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TIlosacnumenwvnan 3anucka

Metoauueckne peKoMEeHJAluM MPU3BaHbl OKa3bIBaTh IMOMOIIb CTyJAEHTaAaM B HM3y4YCHHUH
OCHOBHBIX MOHSATUM, UJEH, TEOPUN U TOJIOKEHUU TUCHUILUIMHBI «MaTeMaTuka», u3ydyaeMbliX B
X071¢ KOHKPETHOT'O 3aHATHSI, CIOCOOCTBOBATh Pa3BUTHIO MX YMCHH, HABBIKOB U SIBJISIOTCS OJTHUM
13 COCOO0B MPOBEPKHU 3HAHUN CTYACHTOB.

BrlInmoTHeHHE yYaIIMMKCS TPAKTHYECKUX paOOT HAIIPAaBJICHHO Ha:

- 000011IeHre, CHCTEMATU3AIIHIO, YTITyOIeH e, 3aKPETJICHHE TTOTYIEHHBIX TEOPETUIECKUX
3HAHUU MO0 KOHKPETHBIM TEMaM;

- ¢hopMUpOBaHUE YMEHUU MPUMEHSTH MMOJyYEHHbIE 3HAaHUS Ha MPAKTUKE U Peasn3aiuio
€MHCTBA MHTEIUIEKTYaJIbHOM U NMPAKTUYECKOU JIESITENbHOCTH;

- Pa3BUTHE HHTEIUJIEKTYyaJbHBIX YMEHHH y OYyIyHIMX CIENHAIMCTOB: aHAJIUTUYECKUX,
MPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX U JIP.;

- BBIPaOOTKY IPU PEIICHUH MTOCTaBIEHHBIX 33]1a4 TAKHX TPO(PECCHOHATIBHBIX KA4eCTB, KaK
CaMOCTOSITEIIbHOCTh, OTBETCTBEHHOCTh, TOYHOCTh, TBOPUECKAss MHUIIMATHBA.

Ocoboe 3HaveHHWE AWCHMIUIMHA WUMeeT NMpu (HOPMHPOBAHMHM M PA3BUTHU OOIIUX U
npodeccruoHambHBIX KOMITETeHIINI B cooTBeTCTBHM ¢ PI'OC:

OK 01. BpiOupate cmocoObl pemieHus 3aaad  MnpodecCHOHANBHOW JCSITEeIbHOCTH,
IMPUMEHHUTEIIBHO K Pa3JIMYHBIM KOHTEKCTaM.

OK 02. OcymiecTBIATh MOUCK, aHAIIU3 W MHTEPIPETani0 HHOopMaIuu, He0OX0IMMOM AJ1s
BBINIOJIHEHUS 33]1a4 PO eCCHOHAIbHOM J1eATeIbHOCTH.

OK 03. [InanupoBath U peann30BbIBaTh COOCTBEHHOE MPO(ECCHOHATBHOE U JIUYHOCTHOE
pa3BUTHE.

OK 04. PaGoTath B KOJUICKTUBE U KOMaHe, 3PPEKTUBHO B3aMMOICHCTBOBATH C KOJUIETaMH,
PYKOBOJICTBOM, KJTMEHTAMH.

[IK 6.1 OcymecTBisTh pa3pabOTKy aCCOPTUMEHTA KYJIHMHAPHOU U KOHAUTEPCKOM

MPOAYKIUHU, PAa3IMUYHBIX BUIOB MEHIO C YUETOM MOTPEOHOCTEHN pa3InyHbIX KaTerOpuii
nmoTpeduTenei, BUAOB U PopM 00CTyKUBAHUSI.

B pamkax mporpaMMsl 00111€00pa3oBaTeNbHON AUCHUIUIMHBI OCBAaWBAIOTCS IMYHOCTHEIE,
MeTanpeAMETHBIC U TIPEIMETHBIC PE3YIIbTaThl B COOTBETCTBUU ¢ TpeOoBanusMu OI'OC cpeanero
o0rmrero oopa3oBaHusl.

I[lnanupyemble  pe3yJbTaTbl OCBOEGHMS JAUCHMIUVIMHBI:  JuyHOCcTHhe  (JIP),
MmetanpenmetHeie (MP), nmpenmeTtHbie 17151 6a3oBoro ypoBHs uzydenus (ITP).

Jluunocmmuvle exnrouarom:

JIP 05. CopMHUpOBaHHOCTH OCHOB CAMOPA3BUTHS U CAMOBOCIIUTAHHUS B COOTBETCTBUU C
O0IIIeYeNOBEUECKUMH I[EHHOCTSMU M UJAeallaMd TPaXTaHCKOro OO0IIeCTBa; TOTOBHOCTb U
CIOCOOHOCTh K CAaMOCTOSATEIbHON, TBOPUECKON M OTBETCTBEHHOW AESATEIbHOCTH.

JIP 07. HaBblkM COTpyAHMYECTBA CO CBEPCTHMKAaMH, JE€TbMH MJIQJIIErO BO3pacTa,
B3pOCIBIMH B 00pa3oBaTENbHOM, OOIMIECTBEHHO IIOJE3HOM, Yy4eOHO-HCCIIEN0BATEIbCKOM,
MIPOEKTHOW U JPYTUX BUAAX AESATEIbHOCTH.

JIP 08. HpaBcTBEHHOE CO3HAHME U MOBEJEHUE Ha OCHOBE YCBOEHUS OOIIEUEIOBEUECKUX
LIEHHOCTEH.

JIP 09. 'oTOBHOCTD M CIIOCOOHOCTH K 00Pa30BaHUIO, B TOM YHUCJIE caM000pa30BaHM 0, Ha
MPOTSHDKEHUH BCEH JKM3HM;, CO3HATENbHOE OTHOIIEHHE K HENpPEephIBHOMY 00pa3oBaHUIO Kak
YCIIOBHIO YCIEITHOM MpodeccuoHaIbHON U 00IIeCTBEHHON e TeTbHOCTH.

JIP 13. Oco3HanHBId BBIOOp Oyaymied mpodeccMd W BO3MOXKHOCTEH peau3aluu
COOCTBEHHBIX >KM3HCHHBIX TIIJIAHOB, OTHOIIEHHUE K TMPOPECCHOHATBHON NEATeTbHOCTH Kak

3



BO3MOXKHOCTM ~ y4yacTUsi B  PELICHUHM JIMYHBIX, OOINECTBEHHBIX, TIOCYJapCTBEHHBIX,
00I11eHalMOHAJIBHBIX TIPOOJIEM.

JIP 14. CdopMUpPOBAaHHOCTh SKOJOTMYECKOTO0 MBIIUICHUS, TOHUMAHUS BJIUSHUS
COL[MAJIbHO-D)KOHOMUYECKHX IPOLECCOB HA COCTOSIHUE MPUPOJHOM M COLMAIBHOW Cpelbl;
pUOOpeTEeHNEe OMbITa 3KOJIOr0-HANPaBICHHOMN 1€ATEeIbHOCTH.

Memanpeomemmuuie:

MP 01. CamocTosTeabHO (GOPMYIHUPOBATH U AKTyaJIU3UPOBAThH NPOOIEMY, pacCMaTPUBAaTh
€€ BCECTOPOHHE.

MP 02. VcraHaBiMBaTh CYLIECTBEHHBIM IpPU3HAK MM OCHOBAHUA /I CPAaBHEHUS,
KJaccu puKanuu 1 0000IIeHHUS.

MP 03. Omnpenenstb Lenu AesATENbHOCTH, 3a/laBaTh MMapaMeTpbl M KPUTEPHUH HX
JOCTHKECHUS.

MP 04. BbIsBIIATE 3aKOHOMEPHOCTH U ITPOTUBOPEYHSI B PACCMATPUBAEMBIX SIBJICHUSIX.

MP 06. Biageth HaBbIKaMHM y4eOHO-MCCIIEOBATEIbCKON M MPOEKTHOH NeATeIbHOCTH,
HaBbIKaMU pa3pelieHus IpoodIeM.

MP 07. CriocoGHOCTh M TOTOBHOCTh K CaMOCTOATEIbHOMY IIOUCKY METOJIOB PELICHHUS
MIPaKTUYECKUX 3a/1a4, IPUMEHEHHUIO PAa3JIMYHbIX METOI0B ITO3HAHUS.

MP 08. OpmageHue BuAaMH JEATEIBHOCTH IO IOJYYEHHIO HOBOI'O 3HAHHWs, €ro
UHTEPIpEeTaluy, Npeo0pa3oBaHNUI0 U IMPUMEHEHHUIO B PAa3JIMYHBIX YUEOHBIX CUTyallUsiX, B TOM
YHCIIe IPU CO3JJaHUU YUEOHBIX U COLUATIbHBIX POEKTOB.

MP 09. ®opmupoBaHHe HAyYHOI O TUIIA MBIIJIEHUS, BJaJCHUE HAYYHOH TEPMHUHOJIOTHEM,
KIIIOYEBBIMU MOHSATUSIMU U METOJIaMHU.

MP 11. BbIABIATP NPUYMHHO-CIEACTBEHHBIE CBSI3M W aKTyaJIM3UpOBaTh 3ajady,
BBIBUTATh THUIOTE3y €€ pelIeHUs, HaxXOAWThb apryMeHThl Uil J0Ka3aTelbCTBa CBOUX
yTIBEp)KJIEHUH, 3a71aBaTh MapaMeTpbl U KPUTEPUU PEILICHHUS.

Ilpeomemnvie:

I[IP O1. Brnagets meTomamMu J0Ka3aTelbCTB, alTOPUTMAMU pEIICHUS 3a]ady; YMEHUeE
(bopMyIHpOBaTH ONPEEICHHS, AaKCHOMBI X TEOPEMBbI, TPUMEHSTH UX, IPOBOIUTH JOKa3aTEIbHbIC
paccyX/IeHus B XOZ€ pElICHUs 3a1a4.

IIP 02. YMmerp onepupoBaTh MOHATUSAMH: CTENEHb YHUCIA, JIOTAPU(PM YUCIA; YMEHHE
BBIIIOJHATh BBIYMCIIEHHE 3HAUEHUN U NpeoOpa3oBaHUsl BBIPAKEHUH CO CTENEHSAMH U
norapudmamu, npeodpa3zoBaHus ApoOHO-PALIMOHATIBHBIX BBIPAKEHUH.

IIP 03. VYmers onepupoBaTb MOHATHSMHU: palUOHAIBHBIC, HWPPALMOHAJIBHBIC,
[IOKa3aTelbHbIE, CTENEeHHblE, JorapuMuyeckue, TPUTOHOMETPUUECKHE ypaBHEHUS WU
HEpaBEHCTBA, UX CUCTEMBI.

[1P 04. YMmeTh oneprpoBaTh HOHATUAMU: QYHKIMS, HENPEpbIBHAS QYHKILINS, IPOU3BOIHAS,
nepBooOpa3Hasi, ONpPENEICHHbI HHTErpaji, yMEHHE HaXOIUTh IPOU3BOJHBIE 3JIEMEHTapHBIX
(GYHKIMIA, UCIIONIB3YS CIIPAaBOYHbBIE MaTepHalbl; CCIIENO0BATh B IPOCTEHIINX Cllydasix B QYHKIHUU
Ha MOHOTOHHOCTh, HAXOUTh HAUOOJbIINE M HAUMEHbIINE 3HaueHus GpyHKuit; CTpouTh rpaduku
MHOIOWIEHOB C MCIOJNb30BAHMEM allapara MaTeMaTHUYeCKOro aHajlu3a; IPUMEHATH
IIPOM3BOJHYIO IIPU PELIEHUM 3a]a4 Ha JBUKEHHE; pellaTh IPAKTHKO-OpPUEHTUPOBAHHBIE 3aaun
Ha HauOOoJIbIIME ¥ HAUMEHBIIINE 3HAYEHUs], HA HAX0)KJIEHUE ITYTH, CKOPOCTU U Y CKOPEHHUSI.

I[P 05. YmeHue omepupoBaTh MOHATHIMH: palHOHAJbHAs (YHKIUS, MOKa3aTelbHas
¢byHKIMs, creneHHas QyHKOUs, JorapudmMudeckas QYHKIHS, TPUTOHOMETpUYecKre (PyHKINU,
oOpaTHble (YHKIHMH; YMEHUE CTPOUTH I'pahMKu U3y4eHHBIX (YHKIUI, HCIIOIb30BaTh rpaduku
IIPU U3YYEHHUHU MIPOLIECCOB U 3aBUCUMOCTEH, IPU PELICHUH 3a/1a4 U3 APYTUX YUeOHBIX PEAMETOB
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¥ 3a]1a4 U3 peabHOM )KU3HM; BBIpaXkaTh (OPMYIaMH 3aBUCUMOCTU MEX/Y BEIMYMHAMHU.

[1P 06. YMmenue pemaTh TEKCTOBbIE 3a/Ja4M PA3IMYHBIX TUIIOB (B TOM YHCJI€ HAa IPOLIEHTBHI,
JI0JM W YacTH, Ha JBHXKEHHE, pabOTy, CTOMMOCTh TOBApOB U YCIIYT, HAJIOTH, 3a/1a4u U3 00JacTH
yIpaBi€HUsS JIMYHBIMU U CEeMEHHBIMU (PMHAHCAMU); COCTaBISTH BBIPAXKEHMS, YPaBHEHMS,
HEPABEHCTBA M MX CHUCTEMBI 110 YCIIOBHIO 3aJlayd, MCCIIENOBATh IIOJYUYEHHBIE DELICHUS H
OLIEHUBATh MPABJIONOJ00HOCTh PE3yJILTATOB.

I[P 07. YmeHue omnepupoBaTh HOHATHAMH: CpeAHee apupMeTHuecKoe, MeauaHa,
HanOoJbIllee U HaUMEHbIIIee 3HaUeHU s, pa3MaXx, JUCIEePCHs, CTAaHIapPTHOE OTKIOHEHHE YU CIIOBOTO
Habopa; yMeHHe U3BJIeKaTh, UHTEPIPETUPOBATH MH(POPMAIIHIO, TPEICTaBIEHHYIO B Ta0IMIIaX, HA
auarpammax, rpaukax, 0Tpakarollylo CBONCTBA pealIbHBIX MPOLIECCOB U SABJICHHI; TPEICTaBIATh
nH(OPMAIUIO C MOMOIIBI0 TaONUIl U JUarpaMM; UCCIe0BaTh CTATUCTUYECKHE JaHHBIE, B TOM
YHclie C IPUMEHEeHHeM IpauyecKux METO/I0B U 3JIEKTPOHHBIX CPEACTB.

ITP 08. Ymenue omepupoBaTh MOHATUSIMH: CIyYalHBIA OMBIT M CIIyd4ailHOE COOBITHE,
BEPOSATHOCTb CIIy4YalHOrO0 COOBITHS; YMEHHE BBIUUCISTH BEPOSITHOCTh C HCIOJIb30BAHHEM
rpau4ecKkuXx METONOB; IMPUMEHATh (OPMYJIbl CIOXKEHHUS U YMHOXKEHHS BEpPOSTHOCTEH,
KOMOMHATOpHBIE (aKThl U (OPMYJIBl MIPU PEUICHUM 3ajay; OLEHUBATh BEPOSTHOCTh peaJIbHbIX
COOBITHI; 3HAKOMCTBO CO CJIy4YalHBIMU BEJIMYMHAMM; YMEHUE IPUBOJUTH IPUMEPHI NIPOSIBIECHUS
3aKOHa OO0JIbIINX YUCEN B IPUPOIHBIX U OOIIECTBEHHBIX SBJICHUSIX.

IIP 09. YMeHune onepupoBaTh MOHATUAMH: TOYKA, IpsMasi, INIOCKOCTb, B IPOCTPAHCTBO,
JBYTPaHHBII YroJI, CKPEINBAOIIUECS IPSIMBbIE, TapasuIeIbHOCTh U IIEPIEHAUKYISIPHOCTb IPSMBIX
U INIOCKOCTEM, yroa MEeXAy HPsSMBIMH, YIOJl MEXAY NPSIMOM M IJIOCKOCTBIO, YroJl MEXIYy
IJIOCKOCTSAMH, PaCCTOSIHME OT TOYKH J0 IMJIOCKOCTH, PACCTOSHHUE MEXKIY NMPSMBIMHU, PACCTOSHUE
MEX]ly IJIOCKOCTSIMU; YMEHHE HCII0Ib30BATh NPU PEIICHUH 3a/]a4 U3YUeHHbIE (DAKThl U TEOPEMBbI
IUTAHUMETPUN; YMEHHE OIIeHUBATh pa3Mephbl 00BEKTOB OKPYKAIOIIEro MUPA.

I1P 10. YMenue onepupoBaTh NOHSITUSIMU: MHOTOT paHHUK, CEYEHHE MHOT OT'paHHHKA, KYO,
napajuieNienunes, Npu3Ma, nupaMuaa, Gurypa 1 IoBepXHOCTh BpallleHHs], IUJIMHAP, KOHYC, 1Iap,
cepa, cedeHuss ¢GUrypel BpallleHHs, IUIOCKOCTb, Kacaromasicss chepsl, IMIMHIpA, KOHYCA;
IUIONIA/(b TOBEPXHOCTHU NMUPAMUABI, IPU3MBI, KOHyCa, LUMIMHApA, 1apa; YyMEHUE H300paxkaThb
MHOTOI'PaHHUKH ¥ TIOBEPXHOCTH BPAILCHMS, UX CEUYCHHUS OT PYKH, C IOMOLIBIO YEPTEKHBIX
MHCTPYMEHTOB U DJIEKTPOHHBIX CPEICTB; YMEHHE PACIIO3HABATH CUMMETPHUIO B IPOCTPAHCTBE;
YMEHUE PacIO3HABATh IIPABUIIbHBIE MHOIOI PAHHUKH.

I1P 11. YMenue onepupoBaTh NOHATUSIMHU: ABUKEHHE B IPOCTPAHCTBE, TOAO0HBIE (GUTYPbI
B NPOCTPAHCTBE; MCIIONb30BATh OTHOIIEHUE IJIOLIA/el MOBEPXHOCTEH M 00BbEMOB MOJOOHBIX
¢buryp npu peuieHuu 3aaad.

ITP 12. YMenue BBIUHUCISTh TEOMETPUUECKUE BETUIUHBI (IJIMHA, YT O, IUIOMAAh, 00beM,
IJIOIIA](b TTIOBEPXHOCTH ), MCII0JIb3YS U3yUEHHbIE (POPMYJIBI U METOABI.

I[IP 13. VYMeHume onepupoBaTh IOHATHAMM: IPAMOYTOJbHAs CHUCTEMa KOOPIMHAT,
KOOPJAMHATBl TOYKH, BEKTOP, KOOPAMHATBI BEKTOPA, CKAJISPHOE IMPOU3BEACHHUE, YIOJl MEXKAY
BEKTOpPaMH, CyMMa BEKTOPOB, IPOU3BEACHHME BEKTOpPa HA YMCIO; HAXOAUTh C IOMOILBIO
U3y4YEHHBIX (POPMYJT KOOPAMHATHI CEPEANHBI OTPE3KA, PACCTOSIHUE MEKAY ABYMS TOUKAMHU.

I[P 14. YMenue BBIOMpAaTh MOAXOIAIIMA W3YYEHHBIH METOA Ui pEIIeHUs 3a7adu,
pacmo3HaBaTh MaTeMaTW4yeckue (aKTbl M MaTeMaTHUYECKHE MOJEIU B TNPHPOIHBIX MU
OOILIECTBEHHBIX SIBJICHUSAX, B HCKYCCTBE; yMEHHE MPUBOIUTH HPUMEPHl MaTeMaTH4eCKUX
OTKpBITHI Poccriickoi 1 MUPOBOW MAaTEMAaTUYECKON HAYKH.

[Ipu npoBeneHnn NpakTHUYECKUX pabOT yueOHas IpyIna MOXKET AEIUThCS Ha TOATPYTIIIbI
YHUCJIEHHOCTBIO HE MEHBILIE 8 YEIIOBEK.



Kaxxnast npaktiueckas paboTa cocTaBieHa ¢ Beqylel AUAaKTHUECKOM LEeNbio -
(hopMHUpOBaHUE MPAKTUUECKUX YMEHUH.

ConepxaHre MPaKTUIECKUX PadOT HALIETICHO U HAa Pa3BUTHE MPOPECCHOHATIBHBIX YMEHUI
U  HaBbIKOB. DBbIllonHEHME  pacy€roB, 4YepTEKEW, WHCTPYKTUBHBIMH  MaTepUajIaMH,
CIIpaBOYHUKaMH, YMEHUC I10JIb30BATHCA COBPCMCHHBIMU I/IH(bOpMaIII/IOHHO -
KOMMYHMKAIIMOHHBIMU TeXHosorusMu. Hapsany, ¢ ¢gopmupoBaHueM yMeHUH M HaBBIKOB, B
MpoIlecce BHIMOIHEHMSI TPAKTHUECKUX paboT 00001at0TCs, CHCTEMaTU3UPYIOTCS, YIITyOJISI0TCS U
KOHKPETHU3UPYIOTCA TCOPCTUUCCKHUEC 3HAHUA, BBIpa6aTI)IBaeTC$[ CIIOCOOHOCTL M TOTOBHOCThH
HCIIOJIB30BATh TCOPCTUUCCKHUEC 3HAHHNA Ha IMMPAKTUKE, PA3SBUBAIOTCA MHTCIUICKTYaJIbHBIC YMCHUS.

B JaHHbBIX MCETOAUYCCKHX YKA3dHUAX B Ha4aJIC KaX(HOﬁ TEMbI KpAaTKO H3JIaralOTCA
OCHOBHBIE TEOPETUYECKHE CBeleHHs (ompereneHus, Gpopmysnbl), HEOOXOIUMBIE IS pELICHUS
MMOCJICAYIOIINX 3a/1a4. HpI/IBO}IﬂTCH PCUICHUA TUITOBBIX IIPUMECPOB U 3aj/1a4. ,Ha}OTCSI YHOpaK HCHUA
IUIS 3aKpeTIeHUs] MaTepraa.



IIpakTnuyeckas padora Nel.
Tema 1.1: [lenu u 3a1aun MaTeMaTHUKU IPU OCBOEHUH CIIELIMATBLHOCTH.

Hean: OnpeneneHue OCHOBHBIX LI€JIEN U 3a]1a4 U3YYEHHSI MAaTEMaTUKH IIPU OCBOCHUH
npodeccun; akTyaau3anus U CHCTeMaTU3allusl OCHOBHBIX 3HAaHUHN U3 ILIKOJIbHOIO Kypca
MaTeMaTHKHU

TeopeTuueckasi 4acTh:

I'maBHass 0cOOEHHOCTh OOpPa30BATENBHON CHCTEMBI 3aKIOYaeTCsl B TOM, YTO OCHOBHOM
LEeNbl0, CTOSIIEH Tmepen y4eOHBIMH 3aBeJEHHSIMU CHCTEMBI CpeIHEro mnpodeccHoHaNIbHOro
o0pa3oBaHMsl, SIBJISIETCS TOATOTOBKAa BBICOKOKBAIU(HUIIMPOBAHHOIO CIIEIMANNCTa B JIaHHON
obmnacru.

Lenb u3ydeHnss MaTeMaTUKH B CPEJHUX CIIEHUATIbHBIX YUeOHBIX 3aBEIEHUSX COCTOHT B
TOM, 4TOOBI yrJIyOUTh 3HAHUS MO M3YYEHHBIM B CPEIHEW IIKOJIE pa3zieiaM M O3HAKOMHUTHCS C
HEKOTOPHIMH HOBBIMH  pa3fellaMd MAaTeMAaTHKUA (QHAJUTHUYECKOW TeoOMEeTpuer, Teopueu
I depeHnanbHbIX YpaBHEHUM, Teopuell BEpOsTHOCTEH, U Ap.), KOTOpbIE 000ramarmT O0ILyI0
KyJIBTYPYy, Pa3BHUBAIOT JIOTUYECKOE MBILIUIEHUE U IIMPOKO HCIONB3YIOTCS B MaTEMaTH4YECKOM
MOJEIMPOBAHUM 3a/ad, C KOTOPBIMU BCTPEYAETCS COBPEMEHHBIM CIEUAIUCT B CBOEH
HeaTenbHOCTH. ['1aBHas 11eb U3y4eHHUsl MaTeMaTHKU CTyJI€HTaMU CpeIHUX MpodeccoHalIbHbIX
y4eOHBIX 3aBEACHUN COCTOUT B TOM, YTOOBI MAaTEMAaTUKY MOXKHO ObLJIO MPUMEHATh. MIMeroTcs B
BUJly TIPUMEHEHHs] B CaMOM LIMPOKOM IIJIaHE: HE TOJbKO Ha IMPOU3BOJCTBE, HO U B JAPYIUX
JUCUUIIMHAX, IPU YTEHUHU CHELUAJIbHON M MOMYJISPHOM JUTEepaTypbl, B OBITYy; KpOME TOrO,
OCHOBHBIE€ MAaTE€MaTU4YECKHE IOHATUS IO3BOJIIOT TIIy0XKE OCMBICIMBATH Pa3JIMUHbIE (DAKTHI,
BUJIETh UX OOIME YePThl; HABBIKM Pa3yMHONW TOYHOCTH MOTYT IOMOYb (POPMYJIMPOBATH MBICIH H.
T. 1.

- OOyueHuss MaTeMaTHKE JOJDKHO o0yafaTh cBoicTBaM (¢yHaameHTanbHocTU. Llens
obecrieueHus GpyHIaMEHTAIbHON MaTeMaTU4eCKON MOJATOTOBKU B CPEAHEM MPOQecCHOHAIBHOM
00pa30BaHMHU U CIIELMAIN3ALUH, [0 KOTOPOI MPOUCXOIUT 00yuyeHHE, COCTOUT B TOM, UTO KypC
MaTEMAaTUKH JOJDKEH O3HAKOMUTH CTYAEHTOB C OCHOBOIIOJATaloIMMH MaTeMaTHYE€CKUMU
MOHATHSIMU U (hakTamMH, O0ECIeyuTh YPOBEHb MAaTEMaTHUYECKUX 3HAHWN, YMEHHH M HABBIKOB,
rapaHTUPYIOIINX OBJIaJIeHne (yHaMEHTOM CIeHUAIbHBIX U CIUILINH.

- Bropas uenb - opueHTanusi MaTeMaTH4d €CKOM MOATOTOBKH Ha CHENHAbHYIO OJATOTOBKY
CTYAICHTa, TO €CTh HEOOXOIUMOCTh B Mpolecce OOy4eHHs OpPUEHTHPOBATHCS Ha TIIIyOOKOe U
MOJTHOE YCBOGHME CTYJEHTAMH pa3[eloB MaTEMaTHKH, SIBISIFOIIMXCS 0a30i sl OCBOGHHUS psijia
CIELUAJIbHBIX JUCHUIUINH. [Ipy 7TOM 3HaHUS CTYIEHTOB 10 OCTAJIBHBIM pa3JiefaM Kypca JOJDKHBI
OBITh JOCTATOUHBIMH ISl OCBOEHMSI TPO(PECCHOHAIBHO 3HAYUMBIX 3HAHUI.

- Tperps nenp MaTeMaTHUECKOrO0 00Pa30BaHMsI B CPEAHUX MPO(eccH OHAIBHBIX Y4eOHbIX
3aBEJICHUAX - IIOJrOTOBKA CTYAEHTOB K X MPO(EeCcCHOHATBHOM 1esATeIbHOCTH, HAalIPaBJICHHON Ha
yMeHue OyayImuxX CHelUaJMCTOB IPUMEHSATh  MaTeMaTudeckue 3HaHui B CBOEH
npodeccuoHaNbHON AesaTenbHOCTU. [ ee peanu3anuu ciiefyeT HaloJIHUTh Npo(deccuOHAIbHO
Ba)KHbIE paszfenbl Kypca «MartemaTtukay 3agadyaMu IpodeccuoHanbHOro cojaepxkanus. Kypc
MaTeMaTUKH B CpeJHEM Ipo(deccHOHATbHOM OOpa30BAaHUM HECET JABOWHYIO HArpy3Ky — Kak
CaMOCTOSITENIbHBIN yueOHBI IpenMeT, B KOTOPOM JOJDKHA COOJIOAAThCS CTpOras Joruueckas
I10CJIE0BATENbHOCTh U3JI0KEHUS MaTepuaia, U Kak anmnapaT JJIs IIMPOKOro MPUMEHEHUsSI €ro B
CEUANBHBIX JUCHUIUIMHAX. V3ydeHMe MaTeMaTHKH B CpeAHEM HpodecCHOHATbHOM
0o0pa3oBaHHMM HAMpaBJIEHO Ha (popMUpOBaHUE OOITEYyYCOHBIX KOMITETCHITHUH 10 YEThIPEM OJIOKAM:
camMoOpraHu3aluu, caMmooOy4eHus, HHPOPMAllMOHHOMY, KOMMYHHUKAaTUBHOMY, @ Ha UX OCHOBE
obmux xommereHuui. OOmme kommnereHuuu (OK) dopmupyroTcss B mporecce y4deOHON u
BHEAYJIUTOPHOW CaMOCTOATEIbHOW JI€ATEIbHOCTH CTYJAEHTOB TpPU H3YyUYEHUU MpeAMeTa.
[TporpamMa y4yeOHOro mpeaMeTa OpPHEHTUPOBaHA Ha JOCTHIKEHUE CIEAYIOMIMX Leel: —
obecrieueHne chopMUPOBAHHOCTH MPEICTABICHUHA O COLMANBHBIX, KYJIbTYPHBIX U HCTOPUYECKUX
(dakTOpax CTAaHOBIIGHHSI MaTeMaTUKW; — obecredeHue CHOPMUPOBAHHOCTH JIOTHYECKOTO,
aNTOPUTMHYECKOT0 U MaTEMAaTHUECKOI0 MBIIIICHHS ; — o0ecredeHne chOpMUpPOBAHHOCTH YMEHU I

7



IOPUMEHATh MOJYYECHHblE€ 3HAHUA INPU PELICHUH pa3JUYHBIX 3a4ad; — olecreueHue
cOpPMHUPOBAHHOCTH MPEACTABICHUN O MAaTEMAaTHKE KAaK YacCTH OOIIEYETOBEYECKON KYJIbTYPHI,
YHUBCPCAJIbHOM A3BIKEC HAYKH, ITO3BOJIAIOIICM ONHWCBIBATE W HU3Y4YaTh PCAJIbHBIC NPOLCCChI U
apieHus. ['nmaBHoW 3amaueil  oOpasoBanust B cucreme CIIO sBisercs MOArOTOBKA
BIJICOKOKBaHI/I(I)I/ILII/IpOBaHHLIX CIICHUAJIMCTOB, KOTOPBLIC HOOJDKHBI 3aHATbL CBOC MCECTO Ha
KOHKYPEHTHOM DPBIHKE TPYyAa.

Bonpocsr:
1) HazoBuTe 11enp U3yueHus: MaTeMaTUKH B CPEIHUX CIEIHAIbHBIX YUEOHBIX 3aBEICHUAX
2) B yem cocrouT riaBHas 3agada oopasosanus B cucrteme CI10?
3) [IpuBenuTe MPUMEPHI HCIIOIH30BAHKUS MATEMATHKH B Balllei Oymymiel mpodeccuun

Pemenne 3aganmuii:

B1. [Toka3anus cueTdynka aiekTpodHepruu 1 mast coctabisin 37192 kBt /4, a 1 utonst — 37 292 kBt
/4. CKOJNBKO HYKHO 3aIJIaTUTh 3a 3JIEKTPOIHEPIHIo 3a Maii, eciiu 1 KBT /4 371eKTposHEpruu CTOUT
4 py0. 17 xom.?

B2. Ha pucyHke *HpHBIMH TOYKaMH I10KAa3aHO CYTOYHOE KOJIMYECTBO OCAJIKOB, BBINAJABIINX B
Kazanu ¢ 3 no 15 ¢despans 1909 roma. Ilo ropusoHTanu ykasblBalOTCs 4Hucla Mecsla, IO
BEPTUKAIIN — KOJMYECTBO OCAJKOB, BBIIABIINX B COOTBETCTBYIOIIMN J€Hb, B MUJUINMETpax. s
HaTJIAHOCTH )KUPHBIE TOUKU HA PUCYHKE COSAMHEHBI IMHUEN. OnpeeanTe 10 pUCyHKY, CKOJIBKO
JHEN U3 JTaHHOT' O epHoa Bbiagaio 0osee 3 MUIUIMMETPOB OCAIKOB.
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B3.Haiiznte snauenne poipaxenns 20 mpud = 0,8, b=1,5. c=0,84

B4. /Ins TpanciopTupoBku 3 TOHH rpy3a Ha 50 KM MOXHO BOCIIOJIb30BaThCs yCIyraMu OJHOU U3
Tpex (upM-nepeBo3dnKkoB. CTOMMOCTh MEPEBO3KUM M TI'Py30MOABEMHOCTH aBTOMOOWIIEH IS
KaX/I0ro nepeBo3urka yka3aHa B Tabmuiue. Ckonbko pyOiseil mpujaercst 3alulaTHTh 3a CaMylo
JIeIEBYIO IEPEBO3KY?

IlepeBo3uux | CtommMocTh nepeBoO3KH oaxuum | I'py3onoabemMHOCTD
aBTOMOOWIEM aBTOMOOWJIEH
(py0. Ha 10 km) (TOHH)
A 110 2,2
b 140 2,8
B 160 3,2
BS. Ha kiieruaroit Oymare ¢ pazmepoM kietku 1x 1 nzobpaxén yron. Haiiaure TanreHc 3Toro
yria.
B A
o)



Be HaiianuTe KOpeHb ypaBHEHHA +2x +31 =9,

B7.B copeBHOBaHMAX IO TOJKAHUIO sapa y4acTBYHOT 4 crnoprcMeHa u3 QPuuimsaHauu, 7
cnoprcMeHoB u3 Jlanuu, 9 cnopremenos u3 [lIBenuu n 5 — n3 Hopeeruu. Ilopsnok, B koTopom
BBICTYIIAIOT CIIOPTCMEHBI, olpenensercs xpeoreM. Haiiiute BepoITHOCTh TOrO, 4TO CIIOPTCMEH,
KOTOPBIN BBICTYIIA€T MTOCIEAHUM, OKaxkeTcs u3 [lIsennn.

B Tpeyronsauke ABC yron C pasen 90°, sin A = % Haiipure cos B.

B

A ¢

BS.

B9.. Motopnas s1o1Ka nponuia IpoTuB TedeHus peku 112 kM 1 BEpHYIach B IIyHKT OTIIPABJICHUS,
3aTpaTUB Ha OOpaTHBIN MyTh Ha 6 yacoB MeHblIe. HaliniuTe CKOpOCTh TeueHHsl, €Clli CKOPOCTh
JIOIKM B HEMOJBM)XHON Boje paBHa 11 km/4. OTBeT faiiTe B KM/4.

3aBucuMOCTb 00BEMa cnpoca ¢ (Teic. py0.) Ha IPOAYKIHIO TIPEHIIpH-
SATHA-MOHOMOJIMCTA OT HeHH p (Teic. py0.) 3amaércs dopmMyaoit
g = 160 — 10p. Beipyuka npeanpuaTusi 3a mecan r (B Teic. py6.)
BbIYHCJIseTCa 1o dopmyae r (p) = ¢q - p. Oupenennre HeHy p, mpu Ko-
TOpO# MecA4YHada Beipyuka r (p) cocraBur 280 Thic. pyb. OTBeT HpHBe-

B10. JuTEe B ThIC. Py0.

IIpakTnueckas padora Ne2
Tema 1.2: Uwcna u BbYHCICHUA. BpipaxkeHuss u mnpeobOpazoBaHus. IIporieHTHBIC
BBIYMCIIEHUS
Hean: OO6oOmeHNe W CHCTEeMaTH3alWsl 3HAHUN, YMEHWH, HABBIKOB YyYaIlUXCS IPH
BBITIOJIHEHUM apU(METUYECKUX JIEUCTBUI HaJl OOBIKHOBEHHBIMHU M JECATUYHBIMH JIPOOSMU;
IIPOLICHTHBIE BHIYUCIICHUS

Teopernueckasi 4acThb:
Hartypanpuble uncna, moinydaemMble MpU €CTECTBEHHOM CUETe; MHOXKECTBO HATypalbHBIX
gyucen obo3navaercs N; N = {0, 1,2, 3, ...}.
Hensie ymcna, moimydaeMble OOBEIMHEHHEM HATYpPAIbHBIX YHCEI C MHOXECTBOM
OTPUIIATEIBHBIX YUCEN U HYJIEM, 0003HAYAOTCS
Z={-2,-1,0,1,2,...}.
PanmonanpHbIC YncIa — 4YKCIIa, TPEACTABICHHBIC B BHUIEe Apoou m/n (n # 0), rme m —
1I€710€ YHUCII0, @ N — HATYpaJIbHOE YUCIIO.
Jnsi panoOHAIBHBIX YHCEN OMpPENeTeHBbl YEThIPE «KIACCHUYECKHE» apu(METUYECKUE
NEHCTBUS: CIIOKEHUE, BEIMUTAHUE, YMHOKEHHUE U JieJieHne (KpoMe JIeJICHUs Ha HOJIb).
Hns 0003HaYCHUS paloHaIbHBIX YU CeNI HCTOJIb3YeTCs 3HAK
@:{E:HEE,WJEN}.
m
JleiicTBUTENbHBIC (BEIIECTBEHHBIC) YK CIIA TPEICTABISIIOT COOO0M pacuImpeHrne MHOXKECTBa
panMoHaNIbHBIX YyKcel. MHOXeCTBO BEIIECTBEHHBIX yncen o0o3Havaercs R.

Q.



Kpome panuoHanpHbIX umcel, R BKIIOYaeT MHOXKECTBO HMPPALMOHAIBHBIX YHUCEI, HE
IIPECTaBUMBIX B BHJE OTHOLIEHUS LenablX. Kpome mnoapasneneHuss Ha palUOHAJIbHbIE U
uppalnyoHajbHble, JEHCTBUTENbHbIE 4YMCIA TaKXKe IMOApa3AeisAloTcs Ha anredpanyeckue U
TpaHcLEeHAeHTHbIe. [Ipu 3TOM KakJ0€ TPaHCIEHJAEHTHOE YHCIIO SBJIIETCS HUPPALUOHAIbHBIM,
Ka)/10€ PalliOHAJIbHOE YUCIIO — aIre0panyecKuM.

HppaiyoHaibHbIe KA.

1) mro60oe parmoHaIbHOE YHCIIO U300 pakaeTcsi 0ECKOHEYHOM eCATUIHON 1pOOBIo;

2) BCAKOE UppaIOHATBHOE YK CII0 H300paxaeTcsi 06CKOHEUHOU JeCITHUHOM IPOObIO;

3) moboe AEHCTBUTENHHOE YHCIO MOXET OBITh HPECTaBICHO B BHUJE OECKOHEYHOU
NeCITUIHON ApoOu;

4) Bcskas OecKOHeUHas JAECSATUYHAs ApoOb MpenCTaBiseT ACHCTBUTEIBHOE YHCIIO
(oOpaTHOE yTBEPXKICHHUE).

O6o3Hayenue (Mmsl) Uro 03Ha4aeT ums
MHOXECTBO HATYPAJIbHBIX YHCENT
MHO)XX€ECTBO LEJIbIX YHCEI
MHOXX€ECTBO pallMOHAJIbHBIX YHCEI
MHOXX€eCTBO A€M CTBUTENILHBIX YHCEI

DOINZ

JlelicTBUA € IPOOSAMM:
1. Cnooicenue. Cymmoni npobeld ¢ OOHUM M TEM >K€ 3HaAMEHATelieM Ha3bIBalOT JAPOOb,
UMEIOIIYIO TOT K€ 3HAMEHATEb, & YUCIUTENIb PAaBEH CyMMe YHCIIMTENICH JTaHHBIX APOOEH, T.¢.

aba+b

N g

JT0 onpeneneHne MoXHO chOpMYIUPOBATh TAKXKE B BUJIE CIEAYIOLIEr0 MpaBuia.

UT0o0BI CIIOXKUTH JPOOU C OTMHAKOBBIMH 3HAMEHATEISIMU, HAZ[0 CIIOKUTh UX YUCIUTEIH, a
3HaMEHATeNlb OCTAaBUTh TOT XKE.

[Ipumep. ? 7 7 7.

Yro6bI CIIOKHUTH IPOOH C pa3sHBIMH 3HAMEHATEISIMH, HAJ0 MPUBECTH UX K HAUMEHBIIEMY
001IeMy 3HAMEHATEINIO, a 3aTEM CIIOKUTH MOJyYEHHBIC YHCAUTEIN U MO CyMMOM IOAIMHUCATDH
00Vl 3HAMEHATETD.

5 7 15 14 15+14 129 5
—_t — = —+4 _—=_=1_

TIpumep. 8 12 24 24 24 24 24
5 N 7 15+14 29 -1 5
Kopoue 3anuceiBaroT Tak: g 12 24 24 24
UTo0BI CIOXXHUTH CMEIIAHHBIE YUCJIA, HYKHO OTAEIHHO HAWTH CYMMY IIE€NIBIX U CyMMY
JIpOOHBIX YacTei. [leficTBrE 3amuchIBacTCs TaK:

PR LN LT Lokt e TN E L P
15 45 9 45 45

2. Buiuumanue. Beruntanue apoOeii MOXXKHO ONPENeNIMTh KakK JelCTBUE, OOpaTHOE
CIIOKEHUIO Ipo0Oeii. BhruecTh U3 0JTHOr0 IPpOOHOI0 YKCIIa BTOPOE 3TO 3HAYUT HAWTH TPETHE YUCIIO,
KOTOPOE B CYMME€ CO BTOPBIM JaeT nepBoe. M3 aToro onpeaeneHus ciieayer npaBuio:

YroOsl BeUECTh ApOOHM C OAMHAKOBBIMU 3HAMEHATEISIMU, HY)KHO BBIYECTh UUCIHTEINb
BBIYUTAEMOr0 M3 YHUCIUTENS YMEHBIIAEMOrO M OCTaBUTh MPEKHUN 3HaMmeHaTenb. JlelicTBue
3alMChIBAIOT TaK:
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Uro0bl BBIYECTh ApOOM C pa3HBIMH 3HAMEHATEISIMHM, HY)KHO CHadaja IMPUBECTH HX K
HauMEHbIIEMY O0IIeMY 3HAMEHATEII0, 3aTeM U3 YUCIUTENSI YMEHbBIIIAEMOTI'0 BHIUECTh YUCITUTEIb
BBIYUTAEMOTO U TI0JI UX PAa3HOCTHIO MONMUCATh 001N 3HaMeHaTeNb. J[elicTBHUE 3aMChIBAIOT TaK:

11 5 _22-15 7
12 8 24 24

Ecnu Hy>KHO BBIYECTh OJJHO CMEMIAHHOE YKCIIO U3 JPYroro CMEIIAHHOT O YKClia, TO, €CIIN
MOKHO, BEIYMTAIOT APOOb M3 APOOH, a 11esioe U3 meyoro. JleiicTBrue 3amuchBaroT TaK:

9 3 _36-33 9
8 ——5—=3——=3—
11 4 44 44
Ecnu e a1po0b BerauTaeMoro 6osbiie Ipodu yMEHbIIaeMoro, TO 0epyT OJHY SIUHUILY U3
IEJIOT0 YHUCJIa YMEHBIIAEMOro, pa3ipo0IsIOT €€ B HaUIeKAIHe JTOJU M HMPUOABISIOT K Ipodu

YMCHBIIACMOI'0O, ITOCJIC YE€T'0 MOCTYIIAIOT, KaK OMMUCAHO BBIIIC. I[ef/'ICTBI/Ie 3aIIUCBIBAIOT TaK:

4 11 16-33 _52-33 19

5—-1—=14 =3 =3—
9 12 36 36 36
AHAJIOrMYHO NOCTYMAIOT, KOT'/1a HaJI0 BBIUECTh U3 1I€JIOr0 YKcia JpoOHoe.
3_33-27 532
IIpumep. 3 3 35,

3. Pacnpocmpanenue ceoticme cnodcenus u goluumanus Ha Opoouvle yucia. Bee 3aKoHbI
Y CBOMCTBA CIIOKEHUS M BBIYMTAHUS HATYPaJbHBIX YHCEI CIPaBEAJIMBHI U I APOOHBIX YKCET.
Wx npuMeHeHrne BO MHOTHX CIIy4asiX 3HAYUTEIbHO YIPOIIAET MPOIECC BHIYHCICHHS.

4E+11+Zi+ﬁg+l+3£= 43+3l + 13+5E +
4 % 12 9 12 4 4 4 9 9

Ei+1 =8+7+3=18
12

+ [
[pumep 1. 12

3I[CCL HCITOJIB30BaHbI HepeMeCTI/ITeJIBHLIﬁ M COYETATEILHBIN 3aKOHBI CIIOKCHHS.

5 7 N 331 33 5 1 7 53 31=
720 144 720 ?20 720 144

6 31 12431 _43
gyt gt g
Mpmvep2. 72 144 144 144

371eCh UCII0Ib30BAHO IPABUIIO IPHUOABIIEHUS CYMMBI K YHCITY.

132 (151041 (4322 5100 41 g5l 4l g
6 6, 2 2 2

2 36

177 (226l ]=(177 61 ] 22-11-22-382
5 8 8 5 5

[Tpumep 4. 8 5

31ech UCIOJIb30BaHbI MPAaBUJIa BHIYMTAHUS U3 YKCIIA PA3HOCTH U CYMMBI.

4. Ymnoocenue. YMHOKEHHUE APOOU HA IIEJIOE YMCIO MOXHO IOHUMATh TaK e, Kak U
YMHOXEHHE LIEJI0r0 YU CIIa Ha LEJI0e, T.€. KaK CIIOKEHHUE OJUHAKOBBIX ciaraembix. Hampumep,

2522222
3 3 3 3 3 131

Ho nns ymHOXeHus Ha ApoOb Takoe TONKOBaHWE He MoAaxoauT. Hampumep,

3 2

IIpumep 3.

3 2

YMHOXast , HEeIIb3s CKa3aTh, YTO 371eCh " 7 HaJI0 B3STh 3 pasa ciaraembiM".
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31ech HEOOXOIMMO J1aTh HOBOE OIpE/IeTICHHE.
[IpousBenenueM gpoOeil HA3BIBAIOT TaKyl JpoOb, YHCIUTENb KOTOPOW paBEH
MIPOU3BEICHUIO YU CIUTENICH JaHHBIX po0eH, a 3HaMEHATEelb - TPOU3BEACHUIO NX 3HAMEHATEIICH,

T.e. 1 F1 FI*H | 4g106pl yMHOXHTH ApoOb Ha APOOb, HYKHO YMHOXHUTH YHMCJIUTENb Ha
YUCITUTENb, @ 3HAMEHATENb HA 3HAMEHATENb M MEPBOE MPOU3BEIECHHE CAENATh YMCIUTEIEM, a

BTOPOE - 3HAMECHATEIIEM: bd bd
[Ipu ymHOXEHUM crenyeT aenaTh (€Ci BO3MOKHO) COKpallleHue.

12 19 1219 2

Eciu ydecTb, 4TO 11€710€ YMCIO MPEACTABIAET cOOON IpoOb co 3HaMeHarenem 1, To

YMHOXKEHHE JpoOU Ha LIeJI0€ YHMCIIO U I€JI0r0 Yncia Ha Apo0b MOYKHO BBINIOJIHATE IIO3TOMY K€
IIpaBUILY.

5 6 5 3021

Mpmveps, 12 112 12 2

5. Vmnoowcenue cmewannvix uucen. YtoObl MEPEeMHOKUTH CMEIIAHHBIE YHUCIA, HYKXHO
MPEIBAPUTEIHLHO OOPATHTh WX B HEMPABWIBHBIC JPOOH W IOTOM ITEPEMHOXATh IO IMPABHITY
YMHOXEHHUS Tpo0ei.

211 _216_30 g4

Mpumep, 2 5 2 5 10
Ecin xe mepeMHOXarT CMENIAHHOE YMCIIO Ha LENoe, TO MPOLIE MHOXHUTh OTIEIBHO
LENYIO YacTh U IPOOHYIO YaCTh.

22.3-62_7%

ITpumep. 3 3 3

6. Pacnpocmpanenue ceoticme ymHodtcenuss Ha Opoouvie uucia. CBOMCTBA YMHOXKCHUS
HATYpaJIbHBIX YHCEN CHPaBeMIMBBI U Ui Apobel. VX HCrmonp30BaHuME YIPOIIAET YCTHBIC H
MMUCbMEHHBIC BHIYHCIICHHUS.

T£-3ﬂ=['?+£]-33=213+4=214
[Tpumep 1. 15 15
7 7
Q_-8=9-8+—--8=T2+7=79
[Ipumep 2. 8

E.[qi.llg,]:[E.E].qizl.qizqi
Mpmep3. 4 L 31 37 (43} 31 31 31

Hpnveps. & 5 1731 5 31) 17 17 17

7. llenenue opobet. Ina nenenust npoOei coXpaHseTcs TO e ONpeaesieHUue, 9TO U IS
JIETIEHUS L EJIBIX YHCEIL: 3TO - IEUCTBUE MMOCPEACTBOM KOTOPOIO IO JaHHOMY IPOU3BEAECHUIO IBYX
COMHOXXHUTEJEH M OJHOMY H3 ITHUX COMHOXKHUTEJIEH OTBICKUBAETCA BTOPOM COMHOKHUTENb.
Paznennth 01HO YMCI0 HA BTOPOE - 3HAYUT HAWTU TaKOE TPEThE YU CII0, KOTOPOE TP YMHOKEHU U
Ha BTOPOE JIa€T MepBoe. BRIMONHSIOT AelieHne Ipo0ei 1o ClenyomeMy IpaBuiy.
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Uro0bl pa3genuTh IpoOb Ha JpoOb, HY)KHO YHMCIUTEIb MEPBOM JAPOOM YMHOXHTH Ha
3HAMEHATellb BTOPOM, a 3HAMEHATENb MEPBOM Ha YMCINTENIb BTOPOM M MEPBOE NMPOU3BEICHUE
a ¢ ad

34l CaTb YU CIMUTECIEM, 4 BTOPOC - 3BHAMCHATCIICM! b d bﬂ' .

6 9 610 60 20

Mpuvep. 7 10 79 63 21,
[To aTOMy ke mpaBUITy MOXHO BBITIOJIHSTH J€JICHHE JPOOU HA 1[E€JI0€ YKMCIIO U LEJoro Ha
IpoOb, €CI MPECTaBUTh IIEJI0e YUCIO B BUIE ApoOH co 3HaMeHaremneMm 1.

[IpumepsL.
153155 157 21,
7 1 7 1-5 1
8 8§ 2 81 4

7=—=

13 131 13-2 13

OpHaxo B OCIEAHEM MTPUMeEpE MPOILe YUCIUTENb Pa3AeTUuTh Ha LEJI0€ YUCIIO:

i: 5 — 8:2 4

13 13 13

8. Jlenenue cmewannvix uucen. YToObl BBHIMOJHHUTH JAENEHUE CMEIIAHHBIX YHCEN, UX
IpeABapUTEIbHO 00pAIAIOT B HEMPABUIIbHBIE IPOOH U 3aTeM JAETAT IO MPaBUITY ACIEHUS JPOOEi.

122:1 - =22, 22 222V g5
Mpuvep. 5 20 5 10 5-21
OnHako MpH JIEJICHUU CMEIIaHHOTO YKciia Ha Ie10e ObIBaeT YI0OHEH JEeTUTh OTIEIbHO
LIETTYIO YaCTh U OTJEIbHO APOOHYIO YaCTh CMEIIAHHOTO YHCJIa.

31!]15:5:5l
7

[Tpumep.
9. 3amena Oenenus ymuooucenuem. Eciim B Kakoi-HHOyAb IpOOM TOMEHSATH MeECTaMU
YUCIIUTENb W 3HAMEHATeNb, MOJYy4YUTCS HOBas JpoOb, oOpaTHas naHHoW. Hampumep, ans

8 7

poou 7 oOpatHast 1poOb Oyer 8
Ou4eBuIHO, YTO MIPOU3BEECHUE ABYX B3aUMHO O0paTHBIX ApobOeil paBHO 1.

8 7 _

7 8 '

VY4uThIBas 3TO, MOXKHO JI€JICHUE BBIOIHATD 110 CIEAYIOIEMY IIPaBUIly.

YroOb!I pa3aeauTsb OQHO YUCIIO HA PYroe, HyKHO 1€IMMOE YMHOXKHTh Ha YUCIIO, 00paTHOE
JEIUTENIO.

25 27 11
HpI/IMepl.3 7 35 15,

14.7 -14.3 198 ¢
[Ipumep 2. 3 7 7

4_51 416 4 3 3
Tpuwmep 3. 7 3 7 3 716 28
10. Ilpumepvl Ha 6ce Oeticmsus ¢ 00bIKHOBeHHBIMU OpoOsAMU. PellieHne MpuMepoB Ha BCE
JCUCTBHS C IPOOSMHU BBIMOJHSIOT C IMOMOIIBIO 3aMCH 1O OTACIBHBIM JEHCTBUSAM WIIH 3aIMCH

LETTOYKOI.
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ITpumep. Beruncauts:

35,155 ,1 .1
521 288, 2 3 1 16
51,10 L.pil.336 35
2 3
Penrenue mo yacTsm.
3 5 35 1 1 1
| e R | J . R
5 21 5.21 7 7 7
15 5 15-84 1
2)—i—=—=9;, 4)5:-=10;
28 84 28.5 2
5)10+10 = 20;
1 64 16 1 1
6)0—:20=——=—;11)—:3=—;
7 7-20 35 3 o
1 1 1 13
7)2:—=4; 12) —+—=—;
2 4 B 36
8]3:1=9; 13)13:E=H=36;
3 36 13
0)4+9=13; 14}35-l=1;
a6
1 1 16 16
10)—:2=—; 15y —+1-—~=1
2 4 a5 a5
Ortser. 1.

[Ipumep BeIUMCICHUS HENOYKON:

1 3 1 1 7 7
§g——> |32 [a2_1l]al ,1.,1 ;1.3
4 4 2+ a & 8 2 2 4 5
1
]

5—43 10 2-15 31 E1::| E3.
5 3 5 8

152 58 15

_27.,45 _7 2 5 250 .0_

3_1+5_8 3 1+25 - 10

510 & 25 50 5

355+1n=45E

7 7

HDOIIeHTHbIe BbBIYMCJICHUA.
KOF)]a Mbl OIMCBIBAEM PA3HBIC YaCTU LEJIOro, Mbl HCIOJLB3YCM TAaKHC IIOHATHA, KaK

nosioBuHa (1/2), tpets (1/3), uetBepth (1/4). DTO ynoOHO: OTpe3aTh MOJOBUHY NMUPOra, MPOUTH
TPETh MyTH, 3aKOHYUTH MTEPBYIO YETBEPTH B IIKOJIE.

UroObI HA3BIBATh COTHIE AOJH, MpuayManu mporeHT (1/100): ¢ maTuHCKOro si3pIka — «3a

[IporieHT — 3TO OJTHA cOTas YacTh OT JIF0OOro unciaa. Obo3HavaeTcs BOT Tak: %.
1%=1/100=0,01
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Kak mepeBectu mpoueHTsl B JecATUUHYIO IpoOs? HyxkHo yOpath 3Hak % u pa3neiauThb
gucno Ha 100. Hanmpumep, 18% — 310 18 : 100 =0,18.

A ecny Hy)XHO IEPEBECTH ACCATHUHYIO pOOb B MIPOIEHTH — yMHOXaeM 1poos Ha 100 u
nobasisieM 3HaK %. Hampumep:

0,18 = 0,18 - 100% = 18%.

A BOT, KaK MepeBECTH MPOLEHTHI B JECATHUHYIO 1p00b — OOpaTHBIM JCHCTBUEM:

18% : 100% = 0,18.

Breipazute apobOs B mporeHTax mpocTo. [[ns mepeBoma cHayanma mpeBpaTHM €€ B
JECATHYHYIO Jpo0b, a MOTOM HCIOJB3YyeM MPENbIIyIee MPAaBWIO U MEPEBENEM IECATUIHYIO
poOb B TIPOIICHTHI:

2/5=0,4

0,4-100%=40%

8/25=0,32

0,32-100%=32%

Tunel 3a1a4 Ha ITPOLICHTBI

Tun 1. HaxoxneHue npoueHTa oT yucna

UYroObl HAMTH IPOLEHT OT YUCIA, HY’KHO YUCJIO YMHOXKUTD Ha MPOLIEHT.

3amada. brorep 3anucan 500 Bumeo A THKTOKA, HO €ro mpozrcep ckazal, uto 20% u3
HUX — OTCTOH. CKOJIBKO POJNMKOB MPHUIETCA TIepe3anucath oyorepy?

Kak pemaem: nyxHo Haiitu 20% 0T 00111€r0 KOMUYeCTBa CHATHIX poiaukoB (500).

20% =0,2

500 *0,2=100

OTBeT: U3 00111ero KOJIMYECTBA CHATHIX POJIMKOB Mpoatocep 3abpakosai 100 mTyk.

Tun 2. HaxoxaeHue uncia mno ero npoueHTy

UToObl HAMTH YUCIIO TIO €ro MPOIEHTY, HYXKHO €ro M3BECTHYIO YacTh pa3JeiHuTh HA TO,
CKOJIBKO IPOLIEHTOB OHA COCTABJISAET OT YUCJIA.

3ajaun Mo MOMCKY MPOIEHTA M0 YHCITY U YHUCIIA MO ero MPOIEHTY OYeHb MOX0XKHU. UTOOBI
HE TepenyTaTh — BHUMATEIBHO YWTAa€M YCJIOBHS, HWHA4e 3aiijleM B TYNUK WA PEUIUM
HenpaBuwibHO. EciM B 3aJaHMM eCTh CJIOBAa «KOTOPBIH», «UTO COCTaBJIAET» M «KOTOPBII
COCTaBJISIET» — MEPE HaMHU 3aJa4a N0 HAXOXKAECHHUIO YUCIa IO €r0 IPOLIEHTY.

3amaua. lkonpauk pemun 40 3anay u3 yueobnnka. Uro coctasisier 16% uncna Bcex 3a1a4y
B KHHTe. CKOJILKO BCETro 3a7a4 COOPaHO B 3TOM y4eOHUKE?

Kak pemraem: Mbl He 3HaeM, CKOJILKO Bcero 3amad B yueOHuke. Ho Ham u3BectHo, uTo 40
3a1a4 cocTtaBisoT 16% oT obmero konmduectsa. 3anumeM 16% B Buae apodu: 0,16. [anee
M3BECTHYIO HAM YacTh LIEJIOTO Pa3AeiInM Ha Ty 100, KOTOPYIO OHa COCTaBJISIET OT BCETO IEJI0T 0.

40:0,16 =40 - 100 : 16 =250

Otsert: 250 3ama4 coOpaHO B 3TOM yUeOHHKE.

Tun 3. Haxox1eHre MPOIIEHTHOTO OTHOIIEHHUS JIBYX YHCEN

UroObl HANTH, CKOJIBKO MPOLIEHTOB OJHO YHCIIO COCTABIAET OT APYrOro, Hy>KHO Ty 4acTh,
0 KOTOpOH CHpaIlMBaETCs, pa3euTh Ha 00I1lee KOIUYECTBO U YMHOXKUTH Ha 100%.

3anada. B cekperHom udatuke 25 yenoBek. 10 u3 HuX — neBouku. CKOIBKO IPOLIEHTOB
JeBOoYeK B yate?

Kax pemaem: nogenum 10 Ha 25, nonyyeHHy10 1poOb epeBeeM B IPOLIEHTHI.

10/25 *100% = 2/5 * 100% = 2 * 100/5 = 40%

Otsert: B yatuke 40% neBouexk.

Tun 4. YBenu4yeHue 4ynciia Ha MPOLEeHT
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YroObl YBEIUYUTh YUCIO HA HEKOTOPOE KOJMYECTBO MPOLEHTOB, MOXKHO HAWTH YHCIIO,
KOTOPOE BBIPAKAaeT HYKHOE KOJMYECTBO IMPOIEHTOB OT JAHHOT O YK CIIA, U CJIOXKHTH €ro C JaHHBIM
YHCIIOM.

A MOXHO BOCIIOJIB30BaTHCS (POPMYITOii:

a=b-(1+c:100),

IJIe @ — YHUCII0, KOTOPOE HY)KHO HANTH,

b — nmepBoHauanbHOE 3HAYCHUE,

C — TMPOIICHTHI.

3amada. B mponuiom mecsite crukepnak ctous 110 pyOuneir. A B atom Mecsie Ha 12%
6onbrre. CKOJIIBKO CTOMT CTUKEp-TIak?

Kak pemaem: moxxno Haiitu 12% ot 110:

0,12 - 110 = 13,2.

[TpubGaBUTH K HCXOAHOMY YHUCIY:

110+ 13,2 =123,2 pyOurs.

Wnu MoxxHO BOCTIONb30BaThes (hopmyioi, Toraa:

110 - (1+12:100) =110- 1,12 =123,2.

OTBeT: CTOMMOCTh CTUKEpHakKa B 3ToM Mecsitie — 123 py6ns 20 kormeexk.

Twun 5. YMeHblI€HNE YKclIa HA TPOLIEHT

UroObl YMEHBIIUTh YHCIO HAa HECKOJHKO MPOLEHTOB, MO)KHO HAaWTH YHUCIO, KOTOPOE
BBIPa)KaeT HY>KHOE KOJIMYECTBO MPOLIEHTOB JAHHOI'O YUCJIA, U BBIYECTh €r0 OT JAHHOr'O Yuca.

A MOXHO BOCIOJIb30BaThCs (POPMYJIIOi:

a=b-(1—c:100),

IZIe @ — YHUCJI0, KOTOPOE HYKHO HalTH,

b — nepBoHavanbHOE 3HAUYCHHE,

C — IPOLEHTHI.

3anaya. B mpouutom roay mkomny 3akoHunan 100 peGAT. A B 3TOM roay BHIITYCKHUKOB Ha
25% menbie. CKOIbKO BBITYCKHUKOB B 3TOM Toay?

Kaxk pemaem: moxHo Haiith 25% ot 100:

0,25 - 100 = 25.

Boruects u3 ucxonnoro uncna 100 — 25 = 75 yenosek.

W MO>XHO BOCTIONB30BaThes (hopmyIioi, Toraa:

100 - (1 —25:100)="75/p>

OtBeT: 75 BBITYCKHUKOB B 3TOM I'OALY.

Tun 6. 3agauu Ha MPOCTHIE MPOIEHTHI

[IpocThie mpoLeHTHI — METO/ pacueTa MPOLEHTOB, ITPU KOTOPOM HAYUCIICHUS TPOUCXOIST
Ha MEePBOHAYAILHYIO CYMMY BKJIaJ[a WM JIOJITA.

dopmyia pacueTa BBITSIUT TaK:

S=a-(l+y-x:100),

IJIc @ — UCXOJHAs CyMMa,

S — cymma, KoTopasi HapaluBaeTcs,

X — TPOIEHTHAs CTaBKa,

Y — KOJIMYECTBO NEPHO0B HAYMCIICHHS TPOIIECHTA.

3agaya. Mapuu cpodHO TOHAJI00MIINCH JEHBIU U OHA B3sija Ha oauH roa B poar 70 000
pyouneii mon 8% exemecsaHo. CKOJBKO JIEHET OHA BEpHET uepes roa’?

Kak pemraem: nmoncraBuM B (OpMyITy aHHBIE U3 YCIOBHM 3a/1a4u.

70000 - (1 +12-8:100)=137 200

Otsert: 137 200 py6uieii BepHeT Mapust uepes roji.
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Tun 7. 3aga4um Ha CIIOKHBIE MPOLIEHTHI

CrnoxxHple TPOLEHTHl — 3TO METOJ pacdyeTa MPOIEHTOB, KOrJa MPOIEHTH MpUOBLIN
MpUOABISIIOT K CYMME Ha OCTaTKe KaKIblil Mecsil. B cienyromuii pa3 mpoleHTsl HAYUCIISIOT Ha
3Ty HOBYIO CyMMYy.

dopmyia pacueTa BBITISIUT TaK:

S=a-(1+x:100),

rae S — HapamuBaeMasi Cymma,

a — ucxoaHas,

X — TIPOIEHTHAs CTaBKa,

Yy — KOJIMY€CTBO NEPHOI0B HAUMCIICHHS POIIEHTA.

3anaya. AHTOH xoueT opopmuth Bkiag 10 000 pyOGuseit Ha 5 seT B OaHKe, KOTOPBIN JaeT
10% ronoBbix. Kakyto cymmy cHUMET AHTOH yepe3 5 JIeT XpaHeHHs JIeHer B 9ToM OaHKe?

Kak pemraeM: npocrto mnojacraBuM B (popMyiy JaHHbIE U3 YCIOBUH 3a/1auu:

10000 - (1 +10:100)3 =13 310

Otsert: 13 310 pyOneit cHuMeT AHTOH 4epe3 T'OJl.

CriocoOb! HaX0XKJ1€HUS IPOLIEHTA

- Henenne uncna va 100

[Ipu nenenun Ha 100 nonyuaercs 1% ot 3Toro yucna. 3To NpaBUIIO MOXKHO UCIOIb30BAThH
no-paznomy. Hampumep, 4ToOBI y3HATH MPOLIEHT OT CYMMBI, HY’>KHO YMHOXKHUTb UX Ha pazmep 1%.
A 4TOOBI IEPEBECTH M3BECTHOE 3HAUCHHUE, CIENYEeT Pa3feyuTh ero Ha pazmep 1%. DTor meTox
OTJIMYHO TTOMOTAET B BOIIPOCE, KaK MEPEBECTH 11€710€ YU CIIO B IPOIICHTHI.

[IpencraBpTe, 4TO BBl MPHIILIM B MarasuH 3a mokosaaoM. OObdHO OH cTOUT 250 pyOIiei,
HO ceronHs ckujaka 15%. Ecim y Bac €cTh TUCKOHTHAs KapTa Mara3uHa, IoKoJia  000H1eTcs BaM
B 225 py0ueii. Yem Oyaer BHITOAHEE BOCHIOIB30BATHCSA: CKUIKON HIIM KapToii?

Kak pemaem:

[TepeBenem 15% B pybu:

250:100=2,5—510 1% OT CTOMMOCTH IIOKOJA/a,

3HayuT 2,5 X 15=37,5 — 3710 15%.

250-37,5=2125.

212,5<225.

OTBET: BBITOJHEE BOCIIOIB30BaTHCI CKUIKOU 15%.

- CocraBieHue npornopuuu
[Iponopriust — omnpeneneHHOe COOTHOLIEHHE YacTed MEXy COOOM.

C moMoIIbI0 METO/Aa MPOIMOPILUU MOKHO PacCUUTaATh JTt00bIE %. BBITIAIUT 9TO Tak:

a:b=c:d.

UYuraercs: a oTHOCUTCS K b Tak, kak ¢ oTtHocuTcs K d. Taxke BakHO MOMHHUTH, YTO
IIPOU3BE/IeHNE KpallHUX YJICHOB PAaBHO MPOU3BENEHUIO cpeaHuX. UTOObI y3HATh HEU3BECTHOE U3
3TOr0 PaBEHCTBA, HY>KHO PELIUThH IIPOCTEiiliee ypaBHEHUE.

Paccmorpum mpumep. Ha ckoibKO BBITOHO MOKYIATh CIIOPTHBHYIO ¢GyTOonky 3a 1390
pyOIieli mpu yCIOBUH, YTO B Mara3uHe B UECTh JHS BCEX BIIOOJICHHBIX NeHCTBYeT ckuaka 14%?

Kak pemaem:

Y3HaeM CKOJIBKO CTOUT (hyTOOJIKa ceiiuac B % COOTHOILICHUU:

100 - 14 = 86,

3Haunt 1390 pybieit aTo 86%.

CocraBuM IPOIOPLHUIO:
1390 : 100 = x : 86,
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x =86 * (1390 : 100),

x=11954.

1390 -1195,4 = 194,6.

OTBeT: KyIuTh CHOPTUBHYIO PyTOOJIKY BbIrogHee Ha 194,6 pyos.

- CooTHomieHus: yucen

EcTh cyuan, korja HaliTH IPOIEHT OT YKCTIa MPOIIE, €CJIN MPECTABUTh MTPOLICHTHI B BUJIE
MPOCTHIX apoOeit. B TakoM cirydae Oynem ncKaTh 4acTh YK Cha.

10% — necstas yacth 1menoro. YrtoObl HaWTH IeciaTh %, IMMOHAZOOMTCS H3BECTHOE
paznenuth Ha 10.

20% — msTast yacth 1enoro. YtoOsl BEIMUCIUTE ABAANATE % OT H3BECTHOT'O, €r0 HYXKHO
pa3nenuTh Ha S.

25% — 4gerBepTh 1enoro. YtoObl BEIYUCIUTH ABAANATH MATh %, TOHAT00UTCS U3BECTHOE
pasznenuts Ha 4.

50% — monoBuHa nenoro. YtoObI BEIMUCIUTH IMOJIOBHHY, HY)KHO U3BECTHOE Pa3/IeIUTh Ha
2.

75% — Tpu yerBeptyu LEen0ro. YToOB! BBIYUCINUTE CEMBIECAT HATh %, HY’KHO U3BECTHOE
3HauYeHHe pa3JeNuTh Ha 4 1 YMHOXKUTH Ha 3.

3anaya Juid TPEHUPOBKU. B UepHYI0 MATHUILY BBl HAIIM OTIAMYHBIN MUKAK CO CKUIIKOM
25%. B oObrunblii genb oH crouT 8500 pyOreii, HO celiyac ¢ co0oil ecth Tombko 6400 pyOmeii.
XBaTUT JIU CPEICTB AJIs1 OKYIIKU?

Kak pemaem:

100 -25 =75,

3HAYUT HY>KHO 3aIUIaTUTh 75% OT mepBOHAYAJIbHOM IIEHBI.

Hcnonp3yem npaBUio COOTHOIICHHS YHCENT:

8500 :4 * 3 =6375.

OTBeT: CpeACTB XBAaTHT, TaK KaK MUKAK CTOUT 6375 pyOeit.

Pemenue 3amau:
2

1. Boma 3ammmaer 3 moBepxHoctu 3emin. IlosTomMy 3emiro Ha3BIBAIOT «royry0oid
1

TJIAHETOM Y. KaKYIO 4acTh 3¢MHOM IMMOBEPXHOCTHU 3aHUMACT cyma? OTBeT: 3 cyuia.
2

2. Oty 42 rona, a BO3pacT ChlHA cocTaBisieT 7 Bo3pacta oria. CKOJBKO JIET ChIHY?

OT1BeT: 12 JIET.
3

3. IlpenenbHbIil BO3pacT O€IKHU 6 JIET, YTO COCTABJSIET S MpeAeiabHOro Bo3pacta 3aiina. CKOJIbKO
JIeT MOXKeT MpoxkuTh 3as1? Oteet: 10 ner.
5 25
4. lnuna croponsl kBagpata 9 am. Kakosa ero mnomans? Oteer: 81 am2,

5.Pabounii MOXKeT BHIIOJIHUTH IPOM3BOACTBEHHOE 3aJaHHE 3a 5 4YacoB, a €ro yUeHUK — 3a
13
8 yacoB. Kakyroo yacte pabOThl OHHM BBIMOJHSAT BMeECTe mociie daca padorsl? OtBer: 40 4,

2 1
6. B mepBbIil yac aBToOyC mpouien S Bcero myTH, BO BTOpoil 3 myTu, a B TpeTHil —
ocrampHble 28 kM. Kakoe  paccrosHme — mpomen — aBToOyc 3a  Tpu  4aca?

11

2 1 11
5 4+ 3 = 15 (4)-—3a ;1Ba 4aca.

1)
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1 4
2)1— 15 = 15 (4)— mporen B TpeTuii vac. 4

4
3)28: 15 =105 (kM) — 3a TpH yaca.
OtBeT: 105 KM MpoIIen aBTOOYyC 3a TpU yaca.
3
7. Kakoe paccrosaume ymuTka 3a 6 yaca, ecnum oOHa OyAeT TMON3TH  CO
3 1
ckopocTbio 250 km/4y? OtBer: 100 kM.
2
8. U3 0Oouku ¢ OEH3MHOM BHAYajle OTIMIA 28 BCEro HMMEIOIIErocsl TaM O€H3HHa,

2
MOTOM 7 BCero OCH3WHA M MOCIIE 3TOro B O0UKe 0cTaiock 99 nutpoB OeH3nHa. CKOJIBKO JIMTPOB
OceH3uHa OBLIO B 00YKE TTEPBOHAYAILHO?

2 2 17
1) 28 + 7 = 28 (4)— OTIMJIH.
17 11
2)1- 28 = 28 (4)-— 0CTAJIOCh.
11

3)99: 28 =252 (1) — OBUIO MEPBOHAYATIBHO.
OtBet: 252 11 Gen3uHa ObLIO B 00YKE MEPBOHAYAIBHO.

3agaya 1. Opranusm B3pocioro yenoBeka Ha 70% cocrout u3 Boabl. KakoBa macca BoAbl
B TeJie YeJIoBeKa, KOTOPhIA BecuT 76 Kr?

Kak pemaem:

76 - 0,7 =532 kr

OtBeT: Macca BoabI 53,2 kT

3anada 2. llena ToBapa nmonusmwiack Ha 40%, 3arem eme Ha 25%. Ha ckoJIbKO MpOLIEHTOB
MMOHU3UJIACH I[€HA TOBapa MO CPABHEHUIO C EPBOHAYAIBHON 1IEHOM?

Kak pemaem:

O0o03HaunM TMepBOHAYAIBLHYIO IIEHY TOBapa depe3 X. [locie mepBoro moHWKEHHS IeHA
CTaHET PaBHOM.

x -0,4x=0,6x

BTopoe nonumxenue eHsl cocraBisiet 25% oT HOBOH 11eHbI 0,6X, MO3TOMY MOCJIE BTOPOTO
MMOHMKEHHUS MOJTYYUM:

0,6x - 0,25 * 0,6x = 0,45x

[Tocne nByX NOHMKEHUI U3MEHEHUE LIEHBI COCTABUT:

x - 0,45x = 0,55x

Tak kak Besmunna 0,55x coctaBisieT 55% OT BeJIMYMHBI X, TO IIEHA TOBapa MOHU3WIACH HA
55%.

OtBet: 55%.

3amada 3. Yetsipe mapsl OprOK AemieBsie ogHoro nanbTo Ha 8%. Ha ckoibko mpomeHToB
TSTh ap OPIOK CTOST JOPOKE, YEM OJIHO MaIbTO?

Kak pemaem:

[To ycrnoBusiM 3a71a4 CTOMMOCTH Y€ThIpeX map Oprok — 3T0 92% OT CTOMMOCTH MAJILTO

100-8=92

[Tomy4aeTcsi, 4TO CTOUMOCTH OTHOU TAphl OPIOK — 3TO 23% CTOMMOCTH TAIBTO.

92:4=23

Tenepb yMHOXKUM CTOMMOCTH OJTHOM Mapbl OPIOK Ha MATh U y3HAEM, UTO MATh Nap OpIoK
obotinytes B 115% croumocTr maiabTo.
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23*5=115
OtBerT: ATk nap 6prok Ha 15% nopoxe, 4em OHO NanbTo.

3anada 4. CeMbsl COCTOUT U3 TPEX YEJIOBEK: MY, )KEHA U 104b-CTyAeHTKa. Ecim 3apnnaTa
My>kKa BBIpAcTET B JBa pa3a, OOLIMI 10X0J ceMbU Bo3pacTeT Ha 67%. Ecnu nouepu B Tpu pasza
YPEXYT CTUIICHIUIO, OOIIUI TOXO0/] 3TOM CEMbU YMEHBIIUTCS Ha 4%. BBIYMCINTh, KAaKOM MPOIIEHT
B OOIIMIT 10X0J] CEMBH MPUHOCHT 3apabOTOK >KEHBI.

Kak pemaem:

[To ycnoBusiM 3amaum OOLIMI 1OXOA CEMbH HANPSMYI0 3aBHUCUT OT JOXOJO0B MYyXKa.
bnaromaps yBenuueHuto 3apniarsl oOIIUi 10X0J ceMbH BbIpacTeT Ha 67%. 3HauuT, 3apriiata
MyXa COCTaBJISIeT Kak pa3 67% ot ob1iero noxona.

Ecnu crunenaus jouepu yMEHbIIUTCS B TpH pasa (T.e. Ha 1/3), ocranercs 2/3 — sto n
ecTb 4%, Ha KOTOpPbIE YMEHBIIUJIICS Obl CEMEHHBIX 10XOA.

MOXHO COCTaBUThH MPOCTYIO MPOMOPINIO U BBIACHUTD, UTO pa3 2/3 ctuneHanu — 31o 4%
J0X0Ja, TO BCA cTHIIeHaus — 3T0 6%.

A Tenepp OTHUMEM OT BCEro A0XO0Ja BKJIAJ MyXa M JOYEPU U y3HAEM, KaKOH IPOLEHT
COCTaBJISIET 3apabOTOK JKEeHBI B 0011eM fgoxoje cembr: 100 — 67 — 6 = 27.

OTBeT: 3apaboTOK >keHbI cocTaBisieT 27%.

3anaya 5. B cBexux abpukocax 90% Bnaru, a B cyxopykre Kypare Toiabko 5%. CKoJIbKO
KUJIOT' PaMMOB a0pUKOCOB HY>KHO, YTOOBI TONY4UTh 20 KUJIOTPaMMOB Kyparu?

Kak pemaem:

Ucxonst u3 ycnoBusi, B abpuxocax 10% mnuTaTenbHOro BelllecTBa, a B Kypare B
KOHIIEHTpHpOBaHHOM BHae — 95%.

[Toaromy B 20 kunorpammax Kyparu 20 * 0,95 = 19 xr nutaTenbHOro BEUIECTBA.

3HauuT, 19 KUIOrpPaMMOB MUTATEIBHOTO BellecTBa B abpukocax — 3T0 10% Beca cBeXHX
abpukocoB. Haliiem 4nciio no npoueHTy.

19:0,1=190

OtseT: 190 kxr cBexxux aOpUKOCOB MOTpedyeTcs s u3rorosieHus 20 Kr Kypard.

IIpakTuyeckas padora Ne3

Tema 1.3: YpaBuenus u HepaBeHCTBa. CHCTEMBI ypaBHEHHI U HEPABEHCTB
Heap: O60OIMTP M CHCTEMATU3UPOBATH 3HAHUS, YMEHHS YYaIMXCS NPH PEIICHUH
JMHEWHBIX U KBAIPATUUYHBIX YPAaBHEHUI U HEPABEHCTB

Teopernyeckast 4acThb:

JlunHeliHble ypaBHEHUS

JIMHEHBIM YpaBHEHHEM OTHOCUTEJIBHO MIEPEMEHHON X HAa3bIBA€TCS YPABHEHUE IIEPBOM
crenenn kx + b =0 (1), rne K u b — npou3BoIbHBIE BENECTBEHHBIE YUCIIA.

B cinyuae k # 0 ypaBuenue (1) uMeeT eIMHCTBEHHOE PEIIICHHE TP JIFOOOM 3HAYCHUH b :

XZ—E

B cayugae, korna k = 0,b # 0 ypaBHenue (1) pemieHuii He UMeeT.

B cimyuae, korma k= 0, b= 0, pemennem ypaBuenus (1) siBisercs r000€ YUCIIO
X E(—e0; + ).

Ecnu n3HavansHO 331aHO ypaBHEHHUE, Co/leprKalee IEPEMEHHY 0 B 3HAMEHATEIE, TO Tepe]
peleHneM HeoOXOIMMO yKa3aTh 00J1aCTh ONpENe/ICHHs, HUCKIIOYNTh M3 OTBETa KOPHH, IPH
KOTOPBIX BBIPAYKEHUE HE UMEET CMBICIIA.
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ax=6
x:E:E
3
x=2
Hpiisep 2
Ax=-2
-2
r=—
3
2
r=——
3
Ipuaer 3

Hpuaep 4
5x+15 _4
x+4
Dyoxz-4
5x+15
x+4

8[x—1)+2x= 2[4— Exj
Bx—8+2x=8-4x
Brx+2x+dx=8+8

Sx+15=4x+16
x=-1

Cmgeimn: x=—1

Ipuaer O
5x+15:4
x+3
D oxz-3
Sx+15
x+4

Br+Zx+dr=8+8

1dx=16&
16 B

r=—=—
4 7

JIuHeitHble HEpaBEHCTBA
JIuHEelHBIM HEPaBEHCTBOM OTHOCUTEIIBHO NEPEMEHHOW X Ha3bIBAETCS HEPABEHCTBO,
MpUHAAJIeKALIEEe K OTHOMY U3 CIEIYIOIUX TUIIOB:

rnekub

kx+b =0,
kx+b >0,
kx+b <0,
kx+b <0,

Sx+15=4x+12

r=-3

(x+d) =4 (x+4)

-[x+3:|:4- [x+3:l

Clpgemy . wewm kopred

— IIPOU3BOJIbHBIE BEIIECTBEHHbIE YHCIIA.
Pemas nuneiiHble, 1a U HE TOJBKO JIMHEHHBIE, HEPABEHCTBA, CIEAYET MOMHUTH, YTO MIPH
YMHOXKEHUHU WM JEJCHUM HEpPaBEHCTBA Ha TMOJIOKUTEILHOE YHUCIO 3HAaK HEPaBEHCTBa
COXpaHsIeTCs, a IPU YMHOKEHUM WJIM JIEJICHUM HEPaBEHCTBA HA OTPHUIATEIbHOE YMCIO 3HAK
HEpPaBEHCTBA MEHSIETCA Ha MPOTHUBOIOJIOKHbIH.
B cootBeTcTBHM € 3THM pELICHUE JIMHEMHBIX HEPABEHCTB, B 3aBUCHUMOCTH OT 3HAYEHUU
ko3houumento K u b, mnpexncrasieHo B cienyroeit Tadmuie 1.
Tabmuna 1. — PernieHne HepaBeHCTB EPBON CTENEHU

kx+b=0 [ kx+b>0 | Ex+B=0 [ kx+b<0
k>0 3HaK HEpaBEHCTBA COXpaHsIETCA
b b b b
XF—— X>—— XE—— X<——
k K K K
= <0| & (i Xe(—w;+w). | xe(—w;+ ),
= =0 | xe(-w;+w). | & xe(—w;+cw). | &
= >0 xe(-w;+w). | xXe(-w;+w). | & (2
<0 3HaK HEPABEHCTBA MEHSIETCS Ha IPOTHUBOMOJIOKHBIN
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X=—— X <—
k

CucreMsl TMHENHBIX HEPABEHCTB
PaccmoTpuMm pelieHue cucTeM JIMHEIHBIX HEPAaBEHCTB Ha IIPUMEpaXx.

2x-3=20,
-3x+11=0

e

xE—E X =—
K

ol -

[Ipumep 1. Pemnth cucTeMy HEpaBEHCTB
Pemenne. Pemnm kaxj0€ U3 HEPABEHCTB CUCTEMBI:

3
=
2x-320, 2x23, t=g

= —
-3x+11:>0, —3x =-11, 11
X< —.

N306pa3uB Ha omHOW koopauHaTHOW mpsiMor (Puc. 1) o0a TO4YeUHBIX MHOXKECTBA,
COCTaBJIAIOUINX TOCJEIHIOI0 CUCTEMY, MOJTy4aeM OTBET IpUMEpA.

- -

{{_‘_.—-" L JH?_;’{H,»’{H,"XFWW \\ \\-\ }{
o 3 11
2 3

Sx+4<0,
-2x-7=0.

[Ipumep 2. PemmnTh cucTEMY HEPABEHCTB
Pemenne. Pemmm kaxaoe u3 HEPABEHCTB CUCTEMBI:

4

5x+4<0, Sx<—4, -
Lo —

2x-7=0. 2x27, 7

XS ——,

2

N300pa3uB Ha omHOW KoopawHaTHOW mpsMoi (Puc. 2) o0a TOYEUHBIX MHOXKECTBA,
COCTaBJIIIOUIMX IOCJEIHIOI0 CUCTEMY, I0Jy4aeM OTBET IpUMEPA.

N306pa3uB Ha omHOW koopamHaTHOW mpsimoit (Puc. 1) o0a TOouedHBIX MHOXKECTBA,
COCTaBJIIIOLIMX ITOCJIEIHIOI0 CUCTEMY, II0Jy4aeM OTBET IIPUMEPA.

\
L A
é
N,
,
\,
5,
\"‘\.
-h\\
-
.
x

Puc.2

XE|—oy——
OrtBer: 2

[Ipumep 3. PemnTh cucTeMy HEPABEHCTB
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6x-7 =0,
4x+13<0.

Pemenne. Pemmm kaxaoe u3 HEPABEHCTB CUCTEMBI:

6x—7 >0, 6x>7, tre
I I

4x+13 <0, 4x <13, 13
X <——.

N3o06pa3uB Ha omHOW KoopawHaTHOW mpsMor (Puc. 3) o0a TOYEUHBIX MHOXKECTBA,
COCTAaBJIIOLINX MOCJIEIHIOK CUCTEMY, MOJy4YaeM OTBET IpUMEpPa

R 577
_13 07
4 6
Puc.3
OtBer: Z
Onpenenenue
Keaopammnoe ypasHenue — 3TO ypaBHEHUE Buga ax’>+ bx+ ¢ =0, rje

KO3 HIMEeHTHI @, b U C — MpoU3BOIBHBIC YKCIa, mpudeM a £ 0.

[Ipexxae, ueM u3y4ath KOHKPETHbIE METOMABI PEIISHHS, 3aMETUM, YTO BCE KBaJpaTHBIC
ypaBHEHHS MOXKHO YCJIOBHO pa3feuTh HA TPU KJlacca:

He umerot kopHel;

HMeroT poBHO OJJMH KOPEHB;

Hwmerot 1Ba pa3anyHbIX KOPHS.

JIMCKpUMUHAHT

Onpenenenue

IlycTs gaHO KBaZpaTHOEe ypaBHeHHe ax’+ bx+c=0. Torma ouckpumunanm — 3T0
npocto uucio D = b? — 4ac.

D1y dopMmyny Hago 3HaTh Hau3ycTh. OTKyma oHa Oepercs — celuyac HEBaXKHO.

BaxxHo qpyroe: 1o 3HaKy JIHMCKpPUMHHAHTa MOXHO ONPEICIUTh, CKOJIBKO KOpHEH uMeeT
KBaJIpaTHOE YpaBHEHHE. A UMEHHO:

Ecmu D <0, xopHeit HeT;

Eciu D = 0, ecTh pOBHO OJIUH KOPEHB;

Ecmu D > 0, xopHeii OyzaeT nBa.

OOpatuTe BHUMaHHE: T CKPUMUHAHT YKa3bIBA€T HA KOJMYECTBO KOPHEH, a BOBCE HE HA UX
3HAKH, KaK MMOYEMYy-TO MHOTHE CYUTAIOT. B3rIssHUTE Ha IPUMEPBI — U CaMU BCE MOMMeTe:

3anmaya

CKOJIBKO KOpHEH UMEIOT KBaIPATHBIE YPABHEHUS

x2—8x+12=0;

5x2+3x+7=0;

x2—6x+9=0.

Pewenne

Bomuimem  ko3p@uuMeHTsl  AJiA IEpBOrO  ypaBHEHUS W HalWIeM JAMCKPUMMHAHT:

a=1b=-8,c=12;
D=(-8)?—-4-1-12=64-48=16

Wtak, NHCKpUMHMHAHT MOJIOKUTENbHBINA, MO3TOMY YpaBHEHHE HMEET JBa pa3iIM4HbIX
KOpHS. AHaJIOrMYHO pa30upaeM BTOPOE ypaBHEHUE:

a=5b=3;c=7,;

D=32-4.5.-7=9-140=-131.
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JIMCKpUMUHAHT OTpULIATETbHBIN, KOpHEH HeT. OcTajochk nocieIHee ypaBHeHue:
a=1,b=-6;c=9;

D=(-6)-4-1-9=36-36=0.

JIuCKpUMUHAHT paBeH HYJIO — KOPEHb OyJeT OJuH.

OtBeT

1) 2 xopHs; 2) HET KOpHE#; 3) OJUH KOPEHb.

Kopnu kBagpaTHOrO ypaBHEHHs

" —b+yD  —b—yD

X1 = y X2 =
2a 2a

Koraa D = 0, MOXXHO HCIIONTB30BATh JTIOOYIO U3 3TUX (HPOPMYIT — MOTYUUTCS OJTHO M TO XKe
4HCcIo, KoTopoe u 6yaet orBetoM. Hakowner, ecnu D < 0, kopHE# HET — HUYEro cUuTaTh HEe HAJO.

3anaua

PemmTh KBasipaTHBIC YpaBHEHUS

xX2—2x—3=0;

15 -2x —x2=0;

X2+ 12x + 36 = 0.

Pewenne

[lepBoe ypaBHeHUE:

x2—-2x—-3=0=>a=1;b=-2;c=-3;

D=(-2)%-4-1-(-3)=16.

D > 0 = ypaBHeHue nmeer 1Ba KopHs. Haiinem ux:

2 ++/16 ; 2 —+16 .

T T T T
Bropoe ypaBHeHue:
15-2x—-x2=0=>a=-1;b=-2;c=15;
D=(-2)’-4-(-1)-15=64.
D > 0 = ypaBHeHue cHOBa uMeeT 1Ba KopHs. Halinem ux:

2+464 ~2-464
T2 7 T

Hakowner, TpeTbe ypaBHEHUE:
X?+12x+36=0=> a=1; b=12; ¢ =36;
D=122-4-1-36=0.
D =0= ypaBHeHHE MMeEET OIWH KOpeHb. MOXXHO HCIOJIL30BaTh JIOOYI0 (QopMyIy.
Hanpuwmep, nepsyro:
-12++/0

T2 T

Xq

OtBer

Dx1=3;%x2=-1;2) X1 =-5;X2=3; 3) X = —6.

Henonnble kBaspaTHbIE ypaBHEHUS

beiBaeT, 4TO KBaJpaTHOE YpPaBHEHUE HECKOJIBKO OTJIMYAETCSA OT TOrO, 4YTO JAHO
B onpeaenenuu. Hampumep:

X2+ 9x =0;

x?—16 =0.

HecnoxxHo 3amMeTuTh, YTO B 3THX YPABHEHMSIX OTCYTCTBYET OJHO M3 ciaraeMblX. Takue
KBaJIpaTHbIE YpaBHEHHUs PEIIAOTCs AaXKe Jerde, 4eM CTaHAapTHBIC: B HUX Jake He moTpedyercs
CUNTATh JUCKPUMHHAHT.

Onpenenenue

VpaBuenue ax? + bx + ¢ = 0 HassIBaeTCa HenoanviM K6aOpamuvim ypasnenuem, ecma b =0
i € = 0, T.e. Ko3pHUIIUEHT NPU NEPEMEHHOM X UM CBOOOTHBIN IEMEHT PaBEH HYIIIO.
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Pazymeercs, BO3SMOYKEH COBCEM TsDKEbIH Cilydail, korjna o6a 3Tux Ko3(h(UIIMeHTa paBHbI
uymo: b = ¢ = 0. B arom ciiyuae ypasHenue npuaumaet Buj ax? = 0. OueBHIHO, TAKOE YPABHEHHE
HUMeeT eMHCTBEHHBIN KopeHb: X = 0.

Paccmorpum octanbhbie ciaydau. Ilycts b =0, Torma moxyduMm HEMOJHOE KBaApaTHOE
ypasHenue Buaa ax? + ¢ = 0. Hemuoro npeobpasyem ero:

2 2 C [
ax“+tc=0=2x"=——=2x=+ |——
a vl

[Tockonbky apupMeTHIeCKUN KBaJIpaTHbBIN KOpEHb CYILECTBYET TOJIBKO

U3 HEOTPUIATEIBHOTO  YHCIIAa, IMOCIENHEee paBEHCTBO HMMEET CMBICI  HCKIIOYHTEIBHO
npu (—c/a) > 0. BeiBox:

Eciu B HEMOJHOM KBaJPaTHOM YPaBHEHHHW BHA aX’ + C = ( BBINOJHEHO HEPABEHCTBO
(—c/a) > 0, xopueit 6yner nBa. DopMyra 1aHa BHIIIE;

Eciu xe (—c/a) < 0, kopHei#t HeT.

Kak Buaure, TUCKpUMHHAHT HE MOTPEOOBAJICS — B HEMOJHBIX KBAJIPATHBIX YPAaBHEHHIX
BOOOIIE HET CJOXKHBIX BbluMcIeHUH. Hacamom nenme npaxe HeoOA3aTeNbHO IOMHUTD
HepaBeHCTBO (—C/a) > 0. JI0CTaTOYHO BBIPA3UTh BEIMYHUHY X° M IOCMOTPETH, YTO CTOUT C APYTOH
CTOPOHBI OT 3HaKa paBeHCTBA. EciayM TaM MONOXKUTENbHOE Yncio — KopHel Oyner aBa. Ecim
OTpHLIATEIbHOE — KOpHEH He OyzAeT BooOLIe.

Teneps pa3bepeMcs ¢ ypaBHEHUAMH BHIa axX? + bX = 0, B KOTOPBIX CBOOOIHBIN DJIEMEHT
paBeH Hymo. TyT Bce mpocTo: KOpHEH Bcerna Oyzaer nBa. JocTaTOYHO Pa3ioXKUTh MHOTOWICH
Ha MHOXXHTEJIH: b

ax?+bx=0=x"(ax+b)=0=x,=0; x; = ——
a
ITpou3sBeacHUE PaBHO HYIO, KOTAa XOTsI ObI OMUH U3 MHOXKUTEIIEH paBeH Hys0. OTcrona

HaXoAATCs KOpHU. B 3akimoueHne pazdepeM HECKOJIbKO TAKHX yPaBHEHUIA:
3anmaya
Pemuth KBajipaTHbIC YpaBHEHHUS:
x2—7x=0;
5x2+ 30 =0;
4x2-9=0.
Pemenue
X=7x=0=x-x-7)=0=>x1=0; X2 =—(-7)/1 =T7.
5x?+30=0= 5x>=-30 = Xx? = —6. KopHeii HeT, T.K. KBaApaT HE MOXXET OBITh PABEH
OTPULIATEITLHOMY YHCITY.
42 -9=0=24x2=9=>x2=9/4=>x,=3/2=15; X2 =—1,5.
OtBet
X1 = 0; X2 = 7; 2) kopueii Het; 3) X1 = 1,5; X2 = 1,5.

Pemenue KBaApPaTUYIHbIX CUCTEM ypaBHeHI/Iﬁ

o X—y= 1’
Ipumep 1. Peuth cucreMy ypaBHEHUH .
X +y° =41,
Pemenue. Bripa3uB X u3 epBOro ypaBHEHHs! CUCTEMBI U MTOJICTABUB BO BTOPOE, MOJTYyYUM
X=Yy+1
2 —
PaBHOCHJIBHYIO CHCTEMY 2y +2y-40=0. (1)

Pemass BTOpoe ypaBHeHue cucTembl (1), HaxonWM JBa 3HAYEHHUsS] TMEPEMEHHOU V:

Y1=4Y, :_5, MOJCTABIISIS ATU 3HAYEHUs B MEpBO€ ypaBHeHUE cucteMbl (1), momydaem jaBa
3HAYCHHS TIEPEMEHHOM X: X =5%=-4
Ortser: (5; 4),(-4; -5).
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2x-3y—-xy=4
3X+y+3xy=3
Pemienne. Cpa3y BbIpa3uTh OAHY NEPEMEHHYIO 4Ye€pe3 JpPYyryl0 B JIaHHOM clydae
3aTPyIHUTENBHO, MEMIaeT ciaraemMoe Xy. UToObl M30aBUTHCS OT ITOTO CJIAraeéMoro yMHOXHUM
IIEPBOE yPAaBHEHUE CHCTEMBI Ha 3 M CIOXKHUM CO BTOpPBIM ypaBHeHHeM. [Ipum 3TOM mosrydnm
2x -3y —Xxy=4,

PAaBHOCHJIBHYIO CUCTEMY YPABHEHHUM <~ ~ ... 2)

9x -8y =15.

IMpumep 2. Pemuth cucteMy ypaBHEHHUI

15+ 8y
W3 BTOpPOro ypaBHEHHS MOJyHaeM: X ZT' [ToxcraBuB 3TO BBIpa)KE€HUE B NEPBOE

ypaBHEHHE CHUCTEMBI (2) MONyYUM ypaBHEHHE 2@ -3y — y@ =4 . IIpeobpa3oBas ero,

TIONTy4UM KBaJIpaTHOE ypaBHeHHe oTHOcuTeNbHO y: 4y* +13y+3=0. Kopnu 3Toro ypasHeHus
1 13

y,=-3,Y, = e HOJCTaBUM B (POPMYIy IS X, U MOIy4UM X, =—1,X, = 5

Ortser: (-1; -3),(13/9; -1/4).

x*(x+y) =80,

x*(2x—3y) = 80.

Pemienne. B 5eBBIX 4YacTAX ypaBHEHMH CHCTEMbI CTOST MPOM3BEICHUS JBYX

COMHOXUTEJEH, a chpaBa YHUCIO OTIMYHOE OT HYJsA, MO3TOMY, OYEBHIHO, HHU OAUH U3
COMHOXUTEJICH JIEBBIX 4YacCTeH ypaBHEHHMH HE MOXET OBITh paBEH HYJO. Takum o0pazom,

x#0 3
MOJYYaeM, 4TO u2X-3y#0=x=# 3 y . Paznenum nepBoe ypaBHEHUE CHCTEMBI HA BTOPOE

IIpumep 3. Penmmth cucTteMy ypaBHEHHU

IIOYJICHHO, B CHJIY CACIAHHOI'0 BbIIIC 3aMCUYaHHA, IIO0JYYHM PAaBHOCHUJIBHYIO CHUCTEMY
X+y

2x-3y . BbIpazuM u3 nepBoro ypaBHEHHs MOJy4YE€HHOH CHCTEMBI BBIpasuM X: X =4y .
x*(x+y) =80.
[ToncTaBUM 3TO 3HAUYEHHE BO BTOPOC YpaBHEHHME CHCTEMBI M Haiingem Y =1, torma X=4.
Otser: (4; 1).

KBangpaTtHOE HEpaBEHCTBO — 3TO HEPABEHCTBO, B JIEBOW YaCTH KOTOPOI'O CTOUT KBAIpaTHBIN
TPEXYIEH, B JIEBOM — HYIIb.

To ectb, kKBasipaTHbIE HEPABEHCTBA OBIBAIOT CIIEAYIOIINX BUJIOB:

ax?+bx+c>0, ax?+bx+c>0, ax?+bx+c<0, ax?+bx+c<0.

PemnTh KBaipaTHOE ypaBHEHHE MOXKHO C TOMOIIBIO METO/a HHTEPBAJIOB.

Jlyi 3TOro HeoOXOAMMO CHayajla HaWTH KOPHHU KBAJPAaTHOTO HEPABEHCTBA (BMECTO 3HaKa
HEPABEHCTBA MOCTABUThL «=» M PEIINThL ypaBHeHue ax? + bx + ¢ = 0). Kopueii MoxkeT ObITh 1100
nBa, 00 ofuH, 100 He ObITh BooOIIe. [lanpHelimme 1eiiCTBUS 3aBUCAT OT KOJTMYECTBA KOPHEH:

1. Eciin ypaBHeHHe uMeeT ABA KOPHs, HE0O0X0AMMO HAaHECTH MX Ha YMCIOBYIO NMPSIMYIO.
OHu pa3o0bloT ee Ha Tpu mOpoMexyrka. HyxHo Oyzxer omnpenenuTs  3HAKH
BBIPOKEHUS aX? + bX + C Ha KakJOM M3 NPOMEKYTKOB (KOHKPETHBIA NPMMED PELIEHUs BbI
MOYKETE MOCMOTPETH, BBEAS B (POPMY BBIIIE KAKOE-TMOO HEPABEHCTBO, HANPUMED SX? + 2X — 7>
0):

- ecma> 0, TO 3Hakm Oyayr +, —, + (cimeBa  HampaBo);
- eciim a < 0, To 3HaKu OyayT —, +, — (ClieBa HaMpaBo).

B ciyuae, ecnm 3HaK HepaBeHCTBA > WM >, OTBETOM OYAYT MPOMEXKYTKH CO 3HAKOM «+.
Ecnu e 3HaK < UM <, TO OTBETOM OyJIyT OTPHULIATEIbHBIEC ITPOMEKYTKH.

Ecnu 3Hak HepaBeHCTBa > MJIM <, TO TOYKH-TPAHUIIBI MPOMEKYTKOB 3alHCBIBAIOTCS B
KpyribIX cKkoOkax. Ecmm ke 3HaK > uiaM <, TO TpaHUIBl MPOMEXKYTKOB 3alHCBHIBAIOTCS B
KBa/IpaTHBIX CKOOKax.
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2. Eciin ypaBHeHHe HMeeT OJIMH KOPeHb, TO HY)KHO TaK)K€ HAHECTU €ro Ha YHCIIOBYIO
OpSMYIO U ONPEAEIUTh 3HAKM BRIpaKeHMs ax’ + bX + C Ha KaxaoM M3 IpoMexyTKoB. KopeHs
pa3aeiUT IPSIMYIO Ha JIBa MPOMEKYTKA, 3HAKH B KOTOPBIX OYAYT OJMHAKOBBIMU (B 3aBHCHUMOCTH
oT ko3¢ durrenTa a):

- ecu a > 0, To 3HaKU OyAyT +, +. B 3TOM ciydae, eciu 3HaK HEPABEHCTBA >, TO OTBETOM
OyZeT BCs 4MCIIOBast IpsiMasi, KpOMe TOUKHU -TPaHUIIBI MPOMEKyTKa. Ecim e 3HaK HepaBeHCTBA >,
TO OTBET — BCS YUCIIOBas npsimasi. Eciu 3Hak HepaBeHCTBA <, TO OTBET — ITyCTOE MHOXKECTBO. Ecin
3HaK HEpaBEHCTBAa <, TO OTBET — OJHA TOYKAa — TpaHHUIA MEXAY IMTPOMEKYTKAMHU.
- ecm a < 0, To 3HaKW OynyT —, — B 3TOM ciydae, eciii 3HaK HEPaBEHCTBA >, TO OTBETOM OyAET
MyCTOe MHOXECTBO. Ecii ske 3HaK HepaBEHCTBA >, TO OTBET — OJ[HA TOYKA — IPAaHUIA TPOMEKYTKA.
Ecnu 3Hak HepaBeHCTBA <, TO OTBET — BCS UM CTIOBASI IPSIMast, KpOME TOUKH -TPAHUIIBI TPOMEKYTKA.
Ecim 3nak HepaBeHCTBA <, TO OTBET — BCS YHCIIOBAS IPsMasi.

3. Eciiu ypaBHeHHe KOpHeil He MMeeT, TO HUYETO Ha KOOPAWHATHYIO OCh U HE HYKHO
HAHOCHUTB: HAJ0 TPOCTO ONMPEIEIUTE 3HAK BBIpaKeHHs ax> + bX + C Ha Bceil YncIoBoi MPAMOA:

- ecnu a > 0, To 3HaKk Oyzet +. B aToM citydae: eciiv 3HaK HEpaBEHCTBA > UIIU >, TO OTBETOM
OyzeT Bcs uncioBas psiMasi. B mpoTUBHOM ciiyyae — eciiu 3HaK < Wi < — OTBETOM OyZeT mycToe
MHOKECTBO.

- ecmu a < 0, To 3HaK OyneT — B 3ToM citydae: eciii 3HaK HEpaBeHCTBA < WU <, TO OTBETOM
OyzeT Bcs YUCIOBas MpsiMasi. B MpoTHBHOM ciTydae — €CJI 3HaK > WJIH > — OTBETOM OYZET MyCcTOe
MHOECTBO.

[Ipumep 1. Pemmth HepaBEeHCTBO 2X2+4x —6>0.

KsaapartHelii Tpexusien 2X% + 4X — 6 umeeT Ba JeHCTBUTENBHBIX KOPHSA X1 = —3, X2 =1.
[TosToMy mapabona y = 2X% + 4X — 6 IepeceKaer 0Ch X B JIBYX TOUKAX, a0 CLUCCH KOTOPHIX PABHBI
—3 u 1. Hockonbky k03¢ duuuenT mpu X? 6onpure Hyns, napadona y = 2x? + 4X — 6 nampapieHa
BBEPX

U3 prcyHKa BUIHO, YTO TpeX4ieH 2X? + 4X — 6 IoI0KHTeNeH TpH X < — 3 1 mpu x >1.

[Ipumep 2. Pemnth HEPaBEHCTBO

—Xx2+x—1>0.

