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BBEJIEHUE

1. Hesap u 3a0a4u M3yYeHUs1 AU CHUNINHBI

Llens aucuuruimHbl:  (opMuUpoBaHHEe Habopa oO0ImIENPOPECCHOHATBHBIX  KOMIETCHIUI
OakanaBpa no HanpasieHuIo ToArotoBku 09.03.02 «HpopMaMOHHBIE CUCTEMBI U TEXHOJIOTUI.

3amaun OCBOCHUS ITUCIMILIMHBL: (HOPMUPOBAHKE TPEACTABICHUN O POJIM U MECTE MAaTEMaTHKU
B COBPCMCHHOM MHUPC, OTallaX pPas3sBUTHA, YHUBCPCAJILHOCTU €€ HOHATHH WU HpeHCTaBHeHHﬁ;
(dbopMHpOoBaHUE YMEHUH KOHCTPYUPOBAHHS M aHAJIH3a MATEMAaTHUECKUX MOJIEICH 0ObEKTOB, CUCTEM H
MIPOLIECCOB TIPH PEIICHUU 3a/1a4, CBA3aHHBIX O chepoit Oymymiei mpodeccnoHaIbHON NesSTeIbHOCTH,
OBJIQJICHUE HABBIKAMH TOYHOTO W CXKATOTO BBIPQKCHUS MATEMATHYECKOW MBICIH B YCTHOM W
IIMCBMCHHOM HM3JIOKCHUU, C HCITOJIB30BAHHUCM COOTBGTCTBYIOH_[eﬁ CHUMBOJIMKH.

2. O0opynoBaHMe U MAaTEPHUAJIBI

[TpakTrueckue pabOTHl MO TUCHUILIUHE «AunreOpay» MPOBOIATCS B y4eOHOM ayAUTOpPHH C
MyJIbTUMEANA 000PYJOBaHUEM: ITPOEKTOP, KOMIIBIOTEDP, SKpPAaH HACTEHHBIMH.

3. HamMeHoBaHMe NPAKTHYECKUX PadoOT

Ne HaunmeHnoBaHue TeM AUCHMILIMHBI, HX KPAaTKO€ COAECPKAHUEC Oobem W3 uux NpaKkTuIeCcKas
Tembl JacoB nmoaroroBka, 4acoB
AUCHHA
IJIMH

bl

1 cemectp
OcHoOBHBIE anreOpandeckue CTPyKTypsl. Omnepanuu u 1 1
1 anreOpsl. Mopdu3mbl. Anredpsl ¢ OJHOM omeparuei:
HOJYTPYIIIbI, MOHOUIBI, TPYIIbL. AJITEOpbI ¢ IBYMS
OTepaIMsIMU: KOJIBLIA, OIS
2 [Tone  KOMIUIGKCHBIX  umcenl.  JICHCTBUS  Han 1 1
KOMIUIEKCHBIMH YHCIIaMH
3 @DopMBbI IPENICTABICHUS] KOMIUICKCHBIX YUCEI
4 JleiicTBus Hal MaTpULIaMU 1 1
5 Beramncnenne  ompenenuteneldl  paszioKeHHEM IO
AJIEMEHTaM CTPOKH (CTOJIOIA)
6 OO6patHas MaTpuIa
7 PanT MaTpuirs!
8 UccnenoBanue cHUCTEM JIMHEWHBIX YpaBHEHUM Ha
COBMECTHOCTb
9 PemeHrie  HEBBIPOXKIEHHBIX  CHCTEM  JIMHEHHBIX 1 1
ypaBHeHMi MeTosioM Kpamepa

10 | Pemienne  HEBBIPOXKICHHBIX ~ CHUCTEM  JIMHEHHBIX 1 1

ypaBHEHUI MaTPHYHBIM METOJIOM

11 | Pemienne cucTeM JIMHEHHBIX YPaBHEHHH METOJIOM 1 1

I'aycca

12| CucremMbl  JIMHEWHBIX  OJHOPOIHBIX  YPaBHCHUIL. 1 1

dyHaMeHTaIbHAsL CHCTEMa peIlIeHUI

13 JluHelinble oOmEpaliyd HaJ BEKTOpaMHu. PasinokeHue 1 1

BEKTOpa MO OpTaM KOOpJIMHATHBIX ocel. [lelicTBus
HaJl BEKTOPaMH, 3a/IaHHBIMHU MPOSKIHSIMU




