocadipa. Tak Kak rpaHaT UMEET Te K€ DJIEMEHTHI YTO U KyO, OH BBICOKO IIEHUTCS] 3HATOKaMHU
JParoleHHbIX KaMHeH. XyJI0KeCTBEHHbIE U3CTHs U3 TPaHaTOB ObUIM OOHApPY>KEHBI B MOTHIIAX
HpeBuero FErumnrta, OTHOCSAIMXCS emle K JOAMHACTUYECKOMY TIepuoay (CBBIIIE ABYX
TBICSYENIETUM JI0 H.D.).

B komneknusax DOpmuTaka 0OCOOBIM BHHUMAaHHUEM TOJB3YIOTCS 30JIOThIE YKpPAlllCHUS
npeBHUX CKU(OB. HeoObuailHO TOHKAa XyIO0)KECTBEHHass paboTa 30J0TBIX BEHKOB, AHMAJIEM,
JIEpeBa U YKPAILIECHHBIX IParolieHHbIMU KPacHO-(HOIETOBBIMU I'PaHATAMH.

OpHMM M3 caMbIX HAarJISIAHBIX MCIOJb30BAaHUM 3aKOHOB CUMMETPUU B KHU3HHU CIyXKaT
CTPOEHHUSI apXUTEKTYphl. JTO TO, YTO 4Yallle BCETO Mbl MOXEM YBHJIETh. B apxurekrype ocu
CUMMETPUHU HCIONB3YIOTCA KaK CpPEACTBA BBIPAKEHHSI ApXUTEKTYpHOro 3ambicia. [Ipumepos
WCIIOJIb30BAaHUSI CHMMETPUM B apXUTEKTYpE MHOKECTBO, OJJHUM W3 HMX SBIIAETCS NMPEKPACHBIN
HoBocubupckuii Teatp ornepsl u 0anera.

Eme onHMM npUMepOM MCIOJB30BaHUS YEJIOBEKOM CUMMETPHUH B CBOEH MPAKTUKE - ITO
TEeXHHKA. B TexHUMKe OCHM CUMMETpuu Hambojiee 4eTKO O00O3HauarwTcs TaM, e Tpedyercs
OLICHUTH OTKJIOHEHUE OT HYJIEBOTO NOJIOKEHNUSI, HAIIPUMEpP Ha pyJie IPy30BUKA WJIM Ha IITypBaje
kopaOist. i oHO U3 BakHEHIIMX M300pETEHH YeoBeuYecTBa, UMEIOIINX LIEHTP CUMMETPUH,
ABIIIETCS KOJIECO, TAK)KE LIEHTP CUMMETPUU €CTh Y MPOIMEIJIEPA U IPYIMX TEXHUUECKUX CPEACTB.

CuMMeTpHIO MOKHO 3aMETUTh Jake TaM, Ha YTO HHUKOI/Ia He oOpaliajl BHUMaHUE.
Hanpumep, eciu Bbl momecTuTe OyKBBI IEPE]] 3€PKaJIOM, PACIIOIOKUB €ro NMapauieIbHO CTPOKE,
TO 3aMETHTE, YTO T€ U3 HUX, Y KOTOPBIX OCb CUMMETPHUH MPOXOAUT TOPU3OHTAIBHO, MOXHO
IIPOYECTh U B 3€pKaje. A BOT T€, y KOTOPBIX OCh PaclOJI0KEHA BEPTUKAIBHO WU OTCYTCTBYET
BOBCE, CTAHOBSITCS «HEUUTAOCIbHBIMI.

Cyl1ecTBYIOT SI3bIKH, B KOTOPBIX HauepTaHUE 3HAKOB ONUPAETCS HAa HATMUUE CUMMETPUHU.
Tak, B KHTalCKOW MUCbMEHHOCTH UEpOTrn( 03HAYaeT MMEHHO UCTHHHYIO CEpeIMHY.

CummeTpusi Takke €CTh M B 4YHCIax, Hampumep, v12345678987654321=111111111;
v123454321=11111 u T.n. cuMMETpHS LIEHTPAJIbHASL OCEBAsl 3€PKaIbHAsl TEOMETPUS

3ana}me: MMPUBEINUTE IPUMEPBI CUMMETPHUH, BCTpe‘-IaIOHIGI;’ICSI B )XM3HU YCIO0BCKA.
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IIpakTuyeckasi padoraNe 47
Tema 8.4 [Ipumepsl cumMeTpuii B mpodeccuu
Leas: PaccMoTpeTh mpUMeEpbl CHMMETPHUH B MTPOGECCUOHATLHON AEATEIbHOCTH

Teopernueckas 4yacThb:

[Ipumenenune mareMaTHKu B Oyaymiedl mpodeccuu — O4YeHb akTyalbHas T€Ma HAaIIero
BPEMEHH.

CummMeTpus B mpodeccuu afMUHUCTPATOpa Mara3uHa OJ1eX/1bl

B marasuHe onexapl OOSI3aHHOCTH aJIMHHHCTpaTOpa MarasuHa OyIyT 3aKiioyaTbcs B
OpraHU3ali TOPTOBBIX MPOIecCOB. [lOMONMHUTENBHO B 00SI3aHHOCTU aIMUHUCTPATOpPa BXOIUT
KOHTPOJIb HaJl pa3MEIICHUEM TOBapa B TOProBOM 3ajie MarasuHa. M TyT riiaBHBIMM NpUHIUIIAMUA
co3aanus OanaHca SBJSIOTCS CUMMETPHUS U aCUMMETPHSL.

Kak wucronp3oBaTh CHMMETpUIO B MarazuHe ofexzabl? Tak ke, kak HaOOp BecoB
YPaBHOBELIMBAET JIEBOE U IPAaBOE HA BECaX, TAK JIEBas IOJOBHMHA BUTPUHBI WM IPOCTPAHCTBA
MarasuHa ypaBHOBEUIMBAETCS MPABOil:

® BCIIM U MAaHEKEHbl B JIEBOM CTOPOHE BUTPUHBI OKHA JIOJDKHBI OallaHCUPOBATh C
00BEMOM CITpaBa;

® CTONKU CIOXEHHBIX (PyTOONIOK pPAaBHOMEPHO M CHUMMETPUYHO PACHpPEICICHBI I10
OTJIEIbHO CTOAILIEMY CTOJIY Y BXOJla B Mara3uH;

® BICST BEIIM OJJMHAKOBOT'O ACCOPTUMEHTA CJIEBa U IIpaBa.

Cummerpusi (oceBasi) 4acTO HUCHONB3yeTcs A OGOPMIICHHUS BEIIEH B KIIACCHYECKOM
ctiiie. CUMMETpHS TPUIACT 3JETaHTHOCTh U (POPMAIBLHOCTh BUTPUHBI C MYXCKOM OJEXII0i;
opopmiieHHE B JU3alHEPCKUX MarasMHax C MUHUMAQJIUCTUYHBIM JU3alHOM ; BUTPUHBI C
MaHEKEHAaMU C HEOOBIYHOW Au3aiiHepckoW onexaoil. OJHaKo CHUMMETpHUYHOE OhopmIileHuE
MOXET OBITh HEMHOTO CKYyYHBIMH JJIsi Oojiee MOBCETHEBHOH M 0a30BOM O/EKIbI, KOTOPHIE
TpeOyIOT Yero HHTEPECHOTO.

Acummerpus. Jlns pazMmenienust TOBCEAHEBHON U 0a30BOM 0K IbI 0OBIYHO MCTIOIB3YIOT
ACUMMETpPUYHBIE BUTPHUHBI. biaromaps acHMMETpUU TOJIy4aeTcsl MPEICTaBUTh 0a30BbIe BEUIU
0osee HEOOBIYHBIMU. ACUMMETPUYHBIN AU3aiiH MOXKET BBI3bIBATh YYBCTBO JABM)KEHUS U Ka3aThCs
6osiee COBpEeMEHHBIM, YeM CUMMETPHUHBIN, HO MIPU BCEM 3TOM CO3/aTh NPAaBUIIbHBIE IPONOPLU
Y 3JIEMEHTOB 3/1€Ch CIIOXHEE.

Kak wucnonb3oBaTh acuMMETpUIO B MarasuHe oJexasl? B kauectBe mpumepa
aCUMMETPUYHOr0 OajlaHCca MOXHO TPUBECTH CIIEAYIOllee OJMH MaHEKeH B JIEBOM YacTH
BUTPHHBI, YPABHOBEIICHHBIN MBYMsI MaHEKEHAMH CIIpaBa, CTOAIIUMHU ONM3KO APYr K apyry. B
L[eJIOM, TapMOHMsI OyleT JOCTUTHYTa, IIOCKOJbKY TpPHU MaHEKEHa YAO00HO 3arlojHSIOT
IIPOCTPAHCTBO, XOTSI OHU U PaCHpeeIIEHbl HEPaBHOMEPHO

CummMmetpus B npodeccun BoauTens. Bece aBToMoOMIIN UMEIOT NMPOJIOJIBHYI0 CHMMETPUIO
Ky30Ba. He gBIAIOTCS HCKITIOUEHUEM U OOJbIIETpy3HbIe MAIMHEL. [IepBoe, YTO MPUXOAUT Ha YM,
KOI'Jla peyb MJAET O CUMMETPUM aBTOMOOWMIIEH, 3TO a’poarHaMuka. Eciiu neBast U mpaBasi 4acTh
MalIMHBI OYAYT UMETh pa3Hyio (opMy, TPYIHO MpeAyrajaaTh, Kak MOBEAET ceOsl BO3AYIIHBII
MOTOK Ha OOJIBIION CKOPOCTH. B 3aBUCMMOCTH OT CKOPOCTH BO3AYILIHBIE MacChl O 00€ CTOPOHBI
Ky30Ba MEHSUIM OBl CBOM YIroJl M HEM3BECTHO Kak IepeceKaiuch Obl MEXIy coOOM, co3jaBas
JTUITHUE TIpoOJeMbl BoauTemo. M3-3a ommbOoKk mpoekTupoBaHus (OpMBI Ky30Ba aBTOMOOWIIH
MOTYT TEpATh YCTOHYMBOCTH Ha OOJIBIION CKOPOCTH M J1aXke IepeBOpPaunBaTHCS . ITO 0COOEHHO
OIacHO AJisl O0JbIIerpy3HbIX MamMH. Ecin mocMoTpeTs Ha Gypy ¢ pa3HBIX CTOPOH, TO MOKHO
3aMETUTh, YTO OHA UMEET Cpa3y HECKOJIBKO Oceil cuMMeTpuu. HekoTopele neTany MallvH UMEOT
LHEHTPaJbHYI0O CUMMETPHIO: KOJIECO aBTOMOOWIIA, IIecTepeHka u jap. PymneBoe koseco nmeer
0CeBYI0 cUMMeTpHI0. [Ipu MosiennpoBaHUM aBTOMOOMIIBHBIX JUCKOB, Ui PACYeTOB MPUMEHSIOT
MOBOPOTHYIO CHUMMETpPUIO. PerynmpoBka CXOXJEHHS KOJIeC aBTOMOOWIISA TPOU3BOAUTCS
OTHOCHUTEJIbHO TPOJIOJIbHOW OCH CHUMMETPUM MallWHbL. [[1s Ha3eMHOro BUJa TpaHCHOpPTa B
OoJbIIeH CTETIEHH BCE OCEBasi CHMMETPHSL.
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3aganme: mnpuUBEOUTE NPUMEpPHl CUMMETPUH, BCTpeYarolleiics B Bamei Oyayei
npodeccum.