JIMCKPMMHHAHT KBaJIPaTHOr0 Tpexdyena — X2 + X — 1 orpunarenen: D = —3. Tlostomy
IpH BCEX X 3HAYEHUS QYHKIHMU y = — X + X — 1 HMEIOT OIUH U TOT K€ 3HAK, a UMEHHO 3HaK
ko>duimenta mpu X2, 1o ectb Munyc. ClenoBaTebHO, HEPABEHCTBO — X2+ X — 1> 0 He
BBITIOJIHSIETCS] HU MPU KaKUX 3HAUCHHSX X.

[Ipumep 3. BHISICHUTD, TPU KaKUX 3HAYEHUSIX X JPOOb

2 9x—3

2y — 22

IMMOJIOKUTECJIbHA W IIPpU KAKHUX — OTPULIATCJIbHA.
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CHayana yka3aHHBIM BBIIIE€ CIIOCOOOM OIIpENeIMM 3HAaKW YUCIUTENsS M 3HaMEHaTels
JaHHOM po0u, a 3aTeM CPaBHUM HX.

Yucnurens X2 + 2X2— 3 MOJOKUTENEH TIpU X < —3 W mpu x> 1, a oTpULaTENeH TIpy
—3 <x <1 (puc. BepXHsA YUCIOBAS OCb).

4-3-2~1 0 1.2 3

i A
o
0 b4

3Hamenatens 2x — X2 mojioxkutened nmpu 0 < x < 2 u orpunareien npu x < 0 u npu x >2
(puc. , HIOKHSISL yncioBas och). M3 pucyHka BUIHO, YTO JaHHAs 1poOb Oy eT MOJ0KUTENbHA TPH
— 3 <x< 0 (B »TOM ciy4yae YHCIUTENb W 3HAMEHATENb OTPULATENBHBI) M MpHU
1< X <2 (B 9TOM Cllydae YUCIIUTEh U 3HAMEHATENb IMOJIOKHUTEILHBI); OTPULIATETIHHON OHA OyIeT
pu x <. —3 (YUCIUTENH MTOJIOKUTENIEH, 3HAMEHaTellb oTpuuarenet), npu 0 <x < 1 (uyucnurens
OTpHIIATEJICH, 3HAMEHATEIb MOJIOKUTENECH) U IPU X > 2 (YUCIUTENb MOJIOKHUTEIICH, 3HAMEHATEb
OTPUIIATEIICH).

Pemienue 3aganuii:
Nel. Pemmth nanubie cucteMbl HepaBeHCTB (Ne 179 —184):

179.{2.:-—1::-1, 181. {51:-5-3}8,
3—x>0. 0,7 — 3x < —2,6.
180. { ]l —2x < —09, 182. {2::—-3::‘::——3.
3x 4+ 1< 13. 4x+3>8—ux
183, {3):-]—7‘,;»9—{—2& 184. {x+4{2x'
Ne2. Pemnte HepaBeHCTBA:
(2x +3) (2—2x) > 0.
(2—m) (2x—15)(x+4)>0.
x>%,
3x -4 >0, 3x 4, 3 6 4
g e
) Sx+6 50, S5x > 6 T 3
Gr-8Gx+6)> 0 |0 e | e >x<i @x<—E
Sx+ 60, Sx 4 -6, ) 37 5
&
T4 -—=
L ]

Ne3. Pemuth ypaBHEHUS:

1. x* —8x*-9=0

2. x*-15x*-16=0

3.(x* —=2x—-5)* —=2(x* —=2x-3)—-4=0

Ne4. Pemnth cucteMbl ypaBHEHH:

L Xy =2,
|9x? +y? =13,
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x> +y=2

2.
yi+x=2
L +—l—=2
X+y X-—
3 3y 4y
+ =7
X+Yy X+y

No5. Pemmnth aHHBIE HEPABEHCTBA!

1. xX2—4x+3>0. 5. x2 +x+1<0.

2. X2—6x+5<0. 6.x2 —x+1>0.

3. —5x2+3x+2>0. 7.x2—6x+10<0.
4, x (1 —x)>0. 8. —3x? +2x + 1 >0.

No6. BeIoIHATE 3a0aHus:

1. Peminth HEPaBEHCTBO:

8x?-6x+1>0

2. HaliTi HanMeHbIIIee MOJIOKHUTEITBHOE IIeNI0e pelieHrne HipaBeH cTBa:
X2 +2x>-3

3. Pemnth HepaBeHCTBO:

x>+ 3x+82>0

4. PemnTh HEPABEHCTBO:

X?-4x+4>0

5. Pemmuth HepaBeHCTBO:

X?-4x+4>0

6. HaiiTu Bce 3HaueHHMsI X, HE SIBIISIIOIIMECS PellIeHIeM HepaBeHCTBA!
x?>16

IIpakTnueckas padora Ne4

Tema 1.4: Oyuxiuu: nuHeiiHas, oOpaTHas MPOMOPIHOHAIBHOCTD, KBaApaTHIHAS

byHKIHS
Hean: 3akpenuTs y yyamuxcs 3HaHUS U YMEHUS TIOCTPOCHUS IpaGUuKOB (yHKITHHA

TeopeTnueckas 4acTh:

CaoiicTBa JmHeHHOH GyHKIMKM Y = kx + b.

1. OGnactb onpenenenust GyHKIIUU — MHOKECTBO BCEX JAEHCTBUTEIBHBIX YHCEN.

2. OO6nactp wu3MeHeHUS (QYHKIUMU TpU yCIOBUU, 4YTO k # 0 — MHOXKECTBO BceX
NeUCTBUTENBHBIX Yncen. Ecim k = 0, To MHOXECTBO 3HA4YCHH (YHKIIMH COCTOUT W3 OJHOM
TOYKH b.

3.1Ipu k # 0, b # 0 dyHKUMS HE SBIISETCS HU YETHOM, HU HedeTHOW. Ecim k = 0 (b mmoboe)
— ¢yukiwst yetHast. Ecim b = 0 (k mo6oe) hyHKIus HedeTHast.

4. TIpu k > 0 pynkus Bo3pacraet npu o0bIX x. [Ipu k < 0 ¢pyHKIMS yOBIBACT NpHU
mo6bIx x . [Ipu k = 0 yHKUMA HOCTOSHHA.

=2x+4
Ilpumep. IlocTpouts rpapux GyHKIUU ¥ .
Pewenue. I'papuxom sBisercs npsmast JuHus. s €€ nocTpoeHHs JOCTaTOYHO HAWTH

_ x=0,v=4 x=-2,vy=0
TOUKH HNEPCCCUCHUA C OCAMU KOOPpAWHAT: IIPpH

A(0:4)  B(-2:0)

U npu . Takum

o0pa3om, IpsiMast TPOXOIUT YePe3 TOUKH
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_ax+b
ﬂr_i_a , roe &, b, c d— MOCTOSIHHBIE YHCJa, MPUYEM c#0

/ 0
y
OyHKUMSA BUAA

,ad + bf", Ha3bIBACTCs OpoOHO-Tuneiinon ynkyuen. DOyHKIMS ONpereleHa BCIOLY, KpoMme

__d

3HAYECHUS € Eom @@= U, €= 1, d= 0, TO TIOJIYYMM YaCTHBIA CIydaii JpOOHO-TMHEHHON

¥Y= _
GbyHKIUH . O0yacte ormpeeneHnss Takoh (yHKIUH X € ( tﬂ,ﬂ)U (0,4—::0). I'paduxom
y =

e |l

GbyHKIMN SIBJIICTCS KpUBAasl, COCTOAINAs M3 JIBYX BETBEH, CMMMETPUYHBIX OTHOCHUTEIBHO

HavdaJla KOOpAWHAT. Taxkas KpuBas Ha3bIBACTCA zunepﬁoﬂoﬁ. Ecm b:} 0, TO BCTBH FI/IHep6OJ'II>I

pacnionoxensl B I u III koopArHATHBIX 4ETBEPTSX; €CIM KeE b<0 , To BO II u IV koopmuHaTHBIX
yeTBepTsX. [ unep6osna He UMeeT 00X TOUEK C OCIMU KOOPAMHAT, @ JIUILb CKOJIBKO YTOIHO OJIM3KO K

_b
HUM  nOpuOmwkaercs.  DOyHKUUS X neuetmas. Ha  pucyske n3o0paxkeH  rpaduk
y =
runepOoobI X s cnyaas b> 0
Y,
A
» X
y= ax® 1bx+c ¥, X
OyHKIWS, 3aJlaHHas hopmyoit , rae < 7 —

IepeMEHHBIE, a=b=c — 3aJlaHHBIC 4YHCIIa, (¥ U, Ha3bIBACTCSA K6AOPAMUYUHOU (pyHKyueil.
OO6macTbio ornpeaeNeHns KBaIpaTHIHON (DYHKIIUU SBIISIETCS MHOXKECTBO € CTBUTEILHBIX YHCE.

y:ar2+bx+c:

I'paduxkom  pyHKIIMHN SBIISIETCS hapaooaa. Eciu a }U, TO BETBH

napaloJibl HalpaBlIeHbl BBEPX; €CIH a{ﬂ, TO BETBU Napaboibl HampaBieHbl BHHU3. OcCbIO
=
CUMMETpUHM Mapaloisibl SBJIIETCSA IpsAMas a. KoopnuHaTel BepIIMHBI 1apaboiIbI
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Jlig moctpoenus napaboJibl y100HO BbIOpaTh CAEAYIONUE TPH TOUKH:

n‘.':)y = c
a) TOYKY TIEpeceuyeHusi Mmapadoyibl C OChIO , IpH x=0 MOJTyYUM y , TaKUM

C(0,c) ;

o0pa3oM, nepBasi TOuKa

0) TOuKy Ha mapaboiie mpu y=¢ , TO ecTh MO0 TOYKY ¢ abcIuccoit x=0 (Touka
x=— Q B (i, c)
C), mub0o TouKy ¢ abcuuccoit @ | takuM 06pa3oM, BTopas TOdKa a .
b
A(x X, =~
B) BEPLIMHY napalosbl TOUKY ( Dgy[j) , rae 0 2a

ool

1
MoXHO Takke B KaueCTBE OCHOBHBIX TOYEK BBI6p3.TB TOYKHU TMEPCCCUCHUA Hapa6OJIBI C

v _—btVb®-dac _—b+D

1.2
OCBIO Ox , 2a 2a , €CIIM  TaKhe CYIIECTBYIOT, TO €CTh
JUCKPUMHUHAHT KBAJPATHOT'O TPEXUJieHAa HEOTPULIATEIbHBIH.

_ .2
Ilpumep. IloctpouTsb rpaduk GyHKIUN Y= 2x° +2x+2 :
0,2} B(-1,2) A(-0,51.5)

OT™MeTuM TpU TOYKH C{

(a::w())

. BerBu mapaboibl HampaBieHBI

x=—0.5

BBEpX . [Tapabona ciMMeTprYHA OTHOCHTEIILHO TIPSAM Ot

y

X
0

Pemienue 3aganmii:
Nel. ITocrpotite rpaduku QyHKIHIA:
ly=3x+4
2y = %x -1
3.y=5—4x
42y —4x =6
53x+4y =2
6.v=>

Y = :
7.y = %
8.y = ; ,
9._’)/ = ~ +22
10.y =4+ >
Ne2. TToctpoiiTe rpaduku KBagpaTHIHONH QYHKITHH:
1. y=x> —4x + 3. 5. y=x? +x+1.
2. y=x?>—6x+5. 6.y=x2 —x+1.
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3.y=—5x2+3x+2. 7.y=x>—6x+10.
4, y=x (1 —x). 8.y=—3x?> +2x+1.
Ne3. TTocrpoiite rpaduku GyHKIHI:
l.y=4x -5
2
2.y=3-— 3%
.y=2- i
Ne4. TTocrpoiiTe rpaduku KBagpaTHYHONW QYyHKIUH:
1.y=8x?-6x + 1
2.y=-x>+2x +3
3.y=x>+3x+8
4, y=x2-4x+4
5.y=x?-4x+4

IpakTnueckasi padbora Ne5
Tema 1.5: ['eomeTpust Ha MIOCKOCTH
Hean: Onpenenuts HanpaBieHUs MPAKTHYECKOTO MPUMEHEHHS 3HAHUN TUIAHUMETPHU B
poQeCCHOHATBHOM JeSITeIbHOCTH.

Teoperudeckasi 4acTh:

I'ne BcTpeuaTcs reoMeTpudeckue (pUrypobl B Hame i ku3um?

Kaxxnprit U3 HaC — M B3pOCIIbIA, U PEOCHOK — 3amedasl, KaK MHOI'O I'€OMETPHYECKHX
¢buryp cymectByer BOKpYr Hac. Mbl BCTpedaeMcsi ¢ HUMHU Be3/ie, BO BCEX OKPYKAIOIIMX Hac
peIMeTax.

Jlromu 1aBHO 3aMHTEPECOBAJIMCH pazHOOOpasueM reomerpudeckux ¢uryp. Emé nms
MEepBOOBITHBIX JIOJIEH BaXKHYIO pOJib Urpajia (GopMma OKpyKaBIIMX UX npeameroB. OBianeBas
MHUPOM, JIOAM 3HAKOMHJIMCh C HPOCTEHIIMMU TreoMeTpuueckuMu ¢opmamu. CHavana OHHU
W3TOTAaBIMBAIM OPYIUs Tpyda OTHOCHUTENHHO MPaBWILHON (OPMBI, MOTOM HAYYUIIHCh HX
coBepiieHcTBOBaTh. CrielnanbHBIX Ha3BaHUW JJISI TEOMETPUUYECKUX (UTYp TOT/a, KOHEYHO, HE
obu10. IX mpuIyMaiy 3HaYNTENbHO Mo3xke. Koraa oy cTamy CTpouTh 10Ma, UM MPUIILUIOCH eIIé
rIyoxe pa3oupaThCsi B OCOOCHHOCTSX Pa3HBIX (PUTYp, YTOOBI MOHATH, KaKyl (OpMy CIeayeT
MpUJIaBaTh CTEHAM U KpBbIlle, Kakoi GOopMBbl JOKHBI ObITH OpEBHA MM KaMeHHbIEe TIbI0bI. CaM
TOrO HE 3Has, YeJloBeK BCE BpeMs 3aHUMAJCS M3ydeHHeM (Uryp: *KEHIIMHBI, W3TOTaBIIMBAS
OJCKY, OXOTHUKM — HAKOHEYHUKHU AJIs KON Ui OymMepaHIu CI0XHOU (OpMBbI, pplO0JIOBHI,
Jienasi TaKue KprouKU U3 KOCTH, 4YTOOBI pbl0a ¢ HUX HE CPhIBAJIACh.

W B coBpemeHHOM Mupe 6€3 ITUX 3HaHUN HE POKHUTh.

I'ne :xe BcTpeyarorcsi reomerpuyeckne GUIypbl B Hallei »Ku3HU?

B03M0XHO, KTO-TO CUMTAET, YTO PA3JIMYHbIC JIUHUU (PUTYPBI «BOASITCS» TOJIBKO B KHUTaX
y4€HbIX MaTeMaTHKOB. OJHAKO, €CIM MOCMOTPETh BOKPYI, CTAHOBUTCSA IOHSATHO, YTO MHOTHE
IpeaMeThl UMEIOT (OopMy, OXOXKYI0 Ha OCHOBHbIE reomerpudeckue ¢urypsl. [Ipocto Mbl He
Bcerja 3To 3ameyaeM. Hemano 3aMedarenpHBIX TI'€OMETPUYECKMX (GUIYp BCTpPEYaercss B
okpy»kato1ei Hac npupoje. [lone umeer popmy npsMoOyroyibHUKA, peka — KPUBOH JIMHUU, 03€PO
— Kpyra, KpucTtajut coi — (opmy KyOa, 00bIYHas TOPOIIMHKA, Karelbka pockl — (GopMy mapa.
Kpacussl 1 pa3HOOOpa3HBI MHOTOTPAaHHUKH — KPHCTAIIJIBI TOPHOTO XpycTaiis. Ho U B IpuBBIYHON
KU3HU OCHOBHBIE T€OMETpUYECKUEe (PUTYpBI TOXKE MOBCIOAY. JTO 3[JaHUs, CTPOSHUS, TPAHCIOPT,
UHTEpbEp KBapTUPBI, Jaxe Mocyda U MpeaMeTsl oaexasl. K nmpumepy, jkeHckas r00ka — 3TO
Tpamnenus, Tapeiaka — Kpyr, oM — KBaJipaT U TPEYTrOJbHUK, a B TpPyOe — IIUIUHID.

3Hath Bce (UTYpHl, UX BHUJAbI, Ha3BaHUS U CBOWCTBAa OYEHb BakHO. CUCTeMaTH3UPYET
3HaHHUS O TEOMETPUYECKUX (UTYpax W H3y4aeT HMX CBOMCTBA MaTeMaTH4YecKass Hayka —
reometpus. Hayka sTa oueHb BaxkHas, €€ NPUMEHEHHE MPOCTO OECLIEHHO BO BCE BPEMEHA U
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HEe3aBUCUMO OT npodeccun. be3 3HaHuil reomMeTpun He 00XOAUTCSA HU PabOUHil, HU HHXKEHEp, HU
ApPXUTEKTOP, HU XyIOKHUK. I OueHb Ba)XHO HayaTh OCBAMBATh ATy HAYKY B pAHHEM BO3paCTe.

Y KakoM durypbl 4 BepLUUHbBI?

3 ISMART

Bbibepu ocTpbie yrnbi.

_

3¢ ISMART

Urak,
FEOMETPUYECKUE OUTYPbI
L
Touka Mpamasn Otpesok Ny Yron
TpeyroneHWK MpAMoyronbHWK OKpY>XHOCTb Kpyr

IIpocreitmme BUaABI GpUryp

JIBe OCHOBHbBIE (UIYpbl — 3TO TOuYKa U JuHUA. CKOIUIEHHE TOYeK M JIMHUU oOpasyer
pasnuuHble reoMerpudeckue Gurypsl. Kaxnas u3 HMX HHAMBHIYyajbHAa, OTIMYAETCS CBOMMHU
napameTpaMu, ux (GopMbl OueHb Pa3HOOOpa3Hbl. DUrypbl OBIBAIOT HNPOCTHIMU M CIOKHBIMH,
IUIOCKMMHU ¥ 00bEMHBIMH.

Touka

Touka — 3TO caMblii MUHUMAaJbHBII, HO B TO K€ BpPEeMs CaMblii I'JIaBHBIH OOBEKT B
reoMeTpuu. JTO camas Manas reoMerpudeckas (urypa, HO UMEHHO OHa HeoOXoauma JUIs
MOCTPOCHUS APYTUX (PUTYp HA MIJIOCKOCTU U SBIISIETCS OCHOBOW I BeexX Apyrux ¢uryp. OHa He
COAEPXKUT TAKUX CBOMCTB, KaK IJIMHA, BBICOTA, 00BEM, IUIOLIA/lb, HE MMEET U3MEPHUTENBHBIX
0COOEHHOCTEN M XapaKTepUCTUK. BaXHO TOJIBKO TO, Te OHa pacnoJiokeHa. O 0o3HauaeTcs Touka
3arjaBHOM OyKBOI MaTuHCKOro andasuta oo ynciaom. Hanpumep, A, B, Cumm 1, 2, 3.
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Bcesikas Gonee ciiokHasi reoMerpuueckas GuUrypa — 3TO MHOXECTBO mMoueK, KOTOphIE
00J1aJa10T OIpPEEIEHHBIM CBOMCTBOM, XapaKTEPHBIM TOJIBKO JUIsl 3TOH UTYpHI.

CambiMu ITpocTei MU (pUrypamu sIBJISIFOTCS JIyd U OTPE3OK.

e Jlyy — d4acth NpsAMOW, Yy KOTOpPOW €CThb HaydajbHas TOYKA, HO HET KOHILA. JTO
MPOJIOJDKEHUE B OHY CTOPOHY.

e Ompe3ok — COCTaBHasl 4acTh NPSIMOW, KOTOpas OrpaHHuYeHa JIByMs Toukamu. OH
MMEET HA4aJlo M KOHeEL, I0ITOMYy u3Mepsercsa. JUIMHYy OTpe3Ka MOYKHO ONPEAEIUTb, U3MEPHUB
pacCcTOsTHUE MEXY €ro KOHIIAMM.

JInnusn

Jluaust obpaszyercss U3 MHOXKECTBA TOYEK, MOCIENI0BATEIbHO PACIOIOKEHHBIX JPYT 3a
ApPYroM M COEIUHEHHBIX MEXIy coOoi. JIMHMM OBIBAlOT 3aMKHYTHIMM M DPa30MKHYTBIMH,
MPSMBIMUA U KPUBBIMH, & TAKKE JIOMAHBIMU.

o 3amxkHymas — Korja B OAHOW TOYKE pacCIOJOKEHA HayajbHas M KOHEYHas 4acTb
HarpasyieHUs. 3 He3aMKHYTOH JIMHUY TOJTy4aloT 0OpaTHBIM BapuaHT.

o Pasomxnymas — Korja Ha4yajlo U OKOHYaHUE JIMHUM HE COEANHEHBI.

o [Ipsamas — HenpepbIBHAS TUHUS 0€3 U3MEHEHUH.

o Kpueas — oTiinuHasA OT NPAMOU JIMHUU.

o Jlomanas — Korjga COeAMHEHbI OTpe3Ku He noa yriioM 180 rpaaycos.

\

UYepe3 0HY TOUKY MOXKHO IPOBECTH OECKOHEUHOE YUCIIO JUHUH, a 4epe3 ABE — TOJBKO
OJIHY NIPAMYIO U MHOKECTBO KPUBBIX.

OcHoBHBIE TeoMeTprUYecKue QUIypbI

CoennHEHHBIE MEXAY COOOM TOUKM OOpa3yroT JIMHWUU, a COCTUHEHHBIC MEXKIY COOOM
JIMHUU — OCHOBHbBIE T€OMEeTpUYeckre (PUIypbl Ha INIOCKOCTH.

I'eomerpuueckue ¢(urypbl ObIBAalOT IUIOCKME MM JByXMepHble (2D) u oObémHBIE
IIPOCTPaHCTBEHHBIE, UK TpéxMepHble (3D). OHu orpaHMYEHbl 3aMKHYTONH MOBEPXHOCTHIO CBOEH
Hapy>KHOW T'pPaHULIBL.

Ecnu Bce Touku urypel HaXoaATCS B OJHOM MJIOCKOCTHU, 3HAYUT, OHA SIBJIETCS MIJIOCKOM.
[Tnockue Gurypsl, KOTOpbIE 3HAIOT BCE: TOYKA, KBaAPaT, IPIMOYIOJbHUK, TPEYTOJIbHUK, KPYT,
HOIYKPYT, OKPY>KHOCTB, OBaJI, pOMO, Tparewus.

A eci y reoOMeTpruecKoi (GUrypsl Bce TOUKU HE HAXOJATCS B OJJHOM IJIOCKOCTH, TO OHA
o6béMHas. K HUM oTHOCATCS 11ap, KOHYC, HMIIMHAD, chepa, TupaMuia U ap.

Pazb6epém nmockue uryper.
TpeyroJibHUK
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Tpeyzonvhuk — 370 (Urypa, koropas odpazyercs, Korja Tpu OTpe3Ka COCTUHSIOT TpU
TOYKH, HE JIKAIIMEe Ha OJHON NPSIMOW. DTH TPHU TOUKHU HA3bIBAIOTCS BEPIIMHAMU, a OTPE3KH —
CTOPOHAMH.

EcTp Tpu BuAa TpEyronbHUKOB:

o [IpamoyzonvbHblii — KOTa OJUH yTOJ IPAMOU, Apyrue 1sa MeHsue 90 rpagycos.

OcmpoyzonvbHblii — Koraa rpaayc ero yrios oosbiie 0, Ho MmeHbIe 90 TpaaycoB.
TynoyzonvHbiti — KOTAA OJIMH YT'OJl TYMOM, TO ecTh Oouibiie 90 rpagycoB, a ABa Ipyrux

— OCTpBIE.
TpeyronbHUKHM UMEIOT CIEAYIOLIME CBOMCTBA:

B TPEYTOJIbHUKE HAIIPOTUB OOJIBIIEro yriia JIEKUT O0JblIasi CTOPOHA U HA000pOT;
CyMMa yTJIOB TPEyroJibHUKa Bceraa paBHa 180 rpaaycam;

BCE yI'JIbl PABHOCTOPOHHETO TPEYrojbHUKa paBHbI 60 rpagycam;

B IPAMOYIOJBHOM TPEYrOJIbHUKE KBaJApaT TUIIOTEHY3bl PAaBEH CyMME KBaJpaToB

KaTeTOB (HO 3TO M3yYaeTCs y)Ke B CTApIIUX Kaccax).

Bepimael TpeyroapsHUKOB 0003HAYAIOTCS 3arjlaBHBIMU OyKBaMH JIATUHCKOTO aydaBuTa:
A, B, Cu ap.

IIpumepvl mpey2onbHuKo8:

1) 2)
M

R
A K
N

T
Q
5)

C
4)
F
\/ O G
E

3 ISMART

D

OKpy:XHOCTH
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Oxpyarcnocms — TeoMeTpuueckas (urypa, odpazoBaHHas 3aMKHYTOW KpPUBOH JTHMHHEH,
BCE TOYKHU KOTOPON HAXOATCS HA OJJUHAKOBOM OT I[€HTPA PACCTOSHUMU.

Kpyr

YacTh IIIOCKOCTH, HaxoJsALIAsiCsl BHYTPH OKPYKHOCTH, HasbIBaeTcs kpyzom. To ecTb,
OKPYKHOCTb — 3TO T'PaHHUIIA Kpyra. A pacCTOSIHUE OT I[EHTPa OKPYKHOCTH 10 JII000M TOYKU Ha
Hell Ha3bIBaeTcs paguycoM. Jlmamerp Kpyra — 3TO OTPE30K, KOTOPBIH COEIUHSET JABE TOUYKHU Ha
OKPY>KHOCTH U TIPOXOIUT uepe3 e€ 1eHTp. JuaMerp kpyra paBeH IByM €ro paauycam.

IIpssMoOyroJibHUK

IIpamoyzonvrux — 310 (Urypa, COCTOSINAs U3 YETHIPEX CTOPOH M YETBIPEX MPAMBIX
YIJI0B, Y KOTOPOM:

e IIPOTHBOIIOJIOXHBIC CTOPOHBI paBHBI MCK/Y 0060171;
e J[MAaroHaJIi paBHbI U JACJEITCA B TOYKE IICPCCCUCHUS I1O0I10JIaAM

¢ OKOJIO IPSIMOYT OJIBHUKA MOKHO OIMCATh OKPY>KHOCTb C LIEHTPOM B TOUYKE I1€PECEUECHHUS
€ro IMaroHajae u paguycoM, KOTOPBIN PaBEH MOJIOBUHE JUArOHAJIEH.

KBagpar

Keaopam — 310 TOT k€ NIPIMOYTOJIbHUK, Y KOTOPOTO:
e BCE CTOPOHBI PaBHBI,
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e BCE yIJIbl PaBHBI U cocTaBisA0T 90 rpaaycos;
e JMaroHaJIM PaBHbI U NEPHEHIUKYIISIPHBI,

e IICHTPLI BITMCAHHONM W ONHWCAaHHOH OKPY’>KHOCTHU COBIIAAAalOT W HaAXOAATCA B TOYKE
IIEPECEUYEHHUs] €0 TUarOHaJIEH.

Tpaneuus

YeTbIpEXYrobHUK, Yy KOTOPOIrO JBE CTOPOHBI IapajUlebHbl, a JBE — HET,
Ha3bIBaeTca mpaneyueti. ECin cyMMa JJIMH OCHOBaHHUM Tpaneluy paBHAa CyMMe JJIMH OOKOBBIX
CTOPOH, B HEE MOXKHO BIIMCATh OKPY’KHOCTb.

Mapannaesorpamm u poMo

Hapaﬂﬂeﬂoepamm — I-IeTpréX}’TOJIbHI/IK, IMPOTHUBOMOJIOKHBIC CTOPOHBI KOTOPOT' O IMOIIAPHO
InapauiCJIbHBbI.

Pom6 — 310 napannenorpaMM ¢ paBHbIMH CTOPOHAMH.
[Tapamienorpamm UMeeT Clenyrolue CBONCTBA:

e TIPOTUBOIOJIOXKHBIE CTOPOHBI U YIJIBI PaBHBI;

e CyMMa JBYyX JIOOBIX cOCEIHUX yriioB paBHa 180 rpamycam;

e JMaroHaJIM IEPECeKaroTCs U TOUKOM IepeceueHus AEATCs MOoI0JIaM;
e Kaxk/as IMaroHalb JeIUT (GUTypy Ha JBA PaBHBIX TPEYTOJIbHUKA.
OcHOBHbBIE BeJJMYHHBI U HX (DOPMYJIBI
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Bce reomerpuueckue GuUrypsl UMeIOT CBOU XapaKTEPUCTUKU U COOCTBEHHYIO BEJIUUYHUHY.
CaMbIMM pacrpocTpaHEHHBIMH SIBJISIIOTCS TaKWe BEJIWYUHBI Kak IUioumanb ¥ nepumerp. OHu
UCIOJIb3YIOTCS B IOBCEAHEBHON KM3HHU, B CTPOUTENILCTBE U B Ipyrux obnacrax. Hampumep, Bo
BpeMsI PEMOHTa WJIM HOBOI'O CTPOUTEJIHCTBA, KOJIMYECTBO HEOOXOJIMMBIX MaTepuajoB U 00BEM
paboT He onpeneanTh, He BEIYUCIIUB 3apaHee IUI0LAb U IepUMETP.

Ilepumetp

[TepumeTpoM Ha3bIBaeTCs 3aMKHYTash TIpaHUIA IUIOCKOH TEOMETpUYECKOl (Urypsl,
KOTOpasi oTAeNsieT e€ BHYTPEHHIO 00acTh OT BHewHeil. [lepumetp ecth y mo6oi 3aMKHYTOM
reoMeTpudecKoi GpUrypsi:

I3 O I

3 ISMART

Ha pucyHke nepuMmeTpsl BBIAECIECHBI KpacHOM JmHHEH. llepumeTrp OKpy»KHOCTHM 4YacTo
Ha3bIBAIOT JJIMHOM.

[lepumeTp usmepsercs B €AMHULIAX U3MEPEHUS JJIMHBL: MM, CM, IM, M, KM.

O6o3Hayaercst 3arJ1aBHOM JTaTUHCKOH P.

Bbiuncienne nepuMeTpa M NJIOIAIH

Ilepumemp — 5TO JUIMHA 3aMKHYTOT'O KOHTypa T€OMETpHuYecKoil ¢urypsl. MoxHO,
KOHEYHO, U3MEPUTh JTMHEUKOHN JJIMHBI BCEX CTOPOH U CIOXHUTh NX. Ho sydnie Bocnonb30BaThCs
crienragbHbIMU (POPMYyJIaMHU Uil BBIUUCIICHUS TIEPUMETpa, 3TO 3HAUUTEIBHO YIIPOCTHUT 3a4a4y.

o KBgazpat: nepumetp =4 * cropona.

TpeyronbHuk: nepumeTp = ctopoHa 1 + cropona 2 + cropoHa 3.

o HenpaBuiabHbIM MHOTOYTOJIBHUK: IEPUMETP = CYMME BCEX CTOPOH MHOTOYT OJIBHUKA.

o Kpyr: mmmHa okpyxHoctn = 2 * m * paguyc = n * nuametp (rae m — 3TO YUCIO IU
(xoHCcTaHTa, MpUMepHO paBHas 3,14), paguyc — 5TO AJIMHA OTpe3Ka, COCTUHSIOUIETO IIEHTP
OKPYXHOCTH U JIFOOYIO TOYKY, JISKALIYI0 Ha 3TOH OKPYKHOCTH, JMAMETP — 3TO JJIMHA OTpe3Ka,
IPOXOASILEro Yepe3 LEHTP OKPY>KHOCTU U COEAMHSIOLIEro JI00bIe [BE TOUKH, JIeKalUe Ha 3TOH
OKPY>KHOCTH).

Jlnis BeIuuCiIeHUs naowaou GUrypsl Takxke norpedyercs coorsercTByromas gopmyna. K
pa3HbIM (Urypam IpUMEHSIOTCS pasHble (GopMyJibl. [l BBIYMCIEHUS IJIOMAAN CTaHAAPTHBIX
reoOMeTpUYECKUX (UTyp MOXKHO BOCHOJIb30BATHCS CIEAYIOIIUMHU (GOPMYIaMHU:

o [lapannenorpamm: miomnaas = OCHOBaHUE * BbICOTA

o KBagpar: miomniags = cropona 1 * cropona 2
TpeyronpHuk: miuomanb = 2 * ocHoBaHUE * BbICOTA

o Kpyr: mnomans = n * paauyc? (rae paauyc — 3To JJIMHa OTPe3Ka, COSAUHSIIOLIEr0 HEHTP
OKPY’KHOCTH U JIF0OOYI0 TOUKY, JIEXKAIIlyI0 Ha 3TON OKpyKHOCTH. KBasipar paguyca — 310 3HaueHHe
panuyca, yYMHO)KEHHOE CaMo Ha ce0s).
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: S =q*
- P =4a P — cymMa cTopoH ¢purypbl
xaa;pa‘r d=aVv2 d— aanHa quaroHanu
d " S=a-b
N d = \/a? + b2
NPAMOYIONbHUK

A

a
napannenorpamm

Sr=weh

S=a-b-sing h — BbICOTA

Ssavh
3
@ S=a?-sing  h-—BbicoTa
1
pom6 S= % dy-d; d, ud, — AuaroHanu
b +b
S'= 2 -h  awub-— ocnoBanus
= 2
/ h h — BbICOTA
a a+b
Tpaneyus m= 5 —  cpejHsis JIMHUA
S=nhis
L=2rR=nD D - puamerp
Kpyr L — JAIMHA OKPYXHOCTH
b
/A\ 1
L4 —-_——q-
= i 5" h
1
s 2
/@\ S=p-+r p-—noaynepumerp
I — pajiMyc BIIMUCAHON OKPYHHOCTH
TPEYTONbHUK
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S==-a-b
Mk e 2
C a B S — 1 . C . h
NPAMOYTONbHbINA 2
TPeYronbHuK
c? = a? + b?

Pemenne 3aganuu:
3aganme 1. Haiitu nomaas ygactka, OTBEIEHHOTO MOJI CTPOUTENIHCTBO:

8 cm. 12 cm

3cm

10cm

4cm

5¢cm

3aganue 2. /lan niiaH KOMHATbI. BEIYHCIIHTE:
1)S cren=

2) S motonka=

3) S monma=

L 4m
noTornoK

CTeHa CTeHa CTeHa

3m

im

3ananue 3.
M3BectrOo uTo: 1) S cTren= 67 m 2 2)S mortosnka= 32 m 2 3) S mosta=32 m 2

Haiitu ctTouMoCTh PEMOHTaA IKOHOM KJ1acca, NCII0JIb3yA TaHHBIC Ta6J'II/II_H>II
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HaumenoBanue [lena KonuuectBo CroumocThb
O6omu, 1 Tpydxa=10m 2 500p.

Jlamunar, 1m 2 500 p.

Kpacka, 1 6anka Ha 10M 2 1000 p.

PeMOHT cBOMMU pyKamu

Hmoczo:

Haiiti croumocTs peMOHTa OM3Hec KJiacca, CIOJb3Yys JaHHbIE TaOIHIIbL:

HawnmenoBanue Ilena KoymmuectBo | CTtomMoCTh
O6on, 1 Tpy6xa=10m 2 2000p.
Jlamunar, 1M 2 1500 p.
Kpacka, 1 6anka Ha 10m > | 2000 p.

PeMOHT BBITTOTHSIOT pa60tme, CJICIOBATCIIbHO, CTOUMOCTb HY’KHO YMHOXHUTDH Ha 2.

Hmozo:

IIpakTnuyeckas padora Ne6
Tema 1.6: BxoagHast KOHTpoJIbHas paboTa

Hean: IIpoBepuTh YpoBEeHb YCBOEHHS JaHHOrO MaTepuaia mo pazaeny 1 «lloBTopenue
Kypca MaTeMaTUKH OCHOBHOM IIKOJIBI»

Ilpu pewenuu 3adanuit 1-4 3anuwiume npaAGUILHBIIL OMmM6Eem U3 Uemblpex

npPeonoIHceHHbIX.

1. (1 6amr) Packpoiite popMyily COKpAIIEHHOTO YMHOKEHHUS a2-h?:

A) a*-2ab+b? B) (a-b)(a+b); B) a’+2ab-b? I') (a-b)(a-b)

2. (1 6ayn) [1nomanp TpeyrojabHUKA BBIYUCIAETCSA IO popMyie:

A) S=a*b; B) S=(a*b)/2; B) S=2a*b; I') S=(a*b)/3.
10 5
3. (1 6amn) Kakoe U3 ciaeayrommux 4ucell 3aKIF0YeH0 MEXTy YHCIIaMU T E?
A)0,4;5)0,5;B)0,6;1)0,7
4. (1 6amn) Hansl rpadukn pynkuuit. Kakas popmyna coorBerctByet rpaduky 3):

1)

2)

o

ENEEEIE ;\_ )

o

|

/
/-

A)y=%x—6;E)y=x2—8x+1l; B)y=—z;l")y=x+5-

3)

i =

/ pewlyora,

Ilpu évinonnenuu 3a0anuii 5-8 3anuuwiume x00 pewieHus u nOJYYeHHbLIL OMeEem.

5. (2 6anna) Beruucnure % + %

6. (2 6amna) Pemmte ypaBHenue x2 - 7x + 10 = 0. Ecinu ypaBHEHHE UMeEET 60JIEE OIHOIO
KOpHS, B OTBET 3aIIMIINTE MEHBIIUN U3 KOPHEH.
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7. (2 6amna) Ilnomane 3emMelnb KPECTbIHCKOI'O XO35ICTBA, OTBEAEHHAs IOJA IHOCAAKY
KyCTapHUKOB U I[BETHUKOB, COCTaBJsET 24 ra U pacnpencsieHa MeK1y HUMH B OTHOILIEHHH 5:3.
CKOJIBKO reKTapoB 3aHUMAIOT [IBETHUKHU ?

8. (2 6amna) Bricota BH mapannenorpamma ABCD nenut ero ctopony AD Ha orpesku
AH = 2 u HD = 32. [uaronans mnapasuienorpamma BD paBna 40. Haiigute miomans

napaJuiesorpamMma.
Imanonvt omeemoag:
Homep 1 2 3 4 5 6 7 8
3aIaHus
OtBer b b B A 2,7 2 9 816

IIpakTnueckas padora Ne7

Tema 2.2: OcHOBHBIE TPUT'OHOMETPUYECKHE TOXKAeCcTBA. DOPMYJIbl IPUBEICHUS
Henb: Hayuuts ncnosb30BaTe OCHOBHBIE TPUTOHOMETPUUYECKUE TOXKAECTBA U (OPMYJIBI
IIPUBEJIEHUS IIPU IPEOOPa30BaHUN BbIpaK CHUM

TeopeTnueckas 4acTh:

Dopmynvl npuseoeHus

Cpa3y mepeunciuM OCHOBHBIE TPUTOHOMETPHUECKHE TOXJIECTBA, KOTOphbIe pa3depeM B
3TOM cTaThe. 3amuieM WX B TaOJHMIly, a HUXE JaJUM BBIBOA 3THX (OpPMYT U HpHBEIEM
HeoOXOAMMBIE MTOSICHEHUS.

sin‘a+cos’ a=1

Sin o COS
leat=———. clea=——
COSeY sin ¢

tgc-ctear =1

2 1 2 1
e +l=——— l+cig o=—7F

cCos™ o Sin o

Css3b MEK1Yy CUHYCOM U KOCMHYCOM OJIHOI'O yrJja
HNuorna roBOpPAT HE 00 OCHOBHBIX TPUTOHOMETPHUUYCCKUX TOXACCTBAX, ICPCUUCIICHHLIX B
Ta6J'H/II_I€ BBIIIC, a 00 OJHOM CAIUHCTBCHHOM OCHOBHOM TPUTOHOMETPUIECCKOM

sin“ @ +cos  a=1
TOK/IeCTBE BH]A . OOpsicHenue 5TOoMy (HaKTy [OCTATOYHO MPOCTOE:

Igza:+1 = # ]+EI§2£}I=+
paBeHCTBa cos o S & ponyygarores us3 OCHOBHOT'O
TPUrOHOMETPHYECKOTO TOXKIECTBA nocrne Nenenus 0benx ero yacreit
cos’ @ sin‘e
Ha u COOTBETCTBEHHO, a
' cosa

S &
e = . Cclga=— ; ; |
paBCHCTBA cosa sma , 18X~ CIga= CIIEAYIOT U3 OIIpEaeIeHUN
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CHHYyCa, KOCHHYca, TaHTeHca M KoTaHreHca. [logpoOHee 00 3TOM MOrOBOPUM B CIEAYIOIIUX
MyHKTaX.
- 2 2

To ecth, 0cOOBII MHTEpEC NpPEICTaBISIET MUMEHHO PaBEHCTBO SIn” &P {IZI,
KOTOPOMY U JIaJIi Ha3BaHHE OCHOBHOI'O TPUT' OHOMETPHUUECKOI'O TOXKIAECTBA.

[Ipexxne yem Jo0Ka3aTh OCHOBHOE TPUTOHOMETPUYECKOE TOXKIECTBO, HaJUM €ro
(GopMyITHPOBKY: CyMMa KBaJpaTOB CHHYCa M KOCHHYCa OJHOIO YIJla TOXKJECTBEHHO paBHA
eauHule. Ternepb T0KaXeM €ero.

OOpatumcst kK enuHUYHOM OKpyxHOCTH. [1ycTh HavansHas Touka A(1, 0) mocie moBopoTa

Ha yroi a nepexoguT B Touky Ai. B cuily onpeneneHuil cuHyca U KOCHHYyca TOouka Ap UMeeT

(cos e sin ) y
KOODIMHATHI . Bbonee Toro, Touka A; IEKXHT HAa EIMHHYHOH OKPY’KHOCTH,
CIIEI0BATEIEHO, €€ KOOPAMHATHI JOJDKHEI Y OBICTBOPATh YPABHEHUIO CIUHUYHON OKPYKHOCTH,
KOTOPOE uMeeT B X>+y?=1. To €CTb, JTOJKHO OBITH CIIPaBENIMBO

1 4 2
cos g+sm o=1
paBeHCTBO . 3TI/IM JTOKAa3aHO OCHOBHOC TpI/IFOHOMeTpI/I‘-ICCKoe TOXIOECCTBO

JUTSL JTIOOBIX YTJIOB TOBOPOTA

= 2 2
simn"a+cos  a=1 .
PagenctBo 4acTo Ha3bIBAIOT TEOpeMou [Tudaropa B
TpI/Il"OHOMeTpI/II/I. HOHCHI/IM 3TOT MOMCHT.

Bo3pmeM enuHMYHYIO OKpY)XHOCTh. [loBepHeM HauanpHyto Touky A(1l, 0) Bokpyr

touku O Ha yron o [Tycte Touka A mociie 3TOro MOBOPOTa mepexomuT B Touky Ai(X, V).
Onyctum u3 Touku A; nepnenaukyssip AtH Ha npsamyro OX.

Y

Jwww.cleverstudents.ru

Paccmotpum npsmoyronsabi TpeyronbHuk OAi1H. Xopomo BUIHO, YTO B HEM JJIMHEI
kateToB A1H 1 OH paBHBI COOTBETCTBEHHO MOAYJIIO OPAMHATHI U  alciucchl TOYKU A1, TO
ectb, |AtH|=|y| u |OH|=|X|, a nnmuua runoteny3sr OA; paBHA paanyCy €AMHHYHON OKPYKHOCTH,
10 ecth, |OA1|=1. Teopema ITugazopa no3sonser 3amnucath paBeHcTso |[A1H[>+|OH|?=|0A1|?,
KOTOpOE MBI MOXKEM THiepenucaTh kak |y[2+|x|*=1% umm y?+x?=1. Ho o

SiInN=Yy cosa=x
u

OIPEIENEHUIO , TOrJa OT PAaBEHCTBA Y?+X2=1 MBI MOXEM TEPEUTH K

sin® @ +cos- =1
paBEHCTBY :

OCHOBHOE TPUTOHOMETPUYIECKOE TOXKIECTBO 33Ja€T CBSI3b MEKIY CHHYCOM M KOCHHYCOM
OJTHOr'0 yryia. DTO MO3BOJSIET BBIUUCIATh CUHYC yIjla, KOrJa M3BECTEH KOCHHYC 3TOro yria, u
BBIUUCIISATh KOCHHYC YIJla, KOrja M3BECTeH CHHyC yria. Jlig 3Toro J0cTaToOYyHO

sin® o +cos” =1

paBeHCTBO pa3pemHTL OTHOCHUTCIBHO CI/IHyca nu Koanyca
s =x+1-cos" ¢ cosg==x+1-35n"&
COOTBCTCTBCHHO. u . 3HaK nepeﬂ KOpHeM
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3aBUCHUT OT BEIMYMHBI YIja a. [TonpoOHee 006 3TOM MBI IOTOBOPUM B pa3ielie BHIYUCICHUE
CHHYCa, KOCHHYCa, TAHT€HCA ¥ KOTAHI'€HCa C UCIIOIb30BaHUEM TPUTOHOMETPHUECKUX POPMYII.

OCHOBHOE  TPHUTOHOMETPUYECKOE  TOXKAECTBO  OYEHb  YacTO  HCIOJb3yeTcs
IIpU npeobpazoeanuy mpuecoHomempudeckux evipasxcenuti. OHO MO3BOJSIET CYyMMY KBaJpaToB
CHHyca M KOCHHYyCa OJIHOTO YyIrja 3aMeHATh eauHuneid. He wMeHee uacto OCHOBHOE
TPUTOHOMETPUYECKOE TOXKIECTBO HUCIOJIB3YETCS U B OOPaTHOM MOpSIJIKE: €AMHUIIA 3aMEeHseTCs
CYMMO# KBaJpaTOB CHHYCa U KOCHHYCa KaKOro-IMOo0 yria.

TaHreHc U KOTaHIeHC Yepe3 CHHYC U KOCHHYC

ToxpaecTBa, CBA3BIBAIOIINE TAHIEHC U KOTAHTE€HC C CHHYCOM M KOCHHYCOM OJIHOTO yIJa

S ¥ COsar
toa=—— clgo=—r0
BUIA COSL ¢ SML & cpasy chnedyrOT W3 OIpEACICHHI CHHYCa, KOCHHYCA,
TaHTeHCA U KoTaHreHca. JlefCTBUTENBHO, 110 ONPEIEICHUI0 CUHYC €CTh OpJHATA Y, KOCUHYC €CTh
¥ o singa
e ===——
abciucca X, TAHTCHC €CTh OTHOIIEHHWE OPJMHATBHI K adciHcce, TO €CTh, X COS g

X cosa
clga=—=——

KOTaHT€HC €CTh OTHOIIEHHE a0CIMCChI K OPAMHATE, TO €CTh, ¥y osma
sin o COSc
lea=—— cloga=——
bnaromaps Takoili = OYEBHIHOCTH  TOXJIECTB COSU ¢ S €€ gacro
OmpeJieNieH st TAHTeHCa U KOTAHT€HCa JIal0T He Yepe3 OTHOMIEHHE abCICChl M OPJMHATEI, a Yepe3
OTHOIIEHHE CHHYCa U KOCHHYyca. Tak TAHI€HCOM yIJia Ha3bIBAKOT OTHOILICHHE CHHYCA K KOCHHYCY
9TOro yria, a KOTaHr€HCOM — OTHOIIEHHE KOCHHYCA K CHHYCY.

B 3aKJII0YEHUE 3TOro [YHKTA Clieqyer OTMETHUTD, 4TO
sin o cosc
tea=—— cleot=——0 o
TOXKIECTBA COSC S € gmeroT MECTO Ui BCEX TAaKUX YIJIOB —, TpH
KOTOPBIX BXOMAINME B HHX TPUTOHOMETPHUYECKHE (YHKIMH HMEIOT CMbICH. Tak
sin & T
toot=—— o —+T-Z

bopmyna COS crpaBemmBa IS JTOOBIX &, OTIMYHBIX OT 2 (uHaue B

COsC

cleor=——
3HaMeHarese Oy€eT HyJlb, a JeJICHHE Ha HYJIb MBI HE ONPEaeIIsuin), a popMylia sm ot -

JUIS BCEX a , OTJINYHBIX OT T- Z 1ne 7 - mo6oe 1eT0e YHCIo.

Ces3b MEKIY TAHTEHCOM U KOTAHI'€HCOM
Emie bonee OYCBUJHBIM TPUTOHOMETPUUCCKUM TOXKICCTBOM, 4YEM JiBa IPCAbIAYIINX,

ABJIACTCA TOXKACCTBO, CBA3BIBAIOIICC TAHI'CHC MU KOTAHI'CHC OJHOrO yrijia BHJa fgﬂ‘f Cfg - ]'

T
o it

T[TOHATHO, YTO OHO HMEET MECTO JUIs JIIOOBIX YII0B = , OTIMYHBIX OT 2  , B IPOTHBHOM CIIydae
1100 TAaHTEHC, TMOO0 KOTAHTEHC HE OMPECIICHBI.

JlokazaTenbcTBO (hopMyJIBI fga-ctga=1 OYEHb POCTO. ITo

; X P X
;gg_:l ciga = — rg{x-cfgazl-—_zl

OMpEIEICHUIO X u Y. OTKyJa Y MoxHo  ObLIO

sin o cosa
lga=—— clgoa=——

JIOKa3aTeIbCTBO TPOBECTH W HEMHONO HHade. Tak Kak COSX y Sl o

sina cosa 1

lea -clgo =

TO COsSc¥ sm &
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HTak, TAHr€HC M KOTAHT€HC OJTHOTO YIJIa, IIPH KOTOPOM OHH MUMEIOT CMBICI, €CTh B3aUMHO
oOpaTHBIC YUCIA.

TaHreHc M KOCHHYC, KOTAHTEHC ¥ CHHYC

HaKOHGH, Mbl HNPUIIA K ABYM IOCICAHUM HU3 OCHOBHBIX TPUTOHOMCTPUUCCKUX

5 1 ) 1
e a+l=———, l+cigo=——
TOXKIECTB Cos « Sl &  Ouwm cBA3BIBAIOT TAHTE€HC M KOCHHYC, a

TaK)Ke€ KOTAaHI'€HC U CHHYC OJHOTO yTJIa.

[IpuBenem ux GopMyIupOBKH: CyMMa KBaJpaTa TaHT€Hca yria U €MHUIIBI paBHA YUCIY,
00paTHOMY KBaJIpaTy KOCHHYCa 3TOT0 yTIia, a CyMMa €JMHUIIbI ¥ KBaJIpaTa KOTAaHTeHCa yIila paBHa
4uciy, 00paTHOMY KBaJpaTy CHHYyCa 3TOro yria.

BeiBog ykazaHHBIX (OpPMYJT MOXXKHO IPOBECTH, OTTAJKHUBAsAChH OT OCHOBHOI'O

sin“ & +cos  a=1
TpI/IFOHOMeTpI/I‘{CCKOFO TOXICCTBA BHUJa . ECJII/I pa3IICJ'H/ITL 066 qacCTHu 3TOro

- -
cos o cos o
paBeHCTBa Ha (HpI/I 9TOM, KOHCYHO, JOJIPKEH 6I>ITB OTJIMYCH OT HYJ'I}I), TO MBI

3 1
e a+l=———
MOJIY9HM bopmymy cos Ecim xKe o0e YacTH
sin” o +cos” =1 b4 sm” &
paBeHCTBa pa3nenuTh Ha (mpu  >TOM JIOJDKEH ~ OBIThH

2 1
l+ctgror =———
OTJIMYCH OT H sm @
yJIs), TO MBI IIPUJIEM K TOKIECTBY .

2 1
g o+l ——5—
ol COs™ & o
TaK, TOXIECTBO UMEeT MecTO i JoObIX —, OTJIMYHBIX
T 5 1
— 3Tz ]+lffg =——-
or 2 , @ TOXJIECTBO sma IPH JTFOOBIX O‘r, OTJIMYHBIX OT
®opMyIIbl IPUBEACHHUS:
Onpeodenenue. DopMynaMu TPUBEACHHUS Ha3bIBAIOT (OPMYJIbI, KOTOpbHIE MO3BOJISIIOT

Tz

TepenTH oT TPUTOHOMETPUY ECKUX byHKIUH
ez _ nn 3 TN X T ‘
sm(— =< o) cos(— = o). tg(= = a) ctg(— = a) N
BUJIA N N N - K ¢yHkusM aprymerTta . C wux

MIOMOIIIbI0 CHHYC, KOCHHYC, TAHT'€HC M KOTaHT'€HC MPOM3BOJIBHOTO YIJla MOXXHO NPUBECTH K
CHHYCY, KOCHHYCY, TaHT€HCYy W KOTaHreHcy yria u3 unHrepBaia oT 0 go 90 rpagycoB (oT

0 o 2 paauaH). Takum oOpa3om, HOpMYJIbI IPUBEACHUS MO3BOJISIIOT HAM TIEPEXOAUTh K padboTe
¢ yriiamu B mpenenax 90 rpaaycoB, 4To, HECOMHEHHO, OUCHb YJ00HO.
Dopmyavt npugeoenus:
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sin(90° —a) = cosa cos(90°— a) = sina

sin(90° + a) = cos o

cos(90°+ a) = — sina
sin(180°— a) = sina cos(180°—a) = —cosa
sin(180°+ a) = —sina cos(180°+ a) = —cosa
sin(270°—a) = —cosa cos(270°—a) = —sina
sin(270°4+ a) = —cosa cos(270°+ a) = sina
sin(360°— a) = —sina cos(360°—a) = cosa
sin(360°+ a) = sina cos(360°+ a) = cosa

na ucnonvzoeanun popmyn npueedenusn cyuiecmeyem 06a npaguna.

1. Ecau yron Mo>XHO npecTaBUTh B Bue (/2 +a) umu (3*n/2 +a), To Ha3paHue QyHKIIUHN
MeHsieTcsl Sin Ha Cos, COS Ha sin, tg Ha ctg, ctg Ha tg. Eciu e yrosn MOXHO MpeICcTaBUTh B BUJIE
(m +a) wm (2*m £a), To Ha3BaHUe (PYHKIMH OCTAeTCA 0e3 M3MeHEeHHU .

[TocMoTpuTE Ha PUCYHOK HUXKE, TAM CXEMaTUYHO M300PaKEeHO, KOTJa CIeAyeT MEHSTh
3HaK, a KOTJa HeT

s ABMEHSIEM

PyHKLIMIO

c— HE H3MEHSEM

dyHKLIMIO

2. 3nak npugedennoit yynkyuu ocraercs npexxuuM. Ecim ncxomnas QyHKOus nmMena
3HAK «IUIIOC», TO U NMPUBEACHHASI PYHKLNS UMEET 3HaK «Iltoc». Ecnu ncxoqHas pyHKuus nmena
3HaK «KMUHYC», TO ¥ IpUBEeHHAast PyHKIUS UMEET 3HAK «MUHYC».

Ha pucyHke Huxke mnpencTaBlieHbl 3HAKM OCHOBHBIX TPUTOHOMETPUYECKUX (PYHKLIUN B
3aBUCHUMOCTH OT YETBEPTH.

N\

8T (X)

Penlenue 3aganmii:
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Nel.Haiinure sin o, €ciu U3BECTHO CIICAYIOIIEE:
3411 c CI )
cosa = — T €|
10 2

Pewmenue

Ham wu3BecTeH KocuHYC, HO Heu3BeCTeH cHHYc. OCHOBHOE TPUTOHOMETPHUYECKOE
TOX/1ECTBO (B «YMCTOM» BH/JI€) CBSI3BIBACT KaK pa3 3TH (QYHKIMH, I09TOMY OyJieM paboTaTh C HUM.
Hwmeem:

Sin? ¢ + c0s? o = 1 = sin? a + 99/100 = 1 = sin? ¢ = 1/100 =sin a = +1/10 = +0,1.

Jnsa  pemieHMs — 3agadyd  OCTAJoOCh  HaWTW  3HaK  cuHyca.  [lockomibky
yroi a €(z/2; m),T0 B TpaycHOM Mepe 3To 3anmuckiBaercs Tak: o € (90°; 180°).

CnenoBaTenbHO, yrou g JIeXUT BO |l KOOpAMHATHON 4YeTBEPTH — BCE CUHYCBHI TaM
nojoxurtesbhbl. [Toatomy Sin o =0,1.
OtserT: 0,1

No2 .Hailinure cos @, eciii U3BECTHO CIEAYIOUIEe:

_ V3 E( 3?’[)
smo = —— & i, —
2’ "2

Pemenne

Wtak, HaM u3BeCTEH CUHYC, a Ha/lo HaiiTh KocuHyc. O0e 3TH (HYHKIIUU €CTh B OCHOBHOM
TpUTOHOMETpUUYECcKOM ToxaecTse. [loacraBmnsem:

sina+cos?a=1=3/4+cos?a=1= cos?a=1/4 = cosa==%1/2=20,5.

Ocranoce pa3obpatbcst €O 3HAKOM Tmepes, ApoObro. UTo BeIOpaTh: MIIIOC WM MUHYC?
ITo ycnoButo, yroi o IPpUHAICKUT TPOMeKYTKY (7 37/2). IlepeBeneM yribl U3 pagdaHHOM
Mephl B rpagycHyto — noiayuuM: o € (180°; 270°). OueBunno, 3to Il koopanHaTHas 4eTBEPTh,
IJIe BCe KOCUHYCHI oTpuliatelbHbl. [ToaTomy €OS a = —0,5.

OtBet:—0,5

Ne3 . Haiinure tg o, eciivi U3BECTHO CIIEYIOIIIEE:

1 3m
oS =—:; @ E (—;Zn)

Perenue
Taurenc Y KOCHUHYC CBS3aHEBI YpaBHEHUEM, CIEAYIO UM U3 OCHOBHOTI'O

TPUTOHOMCTPHUICCKOI'O TOKICCTBA:

tg’a+1= =>tg?a=10-1=9

COS* &

[Monmy4aem: tg a = +3. 3HaK TaHTeHCa OIpenelsieM 1o yriy o. U3BectHo,uto a € (37/2;
2r). [lepeBeneM yribl W3 paJuaHHOW Mepbl B rpaaycHyr — monyuum o € (270° 360°).
OueBuHO, 310 IV KOOpAMHATHAS YETBEPTH, I/I€ BCE TAHI'€HCHI OTpULATeNbHEL [loaTOMYy tg o =
-3.

Ortser: —3

Ned4 Haiinure cos a, eciii H3BECTHO ClIEAYIOIIee:

i 3
sina =—0,8; a € (?, ZTE)

Pewenne

CHOBa M3BECTEH CHHYC M HEU3BECTEH KOCHHYC. 3alHIIIeM OCHOBHOE TPHTOHOMETPHUYECKOE
TOXKJIECTBO:

sin a+ cos? a=1= 0,64 +cos?a=1= cos? a=0,36 = cos a = +0,6.

3Hak onpenenseM o yriay. Umeem: a € (37/2; 2x). TlepeBeeM yriibl U3 TpayCHON MEphI

B paguannyo: oo € (270° 360°) — orto IV koopauHATHAsE YETBEPTh, KOCHHYCHI —Tam
noioxkutensuel. CiegoBarensHo, C0S a = 0,6.
OtBeTt:0,6

Ne5.Haiinure sin o, €ciu U3BECTHO CIIEIYIOIIEE:
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ctgat=2v"g; i:IE('D;g)

Pewenue:
3anumeM GopMmysy, KOTOpasi CleayeT U3 OCHOBHOI'O TPHUTOHOMETPUYECKOTO TOXKIECTBA
n HaHpﬂMYIO CBsA3BIBACT CI/IHyC N KOTAHI'CHC.

1 1
2
ctgta+ 1 =— = — =24+1=25
g sinfa sin‘a
Orcroma nmosydaem, 4to sin? a = 1/25, T.e. sin a = £1/5 = £0,2. 3BecTHO, 4TO Yyroa a €
(0; #/2). B rpagycHoit Mmepe 310 3anuceiBaetcs Tak: o € (0°; 90°) —I kooparHATHAS YETBEPTh.

Wrak, yrom wnHaxomutcs B |KoOpAMHATHOM YETBEPTH — BCE TPUTOHOMETPUYECKHUE
(GYHKIIMU TaM TOJIOKHUTEIbHBI, T03TOMY Sin o = 0,2,
OtseT: 0,2
. . 5
No6.Hailinure sina u tga, ecnv cosa = o
. . 5
Ne7.Halinure cosa u tga,ecnusin a = T
. . 4
No8.Hailinure sina u tga, ecnv cosa = — m
o . 8 3m
Ne9.Haiinure cosa u tga,ecnusin a = — el T<<a< >
o . 3
NelO0.Haligure cosa usin a,eciatga = —1ln n < a < >
Nell. YnpocTuth BeIpakeHUE:
2
——1|®cig
1 ncost &
Pewienue:

1
[ = —l]'c.tgzcr=[1+£g2¢:r—1)'c.tg2cr=1
cos” &

2 fgarwofion— [r.g.::E L1 -::E]I2

Pemenne:

g ercign — [ﬁg-::r-cos -::r]l2 =l-sin*@=rcos’a
l-sin §  cos 8

3 Ces g 1+an g

Pemenue:

1-sin &  cos 8 Cl-sin? f-cos’ 8
cos & 1+sin,5_ cosﬁ[1+sin,5} -

Nel2. Ynpoctute BeipakeHue
1. 1= cos® &

5 cos? {1’+(1— sin? cl’)

3 [l:os -::r—l:l [1+|:os .::E:l

cos” -::L’—[l—Esiﬂ2 ck')
4,
5 SN & cosd-ciga—1
cos @
6. cos® a—1
l-cos® @
7. 1-sin’ @

8 sin® @+ cos® at+igta
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s O

9. g
1— Sif1 &Y Cos
10 ciooy
Nel3. IIpeobpa3oBath, HCHOIB3Ys POPMYIIBI IPUBEACHUS
sin%r= sin(Z . 27t+§) = sin§=\/7§

131 T ., T 1
cos — = cos(2-2n+—)= Sin—=-
3 3 3 2

13w T T
tg?gztg(Z'ZT[-Fg): tggz\/g 1
Vs s Vs
ctg - = ctg(2-27t +§) =ctg; = 7
Nel4. Berauciure:
a) cos105%; 6)sin105%;  B) cos75%; r)sin75% n)tg75°;  e)sin15°
Nel5. Haitgure 3HaueHM e BhIpaXK CHUS;
a)sin240°; 6)cos300°; B) tg(—225%); 1) ctg =
Nel6. IIpeobpasyiiTe BelpaxeHue:
cos(—a)-cos(180°+a)
sin(—a)-sin(90%+a)

IIpakTnueckas padora Ne§
Tema 2.4: ®opmyJibl MOJOBHHHOTO yriia. @OpMYJIbl MOHWKEHUS CTETICHU
Heab: Hayuntbcs ucmonp3oBaTh (OpMYIIBI MOJOBUHHOIO Yyria MpH MPeoOpa3OBaHHUH
TPUTOHOMETPUUYECKUX BbIPaKECHUI

TeopeTuyeckas 4acTh:
@®opMy/bl  MOJOBHHHOIO Yyrja (UX eme Ha3blBaloT (QOpMyJIaMH TOJIOBUHHOTO

(44

apryMeHTa) BBIpaXXAalOT CHHYC, KOCHHYC, TaHI€HC W  KOTAHI€HC YyIJja 2 qyepes

TPUTOHOMETpUYECKHE (PYHKIIMH CAMOTO yIJa a , 1 TEM CaMbIM IPEJCTABIISIOT CO00I HEKOTOPYIO
MPOTHUBOIOJIOKHOCTD (hopMyaM TBOWHOTO yTia.

.2 1—cosa
s —=—
2 2

s 1+ cosw
coy —=——
2 2
a.‘g:a 1—cosa

2 l+cosa
s 1+ coso
g™ —= ———
2 l-cose

Pemenue 3aganmii:
Nel. JlokazaTs:

o sina
tg - = ———.

2 1+ cosa
JlokazaTenbCcTBO:
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. . a . a . .
a Sinsg 2sin+ Esm—cosi sina sina

2 a a 2 @ — €05 1+ cosa
cos 5 2c0s8 > 2cos 2 2 —

Cﬂsg =+ 0.

No2. Jloka3ats:
¢ 1—cosx

tg—= -
2 sina
JlokazaTenbCcTBO:
. .« .o O 1— cosa
a Sins 2sin 2sin? = 2-———— 1 -— rosa
tg = % : t% = a - T = e -
2 cos= 2sins 2s5in—cos— sina sina
2 2 2 2
ird . o
cos—=+10 sin— =0
AHanu3z: Kpome Z no0aBIIsieTCS 2 , uTo cyxkaetr OJ13.
12
cosa = ——
13
3w
n<a<—
Ne3. Jlano
Hatitu:
a a a a

sin—, cos—, tg—, ctg—.
2 2 2 2
AHanu3 ycioBusi: Yrou 3ajlad OfHO3Ha4HO, CM. puc. 1.

ytk

= 4

Puc. 1.
VYkazanue: Bce (DYHKIMH IOJIOBUHHOTO apryMEHTa MOXKHO BBIYUCIISITH Y€pe3 KOCHHYC

IIOJTHOT'O apI'yMEHTA.

Pentenue:
12
., a l+cosa l1—33 1
sin® —= = =—,
1) 2 2 2 26
In T a am
T<a<— —<—<—
2. 10 2 2 4 , T.€. yrOJl BTOPOW YETBEPTH, IZI€ CUHYC BEIMYMHA
ITOJIOXKHUTCJIbHA.
.o
Sin—-—=—=
OTtBeT: 1"'26.
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12
a 1-|—r:ﬂsa:: 13

cos—= = —
2 2 2 2 2
o
Brie mokasaji, 4To 2 HAXOJUTCS BO BTOPOW YETBEPTH, IJIC €ro KOCHHYC BEIMYHHA
OTpHIIaTEIbHAS.
cos 2=_ 1
OT1BeT: 2 ""f26.
IIposepka:
2 2
ot =1(2) + (- 7)1
sin“- —+cos“—=1|— —-——] =1,
2 \-’E w’%
1=
sin @ >
a =
2  cos— 1
2 TS
3) W 26
tg— = —b5.
OTger: g 2
. a 1 1
iy —_=— = — —
g 2 g2 5
93
4)
@ 1
ctg— = —=
OrtBer: g z 3,

Ne4. JlaHo: sina = 0,2.

.3 T [l
Sin -— .
Haiitu: ¢ 2

Pemmrenue:

4 2

r

2 (n a) - ﬂﬂsz(;r ﬂ) 1 -I—zsina 1 +20,2 _ 1:,22 06

OTtBeT:

IIpakTnueckasi padbora Ne9

Tema 2.7: Onimcanue Npor3BOACTBEHHBIX MPOIIECCOB C TOMOIIBIO TPAPHUKOB (PYHKIUH
Henb: HayunThes npuMeHATs GYHKIUYU B peLIeHUH TPpo(decCHOHAIbHBIX 33124

TeopeTuveckasi 4acTh:

[IyTh Kk moOSIBICHHIO TOHATUSA (YHKIUU 3aT0XKUIU B 17 Beke (paHIly3cKue yYCHbBIC
@pancya Buer u Pene [lekapt; oHM pa3paboTany ennHyr0 OYKBEHHYIO MaTeMaTH4eCKYIO
CHMBOJIMKY, KOTOpasi BCKOpE IOJydusia BceoOllee MNpu3HaHWE. BBeneHo ObLIO eauHoe
0003HaUEHNE: HEM3BECTHBIX - MOCIEAHUMU OYKBaMU JIATHHCKOTO ajdaBuTa - X, y, Z, U3BECTHBIX -
HavyaJbHBIMH OyKBaMH TOTO € andaButa - a, b, ¢, ... u T.0. [lon kaxmoit OykBoOil cTayo
BO3MOXHBIM TOHUMAaTh HE TOJHKO KOHKPETHBIC JaHHBIC, HO M MHOTHE JPYyrue; B MaTEeMaTHKY
MPUIILIA Uest U3MEHEHHS. TeM caMbIM MOSBUJIACh BO3MOYKHOCTD 3aIMCHIBATh 0011IHE (hOPMYJIBI.
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Kpome Toro, y Jlekapra u @epma (1601-1665) B reomerprdeckux paboTax MOSBISACTCS
OTYETJIUBOE IPEJICTaBJICHUE NEPEMEHHON BEIMYUHBI U MIPSAMOYTOJIbHON CHUCTEMbI KoOpauHaT. B
cBoel «['eomerpun» B 1637 rony JlekapTt aaetr noHatue QyHKUMHU, KAK U3MEHEHUE OpAMHATHI
TOYKU B 3aBUCHUMOCTH OT U3MEHEHHMsI €€ a0CIUCChl; OH CUCTEMaTUYECKU paccMaTpUBall JUIIb Te
KpUBBIE, KOTOpPbIE MOXHO TOYHO IPEACTaBUTb C IIOMOIIBIO ypaBHEHUH, IPUTOM
IPEeUMYIIECTBEHHO anredpandeckux. IlocTeneHHo moHsTHE (QYHKLIUU CTalO OTOXJECTBISATHCS,
TaKUM 00pa3oM, C MOHATHEM aHAIUTHYECKOT O BEIPAXKEHUS (OPMYIIbI.

Yro Takoe ¢pyHkiusa? Pa3Hble yueHble BBIABUTAIN pa3Hble MbICIH. Ho MBI OcTaHOBHMCS Ha
onpeneneHny @DyHKIMEH Ha3pIBalOT COOTBETCTBUE, NPU KOTOPOM KaXKJIOMY OJJIEMEHTY U3
MHOXeCTBa X COOTBETCTBYET €IMHCTBEHHOE 3HAUCHME U3 MHOKecTBa Y. [lpu 3TOM 3memMeHT u3
MHOKeCTBa X HAa3bIBalOT apryMEHTOM, a 3JIEMEHT M3 MHOXECTBA Y Ha3bIBAIOT 3aBUCUMOM
nepeMeHHOW.  DyHKIHA - OHO U3 OCHOBHBIX MaTEMAaTHYECKUX U OOIIEeHAyIHBIX MOHATHI. OHO
CBITpaJIO ¥ TOHBIHE UT'PAET OOJBIIYIO POJIb B TOZHAHUH PEaIbHOT0 MUpa. OYHKIHS 3TO HE TOJIBKO
MaTeMaTU4YeCKOe MOHSATUE, HO U: (YHKIMS 3TO paboTa, MPOU3BOAMMAs OPraHOM, OPraHU3MOM;
POJIb, 3HAUEHHE YEro-1moo; GyHKIMs B MAaTEMaTHKE 3TO 3aKOH 3aBUCUMOCTH OJJHOMN BEJIMUUHBI OT
Apyroi; (pyHKIMS 3TO BO3MOXKHOCTb, OIIMs, YMEHHE IPOrpaMMbl MJIM NpUudopa; QyHKIHS 3TO
00513aHHOCTb, KpYI' JE€ATENbHOCTH; (DYHKLHS IMEpPCOHA)ka B JIMTEPATypHOM IPOU3BENEHUU;
(GYHKLMSI 3TO BUJ TOAIIPOrpaMMBbI B UH(OpPMATHKE coLMaIbHask (PYHKIIMSL.

Kaxxnast obnacte 3HaHuii: pu3nKa, XUMUs, OMOJIOTHSA, COIIUOJIOTHS, JIUHTBUCTUKA UMEET
CBOM OOBEKTHI U3yUYEHUs, YCTAHABJIUBAET CBOICTBA U, UTO OCOOEHHO BA)KHO, B3aMMOCBSI3M 3TUX
O00BEKTOB.

B pa3nuuHBIX HaykaX M 00JAcTSIX YEIOBEYECKOM JAEATENbHOCTH BO3HUKAIOT
KOJIMYECTBEHHBIE COOTHOILIEHUS, U MaTEMAaTUKa N3y4aeT UX B BUJE CBOMCTB YHUCEIL

MatemaTuka co3/1a€T yCJIOBUS I Pa3BUTHSI YMEHUS IPUMEHATh TEOPETHYECKUE 3HAHUS
JUISL peIeHUs] NPaKTUYECKUX 3a/1a4, OPUEHTUPOBATHCA B OKPYXKAIOLIEH HAC JAEHCTBUTEIbHOCTH.
Ham kaxetcs, 4To ()yHKIMOHAJIBbHBIE 3aBUCHMMOCTH MOTYT KacaTbCsi CaMbIX pa3HOOOpa3HBIX
SIBJICHUM MNPUPOABI W OKpyXawluen cpenbl. Kaxaomy uenoBeky B €ro IOBCEIHEBHOM
MIPAKTUUYECKOM NEATENbHOCTH MPUXOAUTCA MPUMEHATHh MIPAKTUUECKUE TPHUEMbBI T€OMETPHUUECKUX
M3MEpPEeHUH U MOCTPOEHUH, YuTaTh HHPOPMAIIHIO, IPEICTABICHHYIO B BUE TabJUIL, Juarpamwm,
rpadukoB. be3 KOHKpETHBIX MaTeMaTH4YEeCKMX 3HAHUN 3aTPYJHEHO MOHMMAaHHWE M BOCHPHSTHE
HAay4YHBIX 3HAHWUW, pa3HOOOPAa3HOW  COIMANBbHOH, HSKOHOMHUYECKOW, TEXHOJIOTHYECKOM
uHpOPMaLNH.

CBoOogHOE Ba/IeHNE TEXHUKON MOCTPOSHUS IpauKOB YAaCTO MIOMOTaeT peliaTh MHOTHE
3aJ1a4M, a IOPOH SABJISIETCS €CTECTBEHHBIM CPEACTBOM X pelleHus. MaTeMaTHKa BISIETCS SI3bIKOM
Pa3IMYHBIX 00JIacTel HAYKU M Hallel )KU3HH.

Dkonorudeckue MpoOieMbl SBISIOTCS TIN100aIbHBIMM IPOOJEMaMU YeJI0BEYEeCTBA, BCEX
CTpaH HE3aBUCUMO OT Pa3MEPOB TEPPUTOPUU, YUCIIEHHOCTH HACEJIEHUS, YPOBHS 3KOHOMHYECKOT O
pazButus. C ¢pyHKIMEH MBI BCTpedaeMmcsl Kax bl 1eHsb. [Ipumep:

[] exxelHEBHAs TeMIlepaTypa Ha yJIuLEe eCTb (PyHKIHs OT BpeMeHH. B 01HO U TO e BpeMs
TeMIlepaTypa HE MOXKET IPUHUMATh 00JIee OAHOI0 3HaYeHUs U ObITh OAHOBpeMeHHO -30 u -45.

(] IToxoxn B MarazuH. CTOUMOCTb IIOKYIIKM BO3PacTaeT ¢ pOCTOM KOJIMYECTBA TOBAPOB.

CrniocoObl 3a1aHUsT PYHKITHH.

[0 AHaJINTUYECKHUH,

0 I'pacuyeckuii,

(0 TaOIu4uHbIMH,

[ CoBeCHBIH.

Anamutudeckuii. CaMblii pacipoCTpaHEHHBINA CIIOCO0, MPU KOTOPOM (DYHKIHS 3a1aeTcs
(bopMynoi, ycTaHaBIMBaroIel, KaKue BBIYUCIUTENbHBIEC ONEpaluy HaJo0 NMPOM3BECTH HAJ X,
4TOOBI HAUTH Y.

I'padmueckuii. I'papuuecknii cnocod cOCTOUT B TPOBEIESHUH JIUHNUHU, Y KOTOPOH a0CHUCCHI
M300pakaroT 3HaYEHHs apryMeHTa, a OpAMHATHI — COOTBETCTBYIOIIME 3HaUCHUS PYHKUIUU. DTOT
crnoco0 MO3BOJIET HATJISAHO NPEACTaBUTh (PYHKIIMOHAIBHYIO 3aBUCUMOCTb
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Ta6muunerii. [Ipu TabmmyHoM cnocoOe 3aaaHust PYHKIUS 3a7aeTCsl B BUJE TAOJHUIIBI, B
KOTOpPOW JUISI KKIOrO0 3HAYCHUS apryMEHTa YKa3bIBA€TCSl COOTBETCTBYIOINIEE €My 3HAUYCHHE
byHKIIUN

CnoBecHpiil. C ITOMOIIBIO CIOBECHOT'O OIHMCAHMS.

Pemienue 3aganmii:

Nel. IIpousBoactBenHass ¢yHkius ¢upmbl umeer Bua: Q=5 XY. IleHa eauHUIBI
pecypca X= 10 py6., emununsl pecypca Y = 20 py6. ®dupma pacrmonaraer ACHEKHBIMU
cpenctBamu B pasmepe 40 Teic. pyO. Ompenenute MaKCHMaldbHO BO3MOXHBIA 00BEM
MIPOU3BO/ICTBA.

Pemenne: MakcuMu3upoBaTh BBITYCK IPH JAHHBIX H3JIEPKKAX IO3BOJIAET MpsMas
paBHBIX u3nepxkek, i n3okocra C = Py X X+ Py x Y. [loacraBisist uCXOAHBIE JaHHBIE, TOTYYUM
ypaBHenue: 10X+20Y=40000. Haxogum u3 ypasHenus X=4000-2Y. [logcraBum 310 3HaUeHuE B
3aganHoe ypaBHeHue Q = 5XY. Ionyuaem Q= 20000y-10y?* OyHKIMSA COBOKYIHOIO MPOAYKTA
JOCTUTaeT MakcuMyMma, Korjaa (yHKUMS TpeneiabHOro mpoAaykTa paBHa Hymo MPx= 0.
[IpenenbHbI MPOAYKT €CTh IepBas MPOU3BOAHAS COBOKYIHOTO MPOAYKTa MO MEPEeMEHHOMY
dakropy. MPx = Q’ (X). MPx = 20000-20Y= 0. Orcroga Y=1 000, X=2 000.

Torma makcuManbHO BO3MOXHBIM 00BeM mpousBoactBa Q = 5 XY =10 muH. en.
MPOIYKIIUH.

Ne2. TIpeanpuHUMATENh OCYIIECTBISIET TPOMBILIUIEHHOE TPOU3BOCTBO HA KOHKYPEHTHOM

PBIHKE B paiioHe, TJie JOCTUTHYTA MOJIHAs 3aHATOCTb. [IpH 3TOM HMEIOTCs cieayonye TaHHbIe:
Yucno paboTaromux CTaHKOB 112 (3 |4 |5 |6 |7 |8
Bbinyck npoyKIuu B ThIC. LIT. 6115 |23 |30 |36 |42 |46 |48

IIpu xakol cTemeHH 3arpy3Kd CTAaHOYHOTO Mapka OydeT AOCTUTHYT C TOYKH 3pEHHS
IpEeANPUHUMATENS ONTUMAJIbHBIN 00beM MPOU3BOACTBA? ByeT I OH TaKUM € C TOUKHU 3PEHHUS
obmecrsa?

Ne3. Tlogcuuraiite cpefHUN U TPEAEIbHBIN NPOIYKT GHUPMBIL.

Yucno CoBokynnbiit | Cpeanuit | [IpenenbHbrit
pabouux | MpOAYKT MNPOAYKT | MPOIYKT

L TP AP MP

1 30

2 70

3 100

4 120

5 130

Ne4. 3anonnute mpomycku B Tabiuile, OTpa)karolue 3aBUCUMOCTb Pe3yJbTATHBHOCTHU
MIPOM3BOJICTBA OT 00bEMa HUCHOJIL3YEMOI0 TpYJa.

O6BeM | O6Bem Ipenensubiii | Cpenmuii
HIPOAYKT IPOAYKT
aa | BbIIYCKa
Tpr Q % 1pyra Tpy/a
MPL APL
! 1000
2 1000
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3 2790

4 610

) 770

Ne5. IlpenenbHass HOpMa TEXHMYECKOrO 3aMEIEHUs TpyJda KamutaaoMm pasHa 2. s
obecrieueHus] MPEKHEro o0beMa MPOU3BOJCTBA MPOMYKIMH MPH COKPAICHUH HCIIOJIb30BaHHS
TpyZa Ha 4 eAMHHUIBI HA CKOJIBKO STMHHI] HEOOX0IMMO YBEIMUNUTh KaruTa?

Ne6. 3anosnHuTe TabNMMIy NPOU3BOICTBEHHBIX TOKA3aTENEH

Kos-Bo exunnuin TP | MP | AP
pecypcea, L

1 4

2 7

3 8

4 1

5 3,2

Ne7. 3anonnute mnpomycku B TaOmuIEe, OTpakalomell 3aBUCHUMOCTh PE3yJIbTATOB
MIPOM3BOJICTBA OT 00bEMa HCIOJIb3YEMOTr 0 KaluTaa:

ﬁon-no CIMHMIL pecypea, | o | vio | AP
1 10
2 22

3 36

4 11,5
5 55

6 63

Ne8. TlycTh TexHOJIOTHsS HEKOTOPOro MPOM3BOJICTBEHHOrO Ipoliecca 3aJaHa (yHKIUEH
Q=10KL. Ha npousBoxactBe 3aHATO 5 uenoBek. Tpedyercs OLeHUTh HOPMY 3aMELICHHs OHOIO
pabOTHHKA JOMOJIHUTEIbHBIM KOJIMYECTBOM 000PY10BaHUs, YTOOBI 00BEM BBIITYCKA COXPAHSIICS
Ha ypoBHe Q = 500 en. npoaAyKIUU B I€Hb.

Ne9. IMpousBoacreennas pynkuus pupmel umeeT Bua: Q=5 XY. Ilena enuHuIbl pecypca
X = 10 py0., enununbsl pecypca Y= 4 py0. Kakoe coueraHue pecypcoB oOecneduT (upme
MaKCHUMaJbHBI 00BEM BBIITyCKa, €CIIM 3aTpaThl Ha nMpuolOperaemMble (HaKTOPbl TPOU3BOACTBA HE
nokHbI npeseimaTth 5000 py0. B cmeny?

Nel0. UnxenepHoit mepoil 3(ppeKTUBHOCTU MaIIMHBI SIBJISETCS OTHOLICHUE BBINYyCKa
SHEPruu K ee 3arparam. [Ipeanosoxum, UMEIOTCs J1B€ MalllMHbI, epBas — ¢ 3(pdeKTHBHOCTBIO
10%, Bropas — 20%. Moxer 1, ¢ SJKOHOMUYECKOW TOYKU 3PEHUs, TIepBas MalIuHa ObITh OoJee
3¢ deKTUBHOI, yeM BTOpas?

Nell. Texnomorusi HEKOTOPOH (GUPMBI TAKOBA, YTO COOTHOIICHUE MEXK/TY 3aTpaTaMH Tpyaa
U KamuTtaja JOJDKHO ObITh cTporo ¢ukcupoBaHHbIM: | crtaHok - 3 paboTHuka. Pecypcwl
MIPOM3BOICTBA HE SBIISIOTCS B3aMO3aMEHIEMbIMH, TO3TOMY U30BITOYHOE KOJIUYECTBO JTI000r0 13
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pecypcoB He MOBBIAET BhINYcK. JlomycTuMm, uyTo (UpMa apeHaoBaja Ha Mecsl 4 CTaHKa.
Mecsaunas craBka 3apruiatsl 900 en., MecsiuHas apeHaHas mata 3a craHok 300 en., ieHa eqMHULIBI
MpOAYKIMU (UKCUpOBaHAa U paBHa 15 en. 3a JeHb € OJHOrO CTaHKa CHUMaeTcs 15 enuHuIl
npoaykuuu, a B Mmecsane 20 pabouux nHeid. Onpenenure o0beM HPOU3BOJICTBA, (PHMHAHCOBBIH
pe3yabTaT (MpUOBLIL UM YOBITKH) B TAHHOM MeCSIIC Y (PUPMBI.

Nel2. JIurasice co CKOpOCTBIO V=3 M/c, TpakTop TamuT caHu c¢ cunoi F=50 kH,
HaIpaBJIEHHOM IOJ OCTPBIM YIJOM 0 K TOPU30HTY. MOIIHOCTh, pa3BUBaeMas TpPaKTOPOM,
Beruucisiercs mo dopmysie N=Fvcosa. Haitnure, mpu kakoM yrie o (B Tpagaycax) 3Ta MOIIHOCTh
oynet 75 xBT.

IIpakTuueckas padora Nel(
Tema 2.7: Onricanre TPOU3BOJICTBEHHBIX MPOIIECCOB C TIOMOIMIBIO TPAPUKOB (YHKITHIA
Heas: Hayunthcs ncmonb3oBaTh rpaduku (GYHKIMHA B pEHICHHH MPHUKIAIHBIX 3a/1ad

Teopernueckas 4acThb:

[IpumeHenue MMHENRHON (YHKINN TPOCISKUBACTCA TPAKTUYECKU BO BCeX cdepax HalleH
*)u3HH. [IpuMepsl TUHEHHON QYHKIIUN B )KU3HH:

[JPacyer B MarasuHe 3a KyIlJIEHHblE€ TOBapbl. Bce Mbl coBepiiaeM NOKYIKH, YTOOBI
YIOBJIETBOPUTH CBOM NOTpeOHOCTH. YeM Oosibliie Mbl KYyIIUM Bellled, TeM OO0JIbLIe Mbl 3allJIaTUM
32 MOKYTIKY.

OIloTtpebnenue 351eKTposHepruu. AGCOMIOTHO BCE MONB3YIOTCS deKTponpudopamu. OHu
MOTPEOIAIOT SHEPru0. YeM J10JIbIIe MBI UCIIOIIb3YEM JIEKTPOI PUOOPEI, TeM 0oJbIiIe mOTpedsem
sHepru. COOTBETCTBEHHO U IIATHM OOJbIIe. JTa 3aBUCUMOCTD BhIpaxaeTcs popmynoi [1=k*N,
/1€ K- CTOMMOCTb O/IHOTO KMJIOBAaTT-4aca, N- KOJMYECTBO YacoB.)

(0B DxoHomuke. PaGOTHHKM MOTy4arOT 3apIljiaTy U €€ OHU IJIATAT MOJ0XOIHBIA HAJIOT.
W gem Oosbllle HauMCIEHHAs 3apIjiaTa, TeM OOJIbIIe BEMMYMHA MOAO0XOAHOro Hajora. JlaHHbIe
BEJIMYMHBI CBsI3aHbI cieaytomeit popmymnoit: [TH=0,13*D (ITH- BenmuurnHa moJ0X0IHOTO HAJIOTA,
D- BennmumHa q0x07a).

[ TTorpebnenue . Becem He0oOX0IUMO €CTh, YTOOBI Y HAC OBLIN CHIJIBI U SHEPTUS JJIS
paboThl. DTy 3HEPru0 Mbl MoJlydyaeM U3 efpl. YeM Oouible Mbl CheAUM, TeM OOJbllle SHEPrHH
MOJTyYHUM.

[ IIposepka 3nanuii. Korga Mbl yunmcsi, Mbl y3HaeM 4TO- TO HOBoe. Ho Heobxomumo
MIEPUOANYECKU NTPOBOIUTH MPOBEPKY TOr0, KAK MbI BBIYUMIM MaTepuain. 3a 3TH IPOBEPOUYHbBIE
paboThl HaM CTaBAT olleHKU. Yem Oosnblie ommOok B paboTe, TEM HUXKE OLIEHKA.

[ JIBuxkeHHe (U3NYECKOro Teja ¢ MOCTOSIHHOM CKOpocThio. BceM Ham mepuonnyecku
OPUXOJUTCS OBITh yYacTHUKAMU JBIDKEHHUS. PaccTosHue mnpu IBMKEHHUH C MOCTOSHHOMN
CKOpPOCTBIO 3aBHUCUT OT BPEMEHHU JIBMKEHHUS, YEM JIOJIbIIIE MbI HAXOAUMCS B MyTH, TeM Oolbliiee
paccrosiHue npoiineM. JlaHHble BETUYUHBI CBSI3aHBI clenyrouiei Gopmynoii: S=vt (v- cKopocTb
JBUXKEHUS, t- BpEMs IBUKCHMUS).

Bo Bcex mpuBeneHHBIX NpuMepax Mbl HaOmogaeM JMHEHHy ¢yHkuuwo. MHorue
peasibHble€ CUTyallUd ONMCHIBAIOTCS MAaTEMaTHUUYECKUMU MOJEISMH, IPEACTaBIAIOLMMU
JUHEHHYI0 (QYHKIIHIO.

KBanpatnunas QyHKIus sBisercs HauOojiee XOpOIIO H3y4YeHHOW (QyHKIHMEH, OHa
JIOBOJILHO YacCTO BCTpeyaercs Ha mnpakTuke. OHa HaXOAUT IIMPOKOE MPUMEHEHHE B pa3HbIX
paszenax MaTeMaTHKH, M JPYruX oOsacTsAX Hayku. VIMeeT TeOpeTHyecKyro M MPaKTHYECKYIO
3HaYMMOCTh. Beb mouTu Bce, UTO OKpYXKaeT YyeIoBeKa Tak UIIM MHa4ye CBSI3aHO C apabosoi.

XO0poIo H3BECTHO, YTO TPAeKTOpUs KaMHs, OPOIIEHHOrO MOJ YIJIOM K TOPHU3O0HTY,
nersimiero (yTOOJBHOrO Ms4a, CTPYM BOABI, BBITYIIEHHOH M3 IIIaHra, I[apamroTHCTa,
BBIIPBITHYBIIEr0 W3 TOPU30HTAJIBHO JIETSIIEr0 CaMoOJIETa, apTUIUIEPUIICKOro cHapsizia, Oyner
napabosoi (Ipy OTCYTCTBMM COIPOTUBIIEHHS BO3AyxXa). M3BECTHO Takke, 4YTO MHOI'ME 3aKOHBI
MIPUPOJIBI BEIPAXKAIOTCS B BUJIE KBAPATUYHON 3aBUCUMOCTH.
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[ 3ameyaTenbHOE CBOWCTBO Mapaboibl MIMPOKO HCIIOJIB3YEeTCS B HAyKe M TEXHHKE,
Harpumep, napabdoiandeckas apka; CBOJ MOCTA.

CBOICTBO napa6onnqecm/lx 3€pKaJl HCIHOJb3YHOT IIPU KOHCTPYUPOBAHUHN COJIHCHUHBIX
neqeﬁ, COJTHCYHBIX BHGKTpOCTaHHHﬁ, OTpPa’XaTCJIbHBIX TCJICCKOIIOB - pe(bHeKTOpOB.

Pemenue 3aganmii:

Nel. Ha pucynke wu3o0paxxeH TpaduKk 3aBUCUMOCTH KOOPAMHATHI OT BpPEMEHU
KOJIE0JIIOIIEr ocs Tea.

TS

/ \ /

20

L 29

[T/

2

ITo rpaduky onpenenure: 1) ammumtyay kosiebanuii; 2) mepuoj Koiaebanwuii; 3) 4acTory
KosiebaHuii; 4) 3anMIINTE ypaBHEHUE KOOPIUHATHIL.

Ne2. T'apmonunyeckoe koneOaHuEe ONUCHIBAETCS YPAaBHEHUEM
i et (T T
x=2sinsn|t+-
= 4/ Yemy paBHBI IUKIMUECKAs YACTOTA KONEOAHM, THHEHHAs
yacToTa KojebaHuil, HauanbHas (asza kojaeGaHmit?

Ne3. Ectb MruoBenHas ¢ororpadust BOJIHBI B PE3MHOBOM IIIHYpE.
Omnpenenure: 1) MHY BOJHBL; 2) aMIUTUTYAY KOJIeOaHUH YacTHYEK IIHYpa.
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Ned4. Tlo mpeactaBiaeHHOMY rpaduKy ONpeneluTe aMIUIMTYAy W TEepuoJ]l KoyeOaHUi
HUTSIHOTO MasiTHUKA.

x,cm 4

1 % 5
0 >
2\ tc

’

-1

Ne5. Ilo ypaBHEHHIO TapMOHMYECKHX KOJIEOAHUHM ONpPEAENIUTh AMILIUTYIY, YIJIOBYIO
CKOpOCTb, IIepruoA U yacToTy. HauepTutsh rpaduk 1aHHOTO rapMOHMYECKOI0 KoeOaHusl.

1) x =15 sin 3xt

2) x = 8 sin 7/3t

3)x=10 sin«t

No6. HekoTopas ToYka ABMKETCS BIOJNL OCH X IO 3aKOHYy X = a sin? (ot - m/4).
Haiitu: ammmutyny u nepuoj Koaedanuii; n300pa3uth rpaduk x (t).

Ne7. Hammmmte ypaBHEHHWE TapMOHHYECKHX KojeOaHwmii, ecimu dactota paBHa 0,5 I,
ammuutyna 80 cMm. HauaneHas ¢asa konebaHuii paBHa HYJIIO.

IIpakTnueckas padora Nell
Tema 2.10: [Ipocreiimre TpUroHoMeTpUYECKE HEpPaBEHCTBA
Henab: HayuuThes pemars nmpocreiinme TpUroHoMeTpUYeCKre HepaBeHCTBA

TeopeTnyeckas 4acTh: ]
MNpocTeRWKMMK TPUIOHOMETPMYSCKMMK HEP3BEHCTBAMM HASHIE3HTCA HEPaBSHOTEa BMAa
sV a,
CosFE o,
tgxr V a,
ctgr V' a,

roe \/ — OOWH M3 3Hakoe =<, =, =, =, a € K.
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1. MpumMepsbl pelleHns NpocTenLImnX
TPUrOHOMETPUYECKNX HepPaBEHCTB

C MOMOLLBIO eAUNHNYHOW

C NOMOLLbIO rpachrkoB

OKPY>XHOCTH
y
y _1 s
P e 3 Yy=- 2 N A
n_%=% ‘é‘ AN | 5R Z
o 0on
: U
\y t i
sinx>é E+21tli:<x<%’t+21tk,lazeZ
Y
on o Yy=cosx
"y 3 \ 3 /\
o I/ 0 N\ v N\ ¥
N A I N y=__;_
t
cosx>—% —2?”+2nk<x<2?"+2nk,kez
Y
y=tgx

/—n _% 0 % /1t x

tgx2—1 —§+nk<x<§+nk,kez

\y=ctgx \

ofa

ctgx<\/§

%+nk<x<n+nk,kez
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Cnocobbl peLleHnd Donee CNOXHbIX TPUTrOHOMETPUYHECKNX HepaBeHCTB

a)

0)

Hemonbp30BaHMe pPaBHOCHJIBHBIX IIpeoOpa3oBaHMW W, B YaCTHOCTH,

ceedeHUue MPUZOHOMEMPUYECKO020 HepaseHcmea kK aJgzebpauyveckomy Hepa-

eeHcmaey no cxeme: 1) k o0Homy apeymenmy, 2) Kk 00HOU QyHKUUU, 3) 3a-

MeHa nepemeHHOU (aHAJIOTUYHO cCXeMe pemieHHs TPUTOHOMETPUYECKUX

ypaBHEHUIl, IpuBeAeHHON Ha c. 249) u nocaedyrnuwee peuleHue NOAYLCHHBLX

npocmetluiux mpuUzOHOMEMPUYCCKUX HEPABCHCME.

Hemoap3oBaHue MeTOa MHTEPBAJIOB

(nocae ceedernusn Hepasencmea k eudy f (x) < 0) no cxeme:

1) Haiitu O/I3 HepaBeHCTBA.

2) HaiiTu obmiuii mepuos (ecyid OH CYIIECTBYET) AJIsA BCceX (DYHKIIUI, BXOMI -
mUX B HEPaBEHCTBO, TO ecTh mepuoa pyHkmuu f (x).

3) Haiitu mynu pyaxmun: f(x) = 0.

4) Orverutrs Hyau ¢yHrmuu Ha O/I3 Ha ogHOM mepHode M HAWTH 3HAK
¢yarmuu f(x) B KakaAoM U3 MPOMEKYTKOB, HAa KOTOpbIe pa30uBaeTcd
OJI3 (Ha omHOM mepHuoje).

5) 3ammcaTh OTBeT, YYHUTHIBasg 3HAK 3aJaHHOTO HepaBeHCTBA U TIEPHO/
dyaRIIUT [ (X).

PelweHune npoaeﬂwmx TPUroHOMeTpU4eCKNX HepaBeHCTB B obuem Bnae

3HayeHus a PeleHne

1. HepaBencTBo sin x > a

-1<ax<1 arcsin a + 21k < x < W — arcsin a + 2nk,
rae k — aroboe mesoe gucio (k € Z).
a= T Pemntenuii =Her.
a<-1 X — JII000€e IeHCTBUTEJIbHOE YHCJIO.

2. HepaBeHcTBo sin x > a

-l1<axl1 arcsin a + 2nk < x < — arcsin a + 2nk, k€ Z.
a>1 PemmreHuit Her.
a=1 x:%+2nk,ke Z:
a< -1 X — JIr00oe IeHfCTBUTEIbHOE UHCJIO.

3. HepaBeHcTBO sin x < a

-1<ax1l —71 — aresin a + 2nk < x < arcsin a + 2nk, k € Z.
a =] Pemrenuii HeT.
a>1 x — J1000€e JeHCTBUTEIbHOE YHCJIIO.
4. HepaBeHcTBoO sin x < a
-1<a<l1 —7m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
a< -1 Permtenuii HeT.
a=-1 x:—g+2nk,ke Z.
a=1 X — J1000€ JeHCTBUTEJIbHOE YHCJIIO.

59




5. HepaBeHCTBO cos x > a

-1<a<1 — arccos a + 2nk < x < arccos a + 27k, k € Z.
a>1 Permteruii Her.
a<-1 x — J0boe JelcTBUTEIbHOE YHCJIIO.
6. HepaBeHCTBO cos x = a
-1<ax<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Pemenuii =Her.
a= x=2nk,ke Z.
a< -1 x — noboe JeliCcTBUTEJIbHOE YHCJIO.

7. HepaBeHCTBO cos x < a

-1<ax1 arccos a + 2nk < x < 2n — arccos a + 2nk, k€ Z.
a>A x — Jr000e AedCTBUTETbHOE YUCIO.
a< -1 Pemniennii Her.

8. HepaBeHCTBO €0Ss x < a

-l1<axl1 arccos a + 2nk < x < 2 — arccos a + 2nk, k € Z.
a<-1 Pemrenuit HeT.
a=-1 x=m+2nk, kc Z.
a>1 x — nboe IeiiCTBUTEIbHOE YHCJIO.

9. HepaBeHncTBo tg x > a

a — nrboe IefCTBUTENb-
g8
Hoe umuciio (a € R) arctga+7tk<x<§+nk, ke Z.

10. HepaBencTBo tg x = a

ac R arctga+7tk<x<%+nk, ke Z.

11. HepaBenctBo tg x < @

ace R -%+nk<x<arctga+nk,ke Z.

12. Hepasencrso tg x < a

ac R —%+nk<x<arctga+nk,kez.

13. HepaBeHcTBO ctg x > a

a€ R nk < x < arcctga + Tk, ke Z.

14. HepaseHcTBo ctg x > a

ac R mk < x < arcctg a + 7k, ke Z.

15. HepaBeHcTBO ctg x < a

a€ R arcctga+nk<x<mn+ 7k, ke Z.

16. HepaBencTso ctg x < a

ac R arcctga + k< x <mn+nk, ke Z.

Pemenue 3aganmii:
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Nel. BbINOJHUTE 3aJaHUS:
1. PelimnTb HEpaBeHCTBO: SINT < —%.

OTeer:

(=3F +27n; —% +27n), n€ Z
2. PElIWTb HEPABEHCTBO! COST > — %-
OTeert:

(--‘!—;— + 2mn; 3—: +2mn). ne Z
3. PewwnTb HepaseHcTBO: Stner = —1.
OTteer:

(—oc; +00)

4. PewwuTb HepaseHcTso: sina = (.
OTser:

[2mn;m + 2mn, n € Z]

5. PewwnTb HepasencTeo: cost < 0, 2,
OTeert:

larccos0,2 + 2an; 2n — arccos(,2 + 2an, n € Z|
Ne2. BEImoTHUTE 3a/1aHuS:
1. PewnTs HepaseHcTeo: Lgx > —1.

OTBeT:
[-3+m™;F+mn),n€Z

2. PewnTb HepaseHcTeo: ctgr < —71_3.

OTBerT:

[2—;- + ;w4 7n), n € Z

3. PewwuTb HepaseHcTso: Lgr < 3.
OTser:

-5 +mnarctg3 +mn), n € Z

IIpakTHyeckas padora Nel2
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Tema 2.12: KourpomeHas pabGota mo pazgeny 2 «OCHOBBI TPUTOHOMETPHH.

Tpuronomerpuueckue QyHKLIHUN»

Heasn: IlpoBepuTh ypoBEHb YCBOEHHUs JaHHOTO MaTepuana mo pasgeny 2 «OCHOBBI

TPUTOHOMETPUU. TPUrOHOMETPHYECKHE (PYHKLIUN»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nNPAGUILHBIIL OMEem U3 Yemblpex

npeonoIHceHHbIX.

1. (1 6amun) B AABC sinC = %. Kakas u3 ctopon siBnsiercs runoteny3oit AABC?
A) AB; b) AC; B) BC; I') CB.

2. (1 6amr) Yriom kakoil uetBeptu siBysgercs yroa a=400°?

A)LB) I B)ILT) IV.

3. (1 6amr) Kakue u3 GyHKUIUH SBIAIOTCS YETHBIMH?

A) y=sin x; b) y=cos x; B) y=tg x; I') y= ctg x.

4. (1 6ain) Kakue U3 uncen gBiAI0TCI KOPHEM YPaBHEHHMSI COS X = %?

T Vs [
A)X—E,B)X—E,B)X—E,F)X—

2
~
Ilpu évinonnenuu 3a0anuii 5-8 3anuwiume x00 pewieHus u nOJIY4eHHbll OMeem.

. T Y
5. (2 6anna) Beruaucnure: sin S T cos .

. V2 . V2
6. (2 6amia) HalimuTe 3HaUYeHUE BBIPAKCHHS 4arccos7 - 4arcsm(—7)

7. (2 6anna) Jlokaxkute TOXKAECTBO: 2sin(1/2+0)+ cos(m — o)= coso.
8. (2 6amna) Penmre ypaBHenue: sin’x - 4 sinx + 3 =0.

Imanonvt omeemoag:

Homep |, 2 3 4 5 6 7 8
3a1aHus
T
OTtBeT b A B b 1 21 - 2 + 2nk, keZ

IIpakTuueckas pab6ora Nel3
Tema 3.4: [Ipeobpa3oBaHre UppAMOHATBHBIX BBIPAKCHUM
Heanb: HayunTbes ynpomaTh BeIpakeHUs, COEpKalie KOPHH

TeopeTuquKaﬂ 4acCThb:
Yto Takoe HppauOHAJIBbHBIC Bblpa)l(el—ll/lﬂ?

I/IppaI_II/IOHaJ'IBHI)Ie BbIpaXXCHUA HAYNHAIOT BCTPCUATHCA HA 3TAIIC 3HAKOMCTBA C KOPHEM M3

qucia, 4To OOBIYHO IMPOUCXOIUT HA YPOKax aJ'IFC6pBI B 8 KJ1acce. 3,I[GCL HHTYyUIO WA IOACKA3bIBACT,

YTO HMPppalMrOHAJBbHBLIC BBIPAXCHUA KaK-TO CBsA3aHbI C KOPHSMH, H 3TO I[CP'ICTBI/ITCJIBHO Tak.

Crnenytoliee ornpeeseHre NoATBEP)KIaeT HAIly T0TaKy:

HppanuoHanbHbIMH BBIPA:KEHUSIMH HA3BIBAIOT BBIPAXKEHHSI, COACPIKAIINE OIEepaIiio

H3BJICHCHUA KOPHA. prFI/IMI/I CJIOBaMH, HPpPAlHMOHAJIBHBLIC BBIPAXCHHA — OTO BBIPAKCHUA C

panukanamu (BeIpaskeHUs, COJepkKaIlIe B CBOCH 3aMCH 3HAKH KOPHS).
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R |
Ha ero ocHoBe MBI MOXEM IMPUBCCTH MPHUMEPLI UPPALNHMOHAJIbHBIX BbIPAXKCHUMU!

4-a° d’
ey

3 6 1
BB ) Vi e

oy u T.II.

S

UroObl B JanbHEHIIeM HE BO3HHKAJO IMyTaHUIIBI, JaBaiTe OOCYIMM OJMH MOMEHT.

x-(x—ﬁ]-(x+«ﬁ]
338
X¥—|-x——
Paccmorpum BeIpakeHune 2 3 u3 kuuru [1, c. 19]. VI3 KOHTEKCTa MOHSATHO,

YTO 3TO PAlMOHAIBHOE BBIPAKEHUE, OHO MOAXOAUT MOJ COOTBETCTBYIOLIEE onpeneneHue. Ho B
3TOM BBIPAKEHUU NPUCYTCTBYIOT KOPHHU, 3HAYMUT, COIVIACHO BBEIEHHOMY B O3TOM ITYHKTE
ONPEIEICHUI0 OHO UppallMOHAIbHOE. Tak Kakoe 3TO BBIPAKEHHUE HA CAMOM JIEJie: palliOHAIbHOE
WM UppaluoHaIbHoe?