14 | CkanspHoe, BEKTOPHOE M CMEIIAHHOE MPOU3BEACHHS 1 1
BEKTOPOB

15 | BekTopHbIe MPOCTPAHCTBA M UX MTPOCTEUIIINE CBOWCTBA 1 1

16 JIuHeliHO 3aBUCHUMBIE W JIMHEWHO HE3aBUCUMBIE
CHCTEMBI BEKTOPOB BEKTOPHOTO IIPOCTPAHCTBA

17| PasamMepHOCTb U 0a31C BEKTOPHOI'O MPOCTPAHCTBA 1 1

18 CoOcTBeHHbIE BEKTOPbI U COOCTBEHHBIE 3HAYCHUS
JIMHEMHBIX OIEPaTOPOB

Hroro 3a 1 cemecTp 18 18

4. Conep:xaHue NpaKTHYECKUX padoT

Ilpakmuueckoe 3anamue 1. Ocnoseuvie anzeopauueckue cmpykmypwl. Onepauuu u anzeopbl.
Mopdghuzmobt. Ancedpvl ¢ 00HOI onepayueil: NOYZpynnvl, MOHOUObL, 2pynnuvl. Anzedpvl ¢ 08ymsa
onepayuaMu: Koavyd, nousi.

I]ens: BeIpaOOTATH MIPE/ICTABICHUE 00 OCHOBHBIX alreOpanuecKuX CTPYKTYPax M UX CBOMCTBAX
Cooeporcanue:

OWHapHas orepanus;

MOJIyTpYIINa, rpyIia, abenaesa rpyIa, KoJIblo, MoJe.

Teopemuueckaa yacmo:

B MaremaTuke M pa3nUYHBIX €€ MPUIIOKEHUSX BOKHYIO POJIb UTPAIOT TaKUe MaTeMaTHYeCKue
OOBEKTHI, KOTOpPHIE HA3bIBAIOTCA alreOpanuecKuMu CTPYKTypaMu. B MIHMpoOKOM cMbIcie TOJ
anreOpanveckoll CTPYKTypOill MOHHMMAIOT BCAKOE MHOXKECTBO, Ha KOTOPOM 33JaHbl HEKOTOPHIE
orepanuu (T.e. 3aKOHBI, CTABSIIHE B COOTBETCTBUE OJHOMY WJIM Mape 3JEMEHTOB IO OINpeneIEHHOMY
MIPaBHILY IPYTOU AJIEMEHT), 00JIajaroIIKe ONpeeIEHHBIMI CBOMCTBAMHU.

BoNbIIMHCTBO CBOMCTB W pPE3ylbTaTOB 00 JTUX MHOXKECTBaX IOJIYYalOT, OINUPAsCh Ha
KOHKPETHYIO MIPUPOJY 3JIEMEHTOB 3TUX MHOXKECTB U Ha KOHKPETHBIA CMBICI onepauuil HaJ HUMU. B
TO K€ BpeMS MHOTHE DPE3yJIbTaThl MOXKHO MOJYYHTHh HE3aBHCHMO OT IMPHPOJBI ITUX MHOXECTB M
KOHKPETHOTO CMBICJIA ONIEepallii, a UCXO0JIs TOJIBKO U3 CBOMCTB 3TUX ONEpaLni.

Cpenu Takux CBOWCTB ONEpalyii paccCMaTpUBAIOTCS: aCCOLMATHBHOCTh, KOMMYTAaTHBHOCTH,
TUCTPUOYTUBHOCT, HAIMYME CIIEIUABHBIX 3JIEMEHTOB, 00JIaJal0IINX ONpe/eN€HHBIMU CBOMCTBaMU
(HyneBoM, eTMHUYHBIN (HEUTpanbHbIN), 0OpaTHBIN 3JIEMEHT K JaHHOMY U T.1I.).

B 3aBucuMOCTH OT KOJIMYECTBa ONEpalUil U CBOWCTB, KOTOPHIMH OHH OOJIaJal0T, pa3inyaroT
CJIeIYIOIINE aNre0OpanvdecKue CTPYKTYPHI.

