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Hosacnumenvnasn 3anucka

Meroandeckue peKOMEHJAIMK MPU3BaHbl OKAa3bIBAaTh IMOMOIIb CTYJEHTAM B H3YYCHHH
OCHOBHBIX TOHSITUM, WUJEH, TEOPUN U TMOJOKEHUN AUCUUILUIMHBI «MaTeMaTukay, u3ydyaeMbiX B
X0J1€ KOHKPETHOTI'O 3aHSITHS, CIIOCOOCTBOBATh PA3BUTHIO X YMEHHUN, HABBIKOB U SIBJISIFOTCS OJTHUM
13 CIIOCOOOB MPOBEPKH 3HAHUH CTYJICHTOB.

BrimonHeHue yqamuMucs IpakTHYeCKUX padoT HAMPaBIeHHO Ha!

- 0000IIeHHEe, CUCTEMATH3AIIHIO, YTITYOJIeHUE, 3aKPETICHHE TTOTyYEHHBIX TEOPETHUECKUX
3HAHUHM IO KOHKPETHBIM TEMaM;

- popMuUpOBaHUE YMEHUU MPUMEHSTH MOJTYYCHHBIC 3HAHUS HA MPAKTHKE W PEaTH3AIHI0
€IMHCTBA MHTEJUICKTYAJIbHOU U MTPAKTUYECKON JCATEIHHOCTH,

- Pa3BUTHE HMHTEIUICKTYAJIbHBIX YMEHUH Yy OyIyIIMX CHCIHAIMCTOB: aHATMTHYCCKHUX,
MIPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX U JIP.;

- BBIPaOOTKY MPU PELICHUH MTOCTABIEHHBIX 33/1a4 TAKUX MPO(ECCHOHATBHBIX Ka4eCTB, KaK
CaMOCTOSITEJIbBHOCTh, OTBETCTBEHHOCTh, TOUHOCTh, TBOPUYECKAsI MHUITUATHBA.

[Tpu poBeAcHUH MPAKTUICCKUX pa0dOT yueOHas TPyIna MOXKET ICTUTHCS Ha TOTPYIIITBI
YHUCJIICHHOCTBIO HE MCHBIIIC 8 YEIIOBEK.

Kaxxnas npaktudeckas paboTa COCTaBlIeHa ¢ BEAYIIEH AUIaKTHYECKOM 1EIIbIO -
dbopMHUpOBaHKE MPAKTUUECKUX YMEHUM.

Copep:xaHue MpakTHYECKUX padOT HAIEJIEHO U Ha pa3BUTHE MPO(ECCUOHATBLHBIX YMEHUIN
U  HaBbIKOB. BpImonmHeHWe  pacu€roB, uepTeXeil, HHCTPYKTUBHBIMH  MaTepHallaMH,
CIIPaBOYHHKAMHU, yMEHHE MOJIb30BaThCS COBPEMEHHBIMHU nH(pOpPMaMOHHO-
KOMMYHHKAIIMOHHBIMH TeXxHoJorusiMu. Hapsay, ¢ ¢dopMmupoBaHreM yMEHHA W HaBBIKOB, B
IIPOLIECCE BHIMIOTHEHUS MTPAKTHUYECKUX paboT 0000IIat0TCsI, CUCTEMAaTU3UPYIOTCS, YIITYOISI0TCS U
KOHKPETU3UPYIOTCSI TEOPETUYECKHE 3HAHMS, BbIPA0ATHIBAETCS CIIOCOOHOCTH W TOTOBHOCTH
HCIIOJIH30BaTh TEOPETUUECKHE 3HAHUS Ha MTPAKTUKE, PA3BUBAIOTCS MHTEIUICKTYaIbHbIE YMEHHUS.

B nmaHHBIX METONMYECKHX YKa3aHUSX B Hauvaje KaXJOM TEeMbl KPAaTKO M3JIararoTcs
OCHOBHBIE TEOpPETHUYECKHE CBeACHUs (orpenencHus, (HOpMyIbl), HEOOXOAUMBIE ISl PElIeHUs
nocneAyomux 3aaad. [IpuBoasTcs pemeHns TUIOBBIX MPUMEPOB U 3a/1ad. JlatoTcs ynpaxHeHUS
JUTSI 3aKpeTIeHUs] MaTepuana.



IpakTnyeckas padora Nel.
Tema 1.1: Llenu u 3a1aun MaTeMaTUKU IPU OCBOEHUH CIIEUATBHOCTH.

Heab: OnpeneneHre OCHOBHBIX LIE€TICH U 3a/1a4 U3yYEHHUS] MATEMAaTUKH [P OCBOCHHUH
npodeccuu; aKTyaIn3anus 1 CHCTEeMaTH3alisl OCHOBHBIX 3HAHUHN M3 IIKOJILHOTO Kypca
MaTeMaTUKH

Teopernueckasi 4acTh:

I'maBHass 0cOOEHHOCTH OOPA30BATEIBLHOM CHUCTEMBI 3aKJIIOUAETCS B TOM, YTO OCHOBHOM
LENbI0, CTOSMIeH mepea Y4eOHBIMH 3aBEICHUSMH CHUCTEMBl CpPEIHEro MpogecCHOHATHLHOTO
o0Opa3oBaHus, SBISETCS MOJATOTOBKA BBICOKOKBATU(UIMPOBAHHOTO CIEUANINCTA B JaHHON
o0nacTH.

Lenb u3yueHuss MaTeMaTUKU B CPEJHUX CHEIHAIBHBIX YU4E€OHBIX 3aBEJCHHUSIX COCTOUT B
TOM, YTOOBI YIIIyOWTH 3HAHUA 10 W3YYEHHBIM B CPEIHEH IIKOJE pa3lieliaM U O3HAKOMHTBHCS C
HEKOTOPBIMU HOBBIMU pa3/ieJlaMH MaTeMaTHUK{ (aHATUTHYECKONW TreoMeTpHueil, Teopuei
QG epeHInaIbHbIX ypaBHEHUH, TEOPUEH BEPOATHOCTEH, U JIp.), KOTOPBIE 00O0TamaloT OOIIyI0
KYJIbTYPY, Pa3BUBAIOT JIOTMUECKOE MBIIUICHHE M HIMPOKO HUCHOJB3YIOTCS B MaTeMaTHUYECKOM
MOJICIIMPOBAHUH 3a/1a4, C KOTOPBIMH BCTPEUACTCS COBPEMEHHBIN CIIEUAIUCT B CBOECH
JEeSTeNIbHOCTH. [ TaBHas 11eb U3YYeHHsS] MAaTEMATHKU CTYJEHTaMHU CPEAHHUX MPO(PECCHOHANTBHBIX
y4eOHBIX 3aBEICHUI COCTOMT B TOM, YTOOBI MaTEMAaTUKy MOXKHO OBUIO NMPUMEHAThH. VIMEIoTCs B
BUJy NMPUMEHEHHUS B CAMOM IIMPOKOM IUJIaHE: HE TOJIbKO Ha MPOM3BOJACTBE, HO U B JPYTUX
TUCHUTUTMHAX, MPH YTCHUH CIEIHaIbHONH W TOIYJSPHOW JIMTEpaTypbl, B OBITY; KpOME TOTO,
OCHOBHBIE MaTeMaTU4YECKUE IMOHSATHS MO3BOJIAIOT TIy0Ke OCMBICIMBATH pa3ludHbIe (DAKTHI,
BUJIETh MX OOIIME YePThI; HABBIKA PAa3yMHON TOYHOCTH MOTYT TOMOYb ()OPMYITMPOBATEH MBICIH H.
T. 1.

- OOydeHusi mMareMaTWKe JOJDKHO O0JIafaTh CBOWCTBaM (yHIaMEeHTanbHOCTH. Llenb
oOecrieueHns (pyHIaMEHTAIbHON MaTeMaTH4eCKOil MOATOTOBKH B CpeJHEM MPOGECCHOHATLHOM
00pa30BaHUM U CIIEIUANN3ALNH, IT0 KOTOPOH MPOUCXOAUT O0yYEHHE, COCTOUT B TOM, YTO KypC
MaTeMaTHKH JIOJDKEH O3HAKOMHUTH CTYAEHTOB C OCHOBOIOJArarollMMU MaTeMaTHYEeCKUMHU
MNOHATUAMH U (DaKTaMH, 00eCIeunTh YPOBEHb MATEMAaTHYECKMX 3HAHUH, YMEHUH W HaBBIKOB,
rapaHTUPYIOUIMX OBJaJleHNe (PyHTaMEHTOM CHEIHAIbHBIX JUCLIUIUINH.

- Bropas mens - opueHTaIms MaTeMaTHIeCKOH MOITOTOBKH Ha CIIEIUABHYIO TIOJTOTOBKY
CTYI€HTa, TO €CTh HEOOXOAMMOCTh B Ipoliecce 00ydeHHs] OPUEHTHPOBATHCS Ha TIyOOKOoe U
MIOJTHOE YCBOGHHWE CTYIEHTAMH Pa3/IejiOB MaTEMAaTHKH, SBISIONIMXCS 0a30i U1 OCBOSHHS psija
CHeUHaNTbHbIX TUCHMIUIMH. [Ipy 3TOM 3HaHUS CTYJEHTOB 10 OCTAIBHBIM pa3JiesiaM Kypca J10JIKHbI
OBITH TOCTATOYHBIMH JUISI OCBOCHHS MTPOPECCHOHATHFHO 3HAYNMBIX 3HAHU.

- TpeTbst 1enb MaTeMaTHYECKOro 00pa3oBaHuUs B CPEAHUX MPOPECCHOHATBHBIX YUEOHBIX
3aBEJICHHSX - ITOATOTOBKA CTYJEHTOB K UX MPO(GECCHOHATBFHON AEATEIbHOCTH, HAIIPaBICHHON Ha
yMeHue OyAyluX CHEHUAIUCTOB TNPUMEHATh MaTeMaTHYecKue 3HaHUS B CBOEH
npodeCCHOHATBPHON NesTenbHOCTH. J{JIs ee peann3anuu cieayeT HaloJIHUTh MPOopecCHOHATHHO
Ba)XKHbIe paszjensl Kypca «MaremaTuka» 3agadaMu IpodeccroHaIbHOro coaepxkanus. Kypce
MaTeMaTHKH B CpeIHEM IMpo(ecCHOHATLHOM 00pa30BaHWU HECET IABOWHYIO Harpy3Ky — Kak
CaMOCTOSITENIbHBIA y4eOHBIH MpeaMeT, B KOTOPOM JIOJDKHA COOJIIOJAThCs CTpOrasi JIorh4eckKas
MIOCJIEIOBATEIFHOCTD M3JIOKEHUSI MaTepraia, U KaK ammapar s IHPOKOTo TPUMEHEHHS ero B
CHEeUMaNbHBIX JUCHMIUIMHAX. V3ydyeHue MareMaTuku B cpelHeM MNpoecCHOHATHLHOM
00pa3oBaHNM HAMPABJICHO HAa GOPMHUPOBAHKE 00IIEYIEOHBIX KOMIIETEHIIUN IO YEThIPEeM OJI0KaM:
caMOOpraHu3alK, caMo00y4YeHus, UHPOPMALIMOHHOMY, KOMMYHUKAaTUBHOMY, @ Ha UX OCHOBE
oOumx komnereHuui. OOume kommereHiuu (OK) dopmupyrorcs B mporecce yueOHOW U
BHEAYJAUTOPHOW CaMOCTOATENbHOM JIEATENIbHOCTH CTYAEGHTOB TMPH HM3YyYEHHUH MpeaMeTa.
[Iporpamma y4eOHOTO TmpemMeTa OpPWUEHTHPOBAaHA HA JOCTIIKEHHE CIEAYIONINX IeNei: —
oOecrieyeHre chOPMUPOBAHHOCTHU MPEACTABICHUHN O COLMAIBHBIX, KYJIbTYPHBIX U UCTOPUYECKHUX
(dakTopax CTAaHOBJICHHS MAaTEMAaTHKH; — o0ecrnedeHue CcHOPMUPOBAHHOCTH JIOTHYECKOTO,



QITOPUTMUYECKOTO U MATEMAaTHUECKOTO MBIIIIJICHUS; — 00ecredeHrne chOpMUPOBAHHOCTH YMEHUN
OPUMEHATh [IOJIyYEHHbIE 3HAHMsS TMpU pEIIeHHM pa3IMuyHbIX 3ajad; — obecredeHue
c(OPMHPOBAHHOCTU TIPEACTABICHUI O MaTeMaTUKE KaK YacTH OOLICUEIOBEUECKOW KYJIbTYpHI,
YHHUBEPCAJIBHOM fA3bIKE HAyKH, IO3BOJISIOIEM OIMCHIBATh M H3ydaTh peajbHbIC IPOLECCHl U
apineHus. ['nmaBHOM 3amauelt oOpaszoBanuss B cucreMe CIIO sBiasercs nDOArOTOBKA
BBICOKOKBJIN()MIIMPOBAHHBIX CIELUATUCTOB, KOTOPbIE JOJDKHBI 3aHATh CBOE MECTO Ha
KOHKYPEHTHOM pBIHKE TPYJa.

Bonpocsr:
1) HazoBuTe 1enp u3ydyeHus MaTeMaTHKU B CPETHUX CHEIUAIbHBIX YUeOHBIX 3aBEICHHIX
2) B yem cocrout rnaBHas 3agada oopaszoanus B cucreme CI1IO?
3) IlpuBenuTe mpuMepsl UCIIOIB30BAHUSI MATEMATHKH B Balllel Oyayiiei npodeccuu

Pelnenne 3axanui:

B1. [Toka3anwust cueTdnka anekrposHeprun 1 Mast cocraisu 37192 kBt /4, a 1 uronst —37 292 kBt
/4. CKOJBKO HYXHO 3aIIaTUTh 32 3JIEKTPO3HEPTHIo 3a Maii, eciiu 1 kBT /4 anekrposHepruu crout
4 py6. 17 xon.?

B2. Ha pucyHke >KUpHBIMH TOYKAMHU MOKAa3aHO CYTOYHOE KOJIMYECTBO OCAJKOB, BBINAJABIINX B
Kazanu ¢ 3 nmo 15 ¢espans 1909 ronma. Ilo ropusoHTanu ykasbplBalOTCS 4YUCia MecslUa, IO
BEPTUKAJIM — KOJMYECTBO OCAKOB, BHINABLIMX B COOTBETCTBYIOIIUH J1€Hb, B MIULIUMETpax. s
HATrJISITHOCTH JKUPHBIE TOYKH Ha PUCYHKE COSCAMHEHBI JIMHUEH. OnpenenuTe 1Mo pucyHKy, CKOJIBKO
JTHEeW U3 JaHHOTrO Nepuojia Bblnasano 0osee 3 MUIUIMMETPOB OCAIKOB.
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B3.Haiinure 3HaueHNE BBIPAKEHUS ab npu 4 = 0, 8; b=1 ,5; c=0,84,

B4. /{5 TpaHCcOpTHPOBKU 3 TOHH Ipy3a Ha 50 KM MOYKHO BOCITIOJIb30BAThCS YCIIyTaMU OJHOM U3
Tpex (upm-nepeBo3uukoB. CTOUMOCTh MEPEBO3KU M IPY30MOJBEMHOCTh aBTOMOOWIIEH s
KaXJIOTO TMepeBo3urKa ykazaHa B TaOmuie. CKoIbKo pyOliel mpuiercs 3arjiaTHUTh 3a cCaMylo
JIEIIEBYIO IEPEBO3KY?

IlepeBo3uuk | CToMMoOCTH nepeBoO3KHU onnum | I'py3onoabemMHoOCTH
aBTOMOOMJIEM aBTOMOOHMIEH
(pyo0. Ha 10 km) (TOHH)

A 110 2,2

b 140 2,8

B 160 3,2

BS. Ha xiietuaroit 6ymare ¢ pazmepoM kieTku 1x 1 nzobpaxkén yron. Haiinure TaHreHc 3Toro
yria.



B6 HaiianuTe KOpeHb ypaBHEHHA +2x +31 =9,

B7.B copeBHOBaHUSX IO TOJKAHUIO fApa ydacTBYloT 4 crnoprcMeHa u3 PunnsHauu, 7
crioprcMeHoB u3 Jlanuu, 9 cnopremenoB u3 lIBenuu u 5 — u3 Hopseruu. [lopsinok, B koTopom
BBICTYIIAIOT CIIOPTCMEHBI, olpeaessaeTcs xpedueM. Haliqute BEposSsTHOCTH TOr0, UTO CIIOPTCMEH,
KOTOPBIH BBICTYIAET MOCIEeIHUM, OKaxkeTcs u3 LlBenuu.

B Tpeyronsauke ABC yron C pasen 90°, sin A = % Haiipure cos B.

B

A ¢

BS.

B9.. MoTopHas 10/1ka npoluia NpoTUB Te4eHUsl peku 112 KM 1 BepHYJIach B yHKT OTIPaBIEHUS,
3aTpaTUB Ha 0OpaTHBIM MyTh Ha 6 yacoB MeHble. Halijure CKOpOCTh TEUEHHsI, €ClIi CKOPOCTh
JIOJIKY B HETIOJBMYKHOM Boze paBHa 11 km/4. OTBeT maiiTe B KM/4.

3aBucuMOCTb 00BEMa cnpoca ¢ (Teic. py0.) Ha IPOAYKIHIO TIPEHIIpH-
SATHA-MOHOMOJIMCTA OT HeHH p (Teic. py0.) 3amaércs dopmMyaoit
g = 160 — 10p. Beipyuka npeanpuaTusi 3a mecan r (B Teic. py6.)
BbIYHCJIseTCa 1o dopmyae r (p) = ¢q - p. Oupenennre HeHy p, mpu Ko-
TOpO# MecA4YHada Beipyuka r (p) cocraBur 280 Thic. pyb. OTBeT HpHBe-

B10. JuTEe B ThIC. Py0.

IIpakTnyeckas padora Ne2
Tema 1.2: Yucna u BbluncieHus. Beipaxenus u mnpeoOpazoBaHus. llporeHTHBIE
BBIUNCIICHUS
Heab: OOoOmeHne W cuctemMarusalus 3HAHWN, YMEHMH, HaBBIKOB y4allluXcs Mpu
BBINOJIHEHUH apU(PMETHYECKUX JEHCTBUN HajJ OOBIKHOBEHHBIMM M JECATHUYHBIMU JpOOSMHU;
MIPOLIEHTHBIE BBIUYUCIICHUS

Teopernyeckas 4acThb:
Harypanbnble yncna, noiayyaeMble IpU €CTECTBEHHOM CUETE; MHOKECTBO HATypalbHBIX
gucen obo3naygaercs N; N= {0, 1,2, 3, ...}.
llenple uncna, mMmody4aeMmble OOBEIMHEHHEM HATYPaNbHBIX YHCET C MHOXECTBOM
OTPHUIIATEIILHBIX YHCET U HYJIEM, 0003HAYAIOTCS
Z=1{2,-1,0,1,2,...}.
PanmonaneHbIe yncna — Yuca, MPeACTaBICHHBIE B BUaAE aApodu m/n (n # 0), rme m —
1[EJI0€ YUCIIO0, @ N — HATypaJIbHOE YUCIIO.
JIist parmoHaNBbHBIX YWCET OMpPENeNIeHbl YEeThIpe «KJIACCHUECKHEe» apuMeTUUECKHe
JIEHCTBUS: CIIO)KEHUE, BRIYUTAHUE, YMHOKECHHE U JielieHue (KpoMe JIeJICHHsI Ha HOIIb).
st 0003HaYCHHS parMoHATBHBIX qUCeN HCIIONB3YETCS 3HaK
n Ll
@:{—:nE&,mEN}.
m
JlelicTBUTENbHBIE (BELIECTBEHHBIE) YMCIIA IPEACTABISIOT COO0H paciiipeHne MHOKECTBA
paloHaIbHBIX Yyucesl. MHOXECTBO BELIECTBEHHBIX unces 00o3Havyaercs R.

Q.



Kpome pamumoHanbHbIX uYucesl, R BKIIOYAaeT MHOKECTBO HPPALMOHAIBHBIX YHCEN, HE
IpPEJCTaBUMBIX B BHUJAE OTHOUICHUs LeiblX. Kpome mnoapasneneHuss Ha palMOHalbHbIE H
UppalMoHaJIbHbIE, JCUCTBUTEIbHBIC YHCIA TAaKKe TMOAPA3ICIAIOTCS Ha anredpanyecKkue u
TpaHCLEHJeHTHbIe. [Ipy 3TOM Ka)10€ TPaHCLEHACHTHOE YUCIO SBISETCS UPPALUOHAIBHBIM,
KaX/10€ PallMOHAIBLHOE YUCIIO — ANreOpanyecKuM.

WppaunoHaibHble YnCIa.

1) mo6oe panmoHaIbHOE YUCIO N300pakaeTcs OECKOHEUHOM NEeCATUIHOM TpoObIo;

2) BCSIKOE MPpaLMOHAIBHOE YHCIIO0 U300paxaeTcss 0ECKOHEYHOM 1eCATUYHON APO0bIo;

3) mo0oe OeHCTBUTENBHOE YHCIO MOMKET OBITh IMPEICTaBICHO B BHUJEC OCCKOHEYHOM
JECATUYHON 1poou;

4) Bcskas OeckOHEYHash AECATUYHAS ApPOOb TPEACTABISACT ACUCTBUTEIBHOE YHCIO
(oOpaTtHOE YTBEPI)KJICHHUE).

O6o3HaueHue (MM) Uto 03HaUaeT uMs
MHOXeCTBO HaTypaJbHBIX YHCET
MHOXeCTBO LIEIbIX YHCET
MHOXeCTBO paliMOHAIBHBIX YHCET
MHOXeCTBO JIeHICTBUTENBHBIX YUCEIl

AIOIN|Z

delicTBHA ¢ APOOSIMU:
1. Cnoorcenue. Cymmont apobeii ¢ OJHUM M TE€M JK€ 3HAMEHATelIeM Ha3bIBalOT JPOOb,
UMEIOIIYIO TOT )K€ 3HaMEHAaTellb, @ YACIUTENh PABEH CyMME YUCIIUTENeH JaHHBIX Ipo0ei, T.e.

aba+b

N g

3TO ompeneneHne MOXXHO c(hOpMyITUPOBATh TAKXKE B BUJIE CIECTYIOMIETO MTPaBHIIA.

UToOBI CIIOXKUTH IPOOH C OJIMHAKOBBIMHU 3HAMEHATEIISIMHU, HAJI0 CJIOKUTh UX YUCITUTEINH, a
3HaAMEHAaTeb OCTaBUTh TOT XKe€.

TIpumep. '? 7 7 7

YroObI CIIOKUTH APOOH C Pa3HBIMH 3HAMEHATEIISIMH, HAJI0 MPUBECTH UX K HAUMCHBIIIEMY
o0IIeMy 3HaMEHATEeN0, a 3aTeM CJIOXHTh MOJIYYCHHBIC YHUCIUTEN M TOJ CYyMMOW MOJIHCATh
00IIIMH 3HAMEHATEb.

5 7 15 14 15+14 129 5
—_t — = —+4 _—=_=1_

Tpumep. 8 12 24 24 24 24 24
5 N 7 15+14 29 -1 5
Kopoue 3anuceiBaror Tak: 3 12 24 24 24
UToOBl CIOXKHUTH CMEIIaHHBIE YHCIIa, HY)KHO OTIEIBbHO HAWTH CYyMMY IENBIX U CYMMY
JIpoOHBIX yacTel. JlelicTBUe 3amnuchIBaeTCs TakK:

a7 111l gt a2l T 205 1532 1,7
15 45 9 45 45

2. Buiuumanue. Boruntanue apoOeii MOXHO ONpEIeNuTh Kak JAeHCTBHE, 0O0paTHOe
CIIOKEHHIO Jpobeii. BeruecTs M3 0HOTO IpOoOHOTO0 YKcia BTOPOE 3TO 3HAUUT HAUTH TPEThE YUCIIO,
KOTOpPOE B CyMME€ CO BTOPBIM JaeT nepBoe. M3 3Toro onpenenenus ciaenyeT NpaBuio:

Uro06bl BbIYECTh JPOOM C OAMHAKOBBIMU 3HAMEHATEISIMHU, HYKHO BBIYECTh UYHCIUTEIh
BBIUATAEMOT0 W3 YMCIUTEN] YMEHBIIAEMOIO M OCTAaBUTh INPEKHUH 3HaMeHarenb. [leficTBue
3aMKChHIBAIOT TaK:



Uro0Obl BBIYECTh APOOM C pa3HBIMH 3HAMEHATENSIMH, HYXXHO CHaudajga MPHUBECTH UX K
HaWMEHBIIIEMY 00IIIeMY 3HAMEHATENO0, 3aTEM U3 YHNCIUTENS] YMEHBIIIAEMOTO BEIYECTh YHCINUTEIb
BBIYMTAEMOTO U TIO]] KX Pa3HOCTHIO TIOJITUCATh 00U 3HaMeHaTe b, [IeficTBIE 3aMMChIBAIOT TAK:

11 5 _22-15 7
12 8 24 24

Ecnu HyHO BBIYECTh OJJHO CMEIIAHHOE YMCIIO U3 IPYrOro CMEIAaHHOIO YKcia, TO, €CIH
MOYKHO, BBIYMTAIOT IPO0b U3 Apodu, a 1esoe u3 1enoro. JleldcTBre 3anmuchiBaoT Tak:

9 3 36-33 9
8 ——5— =3 —=3—
11 4 44 44
Ecnu sxe 1po6b BEIuuTaeMoro 0oJbiie Ipodu yMEHBIIaeMoro, To OepyT OJIHY €AUHUILY U3
IIeJIOT0 YHCJIa YMEHBIIAEMOTo, Pa3Apo0IIIOT ee B HaJISKAIIUE J0JU M MPHOABIAIOT K APOOH

YMCHbBIIACMOI'0, ITOCJIC YCTO MOCTYNAI0T, KaK OIMMCAHO BBIIIC. I[ef/'ICTBI/Ie 3allMChIBAIOT TaK:

4 11 16-33 _52-33 19

5 -1—=14 =3 =3
9 12 36 36 36
AHaJOTHMYHO MOCTYMAI0T, KOT/Ia Ha/I0 BBIYECTh U3 IIEJIOT0 YKcia JpoOHOoe.
3_23_3° 3.2
ITpumep. 3 3 3 3,

3. Pacnpocmpanenue c80UCME CIONHCEHUs U 8bIYUMAHUS HA OpoOHble yucaa. Bee 3aKoHbBI
U CBOWCTBA CJIOKEHUS U BBIYUTAHMS HATYypAIbHBIX YHCEI CIPaBEUIUBBI U ISl JPOOHBIX YHCEIL.
Hx nmpumeHeHrne BO MHOTHX CIIy4asiX 3HAYUTEIIBbHO YITPOILIAET MPOLECC BHIYUCICHHUS.

4E+11+Zi+ﬁg+l+3£= 43+3l + 13+5E +
4 % 12 9 12 4 4 4 9 9

Ei+1 =8+7+3=18
12

+ [
[Ipumep 1. 12

3I[eCI) HCITIOJIb30BaHbI HGpCMGCTHTGJ’IBHBIfI M COYETATCIIFHBIM 3aKOHEI CIIOKCHHUS.

5 7 N 331 33 5 1 7 53 31=
720 144 720 ?20 720 144

6 31 12431 _43
gyt gt g
Momvep2. 72 144 144 144

3,[[60]3 HCIIOJIb30BAHO ITPABUIIO HpI/I6aBJ'IeHI/I$I CYMMEBI K YHUCITY.

132 (151041 (4322 5100 41 g5l 4l g
6 36, 2 2 2

2 36

177 (226l ]=(177 61 ] 22-11-22-382
5 8 8 5 5

[Ipumep 4. 8 5

3/1ech UCOJIb30BaHbl MPaBUJIa BEBIUYUTAHUS U3 YUCIIA PA3HOCTU U CYMMBI.

4. Ymnoorcenue. YMHOXKEHHE TpOOW HA IIEJIO€ YMUCIO MOXXHO IMOHHUMATh TaK K€, KaK U
YMHOKEHHE 11eJIOT0 YKMCJIa Ha LIeJI0e, T.€. KaK CII0KEHUE OJIMHAKOBBIX ciaraeMbix. Hampumep,

2522222
3 3 3 3 31 3

Ho nnsa YMHOXCHUSA Ha ,Z[p06L TaKO€ TOJKOBAHUEC HEC IIOAXOAMUT. HaanMep,

3 2 3 2

ITpumep 3.

YMHOXast 7 pa 3 , HEJIb3s CKa3aTh, YTO 371eCh " 7 HaJ0 B3ATh 3 pasa cinaraembiM".



3nech HeOOXOMMO J1aTh HOBOE OIpeIeIICHHE.
[IpousBenennem npoOeli Ha3BIBAIOT TaKyl JpoOb, YHCIUTEIh KOTOPOH paBeH
MIPOU3BEJICHUIO YUCTUTENCH TaHHbIX Ipo0Oeii, a 3HAMEeHAaTellb - MPOU3BEICHUIO UX 3HAaMEHaTENeH,

Te. f1 M FIH 0 yro6b1 yMHOXKHMTE 1poOb Ha ApOOb, HYKHO YMHOXKHUTH YHCIUTEb Ha
YUCIIUTENb, 8 3HAMEHATENb HA 3HAMEHATENb M MEPBOE MPOM3BEICHUE CHENATh YMCIUTEIEM, &

fa [

BTOPOE - 3HAMEHATEIIEM: bd bd
[Ipu ymHOXeHuUU cienyer AenaTh (€CIU BO3MOXKHO) COKpaLIEHHE.

12 19 1219 2

Ecnu ydecThb, 4TO I€JIO€ YMCIIO MPEACTABIsSET COOOW JapoOb CO 3HameHaTeneM 1, TO
YMHOKCHHEC ,Z[pOGI/I Ha [EJI0€ YMUCIIO U ICJIOro 4uciia Ha ,I[p06b MOKHO BBITIOJIHATE IIO3TOMY K€
HpaBuUITY.

5 6 5 30
Mpumeps, 12 112 12 2

5. Vmnoowcenue cmewannvix yucen. YToObl MEPEMHONKUTH CMEIIAHHBIC YHCIA, HYKHO
MPEBAPUTEILHO OOpaTUTh WX B HEMPABUIBHBIC JPOOM M TIOTOM IEPEMHOXATh IO IMPABWITY
YMHOXEHUS Ipo0eit.

211 _216_30 g4

Mpuvep. 2 5 2 5 10
ECJ'II/I XE HepeMHO)KaIOT CMCUIaHHOC YHCJIO Ha IICJIOC, TO npome MHOXHUTHb OTIOCIIBHO
I_ICJ'IYIO 4yaCThb U ,Z[p06HYIO 4acCTh.

22.3-62_7%

ITpumep. 3 3 3

6. PacnpocmpaneHnue ceolicme yMHOdCeHUst Ha OpoOHble uucaa. CBONCTBA YMHOXKEHHS
HATypaJIbHBIX YHCEN CIpaBeMJIMBBI U As ApoOel. VX ucmonp3oBaHHE YMOpOIIAET YCTHBIE U
MMMCbMEHHBIEC BHIYUCIICHHUS.

T£-3ﬂ=['?+£]-33=213+4=214
[Ipumep 1. 15 15
7 7

0_-8=9-8+_—-8=T2+7=T70
IIpumep 2. 3

E.[qi.llg,]:[E.E].qizl.qizqi
Momep3. 4 L 31 37 L43) 31 31 31

[125.433)22[E.i}.q:«;i;g.qgi;gﬁg
Mpemvep 4. 5 17 } 31 5 3] 17 17 1'?.

7. Henenue opobeii. [Ins nenenust qpodeil coxpaHseTcs TO K€ OmpeeNieHue, 9To U s
JICJICHUS TIEJIBIX YHCEIT: 3TO - JACHCTBHE TTOCPEACTBOM KOTOPOTO IO JAHHOMY ITPOU3BEICHUIO IBYX
COMHOXHUTEJIEW U OJHOMY M3 OTHUX COMHOXHUTEIECH OTBICKMBACTCS BTOPOM COMHOKHTEIND.



Pa3nenuTh 0HO YMCIIO HA BTOPOE - 3HAYUT HAMTH TaKOE TPEThE YUCII0, KOTOPOE MPH YMHOKEHUH
Ha BTOPOE JaeT 1epBoe. BeImomHsroT Aenenue apodeii 1o ciaeayomeMy IpaBuiy.

UYroObl paznenuTs OpoOb Ha JIpoOb, HY)KHO YHMCIUTEIb NEPBOM APOOM YMHOXUTH Ha
3HAMEHaTelb BTOPOI, a 3HAMEHATeb NEPBOW HAa YMCIUTENIb BTOPOH M NEpBOE IPOU3BEICHUE

a_ o ad

3alucaTtb YUCIUTEIIEM, a BTOPOC - 3BHAMCHATCIIEM b d bc .

6 9 610 60 20

ITo 3TOMy € IpaBUIy MOXKHO BBIIOJIHATH JEJICHHE APOOH Ha LEJI0E YUCIIO U LIEI0ro Ha
IpoOb, ecIi MPeICTaBUTh LeJI0e YUCIIO0 B BUIE APOOH cO 3HaMeHaTesneM 1.

IIpumepsl.
7 17 1. 1
8 82 81 4
13 131 13.2 13
OI[HaKO B IIOCJIICAHEM HpHMepe Hpome YUCIINTCIIb paS,Z[eJII/ITB Ha 1ej10€ 4uciio:
3 8:2 4
13 13 13

8. [lenenue cmewannvix yucen. YtoObl BBIIOIHUTH JCIEHHE CMEMIAHHBIX YHCEN, HX
MpeaABapUTCIbHO O6paH.[aIOT B HCIIPABUJIbHBIC ,I[pO6I/I 1 3aTEM ACIIAT 110 IpaBUITy ACJICHUSA Z[p06eﬁ
3.1 63 21 63-20
12—:1 —=—;. —=—=12
OI[HaKO npu ACJICHUH CMCIIAaHHOI'0 4HuCJjia Ha LEJI0C ObIBaeT y,[[O6HeI71 ACJIUTh OTACJIBHO
OCJIYIO 4aCTh U OTACIIBHO ,Z[p06Hy}O qaCcTb CMCIIAHHOT'O YHCJia.

3'.':15:5=|‘5l

ITpumep. 7 7.
9. 3amena Oenenus ymuoxcenuem. Ecin B KakoH-HUOYIb NIpOOM IMOMEHATH MECTaMHU
YUCIUTENIb W 3HAMEHaTelb, IMOJYYUTCS HOBas ApoOb, oOpartHas maHHOW. Hampumep, mns

8 7

Ipodu 7 oOpatHast 1po0b OyeT 8
OdeBHIHO, YTO MTPOU3BENCHUE ABYX B3aUMHO 0OpaTHBIX ApoOeit paBHO 1.

YuutbeiBas 3T0, MOKHO JIEJIEHUE BBIMOJIHATH 0 CIEAYIONIEMY MTPABHITY.
UTo0b! pa3aenuTh OJHO YUCIIO Ha IPYTroe, HY>KHO AeIMMOE YMHOKHTH Ha YHCII0, 00paTHOE
JIETTUTEIIO.

25 27 11
HpI/IMepl.:'!I 7 35 15
[Tpumep 2. 3 7 7
4_51_4_1ﬁ_4_3_3
Mpuvep3. 7 3 7 3 7 16 28
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10. Ilpumepvl Ha 6ce Oelicmaus ¢ 0ObIKHOBeHHbIMU OpoOsmu. PelieHne mpruMepoB Ha BCE

JEHCTBUSI C APOOSMHU BBIMOJTHSIOT C TTOMOIIBIO 3alMMCH TI0 OTIEIBHBIM JACHCTBUSAM HIINA 3aIUCH
LETIOYKOH.

[Tpumep. BerauciaunTs:
35 15 5 1 1
—_t—— 22— -
521 288, 2 3 1 16
sii10  l.p4l.336 33
2 2 3
Pemenne mmo gactsaM.
35 3.5 1 1 1
-——=—-=—; 3)—-+90=0_;
5 21 5-21 7 7 7
15 5 15-84 1
2)—: —=—=9; 4Y5: —=10;
28 8 28-5 2
3110 +10=20;
1 64 16 1 1
6)9—:20=——=—; 11)—:3=—;
7 7-20 35 3
1 1 1 13
7)2:—=4; 12) —+—=—;
2 4 9 36
8}3:1=9; 13}13:E=ﬂ=36;
3 34 13
04+0=13 14)35-l=1;
36
1 1 16 16
10)—:2=—; 15y —+1-—-=1
2 4 35 35
Orser. 1.

IIpuMep BeIUKCIEHUS LETTOYKOM:

g2 313l (3l 7,7 1,1 1.3
4 4 2+ a8 & & 3 2 4 5
1
&

+
5—*‘-1E 10 2‘.—1E :3):l E:llfll E:3.
3 8 8 3 3

152 58 15

27,45 _17 2 250
- -7 . 242.5-22 0=
31 58 31 7

510 825 50 5
352 +10-452

7 7

IIponeHTHLIE BLIYMCJIECHH S,
KOF)Ia MBI OIIMCBIBAEM PA3HBIC 4YaCTU LEJI0T0, MblI HCIOJB3YEM TaKHC IMOHATHA, KakK

nosnosuHa (1/2), Tpets (1/3), uerBepth (1/4). TO YNOOHO: OTpe3aTh MOJIOBUHY MUPOTa, MPOUTH
TPETh ITyTH, 3aKOHYHUTH TIEPBYIO YETBEPTH B LIKOJIE.
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YroObl Ha3bIBATh COTHIC JOJH, NpuayMain npoueHT (1/100): ¢ maTuHCKOTO sI3bIKa — «3a
CTO».

[IporieHT — 3TO O/1HA COTast YacTh OT JitoOoro yncia. Obo3HavaeTcs BOT Tak: %o.

1%=1/100=0,01

Kak mepeBectu mpoIeHTHl B AecATUYHYI0 ApoOb? HyxHO yOparh 3HaK % U pa3aenuTh
gyucio Ha 100. Hanpumep, 18% — 310 18 : 100 =0,18.

A eciu HY)KHO TIEPEBECTH JACCITHYHYIO IpOOb B MPOIEHTH — yMHOXaeM apook Ha 100 u
nobasnsiem 3HaK %. Hampumep:

0,18=0,18 - 100% = 18%.

A BOT, KaK TIEpeBECTH MPOIEHTHI B ACCATUYHYIO TPOOh — OOPATHBIM JIEHCTBUEM:

18% : 100% = 0,18.

Bripasute npoObp B mpomeHTtax mpocto. [lis mepeBoga cHayala HpeBpaTUM €€ B
JIECATHUUHYIO Ipo0b, a MOTOM HCIOJIb3YeM Mpelblayllee MPaBuio U MepeBeleM ACCATHUHYIO
IpoOb B MPOIICHTHI:

2/5=0,4

0,4-100%=40%

8/25=0,32

0,32-100%=32%

Tunel 3a1a4 Ha IIPOUCHTHBI

Tun 1. HaxoxxaeHue npoieHTa ot 4ucia

UToOb! HAITH MPOLIEHT OT YMCIIA, HY>)KHO YUCIIO YMHOXUTH HA MTPOLIEHT.

3apauva. biorep 3anucan 500 Buseo AJisi TUKTOKA, HO €ro mpojtocep ckazai, 4yto 20% u3
HUX — OTCTOM. CKOJILKO POJIMKOB MPUJIETCS TIepe3anucarh oaorepy?

Kak pemaem: Hy>kHO HaiiTh 20% OT 00111ero KoJu4ecTBa CHATHIX poiukos (500).

20%=0,2

500 * 0,2 =100

OTBeT: 13 00IIEer0 KOJUYECTBA CHATHIX POJIMKOB Mpojrocep 3adpakoBai 100 mryk.

Tun 2. HaxosxieHre 4ucia 1mo ero mpoieHTy

UtoOBl HAWTH YHCIIO MO €ro MPOIEHTY, HY>KHO €r0 U3BECTHYIO YacTh pa3[eiuTh Ha To,
CKOJIBKO TTPOIIEHTOB OHA COCTABIISIET OT YHCIIA.

3aa4yy Mo MOMCKY MPOIIEHTA MO YUCITY U YHUCIIA MO €ro MPOIEHTY OYeHb MOX0XKH. UTOOBI
HEC nepenyTaTL — BHHUMATCJIIBHO 4YHWTACEM YCJ'IOBI/HI, HNHA4YeC 3aI\/JI)1€M B TYIUK WA p€IHI/IM
HENpaBuWIbHO. EcCiIM B 3aJaHUM €CTh CIIOBA «KOTOPBIM», «UTO COCTaBISIET» U «KOTOPBIU
COCTaBIISIET» — MEPE HAMH 3a]1a4a M0 HaX0KJICHUIO YHCIIA 110 €r0 MPOLIEHTY.

3amaua. [lIkonsHuk penm 40 3amad u3 yueOnuka. Uto cocrapnser 16% uuncia Bcex 3amad
B kHHre. CKOJIBKO BCEro 3aa4 coOpaHo B ’TOM yueOHUKe?

Kak pemaem: MbI He 3HaeM, CKOJIBKO Bcero 3aja4 B yueOnuke. Ho Ham m3BecTHO, uto 40
3ama4d cocTaBisaoT 16% ot obmero xonmuwdectBa. 3amumeM 16% B Buae npodu: 0,16. [lanee
M3BECTHYIO HAM YacTh IIEJIOTO pa3JIeIMM Ha Ty J0JII0, KOTOPYIO OHA COCTABJISIET OT BCETO IEJIOTO.

40:0,16=40-100: 16 =250

Otsert: 250 3amau coOpaHO B 3TOM y4eOHUKE.

Tun 3. HaxoxaeHue NpoueHTHOTrO OTHOIICHUS JBYX YHCEI

Uto0Ob! HAlITH, CKOJIBKO MPOILIEHTOB OJTHO YUCIIO COCTABISIET OT APYroro, HY>KHO Ty 4acThb,
0 KOTOPOH CHpaINBaETCs, pa3IeTUTh Ha 00Iee KOTMIecTBO U YMHOKUTH Ha 100%.

3amaua. B cexperHom uatuke 25 yenoBek. 10 u3 HuUX — aeBOYKU. CKOJIBKO MPOIEHTOB
JIEBOYEK B yaTe?

12



Kak permaem: nogenum 10 Ha 25, momydeHHYIO IpOOb TIEPEBEIEM B IPOIICHTEHI.
10/25 *100% = 2/5 * 100% = 2 * 100/5 = 40%
Otsert: B uatuke 40% neBOYEK.

Tun 4. YBenuueHue 4uciia Ha MpoLeHT

UTo0bl yBEIMUYUTH YUCIO HA HEKOTOPOE KOJUYECTBO MPOIEHTOB, MOKHO HAWTH YHCIIO,
KOTOPOE BbIPaXaeT HYKHOE KOJIMYECTBO IIPOLIEHTOB OT JAHHOI'O YMCJIA, U CII0XKUThH €r0 C JaHHBIM
YUCJIOM.

A MOHO BOCIIOJIB30BaThCs (HOPMYITOW:

a=b-(1+c:100),

I/ @ — YUCI0, KOTOPOE HYKHO HalTH,

b — nepBoHauanbHOE 3HAYCHHE,

C — IIPOLIEHTHI.

3amaua. B npomom Mmecsie ctukeprak cromwn 110 py6neit. A B aTom mecsitie Ha 12%
Oombiie. CKOTBKO CTOUT CTUKEp-Tak?

Kak pemaem: moxxno Haiitu 12% ot 110:

0,12 - 110=13,2.

[TprbGaBUTh K HCXOTHOMY YHCIY:

110 + 13,2 = 123,2 py0us.

Wnu MOKHO BOCTIONB30BaThCs (hOPMYIION, TOTAA!

110 - (1+12:100)=110 - 1,12 =123,2.

OTBeT: CTOMMOCTh CTHKEpIIaka B 3TOM Mecsie — 123 py6is 20 komeexk.

Tumn 5. YMeHbl1IeHME Ynciia Ha POLEHT

Uto0bl YMEHBIINTh YHUCIO HAa HECKOJIBKO MPOIEHTOB, MOXXHO HAWTH YHCIIO, KOTOpPOE
BBIPAKAET HY)KHOE KOJIMYECTBO MPOILIEHTOB JAHHOTO YKCJIA, M BBIUECTh €0 OT JAaHHOTO YHCIA.

A MOHO BOCITOJIb30BaThcs (HOPMYIIOH:

a=b-(1-c:100),

I/l @ — YUCI0, KOTOPOE HY>KHO HalTH,

b — mepBoHaYaIbHOE 3HAUEHUE,

C — IPOLIEHTHI.

3anada. B npouuiom roxay mikosy 3akoHuuan 100 pedar. A B 3TOM rofy BBIITYCKHUKOB Ha
25% wmenb1ie. CKOIBKO BBIITYCKHUKOB B 3TOM Io1y?

Kak pemaem: MoxxHO Haiith 25% ot 100:

0,25 - 100 = 25.

Brruects u3 ncxognoro uucia 100 — 25 =75 yenosek.

Wnu MoxHO BOCIOIb30BaThCs GOPMYIIOiL, Toraa:

100 - (1 —25:100) =75/p>

OtBeT: 75 BBIMYCKHUKOB B 3TOM TOJY.

Tun 6. 3amaun Ha TPOCTHIE MTPOLEHTHI

[IpocTble MpoIIeHThl — METO/ pacueTa MPOIEHTOB, IPU KOTOPOM HAYUCIEHUS TPOUCXOAST
Ha TIEPBOHAYAIILHYIO CYMMY BKJIAJa WITH JTOJITA.

dopmyna pacyera BBITISIUT TaK:

S=a-(1+y-x:100),

IJie a — MCXOJIHAsl CyMMa,

S — cymma, KOTOpast HapalIuBaeTCs,

X — TMPOLICHTHAs CTaBKa,

Y — KOJHMYECTBO MEPHUOI0B HAUYNCIICHUS TTPOIICHTA.
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3amava. Mapuu cpo4YHO MOHAIOOMINCEH IEHBTM U OHA B3sula Ha ofuH roxa B poar 70 000
py6ueii mon 8% exxeMecssyHo. CKOJIBKO JIEHET OHAa BEpHET uepes roa?

Kak pemaem: mojcraBum B (popMyiTy JaHHBIC U3 YCIOBUI 3a/1a4H.

70000 - (1 +12-8:100)=137200

Otset: 137 200 py6ueit Bepuer Mapus uepes roJ.

Tun 7. 3agaun Ha CIOKHBIE TPOLEHTHI

CrnoxxHple MPOLIEHTHI — 3TO METOJ pacuera MPOLEHTOB, KOTJAa MPOLEHTHl MPUOBLIN
NpuOaBIISIOT K CyMME Ha OCTaTKe KaXKJbli Mecsll. B cieayrommii pa3 mpoleHThl HAYUCISIOT Ha
3Ty HOBYIO CYMMY.

dopMyita pacyeTa BBITIIAIUT TaK:

S=a-(1+x:100),

rje S — HapaiuBaemas CyMma,

a — UCXOJIHAas,

X — TPOLICHTHAsI CTaBKa,

y — KOJIMYECTBO MEPHOJI0B HAYUCIICHUS IIPOLICHTA.

3amaua. AHTOH xoueT opopmuth Bkian 10 000 pybneit Ha 5 neT B 6aHKe, KOTOPBIN JaeT
10% ronossix. Kakyto cyMMy cHEUMET AHTOH 4epe3 5 JIeT XpaHEeHHUsI IEHET B ’TOM OaHKe?

Kak pemraem: nmpocrto nojcraBum B popmyiy JaHHBIC U3 YCIOBU 3a1a4u:

10000 - (1 +10:100)3=13310

Otget: 13 310 py6uneii cHUMET AHTOH 4Yepe3 rol.

CriocoObl HaX0XKAECHUS MTPOLIEHTA

- Jenenue uncna va 100

[Ipu nenenun Ha 100 nomyyaercs 1% ot 3Toro yucna. ITo NPaBUIO0 MOKHO HUCIIOJIb30BAThH
no-pazHomy. Hanpumep, 4ToObI y3HaTh MPOLIEHT OT CYMMBI, HY’)KHO YMHOXKUTb MX Ha pa3mep 1%.
A 4TOOBI TIEpEBECTH M3BECTHOE 3HAYEHUE, CIENYET Pa3JeuTh ero Ha pazMep 1%. IToT meTon
OTJIMYHO IIOMOTAET B BONPOCE, KaK MEPEBECTH 1I€JI0€ YUCIIO B MPOLIEHTHI.

[IpencraBbTe, UTO BBI MPUILLIM B Mara3uH 3a mokoaagoM. O0b14HO oH ctouT 250 pyoOinei,
HO cerojHs ckuaka 15%. Eciau y Bac ecTh TUCKOHTHAsS KapTa MarasuHa, Hokosaz o0oiiercst Bam
B 225 pyOneiil. Yem OyaeT BbIro/IHEE BOCIIONB30BATHCS: CKUAKONW MM KapTOi?

Kak pemaem:

[Tepesenem 15% B pyOnu:

250: 100 =2,5—»310 1% OT CTOMMOCTH IIIOKOJIa]1a,

3Hayut 2,5 X 15=37,5 — s10 15%.

250-37,5=212,5.

212,5 <225.

OTBeT: BBIFOJIHEE BOCIIONIB30BATHCS CKUAKON 15%.

- CocraneHue nponopuun
[Tponopiust — onpeneeHHOE COOTHOLIEHUE YacTeH Mexkay coOOH.

C moMo1IIbI0 METO/1a IPOMOPLIUU MOXKHO pacCUUTaTh J1t00bie %. BRIMIAUT 3T0 Tak:

a:b=c:d.

Yuraerca: a oTHocUTcs K b Tak, Kak ¢ oTHocuTcs K d. Taxke BaXXHO MOMHUTH, UYTO
MIPOM3BeIeHNE KpallHUX YJIEHOB PABHO MPOU3BEACHUIO cpeHUX. UTOOBI y3HATh HEM3BECTHOE U3
ATOTO PaBEHCTBA, HY’)KHO PEIINTh MpoCTeiiliee ypaBHEHHE.

Paccmorpum mpumep. Ha ckosbko BBITOHO TOKYMAaTh CHOPTUBHYIO (yTOONKY 3a 1390
pyOJieil pH ycnoBHH, UTO B Mara3uHe B YeCThb JHS BCEX BIIOOJICHHBIX ACUCTBYeET ckuaka 14%?

Kak pemraem:

VY3HaeM CKOJIbKO CTOUT (hyTOOJKa ceiiyac B % COOTHOILICHHUH:
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100 - 14 = 86,
3HauuT 1390 pyOieit aTo 86%.

CocTraBUM IPOIOPIIHIO:

1390 : 100 =x : 86,

x =86 * (1390 : 100),

x =11954.

1390 - 1195,4 = 194,6.

OTBet: KynuTh CIOPTUBHYIO (hyTOONKY BBITOAHEE Ha 194,6 pyOus.

- COOTHOIIICHUS YHUCEI

Ectb criydan, Korga HalTH MPOIICHT OT YKCJIA TIPOIIE, ECITH MPEACTABUTh MPOIEHTHI B BUJIC
POCTHIX JApobeit. B Takom cimydae OyeM UCKaTh 4acTh YHCTIA.

10% — nmecsatasg 4vacth Henoro. UroObl HaWTH AecaTh %, MOHAmZOOWUTCS H3BECTHOE
pasznenuts Ha 10.

20% — msATas 4acTh 1esn0ro. YToObI BEIUMCIUTD ABALATh % OT U3BECTHOIO, €ro HY>KHO
pa3aenuTh Ha S.

25% — yeTBepTh 11en0ro. UTOoOBI BEIYUCIUTD IBAANATh IATh %, TOHAT00UTCS N3BECTHOE
pa3nenuTh Ha 4.

50% — mosioBHUHA 11€710T0. YTOOBI BEIYUCINTD MOJIOBUHY, HYKHO U3BECTHOE Pa3IeUTh HA
2.

75% — Tpu yeTBepTH 1ENOr0. YTOOBI BBIYUCIUTH CEMbBECAT ATh %, HYKHO U3BECTHOE
3HaYEHHUE Pa3JIeNUTh Ha 4 U YMHOXKUTD Ha 3.

3ajaya s TPEHUPOBKU. B 4epHyI0 NATHUILY BbI HAIIM OTJIMYHBIN MHJHKAK CO CKUIKON
25%. B o0brunbIii 1eHs oH ctout 8500 pybnelt, HO ceituac ¢ coboit ecth Toibko 6400 pydreit.
XBAaTUT JIM CPENCTB AJIs OKYIIKHU?

Kak pemraem:

100 - 25 =175,

3HAYUT HYXKHO 3a1JIaTUTh 75% OT NepBOHAYaIbHOW LIEHBI.

Hcnonb3yeM npaBUiI0 COOTHOIIEHHUS YU CEIL:

8500 : 4 *3 =6375.

OTBeT: CpeCTB XBaTUT, TaK KaK MUKaK CTOUT 6375 pyOieil.

Penrenne 3agau:

2
1. Boxa 3aHMMaeT 3 MOBEpPXHOCTH 3eMid. I105ToMy 3eMIi0 HA3bIBAIOT «TONyGOit
1
maHeToi». Kakyro yacTh 3eMHOM IOBEpXHOCTH 3aHMMaeT cyma? OTeer: 3 cymia.
2
2. Oty 42 rona, a BO3pacT CblHA COCTaBiIAeT 7 Bo3pacTa oTHA. CKOJIBKO JIET ChIHY?
Orser: 12 JIeT.
3

3. IlpenenbHbIil BO3pacT Oenku 6 JIET, YTO COCTABISAET S MpeesbHOTO Bo3pacTa 3aiiia. CKoIbKo

JIET MOKET MpOoKUTh 3as1? Oteet: 10 ner.
5 25

4. Jlnuna ctopoHsl kBagpata 9 am. Kakosa ero miomans? Oteer: 81 M.

5.Pabounit MOKET BBITIOTHUTH MTPOU3BOICTBEHHOE 33/IaHUE 3a 5 4acoB, a €ro YUYCHUK — 3a
13

8 wacoB. Kakyr 4YacTp paboThl OHU BBITIOJHAT BMecTe mociie 4yaca pabotei? OtBeT: 40 4.
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2 1
6. B mepBbIii wac aBTOOYyC MpoIIeNT 5 BCEro MyTH, BO BTOPOH 3 IMyTH, a B TPETUH —
ocrampHple 28 kM. Kakoe  paccrosHme — mpomen — aBTodyc 3a  Tpu  daca?

2 1 11
1)S + 3 = 15 (4) —3a ;Ba 4aca.
14
2)1—- 15 = 15 (4) — mporen B TpeTui vac. 4
4
3)28: 15 =105 (km) — 3a TpH Yaca.
Otser: 105 KM MPOLIEI aBToOYyC 3a TpHU yaca.
3
7. Kakoe paccrosHue ynuTka 3a 6 yaca, eciM OHa OymeT TMON3TH €O
3 1
CKOpocThIO 250 km/u? OTBeT: 100 KM.
2
8. N3 Oouku ¢ OEH3WHOM BHauaje OTJIMIM 28 BCEro MMEIOIIErocsi TaMm OeH3HHA,

2
noToM 7 Bcero O€H3MHA U MOCTE 3TOT0 B 60uke ocTanock 99 nutpoB 6eH3nHa. CKOIBKO TUTPOB
OcH3uHa ObLUTO B O0YKE IMEPBOHAYATHHO?

2 2 17
1) 28 + 7 = 28 (4)— oTaWiH.
1711
2)1—- 28 = 28 (4)-— ocTaNOCH.
11

3)99: 28 =252 (1) — ObLIO IEPBOHAYATBHO.
Otsert: 252 11 6eH3nHa OBLIO B O0YKE MTEPBOHAYAIIBHO.

3amaua 1. Opranusm B3pocioro yenoBeka Ha 70% coctouT u3 Boabl. KakoBa Macca BOJIbI
B TEJIE YellOBeKa, KOTOPHINA BecuT 76 Kr?

Kak pemraem:

76 - 0,7=153,2 kr

OrtBert: Macca BOJBI 53,2 Kr

3amaua 2. [{ena ToBapa nonusunack Ha 40%, 3aTteM emre Ha 25%. Ha ckonbko mporieHToB
MOHU3UJIACH 1I€HA TOBapa 10 CPaBHEHUIO C MEPBOHAYAIBHOU LIEHON?

Kak pemraem:

O603HaunM MepBOHAUATBHYIO IIEHY ToBapa depe3 X. Ilocie mepBoro moHMKEHUS IieHa
CTaHET paBHOII.

x - 0,4x =0,6x

Bropoe nonmkenue 1ieHsl coctasisieT 25% oT HOBoM 1eHsb! 0,6X, MOITOMY MOCIIE BTOPOTO
MOHUKEHUS TOJIYYHUM:

0,6x - 0,25 * 0,6x = 0,45x

[Tocne nByX NOHMKEHHUI U3MEHEHUE LIEHBI COCTABUT:

X - 0,45x = 0,55x

Taxk kak Bennunna 0,55x coctaBisier 55% OT BENMMUYUHBI X, TO IIeHa TOBapa MOHU3UJIACh HA
55%.

OrtBet: 55%.

3anaua 3. Yerslpe mapbl OproK JiemieBie oJHOro nanbTo Ha 8%. Ha cKkoibko MpoIeHToB

IATh Nap OPIOK CTOST JOPOKE, YEM OAHO MATIBTO?
Kak pemaem:
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ITo ycnoBusAM 3a7auil CTOMMOCTD YeThIpeX map Oprok — 370 92% OT CTOMMOCTH MaJIbTO

100 - 8 =92

[Tosrydaercsi, 9TO CTOMMOCTB OJTHOM Mapbl OPrOK — 3T0 23% CTOMMOCTH MajIbTO.

92:4=23

Teneps YMHOKMM CTOMMOCTH OJTHOM Tapbl OPIOK HA MATh U Y3HAEM, YTO MATh Map OproK
oboriayres B 115% cTommMocTH nmaybTo.

23*5=115

Otgert: naTh nap Oprok Ha 15% gopoxe, yeM 0JJHO MajIbTo.

3anaya 4. CeMbsi COCTOUT U3 TPEX YEJIOBEK: MYK, KEHa U 104b-CTy/IeHTKa. Eciu 3apriara
My>Ka BBIpACTET B J[Ba pa3a, oOmuid 1oxo4 ceMbu Bo3pacTteT Ha 67%. Ecnu nodyepu B Tpu pasza
YPEXKYT CTUICH/INIO, OOIIHIA TOXO 3TOW CEMbH YMEHBITUTCS Ha 4%. BIUUCINTD, KaKOM MPOLICHT
B OO 10X0/ CEMbU IPUHOCHUT 3apa0OTOK KEHBI.

Kak pemraem:

[To ycnoBusiM 3amaum OOIIMI JOXOJ CEMbU HAIPSMYIO 3aBUCUT OT JIOXOJIOB MY¥XKa.
bnaromaps yBenuueHuto 3apruiaThl OOIIMK OXOA ceMbU BbIpacTeT Ha 67%. 3HauuT, 3apmiarta
My»Xa COCTaBJIsIeT Kak pa3 67% oT obmiero qoxosa.

Ecnu ctunennus noyepu yMEHbIIUTCS B TpH pasa (T.e. Ha 1/3), octanercs 2/3 — 310 H
ecTb 4%, Ha KOTOpblE YMEHBILIWICSA Obl CEMEIHBIX JI0XO/.

MO’KHO COCTaBUThH MPOCTYIO MPOIMOPILIUIO U BBISICHUTH, UTO pa3 2/3 crunenauu — 310 4%
J10X071a, TO BCA CTUIIEHAUS — 3TO 6%.

A Temepb OTHUMEM OT BCEro 0XO0/a BKJIAJ MYKa U JJOYEPHU U Y3HAeM, Kakoil MpOIEHT
COCTaBJISIET 3apabOTOK XKEeHbI B 00111eM goxoae cembr: 100 — 67 — 6 = 27.

OTBeT: 3apaboTOK KeHbI cocTaBmsieT 27%.

3anaua 5. B cBexux abpukocax 90% Bnaru, a B cyxoppykre Kypare Tojabko 5%. CKOIbKO
KUJIOTPaMMOB a0pHUKOCOB HYXHO, 4YTOOBI MOTYyYUTh 20 KUIOrpaMMOB Kyparu?

Kak pemaem:

Ucxonss w3 ycnoBusi, B abpukocax 10% mnuTaTeNnbHOrO BeEIIECTBa, a B Kypare B
KOHLIEHTPUPOBAHHOM Buae — 95%.

[Toatomy B 20 kunorpammax kyparu 20 * 0,95 = 19 kr nutareabHOro BELECTBA.

3HauuT, 19 KUIOrpaMMOB UTATENBHOTO BellecTBa B abpukocax — 3To 10% Beca cBexHx
abpukocoB. Haiiiem 4ncio no mpoueHTy.

19:0,1 =190

Otget: 190 kr cBexxux abpuKOcoB noTpedyercs 11 u3roTopiaeHus 20 Kr Kyparu.

IIpakTnyeckas padora Ne3

Tema 1.3: YpaBHeHnus u HepaBeHCTBA. CHCTEMBI YPaBHEHUIN U HEPABEHCTB
Heab: O600IUTH M CHCTEMATU3MPOBATH 3HAHUS, YMEHHS y4allluxcs NpH pPELICHUU
JUHEHHBIX U KBaJIpaTUUHBIX YpaBHEHUI 1 HEPABEHCTB

Teopernyeckas 4acThb:
JInneliHble ypaBHEHUS
JInHEeHBIM ypaBHEHHEM OTHOCUTEIBHO MEPEMEHHON X HA3bIBAETCA YPABHEHUE MEPBOM
cremiean kx +b =0 (1), rme k uw b — MpOM3BOJIEHBIC BEIIECTBEHHBIC YHCIIA.
B cnyyae k # 0 ypaBHenue (1) uMeeT elMHCTBEHHOE peIIeHUE IPU JII0OOM 3HaYeHuu b :
X =——

k
B ciyugae, korma k = 0,b # 0 ypaBHenue (1) penieHuii He HMeeT.

17



B cnydae, xorna k= 0, b= 0, pemuenuem ypaBHenus (1) sBisiercs mo0oe YHCIO
X € (—c0; + ).
Ecnu n3HavanbHO 3a/1aHO ypaBHEHHE, CO/IepIKalllee IEPEMEHHYI0 B 3HAMEHATEIIE, TO TTepe/]

peleHrneM HeoOXOAMMO YKa3aTh 00JacTh OINpeNeNeHus, UCKIIOUYUTh M3 OTBETa KOPHH, IPH
KOTOPBIX BBIPQ)KEHUE HE UMEET CMBbICTIA.

Hpuamep 1
3x=6 ITpunep 4
=2 5 5x+15_,
3 x+4
x=2 D x4
Ipurep 2
PUAMED 5x+15-[x+4j=4-[x+4)
3x=-2 x+4
-2 Sx+15=4x+16
r=—
r=-1
x:—% Cearm x=—1
3
Hpiiatep 5
Hpumep 3 5x+15
8(x—1)+2x = 2(4- 2x) 3
Bx—8+Z2x=8-4x 0 xz—3
Bx+2x+4x=848
rerTer Tt 3 =4 (x43)
Brx+ex+4dx=84+8 x+4
14x =16 Sx+15=4x+12
16 8 x==3
4 7 Orgern . nem wophet

JInHeliHbIC HEPABEHCTBA

JIMHEeHBIM HEpPaBEHCTBOM OTHOCHUTEJIIBHO MEPEMEHHOM X HA3bIBAETCA HEPABEHCTBO,
MpUHAJIeKALIEE K OJHOMY U3 CIEAYIOIINUX THUIIOB!

kx+b =0,
kx+b>0,
kx+b <0,
kx+b <0,

rme k ub — MPOU3BOJIBHBIC BEIIECTBEHHBIC YHCIIA.

Pemas nuHelHbIe, 1a ¥ HE TOJIBKO JIMHEWHBIE, HEPABEHCTBA, CIEAYET MMOMHUTD, YTO MPHU
YMHOXXEHUM WJIM JIJICHWH HEPABEHCTBA Ha TMOJOXHUTEIbHOE YHCIO 3HAaK HEpaBEHCTBA
COXpaHsIeTCs, a MPU YMHOKCHUU WM JCJICHUU HEPABEHCTBA HA OTPHUIIATENIBHOE YHCIIO 3HAK
HEpaBEHCTBA MEHSIETCS Ha MPOTUBOIIOIOKHBIH.

B cootBeTcTBUUM € 3TUM pelIeHHE JIMHEWHBIX HEPABEHCTB, B 3aBUCHUMOCTH OT 3HAYEHUU
koopduuuentoB k u b, mnpencrasneHo B cneayromeit Tadbmure 1.

Tabnuia 1. — Perienne HepaBeHCTB NEPBOM CTENEHU

kx+Bb20 [kx +b>0 | kx+Bb=0 [kx +b<0
k>0 3HaK HEPABEHCTBA COXPAHSIETCS
b b b b
Xz—— X>—— X=—— X<——
k k k k
k=0, b<0| ] Xe(—w;+ ). | XE(—w;+ o).
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k=0, b=0 | xe(-w;+w). | & X (-0 + ). |
k=0, b>0| xe(-w;+w). | Xe(-w;+w). | & (2
k<0 3HaK HEpPAaBEHCTBA MEHSETCS] HA IPOTHUBOIOJIOKHBIH
b b b b
X<—— X<—— Xz2—— X>——
k k k k

CucTeMbl TUHEUHBIX HEPABCHCTB
PaccmoTrpum pelieHne cucTeM JIMHEWHBIX HEPABEHCTB Ha IPUMEPAX.

2x-3=20,
-3x+11=0

[Tpumep 1. Pemnth cuctemMy HEpaBEHCTB
Pemenue. Pemmm kaxioe U3 HEpaBEHCTB CUCTEMBbI:

3

=

2x-320, 2x 23, =3
= =

“3x+11>0, “3x = -11, 11

I{E.

N300pa3uB Ha omHON KoopmuHaTHOW mpsimor (Puc. 1) 00a TOUYEHYHBIX MHOKECTBA,
COCTaBIISIIOLIUX MOCIEIHIOI CUCTEMY, MTOJIy4aeM OTBET IpUMepa.

- -

{{_‘_.—-" L _,,-f'-:{,-’f’:f’f"\if%{“\;:\ \\ \\-\ }{
o 3 11
2

w

Sx+4<0,
2x-720.
[Ipumep 2. Pemnth cucteMy HEPABEHCTB
Pemenue. Pemnm kaxioe n3 HEPAaBEHCTB CUCTEMBI:

5x+4<0, Sx<—4, -y
=

g
—2x-7 20 -2x27, 7
XE——.
2
N300pa3uB Ha omHON KoopauHaTHOW mpsimod (Puc. 2) o06a TOUYEUHBIX MHOXKECTBA,
COCTABJISIFOIIUX TMOCIEAHIOI CUCTEMY, IIOJIy4aeM OTBET MPHUMeEpA.
N300pa3uB Ha omHON koopauHaTHOW mpsimod (Puc. 1) o6a TOUEUHBIX MHOXKECTBA,
COCTABJISIFOIIUX TOCIEAHIO CUCTEMY, IIOJIy4aeM OTBET MPHUMeEpA.

x
L
é
™,
,
\,
%,
\"‘\.
-'\\
-
.
-4

Puc.2
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7

XE| -, ——
Ortser:
[Tpumep 3. Pemuth cucteMy HEPABEHCTB
6x-7 =0,
4x+13<0.
Pemenne. Pemum kaxnoe U3 HEpaBEHCTB CUCTEMBI:
X > 7
6x—7 >0, 6x 7, 6
— —
4x+13 <0, dx <-13, e 13

N300pa3uB Ha omHOW KoopawHaTHOW mpsMoil (Puc. 3) 006a TOYEUHBIX MHOMKECTBA,

COCTaBJIAOMIUX IMOCICAHIOI CUCTEMY, ITOJYIaCM OTBCT IIpUMEpaA

SO . 7 %
13 07
4 6
Puc.3
Orser: &
Omnpenenenue
Keaopamnoe  ypaenenue — 3TO ypaBHEHUE Buaa ax’ + bx+c=0, rjae

KO3 UILMEHTHI a, b U ¢ — MPOU3BOJIbHBIE YKCHa, TprueM a # 0.

Hpexcz[e, YCM U3y4aTb KOHKPETHBIC MCTOAbI PCIICHHA, 3aMCTHM, YTO BCC KBAAPATHBIC

YpaBHEHHUS MOKHO YCJIIOBHO pa3/IeJIUTh Ha TPU KJlacca:

He nmerot xopHei;

HMeroT poBHO OJIMH KOPEHB;

HmeroT 1Ba pa3iMyHbIX KOPHSL.

JIucKkprMHUHAHT

Onpenenenue

[lycTs JgaHO KBajpaTHOe ypaBHeHHeE ax’ + bx +c=0. Torma ouckpumunanm — 3T0

npocto uucno D = b* — 4ac.

Oty ¢opMmyny Haao 3HaThb Hau3ycTb. OTKyga oHa Oepercs — ceiluac HEBaXKHO.

BaxxHo apyroe: 1o 3HaKy JUCKPUMHMHAHTA MOKHO OIPENEIUTH, CKOJBKO KOPHEM UMeeT
KBaJIpaTHOE ypaBHEHUE. A UIMEHHO:

Ecmu D <0, kopHel HeT;

Ecmu D = 0, ecTh pOBHO OZJMH KOPEHB;

Ecnu D > 0, xopHeit Oynert 1Ba.

OO6paTtuTe BHUMaHHUE: AUCKPUMHUHAHT YKa3bIBAaeT Ha KOJIMYECTBO KOPHEHL, a BOBCE HE HA UX

3HAKH, KaK IOUCMY-TO MHOTUC CUUTALOT. Barisaure Ha OpUMEPLI — U CaMH BCC rnoiimere:

a=1
D=(

3amaua

CKOJIbKO KOpHEW UMEIOT KBa/IpaTHbIE YpaBHEHUS:
xX2—8x+12=0;

5> +3x+7=0;

xX—6x+9=0.

Pemenne

Beimumem ko3¢ (GUIMEHTH U IEPBOTO  YpAaBHEHHMS W HaiieM JUCKPUMHUHAHT:

,b=-8,c=12;
—8)2—-4-1-12=64—-48=16
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Wtak, AMUCKPUMHUHAHT TMOJOXKUTEIbHBIM, MO3TOMY YypaBHEHHE HMEET JBa Pa3iuUHBIX
KOpHsI. AHaJOTMYHO pa30upaeM BTOpOE ypaBHEHUE:

a=5b=3;,¢c=7,;

D=32—-4-5-7=9-140=-131.

JIMCKpMMMHAHT OTpULIATENbHBIN, KOpHEN HeT. OcTanoch MOCIEHEE YpaBHEHUE:

a=1;b=-6;c=09;

D=(-6?%*-4-1-9=36-36=0.

JIMCKpUMHHAHT PaBeH HYIIIO — KOpPEHb Oy/eT OJIMH.

OTtser

1) 2 xopHs; 2) HET KOpHEH; 3) OAMH KOPEHbD.

Kopnu kBagpatHOro ypaBHEHUS

—b++D —b—+D
1 2a @ 2a
Korna D = 0, MOHO HUCII0JIb30BaTh JIO0YIO U3 3TUX POPMYI — MOIYUUTCS OAHO U TO XKe
4KCI0, KOTOpoe U Oyaet orBeToM. Hakoner, ecnu D < 0, KOpHE# HET — HUYETO CYUTATh HE HAJIO.
3anava
Pemnth kBagpaTHbIC YpaBHEHUS:
X2=2x—-3=0;
15-2x—x*=0;
¥ +12x+36=0.
Pemenue
IIepBoe ypaBHEHuE:
X=-2x-3=0=2a=1;b=-2;c=-3;
D=(-2y—-4-1-(-3)=16.
D > 0 = ypaBHeHue umeeT Ba KopHs. Halinem ux:
2 ++/16 ; 2—16 .
T T R T T
Bropoe ypaBHeHue:
1I5-2x—-x*=0=2a=-1;b=-2;c=15;
D=(2%-4-(-1)-15=64.
D >0 = ypaBHeHHE CHOBa UMeEET JiBa KopHs. Haiinem ux:

2 ++/64 2 —+/64
2-(-D - 7 T2
Hakowuerr, TpeThe ypaBHEHHE:
X+12x+36=0= a=1; b=12; ¢ =36;
D=122-4-1-36=0.
D =0= ypaBHEHHE HMEET OJHH KOpPEeHb. MOKHO HCIOJIB30BaTh JHOOYI0 (GopMyITy.
Hampumep, nepsyro:
—12++/0

2-1

Xq

X =

OtBer

Dxi=3;x=-1;2)x1=-5;x2=3;3)x=-6.

HenosHble KBaipaTHBIE YpAaBHEHUS

beiBaeT, 4yTO KBagpaTHOE YpPaBHEHUE HECKOJBKO OTJIHYAETCS OT TOTO, YTO JaHO
B onpenenenun. Hampumep:

x>+ 9x=0;

x> —16=0.

HecnoxHo 3aMeTUTh, 4TO B 3TUX YPaBHEHHUAX OTCYTCTBYET OJHO M3 cilaraemsiX. Takue
KBaJIpaTHbIE YPaBHEHHUS PELIAOTCS Jake JIerde, YeM CTaHJIapTHhHIE: B HUX JaXke He MoTpedyercs
CUUTATh JUCKPUMHUHAHT.
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Omnpenenenue

Vpasuenue ax’ + bx + ¢ = 0 Ha3BIBACTCS HENOIHbIM K6AOPAMHBIM YpasHeHueM, ecu b =0
wi ¢ = 0, T.e. KOOQPHUIHUEHT MPH MEPEMEHHON X WM CBOOOIHBIN JIEMEHT PaBEH HYIIIO.

Pazymeercs, BO3MOKEH COBCEM TSDKENBIN ciydai, korjaa 00a 3Tux ko3(p@uirenta paBHsl
Hymo: b = ¢ = 0. B 3ToMm ciyuae ypaBHeHHe IpuHEMAeT BH ax’ = 0. O4eBHIHO, TAKOE yPABHEHHE
MMeEET €JUHCTBEHHbIN KOpEeHb: X = 0.

PaccmoTtpum octanbable ciydau. Ilycts b =0, Torna moiiyuuM HEMOJHOE KBaJpaTHOE

ypaBHeHue Buja ax’ + ¢ = 0. HemHoro npeodpasyem ero:
2 2 C C
ax+c=0=2x"=——=2x=% |——
a vl

Ilockonbky  apupMeTHUECKHMIl ~ KBaJpaTHbIA  KOpEHb  CYLIECTBYET  TOJBKO
U3 HEOTPULATEIIBHOTO  4YKCJa, IIOCIEJHEE PaBEHCTBO HMMEET CMBICI  HCKIIOUUTEIBHO
npu (—c/a) > 0. BeiBox:

Eciu B HENMOMHOM KBAJPaTHOM YPaBHEHMH BMA ax” + ¢ =0 BBIIOIHEHO HEPABEHCTBO
(—c/a) = 0, xopueii 6yaer nBa. Dopmyna qaHa BBILIE;

Ecmu xe (—c/a) < 0, kopHEel HeT.

Kak Bugure, IMCKpUMHUHAHT HE MOTPeOOBaICsS — B HEMOJHBIX KBaJPATHBIX YpPaBHEHUX
BOOOIE HET CJIOXHBIX BbluMciaeHuil. Hacamom pene pgaxe HeoOs3aTeIbHO IIOMHUTH
HepaBeHCTBO (—c/a) > 0. JIoCTaTOUHO BBIPA3UTh BEJIMUMHY X* M OCMOTPETh, YTO CTOMT C JPYroii
CTOpPOHBI OT 3HaKa paBeHCTBA. Eciu TaMm MONOXUTENbHOE YuCiIo — KOpHeW Oyner nBa. Eciu
OTpHILIATEIbHOE — KOpHEH He OyneT BooOIe.

Teneps pazdepeMcsi ¢ ypaBHEHUAMH BHa ax” + bx = 0, B KOTOPHIX CBOOOIHBINA SIEMEHT
paBeH Hyito. TyT Bce mpocTo: KopHel Bcerja Oyzaer aBa. JocTaTOYHO pa3iokUTh MHOTOYJICH
HA MHOYKUTEIIN: b

ax?+bx=0=2x-(ax+b)=0=2x,=0; x, = ——
a
HpOI/I3BeI[eHI/Ie paBHO HYIIIO, KOr'Ia XOTA 6]31 OJUH U3 MHOXHUTEIEN PaBEH HYIIIO. OTCIOI[a

HaxXOoJATCs KOpHU. B 3akimtoueHne pazdepeM HECKOJIBKO TaKUX YPaBHEHM:
3anaqa
PemmTh kBagpaTHbIE ypaBHEHHUS:
xXX=Tx=0;
5x% +30=0;
4x* —9=0.
Pemenue
X=Tx=0=2>x-x—7)=0=2>x1=0;x2=—(-7)/1=17.
5x*+30=0= 5x’=-30 = x> =—6. KopHeii HeT, T.K. KBaJpaT HE MOXET ObITh paBeH
OTPULIATEIILHOMY YHCITY.
4 -9=0247=9=>x"=9/4>x=32=15x2=-15.
Otser
x1=0; x2 =7; 2) xopue# HeT; 3) x1 = 1,5; x2 = 1,5.

PemieHue KBaApaTHYHBIX CHCTEM YPABHEHM I

0 L lx=y=1
pumep 1. Pemntes cucreMy ypaBHEHUI .
X +y =41.
Pemenue. Brlpa3zuB X U3 IepBOro ypaBHEHHsI CUCTEMBI U MOJCTABUB BO BTOPOE, MOJIy4YUM
x=y+],
2y° +2y—40=0.
PaBHOCHJIBHYIO CUCTEMY Y Y (1)
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Pemas BTOpoe ypaBHeHue cucrembl (1), HaxoauM JBa 3HAYEHUS MEPEMEHHOM Y:

y=4, =_5, [IOJICTaBJIsAs 3TH 3HAUYEHUS B IIEPBOE ypaBHEHHE cucTeMbl (1), moiayuyaem nBa

3HAYCHHS IEPEMEHHOI X: 1 5%, =—4

Otsert: (5; 4),(-4; -5).
_2x-3y—xy=4
IMpumep 2. Pemnts cucremy ypaBHEHUH
3x+y+3xy=3
Pemenne. Cpa3zy BbIpa3uTh OJHY IEPEMEHHYIO ue€pe3 JApPYryl0 B JaHHOM CcCllydae
3aTPYJHUTENLHO, MEeIIaeT ciaraeMoe Xy. YToObl M30aBUTHCS OT 3TOTO CJIAraeMoro YMHOXHM
IIEPBOE YpPaBHEHHE CUCTEMBI Ha 3 M CIIOXKHM CO BTOpPbIM ypaBHeHueM. [Ipu sToM momydum
2x-3y—-xy=4,

PaBHOCWJIBHYIO CUCTEMY YpaBHEHMM 1~ ~ ... 2)
9x -8y =15.

15+8
%3 BTOPOI'O ypaBHeHI/IH HonyqaeM: X=Ty. HO,Z[CTaBI/IB 9TO BBIPpAXKCHUC B IICPBOC

ypaBHEHHE CUCTEMBI (2) MOJIy4YUM ypaBHEHHE 2% -3y- y@ =4 . [Ipeobpa3zoBas ero,

TOJIyYMM KBaJpaTHOE ypaBHEHHE OTHOCHUTENBHO y: 43 +13y+3=0. KopHu 3T0r0 ypaBHeHus
1 13

y=-3,y,= e HOACTaBUM B GOPMYIy IJI X, M HOIyYuM x, =—1,x, = R

Otser: (-1; -3),(13/9; -1/4).
x*(x+y) =80,
x*(2x—3y)=80.
Pemenne. B J51eBBIX 4YacTsAX YpaBHEHHMHM CHCTEMBI CTOST IIPOM3BEIEHUSA JIBYX

COMHOXUTEJIEH, a CIpaBa YUCIO OTJIMYHOE OT HYJsA, MO3TOMY, OYEBUIHO, HU OJHUH U3
COMHOKMUTEJIEH JIEBBIX YacTel YpaBHEHH HE MOXET OBITb paBeH Hy0. Takum o0Opaszom,

IIpumep 3. Pemnts cucremy ypaBHEHUN

3
nonydaem, 4to * 7 Op2x-3 y#0=>x# -5V Pa3nenum nepBoe ypaBHEHHE CUCTEMBI HAa BTOPOE

MNOYWICHHO, B CHIIYy CICIAHHOTO BBIIIC 3aMCHUAHUS, TIOJYUYUM PABHOCHIIBHYIO CHUCTEMY

Y
2x-3y . BbIpasum U3 nepBoro ypaBHEHHUS IMOJYYEHHOH CHCTEMBI BBIpa3uM X: x =4y .
x*(x+y)=80.
[ToncraBuM 3TO 3HAaYeHHE BO BTOPOE YpaBHEHHWE CHUCTEMbl M Haiaem y =1, torma x=4.
Otser: (4; 1).

KBanpaTHOe HepaBEHCTBO — 3TO HEPABEHCTBO, B JIEBOM YaCTH KOTOPOTO CTOUT KBAJIPATHBIH
TPEXUJIEH, B JIEBOU — HYJIb.

To ecTh, KBafipaTHBIC HEPABEHCTBA OBIBAIOT CIEAYIOIIUX BHJIOB:

ax* +bx+c¢>0, ax’+bx+c>0, ax>+bx+c<0, ax’+bx+c<0.

Pemmth kBagpaTHOE ypaBHEHHE MOKHO C TTIOMOIIBIO METO]a HHTEPBAJIOB.

Jlyst TOTO HEOOXOAMMO CHAaYajla HAUTH KOPHHU KBAJAPATHOTO HEPABEHCTBA (BMECTO 3HAKa
HEPaBEHCTBA MOCTABUTh «=» U PEIINTh ypaBHeHHUe ax’ + bx + ¢ = 0). KopHeil MoxkeT 6bITh 1160
nBa, MO0 oauH, MO0 HEe OBITh BoOOIIE. JlanpHeHINe qeHCTBUS 3aBUCAT OT KOJIUYSCTBA KOPHEH:

1. Eciu ypaBHeHHe nMeeT Ba KOPHS, HEOOXOAMMO HAaHECTH WX HA YHCIOBYIO MPSMYIO.
OHu pa3oOblOT €e Ha Tpud TOpoMexyTka. HyxkHo Oymer ompenenuTs  3HAKU
BBIPAKEHHS ax’ + bx + ¢ HA KaXJIOM U3 HPOMEKYTKOB (KOHKPETHBEI NpHMep pEIIeHHsS BbI
MO3KeTe TIOCMOTpETh, BBe/id B (JOpMy BhILIE Kakoe-Tu60 HepaBeHCTBO, Hampumep Sx* + 2x — 7>
0):
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- eclii a > 0, TO 3HAKU oymyr  +, - + (cmeBa  Hamparo);
- eciu a < 0, To 3HAKM OyayT —, +, — (CJIeBa Hampago).

B citydae, ecnu 3HaK HEpaBEHCTBA > WM >, OTBETOM OYAYT MPOMEXYTKU CO 3HAKOM «1».
Ecnu xe 3HaKk < win <, TO OTBETOM OyAyT OTpHULIATEIbHbIE TPOMEKYTKH.

Ecnu 3Hak HepaBeHCTBA > WM <, TO TOYKH-TPAHHIIBI POMEXYTKOB 3allMCBIBAIOTCS B
KpyriiblX ckoOkax. Ecmu sxke 3Hak > unm <, TO TpaHMIBI NPOMEXKYTKOB 3alUCHIBAIOTCS B
KBaJPaTHBIX CKOOKaX.

2. Eciin ypaBHeHHe MMeeT O/IMH KOPeHb, TO HY>KHO TaK)Ke HAaHECTU €ro Ha YHCIIOBYIO
IPSAMYIO M OIpENEIUTh 3HAKM BBIPAXKEHHUS ax’ + bx + ¢ Ha KaKJIOM M3 HPOMEXKYTKOB. KopeHb
pa3eNiuT MpsAMYIO Ha JIBa MPOMEXKYTKA, 3HaKH B KOTOPBIX OYIyT OAMHAKOBBIMU (B 3aBUCUMOCTH
ot ko3 unmenTa a):

- eciu a > 0, To 3Haku OynyT +, +. B 3TOM ciyuae, ecnu 3HaK HEpaBEHCTBA >, TO OTBETOM
OyzeT BCsl YMCIIOBas psAMasi, KpoOMe TOUKU-TPAHUIIBI TPOMEXyTKa. Eciin jxe 3HaK HepaBeHCTBaA >,
TO OTBET — BCS YUCIOBas npsmMas. Eciu 3Hak HepaBeHCTBa <, TO OTBET — ITyCTOE MHOKeCTBO. Ecin
3HaK HEPaBEHCTBA <, TO OTBET — OJHA TOYKA — TPaHHUIA MEXAY IMPOMEKYTKAMH.
- ecnu a < 0, To 3HaKu OynyT —, — B 3TOM ciiydae, eciu 3HaK HEpaBEHCTBA >, TO OTBETOM OyJeT
IIyCTOE MHOKECTBO. ECiu e 3HaK HepaBEeHCTBA =, TO OTBET — OJJHA TOUKA — IPAHUIIA TPOMEXKYTKA.
Ecnu 3HaK HepaBeHCTBaA <, TO OTBET — BCSI YUCIIOBAsI IPSIMast, KpOME TOUKH-TPAHULIBI TPOMEKYTKA.
Ecnu 3HaK HepaBeHCTBA <, TO OTBET — BCS YMUCIIOBAS MPSMast.

3. Eciu ypaBHeHue KOpPHeil He UMeeT, TO HUYETO0 Ha KOOPAMHATHYIO OCh U HE HY)XHO
HAHOCHUTB: HaJI0 IPOCTO ONPEIEIUTh 3HAK BRIPAKEHHUs ax> + bx + ¢ Ha Bceii UncII0BoM NPAMOIL:

- ecnu a > 0, To 3HaK Oyzet +. B a3Tom citydae: eciiv 3HaK HEpaBEHCTBA > HIIK >, TO OTBETOM
OyZIeT Bcs yuciioBas npsiMas. B mpoTUBHOM citydae — eciu 3HaK < WK < — OTBETOM OyJIeT IyCToe
MHO>KECTBO.

- ecmu a <0, To 3HaK Oyner — B 3ToM citydae: eciiu 3HaK HEpaBeHCTBA < HIIH <, TO OTBETOM
OyzneT Bcs uncioBasi mpsiMasi. B mpoTUBHOM citydae — eciid 3HaK > WITU > — OTBETOM OYJIeT IMyCToe
MHOECTBO.

IIpumep 1. PemuTe HEpaBEHCTBO 2% +4x — 6> 0.

KBanpaTHblii TpexuieH 2x? + 4x — 6 uMeeT 1Ba ACHCTBUTEIBHBIX KOpHs X1 = —3, x2 =1.
[TosToMy mapabomna y = 2x* + 4x — 6 Hepecekaer och X B JBYX TOUKAX, A0CIIHCCHI KOTOPHIX PABHbI
—3 u 1. TTockonbKy K03 dHIMENT npu X GoMbIe HYIs, Tapadona y = 2x°> + 4x — 6 HampaBieHa
BBEpX

U3 pucyHKa BUHO, YTO TpexulieH 2x° + 4x — 6 MON0KHUTeNeH IpU X < — 3 1 1pu X >1.

IIpumep 2. Pemmth HEpaBEHCTBO

—x*+x—1>0.

JIMCKpUMHHAHT KBaJpaTHOTo TpexuneHa — x> +x — | orpunarenen: D = —3. [Tostomy
TP BCEX X 3HAYEHHS QYHKIUU Y = — X + X — | UMEIOT OJIMH M TOT e 3HaK, a MIMEHHO 3HaK
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kod(unuenta npu x>, To ecth MuHyc. Cle0BaTeNbHO, HEPABEHCTBO — x> +Xx— 1> 0 He
BBITOJTHAETCS] HA TP KaKUX 3HAUCHUSX X.
Ipumep 3. BBISICHUTD, IPH KaKUX 3HAYEHUSX X JIPOOb
#2 4-2x =3
2y — 3

IMOJIOKUTCIIbHA W TIIPU KaKUX — OTpULATCIIbHA.

CHavana yka3aHHBIM BBIIIE CHOCOOOM OINpEAETNM 3HAKH YHCIUTEIs U 3HAMEHATes
JAaHHOM Ipo0H, a 3aTeM CpaBHHUM HUX.

Yucmutens x° + 2x° — 3 MonoxkuTeNneH Ipu X < —3 M Ipu x> 1, a oTpuuareneH npu
—3 <x <1 (puc. BepXHss YUCIOBAs OCh).

4-3-2~1 0 1.2 3

e kit
i
/) 2

3nameHatesb 2x — x> nosnoxuTeneH npu 0 < x < 2 u oTpunarenes npu x < 0 u npu x >2
(puc. , HYDKHSS YKrCIoBast och). VI3 pucyHKa BUHO, YTO JJaHHAs IpOOb OyIIET MOJIOKUTEIbHA TIPH
— 3 <x< 0 (B »TOM cCiy4yae 4YMCIUTEIb U 3HAMEHATeIb OTPULIATEIbHBI) U NpPU
1<x <2 (B 3TOM cily4ae YHCIUTENb U 3HAMEHATEIb MOJI0KUTEIBHBI); OTPHLIATEILHON OHa OyeT
npu x <. —3 (YUCIUTEINb MOJOKUTENIEH, 3HAMEHaTe b oTpuIaresieH), npu 0 <x < 1 (yuciurens
OTpHULIATENICH, 3HAMEHATEIb TIOJIOKUTEJICH) U ITPU X > 2 (YUCIUTENb MTOJOKUTENICH, 3HAMEHATEb
OTpHUILIATEIICH).

Pemienue 3axanmii:
Nel. Pemuth nanubie cuctembl HepaBeHCTB (No 179 —184):

2c—1>1, 5x +3>8,
179. 181.
{ 3—x>0. {0,7—3.:%-—'2.5.
180. { 1 —2x<<—09, 182. {2::—-3::‘::——3.
x4+ 1< 13. 4x+3>8—=x
183, {3):-]—7‘,;»9—{—2& 184. {x+4{2x'
5+ %> 2x - 2. | —x>—2.
Ne2. Pemuth HepaBeHCTBa:
2x+3)(2—2x)>0.
2—m) (2x—15) (x+4)>0.
x>%,
3x -4 >0, 3x 4, 3 N 6 4
i sev650,  |ls=>-6 _||F7 75 777
Grod) (x>0 77 e e >x<i @x<—E
Sx+ 60, Sx {6 ) 3’ 5
&
T4 -—=
L 5

Ne3. Pemnth ypaBHEHUS:
1. x*-8x*-9=0
2. x*—15x*-16=0
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3.(x* —2x—-5)> —2(x* —2x—-3)—4=0

No4. Pemiuth cCuCTEMbl YPaBHCHUM:

| xy=2,
l9x?+ % =13.

2
X' +y=2
2 F
Y +x=2
1 N 1 2,
+ p—
3 x3y x4y
+ =7
xX+y x+y

No5. Pemiuth fJaHHbIE HEPABEHCTBA:

l. x> —4x+3>0. 5.x* +x+1<0.

2. x2—6x+5<0. 6.x> —x+1>0.

3. —5x%+3x+2>0. 7.x>—6x+10<0.
4. x(1—x)>0. 8. —3x? +2x+1>0.

No6. BBITTOJIHUTE 3aaHUA:

1. Pemnth HEpaBEHCTBO:

8’ -6x+1>0

2. HaliTu HauMeHbIIIee TOJIOKUTEIIBHOE 1I€JI0€ pellieHne HtpaBeHCTBA:
x4+ 2x>-3

3. Peminth HEpaBEHCTBO:

XH+3x+8=>0

4. PemnTh HEPABEHCTBO:

X-dx+4>0

5. Pemnts HepaBEHCTBO:

X-dx+4>0

6. Haiitu Bce 3HaueHUs X, HE SABJISIIOLIMECS PEIIEHNEM HEPAaBEHCTBA!
xX’>16

IIpakTuyeckas padora Ned

Tema 1.4: Oynkiuu: nuHelHas, oOpaTHas TPONOPLIUOHATIBLHOCTD, KBaApaTUYHAs

byHKIISA

Heab: 3akpenuTh y yyalmxcs 3HaHUS U YMEHUS IOCTPOeHUs rpadukoB PpyHKIMH

Teopernyeckas 4acThb:

CaoticTBa JinHEHHOW GyHKIMK Y = kX + b.

1. Ob6nacth onpeneneHus: PyHKIUU — MHOXKECTBO BCEX JICHCTBUTEIIBHBIX YUCEII.

2. OO6macth wu3MeHeHHs (YHKIUM TpU yciaoBuH, 49TO k # 0 — MHOXKECTBO BCEX

neiicTBuTeNnbHBIX uyucel. Ecimm k = 0, To MHOXXeCTBO 3HAYeHUH (DYHKIIMU COCTOUT W3 OJHOMU
TOYKH b.

3.1Ipu k # 0, b # 0 dhyHKUMS HE SABISETCS HU YeTHOM, HU HeueTHOH. Ecim k = 0 (b mroboe)

— (ynkuust wetHas. Ecrm b = 0 (k mo6oe) GpyHKIus HeueTHas.

4. ITpu k > 0 ¢ynxuus Bozpacraet npu 1ro0bIx x. [Ipu k < 0 pynxus yosiBaet npu

mo0bIX X . [Ipu k = 0 ¢yHKIMA TOCTOSIHHA.
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ITpumep. lloctpouts rpaduk GyHKIUU y=2x+ 4.
Pewenue. I'paduxom siBiseTcs npsaMasi TuHuA. [ e€ mocTpoeHHs JOCTaTOYHO HAWTH

TOYKM IIEPECCUCHUS C OCSAMHU KOOPJAMHAT: IIpU X = 0’ y= 4 X = —Z,y =0

A(0:4)  B(-20)

U IIpU . Takum

o0pa3om, npsiMasi IPOXOAUT YEPE3 TOUKHU

v

_/)"—'2.\'+4

_ax+b

/ 0
y =
OyHKIMS BUAA €X+ a , roe & b € d_ MOCTOSIHHBIE YHCJA, TPUYEM c#0

, ad + bﬂ', Ha3bIBACTCS OpPOOHO-TuHenHou Pyuxkyuen. OyHKUUS ONpeneieHa BCIOAY, KpoMe

X = —i
3HAYEHHsI € . Eem @=0 €= 1 , d= 0, TO HOJIYYHM YaCTHBIN CITydaii JPOOHO-THHEHHON
_b
byHKIMN X . O6nacte ompeneneHus Takoi (DyHKIMHU X € (_ cﬂ,ﬂ)U (0,4—::0). I'padrixom
_b
byHKIIH X sBnsercs kpuBas, cocTosiIas M3 JBYX BETBEH, CHMMETPHYHBIX OTHOCHTENHHO

Havdalla KOOpAWHAT. Takas KpuBasi Ha3bIBACTCA zunepﬁoﬂoﬁ. Ecmu b:} 0, TO BCTBU FI/IHep6OHBI

pacrionoxkensl B I u III koopAMHATHBIX YETBEPTAX; €CIIU JKE b<0 , T0 Bo II m IV koopauHaTHBIX
yeTBepTsIX. [ unepbosa He UMeeT OOIIMX TOYEK C OCIMH KOOPIMHAT,  JIMIIb CKOJIBKO YTOJHO OIU3KO K

_b
HUM  TpuOmmkaercs.  DOyHKIUsA X meuernas. Ha pHCYHKE n300pakeH  rpaduk
THIIEPOOITHI X s cirydast b > 0
Y.
A
» X
S ax® 1bhx ¢ ¥, X
OyHKIHS, 3aJaHHas dbopmymnoit , roe - 7 —
nepeMeHHBIE, a=b=c — 3aJaHHble 4YHCIIa, (¥ U, Ha3bIBACTCS K6AOPAMUYHOU (pyHKyueil.

O06nacTeio OIIPCACIICHUA KBaﬂpaTHQHOﬁ (pYHKI_II/II/I SIBIISICTCS MHOXKECTBO JIEHCTBUTEIIHLHBIX YHCEIL.

2

y=ax“+bx+c

I'papuxom  ¢yHKIMK sBisiercs napabona. Ecmu @ = 0 , TO BETBU
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napaloJibl HampaBjieHbl BBEpX; €CIU a"’:ﬂ, TO BETBU Napaboiibl HampaBieHbl BHU3. OcChbio

b

X =-—
CUMMETPUU TMapalojibl SBISETCS TpsMast za. Koopaunatel BepmuHbl  1apaboIIbl
b [ ] Aac — B°
X =——— = X = e =
Za’ Yo =¥ A¢x

OTIpeNeNAI0TCs o hopMyIam

Jliis noctpoenust napadoiibl yA00HO BEIOpATh CIEAYIONINE TPU TOUKHU:

a) TOYKY TNepecedeHHs Mapadoibl C OCHIO Qy , TIpH x=0 HOJTYYUM ¥ , TaKUM
o0pa3om, rmepBasi TOuka C(O’E) ;
y =C . X= 0
0) Touky Ha mapabose npu , TO ecTh JJU0O0 TOYKY ¢ abciuccon (Touka
x=-b B (ﬁ; c)
C), 1160 TOUKy ¢ abCIUCCOM @  taxum 06pa3om, BTOpas TOUKa a .

Ax,,,) X, =—5%

B) BEpIINHY napaboJIbI TOUKY , e

=33, )- 22t

MOXHO TaKK€ B Ka4CCTBE OCHOBHEIX TOYCK BI)I6paTI) TOYKHU IECPCCCUCHUA Hapa6OJH)I C

o _—btb*—dac _-b+D

L2
oceio O% 71 2a 2@ ecim TakMe CymECTBYIOT, TO €CTh
JUCKPUMHWHAHT KBAJIPATHOI'O TPEXYJICHA HQOTpI/IHaTeHLHBIfl.

2
Ilpumep. Iloctpouts rpaduk GyHKIUU Y= 2x% +2x+2 .
C{0,2) B-1,2) A(-0,51,5)

b

OtmeTum TPpU TOYKH
a>0)

. BerBu mapabosbl HampaBIeHbI

x=-0)5

BBEPX ( . [lapabosa cuMMeTprUYHa OTHOCUTENBHO IPSIMOM

v

Pemenne 3aganmii:
Nel. TToctpoiite rpaduxu QyHKITHIA:

ly=3x+4
2.y=%x—1
3.y=5—4x
42y —4x =6
53x +4y =2

3
6.y=;

2
7:)/:;
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1
8._’)/—; ,

9.y= —;+2

10.y =4+

No2. Tloctpoiite rpadmku KBaipaTUIHOW (DYHKITHH:
1. y=x>—4x +3. 5.9=x> +x+1.

2. y=x—6x+35. 6.y=x> —x+1.
3y=—5x’+3x+2. 7.y=x>—6x+10.

4. y=x(1—x). 8.y=—3x +2x+1.
Ne3. TToctpoiite rpaduxu GyHKITHIA:

l.y=4x-5

2.y = 3—§x

3.y=2—l

X
Ned. TToctpotite rpaduku KBagpaTUIHON ()YHKIIHH:
1. y=8x*-6x + 1
2.y=-x"+2x +3
3.y=x* +3x+ 8
4. y=x>-4x + 4
5.y=x7-4x+4

IIpakTuyeckast pabora NeS
Tema 1.5: ['eomeTpust Ha IOCKOCTH
Heab: Onpenenuts HalpaBlIeHUs MPAKTUYECKOTO MPUMEHEHHs 3HAHHUH TIIaHUMETPUU B
npohecCuOHATBbHON NeSTENbHOCTH.

Teopernyeckas 4acThb:

I'ne BcTpeuyarorcs reomerpuyeckue GUIypbl B Hamei xKu3Hu?

Kaxnpiit 3 Hac — U B3poCibId, U peOEHOK — 3ameyal, Kak MHOTO T'€OMETPUYECKUX
buryp cymecTByeT BOKpYr Hac. Mbl BCTpedaeMcsi ¢ HUMHU Be37l€, BO BCEX OKPYXAIOIIUX Hac
npeaMerax.

JIronn MaBHO 3aMHTEPECOBAIMCH pPa3HOOOpasueM reomerpuueckux ¢uryp. Emé s
NEPBOOBITHBIX JIOAEH Ba)KHYIO pOJIb Urpaja (opMa OKpYKaBIIUX MX IpeameToB. OnaaeBas
MHUpPOM, JIOAM 3HAKOMWINCH C MpocTeHmuMu reoMmerpudyeckumu ¢opmamu. CHayana OHHU
U3TOTaBIMBAJIN OpYyIUs TpyJla OTHOCUTENBHO MPaBUWIBHOM (OPMBI, MOTOM HAYYMIIUCh HX
coBepIIeHCTBOBaTh. CrelnManbHbIX HAa3BaHUU JJI T€OMETPHUUECKUX (Uryp TOr/a, KOHEYHO, He
obu10. VX mpuymManu 3Ha4uTeIRHO 1Mo3ke. Korma oA ctamu CTpouTh IoMa, UM TTPHUIILIOCH €1l
riry0xe pa3Ouparbcsi B OCOOEHHOCTSAX Pa3HbIX (QUryp, 4TOOBI MOHATH, Kakylo (Gopmy ciexyer
IpHUIaBaTh CTE€HAM M Kpblllie, Kakoi (OpMbI JOJKHBI ObITh OpEBHA WIIM KaMeHHbIE IIbIOBI. Cam
TOTO HE 3Has, 4YeJIOBEK BCE BpeMs 3aHUMAICA HM3y4deHHEM (UTyp: KEHIIUHBI, W3rOTaBIMBas
OJIeX /1Y, OXOTHUKM — HAKOHEUHUKH JUIsl KOMUN WIIM OyMEpaHTu CII0KHON (OpPMBI, PHIOOJIOBHI,
Jienasi Takue KproUKH U3 KOCTH, 4TOOBI pbI0a C HUX HE CPhIBAJIACh.

U B coBpeMeHHOM Mupe 0€e3 3TUX 3HAHUN HE MPOXKUTb.

I'ne :xe BcTpedaroTesi reomeTpuyeckue (pUrypol B HaLen sKU3HA ?

Bo03MOXHO, KTO-TO CUUTAET, YTO PA3IMYHbIE TUHUHU PUTYPBI «BOJATCSI» TOJIBKO B KHUTAX
y4€HBIX MaTeMaTukoB. OHAKO, €CIM MOCMOTPETh BOKPYI, CTAHOBUTCS IMOHSTHO, YTO MHOTHE
npeaMeTsl UMeIoT (opMy, MOX0XKYI0 Ha OCHOBHBbIE reomeTpuyeckue ¢urypsl. [Ipocto mbl He
BCerjJa 7TO 3aMedyaeM. Hemano 3aMedarenbHBIX TE€OMETPUYECKUX (UTYp BCTpedaeTcs B
OKpy>Karotiei Hac nmpupose. [lone umeet hopmy nIpsSAMOYyrobHIKA, peka — KPUBOW JIMHUH, 03€PO
— KpYyTra, KpUcTayu1 coiau — (Gopmy KyOa, 0ObIYHasi TOPOIIMHKA, Kanellbka pockl — (GopMy Iiapa.
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KpacuBbl 1 pa3HO0Opa3Hbl MHOTOTPaHHUKH — KPUCTAJUIBI TOPHOTO XpycTais. Ho u B mpuBBIYHON
’KU3HU OCHOBHBIE F€OMETpHUECKHUE PUTYPBI TOKE MOBCIOY. DTO 3/1aHusl, CTPOEHUS, TPAHCIIOPT,
UHTEpPhEp KBApTHUPBI, JaXe MOoCcyla U MpeaAMeTsl ofexanl. K mpumepy, skeHckas ro0ka — 3T0
Tparneuus, Tapeaka — Kpyr, 1OM — KBaJIpaT U TPEYTOJbHUK, a B TPyOe — IMIUHID.