DTO HE CyTh BaXXHO. DTUM MBI XOTUM CKa3aTh, YTO HE CTOUT (PaHATHYHO MOIXOIUTH
K pa30MEHUI0 BBIPAXXCHUN HAa BUJbI, TaK KaK 3Ta KiaccH(UKaAIMs HE MOCTATOYHO crporas (B
OTJIMYME OT KJaccu(UKaluu 4®ceNl, BeIb HaTypaJbHbIC, IeNble, paluOHAIbHBIC,
UppalloHajbHbIE, JEHCTBUTEIbHBIE YHMCIAa OMNPEACIICHBbl CTPOro, M €ClAM JaHHOE YHUCIIO
palnMoHaIbHOE, TO OHO YK TOYHO HE HPPAIMOHAILHOE U HA000pOoT). BrIparkeHus moapa3aeisiror
Ha palMoOHaJbHBIC, HPPAIMOHATIBHBIC M T.II. 11O OOJBIICH YaCTH I yI00CTBA IIPEACTaBICHUS U
omucaHus Matepuala. Hanmpumep, Mbl ©UMEEM J1€J10 C palliOHAJIbLHBIMU BBIPAKEHUSIMU BCE BpEMS,
MOKa y9uMCcs paboTaTh ¢ MHOTOWICHAMHU U anreOpandecKuMu Apo0sSMU. A K HpparMoHaIbHBIM
BBIPOKCHUSM MBI IIEPEXOIUM TOTJA, KOTJIa CTAIKUBAEMCS C HEOOXOIUMOCTBIO ITPOBECTH KaKHe-
TO omepanuu ¢ KopHsMU. HauHem m3yudaTh jorapudM — CTOIKHEMCS C.Jl02apuipmuyeckumu
svipasxcenusmu. W tak nanee. BooOie, ecnu HET TBEpAOW YBEPEHHOCTH B TOM, KaKOro BHJa
BBIPAKEHHUE HAXOAUTCS Mepel HaMM, TO JIydllle CKa3aTh MPOCTO BBIpAXKEHUE, HE T00aBss
YTOUHSIOIIEE ONPEAECIICHUE.

3aBepiuast ”HGOPMAIIMIO TOT O MMYHKTA, 3aMETHUM, UTO B IIKOJIE TEPMUH «UpPPALlMOHAIbHbBIE
BBIPOKEHUS» HCIOJIB3YIOT Majio, OOJbIIE TOBOPAT O BBIPAKCHHIX, COJACPKAIIUX KOPHU
(BO3MOKHO, ATO JeIaeTCsl BO N30&KaHNE CTOJIKHOBEHHS C OTOBOPEHHBIMU BBIIIIE HIOAHCAMHU ).

OcHoBHbIE BU/IbI IPe00pa30BaHNii MPPALMOHAIBHBIX BbIPasKeHUMH

KaK U TpH MpeoOpa3oBaHUMU JIIOOBIX IPYruX BBIPAXEHUH, HAI0 YYUTHIBATH 00JIaCTh
noryctuMbix 3HaueHui (O/]3) u He monycKaTh ee Cy)KEeHHUS.

C uppanMoHaJbHBIMU BBIPAKEHUSMH, KaK U C BBIPAKEHUSMU JPYTUX BHUJIOB, MOXHO
MIPOBOJIUTH JIFOOBIC U3 OCHOBHBIX TOXKJIECTBEHHBIX MPEe0Opa3oBaHui, Oyb TO PACKPBITHE CKOOOK,
IPYIIIUPOBKA U MPUBEICHHUE MOAO00HBIX ClIaraeMbIX U T.I. DTO U MOHITHO, TaK KaK B OCHOBE 3TUX
npeoOpa30BaHUM JIeXKAT TAKHE CBOMCTBA JICHCTBHI C YMCIIAMH, KOTOPBIE SIBJISIFOTCS OOIMMHM IS
YHUCeJN pa3HbIX BUAOB. TaKKe MOHSATHO, YTO IIPH MPOBEACHUN ITPEOoOPa30BaHU HPPALIMOHAIBLHBIX
BBIPOKEHUM COXpAHSETCA MPUHATHIN MOPSIAOK BBINOIHEHUST JeilcTBui. [lokaxkeM peleHus
HECKOJIbKHUX MTPUMEPOB.

Ipumep.
0+33-2+4-33+1-2-33

[TpeoOpa3yiiTe nppaloHaIbHOE BEIpAKEHUE .
Pewenue.
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Jlns Havasa 3aMeHMM KopeHb U3 81 ero 3HadeHuem 9 (Ipu HEOOXOIUMOCTH
CMOTPUTE U3BJICUCHUE KOpHEH), uMeeM

Ve1+33-2+4:33+1-2-3f3=
=9+33-2+4.3341-2.33

O‘IQBI/IILHO, B MOJYYCHHOM BBIPAKCHUU IMPUCYTCTBYIOT HOILO6HI>I€ CJlaracMabIC, IMO3TOMY
uenecoo6pa3Ho BBITTOJIHUTDH nux INPUBCACHHUC!

0+33-2+4.33+1-2-33=
=(9—2+1}+{-°{E+4-%@—2-2.E]=
=8+3-13

Omeem:
0+33-2+4.4321-2.43=8+3.13
Ipumep.
Hcnonb3ys GopMyJibl  COKpPAIIECHHOTO YMHOXKEHHS, MPEACTaBbTE HPPAIMOHAIBLHOE

s )

BBIPAKEHUE B BUJIE MPOU3BENICHUS JBYX HPPAIMOHAIBHBIX
BBIPAKEHUH.
Pewenue.

O4eBuIHO, HWPPAIMOHAIBHOE BBIPAKEHHWE B CKOOKax MpEACTaBisieT cO0OW KBajapaT

fxs3-1)

-
o

Pa3HOCTH, TO €CThb, €ro MOXXHO 3aMCHHUTDH Ha
-

Umf—lmﬂj—g:
~{x=3-1) -9

A Temepb JEBATKY MOXKHO TIEPENMCATh KaK 32, MOCIIE YEr0 BOCMOIb30BaThCs (OPMYIIOit

, IIO3TOMY

Pa3HOCTb KBaJpaToOB:

(ﬁ—lf—9=(ﬁ x+3—]]2—33=
=(ﬁ-1-3)-(§/ﬁ—1+3]=
=(ﬁ-4}-[{/m+2]

B pesynbTaTe mpojeiaHHbIX TOXIECTBEHHBIX MPeoOpa3oBaHUil MBI MPHIILIH K HYKHOMY
HaM MMPOU3BEACHUIO IBYX HPPALMOHAIBHBIX BBIPAKCHUH.
Omeem:

((mf—E-M+lj—g=
:(M—4](m+2]

CyuiecTByer emie psjl NpeoOpa3oBaHMM, OTHOCAIIUMXCS HMMEHHO K HppaldOHAIbHBIM
BBIPAKEHUSM. PacCMOTpUM OCHOBHBIE U3 HUX.
IIpeoGpazoBaHue NOAKOPEHHOT0 BhIPasKe HUS
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OnHO W3 BaXHEHIIMX TNPEoOpa3oOBaHHMl HMPPAIMOHAIBHBIX BBIPAKEHHUH COCTOMT B
CIICAYIOMIEM: BBIPAKEHUE TIOJl 3HAKOM KOPHS MOXXHO 3aMEHUTh TOXKJICCTBEHHO paBHBIM
BBIPaXKCHUCM. CHauana IMPpUBCAEM MIPUMCEPLI €I'0 BBIITOJHCHHSA, IIOCJIC YCT0 MMOACHUM, Ha YEM OHO
Oazupyercs.

OTO yTBEpXkKACHUE MAAeT BO3MOXKHOCTh pPabOTaTh € MOJAKOPEHHBIMU BBIPAXKEHUSAMHU.

146

Hanpumep, 0HO NO3BOMISIET CyMMY IO KOPHEM B BBIPA’KEHUH 3aMEHHUTH €€ 3HAYECHHUEM,
TO €CTh, MepenTH K KOPHIO . Hpyroi npumMep: WppaloOHATIbHOE
4 5
27— 6
BBIPaXXCHHUC MOXKHO 3aMCHUTD TOXKACCTBCHHO PaBHBIM cMy

4 4
2-a -a—=6
BLIpa)KeHI/IeM .

[Touemy nannoe npeoOpa3oBanue mmeer mecto? Jleno B TOM, YTO KOTJa MbI JlaBaJld
OIIpEEICHUE KOPHS U3 YK CIIA 4, TO MBI CKa3aJIM O €ro €JUHCTBEHHOCTU. T0 €CTh, HE CyIIECTBYET
4YucIia ai, OTIAMYHOIO OT a, I KOTOPOro CIPaBEIIMBO PABEHCTBO , 3TO PaBEHCTBO
BO3MOXKHO JIMIIb Mpu a=a;. Takke Mbl 3HAE€M, UYTO 3HAYEHUS TOXKJIECTBEHHO paBHbBIX
BbIpakeHUH A 1 A1 paBHBI IIPU JIOOBIX JTOMYCTUMBIX 3HAYCHHSX MepeMeHHbIX. 13 aTux ¢axkToB
crenyer pa3dupaemMoe yTBEpKACHHUE.

Hcnosb3oBanne cBOMCTB KOpPHei

JInsi  TOXKIECTBEHHBIX IMPEeoOpa3oBaHUil  MPPALMOHAIBHBIX  BBIPAXKEHHH  HIMPOKO

Va-b=da-b

HCIIOJB3YIOTCA CBOMCTBA KOpHeH. Hampumep, wucnons3ys CBOHCTBO

]+\E--JIE

rae a>0, b>0, oT uppalliOHAILHOTO BBIPAYKEHUS MOKHO IIEPEUTH K TOXKAECTBEHHO
Ml o My
enfdo = o
1+43-12 .
paBHOMY BBIPaXKEHUIO . A cBONCTBO , T1e a>0, mo3BonsierT

1 sy
X + ﬁ 2
x5 4
BLIpa>KeHPIe HepeHI/I(:aTb KaK .

[IpeoOpasoBaHre HPpALMOHAILHBIX BBHIPAKEHHWH, COAEPKAIMX I10J 3HAKAMU KOPHEMN

OTpI/ILIaTeJ'IbHBIe qucijia u BBIpa)KeHI/ISI C HepeMeHHbIMI/I, COl'Ip}DKeHO C pHI[OM HIOAHCOB. HaanMep,
=7
481

MBI HE UMECCM npaBa 3armcaTb paBeHCTBO Ha OCHOBAHHUH CBOP'ICTBa KOpHeﬁ,
o Ria

H __ —
b

HEOTPHIATSIHLHOr0 YUCIIA & U HMOJOKUTEIbHOr0 b, a —7 1 —81 — orpunatensubie urcia. Ho eciu

BBIPAXEHHOTO (hOpMYIIOit . Jlemo B ToM, 4YTO YyKa3aHHas Qopmyna ngaHa A

MPEBapUTEIILHO 3aMEHUTD JIPO0H 1TOJI 3HAKOM KOPHSI paBHOM eii ApoObio 7/81, TO maibIine MOKHO
2 )

781

IIPUMEHSAThH YIIOMSHYTO€ CBOMCTBO KOPHEHN M MEPEXOAUTH K BHIPAKEHUIO BUJIA
[TonoOHbBIE TOHKOCTH B A€TANIAIX pa3o0paHbl B CTaThe MPe0Opa30BaHNE UPPALMOHAIBHBIX
BBIPAJKEHUH C UCIIOJIB30BAHUEM CBOWCTB KOPHEH.
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CBoiicTBa KOpHEH JeKaT B OCHOBE JIBYX CIENYIOIMIMX MpeoOpa3oBaHHM, HAa3bIBAEMBIX
BHECEHHEM 0] 3HAK KOPHS U BHIHECEHUEM U3 -T10]1 3HAKA KOPHSI, K PACCMOTPEHHUIO KOTOPBIX MBI U
MIEPEXOIHM.

BHeceHue MHOKMTEJISI 10/] 3HAK KOPHS

B-c

rac BuC- HEKOTOPBIC YMCJIa UM BBIPAXKCHHUsA, a N — HATYpaJIbHOC YMUCIIO, OoubIree CIUHHNIBI,

H H F H
VB -C —aiB s O
TOXKICCTBEHHO PaBHBIM BBIPAYKEHUEM, UM CIOIIM BHU/I WITH :

2-3x

Hanpumep, uppanuroHanbHOE BBIpaXXKEHHE 1I0CJIE BHECEHUS MHOXHUTENS 2 MOJ

3043
27 -x

BHeceHne MHOXHTENs I1OA 3HAaK IOAPAa3yMEBAET 3aMEHY BbIpaKEHUS

3HAK KOPHSI IPUHUMAET BUJ
BoineceHre MHOKHTEISI M3-110]1 3HAKA KOPHSH
[IpeoOGpazoBanueM, B U3BECTHOM CMbICIiE OOpAaTHBIM BHECEHHIO MHOXKHUTENS MO/ 3HAK
KOpHS, SIBJIIETCSI BBIHECEHHE MHOMKUTEIIS U3-110J 3HaKa KOpHsI. OHO COCTOUT B MpEACTaBIE€HUU
L "
VB -C B-§C
KOpHS B BUJIE IIPOMU3BEICHUS pu HEUYETHBIX N WIN B BUZE
1B1-%lc
MIPOU3BEACHUS npu 4eTHBIX N, Tae B 1 C — HeKoTopbIe YKcia Wi BBIPAXKEHUSI.
3a IIPUMEPOM BEpHEMCS B MPEABbITY I IIYHKT: UPPaLUOHAIIBHOE

W2 2-3fx

BBIPaXCHUC IMOCJIC BBIHCCCHUA MHOXKHUTCIIA U3-1104 3HAKA KOPHA IIPUHUMACT BU/JT

«.lf(x Sl 1]2 -7

. Apyroii npuMep: BBIHECEHHE MHOKUTEIIS U3-T10/] 3HAKAa KOPHS B BBIPAKEHUH JlaeT

|x+]- |T| |x+1wE

MMPOU3BCACHUC , KOTOPOC MOKHO IIEPCIIUCATh B BUAC

Pemenne 3ananmii:
Nel.
Mpumep 1. Ynpocmume ebipaxeHue:

Ja? bt = ab?:
{164 \/l 6a' 4da
5 =

Vo’ Jopt  3b°

Mpumep 2: BoiHecmu MHOXUMeNs U3-nod 3Haka
K8adpamHO20 KOPHA:

a) \/Xla:\/ﬁ-\/c—lz‘)\/;;
0) \/32(7:=\/l(»-(1: 2= \/IZV’:\/E :4(1\/5:

e) \/9(1-/;: \/'(‘)-u" ca-b'-b=

i

214
a) Ja'b

No2.
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YNpocTHTE BbIPAXKEHHA:

a) 42 + 50 - /18 ; a) 73 - V48 + /27 ;
6)\/5-(2~/§+~/1_2); 6)\/5(\/§+4\/§);

B) (J5—2)2; B) (\/§+5)2:
r) (V3-v2)(V3+2). r) (V5 +8)(v5-V3).

No3. Beruuciauts:

Vs V74
2 o]+ Vi7-s)
_3) JW2-v10] +|[v10-4f
O - i

-

7| =] o2

IIpakTuueckas padora Nel4
Tema 3.4: [IpeoOpa3oBanne UppallMOHATBHBIX BbIpaKECHHM
Heanb: HayunTtbesa npeobpa3oBeIBaTh IpOOHBIE HPPALIMOHATIbHBIE BEIPAXKECHUS

TeopeTnueckas 4acTh:

IIpeoOpa3zoBanue apodeii, coxepRalUX KOPHU

HppanunoHanbHble BBIPAKEHHUSI MOTYT COIEpXaTh IPOOH, B YHCIHMTEIC U 3HAMEHATele
KOTOPbIX TPUCYTCTBYIOT KOpHHU. C TakuMu JApOOSIMH MOXKHO TPOBOIUTH JIFOOBIE U3
OCHOBHBIX M0J#COeCMBEHHBIX NPeodpa3zosanuil opooell.

Bo-rmepBbIX, HUUTO HE MelIaeT padoTaTh C BEIPAXKCHUSIMH B YU CIIUTEIIE U 3HaMeHarene. B

(2+3)-4/x

3 2
X +5
KayecTBe IpuMepa pacCMOTPUM APOOb . UppanmonanbHOE BbIpaXKE€HUE B YUCIIUTEINE,

4
5.4y
OYEBUHO, TOXKJIECTBEHHO PaBHO , 4, OOpaTUBLINCH K CBOWCTBAM KOpHEH, BBIpaXKEHUE B
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x +5
3HAMEHATENE MOXKHO 3aMEHUTE KOPHEM . B pe3ynbraTe ncxoaHas 1pook nmpeodpasyercs

5.4/x
K BUY ti‘--':":z""j.

Bo-BTOpBIX, MOKHO W3MEHHUTH 3HAK Mepel ApoObI0, M3MEHHB 3HAK YHUCIUTENS WIH
3HaMmeHaTens. Hampumep, UWMEIOT MecTo Takwe MmpeoOpa3oBaHUs HPPALMOHAIBLHOTO

B x+2-ﬁ _ x+2-ﬁ _x+2-y'{§
—3-x2+iﬁ —(—3~x2+i§EJ 3-:{2—3{5

BbIPAXXCHUA .

B-TpeThux, MHOT/a BO3MOXKHO M I€JI€CO00Pa3HO MPOBECTH CoKpamieHue apoou. K
3. 3xed-1)fx
Grra-1f

3eafx

3
41 (3 oy 3 ]
HPpparOHAJIbHOC BBIPAXKCHHUEC , B pE€3YyJIbTAaTC I10JIy4acM X+ 4 ]

IpUMepy, Kak OTKa3aTb ce0e B YIOBOJBCTBUU COKPAaTUTh JpoOb Ha

-
i

[ToHATHO, YTO BO MHOTHX CIy4asX, HPEXKIE YEeM BBIIOIHUTH COKpalleHHe Ipoodwu,
BBIPQXKCHUS B €€ YHUCIHTEE U 3HaMEHATeNe MPUXOIUTCS PACKIIaAbIBaTh HA MHOXKUTENH, Y€ro B
MPOCTBIX CIy4yasX IO3BOJSIOT JOOUTHCS (OPMYJIBI COKPALIEHHOI'O YMHOXEHMsS. A HHOrAa
COKpaTUTh JpoOb IIOMOraeT 3aMeHa I[EepPEMEHHOW, MO3BOJIAIOINAs OT MCXOJHOH Jpodu ¢
WMPPalMOHATILHOCTHIO TEPEUTH K PalMOHAIBLHON apo0u, paboTaTh ¢ KOTOpOoil KoMdopTHee u

IIPUBBIYHEC.
xX— v
2 . '
NI+ LY
21.]'[5[ nmpuMepa BO3bMEM BBIPAXKCHHUC . BBe)IeM HOBBIC
U=+x V= '\J{;
MNCPEMCHHBIC u B B O9THUX HNEPCMCHHLIX HNCXOAHOC BbIPAKCHUC HUMCCT
il 5l
u -“ _ 1‘ “
2.Vl
BU]L w31 . BEINOIHUB B YHUCIUTENE Pa3JI0)KECHUEC MHOTI'OYJICHA HA MHOXKXUTEJIA 110 (I)OpMYJIe
pa3HOCTh KBaJapaToB, noay4JaeM BO3MOXKHOCTh COKpPaTHUTh IpoOb Ha U+v,
] 5l
U —v (u—v}-(u+1')
2. =2. =2-(u-v)
AMeEM U= H=1 . BrmonauB  oOpaTHyr0 ~ 3aMeHy,
2-(Vx2y)
NPUXOAUM K BBIPAKEHUIO ", KOTOpOE€ TOXIECTBEHHO pPAaBHO MCXOAHOMY

MppalloOHaIbHOMY BbIpakeHuto Ha O/13.
B-uerBepThIX, 1poOH C MPPALMOHATIBLHOCTHIO MOKHO IIPUBOJUTH K HOBOMY 3HAMEHATEJIIO,
YMHOXas €€ YUCJINUTCIIb U 3HAMCHATCJIb Ha I[OHOJIHI/ITGJILHI:Iﬁ MHOXUTCIb. HaanMep, MMpUBCACM

x -1
0.5-+1

)Ip06I) K HOBOMY 3HAMCHATEIIIO X. )IJ'ISI 9TOro €€ YMUCIUTECIb U 3HAMCHATCJIb CICAYCT
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P

Ha HUppPalHOHAJIbHOC BBIPAKCHUC y
-1 24 [Wa-1) 24k RA-1)
0.5-4x  05-x-2-4x x

HamoMHuM, 4TO BBITTONHATH COKpalleHHE NpoOel WM TMpUBENCHHE NPOOEH K HOBOMY

YMHOXHUTb

HUMEEM

3HameHaTemo Heooxoaumo Ha OJ]3 mepeMeHHBIX ISl HCXOAHON IpOo0H.

YMHOXEHHEe YHCIUTeNs U 3HaMeHaTelas JpoOM Ha HEKOTOpoe HppalloHalIbHOE
BBIPAXXCHUEC YaCTO UCHOJIb3YCTCA AJISI IPOBCACHUA HpeO6paSOBaHI/I${, Ha3BIBAEMOT'0 M30aBIEHUEM
OT UppaIMOHATIbLHOCTH B 3HaMeHaTese. PazoepeM, Kak OHO TPOBOJUTCA.

HN30aBiaeHne 0T MPPAMOHAIBHOCTH B 3HAMEHAaTe e

N30aBneHneM OT MpPpallMOHATBHOCTH B 3HAMEHATeNle Ha3bIBAIOT MpeoOpa3oBaHUE, MPH
KOTOPOM JpoOb 3aMeHsIeTCs TOXKIECTBEHHO PaBHOM NpoObIO, HE copaepxalleil B 3HaMeHaTele

39 x

3HAKOB KOPHEH.

Laz
=P

3
Hampuwmep, 3aMeHa Ipodu IpoObIO eCcTh OCBOOOXKICHHE oT
UppalOHATIHbHOCTH B 3HAMEHAaTele.
Ilepexon oT KOpHeii K cTeneHsAM

ITepexon OT KOpHEH K CTENEHSIM MHpH NPeoOpa3oBaHUM HPPAIIMOHAIBHBIX BbIPAKCHUN

IpOBOAUTCA Ha 0Oa3e paBEHCTBA , C IOMOIIbID KOTOPOrO AaeTcs OHpeneeHue
CTEIEHHM C pallMOHAIBHBIM TOKa3areneM. IM 0e30083HEHHO MOXKHO I0JIb30BaThCs, KOrja a —
32
5
MOJO0XKUTEIBHOE YUCII0, M — LIeJI0e YMCIIOo, a N - HaTypaibHoe. Hanpumep, kopeHb MOXKHO

5

| pa

3aMCHHUTDH CTCIICHBIO C ,ZIp06HLIM IIOKa3aTCJIEM BHUa
Ecnu xe oA KOpHEM HaXO0AUTCs OTpULATCIIbHOC YN CJIO NI BBIPAXKCHUC C ICPEMCHHBIMU,

H P
a =a”
TO popMyJIoi HaJI0 [10JIb30BAThCs aKKypaTHO. Harmpumep, Mbl He ©UMeeM IIpaBa cpasy
3 2
- 7 - -
S8 4c16) (=8)s (<16):
3aMCHUTH KOpHI/I n CTCIICHAMU BHa n , TakK KakK
i
nl _m -
a =a”
dbopmymna HE UMEET CMBICIIA JIJIsI OTPULATEIBHBIX a.

Pemienue 3aganmii:
Nel. ITpeoGpazoBath 1po0b:

avfea .h.ﬁ
o
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) afa+343 =(a) +(V5) = (V=B (Va) -5+ |-
=( Va5 ){a=3a+3);

) {Jﬁmﬂ} 3 = [{#]'uz\fﬁ-m(qﬁ}"]@m:
={;_2ﬁ+3+ﬁ=

Ne2. ITpeoOpa3oBath BeIpaskeHHE:

a) x - 104/x + 25 2Jx - 10
3fx+12 ~ x-16 "'

8 1-a +u+4JEi4b_
4Ja + 8\b 3-8Ja

B) ¢-25  3Jc+18,
c+12Jc + 36 2Jc +10

r)5Jm -10Jn _4n-4Jmn +m
Jm-5 = 15-3/m

No3. BBITOJHUTE 3a0aHU:

® 1. Yopocture BheIpa)keHue:
a) ﬁvf§+~J2_7—3\/_- 6) (V50 -2V2)V2;  B) (2-V3)2
e 2. CpaBHHTe —~V12 u lr

3. Cokparure npoﬁb.

V5-V15 3Va-6
4. OcBobogure npobk OT 3HAKA KOpPHA B 3HAMeHarTeJe:
5 8

a) ——; 6) ——.

310 V6 +V2

5. IMoxaure, 4T0 3HAYeHHEe BBIPAKeHHA

1 1
2V7-1 2V7+1

eCTh YHCI0 panmHoOHaAJBHOE,

Va7

x=-7

6. IIpu KakuHx 3HaA4YeHUAX X ApoOb
HauboJblIee 3HAYEeHHe?

NpHHAMAaeT
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IIpakTnuyeckas padora NelS
Tema 3.5: Pemenne nppanmoHaIbHbIX YPaBHEHUI U HEPAaBEHCTB
Heanb: HayunTthbes pemaTs uppaliioHaibHbIE YPaBHEHHS U HEPaBEHCTBA

TeopeTuyeckas 4acThb:

Omnpenesienne. UppannoHajJbHbIM HA3bIBAETCH YPABHEHHE, B KOTOPOM HEU3BECTHOE
(mepeMeHHas1) COAEPKUTCH MOJ 3HAKOM KOPHS WM IO/ 3HAKOM Ollepaliu BO3BeJeHHs B
PaUMOHANBHYIO (1PO0HYI0) CTENEeHb.

Jlnsg  peunieHus HMppalMOHANIBHBIX YPaBHEHMH OOBIYHO MCIONB3YIOTCS CIEAYIOIIne
MIPUEMBI:

1)Bo3BeIEHNE B COOTBETCTBYIOIIYIO CTEIICHb 00€ YaCTH ypaBHEHHUS;

2) BBeJICHHE HOBOU TTEpEMEHHOI;

3) cBeneHue K CUCTeMe YpaBHEHU;

4) npuMeHeHue CBOMCTB (PyHKIMH, BXOAAIMX B YpaBHEHHE.

IIpu pereHun MppanMOHAIBHBIX YpaBHEHMH HeoOXoauMMa NpoBepKa BCeX HaWIAEHHBIX
KOpHEH NyTeM HUX MOJCTAaHOBKU B HCXOJHOE ypaBHeHME uiM HaxoxiaeHue OJI3 u cnenyrommuit
aHaJIu3 KOpHEH (NMpu pelleHuu METOJOM INPUBENEHHUS K PaBHOCHIJIBHOM CMEIIAHHOW CHCTEME
YpaBHEHUH U HEPaBEHCTB HEOOXOAMMOCTh B 3TOM OTHAJAET).

IIpocreiiiuMm MppanoHaIbHbIM YPaBHEHUEM SIBJISIETCS YPABHEHUE BUJIA!

7@ -2e)

IIPU PELIEHUN KOTOPOTO BAXKHYIO POJIb UTPAET YETHOCTh UJIM HEYETHOCTS N.
Eciu n- HeueTHOE, TO JaHHOE YPaBHEHUE PABHOCUJIBHO YPAaBHEHUIO

f)=(gl)"

Ecmu n - yetHoe, TO, Tak Kak KOPEHb CYUTACTCA apUPMETHUYECKUM, HEOOXOAUMO

= af =
yuutbiBaTh O/13 (06sacTh TOMYCTUMBIX 3HAUCHHH): f (I)_ 0 . YpaBHEeHHE 7(x)=2() 5 yrom
cllyyae paBHOCHJIBHO CHCTEME:

&)= ()Y
2(x)>0
ITpumep 1.

Pemmths ypaBHeHue VX — 3 = 5.
Pemienne. Tak kak N=2 - yeTHOE, TO 00€ YACTH YpaBHEHHUS BO3BOJIUM BO 210 CTEIECHb:

(Vx—3)2=5%2e x—-3=25 ©x=28

OrtBer: 28
IIpumep 2.

3/ 3
Pemmts ypasrenne vX —2X+1=1

Pemenue. Tak kak B JaHHOM mIpuMepe N=3 - HEYETHOE, TO MOCJIE BO3BEICHUS 00eUX

qaCTeﬁ ypaBHeHI/Iﬂ B TpeTBIO CTCIICHBb HOHyLII/IM
PaBHOCHJIBHOE JTaHHOMY ypaBHEHHE:

3 3 x=0 x=0
C-x+1=PPorf-2x-0 >

I1—2=ﬂ I:i‘\E

Otger: *1 -2, xy =0,x; = A2
ITIpumep 3.

Pemmts ypasuenne V¥ +l1=2-x
Pemenne. Tak kak N=2 - 4ETHOE, TO HCXOJHOE YPABHEHHE PABHOCHIBLHO CHCTEME:
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={2— x+l=4—4x+x? 2 -5x+3=0
x+1=(2-x) . .
2-x>0 x<2 x<2

= 7 & x=
x<2

x=(5-+13)/2
YpaBHeHUs BUAA fff(I) - II{'I'g("'t)

N — HedyeTHOEe = f(Xx) = g(x)

e (s

x)=0 g(x)=>0

I=@ 5_ .13
—

OTBeT:

, PELIaloTCs CIEAYIOUIMM 00pa3oM:

Ipumep 4.
Pemmts ypaBuenue: V5 — x = Vax + 2

5-x2=20 xX<5
{ 4x+2=0 = {xZ—O,S =
5—x=4x+2 x =06

Ortger: 0,6
ITpumep S.
Pemmts ypaBHenue: V2x +6 —vVx+ 1 =0
Pemenue. 3anvnieM JaHHOE ypaBHeHHE B Buue: V2x + 6 = vx + 1. Bossoms o6e
x+1 =0
2x+6 =20
KOTOPOT'O €CTh X = -5 — He yZIOBJIETBOPSIET BHIMMCAHHOMY YCJIOBUIO. 3HAYHT, TaHHOE YpaBHEHUE
HE UMEET PEIICHUM.

OTBer: HeT peleHuit

Ecnu nppanmonansHoe ypaBHEHHE COJEP)KUT HECKOIBKO pajuKaioB. B aTom ciydae mis
n30aBJICHHUS] OT PaJMKAJIOB YpaBHEHHWE MPUXOAUTCS BO3BOIUTH B COOTBETCTBYIONIYIO CTEIICHB
HECKOJIbKO pa3. [Ipu 3TOM mpeBaprTEIbHO YEAUHSIOT OJMH U3 PaJUKalioB TaK, 9YTOOBI 00€ 4acTh
yYpaBHEHUS CTalli HEOTpHIATeIbHbIMU. Oco00oe BHHMaHHUE CIeIyeT OOpaTUTh Ha IPABUIBHOE
Haxoxaenue OJ13.

IIpumep 6.

YacTU B KBaJpaT U YYUTHIBAS, YTO { NOJIYYUM ypaBHeHHE 2x+6=x+[, peuieHue

259 —+/x—3=1

Pemute ypaBHEHHE

Pemenue. 3anuiiieM ypaBHEHUE B BUIE: * 2x-9=1+~x-3 . Tak kak Temepp 00e
4acTU MOMy4YEHHOT0 YPaBHEHUS HEOTPUIIATENBHBI, TO BO3BEIEM UX B KBAJIpaT:

2x-9=1+x-3+2/x-3 = x-T=-x-3 .

[TonyuenHoe ypaBHEHME pPAaBHOCWIBHO UCXOAHOMY. [liii €ro peueHus paccMOTpUM
CUCTEMY:

x-7z20 x=7 x=7
= =
(x—7) =4(x-3) x’ —14x+49 = 4x-12 x* —18x+61=0

x=7
> x=9+xf1_ﬂ
{x=91@
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Orger: X=9+/20

Bgenenre HOBOM MEPEMEHHON B psijie CIy4aeB MO3BOJISIET EPEUTH OT UPPALIMOHATILHOTO
YPaBHEHHMSI K PallMOHAIBHOMY YPaBHEHHUIO.
IIpumep 7.
2 2
PemmTh ypaBHeHHE * +3x+4Vx" +3x-5 =10

Pemenue. Bo3Benenue AaHHOrO ypaBHEHMsS B KBaJpaT MpPUBEIO Obl K ypaBHEHUIO
YeTBEPTOM  CTENEHH, YTO  HepauuoHaimpbHO. [lodTOoMy  3ammmieM — ypaBHEHHE B

2 2
puge ¥ + 3x—5+4Jx" +3x-5=35 1 BBEJIEM «HOBYIO)» MTEPEMEHHYIO:

y=w:1 +3x-5 y=0

=1
yl +4y-5=0 < [y
ITonmyyum y=—5'

f 2 _ f 2 _
BepHeMcsi K = «CTapbiM» IEpeMeHHbIM * % +3x-5=1 win 4% +3x—-5=-5 .

Bropoe u3 monydyeHHBIX YpaBHEHMH pelIeHHH He WMEeT, a peUIeHUs IMEepBOro ecThb
-3+.33
Xr=——.

qucia 2

—3-.33
=—:I

—3+«../3_3
X ) I —

OTtBer: 2 2 .

I/IHOF[[a HpI/I peIHGHI/II/I I/IppaHI/IOHaJ'II)HOl"O ypaBHCHI/IH BO3HHUKACT H€O6XOI[I/IMOCTI) BBCCTHU
HC OI[Hy, a HECKOJIBKO <«HOBBIX» HepeMCHHI)IX. TaKaSI CI/ITyaIII/ISI BO3HHUKACT, HaHpI/IMCp, HpI/I
PELIEHNH YPaBHEHUH, COAEpKAIIUX PaANKabl pa3HbIX CTEIICHEH.

ITpumep 8.
3 —
Pemuth ypaBHEeHHE “J'{I_ 2 +“hl —x = 1.
— . _ 3
PEHIEHI/IG.HYCTLH_ I—ZEﬂHv— I_I_ Torma u+v=1 C

2
cropour ¥+ vV =x-2+11-x= 9 Monyaaem cucremy

utv=1 u=1-v u=1-v
Lo ) L )
W +v =9 (l—v)1+v3=9 vV 4y —2v—-8=0

Apyrou

Pemum MOCJICAHCC YPABHCHUEC CUCTCMBI:
Vivi-2y-8=0 < (¥ -8)+v(v-2)-0e

v=2
(v—ZXv1+2v+4+v)=ﬂ < |, & v=2
¥ +3w+4=0

[Monyynm, uyro ¥ = 2 4 tora¥=l-v=-1<0 g ycnopuio 4 =0
CIIEIOBATEIbHO KCXOJHOE YPAaBHEHUE PEIICHUI HE MEET.

OTBeT: HET pellIeHUH.

[Ipu peureHUM HEKOTOPBIX HMPPANMOHATIBHBIX YPAaBHCHUN HAXOXKIACHUE OOJIACTH
JIOMyCTUMBIX 3HAYCHHWH BXOMSAIIUX B YPABHCHHUE HEU3BECTHBIX MOXKET CYIICCTBEHHO O0JICTYHTh
peleHue ypaBHEHHUS.

Ilpu pemieHUH WPpalMOHATBHBIX ypPaBHEHUH ObIBaCT IMOJIE3HO BOCIOJIB30BATHCS
MOHOTOHHOCTBIO (DYHKITHIA.

ITpumep 10.
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x+6)=6-%x+6
Pemenne. OnuH KOpEHb JAHHOTO ypaBHeHHs & = 2 jerko naiitu noabopom. [Tokaxem,

JUx+6)+ix+6=6

Pemmts ypaBHEHUE

YTO JPYIUX KopHeﬁ HET. 3alMIleM YpaBHEHUE B BUJIE

CBOI/ICTBy CTEIEHHBIX pyHKkumit
bynxmmn ¥ 1( ) v t j ¥2 (I) ) ABJISIOTCS BO3PaCTAIONIUMU Ha
POMEKYTKE [-6:0 ), e OHH 06e OIpE/ETEHbL. [TosToMy uX

y(x)= J2(x+6)+§fx+6
cyMMa Ha TOM IPOMEXYTKE TAaK)KE€ BO3PACTAET, CIEAOBATEIBHO,
OHa IPUHUMAET Ka)kJ0€ CBOE 3HaueHUE (B TOM uMciie U 6) Tosnbko oauH pa3. [loaTomy npyrux
KOpHEH HET.

Otger;: X =2

Onpenenenue: Iloa uppanMoHAJIBHBIM HEPABEHCTBOM IMOHMMAETCSl HEPABEHCTBO, B
KOTOPOM HeH3BeCTHble BeJMYHUHBI (WM HEeKOTOpble (PYHKIUHM BeJUYMH) HAXOAATCH MOJ
3HAKOM pajinKaJja.

OCHOBHBIM METOJIOM pEIIECHUsI UPPAIIOHATBHBIX HEPABEHCTB SBISETCSI METOJl CBEACHUS
MCXOJIHOTO HEPABEHCTBA K PABHOCHIILHOM CHCTEME HEPaBEHCTB MJIM COBOKYITHOCTH TAKUX CUCTEM,
HE COZlep KAIUX HUPPALMOHAILHBIX BBIPAKEHHIH.

CxeMbl pelnieHust:

1) gf(x) <¥g(x) &

f(x) >0,
f(x) <g(x),n e N.
f(x) >0,
2) () <g(x) = 19(x) >0,
f() <(©@())*",neN

(g(x) =0,
ORI LGRSO

g(x) <0,

F x>0,

IIpumep 1. Pemmmite HEpaBEeHCTBO
AT 3 <1.

Pemenue.
066 qaCTHu HepaBCHCTBa HeOTpI/II_IaTeJILHBI, MO>XXHO BO3BOAUTH B KBaI[paT, 3HA4YUT,

x=52z210 Tz

: = <
x-5<1. X<6; SEx <l
Orser: [5:6).

IIpumep 2. Pemmts HEpaBEHCTBO
Nrx+ 8 >-1.

Pemenne.
JlonycTumble 3HaUEHUS! HEPABEHCTBA:

74



x+8% 0 xz -8,

JleBasi yacTh HEOTpULIATEIbHA, [IPaBasi — OTPULIATEIbHA, T.€. HEPABEHCTBO BBINOJIHAETCA
IIPU BCEX JIOMYCTUMBIX X.

Orser: [~ 8i+e).

IIpumep 3. Pemnts HEPABEHCTBO

Jox - 20 o

Pemenue.
JonycTrumble 3Ha4eHUSI HEPAaBEHCTBA:

Gx-20205x 2 20,x 22%.

HpaBaﬂ YaCTb HCEPAaBCHCTBA MOXCT OLITH OTpI/IHaTeJ'IBHOI‘/’I, HO C y‘IéTOM A0y CTUMBIX
3HaquHﬁ, 00€ yactu HCOTPUIATCIIbHBI. BOSBOHI/IM B KBaJpar:

2

02 22, 22,
x: 0 Xz 9 x2 9
Ox—20¢ x° -xi+9x-20< 0 <4 x5

?

2

[2—;4 L5+ )
Orser:
IIpumep 4. Pemmnts HEPaBEHCTBO
Nrtblex 45
Pemenne.
JlomycTuMble 3HaYEHUSI HEPaBEHCTBA:
x+6:|_2 0, x=-61.
[IpaBas yacTh HEpaBEHCTBA MOXKET OBITh OTPULIATEIHHOM.
Paccmorpum nBa citygast.

x+520, x2 -5, x2 -5

£

|Jz+611 <(x+50% x+61< x* +10x+25 . x? +9x-36 >0,

x5
< -12.x2> 3 >

2 x+5 <=1
B sTtoMm cimydae neBas 4acTh MCXOJHOIO HEPABEHCTBA HEOTPULATEIbHA, a IIpaBas
orpuuarensHa. Her pemenuii.
|4 4 i
Orser; ' 57!
IIpumep 5. Pemuth HEpaBEHCTBO

N+ T 5y4,

Pemenne.

JlormycTUMBbIC 3HAYCHUST HEPaBEHCTBA:
r+7 20 x 2 -7

[IpaBas yacTh HEpaBEHCTBA MOXKET OBITh OTPULIATEILHOM.
Paccmorpum nBa cityqast.
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x+120, x2 -1 xz -1

?

|"x+?|2>lx+llj; x+T > xt 42241 i+ x-6<0,

xz2-1
A A

x+1<0
2. " T. €. JieBas 4YacTh HMCXOJIHOTO HEPAaBEHCTBA HEOTpHUIIATENbHA, a IpaBas
orpuniatrenbHa. ClienoBaTeIbHO, Ta YaCTh PACCMATPUBAEMOTO YIaCTKa, KOTOPAsi BXOAUT B 00JIaCTh
JIOTTYCTUMBIX 3HAYCHHUI UCXOTHOT' O HEPABEHCTBA, SIBJISIETCS €r0 PEIICHUEM.
xz-7 xz-,

x+1C0 x4 -1 7501

-lZ2xa2.

OOBbenuHIM OTBETHI B IEPBOM U BO BTOPOM CITy4asiX:

Omser: [~ 52!

Pemare uMppanuoHanbHbIe HEPABEHCTBA MOKHO, INPHAEPKUBAACh, HaNpHuMep,
CJICAYIOIIero aJIropuT™Ma:

1.Haiitu 06;1acTh 10IyCTUMBIX 3HaYEHHUH 3a/1aHHOTO HEPaBEHCTBA.

2.PykoBOACTBYSICh NPENJIOKEHUAMU O PAaBHOCWJIBHOCTH HEPABEHCTB, PEILIUTH 3aJlaHHOE
HEPaBEHCTBO.

3.13 HalineHHbIX pelieHui oToOpaTh 3HaYeHHE IMEePEeMEHHOH, MpUHaAIexaliee o0JacTu
OIIpeNeIeHHs 3aJaHHOTO HEPABEHCTBA.

Pemienue 3aganmii:
Nel. Pemuth ypaBHEeHUS:

1) Wx—2 ='l,

2) Vvx—1 =-3

g) Vxr-1=-3
(L _2

4) V523

Ne2. Pemmute ypaBHEHUs:
1) =72 —-17x = —x

)

2) Vx'+Tx-2=6-x

3) Vil—x—6=+-2x

Ne3. Pemuth ypaBHEHUS:
1) Vx+2+4Y3x—2=4

2) Vvxr—1++/x+2 =1,’11—x.

Ne4. Pemute ypaBHEHUS:

4 Y3

1) ez 5 =2

2) Vvi—2+23x—-2=3
IIE llm 10

+ =
3) -.1|x+3 -.1|2—x 3
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No5. Pemmuth ypaBHEHUS:
1) (x?—4x +35x—2—-2x2=0,

2) Vr—1yx —24x—3 =0

Ne6. Pemnte HepaBeHCTBA:
1) V3i—x=x+3

2) Vit-3x—-18>4—x

No7. PeiuTh CUCTEMBI:
{Zw.-’x +3,/y=7
1)

3Wx—,/y=5

ety +iyx—y=2
2) {.w-’x+}-‘—.v-’x—}-‘=8'
Jr+ty—-1=1
3) {vm =2y-2

IIpakTnuyeckas padora Nel6
Tema 3.6: KortponsHas padorta o pasneny 3 «Crenenu u kopau. CterneHHas GyHKIUSI)
Hean: IIpoBepuTh ypoBEHb YCBOSHHS JAHHOIO MaTepuana mo pazaeny 3 «CreneHu u
kopHU. CTenieHHas QyHKIIH

Ilpu pewenuu 3adanuini 1-4 3anuwiume npasuIbHLLL oOmMeem U3 yemovlpex
npeonoHceHHbIX.

1. (1 6amr) Mexay KakuMu ABYMsI HATypadbHBIMH YU CIIAMUA HAaXOAUTCS YU CIIO0 ¥19?
A)19u20;b5)2u3;B)18ul19;I")3u4.

2. (1 6amrn) Onpenenure KOpeHb ypaBHeHus x°=125

A)3.;b)-3;B)-5; 1) 5.

3. (1 6am) Pacnonoxute B mopsaKe Bo3pacTanus yucia: 2; V5; V17

A)2; 3/5; Y17, B) 2; Y17; 35,3 B) V5, 2; V17, 1) V17, 2; /5;

4. (1 6amr) YMHOXas 4KcCla C OMUHAKOBBIM OCHOBAHUEM, UX CTEIIEHH. . .7

A) ymHOxaem; b) nenum; B) cknageiBaem; ') oTHUMaeM.

Ilpu évinonnenuu 3a0anuii 5-8 3anuwiume x00 pewieHus u nOJIY4eHHblil OMeem.
5,58.,2,9
2558.52

5. (2 6amna) Halinure 3Ha4EHUE BRIPAKCHUA — =
a )

(Viz+8)’
10+/96

7. (2 6amna) PaccrosHue oT HaOomaTels, HaXOASAIIETOCs Ha HEOOJNBIIOH BbICOTE h

npu a=7.

6. (2 6anna) HaliguTe 3HaueHUE BBIPAKEHUS

KMJIOMETPOB HaJ 3eMJIEH, 10 HAOJII0JaeMOoi UM JJMHUM TOPU30HTA BhIUKCIsieTcs o popmyne [ =
V2Rh, rie R=6400 kv — paauyc 3emm. C Kakoil BBICOTHI FTOPU30HT BUJICH HA PACCTOSHUH 48
KuioMeTpoB? OTBET BBIPA3UTE B KUJIOMETPAX.

8. (2 6anna) Pemmre ypaBHeHue Vv —32 — x = 2.

Omanonvt omeemos:
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Howmep 1 2 3 4 5 6 7 8
3a1aHus
OtBeTr b r B B 49 2 0,18 -36

IIpakTnueckas padora Nel7
Tema 4.2: Penienue nokasatenbHbIX ypaBHEHUN U HEPAaBEHCTB
Heas: Hayuntses pemaTs Moka3aTelbHbIE YPaBHEHUS

Teopernyeckasi 4acThb:

Onpedenenue YpaBHeHUE, B KOTOPOM IE€pEMEHHasi COACPXKUTCSA B IOKa3aTelle CTEIeHH,
Ha3bIBAETCS IMOKA3ATEIbHBIM.

[Ipumepsl NOKa3aTEIbHBIX YPAaBHEHUN:

1. 27 =4,

5. 4T $27 41=0,

6. 9% —43.2" 467 =0,

BriOepure mokazateabHbIC YPaBHEHUS:
D2 —x+3=0,

233 =27 =1

o
—
-
e T
—
Il
I | =
.

83— 57 =48

Crnoco0sbI pemieHHs NOKA3aTeJbHBIX YPABHEHUH

Boiienstot aBe rpynisl cnoco0oB: rpaguueckuil ¥ aHaTUTHYECKUE.

Benomuum cyTh rpaguueckoro crnoco0a peieHus: ypaBHeHH:

1. Iloctpouts rpaduku AByX GYyHKIMI (J1eBast U MpaBasi 4aCTU ypaBHEHUS);

2. Haiitu abcruccsl ToYek nepecedeHust rpauKos;

3. 3amucatb OTBET.

Paccmotpum rpadudeckuii cnocod perieHus Ha npumepe ypaBHeHus 2* = 4 Tloctpoum
rpadukn QyHkiuit y = 2%,y = 4 u HaiineM abcuuccy TOUKHM MepecedeHus rpagukos: X = 2.
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OTtBeT: X =2
I'paduueckuit cnmocod0 MOXHO MPUMEHHTH HE BCErJa, MOITOMY pPAacCMOTPUM Ooliee
YHUBEPCAJIbHbIC OCHOBHBIC aHAJTMTHYCCKUE CITOCOOBI PEIICHHS TTOKA3aTEIbHBIX YPaBHEHU I.
AHaIUTHYECKHUE CIIOCOODL:
1. IlpupaBHUBaHuE NOKa3aTemeH;
2. Briecenue o01ero MHOKHUTEIA 38 CKOOKH;
3. BBenenue HOBOI MepeMEHHOM;
4. Vcnonp30BaHUE OJJHOPOIHOCTH.
PaccMoTpum kaxasiii criocod moapooHee u pazdepeM Ha IpuMepe.
1. IIpupaBHHUBaHUE MOKA3ATEIICH.
Cytp MeTona:
1. Venunuts crnaraemoe, copepikaliee nepeMeHHyo;
2. IlpuBecTH CTENEHU K OJTHOMY OCHOBAHHUIO;
3. IlpupaBHATH MOKA3aTENH;
4. PeminTh MOTy4YEHHOE YpaBHEHMUE;
5. 3ammcaTh OTBET.
[Ipumep:
3F_27=0
3" =27,
3:': — 33;
x=73
OtBeT: X = 3

2. BelHeceHnue 00I[ero MHOXKXHTEIISI 32 CKOOKH
[Ipumedanue: BBIHOCUM 3a CKOOKHM MHOYKHUTEIb C MEHBIITMM ITOKa3aTeJIeM.

ITpumep:
33 =78
31— 3*)=-78
3F{1-27)=-78
3 (- 26)= —73;
3 =3

=1

OtBeT: X =1

3. BBenenue HOBOM NepeMEeHHON

Kak npaBuio, ypaBHeHMs], peIIaeMble 3TUM CIIOCOOOM, CBOASTCS K KBaJAPATHBIM.
2 3 _

Tpumep: 44 5.4 +4 =10

HYCTI) 4*=q TOoraa ypaBHCHUEC MOKHO 3al1MCAaTb B BUAC!
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Crnenaem o0paTHYIO 3aMEHY:
=4 ym4*=1,

x=1 umx=0
Omer:x=1mmx=0

4. Vcnonp3oBaHue OJHOPOJHOCTH
T g Pl
Onpeoenenue IlokazaTenpHble ypaBHEHUS BUA Ha3bIBAKOTCSI OTHOPOIHBIMU.

Cytb Merozna: Tak kak nokaszarenbHast (QyHKIUS HE MOXKET IPUHUMATh 3HaYEHUE, PABHOE

HYJII0, 1 00€ 4aCcTH ypaBHEHUS MOXHO JIEJIUTh HA OJHO UM TO K€ HE paBHOE HYJIO YU CIIO, Pa3AEIUM

fx)
o0e yacTu ypaBHEHHUsI, HAIpUMep, Ha &7

[Tpumep: 2* = 3*

Paznenum 06e yactu ypaBHEHHS Ha 3= 0:
2 3t
CREE
§-
3
x=10
Oteer: X =0
Pemenue 3aganmii:
Nel. Pemnth ypaBHEHUS:
12" =16, ,
205" =0125 T)5 = Tk
4= L 8)2% =4,
16 -
(0 e =Y
-IJ|—_| =36, o 3
\6/ oy e 20=8 -~y e
:q}]ﬂr - 'i.llr]_““‘ ].“ G B _.I(T' . :
. 1 4,5 .
6)0.3° = IUUU‘ 1133 c4i3d = —
Bl 2
No2.Pemurte ypaBHeHUE:
()" =25 :
5 . JEL 4+ 3.7% = 2%%3 4+ 3. 2%
a) ; r) ;
X H — X_ 79— _
6)4 + 2 20 'D; H)S 2 2x+3
X__ 7.Ex2 __
p 5= 7552 =90,

Ne3.Pemmre ypaBHEHueE:

y (0,172 =10, 33 4 3% = 5. 2% — 17 2%,

r)
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6)9"—?-3"—18={];
| g4 —3-42=52.
Ne4. Pemntes ypaBHEHueE:
1)(0,2)2*3)‘ =25, 4" -12.27+32=0
X—Yy=4,
5% =25.

Ne5. Pemmuth cucteMy ypaBHEHHU
Ne6.Pemmts ypaBHEHUE

y 7" +5.7" =588
2) 3% +4.3* =279

IIpakTnueckas padora Nel§
Tema 4.2: Pemenne mokasaTeiIbHbIX YPaBHEHUH 1 HEPABEHCTB
Heab: HayunThbes pemath NoKa3aTelbHbIE HEPAaBEHCTBA

TeopeTudeckasi 4acCTh:
[Ipocreiiniee mokasarejabHOE HEPABEHCTBO UMEET BUJL:
e gz ]
f VAL ,rae V - oIuH U3 3HaKOB: <,>,<, HJIA >.
YroObl penmTh NOKa3aTeJibHOEe HEPaBEeHCTBO, HAM HYXHO OT CpaBHEHUS CTereHeil
MepEeNTH K CPaBHEHHUIO MTOKazaTeseH.
f=)

"=
Kak ™Mbl moMHUM, moka3aTenpHas (QyHKIUS y=a

JIeACTBUTEIBHEIX 3HAUCHHUAX * , eci =1 510 3HAYUT, YTO OOJIBLIEMY 3HAYEHUIO apryMeHTa
COOTBETCTBYET Ooblnee 3HaYeHHe GyHKIMU. To ecTh U3 HepaBeHCTBA
=) g(x)
a  Fa

BO3pacTa€T MOpU  BCEX

flz)=g(x)
CIELyeT HEPABEHCTBO © /= = v/

AHaJIOrM4HO, TaK KakK TMOKa3aTelbHas (QYHKIMS yObIBaeT, eCIH U<a<l 4 0oJbIIEMY
3HAYEHHIO apryMEHTa COOTBETCTBYET MEHbIIIee 3HaUeHHe (QYHKIMH, U3 HEPaBEHCTBA

fix qlr Y P

a” ]Z:=- ") flr)<g(z)

ClIeyeT HEPAaBEHCTBO !

To ecThb Npu pelIeHUH TNPOCTEHIIMX MMOKA3aTeJbHBIX HEPABEHCTB Ipexae 4YeMm
CPaBHUBATH BbIPaKeHUs, CTOSIME B MoKa3aTeje CTeNeHH, HY;>KHO CPABHUTDH ¢ eIHMHHMLEN
OCHOBaHHeE CTeleHe.

Emé pas, 310 BamxHo:

€CJI OCHOBAHUeE CTeNneHH 00JbIIe eJUHUIBI, TO TIPH MEPEXO0/I€ K BBIPAKEHUSIM, CTOSIIIUM
B MOKa3aTelie, 3HAK HEPABEHCTBA COXPaHSeTCs

€CJI OCHOBAHHUE CTeleHH 00Jibllie HYJsl, HO MEeHbIlle eIHUHHMUbI, TO IPU MEpexoae K
BI)Ipa)KeHI/IHM, CTOAIIIMM B IIOKA3aTCJIC, 3HAK HepaBeHCTBa MECHHAECTCHA HA IIpOTP[BOHOJIO)KHbIﬁ.

Bce mokaszarenbHbie HEpaBEHCTBA JIIOOOTO YPOBHS CIOXHOCTH, B KOHEYHOM HTOTE,
CBOIATCA K pemeHmo HpOCT@ﬁHIHX ITOKAa3aTCIIbHBIX HepaBeHCTB.

PaccmoTpuM HECKOJIBKO TPUMEPOB.

1. Pemum HEpaBeHCTBO:
@ fi
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Tak Kak OCHOBaHHWE CTEneHen []"3{1, IIpU IIEPEXOAE K BBIPAKECHUSAM, CTOSIIMM B

IIOKa3aTeiC, 3SHaK HCPpaBCHCTBAa MCHACTCA HA HpOTHBOHOJ’IO)KHBIﬁ:
x b
=
-2 x-1
IlepeneceM BCe BIIEBO, U IPUBEIEM K OOLIEMY 3HAMEHATEIIO:
@ i
— - =)
-2 x-1
(-11)-6{x-2)

x|

(#-1{x-2)

=]

a
r -Ta+12
T EE— :::" []
[a-1){x-2)
Kopuu unciurens:
r =34 x_ =4
1 2
(w-3)(x-4)
1 1
A ——
(#-1)(x-2)
Pemum HEpaBeHCTBO METOIOM UHTEPBAJIOB: HAHECEM KOPHU YUCIIMTENS U 3HAMEHATENS HA
YHUCIIOBYIO OCh M PACCTaBUM 3HAKHU:

+ - + - +

=
N
w
BO

Tl 2eresd xd

Orser:
2. PemiM HepaBeHCTBO:
& A
25 =bxh -9
IlepeneceM Bce cnaraemple BJIEBO M Ppa3JIOKUM OCHOBAHMS CTENEHEH Ha MpPOCThIE
MHOXXHTEIN :
2xr . _Tr
5 -bxh 40 <l
Ecnu 651 3T0 OBLTIO ypaBHEHHE, MBI pemagn Obl ero ¢ MOMOIIbIO 3aMEHbI MepeMEeHHOM.
ITocTtynum Takxe.

BooOuie, noka3aTenbHble HEpaBEHCTBA JENATCA Ha T€ )K€ THUIIBI, UTO U IOKA3aTEJIbHbIE
ypaBHEHUS, U PEIIAIOTCS TEMU JKE€ CIOCOOaMH.

Buumanue! Eciim Mbl peliaeM HepaBeHCTBO C MOMOUILIO 3aMeHbI NepPeMeHHBbIX, TO
HY’KHO pemaTbh OTHOCHTEJILHO 3aMeHbl /[0 IMOJYy4YeHHs MPOCTelllero HepaBeHCTBA.
[TosicHuM Ha TOM IpUMepe.

= -
BBesieM 3aMeHy: =5 , £ >

[Tony4yum cucTemy HEpaBEHCTB:

6t+5 <0

£ =0

Orcrona:

L=t =5

£ =0

To ecThb 1<t <5
3anuiieM JBOITHOE HEPABEHCTBO B BUE CHCTEMBI:
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{ =1
{=h

Bot Temneps Mbl MOKEM BEPHYTHCSI K UCXOAHOW IMEPEMEHHOM:

1)
Orcrona: it | e |
OTBer: I i |

Peurenue 3aganmii:

Nel. Pemmre HepaBeHCTBO:

a)(ﬁr‘u;

N

(f—f‘l =

B) ;

U‘llH

No2. Pemmure HepaBeHCTBO:

L2 <2
(Ei/_)x-i-ﬁ

R

xﬂlr—l

Ne3. Pemmte HepaBeHCTBO:

q) 5% =125
6) 0,01 <10 * <10000

D.3x-8 25 .3
J— < ( ——
0 ) ey

n 1=<6"" <216

No4 BpITOJIHUTE 3a1aHUS

A) CpaBHuTe uncia M u N, eciu:

1) (98)">(9.8)"; 2y (0,6]"<(0,6)"
b) CpaBuuTte uncna a u b, ecnu:

1) (7.6)°>(7.6)"; 2y (0,3)°<(0,3)".

)

05 =2 >1
r)

)

¥% 4+ 2%—15

)?3 -4 <1

5-4*+72-25% <= 7-10%

¥° —Ox+14

2-4% 4 25%02 = 7. 10%

Neo5. Haitmure MHOXKECTBO pELIEHUI HEPAaBEHCTBA

I'i'._p.t}l'irt 5

1) ||, 11 ‘l, 11
I'z'.lﬁt I'z'..th!-
3/ =I5
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No6. Pemmte HepaBeHCTBO:
2 =Zx—24

1) 02 ** =0,0016; ) 27 —5-2"+2=0
£+x—15

3) 03 7 =0,027; 4) 5 '-2-5"-7520

IIpakTnueckas padora Nel9
Tema 4.3: CucreMbl oka3aTeNbHbIX YpaBHEHUN
Hean: HayunThes pemaTte CHCTEMBI TOKA3aTENIbHBIX YPaBHEHUN

Teopernyeckasi 4acThb:

W3BectHpie BaM cmocoObl perieHds anreOpanyeckux ypaBHEHUH (MOJCTaHOBKa,
CIIOKECHUE, BBEJCHUE HOBBIX IIEPEMEHHBIX) IPUMEHSIOTCS U K PEIICHUI0 CUCTEM, COIEpKaIUX
noka3aTenbHylo (yHKIMio0. /laBaliTe pacCMOTpUM pELIEHUE CUCTEM I1OKA3aTeJIbHBIX YpaBHEHUM
Ha [IpUMEpPaXx.

3ananme 1. Pemre cuctemMy ypaBHEHUH.

{2X-3P=24,
2Y - 3% = h4,
Penlenue.
24 =23.3
54 = 2.33
2% - 3Y = 24, 2* .37 =2%.3, x+y=4, x=4-y, x=4-y,
{2}'.3)6:54'@{2?.313:2*33’ﬁ{x—y:Z,ﬁ{x—yzz,g 4—y—y=2,
2¥.2¥.3Y.3¥=2%.2.3.33 2¥:2Y.3Y:3¥=2%:2-3:3°%
2.1'+}l' '31'{’_}«' _ 24 . 34 2x—y . gy—.!.' _ 22 . 3—2
6.1’+}"=64 E"'_y_ 32
B™-0
x—y=2
2% .37 = 24, 2% .3Y =2%.3, x+y=4, x=4-y, x=4-y,
{2?-3"=54,H[23'-EX=2-33.ﬁ{x—y=2.= x-y=2"l4-y-y=2
- x=4—y.=. x=3,
y=1, y=1

OrTBeT: PCUICHUECM HCXOJHOU CHCTEMBI ypaBHCHI/II\/'I SABJIACTCS  YHOPAJOYCHHAA IIapa
YHuCCII {:3* 1]

3apanue 2. Pemure cucreMy ypaBHEHUMN.

5 -6 -%
2 3 - 36’
xy —x+y=118.

Pewenue.

AN 2\*7Y 65 _ o —
G -G _E’@{x y=2 gﬁ{x =2
Xy —x+y =118, xy—x+y=118 " |y = 120,
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_1_65
t 36
1 G5
t=- 36—0 | - 36t
36t 65-36
t-36t — -2 — £
r 36

6 -6 -

xy—x+y =118,

{x=2+}r,

(2+y)y =120,

36t? — 65t —36 =0

D = (—65)*—4-36-(—36) = 9409 NIV g2
i 65419409 2 ‘(E)
12_‘) 236 x—y=2
-0 bh=3
4
tz=_a
65
=, xX—vy =2 x—y—2 x—2+y,
3 g{xy—x+y:118,‘:.[xy= 120, Q{xy= 120,
x=2+}’, x1=2+10,= x; = 12,
y2+2y_12{]=0, }’Il=10; }'1=10;

yi+2y—120=0
Y1ty =-2
Y1 ¥ = —120
}"1 = 1[}, yz = _12

x2=2_12,= xzz_ln,
y, = —12, y, = —12.

He 3abymem 3amumcaTh OTBET: pEHICHHWEM HAIEd HWCXOJHOH CHUCTEMBI SBISIOTCS

YIOPSAI0YEHHBIE HAPhl YUCEI (12;10),(~10;-12) :
3ananue 3. Pemure cucremy ypaBHEHUH.

{3”— 2Y =725,
¥
3* — 22 = 25,
Pewenue.
3 =27 =725, (3% - 22)(33' +27) =725, 25 . (31 +27) = 725, _,
y
3* -2z =25, 3% 22_25 3 — 22—25
y y y
3¥ 422 =29  |3%+22+(3¥—22z) =29425 (2:3"=54 (3*=27
= ¥ by ¥ = y — ¥ =
3* _22-=25 (3*+22—(3x—22)=20-25 (2-22=4 22 =2,
3* = 33. x =3, ¥ =3
=1y =y =0T
2z = 21, >=1 {}’=2'
3aHI/IIHeM OTBCT. peHIeHHeM HCXOI[HOﬁ CHUCTCMBI ypaBHeHI/Iﬁ SIBIISACTCA yHOpﬂHOquHaﬂ
napa 4uces (3;2)

Pemienue 3aganmii:
ITepssiii gapuanm

Bmopoii eapuanm

Tpemuii gapuanm Yemeepmotii 6aPUAHM

|3x+1.—6 ]3\+1—9 ‘..\+'|.—6 ‘3\+1.—?
Yo =1 Y Nog =1 10*1-3 -1 Y Nos =1
+Hop _ Hy +1=2 2+"1= )
5) J4_ 16, 5) |13_ 169, 5) [11% =121, 5) |1_ 144,
|3x-10y =4 l4x—35y=14 l4x—5y=1 l4x—2y=14
5) 2 =4, . [10*" =1000, [47 =64, 5) 557 =125,
lx—ay =3 |x-3v =10, lx—9y=7. |x-3y=7
[10*= =100 ]3&" =81 [3% =27, 577 =125,
r . r . r
) 51 =125 ) 110 =3 =1000. ) §3 =125, ) 13*—1 ' =81

85



2" =1024, (2" =64,

: 27" =512, 277 =128
:} 1\||—1 +1 L ﬂ} l,-l-\l::—]r—l_i ,H) I,-l\i:—lr—l _i ﬂ) I,-l\i:—‘r—l_i
1' 2) 32 1 ’w‘ 16 L:; 16 Lz; 16
(0,7%.0,7" =0.7. 0,97 =089, [0.6% 06" =0.6, (0.5 05" =05
© l“r“ oz 9 l 27 =32, © lef*'-z-"=32. © ‘12“-2-‘ =32
Is‘ 2" =1, 4727 =1, 472" =, 1287 .27 =1,
N v =3, (1) s *) (1) gs %) (1) 430 =3
3; \3) \2) \3)
]3'+31 =30, ]"r +27 =3, 28 +27 =12, [3"+3" =10,
3) _ 3) 4.,
lgr 37 =24 b _2 =1, |27 -2 =4. |3 -3" =s.
Omeemul:
Ilepgstii sapuanm  Bmopoii sapuanm Tpemuii sapuanm  Temeepmustil
sapuanm
a) (0.75:3.75) a) (1.125:5.625) a) (1.2:3.6) a) (0.875:4.375)
6) (1.5:0,05) 6) (1.2:0 ) 6) (1.2:0,16) 6) (1.2:0.4)
B) (2.6:-0.6) B) (4.75,-1.?5) B) (3.4:-0.4) B) (4:-1)
r) (0:-2) r) (1,9:-0.2) r) (1.35:-0.3) r) (1.25:-0.5)
1) (16:6) x) (9:3) m) (6:15) x) (4:11)
e) (1.5:-2) e) (0.75:-2.75) e) (0.75:-1.25) ¢) (0.75:-0.5)
x) y=0.5:v=-0.6: %) (-0.4:0.2) ) u=-0.4:t=0.2:  x) |- 1'“; 11_1‘
3) t=3:y=1: 3) (1:0) 3) t=3; y=2; 3) u=0:;v=2.

IIpakTnueckas padora Ne20
Tema 4.4: KortponbsHas paborta no pasneny 4 «llokazatenbHas QyHKIUSI»

Heas: [IpoBeputh ypoBeHb YCBOCHHUS JaHHOTO MaTepuana no pasaeny 4 «llokazarenbHas
byHKIHS

Ilpu pewenuu 3adanuit 1-4 3anumwiume npaguUILHBLL OMEem U3 Yemblpex
nPeonoHceHHbIX.

1. (1 6amn) [1pu kakoMm 3HaYeHUU a QYHKIHS y=a* ObIBaeT Ha BCeW 00JIaCTH OnpeesieHus?
A) a=§; b) a=8,25; B) a=%; I a=\3.

2. (1 6an) Ha pucynke nzobpaxén rpapuk ¢pynknuu suaa f(x)=a*. Haiinure 3HaueHue

Wl

f2).

—f)=a")

SRSl

-

L | [Ofpedyerd )

A) 25; B) 5;B) 32; ') HeT BepHOro OTBETA.
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3. (1 6amr) ®yHkums 3a1aHa GOPMYIIOi: f(x)z(%)". Yemy pasuo f(-2)?
A) -~ B) -4; B) 4, 1) \2.

4. (1 6amr) Kopens ypaBHeHUS (;)X v = 3?
A)12,5;Bb)13;B) 14;T) 15.
Ilpu évtnonnenuu 3a0anuii 5-8 3anuuwiume x00 pewienus u nOJY4eHHbLI OMeEem.
5. (2 6amna) Haiigure KopeHb ypaBHeHus 3¥2-5*3*=12
6. (2 6amta) CKONBKO LIENBIX PENIEHNI UMEET HEPaBeHCTBO 1 < 7X1< 497
7. (2 6anna) Haiinure Touky MakcumMyma QyHKIUU § = 25-8x—x*

8. (2 6anya) B xone pacnaga paaloakTHBHOTO U30TOIA €r0 Macca yMEHbIIAETCs 10 3aKOHY
m(t) = mo - 2T rae mo — HavanbHas Macca M30TomNa, t — BpPEMsl, TPOLIEANIEE OT HAYAIEHOTO
MoMeHTa, T — mepuoj monypacnaaa. B HauanbHBIT MOMEHT BpeMeHH Macca u3otomna 184 wmr.
Ilepuon ero nomypacnana coctamiser 7 MuH. Haliaure, yepe3 CKOJIbKO MUHYT Macca M30TOMa

Oynet paBHa 23 MT.

Smanouvt omeemos:

T

OMep 1 2 3 4 5 6 7 8
3aaHuA

OTtBeT B A B A 1 2 -4 21

IIpakTnuyeckas padora Ne2l
Tema 5.1: Jlorapudm uucna. CoiictBa jgorapudmMoB
Heab: HayuuThes BBIMUCIATH JIOTapudMBl M YIPOINATh BBIPAKEHUS, COJCpIKAIIUC
sorapudm

Teopernveckasi 4acTh:

Jlorapudm uncna b o ocHoanumio @ onpesenseTcs Kak MoKa3arelb CTEIEHH, B KOTOPYIO
HAJ0 BO3BECTH YHCIO I, 4TOOBl mONyuuTs umcio b (JlorapudM cymecTByer TONBKO Y
MTOJIOKUTEBHBIX YHCEIT).

Jlorapum B mepeBofie C T'peYecKoro OyKBaJbHO O3HA4aeT "4UCiIo, H3MEHSIoLIee
OTHOLIEHHE".

CrnennajibHble 0003HAYECHUS:

1. Harypanesnbiit norapudm [1a - norapudm no ocHosanmuio €,

2. Jlecatnunslii Torapudm lga . norapuM 1mo ocHoBaHwuto 10.

CaoijicTBa Jorapu(p)mMoB:

log, b
1° a“®*" = b- ocnosnoe norapu(MUIECcKOe TOXKIECTBO.

20 log,a=1La=0a+#1

30 log,1=0.a>0.a#1

Jlorapudm eaMHHULIBI 110 TIOOOMY MOJOXKUTEIBHOMY, OTJIMYHOMY OT 1, OCHOBaHMIO paBeH
HYJTI0. DTO BO3MOXKHO MOTOMY, YTO U3 JIFOOOTO NEHCTBUTEIBHOIO YHCIa MOXKHO IMOJYyYUTH |
TOJIBKO BO3BEJISl €I0 B HYJIEBYIO CTEIICHb.

4o log (be) =log, b+ log, ¢

Jlorapuhm npoun3BeieHus: paBeH cyMMe JIoTapu(pMOB COMHOKHUTEIEH.

]'{:“. E - ].{:I“' b — ]_{;-:l'

50 T i} 1]

P

&
Jlorapum yactHoro (Ipodu) paBeH pa3HOCTH JOrapu(MOB COMHOKHUTENEH.
6° L L b = P li i

e =
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J'IorapmbM CTCIICHHU paBCH IIPOMU3BCACHHIO I10KAa3aTCJIsI CTCIICHH Ha HOFapH(bM cC
OCHOBAaHWUsI.

1
log, . b= T log, b

1
log, b=
g0 log, @
log b
log, b= B
9° log.a - mepexoJl K HOBOMY OCHOBAHHUIO.

Pemenne 3ananmii:
Nel. Halinure 3HaueHHE BBIpa K CHUSL:

6 * lﬂg? 3??

Hcnons3oBanu:
™

an = yam

mo__ .
log . b™ =m-log, b

Otser: 2
No2. Haiigure 3HaueHue Boipaskenus 10gos 3 - 10931,25

log, 23 - log;1,25 log, 1 log; 1,25
oo v 10T . — v 10T , — —
50,8 o3 1 g3 ﬂ,B o3 ]_Di:lz {},8
5 5
=10g8,51,25 = ID%E = lﬂgg]—i -1 lnggg =—-1:1=-1
Hcnons3oBanu:
| 1
o9 =
= log,a
log. b
= =log, b
log.a
1
log kb = 7 log, b
Otset: —1
Ne3.Haiinure 3HaueHHE BBIPAXKEHUSA:
510g25 49

glogzs49 — 5]cg25?2 — § 2logas7 — ('52}]og25? _

— 25legzs7 = 7
Ortsert: 7
Ned. Halinure 3HaueHHE BbIpa K CHUS:
g2 logg 3

gZ-loge3 _ (Blagsaf e
OrtBet: 9
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No5.Hailinute 3HaueHUE BBIPAKEHUS:

6410%8 V3

G4alog=n3 _ (8- g)lozs V3 _ glogey3 | glogaV3 _ V3.4/3=3

Ortser: 3
No6. Halinute 3Haue€HHUE BBIPAKEHUS:
24
3logs 2
24 24 12
3logz2 = 2
Ortsert: 12

No7. Halinute 3Hau€HUE BBIPAKEHUS:

log1 V13

13

— _ 1 .
log 1 V13 =log;3-1 13%° = -’ logi313%5=—-1:0,5=-0,5
13 —
OtBeT: — 0,5
Ne8 . Haiinute 3Hauenue Boipaxkenus 1093 8,1 + 10gs10.

log,8,1+1og;10 =log,(8,1-10) =log,81 =4

Ortger: 4
Ne9. Halinute 3Hau€HHE BBIPAKEHUS:
ngﬁ y’lﬁ
logg 13
% = log,3 V13 = log,; 133 = 5=05
Otgert: 0,5

Nel0. BeruncnuTe 3Ha4€HNE BHIPAXKECHHUS:
foi]
(310g2 3)1':'::._-. 2

(S]ng EJ]OEEE _ (S]QEEEJ]GEES — plog:3 _ 3

Otgert: 3
Nell. Haiinure 3nauenue Beipaxenns 10ga(ab®), ecom logy a = 1/7.
[IpeoGpazyem naHHOE BBIpAKEHUE:

log.(ab®) =log a+log, b®=1+3log b

OnpeaenuMm 3HaueHue BeipakeHus 10ga b. Ham n3BectHO, 9TO

| 1
F. — —
0g,a 7

Hcnonb3yem cBOMCTBO:
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0gpa =155
o
1 1
7 log. b

CnenoBaresnpho l0gab=7.
Takum ob6pazom:

1+3log,b=1+3-7=22

OtBerT: 22
Nel2. Haiinure loga(a:b®), ecmu logs b = 5.
a
lﬂgaﬁ =log,a —log b*=1—3log, b =

OtBet: —14
Nel3. Haiigure loga(a2b®), ecom loga b = 2.

log, (a*b?®)=log,a* +log, b* =2log,a +3log, b =

=2+1+3log,b=2+3+(-2)=—4
OtBet: 4
Nel4. Haiinure 3Hauenue Beipaxkenus loga(a’h®), ecom logp a = 1/3.

log (a*h®) =log a* + log b® = 4log, a+ 9log, b =

=4+.1+9log_b

1
log,a = 3
l ! . L log,b=3
0. — —_ = —
%8p @ log, b 3 log.b 93a
4-1+9log,b=4+9-3=31
Ortsert: 31
Nel5. Haiinure loga(a’:b®), ecim loga b = 10.
a’
lngaﬁ =log.a” —log, b® =7log a—3log. b=
~7-1-3-10=—23
OtBeT: —23

Nel6. Haitmure loga(abt®), ecom loga b =7.
log_(ab?®) =log_ a+log b®=1+10log b =

=1+10-7=71
Ortser: 71

90



IIpakTnuyeckas padora Ne22
Tema 5.3: Peurenue norapupMuyeckux ypaBHEHUH U HEPaBECHCTB
Hean: Hayuntbes pemats jtorapupMuieckne ypaBHEHUS M HEPABEHCTBA

TeopeTnyeckas 4acThb:

Teopema 1. Ecu f(X) > 0 mg(X) > 0, to norapudmuyeckoe ypaBHeHue log a f(x) =
logag(x) (rnea> 0, a # 1) paaocuinbHo ypaBaeHuto f(x) = g(x).

IIpumep 1. Pemmmre ypaBHeHuUE:
lg(2? — 6) = 1g(8 + bx).
Pemienne. B o0nacte 1OMyCTMMBIX 3HA4€HUH BXOIAT TOJNBKO Te X, MPU KOTOPBIX

BBIpaXXCHUE, HaXO/s11Ieecs Mo/ 3HAKOM Jiorapugma, 00JbiIe HyIa. DTH 3HAYCHUSI OTIPEIEIITI0TCS
CIIEAYIOLIEN CHCTEMOM HEPABEHCTB!

2 —6 >0, x? > 6,
—
&+bhr =10 r > —1.6.

x € (—00; —V6) U (V6; +00),
re(—1,6;+0c).

C y4yeTom TOro, 4Tto
—1,6 = —/2,56 > —V/6,

MOJIy4aeM MPOMEXKYTOK, OMPEAEISIONMA 00JacTh JOMYCTUMBIX 3HAYCHUH JTaHHOTO
Jorapu(pMUYECKOro ypaBHEHHUS:

T e {\/E; +00).
Ha ocnoBanum Teopembl 1, Bce yCIIOBUS KOTOPOH 3/1€Ch BBIIOJIHEHBI, MEPEXOJUM K
CIENYIOLIEMY PABHOCUIBHOMY KBAAPATUYHOMY YPaBHEHUIO:
2_6=84+5 2 _Br—14=0
xTr- — = —|—=J”I--‘{:}:T- — ol — = =
ry =17, 10 = —2.
B O6J'IaCTB }IOHYCTI/IMI)IX 3Ha‘leHHﬁ BXOAUT TOJBKO HepBHﬁ KOpeHB.

OtBer: X=1.
IIpumep 2. Pemnte ypaBHEeHUE:

logy o (—a? + 4a + 5) = logg o(—x — 31).

Pemenune. O6acTe JONYCTUMBIX 3HAYEHUH YypaBHEHUS OIpENEseTcss CHUCTEMOU
HEPABEHCTB:

—x? 44+ 5> 0, - —1<gx<h,
—x—31 =10 T < —31.

OueBHIIHO, YTO 3TU JBa YCJIOBHs IPOTUBOpEYAT Apyr Apyry. To ecTb HET HM OJHOrO
TaKOI'0 3HAYEHUS X, P KOTOPOM OJHOBPEMEHHO BBINOJHSINCH Obl 00a HepaBeHcTBA. O0IaCTh
JIOITyCTUMBIX 3HAUE€HUH yPaBHEHUS SIBJIETCA IYCTHIM MHOXKECTBOM, @ 3HAYUT PELLIEHUN Y JAHHOTO
Jorapu(pMUYECKOro ypaBHEHHUsI HET.

OTBer: KOpHEN HET.

OO6paTtuTe BHMMAaHME, YTO B ATOM 3aJJaHUM HaM BOOOIIE HE MPHUIIOCh HCKaThb KOPHU
ypaBHeHUs. [locTaTOYHO OKa3aloCh OMPEAEIUTh, YTO €ro 00JAacCTh JOMYCTUMBIX 3HAUCHHN He
COAEPXKUT HU OJHOIO JEHCTBUTENBHO 4YHCIA. OTO OJHO M3 MPEUMYILECTB TaKOH
MIOCJIEIOBATEIbHOCTH DPEIICHUsS JIorapu(MUYECKUX YpaBHEHUII M HEpaBeHCTB (HAYMHATh C
orpeneneHuss 00JacTh JOMYyCTHUMBIX 3HAYEHUN YpaBHEHMs, a 3aTeM pelaTh ero myTeMm
PaBHOCUJIBHBIX ITpeo0pa3oBaHuil).
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IMpumer 3. Pemmte ypaBHeHuUeE:
3103% r+dlogrx—2=0.

7 2

Pemenue. O61acTh 10MyCTUMBIX 3HAUEHHUH ypaBHEHUS OIlpesiensieTcs 3/1ech jerko: X > 0.
Hcrnonb3yem noCTaHOBKY:

t = log% T
YpaBHEHUE NPUHUMAET BU:
1
t1 = 7,
3 4t —2=0s |, %
ty = —2.
OO6patHas Mo CTAaHOBKA:
logi ¢ = L. =L
53 R o I Bk
logi x = -2 r = 4.
2

O0a oTBeTa BXOIAT B 00JaCTh JOIYCTUMBIX 3HAUE€HUH YpaBHEHUS, IIOCKOJIBKY SBJISIOTCS
MIOJIO’KUTEIbHBIMH YU CIIAMHU.
IIpumep 4. Pemute ypaBHeHMeE:

logp 4(x + 2) + logg 4 (v + 3) = logg 4 (1 — x).

Pemenue. BHOBb HauHeM pelieHHE ¢ OmNpezeNeHus o0JacTh JOIMYCTUMBIX 3Ha4eHUi
ypaBHeHHs. OHa ONpenesieTcs CIeAyIel CUCTEMO HEPABEHCTB:

r+2 >0, - §
r+3>0, ©<{xr>-3 <Lxe(-21).
1l—x>10 r <1

Bocnonbs3oBaBIINCh TPaBUIIOM CIIOKEHUS JIOrapu(PMOB, IEPEXOJUM K PaBHOCUILHOMY B
00J1acTH ONyCTUMBIX 3HAYCHUH YPaBHEHUIO:

logg 4(x + 2)(x + 3) = logp4(1 — ) =
OCHOBaHI/Iﬂ HOFapI/I(bMOB OIWHAKOBEI, I0O3TOMY B O6J'IaCTI/I JOITYCTUMBIX 3HAYEHUI MOYKHO
MEPENTH K CIIEAYIOIIEMY KBapaTHOMY ypaBHEHUIO:

(z+2)(z+3)=(1-z)=’?+6z+5=0<
x] = —0,
r9 = —1.
[lepBbiii KOpeHb HE BXOAWUT B 00JAaCTh AONYCTHUMBIX 3HAUEHUH ypaBHEHMS, BTOPOH —
BXOJMT.

Otser: X = -1.
IIpumep 5. Pemurte ypaBHeHuE:

1083 % = 81,
Pemenne. bynem uckarp pemieHus B npoMmexytke X > 0, X£1. [IpeoOpazyem ypaBHEHUE K

PaBHOCUJIBHOMY:
logsz _ . log, 81 logs T _ e
7083 T _ l0E, e 83 T — ploggr e
loggx =2 - r =1,

2 ; 1
loggx =4 & logs & = —2 -
Oq T ;

[Tl ]

O6a oTBeTa BXOAAT B 00J1aCTh JONYCTUMBIX 3HaUYEHHUH ypaBHEHHUS.
IIpumep 6. Pemre ypaBHeHueE:

logy(x +12) - log, 2 = 1.
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Pemenne. CucteMa HEpaBeHCTB, OINpefensdoouas o001acTh JOMYCTUMBIX 3HAYCHHUH
YpaBHEHUS, UMEET Ha 3TOT pa3 BUJ:

r+12 =0,
r =0, x>0 #1.
xF 1

Hcnonw3ys cBoiicTBa orapudma, npeodpasyemM ypaBHEHHE K paBHOCHJIBHOMY B 00JIaCTH
JIOIY CTUMBIX 3HAYCHHUI YPaBHEHUIO:

logy (x4 12)

= 1.
2logy
Hcnonb3ys popmyiy mepexosia K HOBOMY OCHOBaHUIO Jorapudma, moayyaem:
rp = 4,
log,(r+12) =2 =2 —2-12=0 X ;
D= —o0.

B o0nacTh 1oMyCcTUMBIX 3HAUEHUN BXOJUT TOJIBKO OJIMH OTBET: X = 4.

[lepeiinem Teneps K .102apughmuueckum HepageHcmeam. DTO KaK pa3 TO, C YeM BaM
npugetcst umeTh neno Ha EI'D mo martematuke. [l pemieHus: AadbHEHIIMX MPUMEPOB HaM
noTpeOyeTcs CleayIonas TeopemMa:

Teopema 2.

Ecmu f(X) > 0 u g(X) > 0, To:

npu a> 1 norapudpmuueckoe HepaBeHCTBO logaf(X) > logag(x) paBHOCHIBHO
HEPaBEHCTBY TOro ke cMbicia: f(X) > g(X);

mpu 0 <a< 1 morapudpmuueckoe HepaBeHCTBO logaf(X) > l0ga g(X) paBHOCHIBHO
HEPaBEHCTBY MPOTHUBOMONIOKHOr0 cMmbicia: f(X) < g(x).

IIpumep 7. Pemmire HEpaBEeHCTBO:
2 )
logg 5(2” +x — 6) = logy 5(x + 4).
Pemenne. Haunem c ompeneneHuss 007acTv JONyCTUMBIX 3HAYEHUN HEPaBEHCTBA.
Bripaskenue, crosiiiee moja 3HAKOM JIorapu(MUUecKord (YHKIUHU, JOJDKHO MPUHUMATH TOJBKO

MOJIOKUTENbHBIE 3HA4YeHHs. JTO 3HAYUT, UYTO HMCKOMas o0OJacTh JOMYCTHMBIX 3HAYCHUU
OIpENENACTCs CAEAYIOLEH CUCTEMON HEPaBEHCTB:

w24+ x—6>0, - r e (—oo;—3) (2 +00),
r+4>=0 x> —4
s e (—4;-3)U(2;+00).

Tak xak B OCHOBaHMHM Jiorapu@ma CTOMT YUCIIO, MEHbIIIEE €AMHUIIBI, COOTBETCTBYIOIIAS
norapudmuyeckas QyHkuus Oyaer yObIBarollel, a IOTOMY paBHOCUJIbHBIM 110 Teopeme 2 OyaeT
Hepexo]] K CeAyILUIeMy KBaJIpaTHYHOMY HEPaBEHCTBY:

P rr-—6<r+4e <10 s e [—vV10;V10].
OKoOHYATENBHO, C Y4€TOM 00JIaCTH JIOMyCTUMBIX 3HaYE€HUH TTOJIy4aeM OTBET:
x € [—v10; =3) U (2; v 10].
IIpumep 8. Pemmire HEpaBeHCTBO:
11
(z—9)
r—3

Pemenue. BHOBb HauHEM C orpenieNieH s 00JIACTH JTOMYCTUMBIX 3HAYCHHIA:
v? — 122 +27 > 0,
[J. 0 ] 11

r—3 >0

11 - logy (x? — 122 4 27) < 12 + log,

S x e (—oo;3)U (9 +00).
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Ha MHOXecTBE [OMyCTUMBIX 3HAYECHUH HEPAaBEHCTBA IPOBOIUM pPaBHOCHIBHBIC
peodpa3oBaHus:

i
i1 logg (z — 9)(z — 3) — logg Z—2 < 19

T — 3
{I_g}ll
r—3
912,

logg [(x — 9)'! (2 — 3)!1] —logy

(x —9) 11
[Tocne cokpareHns 1 mepexona K paBHOCHIBHOMY IO TeopeMe 2 HEPaBeHCTBY MOIYYaeM:
(z—-3)2 <9« 9<r-3<9e axe|—612.
C yquOM 00J1aCTH 1Oy CTUMBIX 3HAYCHUII TOJTy4aeM OKOHYATEeIbHbBIH OTBET:
€[—6:3) U (9;12].
HpnMep 9. PemHTe norapn(bMqucxoe HEpaBEHCTBO:
log,.. [:r + 322 + 2r) < 2.

Pemenne. O61acTh JOMYCTUMBIX 3HAYEHUH HEPABEHCTBA OIPEACISICTCS Clenyromen
CUCTEMOIM:

r+1>=0,
r+1+#1, e x e (0;400).
r(x+1)(x+2) >0

Buano, uyTo B 00JaCTH OMYCTUMBIX 3HAYCHUH BBIPAKEHHE, CTOSIIEE B OCHOBAHHUH

norapudma, Bcerya 60IbIIe eIUHUIIBI, @ TOTOMY PAaBHOCHUIIBHBIM IO TeopeMe 2 OyaeT mepexos K
CJIG,Z[}/IOI.[IGMy HepaBeHCTBy

23 —|—3:r —|—2:r{:r —I—Q:r—l—lﬁzr —|—2:r —-1<0=
(z+1)(2*+2-1) <0

1++5 vh—1

re | —oo——— | U | —1;

2 2

C YueTOM obnactu JOITyCTUMBIX 3HaAYCHUU nmojydacm OKOHYATEeJIbHBIM OTBET:

V5 —1
2

Ipumep 10. Pemute HEpaBEeHCTBO:

2logy(z? — 4x)

< 12

logg < logy

x e |0

< 1.
logy x2 A
Pemenne.
O06nacTh JOMyCTUMBIX 3HAUEHU HEPABEHCTBA OMPEALIETCS CHCTEMOI HEPABEHCTB:
2 _ 4z >0,
22 >0, sre(—oo;—1)U(—1;0)U (4; +00).

22 # 1

I cmoco6. Bocrionszyemcst opmyiioit mepexona K HOBOMY OCHOBAHHUIO Jiorapudma u
HepepmeM K paBHOCI/IJIBHOMy B O6JIaCTI/I A0y CTUMBIX 3HAYCHUN HCPAaBCHCTBY:

lomz{ — —l:r} < 1.
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HepaBenctBo OyneT paBHOCUIBHO ABYM cucTemaMm. [1epBoii:

xe(—1;0), - r e (—1;0),

(2% — 4x)? = 2? 22z —5)(z—3) =0
r e (—1;0).
U BTOpOIi:

r e (—oc;—1)U(4; +00),
22 (x — 5)(z —3) <0

Hrak, okOHUaTENbHBINA OTBET:
r e (—1;0) U (4;5].

II cnoco6. Pemmaem Meronom uHTEpBaioB. [IpeodpazyemM HEpaBEeHCTBO K BUAY:
2 l:::nggl[:r.2 — da) — logy 2

& x e (4;5].

5 <0<
logq
BrruteMm u3 3HaMeHaTeNs 1033 1'3T0 HUYEro He U3MEHUT, MOCKOJIbKY 1933 1=0.
logg (2 — 42)? — logg 2 <0
logg 12 — logy 1 A
C yd4eroM TOro, 4YTO BBIPAXKCHUS ngH f— l'DgHng — 49— opguoro 3maka

pu f g = 0, B 00JIACTH JOMYCTUMBIX 3HAYEHUH MMEET MECTO CJIEAYIOIIUH PaBHOCHIIbHBII
HEPEXOA;:

|[:1f.2 — il:r.]l2 _ x?

<0«
2 —1 h
(2 — ba)(a? —Bx) _
2 — 1 o
oo - s
- o 1 2 & 4+ s

MHokecTBO peIHeHI/Iﬁ JaHHOI'O HCPABCHCTBA

. S
Urax, € {_1' 1} U [3' ‘J] 'a ¢ yuyeToM 00JacTH JONYCTUMBIX 3HAYEHUH MOoJydaem

—1;0) U (4:5].

TOT XK€ pe3yabTar: €

Pemenue 3aganmii:
Nel. Pemmute ypaBHEHUS:

1. log,(2x + 1) = log, 3 + 1: 6. log;(x — 1) =log, 2 + log, 3;
2. log-2—-1=—log,(5—x): 7. loga(2x — 1) — log: 16 = 5:
i z 2
3. Sloga(3x—2) =3: 8. lg(5x +2) = ~lg36 +lg2:
;!' logos(3x — 1) = —3: 9. logix—5log.x+4=0;
5. 2logz; 2 —logz(x — 1) = 1 + log; 5: 10.1g%x = 3 — 21z x.

Ne2. Pemmute ypaBHEHUS:
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Dig(x+4)-lg (x — 3) = lg 8;
Dlg(x+2)-1gh=1g (x — 6);
Dig(x-2)+1gx=I1g 8;

4)lg Jx — 7 +1g J3x — 8 = 1:
5) log, (x + 10)

6)log, 2+ log, 3- % .

Ne3. Pemuth HEPaBEHCTBA:
1. log,(2x—6)<log, x

3

lgl2x —5) >

2

; 1+ X

3. log, Y
il

.
=)
JC
=y
o3
-

i

ol
LAY
st

"'Jl

log,, x +log,,(x—19) <1

IIpakTnueckas padora Ne23
Tema 5.4: Cucrembl lorapu(pMUUECKUX YpaBHEHUIN
Hean: Hayuntbes pemats cCHCTEMBI JIorapu(MUIeckue ypaBHEHUS

Teopernveckasi 4acCTh:

Cucrembl JorapupMuuyecKux ypaBHEHMH pEIIAIOTCS TEMH >K€ METOJaMH, 4YTO U
CHCTEMBbI TOKa3aTelbHbIX ypaBHeHHH (ypok «lloka3arenbHble ypaBHEHHS, HEPAaBEHCTBA U HX
CHUCTEMBI»).

CamMble TpOCThIE CHCTEMBI JIOTapu (PMUUYECKUX YPaBHEHHH — 3TO cucmembl, 8 KOMopuvix 006a
ypaenenus ceooamca K npocmelwum. B nanpHeieM moiy4daeTcss oObIlYHAs CUCTEMa U3 JIBYX
YPaBHEHHI C IBYMs HEU3BECTHBIMH, KOTOPYIO MbI YK€ YMEEM PEIlaTh.

{bg:(x +3y) =2

[Ipumep Takoi cHCTEMBI: logzxy =1

Emé omma Tum cucrem norapI/I(bMqucm/IX YPaBHEHHI — 3TO cucmembvl, KOmopbie
{ log,x —log;y =2

N Adlog,x —5log,y=7
C8005IMCSL K OOBIMHBIM C NOMOWbIO 3aMeHbl. [IpuMep TaKoW CHCTEMBI: 2 - .

IMpumep 1
log z(2y—x) =2

{lngl(}r —x)=—
Pemuth cucremy ypaBHeHHUii: z

Kak Bunum, 00a ypaBHEHHUS SBISIFOTCS] IPOCTEHIIMMU, TO3TOMY HCIIOIb3yeM OINpe/ieTICHHE
norapudma u 1oxydaeM CHCTEMY JIMHEHHBIX YpaBHEHUH:
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1)_‘

y—x=|=

B 2

_ {2}? —x=25
y—x=4

R

y—x =4

(o

x= -3

Ilposepxka: (=3:1) _ honxonur.

Orser: (—3i1)

IIpumep 2

log,x —logz;y =2

PemmnTh CHCTEMY YPaBHEHHI: {4 log;x —5logzy =7

log, x

Kax BUIUM, nepeMeHHa;Ix B CHCTCMC BCTPEYACTCA TOJIbKO B BbIPpAXCHUU , a

nepeMenHas ¥ TONBKO B BBIPAKEHUH logs ¥ I03TOMY c IOMOILBIO
log,x=a log;yv=5b
{ a—b=2

4a —5b =7

3aMCHBI: JJaHHAas CUCTEMa CBOJUTCS K CUCTEME JIMHEHHBIX ypaBHeHHfIZ

a=b+2
4b+8—-5b=7
a=73

i
’-'.!"

Il
|_-..

) (5,3]_

x+ty=6
y — 1
Pemmre cucremy ypaBHEHUU lﬂg‘ X+ lﬂgz Y )
Pemennue:
HOHSTHO, 94T0 V> 0 1 Vs 0.

W3 niepBOro ypaBHEHHS CHCTEMbI ITOJYyYUM V= 6— X us BTOPOTO MOJTYYHM lﬂgz (XJ )

=3 wim XV = 8. _
'1} e 6 —
xy =8

ypaBHEHHE * - V-8 Torma HOJIy4HUM KBaJPaTHOE yPaBHEHUE x>+ 6x+ 8 =0 gro KOPHSAMHU

Takum obOpa3zoMm, moaydaem CI/ICTeMy{ IToncraBum Y= 6 — s

Y
sBistrorest uncna X 1= 2, X2= 4. [Toxcrasum ux B Y= 6 — X, nonyunm - Y= 4, Yz,
Pemennem nanHo# cuctemsl sBisieTcs mapa (2; 4) u (4, 2).

IIpumep 4.
loga(x —y) =1
X » y+ 1 —
Pemmmre cucremy ypaBHEeHHI 27 3 =72
Pemenue:
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W3 MEPBOr0 YPAaBHEHUS CUCTEMbI HMMEEM x_ V= 2. BpImonHUM 3aMEHy: BO BTOpOE
2+y. 2v+1 ;
ypaBHEHHE 2-7r- 3 = 72 BMecro ‘moacraBum Y= 2+ J . Torma MOXHO

y+ 1. v+ 1 r+ 1 — g2 J
3anmcaTh 3 2 =36. OTcroa 6 =67y HOIYYUM, 9TO Yo1. Torma -¥= 3.
Takum 00pa3om, pelIeHHEM TaHHOW CUCTeMBI sBisieTcs napa (3; 1).

Pemenune 3aganuii:
Pemmmts cuctemy snorapupMuyecKkux ypaBHEHUI:

L{x+y=34 2. |log,(x+y)=2
log, x+log, y=6 (log;x+log;y=2+log,7

% 4.
og,(x+y)=2 |logsx—log,y=0

og,(x—y)=2 (X' =5y"+4=0

d. 6.
og, y+2bog, x=4 |Ex +y)=1+}g13

og,(x+y?)=5  (gx+y)=lgx-y)+]g8

IIpakTnueckas padora Ne24
Tema 5.5: Jlorapudmbl B IpUpoIe ¥ TEXHUKE
Heanb: HayunTbes BBISBISATH MPOSIBICHUE JIOTapU (PMUYECKON CITUPATN B TIPUPOJE.

Teopernveckasi 4acTh:

Ha npotsoxernn 16 Beka OBICTPO BO3pacTajo KOJIUYECTBO MPUOIMKEHHBIX BBHIYMCICHHH,
IpexJie BCEro, B acTpoHoMuH. MHorue paboThl TpeboBaH KOJIOCCANbHbBIX, HOT/1a MHOTOJIETHHUX,
pacueTroB. ACTpOHOMAaM T'po3uJia peajbHas OMACHOCTb YTOHYTh B HEBBIIIOJIHEHHBIX pacyeTax.
Torma MmatemaTuku 1711 00JIeTYeHUs BBIYMCIEHUH mpuayMaiu gorapudmel. M B 1614 rony 6butn
onyOJMKOBaHbl  IIE€pBbIE  JIOrapu(MUUYECKHE  TaOJMLbI, COCTaBJIEHHbIE  MIOTJIAHACKUM
matemaTtukoM J[>xoHom Henepom (1550—1617), onn Bepoil u nmpaBoi CIy>KUJIM acTPOHOMaM U
HMH)KEHEPaM, Fe01e3UCTaM U MOpsKaM, COKpallas BpeMsl Ha BBIYUCIICHUS.

Psin siBnenuii mpupoasl MOMOraeT OnucaTh IMEHHO JIorapu (pMudeckas 3aBUCUMOCTb. J{is
COCTaBJICHHMSI MaTeMaTH4YEeCKOW MOJENH TOr0 HJIM HWHOTO SBJCHHUS YacTo oOpamarTci K
norapumuyeckoit GyHkuuu. OIHUM U3 HauOosee HATJSAHBIX MPUMEPOB TAaKOTO OOpAICHHS
sBIIsieTCS Jorapupmuueckas cnupaib. Jlorapupmuueckas crnupaib — 3TO IJIOCKas KpUBasi IMHUS
MHOT'OKPAaTHO 00XO0/s11asi OJJHY U3 TOUYEK Ha MJIOCKOCTH.

I'ne ke npumensirorcs Jorapudpmbi?

IIpumeHeHHe B aCTPOHOMMH.

B actponomun norapuMbl UMEIOT OUY€Hb OOIIMPHOE pacmpocTpaHeHue. B 7Toil Hayke
3a/IeliCTBOBaHbl O4YeHb Oombimme Macmradbl. [lo sorapupmudeckuM CHupaisiM 3aKpydeHBI
MHOTME TaJlaKTUKH, B 4YacTHOCTH ['ajakTuka, KOTOpOW MNPUHAAJIEKUT COJIHEYHAs] CHUCTEMA.
ACTpPOHOMBI pacHpenessiloT 3Be3[lbl MO CTENEeHAM BUAMMON SPKOCTH Ha CBETHJA MEpBOU
BEJIMYMHBI, BTOPOM BenW4MHBL, TpeTbeld M T.1. llocimenoBarenbHble 3BE3/IHBIE BEJIUYUHBI
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BOCIIPUHUMAIOTCS TJ1a30M, KaK YJIeHbI apu(MeTHUecKol nporpeccun. Ho ¢pusnyeckas apKkocTb UX
U3MEHSETCS 110 HHOMY 3aKOHY: OOBEKTHBHBIE SIPKOCTH COCTaBISIOT TI'€OMETPHUECKYIO
MPOTPECCHI0 CO 3HAMeHaTeseM 2,5. JIerko MOHsITh, UTO «BEJIMYMHAY 3BE3/bI MPEICTABISIET COOOM
HE YTO WHOE, KaK Jiorapudm ee ¢puznueckon siprocTh. [Ipaktudeckn kaxmaas BTopas ¢opmyna B
aACTPOHOMMH, aCTPOPU3HMKE U APYTHX MEPEKPECTHHIX HayKax He 00xoasaTcs 0e3 morapudma.

IIpumenenue B OMOJIOTHH.

PakoBHHBI MHOIMX MOJUIIOCKOB, YJIHUTOK, a TakKXe€ pora apxapoB (TOpHBIE KO3Jbl),
3aKpy4eHsbl 1o Jiorapudmuueckoit cnupanu. [1o norapudmudeckoii cnupaiu ouepueHbl HE TOJIbKO
pakoBuHbl. Ilayk »smeiipa, cmieTtas mnayTHHY, 3aKpy4dMBaeT HHMTH BOKPYT ILIEHTpa IO
Jorapu (pMUYECKUM CIIHPAJISIM.

Ilpumenenue B My3biKe

Korna my3bIkaHT UrpaeT Ha posjie, COOCTBEHHO rOBOpPS, OH UTpaer Ha jorapudmax. Tak
Ha3bIBAEMBIE «CTYMEHW» TEMIIEPUPOBAHHOW XPOMATHYECKOH TaMMBI IPEICTaBISIOT COOOM
sorapu pMbl 3TUX BEJIMYUH. OcHoBaHue ATUX Jorapu@moB paBHO 2.
Homepa «kmaBumiell posuisi MpencTaBiIsSOT co0oil  jorapudmbl  uyucen — KoJjeOaHUM
COOTBETCTBYIOIIMX 3BYKOB (YMHOKEHHbIE Ha 12). MBI faxke MOXKeM CKa3aTh, YTO HOMEP OKTaBbl
IIpEJCTaBiIsIeT COOOM LENYI0 YacTh (XapaKTepUCTUKY) Jlorapudma ducia KojaeOaHui 3TOro ToHa,
a HOMEp 3ByKa B JIaHHOM OKTaBe, JeJeHHbIH Ha 12 — npoOHyI0 4YacTh (MaHTUCCY) 3TOrO
norapudma.

IIpuMeHeHMe B ICMXO0JI0THH.

I'poMKOCTh 3ByKa H3MEpSIOT B JenuOenax, KOTOpbIe MPOMOPIHOHATBHBI Jorapudmy
MOIIHOCTH 3BYyKa, BO3JCHCTIBYIOLIEr0 Ha YXO0. YmnorpeOieHue JorapudMUYEcKUX IIKal
IIPOAUKTOBAHO OCOOEHHOCTSIMU HAIIMX OPraHOB YyBCTB: 3pEHUS, CIIyXa U T.1. YenoBedeckuii Mo3r
BOCIIPUHUMAET pa3pa’keHUs OT OPraHOB YYBCTB HE MPOMOPIHOHAIBHO CUJIE pa3gpa’kuTensd, a
JIMILB MPONOPLHOHANBHO ee Jjorapupmy. IMEHHO O3TOMY yXO OJJMHAKOBO CIIOCOOHO CIIBIIIATH
LIOPOX JIMCTHEB U HE OTJIOXHYTh OT TPOMKOI'O yJapa CTaHKa Ha 3aBoje. A rijia3 MOXET 3aMETHUTh,
KakK OJIECTUT CHET Ha CBETY U HE OCJIECNHYTh, €ClIM MOcMOTpHUT Ha CoJHIle, KOTOPOE B MUJUIHAP/IBI
pa3 sipue. OnucaHHbIe BBIIIE CBEACHUS 00BETUHIIOTCS 3aKOHOM IICUXO(U3UKH, YCTaHOBICHHBIM
dexHepoM, KOTOPBIN F'OBOPHUT, YTO Mepa OIIYIIEHUs MPONOPILHOHANbHAS JOrapupMy BEeIUUNHBI
pazIpakeHUsI.

IIpumeHeHHe B CeIbCKOM X0351liCTBe

Kak okazaioch, u B CEIbCKOM XO3siiCTBE HE 0oOomnuioch 0e3 sorapudmon. Hampumep,
UCCIIEZIOBAB POXKJEHUE TENAT, OKa3aJ0Ch, YTO UX BEC MOXHO BBIUUCIATH M C IOMOILBIO
Jorapugmos.