IIpakTuuyeckas padoraNed§
Tema 8.7, Tema 8.8 O0neM Tema. OTHolIeHHE 00BEMOB IOAOOHBIX Teld. OOBEMBI H
IJIOIIAAN TOBEPXHOCTEMN TEN
Heawb: PaccMoTpeTs npuMepsl HAX0XKICHUS 00bEMOB F'€OMETPUYCCKHX TEIT
TeopeTnueckast 4acTh:
Bce ¢popmynel 00beMOB reOMETPUUECKUX TEI
1. Pacuer o6bema kyba

]

a - cropoHa Kyba

dopmyna oobema kyba, (V):

V=a3

2. Haiftu no ¢opmyse, 00beM NpsIMOYTOJIBHOTO Mapajulesenumneaa

&3

a, b, ¢ - cropons! mapasenenumnena
Emte nHOTIA CTOPOHY MapayuIesienuIe/1a, Ha3bIBalOT peOpoMm.

dopmyna oobema mapamienenunesna, (V):

m

3. ®opmyna a5 BEIYUCIEHUs 00beMa Iapa, chepsl
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R - pagnyc mapa
n~3.14

ITo hopmyie, ecitu gaH paaryc, MOKHO HaiiTh oObema 1apa, (V):

4. Kak BBIYUCIUTH 00BEM ITUIHMHAPA ?

h - BeicOTa 1IHITHHIpA
I' - pagnyC OCHOBaHMS
n=3.14

[To ¢opmyne HaiiTh oObeMa HWIMHApA, €CAM W3BECTHBI - €r0 PaguyC OCHOBAaHUS W
BbICOTa, (V):

V=mr2h

5. Kax naiftn 0o0beM KoHyca ?

R - pagnyc ocHoBaHus
H - BeicOTa KOHYCa
n~3.14

dopmyna oObeMa KOHYyCa, €CITU U3BECTHBI panuyc U Bbicota (V):
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7. ®opmysa oObeMa yCEUSHHOTO KOHYCa

C D

I - paauyC BEpXHETO OCHOBAHMSI

R - pannyc HUXKHEro oCHOBaHUS

h - BeicOoTa KOHYCA

n=3.14

®opmysna o0beMa yCEYEeHHOr0 KOHYCa, €CIM HM3BECTHBI - PAIUyC HUIKHETO OCHOBAHUA,
paanyc BEpXHEro OCHOBaHHMs U BbicoTa kKoHyca (V ):

1
V= Enh(Rz +R-r+1?

8. O6beM mpaBUILHOTO TETpadipa

[IpaBunbHBIN TETPAdAp - NOUpPaMHAA y KOTOPOM BCE TIpaHW, pPaBHOCTOPOHHHUE
TPEYrOJIbHUKH.
a - pebpo Terparapa

dopmyina, it pacueta o0bema npaBuiIbHOTO TeTpasdapa (V):

9. O0BeM MpaBUILHON YETHIPEXYTOJIbHON MUPaMU/IbI
[Mupamuna, y KOTOpoil OCHOBaHHME KBagpaT U TpaHU paBHbIE, paBHOOEIPEHHBIE
TPEYrOJIbHUKHU, HA3bIBAETCS IPABHIIBHOM YETBIPEXYTOIbHON TUPAMUION.
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a - CTOpOHA OCHOBAHUS
h - BeIcOTa TTIpAMUIBI

dopmya a1t BEIYUCICHUS 00beMa PaBHIBHOM YeThIPEXYTroyibHOM nupamusl, (V):

1
V = = ha?
7 ha

10. O6beM npaBUIBHOM TPEYTOJIBHON MUPAMHU/IBI

[lupamuna, y KOTOpOil OCHOBaHME PABHOCTOPOHHMI TPEYrojJbHUK U TI'PAaHU paBHBIE,
paBHOOEAPEHHBIE TPEYTOJIbHUKHU, HA3bIBACTCS MTPABUIILHON TPEYroJIbHON MUPaMUAOH.

a - CTOpOHA OCHOBAHHS
h - BeIcOTa Tpamu ;b1

®opmyna o0beMa MPaBHIILHOW TPEYTOJIbHON MUPaMUIbI, €CIU JIaHbI - BBICOTA U CTOPOHA
ocHoBanwus (V):

11. Haiitu 06beM paBUIBHOM MHUpPaMUIbI

[Inpamua B OCHOBaHUM, KOTOPOU JIEKUT IIPABUIIbHBIM MHOTOYTOJIBHUK U I'PaHU PaBHBIE
TPEYTOJIbHUKH, HAa3bIBAECTCS NPABUIIBHOM.

h - BeicOTa TEpamMu /b1

155



d - CTOpOHA OCHOBAHHS ITMPaMMIbI
N - KOTUYSCTBO CTOPOH MHOIOYIOJIbHMKAa B OCHOBAaHUU

dopmyna oObeMa MNpPABHIBHOW NHPAMHIbI, 3HAs BBICOTY, CTOPOHY OCHOBAaHHS U
KOJIM4UeCcTBO ATHX cTOpoH (V):

na’h

N 180°
12 tg( = )

12. Pacyer oObeMa mupamuIbl

C
B

A E

h - BeIcOTa TIIpAMUIBI
S - mwowaas ocuosauusgs ABCDE

D

®dopmyna a8 BBIUKCICHHS O0ObeMa MUPAMHIBI, €CIIM JIaHbl - BBICOTA M ILIONIAJlb
ocuoBanus (V):

h - BeIcOTa TEpamMu BT
Sumx - TUIOMIAAEL HIKHETO ocHOoBanus, ABCDE
Seepx - TUIOIIA/Ib BEpXHET0 OCHOBaHUsI, abcde

dopmyna oobema yceueHHOH nupamusl, (V):

1 —
V = § h(SHH'.ﬂ + \,’:Smm: Ssepx ek Ssepx)

14. O6Bem mapoBoTO cermMeHTa, popmMyna

[[TapoBbIil CerMeHT- 3TO 4YacTh IIapa OTCEYEHHas IUIOCKOCThI0. B maHHOM mpumepe,
mwrockocTeio ABCD.
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R - pamuyc mapa
h - BeicOTa cermenTa
n=3.14

®opmyia s pacyera oobeMa mapoBoro cermenra, (V):

1
V= §1t112(3R — h)

15. O6beM 1mapoBoro cekropa

R - panuyc mapa
h - BeicOTa cermenTa
n~3.14

dopmyia oobema 1rapoBoro cekropa, (V):

h - BeICOTa 11apOBOTO €05

R - paanyc HUKHETO OCHOBAHHSI
I - pajryc BEpXHEro OCHOBAHUS
n~3.14
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dopmyina oobema maposoro cios, (V):

1 1
V=—mh(R*+ 1%+ =h?
211'1( +1 +31)

Pemrenue 3axau:

1.CymectByeT Jiu npuszma, umerorias S0 pédep? 54 pedpa?

Pemenune: Yucno peGep n — yroapHOW MPU3MBI 3N, MO3TOMY MPH3MBI, uMmeromei 50
pebep, He cymecTByeT, a 54 pedpa umeeT 18-yronpHas mpu3Ma.

2. CTOpOHBI OCHOBaHMsI NPSIMOYTOJBHOIO Mapajulejienunena paBHel 5 ¢cM u 12 cMm ,
JaroHaslb napajulesienuIea COCTaBIseT C MIOCKOCThI0 ocHOBaHus yron 60°. Haiiaure 06béM
napajuiesenunesa.

3. OcHoBaHHEM NPSAMON MPU3MBI CIY>KUT TPEYrodbHUK co ctoponamu 10, 10, 12.
JlnaroHayib MeHbIIIeH OOKOBOM T'paHU COCTABIIACT C TUIOCKOCTHIO OcHOBaHMs yrou 60°. Haitnure
00BEM MPU3MBI.

4. O0beM TPSAMOYTONBHOTO Tapajuienenunena paseH 2. Yemy Oymer paBeH 00beM
napajuieNienunes1a, ecliv Kaxxaoe ero pedpo yBeauuuTh B 3 pasa.

Pemenue. [lycte peOpa nmaHHOTO mapajiesienurnena paBHel a, b u c. Torma nmeem:
V=abc=2.

[Tocne yBenuyeHus Kaxaoro pedbpa B 3 pasza ero o0bém Oyner paBen V=3a*3b*3c =27
abc=27*2=54.

OrtgerT: 54.

5. AkBapuyM umeeT GpopMy IpSIMOYroJIbHOTO Mapaiienenumneaa Beicotor 30 cm. Ecnu B
Hero HamuTh 30 JI. BOJIBI, TO /10 BEPXHETo Kpas ocTtaHeTcsl 5 ¢cM. CKOJIBKO JIUTPOB BOABI HYKHO,
YTOOBI HATIOJTHUTH IYCTON aKBapUyM JOBEPXY?

Pewenue. Ilycts V 1 H cooTBETCTBEHHO 00BEM U BBICOTA MapajuIeIenUIe/a.

V=SH . Ilo ycnoButo V=30,H=25, Torga 25*S=30.

[Tocne 3anonuenus mycroro akBapuyma nosepxy H=30. 3nauut, 30*S=V.

255 30

Hatigem otHomenune 30S = V| V=36 1.

Ortger: 36.

6. Kyouxk Becut 10 rp. Ckoibko rpaMMOB Oy/IeT BeCUTh KyOHK, peOpo KOoToporo B 3 pasa
Oospilie, yeM pedpo TepBOro KyoOwka, eciu o0a KyOMKa HW3TOTOBJICHBI M3 OJMHAKOBOTO
MaTepuana.

Pewenue. [lycte V- 00béM ganHOro mapamienenumnena. [lociae yBeaudeHHs Kaxao0ro
pebpa B 3 pasa, ero o6sém Oynet paBeH 27 V.

v _10
27v. x x=270 rp.
Ortser: 270.

7. O06bEéM TPSIMOYTOJILHOTO Mapajuienenunena paBeH 32. Yemy OyaeT paBeH 00BEM
napaieNenunea, eciiv Kax0e ero pedpo yMeHbIINTh B 2 pa3a.

8. B cocyn, umeromuil (popmy NpaBUIbHOW TPEYroJbHOW NPU3MBI, HAIUIU BOAY.
VYpoBenb Bojbl gocturaet 36 cMm. Ha kakoii BeicoTe OyJeT HaXOAUThCSl YPOBEHb BOJIBI, €CIIH €&
NEepeIuTh B IPYroi cocys Tou ke (GOpMbI, y KOTOPOrO CTOpOHA OCHOBaHUS B 3 pasza OoJjblie,
4yeM y nepBoro. OTBET BBIPA3UTE B CAHTUMETPAX.

9. 3akphITHIA cOCyn B BUE MPSIMOYTOJIBHOTO Mapaienenumnena ¢ pedpamu 30, 40 u 45
CM. CTOUT Ha FOPU30HTAJILHON MOBEPXHOCTH TaKUM 00Pa30M, YTO HAaUMEHbIIasi IPaHb SBISCTCS
nHOM. B cocyn Hamwim Boxy 1o ypoBHsS 36 cM. Ha kakom ypoBHE OKa)eTcsl BOJa, €CIIU COCY[
MOCTaBUTh HAa HanOOJIbIIYI0 IpaHb? OTBET JaiiTe B CAaHTUMETpaXx.
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10. lano: ABCD - npaBunbHas nupamuga. AB = 3; AD = 243 (puc. 3).
Haiitu: a) Socw.; 6) AO; B) DO; r) V.