Ilonyepynnoii Ha3pIBaeTcsi MHOXECTBO GG, HA KOTOPOM 3aJaHa OMHapHas onepanus * (4acto eé
Ha3bIBAIOT YMHO)KEHHEM M 0003HAYAIOT * ), JJIST KOTOPOH BBIMOJHIETCS CBOWCTBO aCCOLUMATHBHOCTH,
T.e. 1 M00bX a,b,c € G (axb) *c = a*(b*c) . Ecnu B momyrpymmne uMMeercsl HeUTpaTbHBINA
3JIEMEHT e (HYJeBOi, eIMHUYHBII), T.€. TaKoil, uTo a*e=ex*a=a I moboro a€G, To noxyrpymnmna G
Ha3bIBaeTCs yHumaprot (MOJyrpynmnoi ¢ HyiaéM; nmoayrpynmnoit ¢ eaunuueit). Ecnu B momyrpymie
BBITIOJTHSIETCSl KOMMYTATUBHBIN 3aKOH, T.e. eciau uis moObix a,beG  axb = b*a, To momyrpynmna
Ha3bIBACTCS KoMMymamuerot (AN abenesoll).

YHUTapHAs MONXYTpyIa Ha3bIBACTCS epynno, €ciu s modoro a€G cymecTByeT 00paTHBINA
anemeHT b € G, T.e. Tako#, yto a*b = b*a = e. Ecnu momosHUTENBHO BBIMONHSAETCS CBOWCTBO
KOMMYTAaTUBHOCTH, TO TpYIIa Ha3bIBaeTCS KommymamusHou (WU abenesoll), U B ITOM Cllydae
OOBIYHO TIPUMEHSETCS aJINTUBHAS CHUMBOJHKA, T.€. ONepanus oOo3Hayaercs +, HEWTpaTbHBIN
aneMeHT 0, 0OpaTHBIN ANIEMEHT K & Ha3bIBalOT MIPOTUBOIOJIOKHBIM U 0003HAYAETCA: -d.

Ecmm B abGeneBoit rpynme (K , +) Hapsgy C omepamueil CIoKeHWsl + 3agaHa emé ojHa
orepauusi: NpousBeneHue * (MIu ), KOTopas cCBsi3aHa C + JUCTPUOYTUBHBIMH 3aKOHAMU:
(a+b)xc=(axc)+(b*c), ax* (b+c)=(axb)+(axc) mram00bx a,b,c € Ku 0*a=a*0=0 mus
moboro a € K, to K HaseiBactcs xoavyom. Ecmu B xombiie (K, +, *) JOMOJHUTEIBHO IS
MIPOU3BECHUS * BBIMOJIHACTCS aCCOLMATUBHBIN 3aKOH, T.€. €CIH

(a* b) *c=ax*(b*c) mma mooObIx a,b,c € K,



TO KOJIBIIO HAa3BIBACTCS ACCOYUAMUBHBIM. A €CITU KPOME TOTO CYIIECTBYET €AMHUYHBIIN 3JIeMeHT 1, T.e.
Takow, 4uro 1*a = a*l=a mus moboro ae K, TO KOJIbIIO HAa3bIBACTCS VHUmMAapHovim (WA KOJBIIOM C 1).
Ecnmu B KOJbIle BBIMONHSETCS KOMMYTAaTHBHBIM 3aKOH Ui *, TO KOJBIO Ha3bIBaeTCA
KOMMYMAMUSHBIM.

AccolMaTHBHOE YHHMTApHOE KOJBIO, B KOTOPOM KaXJIblii HEHYJEBOH JJIEMEHT & HMeeT
obpaTHelii @, T.e. Takoif, uto a*al = al*a = 1 wHaseBaerca menom. KoMMyTaTHBHOE TeIo
Ha3bIBACTCS NOJIEM.

Bonpocwt u 3a0auu:
1.5IBngercs nu crneayrouee MHOXKECTBO IPYIIIO, KOJIBLIOM, ITOJIEM OTHOCUTEIBHO CIIOKEHUS YHCEN U
YMHOKEHUS YUCell:
- MHO>KECTBO JIHCTBUTEIbHBIX YUCEIL;
- MHOYKECTBO PAIlOHAJIbHBIX YUCET;
-MHOECTBO I[EJIBIX YUCEIT;
-MHO’KECTBO HEOTPUIATEIBHBIX PAlMOHAIBHBIX YHCET;
-MHOKECTBO HaTypaJIbHbIX YUCEIL;
-MHO>KECTBO HEOTPUIATEIbHBIX JEHCTBUTEILHBIX YUCET;
-MHOECTBO YETHBIX LIEJIBIX YUCET;
-MHO’KECTBO HEOTPUIATEIBHBIX LIEJIBIX YHCET;
-MHOECTBO IIPOCTHIX UHCET,;
-MHO’KECTBO KOMITJICKCHBIX YHCeN?
2.Yto Takoe OmHapHas orepanus’?
3.[aiiTe onpeneneHne rpymnmona.
4.Kaxas GuHapHas orepalysi Ha3pIBaeTCsl KOMMYTAaTUBHOM; aCCOIUATUBHON?
5.Yto Takoe HEUTpaIbHBINA AIEMEHT; CAMMETPUYHBIN JIEMEHT?
6.Kak Ha3pIBaeTCS CUMMETPUYHBIN; HEUTPATIBHBINA JIEMEHT AJs ciokenus? s yMHOXKeHUs?
7.MaiiTe onpeeneHus NOayrpybl, TpyNnbl U NOArpymnmsl. [IpuBeante npumepsl.
8.Konpma. Tena. [Tons. Jlaiite onpenenenue. [IpuBenure npuMepsi.