O6nacTh TpUMEHEHHUs JIorapuMOB HE OrpaHHYMBAETCS JHUIIb PACCMOTPEHHBIMU
HayKaMH, TaK)Ke OHA UTPaeT BaXKHYIO POJIb B JIUTEpaType, HH(opMaTuKe, UCTOPUU, PUCOBAHUU U
MHOTUX Apyrux. Jlorapudmuueckas GyHKIUS 1aeT HAM BO3MOXXHOCTb O-APYroMy B3TJISSHYTh Ha
MacIITaOHbIE TPOLECCHI, TPOMCXOASIINE B OTPOMHBIX IPOCTPAHCTBAX U BPEMEHHBIX MHTEpBaIaX
JUI HOHMMAHHUSL U OCMBICIIEHUS O01Iel KapTUHBI.

Pemlenue 3aganmii:

Nel. TIpuBenuTte mpuMepbl MPOSIBICHUSA JOrapu(@MHUUECKOH CnHUpaid B OKPYKarolleM
MHUDpE.
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Ne2. B HauanbHbIII MOMEHT BpeMeHU Obl10 8 OakTepuil. Uepes 2 yaca mociie moMeleHus
OaxTepuil B TUTATENbHYIO Cpeny, X 4uciio Bozpocio 10 100. Yepes cKONIbKO BpEMEHU C MOMEHTA
pa3MeIeHus B MUTATENBHYIO CPEy CIeAyeT OXuaath nosisyieHus S00 Gakrepuii?

Pemenne.

Jliis pelieHus: TaHHOW 3a/1auu, HEOOXOJUMO BCIIOMHUTH ITOHSATHSI CKOPOCTH U YCKOPEHMS.

Bbino -8
1usmeHensie. o 400 }=>8%=100=> x=1og,100

== IGQSIUU — KOHEYHOE 3HAYEHWE CKOPOCTH pacnpocTpaHeHWA GakTepHid NpW NEPBOM U3MEHEHWH -

V,

woH.1,

Bbino -8
2 usMenenne: o 00 3 =>8Y =500=> y=logy,500

=> [0 g4 100 —koHeuHoe 3HaUEHNE CKOPOCTI PAcNpoCTPaHEHNA GakTepUil NpH BTOPOM M3MEHEHUM -

V,

KOH.2."

[lepeiinem Kk HaTypajabHOMY OCHOBAHHIO JIOTapu(MOB, JJIsI TOro, 4YTOOBI MOKHO OBLIO
BOCIIOJIb30BAThCS TAOIMYHBIMU 3HAYCHUSIMU:

In100— I8 [n500—In8

2+m8 t,*In8
. 2+ (In500—In 8)
17 100

In (5g™)

Oteer: npubau3uTeNbHO 3 yaca 15 MUHYT.

IIpakTnueckas padora Ne25
Tema 5.5: Jlorapudmbl B IpUpoje U TEXHUKE

He.]'[b: Hay‘H/ITBCH K CIIOJIB30BaTh J'IOl“apI/I(i)MbI B pCHICHUH IPUKJIAJIHBIX 3a/1a4.

TeopeTudeckasi 4acCTh:

Jlorapupmuyeckue GyHKIHUH paclpoCTpaHEHbl UYpE3BbIYAMHO IIMPOKO KaK B MaTEMAaTHKE,
TaK ¥ B €CTECTBEHHBIX HaykaX. [IpuBenéM HECKOIbKO MPUMEPOB UCIIOIb30BaHUS JIOrapu(MoB B
pa3Ho00pa3HBIX HAyKaXx.

B cratuctuke u Teopuu BepoATHOCTEH JorapuM BXOAUT B Pl MPAKTHUECKU BAXKHBIX
BEPOSITHOCTHBIX pacnpeneneHuii. Hanpumep, orapudmudeckoe pacnpeneneHue UCIoIb3yeTcs B
reHeTuke M (usnke. JIorHOpMasibHOE pacrpeseseHne 4acTo BCTPEYaeTCsl B CHUTyalMsaX, Korja
uccienyemMasi BeJIMUYKMHA €CTh IPOU3BEACHHE HECKOJBKUX HE3aBUCUMBIX ITOJOMKH TEIbHBIX
CIIy4ailHbIX I€PEMEHHBIX.

3akon bendopna («3akoH mepBoil HHMQPB») OMUCHIBAET BEPOSTHOCTH TOSIBICHUS
onpeenéHHON mepBoit 3Havamell TUQPHI TPH N3MEPEHUHU PEabHBIX BEJTMYHH.
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JI1s1 OLIeHKM HEW3BECTHOI'O MapaMerpa LIMPOKO MPUMEHSIOTCS METOJ MAKCUMAaJIbHOIO
IIpaBI0NoA00us U CBsI3aHHAs C HUM JorapudMuueckast QyHKIMS IPaBAONO0A00Us.

OnyKTyaluy Opy Cay4aitHOM OJ1y>KJaHUU ONUCBIBAET 3aKOH XuH4YMHA-KonMoropoaa.

B undopmatuke: eqununa nsmepenus nHpopmanuu (6ut). Hanpumep, 11 xpanenus B
KOMITbIOTEpEe HarypanbHoro yucia N (B OObIYHOM JJIi KOMIIBIOTEpa JBOMYHOM (opmare)
monaaooutcs logzaN + 1 6uros.

NudopmarimonHas SHTpONHS] — Mepa KOINIecTBa HHPOPMAIIHH.

OneHka acCUMITOTUYECKOW CIIO)KHOCTH PEKYPCHBHBIX aJIrOpUTMOB, OCHOBAHHBIX Ha
MIPUHITUTIC «PA3IEIISTA U BIACTBYI» — TaKUX KaK ObICTpasi COPTUPOBKA, OBICTPOE MPeodOpa3oBaHue
®dyppe u T. 1.

OObIYHO  YHMCIOBBIE  3HAYEHHWS]  XpaHATCA B MaMSITH  KOMIIBIOTEpa  HJIK
CIELMAIM3UPOBAHHOTO IIpolieccopa B (hopMarte ¢ mjiaBarolei 3ansToil. Eciu, onHako, cioxxeHue
U BBIYUTAHUE JJI TPYIIBI JaHHBIX BBIOJHAIOTCSA PEIKO, @ YMHOKEHUE, JIEIIEHUE, BO3BEJECHUE B
CTEIeHb U U3BJICUCHHE KOPHS — Tropas3zo Yalle, TOrAa UMEET CMBICT PacCMOTPETh BO3MOXKHOCTh
XpaHEeHHs TaKUX JaHHBIX B jjorapupmudeckom popmare. B 3Tom ciryuae BMecTo 4uciia XpaHUTCS
jorapudmM ero Moayias W 3HaK, U CKOPOCTh BBIYHMCIIEHUH Onaronmapsi cBoiicTBam Jorapudma
3HauuTEeNbHO moBbIIIaeTcd. Jlorapupmuueckuid QopmaT XpaHeHHS ObLI MCIOJIb30BAaH B
HECKOJIbKMX CHUCTEMAX, 1€ I0Ka3all CBO0 3(PPEeKTUBHOCTh

[Ipuauun bosblMaHa B CTaTUCTHUYECKOM TEPMOAMHAMHUKE — OJHA W3 BAXKHEHIIMX
GYHKIMIA  COCTOSIHMSIT TEPMOJAMHAMUYECKOM CHCTEMbI, XapakTepusymoluas CcTerneHb eé
Xa0TUYHOCTH.

®opmyna [{noaKOBCKOro NPUMEHSIETCS I pacuéra CKOPOCTH PaKEThI.

VYpaBHenue HepHcTa CBA3BIBAE€T OKUCIUTEIHHO-BOCCTAHOBUTEIbHBIHN TOTEHIHA CHCTEMBI
C AaKTMBHOCTSMHU BEILIECTB, BXOSAIIMX B JJIEKTPOXUMHYECKOE YpaBHEHHME, a TaKke CO
CTaHJaPTHBIMU 3JEKTPOAHBIMU MOTEHIMATAMU OKHCIIUTENbHO-BOCCTAHOBUTEIBHBIX I1aP.

Jlorapuh™ ucnoyib3yercsi B ONpENeeHUSIX TaKUX BEJIMYUH, KaK MMOKa3aTellb KOHCTAHTHI
aBTOMPOTOJIM3a (CAMOMOHHU3AIMM MOJEKYJIbl) W BOJOPOJIHBIN TMOKa3zarelb (KUCIOTHOCTU
pacTBopa).

Jlorapupmudeckasi cnupalib IepecekaeT CBOU paJnyC-BEKTOPHI O] TOCTOSIHHBIM YTJIOM.
Ha ocHoBanuM 3TOro e€e Ha3bIBalOT PAaBHOYT'OJIbHOM. DTO CBOMCTBO HAXOAUT CBOE MPUMEHEHHE B
TeXHUKe. J[e710 B TOM, YTO B TEXHUKE YaCTO MPUMEHSIOTCS Bpalaronuyecs Hoxu. Cuia ¢ KoTopoit
OHU JaBAT HA pa3pe3aeMblil MaTepual, 3aBUCUT OT yIJla Pe3aHMusl, T.€. yIjla MEeX1y Je3BUEM HOXa
Y HaIlpaBJICHHEM CKOPOCTH BpaIlleHUs. J{J1s TOCTOSHHOTO IaBJICHUS HYXKHO, YTOOBI YTOJI pe3aHus
COXpaHsJ IIOCTOSHHOE 3HaU€HHUE, a 3T0 Oy/leT B TOM Clly4yae, €CiM JIE3BUs HOXKEH OdepueHbI 10
nyre norapudmuyeckoil crnupanu. BenmnumHa yria pesaHus 3aBUCHUT OT 00pabaThIBaEMOro
MaTtepuaia.

B ruaporexnuke mno jgorapuMuUUEcKoi crupand U3rudarT Tpyoy, MPOBOISIIYIO MTOTOK
BOZBI K JionacTsaM TypOuHbl. briarogapsa Taxoil ¢opme TpyObl moTepu 3HEPruv Ha U3MEHEHHE
HaIlpaBJIEHUs] T€YEHUs B TPyOe OKa3bIBalOTCd MMHMMAJIbHBIMU M HAIOp BOBlI UCIOJIB3YETCS C
MaKCHUMaJIbHON MPOU3BOAUTEILHOCTHIO.

Haxxumast Ha KJIaBUIIM COBPEMEHHOI'O pOsUIs, Mbl, MOXHO CKa3aTb, WIPAaeM Ha
norapudmax.

Pemienue 3aganmii:

Nel. Jlma obGorpesa momemieHusi, Temmneparypa B kKortopom pasHa Tp= 20°C, gepes
pajuaTop OTOIUIEHHWS, IPOIYCKAIOT ropsdylo Boay Temmepatypoii Tx= 100°C. Pacxon
npoxoxasmeid depe3 TpyOy Bombl m = 0,2 kr/c. IIpoxoas mo TpyOe paccrosHuE X (M), Bona
oxnaxaaercs 10 temreparypsl TOC, mpu uém

cm | T, — T,
_ o
XxX=a ; 0g- T—T,

rae ¢ = 4200/x/kr*C — TeImIoeMKOCTb BOJIbI
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v =42 Br/M " °C— ko3 puunment temnoodMeHa

a=1,4 — mocrosHHAasL.

Jlo xakoil Temnepatypsl (B rpanycax Llenbcus) oxmnanures Boja, eciau JuinHa TpyOb! 28 m?
(OTtBeT: 60°)

Ne2. Ompenenuts MHPOPMAIUIO, KOTOPYIO HECeT B ceOe OAMH CHUMBOJ B KOJUPOBKaX
ASCII u Unicode.

Pemenue.

1) B andasute ASCII npegycMoTrpero 256 pa3InyHbIX CUMBOJIOB, T.€.

M =256,al=10g2256 =8 6ur = 1 Gaiir

Ortsert: 1 OaiiT.

2) B coBpemennoii komupoBke Unicode 3ajokeHO Topazno Oosbliee KOJHYECTBO
cuMBOJIOB. B Heil onpeneneno 256 andaBUTHBIX CTPaHUIL 110 256 CUMBOJIOB B KaXJIOM.

Takum oO6pazom:

I =log2 (256 *256) =8 + 8 = 16 6ut = 2 Gaiita

OrtBer: 2 OaiiTa.

IIpakTnueckas padora Ne26
Tema 5.6: KonrpompHasi pabora mo pasgeny 5 «Jlorapudmer. Jlorapupmudeckas
byHKIHS

Heas: IIpoBepuTh ypoBEHb YCBOCHHS JAHHOTO MaTepHuayia mo pasaeny 5 «Jlorapudmer.
Jlorapudmuyeckas QyHKIUSI»

Ilpu pewenuu 3adanuint 1-4 3anuwiume npasuIbHLLL oOmeem U3 Yemovlpex
npeonoHceHHbIX.
1. (1 6amn) Kakast u3 pyHkumii Bo3pacrtaeT Ha Bceil 061acTu onpeneneHus ?
A) f(x)=logs x; B) f(x)=0,7%; B) fix)=x% I') f{x)= log1 x.
2

2. (1 6amn) Ykaxure obnacte onpenenenus Gynkmuu f(x)=lg ZXX+_73

A) (-7; 1,5); B) (-o0; -1,5), (7; +0).; B) (-1,5; 7); I') (-00; -7), (1,5; +o0).

3. (1 6amn) PacnonoxuTs B nopsake Bo3pactanus: logg s 4; 1ogy 5 0,4; logg 5 i.

A) logg s 4; 10gg 5 0,4; logg s i; b) logg s 4; logg s ii logo,50,4;

B) logg 5 i; logy50,4;l0og054;T) logys0,4;loggs i; logg s 4.

4. (1 6ann) Haiinure kopens ypaBHeHus log, (5 — X) = 2.

A)11;Bb)-11;B) -3;T') 3.

Ilpu évtnonnenuu 3a0anuii 5-8 3anuuiume x00 pewieHus u nOJIYYeHHbLI OMeEem.

5. (2 6amma) OnpenenuTe 3HaUeHHE BEIpaxeHns logg 2 + logg 3 + 219824,

6. (2 6amia) YkaxuTe HaUMEHBIIIEE 11eJI0e pelieHue HepaBeH eTBa: logs (6x — 4) > 2.

7. (2 6amwna) Haiinure Touky Mmakcumyma pyaknuu y = 8In(x + 7) — 8x + 3

8. (2 6amna) [ns oborpeBa momelieHus, TEMIEpaTypa B KOTOPOM IOIJIEPKUBAETCS Ha
ypoBHe T,=15° uepe3 paamaTop OTOIICHUS IMPOIYCKAIOT ropsa4dyro Boay. Pacxon mpoxopsiieit
yepes TpyOy paauartopa Bojbl m = 0,6 kr/c. [Ipoxomas mo TpyOe pacCTOsSHUE X, BOJIa OXJIaKIaeTCs

o —alo " cm Tg—Tn
OT HauajabHOM TemmepaTypsl Tx=91° no temmnepatypsl T, npuuém x = a710g2 Tor, e ¢ =
1
BTc . Bt
4200 — TeImI0&éMKOCTh BOABI, ¥ = 28 — ko3¢ dunueHT TerioodOMena, a a = 0,8 —

kr-°C m-°C
noctosiHHas. Haiiaure, no kakoil Temmepatypsl (B rpaaycax llenbcus) oxmaauTcs Boja, €CiH
JUTMHA TPYOBI paguaropa paBHa 144 m.

Omanonvt omeemos:

102



Homep 1 2 3 4 5 6 7 8
3aaHuA
OtBET A I A b 5 3 -6 34

IIpakTnuyeckas padora Ne27
Tema 6.1: PaBHOCHIBHOCTh ypaBHEHUH 1 HepaBeHCTB. OO0II1ie METOABI PELICHUS
Heas: Hayuntscs onpenenste paBHOCHIJIBHOCTb YPaBHEHUH.

TeopeTuyeckas 4acTh:

Omnpeaesienne. /[Ba ypaBHeHus ¢ ogHo nepeMenHon f{(x) = g(x) u p(x) = h(x) Ha3bIBaIOT
PaBHOCUJIBHBIMU, €CITH MHOXKECTBA UX KOpPHEW COBMAAAI0T.

WupiMu cnoBamu, [Ba ypaBHEHHS HAa3bIBAIOT PABHOCWIBHBIMH, €CIM OHHU HMEIOT
OJITMHAKOBBIE KOPHU WJIM €CIIM 00a ypaBHEHUS HE UMEIOT KOpHEH.

ITpumepbl

1) VpaBuenus 4% — 3 = 2X+ 3M 2X = 6 papocuiIbHBI, T.K. KAKI0€ U3 HUX HMEET TOIBKO
OJIUH KOPEHb X=3.

2) YpaBHeHUs (x=2)(x+5)=0ux"+3x—10 =0 rarue PaBHOCHJIBHBI, T.K. Y HUX OJTHU
¥ T e KopHH X1 = 2,X2 = =3

3) A BOT ypaBHeHHus 3X=6H 4® =16 g PaBHOCUJIBHBI, IIOTOMY YTO Yy IEPBOro
ypaBHEHHS KOPEHb X=2, a Y BTOPOr0 YPaBHEHHUSI 1BA KOPHS X=2 U X=-2.

W3 onpenenenuss paBHOCWJIBHOCTU CIIEAYET, YTO JBa YPAaBHEHMsS] PAaBHOCUIIbHBI, €CIU
Ka)K/Iblii KOPEHb MIEPBOr'0 ypPaBHEHUS SBJSIETCSI KOPHEM BTOPOI'O ypaBHEHUS, U HA000POT.

Pemenne ypaBHeHuUs1 OCylIeCTBJsIETCS B TPH dTana.

[TepBerii aTanm — TexHuueckuii. Ha 3ToM 3Tame ocymecTBiIsoT mpeoOpa3oBaHus 10 CXeMe
(1) - 2) - 3> (4) — ... ¥ HAXOUIT KOPHU MOCIEAHEro (caMoro MpOCTOro) ypaBHEHUS
YKa3aHHOM 11EMOYKH.

Bropoit sranm — aHaim3 pewmenus. Ha 3ToM 3tame, aHaim3upys NpPOBEIAEHHBIE
peodpa3oBaHusl, OTBEYAIOT Ha BOIPOC, BCE JIU OHU OBLJIM PABHOCUJIBHBIMHU.

Tperuit atann — nposepka. Eciayn aHanms, NpoBeIEHHBII HA BTOPOM 3Talle, ITOKa3bIBaeT,
YTO HEKOTOpbIe MpeoOpa3oBaHMsI MOIJM MPUBECTH K YPaBHEHHIO-CIEICTBHIO, TO 00s3aTellbHa
IIPOBEPKA BCEX HAWIECHHBIX KOPHEN UX ITOJICTAHOBKOW B HCXOIHOE ypaBHEHUE.

Peanu3auusi 37010 njiaHa cBsi3aHa ¢ NOMCKAMM OTBETOB Ha YeThIpe BONpoca.

o Kak y3HaTh, SIBISETCS JIM MEPEXO] OT OJHOr0 YpPaBHEHUS K JAPYrOMY PaBHOCHJIbHBIM
npeoOpa3zoBaHueM?

o Kaxkue npeobpa3oBaHus MOTYT IIEpEBECTH JaHHOE YpaBHEHUE B ypaBHEHHUE-CIIeICTBHE?

o Eciu Mbl B KOHEUHOM UTOr€ PEIIMIIM yPaBHEHUE-CIIEACTBUE, TO KAK C/IEIATh IPOBEPKY
B CJIy4ae, KOT/la OHa COMPSDKEHA CO 3HAYUTEIbHBIMU BHIYUCIUTEIILHBIMU TPYIHOCTSIMU ?

o B kakux ciyuasx npu nepexoje OT OJHOr0 ypaBHEHUS K JIPYrOMY MOXKET HPOU30MTH
MOTepsl KOPHEW U KaK 3TOr0 HE JOMYCTUTh?

W3 xypca cpenHeit KOl MBI 3HaeM, YTO MOYKHO CHIeJaTh CIEAYIOIINE MpeoOdpa3oBaHus
ypaBHEHHI1: Jr000i1 4sieH ypaBHEHHUS MOXKHO MEPEHECTH U3 OAHOW YacTU B JPYTYI0, U3MEHHB €T0
3HAK Ha MPOTUBOIOJIOKHBIM.

O6e yacTH ypaBHEHMSI MOXHO YMHOXUTb MJIM Pa3[eIuTh HAa OJAHON M TO K€ YHUCIIO, HE
paBHOE HYJIIO.

Ecnu npu nepexojie 0T 0THOr0 ypaBHEHHUS K JPYroMy IMOTE€PH KOPHEH HEe TPOUCXOAUT, TO
BTOPOE YpaBHEHHUE HA3bIBAET CIIEACTBUEM MEPBOro ypaBHeHus. MHaye, eciu Bce KOpHU MEPBOT0O
YpaBHEHHs SIBISIIOTCA KOPHSIMH BTOPOTO YpaBHEHHUS, TO BTOPOE YpaBHEHMsI Ha3bIBACTCS
CJIEICTBHEM I1€PBOI'0 YPABHEHUSI.

W3 sToro onpezeneHus U onpeaeaeHusi paBHOCUILHOCTH yPaBHEHUH CIelyeT, 4To:

1. ecnu Ba ypaBHEHHS paBHOCHIIBHBI, TO Ka)KJ10€ U3 HUX SIBJISETCS CIEICTBUEM JPYyroro;
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2. ecny KakJ0€ W3 JIBYX YpaBHEHUI SBISETCS CIEICTBUEM APYroro, TO 3TH ypaBHEHUS
PaBHOCUJIbHBI.

[Ipu pemieHnn ypaBHEHH IJ1aBHOE- HE TOTEPTh KOPHHU, @ HAJIMYUE IOCTOPOHHUX KOPHEN
MOKHO YCTaHOBUTH MpoBepKkoi. [loaToMy BakHO CIIeIUTH 3a T€M, YTOOBI MpHU Mpeodpa3zoBaHUU
ypaBHEHHS Ka)kJ10€ CIeAyIollee ypaBHEHHE ObLIO CIEeICTBUEM MPEIbITYIErO.

CToUT OTMETUTH, YTO MOCTOPOHHUE KOPHH MOTYT MOTYYUTHCS MPU YMHOXKEHUU OOEHX
yacTell ypaBHEHHs Ha BBIpa)XKEHME, COJAEp)Kalllee HEU3BECTHOE; a BOT IOTEPs] KOPHEH MOXKET
MIPOU30ITH MPH JIeTeHNN 00EUX YacTel ypaBHEHUsI Ha BhIpaXKeHUE, COJIeprKalliee HEU3BECTHOE.

Utak, chopmynupyeM OCHOBHBIE TEOPEMBI, KOTOpbIE HCIOJb3YIOTCS MPH pPELICHUH
PaBHOCUJIBHBIX YpaBHEHHI:

Onpenenenne. O6nacteto  onpeneneHuss ypaBHeHus f(x) = g(x) wim 00JacTbrO
JOMYCTUMBIX ~ 3HaueHuil mnepemeHHod (OJ/I3) Has3pBalOT MHOXKECTBO TeX 3HAUYCHHI
MepeMeHHON X, TPU KOTOPBIX OJTHOBPEMEHHO UMEIOT CMBICH BhipaxeHus f(x) u g(x).

Teopema 1. Ecnu xkakoii-nu6o 4jieH ypaBHEHHsI IEPEHECTH U3 OJHOIM YacTH ypaBHEHHS B
JPYTYIO C IPOTUBOMNOJIOKHBIM 3HAKOM, TO IIOJIYYUTCSl YpAaBHEHHUE, PABHOCUIIBHOE JAHHOMY.

Teopema 2. Ecnu 00e yacTu ypaBHEHHs BO3BECTH B OJIHY U TYK€ HEUETHYIO CTEIEHb, TO
IIOJIyYUTCs] ypaBHEHHE, PABHOCUIIBHOE JAHHOMY.

Teopema 3. [Tokasarenshoe ypasHenue @ ) = a?%) (pre 2 > 0, al)

paBHOCHJIBHO ypaBHeHUIO f(X) = g(X).

Teopema 4. Ecnmu o6e yactu ypaBHeHus f(x) = g(X) YMHOXHTh Ha OZHO M TO XK€
BBIpaKeHue h(x), koTopoe:

a) UMEET CMBICI BCIOAY B OOJAaCTH ompeseieHus (B 00J1acTh TOMYyCTUMBIX 3HAYEHUN)
ypaBHeHus f(x) = g(X)

0) Hurzae B 3ToM obsactu He oOpaaercs B 0, To mosyuutcs ypaBHenue f{x)h(x) = g(x)h(x),
paBHOCHIJIbHOE JaHHOMY B ero O/13.

CaeacrBueM TeopeMbl 4: ecii 00€ 4YaCTHU YpaBHEHUS YMHOXKHTD UJIH Pa3AeIUTh HA OTHO
U TO 7K€ OTJINYHOE OT HYJIS UUCIIO0, TO IOJIyUYUTCS] ypaBHEHHNE, PABHOCUIIBHO € JAHHOMY.

Teopema 5. Eciu 00e yactu ypaBHenus f(x)=g(x) Heorpunarenbisl B O[3 ypaBHeHus, TO
mocjie BO3BEJIEHUS 00enX ero yacreil B OJHY M Ty € YETHYIO CTElNeHb N MOJIy4UTCs

ypaBHEHHE (=)™ = (g™ paBHOCHIIBHOE JaHHOMY B ero O/]3.
Kparkas 3anuch Teopem 4, 5.
4. f(x) = g(x) ©h(x)f(x) = h(x)g(x), rae h(x) #0
u h(x) umeer cmbicn B O/13 1aHHOTO ypaBHEHUSI.
5. f(x) = g(x) & FED™=(EED™ | rre fx)>0, g(x)>0
u n=2k (4€THOE YnCI0).
Hanpumep, x—1=3;x=4
YMHOXHUM 00€ yacTH Ha (X — 2):
x=2)(x—1)=3(x—2); x=4u X =2 — TIOCTOPOHHHI KOPCHH= MPOBepPKa!
PaBHOCHJIBHOCTH HEPABEHCTB C HEM3BECTHBIM ONPENEISICTCS aHAIOTMYHO.
HepaBeHcTBa, IMEIOIIME OJTHO M TO K€ MHOXKECTBO PEIICHU, Ha3bIBAIOT PABHOCHUIIbHBIMH.
HepaBeHcTBa, HE HMEIOIINE PEIICHHH, TAKXKE SBISIFOTCS PABHOCUIBHBIMHU.

Pemienue 3aganmii:
IIpumep 1.
o=y —
Pemmm ypasHenue: V¥ =X~ 2
BosBenem B kBajpat 0o0e 4acTu ypaBHEHUS, TOTYIHM:

— _ 2
x=(x—-2) , KoTopoe He OyIeT paBHOCHUIBHO HMCXOJHOMY YpPaBHEHHIO, TOTOMY 4YTO Yy

3TOro ypaBHeHHs 1Ba KopHs X1 = L, X2 = 4 3 y reppoHayanbHOro ypaBHEHHs TONBKO OJMH KOPEHb
x=4.
IIpumep 2.
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x—3
——— =<0
1. HepaBencta ¥ +1 u x-3<0 paBHOCUJIBHBI, TaK KakK HMMEIOT OJHO U TO XK€
MHO>KECTBO pEIIEHUH X<3.
2x -
2. HepaBenctBa x — 1 U 2x>X-1 He paBHOCUIBHBI, TAK KAK PEIIECHUSMH I1EPBOrO
SBJSIOTCS yncna Xx<-1 m x>1, a pemeHusiMu BToporo- uncia x>-1. [lpu peuiennn HepaBeHCTB
00BIYHO JTaHHOE HEPAaBEHCTBO NMpeoldpa3yeTcs B eMy paBHOCHIIBHOE.

Nel.
ELITapH PAaBHOCHNLHLIG YPABHEHWA,
A dr—=0=9nT7T-1,2c=1
i) —'Iir = m—E = —i
T T 2
B (r—1)iz+2)=0u(z+1)z—-21=10

r (2r—18)(4,240,7z) = 0w (bz + 30)(54 —6z) =0

A E’.t l] I..l.' 1 3 W I:I
\ . .l'.: 4

Ne2. Haiitn yHkiuio, 00paTHyIO K qaHHOM: a) y =—3x +2;6) y=2 — x°
Ne3. BbIACHUTH paBHOCHUJIBHBI JIM yPaBHEHUS:
a)2x*-9x—-5=0wux(6x —13)=14x +15
0)5x2+4x—-1=0ux(2x +11)=-6 - x?
Ne4. Pemuth ypaBHEHUE:
3 4x-1 _ x*+5

ayx-1 x+1 x*-1
x+2 3+4x _2(x- 2)
6)X-2 x'-4  x+2

IIpakTuueckas padora Ne28
Tema 6.2: I'padmuecknii MeTO penIcHNUs ypaBHEHUH, HEPABEHCTB
Henan: Pa3BuTh HaBBIKK IpaUUECKOT0 pElIeHNs YPaBHEHUN U HEPABEHCTB.

TeopeTuquKaﬂ 4acCThb:

Jix=0

UroObl  pemuTh  ypaBHEHHE  BUAA , HYXHO  TIIOCTPOMTb  TIpaduk

= f(x
dynkman ¥ S U TOCMOTPETh, TJ€ OH IMepeceKaeT ocb abcyucc. TaM U HaXOOATCS KOPHU.
Eciu Towek mepecedyeHHs HET, TO YypaBHEHHWE HE HUMEET JEHCTBUTENBHBIX pPELICHHA.

2 —
Tax, npu pemrenny ksagpatHoro ypaaenus * % ~2= 0 yepes nuckpuMuHaHT MbI mOTYyuMIHM
) y yd

KopHH 1 =-lxn=2

KOMMEHTapHEB.

, HO 3A€Cb MOXHO IIPOCTO IMMOCTPOUTH napa60J1y, U BCE MOHATHO Oe3
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=0
PemennemM  HepaBeHCTBa S (x) SBIISIIOTCS ~ T€  TMPOMEXYTKH, Ha  KOTOPBIX

x
rpaduk J(x) BbIIIE OCH 4 |
x) =0 x
1, Ha000POT, fx) — Tam, rze rpaguk S (=) HIDKE OCH.
2
Takum 06pa3om, BMECTO TOr0, YTOOBI BHIMYyYHBATh HEPABEHCTBO * ~ * ~ 20 verogom
Cxe(—oo =T (2 +oo)
MHTEpBAJIOB, IPOCTO CMOTPUM Ha rIpadMKk U OTBET TI'OTOB: .
fox—2<0 re(-12)

SABJIACTCA UHTCPBAJI

a .
B cayuae necmpozux nepasencme —x—220 ¥ -x-2=0
xef-oo —1]i[2 +00) " xe[-1 2]

COOTBETCTBEHHO, PEIICHHEM HEPaBCHCTBA
K PpELIEHUs M HYXHO

JN00aBUTH MMOTPAHUIHBIC TOYKU: COOTBETCTBEHHO.
A eci BaM He X0UYEeTCS BOUTHCS C HAXOXKICHUEM OITOPHBIX TOUCK, «ThIKAsi B HUX HAYTa/I»
(Benp mapaboiibl OBIBAIOT OOJIBIIKE, PA3MAIIMCTHIC), TO €CTh OOIINN CITydYai:

UroOb1 peumTh ypaBHEHUE fix)=glx) , HY>KHO IIOCTPOUTH

= X = x o
Fpaq)I/IKI/I Y fl: :I’ ° gl: :I W HAUTH HUX TOYKH IICPCCCUCHUA. «I/IKCOBBIG» KOOpAWHATBI 9TUX
TOYECK U GYHYT PCUICHUSAMU. ECHI/I Fpaq)I/IKI/I HC IICPECCKAIOTCA, TO HeﬁCTBHTeHLHBIX pe]_HeHI/If/’I HET.

2 —
Takum o00pa3oM, BMECTO pCIICHHS ypaBHEHHUS * —x=2=0 BbIUEPYMBAHHEM

2 _
napaGomkl, IpeICTaBuM ero B Buae * = *+ 2 n 1300pa3uM dJ1eMEHTapHbIE TpauKU:
A .

HOI[LIépKI/IBaCM emé pa3, 4TO pCIICHUEM SABJIAIOTCA «MKCOBBIC» KOOPAUHATHI TOUYCK IMEPCCCUCHU.

Pemiennem  HepaBeHCTBa fx) > glx) SBJISIFOTCS  T€ TPOMEXKYTKH, Ha KOTOPBIX
rpaduk S (=) BBIIIIC IpaduKa g(x) , u, Hao00OopOoT: Jxl<glx) _ Tam, rjae
rpaduk J(x) HIUKe rpaduka glx) .

Tax, pelIeHneM HepaBeHCTBA > X+ 2 gpnmores POMEKYTKH = (=o0, ~ (2, +oo]

— TIOCKOJIBKY Ha HHUX mapabona pacrojoxeHa Bbimie mpsaMoi. M, Hao0opoT, pemieHuem

2 ex+2 xe(-1 2
HEpaBEHCTBA SIBJISIETCS  TIPOMEKYTOK , TaK Kak 37ech Tmapaboia
pacrnoyiokeHa HIKE MPSMON. AHAJIOTUYHO ISl HeCmpo2ux HEPaBEHCTB.
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us3 o0mmx

Kak
IpaBuia

BCEM JIn IIOHATHO,
HOJIyLIaIOTCSI YJaCTHBIC
=g(x1=0

y=g(x) _aora

Kcratn,
Jlx)=glx), fix) = glx), f(x) <g(x)
? DnemeHTapHO. DTO TOT CiIy4ai, Korja

MpaBUiI
Jx)=0,7/(x)>0  Flx)=<0
O
Korpma yno6Ho ucronas3oBath rpadguueckuii meron? IIpexae Bcero, B mpoCThIX Caydasx.
x {0, +oo)

JJIA
mpoui€e MBICIICHHO MPEACTaBUTH rnnep6ony, HEXKCIIN

¢byHKIUA 3a1aET OCh
1
— =0

Ha

Tak, npu pelIcHUW HEpPaBEeHCTBA *
HCTIONb30BATh METOJ MHTEpBaNoB. e rumep6oa Beime ocu “4 2 Ha uHTepBaie
BETBb,  KOTOpas  JIEKHUT O] OChIO,

1
neBast

— <0
COOTBETCTBYET
oo, () N
. N em€ aToT MmeToa XopouI I JIYHIIEro MOHUMAaHUS MaTEMATHUKHU.

xe(—
Y =sinx

UHTEpBaje

HepasenctBy *
WNuorna rpaduka 3¢pdexTBHa B ypaBHEHUSAX «Pa3HOPOIHBIMU» (QyHKuMsIMH. Tak, ams
HE CYIECTBYET CTAHJaPTHBIX aHATUTUYECKUX METOA0B, HO 3TO
U rpauK CUHYca , IOCJIE Yero cpasy

s x =100
y=x

[:I .

pelieHus ypaBHeHust *

He Oena. MbIceHHO npeacTaBiisieM rpaguk
TOHSATHO, YTO YPaBHCHHE UMEET SJMHCTBEHHbIN KOPEHb * —
Kcratu, B HEKOTOPBIX 33ja4ax HYKHO IPOCTO ONPEJEIUTh KOTUYECTBO KOPHEH U / UM UX

NpUOJIM3UTEILHOE PACIIONIOKECHHE, U Ha TOT BOIPOC 3a4aCTYIO JIETKO OTBETHUT YePTEK!
Pazymeercs, rpaduku JOJKHBI OBITH MPOCTHIMKM — 3TO BaXKHEHINEe YCIOBUE TPUMEHEHUS
Flx+2) ix+2)
=—" — =0
x-1 JUISL pEIICHUS x—1 — 3aTres Kak-To

rpadudeckoro merona. M160 ctpouth
He oueHb. JIyd1e ucmnosb30BaTh METOJI HHTEPBAJIOB.
%" =3 —2x

Pemienue 3aganmii:

[Tpumep 1. I'paduueckn pemmTs ypaBHEHHUE:

Pewenne:

Hocrponm rpaduxu Gyskuuit ¥ — X my=3-2x (Puc. 1).
r=x ABJISIETCA MPOXOAIIAs

yepe3 TOYKH

napaboJa,

I'padukom  dyHKIIUN
— npsiMasi, IOCTPOUM €€ 1o TabJulle.

(—L—10,(0:00, (1317,
I'padux pyHkumnn y=3-2x
3
x p—
0 2
¥13|0
y T
5; y=x*
" (1;1)
7o 3 o
) 2x
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(1:17
I'paduku mepecekaroTcs B TOUKE !

"JIpyrux TOYEK IIepecedeHusl Her,

T.K.

7 = x5 r=3—2x
dynxuus ¥~ ¥ MOHOTOHHO Bo3pacTaeT, (hyHKIHS ¥ ~ MOHOTOHHO YOBIBA€T, a, 3HAUMUT,
MX TOYKA IIEPECEUEHHUSI SIBIAETCSA €ANHCTBEHHOM.
x=1.
Ortger:
[Ipumep 2. Pemmnts HEPaBEHCTBO
52 ..
a X ¢ 3—2x;
%% =3 -2
b
Pemenne:
-
a. UToOBI BBINOJHANOCH HEPABEHCTBO, IpaduK QYHKIMH JIOJDKEH pacnoJiaratbest
Ly =3 — 2% x> 1.
HaJ NpsMOi ¥ (Puc. 1). OTo BeImONMHSAETCS IPU
'1rl" = ‘5 o
b. B atom cmyuae, HaoOopoT, mapabona < ~ ** 0DKHA HaXOAMTHCS MO MPAMOH. DTO
x= L
BBIIIOJIHSAETCA IIpU ~ —
Orger:
x> 1;
a.
x= 1
b.*—
X770 = 2x — L
[Tpumep 3. Pemnth HEPaBEHCTBO
Pewenne:
1
. T:: H}rzzx— 1
[TocTpoum rpaduku GyHKIUI * (Puc. 2).
A
g
| ||
1
| | ==
[ 7
‘ | fymw 2x—1
J \
(-1:1) / \ /(1:1)
. .
e— -,‘" —— >
0 :
”’,
Pwc. 2
1
. T2~ L x< 0 .
Haiinem KOpPEHb ypaBHEHUS * ITpu - HET pEeLIECHUN.
X = x=1
[Ipu CYILIECTBYET OJIHO PEIICHUE .
1 1
E_::—EJ'—_[_ 1r'=j
UroOb1 BBIIIOJIHAJIOCH HEpaBEHCTBO * runepbosa * TOJDKHA
v=2x—1 <

pacronaratbCst Ha [ psiMOoii *
e (—w0yuid; 1

" OTO BBINOJHAETCS IPU

OT1BeT:

[Tpumep 4. Pemuth rpadmueckr HEPAaBEHCTBO:

XS
a.

= E

.3

b:\

Pemenne.

==

=0,
OO6nacte onpeneneHus:
I KS nHy = JE
i1 ¥ Y=

[Toctpoum rpaduku GyHKIIN s =
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-\v

(1;1)

v

(0; 0) .
Puc. 3 -
}.' = XE }.' = |'§
a. I'padux yaxmun JMOJDKEH pacrojarateCsi TMoa  TrpaduKoM V510
BBIIIOJIHAETCA IPU x € [0 1].
r= r= r =
b. I'paduxk q)yHKI_II/II/I} ® pacroyokeH Haj rpauKoM YT VE npu =L yo 1k 8

o . X
YCIIOBUM UMEEM HECTPOTHM 3HAK, BAYKHO HE MOTEPATh U30JMPOBAHHBIA KOPEHb
OrtsBer:
a ™ e[0;1].

b X € [L+eiux =10,

IIpakTnueckas padora Ne29
Tema 6.3: YpaBHEHHUs 1 HEPABEHCTBA C MOJYJIEM
Hennb: Hayuurbes pemaTe ypaBHEHUS U HEPaBEHCTBA, COIEPKALLME 3HAK MOAYJISL.

TeopeTnyeckas 4acThb:

1. Pewenue ypasHeHWA W HEPaBEHCTE,
COAEPXALLMX 3HAK MOy A

€ MCHOABZOBAHKEM

) QDA reoMerpHYecKoro
il JLH

LY. CMBICIA MOLYLA 1. Hairm OJI3.

no obmei cxeme

2, HalitTh Byam EBcex

| a| — pacemosuue na
MO MOJYNE KX

YUCAOSO0 MPAMOL Om

a, ecom a =0, moyry O do moyiiu d. g E}'““'Wﬁ-

_ -0, . OTMeTHTE HYyAH HA
|a[ =10, comza L | (x)|=a. 013 n paatnrs 013
~a,ecmua<0. )| | 2 |f(x)|=|g @ HA HpOMeYTEH.

3.1 (x)] >a. 4. HajiTe pemenme p
4. |1 ()| <a. KamA0M HPOMERY TS

(¥ NpOBEPHTE, BXOHT
AM 3TO pemenHe B
paccMATPHERASMELN
NPOMEKYTOK).

¢ HCIIDALIOBEANHEM
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2. Ucnonk3oBaHme reoMeTpuHeckoro cveicna mogyna (npua = 0)

|t]=a |t]=a
| ¢ -ul |t] < a llrl - a
-a 0 a P
1.|,|F(-.] a & Filx) = a wom F(x) a.
2. | fix) | g (x) | &= Fix) = g(x) mam fix) £ (x).
3,|,|Ffl.] i &= Fx) < —a mau F(x)>a.
4. |f(x)| f(x) 1(0>~4,
B X i = —i X il =
[f(x)<a.
OBobujeHue

T [g(x)=0,
5. 11N =8@) &) o) wam 1(2)--g(®).

6. |fix)|> g(x) = fx)<—g(x) wan f(x) > g (x).
[f(x)>—g(x),

T |f(x)<g@es-g@<fo)<gx)= “{;){g[x).

3. Mcnonk3oBaHue cneumansHLIX CooTHOLEHMA

1. |u|=u=uz0.

2. |lu|=—u=us<o.

3. |u|=|v|eu=1.

4. |u|>|v|e=2 u?>v’. Torga |u|- |v|>0 < u® - v*>0;

FHak pasHocmu modynell deyx swpameHull cosnadaem co FHAKOM pas-
HOCMU UX KEA0pAmos.

:H}'}!
5. |u|+|u|=u+u<=1--;y}ﬂ‘
[us (),
6. |u,|+|u|=—u—v=rclug“.
7. Ju|+|v|=|lut+v|euv 0.
8. |u|l+|v|=lu-v|=2ur<o.
9. |x-a|+|x-b|=b-—a=2axx<braea<h.

OOpscHeHne U 000CHOBAHUE

Pemate nr000€ ypaBHEHHE WM HEPABEHCTBO, COJIEPIKaIee 3HAK MOIYJIS, MOKHO OJHHM
M3 TPEX OCHOBHBIX CIIOCOOOB: IO OMPEACIICHUIO MOIYJISI, UCXO/s U3 TEOMETPHUECKOr0 CMBICIIA
MOJIYJIS MJIK 110 o0mieit cxeme. HekoTophie ypaBHEHHUS UJIM HEPABEHCTBA C MOAYJIEM MOTYT OBITh
TaK)Ke PEIICHBI C MCIOJIb30BAaHUEM CIEIIUAILHBIX COOTHOIICHUH.

B 3aBUCHMOCTH OT BEIOPaHHOTO CIIOCO0A PEIICHHUS MTOTyYaeM pa3HbIe 3alUCH PEIICHHS.

IIpumep 1. Petnte ypaBaenue | 2X — 4 | = 6.

| cnoco6 (1o onpeaeneHuI0 MOIYJIs)
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Pemenne KomMeHTapmid

1) Eciim 2x—4=0, (1) | Y1oObl pacKphiTh 3HAK MOIYIA IO

ONpelleleHHD,  PacCMOTPHM  [IBa
TO MOTy4YaeM ypaBHeHHe 2X — 4 = 0. | ciyyas:

Torma X = 5, 9TO0 VIOBISTBOPHAET I
VCIIOBHIO (1). 2x—4>0 H 2x—4<0

2) Ecnn 2x—-4<0, (2) |IIo OIpeIeIeHHID MOJIYIIEM
TOJIOAIITENIBHOTO (HeOTPHIATEIBHOIO )
TO TONy4aeM ypaBHeHHe —(2X —4) = 6. | qiicna sBAfeTcA caMo 3T0 9ICIO, 2
Torma x = —1, 9TO YIOBNETBOPAST H | MomyleM  OTPHIATENBHOIO  9IHCIA
VCIOBHIO (2). ABIAETICH  IPOTHBOIOINOXKHOE — €MY
qicno. IToatomy

OteeT: 5; —1.
npu2x—-4>0, [2x—4|=2x-4,a

mpu 2x— 4 <|0, [2x—4|=—(2x—4).

B KazI0M cIIydae pelaeM IoTydeHHoe
YpaBHEHIIE I BEIACHAEM,
VIOBNETBOpAET M  KaXKIBIH I3
HallIeHHEIX KOpHell TOMY VCIIOBHIO,
IIPH KOTOPOM MBI €70 HaXO0 IILIIL

Il cioco6 (Mcronp30BaHNe reOMETPUYECKOI0 CMBICIA MOIYIIA)

Pemenne KomMmeHTapHid

2x—4=6 umum 2x—-4=-06, C reomeTpidecKkoil TOYKH 3peHHA
|2x — 4| — 3T0 paccTosHHe OT TOUKI 0
110 TOYKH 2X — 4.

2x=10 mwm 2x=-2, Ilo ycrnoBIro ypaBHEeHIA OHO PaBHO 6,
HO paccTofHHe 6 MOXKeT OBITh
OTJIO:KeHO oT 0 Kak BIPaBO (IIOIydIaem
X=35 wm x=-1. 4HCI0 6), TaK I BIEBO (IIOTyIasM JICIo
—6).

Taxum oOpazom, paBeHCTBO

OteeT: 5; 1. | 2x — 4 | = 6 BO3MOKHO TOT/1a I TOJIEKO
TOrHa, korga 2x—4=6mm2x 4=
—6.

3ameuanue. [Ipy pemieHun ypaBHEHHsS C HCIOJIb30BAHUEM TE€OMETPUYECKOrO0 CMBbICIIA
MOJyJIsl 3HaK MOJYJIl PAacKpbIBaeTCsl HESBHO, TO €CTh OINPEAEIEHUE MOAYJsS B SIBHOM BUJIE HE
MIPUMEHSETCS.

OOmias cxema pelleHUs] YpaBHEHUH W HEpaBEHCTB, COJAEPXKAIMX 3HAK MOIYJSl — 3TO
(akTUYECKH HEMHOI'O M3MEHEHHbII MeTo] MHTepBasoB. [TosicHUM copep)kaHue 3TOH CXEMbI Ha
puMepe ypaBHEHUs C ABYMS MOJYJISIMU BUJA

[F()[+1g (=2 (a>0).

UroObl pelmTh 3TO ypaBHEHHE, HEOOXOAMMO PacKpbITh 3HAKM MOJIYJIEH, a Uil 3TOro
HeoOxomumo 3HaTh, rae ¢Gynkumu f (X) m g (X) OyayT HOJOKUTEIBHBIMH, a IJA€ —
oTpuraTeabHbIMU. To ecTh (PaKTUYECKU MBI JOJDKHBI PEIIMTh HEPAaBEHCTBA

f (X) > <0, (¢D)

g (X) > wm <0. 2

Kaxxnoe n3 3TMX HEpaBEHCTB MBI yMEEM pelllaTh METOA0M HHTepBasioB. IlepecTpoum
IIpUEM pEIIeHUsT HEpPaBeHCTB METOJOM MHTEpBAjIOB TakuM o00pa3oMm, uTOObI OH JaBall
BO3MOXKHOCTh OJHOBPEMEHHO peIlaTh KaXJ0e U3 MOCIeAHMX HepaBeHCTB. Kak wu3BecTHO,
peurenue HepaBeHcTBa (1) METOIOM MHTEPBAJOB HauMHAETCs ¢ HaxoxaeHus ero O3 (To ecth
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obmactu onpenencaus Gyukuu f (X)), a pemenne HepaBercTa (2) — ¢ HaxoxaeHus ero OJ13
(To ects obmactu ompeaencaus Gyakimu ¢ (X)). YToObl HauaTh OJHOBPEMEHHO pemiath oba
HEpaBEHCTBA, HEOOXOAMMO HalTH 00IIyI0 00acTh onpeaeneaus aus Gyrkmui T (X) u g (X), To
ectb HaliTH O[3 naHHOrO0 ypaBHEeHUs (3TO U €CThb Nepebvill U3 OpuUeHmuUpos HeoOXOIUM O
CXEMBI).

Yroosr npogomkuth pernenne HepaBeHCTB T (X) >mm<0 um ¢ (X) >mm< 0 merogom
WHTEpBaAJIOB, HeoOXxomumo Haiitn Hyim ¢yHkuuid f (X) u g (X), To ecTh HATH HYJHM Bcex
MOAMOAYJIbHBIX QYHKIMI (3TO U €CTh 6MOPOL OPUCHMUD).

Ecinu nanee mpuMeHUTh CXeMy METO/Ia HHTEPBAIOB OJTHOBPEMEHHO JIJIS IBYX HEPABCHCTB,
HeoOxomumo Ha OJI3 oTMeTHTH HYJAH NOAMOAYJABHBIX (yHkumii u pazours O[3 Ha
MPOMEKYTKHU (3TO mpemuii opuenmup).

B kaxaoM W3 NOJy4eHHBIX NMPOMEKYTKOB 3Haku ¢yHkimid f (X) m g (X) HEe Moryr
W3MEHUTHCA. Toraa Mbl MOXKEM HAWTH 3HAKM MOAMOAYJBbHBIX (GYHKIUIA Ha KaMKIOM
NPOMeE:KYTKe (B JI0OOW TOYKE ATOr0 MPOMEXKYTKA), PACKPbITHL 3HAKH MOAYJeill M HailTh
pellleHUe JAaHHOTO YPaBHEHHMS] B KAaKIOM U3 3THX NPOMEKYTKOB (3TO U €CTb uemeepmulii
opuenmup ooujeti cxemo).

O6ocHOBaHME BO3MOXKHOCTA MTPUMEHEHUS TIPUBEICHHON CXEMBI K PEIICHUIO HEPaBEHCTB
C MOAYJISIMU TIPOBOJUTCS] AaHAIOTUYHO.

3amaua 2

Pewrnre ypassenne |x — 5+ |2x + 5| = 3x.

Pemenne

P IMockoaery 3x =(x — 5) + (2x + 5),
TO JAHHOE YPaBHEeHHEe HMeeT BHI
|u|+ |U |= i + v, HO B8T0 PABEHCTBO
MOMeT BEINDOTHATLCA TOTIA M TOIBKO
TOTOA, KOTOA 4HCT8 i 0 v — oba HeoT-
pHLlATeIbHBIe. CAeJ0BATEALHO, JAHHOE
ypaBHeHe PABHOCHTLHO cHCeTEME

(x-520 x 25,
1 " Orewoga
|2x +530. 1 &

I}_El

Taxmum cbpasom, x # 0.
Omaeent: [5: +99). <]

dagaua 3

Femersne

P VuNTHIBEA TeoMEeTDHHYecHKHH CMBICT
MOOVAA, DOXVIaeM, 9TO GAJAHHOE He-
PABEHCTEO PABHOCHIBHC HEDABEHETBY

-T% 2x-56+% T. (1)
Torga —2 % 2x = 12, TaxkuM obpasomM,
-1 x= 6.

Omeem: [-1; 6]. <]

KomMmmenrapnit

Bemnt obosmHaunmTs x — & = u o
2x + b=v, Tou + v =3x n gaEHOE
ypasHeHme mnmeer BHZ |u| + |v| =
=i + v, A 00 COOTHOLIEHNID D TaKoe
VpaBHeHHEe  pABHOCHILHO  CHCTEME
(=0,

4
o0,
JaMeTnM, YTO JAHHOS VDABHeHmE

MOMHO DELDATH i oo obimeft exeme, HO
TOorga peimemme bygmer Donee rpoMosg-
KHM.

Pemrnre mepaseserso | 2x — 5|5 7.

Komumesrtapmit

HepaseHcTBD BROA |f(x} | % a (rge
a > () voobHO pelIaTs, HCOoIbSYHE Ieo-
mMerTpHuYecknil cmecn mogyvaa. Ilo-
CHOIBKY SAOAHHOE HEPABEHCTEO — 3TO
HepaseHeTEo Buza |t| € 7, a mogyme
UMCIA — BT0 PACCTOAHNE HA KOODIH-
HaTHOR npamoil or Touwm, msobpasxa-
wmelf gaEHECE YHeT0, Do ToukHm 0, To
SAMAHHOMY HEDABEHCTEY VIOBIETBODH-
0T BCE TOUKH, HAXOOAINECA B ODOME-
myTtwe [-7; 7). Tammm obpasom,
-7 % t = 7. Econ BOSHHNKAIOT SATDYVI-
HEHHA ¢ PEIIEeHNEeM ABORHOTO HEDABEH-
crea (1), To ero saMEeHANT HE PABHO-

[2x-53 -7,

CHILHYIO CHCTEMY N
121‘ =BT,
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Pemenue 3aganmii:

PermTe ypaBHEHHS U HEPABEHCTBA, cojepkalie 3Hak Mmoayis (1-15).

1. 1) |3x-5|=7;
2. 1) |2x - 8|>5;
3. 1)|x=-2 =-2x-1=10;
4. ) |x-1|+|x—-3|=2;

B x+5|+|x—-8|=13.
5 1) |x+ 3|-':::x—2;

B |x+3|+|x-1|<|6- 3x|

6. 1) Jx?-2r+1+|x-2|=1;

7. 1) Jxi-dx+4 +«J?=B;

*

8. 1)

.:rg-l-lx—E-l_
9. ) ||x-1]-21=1:
10. 1) | x® — 4x | < 5;

11. 1) 3|x - 1|+ 2 - 7> 0;

12, 1) sl g
42

13. D ||x-1|-5|< 2Z;
14. 1) |x - 2£°|> 22° — x;

2) |8 - 4x|=86;

2)|8-5x|<T; )

3) |x® - 5x|=6.

2x_ri|
=—_———l<1.
x=-h

ﬂ‘}ﬁ: 4)

x+1
2) 22+ 3x+ |x+ 3|=0.

2}|x+ 1|+|x—5|=2ﬂ;

2}|x+ 1|+|x—2|{ 2xr — 1;

2) Jx'+dx+4+|x|=x+5.

2) J16—-8x+x? +/x?+2¢+1=5.

4
) o112
2}||2x—4 -5 |=3
2| xF-x—-6|=>4.
2)|x-6|22"-5x+9.
}|r|1_:i{é‘
2 |x=-1]+|x+2]|-|x-3|>4.
2)[x*+x-20|< 25+ x— 20.

=|x+1|.

4

>|x+2; 2) ﬁklr-ll-

|x+

IIpakTnueckas padora Ne3(0
Tema 6.4: YpaBHEHHsI 1 HEPABEHCTBA C TapaMETPAMHU
Hennb: Hayuntbes pemate ypaBHEHUS M HEPABEHCTBA, COEpXKAILME ITapaMeTp.

Teopernyeckasi 4acThb:
HanmoMHUM cMBICT BBIPaKECHHS «PELIUTh C I1apaMeTpOM» — MOYKHO pEIIaTh YpaBHEHHS,
HEPABEHCTBA, CUCTEMBI C IaPaMETPOM.

= =
Penmts 3amady, HanpuMep YypaBHEHHE flra)=0, ., HEPaBEHCTBO flxa) <0

MapaMeTpoM a — 03HAYaEeT «IepedpaThy Bce 3HAUCHUS NTapaMeTpa U JUIsl KajKI0r0 U3 HUX yKa3aTb
OTBeET.

1. Pemrenue ypaBHEHMH C MapaMeTpoM

[TosicHuM Ha MPOCTENILIMX TpUMEpaXx.

[Ipumep 1 — pemuTh ypaBHEHHE C TAPAMETPOM:

ax=1

a
3agava COCTOUT B TOM, YTOOBI I KaKIOT0 3HAYCHHS TIapaMeTpa  PEIINTh ypaBHEHUE
X
OTHOCHUTEIBHO .
a=2 o o
[Tycte , TOrJa UMEEM IIPOCTENIEE TUHENHOE YPABHEHUE:
1
2X=1lex=—
2
B o0miem cityuae B JaHHOM YpaBHEHHUH BO3MOKHBI JIBa BapHaHTa PEIICHUS — KOT1a MOXHO

JeMUTh Ha KOA((UIIUMEHT a ¥ KOrJa Heab3s, Heo0X0IuMo nepedpaTh BCE IOMYCTUMBIEC 3HAUECHUS

aER
napameTpa a ( )

113


https://interneturok.ru/lesson/algebra/11-klass/uravneniya-i-neravenstva-sistemy-uravneniy-i-neravenstv/uravneniya-i-neravenstva-s-parametrom-prosteyshie-primery#mediaplayer

a=~0n
Paccmorpum nBa cinyuwas. Ilpu Mbl HE€ WMMEEM IpaBa pa3ACIUTh ECIWHULY Ha

KO3 HUIMEHT a, TO3TOMY MOJICTaBJIsIEM 3HAUEHHE HOJIb B 33JlaHHOE ypaBHEHUE U U3yYaeM €ro.
[Tpu m00BIX IPYTUX 3HAYCHHSIX @ HIMEEM MIPABO BHITIOIHUTH JI€TICHHE:

a=~0 { a==~0 {a=l:l {EI=D
{a¢ﬂ€* a0 “l@az0[ax0

ax=1 w = 1 = 1 ¥ = 1
a a a
a=10 . a+=0x= 2
OT1BeT: npu PEUICHUHA HET, IIPU 2

PaccMmoTtpuM pelierne npocTeniiero HepaBeHCTBa ¢ apaMeTPOM.
2. Penienre HepaBeHCTBA C MAPAMETPOM

PaccmoTpum perieHne npocTenero HepaBeHCTBa ¢ TapaMETPOM.
[Ipumep 2 — pemuTh HEPABEHCTBO C MAPAMETPOM:

ax =1

Ecim a — KOHKpeTHO€ 4YHCiI0, MBI MOXEM JIETKO PEUIUTh 3aJlaHHOE€ HEpPaBEHCTBO,
HanpuMep:

1 1
a=2:2x> 19:{?:5;3:—2: —Ex:::lfr}x:::—i

y Hac ke ecTb K03 puIMeHT a B o01eM Buje. PaccMoTpum Tpu ciaydast:

[ a==>0 {3 =0 a=10
w>1 flox1 |xeo
a=<0 < 3
{ax =1 {x =z % X < %
{aa :;01 a=0 a=>0
Llax
{x = 1 X 1
L a L a
1 1
Orper: a=20 Lo a< 0X=_ a=0%>
TBET: TIPH pEIIEHU HET; NpU ; IpH
[Ipumep 3 — pemTh ypaBHEHHE C MAPAMETPOM:
Xx—a
x—5 B

I[p0613 paBHa HYJIO TOraga M TOJBKO TOrjga, Korga 4YWUCIUTCIIbL €€ paBCH HYJIIIO, a
3HAMCHATCJIb HC paBCH HYJIIO:

{x —a=20 o {x =a
x—5%0 XF5
3HaveHue mapamMmerpa MoXxeT ObITh T0ObIM. PaccmMoTpuM nBa ciyuas:
a=2>5
X—5 _
x—5 °
a#bh
X—a
—5 =0

. X=a
[Ipu 3TOM MosyyaeM B EpBOM Cilydae: X ¢ OJHOW CTOPOHBI PaBEH IISTH, T. K. ,ac
JPyroil CTOPOHBI HE PaBEeH ISTH, T. K. 3HAMEHATENb JPOON HE MOXKET OBITh PaBEH HYIIO, KPOME
0
- = |:|
TOTrO TOJIy9aeM BhIpaxenue ° , @ TAKOTO BBIPAXKECHUS HE CYIIECTBYET.

a*bhbx=a

Korpa , IPOTUBOPEYUI HE BO3HUKAET

a=2>5 o aFbhbx=—a
OtBeT: npu peuIeHnid HeT, pu

[Tpumep 4 — pemTh ypaBHEHHE C TApaMETPOM:
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—

YyEXE=a
3HaueHue a MOXKeT OBITh JTFOOBIM, HO KBaJpaTHBI KOPEHb — 3TO CTPOT0 HEOTPULIATEITHHOE

yrciao. Crie0BaTeNIbHO, paCCMAaTPUBAEM JIBA CITydas:
{ a=0 { a=0

Vx=a x = a’
—3
{afiﬂ {Elﬁiﬂ
v’;:a XEE'
o . az=0x=a’ a<0xe@
TBET: MPH ; TIpU

3. Pemrenne nppalinOHaIbHOrO YPaBHEHHUS C IAPAMETPOM

Pemmm nppanyoHaibHOe HEPaBEHCTBO € MapaMeTpOM.

[Ipumep 5 — pemMTh HEPABEHCTBO € TAPaMETPOM:

\."E =a

Hccnenyem naHHOE HEPaBEHCTBO.

X CTOMT IOJ 3HAKOM KBAJpPAaTHOIO KOPHS, 3HAYMUT JONYCTHMbIE 3HAUYEHHUS IO X - BCE

HEOTPULIATEIFHBIE 3HAYEHUS. @ MOXKET NMPUHUMATH JIO0bIe 3HAUSHHS. PACCMOTPUM TPH CIIydasl.
a a=~0n0 o
Ecnu ™ mMeHblIe HyNIS 1 KOPEHBb CYLIECTBYET, TO HEPABEHCTBO BhINONHAETCS. Ecimn , T1000¥

o a
HCOTPHULATCIIbHBIM X YIOBJCTBOPACT HCPABCHCTBY. Ecmu xe © Gounblire HYJIsI, UMCEEM IIpaBO
BO3BCCTHU B KBaJIpaT:

_’EI::G -{Elcc:ﬂ
L&Ea XES

- a =

a==0 =>0
Wx=a ‘”K—ﬂ

r KE

a'_,‘.:ﬂ {a}l]
L~ = -
Wxza |]y= 2
0 . a=0x=0 a>0x=a’
TBET: IIpU ; IpU

PaccMoTpuM pelieHre JaHHOI0 HEpaBEHCTBA I'papuuecKuM MeTooM. [y 3Toro cHavamna

o o =X o
CTPOUM rpa(bmc q)yHKuI/H/I, CTOMAIIEH B JIEBOM YaCTH: y=n , 00JaCTh onpenenacHus TaHHOU
¥Yy=a

0 .
. Paccekaem MOJIYYCHHYIO KPUBYIO CEMCHUCTBOM ITPAMBIX U HaXOOUM TOYKHU

byHKIIH
HepeceueHHs.

-1 0 1 2 3 4 5 6 7 8 9 i)

10 L 10

9 9

2 2

X—
-1 0 1 2 3 4 5 & 7 g ] 10

Ilo pucyHKy O4e€BHMIHO, YTO KOrja a=0 , KpUBas HaxXOOUTCSA HAJX IPSIMOW IIPU BCEX
JOITYCTUMBIX X, TO €CTh IIPH BCEX JTOMYCTUMBIX X HEPABEHCTBO BBITOJIHAETCS.

Ecnu a monoxuTenbHO, KpUBas UMEET €AMHCTBEHHYIO TOYKY IIEPECEUYCHUS C NMPSMON U
KpUBasg ~ HAaXONMTCA  BBIIIE NpsSMOM  IIpaBee  TOYKH nepeceyeHus, abcuucca TOYKH

r =

Xx=a3a X=Fa
nepeceucHus , IOTOMY PCIICHUEM HCPABCHCTBA ABJIACTCA -

OLIeBI/II[HO, YTO OTBET COBIIAAACT C OTBECTOM IIPU PCIHICHUN aHAJIUTHYICCKUM CII0CO0OM.
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IIpumep 6 — pemTh ypaBHEHHE C TAPAMETPOM:
Eh,,"; =0
HpOI/I3B C€ACHHUEC IBYX MHOXKUTENEH PaBHO HYJIIO TOI'1a U TOJIBKO TOraa, Korjga XoTs ObI OOHUH
13 MHOXKUTEJIEH paBeH HYJII0, a BTOPOM IPU 3TOM CYLIECTBYET.
a=1=0
PaccmarpuBaem nBa BapuaHTa — 0o , HO KOPEHb MPU 3TOM JIOJKEH CYIIECTBOBATH,

x=10 .
0o , B TAKOM Clly4yae a — Jr000e Yucio:
a==>0
=0
x=10
ER

a= 0x €& [0;+00), a®0x=0

Otset: npu ; IpA

Pemenue 3aganmii:
Nel. Pemmuth ypaBHEHUE € TapaMeTPOM:
a) ax+ 2= —5;
6) —3ax =4,
5."_— —
B) ayx—>5 III;
Ix+a
r) x—4 B
Ne2. Pemiuth HEpaBEHCTBO C HapaMeETPOM:
—dax = 5,
a) X

0)
B) ® ;

r)a-l- Vx= 1;

ayx ==
\ -

IIpakTnueckas padora Ne31
Tema 6.5: TexcToBble 3a1auu NPOPECCHOHAIBHOIO COJEPKAHUS
Henanb: HayunTtbes pemaTs 3a1a4n Ha MPOLIEHTE B MPO(EeCCHOHATLHON A TEIbHOCTH.

TeopeTnueckas 4acTh:

Jlyist pemieHus 3a/1a4 Ha MPOLICHTHI, CMECH, CILJIaBbl HaM TTOHAT00STCS:

1. Onpenenenne npouenta: 1% yucna — 31o ero 1/100 vacTs.

2. Onpenenenre KOHIIEHTPAIIMU (MacCOBOM JI0JIM): KOHIIEHTPAIHS BEIIECTBA B PACTBOPE
(cmecwH, criaBe) — 3TO OTHOIIEHHE Macchl (00beMa) ATOro BemiecTBa K o0miei macce (00beMy)
pacTtBopa (cMecH, cruiaBa), yMHoxeHHoe Ha 100%:

m v
n _ﬁx 100% = ;x 100%, rae

N- KOHIICHTpAIlUs BEIeCTBa B pacTBOpE (CMecH, CIlIaBe),

M- Macca BelecTBa,

M- macca pactBopa (cMmecH, cIijiaBa),

V- 00bEM BEIIECTBA,

V- 00Bem pactBopa (cMmecH, CIiiaBa).

3. MaccoBas 10515 — 3TO OTHOIIEHHE Macchl (00beMa) BeliecTBa kK o011eil macce (00bemMy)

pacTtBopa (cMecH, CruiaBa):
w=—=rge
= —=-_T
MV’ pi

W - MaccoBas n0Ji,
M- Macca BeIIeCTBa,
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M- macca pactBopa (cmecH, CruiaBa),

V- 00bEM BEIECTBA,

V- o0Bem pactBopa (cmecH, CIiiaBa).

Hanpumep, ecmm 10T comum pactBopumu B 90T BOmbel, TO o0mas Macca pacTBopa
paBHa 100 r, a KOHIIEHTpALHsI COJIH B HEM:

10
mn 100 100 % =10 9%
4. Tlpu cmemieHnH pacTBOpPOB (CIUTaBOB): Macca (00BEM) cMecH paBHa CyMME Mace
(00beMOB) MCXOMHBIX BEIIECTB; Macca (00beM) PacTBOPEHHOTO (PACIIaBICHHOTO) BEIIECTBa B
CMecH paBHa cyMMe macc (0ObEeMOB) PacCTBOPEHHBIX (pACIUIaBICEHHBIX) BEIIECTB B MCXOIHBIX
pacTBopax (cruiaBax).
Hanpumep: ecmn cmemmBarT 20 T 10%-ro pactBopa comu u 30 r 20%-ro pacTtBopa comu,
TO B pe3ynbpTare moiydaroT 50T pactBopa comu. UToObl HaWTH KOHIICHTPAIMIO COJIM B
MOJTyYMBIIIEMCS paCTBOPE, HalJIeM MacCy COJIM B KaX/10M U3 PaCTBOPOB:
1. B nepBom:
10 % or 20 = 10-{1%D'r2ﬂ]=1ﬂ-(i-20)=21"
100

2. Bo BTopom: 20 ot 30:

20% 0T 30=20(1%o0T30)= Zﬂ-(i-ﬂ]): 6T
100

Htoro: B mepBoM 1 BTOPOM pacTBopax 0110 2+6=8 T coM, 3HaYUT, B UTOT'OBOM PacTBOPE
conu Takxke O0ynet 8 r. KoHmeHTpamus coiau B UTOTOBOM PacTBOpeE:

(5]

n 0 100 % = 16 %

3agaya 1. Mmeerca nBa crutaBa. IlepBwlid crnaB  COAEpKUT HUKENS, BTOPOM
—30% nukens. M3 »oSTUX [OByX CIUIAaBOB Mmody4ywid Tpetuid cmimaB  Maccoit 200 xr,
conepxkamuii 25% Hukens. Ha ckosbko KT Macca mepBOro CruiaBa MEHbIIE MacChl BTOPOTO?

Pemenue:

1. Ananu3s ycnoBus

N3 1ByxX cruiaBoB MOJIYYUIIM TpETUid. Macca oy4eHHOr 0 CIUIaBa, COOTBETCTBEHHO, paBHA
CyMMe Macc IByX UCXOAHBIX. [Ipu 5TOM Macca HUKENS B IOJy4€HHOM CILJIaBE TaK)Ke paBHA CyMMe
Macc HUKEJs B UCXOIHBIX CIuiaBax (puc. 1).

10 %4

30% 25%
10%
cnnas 1 cnnas 2 cnnas 3 200 kr

Pucynok 1 - Unmoctpanus k 3agaue |

2. CocTaBieHnEe MOIEIN
[ criae 1 + cnaae 2 = cnaase 3
1

00scnnaeal + 30 % coimaga 2 = 25 U crinaea 3

3. Pemenne 3agaun

200

Macca criaBa 3 Ham JaHa: kr. Jlns ynoGcrea 0603HauMM Macey cruiasa | kak * kr, a

Maccy cruiaBa 2 kak ¥ Kr cooTBeTCTBEHHO. U MEPENUIIeM TOJyYeHHbIC YCIOBUS B HOBBIX
0003HAYEHUAX:

1 1
10%=10-1%=10r—=—=10,1
i % 100 10
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1 3
0% =30-1%= Eﬂ-ﬁ_ﬁ_ﬂj
25 25-1 25 ! 22 0,25
i % 100 100
Torna:
x+ y= 200
{ﬂ,l_’x + 03y =025-200

[Tomywyaem cucremy M3 IByX JIJMHEHHBIX YPaBHEHUH C IByMsl HEU3BECTHBIMH, KOTOPYIO MbI

YK€ yMEEM PelliaTh:
( x+y =200

0,1x + 0,3y =50

Pemaem ee 1r00bIM y0OHBIM CIIOCOOOM:
[ x=200—vy
10,1(200 — ¥) + 0,3y = 50

[ x=200—vy

(20 — 0,1y + 0,3y = 50

(x =200— v
L 0,2y =30
((x =50
v = 150

T.e. mepBoro crumaBa B3sim 50 kr, a BToporo — 150 kr. B ycioBum cnpammBanock, Ha
CKOJILKO KHJIOI'PAMMOB MEHBIIIE B3sJIM IIEPBOTO CILIABA!

150-50=100

Otset: Ha 100 kr.

[Ipu sTOoM OOpaTHTE BHHUMAaHHWE, YTO METOJ PELICHUS HE MOMEHSETCS, €CIIH MBI OylnemM
CMEIIMBATH JIPYTHE METAIJIBI, PACTBOPHI KUAKOCTEH | T. 1. BaykHa mies peleHns Takux 3a1a4:
NP CMEIICHUH JBYX BEHIECTB O0IIas Macca TOJYYHBIIETOCS BENIECTBA pPaBHA CyMME Macc
MCXOJHBIX BelecTB. [leliCTBUTENFHO, B PACCMOTPEHHON 3a/1aue Mbl COCTAaBHIIU CUCTEMY M3 JIBYX
ypaBHeHuil. [lepBoe 03Hayano, 4To cyMMa Macc JBYX CIJIABOB paBHa Macce OOIIEro CrJaBa, a
BTOpOE, YTO CyMMa Macc HHUKEJS B IBYX CIIaBaX paBHA Macce HUKEIS B 00IIEM CIUIaBe.

Pemenne 3ananmii:

Nel, g 2008 rOJy B FOPOJICKOM KBapTaje MPOXHUBAIIO 40000 yenopex. B 2009 romay
B PE3YIIbTATE CTPOHTENBCTBA HOBBIX JJOMOB THCIO JKUTEIEH BBIPOCIIO HA 8%, ap 2010 rogy —
na 970 no cparenmio ¢ 2009 room.  Cxombko wenosex crano mpokmBath B KBapTame
s 2010 roay?

o
[To ycnogwuto, s 2009 roJly YHUCIO JKUTEJIeH BBIPOCIO Ha Sr‘{i, TO €CTh  CTaJIO

sasio 2000+ 1,08 = 43200 yenoper.

o
A 2010 roJly 4YHCJIO JKHTEIEH BBIPOCIIO Hagf}[i, TEIEPb YXE€ I10 CPAaBHEHUIO

¢ 2009 TOJIOM. HOJg"{aeM, 4o s 2010 romy B KBapTaje CTajno
nporcsars 20000 - 1,08 - 1,00 = 47088 rrencit

Ne2, B monenenbHuMK aKuuM KOMIAHUM IOAOPOXKAIM HAa HEKOTOPOE KOJUYECTBO
MIPOIIEHTOB, a BO BTOPHUK IOJCIIEBEIN Ha TO )K€ CaMO€ KOJMYECTBO MPOILIEHTOB. B pe3ynbrare
|:"'.

OHM CTaJld CTOUTh Ha 4% JlenIeBye, 4eM MpU OTKPBITUM TOProB B NOHenenbHUK. Ha ckonbko
IIPOLIEHTOB MTOI0POKAJIN aKIIMY KOMIIAaHUU B IOHEAEIbHUK?

Ha nmepBbIil B3I KajkeTcsl, YTO B YCIOBUM OIIMOKA M I[€Ha aKIHMi BOOOIE HE TOJDKHA
U3MEHUThCSA. Benp OHM MOOpOXKajdu W MOAEUIEBENNM HAa OAHO M TO K€ YHMCIO IPOLEHTOB!
Ho ne 6ynem cnemmts. I1ycTh pu OTKPBITHH TOPTOB B MOHENEIBHUK aKIIUU CTOWIH L' pyOIIei.
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.
o ( * 1{]{]). Teneps

|:"'.
yKE€ 3Ta BeIMYMHA IIPUHHUMAETCs 3a 100 r‘{i, U K BeUuepy BTOPHUKA aKUHUM IOJELIEBEIN

.y
K Beuepy noHenenbHuKa OHU IMOAOPOXKAJIA HA p /o U CTJId CTOUTh

.y
na V /o M0 CpaBHEHHIO 3TOH BenmnuuHoi. CobepeM JaHHbBIE B TAOJIHUITY:
B NoOHedenbHWK YyTpOM B NMOHedeNntHWK BeYepom BO BTOPHWK BEYepoMm
c - (1+75) (1+75) (1- 1)
TOMMOCTE akUuM T T - — xT - — - —
5 100 100 100

A0
ITo ycnoButo, akiy B UTOre MOJCIIEBEIIN Ha 4%,
[Tonygaem, uro

| N py_ A
’ (1'+ 100) (1'_ 100) - (1 100)

[Mopenmum o6e ywactu ypaBHEHHUs Ha ' (Belb OH HE paBEH HYIIO) M MPUMEHUM B JIEBOW 4YacTu
(hopMyITy COKpaIIEHHOTO YMHOXEHUS:

g}g B 4

- - —
, 100° 100
P 4

1002 100

To cMbIcny 3aaun, Benmunna I monoxurensaa. Ioydaem, uro ! =

20

N3 Ilema X0ONnOIMIBHMKA B MAarasyHe €KErOJHO YMEHBIIACTCS HA OJHO H TO K€ YHCIIO
MPOLIEHTOB OT Mpeablaymel meHsl. Onpenenure, Ha CKOJIBKO MNPOLEHTOB KaXAbId TOJ
YMEHBIIAJIACH [I€HA XOJIOJUJIbHUKA, €CIIM, BHICTABIECHHBIM Ha MPOAAXKY 3a 2000 pyoOaeii, yepes
JBa Trojia OBLT MpOAaH 3a 15842 pyoueii.

Orta 3amaya TOXE pemnraercs Mo OAHOM U3 (OpMYN, NPUBEIEHHBIX B Hayalleé CTaThH.

0
XO0JIIOAWIBHUK CTOMII 20000 py6uneii. Ero niena aBa paza ymMeHbIIMJIAch Ha P Y, u Teneps ona
paBHa:

P2
20000 (1 — L) = 15842
( 100) ?

(1 P )2 15842
100/~ 20000°
p A2 792
(1_ p) _ fﬂull
100 10000
pr _ 89
100 100°
p=11.

Ne4 Yerwipe pybauiku jemesie KypTky Ha 8%. Ha ckoiibko nporeHToB nsaTh pydatiek
JOpO)KE KypTKU?

Iyctb cTommocTs pybamkn pasna &', crommocts Kyptku Y. Kak Bcerma, mpuHHMaeMm
3a CTO IPOLEHTOB Ty BEIMYUHY, C KOTOPOM CPaBHUBAEM, TO €CTh LICHY KypTKH. Torjga CTouMoCTb
YeThIpex pyOallek CocTaBIseT 92% OT LICHBI KYPTKH, TO €CTh dw = []-‘ 92;{;_
CTouMOCTh OZIHOH pyOaIiku — B * pa3a MEHbIIIE:

x =0, 23y.

A CTOMMOCTP ISITH pyOallex:
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E E . ; EOF,
S =115y = —y = 115%uw.
r, I'.J 1 [][] I'.J I'-;
15%
[Monyuwniy, 94T0 NATH pyOaliek Ha U TOpoXKe KYypPTKH.
Ortser:; 15.

Ne5. CeMmbsi cocTOMT M3 My’Ka, )KEHBI U UX A04Yepu-CcTyaeHTKU. Ecmu OBl 3apruiata mysxa
=0
YBEIMYIIIACh BIIBOE, OOMIMI JOXOA CEMBbH BBIPOC OBl Ha 67 "’}[ Ecmu 661 cTunennus pouepu

49
YMEHBIINJIACh BTPOE, OOMIMHA JOXOA CEMBbH COKpPATHUJIICS ObI Ha_l"{"CKOJIBKO IIPOLICHTOB
OT 0011Ier0 J0X0Aa CEMbU COCTABIISIET 3apIliaTa XK EHbI?
Hapucyem tabmuny. CuTyanuu, o KOTOPBIX T'OBOPHUTCS B 3aiaye («eciu Obl 3apruiata

MyiKa YBCINYWIACh, CCIIU OBl CTUIICHAUA OOYKHU YMCHLH_II/I.HaCB...») HA30BCM «CUTYyalUsd ‘4' »
n «CUTyalusa »,

MYX KeHa 0Yb OO6mwmit toxon
B peansHOCTH T Uy z r+y+ =z
Curyanus A 2r Uy 2 1,67 (x+y + ;}

Curyarust B T Y z 0,96 (x 4+ y + :}

L] =

OcraJiock 3anucaTh CHCTEMY YPaBHEHHUIA:
2e+y+z2=167T(x+y+2)
1 :
r+y+ 3% = 0,96 (x +y + z)

Ho uro xe mbl BunuMm? JIBa ypaBHEHHs M TpH Hew3BecTHBIX! MbI He cMOxeM Haitu &
, Y1 Z o otmensrocTH. IlpaBma, HaM 3TO M He HyXHO. JIydlle BO3bMEM NEPBOE YpaBHEHHE
¥ 13 06CHX ero yacreif BeraTeM cymmy £ + Y 1 =,

Honyam: & = 0,96 (x +y + z).

s
OTO 3HAUYMUT, YTO 3apIjiaTa My>Ka COCTaBISET 67% OT OOLIEro 10X0/1a CEMBH.
Bo BTOPOM yPaBHEGHHH MBI TOXE BBIYTEM H3 00CHX dacTell Bhipaxenme L + Y + 2
YIPOCTUM H TOJIYYUM, YTO

x=0,06(x+y+ z).

3HAYNUT, CTHNEHIMNS TOYKH COCTaBJISAET 6% oT ob1ero goxoxa cembpH. Torma 3apruaTa
JKEHBI COCTABIIACT 27% 061IIero 10X0/a.

Orser: 27.

Ne6 Pesepyap 3amonnsiercst Ha 95 %. Paccunrats, MoxeT 1 6€H30B03 00BbeMOM 4 Kyba
CIIUTH TOIUTMBO B PE3EpBYap, €CJIM B HEM OCTalIoch 75% TorumBa, a 00beM pezepByapa 10 kyOoB.

Pemenue:

1)10 xy6 : 95% = 0,1ky6 npuxoautcs Hal%

2)0,1ky6 x 95% = 9,5 kyOa TomIMBa HaXOAUTCS B pe3epByape

3)0,1 xy0 x 75% = 7,5 kyba TormBa ocTaaoch B pe3epByape

4)9,5ky6 -7,5ky0 = 2 Ky0a MOKHO J1OJIUTh B pe3epByap

OtBeT: 4 xy0a CIUTh HETb34.

Ne7. TlnotHocth asekTposiuTa modHoOcThiO 3apsbkeHHo AKB — 1,27 r/em3. Ilpu
ouepenqHoM TO-2 mokazanus ammepmerpa — 1,22 r/cm3. Ha ckonbKO MPOIIEHTOB pa3psiIniiach
Oartapest M JOMYCKAETCS JIM €€ IKCILTyaTalus B 3MMHee Bpems?

IIpakTHyeckass padora Ne32
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Tema 6.5: TexcToBble 3a1a41 IPOHECCHOHATBHOIO COACPIKAHUS
Hennb: Hayunutbes pemate 3a7jauu Ha ABUKEHNE B IPO(eCCHOHAIBHON JEATENbHOCTH.

TeopeTuveckasi 4acTh:

Crnenyrommii TMII 3a/1a4, KOTOpPbIE MBI PACCMOTPUM, — 3a/aud Ha ABMkeHue. Ilpu atom
II0Ka Mbl OCTAHOBMMCS Ha 3aJja4ax, I'/1e HeT JBUKEHMsI 110 BoJe (peKe, o3epy U T. A.). i perieHus
3aJ1a4 Ha JBUKEHNUE HaM MOHAJA00UTCS: OIPENEIEHUE CKOPOCTH ITPU PABHOMEPHOM JIBUKEHUU!

v=2 e

V-CKOPOCTb,

t-Bpems,

S-paccrosiHue.

U3 KOTOPOT'0 MO>KHO TOJTYYUTh ellie ABe GOpMYJIbl IJIsl HAXOXKICHUS IyTH U BPEMEHH IpU
pPaBHOMEPHOM JABM)KCHUHU:

S = vt, rue

V-CKOPOCTb,

t-Bpems,

S-paccrosiHuE.

t= E, rae

A\

V-CKOPOCTb,

t-Bpems,

S-paccrosiHHE.

3amaya 2. /[Ba BeNOCHNEOUCTa OJHOBPEMEHHO OTHPaBWINCH B 240-KHJIOMETPOBBIN
npober. IlepBblil exasl co CKOpOCThiO, Ha 1 KM/4 OoubIel, YeM CKOPOCTh BTOPOro, U MPUOBLT K
¢uaMIry Ha 1 yac panbuie BToporo. HallTu ckopocTh BenocuIeaucTa, NpuIIeaAnero K Guuaumy
nepBeIM. OTBET HaiiTe B KM/4.

Pewenne

1. Ananu3 ycnoBus

Paccrositaue, koTopoe mpoexanu BEIOCUTICAUCTRL: S.

CkopocTh epBOro: Vi, CKOpoCTb BTOPOTO: V2.

Bpewms neukenus nepsoro: ti.

Bpewms neukeHus Broporo: to.

2. CocraBieHHE MOJIENH

Bpewmst qBuKeHus epBOro BeJIOCUIIeANCTA!

5
t, = —
J- T
vy
Bpems nBukeHus BTOpOro BeJIOCUIIEUCTA:
5
tﬂ = —

- [
CkopocTs nepBoro Bejgocuneancra Ha 1 km/4 60Jb111e CKOpOCTH BTOPOTo:
v, =1 — 1
BperI ABWIKCHUSA MIEPBOro BEIOCUIICAUCTA HA 1 yac meHbIIIE BPEMCHU ABHUKXCHUSA BTOPOI'O
BEJIOCHUIIEANCTA:

t,=t,—1
[ToncraBuB nepBbI€ TPU YCIOBUS B UETBEPTOE, 10JIy4a€M YPaBHEHUE:
5 5

_=—_1

3. Pemenne 3agaun
Ham pano paccrosiaue: S=240kM. HaiiTm HeEoOXOIMMO CKOPOCTh BEJIOCHIICAKCTA,
KM
MpHUIIeanero Kk GuHUNry nepBbim: Vi—. s yno6cTBa 0603HaYNM:
9

v, =X
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240_ 240 L
x _x—l

[Tomyyaem npoOHO-pallMOHANIBHOE YpaBHEHHE, KOTOPOE MBI YK€ yMEeM pelmath —
MEPEHOCHM BCE cllaraeMble B OJIHY CTOPOHY U IPUBOJUM JIPOOH K 00IIeMY 3HAMEHATEIIO:

240%-1 240 W

— - +1¥% =g

X x—1

240(x—1)—240x+x[x—1)_ﬂ
x(x—1) B

24ux—24u—24ﬂx+x3—x_u
x(x—1) B

xf—x—zam_

x(x—1) B

[TpupaBuuBaeM uncautess Apodu k 0 (mpu aTom X£0;1 , T. K. 3HaMeHarte b He paBeH 0):
xP—x—240=0
[ x, =186
x, =—15
CKOpOCTh HE MOXKET OBITh OTPHUIIATEIHLHOM, ITOITOMY OTBET B JAHHOM 3aJlaue — CKOPOCTh
NepBOro Bejocureaucra 16 km/4.
OtBeT: 16 kM/u.

Pewenue 3a0anuiii:

Nel Heobxomumo paccuntath KosmdecTBO TormBa Ha peiic (Tpacca «Kypck-MockBay,
pacxon aBromoOuist Mapku «Man» 10 11/100kM.), eciiu paccTossaue ot Kypcka 10 Mocksbl — 830
KM.

Pemenne:

MuHuManEHOE KOJMYECTBO TOIUIMBA, KOTOpOE CIEAyeT 3aluTh B OeH300aK
830:100%10=83.

Ne2 Jlns mammHbl, IBIXKYIIEHCS co ckopocThio 30 M/c, TOPMO3HOM MYTh OMpeenseTcs
dopmyroit s(t) =30t—16t%, rae s(t) — myTs B MeTpax, t — BpeMsi TOPMOXKEHHS B CeKyHJIax. B
TEUEHHH KAaKOI'0 BPEMEHH OCYIIIECTBIISIETCS TOPMOXKEHHUE 10 MOJHON 0CcTaHOBKHU MamnHbl? Kakoe
paccTosiHuE MPOoiiIeT MallliHa C Hayajla TOPMOXKEHUS 10 TTOJTHOM ee OCTaHOBKU?

Ne3. Onpenenuts MUHUMaJIbHO 0€30MaCHOE PACCTOSHHUE 0 aBTOMOOMIISL, €CIH MIMpUHA
poe3kei YacTu, Ha KOTOPO OH MPEACTaBIIAET OMACHOCTh — 8 M, CKOPOCTb aBTOMOOUIS 60 KM/4
(17 m/cex), ckopocTh nemexoaa — 1 M/cexk.

Ned. Onpenenuts OGe30macHbIi UHTEPBA MEXKIY IBIXKYIIUMHUCS B OJHOM HAIpaBJIEHUU
asromoousamu 3MJI u KamA3. Ckopocts aBTomoOuns 3UJI — 60 km/4, ckopocTh aBTOMOOMIIS
KamA3 — 90 xkm/4.

IIpakTHyeckas padora Ne33
Tema 6.5: TexcToBble 3a1a4u MPOPECCHOHAIBLHOTO COACPKAHUS
Henb: HayuuThes pemaTh 3aJadyd Ha COBMECTHYIO pPaboTy B HpoQecCHOHAIbHOMN
JeSTebHOCTH.

TeopeTudeckasi 4acTh:

PaccMoTpum mpuMepbl TEKCTOBBIX 3a/1a4 Ha COBMECTHYIO paloTy.

3amaua 3. 3aka3 Ha 110 meraneit mepBbiii paboumii BeimonHseT Ha 1 wac OpicTpee, uem
BTOpoi. CKONBKO AeTalield B Yac JeliaeT BTOPOM paboumii, €Clii U3BECTHO, YTO MEPBHIN 3a Yac

JeNaeT Ha 1 neraib 0obIe?
Pentenne
1. AHanu3 yciaoBus.
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KommuectBo aeraneii: S.
CxopocTh paboTsl IepBOro padbouero: Vi. Bpems ero paboTst: ;.
CxopocTh paboTsl BTOpOro padouero: V2.Bpems ero paGoTsr: to.
2. CocraBiieHHE MOJIEIN

S
Bpewms pabotsl nepBoro padouero: L=
1

S
Bpewms pabotsl BTOporo pabodero: t2=v—
2

[Tpu 5TOM 1O YCIIOBUIO, IEPBBIH BBIMONHSIET paboTy Ha 1 4 ObicTpee BTOoporo: t1=t>-1
[To ycrmoBHuIO CKOpPOCTh MEPBOro pabovero, KOTOPhIA M3roTaBIMBaeT Ha 1 jgerans B Yac
Oonpmre: Vi=Vo+1l
[Toncrasisiem nepBoe U TpeTbe ycioBHe Bo Bropoe. [lonydyaem ypaBHeHue:
110 110
va +1
3. Pemtenue 3agaun
[Monyunnu apoOHO-pallMOHAILHOE YpaBHEHHE, KOTOPOE MBI YKE YMEeM pellaTh.
[Tepenocum Bce caraembie B OJIHY CTOPOHY, 3aT€M IIPUBOIAUM IPOOH K 00LIEMY 3HAMEHATEIIO:
110 W= 110'=*1
v, +1 N
110v, — 110w, — 110 + v5 + v,
v, (v, + 1)
v + v, — 110
vy (v, + 1)
[IpupaBuuBaem uncautess K 0 (mpu atom Vo#-1,0, T. K. 3HaMeHaTelb He paBeH 0).
vi+ v, —110=10
[ v, = 10
v, = —11
T. k. paGounii He MOXKET U3TOTABIMBATH OTPHUIIATEILHOE KOJIMUYECTBO JieTasleil B 4ac, TO

MOJTy4aeM, 4TO BTOPOi paOOunii M3rOTaBIMBAET JeTalIeh B Hac.
OtBeT: BTOpO# pabounii m3roraBnuBaer 10 neraneii B vac.

+ l".,i'.?: (vet1l) — 0

Pemienue 3aganmii:

Nel. Kommanusi «beroH-mapTHEp» IOCTaBiseT OCTOH A CTPOMTENIHCTBA OOBEKTOB
Kypckomy 3aBomy KIIJI- mukcepamu BMecTHTENbHOCTBIO 1O 5 u 10 kyOoB. 3a omgmH 4Yac
crpoutenu MOryT npuHsATh He Oosiee 10 KAMA3oB, npu 3tom He 6onee 8 KAMA3o0B 1o 5 xky6oB
u He 6ostee 6 KAMA3o0B o 10 ky60B. Ckonbko KAMA30B 110 5 u 10 ky00B Hy>kKHO OTIPaBIATH
Ha CTPOUTENBHYIO IJIOLIA/IKy 3a 1 yac, 4ToObI IepeBO3UTh HaUOOJIbIIIEE KOJTUYECTBO OeTOoHA?

Bcero 3a onun yac nepeBosutcs 5x +10y kyOoB 6eToHa. 3a1aya cBenach K HaX0XKIEHUIO
HauOOJbIIIET0 3HAYCHHS JMHEeHHOW PyHKuuu: S(X ; y) = 5x + 10y. B xone peumenus nonyaum:4
KAMA3a o 5 ky6oB u 6 KAMA3o08B 1o 10 xyboB 6eToHa.

Ne2. Ilpu nonBosake raza K A0MYy UCIOJB3YIOT TPYObl pasmMepoM 3 U 5 METpOB, HYKHO
nponoxkuth 40M. Ckoyibko TpyO pa3HOro pasMepa HYKHO UCIOIb30BaTh, 4YTOOBI OBLIO
HauMeEHbIlIee KOJIMYECTBO CBAPOYHBIX IIBOB?

Pemenne. O003HaYMM X —4HUCIO 3-X METPOBBIX TPYO, Y —YHCIO 5-TH METPOBBIX TPYO.
Pemaem ypaBHenue 3x +5y = 40 B 1nenbIx 4uciaax, BEIpa3uB, HAIPUMED, MEPEMEHHYIO y dyepe3
MIEPEMEHHYIO X.

Ne3. JIBoe pabounx, paboTas BMeCTe, MOT'YT BBINOJIHUTH IPOU3BOJICTBEHHOE 33/1aHHE 32
20 mHei. 3a CKOMBKO THEW MOXKET BHIMTOJTHUTH 3a/IaHUE KaXK bl M3 HUX, pa00Tast CaMOCTOATEIBHO,
€CJIM OJTHOMY W3 HUX JJISI 9TOTO HaA0 Ha 9 nHel Oosible, ueM apyromy?

Pemenue:
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[Ipumem Bce 3amanue 3a enuHuIy. [lycth II paGounii, paboTtas caMOCTOSATEIBHO, MOXKET
BEITIOJTHUTH BCE 3aJaHnE 3a X JHEH, Torna I — 3a x+9 gHeit.

Bpems [Ipon3BoaUTENBHOCTD O6bem
paboThl Tpyza paboThI
I paGounii X+9 1+—‘J 1
1
II paGounii X — 1
T
BwmecTte 3a 1 nenp pabounie BHIMOTHSAIOT
1 1
_|_ —
r+9 =z

3aganus. 3a 20 1Hel BMecTe OHU BBIMOJHAT Bce 3aaanne. CoCcTaBUM ypaBHEHUE:

1 1,
20 (—5+-)=1

r+9
20 20009 e
r+9 T
20r+20(x+9)—x(r+9) 0
r(r+9) N
20z +20x + 180 — 2% —9r
r(xr+9) N
—x? + 31x + 180 f —z? 4+ 31+ 180 =0
- . =0 ) o
rlxr+9) r(r+9)#0

rlr+9)£0,=x£0x£-9
a
11 =36, 19 = —5.

Bropoii kopeHb HE MOAXOAMUT IO CMBICIY 3a7auyd (TaKk Kak BpeMs HE MOXET ObITh
OTPUIIATEIBHBIM YU CIIOM). 3HauuT, Il pabouwnii, paboTast caMOCTOSTEIHPHO, MOXKET BBITIOJIHUTD BCIO
pabory 3a 36 nHeit, a [ — 3a 36+9=45 nneii.

OtBeT: 32 45 nHell u 36 qHEN.

U emie onHa 3a7a9a HA COBMECTHYIO padoTy.

Ned4. Onun Hacoc MOXKET HAaNOJHUTH OacceilH Ha 24 yaca ObicTpee, ueM apyroi. Uepes 8
4acoB TIOCJI€ TOTO, KaK ObLI BKJIOYEH BTOPOW HACOC, BKJIIOYWIM TEpBbIA, U uepe3 20 dacos
COBMECTHOM paboOThl OKa3ajaoch, UTO 3amojHeHo 2/3 OacceifHa. 3a CKOJIBKO YacOB MOXKET
HATOJHUTH OacceiiH KaXKIblii Hacoc, paboTas caMOCTOSTEIbHO?

Pewenne:

IIpumem Bech Oaccelin 3a 1. Ilycts I Hacoc, paboTast caMOCTOSITEILHO, MOYKET HAIIOJIHUTD
Bech OacceliH 3a X yacos, Toraa Il — 3a x+24 yaca.

Bpems [Ipon3BoaUTENBHOCTD O6bem
palboThI Tpyza paboThI
I nacoc X % 1
1
IT nacoc X+24 —_— 1
x + 24

N3BectHO, uTO Il Hacoc ObuT BKiIrOUeH 8+20=28 yacoB, a I — 20 yacoB, u 3a 3TO BpeMs

onu HanoHuM 2/3 Gaccerina. COCTaBUM U PEIINM ypaBHCHHE:
20 28 2

T r+ 24 3
O6e yacT ypaBHEHHS JeIMM MOYJIEHHO Ha 2 ¥ IIEPEHOCUM BCE CJIaraeMbI€ B JIEBYIO YaCTh:
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1043z +24) 1443 1 \zlz+24)

+ — = =0
T r+24 3
30(x+ 24) + 427 — x(x + 24) _0
3r(x+9)

30z + 720+ 427 — 2% — 24z )

3z(r + 24)
30z + 720+ 427 — 2% — 24z )

3x(r + 24)
—x? + 48z + 720 [ —2? 48+ T20=0

3z(r+24) { 3x(r + 24) £ 0

3rx(r+24)#£0, = #0:x £ —24
—rt 482+ T20 =0
22 — 48z — 720 =0
r1 = 60,10 = —12.
Btopoii kopeHb — moOCTOpoHHWH. 3HauuT, | HAacoC MOXET HAMOJHUTH OaccelH

camocToaTeabHo 3a 60 gacos, a II — 3a 60+24=84 gaca.
OTBer: 3a 60 yacoB n 84 gaca.

IIpakTnuyeckas padora Ne34
Tema 6.6: KontponsHas pabota o pasneny 6 «YpaBHEHUSI U HEPABEHCTBa»

Hean: [IpoBepuTh YpOBEHb YCBOCHUS TaHHOTO MaTepHala 1o pasneny 6 «YpaBHEHHS U
HEPaBEHCTBA»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nNPAGUILHBIIL OMEemM U3 Yemblpex
npeoIodHCeH HbIX:

1. (1 6amr) Kakoe u3 uncen sBiseTcs KOpHEM ypaBHeHus log, (x +1) = 1

A)-1;b5)2;B) 1;I") 0.

2. (1 6amr) Kakue u3 ypaBHeHU UMEIOT 00Jiee OAHOTO KOPHSI?

A) x?-6x+5=0; B) 3¥2=9; B) (x-4)(x+3)(x-8)=0; I') 2x-7=0.

3. (1 6amn) Onpenenure BU ypaBHeHHsI V —32 — X = 2

A) muneitHoe; b) kBagpaTHoe; B) upparmonansroe; I') panmonanpHoE.

4. (1 6aur) Onpeenure HAMMEHBIIEE LEI0E PEIIEHNE HEPaBEHCTBA 5X72<1?

A)-3;5)0;B)3; 1) -4.

Ilpu évtnonnenuu 3a0anuii 5-8 3anuuiume x00 pewieHus u NOJYYeHHbLIL OMeEem.

5. (2 6anna) HaliguTe KopeHb YpaBHEHUS | x-3 | =2

v X — y = 8r
6. (2 6amna) Pemmre cuctemy ypaBHEHU {2 -3y _ 16
2_
7. (2 6anna) Pemmnre HEpaBeHCTBO XS <x

8. (2 6amna) Pemmre ypaBuenue (2x — 3)V3x%2 —5x—2 =0

manonvl omeemos:

Howmep 1 2 3 4 5 6 7 8
3aJaHUuA
OtBet B B B A 1;5 | (10;2) (-o0; 0]; [2; 3) -1;6

IIpakTHyeckas padora Ne35

125



Tema 7.2: [Tonatue o mpou3BoaHON (HYHKIIMH
Heab: Onpenenutb CyOHOCTh TMOHSTHSA TNPOU3BOJAHAS, HAYYUThCA BBIYUCIATH
MPOU3BOIHYIO, UCIIOIB3YSI TPEIEIIbI.

TeopeTudeckasi 4acTh:

IIponsBonHas - riaBHellee NMOHATHE MaTeMaTU4YecKoro a”aiausa. OHa XapakTepusyer
U3MeHeHHe (QYHKIUU apryMeHTa X B HeKOTOpo# Touke. I1pu 3ToM 1 cama npou3BoiHAs SBIISIETCS
¢byHKIMEH OT aprymMeHTa X

o = X
IIpouseoonou ghynkyuu y=J :IB TOYKe * Ha3bIBAaeTCS Mpee (eC OH CyHIECTBYET H
KOHEYEH) OTHOIIEHHs MpUpameHuss (pyHKIUH K TMPUPALICHUI0 apryMeHTa NpU YCJIOBHH, YTO
MOCJIeTHEE CTPEMUTCS K HYJIIO.

To ecTb,
. . ) + M-
Fixi=lim 2 im ALY f(x).
ax—0 1"_I"LX ax—0 ﬂu:
HauGonee ynotpeOuTenbHBI CAEAYIOMINE 0003HAYEHUSA NPOUIEOOHOIL.

@ W
yi S odx dx
AJrOpuTM HaXO0XIEHHS MPOU3BOIHON
) -
f(xo)
Ax
1) 3apmate mnpupalleHue — 9TO TIpUpalIeHUE AapryMeHTa M  BBIYHUCIUTH
Ay Af =f(xg+4Ax)— f(x
COOTBETCTBYIOIIEE MpUpaleHne PyHKIUN Y f=7 )= I( ':").
Af
2) HaiiTu pa3sHOCTHOE COOTHOIIEHHE 4%, yIpOCTUThL €ro ¥ COKpaTHTh Ha

Af
Ax Ax — 0
3) Ecnmu otHomeHue npu CTPEMHUTCI K KaKOMY-TO YMCIYy, TO 3TO YHCIO

fx)

st Toro 4ToO0BI HAUTH HYXXHO:

ﬁx.

oyner

Pemenne 3aganmii:
IIpumep 1. [Tonp3yscs onpeaesieHueM NPOU3BOIHOI, HAWNTH TPOU3BOAHYIO (PYHKIUU

y=afx+1
Pewenne. 13 onpenenenns nporn3BOJHON BBITEKAET CIEAYIOMIAsI CXeMa €€ BIYUCICHUS.
Jlanum apryMeHTy npupaiieHue (1enpra) U HaiaeM npupaiieHne QyHKInu:
Ay =afx+hx+1—ofx+1
Haiiném oTHOIIeHNe mpupamieHus GyHKINN K TPUPALICHUIO apryMeHTa:
by N'rx+ Ax+l- \.'rx+1
Ax hx

(w,u"x+ﬂ.x+ 1 —Jx+1)(\fx+ﬁ.x+1+~.u'rx+l)

ﬂx(\u’x+ﬂx+1+«fx+ 1)

A+ix+1-(x+1)

B ﬂx(afx+ﬂx+1 +-q'[x+1) B
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Ax

- ﬂx(u{x+ﬂx+1 +qfx+1)

1

Jx+ﬂx+1+\.'rx+1 '
BpuuciuMm mpenen 3TOrO OTHOLIEGHUSI MPH YCIOBUH, YTO NpUpAIlEHUE aprymeHTa
CTPEMHUTCS K HYJIIO, TO €CTh TPEOYyEMYIO B YCIIOBHH 3314l TIPOU3BOIHYIO:

: 1
litn =
ix—0 Jx+1&x+1+—\.'rx+%

N TS TN T PN ey

IIpumep 2. Halitu npon3BoaHy0 QyHKIUN

y= fix)=2x"+1.

Pemenue. M3 omnpeneneHus NpPOU3BOAHON BBITEKACT CIEAyIOIIAs cXeMa Jisd €€
BBIYKCIICHUS.

[Har 1. lTanum apryMeHTy IpHUpalleHue A%y Haitpém
y+iy=f(x+ix)=2(x+4x)" +1=

= 2xi fdxehn+2(Ax0° +1.

[ar 2. Hatiném npupamienne GyHKIHH:

Ay = f[x+ﬂx:l—f[x:l:

=2 +dxenr+2(ax) +1]- (247 +1)=

= dxehr+2(Ax)"

[ar 3. Haiiném oTHOIIEHNE NpHpaIeHus] PYHKINUN K IPUPAIICHUIO apTyMEHTA!
by dxehx+2(Ax)  Ax(dx+24x)
Ax Ax T A
=dx+2hx

ar 4. Berurcnum npenen 3Toro OTHOUIEHUS TpU Ax =0 , TO €CTh IIPOU3BOAHYIO:
y=F(x)= lim (4z+247) =4x

o =X o o
IIpumep 3. Haiitn npousBogHyo (yHKIUU Y \II{_I/I 3HAYEHUE 3TOM IMPOU3BOLHOMN

npu * = g
Pemenne. Bocnonb3yemcs cxeMoi, npuBeaEHHON B mpumMepe 1.
[ar 1.
y+ihv= flx+Ax)=Jx+Ax
[ar 2.
Ay = Flx+ix) — F(x) =z +Ax —fx.
[Har 3.
by  fxthx-— ﬁ
Ax Ax '
[Har 4.