3HaTe Bce (QUTypHl, MX BUJABI, Ha3BaHUS M CBOMCTBA OYeHb BakHO. CHCTEMaTH3HpYyET
3HaHUSA O TEOMETpPHUYeCKUX (uUrypax M HM3y4daeT HMX CBOWCTBa MareMaTH4ecKas Hayka —
reomerpus. Hayka s3Ta oueHp BakHas, €€ NMPUMEHEHHE MPOCTO OECLIEHHO BO BCE BpEMEHA U
He3aBUCHUMO OT npodeccuu. bes 3HaHmii reoMmeTpun He 0OXOIUTCS HU pabOUYuil, HU UHKEHEP, HU
apXUTEKTOP, HU XyI0KHUK. /1 0ueHb BaXKHO HA4aTh OCBaUBaTh 3Ty HayKy B paHHEM BO3pacTe.

Y KakoM ¢uUrypbl 4 BepLUUHbBI?

3 iISMART

Bbibepu ocTpbie yrnbi.

aaaev s

3t ISMART

Hrak,
FEOMETP UMECKUE OUTYPbI
L
Touka Mpamasn Otpesok Nyuy Yron
TpeyroneHWK MpAMOYronbHNK OKpYXHOCTb Kpyr

IIpocreiimme BuaAbI puryp

JIBe ocHOBHBIE (DUTYpBI — 3TO TOYKa M JIMHUs. CKOIUICHHE TOYEK W JIMHUN o0pa3yer
pa3iuuHble TeomeTpudeckue Qurypel. Kaxknas w3 HUX MHIUBUIyaldbHA, OTIWYAETCS CBOMMH
napaMerpamMu, uX (OpMbl OYeHb Pa3zHOOOpa3Hbl. PUTYpbl OBIBAIOT MPOCTHIMU M CIIOKHBIMU,
TUIOCKUMH U 00BEMHBIMHU.

Touxka
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Touka — 3TO camblii MUHUMAaJIBHBIA, HO B TO K€ BpEMsl CaMblii TJIaBHBIH OOBEKT B
reoMeTpuu. OTO camMas Majas reoMeTpuyeckas (urypa, Ho UMEHHO OHa HeoOXoauma MaJis
MOCTPOCHUS IPYTHX (PUTYp HA MIOCKOCTH U SBISIETCS OCHOBOM /isl Beex Apyrux ¢uryp. OHa He
COJICP)KUT TAaKMX CBOMCTB, KaK JJIMHA, BbICOTA, O0BEM, IIIOIIA[ b, HE UMEET M3MEPHUTEIbHBIX
0COOCHHOCTEH M XapaKTepUCTHK. BaxkHO TONBKO TO, T/Ie OHA pacmonoxkera. O003HaYaeTCst TOUKa
3arjaBHOM OYKBOM JlaTHHCKOTO andasuta b0 urciaom. Hanpumep, A, B, C wiu 1, 2, 3.

Besikas Gosee ciiokHasi reoMeTpudeckas (urypa — 3TO MHOXKECTBO MmoOuYeK, KOTOPBIC
00J1a/1a10T ONPEICIIEHHBIM CBOMCTBOM, XapaKTEPHBIM TOJIBKO IS 3TOU (QUTYPBHI.

CaMbIMH POCTEUITUMU (PUTYPAMU SBIISIOTCS Iy B OTPE30K.

e Jlyy — d4acThb NpPAMON, y KOTOpPOM €CTh HadalibHasg TOYKAa, HO HET KOHIA. IJTO
MIPOJIOJKEHHE B OJTHY CTOPOHY.

e Ompe3ox — COCTaBHAasl 4acTb NIPSIMOM, KOTOpas orpaHuyeHa AByMms Toukamu. OH
MMEEeT HayaJlo U KOHEL, M03TOMYy u3Mepsiercs. [mnMHy oTpe3ka MOXKHO OINpeeiInTh, U3MEPUB
PacCTOSIHUE MEXAY €ro KOHIIaMHU.

JIunust

Jlunust oOpa3yercss U3 MHOXKECTBA TOYEK, MOCJIEIOBATENBLHO PACIIOJIOKEHHBIX JIPYT 3a
JIPYroM W COEAMHEHHBIX MEXAy co0oi. JIuHMM OBIBAIOT 3aMKHYTBIMH W Pa30MKHYTHIMU,
MPSIMBIMU ¥ KPUBBIMH, & TAKKE JIOMAHBIMHU.

e 3amkHymas — KOTJa B OJHOW TOUYKE pACIOJIOKEHA HadajbHas W KOHEYHAs 4YacTb
HanpaBieHus. 3 He3aMKHYTOH JIMHUM MTOJTy4atoT oOpaTHBIN BapHUaHT.

Pazomxnymas — xorja Ha4ajio ¥ OKOHYAHUE JTUHUU HE COCJIUHEHBI.
IIpsamas — HenpepblBHAS JUHUS 0€3 U3MEHEHUH.

Kpuseas — otiinuHas OT NPSIMOU JIMHUU.

Jlomanas — xorja coelMHEeHbl OTPE3KU He 1o yriiom 180 rpaaycos.

\

Yepes 0J1HY TOUKY MOXKHO IPOBECTH OECKOHEUYHOE YMCIIO JUHUH, a Yepe3 JIBe — TOJIbKO
OJIHY MPSIMYIO M1 MHOXKECTBO KPUBBIX.

OcHoBHbBIE reoMeTpUYecKue (purypsbl

Coenuuénnbie MeXay coOO0W TOYKH OOpaszyroT JIMHHHM, a COSAMHEHHBIE MEXTY CO00i
JIMHUU — OCHOBHBIE T€OMETpHUYECKHE (PUTYPHI HA TIIOCKOCTH.

I'eomerpuueckue ¢urypsl OBIBAIOT IJIOCKHE WM JABYXMepHble (2D) u 00bEMHBIE
pOCTpaHCTBEHHbBIE, WU TpéxMepHble (3D). OHu orpaHMyYeHbI 3aMKHYTOM MMOBEPXHOCTHIO CBOEH
Hapy’>KHOH I'PaHHUIIBIL.

Ecnu Bce Touku (Urypbl HaX0ATCS B OTHON MJIOCKOCTH, 3HAYUT, OHA SBJISIETCS TUIOCKOM.
[Tnockue Qurypbl, KOTOpble 3HAIOT BCE: TOYKA, KBAJapaT, MPSMOYTOJIbHHUK, TPEYTOJIbHHUK, KPYT,
HOJYKPYT, OKPY’>KHOCTb, OBaJI, pOMO, Tpamerus.

A ecni y TeOMETpUUYECKON (PUTYPHI BCE TOUKH HE HAXOASATCS B OJTHOM TJIOCKOCTH, TO OHA
o0béMHast. K HUM oTHOCATCS 1map, KOHYC, UIUHAD, chepa, MupaMuaa u ap.

Paz6epém mmockue Gurypsi.
Tpeyroabuuk
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Tpeyzonvhuk — 310 Qurypa, Koropas oOpasyercsi, Koraa TpU OTpe3Ka COSAUHSIOT TPH
TOYKH, HE JISKAIINE HA OJHOW NMPSIMOM. DTH TPU TOYKU HA3BIBAIOTCS BEPUIMHAMH, & OTPE3KA —
CTOPOHAMH.

EcTb Tpu BuIa TPEyroabHUKOB:

o [IpamoyeonvHblil — KOTJIa OUH YTOJI MPSIMOM, Ipyrue aBa MeHble 90 rpaaycos.

Ocmpoyeonvusili — Korjaa rpaayc ero yriaos Oounbiie 0, Ho MeHbIe 90 rpaaycos.
Tynoyzonvuelii — KOTJJa OAMH yroJl TYIoi, To ecTh Oonbie 90 rpaaycos, a 1Ba Apyrux

— OCTpBbIE.
TpeyronbHUKM UMEIOT CIELYIOLNE CBOMCTBA!

B TPEYTOJIbHHUKE HAIIPOTHB OOJIBILETO YTIJiia JEKUT OOJIbIIas CTOPOHA U HA000POT;
CyMMa yTJIOB TPeyrojbHUKa Bceraa paBHa 180 rpagycam;

BCE YIJIbl PABHOCTOPOHHETO TPEYrojbHHUKa paBHbI 60 rpagycam;

B IPSAMOYIOJBHOM TpPEYTrOJbHUKE KBaJpaT THIIOTEHY3bl pPaBE€H CyMME KBaJpaToB

KaTeToB (HO 3TO M3y4YaeTcs YK€ B CTApILUX KiIaccax).

BepimHbl TpeyroibHUKOB 0003HAYAIOTCS 3arJIaBHBIMU OYKBaMH JIATHHCKOTO ali()aBUTA:
A, B, Cu np.

Ilpumepsr mpeyeonbHuUKo8:

1) 2)
M

R
A K
N

T
Q
5)

C
4)
F
\/ O G
E

3 ISMART

D

OxpyxHOCTH
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OxpysicHocmbs — TeoMeTpuuecKkas gurypa, oOpa3oBaHHasi 3aMKHYTOH KpHUBOH JIMHHEH,
BCE TOYKHM KOTOPOH HaXOJSATCS Ha OJMHAKOBOM OT IIEHTPA PACCTOSHUM.

Kpyr

YacTp MI0OCKOCTH, HAXOMAILIASCS BHYTPU OKPYKHOCTH, HasblBaeTcs kpyzom. To ecTs,
OKPYXHOCTh — 3TO IPaHMIIa Kpyra. A paccTOsHUE OT IIEHTPa OKPYKHOCTHU JI0 JHOOO0N TOUKHU Ha
Hell Ha3bIBaeTCs paanycoM. JnameTp Kpyra — 3TO OTPE30K, KOTOPBIM COECIUHSET ABE TOUKH Ha
OKPYKHOCTH M MPOXOAUT uepe3 e€ LeHTp. [luamerp kpyra paBeH ABYM €ro pajilycam.

IIpsaAMoOYroJIbHUK

IIpamoyzonvruk — 310 (urypa, cocrosimas U3 YEThIPEX CTOPOH U UYETBIPEX MHPSIMBIX
YIJIOB, Y KOTOPOM:

e IIPOTUBONOJIOKHBIE CTOPOHBI PABHBI MEX]Y COOOM;
e JIMaroHAJIA PaBHBI U JEIATCSA B TOUYKE IIEPECEUCHHUS M1OTI0aM;

® OKOJIO ONPAMOYT'OJIBHUKA MOKHO OITMCATh OKPYKHOCTD C ICHTPOM B TOYKEC IMEPCCCUCHUA
€ro I[I/IaFOHaHefl " pagnycoMm, KOTOpLIfI PaBCH I1OJIOBUHEC ﬂHaFOHaHCﬁ.

KBaapar

Keaopam — 310 TOT k€ MPSIMOYTOJIbHUK, Y KOTOPOTO:
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e BCE CTOPOHBI PaBHBI;

e BCE yIUIbl paBHbBI U COCTaBIAIOT 90 Tpanycos;

e JUAaroHaJIY PaBHBI U IEPIEHIUKYIISAPHEL,

e I[EHTPHl BIUCAHHOW M OINHUCAHHOW OKPYXHOCTH COBMAJAIOT U HAXOISATCS B TOYKE
IIEPECEUCHMS €T0 AUaroHaic.

Tpaneuus

YeTpIpEXyroabHUK, y KOTOPOTrO JBE CTOPOHBI MapajuleNbHbl, a JBE — HeT,
Ha3bIBaeTCs mpaneyueti. Ecny cymma JIMH OCHOBaHMM Tpamneluy paBHa CyMMeE JUIMH OOKOBBIX
CTOPOH, B HE€ MOXKHO BIIUCATh OKPY>KHOCTb.

IMapajsesorpamMmm u pomMo

Ilapannenoecpamm — 4eTBIPEXYTOJIIBHUK, TPOTUBOINOIOXKHBIE CTOPOHBI KOTOPOTO MOMAapHO
napauieNbHBbI.

Pom6 — 310 napanenorpaMM ¢ paBHbIMH CTOPOHaMHU.
[TapanmnenorpaMm UMEET CIEIYIOIINE CBOMCTBA:

e TIPOTUBOMNOJIOKHBIE CTOPOHBI U YIJIbI PABHBI,

e CyMMa JIBYX JIIOOBIX cOceTHHUX yrioB paBHa 180 rpamgycawm;

e JIMaroHaJlu MEePECceKaroTCsa U TOUKOM MepecedeHus AesTcs Iooam;
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e KaXKJas IMaroHalb JEIUT (GUTypy Ha JIBAa paBHBIX TPEYTOJIbHUKA.

OcHOBHbIE BeJIMYMHBI U UX (POPMYJIbI

Bce reomerpuueckne GUrypsl IMEIOT CBOU XapaKTEPUCTUKHA M COOCTBEHHYIO BEJTHUUHY.
CaMbIMH pacpOCTpPAaHEHHBIMU SIBJISIOTCS TAKME BEIMYMHBI KakK IUIomans U nepumerp. OHu
UCTIOJIB3YIOTCS B IOBCETHEBHOM JKM3HU, B CTPOUTENILCTBE U B Ipyrux obnactsax. Hampumep, Bo
BpEeMsl PEMOHTa WJIM HOBOI'O CTPOMTEIbCTBA, KOJIMYECTBO HEOOXOAMMBIX MaTepHalloB U 00BEM
paboT HE ONPENENINTh, HE BHIYMCIUB 3apaHee IJI0LAAb U IEPUMETP.

IMepumetp

[lepumeTpoM Ha3bIBaeTCs 3aMKHYTas TpaHUIA IJIOCKOM Te€OMETPUYECKOH (HUrypHl,
KOTOpas OTAeseT e€ BHYTPEHHIOK 00sacTh oT BHewHel. Ilepumerp ecth y m1000i 3aMKHYTOM
reOMEeTPUIECKOi (purypsi:

I3 O I

3 ISMART

Ha pucyHke mepumerpsl BbIIEICHBI KpacHOM JiMHMEHR. [lepuMerp OKpyKHOCTH 4acTo
Ha3bIBAIOT JJINHOM.

[lepumerp u3MepsieTcs B €qUHULIAX U3MEPEHUS IJIMHBL: MM, CM, M, M, KM.

O06o03HayvaeTcs 3aryiaBHOM JaTuHCKOM P.

Bbiuncienue nepuMeTpa u MJIOIAIN

Ilepumemp — 5TO JAIMHA 3aMKHYTOrO KOHTYypa TeOMeTpHuecKoil ¢urypsl. MoxkHO,
KOHEYHO, U3MEPUTh JTUHENKOM JJIMHBI BCEX CTOPOH M CIOXKUTH uX. Ho mydie Bocnonb3oBaThCs
crielManbHBIMU (POPMYIaMHU Uil BBIYMCICHHS IEPUMETPa, 3TO 3HAYUTEIbHO YIPOCTUT 3a/1ady.

o KBganpat: nepumerp =4 * cropoHa.

o TpeyronbHUK: epuMeTp = cTopoHa 1 + cropoHa 2 + cTopoHa 3.

o HenpaBuibHbII MHOTOYTOJIBHUK: IEPUMETP = CYMME BCEX CTOPOH MHOTOYTOJIbHHKA.

o Kpyr: mnmmHa okpyxkHocTu = 2 * 1 * paguyc = n * nuamerp (rze T — 3TO YUCIO MU
(koHCTaHTa, MpUMEPHO paBHasd 3,14), paguyc — 3TO AJMHA OTPE3Ka, COCOUHSIOLIETO LIEHTP
OKPYKHOCTH M JIIOOYIO TOUKY, JIEXKAIyI0 Ha 3TOH OKPYXHOCTH, AMaMETp — 3TO JIJIMHA OTpe3Ka,
MPOXOJAIIETO Yepe3 LEHTP OKPYKHOCTH M COETUHSIOLIETO JIF0OObIEe IBE TOUKH, JIeKAIlMe Ha 3TOMI
OKPY>KHOCTH).

Jlist BeIaucaeHus niowaou GUTypsl Takke MoTpedyeTcs cooTBeTcTBYOMmas ¢popmyna. K
pasHbIM (pUrypaM NMPUMEHSIOTCS pa3Hble GopMysibl. J[1s BEIYMCIEHUS TUIOIAAM CTaHAAPTHBIX
reOMEeTPUUECKUX (GUTYP MOKHO BOCIIOIB30BAThCS CIAEAYIOUIMME (OpMyIaMu:

e [lapamnenorpaMm: miomnaab = OCHOBaHUE * BpICOTA
KBagpar: mmomrans = cropona 1 * cropona 2
TpeyroapHUK: MmiIomans = 2 * ocHOBaHue * BBICOTA

o Kpyr: mnomans =t * paguyc? (rae paanyc —3To JJIMHA OTpe3Ka, COSIUHSIONIET0 HEHTP
OKPYKHOCTH U JIIO0YIO TOUKY, JISKAIIYIO Ha 3TOI OKpyXHOCTU. KBasipart paanyca — 3To 3HaUeHUE
paanyca, yMHOKEHHOE caMO Ha ce0s).
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: S =q*
- P =4a P — cymMa cTopoH Gpurypbl
xaa;pa‘r d=aVv2 d— aanHa quaroHanu
d " S=a-b
= d = \/a? + b2

a
NPAMOYFONbHUK

b‘pi "7 S

a rm— - . 1 pr— L2
o ABTEaH S=a-b-sing h — BbIcoTa
Ssavh
3
@ S=a?-sing@g  h-—BbicoTa
1
pom6 S= % dy-d; d, ud, — AuaroHanu
b a+b
S'= -h  awub-— ocnoBanus
m 2
h h — BbICOTA
a a+b
Tpaneyva m= > = CpeJHsis JIMHHUA

S =nR?
L=2rR=nD D - puamerp

Kpyr L — A/1MHA OKPYKHOCTH
b
A\ L
.2 = S = E ca+h
1
h[k S=5-a-b-sing
PR 3 2
/@\ S=p-r p-noaynepumerp

I — pajnyc BIUCAHOH OKPYKHOCTH
TPEYronbHUK
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S==-a-b
| P 2
C a B S — 1 . C . h
NPAMOYTONbHbIA 2
TPeYronbHuK
c? = a? + b?

Pemenue 3ananuii:
3apanue 1. Haittu miiomanp y4actka, OTBEICHHOTO 11O CTPOUTEILCTBO:

8 cm. 12cm

3cm

10cm

4cm

5¢cm

3ananme 2. /lan miian KOMHATBI. BeI4ucinTh:
1)S cren=

2) S notonka=

3) S nmona=
L 4m
| NoTONOK
| 8M
I cTeHa cTeHa cTeHa
3 i EdN M
3m
im
| 8mMm am 4m
- 8m
L non
3ananmue 3.

HzBectHO uTO: 1) S cten= 67 m 2 2)S moTosaka= 32 m % 3) S mo1a=32 m 2

HaiiT cTOMMOCTh peMOHTa 3KOHOM KJIACCA, UCTIObL3YS TaHHBIC TAOJINIIbL:
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HaumenoBanue Ilena KonuuectBo CTouMOCTh
O6owu, 1 Tpydka=10m 2 500p.

Jlamunar, 1m 2 500 p.

Kpacka, | 6anka Ha 10m 2 1000 p.

PeMoHT cBOMMU pyKamMu

Hmoczo:

Haiiti ctoumocTth PEMOHTA ou3Hec KJacca, MCII0JIb3yA JaHHBIC Ta6J'II/II_[I)IZ

HaumenoBanue Ilena KomnuectBo | CTouMocTh
O6owu, 1 Tpydbka=10m 2 2000p.
Jlamunar, 1m 2 1500 p.
Kpacka, 1 6anka na 10m 2 | 2000 p.

PemoHT BEINOTHSIOT pa60qne, CJICAOBATCIIbHO, CTOMMOCTH HYKHO YMHOXXHWUTH Ha 2.

Hmozo:

IIpakTnueckas padora Ne6
Tema 1.6: Bxoanas koHTposibHas paboTa
Hean: IIpoBepuTh ypoBeHb YCBOEHUS TAaHHOTO Marepuaina mo pasnaeny 1 «lloBropenue
Kypca MaTeMaTUKH OCHOBHOM IIKOJIBI»

Ilpu pewenuu 3ad0anuit 1-4 3anuwiume npasuIbHLLL oOmeem U3 Uemvlpex
npeo10HCeHHbIX.

1. (1 6am1) Packpoiite (hopMyITy COKpAIIEHHOTO YMHOXKEHHS a>-b’:

A) a’-2ab+b%; B) (a-b)(a+b); B) a’+2ab-b%; I') (a-b)(a-b)

2. (1 6ann) [Inomaap TpeyroabHUKA BEIYUCISAETCS 110 GopMyJie:

A) S=a*b; b) S=(a*b)/2; B) S=2a*b; I') S=(a*b)/3.

3. (1 6amr) Kakoe u3 ciaeayrommux 9Uce 3aKII0UeHO MEXTy YHCIIaMU g " g?

A)0,4;5)0,5;B)0,6;1)0,7

4. (1 6ann) Jaus! rpadpuxu pynkumii. Kakas ¢popmyna coorBeTcTByeT rpaguky 3):

1 2) 3)
' I/ » ¥}
/‘. [

| =
]

|

|

. ol 1 | !

[ [ I

e

NN EEERER N EEEEN F En=
: [ hoube L LT T/ T bederd P

N

Ilpu évinonnenuu 3a0anuil 5-8 3anumiume xo00 peuieHus U NOJYUEeHHbLIL OMmeem.
1 11
5. (2 6anna) Beraucnure St

6. (2 6anna) Pemmre ypasuenue x> - 7x + 10 = 0. Ecitu ypaBHeHHe uMeeT 60J1ee 0HOTO
KOpH$, B OTBET 3allUIINUTE MEHBIIUN U3 KOPHEH.
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7. (2 Gamna) [lmomane 3emMenb KPECThIHCKOTO XO3SMCTBA, OTBEICHHAS IOJ TMOCAJIKY
KYCTapHUKOB U LIBETHUKOB, COCTaBJISET 24 ra u paclpeaeiacHa MexAy HUIMHU B OTHOLIEHUH 5:3.
CKOJIBKO TeKTapOB 3aHUMAIOT LIBETHUKU?

8. (2 6amna) Bricora BH mapamnenorpamma ABCD nenut ero ctopony AD Ha OTpe3ku
AH = 2 u HD = 32. Jluaronais mnapamienorpamma BD pasuna 40. Haiigute momans

HapaJIJIeJIOFpaMMa.
3maﬂ0ﬂbl omeemoe.
Howmep 1 2 3 4 5 6 7 8
3adaHUsA
OtBeT b b B A 2,7 2 9 816

IIpakTuyeckas padora Ne7

Tema 2.2: OCHOBHbIE TPUTOHOMETPUYECKHUE TOXKAeCTBA. DOPMYIIbI IPUBEICHUS
Heas: Hayunth uConbp30BaTh OCHOBHBIE TPUTOHOMETPUYECKHE TOXKIECTBA B (HOPMYJIBI
MPUBEICHUS ITPU IPEOOPA30BAHUN BBIPAKEHUI

Teopernyeckasi 4acTh:

Dopmynvl npusedenus

Cpa3y nepeducinM OCHOBHbIE TPUTOHOMETPUYECKUE TOXKAECTBA, KOTOphIE pa3dbepeM B
9TOM cTarbe. 3amuiieM uX B TaONMIly, a HIDKE JaJUM BBIBOJA 3THUX (GOPMYNI M TNpHUBEIEM
HE00XOUMbIE TTOSICHEHUS.

sin‘a+cos’ a=1

Sin o COS
leat=———. clea=——
COSeY sin ¢

tgc-ctear =1

2 1 2 1
e +l=——— l+cig o=—7F

cCos™ o Sin o

CBs3b MeK1y CHHYCOM M KOCHHYCOM OJHOI0 YIJIa
WNuoraa roBopsT He 00 OCHOBHBIX TPUTOHOMETPUUYECKUX TOKIECTBaX, MEPEUNCICHHBIX B
Tabnauie Bblle, a 00 OAHOM  €JMHCTBEHHOM OCHOBHOM  TPHIOHOMETPHYECKOM

sin“a+cos”  a=1 _
TOXK/eCTBe BHJa . OObsacaenne »TOMYy (aKTy JOCTATOYHO TIPOCTOE:

2 1 2 !
g a+l=———, l+ctg a=———
paBeHCTBa cos o S & pomywarorcs u3 OCHOBHOT'O
TPHUTOHOMETPUYECKOTO TOXIECTBA nocrne NENeHus 06enx ero JacTei
N - 2
Cos ¢ smt @
Ha I/I COOTBETCTBEHHO, a

sin a cosa
tea = . clga=

PaBCHCTBA cosa sma y tga-ciga=1 CIIEIYIOT U3 OIIpEICIICHUN
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CHHYCa, KOCHHYCa, TaHreHca M KoTaHreHca. [logpoOHee 00 3TOM MOTrOBOPUM B CIEIYIOLIUX
IIYHKTaXx.

= 2 2
. sin“ o +cos =1
To ecTh, 0cOOBIi WHTEpEC MPEACTABISCT HUMEHHO PABEHCTBO ,

KOTOPOMY M JlajIli Ha3BaHHE OCHOBHOI'O TPUTOHOMETPUUYECKOTO TOXK/IECTBA.

[Ipexxne yeM JokazaTb OCHOBHOE TPUTOHOMETPUYECKOE TOXKIECTBO, JAAJUM €O
GbopMyIUPOBKY: CyMMa KBaJpaTOB CHHYCa M KOCHHYCa OJHOTO YIJia TOXJIECTBEHHO pPaBHA
enuuuie. Tenepp JOKaKEM €ro.

OO6parumcs kK eTMHUYHON OKpYy>kHOCTH. [lycTh HauanbHas Touka A(1, () mocie moBopoTa
Ha Yroj a NepexoauT B TOUKY A;. B cuiy omnpenenenuit cunyca U KOCMHYca TO4YKa A; UMEET

(cos e sin ) N
KOOPAUHATHI . bonee Toro, Touka A;JIeXUT HA EIUHUYHOM OKPYXKHOCTH,
CJIeI0BATENIbHO, €€ KOOPAUHATHI JIOJDKHBI YJIOBICTBOPSTH YPABHEHUIO €IUHUYHON OKPYKHOCTH,
KOTOpOE uMeeT Bup x°+y°=1. To €CTb, JTOJIKHO OBITh CIIPaBEIMBO

1 4 2
cos g+sm o=1
paBeHCTBO . 9TI/IM JOKAa3aHO OCHOBHOC TpI/IFOHOMeTpI/I‘IeCKOG TOXIOCCTBO

JIIA JIFOOBIX YTJI0B MOBOPOTA o .

- 2 2
sin” a+cos” a=1 y
PaBenctBO 4acTo Ha3bIBAIOT TEOPEMOU [Tudaropa B
TpuroHomerpuu. [10ICHUM 3TOT MOMEHT.

Bo3pmem enuHHuUHYIO OKpyXHOCTb. IloBepHeM HavanbHyl TOUKY A(/, () BOKpyr

Touku O Ha yroJ o [lycTep TOUYKa A MoOciae 3TOro IMOBOPOTA MEPEXOIUT B TOUKY Ai(X, V).
OnyctuM u3 Touku 4; nepneHauKyisap AH na npsamyro Ox.

Y
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PaccmoTtpuM npsimoyronbHbld TpeyroiabHUK OA;H. Xopomo BHIHO, YTO B HEM JUIMHBI
kareToB A;H u OH paBHBl COOTBETCTBEHHO MOJYJIIO OpJMHATBl M  aOCHUCCBl TOYKH A7, TO
ecTb, |A;H|=|y| u |OH|=|x|, a anuHa runoteny3sl OA; paBHA panycy eIUHUYHONU OKPYKHOCTH,
T0 ecTh, |OA;|=1. Teopema ITughazopa no3ponseT 3amucaTh paBeHCTBO |AH|’+|OH|?=|0A1,
KOTOpOE MBI MOKEM Iepenucarhb kak |y|°+|x|*=1° umm y?+x°=1. Ho o

sing =y , COsI=x

OIIPENIEICHUIO , TOTJIa OT paBeHCTBA ) +x’=] Mbl MOXeEM HepeiTn K

- 2 2
smm - a+cos  ag=1
PaBEHCTBY .

OCHOBHOe TpPIl"OHOM@TpPI‘IGCKOC TOXKICCTBO 3a1a€T CBSI3b MG)K)Iy CI/IHyCOM nu KOCI/IHyCOM

OJHOTO yrna. 3TO ITIO3BOJISICT BBIYUCIIATH CI/IHyC yrna, KOorga U3BECTCH KOCI/IHYC 3TOI'0 yrna, nu

BBIYUCIIATH KOCI/IHyc yrna, Koraga HN3BECTCH CI/IHyc yrna. 21.]'[51 3TOTO JOCTAaTOYHO
= 2 2
simm - g+ecos  ag=1

paBeHCTBO pa3pCH_II/ITB OTHOCHUTCIIBHO CI/IHyca n KOCI/IHyca
s =x+1-cos" ¢ cosg==x+1-35n"&
COOTBETCTBEHHO: u . 3HaK 1meper KOpHEM
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3aBHCUT OT BEJIMYMHBI yIJIa a. ITonpobHee 00 3TOM MBI MOTOBOPUM B pasjiesie BEIYUCICHHE
CUHYCa, KOCUHYCA, TAHI'€HCA U KOTAaHT€HCa C UCII0JIb30BAaHUEM TPUTOHOMETPUUECKUX HOPMYII.

OCHOBHOE  TPUTOHOMETPUYECKOE  TOXKIECTBO  OUYEHb  YacTO  HCIOJb3YyeTCs
IPU npeodpas0eanuy mpueoHomempudeckux evipaxcenuti. OHO TO3BOJSIET CYyMMY KBaJpaToB
CHHyca W KOCHMHYCa OJHOTO yIJla 3aMeHSTh eauHuineil. He MeHee dwacTto OCHOBHOE
TPUTOHOMETPHYECKOE TOKJIECTBO HCIOIB3YEeTCAd M B OOpaTHOM MOpPSIKE: €IUHUIA 3aMEHSETCS
CYMMOIi KBaJpaTOB CHHYCA M KOCHHYCa KaKoro-i1udo yria.

TaHreHc U KOTaHreHC Yyepe3 CHHYC M KOCHHYC

ToxnecTBa, CBA3BIBAIOIINE TAHTCHC M KOTAHTEHC C CHHYCOM U KOCHHYCOM OJHOTO yTrja

S O COscx
tea=—— cloot=——
BUA COSL y Sl & cpasy chnenyrOT W3 ONPENEICHUH CHHYca, KOCHHYCa,
TaHreHca ¥ KOTaHreHca. J[elCTBUTEIBHO, 110 ONPEACICHHIO CHHYC €CTh OPANHATA Y, KOCHHYC €CTh
¥ o singa
tear===——
a0cimcca X, TAHIEHC €CTh OTHOIICHHE OPJMHATHI K aOCIMCCE, TO €CTh, X COSt a

X cosa
clga=—=——

KOTaHI'€HC €CTh OTHOIIEHUE aOCIIUCCHI K OpAMHATE, TO €CTh, v osina
sin o COSc
lea=—— cloga=——
bnarogapss Takoi  OYEBHIHOCTH  TOXJIECTB COsl y» S & yacro
OTpe/IeIICHUs TAHT'CHCA M KOTAHT'CHCA JIAI0T HE Yepe3 OTHOIICHHE aOCIIMCChI U OPIMHATEI, a yepe3
OTHOIICHUE CHHYCA M KOCHHYca. Tak TaHreHCOM yrIjia Ha3bIBAIOT OTHOIICHUE CHHYCA K KOCUHYCY
3TOrO yrjia, a KOTAHT€HCOM — OTHOIIIEHUE KOCHHYCA K CHHYCY.

B 3aKITI0YCHHE 3TOr0 MYHKTa cleayer OTMETHTH, 4TO
sin o cos
tea=—— cloat=—— o
TOKJECTBa COS S € pyMeroT MeCTO A BCEX TaKUX YIJIOB ~, TpU
KOTOPBIX BXOMMIIME B HUX TPUTOHOMETpUYECKHE (GYHKIMH HMEIOT CMBICA. Tak
sin o T
tga=—— o —+ 7Tz

bopmyna COS cnpasemmmBa o moObIX &, OTnMUHBIX oT 2 (vHaue B

COsd

clgor=——
3HaMeHarese OyeT Hylb, a JeJICHHe Ha HYJIb MBI HE ONPEIeIsIn), a hopmyia s -

nms Beex & | ormmamsix ot " Z | tye 2 - mo6oe westoe wncIo.

CBs3b MEXKTY TAHI'CHCOM M KOTAHI€HCOM
Eme Oolee OYCBUAHBIM TPUTOHOMCTPHUYCCKUM TOXIACCTBOM, YCM JIBa IMPCABIAYIINX,

ABJIACTCA TOXIACCTBO, CBA3ZBIBAIOIICC TAHI'CHC W KOTAHI'CHC OJHOI'0 Yrjia BHUJa fgﬂf Cf“g - ]'

T
o it

TTOHATHO, YTO OHO UMEET MECTO /ISl TIOOBIX YITIOB ™ , OTIIMYHBIX OT 2  , B IPOTHBHOM CITydae
100 TaHTeHC, TMO0 KOTAaHT€HC HE ONPEIEIIECHBI.

Jloka3aTenbCcTBO hopMyIbI fga-ctga=1 OYEHb MpOCTO. ITo

, X P X
;gg_:l ctga = — rg{x-cfgazl-—zl

OIIPEACIICHUIO X u y, OTKyZa Y . MoxHo ObLIO
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sin o cosa
lgea=—— clgag=——

JIOKA3aTeIbCTBO IMPOBECTH M HEMHOT0 HHade. Tak Kak COSLE » s &

sin o cosa
fea -cltga = : =1

TO

CoOsSqy sine

Wtak, TaHreHC ¥ KOTAaHT€HC OJTHOTO yTia, IPH KOTOPOM OHU UMEIOT CMBICII, €CTh B3aUMHO
oOpaTHbIC Ynca.

TaHreHc U KOCMHYC, KOTAHT€HC U CHHYC

Hakonen, Mbl OpHUIOUIM K JBYM IIOCICAHMM W3 OCHOBHBIX TPHUTOHOMETPUYECKHX

. 1 5 1
g o+l=———, l+cigo=—7—
TOXIIECTB Cos o Sl &  OHu CBA3BIBAIOT TAHTEHC U KOCUHYC, 4

TaK)K€ KOTAaHI'€HC ¥ CHHYC OJHOIO yria.

[TpuBenem ux GopMyIHPOBKH: CyMMa KBaJipaTa TaHTEHCA YIJia U €IWHUIIBI PaBHA YHCIY,
00paTHOMY KBaJipaTy KOCHHYCa 3TOr0 YIJla, a CyMMa eIMHUIIbI ¥ KBaJjpaTa KOTaHI'€Hca yIJla paBHa
YHCITy, 0OpaTHOMY KBaJpaTy CHHYCa 3TOTO yIJia.

BbiBojy  ykazaHHBIX (OpPMYNT MOXKHO IPOBECTH, OTTAIKHBAasChb OT OCHOBHOI'O

= 2 2
sin“g+ecos a=1
TpI/IFOHOMeTpI/ILIGCKOI‘O TOXOCCTBA BUIa . ECJII/I paszlem/m) 066 qaCcTHu 3TOro

ol o)

08 o cos o

c
paBeHCTBa Ha (pu 3TOM, KOHEYHO, JOJDKCH OBITh OTIUYCH OT HYJIS), TO MBI

5 1
g a+l=—-7F—
MOJTy4IUM bopmyiry Cos o Ecmun xKe obe JacTH
sin“ a+cos” a=1 sm- & sm- o
paBeHCTBa pa3zenuTs Ha (mpu 3TOM JIOJKEH  OBITh
3 1

l+ctgiat =———

M

(]

OTJIMYCH OT HyJ'ISI), TO MbI IPUACM K TOKACCTBY

2 1
g o+l=——F5—
cOs O &
Wrak, TOXIECTBO UMeeT MecTo s JoOBIX ~~, OTIMYHBIX
T 3 1
Tz l+cigiada=—-—
or 2 , @ TOXKJIECTBO S & py mo6eix x , OTIIMYHEIX 0T 7~ Z .
DopMyIIbl IPUBEACHHUSA:
Onpeodenenue. PopMynaMy TPUBEIEHUS HA3bIBAIOT (HOPMYJIbI, KOTOPBHIE MO3BOJISIIOT
nepenTH oT TPUTOHOMETPUUECKHUX byHKUIMH
Jries : 18z, _ TR _ T /
sm(— a). cos(— T a) tg ta), cigl— o)
2 2 o
BUJA K ¢(yaxmusm aprymenta . C ux
MIOMOUIbI0 CHHYC, KOCUHYC, TAHT€HC U KOTAHIEHC IPOU3BOJBHOIO yIja MOXHO IPHUBECTH K

CHHYCY, KOCHHYCY, TaHT€HCY W KOTaHTeHCy yria u3 uHTepBasia oT 0 mgo 90 rpamycoB (oT

0 1o > pamuan). Takum 06pa3oM, GOPMYIIBI IIPUBEIEHHUS MO3BOJISAIOT HAM IIEPEXOIUTH K paboTe
¢ yrinamu B mipezenax 90 rpamycoB, 4TO, HECOMHEHHO, OYEHb yI00HO.
Dopmynsl npugedenu:
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sin(90° —a) = cosa cos(90°— a) = sina

sin(90° + a) = cos o

cos(90°+ a) = — sina
sin(180°— a) = sina cos(180°— a) = —cosa
sin(180°+ a) = —sina cos(180°+ a) = —cosa
sin(270°—a) = —cosa cos(270°—a) = —sina
sin(270°4+ a) = —cosa cos(270°+ a) = sina
sin(360°— a) = —sina cos(360°—a) = cosa
sin(360°+ a) = sina cos(360°+ a) = cosa

Jna ucnonvzoeanusn hopmyn npueedenusn cyujecmeyem 06a npagua.

1. Ecnu yroa MOKHO MpeIcTaBUTh B Buje (/2 +a) unu (3*n/2 +a), To Ha3BaHue GyHKIIUM
MeHsieTcsl Sin Ha cos, COS Ha sin, tg Ha ctg, ctg Ha tg. Eciu ke yros MO’KHO MpeICTaBUTh B BHJIE
(m +a) unu (2*m +a), To Ha3BaHWe (PYHKIHUH OCcTaeTcs 0e3 U3MEeHEeHHIi.

HOCMOTpI/ITe Ha pUCYHOK HMIKEC, TaM CXECMAaTUYHO H306pa>1<eH0, Koraga Cjacay€eT MCHATH
3HaK, a Koraga HET

s ABMEHSIEM

dyHKLMIO

c— HE H3MEHSEM

dyHKLIMIO

2. 3nax npueedennoil ¢pynkyuu ocraercs npexxHuM. Ecnu ucxomHas QyHKIUS HMena
3HAK «IUTFOCY, TO U TIpUBEeHHAs QYHKIINS UMEET 3HaK «TUTIocy. Eciu cxonHas QyHKIUs uMena
3HAK «MHHYC», TO U TIpUBEJeHHAsT (DYHKIINS UMEET 3HAK «KMUHYCY.

Ha PUCYHKC HUIKC MPCACTABIICHBI 3HAKU OCHOBHBIX TPUTOHOMCTPHUYCCKUX (I)yHKI_II/Iﬁ B
3aBUCUMOCTH OT UECTBECPTHU.
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Pemnenue 3aganuid:
Nel.HaitauTe sin @, eciu U3BECTHO CIEAYIOIIEE:

coscx=—3f;_1; (IEG;TE)

Pemenue

Ham wu3BecTeH KOCHHYC, HO Hem3BecTeH CcHHYC. (OCHOBHOE TPUTOHOMETPUYECKOE
TOXKIECTBO (B «YUCTOM) BHJIE) CBA3BIBACT KaK pa3 3TU (PyHKIIUH, IOATOMY OyzeM paboTaTh ¢ HUM.
Nwmeewm:

sinfa+cos?a=1=sin?a+99/100 =1 = sin? a = 1/100 =sin o = +1/10 = £0,]1.

Jns  pemieHuss  3aJayd  OCTaJOCh ~ HAWTH  3HAK  cHHyca.  [lOCKOJIBKY
yrou o. €(7/2; ),T0 B TpaJyCHON MEpe 3TO 3amuchiBaeTcs Tak: a € (90°; 180°).

CrnenoBatenbHO, yroi o AeXUT BO Il koopaAMHATHOW YeTBEPTHM — BCE CHHYCHI Tam
noyiokuTenbHbL. [ToaToMy sin o = 0,1.
Ortser: 0,1

No2.Haiinute cos a, eciu U3BECTHO CIeIyIoIIee:

o \f§_ E(_Sn)
sina = ——-; a € (1

Pemenue

Wrak, HaMm U3BECTEH CHHYC, a Ha/I0 HailTh KocuHyc. O6€ 3TN (QYHKIHUU €CTh B OCHOBHOM
TPUTOHOMETpHYECKOM ToxaecTBe. [loncraisem:

sinfa+cos’a=1=3/4+cos’a=1=cos’a=1/4= cosa=+1/2==0,5.

Octanoch pa3zobpaThCcsi €O 3HAKOM Tepen poObto. UTo BBIOpaTh: MIIIOC WK MUHYC?
[To ycnoButo, yroi o MpUHAICKUT TPOMEXYTKY (7 37/2). IlepeBeneM yriasl W3 pagdaHHOMN
Mepbl B rpaaycHyo — noxyuum: o € (180°; 270°). OueBunno, sto Il koopauHaTHASI YETBEPTS,
/i€ Bce KOCUHYChI oTpuliatenbHbl. [loaTomy cos o = —0,5.

OtBet:—0,5

Ne3.Haiigure tg a, ecnyu U3BECTHO CIELYIOIIEE:

1 3m
cose =—; @ € (—;Zn)

v10 2
Pemenue
Tanrenc U KOCUHYC CBSI3aHBI YpPaBHEHUEM, CIEAYIOLIUM 13 OCHOBHOI'O
TPUTOHOMCTPUYCCKOT'O TOKACCTBA:
tcca+l=——=2tg“a=10—-1=9

Cos“ &
[Tonygaem: tg a = +3. 3Hak TaHreHca ompenenseM no yriy a. U3Bectno,uro a € (37/2;
27). llepeBenemM yriapl W3 paMaHHOW MeEpHI B TpaaycHyr0 — monyduM a € (270°; 360°).
OueBuaHO, 3T0 IV KOOpAMHATHAS YETBEPTH, IJI€ BCE TAHTEHCHI OTpULIATENbHBL. [loaTOMY tg 00 =
—3.
Otser: —3
Ne4 . Haitaute cos o, €ciau U3BECTHO CIEAYIOIIEe:

) 3m
sine=—-0,8; a € (?, 2?’[)

Pemenue

CHOBa M3BECTEH CHHYC H HEU3BECTCH KOCHHYC. 3alUIIeM OCHOBHOE TPUTOHOMETPHUIECKOE
TOX/ECTBO:

sin?a+cos?a=1= 0,64+ cos’>a=1= cos>a= 0,36 = cos a==0,6.

3Hak onpexaensieM no yriy. Umeem: o € (37/2; 2x). IlepeBenem yribl U3 rpagyCcHON Mephbl

B panuaHHyoo: a € (270° 360°) —o10 IV KoOpMHaTHAs 4YeTBepTh, KOCHHYCHI TaM
MMOJIOKUTENRHEI. CremoBaTensHo, cos a = 0,6.
OtBeT:0,6
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No5.HaiinuTe sin o, eciu U3BECTHO CIEAYIOIIee:
A
ctga = Zv{g; a e (O;E)

Pemenue:
3anumem Gopmyiy, KoTopas ciaeAyeT U3 OCHOBHOTO TPUTOHOMETPHUYECKOTO TOXKICCTBA
" HaHpHMyIO CBA3BIBACT CI/IHyC 1 KOTAHI'CHC:

1 1
2
ctg“a+1 =— = — =24+1=25
€ sina  sin‘a
Otcroza monydaem, 4to sin® a = 1/25, T.e. sin a = +£1/5 = £0,2. W3BecTHO, 4TO yron a €
(0; 7/2). B rpamycHoit mepe 310 3anucbiBaeTcs Tak: o € (0°; 90°) —I xoopuHAaTHASI YETBEPTh.

Urak, yron Haxomurcs B I KOOpAMHATHONW YETBEPTH — BCE TPUTOHOMETPUYECKHUE
(GYHKLINU TaM TOJOXKHUTEIbHBI, T03TOMY sin a = 0,2.
Otser: 0,2
. . 5
Ne6.Haitnure sina u tga, ecnu cosa = 5
o ) 5
Ne7.Haitnure cosa v tga, ecnusin a = 1
. . 4
Ne8.Haitnure sina u tga, ecnu cosa = -
o . 8 3T
Ne9.Haitnure cosa u tga, ecnusin a = —um <a< >
o . 3
NelO.Haiinure cosa usin a,ecmntga = —-1lun < a < >

Nell. YopocTuTs BelpaxkeHUE:

1
(cosj < —1] icigzﬂ
1.

Perienue:

1
( = —l]-czgz.&:{1+£g2&—1)-c.fgz&:1
cos® &

2 g eofon— {r.g-::E ®Cos .::E}I2

Pemenne:

zg&-cﬁgﬁr—{zg&-cosﬁr}j =l-sin‘@=rcos’a

l-sin 8  cosd
3 cos g 1+an g
Pemenue:

1-sin & cos @ l-sin® S-cos’ 8
cos 8 1+sinﬁ_ cos Bl +sin &) -

Nel2. YmpoctuTte BelpaxeHue

1. 1-cos® &
coss £E+(1—sin2 .::1’)

3_[|::os a—1){1+cosa)
4 cos® a— (1— 2sin? cr)
5_sin &-cosdociga—1
cos® @
6. 205" =1
l-cos* @

7. 1-sin’ @
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8 sin® @4cos” at+iga
it &y
9 f,g&'

SI1M G- COS

1—

10 ciga

Nel3. IIpeobOpazoBarb, UCTIOIB3YS (HOPMYJIIBI IPUBEICHHUS:
V3

. 13m . T . T
sin— = sm(Z - 2T +—) =sin—-=—
3 3 3 2

131 T . T 1
cos— = cos(2-2n+—) =sin-=-
3 3 3 2

tgli)—nztg(2-2n+§) =tg§=\/§
ctglngz ctg(2-2n+§) =ctg§=\/%

Nel4. Beruucnure:
a) cos105%  6)sin105%;  B)cos75°;  r)sin75° o) tg75°;  e)sin15°
Nel5. HaiinuTe 3HaueHue BbIpaXKEHUS,
2)sin240°; 6)c0s300°; B) tg(—225%); 1) ctg T
Nel6. IIpeoOpa3yiite BbIpaKEeHUE:
cos(—a)-cos(180%+a)
sin(—a)-sin(90%+a)

IIpakTHyeckas padora Ne§
Tema 2.4: ®opmyiibl IOJOBUHHOTO yria. DopMyibl IOHMKEHUS CTEIIEHH
Henab: Hayuutbess ucnonb3oBath (OpMyJbl MOJOBUHHOTO yrjia NMpU NpeoOpa3oBaHUU
TPUTOHOMETPHUECKUX BBIPAKEHUN

Teopernyeckas 4acTh:
@opmyJibl  MOJOBHHHOIO YyrJja (MX eme Ha3bBalT ¢GopMylaMu IOJOBHHHOTO

(44

apryMeHTa) BbIpaXarlOT CHHYC, KOCHUHYC, TaHF€HC UM  KOTaHIeHC yIJa 2 yepes

TPUTOHOMETpHUECKHUE PYHKIIMH CaMOT0 yriia &y tem cambv MIPEJICTABISAIOT COO0H HEKOTOPYIO
IPOTUBONOJIOKHOCTH (pOpMysiaM JBOMHOIO yria.

. 2 1—Ccosw
smT—=—

-
-

1+ cosw

(]

1+ coso

2
v
2
o 1—cose
2
o l+cosa
P

1-cosw

Pemenue 3ananui:
Nel. Jloka3aThb:
¥ Sina
tg -—=—————.
2 1+ cosa
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JlokazaTenbCcTBO:

. a . . a ] ]
a Sins 28in—+ 28N+ cCos = sina sina
Eg —_— = % . 2 = 2 i E = = .
2 coss 2cos= 2cos? = ,.1zcosa 1+ cosa
2 2 2 2
cﬂsg = 0.
Ne2. JlokazaThb:
. a 1—cosa
937 sina
HOK&S&TGJ’IBCTBOZ
. .o . o, 1— cosa
a smi 251n 2 2sin? 2 2 N 1 — cosa
‘9 2 05 25sin% 2sinZcosE sina " sina
2 2 2 2
cos— =0 sin= #0
Ananus: Kpome 2 noGasseTcs 2 , uto cyxkaer OJ13.
12
cosa = — —
13
37
T<a< =,
Ne3. Jlano: 2
Haiitu:
a a a a

sin—, cos—, tg—, ctg—.
2 2 gE ‘gE

AHanus ycnoBus: Yrod 3a7ad OAHO3HAYHO, CM. puc.l.

yl\
a
. yan 3
7>
X
Pa
%
2
Puc. 1.

VYkazanue: Bce (YHKIIMH TOJOBHHHOTO apryMEeHTa MOXHO BBIYHCISATH 4Yepe3 KOCHHYC
MOJIHOTO apryMeHTa.

Pemenne:
12
L, a l+cosa 1-73 1
sin® —= = =—,
n 2 2 26
3T T o 3m
T<a<— —< —<—
TO 2 2 4 | T.c. yron Bropoii 4eTBepTH, IJe CHHYC BEIMYMHA
ITOJIOKUTCIIbHAA.
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. 5
51N — — —

OTtBeT: 1"'26.
12
a 1+cosa 1— 13 1
05— = = = —
2 2 2 2 2
o
Beire mokasanu, 4To 2 HAXOJHUTCS BO BTOPOM YETBEPTH, IJC €ro KOCHHYC BEIIMYMHA
OTpHIATEIIbHAS.
C-‘:.'Saf - - 1
OTtBeT: 1.*26.
IIposepka:
-2a+ Ea 1(5)24—( 1)2 1
Sin- — cas™ —= 1,| —(— T =1,
2 2 V26 V26
1=1.
Sin a 5
a =
2 cos— 1
2 BN
3) W 26
tg— = —b5.
OtBer 2
. a 1 1
cdg-—=—7=—=
g 2 fg E 5
4) B
i
ctg— = ——=
Ortser: g 2 5,
Ned. Tario: sine = 0,2.
.2 T o
sin —-—— — .
Haiitu: (4' 2)
Pemrenue:
T
5 (?r a) 1 _CC’S(E""I) 1+sine 1+02 1,2 0.6
sin“ |———) = — — — = 0,6.
4 2 2 2 2 2
OtBeT: "

IIpakTuyeckas padora Ne9

Tema 2.7: Onucanuie Npou3BOICTBEHHBIX MPOIECCOB C MOMOIBIO IPaPUKOB HYHKIUI
Heab: HayunTthes npuMeHATh PyHKINN B pelICHUH MPO(eCcCCHOHATBHBIX 33/1a4

Teopernyeckas 4acThb:

[IyTe k mOsIBIEHWIO TOHATHS (QYHKIHH 3aJOXWIA B 17 Beke ¢paHIly3CKUE YUEHBIC
O®pancya Buer u Pene Jlekapt; oHH paszpaboTaivd eAuHYI0 OYKBEHHYIO MAaTeMaTHYECKYIO
CHUMBOJIMKY, KOTOpasi BCKOpe IMOly4yusia BceoOlee mpu3HaHue. BpeneHo Obulo eanHOE
0003HaYCHHE: HEU3BECTHBIX - MOCICTHUMHI OYKBAMU JIATUHCKOTO an(aBUTA - X, Y, Z, H3BECTHBIX -
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HaYaIbHBIMH OyKBaMH TOro ke andaButa - a, b, ¢, ... u T.4. [loxg kaxmoii OykBoOil cTano
BO3MOJKHBIM IIOHUMATh HE TOJIBKO KOHKPETHBIE JaHHbIE, HO U MHOTHE JIPyTHe; B MaTEeMaTHKY
IpUILIA HJes U3MEHEHUs. TeM caMbIM MOSBUIACH BO3MOXXHOCTH 3alUCHIBATH 00IINE (OPMYIIBI.

Kpome Toro, y Jlekapra u ®@epma (1601-1665) B reomeTpudeckux paboTax MOSIBISETCS
OTUYETJINBOE INPECTABICHUE IEPEMEHHON BEIMUYUHBI U MPSIMOYIOJIbHOM CUCTEMBI KOOpAUHAT. B
cBoelt «I'eomerpun» B 1637 romy JlekapT maet moHsTtue (QYyHKIHH, KaK U3MEHEHUE OPJAMHATHI
TOYKU B 3aBUCHMOCTH OT U3MEHEHHS €€ a0CIMCChI; OH CUCTEMAaTHYECKH pacCMaTpUBAIl JIUIIb T
KpUBBIE, KOTOpPbIE MOKHO TOYHO TPEACTaBUTh C IOMOLIBIO YPABHEHUN, IPUTOM
IpEeuMyILIeCTBEHHO anredpanueckux. [locreneHHO MOHATHE (YHKIMHM CTAIO0 OTOXKIECTBISATHCA,
TakKUM 00pa3oM, ¢ MOHITHEM aHATUTUYECKOTO BhIPAXKEHUS (DOPMYIIBI.

Yro Takoe pyHkiusa? PazHbie yueHbIe BBIABUTAIN pa3Hble MbICTH. HO MBI OcCTaHOBHMCS Ha
onpeneneHun @PyHKIMEH HaA3bIBAIOT COOTBETCTBHE, INMPU KOTOPOM Ka)XJAOMY DJIEMEHTY W3
MHO’K€CTBa X COOTBETCTBYET €IMHCTBEHHOE 3HaU€HHE U3 MHOKecTBa Y. [lpu 3TOM 31neMeHT u3
MHOXkeCTBa X Ha3bIBAIOT apryMEHTOM, a JJIEMEHT W3 MHOXXECTBa Y Ha3bIBalOT 3aBUCHUMOU
nepeMeHHoi.  DYHKIMS - OJHO U3 OCHOBHBIX MaTeMaTHUYECKUX U 00IIeHayYHbIX TOHATUH. OHO
CBITPAJIO ¥ MIOHBIHE UTPAET OOJIBIIIYIO POJIb B MO3HAHUU PEaIbHOTO MUpa. DYHKIIHS 3TO HE TOJIBKO
MaTeMaTHYECKOE MOHITHE, HO U: (YHKIHSA 3TO padoTa, MPOU3BOIMMAS OPraHOM, OPraHH3MOM;
pOJIb, 3HAUEHUE Yero-n00; QyHKIMS B MAaTEMaTUKE 3TO 3aKOH 3aBUCUMOCTHU OJTHOW BETHMUUHBI OT
Jpyroii; PyHKIUS 3TO BO3MOXKHOCTb, ONIHUSA, YMEHHE MPOTrpaMMBbl WIH NMprOopa; GyHKIHUS TO
0053aHHOCTh, KpPYr J[AEATEeIbHOCTH; (YHKIMS TEpCOHa)ka B JIMTEPATypHOM IIPOU3BEIICHUU;
(GyHKIUS 3TO BHJI OANMPOTpaMMBbl B HH(POPMATHKE COITUaIbHAS (PYHKITUS.

Kaxxnas obGmacte 3HaHmii: Qu3uka, XUMHsI, OUOJIOTHS, COLIMOJIOTHS, TUHTBUCTUKA UMEET
CBOM OOBEKTHI M3YyUCHHsI, yCTAHABIMBACT CBOWCTBA U, YTO OCOOCHHO Ba)KHO, B3aMMOCBSI3U ITHX
00BEKTOB.

B pasznuuHbIX Haykax M 00JIaCTAX UEIOBEYECKOM JEATEJIbHOCTH BO3HUKAIOT
KOJIMYECTBEHHBIE COOTHOILIEHHUSI, U MATEMATUKa U3Y4aeT UX B BUJI€ CBOMCTB YUCEI.

Matemartuka co3aeT yCIOBUS Jsl Pa3BUTUSL YMEHHS IPUMEHATh TEOPETUUECKUE 3HAHUS
JUISl pelIeHUs NPaKTUYECKUX 3a/1ad, OPUEHTUPOBATHCSA B OKPYXKAKOLIEW HAC JEHCTBUTEIBLHOCTH.
Ham xaxercs, yTo (hyHKUIHMOHaJIbHbIE 3aBUCUMOCTH MOTYT KacaThCsl CaMbIX pa3HOOOpa3HBIX
ABJICHUN TIPUPOIBI M OKpyXkarouiel cpeasl. Kaxaomy uenoBeKy B €ro IOBCEIHEBHOMN
MPAKTUYECKON EATEIbHOCTU MPUXOIUTCS MPUMEHATh NPAKTUYECKUE MPUEMbI T€OMETPUUECKUX
U3MEPEHUN U MOCTPOCHUH, YUTAaTh UH(OPMAIUIO, IPECTABICHHYIO B BUJE TaOJMIl, AUArpamM,
rpaduxoB. be3 KOHKPETHbIX MaTEeMaTHUYECKUX 3HAHUI 3aTPyJHEHO NMOHUMAaHUE U BOCHPUSTHE
Hay4YHbIX 3HAHUH, pa3HOOOpa3HOW  COIMAIbHOM, SKOHOMUYECKOH, TEXHOJIOTMYEeCKOH
uH(pOpMaLINH.

CBoOosiHOE BIIaZIcHHE TEXHUKOM MOCTPOEHUs rpaMKOB 4acTO MOMOTaeT peliaTb MHOTHE
3a/1a4u, a IOPOH ABJIETCS €CTECTBEHHBIM CPEJICTBOM UX pelIeHHs. MaTeMaTHKa SIBIISETCS A3bIKOM
pa3INYHbIX 001acTe HAyKH U HalleH KU3HHU.

DKojoruueckre npoOiaeMbl SBISIOTCSA INI0OATBHBIMU NMPOOJIEeMaMH YEeIOBEYECTBA, BCEX
CTpaH HE3aBUCUMO OT Pa3MEPOB TEPPUTOPHH, YUCIEHHOCTH HACEIEHHUSI, YPOBHS SKOHOMHUECKOTO
pa3Butus. C ¢pyHKIME MBI BCTpedaeMcst Kax bl 1eHb. [Ipumep:

[] exxeIHEBHAs TEMIIEpaTypa Ha YJIHIle eCTh PYHKIIMS OT BpeMeHHU. B 0/1HO U TO ke Bpemsi
TEeMIepaTypa HEe MOXKET MPUHUMATh OoJiee OJTHOTO 3HAUEHUSI U OBITh OJTHOBpeMEeHHO -30 u -45.

[J TToxox B Mara3uH. CTOMMOCTh MOKYIIKH BO3PACTAET C POCTOM KOJIMYECTBA TOBAPOB.

Crnioco0sl 3a1anust QyHKIUH.

[0 AHAJIMTHYECKUA,

[ I'padpuueckuid,

(0 TaGauuHBbIH,

1 CnoBecHBIH.

Ananutuueckuii. Camblil paclipoCTpaHEHHBINH CIOCO0, MPU KOTOPOM (YHKIHS 33aJaeTcs
dbopMyIoii, ycraHaBIMBAIOUIEH, KaKhe BBIYUCIUTEIbHBIE ONEPALUKd HAI0 MPOU3BECTH HAI X,
9TOOBI HANTH Y.
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I'padpuueckuii. I'paduueckuii cnocod COCTOUT B MPOBEACHUU JIMHUH, Y KOTOPOI a0CIIUCCHI
M300paXkaroT 3HAYCHUS apTyMEHTA, a OPJUHATHl — COOTBETCTBYIOIIUE 3HAUCHUS (PYHKIIMHA. DTOT
CHoco0 MO3BOJISIET HATIATHO MPEACTaBUTh (PYHKIMOHAIBHYIO 3aBHCHUMOCTD

Tabmuunerii. [Ipu TabmuuHoM criocobe 3amanus GYHKIHS 3a1aeTcs B BUE TaOJUIBI, B
KOTOPOM JUIsl KaXKJIOTO 3HAYCHUS apTyMEHTA YKa3bIBae€TCS COOTBETCTBYIOIIEE €My 3HAUCHUE
byHKIUHA

CnosecHaiii. C IOMOIIBIO CIIOBECHOT'O OIMCAHHSL.

Pemrenue 3axanmii:

Nel. IlpousBoactBenHas ¢yHkuus ¢upmbl umeer Bua: Q=5 XY. Ilena enuHHIBI
pecypca X = 10 py6., emununsl pecypca Y = 20 py6. Pupma pacmonaraeT ACHEKHBIMU
cpeactBamu B pasmepe 40 teic. py6. Ompenenure MakCHUMadbHO BO3MOXHBIA 00bEM
MIPOU3BO/ICTBA.

Pemenne: MakcuMu3upoBaTh BBIMYCK IpPHU JAHHBIX H3JEpPXKKaX IMO3BOJIAET MpsMas
paBHBIX u3nepxkek, i u3okocta C = Px x X+ Py x Y. [loxncrasiss ucxoanbie JaHHBIC, TOTYYUM
ypaBHeHue: 10X+20Y=40000. Haxonum u3 ypaBaenuss X=4000-2Y. IloncraBum 310 3HaUeHHE B
3aganHoe ypasHenue Q = 5XY. IMonyyaem Q= 20000y-10y* ®yHKIUS COBOKYITHOTO TPOAYKTA
JOCTUTAeT MaKCHUMyMa, Korja (YyHKIHS MpeAeNbHOro NpoaykTa paBHa Hymo MPx= 0.
[IpenenbHBId TPOMYKT €CTh IEpBas MPOU3BOJHAS COBOKYIMHOTO MPOJYKTa MO MEPEMEHHOMY
dakropy. MPx = Q’ (X). MPx =20000-20Y= 0. Otcroga Y=1 000, X=2 000.

Torma makcuMmanbHO BO3MOXKHBIM 00beM mpousBoactBa Q = 5 XY =10 muH. en.
MPOIYKIIHH.

No2. [IpeanpuHuMaTENh OCYIIECTBISET MPOMBIILIEHHOE MPOU3BOJICTBO HA KOHKYPEHTHOM
pBIHKE B pailoHe, TJie JOCTUTHYTa MOoJIHAs 3aHATOCTb. [Ipy 3TOM UMEIOTCs cleyIoNye qJaHHbIe:

Uucno paboTaroux CTaHKOB 1(2 |3 (4 |5 |6 |7 |8

BellTyCK IPOAYKLIMH B THIC. IIIT. 6|15 (23|30 |36 |42 |46 |48

IIpn kakoil cTeneHW 3arpy3Kd CTaHOYHOIO Mapka OyJeT JOCTUTHYT C TOYKH 3pEHUs
HpeAnpuHUMATENs ONTUMANIBHBIA 00beM NMpon3BoAcTBa? ByneT 1M OH TaKUM ke ¢ TOYKHU 3pEHUs
oOmectBa?

Ne3. TToagcuuraiite cpetHUil ¥ IpeaeabHbINH TPOIYKT (GUPMBI.

UYucno | Cookymnnsiil | Cpennuit | [lpenenbHblit
pabouux | IPOAYKT IPOAYKT | MPOIYKT

L TP AP MP

1 30

2 70

3 100

4 120

5 130

Ne4, 3amomaute IpOMMYyCKHU B Ta6J'II/II_IC, OTpaXKaromue 3aBUCUMOCTL PC3YJIbTATUBHOCTHU
IMPOMU3BOJCTBA OT obneMa HCII0JIB3YEMOI'O Tpyaa.

O6beM | O0beM Hpenensusiit | Cpenuuii

TpyJla | BBIIYCKa ;ISSE;IKT ;ISSE;IKT
L Q MPL APL
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1 1000
2 1000

3 2790

4 610

5 770

Ne5. IlpenenbHast HOpMa TEXHMUYECKOTO 3aMEIIEHUs TpyAa KamurtajaoM paBHa 2. Jlid
o0ecrieueHus MPEKHEro 00beMa MPOU3BOJCTBA MPOAYKLUUU MPHU COKPAIEHUU HCIOJIb30BAHUS
TpyZa Ha 4 €QUHHIIBI HAa CKOJIBKO €AMHUI] HEOOXOIMMO YBEIUYHUTD KalluTam?

No6. 3amoHUTE TaOIUITY MPOU3BOICTBEHHBIX MTOKA3aTEIICH!

KoJs-Bo equnun TP | MP | AP
pecypca, L

1 4

2 7

3 8

4 1

5 3,2

Ne7. 3anomHuTe TPOMYCKHM B Ta0NHIE, OTPaXKArolled 3aBUCHMOCTh pPE3yJIbTaTOB
MPOM3BOJICTBA OT 00BEMA UCIIOJIH3YEMOr0 KanuTaa:

Eon-no CAMHUIL PECYPCA, | +p | nep | AP
) 10
) 22

3 36

4 11,5
5 55

6 63

No8. TlycTh TEXHOIOTHSI HEKOTOPOTO MPOM3BOJICTBEHHOTO Mporiecca 3amaHa (QyHKIHeH
Q=10KL. Ha mpousBojcTBe 3aHATO 5 yenoBeK. TpedyeTcs: OleHUTh HOPMY 3aMEIICHUs OJHOTO
pabOTHHKA TOTIOJHUTEIBLHBIM KOJIMYECTBOM 000PY/IOBaHUS, YTOOBI 00BEM BBIMTyCKa COXPAHSIICS
Ha ypoBHe Q = 500 ez. npoAyKIMU B ACHb.

Ne9. IIpousBoacreennas pynkuus Gupmel umeet Bu: Q=5 XY. Llena eaununsl pecypca
X = 10 py6., enuaunsl pecypca Y= 4 py6. Kakoe coueranue pecypcoB obecneuut ¢pupme
MaKCUMaJIbHBIM 00BhEM BBIITYCKa, €CIIU 3aTpaThl HAa MpHUoOpeTaeMpble (haKTOPhI MPOU3BOJICTBA HE
noixkHbl ipeBbiatk 5000 py6. B cMeHy?

Nel0. UnxenepHoit Mepoit 3¢ (GEeKTHBHOCTH MAIIUHBI SBISETCS OTHOIIEHHE BBIMTYCKa
SHEpPruM K ee 3arparam. [Ipenmnonoxum, UMEITCs Be MaIIWHbBI, epBas — ¢ 3 (HEKTHBHOCTHIO
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10%, BTOpast — 20%. MoxeT 11, ¢ SKOHOMHUYECKON TOUKHU 3pEHHUS, MepBasi MaluHa ObITh Oosee
s pexTuBHOM, YeM BTOpas?

Nell. TexHonorust HEKOTOPOH PUPMBI TAKOBA, YTO COOTHOIIIEHUE MEXKTY 3aTpaTaMu TPy
U Kaluraiaa JOJDKHO OBITh cTporo (QukcupoBaHHBIM: 1 crtaHok - 3 pabGoTHHKa. Pecypcsl
MIPOU3BOICTBA HE SBJISIIOTCS B3aUMO3aMEHSEMbBIMU, IO3TOMY U30BITOYHOE KOJMYECTBO JF000TO U3
pEeCypcoB He MOBbIMIAET BbIMycK. [lomycTum, uTo ¢upma apeHaoBaia Ha Mmecsl 4 CTaHKa.
Mecsunas craBka 3apratsl 900 en., MmecsiuHas apeHHast 1iarta 3a craHok 300 en., ieHa eIUHULIbI
npoaykuuu (UKCHpOBaHA M paBHa 15 en. 3a JMeHb C OJHOrO CTaHKAa CHUMAaeTcs 15 eauHuIl
nponayknuu, a B Mecsue 20 pabounx gHeir. Ompenenute o0ObeM MPOU3BOJCTBA, (PUHAHCOBBIN
pe3ynbTaT (MPUOBLIb UK YOBITKH) B JAHHOM MeECSIIE Y (PUPMBL.

Nel2. JIBurasch €O CKOPOCTBIO V=3 M/C, TpakTOp TamuiT canu ¢ cuioi F=50 kH,
HAIPaBJIEHHOW IO OCTPHIM YIJIOM o0 K TOPU30HTY. MOIIHOCTh, pa3BUBaeMasi TPAaKTOPOM,
BbIUUciseTcs mo Gopmyne N=Fvcosa. Haligute, mpu kakoM yrie o (B rpaaycax) 3Ta MOITHOCTb
Oyner 75 kBT.

IIpakTnyeckas padora Nel0
Tema 2.7: Onucanue Nponu3BOACTBEHHBIX IIPOLECCOB C MOMOIIbIO rPauKOB (PYHKLUI
Henb: Hayunthes ucnonp3oBaTh rpadukd (QyHKIUN B pEUIEHMM MPUKIAIHBIX 3a7ad

Teopernyeckas 4acThb:

[Ipumenenne TMHEHHON (QYHKIIMH MPOCIEKUBACTCS MPAKTUYECKH BO Bcex cdepax Haien
#u3HU. [IpuMeps! TMHENHON QYHKIIMY B KU3HU:

[JPacuer B Mara3uHe 3a KyIUIGHHBIE TOBaphl. Bce MBI coBepiaeM MOKYIKH, YTOOBI
YIOBJIETBOPUTH CBOM MOTpeOHOCTU. UeM Oosbllie Mbl KYyIIUM BEIIEH, TeM OO0JIbIlle Mbl 3aIIaTUM
3a MOKYTIKY.

UTlotpe6ienue 3MeKTpodHepruu. AOCOIIOTHO BCE MOJIB3YIOTCS deKTponpudopamu. OHI
HOTPEOIIAIOT SHEPTUi0. YeM J0JIbIle MbI UCTIONIb3YeM MIEKTPOIIpUOOpHI, TeM O0JbIIe MOTpedIsieM
sHeprun. COOTBETCTBEHHO M IJIATUM OOJIbIIIE. DTa 3aBUCUMOCTD BhIpaxkaercs hopmynoit [I=k*N,
I7ie K- CTOMMOCTb OJTHOTO KHUJIOBaTT-yaca, N- KOJIMYECTBO YacoB.)

(/B DxoHomuke. PaboTHHKYM MOTy4aroT 3apIuiaTy U elle OHU IUIaTAT I0I0XO/AHbII HaJlor.
1 dgem Gonbliie HaYMCICHHAs 3apIuiaTa, TeM OOJIbIIe BEIMYMHA MOJOXOJHOTO Hayora. JlaHHbIe
BEJIMUMHBI CBsi3aHbl cienyromei popmynoit: [TH=0,13*D (ITH- BennunHa noJ0X0IHOTO HAJIOTa,
D- BenuumHA 10X0/1a).

[J Ilorpebnenne mumnm. Bcem He0OXOIMMO €CTh, UTOOBI Y HAC OBLITU CHJIBI U SHEPTHS IS
paboThl. DTy SHEPrUI0 MBI MOJTy4aeM U3 eabl. UeM 0oJbllie Mbl CheUM, TEM OOJIbIIEe YHEPIUU
MOJTyYUM.

[J IIpoBepka 3nanmii. Korja Mbl yuumcs, Mbl y3HaeM 4TO- TO HoBoe. Ho HeoOxoammo
NePUOANYECKHU MPOBOJUTH MPOBEPKY TOTO, KAK MbI BBIYUWIM MaTepuai. 3a 3TH IPOBEPOUYHbIE
paboThI HaM CTaBAT OleHKH. UeM Ooubliie omnOoK B paboTe, TEM HUXKE OLICHKA.

(1 JIBmwxeHue (U3NYECKOTO Tejla C MOCTOSIHHOM CKOpOCThIO. BeceM HaM mepuoamuecku
OPUXOJUTCA OBITh y4YaCTHUKAMHU JBIDKEHHsS. PaccTosHue npu JBH)KEHHM C TOCTOSHHOM
CKOPOCTBIO 3aBUCUT OT BPEMEHH JBHKEHUS, YeM JOJIbIIEe Mbl HAXOAUMCS B MyTH, TeM OoJibliee
paccrosiHue npoiaeM. JlaHHbIe BEJIMUMHBI CBA3aHbI cienyromeil gpopmynoit: S=vt (v- ckopocTb
JBUKEHMUSI, t- BpeMsl IBUYKEHUS ).

Bo Bcex mnpuBeneHHBIX NpuMepax Mbl HaOmonaeM JnHEHHy QyHKuIuoo. MHorue
peasibHble CHUTyallUd ONMCHIBAIOTCS MaTEeMaTHYECKMMHM MOJESMH, MPEACTaBISIONIUMU
TUHEHHYIO (QYHKIIHIO.

KBanpatnunas ¢QyHkuus sBisercs HaumOojee XOpOUIO H3Y4eHHOH (yHKIuel, oHa
JIOBOJIBHO 4acTO BCTpedaeTcs Ha IpakTuke. OHa HaXOAWT IIMPOKOE NPHUMEHEHHE B Pa3HBIX
pazzenax MaTeMaTHK{, M IpYrux o0jacTax Hayku. VIMeeT TeopeTHUecKyl U MPaKTUYECKYIO
3HaYMMOCTb. Beb MOUTH BCe, UTO OKPY’KACT YesIOBEeKa TaK WIIM MHA4YE CBSA3aHO C MapaboIIoi.
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XopoIo HW3BECTHO, YTO TPACKTOpHsl KaMHs, OpOIIEHHOTO TOJ YIJIOM K TOPH30HTY,
aersmiero  (GyTOONBHOTO Ms4a, CTPYH BOJIBI, BBHINYIIEHHOW W3 MUIAHTa, TMApaIlOTUCTA,
BBINPBITHYBIIETO M3 TOPU30HTAIBHO JIETAILIETO CaMoJIeTa, apTUIUICPUHCKOro cHapsia, Oyxaer
napaboioil (Mpu OTCYTCTBHM COINPOTUBIICHHUS BO3Ayxa). VI3BECTHO TakKe, YTO MHOTHE 3aKOHBI
IIPUPOJIBI BBIPAXKAIOTCA B BUAE KBAIPAaTUYHON 3aBUCUMOCTH.

[1 3ameudaTenbHOE CBOMCTBO MapaboJibl HMIMPOKO MCHOJB3YeTCs B HAyKe M TEXHHKE,
Harpumep, mapadboamyeckas apka; CBOJ MOCTa.

CBolicTBO MapaboNMUecKuX 3epKall UCHOJB3YIOT NpPU KOHCTPYMPOBAHUHM COJHEYHBIX
neyel, COTHEUHBIX 3JIEKTPOCTAHIINM, OTpaXkaTeIbHBIX TEJIECKONOB - Pe(IEKTOPOB.

Pemenue 3ananuii:

Nel. Ha pucyHke wu3zo0pakeH TrpaduK 3aBUCUMOCTH KOOPJIHWHATHI OT BPEMEHHU
KOJIEOTIOIIerocs Tena.

A\

/ \ /

Axcm
2

2

ITo rpaduky onpenenure: 1) ammuTyay KojiebaHuiA; 2) eprol Kojaebanuil; 3) 4acToTy
KosebaHuit; 4) 3aMuIKTe ypaBHEHUE KOOPAMHATHI.

No2. 'apmoHHMUecKoe KoJieOaHHWE OMTUCHIBACTCS YpaBHECHUEM
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9 cin cim (Tpa T
x=2sinsin(t+-) . .
4 4/ Yemy paBHBI LMKIMYECKas YacTOTa KojeOaHUM, nuHeiiHas
qyacToTa KojebaHuii, HadyaiabHas ¢a3a KoseOaHuit?
Ne3. Ectb MrHoBeHHas GpoTtorpadus BOJIHbBI B PE3UHOBOM IIHYPE.

Omnpenenure: 1) AMHY BOJHBI; 2) aMIUIMTYy KOJI€OaHUN YaCTHUYEK IIHYpa.

Ne4. Tlo mpencraBieHHOMY TpaduKy ONPEISIIHTE AMIUTUTYAy W IEPUOJ KOJICOAHMIA
HUTSIHOTO MasiTHUKA.

x,cm 4

1 % 'y
0 >
2\ tc¢

-1

No5. Tlo ypaBHEHHIO TapMOHHUYECKUX KOJeOaHUN OMpEeNeNuTh aMIUIUTYIy, YTJIIOBYIO
CKOpOCTb, IEPHOA U 4acTOTy. HauepTuTh rpadmk JaHHOTO TApMOHUYECKOTO KOJIeOaHusl.

1) x =15 sin 3xt

2) x = 8 sin /3t

3) x =10 sin mt

Ne6. HekoTopas Touka ABMXKETCA BJOIb OCH X MO 3aKOHY X = a sin’ (ot - m/4).
Haiitu: ammnutyay u nepuoa kosnebanuit; n300pa3uth rpaduxk x (t).

No7. Hamumure ypaBHEHHWE TapMOHMUYECKMX KoseOaHuii, eciu dacrtota paBHa 0,5 I,
ammutyaa 80 cm. HauanbHas ¢a3a konebaHuil paBHa HYJIIO.

IIpakTnyeckas padora Nell
Tema 2.10: IIpocTeiinme TpUroHOMETPUYECKHE HEPABEHCTBA
Hens: HayunThes pemaTts NpocTedIne TPUrOHOMETPUUECKHE HEPABEHCTBA

Teoperuyeckast 4acTh: ]
HPGL—FEHLIJMWH TPUTOHOMETPHUYECKWMMKM HEP3BEHCTEBAMKM H3ZbIEQKTCA HEPaBEHCTEA EWAG
sinc WV a,
CosT N,
tgx \ a,
ctgr VvV a,

roe V' — OOWH W3 3Hakoe <, =, =, =, a € K.
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1. MpumMepsbl pelleHns NpocTenLImnX
TPUrOHOMETPUYECKNX HepPaBEHCTB

C MOMOLLBIO eAUNHNYHOW

C NOMOLLbIO rpachrkoB

OKPY>XHOCTH
y
y _1 s
P e 3 y-'z 2 N A
n—%=% _é_ N\, I 5i\ 7
o 0on
: U
\y t i
sinx>é E+21tli:<x<%’t+21tk,lazeZ
Y
2n 2n EElon
"y 3 \ 3 /\
o I/ 0 N\ v N\ ¥
N A I N y=__;_
t
cosx>—% —2?”+2nk<x<2?"+2nk,kez
Y
y=tgx

/—n _% 0 % /1t x

tgx2—1 —§+nk<x<§+nk,kez

\y=ctgx \

ofa

ctgx<\/§

%+nk<x<n+nk,kez
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Cnocobbl peLleHnd Donee CNOXHbIX TPUTrOHOMETPUYHEeCKNX HepaBeHCTB

a)

0)

Hemonb30BaHMe paBHOCHJIBHBIX IIpeoOpa3oBaHMW W, B YaCTHOCTH,

ceéedeHUue MPUZOHOMEMPUYECKO020 HepaseHcmea kK aJgzebpauyveckomy Hepa-

eeHcmaey no cxeme: 1) k o0Homy apeymenmy, 2) k 00HOU QyHKUUU, 3) 3a-

MeHa nepemeHHOU (aHAJIOTUYHO CXeMe pemieHUs TPUTOHOMETPUYECKUX

ypaBHEHUIl, IpuBeAeHHON Ha c. 249) u nocaedyrnuwee peuleHue NOLYLCHHBLX

npocmetluiux mpuUzOHOMEMPUYCCKUX HEPABCHCME.

Hemoap3oBaHue MeTOa MHTEPBAJIOB

(nocae ceedernusn Hepasencmea k eudy f (x) < 0) no cxeme:

1) Haiitu O/I3 HepaBeHCTBA.

2) HaiiTu obmiuii mepuos (ecyid OH CYIIECTBYET) AJIsA BceX (DYHKIIUI, BXOMI -
mUX B HEPaBEHCTBO, TO ecTh mepuoa pyHkmuu f (x).

3) Haiitu mynu gpyaxnun: f(x) = 0.

4) Orverutrs Hyau ¢yHrmuu Ha O/I3 Ha ogHOM mepHode M HAWTH 3HAK
¢yarnuu f(x) B KakaAoM U3 MPOMEKYTKOB, Ha KOTOpbIe pa30uBaercd
OJI3 (Ha omHOM mepHuoje).

5) 3ammcaTh OTBeT, YYHUTHIBasg 3HAK 3aJaHHOTO HepaBeHCTBA W TIEPHO
dyaRIIUT [ (X).

PelweHune npoaeﬂwmx TPUTrOHOMETPUYHEeCKNX HeEPaBeHCTB B obuem Bnage

3HayeHus a PeleHne

1. HepaBencTBo sin x > a

-1<ax<1 arcsin a + 21k < x < W — arcsin a + 2nk,
rae k — maroboe mesoe gucio (k € Z).
a>1 Penteruii HeT.
a<-1 X — JIr000€e IelCTBUTEJbHOE YHCJIO.

2. HepaBeHcTBoO sin x > a

-l1<axl1 arcsin a + 2nk < x < — arcsin a + 2nk, k€ Z.
a>1 Penteruit Her.
a=1 x:%+2nk,ke Z.
a< -1 X — JIr00oe IeHfCTBUTEIbHOE UHCJIO.

3. HepaBeHcTBO sin x < a

-1<ax1l —71 — aresin a + 2nk < x < arcsin a + 2nk, k € Z.
a =] Pemrenuii HeT.
a>1 x — J1000€e JeHCTBUTEIbHOE YHCJIIO.
4. HepaBeHcTBoO sin x < a
-1<a<l1 —7m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
a< -1 Permtenuii HeT.
a=-1 x:—g+2nk,ke Z.
a=1 X — J1000€ JeHCTBUTEJIbHOE YHCJIIO.
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5. HepaBeHCTBO cos x > a
-1<a<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Permteruii HerT.
a<-1 x — J0boe JelcTBUTENbHOE YHCJIIO.
6. HepaBeHCTBO cos X = a
-1<ax<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Pemmenuii Her.
a= x=2nk,ke Z.
a< -1 x — noboe JeliCcTBUTEJIbHOE YHCJIO.
7. HepaBeHCTBO cos x < a
-1<ax1 arccos a + 2nk < x < 2n — arccos a + 2nk, k€ Z.
a>A x — Jr000e AedCTBUTETbHOE YUCIO.
a< -1 Pemmenuii HET.
8. HepaBeHCTBO €0Ss x < a
-l1<axl1 arccos a + 2nk < x < 2 — arccos a + 2nk, k € Z.
a<-1 Pemrenuit HeT.
a=-1 x=m+2nk, kc Z.
a>1 x — nboe IeiiCTBUTEIbHOE YHCJIO.

9. HepaBeHncTBo tg x > a

a — n1000e NeCTBUTEb-
Hoe uucyo (a € R)

arctga+7tk<x<g+nk, ke 2

10. HepaBencTBo tg x = a

ac R arctga+7tk<x<%+nk, ke Z.
11. HepaBenctBo tg x < @
ace R -%+nk<x<arctga+nk,ke Z.
12. Hepasencrso tg x < a
ac R —%+nk<x<arctga+nk,kez.
13. HepaBencTBO ctg x > a
a€ R nk < x < arcctga + Tk, ke Z.
14. HepaseHcTBo ctg x > a
ac R mk < x < arcctg a + 7k, ke Z.
15. HepaBeHcTBO ctg x < a
a€ R arcctga+nk<x<mn+ 7k, ke Z.
16. HepaBencTso ctg x < a
ac R arcctga + k< x <mn+nk, ke Z.
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Pemnenue 3aganuid:
Nel. BEIIOJHUTE 3a0aHUS:

1. PeWwWTb HEPABEHCTBO: SINT < —%.
OTeeT!:

(—3% +27n; —% +27n), n€ Z
2. PeWwnTb HEPABEHCTBO: COST > — %
OTBerT:

(--2—;- + 27n; %’: +2mn), n€ Z
3. PewuTb HepaseHcTBo: sine > —1.
OTeer:

(—o0; +00)

4. PewwTb HepaseHcTso: sinT = (.
OTeeT:

[2mn; 7 + 2mn, n € Z)

5. PewwnTb HepasencTeo: cost < (0, 2.
OTser:

larccos0, 2 + 27n; 27 — arecos0,2 + 2mn, n € Z)
Ne2. BLIITOJIHUTE 3aaHus:
1. PewwuTb HepaseHcTeo: Lgr > —1.

OTBeT:
-3 +mn:5+7n),neZ

2. PewunTb HepaseHcTso: Clgr < — 71=3

OTBerT:

[5,: +mn;w+7n), n€ Z

3. PewnTb HEepaBeHCTBO!: I,g.'l.' Z 3.
OTBerT:

(=3 +mn;arctg3 +mn), n € Z
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IpakTnyeckas padora Nel2
Tema 2.12: KontponbHas paborta mno pasgeny 2 «OCHOBBI TPUTOHOMETPHUHU.
Tpuronomerpudeckue GyHKIAN
Hean: [IpoBepuTh ypoBEHb YCBOEHMs AAHHOIO Marepuana 1o pasneny 2 «OCHOBBI
Tpuronomerpuu. Tpuronomerpuueckue GyHKIUIY

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yemblpex
nPeOI0HCEHHBIX.
AB

1. (1 6a;m) B AABC sinC = o

A) AB; b) AC; B) BC; I') CB.

2. (1 6amn) Yriom kakoi 4eTBepTH sBisieTcst yrou oa=400°?

A)LB)ILB)ILT) IV.

3. (1 6amn) Kakue u3 GyHKIU SIBISIFOTCS] YETHBIMUA?

A) y=sin x; B) y=cos x; B) y=tg x; I') y= ctg x.

4. (1 6ann) Kakue u3 yncen sBISIFOTCS KOPHEM YPaBHEHUS COS X = %?
_T. I _I. =2r

A)X—6,E)X 3,B)X 2,1"))( S

Ilpu évinonnenuu 3a0anuit 5-8 3anuwiume xo00 pewienus u NOJIYYEHHbLI OMEeEm.

Kakas u3 cTropoH siBisiercst runorenysoit AABC?

. T Vs
5. (2 6amna) Beramcnure: sin S Tcosz.

. V2 .2
6. (2 6amna) Halinure 3HaYeHNE BRIPAKCHUS 4arccos7 - 4arcs1n(—7)

7. (2 6amna) JlokaxuTe TOXKIAECTBO: 2sin(m/2+a)+ cos(m — a)= cosa.
8. (2 6anna) Pemmte ypaBHenue: sin’x - 4 sinx + 3 =0.

IDmanonvt omeemos:

H
OMep | 2 3 4 5 6 7 8
3aJaHUS
T
OTtBer b A B b 1 2n - 5 + 2wk, keZ

IIpakTnyeckas padora Nel3
Tema 3.4: [IpeoOpa3zoBaHue HppalMOHATBHBIX BBIPAXKEHUH
Hennb: Hayuntscst ynpomars BEIpaKE€HUs, COAEPKAIINE KOPHU

Teopernyeckas 4acThb:
Yro Takoe HPPALMOHAIbHBIC BHIPAKEHUA?

WppatmonanbHble BEIpaKEHUS HAUMHAIOT BCTPEYaThCs Ha ATare 3HaKOMCTBA C KOPHEM U3
qucia, 4To 0OBIYHO MPOMCXOHUT Ha YpoKax anreOpsl B 8 kiacce. 3/1ech MHTYUIUS 110/ICKa3bIBaEeT,
4YTO WPPALMOHAIBHBIE BBIPAKEHUS KaK-TO CBSA3aHbl C KOPHSIMM, U 3TO JIEHCTBUTEJIHHO TaK.
Crnenyrolee onpeeiacHue MOATBEPKAAET HAILly TOTaKY:

HppanuoHajibHBIMH BbIPA’KEHUSIMHU HA3bIBAIOT BBIPAKEHUS, COJEPIKAIIME OIEPALHIO
W3BJICUEHHS] KOpHA. JlpyruMu clOBaMH, MPpPALMOHAJIBHBIE BBIPAKEHUS — OTO BBIPAKEHUS C
panukanamMu (BbIpake€HHUs, COJIEprKalllle B CBOEH 3alluCu 3HAKU KOPHS).
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. ovwa—1
Ha ero ocHoBe MBI MOKE€M MPUBECTH MPUMEPHI UPPALMOHAIBHBIX BBIPAKCHUMN:

4-a* | d°

3 & 1
B ) Va e

o, U T.II.

S

b

UtoObl B JajgpbHEWIIEM HE BO3HUKAJIO IyTAHUIIBI, JaBalTe OOCYIMM OJMH MOMEHT.

x-(x—ﬁ]-(x+«ﬁ]
338
X¥—|-x——
PaccmoTpum BhIpakeHue 2 3 u3 kauru [1, c¢. 19]. I3 KOHTeKCcTa MOHATHO,

YTO 3TO PallOHAJIBHOE BBIPAKEHUE, OHO MOAXOAMT IO/l COOTBETCTBYMOIIEE onpeaeneHue. Ho B
9TOM BBIPQXCHUM IPUCYTCTBYIOT KOPHH, 3HAUUT, COIJIACHO BBEICHHOMY B JTOM IIYHKTE
OIPECIICHUIO OHO UppallMOHaIbHOE. Tak Kakoe 3TO BBIPa)KEHHUE HA CAMOM JIEJI€: PALlHOHAIBHOE
WIM UPPalliOHAILHOE?

OTO He CyThb BaXKHO. DTUM MbI XOTHM CKa3aTbh, YTO HE CTOMT (haHATMYHO HOJXOJUTh
K pa30MeHHIO BBIPAKCHHWI HA BUABI, TaK KaK 3Ta KIACCU(UKAIMSI HE JOCTaTOYHO cTporas (B
OTIIMYME OT KJIAcCU(PUKALMM YHUCel, BEeAb HATypaJlbHble, LeNlble, pallOHaJIbHbIE,
UppalMOHATIbHbIE, JCUCTBUTEIbHBIE YHKCIA ONPEIECNIEHbl CTPOro, WU €CIM JaHHOE YHUCIO
palnroHaIBbHOE, TO OHO YK TOYHO HE HPPAMOHAIBHOE U HA000pOT). BeIpaxeHus moapa3iensoT
Ha paluOHalbHbIE, UPPALIMOHAIBHBIE U T.II. IO OOJIbIIEN YacTu Juid yA00CTBa MpeICTaBICHUS U
onucanusa Marepuana. Harmpumep, Mbl nMeeM €710 ¢ pallMOHAIbHBIMU BBIPAXKEHUSAMH BCE BPEMH,
[oKa yyuMcs paboTaTh ¢ MHOTOYJIEHAMHU U alreOpandeckuMu Ipo0sMH. A K UppallOHAIbHBIM
BBIPQ)KEHUSIM MBI IIEPEXOJIUM TOT/A, KOT/Ia CTAIKMBAEMCsl ¢ HEOOXOJMMOCThIO IPOBECTU KaKue-
TO omepauuu ¢ KopHsAMmu. HauHeMm u3yuaTh jorapuM — CTOJKHEMCS C .J102apupmMuyecKumu
svipadcenusmu. VI Tak panee. BooOie, ecniu HET TBEpAOM YBEpEHHOCTH B TOM, KaKoro BHJA
BbIp@XCHHE HAXOAMTCA Iepe] HaMM, TO Jydllle CKa3aThb IPOCTO BBIpAXKEHHE, HE N00aBiss
YTOYHSIIOIIEE ONPEEIICHHUE.

3aBepiias UH(OPMALIKIO 3TOTO ITYHKTA, 3aMETHM, YTO B ILIKOJIE TEPMUH «HUppaL[MOHATIbHBIE
BBIPQKEHUS» HCIHOJB3YIOT Majio, OOJbllle TOBOPAT O BBIPAKEHUAX, COACPXKAIIMX KOPHU
(BO3MOJKHO, 3TO JIeIaeTCs BO N30€KaHHe CTOIKHOBEHUS C OTOBOPEHHBIMHU BBIIIIE HIOAHCAMH).

OcHoBHbBIC BHbI MPE0OPA30BAHUI HPPALMOHAJIBbHBIX BbIPAKECHHI

KaKk U IpH NpeoOpa3oBaHUM JIOOBIX JPYTrUX BbIPRKEHUH, HAI0 Y4YUTHIBATh 00JacThb
nomyctumbix 3HaueHui (O/[3) u He nomyckath ee CyKeHHs.

C uppanloHaJbHBIMU BBIPAKEHUSMHU, KaK M C BBIPQKEHUSIMU APYTUX BHUJIOB, MOXKHO
MIPOBOJIUTH JIFOOBIE U3 OCHOBHBIX TOXKJIECTBEHHBIX ITPEOOpa30BaHmid, Oy/Ib TO PACKPHITHE CKOOOK,
rPYNIUPOBKA U MPUBEIEHUE MOJOOHBIX CIaraéMbIX U T.N. ITO U MOHATHO, TaK KaK B OCHOBE ATHX
npeoOpa3oBaHuil IexaT Takue CBOMCTBA JEMCTBUI C YHCIaMu, KOTOPbIE SIBIISIOTCS OOIIMMU TS
quceN pa3HbIX BUJOB. Takke MOHATHO, YTO IPU MPOBEICHUH MTPeoOpa3oBaHUil HUPPALIMOHATBHBIX
BBIPQKEHUIM COXpaHAETCS] NMPHUHATHIN NOPSAAOK BBINOIHEHUS neicTBUil. Ilokaxem pemieHus
HECKOJIBKUX ITPUMEPOB.

Ilpumep.
0+33-2+4-33+1-2-33

[IpeoOpasyiiTe upparoHaNIbHOE BBIPAXKEHUE .
Pewenue.
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Jlns Hayama 3aMeHMM KopeHb u3 81 ero 3HadeHueM 9 (IIpu  HEOOXOIUMOCTH
CMOTpPUTE U3BIICUCHHUE KOpHEH), HMeeM

V8143324433 +1-2.43=
=9+33-2+4.3341-2.33

OLIGBI/I,I[HO, B IIOJYUYEHHOM BBIPAXCHHUHU IMPUCYTCTBYIOT HO,Z[O6HLIC cj1ara€MbI€, I1I09TOMY
uenecooGpa3Ho BBIIIOJTHUTD ux IIPUBCACHUC!

0+33-2+4.43+1-2-33=
=(9—2+1}+{-°{E+4-%@—2-{E]=
—8+3-i3

Omeem:
0+33 24433412243 =8+3.43
Ilpumep.
Hcnonb3ys GopMysIbl  COKPAIIEHHOTO YMHOXCHHsS, MPEACTaBbTEC HpPpaIlMOHAIBLHOE

s - )

BBIPKECHUE B BUJIC MTPOU3BENICHUS JABYX HPPAIMOHAIBHBIX
BBIPAKCHU.
Pewenue.

OueBuaHO, MpPpalMOHATIBHOE BBIPAKEHHE B CKOOKAax NpEeACTaBIsieT co00il KBaapar

fxs3-1)

-
o

PAa3HOCTH, TO €CTh, €ro MOXHO 3aMCHHUTH Ha
-

Umf—lmﬂj—g:
~{x=3-1) -9

A TCIICPb JACBATKY MOXKHO IICPCIINCATh KaK 32, IIOCJIC 4Y€Tr0 BOCIIOJIbB30BATHCA (I)OpMy.]IOﬁ

, MIOATOMY

Pa3HOCTb KBaApaToOB:

(ﬁ—lf—9=(ﬁ x+3—]]2—33=
=(ﬁ-1-3)-(§/ﬁ—1+3]=
=(ﬁ-4}-[{/m+2]

B pe3ynbpTaTe mpojieTaHHBIX TOKIECTBEHHBIX MPEO0Opa30BaHUN MBI IPUIILTH K HY>KHOMY
HaM TMIPOM3BEJICHUIO IBYX WPPAMOHATBHBIX BRIPAKCHHI.
Omeem:

((mf—E-M+lj—g=
:(M—4](m+2]

CymectByeT eme psja HpeoOpa3oBaHUMl, OTHOCSAIIMXCS MMEHHO K HMPpPalMOHAIbHBIM
BbIpaXEHUSIM. PaccMOTpUM OCHOBHBIE U3 HUX.
IIpeoOpa3oBaHue NOAKOPEHHOT0 BbIPAKeHUSI
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OmHO W3 BaXHEWIIMX MPeoOpa3oBaHUl HMPPAIMOHAIBHBIX BBIPAKEHUN COCTOUT B
CJIEIYIOIIEM: BBIPAKEHHE IO 3HAKOM KOPHS MOXHO 3aMEHHUTh TOXKJECTBEHHO pPaBHBIM
BBIPAXKCHUCM. Cuaauaina MPUBCACM ITPUMCPELI €TI0 BBIIIOJIHCHUS, ITOCJIC YCTO MMOSACHUM, HA YCM OHO
Oazupyercs.

DTO yTBEpXKIEHUE AaeT BO3MOXXHOCTH paboOTaTh C MOJAKOPEHHBIMU BBIPAKEHUSIMHU.

146

Hamnpumep, 0HO 1O3BOJISIET CyMMY I10J KOPHEM B BBIPAKEHUU 3aMEHUTh €€ 3HAUYCHUEM,
TO €CTb, MepEenTH K KOPHIO . Hpyrou puMep: HppALUOHAIIBHOE
4 5
27— 6
BBIPAXXCHUC MOXHO 3aMCHUTH TOXIACCTBCHHO PaBHBIM cMy

4 4
2-a -a—=6
BLIpa)KeHI/IeM .

[Touemy manHoe mpeoOpa3oBaHue umeerT Mecto? Jleno B TOM, YTO KOTJa MBI J1aBaliu
orpezieNieHue KOPHS U3 YUCIIa a, TO MBI CKa3aJId O €r0 €IMHCTBEHHOCTH. T0 eCTh, HE CYIIECTBYET
qucla a;, OTIAMYHOTO OT @, JUIsl KOTOPOTO CIIPaBEAJIUBO PaBEHCTBO , 9TO PaBEHCTBO
BO3MOJXHO JIMIIb IIpU a=daj. Taxxe MBI 3HACM, UYTO 3HAYCHUA TOXICCTBCHHO paBHBIX
BBIpKEHUI A 1 A; paBHBI TP JIIOOBIX JOMYCTUMBIX 3HAUYEHUSAX NMEpeMeHHbIX. M3 3Tux dakron
cleyeT pa3doupaeMoe yTBEPKICHHE.

Hcnoab3oBanue CBOMCTB KOPHeH

Jlis  TOXAECTBEHHBIX MpeoOpa3oBaHUN  HMPPALMOHANBHBIX  BBIPAKCHHH  IIHPOKO

Va-b=da-b

UCIIOJIB3YIOTCS CBOMCTBA  KOpHeW. Hampumep, HcCIons3ys  CBOMCTBO

1+«f§--\fﬁ

rae a>0, b>0, oT uppaMOHATEHOTO BEIPAKEHUS MO>KHO TIEPEUTH K TOKIECTBEHHO
mimf o on CRCRNEY
Leend = o
1+43-12 .
pPaBHOMY BBIPAKEHUIO . A cBoiicTBO , TIe a>(), mo3BoIseT

2 34
i+ 4 2
V4 x5 4
BI)Ipa}KCHI/IC HepermcaTb KaK .

Hpeo6pa30BaHHe I/IppaI_[I/IOHaJ'IBHLIX BLIpa)KeHPIfI, conepmamnx 104 3HaKaMHu KOpHCfI

OTpI/ILIaTeJ'IBHHe quciia u BHpa)KeHI/I}I C HepeMeHHLIMI/I, COHpH)KeHO C pSII[OM HIOAHCOB. HaHpI/IMep,
=7
481

MBI HC MMEEM IIpaBa 3anucaTbh pPaBEHCTBO Ha OCHOBAHMM CBOWCTBA KOpHEW,
o Ria

H __ —
b

HEOTPHUIIATEIILHOTO YUCJIAa @ ¥ TIOJIOKUTEIIBHOTO b, a —7 1 —81 — oTpuiatenbHbie yncia. Ho ecnu

BBIPRKEHHOTO (POpMYIOi . Jleno B TOM, uTO yKa3aHHas QopMmyna JaHa JUIs

IpeIBApUTENbHO 3aMEHUTH APOOb O] 3HAKOM KOPHSI paBHOM el ApoObto 7/81, To nanbiiie MOXKHO

%

.
&)
—

MMPUMCHATH YIIOMSAHYTOC CBOMCTBO KOpHCfI U IEPCXOAUTD K BBIPAKCHHUIO BUJa
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[TogoOHbBIE TOHKOCTH B JIETaIsAX pa300paHbl B CTaThe MPEeoOpa30BaHNE UPPAITMOHATHHBIX
BBIPAKECHUM C UCIIOJIb30BAHUEM CBOMCTB KOPHEM.

CBolicTBa KOpHEH J€XaT B OCHOBE JBYX CJIEIYIOLUIMX IpeoOpa3oBaHUil, Ha3bIBAEMbIX
BHECEHHUEM I10/] 3HAK KOPHS M BBIHECEHUEM M3-110]1 3HaKa KOPHsI, K PACCMOTPEHUIO KOTOPBIX MBI U
HEPEXOIUM.

BHecenne MHOKMTe/IS IO 3HAK KOPHS

B-iC

BHecenne MHOXUTENA moa 3HaK IIOApasyMEeBACT 3aMCHY BBIPpaXCHUSA .
rac BuC- HCKOTOPLIC YUCJIa WJIM BBIPAKCHUSA, a 1 — HATYpPAJIbHOC YUCJIO, OoJiblIee CAWHUIIBI,

F H F L
vB -C —alBs O
TOXJECTBEHHO PaBHBIM BBIPAKCHHEM, UMCIOINM BH]{ WIN .

2-3x

HaanMep, HPppallMOHAJIbHOC BbIPAKCHUC [OCJIE BHECEHUS MHOXHUTEI 2 mon
A2 x
3HAK KOPHA IIPHUHUMACT BU/JL
BrpiHecenne MHOKHTEIA H3-110J1 3HAKA KOpPHSH
[IpeoOpazoBanreM, B M3BECTHOM CMBICIIC OOpAaTHBIM BHECCHHIO MHOXHUTEIS IO 3HAK
KOpH?[, SABJIACTCA BBIHCCCHUEC MHOXXUTCIIA HU3-11014 3HAKa KOpHSI. OHO COCTOHUT B HpeIlCTaBJIeHI/II/I

rtll'Bn_C B-’{/{E

KOPHA B BUIC IIPOU3BCACHUSA IIpu HCYCTHBIX 71 NI B BUIC

|B1-5/Ic]

IIPOU3BEICHUS IIPYU YETHBIX 71, T1€ B u C — HEKOTOpBIE YKCIIA WIN BBIPAKCHUS.
3a IIPUMEPOM BEpHEMCS B IPEABITYIIHAN IIYHKT: UPPALMOHAIIBHOE

2Pk 2-3fx

BBIPAXKCHUC MMOCJIC BBIHCCCHUA MHOXKUTCIIA U3-110/] 3HAKA KOPHS IPUHHUMACT BUJ

«.lf(x Sl 1)2 -7

. Z[perﬁ MMPpUMEP: BBIHECCCHUC MHOKHUTCIIA U3-T10 3HAKAa KOPHA B BLIPAKCHUUN JacT

|x+]|- |T| |x+1|-ﬁ

MMPOU3BCACHUC , KOTOPOC MOXKHO IIEPETINCaTh B BUJIC

Pemenue 3ananuii:

Nel.