Ilpakmuueckoe 3anamue 2. Ilone komnnekcnovix yucen. /leiicmeusn nad KOMNIEKCHbIMU YUCTIAMU.
Ileny: chopmupoBaTh MPEACTABICHHUE TOJI€ KOMIUIEKCHBIX YHUCEN, BbIpaOOTaTh YMEHHUE BBHITIOJIHATH
JEUCTBUS HAJI KOMILJIEKCHBIMU YU CIIaMHU

Cooeporcanue:

KOMIUIEKCHOE YMCJI0, MHUMAsl €IMHMIIA, PAaBHbIE KOMIUIEKCHBIE YHCINA, COMPSKEHHbIE KOMITJIEKCHBIC
YyuCa;

M300pakeHNe KOMILJIEKCHOTO Yucia Ha tuiockoctu XOY;

CIIO)KCHHE, BEIUNTAHUE, YMHOKEHUE, JISTICHHE KOMIUICKCHBIX YHCE.

Teopemuueckasn uacmo:
VYnopsioueHHas napa JByX JEHCTBUTENbHBIX YHUCEN (X, )) Ha3bIBACTCS KOMNJIEKCHbIM YUCIOM

7= (X, y). MHOXeCTBO KOMIUIEKCHBIX yucen o0o3Hauaercs C .

Yucna Buza (x, 0) — 3To geiictButenbuble uncna, uncna suaa (0,Y), rme Y # 0 ecrs uncro
manmble  uncrma, uncito  (0,1)  wmummas  emmmmma w o6osmauaercs | =(0,1), Torma
(0,¥) =y(0,)) =1y, uncno (0,0) ecrs neiicrBuTensHOE YKCIO HYIB.

UYucno X =ReZ naseBaerca oOeiicmeumensvroti (BEIIECTBEHHON) 4YaCThIO KOMIIEKCHOTO
yucna Z = (X, y) ,auucino Yy = IM Z smuumoii vacTeio KOMMIITEKCHOTO YHCIIA.

JIBa KOMIUIEKCHBIX YHMCHa Z1 = (Xl, yl) uly= (XZ, Yo ), HAa3bIBAXOTCA PAGHbIMU, ECIIA PABHBI
WX JIEHCTBUTENIbHbIE U MHUMBIE YacTH, T.€.

Ly =12 < X=X, ¥Y1=Y2.

CooTHouleHne 00JblIe-MEHbIIE JUIsl KOMIUIEKCHBIX YMCENl HE BBOAUTCS.



Kommiexchoe uucino Z = (X,Y) = X+1y wusobpaxaercs B miockoctn XOY Toukoit M ¢

KoopauHatamu (X,Y), 1100 BEKTOPOM, Ha4ajl0 KOTOPOTO HaxoauTcs B Touke (J(0,0), a KOHEIl B TOUKE
M(x.y).

ﬂeﬁcmeuﬂ Ha() KOMPANJAEKCHbIMU YUcaamu
ITycTs nanel Z1 = (Xl, yl) uly= (X2, Y, ), TOrga
Zp+2y = (X £ X5, ¥1 £ Y5),
Zy -2y = (X Xp = Y1Y2, %Yo + X5 Y1),

L | X XotYaYo Xo¥1 = XiYo 2, %0

2 2 2
Z, X; +Y;

2
X2 Y2
Z =X+ Iy — anre6panyeckas (opMa 3aIUCH KOMIUIEKCHOTO 9MCIIa, TOTIa
22, = (% +1y )2 (% +1y,) = (x £ %) +ily; £ y5),
21-25 = (X +iyp)- (%o +iyp) = X%, +iXy, +
- .2 -
+iXo Yy +1%Y1Yy = (XXp = V1Y) +i(XeYa + XYy )
Kommiekcuple uwucnma Z = (X, y) =X+lY u Z= (x,—y) =X—1y, y KOTOpBIX

ﬂeﬁCTBHTCHLHbIe 4aCTU paBHbBI, a MHHMBIC OTIHMYAIOTCA 3HAKOM, HAa3bIBAKOTCA 63AdUMHO
CONPANCEHHBIMU NIIN KOMNJIEKCHO CONPANCEHHbIMU .