. - AT
v =S 0= lim =l

~.,.'x+ﬂ.x—«,.'";
—
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BripaskeHue 1oy 3HaKOM Tpezeia He ONpeNeieHO TpH hx=10 (HeompenenéHHOCTh BUIA
0/0), moaromy mpeobpasyem ero, M30aBUBIIUCH OT MPPAIMOHAIBHOCTH B UYHCIUTEIEC M 3aTEM
COKpPaTHB JAPOOb:

. (q#x+&x—ﬁ)(ﬂx+&x+ﬁ)_
I BTN v

Mz

= lim =

0 aart hr 4]

: 1 1
RN N N

Haiiném 3HaYeHre IPOU3BOIHON MIPH * = 9 :

yoa=F@=1/2401=1/6.

IIpakTHyeckas padora Ne36
Tema 7.3: ®opmyisl 1 npaBuia AU epeHIupoBaHms
Hean: HayunTbCst BEIYUCIATH TPOU3BOIHYIO (DYHKINHU, UCTIONB3Ysl GOPMYIIBI M TIpaBUiIa
I epeHInpOBaHUS.

TeopeTnueckas 4acTh:
dopmybl aud depeHIupoBaHus

1L ¢'=0,c= o
c _'0, c = const 12, (arcsinx) = 1 :
2. (:fn) = nxn_]‘ 1 — x~
3 (a“)' =a’-lna 13. (arccosx) =— 1 _
. l_x_
X _ X r
+ (e ) ‘ 14. (arctgx) = L _
5. (log, x) = | 1+x
1 *lna 15. (arcetgx) = ——
6. (Inx) =— ' 1+x
' X 16. (Sh I') —ch x
b (Sin:c)':cosx 17. (Chx)r =shx
8. (cosx) = —sin: |
(cos:c) lsmr 15, (th ) - 1,)
9. («E) :—Zv/_ ch-x
T 19. (thx) =——
cos” x
1. (ctgy) =——o
Sm- x
Ilpy  BBIYMCIEHMH  MPOU3BOAHONW  HCIOJB3YHOTCS ClelylolMe  TpaBHia

nuddepenuupoBanud. [IpaBuio quddepeHunpoBanus cyMMbl ABYX QYHKIUH.
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[TpousBoaHas cymMMBbl paBHa cymme pou3BoaHbIX: (f(x) + g(x))' = f'(x) + g'(x).

[Tonpo6HO 53TO CBOMCTBO MPOM3BOAHOM Qopmynupyercss Tak: Ecmu kaxngas us3
¢bynkumu f(X) 1 g(X) MMeer MPOM3BOAHYIO, TO HMX CyMMa TaKKe HMEET MPOU3BOJHYI H
cnpaBemmBa popmyna.

[TpousBoaHAsE CYMMBI HECKOJIIBKHX (DYHKIIUH PaBHA CyMME MPOU3BOAHBIX ATHX (DYHKIIHH:

(f(x) +...+ g(x))' = f'(x) +...+ g'(x).

[TpousBoaHas pa3HOCTH paBHA pa3HOCTH Mpou3BoaHBIX: (f(x) - g(X))' = f'(X) - g'(X).

A Temneps paccMOTPHUM MPUMED ITPUMEHEHUS TaHHOT 0 TTpaBuia audpepeHnnpoBaHus.

PaccmoTrpum BTOpOe npaBuiio auddepeHupoBaHus:

[TocTosiHHBIN MHOXKHUTEIb MOYKHO BBIHECTH 32 3HAK MTPOM3BOTHOM:

(cf(x))'=cf " (x)

[lepexonuMm K TpeTbemy npaBuiy nudpdepennupoanus. [IponsBogHas mpousBeaeHUs
paBHA NMPOM3BEACHUIO IEPBOT0 MHOXKUTEIS HA BTOPOH TUTIOC MEPBBI MHOXKHUTEIb, YMHOXCHHBIH
Ha Ipou3BoaHY0 BToporo. (f(x)-g(x)) =f (x)-g(x)+f(x)-g' (x)

YerBeproe mpaBuwiao auddepeHIUPOBAHMSN: TPOU3BOIHAS  YaCTHOTO  paBHA
IIPOU3BOJIHON YUCIUTENST YMHOKEHHOTO Ha 3HAMEHATEIbh MHUHYC YMCIUTENh YMHOXXEHHBIH Ha
MIPOU3BOTHYIO 3HAMEHATENS U BCE ITO JITICHHOE Ha KBAaJpaT 3HAMEHATEJIS.

(f(x} ) g — Fx)g'(x)
glx)) g°(x)

Pemienue 3aganuii:

IIpumep 1.

Haiinem npousBoguyto yukuuu: | () = 2x% + 4x

Pewenne:

MPOM3BOIHAS CyMMBI paBHa CyMME MPOW3BOAHBIX. HaiieM MpOHM3BOAHYIO KaXI0ro
CIIaraeMoro

Fiix)=02x2+4x)" = (2x%)" + (4x)’

filx)=4x+4

Omser: f'(¥) =4x +4

IMpumep 2.

Haiitn npoussoanyro Gpyrkuuu f(X)=8x3+3x2-X.

Pemenue:

f(X)=8x3+3x2-x

£(x)=(8x%)’+(3x%)’-x’

PaccMOTpuM KaKIbli YiIeH MHOTOYICHA 110 OTAEIbHOCTH

(8x3) '=8(x°%) '=8-3x?=24x?

(3%?) '=3(x?) '=3-x=6X

(-x) '=-(x) = -1

' (X)=(8x3) '+(3x?) "-x'=24x%+6x-1.

Otser: ' (x)=24x?+6X-1.

Mpumep 3.

Haiitu npousBoanyo ¢pyukiuu f(X)=(3x-4)(4-5x).

Pewenne:

Bocrnonb3yemcst popmysioi mporu3BOIHON TPOU3BEACHUS:

f (x)=(3x-4) ' (4-5x) + (3x-4)(4-5x) '=3(4-5x)-5(3x-4)=12-15x-15x+20= 32

Otser: f' (x)=32

IIpumep 4.
Ix— 2
X)) =
Haiiti npon3BoaHYyI0 QyHKIHH x+3
Pemenne:

Bocnons3yemcs popmysoi npou3BoJHON YaCTHOIO:
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G —2)"(x+3)—CBx—-2)(x +3) 3 3(x+3)—(3x+2)  3x+9-3x—-2 7
(x +3)° B (x+3)° B (x+3)° C(x +3)2

f'(x) =

7
f %) =——
OTBeT: ® {(x+ 3)°

IIpakTuueckas padora Ne37
Tema 7.6: Ousznueckuil U TEOMETPUUECKUN CMBICI MTPOU3BOTHOM
Heab: Onpenenuth Gu3NUECKU U T€OMETPUUYECKUN CMBICT IMPOU3BOAHOM, HAYUYUTHCS
pelaTh 3a7a4y Ha IpUMeHeHHe PU3NYECKOro U TEOMETPUYECKOr0 CMbICIA.

Teoperndeckasi 4acTh:

I'eomer PI/I‘[GCKI/Iﬁ CMBICJI IPOM3BOAHOM
——————— ¢ B
Af
Al |C

ECnu Mbl paccMOTPMM NpAMOYronbHbii TpeyronsHuk A B, To sametum, uto %i- ectb tgBAC.

A npu cTpemnedmnmn AT K Hynio, Touka B 6yaet npubnnxatecs k Touke A u cexywan AB «npespatutca» B
KacaTensHyio K rpaduky dynkumm f(x) 8 Touke A(zg; fzo)).

MosTomy FBOMETDM‘IECKHﬁ CMbICH I'I|J0H3BOHHOI7I TaKDB:

MpousBoAHas B TOYKE Xy PaBHa TAHTEHCy YIfla HAaKMOHa KacaTenbHOW K rpaduky dyHkuMu (&) B 3ToRA
TOUKE:

f'(z0) = tge,

rAe (x — ¥yron HaKnoHa KacatensHol {(NpoBejeHHOR K _,f(’z:} B T..Xpn)

KacareiabHas

=
é
P
13
>

Du3n4ecKNid CMBICJ IPOU3BOTHOM

Ecnw Touka ABVMMKETCH BAONb OCKM T M €€ KOOpAWHATblI M3MEHAKTCA MO 38KOHY :!.'(f), TO MTHOBEHH&A CKOPOCTb
TOYKW:

o(t) = 2'(t),
a ycKkoperne:
a(t) =v'(t) = 2"(1)

~ e e
MpuMep. MaTepuansHas TOUKa JBIDKETCH NpAMonuMHeiHo no sakory &(t) = 68° — 481 + 17, rae (1) —
PACCTCAHWE OT TOUKW OTCYETa B METpaX, I — BpeMs B CeKyHOaX, M3MEpPEHHOEe C HaYana gBixeHus. Haigute
ee CKOpoCTb (B METPax B CeKyHOy) B MOMeHT epeMenn T = 9.
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v(t) = 2/ (t) = 12t — 48;
v(9) =129 — 48 = 60 m/c

OTeeT: 6.

Pemenune 3aganuii:

Nel. HaiinuTe yrioBoi ko3¢ puLHeHT KacaTelbHOM, MPOBEIEeHHON K rpaduKy QyHKIUN
f(x) = 14x - x2 + 5 B Touke ¢ abcuuccoit x0 = 3.

Ne2. HaiinuTe TaHTeHC yrila HaKJIOHA KacaTelbHOH K rpaduky pyHkuuuf(x) =+ 12x -3 B
TOUKE ¢ abcIuccoi Xo = 2.

Ne3. [1pu aBY>KEHHMH Telna IO MPSMOM paccTosiHUE S (B METpax) OT HaYaJIbHOW TOYKH
u3MeHserca 1o 3akony S(t) = - 4t2+ 15t + 2 (t - Bpems ABuKeHMs B ceKyHaax). Halitu ckopocTsb

(m/c) Tena yepe3 3 CeKyHbI MOCTIE Havasa ABUKEHUSI.

Neo 4. BeInOIHUTS 3aaHUA

BapuaHT No 1

1. Haiimure yrmoBod  KO3(hHITUEHT
KacaTeJIbHOW, WPOBEACHHOW K TpaduKy
¢ynkuuu f(x) = 5x°- 3x?- 7 B Touke C
abcuuccoit xo = - 1.

2. HaiiguTte TaHreHC Yyrja HakJIOHa
KacaTenbHO# K rpaduky ¢yukiuu f(X) = 4
- Sin X Touke ¢ abcruccoi Xo = 67.

3. Ilpu nBWXEHMM Telna MO HPSIMOU
paccrosiHue S (B Merpax) OT HavalbHOU
TOYKM M3MeHseTcs 1Mo 3akony S(t) =12 - 3t +
1 (t- Bpems aBMXKeHHs B ceKyHOax). Haitu
CKOpOCTH (M/C) Tena uepe3 6 CeKyH[ Mmocie
Hayaja JBUKEHHUS.

BapuaHT Ne 2

1. Haiimute  yriaoBoi K03 QUIIMECHT
KacaTelbHOM, TPOBEACHHOH K Trpaduky
¢ynkuuu f(x) = 2x*+3x*-5 B Touke ¢
adcumccont Xo = -2.

2. HaiiguTte TaHreHc yrjia  HakJIOHA

KacatenbHOM K rpaduky ¢ynkuuu f(x) = 10
- COS X B TOYKE ¢ a0CIMCCOM Xo = .

3. Ilpm [BWXXEHMM Tela MO MNPAMOH
paccrosisHue S (B MeTpax) OT HadadbHON
TOYKM M3MeHseTcs 1o 3akony S(t) =t?+ 15t +
2 (t - Bpems nBWOKeHHs B ceKyHzax). Haitu
CKOpOCTh (M/C) Tema uepe3 8 CeKyH[ Mocie
Hayasa JBMKEHUS.

Ne5. Haiinure aberuccy Touku rpaduka GyHKIUK y = X2 + 7X - 9, B KOTOpOH KacaTesbHas,
IpOBEACHHAs K 3TOMY TpaduKy, napaieiabHa IpsMon y = -5X.

Ne6. Touka IBMAKETCS O KOOPAMHATHOM IPAMOii cornacHo 3akoHy x(t) = 1,5t + 7t -11,
rae x(t) - KoopauHaTa TOYKU B MOMEHT BpeMeHH t. B kakoil MOMEHT BpeMeHU CKOPOCTh TOYKU
Oynet paBHa 137

Ne7. BeiOpaTh BEpHBIi OTBET:

Bapuant Ne 1

1. Touka ABHMIKETCS NPAMOIMHENHO 1o 3akoHy S(t) =t3 - 2t2 BelOepure, kakoil u3
dbopmyn 3aaeTCst CKOPOCTh ABMKEHUS ATOM TOYKUA B MOMEHT BpeMeHH t.

1) 3t? -2 2) t? -4t 3) - 4) 3t? -4t

2. Haligute TaHreHC yrila HaKJIOHA KacaTelbHOU K TpaduKy QyHKIHH y = X(X - 2) B
Touke ¢ abcuuccoit xg =4.

1)82)63)44)0

3. Ilpu npsMOIMHEWHOM [BM)XKEHUH Tena myTh S(t) (B MeTpax) HM3MeEHseTCs Io
zakony S(t) = 5t3 - 15t? +12. B kaKkoif MOMEHT BpEMEHH YCKOPEHHUE Tela OYAeT paBHO HYJIO?

1) 1c 2) Oc 3) 2c 4) 0,5¢
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4. Tlon xKakuM YIJIOM K TMOJIOXKHUTEJIbHOMY HAINpaBiICHUIO OCH a0CLUCC HAKJIOHEHa
KacaTeNbHas, POBEIEHHAs B TI0O0H TOYKe KpUBOH y = -2x° - x5 - 4x +1000?

1) ocTpbiM 2) TyIbIM

3) npsimbiM 4) napasienbHa ocu Ox

Bapuant Ne2

1. Touka ABMIKETCS MpAMONMHENHHO mo 3akoHy S(t) =1° - 2t2 BeiOepure, kakoil u3
bopMyI 3aaeTcsi CKOPOCTh IBUKEHUS 3TOW TOYKM B MOMEHT BpeMeHH t.

1)5t-22)t* -t 3) - 4) 5t* -4t

2. Haiigure TaHreHc yria HakJIOHA KacaTeNbHON K rpaduky ¢pyHKunu y = X(X + 3) B
TOYKE C abCIuccoi Xg = 2.

1)12)53)74) 10

3. Ilpu npsMOIMHEWHOM [BIKEHHUH Tena myTh S(t) (B MeTpax) HM3MeEHseTcs IO
3akoHy S(t) = 2t% - 6t +12. B kakoii MOMEHT BPEMEHHU YCKOPEHHE Tela OyIeT PaBHO HyIIH0?

1) 1c 2) Oc 3) 2c 4) 0,5¢

4. Ilog xakuM yrioM K TOJIOKUTEIFHOMY HANpaBJICHUIO OCH a0CIHCC HAKIOHEHA
KacaTeNbHasi, IPOBEIeHHas B 000N TouKe KpuBoH y =2x° + x° + 4x +1000?

1) ocTpbiM 2) TynbIM

3) npsambiM 4) mapasienbHa ocu Ox

IIpakTnueckas padora Ne38
Tema 7.7: YpaBHeHHE KacaTenbHOU K rpaduKy GpyHKINUN
Hean: HayuynuTbcs cOCTaBIATh YpaBHEHUE KacaTeIbHOU K rpauKy (GYHKIIUH U IPUMEHSTh
dhopMyiy 111 TPUOIMIKCHHBIX BRIUMCIICHUN 3HAUCHUN BBIPAKCHUH .

TeopeTudeckasi 4acTh:

BcromanM reomerpuyeckuii CMBICJ MPOU3BOTHOM: eciu K rpaduxy
ff=f | T | - 0
byHKIIH /B TOUKe MpoBeJleHa KacaTelbHas, TO KOX((GUIMEHT HaKIOHA
KacaTellbHON (paBHBIN TAHTE€HCY YIJIa MEXKAY KacaTeIbHOM M MOJOXKHUTEIbHBIM HaIlpaBICHHEM
- T
ocH OX ) PaBeH MPOU3BOAHON QYHKIMH B TOUKE 0

y=fx)/ |

sl k=tga=f .BU

|z5y |

Bo3bmeMm Ha kacaTeabHOM NPOU3BOJIBHYIO TOUKY C KOOPJMHATAMH '

132



y=kx+b

i e o

ABC.

U paccMoTpuM MPAMOYTOJIbHBIN TPEYT ObHUK

-
|
o ---

He--—------

AB T-T
B aTrom TpeyronbHuke

MREOAS

Ha)or (o))

— IJ
9TO U €CTh ypaBHeHI/IC KacaTeHBHOf/’I, HpOBeHeHHOﬁ K Fpa(l)I/IKy (pYHKHI/II/I ( B
T
(0
TOYKE .
AJIFOpI/ITM HOCTpOCHI/I?I KaC&TeHBHOﬁ

y-f(xn)
tga:BC ——=f'(:ro)

War 1. HaitTh 3HaueHKne (yHKUKMW B TOYKe KacaHua f(zg)

LWar 2. Haittv obuiee ypaBHeHue nponssofHoi f'(z)

War 3. HailTh 3Ha4YeHne NPON3BOAHON B ToUke KacaHua f'(xq)

War 4. 3an1caTh ypaBHeHKWe KacatensHol y = f'(zo)(z — xp) + f(zo), npuBecTy ero Kk enmy
y=kx+b

Ha Bbixope: ypaBHeHWe KacaTenbHoi B BuAe y = kx + b
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Mycts f(x) = 2% + 3.
Haiioem KacaTenbHyto K 3Toi napabone B Touke zg = 1.
1.4
flmo) =12+3=4
f'(z) = 22
fllzg) =2-1=2
VpaBHeHWe KacaTelbHow:
y=2xz—-1)+4=22—-2+4=2z2+2

Orger:y =2z + 2

n cf(z) =22 — 2z 3,
Anroputm pumep: f (2) *

Iy = 3
1. Belumcaum f(xp) flz)=f(3)=32-2.3+3=6
2. Haligém dopmyny nponssogHom , (9 r
sycun £ (z) f'(z)=(2*—2z+3) =2z —2
3. Boiuncm f' () ff(®)=f(B3)=2-3—-2=4
4. Mogcrasum g, f(xg) n f' (zo) B y=1F (zo) (x—x)+ f(zg) =
bopmyny ypaBHeHUs KacaTenbHO =4(z—-3)+6=4z—-12+6 =
y=f"(0) - (& —20) + f (20) —4z -6

Pemenne 3aganuu:
Nel. BeIoJHATE 3agaHue

1 Bapnaunt | 2 Bapuant
1. Cocrasbre ypasuenue Kacare1bnoii K rpaguky pyukunn f(x) B rouxe rpaduxa ¢ x.
a)fix)=x xg=1 a)f(x) =x* x,=2
6)f(x)=i—z—-x: Xo =2 6)f(x)=%2—2x: xp =—1
B) f(x) =Vadx —x%; x, =2 B) f(x) =VxZ +3x; xp =1

2
Ne2. CocTaBbTe ypaBHeHHe KacaTeldbHOH K rpaduky ¢pyaxkumn | X=X —2X g qouke ¢
aberuccoit X0 = 3,
2
Ne3. CocraBbTe ypaBHeHHE KacaTenbHOil K rpaduxy ¢pyukmun [ X=X —3X g rouxe ¢

abcumccoit X0 =4,
Ne4 3anummte ypaBHeHHE KacaTeabHOU K rpaduky ¢yHkuuu f(x) = sin x -3x + 2 B Touke

x©=0.

o 3 2
Ne5.Hanwucats ypaBHeHHE KacaTeIbHOU K rpaduky GyHkuu f(x) =x = +2x = + 3 B Touke

X0 =2,

v 3 2
Ne6.Hanucatps ypaBHeHHE KacaTenbHOU K Tpaduky ¢pyHKIuu f(x) =x =~ +4x = — 6X B TOUKe

xXo0=-2,
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— oyl B) .

Ne7. Haiinure aOcumccy ToukH Tpaduka QYHKIHH flxl=x"—xV3, g KOTOPOIi

npoBeACHHAs K HEMY KacaTelibHas 00pa3yeT C [MOJIOKUTEIbHBIM HAITPABICHUEM OCH a0CIIUCC YTOJT
30°.

— 4 7 .

Ne8. Haiiaure abOcmuccy Touku rpaduka (QYHKIHH fixl=x"+4xv3, g KOTOPOi

npoBenEHHAs K HEMY KacaTellbHasi 00pa3yeT C MOJI0KUTeIbHBIM HAIIPABJICHUEM OCH a0CLIUCC YT
60°.

.2
Ne9. Haiinure ypaBHEHHE KacaTelbHOH K TpaduKy GyHKIUU flx|=x"+3x—8, ccom o1a
KacaTelbHas apauienpha npsamoit Y =2X+1

2
Nel0. Haiiaute ypaBHeHue kacaTenbHoii k rpaduky Qpyuxuun [ | X/=X"—4X+6, ecmy sta
KacaTenbHas napauielbaa npsamoin Y=2X—8

o 3 2
Nell.Haiigute Touku rpaduka ¢pyHkuu f(x)=x  -4X ~ , B KOTOPBIX KacaTelbHasi K HEMY
napaJiesibHa ocu abcuucc.

IMpakTnueckas padora Ne39
Tema 7.8: MoHOTOHHOCTD (yHKIMH. TOUKH d3KCTpEeMyMa
Heanb: Hayuutses nccnenoBaTh GyHKIMHY HA MOHOTOHHOCTb U 3KCTPEMYMBI.

TeopeTnueckas 4acThb:

Onpenenenne « MOHOTOHHBIE (DYHKIIMN»

MoHOTOHHO BO3pacTrarouas GyHKIHUS — 3TO QYHKIUSA, y KOTOpOl O0sbIIeMy 3HaYEHHIO
apryMeHTa COOTBETCTBYET OoJiblliee 3HaueHHE (YHKIUH.

MoHoTOHHO yOBIBatomass GyHKIHUS — 3TO (QYyHKIUSA, y KOTOPOil OOJblIeMy 3HaUYEHHUIO
apryMeHTa COOTBETCTBYET MEHbIlIee 3HaUeHNE (PYyHKIUH.

CBs3b IPOU3BOIHON M TPOMEKYTKOB MOHOTOHHOCTH (DYHKIIUU

Ax =0 Ay o Xy
, TO 3HAaK MpUpaALIEHUs - W 3HAK NPOM3BOJAHOU B TOYKE COBIAJacT CO

Ecmm
f(x0) £ (o) . Ay =0
3HaKOM . To ectb ecnmu mpou3BoOaHAS B OTOW TOYKe Oouybllie HYMNS, TO - n

MOHATHO, YTO (PYHKIUS B OKPECTHOCTH ITOW TOYKH OyJeT BO3pacraTh. A €CIU MPOU3BOIHAS

Ay <0 o
MEHbIIIe HYJS, 3HAYUT, - U TOHSATHO, YTO B OKPECTHOCTH ITOM TOYkH (yHKIUsS Oymer
yOBbIBaTh.

Xx o
)Ianee, IMpOU3BOJHAS B TOUKEC U eCcTh TAHT'€HC yrjila HaKJIOHa KacCaTCJIbHOM. KacarensHas

OIKChIBaeTCsl JUHENHON (yHKuueld. B okpecTHOCTH TOYKHU *o KpuBas M JUHEHHas QyHKIUSA
IOYTH coBnafaroT. Ecnu yrosn HakjoHa OCTpbIM, TaHT€HC OYIEeT IMOJIOKHUTEIbHBIM, YIJIOBOU
KO3(QOUIMEHT — BEIMYMHA IOJOKUTENIbHAsA, U JUHEWHas (YHKIUS BO3pACTaeT, a 3HA4MT, B
OKPECTHOCTHU 3TOH TOUYKU U caMa (DyHKIIHMsI BO3pacTaeT:

fllg)=0=f)T

W naobopot, ecnu nuHelHas (yHKIMS yObIBaeT, yroia TYMHOH, TaHI'€HC — BEIWYHMHA

y =Fx)

OTpHLIaTEIbHAs, 3HAUNT, IUHEHAas QYHKIMS yOBIBAET, a ¢ Hell yObIBaeT (hyHKLUA

flx) <0 =f(x)l

8
y=1f(x)
fix, + Ax)
i Ay
Xt Y { 5
/Ml Ax |
| !
¢ { g
‘O X, X, +Ax X

o X
VYron HakJI0HA KacaTeabHOH B TOYKE ~ ©
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X
Tak coOBITHS pPa3BUBAIOTCS B OKPECTHOCTSIX TOYKH ~ 9. DTU COOBITHS TMOTUUHSIOTCS

reOMETPUYECKOMY CMBICITY IIPOU3BOIHOMN (ee buzngeckomy CMBICIY,

] ! .
coornomenmo &Y ¥ ' (%0) Axy

HccnenoBanue npoMexyTKOB MOHOTOHHOCTH (DYHKIIMH C TOMOILBIO TPOU3BOIHOM
Paccmorpum ¢ynkumio u ee nmoseaenue Ha Beed OJ13. [Ipenmonoxkum, 94To 310 Tpadux
uccienyeMon GpyHKIHH.

y=f) [/

v =flx
I'paduk pynkuuy - fx)
*1 &
Ecte ToOuka ~!. KacarenpHas HakJIOHEHa IIOJl OCTPbIM yIJoM *. 3HauuT, B

Xy
Touke ~ 1 (hyHKIUS BO3pacTaer.

1

o X
Yros HaKI0HA KacaTeJbHOH B Touke ~ 1

Xq Ox Xq
B Touke "% kacaTenbHas napajuielbHa OCU , 3HaUUT TOuka ~ % — Touka skcTpemyma. O6
3TOM MBI IOI'OBOPUM OTHEIBHO.

Xaq
2 — TOYKa SKCTpEMyMa

x 4 o o
B Touke "3 yroi 3 HakJIOHA KacaTeIbHOM 6yz[eT TYIIbIM, TaHI'CHC 6yI[€T BCIIMYHUHOU
OTpHHaTeHBHOﬁ, 3HAYUT, IIPOHU3BOAHAA OTpHULATCIIbHAA U q)yHKI_II/IH 34ECh y'6bIBaeT.

=3
>
ok et
e

o X
Vroi HakI0Ha KacaTeIbHOH B TOYKE = 3
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Xx
W, nakoner, B Touke ~ # MPOU3BOAHAS PABHO HYJIO U JaJibllie (YHKIHS BO3PACTACT.

YToJT HAKJTIOHA KACATEIBHOM B TOUKE * % — TOUKe JKCTpeEMyMa

BrrsicHsieTcst, 4To QyHKIMS BO3pAacTaeT Ha MHTEpBaax, e MPOU3BOAHAS OOIbIIE HYIIS:

filx)=tga; =0 = flx )T

Ecinu sxe 3HaueHune npou3BOIHON OTpULIaTeIbHOE, TO QYHKIUS YOBIBAET:

i) =tgaz <0 = f(x3) !l

Bes OZ13 coctouT M3 OTAENbHBIX TOYEK, 3HAYMT, HAJO BBIIEIUTb T€ HWHTEpBaJbl, Ha
KOTOPBIX POU3BOAHAS MEHbIIIE HYJIS, HA KOTOPBIX IPOU3BOAHAs OONbIIE HYJIS, U OHU ONPEACIAT

te ydactku O/[3, Ha KOTOpBIX PyHKIMS MO0 BO3pacTaer, MO0 yObIBaeT. DTOT K€ BHIBOJ MBI

Ay & f'(x,) - Ax
MOJIYYUM, paccMaTpuBas COOTHOIIEHHE - )

f'(x) Ay <
IIponu3BOJHaA MCHBIIC HYJIA, -

flx

Ha Tex oOnactsx, Ha KOTOpBIX
0
¢byakus  yobiBaeT. COOTBETCTBEHHO, Ha TeX

obnactsax O[3, roe mpousBoHas o) OoJbIIIe HYJIS, Ay <0 (GyHKIHS BO3paCTaeT.

Tenepr Mbl TOTOBBI HaMMcaTh, I€ yObIBAET, a IJI€ BO3pAacTaeT JaHHAs HaM (PyHKIUS:

y=FE T

_—— € (—o0;x,], [x, + o0)

X

3 e

[IpomexxyTku Bo3pactanusi GyHKIUN y =f(x)
Tenepsb BoIICHUM, T/ NaHHAs QYHKUIUS YOBIBACT:
v =f(x) LHpPI x € [x55%,]

o B s

Heewonasamas

y=f(x)

ITpomexyTku yObIBaHUS (GYHKIIUU

o X, H x49
ToHKHM MOMEHT: BKJIIOYATh JIM 3HAUCHUS B TOUKAX ~ < !
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Fi(x) < 0,x € (x5,%,)
Xy M X,

: HE BKIIFOYA€EM, IIOTOMY 9TO B HUX [IPOM3BOJIHAS PaBHA HYJIIO, @ MBI paCCMaTPHBAEM
TOT clTydaif, KOr/Ja MPOM3BOAHAS MeHbe HyIs. Ho (yHKIHMS yObIBaeT, KOrAa ~ IPHHALICKUT

Xar X
OTpE3Ky [x2; 4].
HpI/I OTOM OTHU TOYKH BKJIIOYCHBI TaAK)XKC B MHTCPBAJIbI, KOI'/1a (I)yHKHI/IS{ BO3pacTacT.

'
X
HpI/IXO,Z[I/IM K BaXHOMY BbIBOAY: HHTCPBAJIbBI 3HAKOIIOCTOSHCTBA f( jSIB.]I}IIOTC}I

HMHTEpBaJIaMH MOHOTOHHOCTH f (x]

Lenp ypoka: HayduTbCs HaXOAWUTh MPOMEKYTKH BO3pAacTaHUs U yObIBaHUS (PYHKIHUU C
ITOMOILBIO ITPOU3BONHOM. BBIACHAETCS, 4YTO HAJ0 HAUTH IIPOU3BOIHYIO, BBIICIUTh €€ NHTEPB aJIbl
3HAKOIIOCTOSIHCTBA U TEM CaMbIM MBI y3HAeM, IJl€ 3Ta (QYHKIMSI MOHOTOHHO YOBIBA€T U I'/I€ OHA
MOHOTOHHO BO3pacCTaer.

Jlanee HacC UHTEPECYIOT TOUKHU IKCTPEMYMOB (PyHKIMU. MBI paccMOTpenH ciydau, Korja
IPOU3BOJHASI MEHbIIE HYJsA, KOrJa oOHa Ooublle HyJA, TaKKe BaXKHBIM ciydail, Korja
IIPOM3BOJHAS PaBHA HYJIIO.

BcenomauMm, 4TO Takoe Touka MakCMMyMa ¥ TOYKa MUHUMYMa (yHKIIHH.

X, X, X X

] q

y=fl(x)

X

Touku 3KkCTpeMyMOB (DyHKIIUH
XA
Paccmotpum pucynok. Touka =% — Touka MakcuMyma QyHKIMH (max), €Cly CYIIECTBYET

OK x: o f(xZJ = f(xj ~
PECTHOCTh TOUYKH ~ 2, JUISI KOTOPOU , TO €CTh eClii 3HaueHne (QPYHKIHUHU B ITOU
TOYKe OOIbIlle, YeM 3HaYeHHe PYHKIUU B JTF000I TOUKE €€ OKPECTHOCTH.

x
AmnanornytHoe OIPCACIICHUC JIsI TOYKH MHHHMYMaA. Touka *% — TOUYKa MHUHHMYMa

GbyHKIUN (Min), €CIM CyIIECTBYET OKPECTHOCTh TOYKU *e KOTOpOH fle) < f [xj’ TO €CTb
ecnM 3HayeHue (PYHKIMH B ATOM TOYKE MEHbIIE, YeM 3HaueHHe (QyHKIMH B JIIOOOH TOUKe ee
OKPECTHOCTH.

ITpu noucke HanOoOMBIIEr0 M HAUMEHbILIEro 3HaueHus pyHkuuu Ha Beeit O/13, To ecTh ee
IJ100aJIbHBIX SKCTPEMYMOB, ClIe[yeT IOHUMaTh, YTO OHU MOTYT HE COBIAJaTh C €€ JIOKaJIbHbIMU
IKCTpPEMyMaMH, TOUKaMH, I'Ji€ IPOU3BOHAS MEHSET 3HAK.

[Ipumep J10KaIBHOIO U IJ100aJBLHOI0 FIKCTPEMYMA

PaccmoTpuM (GyHKIHO © 2x*(x*—1)x € [ 3].

x=20
31ech TOUKa

x= =132
— TOYKa r7100aIbHOr0 MaKCUMyMa, B HUX (PYHKIIUS paBHSIETCS 24.

2x*x*-1);x€ [-2; 2]

— TOYKa JIOKAJILHOT' 0 MakcuMyMa. DyHKIUS 37€Ch paBHA HYJIIO.
Touxka

y

N|—
[N]

INES

Tpadik gy ¥ = 2% 7~ D.x € [=2;2]
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Ha pannom YPOKEC, KOrjja roBOpuUuTCA 00 OKCTpEMyMax, MOApPa3yMCBaIOTCA JIOKAJIbHBIC

9KCTPEMYMBI.
Kak y3HaTh, rae Touka MakCUMyMa, a 1€ TOYKa MUHUMYMA, ITOACKaXET MPOU3BOJHAS.

X, .
Bepnemcs k Touke 2. Ha prucyHKe HAarjsiIHO MTOKa3aHo, YTO J10 3TOM TOYKHU (DYHKIIHS BO3paCTaerT,

Flx) =0 Frl) =0 ,

MIPOU3BOIHAS , a moclie ATON Touku (pyHKUHUs yObIBaeT, MPOU3BOIHAS

v
o Xa x,) =10 .
3Ha4YEHUE IPOU3BOJAHOM B TOUYKE = 2! Fi( *:] . MBI moNy4yunaum JOCTATOYHBIA TpPU3HAK
MaKCUMyMa: MPOU3BOAHAS paBHA HYJIO M MPU 3TOM 3HAK IMPOU3BOJHONW MEHSAETCS C IUII0Ca Ha

X,
MHHYC U NTEPEXOE apryMEHTa 4epe3 TOUKY ~ 2.

Ta > flxg) =0
Paccmorpum Touky ~#. [Ipon3BoaHas B 3TOH TOUKe . Ho sBnsieTcs nmu manHas
TOYKa TOYKOM 3KkcTpemyma? [Ipow3BomHas cjieBa OT 3TOM TOYKH OTPHUIATENIbHA, KacaTelbHasl
HAKJIOHEHA MO/ TYHbIM YIJIOM. [Ipou3BOHAs CpaBa MOJOXKHUTENbHAS, 3HAYMT, MPOU3BOIHAS

Xg Xy
, 3HAYMT, TOYKa =~ * — TOYKa

MEHSIET 3HAaK ¢ MUHYCAa Ha IUIIOC IPU NEPEXOJE Uepe3 TOUKY
MUHUMYMa.

Hrak, Mbl pacCMOTpENN TOYKY MUHUMYMa U TOYKY MaKCUMyMa M AOCTAaTOYHBIN ITPU3HAK
TOYKA MUHUMYMa U TOYKH MaKCUMyMa.

Kak y3HaTh, siBisieTcsl 1M TOYKA TOYKOM MMHMMYMa WM TOYKON Makcumyma? HykHo

-

. X, X

B3iTh MPOW3BOJHYIO M NMPUPABHATH €€ K Hyro. Torma Mbl HaiinemM Touku =2, "4 u T. I. OTO
BHYTPEHHHE TOUKH 00JIACTH OMpeleleHNs, B KOTOPBIX MPOU3BOIHAS pPaBHA HYJIIO.

Kputnueckas Touka (yHKIIUU — 3TO BHYTPEHHSIS TOUKA 00JIACTH OMPEeIeHUs, B KOTOPO

X, X
MIPOU3BOIHAS paBHA HYJIIO MM HE CylIecTBYeT. TO eCTh TOUKH ~ 2 U = # — KpUTHUECKHE TOUKH.
X,
2 — T. max.

*4_ 1. min.

Ho tak npoucxoauT He Bcerjaa.
Touka neperuda

PaccmoTpum crenyromnryro ¢yHKIHIO:

y = f(x)

Wnmoctpanuus Touku neperuda

f') =0 ox

x
[IponsBoaHas B Touke = ? paBHA HYIIO: , KacaTenbHas MapalljielbHa OCU

i ? ? *o
SIBnsieTcs M OHA TOYKOMU OKCTpEMyMa! Her. Hoquy. HOTOMy YTO A0 TOYKH IMpOU3BOAHAA
IMOJIOXKUTCIIbHA, ¢)YHKLII/ISI BO3pacCTacr:

y=f(x)

BoszpacTtanue GhyHKIUU 10 TOYKY meperuda
[Tocne 3Toi1 TOUKM NPOU3BOIHAS TAKKE MOJIOKUTEIbHA:
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y=f(x)

BoszpacTtanue ¢pyHKIIMU noce TOUKH nepernda

x .
@yHKLMSA BO3pacTaeT W Cje€Ba, U COpaBa OT TOYKU, 3HAYMUT, =~ ° HE SABIAETCA TOUYKON
JKCTpeMyMa.
Jlemma depma

Eciu ¢pynkuus fx) UMeeT IPOM3BOJHYIO U B TOUKE *0 pmeer IKCTPEMYM, TO 3HAYEHUE
IIPOU3BOAHOMN B 3TOM TOYKE paBHO 0.

910 HEOOXOAMMBIN MOUIHBIN PU3HAK, U3 HETO MbI BBISICHSEM, KAKME TOYKU HaM HYKHBI
Il uccileoBanus. Bee ocraiibHple OTMETaeM.

Ewme pa3 nonquepkHeM, 4TO HaM MJUIFOCTPUPYET NaHHBIM PUCYHOK: PAaBEHCTBO HYJIIO — 3TO
JMIIb HEOOXOAUMBIH MTPU3HAK SKCTPEMYyMa, HO HE JOCTATOUHBIH.

Touka nepernda, TOKaTBHBIA XapaKkTep TOYEK IKCTpEMyMa

Paccmorpum B kaduecTBe npuMepa QyHKIUIO, rpaguK KOTOPOH H300pakeH Ha PUCYHKE.

4

y

I'paduk GyHKIIMU C HECKOIBKUMU JOKAJIbHBIMU IKCTPEMYMaMHU
x X, x
1 — ToukaMHHUMyMa,” % — TOUKAMaKCUMyMa, = * — TAKKETOUKaMUHUMYyMa.

x
1 TOYKaMUHUMYMaA, 3HAYUT, CYIICCTBYCT HCKAA OKPECTHOCTb, I'’IC 3HAYCHUC (bYHKI_[I/II/I
ABJEICTCA HAUMCHBIINM, HO CYHICCTBYCT TAKIKE BTOpAasd TOYKa MUHUMYMaA.

}F(xlj = }F(xaji o
TaKUM 00pa3oM, 17100ajbHO, HAMMEHBIINM 3HAa4eHHEM (YHKIMM Ha BCell

x
O/13 sBnsiercst 3HaueHue PyHKIIUH B TOUKE ~ °.
xﬂ ~
2 — TOYKaMaKCUMyMa, HO HauOOJbIIEro 3HA4YeHUs NaHHOM (DYHKLIMU HE CYILECTBYET,

Xq
IIOTOMY 4YTO €CThb TOYKH, B KOTOPLIX 3HAYCHUC q)YHKI_II/II/I 3HAYUTCIIBbHO 6OJ'IBH_IC, YEM B TOUKEC ~.
Takum 00pa3oMm, JaHHBIM PUCYHKOM MbI IOJYEPKHMBAEM JIOKAJbHBIA XapakTep TOUEK
3KcTpeMyma. MoxkeM 3anucath:

Vi = V(%305 ¥(x4) < v(x)

To ecTh 3HaUeHUE QYHKIIUH B TOUKE *3 Menpe 1mG0 PaBHO 3HAYCHHIO (PYHKIIUH B JTIFOOOM
npyroi Touke OJ13.

Anroputm

MpI 3HaeM, Kak 110 3HaKy POM3BOIHON HAWTH MHTEPBAILI MOHOTOHHOT'O BO3PAaCTaHUS HITH
yObIBaHUs (DYHKIIMH, 3HAEM, KAKUM 00pa3oM OMpeNeUTh TOYKH MAaKCUMyMa U TOYKH MUHIMYyMa
¢bynkiun. [TycTs Teneps ecThb 3a1a4a UCCIIeA0BaTh (PYHKINIO Ha SKCTPEMYMBbI 1 HA MOHOTOHHOCTb
C IIOMOUIBIO TPOU3BOJHOM.

ANTOpUTM TaKOB:
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1. Haiiru . ),

r
x
2. BplmenmuTh UWHTEpBadbl 3HAKONOCTOSHCTBA Fi( :]. OHM ompenensT WHTEPBAIBI

f(x)
MOHOTOHHOCTHU .
. ff=0
3. Haiitu xputnueckue touku (BHyTpeHHHE Touku OJI3, B KOTOpBIX WM HE
CYIIIECTBYET).
4. BelgenuTh U3 KPUTUYECKUX TOYEK M KOHIIOB OTPE3Ka TOUKHU KCTPEMYMa U HCCIIEA0BaTh
UX.
3agaua
v =x° y'
HaiiTi mHTEpBaIbl MOHOTOHHOCTH U TOYKH 3KCTpeMyMa (QPYHKIHHU - C TIOMOIIBIO -
Haiinem npounsBonnyto:
v =2x
IIpupaBHUBaeM €€ K HyJII0 M HAXOJUM €IUHCTBEHHOE PEIlICHUE:!
y'=0
2x=10
x=10
x=10
— CIMHCTBEHHAs1 KpPUTHUYECKAsl TOUKA.
Ha pucynke B HU»HelN yacTu n300pakeH rpaduk npon3BOIHOM.
W=X
0
; ’ —
yty 0= 2x
’ !
y'<0 y'>0
[ —— - -
0
.y =x* y' =2x
I'paduku pynkuumii - u-
Ha untepBase neBee npous3BoaHas OTpuLaTeNbHa, QYHKINS yOBIBAET.
— 2
: y=x
yl y'(x)=2x y
y' < O yl > O I.I
1 .'.
y\ y/ i\
0 X" Ol ‘hr} .
0 X
JleBbIil HHTEPBAJI IPOU3BOIHON JleBblii MHTEpBAT PyHKLINU

Ha unHTepBane nmpasee npou3BoIHAS MOIOKUTENbHA , QYHKIIMS BO3pacTaeT.
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vy ()= 2x v

Y
y'<0 y >0 \
y \ . y/ a.'l
/10 7 ol LP 1

0 X

[IpaBsiit mHTEpBaN npou3BoaHoi | [IpaBblil nHTEpBaN QyHKIIUN

OrTBerT:
2 v=x>T npux e [0; +m)
3. x=':'—T.min.};r(ﬂj:[I

Wrak, MBI pemmim 3aaady, UCCIEAOBAINA (YHKIHUIO C MOMOIIBIO MTPOU3BOIHOM, HO MBI
3HaJM CBOMCTBA ATOM (YHKIMH, 3HAJHM, IJIe OHA BO3pacTraer, rie yObIBaeT, W 3HAIU TOUYKY
IKCTpEMyMa.

BunuMm, 9T0 pe3ynbTaThl, KOTOPBIC MOJYYCHBI ¢ TOMOIIBIO MTPOU3BOIHOM, COBIAIAIOT C
pe3ylibTaTaMu, HalJICHHBIMU paHee.

3aoaua.

Haiitu 5xcTpeMmymbl pynkmun y = X3-(X — 1).

Pewenue.

DKCTpeMyMbI PYHKIIHH - 3TO €€ MAaKCUMYMbI U MUHUMYMBI. [Ipexie ueM HaXoauTh
IKCTpEeMalIbHbIC 3HAYCHUS (PYHKIIUU, HY)KHO HAWTH 3HAYCHUS apTyMEHTa, B KOTOPBIX OHU
JOCTUTAFOTCS, T.€. TOYKH SKCTPEMYMOB.

B Touke sxcTpemMyMa mpon3BoaHasS (GYHKIIMHA PaBHA HYITIO.

Haxonum npousBonnyro:
1) mo mpaBuny nuddepeHpoBaHus MPON3BEICHUS:
y'= ()" (x = 1) +x3(x - 1)

2) o Tabym1e TpPON3BOIHBIX:

(x3)' = 3x2,
x-1)=1-0;
3) mpeoOpazyem:

y'=3x%(x—1) + x3-(1 - 0) = 3x3 - 3x2 + x3 = 4x® - 3x2.

[IpupaBHHBaeM MPOU3BOAHYIO K HYJIIO U PEIIaeM ypaBHEHUE OTHOCUTEIBHO X!
4x3 — 3x% = 0;
x?-(4x —3) = 0.
3/1€Ch KOPHU JIETKO OMPENEISI0OTCS pa3iokKEeHUEM Ha MHOKUTENH - IPOU3BEJIEHUE PABHO HYJIIO,
€cir XOTs Obl OJTUH U3 COMHOXXHUTENIEH paBeH HYIIIO.

X1=0u X = 3/4 = 0,75.

Ha gyuciioBoit nmpsiMoii oTMe4aeM HalJICHHbIE 3HAUCHMS apryMeHTa X. B aTux Toukax
pou3BOAHAs GYHKIIMK paBHA HYJIO. MeX1y HUMH (Ha HHTEpBaJjlaX) OHA COXpaHseT 3HaK "+"
i "—". UToOBI onpenenuTh MOoJIOKUTEIbHA HIIM OTPULIATeNIbHA TPOU3BOAHAS (YHKIIMH Ha
KOHKpPETHOM MHTEpBalie, MOACTaBIseM B GOpMYITy JJIs IPOU3BOIHOM MPOU3BOIILHOE 3HAUCHU e
13 3TOr0 UHTEpBaJa.
y'=4x3 - 3x3;

y (1) =4(-1)*-3(-1)*=-4-3<0;
y'(0,5) =4-(0,5)%®-3-(0,5?=0,5-0,75<0;
y'(1)=413-3-12=4-3>0.

Takxum 00pa3om, TOYKH, B KOTOPBIX TPOM3BOIHAS PABHSACTCS HYJIIO, pa30UIIN YHCIOBYIO
MpSIMYIO HA TpU UHTepBaja. B mepBomM 1 BTOPOM U3 HUX MPOU3BOIHASL OTPUIIATENIbHA, B TPETHEM
MoJIOKUTENbHA. OTMEYaeM 3TO Ha YMCIOBOU MPSMOM.
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OyHKIKA BO3pacTaeT Ha MHTEpBae, eCii e€ MPOU3BOIHAS HA 3TOM MHTEpBaJie
IIOJIOKHUTCIIbHA, U y6BIBa€T, €CJIM IPOMU3BOJHAA OTpULATCIIbHA. OTMeTHM 3TO CTpCJIOYKaMu C
COOTBETCTBYIOIIUM HAaKJIOHOM, COOTHOCS KX CO 3HaKaMH ITPOU3BOIHOM.

[Tonyunnu cieayrouyro cxemy:

fON N
J('F_I_I+

X 0 0,75

ITo cxeme BUAHO, UTO B ToUKe X1 = 0 9KCcTpeMyMa HeT, GyHKIHUs yOBIBACT U IpaBee, U
neBee 3Toi Touku. B Touke X2 = 0,75 QpyHKIMA MEHAET XapakTep MOHOTOHHOCTH ¢ yObIBaHUs Ha
BO3pacCTaHUE, 3HAUUT ITa TOUKA ABJIAETCS TOUKOH MUHUMYyMa.

OmnpenenseM MUHUMAaJIbHOE 3HaUeHUE QYHKIUU:

y =x%(x—1);
y(0,75) = (0,75)3-(0,75 — 1) = —0,10546875 = -0,11.

OTBer: Ymin~—0,11.

)

Pemenue 3aganmue:

. yzln(x3—6x+ll:|:l
Nel. Haiiti skcTpeMyMbl GyHKIMH .

8
y=—+—=
Ne2. Haiiti sxcTpeMyMbl QyHKIHH 2 x
%
y=—=2+3x+1
Ne3. Haiiti skcTpeMyMbl GyHKIMH 3
T
Ned. Haiitn sxcTpeMyMbl GyHKIHE © 1-x .
3
y= [x - ljl

Ne5. Haiiti skcTpeMyMbl OyHKIHH

_ ez
Ne6. Haiitu sxcTpeMymbl QyHKIuE < — ~ 2-x
2
x+1

/(%)

Ne7. HaliTn mpoMeXyTKH BO3pacTaHUs ¥ YOBIBAaHUS (DYHKIIUN x=1,
f[x): 2x% —lnx

Ne9. Haiitu npoMeXyTKH BO3pacTaHus U yObIBAHUS (YHKIMH f(x)= *+6x 497
Ne10. MccnenoBats Ha MOHOTOHHOCTD M OKCTPEMYMBI CAEAYIOINE (PYHKIUHU:

1) flx)=2x +x7°2

) F) =73

3) flx)=x3+x*+ 16

2) flx) = x* —8x*°

Ne8. Haiiti nmpomMeXxyTKu Bo3pacTaHusl U YOBIBaHHS (PYHKIIHH

IIpakTuyeckas padora Ned0
Tema 7.9: UccnenoBanue GyHKIMI U TOCTPOEHUE UX TPAPUKOB
Heanb: HayunTtbes uccnenoBath GyHKIUU U CTPOUTH UX TpaUKH.

TeopeTuyeckas 4acTh:

Hccnenoanue GpyHKIUI 3aHUMAET HEMaJIO BPEMEHH MPH PEIICHUH KOHTPOJIbHBIX,
JOMAIIHU X Sa,llaHI/Iﬁ H YTOOBI HAaYy4YUTbCsA 6I)ICTpO peuiaTbh Hy>XHAa HHCTPYKIHA O6L$ICH5[IOH135[
MopAI0K HeﬁCTBHﬁ H U1 9€r0 9TO HYXHO. Taxas HHCTPYKIUA pa3pa60TaHa MaT€éMaTHUKaMHu 1
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O606H.[6Ha Ha BCC THUIIBI Q)YHKHPIIZ YK€ JaBHO, 4 MbI €€ HAa3bIBACM — 061112151 CX€Ma UCCICa0BaHUA

byHKIHN.
y=5(x)
Uto0s!I nccnenoBaTh GyHKITUIO U TIOCTPOUTH €€ rpaduk HEOOXOIUMO:
1) Haiitu obnacTh onpe/eneHns: GYHKIMU, TO €CTh MHOXKECTBO BCEX TOUECK JJISI KOTOPBIX
CYUIECTBYET 3HaUeHUE (DYHKIUY;
2) HaliTH (€CJIM OHM CYIIECTBYIOT) TOYKH MepecedeHusl rpaduka ¢ KOOPAUHATHBIME
y=1(x)

ocsiMU. JJ151 TOr0 HY>)KHO B YpaBHEHHE TIOJICTABUTD ApI'yMEHT *+ 0 2 raxxe

f{x)=0
PCHINTL YPABHCHUC AJI1 OTBICKAHUS TOYCK MMEPECCUCHUS C OCBIO O'x ;
3) uccnenoBath GYHKIMIO HA TEPHOJUIHOCTD, YETHOCTD M HEYETHOCTh. B HEKOTOPHIX
ClIydadX 9TO MOXHO CACJIaTh BU3YyaJIbHO 1O CaAMOMY BUY q)yHK]_H/H/I, €CJIM HCT, TO IMPOBECTU

MIPOBEPKY:
1. f(_x) - f(x) — G yHKIMS YeTHas;
2. f(_x) - _f (x) — ()yHKIMS HEYETHAS,
2 f(.x-l—f’):f(.x)

— (yHKIHS TepuoOJUIecKasi, T nepuoa GpyHKIH.

Takum oO6pa3oM, eciu UMeeM MapHyo QYHKIHIO J f(x) TO IOCTATOYHO MOCTPOUTH
ee 111 IONIOKMTENbHBIX 3HAUCHHIT ** = 0 , IOCJIE YEro OTPa3UTh €€ CUMMETPHUYHO
OTHOCHUTEJIBHO OCH a0CIMCC Ha APYTYIO YacTh. B ciyuae HeueTHOM QyHKumM rpaduk Oyner
CUMMETPHYEH OTHOCUTEJIbHO Havyaia KoopAauHat. Hanpumep, eciiu uMeeT HeueTHyIo (pyHKLHIO
rpaduK KOTOPOH MPUHAITISKUT MIEPBOI UETBEPTH BTOPYIO MOJIOBHHY MTOJIy4YHUM ITOBOPOTOM
nepBoif uerBeptu Ha 180 rpagycoB (TPETbs UETBEPTH).

[TeproanuecKkuMu SBISIOTCS TPEUMYIIECTBEHHO (DYHKIIMHM COCTABIICHHBIC M3 TPOCTHIX
TPUTOHOMETPUYECKUX U HEKOTOPbIEe TapaMeTPUUeCKU 3aJaHHble (PYHKIUH.

4) HaliTH TOYKH pa3pbiBa U UCCIIENOBATH UX (TAKUMHU TOYKAMH SBIISIOTCS Kpast
WHTEPBAJIOB OMpeeneHns QyHKINN);

5) HalTH UHTEPBAIBI MOHOTOHHOCTH, TOYKU 3KCTPEMYMOB U 3HAUCHUS (DYHKIIUU B OTHX
TOYKaXx;

6) HaliTH MHTEPBAJIBI BHITYKIOCTH, BMITHHBI U TOUKH IIEPEruoa;

7) HaliTH aCUMIITOTHI KPUBOIA;

8) moctpouts rpaduk GyHKIHH.

BoNbIIMHCTBO U3 3TUX MYHKTOB OBLIIO PACCMOTPEHO Ha NMPAKTUKE B MPEIBIIYIIUX
CTaThAX, MO3TOMY MOAPOOHO paCIUCHIBATh MBI UX HE Oyaem. Taxke He nmepexuBaiTe, eciiu
HalJIeTe TUIaH B JIUTEpaType WM UHTEPHETE, KOTOPBIM CONEPKUT OoJiee UIIM MEHEE ITyHKTOB.
[TomHUTE, 4TO 1N UX BCEX - TOMOYb NpU MOCTpoeHnu rpaduka Gpynkuun. [leperinem k
MIPAKTUYECKOM YaCTH U UCCIIEyeM 10 cXeMe (YHKIUIO.

IIpumep.

HccnenoBath GyHKIMIO U TIOCTPOUTH €€ Tpaduk
I 2G-1)

Pemenne:

1) ®dyHkuua onpenesieHa mo BCOy KpoMe TOYKH B KOTOPOM 3HaMeHaTeb peBpaliaeTcs

B HOMB (* = 1 ). O6nacTh ornpeneneHusi COCTOUT U3 ABYX MHTEPBAJIOB
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D(y): (o, 1)U (1 40).

2) Ilpu HO[[CTaHOBKe snavenns * = 0 IIOIYy4YUM
7(0)=

TaKylo e TOYKy HOTYdUM eciIi MPUpaBHeM (GyHKIHIO K Hymo. Todka * = 0.
€IMHCTBEHHAs TOYKa MIEPECEUCHUs C OCSIMU KOOPIUHAT.
3) IIpoBepsieM QpyHKIIHIO Ha YETHOCTD

2(0 1)

T B

C2(-x-1) 2(x+1);

y(=x)2y(=), y(-x)#-y(x).

Hrak (1)YHKI_II/I$I HH 4€THAas, HU HEUYCTHAs, HCIICPUOAUICCKa.

4) B naHHOM cilydae UMeeM OJHY TOYKY pa3pbIBa x=1 . Beruucnum rpaHuilsl ciesa u
CIIpaBa OT 3TOW TOUYKHU
2
. A
lm ———=—
r—=1-02 (x — 1)

IE

xilll:lkﬂ Z(X 1) e

Mrak * =1 _1ouxa pa3peiBa BTOPOIo poJa.
5) J1nst oThICKaHMSI HHTEPBAJIOB MOHOTOHHOCTH BBIYHCIISIEM MEPBYIO MTPOU3BOAHYIO

byHKIIH
lx{x—d)—xz__x(x—Z)

2r-1%  2(x-1)

[IpupaBHUBas €€ K HYJIIO IOJTYYUM TOYKH IOJO3PUTEIBHBIC HA

x=0x=2

KCTPEMYM ’ . OHm pa30uBarOT 06JaCTh ONpeereHNs Ha CIeAyI0IIe HHTEPBaJIbI
MOHOTOHHOCTH

(—e0; 0)U (0, 1) U(L:2) U (2, +0).
Uccnenyem noBeieHue np0H3Boz[H017I CJIEBA M CIIPaBa OT HaliJIeHHBIX TOYEK Pa3OUeHus

e

f

_J"’:

P

2(-1-1Y’ 1
y’(u,s)_“(ﬂ5 ). -1,5<0;
2(0,5-1)°
y’(l,s)_M ~1,5<0;

2(1,5-1Y’
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3(3-2
¥'(3)= u = > 0.
2(3- 1) 8
I'padrueckn HHTEPBAIBI MOHOTOHHOCTH OyIyT UMETh BH/T
V'
-+ _ = -}

>
0 y FER.

(-30). (24)
Hccnenyemas (yHKIMS BO3pacTaeT Ha HHTEPBAIAX "
0:1).(1:2)
yObIBaeT .

Touxa ¥ = U _ rouka noxansroro MaKCUMyMa, ** — 2 _ jokambHOro MUHHUMYMa.
Haiinem 3Hauenue GpyHKmum

22
2(2-1)
6) J1n1s1 OThICKaHMSI MHTEPBAJIOB BBIMTYKJIOCTH HaW/IEM BTOPYIO ITPOU3BOIHYIO
,_(2x-2)(x- 1)’ - 25 (x - 2){x - _ 1
2(x-1)" (x—1)°

Takux UHTEPBAJIOB HET, ITIOCKOJBKY BTOPAsi NIPOU3BOHASI HE IPUHUMAET HYJIEBBIX
3HaYEHHH B 00JIACTH OMpPE/eIeHUSI.

g =Y Ymin =

7) Touka * = 1 _ BEepTHUKaJIbHAs aCUMITOTA (DYHKIMHU. YpaBHEHHE HaKJIOHHON
aACUMITOTHI UMEET BUJ

Yy =kx+h
L

rac - FpaHI/IHBI KOTOpI)IC BBIYUCIIAKOTCA 110 HpaBI/IJ'Iy
. fix
= lim ( )
F—tom X
b= lim (f(x)-kx).
X—stco
HaXO,I[I/IM HY)KHBIC FpaHI/IHBI
2 2
x ) x
iF/=lim ——= lim ——— =

x—steo Z.x(.x 1) x—stoo 212 [1_ 1] a E;

XZ

1 .
b= lim {———-Zx)= 1 =
xﬁm(Z(x 1) T, 2{x—1)

~ lim x 1
_x%+m2(x 1) 2

Koneunslil BUJ IpsIMON CIIEAYIO NN

y—lx+l
22
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8) Ha ocHOBe mpoBeieHHOTI0 aHaIM3a BBIMOJIHSAEM mocTpoeHue rpaduka GyHkuuu. s
9TOT0 CHayYajia CTPOUM BEPTUKAJIbHBIC U HAKJIOHHBIE ACUMIITOTHI, 3aTEM HAXOAUM 3HAUCHHE
(YHKIIMY B HECKOJIBKMX TOYKAX M 110 HUX MPOBOJUM ITOCTPOCHUE.

4.

y=(x+1)72

x=/

Pemienue 3aganuii:

1 Uccnenyiite GpyHKIMIO B MOCTpoiiTe €€ rpaduk: y = x? (x — 2)(x + 2).
2. Uccnenyiire GyHKIMIO U OCTpOiiTe €€ rpaduk: y = x4 — 2x3 — 1.

. Uccnenyiire Gpynkumio u nocrpoiite eé rpaduk: y = (x2 + 1)L

. Uccnenyiire pynkuuio u nocrpoiite €é rpaduk: y = 0,125(x° — 12x).
. Uccnenyiire Gpynkuumio u nocrpoite eé rpaduk: y = (x2 + 4x — 3)2,

. Uccrnenyiite hyHKIMIO U TOCTpoiiTe e€ rpaduk: y = sin (2x + 3).

. Uccnenyiite QyHKImIo u nocrpoiite eé rpaguk: y = 3x> + 5x — 2.

. Uccnenyiire hpynkuuio u nocrpoiire €é rpaduk: y = x + x1,

9. Uccnenyiite GpyHKIMIO U TTOCTpOiiTe €€ rpaduk: y = 8x2 - 2x + 1.
10. Uccnenyiite GyHKIMIO U MOCTpoiiTe €& rpaduk: y = 2x° - 6x + 3.
11. Uccnenyiite GyHKIMIO U OCTpOiiTe € rpaduk: y = - 0,5x° + x + 4,
12. Uccnenyiite GyHKIMIO U nocTpoiite eé rpaduk: y = x* - 1,25,

13. Uccnenyiire pyHKIMIO U noctpoiite €é rpaduk: y = (2x + 1)(3 —x)™L.
14. Uccnenyiite GyHKIMIO U nocTpoiite €é rpaduk: y = 4 + x°L.

15. Uccnenyiire pyHKIMIO U oCcTpoiiTe €é rpaduk: y = 3(1 — 2x)™L.

16. Uccnenyiite GyHKIUIO U MOCTpoiiTe €€ rpaduk: y = 2x(x% + 1)L,

0 N N L B~ W

IIpakTHyeckas padora Nedl
Tema 7.10: HauGosnpiiee 1 HauMeHbIllee 3HAYCHHUS (QYyHKIIUN
Hean: HayunThcs HaxonuTh HanOoNbIIEE U HAMMEHbIIIee 3HaUeHUSI YHKIIMU HA OTPE3Ke.

TeopeTuveckasi 4acTh:

Haxo:xnenue Han00J1bIIET0 1 HAMMEHbIEro 3HaYeHuil GYHKIUN HA OTPe3Ke.

1. Ecnmn ¢QyHKIMS HempepblBHA HAa OTpPe3Ke, TO OHA JOCTUTAaeT Ha HEM CBOETo
HauOOJBIIEro ¥ CBOCT0 HAUMEHBIIIETO 3HAUCHUSI.

2. HauGonpuiero u HaMMEHBIIETO 3HAYCHUN HENpPEephbIBHAS (DYHKIHSI MOXKET OCTUTATh
Kak Ha KOHI[aX OTpe3Ka, TAK U BHYTPH HETO.

3. Ecnu Haubonbiee (HanMeHbIee) 3HaueHne QYHKITUU IOCTUTAETCS BHYTPH OTPE3Ka, TO
TOJIBKO B CTAI[MOHAPHOMN WJIM KPUTUUECKOH TOUKE.
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AJTOpUTM HaXOXKJEHUS HAaUOONBIIEr0 U HauMEHbIIEero 3HaueHuH QyHkun y = f(x) Ha
oTpeske [a; b]:

1. Haiitu o6nacts onpenenenus pynkuun D(T).

2. Haiitu npousBognyto f* (X).

3. Haiitu cranymoHapHble U KPUTHYECKHE TOUYKU (DYHKIUU, MPUHAJIeKAIINE UHTEPBAITY
(a; b).

4. Haiitu f(a), f(b) u 3HaueHuss (QyHKIUU B CTAlMOHAPHBIX TOYKAX, MPHHAIISKAIIIX
WHTEpBamy (a; b).

5. Cpeau mosy4eHHbIX 3Ha4eHHUH BHIOpaTh HaOObIlIEe U HAUMEHbIIIEE.

IIpumepsl 1 pa3dop pemieHust 3a1aHUH TPEHUPOBOYHOTO MOIYJIsI

Nel.Haiiti HaubonbIuee ¥ HauMeHbIIee 3Ha4eHus QyHKkuuH f(x) = 2x3 — 9x? + 12X — 2 Ha
orpeske [0; 3]

Pemenue. JlelicTByeM B COOTBETCTBUHU C aJITOPUTMOM.

1) D(f) = (-o0; +0).

2) f' (x) = 6x2 — 18x + 12

3) CranuoHapHble TOUKU: X = 1; X = 2.

1e€(0;3); 2 € (0; 3)

4)f(0) = -2
f(3)=7
f(1) =3
f(2) =2

5) fuaun.=f(0) = -2

foans =F(3) = 7.

OtBeT: fuaun= -2

fHaI/l6.: 7.

Ne2.Haiiute naBa MOJIOKUTEIBHBIX YMCIA, CyMMa KOTOpPBIX paBHa 16, a mpousBencHue
HauOoJbIIee.

Pemenne.

IycTh mepBoe 4rciIo paBHo X, X = 0

Toraa BTOpO€ 4ncIIo - (16 — x),16-x>0

CnenoBarenpho, 0 < x <16

[IpousBenenue 3tux yncen paBHo x(16 — x).

CocraBuM (QyHKLHUIO:

f(x) = x(16 — x)

flx)=—2x+16

X = 8 — eqUHCTBEHHAs CTallMOHapHas To4yka Ha uHTepBaie (0; 16), oHa ABISETCS TOYKON
MaKCUMyMa.

CnenoBarenbHo, B 310 Touke (pyHkmus F(x) = x(16 — X) nmpuHuMaeT HamOoibIlIee
3HAYCHHE.

CrnenoBaTeNbHO, 1Ba TTOJIOKUTEIBHBIX YHCIIA, CYMMa KOTOPBIX paBHA 16, a MpOU3BEICHIE
HanOoJbIlEee, 3TO 8 U 8.

OtBet: 8 u 8

Peulenue 3aganuii:

3 2
N =x —6fx" 49
Ne 1. Haiitn HamMmeHbllee W HauOoJblIee 3HAYCHHUS (YHKIUU Y H

orpeske [-1, 2].

a

. 2
Ne 2. Haiitu HauMeHbIIee M HauGOIbIICE 3HAYCHUS (YHKIHH © Bx"+3 Ha

orpeske [-3, 3].
Ne 3. Haiitu HauMeHbliee u HauGoNblIee 3HAYCHHA (DYHKLUUH =xtnx Ha
orpeske [0, 4].
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_4-x"

= Z
Ne 4. Haiitn HauMeHbllee U HauOoJbIlIee 3HAUYCHUS (PYHKIIHH 4+2" ma orpeske [-
1, 3].
3
N =x —3x43

Ne 5. Haiitu HauMmeHbIiee 1 HanOobIIee 3HAYCHUS (DYHKIIHH Y Ha OTpe3Ke
3
-3 Z
2

1-x+2°

y= 7
Ne 6. Haiitu HauMeHbIIee W HauOoIbIee 3HAYEHUS (DYHKIUH 1+x—x" ga

[o; 11

OTpe3ke

" =x—2Jx
Ne 7. Haiitu HawMmeHbIlee W HauOoOJIbIIee 3HAYCHHUS (QYHKIUU Y '\'II'_ Ha

[0, 4]
oTpe3Ke .
=x'lnx
Ne 8. HaiiTu HauMeHbIlee M HamboIbllee 3HAYEHUS (PYHKIHH Ha
orpeske [1, e].
Ne9. HaiiTn HaMeHbIIee 1 HANOOIbIIee 3HAYCHH QYHKIUH < 2x+Eos2x OTpE3KE

1

IIpakTuyeckas: pagora Ned?2
Tema 7.11: HaxoxxaeHue onTUMaabHOr O pe3yJibTaTa ¢ IOMOIIBIO IIPOU3BOIHON
Hean: Hayuntbcs HaXOAUTh ONTUMAJIbHBIA PE3YIbTAT B IPOU3BOCTBEHHBIX IIPOLECCAX C
TOMOIIIBIO0 TPOU3BOHOM .

TeopeTuyeckas 4acTh:

Kaxxnprit yenoBek Bpemsi OT BPEMEHU OKa3bIBAe€TCS B CHUTYyallMH, KOTJa HAaJ0 OTHICKATh
HaWJIy4dIIi Ccrmoco0 pemieHusi Kakoi-mmbo 3amadd, W MaTeMaThKa CTaHOBHTCS CPEICTBOM
pemieHus: Mpo0JieM OpraHU3aIMu MPOU3BOJCTBA, MOMCKOB ONMTHUMAIBHBIX pelieHUuH. BaxHbM
yCIIOBHEM TMOBBIMIECHUS J(PPEKTHBHOCTH TMPOM3BOACTBA M YIYYIICHUS KadyecTBa MPOMYKIIHH
SIBJISIETCS] IIMPOKOE BHEAPEHUE MAaTEMAaTUHYECKUX METO/IOB B TeXHUKY. Cpenu 3aj1a4 MaTeMaTuKU
OOJIBIIIYIO POJIb OTBOJIAT 33/1a4aM Ha SKCTPEMYMHEI, T. €. 33/1auaM Ha OTBICKaHHE HaHOOIBIIET0 U
HaUMEHBIIIEro 3HaYeHHsl, HAUTy4IIero, HanboJiee BBIrOIHOr 0, Hanbosee SKoHOMHOro. C TakuMu
3aJladyaMi TNPUXOAUTHCS HUMETh JIeJI0 MPENCTaBUTEISIM CaMbIX pa3HBIX CHEHaIbHOCTEH:
WH)KEHEPBI-TEXHOJIOTH CTAapaloTCs TaK OPraHu30BaTh MPOU3BOJACTBO, YTOOBI MOTYYHIIOCH Kak
MOXXHO OOJIbIIIE MPOAYKIIUU, KOHCTPYKTOPBI XOTAT TaK CIJIAHUPOBATH MPHUOOP HA KOCMHUYECKOM
Kopabiie, yToObl Macca mpubopa OblIla HAUMEHBIIEH, YKOHOMHCTBI CTapalOTCs CIJIaHUPOBATH
MPUKPEIUICHNE 3aBOJ0B K MCTOUHUKAM ChIPbs TaK, YTOOBI TPAHCIOPTHBIE PACXO/IbI OKA3hIBAIUCH
MUHUMaIbHBIMU. MOXHO CKa3aTh, YTO 3aJa4yd Ha OTHICKAHWE HAUMEHbBIIEr0 W HauOONIbILIEro
3HAaYEHUS], UMEIOT OOJIBIIOE MPAKTUYECKOE IPUMEHEHUE.

3ajiaua Ha U3roTOBJIEHHE Daka HAMOOJIBIIEr0 00BEMA

[IpencraBpTe cede, 4TO BaM MOCTYNIII 3aKa3: M3 kBaapaTHOT O IMCTa kK ele3a He0OXOAUMO
U3roTOBUTH 0ak B (hopMe NPpSMOYTOJIbHOrO Mapaiesenuneaa ¢ HaudoupmuM oobeMoM. JlaBaiite
MPAKTUYECKUM IyTEM OMPEEINM, KaKHe MMapaMeTphl I0JDKEH UMETh 3TOT 0aK?

Ha kaoicowiii cmon (2 cmyoenma) vloan OymaddcHwlll kK8aopam co cmoponou 24x24 cm u
PA3IUYHOU PA3ZMEmKOU (8blpe3Ka no Kpasm keaopamos co cmoporamu I1x1, 2x2, 3x3, 4x4x, 5x35,
6x6, 7x7, 8x8, 9x9, 10x10, 11xI1lcm). Heobxooumo cxkreumsv «baxy» u noocuumams e2o 06vem
amnupuyeckum nymem. Omeem pukcupyemcs Ha 00cke u 8bloOUpaemcs HauboLuwUL 00veM.

Nrak, HanOoabpmuii 00beM nMeeT 0ak BBICOTOM 4 ¢cM B ocHOBaHHMeM 16x16 cm. [{is Toro,
YTOOBI MPUUTH K OTOMY pe3yjibTaTy, HaM TPUILIOCH MPAKTUYCCKUM IyTEM BBIOJIHHUTH
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noctpoeHue 12 «OakoB». B KH3HU 3TO — HEMO3BOJHUTENbHAS POCKOMIb. T.e. HEOOXOIUMO
npobsieMy  pemuTh  ApyruMm  myTeM.  Jig  3TOro MBI NpPUMEHMM  3HaHUA WU
MPUHLIUII MATEeMaTH4YeCKOro MO/e THPOBaHUS

3ajaud  Ha  ONTUMM3ALUIO  PELIAIOT, MCHOJB3YS IMPUHLHUI  MaTeMaTUYECKOIo
MOJIETTMPOBAHUS, KOTOPBI COCTOUT U3 TPEX TAIOB:

1. CocraBienne MaTeEMaTHUYECKONH MOJIEIN

2. Pabota ¢ cocTaBIeHHON MOJIENBIO

3. OTBeT Ha BOIPOC 3aJa4H

Hcnonb3ys mpUHLINAIT MaTEMaTH4 €CKOI'0 MOSTMPOBAHNS, PEIINM 33/1a4y Ha U3TOTOBJICHHE
6axa HanOobIIEr0 0ObEMa.

1 sram: CocraBiieHHEe MaTEMaTUYECKOW MOJIEIIHU:

1) Ilpoananu3upoBaB ycCIOBHUS 3aJaud, BBIAEIUM ONTHMHU3UPYEMYIO BEIMYUHY, T.C.
BEJIMUYMHY, HauOoJblllee WM HaUMEHbIIEE 3HaUueHHE KOTOpOoH HeoOXoaumo HalTu. B nanHOM
ciiydae 3To o0beM Oaka, 0003HaYnM ero V

2) OgHy 13 y4acTBYIOIIMX B 3aj[aue BEJIMYMH 0003HAUUTH 32 HE3aBUCUMYIO ITEPEMEHHYIO
x. IloctapaTbcs BBIpa3UTh 4epe3 ATy NEPEMEHHYIO OcTajbHbIe BENWYMHBL. B Hameil 3amaue
JIOTUYHO 3a HE3aBHCHMYIO IEPEMEHHYI0 X IpPHUHATH BHICOTY Oaka, TOrja OCHOBaHME Oaka —
KBaJpaT co CTOpPOHOU (24-2x). Onpenenum peasibHble TPaHULIbI IEpEMEHHOHN X. JlornuHo, 4To
BBICOTA 0aKa —IMOJIOKUTEIbHAS BEIMYMHA, MeHbIast 12.

3) Ucxons u3 ycnoBus 3a7a4, BeIpasuM V 4epes X:

V(x)=(24-2X)?X, 0<x<12. MaTemaTHdeckasi MOJEJb IOCTPOECHA

2 stan. PaGoTa ¢ cocTaBiIeHHOI MOZENbBIO

Haiinem nan6osbmee 3nauenue Gpynkuun V(x) Ha uarepsae (0;12)

V(X)=576x-96Xx%+4x3

Haxoaum npousBoiHYIO U CTallMOHAPHBIE TOYKU

V'(X)=576-192x+12%?, 576-192x+12x°=0, x1=12,x,=4.

Tonpko ogHa Touka x=4 npuHauiexxut uateppany (0;12), mpuuem npu 0<x<4 V'(x)>0, a
mpu 4<x<12 V'(x)<0, T.e. x=4 TOYKa MaKCHMyMa, a 3HA4UT, B JTOM Touke (yHKIHSI V(X)
MIPUHUMAET HauOoJbIIee 3HaUeHUE.

3 aran. OTBET Ha BOIIPOC 33/1a4u.

X — 3T0 BBICOTA OaKa, T.€. BbICOTA paBHA 4, CTOPOHBI OCHOBaHUs O6aka — 16.

Wrtak, 6ak ¢ HaubonbILUM 00bEMOM UMEET nmapameTpsl: 16x16x4.

3amaua 2.

Jlan Oak 0e3 KpbIIKM B (opMe MpsAMOYIrOJbHOIO Mapajulelenunena, B OCHOBAaHUU
KOTOPOr'O JIEKUT KBaApaT U 00beM Kotoporo pased 108 nm3. Ipu kakux pasmepax 6aka Ha ero
M3rOTOBJICHUE TIOWIeT HauMEeHbIIIee KOJIMUeCTBO MaTepuasia’?

1. CocraByisieM MaTEMaTHUYECKYIO MOJIEIb

Bomnpoc OtBeT
Yro aBisercs Ilnowaow oemaneil, us
ONTUMHU3UPYEMOUN BEIMUYUHON? KOMOpuIX ceaper bax
CKOJIbKO Takux AeTayiei? O0Ho ocHosanue u 4 6oxkoswvix
epanu
Uro npencrapisieT codoit THO Keaopam
Oaka?
Ero miomans? X2, NpUHAB CIMOPOHY OCHOBAHUS
3a x
Uro npeacTaBusoT cooit 4 pasHvix nPAMOY20abHUKA
OOKOBBIE I'paHu?
Hx nnomans? 4xh, 20e h — evicoma 6axa
CKOJIBKO HEH3BECTHBIX Cmopona ocnoeanus baxa u
BEJIMYHH, OT KOTOPHIX 3aBUCUT svlcoma
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ONTUMH3UPYEMas BeIUUMHA?
MOKHO JIM CBECTH K OJIHOM?
Bripasum BeicoTy huepes x | V=hx?  108=hx?>  h=108/x?

BrIpa3um MIOWAab 4epe3 X S(X)=x2+4x
KaxoBel mapamerpsl x? 0<x<108
Wtak, MaTeMaTHYECKast MOJIEIb S(X)=x?+4x 0<x<108
3a/1a91

2. PabGoTta c matemaTrueckoil Mosenbio. HaliTn HaumeHbIee 3HaueHne QyHKIUN S(X) Ha
untepsaine (0;108) no anroputmy

Bormpoc Omeem
Haiitu crarimoHapHbIe TOYKH S'(x)=2x-4
2x-4 =0
2x3=432
x3=216 x=6
CranuoHapHast TOUKa sIBJsSIETCS [la, x=6 mouka munumyma

TOYKOH 3KCTpeMyMma? (TOUKOI
MaKCUMyMa UM MUHHMYMa)

Haumenbiiee 3HaueHue QyHKIHH Ha, m.x. ha unmepeane
S(x) mocTuraercs B TOUKE (0;108) @ynryus
MHUHUMYyMa? HenpepvieHa

3. OTBeT Ha BOMPOC 33/1a4H.

Bomnpoc Omeem

B nmanHol 3amaue KaKod CMBICH

AMeeT HaleHHas BEInYnHa X7

Kakue emnie mapamerpsl umeer
6ak?

KaxoBo ee 3nauenue? H=3
Haumenvuee xonuuecmeo
mamepuana Ha u320mosieHue
baxka npu wupume 0CHOBAHUS
6 Om u evicome 3 Om

Cmopona ocnosanus baxa

Bwvicoma

OTtBet Ha BOMpocC 3a/1aun

Pemienue 3aganuii:

Nel. CBapmyKy IOCTYNMII 3aKa3 BBINOJIHMTL OrPaKIE€HHME ydacTKa miomaznsio 2400m?2,
pa3duB ero Ha JBa y4acTKa MPSAMOYToOJbHOW (OpMBI Tak, YTOOBI AJIMHA Orpa)KJAeHHs Oblia
HauMeHbIen. HaliTh pa3Mepsl y4acTKOB.

Ne2. TpebyeTcst cBapuTh SIIMK C KPBIIIKOKH 00BEMOM 576 M3, CTOPOHBI OCHOBAHUS SIIIIUKA
JOJDKHBI OTHOCUTBHCS Kak 1:2. Kakoil momkHa ObITh BETMYMHA €r0 CTOPOH, YTOOBI MOJIHAS
[IOBEPXHOCTh OblIa HAUMEHbIIIEN ?

Ne3. Vuyactok mnpsMoOyroipHOW (OpMBI OJHOHW CTOPOHOH MpHJEraeT K 3IaHHui0. Y
cBapiyka ectb 20 MeTpoB u3ropoau. Hamo oropoauTs y4acTok Tak, 4TOOBI IJIOMIAAL €ro Oblaa
HauOoJbIIAs

Ne4. Tpebyercs M3rOTOBUTH OTKPBITHIA KECTSIHOW KOpoO B (opme NpsMOYIrojbHOrO
napajiejenunena ¢ KBaJApPaTHBIM OCHOBAaHMEM, C HAWMEHBIIUM OOBEMOM, €CIM Ha €ro
U3TOTOBJICHHE MOKHO MOTPATHTH kKecTH 300cm?

IIpakTuueckas padora Ned3
Tema 7.11: HaxoxeHre onTUMaabHOIO pe3yJibTaTa C IOMOIIBIO TPOU3BOIHON
Hean: HayuuTbcs HAaXOAWTh ONTHUMAJIBHBIA pe3yJbTaT B IMPAKTHYECKUX 3a/Jadax ¢
MTOMOILBIO TPOU3BOTHOM.
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TeopeTudeckasi 4acTh:

[Ipexxne yem pemiaTh Kakyro - Ju0O0 KM3HEHHYIO 3ajJlady, YEIOBEK CTapaeTcs B3BECUTH
HUMEIOIYIOCS. Y Hero MH(popMaluio, BIOpaTh U3 Hee CyllecTBeHHY0. M Tonbko moToMm, Korjaa
craHeT Oojee WM MEHee SICHO, U3 Yero MCXOAMTh W Ha KAaKOH pe3ysibTaT pacCUMTHIBaTh, OH
IIPUCTYNAET K pELICHUI0 3aJauyd. YacTo ONMCAHHBIM IPOLECC HA3bIBAIOT YCJOBUEM 3aJadH,
(aKTHYECKH JK€ 3TO 3aMCHAa HMCXOJHOW J>KM3HEHHOH 3aJayd ee MoJelblo. B ocMmbIcieHUn
MpoCTeHIel )KU3HEHHOM CUTyalluy MPUCYTCTBYET MOJIEIbHBIHN MOAXO0/T, XOTS YeJIOBEK OOBIYHO HE
3aMeqaeT CBOEH NesATeIbHOCTH M0 CO3JaHUI0 MOJeNlel - HACTOJNIBKO OHA JUISl HEro eCTeCTBEHHA.
Wnoe neno, eciau BO3HUKAOIIAsg 3ajJadya 3aTparvBaeT KIIOUEBbIE MOMEHTBHI KH3HU OIHOTO
4eJI0BEKa MM KaKoro - 1u0o coobuiecTsa mozeil. Paznoobpasue nH(popMalnOHHBIX acClIEKTOB B
KaX/I0M TaKoW 3ajade HACTOJBKO BEIMKO, YTO ObIBaeT CIOXHO M3 BCEro MHOT000pasus
uHpOpMauu 00 U3y4yaeMoM SIBJICHUH WM 00beKTe BEIOpaTh Hanboiee cyliecTBeHHbIE. B Takux
ciydasx HeoOXOJMMO C/eNaTh YHpOINarollee MPEeArnoNoKeHne, YToObl BBIICTUTh HCXOTHBIC
JlAHHbIE, OIpPENEeNUTh, YTO OyIEeT CIYXUTh PE3yJbTaTOM M KAaKOBA CBSI3b MEXKAY HCXOAHBIMU
JaHHBIMU U pe3ynbTaToM. Bce 3TO - mpeanosioKeHns, NCXOAHbIE JAaHHBIE, PE3YJIbTAThI, CBA3U
MEXJly HUMHU - UX Ha3bIBalOT MOEJNbIO 3a/1auu.

Eciu mocrpoeHHas Mopenb JaeT YAOBJIETBOPUTENbHBIE PE3yJNbTaThl IpPU PELICHUH
KU3HEHHBIX 3a]1a4, TO TOBOPAT, UTO MOJIEJIb aJIEKBaTHA paccMaTpUBaeMOMY OOBEKTY, IIpoLEeccy
wi  aBineHuo. Hepeako 11 pemeHus MojenbHOW 3afauu  TpeOyeTcst HEKOTOPBIH
MHCTpYMEHTapuil. DTOT MHCTPYMEHTAapHil OOBIYHO OpPraHU3yeTcs B BHJE €IUHOI'0 OOBEKTa,
Ha3bIBAEMOI0 UCTIONHUTENEeM. UTOOBI MCIIOIHUTENb MOT MTOJIyYUTh OTBET, €My HY>KHBI yKa3aHHUs,
YTO U Kak JeyaTh. Takue yKa3aHUs 4acTO MPEJICTaBJSIOTCS B BUJE aJrOPUTMAa, B KOTOPOM
3aJ1al0TCSl MATEMAaTUYECKUE COOTHOIIECHNUS, CBA3BIBAIOLIIE UCXOIHbIE TAHHBIE U PE3YJIbTaT.

B 3TOM ciiydyae roBopsT 0 HOCTPOEHUU MATEMAaTHUYECKON MOJIETH 3aJauH.

PaccmoTpum npumeps! HCNIONb30BaHUS MaTEMaTUUYECKUX MOJENEH B ONTUMU3aLHOHHbIX
MPaKTHYECKUX 33]]a4ax, pelieHne KOTOPhIX TpeOyeT HaXOXKACHNE POU3BOAHON (DYHKITUH.

3amaya 1. Paccrosaue mexay aByms maxtaMu A u B mo mocceitnoit nopore 60 km. Ha
maxte A go6weBaercs 200 T pyabl B cyTku, Ha maxte B -100 T B cyTtku. ['ne HyxHO
MOCTPOUTH 3aBOJ IO IepepadoTKe pylbl, YTOOBI JiS €€ MEPEeBO3KH KOJIMYECTBO TOHHO-
KUJIOMETPOB OBLIO HAaMMEHbIIUM?

Pemenue. BrisicHeM, 4TO CyMMapHOE KOJIMYECTBO TOHHO-KWJIOMETPOB M3MEHSETCS B
3aBHUCHUMOCTH OT MECTa HaXO0XAEHMsI 3aBO/1a, BBIYUCIIMB €r0, HAIPUMED, IS CIIy4aeB, KOIAa 3aBOJ
HaxoauTcs oT nyHKTa A Ha paccrossHuM 30 kM, 20 kM, 10 kM.

Jlanee npucTynaeM K pelIeHuIo 3a/1a4k, 0003Ha4uB paccTosiHue oT 3aBoja C 10 MIaxThl
A yepes x: AC=xu BC=60—X.

KoanuecTBo TOHHO-KMIIOMETPOB, IPOUIEHHBIX TpaHcnoproM oT A no C 3a Kaxablid
neHb, coctaBisier 200 x 1/kM, ot B 10 C -100 (60 - x) 1/kM. CymMMapHOE KOJMYECTBO TOHHO-
KMJIOMETpOB BbIpazutcs pynkuueit y =200x + 100 (60 - x) = 100x + 6000, koropass onpenesneHa
Ha cermente [0; 60].

SIcHO, UTO 3TO ypaBHEHHE MOXKET HMMETh OECKOHEYHO MHOro peueHuii. Bompoc -
HalTH JEIIEBbI BapUaHT IIEPEBO3OK.

Uccnenys dynkuuito y = 100x + 6000 Ha cermente [0; 60], momydum Ymin=6000. DTa
nuHeiHas GyHKIMs OyAeT UMEeTh  MHUHHManbHOe  3HaueHue npu X = 0, Ymin = 6000 1/kM.
3aBOJl HAJI0 CTPOUTH BO3JIE IAXThl A.

Jlnsg nydiiero MOHMMaHMS ASTOW 3aJaud Leraecoo0pa3HO JIOMOJIHUTEIBHO BBISICHUTD
BOIIPOC, I'Ie HYXKHO ObI TOCTPOUTH 3aBOJ, €CJIU ObI:

a) B maxte A moOwBanock 100 T, a B maxte B -200T pyasr

0) Bmaxte A-200T, a B maxre B-190T;

B) BImaxte A u maxte B - mo 200 T pynsr;

YTo0bI pemmTh 3TOT BONPOC, HY>)KHO HaliTH Ha cermeHTe [0; 60] MUHUMYM (QyHKIUH:

a)y=100x +200(60 - X) = - 100x + 12000;
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6) y=200x + 190(60 - x) = 10x + 11400;

B) y = 200x + 200(60 - x) = 12000.

OtBeT: U3 Bcero 3Toro MO>XHO cliesiaTh TaKOM BBIBOJ: €CJIM B IIaXTe A JOOBIBaeTCs PY/bl
OosbIie, yeM B maxre B, To 3aBox HAa0 CTPOUTH BO3JIE MAXTH A; €CJIM )K€ KOJMYECTBO PYIbI B
3THX MIaXTaxX OJMHAKOBOE, TO 3aBOJ MOXXHO CTPOUTH B JIFOOOM MecTe BONM3M  HIOCCEHHOU
Joporu Mexay maxtamu Awu B.

3amaya 2. Ha konxo3HOW ¢epMe HYXKHO MPOBECTH BOAONPOBOJ IMHOH 167 M.
Nmerorcst TpyObl amuHOH S M W 7 M. CKONBKO HYXKHO HCIOJB30BaTh TE€X U APYTUX TPYyoO,
9TOOBI CI€NMaTh HAaUMEHBIIEE KOJIUYECTBO COCAMHEHUN TpyOBl HE pe3aTh)?

Pemenue. Y4uuTeiBas, 4YTO KOJMYECTBO KAaK OJHUX, TaK WU JAPYTHX TPyO MOXKET
MU3MEHSThCH,

KOIIMYECTBO 7 - METPOBBIX TpyO 00O3HAUMM uepe3 X,

KOJIMYECTBO S5 - METPOBBIX — YEpeE3 Y,

Toraa 7X - JUIMHA 7 - METPOBBIX TPYO,

Sy - mimHa 5 - METpPOBBIX TPYO.

[Tonywaem ypaBHeHme 7x + S5y = 167. Tak kak X,y € Z, To Meromom mnepebopa
JIETKO HAaWTH  COOTBETCTBYIOLIME TMAaphl 3HAYEHUH X U Yy, KOTOpbIE  YIOBJIETBOPSIOT
ypaBHeHHe 7x + Sy=167.

(1; 32), (6;25), (11;18), (16;11), (21;4).

OtBer: M3 »TuX pemieHuii HaubOosee BBITOJHOE TocienHee, T.e. X=21,y=4.

Pemienue 3aganmii:

Nel. Tpebyercs oropoauTh IPSIMOYTOIBHBIA YIACTOK 3€MJIH, HCIIONB3YS B KAUECTBE OHON
U3 CTOPOH 3a00pa 4acTh CTEHBI JIOMa. Y4YacCTOK JOJDKEH MMETh ONpEiesIeHHYIo miomans. Kak
ClIeyeT BBIOpaTh COOTHOIIEHHWE MEXAY JUIMHAMU €ro CTOPOH, 4TOObI Ha MOCTPOIKy 3abopa
IOIILJI0O HAMMEHbIIeEe KOJIMYECTBO MaTepHrana?

OtBet: CtopoHa 3abopa, mapajieibHasl CTEHE JjoMa, J0JDKHA ObITh B JIBa pas3a JJIMHHEE
OOKOBOI CTOPOHBI.

Ne2. Tpebyercs oropoauth ceTkoil amuHoM 600 M 30HY OTABIXa MPSAMOYTOJBHON
¢dopmbl, npuieraronyo K peke. OnpeaenuTe, KaKOBbI JODKHBI ObITh IJIMHA W IIUPUHA Y4acTKa,
YTOOBI OH MMeJ HauOOJBIIYIO TUIOIIA .

OtBeT: HanboJbIIAs JIOLAAb YYacTKa, ecau mmpuHal50 m, amHa 300 M.

Ne 3. Onpenemats pasMepbl OTKPHITOro Gaccelina 00beMoM 256 MS, HMEIOLIEro IHO B
BHJIE€ KBaJpaTa, TaKk 4TOOBI HAa OOJIMIIOBKY €r0 CTEH M JHa ObLIO M3PacXOJ0BAaHO HAWMEHbIIIEE
KOJINYECTBO MaTepHaa.

OtBeT: 8 M. 8 M, 4 M.

Ne 4. Ilpunerarouryto K A0MY NPSAMOYTOJbHYIO IIJIOIIAJAKY HYKHO OI'PaJIUTh PELIETKON
mmHo 120 M. OmnpenenuTs pa3Mmepbl IUIOMIAJKH, TaK 4YTOObI OHa HMeNa HauOOJIbIIYIO
IJIOIIAb.

Otsert: 30 M, 60 M.

IIpakTuyeckas padora Ned4

Tema 7.11: HaxoxaeHue onTUMaabHOTO pe3yJibTaTa ¢ MOMOIIbIO MPOU3BOAHOMN

Henan: HayunThcs HaxXoAWTh ONTHMMAJIbHBIM pE3yiabTaT B AKOHOMHUYECKHX 3ajaydax C
MMOMOUIBIO TPOU3BOJHOM .

TeopeTudeckasi 4acTh:

HuddepennmanbHOE HCYUCIEHUE - IIUPOKO MPUMEHSEMBIN [T 9KOHOMHY €CKOTO aHATH3a
MaTeMaTU4YeCKUi anmnapat. ba3oBoi 3amadeil SKOHOMMYECKOIO aHAIM3a SBISAETCS HU3y4YEHUE
CBsi3el DKOHOMHYECKMX BEIMYWH, 3alHCHhIBAEMbIX B BUAe (yHKIMA. B kKakom HampaBieHUU
W3MEHUTCSl JTOXOJl TOCYIapCTBa MPU YBEJIWYEHUHM HAJOTOB WM MPU BBEIECHUU HUMIIOPTHBIX
moNnuIMH? YBEJIWYUTCS WM YMEHBIIUTCS BBIpYYKa (PUPMBI MpH TMOBBIMICHUW IICHBI Ha €€
npoaykiup? B KkKakoil mpomopiuu  JIOMOJHUTEIFHOE O00OpYIOBAaHHE MOXET 3aMEHUTH
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BBIOBIBAIOLIMX paOOTHUKOB? JIJ1s1 pereHus mogo0HbIX 3a/1a4 JOJDKHBI OBbITh IOCTPOEHB! (DYHKIIUH
CBSI3M BXOASIIMX B HUX INEPEMEHHBIX, KOTOPbIE 3aT€M H3y4yaloTCs C IOMOILBIO METOJ0B
nuddepeHnaibHOro HCHUCIeHus. B skoHOMHKe 04eHb yacTo TpeOyeTcs HaWTH Haulydl1ee, Win
OINTUMAJIbHOE 3HAUE€HU € TOT'0 MJIM MHOI'0 TOKA3aTels: HauBbICIIYI0 POU3BOAUTENBHOCTh TPY/A,
MaKCHMaJIbHYIO MPUOBIIb, MAKCUMAJbHBIA BBIIYCK, MHHHUMAaJIbHbIE M3ACPKKU U T.1. Kaxasi
[I0Ka3aTeNnb MPEeACTaBIsieT co0o0i (YHKIMIO OJHOIO MM HECKOJIBKUX aprymMeHToB. Hampumep,
BBIITYCK MOXHO PAacCMaTpUBaTh Kak (YHKIMIO 3aTpaT TpyJda U KamuTana (Kak 3TO JeJaeTcs B
MPOU3BOACTBEHHbIX (PyHKIMAX). Takum o00pa3oM, HaxOXIAEHHE ONTHUMAJbHOIO 3HAYCHUS
MoKa3aTeNsl CBOAUTCS K  HAXOXKJIEHHUIO IKCTpeMyMa (MakCMMyMa WIM MHHHUMyMa) (QyHKUHU
OJTHOW WJIM HECKOJBKUX MepeMeHHBIX. [1o00HbIe 3a1auu TOPOKAAIOT KIACC IKCTPEMANIbHBIX
3aJ]a4 B 9KOHOMHKE, PEIICHHE KOTOPIX TpeOyeT MCIOIb30BaHUs METO0B TU((epeHIINaTEHOT0
ucuucinenud. Ecmm SKOHOMMYECKMH IIOKa3aTeldb Yy HYXHO MaKCHUMU3MPOBaThb WU
MUHUMHU3HUPOBATh Kak (PYHKLHIO Jpyroro mokasaTenis X (Hampumep, 3ajada Ha MaKCUMyM
npuOBLUTH Kak (QYHKIIMU 00beMa BBIITyCKa), TO B ONTUMAJIbHON TOYKe (T.€. B TOUKE MAaKCHMYyMa)
OTHOUIEHU E NpHUpaIleHus QyHKIUH y K IPUPALICHUI0 apryMeHTa X JOJDKHO CTPEMUTBCS K HYJIIO,
KOT'/1a IpUpallleHne apryMeHTa cTpeMUTcs K HyJo. MiHade, eciiu Takoe OTHOLIEHU e IPUpallieHuH
CTPEMUTCSI K HEKOTOPOU IMOJIOKUTEIbHOM MM OTPULIATEIbHON BEIMUYMHE, paccMaTpuBaeMas
TOYKA HE SIBJISETCS ONTUMAJIbHOM, IMOCKOJIbKY YBEJIMUYMUB WM YMEHBIIUB apryMEHT X, MOYKHO
U3MEHUTh BEJIMUUHY Y HYKHBIM 00pa3oM.

B rtepMuHax auddepeHuHasbHOro MCYUCIEHHs 3TO  O3HA4aeT, YTO HeOoOXOAMMBIM
yciaoBueM 3KkctpeMyMma ¢(yHKuMuM y = f(X) ABIsSieTcs paBeHCTBO HYJIO €€ NMpou3BOoAHOH. B
SKOHOMMKE YacTO MPUXOJAUTCS pelaTh 3aJjauyd Ha 3SKCTPEMYM (GyHKUMH HECKOIBKHUX
MIEPEMEHHBIX, MTOCKOJIbKY 9KOHOMUYECKHE I0Ka3aTeau OOBIYHO 3aBUCIT OT MHOTUX (PaKTOPOB.
Takue 3ajaun X0opoI1I0 H3y4YeHBl Teoprel QyHKUNN HECKOJIbKUX TEPEMEHHBIX, UCIOb3YIOIIeH
MeTob! UG DHepeHINaTbHOr0 UCUUCIECHUS.

3agaya 1. Mononol npennpuHumatenb MuxaiyioB IOpuii B cBeTe SKOHOMHUYECKOTO
KpH3HCca PelIni BEIKYITUTh HepeHTabeIbHOe TPOBHHIMATIBHOE IepepadaThIBatolee MpeanpusaTHe
U IIpUriacui 3koHomucra I'ynpneposa ['epmMana moMmous ¢ pacyeTamMu 110 ONTUMHU3ALUU PACXOZ0B.
Opnna U3 3a7a4 MOCTaBIEHHBIX Nepen ['epmManoM Obula crenyromas: HailTi, pH KaKUX yCIOBHSIX
pacxo/1 )KeCTH Ha U3rOTOBJIEHUE KOHCEPBHBIX OAHOK LIMIMHAPHYECKON (GOPMBI 3aJaHHON EMKOCTH
OyJIeT HAaMM EHBIITHIM.

Pewenue.

Benomaum 3 sTana MaTeMaTHMYECKOIO MOAEIMPOBAHMS, NMPUMEHSEMBIE NIPU PELICHUU
3a/1a4 Ha ONTUMHU3AIMIO (TTOKA3 Ha dKpaHe):

e 1 sram. CocraBiieHHEe MaTEMaTH4YECKOH MOJIENH.

e 2 5rtamn. PabGota ¢ cocTaBiIeHHON MOJIEIBIO.

e 3 ortan. OTBET Ha BONPOC 3a1a4H.

1 3man. Cocmaegnenue mamemamuueckou mooenu.

CocraBnieHue Mojieau o0jerdaercs TeM, YTo u3BecTHa (hopma OaHKU U OTOBOPEHO, YTO OHA
JOJKHA OBITh 3aJaHHONW EMKOCTH. DTO CYIIECTBEHHO JJIsl cocTaBieHUs Mozenu. CylecTBEHHbIM
ABJISIETCA TaKkKe TpeOoBaHMe, YTOOB! PACXO/1 )KECTH HA U3TOTOBJIEHHE OAHKU ObLII MUHUMAJIbHBIM.
Ot10 TpeOoBaHME O3HAYaeT, YTO IUIOIAAb IOJHOM MOBEPXHOCTH OaHKM, MMeLeH (opmy
LWINHPA, TOJDKHA ObITh HAMMEHBINEH; CyIIeCTBEHHBI U pa3Mephl OaHku. HecymiecTBeHHBI 115
COCTaBJICHUSI MATEMATUYECKOM MOJI€IN KOHKPETHOE (UM CIIEHHOE) 3HAU€HUE EMKOCTH OaHKU U BUJT
KOHCEPBOB (MSCHBIX, OBOILHBIX), VISl KOTOPbIX OaHKa MpeaHa3HAuYEHA.

O603HauuB eMKOCTh OaHKU uepe3 V cm?, chopmynupyem 3anady: Onpenenurs pasMepsl
UIMHAPA ¢ 00beMOM V ¢M® Tak, 4TO OBl IJIONIA/(b €ro MOJHON MOBEPXHOCTH ObliIa HAMMEHBIIIEH.

Jlns perieHust 3a1adu 0003HAYUM pajilyCc OCHOBAHMS LMJIMHIpPA Yepe3 X, a BBICOTY €ro
gepes h (Bce n3mepenus B cantumerpax). Toraa odbeM MuIuHApa
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P
MoNHaA NeBEPXHOCTE UNMNMHAPA:
S=2mX+2AXh=276+ Efrxig =27+ v 2;@:3—+2V
™ x x
jrak S = TEAT
X

TaK K3k NepEMEHHAR X MOKET NPUHWMATE TOMBKO NONOKMTENEBHEIE SHAYEHWA, PELUEHWE 330340
CEOAMTCA K HAXOMOSHWID HANMEHBLLETD 3HaYeHWA S(X) Ha (0;00 ).

2 aman. PaBoma ¢ cocmasneHHol Modenkro.

Hangem npou3BogHY S°(xX):

- 2
X

S (x) = (ﬂf + EV]r _ [6m2x— (o +2V)] _ amd - o7

X X

[Na HAXOHAEHWA KPUTUYECKUX TOYEK PELUWMM ypaBHeHue S7(x) = 0.

KopeHb ypaBHEHWA: X = 3||£ :
27T
Moux=0=<3 E SX)=0,anpux=3 E Sx) = 0.
V2o V 2or

7
CnefoBaTenbHo, B TOMKE X = 3| S(X) MMEET MMHHMYM.
\ 27

. ¥ . 7 . v .
X ©; J'J 2T Var G 2T’ ®)

S - min /"

CnenoBarentHo, @YHKUWA B 3TOA TOYKE JOCTUrAET HAMMEHBLLETD 3HAYEHWA.

Takum o0pazom, NNoWaaE NOMHOA NOBEPXHOCTM UWNMHAPE, MMetowero odbem vV, Oy0eT HauMeHbLIeR
e oo 4F .
npMh=2x=2 3|_= 3|, T& KOrda WANWHAP PaBHOCTOPOHHMIA.
27T 7T

3 aman. Omeem na eonpoc 3aoauu.

Haumenpmmii pacxoji )KE€CTH Ha H3TOTOBJIECHHE KOHCEPBHBIX OAHOK IUIMHIAPUYECKON
(hopMBI 3aJTaHHON €MKOCTH OyIeT MJOCTHUTHYT MPU YCIOBHH, YTO IUAMETP OCHOBAHUS U BHICOTA
OaHKU paBHBI MEXIY COOOI.
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3agaua 2. [{eMeHTHBII 3aBOJ TPOM3BOAUT X T IIEMEHTA B IeHb. [10 JOroBOpYy OH IOMKEH
©KEIHEBHO TOCTABJIATh CTpOUTENbHON (upme He meHee 20 T memenTta. [IpomsBoncTBeHHBIE
MOIITHOCTH 3aBOJIa TAKOBBI, YTO BBINYCK IIEMEHTA HE MOXET MpeBbIaTh 90 T ieMEeHTa B J1€Hb.

Onpenenuts, Npu KaKoM 00bEMe MPOU3BOJCTBA Y/IENbHbIE 3aTPAThl Oy1yT HaUOOIBIIUMU
(HauMEHBIIMMH ), eclii QYHKIIHS 3aTpaT UMEET BU:

K = —x3 + 98x2 + 200x,

a yJelbHbIE 3aTPaThl COCTABST:

K/x = -x2 + 98x + 200 .

Pemenue: Haitnem Hanbospinee u HauMeHblee 3HaueHne Gynkiuu y = —X2 + 98x + 200
Ha npomexyTke [20; 90].

BreiBenem x =49 — kputuueckas Touka GyHkiuu. Haiinem 3naueHrne GpyHKIIUN HA KOHIIAX
u B kputndeckoit touke: f{20) = 1760; f(49) =2601; {(90) = 320.

Wrak, npu Bbmmycke 49 T meMeHTa B JI€Hb yJ€JIbHbIE M3JEPKKH MaKCHUMAaJIbHBI (T.€
9KOHOMHYECKH 3TO HE BHITOJHO), a IpH BhITTycKe 90 T B ICHb yACIbHBIC U3IEP)KKH MUHUMAITbHEI,
3HAYUT 3aBOJIy MOXKHO paboTaTh Ha MPEAETbHOM MOIIHOCTH M ellé 0ojiee yCOBEpIIEHCTBOBATD
CBOU TEXHOJIOTHH, TOCKOJIBKY JaJIbIlIe HAYHET JefiCTBOBATh 3aKOH YOBIBAIOIIEH TOXOAHOCTH U 6€3
HOBOBBEJICHUH BBITYCK MPOIYKIHUU HE MOKET OBITh YBEJINYEH.