Mpumep 1. Ynpocmume ebipaxeHue:
s 244
a) Ja'b

\/u_\/h_x =ab’:
'I ()(]‘ I ()Hl = 4(7:

Vo’ Jopt  3b’

lMpumep 2: BoiHecmu MHOXUMENL U3-Nod 3Haka
K8adpamHo20 KOPHSA.

a) \/xm:\/?l-\/ﬁzo\/;;
6) V32a°=16-a* -2 =16 Na® 2 = 4a2:

é) \/9(1./)(: \,v’(‘)-a" ca-b'-b=

=\o-a* Na-b* b

-
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Ne2.
YHpoc'm're BbIPAKECHHA:

a) 4v2 +50 - V18 ; a) TV3 - V48 + 27 ;
6) V3-(2V3 +V12); 6) V2(V8 +442);

») (V5-2); ») (V3+5) ;
) (V3 -2)(VB +2). ) (V5 +B)(V5 - VB)..

Neo3. BeIUUCIUTE:

R
? | -7 7]
> | [V2—io] +|[Vio-4]
MR

~

7| 2] o2

IIpakTnyeckas padora Nel4
Tema 3.4: [IpeoOpa3zoBaHue HppalMOHATBHBIX BBIPAXKEHUH
Hean: Hayuntbest npeoOpa3oBbIBaTh APOOHBIE UPPAIMOHAIBHbBIE BBIPAXKEHUS

Teopernyeckas 4acThb:

IIpeoGpa3oBanue apodeii, coaepRamuX KOPHU

WppanroHaibHbie BBIPAXKEHUS MOTYT COJACPXKATh APOOH, B UUCIIUTENEC M 3HAMEHATEIe
KOTOPBIX MNPUCYTCTBYIOT KOpHH. C TakuMu JApoOSMH MOXKHO TPOBOAWUTH JIHOOBIE U3
OCHOBHBIX MOXCOeCmEeHHbIX Npeodpazoeanull Opooe.

Bo-mepBbiX, HUUTO HE MeIIaeT paboTaTh C BRIPAKCHUSIMHU B YHCIIMTENE U 3HAMeHaTerne. B

(2+3)-4x

3 2
¥+ 5
KayecTBe IpUMepa pacCMOTPUM JIpOOb . UppanmonanbHOE BbIpaKE€HNE B YUCIIATEIE,
Afx
OUYCBUJHO, TOXKJICCTBEHHO PaBHO , a, OOpaTHUBILIKCH K CBOMCTBaM KOpHEH, BhIpaKEHUE B
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x +5
3HAMCHATCJIC MOXKHO 3aMCHUTH KOpHeM . B pGSYJ'IBTaTe HUCXOOHaA I[p06b Hp606p8.3yeTC}I

5.4/x
K BUIY E\-'Iz"'j.

BO-BTOpHX, MOXHO HM3MCHUTH 3HAK IICPCa I[pO6BIO, HN3MCECHHUB 3HAK YHCIIUTCIA HIIN
3HaMCHAaTCIIA. HaanMep, HUMCKOT MECTO  TaKue Hp606p330BaHI/IH HUppauOHAJIBHOTO

B x+2-J§ _ x+2-J§ __x+2~J§
—3-x3+ﬂ? -—Lﬁ~x?+ﬂ?J 3-xy—ﬂ?

BBIPpAXKCHUA: .

B-Tperbux, WHOr/a BO3MOXHO M IEJIECO00pa3HO MPOBECTH CokpamieHue apodu. K
3-3xrd-1)fx
Bred-1f

3eafx

EE L {$t+4—ﬂ
MPPALHOHAILHOE BHIPAKEHHE , B pe3yJIbTaTE MOJTydaemM ' ¥ )

HOHSITHO, 4TO BO MHOTHX ClyYasx, HOpCKAC UYCM BbIIIOJHUTH COKpPAIICHHC I[pO6I/I,

NpuMepy, KakK OTKa3aTb cebe B YAOBOJBCTBUHU COKPATUTH ,I[p06b Ha

-
o

BBIPQXECHUS B €€ YHUCIUTENE U 3HAMEHATele PUXOAUTCS PACKIIAbIBATh HA MHOXHTEIH, YEr0 B
IOPOCTBIX CIIyyasiX MO3BOJISIFOT JOOMTbCA (OPMYNBI COKPALICHHOTO YMHOXEHHsA. A HHOrza
COKpaTHTh JApoOb IMOMOraeT 3aMeHa IIepEeMEHHOH, MO3BOJAIOINAs OT MCXOJHOM Jpolu ¢
UPPalMOHATIBHOCTBIO MEPEeHTH K pallMoOHaIbHON ApoOu, paboTaTh C KOTOpOH KOMQOpTHee U
IpUBbIYHEE.

X—y
2. oS-
VIV
Jns puMepa BO3bMEM BBIpAKEHUE . Beenem HOBBIE
U=Alx V= '\J{;
IIEPEMEHHBIE u , B OJTHX IIEPEMEHHBIX HCXOIHOE BBIPAKEHHUE HMEET
H - _ 1.2
2.Vl
BUJ U=V Brmonnus B unciutene pa3noKeHUue MHOTOYJIEHa Ha MHOXHUTENIHU 1o hopMyJie
pa3HOCTH KBaJpaToB, MOJIy4aeM BO3MOKHOCTb COKpaTUTh Ipo0b Ha u+v,
u' —v’ u—vj-lu+v
2 _o. (el )=2-@—r}
MMeeM u=1 H=1 . BwmonauB  oOpatHylo  3ameny,
2- (Ve =)
NPUXOJUM K BBIPAKEHHIO ", KOTOpOE€ TOXKIECTBEHHO PABHO MCXOJHOMY

MppaLMOHaIbHOMY BeIpaxkeHHto Ha O/13.
B-ueTBepThIX, 1poOH ¢ UPPALMOHATBHOCTHIO MOKHO IPUBOANUTH K HOBOMY 3HAMEHATEITIO,
YMHOJXasl €€ YUCIIUTENb U 3HAMEHATelb Ha JIOMOJIHUTENIbHBIA MHOXHTEb. Hanpumep, npuseaeM

-1

5.
I[pOGB []:'_ X K HOBOMy 3HAMCHATCIIIO X. I[HSI 3TOI'0 €€ YUCIHUTCIIb U 3HAMCHATCIIb cne;{yeT
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P

YMHO)KI/ITB Ha I/IppaI_[I/IOHaHLHOC BI:Ipa)KeHI/IC .
V-1 24x[{r-1) 2x R -1)
0.5-+x  05-x-2:4/x x

MMEEM
HanmomuamM, 9TO BBIMIOJHSTH COKpAIIeHHWE MO0 Wiu mpuBeneHue aApodell K HOBOMY

3HaMeHarero Heooxoaumo Ha O/]3 mepeMeHHBIX 171 KCXOIHOM Ipo0Hu.

YMHOKEHHE 4YHCIUTENsl W 3HaMeHaredss ApoOM Ha HEKOTOpOe HppalroHaIbHOE
BBIPQXCHHE YaCTO MCIIOIB3YETCs ISl IPOBEACHHSI peoOpa3oBaHus, HA3bIBAEMOT0 N30aBIeHUEM
OT UPPALMOHATILHOCTH B 3HaMeHarene. PazdepeM, Kak OHO IPOBOAUTCSI.

HN30aBieHUE OT HPPANMOHAJIBHOCTH B 3HAMEHAaTeJ1e

N30aBneHnemM OT UppaloOHAIBLHOCTH B 3HAMEHATENE Ha3bIBAIOT MPeoOpa3oBaHHE, MPU
KOTOPOM JpoOb 3aMEHSETCs] TOXKIIECTBEHHO PaBHOM IpoObIO, HE COAepKalleil B 3HAMEHaTele

39 x

3HAKOB KOpPHEM.

Laz
=P

3
Hanpuwmep, 3aMeHa npobu IpoObIO €CTb 0CBOOOKICHHE oT
UPPALUOHATIBHOCTH B 3HAMEHATEIIE.
Ilepexon oT KOpHeii K cTeneHAM

[lepexon oT KOpHEW K cTeNeHsM MpH MpeoOpa3zoBaHUM HPPALMOHATBHBIX BBIPAKEHUN

R iz

IMPOBOAUTCA Ha Oaze PaBCHCTBA , C IIOMOIIBIO KOTOPOro AacTCsd OIIPEACICHUC
CTCIICHU C PAIMOHAJIBHBIM ITIOKA3aTCJICM. MM 6e3003HEHHO MOXKHO IMOJIB30BaTbCA, KOIrJa a —
Fie=2
5
MOJIOKHUTECIBHOC YHUCJIO, m — LCJI0C YUCIIO0, a n - HATypaJIbHOC. HaanMep, KOpPCHb MOXHO

2
<73

3aMCHHUTDB CTCIICHBIO C ,Z[pO6HBIM IIOKa3aTcJIEM BHU A
Ecnu xe nion KOpPHEM HaXOAUTCS OTPpULATCIIBHOC YUCIIO UJIU BBIPAKECHUE C ICPEMCHHBIMU,

H P
a =a”
TO opMyJIOit HaJI0 II0JIb30BaThCs aKKypaTHO. HarprumMep, Mbl He nMeeM npasa cpasy
3 2
- 7 - -
S8 4c16) (=8)s (<16):
3aMCHHUTH KOpHI/I " CTCIICHAMU BHUJIa nu , TaK KakK
i
nl _m -
a =a”
dbopmyna HE UMEET CMBICIIA ISl OTPUIIATENBHBIX d.

Pemrenue 3axanmii:
Nel. ITpeoOpa3oBath ApoOb:

avfea .h.ﬁ
o
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) afa+343 =(a) +(V5) = (V=B (Va) -5+ |-
=( Va5 ){a=3a+3);

) {Jﬁmﬂ} 3 = [{#]'uz\fﬁ-m(qﬁ}"]@m:
={;_2ﬁ+3+ﬁ=

Ne2. ITpeoOpa3oBatrh BbIpaKEHHE:

a) x - 104/x + 25 2Jx - 10
3fx+12 ~ x-16 "'

8 1-a +u+4JEi4b_
4Ja + 8\b 3-8Ja

B) ¢-25  3Jc+18,
c+12Jc + 36 2Jc +10

r)5Jm -10Jn _4n-4Jmn +m
Jm-5 = 15-3/m

Ne3. BLIToJHUTE 3aaHus:

® 1. Yopocture BheIpa)keHue:
a) ﬁvf§+~J2_7—3\/_- 6) (V50 -2V2)V2;  B) (2-V3)2
e 2. CpaBHHTe —~V12 u lr

3. Cokparure npoﬁb.

3-3 ., a-2\Va
2) V515’ ©) 3Va-6"

4. OcBobogure npobk OT 3HAKA KOpPHA B 3HAMeHarTeJe:

a) ——; ) =5

3V10 Ve+V2
5. IMoxaure, 4T0 3HAYeHHEe BBIPAKeHHA
11
2V7-1 2V7+1

eCTh YHCI0 panmHoOHaAJBHOE,

6. IIpu KakuHx 3HaA4YeHUAX X ApoOb ﬁ:f NpUHUMAaeT
HauboJblIee 3HAYEeHHe?
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IpakTnyeckas padora NelS
Tema 3.5: Pemienue uppanyioHanbHbIX YPAaBHEHUN U HEPABEHCTB
Henan: Hayuutses pemars nppallioHalbHbIE YPAaBHEHUS U HEPABEHCTBA

Teopernueckas 4acThb:

Onpenenenne. UppannoHaJbHBIM Ha3bIBaeTCs ypaBHEHHE, B KOTOPOM HeH3BeCTHOE
(mepemMeHHas1) COAEPKUTCS IOA 3HAKOM KOPHSI WM O] 3HAKOM OINEPAllMH BO3BeJCHHUS B
PALHMOHAJIBLHYIO (IPO0HYI0) CTENeHb.

Jis pelieHus MPPAaMOHAIBHBIX YpPaBHEHUH OOBIYHO HCIOJB3YIOTCS CIEAYIOLINE
IIPUEMBI:

1)BO3BeICHNE B COOTBETCTBYIOIIYIO CTEIIEHb 00€ YaCTH YpaBHEHUS;

2) BBeZICHUE HOBOW NMEPEMEHHOM;

3) cBelleHHE K CUCTEME YPaBHCHHUIA;

4) npyuMeHEeHHE CBOICTB (PYHKIIMM, BXOIALINX B ypaBHEHUE.

[Tpu pereHnn MppalMOHANBHBIX YpaBHEHUH HeoOXO[MMa MpPOBEpKa BCEX HaWJEHHBIX
KOpHEW IyTeM MX IOACTaHOBKU B MCXOJHOE ypaBHEHHE win HaxoxzaeHue O3 u ciuemyromuii
aHau3 KOpHeH (IpH peIIeHUU METOIOM INPHUBEAECHUS K PaBHOCHIBHOW CMEIIAHHON CHUCTEMeE
YpaBHEHUH U HEPABEHCTB HEOOXOJMMOCTh B 3TOM OTIIAJIAET).

[IpocreiiymM uppanvoHaaIbHbIM YPaBHEHUEM SIBIISICTCS ypaBHEHUE BUJA:

7@ - £()

IIPU PELICHUN KOTOPOTO BaYKHYIO POJIb UTPAET YETHOCTh MJIM HEYETHOCTD A.
Ecimu n- HeueTHOE, TO JAHHOE ypaBHEHHUE PABHOCUIIBHO YPABHEHUIO

fG)=(el)

ECJ'II/II’l-‘leTHOG, TO, TAK KaK KOpPCHb CUYHUTACTCA apI/I(l)MeTI/I‘IeCKI/IM, HCO6XOI[I/IMO

= af =
yuuthiBath O3 (001acTh JOMYCTUMBIX 3HAYEHUIN): f (x)_ 0 . YpaBHEHHE 7(x)=2(2) 5 yrom
CJlydae paBHOCUJIBHO CUCTEME:

J&)= (=)
2(x)>0
IIpumep 1.

Pemute ypaBHeHHe VX — 3 = 5.
Pemenne. Tak xak n=2 - 4yeTHoe, TO 00€ YacTU YpaBHEHUS BO3BOJIUM BO 210 CTEIEHb!

(Vx—3)2=5%2e x—-3=25 ©x=128

OTtBer: 28
IIpumep 2.

3/ 3
Peunts ypasuenue vX —2¥+1=1

Pemenne. Tak Kak B JaHHOM npuMepe n=3 - HCYCTHOC, TO IIOCJIC BO3BCIACHUA o0eux

qaCTeﬁ ypaBHeHI/Iﬂ B TpeTBIO CTCIICHb HOJ’Iy‘II/IM
paBHOCI/IHBHOC IIaHHOMy ypaBHCHI/Ie:

3 3 x=0 x=0
C-x+1=PPorf-2x-0 >

xt-2=0 x=14.2

Orger: *1~ —/2, xy =0,x3 = 2 :
IIpumep 3.
Pemmnts ypaBHerue ¥ % +Hl=2-x
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Peme}me. TaK KakK n=2 - YCTHOC, TO HCXOJHOC ypaBHeHHe paBHOCI/IJIBHO CUCTCMC:
2 y
x+1=12—x X+l=4-4x+x X*—5x+3=0
( )2 i i
2—x=20 x=<2 =2

<> =,
x=<2

x=(5-13)/2

EESIES __5-B
-

OTtBeT:

] _n
YpaBHEeHHS BUIA "'/f(x) “";‘g(x) , PEIIAIOTCs CIETYIONM 00pa3oM:
n — HevYeTHoe = f(x) = g(x)

Lfe-s) (-t

x)>0 g(x)>0

Peunts ypaBHenue: V5 — x = Vdx + 2

IIpumep 4.

5-x=0 x<5
{ 4x+2=>20 = {XZ—O,S =
5—x=4x+2 x =06

Otsert: 0,6
ITpumep 5.
Pewmts ypaBuenue: V2x+6 —vVx+1 =10
Pemenne. 3anunieM JaHHOE ypaBHeHHME B Bujae: V2x + 6 = vx + 1. Bossoas obe
x+1 =0
2x+6 =0
KOTOPOI'O €CTh X = -5 — HE Y/I0BJIETBOPSET BHIMUCAHHOMY YCJIOBHUIO. 3HAUUT, JaHHOE YpaBHEHUE
HE UMEET PEIICHUM.

OrtBer: HET peleHni

Ecnu uppanmoHanbHOe ypaBHEHHE COJEPKHUT HECKOIBKO paJnKaioB. B aTom ciydae ams
n30aBJIeHUs] OT PAJAMKaJIOB YpaBHEHHME MPUXOJUTCS BO3BOJIUTH B COOTBETCTBYIOIIYIO CTEIEHb
HECKOJIBKO pa3. [Ipu 3ToM mpeaBapuTeNbHO YEIMHSIOT OIMH U3 PaIUKAIOB TaK, YTOOBI 00€ YacTH
YpaBHEHMsI CTaJli HeoTpuuareabHbIMU. Oco0oe BHUMaHME ClIeAyeT OOpaTUTh Ha NpaBHIIBHOE
Haxoxaenue O/13.

IIpumep 6.

YacTH B KBaJpaT U YUUTHIBAs, 4TO { [IOJIyYUM ypaBHeHue 2x+6=x+/, pemeHue

V2x-9—+x-3=1

Pemnte ypaBHEHHE

Pemenue. 3anumieM ypaBHEeHUE B BUAE: * 2x-9=1+~/x-3 . Tak kak Temepb o0e
YacTH MOJYYEHHOI'O YPaBHEHUSI HEOTPUIIATENIbHBI, TO BO3BEJEM UX B KBaJIparT:

2x-9=1+x-3+2/x-3 & x-T7=-/x-3 .

[TonyyeHHOE ypaBHEHHE PaBHOCWIBHO MCXOMHOMY. [l ero pemieHus pacCMOTPUM
CHCTEMY:

x-720 x=27 x=7
— —
(x—7) =4{x-3) x’—14x+49=4x-12 x* -18x+61=0
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x=7
x=9i@

Orger: ¥ =9++20

BBenenue HOBOM IIEPEMEHHOM B PsJI€ CIIy4acB IO3BOJIIET IEPEUTH OT UPPALUOHATIBHOTO
YPaBHEHHUs K pallMOHAJIbHOMY YPaBHECHMUIO.
IIpumep 7.

Lo x=9+@

2 2
PelunTh ypaBHEHHE X +3x+4x " +3x—-5=10 '

Pemenue. Bo3Benenue MaHHOrO ypaBHEHHMsS B KBaJpaT MPUBEIO Obl K YpaBHEHHUIO
YETBEPTOM  CTENEHW, 4TO  HepauuoHanbHO. [losToMy  3amumiemM  ypaBHEHHME B

2 z _
puge X 3x—5+4Jx"+3x-5=5 BBEJIEM «HOBYIO» [IEPEMEHHYIO:

y= x? +3x-5 y=0
=1
y1+4y—5=ﬂ — [y
[Tonyuum y:_ﬁ.

f 2 _ f 2 _
BepHeMcsi K  «CTapbIM» IEPEeMEHHbBIM ¥ X +3x—-5 =1, vx" +3x-5=-5

BTOpOG U3 TOJYUYCHHBIX ypaBHeHI/II‘/JI peH_IeHI/Iﬁ HC HMCCT, a PpCIUCHUA IICPBOIO CCTb
—-3+33
r=-———-.
qucia 2

-3-.33 ~3+-33
N=——— X3 =——

OTBerT: 2 : 2 .

WHorna npu penieHuu UppaluoHalIbHOTO YpaBHEHUS BO3HUKAET HEOOXOIMMOCTh  BBECTHU
HEC OI[Hy, a HECKOJIBKO <«HOBBIX» HCpCMCHHBIX. TaKaSI CI/ITyaHI/ISI BO3HUKACT, HaHpI/IMep, HpI/I
pELIEHUH YPAaBHEHUM, COAEPKALUX PAAUKAIIBI Pa3HBIX CTEIICHEN.

[Tpumep 8.
3 —
Pewmuts ypaBHeHHE ”&_ 2 +'\hl —x =1

_ _ 3
Pemrenne. ITycts ¥ = x-220,v=31-x Torma #+¥=1_ ¢ Apyroi

2
cropons! ¥ +v =x—2+11-x= 9 Honyuaem cncremy
utv=1 u=1-v u=1-v
o <
u v =9 (1—v)1+v3:9 Vv —2v-8=0
Pemmm nocnenxee ypaBHEHHE CUCTEMBI:
Vivi-2v-8=0 < (¥-8)+vv-2)=0c

v=2
(v—21v1+2v+4+v)=ﬂ < |, & v=2
¥ +3w+4=0

Monyaum, uro¥=2, a rorma8=1-¥v=-1<0_ 116  ycnosmo ¥=0

CJIEI0BATEIILHO UCXOHOE YPABHEHUE PELICHUN HE UMEET.
OTBeT: HET pelIeHUN.

70



[Ipn pemieHUM HEKOTOPHIX HWPPAIMOHATBHBIX YPaBHCHHA HaXOXJACHHWE O0JacTh
JOIYCTUMBIX 3HAUEHUN BXOIAIIMX B ypaBHEHHE HEU3BECTHBIX MOXKET CYIIECTBEHHO OOJIErdyuTh
pelieHre ypaBHEHHUS.

[Ipn pemennn HppalMOHAIBHBIX YpaBHEHUN OBIBa€T TMOJIE3HO BOCIOJIb30BATHCA
MOHOTOHHOCTBIO (DYHKITHH.

[Tpumep 10.

x+6)=6-3x+6

Pemenne. OMH KOPEHb JaHHOTO ypaBHeHUs ¥ = 2 jerxo naittu nogoopom. ITokaxem,

JUx+6)+ix+6=6

Pemuth ypaBHeHME

YTO APYTUX KOpHEH HeT. 3anuileM ypaBHEHHE B BUJIE

ITo CBOWCTBY CTETIEHHBIX byHKIMHA
— J2x+6) 3
byHKIIIN ¥ l(x) x+6 ur? (I) x+6 ABIISAIOTCA BO3PaCTAOIIUMU Ha
—f; o0
MIPOMEKYTKE [ ), rae OHHU obe OTIpe/ieNICHBI. [Toatomy ux

y(x)= J2(x+6)+§fx+6
cymma Ha 3TOM NPOMEXYTKE TaKXe€ BO3pACTaeT, CJel0BATENbHO,
OHa IPUHUMAET KaXJ0€ CBOE 3HaueHHUe (B TOM uucie u 6) ToiabKo ojauH pa3. [loatomy npyrux
KOpHEH HeT.

Otger: X =2

Onpenenenne: [log MppanMoHAIbHBIM HEPABEHCTBOM MOHMMAETCS HEPABEHCTBO, B
KOTOPOM HeHM3BeCTHbIe BeJMYHMHbI (MJIH HEKOTOpble (PYHKIHMHU BeJUYUH) HAXOAATCH IO
3HAKOM paJuKaJja.

OCHOBHBIM METOJIOM PEIICHHS] UPPALMOHATLHBIX HEPABEHCTB SABIISETCS METOJ CBEICHHUS
HCXOJIHOTO HEPABEHCTBA K PAaBHOCHJILHOM CUCTEME HEPABEHCTB MJIM COBOKYITHOCTH TAKUX CUCTEM,
HE COJIEpIKAIINUX UPPAIIHIOHATHHBIX BBIPAKEHUH.

CxeMmbl penieHus:

1y 0 <3z o 020

f(x) < g(x),n € N.
f{x) >0,
2) {/f(x) <g(x) =g >0,
fx) <(g(x))*,neN.

g(x) 20,

3 W/T() > g(x) & f(x) > (g(x)™;
g(x) <0,
| [f(x)=0.

IIpumep 1. Pemuts HepaBeHCTBO
AR T 3 <1.

Pemrenne.
066 qacTHu HepaBeHCTBa HeOTpI/IIIaTeJ'II)HBI, MO>XXHO BO3BOJAUTE B KBaHpaT, 3Ha‘-II/IT,

x=5z0 P

<
x-5<1, x<6; SEx el
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Orser: [5:6).
IIpumep 2. Pemuth HEpaBEeHCTBO

VI8 >,

Pemrenne.
JlonmycTuMble 3HaYeHUs HEPABEHCTBA!

JleBas JacTh HEOTpULATECIbHA, IIpaBasd — OTpULATCIIbHA, T.€. HEPABCHCTBO BBLIIIOJIHACTCSA
IIpU BCCX NOIIYCTUMBIX X.

OtBerT: [-8i+el.

IIpumep 3. Pemnth HepaBeHCTBO
A 8x =20 o

Pemrenne.
JlonycTuMble 3HaUEHUs HEPABEHCTBA!

Bx-20209x2 20, 22%

[IpaBast yacTb HepaBEHCTBA MOXET OBITb OTPHULATEIBHOM, HO C YYETOM JONYCTUMBIX
3Ha4YeHU#, 00e 4acTH HeoTpHULaTeIbHbl. Bo3BOIMM B KBajpar:

2

23, 2_: 23:
x2 9 Xz 9 x> o
9x—-20< x° - x+9x-20< 0 <4, x5

El

2
[2—;4] W11
Ortser:
IIpumep 4. Permnth HepaBeHCTBO

Nrxtblox 45

Pemennue.

JlonmycTuMBbIe 3HaYEHUs1 HEPABEHCTBA:

x4612 % 22 -61.

[IpaBast yacTh HEpaBEHCTBA MOKET ObITh OTPUILIATEIHHOM.
Paccmorpum aBa ciryyast.

x+520, x2 -5, x2-5

£

l-l"x+61|2<'x+5'2; x+61<4 x2+10x+25; x4 +9x-36 >0,

x 2 -5

< -12.15 3 328

2. x+5 <0

B stoM cimywae neBas 4acTh HMCXOJHOIO HEPABEHCTBA HEOTpHUIIATENbHA, a MpaBas
otpuuarenbHa. Het pemenuii.

OTtBeT: \3,+m)

IIpumep S. Pemnte HepaBEeHCTBO
VI TSt

Pelnenmne.
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JlomycTruMble 3HaY€HUs HEPABEHCTBA:
x+7x0,x 277

IIpaBast yacTh HEpaBEHCTBA MOXKET ObITh OTPUIATEIBHOM.
Paccmorpum aBa cirygast.

x+1z210, xz -1 xz -1
1.
'--"x+?'2}'x+1'j; x+7 0 x +2x+] 2 +x-6<0,
xz2-1
1=
~3<x< 2 tex<2
2. X1<0 16 emas wacts MCXO/IHOTO HEPABEHCTBA HEOTPHIATENbHA, a IpaBas

OoTpuHarciibHa. CJICI[OB&TCJIBHO, Ta 4aCTb paCCMaTpuBaACMOro ydyacTtka, KOTopas BXOJAUT B o0J1acTh

JIOMYCTUMBIX 3HAUCHHI UCXOJIHOTO HEPABEHCTBA, SIBJISICTCS €TO PEIICHUEM.
21 xx-,

x+1<C0 x<-L _72 501

OObeMHUM OTBETHI B IIEPBOM M BO BTOPOM CIIydasix:

OrtBer: [-7:21

Pemiate uppanuoHa/JbHbIe HEPaBEHCTBA MOKHO, IPHAEPKMBAsICh, HalpuMep,
CJICAYIOIIEro aIropuTMa:

1.Haiiti 001acTh TOMYCTHMBIX 3HAUEHUH 3a/JaHHOTO HEPABEHCTBA.

2.PyKOBOACTBYSCh NPEUIOKECHUSIMU O PaBHOCHIBHOCTH HEPABEHCTB, PEIIMTH 33JaHHOE
HEPaBEHCTBO.

3.13 HaliieHHBIX pelieHuil 0ToOpaTh 3HaUe€HUE MEepeMEHHON, MpuHaaexKalee o0IacTH
OIIpeEIICHNUs 3aJaHHOIO HEPABEHCTBA.

Pemenue 3aganmii:
Nel. Pemits ypaBHEHHUS:

pVx-2=1

2)*\-’:{—1 = —3’

3 Ww-1=-3,
(L _:2

4) sz 3

Ne2. Pemmith ypaBHEHHS:
1) =72 —17x = —x

2

2) Vel+Tx—2=6—x

3) Val—x—6=+-2x

Ne3. Pemuts ypaBHEHHS:
1) Yxr+24+43x—2=4

2) x-’x—1+x-’x+2=x-’11—x.

Ne4. Pemnth ypaBHEHHUS:
4 Va3
e =2
1) V2 5
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2) Ve—2+23x—-2=3
f2—x llm_m

| + =
3) Axt3d 4l2-x 3

Ne5. Pemnts ypaBHEHHUS:
1) (x2—4x +3)Wox—2 —2x2 =0,

2) Yrx—14yx —24x—3 =0

No6. Pemnth HEpaBeHCTBA:
1) Y3i—x=x+3

2) Vx*-3x-18>4-x

Ne7. PemiuTe CUCTEMBL:
{2& +3/y=7

3Wx—y=5

1)

{‘{,-"x +y+yx—y=2

JE+Y— Jx—y=8

2) )
{ \,-x+}-‘—1=1
3) Jx—y+2=2y-2

IIpakTnyeckas padora Nel6
Tema 3.6: KonrponbHas pabdora no pasaeny 3 «Crenenu u kopHu. CTeneHHass QyHKIUI»
Heuasn: IIpoBepuTh ypoBeHb YCBOEHHS JAaHHOIO Marepuana 1o pasneny 3 «CreneHu u
kopHH. CTeneHHas QyHKIUSI»

Ilpu pewenuu 3a0anuii 1-4 3anuwiume npaguIbHLIL OmMEem U3 UYemblpex
npeo1oIHCceHHbIX.

1. (1 6amn) Mexny KakuMH JBYMsI HATYPaJIbHBIMU YHCIIAMU HAXOAUTCS YUCIIO V19?

A)19u20;b)2u3;B)18ul9; )3 u4.

2. (1 6amn) OnpesenuTe KOPEHb ypaBHEHHs X°=125

A)3.;b)-3;B)-5;1)5.

3. (1 Gamn) Pacrionoxute B mopsiake Bo3pacranus uncia: 2; V5; V17

A) 2; /5, V17; ) 2; V17; ¥/5; 3 B) ¥/5; 2; V17 T) V17; 2; V/5;

4. (1 6amn) YMHOXKas 9uciIa ¢ OAMHAKOBBIM OCHOBAaHUEM, X CTETICHH. ..

A) ymHoxxaeM; b) nenum; B) cknanpiBaem; I') oTHuMaem.

Ilpu évinonnenuu 3a0anuil 5-8 3anumiume xo00 peuieHus U NOJYUEeHHbLIL OMmeem.
5,58.,2,9
25582,

5. (2 6anna) Haitnure 3HaueHue BHIpAKEHUS —as 1IPH a=7.

2
(Vi2+v8)
10+v96
7. (2 6amnma) PaccrosstHue oT HaOMIOAATelNs, HAXOMAIIETOCs Ha HEOOJBIIOW BhICOTE h

6. (2 6amra) Haiinmute 3HaUYeHNUE BHIpOKCHUS

KUJIOMETPOB HaJl 3eMJIEH, 10 HaOII01aeMOoil UM JIMHUU TOPU30HTA BRIUUCIISIETCA 10 Gopmyne [ =
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V2Rh, rne R=6400 kM — panuyc 3emnn. C Kakoil BHICOTHI TOPU3OHT BHJIEH Ha PacCTOSHUU 48
KuJoMeTpoB? OTBET BbIpa3UTE B KMJIOMETPaX.

8. (2 6ama) Pemure ypaBHeHue V—32 — x = 2.

Omanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aaHuA
OtBeT b r B B 49 2 0,18 -36

IIpakTnyeckas padora Nel7
Tema 4.2: Penienue nokasatenbHbIX YPABHEHUN U HEPABEHCTB
Heab: Hayuntbes pemars nokasareabHble ypaBHEHUS

Teopernyeckasi 4acTh:

Onpeoenenue YpaBHEeHUE, B KOTOPOM TIEpEeMEHHAasi COACPKUTCS B TOKa3aTelie CTEIeHH,
Ha3bIBACTCA ITOKA3aTCIIbHBIM.

[Ipumepsl oka3aTeabHbIX YPaBHEHUM:

1 2°=4;

5. 4% 42F 41=0,
6. 9% —43.2% 4677 =0,
BriGepuTe nokazarenbHble ypaBHEHHUS:
D2x? =x+3=0,
D3 =2 =0,
11
33

4257 -5"4+2=0,

3)

Cnoco0bI penennsi MOKa3aTeJbHBIX YPaBHEHHIA

Beiensior aBe rpynmsl cnoco00B: TpaguecKuil 1 aHATUTUYECKUE.
BcnomanM cyTh rpadgudeckoro crnoco0a pemnieHus: ypaBHEHH:

1. IMoctpouts rpaduku AByX (HYHKIMH (JIeBast ¥ IpaBasi YacTH YpaBHEHHS);
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2. Haiitu abcruccsl Touek nepeceueHus rpadukos;
3. 3anmcarb OTBET.
PaccmoTpum rpaduueckuii cnocod pemeHus Ha npumepe ypaBHeHus 2° = 4 Iloctpoum

rpaduku GyHKIUH y = 2%, y = 4 1 HalijieM a0CIIUCCy TOUYKHU MepecedeHus rpaduKoB: x = 2.
vé n?.-_;'f

¥

v=4

OtBeT: x =2
I'padmyeckuit cocod MOXHO TPUMEHHTH HE BCEraa, MOITOMY paccMOTpuM Ooliee
YHHUBEpCaIbHbIE OCHOBHBIE aHATUTUYECKHE CIIOCOOBI pelIeHHsI TOKA3aTebHBIX YPaBHEHH .
AHaTUTUYECKUE CITOCOOBI:
1. IlpupaBHUBaHUE MMOKA3ATENCH;
2. BreiHeceHue 00IIero MHOKHTEINS 32 CKOOKH;
3. BBeneHue HOBOM MEPEMEHHOM;
4. Wcnosnp30BaHUE OJTHOPOAHOCTH.
PaccmoTtpum kaxaplit cioco0 moapoOHee u pa3depeM Ha mpuMepe.
1. [IpupaBHUBaHNE TOKA3aTENEH.
Cytp MeToza:
1. Yeaunuts ciiaraemoe, coaepkaniee nepeMeHHYIo;
2. [IpuBecTH cTeneHu K OTHOMY OCHOBAHHUIO;
3. [IpupaBHATH NMOKa3aTENH;
4. PemuTh MOTy4eHHOE YpaBHEHHE,
5. 3amucaTh OTBET.
IIpumep:
2 -27=0
3 =27,
3:': — 33;
=73
Otser: x =3

2. BriHecenne 0011ero MHOXKHUTEIS 3a CKOOKHU
[Tpumeuanue: BEBIHOCUM 3a CKOOKH MHOXHUTEIb C MEHBIIIUM TTOKa3aTEJEeM.

[Tpumep:
33" =78
3(1-3)=-78
31— 27)=-78,
3 (- 26)= —73;
3 =3

=1

OtBet: x =1
3. BBeneHue HOBOM IEpeMEHHON
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Kak npaBumno, ypaBHeHUs, peliaeMpie 3TUM CIIOCOOOM, CBOJIATCS K KBaJIPATHBIM.
2 3 _

Tpumep: 4% -5 4" +4=10

[Tycth 4" = a Torna ypaBHEHUE MOXKHO 3aMUCaTh B BUJIE:

a®—Sa+4=10
D=25-16=9
@) = E =4
2
5-3

=——=1
Cnenaem oOpaTHYIO 3aMEHY:
4 =4um4 =1,

x=1 nwmx=0
Omer: x=1numx=0

4. Vicnonb30BaHUE OJTHOPOTHOCTH
LI g 00
Onpeoenenue Tloka3aTenbHble YpaBHEHHS BUA = Ha3bIBAIOTCS OJTHOPOIHBIMU.

CYTB meTtoja: Tak Kak mokaszaTelbHas (1)YHKI_[I/I$[ HC MOXXCT IIPUHUMATb 3HAYCHUC, PaBHOC

HYJIIO, U 00e yacTu YpaBHCHUA MOXKHO ACJIIMTbL HA OAHO U TO K€ HC PABHOC HYJIIO YHUCJIO, pa3aciinuM

fx)
00e yacTu ypaBHEHUS, HAIpUMED, Ha &

[Ipumep: 2* = 3*

Pasnennm 06e yacTu ypaBHEHHUS Ha 3=
2t 30

33

y-

=10
OtBeT: x =0

Pemenue 3aqanmii:
Nel. Pemmts ypaBHEHHS:
12" =16,

205° = 0125 75 = vk
. -
34°F = —. )2 = 4,
16 s
1y 93 = - .|-
1) =| =36 Sl
WO s .
5y10° = Y100, 1067 =216%
1000 1139 . 5= L

=

6103 = ——;
-

Ne2.Pemute ypaBHeHuUeE:

13 273X
a)(E) :25; 7+ 3T = 255 432
5 45 +25—20=0, 3 —2= —2x+3
p 5 =752 =90,

Ne3.Pemute ypaBHeHue:
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2 (0,172 =10, 33+ 3% = 5254 —17. 2%

x—2 ’
(5) "= 2x+1
3 .

6)9"‘—?-3"—18={l
L ¥ —3-472=52,
No4. Pemiuth ypaBHEHUE:
p(02)7 =25 4 _12.2v 4320
x—y=4,

5% =125,

1)

Ne5. Pemnts cucremy ypaBHEHUN
No6.Pemnth ypaBHEHUE

7 +5-7" =588
2) 3" +4.3* =279

IIpakTnyeckas padora Nel8
Tema 4.2: Perienue nokasaTeabHbIX YpaBHEHUN 1 HEPABEHCTB
Hean: HayuuTscs pemars noka3areabHble HEPABEHCTBA

Teopernyeckas 4acThb:
IIpocreliniee mokazarejbHOE HEPABEHCTBO UMEET BUJI:
flx)  gfx)
f A ,Tae V - OOUH U3 3HaKOB: <,>,<, HIIK =,
Uro0bl pemmTh NOKa3aTelbHOe HEPABEHCTBO, HAM HYKHO OT CpPaBHEHHUS CTEIEHEH
MEPENUTH K CPABHEHUIO MOKa3aTeNen.
Fiz)

Kak MBI TOMHHM, TOKasaTenbHas —(yHkmms 7 °

=]

BO3pacTacT IpU BCEX

I[GI‘/’ICTBI/ITGJ‘IBHBIX 3HAUYCHUAX = , €CIIN - 910 3HA4YUT, 4TO 60J‘II>I_HeMy SHAYCHUIO apryMcHTa
COOTBETCTBYET OoJblliee 3HaUYeHNe PyHKINUU. To ecTh U3 HEpaBEHCTBA
=) 9(r)
i -~ :

) =g(x)
cleayeT HEpaBeHCTBO f \F)=g1E )

AHaNOrMyHO, Tak Kak Moka3aTenbHas (yHKUHs yObIBaeT, eciu U<a<l , U OoipuiemMy

3HAUEHUIO apTyMEHTa COOTBETCTBYET MEHbIIIee 3HaUCHUE (PYHKIINH, U3 HEPaBEHCTBA
f= g (= X o

a ]:} ) CJIelyeT HEPaBEHCTBO Flz)<g(x)

To ecTh mpH pemIeHHMH NPOCTEHIINX MNMOKA3aTeJbHBIX HEPABEHCTB IMpexae 4eM
CPaBHUBATDH BBIPAKCHUSA, CTOALIIUE B IOKa3aTeJi€ CTENNCHU, HYKHO CPaABHUTD C elll/lHI/lllei/i
OCHOBAaHHE CTEIEeHEeH.

Emgé pa3, 310 Ba:kHo:

€CJI OCHOBAHME CTeNeHH! 00JIbIIe eIUHUIBI, TO IIPU MIEPEXO0/IE K BHIPAXKEHUSAM, CTOSIIIUM
B [IOKa3aTee, 3HAK HePaBeHCTBA COXPaHseTCs

€CJIM OCHOBAHHME CTeleHU 00Jiblle HYJISA, HO MeHbIe eJUHHIbI, TO [P MEPEXOe K
BBIPpAXKCHUAM, CTOAIIMM B ITOKA3aTCJIC, 3HAK HEPABCHCTBA MECHACTCH HaA IIpOTI/[BOI[OJIO)KHbIﬁ.

Bce moxkazarenbHBIE HEpaBEHCTBA JIFOOOTO YPOBHS CIOKHOCTH, B KOHEUHOM HTOTE,
CBOIATCA K pCHICHUTO HpOCTeI\/’IIHI/IX IMMOKa3aTCJIbHBIX HCPABCHCTB.

PaccMoTpuM HECKOIBKO MPUMEPOB.

1. Pemrim HEpaBEHCTBO:
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& G

(0.3)77% <(0.3)""

Tak kak OCHOBaHHE CTEIICHEH [],.E-:::l’ Ipu 1epexXoac K BbIPAXKCHUAM, CTOAIIUM B

IMMOKa3aTeiiC, 3HaK HCPABCHCTBA MCHACTCA Ha HpOTPIBOHOJIO)KHLIﬁI
T ]
~

-2 7 x-1

[lepeneceM Bce BJIEBO, M PMBEIEM K OOILEMY 3HAMEHATEIIO:
T i

_ =l

-2 x-1

x(x-1)-6({x-2)

: ()

(1) (-2)

Q9
r =Ta+12
R )
(z-1) (x-2)
KopHun uncnurens:
r =34 x_ =41

1 2
(=3 (-4
# =)
[a-1){x-2)

PerinM HepaBeHCTBO METOIOM HHTEPBAJIOB: HAHECEM KOPHH YHUCIIUTEIS U 3HAMEHATeNs Ha
YHCIIOBYIO OCh M PACCTaBUM 3HAKHU:

<l Yeox=3 1>d
b

b

Otser:
2. Pemum HepaBeHCTBO:
T . _r
20 <bxh -0
Ilepenecem Bce crnaraemsle BJIEBO M Pa3jOoKMM OCHOBAHMS CTEIIEHEW Ha IIPOCTHIE
MHOKUTEHN:
LR
noo-bxh 40 <=0
Ecnu 651 5T0 ObUTO ypaBHEHUE, MbI periagn Obl €ro ¢ MOMOIIBIO 3aMEHBI EPEMEHHOM.
[TocTtynum Takxe.

BooOrie, moka3aTenbHbIe HEPABEHCTBA JIESATCS HA T€ K€ THUIIBL, YTO U MMOKA3aTeNbHBIC
YpaBHEHUS, U PEIIAIOTCS TEMU K€ CIIOCOOaMH.

Buumanmne! Eciin MBI pemiaeM HepaBeHCTBO € NMOMOIIbI) 3aMeHbI NePEeMEHHBIX, TO
HY’KHO pemaThb OTHOCHTEJbHO 3aMeHbl [0 NOJYYeHHsl MPOCTeillero HepaBeHCTBA.
[TosicHum Ha 3TOM TIpHUMeEpeE.

£
BBejieM 3aMeHY: t=5 gt
ITosy4rM CHCTEMY HEPABEHCTB:
FE—[H+5 =)
£ =)
Orcropa:
1<t <D

L=
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To ecTb 1<t <o

3anumeM ,I[BOﬁHOC HEPAaBCHCTBO B BUAC CUCTEMBEI:

{ =1
[ =h

Bort Teneps Mbl MOXKEM BEPHYTHCS K HCXOMHON NIEPEMEHHOM:

Orcrona: r=l rl
OTBeT: I i |

Pemrenue 3axanmii:
Nel. Pemnte HepaBeHCTBO:

3 Xxt+6 1

3 _

6)(()2 g 2,
23X —4

) (17) = t

Ne3. Pemnte HEpaBeHCTBO:

a) 5% =125

6) 0,01 <10%* <10000
(E)ax—s <(§)x73

B 3 9

n 1 <6 <216

No4 .BEITIOIIHATE 3aIaHAS

A) CpaBHuTe uucia m  n, €CIu:

1) (9.8)">(9.8]"; ) (0.6)"<(0.,6)"
b) CpaBuute uncna a u b, eciu:

1) (7.61">(7.6)"; ) (0,3]'<(0,3]".

¥2 +2%—15

73 s <1

r) ;
I[)5-4"4—2-25" < ?-10".

¥ —Ox+14

05 =3 =1

r) ;

)

2- 4% 4 25%03 = 7. 10%

Ne5. Haiinute MHOXKECTBO PELICHHUI HEPABEHCTBA

i 15 { 13x—5
| Y
E‘ - E‘

i’ E_, 1 E_,
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No6. Pemnite HEpaBeHCTBO:
x—2x—24

1) 02 *% <£0,0016; 2) 27" -5-2"+2=20,
£+x—15

3) 03 7 20,027; 4) 5 '-2-5"-7520

IIpakTnyeckas padora Nel9
Tema 4.3: Cuctembl IOKa3aTENIbHBIX YPaBHEHUN
Heas: Hayuntbes pemarb CUCTEMBI TOKa3aTEIbHBIX YPAaBHEHUN

Teopernyeckas 4acThb:

M3BecTHble BaM CHOCOOBI peLICHHUs aiareOpandyeckux ypaBHEHHUH (I10JICTaHOBKA,
CJI0OKEHME, BBE/ICHUE HOBBIX NIEPEMEHHBIX) IPUMEHSIOTCS U K PELICHUIO0 CUCTEM, COAEpIKAIUX
noka3zarenabHylo QyHKUUIO. /laBaiiTe pacCMOTpUM pelleHUe CUCTEM IOKa3aTelbHbIX YpaBHEHUH
Ha IpuMepax.

3aganue 1. Pemnre cucreMy ypaBHEHM.

{2X-3P=24,
2Y - 3% = h4,
Penienmune.
24 =23.3
54=2-.33
2% .37 = 24, 2%¥.3¥ =23.3, x+y=4, x=4-y, x=4-y,
{2?-3”=54,‘:’{zy-3f=2«33,'E'{x—y=2,ﬁ{x—y=2.=' 4-y-y=2,"
2¥.2¥.3Y.3¥=2%.2.3.33 2¥:2Y.3Y:3¥=2%:2-3:3°%
2.1'+}l' '31'{’_}«' _ 24 . 34 2x—y . gy—_i' _ 22 . 3—2
6.1’+}"=64 E"'_y_ 32
B™-0
x—y=2
2¥.3Y =24, _ [27-3V =233, x+ty=4, _ [x=4-y, _ [x=4-y o
2Y.3% = 54, 2?-3X=2-33.=' x—y=2 x—y=2 4—y—-y=2

x=4-y, x =73
= =
y=1, y=1

Ortser: PCHICHUCM HCXOJHOM CHCTEMBI ypaBHCHI/Iﬁ ABJICTCA  YyHOPAAOUCHHAs I1apa
qUCCII {:3* 1]

3ananue 2. Pemre cucremy ypaBHEHUH.

6 -6 -5
2 3 - 36’
xy—x+y=118.

Pewenue.

KA 2y*7Y 65 e v —
G -G 'E*@{x y=2 8@{*"’ y =2,
xy—x+y =118, xy —x+y =113,
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(f)x_y =t,t>0

_1_65
t 36
1 65
t 36—0| 36t
36t 65-36
t-36t — -2 — £
r 36

- -

xy—x+y =118,

x=2+y,
24+ y)y =120,

Y1ty =2 ly, =12, Ty, = —12.
Yi+y2 = —120
yl = 1[}, yz = _12
He 3abynmem 3amucaTh OTBET: pEIIEHWEM HAIIeW WCXOJHOM CHUCTEMBI SBISIOTCS
YIOPSIOYEHHBIE TTAPbI YHCEI (12;10),(-10; -1 Zj.
3aganue 3. Pemnre cucreMy ypaBHEHH.
{32"’— 2Y =725,
¥
3% — 22 = 25,
Pewienue.
3 —2r =725, _ (3 - 22)(33' +22) =725, _ |25 (31 +22) =725,
y
3* -2z =25, 3% 22_25 3 — 22—25
¥ y y
35 +22=29, |3*+22+(3x—22) =294+25 (23" =54 (3*=27,
— ¥ y y — ¥ — ¥ —
3x—22=25 (3*+22-(3vx—22)=29-25 (2-22=4  (22=2
3* = 33. x =3, ¥ =3
=1y =y =0T
2z = 21, >=1 {}’=2'
3anuiieM OTBET: PEIIEHHWEM HCXOMHOM CHUCTEMbl YPaBHEHHH SIBISIETCS YIOPSIOYCHHAS
napa guceln @3; 2].

Pemienue 3axanmii:
ITepssiii gapuanm

|3x+1.—6
Yo =1
4710 — 16,
5) {3_
x—10v=4
(277 =4,
. .
}11—4}'=5.
(1077 =100
n |17
55150 125

Bmopoii eapuanm

36t% — 65t — 36 = 0 (_)r‘" =9
()

D = (—65)*—4-36-(—36) = 9409 NV g3y 2
i 65419409 2 ‘(E)
12_‘) 236 x—y=2
t ==

=0 ! ‘
tz=_a

65

& (x-y=2 x-y=2 _ (x=2+y,

3 g{xy—ery:llS,‘:.[xy:lZU, ﬁ{xy=120.@

y2 +2y—120 =0, v, = 10, y, = 10,
y2+2y—120=0

{x=2+y, ﬁ{x1=2+10.={x1=12,

Tpemuii gapuanm Yemeepmotii 6aPUAHM

]3\+1—9 ‘..\+'|.—6 ‘3\+1.—?
Y Nog =1 10 533 Y Nos =1
—1 — —1 - 9] ) —1 -
5) [1357 169, 5) [11 =121, 5) [127% =144,
l4x—35y=14 l4x—5y=1 l4x—2y=14
[10*" =1000, [47 =64, 557 =125,
B B)
|x-3v =10, lx—9y=7. |x-3y=7
]3&" =81 [3% =27, 537 =125
T B T
) |105# =1000. ) 535 125 ) |3 =1
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(2" =64,

2" =1024, _ 277 =512 277 =128
:} 1\||—1 +1 L ﬂ} lf.l.\l:.._h-_l_i ,H) Ir.l\i— r—l_i ﬂ) Ir.l\i_-_n-_l_i
1' 2) 32 1 ’w‘ 16 hz; 16 Lz; 16
[0.7%.0.7" =0.7. £.0,9" =09, (0.6 .06" =0.6 [0.5% .05 =05
) 1"“ 27 =32, ) l 27 =32, ) le *.27 =32 ) ‘125“ 27 =32
Is‘ 2" =1, 4727 =1, 472" =1 1287 .27 =1,
el V=3 1Y s (LY 8" =2 (1) 2437 =3
3; \3) \2) L3/
]3'+31 =30, ]"r +27 =3, 27 +27 =12 [3"+3" =10,
3) 39,
13' 30 = l”r —2 =1, 2727 =4 |3 -3" =s.
Omeembi.:
Ilepgstii sapuanm  Bmopoii sapuanm Tpemuii sapuanm  Temeepmustil
sapuanm
a) (0,75:3,75) a) (1,125:5.625) a) (1,2:3.6) a) (0.875:4.375)
6) (1.5:0.05) 6) (1.2:0 ) 6) (1.2:0.16) 6) (1.2:0.4)
B) (2.6:-0.6) B) (4.75,-1.?5) B) (3.4:-0.4) B) (4:-1)
r) (0:-2) r) (1,9:-0.2) r) (1.35:-0.3) r) (1.25:-0.5)
1) (16:6) x) (9:3) x) (6:15) 1) (4:11)
e) (1.5:-2) e) (0.75:-2.75) e) (0.75:-1.25) ¢) (0.75:-0.5)
x) y=0.5:v=-0.6: %) (-0.4:0.2) ) u=-0.4:t=0.2:  x) |- 1'“; 11_1‘
3) t=3:y=1: 3) (1:0) 3) t=3; y=2; 3) u=0:;v=2.

IIpakTuyeckas padora Ne2(
Tema 4.4: KonrponbHas padora no pasneny 4 «[lokazarenbHas QyHKIHS»
Heas: [IpoBepuTs ypoBEHBb YCBOCHMSI JAHHOTO MaTepuaa 1o pasnaeny 4 «llokazarenbHas
byHKIHS

Ilpu pewenuu 3a0anuii 1-4 3anuwiume npaguibHLIL oOmMeem U3 UYemvlpex
nPeo10IHCeHHbIX.

1. (1 6ann) [Ipu kakom 3HaueHUH a QyHKIMS y=a* ObIBaeT Ha Bcel 00J1acTu onpeieneHus ?
A) a=§; b) a=8,25; B) a=§; I) a=\3.

2. (1 6ann) Ha pucynke uzo0paxén rpapuk ¢pynkunu Buna f(x)=a*. Haiinure 3Hauenue
f(2).

Wl

—g’(r)—a"-/f

SRSl

-

| Opelyeri &)
A) 25; B) 5; B) 32; I') Het BepHOTO OTBETA.
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3. (1 6amn) Oynkus 3agana GopMynou: f(x)=(%)x. Yemy paBHo (-2)?
A) =1 B) -4; B) 4, T) 2.

4. (1 6amn) Kopenb ypaBHEeHUS (%)X " = 3?
A) 12,5;b) 13; B) 14;T') 15.
Ilpu evitnonnenuu 3ad0anuil 5-8 3anumiume xo00 peuwieHusA u NOJYUEeHHbLIL OMeEem.
5. (2 6amna) Haiiaute kopeHp ypaBHeHHs 3¥72-5%3%=]2
6. (2 6anna) CKONBKO LIEbIX PEIIEHHH NMeeT HepaBeHcTBo 1 < 751 <497
7. (2 6anna) Haiinute Touky MakcuMyMma GyHKIUU Yy = 25-8x—x*

8. (2 6ama) B xoze pacnaga paJuoakKTHBHOTO U30TOIA €r0 MacCa YMEHBIIIACTCS 110 3aKOHY
m(t) = mg - 27T
MoMeHTa, T — mnepuoa nonypacnajga. B HauanbHbBIME MOMEHT BpeMEHU Macca u3oTorna 184 wr.

rae mop — HaydajbHasg Macca u3orona, t — BpCwMms, Ipomecamec OT Ha4aJIbHOT'O

Ilepuon ero nosypacnana cocrasisier 7 MuH. Halinure, yepe3 CKOJIBKO MHUHYT Macca M30TOIa
Oynet paBHa 23 Mr.

Imanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3adaHuA
OtBeT B A B A 1 2 -4 21

IIpakTuyeckas padora Ne2l
Tema 5.1: Jlorapudm uucna. CoiicTBa sorapupMoB
Heab: HayuuTbcs BBIYUCHATH JOrapudMbl W YOPOIIATh BBIPAKEHUS, COJIEpIKAIINe
aorapupm

Teopernyeckas 4acThb:

Jlorapugm uncna b no ocHoBanuIO @ OMpenenseTCs Kak MOKa3aTelb CTENEHH, B KOTOPYIO
HaJ0 BO3BECTH 4HCIO (I, YTOOBI MOMyuuTh umcio b (Jlorapudm cymecTByeT TONBKO Y
HOJIOKHUTETBHBIX YHCEN).

Jlorapugm B mepeBoje C TIpeyecKoro OyKBaJbHO O3Ha4yaeT 'duciao, W3MEHSIoIee
OTHOLIEHHE".

CnennajnbHble 0003HAYEHUS:

1. HarypansHeiii norapudm [11a - morapudm no ocHosanmio €,

2. JlecATUYHBIN JoTapudm lga jorapudm mno ocHoBanuto 10.

CaoiicTBa norapugmos:

log, b
1° a”" = b ochosHoe JOTapuPpMHUECKOE TOKIECTBO.

20 log,a=1a=0a+#1
l=0.a=0.a#1

Jlorapugm eIuHHIIBI 10 JI000MY MOJOKHUTEIHLHOMY, OTJIMYHOMY OT 1, OCHOBaHHIO paBeH
HYJI0. DTO BO3MOXKHO MOTOMY, YTO M3 JIIOOOTrO JAEWCTBUTEIBHOTO YHCIIAa MOKHO MOJIYYHUTH |
TOJIBKO BO3BEJISl €T0 B HYJIEBYIO CTEIIEHb.

g0 log (be) =log, b+ log, ¢

Jlorapudm npousBeieHNs paBeH cyMMe JIOTapu(pMOB COMHOKUTENEH.

30 log

e

P

50 log,, o= log, b—log, ¢

Jlorapudm yactHOTO (IpOOH) paBEH pa3HOCTH JIOTapU()MOB COMHOKUTEIIECH.
6° L L b = P li i

e =
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Jlorapugm cTerneHu paBeH NPOM3BEACHUIO IOKa3aTels CTENeHW Ha Jorapudm ee
OCHOBAHHS.

1
log, . b= T log, b

1
log, b=
80 log, @
log b
log, b= B
9° log.a . Mepexo/i K HOBOMY OCHOBAHHUIO.

Pemenue 3aganuid:
Nel. Haiinute 3HaueHUE BbIpaKEHUS:

6 * lﬂg? 3??

Hcnons3oBanu:
™

an = yam

mo__ .
log . b™ =m-log, b

OtBer: 2
No2. Halinure 3HaueHue Beipaskenus logog 3 - logz1,25
logos3 - log, 1,25 log, 1 logs 1,25
oo v 10T . — v 10T , — —
50,8 o3 1 g3 ﬂ,B o3 ]_Di:lz {},8
1 1,25 =1 1 > 1 > 1 1
= [OgF ; = |04 — = DCF-'S'-._:I'_:_‘ 09— = — g = —
o0.2 tlgq_ UILI | 4 _1 D14
Hcnonp3oBanu:
| 1
o9 =
= log,a
log.b
= =log, b
log.a
1
lagapb::E~lﬂgab
Otger: —1
Ne3.HaiinuTe 3HaueHNE BBIPAKECHMUS:
510 g5 49

glogzs49 — 5]cg25?2 — § 2logas7 — ('52}]og25? _

— 25legzs7 = 7
Ortser: 7
Ne4. Haninute 3Hau€HUE BBIPAKECHHUS:
g2 logg 3

gZ-loge3 _ (Blagsaf e
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OtBer: 9
No5.Haiinute 3HaueHUE BHIPAKEHHUS:

6410%9 V3

6410%9"3 (8 8)103’5\,3 glogsxj glogsxj V3:.43=3

Ortser: 3
Ne6. Halinute 3HaueHue BbIpAXKEHUS:
24
3log; 2
24 24 1
3legz2 2
Ortser: 12
Ne7. Haiinure 3Ha4eHUE BBIPAKEHUSA:
—_—
log1 V13
13

,_

ﬁ
Otset: — 0,5
Ne8 . Haitnure 3HaueHue Beipakenus logs 8,1 + logz10.
log,8,1+1log,10 =log,(8,1-10) =log,81 =4
Ortger: 4
Ne9. Hainute 3HaueHuE BBIpA)KECHHUS:

lﬂgﬁ, M’Iﬁ
logg 13
log \'ﬁ _ .
o= =log;; V13 = log;; 132 =5 = 05
o6
Ortser: 0,5

Nel0. Beruncnure 3HaueHUE BBIPAKEHUS:

(310g2 3)10553 2

(S]GEZEJ]QEEZ — (Slugzz)]cgzz — ologz3 _ 3

Ortger: 3
Nell. Haiinure 3naueHne Beipaxkenns loga(ab?), ecnu log, a = 1/7.
[Ipeobpaszyem naHHOE BBIPAKEHUE:

B3y 3 _
log (ab®*) =log_a+log b*=1+3log b
OnpenenumM 3HaYeHHe BeIpakeHHUs log, b. Ham n3BectHo, uTo

1
log,a = 7

Hcnonb3yeM CBOMCTBO:
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log_b
1 B 1
7 log. b

CrnenoBatenpHO log, b =17.
Taxum o6pazom:

1+3log,b=1+3-7=22

OtBeT: 22
Nel2. Haiinure loga(a:b?), ecm loga b = 5.
a
lﬂgaﬁ =log,a —log b*=1—3log, b =
—1-3.5=-14
OtseT: —14

Nel3. Haiinure loga(a’b?), ecu loga b =—2.
log, (a*b?®)=log,a* +log, b* =2log,a +3log, b =
=2+1+3log,b=2+3+(-2)=—4

Otget: 4
Nel4. Haitnure 3sHauenue Bolpakenus loga(a*b®), ecnu logy, a = 1/3.

log (a*h®) =log a* + log b® = 4log, a+ 9log, b =

=4.1+9log_ b

1
log,a = 3
1 ! - = log, b =3
0. = —_ = =
05p @ log, b 3 log.b 93a
4:1+9log,b=4+9-3=231
Ortger: 31
Nel5. Haitmure loga(a’:b®), ecou loga b = 10.
{1?
lngaﬁ =log.a’” —log, b® =7log a—3log, b=
—7:1-3-10= —23
Otser: —23

Nel6. Haiiaure loga(ab'®), ecrm loga b= 7.
log_(ab?®) =log_ a+log b®=1+10log b =

=1+10-7=71
OtBert: 71
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IpakTnyeckas padbora Ne22
Tema 5.3: Pemenne norapuMuuecKkiux ypaBHeHUN 1 HEPABEHCTB
Heasn: Hayuntbes pemars gorapuMuyeckie ypaBHEHHS U HEPaBEHCTBA

Teopernyeckas 4acThb:

Teopema 1. Ecmu f(x) > 0 ug(x) > 0, To norapupmuyeckoe ypaBHenue log . f(x) =
log 4 g(x) (rme @ > 0, a # 1) paBHOCHIIBHO ypaBHEHHIO f(x) = g(x).

IMpumep 1. Pemnte ypaBHeHue:
2 _ =
lg(x® — 6) = lg(8 + Hx).
Pemenne. B o0nacte OnmMycTMMBIX 3HAUEHHUH BXOIAT TOJBKO TE X, IPU KOTOPBIX

BbIpa)KEHUE, HaXo1s11eecs M0 3HaKoM Jiorapugma, 6oiblie Hyssd. DTH 3Ha4eHUs ONPEEIIAI0TCS
CJIEYIOLEH CUCTEMON HEPABEHCTB:

2 —6 >0, x? > 6,
—
&+bhr =10 r > —1.6.

x € (—00; —V6) U (V6; +00),
re(—1,6;+0c).

C ydetoM TOTO, 4TO
—1,6 = —/2,56 > —V/6,

HOJIy4aeM IPOMEKYTOK, OHPEIESIONMiA 00JIacTh JOMYCTHMBIX 3HAYCHHH JIaHHOTO
JOTapu(PMHUECKOTO YPAaBHEHHS:

z € (V6; +00).
Ha ocHoBanum Teopemsl 1, Bce yClIOBUS KOTOPOM 34€Ch BBINOJHEHBI, NEPEXOIUM K
CJIEIYIOIIEMY PABHOCWIBHOMY KBaIpaTUYHOMY YPaBHEHUIO:
2 6=8+5 2 _bx—14=0
rr—bo=8+4909r = Ir° —Oor — =U=
ry =17, 10 = —2.
B 00nacTh 10myCcTUMBIX 3HaYEHHUM BXOAUT TOJBKO MEPBbII KOPEHb.

Oteer: x = 7.
IIpumep 2. Pemnre ypaBHeHue:

logy o(—a? + 4a + 5) = logg o(—x — 31).

Pemienne. OGacTh JIOMMyCTHUMBIX 3HAYEHWH YpaBHEHUS OINpPENENseTcs CUCTEMOM
HEPaBEHCTB:

—x? 44+ 5> 0, - —1<gx<h,
—x—31 =10 T < —31.

OueBuHO, YTO 3TH [BAa YCIIOBHS NMPOTHUBOpEUYAT APYr Apyry. To €cTh HET HU OJHOIO
TaKOT0 3HAYEHHUs X, IPU KOTOPOM OJHOBPEMEHHO BBITIOJIHSIUCH Obl 00a HepaBeHCTBa. OOIacTh
JIOITyCTUMBIX 3HAYEHUH YPAaBHEHHUSI IBIISIETCA ITyCTHIM MHOXECTBOM, a 3HAUUT PEIICHUN Y TAHHOTO
JOrapu(pMHUECKOTO YPAaBHEHHS HET.

OTBeT: KOpHEI HET.

OOparuTe BHHUMaHUE, YTO B ATOM 33/JlaHUM HaM BOOOINE HE MPHUIUIOCh UCKATh KOPHU
ypaBHeHHUA. J[OCTaTOYHO OKa3ajioch ONPEAENTUTh, YTO €ro 00JIacTh JONMYCTUMBIX 3HAYEHHUH He
COJIEP)KUT HHM OJHOTO JECHCTBUTENBHO 4YHCHIA. OJTO OAHO M3 MPEUMYLIECTB TaKO
NIOCJIEIOBATEIBHOCTH PELICHHs JIOTapu(PMUYECKUX YpaBHEHUH W HEpaBEHCTB (HAYMHATH C
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orpeneneHuss Oo0JacTH JONMYCTHMBIX 3HAYeHWH YpaBHEHHUS, a 3aTeéM pellarb €ro IyTem
PaBHOCHJIBHBIX MTPE0Opa30OBaHMIA).
IIpumer 3. Pemute ypaBHeHue:

3103%1—#510&1—2:0.
5 )

Pemenune. O0nacTh AOMYCTUMBIX 3HAUCHUM YpaBHEHUS ONPEIEISAETCS 3/1eCh Jerko: x > 0.
Hcnonb3yeM NoJCTaHOBKY:

t = log% T
YpaBHEHHE IPUHUMAET BUJL:
1
t1 = 7,
3 4t —2=0s |, %
ty = —2.
OO6parHas moJIcTaHOBKA:
logi ¢ = L. =1
53 R o I Bk
logi x = -2 r = 4.

p)
O6a oTBeTa BXOJAT B 00JIACTH JOMYCTUMbBIX 3HAYCHHUI YPaBHEHHUSI, IOCKOJIBKY SIBIISIFOTCS
MOJIOKUTEIBHBIMU YUCIIAMH.
IIpumep 4. Pemute ypaBHeHuUe:

logp 4(x + 2) + logg 4 (v + 3) = logg 4 (1 — x).

Pemrenne. BHOBb HauHeM pemieHue C OmpeaeieHus 00JacTh JONYCTHMBIX 3HAYCHHN
ypaBHeHHUA. OHa oIpenesseTcs Caeayoue CHCTEMO HEPaBEHCTB:

r+2 =0, r > —2,
r+3>0, ©{rx>-3 <axec(-21).
1l—x =10 r <1

Bocnonp30BaBIINCE MPAaBUIIOM CIIOKEHUS JIOTrapu(pMOB, EPEXOIUM K PaBHOCUIBHOMY B
00J1aCTH JIOTTYCTUMBIX 3HAYCHUH ypaBHEHHUIO:

logg 4(x + 2)(x + 3) = logp4(1 — ) =

OcHoBaHusl Jorapu(pMoB 0JIMHAKOBBI, TI03TOMY B 00J1aCTH AOMYCTUMBIX 3HAYEHUI MOXKHO
NEPENUTH K CIENYIOIIEMY KBaJIpaTHOMY YPaBHEHHUIO:

(z+2)(z+3)=(1-az)=’+6z+5=0<
x] = —0,
r9 = —1.
IlepBbIif KOpeHb HE BXOAMT B O0JIACTH JOMYCTUMBIX 3HAYEHUN YpaBHEHUS, BTOPOH —
BXOJIUT.
Oteer: x =-1.
IIpumep S. Pemure ypaBHeHuUe:
r1083 7 = 81,
Pemenne. bynem nckath pemienus B npomexytke x > 0, x#1. [Ipeobpasyem ypaBHeHuUE K

PaBHOCHUJIIBHOMY:
1

T_lﬂg;; T _ TlﬂgrEl = T_lﬂg;; T _ ylogze o

loggx =2 - T =

2 ) ,
logar =4 < logs & = —2 -
Oq T :

[Tl ]

O0a oTBeTa BXOJAT B 00/1aCTh NOMYCTUMBIX 3HAUEHUI ypaBHEHMSL.
IIpumep 6. Pemvite ypaBHeHue:
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logy(x +12) -log, 2 = 1.
Pemenue. CuctemMa HEpaBEHCTB, OMNpeAesdmonias o00JacTb JOMYCTUMBIX 3HAYCHHI
YpaBHEHHUS, UMEET Ha ATOT pa3 BUJI:

r+12 =0,
x =0, x>0, # 1.
xF# 1

Hcnonp3ys cBoiicTBa jgorapudma, mpeodpaszyeM ypaBHEHHE K paBHOCHIBHOMY B 00J1aCTH
JIOIYCTUMBIX 3HAYCHUH YPaBHEHUIO:

logy(x+ 12)

=1.
2logy x
Hcnonb3ys popmyiny nepexosa K HOBOMY OCHOBAHHUIO JIOTapu(ma, morydaem:
rp = 4,
log, (x+12)=2=2’ —2-12=0< Tl F
= —a.

B o6macth nonmycTUMBIX 3HAUEHUM BXOJAUT TOJIBKO OJIUH OTBET: X = 4.

[lepeiinem Teneps K.102apugpmuueckum nepagencmeam. ITO Kak pa3 TO, ¢ YEM BaMm
npuaercs umeth aeno Ha EI'D mo maremartuke. g pemieHusi JanbHEHIIMX TPUMEPOB HaM
notpedyeTcs cieayronas Teopema:

Teopema 2.

Ecnu f(x) > 0 u g(x) > 0, To:

npu a > 1 norapupmMuydeckoe HepaBeHCTBO log.a f{x) > logag(x) paBHOCHIBHO
HEPAaBEHCTBY TOT'O ke CMbICHA: f{x) > g(x);

mpu 0 <a< 1 morapupmudeckoe HepaBeHCTBO log . f{x) > log . g(x) paBHOCHIBHO
HEPaBEHCTBY MPOTUBOIIOJIOKHOTO CMBICHA: f(x) < g(x).

IIpumep 7. Pemure HEpaBEeHCTBO:
logg 5 (22 4+ = — 6) = logy 5(x + 4).

Pemenne. Haunem ¢ omnpenenenus oOjacTé OMYCTUMBIX 3HAUEHUN HEPaBEHCTBA.
Brlpaxkenue, crosiiee moja 3HaKOM JorapuMuyeckol (QyHKIHHU, JOIKHO NMPUHUMATh TOJIBKO
MOJIOKUTEbHBIE 3HAUeHHUs. OJTO 3HAUUT, YTO HCKOMas oOOJIacTh JOMYCTHUMBIX 3HAuYCHUI
ONPEAESETCA CIEAYIONIEH CUCTEMO HEPABEHCTB:

22+ —6>0, - xr € (—o00;—3)U(2;+0x),
r+4=10 x> —4
S are(—4-3)U (2 +00).

Tak xak B OCHOBaHHMH JIorapr(mMa CTOUT YKCIIO, MEHbIIIEE €AMHUIIBI, COOTBETCTBYIOIIAS
norapupmudeckas GyHkius Oyaer yObIBaOIIEH, a TOTOMY PaBHOCHJIBHBIM T10 Teopeme 2 OyeT
Nepexo]] K CIASAYIOIIEMY KBaApaTUYHOMY HEPABEHCTBY:

P +r-—6<r+4er?<10s e [—V10;V10].
OKOHYATENBHO, C YYETOM OOJIACTH AOMYCTUMBIX 3HAYEHHH [0Ty4aeM OTBET:
z € [—V10; —3) U (2; V10].
IIpumep 8. Pemnite HEpaBEeHCTBO:
{T . 9}11
r—3

Pemenue. BHOBS HauHEM C ompeiesieHus 00IacTH TOMyCTUMBIX 3HAUYCHUMN:

11 - logg (2% — 122 + 27) < 12 + logg
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v? — 122 + 27 > 0,
[T_Qlll
r—a3 >0
Ha wMHOXecTBe MJOMYCTHMBIX 3HAYCHWH HEPABEHCTBA IPOBOJMM PaBHOCHUJIBHBIC
peoOpa3oBaHus:

e xr e (—ood)U (9 +00).

_ qll
11 - logg(z — 9)(x — 3) —1ogg¥ <12
xr —.
_gyll
logg [(z — 9)'(x — 3)1] — log, % <12
Tr —
(= 3)(x—9) 12
logg z _ o < logg 977,

[Tocne cokparienus U nepexoja K paBHOCHJIBHOMY 10 TEOpEME 2 HEPABEHCTBY MOJIY4aEM:
(z—-3)2 <9« 9<r-3<9e xe|—612.

C Y4eTOM oOJactu AOIIYCTUMBIX 3HAYCHUH nojrygacm OKOHYATEIbHELIA OTBET:
xr e [—6;3)U(9;12].

IMpumep 9. l?eH_II/ITe Jorapu(MUIECKOoe HEPAaBEHCTRBO:
log, .1 (2® + 322 + 2x) < 2.

Pemenne. O0nacTp JOMyCTUMBIX 3HAYEHW HEpPaBEHCTBA OIPEAESeTCs Cleayrolen
CHUCTEMO:

r+1>0,
r+1#1, e x € (0;400).
w(x + 1)(x+2) =0

Bunno, uto B 005acTH NMOMYCTUMBIX 3HAYCHHWI BBIPAKEHHUE, CTOSIIEE B OCHOBAHHH
norapudma, Bceraa 0oIblile €IUHUIIBI, a TOTOMY PAaBHOCHIBHBIM 110 TeopeMe 2 OyIeT mepexo K
CJIEIyIOIIEMY HEPABEHCTBY:

:1"-3—|—3:1"-2—|—2:I"-{:172+2:11—|—1-#}:1"-3—|—2:r-2—1{U-#}
(z+ (22 +rx-1) <0

145 Vb -1
g JU{h T

C Y4CTOM o0ractu AOIMMYCTUMBIX 3HAYCHUH nojrygyacm OKOHYATEJIbHBIM OTBET:

Vvh -1
2

IIpumep 10. Pemure HEpaBeHCTBO:
2logg(2? — 4x)
logy x?

Tr e | —oo;

x e |0

< 1.

Peuienue.
OO6nacTh TOMyCTUMBIX 3HAYCHHUI HEPaBEHCTBA OIPEIEsIeTCS CUCTEMOM HEPaBEHCTB:
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22— 4r > 0,
2 > 0, e xe(—co;—1)U(=1;0)U (4; +c0).
22 # 1

I cnmoco®. Bocrionb3yemest opMynoit mepexoga K HOBOMY OCHOBAHHIO Jiorapudma u
nepelieM K paBHOCHJILHOMY B 00JIACTH IOIyCTUMBIX 3HaUYEHUI HEPABEHCTBY:

log,»(2? — 4a)? < 1.

L}
HepaBeHnctBo Oynet paBHOCHIBHO IBYM cucteMam. [lepBoii:

x e (—1;0), - r e (—1;0),

(22 — 4x)% = 2° 22 (x —5)(z—3) =0
x e (—1;0).
U BTOpoii:

xr € (—oo;—1)U (4; +00),
22z —5)(x—3) <0
WTak, oOKOHJYATEIHHBIM OTBET:
xr e (—1;0) U (4;5].
IT cnoco6. Permaem metoiom uHTEpBaioB. [IpeoOpasyeM HEpaBEHCTBO K BULY:
2 lr::aggl[:r.2 — dx) — logy 22

& x € (4;5].

5 <0<
logq
Bbrutem u3 3HaMeHartens lﬁgﬂ L. OTO HUYErO HE U3MEHUT, OCKOJIbKY ngH 1=10.
logs (22 — 42)? — logg 2 <0
logg 22 — logy 1 h
C yderoM TOro, 4YTO BBIPAXKEHUS 1033 f— lﬂgﬁg nf —9— OJTHOTO 3HakKa

npu I 9> 0,5 o6nacru JIOTTYCTUMBIX 3HAUCHUH MMEET MECTO CIICIYIOIIUI PaBHOCHIIBHBIM
HepexoI:

{:1".2 — il:r.]l2 — 22

R < 0=
Tre —

(2 — bx)(2? — 3z2) )
2 —1 S0

- —. - -

-1 [i] 1 2 3 4 5
MHOXECTBO peI_HCHI/Iﬁ JaHHOI'O HCPABCHCTBA

. . F
Urak, €(-L1Hu [3' ‘J] ’a C y4eToM O0JIaCTH JOMYCTHMBIX 3HAU€HHH MoTydaem

e (—1;0)uU(4;5].

TOT XK€ pe3yJibTaT:

Pemenue 3aqanmii:
Nel. Pemmts ypaBHEHHS:
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1. log,(2x + 1) =log, 3 + 1: 6. log-(x — 1) =log,; 2 +log- 3;
2. log-2—-1=—log,(5—x): 7. loga(2x — 1) —log: 16 = 5;
i 2 z
3. Jlogz(3x —2) =3 8. lg(5x +2) = 1g36 + 1g2:
4. logos(3x — 1) = —3; 9. logix —5log,x +4=0:
5. 2logz 2 —logz(x — 1) =1 + log; 5;

10.0g7x=3—2lzx.

No2. Pemiuth ypaBHEHUS:

Dig(x+4)-lg (x — 3) = 1g 8;
Dlg(x+2)-1lghb=1g (x — 6);
Nlg(x—-2)+1gx=1g 8;

4)lg Jx — 7 +1g J3x — 8 = 1:
5) log, (x + 10) = 2;

6)log, 2 + log, 3 -

Ne3. Pemuts HEPABCHCTBA:

1. log, (2x—-6)<log, x
- 3

1
7 -

N
NS v
>

|
wu

v/
!

4. log, {18x-2)20

e

"'.ﬂ

log,, x +log,,(x—19) < 1

IIpakTyeckas padora Ne23
Tema 5.4: CucteMsl JOorapupMUUECKUX ypaBHEHUN
Heas: Hayuntbes pemarb CUCTEMBI JJOrapu(pMUUECKUE YpaBHEHHS

Teopernyeckas 4acThb:

Cucrembl JorapuMuyecKuX ypaBHEHMil PelIAlOTCSd TEMH € METOJaMU, 4YTO HU
CUCTEMBI ITOKa3aTeIbHBIX ypaBHeHUH (ypok «lloka3aTenbHbIC ypaBHEHHWs, HEPaBEHCTBA U WX
CUCTEMBI»).

Camble TpOCThIE CUCTEMBI JIOTapU(PMUIECKUX YPAaBHEHHH — 3TO CUCHeMbl, 8 KOMOPbIX 00a
VpasHeHus: c800AmMcsA K npocmeuwum. B nanpHeimeM nonyyaercs oOblUHAs CUCTEMA U3 JIBYX
YpaBHEHUH C JIByMsI HEU3BECTHBIMH, KOTOPYIO MBI YK€ YMEEM PelaTh.

{bg:(x +3y) =2

[Ipumep Takoi CUCTEMBI: logzxy =1
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Emé omuH Tum cucteM mnorapuMHYECKUX YpaBHEHHH — 3TO cucCmeMbl, KOMOopble
{ log,x —log;y =2

o 4log,x—5S5log,v=7
CB00SIMCSL K 0OBIYHBIM ¢ NOMOWbIO 3amelbl. [IpuMep Takoi CUCTEMBI: 82 CED .

IMpumep 1
log z(2y—x) =2

. {lﬂgl[:,v —x)=—
PemnTs cucremy ypaBHeHMIA: z

Kak BunM, 00a ypaBHEHHS SBISAIOTCS MPOCTEHITMMHU, TO3TOMY UCIIOIb3YEM OIIpPE/IeICHUE
jorapudma 1 mosryyaeM CUCTEMY JIMHEHHBIX ypaBHEHUIL:

2y —x = [\-’E):

Ilposepka: (=3:1) _ HOJIXOJTHT.
Orser: (—3i1)

IIpumep 2
{ log,x —log;y =2
Pemuthb cucremMy ypaBHeHHIi: 4logyx —Slogzy =7

Kak BUIUM, nepeMeHHa}Ix B CHCTCMC BCTPCYACTCA TOJIBKO B BBIPpA)KCHUU logzx

a
9
Ie y log., ¥
pemenHas ¥ TOIBKO B BbIpaKeHun 053 [O9TOMY c MOMOIIBIO

samensr: 1082% = @ 1083Y = b appag crcrema cBosmTes K CHCTeMe THHEHHBIX ypaBHEHUI:

{ a—b= 2

4a — b = ?
{4b +8— 5b =7

a =3

b = 1

{}r =3
Ilposepxa:

(8:3) _ ITOJXOJIUT.

OrBer: (8;3) .

IIpumep 3.

x+ty=6

¥4 X + ¥4 = 3
Pemmre cucremy ypaBHeHHNI 105‘ x+lo g2) -

Pemenue:
HOHSTHO, 4T0 *> 0 U Yo

W3 nepBoOro ypaBHEHUs1 CUCTEMBI ITOITYIUM Y_¢_x , A3 BTOPOTO MOJy4UM lﬂgj (I-} ! )

—31/1J1Hx1‘—8
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y=06—-x
xy =8

Takum oOpa3om, TOJly4aeM CHCTEMY { [ToncraBum Yo 6 _—Xp
ypaBHEHHE XV-8 Torna IIOJTy4HM KBAJPaTHOE ypaBHEHHE X +6x + 8 =0 gro KOPHSIMHU

r H 3
ABJISIFOTCS uncaa X 1= 2, X2 =4 ToxncraBum ux B Y= 6— X, MOJy4YUM Vi= 4, Vioy
Pemenuem nanHoi cuctemsl sisieTcs napa (2; 4) u (4; 2).

IIpumep 4.
logo(x—y)=1
. I+l —
Pemnre cucreMy ypaBHeHUI 27 3 =72
Pemenue:
U3 TIEPBOTO YPABHEHMsS CHCTEMBI MMEEM ¥ — Y= 2. Buimomnm 3aMEHy: BO BTOpOE
2_'_r+ Vs 3_1'+ 1 Y Y J__:-
ypaBHEHHUE = 72 BMectO “*moacraBum V= 2+ .  Torma MOXHO
r+ 1. v+ 1 + 1 — g2 7
3anucarb 3 2 =36. Orcrona ¢’ =067y MIOJIy4HM, YTO Y-1. Torpa X= 3.

Taxum oOpazom, pelieHueM TaHHOM cucTeMbl sBisercs napa (3; 1).

Pemenue 3ananuii:
Pemmts cucremy norapuMudeckux ypaBHEHUI:

1(x+y=34 2. |log,(x+y)=2
log, x+log, y=6 (log;x+log,y=2+log,7

3. 4.
log,(x+y)=2 |logyx—log;y=0

10g3(x_y):2 x2_5y2+4:()

o. 6.
log, y+2log,x=4 lo(x*+)") =1+1g13

g, (x> +y%)=5  (gx+y)=lg(x-y)+]g8

IIpakTnyeckas padora Ne24
Tema 5.5: Jlorapu¢™Msl B mpupojie ¥ TEXHUKE
Henanb: Hayuutbcest BBISBISATH IPOSBIECHUE JTOTapUPMUUECKON CIUPAIH B IPUPOE.

Teopernyeckas 4acThb:

Ha npotsxenuu 16 Beka ObICTpO BO3pacTaio KOJWYECTBO MPUOIMKEHHBIX BBIUMCICHUMH,
IPEeXJie BCEro, B aCTpOHOMUHU. MHOTHE paboThl TpeOOBAIN KOJIOCCABHBIX, HHOTIa MHOT'OJIETHUX,
pacueToB. ACTpOHOMaM Tpo3uiia peaibHas ONAaCHOCTh YTOHYTh B HEBBIIIOJIHEHHBIX pacyeTax.
Torna MmareMaTHKH JUIs 00JIeTYeHNsT BEIYUCIECHUH puryManu jgorapudmsl. 1 B 1614 roxy Obumu
ONMyOJIMKOBaHbl ~ IEpBble  Jorapumuueckue  TaOMUIBl, COCTaBJICHHbIE  IIOTJIAHJICKUM
matematukoM Jl>xonom Henepom (1550-1617), oHu Bepoii u nmpaBaoi CIy>KUJIM acTpOHOMaM U
WH)XXCHEpaM, Ie0JIe3UCTaM U MOPSIKaM, COKpalast BpeMsl Ha BBIYUCIICHU.
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Psin siBneHuit mpupo/ bl MOMOTAeT OMUcaTh UMEHHO JorapudMuyeckas 3aBUCUMOCTb. J1Jis
COCTaBJICHUS MaTeMaTUYECKOM MOJeNd TOro WM HMHOrO SBJIEHUS YacTo oOpaifaroTcs K
norapudmuueckoit pynknun. OgHUM K3 HauOoJee HATNISAIHBIX MPUMEPOB TAKOTO OOparIeHus
ABIIsIE€TCS JlorapupmMuyeckas cnupaib. Jlorapupmuueckas cnupanb — 3TO IJI0CKask KpUBast JIMHUS
MHOTOKpPATHO 00X0JIA1I1ast OJJHY U3 TOUYEK Ha TNIOCKOCTH.

I'ne ke npumensitoTcs Jorapupmbi?

IIpumeHeHNe B aCTPOHOMHUH.

B actponomuu norapudmsl UMEIOT O4eHb OOUIMPHOE pacrpocTpaHeHue. B 3Toil Hayke
3a[eiiCTBOBaHbl OYeHb OoJbinne MacmTadbl. llo norapugMuyecKkuM CHUpPAISIM 3aKpyYeHBI
MHOTHE TaJaKkTUKHU, B 4YacTHOCTH [alakThka, KOTOPOHl NPUHAMIEKHUT COJIHEYHAsl CHCTEMa.
ACTpOHOMBI pacIpeneNsaoT 3BE3Ibl MO CTENEHSIM BHIMMOW SPKOCTM HA CBETHJA IEpPBOU
BEJIMYMHBI, BTOPOW BeNUYMHBI, TpeThedl u T.A. [locrmenoBarenbHble 3BE3IHBIE BEITUUHHBI
BOCIIPHHUMAIOTCS TJ1a30M, KaK WICHbI apupmeTndeckoit nporpeccun. Ho ¢pusndeckas sipkocTb UX
U3MEHSAETCS [0 HHOMY 3aKOHY: OOBEKTHBHBIE SIPKOCTH COCTaBISIOT T€OMETPUYECKYIO
MIPOTPECCHIO CO 3HaMeHaresneM 2,5. JIETKO MOHATh, YTO «BETMYMHAY 3BE3]IbI MPEICTABIISAET COOOM
HE YTO MHOE, Kak jorapudm ee ¢puznueckoit apkoctu. [Ipakruuecku kaxaas Bropas popMyia B
aCTPOHOMHMH, acTPO(U3UKE U IPYTUX MMEPEKPECTHHIX HayKaxX He 00xoxasaTcs 0e3 morapudma.

IIpumeHnenne B 0MOJIOTHH.

PakoBUHBI MHOTHX MOJUTIOCKOB, YJIHTOK, a TaKXe pora apxapoB (TOpHBIE KO3IIbI),
3aKpydeHsbl 1o Jiorapudmudeckoii cupanu. [1o morapudmudeckoit crimpaiu 04epueHbl He TOJIBKO
paxoBuHbl. [layk omelpa, cruletass TayTHHY, 3aKpy4MBaeT HHTH BOKPYT LEHTpa IO
Jorapu(pMHUUECKUM CIUPATISM.

IIpumeHeHne B My3bIKe

Korna my3blkaHT urpaet Ha posiie, COOCTBEHHO TOBOpsI, OH UrpaeT Ha jorapudmax. Tak
Ha3bIBAEMBIC «CTYIEHM» TEMIEPUPOBAHHONH XPOMATHYECKOH TaMMBI TPEACTABISIOT COOOM
norapudmbl 3THUX BEJIMYHH. OcHoBaHue 3TUX norapudmon paBHO 2.
Homepa xnaBuimedd posuisi TPENCTaBISIOT co00il  yorapudmbl  uyucen — KoJeOaHHi
COOTBETCTBYIOIIUX 3BYKOB (YMHOXKEHHBIE Ha 12). MBI Ha)ke MOXKeM CKazaTb, YTO HOMEP OKTaBbI
MPEACTABISIET COOOH LETYI0 YacTh (XapaKTEepUCTHUKY) JIoraprudma drciia KoyieO0aHuii 3TOro TOHa,
a HOMep 3ByKa B JAaHHOW OKTaBe, NENEHHbIM Ha 12 — npoOHy0 YacTh (MaHTHCCY) 3TOTO
norapudma.

IIpumeHeHnune B NCUXOJIOTHH.

I'pOMKOCTh 3ByKa HM3MEpSIOT B Jenubenax, KOTOpbIe MPONOPIHMOHAIBHBI JIOTapH(pMy
MOIITHOCTH 3BYyKa, BO3JCHCTBYIOIIEro Ha yxo. YnorpeOieHue JorapupMuyeckux MIKa
IPOJUKTOBAHO 0COOCHHOCTSIMH HAIITMX OPTaHOB UyBCTB: 3pEHUS, CIIyXa U T.JI. YeloBeuecKuiit Mo3r
BOCTIPUHUMAET Pa3ApaXeHHUsI OT OPraHOB UYBCTB HE MPOMOPLHUOHAIBLHO CHIIE Pa3apaKUTelNsd, a
JWIIB TPONOPIIMOHAIIFHO ee Jorapudmy. IMEHHO MO3TOMY yXO OAMHAKOBO CIIOCOOHO CIIBIIIATH
[IOPOX JINCTHEB U HE OTJIOXHYTh OT TPOMKOTO yAapa CTaHKa Ha 3aBojie. A ria3 MOKET 3aMETHUTh,
KakK OJIECTHT CHET Ha CBETY M HE OCJIETHYTh, €CIIH MOCMOTpUT Ha COJHIIE, KOTOPOE B MUJUTAAPTBI
pa3 spue. OnucaHHbIC BBIIIE CBEACHUS OOBEIUHSAIOTCS 3aKOHOM TMICUXO(PU3UKH, YCTAHOBICHHBIM
dexHEepOoM, KOTOPBIM TOBOPHUT, YTO Mepa ONTYIICHHUS MPOMOPIHOHATIbHAS JoTrapu(dMy BeTHIHHBI
paspaskeHusl.

IIpuMeHeHne B ceIbCKOM X0351iiCTBE

Kak okazanoce, 1 B celbCKOM X03siiicTBe He oboruock 6e3 norapudmon. Hampumep,
UCCIICIOBAaB POXKACHUE TEMAT, OKAa3aJoCh, YTO HMX BEC MOXKHO BBIUHCISTH M C TIOMOIIBIO
J0rapuQmoB.

OOnacte mnpuMeHeHHs JIorapu(@MOB HE OTrpaHUYMBACTCS JIUIIb PAaCCMOTPEHHBIMH
HayKaMH, TaK’Ke€ OHA UTPAeT BAXXHYIO POJIb B TUTEpaType, HHPOPMATHUKE, UCTOPHH, PUCOBAHUU U
MHOTUX JIpyrux. Jlorapupmudeckas GyHKIHS TaeT HAM BO3MOXXHOCTB TIO-JJPYTOMY B3TJISTHYTh Ha
MacIITaOHbIe TPOIECCHI, TPOUCXOSAIINE B OTPOMHBIX MPOCTPAHCTBAX U BPEMEHHBIX MHTEPBAJIaX
JUTSI TOHUMAaHUS U OCMBICIICHHSI 0011Iel KapTUHBI.
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Pemrenue 3axanmii:
Nel. TlpuBenute mpuUMeEpbl MPOSBICHUS JIOTAPU(DMHUYECKON CIHpaId B OKPYKAIOIIEM
MHUpE.

No2. B nauanbpHbIif MOMEHT BpeMeHH ObuT0 § OakTepuil. Uepes 2 yaca mocie moMeneHus
OaxTepuil B MUTATENbHYIO Cpey, UX uncio Bo3pociio 10 100. Yepes ckoabKo BpeMEHU ¢ MOMEHTA
pa3MeIIeHys B MUTATENbHYIO Cpey ClaeayeT oxuaath nosiienus 500 6akrepuii?

Pemenue.

Jlnis penieHust JAaHHOM 3a7a4u, HEOOXOAMMO BCIOMHUTD MOHSITHUSI CKOPOCTU M YCKOPEHHUSI.

BLINO -8
1 usMeHerne. - o0 }=>8%= 100 => x=log,100

= Ig‘gsloo — KOHEMHOE 3HAYEHWE CKOPOCTH pacnpocTpaHeHna GaKkTepui Npy NeEPBOM U3MEHEHWH -

|4

®oH. 1.

Bbino -8
2 ioMeHerne: ~__ o 0n 1 =>8Y =500=> y = log,500

=> [0g, 100 —KoHe4Hoe 3HaYeHUE CKOPOCTU PacnpoCTpaHeHuA GaKTepHii Npk BTOPOM H3MEHEHHH -

VKDH.E.'

[lepeiinem k HaTypaibHOMY OCHOBAHHIO JIOTapu(MOB, JIJs TOrO, YTOOBI MOKHO OBLIO
BOCIIOJIb30BaThCs TAOJMYHBIMU 3HAUEHUSIMHU:
In100—Iin8 In500—In8

2%In8 L*n8
. 2+ (In500—In8)
17 100
In (=g7)

OrtBer: npubaM3UTENILHO 3 yaca 15 MUHYT.

IIpakTnyeckas padora Ne25
Tema 5.5: Jlorapu¢Mel B mpupojie ¥ TEXHUKE
Heas: Hayuntbes ucnonb3oBaTh Jorapu(Mel B peIEHUN PUKIAIHBIX 3a1a4.

Teopernyeckas 4acThb:

Jlorapudmuueckne GyHKIUU paclpOCTPAHEHbI YpEe3BbIUAHO HIMPOKO KaK B MaTeMaTHKe,
Tak U B €CTECTBEHHBIX HaykaX. [IpuBenémM HEeCKOIbKO MPUMEPOB UCIOIB30BaHUS JIOTapH(PMOB B
pa3HOOOpa3HBIX HAYKaX.

B crartuctuke u Teopun BeposTHOCTEH Jorapudm BXOIUT B P MPAKTHUYECKH BAXKHBIX
BEPOATHOCTHBIX pacnpezenenuii. Hanpumep, norapudpmuyeckoe pacnpeaeneHue UCIoiab3yeTcs B
reHetuke U ¢usnke. JIOrHOpMaTbHOE paclpepeNieHue 4acTo BCTPEYaeTcs B CUTYAIUsAX, KOrja
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UCClleyeMas BEIMYMHA €CThb IPOMU3BEIACHHE HECKOIBKUX HE3aBUCHMBIX IOJIOKHTEIBHBIX
CIIy4aifHbIX NT€PEMEHHBIX.

3akon bendopna («3akoH mepBOi HHUQPPB») OMUCHIBAET BEPOSTHOCTH TOSIBICHUS
onpeaenéHHON nepBoii 3Havael nudpel MpU U3MEPEHUHN PeaIbHbIX BEIUYHH.

JUis OLEHKHM HEHU3BECTHOI'O IapameTpa LIMPOKO INPUMEHSIOTCS METOJ MaKCUMaJIbHOI'O
MpaBao0NOoI00Us U CBA3aHHAS C HUM Jiorapudmudeckas QyHKIIHS MPaBIONoA00us.

@uyKTyaluu Ipy ciaydailHOM OJ1y>KJaHUH ONUCBIBAeT 3aKOH XuH4YMHA-Koamoroposa.

B undopmaruke: equnuia nusmepenus uadopmanuu (ourt). Hampumep, 11 XpaHeHus B
KOMIIBIOTEpPE HATypajdbHOro uucia N (B OOBIYHOM Ui KOMIIBIOTEpa JABOMYHOM (hopmarte)
noHaaoourcs logoN + 1 6uToB.

WudopmanroHHas 3HTPONUS — Mepa KOJIMYeCcTBAa HHPOPMAIUH.

OneHka acHMIITOTHYECKON CIOXHOCTU PEKYPCHUBHBIX aQJITOPUTMOB, OCHOBAaHHBIX Ha
NPUHIUIE «Pa3JIeNsiid v BIACTBYI» — TaKUX KakK OBICTpasi COPTHPOBKA, OBICTPOE MPeoOpa3oBaHKe
®dypbe U T. 1.

OObIYHO  4YMCIIOBBIE  3HAYEHUS  XpaHATCS B NaMsITH  KOMIIbIOTEpa WU
CHEIHAIM3UPOBAHHOTO MIpolieccopa B popmaTe ¢ ruiaBarolieii 3amsatoi. Eciu, onHako, cioxxeHnue
Y BBIYUTAHUE JUISl TPYIIIIbI JAaHHBIX BBIMOIHSIOTCS PEIKO, & YMHOXKEHHE, JI€JICHUE, BO3BEICHUE B
CTETeHb U U3BJICUECHUE KOPHS — ropasJio yalie, TOrJja KMEET CMBICI PACCMOTPETh BO3MOXKHOCTh
XpaHEHHS TaKUX JaHHBIX B JJorapugmuueckoM ¢popmare. B 3ToM cirydae BMECTO 4rciia XpaHUTCS
jgorapudm ero MoAyas M 3HaK, U CKOPOCTh BBIYUCIICHUN Onaromaps cBoWcTBaM Jlorapudpma
3HAYUTEIbHO ToOBbImIaeTca. Jlorapupmuueckuii ¢opmar xpaHeHHs ObUI HCHOJB30BAH B
HECKOJIbKUX CHUCTeMaXx, TJe 10Ka3all CBOI 3(PPEeKTUBHOCTD

[Ipuaiun bosibiMaHa B CTAaTHCTUYECKOW TEPMOJAMHAMUKE — OJHA W3 BAKHEHIIUX
GYHKIMI  COCTOSHUS TEPMOAMHAMMYECKON CHUCTEMbI, XapaKTepU3YIOIIas CTENeHb ¢
XaO0TUYHOCTH.

®opmyna L{HoIKOBCKOTro MpUMEHseTCs sl pacyéTa CKOPOCTH PAKETHI.

VYpaHenue HepHcTa CBA3BIBAET OKUCIUTENBHO-BOCCTAHOBUTEIbHBIN MOTEHIUAJ CUCTEMBI
C AaKTHUBHOCTSIMU BEIIECTB, BXOIAIIMX B DJIEKTPOXMMHUYECKOE YpaBHEHHE, a TakkKe CO
CTaH/IapTHBIMU JIEKTPOIHBIMH MTOTEHIIMATIAMH OKUCIUTEIbHO-BOCCTAHOBUTEIBHBIX TIap.

Jlorapudm ucmonb3yercs B ONpeleleHUsIX TaKUX BEJIMYMH, KaK MOoKa3aTellb KOHCTaHTHI
aBTONPOTONM3a (CAMOMOHHU3ALMKM MOJIEKYJIb) W BOJOPOAHBIA IOKa3aTelb (KUCIOTHOCTU
pacTBopa).

Jlorapugmuueckas crvpalib NepeceKaeT CBOU pPaanyc-BEKTOPHI MO MOCTOSSHHBIM YTJIOM.
Ha ocHOBaHuM 3TOr0 €€ Ha3bIBalOT PABHOYIOJIbHOW. DTO CBOMCTBO HAXOIUT CBOE IIPUMEHEHHUE B
TexHHKE. Jles10 B TOM, 4TO B TEXHHMKE YaCTO MPUMEHSIOTCS Bpalarouecs Hoxu. Cuia ¢ KoTopoi
OHM JIaBSIT Ha pa3pe3aeMblil MaTepHall, 3aBUCUT OT yIJla Pe3aHusl, T.€. yria MeXay J€3BUEM HOXKa
Y HarpaBJIe€HUEM CKOPOCTH BpalleHus. /{1l MOCTOSHHOTO 1aBlIeHUs! HYKHO, YTOOBI YOI pe3aHust
COXpaHsJI OCTOSHHOE 3HaUeHUe, a 3TO OyJIeT B TOM cily4yae, €ciH Je3BUS HOXKEH O4depueHbl 10
ayre Jjorapupmuueckon cnupaiv. BenuuuHa yria pesaHuss 3aBHCUT OT 0OpabaThIBaeMOro
Marepuana.

B rugporexnuke mo jporapuMUUECKON CUpad U3THOA0T TpyOy, MPOBOMASIIYIO TOTOK
BOJBI K JlomacTsM TypOouHbl. braromaps takoit ¢opme TpyOBl MOTEpH SHEPTUU HA U3MEHEHUE
HaIpaBJIEHUs! TEYEHHs] B TpyOe OKa3bIBAIOTCS MUHUMAJIbHBIMH U HAIMoOp BOJbI HCIOIb3YETCS C
MaKCHMaJIbHON TPOU3BOJUTEIBHOCTBIO.

Haxumass Ha KIaBUIIM COBPEMEHHOIO pOSUIs, MbI, MOXKHO CKa3aTh, HIpaeM Ha
Jorapudpmax.

Peurenue 3axanmii:

Nel. Jlns oGorpeBa moOMeIleHHMs, TeMIepaTypa B KoTopoM pasHa Tn= 20°C, uepes
paauMaTop OTOIJIEHMs, MPONMYCKAIOT ropsuylo Bomy Temmeparypoit Ty= 100°C. Pacxon
npoxojsme yepe3 Tpyoy Boasl m = 0,2 xr/c. Ilpoxoas mo Tpybe paccrosiHue x (M), Boaa
oxnaxaaercs 10 Temneparypsl T°C, mpu uém
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cm | . — T,
X = 0g-
y °T-T,
riae ¢ = 4200x/kr*C — TeII0eMKOCTh BOJIbI
v =42 Br/™m * °C— ko>ddunment teroodmena
a = 1,4 — nocrosHHasl.
Jlo kakoit Temneparypsl (B rpagycax Llenbcus) oxmaauTcs Bojaa, €Ciu JyiiuHa TpyObI 28 m?

(OtBert: 60°)

No2. Omnpenenuts MHGOPMAIUIO, KOTOPYIO HECET B ce0€ OJMH CHMBOJI B KOJHUPOBKAX
ASCII u Unicode.

Pemenue.

1) B andasute ASCII mpegycMmoTpeHo 256 pa3aTudHbIX CHMBOJIOB, T.€.

M =256,al=1log: 256 = 8 Out = 1 OaiiT

Otser: 1 Gaiir.

2) B cospemennoii kommpoBke Unicode 3amoxeHo ropas3mo OoJbllee KOJIUYECTBO
CUMBOJIOB. B Helt onpenesneHo 256 andaBUTHBIX CTPaHHUIL 110 256 CUMBOJIOB B KaXIOM.

Takum o6pazom:

[=1log (256 * 256) =8 + 8 = 16 Out = 2 GaiiTa

Otser: 2 Gaiira.

IIpakTuyeckasi pabora Ne26
Tema 5.6: KonrpombHas pabota mo pazmeny S «Jlorapudmsl. Jlorapudmmuaeckas
GyHKIHS

Heas: IIpoBepuTh ypoBEeHb YCBOEHUS JAaHHOTO MaTepuaja Ho pasfeny 5 «Jlorapupmsl.
Jlorapudmuueckas GyHKIUD»

Ilpu pewenuu 3adanuit 1-4 3anuwiume npPaAGUNbLHLIL OMEEmM U3 uUemblpex
npeooiceHHbIX.
1. (1 6ann) Kakas u3 ¢pyHkuuii Bo3pacraeT Ha Bcel o01acTu onpeseseHus?
A) f(x)=logs x; B) f(x)=0,7%; B) f(x)=x%; I') f(x)=log1 x.
2

2. (1 6amn) Ykaxute o61acTh onpenenenus Gynkuuu f(x)=lg 2XX+_73

A) (-7; 1,5); B) (-o0; -1,5), (7; +0).; B) (-1,5; 7); T) (-o0; -7), (1,5; +o0).
3. (1 6ann) Pacnonoxuts B nopsake Bozpactanus: logg s 4; logg s 0,4; logg 5 i.

