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BBE/IEHHUE

[Iporpamma aucuumuinebl «MaTemaTukay TpeAHa3HAuYe€Ha ISl CTYACHTOB
cnerpanbHOCTH 38.05.02 « TamokeHHOE JIETI0Y.
Llenpro AUCIUTUINHEL SIBIISICTCS:
- O3HAKOMJICHUE CTYJICHTOB C BOXKHEUIIMMHU METOJAaMU U MOJEISAMH KJIaCCUYECKOU
MaTeMaTUKU, HaMpaBJICHHBIMU Ha MCIOJb30BAHUE U MPUMEHEHUE UX B TAMOKCHHOM
7iene: MeToJaMu JIMHEHHON anreOpel, MeTtonamu AudQepeHInaibHOTO UCYUCICHUS
GyHKIMM OHOW TMEPEMEHHOM, BEPOSTHOCTHBIMU U CTATUCTUYECKUMHU MOJCISAMU U
UX MPUJIOKEHUSIMHU B TAMOXEHHOM JIeJI€.
OCHOBHBIMH 3aJlaYaMy JUCLIUTUINHEI SIBISIOTCS
- CO3/IJaHHWE y CTYJIEHTOB OCHOB TEOPETHYECKOW TMOATOTOBKHM B 00JIacTH
MaTEeMaTHYECKUX METOJIOB M MOJICJIEH B TAMOKEHHOM JIEJIC;
-  OBJAJCHUE MaTEeMaTHYECKUM ammapaToM, HEOOXOIUMBIM JUISI HM3Yy4YEHUS
JUCIUTUIMH TAMOYKEHHOTO JIeJIa U PEIIeHUsI TECOPETUUECKUX U MPAKTUISCKUX 3a/1a4,
- pa3BUTHE UHTEIUIEKTa W (GOPMUPOBAaHUE y CTYJACHTOB JIOTHYECKOTO U
AJITOPUTMUYECKOTO MBIIIICHHUS;
- BbIPAaOOTKA HABBIKOB CAaMOCTOATEJIBHOTO HW3y4YeHHs y4eOHOM W HaydyHOU
JUTEPaATyPhl 1T0 MATEMATHUYECKUM METOJIaM M MOJICIISIM M X MPUJIOKECHUSIM;
- MOBBINICHUE OOIIEH KYJIbTYPhI CTYJIEHTOB.

HNucnummnaa «MaTtemaTukay BXOAWT B 0a30BYH0 4YacTh NPoQeccHOHAIBLHOTO
mukiaa OIl BO cnemmansaocté 38.05.02 «TamoxkenHoe npeno». Ee ocBoeHue
nmpoxoauT B 1 cemectpe.

2. MeToanyecKkue peKOMEHIANUH M0 OPraHU3AIUMN NPAKTUHYECKUX 3aHATHH

IIpakTuyeckoe 3ausitue 1.

Tema 3anamua. MaTpulbl U OIIPEICITUTEIH.

Ienv 3anamusa. IlpuoOpecTr HABBIK BBITOJHECHHS ONEepaIldid HaJl MaTPUIlAMU 1
BBIUMCIICHUS OTPEICIUTENCH.

B pe3ysabTaTe 0CBOEHHUSI TEMbI 00YYaIOMIMIACS JOJIKEH:
3HaTh:BUILI MATPHII, ICHCTBUS HAJl MATPUIIAMU, BUJIbI ONIPEICIIUTEIICH.

YMeTh:BHIIONHATE ONEpaIliyd HaJ MAaTPHUIIAMHU W BBIYUCIIATh ONPEACIIUTEIIN 2-
ro,3-ro ¥ N-r0 MOPSAKOB.

Baagers: OK-7 — cocoOHOCTBIO HCHOJB30BATH OCHOBBI DKOHOMHYECKHX U
MaTeMaTHYeCKUX 3HAHWH TpH OIeHKE 3P (HEKTUBHOCTH PE3YIbTAaTOB JASATCIHHOCTH B
pa3IUYHbIX chepax

Axkmyanbnocms memol. MaTpullbl U ONIPECTUTENIN IUPOKO MPUMEHSIETCS MPU
pEeIIeHNH MHOTUX SKOHOMHUYECKHX 3a]ad.

Teopemuueckasn uacme.

[IpsmoyronpHas Tabauia, coaepkamias M — CTPOK M N CTOJOIIOB HAa3bIBACTCS

Mampuyeti 1 0003HAYACTCS
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WJIN KOPOTKO Matpuily o6o3Havyarotd = || a;j ||, 1 = 1,2,..., m;j = 1,2,..., n.
Crnooicenue mampuy

Ilyctb nanbl nBe MmaTpullbld WB OJMHAKOBOM pa3sMepHOCcTH. MXx cymmoit
Ha3biBaeTcss MarpunaC = 4 + B TOH ke pa3MEpHOCTH, 3JIEMEHTHl KOTOPOW paBHBI
CyMMaM COOTBETCTBYIOIIMX 3JeMEeHTOB Matpulld u B, T.e. eciu A = ||aij||, B = ||bjj||, To
A+ B=C = |l

Lo (125 (21 -
umep: A= , = , TOT'
R VRN T 1 -2 4]

1+2 -2+1 5-3 3 -1 2
A+B=C=( M j

441 1-2 3+4) |5 -1 7

OTMeTUM, YTO CKJIAJIbIBATh MOXXHO TOJIBKO MAaTPHUIbI C OJMHAKOBBIM YHCIIOM
CTPOK M C OJIMHAKOBBIM YHCJIOM CTOJIOIIOB.
PaznocteioB - 4 matpuulB U A (OAMHAKOBBIX CTPOEHUM) HA3bIBACTCS TaKas

Marpuua X, 4To

A+X=B.
; W (2 14 L (35 7).
a ep, A= , = . Torna
HPHMEP 231 2 _1 4)
35 7\ (2 14 (1 4 3
X =B_ A= _ _ |
2 1 4/ |2 3 1) la -2 3
YMHOcheHue Mamput;

a) YMHOXXEHUE MaTpHIlbl Ha 4ucio. YTOOBl YMHOXXHUTH MATPHUILy HA YHUCIIO O,
HAJI0 YMHOXKHTB Ha 3TO YUCIIO KAXKABIM JJIEMEHT MaTPHULIbL:

ol & || = | oai |

2 -1 - _
[Tpumep. A:( ] a=3 aAzZ(z 1]:(6 J
3 5 3 5 9 15

0) YMHOXEHHE TBYX MaTpPHII.

YMHOKEHNE MaTpulplB Ha Matpuiy4 BO3MOKHO TOJIBKO B TOM Clly4yae, Korja
YHUCJIO CTOJOIIOB B MATPUIIE B paBHO YKCIy CTPOK B MaTpulie 4.

Onement MaTpunblC = B - A, pacIoJIOKECHHBIH B 1-0H CTPOKE M | —OM CTOJIOIIC
(r.e. Cij) paBeH cymMMe TpPOU3BEACHUN DIIEMEHTOB | — O CTPOKM MaTpUIbIB Ha
COOTBETCTBYIOIIUE 3JIEMEHTHI j— IO CTOJIOIA MATPHUIIBI A.



G, =ab; +a,b, +...+a.b, =Zaikhq'
k1

Cnenyer OTMETUTh, 4YTO YMHOXKEHHE MaTpull He o00JaJaeT CBOMCTBOM
KOMMYTaTUBHOCTH, T.€. AB # BA.

1 2 -2 1
Ipumep 1. A= u B= :
-1 3 3 5

Nmeem

ap(l 2Y-2 N_(1(2+23 114253 (4 1
(-1 33 5 |-1.(-2+3:3 1.(-)+3-5) (-11 14

s ("2 11 2)_(-21-11 2:(-2)+1-3) (-3 -1
{3 5/-1 3) |31+5(-) 3-2+53) (-2 21

BriBoa: AB # BA

Buviuucnenue onpeoenumenetl
Ecnu B maTpuile 4ucio CTPOK paBHAETCS 4YMUCTy CTOJNOLOB, T.e. M = N, TO
MaTpHIIA Ha3bIBACTCS K8AOPAMHOLL.

a, a, - aq,
A a, a, a,,
a a a

n2 nn

Onpenenutenb, COCTABICHHBIM W3 JJIEMEHTOB KBaJapaTHOW MaTpuilsl (6e3
NEPECTAaHOBOK) HA3bIBAETCS OMPEACIUTEIIEM MATPHULIBI A.

a, a, - aq,

a a a
A(A) — 21 22 2n

a, 4a, -+ a4,

Yucio aixz az - a1 a2 HA3bIBACTCA OIPCACIUTCIICM BTOPOI'0 IIOpAdKa H

ay A
a'21 a22

0003HA4YaeTCsi CHMBOJIOM A = = a,,8,, —8,,3,, -

OnpenenuTeneM TPETHEro MOPSKA HA3bIBAETCS YUCIIO:

Q; 8y ay
A=18y 8y 8yl = 88855 + 8y 8583 T 81p85385) — 8y 8ppBy3 — 81 85p8p3 — 8885,
8 8y gy
CxeMaTH4eCKd BBIYHMCICHUEC OIpCACIUTCIIA TPCTHCrO IIOPAAKA BBITJIAAUT

cieayomuM o0pa3oM (MpaBuiIo TPEYTOJIbHUKOB WiIu ipaBuiio Cappyca):
5



a11 a12 a13 3 al 3

A Qyp Ayl= 3| 3

aSl a32 a33 a31 2 3

OnpenenuTenb TPEThETO TIOPSAIKA TaKKE pPaBeH CYMME IPOM3BEICHUMA
AJIEMEHTOB HEKOTOPOMl CTpOKH (CcTOJ0Ila) Ha ajreOpandeckue OMOJHEHHUS ITUX
DJIEMEHTOB, T.€.

A= allAn +a, A.'I.2 + a13A13; A= a11A11 + a21A21 + a'31'6‘31
A= a21A21 + azzAzz + a23A23; A= a'12'6‘12 + azzAzz + aszAsz
A= a31'0‘31"'3-32'6‘32 +333A33; A= a13A13 +323A23 +333A33

HaHpI/IMep, PAa3JI0KCHUC OIIPCACIIUTCIIA 110 9JICMCHTAM HCpBOfI CTPOKHU:

a a
A — a11 . (_1)1+1 + a12 X (_1)1+2 21 22

a'22 a'23 a'21 a23

+a;- (_1) o

31 Ay
= all (azz a33 - a32a23) - a12 (a213-33 - a31a23) + a13 (a21a32 - a31a22) =
= Qy185855 + Q1,835,853 + 8138583, — Ay A3,Ap3 — Q1585833 — Q385,85

32 33 31 33

PaznoxxeHueM 1o »3aeMeHTaM CTPOKH HJIIN CTOJ'I6LIa MOXHO BBIYHUCIHNTD
OIIpCACIUTCIIb JF000ro ImopsAaKa. B kadectBe mpuMepa paCCMOTpUM OIIPCACIUTCIIb
YCTBCPTOI'O IMOpAAKA U PA3JI0KUM €TI0 I10 3JICMCHTAM HepBOﬁ CTPOKH.

Ipumep 2.
1 -1 2 3
1 -1 1 -1
11 =1.(-D*3 1 3+(-D-(-D¥*2 1 3+
2 3 1 3
1 0 5 3 0
3 1 0 5
11 11 -
+2.(-D*2 3 3+3-(-D*2 3 1|=15+0-3-4-0+15)+
3 15 31 0

+1(5+0-9-12-0+10) + 2(15+8+9—36—-3-10) —3(0— 2+3+9—-0-1) =
=13-6+2-(-17)-3-9=13-6-34-27=-54

JlaHHBIN OMpeNeNnuTeNh MOXHO BBIYUCIWTH HWHBIM CIIOCOOOM, TNPUMEHUB
AJIEMEHTapHbIe MpPeoO0pa3oBaHUsl K CTPOKAM OMNpeaenauTenas. A UMEHHO, YMHOXHUM
AJIEMEHTHI MEePBOU CTPOKHU Ha (-1) W CIOXKUM C 3JIEMEHTaMH BTOPOIl CTPOKH, 3aT€M
YMHOXUM 3JE€MEHTbI NEPBOM CTPOKKM Ha (-2) U CIOXHUM C COOTBETCTBYIOIIMMU
AJIEMEHTAMH TPEThEU CTPOKHU M, HAKOHEIL, YMHOXUM 3JIEMEHTHI MIEPBOM CTPOKHU Ha (-

6



3) U CIOXHM C COOTBETCTBYIOIIMMH C 3JIEMEHTaMH YeTBEepTOM cTpoku. Toraa
MOJIYYMM OINpEAeNuTeNb 4-ro MOpsaKa, B IEPBOM CTOJOIE KOTOPOTO CTOST HYJIH,
KpOME IIEpBOU CTPOKH, T.€. IIOIYyYaeM OIPEACIUTENb BUA:

1 -1 2 3
2 -3 1

0 2 -3 1

0 & _3 _gq=%wAu=1/5 -3 -3=24-30+36+12-36-60=-54.
4 -6 -

0 4 -6

Bonpocwt u 3a0anus.
1. Kakwue MaTpHIlbl MOKHO CKJIaJIBIBATh U TIO KAKOMY MPaBUITY?
2. Kakumu cBoiicTBamu oO0jagaeT ormnepanus cioxeHus matpuin? Ecte nu
OTJIMYMSI OT CBOMCTB CJIOKEHUS YHCEI?

w

Kak yMHOXUTh MaTpuIly Ha YUCIO?

4. Kakumu cBoicTBaMHu 00JaJal0T OMepalysl YMHOXEHUS MATPHUIBl HA YUCIO?
EcTb 11 oT/IMYHS OT CBOMCTB YMHOKEHUS YHUCEI?

5. Uto Ha3bIBaeTCs OMpeeaUTeNIeM KBaIpaTHOW MaTPHIIbI?

6. llaﬁTe ONpCACICHUC MHUHOpA H aﬂre6pa1/1qec1<0r0 JOIIOJIHCHHA JJICEMCHTA
OIIpCACIUTCIIA.
7. Kak BBIYHCIUTH OIIpCaACINTCIIb, pasjiarad €ro II0 l'IpOI/ISBOJILHOﬁ CTPOKEC HJIN

cronbuy? CdopmynupyiiTe COOTBETCTBYIONIYIO TEOpPEeMY U  HAIUIIATE
dbopMyIIBI pa3I0KEHUS OMPEAEIUTENs 1Mo 1—0i cTpoke (k—My cToaoIy).

1. Halitu npousBeaenue matpuil A u B.

1 20 1 20
2. A=|0 3 1|,B=|0 3 1
01 2 01 2
-3 2 -1 4 5 1
33 A= 5 6 1|,B=-3 2 1|
-2 1 -7 8 3 2

-1 3
2. Haiitu A?, eciu A:( j

3. BBIYMCIWTH ONPEAECTUTEND



2 4 5 1 1 1 1 1 1
1 3 7
1 ,_lg 6 560 2. A=3 1 - 3.|x y z|. 41 1+a 1
3 -4 6 200 x> y* 7 1 1 1+b
1 -1 2 3 -2
4 0 2 -1 5 3 -2 1 1 -1 2 1
5. At 3 -1 B[t 27 2 702 1 3 -2 1|
orod erry sz
- -2 1 3 4 5
PexoMeH1yeMble HCTOYHMKN UHPOPMAIU
(Ne pcrouHuka)
OcHoBHas JlonosHUTENBPHASA Meronuueckas NHTepHeT-pecypcesl
1 1 1 1,2

IIpakTuyeckoe 3ausiTue 2.

Tema 3anamusa. Menoapl pelieHUs] CUCTEM JIMHEWHBIX YPaBHEHUM.

Ilenv3zanamua.PaccMOTpeTh pa3IMYHbIE METO/BI PEIICHUSN 3aKPENUTh HABBIKU
pemeausiCJIAY.

B pe3yabTaTe 0CBOCHUS TEMbI 00y4AIOIIUIICH 10JIKEH:
3HATB: METONIBIPENIEHUS CUCTEM JIMHEHHBIX YPAaBHEHUI

YMeTb: pemiaTh CUCTEMBI JIMHEHHBIX MeToAaMu 00paTHOM Matpullsl, Kpamepa u
l"aycca.

Baagerb: OK-7 — cmocoOHOCTBIO HCHOIB30BATh OCHOBBI AKOHOMHYECKHX H
MaTEMaTUYECKUX 3HAHUU MpHU OleHKE 3P(HEKTUBHOCTH PE3YIHTATOB JAEATEIHLHOCTU B
pasIUUYHbIX cdepax

Axkmyanonocms memupl.IIpuemsl u metonsl pemeHussCIIAYnpumenstores ais
pelieHus 3a1a4 ¢ 5JKOHOMUYECKUM COJIEPKAHUEM.
Teopemuueckaa uacmeo.
CuctemaNMIMHENHBIX YPaBHEHUN CNIIEPEMEHHBIMH UMEET BU/L:
X+ apX, + o X, = b
X+ ApX, + o +8,X, = b,

X + aX + - +a,X, = b,
rae &; (i=12..m;j=12 ..,n), b, (k=12 ...m) - 3a1aHHble AEHCTBUTEIBLHBIE
Yyuca.

Yuema & (1= 1,2,...,m; j = 1,2, ...,n) Ha3pIBarOTCA KOY(P(PUIMEHTAMU CHCTEMBI, A

gyucma b, (kK = 1,2, ..,m) - CcBOGOJHBIMM UJEHAMH CHCTEMBI JMHEHHBIX
anreOpanueckux ypaBuenuit (CJIAY).




Matpursl

a; , - a; a, - 4, bl
a a e a — a a -+ a, b

A= |2 7% lp A= TR T " 72|, KOTOpBIE COCTABIEHBI W3
a'ml am2 T amn am:l. am2 amn bm

KOd(PUIIMEHTOB MpHU TMEPEMEHHBIX W CBOOOJHBIX YJIEHOB CHUCTEMBI, HA3bIBAIOT
COOTBETCTBEHHO MATPHUIICH CUCTEMbI U PACITUPEHHON MaTPUIEH CUCTEMBI.
Paccmotpum cuctemy TpEX JUMHEWHBIX ypaBHEHUW C TpPeMsi HEU3BECTHBIMU

X %0 %5
X +a,X, + 8% =0,
8, % +8y,X, +a,%; =D,
8y X, + 85X, + 8% = b,
rae @; - Ko3(pQUIMEHTHI MPU HEU3BECTHBIX; B - cBOOOMHBIC WieHBI (TpaBbIC
YacTH) CUCTEeMbl YpaBHeHUH. Onpenenuresb TpeThero mopsiaka A, coCTaBICHHBIN U3

K03 (HUIIMEHTOB MPU HEM3BECTHBIX, HA3BIBACTCS Onpedeumenem CUCIeMbl.
Pemum cucteMy JIMHEWHBIX YpPaBHEHUN METOA0M OOpaTHON MaTPHIIHI:

2% + X, — 3%, =5,
X, — 2%, + 2%, =17,
X +X +3% =4

Breném cnenyromnue 0603HaUCHUS

2 1 -3 X, -5
A=l1 -2 2|, X=|[x,| B=|17
11 3 X 5 4
Brrancionm OIIpCACINUTCIIb CHUCTEMBDBI.
2 1 -
A=1 -2 2|=-12+2-3-6-4-3=-26.
1 1 3

Tak kak ompenenuresb MaTpULbl CUCTEMBI OTIMYEH OT HYJSA, TO MarpunaAd

a1
yMeeT 0OpaTHyIO, a pelleHne cucteMsl umeeT Bug: X = A B |
JIng HaxokaeHus OoOpaTHOM Marpumbl A BBIUUCIAHM anrebpandeckue
JOTIOJIHEHUS DIIEMEHTOB MATPHIBIA



29, O EO I
A.l_l 3_ ! AZl_ 1 3_ ’ 31__2 2_ ’
_ra, 23, N
A= g7 S P S -
-, P AP Yl
A=l 1|7 M=y 7 i
Matpuna A ', 06paTHast KA, 3aMUIIETCS CISAYIOMEM 00pa3oM
-8 6 4
a 1
A"=——-1 9 7|
26
3 -1 -5
MatpudHOe peleHue CUCTEMbI UIMEET BHI:
X L -8 -6 —4\(-5 L —78 3
X=|% |==o-1 9 7|17 |=-—130 |=| -5,
X, 3 -1 5)(4 52) | 2

OTCIOZIA CTEMYeT, uTo % =3, %, =—5, X =2.

IIpu ycmoBun, yto A#0, TO €IMHCTBEHHOE PEIICHHE CHUCTEMBI BbIPAXKAETCS
Gopmynramu Kpamepa:
_ Al _ AZ _ AS
WEN TR T
Pemuts mo popmymnam Kpamepa ciienyroniyro cucTeMy JIMHEHHBIX YPaBHCHHI:
X, —2X, + X, =4
3X, +2X, +5X; = 2.

AX, — X, =Xy = =5

1 -2 1
Brauane naiinem onpeaenurenb cucteMbl A=|3 2 5/ =-10-40-21-8-30+ +35
4 -7 -

= - 74.A#0. CnenoBaTenbHO, paccMaTpuBaeMas CHCTeMa HMEET EIUHCTBEHHOE
pemenue. Berancnum onpenenurenu A A, A,.

4 -2 1 1 -4 1
A,=|2 2 5/=40+50-14+10-20-140=-74, A,=3 2 5| =-10-80-
5 -7 - 4 5 -
1 -2 -
15-8-60+25=-148,A,=3 2 2| =-10-16+84+32-30+ +14=74. Takum
4 -7 -
obpazom, peleHue JTAaHHOU CHUCTEMBI nUMeeT BUJI:
P el LR IV B < B SV B L Y
A -74 A 74 A 74

10



Paccmorpum pemenune CJIAY meronom IMaycca. Meron IMaycca 3akimrodaercss
MOCJIEIOBATEIbHOM ~ HMCKJIIOYEHUM Heu3BeCTHbIX. [lnsg  ynoOcTBa  BhIUILIEM
pPaCIIMPEHHYI0 MAaTpPULyH IpUBEAEM €€ K JUAarOHAIBHOMY BHUAY C IOMOIIBIO
AJIEMEHTApHBIX IPE0Opa30BaHUM.

2 1 -3-5 1 1 3|4
1 1 3|4 2 1 -3-5| %%
1 1 3|4 1 1 3|4 1 1 3|4
ﬁ—) 0 —3 — 13 505 > 505 > O -1 —9 —13 W O -1 —9—13 .
8% 0 -1 -9-13 0 -3 -113 0 0 2652

BoimonHuM 00paTHBIA X04. 3aluileM CHCTEMY,MCXOAs W3 K03(h(PUIMEeHTOB
MOCJIEIHEW MATPHLIbI, U MOCIIEI0BATEILHO HAJEM HEU3BECTHBIE.

X + X, +3%, =4, X, =2,
—X, —9%, =13, X, =13-9x, =5,
26X, = 52, X =4-X%,—3% =3.

Bonpocwt u 3a0anus.

Ucnonwzys dopmynsl Kpamepa u MeTos oOpaTHOM MaTpUIlbl HAWTH PEIICHUS
cinenyromux CIIAY:

3X, +2X, + X3 =5 X, —2X, +3X; =6 2% — X, =X, =4
192X +3X, + X3 =1 ;2. 42X, +3X, —4X; = 20; 3. 13X, +4X, —2X, =11.
2%, + X, +3%X; =11 3X, —2X, —5X; =6 3%, —2X, +4%, =11

Pemuts cnenyromue cuctemsl Metonom ['aycca.

2X, +4X, +4x, +6x, =18
4X, +2X, +5X; + 7X, =24
3%, +2X, +8x%; +5%, =13
2X, +8X, + 7X; +3X, =6

PexomeHtyeMble UCTOYHUKH UHPOPMALTUT
(Ne pcrounuka)

OcHoBHas I[OHOJ'IHI/ITCJ'ILHEUI Meroaunueckas I/IHTepHeT'peCprBI

1 1 1 1,2

IIpakTHyeckoe 3ansTHE 3.
Tema 3anamun. Dynkuuu v npeessbl.
Henvzanamuna.ChopMupoBaTh HABBIKM  BBIUYMCICHUSIIPEAEIOB  (DYHKIUMI,A
TaKXe MpPeIesIoB ¢ UCOJIb30BaHUEM (POPMYJT JBYX 3aMeUaTelIbHbIX TPEEIIOB.
11



B pesyabTaTe 0cBO€HUA TeMbl 00Y4AIOIIMHICS J0/KEH:
3HATB: OCHOBHBIE METOJbl BBIYMCICHUS MpEAesoB (QYyHKUUN, BUJ MEPBOrO U
BTOPOT'O 3aMEYaTENbHBIX MPEIEIIOB.
YMeTh:BbIYUCIATH Npeaeibl (PYHKIHMA.
Baagers: OK-7 — cnocoOHOCTBIO HMCHOJB30BATh OCHOBBI AKOHOMHYECKUX H
MaTeMaTUYeCKUX 3HAHUU MpU OlleHKE 3P(HEKTUBHOCTH PE3YNIbTATOB JAEATEIHHOCTH B
pa3IUYHbBIX cepax

Axmyansnocms memsl. llpenensl GyHKIHA HUCIIONB3YIOTCS B SKOHOMHUYECKHUX
pacyeTax mpH HaXOXKJICHUH MPEACIIbHBIX SKOHOMHUYECKHUX TTOKa3aTeleH.
Teopemuueckasa uacme.
[Tycts ¢yHKIMS y=f(x) 3amaHa B HEKOTOPOW OKPECTHOCTH TOYKHA, 32
UCKJIIOYEHHEM, MOKET OBITh, CAMOM TOYKHA.
Uucno A HaspiBaeTcsl npederom gynxyuu f(X) B Touke X=a, ecnu Ajs J000ro

TTOJIOKUTEILHOTO Yhciaa & >0 HalaEéTcs Takoe MOJOXKHUTEIBHOE YUCIO J5(g) >0, 4UTo
IS BCeX X, YNOBICTBOPSIONIMX HEPaBEHCTBY O<|x—a <&, BBIIOIHACTCS

HEpaBeHCTBO |f(X)—b <&. B aTOM citydae 3anuceiBaror lim f(x) = A,
X—a

,Ha,III/IM IrCOMCTPHUYICCKYIO HILUIFOCTPALIUIO ITOHATUS IMTPCACIIa q)YHKHI/II/I B TOYKC

(puc. 1.)

e

Pucynoxk 1.
JIist BCEX TOYEKX, OTCTOSIIMX OT TOYKH @ HE Jaiblie, 4eM Ha O, TOYKH M
rpaduka GyHKIMM f(x) J€KAT BHYTPU TOJOCHI HIUPHUHOW 2&, OTPaHUYEHHOU
NpsIMbIMH Y =b—¢, y=Db+e¢.

PaccMOTpHM HEKOTOPEIE C8OLICMEA NPEOeio8 (PYHKYUIL.
[TycTh [![nm f(x)=A, I)!Ta 9(X) =B, C- nocrosiunast BenmumHa ,TorIa

L Jime=c

Xx—a

2. limc-fo)=C-limfx=C-A

X—a X—a

3. limC-fe)=C-limf=C-A

X—a X—a
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4. lim F(x)+g(x)) = Iimaf (X)+limg(x)=A+B,

5. lim (f(x)-g(x)) =lim f(x)-limg(x)=A-B,
im f (x)
Cof(x) i .
. — X248 = — m 0
6 I)!T’:l g(x) lmg(x) B’ ec leﬁa 9(x) #

X—a

ﬂ@a samedamelbHblX npec)ejza

ITepBrIil 3ameyaTenbHbIN IPEAEI UMEET BU!
. sinX
lim —=1.
x=>0 X

Bropoit 3ameyaTenbHbId NpEASI UMEET BUL:

X
. 1
lim |1+—| =e¢
X—00 X

1
i X —
)('[T)]O(l-i- x) =e

PaCCMOTpI/IM IMPpUMCEPHI Ha BBIYUCIICHUC TIPCICIIOB (1)yHKIII/If/'I

12x% +5x
Ipumep 1.Beruucnurs npeaen lmm

Pemeunne
ITpu IIOJICTAHOBKE MPEJEIBHOTO 3HAYEHUI apryMeHTa MoJy4yaemM

HEOIPENAEIEHHOCTh BUIA — .
o0

B npumMepax 1mogo0HOro THUIa YUCIUTEIb U 3HAMEHATEIb JCNIAT MOWICHHO Ha X',
raenN -cTereHb MHOTOYWICHA B 3HaMeHaTene.Pa3geauM ynciuTenb U 3HaMeHaTelIb Ha

2
Ha X" . B pe3ynbTare noayyum:

 1ox?4bx 12+
lim 5 =lim
X—0 4X + 7 X—»00

-3,

5

x 1240
7 -4+40
2

X

5 7
Tak xak, npu X— oo QYHKIUU ~ ¥ 7z CTPEMATCA K HYJO.

_ x*—4x*-3x+18
Ipumep 2.Beraucnuts npeaen lim — 5 :
x>3 X° —5xX"+3x+9
I[Ipy  moacTaHOBKE  NPEAEHBHOIO  3HAYCHUS  apryMEHTa  MOJIy4aem

0
HCOMPCACICHHOCTD BI/II[a6, yTOOBI €€ PACKpPBITh  PA3JIOKMM  YHCIUTCIIb H

3HaMCHATCJIb HAa MHOXUTCIIN
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x® —4x? - 3x+18= (x—3)x* — x—6)
x® ~5x® +3x+ 9= (x—3)x* — 2x—3)
X3 —4x* -3x+18  (x—3)*(x+2)
X°—Bx* +3x+9  (x—3f(x+1)
CoKpaTM 4YHCIUTENbL W 3HAMEHATENh Ha MHOXHUTENL (x—3)°, B pe3ylbTare
HOJTYYUM:
. x®—4x*-3x+18 . x+2 5
lim —; 5 =lm—=—,
>3 X*—BX“+3x+9 3 x+1 4

(x=3)(x—3)(x+2)=(x-3)*(x+2)
(x=3)x=3)(x+1) = (x—3)*(x+1)

Ipumep 3.Beruncnute npeaen lim VX+13-2Vx+1 .
x—>3 3/ X2 _ 9

HpI/I IIOACTAaHOBKC npeacjibHOTO 3HA4YCHUA aprymcHTa nojaydacm

0
HCOIIPCACIICHHOCTL BHOA 6 , yTOOBI €€ PACKpPBITb YMHOXXUM  YHUCIUTCIIb U

3HAMCHATCJIb Ha BBIPAXKCHUC, COIIPAKCHHOC UYHNCIUTCIIIO,daBBIPAKCHUC, CTOAIICC B
3HAMCHATCJIC PA3JIOKHUM HAa MHOXUTCIIN.

X +13-20x+1 . (\/X+13—2\/X+1X\/X+13+2\/X+1)
lim =lim

3 3fy2_g =3 3f(x—3)x+3)Wx+13+2/x+1)
, -3x+9 —3(x—
=lim i 3()( 3)

3 3 n : :
S x- 33X+ 13+ 2054 1) T (g 3 (Vx4 20 1)

— lim ~ax-3) -0.
7 (x+3)%(\/x+13+2\/x+1)

Ipumep 4.BluncnuTs npejen !(Iin

N 0
Nmeem HeompenenéHHOCTh BUAA o> DAacKpoeMm ee C TOMONIBIO  TEPBOTO

3aMcUaTCIIBHOI'O npez[ena.

. sin3x .. 3sin3x 3. sin3x 3
lim =lim =—lim =—.
x—0  4X x>0 4-3X 4x-50 3X 4

- s g im 2xX9n X

HnMme . bBIYUCIIUTDH IIPCACI - .

p P PeAC S 501— cosx
Bocmnonb3yemcst TpuroHoMeTpudeckuMu hopmyiaMu:

5, X . . X X
zsn E = 1_ COSX, SN X = an ECOSE, B pegynBTaTe HOquI/IM
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2x-2sin X cos5 2X- cos5
.imm:[Q]:“n& 2x 2:|i”g—2:
x->07]— COSX 0 x—> osin? X x—> siné
2 2
) X
2I)(|£r01cosE 2.1
= p— :4
. X 1
1 sn—- =-1
~im 2 2
2 x—0 5
2

3 —1 2x-1
IIpumep 6.Brrunciauts npeaen )l([l]o( 3% 4} :

HOIICTaHOBKa NpCaAcCJIbHOIO 3HAYCHUA TIPUBOAUT K HCOHpeI[CJ'IéHHOCTI/I BHUaa

1.
JI1 €€ pacKpbITHS BOCIIOJIB3YEMCS BTOPBIM 3aMEYATEIbHBIM MPEIEIOM.
2x . 1 2x
3x-1)>" -2 3x-1)" Ix'mo(l_sxj
lim —lim| —3X | jim - 1=
x—o| 33X+ 4 X—>0 n 4 x—o| 33X+ 4 i (1 4j2x
oy im| 1+ —
3X X—00 X
-3Xx _3
lim 1+i _2
X—>0 —3X 3 _10 1
_ _ —e 3 __~_
- s T8 % T
%X 3 e3 e3
im||1+—
X—>o0 i
4

Bonpocwt u 3a0anus.

1. Omnpenenenue npeaena QyHKINU.

2. OcCHOBHBIE CBOWMCTBA MPEEIOB PYHKITUH.
3. MeToipl BEIYUCIICHUS TIPEACIOB () YHKITHIA.
4. llepBblii 3aMevaTeNbHBIN Opeael.

5. Bropoii 3ameuaTenbHbIi npeaer.

Berancnuts npeaenst GyHKITAN.

2 2
1. m X +5. i X —49
x4 3x—4 x=>7 X—7




2x% + x—-1 . 3Yx-6+2

im —————. 4. lim -
H%Zx +5x-3 x>-2 X +8
. Bx*+4x-8 2 _
5. Ilmﬁ. 6. lim 2X" —2x+4 )
x> 8X° +6X” +1 x4 J5— X —+/X—3

v ”m\/x2+1+\/x 8|imSin5x
x—0 4f,,3 2 x—0 g N 2X
X"+ X—X

. 1—cosx . tgx—sinx

9.||m—2. 10.||mg—.

x—0 X x—0 X
2
2x2+2Y : °
111im| 227« | . 12.lim (1+ 2x)x
X—>00 2X2 -1 x—0
PexoMeHryemble HCTOYHUKY MHPOPMAIH
(Ne pcrounuka)
OcHoBHas JlononHuTEIBEHAS Meroanueckas NutepHeT-pecypchl
1 1 1 1,2

IIpakTuyeckoe 3ausiTue 4.
Tema 3anamusn. [lpousBonnas u quddepernuan GyHKIMN OTHON TEPEMEHHOM.
Ienv3anamua. ChopMUpoBaTh HABBIKM BBIYUCICHUS TPOU3BOJIHBIX CIIOXKHOMN
byHKIIH.

B pe3yabTaTe 0cCBO€HUS TEMbI 00Y4AIOIIMICS T0/IKEH:
3HaTB:Ta0IUIlY TPOU3BOIHBIX U NpaBuiia AU epeHIInpOBaHUS.
YMeTb:HaX0IUTh MPOU3BOAHBIC CIOKHBIX (PYHKITHIA.