3agaua 3. BeiOpaTs onTuManbHbIil 00beM mpou3BoacTBa N GupMoi, PyHKIUS MpuObLIN
KOTOPOM MOKET ObITh CMOIENMpOBana 3aBucumMocthio: F(g) = g2 - 8q + 10.

Pemenne: OnTumansHbli 005EM TPOU3BOCTBA €CTh MPOU3BOIHAS OT (DYHKIIUH MTPUOBLIH,
T.e. N= F(q)

F(a) =R'(q) - C(0) =29 -8 =0 — Qexr = 4

ITp# q Qexr = 4 — F'(q)

[Ipu q gextr = 4 — F'(q) 0 u mpubsLIL BO3pacTaeT

[Tpu q = 4 npudKLTHF MPUHUMAET MUHUMAIILHOE 3HAUYCHUE.

Pemenue 3anayu:

Nel. ITpuGbLas GupMbl 3a1aHa 3aBUCUMOCTBIO : F(q) = 5¢2 - 5q + 12. Haliti onTuManbHbIi
00bEM mpon3BoicTBa N GUPMBIL.

Ne2. ITpuGbLIs GUpMBI 3a1aHa 3aBUCUMOCTBIO : F(q) =4 q2 - 4q + 12. Haiiti onTuManbHbIi
00bEM mponsBozacTBa N GUPMBIL.

Ne3. Iycrs dynkuus crnpoca umeet Bug QD = 100 — 20p, nocrosiuubie uznepxku TFC
(total fixed costs) coctaBmstoT 50 HEHEXHBIX €IWHUIL, a nepeMeHHble u3aepxkun TVC (total
variable costs) Ha TPOU3BOJCTBO €IUHHIIBI MPOAYKINU — 2 NeHeXHble equHulbl. Halltu 00bém
BBIITyCKa, MAKCUMU3UPYIOIIUI MPUOBIIbL MOHOIOJIHCTA.

IIpakTuuyeckas padora Ne45
Tema 7.12: KontponbHas pabota o paszaeiny 7 «[IpousBogHas QyHKINH, €€ IPUMEHEHUE)

Hean: [IpoBepuTh ypoBEeHb YCBOCHHS TAHHOTO MaTepuana mo pasaeny / «I[IpousBomnas
(byHKIIUHU, ee TPUMEHEHHU e

Ilpu pewenuu 3adanuit 1-4 3anuwiume npaAGUILHBIIL OM6Eem U3 Uemblpex
npeonoHceHHbIX.
1. (1 6amn) YeMy paBHa Ipou3BogHAsS GYHKIHHU y=COS°X?
A) y'=—sin’x; B) y'= - 2 sin’; B) y'= -2cos x sin x; I') y'’=2cos Xx.
2. (1 6amn) [To kakoit U3 GopMyIT BEIYUCIAETCS TPOU3BOIHAS TPOU3BEICHUS?
uv-uv

A) (uhv)=u+v's B) (uv) =u'viuy's B) (%) = 580 T(Re(x) =F (200)*e (%),
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3. (1 6amn) Pemmre ypasuenue f'(x)=0, ecau f(x)=3x? — 6x +4. BeiGepure oTBeT.

A)1;b)-1;B)4; TN -4.

4. (1 6ann) Ha pucynke nzobpaxen rpaduk npoussoanoi Gpynkuuu f(x), onpeaeneHHoi
Ha uaTepBasie (—10; 8). Haitnure komumaecTBo Touek Makcumyma QyHkiuu f(x) Ha orpeske [—9;6].

YA HE
/NN NI
N \ AV
\ NRAEN /
| AN
-10 ol 1 | /18 | x
SN/ | Il /
I [/
| \l/

A)5;b)4;B)2;T) 3.

Ilpu évinonnenuu 3a0anuil 5-8 3anumiume xo00 pewienus u NOJIyYEeHHbLIL OMmeem.

5. (2 6ama) MarepuanbHas TOYKa JBMIKETCS MPAMOIMHENRHO 110 3akoHy X(t) = -t4 + 63 —
4t + 5t — 5 (e X — paccTOSHKE OT TOYKH OTCYETa B METPaX, t — BpPeMsl B CEKYH/aX, U3MEPEHHOE
¢ Hauana aBuxenus ). Haitnure ee ckopocTs (B M/c) B MOMEHT Bpemenu t =3 c.

6. (2 6amna) Ha pucynke nzobpaxén rpaduk ¢pynkuuu y = f(x) u kacaTenbHasi K HEMY B

To4Ke ¢ abciuccoii xo. Haligute 3Hauenue npousBogHoi GpyHKIMHU f(X) B TOUKE Xo.
Y /

[

™~
N
W

1

9]
/AL
—fty=/(x)-

o [

>
|

J
{

(x=2)(x+3) > 0
(x—8)

8. (2 6amna) [Moctpouts rpaduk Gyrkmuu f{x) = x5 — 3x.

7. (2 6anna) Pemure HepaBeHCTBO:

Omanonvt omeemos:

Howep 1 2 3 4 5 6 7 8
3aaHuA
OTtBET B b A B 8 1,25 (-3;2); (8;+00) -

IIpakTuuyeckasi padora Ne46

Tema 8.1: [TepBoobpa3nas Gynkuus. [IpaBuna HaxoXIeHUS TEPBOOOPA3HBIX

Hean: HayunuTs HaX0aUTh NEPBOOOPA3HBIC

TeopeTuyeckas 4acThb:

IMonsiTue mepBoOOpa3Hoii

Jlerko goragaTtbcs, YTO TEPMUH  “TIepBOOOpa3Has’”  MPOUCXOAUT OT  JIBYX
CIIOB: nepawiti U 0opas. IlepBbiM 00pa3oM y aBTOMOOUIIsI ObLIa TTOBO3KA, a y MOpe — KapToderb.

Bepnaemcs k maTemaTHKe.

JaBaiite OBICTPO BCIIOMHUM, 4TO HAXO0XKJCHUE MIPOU3BOJTHOM
i aAuddepeHMPoBaHNEe — ITO COBEPIICHNE MaTeMaTHUeCKOi onepanuu Haa ¢pyHkuuend. To
€CTb, CIIeysl ONpPEEICHHBIM MIpaBHIaM, Jir00ast GyHKIUS MOKET ObITh IpeoOpa3oBaHa B HOBYIO
¢byHKIMIO, KOTOpas U OyJeT MPOU3BOTHOM.
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B 00bI4HOI KM3HM, COBEpIIast HECKOIBKO JEHCTBHM, MBI MOXKEM Ipeodpa3oBaTh MYKY B
TECTO, a 3aTeM U B NUpOXKU. Ho pa3o0paTh roTOBBINM NUPOXKOK HA MYKY Y HAaC YK€ HE IIOJy4UTCS.
3aTo B MaTeMaTHKE BCErJa MOXKHO BEPHYTHCS Ha LIar Ha3aj: CIOXKUJIM JBa 4HUCiIa — BBIYTEM
00paTHO, BO3BEJIU B CTENIEHb — U3BJIEYEM KOPEHb.

[Toxoxum 00pa3oM MBI MOKEM ITOCTYIUTh C QYHKIIACH.

BossMeM mo0yio GpyHKIMIO, HanpuMmep, f(X) = x? u HaiizeM i Hee pousBoanylo fI(x) =
2X — nojy4duniack HoBast GyHKuus. Teneps 11 TOro, 4To0bl BEpHYTHCS Ha IIar Ha3a/l, HaM HY>KHO
HalTH IepBo0Opa3Hyto oT HOBOM (pyHkmu (f'(X) = 2X).

IlepBooOpa3noii 15 pyuxiuu f(x) HaspBaeTcst Takas ¢yHkuus F(x), ams xoTtopoi
BBINOJIHsAETCS paBeHcTBO: F'(X) = f(X).

To ecTb, eciu B3sITh MPOU3BOJIHYIO OT MEPBOOOPA3HON KaKOW -TNO0 PYHKIIMU, TOTYyUUTCS

cama aTa GyHKIUS. ITpouecc HaXO0XJIEHUs MHOX€CTBa 1epBO0Opa3HbIX
Ha3bIBAETCSI MHTETPHUPOBAHHEM.
F'(x) = f(x)

JUist Hax 0K J1eH!s TepBOOOPa3HbIX CYLIECTBYET crelnalibHas Tabiauna. B Hell mpuBeneHsl
nepBooOpa3Hble I KaxX 10 GYHKIUU. A 4TOOBI yOEAUTHCS B ’TOM, MOXKHO HAWTH ITPOU3BOIHYIO
OT IepBO00Opa3HON U cpaBHUTH ¢ pyHKIMEH. OHU OyAyT OJUHAKOBBIE.

Tabanna nepBoodpa3HbIX

Tabanna nepBoodpa3HbIX:

dyukuus f(x)|[[Iepsoodpasnas F(x)

0 C =const

1 X+ C
xn+1

x*n -1 +C
mn+1

1

—,x =0 Inlnx+C

ks

COS X sinx +C

Sin X -cosx+ C

g% e* +C

I'ne C — npou3BOJIBHOE YUCIIO

Pemenne 3ananmii:

Nel.MarepuanbHasi TOUKa JBUXKETCS MPSIMOJIMHEHHO cO cKopocThio V(1)=8t—4. Haiigure
3aKOH JIBM>KEHUS TOYKHU, €CJIM B MOMEHT BPEMEHH t=2C MPONAEHHBIN MyTh COCTaBUI 4 M.

Pewenne:

Bocnosbs3yemcs onpejieieHueM IepBoodpasHoi, T.K. S(t)=vot+at?/2

S’(t) = v(t).

Haiinem Bce nepsooGpasusie S(t)= -4t+4t% +c.

[ToncraBum t=2¢ ¥ NPORAECHHBIA MYTh S=4 M.

4= -8+16+c

C=-4.

CrnenoBaTenbHO, 3aKOH JBUKEHUS OyeT BBITJISIIETh CIESAYIOIUM 00pa3oMm:

s(t)=4t>-4t-4

Orser: s(t)=4t>-4t-4

Ne2., ITo rpaduky nepBoodpazHor ¢yHkiuu y = F(X) ompenenuTe KOIMYECTBO TOYCK, B
KOTOpBIX GyHKIMS y = f(X) paBHA HYIIO.
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i.'.l\--..:l
D.A

l'I,.,.lli
s

Pemenne:

Tak xak F'(x) = f(x) -no onpexnenenuto neppooOpa3HoOi, TO TOUKH, B KOTOPBIX (PYHKLIHS
f(x) (mpousBoaHast pyHkuuu F(x)) — 310 Touku sxkcrpemyma ¢yHkiuu F(x). A Takux Touek Ha
rpaduke 4.

Ortser: 4.

Ne3. ITo rpacduky nepBooOpa3zHoil GpyHkuuu y = F(X) onpenenuTe 4ncioBbie IPOMEXYTKH,

Ha KOTOpbIX PpyHKIMA y = f(X) ©MeeT OTpuLaTeNbHbIN 3HAK.
¥

/\
/

\

£ F(x)

Pemenne:

Tak kak F’(x) = f(x)- mo omnpezaeneHuro mepBooOpa3HoOil, TO YKCIOBbIE TPOMEKYTKH, Ha
koTopbix (yHkiusa f(x) (mpousBomHas ¢GyHKIMU F(X)) mMeeT OTpUIATENbHBIA 3HAK — 3TO
npoMexyTku yobiBauust GpyHkimu F(x). Takux mpoMexyTKOB Ha gaHHOM rpaduke 2. O1o (-2; 1)
u(2;5).

Otser: (-2; 1); (2; 5).

N4, Jlokaxkute, uto pyHkius y = F(X) sBisiercs nepBooOpa3Hoi 1 GyHKIuH y = f(X).

F(x) = x?— ™+ 2,f(x) = 2x — 2%

Pewenue:

Jloka3aTenbCTBO.

F'(x)=(x?-e>42)'=2x-2¢*

[To onpenenenuto mepBooOpaznoii, F'(x)=f(x), cnemoBarensno, F'(X) u ecrb
nepsooOpa3zHas st GpyHKuuu f(x)

NeS. [lna dpynkunu f(X) = x? Haiith nepBooOpasHyio, rpaguk KOTOPOH IPOXOMUT Yepe3
touky (-3; 10).

Pemrenne:
3

x
Haiinem Bce nepBooOpasubie Gpynkuuu f(X) : Rl = 3 Te
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Haiinem uncio C, Takoe, 4yro0sl rpaduk ¢pyukiuu f(X) = x? npoxoxun uepes Toukxy (-3;
10). IToacraBum x = — 3, y = 10, momyuum:
10 = (-3)%/3 +c

C=19
3
x
CremoBaTepHO, F() = EN 19
3
x
OrTBer: F(x) = 3 +19

IIpakTnueckas padora Ne47
Tema 8.2: [Tnomanes kpuBonmHeHHO# Tpanenun. @opmyina HerotoHa-Jleiibanna
Henb: HayunTs pemats HHTErpaisl, Ucrionb3ys popmyiny Hetotona-JleliOnuna
TeopeTnyeckasi 4acTb

Dopmyna Hotomona-Jlenonuya

[Tycts bynkuus f (X) HenpepsiBHA Ha 3aMKHYTOM UHTepBase [a,
b]. Eciu F (X) - mepBooOpasnas ¢pyukuuu f (X) Ha[a, b], To

3

[7#(x)dx=F () = F(b)-7(a).

Penrenne 3aganmii:

[Tpumep 1
2
I( 2 -x ) dx
BbIYHCINTD HHTErPan
Pewenue.
[Mpumensist popmyny Hetorona-Jleitbuuia, momyuaem
2 s 3y
X —xg)dx= LI E—§ —U—i.
4 3| 4 3

ITpumep 2
1

fE-)as

Breraucnuth HHTCTrpal o

Pewenue.
1 1
i 2% o
ot 3 2 1
- df— ff Adﬁ— — =l-—=z|"V==
H"f J) [/+1 /+1] 3 ] [4 3] 12
0
ITpumep 3
5 5 y=x' y=Afx
Haiitu miomaas GUrypsl, OrpaHHuEHHON KPHUBBIMHU u .
Pewenue.

CHauasna ornpenenuM TOUKH IepecedeHus AByX KPpUBBIX (PUCYHOK 3).
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=,
= -Jr=0,
= «E(x%—l)=0,

= =0 x=1

Takum oOpa3oM, nanHbIe KpuBbIe epecekatorcs B Toukax (0,0) u (1,1). CnenoBaTensHo,

Iomaas GUrypsl paBHa

1

}5‘+
S=‘Di‘(w};—x2:|cfx= ;2—:1—2 =1§[2\E—x3)
o

b1
Rt

y=2x-x?

X
Puc.3 Puc.4
[Ipumep 4
¥=2x-x x+ y=10

Haiitu momane Gurypsl, orpaHuueHHyIo rpadpukamMu QyHKIMiA u .
Pewenue.
Haiinem koopauHaThl TOUEK EpECEUEHUsI KPUBBIX (PUCYHOK 4).

2x-x = -x,

= x-3x=0

= x I':x - 3) =,

= x =0, x=3

2
. V=2x—% o
JlanHast 00J1aCTh OrpaHUYMBACTCS CBEPXY MapadoIoi Y , & CHH3Y - IIPSIMOI

v =—Xx o
JIMHUECH Y . CJ'IGI[OB&TGJ'II)HO, miomanab 3TOH obnactu paBHa

3 2 3 2 D R AR

) L2 o3, 2 3 2

IIpumMeHeHMe onpe1eIEHHOIO0 HHTErpasa:
1. Haxo:kaeHue MJI0IIAAN KPUBOJMHEIHOMH Tpanenuu
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i y=Ax) ITnomazas GUrypsl, orpaHHUeHHOI
. THHIAMH: x=a; x=b; y=0 u y=f(x)

»
S=_|'ﬂx|dx

’ 1x=a X= x

IInomage GUrypsl, orpaHHUEHHOM MHHIAMI: } =f{x) 1 y=g(x).
Haifri Touxu nepeceuer X 1 X, 3 yenosmi: ffx)=gfx)
S= Il'f(x]l— glx)x

X

2. HaxokaeHne BeJIMYMHBI CKOPOCTH V IO 3aJaHHOMY 3aKOHY yckopenusi a(t) 3a
2 .
v= a(t)dt
NpPOMeE:KYTOK BpeMenn [t1;t2], T.e Jtl t)
IMpumep: Touka aBuKeTcsl MO 3aKkoHy yckopenusi a(t)=t+l. Haiitm Benmuuny ee
CKOPOCTH 32 MPOMEKYTOK BpeMeHH [2;4] cekyH.
(a+1)?  (2+1)2

v(t) = [} (t + 1)dt = 2

=8m/c
Pemenne:

3. Haxoxxnenne myTH S mo 3akoHy uH3MeHeHMsi ckopoctu V(I) 3a mpomelkyTok

B
Bpemenu [t1;t2], T.e. il v(E)dE

IIpumep: Haiitu yTh, KOTOpBIM  Mpojiesiajia  MaTepualibHasg  TO4YkKa  3a
MPOMEXYTOK BpeMeHH [2;4], nBUTasichb CO CKOPOCTHIO, KOTOpas HM3MEHSJIAcCh IO 3aKOHY:
v(t)=2t+2.

4 N >
Pemenue: § = fz (2t + 2)dt = 22 (en. ANMHBI)

IIpakTuueckas padora Ned8
Tema 8.3: HeonpezneneHHbIl U ONpeeaeHHbI HHTETPAJIbI
Heab: HayuyuTs BBIYUCIATH HHTETPAJIBI
Teopernueckas 4acTb
ITepBooOpa3Hasn
Onpenenenne. HenpepoiBHasi pyHknusi F(X) Ha3bIBaeTcs mepBoodpasHoil pyHKIHN

f(x), eciu Ha mpomeskyTKe X, ecJIH ISl KA:KI0T0 pE¥ JF (x) i f(x)
Onepanus HaxoxeHUs epBooOpa3Hoi GpyHKIMH f(X), HA3bIBAETCSI HHTEITPUPOBAHHEM.
HeonpenesieHHbIN HHTETPAJ
HeonpeneaéHnublii MHTErpaj-3To COBOKYIHOCTh BCeX epBooOpa3zHbIX QpyHKIuH f(x). B

O6H.[€M ClIydac, HaXO0XICHUC HeonpenenéHHoro HUHTCIrpalia BbII'NIAAUT CICAYIOIIHUM o6pa30M:
[f(x)dx=FX)+C

rae f(X)-mogsiTerpansaas ¢ynkuus, F(x)-mepBooOpasnas ¢pynkuus ¢pynkuuu f(x), dx-
muddepennuan, C-koHcTaHTa MHTerpupoBaHusa. HeomnpenenéHHbIi MHTErpas MHpelCcTaBisIeT
co00i1, Kak Obl, «ITy40K» IEPBOOOPA3HBIX, N3-3a HAIMYMS IOCTOSTHHONW MHTETPUPOBAHMUS.

JAuddepeHunan-npou3BoibHOE, OECKOHEYHO MaJloe NpUpaAlICHUE IEPEMEHHOM
BEJIMYHHBI.

CaojicTBa HeonpeaeJJEHHOT0 MHTErpaia

. d([ f(x)dx) = f(x)dx
Jd(F(X))=F(x)+C

[af(x)dx = a [ f(x)dx

J(f(x) £ 9(x))dx = [ f(x)dx + [ g(x)dx

—

Bowon
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Tabimua 0CHOBHBIX HeoONpPeJAeJJéHHbIX HHTErpajioB
B Buse
ff(’x)d'x =FX)+C

rae f(X)-moabiaTerpanbuas ¢pynkuus, F(X)-nepBoodpasnas pynxuus pynxknun f(X),
dx-muppepenunan, C-KOHCTAHTA HHTErPHPOBAHUS.

dex=C fcosxdx=sinx+€
dx
ldx=x+C j,—q=tgx+C
(cosx)*
xn+1 dx
n = — e T
fx dx m—— +:C f (sinz)? ctgx +C
fdx Injx| + C &= inx + C
—=In|x ———— = arcsinx
> 4 ,,’1 =" X2
dx
fe"dx =e*+C j —~ = arctgx + C
14 x°
al’
f a*dx=—+C fchxdx =shx +C
Ina
fsinxdx =—cosx+C fshxdx =chx+C

OnpeneséHHbIA HHTETPaJ
Onpenesiennblii maTerpaji- [Ipupamenne onHoi u3 nmepBoodpa3Heix Gpynkuun f(x) Ha
oTpeske [a;b].
-b :
OGuwmii B onpeenéunoro unrerpana: Ja / )4

rne  f(X)-monmpiHTerpaibHas QYHKOHMS, a W b-mpenenbl MHTErpupoBaHus, dx-
muddepenman

CBoijicTBa onpe/1e/IEHHOT0 HHTErPaJia: CM. CB-Ba ONPE/IeIEHHOIO HHTErpaa.

Onpenenéunpiii uHTErpas BbhUKCHgeTca 10 (popmyie Hprwrona — JleiiOHuna:

b
[ f(x)dx = F(b)— F(a)

Peurenue 3aganmii:

BeraucnuTe nHTEr patbl:
Nel

1
1.Ix3dx
-1

T

dx

cos? X

2

3.0 1+ 2x)

|
J

No2
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IpakTuyeckas padora Ne49

Tema 8.4: OnpeneneHHbIi HHTErpal B )KU3HU

Hean: HayunuThcs UCIIONB30BATh MHTETPAI ISl HAXOXKACHUS (PU3UYECKUX BETUIMH

Teopernueckasi 4acThb:

WuTerpan — 310 MaTeMaTu4ecKuil OOBEKT, KOTOPBHI BO3HUK MCTOPUYECKH HA OCHOBE
NoTpeOHOCTH pEIICHUs PA3JIMYHBIX MPHUKJIAJHBIX 337ad (U3UKK U TEXHUKU. Te ¢uandeckue
BEJIMYUHBI, KOTOpBIE OIPEAENAIOTCS C IOMOIIBI0O MHTErpaja — Kak IMPaBWIO, Ha3bIBalOTCS
WHTETPaJIbHBIMHM, @ T€ BEJIWYUHBI, Yepe3 KOTOPHIC BBIPAKAIOTCA WHTETPAJIbHBIC BEIHMYMHBI —
nuddepeHuanbHbIMU.

WuTerpansl HalUM cBOE MPUMEHEHHE B ACTPOHOMUH (MHTETpalibl SHEPTUU U TIJIOMIAIEH;
JBIDKEHUE 3B€3/1); MEIUIIMHE (KOMIIbIOTepHAst ToMOrpadusi); 0nosioruu (yCTaHaBIUBAOT IPUPOCT
YUCIEHHOCTH MOMYJIIH, OuoMaccy MOMyJSUNA W CPENHIOK JUIMHY MyTd (ToJieTa) TpHU
MIPOXO0XKIEHUU HEKOTOPOro (PMKCHPOBAHHOI'O YYacTKa).

Ha ceronns HeBO3MOXHO M3ydYeHHE I'€MOAMHAMMKYI — JBM)KEHUSI KPOBH IO cocyaam 0e3
MPUMEHEHUsI UHTErpajoB. B TeueHHWe AIMTEIILHOTO BPEMEHU KaTeTepu3allusl MPaBbIX OTAEJIOB
cepaua SIBJIACh €AMHCTBEHHBIM METOI0M MCCIEI0BAaHMUS, TTO3BOJISIBIINM OLIEHUBATH COCTOSHUS
MpaBbIX OTIEIOB cep/la U JerouHou aprepuu. C moMoup0 HHTErPajJoB B MEAUIIMHE BHIYUCISIIOT
MHTErpaJIbHyI0 CKOPOCTh ISl LIEJIOr0 cocyaa (apTepuu WM BEHBI), 3HAasl JIMHEWHYIO CKOPOCTb
KPOBOTOKA; TaK € pacCUUTHIBACTCS yIapHBIH 00BheM (00BheM KPOBH).

[IpencraBnennsie Bbilie (aKThl JEMOHCTPUPYIOT HMIMPOKOE MPUMEHEHUE WHTErPajioB B
pa3IUYHBIX HAYYHBIX 00JIACTAX, YTO IOKA3hIBAET HEOTHEMJIEMYIO BAXXKHOCTh MHTETPAJIOB B HAIIICH
*u3HH. [I[puMeHeHne onpeneseHHOro HHTErpaga BO MHOIOM OOJIerdaeT peuieHre MpUKIIaIHbIX
3a/1a4 TeOMETPHUH, PU3UKHU U IPYTUX HAYK.

Pemenue 3agau:

1. 3aga4a o EeIMUCNEHWH NMYTH

CormacHo MU3NMYECcKoMy CMbICTTY NePBOIl NPOW3IBOAHON, NPOM3B0OHAA (YHKLMK B TOYKE CThb
ds

MIHOBEHHER CHOPOCTE TOMKM, TE. vwif) = &'(f) = —. OTcofa, ds = viz)dt . IHTErpupya nonyyeHHoe
ot

PABEHCTEO B Npedenax oT ty Ao t; nony4asm

r

Ids = Iv(f.)df.

H

Toraa NyTe, NPOAAEHHBIA TOYKON NPH HEPABHOMEDHOM OBWKEHWH NO NPAMON C NEPEMEHHON
CKOPOCTBIO L(€) 33 OTPE30K BPEMEHM [£,, £, |BbIDEKAETCA MHTETPANOM

t
5= | Lit)dt. (1

H

164



Mpumep 1. CKOPOCTE NPAMONMHEAHOMO OBMHEHWA TENa BhipaMaeTCR QopMynon 1w = Zt+3t3{r-.1.*c}.
HaiTi nyTe, NPOROEHHLIA TENOM 338 5 CEKYHL, OT Ha4Yana ABWAEHNA.

PelleHne.

5 5
S=1(2t43t ydt=(t*+7) | =150(m).
a 1}

Mpumep 2. [1Ba TeNa HAYaNW ABWMIATLCA OOHOBPEMEHHO M3 OAHOW TOYKM B OAHOM HANPABNEHWW NO
npAmMoi. MepBoe TeNo ABWAETCA CO CKOPOCTLIo v =(612+21) M/C, BTOPOE — CO CKOPOCTLIO V2=(41+5) mic.
Ha Kakom paccTOAHWA APYT OT APYTa OHW OKaKyTCA Yepes 5 .7

2. 3agaya O BeIYHMCNEHWH paGoTel NepeMeHHON CHNkI

MycTs MaTEpUANBHAR TOMKA NOA, AEACTEMEM CUNbl F IBMKETCA No NpaMoil. EcnK AelcTeyowas cuna
NOCTORHA, & NPORAEHHBIA NYTh PABEH S, TO KAK W3BECTHO M3 KypCa duskkn, paboTta A 3Tol F
EbMMCNASTCA No opMyne;

A=F*s

PafoTy nepeMeHHoR cunbl f{X) Npy NepeMeLledki No ock OX MaTepHansHOR TOYKKM OT X=a 4o x=b,
HaxogumM no popuyne (3):

3
A= If(x)dx (2)

PelleHWH 3a0adq Ha BeIYMCNeHUe paboThbl CUMBl YNIPYTOCTH, CBA3EHHBIX C PACTANKEHWEM W CHATHEM
MpY#MH, OCHOBLIBAETCA Ha 3akoHe Myka. Mo 3akoHy Myka cuna F, pacTAMMBAIOWAA WK CHMMALLAA
MPY#MHY, MPONOPLHOHATNBHAA 3TOMY PACTSHEHMID UMK CKATHIO, T.e. F=kx, rme X — BenuuuHa
DACTAKEHWA UMK CKATUA, K — Ko3(DhULMEHT NPONOPLMOHANEHOCTH.

Mpumep 1. Cuna ynpyroctd F Npy#MHLl, pacTAHYTOW Ha 11=0,05m, paBHa 3H. Kakyw paboTy Hago
NPOM3BECTH, YTODBI PACTAHYTE NPYHUHY Ha 12 =0.1 M7

PeleHue. MNoaCcTaBME OaHHBIE B opMyny 3akoHa ['yEa, nonydyumM: 3=k*0.05, Te. k=60, cnenosatenksHo,
CHNA YNPYroCTH BLIPEKAETCA COOTHOLWEHHEM F=60x. Haigem padoTy nepeMeHHoA CHnbl No opMyne
(2), nonarad, 4to a=0; b=0,1:

0l 1
A= JSdex= 30;5*’] =0,3 0
1]

3. 3agaua o cuJie JaBJIEHUS KUIKOCTH

Cornacao 3akony Ilackans BenumumHa P naBneHus >KMOKOCTH Ha TOPU3OHTAIBHYIO
IJIOMIAKY BhIUHCIsieTcs 1mo ¢popmyie P=gphS, (4)

['ne g — yckopenue cBoGOIHOrO MaeHus B M/c?;

P— IIIOTHOCTB JKMAKOCTH B KI/M3;

h — rnyOuHa norpy’KeHus IJIO0IIAKH B M;

S — mIoma s MWIOMAIKH B M2,

[To aToit hopmyse HENMb3sI UCKATH JABJICHHUE XUAKOCTH Ha BEPTUKAIBHO IMOTPYKEHHYIO
IJIACTUHKY, TaK KaK €€ pa3HbIe TOUKH JIe)KAT Ha Pa3HbIX MTyOHHAX.

[TycTh B )KMIKOCTH MOTPYKEHA BEPTUKAIBHO IJIACTHHA, OTPAHUYCHHAS TUHUAMU X = a, X
=D, yl = f1(x) u y2=f2(x); cucrema koopauHAT BbIOpaHa TaK, KK YKa3aHO Ha PUCYHKE.
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[na peweHWd 3aga4M pasodbem NNAcTMHY HA N YacTel (ManblX ropU30HT anbHLIX NONOCOK) NPAMBIMH,
napannentHeMiA NOBEPXHOCTH AMAKOCTH (T.€. NapannentHeiMi oci OY). Ha rnyOuHe X Bulgenum ogHy
W3 HUX W 0003Ha4MM Yepes (X) ee ANUHY, & Yepes Ax ee LWWMPMHY. NPUHAB NONOCKY 338 NPRAMOYTONbHAUE,
HaxodWM ee nnowaaes & = f(x) Ax.

F=gaofix) Ax x
Hangem gudepeHyman dp aToi GyHKUMK.
de = gaf (%) xdx

Torda no 3akoHy MackanA MHTEMpUPYA Nony4YeHHOE PABEHCTEO B Npefenax oT X = a 40 X = b, nony4um

&
F‘=QIPXJ’ (x)dx (3)
Mpumep

AKBAPUYM UMeeT chopMy NPAMOYIONEHOM Napannenenunena. Hamgem cuny AaeneHusa soasl
(NNOTHOCTE BOALI 1000 KF.-"I'-.-'IS:I: HANOMHAKLLER AKBADUYM, H3 OOHY M3 Er0 BEDTUKANEHLIX CTEHOK,
pazmepel KoTopol 0.4 m x 0,7 M.

PelweHne. BrifepeM CUCTEMY KOOPOWHAT TaK, 4T00bI 0CH Oy K OX COOTEETCTEEHHO COOSDMHANK
BEpXHee OCHOBAHWE W DOKOBYI0 CTOPOHY BEPTHMKANLHON CTEHKW AKEaPMyMA. [NA HAXOHOEHWA CUILI
OABNeHWA BOObI HA CTEHKY BOCNONL3yeMcA hopmynoi (3). CTeHka umesT opMy NPAMOYTONEHWES,
noatomy fi{x=0 7= =x<[0,0.4] TaK KaK npeagenbl MHTErpUpoBaHKA a=0 1 b=0,4, TO Nony4Mm:

0.4 2.4
P=g JlUUU*U,?*xdx= 700 %rﬂ =56g = 549H

IIpakTnueckas padéora Ne50
Tema 8.4: OnpeneneHHbI HHTErpail B )KU3HU

Henab: HayunThes MCnoab30BaTh MHTErpaj ISl HAXOKICHUSI 00bEMOB

TeopeTudeckasi 4acTh:

ITomuMoO HaxoKIeHUs] TJIOIIAAM TUIOCKOM (UTYypbl ¢ NMOMOIILIO OIpPeAeTeHHOTO
HHTEerpajia BaXHEUIIUM MPUIIOKEHUEM TEMBI SIBJISICTCS BhIYHMCJIeHHEe 00beMa Tejia BPpaleHHs] .

O0bem Tena BpaiieHHst BbIYHCISETCS 10
OJIHOH H3 popmy:

-

v=x[[f(x)]
i 2 , €CJIM BpalleHHE

KPHBOJIMHEHHOH Tpanenny BOKpYr ocH OX.
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2. V=l b ecny BpalllCHHE
KPUBOJMHEHHOH Tpaneurd BOKpyr ocu OY.

Pemienue 3aganmii:

Ipumep 1. Haiitn 00béMm Tena, o6pa3oBaHHOrO BpaineHHeM BOKpyr ocu abcrmce (OXx)
4

¥
(burypsl, orpaHU4YeHHOI runepooIIoif X, 0Cbl0 a0CIUCC U MPSAMBIMU * = I x=4,
Y a

~a)

Pemenne. O0BEM Tena BpamieHus HaiinéMm mo ¢dopmyne (1), B KoTopoit x,a
npeneiapl uHTerpupoBanus a =1, b =4, TlpumenseM Ta0auuHblii HHTerpai. IlocTOSHHBIN
MHOXHTENDb 42=16 BeIHOCHM 3a 3HaK uHTerpaia. [lomyuaem:

4 2 4 4
v= nj[i] dx = 16;rr[‘f—f: 16;r.r(—lj
1h 1

X X

1
=12myb en.

IIpumep 2. Haiitu 065EM mapa paauyca R.

Pemenue. PaccmoTpum 1map Kak Tejo, mojyvalieecs Mpu BpallleHUH BOKPYT OCH a0cIuce
noyiykpyra paauyca R ¢ mearpom B Hadane koopauHat. Toraa B ¢popmyde (1) moasiHTErpabHast

1_pi_ 2
dyHKUMS 3anmmercs B BHAE ¥ =& -z , a mpeaenamMu UHTErpupoBanus ciyxat -Ru R. B

BBIUMCIICHUAX paauyc R cuuTaercss KOHCTaHTOW (BMECTO HETr0 MOXHO IOJCTAaBUThH Jt0O0e
3HauYeHue AJis mapa ¢ Jio0sM paanycom). [lpumensiem Tabanunblii mHTEerpas . CiegoBarenbHo,

B AL
V= JTI [Rz —xzjdx= J‘T[sz—?J
]

= im’f.
3

-2
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IMpumep 3. Haiitn 00béM Tenma, oOpa3oBaHHOrO BpalieHrueM BOKpyr ocu aodcuucce (OX)

2k _ 2
duTypBI, 3aKMIOUEHHON MeX Ty Tapabomamu » 3-x g y=x+l

Pemenue. IlpencraBuM MCKOMBIH 00BEM Kak pa3HOCTh OOBEMOB TeJ, MOJYYEHHBIX
BpalleHreM BOKpYTr ocH abcuucc kpuBoianHerHbIX Tpanenuiit ABCDE u ABFDE. O6bémbr a3THX
ten Haiiaém mo dopmyne (1). B Helt mpemenbl WHTErpUpOBaHUS PaBHBI %=1 m 2= L
abcuuccam touek B u D nepeceuenus napabos. DTH TOUKH M UX aOCLUCCHl BUIHBI Ha rpaduke.
TouHo Takke - Ha rpaduKe - MOXKHO ONMPENETUTh KOOPAMHATHI TOUEK MEPECEUeHHs JIMHUN U3
BalMX 3a/a4. TOJBKO AJIg 3TOr0 HY>KHO MOCTPOuTh rpaduk. Teneps MoxkeM HaWTH 00BEM Tena,

NPUMEHsIS BCE TOT )K€ TaOJIMYHBIN HHTErpas 7:

1 2 1 2
V= ;?TI (3—;{2) c:t’x—;?TI (xj +'l:l dx =

-1 -1

_ ﬁ_jl[(g_ 2 (7 +1f Jae=

= ;?le[B— 82" )dr = Bfr(x— g} -

-1
R
= ?}TKFE. eIl

IIpumep 4. Berunciute 00bEM TOpa (TOPOM Ha3bIBA€TCs TEJO, IMOJydarolleecs INpU
BpAILlCHUH KpyTa paJuyca & BOKPYT OCH, JeKAIIei B ero MIOCKOCTH Ha pacCTOsHUU D oT meHTpa
Kpyra (’-E:' 2a), dopmy TOpa UMEET, HapuMep, bapaHka).

¥

C

Pemenne. Ilycte kpyr Bpamiaercs Bokpyr ocu OX (puc. 20). O0BEM TOpa MOXKHO
NPEACTaBUTh KaK pa3sHOCTH OOBEMOB TeJ, MOJIYYEHHBIX OT BpAIlEHUS KPHUBOJIMHEWHBIX
tpaneuuit ABCDE u ABLDE Bokpyr ocu OX.
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VYpauenue okpyxnocta LBCD umeet Buj
4 (y-b)F =g,

npuuéM ypaBHeHue kpuBoi BCD
y=n(x)=b+a’ -z,

a ypaBHeHue kpuBoit BLD
y=y @ =b-al- 2

Hcnonb3yss pa3HOCTb O0BEMOB Ten, MoiydaeM g o0bEMa TOpa V BRIpaKeHHE U
BBIYHUCIISIEM UHTETPAT:

= EN_T yidx— EN_T yadx = 2;r.ri (yf — yi)dx =
1]

zﬁj[(mm ! [b J—)} =

0
Txn'a: 2 dr=2math

Ipumep 5. Haiitu 006EM Tena, 0Opa3oBaHHOTO BpalieHueM BOKpyr ocu opauHat (Oy)

2 _ —
(UTYpBI, OrpaHHYEHHOMH INHUAME © 9y ¥= 3‘7‘-.
¥
B
n,
X
1

Pemenune. IlpenctaBum HCKOMBI 00BbEM Kak pPa3HOCTh OOBEMOB Tel, MOJYyYEHHBIX
BpallleHHEeM BOKPYr ocu opauHat TpeyronbHuka OBA u kpuBonmuHeliHoi Ttparnenuu OnBA.

=10 =3
IpesenaMu HHTErPUPOBAHUS CIyKaT 1 m 2 - opauHatel Touek O u B mepeceuenus

11apa0oJibl U IPSMOIL, 4TO BUIAHO Ha rpaduke K aToMy npumepy. Takum o0pa3om, noaydaem o0béM
TeJa:

3 3

T 4 AT 4
= T[T [ yay=

9!.? by 81!}? y

T 33 T : 2;?? 6
— e =—"E .E
277 |, 405 57 A

IIpakTnuyeckas padora NeS1

Tema 8.5: KonrponmpHas pabora mo pasmeny 8 «llepBooOpasnas ¢yHKuuH, ee
MIPUMEHEHUE
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Heas: [IpoBepuTh ypOBEHBb YCBOCHUS JAHHOTO MaTeprana 1o pasaeny 8 «[leppoodpasHast
(GyHKIHH, e¢ IIPUMCHEHH S

Ilpu pewenuu 3adanun 1-4 3anuwiume npasunIbHLLL oOmMeem U3 Uemblpex
npeonoHceHHbIX.

1. (1 6amn) dns kakoit u3 Gynkumit pyrkums F(x) = x2 - 3x% + 1 aBnsercsa nepBoobpasHoii?

A) f(x)=3(x?-2); B) f(x)=3x(x?-2); B) f(x)=3x2-6x+1; I') f(x)=3x%-6x.

2. (1 6ann) [lana pynxus f(x)= 3x>+1. Uemy pasna F(1)

A)2;B)4; B) 6;T) 1§.

3. (1 6amr) O61mmit Bu Bcex nepBooodpazHbIX i f(x)=sinx?

A) F(x)=cosx+C; b) F(x)=-cosx+C; B) F(x)=tgx+C; I') F(x)=-tgx+C.

4. (1 6an) Berunciure onpeneneHHbli HHTErpaj flz xdx.

A)-1;b)1;B)-15;T) 1,5.

Ilpu evinonnenuu 3ad0anuii 5-8 3anuuiume x00 peuwieHUA U NOYYEHHBLIL OMEem.

5. (2 6amna) SBnsercsa mu F(x)=x3-3x+1 nepsoodpasuoii ang pynkiun f(x)=3(x?-1)?

6. (2 6anna) 3agaiite nepsoodpasHyro F(x) mna ¢ynkumu f{x)=3x?-2X, €ciu M3BECTHEI
koopauHaThl Touku M (1, 4) rpaduka F(x).

7. (2 6amma) Ha pucynke wuzoOpaxkeH rpapuk ¢yHkiuuu y=f(x), onpenenéHHoOl Ha
untepBane (—3; 11). Haitnure HaumensbIiee 3naueHue ¢pynkuuu f(x)na orpeske [2; 9,5].

“s y=f{z)

s

: M
/
1] 11

LN / \
AV 1

¥ ¥ CLITC L G

8. (2 6anna) Ha pucynke uzobpaxen rpadpuk Hexoropoil gpyHkumu y=f(x). [loas3ysce

k

o 5
PUCYHKOM, BBIYUCIIUTEC ONPCACICHHBIN HHTCTPAJI fl xdx.

YA

4 y=f()

o 1 3 g3 jers

Omanonvt omeemos:

H
OMep 1 2 3 4 5 6 7 8
3aaHUS
OTtBeT T A b r na x3—x2+4 -3 12
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IIpakTnuyeckas padora NeS2
Tema 9.3: MuoxxecTBO U rpadbl. Pemenne npukiaaHbix 3a1a4y
Heab: HayuuThes ucnoab3oBaTh rpadbl IpU pelieHny 3a1a4

TeopeTudeckasi 4acTh:

Teopusi rpadgoB - 0JUH U3 OOMIMPHEHUIIINX PA3/ICIOB TUCKPETHONH MaTEMAaTHKH, IIMPOKO
MPUMEHSIETCS B PEIICHUH SKOHOMHUYECKHX W YIPaBICHUECKUX 3aJad, B MPOrpaMMHUPOBAHUH,
XWMUH, KOHCTPYUPOBAHUM M HM3YYCHHUU DIICKTPUUECKHX IIeTel, KOMMYHHKAIUHU, TICHXOJIOTHH,
TICHXOJIOTHH, COITOJIOTHH, JMHTBUCTHKE, JIpyTUX obiacTsx 3Hanuii. Teopus
rpa)oB CHCTEMAaTHYECKH H ITOCIIEAOBATEIILHO HM3Yy4aeT CBOWCTBA TpadoB, 0 KOTOPHIX MOXKHO
CKa3aTb, YTO OHU COCTOSIT U3 MHOXKECTB TOYEK U MHOXKECTB JIMHUH, 0TOOPaXAIOIINX CBSI3U MEXTY
atumMu Toukamu. OcHoBaTtenem Tteopun rpadoB cuurtaercs Jleonapn Diinep (1707-1882),
pemmBIIMii B 1736 rony U3BECTHYIO B TO BpeMsI 3aJ1ady 0 KEHUTCOEPrCKUX MOCTaXx.

I'padbr cTposT Ui TOro, 4TOOBI OTOOPA3UTh OTHOIICHHS Ha MHOXKecTBaX. IlycTs,
HanpuMep, MHokecTBO A = {al, a2, ... an} - MHOXECTBO JIIOJCH, a KaXIbId 3JEMEHT Oyner
oroOpaxéH B Buae Touku. MHoxkectBo B = {b1, b2, ... bm} - MHOXecTBO CBSI30K (NPAMBIX, IYT,
OTPE3KOB - TOKa He BaxxHO). Ha MHOXKecTBe A 3a71aHO OTHOIIEHHE 3HAKOMCTBA MEX/1Y JIFOABMU U3
sToro MHoXxecTBa. CTpoum rpadg u3 Touek u cBs30K. CBA3KM OyIyT CBS3BIBATH INaphbl JIOJEH,
3HAKOMBIX MEXy co00ii. EcTecTBEHHO, YMCIIO 3HAKOMBIX Y OJTHUX JIIOJICH MOXKET OTIIMYATHCS OT
Yyclia 3HAKOMBIX Y APYTUX JIOJEH, a HEKOTOPbIE BIOJHE MOTYT U HE OBITh HU C K€M 3HAKOMBI
(Takue 37MeMeHThl OYQYT TOYKaMH, He COCNMHEHHBIMH HM C OAHON Apyroi). Bor u momyuunncs

rpad!

ag as

To, 4To MBI cHavasa Ha3BajaM "ToUykaMu'", ClienyeT Ha3bIBaTh BEpUIMHAMU rpada, a To, YTo
Ha3bIBaJIM "cBsi3kaMu" - péOpamu rpada.

Teopust rpagoB He y4MTHIBa€T KOHKpETHYIO NpHupoay MHoxecTB A u B. CymecTtByer
00NbIIOE KOJMYECTBO CaMBIX Pa3HBIX KOHKPETHBIX 3ajad, MpPU PEUIeHHUH KOTOPBIX MOXKHO
BPEMEHHO 3a0bITh O CHEU(PHUECKOM COJAEPKAaHUU MHOXKECTB M UX AJIEMEHTOB. JTa crenuduxa
HUKAaK HE CKa3bIBAETCS Ha XOJI€ pellIeHus 3a7a4uu, He3aBucuMo ot e€ TpyaHoctu! Hanpumep, npu
pEILIeHUuH BOIIpoca O TOM, MOXKHO JIM U3 TOYKH & J00paThCs A0 TOYKH €, JIBUTasiCh TOJILKO I10
COEAMHSIIOIIUM TOYKHU JIMHUSAM, HEBAXKHO, UMEEM JIM MBI JIEJIO C JIFOJAbMH, TOPOAAMHU, YUCIAMH U
T.1. Ho, xorma 3ajgada pemieHa, Mbl TMOJy4yaeM peEIICHHE, BEPHOE Ui JH0O0ro CoAepKaHWUs,
KOTOpoe ObLIO cMOJENUpOBaHO B Buie rpada. He ymuBUTENbHO MOITOMY, YTO Teopus rpados -
OJIMH U3 CaMbIX BOCTPEOOBAHHBIX MHCTPYMEHTOB IMPH CO3JAaHHH MCKYCCTBEHHOTO WHTEIIEKTA:
B€Jb MCKYCCTBEHHBII HHTEUIEKT MOXET OOCYIUTh C COOECEIHMKOM M BONPOCHI JIOOBHU, U
BONPOCHI MY3BIKH HJIM CIIOPTA, U BOIIPOCHI PEIIECHUS Pa3IMYHbIX 3a]ad, IPUUEM JeaeT 3T0 0e3
BCAKOTO mepexo/a (mepeKitoueHus), 6€3 KOTOporo B MOA00HBIX clydasx He 000N THUCH YEIIOBEKY.

A Temneps CTporue MaTeMaTudeckue ornpeaeneHus rpada.

Onpenenenue 1. I'padpom Ha3bIBaercsi cuicTeMa OOBEKTOB MPOU3BOJIBHOW IMPHUPOJIBI
(BepmmH) U CBSI30K (pEOEp), COSAMHSIONINX HEKOTOPBIE Maphl 3TUX 00BEKTOB.

Omnpeaesienne 2. [Tycts V — (HemycToe) MHOKECTBO BEPIINH, JJIEMEHTHI VEV — BEPILUHBI.
I'pah G = G(V) ¢ MHOXecTBOM BepiIMH V eCcTh HEKOTOpOe CceMeicTBO map Buja: € = (a, b),
rie a,b€V, yka3piBaronmx, Kakue BEpIIMHBI OCTalOTCs coequHEéHHbpIMU. Kaxkaas mapa e = (a, b) -
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pebpo rpada. MuoxectBo U - MHOKecTBO péOep € rpada. Bepmunsl a u b — KOHIIEBbIE TOYKH
pebpa €.

I'padpl kak crpykTypa aa”HbiX. [llupokum npuMeHeHuem Teopuu T1padoB B
KOMIIBIOTEPHBIX HayKaX M HH(OPMALMOHHBIX TEXHOJOTHSIX OOYCIOBJIIEHO I00aBIECHHEM K
BBIIIEU3IIOKEHHBIM OMPEACICHUSIM MOHITHS I'pada Kak CTPYKTYpbl JaHHBIX. B KOMIBbIOTEPHBIX
HayKaX W WH(OPMAIMOHHBIX TEXHOJOTHUSX rpad ompeaensercs Kak HeNWHEHHas CTPYKTypa
naHHBIX. UTO e Torja - NUHEHHAsl CTPYKTypa JAaHHBIX M YeM OT HUX OTIMYaTcs rpadbr?
JIuHeliHble CTPYKTYPbI JAHHBIX XapaKTEPU3YIOTCSA TEM, YTO CBSA3BIBAIOT AJIEMEHTHI OTHOIICHUSIMU
tuna "npoctoro cocencrsa'. JINHEHHBIMU CTPYKTYpaMU IaHHBIX SIBJISIOTCS, HAIIPUMEP, MAaCCUBBI,
TaOJUIIBI, CIUCKHU, OYEPEH, CTEKH, CTPOKU. B MPOTHBOMONIOKHOCTh UM HEJTMHEIHBIE CTPYKTYPBI
JaHHBIX - TaKHE€, B KOTOPBIX 3JIEMEHTHI PACHOJIATalOTCsl HA pa3iIMUYHBIX YPOBHSX HEpapXuu U
MOJPA3/IENSAIOTCS HA TP BUA: MCXOTHBIE, TOPOXKAEHHBIE U 000 HbIe. MTak, rpad - HenmHeliHas
CTPYKTypa JIaHHbIX.

CrnoBo rpad rpedeckoro MpoucxXoXxaeHus, oT cJioB "mumry", "onuckiBaro". M3 Havana 3Toi
CTaTbU U3BECTHO, YTO MIMEHHO ONMUCHIBAET I'pad): ONMUCKHIBAET OH OTHOLIEHHs. To ecTh, 1100601t rpad
OIKUChIBaeT oTHOUIeHUs. Yl Hao60poT: M0boe OTHOLIEHHE MOXKHO OMKCcaTh B BUJE rpada.

OcHoBHBIE IOHATHUS Teopuu rpagos

OTOT ypoK - BBOAHBIA B TEOpPHUIO I'padoB, MO3TOMY JHMIIL HNEPEUUCIUM €€ OCHOBHBIE
MOHSTHUS, 3a0HO AHOHCUPYS JApyrue ypokud TeMbl. OfHO U3 IIEHTPAJbHBIX MOHSATUH TEOPHU
rpacoB, onupasch Ha KOTOPOE CTPOSITCS APYTHE MOHSITUS - TOHITHE MHIMIEHTHOCTH. [IpyT Apyry
WHIUICHTHBI JIB€ BEpPUIMHBI Tpacda, eclii OHM COeAMHEHbI pedpoM; BepuinHa U pedpo rpada
WHIUICHTHBI, €CJIM BEpIIMHA SIBIIIETCS HAauajJoM WM KOHIOM pebpa. bonee monpoOHO BHABI
BepIIMH U pédep rpada ucxoas u3 MOHATHUS WHIMICHTHOCTH NMPeACTABJIEHBI B 0T/1eJIbHOM
ypoke.

A MHorue BuAbl rpag)oB ONpeAesoTcs TeM, Kakue BUAbl pédep W/WiIM BEpILIUH 3TH
rpadsl comepkaT. Ha 5TOM OCHOBaHBI M MOHSTHS OPHEHTHPOBAHHOI'O M HEOPUEHTHPOBAHHOTO
rpadoB, KOTOPHIMHM 00s13aH BJIAJCTh KaKIbI OCBOMBIIMI JAMCKPETHYIO MaTEeMaTHKy BOOOIIE U
teoputo rpados. EcTe Takke rpadbl, KOTOpPbIe ONPENeIsIOTCS HEKOTOPHIMH CHEH(PHIeCKUMU
MPUHILIUIIAMU TIOCTPOCHHUS, HAIPUMED, IBYAOJIbHbIE I'Ppadbl, KOTOPHIE pa300paHbl HA AITOM YPOKE
B maparpade ¢ 3a1auaMu, a TaK’Ke Ha BCE TOM K€ YPOKe O BHAaX rpados.

[ToHsITHEe MHIIMIEHTHOCTH HEOOXOANMO U IIPY COCTABJICHUH aJITOPUTMOB PEIIEHUS MHOTHX
NpakTHYeCKuX 3amauy ¢ rpadamu. Hampumep, MOXHO O3HAKOMHUTBCS C MPOrPaMMHON
peanmzanyeli 00xoaa B riiyOnHy rpaga, npeAcTaBJIeHHOI0 MaTpulell HHIHAEHTHOCTH. M nes
MPOCTa: MOXHO JIBUTaThCs JIMIIb Yepe3 BEPIIMHBI, COCTUHEHHBIE péopaMu. A yx eciu pédpam
IpUIMCaHbl Kakue-To 3HaueHus ("Bechl", yalle BCero B BUJE YMCeN, Takue rpadbl Ha3bIBAIOTCS
B3BEIIEHHBIMH MJIM TIOMEUYEHHBIMH), TO MOXHO pellaTh CIOKHbIE MPHUKIAIHbIE 3a1auH,
HEKOTOpbIE U3 KOTOPBIX YIOMSIHYTHI B 3aBeplIarolieM naparpade 3Toro ypoka.

Kaaccuveckue 3a1a4u Teopuu rpa)oB U UX pelieHUs!

OpauH 13 nepBbIX ONMYOJIMKOBAHHBIX MPUMEPOB padoT 1o Teopuu rpadoB U NPUMEHEHUS
rpados - padora o "3agaue ¢ Kénurcoeprckumu moctamu" (1736 r.), aBTOPOM KOTOPOIL SIBISIETCS
BblAatOLMiics MateMaTuk 18-ro Beka Jleonapn Diinep. B 3agaue nanbl peka, ocTpoBa, KOTOpbIE
OMBIBAIOTCSl 3TOM PEKOH, M HECKOJIIbKO MOCTOB. Bompoc 3agauu: BO3MOXHO JIM, BBIWIA M3
HEKOTOPOro MYHKTA, MPONTH KaXJbld MOCT TOJIbKO 11O OAHOMY pa3y U BEPHYTbCS B HayaJIbHBIN
yHKT? (PUCYHOK HUXKE)

3agauy MOXKHO CMOJEIMPOBATH CIEAYIOIMM 00pa3oM: K KaxAOMy YYacTKy CyIIH
MIPUKPEIUISIETCS OJHA TOYKA, a JBE TOUKH COEOUHSIOTCS JMHHEW TOrJa M TOJbKO TOI/a, KOrjaa
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COOTBETCTBYIOIIME YYACTKH CYIIU COSAMHEHBI MOCTOM (PUCYHOK HHIKE, COCAMHUTEIbHbIE IMHUN
HauyepyeHbl MyHKTHPOM). Takum 0Opazom, mocTpoeH rpad.

!
L s

OTBeT Diinepa Ha BOMPOC 3a7a4l COCTOUT B cienyrouieM. Ecnu 6b1 y 3T0il 3a1aun ObL10
MIOJIOKUTENNBHOE DELIEHHE, TO B IOJIydyuBIIEMCs Ipade cyliecTBoBal Obl 3aMKHYTBIH NYTb,
MPOXOASIUK 1o péOpaM M coaepKalmii Kaxaoe pedpo ToIbKo oauH pa3. Ecmu cymiectByer
TaKOW IyTb, TO Yy KaXJOH BEpIIMHBI JOHDKHO OBITH TOJNBKO u€THOE uucio pédep. Ho B
HoTy4uBIIeMcs Tpade ecTh BEpIINHBI, Y KOTOPbIX Heu€THoe uucio pédep. IloaTomy 3anaua He
MMEET IOJIOKUTEIBHOIO PEIIECHUS.

ITo ycrosBuIelics TpaauuK 3iyiepoBbIM rpa)oM Ha3blBaeTcs Tpad, B KOTOPOM MOXKHO
000l TH BCE BEPUIMHBI U IIPU ITOM IPOUTH OHO pedpo TOIBKO OJUH pa3. B HéM kaxnas BepiinHa
JIOJKHA UMETh TOJIbKO YETHOE uncio pédep. 3aaaua cpeHel TpyJHOCTH Ha 31epoBsl I'padsl - B
Matepuaie "OcHoBHbIE BUABI ITpadoB”.

B 1847 r. Kupxro¢ pa3pabotay Teopuro 1epeBbeB AJI PELICHUS COBMECTHOW CHCTEMBI
JMHENHBIX ajare0panyeckux ypaBHEHUH, MO3BOJSIONIYI0 HAWTH 3HAUYEHHE CHIIBI TOKA B KaXJOM
MPOBOJHUKE (Iyre) W B KaXKIOM KOHTYpE JIJICKTpUUECKOW 1enu. AOCTparupysicb OT
JNEKTPUUECKUX CXEM M LeNel, KOTOpbIE COAEPKAT COINPOTHBIIEHUS, KOHJEHCATOPBI,
UHAYKTUBHOCTH U T.J., OH pPaccMaTpuBaJl COOTBETCTBYIOIIME KOMOMHATOPHBIE CTPYKTYPHI,
coziepXalllie TOJbKO BEPLIMHBI M CBA3U (p€Opa wiu Ayru), NpuyéM s CBsI3e€l HE HYKHO
YUUTHIBaTh, KAKUM THIIAaM 3JIEKTPHUECKUX DJIEMEHTOB OHHU COOTBETCTBYIOT. Takum oOpazom,
Kupxrog 3aMmeHuI1 KaXX1y10 3JIeKTPUYECKYIO IIeTlb COOTBETCTBYIOIUM I'pa)OM U ITOKA3aJI, 4TO JIJIS
pELIEHUs] CUCTEMBl YpPaBHEHUN HEOOs3aTEIbHO paccMaTpUBATh B OTAEIBHOCTH KaXKABIA LIMKII
rpada 3JIeKTpUUECKOH IeMH.

Komu B 1858 r., 3aHMMasCch YMCTO MPAKTUYECKUMHU 3aJadyaMU OpPraHUYECKOM XUMUH,
OTKPBLIT BaXKHBIN Kilacc rpadoB, Ha3bIBaeMbIX JepeBbsiMHU. OH CTpEMUIICS NEPEUNCINTH H30MEPHI
HACBIIIEHHBIX YIVIEBOJOPOAOB, C JAaHHBIM YHCIOM aTOMOB yriepoga. Koamm mnpexne Bcero
copmymupoBan 3anaqy abCTpaKTHO: HAWTH YMCIIO BCEX JIEPEBHEB C P BEpIIMHAMH, KaXI0€ H3
KOTOPBIX UMEET BEPILIMHBI cO creneHsamMu | u 4. EMy He yaanochk cpasy peluTh 3Ty 3a1ady, 1 OH
CTaj U3MEHATh €€ (OPMYIUPOBKY TAKMM 00pa3oM, UTOOBI MOXKHO OBLIO PEIINTh HOBYIO 33Ja4y O
NIEpEYHCIICHUN:

e KOPHEBBIX JI€PEBbEB (B KOTOPBIX BbIIEJIEHA OJJHA U3 BEPILIHH);

* BCEX JEPEBBEB;

e JIEPEBBEB, Y KOTOPBIX CTEIIECHU BEPIINH HE MPEBBIIIAIOT 4;

e JICPEBbEB, Y KOTOPBIX CTENEHU BEPIIMH paBHBI | 1 4 (MOCTAaHOBKA 3a/1a4dl U3 XUMUN)

|

|

1

|
~

Pemenne 3agau:

Bamaya 1. Ilycte A - mHOxectBo umcenl, 2, 3:A={1,2,3}. Iloctpouts rpad mias
oroOpaxeHus oTHouieHus "<" ("MeHbIue") Ha 3TOM MHOXECTBE.

Pemenue. OueBuano, uto yucna 1, 2, 3 cieayer mpeacTaBuTh B BUAEC BepIIUH rpada.
Toraa kaxayro mapy BepIUIMH JI0DKHO COSNUHSITH OJHO pedpo. Pemas 3Ty 3agavy, Mbl IPUIILIHA K
TaKUM OCHOBHBIM TIOHSITUSIM T€OpHH TpaoB, KAK OPUEHTHPOBAHHBIE M HEOPHEHTHPOBAHHbIE
rpadwni. HeopuentupoBanusie rpadsl - Takue, péopa KOTOPHIX HE UMENH HampaBieHus. Mnm, kak
roBOpAT emié yarie, MOpSAOK IBYX KOHIIOB pedpa He CyIllecTBeHeH. B camom nene, rpad,
MMOCTPOSHHBIM B CAaMOM HadaJie dTOTO ypoKa M OTOOpakaBIIMK OTHOIIEHUE 3HAKOMCTBA MEKTY
JIIOJTEMU, HE HYXKJIA€TCs B HAITPAaBJICHUSIX pEOEp, TAK KaK MOXKHO YTBEPXKAAaTh, UYTO "UEIIOBEK HOMED
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1" 3HaKoM ¢ "yenoBekoMm HoOMep 2" B TOM e Mepe, Kak 1 ""dyesioBek Homep 2" ¢ "uesoBeKoM HoMEp
1". B Hamem e HbIHEITHEM PUMEPE OJTHO YUCIIO MEHbIIE APYroro, Ho He Hao0opoT. [TorTomy
COOTBETCTBYIOIIEE pedpo rpada JOHKHO MMETh HampaBlieHWE, TOKAa3bIBAOIIEe, Kakoe BCE ke
YHUCIIO MEHBIIE ApYyroro. To ecTh, MOpsAI0K KOHIIOB pedpa cymiecTBeHeH. Takoii rpad (¢ péopamu,
MMEIOIIMMHU HAIMlPaBJIeHUE) Ha3bIBACTCS OPUEHTHPOBAHHBIM I'padom mim oprpadom.

Hrak, B HameM MHOkecTBe A unciao 1 MeHbIe yucaa 2 ¥ 4yucia 3, a YKUCJI0 2 MEHbIIE
gucna 3. OToT ¢akT oroOpakaeM peéOpaMu, WMEIOIIMMHU HAIpaBJICHHWE, YTO ITOKA3bIBACTCS
crpenkami. [Tonyuaem cnemyrommii rpad:

1

2 3

3agaua 2. [Tycts A - MHOXeCTBO uncen 2, 4, 6, 14: A= {2, 4, 6, 14}. TlocTrouts rpad as
0TOOpakeHUsl OTHOLIEHUS "IEIUTCs HalleIo Ha" Ha 3TOM MHO)KECTBE.

Pemenue. B aTom mpumepe dacte pébep OyayT MMeETh HalpaBlieHHWE, a HEKOTOpbIE HE
OyIyT, TO €CTh CTPOMM CMeIIaHHbIA Tpad. [Iepeuyncium OTHOIIEHUS HA MHOXKECTBE: 4 JEIUTCS
HaleJio Ha 2, 6 nenuTcs Hauelo Ha 2, 14 neauTces Haleao Ha 2, U ellé KaXkgoe YHCIIO M3 3TOr0
MHOXKECTBA JICIIUTCS HAIICIO HA caMO ce0s. DTO OTHOIIECHHUE, TO €CTh KOT' 1A YHCIIO ICIUTCS HAICI0
Ha camo ce0s1, Oyaem otoOpaxaTh B BUAE péOep, KOTOPhIE COCAUHSIOT BEPIIMHY CaMy C COOOM.
Takwue péOpa Ha3pIBAIOTCS NEeTIsIMU. B 1aHHOM ciiydae HeT HEOOXOIMMOCTH J1aBaTh HAIIPABJICHUE
nerse. Takum 00pa3om, B HAIlIeM ITpUMepe TpX OOBIYHBIX HAIIPABJICHHBIX peOpa U YEThIPE METIIH.
[Tonywaem cienyromuii rpad:

3amaua 3. Ilycte manbl MHOKecTBa A = {0, B, v} u B={a, b, ¢}. [Toctpouts rpad mus
O0TOOPaKEHHUS OTHOIICHHS "JIEKapTOBO MPOM3BEICHUE MHOXKECTB" .

Pemenne. Kak n3BecTHO U3 onpeeneHus 1eKapToBa IPOU3BEISHISI MHOXKECTB, B HEM HET
YIIOPSTIOYEHHBIX HAOOPOB W3 3JIEMEHTOB OJHOIO M TOTO XK€ MHOXecCTBa. TO eCTh B HallleM
[IpUMepe Helb3s COSMHSATh TPEUECKe OYKBBI ¢ TPEYCCKHMH U JIATHHCKHUE C JATHHCKAMH. DTOT
dakT oToOpaxkaeTcs B BUAE IBYAOIBHOrO rpada, TO €cTh TAKOro, B KOTOPOM BEPUIMHBI Pa3AeICHBI
Ha JIBE YaCTH TaK, YTO BEPIIMHBL, TPUHAUISIKAIINE OJHON U TOU K€ YaCTH, HE COSAMHEHBI MEKIY
co0Ooii. [Tosnyuaem cnenyrommii rpad:

o a
B b
Y c

4. 3agaua KOMMHBOSIKepa
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3amaya KOMMHUBOSDKEpA SBISIETCS OHOM M3 3HAMEHUTHIX 3a]a4 TEOPHH KOMOMHATOPUKH.
Ona Obu1a nocrasieHa B 1934 rony, u 06 He€ oOsiaMbIBasIv 3yObl JIydIlIe MAaTEMAaTUKH.

[TocranoBka 3aa4u CIIeyIoIIas.
KomMuBospkep (Opoasauii ToproBei) A0HKEH BBIATH M3 MEPBOrO ropoja, MOCETUTH MO pasy B
HEU3BECTHOM TopsiAKe ropoga 2,1, 3..nu BepHYyTbCS B NepBbI ropon. PaccrosHus mexay
ropojilaMu U3BECTHBI. B KakoM mopsijke ciieyeT 00X0AuTh Topoaa, YTo0bl 3aMKHYTHIA TYTh (TYpP)
KOMMUBOSDKEpa ObLT KpaTdanmm?

MeToa pelieHust 3a1a4M KOMMMBOSIKepa

Kanuplii aaropuT™ «uau B OJvKaimii (B KOTOPBIN €111e He BXOUI) TOPOI».

«KamHbIM» 3TOT aNrOpuTM Ha3BaH MOTOMY, YTO Ha IOCIEAHMX MIAarax IPUXOAUTCA
KECTOKO pacIjauuBaThCs 3a KaJHOCTD.

Paccmotpum 11 mpuMepa ceTb Ha PHUCYHKE, NMPEACTaBIsAOIIyI0 y3kuid pomO. Ilycts
KOMMUBOSDKEp CTapTyeT U3 ropoza 1. Anroput™ «uau B 6smxkaiimii ropo/1» BbIBEJIET €I0 B TOPOJL
2, 3atem 3, 3aTeM 4; Ha MOCIEOHEM LIare MpUAETCs IUIATUTh 3a aJHOCTb, BO3BpAIIASCh IO
JUTMHHOM AuaroHanu poMm0Oa. B pesyibTaTe moayduTcs He KpaTdyallliid, a 1JTMHHEHIITNHT Typ.

5.3ana4a o Tpex JOMHUKAX M TPeX KOJIOAIAX

Tpu cocema mMmeroT Tpu 00X Koioama. MOXKHO JIM MPOBECTH HeENEpeceKaroluecs
JOPOXKKHU OT KaXKIOro J0oMa K KaKJJOMY KOJIOAIY?

Jlnst perieHust 3TOM 3aa4M BOCIIOIb3yeMCsl TEOPEMOH, JokazaHHOM JIleonapaom Ditnepom
B 1752 r. Ecnmu MHOTOYTOJBHUK pa3OUT HA KOHEYHOE YKCIIO MHOTOYTOJIbHUKOB TaK, 4TO JOOBIE
JIBa MHOTOYT OJTbHUKA pa30MeHUs UM HEe UMEIOT 00 X TOYEK, UM UMEIOT OOIIHE BEPIIHNHBI, UITH
UMeloT obmue pebdpa, TO uUMeeT MecTo paBeHCTBO : B- P + I'=1,rme B— obmee uucio
BepiuH, P — obee uncno pedep, I — unciao MHOroyroasHUKOB (FpaHeit).

]

Pemenue. [1peamnonoxum, 4To 3T0 MOXKHO caeidaTb. OTMeTUM JoMUKH Toukamu J1,, J12,
13, a xonmoausl — Toukamu K1, K2, K3. Kaxayio TOUKY-AIOMUK COCIMHUM C Ka)KIOW TOYKOM-
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kononueM. [loxydum aeBsth pedep, KOTOpbIe MOMApHO He MepeceKarTes. ITu pedpa o0pa3yroT
Ha IJIOCKOCTH MHOTOYT OJIbHUK, pa3/eJIeHHbIA Ha 00Jee MEIKue MHOTOYTOJIbHUKHU. [1oaToMy s
3TOro pa3OMEHUs] MOJDKHO BBIMOJMHATHCS cooTHomieHue OJitepa B - P + I =1. JloGaBum
paccMaTpuBaeMbIM T'PaHSM €II€ OJHY — BHEUIHIOK YacTh MJOCKOCTU. Torjga COOTHOLIEHHE
Oitnepa nipumeT Bun B -P +I'= 2, npuuem B — 6 u P = 9. Cnenosarensho, I' = 5. Kaxnasa u3
IATH TpaHEeH UMEET 10 KpaliHel Mepe ueThipe pedpa, MOCKOJIBKY IO YCIOBHIO 3a1a4H HUA OJTHA U3
JIOPO’KEK HEe JOJDKHA HETOCPEACTBEHHO COeIMHSTH JIBa JJoMa WJIM JBa KoyoAna. Tak Kak Kaxaoe
pedpo JIKUT POBHO B ABYX T'PaHAX, TO KOJIMYECTBO pedep JODKHO OBITh HE MeHbIe 5*4:2=10,
YTO MPOTUBOPEUYUT YCIOBUIO, MO KOTOPOMY HX 4Hcio paBHO 9. IlonydeHHoe mpoTHBOpeuue
MOKA3bIBAET, YTO HEJIB35 IPOBECTU HEMEPECEKAIOIINECS IOPOKKHU OT KaKI0r0 JOMHKA K KaXKIOMY

KOJIOALLY.

IIpakTnueckas padora NeS3

Tema 9.3: MuoxxecTBO 1 rpadbl. Pemenne npukiaaHbIx 3a1a4y

Hesan: Hayuntbces ucnosb3oBath rpadsl B npodeccHoHaNbHON AesITeIbHOCTH

Teopernueckas 4acThb:

Teopusi rpadoB ¥ BakHel e COBPEeMEHHbIE IPUKJIAJTHbIC 3124

Ha ocnoBe Teopuu rpadoB pazpaboTaHbl METO/IbI PEILIEHHS IPUKIAIHBIX 3a]1a4, B KOTOPBIX
B BHJIe Ipa)OB MOJEIUPYIOTCS BECbMa CIIOKHBIE CUCTEMBI. B 3THX Moaensax y3ibl conepikar
OT/IeNIbHbIE KOMIIOHEHTHI, a pEOpa OTOOpaXkaloT CBSI3M MEXKAY KOMIOHEHTaMH. OObIYHO s
MOZEIMPOBAHNUSA TPAHCHOPTHBIX CETeH, CHUCTEM MaccoBOr0 OOCIY)XKMBaHHsS, B CETEBOM
IUIAHUPOBAHUU MCHOJb3YIOTCA B3BELICHHbIE rpadbl. Mbl 0 HUX yXe TOBOPHIIH, 3TO Ipadsbl, B
KOTOPBIM JyraM IPUCBOEHBI BECHI.

I'padbi-nepeBbst NpUMEHSIOTCS, HAIPUMEp, AJIs IOCTPOEHUS /iepeBbeB pelleHuii (Ciyxat
JUId aHaliM3a pHCKOB, AaHalM3a BO3MOXKHBIX MPHOOpPETEHUH U YOBITKOB B YCIOBHSX
Heonpenenénnocreir). C  npuMmeHeHueM  Teopur  rpadoB  pa3paboTaHbl | ApPyrue
MHOTOYHCJICHHbIC MaTeMAaTHYeCKHe MO/Ie/IH ISl PEIIEHNUS 3a/1a4 B KOHKPETHBIX NPEAMETHBIX
o0yacTsx.

I'padb1 1 3axa4a 0 moTOKAX

[TocranoBka 3agaun. iMeetcs cucreMa BOJONPOBOJIHBIX TPYO, MpencTaBieHHas rpagom
Ha PUCYHKE HUXKeE.

3 P
S \3 2 2 T
\ 3
2 e

Kaxnas nyra rpada oroOpaxkaer TpyOy. Uumcna Hax xyramu (Bechl) - NpPOIyCKHas
CIIOCOOHOCTH TPYO. Y31bl - MecTa coequHeHus Tpyo. Boxa Teuér mo TpyGam TOJNBKO B OJHOM
HanpaBJiIeHUH. Y3en S - UCTOYHHUK BOJBI, y3el T - cToK. TpeOyeTcs MakCHMHU3UPOBATH 00BEM
BOJIbI, IPOTEKAIOIIEN OT HCTOYHUKA K CTOKY.

Jlyis pelieHus 3a/1a4y O MOTOKaX MOXHO BOCIOJb30BaThCst MeToioM Dopra-Dynkepcona.
Wnes merona: MOMCK MaKCHMMAaJbHOI'O IOTOKAa IPOM3BOAUTCA IO miaramM. B Hauane paOoTel
aJIrOpUTMa MOTOK IoJaraeTcss paBHbIM HyJ0. Ha kKaX10M mocieayonem mare 3HaueHue oToKa
YBEIMUUBACTCA, JUISI 4Yero MINETCS JAOHOJHSIOMMN IyTh, IO KOTOPOMY IOCTYIAeT
JIOTIOJIHUTENIbHBIM  MOTOK. OTH LIard MOBTOPSAIOTCS A0 TeX MOp, I[OKa CYLIECTBYIOT

AOIIOJHUTECIIBHBIC ITYTH. 3az[aqa YCOCIIHO MPUMCHACTCA B Pa3JIMYHBIX pacnpe):[enéHme
CUCTEMax: CucreMa 3HeKTOCHa6)KeHI/ISI, KOMMYHHKAIIMOHHAA CCTh, CUCTEMaA KEJIC3HBIX JOpPOr' U

JIPYTUX.

Penrenue 3aganmii:
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Ha pucynke n3o00paxx€H cereBoil rpaduk cTpouTenbcTBa. OmnpenenuTh HAUMEHBIIYIO
BO3MOXHYIO TPOJIOJDKUTENBHOCTD CTPOUTEIHCTBA.

Npoxnaaxa
OBOH MarmCTP

Npoxnaaxa

.....

Npoxnaaxa
InexIpOCe T

KOTNOBAMS

I'pad, n300pakeHHBIN Ha PUCYHKE, Ha3bIBA€TCS CETEBBIM rpaMKOM CTPOUTENILCTBA. B
JAHHOM CIlyyae OH COCTaBJIEH /JII CTPOUTENIbCTBA JKUJIOrO JoMa. BepmmHbl 3Toro rpada
0003HA4aI0T OTAEIbHBIC BUABI Pa0OT HA CTPOIiKE, KpOME TOr0, €CTh €I1Ie JIBE BEPIINHBI: HAYao
CTPOMTENHCTBA U €ro OKoH4YaHue. OK0JI0 BepIInH I'pada ykazaHbl YK Clia — TPOAODKUTEIHLHOCTD B
THSX COOTBETCTBYIOIIEH paboThl. Temeph MBI MOXEM Yy3HaTh HAUMEHBIIYIO BO3MOXKHYIO
MPOAOKUTENBHOCTh CTPOUTENbCTBA. /7151 3TOr0 13 Beex myTel 1o rpady B HanpaBJiIeHUN CTPEJIOK
HYXXHO BBIOpaTh MyTh, Y KOTOPOrO CyMMa YHCEN MpHU BeplInHax Haubomnbiuas. OH Ha3bIBaeTCs
KPUTHYECKUM ITyTeM (Ha pHC. OH BbIEJIEH KOPUUHEBBIM LIBETOM). B Hamem ciryuae noxydaem 170
OHEW. A ecim COKpaTUTh BpeMsl Hpokiaaku snektpocetn ¢ 40 no 10 nHell, To U Bpems
CTpouTenbcTBa Toe cokparutcs Ha 30 nueil? Her. B aTom cilydae KpUTHYECKHUN IMyTh CTAHET
MPOXOAUTHh HE Yepe3 3Ty BEpIIMHY, a 4Yepe3 BEpIIMHBI, COOTBETCTBYIOIINE CTPOHUTEILCTBY
KOTJIOBaHa, yKIajake ¢pyHaamenTa u T.4. M oO1iee BpeMs cTpouTeabCTBa cOCTaBUT 160 qHEH, T.e.
CPOK COKpaTuTcs auib Ha 10 1He.

IIpakTnueckas padora Ne54
Tema 9.4: KonrposbHas paboTta o pasaeny 9 «MHOKeCTBA. DJIEMEHThI TEOPUH TpadoB»
Hean: IIpoBepuTh ypOBEeHb YCBOGHHS JaHHOTO MaTepuaia mo pasaerny 9 « MHoxecTBa.
DneMeHThl Teopuu rpadoB»
Ilpu pewenuu 3adanuit 1-4 3anumwiume npaAGUILHBIIL OM6Eem U3 UYemblpex
npeonoHceHHbIX.
1. (1 6amr) Ykaxure 9yucio, npuHaAIexamnee MEHOkecTBy M = {5, 10, 12,37, 41}.

A)6;b)5;B) 11;TI) 40.

2. (1 6amn) Ykaxute BepHOE COOTHOIIEHUE It MHOKEeCTB A = {5,9, 11}; B= {4, 5, 10,
11,12};C={4,5,9, 11}?

A)AcB;b)BcC(C;B)AcC;T)CcB.

3. (1 6amn) MomHOCTS MHOXKECTBA, COCTOSIIETO U3 BCeX OYKB pycckoro andaBura, papHa?

A) 32; b) 33; B) 28; I') 26.

4. (1 6ann) 3akoHunTe ornpeneneHue: «MHOXKECTBO, CoiepKallee TOIbKO Te dJIEMEHTHI,
IIpUHAJUIeKAIINE U MHOXKECTBY A M MHOXECTBY B, Ha3bIBaloT ...»7
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A) nepeceuenueM MHOXKecTB; b) o0bennHenreM MHOXKeECTB; B) pasHocThio MHOXeECTB; )
00BEAMHEHHOCTHIO MHOXKECTB.

Ilpu evtnonnenuu 3a0anuii 5-8 3anuuiume x00 pewieHus u NOJIYYeHHbLIL OMeEem.

5. (2 6anya) 3anumuMTe MEPEINCICHUEM 3JIEMEHTOB MepecedeHrne MHOKEeCTB A u B, ecim:
A=1{3;5;7;27;14;9},B=19; 3;7; 27; 14}.

6. (2 6anna) Jlaner nBa MHOXKecTBa A= {1,2,3,4,6,12} uB={1,2,3,6,9, 18}. 3anummute
00BeIMHEHNE MHOXKECTB.

7. (2 6anna) Kaxxplif yueHHK B KJIacce U3y4aeT aHTJIMICKUI WM HEMELKHI S3bIK, UITH 00a
ATUX fA3bIKA. AHTIIMMCKHUN A3bIK U3y4aroT 30 4enoBeK, HEeMEUKUH — 25 4eI0BeK, a TOT U Jpyrou
— 15 yenoBek. CKOJIbKO BCETO Y4EHUKOB B Kilacce?

8. (2 6anna) BeimummTe Bce 3eMeHTHl MHOXecTBa F, ecnu F — 3T0 MHOXKECTBO KOpHei
ypaBHeHus x> + 4x —5=0.

Smanonvt omeemos:

Homep | 151314 5 6 7 8

3aaHuA

Omer | B B|B|A| ANB= AUB = 40 | F={=5: 1}
{3;7;14; 27} {1;2;3;4;6;9;12; 18}

IIpakTnueckas padora NeS5
Tema 10.3: BeposiTHOCTh B mpo(eccroHambHBIX 3a/1a9ax
Hean: HayunThcs pemiate NpakTUUECKUE 3a/1a4M Ha BEPOSITHOCTh

TeopeTuyeckas 4acTh:

1. Teopusi BeposSITHOCTEW — pa3jiesl MaTEeMaTUKH, M3YYarOUIHil CIy4alHbBIE COOBITHS,
cilydaifHble BEJIMYMHBI, UX CBOMCTBA U ONepally HaJl HUMU. PaccMOTpUM HEKOTOpbIE KIIFOUEBbIE
MIOHSTHUS, KOTOPbIE UCIOIB3YIOTCS B TEOPHH BEPOSITHOCTEH.

Onpenenenne.

HMcnbiTaHueM Ha3bIBA€TCS OCYIIECTBICHUE ONPEAEICHHBIX IEMCTBUIA.

ITon codbITHEM TOHUMAIOT JFOOOH (DaKT, KOTOPBIA MOXKET MPOM30MTH B pE3ysbTaTe
WCIIBITaHMUS.

JIr060i1 pe3yibTaT UCHBITAHUS HA3bIBACTCS HCXO/I0OM.

JlocToBepHBIM Ha3bIBAIOT COOBITHE, KOTOPOE B PE3YyJIbTaTe€ MCIBITAHHS 00513aTeIbHO
NMPOU30MAET.

HeB03M0KHBIM Ha3bIBAIOT COOBITHE, KOTOPOE 3aBeIOMO He NMPOU30MAET B pe3yibTaTe
WCIIBITAaHMUS.

CoObITHs O0BIYHO 0003HAYAIOTCS 3aryIaBHBIMKH OyKBaMH JIATHHCKOTO aidaButa (A, B, C,
D,...).

PaccmaTpuBas mnpuBefeHHBIH TpUMEp, MBI MOXeM CGhOpPMYJIUPOBATH CIEAYIOLIHE
3aKJIFOYEHUS.

1. Ilpouecc noctaBaHus npeaMeTa U3 KOpOOKHU SIBJISIETCS UCIIBITAHUEM.

2. PesynbTar mocraBaHus NpeaMeTa U3 KOP3UHBI SBJISETCS COOBITHEM.

3. CoObITHE «BBIHYTBIN MPEIMET OKKETCI KITyOKOM)» SBJIICTCS JOCTOBEPHBIM COOBITHEM.

4. CoObITHSI «BBIHYTHI TMpPEAMET HE OKAKeTCs KIyOKOM» WM «BBIHYTBIH MPEIMeT
OKa)KeTCsl KPACHBIM KITYOKOM) SIBIISIFOTCSI HEBO3MOKHBIMU COOBITHSIMHU.

5. CoObITHE «BBIHYTHIN MpEIMET OKa)XeTcs 3€JeHBIM KJIyOKOM» SIBIISIETCS BEPOSTHBIM
COOBITHEM.

A = {BBIHYTBII IpeIMET OKa3aJjcs KIyOKOM} .

B = {BBIHYTBIIl IpeAMET HE OKa3aJICs KIYOKOM.
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C = {BBIHYTBII MPEIMET OKa3aJICs 3€JICHBIM KIIYOKOM } .

D = {BbIHYTHIIi IpeAMET OKa3aJCsl KPACHBIM KIYyOKOM | .

2. OnpenenuM elie HeCKOIbKO BaKHBIX OHATUN TEOPUH BEPOSITHOCTEH

Onpenesienne

IIpocTpaHCTBO 3J1€eMEHTAPHBIX COOBITHH {2— MHOXXECTBO BCEX Pa3IMYHBIX HCXOIOB
MIPOU3BOJIBHOT'O UCIIBITAHUS.

Hampumep, npu Opocke 0HON UrpaTbHOM KOCTH MPOCTPAHCTBO AJIEMEHTAPHBIX COOBITHI
Q= {w1, W2, W3, W4, Ws, We}, T/IC Wi- BEITIAJICHUE 1 OUYKOB.

Ecnmu coObITHS HE MOTYT TPOM30UTH OJHOBPEMEHHO B OJJHOM HCIBITAHWUU, TO COOBITHS
HAa3bIBAIOTCS HECOBMECTHBIMM.

Hanpumep, npu 6pocannu MOHETHI HE MOT'YT OJJHOBPEMEHHO BbITacTh «Opém» u «Pemikay.

[Ipocrelimmm IIPUMEPOM HECOBMECTHBIX COOBITHI SIBIIAETCA
rapa NpOTHUBOMNOJIOKHBIX COOBITHH.

IIpoTuBoOMOI0KHOE  COOBITHE IPOMCXOOUT TOTAA, KOIJIAa MCXOAHOE  COOBITHE
A He TPOUCXOJIUT.

CoObITHE, TPOTUBOMOIOKHOE JAHHOMY, 0OBIYHO 0003HaYaeTCs TOM e JTaTUHCKON OyKBOM
C 4€PTOUKOU CBEPXY.

Hanpuwmep:

o A — cian dK3aMeH 10 MaTEMAaTHKE;

e A — He ca 5K3aMeH 10 MaTEMATHKE.

Onpenesnenne.

IMoaHoii rpynmoii coObITHII HAa3pIBaCTCA Takas CUCTeMa COOBITHH, YTO B pe3yibTaTe
HCIIBITAHUS] HENPEMEHHO ITPOU30MAET OJTHO U TOJBKO OHO U3 HUX.

IIpumep .

MoHeTry noa0pocHiin IBaK/bl. YKa)XKUTE BCE AJIEMEHTapHbIE COOBITHS MOJHOW T'PYIIIIBI
COOBITHH.

DNeMEeHTapHBIMU COOBITUSMU SIBISIOTCS:

- Beinmano siBa «opia»

- Bemano nBe «pemku»

- Briman onuH «opem» U 0fHa «perKay.

3. UToObI BBISICHUTH, HACKOJIBKO BEPOSTHO TO WM HHOE CIy4daiiHOEe COOBITHE, HYXHO
MOACYUTATh, KAK YACTO OHO IIPOUCXOIUT.

Onpenenenne.

UYucno ucnblTaHUM, B KOTOPBIX COOBITHE HACTYNUIIO, HA30BEM a0COJIOTHON 4acTOTOI M
0003HauuM n. OO1Iee YUCIIO0 MPOU3BEIEHHBIX UCTIBITAaHUN 0003HAUNM N.

OtHouienne  abCONMIOTHOM  4YacTOThl K  YHCIYy HUCOBITaHUNA N/N  Ha3bIiBaeTcsl
OTHOCHTEJILHOM 4acTOTO# COOBITHS.

OTHocuTeNbHAsT YacTOTa IMOKa3bIBA€T, Kakas JOJisi UCIBITAHUW  3aBEpIIMIIACh
HACTYIUICHHMEM JaHHOIO COOBITHSA. DTa OTHOCHUTEIbHAsl 4acTOTa M OIpPEAEIseT BePOATHOCTh
cay4aiiHoro co0biTus. Ee elle Ha3pIBalOT CTATUCTUYECKON BEPOSTHOCTHIO COOBITHS.

CraTucTuyeckas BEpOITHOCTh COOBITUSI PACCUMTHIBAETCS OMBITHBIM ITYTEM.

Mpumep.

Eme co Bpemen JlpeBnero Kurtas 3a 2238 yier 10 Haiiel 3pbl HA OCHOBAaHWU METPUK
nemorpad bl 0OHAPYKHIIH, YTO HA KOKIYIO THICSYY HOBOPOXKICHHBIX MPUXOAUTCS S5 14 MaIbunKOB.

DTO 03HAYAET, UTO BEpoSATHOCTH pOXKAEHHS MasiburKa coctaBsieT 0,514.

1. Knaccuueckoe omnpesnesnieHue BEPOSITHOCTH IMPUMEHSETCS U1l PABHOBO3MOKHbBIX
COOBITHIA.

K paBHOBO3MOKHBIM (PaBHOBEPOSATHOCTHBIM) OTHOCSITCSI TaKU€ COOBITHS, I KOTOPBIX
HeT HUKAaKMX OOBEKTHBHBIX OCHOBAaHUW CUWTATh, YTO OJHO SIBJISETCS Oojee BO3MOMKHBIM, YeM
TpyTHE.

Hampumep, npu OpocaHuu UTPaTbHOTO KyOWKa COOBITHS BBIMAJACHUS JHOOOTO U3 OYKOB
PaBHO BO3MOXKHBI.
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PaccmoTpum mpou3BOJIbHBIN SKCIEPUMEHT.

[Tycth N- 9YuCcI0 BCEX HMCXOMOB JKCIHEPUMEHTA, KOTOPbIE O0pa3ylT MOJHYIO TPYIITy
MOMIaPHO HECOBMECTHBIX 1 PABHOBO3MOXKHBIX COOBITH, M — YUCIIO OJIaronpUsATHBIX COOBITUIO A

pa) ="
ncxon0B. Torna BeposiTHOCTHIO COOBITHS A Ha3bIBAE€TCA YHUCIIO 1

CornacHo ompeaeneHnio BEpPOSTHOCTH HAaUMEHBINEe 3HAYCHUE BEPOSTHOCTH MPUHUMAET
HEBO3MOKHOE COOBITHE, TAK KaK OHO HE MOXKET HACTYMHUTD U 7151 Hero m=0, 3HaYHT U BEPOSTHOCTh
paBHa 0.

Haubonpiiee 3HaueHWe NpUHUMAET JOCTOBEpHOE coObITHE. B cuiay TOro, 4ro oHO
rapaHTUPOBAHHO MPOU3OMAET, I Hero m=n, P=m/n=n/n=1.

2 .Cymmoii coOpiTrii A n B HaspiBaeTcs coObiTHe A+B, KOTOpO€ COCTOMT B TOM, YTO
HACTYIUT WJIM COObITHE A, min coObiTue B, miin 06a cOOBITHSI OJTHOBPEMEHHO.

IIpousBenenuem coObiTuii A u B HaspiBaeTcs coObiTHe A*B, cocTosiiiiee B COBMECTHOM
OCyIIeCTBICHHH cOObITHII A U B.

Hanpuwmep:

1. Ilycth A - uaer noxnap, B - uaer cHer, Torna A + B — «MIeT CHEr Wi JOXIb»

2. Ilpu 3-x BBICTpENIaX MO MHIIEHU COOBITHS: Ao— «monagaHuid HeT», Ai1— «OIHO
nomajanue», A — «IBa TomaaaHus», Torna A=Ap+Ai+Az - «Ipou301UIO0 HE OOJBIIE JBYX
MMonagaHumi»

3. Ilycte C - u3 ypHBI BBIHYIM Oenbli map, D - u3 ypHbI BeIHYIM Oenblit map, Toraa C-D -
W3 YPHBI BRIHYJIM J[Ba OCJBIX IIapa

4. Tlycts C - u3 ypHBI BEIHYIM Oenblii map, D - u3 ypHbI BeIHYH Genbii map, Toraa C [
*- U3 YPHBI BBIHYJIM J1Ba Iapa: OeJblid U He Oeblid

TeopeMa cj107keHUS BEPOSITHOCTEH HECOBMECTHBIX COOBITHII: BEPOSITHOCTD MOSBJICHUS
OJTHOT'0 U3 JIByX HECOBMECTHBIX COObITHI A i B paBHa cyMMe BEpOSITHOCTEH 3TUX COOBITUMA:

P(A+B)=P(A)+P(B)

IIpumepsl 1 pa3dop pemieHus: 3a1aHUH TPEHUPOBOYHOTO MOIYJIsI

ITpumep 1.

M3BecTHa UCTOPHUS O TOM, KaK OJHAX/IbI K ['. ["anuiero sBUiics ConaT U MOmpoCHII MOMOYb
€My B PEIICHHH HACYIIHOTO BOIpoca: Kakas cymma 9 wm 10 o4koB mipu OpocaHuu Tpex KocTen
BBINAaeT yaie?

MoskeT moka3aThCs, YTO IIAHCHI paBHBI, TaK Kak Kaxkaas cymMmma u3 9 u 10 04koB MOXKET
OBITH MOJTy4YEeHA OTHUM U X IIECTH CITIOCOOOB:

9=1+2+6=1+3+5=1+4+4=2+2+5=2+3+4=3+3+3;

10=1+3+6=1+4+5=2+2+6=2+3+5=2+4+4=3+3+4.

OpHako ¢ y4eToM MEpecTaHOBOK s CyMMbl 9 OUKOB Iosydaercs 25 pa3IuyHbIMU
criocobamu (1o 6 crocoOoB 71l IEPBOro, BTOPOro, MATOr0 BAPHAHTOB CYMMBI, 10 3 crioco0a aJist
TPETHETrO U YETBEPTOr0 BAPUAHTOB, | CIIOCO0 /I MocienHero BapuanTa 6 +6+3+3+6+ 1), a
st cyMMbl 10 oukoB — 27 pasnudyHbiME ciocobamu (6 + 6 + 3 + 6 + 3 + 3). Kak BuaHO, maHCHI
ATHX CIy4alHBIX COOBITUI JOBOJIBHO OJIM3KU MEXKY COOOM M OTHOCSTCS IPYT K YTy Kak 25:27,
YTO U BBI3BAJIO 3aTPYAHEHUS COJIAATA.

Takum obpa3omM, yanie Beinagaer cymma 10.

IIpumep 2. B cpennue Beka cpenu (eolalibHOM 3HATH OBUIM IIMPOKO PACIPOCTPAHEHBI
azapTHble Urpbl. bonpimmMm mrobuTteneM Takux urpa Ou11 ppaHiy3 mesaibe 1e Mepe. CtpacTHOro
UTPOKa B KOCTH, TPUABOPHOTO (PPaHILy3CKOT0 KOPOJIs IIeBalbe Ae Mepe MOKHO OTHECTH K YU CITY
«OCHOBATEJEN» TEOPUHU BEPOSITHOCTEM. 3acayra ero COCTOUT B TOM, YTO OH HACTOMYMBO 3aCTaBJISI
MaTeMaTUKOB pellaTh pPa3IMyHbIe 3aJjauM, Ha KOTOpbIe HATAaJKHUBAJICS caM BO BpeMs CBOEH
npakTUku urpsl. OH XoTen pa3borareTs MpU MOMOLIM MIpbl B KOCTH. [[1s1 3TOro ImeBaibe
MPUAYMBIBAJl pa3lIMyHbIE YCJIOKHEHHBbIE MpaBuia Urpbl. CTpacCTHOMY MIPOKY, HO IJIOXOMY
MaTeMaTuKy, 1e Mepe moc4yacTIiMBUIOCh UMETh TaKOro Japyra, kak [lackans. B 1654 r. meBanbe
ne Mepe obpatuncs k biesy Ilackamo 3a mMoMmolipl0 B pa3pelleHUn MpoOJIeM, CBS3aHHBIX C
BEPOSATHOCTHIO OJIATOMPUATHBIX PE3YJIbTATOB MIPU OPOCAHUU UTPAILHBIX KOCTEH.
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Opna w3 3amay Oblia MOCTaBleHa cieayroumM odpasom: WrpanbpHas kocTe Opocaercs
yeTbIpe pasa. lleBanbe 6uiics 00 3akia, 4TO IPU ITOM XOTS Obl OJIUH pa3 BbIMAIET LIECTh OUKOB.
KakoBa BeposITHOCTh BBIMTpBIIIA 1Jis1 IeBaibe? OTBET OKPYIJIUTE A0 JECATHIX.

Pemenue:

Tak Kak IpH Ka)K0M OpOCaHHH UTPajIbHON KOCTH HMEETCS 6 pa3IMYHbIX BO3MOKHOCTEH,
TO IPU YEThIPEX OPOCAHMSIX KOCTH YHCIIO PAa3IMYHBIX BO3MOXHBIX CiydaeB Oyaer 6 -6 -6 -6 =
1296.

Cpenu atux 1296 ciayyaeB Oynet 5 - 5 - 5 - 5= 625 Takux, r/1€ mecTepKa HE BBINMAIET HU
pasy.

B 1296 — 625 = 671 cmydae XoTs Obl OAWMH pa3 M3 YETHIPEX BHIMAJACT IIECTEPKA.
CrnenoBarenbHO, BEPOSITHOCTD BBIMAJACHUS XOTS Obl OAHOW IIECTEPKU MPU YEThIpeX OpOCaHMIX
KocTu paBHa 671/1296, yto uwyTs 60mbmIe 0,5.

Pemienue 3aganmii:

1. 13 1000 coOpaHHBIX HA 3aBO/Ie TeJEBU30POB 5 MITYK OpaKOBaAHHBIX. JKCIEPT
NpoBepsieT OJMH HAayraJ BbIOpaHHbIi TesgeBu3op u3 3roii 1000. Haligure BeposiTHOCTH
TOr0, YTO NIPOBEPSEMBbIH TeJEeBU30P 0KaXKeTCHA OPAKOBAHHBIM.

Pewenue. Ilpu evibope menesuzopa nayeao 6o3modxcuwvl 1000 ucxooos, coovimuro A
«BbIOPAHHBLI Mele8U30p — OPAKOBAHHBLILY OazonpusimHul 5 ucxo0o6. Ilo onpedenenuio
seposmuocmu P(4) = 5+1000 = 0,005. Omeem: 0,005.

2. B ypHe 9 xpacHbIX, 6 KEATHIX H 5 3e1€HBIX IApoB. U3 ypHBI Hayraa 10CTalOT
oauH map. KakoBa BeposiTHOCTB TOT0, YTO 3TOT WIAP OKAMKETCH KEATHIM?

Pewenue. Obwee uucno ucxo0os pasno uuciy wapos: 9 + 6 + 5 = 20. Yucno ucxooos,
Onazonpusmcmeyouux OaHHOMy coovimuto, pagro 6. Hckomasn eeposmuocmo pagua 6+20 =
0,3. Omsem: 0,3.

3. Iletsi, Buxka, Kars, Uropb, AHTOH, ITo/iuHA OpOoCHIHN KpeOMii — KOMY HAYMHATH
urpy. Haiiinre BeposATHOCTH TOr0, YTO HAYMHATH UI'PY A0JAKEH OyaeT MaJbYHK.

Pewenue. Beposmnocmes cobvimusi pasHa OMHOWEHUNO KOAUYecmea O.1a20npusimHbix
cyuaes K Koauvecmay ecex ciyyaes. bnaconpuamuvivu ciyyasmu aenaomces 3 cryuas, Ko2oa uepy
nauunaem Ilemsa, Heopv unu Aumon, a xonuuecmeo ecex caydaes 6. [losmomy uckomoe
omuouwenue pagro 3:6=0,5. Omeem: 0,5.

4. B yvemnuonare mupa y4yactBywt 16 xkomana. C nmoMompbio KpeOusi MX HYKHO
pa3aeJiuTh HA 4YeThIpe I'PYNNbI MO0 YeThipe KOMaHIbI B KaxI0il. B simmke Bnepememky
JiesKaT KapTouku ¢ Homepamu rpynm: 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4. KanuTanbl
KOMaH/J TAHYT MO OAHOH Kaprouke. KakoBa BeposiTHOCTH TOro, 4ro komanga Poccum
0KakeTCs BO BTOPOii rpynmne?

Pewenue: Oboznauum uepez A cobvimue «komanoa Poccuu 6o emopoti epynney. Toeoa
KOIUYeCcmao O1a2onpusimublx coovimuii m = 4 (yemvipe Kapmouku ¢ Homepom 2), a obujee 4ucio
PasHOB03MONCHBIX coObimuil n = 16 (16 kapmouek) no onpedeneHuro 6epoIMHOCMU P=4:
16 = 0,25. Omeem:0,25

5. Ha ka:xxkabie 1000 31eKkTpuYecKHX JJaMIIoYeK NpUxXoauTces S OpakoanHbix. KakoBa
BEPOSATHOCTH KYNIUTh HCIIPABHYIO JIAMIIOYKY?

Pewenue. Ha xaxcovie 1000 namnouex npuxooumcs 5 opaxoeanuvix, ececo ux 1005.
Beposmnocmv kynume ucnpasuyio aamnouky 6yoem pasHa 00.7€ UCHPABHBIX JIAMNOYEK HA
xaoicowie 1005 namnouex, mo ecmo 1000:1005=0,995.0meem: 0,995.

7. B rpynne typuctoB 8 yesioBek. C moMOUIbIO :KPeOMsl OHM BHIOHPAIOT LIECTEePhIX
YyeJI0BeK, KOTOPbIE J0JIKHBI HATH B CeJI0 B Mara3uH 3a npoaykramu. KakoBa BeposiTHOCTH
TOro, 4To TypucT /., BXOAfAIIMIi B cOCTaB rpynnbl, noiiaér B marazuu? 6 : 8=0,75.

8. B uemnuonare mo ¢gyrooay ydacrBywor 16 komaHa, KoTopble kepedbeBKOM
pacnpeneasioress Ha 4 rpynnsi: A, B, C u D. KakoBa BepoiTHOCTH TOro, 4T0 KOMAaH/Aa
Poccum He monanaet B rpynmy A?
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Pewenue. Kasxcoas komanoa nonadem 6 epynny c eeposmuocmuio 0,25. Taxum obpaszom,
8EPOSIMHOCMb MO20, YMO KOMaHoa He nonadaem 6 epynny pasua 1-0,25=0,75. Omeem:0,75

9. Ha TypHup no maxmaraM npudbLio 26 yuactTHukos B ToM unciae Kouas u Toas.
Jost npoBeieHust ;kepedbeBKU MEPBOIr0 TYPa YYACTHUKOB CJYYailHBIM 00pa3oM pa3oniu
Ha ABe rpynnbl no 13 yenosek. Halitu BeposiTHOCTH TOT0, UT0 KoJst u Tosst monmaayrt B
pa3Hble rpynsbl.

Pewenue. Bceco 26 mecm. IlTycmov Koas 3atimem cayuatinoe mecmo 8 1000t epynne.
Ocmanemcs 25 mecm, uz Hux 8 opyeoul epynne 13. Ucxooom cuumaem evibop mecma ons Tonu.
bnazonpusmuwvix ucxooos 13. P=13/25 = 0,52. Omeem:0,52

10. B kaacce 16 yuammxcs, cpeau Hux ABa apyra —Bagum u Cepreii. Yuammxcs
cJy4aiiHbIM 00pa3om pa30ouBaT Ha 4 paBHble rpynnbl. Haiiinre BepoATHOCTH TOT0, 4YTO
Baaum n Cepreii okaxyrcsi B O1HO¥ rpymie.

Pewenue. Ecnu Cepzeto nepeomy oocmanoce Hekomopoe mecmo, mo Onezy ocmaémcs 15

mecm. M3 Hux 3 — 6 moti ace epynne, 20e Cepeeii. ckomas eepossmuocmo pasna 3/15. Omeem: 0,2

IIpakTHueckas padora Ne56
Tema 10.3: BeposiTHOCTB B mpo(heccroHaIbHBIX 3a/1a9ax
Henb: HayunThes pemaTh 3a1auu Ha UCIOJIb30BaHUE BEPOSITHOCTH B IPO(ECCHOHATIBHON
NeSITEIbHOCTU

TeopeTnyeckas 4acThb:

OCHOBBI TEOpPUH BEPOSTHOCTEH HYKHO 3HATh KaXXJAOMY YeNOBEeKYy I (HOpMUPOBAHUS
MPaBUIBHOTO MHPOBO33PEHHUS, MJII OCO3HAHUS TOrO, 4YTO Mbl JKMUBEM B CIy4allHOM,
BEPOSITHOCTHOM MUDE.

[Icuxonorust yenoBeka TakoBa, YTO €My HEYIOTHO cpeau ciydailHocTe. OH JKaKIeT
OTPEIEICHHOCTH W CHPABEIMBOCTH, WINET NPUYMH U 00BscHeHHi. YacTo Takum oOpa3zom
BO3HUKAIOT CyeBepHs: HampuMmep, cpenr ahpuKkaHCKHUX TIJIEMEH pachHpoCTPaHEHO MOBEPhE O TOM,
9TO OBIBAIOT MPOCTO JIBBBI U JIbBBI, B KOTOPBIX MEpecelmMch Aymu ymepmux. [lociaennue Ha
moAeld He HamaJarT. DTo OOBSICHEHWE HE HeceT IMOJe3HOW HHQOpPMAIUU, MOCKOJBbKY HET
MIPU3HAKOB, IO KOTOPHIM 3apaHee MOXKHO ObLIO OBl OMPEIEINTh, U3 KAKOW KaTerOpUH JIEB, HO OHO
YCIOKaWBAET MCUXOJOTMYECKU. TOUYHO TaK ke MOSIBISIOTCS U3BECTHBIE BCEM CyEBEpHS IIPH Cllaue
sKk3aMeHOB. HekoTopbie cyeBepus, KCTaTH, OCHOBaHBI HAa YAaCTOTHBIX COBITQJICHUSIX (Hampumep,
MEJIKUX HENPUATHOCTEW U BCTPEY C YEPHOM KOLIKOH). DTO OTHOCUTCS M K MpUMETaM, KOTOpbIE
MOpPO NOAMEYAIOT BEPOSITHOCTHBIE 3aKOHOMEPHOCTH. Tak, moroBopkaM «bema Hukorga He
MPUXOAUT OJHa» WK <« KH3Hb, OHA IMOJOcCaTass» COOTBETCTBYET B TEOPUU BEPOSTHOCTEH 3aKOH
CEepuHu.