HerpyzaHo Buzners, 4ro ‘Z‘ = ‘Z‘ =4/ X2 + y2 ,argz=-argZ (xpome uucen Z=X<0; aua
HUX A Z=argZ = ).
JleneHnue KOMITJIEKCHBIX YHCEI B alredpandeckoi popme
L _nhZl X XptYioYs i XoYi—XYa
Z 1377 X3 + Y3 X5 +Y3

JeiictButensHas yacth X =R€Z w mmmmas wacts Y =IMZ xommiexkcHoro umcna z

BBIPAXKAIOTCA 4€PEC3 COMPAKECHHBIC KOMIIJICKCHBIC YU CJIa CIICAYIOIINM O6p330MZ

Z+12 ZI—-7 1-1Z
Rez=—, Imz =i =—,
2 21

IIpumep. [lokasate, ut0 Zy +Z, =71 + Z5.
Pemienue: J/IokaxxeM 5TO paBEHCTBO, UCIIOJIB3Ys ONPEACIIEHUE

21+ 2y = (X + %) —1(Yy +¥2) = (X —iy1) + (X —1Y,) = 7, + Z,.
Ipumep. Haiitu npoussesienne u uactuoe uncen Z; =2 —31 u Z, = -4 +1.

Pentenue:
2,2, =(2-3i —4+i)=—-8+2i+12 —3i°* =-8+14i +3=-5+14i,
7, 2-3i (2-3i)(-4-i) -8-2i+12i+3i° -8+10i-3

2, —4+i (-4+i)-4-i)  (-4P-i2 4+l
~11+10i 11 10i 11
= =——4+—=——+2,
5 5 5
7, —4+i (-4+i)2+3i) -8-12i+2i+3i° -8-10i-3
z;  2-3i (2-3i)2+31)  22-(3P  4+9
_-11-10i _ 11 10i
13 13 13



@-21)(2-31)
(3—4i)(4-51)

Pemrenue. Ucnionb3ys mpaBuia pacKpbITUs CKOOOK U BBITTOJIHEHUS IEUCTBUI Ha/
KOMILUIEKCHBIMH YU CJIaMU, IOJy4YUM

(1-2i)(2-3i))  2-3i-4i+6i°  2-7i+6i° -4-7i  4+7i
(3-4i)(4-5) 12-15i-16i+20i2 12-31i+20i® -8-31Li  8+3li
_ (4+7i)(8-3L) 32-124i+56i-217i® 249-68i 249 68
© (8+3Li)(8-3L) 64— 961i2 T 1025 1025 1025
Bonpocul u 3a0auu:
1.Berancinurs:

a) (\/g— i)g;
6) (— \/ﬁf;
B) (-1 +i+/3)%.

2. OHpeI[eJ'II/ITB MOAYJIb KOMIIJICKCHOT'O HHUCJIa:

[Ipumep: BBIYMCANTD 3HAYEHUE BBIPAKECHUS

a) 2=2-3i:6) z=—7+2i;8) z=3-4i;r) z=13—1; 1) Z=4—Z_I;e) Z= ! I_ .
-3—1 1+7i
Ilpakmuueckoe 3auamue 3. Dopmuvt nPeOCMasieHUs KOMNIEKCHBIX Yucel.
Ilens: BbIpaOOTAaTh yMEHHE MPEICTABISATH KOMIUIEKCHOE YHCIO B dopme, TpeOyeMol A peuieHus
3a1a49u
Cooeporcanue:
MO/JyJIb, ApPTYMEHT KOMILJIEKCHOTO YUCIA;
TPUTOHOMETPHUYECKas U TTOKa3aTeabHast POPMBI 3aMUCH KOMIUIEKCHOTO YHCIa;
BBITIOJIHEHUE JIEVCTBUIM HAJ KOMIUIEKCHBIMHM YHUCIAMHA B TPUTOHOMETPUYECKOW M IMOKa3aTeIbHOMN
¢dopmax.
Teopemuueckan uacmp:
B mnonsgpHoii cuctemMe KOOpAMHAT TMOJIOKEHUWE TOYKM Ha IUIOCKOCTH OIpeAeNseTcs ee