Baagerb: OK-7 — cmocoOHOCTBIO HMCTHOIB30BaTh OCHOBBI AKOHOMHYECKUX H
MaTeMaTUYeCKUX 3HAHUU MpU OIeHKE 3P(HEKTHBHOCTH PE3YNIHTATOB JACSTEIHHOCTU B
pa3TUYHBIX cepax

Axkmyanonocms memwt. IlponsBomHas CIOXKHOW (PYyHKIIMHUUCIIONB3YIOTCS B
HSKOHOMHYECKHUX 3a/1a9ax.
Teopemuueckaa uacmeo.
Onpeodenenue npouz8o0HO
Ilpouzsoonoti  pynxkyuu y = f (X) Ha3bIBaeTcsi TMpeaen  OTHOLICHHUS
npupameHuss (QYHKIAA K COOTBETCTBYIONIEMY MPHUPAIICHUIO apryMEHTa, KOTrja
MpUpaIieHue apryMeHTa CTPEMHTHCS K HYJTIO:

' . Ay - f (e A)-f(x)
x)= Im == lIm ~—~——FF"F"—~
f( ) Ax—0 Ax Ax—0 Ax
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Ecnu 3TOT mpeaen KOHEUYHbI, TO MpOU3BOIHAsA cyliecTByeT U pyHKuusa f (X)
Ha3zbiBaeTcs quddepenuupyemoit B Touke X. [IpousBoaHas o6o3HauvaeTcay'(X) uiau

d .
Y, [Iporiecc HaxoXJeHUs NTPOU3BOJHOM HasbiBaeTcs auddepeHInpoBaHrEM

dx
byHKIUY.
IIpasuna oughghepenyuposanusn hynkyuii
[TyctilCeR— moctosiunass, u = wu(x), V = V(X) — QyHKIUH, HMEIOLIUE
MIPOU3BOIHBIEC.
1.C'=0. 2. (Cu)'=C-U".
B(uUxv)=u"£+ V. 4, (u-v)'’=u"-v+u-v’.
sfy) =it
IIpasuno oughgepenyuposanusn croxcnot ynkyuu
Ecmu  ¢yukmms  y = f(u) nuddepenmmpyema mou, a QyHKmHIu = @
(X)muddepenmpyemarno x, TO npousBoxHas ciaoxHON ¢GyHkuuny = f(e (X))

omnpenaensiercs popmynon y =f' (u) - U (X) .
Tabauya npouz800HbIX CLONCHBIX BYHKYUIL

1 W) =n-u""u'.

ta. (Ju) = 0 16, () =f3) =-4;.
2 (a“) =a"-Ina-u'. 2a (e”) =e'-u
3. (logau) =gir=- 3a.(nu) =Y
4. (sinu) =cosu’. 5. (cosu) =—sinu-u’.
6. (tgu) =Y. 7. (ctgu) = -4
oy cosu (ctou) sin2u
8. (arcsinu)'z u_ 9. (arccos u) =——YU__.
1-u2 1-uz
_u __
10. (arctgu) =T 11. (arcctgu) = T

IIpouszsoouvie 6mopoco nopsaoxa

IIpouseoonoii emopozo nopsioka (emopoti npouzsoonoit) ot Gyukuun Y= f(X)
HA3bIBACTCS MPOMU3BOIHAS OT €€ IPOU3BOIHOM, T. €.

F'()=(f'(x)".

17



2

" d y
Bropyro mpousBoaHyro Takke 0003HauaroT Y'(X) wiu — . IlpoussoaHas ot
X

MPOU3BOIHOM BTOPOTO TOPSIIKA HA3BIBACTCS NPOUZBOOHOU Mpembe2o NOpsOKa U T. 1.
(n) d"y
IIpousBoaHy0 N-TO nopsiaka 0603HavaoT Y~ (X) wm —-.
X
[TokakeM Ha mOpUMEpax, Kak CJAEAyeT IOJNIb30BaThCS IMPHBEIACHHBIMU BBIIIC
dbopmynamu.

Hpumepl. Haiitu npoussoanyio: Y =cos (X°).

y' =2codx?). (cos(xz))’ = 2codx?)- (- sin(xz))’ : (xz)’ = —2x-sin(2x?).
Ipumep 2. Haittu npoussoanyo: Y = arcsin NS

!

1
yo Ox) 2k 1
1_(\/;)2 I-x 2x-x?

IIpumep 3. Haiitu npousBoguyto: Yy = In(ar ctgv X —l).
Pewenue.
y = (arctg«/x - 1) _ )
actgVx -1 actg/x-1 (m)' actgVx -1 2/x® —x?

1 (x-1) 1 1

X X
Ipumep 4. Haittu npousBoguyo Gyuknun y = In ¢ > sn
X
y = 1 1 1 sinXx—Xcosx 1 SINX—XCOSX _ SiNX—SIN X+ XCOSX
- . . — = — — = > =
tgé o2 X 2 sin® X 26in > cos X sin® X sin® X
2 2 2
_ XCOSX
sn®x
N 2x*
IIpumep 5. Haiitu npousBognyto GyHKImMu y = arctg <.
—X
Y= 1 8x°(1-x) - (-8x")2x"  (1-x°)*(8x°-8x" +16x™") 8X° +8x"
Lt 4x8 (1-x%)? 1+ x°)*(1-x°)? (1+x°)?
(1-x°)?

_8C(1+Xx°) 8¢
1+x3)? 1+

Jlugpghepenyuposanue hynxkyuii, 3a0aHHbIX HEABHO
Ecom ykak pyHKIHS OT X 3amaeTrcsl TOCPEJICTBOM COOTHOIICHHS
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F(xy)=0,
rie F(Xy)=0 - BBIpaXXEHUE, coAepxauee X W Y, TO Y Ha3bIBaeTcs
HessBHOU (pyHK1meil ot X. [Ipou3BoaHas oT Y Mo X OpH HESIBHOM CIIOCOOE 3aaHMs
GyHKIMM OnpeIesieTCsl CICAYIOMMUM CITIOCOOOM.
1. Haxoaum npou3BOAHYIO OT JIEBOW YaCTH PaBEHCTBA F(x,y)=0, paccmarpuBas
IpU 3TOM Y Kak (PYHKIHIO OT X, ¥ IPUPABHUBAEM €€ K HYJIIO.
2. PemaeM moslydeHHOE YpaBHEHUE OTHOCHUTEIHHO Y. B pesyabTare Oyaem

UMETb BBIpQ)KEHUE MPOU3BOAHON OT HESIBHOW (DYHKIIMU B BUJIE y =f1(XY)

Ipumep 1. Haittu % JUTSl TAaHHOM HEesIBHOM (yHKIUHU 5x2 + 3Xy— 2y2 +2=0.
X

5.-2x+3Xy+xy)—2-2y-y =0
10x+3y+3xy'—4yy'=0
y'(3x—4y) =-10x—3y
,  —10x-3y 10x+3y
© 3x-4y  4y-3x

Jugppepenyuposanue ynxkyuti, 3a0anHbIX NApamempuyecku

x=o(t)
y=y(t)
rie oft) u w(t) nuddepenmmupyemeie Gyskmmn 1 @'(t)#0, To mpomssoxHas Y,
BBIUUCIIACTCS 10 popmysie:

Ecimn dyukuus Y or aprymenrta X 3ajaHa mapaMeTpUYECKH, T.C.{

y;ziil
X

IIpumep 2. Haiitu nmpousBoguyto V', , ecinu QyHKIHS 3a]jaHa TapaMeTPUIECKU

{x:a-(t—sint);

y =a-(1-cost),
Bocrnonb3yemcst hopMmymoit: Yy = % :
x =a-(1-cost),
y; =a-sint.
. Zsinicos1
= asint __ 2:ctgl,(t;t2k7z).
a- (1-cost) Zsinzi 2
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Memoo noecapughpmuueckoeo ouggepernyuposanus
Nuorpa OwiBaer 1enecooOpaszHo, mpexae yeM auddepeHmpoBaTh 3aJaHHYIO
(yHKUIMIO, HaWTH ee Jjorapudm, 3aTeM ONPEAEIUTh IMPOU3BOJHYIO OT 3TOrO
jorapudma U 1Mo MPOU3BOAHON OT Jorapudma OTHICKATh MPOU3BOIHYIO OT 3aJaHHOU
GyHKIUY. Takoil  mpuem  Ha3pIBa€TCi  METOJAOM  J02APUPMUUECKO20
oughgepenyuposanus.
Meton norapudmuueckoro auddepeHIupoBaHus MO3BOJSET JIETKO HANUTH

TIPOU3BOIHYIO OT CIOXHOM dyHkumd Buga Y = U" , rreU = U(X) uV = V(X) .

Ipumep 3. Haiitu mpousBoanyio Gyskimn Y = (sinx) o

[Iponorapupmupyem o0e vactu pasedctBa Iny=tgxInsinx, 3arem

npoauddepeHurpyem
Y 1 In(sin x)+tgx-_icosx:w+l.
y COS X sin x COS* X

OKOHYATEBHO, MOoIyunM: Y =VY- (M + 1) = (sin X)th(M + lj.
cos’ X cos’ X

% JUISl TAaHHOM HEesIBHOU (PYHKITUU 5x2 + 3xy— 2y2 +2=0.
5.-2x+3(Xy+xy)—2-2y-y =0
10x+3y+3xy'—4yy'=0
y'(3x—4y) =-10x—3y
,  —10x-3y 10x+3y
© 3x—4y  4y-3x’

Hpumep 4. Hailitu

TTugpgpepenyuposanue Gynxyutl, 3a0aHHbIX NApamempuyecku

x = glt);
y=w(t)
rie oft) u w(t) nuddepernupyemeie gyskmmu 1 @'(t)#0, To mpomssoxHas Y,
BBIUMCIISIETCA 110 POpMYyJIE:

Ecimn dyukuus Y or aprymenra X 3ajaHa mapaMeTpUYECKH, T.e.{

y;zii'
X

IIpumep 5. Haiiti nmpousBoguyto V', , ecinu QyHKIHS 3a]aHa TapaMeTPUIECKA

x=a-(t—snt);
y = a-(1-cost),
Y

r 7

Bocnonesyemcst hopmyinoit: Yy =
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y, =a-sint
Zsinicos—
y. = asint __ 2 2=ctg£,(t¢2k7z).
a-(1—cost) oginz L 2

Memoo nocapugpmuuecrkozo ouppepenyuposarus
Nuorpa OwiBaetr 1enecooOpaszHo, mpexae yeM auddepeHImpoBaTh 3aJaHHYIO
GyHKIIMIO, HAWTH ee Jjorapudm, 3aTeM ONPEICIUTh IMPOU3BOJHYIO OT 3TOTO
norapudMa ¥ 1Mo MPOU3BOJTHON OT Jiorapudma OThICKaTh MPOU3BOIHYIO OT 3aJaHHOU
GyHKITUN. Takoli  mpweM  Ha3pIBAe€TCS  METOAOM  .J102ApUPMu1eckozo
oughgepenyuposanus.
Meton norapudmudeckoro auddepeHIIMpOBaHns TO3BOJISICT JIETKO HAWTH

IPOU3BOJIHYIO OT CIOXHOH byHKuuu Bruga Y =U" , rreU = U(X) uV = V(X) .
tgx

Ipumep 6. Haiitu npousBoanyio dyskimn Y = (sinx)
[Iponorapupmupyem ob6e vactu paBeHctBa Iny=tgxInsinx, sarem

npoaudhepeHrpyemM
y__1 In(sin x)+tgx-_icosx:M+l.
y CoS X sin x COS* X

OKOHYATEBHO, MOIyunM: Y =VY- (M + 1) = (sin x)tg"(m + 1)_
CoS” X cos’ X

PexomeHtyeMble UCTOYHUKH UHPOPMALIUT
(Ne pcrounuka)

OcHoBHas I[OHOJ'IHI/ITCJ'ILHEIH Metoanueckas I/IHTepHeT'peCprBI

1 1 1 1,2

IIpakTuyeckoe 3ausiTue S.
Tema 3anamus. ViccnenoBanue u nocTpoeHne rpa@ukoB GyHKINA.
Henv 3anamusa. @opMupoBaHUE HABBIKOBIPUMEHEHUS MU PEpeHINaTEHOTO
MCUYUCTICHUS K UCCIENOBAHUIO (DYHKIIMI U U MOCTPOCHUIO rpauKoB (HYHKIUHA.
B pe3yabTaTe 0CBOeHHS TeMbI 00y4al0NIUIiCHA 10JIZKEH::
3HaThb:ONpeieNIeHne YKCTpeMyMa (PYHKIIUK, TOUYKU neperuda, aCUMIITOT, CXEMY
HCCIIEIOBAHUS U IOCTPOEHUs rpauKoB (PYHKIUH.
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YMeTb:IpoBOAUTHHUCCIEOBAHUE U IOCTPOECHHUE rpauKOB (PYHKIIUI.

Baagers: OK-7 — cnocoOHOCTBIO HMCHOJIB30BaTh OCHOBBI SKOHOMHYECKUX U
MaTeMaTUYeCKUX 3HAHUMU MpU OLIEHKE 3P(HEKTUBHOCTH PE3YNILTATOB ACATEIBHOCTU B
pa3IuYHbIX cepax

Axmyanvnocms memwt. ViccnenoBanue U MmocTpoeHue rpapukoB  QyHKUIUN
UCIIOJIb3YETCS] B OKOHOMMUECKUX 3aa4ax.

Teopemuueckasa uacmo.

Paccmorpum  ¢ynkumio Y= f(X), HempepbiBHyl0o B Touke Xg. Touka X,

Ha3bIBACTCS moukou maxcumyma (munumyma) ¢pynxyuu'y = f(X), ecnu cymectByer
Takas OKPECTHOCTh TOYKH Xy, 4YTO Ui BCeX X# XgHU3 93TOH OKPECTHOCTH
Beimonasiercst  HepaBeHCTBO f(X) < f(Xy) (f(X)> f(X,)). 3HaueHwe OGyHKUUH B
TOYKE MaKCHMyMa Ha3bIBACTCS MAKCUMyMOM (QYHKIUH: Vg = T (X;py ) -3HAUCHHE
(QYHKIMK B TOYKE MUHEMYMa Ha3bIBAETCS MUHUMYMOM QYHKIMH: Yiin = T (Xin ) -

Touku MakcuMymMa U MUHUMYMa (DYHKIIMM HA3bIBAKOTCS MOUYKAMU IKCMPEMYMA
@yHxyuu. 3HadeHus: QYHKIMH B TOUKAaX KCTPEMyMa Ha3bIBAIOTCS 2KCMPEMYMAMU

@dyHKyuu.
Ecmu ¢yukius Y= f(X) umeer B Touke X skcrpemym, 10 f'(Xg) =0 wim

f'(Xy) He cymecTByeT — Heobxooumoe yciosue sxcmpemyma. OTCIO1a CIAEIyeT, YTO

TOYKH IKCTpeMyMa (YHKIHMH CJIEIYyeT UCKATh TOJIBKO CPEIU TeX TOUYEK, B KOTOPBIX
NpOM3BOJIHAA (DYHKIIMM paBHA HYIIO WIM HE CYIIECTBYET, TAKHE TOUYKU HA3bIBAIOTCS
KpUmudecKumu A cmayuoHapHblMy TOUKaMHu (QYHKITUH.

Ecmu ¢ynkiust Y= f(X) HenmpepblBHa B HEKOTOPOH OKPECTHOCTH KPUTHUYECKOM

Touku Xg U gudepeHmpyema B 3TOH OKPECTHOCTH (33 UCKIIOUEHUEM MOXKET OBITh,
caMol TOUKU Xg) U €Cliu IpU nepexoqie X4epe3 TOUKy X (CieBa HampagBo):

1) f'(X) meHsier 3HaK C «t» Ha «—», TO TOYKa XpeCTh TOYKA MaKCHMyMa
byHKIHH,

2) f'(X) MeHseT 3HaK C «—» Ha «t», TO TOUYka XpeCTh TOYKA MHUHUMYyMa
byHKIHH,

3) f'(X) He MeHseT 3HaK, TO B TOUuke Xg (DYHKIUS HE UMEET IKCTPEMyMa.

Eciu B kputnueckoii Touke Xg ¢yukmus Y= f(X) nBaxasr quddepenimpyema,
TO ONPEACIWTh XapakTep OHKCTpemMyMa (ecid B Touke Xp (QYHKIMH HMeEeT
AKCTPEMYM) MOXKHO IO 3HAKy BTOPOW MPOU3BOIHOM:

1) ecmm f"(Xg) <0, T0 Xy — Touka MakcuMyMa ()yHKIIHH,

2) ecmu f"(Xy) >0, T0 Xg — TOUuKa MUHMMYMa (PYHKIIUH.

I'padux Gynkmum y = f(x) Ha3bpIBaeTCs BBHIMYKIBIM BBEpX HAa WHTEpBaie (a; b)
€CJIM B Mpejenax 3Toro uHrepBayia rpaduk QyHkuuu y = f(X) nexut Huxe 1o00u
CBOEH KacaTeIbHOM.
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I'padux ¢pynkuum y = f(x) Ha3bpIBaeTCs BBINYKIBIM BHU3 Ha MHTEpBajie (a; b)
€CNIM B Mpejesiax 3Toro uHTepBana rpadpuk GyHKuuu y = f(X) jaexur Beimie 10001
CBOEH KacaTelIbHOM.

Touka rpaduka pynkmun y = f(x) Mo (Xo; f(Xo)) Ha3bIBaeTcst TOUKOU nepecuba
rpaduka, ecim MpH Mmepexoie X yepe3 Xo rpaduk MEHSET HApPaBICHNUE BBITYKIOCTH.

B Touke meperuba X, Bropas npoussoaHas Gpynxuuu f papaa nymo (X)) =0

(HeoOx0UMOE yCITOBHUE Tepernda).

Ecnu Bropas mpousBogHas f’(x) nBaxknabl auddepeHuupyeMor (yHKIHH TpU
Mepexo/ie uepe3 TOUKY X, MEHSET CBOW 3HaK, TO TOYKA X,eCTh TOYKa Iepernda eé
rpaduka (JIoOCTaTOYHOE YCIOBHUE Meperunoa).

Aneopumm uccredosanusi pyHKyuu Ha 8bINYKIOCHb
u moyku nepezuba

1. Haxogum BTOpYIO NMpou3BoAHYI0 GyHKIMH f"(X).

2. Haxogum TOYKHM, B KOTOpPBIX BTOpas MPOM3BOAHAS paBHA HYJIIO WU HE
CYLIECTBYET.

3. Uccrnenyem 3HaK BTOPOi MPOU3BOAHOM ClI€Ba U CIIpaBa OT HAMJCHHBIX TOYEK U
JieNnaeM BBIBOJ, OO0 HMHTEpBajaxX BBIMYKIOCTHM W HaJIM4YMM TOodek mneperunda. Ecmiu
BTOpas Mpou3BOAHas OyAeT MEHATh CBOM 3HAK C IUII0OCA HA MUHYC WM C MHUHYCa Ha
IUIIOC B HCCJENyeMOW TOuYKe, TO 3Ta TO4YKa M OyJeT ToukoW meperumbdba rpaduka
¢ynkuuu. Eciau BTOpas mpousBoHas 3HaKa HE MEHSET, TO (QYHKIMS HE UMEET TOUEK
neperuoda.

Acumnmomuwi epaghuka hyukyuu
[MpsimasiL Ha3wiBaeTCst acuMnToToi kpuBoi Y = f(X), ecnu paccTosiHue OT TOYKH
M(X; Y) kpuBo#t 10 3TOH mpsAMoOi LCTpeMHUTCS K HYJIIO MPH HEOTPAHHMYCHHOM
YAAJCHUU 3TOM TOYKHM IO KPUBOW OT Haydasia koopauHar. [IpsimMas X = adBisercs
gepmuKaibHoll acUMNTOTON KpuBor Yy = f(X), eciau BbIMOJHICTCA XOTSA ObI OJHO U3
YCJIOBUM:
lim  f(x) =40 (um — o)
x—a-0
lim  f(X)= 400 (s — o)
x—a+0
[Mpsmast y = kx + b HakimonHas acumnTota KpuBoil Y=f(X) mpum x — +o (mpu
X —>—00), €CJIU BBITIOJIHSIOTCS YCIOBHUSL:

im 1k im [f(x)-k-x]=b

X—>t+o X X—>+00

. f(X ,

lim L:k u lim [f(x)-k-x]=b]|

Xx—>—0 X X—>—00
YacTHpIfl ciay4aii HakiaoHHOW acuMnToTel mpuK=0 u b#o — copusonmanvuas
acumnToTa 'y = b.

Obwas cxema uccied008anusl
u nocmpoetus epaguxagyuxyuu
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1. Haiitu obmnacte onpeneneHust QyHKIMH.
2. HccnenoBath PyHKIINUIO HA YETHOCTh U HEYETHOCTD, IEPUOIUUHOCTb.

3. HccnenoBath pyHKIMIO HA HEMPEPHIBHOCTh U BEPTUKAJIbHbBIE ACUMITOTHI.

4. Uccnenosath  moBeJAeHHE  (PYHKUMM  HAa  OECKOHEUYHOCTH,  HAUTH
TOPU30HTAIbHBIE U HAKJIOHHBIE ACUMIITOTHI.

5. HaiiT 3kCTpeMyMbl 1 HHTEPBaJIbl MOHOTOHHOCTU (DYHKIIUH.

6. HaiiTi uHTEepBaNBl BHIMYKIOCTH (PYHKIUU U TOYKH Meperuoa.

7. Haiiti Touku nepeceyeHust GyHKIUU C OCIMU KOOPIUHAT.

8. Iloctpouts rpaduk QyHKIUU.

X% —x+2
X—2
Haitiemo6macts onpesenenus gpynximu D(y)= (-0 ; 2)U(2; + o),

Ipumep 1. Haittu acumnTotsl rpaduka GyHKIUU Y =

Xo =2eCTb TOYKa pa3pbiBa Tpapuka (yHKLIUHU, 4YEpe3 HEE MOXKET IMPOXOIUTH
BEpTUKaJIbHAS ACUMITOTA.

. . 3P —x+2 [12
Haiinem Iim f (X) = |im = = —00 ,CJICJIOBATCIIBHO, TpsAMas
X—X0—0 x>2-0 X—2 -0

X, = 2 SBIISIETCS BEPTUKAIBHON aCHMIITOTOM.
Haiinem HakimoHHyio acumnroty.y = kx + b

. f (X) . I —-x+2 [ pa3zeM YUCITATEITh
k=Ilim —<Z=Ilim ————=| — |= Jl=
st X NN ( X — 2) X o | |u3HAMeHaTenb HA X
(x—>—00) (x—>—o0)
3—:|'+22
= lim — XX =3
X—>+00 1 2
(X—)foo) _;
2 2 2
b= lim [ f(x)—k-x]= lim | X "X"2_g¢|_ jjm X X327 X HOX_
X—>+00 X—>-+o0 X— X—>+00 X— 2
(x—>—0) (x—>—o0) (x—>—00)
) 542
lim = lim —ZX=5.
X—400 X— X—>+00 1_8
(x—>—0) (x——0) X

Hammm, urok = 3 u b = 5, cnenosarennbHo, ypaBHEHUE HAKJIOHHOW aCHMITTOTHI
umeeT BUgy = 3X + 5.

Bonpocel u 3a0anus.
1. Onpenenenue s3kcTpemyma (QyHKIIUH.
2. Ompenenenne TOUYKH nepernda rpaduka GyHKITUH.
3. AnropuTM uccienoBaHus (PyHKIIUU Ha BBITYKJIOCTh M TOYKH Meperuoa.
4. AcuMnToThl rpadguka QyHKIHH.
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5. OO6uias cxema HcciaeoBaHUs U NOCTPOCHUs rpaduka PyHKIUH.

Haiitu sxcTpemymbl (OyHKIIHIA:

1. y:1x3—lx2—2x. 2, y:}x3+1x2—6x.
3 2 3 2
HaiiTu uaTepBabl BEINYKIOCTH, BOTHYTOCTH M TOUKHM Nieperuda rpaduka
GyHKIUU:
X4
1 y=2—2x°. 2.y=x>-5x*+3x-5
12
Haiitu acumMnToTsl rpaduKoB ClaeayomuX GyHKIUN:
2 2
1.y:2 X" 2.y:5X +2X 1.
X+3 1-X

HccnenoBath PyHKIIMIO ¥ TOCTPOUTH €€ Tpaduk.

X3

ly=—" 2.y:3x(1— xz).

3Ax+2)7

PexomeHryemMble UCTOYHUKH UH(POPMALIUT
(Ne ucTounmka)

OcHoBHas JlonomHUTEIBEHAS Meronnueckas HNutepHeT-pecypchl

1 1 1 1,2

IIpakTuyeckoe 3ausiTue 6.

Tema 3anamusn. IlpowsBonneie, nuddepeHIuanbl UM SKCTPEMYMBbl (PYHKIIUH
HECKOJIbKMX TIEPEMEHHBIX.

Ienv 3anamua. DopMUpPOBAHUE HABBIKOB BBIYMCICHUSI YaCTHBIX MPOU3BOIHBIX
u onHOTO Auddepenimana.

B pe3yabTaTe 0CBOEHHUSI TEMbI 00Y4AIOIIMICS T0JIKEH:

3HaTh: METOJAbl HAXOXICHHUS  YaCTHBIX  IPOU3BOJAHBIX U  IOJHOTO
muddepenimana.

YMeTh:BEIYUCIATHYACTHBIE TPOU3BOJHBIC (PYHKIIMHA W HAXOJAUTHIIOTHBIN
muddepeHima.

Baagerb: OK-7 — cnocoOHOCTBIO HCHOJIB30BATH OCHOBBI DKOHOMHYECKHX U
MaTeMaTHYeCKUX 3HAHWH TP OLCHKE 3 (PEKTUBHOCTH PE3yJIbTATOB JICSITCIHPHOCTH B
pa3IUYHbIX chepax

Axkmyanosnocmso membl. YacTtHble MIPOU3BOIHBICUCTIONB3YETCS B

OKOHOMMNYCCKHUX 3aJa4dax.
Teopemuuec:«m uacmo.
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Yacmuvie npouzeoonvle PyHKYUU HECKOIbKUX NEPEMEHHBIX

[Tycte mana ¢GyHKUMAIBYX nepeMeHHbIX Z = Z (X, Y).Yacmuoii npouszeooHou
GyHKYyuU 08YX nepemenHbIX TO OJHOMY M3 €€ apryMEHTOB Ha3bIBaeTCs Mpeied
OTHOIIICHHWST YACTHOTO MpHUpAaIIeHUss (GYHKIUH [0 3TOMY apryMeHTy K
COOTBETCTBYIOIIIEMY MPHUPAIICHUIO apryMEeHTa MPH YCIOBHH, YTO MPHPAIICHUE
apryMeHTa CTPEMHTCS K HYJIIO:

oz _, i Az

ox Zx = A)'(r_r:o Ax —Hacmuas NpoU3800HAsL PYHKYUU Z NO APeYMEeHm) X
oz, Ayz
a_y =2y = AyTO Ay yacmHas npou3B0OHAs PYHKYUU Z NO AP2YMEeHmYy V.

UroObl  BBIYMCIUTH YACTHYIO MPOU3BOJHYI  (DYHKIHHM  HECKOJIBKHX
NEPEMEHHBIX M0 OAHOMY M3 €€ apryMEHTOB, HYKHO BCE€ Jpyrue €€ apryMeHTbI
CUMTaTh TIOCTOSIHHBIMH W TMPOBOAUTH AU GEepeHIMpPOBaHUE 10 MPaBHIaM
muddepenurpoBanus GyHKIUHA OAHOTO apTYMEHTA.

ITpumep 1. Haiiti yacTHBIE TIPOM3BOAHBIE QYHKLUH Z= X> —3X°Y + 2y°.
[Ipy HaXOXJAEHWM YACTHOM NPOM3BOJHOM MO X OyaeM paccMaTpuBaTh Y Kak
BEJIMYUHY MOCTOSHHYFO. Torja moxydum:
z_ 3x* —6xy.
OX
AHallorMyHO, paccMaTpuBas X KaK BEIUMYMHY IIOCTOSIHHYIO, HaiJleM YacTHYO
MPOU3BOAHYIO MO Y. 2—; =-3x° +6Y°.

IIpumep 2. HaliTu yacTHbIE TPOU3BOIHBIE (DYHKITUU

z:arcsinz

X
[Ipn HaxOXAECHWU YACTHOM IPOM3BOJHOW MO X OyaeM paccMaTpuBaTh Y Kak
BEJIMYMHY MOCTOSIHHYHO. Toraa nojsyuyum
2_;.(_1}_#.
OX 1_(yj2 x? X+ X2 — y2
X

AHaNOrM4HO, paccMaTpuBas X KaK BEJIMYHHY MOCTOSIHHYIO, HAaWJEM YacTHYIO

MIPOU3BOJIHYIO 1O Y

oz 1 1. 1
X

oy . y 2w \/Xz_yz '
()
Cnoorcnas ynkyus HecKonIbKux nepemenHuix u ee ouggepenyuposanue
Ecmu z= f(x,y) - nuddepernupyemas GyHKIHS apryMEeHTOB X U Y, a X U Y —
muddepenuupyembie PpyHKIMU aprymenra t: X=X(t), y= y(t), TO TPOU3BOJHAS

CIOXKHOU pyHKUIUU Z= Z(X(t), y(t)) HaXOoJUTCs 0 popmyIie
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dz oz dx+g'dy

dt ox dt oy dt
Mpumep 3. Z=X =Xy, rae X=1-t>, y=t*, Haiiru %.

Haxonum npousBoanbie

d
ax_ _2t dy_ at°
dt ' dt
HaXOI[I/IM JaCTHBIC IIPOU3BOJHBIC
% _ge-y, Zox,
OX oy

OxoHYAaTeIbHO, MOJTyYaeM

% =3 - y)- (- 2t)+ (= x)-4t* = (3(1—t2)2 —t“k— 2t)-(1-t2)-4t° =

= 2t(-3+ 612 - 3t* +14) - 2t(2t% - 2t*) = 2t~ 3+ 6> — 24" — 22 + 24* )=

= 2t(4t? - 3)

Ecmm z= z(u,v) - muddepenurpyemasi GyHKIUS apryMmeHToB U V, a U U V B
CBOIO OUYEpelb, SABISAIOTCS (PYHKIUSIMH apryMEHTOB X U Y.
u=u(xy), v=v(xy)
U HUMEIOT KOHEYHBbIE YacTHBIE MPOU3BOJIHBIE IO ITHUM apryMeHTaM, TO YacTHBIE
npou3BoHbIe coxkHON Gynkuun z= z(u(X, y),V(X, y)) HaxoxsaTcs no Gopmyaam
0z _0z ou 0z ov

X ou oX v ox’
0z _0z ou oz ov

IIpumep 4. HaliTu 9yacTHBIC IPOU3BOHBIC CIOKHON (DYHKITUN
— 113 — 2 2
Z=U€ rne U=XY,v=x"—-y

Haiinem yactHbIE POU3BOAHBIC

gZBUZeV i QZUSeV’
ou oV

YaCTHBIC IIPOU3BOJIHBIC
ou
_:y’ @:X’ @:2)(’ @
OX oy OX oy

[To maHHBIM B yKa3aHuu GOpMyJIaM MoIydaem

=-2Y.
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0z 2 2 2 2 2 2
=3u’e’ - y+ule’ 2x=3x2y%e* Y . y+xy%e Y L 2x=3x°ye Y +

ox
+2x* Y3 = X2yt Y (3+ 2x2);
% =30%e’ x+ue’(-2y) =3y’ e Y x+ Xy Y (<2y) =

=3y’ 2%yt = xCyPe Y (3-2y7).

THonnwvui oughghepenyuan

[Tycts mana GyHKIMS ABYX nepeMeHHbIX Z = f (X, Y).
[Moaueiit nuddepentman pyakmun U= f (X, Y, Z) Beraucnsercst mopopmyie
du =@dx+@dy+@dz.
OX oy 0z
Yacmuosie npouzeoonvle PyHKYUL HECKOILKUX NEPEeMEeHHbIX, 3a0aHHbIX HESIGHO
Ecnmu ypaBHeHWe, ¢ TMOMONIIBIO KOTOpPOTO 3aaaercs (YHKIUS OJHOU
NepEeMEHHOW X, HE pa3pelieHO OTHOCHUTEIBHO y, TO d3Ta (YHKIUS Ha3BIBACTCS

nessnoii. F (X, y) =0.

dopmyina 115l IPOU3BOIHON HESIBHOM (YHKIIMUA UMEET BUT

dy _ F(xy)
& F, (xy)
ITpumep 1. ITycts Gpynuxims Y(X) 3anaHa ypasHenuem € —X— Y = 0. Haiitu
dy
dx
I F(x,y)=¢e?¥ —x—y umeem: F, =ye¥ -1, Fy’ = x€¥ —1 u cornacHo Gopmyiie
. . dy 1-ye?
IS TPOM3BOIHOM HESIBHOM (DYHKIIMH, OJTYYUM — = ———
dx xe¥-1

Yacmuosle npouszsooHvle u Ouppeperyuanvl 8bilcuUX NOPsOKO8
Hns byskuun z= f(x,y) ABYX HE3aBHCHMbBIX MEPEMEHHBIX MOXKHO OMPEICIUThH
(mpenmonaraeTcs, YTO BCE MPOU3BOAHBIE CYIIECTBYIOT) YETHIPE YACTHBIC

IIPOU3BOAHBIC BTOPOI'O IIOPAAKA, KOTOPBIC 0003HAYaAIOTCI CUMBOJIAMH

S _a_zz_ﬁ(ﬁj 02 :i(%j
T ox ax\ox) Y oxoy  oylox)
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2 2 " "
z;’y = Sy 82 = %(@j Z = 0'z_20 (gj YacTHple  MIPOM3BOMAHBIC Z, u z
X

= 2 = —
oy Yooyt oy\oy
OTIMYAOIIMECST TOPSAAKOM Iu(PepeHIupOoBaHus, Ha3bIBAlOTCI  CMEUlaHHbIMU
YACMHBIMU NPOU3B0OHBLIMY BTOPOTO MOPSIKA.

"

3nech z,, =zyxn. OxkasbIBaeTCs, MMEET MECTO CIIEYIOIIas TeopeMa.
Teopema. Cumewannvie npouseoonvle 6mopo20 NOpsAOKA pPAHbl, eClu OHU
HENpepuIEHbL. fxy"(x, y) = fyxn(x, y).

Ilycts uMeercs (QyHkims Z= f(X,y) HE3aBUCHMBIX NEPEMEHHBIX XH Y,

oOJafaro1iasi HermpepPHIBHBIMU YaCTHBIMHU TTPOU3BOIHBIMU BTOPOTO TOPSIIKA.
Huddepennmansl BTOPOro, TPETHEr0o M T.JI. TOPSIKOB ONPEISISIOTCS

2
bopmynamn d°z=d(dz), d°z=d(d°2)y 1.1, Ounu BBIPQXKAIOTCA YEpe3 YacTHBIE
npousBojHble. Hanpumep, auddepenman BTOpoOro nopsiaka UMEeT BUL:

27— o s Pay = e af 2 oy = 2 (07 + 2 vy O e O Z (ay
d z—d[axdx+aydyj d(@xjdmd[ay]dy ~ () +axadedy+ay6xdde+ ayz(dy)

0’z 0z 0’z
=— dX2 +2 dXdy+ —
OX OX0y oy
Bonpocel u 3a0anus.
Haiiti yacTHBIE TPOU3BOIHBIC CICAYIOMUX (PYHKITHH

1 z=2, 2 7-Y=2X
' y X+ 2y

ay?.

3,z:arctg§ . 4.z=ye”

5.u=Xxy’z®

. . dz
JI1st JaHHBIX CIOKHBIX (DYHKIIUN HAUTH MPOU3BOIHBIC it

1 z= ex—3y

2.z=arcsin(x—y), x=4t%, y=t> .

, X=sint, y=t? .