11. Hano: ABCDF - npasunpHas nupamuaa. £FCO =45°; FO = 2 (puc. 4).
Haiitu: a) SocH.; 6) V.

Puc. 4

Pemenue:

1) Paccmorpum AFOC: 20 =90°, £C = 45°, 3nauut, £F = 45°. CnenoBarensno, AFOC -
paBHoOeapenHsIit, OC ~ FO = 2.

2) AC = 20C = 4.d=AC=AD\2 (0 cBOHCTBY jamaroHamn Kaapata, d2= 2a2).

AC 4
AD= o = =22
Torna ?22 ‘JE

- -l 2=
3) ABCD - xBaapar (mupaMuia nmpaBuibHas). Socw, = AD? = (2‘5) =8.
V= lSml h. V= —-1--8-2=&=5~l-.
4) 3 3 3 3
(OtBer: a) 8; 6) 5-1/3.)
12. ano: ABCDEKEF - npaBunbnas nupamuaa. FO L (ABC), FM L AK, FO=4,FM =5

(puc. 5).
Haiitu: a) Socu.; 6) V.

Puc. §

Pewrenue:
1) Paccmorpum AFOM: £0= 90° (tak kak FO L (ABC), 3uauur, FO L OM) FO =

4,FM =5, OM= VMF? - FO’ (mo teopeme I[udaropa), OM= J25-16 =9 =3. OM =r(r-

panuyc OKPYKHOCTH, BITUCAHHOM B IPaBUJIbHBIH

IIECTHYTOJBbHUK). 6 6 3

2) Sucw = 6Sason; S,m-%AK-OM=%-2ﬁ3=3J§. Socn. = 6343 =183

3) V= %s“,‘-ﬂ; V= %-18&-4:24«/5.
(OtBer: a) 18V3, 6) 2443.)

159



13. 3amaua: Jlana TpeyronpHasi ycedeHHas nupamuia. Ee Beicota h= 10 cM, cTOpoHbI
OJIHOTO M3 OCHOBaHHi paBHBI @ = 27 cM, b= 29 cMm, C= 52 cm. [lepumerp BTOPOrO OCHOBAHHS
pasusiercst P2=72 cm. Haiinure 00beM mupaMuibl.

s pacyera o0bema HaM moTpeOyeTcs IUIOIAIb OCHOBaHHWM. 3Has AJTUHBI CTOPOH
OJTHOTO TPEYroJbHHKA, MBI MOXXEM paccuuTaTh IIomanab 1no Qopmyne I'epona. s 3toro
noTpedyeTcsl HAUTH MOIyIIEpUMETP:

P l:‘,—3?' +20 452 =108cm
1008
P =5 =hdem

Tenepp Haitgem S2:

HL: M,-’Ep (p-a)(p-b)(p-c)

S =/ 54 (54-27 ) (54-29 ) (54-52 ) = /5427 x25x2 =/ 72900=270cm *

3Has, 4TO NUpPaMUJA YCEUCHHas, [JEJIaéM BBIBOJ, 4YTO TPEYrOJbHHUKH, JIEKallUe B
OocHOBaHMAX MONO0HBL. KodpduuueHT nomodust 3TUX TpPEyroJbHHUKOB MOXHO HalTH H3
COOTHOIIEHUSI nepuMeTpoB. OTHOLIEHHME IJIONIAJe TPEYrolbHUKOB OYyJEeT paBHO KBaApary
3TOro KoadduuueHTa:

a

S P - 2

1 1 108 9

~ a2 9 r
S5, p? gt A4

- 2

l LE;I
’ 1
S, =5

4x270 2

S =g = 120~

Tenepp, korga MBI HallUTM TUIONIAJM OCHOBAaHUM YCEUEHHOM MUpaMHIbI, MOKEM JIETKO
paccuuTaTh €€ 00BeM:

L’:% x10% (2?u}+ J270% 120 +120 ) o 10

= (270+180+120 )= X570 =1900cm ’

Takum oOpa3zoM, BEIYUCIHB KOIDPHUITUEHT MOAO0MS U pacCUUTAB IUIONIA/Ib OCHOBAHHH,
MBI Halllid 00beM 33JaHHON YCEYSHHON TUPaMU/IBL.

14. Nano: Al1A2A3A4 -pomb, SALlA2A3A4 - mupamuma, AlA4 = a, «SBO =
B, OB L A3A4, LA2A10 = a (puc. 6).

Haiitu: V - ?
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Puc. 6
Pemenue:

B
‘ = 3 = N = —asin 20,
1) PaccMoTpum AOA3As 1 OAy=acosa,  AOAB: OB = acosasing = 5

2) ASOB: SO = -%asin 2atgP.
3) Seen.™ 4Sas0m, =4--;-a-08=2a-%asin2a = o&’sin2d

4) Vg, =§S°c,,' -8O, Vo= -;—-az sin 2u--;-asiu 20gP = %a’ sin? 2atgp
L 20utgP.

(OtBer:

15 .Haiigute o0beM IUIMHAPA ¢ BRICOTOW, PAaBHON 3CM U TUaMETPOM OCHOBaHHUS — 6CM.

16. Ilnomans oceBoro ceueHHs LUIMHApA paBHa 2lcM®, miomams OocHOBaHMSA - 18
cm? HaiiguTe 066eM UIHHApA.

17. CeunmoBas Tpy6da (muotHocTs cBuHIA 11,4 r/cM®) ¢ TOMmMHON cTEHOK 4 MM MMeeT
BHyTpeHHu# nuametp 13 mm. KakoBa macca TpyOsl, eciiu ee ainuHa paBHa 25 m?

P=114r/M®

R1=6,5vMM + 4mm = 10,5Mm = 1,05¢cM (HapyKHBIiT)

R2=6,5MM = 0,65¢cm

V=Vi-Vz,=17 - (1,05)%2500 - T - 0,652 -2500 =1700™ = 5338 (cm?)

M=P -V=114-5338 = 6lkr.

18. Kakoe xonnyecTBo He(TH (B TOHHAX) BMEIIAET LHMWIMHPUYECKas IUCTEPHA JUaMeTpa
18 M 1 BBICOTO# 7 M, eCiIH IMIOTHOCTH HedTH paBHa 0,85 r/cm>?

H="7m;d=1M; Puegru = 0,85 r/em®

m =?

Vy=TR?H =m-92.7=5671 (M%)

m=V-P = 15131

19. JlmaroHayib OCEBOr0 CEYEHHS] UWIMHAPA COCTABJISET C IUIOCKOCThIO OCHOBAHUS
UUAJIUHAPA Yrod 60°. Haiimure o6beM UWJMHIpPA , €CJIHM IUIOLIAJh OCEBOIO CEUYEHMs] paBHA

16 “-E oM®.
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20. Ha ckymag B MacTepCKOW MO IMOIIMBY OAEXKAbl MOCTYNWI PYJIOH APANlOBOM TKaHU B
dopme nunmunapa. [Ipu TpancnopTupoBKe ObLT yTEPSH TOBAPHBIM SPIBIK C yKa3aHUEM JJTMHbI
TKaHu B pyJioHe. HeoOxonumo onpenenuTs JUIMHY TKaHU B pyJoHe. [IpousBenn HeoOxoaumbie
M3MEPEHUsI, ONPEICTUIIN BBICOTY U AuaMeTp pyJsioHa: 90cm u 30cM, TonmuHa Tkanu 0,2cm.

21. Cmomy [uIst IPOMBILIUICHHBIX HYXJ COOMPAIOT, MOIBEUINBAas KOHUUYECKUE BOPOHKHU K
cocHaMm. CkoJIbKO BOpPOHOK auameTpoM 10cMm ¢ oOpasyromieid 13 ¢cM Hy»)HO coOpaTh, 4TOOBI
3aIOJIHUTH JECATUIUTPOBOE BEAPO?

R=AC/2, R=5cm, H=V132-52=12(cm), V=1/3*3,14*52*12 ~314(cm®) 0,3 14am°

n=10/0,314 =31,8.

Omeem. 32 80poHKU.

22. Cror ceHa umeeT GopMy NUIUHAPA C KOHHYECKUM BepxoM. Pagmyc ero ocHoBaHUs
2,5 M, BbICOTa 4 M, MPUYEM IIUJIMHIPUYECKAsi 4aCTh CTOTa UMEET BBICOTY 2,2 M. [1m10THOCTE ceHa
0,03 r/cm®. OnpeenuTh Maccy CTora CeHa.

Pewrenue:

R=2,5m

01001 = 4m

0:02=2.2m

P =0,03r/cm®

m=P-V; V= 1-2,52-2,2 = 13,75 M= 13750000cm°

Vi=1/3m - 2,5% 1,8 =3,75m% = 3750000 7 cm®

M =0,03 - 17500000m =0,525T = 1,6 T

o

23. CrakaH4MK 7151 MOPOXKEHOI0 KOHMYECKON (opMbl UMeeT IiyOuHy 12 cM u auamerp
BepxHel yactu 5 cM. Ha Hero cBepxy MONOXWIN ABE JIO)KKH MOPOKEHOIO B BUAE INMOJIYIIAPUI
auaMeTpoM 5 cM. IlepenoaHuT im MOpOoKEHOE CTaKaHYUK, €CIIM OHO pacTaetr?

OA=12cm
BC=d=5cm
[lepenoaHUT 11 MOPOKEHOE CTAKAHYHK?
5

Vu=4/3%"R3(5/23=125%/6 =206 %

25712
Vi=1/3 FR?H=1/3 ¥ (5/2)>12= 12 =257%
OtBer: HeT.
24. Haiitu o6beM mapa paguycom 10 caHTuMeTpoB.
Pemrenne:
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Has Ttoro 4toObl BBIUMCIUTH 00beM Imapa ¢opmyia HCHOIb3yeTCs

CIICIyIOTIas:
_4 o3
V = 3 TR

rae V — uckomeiii 00bem mapa, 1 — 3,14, R — paaguyc.
Takum o6pazom, npu paaguyce 10 canTuMeTpoB 00BEM IIapa paBeH:

V= g 3,14 x 10° = 4082 KyOMYECKUX CAHTUMETPOB.

25. Bo CKOJIBKO pa3 yBEIMUYUTCS O0BEM Iapa, €CIIU €ro paauyc YBEIUYUTh B IIECTh pa3?

O6beM mapa HaxoAUTCA 1O QopmyIie:

14 * R?3
=_-T
3

[Ipu yBenuueHnuu paguyca B IIECTh pa3 ero o0bEM Oyner:
4 4
V= E}T(_ER}B = 216 *EHRB

Taxum 0Opa3oM, 00beM mapa yBeauuuTcs B 216 pas.

OrtgerT: 216

26. O06bemM ogHOTO TIapa B 216 pa3 6osbine o0bema BTOporo. Bo CKobKO pa3 Mionaab
MOBEPXHOCTH TIEPBOTO IIapa OOJIbIIIE IUIOMIAAH TOBEPXHOCTH BTOPOTO?

S

®opmyna 00bEMa apa:

1% 4HR3
3

CDOpMy'J'Ia jionrazau ImoBEpXHOCTHU HIapa:

S = 4nR*?

[TycTh 00BEMBI IIAPOB COOTBETCTBEHHO PABHBI:
4 3 4 3

Vy =§}TR1 V5 =§}TR2

N3 ycnoBus cnenyer, 4ro:
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To ecTb, MBI YyCTaHOBWIIM, YTO PAANYC MEPBOTo Oouiblie paauyca BToporo B 6 pa3. Eciu
paamyc IIapa yMEHBIIUTH B 6 pa3, TO IJIOMAAb MOBEPXHOCTH Iapa M3MEHHUTCS CIEAYIONTUM

obOpazoM:

. (-R-E 4 R?
- .6) ~ T3¢

To ecth oHa yMeHbIIUTCS B 36 pas.