paccrosaueM p ot nomoca O: ‘OM‘ = p (P mOISIpHBIA pagnyc — BEKTOP TOYKH) M YIIIOM @,

o0pa3oBaHHBIM OTpe3koM OM monsipHol ockto OX (¢ MONSAPHBIA yroyd TOYKH). YTOJN ¢ CUYMTACTCS
IOJIOKUTEILHBIM IIPH OTCUETE OT MOJISIPHON OCU IIPOTUB YaCOBOW CTPEIIKH.
Ecnun Hauano aexapToBOM MPSMOYTOJIBHOW CUCTEMBI KOOPAMHAT COBMECTHT C IOJIOCOM, a OCh

OX HampaBUTh 10 TOJNAPHOH OCH, TO MpSAMOYroibHble kKoopauHaTsl x u y Toukn M (X,Y) u ee

MOJISIPHBIE KOOPJIMHATHI o, u 10 CBSI3aHBI bopmynamu

X=pCoSp, Yy=pSIN@:
[\2 | 2 y
P=X"+Y ,tg(p:;.
Torua KOMIIJIEKCHOEC YHMCJIO MOKHO 3aIliucaTth B BU/IC
Z=X+1y = p(cos @ +isin ).

Ota (hopMyIia 1a€T TPUTOHOMETPUYECKYIO (OPMY KOMILIEKCHOTO yncina. [Ipu sTom,
‘Z‘ =p= ‘ ,5‘ =4/ X2 + y2 Ha3bIBAETCS MOOYIeM KOMIIEKCHO20 YUCd, & YTOIL (P = Argz -

apaymenmom Komnaekcnozo yucaa. Yron @ = ArQZ onpenensercs HeOJHO3HAUHO, @ C TOYHOCTHIO JI0

CJIaracMoro, KpaTHoro 2r:

Argz =argz + 27k, k=0,£1,£2,... .



rrae arg(z) ects rmaBHOe 3HaueHHe Arg(z), ompexnenseMoe ycnoBueM — 77 < alfQ Z < 77, mpuyéM:
y

arctg>, anegx>o0,
X

7r+arctgi, anegx <0,y >0,
X

arg(z) =4 —r+arctg>,anée x <0, y(0,

x <

%, anegx =0,y >0,

T A éﬁeéX=O,y<0.

HmeroT MmecTo CJICAYIOUEC COOTHOLICHUA

tg(Arg(2)) = y , Sin(Arg(z)) = I , C0s(Arg(2)) = X
I[Ba KOMIIJICKCHBIX YHCJIa le/I 22 PpaBHBI TOrJa U TOJIBKO TOraa, Korjga ux MOAYJiu paBHBI, 4 UX
apTyMEHTHI TH00 PaBHbI, MO0 OTIMYAIOTCS HA BEIUUYUHY, KPAaTHYIO 27T .
21| =z,|, Arg(zy) = Arg(z,) +2zn (n=0,£142,...).
Ymnooicenue xomnnexcruvix uucen 6 mpuemtozuempuqecxoﬁ d)opMe
2y - 25 = P2 (COS@y +1siNgy) - p, (COSP, +ising,) =

= p1,(COSP, COSP, +i° sing, sing, +i(Cosp, Sing, +sing, Cose,)) =
= p1P2(COS@y + ¢,) +isin(py + ¢,)).

To ecTb,
|2,2,| =|24|-|2,|, Arg(z12,) = Argz, - Argz,.
DTOo MpaBUIIO PAaCHIPOCTpaHsETCs Ha J1000e Yucio comHoxutenei. Ecnm Z; =7, =...=Z,,, 10

nonyuum gopmyny Myaepa

2" = p"(cosne +isinng).
To ects, z“‘ =|z|", Argz" = nArgz+ 27k, (k =0,£142...).