CrnenyeT MOMHHUTH U TO, YTO MBI )KUBEM B MUPE, I'/I€ IPOUCXOAT CIy4ailHble COOBITUS, U
TO, 4YTO 32aKOHOMEPHOCTH TPOOUBAIOTCSA Uepe3 Maccy ciydyaifHocTel. UeM cliokHee cucTemMa, TeM
TpyaHEee OOHAPYKUTh 3aKOHOMEPHOCTU. IMEHHO B 3TUX CIy4asiX U UCIOIB3YIOT BEPOATHOCTHEIE
METO/BI.

Takum 00pa3om, Teopu st BEPOATHOCTH aKTyaJIbHA B HAIIIM JTHU KaK B MATEMAaTHKE U TOYHBIX
HayKax, TaK U B Halllel MOBCEJHEBHON KU3HU.

Teopust BepoSITHOCTEH HM3ydaeT OOBEKTHBHBIE 3aKOHOMEPHOCTH MAaCCOBBIX CIy4alHBIX
coObiThii. OHa SBIIIETCA TEOPETHYECKOH 0a30i Uil MaTeMaTHMYECKOW  CTaTHUCTUKH,
3aHUMAIOIIEHCs pa3paboTKOM MeTOA0B cOopa, onmrcaHus U 00pabOTKHU pe3yIbTaTOB HAOIIOACHHIA.
[Iyrem HaOmomeHuil (MCHBITAaHUM, SKCIIEPUMEHTOB), T.€. ONbITA B LIMPOKOM CMBICIE CJIOBA,
MPOUCXOJIUT MO3HAHUE SIBJICHUW 1M CTBUTEIILHOT O MUPA.

Peulenue 3aganuii:
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1. B mara3uHe Tpu npoaaBuna. Kaxnbiii 3 HUX 3aHAT ¢ KJIMEHTOM C BEPOSITHOCTHIO
0,3. HajiguTe BepOATHOCTH TOr0, YTO B CJAY4YailHbIii MOMEHT BPpeMeHH BCe TPH MPoaaBIa
3aHSATHI OTHOBPEMEHHO (CUUTAITe, YTO KJINEHTHI 3aX0/AAT HE3aABUCHUMO JIPYT OT JIPyra).

Pewenue. Beposimnocms npousgedenus He3a8UCUMBIX COOLIMUL PABHA NPOU3EEOEHUIO
geposimuocmet smux coovimutl. I1o03momy 6eposamuocms mozo, Y¥mo 6ce mpu npooasya 3ausambl
pasna (0,3)° =0,027. Omeem: 0,027.

2. B MarasuHe cTOAT ABa ILIATEKHBLIX aBTOMAaTa. Kaskablii M3 HHX MOJKET OBITH
HeucnpaBeH ¢ BeposTHOcTbIO 0,05 He3aBucuMo ot apyroro astomara. Haiigure
BEPOSITHOCTH TOI'0, YTO XOTH ObI OJJHH ABTOMAT MCIIPaBEH.

Pewenue. Hatioem 6epossmnocms mo2o, 4mo Heucnpagusvl 0oa asmomama. Imu coobimusl
He3agucumbvle, 8epPOAMHOCIb UX NPOU3BEOEHUs. PAGHA NPOU3BEOCHUIO BGePOSMHOCMEN Mux
coowimuii: 0,05 - 0,05 = 0,0025. Cobvimue, cocmoawee 6 mom, umo ucnpager xoms 6vl 0OUH
asmomam, NPOMUBONONONHCHOE. CnedosamenvHo, ezo 6epOsIMHOCMb pasHa
1 -0,0025 = 0,9975. Omeem: 0,9975.

3. B ToproBom meHTpe IBa OJHHAKOBBLIX aBTOMAaTa MpoaarT kKode. BeposTHOCTH
TOr0, YTO K KOHILY IHSl B aBTOMAaTe 3aKOHYMTCHA Ko(e, paBHa 0,3. BeposiTHOCTH TOr0, 4TO
Kode 3aKOHYMTCS B 000UX aBTOMAaTAaxX, paBHa 0,12, HajiininTe BepoOATHOCTb TOT0, YTO K KOHILY
AHs Ko(e ocTaHeTcs B 000MX aBTOMATAaX.

Pewenue. Paccmompum cobvimueA = koghe 3akonuumcs 6 nepgom asmomame, B = xoge
3AKOHYUMCSL 860 8MOPOM agmomame.

Beposimuocms mozco, umo kogpe ocmanemcs 6 nepsom asmomame pasta 1 — 0,3 =0,7.
Beposimuocms moco, umo kogpe ocmamemcs 6o emopom asmomame pasna I —0,3=0,7.
Beposmnocms moco, umo koghe ocmamnemcs 6 nepeom unu 6MOpPOM asmomame pasHa
1-0,12=0,88. Ilockonvxky P(4 + B)=P(A) + P(B) — P(4'B), umeem: 0,88 =0,7+0,7 — x,
omkyoa uckomas geposmuocms x = 0,52. Omeem: 0,9975.

4. JIe ¢aOpuku BbINYCKAKT OJMHAKOBBIE CTeKJA ISl aBTOMOOWIBLHBIX (ap.
IlepBass ¢padpuxa Bbimyckaer 45% »3Tux crexos, Bropas — 55%. IlepBas ¢adpuka
BblnyckaeT 3% OpakoBaHHBIX CTeKO0J, a BTopasd — 1%. Haiiaure BeposATHOCTH TOrO, YTO
CJIy4aiiHO KYIUIEeHHOE B Mara3uHe CTeKJI0 OKa)KeTcsl OPaKOBAHHBIM.

Pewenue. Beposmnocmb moco, 4mo cmekio0 KynieHo Ha nepeou adbpuke u OHO
opaxosannoe: 0,45 -0,03 = 0,0135. Beposmnocmv moeo, umo cmekio KYNIEHO HA 6MOpoU
gabpuke u ono bpaxosannoe: 0,55 - 0,01 = 0,0055. ITosmomy no ghopmyne noanoii eeposmuocmu
8EpOSIMHOCMb MO20, YMO CAYYAUHO KYNJIEHHOe 8 Ma2d3uHe CMeKI0 OKANCemcs OpaKo8aHHbIM
pasua 0,0135 +0,0055 = 0,019. Omsem: 0,019.

5. IIpu HM3roTOBJIEHUH MOAIIMIHUKOB IHAMETPOM 67 MM BepPOSATHOCTH TOr0, YTO
auaMeTp OyaeT OTJMYATHLCS OT 3aJaHHOro He OoJjbmue, yem Ha 0,01 mm, paBHa 0,965.
HaiiguTe BepOSTHOCTH TOI0, YTO CJAY4YalHBIA NOAIIUIHUK OyAeT HMeTh AMaMeTP MeHbIle
geM 66,99 MM nim 60abme yem 67,01 mm.

Pewenue. Ilo ycnosuio, ouamemp noowunuuka 6yoem jaedxcamos 8 npeoenax om 66,99 oo
67,01 mm c eepoamnocmoio 0,965. [losmomy uckomas 6eposmHOCMb NPOMUBONOTOHNCHO2O
coovimus pasna 1 — 0,965 = 0,035. Omeem: 0,035.

IIpakTnueckas padora NeS7
Tema 10.5: 3agaun MaTeMaTHIE€CKOM CTATUCTUKH
Heab: Hayuntbcs pemaTh 3a1a4i MaTEMaTUYECKON CTaTUCTHKU

TeopeTuyeckas 4acTh:

MareMaTH4eCKOM CTATHCTMKOM HAa3bIBA€TCAd HAyKa, 3aHUMAIOLIASACS METOAaMHU
00pabOTKH DSKCHEPUMEHTAJBHBIX JaHHBIX, MOJYYCHHBIX B pe3yjibTaTe HAONIOJCHUNM HaJ
Clly4aiiHeIMH siBJICHHUSIMU. [lepBast 3a1aua MaTeMaTHYECKON CTATUCTHKHU: YKa3aTh CIOCOOKI cOopa
U TPYNIUPOBKU CTATUCTUYECKUX JTAHHBIX, MOJYYEHHBIX B pPe3yjbTaTe AKCIEPUMEHTOB. Bropas
3a/1aua MaTeMaTU4YEeCKOM CTATUCTUKU: pa3pad0TaTh METObI aHAJIM3a CTATUCTUYECKUX JaHHBIX.
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Ko BTOpOﬁ 3a4a4€ OTHOCATCA:

1. Onenka HeM3BECTHHIX MapaMeTPOB (BEPOSITHOCTH COOBITUS, (PYHKIUU paCIPEaeIeHUs
1 e€ mapaMeTpoB U T.J.) C IOCTPOCHUEM JIOBEPUTEIbHBIX UHTEPBAJIOB (METO/IbI OLICHUBAHMS).

2. IlpoBepka CTaTHCTUYECKUX THUIIOTE3 O BHJEC HEHU3BECTHOIO pACHPEACICHUS H
MapaMeTpOB pacipeaesieHus (METOAbI IPOBEPKHU THUIIOTES).

IIpu sTOM peraroTces CaeNyOLKe B NOPSIKE CI0KHOCTU U Ba)KHOCTH 3a1a4u:

e Ormnucanue SBJCHUHA, TO €CTh, YHNOPSAAOYEHHE TIOCTYMUBIIETO CTATUCTUYECKOTO
Martepuasa, MpeACTaBjCHUE ero B Hanboliee yao0HOM T 0003peHHsI ¥ aHam3a Bue (TaOIuUIbI,
rpadukn).

e AHamM3 U NPOTrHO3, TO €CTh NMPUOJMKEHHAS OLEHKA XapaKTEpUCTHK Ha OCHOBAHHUH
CTaTUCTUYECKUX JaHHbIX. Hampumep, npubnmkéHHasi OLleHKa MaTEMaTHYECKOTO OXUIAHUS U
JUCTIEpCUH HaOII01aeMOM ClTydyaliHON BETMUYMHBI U ONIPEEIIEHNE TOIPEIIHOCTEN 3TUX OLEHOK.

e BripaboTka onTuUManbHBIX pemeHuid. Hampumep, ompeneneHue 4ucia OIMBITOB N,
JOCTATOYHOT'O /1JIs1 TOT'0, YTOOBI OIMOKA OT 3aMEHbI TEOPETUUECKUX YHCITOBBIX XapaKTePUCTHK UX
SKCIEPUMEHTAJIbHBIMU OLEHKAMU HE IPEBbIIIAJIA 3aJaHHOTO 3HadeHus. B cBs3u ¢ 3TuM
BO3HUKAET 3a/1aya IPOBEPKU IIPABIONOJ00M S TUIIOTE3 O TapaMeTpax paclpeaeaeHus U 0 3aKoHaxX
pacrpeznesieHust cillydallHOM BEJIMYMHBI, PELIEHHMEM KOTOpPOW SIBJISETCS BO3MOXHOCTH CHEIATh
OJIUH U3 BBIBO/IOB:

— OTOPOCHUTD THIIOTE3Y, KAK IPOTUBOPEYAIILYIO ONBITHBIM JIaHHBIM;

— IPUHATH TUIIOTE3Y, CUUTATh €€ IPUEMIIEMON.

MaremaTuyeckasi CTaTHCTUKAa IIOMOraeT 3SKCHEpPUMEHTATopy Jydllle pa3o0paTbCcs B
OIBITHBIX JIaHHBIX, MOJIyYEHHBIX B pe3yjbTaTe HAOIIOACHUN HaJl CIy4ailHBIMU SIBJICHUSIMU;
OLIEHUTh, 3HAYMMBbI UJIM HE 3HAaUUMBbI Ha0JIt0JaeMble (PaKThl; IPUHATH UM OTOPOCUTH TE€ WM UHbIE
TUIIOTE3BI O IPUPOJIE CIYyYaUHBIX SIBICHUI.

Pemenue 3agau:

3agaua 1.

Ha sK3aMeHe 1Mo MCTOPHH CTYACHTBI IMTOJTYYHIIN OLCHKH:

344434

343544

552323

344533

545444

[TocTpouTh AUCKPETHBIN BapUAIMOHHBIA DSl paclpelneieHus CTYJACHTOB MO OajiaM |
M300pa3uTh €ro rpaduyecku.

Xoa pelieHus 3a1a4M:

OmnpepensieM JIEMEHTHI psijia paclpeeNIeHUs: BAPHAHTHI, YACTOTHI, YACTOTHI.

Onenka, 6amblKo-Bo CTYJEHTOB € TaKOH OIIEHKOM, 4e10BEK|B npolueHTax K UTory
2 2 6,7

3 9 30

4 13 43,3

S 6 20

lToro 30 100

Tenepr rpadguueckn u300pa3uM TUCKPETHBIA psAA paclpenesieHus B BHUJAE IOMIIOHA
pacrpeneneHusl.
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MorkHO clienath BBIBOJ O TOM, 4TO Npeodiiaaroliee 00JbIINHCTBO CTYACHTOB MOIyYUII0
«4» (43,3 %).

3apauva 2.

Bo Bpems BbIOOpOYHOI POBEPKU OBIIO YCTaHOBJIEHO, YTO IPOAOKUTEIbHOCTh OIHOM

MOKYIKH B KOHAUTEPCKOM OT/Ielie Mara3iuHa Obljla TaKOU: (CEeKYHIbI).
7770828181

8275807180

8189756778

7376787376

82 69 61 66 84

7274828276

IlocTpouTs WHTEPBAIbHBIM BapUALIMOHHBIA  PsJl  paclpeleNeHUus] TOKYIOK IO
MPOAODKUTEIBHOCTH, CO31aB 4 TPYIIbI C OAWHAKOBBIMH WHTepBanaMu. OO03HAYUTH AIEMEHTHI
psna. 1300pa3utk ero rpa¢uiecku, cenaTh BHIBOI.

Xo/ pelieHHUs 321a4M 110 CTATHCTHKE:

OmpenensieM 3JIEMEHTHl psAfa pPACIpPEAENICHUs: BapUaHTbl, YacTOThl, YacCTOCTH,
HAaKOIJIEHHBIE YaCTOTHI.

Ho npexne paccuntaeM rpanuiibl 4 3aJaHHBIX TPYII ¢ OJWHAKOBBIMUA HHTEpBAJIaMU:

Xper — Xain
Benuuuny nHTEpBana onpeaenum mno Gopmyiie n

. 89-61 _
B namewm cinyuae 4
['paHuLBI rpyIIT COOTBETCTBEHHO PaBHbL:
| 61+7=68 (61-68)
I1 68+7=75 (68-75)
11 75+7=82 (75-82)
IV 82+7=89 (82-89)
[ pynmnbl NOKYIIOK IO Hucio B npouenTax k  [HakoreHHslie
[IPOJIOJDKUTENBHOCTH, CEK. MOKYIOK UTOT'Y 4aCTOThI
61-68 3 10 3
68-75 9 30 12
75-82 16 53,3 28
82-89 2 6,7 30
Toro 30 100

Tenepp rpaduyeckn oTOOpa3uM HaIl WHTEPBAJIbHBIA BapHAIIMOHHBIA P B BHUIE
TUCTOIPAMMBI U KYMYJISITBI.
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TIOKYTIEH, CEE.

[To Tabnuire u rpaduka MOXKHO CIeTaTh BBIBOJ O TOM, UYTO Ipeodianaromniee OOIbIINHCTBO
nokynok (16 uimm 53.3%) HaxonuTcs BO BpeMEHHOM MHTepBaiie 75-82, cek.

IIpakTuueckast paéora NeS8
Tema 10.6: CocraBienue TabauIl ¥ JuarpaMM Ha IIPaKTUKE
Hean: HayunTtbes pemars IpOCTEHINNE CTATUCTUYECKUE 3a1a4U

TeopeTuyeckas 4acThb:

Cratucruyeckas CBOAKa — HaydHO OOpaOOTaHHBIM MaTepuan CTaTUCTHYECKOTO
HaAOJIOICHHS B LIETSAX MOJIydeHUsI 0000LIEHHON XapaKTePUCTUKH N3Y4aeMOro SBJICHHS.

['pynmupoBka — pacrpeneleHne equHULl N3y4aeMoro o0beKTa Ha OAHOPOAHBIC TUITUYHBIC
TPYIIbI IO CYHIECTBEHHBIM JJISI HUX MTPU3HAKAM.

HNuTepBan — pasHuLa MKy MaKCHUMaJIbHBIM M MUHHMAaJIbHbIM 3HAYEHHEM IpU3HAKA B
KaXXJI0i rpymnre.

R x_ _—x

i= — Tmax ““min

n n . The

| — BeIMYMHA HHTEPBAJIA;

R — pa3max kone6anust (R=Xmax-Xmin)

N — MPUHATOE YKCIIO TPYIIIL;

Xmax, Xmin — HANOOJIbIIICE U HAUMEHbILICE 3HAYCHHUE MTPU3HAKA B U3y4aeMON COBOKYITHOCTH.
Kooy ~Emig

1,000+3,221g Vv

P—
i=

,Tne

N — guciio HaGIrOneHui

Cratucruueckuil psia  pacrnpeneneHuss — YHOPAJOYEHHOE paclpeleleHle eIuHUL]
COBOKYITHOCTH Ha I'PYIIIBI I10 OIPEAEIEHHOMY BapbUPYIOLIEMY IIPU3HAKY.

JIuCKpeTHBII  BapMalMOHHBIA  PsII  —  XapakTEPU3yeT pacHpelelICcHHEe  EIMHMI]
COBOKYITHOCTH 10 TUCKPETHOMY (IIPEPBIBHOMY) IIPU3HAKY.

WHuTepBanbHblii  BapUallUOHHBIA Pl — XapaKTEpU3yeT PpacCHpelNelcHUE EIUHUL]

COBOKYITHOCTH 10 MHTEPBAILHOMY (HEMPEPHIBHOMY) IPU3HAKY.

Jnst u300pakeHUs JUCKPETHBIX BAapHAIIMOHHBIX PAIOB PACHpENeNICHUs HCIOJIb3YeTCs
«TOJUTOH pacnpenenenus». st rpaduueckoro n300paxxeHruss UHTEPBAILHOTO BapUAIIMOHHOTO
psifa MPUMEHSIOTCSA «THCTOIPAMMay U «KyMYJIATay.

CpenHue BeIMYUHBI — OTO IMOKazaTeau. BrIpakaroomiyue TUIUYHBIE 4YEepThl M JIAIOT
0000IIAIOIIYI0 KOJNMYECTBEHHYIO XapaKTePUCTUKY YpPOBHS TMpH3HAKa 10 COBOKYITHOCTH
OJTHOPOJIHBIX SIBIICHUM.

1. Cpennsis apudmernueckas:
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[

x

x= (mpocTad)

(EsBemeHHad)

Exxf
3
i

X -B4ApIaHTa

f -gacToTa
2. Cpenusisi rapMOHHYCCKAS :

1’2;1 (mpocTasn)
Z5
- ¥ xx
x == <7 (BapemeHHAT)
"
2

(BapemeHHAT)

4. Cpenusist XpOHOJIOTUYECKas:
T T
3 - E ¥

xXx=

in—1

~
ot

1 —HHCIIO EapHaHT
. Cpennsis reomeTpudecKas:
=2fK; * K, * K, * _* K, *100%

] 91

X =n

K1, K2, K3 u Kn — k03¢ duiinenTs TMHAMHUKY IO OTHOIICHHUIO K PEABIYIIEMY IEPUOIY.

6. MO/a MHTEPBAIBHBIX PSJIOB PACIPENCICHHsS BEIMUCIIICTCS 110 Ceayroniei Gpopmye:

M,=x,+i !

) (LRSS

x0 — MUHMMaJIbHAs TPaHUIA MOAAIBHOIO UHTEPBAJIA;

| — BeJIMYMHA HHTEPBAJIa;

f2 — qacTora MOIaNTBEHOr O HHTEPBAIA;

fl — yacTora MHTEpBaa, MPEAIICCTBYIOMIETO MOJAILHOMY;

f3 — wacrora nHTEepBaa, CIEAYIONIETO 32 MOIATBHBIM.

Moga st TUCKPETHBIX PsIOB paclpeneseHus — 3TO HauboJyiee 4acTo BCTpeyarouasicst
BEJIMYMHA MPU3HAKA B TJAHHOW COBOKYIHOCTH.

7. Menuana Jij1s MHTEPBAJIbHBIX PSIIOB pAaCHpeleNICHUs BBIYUCISIETCS IO (opMyIie:
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TOHH

> f

-

—(Bue D
frz

M,=x, +i

X0 — HrKHAS T'paHulla MEAWMAHHOI'O MHTEPBAJIA,
| — BeIMuKMHa MCIHMAHHOI'O MHTEPBAJa,

> f— cymma gacror pszaa;

SME-1 — cymMMa HaKOIJIEHHBIX YaCTOT, IPEJUIECTBYIOIINX MEUAHHOMY UHTEPBAIY;
fME — yacrota MennaHHOTO HHTEpBaIa.
YroObl ompenenuTh MeIuaHy B JUCKPETHOM BapHallMOHHOM psany. Heobxomumo cymmy
4acTOT pa3euTh MOMOoJIaM U K MOJIy4UeHHOMY Pe3yJIbTaTy J00aBUThH /2.

Pemenne 3agau:
3agaya nmo crarucruke 1.

NmetoTcs cremyromue faHHbIe 00 YpOKaifHOCTH 3€pPHOBBIX KYJIbTYD:

YpoxailHOCTh 3€PHOBBIX KYJIBTYP
Ho 20
20-30
30-40

40 u BbILIE

OnpenenuTs CPETHIO YPOXKaMHOCTH 3€PHOBBIX KYJIbTYDP, MOY U MEAHAHY.

OrtBer.

cpenusst ypoxkariHocth: 30,3 1/ra
moxa: 33,3

meamnana: 30,8

3agaua 2.
T'onnl 97r. 98r. 99r. 2000r.
[IpousBoxacTBa 3epHa, THIC. 150 168 179 186

KomuecTBo x03s1#icTB
30
40
60
20

Tpebyercs onpenenuTs: (LEMHBIM U 6a3UCHBIM CIIOCOOOM):

1) aBGCoMOTHBIH TPUPOCT;
2) TeMIm pocTa U MPHUPOCTA;

3) cpenHuit aOCOMOTHBIN MPHPOCT;

4) cpeaHUe TEMIIbI POCTa U IIPUPOCTA.

Otser 2.

LEMHBIM CII0CO00M
a0CoOIOTHBIN TIpUpocT 18

11

7

5

temn pocra 1,12

1,07

1,04

1,03

temn npupocra 0,12

0,07

0,04

0,03

cpenHwuii abCOMOTHBIN mpupocT: 31
cpennuit Temn pocra 1,02
cpennuit remn npupocta 0,02
3agaua 3.

0a3uCHBIM CIOCOOOM
abcontoTHBIN mpupocT 18
29
36
41
TeMmI pocra 1,12
1,19
1,24
1,27
temr npupocra 0,12
0,19
0,24
0,27
CpemHwuii abCOMOTHBIN mpupocT: 31
cpennuii remn pocta: 1,05
cpenuuit remn npupocra: 0,05
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MeTonoM cityyaifHOW MOBTOPHOM BBIOOPKH OBLIO B3ATO Ui mpoBepku Ha Bec 200 miT.
neraneil. B pesynprare mMpoBepKH ObLI yCTaHOBIEH cpeaHuil Bec aeranu 30 T. mpu cpenHeMm
KBagpatudeckoM oTkioHeHuu 4 1. C BepostHocThiO 0,954 Tpebyercs ompenenuts mpeaen B
KOTOPOM HaxOJUTCS CPEAHMI BEC I€TAJIEH B T€HEPAIbHON COBOKYITHOCTH.

Otser.

Cpennuii Bec aeranu kojiedsercs B npeaenax 29,44 < x < 30,56.

IIpakTnueckas padora Ne5S9
Tema 10.6: CoctaBnenue Ta0auIl U JUarpamMm Ha MPaKTHKE
Hean: HayuuTthes pabotaTh ¢ TAOMMYHBIMU JaHHBIMH

Teoperndeckasi 4acThb:

IMoHsiTHE O CTATUCTUYECKHUX TAOTHIIAX

Ocoboe MecTo B CTaTHUCTHKE 3aHUMAET TaOJMYHBIA METON, KOTOPBIM HMEET
yHHUBepcajbHOe 3HayeHHe. C TOMOUIbI0  CTAaTUCTUYECKMX  TaOMUIl  OCYIIECTBISETCS
IpeACTaBJICHNE JaHHBIX PEe3yJIbTaTOB CTATUCTUYECKOr0 HAOIIOJEHUS, CBOAKHU U IPYIIHPOBKHU.
[ToaToMy OOBIYHO CTaTHCTHYECKAs TAOIHIIA OIPEAesIeTcs Kak (hopMa KOMITAaKTHOT'O HATJISITHOTO
MIPEICTaBICHHUS CTATUCTHYECKUX JTaHHBIX.

Amnanu3 TabJMIl TO3BOJISIET peliaTh MHOTHE 33141 TIPU M3YYE€HUU H3MEHEHU S SIBIICHUN BO
BPEMEHHU, CTPYKTYPHI SBICHUI U UX B3auMOcCBs3eil. Takum o0pa3oM, CTaTUCTUYECKUE TaOIMIIbI
BBIMOJIHAIOT POJIb YHUBEPCAIBHOTO CPEACTBA PAI[MOHAIBLHOI'O MpPENCTaBiIeHUs, 0000IIeHUs |
aHaNM3a CTAaTUCTUYECKON WH(pOpMaLIUU.

Buemne cratuctuyeckasi Tabiuia npeacTaBiasieT co0oi CHCTEMY MOCTPOCHHBIX OCOOBIM
00pa3oM TOPU3OHTAIBHBIX CTPOK M BEPTUKAIBHBIX CTOJOIOB, MMEIOMIMX OOIIMK 3arojoBOK,
3arfaBus rpad) U CTPOK, HA MEPECEUCHUU KOTOPHIX U 3AMUCHIBAIOTCS CTATUCTUYECKUE JaHHBIE.

Kaxngas uudppa B craTUCTHUECKHX TaOnMIax — OJTO KOHKPETHBIM MOKa3aTelb,
XapaKTepU3yIOIIUK pa3Mepsl WIH YPOBHU, JUHAMHKY, CTPYKTYpPy HJIM B3aUMOCBSI3H SIBJICHUN B
KOHKPETHBIX YCIIOBHUSX MECTa U BPEMEHH, TO €CTh OIpe/leJIeHHAss KOMMYeCTBeHHO-KaueCTBEHHAs
XapaKTePUCTHUKA H3Y9aeMOr O SIBJICHHS.

Ecnu Tabnuna He 3anosiHeHa nudpaMu, TO €CTh UMEET TOJIbKO OOIIUH 3ar0JI0BOK, 3aT1aBuUs
rpad U CTPOK, TO MBI UMEEM MaKeT CTATUCTHUYECKON Tabmuiibl. UMeHHO ¢ ero pa3paboTKu u
HAaYMHAETCS MPOLIECC COCTABICHUS CTATUCTUYECKUX TaOJIHII.

OCHOBHBIMH ~ JJIEMEHTAMH CTAaTHCTHYECKOW TaONWIBl SIBJSIFOTCS MOAJIEe:KAIee U
cKazyeMoe TalJIuIbI.

[Monnexaiee TaOIUIBI — 3TO OOBEKT CTATUCTUYECKOTO U3YUEHHUS, TO €CTh OTIEJIbHbIE
€IMHULIBI COBOKYITHOCTH, UX TPYIIIBI MJIA BCS COBOKYITHOCTH B IIEJIOM.

CkazyeMoe TaOIuIbl — 3TO CTATHUCTUYECKUE [T0KA3aTEINH, XapaKTepU3yIOIINe N3ydaeMblil
OO0BEKT.

[Mopnexamee u moKazaTeNd CKa3yeMoro TaOIUIIBI TOJDKHBI OBITH OIPEETICHBl O4YEHb
touHo. Kak mpaBmio monnexariee pacmoioraercs B JICBOM YacTU TaOJUIBI U COCTaBIIET
Cofiep)KaHUe CTPOK, a CKa3yeMoe — B MPaBOM YaCTH TaOJIUIbI U COCTABIISIET COAEpKaHue rpad.

[TocTpoeHune aHaIUTHYECKUX TaOIUIY

[TocTpoenune ananuTHYECKUX TaOIUIl TakoBO. JIl06ast TabJaMIa COCTOUT U3 MOAIEKAIIETO
u ckazyemoro. I[lomiexamiee packpblBaeT SKOHOMUYECKOE SBJIECHHE, O KOTOPOM HJIET peyb B
JaHHOM TaliMIle U CONEpPXKUT HAabOp IMokaszarenei, oToOpaxkaroumx 3To sBieHue. Ckazyemoe
TaOJIMIIBI TOSICHSIET, KAKME UMEHHO MPU3HAKU OTOOPAKAIOT IMOJISKAIIee.

[IpakTHKOIi CTATUCTUKH pa3paOOTaHBI CIEAYIONIME TPABUIIA COCTABIICHUS TaOJIHII:

» Tabnuma A0KHA OBITH BBIPA3MTEIBHOW M KOMITaKTHOW. [loaTOMYy BMecTOo OJHOMU
TPOMO3KOM TaOJUIBI M0 MHOXXECTBY MPH3HAKOB JIy4YIlle CIeIaTh HECKOJIbKO HEOONBIIHUX IO
00BEMY, HO HATJIAHBIX, OTBEYAIOIINX 3a7a4e NCCIEAOBaHUS TaOIIHII.

» Ha3Banue Tabmuibl, 3aryiaBusi rpad U cTpok ciemxyeT (HoOpMyIMpoBaTh TOYHO H
JTAKOHUYHO.
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* B Tabnuie o0sA3aTenbHO JODKHBI OBITh YKa3aHbI: U3y4aeMblil 00bEKT, TEPPUTOPHS, U
BpeMs K KOTOPBIM OTHOCSITCSI IPUBOJANMBIC B TAOIHIIE TAHHBIC, CAMHHUIIBI U3MEPEHUS.

» Ecnm kakue-To maHHBIE OTCYTCTBYIOT, TO B TaOHIle MO0 CTaBAT MHOTOTOYHE, JINOO
MUAIIYT "HET CBEACHUI", €CIIM KaKOE-TO SIBJICHUE HE UMEIIO MECTA, TO CTABAT THUPE

» 3HaueHWs OJHUX W TeX JK€ IMOoKazaTelell NMPUBOAATCA B TaONMIle C OJUHAKOBOU
CTENEHbIO0 TOUHOCTH.

» Tabmuma momKHA WMETh WTOTH MO TPYMIaM, MOATpyHHaM W B I1enoMm. Ecmu
CYMMHPOBAaHHE JJAHHBIX HEBO3MOXKHO, TO B 3TOM rpade cTaBsT 3HaK yMHOKEeHHS "*".

* B Gonpmmx Tabimnax mocie KaxKAbIX MATH CTPOK ACNSIOT MPOMEXYTOK, YTOOBI OBLIO
yIoOHEee UNTaTh U aHAJTM3UPOBATH TAOJIHILY.

Bubl cTaTHCTHYECKHX TA0IHIL

Cpenn MeTo/10B SKOHOMUYECKOT0 aHallM3a Haubojee pacnpocTpaHeH TaOJIMYHBIA METOJ
(crtoco0) oToOpaxkeHUsT MccienyeMbIx MU(POBBIX AaHHBIX. J[eTo B TOM, 4TO Kak HCXOIHbBIC
JTAaHHBIE JIJIS IPOBEACHUS aHAIIN3a, TaK U Pa3JIMYHBIE PACUEThI, a TAK)KE PE3yJIBTaThl TPOBEICHHOTO
ucciefoBanus oQOpMIISIOTCS B BUJE aHANUTUYECKUX TaOmui. Tabmuisl npeactaBisiioT coOoit
BeChbMa ILeJecoo0pa3sHyl0 W HarjsiAiHylo ¢opMy oOToOpa)keHHs YHMCIOBOW MHQOpMaInH,
WCIOJIb3yEeMON B aHAJIM3€ XO3AWCTBEHHOW JAesTenbHOCTH. B aHamutHueckux Tabimiax B
OTIpPEEIICHHOM TMOPsAKE pacronaraercs nudposas nHbopManus 00 U3y4aeMbIX SKOHOMUYECKUX
SIBICHUAX. TaOMuMuHbId MaTepuan ropasao 6omee WHOOPMATUBEH W HATISJCH MO CPABHEHUIO C
TEKCTOBBIM H3JIOKEHHEM Marepuana. TalOiauubl MO3BONSIOT TPENCTABUTh AaHAaJMTHUYECKHE
MaTepUalibl B BUJE €IUHON LETOCTHON CUCTEMBI.

Bun cratuctuueckoil TabmuIbl onmpenessTecs XapakTepoM pa3paboTKu MokaszaTeneil ee
TTOJIEXKATIIET O.

PaznmuuaroT Tpu BUA CTATUCTHYECKUX TAOIHIL:

* TIPOCTHIE

* [pYyNIOBbIE

* KOMOMHAIlMOHHBIE

IIpocThie TaGAMUBI COAEPKAT MEPEUYECHb OTIENbHBIX €IUHHUIl, BXOASIIUX B COCTaB
COBOKYITHOCTH aHAJIM3UPYEMOT0 SKOHOMUYECKOT0 SIBJICHHs. B rpynnoBbix Tadaunax mudposas
nH(popmaIus B pa3pe3e OTACIBbHBIX COCTABHBIX YaCTEW MCCIIEIyeMOW COBOKYITHOCTH JaHHBIX
oOBeAUHSETCS B ONpeNeeHHbIE  TPYNIBI B COOTBETCTBUM  C  KaKUM-JTHOO
npu3zHakoM. KoMOMHupoBaHHbIE Ta0JMUBI COJAEPKAT OTAENIbHBIC TPYNIBl U MOATPYMIBI, Ha
KOTOpbIE  MOAPA3ICISAIOTCA SKOHOMUYECKHE TIOKa3aTelHd, XapaKTepU3yIoUMe H3ydyaeMoe
SKOHOMHYEcKoe siBieHue. [Ipu 3TOM Takoe mojapasaesieHue OCyIIeCTBISIETCS HE 10 OAHOMY, a 110
HECKOJIbKUM TIPU3HAKaM. B TPYIMIOBBIX TaONMIAX OCYIIECTBISIETCS MPOCTasl TPYHIHpPOBKA
nokaszaTeneil, a B KOMOMHUPOBaHHBIX — KOMOWMHUpPOBaHHAas rpynnupoBka. [IpocTeie TaOmmibI
BOOOIIIE HE CoJepXaT HUKAKOil rpynnupoBkH nokaszareneil. [lociaequuii Bug tabmui coaepxut
JUIIb HECTPYNITUPOBAHHBIA HA0Op CBEEHUN 00 aHATM3UPYEMOM 3KOHOMHYECKOM SIBJICHUH.

B 3aBucHMOCTH OT 3Tama CTaTUCTHYECKOTO UCCIICTOBAHMS TAOIUIIBI JESATCS Ha:

* pa3pabdoTo4YHbIe (BCIIOMOTaTeIbHbBIC), [Eb KOTOPBIX 0000mUTHE WHOOPMAIUIO IO
OTJEJIbHBIM €IMHUIIAM COBOKYITHOCTH JIJIsl ITOJYyY€HUsI UTOTOBBIX IMOKa3aTesei.

* CBOJHBIE, 33/1a4a KOTOPBIX I0KA3aTh UTOTH 10 I'PyIIIaM U BCEH COBOKYITHOCTH B IIEJIOM.

* aHAJIMTHYECKHEe TAaOJUIIBI, 33/1aya KOTOPhIX — pacyeT 0000MIAIONUX XapaKTePHCTHK
Y TIOATOTOBKA MH(OPMAIMOHHON 0a3bl JUIA aHaln3a M CTPYKTYPBI U CTPYKTYPBIHBIX CIABHUTOB,
JTUHAMUKHU U3y4aeMbIX SIBJICHUH U B3IMMOCBSI3eH MEXY IMOKa3aTeIsIMHU.

Hrtak, Mbl paccMoTpenu TaOJWYHBIM METOJ OTOOPaKEHUS HCCIECAYEMBIX IHU(PPOBBIX
JAHHBIX, IIUPOKO HCHOJIb3yeMBbIi B XO/A€ IPOBEIECHMsS aHaiu3a SKOHOMMYECKUX SBJICHUH,
CTAaTUCTUUYECKUX JIAHHBIX U X035 CTBEHHOM JeATEIbHOCTH OpraHu3aiui.

Pemenue 3agau:
3agaua 1.
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YeMnuoHAT 1O XOKKEI MPOXOJUI B UEThIpe Kpyra. AJeKceil cieaus 3a KOJIN4eCTBOM
3a0pOLIEHHBIX 11aii0 CBOMX JHOOMMBIX KOMAH]I U 3allMChIBa pe3yibTaThl B Tabuuiy. Mcnonb3ys
JaHHBIE 3TOW TAaOJIMIIbI, OTBETh Ha BOIPOC.

HOMeEpI;rrl;OBOFO «MeTtamnypr» «I?)zﬂa?:j «Axk bapce»
[lepBsrIit kpyr 32 35 29

Bropoii kpyr 40 45 34

Tperuii kpyr 37 38 30
YeTBEPTHIN KpyT 44 31 46
Ckoubko mai6 0110 3a0polieHo KomaHaoi «MeTtaurypr» B 4eTBEPTOM Kpyre?

3agaua 2.
Huxe npuBeneHbl JaHHBIE 32 TPU I'O/1a O KOJIMYECTBE AOXKJIMBBIX JHEH B HIOHE-OKTAOpe
B CrapoMm Ockose. Mcnonb3ys 3TH faHHbIE, OTBETh HA BOIPOC.

Mecsig 2013 rox 2014 rox 2015 rox
Uronb 11 6 8
Uronb 8 3 8
Asrycr 9 5 0
CenTts6pb 13 4 1
OkTs0pb 7 3 5
CkoJibko noIIMBBIX qHel 0110 B CtapoM Ockone B ceHTsOpe 2014 roma?
3agaua 3.
Ha nrpe KBH cyapn noctaBuim oneHKH KOMaHaaM 32 KOHKYPCBI:
bamnsl bamnsl baner 3a
Komanna 3a KOHKYpC 3a KOHKYpPC | My3bIKaJbHBIN
«IIpuBercrBue» «CTOM» KOHKYpPC
«Jlnomsl» 23 20 24
«HTapm» 28 21 22
«bneck» 21 18 27
«Jlupukm» 27 22 20

Kakas komania HaOpasia HanOosbIee ynciao 6anaoB B KoHKypcee «IIpuBercTBue»?

B omseme ykascume 00Ho c1060 — Hazeanue KOMaHowvl 8 UMEHUMENbHOM naoedice.

3agaua 4.

B Tabnuie npuBeneHs! JaHHbIE O KOJIMYECTBE AEBOYEK U MAJIbUMKOB B MATH YETBEPTHIX
KJjlaccax Hikosbl. Mcnonb3ys 3TH gaHHbIE, OTBETHTE HAa BOIPOC.

KonnyecTBo MIKOJILHUKOB
4 «A» 4 «by» 4 «B» 4 «I'» 4 «JI»
Maspyuku 13 10 15 16 17
JleBouku 15 14 14 12 9
B xakom kiiacce HanOoJIbInas pa3HUIla MEXKIY YMCIIOM MAIbYUKOB M IEBOYEK?
3apaua S.

B TtaGnuiie mpuBeneHbl JaHHBIE O YHMCICHHOCTH HacejeHus Tpéx obmacteit Poccuu B
pasHblie TOABI (B ThIC. yeloBeK). Mcnonb3ys 3T JaHHbIE, OTBETHTE HA BOIPOC.
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UuciieHHOCTh HaceneHus
19701.119791.{1990 1. [2000T.| 2010 T.
AcTtpaxaHckas 1400 | 1467 | 1575 | 1390 1230
MypMaHcKas 800 965 1191 941 795

Kanuuunrpanackas 730 807 881 959 940

B kakoM rojiy 4McieHHOCTh HaceleHNs B ACTpaxaHCKOM obsacTu Obliia HanbobIei?

B omeeme ykasicume uucio — 200.

3anaua 6.

backerOosibHas KOMaHJa JETCKOM CHOPTUBHOM WIKOJBI BCTpedyanach € KOMaHAaMH
HECKOJIbKUX IIK0Jd. KommuecTBO 0ukOB, HaOpaHHBIX MTPOKAMM, TPEHEP 3alHChIBal B TaOJUILY.
Hcnonb3ys Tabauily, OTBETHTE Ha BOIPOC.

O6nacTb

Homep urpsi Aptém Tumyp Baagumup
[lepBas urpa 2 9 9
Bropas urpa 6 5 8
Tperbst urpa 8 2 7
UYerBépTast urpa 4 10 9

Ckoubko 04uKkoB HaOpan Bnagumup B Tperbeit urpe?

3agaua 7.

Hwxe npuBeneHbl AaHHbIE O KOJMYECTBE PA3JIMYHBIX OTMETOK IO MaTeMaTHKE 3a
YeTBEPTYIO YETBEPTb B Pa3HbIX Kjaccax OJHOM MIKOJbl. Mcnonb3ys 3T JaHHBIE, OTBETh Ha
BOIIPOCHI.

Kunacc OtMmetka «3» OtmeTtka «4» OtMmertka «5»
4 «A» 6 11 6
4 «b» 2 13 8
4 «B» 5 12 5
4 «I'» 7 9 10
Ckoupko mATEPOK o MaTemaTHke B 4 «I'» knacce?
3anaua 8.

B Teuenme TpEx ner yuutenb (UKCHPOBAN KOJIMYECTBO «IATEPOK» 3a KOHTPOIBHEIC
paboThl IO MaTeMaTUKe JUIsl OAHOW WM TOW K€ TPYIIBI JAeTed. DTH NaHHBIE MMPEACTABICHHI B
TadsuILE.

l'on
Mecsan
2013 ron 2014 ron 2015 ron
Cents0pp 16 14 17
OxTs6pb 6 4 10
Hos6pb 8 16 5
Jexabpb 16 5 18

B xaxom mecsie 2014 roga 66110 HaUOOJIBIIIEE KOTHYECTBO KIISTEPOK»?

B omeeme yxaoicume 00HO c1060 — HA36AHUE MECAYA 8 UMEHUMETbHOM naodedice.

3apauya 9.

[Iérp MBaHOBHY BBIpaIIMBAET MOPKOBB, YK U CBEKITY. Kaxablil 0BOII OH BhIpalMBall Ha
OT/IETIbHOM YyYacTKe B TeUeHHH 4eThIpEX jeT. [1érp ViBaHOBMY 3aHOCHT B TAOJIHILy KOJHYECTBO
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KUJIO'PaMMOB ypO’Kasi, KOTOPOE OH MOJIy4aeT ¢ Ka)XJO0ro ydacTka 3a roi. Mcmonesys tabmuiy,
OTBETHTE HA BOIPOC.

T'oabl o mopsiaAKy MopkoBb Jyk Ceékia
[TepBoiii rox 750 kr 560 kr 690 kr
Bropoii rox 720 xr 380 kr 740 xr
Tperuii ron 630 xr 730 xr 680 xr
YeTBEPTHIN roj 690 kr 710 kr 620 kr

YpokaifHOCTBh KaKOT0 OBOIIA ObLIa HANOOJIBIIEH 32 BTOPOU Toa?
B omeeme ykasicume o0no co60 — Hazeanue ogowja 8 UMeHUMeIbHOM naoexice.

IIpakTuueckas paéora Ne60
Tema 10.6: CocraBiieHue TaOJIMIl U JUArpaMM Ha MPAKTHKE
Henanb: HayunThes paborath ¢ fuarpamMmamMu

TeopeTudeckasi 4acTh:

Haubonee pacnpocTpaHeHHBIM COCOOOM IpaduuecKoro u300pakeHusl CTaTUCTHUECKOM
UHGOpPMAIUH SIBIAIOTCS JUATPaMMBI.

JlnarpamMmbl IPUHATO MOAPA3ALIATH 0 UX (opMe Ha CIENYIONINE BUIbI:

* CTOJOUKOBBIE TUATPAMMBIL;

* I0JI0COBBIE JUArpaMMBbl;

* KpYTOBBIE IUAarpaMMBblI;

* JIMHEWHBIC AUATPAMMBbI;

* (urypHble TUarpaMMsi;

Jpyrum npu3HaKoM NoJpa3jeieHusi AuarpaMM siBisgercs ux conepxkanue. [lo sTtomy
MPU3HAKY OHU TMOJPA3ACISAIOTCS HA AMArpaMMbl CPaBHEHHS, CTPYKTYPHbIE, JUHAMUYECKHE,
rpa)uKM cBsi3U, rpapuKu KOHTPOJIS U JIp.

JluarpaMMbl cpaBHeHMSI OTPAXKAIOT COOTHOILIEHHS pa3IMYHbBIX UCCIENyeMbIX 00bEKTOB
B CBS3M C KaKMM-THOO SKOHOMHYECKHM mokazareieM. CaMmbIMH ynOOHBIMU Tpadukamu, Ha
KOTOPBIX OCYILIECTBJIIETCS COMOCTABJICHUE BEJIMYMH SKOHOMUYECKHX IOKa3aTelsieH, SBISIOTCA
CTOJIOMKOBBIE M TOJIOCOBBIE auarpammbl. JIs M300pa’keHUsT TakuX AUarpaMMm IpUMEHSETCs
MPSIMOYTOJIbHASL CUCTeMa KoopanHat. Ha ocu abcruce Takux rpadukoB moMeniaeTcss OCHOBa ISt
OIpENEeJICHHBIX CTOJOIIOB OJWHAKOBOIO pa3Mepa AJid BCeX HCCIENyeMbIX 00bekToB. BricoTa
Ka)XI0r'0 UX CTOJIOIIOB I0JKHA BBIPAXKATh BEIMYMHY TOIO SKOHOMUYECKOT 0 MOKa3aTeNsl, KOTOPBIH
OTpPa’KeH B OMNpEIEIeHHOM MaclTade Ha Och OpAMHAT. TakoBBI OCOOEHHOCTH CTOJOMKOBBIX
nuarpamm. [ponmmttoctpupyem ux cneayroieii cxeMmoit (cM. cxemy Nel).

IMosnocoBbIe AMArpaMMBbl, B OTIIMYKUE OT CTOJOMKOBBIX, U300pakaroT MO TOPU3OHTAIIH:
OCHOBA I10JIOC pacroJjiaraeTcs Ha OCH OpJUHAT, a SKOHOMUUYECKUE OKa3aTe/Id B ONPEIEICHHOM
Mmaciitabe — Ha ocu abcIucc.

KakoBbl k€ OCOOCHHOCTHM KpPYrOBBIX W KBaJpaTHBIX auarpamMmm? B pspge ciydaes
IUarpaMmbl CpaBHEHHS MPEICTaBISIIOT cO00M Kpyrd AuOO KBaApaThl; MX IUIOLIAAb SBISETCS
MIPONOPLIMOHATILHON BEJTMUHUHE ONPE/IeICHHBIX 3KOHOMHY ECKHUX ITOKA3aTeNIEH.

@urypHble AHATPAMMBI COAEPKAT COOTHOLIEHHS] ONpPENEICHHBIX 3KOHOMUYECKUX
nokasaresne (00bEeKTOB), KOTOpPHIE MPEACTaBICHbI B YCIOBHOM BHJIE KakK OIpeneleHHbIE
Xy0XKEeCTBEHHbIE (PUTYPBI, HATIPUMED, TOJIOBBI KPYITHOT'O POraTOro CKOTa, KAKHe-TH00 MAIIUHBL,
u np. Takue nuarpaMMbl IpH TIEPBOM K€ B3TJIsAe HA HUX (UKCHPYIOT Ha ceOe BHUMAaHHE, H
MPEJCTABISIOT OINPEACICHHYI0 YHCIOBYIO HWH(MOpMaInuio B HauOolee TOXOJYHBOM BHJIE.
CrtpykTypHble AMarpaMMbl (MHa4Ye-CEKTOPHbIE) MAlOT BO3MOXXHOCTh IPEACTaBUTH COCTaB
HCCIIENYEMBIX APKOHOMHYECKUX TOKas3aTened M Moo (yAeTbHBIH BEC) KOHKPETHBIX YacTeill B
COBOKYIMHOH CyMMe€ OJKOHOMHYECKOro ToKazaTens. B paccMaTpuBaeMbIX —Juarpammax
HSKOHOMHUYECKHE SBIICHUS MTPEICTABISIOTCS KaK OINpeNleNICHHbIEe TeoMeTpuuecKkue (purypsl (Kpyru
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WIN KBaJpaThbl), KOTOpPbIE pa30UThl Ha HECKOJIBKO CEKTOpoB. Iliomane kpyra uiaM KBaapaTa
IIPUHUMAETCSl PaBHOM CTa mpoueHTaM oo exuHuie. [lnomans ke 1000ro 1aHHOrO CEKTOpa
XapaKTepU3yeTcs J10JIell paccMaTpUBaeMO YaCTH B COCTaBe CTa MPOLEHTOB UM €IUHHILIBL.

JluHaMuYecKHe JMArpaMMbl XapaKTepU3ylOT JAMHAMHUKY, TO €CTb H3MEHEHHUS
KOJIMYECTBEHHOM OILIEHKM JAaHHOTO 3KOHOMHYECKOIO SIBICHHUS B TEUEHHE W3BECTHBIX IEPUOJIOB
BpeMeHH. C 3TOH LeNbI0 MOTYT NIPUMEHSThCA JIIOOBbIE U3 PACCMOTPEHHBIX BHUJOB JHArpaMm
(cTonOUKOBBIE, ITOJIOCOBBIE, KPYT'OBBIE, KBaJApaTHbIe, GUTypHBIE). BMecTe ¢ TeM varie Bcero 3/1ech
UCTONB3YIOTCS JIMHEWHble auarpammbl (rpaduku). Ha Takux guarpamMmax H3MeEHEHUE
KOJIMYECTBEHHOM OLIEHKM SKOHOMUYECKOrO SIBJICHMSI H300pa)kaeTcsl ONpeNeleHHON JMHuel,
KOTOpasi BbIpa)kaeT HEMpPEPBIBHOCTh Mpoucxoisauiero npounecca. Ha ocu abcuucc nuHelHOro
rpapuka M300pa)xkaroTCs OMpEeNeHHbIE TIEpHOJBl BpPEMEHHM, a Ha OCH OpJUHAT —
COOTBETCTBYIOIME BETMYUHBI JAHHOI'O SKOHOMUYECKOT O ABJIEHUS 32 PaCCMaTPUBAEMbIE IEPUOIBI
BPEMEHU B COOTBETCTBUU C IPUHATHIM YHCIOBBIM MaCLITa0OM.

Pemenne 3agau:

3agaua 1.

Hcnone3ys auarpamMmmy, OTBETHTE Ha BOIPOC.
Yucao A

Aereit PoxpnaemocTs aeteil B cene Tpouukom

HAun. Des. Mapr Aap. Mait Mo Hiom Awur. Cenr. Oxr, Hoxu6. Jlex.

Ckoubko geteit poaunock B Mapre?
3agaua 2.
Ha numarpamme TmoOKa3aHO pacrmpeleicHHe JTHEBHOWM HOPMBI THUTaHUSA, KOTOPYIO

PECKOMCHAYIOT BpavH. I/ICHOJ'IBBySI AuarpaMmy, OTBETbTC HAa BOIIPOC.
Hopma nuraHua 3a cyTkum

Bropo# saBrpak

3aBTpak

20

CKOJIBKO pa3 B I€Hb PEKOMEHAYIOT IUTaThCsl Bpauu?

B omseeme ykasicume yugpy — xonuvecmeo pas.

3agaua 3.

N300pakéHHAs HUKE AMarpaMMa Iocaj oK B cajly HarjIsIHO IMOKa3bIBAeT, KaKas 4acTh caja
OTBE€ACHA 110 516JIOHI/I, Fp}/H_II/I u KyCTLI CMOpPOAUHBI. I/ICHOHBByH ,Z[I/IanaMMy, OTBETHTEC HA BOIIPOC.
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~ KOJIMYCCTBO A010Hb

— KOJIHYCCTBO I'pyLu

-———

® o] — KOJIHYECTBO KYCTOB CMOPOAMHbI

Kakue nepeBbst 3aHUMAIOT OOJIBILYIO YaCTh caja?

IIpakTnueckas padora Ne61
Tema 10.7: KonrtponbHast pabora mo pasmeny 10 «DmemMeHTbl KOMOMHATOPUKH,
CTaTUCTUKU U TEOPUU BEPOSITHOCTEN)
Heasn: [IpoBepuTh ypoBeHb yCBOEHMs JAHHOIO MaTepuana mno pasaeny 10 «DnemeHTbI
KOMOMHATOPHKH, CTATUCTUKU U TEOPHH BEPOATHOCTEH»
Ilpu pewenuu 3adanun 1-4 3anuwiume npasunbHLIL OmMEEM U3 Uemblpex

npPeonoHceHHbIX.

1. (1 6amn) KomOunaTtopuka - 3TO pa3iesn MaTEeMAaTHKH, OTBEUAIOIIMA HA BOMPOCHI
CKOJIbKHMH CIIOCOOaMH MOXHO BBIOpATh JIEMEHTHI ...

A) 3agaHHOTO KOHEYHOTO MHOXECTBa; b) OeckoHedyHOro MHOXecTBa; B) moboro
MHOXeCTBa; ) HpparmoHaIbHBIX YUCET.

2. (1 6amn) CoequHeHHs U3 N 3JIEMEHTOB, OTJIMYAIOIINECS IPYT OT Jpyra TOJbKO MOPAIKOM
pacrooXeHHs B HUX 3JIEMEHTOB, HAa3bIBAIOTCS:

A) nepectanoBkamu; b) coueranusimu; B) pazmemenusamu; ') komOuHanusmu.

3. (1 6amr) Yucmo BceX BO3MOXKHBIX pa3MEIICHUI BBIUUCISETCS TTO GopMyJIe:

AAT=nn—m);B) A =n(n—1)..(n—m+1);B) AT = n ;D) AT =n(n+

(n-m)"’
m)

4. (1 6amr) I'pynmupoBka — 3T0...

A) ymopsaoueHHe eIUWHUI] COBOKYNMHOCTH M0 Tpu3HaKky; b) pa3zbuenHue eaumnui
COBOKYIHOCTH Ha TpyHIbl MO Mpu3HaKy; B) o6obmienne ennHuyHbIX ¢aktoB; ') obobmieHue
€IMHUYHBIX TPU3HAKOB.

Ilpu évtnonnenuu 3a0anuii 5-8 3anuuiume x00 pewieHus u NOJIYYeHHbLIL OMeem.

5. (2 6amna) B cpengnem u3 2000 canoBbIX HAcocoB, MOCTYNMBIIMX B Ipopaxy, 6
noxarekaroT. Haliiure BEposTHOCTh TOTO, YTO OJUH CIy4dailHO BBIOPAHHBIM 711 KOHTPOJISI HACOC
HE MoATeKaeT?

6. (2 6amna) [Tpubsuts 5 MarazunoB coctaBui 3a mecsi: 30000 py6., 100000 py6., 50000
py6., 35000 py6., 60000 py6. ITocTpouTts auarpamMmy, WIDIFOCTPUPYIOIIME AAaHHBIE O MPUOBLIN
Mara3uHoOB.

7. (2 6amna) liBeToBOAY MPENNIOKUIA YKPACHTh KIymMOy IIBETaMH, MCIOJIB3YsS 3 BHUIA.
CKOJIbKO pa3InyHbIX BAPUAHTOB €CTh Y IIBETOBO/A, €CIIM €CTh BEIOOD U3 5 BUJOB pa3HOIl paccasbl?

8. (2 6anna) CkonbKUMU CIOCO0OAMU MOKHO TTOCAAUTh 4 KyCTapHUKA B OJUH Psia?

Smanouvt omeemoas:

Howmep 1 2 3 4 5 6 7 8
3a1aHUA
OTtBer A A B A 0,997 - 10 24

IIpakTnueckas padora Ne62
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Tema 11.2: [TapannenbHOCTh NPSAMBIX, TPSIMOHN U IJIOCKOCTH, IMJIOCKOCTEH
eab: Hayuntbes pemaTs 3a1a4u, HCHOJIb3Ys CBOMCTBA MapaJUIEIbHbIX MIIOCKOCTEN

TeopeTuveckasi 4acCTh:

Onpenenenune. [Ipsimast 1 IUIOCKOCTh Ha3bIBAKOTCS NApauIEIbHBIMU, €CJIM OHU HE UMEIOT
001X To4eK (a || o)

IIpu3nak napanjieJbHOCTH NPAMON H IJIOCKOCTH.

Teopema. Ecnu npsiMas, He exalnas B JaHHOM IJIOCKOCTH, MapajuleibHa Kakol -HUOy b
MPSIMOM, JIeXkKAIIe B 3TON MJIOCKOCTH, TO OHA MapajuleIbHa CaMOM INIOCKOCTH.

£
T allb
boo= al|o
b ag o
puc. 1
3ameuanus.
Ecom  miIockocTh MpPOXOAMT 4Yepe3 JaHHYK IMPAMYIO,
MapajulesIbHYI0 APYroM IIOCKOCTH, U IEPECEKAET ATy IIIOCKOCTh, TO
JIMHUSI TIEpEeCceUeHus TJIOCKOCTEN nmapasiesibHa TaHHOW PsIMOH.
Ecnu onHa W3 nByX mapaljienbHbIX MPSMBIX THapaljeibHa
JTAHHOM IIJIOCKOCTH, a Apyras npsMasi UMeeT C IJIOCKOCThIO OO0
puc. 2 TOUYKY, TO 3Ta MPsIMas JIEKUT B TAHHOU MIOCKOCTH.
BuIBOaBI.

Crnydan B3aMHOIO PACIIOJIOKEHUS IPAMON U IIJIOCKOCTH:
a) mpsiMast JIGKUT B TIIOCKOCTH;

0) mpsiMasi ¥ TIOCKOCTh UMEIOT TOJIBKO OFHY OOIIYIO TOUKY;
B) MmpsiMasi ¥ INIOCKOCTh HE UMEIOT HU OJTHOM 00IIel TOYKH.

J = Omnpenesenue. /[e IIJIOCKOCTH Ha3bIBAIOTCS
— NapajuleJbHBIMU, €CJIIM  OHM HE HMEIT OOIMX  TOYEK.
/ 2 [MapaniensHOCTh MIOCKOCTEH o U B 0003HaYaeTcs Tak: o || B
Sf— 4 PaccmoTpuMm  mpH3HaK = mapajiieNbHOCTH  JIBYX  IIJIOCKOCTEH.
Teopema. Ecin  nBe nepecekaromuecss MNOpsMble OXHOU

IJIOCKOCTH COOTBETCTBEHHO MAapajlIeNbHbl ABYM IpPSMBIM JIpYroi

IIJIOCKOCTH, TO 3TH IIJIOCKOCTHU I1apaJlJICIIbHBI.
Cnyan/I B3aMMHOI'O PACITOJIOKCHU S MJIOCKOCTEH

puc. 3

IJIOCKOCTH o U F IMEPECCKArOTCA.

puc. 4

/ TUTOCKOCTH o ¥ F TapaiyIeNIbHBI.
ol.
puc. 5

CBolicTBa napasuienbHbIX INTIOCKOCTEN:
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]
1. ECJII/I AIBE HapaHHeJIbeIe IIJIOCKOCTHU HepecequBI

- TPEThEM, TO JIMHUM MX NEPECEUEHUS aPaJIIEIbHBL.

puc. 6
E i A
|
AX
2. OTpe3ku napauiebHbIX MPSIMBIX, 3aKJIF0UEHHBIC MEXTY
/ g ? MapauieTbHBIMU TIJIOCKOCTSIMH, PABHBIL
v
puc. 7

Pemienue 3agau:
Han yron AOD u nBe nmapauiesibHbIe THIOCKOCTH o, H [3.
0

A/

ITnockocts o nmepecexaer ctoporsl yriaa OA u OD cootBerctBeHHo B Toukax A u D,
IJIOCKOCTH 3 9TH CTOPOHBI TIepecekaeT COOTBETCTBEHHO B Toukax B u C.

JaHo:

0OB=8

AB=6

BC=9

CD=2

Haiitu AD, OD

Uepes Touky O, KOoTOpas HaXOAUTCS MEXKIY NapajuIeIbHBIMH IUIOCKOCTSMH O | [3,
IpOBEACHBI MpsiMbie C U 0, mepecekaroliyue IUIOCKOCTH TakK, 4To Toukd A u B Haxomsarcs B
miockocty o, a Touku C u D - B mmockoctu B AB=18 cm, DO=26 cm u AC=3-A0

Bemaucnutes: BD;CD

c d

[TapasniensHble IIIOCKOCTH O U 3 TiepeceveHbl mpsiMbiMu C 1 d
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Croponsl AN mepecekaroT  mapajuienbHble  TockocTH BuaB  Toukax C,D u A,B.

Boraucim niunay orpeska AB, ecmn NA=13 cm, NC=20 cm u CD=55 cwm.
N

Croponsl 4N nepecekaroT napajienbHble JIOCKOCTU B U o

Hanbl mnapannensHble IiockocTH o U 3. Touku A u B Haxonmsitcs B IJIOCKOCTH 0O, a
touk C u D B mmockoctu B. {nuna orpeska AC=7, muimHa otpeska BD=12.

CyMMa mpoeKIuii 3TUX OTPE3KOB B IJIOCKOCTH 3 paBHa 8.

Haiitu 1ymiHY IpoeKIuii 000MX OTPE3KOB.

A B

IIpakTnueckas padora Ne63
Tema 11.4: Teopema o Tpex neprneHauKyaspax. Pemenue 3agau
Hean: HayunTtbea pemars 3aa4u, HCIIOJb3Ysl TEOPEMY O TPEX MEPIEHINUKYJIIIpax

Teopernveckasi 4acCTh:

Nmeem mtockocts o (puc. 1). B mmockoctu o aexut npsmas b. AH — nepneHaukyisp K
MJI0CKOCTH o, AM — HaknoHHas1, MH - mpoekiusi HakKJIOHHOW AM Ha MII0CKOCTh «.

ITo Teopeme o Tpex MepreHIUKYIISIpax, HAKIOHHAS TEPIICHIUKYJISIpHA K TpsiMoid b Torna
Y TOJIBKO TOT[a, KOT/Ia €€ MPOCSKIMS NePIeHIUKYIISIPHA K IPSIMOii b.

blAM &b L HM

Puc. 1

B teopeme uuer peub Tpex MeprneHauKyIspax. YKaxeM ux:

AH — 5TO TIepIeHIUKY ISP K TUIOCKOCTH 0, @ 3HAYHT, K MPAMOH b.
HM — nipoexiusi, mepreHauKyJIsap K mpsamoi b.

AM — nakaoHHas, TEPHEHIUKYIIP K MpsiMoit b.

Yron Mexay npsiMOd M TIIIOCKOCTBEO
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PaccmoTpum miockocts o U npsaMyro a, a = AM (puc. 2). Ilycts npsimasi a nepecekaet
IJIOCKOCTh (L, HO HE NEpHeHAMKYJIpHA ed. Torma yriiom Mexay IpsMOMl a U IUIOCKOCTBIO O

HA3bIBAETCS YroJl MEXIy NPsAMOM a U ee IpoeKUueill Ha 3Ty MJIOCKOCTb. TO eCThb, Yyroia Meny

MPSIMON a M TIIOCKOCTBIO o - 3T0 yroin AMH. Ilycth <AMH = @y,

Puc. 2

CBoiicTBO yriia Mexk1y NpsiMoii ¥ MJIOCKOCTHIO

UYepes Touky M B IIIOCKOCTH 0. TIpoBenieM mpsimyro MB (puc. 2). PaccMoTpum yro Mexay
IpsAMOM a 1 npsmon MB, Ha30BeM ero ¢. Toraa no cBOKMCTBY yria MEXy IPSIMOU U IIJIOCKOCTBIO
MOJTy4aeM, 4TO Po <P

Pemenne 3agau:

3anada 1

[Ipsimas AK neprieHauKymspHA K IJIOCKOCTH MPAaBUIIBHOIO TpeyroiasHuka ABC, Touka M —
cepenuHa croponsl BC.

1) Hokaxute, uto MK 1L BC

2) Haiigute yron mexxay npsmoit KM u niockoctsio ABC, ecmu AK = a, BC = 2a.

1) Hano:

AB =BC = CA,

AK 1 ABC,

BM = MC.

JHokazamv. MK 1 BC.

M

B

Puc. 3

Jlokazamenbcmeo.

AM - »t0 mpoeknus HakiIoHHOW KM Ha mockocte ABC. AM - menuana. [lo cBOWMCTBY
IIPaBUJIBHOT O TpPEeYroJbHHUKa Menuana AM sBisiercs u BBICOTOH, TO ecTb
npsimbie BC u AM neprneHIuKyJIapHbI.

[lepBsiit crioco6:

[Ipsimas BC nepnenaukyisipia AM - npoekunn HakinoHHou MK. Ilo Teopeme o Tpéx
MEPIEHANKYJIApax MoiydaeM, 4To npsmas BC nepneHauKyasipHa ¥ HakJIOHHON MK, 4TOo mn
TpeOOBAJIOCH JI0KA3aTh.

Bropoii ciocob:
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https://interneturok.ru/lesson/geometry/10-klass/perpendikulyarnost-pryamyh-i-ploskostejb/tipovye-zadachi-na-primenenie-teoremy-o-treh-perpendikulyarah-na-ugol-mezhdu-pryamoy-i-ploskostyu#mediaplayer

[Ipsimas AK nepnenaukynaspHa miockoctd ABC, a 3HauuT, U npsmoil BC, nexaiiei B
minockoctu ABC. Nmeem, BC nepnenaukynapHa AM, BC nepnennukyinsapHa AK, 3nauut, BC
MEepHEeHIUKYJISIpHA MIIOCKOCTH MAK, a 3Hauut, u npsimor MK, nexaiieil B 3Toi NIOCKOCTH, 4TO U
TpeOOBaJIOCh JI0KA3aTh.

2) Hano:

AB =BC = (4,

AK 1 ABC,

BC = 2aq,

AK = a,

Haiimu: 2(KM; ABC)

Pewenue:

VYoM MeXy IPsMOM U IIOCKOCTBIO HA3bIBACTCS YIOJI MEXKAY NPAMON U €€ MPOCKIUen
Ha MIockocTH. Mbl umeeM HakJIoHHYI0 MK, umeem ee npoekuuto AM. 3Ha4uT, yrioMm Mexay
npsimoit MK n nnockoctsio ABC sBnsierca yron AMK.

Tpeyronbuuk ABC — npaBWiIbHBIA. 3HAUMT, Bce €ro yribel paBHbl 60°. 3Hauut, £LABC =
60°.

Paccmotpum TpeyronsHuk AMB. OH npsiMoyroJibHbId, Tak kKak AM L BC. Haitnem AM:

V3

AM=AB-sin.iABC=2a-sinED°=2a-?=m@.

PacemoTpim paMoyronsHati Tpeyromsimk AMK. AK = a, 4M = av3.

AK e

M a3 V3

£AMK = 30°

tg LAMK =

Yron AMK — ocTpblii, 3HaYUT,

Omeem: 30°.

3anada 2

N3 touku M npoBeneH nepneHaukyisap MB k miockoctu npsmoyronbauka ABCD (puc.
4).

1) JoxaxwuTte, yTo TpeyroabHUuku AMD u MCD — npsiMOyTOJIbHBIE.

2) Haiigute yron mexay npsmoit MD u nnockoctbio ABC, eciiu CD = 3c¢wm,

AD =4 cm, MB=5 cm.
M

Puc. 4

1) /lano: npsmoyronsuuk ABCD, MB 1L ABC.

Jlokazamv: AAMD n AMCD — npsiMOyTOJIbHbBIE

Jloxazamenvcmeo:

MB — nepnenaukynsp k 1uockoctd ABC. MA — HakioHHasA, BA - ee mNpoeKuusl.
[Ipoekuust BA neprneHANKyIsipHA npsmon AD u3 mnockoctu ABC. 3HayuT, 51
HakJoHHas MA nepnenaukyisipHa DA (o TeopeMe o Tpex MeprneHauKyiIspax). Takum odpazom,
TpeYroJIbHUK AMD - IpsIMOYT OJIbHBIH, TaK Kak yroi MAD - npsMoi.

Ananoruyno, MC — HaknoHHas, BC - mnpoekius HakimoHHOM MC Ha miockocth ABC.
[poeknus BC nepnenaukynsipaa CD, 3Hauut, U HakiloHHas MC nepnennukyisipHa CD(1o
TEOpeMe 0 Tpex NeprneHanKysapax). Yroan MCD npsmoi, TpeyroabHuk MCD npsMOyTrOJbHBIM.

2) [lano:
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ABCD — npsamoyronsnuk, MD L ABC

CD=3cMm, AD =4 cm, MB =5 cm.

Haiimu: 2(DM; ABC).

Pewenue:

Yronm Mexay NpsAMON M IUJIOCKOCTBIO - 3TO YroJl MEXIY IpsAMON M €€ NMPOEKLUUed Ha
IJIOCKOCTh. DM - HakiioHHas1, DB ee nmpoekius Ha TI0cKocTh ABC, cinenoBaTeibHO, HAM HY)KHO
Haiitu yron MDB. O603Ha4uuM €ro 3a @.

Paccmorpum  mpsimoyrosibHbI  TpeyroibHUK BAD. AB=CD= 3 cM  (kak
MIPOTHBOIIONIOKHBIE CTOPOHBI NpsiMoyroibHuKa). Halinem BD no Teopeme [1udaropa.

BD =+/AB? + AD? = /32 + 42 =5 (o).
Paccmorpum npssMoyroinbHeli TpeyroinbHuk MBD. Haninem yroin BDM.

. _MB S5 .
g9 Bp 57
J— o
Yromn ¢ — oCTphIid, 3HAUMT, @ = 45°
0 . 45°
meem:

IIpakTnueckas padora Ne64
Tema 11.5: [TapaiutenpHble, NepIEHANKYISPHBIE U CKPELIMBAIOIINECS NIPAMbIE
Henab: HayunTbcs HaAXOAUTH Yrojl MEXKIY CKPEIIMBAIOIIMMUCA IMPSAMBIMHU, IPUBECTH
HpaKTHYECKUE IPUMEPHI MapayIeNIbHbIX U CKPELIMBAIOIIMXCS ITPAMBIX

TeopeTuyeckas 4acThb:
Bo03MOKHBI TpH ciydas pacroyIOKEHUs IPSIMBIX B IPOCTPAHCTBE:

I / a
J napajuiejibHO / / ,
/ )

/ a a
o MEepECEKATCs / b ,
| / 5
o /
’

o CKPEILMBAIOTCS

T

7’

-

Z

Yeon mesncoy ckpewqusarowpumuca npamovimu
Yenom  merncoy - ckpewgusarowgumuca - npamelmu  Ha3bIBAIOT  YIOJd  MEXIY
MePEeCeKAIIUMUCA TPSIMBIMU, COOTBETCTBEHHO MapaUIeIbHBIMUA JaHHBIM CKPEIIMBAIOIINMCS
MPSIMBIM.
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b
Ha pucynke u300pakeHbI CKpeluBaromuiecs npsmeie a8 u b. [Ipsmas a' mapanienbHa
npsiMoi a, mpsmas b’ mapannensra npsmoii b. [psimbie @' u b’ mepecekarorcs. Yron ¢
ABJIACTCA YITIOM MCKAY CKPCIIUBAIOIIUMUCS ITPAMBIMHU au b

Pewenne 3anau:

1) 3aoaua. B xyobe ABCDA1B1CiD: wnaiitu yron mexay npsimeimu AB1 u BCa.

Pewenue. Tlockombky mipsMas AB;  mepecekaeT IIIOCKOCTH BB:C:1 B
Touke Bi, koropas He nexur Ha npsamoil BCi, TO MO mpu3HAKy CKpeMBarOLMXC
npsmeix ipsmeie AB; u BC: ckpenmBaroTcs.

D,

G

A B
s toro, ytoObl HaiiTu yron Mexnay npsmbiMa ABi1 u  BCi, mpoenem B kyOe

JTUaroHais 0okoBoi rpanr AD1 | quaroHanb BepxHero ocHoBanus DiBi1 (puc. 4).
D,

1

<

[To ompeneneHuto yria MeX1y CKpeIMBaIOMUMUC MpIMbIMU yrol D1AB1 u sBiseTcs
yrinom Mexnay npsimbiva AB; u BCi.  Ilockombky Tpeyroasauk ADiBi paBHOCTOpOHHWMIA,
yron DiAB: pasen 60°.

Omeem. 60°.

2) [IpuBenuTe npuMepbl MapaieNbHBIX U CKPEIIMBAIOIINXCS MPSMBIX, BCTPEUAIOIINXCS B
OKpY’KaloIleM MUpE.

Pewenne:

[Ipumeps! napaieabHBIX MNPSAMBIX: 1Ba IPOBOAA JIMHUHU 3JIEKTpOIIepeiay; UPUHA 10J1a U
LIMpHHA 10JIKA; IBE 0JIOCHl aBTOMOOMIIbHOM 10POrH.

IIpakTnueckas padora Ne65
Tema 11.5: [TapannenbHble, NEpIEHIUKYIISIPHBIE U CKPEITUBAIOIIKECS MPSMbIC
Heas: Hayuurtscs pewatsb 3a/1a4u npo¢ecCuOHaIbLHO-OPHUEHTUPOBAHHOMN
HaIpaBJICHHOCTH

TeopeTuyeckas 4acThb:

Ha miiockoctn n1Be mpsiMble WIM TNEPECEKAIOTCS, WM MapajulelIbHbl JPYr JpPyTy.
A B IPOCTPAaHCTBE BO3MOXKEH €€ OJIMH CIIy4Yail B3AMMHOI'O PaCIIOI0KEHUS MPSIMBIX.
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Pacnono)eHune NnpAMbIX B NPOCTPaHCcTBe (TpK cnyyas)

!
a M C :
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b d !
i o o7 FRE... S . ? P —— i
s 7
i /s P
nepeceKalTca napannenbHb CKpeLMBaloTCA
aNb=M cl|ld m-=p

/IBe mpsiMble B NPOCTPAHCTBE MapajjiejbHbI JPYr ApPYry, NepeceKkalTcs WIH
CKpeIMBaIOTC.

Ecnu nBe npsiMble mapasienbHbl TPEThEd, TO OHU MapaslieidbHbl APYT APYTY.

CxpeumBaomuecsi npsiMble He IIEPECEKAIOTCS U HE MapauleabHbl APYr Ipyry. Yepes
HUX HEBO3MOXKHO IIPOBECTU IUIOCKOCTb. CKpeLIMBarolyecs NpsMble JIeKaT B MapajjielbHbIX
IJIOCKOCTSX.

Pemenue 3agau

1. JIBa rpy30BuKa BbI€XaH B Pelc O B3aUMHO-TIEPIEHINKYISIPHBIM goporam. CKopocThb
ofHOro — 50 KM/4, CKOPOCTh Apyroro — 60 KM/4, B TaHHBII MOMEHT OHHM HaXOJSATCS Ha PACCTOSIHUH
7 km u 10 kM oT Hayasa myTu. Yepes kakoe BpeMs pacCTOSIHME MeXAy HUMH Oyner 35 km?

2. CkoapKko motpedyercs OeToHa JJIs TOro 4TOOBI 3aJIUTh IIBEJUICP C IMapajijieIbHBIMU
rpansMu noJiok 1211 gmunoit 10m?

LUBEMMNEP C YKNOHOM WEBENNEP C
BH¥TPEHHWX NFPAHEF NOMNOK NAPANNENBHBINMM FPAHAMM
12 ¥ nonexk 12 N

 } 7|

- 5 4. 8w
F120 mm F120 M

T e

b 52 me

IIpakTnuyeckas padora Ne66
Tema 11.6: Kortponbnas padora o pasaeny 11 «IIpsmMbie 1 MIOCKOCTH B TPOCTPAHCTBEY
Hean: [IpoBepuTh ypoBeHb YCBOCHHS AaHHOrO Marepuana mno pasgeny 11 «[Ipsmbie u
IJIOCKOCTH B IPOCTPAHCTBE»

Ilpu pewenuu 3adanuit 1-4 3anuwiume npPAGUILHBIIL OM6Eem U3 Uemblpex
npeonoIHceHHbIX.

1. (1 6amr) PacmmpyiiTe KpaTKyro 3amnuch: a€f.

A) Touka a MpUHAIJICKHUT NIOCKOCTH [; b) Touka a mpuHaanexuT npsMoit [; B) mpsimast a
MPUHAUIEKUT IIockoctu f; ') mpsMas a mepecekaer II0CKOCTb .

2. (1 6amn) [Ipssmeie AB u CJ] ckpemmBarotcsi. Kakoe pacnonoxxenue umerot npsimpie AC
u BJ1?

A) napannensHble; b) nepnenaukynspusle; B) ckpenmBatores; I') nepecekarorcs.
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3. (1 ©6amm) Ilmockoctn a m [ umetor 1 oOmyro Ttouky. KakoBo uX B3amMHOE
pacrnoioxxeHue?

A) napamnienbHbl; b) nepecekarorcs mo npsimMoii; B) comanarot; I') ckpemmBaroTcs.

4. (1 6amn) Ecnam mpsimasi, TpoBeICHHAs Ha IJIOCKOCTH Ye€pe3 OCHOBAHHE HAKJIOHHOM,
MepIEHIUKYJIpHA €€ IPOEKIIUU, TO OHA...

A) nmepneHAMKYJSIpHa U caMOi HakJIOHHOH; b) mapasuienbHa U camoil HakJIOHHOI; B)
CKpEeIIMBaeTCs C HaKJIOHHOM; ') meprenauKyisipHa OCHOBaHUIO HAKIIOHHOM.

Ilpu évinonnenuu 3a0anuii 5-8 3anuuwiume x00 pewieHus u nOJYYeHHbLIL OMEem.

5. (2 6amna) Yepes xoHIbl oTpe3ka AB u ero cepeauny M mpoBeneHbI mapajuieIbHbIe
MpsIMbIE, MEPECEKAI0INE HEKOTOPYIO IJIOCKOCTh B Toukax A1, B1 u Mi. Halinute nimuny orpeska
MMy, ecnu oTpe3ok AB He nepecekaeT niaockocth U eciiu AA1= 6,8cm, BB1=7,4cMm.

6. (2 6anna) Ipsimeie AC, AB u AJl nonapao nepnenaukynsipasl. Haiigure otpesok C/,
ecmu AB=5cm, BC=13 cm, AI[=9 cm.

7. (2 6amna) M3 TOYKH K IIIOCKOCTH ITPOBEICHEI IBE HAKIIOHHBIC. HaiinuTe NImHBI 00111eT0
MIEPIIECHANKYJIAPA, €CIIN IPOCKIUU HAKJIOHHBIX OTHOCATCA KaK 2:3 ¥ JJIMHBI HAKIOHHBIX PaBHBI 23
cm u 33 cm.

8. (2 6anmna) Haueptuth ky0 ABCIIA1B1C1/11. IToctpouts ceuenne AJl1C.

manonuvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aaHuA
OtBET B B b A 7,1 15 9 -

IIpakTnueckas padora Ne 67
Tema 12.5: bokoBasi 1 1moJiHasi TOBEPXHOCTh MIPU3MBI, U PAMUIbI
Heab: HayuynuTh BEIYUCIITH OOKOBYIO U MOJHYIO MOBEPXHOCTH MPU3MBI U THPAMHU/TBI

TeopeTudeckasi 4acTh:
[Ipuzma

Inowaoo noeepxnocmu: S=2SocutSeox, THE Seox — IUIOMIANb OOKOBOW IOBEPXHOCTH,
paBHas CyMMe IIOIIa/el BCeX IrpaHei.

[Ipsimast mpu3ma — npusma, 00KOBOE pedpo KOTOPOil MepreHAUKYISPHO OCHOBAHUIO.
Obvem: V=Soul .

IInowaow 60xo6oil nogepxnocmu: Sso=P-1, rae P — nepumerp ocHoBaHusl.

[IpaBunbHasgs mnpusmMa— npsmas @pu3Ma, OCHOBAHUE KOTOPOM — NPaBHUIIBHBIN

MHOTOYT'OJIbHHUK.
I
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[Tapannenenunen — mpusma, OCHOBAaHME KOTOPOM — mapajulejgorpaMM. Bce rpanu
rapajuleenuIea ABs0TCs apauIeIor pAMMaMH.

[IpssmoyronbHBIN Napauieaenunes — Ipu3Ma, BCe FPaHu KOTOPOU — NPSAMOYTOJIbHUKH.

Csoticmea ouazonaneti: AC1=BD1=CA;=DB1=d; d2=a2+b?+c2.

1Inowaows nogepxnocmu: S=2-(ab+ac+bc).

Ky6— mnpu3ma, Bce TpaHum KOTOpod — KBampaTthl (a=b=c). Ky0 sBisercs
napasuieNienue oM U 00JalaeT BCEMHU €ro CBOWCTBAMHU.

d =-83a: s=¢a2

IMupamuaa — 5T0 MHOrOrpaHHas oObeMHas (urypa, OrpaHUYCHHAS IUIOCKUM

MHOTOYT'OJIbHUKOM (OCHOBO#) 1 TPEYTroJbHUKAMH, UMEIOIIMX OO0 BePIINHY, HE JIXKAIIYIO B
IJIOCKOCTH OCHOBAHUS.

O0béM M II0AAb MOBEPXHOCTH MUPAMHU/ABI

@opmyna. O0beM NMPaAMH/IbI YEPE3 MJI0IAb OCHOBBI U BBICOTY:

V= SOCH'H

Onpeoenenue. bokoBasi MOBEPXHOCTh NMUPAMHUABI - 3TO COBOKYMNHAas IMJOIIAIb BCEX
OOKOBBIX TpaHEl MUPAMUJIBL.

Onpeoenenue. IloiHasi NMOBEPXHOCTh NUPAMHUABI - 3TO COBOKYMHOCTH IUIOLIAJEH
OOKOBOM MTOBEPXHOCTH U TUIOMIAAN OCHOBAHUSI TUPAMU/IBI.

@Dopmyna. Ili1omaab 60KOBO MOBEPXHOCTH NPABUIBHOM MUPAMHU/IBI Yepe3 IEPUMETP
OCHOBaHUS H aniopemy:

S—lh
b—2p

IIpumep 1. Uemy paBHa mosHasi MOBEPXHOCTb MPSIMOW TPEYroJbHOM IPU3MBI, €CIIU €€
BbIcoTa paBHa 50, a ctopoHsl ocHoBaHus 13, 37 n 40?7

Pewenue:

[TepumeTp ocHoBaHus npu3Mbl paBeH P=13+17+40=90.

[Tnomaas 60Kk0BOM MOBEPXHOCTH Sso= 90-50=4500.

[Inomane ocHoBanus Haiaem 1o ¢opmyne I'epona. Ero mnomynepumerp p=45 u

Ses =/45(45-13)45-37)45-40) = /45-32-8-5 =240

OcTanock BBIYUCINUTS MOJHYIO IOBEPXHOCTh NpU3MBbL: S=2:240+4500=4980.
Omeem: 4980.
Ipumep 2. B ocnoBanuu npsamoii npusmsl ABCDA1B1C1D1 nexur kBagpaT co cTopoHOH

2. bokoBoe pedpo MpU3MBI PaBHO \E . Halimute rpanycHyro Mepy yria MeExXAy MIOCKOCTBEO
TpeyroibHuka AB1C 1 MIockocThi0 OCHOBAHMSI TPU3MBI.

Pewenue:

[Tnockocts AB1C mepecekaer miockocTh ocHoBaHusi mpo mpsmor AC. Iloctpoum
JMHEWHBIN yroJ, COOTBETCTBYIOIMUH yIily Mexay 3TuMu miockoctamu. T.k. ABCD — kBazpart, To

€ro JuaroHajau IepeceKaroTcs IOA MpsSMBIM YIJIOM, T.€. BO LAC nanee, T npusma
npaBuibHas, To BiA=B1C. Tpeyromsank AB1C — paBHoGenpennsiii. Ero menuana B10 sBnsercs
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TaK)X€ €ro BbICOTOM, T.€. BO LAC CnenoBaTenbHO, JIMHEHHBIN £B,0B paBeH YIIy MExXIy
IIJIOCKOCTSIMH.
Paccmorpum  tpeyronsHuk BiOB. Ilockosbky npusma — mnpsmas, To yroi B B
1 1
- BO=-BD=-22=.2
TPEYTOJBbHUKE — IPSIMOM. BlB=\"{: 10 YCIIOBHIO 3a/1a4H. 2 2 . T.K. KaTeTbl B

npsiMOyTobHOM TpeyronbHuke B1OB paBHbl, TO £B,0B _450,

Omeem: 459,

Pemenne 3ananmii:

1.B mpsmMoyronpHOM mMapajiesienurneae CTOPOHbI OCHOBaHUS paBHBI 12 cM M 5 cM.
Jlmaronanp mapasesnenumena o0pazyer ¢ IIOCKOCThI0 OCHOBaHUS yroi B 45°. Haiinute 60koBoe
pebpo mapaienenumnena.

2.0OcHoBaHMEM IPSMOro Napajuienenunena sipiusercs pomo ¢ quaronansimMu 10 cm u 24 cw,
a BpIcoTa napasuienenunena pasia 10 cm. Haiinure Oonplryro 1uaroHaib napajjielienunena.

3.CtopoHa OCHOBaHMS MPABUILHOW TPEYroNbHOM MpHU3MBI paBHA § cM, O0KOBOE pedpo
paBHO 6 cMm. HaliguTe miomans cedeHus, NpoXoIsIlero Yepe3 CTOPOHY BEPXHEr0 OCHOBAHMS U
MIPOTHUBOJISKAIIYIO BEPIIMHY HIDKHETO0 OCHOBAHMUSI.

4.B npaBWIbHOI Nn-yrojbHOM IpHU3ME CTOpOHA OCHOBAHMS paBHA a U BbICOTa paBHa h.
Brraucnure nnomaan 60KOBOW M TOJIHOM MOBEPXHOCTH MPU3MBL, ecii: a)n=3,a=10cm, h=15
em; 0)n=4,a=121mm, h=8 am;B)n=6,a=23cm,h=5am;r)n=5,a=0,4 M, h=10 cm.

5.0cHoBaHuE MPAMON TPU3MbI — TPEYTOJIBHUK CO CTOPOHAMHU 5 ¢M U 3 ¢M U yriioMm B 120°
Mexay HuMH. HanOonbpinas u3 miomianeld 00KOBBIX I'paHel paBHa 35 cm2. Haiinure miomnianb
OOKOBOI1 MOBEPXHOCTHU MPU3MBI.

6.CTOpOHBI OCHOBAaHMS MPSMOT0 MapajuieJenumneaa paBHbl 8 cM U 15 ¢cM u 00pa3yroT yron
B 60°. MeHbmiass U3 miomajae AuaroHanbHbix cedyeHuid paBHa 130 cm2. Haiipute mioniaab
MMOBEPXHOCTH Mapalielenunena.

7. laHa mpaBWIIbHAsE YETHIPEXYroJibHAas MNHpPaMHia CO CTOPOHOM OCHOBaHUSA 2 CM U
BBICOTOM OOKOBOW Tpanu 6 cM. Haiaure momanm

OOKOBOW TIOBEPXHOCTH THPAMH/IBI.

8. BeicoTa TpaBWJIBHOW  YETBHIPEXYTOJbHOM MHUPAMHABI 7CM, CTOpPOHAa OCHOBAaHUS
8cMm.  Ompenenute OG0koBoe pedpo.

9. lano: SO = 4 - Beicota upamuel. ABCD - mpsmoyronsauk, AD = BC = 6; AB = DC
= 8. Haiit: Stionu., SO60k., V.

Puc, 7

sw:% DC-SM. su=,lso‘+mi;

AC=BD=+64+36 =10, AO=0D =5, OM=

""%AD=-§=3. SM=J|6+9 =5. SAM:._;. -5.

Perenue:

- 8=20; Saups =20; OK=— DC
2 (cpennsis muaus AADC). OK = 4.
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_ 2
SK=J16+|6=4JE; SMDS_56.4J5’12J—2_' SMCS-IZ\E.
S =2 1232 +2:20 22442 + 40 =8 (3v2 + 5); Sy = 6 - 8 = 48; Suo. = St +

F Soen =2442 +40+48=2442 + 88 =8(11 +34/2).
1

1
=S - h=— -48-4 =64, ? J2 )
3 3 (OtBer: B(3V2 +5), 801 +3V2); 64')

IpakTuyeckas padoraNe 68
Tema 12.7: [Ipumepsl cumMmeTpuii B mpodeccun
Heab: PaccMoTpeTs MpUMepbl CHMMETPHH BOKPYT HAC

Teopernyeckas 4acThb:

PaccMoTpuM MOHATHE CHMMETPUH € T€OMETPUUYECKON TOUKH 3PEHUS.

B yueOHuke 1o reoMmeTpun 3T0 MOHATUE BBOAUTCS cleayrommm oopasoM. Touku A u Al
Ha3bIBAIOTCSI CHMMETPUYHBIMUA OTHOCUTENBHO TOUKU O (LeHTp cuMMeTpun), eciau O — cepennHa
orpeska AAL (puc. 1, a). Touka O cuuTaeTcsi CHMMETPUUHON camoil cede.

Touku A u Al Ha3bIBaIOTCSI CAMMETPUYHBIMU OTHOCUTENIBHO MPSIMOI a (0OCh CHMMETPHUH),
ecly npsiMas a MPOXOAUT uepe3 cepenuny orpeska AAl u neprneHauKyssipHa K ’TOMY OTPE3KY
(puc. 1, 6). Kaxxnas Touka npsiMoil a cuuTaeTcss CHMMETPUYHON caMoii cebe.

Toukn A m Al Ha3bIBAIOTCS CUMMETPUYHBIMU OTHOCHUTEIBHO IJIOCKOCTH  (IJIOCKOCTh
CUMMETPHH ), €CITU TIJIOCKOCTh ~ MPOXOAUT Yepe3 cepeauny orpe3ka AAl ¥ meprneHaIuKyaspHa
K 3TOMY oTpe3Ky (puc.1,B). Kaxkas Touka MIOCKOCTH  CUUTAETCSl CHMMETPUYHOIN camoii cede.

Touka (mpsimMasi, MJIOCKOCTh) HAa3bIBACTCS I[EHTPOM (OCHIO, TJIIOCKOCTHIO) CHMMETPUH
(burypsl, eciau Kaxaas Touka (Urypbl CHMM ETPHYHA OTHOCUTEIIbHO HEE HEKOTOPOM TOYKE TOU Ke
¢urypsl. Ecnu ¢purypa umeer (puc. 1) neHTp (0Ch, MJIOCKOCTh CHMMETPHH ), TO TOBOPST, UTO OHA
o0J1ajjaeT LEeHTPaIbHON (0CeBOM, 3epKaIbHON) CHMMETPHEH.

Briensis reomMeTpudyecKkyo CHMMETPHIO, TOBOPUM O MTOJIOKEHUHU, popMe, CTPYKType. ITO
Ta CHMMETPHSI, KOTOPYIO MOYKHO HEMOCPEACTBEHHO BU/IETb.

a

M [

-~
~
\

-

A_A \ la
3) 6) =B

CuMMeTprI0 MOKHO OOHApyXHUThb IOYTH BE3J€, €CIM 3HaTh, KaK €€ HcKaTb. MHorue
HapoJpl C IPEBHEUIINX BPEMEH BJIAJIEIH MPEACTABICHUEM O CUMMETPHUH B IIUPOKOM CMBICIE --
Kak 00 YpaBHOBELIEHHOCTH M TapMOHUH. TBOpPUECTBO JIO/ICH BO BCEX CBOUX MPOSIBICHUSAX
TAroreer K cuMmeTpuu. llocpencTBoM cHMMeETpUM YENOBEK BCerja NbITalCs, MO CJIOBAM
HeMelnkoro wmarematuka ['epmana Belmsa, «mmoctmyp W co34aTh IOPANOK, KpacoTy H
coBepiieHCcTBOY. . Beitnb mox cummeTrpuelt TOHUMaIl «HEU3MEHHOCTh KaKoro-Tnoo 00beKTa, mpu
OIPENIEJICHHOr 0, pojia MpeoOpa3oBaHUAX; MPEIMET SABJISAETCS CUMMETPUYHBIM, B TOM CIydae,
KOTJla er0 MOXKHO TMOJBEPTrHYTh KaKOW-HUOYIb OMepaliu, mociie KOTOpoil OH OyAeT BHITISACTh
TaK ke, Kak U 10 mpeodpazoBanus». OnpeneneHHyto riaBy . Belinb mocBsITUI OpHAMEHTHOMN
CUMMETPUH. YTOPSIOYEHHOCTh W MOJYMHEHHOCTh OIpPENENCHHOMY Ha0opy MpaBUI MbI
o0HapyXKMBaeM B y30pax U OpHaMeHTax (cM. puc. 16).

Henw3sa He yBHIETh CHMMETPHUIO M B OrpPaHEHHBIX JparolueHHbIX KaMHAX. MHorue
IPaHWJIBLIMKY CTaparoTcsl NpHAaTh OpuiinantaM ¢GopMmy TeTpasapa, KyOa, OKTasapa WU
ukocaspa. Tak Kak rpaHaT UMEET T€ K€ DJIEMEHTHI UTO U KyO, OH BBICOKO LIEHUTCS 3HATOKAMHU
JparomeHHbIX KaMHel. Xy10)KeCTBEHHbIE W3JIeNUsl U3 TPAaHAaTOB OBbLIM OOHapY>KEHBI B MOTHJIAX
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Hpesuero Erunta, OTHOCSAIIUXCS el K JOJUHACTHUECKOMY Mepruoay (CBBIIIE IBYX ThICAYENEeTUN
JI0 H.2.).

B xomnmexkumsx DpmuTaka 0COOBIM BHUMAHHUEM IOJNB3YIOTCS 30JIOTHIE YKpaIICHUS
npeBHUX CKU(oB. HeoObryaitHO TOHKA Xy10)KEeCTBEHHAs pad0Ta 30JI0ThIX BEHKOB, IHAJ/IEM, JIepeBa
Y YKpalIeHHBIX JParoleHHbIMHI KPacHO-(PHOIETOBBIMU I'PAHATAMHU.

OngHuM M3 caMbIX HaIJISIIHBIX HCHOJB30BAHUN 3aKOHOB CUMMETPHHM B KU3HHU CIYyXKaT
CTPOEHHUSI ApXUTEKTYpbl. DTO TO, YTO Yallle BCErO Mbl MOXEM YBUIETb. B apxurektype ocu
CUMMETPHUM MCIOJB3YIOTCA KaK CPEACTBAa BBIPAKEHHUS apXUTEKTYpHOro 3ambicia. [Ipumepos
HCIIOJb30BAaHUSI CHMMETPUU B apPXUTEKTYpPE MHOKECTBO, OJJHUM M3 HHUX SIBJISIETCA MPEKPACHBIN
HoBocubupckuii TeaTp onepsl u 6anera.

Eme oqHuM npuMepoM UCIOIB30BAaHUS YETOBEKOM CUMMETPHM B CBOEH MPAKTHKE - ATO
TeXHUKa. B TeXHHKe OCH cCHMMETpHH HanboJiee 4eTKO 0003HAYAIOTCS TaM, Te TPeOyeTCs OIICHUTh
OTKJIOHEHHUE OT HYJIEBOTO MOJIOXKEHHSI, HAIIPUMED Ha pyJie TPy30BUKa HIIM Ha IITypBajie KopaoJs.
N ogHO M3 BaKHEWIIMX MU300pEeTEHUN YEIOBEYECTBA, UMEIOIIUX IIEHTP CUMMETPHH, SIBIISCTCS
KOJIECO, TAKXKE LIEHTP CUMMETPUH €CTh y IIPOIeiepa U IPYIuX TEXHUUYECKUX CPEACTB.

CHUMMeTpHI0O MOXKHO 3aMETUTh JaKe TaM, Ha 4YTO HHKOrja He oOpaiuai BHUMaHHE.
Hanpumep, eciu Bel moMecTuTe OYKBBI IIEpE]] 3€PKajIOM, PACIIOIOKUB €r0 MapauieIbHO CTPOKE,
TO 3aMETUTE, YTO T€ U3 HHUX, Y KOTOPBIX OChb CHMMETPUHU HPOXOAUT I'OPU30HTAIBHO, MOXKHO
IIPOYECTh U B 3€pKajie. A BOT T€, y KOTOPBIX OCh PACIIOJI0KEHA BEPTUKAIBHO UM OTCYTCTBYET
BOBCE, CTAHOBSITCS] «HEUNTAOCIbHBIMI.

CyuiecTByIOT 53bIKH, B KOTOPbIX HaU€pTaHUE 3HAKOB OMUPAETCA HA HAIUYUE CUMMETPHUH.
Taxk, B KuTaiickoi MMCbMEHHOCTH HEepOrnQ 03HaYaeT UMEHHO UCTUHHYIO CepeIuHY.

CummMmeTpusi Takke €CTh M B uMciax, Hampumep, v12345678987654321=111111111;
v123454321=11111 u T.1. cuMMeTpus LEHTPAJIbHAs OCEBAsl 3€pKajbHasl FEOMETPUs

3aganue: npuBeIUTE NPUMEPHl CHMMETPUHU, BCTPEUAIOLIEcsl B )KU3HH YEJIOBEKa.

IIpakTnueckas padoraNe 69
Tema 12.7: [Ipumepsl cummeTpuii B mpodeccun
Heab: PaccmoTpeTs mpuMepsl CUMMETPHUH B TPOPECCHOHATBHON 1eATeIbHOCTH

TeopeTnyeckasi 4acTh:

[Ipumenenne mMaTeMaTHKU B Oymymield mpodeccid — OYeHb akTyajbHAas TeMa HaIlero
BPEMEHHU.

CummMmeTtpus B mpodeccuu aIMUHUACTPATOpa MarasuHa o1exKIbl

B marasune onexnbl 00S3aHHOCTH agMUHHUCTpaTOpa MarasuHa OyIyT 3aKiIiodaTbcs B
OpraHu3alMy TOProBBIX MPOIECCOB. J(OMOTHUTENFHO B O0SI3aHHOCTU aJIMMHHMCTPATOpa BXOAUT
KOHTPOJIb HAJl pa3MEIIEHUEM TOBapa B TOPrOBOM 3ajie MarasuHa. M TyT riuaBHbIMH IPUHUUIIAMUA
co3iaHus OanaHca SBISIIOTCS CHMMETPUS U ACHMMETPHSL.

Kak wucmonp3oBath cuMMeTpuio B MarasuHe ofexasl? Tak xe, kKak HaObOp BecoB
YPaBHOBEIIMBAET JIEBOE U IIPaBOE HA BECaX, TaK JIEBAas IIOJIOBMHA BUTPUHBI WUIIM IIPOCTPAHCTBA
Mara3suHa ypaBHOBEILINBAETCS IIPABOM:

® BCIllM U MAaHEKEHBI B JIEBO CTOPOHE BUTPUHBI OKHA TOJDKHBI 0aJJaHCHPOBATH C 00BEMOM
CIIpaBa;

® CTONKHU CJIOXKEHHBIX (YyTOOJOK PAaBHOMEPHO W CHMMETPHUYHO PACIPEACIICHBI I10
OTJIEJIBHO CTOAILEMY CTOJY Y BXOJla B MAara3uH;

® BICAT BEIM OJUHAKOBOI'0 aCCOPTUMEHTA CJIEBA U IIPABA.

CummMmetpus (oceBasl) 4acTO HCIOJB3YyeTcs i opOopMIIEHHUS Belleld B KIACCHUYECKOM
crune. CUMMETpUs MPHUAAET IJIETAHTHOCTh U (HOPMATBbHOCTH BHTPHHBI C MY>KCKOW OJIEXKIOM;
opopMieHNE B IU3aMHEPCKUX Mara3MHaX C MHHUMAJIMCTHYHBIM JIM3aWHOM ; BUTPUHBI C
MaHEKeHaMH ¢ HEOOBIUHOM AU3aliHEPCKOM o1ex 101, OTHAKO CUMMETPHUYHOE 0()OPMIICHUE MOKET
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OBbITh HEMHOT'O CKYYHBIMHU JIs1 60Jiee OBCEAHEBHON 1 0a30BOM 0J1€XK/Ibl, KOTOPbIE TPEOYIOT YEro
UHTEPECHOTO.

Acummerpus. [l pa3MenieHus IOBCEJHEBHOM U 0a30BOi 0J1€K1bI OOBIYHO HCIIOJIB3YIOT
acUMMETpUYHbIEe BUTpUHBL. braromaps acuMMerpuu mojydaercsl MpeacTaBUTh 0a30Bble BELIU
6osiee HEOOBIYHBIMU. ACUMMETPHUHBIN AU3aiiH MOKET BBI3bIBATh YYBCTBO ABM)KEHUS U Ka3aThCs
6oJiee COBpEMEHHBIM, YeM CUMMETPUYHBIH, HO IIPH BCEM 3TOM CO3/1aTh NIPABUIIbHBIE IIPOIIOPIH U
JJIEMEHTOB 3/1€CH CIIOXKHEE.

Kak wucnonp3oBaTh acuMMETpUI0O B MarasuHe ofexasl? B kadecTtBe mnpumepa
aCMMMETPUYHOTr0 OajaHca MOXHO IMPUBECTH CIIEAYIOIEee OANMH MAaHEKEH B JICBOW YaCTU BUTPUHBI,
YpaBHOBEIICHHBIH JBYMsI MaHEKEHAaMHU CIpaBa, CTOSIIMMU OJIM3KO ApYyr K Apyry. B memom,
rapMOHHUs OyJIeT TOCTUTHYTa, IOCKOJIbKY TPY MAHEKEHA YA00HO 3aI0JIHAIOT IPOCTPAHCTBO, XOTS
OHU U pacnpeeeHbl HEpaBHOMEPHO

CummMmertpus B nnpodeccun Boautend. Bce aBToMoOMIN UMEIOT TPOAOIBHYI0 CUMMETPHIO
Ky3oBa. He sBisitoTCS MCKIIIOUeHHEM U 0oJbLIerpy3Hble MalIuHbL. [IepBoe, 4To MpUXoauT Ha yM,
KOI1a pedyb UAET O CUMMETPHM aBTOMOOMIIEH, 3To a’poauHamuka. Eciu seBas u npasasi yacTu
MalluHbl OyIyT UMETh pa3Hylo (opMy, TPYAHO NMpeAyrajgarb, Kak HoBeleT ceOsi BO3MYIIHbIH
IIOTOK Ha OOJIBIION CKOPOCTH. B 3aBUCMMOCTH OT CKOPOCTH BO3YIIHBIE MACChI IO 00€ CTOPOHBI
Ky30Ba MEHsUIM OBl CBOM Yrosl U HEM3BECTHO KaK IepeceKaauch Obl MexIy coOoi, co3naBas
JIUIIHAE TpobaeMbl BoauTeno. M3-3a ommbOK mpoekTupoBaHusi (pOpMbI Ky30Ba aBTOMOOMIIN
MOT'YT TepATh YCTOMUMBOCTh Ha OOJIBIION CKOPOCTH U JaKe MEePEeBOPAYUBATHCSA . DTO OCOOEHHO
OIacHO 111 OoJbIIerpy3HbIX MamuH. Eciu mocMoTpeTs Ha (ypy ¢ pa3HbIX CTOPOH, TO MOXHO
3aMETHUTh, YTO OHA UMEET Cpa3y HECKOJIBKO ocell cuMMeTpun. HekoTopble neTany MalliuH UME0T
LEHTPaJIbHYI0 CUMMETPHUIO: KOJECO aBTOMOOWJIS, LIecTepeHKa u Ap. PyneBoe kojeco umeer
oceBylo cuMMeTpuio. [1pu MonennpoBaHry aBTOMOOMIIBHBIX JUCKOB, JUISl PACYETOB PUMEHSIO T
[IOBOPOTHYIO CHUMMETpuUI0. PerynupoBka CXOXIEHUS KOJEC aBTOMOOWJIS IPOM3BOIAUTCS
OTHOCHUTEIBHO IPOJOJBbHOM OCHM CHUMMETPUU MallMHbL. [l Ha3eMHOro BHJAA TpaHCIOpTa B
OoublIell CTENEHH BCe OCEBasi CHMMETpUSL.

3aganue: npuBeIUTE MPUMEPbl CUMMETPUH, BCTpevarouleicss B Bamiei Oyayriel
npodeccuu.