Haiit monmueiii nuddepennnan QyHKknun z = — Y =
T
Haiftm  BTOpBle  uYacTHBIE HPOW3BOAHBIE  (yHKIMH Z=IN(X* + y?).
0’z 0’z
Yoenureck, 4TO = :
A oxdy  oyox
2 X+
Haittu 02 .ecnmu Z=arctgx+ y-
OXoy 1-xy

Oxempemymbl YYHKYULL HECKOILKUX NePeMEeHHbIX

Ecim mnst ¢dyskmum z2 = f(X, y), onpeneieHHONH B HEKOTOpOW 00acTH, B
HEKOTOPOU OKPECTHOCTH TOUKU Mo(Xo, Yo) BEpHO HEPABEHCTBO

f (%, ¥0) > F(XY),
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TO TOUKa Mo Ha3bIBaCTCS MOUKOL MAKCUMYMA.
Ecim mnst ¢pyskmum Z = f(X, y), onpeneieHHOH B HEKOTOpOW 00iacTH, B
HEKOTOPOU OKPECTHOCTH TOUKU Mg(Xo, Yo) BEpHO HEPABEHCTBO

f (% Y) < F(xY)

TO TOYKa Mo Ha3bIBACTCS MOUKOU MUHUMYMA.
Ecmu dynkius f(X,y) B Touke (Xo, yo) HMEET 3KCTPEMYM, TO B 3TOH TOYKeE JTHOO
o0e ee  dYacTHBIE  TMPOW3BOAHBIC  TEPBOIO  TOPSAAKA  PaBHBI  HYIIO
! !
Fl(x0,20) =0, fl(x0,94)=0> aub0 XOTs OBl OJIHA W3 HHUX HE CYHIECTBYET. OTH

yCJIOBHS HA3bIBAIOT HEOOXOIUMBIMH YCIOBUSIMU dKCTpemyMma. Touky (Xo, Yo) Oyaem
HA3bIBATh KPUMUUECKOU MOUYKOU.

Onnako HE BCE CTAllMOHAPHBIE TOYKK OOS3aTENBbHO SIBJISIOTCS TOYKAMU
skcTpemyMa. Kaxgas w3 9THX TOYEK JIOJDKHA OBITh MPOBEPEHA Ha DKCTPEMYM C
MOMOIIIBIO JOCTATOYHBIX YCIOBUI IKCTpEMyMa.

[IycTh B OKpECTHOCTH KPUTHYECKOW TOYKH (Xo, Yo) ¢yHKums f(x, y) umeer
HEMPEPBIBHBIC YACTHBIE TIPOW3BOJHBIC 10 BTOPOTO TOPSJKA BKIOUUTEIBHO.
PaccmoTpum BeIpakeHHeE:

14 14 " 2
D(x,y)=A=f1(xy)- L6V —[ fo(xy) |-
1 Ecmu D(xo, Yo) > 0, To B TOuke (Xo, Yo) ¢ynkuus f(x, y) umeer
SKCTPEMYM, €CI [, (x,,y,) <0 - MAKCHUMYM, €CIIH f" (x,,y,) >0 - MUHAMYM.

2. Ecmu D(xo, Yo) < 0, To B Touke (X0, Yo) pyHkuus f(x, y) He umeer
AKCTpEMYyMa.
3. B ciyuae, eciiu D = 0, BbIBOJI 0 HAJIMYUU IKCTPEMYMa CIENIATh HENb34.
Ipumep 1.MccnenoBars Ha 3kcTpeMyM QyHKIHIO Z= X° + Y3 + Oxy.
HaxoauMm gacTHbIe TPOU3BOAHBIC IEPBOTO U BTOPOTO MOPSIIKA:
! _ 2 ' _ 2
f(%y)=3x"+9y, f/(Xy)=3y +9x.
fe(x,y)=6x; fi(x,y)=9; fi(x,y)=6y
[IpupaBHUBasi K HYJIIO TMEpPBbIC MPOU3BOAHBIC, MOJYYUM CHCTEMY YpPAaBHEHHIA
JUTSI OTIPEICIICHUS KPUTUYECKUX TOUCK:

3x% +9y =0,
3y? +9x=0.

Pemast cucremy Haxonum nBe kputuueckue Touku Mq (0, 0), Ma(—3, —3).
BbrancnsieM 3Ha4YeHHS YAaCTHBIX MPOU3BOJHBIX BTOPOTO TOPSAIKAa B ITHX
TOYKaX, BBE/ISI 0003HAUCHUS:

Ar= f,(0,00=0, Bi=fy(0,0=9, C;=f,(0,0)=0,
Az = fx (-3, -3) =18, By=fy, (-3,-3) =9, C,=f,, (-3-3) =-18.
3aTeM Haxoanum OHpeI[eJII/ITeJ'IBI

A, = A4C,—B?=0-0-9"=-81,
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A, =A,C, — BZ =(-18) - (-18) — 9% = 243.
B cuny 10cTaTOuHBIX YCIIOBUU 3aKIIKOYAEM, YTO B TOYKE M1 HET DKCTpeMyma,
Tak kKak A;<0, a B Touke M> (QyHKIHSI UMEET MaKCUMYyM, Tak Kak A, >0 u A>< 0,
npuuem maxf( x,y) = (-3, -3) = 27.
lIpouzeoonas 6 oannom nanpasienuu. I paouenm gyuxkyuu

I'paouenmombpynxuun z= f(X,y) B Touke M(X,Yy) HasbIBacTCI BEKTOP C
HAYajoM B TOYKe M, HMEIOIIMM CBOMMH KOOPAHWHATAMH YaCTHBICIIPOM3BOIHBIC
byHKIMH Z:

—— 07> 0Z-
gradz=—i+— .
OX
I'pasueHT yKa3pIBaeT HaMpaBIEHUE HAUOBICTpEMIEero pocra GyHKIUN B

. yA
JaHHOHU TOYKC. HpOI/IBBOI[HaH a B HAIIPABJICHUU I'paAuCHTA HMCCT HauOoJIbIIICE

0z — oz (oz ’
(—] =‘gradz‘=\/(—j J{—j .
N ) s X oy

1.9kcTpemMmymbl PYHKITUI HECKOTBKUX MTEPEMEHHBIX.
2.Heo6xoaumble YCIOBHS IKCTpEMyMa.

3.JlocTaTouHble YCIOBHS IKCTpEMYyMa.

4.Ilpon3BojHasi B JaHHOM HampasiieHud. [ pagueHT GyHKIuN.

3HAYCHUC, PABHOC

Jaubl:  QyHKoums Tpex mepemendsix U = f (X, Yy, 2Z), Touka
Mo (Xo; Yo; Zo0) ¥ BEKTOD d (a1, az, as) .
Haiitnu:

1) grad u B Touke Mo;
2) NPOM3BOIHYIO B TOUYKE Mo 110 HAIPaBJIEHUIO BEKTOpa d .

1. u=+x2-2y+4z;Mo (1;-2;1) ;A (-1, 2; 2) .

x .

2 U=—F——= Mo(1;1,2):d(-30:4

Haiitu sxcTpemymbl QyHKIHH:

1. z=x>+y>—9xy. 2.2=x>+y? —8x-2
3.2=3x-y* +4y+5.4 z=X+Xy+2y* —X+Yy

PexomeHtyeMble UCTOYHUKH UHPOPMALIUU
(Ne pcrounuka)
OcHoBHast JlonoTHUTEIbHAS Mertoauueckast WuTepHeT-pecypchbl

1 1 1 1,2
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IIpakTHyeckoe 3ansaTue 7.

Tema 3anamua. HeonpeneneHublli  uHTerpays.  OCHOBHBIE  METOMBI
MHTETPUPOBAHUS.

Ilenv 3anamus. PopMUPOBAHUE HABBIKOBHENIOCPEACTBEHHOIO MHTETPUPOBAHUS
Y METO/1a 3aMEHBI IIEPEMEHHOM.

B pe3yabTaTe 0CBO€HUS TeMbI 00Y4AIOIIMICS H0/IKEH:

3HATB:Ta0NMIly  OCHOBHBIX  MHTErpajgoB, METOJl  HEMOCPEICTBEHHOIO
WHTETPUPOBAHUSNA METOJ 3aMEHBI IIEPEMEHHON.,

YMeTb:HAX0IUTh UHTETPAJbl METOJAOM HEMOCPEICTBEHHOTO MHTETPUPOBAHUS
UMETOJ0M 3aMEHBI IEPEMEHHOM.

Baagerb: OK-7 — crnocoOHOCTBIO HMCHOJB30BATh OCHOBBI AKOHOMHYECKUX H
MaTEeMaTUYECKUX 3HAHUHN MpU OlleHKE 3P(HEKTUBHOCTH PE3YNIbTATOB ACSATEIBHOCTU B
pa3IUYHbBIX cepax

Axkmyansnocms memol. MeTO1 HETOCPEICTBEHHOTO WHTETPUPOBAHUS HMETO]
3aMEHbBI ICPEMCHHOMKCIIONB3YETCS B SKOHOMHUCSCKUX 3aj1auax.
Teopemuueckan yacme.
[Mycts pynkius F(X) —epBoobpasznas ¢pynkuuu f(X) nHa maoxectse X. Torna

coBOKymHOCTh  ¢yHkuuid Buma F(X)+C, rtme C — m00as KOHCTaHTa,
Ha3bIBaeTCsIHeonpedenenHvim unmezpaiom ¢pynkuun f(X) Ha MHOXKecTBe X.
HeomnpeneneHublit WHTET P 0003HaYaeTcs CHMBOJIOM

If(X)dX=F(X)+C, F'(X)=f(X).f — cumBonl mHTerpana, f(X) — momumHTerpanbHas

ynkius, f(X)dX — moguHTErpaibHOE BRIPAXKEHUE, X — TICPEMEHHAS UHTETPUPOBAHHS.
Ceoticmea HeonpedeneHHo020 uHme2paa

l. HOCMO}ZHHbZIZ MHOIMHCUMe/Nb MOKHO BBIHOCUTD 3a 3HAK MHTCI'pAJia
j kf (X)dx=k j f (x)dx.

2. Uumeepan ancebpauyeckou cymmuvl QyHKYyull paBeH alreOpandeckod CyMme
WHTETPAJIOB OT CJIaraeMbIX

j( f(x)+ g(x))dx:j f (x)dx+jg(x)dx
3. Jluppepenyuposarnue unmeepana

IIpouzeoonas neonpedenenHo2o unmezpana Mo MEPEMEHHON UHTErPUPOBAHUS paBHA
MOABIHTETPAIbHON (DYHKIIUU

!
(jf(x)dx) = f(x)
DTO CBOMCTBO SBISETCS CAMHCTBCHHBIM KPHUTEPHUEM IPOBEPKU MPABUIBHOCTH
pe3yibTaTa HHTETPUPOBAHUS.
4 /lucpgpepenyuan  neonpedenenHo20  uHme2pala  PaBeH  MOABIHTETPATbLHOMY
BBIPAKCHUIO

d( [f (x)dx) = f (x)dx
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CuMBOJIBI  HEONPEIEIEHHOTO MHTerpana u auddepeHnuana, CTOSIIHUE PIOM
B3aMMHO YHUYTOXKAIOTCS

_[dF(x):F(x)+C.

Tabauya unmezpanoe OCHOBHLIX INEMEHMAPHBIX DYHKYUL

a+l

1+C,(a #-1)

ay X
1.'[x dx_a+
Z.Idx:x+C

3]95=2J§+cm¢0

4j :——+Cx¢0

5.J.%:In|x|+C,x¢0
X

X

6_[axdx— a +C
Ina
7.Iexdx:e +C

8.jsinxdx=—cosx+c

9.jmsxdx=dn x+C

10J. _tgx+C,x¢%+7rk

cos? X

11.I _d>2< =—ctgx+C, x = 7k

sin‘ x
12_[ :—arctg +C
a’+x?
dx 1 J|a+Xx
13.ja2_xz=£|na+c,|X|¢a
dx 1 X—a
14.J‘X2_a2=2—a|nFa+C,|X|¢a
dx . X
15| ——= —+C
J'm arcsma+ Xx<a

=In‘x+ x?+a’|+C
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Henocpeocmeennoe unmezpuposanue

[Ipu HemocpeACTBEHHOM MHTETPUPOBAHUM UCTIOIB3YIOT TaOIUIBl HHTETPAJIOB,
CBOICTBA MHTErpaJiloB M  MpocTelliue  anredpanyeckue  MNpeoOpa3oBaHUs
MOJIBIHTETPaJIHbHOTO BBIPAYKEHUS.

IIpumepl.

I(Sx—3§‘/§+%}dx: J'Sxdx—J'S(‘/;dx+J‘%dx: SI xdx—SI x”4dx+4j X°dx =

-4
X _sc=2y_Lyu_yic
(-4) 2 5

X2
=5?—3x5’4/(5/4)+4

Ipumep 2.
.[(1— X)(2+3x)dx = _[(2+ x—3x2)dx: 2_[dx+_[xdx—3j x%dx =

2 3 2
2x+XE—3X—+C=2x+XE—x3+C.

IMpumep 3.
X3 1
I j(—s—x—)é]dx=f(x35—x15jdx=
-3 -3
= I x’14’3dx—jx’4dx: x 21 (-11/3)- X _ic=-3xw X _c
(-3) 11 3

Ipumep 4.

] %dx: ] {3(3 —Zgjx}dx: 3 (%’] ox—2 [%jxdx:
L6

In(1/3) In(1/2)

IIpumep 5.
I o > :iarctgzjtc.
16+x~ 4 4

IIpumep 6. Haiitu I(3cosx x* + —2)dx

x%+1

I(3cosx x* + —2)dx 3_[ cosxdx — jx4dx+ ZI —ZI dx=

X% +1 x%+1

5
:3sinx—xg + 2arctgx—2x+C

IMpumep 7. Haiitu jtgzxdx
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Hcnonws3ys TpUroHoMeTpudeckyo Gopmyiry

tg Zx = —1, nonyunm

cos’ X

Itg Xdx = I( jdx tgx— x+C

cos” X ~Bax= I

3— V5+x

5+ x*
J‘3 5+ X? J‘5+X J'\/5+X2 :3"‘ dx _J‘ dx

5+ X2 5+ X2 5+x% ¥ \/54 x2 -

cos® X

IIpumep 8. Haittu J

:—arct ——In‘x+ 5+ x2‘+C
B9
3PX 2%

Mpumep 9. Haiitu IT dx

3% _ X 32 2Y" X LV gy & (05
o o o B

Memoo 3amenvl nepemennou (Memoo noOCMaHo8KuU)

dopmyiia 3aMeHbI IEPEMEHHON UMEET BU:

[ (x)ax=[x=p(t) = f (o(t)) ' (t)t,

PaccmoTrpumMm cnepyronye npumepsl.

Ipumep 1.
= 5 5
[(x+3) dx=| | X+3‘=ju4du=“—+cz(x+3) iC
du =dx 5 5
IIpumep 2.
N U= X+ 22 32 2
d ]JZd C: 5 < C
Ix+x u_)jju uu3 (x+)3+
IMpumep 3.
Isin(x+1)dx du= dxj‘ jsnudu——cosu+C— cos(x+1)+C.
IIpumep 4.
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dx u=x-6

du
-[cosz(x—G) du = dx J‘coszu g+ 9(x-6)+
IIpumep 5.
I x*dx
x> +9

[omarass X°+9=t wu auddepeHUEpYs 00c UYACTH pABEHCTBA, MOTYUHM

5x*dx = dt . Orcrona x*dx = %dt u

IXdX = g:}In\t\+C:}In‘x5+9‘+C
x>+9 5 5 5

IIpumep 7.
Jx
.[3 dx
Jx

Tonaras /X =t u muddepeHupys 06€ yacTu paBEHCTBA, MOJTYIUM idX: dt.

2J/x

Tornma % =2dt.

Jx

CruenoBaTenbHO,
B
Jx
Ipumep 8.

IJ§QR

1+ x°
[lomarass arctgx=t wu guddepennupys o0e dYacTH pPaBEHCTBA, MOIYYUM

&t
1+X

CnenoBaTeabHO, I“ ctgxd —J.t%‘dt 4\/_+C— i/arctg X+C
IMpumep 9.
3
J'xze?L"X dx.
Momaras 1-Xx>=t wu nuddepenuupyss o0e dYacTd pPaBEHCTBA, MOJYYUM

— 3x%dx =dt. Torma x2dx = _:_Jg-dt .

t
dt=2.2 yc=23x,¢c.
In3 In3
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Crie1oBaTenbHO, J‘Xzel_x3 dx= —%Jet dt = —:—]);e +C= ——el_

Bonpocel u 3a0anus.

[ToHsTHE HEONPENETEHHOTO UHTETPAIA.

OCHOBHBIE CBOMCTBa HEOMPEACICHHOTO UHTETPAJIA.
Tabnuiia OCHOBHBIX UHTETPAJIOB.

MeToa HEMOCPEACTBEHHOT'O UHTETPUPOBAHUS.
MeTtop 3aMeHBI IEPEMEHHOM.

akrwdNPRF

HaiiTi uHTErpabl, UCHOJIB3YsI METO/I HEMOCPEACTBEHHOIO HHTETPHUPOBAHHUS
dx dx
1. . 2. .
I 16— x* I x?—16
3 J- dx 4 J‘ dx
\16— X2 X -16

. o X
Sj —+— 3 +i+5x2 dx 6.Isn (zjdx'
NG
X3

Haiitu HWHTCTPaJIbl, UCIIOJIB3Ys METOA 3aMCHBI HGpGMGHHOﬁ

1.jcossxdx. , je_; o
dx dx
3'J.4+9x2' 4'J.6x—1
dx sin5x dx
5'J‘«/e2 1 6I9 cos’ 5x
8. I X - tgx*dx

X
7. dx
==
Humezpuposanue no wacmsm

[lycts QyHKIIUN U(X) 151 V(X) HENIPEPBIBHBI W HMEIT HENPEPBIBHBIC
MIPOU3BOAHBIE HA MHOXeCTBE X. Torga Ha 3TOM MHOKECTBE UMEET MECTO PABEHCTBO

_[u(x)dv(x):u(x)v(x)—J'v(x)du(x).
dopmyna HCMONB3YETCS, KOT/AAa TMOJBIHTErPANbHYI0 (DYHKIUIO ymaercs

npcacraBuTb B BHAC [IBYX COMHOXMTEIEH U M dV, npuieM 3THU COMHOXKHUTCIIN
JOJDKHBI OBITh TaKHMMHU, YTOOBI CPAaBHUTCIIBHO JICTKO IIO dv MOXHO OBLITO HAWTH V, "

YTOOBI MHTETPAI JVdU OBLIT MPOIIE UCXOTHOTO ~[UdV .
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Kuaaccsl GpyHKIUi, HHTErPUPYEMBbIX 110 YACTAM

axdx J.Q X InXdX Tun 11T
sin axdx IQ

)e (

) (X)In" xdx Ieax Cos xdx
J'P (x) cosarxdx IQ (

( (

X) IQr X) arctgo xdx ICOS(ln X) dx
dv=Q, (x)dx

)
)

X) arcsin axdx Ieax sin axdx
)

Pn (X) - MHOT'OYJIEH I1€JIOM CTEEHU OTHOCHUTEIBHO X

Q (X) - 11eJ1asl WIK UppalioHalibHast aire0pandeckast yHKIIHS

PaccmoTpum crienyromue npuMepsl.

Hpumep 1.

u=2x+3,du=2dx,

I(2x+3)0055xdx: =(2x+3)ésin5x—éjsin5x-2dx=

dV = cosbxdx,V = %sinSx
1. 2
=(2x+3)gsn5x+2—50055x+c.

Ipumep 2.

U =x*+2x-1,dU =(2x+2)dx,

J'(x2+2x—1 X = :§(x2+2x—1)e3x—§j(x+1)e3xdx=

dVv =e¥dx,V = %ee‘x

U = x+1,du=dx, (1
:_(x2+2x—1)e‘°’x——( (x 1 J.egxdx)
3 3\3

v = e>dx,V = %e?’x

3X

:E(X2 + 2x—1)e3X —Z(x+1)e3X (2l 8
3 9 93 27

(9x2 +12x—13)+ C.

Ipumep3.

1

U =Inx,dU :%, 1 X3 1 2
:3x3lnx—3j—dx:3x3lnx—3jx Sdx =
X

Inx X

2 1
dV =x 3dx,V =3x°
1 1 1
=3x%Inx-3x*3+C =3x*(Inx-3)+C.
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Ipumep 4.

dx
U = arctgx,dU = ,
arcigx 1+x2 X 1 ¢ x°dx
Ix-arctgxdx= ) :Earctgx—a v
dVv = xdx,V _X
2
NG 1.x%+1-1 NG 1 dx X 1 1
=—arctgx—— dx=—arctgx——=| | dx— = —arctgx—— X+ —arctgx+C.
2 92I1+X2 2 gzU -[1+x2j2 T X
IIpumep5S.
jarctgxdx
. dx
[Tonaras U =arctgx, dV =dx, naiinem dU = 5 V =X.
1+ X
CrnenoBaTenbHO,
xdx
Iardgxdx: xarctgx—j 5
1+ X
xdx
Haiinem j 5
1+x

Jns sroro cpaenaeMm 3ameHy t=1+ x?. Torma dt=2xdx, Tt.e. XdX:Edt.

CreoBaTesbHO, I% = % % = % Inft|+C = % In‘1+ xz‘ +C

)51

_[ arctgxdx = xarctgx — % In(1+ x%)+C

IIpumep6.
2X
j e~ sin xdx
Monaras U =e?*, dV =sin xdx, maiinem dU =2e>Xdx, V = jsin XdX = —cosx
CnenmoBartenabHO,
J' 2X _ 2X 2X
e sinxdx =—e"* cosX + 2J'e cos xdx

K nocnennemy wunHTerpany emie pa3 npuMeHUM (HOpMylny HHTETPUPOBAHUS IO

qacCTsiaM.

Monaras U =e?*, dV =cosxdx, naiinem dU =2e**dx, V = jcosxdx: sinx.
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CrnenoBarteiabHO,
'[ e?* cosxdx = e**sinx — 2J' e?* sin xdx
[loacTaBnssi mojlydeHHOE BBIpaKeHHE B cooTHomienue (1.3.2), mpuxoaum K

yYpaBHEHUIO C HEU3BECTHBIM HHTETPATIOM Iezx sin xdx

'f 2 sin xdx = —e®* cosx + 2e*sinx— 4 _[ e* sin xdx
HepeHOCSI HCKOMBIﬁ I/IHTeraJI B ﬂeByI'O qaCTB, HOquI/IM

5J e?* sin xdx = —e?* cosx + 2% Sin Xi1. OKOHYATEIBHO MONYIAEM:
: 1 :

Iezx sin xdx = EGZX(ZSII’I X —cosx) + C

Bonpocut u 3a0anus.

1. ®opmyna UHTErPUPOBAHUS 10 YACTSAM.
2. Kiaccbl GyHKIIUN, HHTETPUPYEMBIX 110 YaCTSIM.

1.j(x2+1)-msxdx 2,Iln2xdx
3.](x—1)~sin(x—1)dx 4,j'arct92x-dx
S.IeX %% - dx 6'[ xax

sin® x
7. J' (x* +3)e™ dx 8. J. arccos(4x — 1) dx
9. cos(In x)dx 10. j e’ cos xdx

PexomeHryeMble UCTOYHUKH UHPOPMALIUT
(Ne pcrounuka)

OcHoBHas I[OHOJ'IHI/ITCJ'ILHEIH Metoanueckas I/IHTepHeT'pCCprBI

1 1 1 1,2

IIpakTuyeckoe 3ausiTue 8.
Tema  3anamusa.  OnpeneneHHbli  uHTErpall.  OCHOBHBIE — METOJBI

VHTETPUPOBAHUA.
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Henwv 3anamusn. DopMUpOBaHUE HABBIKOB HEMOCPEICTBEHHOTO MHTETPUPOBAHUS

Y UHTETPUPOBAHUS 3aMEHOU NMEPEMEHHOUN B ONPEICICHHOM HUHTErpale.
B pesyabTaTe 0cCBOCHUA TeMbl 00Y4AIOIIMICH J0/KEH:

3HaTh: METO/ABl HEMOCPEJICTBEHHOTO WHTETPUPOBAHUS U HHTETPUPOBAHUS
3aMEHOM NepEMEHHOM B OIPE/IeJICHHOM UHTETpase.

YMeTb:HAX0IUTh UHTETPAJIbl METOJIOM HEMOCPEACTBEHHOI'O UHTETPUPOBAHUS U
WHTETPUPOBAHUS 3aMEHON NMEPEMEHHOU B OTIPEICIICHHOM HHTETpale.

Baaners: OK-7 — crnocoOHOCTHIO HMCHOJB30BATH OCHOBBI DKOHOMUYECKUX H
MaTeMaTU4YeCKUX 3HAaHUU MpU OlEeHKE P(HEKTUBHOCTH PE3yJIbTATOB JIESITEIHLHOCTH B
pa3IUYHbBIX cepax

AKmyaJleOCmb memeol. MCTOI[BI HCTIOCPCACTBCHHOTO MHHTCTPUPOBAHUA U
MCTOA 3aMCHBI HepeMeHHOﬁ B ONPCACIICHHOM HHTCIpaJIC HCIOJIb3YCTCA B
OKOHOMMYCCKHUX 3aJavdax.

Teopemuuecmm yacmo.

Buviuucnenue onpedenénnoeo unmezpaniamemoo HenocpeoCcmeeHHo20
UHMe2PpUPOBaAHUSL
JIyis BBIYUCIICHUST OnpeaeIéHHOro nuterpana ot gpyuakuuu f(X) Ha orpeske [a;b]
npumMeHsoT hopmyny HeroToHa- .HGI/I6HI/IIIa KOTOpasi UMEET BUJ:

jf(x)dx F(x)| = F(b)-F(a).

a

JImg  BBIUMCICHUS  ONPENEIEHHOTO  HMHTErpasia I f (X)dx HEOOXOIMMO  HaWTH

a

COOTBGTCTBYIOIHI/Iﬁ HCOHpGI[CJIéHHBIfI HHTCIpaJl, a 3aTCM BBIYHUCINTL PAa3HOCTb

3HauYEHUHN NIEPBOOOPA3HOM MPU BEPXHEM U HUKHEM TpeJiejaX MHTErPUPOBAHUS.
2

2
Ipumep 1. BounucauTh onpeaeaeHHbli HHTErpa JX dx
1
Haiiném onny u3 nepBooOpasubix st GyHKIUH f(X) = X°
3 3
X X
Ixzdx:§+c, T.€. F(X)="—

Torna o dhopmyne Herorona-JleliOuuma
2

1 1 7
== (2°-1)==(8-)=—.
3( ) 3( ) 3

XS

3

1

OKOHYATEILHO, UMEEM:
2

2 3
[eax=X -1z-p-1
3 3

1 3

1
T

IMpumep 2.BerauciuThb I tg®xdx
0

HaxonuMm BHaudane HeonmpeaeaEHHbIA HHTETPA
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2o _¢SiN®x . ¢1-cos’x
J'tg de_jcoszxdx_j cos? X dX_'[cos X

Hanee ucnonszyeM popmyny Herotona-JleiiOnuia:

T

—[dx=tg(x)-x+C.

4 z
tg2xdx = (tg(x) — X)|4 =tg=-= —(tg0o-0)=1-Z-0=1-Z
{ 0o "%, 4 4

Memoo 3amenvi nepemennou (noocmanogxu)

CymHOCTh METOJa 3aMEHbl IMEPEMEHHOH (IOJCTaHOBKH) COCTOUT B 3aMEHe
MEPEMEHHON MHTETPUPOBAHUS JIPYTrOil MEPEMEHHOM, CBA3aHHOW ¢ HEH KaKUMHU-TTHOO
(YHKIMOHAIBHBIMA COOTHOIICHUSIMU C LEJNbI0 YIPOIUEHUS MOJBIHTErPaIbHOTO
BBIPAKCHUS.

Ilycte f(x) - HekoTopas (QyHKIIUS, OMpPEACIICHHAs Ha OTpPE3Ke [a,b]. Beenem
HOBYIO TIEpEMEHHYIO t T0 popMyse x=o(t),p(a) =a, ¢(B)=b Ha OTpe3ke [a, ,B].Tor):[a

b B
I S (x)dx fo (@(2))-@'(t)dt .

X+1

IIpumep 3. BeruncinTs HHTErpa Imdx.

Beeém HOBYIO niepeMenHyto 1, momoxus X :t6,T0r11a dx = 6t°dt .
HaiinéM npesensl HHTErPUPOBAHUS I HOBOM nepeMeHHoM 1 :
0=t°=t=0
1=t =t=1
3ameHsIsl IEPEMEHHYIO B ONPEAEIEHHOM UHTETpae, MOJydHM:

1 1.3 1
I3X+1dx: t2+16t5dt:6j(t6—t4+t3+t2 t— 1+t+1jdt—
X+1 ot +1 0 t2+1
1
7 5t 2 ¢t 2
= ___+—+————t+—lnt +1) + arctg(t
6{7 5 4 3 2 ( ) o) 0

= ———+—+E—l—1+—ln2+ 3In2+£—§
7 5 4 3 2 2 4 4 70

NN

.2
IIpumep 4. BeruncinTs HHTErpa _[S'n X-Cosx dx.
0

BBezieM HOBYIO TlepeMeHHY0, ycTh t =SiNX, Torma dt = cosx dx.,
T
Ecim x=0, 10 1t =0, ecin X=2,10 t=1.

Brinonnss 3aMCHY, I10JIy4acM
V4

2 , . t3; 1
J'sm X - COSX dX = jt dt_§0_§
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Jist m00bIX HempepblBHO AUQP(EpEeHIUpPYEMBIX Ha OTpPE3KE [a,b] byHKIUH

f(x) u g(x) uMeeT MECTO PaBEHCTBO
b

b b
[f)g (e =(f()g(x)] — [ g(x)f " (x)dx

u=f(x) dv = g'(x)adx
f'(x)dx v=g(x)

5

U, B 0003HAUCHUAX |du =

b b b
Ia udv = uv‘a — Ivdu.

a

IIpumep 1. BeruncnuTh onpeeeHHbIA HHTETPa:

Tlnxdx
1 x?
Ilycts
u:Inx:>du:1dx;
X
dv=d—)2(:>v=—1.
X X
Torna
JInxzdx:__I nxC + Idx I S S
1 X 1 X e X € € ©

Ipumep 2. Beruucnuth onpeaeaeHHbIM HHTErpal:
u=arcsn X dv=dx 1
in xdx = dx = (xarcsin )|, - X
arcIN XAX=qy = v=Xx |~ ,

N e N

’ﬂﬁzg—L

T Aje s

jixln xdx:

Hpumep 3. Beruucanuts onpeaeneHHbId HHTErpal:



o u=Inx du:(lnx)'dx:ldx ) e
X X
jxlnxdx= X :Elnx4 —
! dv = xdx V:JXdX=X— 1
2
e 2 2 e 2 € 2|® 2
=X« —ijdx:x—lnx I e
2 X 2 . 21 2 L 2 2| 2
1 1 e, 1 1 ee e 1
—ZIn)-=(-)=(—-1-=-00-=("-)=———+==
2 ) 4( ) (2 2 ) 4( ) 2 4 4
2 2
:w:£(92+1)_
4 4
IIpumep 4.Boraucnuth onpeneneHHbI HHTETpat: _[XSin 2xdX,
0
. u=x du = x'dx = dx ,,
Ixsin 2xdx = _ _ 1 =—§c052><4 -
5 dv=sn 2x v:jsn 2x:—50052x 2 0

— J' — lcostdx= — Zcost
y 2 2

+E-Esin2><1 — (- L cos2r +
. 22 .2

+9c050)+£(sin 27 —dn 0) :_Z.1+0+}(0_0) :_E_
2 4 2 4 2

Bonpocwt u 3a0anus.

1. BeiuucieHne ONpPENENEHHOIO0 HHTETpajla METOJ HENOCPEICTBEHHOTO
VUHTETPUPOBAHUS.
2. Meroa 3aMeHBI IEPEMEHHOM (TTOJICTAHOBKHM) B ONIPEICIEHHOM HHTETpaJIe.

4 7
1 _[3x2dx 5 Isin 3xdx
0
0
NE) 1
dx 2%
3. 4. | e”dx
-[1+ X° -([
2 7
Il d);x 6. jsin22xdx
1 0

PexomeH tyeMble UCTOYHUKH UH(POPMALTUU
(Ne pcrounuka)
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OcHoBHas JlonosHUTEIBHASA Meronuueckas NHuTepHeT-pecypcesl

1 1 1 1,2

IIpakTHyeckoe 3ansaTue 9.
Tema 3anamua. 1IpuiioKeHUss HHTETPAJIbHOIO UCUHUCIIEHHUS.

Ilenv 3anamun.OOpMUPOBAHHE HABBIKOB  HMCIIOJIB30BAHUS ONPEAECICHHOTO
MHTErpajia B 9)KOHOMUYECKUX pacueTax

B pe3yabTaTe 0CBO€HUA TeMbI 00Y4AIOIIMICS H0/KEH:

3HaTh: IPWIOKEHHUS ONPEIEICHHOIO0 HHTETPalia B DKOHOMUKE

YMeTb:HaXoAUTh MIOMIAAH, O0BEMBI, AJIUHBI AYT C MOMOIIBIO ONPEIEICHHOIO
UHTErpaia

Baagerb: OK-7 — crnocoOHOCTBIO HMCHOJB30BATh OCHOBBI AKOHOMHYECKUX H
MaTEeMaTUYECKUX 3HAHUU MpHU OlleHKEe 3P(PEKTUBHOCTU PE3YJIbTATOB ACSATEIBHOCTU B
pa3IUYHBIX cepax

AKmyaJleOCmb memeol. HpI/IJ'IO}KeHI/ISI OIIPCACIICHHOI'O MHTCI'paAJIda UCITOJIB3YCTCS
B OKOHOMHWYCCKHUX 3aJa4dax.

Teopem uueckasa uacmo.

['eoMeTpryecKre NPUI0KECHUS ONPeASICHHOIO0 MHTErpaia.

Brluncienue mionaaen mioCcKux d)I/IFVD.

0 b X

N3BecTHO, YTO OMpemeNieHHBI WHTETpall Ha OTPE3KE MPEACTaBIsAeT COOO0M
IUTOIIAIb KPUBOJIMHEWHOH Tpanenuu, orpanndeHHoi rpadgukom ¢yakrwu f(X). Ecim

rpaduk pacrnonoxer Hmxke ocu Ox, T.e. f(X) < 0, To momanps uMeer 3HaK “-*, eciu
rpaduk pacnosoxeH Boiie ocu Ox, T.e. f(X) > 0, To miomank nmeeT 3HaK “+”.
b
JI71s1 HaXOKIEHUSI CYMMapHOM MIIONIaau UCIoNb3yeTcsa popmyna S = I S (x)dx].

[Tnomans Gurypel, orpaHUYEHHON HEKOTOPHIMU JIMHUSIMH MOKET OBbITh HalJeHa C
MIOMOILBIO OINPEEIICHHBIX HHTErPAJIOB, €CJIM U3BECTHBI YPABHEHUS 3TUX JIMHUM.
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[pumep. HaiiTn muomans GUrypsl, orpaHM9eHHON TMHUASAME Y = X, Y = X2,
X=2.

N

|||H -

Hckomast muromraap (3alITpUXOBaHa Ha PUCYHKE) MOXKET OBITH HalJIeHa I10
dbopmyie:

2 2 3 2 |2
o2 X x 8 4 1 1 5 2
S—.!.x dx—!xdx—{;—;ﬁ ——————+5—g(eﬂ)

Brluncienue JUIMHBI IYTH KPUBOMU.

y y =f(x)

[7p)

AYi
AX;

a b X

JlnuHa nOMaHOM JMHUM, KOTOpas COOTBETCTBYET AYre, MOXET ObITh HaiiieHa Kak
S, =Y AS,.
i=1

Torga qnuHa Ayry paBHAa S = lim D AS,.
=1

max AS; —»0 F
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2
13 reoMeTprueCKIX COOOpaKEHHIA: AS, = \/(Axl. ) +(Ay, ) = p{%} -Ax,

Ay, _ f) - fx)
Ax.

i i

Toraa MoOXXHO MOKa3aTh, YTO

B 10 e Bpems

ZAS j 1+(dyj

rraxAx»O

Te. S= i,/l +(f'(x)) dx

Ecnu ypaBHeHHE KpUBOH 3aJjaHO TapaMETPUUYECKH, TO C YUETOM IPABUII BBIYUCIIEHUS
IPOU3BOJHOM NapaMeTPUUIECKH BaﬂaHHOﬁ GyHKIMH, TTOJTyYaeM

S = Nm(z) ' e,

rae x = @(t) uy = y(t).
Ecnu 3amana HpOCTpaHCTBeHHaﬂ kpuBasi, u x = @(t), y=y(t) u z=Z(t), to

S= j JoOF +lyOF +[z@Far

Ecau KpuBasd 3alaHa B MOJAPHBIX KOOpAXHATAX, TO

B
S=[p” +p’de, p=f(g).