A) loggs 4; 10805 0,4; 10go,s i; b) logo s 4; 10g0,5i1 logo,s 0,4;

B) logg s i; logo50,4;logos4; ") loggs0,4; logo,sii logg s 4.

4. (1 6anm) Haiinure xopeHs ypaBHeHUs log, (5 — x) = 2.

A)11;b)-11;B)-3;T) 3.

Ilpu e¢vinonnenuu 3ad0anuii 5-8 3anuuwiume x00 pewieHuA U NOJIYUEHHbLIL Omeent.

5. (2 6anma) Onpenenure 3HaUeHNe BRIpaxkenns logg 2 + logg 3 + 219824,

6. (2 banna) Ykaxute HauMeHbIIIEe 11eJ10€ pellleHHue HepaBeHCcTBa: log;(6x — 4) > 2.

7. (2 6amna) Haiigure Touky makcumyma GyHkimn y = 8In(x + 7) — 8x + 3

8. (2 6aya) [Ina oborpeBa MOMeEIICHHUs, TEMIIEpaTypa B KOTOPOM TOJIEPKUBACTCA Ha
ypoBHe T,=15° uepe3 pamuarop OTOIJICHUS MPOMYCKAIOT ropsayo Boay. Pacxon mpoxosieit
yepe3 TpyOy paauaropa Boasl m = 0,6 kr/c. [Ipoxoas mo TpyOe paccTosiHUE X, BOJIa OXJIaXKIaeTCs

o o . cm Tg—Tq
OT HavyaJibHOM TemriepaTypbl T3=91° no temneparypst T, mpuuém x = a710g2 T e € =
— I
Btc . Bt
4200 o — TEIUIOEMKOCTE BOJIBI, ¥ = 28 % KodpunueHT teruioodmena, a o = 0,8 —
Kr- M
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nocrosiHHas. Halinute, 1o xakoil teMmmeparypsl (B rpaaycax Lleabcus) oxnmaaurcs Bona, €Ciu
JUTMHA TpYOBI paauaropa paBHa 144 M.

Imanonvt omeemogs:

Howmep 1 2 3 4 5 6 7 8
3aaHuA
Orser A T A 5 3 3 6 34

IIpakTnyeckas padora Ne27
Tema 6.1: PaBHOCHIIBHOCTh YpaBHEHUH 1 HEpaBeHCTB. OOIIME METOIBI PELICHUS
Hean: HayuuTscs onpenensaTts paBHOCUIBHOCTh YPABHEHUN.

TeopeTnyeckas 4acThb:

Onpenenenue. /[Ba ypaBHeHHS ¢ 0HON niepeMeHHO# f(X) = g(X) u p(x) = h(X) Ha3bIBatOT
PaBHOCUJIIBHBIMHU, €CJIM MHOKECTBA MX KOPHEH COBMAIAIOT.

WHpiMu croBamu, [1Ba YpaBHEHHMS! Ha3bIBAalOT PaBHOCUJIBHBIMU, €CIM OHU HMEIOT
OJIMHAKOBbIE KOPHU HIIM €clii 00a ypaBHEHUS HE UMEIOT KOPHEH.

IMpumepsl

1) VpapHenns 4% — 3 = 22+ 3 M 2X = 6 papHOCHIIBHBI, T.K. KAKJ0€ U3 HUX HMEET TOJIBKO
OJIMH KOpPEHb X=3.

2) YpaBHeHUs (x=2)(x+5)=0ux’+3x—10 = 0 pypuee PaBHOCWIIBHBL, T.K. Y HUX OJHU
¥ T e KOpHH ¥1 = 2,X2 = =5,

3) A BOT ypaBHeHus 5X = 6H 4x? =16 ye PAaBHOCUIIBHBI, IIOTOMY 4YTO Y II€PBOIO
YpaBHEHHUS KOPEHb X=2, @ y BTOPOI'0 ypaBHEHUS JiBa KOPHS X=2 U X=-2.

W3 onpeneneHns paBHOCUIBHOCTH CIEAYET, YTO JBa YPABHEHMsI PAaBHOCHIIBHBI, €CIH
KKl KOPEHb MIEPBOTO YPAaBHEHUS SBIISIETCS KOPHEM BTOPOTO YpaBHEHUSI, U HA000POT.

Pemenne ypaBHeHHs OCYIIeCTBJIACTCS B TPH JTamna.

[TepBerit aTanm — TexHuveckuid. Ha 3Tom sTame ocymecTBIisoT mpeodpa3oBaHus O CXeMe
(1) > (2) - 3)> (4) — ... ¥ HaXOJIT KOPHU MOCIETHET0 (CaMOro MPOCTOT0) YpaBHEHHS
YKa3aHHOM LIENIOYKH.

Bropoit sram — ananmu3 pemenus. Ha 3Tom arame, aHamu3upys IpPOBEIEHHBIE
npeoOpa3oBaHus, OTBEUYAIOT Ha BOIIPOC, BCE JIM OHU OBLJIM PaBHOCHIIBHBIMH.

Tperuit stan — nposepka. Eciu aHanns, MpoBeIEHHBIM HA BTOPOM 3Talle, MOKa3bIBAET,
YTO HEKOTOpbIE MpPeoOpa3oBaHUsl MOIJIM MPHUBECTH K YPaBHEHUIO-CIEACTBHIO, TO O0s3aTelbHA
IIPOBEPKA BCEX HAJEHHBIX KOPHEHN MX IOJICTAHOBKOW B NCXOJHOE YPaBHEHUE.

Peasm3anms 3T0ro njiaHa cBsi3aHa ¢ NOUCKaMHU OTBETOB HA YeTbIpe BOIpPoca.

o Kak y3Hatp, ABISETCS M NEPEXOA OT OJHOTO YPAaBHEHUS K JIPYrOMY PaBHOCHIIbHBIM
npeobpazoBaHrueM?

o Kakue npeobpa3oBaHusi MOTYT MIEPEBECTH JJAaHHOE YPAaBHEHHE B ypaBHEHHE-CIIEeCTBHE?

e Ecnu Mbl B KOHEYHOM UTOTE PELINIIA ypaBHEHUE-CIIEACTBHE, TO KaK CAeIaTh MIPOBEPKY
B CJIy4ae, KOI'/la OHa COMNpPsKEHA CO 3HAUUTEIbHBIMU BBIUNCIUTEIbHBIMUA TPYAHOCTAMU ?

e B kakux ciyuasix mpu nepexojie OT OAHOIO YpaBHEHHs K APYTrOMY MOXKET MPOU30HUTH
NOTepsl KOPHEN U KaK 3TOr0 HE JI0IyCTUTh?

W3 xypca cpeaneil MKOIbI Mbl 3HA€M, YTO MOKHO CJeJIaTh CIeAYIoLIe Ipeodpa3oBaHus
YpaBHEHMIA: JTF000H WiIeH ypaBHEHUsI MOYKHO NMEPEHECTH U3 OJTHON YacTH B IPYT'YIO, H3MEHUB €ro
3HAK Ha MIPOTHUBOMOJIOKHBIMH.

O0e yacTu ypaBHEHHsI MOKHO YMHOXXUTBH WJIM Pa3/IeMTh HA OJHOM M TO K€ YMCIO, He
paBHOE HYIIIO.

Ecnu mpu nepexoze 0T OAHOIO ypaBHEHUS K JPYrOMy ITOTEPU KOPHEW HE IIPOUCXOIUT, TO
BTOPOE ypaBHEHUE HA3BIBACT CIIEJCTBUEM MEPBOro ypaBHeHUs. MHaue, eciiu Bce KOPHU MEPBOTO
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YPaBHEHHUs SBJISIIOTCS KOPHSMHM BTOPOTO YpPaBHEHHs, TO BTOPOE YypPaBHEHUS Ha3bIBAETCS
CJIEJICTBUEM TIEPBOT0 YPAaBHEHHUS.

W3 aToro onpenenenys U onpeaeacHus paBHOCWIBHOCTH YPAaBHEHUH CJEyeT, UTo:

1. ecnu Ba ypaBHEHHUS PaBHOCHUJIBHBI, TO KaXKJI0€ U3 HUX SIBJISETCS CIEICTBUEM JIPYrOro;

2. eciaM KaxJ0€ U3 JABYX ypaBHEHUH SIBISETCS CIEACTBUEM JIPYroro, TO 3TH ypaBHEHUS
PaBHOCUJIbHBI.

[Ipu pemeHny ypaBHEHUH ITIaBHOE- HE NTOTEPSITh KOPHU, & HAIMYME IOCTOPOHHUX KOPHEH
MO’KHO YCTaHOBUTBH IpoBepKoil. [I03TOMy Ba)kHO cleIuTh 3a TeM, 4TOObI MpU MPeodpa3oBaHUU
YpaBHEHHSI KXKA0€ CIeIyoliee ypaBHEHHE ObLIO CIIEACTBUEM MPEIBITYIIETO.

CTOUT OTMETUTH, YTO MOCTOPOHHUE KOPHU MOTYT MOJYUYUTHCS MPU YMHOKEHUU 00X
yacTell ypaBHEHMsI Ha BBIpaXKEHHE, COZAEpIKalllee HEU3BECTHOE; a BOT IOTEpPs KOPHEH MOKET
MIPOM30MTH MPH JAETICHUH 00€UX YacTell ypaBHEHHS Ha BBIPAXKEHUE, CO/IepIKalllee HEM3BECTHOE.

Wtak, cpopMmynupyeM OCHOBHBIE TEOpPEMBbI, KOTOPHIE HCIIOJIB3YIOTCS TPH PELICHUU
PaBHOCUJIBHBIX YpaBHEHHI:

Omnpeneaenne. Obnacteio omnpenenenus ypaBHeHuss f(x) = g(x) wim 00gacTbiO
JIOMYCTUMBIX 3HaueHuWd mnepemeHHoi (OJ[3) Ha3pIBalOT MHOKECTBO TeX 3HAUYCHUU
MEPEMEHHOM X, TPU KOTOPHIX OJHOBPEMEHHO UMEIOT CMBICT BhIpaxkeHus f(x) u g(x).

Teopema 1. Ecnu xakoi-nu0o 4jeH ypaBHEHHS IEPEHECTH U3 OJHOW YacTH ypaBHEHUS B
JPYTYIO C IPOTUBOIOIO0AKHBIM 3HAKOM, TO MOJYYUTCS YpaBHEHHUE, PABHOCUIILHOE JTaHHOMY.

Teopema 2. Ecnu 00e yacTu ypaBHEHHUSI BO3BECTH B OJJHY U TYK€ HEUETHYIO CTEIEeHb, TO
MOJIYYUTCS] ypaBHEHUE, PABHOCUIIBHOE JTAHHOMY.

Teopema 3. [oxasarensroe ypasuenne @ ) = a?™*) (rre a > 0, a#l)

paBHOCHIILHO ypaBHEeHHIO f(X) = g(x).

Teopema 4. Eciiu 00e wactu ypaBHeHus f(x) = g(X) yMHOXHUTh Ha OHHO U TO XKe
BBIpakeHue h(x), koTopoe:

a) UMEeT CMBICT BCIOQY B o0iactu ompezeneHus (B o0iacTh JOMYCTHUMBIX 3HAUEHUM)
ypaBHeHus f(x) = g(x)

0) HurAe B 3TOM oOstacTu He oOpartaercs B 0, To monyuutcst ypasHenue f(x)h(x) = g(x)h(x),
paBHOCHUIIBHOE JaHHOMY B ero O/13.

CaencrBueM TeopeMbl 4: eciii 00€ YaCTH ypaBHEHUS YMHOKHUTbD WM Pa3eNiuTh Ha OJHO
Y TO K€ OTVINYHOE OT HYJI YHUCJIO, TO IOJIYYUTCSl yPAaBHEHUE, PABHOCHIIBHOE IaHHOMY.

Teopema 5. Ecnu 06e uactu ypaBHenus f(x)=g(x) Heorpunarensusl B O/13 ypaBHEeHuUs, TO
nocjae BO3BeIeHMs 00erX ero yacted B OJHY U Ty JK€ YETHYIO CTENeHb N MOJY4YHUTCS

ypaBHEHHE (fG))™ = (g™ paBHOCHIIBHOE JaHHOMY B ero O/13.
Kparkas 3anuch Teopem 4, 5.
4. f(x) = g(x) ©h(x)f(x) = h(x)g(x), e h(x) #0
u h(x) umeet cmbica B O/]3 naHHOTO ypaBHEHUSI.
5. f(x) = g(x) & TEN™ = (D" | rre f(x)>0, g(x)=0
u n=2k (4€THOe uncmo).
Hanpumep, x —1=3;x=4
YMHOXkUM 00€ yacTu Ha (X — 2):
(x—2)(x—1)=3(x—-2); x =4 u X =2 — NIOCTOPOHHUI KOPEHb= MPOBepKa!
PaBHOCHIBHOCTH HEPABEHCTB C HEM3BECTHBIM OIPEEIAETCS aHAIOTUYHO.
HepaBeHcTBa, nMeIOIIHe OHO U TO K€ MHOXECTBO PEIICHNUH, HA3bIBAIOT PAaBHOCHIIBHBIMH.
HepaBencTBa, HE UMEIOIIHE PELICHUH, TAKXKE SBISAIOTCS PABHOCUIBHBIMH.

Pemenue 3aganuii:
IIpumep 1.

v — % —
PeuriM ypasuenue: VX =X~ 2
Bo3Bezem B kBajipaT 00¢ YaCTH YpaBHEHHSI, TTOTYIUM:
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— _ 2
x=(x—-2) , KoTopoe He OyAeT paBHOCHIBHO HCXOJHOMY YPaBHEHHIO, IIOTOMY 4YTO Yy
3TOro ypaBHeHHs Ba KopHs X1 = L, X2 = 4 3 y nepBoHavaIbHOTO ypaBHEHMS TOIBKO OIMH KOPEHb
x=4.
IIpumep 2.
x—3
— =10
1. HepaBencrpa ¥< + 1 U X-3<0 paBHOCHJIbHBI, TaK KaK HMEIOT OJHO U TO XK€

MHO’KECTBO peIIeHUN X<3.
2x

=1
2. HepaBencrBa x — 1 n 2x>Xx-1 He paBHOCWIIBHBI, TaK KaK PELICHUSIMH IEPBOIO
ABIIAIOTCA yncia X<-1 m x>1, a pemieHUsIMU BTOpOro- uucia x>-1. Ilpu pemenun HepaBeHCTB
0OBIYHO IaHHOE HEPAaBEHCTBO MPeoOpa3zyeTcs B eMy PaBHOCUIIBHOE.

Nel.
EBLITepH PAEHOCHNEHLIG YPABHEHHA.
2l 3z—-6=9u7-12c=1
]l ; T 1
—1—-F=1Hl —— = ——
ol -3 71
B o(g—1x+2)=0u(z+1)xz=2)=0
r (2zr—18)(4,240,7x) = 0w (bz + 30)(54 —8z) =0
7
a (& 1y —(z+43)= =
(22 1) (zi3)=zun_— T
e (Zr-1)-(z+3) =z —4n "2 1
' ! a -4

Ne2. Haittu ¢yHKIHIO, 0OpaTHYIO K JaHHOM: a) y=—3x +2;6) y=2 —x°
Ne3. BbIsICHUTDH paBHOCUJIbHBI JIM YPABHEHUS:
a)2x?-9x —5=0ux(6x — 13) = 14x +15
0)5x*+4x—-1=0ux(2x+11)=-6-x*
Ne4. Peminth ypaBHeHueE:

3 4x-1 _ x*+5

a)x-l- x+1 x*-1
x+2 3+4x _2(x-2)
6)x-2 x'-4  x+2

IIpakTnyeckas padora Ne28
Tema 6.2: I'paduyeckuii MeTo pelieHHs ypaBHEHHHM, HEpaBEHCTB
Iesn: Pa3BuTh HaBBIKK TpadUUECKOrO PEIICHUs] YPaBHEHUH 1 HEPAaBEHCTB.

Teopernyeckas 4acThb:
x=0
UtoObl  pemmTh  ypaBHEHHE  BHJA S , HYXHO  TIOCTPOUTH  Tpaduk

= f(x
dyskmn ¥ S U TIOCMOTPETH, TJIe OH IMEPECceKaeT ocb abcyucc. Tam U HaXOIATCS KOPHHU.
Ecnu Towyek mepeceyeHHss HET, TO YypPaBHEHHE HE MMEET JIeWCTBUTENIbHBIX PpPEIICHUH.

2 -
Tak, npu pelieHuH KBaJIPaTHOTO ypaBHeHus * — &~ 2=0 yepe3 TUCKPUMUHAHT MbI OJTYIHITH

n=-—lx=>=2 N
KopHHU 1 2 , HO 3]1eCh MOXKHO MPOCTO TOCTPOHUTH Tapaboiy, W BcE TOHITHO O3

KOMMCHTApPUCB.
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=0
Pemennem  HepaBeHCTBa S (x) SBIISIIOTCS. ~ T€  TPOMEXKYTKH, Ha  KOTOPBIX

rpaduk S (=) Bbie ocu L |
1, Ha000POT,

Fix)=0

2
Takum 00pa3om, BMECTO TOTO, YTOOBI BBIMydHBaTh HEPABEHCTBO * ~ #+ 220 veromom
xei—oo -1 (2 oo

rei-1, 2).

— Tam, rae rpadux J(x) HUKE OCH.

HHTCPBAJIOB, IIPOCTO CMOTpUM Ha l"pa(i)I/IK n OTBCT TOTOB:

2
COOTBETCTBEHHO, PEIIICHUEM HepaBeHcTBa * — 4~ 2 <0 gpngercs WHTEpBAJ

2 2
—x—2= —x—2=
B ciyuae necmpoaux Hepasencms * % 220, ' —x-250 pEIICHUsIM HYXHO

,I[O6aBI/ITI> MOTPAHUYHBIC TOUKH: %< {_ ;= 1]U [2’ +DD] u xe [_ 1; 2] COOTBCTCTBCHHO.

A ecni BaM HE XOUYETCSI BOSUTHCS C HAXOXKICHUEM OIIOPHBIX TOUCK, «ThIKAs B HUX HAYTaI»
(Benb mapaboibl OBIBAIOT OOJbIIIKE, PA3MAIIUCTBIE), TO €CTh OOILIUI CITyyai:

YTto06BI pEeIINUTH YpaBHCHUE f (x} - g(x} . HYXHO IIOCTPOUTH

= x = x o
l“pa(bI/IKI/I F f( :I’ ¥ gl: :I U HAUTU HUX TOYKU HepecequI/Iﬂ. «HKCOBBIC» KOOp)]I/IHaTLI 3TUX
TOYCK U 6yI[yT peHIeHI/ISIMI/I. ECHH r‘pa(bI/IKI/I HEC HepeceKaIOTCSl, TO ,Z[CI\/’ICTBI/ITCHI)HI)IX peIHeHI/Iﬁ HCT.

4 —
Takum o0Opa3oM, BMECTO pEUICHUS YypaBHEHHS * —x=2=0 BBIYEPUYNBAHNEM

2 _
napabokl, IPeICTaBuM ero B Buae * = * 7+ 2

A

U U300pa3uM >JIeMEeHTapHbIe rpaduKu:

HOII‘-IépKI/IBaeM elé pa3, 4TO PCIICHUEM ABJIAKOTCSA «UKCOBBIC)» KOOPAUHATHI TOYCK MMEPCCCUCHUS.

Jix) = glx)

Pemenuem  HepaBeHCTBa SBISIIOTCA ~ T€  TMPOMEXKYTKH, Ha KOTOPBIX
rpadguk S (=) BBIIIIE Tpaduka g(x) , ", Hao000poT: Fxl<glx) _ Tam, rae

— glx)

2
Tax, penreHreM HepaBeHcTBa X = X1 2 gBIsOTCA MIPOMEKYTKH
— TMIOCKOJIBKY Ha HHX Mapaboyia pacrojo)KeHa BbIIe MpsiMoid. M, HaoOOpoT, peleHHeM

2 .
+ xei-L2
nepasenctea % <% tZ gpugercs  mpomesxyTok -t }, TaK Kak 37ech napabona

pacIioJIoKe€Ha HUKC HpSIMOfI. AHaJIIOrn4Ho I Hecmpoc2ux HCPABCHCTB.

HIDKEe Tpaduka
x € (—o0, — Tj 2 (2 +00)
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U3 001mx

IOHSTHO, Kak
YaCTHBIC paBUIIa
, adTa

BCEM
10JIy4aroTCs

Kcraru,
paBulil Fixy=glz), fix) = glx), fix) <glz)
? DnemenTapHO. DTO TOT Cilydaif, korma » = (x)=0

JIn

g JEO =020 F(@) <0
byHkuus 3a1aéT 0Ch O
Korna yno6Ho ucnonb3oBath rpapuueckuit meron? Ilpexkne Bcero, B MpOCTHIX CIyYasX.
1
—=0

MIPOLIE MBICIICHHO MPEACTaBUTh TUIEPOOIy, HEXKeIu
x {0, +oo)

Tak, mpu pelieHuH HepaBeHCTBA *
MCIIOJIb30BaTh METOJ] MHTEepBaioB. [ e runepbosa Bhile OCU X 9 Ha WHTEpBaje
1
— =0
HepaBenctBy * COOTBETCTBYET  JieBasi  BE€TBb,  KOTOpasi  JIGXKHT MOJ OChIO,  Ha
xe(—eo 0 ..
WHTEpBaje (=02, 0) . 1 emé aToT MeToa XOpouI AJist Ty4IIero NOHUMaHUsl MaTeMaTUKH.
WNuorna rpaduka 3gppexTHBHA B YPaBHCHUSX «PA3HOPOJHBIMHUY (YHKIUSAMH. Tak, s
pelieHus ypaBueHus + S A= 0 e CYIIECTBYET CTAHJAPTHHIX AHATTUTHUYECKUX METO/I0B, HO ATO
¥==x ¥=snx
He Oena. MbIcieHHO npeacTaBisieM rpapuk u rpaduk cuHyca , TIOCJIe Yero cpaszy
HOHSTHO, YTO yPaBHEHHE UMEET €AMHCTBEHHBIH KOpeHb + = 0.
Kcrartu, B HEKOTOpBIX 331a4aX HY>KHO IIPOCTO ONPEIEIUTh KOJIUYECTBO KOPHEN U / MM UX

MPUOJIM3UTEIHHOE PACTIONIOKEHHUE, U HAa 3TOT BOIPOC 3a4aCTYIO JIETKO OTBETUT YepTEK!
Pazymeercs, rpaduku 10JKHBI OBITh MPOCTHIMU — 3TO BaXKHEMHIIEE YCIOBUE TPUMEHEHUS
2
rix+2
(x4 L
— 3aTesT Kak-TO

X (x+2)
=1

x—1 JUISL peIIeHUs

rpaduueckoro meroaa. 6o crpoutsb
HE 04eHb. Jlyullle uernob30BaTh METOJ HHTEPBAJIOB.
%" =3 —2x

Penrenne 3agannii:
[Tpumep 1. I'paduyecku pennuTh ypaBHEHHE:
Pemenne:

A ::\'5 ny= 33— EK(PI/IC 1)
npoxoAsmas 4epes

IToctpoum rpaduku pyHKIMHA -
-
Ipapuxom ¢ynkmuu ~ —
(—L—10,(0:00, (1317,
I'paduk GyHKmmn > 3- 2=
3
x p—
0 2
¥(31]0

TOYKHU

ABJICTCA  TIAp 360.)'[8.,

— MpsiMast, HOCTPOUM €€ 10 TalIuLe.
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(1:17
I'paduku TepecekaroTcs B TOYKE " -

'ﬁr:" =x5

" JIpyrux TOYeK TepecedyeHusl HeT, T.K.
v =3 — 2%

byHKIHS - MOHOTOHHO BO3pacTaeT, ¢yHKIHS * MOHOTOHHO YOBIBA€T, a, 3HAUMUT,
UX TOYKA [1epeCceyeHUs SABIAETCA €ANHCTBEHHOM.
x= L
Orger:
[Ipumep 2. Pemiuth HEPaBEHCTBO
52 .,
q X F 3—2xn
.5 = — -
pX = 3 —2x
Pemenue:

jrl" = '5

a. UToObI BBINOJHSIOCH HEPABEHCTBO, rpaduk (yHKIUU JOJDKEH pacIojiararbes

Ly =3— 2x x> 1.
HaJl IPAMOM ¥ (Puc. 1). Dro BeIMONHAETCS MTPH
'ﬁrl" = ‘5 -~
b. B aTtom ciydae, Haobopot, mapabona” ~ ~* JOJDKHA HAXOAUTHCS TOJ MPSMOMH. ITO
x= 1.
BBITIOJIHSICTCS TIPU ~~ —
Ortger:
x> 1;
a.
x= L
b. " —
X0 = 2x — 1.
[Ipumep 3. Peminuts HEpaBEHCTBO
Pemenue:
1
u}r:: H}rzzx— 1
[Toctpoum rpaduxu GyHKIHi * (Puc. 2).
A
g
1]
1
| | ==
, |
‘ | y 2x—-1
J \
(-1:1) / |
‘_I
i £ 2
0 :
”’,
Pwc. 2
1
. - =2x— L =1 o
Haiinem KOpPEHb ypaBHEHHUS * IIpu- HET peLICHU.
g | x=1
ITpn CYILECTBYET OAHO PEILICHUE .
1 1
E_::—EJ'—_[_ 1r'=j
UtoOsl BBITIOJIHSIIOCH HEPaBEHCTBO * runepOona * OoJKHA

Ly =2x—1
pacnoiaraTbCst HaJl IPsIMOU ¥

e (-0 ui0; 1,

. D<x<1lmx=<20
OTO BBIOJIHSETCS IPH .

OTtBeT:

[Tpumep 4. Pemuts rpaduueckyu HEpaBeHCTBO:
x% < ?.
a. "™ =NV
.3

b ==

Pemenue.

LE =0,
OO6macth onpeaeeHus:
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R Y .
Hocrpoum rpadukn Gyrxrmit - 0¥ = VE g * =0 (Puc. 3).

A
&
y=x3
’ - ﬁ
(1; 1)
(0; 0) %
Puc. 3 X
}.' = -3 }.' = f;
a. ['pabuk ¢yHKIIUK JOJDKEH — pacmojlaraTbCs Toja  rpaduKkoM V510
x € [0;1].
BBITTOJIHSCTCS TIPH
— a3 —_ I
r= Pt LT )
b. Tpapux ¢yuxuun ¥ — * pacronoxes nax rpaduxom” V7 mpu < = L Ho 1x. B
YCITOBHH MMeEeM HECTPOTHil 3HAK, BAXXHO HE MTOTEPSITh H30IHPOBAHHBI KOPEHb 0.
Ortser:
x€[0;1].
a

b‘ xE L+ iux =0.

IIpakTuyeckas padora Ne29
Tema 6.3: YpaBHEHHS U HEPABEHCTBA C MOIYJIEM
Hean: Hayuntbes pemats ypaBHEHUS. U HEPABEHCTBA, COJIEPIKaIUe 3HAK MOJYJISL.

Teopernueckast 4acThb:

1. Pewwenue ypasHeHWA W HEPaBEHCTE,
COAEP¥ALLMX 3HAK MOOynA

€ MCIOALIOEBAHHEM

0 OIPEIeIeHH
MOy I

reoMmeTrpHYeCcEorg
CMBICIA MO ILH

a, ecom a > 0,
|@| =10, ecnm a=0,
—a, ecan a < 0.

| a| — pacemosnue na
YUCAOG0I NMPAMOLL Om
moyrcu O do moyiu a.

1. |7 (=) | =a.
2. 1= |=lg=|
3. |f(x)| >a.
4. |f(=x)]| <a.

no obmei cxeme

1. Hairrm OJ13.

2, HaliTh HBYAR EBcex
DOQMOIY XL HEEX
hymrpmii.

3. OrmeTHTE: HYOH Ha
0]I3 m paztars OJ13
HA NPOMEeIYTIH.

4. HajiTh pemenne B
EKAXKIOM NPOMERKYTRS
(M NpOREPHTE, EXOHT
AH 9TO pelmeHHe B
paccCMATPHEBAEMELH
NPOMEeIYTOK).

€ HCHOJALIOBAHNEM
CHENHANABHLIX COOTHOIIEHHN
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2. Ucnonk3oBaHme reoMeTpuHeckoro cveicna mogyna (npua = 0)

|[t|=a |[t|=ua
| ¢ -ul |t] < a llrl - a
-a 0 a P
1.|,|F(-.] a & Filx) = a wom F(x) a.
2. | fix) | g (x) | &= Fix) = g(x) mam fix) £ (x).
3,|,|Ffl.] i &= Fx) < —a mau F(x)>a.
4. |f(x)| f(x) 1(0>~4,
B X i = —i X il =
[f(x)<a.
OBobujeHue

T [g(x)=0,
5. 11N =8@) &) o) wam 1(2)--g(®).

6. |fix)|> g(x) = fx)<—g(x) wan f(x) > g (x).
[f(x)>—g(x),

T |f(x)<g@es-g@<fo)<gx)= “{;){g[x).

3. Mcnonk3oBaHue cneumansHLIX CooTHOLEHMA

1. |u|=u=uz0.

2. |lu|=—u=us<o.

3. |u|=|v|eu=1.

4. |u|>|v|e=2 u?>v’. Torga |u|- |v|>0 < u® - v*>0;

FHak pasHocmu modynell deyx swpameHull cosnadaem co FHAKOM pas-
HOCMU UX KEA0pAmos.

:H}'}!
5. |u|+|u|=u+u<=1--;y}ﬂ‘
[us (),
6. |u,|+|u|=—u—v=rclug“.
7. Ju|+|v|=|lut+v|euv 0.
8. |u|l+|v|=lu-v|=2ur<o.
9. |x-a|+|x-b|=b-—a=2axx<braea<h.

OObsicHeHHE 1 000CHOBaHHE

Pemrats mo60e ypaBHEHHE WM HEPABEHCTBO, COJIEpIKaIlee 3HAK MO, MOYKHO OTHHUM
U3 TPEX OCHOBHBIX CIIOCOOOB: MO OMPEAETICHUI0 MOIYJIS, HCXOS M3 T€OMETPUUYECKOIO CMbICIIA
MOJyJis WU o o01elt cxeme. HekoTopeie ypaBHEHMsI MJIM HEPABEHCTBA C MOAYJIEM MOTYT OBITh
TaKXe PEeleHbI C CII0JIb30BAHNEM CIIEIIUAIBHBIX COOTHOLICHUH.

B 3aBrcuMOCTH OT BRIOPAHHOTO CITOCO0A PENICHHS MOTyYaeM Pa3HbIE 3aIHCH PEIICHUSI.

Ilpumep 1. Pemute ypaBHenue | 2x — 4 | = 6.

I crioco0 (1o onpeneneHnto Moy )

107



Pemenne KomMeHTapmid

1) Eciim 2x—4=0, (1) | Y1oObl pacKphiTh 3HAK MOIYIA IO

ONpelleleHHD,  PacCMOTPHM  [IBa
TO MOTy4YaeM ypaBHeHHe 2X — 4 = 0. | ciyyas:

Torma X = 5, 9TO0 VIOBISTBOPHAET I
VCIIOBHIO (1). 2x—4>0 H 2x—4<0

2) Ecnn 2x—-4<0, (2) |IIo OIpeIeIeHHID MOJIYIIEM
TOJIOAIITENIBHOTO (HeOTPHIATEIBHOIO )
TO TONy4aeM ypaBHeHHe —(2X —4) = 6. | qiicna sBAfeTcA caMo 3T0 9ICIO, 2
Torma x = —1, 9TO YIOBNETBOPAST H | MomyleM  OTPHIATENBHOIO  9IHCIA
VCIOBHIO (2). ABIAETICH  IPOTHBOIOINOXKHOE — €MY
qicno. IToatomy

OteeT: 5; —1.
npu2x—-4>0, [2x—4|=2x-4,a

mpu 2x— 4 <|0, [2x—4|=—(2x—4).

B KazI0M cIIydae pelaeM IoTydeHHoe
YpaBHEHIIE I BEIACHAEM,
VIOBNETBOpAET M  KaXKIBIH I3
HallIeHHEIX KOpHell TOMY VCIIOBHIO,
IIPH KOTOPOM MBI €70 HaXO0 IILIIL

1l cnoco0 (MCI0ab30BaHNE TEOMETPUUECKOTO CMBICIA MOIYIIA)

Pemenne KomMmeHTapHid

2x—4=6 umum 2x—-4=-06, C reomeTpidecKkoil TOYKH 3peHHA
|2x — 4| — 3T0 paccTosHHe OT TOUKI 0
110 TOYKH 2X — 4.

2x=10 mwm 2x=-2, Ilo ycrnoBIro ypaBHEeHIA OHO PaBHO 6,
HO paccTofHHe 6 MOXKeT OBITh
OTJIO:KeHO oT 0 Kak BIPaBO (IIOIydIaem
X=35 wm x=-1. 4HCI0 6), TaK I BIEBO (IIOTyIasM JICIo
—6).

Taxum oOpazom, paBeHCTBO

OteeT: 5; 1. | 2x — 4 | = 6 BO3MOKHO TOT/1a I TOJIEKO
TOrHa, korga 2x—4=6mm2x 4=
—6.

3ameuanme. [Ipu perieHnn ypaBHEHHs C MCIIOJB30BAaHHMEM I'€OMETPUUYECKOI'O CMBICIA
MOJTYJIsl 3HaK MOJYJSI PACKpPBIBAETCSI HESIBHO, TO €CTh OINpEIesIeHHEe MOJYJsl B SIBHOM BHJE He
MPUMEHSIETCS.

OOmiast cxema pelieHus] ypaBHEHUH W HEPaBEHCTB, COJEPKAIIUX 3HAK MOIYJSI — 3TO
(akTHUECKH HEMHOTO M3MEHEHHBIH MeToJl MHTepBasoB. [losicHUM cozep:kaHue 3TOM cXxeMbl Ha
pUMepe YpaBHEHUS C IByMsI MOJIYJISIMU BHJIA

fX)+lg®)]=a (a>0).

UTo0Obl pemuTh 3TO ypaBHEHHE, HEOOXOJIUMO PACKpBITh 3HAKU MOJYyJEH, a JAJii 3TOro
HeoOxoaumo 3HaTh, rae ¢yHkmuu f (X) m g (X) OyAyT NOJNOXWUTENbHBIMH, a TAEe —
OTpHIATENEHBIMA. TO €CTh (PaKTHUECKH MBI TOJDKHBI PEIIUTh HEPABEHCTBA

f (x) > nnm <0, (1)

g (x) = <0. (2)

Kaxmoe u3 3THX HEpPaBEHCTB Mbl YMEEM pellaTh METOJ0oM HHTepBaioB. Ilepectpoum
IpUEM pelIeHUs] HEPaBeHCTB METOJIOM HWHTEPBAIOB TaKUM OOpa3oM, YTOOBI OH JaBall
BO3MOXXHOCTh OJHOBPEMEHHO peIIaTh KaXJ0€ M3 TOCIEIHHX HepaBeHCTB. Kak H3BecCTHO,
pemieHre HepaBeHCTBA (1) METO0M MHTEPBAIIOB HaunHaeTcs ¢ HaxoxaeHus ero O/13 (To ecth
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oOmactu onpenenenus Gynkuun f (X)), a pemenue HepaBeHCTBa (2) — ¢ HaxoxaeHus ero O/13
(To ectb obmactu ompeneneHus GyHKIEH g (x)). UToOBI HayaTh OJHOBPEMEHHO peIIaTh 00a
HEPAaBEHCTBA, HEOOXOAMMO HAWTH OOIIYI0 00nacTh onpeaeneHus il Gyakuuii f (x) u g (x), TO
ects HaliTH O/[3 nanHOro ypaBHeHMs (3TO M €CTb nep@vlll U3 OpueHmupos HeoOXOaUMON
CXEMBI).

UtoObl mpoaomkuTh pemenne HepaBeHCTB f (x) >mm<0 u g (X) >nm< 0 MeroaoMm
UHTEPBAJIOB, HEOOX0onMMO Hatu Hynmu ¢QyHkuui f (x) u g (X), TO eCThb HAWTH HYJHM BcCeX
MOAMOAYJIbHBIX PYHKIUIA (3TO U €CTh 8MOPOL OpUeHmuUp).

Ecnu nanee npuMeHUTh CXeMy METOJ1a HHTEPBAJIOB OJIHOBPEMEHHO JIJISl IBYyX HEPABEHCTB,
HeoOxoaumo HAa O3 oTMeTHTHh HYJM NOAMOAYJBHBIX (yHkumMii W pa3outs OJ/I3 Ha
NMPOMEKYTKH (3TO mpemuti OpueHmup).

B kaxaoMm Hu3 MONMy4YEeHHBIX MPOMEXKYTKOB 3HaKW (yHkmuil f (X) m g (X) HE MOTyT
U3MEHUTHCA. Torga Mbpl MOXKEM HAWTH 3HAKH MNOAMOAYJIbHBIX (YHKUMI Ha KaMKIAOM
NMPOMeKyTKe (B JII0O0OM TOYKE 3TOT0 MPOMEKYTKA), PACKPBHITH 3HAKH MOJYyJell W HaHTH
pellleHre JAaHHOI0 YPABHEHHS] B KasKAOM M3 3THMX NPOMEKYTKOB (3TO U €CTb Yemeepmulii
opuermup ooweli cxemwt).

ObocHOBaHME BO3MOXHOCTH IPUMEHEHHUS PUBEICHHON CXEMbI K PEIICHUIO0 HEPABEHCTB
C MOJYJISIMU TIPOBOJAUTCS AHAIIOTMYHO.

3agaua 2° Pewrnre ypassenne |x — 5+ |2x + 5| = 3x.
Pemenne KomMmmenrapnit

P IMockoaery 3x =(x — 5) + (2x + 5), Bemnt obosmHaunmTs x — & = u o
TO JAHHOE YpaBHeHHe HMeeT BuO | 2x + 5 =v, To u + v = 3x ®m ganHOe
|uw|+ |v|= u + v, Ho s10 pamenmcTBOo | ypasmemme mmeer Bug |u| + |v]| =
MOMET BRINOTHATHCA TOTIA M TOMBKO | = & + U, & 00 COOTHOLIEHNID D TaKoe
TOTgA, KOTOA UMeTa U 1 v — oba HeoT- | YpABHeHNe pDABHOCHILHO  CHOTEME
pHnaresabie. CaegopaTe bio, JaHHOES (=0,
VDABHEHIIe DABHOCHIBRHO  CHOTEME 1{: 30

f E x=h

;I—-IF{]. Oreroxa ’ BameTnM, UTO IJAHHOE YVDABHeHme
9% + 520, 1)‘}—2. MOMHO pelmaTs i oo obueft oxeme, HMo
- ‘ L)

2 Torga peimenme Gymer Gomee rpomMosg-

Taxmum cbpasom, x # 0.

Omaeent: [5: +99). <]

dagaua 3

Femersne

P VuNTHIBEA TeoMEeTDHHYecHKHH CMBICT
MOOVAA, DOXVIaeM, 9TO GAJAHHOE He-
PABEHCTEO PABHOCHIBHC HEDABEHETBY

-T% 2x-56+% T. (1)
Torga —2 % 2x = 12, TaxkuM obpasomM,
-1 x= 6.

Omeem: [-1; 6]. <]

KITM.

Pemrnre mepaseserso | 2x — 5|5 7.

Komumesrtapmit

HepaseHcTBD BROA |f(x} | % a (rge
a > () voobHO pelIaTs, HCOoIbSYHE Ieo-
mMerTpHuYecknil cmecn mogyvaa. Ilo-
CHOIBKY SAOAHHOE HEPABEHCTEO — 3TO
HepaseHeTEo Buza |t| € 7, a mogyme
UMCIA — BT0 PACCTOAHNE HA KOODIH-
HaTHOR npamoil or Touwm, msobpasxa-
wmelf gaEHECE YHeT0, Do ToukHm 0, To
SAMAHHOMY HEDABEHCTEY VIOBIETBODH-
0T BCE TOUKH, HAXOOAINECA B ODOME-
myTtwe [-7; 7). Tammm obpasom,
-7 % t = 7. Econ BOSHHNKAIOT SATDYVI-
HEHHA ¢ PEIIEeHNEeM ABORHOTO HEDABEH-
crea (1), To ero saMEeHANT HE PABHO-

[2x-53 -7,

CHILHYIO CHCTEMY N
121‘ =BT,
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Penrenne 3aganunii:

Pemire ypaBHeHUST 1 HEpaBEHCTBA, cojaep KaIiie 3Hak moays (1-15).

1. 1) |3x-5|=7;
2. 1) |2x - 8|>5;
3. 1)|x=-2 =-2x-1=10;
4. ) |x-1|+|x—-3|=2;

H|x+5|+|x—-8|=13.
5 1) |x+ 3|-c:x—2;

H|x+3|+|x—-1|<|6- 3x|

6. 1) Vx'-2r+1+|x-2|=1;

7. 1) Jxrf—dx+4 +«J’F=B;

I.rﬂ—dx|—3_ X
.:rg-l-lx—E-l_ '

9. 1) |lx-1|-2]|=1;
10. 1) | x® — 4x | < 5;

11. 1) 3 [x -1 |+ - T=0;

12, 1) sl g
42

13. ) |x-1|-5|= 2;
14. 1) |x - 2«7 |> 22 — x;

4
| x+8|-1

8. 1)

15. 1) #|x+2);

2) |8 - 4x|=86;

2)|8-5x|<T; )

3) |x® - 5x|=6.

2x_ri|
=—_———l<1.
x=-h

ﬂ‘}ﬁ: 4)

x+1
2) 22+ 3x+ |x+ 3|=0.

2}|x+ 1|+|x—5|=2ﬂ;

|x+1|+|x-2|s 2x-1;

2) Vx'+dx+4+|x|=x+5.

2) V16-8r+x? +Jx?+2¢x+1=5.

4
}o— =
) |::-l|—'3

2)||2cx—4|-5]|=3.
2| xF-x—-6|=>4.
2)|x-6|22"-5x+9.
}|r|1_:i{é‘
-1+ |x+2|-|x—3|>4.
2 [x*+x—-20|< £+ x— 20.

4

mkll’-ll

=|x+1|.

2)

IIpakTnyeckas padora Ne30
Tema 6.4: YpaBHEeHUs U HEPABEHCTBA C TapaMeTpamMu
eas: Hayuntbes pemats ypaBHEHUsI M HEPaBEHCTBA, COJIEprKalllue mapameTp.

Teopernyeckas 4acThb:
HamoMHuM cMBbICTT BBIpaXK€HHUS! «PELIUTh C MapaMEeTPOM» — MOKHO peliaTh YpaBHEHUS,
HEPAaBEHCTBA, CUCTEMBI C IAPAMETPOM.

x,a)=10 x,a)=0
Pemnte 3amady, HampuMmep ypaBHEHHE f(x.a) W HEPaBEHCTBO flx,a) = c
apaMeTpoM a — O3HAYaeT «1epedpaThy» BCe 3HAUCHUS MapaMeTpa U s KaXK/10T0 U3 HUX yKa3aTh
OTBET.
1. Pemienne ypaBHEHUH ¢ mapamMeTpoM
ITosicHMM Ha NPOCTENIINX ITPpUMEpPAX.
[Ipumep 1 — pemnTh ypaBHEHUE C TAPAMETPOM:
ax=1
a
3amada COCTOUT B TOM, YTOOBI JJISl KQXKJOTO 3HAYEHUs MapameTpa = pPelInTb ypaBHEHHE
X
OTHOCHUTEIIBHO .
a=12 o o
[Iycts , TOTJ1a IMEEM IPOCTeMIIee TNHEWHOE YPAaBHEHUE:!
2Zx=1lex=—
2
B o0miem ciiydae B JTaHHOM ypaBHEHHH BO3MOXHBI /1B BApUAHTA PEILIEHUS — KOTJa MOKHO
JeTUTh Ha KOA((UIIMEHT a U KOTJa Hellb3s, He00X0AUMO mepedparh Bce JOMyCTUMbIC 3HAYCHUS

aER
napamerpa a ( )
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a=~0n
PaccmoTpum nBa cayuas. Ilpu Mbl HE MMEEM IIpaBa pPa3ACiIuTh CIUHUIY Ha

KOX((UIIMEHT a, IOATOMY IOJICTABIIsIEM 3HAYCHUE HOJb B 33/IaHHOEC YPAaBHCHHUE M M3Y4aeM €ro.
[Tpu rOOBIX APYTUX 3HAUCHUSX & UMEEM ITPaBO BBIMOJHUTH JCIICHHE:
a=~0 a==>0 a==0 {EI =0
{ax=1 {ﬂ#x=1 {III=1 XEQ

{a¢ﬂ+* a0 “|@a=z0"|ax0

ax=1 w = 1 = 1 ¥ = 1
a a a
a= [:] o a ¢ ':' N = E
OTtBeT: Ipu PEIICHUHU HET, ITPU 2

PaccmoTpuM penieHre npocTeniinero HEpaBeHCTBA € MapaMeETPOM.
2. Penienrie HepaBeHCTBA C MapaMETPOM

PaccmoTpuM penienre npocTeniinero HEpaBeHCTBA € MapaMeETPOM.
[Ipumep 2 — peminTh HEPABEHCTBO C TAPAMETPOM:

ax =1

Ecim a — KOHKpPETHOE YHCIIO0, MBI MOXEM JIETKO PEIIUTh 3aJaHHOE€ HEPaBEHCTBO,
HaIpUMep:

1 1
a=2:2x> 19:{?:5;3:—2: —Ex:::lfr}x:::—i

y Hac ke ecTb ko3 duuueHT a B o0mmem Bune. Paccmorpum Tpu ciryyasi:

[ a==>0 {E'ZD a=10
{ax}l ﬂzé i%
{aaa‘:l](—} a 1(—} a 1
x>=1 X< — X <=
az>=0 2 a
{a -1 a=0 a=>0
Llax
{xl‘:l x}l
L a L a
1 1
- a=0 oo a<0X< a=0%~7
OtBert: npu pELIEHN HET; IPU ; IpU

IIpumep 3 — pemnTh ypaBHEHHE C TAPAMETPOM:
—a

x—5
JlpoOb paBHa HYTI0 TOTJa M TOJBKO TOTJA, KOTJA YWCIWTENh €€ pPaBeH HYIo, a
3HAMEHATEb HE PABEH HYJIIO:

{x —a=20 o {x =a
x—5#0 X#F5
3HaueHue napameTpa MoKeT ObITh JIIoObIM. PaccMoTpuM ABa ciyyasi:
a=>5
x—5
x—s5 0
a#s
X—a _
—5 0

. XxX=a
[Ipu 5TOM MoJydaem B IIEPBOM ClIydae: X C OJHOW CTOPOHBI pAaBEH IIAATH, T. K. ,ac
JIpYroil CTOpPOHBI HE paBeH MATH, T. K. 3HAMEHATENb APOOU HE MOXKET ObITh paBeH HYJ0, KpoMe
0
- = |:|
TOTO TOJTy4aeM BhIpakeHue ° , @ TAKOTO BBIPAKEHUS HE CYILIECTBYET.

a*bhbx=a

Korga , IPOTUBOPEYN HE BOZHUKAET

. a=2>5 o aFbhbx=—a
OtBert: npu pELIEHHI HET, IPU

IIpumep 4 — pemuTh ypaBHEHHE C TAPAMETPOM:
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—

YyEXE=a
3HaueHue a MOKET OBITh JIFOOBIM, HO KBAAPATHBINA KOPEHb — 3TO CTPOT'0 HEOTPHUIATECIILHOE

yrciao. Clie0BaTelIbHO, pacCMaTPUBACM JBa CIydast:
{ a=0 { a=0

w.,."§=EI x = a’
—3
{afiﬂ {Elﬁiﬂ
v’;:a XEE'
o . az=0x=a’ a<0xe@
TBET: MpU ; Ipu

3. Pelienue uppanroHaibLHOIO yPaBHEHUS € TAPAMETPOM

Pelmm uppanioHaib,HOE HEPABEHCTBO C APAMETPOM.

[IpumMep 5 — pelIuTh HEPABEHCTBO C APAMETPOM:

\."E =a

I/ICCHGHyeM AaHHOC HECPABCHCTBO.

X CTOUT IIOA 3HAKOM KBaJApPaTHOI'O KOPHS, 3HAYUT AOMYCTUMBIC 3HAUCHUSA IO X - BCC

HEOTPUIIATEIIbHBIC 3HAUCHHUS. & MOKET MPUHUMAThH JIFOObIE 3HAUEHHUS. PACCMOTPUM TPHU CIIyYasl.
a a==0 .
Ecnu © meHblle HYJIA U KOPEHDb CYIIECTBYET, TO HEPABEHCTBO BBINOJHsETCA. Ecnu , JI000H

o a
HCOTPpULATCIIbHBIN X YJOBJICTBOPSICT HCPABCHCTBY. Ecimu ke © Gonblire HYJIsI, UMECM IIpaBoO
BO3BCCTH B KBaapar:

_’EI::G -{Elcc:ﬂ
L&Ea XES

- a =

a==0 =>0
Wx=a ‘”K—ﬂ

r KE

a'_,‘.:ﬂ {a}l]
L~ = -
Wxza |]y= 2
0 . a=0x=0 a>0x=a’
TBET: IIPU ; IpHA

PaccMmoTpuM pelieHne JaHHOTO HEPaBEHCTBA rpau4eckuM MeTooM. Jliist aToro cHavana

o o = n'x o
crpouM rpaduk GyHKIHMH, crosmeil B JeBOH wacth: ¥ ¥, 061acTh ONpEACIeHHs TaHHOI

x=0 o =a
byHKIUM . Paccexkaem nosiy4yeHHYIO KPUBYIO CEMEMCTBOM MPSIMBIX y U HaXOJIUM TOUKH

HIePECCUCHUSL.

X—
-1 0 1 2 3 4 5 & 7 g ] 10

a=0

Ilo pucyHky 04€BUIHO, YTO KOTJa , KpUBasi HaxOAWTCS HaJ IpPsSIMOM IIPU BCEX
JIOIIyCTUMBIX X, TO €CTh IIPU BCEX JOIYCTUMBIX X HEPABEHCTBO BBITIOJIHAETCS.

Ecnamn a monoxurenbHO, KpUBass UMEET €AUHCTBEHHYIO TOUKY IEPECEUYEHUs] C MPSIMOUA U
KpUBas HAXOJUTCS BBIIIE NPSAMOM mpaBee TOYKM IepecedeHus, abcuucca TOUYKH
TIePECEUeH s~ ° , I03TOMY PELICHHEM HEPABEHCTBA SBIISCTCS - =a

OueBUAHO, YTO OTBET COBMA/IACT C OTBETOM IPU PELICHUH aHAJTUTUYECKUM CIIOCOOOM.
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[Ipumep 6 — pemInTh ypaBHEHHE C TAPaMETPOM:
Eh,,"; =0

HpOI/I?;BeI[eHI/IC ABYX MHOXHUTENICH PpaBHO HYJIIO TOI'lda U TOJIBKO TOT'ld, KOTrAa XOTA OBl OJJWH

U3 MHOXKUTEJIEH paBeH HYIII0, @ BTOPOIl PU 3TOM CYIIECTBYET.

a=~1n0
PaccmarpuBaem nBa BapuanTta — 100 , HO KOPEHB IPH 3TOM JIOJIKEH CYIIIECTBOBATb,

x=10 .
00 , B TAaKOM CJIy4ae a — Jr000€e Ynco:

a=2=o0
=0
x=0
ER

a=0x€ [ﬂ;+m].npﬂa¢ﬂx=ﬂ

OtBeT: ipu
Pemenue 3ananuii:
Nel. Pemnth ypaBHEHUE € TApaMETPOM:
a) ax+ 2= —5;
6) —3ax = 4,
= |"_ — —
B) ayx—>5 lZI;
Ix+a
r) x—4 .
No2. Pemiuth HEpaBEHCTBO C TAPaAMETPOM:
—dax < 5,
a)

2

EI\,‘."E = z
6) 7.

ax+1 = 0
B) x+3 ;

r)a-l- Vx= 1;

IIpakTnyeckas padora Ne31
Tema 6.5: TexcroBble 3a1aun MPOHECCHOHATLHOTO COACPIKAHUS
Hean: HayunThes pemars 3aa4u Ha MPOIEHTE B MPO()ECCUOHATBEHOM IESITETEHOCTH.

Teopernyeckas 4acThb:

Jlnist perieHus 3a1a4 Ha IPOLIEHThI, CMECH, CIUIaBbl HAM MOHAA00STCS:

1. Onpenenenue mpouenta: 1% uucna —3to ero 1/100 yacTs.

2. OnpezeneHre KOHIEHTPALUU (MAacCOBOM JTOJIM): KOHIIEHTPALIKs BEIIECTBA B PacTBOpPE

(cmecwH, cruiaBe) — ATO OTHOIICHHE Macchl (00beMa) ITOTO BelIecTBa K obmiel Macce (00beMy)
pacTBopa (cMecH, cruiaBa), ymHokeHHOoe Ha 100%:

n =% 100% = ¢ x 100%, rae

N- KOHIICHTPAIIHI BEIIECTBA B PacCTBOpE (CMECH, CIUIaBe),

m- Macca BeIecTBa,

M- macca pactBopa (cmecH, CIuiaBa),

v- 00beM BEIIECTBa,

V- o0beM pacTBOpa (cMecH, CrijiaBa).

3. MaccoBas 707151 — 3TO OTHOIIIEHHE Macchl (00beMa) BeliecTBa kK oo1ieit macce (00bemy)

pacTBopa (cMecH, CIjiaBa):
m

w = _VFG
_M_V, pi

W - MaccoBas 1074,
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m- Macca BeIlecTBa,

M- macca pactBopa (cmecH, CIutaBa),

v- 00bEM BEIIECTBa,

V- o6beM pacTBOpa (cMecH, CIjiaBa).

Hanpuwmep, ecnmu 10T comu pactBopwium B 90T Bombl, TO oOmas macca pacTBopa
paBHa 100 r, a KOHIEHTPALIUS COJIM B HEM:

= £ 100 % =10 9%

"~ Too

4. Tlpu cmemeHuH pacTBOpOB (CIUIABOB): Macca (00BEM) CMECH paBHa CyMME Macc
(00BEMOB) MCXOMHBIX BEIIECTB; Macca (00beM) pacTBOPEHHOTO (PacIUIaBICHHOTO) BEIIECTBA B
CMECH paBHa CyMMe MacC (00bEMOB) pacTBOPCHHBIX (PACILIABICHHBIX) BEIIECTB B MCXOJHBIX
pacTBopax (cruiaBax).

Hamnpuwmep: ecnu cmemmuBarot 20 r 10%-ro pactBopa conu u 30 r 20%-ro pactBopa coJiu,
TO B pesyinbrare nonydaioT 50T pactBopa coiu. UToObl HANTH KOHIEHTPALUIO COJIU B
MOJTYYHMBILIEMCSI PACTBOPE, HAWIEM MacCy COJIM B KaXJIOM U3 PaCTBOPOB:

1. B nepBom:

10 % oT 20 = 10-{1%m2ﬂ]=1ﬂ-(i-20)=2r

100
2. Bo Bropom: 20 ot 30:
20% oTr 30=20- (1 %oT 30) = Zﬂ-(i-3ﬂ)= 6T
100

Uroro: B mepBoM U BTOPOM pacTBOpax Obuio 2+6=8 I COIM, 3HAYUT, B UTOTOBOM PACTBOPE

cosia Takke Oyzaer 8 r. KoHmeHTpanus coiam B UTOTOBOM pacTBOPE:
8

mn 50 100 % =16 %

3amaga 1. Mmeercs nBa crutaBa. llepBblil cmiaB comepx uT 10% HUKeJs, BTOpOH
—30% Hukens. M3 »TMX JABYX CIUIaBOB MOJYYWIM TpeTuid cruiaB  Maccoi 200 xr,
coaepxamuit 25% Hukens. Ha ckonbko K Macca nepBoro cIjiaBa MEeHbIIe MacChl BTOPOTro?

Pemenue:

1. AHanus ycnoBus

N3 1Byx cruiaBoB MOTy4Yuiv TpeTuil. Macca noay4eHHOro CIuiaBa, COOTBETCTBEHHO, paBHA
CyMMe Macc JABYX UCXOIHBIX. [Ipr 3TOM Macca HUKeINs B MOTYYEHHOM CITJIaBe TaK)Ke paBHA CyMMeE
Macc HUKEJS B HICXOJHBIX cIuiaBax (puc. 1).

30% 25%
10%
cnnas 1 cnnas 2 cnnae 3 200 kr

Pucynok 1 - Mnmoctpanus k 3agaue 1

2. CocraBiieHE MOJEIIH

[ crinae 1 + cnnae 2 = cnae 3
1

0% cnmaea 1l + 30 % comaea 2 = 25 9% comaga 3
3. Pemrenue 3amaun

200

Macca cruiaBa 3 HaMm JgaHa: kr. Jlns yno6¢cTBa 0003HaUnM Maccy cruraBa 1 kak X kr, a

Maccy ciuiaBa 2 kak ¥ KI' cOOTBEeTCTBEHHO. U MIePETHIIEM ITOJIYICHHBIC YCIOBHS B HOBBIX
0003HaYEHUSIX

1 1
10%=10-1%=10r—=—=10,1
i % 100 10



1 3
30%=30-1%=30- ﬁ_ﬁ_ﬂj
25 25-1 25 - ! 22 0,25

= %=2>750 " 100
Torna:
x+ y= 200
{ﬂ,l_’x + 03y =025-200

[TonydaeMm cuctemy U3 IBYX JUHEHHBIX YPAaBHEHUH C IBYMsI HEU3BECTHBIMU, KOTOPYIO MbI

YK€ YMEEM pelIaTh:

( x+y =200

0,1x + 0,3y =50

Pemaem ee n1r00bIM y100HBIM CITOCOOOM:
[ x=200—vy
10,1(200 — ¥) + 0,3y = 50

[ x=200—vy

(20 — 0,1y + 0,3y = 50

(x =200— v
L 0,2y =30
((x =50
v = 150

T.e. mepBoro cmasa B3sutu 50 kr, a Broporo — 150 xr. B ycinoBuu crpammubainoch, Ha
CKOJIBKO KHJIOTPAaMMOB MEHbIIIE B3SJIM I1EPBOTO CILIaBa:

150-50=100

Otsert: Ha 100 kr.

[Tpu sTOM 0OpaTuTe BHUMAHWE, YTO METO]| PEIICHHs] HE MOMEHSETCS, €CIIM MBI OyaeM
CMeIINBaTh JAPYyrue METalIbl, pacTBOPHI )KUJKOCTEH U T. A. BakHa uzes perieHus Takux 3aaay:
IpYA CMEIICHWW JIBYX BEHIECTB O0IIAas Macca MOJNYyYMBIIEroCs BEUIECTBA paBHA CyMME Macc
UCXOJIHBIX BellecTB. [leficTBUTENBHO, B pACCMOTPEHHOM 3a/1a4e MbI COCTaBHIIM CUCTEMY M3 JIBYX
ypaBHeHwmiA. [lepBoe 03Hauano, 4TO0 CymMMa Macc JABYX CIUTABOB paBHA Macce OOIIero cruiara, a
BTOPOE, UTO CyMMa MaccC HHUKEJIS B IBYX CIUIaBaX paBHa Macce HUKeEIs B OOIEM CIIIaBe.

Penrenne 3agannii:
Nel, B 2008 rojly B FOPOJCKOM KBapTalle MpPOXKUBAJIO 40000 yeJoBeKk. B 2009 rony

o
B pesyanaTe CTPOUTECIBCTBA HOBBIX JOMOB YHCJIO JKUTENCH BBIPOCJIO HA 8 (‘f ,aB 9{]1{] rooy —

Ha.9 U mo CpaBHCHHIO C ‘}[][]g ToJ0M. CKOIBKO 4YeJIOBEK CTajo NIpOKHUBATHL B KBApTaJC
8 2010 roy?

IIo YCJIOBUIO, 32[][]9 roay 4ucio JKUTeNnen BBIPOCJIIO Ha 8(;{5, TO €CTh  CTaJIO

pamio 2000 - 1,08 = 43200 wenopex.

o
AB []1[] roJly 4YHCJIO JKUTENEH BBIPOCIO Ha 9% U, Temepp YyXe IO CPaBHEHHIO
2009 TOJIOM. [Tonyuaem, 9TO s 2010 Toay B KBapTaie CTano

Hpommmuuu 1.08- 1,00 = 47088 ,rroner

NQZ. B nonenenpHUK aKIUM KOMIIAHUHU nmoaopoXkXajii Ha HECKOTOPOC KOJHUYCCTBO
IMPONCHTOB, 4 BO BTOPHUK IMOACHICBEIIM HA TO K€ CaMOC€ KOJIUYCCTBO IMPOILICHTOB. B peE3YIbTATC
|:":

OHH CTaJHM CTOUTH Ha A% JIeIIeBIie, YeM MPH OTKPBITUU TOPTrOB B MOHeAENbHUK. Ha ckombko
MPOLIEHTOB MOJAOPOKAIH AKIIUA KOMIAHUH B TIOHEAETbHUK?

Ha mepBbIit B3TJ1511 Ka)KeTCsl, UTO B YCIIOBHM OIMMOKA M II€HA aKIMi BOOOIE HE JOJIKHA
U3MEHUTHCSA. Benp OHM TOMOPOXKANW U MOJACHIEBENIM HA OJHO U TO )K€ YHCIO MPOIEHTOB!
Ho ne 6yaem cnemutb. [1ycTh mpu OTKPBITUH TOPTOB B MOHEACIBHUK aKIIMA CTOWIIH L' pyOIIeH.
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P

e U CTAJIA CTOUTH o (1 + 1[][]). Tenepb

K Bedepy noneznesnbHMKa OHU ITOAOPOKAIU HA p
|:"'.
y)K€ 5Ta BEJIMYMHA [PUHUMACTCS 3a 100 r‘{i, U K BeUepy BTOPHHMKA aKIUM IOJCLIEBEIN

0
na i 110 CpaBHEHUIO 3TO BennunHoi. CobepeM JaHHbIE B TAOIHILY:

B NOHeQeNbHWK YTPOM B NoHedenbHWK Be4epom BO BTOPDHWUK BE4epoMm

CTOMMOCTE aKUWit x € - (1 + %) T (1 - ﬁ) (1 B %)

497
Ilo YCJIOBUIO, AKX B UTOI'C MMOACHICBCIIM HA _l /{
[Tony4aem, uro

| N py_ A
! (1'+ 100) (1'_ 100) - (1 100)

[Mogenum obe yactu ypaBHeHuUs! Ha I (Beib OH HE paBeH HYJIO) W MPHUMEHHM B JICBOW YacTH
(bopMyITy COKpPAIIEHHOTO YMHOKCHHUS:

pg _1 l |
1007 100°
2 ]
pe 4
1002 100
20

ITo CMBICITY 3a1a"4y, BEIINUNHA p IIOJIOKUTCIIbHA. HonyqaeM, 4To P = &Y

Ne3 | Ilena xomomunpHMKa B MarasuHe €KEroJHO yMEHBIIACTCS HA OJHO H TO XKe YHCIIO
IIPOLIEHTOB  OT IpeAplaymen uneHsl. Ompenenure, Ha CKOJIBKO IPOLEHTOB KaXIbIA TOJ
yYMEHbIIANACh 1IEHA XOJIOAUIbHUKA, €CJIH, BHICTABICHHBIN Ha MPOJaXy 3a 2000 pyoueii, yepes
J1Ba roja ObLI MPOJIaH 3a 15842 pyOneii.

Ora 3ajada TOXE pelaeTrcsl Mo OJHOW W3 popMys, MPHUBEACHHBIX B Hayalleé CTaTbH.

0
XOJIOIUIBHUK CTOWII 20000 pyOneii. Ero nena aBa pa3a ymMeHbIIMJIACh Ha p Y, v Teneps oHa
paBHa:

P2
20000 (1 — L) = 15842
( 100) ?

(1_ p )2_15842
100/~ 20000°
n o2 709
(1_ p) _ fﬂull
100 10000
pr _ 89
100 100°
p=11.

Ned Yerpipe pyGamku nemreBne kypTku Ha 8%. Ha ckoibpKO IpOLIEHTOB MATH pyOalex
JIOPOKE KypTKH?

IIycTs cTomMocTh pybamrkm paBHa U, crommocts KypTku Y. Kak Bcerya, mpuHHMaeMm
3a CTO MPOLIEHTOB TY BEIMUYNHY, C KOTOPOW CPAaBHUBAEM, TO €CTh LIEHY KypTKHU. Torjga croumMocThb
YeThIpeX pyOallek CoOCTaBIIsET 92% OT LIEHBI KYPTKH, TO €CTh da =0, 92;{;'
CroumocTb 0J1HOM pyOamiku — B 1 pasa MeHbIIIE:

x =1, 23y.

A CTOMMOCTH MATH pyOaIlex:
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E E . ; EOF,
he=1.1hy=—y = 115%y.
r, I'.J 1 [][] I'.J I'-;
15%
[Tomyuwiiu, 4TO MATH pyOaIeK Ha U I0pOKe KYpTKH.
OrtBer; 15.

Ne5. Cembsi cocTouT U3 My’Ka, KEHBI U MX J0YepU-CTyAEHTKH. Eciu Obl 3apruiata myxa
0
yBEIUYMIIACh BJBOE, OOIIMN TOXOJ CEMBbH BBIPOC OBI HaGlr "’}[ Ecnu Ob1 cTunenaus nouepu

49
YMCHBIINJIACh BTPOEC, O6IHI/II/I A0X0J CEMbU COKpPATUIICA Obl Ha —l "f; CKobpKO IIPOLICHTOB
oT O6IH€FO A0xoaa CEMbH COCTAaBJIACT 3apIljiaTra JKEHBI?

Hapucyem tabmuity. CuTyanum, 0 KOTOPBIX TOBOPUTCS B 3ajaade («ecnu Obl 3apruiara

MyXa YyBCIWYWIaChb, €CIIN OBI CTUIICHIHUA OOYKH }’MCHI)H_II/IJ'IaCB...») HA30BEM «CUTYyal s ‘4'))
U «CUTyallusa B ».

MYX JKeHa 0Yb OO0muH 1oxoxn
B peanbHOCTH T y z r+y+ =z
Curyanus A 2 Y Z 1_. 67 (x + Y+ ;}

Curyamus B T U > 0,96 (x + y + =)

L] =

Ocranoch 3anucaTh CUCTEMY YPaBHEHUM:
2e+y+z2=167T(x+y+2)
1 :
r+y+ 3% = 0,96 (x +y + z)

Ho uto e mbl Bugum? J[Ba ypaBHEHMsI M TpU HeM3BeCTHBIX! Mbl HEe cMoxeM HaiTu &
, Y u Z no ornensrocTy. IlpaBaa, HaM 3TO M He HyXHO. Jlydile BO3bMEM MepBOE YpaBHEHHE
¥ 13 00eHX ero yactei BerateM cymmy L+ Y + 2

Monyam: & = 0,96 (x +y + z).

= ()
DTO 3HAYMT, YTO 3apIUIaTa MyXka COCTABIISET 67% or o6mero moxona cembr.
Bo BTOPOM ypaBHEHHH MbI TOKE BBIYTEM M3 06emx wacreil Belpaxenne L + Y + 2
YIIPOCTUM U MOIYYHM, YTO

x=0,006(x+y+ z).

|""'.
3HAYNUT, CTUIIEHANUS JOYKHU COCTAaBJISET 6% OT o0miero joxona ceMbu. Torma 3apruiata

JKEHBI COCTABIISET 27% o011ero 10xoja.

Orser: 27.

No6 PezepByap 3anonnsiercs Ha 95 %. Paccunrars, Moxer mu 6eH30B03 00beMoM 4 KyOa
CJIUTH TOIUTMBO B PE3epBYyap, €Ciau B HEM ocTaliock 75% ToruBa, a 00beM pezepByapa 10 kyooB.

Pewrenue:

1)10 xy6 : 95% = 0,1ky0 npuxoautcs Hal %

2)0,1ky6 x 95% = 9,5 xyba TomIrMBa HaXOAUTCS B pe3epByape

3)0,1 xy0 x 75% = 7,5 xy0a ToTuIMBa 0CTaJI0Ch B pe3epByape

4)9,5ky0 -7,5ky0 = 2 Kyb6a MOXKHO JAOJUTH B pe3epByap

OtgerT: 4 Ky0a CIUTH HETB3S.

Ne7. TInotHocTh »nekTposuTa MosHOCThIO 3apsokeHHOM AKB — 1,27 r/em3. Ilpu
ouepenHoMm TO-2 mokazanust ammnepmerpa — 1,22 r/cm3. Ha ckoibKo MPOLIEHTOB pa3psauiiach
Oarapest U JIOIyCKaeTcs JIM ee SKCIUTyaTalus B 3MMHee BpeMsi?

117



IIpakTnyeckas padora Ne32
Tema 6.5: TexkcToBbie 3a1aun MPOPECCUOHATHBHOTO COJEPIKAHUS
Heas: Hayuntbes pemarh 3aauil Ha ABMXKEHHE B IPOPECCUOHATIBLHOM 1S TETbHOCTH.

Teopernueckas 4acThb:

Craenyromuil TUI 3a1a4, KOTOPbIE MBI PAaCCMOTPHUM, — 3a7ayl Ha JBUxkeHue. Ilpu sTom
II0Ka Mbl OCTAHOBMMCSI Ha 33]1a4ax, I'71€ HET IBUKEHUS 10 BOJiE (peKe, 03epy U T. 1.). st pemeHus
3ajja4y Ha JBM)KEHUE HaM IOHA00UTCs: ONpeiesIeHe CKOPOCTH P PABHOMEPHOM JIBU)KEHUU:

V= %, rnue

V-CKOpOCTb,

t-Bpems,

S-paccrosinue.

13 KOTOPOI'0 MOXHO MOJIYyYUTh elle J1Be (GOpMYJIbl sl HAXOXKACHUS IIyTH U BPEMEHU IpU
PaBHOMEPHOM JIBUYKEHUU:

S =vt, rne

V-CKOpPOCTb,

t-Bpems,

S-paccrosinue.

t= E, Tae

\'4

V-CKOpPOCTb,

t-Bpems,

S-paccrosinue.

3amaga 2. /[Ba Benocuneaucra OJHOBPEMEHHO OTHIPABUINCH B 240-KHUIOMETPOBBIH
npooer. IlepBblii exan co ckopocThio, Ha 1 KM/4 OOJIbIIEH, YeM CKOPOCTh BTOPOTO, M MPUOBLT K
¢uHnmry Ha 1 yac panpme Broporo. HailTu CKOPOCTh BENOCHUTIEANCTA, TPUIIECIIICTO K GHHULTY
nepBbIM. OTBET AaiiTe B KM/U.

Pemenne

1. AHanus ycnoBus

Paccrosinue, koTopoe mpoexaiy BeIOCUIIEAUCTHL: S.

CkopocTb epBOro: vi, CKOpOCTb BTOPOTO: V2.

Bpewms nBrxenus nepBoro: ti.

Bpewms nBuxeHus BToporo: ta.

2. CocraBieHHre MOJIETU

Bpemst IBMKEHUS IEPBOTO BEIOCHIICNCTA!
13
t, = —
J- ¥
vy

Bpewms 1BHkeHNs BTOPOTO BEIOCUIIEANCTA!

CkopocTb 1epBoro BesocuneaucTa Ha 1 km/4 60JiblIe CKOpOCTH BTOPOrO:

v, =1 —1

Bpewms 1BrkeHus IEpBOTO BEJIIOCUIIEANCTA HA | Yac MEHBIIE BPEMEHU JIBUKEHUS BTOPOTO
BEJIOCUIIEIMCTA!

HOZ[CTaBI/IB TNICPBLIC TPU YCIIOBUA B HETBCPTOC, IOJTYyH4aCM YPABHCHHC!
5 5

_:—_1
vy vy, — 1

3. Pemenue 3amaun
Ham pano paccrosiame: s=240xkM. HaiiTu HeE0OXOIMMO CKOPOCTh BEJOCHIICIHCTA,
KM
MpUIIeANero K GuHUITY nepBbiM: vi—. It yno0cTBa 0603HaAYMM:
q
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=X
240 240

x x—1
[TomygaeM npoOHO-paIliOHATBHOE YPaBHEHHE, KOTOPOE MBI YK€ yMeeM pemliatb —
MIEPEHOCHM BCE CJIaraéMble B OJIHY CTOPOHY M IPUBOIUM JAPOOH K 001IeMy 3HaAMEHATEIIO:

240%"1 240 ¥

— - + 1wl =g
x r—1
240(x—1]—24ﬂx+x[x—1]_ﬂ
x(x—1) B
240x — 240 — 240x + x* — x
=0
x(x—1)
x%—x— 240
x(x—1) N

[IpupaBuuBaem unciautenb apodu k 0 (mpu 3toM x#0;1 , T. K. 3HaMeHarelnb He paBeH 0):

x*—x—240=0

[ x, =16

CkopocTh He MOKET OBbITh OTPULIATEIBHOMN, IO3TOMY OTBET B JAHHOM 3a/1au€ — CKOPOCTh
NepBOTo BejocunenucTa 16 km/4.

Ortser: 16 xM/u.

Pewenue 3a0anuitii:

Nel Heobxonumo paccuntaTh KOJMUECTBO TorumBa Ha peiic (Tpacca «Kypck-MockBay,
pacxoj aBromo6uiist Mmapku «Man» 10 1/100kMm. ), eciiu paccrosnue ot Kypcka 1o Mockssl — 830
KM.

Pewrenue:

MuHuMabHOE  KOJHMYECTBO TOIUIMBA, KOTOpOE CIEAyeT 3aluTh B OeH300ak
830:100%10=83x.

No2 JIns MamuvHbl, ABUXKYIIEHCS cO CKOpocThio 30 M/C, TOPMO3HOM TyTh ONpPEACNIsIeTCs
dopmyioit s(t) =30t—16t>, rae s(t) — myTh B MeTpax, t — BpeMsi TOPMOKEHHS B CEKyH/axX. B
TEYEHUH KaKOTO BPEMEHH OCYIIIECTBIISICTCS TOPMOKEHHE [0 TIOJTHOM OCTaHOBKH MammmHbl? Kakoe
paccTosiHUE MPONUIET MalllMHA C Havaia TOPMOXKEHHUS J0 MOJTHOM ee OCTaHOBKU?

Ne3. OmpenenuTh MUHUMAIBHO O€30TAaCHOE PACCTOSHUE /10 aBTOMOOWIISI, €CIIM IIMPUHA
npoe3xel 4acTH, Ha KOTOPOH OH Mpe/ICTaBIIsAeT OMAaCHOCTh — 8 M, CKOPOCTh aBTOMOOMIIS 60 KkM/4
(17 m/cek), ckopocTsb nemexoaa — 1 M/cek.

Ned. Onpenenutp Ge30macHbIl MHTEPBAT MEXIY ABIKYIIUMHCS B OJHOM HaIlPaBICHUU
asromobmisimu 3UJI u KamA3. Ckopocts aBromo6mist 3UJI — 60 km/4, CKOPOCTh aBTOMOOMJIS
KamA3 — 90 xm/4.

IIpakTyeckas padora Ne33
Tema 6.5: TexkcToBbie 3a1aun TPOPECCUOHATHBHOTO COJEPIKAHUS
Heas: HayuuThcs pemaTh 3agaud Ha COBMECTHYIO paboTy B mpodeccCHOHaTbHOU
JeSITeIbHOCTH.

Teopernyeckas 4acThb:

PaccMoTpuM npumepsl TEKCTOBBIX 33124 Ha COBMECTHYIO paboTy.

3amaua 3. 3aka3 Ha 110 meraneit mepBbIid pabounii BBHIMIONHSAET HA 1 4ac OwIcTpee, Yem
BTOpoi. CKOJBKO JieTanell B 4ac JeNlaeT BTOPOil paboumii, €Cii M3BECTHO, YTO IMEPBBI 3a Yac

JIeJaeT Ha 1 JeTajb OOJIbIIE?
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Pemienue

1. Ananu3s ycnoBusi.

KommuectBo neraneit: s.

CkopocTtb paboThI epBoro padouero: vi. Bpems ero paboTsr: t;.
Ckopoctb paboTsl BTOporo padbodero: v2.Bpems ero paboTsr: to.
2. CocTaBieHue MOAEIHN

S
Bpewmst paboTtel mepBoro padouero: t=—
1

S
Bpewmst pabotbl BTOpOro padbodero: t=—
2

[Tpu 3TOM 1O YCIIOBHIO, IEPBHIi BBIIOIHSIET paboTy Ha 1 1 ObicTpee BToporo: t1=tz-1
ITo ycnoBuio cKOpoCTh NEPBOTr0 paboyero, KOTOPbIM M3roTaBIMBAaeT Ha 1 jerans B yac
Oonbe: vi=va+l
IToncrasnsiem nepBoe U TpeTbe yciioBue Bo BTopoe. [losyuaem ypaBHeHue:
110 110
—= -1
va +1
3. Pemenue 3agauu
IHomyuynnu 1poOHO-pallMOHANBHOE YPAaBHEHHUE, KOTOPOE MbI YK€ YMEEM PpeLIaTh.
[TepeHocum Bce ciiaraeMble B OJJHY CTOPOHY, 3aT€M IIPUBOAUM ApOOH K 001IeMy 3HaMEHATEIO:
110 W= 110'w=*!
v, +1 N
110v, — 110w, — 110 + v5 + v,
v, (v, + 1)
v + v, — 110
vy (v, + 1)
[IpupaBuuBaem yncnutens K 0 (mpu 3ToM vo#-1,0, T. K. 3HaMeHaTenb He paseH 0).
vi+ v, —110=10
v, = 10
[uz = —-11
T. k. pabounii He MOXKET M3rOTaBIMBaTh OTPULIATEILHOE KOJIWYECTBO AeTallel B 4ac, TO
HOJIy4aeM, YTO BTOPOH paboUMii M3roTaBIMBaEeT JeTalel B yac.
Otgert: BTOpO# pabounii uzrorasnuaet 10 neraneii B yac.

+ 1".,1:5 (vet1l) — 0

Pemenue 3aganmii:

Nel. Kommanus «beToH-mapTHep» AOCTaBISET OETOH MJsl CTPOUTENbCTBA OOBEKTOB
Kypckomy 3aBogy KIIJI- Mukcepamu BMecTUTeNbHOCTHIO MO 5 U 10 kyboB. 3a oaMH yac
cTpoutenu MoryT npuHsTh He 6onee 10 KAMA3oB, npu 3Tom He 6onee § KAMA30B 1o 5 kyOoB
u He O6onee 6 KAMA3oB no 10 ky6oB. Cxonpko KAMA3oB 110 5 1 10 Kky00B HY»KHO OTIPaBIATh
Ha CTPOUTENBHYIO TUIOMIAAKY 32 1 yac, yToObI IepeBO3UTh HaUOOJIbIIIEe KOJIMYeCTBO OeToHa?

Bcero 3a onun vyac nepeBo3utcs 5x +10y kyooB 6eToHa. 3aava cBeIach K HaXO0XKICHUIO
HauOOJIbIIEro 3HAUCHUS TuHEeHHOoM ¢yHKmu: S(X ; y) = 5x + 10y. B xozae pemenus nomyunm:4
KAMA3a no 5 ky6os u 6 KAMA3o0B no 10 ky6oB 6eToHa.

Ne2. Tlpu moaBojKe ra3a K JOMY HMCIOJB3YIOT TPyOBl pa3MepoM 3 U 5 METpOB, HYKHO
npoioxkuTh 40M. Ckoibko TpyO pa3HOTO pa3Mepa HYXKHO HCIOJIb30BaTh, YTOOBI OBLIO
HaMMEHbIIIee KOJIMYECTBO CBAPOYHBIX IIIBOB?

Pemenne. O603HaYMM X —4uCI0 3-X METPOBBIX TPYO, y —4HCIIO 5-TH METPOBBIX TPYO.
Pemaem ypaBHenue 3x +5y = 40 B menbIX yHMciax, BbIpa3uB, HAIpUMeEp, IEPEMEHHYIO Y depe3
MEPEMEHHYIO X.

Ne3. JIBoe pabounx, paboTast BMECTE, MOT'YT BBIIIOJHUTH MTPOU3BOICTBEHHOE 3a/laHHE 32
20 mHei. 3a CKOJIBKO JHEH MOYKET BBITIOJHUTD 3aJjaHUe KaXKIbIN U3 HUX, pa00Tasi CaMOCTOSITEIIBHO,
€CIIM OJJTHOMY U3 HUX JJIS 3TOT0 Ha/10 Ha 9 nqHel Oosnblie, yeM Apyromy?
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Pemenue:
[Ipumem Bce 3amanue 3a eqununy. [lycts II pabounii, pabotast caMOCTOATEITHLHO, MOXKET
BBINIOJIHUTH BCE 3aJlaHue 3a X AHel, Torna I — 3a x+9 nguen.

Bpewms [Ipon3BoaUTENBHOCTD O6bem
paboThl Tpyza paboThl
I paGounii x+9 %—H‘I 1
I
II paGounii X — 1
T
Bwmecte 3a 1 neHp paboune BBITOJIHSIOT
1 1
_|_ —_
r+9 =

3aganud. 3a 20 1Heil BMeCTe OHM BBINIOJIHAT Bee 3ajanne. CocTaBUM ypaBHEHHE:
o1 1.
20 (——=+—-)=1
r+9

T .".. -1
200 2000 ey

_|_
r+9 T
20+ 20(x +9) — x(x + 9)

x(x+9) B
20 + 20z + 180 — x2 — 9z
r(r+9)
—r? +31r +180 0 - { —z? +31r+ 180 =0
r(r +9) r(r+9)£0
r(r+9)£0,=x£0x#£ -9
w* —31r — 180 =0
1 =ab,r9 = —5h.

0

=0

Bropoii kopeHb HE MOAXOAUT MO CMBICIY 3aJaud (TaKk Kak BpeMsl HE MOXKET ObITh
OTPHILIATENIbHBIM YU CIIOM). 3HAUuUT, II paboumnii, paboTas caMOCTOATENbHO, MOXKET BBINIOJIHUTH BCIO
pabory 3a 36 nuei, a [ — 3a 36+9=45 nneii.

OrTBer: 3a 45 nqHel U 36 gHEH.

W emie onHa 3a1aua Ha COBMECTHYIO padoTy.

Ned4. Ogun Hacoc MOXKET HANOJIHUTH OaccelH Ha 24 yaca ObicTpee, ueM apyroil. Uepes 8
4acoB I0OCJI€ TOTO, Kak ObUI BKJIIOUEH BTOPON HAacoc, BKJIIOYWIM NEpBbIM, u yepe3 20 yacoB
COBMECTHOM paboThl OKa3zajoch, YTO 3amoiHeHo 2/3 OacceliHa. 3a CKOJBKO YacoB MOXKET
HaIOJIHUTH 0ACCEMH KaX bl HAcOC, paboTast CaMOCTOSTEIHLHO?

Pewrenue:

[Tpumem Bech Oacceitn 3a 1. [Tycts I Hacoc, paboTast caMOCTOSATETHLHO, MOYKET HAITOJTHUTH
BeCh OacceliH 3a X yacoB, Toraa Il — 3a x+24 yaca.

Bpewms [Ipou3BoIUTENBHOCTH O6bem
paboThI Tpyaa paboThI
I'macoc X % 1
1
IT Hacoc x+24 S——— 1
T+ 24

N3zBectHo, uTo Il Hacoc Obut BkItoueH 8+20=28 gacoB, a [ — 20 gacoB, u 3a 3TO BpeMms

OHM HanoJHUIH 2/3 O6acceitHa. CoCTaBUM U PEIINM YpaBHEHHUE:
20 28 2

4+ =
T T4 24 3
O6e yacTH ypaBHEHHS IC]IUM HOWIEHHO Ha 2 U IEPEHOCHM BCE ClIaraeMble B JIEBYIO YacTh:

121



1043z +24) 1443 1 \zlz+24)

+ — = =0
T r+24 3
30(x+ 24) + 427 — x(x + 24) _0
3r(x+9)
30z + 720+ 42z — 2? — 24z )
3x(xr + 24)
30z + 720+ 427 — 2% — 24z )
3x(r + 24)
—x? + 48z + 720 [ —2? 48+ T20=0
3z(r+24) { 3x(r + 24) £ 0

3rx(r+24)#£0, = #0:x £ —24
—rt 482+ T20 =0
22 — 48z — 720 =0
1 = 60,10 = —12.
Bropoit kopeHb — mocropoHHMH. 3HauuT, | HAacoc MOXKET HANOJHUTH OacceH

camocTosaTenbHO 3a 60 yacos, a II — 3a 60+24=84 yaca.
OrtBert: 3a 60 yacoB u 84 yaca.

IIpakTnyeckas padora Ne34
Tema 6.6: KontponbHas pabdora 1o pasaeny 6 «YpaBHEHHs 1 HEPAaBEHCTBa»

Hean: [IpoBeputh ypoBeHb YCBOCHUS JaHHOI'O MaTepuana mo pasieiny 6 «YpaBHEHUS U
HEPaBEHCTBA»

Ilpu pewenuu 3adanuii  1-4 3anuwiume npPAGUNbHLII OMEEM U3 Yemblpex
NPeONoHCEHHBIX:

1. (1 6amm) Kakoe u3 uncen sBisieTcst KopHeM ypaBHeHHs log, (x + 1) = 1

A)-1;5)2;B) 1;I) 0.

2. (1 6ann) Kakue n3 ypaBHEeHHI UMEIOT Oojiee 0JTHOTO KOPHs?

A) x?-6x+5=0; B) 3*"2=9; B) (x-4)(x+3)(x-8)=0; I') 2x-7=0.

3. (1 6amn) Onpenenute BU ypaBHEHUss V—32 — X = 2

A) nuneiinoe; b) kBanpatHoe; B) uppanuonansHoe; I') pannonaibHoe.

4. (1 6amn) OnpesenuTe HaMMEHBIIEE HEJ0E PEIEHHE HepaBeHCTBa 5¥ <17

A)-3;5)0;B)3;T) -4.

Ilpu ¢vinonnenuu 3ad0anuii 5-8 3anuuwiume x00 pewieHusA U NOJIYUEHHbLIL Omeent.

5. (2 6anna) Haiiaure KOpeHb ypaBHEHHUS | x-3 | =2

—y =38,

6. (2 6anna) Pemute cuctemy ypaBHeHUI {;_33] — 16,
2_

7. (2 6amna) Pemnte HepaBeHCTBO 2 < &

x-3

8. (2 6ayuta) Pemmte ypaBuenune (2x — 3)V3x? —5x—2 =0

Idmanonvt omeemoes:

Howep 1 2 3 4 5 6 7 8
3aaHus
OtBet B B B A ;5 | (10;2) (-00; 0]; [2; 3) -1;6
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IIpakTnyeckas padora Ne3S
Tema 7.2: [lonsatre o mpou3BOAHON PYHKITUH
He.]]b: Onpez[eJme CYIIHOCTb IOHATUA I[POU3BOAHASA, HAYYUTHBCA  BbBIYUCIIATH
MIPOU3BOIHYIO, UCIIOJIB3YS MIPEIEbl.

TeopeTnyeckas 4acThb:

[IpousBoaHas - riiaBHeillIee MOHATHE MaTeMaTH4ecKoro aHanu3a. OHa xapakTepU3yeT
u3MeHeHue (YHKIUU apryMeHTa X B HeKOTOpo# Touke. [Ipu 3ToM 1 cama npou3BoaHas SABISETCS
dyHKIMEH OT aprymMeHTa x

« = X
Tpouseoonoii ynxyuu * S :IB To4Ke * Ha3pIBaeTCs mpezei (€Ciau OH CYIIECTBYET U
KOHEYEH) OTHOLICHHS MpupaiieHus (yHKIUM K OPUPAIICHUIO apryMEHTa MPU YCIOBUH, YTO
IIOCJIEZIHEE CTPEMUTCS K HYJIIO.

To ecTs,
Fixy = lim 2 o g SETAD =S
ax—=0 A Ax—=0 B
HauGonee ynorpeOuTenpHbI CICTYIOIINE 0003HAUEHUSL RPOU3BOOHOI:

dy (II'
.}’ f (x) dx’  dx
AJITOpUTM HaXOXKIEHUS IPOU3BOIHON

f(xo)

Ji1st Toro yToOBI HANTH HYXXHO:

1) 3apmate mnpuparieHue Ax _ 9TO MpHUpalIeHUEe aprymeHTa BBIUUCIIUTh
y A Xo + Ax X
COOTBETCTBYIOIIEE TIPHPAIECHHE (1)yHKIII/II/I Y v f=1x )= I( ':")
Af
2) Haiit pa3HOCTHOE COOTHOIIEHHE 4%, yIIPOCTHTEH €r0 U COKPATHTh Ha

Af
Ax —= 0

3) Ecau otHomenue 4% mpu CTPEMHUTCSI K KaKOMY-TO YHCIYy, TO 3TO YHUCIO

fJ(xu)'

Oyzner

Pemenue 3aganmii:
IIpumep 1. [Tons3ysck onpeaeseHueM NPOU3BOAHOM, HAUTH IPOU3BOIHYIO (DYHKIMH
y=nfx+1
Pemenue. N3 onpenesieHnst mpoOM3BOAHON BBITEKAET CIEAYIONIAs CXEeMa €€ BBIYMCICHUS.
Jlamqum apryMeHTy npupalieHue (J1enbTa) U Haiiém npupaieHue QyHKIum:
Ay =afxt+hx+l—nfz+1
Haiiném oTHomeHue npupaiienus GyHKINU K TPUPAIICHUIO apryMeHTa:
Ly w'rx+£-.x+1—\.'rx+1 _
Fi¥s Ax

(q,u"x+,-i-.x+ 1 —«fx+1)(\fx+ﬁx+1+~,u'rx+l)

ﬁx(\-’x+ﬁx+1+«fx+ 1)

T+hx+l-(x+1)

ﬂx(-qr'x+ﬁ.x+1 +-Jx+1) B
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Ax

- ﬂx(u{x+ﬂx+1 +qfx+1)

1

Jx+ﬂx+1+\.'rx+1 '
Bpruncium mpenesn 3TOro0 OTHOLIEHUS IPU  YCIOBHM, YTO MPHUPALICHUE aApTyMEHTA
CTPEMHTCS K HYJIIO, TO €CTh TPEOYEMYIO B YCIIOBHH 33J1a4H TIPOU3BOIHYIO:

: 1
litn =
ix—0 Jx+1&x+1+—\.'rx+%

N TSN T RPN e

Ipumep 2. Haiitu npou3BoAHYI0 (QyHKIIUN

y= fix)=2x"+1.

Pemienne. M3 onpeneneHuss NPOU3BOJHOM BBITEKAET CIEAYIOMIAs cxeMa s €€
BBIYHCIICHUS.

Har 1. JlTaaum aprymeHTy npupalieHue A7y Haiiném
y+hy = flx+Axn)=20x+Mx) +1=

= 2xi fdxehn+2(Ax0° +1.

ar 2. Haiiném npupaienue GyHKIUH:

Ay = f[x+ﬂx:l—f[x:l:

=2 +dxenr+2(ax) +1]- (247 +1)=

= dxehr+2(Ax)"

Hlar 3. Haiiném oTHOIIEHNE NpUpaIleHust GYHKIUHU K IPUPAIIEHUIO apryMeHTa:
by dxehx+2(Ax)  Ax(dx+24x)
Ax Ax  Ax
=dx+2hx

ar 4. BeruncnuMm npeen 3Toro OTHOLEHUS Ipu 4x =0 10 ects MIPOU3BOJIHYIO:
y=F(x)= lim (4z+247) =4x

v =X o o
Mpumep 3. Haiiti npomssoguyio dyHKmm » U 3HAYE€HUE OTOW NPOU3BOIAHOMU

npu * = 9
Pemenue. Bocnonb3yemcs cxemoil, npuBeIEHHON B ipuMepe 1.
[Iar 1.
y+ihv= flx+Ax)=Jx+Ax
[IIar 2.
Ay = Flx+ix) — F(x) =z +Ax —fx.
[Iar 3.
by  fxthx-— ﬁ
Ax Ax '
[Iar 4.

v = £ = lim 2 = tim —M_
a0 1"1':.?{ ax—0 1"_I"|..'-'f
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Bripaxkenue 1o 3HakoMm Ipefena He ONPEIeNICHO MpU bx=0 (HeompenenEHHOCTh BUIA
0/0), moaTomMy mpeoOpaszyeM ero, U30aBUBIINCH OT UPPANMOHAIBLHOCTH B YUCIIHTENC U 3aTeM
COKpaTHUB JIpO0b:

i («#x+&x—ﬁ)(ﬂx+&x+ﬁ)_
I BTN v

Mz

= lim =

0 aart hr 4]

: 1 1
RN N N

Haiiném 3HaueHne npou3BOIHOM pu * = 2.

yoa=F@=1/2401=1/6.

IIpakTuyeckas pabora Ne36
Tema 7.3: ®opmynsl u npaBuiia auddepeHInpoBaHMs
Hean: HayunThcsi BEIUMCIATH POU3BOAHYIO (DYHKIMH, UCIIOIb3Ys (GOPMYIIbI U MpaBUiia
Qg epeHIpoBaHusI.

Teopernyeckas 4acThb:
®opmynsl auddepeHInpoBaHUS

].. r: = . 4
c _'0, ¢ = const 12. (arcsin x) = 1 :
2. (x”) = ! 1-x~
g ' 1
3 (ar) —Fha 13. (arccosx) =— —
.- —x
x| _ X r
4. (e ) € 14. (arctgx) = ! .
5. (log, x) = ' L+x
| xlna 15. (arcetgx) = ———
x 16. (shx) =chx
7. (sinx) = cosx 17. (ch :qc)r =shx
8. X) =—sin: '
(cos:c) lsmr 18, (thx) = l,,
0. (&) :F ch“x
v 19. (thx) =——
10. (tgx) = —= sh“x
cos“ x
11. (ctg:c)' =—— 1,)
SIn” x

IIpu BBIYUCIICHUU MIPOU3BOIHOMN HCIIOIB3YIOTCS CIeayIoIue IpaBUIa
nuddepennupoBanus. [lpaBusio nuddepeHnupoBanusi CcyMMbI IBYX (DYyHKITHH.
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[TpousBomHas CyMMBI paBHa cymMMe TTpou3BoaHBIX: (f(X) + g(x))' = f'(x) + g'(x).

[Togpo6HO 3TO CBOWCTBO TPOM3BOAHOU (dopmynupyercs Tak: Ecom kaxmas wu3
byukuuu f(x) 1 g(X) UMeeT NPOM3BOJIHYIO, TO HX CyMMa TaKKe HMEET IPOU3BOAHYI0 U
crpaseInBa Gpopmyia.

[Tpon3BoHasi CyMMBI HECKOJIBKUX (DYHKIIMU paBHA CYMME IPOU3BOIHBIX 3TUX (DYHKIIMHU:

(f(x) +...+ gx))' =f'(x) +...+ g'(x).

[Tpou3BoaHas pa3HOCTH paBHA pazHOCTH Mpou3BoAHBIX: (f(X) - g(x))' = f'(x) - g'(x).

A Tenepb pacCMOTPUM IPUMEpP MPUMEHEHUs JAaHHOTO MpaBuiia nuddepeHupoBaHusl.

Paccmotpum BTOpOe mpaBuiio nuddepeHmpoBaHus:

[TocTosIHHBIN MHOKHUTEIh MOYKHO BHIHECTH 32 3HAK IMPOU3BOIHOM:

(cf(x))'=cf "' (x)

[lepexonum k Tperbemy mpaBuiy auddepenunpoBanus. [IpousBonHas npousBeaeHUS
paBHA NIPOU3BEICHUIO IIEPBOIO MHOXKHUTENS HA BTOPOU IUIFOC IIEPBBIM MHOKHUTEINb, YMHOXKEHHBII
Ha pou3BOAHYI0 BTOporo. (f(x)-g(x)) '=f' (x)-g(x)+{(x)-g' (X)

YerBepToe mnpaBwio AuddepeHUHPOBAHUS: IPOU3BOJHAS  YAaCTHOIO  paBHA
MPOU3BOTHON YHUCIUTENS YMHOKEHHOTO HAa 3HAMEHATelIh MHHYC YHMCIUTENb YMHOXXEHHBIA Ha
NIPOM3BOIHYIO 3HAMEHATESI U BCE ITO JCJICHHOE Ha KBaJpaT 3HAMEHATEIIsI.

(f(x} ) g — Fx)g'(x)
glx)) g°(x)

Pemenue 3ananuii:

Mpumep 1.

Haiinem npou3BoaHy0 GYHKIUH: flx) = 2x% + 4x

Pemenue:

MPOM3BOJIHAST CYMMBI paBHa CyMME NPOU3BOJHBIX. Haljem NpOW3BOMHYIO Ka)IOTO
CJIaraeMoro

Fiix)=02x2+4x)" = (2x%)" + (4x)’

filx)=4x+4

Orper: f'(x) =4x +4

IIpumep 2.

Haiitu npoussoanyio Gpynkiuu f(x)=8x>+3x%-x.

Pemenne:

f(x)=8x>+3x2-x

£ (x)=(8x%)’+(3x%)’-x’

PaccmoTpuM KaxpIil 4jeH MHOTOUIEHA 110 OTJETbHOCTH

(8x%) '=8(x?) '=8-3x?=24x>

(3x?) '=3(x?) '=3-x=6x

(x) '=-(x)=-1

' (x)=(8x>) +(3x?) '-x'=24x>+6x-1.

Otser: f' (x)=24x>+6x-1.

IIpumep 3.

Haiitu npousBognyro pynkmmn f(x)=(3x-4)(4-5x).

Pewrenue:

Bocnonszyemcs popmyiioit mpou3BOgHOM MPOU3BEICHUS

f (x)=(3x-4) ' (4-5x) + (3x-4)(4-5x) '=3(4-5x)-5(3x-4)=12-15x-15x+20= 32

Ortsert: f' (x)=32

IIpumep 4.
3x—2
X)) =
Haiitu npousBoaHy0 QyHKIMH x+3
Pemenue:

Bocnonb3yemcst popmyinoit mpon3BoAHOM YaCTHOTO:
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G —2)"(x+3)—CBx—-2)(x +3) 3 3(x+3)—(3x+2)  3x+9-3x—-2 7
(x +3)° B (x+3)° B (x+3)° C(x +3)2

f'{x) =
7
OrtBerT: e = (x +3)°

IIpakTnyeckas padora Ne37
Tema 7.6: ®u3nueckuil U FEOMETPUUYECKUI CMBICI IIPOU3BOJIHOMN
Hean: Onpenenuts (U3NYECKUA W TEOMETPUYECCKUN CMBICI MPOU3BOJHON, HAYYUTHCS
pemath 3aJa4u Ha MpUMEHEHHE (PU3NYECKOTO U TEOMETPHUECKOTO CMBICIIA.

TeopeTn'{eCRaﬂ 4acThb:

I'eomeTpuyecknii cCMbICJI IPOU3BOHOM
——————— ¢ B
Af
AJ 1C

ECnu Mbl paccMOTPMM NpAMOYronbHbii TpeyronsHuk A B, To sametum, uto %i- ectb tgBAC.

A npu cTpemnedmnmn AT K Hynio, Touka B 6yaet npubnnxatecs k Touke A u cexywan AB «npespatutca» B
KacaTensHyio K rpaduky dynkumm f(x) 8 Touke A(zg; fzo)).

MosTomy FBOMETDM‘IECKHﬁ CMbICH I'I|J0H3BOHHOI7I TaKDB:

MpousBoAHas B TOYKE Xy PaBHa TAHTEHCy YIfla HAaKMOHa KacaTenbHOW K rpaduky dyHkuMu (&) B 3ToRA
TOUKE:

f'(z0) = tge,

rAe (x — ¥yron HaKnoHa KacatensHol {(NpoBejeHHOR K _,f(’z:} B T..Xpn)

KacareiabHas

=
é
o
53
>

Du3HYeCKUN CMBICJ POU3BOIHOM

Ecnw Touka ABVMMKETCH BAONb OCKM T M €€ KOOpAWHATblI M3MEHAKTCA MO 38KOHY :!.'(f), TO MTHOBEHH&A CKOPOCTb
TOYKW:

o(t) = o/(t),
a ycKkoperne:
a(t) =v'(t) = 2"(1)

~ e e
MpuMep. MaTepuansHas TOUKa JBIDKETCH NpAMonuMHeiHo no sakory &(t) = 68° — 481 + 17, rae (1) —
PACCTCAHWE OT TOUKW OTCYETa B METpaX, I — BpeMs B CeKyHOaX, M3MEpPEHHOEe C HaYana gBixeHus. Haigute
ee CKOpoCTb (B METPax B CeKyHOy) B MOMeHT epeMenn T = 9.
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v(t) = 2/ (t) = 12t — 48;
v(9) =129 — 48 = 60 m/c

OTeeT: 6.

Pelnenne 3axanui:

Nel. Haiigure yrioBoi ko3¢ duuneHT kacaTenbHON, MPOBEACHHOH K rpaduKy QpyHKIUN
f(x) = 14x - x2 + 5 B Touke ¢ abcmuccoit x0 = 3.

No2. Haitnute TaHreHC yria HakJIOHa KacaTelnbHOU K rpaduky Gynkinuuf(x) =+ 12x -3 B
TOYKE ¢ abcuuccoi Xo = 2.

Ne3. [Tpu nBUXkEHUM Teja 110 NPSAMOM pacCcTOsHUE S (B METpax) OT HAYaJIbHOM TOYKU
M3MEHSETCS MO0 3aKOHYy S(t) = - 42+ 15t +2 (t - Bpems BIKeHUS B ceKyH1ax). Haiitu ckopocthb

(m/c) Tena yepes 3 CeKyH/IbI ITOCIIC Havajia JIBHKEHUSI.

Ne 4. BBITOTHATD 3a1aHUS

BapuaHT Ne |

1. Haiinure  yrmoBoil KO3 QUIMEHT
KacaTeIbHOH, TPOBENCHHON K rpaduky
dyukuun fix) = 5x°- 3x*- 7 B Touke c
abcruccoit xo = - 1.

2. HaiiguTe TaHreHC yrjia  HakJIOHA
KacaTenabHON K rpaduky ¢ynkuuu f(x) = 4
- sin X TOYKe ¢ abcuuccoi Xo = 6.

3. Ilpm nBwxeHuum Terna MO HPSIMOU
paccrosHue S (B MeTpax) OT HadalbHOU
TOYKHM M3MEHseTCs Mo 3akoHy S(t) =t - 3t +
1 (t- Bpems nBuKeHUS B cekyHaax). Haiitu
CKOPOCTh (M/C) Tena depe3 6 CEeKyHJ Mocie
Hayaja JIBUKEHUS.

BapuaHT Ne 2

1. Haiinute  yrioBoit  ko3dduumeHt
KacaTeNbHOH, TIPOBEIEHHOH K Tpapuxy
yukuum fix) = 2x*+3x*-5 B Touke cC
abcrmccoit xo = -2.

2. Haiigute TaHreHc yriia HakJIOHa

KacaTenbHOU K rpaduky ¢ynkuuu f(x) = 10
- COS X B TOUYKE ¢ a0CIMCCOM Xo = .