IIpakTuyeckas padora Ne49
Tema 8.9 KontposnbHas paboTta 1o pasneny 8 «MHOTOrpaHHUKH U TeJa BPALICHUS
Heab: IlpoBeputh ypOBEHb YCBOCHHSI JAaHHOTO Marepwajia 1o pasmeny 12

«MHoror PAaHHHUKH U TCJIa BpallCHUS)»

Ilpu pewenuu 3adanuit 1-4 3anuwiume npPAGUNbLHLII OMEEmM U3 uUemblpex
npeo10IHCceHHbIX.

1. (1 6an) B kakux equHUIAX U3MEPSAETCS IIIOIIA b TOBEPXHOCTH MHOTOIpaHHUKA?

A) B rpanycax; b) B MmeTpax; B) B kBagpaTHbIX MeTpax; ') B IByrpaHHBIX Tpajaycax.

2. (1 6ann) [Tnomaas OOKOBOM MOBEPXHOCTH MPU3MBI BBIYHUCISIETCS TIO opMyIIe:

A) S = Seox + 2 Socn; B) Seox = Pocu * H; B) S =beox + S SOCH; F) S6ox = 2Pocu * H.

3. (1 6amm) Yro sBNsETCA OCEBBIM CEYEHUEM YCEUEHHOIO KOHYyca?

A) paBHOOepeHHBINH TpeyroabHUK; b) paBHOOeapeHHas Tpamenus; B) npsaMoyroabHUK;
I') npsimoyrosnibHas Tpanenus.

4. (1 6amn) Kakas ¢urypa mosydaercss mpu BpallleHUU MPSIMOYTOJIBHOTO TPEYrojbHUKA
BOKPYT OJTHOTO U3 CBOUX KaT€TOB?

A) xonyc; b) yceuennslit konyc; B) nupamuna; I') yceuennas nupamua.

Ilpu évinonnenuu 3ad0anuil 5-8 3anumiume xo00 peuieHus U NOJYUEeHHbLIL OMeem.

5. (2 6amna) PeOpo ocHOBaHUS MPaBWIIBHOW TPEyrojabHON MUpaMuisl 3 M, anopema 6M.
Haiinure niomians 60K0BOM MOBEPXHOCTH MUPAMUIBI.

6. (2 6ama) Jlnaronans Ky6a pasua V588, Haitaure ero o0bem.

7. (2 6anna) IIpsSMOYroapbHUK cO CTOpOHaMHU 8cM M 3cM BpalaeTrcs BOKPYr OOJbIIei
ctoponsl. Haliiure o0beM, miomna m 60KOBON M MOTHON MOBEPXHOCTEH MOTYyYEHHOTO Tea.

8. (2 Gamna) BbruMciauTh MOBEPXHOCTh KPOHBI KyCTapHHMKa, UMelomiero (opmy mapa
panuyca 0,5 M. B oTBeT 3anuiiure 4uciio, AEJIEHHOE Ha T.
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Imanonvt omeemos

Homep 1, 2 3 4 5 6 7 8
3aaHUs
OtBer B b b A 27 2744 72m; 48m; 64 1 1

IIpakTnyeckas padoraNe50
Tema 9.1 KoopauHatel 1 BEKTOPHI B ITpocTpaHcTBe. [IpocTeiimme 3aaaun B KOOpAUHATAX
Hean: HayuuThbes pewars npocTeimme 3a1aui B KOOpAUHATAX

TeopeTn'{eCKaﬂ 4acCTb:
(DOpMYJ'IBI ACJIICHU OTPE3Ka B JaHHOM OTHOHICHHWH Ha IJIOCKOCTHU

T Bix,;
Ecnu wusBecTHBI JBe TOYKH IUIOCKOCTHU A% s ¥ Bxgi ¥ 3}, TO  KOOPJWHATHI

A=
My -
Touxn ¥ Fae> Fae) , KoTopas jJemur oTpesok 4Z B oTHOmEHHM BM | pppaxkarorcs
dbopmynamu:
g+ A Yo+t A-¥g
Mgg=—2——= =x2# = 8

1+a Y 1+ 4

Pemenne 3agay:

[pumep 1

Haiitn koopauHaTHI TOUKH M | nensmeit orpe3ok A5 B oTHOmIEHNH '3 ecim msBecTHBI
A(5.3), B(-3-1)

TOYKHU
A
Pemenne: B nanHoOl 3amaue EM 3 Tlo dopmynam JeeHus OTpe3Ka B JaHHOM
OTHOILIEHNH, HAUJEM TOUKY M(Xae: P o) :
1
rrdxg 0T3P s 3
T R R i
* 1+ — —
3 3
1 1 8
3+ 3-- -
gy YatA Vs t3h 373 3 i,
M = = = T=T o=
1+ 4 1+l 4 4 34
3 3 3
OTser: M(3.2)

B 3agmaue He Tpebyercs CTpouUTh 4YepTeka, HO €ro BCErja IOJIE3HO BBINOJHUTH Ha
YEpHOBHKE:!
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And 1

JleiictBuTenbHO, cooTHomenre FAL 3 ppmonnsercs, To ects otpe3ok AN B Tpu pasa
xopoue orpeska £ . Eciam mpomopuust He OYEBUIHA, TO OTPE3KH BCEr[a MOKHO HU3MEPHThH
OOBIYHOM JIMHEUKOM.

[Ipumep 2

JlaHbI TOUKH KL L0 6) | Hagirn:

a) touxy ¥ | nemsmryro orpesok £L B orHOuIeHHH 47
6) Touky ¥, nemsmyro otpesox XL B orHomennn 43,

[Ipumep 3
Touka & npuuamiexur orpesky £47. UssectHo, uro oTpesok L% B nBa pasa miuHHee

D24, P[E; EJ
orpeska 7¥ . Haiitu Touky 7 | ecin S

Pemenne: U3 ycnoBus cienyer, 4To Touka £ menauT oTpe3ok L7 B oTHOmEHHH 21

fals
A=_"_=1
CUuTas OT BEPILIUHbI L) 10 ecTp, CIIpaBeIJIMBa MPOIOPIIUS: HP . ITo popmynam nenenus
OTpe3Ka B IAHHOM OTHOILICHUU:
Iptd- Xy ¥ot+d-¥e
XP = _— P = —_— -
1+ 4 1+ 4
L SN N LRI JEO I P SN S
3 1+2 3
d+ 2yg
2=T S44 iY==Yy =2 = ¥y =1
+
OTBer: {ERY
[Ipumep 4

Touka M € A5 Orpesok &M B monropa pasa xopoue orpeska AM . Haiitu Touky 4,

€CJIM U3BECTHHI KOOPAUHAT TOYEK B0 ML)

Pemenne B xoHIe ypoka. OHO, KCTaTH, He €JUHCTBEHHOE, €CIIU MOUAETE OTIUYHBIM OT
oOpasia myTém, To 3TO He OyAET OMOKOM, TJIaBHOE, YTOOBI COBITAIU OTBETHI.

@DopMmyIbl AeNeHus 0Tpe3Ka B JaHHOM OTHOIIEHHH B IPOCTPAHCTBE

JIJIs MPOCTPaHCTBEHHBIX OTPE3KOB BCE OYAET TOYHO TAK K€, TOJBKO JOOABUTCS €IIé OJTHA
KOOpJMHATA.

Ecan u3BecTHBI AB€ TOYKM NPOCTPAHCTBA Axg: ¥ 45240, BE5 ¥ p ZB:', TO KOOPAUHATHI

AAd
. . A=""
touxn ¥ Eaer Fae Zae) , KoTopas JemuT oTpe3ok A5 B orHOmEHMH BA | pppaxkarorcs
bopmymnamu:
X =:er,1+£-;{_E =yﬂ+z1-y3 - =zﬂ+z1-23
Mo ea M 1+4 M 14a
[Ipumep 5

JlaHBI TOYKHU A-3-3-4). 5(2-40) . HaiiTu KoOpAMHATBI TOUKH M MPUHAJICKAIICH

otpesky A, ecnu ussectno, uro M BM =4:2
Pemenue:
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Ilo dopmymnam KOOpAUHAT CEpEIUHBI OTpe3Ka:

L _Ti+2 1 , _CielCH_ 1 -4+20_ 4
My 37 M 1+2 T 3
2 11 4
M[—;——;——J
OrtBer: 3 3 3

[Ipumep 6

JlaHbI TOYKU B(-52,3), 04 2,

h 5:'. Haiiti KoopauHaThl TOYKH 4, eciu M3BECTHO, UYTO

oHa jienuT oTpe3ok P B orromennn 31,
DopMyIbl KOOPAUHAT CEPEUHBI OTPE3Ka

A | yacme M | yacme B
2 >3 ®
¥ _Mat X _¥atlVa
S 5 M‘T

HJ’IH MMPOCTPAHCTBCHHOI'O ClIy4das CIIpaBCIJINBA OYCBUAHAA AHAJIOTUA. Ecau nansl KOHIIBI

P E XpFaZ
0Tpe3Ka‘q( w7 4 20). BX5. ¥ 525) , TO KOOPJMHATHI €r0 CEPEANHBI M BBIpaxaroTcs hopMmyrnamu:

_ Xyt Xg y _YatVs _ _ZatZs

X
M 2 M 2 M 2
IIpumep 7
[Mapasnenorpamm ABCD 3a/aH KOOpAMHATAMU CBOUX BEPILUH
A4, 0, B4, 4), C(7, 2), D(-1,-2) . Haiitu Touky mepecedenust ero auaroHajien.
Pemtenue:

I[lo wu3BecTHOMY  CBOMCTBY, JUAarOHagu  IapajuleIorpaMMa  CBOEHM  TOYKOM

NrA;
MepECECUCHUS (xg: Fol JIEJISITCS TIOTI0JIaM, TI09TOMY 3a7a4y MOYKHO PEIIUTh IBYMS CIIOCOOaMH.
Cnoco06 mepBbIii: PaccMOTpUM MpPOTHBOIMONOXKHBIE BEPIIHHBI A(-4,0), €7, 2) . Ilo

dbopMynaMm AeneHus: oTpe3Ka Mmomnojam HaEM cepeHy AUaroHaIn AL
Xyt Ee —4+T 3  Yat¥o U+l

?