Ipumep: HaiiTu JUIMHY OKpY»KHOCTH, 3aJ]aHHON ypaBHEHHEM X2 + Y2 = 2,

1 cmoco6. Bripasum U3 ypaBHEHHS MEPEMEHHYIO Y. Y =7’ —x°
L
[ 2

TOFI[a—S H . xdx J.\/idx—r arcsm—| —r—
- rt—x

Torma S= 2nr. [lonyuniu o61en3BecTHYIO (POPMYITY IITUHBI OKPYKHOCTH.

Haiinem npousBognyro y' =

2 cnmoco6. Ecinu npeactaBuTh 3ajaHHOE ypaBHEHUE B MOJSAPHONW CUCTEME KOOPJIUHAT,
. d
TO IOAY4HM: I2C0S%p + r’sin’e =2, 1.e. pynkuus p = f(e) =r, p'= % =0 Torma
¢

2n 2n
S = J.\/0+r2d(p= rjd(p=2nr
0 0

Brraucienne 005EMOB TE.
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Brrunciaenue o0beMa Te1a 10 W3BESCTHBIM ILIOMIAASIM €0 MapalICIbHbIX CCUCHUI.

a Xi-1 Xi b

[Tycth nmeetcs Teno oobema V. [lnomans 11000ro nonepevyHoro ceyeHus Tena
Q, u3BecTHa Kak HempepbiBHas (Gynkuus Q = Q(X). Pasobbem Teno Ha “ciion”
MONEPEYHBIMH CCUCHHUSIMHU, MTPOXOISIIMMU Yepe3 TOUKH X; pa3OueHus oTpeska [&, b].
T.k. Ha KakOM- JINOO MPOMEKYTOYHOM OTpe3Ke pazOueHus [Xi-1, Xi| Ppynkuus Q(X)
HENpephIBHA, TO MPUHUMAET Ha HEM HauOOoJbIIee W HaUMEHBIIEe 3HAUYCHMUS.
O603Ha4MM UX COOTBETCTBEHHO M 1 M.

Ecnu Ha 9TUX HAanOONBIIIEM U HAUMEHBIIEM CEUYEHUSX MOCTPOUTD IMIIUHIPHI C
o0pa3yloluMH, MapajulebHBIMU OCH X, TO OOBEMBI ATHUX IWIMHIPOB OyAyT
COOTBETCTBEHHO paBHbI MiAX; 1 MiAX; 31€Ch AXj = X; - Xi-1.

[IpousBenss Takue TOCTPOCHHUS MJIsi BCEX OTPE3KOB pa30MEHUs, MOJYy4YUM
UIUHAPHI, 00bEMbI KOTOPBIX PaBHBI COOTBETCTBEHHO iM Ax, 1 Zn:mlei .

i=1 i=1

[Ipu cTpemieHun K HyJNO Iara pa3OUEHHUs] A, 3TH CYMMBI MMEIOT OOITUH

peaen:

n

,, b
lim ;M,Axi = lim ;mlei = :[Q(x)dx

Taxum oOpazomM, 00BEM TeIa MOXKET OBITh HalIeH 0 popMyIie:
b
v =[O(x)dx

Henoctatkom 3TOi GopMysbl SIBIASETCS TO, YTO IS HAXOXKACHHS 0OObeMa
HeoOxoauMo 3HaTh QyHKIUIO Q(X), 9To BechMa MPOOIEMATHIHO JJIST CIIOXKHBIX TEJ.
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[Tpumep: Haiitn o0bem mapa paguyca R.

B momepedHbIX ceYeHMSX Iapa MOJy4arTCs OKPY)KHOCTH TMEPEMEHHOr0 pajanyca y.
B 3aBucuMoOCTH OT TeKyleH KOOPAMHATHI X 3TOT PaaUyC BBIpakaeTcs Mo ¢Gopmyiie
VR —x%.

Torna ¢yskims mwiomaaei ceuenuit umeet Bua: Q(X) = TC(R2 —xz).

[Tomyuaem o0beM miapa:
R

3 R 3 3 3
V= [m(R* - x")dx = n(R’x )| =m R-B g K| AR
A 37 3 3 )73

[Tpumep: Haiitn oO0beM Mpou3BOJIBHOM MUpaMUAbI ¢ BeICOTOM H 1 muiomaasio
OCHOBaHUS S.

[Tpu mepeceueHny nMUpamMuAbl MIIOCKOCTIMU, MEPIECHANKYISIPHBIMU BBICOTE, B
CEUYCHHH Toy4aeM (UTyphl, 0100HBIe ocHOBaHMIO. KoadduineHnt momodust 3tux
duryp paBeH ortHomeHuto X/H, Tme X — paccTosHUE OT IIOCKOCTH CEUSHUsS 0
BEPIINHBI TUPAMHUJIBI.

W3 reomeTpun M3BECTHO, YTO OTHONIIECHUE TUIOMIAACH MOJOOHBIX (HUTYp paBHO
Kodd punreHTy momoous B KBaapare, T.€.

Q_(ijz
s \H

o o, S
Otcrona nonydaem (yHKIMIO IUTIOMIaAeH cedeHui: O(x) = T
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H

S Sy H
Haxonum o0bem nupamMusl: V = '[ —zxzdx =— |
\ H 3H

SH

1
3

OQ0BEM TEJI BpaAIlICHU.

Paccmotpum kpuByio, 3amanHyio ypaBHeHueM Y = f(X). IIpeamonoxum, 4to
¢ynkuus f(X) HempepeiBHa Ha oTpe3ke [@ D]. Ecam coorBercTByromyroo ei
KPUBOJIMHEHHYIO TpaIelio ¢ OCHOBaHWSAMU a W D Bpamare Bokpyr ocu Ox, TO
MOJYYHM TaK Ha3bIBAEMOE TEJIO BPALEeHHS.

y =1(x)

T.x. kKaxmoe cedyeHHe Tella IJIOCKOCThIO X = CONSt mpenactaBisieT coOod Kpyr
paauyca R=| f (x)|, TO 00BEM Tella BpalleHUsS MOXKET OBITh JIErKO HaWIeH Mo

MOJIy4€HHOH BbIIIE popmyIie:

V= th:fz(x)dx

HJIOHI&IH) INOBEPXHOCTHU TECJId BPAIILICHU .

M; B

Xi
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Omnpenenenue:. Ilimomaaso mMoBepxXHOCTH BpalieHus KpuBoi AB Bokpyr
JAHHOM OCH Ha3bIBAIOT Mpeaei, K KOTOPOMY CTPEMSTCS IUIOIIANN MOBEPXHOCTEU
BpalllcHHsl JIOMaHbIX, BIMCAaHHBIX B KpuByI0 AB, mnpm crTpemieHun K HYJIIO
HanOOJBIINX U3 IJIMH 3BEHBEB ATUX JJOMAHBIX.

Pazobrem ayry AB nHa n uacrteit toukamu Mo, M1, Mo, ... , Mn. Koopaunatst
BEPILIMH [TOJyYECHHOU JIOMAaHON UMEIOT KOOpAUHATHI X; U Yi. IIpu BpameHuun somaHou
BOKPYI OCH TIOJIy4YHMM TIOBEPXHOCTb, COCTOSIIIYI0 U3 OOKOBBIX IOBEPXHOCTEU
YCEUEHHBIX KOHYCOB, IUIOIIAJb KOTOPbIX paBHa AP,. OTta miom@aiab MOXET ObITh
HalijieHa o gopmyiie:

AP, = 2n 2t . RERRIN

3nech AS — aiIMHA KaX10M XOp/bl.
AS,; = w/Axiz +Ayi2 =

[IpumensieM Teopemy Jlarpanxa K OTHOIIEHUIO ——-

Ay, _ S(x)—f(x)

X —X

i i i-1

Torma AS, =1+ f"*(g,)Ax,

[Tonygaem: =f(e,), x_,<e<x,

AP =22 Y0 . Vi [y 17 )Ax,
[[momaaes MOBEPXHOCTH, ONMMCAHHOM JJOMAHOW paBHA!
B = w3 () f N e
P
DTa cymMMa He SBJISIETCS] MHTETPaJbHOM, HO MOKHO TI0OKa3aTh, YTO

P= () + fEONIE S e)As = m w327+ A

max Ax

Torga P=2n _[ F()1+ £ (x)dx - hopMyIia BEIYUCIICHUS IUIOIIAIU TOBEPXHOCTH Teja

a

BpAallCHUS.
PexomeHtyeMble UCTOYHUKH UHPOPMALTUT
(Ne pcrounuka)
OcHoBHast JlonoTHUTEIbHAS Mertoaunueckast WuTepHeT-pecypchbl
1 1 1 1,2
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IIpakTnueckoe 3anstue 10.

Tema 3anamusn. [{luddepeHunanbHble ypaBHEHHS TIEPBOTO MOPSIKA.

Ilenvy 3anamua.®opMupOBaHHE HABBIKOB pemeHus AuddepeHuuanbHbIX
YpaBHEHUI C pa3AeNSIIONIMMUCS NMEPEMEHHBIMU U JIMHEHHbIE AU((PepeHIuaANTbHBIX
YPaBHEHUM.

B pe3yabTaTe 0CBOEHUA TeMbI 00Y4AIOIIMICS H0/IKEH:

3HaTh: MeTOabI penieHus TudPepeHInanbHbIX YPABHEHUH € pa3AeaioIMMHICS
NEePEMEHHBIMUA U JIMHEHHbIE MU PEepeHIINaTbHBIX YpaBHEHU.

Ymerb:pemiat  quddepeHnnanbHble  ypaBHEHUST € pa3AeNIAOIIMMUCS
NepeMEeHHBIMU U JIMHEIHbIEe TudPepeHinanbHble ypaBHEHUS.

Baagerb: OK-7 — crnocoOHOCTHIO HMCHOJB30BATh OCHOBBI AKOHOMHYECKUX H
MaTEMaTUYECKUX 3HAHUU MpHU olleHKEe YP(PEKTUBHOCTU PE3YJIbTATOB ACSATEIBHOCTU B
pa3IUYHbBIX cepax

Axmyanvnocmos memot. ubdepenimanbaple ypaBHEHHS C Pa3IeIIOIMMUCS
nepeMeHHbIMH.  JIuHelHble — audQepeHraIbHble  YPAaBHECHHUSHUCIIONB3YETCS B
HSKOHOMMYECKHUX 3aauax.

Teopemuueckasn uacme.

Hugdpepenyuanvrvie ypasHeHust ¢ pasoensilouumMucs nepemeHHbIMU.

HuddepeHnnanbable ypaBHEHHS ¢ Pa3ICIIONIMMUCS IEPEMEHHBIMU
HUMEIOT BH/I:
y'=f(x)-g(y) mm M(X)-N(y)-dx+P(x)-Q(y)-dy=0.

JInst pemieHuss Takoro ypaBHEHHsS Hamo o0e ero 4acTd YMHOKHUTH WIIH
pa3leNuTh Ha TaAKOE BBIPAXKEHHUE, YTOOBI B OJIHY YaCTh YPABHEHHUS BXOIMIIO TOJIBKO X,
a B IPYT'YIO TOJILKO Y U 3aTE€M MPOUHTETPUPOBATH 00€ YaCTH.

Ilpumep 1. Haiitu vactHoe  pemieHue  ypaBHenus — X-dx+ y-dy=0,
ya0BJIETBOpsIOIIee HayaabHoMy yeiaosuio Y(1) = 0.

Pasmennm mepemennsie: X-dX=-Yy-dy. Tenepb HOPOMHTEIPUPYEM JIEBYIO U

MPaBYIO YACTH:

2 2

dex = —I y-dy, mnomydaem X2 + ); =C,, umm, ob6o3HaunB 2C uepe3 C 2, Ooynem

2 2 2 . .
UMETH X“+y =C" - oOmuii wuHTErpajs. ITO ypaBHEHHE CEMEHCTBa

KOHIICHTPHUYECKUX OKPYKHOCTEH C IIEHTPOM B Hauajie KoopauHaT u panuyca C. [us
pemenust 3amaun Komwm mojctaBuM B 00U HWHTETpay HAdalbHBIE YCIOBHUSA

x=1 y=0: 1°+0%=C?0rkyqaC? =1, a Torga MCKOMOE YaCTHOE DELICHUE

2 2 . .
X + Yy =1 (yacTHBIA WHTETpaj) MPEACTABISIET COO0M OKPYKHOCTh C IICHTPOM B

Hayaje KOOpAMHAT W PaguycoM paBHbIM |. DTO WHTErpanbHas KpUBasi, MPOXOsIast
yepe3 Touky M (1,0).

Jluneiinvie ouggepenyuanvruvie ypagHenus
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JIuneinsIM nudPepeHInanbHBIM YPAaBHEHUEM NEPBOrO MOPSAKAa Ha3bIBAECTCS
ypaBHEHHUE, JMHEHHOE OTHOCUTEIBHO HEU3BECTHOM (yHKUMM U €€ TnepBou
npousBoaHOM. JIuHeiiHoe quddepeHnranbHoe ypaBHEHUE UMEET BU/L:

y'+P(X) - y=Q(x).

JIluneiiHOe ypaBHEHHME CBOAMTCS K JIBYM YpaBHEHUSIM C pa3lesstoIIMMUCS
MEPEMEHHBIMH, €CIU MUCKOMYIO (PYHKIHUIO Y 3aMEHUTh MPOU3BEACHUEM JBYX IIOKa
HEU3BECTHBIX BCIoOMoraTelibHbIX (yHKIui. I[Tycte y=u(X)-v(X), rae U(xX) uv(X) —
HEM3BECTHBIC (DYHKIMH OT X, OJHA M3 KOTOpPBIX, Hampumep V(X), MOXeT OBITh
BHIOpaHA NPOM3BOJLHO. IlojcTaBnsa B ypaBHenume Y=U-V, Yy =u'-v+u-Vv',

nocJie nmpeoOpa3oBaHus MOIy4aeM
u-v+u- (v +P(X)-v)=Q(X). (1)
Onpenenum V(X) u3 ycnoBust V' + P(X)-v=0, BbeiOupas B kauectBe V(X)OaHO W3

YaCTHBIX PEIICHUH 3TOTO ypaBHEHHs. 3aTeM H3 ypaBHeHUs (1) HaxoauMm (GYHKIHIO
u(x, C) u obiuee pemicHue guHeiHoro ypasuenus y=u(x, C)-v(X).

IMpumep 2. Haiitu obuiee pemienue aAuddepeHuanbHOro ypaBHeHUs

, 1
y -y -adgx=——-
SIn X

bynewm uckatp pemenne nudepeHnnanbHoro ypaBHeHus B Buge Y =U-V, Toraa

y'=U’'-V+U-V' unaHHOe ypaBHEHHUE IPUMET BH/

1
u-v+u-v'—u-v-ctgx=—— wm

sin X
' ' 1
u-v+u-(V-v-ctgx) = ——
SN X
' dv
IIycth V' —v-ctg x=0, paszaenum IIEpEMEHHBIE d—:V-Ctg X,
X
dv
— =ctg X - dx.
\Y

WuaTerpupys mocieaHee ypaBHeHHE, ToiaydaeM V=SINX. [loacTaBinss V=SINX B
ypaBHEHUE, TIOJTYIUM YPAaBHCHHE OTHOCUTEIBHO U(X):

: 1 u . 1
u'-sinx=——. Pasnenss MepeMcHHbIE, HAXOIUM —-SINX=—— Wi
sin X dx sin X
1
du=— > dX. Warerpupys 5TO ypaBHEHHe, TmoixydaeM U= - ctgx +C.
Sin™ X

CrnenoBarenbHO, 0011I€€ pEIICHHE 3aJaHHOI0 YPAaBHEHHSI UMEET BU]L
y=uv=(- ctgx+C) sinx= - cosx+ Csinx.

Bonpocwt u 3a0anus.
1. Juddepenunanbuble ypaBHEHHS C PA3ACISIOMIUMUCS TEPEMEHHBIMH.

2. Jluneitasie qudpepeHnnanbabie ypaBHEHUS.
53



Pemuth auddepenunanbHbie ypaBHEHUS

1. xydx+ 1+ y?)V1l+ x?dy=0.

2. y'+ y-tgx:i.
COSX

3. y'_y.ctgxz_i.
Sin X

d
4. y'= Y =tgx(y+1)
dx

OI[HOpOIIHBIC YPaBHCHUA MOT'YT OBITH 3aIlMCaHbl B BUAC:

y'=f 7.
X
I[J'ISI peuicHuss OAHOPOAHOTIO JII/I(i)(i)epeHIII/IaJII)HOFO YpPpaBHCHHUA IIPUMCHACTCS

IIOJCTAaHOBKA U:X wm Y=uU-X, rae u - q)yHKIII/ISI OT X, moajexamas
X

OTpEICICHUIO; TIPU 3TOM Y =U'X+ U.
Ilpumep 1. Haiitu oGmiee pemenue (mau odmmii mHTErpan) nuddepeHnnanIbHOro
ypaBHEHUS:

(xz + yz)dx— xydy=0.

Paznenus 06e yacTu ypaBHeHHs Ha OX, MpUBEEM €ro K BUIY
dy x2+y? dy x

XY XY

dx Xy dx y X

[TprMeHMB MOACTAHOBKY Y =UX = Y'=U'X+ U, HaliAEM:

, B 1
UX+u=u+—.

u
Paznensem nmepeMeHHbIE M HHTETPUPYEM:
dx  u?
ju-du: —; —=In|x+C.
X 2
y y?
VYuuteiBas, 4ro U ==, MOJy4YUM: = In \xl + C. D10 — 0ob6muii unrerpan. Kpome
X 2X

Toro, X=0 — uHTErpas TaHHOTO YPAaBHCHHSI.
2

OKOHYATENBHO: y—:ln‘X‘+C; x=0.
2%2
VYpaBHenne bepHYIIHABISCTCS OOHUM K3 HAuOOJIEe M3BECTHBIX HEIMHEHHBIX
audbepeHnnaIbHbBIX ypaBHEHHI mepBoro mopsaka. OHO 3amUCBIBAETCS B BHIIE

Y +P(X)-y=Q(x)y"



rae a(X) u b(X) — HenpepwiBHble (QyHKIMU.Ecmu m = 0, To ypaBHeHue bepnHysuin
CTAaHOBMTCS JIMHEWHBIM Au(depeHuunanbHbIM ypaBHeHUEM. B cioyyae, kormam= 1,
ypaBHEHHUE MPeoOpa3yeTcs B ypaBHEHHUE C PA3ACISIOUMMUCI NEPEMEHHBIMH.
B o6mem ciyuae, korna m# 0, 1, ypaBHeHue bepHyiiu cBOAUTCS K TUHEHHOMY
b depeHIrnaIbHOMY YPABHEHUIO € MTOMOILBIO MOJCTAaHOBKU
1-m

z=y
Hoeoe muddepennmanbHoe ypaBHeHHE IS GYHKIHHA Z(X) MOXKET ObITh PEIICHO
crioco0amu, OMMCAaHHBIMU paHee ISl TUHEUHBIX AUdQepeHIINaTbHBIX YPABHEHUM.

Bonpocwt u 3a0anus.
1. VYpaBuenue bepnyim.

2. Opnopoansie nudpepeHnnanbuble YpaBHEHHUS .

Pemutes auddepennmanbibie ypaBHEHUS

1. y':m_
X

2. y?=2-x-y—-x%-y'.
3. 2x% -y =x% +y°.
4, x-y' —y=x-Inx.

5. X-y-y =y?+x?

PexomeHtyemMble UCTOYHUKH UHPOPMALIUU
(Ne ucTouHmka)

OcHoBHas I[OHOJ'IHI/ITCJ'ILHEIH Metoanueckas I/IHTepHeT'pCCprBI

1 1 1 1,2

IIpakTuueckoe 3ansiTue 11.
Tema 3anamus. Jluddepennnanbabie ypaBHEHUS BBICIINX MOPSIKOB.

Lenv 3anamusn. DopMHUPOBAHUE HaBBIKOBPEIICHUSITUHENHBIX
muddepeHMaabHbIX  ypaBHEHUN BTOPOrO0  TOpsJIKA C  MOCTOSTHHBIMHU
ko3 (pbunmeHTamu.

B pe3yJsbTaTe 0CBOCHHUA TEMbI 00YYAIOIIUICS T0JIKEH
3HATB: METOJIBI PEIICHNUS JIMHEWHBIX AU(PepeHIInaTbHBIX YPABHEHU BTOPOTO
MOpsiAKA C MOCTOSTHHBIMU KO3 ULIIEHTaMU.
YMmerb:pemiats TuHelHbIE TuddepeHnanbible YpaBHEHUS BTOPOTO MOPSIAKA C
MIOCTOSTHHBIMU KO3(pdUlIeHTaMU.
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Baagers: OK-7 — cnocoOHOCTBIO HMCIIONB30BATH OCHOBBI DKOHOMHUYECKUX U
MaTeMaTUYCCKUX 3HAHUU TpH OTCHKE YP(HEKTHBHOCTH PE3YJIHTATOB JACATEIHHOCTH B
pa3IUYHbIX cepax

Axmyanvnocmos memolt. Jluneiinpie nuddepeHInaNIbHbIe YpaBHEHUSI BTOPOTO
MOpSAJAKAa C TOCTOSSHHBIMH KO3 (PHUIIUCHTAMHUKCIIONB3YIOTCS B 3KOHOMHUYECKHX
3ajayuax.

Teopemuueckasn wacme.

VYpaBuenne YY"+ p-y +(q-y= f(X)Ha3piBacTCS JTUHEHHBIM HEOTHOPOIHBIM

muddepeHranbHbIM  YpaBHEHHEM  BTOPOrO  MOpAJIKA € MOCTOSIHHBIMU
ko3 dunmenramu, rtae — pugneiictButenbHbie umcia. [lpu f(X)=0 ypaBHeHue
Ha3blBaeTCsAd OAHOPOAHBIM.OOIEE peleHue Y, , HEOAHOPOIHOIO YpaBHEHHS €CThb

cymma OOIIEro pemeHust Y,, COOTBETCTBYIOILErO OJHOPOJHOTO YPAaBHEHUS H
KaKoro — jgu00 4acTHOIO pelleHus Y, , JaHHOIO0 HEOAHOPOJHOIO YPAaBHEHMS, TO

€CThb You. = Yoo. T Yuu.-

O0HopoOHble TUHeliHble YPABHEHUS

OAHOPONHBIM JIMHEHHBIM YpaBHEHHUEM BTOPOTO0 TOpAJIKA C IOCTOSHHBIMU
K03 hUIIMEeHTaMH Ha3bIBAaCTCSl ypaBHEHUE

14 ’
y'+p-y+q-y=0.
OOmiee pemenre 3Toro ypasuenust umeet Bun Y, , =Cj - Y1 (x) + C5, - Y, (x),
rne Yi(x) u  Y,(x) - mMHEHHO HE3aBUCUMBIC YaCTHBIE PEIICHUS 3TOTO YPaBHECHHUS,
a C;, C, - nIpOU3BOJILHBIE ITIOCTOSTHHBIE.

JIns oThICKaHUs OOINETO PEIICHUS YpaBHEHUS COCTaBIACTCS aiareOpandeckoe

ypaBHEHUE
k?+p-k+q=0,

KOTOpO€ HAa3bIBACTCS XapaKTEPUCTHYCCKUM YpaBHEHHEM. OTO anredpandeckoe
ypaBHEHHUE TMOy4YaeTcs 3aMeHOW B Au(depeHITNaATbHOM YPAaBHEHUH TPOU3BOIHBIX
UCKOMOW (DYHKIIMM COOTBETCTBYIOIIMMH CTeneHsAMHU K, mpuuéMm cama QyHKIusy
3aMEHAETCS eAuHHIEeH. B 3aBUCMMOCTM OT BHa KOpPHEH XapaKTEPUCTUUECKOTO
ypaBHEHHS 00Ilee pelleHue ypaBHEHUsI OyaeT UMETh pa3Hbli BUA. BO3MOXKHBI Tpu
CiyJasi:
1. Ecnmu xopHH XapaKTepUCTHUECKOro ypaBHeHHs K, K, neicTBUTEIbHBIE U
pasTuYHBIC, TO  YACTHBIMH  PCIIEHUAMH  ypaBHEHUs  OynyT  QyHKIUA

y1(x)=€9% uy,(x) =€,
OO01ee penienre ypaBHeHuU (3) UMEET BUJ
Yoo. =C1 - ekl.x +Cy - ekz-x.
2. Ecmn Ky =K, =K neiicTBuTenbHbIe U paBHBIC, TO  Yq(X) = ek, Yo (x) = X- ek,
OO01ee penieHne ypaBHEHUS UMEET BUL:
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k-x k-x
Yoo =Cie7" +C5 - x-e™",

3. Ecim xOpHH XapaKTepUCTHYECKOTO YPAaBHEHUS KOMIUIEKCHO — COMNPSKEHHBIC
yucna Ky =a+i-f, K,=a—1-f, Torna 4acTHBIMH pEUICHUSAMH YpaBHEHUS

OymyT yi(x)=e**.cos(B-X), Y,(x)=e**.dn( B-X). Ob6mee penicHue
YpaBHEHUsS UMEET BUJ
Yoo, =C1-€"* -cos(f-X) +C, -€77 -sin (B X).

Heoonopoonvie nunetinvie ypasreHnus

HeognoponHoe nnHEHHOE ypaBHEHHE BTOPOTO IMOpPsAKa C IOCTOSHHBIMHU
koddurenramu umeer Buag Y '+ p-y +q-y= f(X). OOmee pemieHue 3TOro

ypaBHeHus 3agaérca popmynodt Y,, =VY,, + Y,, . B KOTOpOH crocod Mosy4eHHUs
GyHKIMH Y, , YXe onucaH paHee. Tenepb 3ajaua CBOIUTCS K OTHICKAHUIO YaCTHOTO
pelIeHHUs Y., HEOTHOPOJHOro ypaBHEHHs.B oOuiem ciaydae MHTErpupoBaHHE

YpaBHCHHA MOXHO OCYIICCTBUTbL MCTOAOM BapHallMU IMPOU3BOJIbHBIX ITOCTOAHHBIX.
Ecmmu xe nmpaBad 4aCTb YpPaBHCHUA HUMCCT CHGHH&HBHLIﬁ BUA, TO yq_H'HaXOJISIT

MCTOAOM HGOHpGI[CJIéHHBIX KOB(l)(bI/II_II/IGHTOB.YKaH(eM BHUJI YaCTHOrO pemieHus Y, ,

JUTSE HEKOTOPBIX YACTHBIX CcliydaeBiipaBoi gactu f(X).
1. IIycte f(X)=P,(X),rme P,(X) - HeKOTOPHIIf MHOTOYJICH CTENEHH N, TOT/1a

a) eciaW KOpHH xapakrepuctuueckoro ypaBHeHwmss K, #0,k, #0, T0 dactHOe
pEIICHKE HMILETCS B BHJIC
Yuu = Qn (X) .

3necey Q,,(X) - MHOTOUWICH ¢ HeONpeAeIEHHBIMH KOd((pHUIIMEeHTaMU TOW e CTETICHH,
910 ¥ MHOTOWIEH P, (X).
0) eciu OAMH M3 KOPHEH XapaKTePHCTUUYCCKOIO YPaBHCHHUS PaBEH HYIIIO, HAIIPUMED,
ki =0,k, =0, T0

yll.H. =X Qn (X) .
B) eclii 00a KOPHS XapaKTEPUCTHICCKOTO YpaBHCHHS paBHBI HYt0 K; =K, =0, T0

Yon, =X - Qu(X).
Jist toro 4roObl omnpenenuth kodddummentst MHOrowieHa Q,(X), dactHOe

pelieHre TMOACTABISIOT B auddepeHnaibHoe  ypaBHEHHE U YpPaBHUBAIOT
KOA( (PUIMEHTHI TPH OJJUHAKOBBIX CTETICHSIX X B JIEBOM M MPABOM YaCTAX YPaBHEHUS.

2. Tlycts npaBas yacth ypasHenus (1) umeer Bun  f (X) = P,(X) - €**. Torna

a) eciiia He SIBJISETCS KOPHEM XapaKTEPUCTUUYECKOr0 YPaBHEHHUSI, TO €CTh
ki # a, K, # &, To 4acTHOE pelIeHne UIeTCs B BUC

You = Qn (X) e,
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0) ecnu OAMH W3 KOpPHEW XapaKTepUCTHUECKOTO YpaBHEHHs paBEH da, Hampumep,
k1=a, kz ia,TO
a-X
Yun. ZX'Qn(X)'e .
B) €cJiM 00a KOPHSI XapaKTEPUCTUUYECKOTO0 YPAaBHEHUS PaBHBI d, TO €CTh
kl = k2 = a, TO

Yuu = X2 ) Qn (X) ’ ea-x.

3. ITycTth npaBas 4acTh YpaBHEHUS (1) UMEET BU]I
f(X) =P, (X)-cosbx+T,(X)-snbx, rne P,(X), T,(X) - MHOrowieHsl cTeneHu
nu M. Torma

a) eClIM KOPHH XapaKTEPHCTUYECKOrO0 ypaBHEHHUS He paBHbI +Di, TO dacTHOe

pellleHre UIIETCS B BUAC
Yon =Qs(X) - cosbx + R (X) - sin bx,

rae Q:(¥), Rs(x) - MHOTOWIEHbI S CTENeHM C HeOompeaenEéHHbIMU

ko3 urnmerTamu (S HauOOJbIIAST U3 CTETICHEHN 1M),

0) ectu KOpPHH XapaKTEepUCTHUECKOro ypaBHeHus Kj, =+bi, To yacTHOE pemenne

HUMCECT BUL
Yo =X (Qgs(X) - cosbx + R (X) - Sin bx) .

INpumep 1. Haiitu dactHoe pemrenue — ypaBHeHus, Y' — By’ + 6y =-78sn 3X,
yaoBieTBopsitomiee HadaabHbiM yesoBusM Y(0) =0, y'(0)=0.
Pemrenue. Pemim cooTBeTCcTBYIOIIEE OHOPOAHOE ypaBHeHue Y" — 5y’ + 6y =0. [l
€ro pEHICHHs COCTaBUM XapaKTEPUCTUUECKOE YpPaBHEHUE k? -5k +6=0. Ero
kopau K; =2, K, =3, cegoBarenbHo,
Yoo, =Cp - €% +C, -7,

YacTHoe pelieHne UCXOAHOT0 ypaBHeHus cornacHo [1. 3. a) uiem B Buje
Yo = ACOS3X+Bsin3x, Tak kak Ky, #+£3-i.
Haxomum Y., =—-3Asn3x+3Bcos3x, vy, , =-9Acos3x—9Bsin 3x.
[oacrasnsist Y, , Y.,,, V., BHUCXOJHOE YPaBHCHHUE, TOTYIHM

(—3A—-15B) cos3x + (15A— 3B) sin 3x = —78sin 3x.

[TpupaBauBas ko3hPUIMEHTHI IPU CUHYCE W KOCHHYCE B JIEBOM M MPaBOM YaCTIX
YpPaBHEHUS, OJIyYUM CUCTEMY YPaBHEHHIA:

- 34 - 15B=0, 154 - 3B=-78.
Pemas cuctemy, Haitném: A= -5, B=1, To €CTb YaCTHOE pEIICHNE UMEET BUI
Y., =—5C0S3X+ Sin 3X.

3HauuT, O01Iee pelIeHUE 3aIaHHOTO YpaBHEHUS OyAeT UMETh BU]I
You. = Yoo. T Yuu= Cl ’ eZ-X + CZ ) e3~X —5c0s3x + sin 3X.
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YroObl HAWTH 4YaCTHOE pEIICHUE, YAOBJICTBOPSIONIEE 3alaHHBIM HaYaIbHBIM
YCIOBHSM, HAlAEM mpomsBomuyio Y, = 2C; -e** +3C, -e** + 3cos3x +15sin 3x.
[Toncraum HavanpHble ycrmoBus  Y(0) =0, y'(0)=0 B oOmiee pemicHre U B €ro
MPOU3BOHYIO:

y(0)=C; +C, - 5=0,y'(0)= 2C; + 3C,+3=0.
Otkyna monydaem C, =18, C, =-13. Takum 00pa3oM, MCKOMOE YacTHOE

pEeIICHUC, YAOBJICTBOPAIOIICC 3aJaHHLBIM Ha4dYaJdbHBIM YCIOBUAM, IIOJIYYUTCA M3
O6H_ICFO pEIICHU ITPU H&ﬁI[CHHBIX SHAYCHUAX IMTPOU3BOJIBHBIX ITIOCTOAHHBIX!

Orser: Y= 18-e%** —13.e** —5c0s3x + sin 3x.

Bonpocwt u 3a0anus.

1. Jluneitnsle auddepeHnaIbHble  ypaBHEHUS BTOPOTO TIOpsJKA C
MOCTOSIHHBIMU KO3 (DUIIMEHTaMH .

2. OpHOpOoAHbBIC TUHEIHBIC YPaBHEHUS.

3. HeogHoponnble N1HEIHbIE YpaBHEHUS.

Haiiti yactHoe pemrenue auddepennnaibHoro ypaBaenus Y’ + p-y +q-y= f(X),
yIoBieTBopsitoiee HauanbHbiM yenoBusiM Y(0) =ay;  y'(0) =ay:

1. y'+y=4-€*; y0)=4, y'(0)=-3..

2. yV'-4-y'=8-x+4; y(0)=2, y'(0)=0.

3. y'—-2-y'+10y=74-9n3x; y(0)=6, y'(0)=3.
4. y"'-3-y'+2y=10-9nx; y0)=5 y'(0)=4.

5. V' +2-y+2y=x-€%; y0)=0, y'(0)=0

PexomeHtyeMble UCTOYHUKH UH(POPMALIUU
(Ne pcrounuka)

OcHoBHas I[OHOJ'IHI/ITCJ'ILHEIH Metoanueckas I/IHTepHeT'pCCprBI

1 1 1 1,2

IIpakTuuyeckoe 3ausitue 12.

Tema 3anamus.BeposiTHOCTD CIIy4alHOTO COOBITHSI.

Ienv3anamusn.3akpenuTh HaBBIK TpUMEHEHUS (HOPMYST KOMOWHATOPHUKH H
OCHOBHBIX (DOPMYIT BBIYUCIICHUS BEPOSITHOCTEH.

B pe3yabTaTte ocBOeHHS TeMbl 00y4AIONIHIICS 10JIKEH:
3HATh: onpeeeHNs] KOMOMHATOPUKH.
YMmerb: npuMeHSTH POPMYIIbI KOMOMHATOPUKH.
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Baagers: OK-7 — cnocoOHOCTBIO HCIIOIB30BATH OCHOBBI DKOHOMHUYECKHUX U
MaTeMaTUYCCKUX 3HAHUU TpH OTCHKE YP(HEKTHBHOCTH PE3YJIHTATOB JACATEIHHOCTH B
pa3IUYHbIX cepax

Axmyanvshocms mempl. KoMOMHATOpWKA HWCIONB3YeTCS B OKOHOMHYECKUX
pacuerax.