3. Ilpu pBWXeHHMH Tena MO NPSAMOKR
paccrosiHue S (B MeTpax) OT HadajabHOU
TOYKHM U3MEHsETCs 110 3akoHy S(t) =t> + 15t +
2 (t - BpeMs ABWXKEHHUA B cekyHaax). Haiitu
CKOpOCTh (M/C) Tena yepe3 8 CeKyHJ| Mocie
Hayaya JABIKEHHS.

Ne5. Haiinure a6eimccy Touku rpaduka pyHKIUU y = X> + 7X - 9, B KOTOPOii KacaTesbHas,
IPOBEJCHHAs K 3TOMY IpaduKy, napaaieiabHa npsaMoi y = -5x.

Ne6. Touka ABMXKETCS MO KOOPAMHATHOM MpsAMOi cormacHo 3akoHy x(t) = 1,5t + 7t-11,
rae x(t) - koopMHaTa TOYKH B MOMEHT BpeMeHH t. B kakoif MOMEHT BpeMeHH CKOPOCTh TOYKU
Oyner paBHa 137

Ne7. BoibpaTh BEpHBIil OTBET:

BapuanTt Ne 1

1. Touka ABMXKeTcs MPAMONHMHEHHO 10 3akoHy S(t) =t - 2t? BriGepute, Kakol u3
(dhopMyI1 3a1a€TCsl CKOPOCTH IBUKEHHSI 3TOM TOUKM B MOMEHT BPEMEHHU t.

1) 3t2-22) t? -4t 3) - 4) 3t> -4t

2. Haliaute TaHreHc yriia HakjJoOHa KacaTelbHOH K rpaduky GyHKIuu y = X(X - 2) B
TOUKe ¢ abcuuccoit Xo =4.

1)82)63)44)0

3. Ilpu mnpsAMOIMHEHHOM JBHXXEHHMH Tena MmyTh S(t) (B MeTpax) H3MeHseTcs IO
3akoHy S(t) = 5> - 15t> +12. B kakoii MOMEHT BpeMeHH yCKOpEHHe Tesa Oy/eT paBHO HYI0?
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1) Ic 2) Oc 3) 2c 4) 0,5¢

4. Tlox KakuM YIJIOM K MOJIOKUTEIHLHOMY HANpaBlIEHUIO OCH abcuucc HaKJIOHEHa
KacaTebHas, IPOBEIeHHAs B 000 TouKke KpHBOH y = -2X° - x> - 4x +1000?

1) ocTpbIM 2) TYnIbIM

3) npsimbim 4) napaiienbHa ocu Ox

Bapuant Ne2

1. Touka ABMXKETCA MpSIMONMHEHO Mo 3aKoHy S(t) =t° - 2t> Beibepure, kakoil u3
(hopMyII 3a1a€TCsl CKOPOCTH IBUKEHHSI 3TOM TOYKH B MOMEHT BPEMEHHU t.

1)5t-22)t*-t3) - 4) 5t* -4t

2. Haiigute TaHTeHC yriia HaKJIOHA KacaTeiabHOH K Tpaduky QyHkimm y = x(x + 3) B
TOYKe ¢ adCLIMCCON X0 = 2.

1)12)53)74) 10

3. Ilpu mpsMonuHENHHOM MABMXKEHHUU Tena myTh S(t) (B MeTpax) M3MEHseTCs IO
3akony S(t) = 2t - 6t +12. B kaKkoif MOMEHT BpeMeHH YCKOpEHHe Tesla OyIeT PaBHO HYIO?

1) 1c 2) Oc 3) 2¢ 4) 0,5¢

4. Tlox KakuM YIJIOM K TMOJOXXUTEIHLHOMY HANpPaBICHHIO OCH abCIMCC HaKJIOHEHA
KacaTelbHas, IPOBeIeHHAs B 000 Touke KpuBOH y =2x° + x° + 4x +1000?

1) octpbiM 2) TymbIM

3) npsmbim 4) napamiensHa ocu Ox

IIpakTuyeckas pabora Ne38
Tema 7.7: YpaBHeHue KacaTenbHOH K rpaduky QyHKINN
Henab: HayunTscs coCTaBisSATh ypaBHEHUE KacaTeNbHOM K rpaduKy QYHKIUY U IPUMEHSATH
dbopmyry st TPUOTHUKEHHBIX BHIYUCICHUN 3HAYCHUI BBIPAKEHUN.

Teopernyeckas 4acThb:

Bcnomunum reomerpuyeckmii CMBICJI MPOU3BOJTHOM: ecnu K rpaduky
y=f|z| Ty
byHKIIUN . /B TOuUKe MpoBeJieHa KacaTelbHasi, TO KO3((UIMEHT HaKIOHa
KacaTeJbHON (paBHBIM TAHTEHCY YIJla MEKIy KacaTeJIbHOM U MOJIOKUTEIbHBIM HalpaBlIEHUEM
- T
OX - 0
ocHu ) PaBEH NPOU3BOAHOM QYHKIIMH B TOUKE .

@---------

=
S
n

X)L

sl k=tga=f .I:U

| T35y |

Bo3pMeM Ha kacaTtenbHON TPOU3BOJIBHYIO TOUKY C KOOPJIWHATAMH ' /e
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y=kx+b

i e o

ABC.

U paccMOTpuM IpsIMOYTOJIBHBIN TPEYTOJIBHUK
P

-
|
o ---

He--—------

y-f(xn)
tga:BC =—=f'(:ro)

AB T-T
B sTtom TpeyronbHuke

REaEOS

%0054

i) oo

y—f(r J
DTO U ecThb ypaBHEHHE KacaTelbHOM, MpOBEACHHON K rpaduky (QyHKUIHUU ( B

T,
TOUKE .
ANTOpUTM NTOCTPOEHHUS KacaTelbHON

War 1. HaitTh 3HaueHKne (yHKUKMW B TOYKe KacaHua f(zg)

LWar 2. Haittv obuiee ypaBHeHue nponssofHoi f'(z)

War 3. HailTh 3Ha4YeHne NPON3BOAHON B ToUke KacaHua f'(xq)

War 4. 3an1caTh ypaBHeHKWe KacatensHol y = f'(zo)(z — xp) + f(zo), npuBecTy ero Kk enmy
y=kx+b

Ha Bbixope: ypaBHeHWe KacaTenbHoi B BuAe y = kx + b
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Mycte f(x) = 2% + 3.
Halioem KacaTenbHyk K 3ToM napabone & Touke zg = 1.
(1,4
flmo)=12+3=4
fl(z) =2z
fllzg)=2-1=2
VpaBHeHWe KacaTelbHow:
y=2(z—1)+4=22—-244=2z+2

Orger:y =2z + 2

Npumep: f (z) = 2> — 2z + 3,

Anropntm
P Iy = 3

1. Belumcaum f(xp) flz)=f(3)=32-2.3+3=6

2. Haligém dopmyny nponssogHom

fl(z)= (2 —2z+3) =22 -2

yrkunn f' (z)

3. Boiuncm f' () ff(®)=f(B3)=2-3—-2=4

4. Moactasum o, f(zo) n f' (zo)e | y=f (o) - (z —z0) + f(20) =
dopMyny ypaBHeHWs KacaTenbHOoW =4(z—-3)+6=4z—-12+6 =
y=f"(20) - (z —z0) + f (o) =4z —6

Pemrenune 3aganumii:
Nel. BermmosiguTh 3a1anne

1 Bapnaunt | 2 Bapuant
1. Cocrasbre ypasuenue Kacare1bnoii K rpaguky pyukunn f(x) B rouxe rpaduxa ¢ x.
a)fix)=x xg=1 a)f(x) =x* x,=2
6)f(x)=i—z—-x: Xo =2 6)f(x)=%2—2x: xp =—1
B) f(x) =Vadx —x%; x, =2 B) f(x) =VxZ +3x; xp =1

_ .2
Ne2. CocraBbTe ypaBHEHHE KacaTelbHOW K Tpaduky (GyHKIIHU fix|=x"=2X g rouke ¢
abcrmccoit %o =3,
2
Ne3. CocraBbTe ypaBHEHHE KacaTeldbHOH K TpaduKy QyHKIHH fixI=x"=3X g touke ¢

aberuccoit X0 =4,
Ned 3anumunTe ypaBHeHUE KacaTenbHOM K rpaduky ¢pyHkuuu f(x) = sin X -3X + 2 B Touke

xo=0.

o 3 2
No5.HanucaTs ypaBHEeHHE KacaTenbHOM K rpaduky dyHknun f(x) =x = +2x = + 3 B TOUuke

x0=2,

v 3 2
Ne6.HanucaTth ypaBHEeHHE KacaTenbHOM K rpaduky GyHkun f(x) =x ~ +4x = — 6X B TOUKe

xo=-2,
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- 3 o

Ne7. Haiigute aOcmuccy Touku Trpaduka (QyHKIUK fixl=x"—xv3, g KOTOpOii

npoBeEHHAs K HEMY KacaTelibHasi 00pa3yeT C IMOJIOKUTEIbHBIM HAIPaBICHUEM OCH a0CIHCC yro
30°.

- &} .

Ne8. Haiiqute aOcuuccy Touku Trpaduka QYHKIHH fixl=x"+4x73, g KOTOpOii

npoBeEHHAs K HEMY KacaTelibHasi 00pa3yeT C IMOJIOKUTEIbHBIM HAIPaBICHUEM OCH a0CIHCC yro
60°.

.
Ne9. Haifzute ypaBHeHue kacarenbHoii k rpaduky dynxuun [ X=X +3X—8, ecny o1a
KacaTelIbHas Napauienbaa npsavoit Y =2X+1

_ 2
Nel0. Haiinure ypaBHeHUE KacaTelbHOH K TpaduKy GyHKIIUN fix|=x"=4x+6, ccim o1a
KacaTelbHasl apaulenba npsimoil Y=2X—8

o 3 2
Nel1.Haitnure Touku rpaduka Gynkmuu f(x)=x = - 4X = , B KOTOpPBIX KacaTelbHas K HEMY
napaiesibHa OCH abcuucc.

IIpakTnyeckas padora Ne39
Tema 7.8: MonotonHOCTh (hyHKIIMU. TOUYKH SKCTpeMyma
Heas: Hayuntbes uccnenoBarh GyHKIIMA HA MOHOTOHHOCTB M 9KCTPEMYMBI.

Teopernyeckasi 4acTh:

Onpenenenne « MOHOTOHHBIC (QDYHKITUN

MonoToHHO Bo3pacTaomas GyHKIUS — 3T0 PYHKIHS, Y KOTOPOil O0yblIeMy 3HAUYECHUIO
apryMeHTa COOTBETCTBYET OOJIbIIICE 3HAUCHUE (PYHKIIHH.

MounoTtonHo yObiBatomiasi GyHKIUS — 3TO (QYHKUHSA, Y KOTOPOH OOJNbIIEMY 3HAUYCHUIO
apryMeHTa COOTBETCTBYET MEHBIIICE 3HAUCHUE (PYHKITHH.

CBsi3b TPOU3BOJHON U MPOMEKYTKOB MOHOTOHHOCTU (DYHKITUU

Ax =0 Ay . Xy
Ecin , TO 3HaK IpUpALIEHUs - W 3HaK MPOU3BOJHOM B TOYKE COBIIAJIACT CO

f(x0) £ (o) » Ay =0
3HAKOM . To ecTb eciau MpOU3BOJAHAA B DTOH TOYKE OOJIBIIIE HYJIsI, TO -~ u
IIOHATHO, 4YTO (I)yHKI_II/IH B OKPCCTHOCTHU 9TOM TOYKU 6yHeT BO3pacCTaThb. A ecim MMpou3BOaAHAA

Ay =10 .
MEHBbIIIE HYJIs, 3HAYUT, - U TIOHSATHO, YTO B OKPECTHOCTH ITOM TOYKH (yHKIMs Oymer

yObIBaTh.
Xx o
Jlanee, mpou3BoiHasl B TOUKe ~ © €CTh TAaHT'€HC yIJia HaKJOHa KacarenbHOU. KacarenpHas

ONMCHIBACTCS JUHEHHON (QyHKuUMeW. B OKpecTHOCTH TOYKH *o KpuBas M JUHEHHas (QyHKIUs
MOYTH COBMAJAIOT. EcaM yron HakjioHa OCTpbIM, TaHT€HC OYyIeT IMOJOXKHUTEIbHBIM, YIJIOBON
KO3 QUIMEHT — BeJWYHMHA TOJIOKUTENbHAS, U JUHEHHass (DyHKIMsS BO3pAcTaeT, a 3HA4YuT, B
OKPECTHOCTH 3TOM TOUKH U cama (PYHKIIMSI BO3pACTaeT:

fllg)=0=f)T

W naobopoT, ecnu nuHEHHass (QYHKIUS YOBIBAeT, yroil TYNOW, TaHI€HC — BEJIWYHMHA

y=F(x)

OTpHIIATENbHAS, 3HAYUT, TUHEHHas QyHKIMS yObIBaeT, a ¢ Hel yObIBaeT PyHKIUSA

flx) <0 =f(x)l

8
y=1fx)
fix, + Ax) ,
tA
flx, ) A e
; Ax |
; e
b X xi\xx

o X
YTo51 HaKJIOHA KacaTeJbHOU B TOUke = ¥
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x
Tak coOBITHSI pa3BUBAIOTCS B OKPECTHOCTSIX TOYKH ~ C. DTH COOBITHS TOIUUHSIOTCS
F€OMETPUUECKOMY CMBICITY MIPOU3BOTHOM (ee duznueckomy CMBICITY,

] ! .
coorromenmio *Y N f(x0) ﬂlx).

HccnenoBanue mpoMesKyTKOB MOHOTOHHOCTH (DYHKIIMHU C TIOMOIIBIO TIPOU3BOTHOMN
Paccmorpum dynkmuio u ee nosenenue Ha Beeit O/13. [Ipeamnonoxkum, 9To 3T0 rpaduk
UCCIIeTyeMOH (YHKIIHH.

y = fix)

v =flx
I'padux GpyHKIINY - fx)
*1 &
Ectp Touka "1. KacarenpHas HakJIOHEHa TOJ OCTPbIM YrjaoM . 3HauuT, B

Xy
Touke ~ 1 (pyHKIHMS BO3pacTaer.

1

o X
Vron HakiIoHa KacaTeJIbHOM B TOUKE ~ 1

Xq Ox Xq
B touke " kacarenbHas napajuiesibHa OCH , BHAYMT TOYKa = 2 — To4Ka ’3KkcTpemyma. 06
9TOM MBI ITIOTOBOPUM OTEIBHO.

Xaq
< — TOYKa 3KCTpEMyMa

x o . .
B Touke 3 yron "2 HakioOHa KacaTelbHOH OyleT TYNbIM, TaHT€HC OyIeT BeJINYMHOU
OTpULIATENIbHOM, 3HAYUT, MPOU3BO/IHASL OTpUIIaTeNIbHAsA U QYHKIIHS 37€Ch YObIBaeT.

=3
>
ok Ea et
e

o x
VYTroJ HaKJIOHa KacaTelbHOM B TOUKE = 3
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Xx
W, nakone1, B Touke ~ * MPOU3BOJIHAS PABHO HYJIIO U Jajbllie (yHKIUS BO3pacTaeT.

VT0JI HAKJIOHA KACATENLHOM B TOUKE ~ % — TOUKE AKCTpEMyMa

Briscusiercs, uto ¢yHKIMS BO3pacTaeT Ha MHTEpBajlaX, Ie MPOU3BOAHAs OOIbIIIE HYIIS:

filx)=tga; =0 = flx )T

Ecnu e 3Ha4YeHne IPOU3BOIHON OTPHUIATEILHOE, TO (DYHKIUS yOBIBACT:

fllxg) =tgag; <0 = f(xz) L

Bes OZI3 coctouT M3 OTACNBHBIX TOYEK, 3HAYUT, HAIO BBIACIUTH T€ WHTEPBAJIbI, HA
KOTOPBIX MPOU3BOAHASI MEHBIIIE HYJIA, HA KOTOPBIX MTPOU3BOIHAS OOJIbIIE HYJISI, U OHU OTPEACIISAT

te yuactku OJ13, Ha KOTOPBIX (YHKIUS JIMOO BO3pacTaeT, TMO0 yObIBaeT. DTOT KE BBIBOJ MBI

Ay & f'(x,) - Ax
IOTy4UM, PAcCMAaTpHBas COOTHOLICHHE - .

Fixg) Av =10
POM3BOIHASL MEHBIIE HYJSA, -

flx

Ha Ttex oOnactsix, Ha KOTOPBIX
¢ynkiust  yosiBaer. COOTBETCTBEHHO, Ha TeX

obnactsax O/13, rae npousBoHas o) OombIIIE HYIIA, Ay <0 (GyHKITUS BO3pacTaerT.

Tenepb MBI I'OTOBBI HaItycaThb, I Y6LIBaeT, a rac BO3pacTacT AaHHass HaM (bYHKIII/I?IZ

P

y=fG1

x € (—00;x,], [x, + )

X X X

[TpomexyTku Bo3pacTaHus PyHKIIHH y =f(x)
Tenepb BbIACHUM, TI€ NaHHas QyHKIUS yOBIBAET:

y = F) Ly € begixy]

X

3 e

o B s

Heewonasamas

=f(x)

o Xa
ToHKkMiT MOMEHT: BKJIIOYATh JIM 3HAUCHUS B TOUKAX ~ =

[TpomexxyTku yObiBaHUS (DYHKITMH Y
H x‘m
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Fi(x) < 0,x € (x5,%,)
Xy M X,
: HE BKJIIOYA€EM, IIOTOMY YTO B HUX [IPOM3BOHAS paBHA HYIIIO, & MbI paCCMaTPHUBAEM

. x
TOT CITy4aid, KOTjia MPOM3BOAHAsA MeHbIle Hyiss. Ho ¢yHKius yObIBaeT, KOrjaa = MPHUHAICKHUT

Xai X
OTPE3KY [x2: 4].
[Tpu 5TOM 3TH TOYKHM BKIIFOUEHBI TAKXKE B HHTEPBAIIBI, KOTJa QYHKIIHUS BO3PACTAET.

'
X
HpI/IXOI[I/IM K BaXHOMY BBIBOAY: HWHTCPBAJIbI 3HaKOHOCTOHHCTBaf( jS'IB.]ISIIOTCSI

MHTEpPBaJlaMd MOHOTOHHOCTHU f [xj.

Lenb ypoka: HAy4UTbCSI HaXOJUTh MPOMEXKYTKH BO3pacTaHUs U YObIBaHUS (YHKIIMH C
MOMOIIIbIO TPOU3BOAHON. BBISCHSIETCS, UYTO HA/I0 HAWTH MTPOU3BOIHYIO, BBIACIUTD €€ HHTEPBAJIbI
3HAKOIOCTOSIHCTBA M TEM CaMbIM MBI Y3HaeM, rje 3Ta (QyHKIUsS MOHOTOHHO YOBIBaeT U IJe OHa
MOHOTOHHO BO3pacTaer.

Jlanee Hac MHTEPECYIOT TOUKHU IKCTPeMyMOB (GyHKIMU. MBI paccMOTpenu ciiydau, Korjaa
MPOU3BOJHAS MEHBIIE HYJsA, KOTJa OHAa OOJbIIE HYJs, TAaKXKe BaXXHBIM Ccioydald, Korjaa
MIPOM3BO/IHAS paBHA HYIIIO.

Bcnomunm, 4To Takoe TOUka MakCUMyMa M TOYKa MUHUMYMa ()yHKITUH.

Xe Xo X X X

] d
y=fl(x)
XA
Paccmotpum pucynok. Touka *2 — Touka MakcuMyMa (QyHKUIMHU (max), €ClU CYIECTBYET

OKPECTHOCTL TOYKU *2 HJIA KOTOpOfI f(xzj = f(xj TO €CTb €CJIM 3HAYCHUC (I)YHKI_II/II/I B 3TOH
3 2
TOYKEC 6OJ'ILI_HG, YCM 3HAUCHUC (bYHKI_II/II/I B IIFO00OM TOYKE ee OKPCCTHOCTH.

Touku s3KcTpeMyMOB (pYHKLIUU

X
Amnanorudtoe OIPEACIICHUC JUIAI TOYKHM MHUHHUMYMaA. Touka “# — TOUKa MUHUMYMa

¢GyHKIMM (min), €CIU CYIIECTBYET OKPECTHOCTh TOUKH *e o KOTOpOH flxg) <f [xj’ TO €CTh
ecliu 3HaueHue (YHKLIMU B 3TOW TOYKE MEHbIE, YeM 3HaueHue (QyHKIUH B J000H TOUKE ee
OKPECTHOCTH.

ITpu noucke HanOOJIBIIETO U HAMMEHBIIIEro 3HaueHus: GyHkuuu Ha Beeit O[3, To ecTh ee
[J100abHBIX 9KCTPEMYMOB, CJI€1yeT MOHMMATh, YTO OHU MOTYT HE COBIAJAaTh C €€ JIOKATbHBIMU
DKCTpPEMYMaMH, TOUKaMH, Ii€ IPOU3BO/IHAS MEHSET 3HAK.

[Ipumep 10KaIBLHOTO U IN100ATBHOTO 3KCTPEMyMa

PaccMoTpuM dyHKIHIO 2x*(x*—1)x € [ 2]_

x=0
31ech TOUKa — TOYKA JIOKAIBbHOTrO MakcuMmyMa. DyHKIHMS 3/1€Ch paBHA HYJIIO.

x=42
Touka — TOYKa I1100aIbHOr0 MaKCUMyMa, B HUX (YHKIIHS paBHseTCS 24.
2x*x*-1);x€ [-2; 2]
y

No|—
[N]

N

I'papuk q’}’HKLII/H/IJ'F =2x*(x*—1),x € [-2;2]
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Ha nanHOM ypoke, Korja roBOpUTCS 00 3KCTpeMyMax, IMOJpa3yMeBarOTCs JIOKaJIbHbIC
9KCTPEMYMBI.
Kak y3Hnatb, rae Touka MakcuMmyma, a r€ TOYKa MUHUMYMa, MOJCKaXET MPOU3BOAHAS.

X, o
Bepnemcs k Touke ~ 2. Ha prcyHKe HariasiiHO OKa3aHo, YTO 0 STOW TOUKH (PYHKIUS BO3PACTaET,

! !
HpOI/ISBOI[HaSIf (x) > D, a 1mocye 3TOM TOYkH (DYHKIHS YOBIBaerT, HpOI/ISBOI[HaSIf (x) < 0 A

v
o Xa x,) =10 o
3HAYEHUE IMPOU3BOJHON B TOUYKE = 2: Fi( *:] . MBI nosy4unaum JOCTATOYHBINA MpPHU3HAK
MaKCHMyMa: MPOU3BOJHAS paBHA HYJIO W MPH 3TOM 3HAK MPOM3BOJAHOM MEHSIETCS C IUIIOCA Ha

Xaq
MUHYC [IPH NEPEX0ie apryMEeHTa Yepe3 TOUKyY = 2.

x o x.) =10

Paccmorpum Touky 4. IlpousBoaHast B 3TOM TOUKe flxy) . Ho sBnsiercs nu nanHas
TOYKa TOYKOM 3kcTpemyma? [IpousBoaHast ciieBa OT 3TOM TOUKM OTpHUIATENbHA, KacaTeabHas
HAaKJIOHEHa MOoJ TynbiM yriaoM. lIpous3BoaHas crpaBa MOJOXKHUTENbHAs, 3HAYUT, MPOU3BOJHAS

MEHSET 3HAK C MHMHYCa Ha IUIIOC IIPU IEPEXOJIE 4Yepe3 TOUKY *4 3Haunt, Touka 4 — TOUKA
MUHUMYMa.

Hrak, MbI paccMOTpenIu TOUKY MUHUMYMa U TOYKY MaKCUMyMa M JOCTaTOYHBIA IIPU3HAK
TOYKM MUHHMYMa U TOYKH MaKCUMyMa.

Kak y3Hatp, sBisieTcs JaM TOYKa TOYKOW MHUHUMYyMa WIM TOukKod Makcumyma? HyxHo

. X, X
B35Th NMPOU3BOAHYIO M IPUPABHATH €€ K HyJro. Toraa Mbl Haijem TOYkM =2, "4 u T. 1. OTO
BHYTPEHHUE TOUYKHU 00JIacTU ONpeesIeHuUs], B KOTOPbIX IPOU3BOIHAS PABHA HYJIIO.

Kputnueckast Touka pyHKIUHU — 3TO BHYTPEHH:ASA TOUKa 00J1aCTH ONpeeNIeHHsl, B KOTOPOH

Xq Xx
IMPOU3BOJAHAs paBHA HYJIIO UJIN HC CYIICCTBYCT. To ecTth TOUKHM "2 1 ™% — KPUTHYCCKHUEC TOYKH.

e
2 — 1. max.

x .
2 _ 1. min.

Ho Tak mpoucxonur He Bceraa.
Touxka neperuda
Paccmotpum crenyromyto QyHKITHIO:

y = fix)

I/IJ'IJ'IIOCTpaI_II/ISI TOYKHU IICPp eruba

f'(x) = 0 ox

X
HpOI/I3BOI[Ha$I B TOUke = 2 paBHaA HYJIIO: , KaCcaTCjibHas IMnapauiCiibHa OCHU

i ? ? *o
SBnsiercs nmu oHa Toukoi s3kctpemyma? Her. Ilouemy? Ilotomy uto 1m0 Touku ~ ¢ mpou3BOgHAS
MOJIOKUTENIbHA, (QYHKIIUS BO3pPACTAET:

y=f(x)

Bospacranue ¢pyHKIMM 10 TOUYKH reperunoda
[Tocne 3To¥ TOYKH MPOU3BOAHAS TAKKE MOJTOKHUTEIbHA:
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y=f(x)

Bospacranue ¢pyHKIMM 10CIe TOYKU Tepernda

x .
OyHKIMA BO3pacTaeT W ClieBa, M ClpaBa OT TOYKH, 3HAUUT, © HE SBISAETCA TOUYKOM
AKCTpEMYyMa.
Jlemma @epma

Ecnu ¢pynxus f(x) MMEET IPOU3BOJAHYIO U B TOUKE *0 ymeer AKCTPEMYM, TO 3HAYEHUE
MPOU3BOAHOM B 3TOM Touke paBHO 0.

D10 HEOOXOUMBIN MOITHBIN MMPU3HAK, U3 HET'O MBI BBISCHSEM, KAKUE TOUYKH HAM HY>KHBI
JU1sl McclieloBaHus. Bece ocTanbHble OTMETaeM.

Eme pa3 nmoguepkHeM, 4TO HaM WJUTFOCTPUPYET AAHHBIM PUCYHOK: PAaBEHCTBO HYJIIO — 3TO
JUIIb HeOOXOIUMBIN MPU3HAK AKCTPEMYMa, HO HE JOCTATOYHBIH.

Touka nepern6a, JTOKaIbHBIN XapaKTep TOUEK IKCTPEMyMa

PaccmoTpuM B KadecTBe pumepa GyHKIHUIO, rpaduK KOTOPOi H300pakeH Ha PUCYHKE.

4

y

I'paduk QyHKIINN C HECKOJIBKUMU JIOKATBHBIMH SKCTPEMYMaMU
x X, x
1 — TOYKAMUHUMYMa, % — TOYKAMAKCUMYMa, = * — TAK)KETOYKAaMUHUMYyMa.

Xx
1 TOYKaMUHUMYMaA, 3HAYUT, CYHICCTBYCT HCKAA OKPCCTHOCTDL, I'’/IC 3HAUCHUC (I)YHKI_[I/II/I
ABJIACTCA HAMMCHBIIINM, HO CYIIECTBYCT TAKIKE BTOPAA TOUYKA MUHHUMYMaA.

}’(xlj = }’(xal 6 6 o
TaKUM 00pa3oM, I100aTbHO, HAUMEHBIITUM 3HaYeHHeM (YHKIIMU Ha BCei

x
O/13 siBnsieTcst 3HaYeHHe QYHKIUU B TOUKE ~ 2.
X5 .
2 — TOYKaMaKCHMyMa, HO HauOOJbIIEr0 3HAYEHUs JaHHOW (YHKIMHM HE CYLIECTBYET,

Xq
MOTOMY YTO €CTh TOYKH, B KOTOPBIX 3HaYeHHUE (PYHKIIMU 3HAUUTEIILHO OOJIbIIIE, YEM B TOUKE ~ 2.
Takum 00Opa3oMm, JaHHBIM PUCYHKOM MbI MOJYEPKHUBAEM JIOKAJbHBIA XapakTep TOYEK
3KCTpeMyMa. MoskeM 3anucarh:

Vi = V(%305 ¥(x4) < v(x)

To ecTh 3HaUeHHE (YHKIIMH B TOUKE * 3 MEHbIIE TGO PABHO 3HAYCHHIO QYHKIHH B 06O
apyroi Touke O/13.

AnroputM

MpI 3HaeM, Kak 0 3HaKy MPOU3BOAHON HaTH HHTEPBAJIbl MOHOTOHHOTO BO3pACTaHUSI WIIH
yObIBaHUS (YHKIIMH, 3HAEM, KAKUM 00pa3oM ONpeeTUuTh TOUKH MaKCUMyMa U TOYKH MUHUMYyMa
¢ynkuuu. ITycTs TEneps ecTb 3a1a4a UCCIE0BATh (DYHKIMIO HA SKCTPEMYMBI U HA MOHOTOHHOCTh
C IOMOILBIO IIPOU3BOJIHOM.
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ANTOpUTM TaKOB:

!
o x
1. Haittu Fi( j
f'(=)
2. BblgenuTh HHTEpBaJIbl 3HAKOIOCTOSHCTBA . OHu ompenenar MHTEpBAJIbI
fx)
MOHOTOHHOCTH .
. ff=0
3. Haiitu xputmyeckue Touku (BHyTpeHHuEe Touku OJI3, B KOTOpBIX WM He
CYILIECTBYET).
4. BpIienuTh U3 KPUTHYECKUX TOYEK U KOHLIOB OTPe3Ka TOUKH SKCTPEMyMa U UCCIIEI0BaTh
uX.
3amaua
— a2 '
o V=X v
Haiitu nHTEpBanbl MOHOTOHHOCTH M TOYKH 3KCTpeMyMa (DYHKIUH - C TIOMOLIBIO -
Haiinem nmpousBoaHyto:
y' =2x
[IpupaBHUBaeM ee K HYJIIO U HAXOJAUM €MHCTBEHHOE PELICHUE:
y' =0
2x=10
x=10
x=10
— €IMHCTBEHHAs! KPUTUYECKAs TOUKA.
Ha pucyHnke B HIKHeH 9acTi H300paxeH rpapuK MpOU3BOTHOM.
W=X°
y
AN S\ S
0 X
/
}/‘ y (X): 2X
/ /
y <0 y >0
& o
0 X
y=x% vy =2x
I'paduku pynkunmii - u-
Ha unTtepBane neBee mpousBoaHAs OTpHUIIATENbHA, PYHKITUS yObIBACT.
Sy
: V=X
yl y'(x)=2x ¥
y'<0 y'>0
A |'I
y\ y/ \
0 X" LA '-‘tﬁ -
0 X
JleBb1i1 MHTEPBAN MPOU3BOIHOMN JleBslii nHTEpBaN QYHKIIUU

Ha untepBane npaBee npon3BoHast MONOKHUTENbHA , PYHKIIHUS BO3pacTaeT.
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vy ()= 2x
y'<0 y >0
Y\ y/
# = h

X

I[TpaBbiif nHTEpBaN mpou3BoaHOW | [IpaBbiii HHTEpBaN QYHKINUU

Otger:
|y =x" alHxE (—o0;0]
2 v=x>T npux e [0; +m)

3 x=0 v(0)=0

— T. min.

Wtak, mMbl pemmnu 3aaady, UCCIeAOBaTN (PYHKIHIO C MOMOIIBIO MPOU3BOAHON, HO MBI
3HAJM CBOWCTBA 3TOW (YHKIMH, 3HAIH, TJI€ OHA BO3pacTaeTr, rie yObIBaeT, W 3HAIA TOYKY
3KCTpEMyMa.

Buaum, 4to pe3ynbTaThl, KOTOPBIE MOJYUYEHBI C MOMOIIBI0 MPOU3BOJIHOM, COBIMATAIOT C
pe3ynbTaTaMu, HailZICHHbIMH paHee.

3aoaua.

HaiiTu 3kcTpeMmyMbl pyHKmun y = x>+ (x — 1).

Pewenue.

DKcTpeMyMbl QYHKIMH - 3TO €€ MaKCUMYMbl 1 MUHUMYMBL. [Ipexae ueM HaXxoauTh
AKCTpeMasbHbIe 3HaYCHUS (PYHKIINH, HY>KHO HAWTH 3HAYCHHS apryMEHTa, B KOTOPBIX OHU
JIOCTUTAKOTCS, T.€. TOUKU SKCTPEMYMOB.

B Touke skcTpemyMa nmpou3BoHas GyHKIIMHU paBHA HYIIO.

Haxonum npounsBoaHyro:

1) mo nmpaBwity auddepeHInpoBaHUs TPOU3BEICHUS
Y= ) - D)+ = 1))

2) no Tabsniie TPOU3BOJHBIX:

() =3x7,

x-1)=1-0;

3) mpeobpazyem:

Y =3x>(x—1)+x°(1 -0)=3x" = 3x> + x> = 4x° - 3x°.

[IpupaBHUBaeM MPOU3BOJHYIO K HYJIIO U PEIIAEM YPABHEHHUE OTHOCUTEIBHO X!
4x3 - 3x?=0;
x*(4x —3)=0.
3/1ech KOPHHU JIETKO ONPEAETSIOTCS Pa3IoKEeHUEM Ha MHOYKUTENHN - IPOU3BECHIE PAaBHO HYIIIO,
€CJIM XOTs1 OBl OJIMH U3 COMHOXKHUTEJIEH paBeH HYIIO.
x1=0ux2=3/4=0,75.

Ha yuncnoBoii npsimMoit oTMeYaeM HaliICHHbIE 3HAYEHUS apryMeHTa x. B 3Tux Toukax
pou3BOIHAs GYHKIMK paBHA HYII0. Mex a1y HUMU (Ha HHTepBajax) OHa coXpaHseT 3Hak "+"
win "-". UToOBI OnpeAenuTh MOJ0KUTENbHA WM OTPUIIATEIbHA TPOU3BOIHAS (PYHKIIMH Ha
KOHKPETHOM WHTEpBAaJe, MOJICTaBIsieM B (POPMYITY ISl POU3BOIHOM TPOU3BOJILHOE 3HAUCHHE
13 3TOr0 MHTEpBaJja.

Y =4x® - 3x%;

V(D) =4(1) =317 =-4-3<0;
¥'(0,5) =4-(0,5)° - 3-(0,5)*=0,5-0,75 < 0;
Y (1)=413-3-12=4-3>0.
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Taxum 00pa3oM, TOUKH, B KOTOPBIX MPOU3BOIHAS PABHAETCS HYIIIO, pa30MIId YHCIOBYIO
IPSIMYIO Ha TPU MHTEpBaja. B mepBoM v BTOPOM U3 HUX NIPOU3BOJHAS OTPHULATEIbHA, B TPETHEM
10JIOKUTENbHA. OTMEYaeM 3TO Ha YHUCIOBOM IPSAMOM.

@DyHKIMS BO3pacTacT Ha MHTEPBAJIE, €CIU €€ IPOU3BOIHAS HA 9TOM UHTEPBAJIC
IIOJIOKUTCJIbHA, U y6LIBaeT, CCJIM ITpOouU3BOAHAA OTpHULATCIIbHA. OTMETHUM 3TO CTPCJIOYKaMHu C
COOTBETCTBYIOIIMM HAKJIOHOM, COOTHOCS UX CO 3HAKaMU IIPOU3BOJHOM.

[Tonyuniin clIenyrONUYyI0 CXEMY:

f N\ N o/
[ = -+

X 0 0,75

ITo cxeme BUIHO, 4TO B Touke X1 = 0 SKCTpeMyMa HeT, GyHKLUs YObIBAeT U IpaBee, u
aeBee 3Toi Touku. B Touke x2 = 0,75 QyHKIMS MEHsET XapakTep MOHOTOHHOCTH C YOBIBAaHHS Ha
BO3paCTaHMe, 3HAUUT 3Ta TOUKA ABJSETCA TOUKOW MUHUMYMA.

OmnpexensieM MUHIMAaJIbHOE 3HaUCHUE (DYHKIIHH:
y=x>(-1);

(0,75) = (0,75)*:(0,75 — 1) = -0,10546875 = —0,11.

OtBer: ymin = —0,11.

)

Penrenue 3aganmne:

. y=1n(xj—6x+1l:l:l
Nel. Haiitu skcTpeMyMbl (yHKITUN .

8
y=—+—=
No2. Haiitu skcTpeMyMbl pyHKITHH 2 x
y= ®_ 2x +3x4+1
Ne3. Haiitu sxcTpeMyMbl pyHKIHH 3
T . )
Ned. Haitrn sxcTpeMyMsl GyHKIMH 2 — 1-x"
3
y=[(x-1)

NeS. Haiitu sxcTpemMmyMbl pyHKINN

o fn_ 3
Ne6. Haittu sxcTpemymsl pynximm & — * 2-x .
2
7 [x) _x +1

Ne7. Haiitu mpoMexyTKH BO3pacTaHUs U yObIBaHUS (QYHKIUU x=1,

f[xj: 2x*=Inx

Ne9. Haiit mpoMexyTKH BO3pacTaHus U yObIBaHUS (YHKIUU J [x) =2 462" +9x
Nel0. MccnenoBaTe Ha MOHOTOHHOCTB M 9KCTPEMYMBI CIeyIOmue (pyHKIUN:

0 flx) =2x +x~°

5 F@) =273

3 flx)=x+x*+ 16

4) flx) =x* —8x*?

Ne8. Haiitu mpoMexyTKH BO3pacTaHUs U yObIBaHUS (YHKIIUN

IIpakTuyeckas padora Ne4(
Tema 7.9: MccnenoBanue GyHKIUN U TOCTpOEHHUE UX I'PadUKOB
Heas: Hayunthcs nccnenoBars GyHKIMU U CTPOUTH UX TPaUKH.
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Teopernyeckas 4acThb:

UccnenoBanune GpyHKIMIA 3aHMMAaeT HEMAJIO BPEMEHU IIPU PEILIEHUN KOHTPOJIbHBIX,
JIOMAIIIHUX 3aJJaHUi U 4TOOBI HAYYUTHCS OBICTPO peIIaTh HYXKHA HHCTPYKLUS OOBSICHAIOMIAs
MOPSAIOK IEUCTBUMN U JIJISl UEro 3TO HYXKHO. Takas MHCTpYKUUs pa3padoTaHa MaTeMaTUKaMU U
00o0011eHa Ha BCe TUTIBI (DYHKIMINA y>Ke TaBHO, a MbI €€ Ha3bIBaeM — 00IIas cXeMa UCCIe0BaHuUs

GyHKIUH.
y=7(x)
Uto0s!I ucciienoBarh HyHKIIHIO Y TIOCTPOUTH €€ TpaPuK HEOOXOTUMO:
1) naiiTi o6sacTh onpeaeneHus: GyHKIMH, TO €CTh MHOXKECTBO BCEX TOYEK JJIsi KOTOPBIX
CYIIECTBYET 3HaUeHUE (PYHKINY;
2) HalTH (eCiH OHU CYIIECTBYIOT) TOUYKH IepecedeHusl rpauka ¢ KOOpAUHATHBIMU
y=1(x)

OCsIMH. [{J1 3TOro HY’)KHO B YpaBHEHUE TIOJICTABUTh apTYMEHT *+ — 0 2 raroke

Fx)=0
pELIUTh YPaBHEHUE JUIS OTBICKAHUS TOUYEK IEPECEUECHUS C OChIO Ox ;
3) ucciienoBath GYHKINIO HA IEPHOJUIHOCTD, YSTHOCTh M HEYETHOCTh. B HEKOTOPHIX
CIIy4asiX 3TO MOKHO CJIeaTh BU3YyalbHO MO caMOMy BUIY (DYHKIIMHU, €CIIU HET, TO IPOBECTU

MIPOBEPKY:
1. f(_x) - f(x) — (yHKIIMS YeTHas;
2. f(_x) - _f (x) — (yHKIIUS HEUCTHAS;
3 f(.x-l—f’):f(.x)

— GyHKIMS epuoanyeckas, r_ nepuos pyHKIIH.

Taxum oOpa3oM, eciu UMeeM MapHyIo PYHKIUIO y=7 (x) TO TOCTaTOYHO MOCTPOUTH
ee JUTs TTONIOKUTEIBHBIX 3HAYCHHH ~* = 0 , IOCJIE€ YEeTO OTPa3UTh €€ CAMMETPUYIHO
OTHOCHTEJIBHO OCH abCLIMCC Ha IPYTYIO YacTh. B cimydae HeueTHO# QyHKIMM rpaduk Oyaer
CUMMETpPUYEH OTHOCUTEIBHO Havaja KkoopauHat. Hanpumep, ecinu nMeeT HeUeTHYIO (QYHKIIUIO
rpaduK KOTOPOI MPUHAJUICKUT IIEPBOM YETBEPTU BTOPYIO MOJIOBUHY MOJYYUM IIOBOPOTOM
nepBoii yeTBepTd Ha 180 rpagycoB (TpeTbst YETBEPTD).

[lepuonnyeckuMu SBISIOTCS MPEUMYIIECTBEHHO (PYHKIIUU COCTABICHHbBIE U3 MTPOCTHIX
TPUTOHOMETPUUYECKUX U HEKOTOPbIE MapaMeTPUIECKH 3aJaHHbIE (YHKITHH.

4) HaliTH TOYKM pa3pbIBa U UCCIEN0BATh UX (TAKUMM TOUKAMHU SIBIISIOTCS Kpas
MHTEPBAJIOB OIpeieeHUs (PYHKIINN);

5) HaliTH MHTEPBAJIbl MOHOTOHHOCTH, TOUYKH SKCTPEMYMOB M 3Ha4eHUs (QYHKIMU B 3TUX
TOYKaXx;

6) HallTH UHTEPBAJIbI BHITYKJIOCTH, BMSTHHBI U TOUKH Teperuoa;

7) HaliTH aCHMIOTOTHI KPUBOMH;

8) moctpouth rpaduk GyHKIUU.

BoJIbIIIMHCTBO M3 ATUX IMYHKTOB OBUIO PACCMOTPEHO Ha MPAKTHKE B MPEIbLAYIINX
CTaThsIX, O3TOMY MOJPOOHO pacluChIBaTh Mbl UX He OyzeM. Takke He nepexuBaite, eciu
Haii/ieTe IJ1aH B IUTepaType WK HHTEpHETe, KOTOPBIA COEPKUT Ooiee WM MeHee ITyHKTOB.
[TomHUTE, 4TO 1IETH UX BCEX - TOMOYB IIPH MocTpoeHnu rpaduka Gynkiuu. [lepeiaem k
NPaKTUYECKON YaCTH U MCCIIEyeM 10 cXeMe (PyHKIUIO.

IIpumep.
HccnenoBaTh GyHKIMIO U IOCTPOUTH €€ Ipaduk
2

=
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Pemenue:
1) ®yHKIMS ONpeiesieHa 1Mo BCIOAY KpOME TOYKH B KOTOPOM 3HaMEHATEe b IPEBPaIacTCs

B HOJIb (* = 1 ). OGnactp onpesesieHus: COCTOUT U3 JIByX UHTEPBAJIOB
D(y): (=, 1)U (1 +e0).

2) Ilpu HO,I[CTaHOBKe snavenns ¥ = U MOJTYy4YUM
7(0)=
x=0

Takyto ke TOUKY MOJTyYrM eCiH IpupaBHsieM QYHKIHIO K Hymto. Touka +* — -
€IMHCTBCHHASI TOYKA IEPECEYCHUS C OCSIMH KOOP/IUHAT.
3) [IpoBepsieM QYHKIHIO HA YETHOCTh

2(0 1)

T I

2(-x-1) 2(.x+1);

y(=x)2 (=), y(-x)#-y(x).
I/ITaK (bYHKI_II/Iﬂ HH 4C€THasdA, HU HCUCTHAsI, HeHepI/IOI[I/I‘IeCKaH.

4) B nanHOM cily4ae UMeeM OJIHY TOUKY pa3pbiBa x=1 . Beruncium rpaHuIisl ciieBa u
CIipaBa OT 3TOU TOYKH
2
. e
lm ——=-
r—1-02 (x — 1)

.3.'2

inII}-DZ(.x 1) -

Urak * =1 _1ouxa paspbiBa BTOPOIo poJa.
5) [lnst oThICKaHUSI MHTEPBAJIOB MOHOTOHHOCTHU BBIUUCIISIEM MIEPBYIO MPOU3BOJIHYIO

byHKIIUHN

F

5 :Zx{}—dj—xz__x(x—Z).

2x-1F  2(x-1)

HpI/IpaBHI/IBaH €C K HYJIIO ITOJTYYHMM TOYKHU MMOAO3PUTCIIbHBIC HA

x=0x=2

JKCTPEMYM . OHH pa30uBaOT 00J1aCTh OINPEAETICHHS Ha CIEeIYIOIIHe UHTEPBAIbI
MOHOTOHHOCTH

(—e0; 03U (0, 1)U (1:2) U (2, +0).

I/Iccne;[yeM ITOBCACHUC HpOI/I3BOI{HOI71 CJICBA U CIIpaBa OT Haﬁ,[[eHHBIX TOYCK pa36I/IeHI/I${
-1(-1-2) _

v ———

2(-1-1)° 4"

0,5(0,5-2)

2{0,5-1)°

.?

—-15<0;

y'(0.5)=
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15(L5-2)
—————=-15<0;
2(L5-1)
, 3(3-2) 3
¥ (3)= (—)2 ==>0.
2(3-1)° 8
Fpa(bI/I‘IeCIfI/I WHTEPBaJIbl MOHOTOHHOCTH OYyT UMETh BU]T

y
-+ - N+

0 >
I/IccnenyeMaﬂ (bYHKI_[I/ISI BO3pacCTacT Ha HHTCpBaJIax

(0:1).(1:2).

Touka * = 0 _ TOYKA JIOKAIBHOTO MaKCUMYyMa, x=2_ JIOKaJIbHOTO MUHUMYMa.
Haiinem 3Hauenue QyHkuuu

y'(15)=

(-0:0).(2:40)

yObIBaeT

22
= IjJ = =2
J’len 2 (2 _ 1)
6) J11st OTBICKaHMSI MHTEPBAJIOB BBHITYKJIOCTH HAWIEM BTOPYIO IPOU3BOAHYIO
. (2= (x-1Y —2x(z-2){x-1) 1
y'= = .
2(x-1)" (x-1)°

Takmx HWHTCPBAJIOB HCT, ITOCKOJIBKY BTOpAasdA MPOU3BOAHAA HC MPUHUMACT HYJICBBIX
3HAYEHHUH B 00J1aCTH OIIPECACIICHUS.

Yz

7) Touka * = 1 BEpTUKAJIbHASA aCUMIITOTA (YHKIMHU. Y paBHEHUE HAKIOHHOM
ACUMIITOTBI UIMEET BUJL

y=kx+b
re b IPaHUIBI KOTOPBIE BEIYUCISIOTCS 110 TIPABUITY
b1
&= lim f( );
r—tom X
b= lim x)—kx].
X—stoo (f( ) )
HaxomuM HyXHbIE TPAHHIIBI
2 2
F=lim — = lim — =
st Z.x(.x—l) x—steo ng [1_1 2
A
2 2
) ) — -1
f}: l]_-[n ("x—_l_x): l]ﬂl * I(I ):
x—steo 2(.3: — 1) 2 x—steo 2(.x — 1)
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lim =1
xﬁimZ(.x—l)_ 2

Koneunslit BUs1 psAMOi Clie1yOIIMii

J
8)

= —x+-.
P 2

Ha ocHoBe npoBeeHHOr0 aHalIM3a BBINOHSAEM ocTpoeHue rpaduka GyHkuuu. J{ins

9TOro CHavdaJla CTpOUM BCPTUKAJIBHLIC 1 HAKJIOHHBIC aCUMIITOTHI, 3aTEM HAXOAWUM 3HAUCHUC

byHKIUHA

B HCCKOJIBKHUX TOYKaXx U 110 HUX IIPOBOJUM ITOCTPOCHHUCE.

4.

y=(x+1)/2

x=1

Pemenue 3aqanmi:
1.Mccnenyiite GpyHKIHMIO M MOCTpOiiTE €& rpaduk: y = x> (x — 2)(x + 2).

2.

O 0 3 N LD AW

Uccrnenyiite GyHkimio u noctpoiite eé rpaduk: y = x* — 2x° — 1.

. Uccnenyiite GpyHkuuio u nocrpoiite eé rpaduk: y = (x> + 1),

. Uccnenyiite gpyHkuuio u nocrpoiite eé rpaduk: y = 0,125(x> — 12x).
. Uccnenyiite GpyHKIMIO U TOCTpOiiTE €8 rpaduk: y = (x> + 4x — 3)%.

. Uccnenyiite ¢pyHkuuio u nocrpoire e€ rpaduk: y = sin (2x + 3).

. Uccnenyiite Gynkimio u moctpoiite eé rpadux: y = 3x? + 5x — 2.

. Uccnenyiite GyHKIHMIO M MOCTpOiiTe €& rpaduk: y =X + x!.

. Uccnenyiite GyHkuuio u nocrpoiite eé rpaduk: y = 8x* - 2x + 1.

10. Mccnenyiite GpyHKuMIO U IOCTpoiiTe eé rpaduk: y = 2x° - 6x + 3.

11. Uccnenyiite GyHKIMIO ¥ IOCTPOiiTe €€ rpaduk: y = - 0,5x° + x + 4.
12. UccnenyiiTe GyHKIMIO M IOCTpoiiTe eé rpaduk: y =x - 1,25.

13. Uccnenyiite GyHKIUIO M TOCTpoiiTe eé rpaduk: y = (2x + 1)(3 — x) .
14. Uccnenyiite GyHKIUIO ¥ TOCTPOiiTe eé rpaduk: y =4 + x .

15. Uccnenyiite GyHKIUIO 1 ocTpoiiTe eé rpaduk: y = 3(1 —2x) .

16. Uccnenyiite GpyHKuuMIo u nocTpoiite eé rpadpuk: y = 2x(x> + 1)1,

IIpakTnyeckas padora Ne4l

Tema 7.10: Haubonbiiee u HaMeHbllIee 3HaYeHUS (PYHKLINN
Heas: HayunThcs HaX0AUTh HaWOOJIbIIIEe U HAMMEHbIIIee 3HaUeHUs (PYHKIIMH Ha OTPE3Ke.

Teopernyeckas 4acThb:
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Haxoxnenune Han0o0/1b1IET0 1 HAMMEHbIIET0 3HAYEeHNH QYHKIIMH Ha OTPe3Ke.

1. Ecnu ¢yHKIus HempepblBHA Ha OTpe3Ke, TO OHA JOCTUraeT Ha HEM CBOEro
HarOOJIBIIET0 M CBOETO HAUMEHBIIETO 3HAYCHUSI.

2. Haubonpiiero u HauMEHbLIETO 3HAYEHUIN HempepbiBHAs (YHKIUS MOXET AOCTUTATh
KaK Ha KOHIIaX OTPe3Ka, TaK U BHYTPHU HETO.

3. Ecnu naubosnpiiee (HauMeHblee) 3Ha4eHne GyHKIUU JOCTUTAETCS BHYTPU OTPE3Ka, TO
TOJIBKO B CTAallMOHAPHON WJIM KPUTHYECKOM TOUKE.

AJNTOPUTM HaxOXXJIEHUs HanOOJBIIETO U HaWMEHbIIEro 3HaYeHui ¢pyHkuun y = f(X) Ha
otpeske [a; b]:

1. Haiitu o6nacts onpenenenus pynkiuu D(f).

2. Haiitu mpousBoanyto f* (x).

3. Haiitu crauuoHapHble ¥ KPUTHYECKHUE TOUKH (PYHKIIMH, IPUHAJJICKAINE UHTEPBATLY
(a; b).

4. Haittu f(a), f(b) m 3HavyeHnss QyHKIMHM B CTAIlMOHAPHBIX TOYKAX, MPUHAJICKAIIUX
uHTEepBaIy (a; b).

5. Cpenu mostydeHHBIX 3HaYCHHM BHIOpATh HAaOOJIbIIIEE U HAUMEHBIIIEE.

IIpumepsI u pa3dop pelieHus 3aJaHUI TPEHUPOBOYHOTO MOTYJIA

Nel.Haiitu Han6onbluee 1 HauMeHbliee 3Hauenns Gynkuuy f(x) = 2x° — 9x* + 12x — 2 Ha
otpeske [0; 3]

Pemenue. JleiicTByeM B COOTBETCTBUH C aJITOPUTMOM.

1) D(f) = (-00; +o0).

2)f (x)=6x>—18x + 12

3) CranuonapHbie TOUKH: X = 1; X = 2.

1€(0;3; 2 € (0; 3)

4) f(0) = -2
f(3)=7
f(1)=3
f(2) =2

5) fuann=f(0) = -2

fuans=f(3) = 7.

OtBeT: fham= -2

fhane.= 7.

Ne2.Haiinure ABa MOJOKUTENBHBIX YMCIIa, CYMMa KOTOpPBIX paBHa 16, a mpousBeieHue
HauOoJIbIIIee.

Pemenue.

IIycTs mepBoe unciio pasHo X, * = 0

Torma Bropoe uncno - (16 — %),16 - x>0

CrnenoBarenbho, 0 <X <16

[TpousBenenue 3tux yncen paBHo X(16 — x).

CocTaBuM QyHKIIHIO:

f(x) = x(16 — x)

flix)=—-2x+16

X = 8 — €IMHCTBEHHAs cTalMoHapHas Touka Ha uHTepBaie (0; 16), oHa ABIsETCS TOUKOMN
MaKCHUMYyMa.

CrnenoBatenbHo, B 3T0M Touke QyHkmus F(x) = x(16 — X) mpuHHMaeT HauOOJbIIee
3HAYCHHE.

CrnenoBaTenbHO, Ba MOJIOKUTEIBHBIX YUCIIA, CYMMa KOTOPBIX paBHA 16, a mpou3BeieHNe
HauOobIIee, 3TO 8 U 8.

Otset: 8 u 8

Penrenne 3agannii:
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I
Ne 1. Haiitn HamMeHbmiee u mHambombmiee 3mauerms Qymxmm ¥ = * 0% Ty

orpeske [-1, 2].

. 2
Ne 2. Haiity HauMeHbpllee M HauOONbIIee 3HAYCHUA (YHKIHH © 843 a

oTtpeske [-3, 3].
Ne 3. Haiith HauMeHbliee H HamOONbIICE 3HAYCHHS (YHKIHH » A Ha
otpeske [0, 4].
4= x*

Y= Z
Ne 4. Haiitn HauMeHbllee W HauOoblee 3HaAUYCHUS (QYHKIIMU 4+2" ma orpeske [-
1, 3].

— 5 _
Ne 5. HaiiTn HanMeHbIee ¥ HAMOONbIIEe 3HAYCHUS QYHKIMH = 43 OTpe3Ke

3

Fy= 7
Ne 6. Haiitu HauMmeHnbliee M HauOoOJblIee 3HAYeHHs (QYHKLIUH 1+x—x" pa

[0, 1]

3 1- x+ x°

OTpe3Ke

. =x—2Jx
Ne 7. Halith HaumMeHbliee U HauOoIbliee 3HAYCHHUS (PYHKIHUH g "'II'_ HA

[0, 4]
OTpe3Ke .
=x'lnx
Ne 8. Haiitnu mHaumenbliee M HauOombllee 3HAYeHHA (YHKIHH Ha
otpeske [1, e].
Ne9. Haifty HanMeHbInee 1 HauOOMbIIee 3HAYECHNS (YHKIHH < 2x+EOSZX OTpE3Ke

£t

IIpakTnyeckas padora Ne42
Tema 7.11: Haxox/1eHHE ONTUMAJIBHOTO PE3YJIBTATA C TIOMOIIBIO TPOU3BOJHON
Hennb: Hayuntbca HaXOAUTh ONTUMAIBHBIA PE3YIbTaT B IPOU3BOJCTBEHHBIX MPOLIECCAX C
MTOMOUIBIO TPOU3BOTHOM.

Teopernyeckas 4acThb:

Kaxxapiii yenoBek BpeMsi OT BPEMEHU OKa3bIBaeTCS B CHTYaIlMH, KOTJa HaJI0 OTHICKATH
HAaWIy4IIud CHoco0 pemieHus Kakoi-nmubo 3ajadv, U MareMaTHKa CTAHOBHUTCS CpPEACTBOM
pelieHus mpoodieM OpraHU3alliu MPOU3BOJICTBA, MOUCKOB ONTHUMANIBHBIX pelleHHd. BakxHbIM
YCJIOBUEM IIOBBIIICHUA 3(1)(beKTI/IBHOCTI/I IIPOMU3BOACTBA W YIYUYIICHHA KAa4YCCTBa HNPOAYKIOUH
SBIISIETCS] ITUPOKOE BHEJPEHNE MaTEMaTHUYECKUX METOJIOB B TeXHUKY. Cpeau 3a1ad MaTeMaTHKH
OOJIBIIYIO POJIb OTBOJAT 3aj7a4aM Ha SKCTPEMYMBI, T. €. 3aJ1a4aM Ha OTBHICKaHWE HaWOOJBIIETO U
HAUMEHBIIIETO 3HAUYCHUsI, HAWTYYIIETo, HarnboJee BRITOAHOr0, Hanbosee S3KoHOMHOro. C TaKuMu
3aga4yaMi  MPUXOAUTHECA MMCETH [ACJI0 MNPCACTAaBUTCIIAM CaMbIX PA3HBIX CHeHI/IaJ'H)HOCTeI\/'IZ
WHKCHEPBI-TEXHOJIOTH CTapaloTCsl TaK OPraHU30BaTh MPOU3BOJICTBO, YTOOBI MOIYYHIIOCH Kak
MO>KHO OOJIbIIIE MPOIYKIINH, KOHCTPYKTOPHI XOTAT TaK CIJIAHUPOBATH MPUOOP HA KOCMHUYECKOM
Kopabiie, 4ToOBl Macca TpuOopa OblIa HAMMEHBINEH, YKOHOMHUCTHI CTAparOTCs CIUIAHUPOBATH
MPUKPETJICHUE 3aBO/IOB K UCTOYHHKAM CBHIPbsS TaK, YTOOBI TPAHCIIOPTHBIE PACXO]IbI OKA3bIBAINCH
MHUHUMAaJILHBIMHA. MOKHO CKaszaTb, 4TO 3aJa4u Ha OTbICKAHHC HAHMMCHBIIICTO U HanOOJIBIIIETO
3HAUEHUs, UMEIOT OOJIBIIIOE TPAKTHYECKOE IIPUMEHEHHE.

3ajiaya Ha U3roTOBJIEHHE Oaka HaubOIbIIEro 00beMa
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[IpencraBere cebe, 9TO BaM MOCTYIWII 3aKa3: M3 KBapaTHOTO JIKCTA kKelie3a HE00X0IUMO
H3TOTOBUTH 0aK B popMe MPSMOYTOJIBHOTO MapajuiesienuIieia ¢ HanOombpImuM oobemMoM. JlaBaiite
MPAKTUYECKUM ITYTEM OTPEEIINM, KaKHe MapaMeTphl TOJDKEH HMETh 3TOT 0aK?

Ha xasicovii cmon (2 cmyoenma) vloan OymadicHulil Keaopam co cmoponou 24x24 cm u
PA3UYHOU pa3ZMemKou (8blpeska no Kpasam keaopamos co cmopounamu I1x1, 2x2, 3x3, 4x4x, 5x35,
6x6, 7x7, 8x8, 9x9, 10x10, 11x11cm). Heobxooumo ckieumsv «0axy» u noocuumams e20 00vem
amnupudeckum nymem. Omeem ghuxcupyemcs Ha 0ocKe u bloOupaemcs Hauborbuwul 06veM.

Hrak, HanOompmmii 00beM uMeeT 0ak BhICOTOM 4 ¢cM 1 ocHOBaHueM 16x16 cm. [ Toro,
9TO0Bl TPHUTH K O3TOMY pe3yiabTaTy, HaM TPUIUIOCH MPAKTHYECKAM ITyTeM BBITIOJHUTH
noctpoeHue 12 «0akoB». B XKuU3HM 3TO — HEMO3BOJIUTENbHAS POCKOIIb. T.e. HEOOXOAMMO
npobiieMy  pemuTh  JApyruM  mytem.  Jlig  3TOro MBI IPUMEHUM  3HAHUS U
MPUHIIUIT MATEMATH4Y€CKOIr0 MO/1eJTUPOBAHHUSA

3ajauyn  Ha ONTHMHU3ALMIO  PEIIAIOT, KCMIONB3Ys MPUHIMI  MaTEMAaTHYECKOTO
MOJIEJTUPOBAHUS, KOTOPBII COCTOUT U3 TPEX ITAIOB:

1. CocraBieHue MaTeMaTHUYECKON MOJIENH

2. Pabora ¢ cocTaBIIEHHOU MOEIIBIO

3. OtBeT Ha BOIIPOC 33J1a4u

Hcnonb3ys MpUHIMI MATEMAaTUYECKOTO MOJICIIMPOBAHMS, PEIINM 3a7a4y Ha U3TOTOBJICHUE
Oaka HanboIbIIer0 00BEMA.

1 sran: CocraBiieHHEe MATEMAaTHYECKON MOJEIH:

1) Tlpoananu3upoBaB yCJIOBUS 3aJla4y¥, BBIACIUM ONTHMH3HPYEMYIO BEIUYUHY, T.C.
BEJIMUMHY, HauOoJblllee WM HauMEHbIllee 3HAUeHHEe KOTOpoW HeoOXoAaumo Haiitu. B manHOM
cirydae 3To 00beM Oaka, 0003HaUMM ero V

2) OnHy U3 y4acTBYIOIIMX B 33/1a4€ BEIMYMH 0003HAYUTH 32 HE3aBUCUMYIO [IEPEMEHHYIO
x. IlocrapaTecs BbIpa3uTh 4epe3 3Ty NEPEMEHHYIO OCTAIbHBIE BEIMYMHBL. B Hamien 3agade
JIOTUYHO 32 HE3aBHCHMYIO TMEPEMEHHYIO X MPHUHATH BBICOTY 0aka, TOTrJa OCHOBaHHE Oaka —
KBaJpaT co cTopoHOU (24-2x). Onpenenum peajibHble TpaHUIBl epeMeHHoN X. JlormuHo, 4to
BbICOTa 0aKa —TOJIOKUTENbHAs BETMYMHA, MEHbITast 12.

3) Ucxons u3 ycnoBus 3a/1a4, BbIpa3uM V yepes X:

V(x)=(24-2x)*x, 0<x<12. MaTemaTuueckas MoJejb II0CTPOEeHa

2 aran. PaboTa ¢ cocTaBneHHOM MOJIEIBIO

Haiinem HanGonpinee 3Hauenne pynkunu V(x) Ha uarepsaie (0;12)

V(x)=576x-96x>+4x*

Haxoaum npon3BoAHYIO U CTallMOHAPHBIE TOUKU

V'(x)=576-192x+12x%, 576-192x+12x?=0, x1=12,x,=4.

Tonbko oxHa Touka x=4 nmpuHaIexXuT uaTepBay (0;12), mpuuem npu 0<x<4 V'(x)>0, a
npu 4<x<12 V'(x)<0, T.e. x=4 TOYKa MakCUMyMa, a 3HAYUT, B ATOM Touke (PyHKUHA V(X)
MpUHUMAET HanboJblllee 3HAaYCHNUE.

3 oramn. OTBET Ha BONPOC 3a7a4H.

X —9T0 BBICOTA 0aKa, T.e. BRICOTa paBHA 4, CTOPOHBI OCHOBaHUS Oaka — 16.

Hrak, 6ak ¢ HanbonbpImMM 00BEMOM HMeEET mapaMmeTphl: 16x16x4.

3amaya 2.

Jlan OGak 0e3 KpbIIKA B (opme TpsSIMOYTOJBHOTO TMapajuiefienuIies;a, B OCHOBAHHH
KOTOPOTO JIEKHUT KBajpaT U 00beM kKoToporo pasen 108 mv’. Ipu kakux pasmepax 6aka Ha ero
W3TOTOBJICHHE MTOW/IET HAUMEHbIIIee KOJTMIECTBO MaTepuana?

1. CocraBnsieM MaTEMaTUYECKYIO MOJIEIb

Bormpoc OtBer
Uro sBisteTcst Inowaow oemaneii, us
ONTHUMH3UPYEMON BETHUUHOMN? KOMOpbIX c8apeH 6ax
CKOJIBKO TaKHX JIeTajaeih? OoHo ocnosanue u 4 60K08bIX
epanu
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UYrto nmpeacrasisieT co0oil THO Keaopam

Oaka?
Ero mnomans? x°, NPUHSE CIMOPOHY OCHOBAHUS
3a x
Urto npeacTaBisoT cooou 4 pasHbix NpAMOY20NbHUKA
OOKOBBIE TpaHu?
Hx momans? 4xh, 20e h — evicoma baka
CKOJIbKO HEM3BECTHBIX Cmopona ocnosanus 6axa u
BEJIMYMH, OT KOTOPBIX 3aBUCUT svicoma

ONTUMU3HMpYEeMasi BeJTUUrHAa?
MO>KHO JIU CBECTH K OHOMH?
Bripasum BeicoTy huepes x | V=hx’  108=hx’  h=108/x’

BEIpasuM MI0MAab 4epes X S(x)=x"+4x
KakoBsl mapameTpsi x? 0<x<108
Wrak, marematrueckas MOJIEIb S(x)=x>+4x 0<x<108
3aaun

2. Pabora ¢ marematuueckoir Mosienbto. HaliTu HaumeHblee 3HaueHre GyHKIMM S(X) Ha
untepsaie (0;108) no anropurmy

Bomnpoc Omeem
Haiitu cranimonapHbie TOUKH S'(x)=2x-4
2x-4 =0
2x3=432
=216 x=6
CranuoHapHasi TOYKa SBISETCS Ja, x=6 mouxka munumyma

TOUKOH aKkcTpeMyma? (TOUKOMH
MaKCHMyMa UJIM MUHHUMYMA)

Haumenbiiee 3HaueHUEe PYHKIAH Jla, m.x. na unmepsane
S(X) mocturaercs B TOUYKE (0,108) ¢ynxyus
MUHUMYMa? HenpepvleHa

3. OTBeT Ha BOIIPOC 3aJjauu.

Bomnpoc Omeem
B mannoi 3amaue KaKoM CMBICT
UMeeT HaliJleHHas BeIMYUHA X7

Kakue eiie mapamMeTpsl UMEET
621310 B Bvicoma

Cmopona ocnoeanus baxa

KaxoBo ee 3HaueHUE? H=3
Haumenvuee xonuuecmeso
Mamepuana Ha uzeomoeieHue
baka npu wupuHe 0CHOBAHUSL
6 OMm u ebicome 3 OM

OTtBer Ha BOIIpPOC 3aa4u

Pemrenue 3axanmii:

Nel. Cpapuuky TOCTYNHI 3aKa3 BBITIONHUTH OTPAXKAEHHE YYacTKa Iuiomanbio 2400m,
pa30MB ero Ha JBa y4acTKa MPSMOYTOJbHOW (hOpMBI Tak, YTOOBI JIMHA OTpaKAeHHUsS ObLIia
HanMmeHble. Hailtu pa3mMepbl y4acTKOB.

No2. Tpebyetcst cBapuTh SIIUK C KPBIIIKOH 00BEMOM 576 1M, CTOPOHBI OCHOBAHUS STIIHKA
JIOJDKHBI OTHOCHUTHCST Kak 1:2. Kakolt momkHa OBITH BEIMYMHA €r0 CTOPOH, YTOOBI TOJIHAS
MOBEPXHOCTh ObLJIa HANMEHBIIICH?
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Ne3. Vwyactox npsMOyronbHOM (OpMBbI OJHOM CTOPOHOM MpHiEraeT K 3AaHUI0. Y
cBapmiuka ectb 20 MeTpoB u3ropoau. Hamo oroponuts ydyacTok Tak, 9ToOBI TUIOMIAAL €r0 Oblia
HanOoJIbIIAs

Ne4. TpeOyeTcsi M3TOTOBUTH OTKPBITBIM JKECTSHOW KOpoO B (opMe NPSIMOYTOIBHOTO
napajuiejenunesa ¢ KBaJgpaTHbIM OCHOBAHMEM, C HAaWMEHbIIMM OOBEMOM, €CIUM Ha €ero
M3rOTOBJIEHHE MOKHO TTOTPATUTh kecTH 300cm?

IpakTnyeckas padora Ne43
Tema 7.11: Haxox/1eHHE ONTUMAIBLHOTO PE3YJIbTATA C MOMOIIBIO TPOU3BOIHOM
Henab: HayuuThcs HaXOAUTh ONTUMAIbHBIA pE3yabTaT B MPAKTUUYECKHX 3a/adax C
MTOMOUIBIO TPOU3BOTHOM.

Teopernueckas 4acThb:

[Ipexne uem pemath Kakyro - JuM00 KM3HEHHYIO 3aJauy, 4elIOBEK CTapaeTcsi B3BECUTh
UMEIOIYIOCS Y HEero nH(pOpMaIuio, BHIOpaTh U3 Hee CyHIeCTBEHHYIO. M TONBKO mOTOM, KOrja
cTaHeT OoJjiee MM MEHee SICHO, U3 4Yero MCXOAMUTh M Ha KaKOil pe3yiabTaT pPacCUUTHIBATH, OH
IpUCTYNAaeT K pelIeHHI0 3a7ayd. YacTo OnMcaHHBIA MPOLECC HA3bIBAIOT YCJIOBHEM 3aJayH,
(akTHUECKH >XK€ 3TO 3aMEHa MCXOJHOM >KM3HEHHOM 3aJaud ee MOAeNblo. B ocmbicieHuu
IpocTeiIlel )KU3HEHHON CUTYalluU IPUCYTCTBYET MOJIEIbHBIN MOJXO0, XOTS YeJIOBEK OOBIYHO HE
3aMeyaeT CBOCH NEATENBHOCTH M0 CO3/IaHUI0 MOJENEH - HACTOJIBKO OHA JUIsl HErO €CTECTBEHHA.
WHoe neno, ecnu BO3HUKAIONIAs 3ajada 3aTparuBacT KIIOYEBbIE MOMEHTBHI JKHU3HHM OJIHOTO
YeJI0BEKa MIIM KaKoro - oo cooduiectsa jirojaell. Paznoobpa3zue MHPOPMALIMOHHBIX aCIIEKTOB B
KaXIOM TakKoi 3a7aye HACTOJIBKO BEIIMKO, YTO OBIBACT CIOXKHO W3 BCETO MHOT000pasus
uHpopManuu 00 U3yyaeMoM SIBICHUH WK 00beKTe BEIOpaTh Hanbosiee cyliecTBeHHble. B Takux
cilydasix HEOOXOIUMO cJeNaTh YIPOIIAoIee MPEANOIOKEHHE, YTOOBl BBACTUTD HCXOJHBIC
JJAaHHbIE, ONPEAETIHUTh, YTO OyAET CIYXHUThb PE3yJIbTaTOM M KaKOBa CBS3b MEXIY MCXOIHBIMU
JaHHBIMU M pe3yJabTaToM. Bce 3To - mpenrnosioxkeHus, UICXOAHbIE JaHHbIE, PE3yJbTaThl, CBI3U
MEXly HUMH - MX Ha3bIBAIOT MOJIENBIO 3aa4u.

Ecnu moctpoeHHas Mojenb JaeT yIOBJIETBOPUTENbHBIE DPE3YyJIbTaThl MPU PELICHUU
KU3HEHHBIX 3a/1a4, TO TOBOPAT, YTO MOJEIb aJeKBaTHAa pacCMAaTPUBAEMOMY OOBEKTY, MPOLECCY
wiu  gBieHuto. Hepenko nns  pemeHuss MOAENBHOM  3amaud  TpeOyeTcsi HEKOTOPbII
UHCTPYMEHTApH. DTOT HMHCTPYMEHTapuil OOBIYHO OpPraHU3yeTcss B BUJE €JUHOI0 OOBEKTa,
Ha3bIBAEMOT0 UCIIOJIHUTEIEM. UTOOBI HCIIOJHUTEND MOT MOJIYYUTh OTBET, EMY HYKHbI yKa3aHUS,
4TO M Kak Jenarb. Takue ykazaHus 4acTO IMPEACTaBISAIOTCS B BHUJE AJITOPUTMa, B KOTOPOM
3a/1al0TCAd MaTEMaTHYeCKUE COOTHOILIEHUS, CBSI3bIBAIOIIME HCXOIHBIE JJAaHHBIE U PE3YJIbTaT.

B sTOM ci1yyae roBopsAT 0 MOCTPOCHUHM MaTEMaTUYECKON MOJENIN 3aJauH.

PaccmoTpuM nprMepsl UCHOIB30BaHUSI MAaTEMAaTUYECKUX MOJENEH B ONTUMHU3ALMOHHBIX
NPaKTUYECKHX 3a/1a4ax, pelieHHe KOTOPhIX TpeOyeT HaX0xkIeHHe TPOU3BOIHON (DYHKIIMH.

3amaua 1. Paccrosinue mexay nByms maxtamu A u B mo mocceitHoit mopore 60 km. Ha
maxte A no6siBaetcst 200 T pynasl B cyTku, Ha maxte B - 100 T B cytku. I'ne HyxHO
MOCTPOUTH 3aBOJ| MO THepepadoTke pyabl, YTOObI ISl €€ MEePEeBO3KM KOJIUYECTBO TOHHO-
KAJIOMETPOB OBUIO HAaUMEHbIINM?

Pemenue. BeplsicHsiem, 4TO cymMMapHO€ KOJMYECTBO TOHHO-KHJIIOMETPOB HM3MEHSETCS B
3aBUCHUMOCTH OT MECTa HaX0XKJIEHNUs 3aBO/1a, BBIYHMCIIUB €T0, HAIIPUMED, IS CIIydaeB, KOT1a 3aBOJ
Haxoauted oT myHkTa A Ha paccrosHun 30 kM, 20 kM, 10 kM.

Jlanee mpucTymnaeM K peleHHIo 3ajaui, 0003HaYMB paccTosiHUE OT 3aBoga C 10 IMIaxThl
A uepe3 x: AC=xuBC=60-x.

KoanuecTBo TOHHO-KMIIOMETPOB, IPOMACHHBIX TpaHcopToM OT A 1o C 3a KaKIbli
neHb, coctapiser 200 x 1/kMm, oT B 1o C-100 (60 - x) /kM. CyMMapHO€ KOJIMYECTBO TOHHO-
KUJIOMETpOB BbIpasutcs ¢pynkuueit y =200x + 100 (60 - x) = 100x + 6000, koTopast onpezeneHa
Ha cermente [0; 60].
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SIcHO, 9TO 3TO YpaBHEHHE MOXKET HMETh OECKOHEYHO MHOro pemieHuil. Bompoc -
HaWTH JCIIEBbIA BapUaHT IEPEBO30K.

Uccnenys pynkuuro y = 100x + 6000 Ha cermente [0; 60], momydum ymin = 6000. DTa
nuHerHas QyHKOusS OyAeT UMETh ~ MUHUMajbHOEe  3HadeHue npu X = 0, ymin = 6000 T/KkM.
3aB0oJ1 HaJI0 CTPOUTH BO3JIE MIAXTHI  A.

JUiga nydiiero NMOHMMAaHMSI 3TOM 3aJauM 11eJIeCO00pa3HO JOMOJIHUTEIbHO BBIACHUTH
BOIIPOC, TJI€ HY>KHO OBI IIOCTPOUTH 3aBO/I, €CIIH ObI:

a) B maxte A nmooOwBasiock 100 T, a B maxte B -200 T pymsr;

0) Bmaxte A-200T, a B maxte B-190T;

B) Bmaxte A u maxte B - mo 200 T pynsr;

YroObl pemuTh 3TOT BOIIPOC, HY>KHO HaiiTu Ha cermenTe [0; 60] MUHUMYM (QYHKITUH:

a) y =100x +200(60 - x) =- 100x + 12000;

0) y =200x + 190(60 - x) = 10x + 11400;

B) y = 200x + 200(60 - x) = 12000.

Otgert: 13 Bcero 3Toro MOXHO CJeJIaTh TAKOHW BBIBOJ: €CIIH B IaXTe A J0OBIBACTCS PyIbI
Oonbile, yeM B maxTe B, To 3aBOJ HaIO CTPOUTH BO3JIE MIAXTHI A; €CIIU e KOJUYECTBO PYyIIbl B
ATUX LIaXTaX OJUWHAKOBOE, TO 3aBOJ MOXHO CTPOUTH B JIFOOOM MecTe BOIM3M  LIOCCEHHOM
Joporu Mexnay maxtamu A u B.

3amaga 2. Ha komxo3HoW (epMe HYKHO MPOBECTH BOJONPOBOA IIHHOW 167 M.
Wmerorcs TpyObl anuHOW S5 M u 7 M. CKOJBKO HYXHO HCIIONIB30BaTh TEX U JIPYTHX TPYO,
4TOOBI C/IeTIaTh HAaWMEHBIIEe KOJIMYECTBO COCIMHEHUH TPyOBI HE pe3arh)?

Pemenue. YuuThIBas, YTO KOJMYECTBO KAaK OJHUX, TaK U JAPYrUX TpyO MOXKeT
WU3MEHSTHCS,

KOJMYECTBO 7 - METPOBBIX TPyO 00O3HAUMM uepe3 X,

KOJMYECTBO S5 - METPOBBIX — uUe€pe3 vy,

Torga 7X - AnuHA 7 - METPOBBIX TPYO,

Sy - mnuHaA 5 - METPOBBIX TPYO.

ITonmygyaem ypaBHenue 7x + Sy = 167. Tak kak X,y € Z, To MmeromoMm mnepedopa
JIETKO HAWTH  COOTBETCTBYIOIIME TMaphbl 3HAYEHHH X HW Yy, KOTOpPbIE  yIOBJIETBOPSIOT
ypaBHeHHe 7x +5y=167.

(1;32), (6;25), (11;18), (16;11), (21;4).

OtBet: M3 »Tux pemeHuil Haubolee BHITOAHOE TMocieaHee, T.e. X=21,y=4.

Pemenue 3aqanmii:

Nel. TpeOyeTcst oropoAUTh MPSIMOYTOJBHBIN Y9aCTOK 3€MJTH, UCTIOJIB3Ys B KaUE€CTBE OJTHOM
U3 CTOPOH 3a00pa 4acTh CTEHBI AOMa. YUYaCTOK JOJDKEH MMETh OINpeNeNIeHHYIo Iuiomas. Kak
cleyeT BhIOpaTh COOTHOLIEHHME MEXIY JJIMHAMH €ro CTOPOH, 4TOOBbl Ha IMOCTPOIKY 3abopa
MIOIIJIO HAUMEHBIIIEE KOJIMYECTBO MaTepuaa?

OtBet: CropoHa 3a0opa, napasuieiabHas CTEHE JOMa, JOJKHA ObITh B /IBa pa3a JUIMHHEE
OOKOBOI CTOPOHBI.

No2. TpeOyercst oropoauth cetkoil anmuHOoW 600 M 30HY OTABIXA MPAMOYTOJIBHOU
dbopmbl, puseraroIyo kK pexe. Onpeaenure, KAKOBbI JOJDKHBI OBITh JUIMHA U IMIMPHHA YYacTKa,
YTOOBI OH UMEJ HAaUOOJIBLIYIO MJIOIIAb.

OtBer: HanOoNbIIAs TUIOIAAb YUacTKa, eciu mupuHalS0 m, umHa 300 M.

Ne 3. Onpenenuts pasMepsl OTKPHITOTO GacceiiHa 00beMOM 256 M>, HMEIOIEro JHO B
BUJE KBajJpaTa, TaK YTOObI Ha OOJMIIOBKY €ro CTEH U JHa ObUIO M3PAacX0/I0BaHO HaUMeEHbIlee
KOJIMUECTBO MaTepHara.

OtBer: 8 M. 8 M, 4 M.

Ne 4. Tlpunerarouryro K JoOMYy IPsIMOYTOJIbHYIO IUIOIIAAKY HYXHO OIpaJUTh PELIETKOM
mmHo 120 M. OrmpenenuTs pa3Mepbl IUIOUMIAAKH, TaK YTOOBI OHA MMela HauOOJIBLIYIO
IJI0IA/b.

OtseT: 30 M, 60 M.
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IIpakTnyeckas padora Ned44
Tema 7.11: HaxoxneHne onTUMaabHOTO pe3ysibTaTa ¢ TOMOIIBIO TPOU3BOTHOM
Heas: HayunThCs HAXOAWTh ONTUMAJIbHBIA pE3yJbTaT B SKOHOMUYECKHX 3aJadyax C
MIOMONIBIO TTPOU3BOTHOM.

TeopeTnyeckas 4acThb:

JuddepeHnnansHoe HCUUCICHUE - ITUPOKO MPUMEHSEMBIH T SKOHOMHUYECKOTO aHATN3a
MaTemMaTuueckuil amnmapaT. ba3oBoi 3agauell SKOHOMMUYECKOTO aHajau3a SIBISIETCS U3YyYeHUE
CBsI3e DKOHOMHYECKUX BEJIMYHH, 3alMChIBACMBIX B BHJE (QYHKIHA. B KakoM HampaBlieHUU
M3MEHUTCS JIOXOJ TOCYJapCTBa MPHU YBEJIWYEHUH HAJIOrOB WJIM IMPU BBEICHUU HMIIOPTHBIX
NONUIMH? YBETUYHUTCS WIM YMEHBIIUTCS BBIpyYKa (UPMBI TPU TIOBBIIICHUH IICHBI Ha €e
npoaykuuio? B Kkakoil mpomopuuu  JOMOJHUTENbHOE O00OpPYIAOBAHHE MOXKET 3aMEHUTh
BBIOBIBatONMX paboTHUKOB? [[iist pemienus moJo0HbIX 337249 JOKHEI OBITh TOCTPOCHBI (PYHKIIUN
CBS3M BXOIALIMX B HHUX IMEPEMEHHBIX, KOTOpBIE 3aTE€M M3y4yalOTCS C IMOMOIIBIO METOJIOB
i depeHIMATEHOTO UCYHCIICHUS. B 9KOHOMUKE 0YeHb 4acTO TPeOYeTCsl HAWTH HAMITyUIIIee, T
ONTUMAJIFHOE 3HAYEHHE TOTO UM MHOTO IMOKa3aTeNsi: HAauBBICIIYI0 MPOU3BOAUTEIHHOCTh TPY/IA,
MaKCUMaJIbHYIO MPUOBLUIb, MAKCUMAJIbHBIN BBITYCK, MHUHUMAJIbHBIC M3ACPKKH U T.1. Kaxnmpri
MOKa3aTeNb MPeICTaBIseT Cco0o0i (PYHKIHIO OJTHOTO WM HECKOJbKUX apryMeHToB. Hampumep,
BBIITYCK MOXXHO paccMaTpuBaTh Kak (DYHKIWIO 3aTpaT TpyJda W Kamurtaia (Kak dTO JeiacTcs B
MPOU3BOJCTBEHHBIX (QYyHKIMIX). Takum o00pa3oM, HaXOXKJIEHHE ONTUMAIBHOTO 3HAYCHUS
MOKa3aTessl CBOJUTCS K HAXOXJIECHUIO dKCTpeMyMa (MakcuMyma WJIM MUHUMYyMa) (QYyHKIUU
OJIHOM WIJIM HECKOJIbKUX IepeMeHHbIX. [[o100HbIe 3aaun MOPOKAAIOT KIACC IKCTPEMATbHBIX
3a/1a4 B 9KOHOMHKE, PEIICHNE KOTOPBIX TPEOYET HCIOIB30BaHUSI METOI0B AU(PHEpEeHIINATHEHOTO
ucuncnenus. Ecmu SKOHOMHMYECKUH TMOKa3zaTedb y HYXHO MAaKCUMH3UPOBATh WIIU
MHUHHUMH3UPOBATh KakK (YHKIHUIO APYroro mokaszaTens X (Hampumep, 3ajadya Ha MaKCUMyM
npuObUK KaK pyHKIKMK 00beMa BBITyCKa), TO B ONTUMAIBHON TOUKE (T.€. B TOUKE MaKCUMYyMa)
OTHOIIICHUE TIPUpAIICHUS (DYHKIINH Y K TPUPAIIEHUIO apTyMEHTa X JIOJKHO CTPEMHUTHCS K HYJIO,
KOI/la MpUpAILlEHUE apryMEHTa CTPEeMUTCS K Hyto. MHade, eciiu Takoe OTHOILIEHHUE TPUpaLEHUI
CTPEMHUTCSI K HEKOTOPOM MOJOKUTEIHLHON WIM OTPUIATEIHHOM BEIMYMHE, paccMaTpruBaeMas
TOYKA HE SIBJIAETCS ONTHUMAIbHOM, MOCKOJIbKY YBEIMYMB WM YMEHBILIUB apTyMEHT X, MOXHO
W3MEHUTH BEJIUYUHY Y HYKHBIM 00pa3oMm.

B tepmunax nuddepeHmanbHOrO0 MCYMCIEHUS 3TO  O3HAYAET, YTO HEOOXOIUMBIM
yCIIOBHEM 3KcTpemMyMma (QyHKiuu y = f(X) ABIsIeTCS paBEeHCTBO HYJIIO €€ Mpou3BOoAHOU. B
SKOHOMHUKE YaCTO NPUXOJUTCS pElIaTh 3aJayd Ha HKCTPEMYM GYHKIIUI HECKOIBKUX
MEePEMEHHBIX, TTOCKOJIbKY SKOHOMUYECKHE IOKa3aTeaN OOBIYHO 3aBUCAT OT MHOTHX (DaKkTOpOB.
Takue 3a1a4u XOpOIIO H3y4YeHBI Teopuer PYHKINI HECKOJIbKUX TEPEMEHHBIX, UCTIOIb3YIOIIeH
MeTo bl TG HepeHIIMATBEHOTO UCUUCIICHUS.

3apaya 1. Mononoit npennpuauMarens Muxaitno IOpuil B cBeTe 3KOHOMHYECKOTO
KpHU3HCa PEIII BRIKYITUTh HEPeHTa0eIbHOE MPOBUHIIMAILHOE TIepepadaThIBAIOIIEE MPETPUSITHE
U npuriiacui 3konomucra ['ynpaepoa ['epmana moMods ¢ pacueTamMu 0 ONITUMHU3ALUN PACXO/I0B.
Onna 13 3a7a4 MOCTaBJICHHBIX Tiepen [ epmaHoM Oblia Ciieyromas: HalTH, MPY KaKUX YCIOBUAX
pacxo/1 )KeCTH Ha H3TOTOBIIEHUE KOHCEPBHBIX OAHOK ITMIIMHIPUYECKON (hOPMBI 3aJaHHOM €MKOCTH
Oy/leT HauMEHBIIIUM.

Pewenue.

BcnmomanMm 3 3Tama MareMaTHMuecKoro MOJEIHPOBAHUS, MPUMEHSEMbIE TPH PEIICHUHN
3a/1a4 Ha OMTHMH3AIHIO (I0Ka3 Ha SKPAHE):

¢ 1 stamn. CocraBieHrne MaTeMaTHYECKOM MOJIEITH.

e 2 oran. PaboTa ¢ cocTaBneHHON MOAETBIO.

e 3 3tan. OTBET HA BONPOC 33]1a4H.

1 3man. Cocmaenenue mamemamuyecKkoi Mooeu.

CocraBnenre Moy 00Jier4aeTcs TeM, 4To u3BecTHa (hopmMa OaHKHU H OTOBOPEHO, YTO OHA
JOJKHA OBITh 33/IaHHON €MKOCTH. JTO CYIIECTBEHHO JIs cOCTaBleHusl Moaeu. CylecTBEHHBIM
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SIBIISIETCS TAKXKe TpeOOBaHUE, YTOOBI PACXOJI )KECTH HA H3TOTOBJICHNE OAHKH OBLIT MUHUMAJTbHBIM.
D10 TpeOOBaHMWE O3HAYAECT, YTO IUIOMIA[b IOJHOW TOBEPXHOCTH OaHKH, HMEIoeH ¢Gopmy
WIMHPA, JOJDKHA OBITh HAMMEHBIIEH; CYIIEeCTBEHHBI U pa3Mepbl 6anku. HecyiecTBeHHBI a7
COCTaBJICHUS] MaTEMaTHYECKON MO KOHKPETHOE (YUCICHHOE) 3HaYeHHE eMKOCTH OaHKH U BU]T
KOHCEPBOB (MSICHBIX, OBOILHBIX ), AJIsl KOTOPBIX OaHKa MpeIHa3HAYeHA.

O603HaunB eMKOCTb OaHKH 4yepe3 V cM?, chopmynupyeM 3agaudy: OnpeaenuTs pazMepbl
IMHAPA ¢ 00beMoM V cM? Tak, YTO ObI IUIOMIA/(h €r0 MOJIHOM MOBEPXHOCTH ObllIa HANMEHBIIEH.

Jlnia pemieHus 3a1a4u 0003HAYUM PaJNYC OCHOBAHUS LMJIMHIPA Yepe3 X, a BBICOTY €ro
gepe3 h (Bce uamepenus B cantumerpax). Torna oobeM muiIuHapa

Vo= ﬂxg}g = h= ig .
o
MonHaA NoBEpPXHOCTL UMNHMHAPA:
S=2mx+2mxh=2Tx+ EJ-‘TXLE = 2K+ v M
Fine x x
Jrax, S = X+
X

Tak KaKk NepeMeHHan X MOXKET NPUHMMATE TONMBKO NONOHWTENEHBIE 3HAYEHWA, PELLEHWE 3a03a4M
CBOOMTCA K HAXOHASHUH HAMMEHBLUEND 3HAYEHWA S(X) Ha (0;ca).

2 sman. PaSoma ¢ cocmasneHHol Modenkero.

Hangem npoM3BogHYH S7(X)

- 2
X

X X

S0 = (nf + EV]r _ [m%— (27 + EV)] _ 4 -~

[nA HAaXOWAEHWA KPUTHYECKUX TONEK PELUMM YpaBHeHWe 37(x) = 0.

KopeHb YpaBHEHWA. X = 3||£ :
a7
Mpux =0 = 3||£ Sx)=0,anpux = 3||£ S(x) =0
27 2T

7
CrnenoeatenbHo, B TOYKE X = 3 ||_ S(x) UMEET MHHHUMYM.
27T

N
X (D:E)

(]

v v
E (:ﬁw)
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CnenoBarentHo, @YHKUWA B 3TOR TOYKE OOCTMIAET HAMMEHLLETD 3HAYEHWA.

Taknm 00pasom, NNowags NoONHOR NOBEPXHOCTA LMNMHAPE, WMerwero odvem V, OyaeT HaumeHbLeR
R I A - T ) . N
npuh=2x=23__ = 3] Te. Korda UWNMHOP DAaBHOCTOPOHHMA.
2T T

3 aman. Omeem na eonpoc 3aoauu.

Haumenbimmii pacxon »eCTH Ha M3TOTOBJIEHHE KOHCEPBHBIX OAHOK ILMJIMHJIPUYECKOMN
dbopMbI 3a1aHHOI €MKOCTH OyAeT JOCTUTHYT HPU YCIOBHH, YTO AHMAMETP OCHOBAHHUS M BBICOTA
0aHKH paBHBI MEX1y COOOA.

3anaua 2. llemenTHbIN 3aBOJ] TPOU3BOAUT X T LIEMEHTA B JiIeHb. [10 10roBOpyYy OH JA0KEH
€XeJIHEBHO IOCTaBIIATh cTpoutenbHoi ¢upme He MeHee 20 T nemeHrta. IIpom3BoacTBeHHbIE
MOIIIHOCTH 3aBOJIa TAKOBBI, UTO BBIITYCK LIEMEHTA HE MOXET MpeBbIaTh 90 T leMEHTa B JI€Hb.

Onpenenutsb, Ipu KakoM 00beMe POU3BOJICTBA YACNIbHBIE 3aTPaThl OyAyT HAUOOIBIIUMU
(HauMEeHbBIIUMH), €CTH (PYHKIIHS 3aTpaT UMEET BUL:

K =—x* + 98x? + 200x,

a yZIeJIbHbIE 3aTPaThl COCTABSIT:

K/x =—x%+ 98x + 200 .

Pemenwue: Haiinem HauOosbliee 1 HanMeHbIee 3HaYeHne QyHKIMU y = —x2 + 98x + 200
Ha npomexyTke [20; 90].

BriBenem x = 49 — kputndeckas Touka ¢pyHkuuu. Haiinem 3HaueHne GyHKIMU Ha KOHIIAX
u B kputnueckoi Touke: f(20) = 1760; £(49) =2601; f(90) = 320.

Wrak, npu Bbilycke 49 T LieMEHTa B JACHb YAEJbHbIE WU3ACPKKH MaKCUMaJbHbI (T.€
SKOHOMMYECKHU ITO HE BBITOJHO), a IpH BbITycke 90 T B IeHb yJeNbHbIC H3ACPKKA MUHUMAIIbHBI,
3HAYUT 3aBOAY MOKHO paboTaTh Ha Mpele’lbHONM MOIIHOCTU U euié Oosiee yCOBEPIIEHCTBOBAThH
CBOM TE€XHOJIOTUH, TIOCKOJIBKY Jajbllie HAaUHET AeHCTBOBATh 3aKOH YOBIBAOIIEH J0XOAHOCTH U Oe3
HOBOBBE/ICHUH BBIMTYCK MPOIYKIIUH HE MOKET ObITh YBEITUYEH.

3agaua 3. BeiOpath ontuManbHbId 00beM npousBoacTBa N pupMoi, GyHKIUS NprObLIN
KOTOPOil MOKET OBITH CMOJIEIMPOBaHa 3aBUCHMOCThIO: F(q) = g - 8q + 10.

Pemenue: OnTumanbHbIi 00bEM IPOU3BOICTBA €CTh IPOU3BOHAS OT (QYHKIIUU IPUOBLUIH,
T.e. N=F(q)

F(@=R(@-C(@)=2q9-8=0— qexr =4

Ilpu q gextr =4 — F'(q)

ITpu q gextr = 4 — F'(q) 0 u mpubbLTH BO3pacTaer

ITpu q = 4 npuOKLIL IPUHUMAET MUHUMAJIbHOE 3HAUCHHE.

Pemenue 3apau:

Nel. ITpu6bins GupMbI 3a1aHa 3aBUCUMOCTBIO : F(q) = 5q° - 5q + 12. HaiiTu onTuManbHbIi
00BEM npon3BoicTBa N (DUPMBI.

No2. ITpu6binb GUpMBI 3a1aHa 3aBUCUMOCTBIO : F(q) =4 q° - 4q + 12. HaiiTu onTuMaibHbIi
00BEM npon3BoicTBa N (PUPMBI.

Ne3. Tlycre ynkius crpoca umeet Bua QD = 100 — 20p, moctossaabIe M3aepx Kk TFC
(total fixed costs) coctaBistor 50 AeHEXHBIX €IUHHUIL, a mepeMeHHble usnepxkku TVC (total
variable costs) Ha MPOU3BOJICTBO €AMHUIIHI MPOAYKIIMH — 2 IEHEKHbIE eNUHUIBL. Haltn 00béM
BBINTYCKa, MAKCUMHU3UPYIOIUI MPUOBLTE MOHOIIOIHUCTA.
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IpakTnyeckas padora NedS
Tema 7.12: KontponsHast pabota o pazneny 7 «Ipou3BonHas GyHKINH, €€ IPUMEHEHHE)»

Hean: [IpoBeputh ypoBeHb YCBOCHHMS TAaHHOTO MaTepuaia 1o paszaeny 7 «lIpousBognas
byHKLINH, €€ TPUMEHEHUE)

Ilpu pewenuu 3aoanuii 1-4 3anumwiume npasunbHLIL OmMeem U3 Uemblpex
npeo10IHCeHHbIX.
1. (1 6amn) Yemy paBHa Ipor3BoHAS GYHKIHH Y=COS*X?
A) y'=—sin’x; B) y'= - 2 sin’x; B) y'= -2cos x sin x; I') y’=2cos Xx.
2. (1 6ayn) ITo xakoit n3 GOpMYIT BEIYUCISAETCS MPOU3BOIHAS TPOU3BEACHUS?
uv—uv

A) (whv)=u'+'; B) (wv) =u'viuv'; B) () " = 55 T (fe(0) =F (200)*g (%),

3. (1 6amn) PemmTe ypanenue f'(x)=0, ecim f(x)=3x> — 6x +4. BriGepute oTBeT.

A)1;B)-1;B)4;T') -4.

4. (1 6amn) Ha pucynke uzo0OpaxkeH rpaduk npousBoaHoi ¢pyHkun f(x), onpeneneHHON
Ha uaTepBaiie (—10; 8). Haiinure kommdecTBo Touek Makcumyma pyakmmu f(x) Ha oTpeske [—9;6].

YA | | |
/MNVIN/] Ny 7o)
— \ M INELE 17
\ [YTX /
-10 /o] 1 | /8 [ X
SN/ | |l /
L [/
[ \l/

A)5;b)4;B)2; 1) 3.

Ilpu e¢vinonnenuu 3ad0anuii 5-8 3anuuwiume x00 peuwieHus U NOJIYYEHHbLIL Omeent.

5. (2 6ania) MaTepuanbHas TOUKa JBUKETCS MPAMOJMHENHO Mo 3aKoHy X(t) = -t* + 67 —
41> + 5t — 5 (e X — paccTOSHHUE OT TOUKU OTCYETA B METPaX, t — BpeMs B CEKYH/aX, U3MEPEHHOE
¢ Hauana aBuxkeHus ). Haliaure ee ckopocTts (B M/C) B MOMEHT BpeMeHu t = 3 c.

6. (2 6anna) Ha pucynke n3obpaxén rpadpuk pyHkuuu y = f(x) u kacareiabHas K HEMY B

TOUKe ¢ abcuuccoi xo. Haiinure 3HaueHune nponsBoaHon pyHkuun f(X) B TOUKE Xo.
Y /

[

o s

N
|

i
{

(x=2)(x+3)
(x—8)
8. (2 6amna) Uccnenopats dynkimio f(x) = x> — 3X 1 HOCTPOUTH €& rpaduk.

7. (2 6anna) Pemte HepaBEHCTBO: >0

Imanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aJaHuA
OtBeT B b A B 8 1,25 (-3;2); (8;+0) -
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IIpakTnyeckas padora Ne46

Tema 8.1: IlepBooOpa3znas pyukmnus. [IpaBuina Hax0XIEHUs IEPBOOOPA3HBIX

Hesan: HayunTs HAXOOUTH IEPBOOOPA3ZHBIC

TeopeTnyeckas 4acThb:

IlonsiTHe nepBooOpa3HOi

Jlerko  moramatbcs, YTO TEPMHUH  “‘lIepBOOOpa3Has’” MPOUCXOAWT OT  JIBYX
CJIOB: nepswiii M 00pa3. IlepBbiM 00pa3oM y aBTOMOOMIISI ObLIa MOBO3KA, a Y MOPEe — KapTOQeb.

Bepnemcs k matemaruke.

JlaBaiite OBICTPO BCIIOMHUM, 4To HaXOXXJICHHUE MIPOU3BOAHOMN
niu quddepeHIUpoBaHNEe — ATO COBEPIICHUE MaTEMAaTHUYECKON orepanuu Haa pyHKuue. To
€CTb, CJIEeIys ONpeeCHHBIM paBUiIaM, Jr00as PYHKIUS MOXKET ObITh MpeoOpa3oBaHa B HOBYIO
byHKIMIO, KOTOpast U OyIeT MPOU3BOAHOM.

B 00bI4HOI KHU3HH, COBEpIIasi HECKOJIBKO JCHCTBUI, MBI MOXKEM MPEOOpPa30BaTh MYKY B
TECTO, a 3aTeM M B MUPOxKU. Ho pa3oOpaTk roToBbII MUPOKOK Ha MYKY Y HAC YK€ HE MOJIYUYUTCS.
3aTo B MaTeMaTuKe BCErJa MOKHO BEPHYTbCS Ha IlIar HAa3aJ: CIOXWIM JIBa YUCIIa — BBIYTEM
00paTHO, BO3BENH B CTENIEHb — M3BIICYEM KOPEHb.

[ToxokuM 00pa3oM MBI MOKEM TOCTYITHUTH ¢ (DYHKIIHCH.

BosbMeM mo0yio GpyHKIMI0, Hanpumep, f(x) = x* u Haiinem a71s Hee pousBonyio fI(x) =
2X — noy4miiach HoBast QyHKIHs. Teneps i Toro, YTOOBI BEPHYTHCS Ha IIar Ha3a/1, HaM HYXKHO
HalTH nepBooOpa3Hyto oT HOBOM pyHkimH (f'(x) = 2X).

IlepBooOpa3noii s pyaxnum f(x) HaspiBaeTcst Takas QyHkuus F(x), mist KoTopoit
BbINIOJIHAETCS paBeHCcTBO: F'(x) = f(X).

To ecTb, eciu B3ATh TPOU3BOIHYIO OT MIEPBOOOPA3HON KaKOU-ITNO0 (HYHKIIMU, TTOTYIUTCS

caMa JTa (bYHKI_II/IH. Hpouecc HaXO0XACHUA MHOXCCTBa HepBOO6paSHHX
HAa3bIBACTCA HHTCTPUPOBAHUEM.
F'(x) = f(x)

JI71st HaX 0K ACHUS IEPBOOOPA3HBIX CYIIECTBYET ClieHalIbHAs Tabauna. B Hell mpuBeeHbI
nepBooOpa3Hble A7 Kax a0l GyHKIMU. A 4TOOBI YOETUTHCS B 3TOM, MO>KHO HATH MPOU3BOHYIO
OT MepBOOOPa3HOM U CpaBHUTH C PyHKIMENH. OHU OyyT OAMHAKOBBIE.

Taéanna nepoodpasHbIX

Ta6anna nepBoodpasHbIX:

dynknus f(x)|[lepBoodpaznas F(x)

0 C = const

1 x + C
xn+1

x*n -1 +C
L+ 1

1

—, x> 0 Inlnx+C

cOS X sin x + C

sin x -cos x + C

e* e* +C

I'me C — npou3BOIBHOE YHCIIO

Peurenue 3axanmii:

Nel.MarepuanpHasi TOYKa JBHXKETCS MIPSMOJIMHEWHO CO CKOPOCThIO V(t)=8t—4. Haiinute
3aKOH JIBWKEHHS TOUYKH, €CTH B MOMEHT BpEMEHH t=2C MPOUIEHHBIH MyTh COCTABHII 4 M.

Pemenue:

Bocnonssyemcs onpeieleHueM epBooOpasHoit, T.k. S(t)=vot+at?/2

S’(t) = v(t).

Haiinem Bce mepsoobpasnbie S(t)= -4t+4t +c.

[ToacraBuMm t=2¢ 1 poIeHHBIN TYTh S=4 M.
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4= -8+16+c

C=-4.

CrenoBarenbHO, 3aKOH JIBUKEHUS OY/IET BBITIISAJCTD CIEAYIOUIMM 00pa3oM:

s(t)=4t>—4t—4

OtseT: s(t)=4t>—4t—4

Ne2. I[To rpaduky nepBooOpasHo pynkuu y = F(X) onpeaenure KOJIMYECTBO TOUCK, B
KOTOpPBIX (yHKIHMA y = f(X) paBHa HYIIO.
¥

AN
é

l.I,.,.lli
Py,

Pemenue:

Tak kak F'(x) = f(x) -mmo onpenenennio nepBooOpa3HoOii, TO TOUYKH, B KOTOPBIX (DYHKITHS
f(x) (mpomsBonnas ¢yHkuu F(x)) — 370 TOukHM 3kcTpemyma pynkuuu F(X). A Takux Touek Ha
rpaduke 4.