2 2 7Y a3

i

B pe3ynbrare: 2
Crioco6 BTOpoii: PaccMOTPHM TPOTHBOTONOKHBIE BEPITHHEl (443 D-L-2) g
gopMynaM  JeneHMs ~ OTpe3ka  Iomoilam  HaiigéM  cepeauHy — amaroHanm SO

3
1)
Taxum o6pazom: 2
3
)
Orser: 2
IIpumep 8
GOEE :
JlaHbl TOUKH 3 4 2 . Haiitu cepenuny & otpeska ¢

[Ipumep 9
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Touka M nemur  orpesok A5 momomam.  Haittm  Touky ¥, ecnum  m3BecTHBI
A2 0, -3), M5, -4,1)

TOYKHU
Pemenue: Mcnonszyem hopMysbl KOOpIMHAT CEPEIMHBI OTPE3Ka:
R - _FYat¥s L _ZatZs
M T T 4 MT T 4 ¢ M T 4
2 2 2

HaM Hem3BecTHBI KOOpAMHATEL ~2° #2221 cHOBAa MOHO BBIBECTH OOIIyI0 (OpMyIy
JUTS UX HaXOJKJCHUS, HO TOpa3/io Jierye cpa3y MoJICTaBUTh YKcia. TOIbKO IPOHMOPIUSIMU BEPTH:

5_ 2+ xg

=2+xp=10=x=48

—4=—D+23"3:~y3=—3

IIpakTnueckas padoraNe 51
Tema 9.2 Yron mexy Bekropamu. CKasipHOE TPOU3BEICHNE BEKTOPOB
Henab: Hayuntbcst HAXOIUTH CKAISIPHOE MPOU3BEACHNUE BEKTOPOB

Teopernveckasi 4acThb
Bekmop — 510 HanpaBiCHHbI NPSMOJUMHEUHBIM OTPE30K, TO €CTh OTPE30K, UMEIOUIUMI
ONpENETCHHYIO JUIMHY U OmpejaesieHHoe HampasieHue. [lycte Touka A — Hauyano BeKTOpa, a

ToukaB—~  ero  komen, Torma  BekTop  oOosHawaercs  cumBosioM 4B mm ¢

—da

Bekrtop BA yaspisaercs npomueononoxicuvim sextopy 4B u Moxker 6bITh 0003HaAYEH
Cohopmynupyem psist 6a30BbIX ONpPEaSICHUM.
Jnunoit v modynem sextopa 4B maspiBaeTcs mMHA OTpe3Ka M 0603HAYAETCS ‘ |
BexTop HyneBoii AMUHBI (€TO CYTh - TOYKA) HA3bIBACTCS H)J1€6bIM 0y HaIpaBJIEHUS] HE UMEET.

BexTo € CI[I/IHI/I‘IHOP'I JJIMHBI, HA3bIBACTCs COUHUYUHDBIM. EI[I/IHI/I‘IHBII\/’I BCKTO HaIpaBJICHHUC
3 5
a

KOTOPOro COBINagacT C HAIIPAaBJICHHUEM BEKTOpa a , HA3bIBACTCA OpmMom éeKkmopa
BGKTOpI)I Ha3bIBAIOTCA KOJlJIUHeapHvimMu, CCiid OHU JIC)KAT Ha OI[HOﬁ HpHMOﬁ WJIN Ha

NapaJUIEJIbHBIX  NPSAMBIX, 3aMUCBIBAIOT all b. KosmmHeapHble  BEKTOpbl MOTYT HMETh
COBIIAQJAIOIIME WM  IPOTHBOIIOJOXKHBIE  HampaBieHus. HyieBol  BEKTOp  CUMTAIOT
KOJIJTMHEAPHBIM JTI0OOMY BEKTOPY.

la=b)

BexTopsl Ha3bIBalOTCA paBHBIMU /, ecaM OHM KOJUIMHEApHBI, OJUHAKOBO
HaIpaBJI€Hbl U UMEIOT OJIMHAKOBBIC JTTMHBI.

Tpu BEekTOpa B IPOCTPAHCTBE HA3BIBAIOTCI KOMNAAHAPHBIMU, €CIIA OHU JIEKAT B OJHOU
IUIOCKOCTH WJIM Ha THapajulelbHBIX IUIOCKocTAX. Ecnm cpenu Tpex BEKTOPOB XOTs Obl OJMH
HYJIEBOU UITU JIBa MHO0BIE KOJUTHHEAPHBI, TO TAKHE BEKTOPHI KOMIUTAHAPHBI.

PaccmoTpuM B mpocTpaHCTBE MPSAMOYTOJIBHYIO cucTeMy koopauHaT 0Xyz. Bergennm Ha
ocsix  koopmuHaT  0x, Oy, 0z enuHuyHBIe  BEKTOpPHI  (OpPTHI) ©W  OOO3HAYMM  HX
qepes b Js k COOTBETCTBEHHO. BbiOepeM NMpou3BOJIbHBIN BEKTOpP MPOCTPAHCTBA U COBMECTUM
€ro HayaJlo ¢ HayaJioM KoopauHatT. CIIpOeKTUpYyeM BEKTOp Ha KOOPAUHATHBIE OCH U 0003HAUUM
MIPOEKIINU Yepe3 ax, dy, 8; COOTBETCTBEHHO. Toraa HETpyAHO MOKa3aTh, YTO
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a=a,-i+a,-j+a, -k

Ora dopmymna  sBusercs OCHOBHOM B BEKTOPHOM HCYUCIICHUHT u
HA3bIBACTCS PA3N0HCEHUEM 6eKkmopa no opmam KOOpOUHAMHBIX oceil.

Uucna ax, ay, 8; Ha3bIBAIOTCA KOOPOUHAMAMU  8EKMOPA @ Taxum o0pa3oM, KOOpJIUHATHI
BEKTOpa SBJIAIOTCA €ro NPOEKIMsIMU Ha OCU KoopauHar. BekropHoe paBeHcTBO (2.25) uvacto
3aMMChIBAIOT B BUJIE
a= {ax;ar;a:} HIIH a=(_ax;a‘.;az ] M
! ! . bl OyzneM HCHoJb30BaTh O0O3HAYECHUE
BEKTOpa B (PUIypHBIX CKOOKaxX, 4TOOBI BH3YyaJbHO JIETYE pa3inyaTh KOOPAUHATHI BEKTOpa U
KoopauHaThl Toukd. C ucnosb3oBaHueM (OpMYJbl JIMHBI OTPE3Ka, M3BECTHOM M3 IIKOJIBHON
TreOMETPHH, MOYKHO HATH BBIPAYKEHHE ISl BEIYMCICHHSI MOJIYJISl BEKTOpA:

- 2 2 2
al=.,ja; t+a, +a,

TO €CTb MOAYJIb BEKTOpa paBeH KOPHIO KBaApaTHOMY U3 CYMMBI KBaJIpaTOB €ro0
KOOpAUHAT.

O0o3HaunM  yrael  MEXIy  BEKTOPOM M OCSAMH  KOOpauHat  udepes a, J,
y COOTBeTCTBEHHO. Kocumycwl 5THX YITIOB Ha3pIBalOTCA s Bektopa ¢ manpaenarowumu, v

2 2 2
o+ B+ Ty =
JJISL HHUX BBITIOJIHACTCSA COOTHOIIICHHUC: S cas ’B e £ lBepHOCTL JAHHOT'O

paBeHCTBAa MOYKHO TOKAa3aTh C NMOMOIIBIO CBOMCTBA MPOEKIIUH BEKTOpPa HAa OCh, KOTOpOe Oyder
PacCMOTPEHO B HIIKECIICAYIOIIEM ITYHKTE 4.

[Tycth B TPEXMEPHOM IPOCTPAHCTBE 3aJJaHbI

a=1{x:y:2,}, b ={x,3»,:2,}, € ={x;33;52,}

BEKTOPBI e s 777 77 cBomMu koopauHatamu. Mmerort
MECTO CIIEAYIOIINE ONEpaluy HaJ HUMH: JIMHEWHbIC (CIIO)KEHHE, BBIUMTAHHE, YMHOXKCHHE Ha
YHCIIO W TMPOEKTHPOBAaHHE BEKTOpa Ha OCh WJIM JPYroi BEKTOp); HE JIMHEHHBIE — Pa3JInUHbIC
NPOM3BEICHUS BEKTOPOB (CKAJISIPHOE, BEKTOPHOE, CMEIIIAHHOE).

1. Cnoscenue nBYX BEKTOPOB MPOU3BOAUTCS MMOKOOPIMHATHO, TO €CTh €CITH

C=a+b,T0 c={x5;y5:2:} = {x3y ;2 3+ {xi0ni 2} = {0 + X000 +3032, + 23}

Jannast popmyra uMeeT MECTO AJIsi TPOU3BOIBHOTO KOHEYHOTO YHCIIA CIIaraeMbIX.

['eomeTpruecKH J1Ba BEKTOPA CKIIAIBIBAIOTCS MO ABYM TPaBUIIAM:

a) npasuno mpeyoibHUKa — Pe3yIbTUPYIOIUI BEKTOP CYMMbBI JIByX BEKTOpOB
COCIMHSAET HAYajo TEepPBOrO M3 HUX C KOHIIOM BTOPOTO TPH YCIOBHH, YTO HAYajJO BTOPOTO
COBMAJIae€T C KOHIIOM MEPBOTO BEKTOpa; ANl CyMMBI BEKTOPOB — PE3yIbTHUPYIOUIHI BEKTOP
CYMMBI COEIUHSET Hayajio MEPBOTO M3 HUX C KOHIIOM MOCJEIHEro BEKTOpa-cjIaraeMoro mpu
YCIIOBHH, YTO HAYajIo MOCJIEAYIOLIETo CIaraéMoro CoBMaIaeT ¢ KOHILIOM IPeJIbIIYyIIero;

0) npasuno napannenozpamma (111 1ByX BEKTOPOB) — TapajljieJlorpaMM CTPOUTCS Ha
BEKTOpaxX-CllaraéMbIX KaK Ha CTOPOHAaX, NPUBEACHHBIX K OJIHOMY Hadaly; JIUaroHaib
napaieiorpaMMa UCXO/ISIIast U3 MX OOIIero Havaja, siBISeTCS CyMMOW BEKTOPOB.

2. Boiuumanue nByx BEKTOPOB MPOU3BOJUTCS MMOKOOPIUHATHO, AHATOTUYHO CII0XKEHHUIO,

c=a-b
TO €CTh €CIIH TO

b
¢ ={x3;)3:23} = {xlé}": 23—zt ={0 X330 — iz — 2, )

FCOMCTpI/I‘{CCKI/I ABa BCKTOpa CKIAAbIBAKOTCA TI0 YK€ YIOMSHYTOMY IIpaBUITY
napamicjaorpaMmma ¢ y4€TOM TOro, 4YTO PA3HOCTBIO BCKTOPOB ABJICTCA AWAroHalb,
COCAMHAOMAsA KOHIOBI BEKTOPOB, MNPpHYCEM pe3y.HBTPIpy10H.[HI>i BCKTOpP HaAIIPpAaBJICH H3 KOHIIA
BbBIYUTACMOI'0O B KOHCI[ YMCHBITACMOI'0 BEKTOPA.

BaxxHbIM cjeICTBHEM BBIYHUTAHMS BCKTOPOB ABJIACTCA TOT (I)aKT, YTO C€CJIM HM3BCCTHBI
KOOpJHWHAThI HadaJla 1 KOHI[a BEKTOpa, TO 0/151 6bIUUCTICHUSA Koopdunam eéeKkmopa Heo0xo00umo
us KOOP@MHtlm €20 KOHUa ebluecmbsp KOOp@llHambl €20 Hauaa. I[eﬁCTBHTCHLHO, JII000MH BCKTOD
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npoctpancTBa 45 MOxkeT OBITh NPEACTABICH B BUJE PA3HOCTU JBYX BEKTOPOB, MCXOMAIIMX M3
Hayaja KOOPMHAT: AB=0B-04

Koopaunatsl BekTOpOB 04 yOB copnanator ¢ KOOpAMHATaMH TOoYeK 4 U B, Tak Kak
Hayasio koopauHat ((0;0;0). Takum o00Opa3om, MO MpaBUIy BBIYMTAHUS BEKTOPOB CIECIYET
MPOU3BECTU BHIYUTAHUE KOOPJMHAT TOUKH A U3 KOOPJIUHAT TOUKH B.

i-a= {in.),l..'l./”z }
3. Ymnoowcenue éekmopa na 4ucio A NOKOOPIUHATHO: A3 b
Ipu >0 — Bextop 9 conanpasnen ¢ ;1<0 — Bextop ¢ NPOTHBONOIOKHO
HarpasyieH ¢ ; |A|>1 — mmuna BexTopa € yBenmuuBaercs B A pas; |A|<1 - JUTHA
Bextopa ¢ ymenbaercs B A pas.
a—AB
4. Tlycth B MPOCTPAHCTBE 33JaHa HarpapicHHas npsimas (och l), BekTop 3aJaH

KOOpJMHATaMU KOHIIA ¥ Hayayia. O0o3HaunM mnpoekuuu touyek A u B Ha ock | cooTBeTCTBEHHO
yepe3 A’ u B’
ZFRi
a AB
eéexmopa “ na ocw | HazpIBaeTCs ANKMHA BEeKTOpa , B3dTas CO
ZFRi

3HaKOM «t», €CJIIn BCKTOP - u OCh | COHaIIpaBJICHBbI, u co 3HaKOM «—

np ;a

Ilpoexuyueit

ot

AB
», €CIIN ul IIPOTHUBOIIOJIOKHO HAITPABJICHLI.