Teopemuueckasa uacmeo.
Ilpasuno cymmer. Eciu HEKOTOpHIH OOBEKT@ MOXKHO BBIOpaTh m crocoOamu, a
00BeKT bN criocobamu, MpUYeM HUKAKON BBIOOPA HE TEPECeKaeTCss HH C OJHHM U3
BBIOOPOB b, TO 0JTMH U3 00BEKTOB @ WIMDMOXHO BBIOpaTh M + N criocodamu.
IIpasuno npouszeedenusi. Ecam 00BEKT @ MOXXHO BBIOpATHIMCIIOCO0AMH W TIPH
KaXJIOM BbIOOpe 00bekTad 0O0BEeKTOMOXKHO BBIOpAaThN crioco0aMu, TO BBIOOp Maphl
(@, b)MOXHO OCYIIECTBUTHM N CITOCOOAMH.
Obwee npasuno npouszsedenus.Eciu oObEKT @1MOXKHO BBIOpaTh mi CIOCOOAMU,
O00BEKT @2 - My cnoco0amy, ..., @k - MMk, TO BBIOOP YHNOPSAJOUEHHOW CUCTEMBI
00BEKTOB (d1, A2,..., @K) MOXXKHO HAUTUM1 M *** Mk CIOCOOAMHU.

n! ( n-¢pakmopuan) ecTh NMPOM3BEICHHE BCEX HATYpalbHBIX uucesl oTl mo  n
BKJIFOYUTEIIHHO.

n!=1-2-3-... ‘n

1!=1, 0!=1, 5!=1-2-3-4-5=120

llepecmanoskamu Ha3bIBalOTCA KOMOUHALIMH, COCTABICHHBIE U3 NPA3TUYHBIX
AJIIEMEHTOB JJAHHOTO MHOXKECTBA M OTIMYAIOIIMXCS TOJIBKO MOPSIAKOM UX
pacnosiokenusi. Yucino Bcex BO3MOXKHBIX TIEPECTAHOBOK ompeaesnsercs (popmymnoit

P, =n!
Pa3M€W€HuﬂMM HA3bIBAIOTCA KOM6I/IHaHI/II/I nu3 n pa3J'II/ILIHLIX DJICMCHTOB MHOXCECTBA
I10 m 3JICMCHTOB, KOTOpI)IC OTJINMYAKTCA JII/I6O COCTaBOM DJJIEMCHTOB, HH60

MOPSIIKOM WX PpAaCIoOjoXeHUs.  UHMCIIO pa3MelIeHUuH HaXOIUTCS 10 TPaBHITY
YMHOEHUS B BUJE:
A" =n(n-1)(n-2)...(n—m+1)
T.€. PaBHO MIPOU3BEICHHUIO M MOCIEAOBATEILHO YOBIBAIOIINUX HA CITUHUILY
HaTypaJIbHBIX YKcel, HauuHas ¢ n. Vcnonb3ys obo3HaueHue n!, hopmyy s
YHUCIIa pa3MELIEHU MOYKHO IIPEICTABUTH B BUJIE:
m_n!

4= (n—m)!
Pazmernienusi ¢ moBTopeHUsAMHU. Pa3MelieHueM ¢ MOBTOPEHUSMH U3 I DJIEMEHTOB T10
k Ha3pIBaeTCs M1000€ YHOPSIOYEHHOES MHOXKECTBO BUAa{ai, az,..., ak}, T1IC a1, ay,...,
ax - DJIEMEHTBl MHOXECTBa (HE 00s3aTeIbHO pa3Hbie). UHCIO BCEX pa3MEIICHUNA ¢
TIOBTOpEHUAMHU 0003HauaeTcad A* (Bo3MOxkHO k>T1) u paBHO A' =n". Pasmemenus c
TOBTOPEHUSIMM M3 T JJIEMEHTOB MO K Ha3pIBalOT TakkKe YMNOpsAOYeHHbIMU k-
BBIOOpPKAMU C BO3BpAIICHUEM U3 II-MHOXKECTBA.

Couemanusimu W3 n3IEMEHTOB 0 M 3JIEMEHTOB HA3bIBAKOTCS TPYMIIHI 1O 71

3JIEMEHTOB , B3AThIC M3 JJAHHBIX 71 AJIEMEHTOB, paccMaTpruBaeMbie 0€3 ydyeTa ux
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n!

nopsiaka (m<n ). Yucio couetanuii C" = [Tpu aToM: C’=C’ =1, C"=C""

ml(n—m)!
, CO+Cr+CP+..4+Cl =2".
Couemanus ¢ nosmopenusimu. CoueTaHUEM C TIOBTOPCHHUEM U3 71 dieMeHmos ok
Ha3bIBaeTCA J1000€ MHOXKECTBO Bua {ai, az,..., ak}, IIea, az,..., ak - SJICMCHTHI
MHOXECTBa (HE 00s13aTeIbHO pa3Hble). Unco Bcex coueTaHuil ¢ TOBTOPEHUSIMU U3

- = n+k-1)!
nanementoBnok o6osnavaercs NF (Bo3MokHO kK>n) u paBuo C*=C*, = H
I(n-1)!
Knaccuueckoe onpedenenue seposimuocmu.
Beposmuocmu cobbimus A onpenensetcs: GopmMyion
m
pA) =",
n
rae M — YUCIO DIIEMEHTAPHBIX COOBITHH, OJIarONPHUSITCTBYIOIINX —IOSBICHHIO

COOBITUSIA, N — YHCIIO BCEX 3JICMEHTAPHBIX COOBITHH, BXOJAIINX B Q).

D10 omnpeieNIiCHNe HA3bIBACTCSI KAACCULECKUM ONpedeieHUeM eposimHOCTIU.

W3 onpeeneHust BEPOSTHOCTH BHITEKAIOT CJICTYIONINE €€ CBOKWCTRA!

1. Beposmnocms 0ocmogeprho2o cobvlmus pagHa eounuye.

JIeCTBUTENIBHO, €CITM COOBITHE JOCTOBEPHO, TO BCE DJEMEHTApHBIC COOBITHS
ONaronpusATCTBYIOT eMy. B 3TOM citydae M=N U, clieJ0BaTeIbHO,

n n
2. Beposamuocmb He803MOMCHO20 cOObIMUSL PABHA HYTIO .
JlefiCTBUTENBHO, €CIU COOBITHE HEBO3MOXKHO, TO HU OJHO 3JIEMEHTapHOE COOBITHE HE
OnaronpusaTcTByeT emy. B atom cimyyae m=0 u, cienoBateiabHO,
P@)="=2-0.
n n
3. Beposamnocmo ciyuaiino2o coobimus ecms NOJOACUMELbHOE YUCTO, 3AKTIOUEHHOe
MeHCOy Hynem u eOuHuyel.

JleHCTBUTENIBHO, CIIy4alHOMY COOBITHIO OJIArONPHUSATCTBYET JIMIIh YacTh M3 OOIIETO

o m
9uCIa AJIEeMEHTapHBIX COOBITUI. B aTOM cirydae O<m<n, asnaunt, 0< — <1 1,
n

cremosarensio, O< P(A) <1
Wtak, BeposSTHOCTH J1I000TO COOBITHUS yIOBIETBOPSIET HEPABEHCTBAM

0<P(A<L1
Ecnu npoctpancTBo Q coaepKuT 0€CKOHEUYHOE MHOXKECTBO AJIEMEHTAPHBIX COOBITHIHA,
TO HUCIOJIb3YETCA F'€OMETPUUYECKOE OMpE/IeICHHE BEPOSITHOCTH, KOrJa BEPOSTHOCTH
MonaJaHus TOYKUA B JIIOOYIO 00JacTh MPOMOPLHMOHANIbHA MEPE 3TOW yacTu (AJIMHE,
IJIOIIAIH, 00BEMY) U HE 3aBUCHUT OT €€ PaclooXeHUsI U (POPMBI.

P(A) = =0

, TJIe mes — Mepa JIJIUHBI, TIOoIaau, o0beMa, g — 4acTh obnactu G.

IIpumep 1. Bpocaercst urpanbHbiii KyOuk. [IpocTpaHCTBO 37E€MEHTAPHBIX COOBITHIA,
OTBEYaIoLIee TaHHOMY IKCIIEPHMEHTY, HMEET CICAYIOMuil BUL:. Q= {@, @,,..., % }.
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[Iycth coOblTHE ACOCTOMT B MOSIBIEHUM 4YETHOro yucia oukoB. CoObiTHe A ecTb

\
MOAMHOXeCTBO. Q, A={w,, w,, 0}

DOnemMeHTapHble COOBITHS, BXOJASIIME B COCTaB CIy4ailHOro coObITHs AHa3bIBatOTCS
COOBITUAMHU, Onaconpusmcmeyrouumu NMosiBIeHUI0 coobiTust A. J[Ba MM HECKOJIBKO
COOBITHII B JaHHOM OIBITE€ HA3BIBAIOTCS PABHOBO3MONCHLIMU, €CIIH TI0 YCIOBUSIM
CUMMETPHH OIbITa HET OCHOBAaHUMN CUUTATh KaKOe-TM00 cOObITHE O0JIEe BO3ZMOXKHBIM,
4yeM J11000€e Apyroe.

IIpumep 2. B norepee pasbirpsiBaetcs 1000 6uneroB. Cpear HUX 2 BBIUTPHINIA 10

50 py6., 5 — 20 py0., 10-10 py6., 25-5 py6. Hekro xynun omun Ouner. Haiitu
BEPOATHOCTD BHIUTPHIIIA HE MeHee 20 pyOei.

Pewienue.

ITo ycmosuio: 1000 = 250+520+1010+255+958 pourppim-

[Iycts A- uckomoe codbiTue. Bemmrpeim He Menee 20 pyOseit — 310 BeMrpsim B 20
pyOneil, koTopwlii BcTpewaeTcss Mi=5 pa3 u BeMrpsill B 50 pyOned, KOTOpPHIi

BcTpeuaercs Mp=2 pasza. Torma m=m; + Mp.n=1000 - oOmiee KOJIUYECTBO BCEX

ounetoB. P(A) = m_>+2_ 0,007.
n 1000
Hpumep 3. 13 90 cayyaitHO OTOOpaHHBIX OJWMHAKOBBIX JeTajied BBISBICHO 3

OpakoBaHHbIX. OTHOCHUTEIbHAS YACTOTA OpaKOBaHHBIX JeTajiell paBHA

WA ==

90 30

[Ipy yBeaMYeHHH YHWCIIA UCHBITAHUM (OMBITOB) HAOMIOAAETCS YCTOMYHMBOCTD
OTHOCUTEIBHOM YacCTOTHI, T.€. CYHIECTBYET HEKOTOpasi MOCTOSIHHAS BEJTMYMHA, OKOJIO
KOTOpPO#l  TPYyNMHUPYETCs OTHOCUTEIbHAST 4YacTOTa U K KOTOPOM OHa Bce Ooible
npuOIMKaeTCsl ¢ YBEIMYCHMEM 4YHUCJIAa HCMBITAaHUN. OTa MOCTOSHHAS BEJIMYMHA
HA3bIBACTCS  BEPOSAMHOCMbIO  CAVHAUHO020  cobvimu U 00o3HayaeTcsaP(A).
PaccMoTpeHHOE  MOHATHE  BEPOSTHOCTH  CIYYaHOTO  COOBITHSI  SIBIISIETCA
CTaTHUCTHYECKHUM OIPEACIICHUEM BEPOSTHOCTH.

Bonpocwt u 3a0anus.

[IpaBuno cymM 1 IpOU3BEAECHUM.
Pa3smemnienust.

CoueraHusl.

[TepecTanoBKH.

Knaccruueckoe onpeneneHre BEpOATHOCTH.

o0 k~wWwbhPE

I'eomeTpuueckoe onpeneneHue BEpOSITHOCTH.

3ananuel. Ha miockoctu gaHbl 9 Todek, U3 KOTOPBIX HUKAKHE TPU HE JIeKAT Ha
onHOU npsAMoii. CKOJBKO Pa3IMUHbBIX NPSIMBIX MOKHO MTPOBECTU YEPE3 HUX?

3aganue?. B mpocTpaHCTBE JaHBI 8§ TOUEK, U3 KOTOPBIX HUKAKHE TPU HE JIEkKaT
Ha oaHOW mpsMOW. CKOJBKUMHM CHOCOOAMH MOKHO MPOBECTH YEpPe3 ATHU TOUKHU
IJTIOCKOCTh
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3ananue 3. CKOJNBKO Pa3IuYHbIX YETHIPEX3HAUHBIX YMCEI MOXKHO COCTABUTH U3
uudp 1, 2, 3, 4?

3ananue 4. CKONBbKO Pa3auyHbIX YETHIPEX3HAUHBIX YMCEI MOXKHO COCTABUTH U3
uudp 1, 2, 2, 2?

3ananuedb. B otnene paborarot 11 cotpyanukoB. Tpebyercs BoIOpaTh JBOUX U3
HUX JJis BBINOJIHEHUS HEKOTOpoWd paboThl. CKOJBKUMH CIOCOOAMH MOKHO 3TO
caenatb?llycte coObITUSIA W B — HECOBMECTHBIE, NPUYEM BEPOSITHOCTU 3THUX
coObITui JaHbl. Kak HallTH BEPOSTHOCTH TOTO, YTO HACTYNMHUT JIUOO COOBITHEA, THOO
coObITHE B, T.e. BEPOSITHOCTh CyMMBbI 3TUX COOBITUN A+B? OTBET Ha 3TOT BOIPOC
JaeT caeAyrolas Teopema.
Teopema cji0keHMSI BEpPOSITHOCTEH HECOBMECTHBIX COOBITHIA. Beposmuocmo
CYyMMbL 08YX HECOBMECHHBIX COOBIMUL PABHA CYMME EPOAMHOCIEN IMUX COOLIMULL:

P(A+B) =P(A)+P(B).
Teopema yMHOXXeHHMSI BepPOAITHOCTeH He3aBUCHMBIX COOBITMH. Beposmnocmu
npou3zeedeHuUsi 08yX He3aBUCUMBIX COObIMUL PAGHA NPOU3BEOEHUIO BEPOAMHOCMEN
IMUX cOObIMULL:
P(AB) = P(A)-P(B).
CaeacrBue.Beposmuocms npouzeeoeHuss HeCKOJIbKUX He3A8UCUMBIX COObIMULL PaBHA
NPOU3BE0CHUI0 8EPOAMHOCIEN IMUX COOLIMULL:
P(A-Ay-...- A) =P(A)-P(A)-...- P(A,) -

TeopemMa yMHOKeHHUSI BepPOSITHOCTEH 3aBHCHUMBIX COOBITHH. BeposmHocmo
npouszeedeHusi 08X 3A6UCUMbBIX COOLIMULL PABHA NPOUIBEOCHUIO B8EPOAMHOCIU
O0H020 U3 HUX HA YCIOBHYIO  GEPOAMHOCMb  OpY2020,  BLIYUCIEHHYIO 8
NPeonoIodNCeHUlY, YMo nepeoe cooblmue yice HacCmynuno:

P(AB) = P(A/B)-P(B).

Ilpumep 1. B ypue 30 mapoB: 10 xpacHbix, 5 cuHuX u 15 Oenpix. Haiitu
BEPOSITHOCTH MOSIBJICHHSI IIBETHOIO 11apa.

[losiBneHue 1IBETHOTO IIapa 03HAYAET MOSABJICHHUE TUOO KPACHOTO, TMO0 CHHETO IIapa.
BeposTHOCTH MOsBICHMS KpacHOTO mapa (coObiTre A4)

P(A) = 10_1
30 3
BeposTHOCTH MosiBIICHUS CHHETO Mapa (coobiThe B)
5 1
P(B)=—=—-
B 30 6

CoObiTusiA u B HecoBMECTHbl (MOSIBJIEHUE IlIapa OJHOrO IIBETa HCKIIOYaAEeT
MOSIBJICHHE 111apa PYroro LBETA), MO3TOMY HCKOMas BEPOSITHOCTh paBHA
1 1 1

P(A+B)=P(A)+P(B) = 3+ 6 2

Tak Kak IPOTUBOMNOJIOKHBIE COOBITUSI BMECTE 00PA3YIOT TOCTOBEPHOE COOBITUE, TO
P(Q) = P(A) + P(A) =1,
I03TOMY
P(A)=1-P(A).
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IIpumep 2. BeposATHOCTB TOT0, YTO IE€HBb OyAET NOKUIMBBIM, paBHa [ = 0,3. Haittu

BEPOSATHOCTH TOT'0, YTO J€Hb OyET SICHBIM.
CoObITUS «I€Hb JOXIJIMBBII» U «JI€Hb SICHBII» — MPOTUBOIOJIOKHBIE, MOITOMY
HCKOMasi BEpOSITHOCTb PaBHA

q=1-p=1-03=0,7.
IIpumep 3.MuiieHb COCTOUT U3 TPeX 30H. BeposATHOCTh MonajgaHus B NEPBYIO 30HY
npu oxaHoMm BeIcTpesie paBHa 0,15; Bo BTopyro - 0,23; B tpersto - 0,17. Haiitu
BEPOSITHOCTH IIPOMaxa.
0603Ha4uM  CcOOBITHE A- npomax, A - TonagaHue B MHIIECHb. Toraa
A=A +A,+A;, tne A, A, A; - onaaHne COOTBETCTBEHHO B MEPBYIO, BTOPYIO
U TPEThIO 30HBL. [10 Teopeme CiloKeHUs BEPOSITHOCTEN:

P(A) = P(A)+ P(A,) + P(A,) = 015+ 0,23+ 017 = 0,55
OTKyJa P(A) =1- P(A) = 0,45

[IpennonoxxuM, dYTO COOBITHEA MOXKET HACTYNUTh TOJBKO TPHU YCIOBHH
MOSIBJIEHHUS OJHOr0 M3 coOblTMd H,,H,,...,H , 00pa3ylomux MOJHYI TpyINIy,
KOTOpBIE Ha30BeM cunomeszamu. IlyCTh W3BECTHBI BEPOSTHOCTH ITUX COOBITUH W
ycnosubie BeposTHocTH P(A/H,), i=1 n.

Tak kak AQ = A, to
A=AH +AH, +...+ AH .
W3  mecosmectnoctn  H,,H,,...,H,  BbITekaeT HeCOBMECTHOCTH  COOBITHIA
AH ,AH,,...,AH
[Tpumensst popmyity, UMeeM
P(A) =P(AH )+ P(AH,)+...+ P(AH ).

Cornacuo ¢opmyie, Tak kak coobitus H,,H,,...,H  MOryr ObIThb U 3aBUCHMBIMH,

n-

3aMeHUB Kaxnaoe ciaraemoe P(AH i) B TIPABOM YaCTH IOCJEIHETO0 BBIPAKCHUS

npoussenenueM P(A/H.)P(H,), moxyuum ¢opmyny nonnoii éeposmuocmu:
P(A)=> P(H)P(A/H))-
i-1

U3 popmynbr umeem

P(H,/A) =P(P/?'Z)k) -

Hanee, uz popmynsl (3.4) nonyyaem

P(AH k) = P(Hk)P(A/ Hk) .
OTtcroa v U3 NpebIAYIIEro COOTHOLICHUS, TPUMEHSISE (DOPMYITY MTOJTHOM
BEPOSTHOCTH, BBIBOAUM hopmyny baiieca:.

(k1) - _PHPCATH,)

n

> P(H,)P(A/H)
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Ipumep 1. B smuke Haxonsarcs 6 Oenbix, 4 4€pHbIX U 2 KpacHbIX wapa. [laps
U3BJIEKAIOTCA 1O OJHOMY Oe3 Bo3BpalieHHs. OnpenenuTb BEPOSTHOCTb TOTO, YTO
OeIblil 11ap NOSIBUTCS PaHbILIE, YEM YEPHBIM.

Pemenue.llo ycrmoBuio 3agaum mocie HOSIBIEHUS O€Oro mapa HW3BICYECHHUS
[IPEKPAIAalOTCA, IOCJIE€ IOSABIECHUS KpPAacCHOIO IIapa IPOBOIAUTCA CIEAYIOLLEE
U3BJICUEHUE, YEPHBIM IIap HE JOJDKEH NosBIAThCA. Ecnu A— ciydaitHoe coObITHE —
OeJibIil 111ap MOsIBUIICS paHblile, YeM YEPHBIA, TO

A=A1+C1 A+ CiCA;3

rae Ai— nosiBiieHue Oestoro 1mapa npu i-om m3BneueHun (I = 1, 2, 3), Ci— nosieieHue
KpacHOro Iiapa mpu i-oM wu3BieueHuu (I = 1, 2). 3mech COOBITHs-CaraeMbie —
HECOBMECTHBIC COOBITHS, a COOBITUS-COMHOXKUTEIN — 3aBUCUMBIE COOBITHSI, TaK KakK
mapbl M3BJIEKAIOTCSI 0€3 BO3BpAILCHHS W, BO3MOXKHOCTH HM3BJIEUb IIap KaKOTO-TO
KOHKPETHOTO I[BETA 3aBUCHUT OT PE3yJIbTaTOB MPEAbIAYIINX U3BIedeHu. [TorTomy
P(A) = P(Al) + P(Cl)P(Az /Cl) + P(Cl) P(C?_ /Cl)P(As /C1 Cz):

6 26 216 3
— 2,2, - 2.2

12 12 11 12 1110 5

Teneps nepeiiem K ciiydaro, Korjaa coobITusiA U B — He3aBUCHMBIC, U HaleM

BEPOSITHOCTh MTPOU3BEICHUS ITUX COOBITUM.
Tak kak coObiTHEA HE 3aBUCUT OT COOBITHS B, TO €ro ycioBHas BEpPOSTHOCTH
P(A/ B) pasna ero 6e3ycinoBHoOii BeposTHOCTH P(A), T.e.

P(A/B) = P(A)

PexomeHtyeMble UCTOYHUKH UHPOPMALIUT
(Ne ucTouHmka)

OcHoBHas JononHuTenpHAs Meroanueckas NutepueT-pecypchl

1 1 1 1,2

IIpakTuyeckoe 3ansiTue 13.

Tema 3anamusn.He3aBrucuMbIE HCIIBITAHUS.

Henv3anamusn.3aKkpenuTh HABBIK IPUMEHEHHSI CXEMbl UCIIBITAHUN bepHymiu u
Haxo0JIeHHe HanboJiee BEPOSITHOTO YHCIIa YCIIEX0B B cxeMme bepHyu.

B pe3yabTaTe 0CBOEHUS TEMBbI 00YYaIOIIMIACS T0JIZKEH:

3HaTh: onpeeneHrne cXeMbl ucnbiTaHuii bepHynnu.

¥YMeTb: NpPOU3BOIUTH BEIYUCIICHUS 10 cXeMe bepHymu.

Baagerb: OK-7 — cmocoOHOCTBIO HMCTHOIB30BaTh OCHOBBI AKOHOMHYECKUX H
MaTeMaTUIeCKUX 3HAHUU TpH OTeHKEe dP(HEKTUBHOCTH PE3YJIHTATOB EATCILHOCTH B
pa3IUYHBIX chepax

Axkmyanonocms memot. Dopmyna bepHyIm HCHONB3yeTCS B PA3IUYHBIX
AKOHOMUYECKHUX pacueTax.
Teopemuueckas uacmeo.
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[IycTh mpoU3BOAUTCS N HE3aBHUCHUMBIX UCIIBITAHUH, B KaXJA0OM M3 KOTOPBIX COOBITHE
A moxet nmubo mpouszoiiTu (ycrnex), 11mbo He npou3onTu (Heyaauda). bynem cuurtats,
YTO BEPOSITHOCTh COOBITHS A B Ka)KJIOM UCIBITAHUU OJHA U Ta K€, 4 UMEHHO PaBHA p.
CrnenoBatenbHO, BEPOATHOCTh HEHACTYIUIEHHMSI COOBITHS A B KaXKIOM HCHBITAaHUU
Takke TOCTOssHHa W paBHa Q=1-p. Takas mnociaeaoBaTeNbHOCTh HCIBITAHUN
Ha3bIBaeTCs cxemou bepnynnu.

B kaudecTBe TakuX HCHBITAHUN MOXHO paccMaTpuBaTh, HampUMeEp, MPOU3BOJICTBO
U3JIETTUI Ha OMNpPEIEJICHHOM OOOpPYAOBAHUM TMPHU MOCTOSHCTBE TEXHOJOTHYECKUX U
OpraHU3alMOHHBIX YCJIOBHM, B ATOM Clly4ae HW3TrOTOBJIEHHWE TOJAHOTO M3JEIHUS —
ycneX, OpakoBaHHOIO0 — HeyJada. JTa CUTyalusi COOTBETCTBYET cxeme bepnymiu,
€CJIM CYUTaTh, YTO MPOLECC HM3TOTOBJICHHUS OJHOTO W3/ENMs HE 3aBUCUT OT TOrO,
OBLIM TOAHBIMU UJTM OPAaKOBAHHBIMU MPEABIYIINE U3/IEIHS.

Jpyrum mpumepoM sBIsieTCS CTpenb0a MO0 MUIIEHU. 3JeCh MonajaHue — YCIex,
npoMax — Heyjaya.

[locTaBuMm cBoel 3a7aueil BBIYMCIUTH BEPOSITHOCTH TOTO, UYTO MPH N UCIBITAHUSIX
coObITHE A OCYIIECTBUTCS POBHO K pa3 W, CIeI0BAaTENbHO, HE OCYIIECTBUTCS N—K
pas, T.e. Oyzaer K ycniexoB u n—K Heymau.

Hckomyro BeposATHOCTH 00o3nadum P (k). Hampumep, cumBon P, (3) o3Hayaer

BEPOSITHOCTh TOTO, YTO B IISTH MCIBITAHUSX COOBITHE IMOSIBHTCSA POBHO 3 pasa H,
ClIeI0BaTEIbHO, HE HACTYIHT 2 pa3a.
[TocnenoBaTeIbHOCTL 71 HE3aBHCHMBIX MCIIBITAHWA MOYKHO pPacCMaTpHUBaTh Kak
CIIO)KHOE COOBITHE, SBIISIOIIEECS IPOU3BEACHHEM 71 HE3aBUCHUMBIX COOBITHIA.
CremoBaTellbHO, BEPOATHOCTD TOT'O, YTO B 71 UCIBITAHUSAX COOBITHE A HACTynuT K pa3s
U He HAcTymuT N—K pas, mo TeopeMe YMHOMKCHHS BEPOSTHOCTEH HE3aBHCHUMBIX
COOBITHH, paBHA

pk qn—k.
TakuX CIO0XHBIX COOBITHH MOXET OBITH CTOJIBKO, CKOJIBKO MOJKHO COCTaBHTH
coueTaHuii u3 n >neMeHTOB 110 K 31eMeHToB, T.e. CK.

Tak kak 3TH CJOXHBIE COOBITHMSI HECOBMECTHBI, TO TO TEOpEME  CJIOXKEHUS
BEPOSITHOCTE HECOBMECTHBIX COOBITHI, HWCKOMas BEPOSTHOCTh paBHA CyMMeE
BEPOSITHOCTEH BCEX BO3MOXKHBIX CJIOKHBIX COOBITHH. [OCKONIBKY e BEpOSTHOCTU
BCEX 3THX CJIOXHBIX COOBITHI OJMHAKOBBI, TO MCKOMAasi BEPOSITHOCTH (mosiBlicHUE K
pa3 coObITHSI A B 1 UCIBITAHUSX) PaBHA BEPOSTHOCTH OJHOTO CJIOXKHOTO COOBITHSI,
YMHOKEHHOHM Ha UX YHUCIIO
P.(k)=Cyp“q™™
W
|
P)= - prgT
kI(n—k)!
[Tonyuennyto ¢popmyiy Ha3bIBalOT opmynoi bepuyniu.
Ilpumep 1. BeposITHOCTH TOTO, YTO PACXOJA DJIEKTPOSHEPrUU HaA MPOJOJKEHUU
OJIHUX CYTOK HE€ IPEBBICUT YCTAHOBJIEHHOW HOPMBI, paBHA p:0,75. Haiitn

BEPOSITHOCTh TOTO, 4TO B TedeHue 4 CyTOK u3 Ommkalimmx 6 CyTOK pacxon
3JIEKTPOIHEPTUU HE MPEBBICUT HOPMBL.
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Pemennie. BeposTHOCTP HOPMAJIBHOTO PACcXoa IEKTPOIHEPTUH HA INPOAOJKEHHUU
KaXIbIX M3 6 CyTok mocrosHHa ¥ paBHa P=0,75. CienoBareyibHO, BEPOITHOCT

nepepacxoga dSJICKTPOIHEPrUM B KaXAbIC CYTKM TakKKE IIOCTOSIHHA W paBHA
q=1-p=1-0,75=0,25.
Hckomas BeposiTHOCTB 10 (hopmyne bepnyinu paBHa

1215

6-5
P,(4)=C/p*'g* =C¢p*g*=——(0,75)"-(0,25)* = ~0,297-
(@) =Cip'q’ =Cp'q” =2 (07)*-(0.25)" =2

B psge 3agau npencTaBiaseT MHTEPEC HAUBEPOSITHEHIIEE YUCIO YCIEXOB, T.€. TaKOE

yuciao M ycnexoB, BEPOSTHOCTb KOTOPOro camas OoJibliasi Cpeau BEPOSTHOCTEH.
Tak kak mpu yBEeTMYEHUM K BEpOSATHOCTHM  CHAavajga BO3pAcTalOT, a 3areM, C

ONPEJCIICHHOT0 MOMEHTA, HAYMHAKT YyObIBaTh, TO I [Tl mmeror MECTO
COOTHOIIIEHUS
P.(m) =P (m-1)

R.(M) =R (Mm+1).
Hcnons3yst ¢opmyny u cooTHomieHue P+ (=1, moayuyaeM COOTBETCTBEHHO
HEpaBEHCTBA

(n—-m+Y p=>ng
)51

(M+DHg=>(n—mM)p.
OxoHYaTenLHO mojaydacm, 4To M JICKUT B HHTCPBAJIC CI[I/IHI/I‘IHOﬁ JJIMHBI.

np—g<m<np+ p.
OnHako, CTOWUT 3aMETUTh, YTO HUCIONb30BaHWE (GopMynsl bepHymnu npu OonbIIMX
3HAYCHUSAX 71 JIOCTATOYHO TPYJIHO, TaK Kak (hopmyiia TpeOyeT BHIIOJHEHUS ACHCTBUM
HaJd rpOMaaHbIMHA YU CJIAMH.

Hanpumep, ecmn N=50, k=30,, p=0,1, To 1715 oTsickanus BepositHocTH P, (30)
HaI0 BHIYUCIIUTH BHIPAKECHUE P (30) = i . (0,1)30 .(079)20, rac
% 30 - 20!

501= 30414093 - 10% ; 30I= 26525286 -10%; 20 = 24329020 -10".

Bonpocwt u 3a0anus.
1. Cxema ucneitanuii bepuynnu.
2. ®opmyna beprysmm.
3. HaubGonee BeposiTHOE YnCIIO YCIIEX0B B cxeme beprymm.

3ananue 1. Monera Opocaercs nsTh pa3. HallTh BeposATHOCTH TOTO, YTO Opell
BBINAJIET 2 pasa.

3amanne 2. B cembe 5 gereit. Haiitu BeposSITHOCTH TOTO, YTO CPEeId HUX 2
MaJIBUMKA, €CJIM BEPOSATHOCTD POXKAECHUA Majpuuka paBHa 0,51.
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BepositHocTh 00Hapy>KeHUsI oneyaTku Ha cTpanulle kHuru paHa 0,01. Haiitu
BEPOSITHOCTH TOTO, 4TO B 500-CTpaHWYHON KHHUre HE OyJeT OOHapyX EHO OIMEeYaToK
(oOHapyxeHue OIeyaTOK Ha pas3MYHbIX CTPAHMIAX CUHUTATh HE3aBUCUMBIMU
COOBITUSAMMU).

3ananue 3. BeposTHOCTH M3rOTOBIEHUS JAeTanu Bbicuiero copra pasHa 0.4.
Haiitu BeposTHOCTH TOTO, uTO M3 260 neTaneil mojsoBuHA OyJET BBICIIETO COpTa.

3ananue 4. BeposTHOCTh U3TOTOBJICHUS M3JCNIHS BBICIIETO KadecTBa paBHa (,8.
Haiitn BeposTHOCTH TOro, uro cpeau B3AThIX 60 m3nmennii 30 OKaXXyTCsl BBICHIETO
Ka4ecTBa.

JlokanbHas Teopema Jlannaca.Eciu eeposmuocme p noseienus coovimus A 6
KadNCOOM UCNBIMAHUU NOCMOAHHA U OMIUYHA OM HYJIS U eOUHUYbL, MO 8EPOIMHOCHb
P (k) mozo, umo cobbimue A noaeumcs 6 n UCNbIMAHUAX POSHO Kk pas, npUOIUICEHHO

pasHa (mem mouHee, uem Ooavbule n) 3HA4eHUur QYHKYUU

1 1 £ 1 k—np
Jnpg 2z Jnpg Jnpqg
Nmerotest TabiMIIbl, B KOTOPBIX MOMENIEHB 3HAUCHUS QYHKIMH ¢(X) = 1 e 2.

Ver

TIpH 5ToM clieflyeT yunThiBath, uto @(—X) = @#(X), Tak kak dynkums P(X) uernas.

CrnenoBaTenbHO, BEPOSITHOCTh TOTO, YTO COOBITHE A TOSIBUTCS B # HE3aBUCHUMBIX
UCTIBITAHUSX POBHO K pa3, mpUOJIMKEHHO paBHA

P.(K)~ ——

\/qu '¢(X)’

k—np

Jpg

IIpumep 1. Halitu BeposTHOCTH TOTO, 4TO COOBITHE A HacTynuT poBHO 80 pa3 B 400
UCTIBITAHUSAX, €CJIM BEPOSITHOCTH TMOSBICHUS ATOrO COOBITUS B KaXKIOM HCIIBITAHUU
paBHa 0,2.

Pemenue. Ilo ycnosuio n=400; k=80; p=0,2; g=0,8. Bocnonssyemcsa Gpopmynoi
(4.7):

rIe X=

1 1
J400.02.08 P(X) =590

Brraucnum onpeaAcKICMOC JaHHBIMHA 3a/1a4d 3HAYCHHUC X.

o k—-np 80-400-0,2

Jnpq 8
o ta6muue naxoqum ¢(0) = 0,3989.

HckomMast BEpOATHOCTh paBHA

P (80) = ; .0,3989 = 0,04986 -

P (80) =

OF
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IMycTs Teneps Tpedyetes Boruucautsh Bepostaocts P, (K ,K,) Toro, uto cobrrrue 4
MOSIBUTCS] B 71 UCTIBITAHUSIX HE MEHEe k1 u He Oosee k2 pa3 (s KpaTkocTH OyaeMm

rosoputh «oT K; 10 K, pas»). Dra 3anaua permaercs ¢ MOMOINIBIO ClEyrOIIEH

TEOPEMBI.
HNurerpansuas teopema Jlannaca.Eciu geposmnocmes p nacmynienus coovimus A
8 Kadx0cOOM UCNLIMAHUU HOCMOSIHHA U OMIUYHA OM HYId U eOUHuyvl, mo

seposmnocms P, (K ,K,) mozo, umo cobvimue A noseumes ¢ n ucnoimanusx om K,

00 k2 PA3, NPUOTIUINCEHHO PABHA ONPEOeSeHHOMY UHMe2paLy

Pn(kl’kZ) ~

206X1:k1 npu)(Z:

[Ipu pemenun 3anay, TpeOyOIIMX NMPUMEHEHHUsS] MHTErpalbHONW Teopembl Jlamaca,
2

A
MONMB3YOTCS  CHCLMANBHOM Tabmuueil s MHTErpana  @(x) = 2dz- B

1 7 -
= J‘ e
Var
Tabumue Aansl 3Hauenns Qynkumn O(X) mis x>0, a as X < 0 Bocnonesyemcs
nedetHoctblo dynkimun D(X), t.e. D(—X) =—D(X). Pynxumo D(X) uacro
Ha3BIBAIOT (hyHKyuell Jlannaca.