Ortger: 4.

Ne3, Tlo rpaduky nepBoobpasznoit pyHknuu y = F(X) onpenenute 9ucioBbie MPOMEKYTKH,

Ha KOTopbIX PyHKIMS y = f(X) UMeeT oTpuLaTeIbHbIN 3HaK.
¥,

/\
/

\

Pemenue:

Tax xak F’(x) = f(x)- mo omnpenenenuto nepBooOpa3HOi, TO YUCIOBbIE MPOMEKYTKH, Ha
KoTopbiX ¢yHkuus f(x) (mpousBomHast ¢yHkuumu F(X)) MMeeT oTpHLATeNbHBIA 3HaK — 3TO
npoMeXXyTKH yObiBaHus QyHKIMH F(x). Takux mpoMexyTKoB Ha AaHHOM rpaduke 2. 1o (-2; 1)
u(2;9).

OtgerT: (-2; 1); (2; 5).

Neq. Jlokaxwure, uro pyHkuus y = F(X) sBnsercs nepsooOpazHoit st pyHkuuu y = f(x).

F(x) = x?— e™ +2,f(x) = 2x — 2%

Pemenue:

JlokazarenbCcTBO.

F'(x)=(x?-e¥+2)'=2x-2e**
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[lo ompenenenuto mepBoodOpasznoi, F'(x)=f(x), cmenoBarenpHo, F'(X) u ecTh
nepBoodOpasHas i GpyHkuuu f(x)

NeS. Jlna gynxiuu f{x) = x* HaiiTu nepBooOpasHyr0, rpaguK KOTOPOH MPOXOIMT Yepes
Touky (-3; 10).

Pewrenue:

53

Haiinem Bce nmepBooOpasubie GyHKIMH f{x) : F() = 3 te

Haiiiem uncno C, Takoe, 4To0bl rpaduk QyHKIUHU f{x) =x> HpPOXOAWI Y4epe3 TOUKy (-3;
10). IToxcraBum x = — 3, y = 10, moay4um:

10 = (-3)*/3 +c

C=19
3
X
CrenoBartenbHO, F(x) = 3 +19
3
x
OTgeT: F(x) = 3 +19

IIpakTuyeckas padbora Ne47
Tema 8.2: IInomans kpuBoauHeitHo! Tpanenuu. ®opmyia Hetotona-JleitoHuma
Henab: HayunTs pemaTs HHTETpalbl, UCHONB3YS popmyny HeroTona-JleiiOHumna
Teopernyeckas 4acTb

Dopmyna Heromona-J/leiionuya
[Tycth ¢ynkuus f (x) HempepbHIBHA Ha 3aMKHYTOM UHTEpBaJe [a,
b]. Ecmu F (x) - mepBooOpa3nas ¢pyakiuu f (x) Ha[a, b], TO

}f[xjcx‘x=F[xj|z - F(B)-F(a).

Peurenue 3agannid:

[Tpumep 1
2
I( - ) dx
Beruncnuts MHTErpan ’
Pewenue.
[Tpumenss popmyny Herotona-JleiiGHua, moxydaem
2 s 3y
X —xg).:fx= A= E—§ —U=i.
4 3, 4 3
[Tpumep 2

J({E-F)ar

Brruncautes uHaTET pax o

Pewenue.

I(J—J)az— B 1]1

1

_ _(3.2)_,.1
4 3 4 3 12

/+1 /+1

] 233/5]

1]
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ITpumep 3

y=x' y=+x

Haiitu momans Gurypsl, orpaHiueHHON KPUBBIMHU u

Pewenue.
CHauana onpeaenuM TOYKH MepeceueHus IBYX KPUBBIX (PUCYHOK 3).

=,
= -Jr=0,
= «E(x%—l)=0,

= =0 x=1

Takum oOpa3om, naHHbIEe KpUBBIE MepecekaroTcs B Toukax (0,0) u (1,1). CnegoBarensHo,

wionaab (GUrypsl paBHa
1
1

Ao

1
0

1 3 3
AL |
y
y=—"'x y=2x-x?
X
Puc.3 Puc.4
ITpumep 4
y=2x- % x+y=10
Haiitu niomanas Gurypsl, orpaHU4eHHYIO rpagukaMu QyHKIUH u .
Pewenue.
Haiinem xoopauHaThl TOUeK NepeceyeHrst KpUBBIX (PUCYHOK 4).
2x-x = -x,
= x-3x=0,
= x(x-31=0,

= x =0, x=3

_ _ .2
JlanHas 061aCTh OrpaHHUHBAETCA CBepXyY mapabooit ¥ ~ 2X "% | a cuusy - npsamoii

“ =—-X o
nvauei ¥ . CneoBarepHO, IUIOMIAIb 3TOM 00JIaCTH paBHA
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: PSS w ) 27 2T

S=!(2x—xg—[—xj)dx=f[2x—xg+xjdx= -+l = —|| ==- =%.

0 i i

|
e
i
L
|
v |

HpnMeHeHne onpeneﬂénnoro HHTErpaJa:

1. Haxo:kneHue miomaan KpUBOJIHHEHON Tpaneuuu
¥ : y=fx) ITnomaxe GHrypel, orpaHIgeHHO
. THHIAMH: X=@; x=D; y=0 u y=f{(x)

»
S=J'flx'dx
a

IInomazae GpUrypbl, orpaHHUEHHOH IMHIAMM: ¥ ={{x ) 1 y =gfx ).
Haifri ToukH niepeceteHa X 1 X, 3 yenosmi: f{x)=gfx)
S= I(ﬂxb— glx)dx

X,

2. Haxo:xaeHue BeJMYHUHBI CKOPOCTH V 10 33JaHHOMY 3aKOHY ycKopeHusi a(t) 3a
~t2 ey
v= a(t)dt
NMPOMEKYTOK BpeMeHH [t1;t2], T.e Jtl ®)
IIpumep: Touka aBH:KeTcs MO 3aKOHY yckopeHusi a(t)=t+1. Haiitm Beauduny ee

CKOPOCTH 32 IPOMEKYTOK BpeMeHH [2:;4] cekyH.

« 2 2
v(t) = _[:(t + 1)dt = (4+21) —mTl) =8m/c

Pemenue:
3. HaxoxkaeHnne myTH S 1O 3aKOHY HM3MEHEHHMs CKOpPOcTH V(t) 3a NPOMEKYTOK
t2 .
Bpemenn [t1;t2], T.e. Sl v
IIpumep: HaiiTu  myTh,  KOTOpBIM  @poAenaja  MaTepHaJibHas  TOYKa  3a
IIPOMEXYTOK BpeMEHHM [2;4], ABUrasch €O CKOPOCTBIO, KOTOpas HM3MEHSIACh 10 3aKOHY:
v(t)=2t+2.

4. y )
Pemenne: ° J, (2t + 2)dt = 22 (en. anunbl)

IMpakTnyeckas padora Ned8
Tema 8.3: HeonpeneneHHblil 1 onpeeeHHbII HHTErpaibl
Hean: HayuuTh BBIYUCISATH UHTETPATIBI
Teopernyeckas 4acTb
IlepBooGpa3nasn
Onpenesnenne. HenpepoiBHas ¢pynknusa F(x) Ha3biBaeTcss nepBooOpasHoii pyHKUMHU

f xeX F(x) = f(x)
(x), ecsin HA MPOMeEKYTKe X, eCJIM JJIsl KaKI0ro 5

Onepanus Hax0X/AeHUs epBooOpa3Hoi pyHkuuHu f(X), Ha3pIBaeTCS HHTEIPHUPOBAHUEM.

HeonpeaejieHHBbI HHTErPaJl

Heonpeneénnblii HHTErpaa-3To COBOKYITHOCTh BCeX MepBooOpasHbix pyHKkuuu f(x). B
o0111eM ciryyae, HaX0XX/JIeHHE HeoNpeeEHHOr0 MHTErpasia BBITJISAUT CIIEAYIOIIUM 00pa3oM:

[f(x)dx=FX)+C

)

rae f(x)-nogsinTerpanbHas GyHkuus, F(x)-nepBooOpasnas Qpynkius ¢pynkuun f(x), dx-
mupdepennman, C-koHcTaHTa WHTEerpupoBaHus. HeompenenéHHblil MHTErpan HpeiCTaBiseT
cO0OH, KaK Obl, «ITy40K» MEePBOOOPA3HBIX, H3-32 HATMYHS MIOCTOSHHON MHTETPUPOBAHUS.
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JuddepeHunan-npon3BoibHoe, OECKOHEYHO Malloe TMpPUpALICHHE IepeMEHHOU

BEJIUYMHBI.
CBoiicTBa HeonpeaeIéHHOr0 MHTerpaJia

1. d(J f(x)dx) = f(x)dx

2. [d(F(X))=Fx)+¢C

3. [af(x)dx=a [ f(x)dx

4. [(f(x) £ g(x))dx = [ f(x)dx + [ g(x)dx

Tabdauua 0CHOBHBIX Heollpe/leIéHHbIX MHTErpajaioB

B Bune

[Fx)dx=FE)+C

rae f(x)-moapiHTerpanbuas pynkuus, F(x)-nepsoodpaznas pynkuus pynxuuu f(x),
dx-muddepennuan, C-KOHCTAHTA HHTETPUPOBAHMS.

dex=C fcosxdx=sinx+C
dx
ldx=x+C ——=tgx+C
(cosx)*
xn+1 dx
ndx = C - — = —ctgx +C
fx YT h+1 + (sinx)? 9
fdx Injx] + C i inx + C
— =In|x ——— = arcsinx
> 4 \,’1 - X2
dx
fe”dx =e*+C f ~= arctgx + C
Fxs
J. a*dx = L/ +C fchxdx =shx+C
Ina
fsin xdx = —cosx +C fshxdx =chx+C

OmnpeneséHHbIi HHTErPaJI
Onpenenennsiii naTerpan- [Ipupamenue onHoi U3 nepBoodpasneix (pyHkuuu f(x) Ha
oTpeske [a;b].
-b
OGmwmii Buj onpenenénnoro uaterpana: Jo /)
rae  f(x)-mogpiHTerpanbHas (QYHKIUSA, a M b-Npelesnbl HUHTErpupoBaHus, dx-

nuddepenmman
CBolicTBa onpee/IEHHOr0 MHTErpaJia: CM. CB-Ba ONPEACIIEHHOIO HHTETpaia.

Onpenenéunplii  wHTETpan Bbruucigercss 1o ¢gopmyte Hblotona - JleiiOnuna:

b
[ f()dx = F(b) — F(a)

Penrenue 3aganuni:
Boruucnure uHTErpaibl:

Nel
1
l.jx3dx
-1
2.}- dx
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IIpakTnueckasi padora Ne49

Tema 8.4: OnpeneneHHblil HHTETPaAN B KU3HU

Hean: HayunThcs HCIONB30BaTh MHTETPAN IS HAXOXKICHUS (PU3NICCKUX BEITHUNH

Teopernyeckas 4acThb:

WuTerpan — 370 MareMaTHYeCKHi OOBEKT, KOTOPBI BO3HHK HUCTOPUYECKH HAa OCHOBE
NOTPEOHOCTH PEUICHUsT pPa3IMYHBIX NPUKIATHBIX 3afad (U3MKH M TeXHUKH. Te Qusnueckue
BEJIMYMHBI, KOTOPBIC OMPEACISAIOTCS C MOMOIIbI0 HMHTETpajla — Kak IMPaBWIIO, HA3bIBAKOTCS
MHTETPATBHBIMH, & T€ BEIMYUHBI, Yepe3 KOTOPHIC BBIPAKAIOTCS WHTETPAJbHBIC BEITHYMHBI —
nuddepeHIMaTbHBIMH.

WHTerpaisl HAlIM CBOE MPUMEHEHUE B aCTPOHOMUU (MHTETPANIbl SHEPTUU U TUIOIIA/ICH;
JBUKEHHE 3B€3]1); METUIIMHE (KOMITbIOTepHask ToMorpadusi); Ouonoruu (yCTaHaBIMBAIOT MPUPOCT
YHCJICHHOCTH TMOMYJISLUI; OnomMaccy MONyJSIUiA W CPEeNHIO JUIMHY IyTH (TOJeTa) Hpu
MPOXOXKJICHUH HEKOTOPOTO (PUKCUPOBAHHOTO YYaCTKa).

Ha ceropHs HEBO3MOXXKHO M3ydeHHE TeMOJIMHAMHUKH — JIBUKEHUSI KPOBH IO cocynam 0e3
NPUMEHEHHs MHTErpayioB. B TeueHue ATUTENHHOrO BPEMEHM KaTeTepHu3alMsl MpPaBbIX OTENOB
cepla sBISIACh €AMHCTBEHHBIM METOJOM HCCIIEOBAHMS, TIO3BOJISIBIINM OI[CHUBATH COCTOSTHUS
IPaBbIX OT/AEJIOB CepALa 1 JIeroyHoi aprepuu. C MOMOIIBIO HHTETPAIOB B MEIULIUHE BEIYUCIISAIOT
MHTETPATBHYIO CKOPOCTB JIJIsl IIEJIOTO cocyna (apTepUy WM BEHBI), 3HAS JTMHEWHYIO CKOPOCTh
KPOBOTOKA; TaK K€ pacCUMTBIBACTCS yIapHbI 00beM (00bEM KPOBH).

[IpencraBnenHbie BbIme (GakThl IEMOHCTPUPYIOT IIUPOKOE MPUMEHEHHE MHTETPAJIOB B
pa3IMYHBIX HAYYHBIX 00JIACTSX, YTO JI0KA3bIBAET HEOTHEMIIEMYIO BaXKHOCTh HHTETPAIOB B HaIlleH
xu3HH. [IprMeHeHrne omnpeeeHHOro HHTerpajla BO MHOTOM O0JIer4aeT penieHue MPUKIaTHbIX
3a/1a4 reOMeTpUH, PU3UKU U APYTUX HAYK.

Pemienue 3agau:

1. 3aAay4a o BEIYUCIEHWHA NYTH

COMacHo HMW3NMYECKOMY CMBICTY NEPBOI NPOW3IBOAHON, NPOM3B0OHAA DYHKLWM B TOYKE CThb
MTHOBEHHAA CKOPOCTE TOYKW, T8, w(f) = 5'(f) = % OTcona, ds = viE)df . MIHTErpupya nonyJyeHHoe
PaBEHCTEO B Npegenax oT ty 4o ty nonyyaem

H

Ids = ‘I'v(i}di

1,

Toraa NyTh, NPOAREHHBIA TOYKOR NPY HEPABHOMEDPHOM JBWKEHWM N0 NPAMON C NEPEMEHHON
CKOPOCTBIO L(€) 33 OTPE30K BPEMEHH [ £, £, |BbIPAXAETCA MHTErPaNoM

t
5= | uit)dt. M

t
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Mpumep 1. CKOPOCTE NPAMONMHEAHOMO OBMHEHWA TENa BhipaMaeTCR QopMynon 1w = Zt+3t3{r-.1.*c}.
HaiTi nyTe, NPOROEHHLIA TENOM 338 5 CEKYHL, OT Ha4Yana ABWAEHNA.

PelleHne.

5 5
S=1(2t43t ydt=(t*+7) | =150(m).
a 1}

Mpumep 2. [1Ba TeNa HAYaNW ABWMIATLCA OOHOBPEMEHHO M3 OAHOW TOYKM B OAHOM HANPABNEHWW NO
npAmMoi. MepBoe TeNo ABWAETCA CO CKOPOCTLIo v =(612+21) M/C, BTOPOE — CO CKOPOCTLIO V2=(41+5) mic.
Ha Kakom paccTOAHWA APYT OT APYTa OHW OKaKyTCA Yepes 5 .7

2. 3agaya O BeIYHMCNEHWH paGoTel NepeMeHHON CHNkI

MycTs MaTEpUANBHAR TOMKA NOA, AEACTEMEM CUNbl F IBMKETCA No NpaMoil. EcnK AelcTeyowas cuna
NOCTORHA, & NPORAEHHBIA NYTh PABEH S, TO KAK W3BECTHO M3 KypCa duskkn, paboTta A 3Tol F
EbMMCNASTCA No opMyne;

A=F*s

PafoTy nepeMeHHoR cunbl f{X) Npy NepeMeLledki No ock OX MaTepHansHOR TOYKKM OT X=a 4o x=b,
HaxogumM no popuyne (3):

3
A= If(x)dx (2)

PelleHWH 3a0adq Ha BeIYMCNeHUe paboThbl CUMBl YNIPYTOCTH, CBA3EHHBIX C PACTANKEHWEM W CHATHEM
MpY#MH, OCHOBLIBAETCA Ha 3akoHe Myka. Mo 3akoHy Myka cuna F, pacTAMMBAIOWAA WK CHMMALLAA
MPY#MHY, MPONOPLHOHATNBHAA 3TOMY PACTSHEHMID UMK CKATHIO, T.e. F=kx, rme X — BenuuuHa
DACTAKEHWA UMK CKATUA, K — Ko3(DHOULMEHT NPONOPLMOHANEHOCTH.

Mpumep 1. Cuna ynpyroctd F Npy#MHLl, pacTAHYTOW Ha 11=0,05m, paBHa 3H. Kakyw paboTy Hago
NPOM3BECTH, YTODBI PACTAHYTE NPYHUHY Ha 12 =0.1 M7

PeleHue. MNoaCcTaBME OaHHBIE B opMyny 3akoHa ['yEa, nonydyumM: 3=k*0.05, Te. k=60, cnenosatenksHo,
CHNA YNPYroCTH BLIPEKAETCA COOTHOLWEHHEM F=60x. Haigem padoTy nepeMeHHoA CHnbl No opMyne
(2), nonarad, 4to a=0; b=0,1:

0l 1
A= JSdex= 30;5*’] =0,3 0
1]

3. 3aagaya o cuiie 1aBJIEHUSA )KUTKOCTH

CornacHo 3akonHy Ilackans BenuunHa P jmaBrneHus XUAKOCTH Ha TOPU3OHTAIBHYIO
MJIOMIAIKY Bhraucisercs mo popmyne P=gphS, (4)

I'1e g — ycKopeHue cBOGOIHOTO MajieHus B M/c2;

p— MIIOTHOCTb 5KUIKOCTH B KI/M;

h — rmyOuHa nmorpykeHus TIOMIAIKH B M;

S — mIoIab IWIOMAAKH B M2,

ITo aTo#t hopmyne Henmb3si UCKATh JaBICHHUE KUAKOCTU HAa BEPTUKAIBHO MOTPYKEHHYIO
TUTACTHHKY, TaK KaK €e pa3Hble TOYKH JIe)KaT Ha Pa3HbIX rIyOnHaX.

[TycTh B *KHAKOCTB MOTPYXKEHA BEPTUKAIBHO TIACTHHA, OTPAaHMYEHHAS THHUSIMH X = a, X
=b, yl =f1(x) u y2=f2(x); cucrema KOOpJMHAT BbIOpaHa Tak, KaKk yKa3aHO Ha PUCYHKE.
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[na peweHWd 3aga4M pasodbem NNAcTMHY HA N YacTel (ManblX ropU30HT anbHLIX NONOCOK) NPAMBIMH,
napannentHeMiA NOBEPXHOCTH AMAKOCTH (T.€. NapannentHeiMi oci OY). Ha rnyOuHe X Bulgenum ogHy
W3 HUX W 0003Ha4MM Yepes (X) ee ANUHY, & Yepes Ax ee LWWMPMHY. NPUHAB NONOCKY 338 NPRAMOYTONbHAUE,
HaxodWM ee nnowaaes & = f(x) Ax.

F=gaofix) Ax x
Hainem oudgeperynan dp atoi MyHKLUUK.
dp = gaf (x) xdx

Torda no 3akoHy MackanA MHTEMpUPYA Nony4YeHHOE PABEHCTEO B Npefenax oT X = a 40 X = b, nony4um

&
F‘=QIPXJ’ (x)dx (3)
Mpumep

AKBAPUYM UMeeT chopMy NPAMOYIONEHOM Napannenenunena. Hamgem cuny AaeneHusa soasl
(NNOTHOCTE BOALI 1000 KF.-"I'-.-'IS:I: HANOMHAKLLER AKBADUYM, H3 OOHY M3 Er0 BEDTUKANEHLIX CTEHOK,
pazmepel KoTopol 0.4 m x 0,7 M.

PelweHne. BrifepeM CUCTEMY KOOPOWHAT TaK, 4T00bI 0CH Oy K OX COOTEETCTEEHHO COOSDMHANK
BEpXHee OCHOBAHWE W DOKOBYI0 CTOPOHY BEPTHMKANLHON CTEHKW AKEaPMyMA. [NA HAXOHOEHWA CUILI
OABNeHWA BOObI HA CTEHKY BOCNONL3yeMcA hopmynoi (3). CTeHka umesT opMy NPAMOYTONEHWES,
noatomy fi{x=0 7= =x<[0,0.4] TaK KaK npeagenbl MHTErpUpoBaHKA a=0 1 b=0,4, TO Nony4Mm:

0.4 2.4
P=g JlUUU*U,?*xdx= 700 %rﬂ =56g = 549H

IIpakTnyeckas padora NeS0
Tema 8.4: OnpeneneHHbIN UHTETPA B )KU3HU
Hean: HayunThbes HCnonp30BaTh HHTETPAl Ul HAX0KIEHUS 00BEMOB
Teopernyeckas 4acTb:
I[ToMuMO HaXOKAEHUA ILIOIIAAM ILIOCKOH (UIYypBI ¢ NOMOIUBLIO ONPEAEIEHHOIO
HHTerpaJja BaXHEUIINM IPUIIOKECHUEM TEMBI BIISETCS BbIYHCIeHHE 00beMAa Te/1a BPallleHus .

O0bem Tena BpaiieHHst BBIYHCISETCS 110
OJIHOH H3 popmy:

-

v=x[[f(x)]
i 2 , €CJIM BpalleHHE

KPHBOJIMHEHHOH Tpaneniy BOKpYr ocH OX.
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2. V=7t ecny Bpamenue
KPUBOJMHEHHOH Tpaneurd BOKpyr ocu OY.

Pelnenne 3axanui:

Ipumep 1. Haiitu 00béM Tena, 00pa3oBaHHOTO BpalleHHEeM BOKpYr ocu adcimcc (Ox)
4

Y
(burypsl, orpaHUuYEHHON TUIIEPOOTOI X, ocblo abcruce u npsmeivu X =1 x=4
Y A

~a)

Pemenne. O0béM Tena BpamieHus Hanaém no Qopmyne (1), B KoTopoii X, a
npeaensl uHTErpupoBanus a = 1, b =4. Ilpumensem Tadau4YHBI WHTerpasd. IlocToSHHBIHA
MHOXHUTENb 4*=16 BEIHOCUM 32 3HaK uHTerpana. [lomydaem:

4 2 4 4
4 dx 1
v=al| 2| dr=16x] S =167 =
1h 1+

X

1
=12myb en.

IMpumep 2. Haiitu 06b€M mapa paguyca R.

Pemenwne. PaccMoTpuM 1iap kak Temno, moiydarieecs Mpu BpaleHUH BOKPYT ocH abciuce
MOJIYKpyTa paguyca R ¢ 1ieHTpoM B Hadasie KoopauHat. Toraa B ¢hopmyne (1) moasiHTETpabHas

1 _ p2_ 2
dyHKuMs 3anumercs B Buae ¥ =& -z , a TpeJenamMu UHTErpUpOBaHUs ciyxaT -Ru R. B
BBIUMCJICHUSIX paauyc R cuMTaercss KOHCTAHTOM (BMECTO HEro MOKHO IIOACTaBUTH JH000€

3Ha4YeHHe JUIA apa ¢ J00bIM paguycoM). [Ipumensiem Tadau4uHbli HHTerpaJ . CienoBarenbHo,

B AL
V= JTI [Rz —xzjdx= J‘T[sz—?J
]

= im’f.
3

-
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Ipumep 3. Haiitn 00bEM Tena, 0Opa3oBaHHOTO BpalleHHEM BOKPYr ocu abcuucc (Ox)

oz 2 _ 2
QHUrypBI, 3aKITI0UEHHON MEX Ty Tapaboamu # — 3-x b =4 +1.

s b=

Pemenwue. IlpencraBuM HCKOMBIM 00BEM Kak pa3sHOCTh OOBEMOB TeJ, IMOJYYEHHBIX
BpalieHueM BOKpYT ocu abciucce kpuBoduHenHbix tpaneuuit ABCDE u ABFDE. O0bEMBI 3THX
ten HaigéMm mo dopmyne (1). B Helt mpenmenbl MHTErpUpOBAaHUS pPaBHBI %=1 u2= .
abcruccaM Touek B u D nepecedeHus mapadoi. ITH TOYKU U UX aOCIMCChl BUAHBI Ha rpaduke.
TouHo Takxke - Ha rpaduKe - MOKHO OMPEICIUTh KOOPIAWHATHI TOUYEK MEepeceyeHus JTUHUN U3
Balux 3a1a4. TOJBKO IS 3TOTO HY)KHO TOCTPOUTh rpaduk. Teneps MoxkeM HaTH 00BEM Tela,
MIPUMEHSS BCE TOT K€ TaOJUYHBIN HHTETpaT 7:

1 2 1 2
V= ;?TI (3—;{2) c:t’x—;?TI (xj +'l:l dx =

-1 -1

:ﬁ_jl[(z_ff_(xmﬂdx:
=;?Tj-(8—8x;’).:fx=8;?r x—g g

-1
= — TEvh.en
3 ¥

IIpumep 4. Beruncants 06bEM TOpa (TOpPOM Ha3bIBaeTCs TeNo, MOJydarolieecs MpU
BpAIlIEHNH KpPyra pajuyca a BOKpYT OCH, JIeXkKallel B ero IIIOCKOCTH Ha PACCTOSIHUU b OT IeHTpa
Kpyra (’5 2 @) QopMy Topa HMeeT, HaIpuMep, GapaHKa).

¥

C

Pemenue. Ilycts kpyr Bpamaercss Bokpyr ocu Ox (puc. 20). O6bEM TOpa MOXKHO
IPEJCTaBUTh KaK pa3HOCTH OOBEMOB TeJl, IMOJYYEHHBIX OT BpAIIEHUS KPUBOJIUHEHHBIX
tpaneuuii ABCDE u ABLDE Bokpyr ocu Ox.
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VYpaBaenue okpyxHoctu LBCD nmeet BUA
4 (y-b)F =g,

npuyéM ypaBHeHue KpuBoit BCD

y=xyI(x =b+afa’ —x*,

a ypaBHEHHE KpuBOil BLD
y=m@=b-~a®- 2

Hcnonp3ys pa3HOCTh OOBEMOB Tell, MOdy4aeM i 00bEMa Topa v BBIDAKEHHE W
BBIUKCIISIEM UHTErpat:

= EN_T yidx— EN_T yadx = 2;r.ri (yf — yi)dx =
1]

zﬁj[(mm ! [b J—)} =

0
Txn'a: 2 dr=2math

IIpumep 5. Haiitu 06b€M Tena, 00pa30BaHHOTO BpalleHHEM BOKPYT ocu opauHat (Oy)
2
=8x y=13x
u .

HTYpBI, OrpaHMYEHHO TMHUAME
¥

Pemenue. [lpencraBuM HCKOMBIM 00BEM Kak pa3HOCTh OOBEMOB TeJ, IMOJYYEHHBIX
BpalllCHUEM BOKPYI OCH OpIMHAT TpeyroiabHuka OBA u KpuBOIMHEWHON Tpaneuun OnBA.

w=0_w=3

[IpenenaMu WHTETPUPOBAHUS CITYKAT u - opauHatel Touek O W B mepeceueHus
napaboIibl ¥ IPSMOH, UTO BUJHO HA rpaduKe K 3ToMy nmpumepy. Takum 06pazom, momydaem 00bEM
Tena:

3 3

T 4 AT 4
= T[T [ yay=

9!.? by 81!}? y

T 33 T : 2;?? 6
— e =—"E .E
277 |, 405 57 A

IIpakTHyeckas padora NeS1
Tema 8.5: KontponpHas paGora mo pazgeny 8 «llepBooOpazHas (yHKIHMH, €€
MPUMEHEHUE»
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Hean: [IpoBeputh ypoBEHB YCBOSHUS JAHHOTO MaTepuala o paszaeny 8 «llepBoodpaznas
¢byHKINH, €€ TPUMEHEHUE)

Ilpu pewenuu 3adanuii 1-4 3anuwiume npasuUNbHBLIIL OMEem U3 Uemblpex
nPeONoHCEHHDIX.

1. (1 6amn) s kakoit n3 gpynkumii pynkrums F(x) = x> - 3x2 + 1 saBasercs nepBooOpa3Hoii?

A) f(x)=3(x>-2); B) f(x)=3x(x>-2); B) f(x)=3x2-6x+1; I') f(x)=3x2-6x.

2. (1 6ann) dana pysxmus f(x)= 3x>+1. Uemy pasHa F(1)

A)2:B)4;B)6;1) 1+.

3. (1 6amr) O6mmit BUa Bcex nmepBooodpaszHbIx s f(x)=sinx?

A) F(x)=cosx+C; b) F(x)=-cosx+C; B) F(x)=tgx+C; I') F(x)=-tgx+C.

4. (1 6amn) Beraucnure onpeneaeHHbIN HHTETPaT flz xdx.

A)-1;b)1;B)-1,5;T) 1,5.

Ilpu e¢vinonnenuu 3ad0anuii 5-8 3anuwiume x00 pewieHus U NOJIY4EeHHbLIL Omeent.

5. (2 6anna) Asnsercs mu F(x)=x3-3x+1 nepsoobpasnoii mis Gpyukuun f(x)=3(x>-1)?

6. (2 6amna) 3anaiite nepsoobpasnyro F(x) mns dynkuun f(x)=3x2-2X, eclu H3BECTHBI
koopauHatel Touku M (1, 4) rpaduka F(X).

7. (2 6amma) Ha pucyHke wmzoOpaxeH rpaduk ¢yHkmum y=f(x), ompeaenéHHOW Ha
uaTepBaie (—3; 11). Haliqute Hanmenbpee 3Hauenue GyHkuu f(x)Ha orpeske [2; 9,5].

“s y=f{z)

s

1 AR
/
1] 11

LN / \
AV 1

¥ ¥ CLITC L G

8. (2 6anna) Ha pucynke mzobpakeH rpapuk HekoTopoit pyHkimu y=f(x). ITomp3ysce

k

o 5
PUCYHKOM, BBIYUCIIUTE OIMIPECACIICHHBIN NHTECTPAJl fl xdx.

YA

4 y=f()

o 1 3 15X
3maJl0Hbl omeemoe.
H
OMep | 2 3 4 5 6 7 8
3adaHUuA
OTtBeT T A b r ma X —x>+4 -3 12
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IIpakTyeckas padora Ne52
Tema 9.3: MuoxecTBO U Tpadbl. PeneHne npukiaaHpIX 3a1aq
Hean: HayunThes ucnonb30BaTh rpadsl P PeLICHUN 33134

Teopernueckas 4acThb:

Teopusi rpadoB - o uH U3 OOIMUPHEHIINX Pa3ACIIOB JUCKPETHOM MaTeMaTHKH, ITUPOKO
IPUMEHSIETCS B PELICHUHM 3KOHOMHYECKMX M YIPABICHUECKHUX 3ajad, B IPOrPaMMHUPOBAHUH,
XUMHUH, KOHCTPYUPOBAHUU U WU3YYEHHH DJICKTPUUECKUX IIerei, KOMMYyHHUKAIUU, TICUXOJIOTHUH,
IICUXOJIOTHH, COLIMOJIOTHH, JIMHTBUCTUKE, JIpYTrux o0macTsx 3HaHuil. Teopus
rpagoB cUCTEeMaTUYECKH U IOCIIEOBATEIbHO M3y4aeT CBOIcTBa rpadoB, 0O KOTOPBIX MOKHO
CKa3aTb, 4YTO OHU COCTOST U3 MHOXKECTB TOUEK M MHOXKECTB JIMHUN, OTOOPaKAIOLIUX CBA3H MEKIY
stuMu Toukamu. OcHoBatenem Tteopuu rpadoB cumtaercs Jleonapa Oimep (1707-1882),
pemuBIIKi B 1736 roy H3BECTHYIO B TO BpeMsI 3a/1a4y O KEHUTCOEPrCKUX MOCTaX.

I'padbr cTposiT i1s TOro, 4roObl OTOOPA3UTH OTHOIICHHUS Ha MHOXecTBax. IlycTb,
Hanpumep, MHOXecTBO A = {al, a2, ... an} - MHOXXECTBO JOJEH, a KaXAbld 3JIeMEHT Oyner
0TOOpaxEH B BUJE TOUKU. MHOXkecTBO B = {b1, b2, ... hm} - MHOKECTBO CBSI30K (IIPSIMBIX, YT,
OTpE3KOB - [TI0Ka HE BaXHO). Ha MHOXecTBe 4 3a/1aHO OTHOLIIEHHE 3HAKOMCTBA MEKY JIFOJIbMU U3
sToro MHoxkectBa. CTpouM rpa¢ u3 Touek u cBA30K. CBsi3ku OynyT CBA3BIBATH Maphl JIIOJACH,
3HAKOMBIX MEXIy co00il. EcTecTBEHHO, YMCIIO 3HAKOMBIX y OAHUX JIIOJEH MOXKET OTJIIMYAThCS OT
Yrclia 3HAKOMBIX y JPYTHX JIIOCH, a HEKOTOPhIE BIOJIHE MOTYT U HE ObITh HU C KEM 3HAKOMBI
(Takue 3meMeHTBl OyIyT TOUYKaMH, HE COCAMHEHHBIMU HU C OJHON apyroit). BoT u nmomyuuncs

rpad!

ag as

To, 9yTO MBI CHauasna Ha3BaJIM "TOYKaMH'", CIeAyeT Ha3bIBaTh BEpIIMHAMHU I'pada, a TO, YTO
Ha3bIBaIM "cBsI3KaMu'" - péOpamu rpada.

Teopust rpadoB He YUMTHIBAET KOHKPETHYIO NpUpoay MHOxecTB 4 u B. CyuecTByer
0O0JIbIIIOE KOJMYECTBO CaMBIX pa3HbIX KOHKPETHBIX 3ajlay, MPU PEHIEHUH KOTOPBIX MOXHO
BPEMEHHO 3a0BITh O CIEIU(PUIECKOM COJEP)KAHUU MHOXKECTB U UX AJIEMEHTOB. JTa crenuduka
HUKAaK HE CKa3bIBAETCS Ha XOJ€ PEIIECHUS 3aJ]aui, HE3aBUCUMO OT €€ TpynHoctu! Hanpumep, npu
peIlIeHnr BOMpOCca O TOM, MOXHO JIM U3 TOYKU a 100paThCsl JO TOYKU e, JBUTASICh TOJIKO IO
COEIMHSIOLIUM TOYKH JIMHUSM, HEBaXKHO, UMEEM JIM MBI J€JI0 C JIOAbMH, FOPOJaMH, YHCIaMHU U
T.4. Ho, xorga 3amaya pemieHa, Mbl MOJIydaeM peLIEHHE, BEPHOE IJIs JII0OOro Cojep KaHus,
KOTOpO€ OBLIO CMOJIENMPOBaHO B BHJIE rpada. He ynuBuTeNbHO MO3TOMY, UTO Teopus rpados -
OJIMH M3 CaMbIX BOCTPEOOBAaHHBIX WHCTPYMEHTOB MPHU CO3JIaHUU MCKYCCTBEHHOTO MHTEIIJIEKTA!
Be/lb MCKYCCTBEHHBIH HHTEIUIEKT MOXXET OOCYIUTh C COOECeHMKOM M BOIPOCH JIOOBH, U
BOIPOCHI MY3bIKH WJIM CIIOPTA, U BOMPOCHI PEIICHUS PA3IMYHBIX 3a/1a4, IpUUeM JielaeT 3To 0e3
BCSIKOTO Iepexo/ia (MepeKroueHus ), 6e3 KOTOpOoro B MOAOOHBIX ClIyyasiX He OOOHTHCH YETOBEKY.

A Teneph cTporue MaTeMaTHuecKue onpezaeneHus rpaga.

Onpenenenue 1.I'pagom Ha3bIBaeTcs cucteMa OOBEKTOB IMPOU3BOJILHONW MPUPOIBI
(BepuIMH) U CBA30K (pEOEp), COSTUHSIIOUINX HEKOTOPBIE APl 3TUX 0OBEKTOB.

Onpenesenune 2. [Tycte V — (HemycToe) MHOKECTBO BEPIIIHMH, SJIEMEHTHI VE V' — BEpIITUHEI.
I'padp G=G(V)c mMHOXKECTBOM BepHIUH V €CTh HEKOTOPOE CEeMEWCTBO map Buua: e = (a, b),
rae a,bEV, yka3pIBalOINX, KaKWe BEPIIUHBI OCTAtOTCs coequHEéHHbIMU. Kaxxnas mapa e = (a, b) -
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pebpo rpacda. MuoxxectBo U - MHOecTBO pEOep e rpada. Bepimubl a u b — KOHIIEBBIE TOYKH
pedpa e.

I'pagbl kak cTpykTrypa aAaHHbIX. [llupokuMm npumeHeHuem Tteopuu TpadoB B
KOMIIBIOTEPHBIX HAayKaX M HH(MOPMALMOHHBIX TEXHOJIOTUSX OOYCIIOBJIEHO J00aBICHHEM K
BBIIICH3JI0)KEHHBIM OIPEICIEHUSIM TOHATHA rpada KaKk CTPYKTYphl JaHHBIX. B KOMIBIOTEPHBIX
Haykax M HMH(GOPMALMOHHBIX TEXHOJOTHSAX Ipad ompenensercss Kak HeJIMHEWHas CTpYyKTypa
JaHHbIX. YTO ke Torja - JUHEWHas CTPYKTypa JaHHBIX M Ye€M OT HUX OTJIMYalTCs rpadni?
JIuHeliHble CTPYKTYpPBI JAHHBIX XapaKTEPU3YIOTCS TE€M, YTO CBSI3bIBAIOT 3JIEMEHThI OTHOILIEHUSMHU
Tuna "npocrtoro cocencTna'. JIMHEHHBIMU CTPYKTYpaMH JaHHBIX SBIISIOTCS, HAIIPUMED, MACCHUBBI,
TaOJIMIIBI, CIIUCKHU, OYEPEIH, CTEKH, CTPOKHU. B POTHBOIIOI0KHOCTh UM HEJIMHEHHBIE CTPYKTYpPBhI
JAHHBIX - TAaKWe, B KOTOPBIX JIEMEHTHl PaclojararoTCs Ha pas3/IMYHBIX YPOBHSX HEPAPXUU U
HOJPA3/eNA0TCs Ha TPU BUJA: UCXOAHBIE, TOPOXKAEHHbIE U 110100HbIe. MTak, rpad - HenuHelHast
CTPYKTYypa JaHHBIX.

CnoBo rpad rpedeckoro mpoucxoxKaeHus, OT cJioB "muiry", "onuceiBarw". M3 Havana aToi
CTaThU U3BECTHO, YTO MMEHHO OIHCHIBACT Ipad: OMHUCHIBAET OH OTHOMICHHUS. T0 ecTh, Tt00oi rpad
OIHUCBIBAaET OTHOUIEHUs. M1 HAa000pOT: J1I000€ OTHOLIIEHHE MOXKHO OIUcaTh B BUjE rpada.

OcHoBHbIE NIOHATHS TeOpHuHu rpados

OTOT ypoK - BBOJHBIA B T€OpHUIO IpadoB, NOITOMY JHUIIb NEPEUUCIUM €€ OCHOBHBIE
HOHSTHS, 3a0/lHO AHOHCUPYS Jpyrue ypoku Tembl. OZHO M3 LEHTPAJIBHBIX MOHSATUN TEOpUU
rpa¢oB, ONUPAsACh Ha KOTOPOE CTPOSATCS APYyTue MOHATUSA - TOHATHE MHIUACHTHOCTH. pyr Apyry
WHIUICHTHBI JIBE€ BEPIIUHBI rpada, eciam OHM COSIMHEHBI peOpoM; BeplmmHa u pedpo rpada
MHIIMJICHTHBI, €C/IM BEpUIMHA SBJSETCA HAyaJoM MM KOHLOM pebpa. boiee moapoOGHO BHABI
BepIIMH U pédep rpaga ucxoasi U3 MOHATHS MHIMICHTHOCTH NpPeICTaBJIeHbl B 0TAeJbHOM
ypoxke.

A MHorue BuAbI TpadoB ONpenensoTcs TeM, Kakue BHUIbl pEOep W/MiM BEpIIMH 3TH
rpadsl copepxar. Ha 3TOM OCHOBaHbBI U MOHATUS OPUEHTHUPOBAHHOTO M HEOPUEHTHPOBAHHOIO
rpadoB, KOTOpbIMHU 00s3aH BJIAJETh KaXKIbli OCBOMBIIMM JHUCKPETHYIO MaTeMAaTHKy BOOOIIE U
Teoputo rpadoB. EcTh Takxke rpadsl, KOTOpble ONPEAESIIOTCS HEKOTOPBIMU CHEU(PHUECKUMU
MPUHILIMIIAMHU TTOCTPOEHUSI, HApUMeEp, ABYAOJIbHBIE Tpadbl, KOTOPbIE Pa300paHbl HA 3TOM ypOKe
B naparpade ¢ 3a7a4ami, a Tak’Ke Ha BCE TOM ke ypOKe O BHAAX rpagos.

[ToHsITHE MHIIMIEHTHOCTH HEOOXOIMMO U ITPU COCTABICHUH AJITOPUTMOB PELIEHHUSI MHOTHX
OpakTUYeCKUX 3anad ¢ rpadamu. Hampumep, MOXHO O3HAKOMHUTBCS C IMPOrPaMMHOMN
peanuzanueil 06xoaa B riiyouny rpada, npeacTaBjJieHHOro MaTpuueil MHIMIeHTHOCcTH. Ves
IpOCTa: MOXKHO JABHUraThCs JIMIIbL Y€pe3 BEPIIUHBI, COeNMHEHHBIE pEOpaMu. A yx eciu péopam
MPUIHMCAaHbl KaKkue-To 3HadeHus ("'Bechl”, Jallle BCEro B BUJAE YHUCENl, TAKUE rpadbl HA3bIBAIOTCS
B3BELICHHBIMM MJIM TOMEYEHHBIMH), TO MOXXHO pelIaTh CJIOXHbIE MPUKIAJHbIE 3a/]a4H,
HEKOTOpPBIE U3 KOTOPBIX YIOMSIHYTHI B 3aBEpILIAIOLIEM Maparpade 3Toro ypoka.

Kunaccnueckne 3ana4u Teopnu rpadoB U UX pelieHus

OpavH 13 nepBbIX ONMyOIMKOBAaHHBIX MPUMEPOB pabOT MO TEOPUH IpadoB U MPUMEHEHUS
rpa¢os - pabota o "3agaue ¢ Kénurcoeprckumu moctamu” (1736 r.), aBTOPOM KOTOPOil ABIsETCA
BbIIarONIMcAa MaremaTuk 18-ro Beka Jleonapa Disiep. B 3amade maHbl peka, OCTpoBa, KOTOPHIE
OMBIBAIOTCA 3TOM pPEKOW, W HECKOJIBKO MOCTOB. Bompoc 3ajgaun: BO3MOXHO JIM, BBIMAA W3
HEKOTOPOTO MyHKTa, IPONUTH KaKJIbIii MOCT TOJIBKO IO OJHOMY Pa3y M BEpHYTbCS B HaualbHBIN
NyHKT? (PUCYHOK HUXKE)

3amadyy MOXHO CMOJEIHUPOBATH CIEAYIOIUM 00pa3oM: K KaKIOMY Yy4YacTKy CYIIU
MPUKPEIUISETCS OJHA TOYKA, a JIBE TOYKH COCIUHSIIOTCS JIMHUEHW TOTJa W TOJBKO TOTNA, Korjaa
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COOTBCTCTBYIOINHEC YUACTKH CYIIH COCAUHCHBI MOCTOM (pI/ICYHOK HUWXC, COCAUHUTCIbHBIC TMHUHN
HadyepuyeHbl MyHKTUPOM). Takum 006pa3om, MoCcTpoeH rpad.

!
S 7

OTtBet Diiyiepa Ha BOIPOC 3a7a4l COCTOUT B ciieayromieM. Eciau Ob1 y 3T0# 3agaun ObLIO
MOJIOKHUTEIBPHOE pEIICHHe, TO B IOJyYMBIIEMCs Tpade CyIiecTBOBajd Obl 3aMKHYTBHIM IyTb,
npoxoaduii mo péopam M coaepikalMidi Kaxaoe pedpo Toiapko oauH pa3. Eciu cymectByer
TaKOW MyTh, TO Y KaXJOW BEPUIMHBI JIOJDKHO OBITH TONBKO u4€THOe umcio pédep. Ho B
HOoJy4MBILIEMCs rpade ecTh BEpUIMHBI, Y KOTOPBIX HeuéTHOe uncio pédep. [loaromy 3amaya He
MMEET IMOJIOKHUTEIBHOTO PEIICHNUS.

ITo ycTosiBLIeHca Tpaauuuu 3iliepoBbIM rpadoM HazblBaeTcsl rpad, B KOTOPOM MOXKHO
000#TH BCe BEPILIMHBI U IIPU 3TOM IIPOUTH OJJHO PeOPO TOIBKO OAMH pa3. B HEM kaxkas BepiiuHa
JIOJDKHA MMETh TOJIBKO 4ETHOE Ynciio pédep. 3aiaua cpeHel TPy IHOCTH Ha 3iiiepoBbl rpadsl - B
matepuaie "OcHoBHbBIC BUIBI TpadoB'.

B 1847 r. Kupxrod pa3paboran Teopuro AEpEeBbEB IS PEIICHUS COBMECTHON CHCTEMBI
JUHENHBIX anreOpanyecKux yYpaBHEHM, MO3BOJIAIONLYI0 HAWTH 3HAYEHUE CHJIbI TOKA B KaXKIOM
OPOBOJHHUKE (Ayre) M B KaXKIOM KOHType 3JEKTpUYecKodl uenu. AOcCTparupyscb OT
JIIEKTPUYECKUX CXE€M U Leneid, KOTOpble COJIEp)KaT CONPOTHBIICHUS, KOHJEHCATOPBI,
UHAYKTUBHOCTM U T.I., OH paccMaTpuBal COOTBETCTBYIOIIME KOMOWHATOPHBIE CTPYKTYpHI,
CoJiepKalllie TOJIbKO BEpIIMHBI U CBs3U (pE€Opa wiM Ayru), OpuyéM JUIsl CBSI3€H HE HYXKHO
YUUTBIBaTh, KAaKUM THUIAM 3JIEKTPUYECKHX 3JEMEHTOB OHU COOTBETCTBYIOT. TakuM o0Opazom,
Kupxrod 3amMeHn KaXKayIo 3JeKTPUUECKYIO 1IeTIh COOTBETCTBYIOIIUM IpadoM U MmoKaszai, yTo JUIs
pELICHHUs] CUCTEMbl YpaBHEHUH HEOO0s3aTeIbHO paccMaTpuBaTh B OTAEIBHOCTH KaXKIbIH IHKII
rpada 3neKTpuYecKou Lemnu.

Komu B 1858 r., 3aHMMasCh YUCTO NMPAKTHYECKMMHU 3a7ayaMU OPraHUYECKOW XHMMHH,
OTKPBUI BaKHBIN Ki1acc rpadoB, Ha3bIBaeMbIX JAepeBbIMU. OH CTPEMUIICS EPEUUCIUTh H30MEPHI
HaCBILIECHHBIX YTJIEBOJOPOAOB, C JAHHBIM YHCIOM aTroMoOB yriepoaa. Koamu mnpexnae Bcero
chopMynrpoBall 3aa4y aOCTPAaKTHO: HaWTH YHCIIO BCEX JIEPEBBEB C p BEPLIMHAMH, KaXI0€ U3
KOTOPBIX UMEET BEPIINHBI O creneHsaMu | u 4. EMy He ynanock cpa3y pemmTh 3Ty 3a4ady, U OH
CTaJl UBMEHATDH €€ GOPMYIUPOBKY TaKUM 00pa3oM, YTOOBI MOKHO ObLIO PEHIMTh HOBYIO 33/1a4y O
NIEPEYNCIICHUN:

e KOPHEBBIX JIEPEBBEB (B KOTOPHIX BBIJEJIEHA OJTHA U3 BEPILUH);

e BCEX JIEPEBHEB;

e JIePEBHEB, Y KOTOPHIX CTENEHU BEPLINH HE MTPEBBILIAIOT 4;

e JIEpPEBHEB, Y KOTOPHIX CTENEHU BEPIIMH paBHbI | U 4 (MOCTaHOBKA 3a7a4l U3 XUMHH)

|

|

1

|
~

Pemenue 3apau:

3agaua 1.Ilycts 4 - mHOXectBO uwmcen 1,2,3:4={1,2,3}. Iloctpoutrs rpad s
oTtoOpaxenus otHomeHus "<" ("MeHbIe'") Ha ’TOM MHOKECTBE.

Pemenne. OueBuano, uro uncna 1, 2, 3 ciaemayeT MpenCcTaBUTh B BHJEC BEPIIHH rpada.
Toraa kaxxayro mapy BepIINH JOJDKHO COSAMHSTH OJHO peOpo. Pemras 3Ty 3amady, Mbl PHUIILITH K
TaKUM OCHOBHBIM TOHSTHSAM T€OpPUHU TpadoB, Kak OPUEHTHPOBAHHbIE U HEOPHUEHTHUPOBAHHbIE
rpa¢si. HeoprentupoBanHbie rpadsl - Takue, pédpa KOTOPHIX HE UMeNU HampaBieHus. Vnu, kak
roBOPAT elé yamie, MOpsIOK ABYX KOHIIOB peOpa He cyliecTBeHeH. B camom nerne, rpad,
MOCTPOCHHBIN B CAaMOM Hadaje 3TOTO ypoKa M OTOOpaKaBIIUK OTHOIICHHWE 3HAKOMCTBA MEXKIY
JIIOJIbMU, HE HYX/1aeTCsl B HaMpaBJIeHUIX pEéOep, Tak KaKk MO>KHO YTBEPKAATh, YTO "UeIOBEK HOMEP
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1" 3HaKoM c "yenoBexkoM HoMep 2" B TOM k€ Mepe, Kak U "'uesioBek HoMmep 2" ¢ "4eI0BEKOM HOMEp
1". B Hamewm e HbIHEITHEM MTPUMEPE OJHO YUCIIO MEHBIIE IPYroro, HO He Hao0opoT. [ToaTomy
COOTBETCTBYMOIIEEe pedpo Trpada MTODKHO WMETh HAMPABJICHHE, MOKA3bIBAIOIIECE, KAaKOe BCE ke
YHCIIO MeHb1Ie Apyroro. To ecTs, MOpsIOK KOHIIOB pedpa cymiecTBeHeH. Takoii rpad (¢ péopamu,
UMEIOIIMH HAMPABJICHHE) HA3bIBACTCS OPUEHTUPOBAHHEBIM rpad)oM Uil oprpadom.

Hrak, B HameM MHOxecTBE 4 unciao 1 MeHbIIe uncia 2 | 9ucia 3, a 4MCciIo 2 MEHBIIE
grcna 3. OToT (akT oroOpakaem pEéOpamMu, MMEIOIIMMH HAmpaBleHUE, YTO IMOKa3bIBACTCS
crpenkamu. [lomygaem crnemyromnuii rpad:

1

2 3

3agaua 2. [Iycts A4 - MHOXKecTBO uncen 2,4, 6, 14: A= {2, 4, 6, 14}. Ilocrouts rpad mis
OTOOpaXCHHSI OTHOIICHUS "IEJTUTCS HAIEJIO0 Ha' HAa 9TOM MHOXECTBE.

Pemenue. B aTom mpumepe yacte pébep OynyT MMeTh HampaBlieHHE, a HEKOTOpPHIE HE
OyIyT, TO €CTh CTPOUM CMeEIIaHHbIN rpad. [lepednciam OTHOIIEHUS HA MHOXKECTBE: 4 JeIUTCS
HalleJIo Ha 2, 6 AeauTcs Harenao Ha 2, 14 menuTcs Halello Ha 2, ¥ elIé KaKJI0€ YHMCIIO U3 STOTO
MHO>KECTBA JISIUTCS HAIIETIO Ha caMOo ce0s1. ITO OTHOIICHHE, TO €CTh KOT'/1a YUCJIO JSJIUTCS HAIIETIO
Ha caMo ce0s1, OyzeM oroOpaxarh B Buje pEOep, KOTOPhIE COSTUHSIOT BEPIIUHY camy ¢ COOOM.
Takue péOpa Ha3bIBAIOTCS NETIIIMHA. B TaHHOM cllydae HET He0OXOIMMOCTH JaBaTh HAIIPABJICHUE
netie. Takum 00pazoM, B HallleM MpUMEpe TPU OOBIYHBIX HAIMIPABJICHHBIX pedpa U 4eThIpe NEeTIIH.
[Tomryuaem ciienyromuii rpad:

3apauya 3. Ilycte nansl MHOXecTBa A = {a, B, v} u B = {a, b, c}. [Tloctpouts rpad s
0TOOpaXeHUsI OTHOLLIEHUS "JIeKapTOBO MPOU3BEICHHE MHOXKECTB" .

Pemenue. Kak n3BecTHO U3 onpeiesieHNs JeKapTOBa MPOU3BEICHUS] MHOXKECTB, B HEM HET
YIIOPS/IOYCHHBIX HAOOpPOB M3 3JIEMEHTOB OJHOTO M TOTO XK€ MHOXecTBa. TO ecTh B HalleM
IpUMepe HeNb3sl COSIMHITH TPeUecKre OYKBBI C IPEYECKUMHU U JATUHCKUE C JATUHCKUMHU. JTOT
dbaxT oToOpakaeTcs B BUIC ABYIOIBHOTO Ipada, TO ECTh TAKOTO, B KOTOPOM BEPIIUHBI Pa3aeIeHbI
Ha JIB€ YaCTH TaK, YTO BEPIIHMHBI, NPUHA/IeKAINE OAHON U TOH K€ YaCTH, HE COSMHEHBI MEXTY

coOoii. ITonyyaeMm ciaenyiommui rpad:
o a
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4. 3agaya KOMMHBOSTKepa

3agadya KOMMUBOSKEpA ABIISAETCS OJHOM M3 3HAMEHUTBIX 3ajjad TEOPHUH KOMOMHATOPUKH.
Ona 6bu1a octaBiena B 1934 roxy, u 00 He€ 00naMbIBasIy 3yObl JIydIIe MaTEMaTHKH.

ITocranoBka 3a7aun cieayrouiast.
KommuBosiokep (Opoasiuuii TOprosenr) JOJDKEH BBINTH U3 MEPBOTO TOPOAA, MOCETHTH 1O pa3zy B
HEU3BECTHOM Mopsiake ropoaa 2,1,3.nu BepHYTbCA B NEpBbIA Topoi. PaccrosHus mexmy
ropoZlaMy U3BECTHBI. B KakoM MOpsiiKe ciieayeT 00XOAUTh TOpoJia, YTOObI 3aMKHYTHIM YTh (TYyp)
KOMMHMBOSDKEpa ObLT KpaTyanimm?

Mertona pemeHns 3a1a4M KOMMHUBOSTKepa

Kaauplii aaropuTm «uau B OJvKalmmi (B KOTOPBIH €I1e He BXOMII) TOPOJI».

«KamHbpIM» 3TOT @JIrOpPUTM HA3BaH IMOTOMY, YTO Ha MOCJIEIHUX IIarax MPUXOJUTCS
’)KECTOKO PacCIIauuBaThCS 3a JKaIHOCTD.

PaccmoTpum 1111 mpumepa ceTb Ha pPUCYHKE, NPEACTaBISIIOILYI0 y3kui pomO. IlycTth
KOMMUBOSI)KEp CTapTyeT U3 ropojia 1. ANropuT™ «uau B ONMKalIHi ropoa» BEIBEAET €T0 B TOPOT
2, 3ateM 3, 3aTeM 4; Ha TOCJIEIHEM IIare MPUJIETCS IJIATUTh 3a JKaJHOCTh, BO3BPAILAACH IO
JUIMHHOM nuaroHanu pomoOa. B pesynbrare momyuuTcss He KpaTyaliinid, a JIIMHHESUIITNI Typ.

5. 3ama4ya o Tpex JOMHKAX M TpeX KOJIOALAX

Tpu cocena uMeOT TpU OOIMIMX KoJoALUA. MOXHO JIM MPOBECTU HENEpPECceKaOLUeCs
JIOPOKKH OT Ka)XKJI0TO JIoMa K KaXJ10My KOJIOoI1y?

Jlyist petieHus 3To# 3a7ja4u BOCTIONB3yeMcs TEOPEMOi, Toka3zanHo# JleonapaoMm Ditiepom
B 1752 r. Eciu MHOTOyroiabHHMK pa30UT Ha KOHEYHOE YUCIO MHOTOYrOJIbHUKOB TaK, 4TO JIIOObIE
JIBa MHOTOYT'OJIbHUKA Pa30MEeHUs WM HE UMEIOT 00IMX TOYEK, MJIM UMEIOT OOII1e BEPILNHBI, WIN
uMmeroT olmue pebpa, ToO UMeeT MecTo paBeHCTBO : B- P + I'=1,rne B— obmee uymcno
BepiinH, P — oOee uncio pedep, I — 4nciio MHOTOYTOIBHUKOB (TpaHei).
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Pemenue. [Ipeanonoxum, 4To 370 MOXKHO crenatb. OTmMeTuM nqomuku toukamu [, J12,
I3, a konmoguel — Toukamu K1, K2, K3. Kaxayio TOYKy-TOMUK COEAUHUM C KaKJAOW TOUKOM-
konoznem. [lomydum neBaTe pedep, KOTOphIE MOMApHO HE MepeceKarTcs. DTu pedpa o0pa3yroT
Ha TUIOCKOCTH MHOTOYTOJIbHUK, pa3/ieJIeHHbIN Ha Oojiee MeTKre MHOTOYroJdbHUKU. [ToaTomy st
3TOro Pa3OMEHUs JOJHKHO BBINONHATHCS cooTHomeHue DinepaB - P + I' = 1. JlobaBum
paccMaTpuBaeMbIM TPaHSAM €lle OJIHY — BHEIIHIOI YacTh IUIOCKOCTH. Torna cooTHOIIEHHE
Oitnepa npumet Bug B - P+ 1'= 2, npuuem B — 6 u P = 9. CnenoBarensno, I' = 5. Kaxnas u3
IISITU TpaHel uMeeT Mo KpaiftHeil Mepe ueThbipe pedpa, MOCKOIBKY MO YCIOBHUIO 33]]a4l HU OJTHA U3
JIOPOKEK HE J0HKHA HEMOCPEICTBEHHO COEUHATD JIBa JOMa WJIM JIBa KONoAUa. Tak Kak Kaxaoe
pedpo JIEKUT POBHO B JIBYX I'PaHSIX, TO KOJUMYECTBO pedep MODKHO ObITh HE MeHbIe 5*4:2=10,
YTO MPOTHUBOPEUYHUT YCIOBUIO, MO KOTOpPOMY uUX uucio paBHO 9. IlonmyueHHoe mpoTHUBOpeune
MOKA3bIBAET, YTO HEJb35 IPOBECTH HEMEPECEKAIOIIUECS JOPOKKH OT KaXI0Tr0 IOMHUKA K KOKIOMY
KOJIOALLY.

IIpakTnyeckas padora Ne53

Tema 9.3: MHOxecTBO U rpadbl. PenieHue npukiIaaHpIX 3a1a9

Hean: HayanThcs ucnonb3oBath rpadsl B IpoheCCHOHATBHON AEATEIbHOCTH

Teopernyeckasi 4acTh:

Teopus rpadgoB u Ba:kHeillIlne COBPeMeHHbIE IPUKJIAJAHbIE 3212491

Ha ocHoBe Teopuu rpadoB pa3paboTaHbl METObI pEIICHUS MPUKIAAHBIX 33724, B KOTOPBIX
B BUJE rpadOB MOJCITUPYIOTCS BEChMa CIIOKHBIE CHCTEMBL. B 3THX MOIENSX Y3JBI COJEpIKAT
OTJIeIbHBIE KOMIIOHEHTBI, a p&0pa OTOOpakaroT CBA3M MeXAy KoMIoHeHTamu. OOBIYHO IS
MOJIEJIMPOBAHUS TPAHCIOPTHBIX CETEH, CHCTEM MaccOBOIO OOCHYKHBAaHUS, B CETEBOM
TUTAHUPOBAHUM WCIOJB3YIOTCS B3BELIEHHBIE Tpadbl. MBI 0 HUX YK€ TOBOPHIIM, 3TO rpadsl, B
KOTOPBIM JyraM MPUCBOCHBI BECHI.

I'padbi-nepeBbs MpUMEHSIOTCS, HAPUMED, JUJIsl TOCTPOCHUS AepeBbeB peleHui (Ciryxar
JUIST  aHalli3a pPHUCKOB, aHaJM3a BO3MOXXHBIX TMPUOOPETEHUM U YOBITKOB B  YCIOBHSX
HeonpeaenénHocrei). C  mpumeHeHHMeM  Teopuud  TpadoB  pa3paboTaHbl U Apyrue
MHOTOYHUCJIEeHHbIE MATEeMAaTHYeCKHEe MOJIeJIH JIJIsl PEIIeHUs 33/1a4 B KOHKPETHBIX MPEIMETHBIX
o0racTsax.

I'padwbl 1 3aga4a 0 morokax

[TocranoBka 3amaun. MimeeTcst cuctemMa BOJONPOBOIHBIX TPYO, MpeacTaBieHHas rpadom
Ha PUCYHKE HUXKE.

S .o 3
S 2 3 2 2 T
\ /
4
2 /?

Kaxnas nyra rpada otoOpaxaer TpyOy. Umcna Hajg myramu (Bechbl) - MPOMYCKHAS
CIOCOOHOCTh TPYO. Y3ibl - MecTa coenuHenust Tpyo. Boga teu€r mo TpybaM TOIBKO B OJTHOM
HanpaBleHUU. Y3en S - UCTOYHHK BOABI, y3en I - cTok. TpebyeTcs MakCMMH3UpPOBATh OOBEM
BOJbI, HpOTeKaI-OIIIeﬁ OT UICTOYHHKA K CTOKY.

Jliis petieHus 3aja91 O MOTOKAaX MOYKHO BOCIOJIL30BaThCsl MeToioM Popaa-DynkepcoHa.
Wnest meroma: MOUCK MaKCHMAaJbHOTO ITOTOKAa IMPOHM3BOJUTCSA IO maraM. B Havaime paboThl
aITOpUTMAa MOTOK TOJIAraeTCs paBHBIM HYII0. Ha Ka)KIoM mocneayIoleM mare 3HaueHue MoToKa
YBCIUYMUBACTCA, O YE€ro MHHICTCA )IOHOJ'IH?IIOHH/Iﬁ nyTh, Mo KOTOpOMY IOCTYMHAcCT
JOTIOTHUTENIPHBIA TOTOK. OTHM IIard TOBTOPSIIOTCS [0 TeX TOop, I[OKa CYIIECTBYIOT

JOIMMOJTHUTCIIBHBIC ITYTH. 33)13‘13 YCIICIIHO TMPUMCHACTCA B PA3JIMYHBIX pacnpenenéHme
CHUCTEMAxX. CHUCTECMaA BHGKTOCH36)KCHI/IH, KOMMYHUKAIIMOHHAA CCTh, CUCTEMaA KCIIC3HBIX JOPOT U

IPYTHUX.
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Pemrenue 3axanmii:
Ha pucynke m3o0paxéH cereBoil rpaduk crpoutenbcTBa. OmnpeneanTh HaUMEHBITYIO
BO3MOYKHYIO ITPOJIOJKUTENBHOCTh CTPOUTEIHCTBA.

Npoxnaaxa

Npoxneaxa
OO MarWCTP

Npoxnaaxa

MomurTam
CTEM W NEPEeXD W iy

Npoxnaaxa
InexIpoOce T

KOTNOBAMS

I'pad, n300pakeHHBII Ha PUCYHKE, HA3BIBACTCS CETEBHIM TPaHUKOM CTPOUTENLCTBA. B
JAHHOM CJlydae OH COCTaBJE€H JUIsl CTPOUTENbCTBA >KHIOr0 Joma. BepmwmHbl 3TOro rpada
0003Ha4yalOT OT/EIbHBIE BUIbI pabOT HA CTPOMKE, KPOME TOTO, €CTh €IIE JIBE BEPIIMHBI: HAYAJIO0
CTPOMTENBCTBA U €ro OKOH4YaHKe. OKOJI0 BepIInH rpada yka3aHbl Yucia — MPOAOKUTENBHOCTD B
JHSX COOTBETCTBYIONIIEH paboThl. Temepp MBI MOXXKEM Y3HaTh HAUMEHBIIYIO BO3MOXKHYIO
IPOIOJDKUTEIBLHOCTh CTPOUTENBCTBA. J[J1s1 3TOro U3 Beex myTei 1o rpady B HalpaBJIEHUHU CTPEIOK
HYXXHO BBIOpaTh MyTh, Y KOTOPOTO CyMMa YMCelNl pu BepmuHax HanOombmas. OH Ha3bIBaeTCs
KPUTUYECKUM ITyTeM (Ha pHC. OH BbIJIeJIEH KOPUYHEBBIM I[BETOM). B Hamewm cityuae nomygaem 170
THEH. A eciau COKpaTUTh Bpemsi Mpokiaanku sektpocetd ¢ 40 mo 10 mHel, To U Bpems
cTpouTenbcTBa Toxke cokparutcs Ha 30 nueit? Her. B aTom ciydae KpUTHYECKH MyTh CTaHET
IPOXOJUTh HE uepe3 3Ty BEpIIMHY, a 4Yepe3 BEPLIMHBI, COOTBETCTBYIOUIHE CTPOUTEIHCTBY
KOTJIOBaHa, yKiajike pyHramenTta u 1.1. M ob1iee Bpems cTpouTeabcTBa cocTaBUT 160 nHeld, T.e.
CPOK COKpaTutcs nuinb Ha 10 gHei.

IIpakTuyeckas padora Ne54

Tema 9.4: KoutponwsHas pabota mo pazaeny 9 «MHO)ecTBa. DIEMEHTHI TEOPUH rpadoBy

Hean: IIpoBepuTh ypoBEeHb YCBOSHUS TAHHOTO MaTepuaia 1o pasaeny 9 «MHoxecTBa.
DneMEeHTHI TeOpUH rpadoB»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yembvlpex
nPeOnNoHCeHHbIX.

1. (1 6amn) YkaxkuTe uncio, mpuHajiexaiiee MHokecTBy M = {5, 10, 12, 37, 41}.

A) 6;b)5;B) 11;T) 40.

2. (1 6amr) YkaxkuTe BepHOE COOTHOIIIEHUE /Uit MHOXkecTB A = {5, 9, 11}; B = {4, 5, 10,
11,12}; C=1{4,5,9,11}?

A)AcB;B)BcC;B)AcC;T')CcB.

3. (1 6amr) MomHOCTS, MHOYKECTBA, COCTOSIIIETO M3 BCEX OYKB pyccKoro ajidasura, paBHa?

A)32; b)33; B) 28; I) 26.

174



4. (1 6amn) 3akoHunTte ompenaeneHue: «MHOXECTBO, COJEPIKAIIEE TOJIBKO TE€ DJIEMEHTHI,
IPUHAJUIEKAIINE U MHOKECTBY A U MHOKECTBY B, Ha3bIBaIoT ...»?

A) nepecedeHreM MHOXECTB; b) o0bequHeHEM MHOXeECTB; B) pasHOCTBIO MHOXKECTB; )
00bEIMHEHHOCTHIO MHOKECTB.

Ilpu eévinonnenuu 3a0anuii 5-8 3anuuwiume x00 peuwieHus U NOJIY4EeHHbLIL OMmeem.

5. (2 6amra) 3anummMTe MEPEYUCICHUEM JIEMEHTOB IepeceueHrne MHOKeCTB A u B, eciu:
A=1{3;5;7,27;14;9}, B={9; 3; 7; 27, 14}.

6. (2 6anna) lansl nBa MHOXKecTBa A = {1,2,3,4,6,12} uB={1,2, 3, 6,9, 18}. 3anummure
00BeAMHEHNE MHOKECTB.

7. (2 6anna) Kaxpiit yaeHHK B KJ1acce H3y4aeT aHTJIMHACKUAN WITM HEMEIIKHUIA S3bIK, Ui 00a
ATUX S3bIKA. AHTTIMHUCKUI s3bIK U3y4aroT 30 yenoBeK, HEMEIKU — 25 4elloBeK, a TOT U ApYyrou
— 15 uenoBek. CKOIBKO BCErO YUCHUKOB B Kj1acce?

8. (2 6amna) BemmmuTe Bce aneMeHTsl MHOXKecTBa F, ecnmu F — 3T0 MHOXECTBO KOpHEi
ypaBHeHHs X> + 4x — 5=0.

Omanonvt omeemos:

H
OMEP a3 4 5 6 7 8
3aaHus
O Bb|B|b|A 40 | F={-5;1
et {3;7;14; 27} {1;2;3;4;6;9;12; 18} ORY

IIpakTuyeckas padora NeSS
Tema 10.3: BeposiTHOCTB B Tpo(heCCHOHAIBHBIX 3a/1a4ax
Henab: HayunTthbes pemaTs NpakTUYECKUE 337ja4l HA BEPOSITHOCTh

Teopernyeckas 4acThb:

1. Teopusi BeposiTHOCTel — pa3jen MaTeMaTHKH, W3Yy4YalolIMi ciydailHble COOBITHS,
ClIy4aiiHble BEJIMYUHBI, UX CBOWCTBA U ONEpalluy HajJ HUMU. PaccMOTpUM HEKOTOpBIE KIIFOUEBbIE
MIOHSITHSI, KOTOPBIE UCIIOJIB3YIOTCS B TEOPUU BEPOSTHOCTEN.

Onpenesienne.

HcnbiTanueM Ha3bIBacTCs OCYLIECTBICHUE ONPEAEIEHHBIX NEHCTBUN.

[Tox coObITMEM MOHUMAIOT JIF0O0M (haKT, KOTOPBIA MOMKET MPOU30NTH B pe3yibTaTe
WCIIBITaHUSI.

JIr000i1 pe3yabTaT UCTIBITAHUS HA3BIBAETCS MCXOA0M.

JlocTOBepHBIM Ha3bIBAIOT COOBITHE, KOTOPOE B PE3yJbTaTe HCIBITAHUS 003aTeIbHO
NPOU30HIET.

HeB03MOKHBIM Ha3bIBAlOT COOBITHE, KOTOPOE 3aBeIOMO He NMPOU30HAET B pe3ynbTare
WCITBITAaHUSI.

CoObITust 00BIYHO 0003HAYAIOTCS 3aryIaBHBIMU OyKkBaMmu JatuHckoro andasura (A, B, C,
yeut)-

PaccmarpuBas mpHBeIEHHBIH NpuUMep, MBI MOXeM c(HOpMyIupoBaTh CIeayIOIIne
3aKJIFOUEHUS.

1. Ilponecc nocTaBanus MpeaMeTa U3 KOPOOKH SIBIISICTCS UCTIBITAHUEM.

2. PesynbTaT mocTaBaHus NpeMeTa U3 KOP3UHBI SBISETCS COOBITHEM.

3. CoObITHE «BBIHYTHIN MPEAMET OKAKETCS KITyOKOM» SIBIISIETCS IOCTOBEPHBIM COOBITHEM.

4. CoObITHS «BBIHYTBIM TpPEIMET HE OKaXeTcs KIyOKOM» WM «BBIHYTHIM INpeaMer
OKa)KeTCsl KPACHBIM KIIyOKOM» SIBJISIFOTCS HEBO3MOXHBIMH COOBITUSIMHU.

5. CoObITHE «BBIHYTBHIN MpPEIMET OKa)XeTCs 3€JECHBIM KIyOKOM» SIBISIETCSI BEPOATHBIM
COOBITHEM.

D
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A = {BBIHYTBII IIpeIMET OKa3acs KIyOKOM }.

B = {BBIHYTBII IpeAMET HE OKA3AJICS KIIYOKOM.

C = {BBIHYTBI} TIPEMET OKA3AJICS 3€TCHBIM KITyOKOM } .

D = {BBIHYTHII IpeIMET OKa3aJICs KPACHBIM KITyOKOM } .

2. Onpenenum ele HECKOJIbKO BaXKHBIX MIOHATHI TEOpUN BEPOATHOCTEN

Onpenesienne

IIpocTpaHcTBO 3jIeMEHTAPHBIX COOBITHH {2— MHOXECTBO BCEX PA3JIMYHBIX MCXOJIOB
MIPOU3BOJIHLHOTO UCIIBITAHUS.

Hanpuwmep, npu 6pocke 01HOM UTPabHOM KOCTH MPOCTPAHCTBO AJIEMEHTAPHBIX COOBITUI
Q={wW 1, W2, W3, W4, W5, W}, TJIE Wi- BBITIQJICHHE 1 OYKOB.

Ecnan coObiTHsI He MOTYT MPOU3OUTH OJIHOBPEMEHHO B OJHOM HCIIBITAHUHU, TO COOBITHS
HA3bIBAIOTCS HECOBMECTHBIMH.

Hanpumep, mpu 6pocaHny MOHETHI HE MOT'YT OJTHOBPEMEHHO BhIIacTh «Opém» u «Perikay.

[Ipocreimmm IpUMEPOM HECOBMECTHBIX COOBITUH SIBJIETCS
rapa NpoOTUBOMOJIOKHBIX COOBITHMN.

IIpoTuBoONO/IOKHOE COOBITHE IPOUCXOAUT  TOTJA, KOTJa HMCXOAHOE  COOBITHE
A He IIPOUCXOIUT.

Co0bbITHE, MPOTHBOIIOIOKHOE JAHHOMY, OOBIYHO 0003HAUAETCS TOM K€ TATHHCKOM OYKBOI
¢ 4EPTOYKOM CBEPXY.

Hampuwmep:

¢ A — cjai ’K3aMeH 110 MaTeMaTHKe;

e A — He clan 5K3aMeH 10 MaTEMAaTHKE.

Onpenesienne.

IlosHoii rpynmoii coObITHI Ha3bIBaETCS Takas CUCTeMa COOBITHI, 4TO B pe3yJbTare
WCIIBITaHUSI HEITPEMEHHO MPOU30MIET OJTHO M TOJIBKO OJTHO U3 HHUX.

ITpumep .

Mosnety noa0pocuiny ABaXbl. YKaXXUTE BCE AJIEMEHTApHbIE COOBITHS MOJHON T'PYIIIbI
COOBITHIA.

DneMeHTapHBIMHU COOBITHSIMU SIBIISTFOTCSI:

- Brinano aBa «opna»

- Beimano nBe «pemkm»

- Beinas oivH «Openn» 1 0JIHa «PEeLIKay.

3. YUToObl BBISICHUTH, HACKOJIBKO BEPOSITHO TO WJIM HMHOE CllydailHOe COOBITHE, HYKHO
MO/ICUNUTATh, KAK YaCTO OHO MPOUCXOAMT.

Onpenesienne.

Uucno ucnpITaHUM, B KOTOPBIX COOBITHE HACTYMHIIO, HA30BEM a0COTIOTHON 4acTOTOH M
0003HayuM n. OO01Iee YUCIIO MPOU3BEACHHBIX UCTBITAHUHN 0003HaunM N.

OtHomieHne  aOCONIOTHOM  YacTOThl K  YHCIHY  HCHObITaHuii n/N  Ha3bIBaeTcsi
OTHOCHTEJIbHOMH YaCTOTOM COOBITHS.

OTHocuTEeNnbHAs 4YacTOTa I[IOKAa3bIBaeT, Kakas JOJisi HCIbITAHUW  3aBEpIIMIIACh
HACTYIUICHHMEM JaHHOrO COOBITHUS. DTa OTHOCHTENbHAs YacTOTa U OINpe/essieT BePOSITHOCTH
cJay4aitHoro co0bITus. Ee emie Ha3bIBalOT CTATUCTUYECKON BEPOSITHOCTHIO COOBITHS.

Crartuctrdeckasi BEpOSITHOCTh COOBITHSI PACCUYUTHIBACTCS OTBITHBIM ITyTEM.

IIpumep.

Eme co Bpemen /[IpeBHero Kutas 3a 2238 mer 1o Hamei 3pel HA OCHOBAaHWHM METPHUK
nemorpadsl 0OHAPYKUIIH, UTO Ha KAXKAYIO THICSTY HOBOPOKIEHHBIX TPUXOAUTCS 514 ManbunKOB.

DTO 03HAYaeT, 4To BeposTHOCTH poxkaeHus: Majibunka coctaBiisieT 0,514.

1. Knaccuyeckoe omnpeaeneHue BEPOSATHOCTH MPUMEHSAETCS I PABHOBO3MOKHBIX
COOBITHIA.

K paBHOBO3MOXHBIM (PaBHOBEPOSITHOCTHBIM) OTHOCSATCS TaKUE COOBITHS, AJISI KOTOPBIX
HET HUKAKUX OOBEKTHUBHBIX OCHOBAHHM CUMTATh, YTO OJHO SIBJISETCS 0OJiee BO3ZMOXKHBIM, YEM

JpyTHe.
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Hanpuwmep, npu OpocaHuu UTpaibHOTO KyOHMKa COOBITHS BBINAACHUS JTIOO0OT0 M3 OYKOB
PaBHO BO3MOYKHBI.

PaccMoTpuM 1pou3BOIBHBIN SKCIIEPUMEHT.

[IycTb n- 4uCIO BCEX HCXOJOB SKCIEPUMEHTa, KOTOpble 00pa3yioT MOJHYIO TPYIIILY
MOTIAPHO HECOBMECTHBIX M PABHOBO3MOXKHBIX COOBITHI, M — YHCIIO OJaronpUsTHBIX COOBITHIO A

P(4) ="
1cx0/10B. Torja BepOATHOCTBHIO COOBITHSI A Ha3bIBAECTCS YHCIIO n

CornacHo onpeneneHn0 BEpOATHOCTH HaUMEHbIIEE 3HAYECHUE BEPOSITHOCTH IMPUHUMAET
HEBO3MOXKHOE COOBITHE, TAK KaK OHO HE MOKET HACTYIHTH ¥ Il Hero m=0, 3Ha4UT U BEPOSITHOCTh
paBHa 0.

HauGonpiiee 3HaueHHE MNPUHUMAET JOCTOBEPHOE COOBITHE. B cHily TOTrOo, 4TO OHO
rapaHTHPOBAHHO MPOU30MUIET, A1 HeTO m=n, P=m/n=n/n=1.

2 .Cymmoii coObiTrii A u B HazwsiBaeTcs cobbiTue A+B, KoTOpoe cocToWT B TOM, YTO
HACTYMIUT WM coObITHE A, WM coObiTie B, Hin 006a COOBITHS OJTHOBPEMEHHO.

IIponsBenennem coObiTuii A u B Ha3piBaeTcst coObiTHE A*B, cocTosliee B COBMECTHOM
OCYyIIEeCTBIEHUH coObITUI A 1 B.

Hampuwmep:

1. Ilycts A - uaet noxnab, B - uger cHer, Torna A + B — «ueT CHer uim 10XKab»

2. Ilpu 3-x BBICTpENax MO MUIICHH COOBITHSA: Ao — «IMONMagaHuid HET», Al — «OJHO
nonagaHuey, A — «iBa monagaHus», toraa A=AotAi+Az - «Ipou3onuio He OOJbIIe ABYX
oMaJgaHui

3. Ilycts C - u3 ypHBbI BbIHYIH Oenblii map, D - u3 ypHbI BeIHYIM O6enblii map, Torga C-D -
W3 YPHBI BBIHYJIN JIBA O€JIBIX IIapa

4. Tlycts C - u3 ypHBI BEIHYIH Genblit map, D - u3 ypHbI BeIHYH 6enbiit map, Torga C [
*- U3 YPHBI BbIHYJIM JiBa L1apa: OeJiblif 1 He Oenblii

Teopema c10:keHUs1 BEPOATHOCTE HECOBMECTHBIX COOBITHI: BEPOSTHOCTD MOSIBIICHUS
OJIHOTO M3 /IByX HeCOBMECTHBIX COOBITUI A miu B paBHa cymme BEpOsSTHOCTEN 3TUX COOBITUI:

P(A+B)=P(A)+P(B)

IIpumepsl 1 pa3dop pelieHus 3aJaHUI TPEHUPOBOYHOI0 MOYJIA

IIpumep 1.

N3BecTHa HCTOPUS O TOM, Kak OJHax bl K ['. ['anniero sBUIICS cOnAaT ¥ MOMpOCHII IOMOYb
€My B pellIeHUH HACYIIHOro BOIpoca: kKakas cymMma 9 wiu 10 oukoB nmpu OpocaHuu Tpex KocTei
BBITaaeT Jaie”?

MoskeT nmokas3aTbCsi, 4YTO IIAHCBI PaBHBI, TaK Kak Kaxaas cymma u3 9 u 10 04koB MOXKeET
OBITH IIOJTyY€HA OJJHUM MX IIECTH CIOCOOOB:

9=1+24+6=1+3+5=1+4+4=2+2+5=2+3+4=3+3+3;

10=1+3+6=1+4+5=2+2+6=2+3+5=2+4+4=3+3+4.

OpHako ¢ ydyeToM IEpPECTAHOBOK I CyMMBbI 9 OYKOB NOJy4aeTcs 25 pazIudyHbIMU
criocobamu (110 6 crmocoO0B 7151 IEPBOTO, BTOPOTO, MSATOTO BAPUAHTOB CYMMBI, 10 3 crioco0a AJis
TPETHEro M YeTBEPTOro BapuaHToOB, 1 crocol ajs nmocieanero Bapuanta 6 +6+3+3+6+ 1), a
Juist cyMMbl 10 oukoB — 27 paznuusbiME ciocobamu (6 +6 + 3 + 6 + 3 + 3). Kak BugHO, maHcsl
3THUX CIYYalHBIX COOBITUI TOBOJIBHO OJIM3KU MEXTy cOOO0M M OTHOCATCS APYT K IpYTy Kak 25:27,
YTO U BBI3BAJIO 3aTPYAHEHHS COlaTa.

Taxum oOpa3om, yaie Beinagaer cymma 10.

IIpumep 2. B cpeanue Beka cpeau ¢eonanbHON 3HATH OBLIM MIMPOKO PacpOCTPaHEHBI
azapTHble UTpbl. bonbmM mroduTenemM Takux urpa Osi1 ppaniry3 mesanbe 1e Mepe. CTpacTHOrO
UTPOKa B KOCTH, MMPUABOPHOTO (PaHIIy3CKOT0 KOpPOJIs HIeBaJibe e Mepe MOXKHO OTHECTH K YUCITY
«OCHOBATeJIEN» TEOPUH BEPOATHOCTEN. 3aciIyra €ro COCTOUT B TOM, YTO OH HACTOMYMBO 3aCTaBIIsLI
MaTeMaTUKOB pellaTh pa3jMyHble 3a/ladd, Ha KOTOphle HATAJIKMBAJICA CaM BO BpeMs CBOEil
npakTukd urpsl. OH XoTen pa3zborareTh NMpU MOMOIIM UTPHl B KOocTU. [lyis 3TOro meBaibe
IIPUAYMBIBAJ PA3JIM4YHBbIC YCIOXKHEHHBbIE INpaBuiaa Urpel. CTpacTHOMY MIPOKY, HO IUIOXOMY
MaTeMaTuKy, e Mepe noc4yacTiIMBIIOCh UMETh TAKOro Apyra, kak Ilackans. B 1654 r. meBanse
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ne Mepe oOparuica k bnesy Ilackamio 3a moMoIbi0 B paspelieHuu NpoOsieM, CBSI3aHHBIX C
BEPOATHOCTHIO OJIAarONPUSITHBIX PE3YIbTATOB MPU OPOCAHUU UTPATBHBIX KOCTEH.

Onna w3 3a1a4 ObUIa MOCTaBJIEHA CIEAYIOIIMM oOpazoMm: MrpanbHas KOCTh OpocaeTcs
yeTbipe pasa. llleBanbe Ouscs 06 3akiiaj, 4To MpU 3TOM XOTs Obl OJJMH pa3 BBINAJET HIECTh OUKOB.
KakoBa BepoSATHOCTb BBIMTPHIIIA JUIA II€Bajbe? OTBET OKPYTIUTE J0 JACCATHIX.

Pemenue:

Tak kak mpu KaX10M OpOCaHUU UTPATBLHON KOCTH UMEETCs 6 pa3IMYHBIX BO3MOKHOCTEH,
TO MPHU YEThIPEX OPOCAHUIX KOCTU YHCIIO PA3IUYHBIX BO3MOXHBIX ciiydaeB Oyzner 6 - 6 - 6 - 6 =
1296.

Cpemu stux 1296 cimydaeB 6yaer S - 5 - 5 - 5 = 625 Takux, r/1€ mecTepka He BbINAACT HU
pasy.

B 1296 — 625 = 671 cnyuyae XoTs Obl OJMH pa3 M3 YETHIPEX BBINMAJACT IIECTEpPKa.
CrnenoBatenbHO, BEPOSITHOCTD BBIMAJCHHUS XOTs OBl OJTHOW HIECTEPKH MPH YETHIPEX OpOCaHMIX
KocTu paBHa 671/1296, uto uyTh 60mbIe 0,5.

Pemenue 3ananuii:

1. U3 1000 coOpaHHBIX HA 3aBO/ie TEJIEBU30POB 5 IITYK OPAaKOBAHHBIX. JKCIEPT
NMpoBepsieT OAMH HAYra/Jl BbIOpaHHbIN TesieBU30p U3 310l 1000. HajinnTe BEpOSITHOCTD
TOr0, UTO MIPOBEPsieMbIii TeJIEBU30P OKAKeTCS OPAKOBAHHBIM.

Pewenue. Ilpu evibope menesuzopa nayeao 603modichvl 1000 ucxooos, coovimuro A
«8bLOPAHHDLL MenesU30p — OPAKOBAHHLLILY Oaazonpusmusl 5 ucxo0os. Ilo onpedenenuio
seposmrnocmu P(4) = 5+1000 = 0,005. Omsem. 0,005.

2. B ypHe 9 kpacHBbIX, 6 KEJITbIX U 5 3e/1€HBIX 1IapoB. U3 ypHBI HAyraja 10CTaloT
oauH map. Kakopa BepoOsiTHOCTb TOI'0, YTO ITOT ILAP OKAMKETCS KEIThIM?

Pewenue. Obwee uucno ucxooos pasno wucny wapog: 9 + 6 + 5 = 20. Yucno ucxooos,
bazonpusamcmeyouwux 0aHHomy cobvimuio, pasHo 6. Mckomas eeposmuocms pasna 6+20 =
0,3. Omeem: 0,3.

3. llers, Buka, Karsa, Uropb, AnTOH, [los1MHA Opocniin :Kpednii — KOMY HAYHHATH
urpy. Haiigure BepoITHOCTH TOr0, YTO HAYUHATH UTPY A0JKEH OyI1eT MAJTbYHK.

Pewenue. Beposmnocms cobvimus pasHa OmMHOWEHUIO Koauvecmea O1a20NnpusimHubix
cyyaes K Koauuecmsy ecex cayuaes. brazonpuamuvivu cayuaamu aensaromces 3 caydas, Ko20a uepy
Hauunaem Ilems, Heopv unu Anmon, a konuuwecmeo ecex ciayuaes 6. Ilosmomy uckomoe
omHoweHue pasno 3:6=0,5. Omsem: 0,5.

4. B yemnuonare mupa y4acrBylwT 16 xomana. C nmoMompbo KpeOdusi MX HY’KHO
pa3aeJuTh HAa YeThIpe I'PyNNbl MO YeThbIpe KOMaHAbl B Kaxaoil. B simuke Bnepememky
JIe)KaT KapToO4KW ¢ Homepamu rpymm: 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4. Kanuransl
KOMaH/ TAHYT MO oAHOH KaprTouke. KakoBa BeposiTHOCTH TOro, 4ro komanaa Poccuu
OKaKeTCs BO BTOPOM rpymnme?

Pewenue: Oboznauum uepez A cobvimue «komarnoa Poccuu 6o emopoii epynney. Toeoa
KOIUYeCmao O1a20npusmuulx coovimuil m = 4 (uemvipe KapmoyKu ¢ HOMepom 2), a obujee 4ucio
PABHOBO3MONCHBIX cobbimuti n = 16 (16 kapmouek) no onpedeneHuro epoSIMHOCMU P=4:
16 =0,25. Omsem:0,25

5. Ha kaxabie 1000 31ekTprUeCKUX JJaMIIO4eK npuxoauTcs S OpakosanHbix. KakoBa
BEPOSITHOCTH KYNIUTh HCIIPABHYIO JIAMIIOYKY?

Pewenue. Ha xasxcovie 1000 namnouex npuxooumcs 5 Opakosanmuwix, ececo ux 10035.
Beposmuocms kynumv ucnpaguyro aamnoyky 6yoem pasHa 00/e UCHPAGHBIX JIAMNOYEK HA
kaxcovle 1005 namnouex, mo ecmo 1000:1005=0,995.0Omesem. 0,995.

7. B rpynne TypucroB 8 4yesnoBek. C moMoub1o :kpedusi OHM BHIOMPAIOT 1IECTEPbIX
YyeJIOBEK, KOTOPbIEe J0JKHBI UTH B CeJI0O B Mara3u 3a npoaykramu. Kakosa BeposiTHOCTH
TOro0, 4To TypHcT /I, BXOAAIIHMII B COCTAB rPyNnbl, NOiHAET B Mara3un? 6 : 8§=0,75.
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8. B uemnuonare no ¢gyrooay ydacTBylwT 16 KoMaHI, KOTOpbIe KepeObeBKO
pacnpenensitorcss Ha 4 rpynnbsl: A, B, C u D. KakoBa BeposiITHOCTH TOro, 4T0 KOMaHAa
Poccuu He monajgaer B rpynny A?

Pewenue. Kasicoas komanoa nonadem 6 epynny ¢ eepoamuocmoio 0,25. Takum obpazom,
8EPOAMHOCMb MO20, YUMo KOMaHOa He nonadaem 6 epynny pasna 1-0,25=0,75. Omeem:0,75

9. Ha TypHup no maxmaram npuobuio 26 yuactunkon B ToMm unciie Koss u Tous.
Jliis1 npoBe/ieHNs KepedbeBKH NMEPBOro Typa YYACTHUKOB CJIy4ailHbIM 00pa3oM pa3ouiu
Ha ABe rpynnsl mo 13 yesoBek. HaiiTu BepossTHOCTH TOro, uTo KoJsist m Tosist monaayrt B
pa3Hble rPyNbl.

Pewenue. Bceeo 26 mecm. [lycmo Kons 3aiimem ciyuaiinoe mecmo 6 1000t epynne.
Ocmanemcs 25 mecm, u3z Hux 6 opyeou epynne 13. Hcxooom cuumaem evi60p mecma ons Tonu.
brazonpusmuvix ucxooos 13. P=13/25 = 0,52. Omeem:0,52

10. B xn1acce 16 yuammxcsi, cpean HuX ABa Apyra —Baaum u Cepreii. Yuyammxcs
cJIydyaiiHbIM 00pa3oM pa30uBalT Ha 4 paBHble rpynnbl. Haiiiure BepoATHOCTH TOI0, YTO
Baaum u Cepreii okaskyTcsi B 0HOM rpyIie.

Pewenue. Ecnu Cepeero nepeomy oocmanoce Hekomopoe mecmo, mo Onezy ocmaémces 15

mecm. U3 nux 3 — 6 moti sce epynne, 20e Cepeeti. Fckomas eeposmuocms pasna 3/15. Omeem: 0,2

IIpakTuyeckasi pabora NeS56
Tema 10.3: BeposiTHOCTE B Ipo)eCCHOHATBHBIX 3a/1a9aX
Heab: HayunThcs pemaTh 3a1a4u Ha MCHOJIB30BaHUE BEPOSTHOCTU B TPO(HECCHOHATBLHOM
JESITCIILHOCTH

Teopernyeckas 4acThb:

OCHOBBI TEOPUU BEPOATHOCTEW HY)KHO 3HATh KaKJIOMY YeNOBEKY AJsi (hOopMHpOBaHUS
MPaBUIBHOTO MHPOBO33PEHHS, JJISI OCO3HAaHUS TOTO, YTO MBI JKHBEM B CIy4allHOM,
BEPOSITHOCTHOM MHpE.

[lcuxonorus yenoBeka TakoBa, YTO €My HEYIOTHO cpeau ciay4ailHocTed. OH kaxaer
OTIPEZICIEHHOCTH U CIPABEATUBOCTH, WINET MPUYMH M OOBsicHeHWi. YacTo TakuMm oOpazom
BO3HHMKAIOT CyeBepHUs: HAIPUMED, cpeau ahpUKAHCKUX TIJIEMEH PAcCIpOCTPAHEHO MOBEPHE O TOM,
YTO OBIBAIOT MPOCTO JbBHI U JIbBBI, B KOTOPBIX MepecenuiInch aymu ymepmux. [locnennue Ha
JTofiel He HamagarT. JTOo OOBSICHEHHE HE HEeceT MOJIe3HON HH(pOpMalluu, MOCKOJIbKY HET
MPU3HAKOB, 110 KOTOPHIM 3apaHee MOXKHO ObLIIO OBl OTPEACTUTh, U3 KaKO KaTeropuu JieB, HO OHO
YCIIOKaWBAET MCUXOJIOTHYECKU. TOYHO TaK ke MOSBISIOTCS U3BECTHHIE BCEM CYEBEPHS MPHU Caue
sK3aMeHOB. HekoTopsie cyeBepus, KCTaTh, OCHOBAHBI Ha YaCTOTHBIX COBIAJCHUIX (HAIpHUMeED,
MEJIKUX HEMPHUSATHOCTEH M BCTPEU C YEPHOM KOIIKOW). DTO OTHOCUTCA U K NMPUMETaM, KOTOPbhIE
MOpOM MOAMEYAIOT BEPOATHOCTHBIE 3aKOHOMEpPHOCTH. Tak, moroBopkam «bena Hukorga He
NPUXOAUT OoJHa» uiu «Ku3Hb, OHA MoJIocaTas COOTBETCTBYET B TEOPUU BEPOSITHOCTEH 3aKOH
CEpUN.

Crnenyetr MOMHHUTH U TO, 9YTO MBI )KUBEM B MUPE, T/I€ MPOUCXOIAT CIydaliHbIe COOBITHS, U
TO, YTO 3aKOHOMEPHOCTH MPOOUBAIOTCS Uepe3 Maccy ciydaiHocTeil. UeM crokHee cuctema, TeM
TpyZiHEEe OOHAPYKUTh 3aKOHOMEPHOCTH. IMEHHO B 3THX Clydasx W UCIOJIB3YIOT BEPOSITHOCTHBIC
METO/BI.

Takum oOpa3zoM, TeOpHs BEPOSTHOCTH aKTyalbHa B HAIIIM JHU KaK B MAaTEMATHUKE U TOYHBIX
HayKax, TaK U B Hall€il MOBCETHEBHOM >KU3HHU.

Teopus BeposTHOCTEH H3ydaeT OOBEKTHBHBIE 3aKOHOMEPHOCTH MACCOBBIX CIy4alHBIX
coObiTuii. OHa SBISETCS TEOpPeTHUECKOM 0a30il AJis  MareMaTH4ecKOW CTaTUCTUKU,
3aHUMAIOIIEHCs pa3paboTKON METOI0B cOOpa, ONMMCAHUS M 00pa0OTKH pe3yIbTaTOB HAOIIOICHUH.
[Tyrem HabOmoneHU (UCOBITAHUN, DKCIIEPUMEHTOB), T.€. OIBITA B HIMPOKOM CMBICIE CIIOBA,
MIPOUCXOAUT IMO3HAHUE SIBJICHUMN AEHCTBUTEIBLHOTO MUPA.
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Pemrenue 3axanmii:

1. B mara3zune Tpu npoaasua. Kasxkabiii 13 HUX 3aHAT ¢ KJIMEHTOM € BEPOSTHOCTHIO
0,3. HaiiquTe BEpOATHOCTH TOI0, YTO B CJAy4YaiiHbIi MOMEHT BPpeMeHH BCe TPH MpoAaBLA
3aHAITHI O/ITHOBPEMEHHO (CYUTAlTe, YTO KJIMEHTHI 3aX0AAT He3aBHCUMO JPYT OT ApPyra).

Pewenue. Beposmuocme npoussedenusi He3a8UCUMBIX COOLIMULL PABHA NPOU3BEOEHUIO
eeposimHocmetl smux coovimutl. [loamomy eepoamuocms mozo, Yymo 6ce mpu npooasYa 3aHsamMuol
pasna (0,3)° =0,027. Omeem: 0,027.

2. B marazuhe crofiT ABa IVIATEKHBIX aBToMara. KamKapld M3 HHUX MOKET OBITH
HeucnpaBeH ¢ BeposiTHOCTHIO (0,05 He3aBucuMo oOT jApyroro astomara. Haiigure
BEPOSITHOCTH TOT0, YTO XOTH ObI O/INH ABTOMAT HCIPABEH.

Pewenue. Haiioem sepoamuocms mo2o, ymo Heucnpaghvl ooa asmomama. Smu coobimusl
He3asucumvle, 8epOAMHOCIb UX NPOU3BEOCHUS DABHA NPOU3BEOCHUI0 BePOSMHOCMEl Mux
coovimuu: 0,05 - 0,05 = 0,0025. Cobvimue, cocmosiujee 6 mom, Ymo UcCnpagen xoms Ovl 0OUH
asmomam, NPOMUBONOIONHCHOE. Cnedosamenvho, e2o 8ePOSIMHOCMb pasua
1 —0,0025 =0,9975. Omsem: 0,9975.

3. B ToproBom meHTpe ABAa OJMHAKOBBIX aBTOMATa MpPoAalT Kode. BeposiTHOCTH
TOro, YTO K KOHILYy JHSl B aBTOMAaTe 3aKOHYMTCS Kode, paBHa 0,3. BeposiTHOCTH TOr0, YTO
Ko(e 3aKOHYMTCA B 000MX aBTOMAaTaX, paBHa 0,12. Haiigute BepoSITHOCTD TOT0, YTO K KOHILY
aHs1 Ko(e ocTaHeTcs B 000MX aBTOMATAX.

Pewenue. Paccmompum cobvimueA = koghe saxonuumcs 8 nepgom asmomame, B = koge
3aKOHYUMCSL 80 8MOPOM agmomame.

Beposmnocms moeo, umo xoge ocmanemcs 6 nepsom aemomame pasua 1 — 0,3 =0,7.
Beposmnocms mozo, umo koge ocmamemcsi 6o emopom asmomame pasua 1 — 0,3 =0,7.
Bepoamunocms moeo, umo koghe ocmanemcs 6 nepsom uiu GMOPOM A8MOMAmMe pPAHA
1—0,12=0,88. Ilockonvky P(A + B) =P(A) + P(B) — P(A'B), umeem: 0,88 =0,7 +0,7 —x,
omkyoa uckomas eeposmuocmos x = 0,52. Omeem: 0,9975.

4. Iee ¢GadpuKku BBINYCKAIT OJUHAKOBbIE CTEKJIA /I ABTOMOOMJBLHBIX (ap.
IlepBasi ¢gadpuxa Bbpimyckaer 45% d3THX cTekosa, BTopas — 55%. IlepBasa ¢adpuka
BbIycKkaeT 3% OpakoBaHHBIX CTeKo0.], a BTopas — 1%. Haligute BepossiTHOCTH TOr0, 4YTO
CJIy4aiiHO KylJIeHHOE B Mara3uHe CTEKJI0 0Ka)KeTcsl OPaKoOBaHHBIM.

Pewenue. Bepoamnocmv moeo, umo cmekno KynieHo Ha nepeou ¢habpuke u OHO
opaxosannoe: 0,45 - 0,03 = 0,0135. Beposmuocmv moeo, 4mo CmeKkio KYnJleHo HA 6mopou
¢abpuxe u ono bpaxosannoe: 0,55 - 0,01 = 0,0055. [losmomy no popmyne noanou eeposimuocmu
8EPOSIMHOCMb MO20, YMO CIYYAUHO KYNIEHHOEe 8 MAa2a3uHe CMeKI0 OKAXCemcsi OpaKO8aHHbIM
pasna 0,0135 + 0,0055 = 0,019. Omsem: 0,019.

S. Ilpu M3roToBJICHHMH NMOAIIMIIHMKOB AWAaMeTPOM 67 MM BepOSITHOCTH TOr0, 4TO
auaMeTp OyaeT OTJMYATHCA OT 3aJaHHOro0 He Oojibmie, yem Ha 0,01 mMm, paBua 0,965.
Haiinure BepoOsITHOCTH TOr0, YTO CJOYYAHHBIA MOAIIMITHAK OyleT HMeTh JHAMeTP MEHbIIe
yeM 66,99 MM niau 6oabiie yem 67,01 mm.

Pewenue. I1o ycnosuro, ouamemp noowunuuxa 6ydem nexcams 6 npedeiax om 66,99 oo
67,01 mm c seposmuocmoio 0,965. [loomomy uckomas 6eposmHOCHb NPOMUBONOTOHCHO2O
coovimus pasna 1 — 0,965 = 0,035. Omsem. 0,035.

IIpakTnyeckas padora NeS7
Tema 10.5: 3agaun MaTeMaTHYECKOU CTaTUCTUKU
Heab: HayunThbes pemaTth 3aa4u MaTeMaTUYECKOM CTaTUCTUKA

Teopernyeckas 4acThb:

MareMaTH4eCKOH CTATHCTHKOW HA3bIBAC€TCA HAyKa, 3aHUMAIOLIASACA METONAMU
00paboOTKM HKCINEPUMEHTAIbHBIX JIAaHHBIX, IOJIY4YEHHBIX B pe3yJibTaTe HaOMIOACHUM HaJ
ciydaiiHbIMU siBIeHUsIMH. [lepBas 3a1a4a MaTeMaTHYEeCKOM CTaTUCTUKHU: yKa3aTh COCOOBI cOopa
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U TPYIIHAPOBKY CTATUCTUYECKUX HAHHBIX, ITOJIYYCHHBIX B PE3yJbTAaTe 3KCIEPUMEHTOB. Bropas
3aJjaya MaTeMaTU4eCKON CTaTUCTUKU: pa3padoTaTh METObI aHAIM3a CTATUCTUYECKUX JTaHHBIX.

Ko BTOpOIii 3a1aue OTHOCATCA:

1. Onenka HEM3BECTHBIX MAPAMETPOB (BEPOSITHOCTU COOBITHS, (PYHKIIUU pacIpeaesieHIs
U €€ mapaMeTpoB U T.[.) C [IOCTPOEHUEM JOBEPUTEIbHBIX HHTEPBAIOB (METO/Ibl OLIEHUBAHUS).

2. IlpoBepka CTaTHUCTUYECKUX THIOTE3 O BUAE HEU3BECTHOIO paclpeiciieHuss Hu
apaMeTpoB pacipeesieHus: (MeTO bl IPOBEPKU TUIIOTE3).