Ecin B kauectBe ocu | B3aTh HeKOTOpHﬁ ,Z[perﬁ BCKTOp , TO IIOJIY4YUM IIPOCKIUIO

Bextopa ¢ Ha BekTOp b

PaccMOTpuM HEKOTOpPBIE OCHOBHBIE CBOMCTBA IPOEKIIMIA:

1) npoekuus BekTopa ¢ Ha ock | paBHa npoussenenuio Moxyns Bextopa ¢ Ha KocHHYC

np,a = |c_1| “COSQ

yria MeXAy BEKTOPOM H OChIO, TO €CTh ;

2.) IpOEKIMsI BEKTOpa Ha OCh MOJOXKHUTENbHA (OTpULIATENIbHA), €CTIH BEKTOp 00pa3yerT C
OCBIO OCTPBIH (TYIIO#) YroJl, ¥ paBHA HYJIO, €CIIH 3TOT yroJl — IPSIMOii;

3) mpoeKIHsl CyMMbI HECKOJIBKMX BEKTOPOB Ha OJIHY M TY K€ OChb pPaBHA CyMMe MPOEKLUi
Ha 3Ty OCh.

Chopmynupyem  ompefeneHuss U TEOpeMbl O  TPOM3BENEHUSX  BEKTOPOB,
MPEJICTaBIISIIOIINX HEJIMHEHHBIE OTlepalluy HaJl BEKTOPAMHU.

5. Ckanapuvim npouseedeHuem a-b BexTopoB ¢ u b nasesaercs wmeno (ckaisp),

PAaBHOC NPOU3BCACHHUIO IJIMH 3TUX BEKTOPOB HA KOCHUHYC Yyrjia ¢ MCXKIYy HUMH, TO €CTh

a-b= |c7|-|b|-coscp
O4eBHIHO, UTO CKaJSPHBIN KBaJapaT JII0OOro HEHYJIEBOTO BEKTOpa pPaBEeH KBaJpaTy €ro
JUIMHBI, TaK KaK B OTOM CJIy4ae yroil @ , T0O3TOMY ero Kocunyc (B 2.27) paseH 1.

Teopema 2.2. Heo6XoaUMbIM U JOCTAaTOYHBIM YCIOBUEM NEPIEHIUKYISIPHOCTH JBYX

BCKTOPOB SBJISACTCA PaBCHCTBO HYJIIO UX CKAJIAPHOI'O IIPOU3BCACHU A c:

Crneocmsue. HOHapHBIe CKaJIApHBIC TMPOU3BCACHUSA CAWHUYHBIX OPT PABHBI HYJIKO, TO

o, PT=iE=FE=0

Teopema 2.3. CkansipHoe IIPOU3BENICHUE JBYX BEKTOPOB

a={x:y:z}.b ={x:yuz.}
- - - - . 3aJaHHBIX CBONMH KOOpJAWHATaMH, paBHO
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CyMMC HpOI/ISBGI[eHI/Iﬁ nux OOJHOMMCHHBIX KOOpAUWHAT, TO

a-b=x; X, + Y, Yy +z;-2,0
€CTh AN S L SRR
C IIOMOIIIBIO CKAJIIPHOI'O IPOU3BEACHHSA BCKTOPOB MOXXHO BBIYHCIHUTH YI'OJ MEXAY
HUMMU. Ecnn 3aJaHbl JBa HCHYJICBBIX BCKTOpa CBOUMHAU
a={x;yuz}.b ={x:y2}
KOOpAUHATaMH - - - , TO KOCHHYC YIja ¢ MEXIY HUMU:

a-b
cos@ =———. TO €CTh
|- [

- 1.
COS'@ = 9 2 P 9 4.
\/xl‘ +y, +z -sz‘ +y, +2z,

Ortcroza ciienyet yclioBHe NEePICHANKYISIPHOCTH HEHYJIEBBIX BEKTOPOB
X)X, + Y1V, +2,2, =0.

a,b.

HaxoxeHrue mpoeKnuu BekTopa & Ha HampapieHMe, 3aJaHHOE BEKTOPOM b , MOXET
OCYILECTBIISATHCS 10 (POopMyIIe

- _a-b - XX, +Y,Y;+2,2,
np-a=——, TO CCTh = =
5 |b

S bel +b, +b°

C IIOMOIIBIO CKAJIAAPHOIO IMPOU3BCACHUA BCKTOpPOB HaxogsaT pa6 oTy

8| 1)

IIOCTOSTHHOM CHIIBI g5 Ha HpﬂMOJ’IHHGﬁHOM Y4acCTKe IIyTH.

Hpe,[[HOJ'IO)KI/IM, qTO II0A I[CﬁCTBPI@M MOCTOSSHHON  CHJIBI F MaTCprajibHad TOYKa

nepeMeniaeTcsl NpsSMOJIMHEHHO M3 TOJoXKeHus A B noioxenue B. Bekrop cuibl F obpazyer

puc. 2.14). ®usuka yTBEpXKIaeT, 4To padora

YO @ ¢ BEKTOPOM MEPEMEIEHHS - (
F S A=F-S-cosp,TOCCTb A=F-S

cnmer £ IIPU NIEPEMEILICHUH S paBHa

p— F
A S B
CHCI[OBaTCHBHO, pa60Ta MOCTOSIHHOM CHJIBI IIpu HpHMOHHHCﬁHOM INEPEMCIICHUN TOYKH
€€ MMPHUJIOKCHUSA PaBHA CKAJIIPHOMY MMPOU3BECACHUIO BEKTOPA CUJIBI HA BEKTOP MEPEMEIICHUS.

2

axb b c
Bexmopuvim npousgedenuem Bektopa 4 Ha Bextop Y HasmBaercs BekTop ©
Y/IOBIIETBOPSIOIIHIA CITEYIOITNM YCIOBHAM:

— ¢ nepnenmukynapes Bextopam ¢ u b ;

QY

el =[] [-sin e V
— HUMECT I[J'II/IHy, paBHYIO ; R rac (p — yTO.TI, O6pa30BaHHLII/I
BEKTOpaMH ayb ;
a.b uH¢e .
— BEKTOpBL  ° 00pa3yroT MpaByIO TPOUKY.
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Pemrenue 3agau:

[Ipumep 1
o =2, Bl=5. ﬂmﬂ:%

Haiitu ckanspHoe npousBeieHHEe BEKTOpoB ¢ u b ecmm

Th = |§| |§| cos (@ B)

Pemenne: Vcnonszyem  popmyny B nmaHHOM ciydae:

EE:}:YHH- cos (@, B)=2.5 cosg:m-g:ﬂxﬁ

OTtBer: ab = 5”‘6
[Ipumep 2

- Fl=3 =42 135°
Haiitu , €CIIn , @ YTOJI MEX/ly BEKTOpaMH paBeH .
VYo Mexy BEKTOpaMU U 3HAUE€HUE CKAJSIPHOTO IPOU3BEACHUS
B Ilpumepe 1 ckansipHOe MpoU3BEACHUE MOIYUUIIOCH MOJIOXKUTENbHBIM, a B [Ipumepe 2 —
OTpPHULIATENIbHBIM. BBISICHUM, OT 4ero 3aBUCHUT 3HAaK CKaJsIpHOTrO mIpousBeneHus. CMOTpUM Ha
T b= |§| |5| cos (@ B)

Hamy  popmyiy: JInuHBI ~ HEHYJEBBIX  BEKTOpPOB  BCeraa

77| = 0, |5| =0
TIOJIOKUTCIIbHBI: FI | , I0OOTOMY 3HAK MOXKET 3aBUCCTH TOJIBKO OT 3HAYCHHA KOCHHYCA.

< SE bk
Yron Mexay BEeKTOpaMH MOXKET M3MEHSTHCS B Ipenenax O=llgb)=m

BO3MOJHBI CJICAYIOIIHEC ClIydau:

, U IIpH 3TOM

I
0T b)) <—
1) Ecnu yroa mexay BEKTOpaMu OCTPBIii: 2 (or 0 mo 90 rpajycoB),

TO cos (&, 5) > U, U CKAJSIPHOE Tpou3BedeHue OydeT MOJI0KUTEIbHbIM: Zb >0 Ocobpiit

cllyyail: eciii BEKTOPbI COHanpasnensl, TO Yrol MeXJy HUMH CUMTAETCS HYJIEBBIM L@ b)= D,

U CKaIIPHOE MPOU3BEICHUE TaKXkKe OYJICeT MOJOKUTEIbHBIM. [locKombKy =78 0=1 10 bopmyna
z-&=a| p|
YIIPOIIAETCS: :

z < LT B <
2) Ecnu yroa mexay BEKTOpamH TYINOM: (ot 90 no 180 rpamycos),

10 FO3L(E &) {D, U, COOTBETCTBEHHO, CKAJIAPHOE IPOU3BeJeHHe OTPHUIATEIbHO! Zh <0,
OcoOblll citydail: eciu BEKTOPBI HAnpasnenvl NpOMuUEONONI0N#CHO, TO Yol MEXIy HHUMHU

CUUTACTCS  PA3BEPHYMbBIM. Lab)=m (180 rpanmycoB). CxkansipHOE€ TPOU3BEICHUE TOXKE

OTPHIIATENBHO, TaK Kak t93T = -1
CnpaBeIMBEI M 00paTHBIE YTBEPKACHUS:

1) Ecn zb >0 1o yrojl MeXIy AaHHBIMU BEKTOpaMH ocTphlif. Kak BapuaHT, BEKTOPHI
COHAIIPaBJICHBI.