Utak, BepOSITHOCTb TOTO, YTO COOBITHE A MOABUTCS B 71 HE3aBUCHMbIX UCIIBITAHHUAX OT
K, no K, pa3, pasna

P, (k,,K,) = D(X,) — D(X,),
e y — K, —np Moy k,—np,

2
vNpq vNpPq
IIpumep 2. BeposaTHOCTH TOTO, YTO OpraHW3alMs HE MpOoIIa MPOBEPKY HAJIOTOBOM
UHCIIEKIIMK, paBHA P = 0,2. Haiiru BEPOATHOCTH TOro, uto cpeau 400 cioyyaiiHO

OTOOpaHHBIX OpTaHHW3AIMi HE MPOIIECAIINX MPOBEpPKY okaxkeTrcs ot 70 mgo 100
OpraHU3aIuH.
Pemenue. ITo ycnosuio n=400; k, = 70; k, =100; p=0,2; q=0,8Bocnons3yemcs
dbopmyioii (4.9):
P (70,100) = O (X,) — D(X,) -
BrruncnuM HHXKHUNA U BEPXHUU NPEIEIIbl HHTETPUPOBAHHUS:
k,—n 70-400-0,2 :
Xl = 1 p = ! = —1’251
Jnpg  /400-0,2-08
_k,—np 100-400-0,2

>~ Jnpg  /400-0,2-08

Takum oOpazom, umeeM

P (70,100) = ©(2,5) —D(-1,25) = D(2,5) + ©(1,25).
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ITo Tabnuue 3nauenuit Gpynknun O(X) HaXOIUM

®(25) =0,4938; D(1,25) =0,3944.

HckoMast BEpOATHOCTD paBHA

P (70, 100) ~ 0,4938 + 0,3944 = 0,8882.
IlycTe mpouw3BOIUTCS N HE3aBUCUMBIX HCIBITAaHUWA, B KaXJIOM M3 KOTOPBIX
BEPOSATHOCTh MOSBJICHHUS COOBITHS A paBHa p. s ompenencHus BeposTHOCTH K
MOSIBJICHUM COOBITUS B 3TUX UCHBITAHUSAX UCIOIB3YIOT hopmyny bepuymnu. Ecnu xe
7 BEIUKO, TO IOJB3YKOTCA JIOKaJbHOM Teopemoil Jlammaca. OnHako OHa Jaer
OOJIBIIYIO TIOTPEIIHOCTD, ECIH BEPOATHOCTH coObITus Mana (P<0,1).
Ecim cpenmate pgonmyuieHue, 4ro mnpousBeneHue NP mpu N—>oo  coxpaHser
MOCTOSIHHOE 3HAYCHUE, 4 UMEHHO NP =A, TO BEPOATHOCTH TOrO, YTO INPH OYEHH
OOJIBIIIOM YHCJI€ MCHBITAHUH, B KKJIOM W3 KOTOPBIX BEPOSITHOCTh COOBITHS OYEHB
Majia, COOBITHE HACTYNHUT POBHO K pa3, HaXoauTcs o cienyromiei Gopmyie:
A
He .
Ota (popmyna BbIpakaeT 3aKOH pactipeaesieHus [lyaccona BEpOSITHOCTEH MacCOBBIX
(n BemMKO) M MaJOBEPOSATHBIX (p Majio) coObITHI. MIMeloTCs crieruaibHbIe TaOIUIIbI
st pactipeaenenus [lyaccona.
IIpumep 3. 3aBoxa ornpaBmwi Ha 6a3y 5000 kadyecTBEHHBIX H3JeNUi. BeposaTHOCTH
TOTO, YTO B MyTH uU3aenue nospeaurcs, pasHo 0,0002. Halitu BepoATHOCTH TOTO, UYTO
Ha 6a3y npuOyayT 3 MOBPEKIECHHBIX U3/IEIHA.
Pemrenwe. ITo ycnosuro N = 5000, p=0,0002,k = 3. Haiizem A:

A =np=35000-0,0002=1,
Hckomast BepossTHOCTB 110 hopmyiie (5.2) paBHa:

., 1
|35000(3)=§elz6—ez0,06

R0 =

PexomeHtyeMble UCTOYHUKH UHPOPMALIUU
(Ne pcrounuka)

OcHoBHas I[OHOJ'IHI/ITCJ'ILHEIH Metoanueckas I/IHTepHeT'pCCprBI

1 1 1 1,2

IIpakTuyeckoe 3ansitue 14.

Tema 3anamusa. YucioBble XapaKTEPUCTUKU JUCKPETHBIX M HENPEPBIBHBIX
CJIy4alHbIX BEJINYHH.

Henv3anamun.3aKkpenuTh HABBIK MPUMEHEHUS MAaTEMaTHYECKOTO OXKHIAHUS,
JACTIEPCUU U CPETHETO KBAAPATUUECKOTO OTKIIOHEHUS.

B pe3yabTaTe 0CBOCHUA TeMbI 00Y4AIOLIMHICS JO0IKEH:

3HaTh: ONpeAEeIECHNE YUCIOBBIX XAPAKTEPUCTUK TUCKPETHBIX U HEMPEPBHIBHBIX

CJIy4ailHbIX BEJINYHH.
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YMeTb: HaxOIUTh YUCIIOBBIE XAPAKTCPUCTUKH JUCKPETHBIX M HETPEPHIBHBIX
CIIy4aWHBIX BEIIMYUH.

Baagern: OK-7 — cnocoOHOCTBIO HCIIOJIBE30BATH OCHOBBI DKOHOMMYECKHX H
MaTeMaTHICCKUX 3HAHUHU TpH OIeHKe YP(HEKTUBHOCTH PE3YIHTATOB AEATEIHLHOCTH B
pa3IUYHbBIX cepax

Axkmyanvnocms  memsl. UHUCIOBbIE  XapaKTEPUCTUKU  JUCKPETHBIX U
HETMPEPHIBHBIX CIIYYalHBIX BEJIMYMH UCIIOJIB3YIOTCS B SKOHOMUUECKUX pacyeTax.

Teopemuueckas uacmo.

3aKOH pacmpesesieHUs TMOJHOCTBbIO XapaKTepU3yeT CIIy4allHyl0 BEJIUYMHY.
OnHako TMpu peElIeHUH TPAKTHUYECKUX 3ajlad HeT HeO0OXOIUMOCTH 3HaTh BCE
BO3MO>KHbBIC 3HAUYCHUS CITy4yalHOW BEJIMYMHBI U COOTBETCTBYIONINE UM BEPOSITHOCTH,
a ynoOHee MOJIb30BaThCS HEKOTOPHIMU KOJWYECTBEHHBIMHU MOKA3aTEISIMH, KOTOPBIC
JAI0T JIOCTaTOYHYI0 HMHGPOpMALMIO O Cclly4yailHoW BenuuuHe. Takue moKazaTenu
HA3bIBAIOTCS YUC/IOBbIMU XAPAKMEPUCMUKAMU CTIYYAUHOU BEIUYUHDL.

OCHOBHBIMH U3 3TUX XAPAKTEPUCTHUK SIBISIIOTCS: Mamemamuieckoe oxcuoanue,
oucnepcus u cpedHee Kgaopamuyeckoe omkionenue.  Mamemamuueckoe
0JCUOaHUe  XAPAKTEPU3YET MOJIOKEHUE CIyYalHOW BEJIWMYMHBI HA YUCIOBOW OCH,
ompesieNsisi HEKOTOpOE CpeHee 3HAaueHUEe, OKOJIO KOTOPOro COCPEIOTOYEHBI BCE
BO3MOKHBIC 3HAYCHUs CIy4allHOW BenuuyuHbl. J[Jig pemeHuss MHOTHX 3ajad
JI0OCTaTOYHO 3HAaTh MaTeMaTUyecKoe oOkuaanue. Hampumep, eciam H3BECTHO, YTO
MaTEeMaTHYECKOE OXHUIaHHE YhCiia BRIOMBAEMBIX OYKOB y MEPBOTO CTpeika OOJIbIIe,
YeM y BTOpPOTO, TO TEpPBBIA CTPEJOK B CpPEAHEM BHIOMBAET OOJBIIE OYKOB, YeM
BTOPOM, U, CIIEIOBATENILHO, CTPEJISET JIydIlle BTOPOTO.

Mamemamuueckum odxtcuoanuem OUCKPemHOU CAyyauHol eeiudunsl X Ha3BIBACTCS
CyMMa TIPOU3BEJACHHI BCEX €€ BO3MOXHBIX 3HAYEHMH HA HMX BEPOATHOCTH U
ob6o3HavaeTcs yepe3 M(X).

ITycts  ciaywaiinas BenuuuHa X OpUHAMaeT 3HadeHus X, X,,..., X, ¢
COOTBETCTBYIOLIUMHU  BEPOATHOCTAMU Py, Py,..., P,,. Torma maremarudeckoe

oxxunanue M(X) cnyualiHOW BeIMYUHBI X ONIPEAEseTC PABEHCTBOM

M(X)=XP,+XPy+...+ X, P, -

Ecnmu nuckperHas cmydaiiHas BenuduHa X TPUHUMAET OECKOHEYHOE MHOXKECTBO
BO3MO>KHBIX 3HAUCHUH, TO

M(X) =2 %P

IIpumep 1. HaliTu maTeMaTuueckoe OXuJaHUE CIIy4YalHOU BEJIUMYUHBI X, 3HAsl 3aKOH
€€ pacupeneieHus

X, 3 5 2
Pi 0,1 0,6 0,3

Pemenune. MickoMoe MatemaTuieckoe oxugaHue mno Gpopmyse paBHO
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M(X)=3-01+5-0,6+2-03=39.
Ilycte X — cnywaitHas BenumunHa U M(X) — ee MaTeMaTHYECKOE OXHUAAHHE.
Omxnonenuem cryyainou eenuuunsl HasbiBaeTcs pasHocTs X — M (X).

Ha mnpaktuke wyacTto TpeOyeTcsl OLIEHUTh paccesHUe BO3MOXKHBIX 3HAUYECHUU
CIIy4allHOM BEJIMYMHBI BOKPYI €€ cpeiHero 3HayeHus. Hampumep, B aptwiuiepuu
Ba)KHO 3HATh, HACKOJBKO KYUYHO JISITYT CHapsAbl BOJIM3M LENH, KOTOpas JOJIKHa ObITh
MOpakeHa.

Jlucnepcueti  (pacceamnuem)  OUCKpemHOU  CAVYAUHOU  6eIUYUHbL  HA3BIBAIOT
MaTeMaTUYecKoe OKMJAaHUE KBaJapaTa OTKJIOHEHHUS CIy4yalHON BEJIMYHMHBI OT €€
MaTEMaTUYECKOTO OKUJAHUS:

D(X) = M[X =M (X)]*-

JIJisi BBIYUCIIEHMS TUCTIEPCUU YacTO ObIBAET yIOOHO BOCIIOJIB30BATHCA CIEAYIOLIEH
dbopmynoi:

D(X)=M(X*)~[M(X)I*.

IIpumep 2. Haiitu aucnepcuio ciy4yailHOM BelWYuHBI X, KOTOpas 3ajiaHa
CJIEAYIOILMM 3aKOHOM PACIIPEICIICHHUS:

X, 2 3 5
Pi 0,1 0,6 0,3

Pemenne. Matematuueckoe oxxuganue M(X) paBHo:

M(X)=2.01+3-06+5-0,3=35.

VY 2
3aKoH pacipcaciicHuA CI1y4YanHOU BCIINYNHBI X HUMCCT BHU:

X2 4 9 25

Pi 0,1 0,6 0,3

Maremaruueckoe oxunanue M (X?) pasHo:

M (XZ) =4.01+9-0,6+25-0,3=133.

Hckomas nucnepcust paBHa
D(X) =M (X?)-[M(X)]? =13,3-(35)* =1,05.
JImg OLEeHKH paccesHus BO3MOXKHBIX 3HAYCHUW CIyYalHOM BEJIWYHMHBI BOKPYT €€
CpPEIIHEr0 3HAYEHMS CIIYKUT TaKK€ CPEJHEE KBAIPATUUECKOE OTKIIOHEHHUE.
Cpeonum KeadpamuyecKkum OMKIOHEHUEM CAYYAUHOU 6eauyunsl X Ha3bIBACTCS
KBaJIpAaTHBIM KOPEHb U3 TUCIICPCUH:

o(X)=+D(X) -

IIpumep 3.Cnyuaiinas BennunHa X 3a7aHa CIEIYIONTUM 3aKOHOM PacIpeIeIICHuUS:

X 2 3 10
72




Pi 0,1 0,4 0,5

Haiitu cpennee kBagparudeckoe oTkiaoHenne o(X).
Pemiennie. Matematuueckoe oxxunanue M(X) paBHo:
M(X)=2-01+3-04+10-05=64.
MaremaTrdeckoe 0KuIaHue M (xz) paBHO:
M(X?)=4-01+9-0,4+100-05=54.
Hanpem nucnepcuto:
D(X)=M(X?) -[M(X)]? =54—(6,4)* =13,04.
Hckomoe cpenHee KBaapaTndecKoe OTKIOHEHUE PaBHO:
o(X)=./D(X) =./1304 ~ 361.

JluckpeTHasi ciiydaifHash BEJIMYMHA MOXKET OBITh 3a/JlaHa TIEPEYHEM BCEX €€
BO3MOKHBIX 3HAa4eHMH W WX BeposTHocTed. OIHAaKO TakoW Crmocod 3amaHus
HETIPUMEHUM JIJIS1 HEIPEPBIBHBIX CITYYaHBIX BETHYHH.

Hampumep, paccMOTpUM CITydaliHYIO BEJIMYUHY X, BO3MOXKHBIC 3HAYCHUS KOTOPOM
crtomp 3anonasror uETepBan (@, D). OueBnmano, YTO HEBO3MOXKHO COCTAaBHTH

MepeveHb BCEX BO3MOXHBIX 3HaueHuit X. Ilostomy memecoobpasHO naTh OOLIHiA
croco0 3aJaHus JIOObIX TUIOB CIIy4alHBIX BEJIHYUH, [UIS 4ero BBOASTCS (YHKIHH
pacrpeieeHus BEpOSITHOCTEIl CITy4aiiHON BEINYHMHEL

ITycTh x — AeiicTBUTENIBHOE YUCIIO. BEeposSTHOCTH COOBITUS, COCTOSAIIETO B TOM, UTO
X npuMeT 3HaYeHUe, MEHBIIEE X, T.€. BEPOSTHOCTh COOBITHS X < X, 0003HAUMM Yepes3
F(x). Eciu x usmensercs, To usmenserca u F(X), T.e. F(X) — dynxuus ot x.

Dyukyueil pacnpedenenus ciyyaunou eenrudunst X HazpiBaeTcs Gynkuua F(X),

ompeseNstonias BEPOATHOCTh TOrO, YTO Cilyd4ailHas BenuunHa X B pe3ylbTare
UCTIBITAaHUS TIPUMET 3HAUYCHUE, MEHBIIIEE X, T.€.

F(X) =P(X < X).
['eomeTpHYecKH 3TO PaBEHCTBO MOKHO HCTOJNKOBaTh Tak: F(X) e€cTb BEpOATHOCTH
TOTO, YTO CIy4aifHas BEJIMYWHA TMPUMET 3HAYCHHE, KOTOpoe wu300paxkaeTcss Ha
YHCJIOBOM OCH TOYKOM, JIeXKaIlleH JIeBE€ TOUKH X.
Ipumep 4.Cnyuaiinas BenuuuHa X 3ajjaHa CIeayIONe GyHKIMENH pacipeeeHus:

0 npu x<-1
F(X)=<x/4+1/4 npu -1<x<3
1 npu X>3

Haiitn BEpOSTHOCTH TOro, 4TO B PpPE3yJbTAaTe HCHOBITaHWS X NPUMET 3HAYECHHUE,
npunauiexaiee uarepsany (0, 2): P(0< X <2) =F(2)-F(0).

Pemenwue. Tak kak Ha nuaTepsane (O, 2), mo ycnosuio, F(X) = x/4+1/4,

To F(2)-F(0)=(2/4+1/4)-(0/4+1/4) =1/2. Utak, P(0< X <2)=1/2.
HemnpepbiBHYI0 CilydaliHyl0 BEJIWYMHY MOXHO TaKXe€ 3aJaTh, MCIOJIB3YS APYTYIO

(GyHKIHIO, KOTOpasi Ha3bIBaeTCs (PYHKIMEHN MIIOTHOCTH.
DyHKyUel nI0MHOCMU HeNnpepuléHOLl CIYYAlHOU Gequdyurbl X Ha3bIBaeTCsA (YHKIIHAS
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f (X) — mepBast IPOU3BOIHASA OT (DYHKIMH pacrpeseneHus F (X) :

f(xX)=F'(x).
Otcroma cienyer, 4To (YHKIMS pACIpEAEICHUs SABISAETCS IEPBOOOPA3HON ISl
¢yHkuuMu mioTHOCTU. JJis omMcaHuWsl pacnpelesieHusT BEPOATHOCTEH JHUCKPETHOMU
CIIy4ailHOW BeTMYUHBI (PYHKIUS TUIOTHOCTH HENPUMEHHUMA.
3Hast QyHKUHUIO TNIOTHOCTH, MOYXHO BBIYHUCIUTH BEPOSITHOCTD TOT'O, YTO HENPEPhIBHAS
Clly4dailHas BEJIMYMHA IPUMET 3HaUYCHUE, IIPUHAJIeKALEe 3aJaHHOMY UHTEPBAILY.
Teopema.Beposamnocms mozo, umo HenpepviéHasa caydaunas eeauduna X npumem
3HaYeHue, npuHaoieicaujee UHMepPeay (a, b), PasHa onpeoenenHoMy UHMeZpany

om QYHKYUU NIOMHOCMU, 831MOMY 8 npeodeax om a 0o b:
b
P(a< X <b)={ f(x) dx-
a

IIpumep 5. 3agana GyHKUIUS MIIOTHOCTU CAyYalHON BETUYUHBI X:
0 npu x<0
f(X)=<2x mpu 0O<x<1
0 npu x>1

HaiiT BEpOATHOCTL TOrO, YTO B PpE3yjibTare MCHBITaHMS X INPUMET 3HAYEHHE,
npunaexamtee uatepsany (0,5; 1).
Pemrenue. MickoMas BEpOATHOCTH 110 hOpPMyJie paBHA

1
P(05< X <1) = [2xdx=x*,=1-025=075.
0,5

3Hast (QYHKIUIO TUIOTHOCTH pacIpenesieHUs f(X), MOXXHO HaWTH (QYHKIHUIO

pacrpeencHus F(X) o ¢opmyiie
F(x) = jf(z) dz.

Mamemamuueckum odxicuOanuem HenpepvlHoU CAyYauHou geaudunsl X, BO3MOXKHbBIE
3HAYEHUsI KOTOPOM NPUHAIIEKAT OTPE3KY [a, b], HAa3bIBACTCS  CIHEAYIOLINN

ONPEAECIECHHBIA HHTErPAII
b
M (X) = [ xf (x) dx:
a

Jlucnepcueu mnenpepwvigHou cayuauHou eeauyunsl X, BO3MOKHBIE 3HAYEHUSI KOTOPOM
MIPUHAJIEIKAT OTPE3KY [a, b] , HA3bIBAETCA CIEAYIOLINN ONPENEICHHBIA HHTErPAII

D(X) = T[x— M (X)]? f (x) dx.

J171st BeIUMCIIeHUs Juctiepcuu 0osiee y100HbI COOTBETCTBEHHO CleAYIOIIHE (OPMYJIIbI
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D(X) = sz f(X) dx—[M (X)]?

D(X) = Tfo(x) dx—[M (X)]%-

Cpednee keaopamuueckoe OMKIOHEHUE HENPEPbIGHOU  CAVYAUHOU  BEIUYUHDBI
ompeaensaercs, Kak W g JUCKPETHOM CIIy4dalHOM BEJIWYHHBI, CIEAYIOLIAM

PaBEHCTBOM
(X)) =/D(X).

IIpumep 6. Haiitu MaTemMaTuyeckoe OXHAAHHUE, JUCIEPCUI0O U CpeJHEe
KBaJpaTUUECKOE OTKJIIOHCHUE CIIyYalHOM BeIWYMHBI X, 3aJaHHOU CIIEIYIOLIEH
dyHKIMEN pacnpeaerneHus:

0 npu x<0

F(X)=<X npu 0<x<1l
1 npu x>1

Pemenue. Halinem GyHKIIMIO MIIOTHOCTHU:
0 npu x<0

f(X)=F'(X)=<1 npu O<x<1l
0 npu x>1
Hatinem maTematnueckoe oxxuaanue mo popmyse (8.1):

1
2 1
M (X) :_[x-l-dx: x2/2 |O:]/2.
0
Hatinem nucnepcuto mo ¢popmyie (8.5):

D(X) :sz-l- dx—[1/2)% = x%/3 |; ~14=1/12.

Hatimem cpenHee KBapaTHueCcKoe OTKIOHECHHE TT0 hopMmyJe:

o(X)=,/D(X) =./1/12 ~0,29.

Bonpocwt u 3a0anus.
1. YucnoBble XapaKTEPUCTUKH JUCKPETHBIX M HEMPEPHIBHBIX CIIYUYaMHBIX
BEJIMYMH.
2. MaremaTuyeckoe OXXUIaHue TUCKPETHBIX U HEMPEPHIBHBIX CITYYalHBIX
BEJIMYMH.

w

I[I/ICHepCI/IH AUCKPCTHBIX U HCIIPCPBIBHBIX CHy‘I&ﬁHBIX BCJINYHH.
4. CpeILHee KBaApPaTHYCCKOC OTKIIOHCHUC NUCKPCTHBIX U HCIIPCPBIBHBIX
CJIy‘-IElfIHBIX BCINYHH.
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3amanue 1. VYcTpoHCTBO coCTOUT U3 TpEX HE3aBUCUMO PabOTAIOIINX
AJIEMEHTOB. BeEpOATHOCTH OTKa3a KaXXJIOTro dJEMEHTa B ONHOM ombiTe paBHa 0,1.
CocTaBUTh 3aKOH PACIIPEAEIICHHUS YUCIIA OTKA3aBIINX 3JIEMEHTOB B OJHOM OIIBITE.

3ananue 2. B maptumn 10 % HectanmaptHbix neraneil. Hayran otoOpansl 4
netanyd. Hanucath OMHOMHMAJIBHBIN 3aKOH paclpeiesieHus AUCKPETHOW CIydalHOU
BEJIMYMHBl — YKCJIA HECTAHAAPTHBIX JeTajedl cpeau 4YeThIpEX OTOOpaHHBIX U
ITIOCTPOUTH MHOTOYTOJIbHHUK MTOJIYYEHHOI'O pacpeIEeIICHHUS.

3ananue 3. JluckpeTHas ciaydyalHas BEIMYMHA X IPUHUMAET TPU BO3MOXKHBIX

3HAYCHHUS. x =4 C BCPOSATHOCTBIO p =05x,=6, C BEPOATHOCTBIO p,=03 U X3 C
BEPOSITHOCTBIO Py. Haiitit X; u Py, 3Hast, uro M (X) =8,

3ananue 4. [lan nepeveHb 3HAYCHHUN JUCKPETHOW CIIy4alHOW BEIUYHMHBI X !
X =-1%=0,%=1, a takke u3BECTHb MaTEMAaTHYECKHE OXKUJIAHUSI CAMON DTOU
BEJIMYMHBI U e€ KBajaparta: M (X) = 0,1, M(X?) =0,9.. HaliTu BeposTHOCTH P, P, P;. -

3ananue 5. CayyaitHas BenuuMHa X 3a/iaHa QyHKIMEH pacrpeneseHus:

0 x<1
F(x)= 1x—E -1<x<5 ;
4 4

1 X>5

HaiiTi: a) TUIOTHOCTH pachpee/iCHUs] CITyJaiHOW BEJIUYUHBI;, 0) BEPOSITHOCTH
TOTO, YTO B pe3yJbTaTe HCIBITAHHWS BEIWYMHA MPUMET 3HAUCHHE, 3aKITIOYEHHOE B
uaTepsaie (2,3).

PexomeHryemMble UCTOYHUKH UH(POPMALIUT
(Ne ucTouHmKa)

OcHoBHas JononHuTebHAS Meroanueckas HNutepueT-pecypchl

1 1 1 1,2

IIpakTuyeckoe 3ansiTue 15.

Tema 3anamus. 3aK0H OOJBIINX YUCEIL.

Hlenv3anamun.3akpenuTh HABBIK MPUMEHEHUS 3aKOHA OOJBIIMX YHCEN U
teopem UeObiesa, bepuymum, JianyHosa.

B pe3ysabTaTe 0CBOEHHUSI TeMbI 00YYAIOUIMIACS TOJIKEH::

3HaTh: ompeaenenue TeopeM YeOwimeBa, bepnymmm, JlsmyHoBa u 3akoHa
OOJIBIIINX YHCE.

YMerb: npuUMEHSTh HEpaBeHCTBO YeOblleBa.

Baagerb: OK-7 — cmocoOHOCTBIO HMCTOIB30BaTh OCHOBBI AKOHOMHYECKHX H
MaTeMaTUYECKUX 3HAHUHW TpU OTCHKE 2P(HEKTUBHOCTH PE3YNIHTATOB JACSTEIHHOCTU B
pa3UYHbIX chepax

Axkmyanonocms membl. 3aKOH OOJBIIMX YKceNl U TeopeMbl YeOblliena,
bepuymnu, JIamyHoBa UCIIOJIB3YIOTCSI B SKOHOMHUYECKUX pacueTax.
Teopemuueckas uacmeo.
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JIns OpakTUKU OYEHb BAKHO 3HAHUE YCIIOBHUM, MPU BBITOJIHEHUU KOTOPBIX
COBOKYITHOE JIEMCTBHE OYEHb MHOTHX CIIyYaWHBIX IIPUYUH NPUBOJIUT K PE3YyJIbTATY,
IIOYTH HE 3aBHUCSIIEMY OT CIydas, TaK KaK ITO3BOJISET NPEABUAECTD X0 SBICHUN. OTH
YCIOBUSL U YKa3bIBaIOTCSI B TEOPEMax, HOCSIIMUX OOILIEe Ha3BaHUE 3AKOHA OOIbUUX
yucen. K Hum otHocsTcs TeopeMbl YeObiesa u bepuymu.

Teopembl, oTHOCSIIMECS K 3aKOHY OOJIBIIMX YKCEJ, YCTaHaBIMBAIOT YCIOBUS
CXOAMUMOCTH CpPEIHEro apu(MEeTHYEeCKOro # CIy4alHbIX BEJIMYUH K CpEAHEMY
apu(PpMETUIECKOMY UX MAaTEMAaTUUYECKUX OKUJAHUH.

Ecnn u3BecTHa mucrniepcus CilydalHOW BEJIMYMHBI, TO C €€ IOMOIIBI0 MOYKHO
OLICHUTH BEPOATHOCTH OTKJIOHEHMUS dTOM BEJIMYMHBI Ha 3aJJaHHOE 3HAaUYCHUE OT CBOETO
MaTeMaTUYECKOI0 OXUAAHUsI, IIPUYEM OLICHKA BEPOATHOCTH OTKJIOHEHHUS 3aBUCUT
muimb oT aucnepcud. COOTBETCTBYIOIIYIO OLICHKY BEPOSITHOCTU HAET HEPAGEHCME0
11.J1. HYebvruesa:

P(|X—M(X)|2g)£Lz<), £>0.
&

N3 »s1oro HCPAaBCHCTBA B Ka4CCTBC CICACTBUA MOXHO IIOJIYUYUTH CIICAYIOIICC
HEPABEHCTBO
PUX -M(X)|<g)=1-2%) &>0.
&
Ipumep 1. OLEHUTH BEPOATHOCTh OTKJIOHEHHUS CIIydaiiHOil BenMuumHBI X OT CBOEro
MATEMATHUYCCKOI'O OXHNJaHuA Ha BCIINYUHY, IMPCBLIIAIOII YO YTPOCHHOC
CPCAHCKBAAPATUICCKOC OTKIIOHCHHUC CquaﬁHOﬁ BCIIMYHHBI.

Pemenue. Ilo ycnosuro, 8=3(7(X). Y4uureiBasg, 4TO D(X)=[G(X)]2, u3

dbopmyisl (9.1) nomyqaem

_ D) 1
P(| X =M(X)|>3c(X)) < o () =5

Teopema. 3akon 0oabmux uncea B popme Yedbimesa./lycmo Xy, X,,... X ...

— N0C1e008amenbHOCb He3ABUCUMBIX CLYYAUHBIX BENUYUH, OUCNEPCUU KOMOPbIX
O02panudenvl c8epxy OOHUM U MeM dHce YUCIOM C: D(Xi) <c,1=12,.... Toeoa

ons 1r0bo2o € > O umeem mecmao.

. 18 13
limP| =) X, —=> M(X)|<e|=1
n— oo n i—1 Nn i—1

N3 3Toif TeopeMbl BBITEKACT CIPABEIIMBOCTh 3aKOHA OOJBIINX YHCEN IS
cpeaHero apuMETHYECKOTO HE3aBUCHUMBIX CIYYalHBIX BEJIWYWH, HMMEIOIINX
OJIMHAKOBOE pacmpe/ie]ICHUE BEPOITHOCTEH.
3aKk0oH OOJBIIMX YHCEN JJII HE3aBHCUMBIX CIYYalHBIX BEIMYHH C OJIMHAKOBBIM
MaTeMaTHYECKUM OXHUIAHUEM OTPaKaeT CXOAUMOCTH CPEIHETO apu(pMETHUICCKOTO
CIy4alHBIX BCIIMYMH B CEPUAX  HE3aBHCHUMBIX HCIBITAHUH K  0Omemy
MaTeMaTHYECKOMY OKHIAHUIO 3THX CyYalHBIX BEIIHUHH.

TakuMm oOpazom, cpeduee apughmemuueckoe 00CMAMOUHO OONbLULIO2O HUCIA
He3A8UCUMBIX CAYYAUHbIX éeauyuH (TUCTIEPCHH KOTOPHIX PaBHOMEPHO OTPAaHUYCHBI)
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ympavuueaem xapakmep cayuauHot eeaudunvli. OOBIACHAETCA 3TO TEM, 4YTO
OTKJIOHEHHUS KaKJIOM M3 3TUX BEJIMYMH OT CBOMX MATEMAaTHUYECKUX OKHJIaHUA MOTYT
OBITh KaK MOJIO)KUTEJIbHBIMU, TaK U OTPULIATEIbHBIMU, & B CPETHEM apU(PMETUIECKOM
OHM TIOTalIaloTCsA. 3aKOH OOJBIIMX YUCENT MMEET MHOTOYMCICHHBIE MPAKTUYECKUE
npwioxenus. Ilyctb, Hampumep, NpPOU3BOAUTCA 7 HE3aBUCUMBIX H3MEPEHUM
HEKOTOpPOM BEIMYMHBI, ICTUHHOE 3HAUYE€HHE KOTOPOM paBHO a. Pe3ynpTaT Kaxaoro

U3MEPEHUS SIBIIETCS CIIYYalHOW BEJIIMYUHOU Xi. Ecimu u3MepeHusi BBITIOJHSIOTCA

0e3 CHCTeMAaTHYeCKOM MOrPEIIHOCTH, TO MAaTEeMaTUYECKOEe OXKHMJIaHHUE CIIy4YailHbIX

BCINYHUH Xi MOXXHO CYHHUTAaTb paBHBIM HCTHHHOMY 3HAYCHHIO H3Mep$I€MOI>'1

semmamme, M (X, ) =a, 1=1,2,.... Jlucnepcuio pe3ynsTaToB M3MEpeHHil 4acTo

MOKHO CUUTATh OTPAHUYEHHON HEKOTOPHIM YHUCJIOM C.

Torma ciywaliHble pe3yJabTaTbl M3MEPEHUN  YIOBJICTBOPSIOT  YCIOBUSIM
HepaBeHcTBa [I.JI.UeOwimieBa u, cienoBaTeNbHO, cpeaHee apuMeTHYecKoe #
U3MEpEHUN TIpu OOJBIIIOM YHCIIE W3MEPEeHUM MPAKTUYECKU HE MOXKET CHIBHO
OTJIMYATbCSI OT MCTUHHOTO 3HAYCHMS] HM3MEPSIEMOM  BEJIMYUHBI @. OTUM
000CHOBBIBA€TCS BBIOOP CpPEIHET0 apu(PpMETUUECKOr0 H3MEPEHHM B KayecTBE
WMCTUHHOTO 3HAYEHUS U3MEPSIEMOUN BEITUYHHBI.

JI1s1 OTHOCHUTENIBHOM YacTOTHl YCIIEXOB B HE3aBHUCHUMBIX HCIIBITAHUSIX CIPaBEIMBA
cienyromias Teopema.

Teopema. 3akon Oogbmiux uyucea B ¢opme bepuyinu.Eciu 6 xkajxcoom uz n
He3a8UCUMbBIX UCNbIMAHULL 8ePOAMHOCMb D NoA8NeHUs coovimusi A noCmosHHA, Mo

O wucna ycnexog m 6 amux ucnvimanusx npu aooom & > 0 umeem mecmo:
: m
limP||——p<e|=1
n— oo N
PaccMOTpUM  OCJIEIOBATENBHOCTh HE3aBUCHMBIX, OJMHAKOBO PaCIPENEICHHBIX
2
Iycts M (Xi) =a, D(Xi) =0,

| =1, 2,.... O6pasyem mociie0BaTEIBHOCTD Y, N= 1 2, ..., ueHTpupoBaHHEIX 1

CIy4YalHBIX BEJIIMYUH Xl, X21- .. Xn oo

HOPMHUPOBAHHBIX CYMM CﬂyqaﬁHBIX BCIINYHNH:
n
> X, —na
_ =l
) .
o/n

CormacHO TIIEHTpPaJIbHOW TIPEACNBHON Teopeme, TMpH JOCTATOYHO  OOImHUX
MPEITOT0KEHUIX 0 3aKOHaX  pacupencaeHus CIIy4alHbIX BEJINYUH

Y

XXy X TI0CJIEI0BATEIBHOCTD GyHKIMIT pacrpeeneHus

IIEHTPUPOBAHHBIX M HOPMHPOBAHHBIX CYMM CJIydaiiHbIX Beaudud Y, mpu N —> 00

CXOAMTCS I JIOOBIX X K (YHKIMU pPACHpENeSICHUS CTaHAApTHOW HOPMAaIbHOU
CIIy4ailHOM BEJIMYMHBI.

Teopema. LlenTpasibHasi mnpeaejJbHast Teopema./lycmo Xl,Xz,...Xn,... —
nocne0o8amenbHOCmMyb — He3ABUCUMBIX, OOUHAKOBO pPACHPEOENeHHbIX  CAVYAUHbBIX
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senuuun, umerowux xoneunyio oucnepcuro D(X.) = o u nyeme M (X,) =4,

| =1, 2,.... Toeoa ons mo6ozo X (—00 < X < 00) umeem mecmo:
1 -z
i = 2 .
lim P(Y, < x) @:[Oe dz

Bonpocwt u 3a0anus.
1. 3akoH Oonbmux yucen. Teopema YeOrniiena.
2. HepaBencrtBo YeObIena.
3. Teopema bepnysu.
4. Teopeme JlamyHoBa.

HopmaneHo pacnpenenénnas ciyyaiHas BeJdWyMHa X 3a7laHa IUIOTHOCTBEO
_(x-1?
e % . Haltm MaTteMaTH4eCKOE OKUIAHUE U TUCIIEPCUIO X .

f(x):sﬂ

PexomeHryemMble HCTOUHUKY UHPOPMAIU
(Ne pcrounuka)

OcHoBHas JlonosHnTENBHASA Meronnueckas HNHTepHeT-pecypcesl

1 1 1 1,2

IIpakTuyeckoe 3ansitue 16.

Tema 3anamusa.OCHOBBI BHIOOPOYHOTO METO/Ia M DJIEMEHTHI CTATUCTHUYECKOM
TEOpUHU OIICHUBAHUS.

Ienv3anamusa.3axpenuTh TOHITHS BHIOOPOYHON COBOKYITHOCTH, BBIOOPOUYHOM
GyHKIMM pacpee/ICHHS.

B pe3yabTaTe 0cCBO€HUS TEMbI 00Y4AIOIIMICS T0KEH:

3HaTB: oOlpejaeeHne BBIOOPOYHOM COBOKYMHOCTH, BBIOOPOYHOW (YHKIIMH
pacnpenenenus. Fimeer moHsITHE O TUCTOTpaMMe, TTOJIUTOHE YaCTOT.