IIpu 3TOM periaroTces CaeayoUIe B MOPSIKE CI0KHOCTH U BaXKHOCTH 3aa4u:

e Omnucanue sBIEHUH, TO €CTb, YINOPSJOYEHHE IOCTYNHUBLIET0 CTATUCTUYECKOTO
MaTepuaa, peICTaBJIeHUe ero B Hanboee yIo0HOM JiyIsi 0003pEHHUs U aHalIM3a BHIE (TaOIHIIbI,
rpadukm).

e AHanM3 W MPOTHO3, TO €CTh NPUOIMKEHHAS OLEHKA XapaKTEPHUCTUK HAa OCHOBAHHUH
CTAaTUCTHUYECKUX NaHHbIX. Hampumep, npuOnukéHHas OLIEHKa MAaTEeMAaTH4ECKOTro OXHJIAHHS U
JUCIIEpCUU HAOJI0JaeMOM CIIy4aiiHOM BEJIMYMHBI U ONIPEAEICHUE ITOIPEIIHOCTEN 3TUX OLICHOK.

e BripaGoTka ontumanbHbIX pemieHuil. Hampumep, ompenesneHue 4yucia ONBITOB N,
JOCTAaTOYHOTO JJISl TOTO, YTOOBI OIIMOKA OT 3aMEHBI TEOPETHUECKUX YHUCIOBBIX XapaKTEPUCTHK UX
9KCHEPUMEHTAJIbHBIMM OLIEHKAaMH HE IPEBbIIlIANa 3a/JaHHOrO 3HaueHus. B cBA3M ¢ 3TUM
BO3HHUKAET 3ajaua MPOBEPKH MPaBAOI0100MsI TUIIOTE3 O MapaMeTpax paclpeesIeHUs U 0 3aKOHaX
pacrpesiesieHus] ClIy4ailHOM BEJIMYMHBI, PELIEHHEM KOTOPOH SBISETCS BO3MOXHOCTb CHAEIaTh
OJIUH U3 BBIBOJIOB:

— OTOPOCUTH TMIOTE3Y, KaK IPOTUBOPEYALYIO ONBITHBIM JAHHBIM;

— MPUHSTH TUIIOTE3Y, CYNTATH €€ IPUEMIIEMOM.

MaremaTnueckasi CTaTUCTMKAa IIOMOTaeT HKCIEPUMEHTATOpy Jiydlle pa3o0parbcsi B
OTBITHBIX JAHHBIX, TOJYYEHHBIX B pe3yibTaTe HAONIOACHUH HaJ CIy4alHBIMU SIBICHHUSIMU;
OLIEHUTb, 3HAUUMBI UJIM HE 3HAUUMBI HA0JI0/JaeMble (PaKThl; IPUHATH WIM OTOPOCUTH T€ WU HHBIE
TUIIOTE3BI O IMIPUPOJIE CITYUANHBIX SBJICHUMN.

Pemenue 3agau:

3agaua 1.

Ha sx3amMeHe 110 UCTOpUU CTYIEHTHI OJYYHIIN OLICHKH:

344434

343544

552323

344533

545444

[TocTpouTh MUCKpPETHBIN BapUALlMOHHBIA Psiji paclperesieHus: CTYJEHTOB Mo OajuiaM u
n300pa3uTh ero rpaguyecKu.

Xox pelieHus 3a1aum:

OnpenensieM 21EMEHTHI psijia pacIpeeIeHNs: BADUAHTBI, YaCTOTHI, YACTOTHI.

Orenka, 0amutpIKOoI-BO CTYZACHTOB C TAKOM OIIEHKOM, 4eI0BEK|B MpoIrieHTax K UTOTYj
2 2 6,7

3 9 30

4 13 43,3

5 6 20

MToro 30 100

Tenepy rpadguueckn u300pa3uM AMCKPETHBIM psii pacmpeleneHus: B BUAE IOMIIOHA
pacipeneneHus.
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Kom-Bo CTVAEHTOE B A1
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MosxHO caciiaTtb BBIBOJA O TOM, YTO npeo6naz[a}omee OOIBIIMHCTBO CTYACHTOB IIOJIY4YHUIIO

«» (43,3 %).
3agaua 2.

Bo Bpemst BEIOOpOYHOH MPOBEPKH OBLIO YCTAHOBIEHO, YTO MPOJOIKUTENEHOCTD OJTHON

TIOTMHTOH xa CIIpye JemTeHA

¥ OLEHKA, $aTTIBI

IMMOKYIIKHU B KOHAUTCPCKOM OTHACJIC Mara3nuHa OblLIa TaKOM: (CGKYHI[LI).

7770 82 81 81
82758071 80
8189756778
737678 73 76
82 69 61 66 84
7274 82 8276
ITocTtpouts wuHTEp

BaJIbHBIN

BapHalMOHHBIN

psana. U306pa3uth ero rpaduydecku, ceiaarh BHIBOI.
Xoj peunieHust 32124 M0 CTATHCTHKE:

Omnpenensem
HAKOIUICHHBIE YaCTOTHI.

OJICMCHTHI

psina  pacrpeneseHHs:

psil  pacmpesieneHusl
IPOJIOJDKUTEIBHOCTH, CO3/1aB 4 TPYIIbI ¢ OAMHAKOBBIMU HHTEpBasiaMu. O003HAYUTH IIEMEHTHI

BAPUAHTHI,

YacCTOTEHI,

ITOKYIIOK

Ho npexne paccuntaem rpanuiibl 4 3aJaHHBIX TPYII C OIMHAKOBBIMU UHTEPBATIAMMU:

BeJ’II/ILII/IHy HHTCpBaJIa OIIPCACINM I10 (bopMyne

b

B namewm cinyuae

8961 _
=

rpaHI/II_[LI rpyIiiin COOTBETCTBECHHO PaBHBI:

161+7=68 (61-68)
11 68+7=75 (68-75)
111 75+7=82 (75-82)
IV 82+7=89 (82-89)

'T:=_'. - 'T:Er.

M

[ pynmel MOKyYTIOK 1O Hucio B nponenrtax k  [HakorieHHbIE
[TPOIOJKUTEIIBHOCTH, CEK. [TOKYIIOK UTOTY 4acTOTHI
61-68 3 10 3

68-75 9 30 12

75-82 16 53,3 28

82-89 2 6,7 30

MToro 30 100

Teneps rpaduueckn oTOOpa3sMM Hall WHTEPBAJIbHBIA BapUAlMOHHBIA psAI B BUIEC

TUCTOTPAMMBbI U KyMYJISITHI.
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TEICTT HAKOIOIEHHEI:
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TIOKYTIEH, CEE.

ITo Tabnuie u rpaduka MOYKHO CIIeNaTh BHIBOJI O TOM, YTO IpeodIiagaromiee 00IbIINHCTBO
nokymnok (16 unu 53.3%) HaxoauTCst BO BpEMEHHOM HHTepBaie 75-82, cek.

IpakTnyeckas padora Ne58
Tema 10.6: CocraBnenue TaOIHIl ¥ TUarpaMM Ha MPaKTHKE
Hean: HayunThcs pemaTth npocTeiime cTaTHCTUYECKHE 3a1a4K

Teopernyeckasi 4acTh:

Cratuctudeckass CBOJKAa — HaydHO 0OpaOOTaHHBIA Marepuaig CTaTHCTUYECKOTO
HAOJIO/IEHUS B 1IEJIAX MOTYYeHHsI 0000IIEHHOM XapaKTepPUCTUKU N3Y9aeMOT0 SIBJICHHUSL.

['pynnupoBka — pacnpezesieHne eIMHNALL U3y4aeMOoro o0beKTa Ha OAHOPOJHbIE TUITMUHBIE
TPYIIIIBI IO CYIIECTBEHHBIM JIJIsl HUX IPU3HAKAM.

HNHTtepBan — pa3HuIa MEXAy MaKCUMAJIBbHBIM M MUHUMAJIBHBIM 3HAYEHHEM IIPU3HAKA B
Ka)XJIOH TpyIIIE.

R x_ _—x

i= — Tmax ““min

n n T8

1 — BeJIMYMHA UHTEPBaJa;

R — pazmax xone6anus (R=Xmax-Xmin)

1N — IPUHATOE YHUCIIO TPYIII;

Xmax, Xmin — HAUOOJIbIIIEE ¥ HAUMEHbIIIEE 3HaUEHUE IIPU3HAKA B U3y4aeMOM COBOKYITHOCTHU.
Kooy ~Emig

1,000+3,221g NV

[ —
i =

, TIe
N — uncao HaOIIOAEHUH
CraTtucThdeckuii psal pachpeleNieHuss — YHOPAJOUYEHHOE paclpeleleHie eIMHMUIL
COBOKYITHOCTH Ha TPYIIIEI II0 OIIPEAEIEHHOMY BapbUPYIOLIEMY IIPU3HAKY.
JIMCKpeTHBIN  BapWAallMOHHBIA  ps7l — XapakTepu3yeT pachpeiesieHue  eIuHHUII
COBOKYITHOCTH IO TUCKPETHOMY (IIPEPHIBHOMY) NMPU3HAKY.
WuTepBanbHbIl BapHAallMOHHBIA P — XapaKTepU3YeT paclpeielicHUue eANHMII

COBOKYITHOCTH I10 MHTEPBAIILHOMY (HEIIPEPHIBHOMY) MTPU3HAKY.

Jns n300paXkeHus. JUCKPETHBIX BapHUAllMOHHBIX PSAAOB PACHpPEACTICHHS HCHOIb3YeTCs
«TIOJIMTOH pactpeneneHus». s rpadguyueckoro n300paxeHus HHTEPBAIBHOI'O BapUAIIOHHOTO
psaa NPUMEHSIOTCS «TUCTOIpaMMay U «KyMYJISITay.

CpenHue BeNMYUHBI — 3TO TMOKa3aTeld. BbIpakaroliye TUIOUYHBIE YEepThl U JAIOT
0000IIAONTYI0 KOJIMYECTBEHHYIO XapaKTEepUCTHKY YPOBHS IpH3HAKa 110 COBOKYITHOCTH
OIHOPOJIHBIX SIBJICHUIA.

1. Cpennsist apudmernyeckas:
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[

x

x= (mpocTad)

(EsBemeHHad)

Exxf
3
i

X -B4ApIaHTa

f -ugactota
2. Cpenussi rapMOHHYECKas:

1’2;1 (mpocTasn)
Z5
- ¥ xx
x == <7 (BapemeHHAT)
"
2

(BapemeHHAT)

4. CpenHsisi XpOHOJIOTUYECKAS:
St a2
2 - 8 7

xXx=

in—1

¥ —HHOIO BAPHaHT
5. Cpe,Z[H}DI reoMCTpHUICCKasd:
x =4 K * Ky * K % %K, *100%

K1, K2, K3 u Kn — ko3¢ punineHTs AUHAMHUKH 110 OTHOIIEHUIO K IPEIBIIYIIEMY TEPHOTY.

6. MOJla MIHTEpPBAJIbHBIX PAJOB paCHpeesIeHNs BEIYUCISETCS 10 cleayomen Gopmye:

M,=x,+i !

' (- M)+ 1)

x(0 — MUHUMAalbHas rpaHyIla MOJIAJIbHOTO UHTEPBAJIA;

1 — BeJIMYMHA UHTEpPBaJa;

f2 — yacToTa MOJAILHOTO UHTEPBAAa;

fl — yactoTa uHTEpBaNa, MPEIIIECTBYIOLIETO MOJAIBHOMY;

f3 — yactoTa UHTEpBaNa, CIEIYIOIIETO 32 MOJAATBHBIM.

Mopna ans AMCKPETHBIX PSAOB pachlpesiesieHuss — 3TO Haubosee 4acTo BCTpedarolascs
BEJIMYMHA NIPU3HAKA B JAHHOW COBOKYITHOCTH.

7. MenuaHna assi MHTEPBaJIbHBIX PAIOB pACIPEeICHUs BEIYUCISAETCS 110 hopMyIie:
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TOHH

> f

-

—(Bue D
frz

M,=x, +i

X0 — HUKHSAS rpanriia MEAUAaHHOI'O HHTEPpBAaJia;
1 — BeJIMYUHA MCIUAHHOTO MHTCPBAJIA,

> f— cymma gacTort psija;

SME-1 — cyMMa HaKOIUIEHHBIX YacTOT, IPEALIECTBYIOINUX MEINAHHOMY HHTEpBAy;
fME — yacToTa MeJMaHHOT0 HHTEpBAA.
UYroObl onpeaenuTh MEANaHy B JUCKPETHOM BapHalMOHHOM psay. HeoOxoaumo cymmy
YacTOT Pa3/eIUTh IONOJaM U K IOJIYYEHHOMY pe3yibTaTy J00aBUTh /2.

Pelnenue 3agau:
3amava nmo cratucruke 1.

Nmerotcs CJICAYIOIUEC JaHHBIC 00 ypO)KaﬁHOCTH 3CPHOBLIX KYJIBTYP:

YPOoKallHOCTb 3€pHOBBIX KYJIBTYD
Ho 20

20-30

30-40

40 u BbIIIE

OHpeI[eJ'II/ITB CPCAHIOIO ypO}KaﬁHOCTB 3CPHOBLIX KYJIIbTYP, MOAY U MEIHAHY.

OTtBerT.

cpenusis ypoxkanocts: 30,3 1/ra
moxa: 33,3

meanana: 30,8

3anauva 2.
Tonsr 97r. 98r. 99r. 2000r.
[TpousBoacTBa 3epHa, ThIC. 150 168 179 186

KommdgecTBO X035MCTB
30
40
60
20

Tpebyercs onpeaenuTh: (LEMHBIM U 0A3UCHBIM CITIOCOOOM):

1) aGconroTHBII NPUPOCT;
2) Temm pocTa U IPUpOCTa;

3) cpenHuil aGCOMIOTHBIN MPUPOCT;

4) cpenHue TEMIIbI pOCTa U MPUPOCTA.

Ortser 2.

LEMHBIM CIIOCO00OM
abcomoTHBIN npupocT 18

11

7

5

TeMI pocta 1,12

1,07

1,04

1,03

TeMm1 npupocra 0,12

0,07

0,04

0,03

cpenHuit abconmoTHbIN npupoct: 31
cpennuil Temn pocra 1,02
cpeanuii Temn npupocrta 0,02
3amaua 3.

0a31CHBIM cI0OCOOOM
a0comoTHBIN npupoct 18
29
36
41
TeMmn pocta 1,12
1,19
1,24
1,27
TeMmn npupocra 0,12
0,19
0,24
0,27
cpenHuit abcomoTHbIN npupocT: 31
cpennuit Temn pocra: 1,05
cpennuii Temn npupocta: 0,05
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MetonoM citydaifHOH MOBTOPHOM BBIOOPKH OBLIO B3STO AJIs MpoBepku Ha Bec 200 miT.
neraneil. B pesynbrare mpoBepku ObUT yCTaHOBJCH cpenHuid Bec aeranu 30 r. mpu cpeaHeM
kBazparnueckoM oTkinoHeHuu 4 1. C BepostHocThiO 0,954 TpebOyercs ompenenuTh mpenen B
KOTOPOM HaxOJUTCS CPEAHMIA BeC JeTajieil B reHepaTbHOM COBOKYITHOCTH.

OrtBer.

Cpennuii Bec netanu kosiebnercs B npenenax 29,44 < x < 30,56.

IIpakTnyeckas padora Ne59
Tema 10.6: CocraBnenue TaOIUIl ¥ TUarpaMM Ha MpaKTHKeE
Hean: HayunTbes paboTathk ¢ TaOIMYHBIMU JAHHBIMU

TeopeTnyeckas 4acThb:

IloHsiTHE 0 CTATHCTUYECKUX TAOIHIIAX

Oco0oe MecTo B CTaTHCTUKE 3aHUMAeT TaOJWYHBIA METOJ, KOTOpBIA HMeeT
yHHUBepcaibHOe 3HaueHue. C  TMOMOIIBIO  CTAaTHCTUYECKUX  TaOJHMII  OCYIIECTBISETCS
MPEJICTABICHUE JAaHHBIX PEe3YylbTaTOB CTATUCTUYECKOTO HAOIIO/ICHUs, CBOJIKH U IPYIIHPOBKU.
HOBTOMy O6I)I‘-IHO CTaTUCTHUYCCKAas Ta6m/ma OIPCACIIACTCA KaK (1)opMa KOMITaAKTHOT'O HarJisiAHOTro
MPEJICTABICHUS CTATUCTHUECKUX TaHHBIX.

Ananns Ta6JII/III IMMO3BOJIACT p€lIaTb MHOTHEC 3ala4M IIPU U3YYCHHUU NU3MCHCHUA SIBJICHUU BO
BPEMEHH, CTPYKTYPHI SIBJICHUN U MX B3auMOCBsi3el. Takum oOpa3oM, cTaTHCTUYECKUE TaOIHIIbI
BBITIOJIHSIOT POJIb YHUBEPCAJIBHOTO CPENCTBA PAMOHAIBHOTO IPENICTaBICHHs, 0000IIEHUS U
aHaJIM3a CTaTUCTUYECKON MH(POpMAIUH.

BHremine cratuctuyeckasi Tabiuia MpeIcTaBiIseT COO0H CUCTEMY MOCTPOSHHBIX OCOOBIM
00pa3oM TOpPU3OHTAIBHBIX CTPOK M BEPTUKAIbHBIX CTOJOLIOB, MMEIOIIUX OOIIMI 3arojoBOK,
3arjiaBusd rpa(b " CTPOK, HA ICPECCUCHUU KOTOPBIX U 3AIMUCBIBAIOTCA CTATUCTUYCCKUEC JAHHBIC.

Kaxnas uudpa B craructuyeckux TabaMIax — OSTO KOHKPETHBIM MOKa3aTeb,
XapaKTEepU3yIOIUN pa3Mepbl WIM YPOBHU, JUHAMUKY, CTPYKTYpPY WJIH B3aUMOCBSI3H SIBIICHUU B
KOHKPETHBIX YCIOBHSIX MECTa U BPEMEHH, TO €CTh OIpe/eTieHHas! KOJIMYECTBEHHO-KaueCTBEHHAs
XapaKTePUCTUKA U3y4aeMOI0 SIBJIICHUS.

Ecnu Tabnuna He 3anoiaHeHa nudpamMu, To €CTh UMEET TOJIBLKO OOIINI 3aroJI0OBOK, 3arfaBus
rpadg ¥ CTPOK, TO MBI UMEEM MAaKET CTaTHUCTHYECKOW TaOmuipl. IMEHHO ¢ ero pa3paloTKu U
HAYMHAETCS TIPOIECC COCTABJICHUS CTATUCTUUYECKUX TAOJIHII.

OCHOBHBIMHA  DJIEMEHTAMU CTATUCTUYECKOH Ta6J'II/IIH>I SABIIAKOTCA MOAJICKAIIEE H
cKazyemoe Ta0JIuIbI.

[Momexamee TaOIMUIBI — 3TO OOBEKT CTATUCTHUECKOTO M3YYEHHUs, TO €CTh OTIEIbHBIC
€MHUIIBI COBOKYITHOCTH, X TPYIIIHI HIIK BCS COBOKYITHOCTD B I[EIOM.

Ckazyemoe TaOJUIBl — 3TO CTATUCTHUYECKUE MTOKA3aTENH, XapaKTePU3YIOIIHe U3ydaeMbIit
00BEKT.

[Momnexamee W MoKa3aTeIN CKa3yeMOTO TaOJHIBI JAOJDKHBI OBITH ONpEIETICHB OYeHb
TouHo. Kak mpaBmiio mojajexainee pacrmoioraercs B JIEBOM YacTh TaOMUIBI M COCTaBISIET
coJiepKaHne CTPOK, a CKa3yeMoe — B MPABOW YaCTH TAOJHUIIBI  COCTABIISIET coiepkanue rpad.

[TocTpoeHne aHATUTUYECKUX TAOJIHIL

[Toctpoenue ananuTuyeckux TabauI] TakoBo. JIo0asi TadaMua COCTOUT U3 MOJIEKAIIETO
u ckazyeMoro. llomiexariee packpblBaeT IKOHOMUYECKOE SIBICHHE, O KOTOPOM HJET pedb B
JAaHHOW TaONMIle U COAEPKUT HAOOp IMOKazaTesel, oToOpaxarmux 3To sBieHue. Ckazyemoe
TaOJIUIIBI TOSICHSET, KAaKMe MMEHHO TIPU3HAKU OTOOPaKaIOT MOJIeKAIlee.

[TpakTHKO# CTaTHCTUKA pa3pabOTaHbI CIETYIONINE TPABHIIA COCTABICHHS TaOIIHIIL:

= Tabnuma nomkHa OBITH BBIPA3UTENBHON W KOMMakTHOH. [losTomMy BMecTO OIHOM
TPOMO3KOH TaOJIWIBI IO MHOXKECTBY IMPH3HAKOB JIy4Ie CIeNaTh HECKOJBKO HEOOJBIIMX IO
00BeMy, HO HaTJISITHBIX, OTBEYAIOIINX 3ajaue UCCIIeIOBAHUS TaOIIHII.

= Haspanue TaOiuipl, 3armaBus rpad W CTPOK cieayer (GopMynupoBaTh TOYHO U
JTAaKOHUYHO.
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= B Tabnuue o0s13aTenbHO AOJDKHBI OBITh YKa3aHbI: M3y4aeMblii 0OBEKT, TEPPUTOPUS, U
BpeMsI K KOTOPBIM OTHOCSITCSI IPUBOMMBIE B TAOJIUIIE TaHHBIE, €AMHULIBI U3MEPEHUS.

= Ecnu kKakue-To aHHBIE OTCYTCTBYIOT, TO B TaOJHIIC JTUOO CTaBAT MHOTOTOYHE, JTHOO
MUIIYT "HET CBEJIEHUI", €CJIM KaKOe-TO SIBJICHUE HE UMEJIO MECTa, TO CTaBST TUPE

= 3HadyeHHWs] OJHUX M TeX JK€ TOoKa3aTelied MPUBOAITCS B TaONMUIE C OJWHAKOBOMN
CTEMEeHbIO0 TOYHOCTH.

» Tabnuma noKHA WMETh WTOTM TO TpyHmaMm, MOATpyHnaMm W B menoMm. Ecnm
CYMMUPOBaHHE JTAHHBIX HEBO3MOXHO, TO B 3TOU Ipade CTaBsAT 3HAK yMHOXKeHus "*".

= B Gonbmmx TabauIax mocie KaxablX MATH CTPOK ACISIOT MPOMEXKYTOK, YTOOBI OBLIO
ynoOHee YUTaTh U aHAIU3UPOBAThH TAOJIHILY.

Buabl craTucTHyecKUX Ta0IMIL

Cpenu MeTo10B YKOHOMUYECKOTO aHalln3a HauboJjee paclpoCTpaHeH TaOIWYHBIA METOJ
(crtoco0) oTOOpaXkeHUsT HCCIAeayeMbIX NU(POBBIX NaHHBIX. Jleo B TOM, YTO KaK HCXOJHBIC
JaHHbBIE JIsl IPOBEACHUSI aHANIN3A, TaK U PA3JINYHbIC PACUEThI, a TAK)KE PE3YJIbTAaThl IPOBEICHHOTO
UCCIICIOBaHMSI OQOPMIISIFOTCS. B BUJIC QHATMTUYCCKUX TaOmuil. TaOiuIbl PpeICTaBIsIFOT co00i
BeChbMa I1I€7IECO00pa3Hyl0 M HarisagHyro GopMy OTOOpaK€HUS YHUCIOBOM uWH(pOpManuu,
UCIIONIE3YEMOM B aHAJIM3EC XO3SHCTBCHHOW JEATEIBHOCTH. B aHanWTHYECKWX TaOlMIaXx B
oTpezieIieHHOM MOpsIKe pacnonaraercs uudponas nHbopMaius 00 U3y4aeMbIX IKOHOMHUYECKUX
sBIICHUSAX. TaONMMuHBIA MaTepual ropa3fao 0osiee WH()OPMATUBEH M HATJIAJEH MO CPABHEHUIO C
TEKCTOBBIM H3JIO)KEHHEM MaTepuana. TaOmuipl MO3BOJSIIOT MPEACTaBUTh AaHATUTHUYECKUE
MaTepUaJIbl B BUAE €AUHON LETOCTHON CUCTEMBI.

Bun cratuctudeckoi TaONIUIBI ONpEAeNsaTecs XapakTepoM pa3pabOoTKH ToKa3aTelell ee
MOJISKAIIETO.

Pa3znuyarot Tpu Buga CTaTUCTHUECKUX TaOIHIIL:

* TIPOCTHIE

= TPYIIIOBBIC

* KOMOWHAIMOHHBIC

IIpocThie TabMMUBI COEpKAT IMEPEUYCHb OTACNIBHBIX E€IWHHUL, BXOJAIIUX B COCTaB
COBOKYITHOCTH aHAJIM3UPYEMOTO IKOHOMHUYECKOTO SIBJICHUs. B rpynnoBbIx Tadaunax nudponas
uH(poOpMaIlisi B pa3pe3e OTAETbHBIX COCTABHBIX YACTeH HCCIEAyeMOH COBOKYMHOCTH TaHHBIX
00BEMUMHSAECTCS B OMNpENCIICHHBbIE  TPyNmbl B COOTBETCTBUM  C  KaKUM-JTHOO
npu3HakoM. KoMOMHUpOBaHHbIe Ta0JMIBI COACPXKAT OTHAEIbHBIC TPYIIbI U MOATPYIIbI, Ha
KOTOpbIE  MOJIPa3JIESIOTCS SKOHOMUUECKHE — TIOKa3aTelN, XapaKTEePHU3YIOIIHUE H3ydaeMoe
SKOHOMUYECKOoe siBlieHue. [Ipu 3ToM Takoe nmoapazaeneHne OCyeCcTBISIETCS. HE IO OJTHOMY, a 10
HECKOJBKMM TpPU3HAKaM. B TPYIMIOBBIX TaOMUIIAX OCYIIECTBISECTCS MPOCTas TPYMITHPOBKA
MoKazarenieil, a B KOMOMHUPOBAaHHBIX — KOMOMHHMpOBaHHasI TpynnupoBka. [IpocTeie TabmuUIIBI
BOOOIIIE HE COJEpKAT HUKAKOW TPYNMUPOBKHU ToKaszatenen. [locnennuii Bua Tabauil COAEpKUT
JIUIIb HECTPYNIUPOBAHHBINA HAOOP CBEEHUI 00 aHATU3UPYEMOM SKOHOMHYECKOM SIBJICHHH.

B 3aBucHMOCTH OT 3Tamma cTaTUCTUYECKOTO UCCIIEIOBAHUS TAOJIHIIBI JSNISTCS Ha:

= pa3padoToyHble (BCTIOMOTATeNbHbIC), 1[Eedh KOTOPHIX 0000IUTh HH(DOPMALHIO IO
OT/IENIbHBIM €AMHUIIAM COBOKYITHOCTH JIJIsl TIOJTYYECHHSI HTOTOBBIX MTOKa3aTeNICH.

* CBOJHbBIE, 33]1a4a KOTOPBIX TOKA3aTh UTOTH 110 TPYIIaM U BCE COBOKYITHOCTH B IIEJIOM.

* aHAJMTHYeCKHe TaOJIHIBI, 3a7a9a KOTOPhIX — pacueT 0000MIAIONINX XapaKTePUCTHK
U MOATOTOBKa MH(OPMAIMOHHOW 0a3bl AJS aHaIW3a M CTPYKTYpPhl U CTPYKTYPBIHBIX CIBHIOB,
JTUHAMHUKHU U3Y9a€MbIX SIBIICHUN U B3TUMOCBS3EH MEXK Ty MTOKa3aTeIISIMU.

Wrak, MBI paccMoTpenu TaOIMYHBIA METOA OTOOpaKEHHUS HCCIEAYEeMBIX IU(GPOBHIX
JAHHBIX, IIMPOKO HCIIONB3YEMBI B XOJi€ TMPOBEACHHUS aHAIW3a SKOHOMUYECKUX SIBICHHM,
CTaTUCTUYECKUX JAHHBIX U XO3SIIICTBEHHOM JESITEIbHOCTU OpraHu3alHiil.

Pemmenue 3agau:
3agaua 1.
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UeMnHoOHAT MO XOKKEI MPOXOIWJ B YEThIpEe Kpyra. AJEKced CIe 32 KOJIMYECTBOM
3a0pOIIICHHBIX IIal0 CBOMX JIFOOMMBIX KOMAH/I M 3alUCHIBAJI PE3YIbTAaThl B TaOmiy. Mcmonb3ys
JaHHBIC ATOW TaOIUIIBI, OTBETH HA BOIPOC.

HOMeEpI;’?;OBOFO «MeTaniaypr» «I%Q.‘nﬂaz:::: «Axk bapc»
IlepBsiit kpyr 32 35 29

Bropoii kpyr 40 45 34

Tperuit xpyr 37 38 30
YeTBEpTHIN KPYT 44 31 46
CkoubKo mai6 06110 3a0poIIeHO KOMaHI0H «MeTaTypr» B 4eTBEPTOM Kpyre?

3amaua 2.
Hwxe npuBeneHbl JaHHBIC 32 TPU I'0JIa O KOJWYECTBE IO JIMBBIX JTHEH B HIOHE-OKTIOpe

B Crapom Ockose. Mcnosib3ysl 3TH JaHHBIE, OTBETH HA BOIPOC.
Mecsan 2013 rox 2014 ron 2015 ron
Hronb 11 6 8
Uronp 8 3 8
Asrycr 9 5 0
CeHTs6pb 13 4 1
OxkTs0pb 7 3 5
Cxoubko ok 1uBbIX aHEH O0bu1o B Ctapom Ockose B ceHTsiope 2014 roga?
3agaua 3.
Ha nrpe KBH cyapn nocraBuim OIeHKH KOMaHJaM 32 KOHKYPCHI:
baner bayer bayner 3a
Komanna 3a KOHKYpC 3a KOHKYPC | My3bIKaJIbHBIN
«IIpuBercTBUE» «CTOM» KOHKYpC
«JAnoann» 23 20 24
«lapm» 28 21 22
«bneck» 21 18 27
«JIupuxn» 27 22 20

Kakas xomanna Habpana Haubosblee yrcio 60amnoB B koHKypce «IIpuBeTcTBre»?

B omeeme ykasicume 00HO c10860 — HA36AHUE KOMAHObL 8 UMEHUMETbHOM NAoeice.

3amaua 4.

B Ta6m/1ue HpI/IBe}IeHBI JAaHHBIC O KOJIMYECTBEC NCBOYCK U MAJIBYUKOB B ITSITU quBémex
KJlaccax Kokl Mcnosnb3ys 3T JaHHbIE, OTBETHTE HA BOIIPOC.

KonnuecTBo MIKOIBLHUKOB
4 «A» 4 «b» 4 «B» 4 «I'» 4 «JI»
Manburku 13 10 15 16 17
JleBouku 15 14 14 12 9
B kakom kitacce HanbobIas pa3HUIA MEXIY YUCIOM MaTbUUKOB U JEBOUYEK?
3anaua S.

B Tabnune mpuBeneHBI HaHHBIE O YMCICHHOCTH HaceleHusi Tpéx obnacteit Poccum B
pasHbIe TOJIbI (B THIC. UeOBEK). VICmonb3ys 3TH TaHHbBIE, OTBETHTE HAa BOMIPOC.
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YucneHHOCTh HaceIeHus
1970 r. {1979 1. {1990 1.|2000 .| 2010 T.
ActpaxaHckas 1400 | 1467 | 1575 | 1390 1230
MypmaHckas 800 965 1191 941 795

Kanununrpanckas 730 807 881 959 940

B kakoM rojty 4MciI€HHOCTh HAceIeHUs B ACTpaxaHCKOM 00acTH Obljia HanOOIbIICH?

B omeeme ykaowcume uucio — 200.

3agaua 6.

backerbonbHas KOMaHAa JETCKOM CHOPTHBHOM MIKOJBI BCTpeyalach € KOMaHIaMHU
HECKOJIbKUX 1IKoJa. KomnyecTBo 04KkOB, HAOpAHHBIX UTPOKAMH, TPEHEp 3alUChIBATl B TAOJHILY.
Hcnonb3ys Tabnuily, OTBEThTE Ha BOIIPOC.

O061acTh

Homep urpsl ApTém Tumyp Baagummup
[TepBas urpa 2 9 9
Bropas urpa 6 5 8
Tperss urpa 8 2 7
YersépTas urpa 4 10 9

CkoipK0 04KOB HaOpasl Bnagumup B TpeThei urpe?

3agaua 7.

Hwmxe npuBeneHbl JaHHBIE O KOJMYECTBE pPa3IMUHBIX OTMETOK II0 MaTeMaTHKE 3a
YETBEPTYIO YETBEPTh B PA3HBIX Kjaccax OJHOM WIKOJbL. MCronp3yd 3THM JaHHbIE, OTBETh Ha
BOIIPOCHI.

Kiace OtMmetka «3» OtMmetka «4» OtMmetka «5»
4 «A» 6 11 6
4 «b» 2 13 8
4 «B» 5 12 5
4 «I'» 7 9 10
Ckomnpko naTépok no Mmatematuke B 4 «I'» kiacce?
3anaua 8.

B Tewenue TpE€X €T yuuTenb (PUKCUPOBAT KOJUYECTBO «IIATEPOK» 3a KOHTPOJIbHBIE
paboThl MO MaTeMaTuKe IJIs OJHOM M TOM K€ TPyHmbl JAeTeid. DTU JaHHBIE MPEJICTaBICHBI B
TaOJIHIIE.

I'on
Mecsn
2013 rog 2014 roxg 2015 rox
CeHts0pb 16 14 17
OxkTs0pb 6 4 10
Hosi6pb 8 16 5
JexaOpb 16 5 18

B xaxom mecstie 2014 roga 61710 HaHOOIBIIEE KOTUYECTBO CITSITEPOK»?

B omeeme ykasicume 00HO c1060 — Ha38aHUE MeCAYA 8 UMEHUMENbHOM nadedice.

3agaua 9.

[1érp MBaHOBMY BBIpALIMBAET MOPKOBbB, JYK U CBEKITY. Kakaplii 0BOIIl OH BhIpalyBal Ha
OTJEJILHOM y4yacTKe B Te€4eHUH ueTbIpéx JeT. [1éTp MBaHoBHY 3aHOCHUT B TalOnMIly KOJIMYECTBO
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KAJIOTPAaMMOB ypoXasi, KOTOPOE€ OH IOJIy4aeT ¢ KaXJ0To ydacTka 3a roj. Mcrons3ys tabnuiy,
OTBETBHTE Ha BOIIPOC.

I'oabl mo mopsiaky MopkoBb Jyk Ceékia
[lepBslii rog 750 kr 560 kr 690 kr
Bropoii rox 720 xr 380 xr 740 xr
Tperuii rox 630 kr 730 kr 680 kr
YeTBEpTHIN roxg 690 xr 710 kxr 620 kr

YpoxkalfHOCTh KaKOTO OBOIIA OblJIa HAMOOJIBIIEH 32 BTOPO roa?
B omeeme ykasxcume 0010 c1060 — Ha36aHue 080WaA 8 UMEHUMETLHOM NAdedice.

IIpakTnyeckas padora Ne60
Tema 10.6: CocraBiieHre TaOIHI] M TUarpaMM Ha TIPAKTUKE
Henb: HayunTthes pabotars ¢ AuarpaMMaMu

Teopernyeckas 4acThb:

Haubonee pacmpocTpaHeHHBIM CIOCOOOM rpauyecKkoro N300pakeHHsl CTaTUCTUYECKOM
uH(pOpMaLUU ABISIOTCSA AUATPAMMBI.

JlmarpaMMbl TPUHATO TOAPA3ALIIATH 110 UX (POPME Ha CIICTYIOIINE BHIBL:

* CTOJIOMKOBBIE IUArPaMMBlI;

* [I0JIOCOBBIE JHarpamMMbl;

= KPYTOBBIE IUAarPaMMBl;

* JIMHEWHBIE JUarpaMMmBbl;

= (urypHsle 1uarpaMmei;

JlpyruM mpuU3HAKOM MOJApa3JelieHus AuarpaMm sBIseTcs uX conepkaHue. Ilo atomy
IIPU3HAKY OHHU IOAPA3JEISIIOTCS HA AMArPaMMbl CPABHEHHS, CTPYKTYPHbIe, ITHHAMHYECKHE,
rpauKu cBsI3HM, rpaguKu KOHTPOJIS U JIp.

JluarpaMMbl cpaBHEHHSI OTPAXAIOT COOTHOIIEHUS Pa3IMYHBIX UCCIEAyeMbIX 00BEKTOB
B CBA3M C KakMM-JIMOO 3KOHOMHYECKHM TMokaszareneM. CaMbiMM yAOOHBIMU Tpadukamu, Ha
KOTOPBIX OCYLIECTBJIIETCS COIOCTABIICHWE BEJINYMH SKOHOMHYECKUX IOKA3aTENEeH, SIBISIFOTCS
CTOJIOMKOBBIE U TIOJIOCOBBIE auarpammbl. [y M300pa)ke€HUs TaKUX auarpamMMm IMpPUMEHSETCS
NpsMOYTOJIbHas cucTeMa koopauHat. Ha ocu abcunce Takux rpadukoB moMeNiaeTcsi OCHOBA st
OTpe/IeNIEHHBIX CTOJIOLOB OAMHAKOBOIO pa3Mepa JJs BCeX HccleayeMblX o0bekToB. Bricora
KaX/I0T0 UX CTOJIOIIOB JOJDKHA BBIPAXKATh BETMUYMHY TOTO SKOHOMHUYECKOTO MOKa3aTelsl, KOTOPbIN
OTpaXE€H B OMNpEJEICHHOM MaciuiTade Ha OCH OpAHHAT. TaKoBbl OCOOEHHOCTH CTOJIOMKOBBIX
nuarpamm. [IpowuroctpupyeM ux caenyronieit cxemon (cm. cxemy Nel).

ITosiocoBBIe qUArpamMMbl, B OTIMYHE OT CTOJOMKOBBIX, H300pakatOT MO TOPU3OHTANIU:
OCHOBA I0JIOC PACIIOJIaraeTcsl Ha OCU OPJAMHAT, 3 DKOHOMUYECKHUE M0KA3aTeNU B ONPEIECICHHOM
Macirabe — Ha ocH abcIucc.

KakoBbl ke 0COOEHHOCTH KpYroBBIX M KBaJIpaTHBIX auarpamMm? B psnge cinydaes
JUarpaMMbl CpaBHEHUS TNPEACTaBISAIOT COOOW Kpyru JIMOO KBaapaThl; UX IUIOMIAJb SIBJISETCS
IIPONOPLUOHAIEHON BETMYMHE ONPEEIIEHHBIX IKOHOMUYECKUX MTOKA3aTENEH.

durypHble IMarpaMMmbl COJEPKAaT COOTHOILIEHUS  OMPEIENIEHHBIX IKOHOMUYECKUX
nokasaresei (00beKTOB), KOTOpbIE IpPEICTAaBICHBl B YCJIOBHOM BHJIE KaK OIpe/eIeHHbIe
XyJI0’KE€CTBEHHBIE (DUTYpBI, HATPUMED, TOJIOBbI KPYITHOI'O POraToro CKOTa, Kakue-i1udo MallnHbI,
u 1p. Takue nuarpaMMbl IpU TEPBOM K€ B3IUIsAZEe Ha HUX (UKCUPYIOT Ha cebe BHHUMaHUE, U
NPEJICTABIISIIOT ONPEJEICHHYI0 YHUCIOBYI0 HMH(OpMalMio B Haubosee JA0XOAYUBOM BHJIE.
CrpykTypHBlE AMarpamMmbl (MHA4e-CEKTOPHBIE) JalOT BO3MOYKHOCTH IPEACTABUTH COCTaB
UCCIIETyeMbIX 3KOHOMHYECKUX TMOKa3aTeled U 100 (YIelbHbI Bec) KOHKPETHBIX YacTed B
COBOKYITHOM CyMM€ SKOHOMMYECKOIO IOKas3aTenas. B paccmaTpuBaeMbIX —AMarpaMmax
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HKOHOMHUECKHUE SBJICHUS MPECTABISIOTCS KaK ONpe/ielieHHbIe reoMeTpruieckrue GUrypsl (Kpyru
WINA KBaJpaTbl), KOTOpbIE pa30MThl Ha HECKOJBbKO CeKTopoB. Ilmomans kpyra wim KBajpara
NPUHUMAETCS PAaBHOHM CTa mpoleHTaMm Jnbo enunuie. Iliomanp ke ar000ro JaHHOTO CEKTOpa
XapaKTepu3yeTcs J0JIeH pacCMaTpUBAEMOM YaCTH B COCTaBE CTa IPOLICHTOB WIN €AVHUIIBI.

JluHaMH4YecKHe JAUMarpaMMbl XapaKTepU3ylOT JAMHAMHUKY, TO €CTb H3MEHEHMS
KOJIMYECTBEHHOW OLIEHKH JaHHOT'O SKOHOMHYECKOTO SIBJICHUS B TEUEHUE U3BECTHBIX IEPUOIOB
BpeMeHH. C 3TOH LeNbl0 MOTYT IPUMEHATHCA JIIOObIE U3 PACCMOTPEHHBIX BHUJOB JUarpamm
(cTonOUKOBBIE, [10JIOCOBBIE, KPYTOBBIE, KBaJlpaTHbIE, PUTypHBIE). BMecTe ¢ TeM ualle Bcero 3/1ech
UCTIONB3YIOTCSl JIMHEHHbIe nauarpammbl (rpadukum). Ha Takux paumarpamMmax HM3MEHEHHE
KOJINYECTBEHHON OLEHKHM SKOHOMHUYECKOrO SIBJICHMS H300pa’kaeTcs OIpENeIEHHON JIMHUEH,
KOTOpasi BBIpaXKaeT HEMPEPBIBHOCTH MPOUCXOAAIIero mporuecca. Ha ocu abcuucc nMHEHHOTO
rpadpuka H300pakaroTCsl ONpENEICHHbIE IEepPUOAbl BPEMEHH, a Ha OCH OpAMHAT —
COOTBETCTBYIOILNE BEIMYMHBI TAHHOTO YKOHOMUYECKOTO SIBJIEHUS 32 pACCMaTPHUBAEMbIE IEPUOABI
BPEMEHU B COOTBETCTBUHU C MPUHATHIM YMCIOBBIM MacIITaOOM.

Penrenne 3agau:
3anaua 1.

I/ICHOHBSYH AuarpamMmy, OTBETbHTC HAa BOIIPOC.

Yucao A
nereit

PoxpnaemocTts pereil B cene Tpouukom

Hun. Des. Mapr Anp. Mait Hwors Hioa Asr. Cenr. Oxr., Houf. lex.
CKOJIBKO JIeTel pOoIUIIOCh B MapTe?
3agaua 2.
Ha numarpamme moka3aHO paclpelelicHHE JHEBHOH HOPMBI THTAHUS, KOTOPYIO

PCKOMCHAYIOT Bpaiu. HCHOJ‘IB3Y§I AuarpaMmmy, OTBETHTC HaA BOIIPOC.
HopmMa nuTaHua 3a cyTkum

Bropoi saBTpax

CKOJBKO pa3 B IeHb PEKOMEHAYIOT MUTAThCS Bpayu?

B omeeme ykascume yugpy — xonuuecmso pas.

3anaua 3.

N300pakéHHast HUKe TuarpaMMa IocajioK B caJly HarJIsJHO [TOKa3bIBaeT, KaKas 4acTh caja
OTBeJIeHa Mo/ I0JI0HU, TPYLIU U KyCThl CMOpPOAUHEL. Mcnonb3ys quarpammy, OTBETHTE Ha BOIIPOC.
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~ KOJIMYCCTBO A0/10Hb

— KOJIHYCCTBO I'pyLu

-

® o] — KOJIHYECCTBO KYCTOB CMOPOAMHBI

Kakue nepeBbst 3aHUMarOT OOJIBIIYIO YacThb caga?

IIpakTuyeckas padora Ne61

Tema 10.7: KontponpHas pabora mo pazaeny 10 «DieMeHThl KOMOMHATOPHUKH,
CTaTHCTUKH U TEOPUHU BEPOSTHOCTEH»

Heab: [IpoBepuTh ypoBEHb YCBOEHUS aHHOTO MaTepuaina mo pazaeny 10 «3ieMeHTsI
KOMOMHATOPHUKH, CTATUCTHKU ¥ TCOPUH BEPOSITHOCTECI

Ilpu pewenuu 3a0anuini 1-4 3anuwiume npaguiIbHLIIL OmMEem U3 UYemvlpex
npeo10HCeHHbIX.

1. (1 6amn) KomOuHaTtopuka - 3TO pasfen MaTeMaTUKH, OTBEYAIOIIMA Ha BOIPOCHI
CKOJIBKUMH CIIOCO0aMU MOYKHO BBHIOPATh JIEMEHTHI ...

A) 3aJlaHHOTO KOHEYHOI'0 MHOXECTBa, b) OeckoHeyHOro MHokecTBa;, B) mro0oro
MHOXecTBa; ') MppalmoHaNbHBIX YHCEIL.

2. (1 6ann) CoequHEHUS U3 N AJIEMEHTOB, OTIMYAIOIINECS JPYT OT IPYTa TOJIBKO MOPSAKOM
PacIoJIOKEHUsI B HUX JIEMEHTOB, Ha3bIBAIOTCS:

A) nepecranoBkamu; b) coueranusmu; B) pazmemenusamu; [') komOnHamsIMu.

3. (1 6am) Yucno Bcex BO3MOXKHBIX pa3MeIlleHUH BeIYUCIAETCs o (popmyrie:

AMAG} =n(n—m);B) At =n(n—1)..(n—m+1);B) A} = NAY =n(n+

n!

(n-m)?’
m)

4. (1 6ann) I'pynnupoBka — 370. ..

A) ymopsgoueHuWe eIMHMII COBOKYIHOCTH 10 Tpu3HaKy,; b) pa3Ouenue eaunwuil
COBOKYITHOCTH Ha TpYMIBl M0 MpU3HaKy; B) o0oOmenne enunnuHbiX (aktoB; 1) o0oOmeHne
eAMHUYHBIX TPU3HAKOB.

Ilpu évinonnenuu 3adanuit 5-8 3anuwiume xo00 pewienus u nOJAYYEHHbLI OMEEm.

5. (2 6anna) B cpemnem m3 2000 camoBBIX HACOCOB, MOCTYMUBIIUX B TPOJAXy, 6
noaTekaroT. Haliaure BEpOATHOCTh TOTO, YTO OJMH CIy4ailHO BBIOPAHHBIN JIJIT KOHTPOJIS HACOC
HE NOATEKaeT?

6. (2 6amra) CpaBHUTH BCXOXKECTh CEMSH JIFOOBIX TPEX BHUJIOB OJHOJICTHHUX I[BETOB 3a
nocneanue 3 roga. CocTaBUTh quarpaMmy 1o HaIeHHBIM JaHHBIM. CIenaTh BBIBOIBI.

7. (2 6amna) LlBeTOoBOAY MPENTIONKUIM YKPACUTh KIyMOy I[BETaMH, UCIIOJIB3Yys 3 BHIA.
CKOIBKO pa3IMYHbIX BAPHAHTOB €CTh Y I[BETOBO/IA, €CII €CTh BBIOOP U3 5 BUIOB Pa3HOi paccaabl?

8. (2 6amna) CkoIbKUMHU CIOCOOAMU MOKHO TIOCATUTh 4 KyCTapHUKA B OJIUH Psiji?

Imanonvt omeemogs:

Howep 1 2 3 4 5 6 7 8
3aaHuA
Otser A A B A 0,997 _ 10 24
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IIpakTyeckas padora Ne62
Tema 11.2: [TapannenbHOCTh OPSIMBIX, MPSIMOM U TIJIOCKOCTH, INTIOCKOCTEHN
Hean: Hayunthes pemaTs 3a/1a4u, UCIOJIb3Ysl CBOMCTBA MApaJUICIIbHBIX IUNIOCKOCTEN

Teopernueckasi 4acTh:

Onpenenenue. [Ipsmas 1 MI0CKOCTh HA3BIBAIOTCS MapallICIbHBIMK, €CIIM OHU HE UMEIOT
o0mumx Touek (a || o)

IIpu3Hak napajjieJbHOCTH NPAMO U MJIOCKOCTH.

Teopema. Ecnu nipsimasi, He Jiexaliasi B JaHHOU IUIOCKOCTH, MapaijielibHa KaKoW-HHOY b

HpHMOﬁ, nemameﬁ B 3TOH IIJIOCKOCTH, TO OHA IMapaJuICJIbHA CaMOM IIJIOCKOCTH.
a

L allb
b= al|o
b ag o
puc. 1
3ameuaHus.

Ecin minockocTe MPOXOOUT 4epe3 JaHHYK MPsSMYIO,
napaiesIbHyI0 IpYroil MI0CKOCTH, U MEPECEKAET 3Ty MIOCKOCTb, TO
JIMHUS [IEPECEUYECHMS TUIOCKOCTEN MapajulebHa JaHHOU MPSIMOM.

Ecnu onHa w3 AByX mapajulelbHBIX HPSMBIX NapajliesibHa
JAHHOM IUIOCKOCTH, a Apyras IpsMas UMeeT ¢ INIOCKOCTbIO OOLIYIO
TOYKY, TO 3Ta IpAMAas JIEKUT B JTaHHOU IIOCKOCTH.

BoiBoabl.

Crnyyan B3aMMHOTO PacHoIOKEHHUS MPSIMON U TUIOCKOCTH:
a) mpsMast JISKHUT B TUIOCKOCTH;

0) mpsiMasi ¥ MIOCKOCTh UMEIOT TOJIBKO OJHY OOIIYIO TOUKY;
B) IIpsIMas U IUIOCKOCTh HE UMEIOT HU OJJHOM 001el TOUKH.

i = Onpenenenne. [Ise IJIOCKOCTH Ha3bIBAIOTCS

— napajuieIbHBIMH, €CIIM OHM HE HMEIT OOIUX  TOYeK.

/ 2 [TapaniensHOCTh MIOCKOCTEH . M fF 0003HAYAETCS TakK: o || b.

S * PaccmoTpuM  mpu3HaK — MmapayuieIbHOCTH  ABYX — IUIOCKOCTEH.
Teopema. Eciiu  1Be  nepecekaromecs nOpsMbIe  OJHOMU

MJIOCKOCTH COOTBETCTBEHHO TMapajUIebHbI JIByM MPSMBIM JIPYTroiu

IJIOCKOCTH, TO 3TH IIJIOCKOCTH ITapaJlJICIIbHBI.
Cnyan/I B3aMMHOTO PACIIOJIOKCHUA IUTIOCKOCTEH:

puc. 3

IUIOCKOCTH o U P IEPECEKAIOTCS.

puc. 4

/ IUIOCKOCTH o ¥ F mapasieIbHbI.
ol
puc. 5

CaolicTBa napajienbHbIX MNIOCKOCTEH:
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LW/

1. Ecmmu ABC MapaJuICIIbHBIC IIJIOCKOCTH TMICPECCUCHLL

- ’ TPEThEH, TO TMHUU UX TEPECEUCHUS TTapaIIICITbHBIL.

puc. 6
E i A
|
AX
2. OTpe3ku napajuiesbHbIX MPSMBIX, 3AKIT0YEHHBIE MEXKIY
/ g ? MapajyIEIbHBIMU INIOCKOCTSIMU, PABHBI.

v

puc. 7

Penrenne 3agau:

Han yron AOD u aBe napanenbHble IIOCKOCTH oL U fB.
0]

Al

[Tnockocth o nepecekaer croponsl yriaa OA u OD coorBercTBeHHO B TOukax A u D,
MJIOCKOCTH 3 3TH CTOPOHBI MEPECeKaeT COOTBETCTBEHHO B Toukax B u C.

Hano:

OB=38

AB=6

BC=9

CD=2

Haiitu AD, OD

Uepes Touky O, KOTOpas HaxXOJUTCS MEXAYy MapaUleNbHBIMH IJIOCKOCTSMU O U [3,
MPOBECHBI TIpsiMbIe ¢ U d, Tepecekarone TUIOCKOCTH Tak, 4TO TOo4Ykd A u B HaxonsTcs B
mockocTH o, a Touku C u D - B utockoctu f AB=18 cm, DO=26 cm u AC=3-A0

Brerauncauts: BD;CD

c d
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[TapannenbHble TUIOCKOCTH 0. U 3 IepeceueHbl IpsMbIMU ¢ U d
Croponsl AN nepecekaloT  mapajuieibHble  Mmockoctd BPuaB  Toukax C,D u A,B.
Boruucnu nnuny otpeska AB, eciiu NA=13 cm, NC=20 cm u CD=55 cm.
N

B/ A

Croponsl AN nepecekaroT napaieibHble TIOCKOCTH B U o

Janbl mapamnenbHble IockocTd o v 3. Touku A u B HaxonsTcss B IUIOCKOCTH O, a
touku C u D B utockoctu B. [Jnmuna otpeska AC=7, nnuna otpe3ka BD=12.

CymMa mpoekIuii 3TUX OTPE3KOB B INIOCKOCTH [3 paBHA §.

Haiitu nymmHy npoeknmii 000UX OTPEe3KOB.

A B

IIpakTuyeckas padora Ne63
Tema 11.4: Teopema o Tpex nepneHaAuKyIsapax. Pemenune 3agau
Hean: Hayuntbes pemaTe 3a/1a4u, UCHOJIb3Yys TEOPEMY O TPEX NEPHEHANKYIIAPAX

Teopernyeckas 4acThb:

Nmeem mnockocts o (puc. 1). B mmockoctu o nexut npsimasi b. AH — nepneHaAuKymsap K
MJI0CKOCTH 0., AM — HaknoHHasi, MH - poeKius HaKJIOHHOU AM Ha ITOCKOCTH 0.

[To Teopeme o Tpex mepreHANKYyaspax, HAKIOHHAs IEPICHIUKYIIpHA K MpsAMoit b Toraa
Y TOJIBKO TOT/Ia, KOT/Ia €€ MPOEKIINsI MEPIICHIUKYIISIpHA K TIPSIMOit b.

blAM eb |l HM

Puc. 1

B teopeme uzaer peds Tpex NepHeHAUKYIApax. YKaxeM ux:

AH — 5T0 nepneHANKYsSp K IIIOCKOCTH 0, @ 3HAYUT, K MPAMOii b.
HM — nipoexuusi, IEpIEHAUKYISAP K IPAMOH b.

AM — HakIOHHAS, IEPIICHINUKYIISP K IPSAIMOit b.
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VYroia Mexay IpsMOH U INIOCKOCTBIO

Paccmotpum miiockocTs o u npsmyto a, a = AM (puc. 2). Ilycte npsimast a mepecekaeT
IUIOCKOCTh 0, HO HE MEpHEHAMKYIspHa ed. Torga yrioM Mexay NpsMOM @ U IJIOCKOCTBIO
Ha3bIBAECTCSI YroJI MEXIY NPSMON @ U €€ MPOEKIMEH Ha 3Ty IUIOCKOCTb. TO €CTh, yroia Meny

IPsIMOM @ U IIJIOCKOCTBIO 0 - 3T0 yroi AMH. Ilycte LAMH = @,.

Puc. 2
CBoiCTBO yriIa MeKAy NPAMOM U IITIOCKOCTHIO
UYepes Touky M B IIIOCKOCTH 0 poBeAeM npsimyro MB (puc. 2). PaccmoTpum yros mMexny

npsiMoil a u nipsiMoil MB, Ha3zoBeM ero ¢. Torjaa no CBOKWCTBY yria MEXAY IPsIMOM U IIIOCKOCThIO
=
MOJIy4aeM, YTO Po =@

Pemrenue 3agau:

3ajaua |
[Ipsmas AK nepneHAUKYJsSpHA K IIJIOCKOCTH MPaBUIIBHOTO TpeyronbHuka ABC, Touka M —

cepenuHa ctoponsl BC.
1) Hokaxwute, utro MK 1L BC
2) Haiigute yron mexay npsimoit KM u rinockoctbio ABC, ecnu AK = a, BC = 2a.

1) Aano:

AB =BC = CA,

AK 1 ABC,

BM = MC.
Jloxkazamv: MK L BC.

M
B

Puc. 3

Jlokazamenvcmeo:
AM - 310 mpoekiuss HakiaoHHOM KM Ha mnmockocTb ABC. AM - menuana. Ilo cBoiicTBYy

[IPaBUJILHOTO TpEyroJIbHUKA Meaunana AM sBnsercs 51 BBICOTOMH, TO eCThb

npsimble BC u AM niepneHIuKyIspHBbI.

[TepBsIii crioco6:
IIpsamas BC nepnenauxynspHa AM - npoexuun HaxioHHoW MK. Ilo teopeme o Tpéx

NEepPHIEeHANKYJIsSIpax TModaydaeMm, 4To npsMas BC nepneHauKydspHa W HakJIoHHOM MK, 4to u

TpeOOBAIOCH TI0KA3aTh.
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Bropoii cnioco®:

[Ipsamas AK nepnenaukyisipHa miockoctd ABC, a 3Hauut, U npsmou BC, nexaiieil B
mwiockoctd ABC. Umeem, BC nepnennukynspia AM, BC nepnenaukynspHa AK, 3nauut, BC
NepHeHANKYIIsIpHA TIockocTh MAK, a 3Hauut, u nipsmMond MK, nexxaiie B 3TOi MIOCKOCTH, YTO U
TpeOOBAIOCH JOKA3aTh.

2) /lano:

AB = BC = (A4,

AK 1 ABC,

BC = 2a,

AK = a,

Haimu: 2(KM; ABC)

Pewenue:

VYoM Mexy NpsIMOM U TUNIOCKOCTBEO HA3bIBAETCS YTOJI MEXAY NPSIMOM U €€ MPOeKIHei
Ha MJ0CcKoCcTU. Mbl uMeeM HakJIoHHYI0 MK, nmeeM ee npoekuuto AM. 3HauuT, yriioMm Mexay
npsmoit MK u mockoctero ABC sinsiercs yron AMK.

Tpeyronbauk ABC — npaBuibHBIA. 3HAYUT, Bce €ro yribl paBHbl 60°. 3Hauut, £ABC =
60°.

Pacemotpum tpeyronsauk AMB. OH npsimoyronbHbli, Tak kKak AM L BC. Haitnem AM:

V3

.f-lM=!—1Es‘-sin.f_ABC=2a-sinE-D°=2a-?=rx\E.

PaccmoTpum npsimoyroibHeli TpeyroabHuk AMK. AK = a, AM = a3,

AKX T a 1
tg LAME = —

AM  ay3 V3

— o
Yron AMK — ocTpslii, 3Ha4HUT, LAME = 30%

Omeem: 30°.

3agaua 2

W3 touku M npoBeneH nepneHaukyissp MB k miockocTu npsimoyronbHuka ABCD (puc.
4).

1) HokaxuTte, yto TpeyroiabHUKu AMD n MCD — npsiMOyToJIbHbIE.

2) Haiinute yron mexay npsmoit MD u nnockocteo ABC, eciiu CD = 3cwm,

AD =4 cm, MB=5 cMm.
M

Puc. 4

1) Jano: npamoyronsuuk ABCD, MB 1 ABC.

Lokazamv: AAMD n AMCD — npsiMOyrojibHbI€

Jlokazamenvcmeo:

MB — nepnenaukynsp K 1iaockoctu ABC. MA — HakinoHHas, B4 - ee mnpoekuus.
IIpoexnusa BA nepneHavKyIIsspHa npssmMoit AD u3 mockoctn ABC. 3HAuuT, 51
HakIoHHas MA nepnenaukyssipHa DA (1o TeopeMe o Tpex neprneHaukyispax). Takum obpazom,
TpeyroybHUK AMD - mpsAMOYTOJIBHBIN, TaK KakK yroin MAD - npsMon.
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Amnanoruuno, MC — wnaknoHHasi, BC - mnpoekuust HakioHHoM MC Ha miockocts ABC.
[Tpoexnusa BC nepriennukyiasipaa CD, 3Haunt, W HakiaoHHas MC nepneHaukyaspHa CD(mo
TeopeMe O Tpex nepneHaukysipax). Yron MCD npsmoit, TpeyroabHUuk MCD npsiMOyTrOJIbHBIH.

2) /lano:

ABCD — npsimoyronsuuk, MD L ABC

CD=3cm, AD =4 cm, MB =5 cM.

Haiumu: £(DM; ABC).

Pewenue:

Yron Mexay npsMOW M IUIOCKOCTBIO - 3TO YIroJl MEXAY MNpsIMOM M €€ MpOEKIuend Ha
I0CKOCTh. DM - HakiioHHasA, DB ee npoekius Ha TockocTb ABC, ciaeaoBaTesbHO, HAM HY>XHO
HaiTtu yron MDB. O603Ha4uM €ro 3a .

PaccmorpuMm  mpsiMoyrosbHbIi  TpeyronbHUK BAD. AB=CD= 3 oM  (kak
MIPOTHUBOIIOJIOKHBIE CTOPOHBI MPpsMOyroibHUKA). Haitnem BD o Teopeme ITudaropa.

BD =+/AB? + AD? = /32 + 42 =5 (o).
PaccmoTrpuM npsiMmoyroiibHbIN TpeyroasHUK MBD. Haiinem yron BDM.

. _MB S5 .
¢ B0 5
J— o
Yron ¢ — oCTpbId, 3HAYUT, @ = 45°
45°

Omeem:

IIpakTnyeckas padora Ne64
Tema 11.5: [TapaenbHbie, NEPIEHIUKYISIPHBIE U CKPEIIUBAIOIINECS TIPSIMbIC
He.]'lb: Hay‘-II/ITI)Cﬂ HaxXOJUTb YroJ MCKAY CKpPCIIMBAOIMWMUCA IPAMBIMHU, IPUBCCTU
NPaKTHYECKHE TPUMEPbI MApAIUIETBHBIX U CKPEIINBAIOIIUXCS TPSIMBIX

TeopeTnyeckasi 4acTh:
Bo03MOKHBI TpH Cilydast pacloNOKEHUs NPSIMBIX B IPOCTPAHCTBE:!

o napasieabHoO / / / )

/ a a
o IIEPECEKAIOTCS / b ;
7 }/// 5
e /
’

J CKpEILIHUBAKOTCS

a7

7

-

el

Yeon mercoy ckpewqusarowgumuca npamoimu
Yenom  merwcoy ckpewqusarowpumuca - npamelmu  Ha3BIBAIOT  YIOJN  MEXIY
MEePECEKAIOIIUMHUCA TPSIMBIMU, COOTBETCTBEHHO MapaUIEIbHBIMU JaHHBIM CKPEIIHBAIOIINMCS
MPSIMBIM.
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(0]

b
Ha pucynke wu300pakeHbI cKpenuBatonecs npsimeie a u  b. [Ipsmas a' mapannenpHa
npsMoit a, mpsiMas b’ mapamtensHa npsiMolt b. [Ipsimble @' u b’ mepecekatorcss. Yron ¢ H
SIBIISIETCSL YTJIOM MEX]Ty CKPEIUBAIOLUMUCS MPSIMBIMH @ U b.

Pemrenue 3axau:

1) 3aoaua. B xybe ABCDA1B1CiD1 HaiiTu yroia Mexnay npsmeiMa AB1 u BCi.

Pewenue. Tlockonbky mpsimas — AB MEPECEKAET  IJIOCKOCTH BBC B
TOUKe Bi, KoTopas He JexuT Ha npamod B(Ci, TONO MNPU3HAKY CKPELIMBAOIINXCS
npsimbix nipsMbie AB1 u BCi  ckpemuBaroTcsl.

D,

=

A B
Hnst Toro, 4roObl HAWTH yron Mexay npsmeiMu AB1 u  BCi, npoBemeM B KyOe

JIuaroHanb OOKOBOW rpaHu AD; U AMaroHanb BepxHEro ocHoBanusi DiB; (puc. 4).
D,

1

<

[To onpenenenno yriia MeX1y CKpEIIMBAIOIIUMUCS NPSIMbIMU Yroll Di1AB1 W sBaseTcs
yriaoM Mexay npaMmbiMu AB1 u BCi. llockonbky TpeyroabHuk AD1B1 paBHOCTOPOHHMIA,
yron DiAB1 paBeH 60°.

Omegem. 60°.

2) [IpuBenuTe npUMepsl NapauUIETbHBIX U CKPELIUBAIOIIMXCS IPSIMBIX, BCTPEUYAIOLINXCS B
OKPY’KaIOILEM MUDE.

Pemrenne:

[IpuMeps! napajeabHbIX IPSAMBIX: JBa IPOBOJA JIMHUM 3JIEKTPOIepeay; UPUHA M10J1a U
IIMPHHA TOJIKA; JIBE MOJIOCH aBTOMOOMIIBHOM JOPOTH.

IIpakTnyeckas padora Ne6S
Tema 11.5: [TapamiensHble, IEPIEHINKYISPHBIE U CKPEIIUBAIOIINECS TIPSIMBbIE
Hean: Hayuntecs pemare 3a/1a4M po¢ecCHOHATLHO-OPUEHTHPOBAHHOM
HaIpPaBJIEHHOCTU

Teopernyeckas 4acThb:

Ha miockoctn nBe mnpsmble WIM TNEPECEKAIOTCS, WM NapauIeNIbHbl JIPYyTr JPYTYy.
A B IpOCTPAHCTBE BO3MOYKEH €I11€ OJMH CIy4ail B3aUMHOT'O PACTIOJIOKEHUS TPSMBIX.

199


https://www.resolventa.ru/uslugi/uslugischoolmar.htm#prizma12
https://www.resolventa.ru/metod/presentsch.htm#2pr2
https://www.resolventa.ru/metod/presentsch.htm#2pr2
https://www.resolventa.ru/uslugi/uslugischoolmar.htm#prizma6
https://www.resolventa.ru/uslugi/uslugischoolmar.htm#prizma9
https://www.resolventa.ru/metod/presentsch.htm#2pr3
https://www.resolventa.ru/spr/planimetry/treq.htm#treq4

Pacnono)eHune NnpAMbIX B NPOCTPaHCcTBe (TpK cnyyas)

i
a M C :
i
Im
b d '
e o I ——— - } _______ -
s s
e % P
nepeceKkalnTca napannenbHb CKpeWMBaloTCs
aNb=M c||d m-—=p

/[Be mpsiMble B IPOCTPAHCTBe MNapa/uleJIbHbI JAPYr JpPYry, IHepeceKalTcsi HJIH
CKPeLIUBAKTCS.

Ecnu nBe npsMble napajienbHbl TPEThE, TO OHU NapaJuleabHbl PYT APYTY.

CkpemuBarmuecsi npsiMble He IEPECEKAIOTCST U HE MapajuleabHbl ApYyr apyry. Yepes
HUX HEBO3MOXXHO IMPOBECTU IIOCKOCTh. CKpElIMBAOLIMECs MPSMbIE JIEKAT B MapauIeIbHBIX
IUIOCKOCTSIX.

Pemenue 3axa4

1. JlBa rpy30BHKa BBIEXaJIM B PEUC O B3aUMHO-NIEPIICHANKYIISIPHBIM JIoporamM. CKOpoCTh
oHOTO — 50 KM/4, CKOpPOCTH Ipyroro — 60 KM/4, B JAHHBIH MOMEHT OHU HaXOJISATCS HA PACCTOSTHUN
7 kM 1 10 kM oT Hauana nyTH. Yepes kakoe BpeMs pacCTOsHUE MeX1y HUMU OyneT 35 km?

2. Ckoipko moTtpedyercst OeToHa Jjsi TOro 4ToObl 3aIHMTh IIBEJUIEP C HapauieIbHBIMU
rpanamu nosiok 1211 gymunoit 10M?

LUBEMMNEP C YKNOHOM WBENMEF C
BH¥TPEHHWX NFPAHEF NOMNOK NAPANNENBHBINMM FPAHAMM
12 ¥ nonexk 12 N

 } 7|

- 5 4. 8w
F120 mm F120 M

T e

b 52 me

IIpakTuyeckas padora Ne66
Tema 11.6: KourponsHas pabota mo pazaeny 11 «IIpsiMbie U MIIOCKOCTH B TPOCTPAHCTBEY
Heas: [IpoBeputh ypoBEHb YCBOEHMS NaHHOro marepuana no paszeny 11 «lIpsamsie u
MJIOCKOCTH B IPOCTPAHCTBEN»

Ilpu pewenuu 3adanun 1-4 3anuwiume npaguibHLIL OmMEEmM U3 Uemvlpex
npeo1oIHCceHHbIX.

1. (1 6ayn) PacmmmdpyiiTe KpaTKyro 3amuch: acf.

A) ToYKa a MPUHAANIEKUT TUIOCKOCTH [B; b) Touka a mpuHaIe)KuT npsmoii B; B) npsimas a
NPUHAIKUT TTI0CKOCTH ; ') mpsimas a mepecekaeT MI0CKOCTh .

2. (1 6amn) IIpsmeie AB u CJ] ckpemuBarotcs. Kakoe pacnonoxenne nmerot npsimbie AC
u BJ1?

A) napamensHsle; b) nepnennukynspusie; B) ckpemusarores; ) nepecexarorcs.
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3. (1 6amm) Ilmockoctu a u [ wumeror 1 obmyro Touky. KakoBo ux B3ammHOE
pacnosoxeHue?

A) mapainensHsl;, b) mepecekatorcs mo npsimoii; B) copnagarot; I') ckpemuBaroTcs.

4. (1 6amr) Eciu npsimasi, IpOBeACHHAS HA IJIOCKOCTU Yepe3 OCHOBAHHME HAKIOHHOM,
NEePIEeHIUKYIIIpHA €€ TPOEKIINH, TO OHA. ..

A) neprneHIuKyJIspHAa U caMOM HaKJIOHHOM; b) mapamnenbHa M camMoil HaKJIIOHHOM; B)
CKpEIIMBAETCs C HAKIOHHOM; [') mepneHaukynsipHa OCHOBaHUIO HAKJIOHHOM.

Ilpu eévinonnenuu 3ad0anuii 5-8 3anuuwiume x00 peuwieHusA U NOJIYUEeHHbLIL Omeent.

5. (2 6amra) Yepe3 koHIel otpe3ka AB u ero cepenuny M mpoBeneHbl MapajiiesIbHbIC
IpsIMbIE, TIEPECEKAIOIME HEKOTOPYIO IIIOCKOCTh B Toukax A1, B1 u Mi. Haiinure myimny otpeska
MM}, ecniu oTpe3ok AB He nepecekaeT miockocTh U ecii AA 1= 6,8cm, BB = 7,4cMm.

6. (2 6amna) Ipsameie AC, AB u A/l nonapuo nepnenaukyisipasl. Haitnute orpesok C/I,
ecii AB=5cm, BC=13cm, ALl =9 cm.

7. (2 6amna) M3 TOYKM K TIIOCKOCTH IPOBEJICHBI JIB€ HAKJIOHHBIE. HaliiuTe qIIMHbI 00111eT0
NEPIEeHIUKYIIAPA, €CIIH MPOSKIIMH HAKJIOHHBIX OTHOCSTCS KakK 2:3 U ATMHBI HAKJIOHHBIX PaBHBI 23
cM u 33 cm.

8. (2 6anna) Haueptuts kyo ABCZIA 1B 1C /1. [Toctpouts Touky KEAB, Touxy MeI/1:C,
otpe3ok PEEAB:C;.

Omanonvt omeemos:

H

oMEp 1 2 3 4 5 6 7 8
3adaHUA

OtBert B B b A 7,1 15 9 -

IIpakTuyeckast padora Ne 67
Tema 12.5: bokoBasi u nojHasi MOBEPXHOCTh MPU3MBI, TUPAMHIbI
Heab: HayuuTh BIYUCAATH OOKOBYIO U MOJIHYIO OBEPXHOCTh MPU3MBbI U MHUPAMUIBI

Teopernyeckas 4acThb:
[Ipu3zma

IInowaoe nogepxrnocmu: S=2SocutSeox, TAE Sgox — IUIOMAAL OOKOBOH IOBEPXHOCTH,
paBHasi CyMMe ILUIOIIAIEH BCEX IPAHEH.

[Tpsimast mpusMa — npusma, 60KoBoe pedpo KOTOPOI MEePIEHIUKYISIPHO OCHOBAHHUIO.

Obvem: V=Socn'l .

IInowaow b6oxosou nogepxrnocmu: Ssox=P-1, rae P — nepumerp ocHOBaHusI.

[IpaBunpHasgs mnpusma— mpsMas MpPU3Ma, OCHOBAaHWE KOTOPOM — TPAaBHIbHBIN
MHOT'OYTOJIbHUK.
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A a B
[Tapamienenunen — mpusMa, OCHOBaHME KOTOpPOM — mapamiesnorpamMm. Bce rpanu
napajulelIenuIea ABIAI0TCA NapauleJIOrPAMMAaMH.
[IpssMOyTONBHBIN MTapasuleIenuIe] — Ipru3Ma, BCE TpaHU KOTOPOU — IPSIMOYT OJIbHUKH.
Ceoticmea ouaconaneii: ACi=BD;=CA;=DB;=d; d2=a’>+b*+c?.
Inowaow nogepxnocmu: S=2-(ab+ac+bc).

Ky6 — mnpusma, Bce TrpaHum KoTopod — KBampaThl (a=b=c). Ky0 sBisercs
napaJieNIenune oM U 00J1a/1aeT BCEMHU €ro CBOMCTBaMHU.
= . Qefia
d —v@d, S=6a°.
Iupamuaa — 3T0 MHOrorpaHHas oObeMHas (urypa, OrpaHWYeHHAs IUIOCKHM

MHOT'OYTOJIbHUKOM (OCHOBOM) U TPEYTOJIbHUKAaMH, UMEIOLIUX OOIIYI0O BEePIIMHY, HE JISXKALIYIO B
IUIOCKOCTH OCHOBaHHUS.

O0béM 1 III0IIA/Ib IOBEPXHOCTH MUPAMM/IBI

@opmyna. O0beM MMPAMHUBI YEPE3 IJIOUIAb OCHOBBI U BBICOTY:

V= SOCH'H

Onpeodenenue. BOkoBasi MOBEPXHOCTh NMHUPAMMIABI - 3TO COBOKYIIHAs IUIOLIANb BCEX
OOKOBBIX I'paHel TUPAMUJIBL.

Onpeodenenue. I1o1Hasi NMOBEPXHOCTh NHPAMMIBI - 3TO COBOKYIHOCTb IUIOIIAJEH
OOKOBOI TOBEPXHOCTH U IIJIOLIA/I OCHOBAHUS TUPAMU/IBL.

@opmyna. Ilnomans 00KOBOIH MOBEPXHOCTH NPABWIBHON MUPAMM/IBI YEPE3 IEPUMETP
OCHOBaHUs U anogemy:

1
S = —ph
b Zp

IIpumep 1. UeMy paBHa NojHas NOBEPXHOCTh MPSIMOW TPEYrOJIbHOW IMPHU3MBI, €CIIU €€
BbIcOTa paBHa 50, a cropoHbl ocHOBaHuA 13, 37 u 407

Pewenue:

Ilepumerp ocHoBaHMs npu3Msl paseH P=13+17+40=90.

[Tnomane 60xK0BOI MOBEPXHOCTH Sso= 90-50=4500.

[Tnomans ocHoBaHus Haiaem no ¢opmyine [epona. Ero momynepumerp p=45 u

Ses =/45(45-13)45-37)[45-40) = /45-32-8-5 =240
OcTanoch BBIYUCIUTD NOJIHYIO OBEPXHOCTH NMpU3Mbl: S=2-240+4500=4980.

Omeem: 4980.
IIpumep 2. B ocHoBanuu npsimoii npuzmMel ABCDA1B1C1D1 nexut kBaapaT co CTOpoHOM

2 .
2. BokoBoe peOpo MmpHu3MBl PaBHO N"T . Haiinute rpagycHyro Mepy yria MeXAy IMJIOCKOCTBIO
TpeyroiabHuka AB1C 1 INIOCKOCTbIO OCHOBAHUS MPU3MBI.

Pewenue:
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[Tnockocts ABiC mnepecekaeT minockocTh ocHoBaHusg npo mpsmoid AC. Iloctpoum
JIMHEWHBIN YroJl, COOTBETCTBYIOIIUN YTy MEXIY 3TUMU TuiockocTsimMu. T.k. ABCD — kBaapar, To
ero jamaroHamu mepecekarorcs mox mpsmeiM yriom, T.e. B0 LAC Tamee, T.x. mpusma
npaBuibHas, To0 BiA=B|C. Tpeyronsauk AB1C — paBHoOenpennsiii. Ero meauana B1O sBisercs

TaKX€ €ro BBICOTOM, T.e. BO LAC CienoBaTenbHO, JUHEHHBIN £B,0B paBeH Yy MEXIy
IIJIOCKOCTSIMH.
Paccmorpum TtpeyronpHuk Bi1OB. Ilockonbky mnpusma — mnpsimas, To yroa B B
1 1
- BO=—BD=-22=./2
TPEYTrOJbHUKE — MPSMOM. B1B=”~"{: 10 YCIIOBHIO 3a/1a4M. 2 2 . T.K. xareTsl B

IpsIMOYTOJIbHOM TpeyrosibHuke B1OB paBHbl, TO £B,0B 450,

Omesem: 45°,

Pelnenne 3axanui:

1.B mpsiMoyroipbHOM mapajuieienunese CTOPOHbI OCHOBaHHUS paBHBI 12 c¢cM U 5 cwm.
Juaronane napasuienenunena o0Opa3yer ¢ MIOCKOCTbIO ocHOBaHUs yrou B 45°. Haliaute 6okoBoe
pebpo nmapauienenunesa.

2.0OcHOBaHuEM MPSMOTo Mapajuienenuneaa spisercs poMo ¢ auaronansimu 10 cm u 24 cm,
a BbIcoTa napaienenurena paHa 10 cm. Haliaure 60mb11yto 1raroHaib napauieenuesa.

3.CtopoHa OCHOBaHHS MPABUIBHON TPEYroibHOW MPU3MBI paBHA § cM, 00KOBOE pedpo
paBHO 6 cM. HaiinuTe ruiomans ceueHus, MPOXOASIIEero Yepe3 CTOPOHY BEPXHETO OCHOBAHMS U
MIPOTUBOJICKAIIYIO BEPIINHY HUKHETO OCHOBAHHUS.

4.B npaBWIBHOM N-yrojibHOW IpH3ME CTOPOHA OCHOBAaHHUS paBHA a M BBICOTa paBHA h.
Breruucnure momaayu 60KOBOM U TOJHOM MOBEPXHOCTH MPU3MBL, eciid: a)n=3,a=10cm, h=15
cM; 0)n=4,a=12am,h=8 am;B)n=6,a=23 cm, h=51m;T)n=5,2a=0,4 M, h=10 cm.

5.0cHOBaHME MPSAMOU MPU3MBI — TPEYTOJIBHUK CO CTOPOHAMU 5 ¢cM U 3 cM U yriom B 120°
Mexay HumMu. Haubosnbinas u3 miomiaaei 00KoBbIX rpaHeit paBHa 35 cm2. Hailiaure miomans
OOKOBOI TTOBEPXHOCTH MPU3MEI.

6.CTOpOHBI OCHOBAHHUS MPSIMOTO NapajuleNenuneia paBHbl 8 cM U 15 cM 1 00pa3yroT yroi
B 60°. MeHbplnas W3 IUIOLIAJEH OUAaroHaJbHbIX cedeHuil paBHa 130 cm2. Haligurte miomanas
MOBEPXHOCTHU Napasuieenunesa.

7. laHa mpaBUJIbHAs YETHIPEXYrojibHas MUpaMUJa CO CTOPOHOM OCHOBAaHMS 2 CM M
BbICOTOM OOKOBOHM rpanu 6 cm. Haiinure mnomanp

OOKOBOI MOBEPXHOCTH MHPAMUJIBI.

8. BoicoTa mpaBUIBHOM  YETHIPEXYrOJAbHOW MUpaMHUAbl 7CM, CTOpPOHA OCHOBAHUS
8cm. Omnpenenure OokoBoe pedpO.

9. Mano: SO =4 - Beicota nupamuisl. ABCD - npsimoyronshauk, AD = BC = 6; AB =DC
= 8. HaiiTu: Snoins., SOok., V.

Puc. 7

smzéoc-sm su=,]sd+oni;

Pemenne:
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AC=BD=+64+36 =10; AO=0D=5, OM=

=%AD=§=3. SM=16+9 =5. wa=-% 5.

- 8=20; Spups=20; OK=—- DC
2 (cpenusia munus AADC). OK = 4.

_1 :
SK=\T6T T =aa; S~y 4= o o
Soo =2+124/2 +2:20 =242 + 80 = 8 (32 +5); S, = 6 - 8=48; Sy, = S +

F Son =2402 +40 +48=2442 +88=8(11 +32).
1 1

=-3- oo * h =-—3— -48 -4 = 64. (OTBeT: 8(3ﬁ + 5); 8(] | -I—BJE ), 64.)

IIpakTnyeckas padoraNe 68
Tema 12.7: [Ipumepbl cummeTpuii B mpodeccuu
Iean: PaccMOTpeTs IpUMEPBI CAMMETPUU BOKPYT HaC

Teopernyeckas 4acThb:

PaccMoTpuM NoOHATHE CUMMETPUU C TEOMETPUYECKON TOUKU 3PEHHUS.

B ydeOHMKe 1O T€OMETPHH 3TO MOHITHE BBOAUTCS clieayromuM oopasom. Toukn A u Al
Ha3bIBAIOTCS CUMMETPUYHBIMU OTHOCUTENIBHO TOUKU O (LeHTp cuMMeTpun), ecinu O — cepearHa
orpe3ka AA1 (puc. 1, a). Touka O cuuTaercs CHMMETPUYIHON caMoii cede.

Touxu A 1 Al Ha3bIBaIOTCS CUMMETPUYHBIMU OTHOCUTEJIBHO MIPSIMOIL @ (OCh CUMMETPHH),
ecJIM IpsiMasi a MPOXOJUT uepe3 cepenHy oTpe3ka AAl U nepneHAuKyIsIpHa K 3TOMY OTPE3KY
(puc. 1, 6). Kaxmas Touka npsiMoi a CYMTaeTCs CHMMETPUYHON caMoii cebe.

Toukn A m Al Ha3bpIBatOTCS CUMMETPUYHBIMU OTHOCHUTENIBHO IJIOCKOCTH  (TJIOCKOCTH
CUMMETPUN), €CIIU TUIOCKOCTh ~ TIPOXOAMT 4Yepe3 cepeuHy oTpe3ka AAl U nepneHauKyisipHa
K 3TOMY 0Tpe3Ky (puc.l,B). Kaxxnas Touka miI0CKOCTH  CUMTAETCsl CHMMETPUYHOM camoii cede.

Touka (mpsimMasi, TIOCKOCTb) Ha3bIBAeTCS ILIEHTPOM (OCBIO, IMJIOCKOCTBIO) CHMMETPHH
burypsl, eciau Kaxxaas TOUKa QUrypbl CHMMETPUUYHA OTHOCUTEIBLHO HEE HEKOTOPOI TOUKE TOM ke
¢urypsl. Ecau purypa umeer (puc. 1) nueHrp (och, I0CKOCTb CAMMETPHH), TO TOBOPST, YTO OHA
o0raiaeT 1eHTpalbHOMN (0CEBOM, 3epKaIbHON) CUMMETpHUEH.

Bbizensst reoMeTpruuecKyro CHMMETPHIO, TOBOPUM O MOJIOKEHHUHU, POpMe, CTPYKType. ITO
Ta CUMMETPHSI, KOTOPYIO MOKHO HETIOCPEICTBEHHO BUJIETh.

CuMMeTpuI0 MOKHO OOHapyXWMTh IOYTH Be3Jle, €ClIM 3HaTh, KaKk €€ MCKaTb. MHOrue
Hapobl C APEBHEHIINX BPEMEH BIIAJI€H MPEJICTABICHUEM O CUMMETPUHU B LIMPOKOM CMBICIIE --
Kak 00 ypaBHOBEIIEHHOCTH M TapMOHMHU. TBOpPYECTBO JIOJIe BO BCEX CBOMX MPOSIBICHUSIX
TAroTeeT K cuMMmeTrpuu. llocpencTBoM cHMMETpUM YEJIOBEK BCEr/a MbITANCS, IO CIOBaM
HeMelKoro wmarematuka I'epmana Beins, «noctuub M co34aTh MOPAJOK, KpacoTy U
coBepiIeHcTBOY. . Belnb Mo cuMMeTpueit moHuMai «kHEM3MEHHOCTh KaKoro-JIn00 00beKTa, Ipu
OTIpEeNIeIEHHOT0, poJia MPeoO0pa3oBaHMIX; MPEIMET SBISETCS CUMMETPUYHBIM, B TOM cCiyd4ae,
KOI'Jla €ro MOXHO IMOJIBEPTHYTh Kakoi-HUOY/Ib Onepaliuu, nocie KOTOpoi OH OYAeT BHITJIAIETD
TaK ke, Kak M 10 npeodpazoBanusy. OnpeneneHnyio riasy I'. Belnb mocBATHI OpHAMEHTHOU
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CUMMETPUU. YTIOPAJOYCHHOCTh M TOJAYMHEHHOCTh OIpEJeIeHHOMY Ha0opy IpaBHI MbI
0oOHapyXHBaeM B y30pax U OpHaMeHTax (cM. puc. 16).

Henb3s He yBHIETh CHUMMETPUI0O M B OIPAaHEHHBIX JpParoliEHHBIX KaMHAX. MHorue
IPAaHWIBLIMKK CTapaloTCs MpuIaTh OpwiuMaHTaM (QopMy TeTpasapa, Kyba, OKTa’[pa WIH
uKocadzipa. Tak Kak rpaHaT UMEET T€ )K€ AJIEMEHTHI YTO U KyO, OH BBICOKO LIEHUTCS] 3HATOKaMHU
JParoleHHbIX KaMHel. XyJ0xKeCTBEHHbIE U3/EIUs U3 IPaHAaTOB ObUIM OOHApYKEHbI B MOTMJIaX
pesuero Erunra, oTHOCAIUXCS €11€ K JOJUHACTUYECKOMY IEpUOY (CBBILLIE IBYX ThICAUYEIETUN
JI0 H.D.).

B komnexknumsx OpmuTaka 0COOBIM BHHUMAHHEM IIOJIB3YIOTCSI 30JI0THIE YKpAIICHUs
npeBHUX cku(oB. HeoObIyaiiHO TOHKA XyJ0KECTBEHHAs pab0Ta 30JI0ThIX BEHKOB, IUAJIEM, IepEBa
U YKPAIICHHBIX AParoleHHbIMUA KPacHO-(PHOJIETOBBIMH I'paHATaMHU.

OnHUM U3 caMbIX HarJsIIHBIX HCIOJIB30BAaHUM 3aKOHOB CUMMETPHM B JKM3HM CIIyXat
CTPOEHHUSI apXUTEKTyphl. JTO TO, YTO 4Yallle BCETO Mbl MOXEM YBHUJETh. B apxurekrype ocu
CUMMETPHUH HCIOJB3YIOTCS KaK CpEICTBA BBIPAXKEHMs apXUTEKTypHOro 3ameicia. ITpumepon
MCIIOJIb30BaHUSl CHUMMETPUU B apXUTEKType MHOKECTBO, OJJHUM W3 HHUX SBIIETCS MPEKPACHBIN
HoBocuOupckuii Teatp onepsl u Oanera.

Eme onHuM npuMepoM MCHOJIB30BaHUSL YEJIOBEKOM CUMMETPUU B CBOEH IPAKTUKE - 3TO
TeXHUKa. B TexHHuKe ocu cuMMeTpuu Hanbosiee 4eTKo 0003HAYar0TCs TaM, Tie TpeOyeTCs OLEHUTh
OTKJIOHEHHE OT HYJIEBOTO MTOJIOKEHMSI, HAI[pUMEp Ha pyJie TPy30BHKa WM Ha LITypBajie KopaoJis.
Wnu ogHO U3 BaKHEHIIMX W300pETEHUI YenoBeYecTBa, UMEIOIIUX LIEHTP CUMMETPHUH, SBIISIETCS
KOJIECO, TAK)KE LIEHTP CUMMETPUU €CTh Y MPOINEIIepa U IPYruX TEXHUUECKUX CPECTB.

CuMMeTpuI0 MOXHO 3aMETHTh Jake TaM, Ha 4TO HHMKOI/la He oOpaliajg BHUMAaHUE.
Hampumep, eciu Bl momectute OYKBbI IEPE]] 3€pPKAJIOM, PACIIOJI0KUB €T0 MapalieIbHO CTPOKE,
TO 3aMETUTE, YTO T€ U3 HUX, Y KOTOPBIX OCb CUMMETPUHU MPOXOJUT TOPHU3OHTAIBHO, MOKHO
IIpOYeCTh U B 3epKaje. A BOT T€, y KOTOPHIX OCbh PAcHoJ0K€Ha BEPTUKAIBHO MIIU OTCYTCTBYET
BOBCE, CTAHOBSITCS «HEUMTAOCIbHBIMI.

Cy1ecTBYIOT SI3bIKH, B KOTOPBIX HauepTaHHE 3HAKOB ONUPAETCS Ha HAIUYUE CUMMETPHUHU.
Tak, B KUTaliCKOW MMCbMEHHOCTH MEPOrnQ 03HaYaeT MMEHHO UCTUHHYIO CEPEIUHY.

CummeTpusi Takke €CTh M B 4YHCIax, Hampumep, v12345678987654321=111111111,;
v123454321=11111 u T.1. cuMMeTpHsI LEHTPAJIbHASL OCEBAsl 3€pKaAJIbHAS TEOMETPHUS

3a/1aﬂne: NMpUBCANUTEC TPUMCPBI CUMMCETPHUH, BCTpG‘lElIOH.ICfICH B )XM3HHU YCIOBCKA.

IIpakTuyeckas padoraNe 69
Tema 12.7: [Ipumeps! cummeTpuil B mpodeccuu
Iean: PaccMoTpeTh mpuMepbl CHMMETPHUH B ITPO(GECCHOHATLHON 1EATEIbHOCTH

TeopeTnyeckas 4acTh:

[Ipumenenne mareMaTUku B Oyaymied mpodeccuu — OouyeHb akTyajbHas T€Ma HAaIIero
BPEMEHU.

CummMmeTpus B mpodeccuu aIMUHUCTPATOpa Mara3uHa OJ1ex bl

B MaraswHe ofekIbl 00S3aHHOCTH aJMHUHHUCTpATOpa Mara3uHa OyayT 3aKIr4YaTrhCs B
opraHu3alrd TOProBbIX MPOLECCOB. HOHOJ’IHI/IT@J'IBHO B O6${?>aHHOCTI/I AIMUHHUCTpAaTOpa BXOAUT
KOHTPOJIb HaJl pa3MEIICHUEM TOBapa B TOPrOBOM 3ajie MarazuHa. M TyT riiaBHBIMH TpUHIIUIIAMU
co37aHus OanaHca SIBISIOTCS CHMMETPUSI 1 ACUMMETPHSL.

Kak wucnonb3oBaTh CHMMETPHUIO B MaraswHe oaekapl? Tak ke, kKak HaOOp BECOB
YpaBHOBEIIMBAET JIEBOE W MPABOE Ha Becax, TAK JIeBas MOJOBHHA BUTPUHBI WM MPOCTPAHCTBA
MarasuHa ypaBHOBEIIIMBAETCS MTPaBOM:

® BCIIM U MAHECKCHEI B JIEBOM CTOPOHE BUTPHUHBI OKHA JOJI’KHBI 6aJ'IaHCI/IpOBaTI) C O6’BGMOM
CIIpaBa;

® CTONKHU CIIOXCHHBIX (PyTOOJIOK PAaBHOMEPHO M CHMMETPHYHO paACIPEACIICHBI 10
OTACIIFHO CTOSIIEMY CTOJIY Y BXOJIa B MarasuH,;
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® BICST BEIIM OJMHAKOBOT'O aCCOPTHUMEHTA CJIeBa U MpaBa.

Cummetpusi (oceBasi) 4acTO HCIONB3YeTCs i OGOPMIICHHS BEIIEH B KJIACCHUYECKOM
ctiwie. CUMMETpHS TIPUIACT 3JIETAaHTHOCTh W (POPMAIBHOCTH BUTPHUHBI C MY>KCKOH OJICKIOH;
opopmiieHHEe B JU3aWHEPCKUX Mara3MHax C MHUHUMAQJIMCTUYHBIM JTU3alHOM ; BUTPUHBI C
MaHEKCHaMU ¢ HCOOBIYHOM TU3aitHEPCKOM 0183k 101. OHAKO CUMMETPUYHOE O(POPMIICHHUE MOYKET
OBITH HEMHOT'O CKYYHBIMU U1 O0Jiee MOBCETHEBHOM U 0a30BOM 0/1€kKIbl, KOTOPBIE TPEOYIOT Yero
WHTEPECHOTO.

Acummertpus. st pa3menieHust MOBCEAHEBHON U 0a30BOM OAEK/Ibl OOBIYHO HUCIIOJIB3YIOT
ACUMMCTPUYHBIC BUTPHHEIL. Bnaronap;{ ACUMMCTPHUHU MOJY4YaCTCA NpCACTaBUTDb 6330BBIC BCIIIN
0osee HEOOBIYHBIMU. ACUMMETPUYHBIN AU3aiiH MOXKET BBI3bIBATh UYBCTBO JABM)KCHUS U Ka3aThCs
0oJjiee COBPEMEHHBIM, UEM CUMMETPUYHBIN, HO IIPU BCEM 3TOM CO3/1aTh IIPABUJIbHBIE PONOPLHU U
3JIEMEHTOB 3/IECh CIIOKHEE.

Kak wucnomp3oBaTh acMMMETpPHIO B MaraswHe OACKIbI? B KadecTBe mpumepa
ACUMMETPUYHOI0 OajaHca MOKHO MPUBECTH CJEIyIOIIee OJIMH MAHEKEH B JIEBOW YaCTH BUTPUHBI,
YPaBHOBEIICHHBIN JIBYMSI MaHEKCHAMH CIIPaBa, CTOSAIIUMHU OJHM3KO Ipyr K Apyry. B 1menowm,
rapMoHus Oy/eT JOCTUTHYTA, TOCKOJIbKY TPU MaHEKeHa yJ00HO 3amOoIHSIIOT MPOCTPAHCTBO, XOTS
OHHM U pacrpeiesieHbl HEPABHOMEPHO

Cummetpus B npodeccun Boautens. Bce aBToMOOUIN UMEIOT TPOAOIBHYI0 CHMMETPHIO
Ky30Ba. He SBIAIOTCS HCKITFOUEHUEM M OOJIBIIIETpYy3HBIC MAIIMHEL. [IepBoe, 4TO MPUXOJUT Ha YM,
KOrJla peyb UAET 0O CHMMETPUM aBTOMOOWIICH, 3TO a’poarHaMuka. Eciu neBast u mpaBasi 4acTu
MalluHbl OyAyT MMETh pa3Hyl (OpMy, TPYIHO IPEIyrajaaTh, Kak IOBEACT ce0s BO3IYIIHBIN
MOTOK Ha OOJIBIION CKOPOCTU. B 3aBUCMMOCTH OT CKOPOCTH BO3JYILIHBIE MacChl IO 00€ CTOPOHBI
Ky30Ba MEHSUTH ObI CBOW yrojl MU HEM3BECTHO KaK MEPEeceKaMch OBl MEXIy CO0OM, co3maBas
JUIIHKE TpoOieMbl BoauTemto. M3-3a ommbok mpoekTrpoBaHUsS (OPMBI Ky30Ba aBTOMOOMIH
MOTYT TEPATh YCTOMYMBOCTH Ha OOJIBIION CKOPOCTH U JIAXKE TIEPEBOPAUYUBATLCS . ITO OCOOCHHO
OIMacHO AJisi OOJbIIerpy3HbIX MamMH. Eciin mocMoTpeTs Ha Gypy ¢ pa3HBIX CTOPOH, TO MOKHO
3aMETHTh, YTO OHA UMEET Cpa3y HECKOIBbKO oceil cuMMeTpru. HekoTophie neTaii MaliiH UMEIOT
[EHTPaJbHYI0 CUMMETPUIO: KOJECO aBTOMOOWIIS, IIECTepeHKa U Jp. PyrneBoe koieco umeeT
oceByro cummeTpuro. [Ipu MoenupoBaHM aBTOMOOMIIBHBIX TUCKOB, JJISI PACYETOB MPUMEHSIOT
MOBOPOTHYIO CHMMETPHUIO. PerymmpoBka CXOXAEHHS KOJEC aBTOMOOWIISA TPOU3BOAUTCS
OTHOCHUTCIIBHO HpOI[OJ'IBHOfI OoCh CUMMCETPHUH MalllWHBI. I[J'If{ HAa3€MHOI'0 BHJa TpPaHCIIOpTa B
OoJbIIIel CTENIEHH BCE OCEeBasi CHMMETPHSL.

3aganme: mnpuBEIUTE NPUMEpPHl CHUMMETpPUH, BCTpedarolleiics B Bamed Oyaymei
npogeccuu.

IpakTuyeckas padoraNe 70
Tema 12.13: O6bem Tena. OTHOLIEHHE 00HEMOB MOIOOHBIX TE
ean: PaccMoTpeTs mpuMepbl HAX0XACHUS 00bEMOB TEOMETPUUECKUX TEI
Teopernyeckas 4acThb:
Bce dhopmynbl 00eMOB reOMETPUUECKUX Tell
1. Pacuer o6bpema kyba

a - CTOpoHa Ky0a
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®opmyna oobema kyba, (V):

2. Haiitu o ¢opmyse, 00beM IpSIMOYTOJIBHOTO Mapajuieenunea

&3

a, b, ¢ - cTOpOHBI MapasuieNnenuIeia
E1e nHOT 1A CTOPOHY NapasuieNienuieia, Ha3pIBaroT peOpoM.

dopmyna oobeMa napaienenunena, (V):

V=abc

3. ®opmyna I BEIYMCIEHUST 00beMa mapa, chepsl

R - paguyc mapa
n~=3.14

ITo popmyre, ecnu 1aH paguyc, MOKHO HalTH oObema mapa, (V):

4. Kak BBIYUCIUTH 00BEM ITUIHMHAPA ?
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h - BeIcOTa 1UIMHIpA
I - panyC OCHOBaHUS
n~3.14

[To hopmye HaiiTu 0OBbEMa IMIIUHPA, €CIU U3BECTHBI - €70 PAIUyC OCHOBAHUS U BHICOTA,
(V):

5. Kak naiitn 06beM KoHyca ?

R - pagunyc ocHOBaHUs
H - BbICOTa KOHYCA
n~=3.14

dopmyna od6beMa KOHYyca, €CITU U3BECTHBI pajguyc U BbicoTa (V):

7. ®opmyina o0beMa yCeUeHHOT0 KOHYca

. L\
r - paauyc BEpXHErO0 OCHOBAHUS
R- paanyC HUKHETO OCHOBAHUSA

h - BbICOTa KOHYCa
n~=3.14
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dopmyna o6beMa YCEYEHHOTO KOHYCA, €CIM M3BECTHBI - PAaiyC HUKHETO OCHOBAHUS,
paauyc BEpXHET0 OCHOBaHUS U BhicoTa KoHyca (V ):

[IpaBuibHBIN TeTpadap - MNHUpaMUAa Yy KOTOPOM Bce TIpaHU, PaBHOCTOPOHHHE
TPEYTOJIbHUKH.
a - pebpo TeTparapa

dopmyina, 11t pacuera o0bema npaBuibHOro Terpaszapa (V):

9. O0BeM MpaBUILHON YETHIPEXYTOJIbHON MUPaMU/IbI
[Mupamuna, y KOTOpoil OCHOBaHME KBagpaT W TpaHU paBHbIE, paBHOOEIPEHHBIE
TPEYrOJIbHUKH, HA3bIBAETCS IIPABUIIBHON YETBIPEXYTOIbHON TUPAMUION.

a - CTOpOHA OCHOBAHMS
h - BeIcOTa upamMu sl

®opmyra 171 BEIYUCIEHUS 00beMa MPaBUIIbHON YeThIPEXyrojbHOM nupamusl, (V):

10. O6beM npaBUIIbHOM TPEYTrOJBbHONW TUPAMUIBI
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[Inpamuja, y KOTOpPOM OCHOBAHME PAaBHOCTOPOHHUN TPEYTrOJIbHUK U TI'PaHU PaBHBIE,
paBHOOEIPEHHBIE TPEYTOJbHUKH, HA3bIBAETCS TPABUIILHON TPEYTOIHHON MUPAMHJION.

a - CTOpOHA OCHOBAHMUS
h - BbIcOTa TUpaMuU bl

®opmyna o0beMa MPaBUIILHOW TPEYTrOJIbHON MUPaMUIbI, €CIIU JIaHbI - BBICOTA U CTOPOHA
ocHoBanus (V):

11. Haliti 00beM MpaBHIILHON THPAMUIBI

[InpamMuia B OCHOBaHMM, KOTOPOM JIEKUT IIPABUIIBHBIM MHOTOYTOJIBHUK U I'PAHU PaBHBIE
TPEYrOJIbHUKH, HA3BIBAECTCS IIPABUIIBHOM.

NV

h - BeICOTa TUpamMu el
a - CTOPOHA OCHOBAHMS ITUPAMUIbI
N - KOJIMYECTBO CTOPOH MHOTOYTOJIbHUKA B OCHOBAaHHUH

dopmyna o0beMa MPABHUILHOW MHPAMHUIBI, 3HAs BBICOTY, CTOPOHY OCHOBaHHS W
KOJIMYECTBO 3TUX cTOpoH (V):

nah

- 180°
12 tg( = )

12. Pacuer o0bema nupamMubl
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h - BeICOTa TUpaMHU/TBI
S - mwromanes ocuoBauus ABCDE

dopmyna A BBIUKCICHHS OObeMa MUPAMHIbI, €CIIH JaHbl - BBICOTA M IUIONIAb
ocHoBanus (V):

h - BbIcOTa TUpaMubI
Suux - II0IAAE HUXKHETO ocHOBaHusA, ABCDE
Sgepx - TUIOMIAL BEPXHETO OCHOBaHUsI, abecde

®dopmyna odbema yceueHHO nupamusl, (V):

—_—

1
V = § h(Smm: e V{‘ S SBepx r Ssepx)

14. O6beM 1mapoBoro cerMeHTa, hopmyia

[ITapoBbIil CErMEHT- 3TO 4YacTh IIapa OTCEYEHHas INIOCKOCThIO. B maHHOM mnpumepe,
miockocTeio ABCD.

R - paguyc mapa
h - BeICOTaA cerMeHTa
n~3.14

dopmyma 715 pacuera 00beMa mapoBoro cermMmenta, (V):

1
V= §Tl'hz(3R —h)
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15. O6wvem mapoBoro cekropa

g

=
/

/4

R - paguyc mapa
h - BeicOTa cermenTa
n~=3.14

dopmya oObema MapoBoro cekropa, (V):

h - BbICOTa 11apOBOTO CIIOS

R - paguyc HIKHETO OCHOBaHHMSI
I - paJyC BEPXHETO OCHOBAHUS
n~3.14

®dopmyna oobema 1maposoro cios, (V):

Pemienue 3axau:
1.CymectByet i1 mpu3ma, umeromas 50 pédep? 54 pebpa?