CaoiicTBa MOYJIsI KOMIUIEKCHBIX YHCET
L |z|=[2], 2. 22 =", 3. 112, =iz,
2|z =|2", nl_lal, Lo 6. [Rez| <[7], |Imz| <[
Z,| |z,

7. |2, + 74| <|2,|+|z4], 8. |z, —|z1] <]z, — 4]

ﬂeﬂeHue KOMNJIEKCHbLX Yucesl 6 mpuZOHOMempulleCKOﬁ gbopme



z

2, _ pi(cosp, +ising,)  p (cosg, +ising,)(cosp, —ising,) _
Z2

p,(Cosp, +ising,)  p, (Cose,+ising,)(cosp, —ising,)
_ p1 (cosg, cosg, +sin ¢, sin g,) +i(sin g, cosp, —sin ¢, Cosg,)

2, cos’ ¢, +sin’ g,
_P (cos(@, —@,) +isin(p, —@,)).
P>
To ecTb
z z Z
A1 aro® — arga argn
Z,| [z, g

H3zeneuenus uz komniekcrhoz2o yucia KOpH:A N-ou cmenenu

otcosp +ising) =g cosTOLT 2K i FOZ 2,
n

n
rie k=012,...,n-1.

Dra popmyna gaet poHO N pasznmuuHbix kopreid npu K =0,1,2,...,n—1.
n
Touku, COOTBETCTBYIOIINE 3HAYCHUSIM \/E , SIBJISTIOTCS BEPIIMHAMHU MPABWIILHOTO N-yTOJIbHUKA,

BIIMCAHHOT'O B OKPY’KHOCTb paJinycCa R =N ‘Z‘ C HCHTPOM B HA4YaJIC KOOpJAHHAT.

,Z[OKaBaHO, 4YTO Ha KOMIUICKCHBIC CTCIICHU ITOJIOKHUTCIBbHBIX YHCCI PaCIPOCTPAHAIOTCS BCC
IIpaBujia ﬂeﬁCTBHﬁ CO CTCIICHAMU U

e’ =e e*-e¥ =e*(cosy +isiny).
Ecmu X =0, o umeer mecto ¢popmyna Diinepa:
e’ =cosy +isiny.

Hcnone3ys popmyny Diinepa, moayduuM emre oAHY (HopMy 3amucu KOMIUIEKCHOTO 4Yucia —
MIOKAa3aTeIbHYIO.

X+1y _

2 =7|(cos g +isin ) =|ze'? =|ze"M"* =|zfe
OHepaI_[I/II/I Haa 4ucjiaMu B oKa3aTeJILHOU (1)opMe

_ i i _ i i _ i(p1+@y) _ i(argz, +argz,)
212, = Pt - pe'7? = pip, €162 = pyp, €T =g |7, e" IR T2

iargz

ip
i = &1 — PL . ei((ﬂl—(ﬂz) — Hei(arg —-argz,)

Z;  pe'?? Py 2]
7N (pei(p)n :pneingo :‘Z‘neinargz’
P+27K arg z+27K

Yz =R =0fp-e " =1f7-e " mek=012..,n-1.

z .
IokasartensHas GpyHKIMs KoMiekcHoro nepemennoro 2 f(z) =e° spnserca nepuomuueckoit

¢ epuooM 2 7Ki, Tak KaK
f(z+ 27ki) =22 —e? . o2 = ? (cOS27k +isin27k) =€?,
re. f(z+27i)=f(z).
Ecm 2 =0, 10 e2M =1y e?™ =1,

pumep: KommnekcHoe uncino Z =—2 + 2+/3l IpeacTaBuTh B TPHTOHOMETPHUECKOH hopMe.

Pemienue: 3yech x = -2, Y = 2.3 . Tlo popmyne I = ‘Z‘ =4/ X% + y2 ,



MoJiy4aeM

r= \/( —2)? +(24/3)? =4 +12
ITo popmynam

cosp=2=—2" :sing=Y =7

X
r ,X2+y2’ r /X2+y2’

COS ——g——l'sin —ﬁ
® 4 5’ @ 5
1 1
Tak xax COS(pI—E, To (0 =tarcco _E + 27K, T.e.

Imojy4acm

2
¢:i§72'+27lk, keZ
rae Z — MHOXKeCTBO 1enbix uncen (0, £1, £2, ...).
[ockonbky ¢ upunamiexur |l gerseptn, T0 @ = Argz = 571’ + 27K, a rnaBHOE 3HaYeHME

2
apryMeHTa (@ = 572' :

[TosTOMY YHCIIO Z B TPUTOHOMETPUIECKOH (POopMe UMEET BUJ
2r . 21m
z =4(cos— +sin —).
3 3
MoO>HO UCTIONB30BaTh U Apyrue 3HadeHus Argz:

= 4[cos(2?” + 27ij +1sin (2?” + 272‘kj] k=0+112,... .