YMeTb:UCTIONBb30BaTh BHIOOPOYHYIO COBOKYITHOCTH, BBIOOPOUYHYIO (PYHKITUIO
pacrpeneneHusl.

Baagerb: OK-7 — cmocoOHOCTBIO HCHOIB30BaTh OCHOBBI AKOHOMHYECKUX H
MaTeMaTUYECKUX 3HAHUHN TpU OreHKe 3 (HEKTUBHOCTH PE3YIHTATOB JAEATEIHLHOCTH B
pa3IUYHbIX chepax

AxmyansHocms membl. BpIOOpOUHAss COBOKYITHOCTh M BBIOOpOYHAS (YHKITHS
pacmnpeieNIeHUs UCTIOJIb3YIOTCS B 9KOHOMHYECKUX pacyeTax.

Teopemuueckasa uacme.

IIpeomemom mamemamuueckol CmMamucmuKky s611emcs CO30aHue Memooos
coopa u obpabomku cmamucmudeckux OaHHbIX Ol NOJYYEeHU HAYUHBbIX U
NPAKMu4ecKux 6b160008.
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Matematuyeckasi CTaTHCTUKA OMHUPACTCS HA TEOPHIO BEPOSTHOCTEH, M €€ Lelb —
OIICHUTH XapaKTEPUCTUKU T€HEPATLHON COBOKYITHOCTH IO BBIOOPOYHBIM JTAHHEIM.
Ecmm TpeOyeTcss M3y4YWTh COBOKYITHOCTH OJIHOPOIHBIX OOBEKTOB OTHOCHUTEIHHO
HEKOTOPOTO TPHU3HAKA, XapaKTEPU3YIOIMIETO OTH OOBEKTHI, TO E€CTECTBCHHBIM
ABJIETCS. MPOBEJICHHUE CIUIOLIHOrO 00CiieJoOBaHus, T.€. O0CJIEeIOBaHUE KaXJAO0ro W3
OOBEKTOB COBOKYIHOCTH OTHOCHUTENBHO 3TOT0 Tpu3HaKa. Ha mpakTuke, oIHAKO,
MIPOBEJICHHUE CIUIONTHOTO OOCJICIOBAaHUS 110 TEM WU MHBIM MPUYMHAM YacTO ObIBACT
HEBO3MOXHBIM. B Takux ciyyasx ciayyallHO OTOMpPAarOT U3 BCEl COBOKYNHOCTHU
OTPaHUYCHHOE YHCIIO OOBEKTOB U MOJIBEPTAIOT UX H3YUCHHUIO.

Buvibopounouti  coeokynHocmvilo WM TPOCTO  6bIOOPKOU  HA3BIBACTCS
COBOKYIHOCTb CJIy4YallHO OTOOpaHHBIX OOBEKTOB. [eHepanbHOlU COBOKYNHOCMbIO
HA3bIBAETCS COBOKYITHOCTh OOBEKTOB, W3 KOTOPBIX TPOU3BOJIUTCSA BBIOOpPKA.
Hanpumep, ecnmu Bce cryaeHtsl HamoroBoil akagemMunm — 3TO TEHEpasbHas
COBOKYITHOCTb, TO CTYACHTBI KaKOW-THOO TPYIIIHI SBISIOTCS BBIOOPKOM.

Obvemom COBOKYITHOCTH (BBIOOPOYHOW WM T€HEPAJIbHOW) HA3BIBAETCS UYHMCIIO
00BbEeKTOB 3TOM coBOKymHOocTH. Hampumep, ecnu u3z 1000 neranmeili otoOpaHo s
obcnenoBanus 100 peraneit, To 06beM reHepaaIbHON COBOKYITHOCTHU N =1CKD, a
o6wem Beioopkr N =100.

[Tpu cocTaBieHUN BHIOOPKH MOYKHO TOCTYIIATh JBYMS CIIOCOOAMU: MOCJIE TOTO,
Kak OOBEKT OTOOpaH M HaJl HHUM TNPOU3BEIACHO HAOIIOJEHHWE, OH MOXET OBbITh
BO3BpalleH J1u00 He BO3BpAIllEH B '€HEPAJIbHYI0 COBOKYMHOCTh. B 3aBHcHMOCTH OT
ATOr0 BHIOOPKU TOJIpa3/IESI0TCA Ha MOBTOPHBIE U OECTIOBTOPHEIE.

Ilosmopnoii Ha3bIBAIOT BBIOOPKY, MPU KOTOPOM OTOOpaHHBIA OOBEKT (mepen

0oTOOpOM  CJENYIOLIEro)  BO3BpallaeTcsi B TEHEpPajJbHYI0  COBOKYITHOCTb.
becnosmopnoui  Ha3bIBalOT BBIOOPKY, NpU KOTOpPOHM OTOOpaHHBIH OOBEKT B
reHepaJbHyI0 COBOKYITHOCTh HE BO3BPAIIA€TCA.
Jlsist TOoro, 4TOOBI MO TaHHBIM BBHIOOPKHA MOKHO OBLIO IOCTATOYHO YBEPEHHO CYIUTh
00 HMHTEpecymoIleM IPU3HAKEe TeHepaJbHOH COBOKYITHOCTH, HEOOXOIUMO, YTOOBI
00BEKThl BBIOOPKH MIPABUJIBHO €ro NpeacTaBsumd. JpyruMmu cioBaMu, BBIOOpKa
JOJKHA TIPABWJIBHO TPEACTABIATH MPOMOPLUUUA TE€HEPATbHONW COBOKYIHOCTH, T.€.
BBIOOpKA JTOJDKHA OBITh penpezenmamusrou (npedcmasumensHol).

B cuny 3akona OOJBIIMX YUCENT MOXHO YTBEpXKIaTh, 4TO BbIOOpKa OyaeT
pENpPEe3eHTATUBHOM, €CHM KaXIblii OOBEKT BBHIOOPKM OTOOpaH Ciy4ailHO U3
reHepaTbHOM COBOKYITHOCTH B MPEAINOJIONKEHHUH, YTO BCE OOBEKTHl HUMEIOT
OJINHAKOBYIO BEPOSTHOCTH TIOMACTh B BBIOOPKY.

Craructudeckoe pacnpeaesieHue rpaguuecku MOXKHO U300pa3uTh pa3iIunyHbIMU
croco0amu, B YaCTHOCTH, B BUJIE TIOJIMTOHA W TUCTOTPAMMBI.

Ilonuconom yacmom Ha3bIBaeTCS JIOMaHas, OTPE3KH KOTOPOH COEAMHSIOT TOYKH

(Xl, nl), (X2, n2), -y (Xk, nk). JUis OCTPOEHMs MOJIUTOHA YacTOT HAa OCHU
abcHuCC OTKIAAbIBAIOT BAPUAHTHI X, @ HA OCH OPAMHAT — COOTBETCTBYIOLIME MM

yactoTel N,. Touku (XI , N ) COCAMHSIOT OTPE3KAMH HPSAMBIX M MOTYYaiOT HOIHTOH

4acCTOT.
Ilonueonom omuocumenvuvix wacmom Ha3BIBACTCS JIOMaHasd, OTPC3KH KOTOpOﬁ
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coenuustior Touku (X;; W), (X3 W), ..., (X; W, ). Tlonuron otHocuTe bHbIX

YacTOT CTPOUTCS AHAJIOTMYHBIM MOJUTOHY 4YacToT oOpasom. Ha puc. wu3o0paxeH

ITIOJIUMTOH OTHOCUTCJIIBHBIX 4YaCTOT CJ'IeI[YIOH_[eFO paCHpeI[CJ'ICHI/ISII
Taonunpgal

X, 2 4 6 8
W 0,1 0,5 0,25 0,15
Wi
0.6 +
0.5 +
0.4 +
0.3 +
0.2 +
0.1 + X;
0 f f f f |
0 2 4 6 8 10

Puc. 1. [Tonuron oTHOCUTENBHBIX YACTOT.

B ciyuae HenpephsIBHOTO MpU3HAKa 1€1€CO00pa3HO CTPOUTh TUCTOTPAMMY, JJIS
Yero HMHTEpBajl, B KOTOPOM 3aKJIIOYEHBI BCE HAOJIOJaeMble 3HAUEHHUSA NpPU3HAKA,
pa3buBaeTCs Ha HECKONBKO YAaCTHUYHBIX MHTEpPBAJIOB JUIMHOW N w mus kaxmoro
YaCTUYHOTO MHTEepBaja HaxoauTcs I, — cCyMMa 4acTOT BapHaHT, NONABIIMX B i-i
UHTEpBaJ.

T'ucmoepammoti wacmom Ha3bpIBaeTCAd CTyleHuYartas (urypa, cocrosimias u3
IPSIMOYT'OJIbHUKOB, OCHOBAaHHUSIMHU KOTOPBIX CIIY’KAaT YaCTUYHBIC MHTEPBAJIBI JJIMHOKO

N, a BeICOTBI paBHBI OTHONICHHIO n; / h. Jlns nocTpoenus rucrorpaMmsl 4acToT Ha
ocu abcumcc ClenyeT OTIOXKUTh YaCTUYHBIE MHTEPBAJIbI, a HAJl HAUMU IMPOBECTH
OTpe3KH, NapajulelIbHble OCH abcuuce Ha paccTossHun I / h.

I0Ma1b i-r0 YAaCTHYHOTrO MPSMOYTOIbHHKA paBHa N n, / h = N, — cymme yacTor

BapHaHT I-ro HHTCpBAJIA; CIICOAOBATCIBHO, nﬂOWCl()b cucmoepammsl dacmom paeHd

cymme 8cex uacmom, m.e. 00vemy 8blOOpPKU.
Tabnunpga?2

Cymma yactot
[;1OTHOCTE YacTOTHI

YacTUuHbIA HHTEPBAII BAPHAHT YACTHYHOTO - /h
i

Ammoro =5 nHTepBana N,

5—10 4 0,8
10— 15 6 1,2
15— 20 16 3,2
20— 25 36 7,2
25— 30 24 4,8
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30— 35 10 2,0
35— 40 4 0,8

Ha puc.2 nzo6pakeHa rucTorpaMma 4acToT pacnpeeneHus, 3aJaHHbIX B TabauLe.
n/ h

O FRP N WPHMOUIO N O
I

| 1 -

0 5 .10 .15 . 20 . 25 . 30 .35 . 40

Puc.2. 'ucrorpamma 4acToT pacupeaeiaeHus .
T'ucmozpammoni omHocumenvhblx yacmom Ha3bIBAETCs cTyleHdatas Qurypa,
COCTOSAIIAsT M3 NPSIMOYTOJBbHUKOB, OCHOBAaHMSMM KOTOPBIX CIIY)KAT YaCTUYHBIE

HHTCPBAJIbI AJIMHOXO h, d BBICOTBI pPaBHBI OTHOIICHHUIO W/h FI/ICTOFpaMMa
OTHOCHUTCIIBHBIX YaCTOT CTPOUTCA aHAJIOTUYIHBIM I'MCTOTPaMMC 9aCTOT 06pa30M.

HJ'IOHI&IIB I-TO  9aCTHYHOTO MMpAMOYTOJIBHUKA pPaBHA hVVI/h =VVi — CYMMC
OTHOCUTCIIbHBIX YaCTOT BapPHUAHT i-ro HHTCPBAJIa, CJICIOBATCIBHO, I’l]lOLL;Clab

cucmoepammovbl OMHOCUMETIbHbIX Yacmom pasHa CyMme e6cex OMmMHOCUMEIbHbIX
yacmom, m.e. eduﬂuue.

Bonpocwt u 3a0anus.

Br16opoyuHast COBOKYITHOCTb.
Bri6opounas ¢yHKIMS pacupenesIeHHs.
['uctorpamMma, MOMUTOH YaCTOT.

SN =

CriocoObI cocTaBleHUs BHIOOPKH.

3ananue 1. BeiOopka 3aana B BUJIe pacipeeieHus 9acToT:

X |2|5]7
pl1(3|6

HaiiTu pacnpenenenne OTHOCUTENBHBIX YaCTOT.
3amanue 2. Haiitn ¢GyHKIMIO pacrpeneneHds MO JTaHHOMY paclpenesieHUI0
BBIOOPKU:

x |1 (2|5
p 11046
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3amanue 3. IlocTpouTh NOJWUIOH OTHOCUTEIBHBIX YacTOT IO JIaHHOMY
pacrpeielIeHUI0 BRIOOPKH:

x| 2]4]5 8
p 11119812

3amanue 4. Haiftu QyHKUIMIO pacnpenesieHHs MO JaHHOMY pacipeacsieHUIO
BBIOOPKHU:

x |1
p|10/4|6

N
ol

PexoMeHryemble HCTOUHUKH HH(pOpMaun
(Ne pcrounuka)

OcHoBHas JonosHnTENBHAA Meronnueckas HNHTepHeT-pecypcesl

1 1 1 1,2

IIpakTuyeckoe 3ansitue 17.

Tema 3anamusn. CTaTUCTUYECKUE UCCIIENOBAHUS 3aBUCUMOCTEN.

Ilenv3zanamun.3akpenuTh HABBIK MPOBEACHUS CTATUCTHYECKUX HCCIEIOBAHUM
3aBUCUMOCTEM.

B pe3yabTaTe 0cBO€HUS TEMbI 00Y4AIOIIMICS T0IKEH:

3HaTh: CYIIHOCTh CTATUCTUYECKUX MCCIICIOBAHUN 3aBUCUMOCTEH.

YMeThb: HaXOIUTh BBIOOPOUYHBIN KOA(PDUIIHMEHT KOPPEIALHH.

Baagerb: OK-7 — cmocoOHOCTHIO HCHOIB30BaTh OCHOBBI AKOHOMHYECKUX H
MaTEMaTUYECKUX 3HAHUU MpHU OleHKE YP(HEKTUBHOCTU PE3YJIHTATOB ACSATEIHHOCTU B
pa3TUYHBIX cepax

Axkmyanvbnocms memol.  CTaTUCTHYECKUE MCCIEIOBAHUS HCIOJB3YIOTCS B
SKOHOMHYECKHX pacyeTax.
Teopemuueckaa uacmeo.

KoppensiiimoHHblil aHanvM3 U PErpecCUOHHBIN aHaIU3 SABJSIOTCS CMEXKHBIMHU
pazaesaMy MaTeMaTUYeCKONW CTaTUCTHUKU W TpeJHa3Ha4YeHbl Il HM3Y4YEHHS IO
BBIOOPOYHBIM JaHHBIM CTAaTUCTUYECKOW 3aBUCHMOCTH CIyYalHBIX BEJIMYHMH. J[Be
CIy4aliHbIe BEJITMYUHBI MOTYT OBITh CBSI3aHBI MO0 (DYHKIIMOHAIBHOW 3aBHUCHMOCTBIO,
00 CTATUCTUYECKOM 3aBUCUMOCTBIO, IN0O OBITH HE3aBUCHMBIMU.

Ecnu kaka0oMy BO3MOXKHOMY 3HAUEHHIO CIydaifHON BenmuuHbBl X COOTBETCTBYET
OIHO BO3MOJKHOE 3HAUEHME CIydaifHoi Benwumubl Y , To Y Ha3bIBaeTCs QynKyuell
cayuaiinozo apeymenma X

Y =¢(X),
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a 3aBUCHMOCTh MEXIy clydailnbiMu BeaumumHaMu X u Y  HaselBaeTcs
GQYHKYUOHATLHOU 3A8UCUMOCTNDIO.

Crporast (pyHKIMOHAJIbHAs 3aBUCHUMOCTb PEaIM3yeTCs PEIKO, TaK Kak 00e

BEJIMYMHBI WJIA OJHA M3 HHUX IOABEP)KEHBbI €Ile JEUCTBUIO CIy4YalHBIX (PAaKTOPOB,
MpUYEM Cpear HUX MOTYT ObITh U OOUIUe A1 00erX BEIUYMH, T.€. Takue (haKTOpbl,
KOTOpBIE BO3JeHCTBYIOT Kak Ha X, Tak U Ha Y. B 5TOM clyyae BO3HHKAET
CTaTUCTUYECKAs 3aBUCUMOCTb.Cmamucmuueckoti Ha3bIBACTCS 3aBUCUMOCTb, IIPH
KOTOPOW M3MEHEHUE OJHOW U3 BEJIWYUH BICYET U3MEHEHUE PACIPEAECICHUS APYTOM.
YacTHBIM CIy4aeM CTaTUCTUYECKOW 3aBUCHMOCTH SIBIIIETCS  KOPPEISALMOHHAS
3aBUCUMOCTb.
Ecnm cratuctuyeckast 3aBUCUMOCTD IIPOSIBIISIETCS. B TOM, YTO MPU U3MEHEHUU OJHOU
U3 paccMaTpHUBAEMBIX CIYYallHbIX BEJIMYMH U3MEHSETCA CpEAHEE 3HAUYECHHUE JPYrou
CIy4yallHOW BEJIIMYMHBI, TO TakKass CTAaTUCTUYECKas 3aBUCUMOCTb HAa3bIBAaCTCS
KOppensyuoHHOU.

[lpuBeneM mnpuMmep chydaiiHoi BenmuuHbl Y, KOTOpas HE CBsf3aHa C
BenmunHoi X (YHKIMOHANBHO, a CBA3aHA KoppelsnuonHo. Ilycts Y — ypoxaii
sepHa, X — KoJIM4ecTBO yn00peHuii. C 0JMHAKOBBIX MO TLIONMIAIH YIACTKOB 3€MIH
[P PAaBHBIX KOJIMYECTBAX BHECEHHBIX YIOOPEHUI CHUMAIOT PAa3IMYHbIN ypOXKaii, T.e.
Y wme sasnserca Qyuknumeit or X . DT0 00bACHAETCS BIAUSHHMEM CIydaiHBIX
(akTOpOB, TaKMX, KaKk OCaJKd, Temreparypa Bo3ayxa U Ap. C Apyroil cTopoHsI,
cpennuii yposkaii sBnsercs QyHKUUei oT KonumdecTBa ynoOpenuii, T.e. Y CBf3aH C
X' KOppensuoHHOH 3aBUCUMOCTEIO.

Venosuvim cpednum Y, Ha3bIBaeTCS CpeiHee apu(PMETHIECKOE HAGITIOIABIINXCS
sHavenuii Y , coorBerctByrommx X = X. Hanpuwmep, eciu npu X, = 2 pemmunna Y
OpUHsIa 3HadYeHus Y, = D, Y, = 6, Y; = 10, 10 ycmoBHOEe cpemHee paBHO
Y, =(5+6+10)/3=7.

Yenosnvim cpeoHum X, Ha3bIBaCTCs cpenHee apudmeTrdecKoe

HaOIFoMaBIIMXCS 3HaueHu X , COOTBETCTBYOIIHAX Y = Y.

Kak BHIHO M3 ONpeNeNeHns, yCIOBHOE cpennee Y, sBisercs QyHKimei or X;

0603Ha4MB 3Ty QyHKIMIO depes | (X) , IOJIyY1M YPaBHEHHUE

Y= T(X).
DT0 ypaBHEHME Ha3bIBAeTCA 6b160pouHbiM ypaenenuem peepeccur Y na X
dynxuus T (X) naseBaercs ewibopounoii peepeccueii Y na X, a ee rpapux —

gvibopounoil munueli peepeccuu ¥ na X .
AHQJIIOTHYHO YpaBHEHHUE

X, =@ (Y)
Ha3bIBACTCS 6bIOOPOUHBIM VDPAGHEHUEM pecpeccuul X na Y; byHKIUSA (ﬁ (y)

HasbIBaeTcs 6bibopounoll peepeccueti X na Y | a ee rpaQuk — 66160p0oUHOLL TUHUEL]
peepeccuu X na Y .
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B cBs3M ¢ BBIIEU3T0KEHHBIM BO3HUKAIOT JBE 3aJaud TEOPUU KOPPEIALIHH.
IlepBasi — HaxoXIeHHE IO JaHHBIM HAOIIOACHUN IapaMeTpoB (yHKIUI f(X) 51
(ﬁ (y) IIPU YCJIIOBHUHU, YTO M3BECTEH UX BUA. BTopas — oOLEHKa CHIbl (TECHOTBHI)
CBA3M MKy CilydaiiHbiMM BenuauHaMd X u Y M YCTAaHOBIEHHE HAIMYHs
KOpPEIALMOHHON 3aBUCUMOCTH MEKY STUMU BEITUYMHAMM.

ITycTh n3ydaercs cucTeMa KOJIMYECTBEHHBIX IIPU3HAKOB (X : Y) . B pesynbrate N
HE3aBUCHUMBIX OIBITOB MOJIyYeHBI N map uucen (Xl, yl), (XZ, y2) yee s (Xn, yn).

Haiinem mo naHHbIM HaOJIIOJEHUN BBHIOOPOYHOE YpAaBHEHHME MPSMOM JIMHUU
perpeccu. Iy onpeaeneHHoCcTH 0y1eM UCKaTh YpaBHEHHE

y, =kx+b

perpeccun Y Ha X .
[TocKONbKY pasianyHble 3HaYeHUs X Tpu3HaKa X U COOTBETCTBYIOIIME UM

3HA4YCHUA y IMPU3HAKa Y Ha6n1011an1/1c5 IO OAHOMY pa3y, TO I'PpYHIIUPOBATL JAHHBIC

HEeT HeoOxoaumocTu. Takke HET HaJOOHOCTH HCIOIb30BaTh TMOHITHE YCIOBHOU
cpeaHeit, mo3ToMy ypaBHeHue (14.3) MOKHO 3amucaTh CISAYIOINIMM 00pa3oMm:

y=kx+D.

VrioBoit koddduuueHT npsamoi muHuM perpeccun Y Ha X  HaseiBaeTcs
gbibopounbiM K03 Quyuenmom peepeccuuY Ha X 1 0003HayaeTcs depes Pyx

CrnenmoBarenbHO, ICKOMOE BRIOOPOYHOE YpaBHEHUE TMPSMOU JIMHUU PETrpeccuu Y Ha
X crenyer ucKaTh B BUJE

y=pxX+b.

HyxHO HaliTh Takue mnapamerpsl Pyx 1 b, IIPU KOTOPBIX TOYKU (Xl, yl) :
(XZ, yz), o (Xn, yn), MIOCTPOCHHBIC 110 JIAaHHBIM HAOJIOJICHHUM, Ha IIOCKOCTH
XOV nexanu kak MOKHO G1HKe K TPSAMOI.

WCIIONB30BAaHMKM  OTOTO METOJa CyMMa KBaiparoB OTKioHeHuit Y, — Y,  (
| =1,2,...,n), tae Y; — Bbuuciennas mo ypaeuenuto (14.5) opnuHara,
COOTBETCTBYIOIIAs HAOJIOaeMOMY 3Ha4eHUIO X;, a Y, — HalOmronaeMasi OpJIMHATA,
COOTBETCTBYIOIIAs X;, JOJKHA ObITh MUHMMAJIbHOU. Tak Kak KakIo€ OTKIOHEHHE

3aBUCUT OT OTBICKMBAEMBIX MAapaMETPOB, TO U CyMMa KBaJpaTOB OTKJIOHEHHUU €CTh
(GYHKITUS STUX TapaMeTPOB:

F(o,b)= 2 (Y - )’
F(p,5) = 3 (0% +b-y,)"

,HJIH OTBICKAHMA MHHHMYMaA IIPHUPABHACM HYJIIO COOTBCTCTBYIOHIHMC YAaCTHBIC
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MIPOU3BOJIHBIE:

(OF 3
~-=22,(p% +b-y;)x =0
ﬁﬁp 21: _
OF <

—- =22 (p% +b-y)=0
Lob 3

PemnB 3Ty cucrteMy ABYX JIMHEHHBIX YPaBHCHUN OTHOCUTEIBHO L0 U b,

HaﬁHeM HNCKOMBIC IMapaMCTpPhI:

i=1

AHanornyHo MOXKHO HaWTH BI)I60pO‘1HOC YPaBHCHHUC HpHMOﬁ JIMHUU PETPCCCHU

X uaY:
X, = Py Y+C,

rae Py, — BBIOOpOUHBIH Kod(hdunuent perpeccun X Ha Y .

Ipumep 1. Haiitu BeIGOpouHOE ypaBHEHHE Npamoii muaun perpeccun Y Ha X 110
nauabpiM N = 5 nabmronennii;

Tabawumal.
X 1,00 1,50 3,00 4,50 5,00
Yi 1,25 1,40 1,50 1,75 2,25

CocTaBuM CJEAYIONIYIO0 PACUETHYIO TaOIHILy 2.
Haitnem uckomsbie mapameTpsl U3 cootHoteHui (14.9) u (14.10):

p,, = (5-26975-15.815)/(5.57,5-15%) = 0,202;
b=(57,5-815-15-26,975)/(5-57,5—15? ) = 1,024.

HanumieM uckoMoe ypaBHeHHe npsMoii muauu perpeccun Y Ha X :

y = 0,202 X +1,024.

Taonuira?2.
X; Yi X’ XY
1,00 1,25 1,00 1,250
1,50 1,40 2,25 2,100
3,00 1,50 9,00 4,500
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4,50 1,75 20,25 7,875
5,00 2,25 25,00 11,250

Zn: X, =15 Zn: Y, =8,15 Z Xi2 =57,50 Zn: XY, =26,975
i=1 i=1 i i=1

[Ipu OoxpmioOM uuKciae HAOMIOACHWM OJHO W TOXKE 3HaueHue X MOXKET
Bcrperurcst N, pas, OIHO M TOXE 3HaYeHue Yy — nypa3, OJ[Ha U Ta K€ I1apa 4ucell

(X, Y) moxer nabmronarscs N,, pas. TlosTomy naHHBIC HAOMIOACHMI CrejyeT

- ny, nxy. Bce

CTpYNIUPOBAHHBIC JaHHBIC 3aITUCHIBAIOTCS B BUC TaOJIUIIbI (Hammpumep,
Tabnuia 3), KoTopasi Ha3bIBAETCA KOPPENAYUOHHOLL.

rpynnmupoBarb, Jd 3TOTO0 IMOACUHHUTBIBAOTCA YACTOTHI n

TabOawuia3.
X
Y 10 20 30 40 ny
0,4 5 — 7 14 26
0,6 — 2 6 4 12
0,8 3 19 — — 22
n, 8 21 13 18 n=060

B mepBoil cTpoke KOppENSIMOHHOW TaOMWIBl  yKa3aHbl HaOJ0/1aeMbIe
sgagenus (10; 20; 30; 40) npusHaka X, a B mepBoM CTOJIOIE — HaOIIONAaEMBbIE
snauenus (0,4; 0,6; 0,8) npusnaka Y . Ha nepeceyeHnu CTpOK U CTOIOIIOB HAXOATCS

4aCTOTHI nxy HaOII0JaeMBIX Tap 3HAYEHUN NMPU3HAKOB.

B nocnegnem cronliie 3amucaHbl CyMMbI 4acTOT CTPOK, a B TIOCTIEAHEH CTpOKe
— CYMMBI YacTOT CTOJIOIOB. B KileTKe, pacroioXeHHOW B HUKHEM IPABOM YTy
TaOJIUIIBI, TIOMEIIEHa CyMMa BCEX YacToT, T.€. 00IIee 4uclio Bcex HabmoaeHuid N.

OueBUIHO, YTO an = Zny =1N.

Teneps ompenenuM napameTpbl BbBIOOPOYHOTO YpaBHEHHS MPSAMON JMHUU
perpeccur Y Ha X B ciydae, Korja MONYY4eHO OONBLIIOE YMCIO JAHHBIX
(OpakTUYeCKu aJig YAOBJIETBOPUTEIBHON OIIEHKH HMCKOMBIX IMAapaMeTpOB JIOJHKHO
ObITh x0T Obl 50 HaOMIONEHWI), Cped HHUX €CTh MOBTOPSIOIIMECS, W OHHU
CTPYNIUPOBAHBI B BUJIE KOPPESITUOHHOMN TaOIHUITBI.

N3 cuctemsl (14.8) MOKHO MONTYUYUTH CIEIYIONIYIO CUCTEMY:
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Pp DX DY X% =2 XY,
i—1 =) i—1
J
pyxz X| + nb: Z yi
S i—1
JIist TIPOCTOTHI TIPUHSAB 00O3HAYECHHS Zx — i)g , Z y = Zn: Y ZXZ - i )(i2 ,

ny ZX Yy, 1 BOCHOJIb30BABIIMCH COOTHOMIEHUAMH —Z / / ,

X° —ZX / ny Zn Xy (B NIpEANOIOXEHHH, YTO Iapa YHMCEN (X, Y)

Habmoznanace Ny, pas), nomyyaem

nx*p,, +nxb=>"n xy
Xp, +b=Yy
Bropoe ypasnenue cuctembl (14.13) mpeobpasyem k Bumy D=Y — XPy, H

MOJCTABHB NPABYIO0 4aCTh ITOTO PABEHCTBA B ypaBHeHHe Y, = Pyx X+ b, momyunm

cacayromee COOTHOIICHNUC
Y=Y = pp(X=X).

HalizieM 13 cucTeMbl BbIOOPOUHBI KO uLMeHT perpeccnn Oy,
D N Xy—nXy > n, xy—nxy
YT = - .
n(x2 - (x)2) no

YMHOXHMM 00€ 4aCTH 3TOTr0 PaBEHCTBA Ha APOOb O, / o,

Py =

G, _ 2Ny -nxy

p .
™ o, no,o,
O06o03Ha4uM mpaBylo 4acTh paBeHCTBa (14.15) uepes I, !
o D N Xy —nXy |
B _~ o~
no,o,
Torma mosryyaem
y
p =r, —-
yX B o

X
OKOHYATENHHO MOTYydUM BHIOOPOYHOE ypaBHEHHE MpAMOil nuHHM perpeccun Y Ha
X Buma
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V = y
Y= Y=l = (X=X).
GX
AHaJIOTMYHO MOXKHO HaiTH BHIOOPOYHOE ypaBHEHHE NPAMON JuHUM perpeccun X

Ha Y :

Xy—X=

“(y-Y)-

Qz‘Qz

y

Bonpocwt u 3a0anus.
1. Merox HaMMEHBIINX KBAIPATOB.
2. Koppensunonnas tabiuua.
3. BribopouHoe ypaBHEHHWE IPSIMOU JIMHUU PETPECCHUM.

3ananue 1. Haiitu BbIOOpOUHOE ypaBHEHHE MPSMOM JIMHUM perpeccu Y Ha X TI0
JAHHBIM, IPUBEJEHHBIM B CJIEIYIONIeH Ta0IuIe:

Y X n,
20 25 30 35 40

16 4 6 - - - 10
26 - 8 10 - - 18
36 - - 32 3 9 44
46 - - 4 12 6 22
56 - - - 1 5 0

n, 4 14 46 16 20 n=100

3ananue 2. Haiitu BBIOOpOYHOE ypaBHEHHUE perpeccuu Y, =
MIPUBEICHHBIM B CJICAYIONICH KOPPEIIIIMOHHON TabumIIe:

AX? + Bx+C 10 JaHHBIM,

Y X n,
2 3 5
25 20 - - 20
45 - 30 1 31
110 - 1 48 49
n 20 31 49 n=100

Bonpocwt u 3a0anus.

1. 3agaum KOpPEIALMOHHOTO U PETPECCHOHHOTO aHAIN3a.

2. Kakag 3aBUCHUMOCTHHA3BIBAECTCSA CTATUCTUYECKOM.

3. Bribopounsiii Ko PUITMEHT perpeccud.
4. BpIOOpOYHOE YpaBHEHUE PETPECCUM.

PexomeH 1yeMble HCTOYHUKH HH(POPMALIUU
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(Ne pcrounuka)

OcHoBHas JlonosiHUTEIBHASA Meronuueckas NHuTepHeT-pecypcesl

1 1 1 1,2

IIpakTHyeckoe 3ansiTue 18.

Tema 3anamun. CTaTUCTUYECKAs TUNIOTE3a. METOABI CTATUCTUYECKON IIPOBEPKH
TUIIOTES.

IJenv3anamus.3akpenuTb METOIbI CTATUCTUYECKON ITPOBEPKU TUIIOTES.

B pe3yJiabTaTe 0CBOCHHMS TeMbl 00y4al0IIMICH 10JIKEH::

3HaTb:MeToAbl CTaTUCTHYECKON NPOBEPKM THUIOTE3, THIOTE3Yy O PABEHCTBE
re€HEpalbHBIX CPEIHUX.

YMeTb:IpUMEHATh METO/AbI CTATUCTUYECKON MTPOBEPKU TUITOTES.

Baagerb: OK-7 — cnocoOHOCTbIO HCHOJIB30BaTh OCHOBBI SKOHOMMUYECKUX U
MaTEMaTUYECKUX 3HAHUM MpHU OlleHKE YP(HEKTUBHOCTU PE3YNIHTATOB ACSATEIBHOCTU B
pa3nuYHbBIX cdepax

Axmyanvnocms membl. MeTOABl CTATUCTUYECKOW MPOBEPKH  THUIIOTE3
UCIIOJIb3YIOTCS] B 9KOHOMHUYECKUX pacyeTax.

Teopemuueckasn uacme.

[Iycts  Tpebyercs  ompefenuTb 3aKOH  paclpelesieHHuss  TeHepalbHOU
COBOKYIMHOCTH W Ha3oBeM ero A. Ecnu 3akoH pacnpejeneHuss HEU3BECTEH, HO
UMEIOTCS OCHOBAHHUS MPEIOIOKUTh, YTO OH UMEET ONPEeICHHBIA BU, BbIIBUTAIOT
TUIOTE3Y: TeHepalbHasi COBOKYITHOCTh pacrpesiesnieHa mo 3akoHy 4. Takum o6paszom,
B ATOU TUTNIOTE3€ PEUb UIET O BUJIE MIPEANOIaraeMoro pacinpeneneHusl.

Bo3moyxeH ciyuail, Korma 3akOH pachlpeesieHHs] W3BECTeH, a €ro mapameTphl
HEM3BECTHBI. EC/IM €CTh OCHOBAHHS MPENOI0KUTh, YTO HEM3BECTHEIN mapamerp ©

paBeH omnpejeneHHOMY 3Hadenuio O, To BbaBuraror runoresy: ® = ©,. Takum

oOpa3oM, B ITOW THUIIOTE3€ pe4Yb HJET O MpEAINojiaracMoil BeJIMYMHE TapaMmeTpa
OJTHOTO U3BECTHOI'O pacIpeieICHUs.
Cmamucmuueckou Ha3bIBa€TCS TUIOTE3a O BHUJIE HEM3BECTHOI'O PACHpPEICICHUS
WIM TUMNOTe3a O [apaMeTpax M3BECTHBIX  pacupeaeneHuil.  Hampuwmep,
CTATUCTUYECKUMU SBIISIIOTCS] TUIIOTE3bI:
1) reHepanbHast COBOKYITHOCTH pacipe/ienieHa mo 3akony Ilyaccona;
2) IUCHEepCHU ABYX HOPMAJIbHBIX COBOKYITHOCTEH PaBHBI MEXYy COOOM.
B nepBoii rumorese caenaHoO MPEIOJNIOKEHHWE O BUJAE HEU3BECTHOTO
pacrpeieseHus, BO BTOPOl — 0 mapameTpax JIByX U3BECTHBIX paclpe/IeICHUM.

Hynegoii (ocHo6HO1l) Ha3pIBAETCS BHIBUHYTAs runoTesa H 0-

Konkypupyroweii (anbmepramuernoii) Ha3bIBa€TCA THUIIOTE3a Hl, KOTOpast

MPOTUBOPEUUT HYJIEBOU.
Hanpumep, ecnu HyneBass TuUIOTe3a COCTOUT B MPEIANOIO0KEHHH, YTO
MAaTEMAaTHYECKOE OXHUJAAaHME & HOpPMaJbHOIrO pacnpenaenenus pasHo 10, To
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KOHKYPHUPYIOIIAs TUMOTE3a MOKET COCTOATh B mpeanonoxkenuy, uto a #=10;  T.e.
H,:a=10; H;:a=10.