2) Eciu @b <0 1o yroJl MeXJy JaHHbIMU BEKTOpaMu Tymnoil. Kak BapuaHT, BEKTOpBI
HaIpaBJIEHbl IPOTUBOIOIOKHO.
Ho oco0bl1it nHTEpec npencTaBiseT TPEeTUit ciryyait:

Lab==
3) Ecnu yroa mexny BEKTOPaMHU NPAMOM: , 2 (90 rpajaycoB),
T
cos—=10 -
TO 2 U CKaJISIPHOE TNPOU3BEJeHUE PABHO HYJIIO: zb =0 OOpaTHOE TOXE BEpPHO:
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s@h==

ccmn 2 =0 10 2 . KommakTHO yTBepyacHHe (opMymmupyercss Tak: CKaasipHoe
NMpou3BeJleHHe IBYX BEKTOPOB PABHO HYJIIO TOI/Ia M TOJBKO TOI/1a, KOI/1A JaHHbIe BEKTOPbI

OPTOrOHAJIbHBI. KOpOTKaH MareMaTndcCKas 3a11mucCh: gb=0=alb

A 4to Oyner, ecinu BEKTOp ¥ yMHOXUTh Ha camoro ce0s? I[loHATHO, YTO BEKTOp
COHAIPaBJICH caM C COOOH, MO3TOMY IOJIB3yEeMCs BBIMICYKA3aHHOHN YIPOIIEHHOW (OPMYIIOi:

72 =fal l
WUnn: aa = |E

Yucio % HazpiBaeTCs CKAJSPHBIM KBAPAaTOM BEKTOpa ¥ | M 0003HAYATCS KaK

|2

=2
[

Takum 00pa3om, cKAJNSIPHBIN KBaApaT BeKTOpa ¥ paBeH KBaJApaTy AJIMHBI JAHHOTO
BeKTOpa:

_1 -
z* =l
W3 nanHOro paBeHCTBa MOXXHO MOJYYUTh (OPMYJY Ui BBIYUCICHUS JUIMHBI BEKTOpA:

ol

Jns mpOM3BOJIBHBIX BEKTOPOB z,8,¢
CBOMCTBA:

U JII000ro 4mcia A CIIpaBCAJIMBBI CJICAYIOIINEC

1) gh=ba _ MePEMECTUTEIbHBIN WM KOMMYTATHBHBIN 3aKOH CKaJIIpHOTO
HpOI/I3B€ZI€HI/I$I.
2) (@+5)F =ac+&

o

— pacnpenenHTenLHHﬁ U I[I/ICTpI/IﬁyTI/IBHbIﬁ 3dKOH CKaJIAPHOI'O
IMPOU3BCACHUAA.

3) AF) b =Aab) _ oueratempmeii aCCOMATHBHBIN 3aKOH  CKaJISIPHOTO
npousBeneHus. KoHCTaHTy MOKHO BBIHECTH U3 CKAJISIPHOTO MTPOU3BEICHUSI.

pumep 3
Haiitn ckansipHOE TpOHM3BEICHUE BEKTOPOB © =—2@+b yd=a-%  ecnm ussectHo,

F|=42. Bl=8. z@& =2

qTOo 4 .
Pemenne:
F.g-

(—2F+5) (@-by="
—2Z.@+b-a+2z-bh-b.-bh=""
23 +F b +23-b-b =t

—2F* +3gh —bi=
~2f +3- | [p| cos 2@ B) - [ =
5

—2(4@}2+3-4ﬁ-8-cos§—82=—64+96ﬁ-;—64=—32

HO,Z[CTaBHHCM BBIPpAXKCHUS BECKTOPOB s d

PackppiBaeM cKOOKHM IO MPaBUITY YMHOKEHHUSI MHOTOUJIEHOB

B NNEpBOM U MOCICAHCM CJIaracMOM KOMIIAKTHO 3allMChIBACM CKAJIIAAPHBIC KBAaAPATHI
g=a', b.-b=5"

BGKTOpOBIa' Bo BTOpOM cJlara€MOM HCIIOJIB3YEM IIE€PCCTAHOBOYHOCTDH

=z 5

CKaJIIPHOT'O IIPOU3BE/ICHUS: b-a

[TpuBoauM o100HBIE clIaraeMble: Z-b+ix b =3ah

173



—a _2

43 .
B IMEPBOM CJIaracMOM HUCIIOJIB3yCM q)OpMyJIy CKaJIApHOTO KBaJpara | | , 0 KOTOpOou
HE TaK JaBHO YIIOMHWHAJIOCh. B IIOCJICAHEM CcJlaracMoM, COOTBETCTBCHHO, pa60TaeT Ta XK€

52 =pf
TyKa: |b . BTOpOC cjJaracmMoe pacKiiaablBacCM 110 CTaHHapTHOﬁ
F-b = | cosLiF@ b
dbopmye |a| |b| ¢ :I.
~ - T
g|=42, B|=8 z@i)==

HOI[CT&BJ'IHGM JAHHBIC yCJ10BUsA 4 y n IMPpOBOJIHUM

OKOHYATCJIbHBIC BBIYUCIICHUS.

Orger; d =—32
OTpuraresabHOE 3HAYEHUE CKAISIPHOIO MIPOU3BEACHUS KOHCTATUPYET TOT (haKT, 4TO yroJ

MEXLy BEKTOpaMH " * o SIBJISICTCSI TYIIBIM.
Pemienue ynpaxHeHuii:

[pumep 4
Haiit ckanspHOe HMpou3BeieHHe BeKTopos & = ~& T eh yd=-+&  ccnu ussectno,

F|=4. PFl=243. z@&5=2
qToO 6

IIpumep 5

o g|=3 Fl=2 z@®=Z
Haiitu nyimny BekTopa © = 7% + 3 , ECITH 3,
Pemenune

F|= |2+ 35| 2 (-7 +35)7 = a7 eah +957 = Jaf 6 [a] | cos 2@ )+ [ =
- JBE ~6.3. 2-cosg+9- 23 :J9—36%+36 =27 =33

OTBerT: |E|: 3”\'@ en. = 0,20 ex.
Lpuwmep 6

z|=5 [|=10, Z@ E):z—”
n

Haittu numy Bexktopa © =& T & , €CII 3

[Ipumep 7

=4, p|=2+2, a_=8.

Haiiti yron Mexay BeKTopamu # u b | ecnm mseectHo, uto |a|
Pemenne: Vcnonb3yem popmyiny:

@b a8 1 '\.IIE _ E

cos (@, b= — = =——=
@2) B p| 4242 W2 242z
cosi{&;gjzﬁ i(&;gjzmccosﬁzi
UTak, eciu 2 ro0: 24

2(F 8y =2 pan. = 45°
OTBerT: 4

[Mpumep 7

_ L@ 5 =

?T
7| = 3, L = 4 —_ .
Jlanb1 |c1| |27| — JUTHHBI BEKTOPOB | by YroJI MEXIY HUMU 3

. Haiitn

yroJ MEXIY BEeKTOpamu & = —eZ+3h d =4a-3b
3amganue Jaxe HE CTOJIBKO CIIOXKHOE, CKOJIBKO MHOT'0X0JI0BOE.
Paz6epém anroputm pemieHus:
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1) TTo ycmoBuio TpeGyeTcsh HAWTH Yrod MEXIy BEKTOPaMH & n d , TTOATOMY HY>KHO
~.  &d
coss(E, d )= —
-
UCTIOJIb30BaTh POpPMYITy .
2) Haxoaum ckaasipHO€e POU3BEACHUE £d (cm. TIpumepnr NeNe3 4).

3) Haxoaum JyIMHY BEKTOpa © U JUIMHY BEKTOpa d (cm. IIpumepnr NeNe5,6).

4) Konmoka pemenust copnaaaer ¢ I[Ipumepom No7 — HaM M3BECTHO YHCIIO , a

_ = £d

20T, d ) =atcoos [W}
3HAYUT, JIETKO HAWTHU U CaM yTrOJI:

Kpatkoe penienne u oTBEeT B KOHIIE YpOKa.
Bropoit paznen ypoka MOCBSIIEH TOMY XK€ CKaJSIPHOMY Mpou3BeAeHuio. KoopauHatel.
byner maxxe mpoiie, 4eMm B MEPBOI YaCTH.

[Ipumep 8
Haiitu CKaJIsIpHOE MIPOU3BEICHUE BEKTOPOB:

2 72-5 , BEL0)
6) AF u AT eenn nampt Touxu AL~ 530 B(0,1,-2), T4 -4, 0)
alab =-2, 6)AR AC=6

OTBerT:

[Ipyu HEKOTOPOM OIbBITE CKAIAPHOE NPOU3BEACHUE MOKHO IPUHOPOBUTHCS CUUTATh
YCTHO.

[Ipumep 9

Janbr YeThIpe TOYKH MPOCTPAHCTBA

Al-d =3 -2, B2 -2, -3, 08, -5 1), D4, -3, -1)

NEePNEHANKYJISIPHBIMU CIIEAYIOIINE MPSAMbIe!
a) A8, DT

6) Al BD .
[Ipumep 10

HpI/I KaKOM 3HAa4YCHHUH A BCKTOPBI

BrisicHUTH OynyT I

as A -d), -4 -1 OyIyT OPTOrOHAIBHBI?

Pemenue: [Io ycioButo TpeOyeTcss HaWTH TaKoe 3HaUECHHWE TapaMeTpa *’1, YTOOBI
JIaHHBIE BEKTOPBI ObLTH OpPTOTrOHAJIbHBEI. Ba BEKTOpa

IIPOCTPAHCTBA P vy vl Wy vy, ) OPTOTOHAJIbHBI TOTAa u TOJIBKO TOra,
xorma 1M VW VW = 0
CocraBuM ypaBHEHHUE:
ah =10
3.2-D+A-D+(-2)-5=0
PackpbiBaeM cKOOKM U TIPUBOAMM MOAOOHBIE CllaraeMble:
6-31-4A-10=0

-4A-4=0

Pemraem mpocreiiniee TMHENHOE ypaBHEHHE:
-4i=4

A=-1

OtBert: npu A=-1
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[pumep 11

IIpy KaKoM 3HAYCHHH & CKAISPHOE NPOU3BEICHHE BEKTOPOB
paBHO —2?

2@ D.E@ -3 gyner

Haiitu ckansipHoe npousBeieHHE BEKTOPOB ¥ plft+d oo © 0 =330, d (=4 1.0)
Oro nmnpumep I8 CaMOCTOSITEIBHOTO pEIICHHs. 37eCh MOXHO HCIOJIb30BaTh

aCCOIMATUBHOCTD OIEPAIIUH, TO €CTh HE CUMTATh 32 =30-32=(0,-%15) , @ Cpa3y BBIHECTU
TPOWKY 3a MpeJelibl CKaJsIPHOIrO MPOU3BEACHUS U JOMHOXUTH HA HEE B MOCIEIHIO OuYepellb.
Pemenue u oTBET B KOHIIE YpOKA.

B 3axmouenue naparpada npoBOKalMOHHBIA IPUMEp HA BHIYHUCIICHHUE JITMHBI BEKTOpA:

[Ipumep 12

JlaHbl TpU BEPUIMHBI TPEYTOJIbHUKA A-L0), 8(3,2). 06 - 4) . Haittu £48C (yros mpu

BepmmHe & ).
Pemenue: [1o ycrnoBuro yepTéx BHIIOIHATH HE TPEOYETCs, HO BCE-TAKU:
H A 3 : :

Haiiném BexTOpsI:

BA(-1-30- 2= BA(—-4. - 2)
BO(5-3%—4-2)=BC(2,—-6)
Brruucnum ckansipHOe POU3BEACHUE:
BA BT =—4.2-2.(-8)=-8+12=4
W nnvHBI BEKTOPOB:

|E|= () +(-2)* = . [T6+4 =20 = 2.5
|ﬁ|=,322+(—6 Yo 4136 = Jan =210

Kocunyc yrna:

— —.  BA.BC 4 1 1
coss B, BCNY = — = = =
( ) gdl.[Bc| 245 2410 50 542
cosi(ﬁ;ﬁ):%'gc = —4 -2 Y =
BA|BC|  J(—4P +(=2)* 2"+ (-6)
—8+12 4 4 4 1

T 1644 JA136 20 /40 B00 2042 542

Haitném cam yrou:

i(ﬁ; E} = arccos

e 1 A5 pan, s B2°

1
542
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1
SZABC = arcoos = 1,43 pag. = B2°
OTtBert: 5\'@

[Ipumep 13

B MIPOCTPAHCTBE 3a/1aH TPEYrOJIbHUK KOOpJAMHATAMHU CBOUX
BEpILINH ALTL D, 430,00, 4(23.7) . Haiitu yron Mmex1y cTopoHamMu A4 u A4,
[pumep 14

C MoMOIIIBIO CKATISIPHOTO MPOU3BE/ICHHSI BEKTOPOB HAWTH YToJ IpH BepiHe A MapasuieiorpaMmma

AR =[R20\ v AC={3_5_1
ABCD, mocTpoeHHOro Ha BEKTOpax AB =8:2;05 1 AC {3’ 3Ly

Pewenue. Berancioum MOAYJIHU BEKTOPOB U UX CKAIAPHOC IIPOU3BEACHUEC I10 TCOPEME!