Pemenwue: Yucno pedep n — yroibHOM NPU3MBI 3n, TOATOMY MIPU3MBIL, uMetorei 50 pedep,
HE CYIIECTBYET, a 54 peOpa umeer 18-yronpHas mpusma.

2. CTOpOoHBI OCHOBaHMSI MPSAMOYTOJIBHOTO Tapayijiesienuneaa paBHel 5 ¢cM U 12 cm
JTUaroHaNb MapajielienuIe a COCTaBIsIeT C MIOCKOCThIO ocHOBaHus yron 60°. Haiiaute 06bEM
napasuiesienumnena.

3. OcHOBaHMEM MpPsSIMOM NTPU3MBI CIYKUT TPEYroJbHUK co cropoHamu 10, 10, 12.
Jnaronans MeHbIel OOKOBOM IpaHU COCTaBIISIET C IJIOCKOCTHIO OCHOBaHUs yroi 60°. Halioure
00BEM MTPU3MBI.
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4. O0veM mHpSMOYTrOJBHOTO Mapajuienenumena paBeH 2. Yemy Oyaer paBeH o0beM
napasuiesienunes1a, eciiv Kaxaoe ero pedpo yBeauuuTh B 3 pasa.

Pemenue. [lycte peOpa nmaHHOTO mapajiesrenurnena paBHel a, b u c. Torma umeem:
V=abc=2.

[Tocne yBennueHus kaxaoro pedpa B 3 pasa ero o0béM Oyner paBen V=3a*3b*3c =27
abc=27%*2=54.

OrtgerT: 54.

5. AxBapuym umeeT (HopMy IpsSMOYToJIbHOTO napayuienenuneaa Beicotor 30 cm. Eciiu B
Hero HanuTh 30 JI. BOJBI, TO IO BEPXHEro Kpas ocTaHeTcss 5 ¢cM. CKOIBKO JIMTPOB BOJABI HYXKHO,
YTOOBI HAIIOJIHUTH ITYCTOW aKBapuyM JOBEpXy?

Pewenue. Ilycte V u H cOOTBETCTBEHHO 00bEM U BBICOTA MapajuIeiIeUIe 1a.

V=SH . Ilo ycnosuro V=30,H=25, Torma 25*S=30.

[Tocne 3amonHenus mycroro akBapuyma gosepxy H=30. 3nauut, 30*S=V.

255 30

Hatigem otHomenune 30S = V| V=36 1.

Orser: 36.

6. Kyouk Becut 10 rp. CKoJIEKO TpaMMOB OyJIET BECUTh KYOHK, peOpo KOTOpOTo B 3 pasa
Oobiie, ueM pedbpo nepBoro Kyouka, eciu 00a KyOruka U3roTOBICHBI M3 OMHAKOBOI'O MaTepHala.

Pewenue. [lycte V- 00béM ganHoro napamienenunena. [lociae yBeaudeHHs Kaxaoro
pebpa B 3 paza, ero 066EM Oyzert paBeH 27 V.

v _10
27v. x  x=270 rp.
Otset: 270.

7. O0BEM TPSAMOYTOJBLHOTO Tapasurenenunena paBeH 32. Uemy Oymer paBeH 00BEM
napajuiesienunesia, eciiu Kaxaoe ero pedpo yMEHbIIUTh B 2 pasa.

8. B cocyn, nmeroiuii popmy npaBUIBLHOM TPEYroJIbHOM IPU3MBbI, HAIUIIN BOAY. Y POBEHb
BOJIbI jocTuraeT 36 cM. Ha kakoii BeicoTe OyeT HaXOqUThCsl YPOBEHb BOJIbI, €CIIH €€ IepesIuTh B
JIpYro# cocya Toi ke (hopMbl, y KOTOPOro CTOPOHA OCHOBAaHHUS B 3 pa3a 0oJiblile, 4UeM y MEPBOTO.
OTBeT BbIpa3uTe B CAHTUMETPaX.

9. 3akpbITHIN cOCy1 B BUJIE MPSAMOYTOIBHOTO mapasuienenurmnena ¢ peopamu 30, 40 u 45 cm.
CTOUT Ha TOPU30HTAILHON MOBEPXHOCTH TAaKUM 00pa30M, UYTO HAUMEHbIIIast TPaHb SBISAETCS THOM.
B cocyn nanmmmm Bony 10 ypoBHst 36 cM. Ha kakoMm ypoBHE OKa)KeTCs BOJIA, €CITH COCY/I TIOCTABHUTH
Ha HauOonblIyIo Tpanb? OTBET JaiiTe B CAHTUMETpaXx.

10. Jlano: ABCD - npaBunbHas mupamuaa. AB = 3; AD = 2V3 (puc. 3).

Haiitu: a) Soch.; 6) AO; B) DO; 1) V.

11. Jano: ABCDF - npaBunsnas nupamuga. ZFCO = 45°; FO =2 (puc. 4).

Haiitu: a) Soch.; 6) V.

Perenue:

1) Pacemotpum AFOC: 20 = 90°, £C = 45°, 3nauurt, £F = 45°. CnenosarensHo, AFOC -
paBHOOeapenHsIt, OC = FO = 2.
2) AC = 20C = 4.d=AC=ADV2 (mo CBOHCTBY AMaroHanu Kksaapata, d2= 2a2).
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= - (- 2=

3) ABCD - xBagpar (mupaMuaa npaBuiIbHas). Socw, =AD" = (2‘/5) =8.

ML S v L
4) 3 3 3 3
(OTtmer: a) 8; 6) 5-1/3.)
12. lano: ABCDEKEF - npaBunsnas nupamuga. FO L (ABC), FM L AK, FO=4,FM =5

(puc. 5).

Haiitu: a) SocH.; 6) V.

Puc. §

Pewenne:
1) Paccmorpum AFOM: 20 = 90° (trak xak FO L (ABC), 3nauut, FO L OM) FO =

4, FM =5 OM= VMF? - FO’ (mo teopeme IMugaropa), OM=25-16 =49 =3. OM=r(r-

panuyc OKPYKHOCTH, BIIMCAaHHOM B MPaBUIIbHBIN
AK = 2r-tg£=2-3tg£=6-£=2\/§.
IIECTHYTOJBHUK). 6 6 3

2) S = 6Sason; s,ox-%AK-OM=%-2J§-3=3J§. Socn. = 6:343=183.

3 Vo 3 Seon H3 V= 31843022445,

(OtBer: a) 183, 6) 243.)

13. 3apaua: Jlana tpeyrospHas ycedeHHas nupamuja. Ee Beicota £ = 10 cM, cTOpOHBI
OJIHOTO U3 OCHOBaHMMU paBHBl @ = 27 cM, b= 29 cMm, ¢ = 52 cm. Ilepumerp BTOPOro OCHOBaHUS
pasusiercst P2=72 cM. Haiigute o0beM mupaMubl.

f
l
t

|

a

Jlst pacyera 06bemMa HaM MOTpeOyeTCs TUIOIIA b OCHOBAHUMN. 3HAS JUTMHBI CTOPOH OJTHOTO
TPEeYroJabHUKA, MBI MOKEM pacCUMTaTh IIoaab mo ¢opmyne ['epona. [ist aToro morpedyercs
HaWTH MOJYIIEPUMETP:

P l=2? +209 452 =108
1008
P =5 =Hdem

Tenepp Haitgem S2:
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“{;LZ M,.-’fp {g)-f}. ){p-b ){g)-r: )

S =/ 54(54-27 ) (54-29 ) (54-52 ) = /5427 x25x2 =/ 72900=270cm *

3Hasg, YTO MUpaMUAa YCEUEHHas, JeJaeM BBIBOJ, YTO TPEYrOJbHHUKH, JIeXKAalIhe B
ocHOBaHMAX TONOO0HBL. KodpduuueHT nomodust 3TUX TpPEyrojbHUKOB MOXHO HaWTH U3

COOTHOUICHUS NepruMeTpoB. OTHOIIECHHE IIIOINAICH TPEYTrOIbHUKOB Oy/IeT paBHO KBaApaTy 3TOro
K03 unreHTa:

2 .

Spo P w8 o
S T, 2 .24

2 Pg 72

]: Lq

, |
S ?:T

, dx 270 2
S = C —120em

29

Ternepp, Koraa Mbl HAlUIM TUIONIAJAM OCHOBAHUI YCEYCHHOW MUPAMUJIBI, MOXKEM JIETKO
paccuuTaTh €€ 00BeM:

V:% X 10 (2?u}+ J270%120 +120 ) -

10
3

Takum 00pa3om, BEIMUCIUB KOIPPHUIMECHT MOAO0HMS U PACCYUTAB TUIONIAIb OCHOBAHHM,
MBI HallUTH 00bEM 33JJAHHOM YCEUCHHOMN MUPaMU/Ibl.

14. lano: A1A2A3A4 -pom6, SA1A2A3A4 -nupamupma, AlA4 = a, SBO =
B, OB L A3A4, LA2A10 = a (puc. 6).

Hatitu: V - ?

10 i
(270+180+120 ) === x570 =1900cm”

Puc. 6
Pemenne:

B

' - :0OB= ina = —asin2a,
1) PaccmoTpum AOA3A, 1 OAy=acosa,  AOA3B: OB = acosasing = 5
2) ASOB: SO= -;-asin 2atgp.

3) Socw. = 4SM)0H4 54";‘0'OB=20'%05iﬂ2(1 =028il\.2d

4) Vg, =§S°,_.,,. -8O, Vip. = %-az sin 2a -%asiu 2augP = %as sin? 2atgf

1 a® sin? 2augh.
(Otger:

15 .Haiinute 00beM IMIUHAPA C BBICOTOM, paBHOM 3CM M TMaMeTpOM OCHOBAHUS — 6CM.

16. Ilnomans oceBoro ceueHus WHIMHApa paBHa 2lcm®, miomans ocHoBauus - 18m
cm’ Haiinure 06beM IUIMHApA.

17. CeunioBas Tpyda (muotHocTh cBuHIA 11,4 r/cM®) ¢ TONIMHON CTEHOK 4 MM MMeeT
BHyTpeHHUH auameTp 13 mMm. KakoBa macca TpyO#bl, eciiu ee JyinHa paBHA 25 M?
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P=114r/cm’

Ri=6,5mm + 4mm = 10,5mm = 1,05¢cM (HapyKHBII)

Ry =6,5MM = 0,65¢cm

V=V;-V=17 -(1,05)>2500 - ™ - 0,65 -2500 =1700T = 5338 (cM?)

M=F  -V=11,4-5338 = 61kr.

18. Kakoe konm4ecTBO HePTH (B TOHHAX) BMEUIACT IMIIMHAPHYECKAs [IUCTEpHA THaMeTpa
18 M 1 BBICOTOI1 7 M, €CJIM IIOTHOCTH HedytH paBHa 0,85 r/cm>?

H="7m; d= 1M Pyepm = 0,85 r/cm?

m =?

Vy=TRH=m-92-7=5671 (M°)

m=V-P = 15131

19. JluaroHanb OCEBOTO CEYEHHUS LWIMHAPA COCTABISET C IUIOCKOCTHEO OCHOBAHUS
uumueapa yroa 60°. Haiimure o0beM LMIMHApA , €COM IUIOMIAAb OCEBOTO CEYECHHsS paBHA

16 3 oM.

20. Ha ckyiag B MacTepcKod IO MOIIMBY OJEXK/bI MOCTYIHI PYJIOH JIparoBO TKAHU B
dopme mmmuHapa. [Ipu TpaHCIOPTUPOBKE OBLT YTEPSH TOBAPHBIA SPJBIK C YKa3aHUEM JTHHBI
TKaHU B pyJioHe. HeoOxoaumo ompenenuTs AMMHY TKaHU B pynoHe. [IponsBenn HeoOXoanMeble
M3MEpEHUS], ONIPEIEIUIIN BBICOTY U AuaMeTp pyioHa: 90cm u 30cwm, TonmuHa TkaHu 0,2¢M.

21. Cmomy [uIst MPOMBILUIEHHBIX HYXJ COOMPAIOT, MO/BEUINBAasi KOHUUECKUE BOPOHKHU K
cocHaM. CkoJIbKO BOpOHOK jauameTpoMm 10cMm ¢ obOpasyromieit 13 ¢cM HykHO coOpaTb, 4TOOBI
3aIM0JIHUTH JECSTUIUTPOBOE BeApo?

R=AC/2, R=5cm, H=V132-52=12(cm), V=1/3*3,14*52%12 ~314(cm’) ~0,3 14m°>

n=10/0,314 =31,8.

Omeem: 32 60poHKU.

22. Cror cena umeet ¢popMy HUIMH]IPA C KOHUYECKUM BepxoM. Paguyc ero ocHoBanus 2,5
M, BbICOTa 4 M, TPUYEM LIMJIMHIPUYECKAs 4acTh CTOra UMeeT BbICOTY 2,2 M. [ImoTHOCTH cena 0,03
r/cm®. OHpeaenuTh Maccy cTora ceHa.

Pemenne:

R=2,5m

0100, =4m

0:102=2.2m

P =0,03r/cm’

m=P-V; Vy=1-2,52,2=13,75 M’= 13750000cm’

«=1/3m-25%-1,8=3,75> = 3750000 T cm’

M =0,03 - 17500000m™ =0,525 T 1= 1,6 T
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23. CrakaH4YMK JUIsI MOPOXKEHOTO KOHUYECKOW (hOpMBl MMEeT riyOouny 12 cM u quamerp
BepxHeHd yactu 5 ¢cM. Ha Hero cBepxy moJIoKWIM J1BE JIOKKA MOPOKEHOI'O B BUJAE MOJYyIIApUN
auaMeTpoMm 5 cM. IlepenosHuT 1M MOpOKEHOE CTaKaHYHK, €CJIM OHO pacTaer?

OA=12cMm
BC=d=5cm
[lepenoyHUT T MOPOKEHOE CTAKAHIUK?
5
Vu=43FR3(521=125%/6 =200 &
2512
Vi=1/3 TRZH=1/3 T (5/2)*12= 12 =25%
OtBer: HeT.
24. Haiitu o0bem mapa paguycoM 10 caHTuMETpOB.
Pemenue:
JI51st TOrO 4TOOBI BRIYMCIUTE 00BbEeM mapa popMyia UCIONIB3YyETCs CIAeayIomas:
_4 5
V= 3T R

rae V — uckoMmelii 00bem mapa, m — 3,14, R — paauyc.
Taxum o6paszom, npu paguyce 10 caHTUMETPOB 00bEM IIapa paBeH:
V= ; 3,14 x 10° = 4082 xybuueckux CaHTUMETPOB.

25. Bo CKOJbKO pa3 yBEeIHUUTCS 00BEM I1apa, €CIIU €ro pajnyc yBEIUUUTh B IIECTh pa3?

O6beM niapa HaxoaAUTCA 1O GopMmyJie:

V : R?
=—T
3
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[Ipu yBenmueHun paanyca B ILIECTh pa3 ero 00bEM Oyer:

4 4
V= E}T(_ER}B =216 *E}TRB

Takum 06pa3om, 00beM 11apa yBenuautcs B 216 pas.

Otser: 216
26. O6bem oxHoro 1rapa B 216 pa3 6oinbire oobemMa BToporo. Bo ckonbko pas miomass

IIOBEPXHOCTH IEPBOTro Hiapa 0oJblle MIOMAAN IOBEPXHOCTH BTOPOro?

dopmyna o0bEMa mapa:

4 3
V= 3 TR
CDOpMy'J'Ia [iomaau IMOBEPXHOCTHU LIapa:
S = 4nR*?
[TycTh 00BEMBI IAPOB COOTBETCTBEHHO PaBHBI:
4 3 4 3
Vy =§}TR1 V5 =§}TR2

N3 ycnoBus cnenyer, 4ro:

4 3 4 3
gﬂ:Rl = EIE'EHRE

R,*=216'R,"

To ecTb, MBI YyCTaHOBWIIM, YTO paJNycC MepBOro Oosiblie paauyca BToporo B 6 pa3. Eciu
panuyc mapa yMEHbUIMTHh B 6 pa3, TO IUIOLIaJb MOBEPXHOCTH IIapa M3MEHUTCS CIEIYIOIIUM

obpazoM:

s (Rf 4R
AV 36

To ectb oHa ymeHbmMTCS B 36 pas.

IMpakTuyeckas padoraNe 71
Tema 12.15: KoMmOuHanMm MHOTOTPAaHHUKOB W Ten BpaiueHus. ['eomerpuueckue

KOMOHMHAIIUY Ha MPaKTHUKE
Hean: M3yunts 4epTe:Ku KOMOMHALMN MHOTOTPAHHUKOB U TEJ BPALLICHUS
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Teopernyeckas 4acThb:

Msbl MoOkeM paccMaTpuBaThb KOMOWHAIMM HE TOJBKO TMap «TeJ0 BpalleHHs-
MHOTI'OT'paHHUK», HO U OTACIIbHO TCJI BpalllCHUA WJIN OTACJIbHO MHOTI'OI'PAaHHUKOB.

Tak B3aMMOOTHOILIEHHUS KOHYCa C IMJIMHIPOM OYEHb HAIIOMHHAIOT B3aUMOOTHOIICHUS
nupaMuJabl 1 HUJIAHIApPA. 910 HCYAUBUTCIIBHO, €CJIM Mbl BCIIOMHHUM, YTO KOHYC — HpGIIGHLHBIfI
ciy4vaii nmupamuabl. [IOHATHO, YTO B KOHKPETHBINM LHUIMHAP MOXKHO BIHCATh TOJBKO OJUH KOHYC:
C TAaKUMH KC paluyCOM U BBEICOTOH. A BOT B KOHYC MOXHO BITUCATh PA3HBIC HUJIMHAPHI.

Cdepa onucana oxoJ10 HUINHIAPA, €CIIU OKPYKHOCTH €r0 OCHOBAHUM JiexkaT Ha chepe.

Cdepa Bnucana B OMJIMHIAP, €CJIM OHA KacaeTCsl €ro OCHOBAaHUM B €ro LIEHTPax, a
OOKOBOI1 MOBEPXHOCTH 110 OOJIBIIOMY KPYTY, MapaIeIbHOMY OCHOBAaHHUIO LMIMHAPA (HECTO0KHO
JI0Ka3aTh, YTO B 3TOM Clly4yae paanychl chepbl U LWIMH/PA COBIAJAIOT, @ BEICOTA LIMIMHPA paBHA

muameTpy chepsr) .

Cdepa onncaHa 0K0J10 KOHYCa, €CIIH OKPY)KHOCTh €r0 OCHOBAHUSI M BEPIIMHA JIS)KAT Ha
cdepe.

Cdepa Bnucana B KOHYC, €CJIM OHA KacaeTCs €ro OCHOBaHUS B IIEHTpPE, a OOKOBOI
MIOBEPXHOCTH TI0 OKPYKHOCTH.
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He crout 3ay4uBaTh OIPCACICHUSA BCCX KOM6I/IHaI_II/II71 BIIMCAHHBIX W OIIMCAHHBIX TCII.
[Ipocto mpencraBbTe ceOe Takyrd KOMOWHAIMIO M BaM HE COCTAaBUT OOJBIIOrO TpyJa NaTh i

onpeieNIieHuE.
3aganue:

Uro nzobpakeHo Ha pucyHKe? BrpiOepure BepHBI BapuaHT OTBETAa M BBIJCIUTE €ro

LIBETOM.

ITonckaska

1. Konyc, BriucaHHbIi B map

2. Iunuuap, onvcaHHbBIA OKOJIO IIapa
3. Ilupammuia, BucaHHas B IIap

IIpakTuyeckas padoraNe 72
Tema 12.15: KoMmOmHanMm MHOTOTPAaHHUKOB W TeN BpamieHus. ['eomerpuueckue

KOM6I/IHaI_II/II/I Ha ITPaKTHKC

Heas: PaccMoTpeTs mpuMepbl KOMOMHAIIMK MHOTOTPAHHUKOB U TEJl BPALICHUS

Teopernyeckas 4acThb:

Kom0nHanumu MHOTOTPAHHUKOB U TeJl BpallleHUs!

Huaunap - lMpuszma

[{unuHap Ha3bIBaETCS BIMCAHHBIM B
MPU3MY, €CJIA €T0 OCHOBAHUS BITMCAHBI B
OocHOBaHus uMHApa. [Ipu sToM, mpu3ma
HA3bIBACTCS] OMMCAHHON 0K0JI0 IMJIMH/APA.
CaoiicTBa:

B HpI/I3My MOX>XXHO BIIUCATh III/IJ'II/IHZ[p TOTrAa N
TOJIBKO TOTJa, KOT/Ia B €€ OCHOBaHUE MOKHO
BIIUCATh OKPYKHOCTb.

Panuyc ocHOBaHUS IIWIIMHIpPA PaBeH PaARyCy
OKPY’KHOCTH, BIINCAHHON B OCHOBaHUE
MPU3MBL.

BI)ICOTa III/IJ'II/IH)Ipa paBHa BBICOTC HpI/ISMBI.

HunuHap Ha3bIBA€TCS OMUCAHHBIM OKOJIO
MIPU3MBI, €CJTH €0 OCHOBAHUS OTICAHBI OKOJIO
ocHOBaHu# munuHApa. [lpu sToM, mpruzma
Ha3bIBACTCS BIUCAHHOM B IIUJIMH/P.
CsoiicTBa:

OKOJI0 PU3MBI MOXKHO OIUCATH IIUJIAH/ID,
€CJIM OKOJIO €€ OCHOBAHMI MOYKHO OIHCATh
OKPYKHOCTH.

Panuyc ocHOBaHUs IUIMHIPA PaBEH PaanyCy
OKPYXKHOCTH, OITMCAHHOW OKOJIO OCHOBAHWMS
MIPU3MBI.

BI)ICOTa HI/IJ'II/IH)Ipa paBHa BBICOTC HpI/ISMI)I.

Huaunap - Ilupamuaa

HI/IJ'II/IHJIp Ha3bIBACTCA BIIMCAHHBLIM B
MAPaMUAY, €CIU OAHO €T0 OCHOBAHUE
COBITAJIAET C OKPYKHOCTHIO BIIMCAHHOM B
CE€YEHHE MUPaMUIbI TIIOCKOCTHIO,
NapaJyIeIbHOM OCHOBAaHHUIO, a IPYroe
OCHOBAHHUC NPUHAIJICIKUT OCHOBAHHIO
MApaMUJBL.

[{unuHIp HA3BIBAETCS ONMMCAHHBIM OKOJIO
IIAPAaMU/IbI, €CIIU BEPIIMHA [TUPAMUIbI
MIPUHAJUIEKHUT €r0 OJHOMY OCHOBAHUIO, a
JAPYroe ero OCHOBAHHWE OIMCAHO OKOJIO
OCHOBaHMs nupamuasl. [Ipuuém onucare
LMAJIMHIP OKOJIO IIUPAMHUJIBI MOKHO TOJIBKO
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TOrJ1a, Koraa B OCHOBAaHUHW MUPaMUAbI —
BITMCAHHBIIN MHOT'OYT'OJIbHHUK

Konyc -

Ipu3zma

Konyc Bnmcan B rpusmy, eciiu ero
OCHOBAHME BIIMCAHO B OJHO OCHOBaHHE
HpI/ISMBI, a BepI_HI/IHa JICKUT B I[perM
ocHOBaHUU Tpu3Mbl. COOTBETCTBEHHO, B
ATOM cllydae Mpu3Ma OIlKUCcaHa OKOJIO0 KOHYCA.
CaoiicTBa:

Ecnu xoHyC BIMCaH B IPSIMYIO IIPU3MY,
YacTh CEUEHUS KOMOMHAIIUN TEJ
MJIOCKOCTBIO0, TPOXOASILEH Yepe3 OCh KOHYCa,
MIPEACTABIIET COOOM MPSIMOYTOILHUK.

KOHyC Ha3bIBACTCs OIMTUCAHHBIM OKOJIO
IIPU3MBEI, €CJIU OKPYXHOCTE OCHOBaHUA
KOHYCa OIIMCaHa OKOJIO OCHOBAHHS ITPU3MBI.

Konyc - Ilupamuga

Konyc Ha3bIBaeTCsl BHUCAHHBIM B
NUpaMULy, €CJIM UX BEPIIMHEI COBIIAJAIOT, a
OCHOBaHHE KOHYCa BIIUCAaHO B OCHOBAaHHUE
HI/IpaMI/IZIBI.

CaoiicTBa:

KOHyC MOXHO BIIMCATh B HI/IpaMI/IIly, €ClIn
anodembl TUPaMUIbI PaBHBI MEXTY COOOH.

Konyc Ha3bIBaeTCsl OMUCAHHBIM BOKPYT
HI/IpaMI/IIlI)I, €CJlIN UuxX BepIHI/IHI)I COBIIa1ar0T, a
OCHOBaHHUE KOHYCA OIKCaHa BOKPYT
OCHOBaHUA HI/IpaMI/II[I)I.

CsoiicTBa:

Konyc M0KHO onucaTs BOKpYT ITHpaMUbI
eciM, Bce OOKOBBIE peOpa mupamMuIbl paBHbI
MEXIy COOOM.

Cdepa-

Ilpu3ma

Cdepa nazpiBaeTcsi BHUCAHHOI B IPU3MY,
€CJIM OHA KacaeTcsl KaKJA0W I'PaHu IPU3MBI.
CpoiicTBa:
B npusmy MoxxHO BriucaTh chepy Toraa u
TOJIBKO TOT/a, KOTJa B NEPIEHANKYJIIPHOE
CEYECHHE MPU3MBI MOYKHO BIIUCATh
OKPY’KHOCTB, @ BBICOTA IPU3MBI PaBHA
JUaMETPy 9TOM OKPYKHOCTH:
R=r=0,5H,
rae R — paauyc BIIMCAHHOIO 1apa, r —
paauyc BOIMCAaHHOM OKPYXXHOCTH, [ — BBICOTA
IIPU3MBL.

Cdepa Ha3piBacTCd OMUCAHHOM BOKPYT
IpU3Ma, €CIM BCE BEPIIMHBI IPU3MBI JISXKAT
Ha c(epe.

CaoiicTBa:

OxkoI10 IpU3MBI MOKHO ONUCaTh cepy Toraa
U TOJIBKO TOTJIa, KOTJla Mpu3Ma npsijast u
OKOJIO €€ OCHOBaHHS MOYKHO OTIHACATh
OKPY>KHOCTb.

Cdepa - [lupamuna

B nmupamury MOXHO BiMcaTh cepy TOra,
Kor/ia OMCCEKTOPHBIE TUIOCKOCTH
BHYTPEHHUX JIBYTPAHHBIX YIJI0B TUPAMUIBI
MepeceKarnTcsl B OAHON TOUKe. JTa TOYKa
OyneT 1eHTpoM cepsl.

OKoJ10 MUpaMHIbl MOKHO OMUCATH chepy
TOT/Ia, KOT/Ia B OCHOBAHUH TTHPAMHU/IbI JICKHUT
MHOTOYTOJILHUK, BOKPYT KOTOPOTO MOYKHO
omHcaTh OKPYXHOCTh. LlenTpom chepsl OyneT
TOYKA MEPECEUCHUS MIIOCKOCTEH,
MPOXOJAIIUX Yepe3 CepeIuHbI pEdep
MUPAMUJIBI TIEPIICHIUKYIISIPHO UM.

Pemenue 3agau:

3agaum Ha KOMOMHALIMH KPYIJIBIX TeJl
1.B nununap BriMcax map paauyca 8.
Haitaure nomans noJHONW MOBEPXHOCTH
IUATUHIPA.
2.Paanyc ocHOBaHUs KOHYyca 6, paanyc
BIMCAaHHOW B HETO Cephl paBeH 3.

3agaun Ha KOMOMHAIMH KPYTIJIBIX TeJI
1.B mununap BrmMcan map paauyca 8. Halinure
IJIOLIA/1b ITOJIHOM MMOBEPXHOCTH LUIMHJIPA.
2.Pagnyc ocHOBaHHMs KOHyca 6, paanyc
BITMCAHHOM B Hero cepsl paBeH 3. Boruncnure
IJIOMAb OCEBOTO CEYCHMS KOHYCA.
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BoruncnuTe miuomaabs 0CEBOro ceYeHMst
KOHYca.

3.B map BOucaH UWIMHAP, Y KOTOPOTO yroil
MEXy TMaroHaJIIMH OCEBOT'O CEYEHUS
paBen 60°. OOpa3yrorias MUIMHAPA paBHA
24. Haiinure moia s TOBEPXHOCTH I1apa 1
TJIOLIA/1b MTOJIHOM MOBEPXHOCTH LMIHHIIPA.
4.B map BnucaH KOHYC, paJlyC OCHOBaHUS
KoToporo 8, BbicoTa paBHa 6. Haitnure
IJI0IIAIb TTOBEPXHOCTH IIapa.

5.B map BnucaHa nupaMua, OCHOBaHHEM
KOTOPOU ABJISIETCS] IPSIMOYTOJIBHUK C
nuaroHaneo 10, kaxaoe 60koBoe pedpo
MUPAMUJIBI COCTABIISIET C TIIIOCKOCTHIO
ocHoBaHus yroiu 60°. Beruncnure miomasb
MMOBEPXHOCTH IIapa.

3.B map BnucaH HHMIMHAP, Y KOTOPOTO yroi
MEXy IMaroHaJIIMU OCEBOT'O CEUEHUSI paBEH
60°. Obpa3zyromas HHIMHIPa paBHA 24.
Haitaure nomans NOBEpXHOCTH 1Iapa v
IUTONIA/Ib MTOJIHOM MOBEPXHOCTH LUIHH]IPA.
4.B map BnucaH KOHYC, palyC OCHOBaHUs
KOTOpoOTo 8, BbicOTa paBHa 6. Haiinute
IJI011Ia/Th TTIOBEPXHOCTH II1apa.

5.B map Bnucana nupaMujia, OCHOBaHHEM
KOTOPOU SBJISIETCS] IPSIMOYTOJIBHUK C
nuaroHaneio 10, kaxaoe 60KoBoe pedpo
MMUPAMU/JIBI COCTABIISIET C TIIOCKOCTHIO
OocHOBaHMs yroi 60°. Beruuciaure miomanab
MOBEPXHOCTH 1I1apa.

3agaum Ha KOMOMHALMH KPYIJIBIX TeJl
1.B uunuuap Boucan map paauyca 8.
Haiigure miomanb mojiHOM MOBEPXHOCTH
HUAITUHIPA.
2.Pannyc ocHOBaHUS KOHYca 6, paanyc
BIIMCAaHHOU B HETo c(epsl paBeH 3.
Brruncnute miuomaabs 0OCEBOro ceueHMs
KOHYca.
3.B map BO#caH HUIMHAP, Y KOTOPOTO yroil
MEXy TMaroOHAJIIMH OCEBOT'O CEUCHUS
paseH 60°. OOpa3yromas HUIMHIPA PaBHA
24. HaiinuTe 11011a1s TOBEPXHOCTH I1apa 1
IJI0IAIb MTOJIHOM MOBEPXHOCTH LUIMH/PA.
4.B map BnucaH KOHYC, paJnyC OCHOBaHUS
KoToporo &, BeicoTa paBHa 6. Haitnure
TIJIOIIAIh TIOBEPXHOCTH II1apa.
5.B map BnucaHa nupaMua, OCHOBAaHHEM
KOTOPOU SBJISIETCS] PSIMOYTOJIBHUK C
nuaroHaneto 10, kaxxgoe 60koBoe pedpo
MMUPAMUJIBI COCTABIISIET C TIIIOCKOCTHIO
ocHoBaHus yrou 60°. Beraucnure miomapb
MMOBEPXHOCTH IIapa.

3agaum Ha KOMOMHALIMH KPYIJIBIX TeJl
1.B uununp Boucan map paauyca 8. Haitnure
TJIOMIA/H TTOJTHOM TOBEPXHOCTH ITUIHMH/PA.
2.Pagnyc ocHOBaHUs KOHYyca 6, pagnyc
BIIMCAHHOW B HETo cepbl paBeH 3. Beruucnure
TJIOIIAIh OCEBOTO CEUCHMS KOHYCA.
3.B map BOucaH HWIHHJP, Y KOTOPOTO yroi
MEXIYy TUArOHAJISIMU OCEBOT'O CEYCHUS paBEH
60°. O6pazyroias HUIMHApPA paBHA 24.
Haitgure nomaas NOBEpXHOCTH 1Iapa u
IJIOIA/b TTOJIHOM MOBEPXHOCTU LUIMHAPA.
4.B map BnucaH KOHYC, paAnyC OCHOBaHUS
KOToporo 8, BeicoTa paBHa 6. Haiinure
TIJTOIA b TIOBEPXHOCTH I1apa.
5.B map BrnucaHa nupaMujia, OCHOBaHHUEM
KOTOPOM SBJISIETCS] PSIMOYTOJIBHUK C
nuaroHaneo 10, kaxxgoe 60koBoe pedpo
MMUPAMUJIBI COCTABIISIET C TIIOCKOCTHIO
ocHoBaHus yroiu 60°. Beruncnure miomais
TMOBEPXHOCTH I1apa.

IpakTuyeckas padoraNe 73
Tema 12.15: KoMmOuHanmm MHOTOTPaHHUKOB M Ten BpalieHus. ['eomerpuueckue

KOM6I/IHaI_[I/II/I Ha MPaKTHKE

I_Ie.m,: PaCCMOTpeTB IMPUMCPLI PCIICHHUA 3a/la4 Ha KOMGI/IHaLII/II/I MHOT'OI'PaHHUKOB U TECJI

BpaIllCHUS

Teopernyeckas 4acThb:
Illap u mnozozpannux.

[Iap Oyner BOUCaHHBIM B IPU3MY, KOTJIa OH KacaeTcsl BCeX rpaHel MPU3MBI.

[IpuHATO cuMTaTh, YTO IIAP OMMCAH BOKPYT IPU3MbI, HCKIIOYUTEIBHO TOrAA, KOrja
BCE€ BEPLIMHBI IPU3MBbI pa3MEIIECHbI HA TOBEPXHOCTH 111apa.

[ITap cunTaeTcs BIUCAHHBIM B IUPAMHUJy, KOTJJa OH KAaCaeTCsl BCEX I'PaHEU MMPaMHUJIbI.
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I'oBopsit, uTO MIap OnMcaH BOKpYT' MUpaMUJIbI, Korja BCE€ BEPILHHBI
IIUPAMHUJIBI pa3MELICHBI Ha IOBEPXHOCTH IIapa

Hununop u mnozozpannuk

VYKa3pIBaIOT, 4TO LWIMHADP BIMCaH B NPSAMYIO NPU3MY, IIPU YCIOBUHM, YTO OCHOBAHHUS
LWIMH]Ipa BIMCAHBI B OCHOBAHUS MPU3MBI.

CunTaroT, 4TO HWJIMHAP ONKMCAH BOKPYT NPSAMON IPHU3MBI, KOTAA BBIITOJIHAETCS YCIOBUE -
€ro OCHOBAHUS ONKUCAaHbl OKOJIO OCHOBAaHUH MPU3MBI.

IIpusaTo yka3pIBaTh, YTO LWJIMH/P BIKMCAH B IUPAMUY, KOT/Ia BBINOIHAETCS TpeOOBaHMeE,
YTO OJHO M3 €ro0 OCHOBAHMM OTHOCHUTCS K OCHOBAHMIO IUPAMMJIbI, a APYro€ €ro OCHOBAHUE
BIIMCAHO B CEYCHME NMUPAMUIBI INIOCKOCTHIO, NTapaJIJICIBHON €€ OCHOBAHHUIO.

[HunuHap onucaH OKOJIO NMHUPaMUJbI, KOIZla OCHOBaHME NMUPAMMJIbl BIIUCAHO B OJIHO U3
OCHOBaHUM LWINHJPA, @ BEpLIIMHA IMPAMUAbI OTHOCUTCS KO BTOPOMY OCHOBAHHUIO LIMJIMHJPA.

Konyc u mnozozpannux.

Konyc Oyner BnMcaH B Ipu3My, KOTJJa OCHOBaHUE KOHYCa BIIMCAHO B OZHO U3 OCHOBAHUM
IIPU3MBI, @ BEPLINHA KOHYCa OTHOCUTCS K JPYTOMY OCHOBAHHIO IPU3MBI.

Konyc cunraercs onvcaHn OKOJIO NPU3MBI, KOTAA BBIINOJHAETCS YCIOBHE - BEPLIMHBI
OJIHOTO W3 OCHOBAHMM MPHU3MBbI pa3MEILEHbl Ha IOBEPXHOCTH KOHYCA, a BCE BEPIIMHBI JPYTroro
OCHOBaHUs IIPU3MBbI OTHOCATCSI K OCHOBAHHUIO KOHYCA.

VYKa3bIBalOT, YTO KOHYC BIHMCaH B NUPAMUIy, KOTJa OCHOBAaHUE KOHYCa BIIMCAHO
B OCHOBaHUE IIMPaMU/bl, IPUYEM BEPLIMHA KOHYCA U IHPAaMUIbI COBMELICHBI.

VYKa3bIBaroOT, 4TO KOHYC OyIeT ONrcaH BOKPYT MAPAMUIBI TOT1a, KOTJ]a OCHOBAHHE KOHYCa
OIMCAHO OKOJIO OCHOBAHUS MUPAMHU/IBL, IPUUEM BEPILIMHA KOHYCA U IUPAMUIbI COBMELICHBI.

Penrenne 3agau:
3agaya 1. B uununap Bnucan mwap. Halitu oTHomeHue ux o0beMoB.

Nnnmroctpanus x 3amaue

Pewenue.

Pamuychl muimuHApa U mapa o IMHAKOBBI

R,=R,=R

BricoTa munuHIpa paBHa IBYM paguycaM (IuaMeTpy) mapa:
H=2R=D

O06bem mapa BeIpakaeTcst GOpMYIION:

4
V. = —nR?
3

m

O06bem MUIHHAPA BEIPAKAETCS POPMYIION:
V, = S,eH =R - 2R = 2nR®

Haitnem oTHOIEHHE OOBEMOB:

4
v, 37R® 2
v;_znﬁﬂ_3
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2

T. e. mrap, BIIMCAHHBIN B IWJIKHHJP, 3aHUMAET * ero oobema. 3a0lHO OTMETHUM TOT (haKT,
YTO HE B JII000M IIMIIMHIP MOXKHO BHcaTh map. Heo6xoanmMo, 4To BeIcOTa IUIMH/PA ObliIa paBHA
JUaMeTpy Imiapa.
2

Otser: 2.

3agaua 2

10 .
Bricora KpyroBoro nmujirHApa Ha Ooublire paanyca OCHOBAHM:A, a IJIOIIA/b ITOJIHOH

MOBEPXHOCTU PaBHA 1d44m Haiigute pagnyc onucanHoi BOKpYT HMIUHAPA CheEpBHI.

Nnnroctparnus k 3a1aue
Pewenue.

. 0
HecnoxxHo noka3arh, 4TO IIEHTP ONUCAHHON CQephl ~ JIGKUT Ha CEpeIUHE BBICOTHI
MWIMH]IPA, COCIUHSIONIEH HEeHTPhl ero ocHoBaHuil. Eciau Mbl OyneM 3HaTh BBICOTY U Painyc

LUIMHAPA, TO U3 TPEYTOJIbHUKA AOK 1 HaiizieM paauyc chepsl.
[1nomazap MoIHOM NOBEPXHOCTU LMIIMHJPA BbIpaxaeTcs: GopMyIoit:
§=2S,.+5S;, =2nr" + 2ar- (r +10) = 144xn

2w
Pemnm nonydyennoe ypaBHenue. Cokpatum o0e 4acTH ypaBHEHUS HA © :

rP+r-(r+10)=72

Packpoem ckoOku, mpuBeieM NOJ00HBIE ClaraeMsble:
2r*+10r—72=10

r*+5r—36=0

r=-—9 r=4
u .

Kopau »3TOoro ypaBHeHHs: OTpunatenbHblii HaM HE TOJXOJIHUT,

r=4
TOra .

BricoTa nmnuuapa paBHa:
H=r+10=4+10=14

ITonoBuHa BBICOTHI:
OK =7

Haiinem paauyc cdepsr:
R=424+7" =16+ 49 =65

OtBerT:

IIpakTnyeckas padora Ne74
Tema 11.6: KonTponbHas padorta mo pazaeny 12 «MHOTOTpaHHUKH U Tejla BPaICHUS
Hean: IlpoBepuTh ypoOBEHb YCBOEHHsS [AHHOIO Marepuaia Mo pasjaeny 12
«MHOFOFpaHHI/IKI/I " TCJIa BpAllCHUA»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yembvlpex
npeo10IHceHHbIX.
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1. (1 6amr) B kakux equHUIIaX U3MEPSETCS IIOIIA b TOBEPXHOCTH MHOTOTrpaHHUKA?

A) B rpanycax; b) B Merpax; B) B kBagpaTtHbIx MeTpax; I') B AByrpaHHBIX Ipagycax.

2. (1 6ayn) [Tnomaas OOKOBOW MOBEPXHOCTH MIPU3MBI BEIYUCIISETCS 110 OopMyIIe:

A) S = Seox + 2 Soc; B) Sé6ox = Pocu * H; B) S = Bgox T S Sock; F) S6ox = 2Pocu * H.

3. (1 6amn) Yro siBiIsSIeTCS OCEBBIM CEYCHHUEM YCEUEHHOTO KoHyca?

A) paBHOOEIpEHHBIN TPEYrobHUK; b) paBHOOeApeHHas Tpanenus; B) mpsmoyronbuauk; I7)
MPSIMOYTOJIbHAS TPAMelts.

4. (1 6amn) Kakas ¢urypa monydaercs npu BpallleHUU MPSMOYTOJIBHOIO TPEYroJbHUKA
BOKPYT OJTHOTO U3 CBOUX KaTeTOB?

A) xonyc; b) yceuennsiii konyc; B) nupamuja; ') yceueHHas nupamua.

Ilpu eévinonnenuu 3a0anuii 5-8 3anuuwiume x00 pewieHuA U NOJIYUEeHHbLIL Omeent.

5. (2 6amna) PeOpo ocHOBaHUS MPAaBUIIBHOW TPEyroJbHON mUpaMuisl 3 M, anopema 6Mm.
Haiinure muomaas 00KOBOW OBEPXHOCTH THPAMUJIBL.

6. (2 Gamra) Jluaronans Ky6a pasHa v/588. Haiiure ero oobem.

7. (2 6amna) [IpsMOYroapHUK CO CTOpOoHaMH 8cM M 3CM Bpaiaercss BOKpPYT Oouiblieit
cToponbl. Haiimute 00beM, 1ioma M 60KOBOM U MOJHOM MOBEPXHOCTEH MOIYy4eHHOTO Tena.

8. (2 Gamna) BbruMcIuTh MOBEPXHOCTH KPOHBI KyCTapHHKa, UMeroniero (opmy mapa
panuyca 0,5 M. B oTBeT 3anuiuTe 4ucio, IeJeHHOE Ha TT.

Omanonvt omeemos:

H
OMEP 2 3 4 5 6 7 8
3aJaHus
OtBert B b b A 27 2744 72m; 48m; 64 1 1

IIpakTuyeckas padoraNe 75
Tema 13.1: JlekapToBel KOOpAMHAaTBI B IMpocTpaHcTBe. llpocteilmine 3agaun B
KOOpJAMHATAX
Hean: HayuuTscs pemars npocTeimme 3a1aui B KOOpAuHaTax

Teopernyeckas 4acThb:
®opMyIibl AEIEHHS OTPE3Ka B JAHHOM OTHOIIEHUH Ha MIIOCKOCTH

Ecimm wu3BecTHBI JBE€ TOYKH INIOCKOCTHU A g Pa). Blxgiy 3}, TO KOOpPIMHATHI

AdL
TOYKH M (Xpe0 o) , KoTopasg [OEIuUT OTPE3O0K AE g orHOIEHUH BAM BBIPAKAIOTCS
dbopmynamu:
g+ A %y Ya+ Ay,
XM = — - at == =

1+ A 1+ A

Peurenue 3agau:

[pumep 1
Haiitu koopauHaThl TOUKH M , ICJISIIIEN OTPE30K AF B orHOmIeHNHN 13 , €CJIA U3BECTHBI

rouxn A3, B3 -1

Ard 1

Pemienue: B nanHoi 3amaude EM 3 Tlo dopmynam jeneHus OTpe3ka B JaHHOM

o . Mix,,:
OTHOIIICHUH, HAUJIEM TOUKY (Xpes ¥ M}:
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1
Xyt Az 5+§'(_3)_5—1_4E_3
. 1+ 4 .1 4 4
3 3
1 1 &
34— (-1) 3-- =2
_YatA¥s ty )= i_3_83_4
M 1ea 1 L A4 34
3 3 3
OTtBert: M(3,2)

B 3amaue He TpeOyercs CTpPOMTb uYepTexka, HO €ro BCerja IOJE€3HO BBINOJIHUTH Ha
YEPHOBHUKE:!

Avf 1
JleiicTBuTensHo, cootHomenue S 3 primonnsercs, To ecth otpesok AM B Tpu paza
xopoue orpeska £ . Ecnam mpomopuust He OYEBUIHA, TO OTPE3KH BCErJa MOKHO HU3MEPHThH

OOBIYHON JINHENKOM.

Hpumep 2

JlaHBI TOYKH K310 205 6) | Hajiry:

a) Touky # | nemsmryro otpesok &% B orHOmeHnH 47
6) Touky ¥, nemsyro otpesox XL B orHomenmn 43,

[Ipumep 3
Touka & npuHamnexur orpesky L7 . UssectHo, uto oTpesok £*F B nBa pasa miuHHee

8
L2, 47, P[—; 2}
orpeska {7, Haiitu Touxy 7 , ecrm 3/
Pemrenne: U3 ycnosus ciexyer, uro touka £ memut orpesok DF B orHomenmm 41,

e
A=——=1
cynTas OT BEPIIUHBI D, TO €CTh, CIIPABEIIIUBA IIPOIIOPLIUSL: HP . ITo popmynam nenenus
OTpe3Ka B JaHHOM OTHOILLEHUH:
p+d Xy ¥ot+d-¥g
XP = P = -
1+ 4 1+ 4
LD S U T JG S Y JE S S
3 1+2 3
4+ 2y
= S+ iY==Yy =2= ¥y =1
Orger: 77031
[pumep 4

Touka M € A5 Orpesok &M B monropa pasa xopoue orpeska A . Haiitu Touky 4,

CCJIM U3BCCTHBI KOOPAUHAT TOYCK 3(2; D)’M(_l; ljl .
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Pemrenue B xoHue ypoka. OHO, KCTaTH, HE €IUHCTBEHHOE, €CIM MOUAETe OTIAMYHBIM OT
oOpasma myTém, To 3TO He OyAEeT OMOKOM, TJIABHOE, YTOOBI COBITAJIU OTBETHI.

DopMyIibl AENEHHS OTPE3Ka B JAHHOM OTHOIICHUH B IPOCTPAHCTBE

J171st IpOCTPaHCTBEHHBIX OTPE3KOB BCE OYJIET TOUYHO TakK K€, TOJBKO JT00aBUTCSA €€ 0THa
KOOpPJIMHATA.

Ecan u3BecTHBI JBE€ TOYKM IPOCTPAHCTBA A%y 7 4524, Bx5: P s ZB;', TO KOOPAUHATEI

Add
rouxu M Far Pass Eae) , KoTopas Jenur otpe3ok A5 B oTHOmEHMH EM | pripakaroTcs
dbopmynamu:
X =xﬂ+£-x3 =yﬂ+,51-y3 - =z}1+/i-zﬂ
MU e M e M e
[Ipumep 5

A(-2,-3,-4), B(Z,

JlaHBI TOYKH -4.0) . HaliTm KxoopauHAaThl TOYKA M , IpUHAJIeKAIIEH

otpesky 48, ecnu ussectno, uro AM  BM =4:2

Perienue:
ITo dbopmynam KOOPJAUHAT CepeIuHBI oTpe3Ka:
pooT2%22 20 Z3+2(A) M 4420 4
M4z 5 M 1+2 37 My 3
2 11 4
AL [—; - —J
OtBerT; 3 3 3
[Ipumep 6

JlaHbI TOYKH B-5 23 T4 25 Hajirw KOOpJMHATHI Touku 4, ecnM M3BeCTHO, 4TO
ona nemut otpesok ZC B otHomennn 31

cDOpMy.]'H:I KOOpAUHAT CCPCANHBI OTPE3Ka

A | yacme M | yacme B
e 2 1 ®
¥ _Mat X _¥atlVa
M‘T= M‘T

Z[J'ISI MMPOCTPAHCTBCHHOI'O ClIy4das CIIpaBCIJINBA OYCBUAHAA aHAJIOTUA. Ecau nanbsl KOHIIBI

OTpGSKaﬂ(I“l"P 424)- 55, 7 525) , TO KOOpAUHATHI €70 CEPEIUHBI M BBIpa)KaIOTCs (OPMYIIaMu:

gt Xp Y¥at¥e gt Ep
X = — = — = = 0= =
3 5 ¥ 5 ot 3
IIpumep 7
[Tapamnenorpamm ABCD 3a/1aH KOOpPJIMHATaMH CBOMX BEpUINH
A(-4,0), B(4,4), C(7; 2), D(-1,-2) . Haiit TO4Ky nepeceyeHus ero 1uaroHajieu.

Pewrenue:
[lo w3BecTHOMY  CBOMCTBY, JWAaroHajgu  [apajuleIoTpaMMa  CBOEHM  TOYKOM

[
MepeCceUCHUs (Xg: Fol JEJISITCS TIOTI0JIaM, TI0O3TOMY 3a7[a9y MOXKHO PEIIUTh IBYMS CIIOCOOaMHU.

Crnioco6 mepBeIii: PaccMOTpUM THPOTHBOMOJIOXKHBIE BEPUIMHBI A4 L2 e

dbopMynaMm AeneHus: oTpe3Ka MmornojaM HalaEM cepeHy JUaroHaIn AL
Xyt Ea —4+T 3  Yat¥o U+

?

2 2 27 " 2 2

i
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)
B pesynbrare: 2

Cnoco6 Bropoii: PaccMOTpUM NpPOTHBOIIOJIOKHBIE BEPIIMHBI
GopMynam  nmeneHus ~— OTpe3ka  TomojgaM  HaWAéM  cepelMHy  auaroHanu 5L

B&4), D-L-2) o

iy

Takum o6pazom: 2
it

Otser: “2

[Ipumep 8
—: 1.0

E E 2 ta

{5-vibd-31) .
JlaHbl TOUKH 4 2 . Haiitu cepenuny R orpeska ¥ .

[Ipumep 9
Touka M pemur  orpesox AF momomam.  Haiftu  Ttouky &, ecum  u3BecTHSBI
roury A% -3, M5 -41)
Pemenue: Mcnonb3yeM GpopMyIibl KOOPIAMHAT CEPEIUHBI OTPE3KA:
Xy + Xp Vgt Vs Z4+ 2,
xsz‘:T’ M=T= ZM=T

Ham Hen3BecTHBI KOOpIMHATHI *2: 7222 11 cHOBa MOYHO BBIBECTH obmyro hopmymy amst
MX HaXO0XJACHUS, HO TOpa3Jio JIeTye cpa3y MOACTaBUTh YuCia. TONBKO MPONOPLHSIMU BEPTH:

5_ 2+ xp

=i+xp=10=x;=%8
—4=—D+23’3:>y3=—3

L S S

2
Orser; B ~53)
IpakTuyeckas padoraNe 76
Tema 13.2: BexTtopsl B mpocTpaHcTBe. Yroa Mexay Bekropamu. CkanspHoe
IIPOU3BE/IEHUE BEKTOPOB
Henab: Hayuntbest HAXOIUTh CKAISIPHOE NIPOU3BEACHNUE BEKTOPOB

Teopernyeckas yacrb
Bekmop — 510 HanpaBICHHbBIA TPSMOJUHEUHBIN OTPE30K, TO €CTh OTPE30K, UMEIOIIUI
ONpeNIeTICHHYIO JUIMHY U OlpejelieHHoe HampasieHue. [lycTte Touka A — Hayano BeKTopa, a

TOuKa B — €ero KOHEII, TOrJa BEKTOP obo3HayaeTcs cumBosiom 4B pmm 4

Bexrop BA yaspsacres npomueononoxicuvim Bextopy 45 1 Moxer 6bITh 0603HaueH 9 |

Cohopmynupyem psist 6a30BbIX OMpPEISIICHUM.

Jnunoit un moodynem sexropa 4B maspiBaeTcs mMHA OTpe3ska M 0603HAYAETCS ‘ |

BexTop HyneBoli AnuHBI (ETO CYTh - TOYKA) HA3BIBAETCS H)J1€6bIM 0y HaIlpaBJICHUs HE UMEeT.
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Bekrop € equHMYHON UIMHBI, HA3bIBACTCS eOUHUYUHbIM. EIUHWUYHBIA BEKTOP, HAaIpaBICHHE

KOTOPOro COBNaAacT C HAIIPAaBJICHHUEM BCKTOpaA a , HA3bIBACTCA OpmMomM éeKkmopa a .

BGKTOPBI HAa3bIBAIOTCA KOJL/IUHEAPHbIMU, CCIIM OHU JICKAT Ha O,HHOﬁ HpﬂMOfI WX Ha

al b

MapajuleNbHBIX  TPSMBIX, 3aMUCBIBAIOT KomnnHeapHble BEKTOPBI MOTYT HMETh
COBIIAJIAIOIIME UITH MTPOTHBOIIOJIOKHBIE HarlpaBieHust. HyneBoil BEKTOp CUMTAIOT KOJUIMHEAPHBIM
JT000MY BEKTODY.

a= b)

BexkTopsl Ha3bIBalOTCA paBHBIMU ( /, €eclli OHM KOJUIMHEApHbI, OJUHAKOBO
HalpaBJIeHbl U UMEIOT OJUHAKOBBIE JJINHBI.

Tpu BekTOpa B IPOCTPAHCTBE HA3BIBAIOTCA KOMHIAAHAPHBIMU, €CIIA OHU JIEXKAT B OJHOU
IUIOCKOCTH WJIM Ha MapajuleNbHBIX IJIOCKOCTX. Ecim cpenu Tpex BEKTOpPOB XOTS Obl OJUH
HYJICBOM HJIU J1Ba JIIOOBIE KOJUTMHEAPHBI, TO TAKHUE BEKTOPHI KOMIUIAHAPHBI.

PaccMoTpuM B mpocTpaHCTBE NPSAMOYTOJIbHYIO cucTeMy KoopauHat Oxyz. Beiienum Ha
ocsix  koopauHaT  Ox, Oy, Oz enuHuuyHBIE  BEeKTOphl  (OpThI) M OOO3HAUMM  HX
gepes 1+ J k COOTBETCTBEHHO. BpiGepeM MpOu3BONIbHBIA BEKTOP MPOCTPAHCTBA M COBMECTHM
€ro HayaJlo ¢ HayaJloM KoopauHatT. CIIpOeKTUPYyEeM BEKTOp Ha KOOPAMHATHBIE OCH U 0003HAYUM
IPOEKIUH YEPE3 @y, dy, Az COOTBETCTBEHHO. TOraa HETPyIHO MOKa3aTh, YTO

a=a, -i+a, - j+a, -k

Ota (I)OpMyna SIBJISICTCSI OCHOBHOM B BCKTOPHOM UCUYHCJIICHHUU U HA3bIBACTCA pPA3/10)C€HUEM
6eéKmopa no opmam Koop()uuamnblx oceni. Yucna ay, ay, dz Ha3bIBAIOTCA Koopduuamamu

sexmopa @ . TaxuMm 06pa3oM, KOOPAMHATHI BEKTOpAa SBIAIOTCS €ro MPOEKIMAMH HA OCH
KoopauHat. BekTopHOoe paBeHCTBO (2.25) 4yacTo 3aMuChIBAIOT B BUEC
a= {ax;ar;a:} HITH a=(_ax;a‘.;a‘. ) M
: : . bl OyzeM HCHoJb30BaTh OO0O3HAYECHUE
BEKTOpa B (UIypHBIX CKOOKaxX, 4YTOOBI BH3YyalbHO JIET4e pa3ivyaTh KOOPAUHATHI BEKTOpa U
KoopauHaThl TOYKU. C HCroiab30BaHUEM (OPMYJIbI JJIMHBI OTPE3Ka, U3BECTHOW W3 HIKOJIBHOU
TEOMETPHUH, MOKHO HAUTH BBIPAKEHHE JUIsl BBIYMCIEHUS MOJYJISl BEKTOPA:

2 2 2

‘a|= a, +a, +a;
TO €CTh MOJ1yJIb BEKTOpA PaBeH KOPHIO KBaIpaTHOMY U3 CyMMBbI KBaIpaTOB €r0 KOOPAUHAT.
O06o3HauMM  yrabl  MEXIy  BEKTOPOM M OCSAMHU  KOoOpauHar  uyepe3 a, J,

Y COOTBCTCTBCHHO. KOCMHbel OTHUX YTJIOB HA3BIBAIOTCA IJIA BEKTOPa a HanpaesArOwumMu, U 1J11

P 2 p)
.cos"a+cos” f+cos” y=1
HUX BBIIIOJHAETCS COOTHOILIEHHUE: / BepHocTh AaHHOTO paBEHCTBA

MO>KHO TI0Ka3aTh C TIOMOIIbIO CBOMCTBA MPOEKIMH BEKTOpPa HA OCh, KOTOpOe OyIeT pacCMOTPEHO
B HIDKECIIEAYIONIEM ITYHKTE 4.

[Tycth B TPEXMEPHOM MIPOCTPAHCTBE 3a7aHbl

a=1x,,52.}, 0 =10:7:52:}. T =130z}

BEKTOPBI CBOMMH KoopAauHaramu. Hmeror
MECTO CJEAYIOUINE OIepaly HaJl HUMHU: JUHEHHbIE (CIOKEeHWE, BHIUMTAHUE, YMHOKEHHE Ha
YUCJIO U MPOEKTUPOBAHUE BEKTOpAa HAa OCh WJIM JPYrod BEKTOp); HE JUHEHHBIE — pa3IMUHbIC
MIPOM3BENICHUS BEKTOPOB (CKAISIPHOE, BEKTOPHOE, CMEIIAHHOE).

1. Cnoscenue nByX BEKTOPOB MIPOU3BOIUTCS TOKOOPIUHATHO, TO €CTh €CIIH

¢=a+b,T0 c={x;y5:z;}={x, Y, sz {xas Yz = + 000 + 1152 + 2}
JanHast opMyIia HMEEeT MECTO JUISl IPOM3BOIEHOIO KOHEYHOT'O YHCIIA CIaraeMblX.
['eoMeTpHYeCKH J1Ba BEKTOPA CKJIAABIBAIOTCS 110 ABYM ITPABHJIAM:

a) npaguio mpey2oabHUKa — pe3ylbTUPYIONIUN BEKTOP CYMMBI IBYX BEKTOPOB COEAUHSIET
HayaJio MEpPBOT0 U3 HUX C KOHIIOM BTOPOIO MpPH YCJIOBUH, YTO HAYaJI0 BTOPOrO COBIAJAET C
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KOHIIOM IEPBOT0 BEKTOPA; JIsl CyMMBbI BEKTOPOB — PE3YJIbTHUPYIOIINNA BEKTOP CYMMBI COEIUHSAET
HA4aJI0 MEPBOr0 M3 HUX C KOHILIOM IOCJIEIHEr0 BEKTOPa-CIaraeMoro Ipu YCIOBHH, YTO HA4ajio
MOCJIEAYIOLIETO CJIAraéMOI'0 COBMAIAET C KOHLIOM MPEbIIYLIETO;

0) npasuno napannenozpamma (A1 IBYyX BEKTOPOB) — IapajulelorpaMM CTPOMUTCS Ha
BEKTOpax-cllaraéMblX KaK Ha CTOpOHaX, MPUBEIEHHBIX K OJHOMY Hayally; JHaroHajb
napauesorpaMMa UCXos1as U3 Mx oOILero Havyaja, sBJIsieTcs CyMMOWH BEKTOPOB.

2. Boiuumanue 1ByX BEKTOPOB IPOU3BOANUTCS MOKOOPAUHATHO, AHAJIOTUYHO CIIOKEHUIO,

c=a-b
TO €CTh €CIIN , TO

C ={x3:)3:23} = {xlé}": 2 =iy z = {0 X — 005z — 2, )

I'eomeTpruueckn JBa BEKTOpa CKIAABIBAIOTCS 10 YK€ YIOMSHYTOMY IpaBUILy
napajuleJorpaMMa ¢ y4eTOM TOT0, YTO Pa3HOCTBhIO BEKTOPOB SIBJISETCS IUAroHalb, COEIUHAIONIAs
KOHIIbI BEKTOPOB, IPUUEM PE3yIbTUPYIOIINUNA BEKTOP HAIIPABJICH U3 KOHIA BRBIYUTAEMOI'O B KOHEI]
YMEHBIIIAEMOT0 BEKTOPA.

BaxHbIM clieICTBMEM BBIYUTAHHUS BEKTOPOB SIBIISCTCS TOT (PAKT, YTO €CIIM H3BECTHBI
KOOpJMHATHI Hayalla U KOHIIA BEKTOPA, TO 015 8bIYUCIEHUA KOOPOUHAM 86KMOPA HEe00X00UMO
U3 KOOpouHam e20 KOHUa gvluecmsp KOOpOuHamol €20 Hauana. JIeicTBUTENbHO, 1000 BEKTOP

npocrpanctBa 45 MoxkeT ObITh NPEACTABIEH B BUIE PA3HOCTH JBYX BEKTOPOB, UCXOMALIUX U3
HayaJjia KOOpIUHAT: AB=0B-04
Koopaunatsi Bekropos O4 uO9B cosnanator ¢ KOOpJMHAaTaMu TO4YeK A M B, Tak Kak
Havano koopauHat O(0;0;0). Takum o00pa3om, NO MpaBHIY BBIYUTAHUS BEKTOPOB CIEIyET
NPOU3BECTH BEIYMTAHHE KOOPAMHAT TOYKH 4 U3 KOOPJHHAT TOYKH B.
1

A-a = {ix;; Ay,; Az, }
3. Ymnoowcenue 6ekmopa na uucno 2 NOKOOPIAUHATHO: WA .

Mpn />0 —  sextop @ comanpasnen @;1<0 —  pextop % MPOTHBOMONOKHO
HarpaBJieH a ; |A|>1 — nnuHa BEeKTOpa a YBEITUYHBACTCS B A pas; [A|<1 — JUTHA
BEKTOpa a YMEHBIIIAETCs B A pas.

4. [TycTh B mpOCTpaHCTBE 3a/laHa HarpaBlieHHas mpsiMast (0ch /), BEKTOP a=A4B 3aJaH

KOOpJMHAaTaMU KOHLIa M Havaia. O003HAaYMM NpPOEKIHH To4yeK A U B Ha OCh / COOTBETCTBEHHO
yepes A’ uB’.

Tt

np ,a 7

. AB

Ilpoexyuei sexmopa @ na oce [ Ha3EIBaeTCA IIMHA BEKTOPA , B3dATas CcO
ZFat

3HAKOM  «+», €CIH  BEKTOp ~ U OoCh [ COHampaBJCHBl, W CO 3HAKOM  «—

Tt

AB
», €CIH ul IMPOTHUBOIIOJIOKHO HAITPABJICHDI.

Ecnu B xadectBe ocu / B35ITh HEKOTOPBIM Opyrod BekTop ¥ , TO MOIYYUM MPOEKIIHIO

Bextopa & Ha Bextop 2 .
PaccMOTpUM HEKOTOpPbIE OCHOBHBIE CBOMCTBA ITPOEKIIHIA:

1) npoexrus BekTopa ¢ Ha ock / paBHa TIPOM3BENEHMIO MOIY/I BekTopa ¢ Ha KocHHYC
np,a = |E| - COS @
yIiia MeXIy BEKTOPOM U OChIO, TO €CTh ;
2.) mpoeKnus BEKTOpa Ha OCh MOJIOKHUTEIbHA (OTPHUIIATEIbHA), €CIIM BEKTOp 00pa3yeT C
OCBIO OCTPBIH (TYMOM) YroJl, U paBHA HYIIO, €CIH 3TOT YTOJI — MPSMOiA;
3) IpOEKIHsI CyMMBI HECKOJIBKHX BEKTOPOB Ha OJTHY M TY JK€ OCh PaBHA CyMMeE MTPOEKITHIA
Ha 3Ty OCb.
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Chopmynupyem onpeeieHust U TEOPEMbI O TPOU3BEICHUSX BEKTOPOB, MPEICTABIISFOIIIX
HEJIMHEHHBIE Ollepaluy HaJl BEKTOPaMH.

a-b a

5. Ckanapnoim npouseedenuem BexTopoB ¢ u b yaswiBaercs umcio (ckausp),
paBHOE IPOU3BEJCHUIO JUTMH 3TUX BEKTOPOB HA KOCHUHYC YIJIa @ MEX]y HUMH, TO €CTh

a-b= |c7|-|b|-cos¢)
OuYeBHIHO, YTO CKAISPHBIA KBaApaT JIF0OOr0 HEHYJIEBOIO BEKTOpA paBeH KBaIpary €ro

JUTMHBI, TaK KaK B TOM CJIy4dae yroJ ¢ , TOATOMY ero kocuHyc (B 2.27) paBeH 1.
Teopema 2.2. HeoOX0AMMBIM M JOCTaTOYHBIM YCJIOBHEM NEPHEHIUKYISIPHOCTH IBYX

BEKTOPOB SIBJISICTCS] PABEHCTBO HYJIIO MX CKAJISIPHOTO MPOU3BeACHHs *
Cneocmeue. IlonapHple CKaJspHbIE NPOU3BENEHUS EIUHUYHBIX OPT PaBHBI HYIIO, TO

- i-j=i-k=j-k=0e
Teopema 2.3. CxkansipHoe IIPOU3BEICHUE JBYX BEKTOPOB

a={x;:y:zy.b={x:y:2,}
- - - . 3aJaHHBIX CBOUMU KOOpI[I/IHaTaMI/I, paBHO

. a-b=x,x,+ Y, y,+z;,-z,®
CYMMG HpOI/ISBGZIeHI/II/I X OOJHOMMCHHBIX KOOpl[I/IHaT, TO €CTh % e A = -~

C IIOMOIIIBIO CKAJIPHOI'O HNPOU3IBEACHHA BCKTOPOB MOXXHO BBIYHCIHUTL YI'OJI MCKAY

HHUMMU. Ecmn 3a4aHbI JABa HCHYJICBBIX BCKTOpa CBOUMHA
a={x:yuz}.b ={x;y:2,}
KOOpAWHAaTaMu _ - - - - , TO KOCUHYC yTIJIa ¢ MCKIAY HUMU:
a-b
cosp =——, TO €CTh
al-P]
X, X5 + Y, ¥; +2,2;
cosQ = —

OTCIOI[a CICAYCT YCIIOBUC NCPICHAUKYIAPHOCTH HCHYJICBBIX BEKTOPOB a n b .
XX+ Y1V, +22, =0

Haxoxnaenne MMpOCKIOHKN BCKTOpa a Ha HaIpaBJICHUEC, 3aJaHHOC BCKTOPOM ,» MOIKCT
OCYIIECTBISATHCS 1O hopmyIie
- _a-b - XX, +VY, +2,2,
np;a=——, TOCCTb np;a= = = =
b 2 2 2
| Jbt + bl’ + b;’

C IIOMOIIBIO CKaJIIpHOT'O MMPOU3BCACHUA BCKTOPOB HaxogsaT pa6 oTy

IMOCTOSSHHOM CHIIBI F Ha HpHMOHHHCﬁHOM Y4aCTKC IIyTH.

[IpennonoxxuMm, YTO TOA ACHCTBUEM TMOCTOSHHON CHJIIBI /3 MaTepualibHass TOYKa

nepeMeniaeTcss MPSIMOJIMHEHHO W3 TOJIOKEHUS A B TooXKeHue B. BekTop cuibl F oOpasyer
AB =S

YIrol ¢ C BEKTOPOM IIE€PEMELICHUS ) (p
F 5 A=F-S-cosp,TOCCTb A=F-S

uc. 2.14). dusmka yrBepxkaaer, 4ro paboTa

CHIJIBI F IIpu NMNEpeMEUICHUN S paBHa
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- F
A E B
CJ'IC,I[OB&TGJ'IBHO, pa60Ta MOCTOSHHOW CUJIBI Ipu pr[MOJ’IHHCﬁHOM MNEPEMEIICHU U TOYKHU €€
IIPUIIOKCHUA paBHA CKAJIIPHOMY ITPOU3BCACHUIO BEKTOPA CHUJIbI Ha BCKTOP NCPECMCIICHU .
axb

Bexmopnovim npouseedenuem Bextopa ¢ Ha BekTOp b naspisaercs BekTop © ,

YZIOBJIETBOPSIOLINI CIEAYIOIUM YCIOBHSIM:

_ €

2

NEPIECHIUKYIAPEH BEKTOpaM “ H b ;
= Psn u
— HMeeT JUIMHY, PaBHYIO ", rae@— yroi, oOpa30BaHHBII

Bextopamu 4 u b ;

a.b u¢e .
— BEKTOpPBI  ° 00pa3yoT MpaByIo TPOUKY.

Penrenue 3agau:

[Ipumep 1
. z|=2. [|=5. 4(&;5}:%

HaiiTu ckassipHOe POU3BEICHUE BEKTOPOB % U & ecnn

Th = }:T| |E| cos (@ B

Pemenne: Vcnonszyem  opmyny B  nmaHHOM  ciydae:

- - T 3
Zh :}:1|-|b|-cosi(a,bj:2-5-::055:10-?:5'\5

OrBer: Zb = 5”‘E
[Ipumep 2

o £ Fl=3 R|=+2 135°
Hatitu , €CIIN , @ YTOJI MEX/Ty BEKTOpaMHU PaBEeH
YT01 MEeXIy BEKTOPAMH U 3HAYCHUE CKATIPHOTO MTPOU3BEICHUS
B Ilpumepe 1 ckansipHOe MPOU3BEACHUE MONTYIUTIOCH MTOJOXKUTENBHBIM, a B [Ipumepe 2 —
OTPUIATEIIEHBIM. BBISSICHIM, OT 4ero 3aBHCHUT 3HAK CKAJISPHOTO Mpon3BeieHNss. CMOTPHM Ha Halry
Th = |§| |5| cos (@, B

s
dbopmymy: JInuHbI HEHYJIEBBIX BEKTOPOB BCeraa

7| = 0, |5| =0
TIOJIOKUTCIIbHBI FI | , I0OOTOMY 3HAK MOXXET 3aBUCETH TOJIBKO OT 3HAYCHHA KOCHHYCA.

< Ala b=
yFOJ’I Me>1<)1y BCKTOpaMI/I MOXET UBMCHATHCA B npenenax D _i(ﬂ,b) =4

BO3MOJKHBI CJIICAYIOIIHEC ClIydau:

, ¥ TIPH 3TOM

I
O« 2d b))« —
1) Ecnu yros Mexnay BEKTOpaMH OCTPBIii: 2 (or 0 go 90 rpamycos),

To LOSLIE B> D, U CKAJISIpHOE NpOHu3BeAeHHe OyaeT IOJIOKUTEeIbHbIM: Zb >0 Ocobblit

CILy4aii: ecIi BEKTOPBI COHANpAsieHbl, TO Yroll MEXly HUMU CUUTAETCS HYJIEBbIM £(@ 5)=0 , 1
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CKaJIIpHOE IMPOU3BEJCHHUE TaKXke OyIeT MOJOXKUTEIbHBIM. [locKombKy cosl=1 "1 bopmyna
z-b=a| p|
YIIPOIIAETCS: :

z <A@ B <
2) Eciu yroa mexnay BEKTOpamu TYIOI: (or 90 no 180 rpamycos),

To LOSLIFE) {D, U, COOTBETCTBEHHO, CKAJIAPHOEe IpPOU3Be/leHHe OTPUIATEIbHO: Zh <0
OcoOBblii citydaii: eciii BEKTOPbI HANPasieHbl NPOMUEONON0HCHO, TO YOIl MEXKY HUMHU CUUTAETCS

DPA36EPHYMBIM. Lab)=m (180 rpamycoB). CxansipHO€ ITPOM3BEICHNUE TOKE OTPUIIATEIILHO, TaK

CrpaBeUIMBbI U 0OpaTHBIE YTBEPKICHUS:

1) Eciu Zh > D, TO YroJl MEXJy JaHHBIMM BEKTOpaMu OCTpbIid. Kak BapHaHT, BEKTOpPBI
COHAIIPaBJICHBI.

2) Ecin Th < D, TO YroJl MEeXAy AaHHbIMM BEKTOpamu Tynoil. Kak BapuaHT, BEKTOpPBI
HallpaBJIEHbI IPOTUBOIOJIOKHO.
Ho ocoOslitf nHTEpec mpencTaBiIseT TPEeTHii ciayvail:

I

S(E b= —
3) Ecnu yroa mexny BEKTOpaMH MPSIMO¥A: 2 (90 I'pajJlycoB),

T
cos— =10 -
TO 2 U CKAJISIPHOE TPOU3BedeHHE PABHO HYJIIO: Zh =0 OOpaTtHOEe TOXE BEpPHO:
. sz 5 =2

ecmn Z2 =0 10 2 . KommakTHO yTBepyacHHE (opMymupyercss Tak: CKaasipHoe

NMPOU3BEICHME IBYX BEKTOPOB PABHO HYJI0 TOIrIa U TOJBKO TOraa, Koraa 1aHHbI€ BEKTOPbI

OPTOroHaJbHBbI. KOpOTKa}I MaTeMaTu4dCCKas 3a11ucCh: gb=0=alb

A uto Oyner, ecinu BEKTOp ¥ yMHOXHUTh Ha camoro ce0s? I[loHATHO, YTO BEKTOP
COHANpaBJICH caM C COOOMW, MOITOMY TOJIb3yeMCsl BBINICYKAa3aHHOW YIpOIIEHHON (hopmMyoii:
za=f| |2

aa =|af
Winn:
—_ — -

Yucno ## Ha3pIBaeTCs CKAJSIPHBIM KBaAPaToM BekTopa & | m 0003HaUarcs Kak &

Takum 00pa3om, cKAJNSIPHBIN KBaJpaT BeKTOpa ¥ paBeH KBaJApaTy JAJIMHBI JAHHOTO
BeKTOpa:

_ _
z* =a|
W3 nanHOro paBeHCTBa MOXKHO MOJYYUTHh (POPMYIY AJi BBIUMCICHHS UIMHBI BEKTOpA:

ol

JInst MpOM3BOJBHBIX BEKTOPOB a.b.c
CBOMCTBA:

U JIF000ro 4mcia A CIIpaBCAJIMBEI CICAYIOIINEC

1) zh=ba _ [IEPEMECTUTEIIbHBIN UM KOMMYTATHBHBIN 3aKOH CKAJIIPHOTO
IIPOU3BEICHUS.

2) \@+b)e=ar+br _ pacupenenuTeabHbIi WM AUCTPUOYTHBHBIN 3aKOH CKAJIIPHOTO
IIPOU3BEICHUS.

3) gy b=Alab) _ COYETATEIbHbI  WJIM ACCOLUMATHBHBIM 3aKOH  CKaJSIPHOTO
npousBenieHus. KOHCTaHTy MOXKHO BBIHECTHU U3 CKAJSIPHOIO IIPOU3BEIEHUS.

[Ipumep 3
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Z—%  ecnu usBecTHoO,

HaifTi cKalspHOE TPOM3BENEHHE BeKTopop & = —2& +& y d

F|=42. Fl=8 z@&=2
qTo 4.
Pemenue:
F.d=""
=(—2Z+b) (@-&)="1
5.h =¥

=-2a3*+a b+2a b -E =1
=—2a*+3ak -8 ="

= _2|‘7|2 +3 |¢7||5| cosZ(@, &) _|5|2 _ 8

=-23-a+b - a+2a-b-b
2

= -2 (4-/2)* +3-4~J§-8-cos§—82 :—64+96ﬁ-§—64:—32
HOILCTaBJISIeM BI)Ipa)KeHI/IH BeKTOpOB C'_, d .
PaCKpHBaeM CK06KI/I IO IIpaBUJ1y YMHOXCHUA MHOTOYICHOB

B INEpBOM M MOCICAHCM CJIaracMOM KOMIIAKTHO 3allMChIBAEM CKAJIAPHBIC KBAaApPAaTbl

N R
BekTOopoB: % % =& bb=5" g, BTOPOM CJIaraéMOM HCIIOJb3YEM [E€PECTaHOBOYHOCTh

CKaJISIPHOT'O IIPOU3BEICHUS: b-a=a-b,

TIpuBOAMM NOAOOHSIE craraemble; & & +2& -& = 3Tk

7 —pf
B 1mepBOM claraeMoM HCHomb3yeM (GopMyITy CKalspHOTO KBaapara , 0 KOTOPOI
HE TaK JABHO YIIOMHMHAJOCh. B IOCIEIHEM ClaraeMoM, COOTBETCTBEHHO, paboTaeT Ta ke

52 =pf
HITyKa: |b . Bropoe claraemMoe packiiaapIBacM 1o CTaHIapTHOMN
F-b= b cos L@ b
bopmyne |ﬂ| |b| ‘ :I.
— -
[z =4+/2, p;|=3 =2
[MoncraBnsieM  NaHHBIE — YCIIOBUS 4 um  mpoBomum
OKOHYATEJIbHBIC BBIYUCIICHUS.

Orger; d =—32
OTpuriareiabHOE 3HAYCHUE CKAISIPHOTO MPOU3BEIACHHUS KOHCTATUPYET TOT (DAKT, YTO yroJ

MEX]Ty BEKTOpaMH - * a SABJISIETCS TYIIBIM.
Pewrenue ynpaxHeHMiA:

[Ipumep 4
Haift ckanspHOe Mpom3BeieHHe BekTopos & = & T ch yd=-a+b , €CJIM M3BECTHO,

E|=4. [F]=2+5, ﬁ(a;f?):'g
4TO :
IIpumep 5
o g|=3 Fl=2 z@®)=Z
Haiitn 1nuny Bektopa £ =& + 3 ecmn 3

Pemienue
1 2 3 +
H‘:” |—a+35|t:3 J-z+38) O T JFF ~6.[a|- B| cos 2@ By +39- o[ =

J32—6-3-2-c05g+9-22 =J9—36%+36=«Jﬁ=3w‘§
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OT1BeT: |'5_|: BNE en. = 0,20 ex.
IIpumep 6
r=a+k z|=5. PB|=10. ZL@F)==
Haiitu nmuny Bektopa & =< +5& e |‘1| |b|
Ipumep 7

Haiitu yron Mexay BeKTopamu % u
Pemenue: Vcnons3zyem dhopmyiy:

75 2 1 J2 2

=4, P|=2+2, ab =8

, €CJIM U3BCCTHO, UYTO FY|

e

cos (@, b= <

DTHR TR R RE 2

cosi(& :I ﬁl'llr_ i(cf; E:I: MECOSE:E

Urak, eciu , TO: 2 4

27 8) =2 pag, = 45°
OtBer: 4
IIpumep 7

7| = 3. b= = Z@dy=2

Janbl ’ — JUTMHBI BEKTOPOB & | b oy YIoJl MeX1y HUMU 3 . Haittu

YTONl MEKy BeKTopamu & = —Z +3b , d =4a-3b
3ananue Jaxe HE CTOJIBKO CJIOJKHOE, CKOJIBKO MHOT'OXO0JI0BOE€.
Paz6epém anroputm pemieHus:

1) Tlo ycnoBuio TpeOyeTcsl HAWTH Yrosl MEXay BEeKTopamu © u d , TI03TOMY HY>KHO
gd

cos (T, d )= —IEI
UCIIONIb30BaTh GOpMyIy

2) Haxoaum ckansipHO€ MPOU3BEICHNE cd (cm. TIpumepsr NeNo3 4).

3) HaxoauM JMHY BeKTOpa & U JUTHHY BEKTOpa d (cMm. ITpumepnr NeNe5,6).

4) KoHIIOBKa pellIeHus] COBMAIaeT ¢ HpI/IMepOM Ne7 — Ham u3BecTHO 4MCIIO , a
3HAYUT, JIETKO HAWTHU U CaM YTOJI:

Kpartkoe penienue u 0TBET B KOHIIE YpOKa.
Bropoii pa3zznen ypoka HOCBSILEH TOMY € CKaJsIpHOMY Ipou3BeleHuto. KoopauHartel.
byner nmaxe npoie, 4eM B IEPBON YacTH.

IIpumep 8
Haittu CKaJISIPHOE MPOU3BEJCHNUE BEKTOPOB:

2 F(2=5) , BC-10)

Lz d)= aru:u:os[

0) AB y AT , €CJIM JJaHbI TOUKH AL -13). 8501 -2), T -40)
a)@h =-2, 8) AR AC=6

OTBerT:

HpI/I HeKOTOpOM OIIBITC CKaJ'ISIpHOG HpOI/ISBeI[eHI/Ie MOXHO HpI/IHOpOBI/ITLCH CHUTaTh yCTHO.
[Ipumep 9

Jaubl 4eThIpe TOYKH IIPOCTPaHCTBA

Al=4 =3 =2), B2 -2, =3, C(=8, =5 1), D(d: -3 - 1)

NEPHEHAUKYJIAPHBIMU CIEAYIOLINE NPAMBbIe:

BrisscHUTD OynyT M
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2) AR, DC :
6) AT BD .
[Ipumep 10

IIpu xakom 3HaYCHUU A BEKTOPBI

Pemenue: [1o ycnoButo TpeOyercs HallTH TaKoe 3HaUYECHUE MTapaMeTpa A 4T0GbI NaHHbIe
BEKTOPbI OBLIIN OpPTOTOHAJILHBI. JlBa BEKTOpa

s Ad-2),8e-A4,-15) OY/LyT OPTOrOHAJILHEI?

Vi vy, WH, W
MPOCTPAHCTBA O v; v5), Wy, Wy ) OpPTOTOHAJIbHBI TOrIa 51 TOJIBKO TOT A,
xorpa 1" ey v = 0

CocTaBuM ypaBHEHHE:

Fh =10

3 2-D+A(-0+(=-2).5=0

PackpbiBaeMm ckOOKM U IPUBOAMM MOAOOHBIE CllaraeMble:

£-31-41-10=10

-41-4=0

Pemaem npocreiiniee TuHeHOE ypaBHEHHE:

-4i=4

A=-1

Otser: npu A=-1

Hpumep 11

[Ipu xakoMm 3HaUEHUU A CKaJsIpHOE IPOU3BEACHHUE BEKTOPOB
paBHO —27?

(2 A).5(2-3) gyper

Haiitn ckansipHO€e mpousBeieHuEe BEKTOPOB % gy 2F +d ,ecm © 0 =3 3)d (=4 1.0)

Oro nmpumep A CaMOCTOSITEIBHOTO PEIIEHHsA. 31eCh MOXHO HCIOJIb30BaTh
aCCOLIMaTUBHOCTD OIEPALMH, TO €CTh HE CYUTATh F=30-33=0-515) , 4 Cpa3y BBIHECTHU
TPOUKY 3a IpPEIebl CKAIAPHOIO NMPOU3BEIECHUS U JOMHOXKHUTH Ha HEE B IIOCIECIHIO OYEpElb.

Pemenue u 0TBET B KOHIIE YpOKA.
B 3axmrouenue naparpada npoBOKallMOHHBIA IPUMEp HA BHIYHUCIICHHUE JITHHBI BEKTOpPA:

pumep 12
JIaHBI TPU BEPIIUHBI TPEYTOJIBHUKA A-L0), 53, 2). €G- 4) | Hajien L4BC (yrou ipu

Bepumae & ).
Pemenne: [1o yciaoBuio uepTéx BHINONHITH HE TpeOyeTcs, HO BCE-TaKuU:
4 : : : :

Haiiném BekTOpBHI:
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BA{-1-3,0—-2)= BA(—4, — 2)

BC(5-3-4-2)= BC(2,—6)
Brruncium CKaJIIpHOC IMTPOU3BCACHUC!
BA BC =—4.2-2.(-61=-8+12=4
W nnuHbBI BEKTOPOB:

|ﬁ|= S 420 = [T6+4 = 20=2.5
|ﬁ|= J2 -6 = 4436 = 40 =2./10

Kocunyc yrna:

— — BA.BC 4 1 1
cos B, BC = — = = =
': ) Al [go] 245 210 S50 502
cosi(ﬁ;ﬁ)=iﬂlgc = —42m2 7Y =
BA|- BT J? + (=27 2 + (67
- 84+12 4 4 4 1

T 1644 JA136 20 /40 B00 2042 542

Haiiném cam yrour:

i(ﬁ; E} = arccos e 1 A5 pan, w B2°

1
542
1
SARC = arccos —=m 1,43 pan. s 82°
OTtBeT: 542

[Ipumep 13
B MIPOCTPAHCTBE 3a7aH TPEYTrOJIbHUK KOOPJIMHATAMHU CBOMX

BEPIINH ALLD, A (50:0), 42,37 . Halitu yron mexny ctopoHamu A4 A4

[pumep 14
C nmoMo1IpI0 CKATIIPHOTO MPOU3BEECHHS BEKTOPOB HAWTH YOI [P BEPILIMHE A TapajuiesiorpaMma

AR =22 u 4C={3_5_1!
ABCD, moCTpOEHHOT0O Ha BEKTOpax AB =18;2;0; H AC {3’ 5y
Pewenue. Beraucnum MOy BEKTOPOB M UX CKAIAPHOE MPOU3BEICHHUE 0 TEOPEME:

AC| = 3% + (= 5) +(=1) =0+25+1 =435;
AB-AC=3-8+2-(-5)+0-(-1)=14.

Ortcrona cornacHo ¢opmyse (2.29) moaydnM KOCUHYC UCKOMOTO YTJia

14
/68 -+f35

cosp= ~0,3. ClegoBaTenbHO, £ ¢ = arccos0.3 ~72°

IIpakTn4yeckasi padbora Ne 77
Tema 13.3: IIpakTHKO-OpUEHTUPOBAHHBIE 33]]a41 HA KOOPAUHATHOM IJIOCKOCTH
Heanb: HayuuThbces pemars 3a1a4u Ha KOOPAUHATHOM MIIOCKOCTH

Teopernyeckas 4acThb:
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e TlnocTelnme BEII[EI'-IHB KOODIMHATAEE
1. Koop opmaTei cepemiHET oTpeska i

&
2* :: Ay
. {
Efi{-"ﬂ by 2 A
| T Clx5 1 2) i
o | .
B(xy; vy 23) : o
........................... ey . Wi A Ay
X y : ﬂ. :I T
. ) H Ay
Koopmin TEI ¢ ep 8OIHET TOKH (40 Y7 S/
EeKTOpa A8 : Fx

EEMUHCILIETCA 0 HOpNITE |
ok oyidye avdin
: 2 ' z ' A

T e Bes:Topa (1 X ¥ 2
ERIMHCILE TCA ITD QD@EE

|ée] = v xd by b g

Civ y s

Famedas koapdiHama cepetiiHel QIPEINT PasHR
FATTVCVALAE OO0 SS I EVIOTLIY, KOAPALHA R 820
HOHYOE, :
e
Pa cc ToAHIIe MeEIV IBEVMA TOMKAMIT
zy
M2 lEz Yo Zy)

Myleyy s ol

3.

P s __.;

o

.l.;‘/
PaccToamIe MEeFTY TEYILA TOYEANIT
H

Pemienue 3axau: _ _
1. Halinute koopauHatel BekTopa 4, ecnu A ~Ldyy B{E -14)

ABfryiat w2 = 5 (43 - (=10 4 = 21
Koopaunarel BekTOpa 10

TOYKaM. Haxomgum
KOOpJIMHATHI BEKTOPA: U3 KOHIA BEKTOPA BHIYUTAEM

Mano: Pewenue:
;fl{%: 5 175 D iy -
3214y | 10023 0k
..... Ty ) JIBYM
A8 -
(')

Omeem: " AB”" " {—1;0;2}

2. Touxa 3 —
ecm AfM 3 —di g
S22, 0%

3HAYCHUEC KOOPANHAT HavdaJla BEKTOpaA.

cepennna otpeska A#. Haiigure KoopauHATHI

Hegio: Pereriiie:
AL FOOJWIMHATEE ce e MUHEL BeRTOPa {dopmys):
I s . R TR T W SRR S S
A2l P s § e— T
g 2 =

. (b 2% 542 {edbpd
Miyov iy -7 0 p g2 2 ‘
A ".---- 3"'"rt"k‘!"--"(vll ".: e LY : -y /I

M vz {25 -0

2. J M eKTona (TI0 eT0 K00p IHHA TaM)

TOUKH A,

Erperern: M{—1: 2.0, =1

3. Haiinnre ymny BekTopa AB, ecin
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Hano: Pewenune:
Af=1:0:2) B0 DosEOpu 10 Sli KOOI 1Y
- e B o + A A A A AT
B{L 23y [AB] = fx® 4 y? 4 z?
Hisfone s 005035 TRE 0K L
i‘,q{;i a ? ‘:Z;E L J:Ixz ..... .x-j; };'_2 };";; z:.r 2_1}
Thoune 2ulssas 1 Eopar sy USRI S K PODRE

A} - f{t; ----- £ (s (g )

ﬁﬁﬁﬁﬁ

AR {1-—{ 1+ (- .;;mrj} FfB e 2w O U0 1R VO
s |;1w§ | w2

4. JlaHbl BeKTOPBI #4132 1], Bl 51 -3 2 10 Haiinure Jd + B,

Hano: Pewenue:

aft: 2,1} u )
- aI/meM CyMMY COOTBETCTBYIOIINX KOOP/IMHAT BEKTOPOB:
B30 1) g BET+ (=2h (=23 e B+ 1) = {H 12

E{“"Hi 2 1} Jnuna BCK’FQP%_HQH?}:Q_KOOp[lI/IHaTaM.

§a+f:rE rz+v2+32

%Ei + gl 9

[ToacraBuM 3HaYEHUSA KOOpAUHAT:
e
ok Bl 1T 12 27 = 6

Omeem: i“”*’bt =%
3ap,aan95. Hantu naowaab TpeyroJsibHUKa,

BEPLUMHbI KOTOPOro HaxXo4ATcA B Toukax A(2;-3),
8(111)/ C('615)

3agadyy OY€Hb MPOCTO PEIIUTh, BOCIIOIH30BABIIHCH

b opmynoi

1
S z_[('xl _x3)(y2 - Y3)_(X2 _x3)(y1 - y3)]
B KOTOPOM HY’KHO B3sTh X; = 2, X, = 1, x5 = -6,

1=-3,y2= 1,y3=5.
[ToacTapnss 5ty yucia B GopMyIly, TIOITyYUM
S =12 kB. €.

6. [Toctpouts TpeyronbHuk ¢ BepmuHamu A4 (— 4; 2), B (0; — 1) u C (3; 3) u onpenenurs
€ro TIEPUMETP U yTJIHL.

Pewenue. YToObl BBIYUCIUTH TEPUMETP HEOOXOAMMO HAWTH JIUHBI CTOPOH
TpeyroipHuKa. Halinem qmmabl ctopoH no gopmye (1):

d; =AB=y/(0+4)® +(- 1- 2)? =/16+9 =5

d, =BC =/(3- 0% +(3+1)? =J/9+16 =5_

dy =AC =\/(3+4)% +(3- 2)> =V49+1 =50 =52
[Tepumetp Beruncaum mo Gopmyne p =di + do + ds, T e.
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p =5+5+5+2 =5(2++/2) =171

BrinosHum ueprex.

Tax kak TpeyroiabHUK paBHOOEAPEHHBIH, TO YIiIbl IPU OCHOBAHUU PaBHBL, T. €. o.="7y. Toraa
B=180—a—a=180—-2-a

[To TeopeMe KOCMHYCOB HaiiieM yroi o

BC?=AC?+ AB* + 2-:AC-AB-cos q.

52 :(5\/5)2 +52 - 2552 cosa

- 2
25=50+25-50+2cosaa = cosa :iﬁ zﬁ
50+4/2 2
7T
o =—
T. €. 4= 45° 3nayut B = 180° — 90° = 90°. Crie10BaTENBHO, TPEYTONLHUK SBIAETCS
MPSIMOYTOJIHBIM.

7. Hanbl BepmmHbl TpeyroiabHuka ABC: A (1; 5), B(9; 10); C (10; 3). Omnpenenutsb
KOOpJMHATHI TOUYKHU TMepeceueHrs MeANaH TPeyroJbHUKA.

Pewenue. Cnauana HaiiileM KOOpAWHATHI TOUKU D cepeluHbl OHOM U3 CTOPOH, HAIIPUMEP
cTOopoHbI AB. JInst aToro Bocnonb3yemes popmysoii (3):

1+9 5+10
x=——=5 y=
2 2

Touka M, B KOTOpO#l mepeceKkaroTcsi MeAuaHbl, AeTUT OoTpe3ok CD B oTHomeHuu 2:1,

cumTtas ot Touku C. CienoBaTeabHO, KOOPAUHATHI TOUKU M ompenenstoTes no Gpopmynam (2):

=75

L_Xt2xp 10410 20 y3+2yp 3+15

1+2 3 37 YT 14 3 _
MHE;GH
Omeem: 013 1

8. U3BectHbl Touku A (—2;5), B (4; 17) — xoH1isl oTpeska AB. Ha 3Tom oTpe3ke HaXOauTcCs
touka C, PaccCTOSHUE KOTOPOH OT TOUKU A B /Ba pa3a OOJblIE pPACCTOSHUSA OT TOUKH B.
Omnpenenutb koopauHaThl TOUkU C.
Pewenue. Tax xak |AC| = 2-|CB|, ro A = |AC|:|CB| = 2. CnegoBaTensHo,
-2+24 6 5+217 39
X=——=—=2; y=——=—2=13
1+2 3 1+2 3
Omesem: C (2; 13).

IIpakTuyeckast padora Ne78
Tema 13.4: KonTtponbHas pabota no pazaeny 13 «KoopauHaTsl 1 BEKTOPEI»

Heasn: IIpoBepuTh YpOBEHb YCBOCHHS TAaHHOTO MaTepuania mno pasaeny 13 «KoopamHatel
Y BEKTOPBI»

Ilpu pewenuu 3a0anuii 1-4 3anuwiume npaguIbHLIL OmMEem U3 UYemblpex
npeo10IHCceHHbIX.
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1. (1 6amr) Jdausr Touku A(1,0,5), B(-2,0,4), C(0,-1,0), Z1(0,0,2). Kakue u3 HUX jJeKar Ha
KOOpAWHATHOU mpsimoit Oy?

A)A;B)B;B)C; ') /.

2. (1 6amn) Kakme u3 Bexropos a(1,0,-1), ¢(1/3,2/3,-2/3), B(1,1,1), p(0,0,-2) sBasitoTCS
eIUHUYHBIMA?

A)a;b)c;B)B;I) p.

3. (1 6amn) Kakue u3 Bexropos a(1,2,-3), ¢(3,6,-6), B(2,4,-6) KoJITuHEApHBI?

A)a, B; b) c, B; B) a, c; I') ko/uiMmHEapHBIX BEKTOPOB HET.

4. (1 6amr) Hamsl Toukm A(2,0,5), B(2,4,-2) C(-2,6,3). CepenuHoii Kakoro oTpe3Ka
sBisieTcs Touka M(0,3,4)?

A) AB; b) BC; B) AC; I') CB.

Ilpu evinonnenuu 3ad0anuil 5-8 3anumiume xo00 peuwieHus U NOJYUEeHHbLIL OMeEem.

5. (2 6amna) Jlaner Bektopsl a(-6,0,8), B(-3,2,-6). Halimute ckansipHOE MPOU3BEACHUE
BEKTOPOB.

6. (2 6ana) [Ipu KakKMX 3HAYEHUAX 11 BEKTOPHI A (4,11,2), B (1,2,I1) nepueHauKyIspHbI?)

7. (2 6amma) Hamel BekTopsl a(-6,0,8), B(-3,2,-6). Haiimure KOCHHYC Yriia MEXAy
BEKTOPaMH.

8. (2 6aima) Jokaxure, uto yeThipéxyroabHuk ABC/] siBisiercst pomOom, eciu:

A(6,7,8), B(8,2,6), C(4,3,2), 1(2,8,4).

Smanonvt omeemos:

Howmep ] 2 3 4 5 6 7 8
3aaHusAa

OtBer B B A B -30 -1 -3/7 -
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Jlutepartypa:

OcHoBHasi iUTEpaTypa:

1. A6nymmuna K.P. Marematuka: yueonuk s CI1O / A6aymumna K.P., Myxamerauaosa P.I'.
— Caparos: IIpodobOpazoBanue, 2021. — 288 c¢. — ISBN 978-5-4488-0941-5. — Tekcr:
anextpoHHsbiid / IPR SMART: [caiit]. — URL: https://www.iprbookshop.ru/99917.html

2. AmmatoB A.B. Matemaruka: yde6noe mocodbue s CIIO / AnmaroB A.B. — Caparos:
[IpodobpazoBanne, At [Iu Op Meaua, 2019. — 162 c. — ISBN 978-5-4486-0403-4, 978-5-
4488-0215-7. —  Tekct: omekrponnbii //  IPR SMART: [caiit]. — URL:
https://www.iprbookshop.ru/80328.html

3. byngeik I'. M. Marematuka: ydebnoe mocodbue mns CIIO / I'. M. Bynneik. — CaHkT-

[TerepOypr: Jlanb, 2022. — 156 c. — ISBN 978-5-8114-8283-2. — TekcT: 31€KTpOHHBIN //
Jlanb: sanexkTpoHHO-O0nbMoTeunas cucrema. — URL: https://e.lanbook.com/book/187562

4. MartBeeBa T.A. Marematuka: yue6Hoe nocodue st CI1O / MatseeBa T.A., PeikkoBa H.I'.,
[leseneBa JI.B. — Caparos, ExarepunOypr: IlpodoOpasoBanue, Ypansckuii (enepanbHbIi
ynuBepcutet, 2019. — 215 c¢. — ISBN 978-5-4488-0397-0, 978-5-7996-2868-0. — Tekcr:
anektpoHHbIH // IPR SMART: [caiit]. — URL: https://www.iprbookshop.ru/87821.html

5. ®ununenko O.B. Marematuka: yuebHoe mnocobue / @Pumunenko O.B. — MuHck:
PecnyOnukanckuit M”HCTUTYT TpodeccnonanbHoro oopazosanus (PUIIO), 2019. — 268 c. —
ISBN 978-985-503-932-8. — Tekct: snextponusii // IPR SMART: [caiitr]. — URL:

https://www.iprbookshop.ru/94336.html
6. UepnenoB M.M. Maremaruka: ydyeObHoe mocobue / M.M. Uepneuos [u np.]. — Mocksa:
Poccuiickuil rocynapcTBeHHbI yHUBepcuTeT npaBocyausi, 2022. — 336 c¢. — ISBN 978-5-
93916-959-2. —  Tekct: onektponusdi // IPR SMART: [caiit]. — URL:
https://www.iprbookshop.ru/122921.html

JlonmoTHUTeIbHAS JIUTepaTypa:

1. bapcykosa JI.B. I'eomerpus. Ilpaktukym: ydebnoe nocobue / bapcykosa JI.B. — Munck:
PecniybnukaHckuil HHCTUTYT npodeccuonanbHoro oopazosanus (PUIIO), 2020. — 104 c. —
ISBN 978-985-7234-14-1. — Texkct: anexktponnbii // IPR SMART: [caiir]. — URL:
https://www.iprbookshop.ru/100358.html

2. Kopob6eitnukoBa M.}0. Matematuka. Teopust BepositHocTei: yuedHoe nocodue st CITIO /
Kopo6eitnukosa N.10., Tpy6eukas I'.A. — Caparos: IIpodobpazoBanue, 2019. — 154 c. —
ISBN 978-5-4488-0344-4. — Texct: anextponnbii // IPR SMART: [caiir]. — URL:
https://www.iprbookshop.ru/86073.html

3. KeitmanoB A. M. Maremaruka: yuebnoe mocobue mis CIIO / A. M. Keirmanos, E. K.
Jleiinaprac, C. I'. MbicnuBen. — 2-e u3f., crep. — Cankr-IlerepOypr: Jlans, 2022. — 288 ¢. —

ISBN 978-5-8114-9447-7. — Texkcr: 3neKTpoHHbIN // JlaHb: 37€KTpOHHO-OMOIMOTEYHAsS
cuctema. — URL: https://e.lanbook.com/book/195439
4. Marematuka: ydyeObnoe mocobue / M.M. UepnernoB [u nap.]. — Mocksa: Poccuiickuit

rOCy/IapCTBEHHBIN YHUBEpCUTET npaBocyaus, 2022. — 336 ¢. — ISBN 978-5-93916-959-2. —
Texcr: anextponHslii // [PR SMART: [caiiT]. — URL: https://www.iprbookshop.ru/122921.html
5. ®omunbix E.M. Maremaruka. Ilpaktukym: yae6Hoe nocobue / @omunbix E.M. — MuHck:
PecniyOnukanckuil HHCTUTYT npodeccnonanbHoro oodpasosanus (PUIIO), 2019. — 440 c. —
ISBN 978-985-503-936-6. — Tekct: snektponHsii // IPR SMART: [caiit]. — URL:
https://www.iprbookshop.ru/94307.html

HNHTepHET-pecypcenl:

1. https://online-olympiad.ru/ - Bcepoccuiickue HHTEPHET-OIMMITHAIBI

2. http://www.mat/septemba.ru - razera «Marematukay wu3gaTenbckoro goma «llepBoe
CEHTAOPS»

3. http://school-collection.edu.ru/ - equHas KouIeKIus MUPPOBBIX 00pPa30BATEIHHBIX PECYPCOB
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4. http://www.portalspo.ru/journal/index.php - xypnan «Cpeanee mnpodeccuoHaIbHOE
o0pazoBaHHE»

5. http://mpod-00p.pd/ - uaTepHEeT-M3MaHUE [IpodobpasoBanue- numep B UHGOPMAIMOHHOM
pocTpaHcTBe NpodeccunoHanbHOoro oopazoanust Poccun u crpan CHI'

6. http://window.edu.ru/ - wuHbopManuoHHass cuctema «EIMHOE OKHO JocTyma K
00pa3oBaTeLHBIM PeCypcam»

7. http://www.mathematics.ru - MmareMaTHKa B OTKPBITOM KOJUIEIKE

8. https://minobrnauki.gov.ru/ - MunucrepcTBo oOpa3zoBanus 1 Hayku Poccuiickoit denepanun
9. http://www.elibrary.ru - HayuHas snmekTponnas 6udnuoreka (HOB)

10. https://nsportal.ru/ - o6pazoBarenbHas colMaabHas CETh

11. http://www/mathnet/ru - 001IIepOCCHIICKHII MaTEMaTUIECKHI TOPTAI

12. https://nauka.club/ - o6pa3zoBaTeabHBII MOPTAT

13. https://mathematics.ru - OTKpBITBIN KOJUIEK. MaTremaTuka

14. http://www.bymath.net/ - cpenHsst MaTemMaTH4YeCKass HHTEPHET-IITKOJIA

15. http://www.edu.ru/ - penepanbublii moptan «Poccuiickoe 00pazoBaHue»

16. http://fcior.edu.ru/ - penepanbHblil HeHTp UHYOPMALIMOHHO-00PA30BATEIBHBIX PECYPCOB

17. https://www.infouroki.net/ - smexkTpoHHass OWOIMOTEKAa CIPABOYHBIX MAaTEPUAIOB IS
YUaIIuXCsl U TIperoaBarerie.

243