HpocmozZ Ha3bIBACTCA T'HIIOTC3a, COACPpIKalllad TOJbKO OJHO ITPCAITIOJIOKCHUC.
Hanpumep, runoresa H,:  mMaremartnueckoe — oxupanne — HOPMAaIbHOrO

pacripejiesieHus: paBHO 3 (O M3BECTHO) — MPOCTasl.

Cnoowcnoti  Ha3bIBACTCSl TUIOTE33, KOTOpas COCTOMT W3 KOHEYHOTO WIIH
GECKOHEYHOTO YHCIa MPOCTHIX rumoTe3. Hampumep, cnoxnas rumoresa H: A >5
COCTOUT U3 OECUUCICHHOTO MHOKECTBA MPOCTHIX THIOTE3 BUJIA Hi A= bI , Te bI

— nmr00oe yunco, 6oJbliee 5.

BeiiBuHyTas TUIIOTE3a MOXET OBITH MIPABUILHOW WM HEMPAaBWIBHOH, MTO3ITOMY
BO3HUKAET HEOOXOJIUMOCTh cmamucmuyeckou (MPOU3BOJUMON CTaTUCTHUYECKUMU
METOJIaMH) MPOBEPKHU 3TOM TUIOTE3bl. B uTOre cTrarucTnyeckoi mpoBEpPKU TUIIOTE3bI
MOTYT OBITh IOMYILIEHbI OLIUOKH.

Ouwubka nep8o2o poda COCTOUT B TOM, YTO OyJIeT OTBEpPrHyTa NpaBHIIbHAS
TUIoTe3a.

Owubka 6mopo2o poda COCTOUT B TOM, 4YTO OyJIeT MpHUHATAa HENpaBHJIbHAS
TUIoTe3a.

Jlisi mpoBepKH HYJEBOM TUIOTE3bl HCIOJIb3YeTCS CHEIUaNbHO MOa00paHHas
cillydyaiiHasi BEJIMYMHA, TOYHOE WIM MPUOIMKEHHOE paclpeieeHue KOTOpon
M3BECTHO. DTa clydaiiHas BenuuuHa o6o3HadaeTca uepe3 K u  HaswiBaercs
cmamucmuyeckum Kpumepuem (AIH IPOCTO Kpumepuem).

[TpuBeneM nmpumep cratuctTuueckoro kputepus. Ecnu nposepsercs rumnoresa o
paBeHCTBE JAMCIEPCUM JBYX HOPMAJBHBIX TI'€HEPAJIbHBIX COBOKYIHOCTEH, TO B
kauecTBe KpuTepus K mpuHMMaeTcs OTHOIIEHHE HCIPAaBIEHHBIX BHIOOPOYHBIX
JTACTICPCUI:

Fos/s.

Habmiooaemvim  3uavenuem K Ha3bpIBa€TC  3HAYEHHUE  KpUTEpHs,

Haobn

BBIUMCIICHHOE M0 BbIOOpKaM. Hampumep, ecnu 1o AByM BbIOOpKaM HaiIeHbI
2 2
HCIIPABIICHHBIE BBIOOPOYHBIE IUCHEPCUM S| = 20 u S =5, To HabmoaaeMoe

3HaueHue kputepus F pasHO

Frus =Si/S =20/5=4,

[Tocne BBIOOpa OMpenEICHHOTO KPUTEPHsI MHOKECTBO BCEX €TI0 BO3MOMXHBIX
3HAUCHWN pa30WBacTCS HA J[Ba HETEPECEKAIOMIMXCS MOJMHOMXECTBA: OJIHO M3 HHX
CONICP)KUT 3HAUYCHUS KPHUTEpPHUsA, TPU KOTOPBHIX HYyJEBas TUIIOTE3a OTBEpraercs, a
JpyTasi — TPHU KOTOPBIX OHA TPUHUMAETCH.

Kpumuueckoii obracmvio Ha3pIBa€TCSI COBOKYIMHOCTh 3HAYCHUW KPUTEPUS, MPU
KOTOPBIX HYJIEBasi TUIIOTE3a OTBEPTaeTCs.

Obnacmvio  npunsmus  cunome3svl  (00JACTBIO  JIOMYCTUMBIX  3HAYCHHUH)
HA3bIBACTCS COBOKYIMHOCTh 3HAYCHHWM KPHUTEpPHUS, MPH KOTOPBIX HYJEBas TUIIOTE3a
MPUHUMAETCSI.

Iockoneky kputepuii K — ongmomepnas cryuwaifHas BenwumHa, Bce ee
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BO3MO’KHBIE€ 3HAYEHUS IPUHAIIEKAT HEKOTOPOMY UHTepBaily. [loaToMy kputnueckas
o0nacTh M 00JacTb MPHUHATHS THUIIOTE3bl TAKXKE SBISIOTCA WHTEpBAIAMH W,
CJIEIOBATENBHO, CYIIECTBYIOT TOYKH, KOTOPBIE UX Pa3IEIIsIOT.

Kpumuqecmuwu moukamu (FpaHI/II_[aMI/I) ka Ha3bIBAlOTCA TOYKH, OTACIIAIOIIUC

KPUTUYECKYIO 00JIaCTh OT 00JIaCTU MPUHATHUS TUIIOTE3BI.
Ilpasocmoponneri  Ha3plBaeTCd  KpuTudeckas  o0nacTe,  ompeaenseMas

HepaseHcTBoM K > Kk

p > THE ka — ITOJIOKHUTCIIBHOC YHUCIIO.

L >
0 k K

Kp

Puc.1.
Jlesocmoponneti HA3bIBACTCS KpUTHYECKast 00J1aCTh, onpenenseMas

HCPAaBCHCTBOM K < k rac k — OTpHUIATCIBHOC YHCIIO.
Kp Kp

Y

®
0 K

Puc.2.
OonocmoponHell  Ha3bIBA€TCS  MPABOCTOPOHHSS WM JICBOCTOPOHHSSI
KpUTHUYEeCKasi 00J1acTh.
JlsycmoponHneii Ha3bIBAETCS KpUTHYECKas 0071aCTh, ompenenseMas

nepasencteamn K <K, K >K,, rie K, > K;. B wactnoctn, ecnu xpurnueckue

TOYKM CHUMMETPUYHBI OTHOCHUTENIBHO HYJIS, JBYCTOPOHHSS KpUTHYECKas 00JiacTh
OmpeAesieTcsl HEepaBEHCTBAMU (B MPEAINOI0KEHUHU, YTO K< —ka) K< —ka,

K> ka , A1 PaBHOCWJIBHBIM HEPABEHCTBOM ‘K‘ > ka :

0 K

Kp

Puc.3.
JIns HaXOXKACHUS KPUTHUYECKOW O00JacTH JOCTATOYHO HAWTH KPUTHYECKYIO
TOYKY (Touku). JIJIsI HaXOXIEHHMS K€ TaKOW TOUKH 3aJaeTCs JOCTATOYHO Masas

BEPOATHOCTb — YPOBEHb 3HAYUMOCMU X . 3aTem KPpUTHYCCKAsA TOYKa ka HIICTCA

UCX0isl U3 TpeOOBaHMS, YTOOBI MPHU YCIOBUM CHPABEIJIMBOCTH HYJIEBOW TMIOTE3BI
BEPOSTHOCTH TOTO, uTo KpuTepuii K mpumer 3HaueHms m3 xpuTuyeckoi 06macTw,
OblJIa paBHA MPUHATOMY YPOBHIO 3HAYUMOCTH.

Hanpumep, 15 mpaBOCTOPOHHEN KPUTUYECKOW OOJACTU JOJKHO BBITTOIHSATHCS
COOTHOULIEHNE

P(K>k,)=«a,

JUJIS JIECBOCTOPOHHEN —
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P(K<k,)=a,
a JUIs JBYCTOPOHHEH —
P(K<k)+P(K>k,)=«.
JUIs Kakoro KpUTEpHsT UMEIOTCSI COOTBETCTBYIOLUE TAOIMIIBI, IO KOTOPBIM U

HaXOJUTCA KPpUTHYCCKAs TOYKaA.
Ecmu pacupeaciiCHUC KpUTCPHUA CUMMCTPUYHO OTHOCUTCIBbHO HYJISA U UMCIOTCSA

OCHOBAHUA BBI6p3,TI: CUMMCTPHUYHBIC OTHOCHUTCIHLHO HYJISI TOYKH — ka n ka (

ka > 0), To P(K < —ka) = P(K > ka). YunuThIBasg 3T0 COOTHOILIEHHE, U3 I

JBYCTOPOHHEN KPUTHYECKOW 00JIACTH MOJIyYMM COOTHOILLIEHUE
P(K >k, )=a/2.

Mownocmoio Kpumepusi Ha3bIBA€TCS BEPOSTHOCTH MOMAJAaHUS KPUTEPHUS B
KPUTHUUYECKYIO 00JacTh MPHU YCIOBUH, YTO CIPABEJIMBA KOHKYpPUPYIOIIAs THUIOTE3a.
JpyruMu ciioBaMH, MOIIHOCTh KPUTEPHUS €CTh BEPOSITHOCTH TOTO, YTO HyJIeBas
runoresa Oy/eT OTBEPTHYTa, €CJIM BEpHA KOHKYPHUPYIOIas TUIOTe3a.

[TycTh n71s1 MpOBEPKHU THUIOTE3bI IPUHSAT ONPEICICHHBIH YPOBEHb 3HAYMMOCTH, U

BHIGOPKA MMEET PUKCHPOBAHHBINA 00beM. Ecin [f — BEpOATHOCTH OUMOKH BTOPOTO
pola, T.e. COOBITUSI «IOpHUHATA HyJeBas TUIOTe3a, MpPUYEM CIPaBeIJIMBa
KOHKYPHpYIOIIas», TO MOIIHOCThL Kputepus pasHa 1— 3.

[ycte mommuocts 1— /3 Bo3pacTaer; cieNOBaTeNbHO, — yMEHBLIAETCS

BCPOATHOCTD ﬂ COBCPIIUTD OIIII/I6Ky BTOpPOIro poaa. Takum o6pa30M, YCM MOITHOCTD

00JIbIIIe, TEM MEHbILIE BEPOSITHOCTh OMIMOKH BTOPOTO POJIA.

Utak, ecnu ypoBeHb 3HAUMMOCTH YK€ BBIOpaH, TO KPUTHYECKYIO 00JIacThb
CIelyeT CTPOUTh TaK, YTOOBl MOIIHOCTh KpHUTEpHUs OblIa MaKCUMaJIbHOU. ITO
MO3BOJINT MUHUMHU3UPOBATh OLIMOKY BTOPOTO POJIA.

Hanee nam notpedyeTcs pacnpenenenne Gumepa — CHeaexopa.
Ecru U n V' — HesaBucuMble ciyuaifHple BENMUMHBI, pacrpeeleHHbIE 110

2
3akoHy ¥ ° co crenensmu cBobomst K, u K,, To Benmuuuna
- Uk,
V/k,
MMEET pacrpelesieHne, KOTOpoe HasbiBaeTcsipacnpedenenuem F Quwepa -
Cnedexopa co crenensimu ceobomnst K, u K, .
DyHKIUS MIOTHOCTH 3TOTO paclpeeleHHs UMEET BUJL
0 npu X<0
f(x)= w(ki-2)/2 ,
npu x>0
0 (kytkp)/2
(K, + k)™

rac
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1-* kl —; k2 k1k1/2k2k2/2
C pu—
° T(k/T(k,/2)

Pacnipenenenne F onpenenserca nByms mapamMeTpaMu — uMCIIaMM CTeNeHeit

CBOOOIBI k1 u k2.

IIycTh reHepanbHble coBOKynHOcTH X 1 Y pacrpenesneHsl HOpMaibHO, IPHYEM
UX JMCIiepcuu u3BecTHHI. [0 HE3aBUCUMBIM BHIOOpKAM C 00bEMaMU, COOTBETCTBEHHO

paBHpIMH N, ¥ M, U3BJICYEHHBIM U3 3THX COBOKYIHOCTEH, HAWJICHBI BBIOOPOYHBIE

cpenaue X u Y. Tpebyercs mo BBIOOPOUHBIM CPEIHUM IpU 3aJaHHOM YpPOBHE
3HAYMMOCTH (X TIPOBEPHUTH HYJICBYIO THIIOTE3Y, COCTOSIILYIO B TOM, YTO TeHEPaIbHBIC
cpenHHe (MAaTeMAaTHYECKHE OXKHIAHHWS) PACCMaTPUBAEMBbIX COBOKYITHOCTEH DPaBHBI
MEXTy COOOi:
H,:M(X) = M(Y).

Y4YuTBIBas, YTO BBIOOPOYHBIC CPEIHUEC SBISIOTCS HECMCIICHHBIMU OIICHKAMU

TCHEPAJIbHBIX CPEIHHX, T.C.
M(X)=M(X). M(y)=M().

HYJICBYIO THIIOTE3y MOXHO 3aIucaTh TaK:

H,:M(X)=M(y).

B kauecTBe kpuTepHs MPOBEPKH HYJIEBOUW THIIOTE3Bl O PABEHCTBE T'C€HEPATBHBIX
CpeIHUX MPUHUMAETCS HOPMUPOBAHHASI HOpPMaJIbHAS CTy4aiiHasi BeTNIHHA

Z = Al
JD(X)/n+D(Y)/m"

Kputnyeckass 0061acTh CTPOUTCS B 3aBHCHMOCTH OT BHJA KOHKYPHUPYIOIIEH
TUIIOTE3BI.

IepBoiit crydaif. Hynesas runoreza H 0- M (X) =M W ) Konkypupyromas
runoreza H: M (X) =M (Y)

B »TOM ciywae cTpowTCs NBYCTOPOHHSISI KpPUTHYECKash 00JacTh, MCXOISA U3
TpeGOBaHUs, uYTOOLI BEPOATHOCTh MOMAjaHMs Kputepus Z B Ty o01acTh B
MIPEANOI0KEHNN CIPABEJIMBOCTH HYJEBOW THUIMOTE3bl OblIa paBHA MNPHUHATOMY
YPOBHIO 3HAYUMOCTH (X .

[TockonmbKy pacmpeneneHne Z  CHMMETPHYHO OTHOCHTEIBHO HYIS, TO
KPUTHYECKUE TOUKH CUMMETPUYHBI OTHOCUTEIBHO HYJIS, T.€. €CIIM 0003HAYUTh Uepe3

pr MPaBYIO KPUTUYECKYIO TOUKY, TO — ZKp OyJIeT J1eBOM KPUTUUECKOIN TOUKOM.

HauGonpmias MOMHOCTh KpuTepus (BEPOATHOCTh TIOMAMAHUS KPUTEPHS B
KPUTUYECKYI0O 00JlacTh MpU  CHPABEAJIMBOCTH  KOHKYPUPYIOLIEH  THIOTE3BI)
JOCTUTAETCSl TOTAA, KOTJAAa BEPOSITHOCTH IOMANAHUA KPUTEPUS B KaXKIbId U3 JBYX

MHTEPBAJIOB KPUTUYECKOM 00JIacTh paBHa (X / 2:

P(Z<-z,)=a/2, P(Z>2,)=0a/2.
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Jlis Toro, 4roObl HAWTH NpaBylo TpaHuly Z, » JIIBYCTOPOHHEN KPUTUYECKOU

obnacTu, JOCTAaTOYHO HAWTH 3HadeHHE aprymeHTa (QyHkuumu Jlammaca, xoTopomy
COOTBETCTBYeT 3HaueHne ¢pyHkuun, pasuoe (1— o) / 2:

d(z,)=(1-a)/2.

O603HauMM 3HAYEHUE KPUTEPHs], BEIUUCIECHHOE IO TaHHBIM HaOMI0ACHUI, yepes

ZHa6Jl :
Ecnu ‘Z watn| < Z, — HET OCHOBAHUI OTBEPIHYTE HYJIEBYIO TUIIOTE3Y.
Ecm ‘Zna@z > ka — HYJICBadA 'HIIOTE3a OTBCPTracTCs.

Bropoii cnyuaii. Hynesas runoresa H 0- M (X) =M (Y) Konkypupytomas
TUIIOTE3a Hli M (X) > M (Y)

B sTOoM cnyudae cTpouTcs MpaBOCTOPOHHSAS KpUTHYECKash 00J1acThb, UCXOAS W3
TpeGoBaHuUs, uYTOObI BEPOATHOCTh MOMafaHus Kputepus Z B 5Ty obOnacTb B
NPEIOJIOKEHUN CIIPaBEUIMBOCTH HYJEBOM THMOTE3bl ObUIa paBHA NPUHATOMY
YPOBHIO 3HAUMMOCTH:

P(Z>z,))=«a.
JIJ1st TOro, 4TOOBI HAWTH TPAHUILY Z,, TPaBOCTOPOHHEH KPUTHYCCKOH objacTw,

JIOCTaTOYHO HAWTHM 3HaueHuWe aprymenra ¢yHkuuu Jlammaca, KOTOpoMy
cOOTBEeTCTBYeT 3HaueHne pynkuuy, pasaoe (1— 2a) / 2:

®(z,)=(1-2a)/2.
O0603HauNM 3HaUYCHHUE KPUTEPHS, BBIYMCICHHOE 110 JAHHBIM HAOJII0ICHUH, Yepes

Z

Habn "

Ecnun ZH aon < &g, — HET OCHOBAHMI OTBEPrHYTh HYIEBYIO THIIOTE3Y.

Ecnun me > Z,, — HyneBas THIOTE3a OTBEPraeTCs.

Bonpocwt u 3a0anus.
1. Craructuueckas runoTesa.
2. MOUIHOCTH KpUTEPHSL.
3. Kpurnueckas 061acTh.

3amanue 1. Texnuyeckass Hopma mnpenycmarpuBaer B cpeaHeMm 40 cex. Ha
BBIMIOJIHEHUE OMPEACICHHON TEXHOJOTHYECKOM ONepalryd Ha KOHBEWepe 1o
MpOU3BOACTBY 4acoB. OT pabOTHUIL, pabOTAIONIMX HA 3TOH OMepanuu, MOCTYIHIN
KaJIOOBI, YTO OHH B JIEUCTBUTEIHLHOCTH 3aTPAuyMBAIOT HA JTY OINEpAIHIO OOJbIIe
BpeMeHH. s mpoBepKH JaHHOM >KaloObl  MPOU3BEACHBI  XPOHOMETPUYECKUE
M3MEPEHUSI BPEMEHHU BBIMIOJHEHUS 3TOM TEXHOJIOTUYECKOW onepaiuu y 36 paboTHuII,
3aHATHIX HA 3TOW OIEpalNM, U MOJYYEHO CPEHEE BPEMS BBINIOJHECHUS onepaunn 42
cek. MoxHo nu (mpexamnojaras BpeMsl BBINOJHEHUSI TEXHOJIOTUYECKOHN orepanuu
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CIIy4ailHOW BETMYMHOW, MOJYMHSIOIIECHCS HOPMAJIbHOMY 3aKOHY) MO HMEIOIINMCS
XpPOHOMETPUYECKUM JTaHHBIM Ha ypoBHE 3HAUMMOCTH O = 0,01 OTKIIOHUTH TMIOTE3Y
O TOM, YTO CpPEAHEE BpEMs BBINIOJHEHUs ITOW OINEpPAllMM COOTBETCTBYET HOPME,
€CIIM  M3BECTHO, YTO CpEJHEe KBAJAPAaTUYECKOE OTKIOHEHHUE TI'€HEPAIBbHON
COBOKYITHOCTH G COCTaBJIsIeT 3,5 ceK.?

3ananue 2. DKOHOMUYECKHNM aHAIN3 IPOU3BOAUTEIBHOCTH TPYJAa IPEATIPUATUHI
OTpaciii MO3BOJUJ BBIBUHYTh THUIIOTE3Y O HAJIWYUU JBYX THUIIOB MPEANPUATUNA C
pa3IM4YHON CpedHEW BEJIWYMHOU IIOKa3aTensd NIPOU3BOAUTEIBHOCTH TpYyZa.
Bri6opounoe oOcnepoBanue 42-X MpeANnpusTANA NEPBOM TPYIIBI A0 CIETYIOIINE
pe3yJbTaThl: CPEeAHSAs] MPOU3BOJUTENILHOCTh Tpyda coctaBwia 119 neraneit. Ilo
JTAHHBIM BBIOOPOYHOTO OOCHEOBAaHUS 35-U MPEANPUSITHI BTOPOW TPYIIIBI CPEAHSS
NPOU3BOJIUTENBHOCTh Tpylda coctaBuia 107 peranei. 'eHepanbHble AHMCIEpCUU
uzBecTHbl: D(X) = 126,91 ; D(Y) = 136,1. Cuuras, 4T0 BHIOOPKH H3BJICUCHBI W3
HOpPMAJIbHO paCIpe/ICNICHHbIX Te€HEpabHBIX COBOKYMHOCTEH X W Y, Ha ypOBHE
sHaunmoctd 0,05 mpoBepbTe, CIy4ailHO JIM TOJYyYEHHOE pasjiudyhe  CPeAHHUX
nokasarejieil MPOU3BOJUTEIBHOCTH TPyJa B TPYIIax WX K€ MMEIOTCS JBa THUIA
NPENNPUSATUHN C Pa3IMYHOMN Cpe/HEeN BETUYNHON MPOU3BOAUTEILHOCTH TPY/A.

[MapTus u3genuii mpuHUMAeTCs B TOM Cllydae, €Cld BEPOATHOCTh TOrO, YTO
U3JIe]IMe OKaXEeTCsl COOTBETCTBYIOIIUM CTaHIAPTY, cocTaisieT He MeHee 0,97. Cpenu
ciydaiiHo otoOpanHbix 200 wu3menuil mpoBepseMoOl TapTHU  OKazajioch 193
COOTBETCTBYIOIIUX CTAaHAAPTy. MOXXHO 11 Ha ypoBHE 3HaYUMOCTH o = 0,02 npuHATH
napTuo?

IIycTh renepanbHble coBokymHocTH X m Y pacmpeeneHbl HOpManbHO. 110
HE3aBUCHUMBIM BBIOOpDKaM C 0OBbeMaMM, COOTBETCTBEHHO paBHeIMH NN, u N,

N3BJICYCHHBIM N3 3JTHUX COBOKYHHOCTGI\/JI, HaﬁﬂeHBI HCIIPABJICHHBIC BLI60p0LIHLIC

2 2
aucnepcun Sy u S,. TpeOyeTcs 1o HCIPaBICHHBIM AMCHEPCHAM IIPH 33aJaHHOM

YPOBHE 3HAYMMOCTH (X TPOBEPUTh HYJIEBYIO THIOTE3Y, COCTOSIIIYI0O B TOM, YTO
reHepabHbIe TUCIIEPCUU PACCMATPUBAEMbBIX COBOKYITHOCTEH PaBHBI MEKY COOOM:

H,:D(X) = D(Y).
YuureiBas, 4YTO WCHOPABJIEHHBIC JUCIIEPCUU  SBIIIOTCS  HECMEIICHHBIMU
OLICHKaMH I'€HEPAIbHBIX JUCIIEPCUH, T.€.

M(sy)=D(X), M(s;)=D(Y),

HYJIEBYIO THUIIOTE3Y MOHO 3alIMCATh TaK:

Ho:M(sy) = M(s)).

Ha mnpaktuke 3amaya cpaBHEHHsI IUCIEPCUM BO3HUKAET, €CIU TpeOyeTcs
CpPaBHUTh TOYHOCTb MPUOOPOB, MHCTPYMEHTOB, CAMUX METOJIOB M3MEpPEHHUI U T.[I.
Od4eBUAHO, MPEANOYTHUTENbHEE TOT MPUOOP, WHCTPYMEHT W METOM, KOTOPBIN
o0ecrieurBaeT HAaUMEHBIIIEE PACCEsTHUE PE3yJIbTATOB MU3MEPEHUM, T.€. HAMMEHBIIYIO
TUCIIEPCHIO.

B kauecTtBe KpuTEpHsa NPOBEPKU HYJIEBOM TMIIOTE3bl O PABEHCTBE N€HEPAIBHBIX
JIUCIIEpCUN TMPUHUMAETCS OTHOIIEHHE OOJbIIEH UCHPaBICHHOW JUCIEPCUU K
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MEHBIIEH, T.€. CIy4yalHas BeJIMYMHA

=g’ /s’
Benvuvna F  npu ycnoBum crpaBeuIMBOCTM HyJIEBOM THIIOTE3BI MMEET
pactipenenenue dumepa — CHegekopa €O CTENEHSMH CBOOOJBI k1 =n—-1u

k2 =N,—1 roe N, — o0O6beM BBIGOPKH, 1O KOTOPOH BBHIMHUCIEHA OOJBIIAS

ucnpaBieHHas aucnepcus, N, — o00beM BBIOOPKH, IO KOTOPOH HalJeHa MEHbLIAs

UCITpaBJICHHAS TUCTIEPCHSL.
Kputnyeckass 001acTh CTPOMTCS B 3aBUCHUMOCTH OT BHJIda KOHKYPHUpYIOLIEH
TUIOTE3bI.

Iepsbiit ciyuail, Hynesas rumoresa H - D(X) = D(Y). Koukypupyromas
runoreza H: D(X) > D(Y) :

B »sToM ciydae CTpoMTCs NPaBOCTOPOHHAS KPUTHYECKash 00JIACTh, MCXOAS M3
TpeGOBaHUs, 4TOOBI BEPOSTHOCTh TMOMajaHus Kpurepus F B oTy o6macts B

MPpCAITOJIOKCHUN CIIPAaBCIAJIINBOCTHU HyHeBOI;'I TANOTE3bl OblIa paBHa IIPHHATOMY
YPOBHIO 3HAYNMOCTH:

P(F>F, (o k:k))=a.
Kpurnueckas Touka FK » (c; k1; kz) HaXOAUTCS TO TaOMUIE KPUTUYECKUX

Touek pacrpenenenus Oumepa — CHenexopa.
[paBuao 1. lyig Toro 4toObl MpU 3aJJaHHOM YPOBHE 3HAYMMOCTHU MPOBEPUTH

HYJICBYIO THUIIOTC3Y H :D X = D O PaBCHCTBC TI'CHCPAJIBHBIX I[I/ICI'ICpCI/Iﬁ
0

HOPMAIIbHBIX COBOKYITHOCTEH MPU KOHKypHUpyromeH runoresze H: D(X) > D(Y )

, HaJ10 BBIYUCJIMTH OTHOIIEHHUE OOJIbIIEH chpaBﬂeHHOﬁ JIUCTIEPCUU K MEHBIIIEH, T.€.

Ha6Jl - S6/ '
H 110 Ta6J'II/IHe KPUTHYCCKHUX TOYCK pacCpCaciICHUA (Dmnepa — CHCI[GKOpa, 110
33ITaHHOMY YPOBHIO 3HAYMMOCTH O/ W YHCJIaM CTeleHeld CBOOOJbI k1 sz (k1

YHCJIO CTENEHEH CBOOOIbI OOMBINEH UCTIPABICHHON TUCTIEPCUH) HANTH KPUTHIECKYIO
TOYKY F (a; k1; Kk )
Ecnun F aon < F — HET OCHOBAaHHUM OTBEPTHYTHh HYJIEBYIO Truroresy. Eciu

FHa@Z > FKp — HyJIeBasl TUIIOTE3a OTBEPraeTesl.

IIpumep 1. Ilo 1BymM He3aBHCHMBIM BhIOOpKaM o0bemoB N, =12 m n, =15,
M3BJICUCHHBIM M3 HOPMAIbHBIX TeHepadbHbIX coBokymHocTeit X u Y, HaiiaeHsl
WCIIPaBJICHHbIE BHIOOPOYHBIE AUCIIEPCUU S>2< =1141 u 33 =6,52. Ilpu yposHe
sHaunmocty 0,05 mpoBepuTh HyleByio rurnoresy H 0- D(X) = D(Y ) O pPaBEHCTBE
reHepanbHEIX JUCTIEPCHil TIPH KOHKypHpylomeil tunorese  H 1- D(X) > D(Y )

Pemennie. HalineM oTHonieHue OOJbIIEH HCHOPABICHHOW JIUCHEPCHH K
MEHBIIECH:

97



F.., =1141/6,52 =175.
Konkypupyromass rumore3a HUMEET  BUJ D(X) > D(Y) ,  T03TOMY

KpUTHYECKask 00J1aCTh — MPABOCTOPOHHSISA.
[To tabnuue kputnueckux Touek pacnpeneneHus dumiepa — CHemekopa, MO

yposato 3naunmoctu & = 0,05 u uncnam creneneit csobons K, =12—-1=11 u
K, =15—1=14 naxoaum KpuTHYECKYIO TOUKY FKp (0,05; 11; 14) =2,56.

Tak kak FHQ@Z < FKp, TO HET OCHOBAaHUW OTBEPTHYTh HYJEBYIO THUIIOTE3Y O
PaBEHCTBE T€HEPATIbHBIX JUCTIEPCUM.

Bropoii ciyyaii. Hysnesast rumoresa Hg: D(X) = D(Y ) Konkypupyromas
runoreza H: D(X) * D(Y)

B sTOM ciydae cTpoWTCs JBYCTOPOHHSAS KpUTHYECKash 00NacTb, MCXONIS H3
TpeGOBaHus, 4TOOBI BEPOSTHOCTh TMOMajaHus Kpurepus F B oTy o6nmacts B
NPEANOI0KEHUH CHPABEIIMBOCTH HYJIEBOW TMIOTE3bl ObUIA paBHA IPUHATOMY
YPOBHIO 3HAYMMOCTH X ..

HanGonpmiasgs MOIIHOCTE KpUTepHsA (BEPOATHOCTh IONAJAHHUSA KPHUTEpUSA B

KPUTHUYECKYI0 00JIacThb TpPU  CHPABEIJIMBOCTH  KOHKYPUPYIOIIEH  THIOTE3bl)
JOCTUTAETCS TOT/A, KOrJa BEPOSTHOCTh MOMAaJaHUs KPUTEPHUS B KaXKAbId U3 JABYX

MHTEPBAIOB KPUTUUYECKON 00JIaCTH paBHA / 2.
Ecim 06o3naunts yepe3 b, neByro rpanmiyy kputuueckoii obnactu u uepes F,
— MPaBYIO, TO JOJKHBI UMETh MECTO COOTHOIICHUS:

P(F<F)=«a/2, P(F>F,)=qa/2.

Jlns obecrieueHus MomajaHus KpUTepus F B JIBYCTOPOHHIOI KPUTUYECKYIO
00J1aCTh C BEPOSITHOCTHIO, PABHOW MPUHATOMY YPOBHIO 3HAYUMOCTH (X, B Cllydae

KOHKYPHUPYIOIIEH TUIOTE3bI Hl: D(X) 7 D(Y ) JIOCTATOYHO HANTHU KPUTHUYECKYIO
TOYKY F2 = FKp (05/2; K; kz)-

IMpaBuao 2.J[;11 Toro 4toObl MpU 3aJJAHHOM YPOBHE 3HAYMMOCTH IMPOBEPUTH
HyneByto runotesy H ' D(X) = D(Y) O PAaBEHCTBE T'€HEPAJbHBIX JUCIEPCUU

HOPMAIIbHBIX COBOKYITHOCTEH MpH KOHKypupyromeii runorese  H D(X) 7 D(Y)

, HaJIO BBIYHUCIIUTHh OTHOIICHUE OOJIBINEH MCIPaBICHHON JUCIIEPCUU K MCHBIIICH, T.C.
mo TabiMIe KPUTHYSCKHX TOYeK pacnpenencHus Oumepa — CHemexopa, IO

3aIaHHOMY YPOBHIO 3HAYMMOCTH 0!/ 2 (BmBOe MEHBIIEM 33JaHHOTO) M YHCIIAM
cremeneit cBobomer K, u K, (K, — wumcno crememeit cBoGomel Gombmeid
WCIIPABJICHHOW TUCTIEPCUH ) HANTU KPUTUUECKYIO TOUKY FKp (0(/ 2; kl; kz).

Ecnn FKP (0(/ 2; kl; kz) — HET OCHOBAaHWM OTBEPTrHYTh HYJIEBYIO THIIOTE3Y.

Ecnn FH > FKp — HyJIEBasi TUIIOTE3a OTBEPraercs.

abn
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PexomeHtyemMble HICTOYHUKH HH(POPMALIUU
(Ne pcrouHuka)
OcHoBHas JlonosiHUTEIBHASA Meronuueckas NHuTepHeT-pecypcesl

1 1 1 1,2

3.CITUCOK JIUTEPATYPHBI
3.1 OcHoBHas JUTEpaTypa:
1. [llumaueB, B. C. Bricimas mMaremaTtuka : yueOHuk ais OakanaBpoB / B.C.
[Mumaues ; nmox pen. A.H. Tuxonosa. — 4-e uzn., ucnp. U momn. — M. : FOpaiir,
2014. — 607 c. — (bakanaBp. bazoBsIif kypc). — Ha yueOHuke rpud: Pex. YMO.
— ISBN 978-5-9916-3325-3

3.2. JlonoiHUTEIbHAS JJUTEpaTypa:
1. boromonog, H. B. Maremaruka : yaeOHuk niis 6axkanaspos / H.B.
Bboromornos, I1.1. Camoiinenko ; Mock. I'oc. YH-T Tex. U ynip. Um. K.T'.
PazymoBckoro. — 5-e uzj., nepepa6. 1 nomn. — M. : FOpaiirt, 2014. — 396 c. : un.
— (bakanaBp.bazoBbiii kypc). — Ha yueonuke rpud: Jon.MO. — ISBN 978-5-
9916-3467-0

3.3. MeToauueckasi JJuTepaTypa
1. Mertonuueckue yKazaHus g OOYy4alOlIUXCs 10 OPraHU3ali U TPOBEICHUIO
CaMOCTOSATETILHON paboThl MO AUCHUIUIMHE «MareMaTtukay i CIenuaIbHOCTU

moarotoBku  38.03.01 « DkoHOMHUKAY.
3.4. HuTepHeT-pecypcChI

1. http://www.matburo.ru — Caiir Matematuueckoro bropo
2. http://www.studfiles.ru — Caiit «Bce [l YueObi»
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3.CIIMCOK JIMTEPATYPbI
3.1 OcHoBHas JuTEpaTypa:

1. llumaues, B. C. Beicimas MaremaTtuka : yueOHuk ans OaxanaspoB / B.C.
[Mumaues ; mox pea. A.H. Tuxonora. — 4-e uzn., ucnp. M non. — M. :FOpaiir,
2014. — 607 c. — (bakanaBp. bazoBslif kypc). — Ha yueOHuke rpud: Pexk. YMO.
— ISBN 978-5-9916-3325-3

3.2. JlonoiHUTEIbHAS JIUTEpPaTypa:
1. boromonos, H. B. Maremaruka : yue6Huk 1 6axanaspos / H.B.
Boromonos, I1.1. Camoiinenko ; Mock. ['oc. YH-T Tex. U ynp. Um. K.I'.
PazymoBckoro. — 5-e uza., nepepa6d. 1 nomn. — M. :FOpaiit, 2014. — 396 c. : un.
— (bakanasp.ba3oBsiii kypc). — Ha yueOnuke rpud: Jon.MO. — ISBN 978-5-
9916-3467-0

3.3. MeToauueckasi JUTEPaTypa
1. Metoauueckue yka3aHUsl 1O BBITTOJIHEHUIO MPAKTHYECKUX PabOT MO AUCIUTIIINHE
Marematuka» Uil CTYAEHTOB CHEHHUAIBHOCTU MOJATOTOBKHU 38.05.02
«TamoKkeHHOE JIEN0Y.
2. Meroaudeckue yka3zaHusl JJisi OOy4arolIUXCs IO OPTraHW3alMM M IPOBEIACHUIO
CaMOCTOSITEIbHOM paboThl 1O JaucHUIUIMHE «MaremaTukay JUIsi  CTYIEHTOB
cruenuairHoCcTH 38.05.02 «TaMokeHHOE ne10».

1.4. WuTepHeT-pecypchl

1. http://www.matburo.ru — Caiit Matemarndeckoro bropo
2. http://www.studfiles.ru — Caiit «Bce Jlis YueOb»
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