4B =8 +27 +0> = J68;  |AC|= 3> + (- 5F +(~1) = 0+25+1 =4f35;
AB-AC=3-8+2-(-5)+0-(-1)=14.
Ortcrona cornacHo gopmyiie (2.29) noiay4uM KOCUHYC HCKOMOTI'O yria

cosQ =

S T 0,3. ClemoBaTelbHoO, £ @ = arccos0,3 ~72°
A[68-4/35

IIpakTu4yeckasi padora Ne 77

Tema 13.3: IIpakTUKO-OPHEHTHPOBAHHEIC 3aa4l HAa KOOPAUHATHOM MIIOCKOCTH
Henab: Hayuntbes pemars 3a1a4u Ha KOOPAMHATHOM MIIOCKOCTH

Teopernyeckasi 4acTh:

&———  TlnocTeHnme BEI[EI'-IHB EOODIMHMHATEE
1. Koop opmaTei cepemiHET oTpeska i

2. J M eKTona (TI0 eT0 K00p IHHA TaM)
Tk

24

;A{Ii: y£: 2i) A
| f Tl 2) :

: k|
Blxy; ys 23) o
........................... —- H W g A.{.
X ¥ ) [
. . : A,
KoopaiHI TR (D enIHET TOYKH (5 X Y2} : S
EEKTOpA /18 : Fx
BREIMHCIIAETCAIIO 0 . . Lo
_ % $1F'u1'[5‘&UI’Ez 21122 JIHED Ee Topa ey 2]
Civ yas = — ;

§ ERIUHCILE TCA IO QD@EE
Z Z 2 e = w4 ¥ b x?
Famedas koapdiHama cepetiiHel QIPEINT PasHR
FUOIVCVAMAE © O S8 I HEVIITLYLD, KO POILHA W 820
HOHIE. :
L
3.

Pacc ToAEDIIe MeEIV OB VMA TOMKAMIL
<

MalXs Yo Ty)

PaccToammie MEeFTY TEYILA TOYEANIT
H
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https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/42.jpg?attredirects=0

Penrenne 3agau:

1. Haitiute koopauHatsl Bektopa A#, ecmu ALH ~hidyy #{2 -4}

Hano: Pewenue:
AE 08y | dB iyt wf2 o 3 (e Do (=15 4 2348 Koop
""" fe1;{h 2} MHATBI BEKTOpa IO JBYM TOYKaM.
""" Ty 2) HaxoauM KOOpIMHATHEI BEKTOpA: U3 KOHIA
BEKTOpPAa BBIYMTAEM 3HAYEHHE KOOpPAWHAT Havaja
AR BEKTODA.
-2

Omeem: "AB”""~ {—1,0;2}

2.
ec Al 3 =iy
H{~d12, 03,
Hegia:
ALE T -
G2 200

Touxa A —

FoopmeHaTEL ceje MHHEL BeRTOpa (dopmam);

Miv v

cepenuHa orpe3ka AH. Haiinure koopauHaTel TOYKH A,

Paiasue:

[N | e,
L o

"
Ve f
r e

vk b

2 2 =
N (b e 2% 54 2 fedipil
Moo wy - : O op 2% 54 2 f )
EA I P A AP A jr.l'ri.k\. P’,.(rj { - . . . /I
Mooy {45 -0
Evmgern: M{—1; 2.0, —2)
o —_—
3. Haiinure nmnay BekTopa AB, eciu
Hano: Peuienue:
Af=1;0027 b RS posopi 10 2l ROORBIEIAY

BCE 2030

AB = (x,

AR SN TRE UK LA

95 Yo Vi #y v #)

Tloarevamsias 1Dy IS Sk EOyRE

ERtgem: |;’-tw§ | a3

4.
y/
ano:
afd 2,1}
BEKTOPOB:

B33 1
fi-34:2, 1%
%Ei' s Iv:ll -0

i+ BT T T = V6

Omeem: i‘i + E{E =%

frrpe———
VI DA T e Ve

JlaHbl BeKTOPHI f3: 2 1], B3 1 n -3 2 10 Haiinure lé+ B}

Pewenue:

Haiitem  cymMy  COOTBETCTBYIOIIMX  KOOpJAMHAT

HOJICTaBI/IM S3HAYCHUA KOOpAWHAT:
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3agayaNes. Hantu naowaab TpeyronbHUKA,
BEPLUMHbI KOTOPOro HaxoaATcA B Toukax A(2;-3),
8(111)1 C('615)

3anady O4€Hb MPOCTO PEHIUTH, BOCMOIb30BaBIIMCH

dbopmyrtoit

S :%[(xl —x3)(y2 —y3)—(x2 —x3)(y1 - J’3)]

B KOTOPOM HY’KHO B3SITh X; = 2, X, = 1, x5 = -6,

y1=-3,y,=1,y;=5.
[ToxcTasnss 3Tu yucia B GOpMYITy, TTOJTYIUM

S=12 kB. en.

6. [Toctpouts Tpeyroapuuk ¢ BepimHamu A (— 4; 2), B (0; — 1) u C (3; 3) u onpeaenuts

€TI0 IICPUMCETP U YTJIbI.

Pewenue. YToObl BBIYHCIUTH NEPUMETP HEOOXOAMMO HAWTH JJIMHBI CTOPOH

TpeyrojibpHuKka. Haiinem anuuel cropoH no dpopmyne (1):

Torna

d =AB=y/(0+4)? +(-1- 2)> =/16+9 =5_
dy =BC =/(3- 0% +(3+1)? =/9+16 =5_
dy =AC =y(3+4)? +(3- 2)* =49 +1 =/50 =542

[Tepumetp BeruncauM 1o Gopmyne p = di + dz + ds, T. €.
p =5+5+5+2 =5(2++/2) =171

Belinonaum uyeprex.
Tak kak TpeyrojibHUK PaBHOOEAPEHHBINH, TO YIJbl IPU OCHOBAHUMU PaBHBL, T. €. O = 7.

B=180—-a—-a=180—-2-a

[To TeopeMe KOCUHYCOB HalIEM yroJ .
BC?= AC? + AB*+ 2-AC-AB-cos .

52 =(5\/§)2 +52 - 25542 cosa

N

0 _v2
5042 2

25:50-1-25-50-\/50)5(1 = cosa =
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T
o =—
T. €. 4= 45° 3pauut B = 180° — 90° = 90°. Crie0BaTENBLHO, TPEYTOIBHUK SBIIIETCS

MPSIMOYTOJIBHBIM.
7. Jlansl  Bepmuubl Tpeyronbuuka ABC: A (1; 5), B (9; 10); C (10; 3). Omnpenenuth
KOOPJIMHATHI TOUKH IEPECEUCHUsI MEIUaH TPEYrOJIbHUKA.
Pewenue. Cnauana HaiijeM KoopAauHaTel Touku D cepenuubl OIHOM U3 CTOpOH,
HanpuMep cTopoHbl AB. [{ist aToro Bocmonb3yeMes hopmynoit (3):
149 5+10
= =§ y=
2
Touka M, B KOTOpO# MepeceKkaroTcss MeauaHbl, JeTuT oTpe3ok CD B oTHomeHnun 2:1,
cuutas ot Touku C. CnenoBarenbHo, KOOpAUHATH TOUKU M onpezenstores 1o gopmymnam (2):

X =75

X_x3+2xD _10+10 _E_ _y3t+2yp _3+15 —6
1+2 3 37 Y 142 3 _
ml 226l
Omeem: 03 I

8. Ussectubl Touku A (— 2; 5),B (4; 17) — xouusl orpe3ka AB. Ha stom otrpeske
HaxoauTcsi Touka C, pacCTOSIHUE KOTOPOW OT TOYKH A B JBa pasa OOJbIIE PACCTOSHUS OT
Touku B. Onpenenuts KoopauHaThl TOYKU C.

Pewenue. Tax xak |AC| = 2-|CB|, To A = |AC|:|CB| = 2. CriegoBaTensHo,

_-2+24 6_, _5+217 39
T o1+2 3 T 1+2 3
Omeem: C (2; 13).

13

b

IIpakTuyeckas pabora Ne52
Tema 9.3 KoutpoipHas padorta 1o pasaeny 9 «KoopauHaThl 1 BEKTOPBD)
Heab: [IpoBepuTh ypoBEeHb YCBOCHHUS TaHHOTO MaTepuana no paszneny 13 «KoopauHater
H BCKTOPBD»

Ilpu pewenuu 3a0anuni 1-4 3anuwiume npaguibHLIL OmMEem U3 UYemulpex
npeooIceHHbIX.

1. (1 6amn) Jausl Touku A(1,0,5), B(-2,0,4), C(0,-1,0), [1(0,0,2). Kakue u3 HuX nexar Ha
KoopAuHaTHOH npsiMoit Oy?

A)A;B)B; B)C; IN) L.

2. (1 6amn) Kakue u3 BexkropoB a(1,0,-1), c¢(1/3,2/3,-2/3), B(1,1,1), p(0,0,-2) sBnsroTcs
€IMHUYHBIMU?

A)a;b)c;B)B; ) p.

3. (1 6amr) Kakue u3 Bexropos a(1,2,-3), ¢(3,6,-6), B(2,4,-6) komumnHEeapHbI?

A) a, B; b) ¢, B; B) a, ¢; I') konmHeapHbIX BEKTOPOB HET.

4. (1 6amm) Hamer Touku A(2,0,5), B(2,4,-2) C(-2,6,3). CepenuiHOii Kakoro OTpe3Ka
sBisiercs Touka M(0,3,4)?

A) AB; b) BC; B) AC; I') CB.

Ilpu évinoanenuu 3a0anuil 5-8 3anuwiume x00 pewienusn u nOJy4eHHbLL OMEEm.

5. (2 6amna) [daner Bektopsl a(-6,0,8), B(-3,2,-6). Haiimute ckansipHOE TpPOM3BEIACHUE
BEKTOPOB.

6. (2 6aa) [Tpy KakKMX 3HAYEHUAX 1 BEKTOPHI A (4,11,2), B (1,2,I1) neprneHauKyIspHbI?)

7. (2 6amma) Hanmsl BekTopwl a(-6,0,8), B(-3,2,-6). Haiinure KocHHYyC yriia MexAy
BEKTOPAMH.

8. (2 6ayuna) Jlansl Bexktopsl B{3,1-2}, ¢ {1,4,-3}. Haiitu ninuHy BeKTOpa 2B-C.
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Omanonuvt omeemos:

Howmep
3a/1aHMs

1

2

OTtBeT

B

B

-3/7
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