IpakTuyeckas padoraNe 70
Tema 12.13: O6bem Tena. OTHOIICHHE 00bEMOB IMOIOOHBIX TEI
Hean: PaccMoTpeTh npuMepbl HAX0XKIEHHUST 00BEMOB T'€OMETPUUECKUX Tl
TeopeTuyeckas 4acThb:
Bce ¢popmyibel 00b€MOB reOMETPUUSCKUX TET
1. Pacuer oO6bema kyba

a - cTopoHa Kyba

dopmyna oobema kyoa, (V):

V=a3
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2. Haiiti no ¢popmyiie, 06beM IpsIMOYT0JIbHOTO Iapajuleenunena

a, b, ¢ - cropons! napasnenenunena
Elrie nHOT1a CTOPOHY Mapaslie/ienuIeaa, Ha3bBatoT PEOPOM.

dopmyia oobeMa napamtenenunena, (V):

V=abhc

3. ®opmyna st BEIYUCIEeHUs o0bema mapa, chepsl

s

R - panunyc mapa
n~3.14

ITo dhopmyie, eciiu 1aH paanyc, MOXHO HaTH oObema mapa, (V):

4. Kak BBIYMCIUTH 00BEM HIIMHIpA ?

h - BeIcOTa HMMHIpA

I - paJiyc OCHOBaHUs
n~3.14

210



IIo (bopMlee HaliTh o0beMa OUJIMHApAa, €CAU U3BCCTHLI - €0 paanyC OCHOBAaHHA U BBICOTA,

(V):

5. Kak Haliti 06beM KoHyca ?

R - pannyc ocHoBaHus

H - BricoTa KOHYCa
n~3.14

dopmyna oObeMa KOHYca, €CIIM U3BECTHBI paanyc U BbicoTa (V):

V= = R2H
_.311

7. ®opmyrna o6beMa yceueHHOr 0 KOHyca

. L\
I' - pagnyC BEPXHErO OCHOBAHUSA
R - paguyc HI>KHEro OCHOBaHUS
h - BIcOTa KOHYCa
n=3.14

dopmyna oObeMa YyCEUYCHHOTO KOHYCA, €CIIM M3BECTHBI - PaJlyC HI)KHErO0 OCHOBAHHS,
pazyc BEpXHEro OCHOBaHus U Beicota koHyca (V):

1
V=gmh(R*+R-1+7%)

8. O0beM MpaBUIIBHOTO TETpa’Ipa
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[IpaBunbHBIM TETpasAp - MNOHUpaMHAa Yy KOTOpPOM BCE TIpaHM, PaBHOCTOPOHHHE
TPEYTOJIbHUKH.
a - peOpo Terparapa
dopmya, i pacyera 00bemMa mpaBuIIbHOTO TeTpaszpa (V):
3./
V a2

9. O6beM paBUILHON YETHIPEXYT OJIbHON MU pPaMUIbI
[Mupamuna, y KOTOpoil OCHOBaHHME KBaJApaT M TIpaHUd paBHbIE, pPAaBHOOEIPEHHbIE
TPeyroJbHUKH, Ha3bIBAETCSI IPABUIILHOMN UEThIPEXYT 0JIbHOM M1 paMuI0H.

a - CTOpOHa OCHOBAHUA
h - BeicoTa MMUpaMU/JIbl

dopmya 17t BEIYUCICHHS 00beMa MPaBHIIbHOM YETHIPEXyroibHOM mupaMuasl, (V):

1
V = - ha?
7 ha

10. O6beM npaBUIbHON TPEYTOIBLHON MU PaMUIbI

[Iupamupa, y KOTOpPOH OCHOBAaHME PABHOCTOPOHHUM TPEYroJbHUK M TI'PaHU paBHBIE,
paBHOOEIPEHHBIE TPEYTOJbHUKH, Ha3bIBACTCS IPABUIIBHOW TPEYTrOJIbHON MUPAMUION.

a
a - CTOpOHa OCHOBAHUA
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h - BeicoTa MMUpaMUJIbl

®opmyina o0beMa MPaBUILHONW TPEyroJIbHOM MUpaMUAbl, €CIH JIaHbl - BBICOTa U CTOPOHA
ocuoBauus (V):

ha?

V=——
4./

%

11. Haiitu 06beM npaBUIIbHOMN MHpaMUIbI
[Iupamuia B OCHOBaHUM, KOTOPOH JIEKUT MPABUIbHBIII MHOTOYI'OJIbHUK U TPAaHU paBHbIE

TPCYT'OJIbHUKH, HA3BIBACTCA HpaBHHBHOﬁ.

h - BeicoTa MMUpaMUuIbl
a - CTOpOHAa OCHOBAHUS IUPAMUIbI
N - KOJIMYECTBO CTOPOH MHOI'OYI'OJIbHHKA B OCHOBAaHHUHU

dopmyna oObeMa TNPABUIBHOW MHUPAMHIbI, 3HAs BBICOTY, CTOPOHY OCHOBaHHS W
KOJIMYECTBO 3TUX CTOPOoH (V):

na’h

- 180°
12 tg( = )

12. Pacuer oObemMa mupamMuabl

C

B
A E

h - BeIcOTa mupamMuIbI
S - mwromane ocHoBauusgs ABCDE

D

dopmyna IS BBIYHCIACHHSA O0OBbEMa MHPAMHJbBI, €CIM JaHbl - BBICOTA M ILIOIIAIb
ocHoBanus (V):

13. Pacuér o6béma yceuEHHON MUpaMuIbl
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h - BeicoTa mupamuIbi
Sunx - IIOIAAL HUKHEro ocHoBanusi, ABCDE
Seepx - TUTOMIA/Tb BEPXHET0 ocHOBaHus, abcde

dopmyna odbema yceueHHoi nmupamusl, (V):

14. O6beM mapoBOro cerMenTa, hopmyia
[[TapoBeIii CErMEHT- 3TO YacTh LIapa OTCEYEHHas IIJIOCKOCThIO. B nmaHHOM mpumepe,
miockocTbio ABCD.

R - panunyc mapa
h - BeIcOTa cermenTa
n~3.14

dopmyna 175t pacueTa 00beMa mapoBoro cermMenTta, (V):

1
V= §1r1z2(3R — h)

15. O6beM mapoBOro CEKTopa

R - panunyc mapa
h - BeicOTa cermenTa
n~3.14
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dopmyna obbema mapoBoro cexropa, (V):

V_2 R?I
= 3 TR*h

16. O6beM MAapOBOTO CIIOS

-

h - BeIcOTa mIapoBoOro ciost

R - paanyc HUKHEr0 OCHOBAHMUS
I' - pagryC BEPXHETO OCHOBAHMS
n=3.14

dopmyaa oobema mapoBoro cios, (V):

1 1
V=—nh(R*+ 1%+ = h?
Znt( +1 +31)

Pewmenne 3agau:

1.CymectByeT 1 nmpu3ma, umeromias 50 pédep? 54 pedbpa?

Pemenue: Yucno pedep n — yroapHOM IpU3MBI 31, MO3TOMY MTPHU3MBI, uMeroieit 50 pedep,
He cyllecTByeT, a 54 pebpa nmeer 18-yroapHas npusma.

2. CtopoHBl OCHOBaHHS NPAMOYTOJLHOTO Mapajuleienunena paBHbBl 5 cM u 12 cm
JMaroHaslb Mapa’juiesienuiena CoOCTaBIseT ¢ MIIOCKOCThI0 ocHOBaHUS yron 60°. Haiiaure o0bEM
napaJuiesenumnena.

3. OcHOBaHWEM NPSIMOI HPHU3MBI CIY)KUT TPEYroJbHUK co crtopoHamu 10, 10, 12.
JlnaroHasib MeHbIIE OOKOBOM I'paHHM COCTaBJISET € INIOCKOCTBIO OCHOBaHuUs yron 60°. Haiinure
00BEM MPU3MBI.

4. O0beM HpAMOYIroJbHOrO mNapajuienenunena paseH 2. Uemy Oyzaer paBeH o0beM
napajulesenuIesa, eciu Kakaoe ero pedpo yBelIn4yuTs B 3 pasa.

Pemenue. [Tycts pebpa mgaHHOro mnapaiienenuiena paBHbel a, b u c. Torma umeem:
V=abc=2.

IToce yBenmmueHus: kaxxgoro pedbpa B 3 pasa ero o0bém Oyner paBen V=3a*3b*3c =27
abc=27*2=54.

Otser: 54.

5. AkBapuym umeeT GpopmMy IpsAMOYTroJIbHOTO mapauienenunena Beicoroi 30 cm. Eciu B
Hero HaiauTh 30 J1. BOABI, TO 10 BEpXHEro kpas ocrtaHercss 5 cM. CKOJIBKO JUTPOB BOJBI HYXKHO,
YTOOBI HATIOJHUTH MYCTON aKBAPHUyM JTOBEPXY?

Pewenue. I1ycts V u H cooTBeTCTBEHHO 00bEM U BhICOTA Mapajlieienumesa.

V=SH . Ilo ycnoBuro V=30,H=25, Torma 25*S=30.

[Tocne 3anonHenus nycroro akBapuyma nqosepxy H=30. 3nauurt, 30*S=V.
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255 30
Haiinem ornomenue 30S = V| V=36 1.
Otser: 36.
6. Kyouk Becut 10 rp. Ckonpko rpaMMOB OyJeT BECUTh KyOUK, peOpo KoToporo B 3 pasa
0oJbIIe, YeM peOpo mepBoro Kyorka, ecin 00a KyOrKa H3roTOBJICHBI U3 OJJMHAKOBOTO MaTepHaa.
Pewenue. [lycts V- 00bEM nanHoro mapamienenunena. [lociie yBenmnmdeHHsl Kaxka0ro

pebpa B 3 paza, ero o0bEM Oyzaer paBeH 27 V.

v _10
27V x ,x=270 p.
Otset: 270.

7. O6BéM mpSAMOYTOJIBHOTO Tapasuienenunena paseH 32. Uemy Oyaer paBeH 00BEM
napajuiesienunesa, eciau Kaxa0e ero peopo yMeHbIIUTh B 2 pasa.

8. B cocyn, umeronmii GopMmy npaBuiIbHON TPEYroJbHONW MPU3MBIL, HAJIUIN BOY. Y POBEHb
BOJbI foctrraeT 36 cMm. Ha xakoif BeicoTe Oy1eT HaXOAUTHCS YPOBEHB BOJIBI, €CITH €€ EPENnTh B
JpyTroil cocy TOH ke (GOpMBl, y KOTOPOTro CTOPOHA OCHOBaHUS B 3 pa3a 00JIbllIe, YEM y NIEPBOTO.
OTBeT BbIPA3UTE B CAHTUMETPAX.

9. 3aKkphITHIN COCYT B BUE MIPSAMOYTOJIbHOTO apayuienenunena ¢ peopamu 30, 40 u 45 cm.
CTOUT Ha FOPU30HTAIILHON OBEPXHOCTH TAKUM 00pa3oM, 4YTO HaUMEHbIIasl TPaHb SBIISETCS THOM.
B cocyn nanunu Boxy 10 ypoBHs 36 cM. Ha kakoMm ypoBHE OKa)eTcsl BOJIa, €CJIU COCY/1 TIOCTAaBUTb
Ha HauOoup1IyIo rpanb? OTBET 1aliTe B CAHTUMETpaX.

10. Jaro: ABCD - npaBunbHas nupamuna. AB =3; AD = 243 (puc. 3).

Haiitu: a) Socu.; 6) AO; B) DO; 1) V.

11. Jano: ABCDF - npaBunbHas nupamuaa. £FCO = 45° FO = 2 (puc. 4).

Haiitu: a)FSOCH.; 0) V.

Puc. 4

Pemenue:

1) Pacemorpum AFOC: £0 = 90°, £C = 45°, 3naunr, £F = 45°. CnenoBarensro, AFOC -
paBHOOenpennsrii, OC = FO = 2.

2) AC = 20C = 4.d=AC=AD\2 (o cBOICTBY AMaroHams kBaaparta, d2= 2a2).

AC 4
AD= o= =22
Torna 72’ 'JE

3) ABCD - kBagpaT (mupamu/ia mpaBuiIbHAas). Soen.
i 2 B N BB B

4) 3 3 3 3

(Otsert: a) 8; 6) 5:1/3.)

12. {ano: ABCDEKEF - npaBuibnas nupamuga. FO L (ABC), FM L AK,FO=4,FM =5

(puc. 5).
Haiitu: a) Soch.; 6) V.

=AD*= (242 ) =8.
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Puc. §

Pemenue:
1) Pacemorpum AFOM: 20 = 90° (trak xak FO L (ABC), 3uaumt, FO L OM)FO =

4,FM = 5, OM= Y MF’ - FO’ (o Teopeme IMudaropa), OM= “25'16=‘/;=3'OM=r(r-

panuyc OKPY’KHOCTH, BIIMCAaHHOU B IIPaBUJIbHBIN

AK = 2rtg£=2-3tg£=6-£=2\/§.
IICCTUYT OJIbHUK). 6 6 3

R SAOK-%AK-OM=%-2\/§-3=3J§. Soer. = 6-343=183.

3) V= 133“,,‘-1{; V= %-18./3'-4:2#3.

(OtBert: a) 18V3, 6) 2413.)

13. 3amaua: Jlana tpeyronbpHas ycedeHHas nupamuaa. Ee Boicota h= 10 cM, cTOpOHBI
OJIHOTO M3 OCHOBaHWil paBHbI &= 27 cM, b= 29 cm, C = 52 cm. [lepumerp BTOpPOro OCHOBaHWUSI
paBHsieTcst P2=72 cm. Haligute 06beM nupamMuibl.

h

|
|
|
|

a

Jlns pacyeTa o0bemMa HaM MOTpeOyeTcs IIIOMIab OCHOBaHHU. 3Hast JJIMHBI CTOPOH OJTHOTO
TPEYroJIbHUKA, Mbl MOKEM pacCUuTaTh Iomans mno ¢dopmysne ['epona. Jlis sToro morpedyercs
HAWTH NOJYyIEPUMETP:

P L:E? +29+52=105cm

108
P ]_:T = !]4 T

Teneps naiinem S2:

“{;L: ,b,.-“fp (p-a)(p-b)(p-c)

S =/54(54-27 )(54-20 ) (54-52 ) = /5427 x25x2 =/ 72900=270cm "

3Has, 4yTO NUpaMuja YCEUEHHas, JeNaeM BBIBOJ, YTO TPEYroJbHUKH, JIeXKalllue B
ocHOBaHUAX NOA00HBL. Kooadpduuuenr nonoOus 3TUX TPEYroJbHUKOB MOXKHO HaWTH U3
COOTHOUIEHMS IepuMeTpoB. OTHOIIEHHE MJIOIAeH TPEyTr OIbHUKOB OYAET paBHO KBAIpaTy 3TOr0
KodpuIeHTa:
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L _l[]IH _f}
S T 52 .2 4

2 PE 72

18

., 1
5 2=

, 4270 2
5 = L —120cm

29

Temnepp, Korga Mbl HAlUIA IUIOLIAJA OCHOBAHUW YCEUEHHOM NMUPAMHJIBI, MOXKEM JIETKO
paccumTaTh e 00beM:

L’:é X 10% (:m}+ V270x120 4120 ) -

10 ., 1
3

Takum 00pa3oM, BEIUUCIUB KO3 (PUIIMEHT MOJ00MS U PacCUMTaB IJIOMIAb OCHOBAHUH,
MBI HaIIJTU 00bEM 3aJIaHHON yCeUEeHHON MUPaMUIbl.

14. Nano: AlA2A3A4 -pomb, SALA2A3A4 -nupammpma, AlLA4 = a, 2SBO =
B, OB L A3A4, LA2A10 = a (puc. 6).
Haiitu: V-2

0 :
(270+180+120 ]:T X270 =1900cm K

Puc. 6
Pemienne:

-
: - : OB = ina = —asin2a,
1) PaccmoTpum AOA3As : OAy=acosa,  AOAB: OB = acosasing = 5

2) ASOB: SO= -%asin 2atgp.
3) Son. = 4Sup0m, =4 ~-;-a-08 = 2a-%asin2a = &’sin2d
4) Vg, =§S°c,,_ -8O, Vo= -;—-az sin 2a --;-asiu 20gP = éa’ sin? 2atgf

1 sin? 20utgP.
(OtBer:
15 Haiinure 06beM UIMH]IPA C BBICOTOW, paBHOM 3CM U IMaMETPOM OCHOBAHUSI — OCM.
16. Ilnomans oceBOro cedeHus LUIMHApa paBHa 21lcmS, miomans ocHoBanusa - 18m
cm? Haitnure 06bem HWIMHJpA.
17. Cunnosas tpy6a (motHocTs cBuHuIa 11,4 r/cM®) ¢ TommuHON cTeHOK 4 MM HMeeT
BHyTpeHHH# nuametp 13 mm. KakoBa macca TpyOsl, eciu ee nimHa paBHa 25 m?

F=11,4r/cMm®
R1=6,5mMM + 4mm = 10,5mm = 1,05¢cM (HapyKHBII)
R2=6,5MMm = 0,65¢cMm
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V=Vi-V,=m1 -(1,05)?-2500 - ® - 0,652 -2500 =17007m = 5338 (cm?)

M=F-V=114-5338 = 6lxkr.

18. Kakoe xonmuecTBo HeGTH (B TOHHAX) BMEILAET [IIMHAPUYECKas [IUCTepHA TuaMeTpa
18 M ¥ BBICOTOM 7 M, €C/M IIIOTHOCTH HeTH paBHa 0,85 r/cm3?

H=7m; d= 1M; Pyegm = 0,85 r/em®

m=?

V,=TR?H=m-92.7 =567m (M)

m=V-F = 15131

19. /lmaroHaip OCEBOro Ce€4EHUs LMIMHIPA COCTABIISIET C IUIOCKOCTBIO OCHOBAHUS
mmmmaapa yron 60°. Haiiaure o0beM UMIMHApA , €CIM ILIOMAAb OCEBOTO CEYEHHs PaBHA
16 3 cmS,

20. Ha ckyaxg B MacTepcKoi IO MOIIMBY OAEXKAbl MOCTYIHUJ PYJIOH APAllOBOM TKaHW B
¢dopme numuuapa. IIpu TpaHcnopTHpoBKe ObUI yTEpsH TOBAPHBIM SAPIBIK C YKa3aHUEM JJIMHbI
TKaHU B pyioHe. Heo6xoauMo onpenenuTs JUIMHY TKaHU B pyJioHe. [IponsBenu HeoOXoaumblie
MU3MEPEHNUs, OIIPENEIUIIN BEICOTY U quaMeTp pyioHa: 90cm u 30cMm, TonmunHa Tkanu 0,2¢cM.

21. CMmouty 111 IPOMBIIIEHHBIX HYXJI COOMPAIOT, MOJIBEIINBAsi KOHUYECKHUE BOPOHKH K
cocHaM. Ckosbko BOpoHOK auamerpoM 10cm c oOpasyromelr 13 cM HyKHO coOpaTh, YTOOBI
3aII0JIHUTh AE€CATUIMTPOBOE BEAPO?

R=AC/2, R=5cm, H=\132-52=12(cm), V=1/3*3,14*52*12 ~314(cm?3) ~0,3141m°

n=10/0,314 =31.,8.

Omeem: 32 soponku.

22. Cror ceHa umeeT GpopmMy NUIUHAPA C KOHUIECKUM BepXoM. Paanyc ero ocHoBanust 2,5
M, BbICOTa 4 M, IpUYEM HUIMHAPUYIECKAs 4aCTh cTOra uMeeT Beicoty 2,2 M. [ImotHOoCTh cena 0,03
r/cm®. OnpenenuTh Maccy CTora CeHa.

Pemenue:

R=2,5m

01001 = 4m

0102=2,2Mm

P =0,03r/cm®

m=P-V; V= 125222 =13,75 m®>= 13750000cm®

Vi=1/3 1 -25?2-1,8=3,75m% = 3750000 7 cm®

M =0,03 -17500000™ =0,525 T = 1,6 T

o

23. CtakaH4uK 111 MOPOKEHOTO0 KOHMYECKOI (opmbl MMeeT TiyOuny 12 cM u auamerp
BepxHeH dactu 5 c¢cM. Ha Hero cBepxy MOJIOKHIN JBE JOKKH MOPOKEHOrO B BUJE MONyLIApU
auameTpoM S cM. [lepenonHuT mm MOpoKkeHOe CTaKaHUUK, €CIIM OHO PAcTaeT?
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OA=12cMm

BC=d=5cm
[TepenomHUT T MOPOXKEHOE CTAKAHIUK?
]
Vu=4/3%R3(5/2°=125%/6 =20 6 &
2012
Vi=1/3 TRZH=1/3 T (5/2)212= 12 =25%
OTBerT: HeT.
24. HaiiTn o6bem mapa paguycom 10 caHTUMETpOB.
Pemenue:
Iyt TOro 4ToOBl BBIYUCIUTH 00beM mapa GopmMysaa UCIOJIb3YETCs CIACAYIOIAs:
_4 53
V = 3™ R

rae V — uckoMbiit 00bem mapa, © — 3,14, R — paauyc.
Takum obpaszom, npu paauyce 10 canTumeTpoB 006beM I1apa paBeH:

V= g 3,14 x 10% = 4082 xy6u4eCcKuX CAHTUMETPOB.

25. Bo CKOJIBKO pa3 yBEIUYUTCS 0O0bEM I1apa, €ClIU ero paanyc yBEIUYUTh B IIECTh pas?

O0beM mapa HaxoauTcs o hopMylJie:

V : R?
=—T
3

[Ipu yBenuueHnuu paguyca B LIECTb pa3 ero o0bEM Oyer:
4 4
V= E}T(_ER}B = 216 ~§}TR3

Takum 00pa3om, 00beM Iapa yBenuuures B 216 pas.

OtBeT: 216

26. O6beM omHoro mapa B 216 pa3 Goisbiie o0bemMa BToporo. Bo ckonbko pas 1iomiaib
MTOBEPXHOCTH IEPBOTO IIapa OOJbIIe MIIOIAIU TTOBEPXHOCTH BTOPOro?
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N

®opmyna 00bEMa mapa:

4 2
V= 3 TR
dbopMyna Ijioniaji mMoBEpXHOCTH HIapa:
S =4nR*?
HYCTI) 00BEMEI mapoB COOTBCTCTBCHHO paBHBI:
4 3 4 3
Vy =§}TR1 V5 =§}TR2

N3 ycnosus cnenyer, 4To:

3
R,*=216-R,*

R,?
— =216

4 3 4 3
gHRl = 216'_HR2

Ry

RE
To ecTb, MBI YCTAaHOBWIIM, YTO PAJAMYC NMEPBOro OoJbIIe paanyca BToporo B 6 pa3. Eciu
pamuyc mapa yMEHbLIIMTb B 6 pa3, TO IUIONA/b MMOBEPXHOCTH IAapa M3MEHHUTCS CIETYIONUM

6

obpazom:

ey (‘R'f ATTR?
DAY 36

To ecTb oHA yMeHbIIUTCS B 36 pas.

IIpakTnueckas padoraNe 71
Tema 12.15: KomOumHanmuu MHOTOTpAaHHHMKOB W TeNl BpalleHHs. | eoMeTpuuecKue

KOMOWHAIIMU Ha MPAKTHKE
Hean: M3yunTh 4epTeKu KOMOMHAIIMKA MHOTOI'PAHHUKOB M TEJI BpallleHUS

TeopeTuveckasi 4acTh:
Mbl MOXeM paccMaTpuBaTh KOMOMHAlMM HE TOJBKO Tap «TeJO0 BpallleHus -

MHOTOT'PaHHHK», HO ¥ OTJEJIFHO TEJI BPAICHUS WM OTACIbHO MHOTOI' PAHHUKOB.
Tak B3aMMOOTHOIIEHUSI KOHYyCa C LMJIMHAPOM OY€Hb HAMOMUHAIOT B3aMMOOTHOUIEHUS
NUpaMUIbl U TUIMHAPA. DTO HEYAUBUTEIBHO, €CJIM Mbl BCHOMHHUM, YTO KOHYC — MpeAeabHbIN
ciydail nupamuabl. [TOHATHO, YTO B KOHKPETHBIN HUIMHAP MOXKHO BIUCATH TOJBKO OJJUH KOHYC!
C TAKUMHU K€ PaJInNyCOM M BBICOTOU. A BOT B KOHYC MOXKHO BITUCATh Pa3HbIC ITUIHMHAPHI.
Cdepa onucana 0k0/10 HUJIMHAPA, €CITH OKPY>KHOCTH €0 OCHOBAaHUM JiexkaT Ha cdepe.

221



Cdepa Bnucana B HWIMHAP, €CJIM OHA KACaeTcsd €ro OCHOBAaHWW B €ro ILEHTpax, a
OOKOBOI TOBEPXHOCTH 10 OOJBIIOMY KPYTY, MTapauieIbHOMY OCHOBAaHHIO IIMJIMHAPA (HECI0KHO
AO0Ka3aTh, 4YTO B 3TOM CJIy4dac€ panyChbl cq)epm U DWJIMHAPA COBIIAAAr0T, a BBICOTA HUJIMHAPA paBHA
araMeTpy chepsr) .

C(])epa OMUCaHa OKOJI0O KOHYCAa, €CJIM OKPY>KHOCTb €I0 OCHOBAaHHWA WU BEPIINHA JIC)KAT Ha

chepe.

Cdepa BnmcaHa B KOHYC, €CJIM OHa KacaeTcs €ro OCHOBAaHHUS B IIEHTpe, a OOKOBOMU
MTOBEPXHOCTH 11O OKPY>KHOCTH.

He CTOUT SaY'—II/IBaTB OHpC}lCJ’IeHI/Iﬂ BCCX KOM6I/IH&I.[I/II>1 BIIMCAHHBIX M OIIMCAHHBIX TCII.
[IpocTo mpezacTaBpTe cede TaKyr KOMOMHAIIMIO M BaM HE COCTABHUT OOJLIIOrO Tpynaa JaTh ed
OIIpEJICTICHHE.

3amanme:

Uro uzo0paxkeHo Ha pucyHke? BriOepuTe BepHBIH BapHaHT OTBETa W BBIJCIUTE €r0
LIBETOM.
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IToxckaska

1. Konyc, BOUCaHHBII B 1Iap

2. Hmnmuuap, omycaHHBIN OKOJIO Mapa
3. IIupamupa, BimcaHHas B map

IIpakTuyeckas padoraNe 72
Tema 12.15: KomOuHanuy MHOIOIpaHHMKOB W TeJl BpallleHus. leomerpuueckue

KOM6I/IHaHI/II/I Ha ITPAKTUKE

He.ﬂb: PaCCMOTpeTB IIPUMCEPbL KOM6I/IHaHI/II/I MHOT'OTPaHHUKOB U TECJI BpalllCHUA

TeopeTndeckasi 4acTh:

KomOuHaIIMU MHOTOTPAHHUKOB M TeJl BpallleHUst

Muaunnaap - [llpusma

[{umuHAp HA3pIBACTCSI BIMCAHHBIM B
MPU3MYy, €CIIM €r0 OCHOBAHUS BIIMCAHbBI B
OCcHOBaHMA wmHapa. [Ipu atom, npusma
Ha3bIBACTCS ONMUCAHHOM 0KO0JI0 HHJIHHAPA.
CBoiicTBa:

B nprsmMy MOXHO BIMcaTh HWJIMH/P TOTAA U
TOJIBKO TOT'/Ia, KOI'Ja B €€ OCHOBAHHE MOKHO
BIIUCATh OKPYXKHOCTb.

Paanyc ocHOBaHMs TWIMHApPA PaBEH Paguycy
OKPYXXHOCTH, BIIMCAHHOU B OCHOBAaHUE
MPU3MEL

BBICOTa I_II/IJII/IHI[pa paBHa BBICOTC HpI/IBMLI.

[{unuHIp Ha3bIBAETCS OMUCAHHBIM OKOJIO
IIPU3MBI, €CJIA €r0 OCHOBAHHUS OIIMCaHbl OKOJIO
OCHOBaHMI mwmHapa. [Ipu sToM, npusma
Ha3bIBACTCS BIMCAHHOM B LIWJIMHJP.
CpoiicTBa:

OxoJ10 MPU3MBbI MOXHO ONMCATH LUIUHID,
€CJIM OKOJIO €€ OCHOBAHUHM MOKHO ONKCAaTh
OKPYXHOCTH.

Panuyc ocHOBaHUs IUIMHAPA PaBEH pagnycy
OKPYHOCTH, OIIMCAHHON OKOJIO OCHOBAHUS
MIPU3MBI.

BeicoTa mimHIpa paBHa BBEICOTE IPU3MBI.

Muaunnaap - llupamuga

[nimHap Ha3bIBA€TCAd BIMCAHHBIM B
NpamMumy, €CIU OHO €ro OCHOBAaHHE
COBITIAJIAET C OKPYKHOCThIO BIMCAHHOM B
CCUCHUC IMTUPaMUbI IIJIOCKOCTHIO,
napajuiebHOH OCHOBAHHUIO, a IPYroe
OCHOBAHHC INPHUHAJIC)KUT OCHOBAHUIO
nupamMubl.

Hunuaap Ha3pIBa€TCSl OMMCAHHBIM OKOJIO
MUPaMUIbI, €CJIU BEPIIMHA MUPAMUIbI
MPUHAJIEKUT €r0 OJHOMY OCHOBAHHIO, a
JIPYroe ero OCHOBaHUE OMMCAaHO OKOJIO
OCHOBaHUs nupamusl. [Ipuuém onucath
HUIMHAP OKOJIO MUPAMUJIBI MOXKHO TOJIBKO
TOTrJ]a, KOIJ1a B OCHOBAHUU MUPAMUbl —
BIMCAaHHBIA MHOTOYTOJIbHUK

Konyc -

IMpuzma

Konyc BnucaH B Ipu3My, €CJIU €ro
OCHOBAHUE BIIMCAHO B OJJHO OCHOBAaHHE
IIPU3MBI, & BEPILIMHA JIEKUT B IPYrOM
OCHOBaHMUU Npu3Mbl. COOTBETCTBEHHO, B
9TOM Cily4ae IIPU3Ma OIUCcaHa OKOJIO KOHYca.

Konyc Ha3bIBaeTCsa ONMMCAHHBIM OKOJIO
IIPU3MBI, €CJIM OKPY’KHOCTb OCHOBAHUS
KOHYCa OIHMCaHa OKOJIO OCHOBAHUS IIPU3MBL.
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CBoiicTBa:

Ecnu KoHyC BIMCaH B IPSAMYIO IPU3MY,
qacCTb CCUCHUA KOM6I/IHaIII/II/I TEJ1
TUTOCKOCTBIO, TPOXOJISIIECH Yepe3 OCh KOHYCa,
NpeACTaBIIET OO0 MPSAMOYTOJIbHHUK.

Konyc - Ilupamuga

KOHYC HA3bIBACTCA BIIMCAHHBLIM B
NUpaMUIY, €CJIM UX BEPLIUHBI COBIAAAIOT, &
OCHOBaHME KOHYCa BIUCAHO B OCHOBAHHUE
nupamMubl.

CsoiicTBa:

KoHnyc MOXHO BIIucaTh B MUPAMHULY, €CIIU
anoeMbl MUpaMUAbl PaBHBI MEKIY cOOOi.

KoHyc Ha3pIBaeTCS OMMCAHHBIM BOKPYT
MTUPAMHU/IBI, €CJTM UX BEPIIHHBI COBITAJIAIOT, a
OCHOBaHUE KOHYCa OIUCaHa BOKPYT
OCHOBAHUS THPAMUJIBI.

CaoiicTBa:

KoHyc MOKHO OnUcaTh BOKPYT TUPAMUIBI
ecii, Bce OOKOBBIC pedpa MUpaMuIbl PaBHBI
MEXTy COOOM.

Cdepa-

IIpu3ma

Cdepa Ha3pIBaeTCAd BIMCAHHOM B IIPU3MY,
€CJIM OHA KacaeTcs KaXk/J10d I'PaHU MPU3MBI.
CpoiicTBa:
B npusmy MoxxHO Bniucath cepy Toraa u
TOJIbKO TOI'J1a, KOTJia B IEPHEHIUKYIISPHOE
CeueHU e MPU3MbI MOXKHO BIIHCATh
OKPY>KHOCTb, & BBICOTA IIPU3MbI paBHA
JIMaMETPy 3TON OKPYKHOCTH

R=r=0,5H,
rae R — paauyc BnMcaHHoro mapa, I —
pannyc BIMCAaHHOW OKPYKHOCTH, H — BbIcOTa
IPU3MBI.

Cdepa Ha3pIBaeTCS OMUCAHHOM BOKPYT
IpU3Ma, €ClU BCE BEPIINHBI ITPU3MBI JIEKAT
Ha cdepe.

CaoijicTBa:

OxoJ10 MpU3MBbI MOXHO OnKcaTh chepy Toraa
U TOJIBKO TOTJIa, KOrAa Ipu3Ma mnpsamas u
OKOJIO €€ OCHOBaHUS MOXHO ONHCATh
OKPYXHOCTb.

Coepa - [Impamuna

B nupamuy MoxxHO BIucath cepy Torza,
KOr/1a OMCCEKTOPHBIC TNIOCKOCTH
BHYTPECHHHX JBYTPAaHHBIX YTJIOB THPAMUIBI
MepeceKaroTCs B OHOM TOUKe. DTa TOUKA
Oynet eHTpoM chepsl.

OxoJ10 mIpaMUIBl MOXKHO OMHUCATH cepy
Toraa, Korjga B OCHOBAaHWH IMMUPaMUIbI JICKUT
MHOT'OYT'OJIbHUK, BOKPYT' KOTOPOT'O MOXXHO
oIucaTh OKPYKHOCTb. LleHTpom cdepsl Oyner
TOYKa TIepecedeHus ITOCKOCTEH,
MPOXOJISIIIMX Yepe3 CepeauHbI pEoep
NUPaMUABI NEPIEHAUKYIIPHO UM.

Pemenune 3agau:

3agaun Ha KOMOMHALMYU KPYIJbIX TeJl
1.B numHap BriucaH map paauyca 8.
Haiinure niomans MoaHOM MOBEPXHOCTH
LHUIMH]PA.
2.Pagnyc ocHoBaHMs KOHYCa 6, panuyc
BIMCAHHOW B HEro cepbl paBeH 3.
Brluucnure miomaap 0CeBOro ceueHus
KOHYyca.
3.B map Bnucan uManMHApP, Yy KOTOPOro yroi
MEX]ly TMaroHaJIsIMU OCEBOTO CEYEHHS
paBen 60°. O6pa3yromas MUJIKHIpa paBHA
24. HaiinuTe njoiiaab MOBEPXHOCTH IIapa U
MJIOLIAb TTOJIHOM MOBEPXHOCTH LIMJIMHIPA.

3agauu Ha KOMOMHAIMN KPYIJIBIX TeJl
1.B unnmuuap BnmcaH map paauyca 8. Haliaure
IJIOIA/Ib ITOJIHOM MMOBEPXHOCTU LUJIMHAPA.
2.Pagnyc ocHOBaHUS KOHYca 6, paguyc
BIIMCAHHOMU B HEro cdepsl paBeH 3. Boruuciure
IJIOLIAb OCEBOI'O CEYEHHUSI KOHYCA.
3.B map BrucaH nUIMHAP, Y KOTOPOTO YTOI
MEX1Y AUaroHajJsiMU OCEBOIO CEYEHHS PaBEeH
60°. O6pa3yromas HUIKMHApPA paBHa 24.
HaitauTe nioimaas MOBEpXHOCTH 1Iapa U
MJIOIIA/1b TOJIHOW MOBEPXHOCTU LHIMHAPA.
4.B miap BIMcaH KOHYC, PaJInyC OCHOBAaHMS
KOTOporo 8, BeicoTa paBHa 6. Haliaure
IJIOIA/Ib TOBEPXHOCTH IIApA.
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4 B mrap BNMCaH KOHYC, PaIyC OCHOBAHUS
KOTOpOro 8, BeicoTa paBHa 6. Haligure
MJIOIAb TTIOBEPXHOCTH IIapa.

5.B map Brnucana nupamMuaa, OCHOBaHHUEM
KOTOPOU SIBIISIETCS MPSIMOYTOJILHUK C
nuaronaisto 10, kaxxoe 60koBoe pedpo
MMUPaAMHUJIBI COCTABIISIET C MIOCKOCTHIO
ocHoBaHHus yroua 60°. Beraucanre niomaib
MTOBEPXHOCTH TIapa.

5.B map Bniucana nupamuga, OCHOBAaHUEM
KOTOPO# SIBIISIETCS MPSMOYTOIBHUK C
nuaronaineto 10, kaxxmoe 6okoBoe pedpo
MAPaMUbI COCTABIISIET C INTIOCKOCTHIO
ocHoBaHus yroia 60°. Beraucaure nioimaib
MMOBEPXHOCTH II1apa.

3agaun Ha KOMOMHAIMHU KPYIJIbIX TeJ
1.B uunuuap BOMcaH map pajaudyca 8.
Haitaure nnomaaps moaHoN NOBEPXHOCTH
IUATUHAPA.
2.Pangnyc ocHOBaHUS KOHYca 6, pannyc
BIIMCaHHOM B HeTo cepsl paBeH 3.
Brraucnure miomanb 0ceBOro ceueHus
KOHYyca.
3.B map BrmcaH nHIMHAP, Y KOTOPOTO YTOJ
MEXYy AUaroHaJsIMU OCEBOTO CEYEHUS
paBeHn 60°. O6pa3yroimas MUIMHIPA paBHA
24. HaiinuTe nioniaib MOBEPXHOCTHU 1Iapa U
IO TTOJTHOM MOBEPXHOCTH LIMJIMH]IPA.
4 B mrap BNHCaH KOHYC, PaIlyC OCHOBAHUS
KOTOpOro 8, BeicoTa paBHa 6. Halinure
IJIOLIAb TOBEPXHOCTH ILapa.
5.B map BnucaHna nupamuaa, OCHOBaHUEM
KOTOPOI1 SIBIIIETCSA NPAMOYTOJIBHUK C
nuaronaineio 10, kaxxmoe 60koBoe pedpo
MMUPaAMHUJIBI COCTABIISIET C MIOCKOCTHIO
ocHoBaHHus yroua 60°. Beraucanre niomaib
MMOBEPXHOCTH HIapa.

3agauu HAa KOMOMHAIMN KPYIJIbIX TeJ
1.B uunmunap Bnvcal map paauyca 8. Haliaure
MJIOIIAAb MTOTHOM MOBEPXHOCTH LIMJIUHIPA.
2.Pannyc ocHOBaHMS KOHYcCa 6, pagnyc
BIMCAHHOM B Hero cepbl paBeH 3. Beraucnure
IUIOIIAIb OCEBOTO CEUEHHUs KOHYCa.
3.B map Brimcan mUIMHAP, Y KOTOPOTO YT Ol
MEXI1y JUAroHaJIMU OCEBOTO CEYCHUS PaBEH
60°. Obpa3yromas LUIMHIPA paBHa 24.
Haiigute nioma s mOBEpXHOCTH 1Iapa U
TUIOIIA b TTOTHOW MOBEPXHOCTHU LIHJIMHIPA.
4.B map BnucaH KOHYC, paJJiyC OCHOBaHUS
KOTOpOro 8, BeicoTa paBHa 6. Halinure
MJI0MIAAb ITOBEPXHOCTH IIapa.
5.B map Bniucana nupamuga, OCHOBaHUEM
KOTOPOH SIBIISIETCS MPSMOYTOJILHUK C
nuaronaneto 10, kaxxmoe 60koBoe pedpo
MUPAMUJIBI COCTABIISIET C MIIOCKOCTHIO
ocHoBaHus yroia 60°. Beraucanre niomaib
MTOBEPXHOCTH II1apa.

IIpakTnueckas padoraNe 73
Tema 12.15: KomOuHanuM MHOTOTPaHHMKOB W Tel BpallleHus. | eomerpuueckue

KOM6I/IHaHI/II/I Ha ITPAKTUKE

HCJILZ PaCCMOTpeTB MNpUMEPLI pCIICHUA 3a1a4 Ha KOM6I/IHaHI/II/I MHOT'OI'PAHHUKOB W TCJI

BpalLCHUS

TeopeTrudeckasi 4acTh:
Illap u mnozozpannux.

[lap 6yaer BOUCAHHBIM B IPU3MY, KOTJa OH KacaeTcsl BCeX I'paHel MPU3MBI.

[IpuHATO CuMTaTh, YTO IIAP ONUCAH BOKPYI MPU3MbI, MCKIIOYUTEIBHO TOIJa, KOIJAa
BCE€ BEPIIMHBI IPU3MBbI pa3MelIeHbl Ha TOBEPXHOCTH IIapa.

[lap cuntaercs BIUCAaHHBIM B MUpaMUy, KOTJa OH KacaeTcs BCeX I'paHeil MUpaMu/bl.

I'oBopsaT, uto map OIMCaH
MUpaMubl pa3MelleHbl Ha TOBEPXHOCTH 11apa
Hununop u mnozocpannux

BOKpPYT'

nupaMuabl, Koraa BCC€ BCPUIMHBI

VYKa3plBalOT, 4TO HUIMHAP BIUCAH B NPSIMYIO INPU3MY, IIPU YCIOBUHU, YTO OCHOBAHMS

MUJIMHAPA BIIMCAHBI B OCHOBAHUSA ITPU3MBI.

CunTaroT, 4TO MWIMHJP OMKMCAH BOKPYT NPSIMON MPU3MBbI, KOIJa BBIIOJIHAETCS yCIOBUE -
€ro OCHOBAHMSI OIHUCAHbI OKOJIO OCHOBAHUI MPU3MBI.
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[Ipusito yka3pIBaTh, YTO HUJIUHAP BIHCAH B MUPAMUIY, KOT/1a BBHIIOTHSETCS TpeOoBaHuUE,
YTO OJHO M3 €ro OCHOBAHMH OTHOCHTCS K OCHOBAHHUIO IHUpaMUIbl, a APYrO€ €ro OCHOBAaHHE
BIIMCAHO B CEYEHUE NMUPAMUIBI INIOCKOCTHIO, ApAJLIEIbHON €€ OCHOBAHHUIO.

[umuuap onucaH OKOJIO NMUpaMUAbl, KOI/Ja OCHOBaHME NMUPAMHJIBI BIMCAHO B OJHO W3
OCHOBAHMM LIWIMHAPA, & BEPIIMHA IUPAMHUIBI OTHOCUTCS KO BTOPOMY OCHOBAHUIO LIMWIIMHAPA.

Konyc u mnozozpannux.

Konyc Oyner BnucaH B Ipu3My, KOrJja OCHOBaHHE KOHYCa BIMCAHO B OIHO M3 OCHOBAaHUH
IIPU3MBI, a BEPIINHA KOHYCA OTHOCUTCSA K IPyrOMY OCHOBAHMIO IIPU3MBI.

KoHnyc cunrtaercs onucaH OKOJO NPU3MBI, KOIZAa BBINOJHSAETCS YCJIOBHE - BEPIINHBI
OJIHOTO M3 OCHOBaHUM NPU3MBbI pa3MEIEHbl Ha IOBEPXHOCTH KOHYCa, & BCE BEPIIMHBI JPYroro
OCHOBAHMS NPU3MBbI OTHOCSITCSI K OCHOBaHUIO KOHYCA.

VYKa3plBalOT, 4YTO KOHYC BIIMCAaH B IHUpamMuAy, KOIJa OCHOBAaHHE KOHYCa BIIMCAaHO
B OCHOBaHUE MM PAMU/BI, IPUYEM BEPIINHA KOHYCA ¥ IMPAMHUJIBI COBMEILICHBI.

Yka3bIBaloT, YTO KOHYC Oy/1€T OMUCaH BOKPYT MUPAMUJIBI TOT/1a, KOT/1a OCHOBaHKE KOHYca
OIIMCaHO OKOJIO OCHOBAaHUS MUPAMUBbL, IPUYEM BEPIIMHA KOHYCA U TUPAMUJIBI COBMEILIECHBI.

Pemenue 3agau:
3amaua 1. B nununap Bnucan map. Halitu oTHomeHne ux o0beMOB.

NmrocTpanus k 3agaue

Pewenue.

Panunycel nunvHapa u mapa oIMHaAKOBBI

R,=R,=R

BricoTa muimHIpa paBHA IBYM pajnycaM (IuameTpy) Imapa:
H=2R=D

O06bem mapa BeIpakaercs GopMyIIoi:
m

4 3
V_=—mR
3

O6beM HMIIMHIpPA BbIpaxaeTcst popMyJION:
V, = Syl =R - 2R = 2nR®

Haitinem otHoIenmne o0eMOB:

4
v, 37R® 2
v,;_zﬂRH_3

2
T. e. map, BOMCaHHBIA B LMIMHAP, 3aHUMAET ° ero o0bema. 3a0[HO OTMETUM TOT (akKT,
YTO HE B JIFO0O0M HUIMHADP MOXKHO BITHCATh I1ap. Heo0xoauMo, 4To BeICOTA IMJIMHpA ObllIa paBHA
JMaMeTpy uiapa.
2

OtBer: 2.

3agaua 2
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10 .
Bricota KpYroporo nujiMHApa Ha OobIIIe paaunyca OCHOBAHMA, a IJIOIIaAb ITOJIHOH

IIOBEPXHOCTH PaBHA 144H, Haiinute panuyc onvcaHHON BOKPYT LUIMHIPA CPEPHI.

NnmocTpanus K 3agaue
Pewenue.

. o
Hecnoxuo JA0Ka3aTb, 4YTO LCHTP OIMUCAHHOU C(i)epI)I JCKUT Ha CCPCIUHEC BBICOTHI
oUJIMHApAa, COEIUHSIONIEH LHCHTPbI €ro ocHoBanui. Eciu Ml 6yneM 3HAaTb BBICOTY U paanycC

UUAITUHAPA, TO U3 TPEYTOJIbHUKA AOK HalJieM pajnyc cgepsl.
[Tnomaae moIHON MOBEPXHOCTH MUJIMH/APA BhIpaXkaeTcs (GopMyIIoi:
§=2S,.+ S;,, = 2ur® + 2ar- (r +10) = 144n

2
Pemum nonyduennoe ypapaenue. CokpatuM 00€ 4acTH ypaBHEHUS Ha :

rP4r-(r+10)=72

Packpoem ckoOku, npuBeaeM MOA0OHbBIE CllaraeMble:
2r* 4+ 10r—72=20

r*+5r—36=0

r=-—9 r=4
" .

Kopuu »artoro ypaBHEeHUs: OTpunatenbHbIi HaM HE IOJXOJMT,

=4
TOrz1a .

BricoTa nnimnaapa paBHa:
H=r+10=4+10=14
[TonoBuHA BBICOTHI:

OK =7

Haiinem paaunyc chepsr:
R=424+72 =16+ 49 =165

OtBeT:

IIpakTuueckast padéora Ne74
Tema 12.16: KonTpomibsHas padbota 1o pasneny 12 «MHOrorpaHHUKH U Tela BPAIICHUS
Hean: IIpoBepuTh ypoOBeHb YCBOGHHS MJaHHOIO MaTepuaiga 1o pazgeny 12
«MHOTOTrpaHHHKY | TeJIa BPAICHHS»

Ilpu pewenuu 3adanuit 1-4 3anumwiume npaAGUILHBIIL OM6Eem U3 Uemblpex
npPeonoIHceHHbIX.

1. (1 6amr) B xakux eguHUIIAX U3MEPSAETCS TUTOMIAb TTOBEPXHOCTH MHOTOTpaHHUKa?

A) B rpanycax; b) B merpax; B) B kBaapaTHbIix MeTpax; [') B JByrpaHHbIX Ipagycax.

2. (1 6amn) [Mnomaab 60KOBOI MOBEPXHOCTH MPU3MBI BBIYUCIAECTCS IO popMyIie:

A) S = Sgox + 2 SocH; B) Seox = Pocu * H; B) S=Dbeoxt S Socn; F) S6ox = 2Pocu * H.

3. (1 6amr) Yro sBIIsIETCS OCEBBIM CEUEHUEM yCEYEeHHOro KoHyca?

A) paBHOOenpeHHBIN TpeyronabHUK; b) paBHOOEIpeHHAs Tpamnenus; B) mpsmoyronsHuK; )
MPSIMOYT OJIbHASI Tparenus.
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4. (1 6ann) Kakas ¢urypa mosydaercss IpH BpallleHHH MPSIMOYTOJBHOTO TPEYTrOJIbHHUKA
BOKPYT' OJTHOT'O U3 CBOMX KaTETOB?

A) xonyc; b) yceuennslii konyc; B) nupamuna; [') yceuennas nupamuja.

Ilpu évtnonnenuu 3a0anuii 5-8 3anuuiume x00 pewieHus u NOJIYUeHHbLIL OMeem.

5. (2 6anna) Pe6po ocHOBaHUs MpaBUIBLHOW TPEYroibHOM nupamMuabl 3 M, anopema OM.
Haiinure miomniaas 60KOBOI MOBEPXHOCTH TUPAMHUIBI.

6. (2 6amna) Jlmaroxans kyOa paBHa V588. Haiinute ero o6mem.

7. (2 6anna) IIpAMOYTrOIBHUK CO CTOpOHAMHU 8CM M 3CM BpaIIaeTcss BOKPYT OOJIBII i
cropoHbl. Haiinure o0bem, miomaau 60KOBOM U MOJHON MOBEPXHOCTEH MOTYYEHHOrO Telna.

8. (2 6anna) BpluncauTh MOBEPXHOCTh KPOHBI KyCTapHUKa, MMerolero (opmy mapa
panuyca 0,5 M. B oTBeT 3anmummre 4uciio, AeJIeHHOE Ha T.

Omanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aJaHuA
OtBer B b b A 27 2744 727, 487; 64 1

IIpakTuueckas padoraNe 75
Tema 13.1: JlexkapToBbl KOOpAMHATHI B TmpocTpaHcTBe. IIpocteiimme 3amaun B
KOOpJMHAaTax
Hean: HayuuThes pemars nmpocTeime 3aj1aui B KOOpIMHATaX

TeopeTuveckasi 4acTh:
CDOpMYJ'IBI ACJICHUA OTPE3Ka B JAHHOM OTHOIICHHU Ha IJIOCKOCTH

X Blx,:
Ecaim  wu3BecTHBI JBE TOYKM  IJIOCKOCTH Alx g ¥ ) Bxg ¥ 3}, TO  KOOPAMHATHI

AbS
M(x,, -
rourn bt Far) , KoTopas jenuT otpe3ok AF B orHOmIEHMH EM | BpIpaxkaroTcs
dbopmynamu:
g+ A Xy Ya+ Ay
Xyy= AT 0By AT TE

1+ 4 1+ 4

Pemenue 3agau:

[Ipumep 1

Haﬁm KOOp,Z[I/IHaTI)I TOUKH M . z[enﬂmeﬁ OTpCSOK AE B OTHOHICHHUU 1: 3, €CJIM U3BCCTHBI
A5, 3), B(=3-1)

TOUKH
_AM 1
Pemienne: B nannoil 3amaue BrM 3 Tlo dbopmynaM neneHus oTpe3ka B JaHHOM
OTHOLICHUH, HAUIEM TOUKY M(xae: Paad
1
arda 300 s 3
T T g Ty
+ 1+= —
3
1 1 &
3+—-(-13 3i-= =
oowrdys P3O 75 5 53
1+ 4 1+l 4 4 34
3 3
OTBer M3, 2)

228



B 3amadye He TpeOyercs CTpPOUTh YepTeXa, HO €ro BCErAa IOJIE3HO BBINOJHUTH HA
YEpHOBUKE:!

Ard 1
JeiicTBuTensbHo, cootHomenne EM 3 ppmonnsercs, To ectb orpe3ok AN B Tpu pasa
kopoue oTpeska H4 . Eciom mpomopiust He O4eBHIHA, TO OTPE3KH BCErla MOKHO H3MEPHTh

OOBIYHOM JTUHENKOIA.

Lpumep 2

JlaHbI TOUYKH K(-2.1), L(5-6) . Haiitu:

a) Touky M | nemsmyro otpesox &L B oTHOuIeHHH 2 7]
6) Touxy ¥, nemsiutyto orpesok XL B orHomennn 3.

[Ipumep 3
Touxa £ npunannexur orpesky £47. WspectHo, uto oTpe3ok L4 B npa pasa naunHee

&
D24, P[—; EJ
orpeska “¥¥ . Haiitu Touky 7 , ecin 3 .
Pemrenne: 13 ycioBus ciemyer, 4to Toduka + memut orpesok L B orHomennn 41,

fals
CUUTasi OT BEPIIMHBI £ 10 ects, CIIpaBe/JIMBA TPOHOPIIUS: HP . Mo dhopmynam nenenus
OTpPE3Ka B TAHHOM OTHOILIECHUU:
Iptd- Xy ¥ot+d-¥e
XP = _— P = —_— -
1+ 4 1+ 4
L SN N LRI JEO I P SN S
3 1+2 3
d+ 2yg
2=—1 3 S44 iY==Yy =2 = ¥y =1
+
OTBer: H(E 1)
[Ipumep 4

Touka M A5 Otpesox &4 B monropa pasa kopoue orpeska AM . Haiitm Touky 4,

€CJIM U3BECTHBI KOOPAUHAT TOYEK B(Z,0, ML) .

Pemienne B koHue ypoka. OHO, KCTaTH, HE €IUMHCTBEHHOE, €CIH MOUJETE OTJIMYHBIM OT
oOpasiia myTéM, TO 3TO He OyIeT OIIMOKOM, IITaBHOE, YTOOBI COBIIAIM OTBETHI.

DopMyJibl AeIeHUs OTpe3Ka B JAHHOM OTHOIIEHUH B TPOCTPAHCTBE

J171sl MPOCTPaHCTBEHHBIX OTPE3KOB BCE OYIET TOYHO TaK K€, TOJbKO J0OaBUTCS el oHa
KOOp/MHATA.

TaFP g2, BlraFez
Ecimm u3BecTHBI BE TOYKH IIPOCTPAHCTBA AX g P 42840 BX5: P 5 25) TO KOOPIAHMHATEHI
b

i AM

M Fa Z
touxn bt F ot Zaa) kotopas gemut oTpesok A8 B otmomenmn — EM | ppipaxarorcs
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dhopmynamu:

X =xﬂ+£-x3 =yﬂ+,51-y3 - =zﬂ+/i-zﬂ
MU ea M e Y 1
[Ipumep 5

JlaHbBI TOYKH A-3-5-4) BL-40) Hajiry koopauHatsl Toukn M | npunamiexameii

orpesky 48, ecom uspectro, uro AM 1 BM =4:2

Pemrenue:
ITo bopmymnam KOOpAUHAT CepeIrHbI OTpe3Ka:
pooT2t22_ 2 _-3+24)_ 11 -4+2.0 4
M ez 3 M 1+2 300 ez 3
2 11 4
M[—;——;——]
OrtBert: o33
[Ipumep 6

,HaHI)I TOYKH B(_S; 2 3:" C(4; &= 5] . Haiitn KOOPAHWHATbI TOYKH 4 , €CJIM N3BCCTHO, 4YTO

OHAa JIEJTHT OTPe30K DC B orHomeHmy 1.
@opMyJbl KOOPAUHAT CEPEINHBI OTPE3Ka

A | yacme M | yacms B
2 -3 °
¥ _Aat X _¥at Vs
= 5 M‘T

I[JI}I MMPOCTPAHCTBCHHOI'O Cliydas CIIpaB€aJIMBa OUCBUJHAA aHAJIOI'HA. Ecau JaHbl KOHIIbI

PR P Xp FaZ
OTpGBKaA( 4 ¥ 4324). Hx5 F525) , TO KOOPAMHATHI €r0 CEPEANHBI M BBIpAXKAIOTCS (OpMYJIaMu:

P R _Fat¥e o _ZatZs
e N
2 2 2
[Tpumep 7
[Mapannenorpamm ABCD 3a/1aH KOOpAMHATAMU CBOHMX BEPILUH

A4 00, B 4), CT.2), DL -2 Hajiry TOYKY [E€PECEUCHHS €r0 IUaroHae.

Pemenue:
I[Io wu3BecTHOMY  CBOWCTBY, JAMArOHaJId  [apajuleJorpaMma  CBOEH  TOYKOH

NrA;
TepeECEeUEHUs (xg: Fol JEJISITCSI TIOTTOJIaM, TIOTOMY 3a/1ady MOYKHO PEIIUTh ABYMs CITIOCOOaMH.
Croco6 mepBbIii: PaccMOTprM  MPOTHBOMOJIOKHBIE BEPUIMHBI A(-4,0), (7, 2) . Ilo
(dhopMyram aeleHus OTpe3Ka MoIoJIaM HaiéM ceperHy JuaroHain AL
Xyt Ea —4+T_

X
v 2 2

3]
B pesynbrare:

Cnoco6 BTOpoii: PaccMOTprM TPOTHBOMOJIOKHBIC BEPIIMHBI
dopmynaM  JemeHMs ~ OTpe3ka  TomojaM  HaiiaéM  cepeauHy  amaroHanmm S0

B44),D(-1,-2)
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)
OrtBer: E

[Ipumep 8
—: 1.0

E E 2 ta

{5-vibd-31) .
Jansr Toukn 3 4 2 . Haiin cepermny & otpeska * <.

[Ipumep 9
Touka # memur  orpesox A5 momomam.  Haiitu  touxky B, ecim  M3BecTHBI
rouxn A& 0-3ME -41)
Pemenue: Mcronsszyem GopMyIiisl KOOPAHHAT CEPEUHBI OTPE3KA:
o Xat _Yat¥s , _Zat+Z
MU Mg Mg

x 4
Ham HensBecTHBI KOOpAUHATEL ~ &7 Y225 1] cHOBa MOXHO BEIBECTH oburyto popMmyity s
UX HaXO0XKJICHMS, HO TOpa3 10 JIerdye cpa3y MOACTaBUTh YKCIIa. TOJIBKO NPOOPLUUSIMH BEPTHU:

s _ 2+ xg

=2+xg=10=x;=48

—4=—D+23”3:>y3=—3

1=_3%:}—3+23= Iz, =5

Ortser: B(3,-8.5)

IIpakTnueckas padoraNe 76
Tema 13.2: Bekropsl B MNpoCTpaHCTBE. YTrol Mexay BekTopamu. CKaasipHOe
IIPOU3BEIEHUE BEKTOPOB
eab: HayunTbest HAXOAUTH CKAJISIPHOE IPOU3BEICHUE BEKTOPOB

TeopeTuveckasi 4acThb
Bexkmop — 3T0 HaNpaBJIECHHBIN TPSIMOJIUHENHBIA OTPE30K, TO €CTh OTPE30K, UMEKOIIUN
OMpENIeNICHHYI0 JUIMHY W omnpeaeieHHoe HampasieHue. IlycTte Touka A — Hadano BekTopa, a

Touka B — ero KOHeI, TOrJa  BEKTOp o0o3Havaercs cumBonoM 4B wm ¢ .
Bekrtop BA yaspisaercs npomusononoxcuvim BexTopy 4B 1 moxer 6bITh 0603HaueH ~ ¢ |
CoopmynmpyeM psj 6a30BbIX ONpPEAEICHUN.
i £

Jlnunoii niv modynem Bextopa A5 mHaspBaeTcs mnMHA OTpe3ska W 0603HAYaeTCS

0

BekTop HyneBoil JMHBI (€ro CyTh - TOUKA) Ha3bIBACTCS H)J1e6blM © W HANPABICHUS HE UMEET.

Bekrop € enuHMYHON UIMHBI, Ha3bIBAETCA eOUHUUHbIM. EIVMHUYHBIA BEKTOp, HAIpaBjeHHE
KOTOPOI'0 COBIA/AET C HANpaBliecHHeM BekTopa ¢ | HasbiBaeTcs opmom eekmopa < .

BekTopsl Ha3bIBAIOTCA KOLIUHEAPHBIMU, €CITA OHU JICKAT HAa OJHOM MPSIMOM UM Ha

al b

nmapauiCJIbHBIX  MPSAMBIX, 3allMCbIBAIOT Kommmn €apHbI€ BCKTOPbI MOI'YyT HMCTH
COBIIaJar0mu € UJIN IMMPOTHUBOIIOJIOKHBIC HAITPABJICHU . HyJ'IGBOfI BCKTOP CYHUTAIOT KOJUIMHECAPHBIM

T000MY BEKTODY.
a=b)

BCKTOPBI Ha3bIBAKOTCA paBHBIMU * 7, €CJIM OHHU KOJJIMHEAPHBI, OJWHAKOBO
HaIpaBJICHbI U UMCIOT OAUHAKOBBIC JIJIMHBI.
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Tpu BexTOpa B IPOCTPAaHCTBE HA3BIBAIOTCS KOMNAAHAPHBIMU, €CTIU OHU JIEXKAT B OJHOU
IUIOCKOCTH WJIM Ha MapajuleNbHBIX IJIOCKOCTAX. Ecim cpenu Tpex BEKTOpPOB XOTs Obl OAMH
HYJIEBOW MJIH JIBa JIFOOBIE KOJJIMHEAPHBI, TO TAKHE BEKTOPbI KOMILJIIAHAPHBI.

PaccMoTpuM B IIpoCTpaHCTBE NMPSMOYIOJIBHYIO cucTteMy koopauHat 0Xyz. Beinenum Ha
ocsx  koopauHaT  OX, Oy, 0z equHuuyHble  BeKTOpbl  (OpThI) M OOO3HAYMM  HUX
aepes b J: k COOTBETCTBEHHO. BpiOepeM MpOM3BOJIBHBIA BEKTOP MPOCTPAHCTBA U COBMECTHUM
€ro HavaJjo ¢ HayajaoM KoopauHat. CIIpoeKTUPYeM BEKTOpP Ha KOOPAMHATHbIE OCH U 0003HAYUM
MIPOEKIINY Yepe3 Ay, dy, d; COOTBETCTBEHHO. Toraa HETpyIHO NOKa3aTh, YTO

a=a,-i+a,-j+a, -k

DTta popMyia IBJISETCS OCHOBHOM B BEKTOPHOM UCUYHCIICHUH M HA3BIBACTCS PA310HCEHUEM
6éekmopa no opmam Koopounammuwix oceii. Yucna ax, ay, 8; HA3BIBAIOTCA KOOPOUHAMAMU

sexkmopa ¢ . Taxum 06pa3oM, KOODAMHATEI BEKTOpAa SABIAIOTCA €ro ITPOEKIHMAMH Ha OCH
KoopauHaT. BektopHoe paBeHCTBO (2.25) yacTo 3aMuChIBaIOT B BUJE
a={ax;a1.;a_,} HITH az(ax;a\.;a‘_ ] M
! : . bl OyoeM HCIoNb30BaTh 00O3HAUYEHUE
BEKTOpa B (DUTYpHBIX CKOOKax, 4TOOBI BH3yallbHO JIET4e pa3inyaTh KOOPAMHATHI BEKTOpa U
KoopauHaTel Touku. C ucnosib30BaHueM (OPMYIbI IJIMHBI OTPEe3Ka, U3BECTHOM W3 MIKOJIBHOMN
Te€OMETPHUHU, MO)KHO HalTH BBIPAXKEHUE JIJIS1 BRIYUCIICHUSI MOAYJIS BEKTOpA!

-~

= 2 2 2
al= .fa; +a; +a;
TO €CTh MOJYJIb BEKTOPA paBEH KOPHIO KBAJJPATHOMY U3 CYyMMBI KBaIpaTOB €0 KOOPAUHAT.
O06o03HaYMM  yriabl  MEKAY BEKTOPOM W OCSAMH  KOOpJAWHAT  4epe3 o, pf,

Y COOTBCTCTBCHHO. KOCMHbel 9THX YI'JIOB Ha3bIBAIOTCA AJIA BEKTOpa a Hanpaearowiumu, 1 1Jis1

.cos a+cos” f+cos =1
HHX BBIIIOJJHACTCA COOTHOIICHUC!: £ BepHOCTL JaHHOI'O paBCHCTBA

MOJKHO I10Ka3aTh C IOMOILBIO CBOMCTBA MIPOEKLIUU BEKTOPA HA OCh, KOTOPOE OyJIET PaCCMOTPEHO
B HUKECIIEAYIOILIEM ITYHKTE 4.

[Tycts B TpeXMEpHOM MPOCTPAHCTBE 3aJ1aHBbI

a={x:y:2,},b ={x,3y,:2,}, € ={x;3¥;:2,}

BEKTOPbI CBOMMM KoopAuHaTamu. Kmeror
MECTO CIEIYIOIIME ONEpalluyd HaJl HUMH: JIMHEWHbIE (CIO0XKEHHE, BBIYMTAHHE, YMHOXKEHHUE Ha
YHUCII0O U NMPOEKTUPOBAHME BEKTOpPA HA OCb WMJIM JAPYrol BEKTOpP); HE JMHEHHbBIE — pa3IMyHbIC
IPOU3BEJCHUS BEKTOPOB (CKaJIIPHOE, BEKTOPHOE, CMEIIAHHOE).

1. Cnosrcenue nByX BEKTOPOB MPOU3BOIUTCS MOKOOPAMHATHO, TO €CTh €CIIH

¢=a+b,T0 c={x;:y5:z;}={x, Y, sz 3+ Xy ={n + 000 + 1152 + 2}

JlanHas ¢popmyia uMeeT MeCTO AJIsl MPOU3BOJIBHOIO0 KOHEYHOI'0 YHCIIa CIaraeMbIX.

I'eomeTpuyecku 1Ba BEKTOpa CKJIAIbIBAIOTCS MO IBYM IIPaBHUJIaM:

a) npaguI0 Mmpey2oabHUKa — pe3yJIbTUPYIOLINI BEKTOP CYMMBI IBYX BEKTOPOB COCTUHSET
HayaJlo MEepBOro M3 HUX C KOHIOM BTOPOIO IpU YCIOBHH, YTO HAyajo BTOPOIrO COBMAJAET C
KOHIIOM IIEPBOr0 BEKTOPA; ISl CyMMbl BEKTOPOB — PE3YJIbTUPYIOIINUNA BEKTOP CYMMBbI COEUHSIET
HAYaJio MEePBOro U3 HUX C KOHIIOM IOCJIEAHETr0 BEKTOpa-CcIaraeMoro MmpH yCJIOBUHU, YTO HAYAIIO
MOCIIEAYIOIIEro CIaraeMoro COBMaAaeT C KOHI[OM MPEAbIAYIIEro;

0) npasuno napannenozpamma (s IBYX BEKTOPOB) — MapajliejiorpaMM CTPOMTCS Ha
BEKTOpax-CllaraéMbIX KaK Ha CTOpOHAaX, IPUBEICHHBIX K OJHOMY Hauajly; JdaroHaib
napajuiesiorpaMMa UCXOsIIas U3 UX 00Iero Hayaja, SBJISeTcs CyMMOH BEKTOPOB.

2. Boiuumanue 1ByX BEKTOPOB MTPOU3BOJUTCS TOKOOPIANHATHO, aHAJIOTUYHO CIIOKEHHUIO,

c=a-b
TO €CTh €CIIH , TO

€ ={X3:)33:23} = {x1§}": =izt =0 - X0 - iz -2}
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l'eomerpuyeckn [aBa BEKTOpa CKJIAABIBAIOTCS MO YKE YHOMSHYTOMY IPaBHIY
napajuiejorpaMmma ¢ y4eToM TOT0, UTO Pa3HOCTHIO BEKTOPOB SIBIISIETCS IMATrOHAJb, COSAMHSIOIAS
KOHIIBI BEKTOPOB, MPUYEM PE3YJIbTUPYIOIIUN BEKTOP HAPABJICH U3 KOHIIA BBIYUTAEMOTO B KOHEII
YMEHBIIIAEMOT0 BEKTOPA.

BaxHbIM CII€ZICTBMEM BBIYMTAHUS BEKTOPOB SBJISETCS TOT (DAKT, YTO €CJIU H3BECTHBI
KOOpAMHATHI Havaja U KOHIIa BEKTOpA, TO 0/ 6bIUUC/ICHUA KOOPOUHAM 86KMOPA Heo0X00umo
U3 KOOpouHam e20 KOHUA 6bl4eCmb KOOPOUHAmbl €20 Hauana. J|eicTBUTENBHO, JIIO00H BEKTOP

npoctpanctBa <458 MokeT GBITH MPEACTABIECH B BUJEC Pa3HOCTH JBYX BEKTOPOB, HCXOMALIMX W3
Havajga KOOPIUHAT: AB=0B-04
Koopaunatsl BeKTOpOB 04 OB COBIIAQJAIOT C KOOpAMHATaMU TOo4eK 4 U B, Tak Kak
Hayasio koopauHaT 0(0;0;0). Takum o0pa3oM, MO MNpaBUIy BBIUUTAHHUS BEKTOPOB CIIEAYET
MIPOU3BECTU BBHIYMTAHNE KOOPAWHAT TOUKH 4 U3 KOOPJIMHAT TOUKH B.
A-a = {ix;; Ay,; Az, }
3. Ymnoowenue 6exmopa na uucno A NOKOOPIUHATHO: My .

IIpu A>0 — BekrtOp ra COHAaIpaBJICH a.,<0 - BEKTOP ia MPOTUBOI OJIOKHO
HaIlpaBJIcH a. |A|>1— nnuHa BekTOpa a YBEIIMYUBACTCA B A pa3; [A|<1-— JUIMHA
BEKTOpa a yMEHbINAeTCs B A pas.

4. Tlycth B IpOCTpaHCTBE 3ajaHa HarpaBiieHHas npsiMas (ock l), BekTop a=A4B 3a1aH

KOOpAMHATaMU KOHIla M Havaima. O0o3HayuM mpoekiuu Touek A u B Ha ock | cooTBeTCTBEHHO
yepe3 A’ u B’

. hp ,a a A'B
Hpoekuueu eeKkmopa Ha ocob | Ha3bIBACTCA AJIMHA BCKTOpa , B3dTad CO
T
3HAKOM  «+», €Ccl  BEKTOp ~ A 0Cb | conampaBieHb, ¥  CO 3HAKOM  «—
A'B'
», €CJIM U | POTUBOMOIOKHO HATIPABJICHBI.
Eciun B kauectBe ocu | B3Th HEKOTOpBIN Ipyroil BeKTOp ¥ , TO MOMy4HM TMPOEKIUIO

BekTopa ¢ Ha BekTOp b

PaccMoTprM HEKOTOpPBIE OCHOBHBIE CBOMCTBA TPOCKIUI:

1) mpoexuus Bextopa ¢ Ha och | paBHa npoussenenmo Monyis Bekropa ¢ Ha KocuHyc

np,a = |E| ‘COSQ

yIiaa MeXIy BEKTOPOM U OCBIO, TO €CTh ;

2.) mpoeKIs BEKTOpa Ha OCh MOJIOKUTEIbHA (OTpULIATENIbHA), €CIIM BEKTOp 00pasyeT ¢
OCBIO OCTPBIH (TYyIOH) YIroJj, U paBHA HYJIIO, €CJIM 3TOT yroJl — IPIMOH;

3) mpoekuus CyMMbl HECKOJIBKMX BEKTOPOB Ha OAHY U Ty € OCh paBHA CyMMe€ IIPOEKLUN
HAa 3Ty OCb.

CoopmynpyeM onpeaesieHus U TEOPEMBL O IIPOU3BEAECHUAX BEKTOPOB, IPECTaBIISIOIINX
HEJIMHEUHBIC OIIEpalluy HAaJl BEKTOPAMH.

5. Ckanapuvim npousgedeHuem ab BextopoB ¢ u b ywaspmaercs uncio (cxamsp),

PaBHOC MMPOU3BCACHUIO OJIMH 3TUX BEKTOPOB HA KOCHHYC yIJjla ¢ MCXKAY HUMH, TO €CTh

a-b= |E|-‘b|-cos¢)
O4eBuAHO, YTO CKAJSIPHBIA KBaJApaT JIOOOT0 HEHYJIEBOTO BEKTOpa PaBEH KBaJpaTy €ro
JUTMHBI, TAK KaK B 3TOM CIIy4ae yroJ @ , TOATOMY ero kocunyc (B 2.27) paBeH 1.

Teopema 2.2. HeoOX0OUMBIM M JTOCTaTOYHBIM YCJIOBUEM IMEPHEHAUKYISIPHOCTH JBYX

BEKTOPOB SIBJISIETCS PABEHCTBO HYJIIO MX CKAJSIPHOTO POM3BEAeHUsST ®
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Cnedcmsue. IlonapHbie CKaJlsipHbIE NMPOU3BENCHUA EIWHUYHBIX OPT PaBHBI HYIIO, TO

Teopema 2.3. CkanspHoe IIPOU3BEACHUE JBYX BEKTOPOB

a={x;:y:z}.b ={x:yuz}
- - B 3aJJaHHBbIX CBOUMU KOoOpAuHaTaMu, paBHO

€CTh

5-5:3(1'3(: +}'1'}'2+Zl.z:.

CyMMC HpOI/ISBe,Z[eHI/Iﬁ HUX OJHOMMECHHBIX KOOpAWHAT, TO €CTh
C MNOMOLIBIO CKAJIAPHOI'O MPOU3BCACHUA BCKTOPOB MOKHO BBIUUCIIHUTL YI'OJ MCKIAY
HHUMU. Ecmm 3aJaHbl JABa HCHYJICBBIX BCKTOpa CBOMMH

a={x;y;z}, b= {x2:¥2:22}

&

KOOpAMHaTaMH , TO KOCMHYC yIJjia ¢ MCKI1y HUMM:
cosp =———, TO CCTh
al- Bl
x x-» +}'1.}‘2 +2121
CosQ = —

a,b.

OTCIO,I[a CJIeaAyeT yCJI0BUC NCPIICHAUKYIIAPHOCTH HECHYJICBBIX BEKTOPOB
X)Xy +y1Ya +2,2; =0.

HaxoskieHrne npoekuun BekTopa & Ha HampaBlieHHe, 3aJJaHHOE BEKTOPOM b , MOXET
OCYILIECTBIATHCS 110 popMmyJie

- a- — XX, + V), +2,2,
}’Ip—a e v = =

£ 2o beg +b}. +b‘_2

C MOMOIIBIO CKaJISIPHOTO MPOU3BEICHUS BEKTOPOB HaxomsT  paborty

, TO €CTb

SR

noctosunoil cusr £ na MPSIMOJIMHEWHOM y4acTKe ITyTH.

[Ipennonoxum, 4YTO MOA JEHUCTBUEM MOCTOSSHHOW CHIIBI I MaTepualibHas TOYKa

nepeMeImacTCa HpHMOHHHefIHO U3 MoJIoKeHus A B mojioxenue B. BCKTOP CHUJIbI Fo6pa3yeT

yroa ¢ C BEKTOPOM TMEpPEMEIICHUS _(puc. 2.14). Pusuxa yrtBEepKAAaeT, 4T0 pabora

cuner £ [PU IIepeMeleHnn ©  paBHa A=F-5:cosp.TOCCIb A=F -5

- — -

= P
A S B

CnenoBartenbHO, pab0Ta TOCTOSIHHOM CUJIBI TP MPSAMOJIMHEIHOM MTepEMEILLEHNUN TOUKU €€
MPHIOKEHHS paBHA CKAJSIPHOMY MTPOU3BENIEHUIO BEKTOPA CUJIBI HA BEKTOP MEPEMEILICHHUS.

axb a E c
Bekmopnbm np0u3se()enueM BEKTOpa Ha BCKTOpP Ha3bIBACTCA BECKTOP )
y,Z[OBJIeTBOpﬂIOH_[I/Iﬁ CJIICAYIOIINM YCJIIOBUAM:

— i MNEPHCHAUKYJIAPEH BCKTOPAM a u b ;
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= sn v
— HMeeT UIMHY, paBHYIO ", Toe@— yroia, OOpa3OBaHHBIH
Bextopamu ¢ u b ;

a.b uH¢e .
— BEKTOPBI  ° 00pa3yroT MpaByIo TPOUKY.

Pemienue 3agau:

[Ipumep 1
_ =2, B|=5. ﬂmﬁzg

Haiiti ckaisipHOE MPOU3BEICHHE BEKTOPOB ¥ U b , €CIIH

7% =la| | cos 2@ B
Pemenune: Mcnonezyem  gopmymy ? M |b| cos 2@, ). B  nmamHOoM  ciydae:

ﬁ 5*\5

b =z & — T
ﬂf?'=}:1|-|b|"305£(ﬂ;f?]=2-5-cosgzm.?:

OTtBeT: ah = 5”‘E
[Ipumep 2

o £ Fl=3 R|=+2 135°
Haiitu , €CITH , @ YTOJl M1y BEKTOpaMH pPaBeH .
VYros MeX1y BEKTOpaMHu ¥ 3HaUYCHUE CKAJIIPHOTO TTPOU3BEICHUS
B Ilpumepe 1 ckanspHOe Mpou3BeaeHUE MOTYUHUIIOCHh TIOJIOKHUTENBbHBIM, a B [Ipumepe 2 —
OTPHIIATEIBHBIM. BBISICHUM, OT Yero 3aBUCHUT 3HAK CKaJISIPHOTO Tpou3BeaeHu 1. CMOTPUM Ha HaIly
T b= |§| |5| cos (@, B

a
bopmymy: JmHb1 HEHYJIEBBIX BEKTOPOB BCEra

7| = 0, |E| =0
ITIOJIOKUTCIIBHBI. FI | , IO3TOMY 3HAK MOXXCT 3aBUCCTh TOJBKO OT 3HAYCHUA KOCUHYCA.

< AF b=
yFOJ’I Me>1<)1y BeKTOpaMI/I MOXET U3MCHATHCA B npez[enax U _i(ﬂ,b) =7

BO3MOXKHBEI CIICAYIOIUE ClIydau:

, ¥ TIpH 9TOM

e T
0 <03 b)) <—
1) Ecnm yros Mexay BEKTOpaMHU OCTPBIii: 2 (or 0 mo 90 rpamycos),

TO CosL(d b)) > D, U CKAJIIPHOE Npou3BeJAeHHe OyaeT IOJIOKUTEIbHbIM: Zb >0 Ocobbrit

Z@EB)=0

cnyqaﬁ: €CJIM BEKTOPLI COHanpaesJjietsvl, TO YIoJl MCKAY HUMU CHUTACTCA HYJICBBIM

CKaJIAPHOE MPOM3BEIECHUE TaKKe OYIET MOJOKUTEIbHBIM. IT0CKONBKY cos0=1 19 bopmyia
7 F=a H
YIIPOIIAETCS: :

z <A@ B <
2) Ecim yrost Mexay BEeKTOPaMH TYHOi: 2 (ot 90 no 180 rpanycos),

TO cos L(7, &) '::D, U, COOTBETCTBEHHO, CKAJISIPHOE MPOU3BeJAeHHEe OTPHUIATEIBHO! Zh <0
Oco0plii ciyyaii: ecii BEKTOPBI HanpasieHvl RpOmMu8onoa0H#CHO, TO YTOJI MEXKAY HUMU CYUTACTCS

PAa36EPHYMbIM. L@ b)=n (180 rpamycoB). CkansipHOE MPOU3BEACHUE TOKE OTPUIIATEIBHO, TaK

kak CosA=-1
CripaBelsTUBEI 1 OOpaTHBIC YTBEPIKICHUS:

1) Ecmn Zh > D, TO YroJl MEXKJy JaHHBIMU BEKTOpaMu OcTpbli. Kak BapuaHT, BEKTOpBI
COHAIPaBJICHBI.

2) Ecnu zh < D, TO Yroja MeXAy JaHHBIMH BeKTOpaMH Tyrnou. Kak BapuaHT, BEKTOPBI
HaIlpaBJICHBI IPOTUBOIIOJIOKHO.
Ho 0co0bl1if mHTEepec mpeaCcTaBIsieT TPETHH CITyqai:
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I )

S(E b= —
3) Ecnu yroa mexmy BEKTOpPaMU MPSIMOIA: 2 (90 rpaaycoB),

T
cos— =10 -
TO 2 U CKAJIIPHOE MpPOM3Be/leHHe PaBHO HYJIIO! ah =0 OObpaTHOE TOXE BEPHO:
_r L@ =2

ecm 2 =0 10 2 . KoMmakTHO yTBepaeHHe (opMymupyercs Tak: CKajsipHOe

NMPOU3BECACHUE IBYX BEKTOPOB PABHO HYJII0 TOrAa U TOJLKO TOraa, Koraa 1aHHbIC BEKTOPbI

oproroHajabHbl. KopoTkas MaTeMaTnyeckas 3aluch: gb=0=alb

A dro Oymer, ecmu BekTop ¥ yMHOXKHTH Ha camoro cebs? ITOHSTHO, YTO BEKTOP
COHAIPABIIEH CaM C CO0OM, MO3TOMY MOJb3yeMcs BBIIICYKa3aHHON YHPOIIEHHON (opmyioii:

aa =[z| ||
Nmm:
_ _1

Yucno #% HaspIBaeTcs CKAASAPHBIM KBAAPaTOM BekTopa & , M 0003HaYaTCs Kak &

— 2
ek = |ﬂ|

Takum 00pa3om, CKaJISIPHBII KBaJpaT BeKTOpa ¥ paBeH KBaJpary AJIHHbI JaHHOTO
BeKTOpa:

_1 =
z* =l
W3 nanHOrO paBeHCTBa MOXKHO IMOIYYMTb (POpPMYIy JUIS BBIYMCIEHUS JJIMHBI BEKTOpa:

ol

JInst pOU3BOJBHBIX BEKTOPOB 5.7 4 moGoro umcna A CIIpaBEJIUBBI  CIEAYIOLINE
CBOWCTBA:

1) zb=ba _ HepeMeCTUTENbHBIN WM KOMMYTATHBHBIH 3aKOH CKaJIIPHOTO
MIPOU3BEICHHS.

— pacnpeneNnuTeNnbHBIN NI JUCTPUOYTHUBHBII 3aKOH CKaISIPHOTO
MIPOU3BEICHHSI.

3) (@) & = A@d) _ couyeTaTeIbHBIN WA aCCOUMATUBHBIN 3aK0H CKaJISIpHOT O
npousBeneHus. KOHCTaHTY MOXXHO BBIHECTH U3 CKAJISIPHOTO IMTPOU3BEICHHUS.
[Ipumep 3

Haiiti ckanspHOoe NpOU3BEICHUE BEKTOPOB ~ =—28+b yd =a-%  ecnn umssectHo,

|=442, =8, i(a;f?):g

qTo .
Pemenue:
F.g-

=(-2a+&) (@-b)="

=27 a+b-a+2@ b-b. h="
=-2a3*+a b+2a b -E =1
=23 +3gh-p ="

= _2|‘7|2 +3 |¢7||5| cos (@, &) _|5|2 _ 6
5

=—2-(4J§)2+3-4J§-8-cos‘;_r—83=—64+96J§-;—64=—32

To/ICTaBIsIEM BBIPAKEHHS BEKTOPOB ~ ° d .
PackpbiBaeM CKOOKH 11O IPaBUITy YMHOKEHHUSI MHOT OUJICHOB
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B INEPBOM MU IIOCICAHEM CJIaraCMOM KOMIIAKTHO 3allMCbIBACM CKAJIAPHBIC KBaJApPaTbl

- = _ =1 § T2
BekTopop: ¢ ¢ T ¢ - B-b=b" g, BTOPOM CJIATa€MOM HCIIOJIb3yeM [EPeCTaHOBOYHOCTh

CKaJISIPHOTO MPOMU3BEICHHUS: ba=a- b

[IpuBoxuM Mo00HEIE craraeMble: & - b+27-b=3ab

z° =af
B nepBom cnaraemom ucnonbzyeM (GopMyITy CKaJsIpHOTO KBajpaTa , 0 KOTOpO#
HE TaK JaBHO YIOMHHAIOCh. B mocienHeMm ciaraeMoM, COOTBETCTBEHHO, paboTaeT Ta ke

52 =pf
HITYyKa: |b . Bropoe cllaraemMoe packiaibiBaeM o CTaHJAPTHOMN
F-b = B ozl b
bopmyie |a| |b| ‘ :I.
- -

g|=442, fBl=8 z@B)==
[ToacraBiasieM  JaHHBIE  yCIIOBHS 4. um  uposoxum
OKOHYATEJIbHbIE BHIUUCIICHUS.

Orser: 74 =—32

OTtpunaTenbHoe 3HaYeHUE CKAISPHOTO MPOU3BENEHUS KOHCTATUPYET TOT (PaKT, UTO yroiu
MKy BEKTOpaMH - ° a ABJIIETCS TYIBIM.

Pemenne ynpakHeHU:

[Ipumep 4
HaiiTi ckalnsipHOE IPOM3BEICHHE BEKTOPOB & = & T cb yd=-a+b , €CJIM M3BECTHO,

E|=4. [F]=2+5. i(a;f?}:g
9TO :
IIpumep 5
— - 7
I T|=3, =2, J@b)==
Haiitu nnuny BekTopa © = % +30  ecm |ﬂ| Ib| EN

Pemenue
1 2 3 4
|E|LJ -z + 3£?|c:J J=Z +3B) !»\faf‘ 67b 1057 = JFF — 6| B| cosL(@ B)+9. p?r‘ -
= JBQ -5.3 2-c05g+9- 2 :J9—35%+36 =27 =33

Orper: H: 3~J§ eg. = 5,20 ex.
[pumep 6

I Z|=5 [|=10, L@ &) ==
Haiitu qymuny Bektopa © =4 +t | ecm .
[Ipumep 7

I E|=4, P|=22, a_=8.

Haiitu yroa mexay Bektopamu % u b , €CIIM U3BECTHO, YTO
Pemenne: Vcronb3yem hopmyiy:

2} g 1 'x.IIE _ E

i_;g = — = = ——=
cos LT, &) |§||b| 4.2./2 o oo =
cosi{&;gjzﬁ i(&;gjzarcmsﬁzf
Urak, ecmn 2 o 2 4

27 5y = Z pan = 45°
OTBeT: 4

IIpumep 7
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_ A3 B) =

K
7|=3 |5]=4 _ =
JlaHbI M |b| — IUTMHBI BEKTOPOB & | by yroji MeXay HUMH 3

. Haiitn

yroJI MKy BEKTOpamMu = = —2F +3b d =4d-3b
3ananue JIaKe HE CTOJIbKO CIIOXKHOE, CKOJIBKO MHOT'OXO/I0OBOE.
Pazbepém anropuT™ perieHus:

1) Tlo ycrmoBuio TpebyeTcst HAWTH Yros MEXIy BEKTOpaMHu “ u d , TIO3TOMY HYKHO
cd

2) Haxonum ckajsipHO€ MPOU3BEIECHUE ed (cm. ITpumepnr NoNe3 4).

cos (8, d )=
HCIOJIB30BaTh (HOpPMYITy

3) HaxomuM AJMHY BeKTOpa © ¥ AMHY BEKTOpa d (cMm. ITpumepnt NoNe5.6).

4) KonmoBka pemienus coBnagaer ¢ [Ipumepom Ne7 — Ham HM3BECTHO YHCIIO , a

_ = £d
(T, &)= atcoos [—}
3HAYMT, JITKO HAWTH U CaM yTroJI:

KpaTkoe pelieHue 1 OTBET B KOHIIE yPOKa.
Bropoii paznen ypoka MOCBSAIIEH TOMY K€ CKAJISIPHOMY Ipou3BenecHHI0. KoopauHaThl.
Byner nmaxe mpoiue, 4eM B IEpPBOX 4acCTH.

[Ipumep 8

Hatitu CKallsipHOE MIPOU3BEJCHUE BEKTOPOB:
a) T2 -3) , 5(=1,0)
0) AB y AT ecnn namer Touku Al -1.3), B0 - 2), €4 -4, 0)
Orger: %) @2 =2, 6) AB- AT =6
[Ipu HEKOTOPOM OMBITE CKAJIIPHOE MPOU3BEIEHNE MOXKHO IPUHOPOBUTHCS CUUTATH YCTHO.
[pumep 9

JlaHb1 YEThIpe TOYKHU MPOCTPAHCTBA
A4 -3-2), B(2 -2, -3, 08, -5 1, D4, -3 - 1) BhIsiCHIT GynyT .
MEePIEHANKYJIAPHBIMH CIEIYIONIME NMPSIMbIe:
AR, DO
a) :
6) AT BD _

IIpumep 10

TIpu KaKkoM 3HAueHHH “ BeKTOpbI a3 A4 -2, 8024

~L13) OyAyT OpTOrOHATBHBI?
Pemenne: 1o ycnoButo TpeOyeTcs HAWTH Takoe 3HAUCHHE IMapaMeTpa A , 9TOOBI TaHHbBIE
BEKTOPBI ObLTH OpPTOT OHAJILHBI. IBa BEKTOPA
VLW WWY, M
MPOCTPaHCTBA (O v: v, Wy Wy, v OpPTOTOHAJILHBI TOor/Ia u TOJIBKO TOT/Ia,
xorma MY TYava Hvaw; = 0
CocTaBuUM ypaBHEHUE:

Fh =0

32-D+3-D+(-2)5=0

PackpbeiBaeM CKOOKH ¥ ITPUBOIUM MOAOOHBIC CllaraeMble:
6—31-1-10=1D

-41-4=10

Pemaem npocreiiniee TMHERHOE ypaBHEHUE:
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—41=4

A=-1

Otser: npu A=-1

[Ipumep 11

[Ipu xakoM 3HaueHUU A CKaJISIPHOE IPOU3BEIEHUE BEKTOPOB a(2 4,52 -3) Oyznet
paBHO —2?

Haiitu ckansipHOe Mpou3BeIeHHE BEKTOPOB ¥ oy 2f+d eomm © 0 =3 3,44 10)
DT0 TpuUMep IS CAMOCTOSTENILHOTO —PEHICHHS. 31eCh MOKHO  HCIIOJh30BaTh

aCCOLMAaTUBHOCTD OIlEpalliM, TO €CTh HE CUUTATD & =30-32=(0-%15) , & Cpa3y BBIHECTH
TPOMKY 3a MPEebl CKaJIpHOrO MPOU3BENECHUS U JOMHOXHUTHh Ha HEE B MOCJIEAHIO OYEpElb.
Peuienue u oTBET B KOHIIE YPOKa.

B 3axmouenue naparpada mpoBOKAIIMOHHBIN MPUMEP HA BRIYHCICHUE THHBI BEKTOPA!

ITpumep 12
JIaHbI TPU BEPIINHBI TPEYTOJIbHUKA AL ), B(3 2, 0O 4 Yajipy LABC (yroin npu
BepumHe ).

Pemenne: 1o ycnoButo 4epTex BBIOIHITh HE TPEOYETCs, HO BCE-TaKH:
. ‘k : ' : H

Haiiném BekTOpBHI:

BA(—1-30-2)= BA(—-4. - )
BC(5—3 —4—-21= BC(2.—6)
Brruncium CKaJIAPHOC NPOU3BCACHUC:
BA BC=—4.2-2.(-6)=-8+12=4
" JJIMHBI BEKTOPOB:

|E|= Ji=? = = 164 = 20=2.5
|ﬁ|= J2 -6 = A1 36 = A0 =210

Kocunyc yrna:

— — BA.BC 4 1 1
cosA (B BN = — = = =
( ) g 50| 245 2010 J500 sz
cosi(ﬁ;ﬁ)ziﬂ'gc = —4-2-2-(%) =
BA|- BT J? + -2 2+ (-6
—8+12 4 4 4 1

T JI6+4 . JA+36 2040 300 2042 542
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Haiiném cam yroo:

i(ﬁ; E} = arccos w2 1 A5 pan. = B2°

1
542
SZABC = arcoos
OTBeT: 5\'5

[Ipumep 13
B MIPOCTPAHCTBE 3a1aH TPEYTOJIbHUK KOOpJIMHATAMH CBOUX

BEPLIMH ALLD, 4,03 0:0). 4,(2,3.7) . Haittu yron mexnay cropoHamu 44 51 A4

[pumep 14
C noMoIIBI0 CKAJISIPHOTO IMTPOU3BEICHHS BEKTOPOB HAMTH YToJl Py BepimHe A mapasuienorpamma

AR =72 w 4=f2_=_1!
ABCD, noctpoeHHOro Ha BEKTOpax AB =18:2;05 H AC {3’ 5y
Peuwienue. BeruncianMm Moy BEKTOPOB U UX CKAJIIPHOE IIPOU3BEEHHUE 110 TEOPEME:

|4B|= /8 +2> +0% = J68;  |AC|=+[3* +(=5) + (1) =+0+25+1 =435;
AB-AC=3-8+2-(-5)+0-(-1)=14.

Otcrona coriacHo Gopmyie (2.29) moaydyuM KOCHHYC UCKOMOTO yrijia

14
A68-4[35

= 1,43 pag. = 82°

cos@= ~0,3. CllefoBaTenbHo, £ @ = arccos0,3 ~72°

IIpakTHuyeckas padora Ne 77
Tema 13.3: [IpakTHKO-OpUEHTHPOBAHHBIE 33/1a4l HA KOOPJIUHATHOM MIOCKOCTH
Hean: HayuuThes pemats 3aa41 Ha KOOPJAUHATHOM TJI0OCKOCTH

TeopeTuyeckas 4acTh:
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e TlnocTelnme BEII[EI'-IHB KOODIMHATAEE

1. KoopmmaTe: cepemmer otpeska

Zi
*'l; Ay
£
A{Ii. Wi 2 A
=L l‘rr i 2) 5
ak|
Bi-";- Yz 23) e
........................... ity W A,
x ¥ .ﬂ.j T
. ) H Ay
Koop iEn T (e emIHEL TOEKIT (.4 X ¥4 A
EEKTOpa 00 : Fx

EBIMHCILEETCA 0 ot ;

JIHHA EeR TOpA ey,

Civ y 7 rj; 2 }'1;}%* I'lg“: BETHCIIE 107 10 oI
e = w4 ¥ b x?
Famedas koapdiHama cepetiiHel QIPEINT PasHR
FATTVCVALAE OO0 SS I EVIOTLIY, KOAPALHA R 820
HOHYOE, :
e
3. PaccToAHMe MeEKIV TEVMA TOUKAMIT
zy
M2 lEz Yo Zy)
/.r“
Myleyy s ol
........................ -
0 y
.l;‘/”.

PaccToamIe MEeFTY TEYILA TOYEANIT

Pemenue 3agau:

1. Haitute koopmunaThl BekTopa A, ecmn A{3:

H

I D A T 5

. Mano: | Pewenue:
Al ~1 dy ABfx: v 2 W{E Sl e 14 - 23
2 ~0d4y |- e B 2} KoopauHaTsl BeKTOpa 110
..... Cra— ' JIBYM TOYKAM. Haxonum
be y A‘g KOOPJIMHATHI BEKTOPA: U3 KOHI[A BEKTOPA BEIYUTAEM
5 " |3Ha4YeHMe KOOPAMHAT HaYaaa BEKTOPA.
Omeem: "AB”""" {~1;0;2}
2. Touka M — cepemuna otpeska A5, Haiinute KoopauHATHI
ecm A —diy
S22, 03
Hegio: Pereriiie:
P K OO [IHHATEL cepe MHHED Bercrc:pa i hopmyaa):
5{... 22 Wiy T T ot i + o
b 2 2 x
Ve ve e s o7 O p e G4 e
Moz (o e ey
My (ol 250 -

Erperern: M{—1: 2.0, =1

3. Haiinure mymHy BekTOpa AB, eclu
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2. J M eKTona (TI0 eT0 K00p IHHA TaM)

TOYKH Af,



Hano: Pewenune:
Af=1:0:2) B0 DosEOpu 10 Sli KOOI 1Y
- e B o + A A A A AT
B{L 23y [AB] = fx® 4 y? 4 z?
Hisfone s 005035 TRE 0K L
i‘,q{;i a ? ‘:Z;E L J:Ixz ..... .x-j; };'_2 };";; z:.r 2_1}
oo sumsan wbopaysy IS Sk OgE

ﬁﬁﬁﬁﬁ ! i s ———— -
ARE J{1 e (AN R {2 OF F 3 TH e I 2 T Y
e |;1w§ | w A

4. Tlanbt Bexropbt #4321, B2 %13 ¢1--3:2; 1}, Haitmurre 14+ b
Hano: Pewenue:
a3 -2 1} Hait .
- aiijleM CyMMy COOTBETCTBYIOIIMX KOOPJAMHAT BEKTOPOB!
B3 30 ) i B (2 2y 51 1Y = i 10 2
el-3:2: 4} JlimHa BEKTOpa MO €ro KOOpAMHATAM:

d + |-y

HO,Z[CTaBI/IM 3HA4YCHUS KOOpAWHAT:
Wk By 1T 12 27 =V

Omeem:id*'gt =%

3agavaNes5. Hantu nsiowaab TpeyrosibHUK],
BEPLUMHbI KOTOPOro HaxXo4ATcA B Toukax A(2;-3),
B(2,1), C(-6,5)

3amady OYeHb MPOCTO PENINTH, BOCIONb30BABIINCE
b opmynoi
1
S = 5[(x1 - x3)(y2 - Y3)_ (xz _x3)(}’1 - )’3)]

B KOTOPOM HY’KHO B3sTh X; = 2, X, = 1, x5 = -6,

yi=-3,y,=1,y;=5.
[Toacrasisast 3Ty uncna B popmyity, ITOJIyUYUM
S=12 kB. e/

6. [Toctpouts Tpeyronbuuk ¢ BepumHamMu 4 (—4; 2), B (0; — 1) u C (3; 3) u onpeaenuTsb
ero MepUMETP U YTJIBL.

Pewenue. YtoObl BBIYMCIUTH [EPUMETP HEOOXOJUMO HAWTH JJIMHBI CTOPOH
TpeyroibHuka. Haitnem nmunbl cropoH mno ¢popmyie (1):

d; =AB =/(0+4)? +(-1- 2)* =16+9 =5
dy =BC =y/(3- 0)> +(3+1)? =9+16 =5
dy =AC =\/(3+4)* +(3- 2)° =49+1 =50 =572

[Mepumetp Bhraucum no ¢popmyiie p = di + dz + ds, 1. e.
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p =5+5+5+2 =5(2++/2) =171

BrimosHuM ueprex.

Tak kak TpeyrolbHUK paBHOOEAPEHHBIH, TO YIJIbI IPX OCHOBAHUU PaBHBbI, T. €. 0. =Y. Toraa
B=180—-0—-a=180-2-a

[1o Teopeme KOCMHYCOB Haii/iIeM yroJ o

BC?= AC? + AB?+ 2:AC-AB-cos q.

52 :(5\/5)2 +52 - 2552 cosa

5 50 W2
25=50+25-50+v2cosa = cosq=——-+ =<
50+4/2 2
7T
o =—
T. €. 4= 45° 3gaunt B = 180° — 90° = 90°. Cen0BaTENILHO, TPEYTONLHUK SBIISETCS
IPSIMOYT OJIbHBIM.

7. Janbl BepumHbl TpeyroipHuka ABC: A (1; 5), B (9; 10); C(10; 3). Omnpenenutsb
KOOp/AAMHATHI TOUKH [1epeCceueHust MeAMaH TPEyroJIbHUKA.

Pewenue. Crnauana HalijleM KOOpJMHATHI TOUKH D cepennHbl 01HOM U3 CTOPOH, HATIPUMED
cTopoHbl AB. JI1s1 aTOro BocmnojbzyeMcs popmysioi (3):

x=os =20

2 2 _

Touka M, B KOTOpOil TepecekarTcss MeauaHbl, AenuT oTpe3ok CD B orHomenun 2:1,

cuntas ot Touku C. CreqoBaTelbHO, KOOPIAUHATHI TOUKH M onpenensrores mno ¢gopmyriam (2):

L_Xt2xp 10410 20 yy+2yp 3415
1+2 3 3’ 142 3
MHE;GH
Omeem: 13 1

8. UsBectubl Touku 4 (— 2;5), B (4; 17) — koH1b! orpe3ka AB. Ha 3ToM oTpe3ke HaXOauTCst
Touka C, paccTosHUE KOTOpPOMl OT TOUkKM A B J1Ba pa3a Oojblle pacCTOSHUS OT TOYKHU B.
Onpenenuts KoopauHaThl TOUku C.
Pewenue. Tak kak |AC| = 2-|CB|, To A = |AC|:|CB| = 2. CnenoBaTtenabHO,
-2+24 6 5+217 39
X=——=—=2; y=——=—2=13
1+2 3 1+2 3
Omeem: C (2; 13).

IIpakTnueckas padora Ne78
Tema 13.4: KontposbHas pabota o pazaeny 13 «KoopauHaThl 1 BEKTOPEI»
Heasn: [IpoBeputh ypoBEHb YCBOEHUS AAHHOIO MaTepuala no pasuaeny 13 «KoopauHatsl
Y BEKTOPBI»

Ilpu pewenuu 3adanuini 1-4 3anuwiume npasuIbHLLL oOmMeem U3 yemovlpex

npPeonoHceHHbIX.
1. (1 6amm) Hansr Touku A(1,0,5), B(-2,0,4), C(0,-1,0), [1(0,0,2). Kakue u3 HUX nexat Ha
KoopauHaTtHoH npsmon Oy?
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A)A;Bb)B; B)C; TN 1.

2. (1 6amn) Kakue u3 BextopoB a(l,0,-1), ¢(1/3,2/3,-2/3), B(1,1,1), p(0,0,-2) sBasitoTCS
€TUHUYHBIMHA?

A)a;b)c;B)B; ) p.

3. (1 6amr) Kakue u3 Bektopos a(1,2,-3), ¢(3,6,-6), B(2,4,-6) KoyumMHEapHBI?

A)a, B; b) c, B; B) a, c; I') konnmuHeapHbIX BEKTOPOB HET.

4. (1 6amn) Hawer Touku A(2,0,5), B(2,4,-2) C(-2,6,3). CepenuHoii Kakoro oTpe3ka
sBisiercst Touka M(0,3,4)?

A) AB; b) BC; B) AC; T') CB.

Ilpu evinonnenuu 3ad0anuit 5-8 3anuuiume x00 peuwieHus U NOAY4eH bl ONeent.

5. (2 06amnma) [aust Bextopsl a(-6,0,8), B(-3,2,-6). Haiigute ckanspHOoe MpOU3BEICHHE
BEKTOPOB.

6. (2 6ama) [pu KaKuX 3HAUEHUSX T BEKTOPHI a (4,11,2), B (1,2,11) neprneHauKyIspHbI?)

7. (2 6amma) Jlamer Bektopel a(-6,0,8), B(-3,2,-6). Haiinure KOCHHYC yriia MeXIy
BEKTOPAMH.

8. (2 6amna) Jlausl Bekropsl B{3,1-2}, ¢ {1,4,-3}. Haiiti anmuHy Bekropa 2B-c.

Omanonvt omeemos:

Homep 1 2 3 4 5 6 7 8
3aaHuA
OTtBeT B B A B -30 -1 -3/7 30

244



Jlureparypa:

OcHOBHBbIE eYaTHbIE U3aAHUS

1. AnumoB I1.A. Marematuka: anredpa u Hayajaa MaTEMaTUYECKOr0 aHAJIN3a, FTEOMETPHSI.
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4. Marematuka: ydyeOHoe mocobue / M.M. UepneuoB [u ap.]. — M.: Poccuiickuit
rocyapCTBEHHBIH YHUBEpCUTET mpaBocyaus, 2022.— 336 C.
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	Практическая работа №5
	Тема 1.5: Геометрия на плоскости
	Цель: Определить направления практического применения знаний планиметрии в профессиональной деятельности.
	Теоретическая часть:
	Где встречаются геометрические фигуры в нашей жизни?
	Простейшие виды фигур
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	Прямоугольник
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	Основные величины и их формулы
	Периметр

	Связь между синусом и косинусом одного угла
	Тангенс и котангенс через синус и косинус
	Связь между тангенсом и котангенсом
	Тангенс и косинус, котангенс и синус
	№2. Предприниматель осуществляет промышленное производство на конкурентном рынке в районе, где достигнута полная занятость. При этом имеются следующие данные:
	Что такое иррациональные выражения?
	Основные виды преобразований иррациональных выражений
	Преобразование подкоренного выражения
	Использование свойств корней
	Внесение множителя под знак корня
	Вынесение множителя из-под знака корня
	Преобразование дробей, содержащих корни
	Избавление от иррациональности в знаменателе
	Переход от корней к степеням
	Специальные обозначения:


	Свойства логарифмов:
	Объяснение и обоснование

	1. Решение уравнений с параметром
	2. Решение неравенства с параметром
	3. Решение иррационального уравнения с параметром
	Геометрический смысл производной
	Физический смысл производной

	Теоретическая часть: (1)
	Определение «Монотонные функции»
	Связь производной и промежутков монотонности функции
	Исследование промежутков монотонности функции с помощью производной
	Пример локального и глобального экстремума
	Точка перегиба
	Лемма Ферма
	Точка перегиба, локальный характер точек экстремума
	Алгоритм
	Задача
	Задача.
	Найти экстремумы функции y = x3 (x – 1).

	Решение.
	Теоретическая часть: (2)
	Теоретическая часть: (3)
	Практическая работа №46
	Теоретическая часть: (4)
	Понятие первообразной
	Практическая работа №47
	Практическая работа №48
	Практическая работа №49
	Тема 8.4: Определенный интеграл в жизни
	Цель: Научиться использовать интеграл для нахождения физических величин
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