Hpumep: Mpencrasute uncna Z; =—1+ i3, Z, =1—1~/3 B TpuronHoMeTpuueckoii hopme.

Pemenue: Tak kak I :\/(—1)2 +(\/§)2 =2, tggpl = \/_ \/§ HO Y > 0 X<O TO
2 2 .. 2
ecTh gz)l:gﬂ, TO 21=2(cos§7z+|sm§7z], a r, = 12 + ( \/§) =2,
tgp, =—£ V3,10 Yy<0, x>0, 10 ects ¢, =z ,T0 Zp =2 cos(—z +|5|n _E
1 3’ 3 3
Z
H[}I/IMC[ZZ Haiitu 1 . HpeIIBapI/ITCJ'IBHO 3alIMCaB KOMIIJICKCHBIC UK CJIa B
ZyZ3

TPUTOHOMETpUYECKOH dopMme, ecru Z; = 1+1, Ly = \/§ +iu i3 = 1+ \/§i .
Pemenue: YunteiBas uto, — 77 < (¢ < 77, Hai{ieM MOJIeNTb U apTYMEHT Ka)XKJJOr0 KOMIUIEKCHOTO
YHCa:

i 2 =12 +12 =42, ¢ :arctglz%

10



s Zy 1y le(\/§)2 +12=2u Py = arctgi _r

J3 6

s 231y =12 + (V3f =2 g = arctgx/_:%.

Torna 3aganHbIe YnCia B TPUTOHOMETPUYECKOH (popMe NMEI0T BUA

T . . T T . . T T . . T

2, =~/2(cos = +isin = . Z, =2(C0S—+1SIh =), z, = 2(C0S — +1SIN —).

1 ( 2 4) 2 = 2( e 6) 3 = 2( 3 3)
CrnenoBartenabHO,

T . . T T . . T T . . T
Zo -2, =2(COS—+1SIN—)-2(coS— +1SIn—) = 4(coS(— + =) +1SIn(— + —)) =
223 = 2(C05°. +) - 2(cos 3>(<’g3) (+3)

:4(cos£+isin£).
2 2

Torna
. \/§(cos£+isin§) J2
L - 4 A = % (cosC -y +isin(-2)) =
2223 4(cosz+isin£) 4 4 2 4 2
2 2
2

Ty . . T
:T.(Cgs(—Z)JrISIn(—Z))-

[Tpumep. Haittu % .

+27k . . 0427k
+isin 3

— 0
Pemenne. 3/1=3/cos0 + isin 0 = cos

Ipu k =0,1,2 nonyuarorcs kopau

oy =C€0s0+isin0 =1,

alzcosz—”+isin2—”:l(—1+i 3),
3 3 2

a, :cos4—7[+isin4—” :l(—l—i\@).
3 3 2

Mpu K=3 a3 =0c0S27 +1iSin 27 =1, uto cosmamaer ¢ av. Bce mociemyronie KOpHH

OyAyT MOBTOPSITHCS, TaK YTO PA3IUYHBIX KOpHEH Oy/IeT TOJIbKO TPH.
Bonpocwt u 3a0auu:
1. Haiitu neficTBUTENbHYIO 1 MHUMYIO YacTH YHCIIa
-\ 3 \5
1-i (L+i)
a) S . ) 6) .
1+1

2. Haiitu MOZyNb U apryMeHT KOMILIEKCHOTO YHCIIa

a) 1+i% 5 —cos§+ i sin %,B) (1+i)® -(1— i\/§)_6.

11



3. BeimonnuTe apudmernyeckue AeWCTBUS HaJl KOMIUIEKCHBIMU 4uciaamu. M300pasute HaiijeHHBIE
4KCJla Ha KOMIUIEKCHOM IJIOCKOCTH.

o |03 —60-+2i L, o2-20) +72+ 40
T\ (2-if-6+9i (L-2i) +5i
o B3 EaT T
48-(1+1 1+i
o [E2LEAT " gﬁ BE-a
(1+1 1+3
17.4/-128 +i128+/3 . Lg g LHIV3
' 32
~8+i843. 104 ~1-i/3
32
1.11. 4/-128 - 1283 . 112, 4/-8— |8\/§
@+ V3if —60+2i 1
S (2-i)-6+9 2
" \/(1+@,6 60+ 2i 1.16. 4/-128 - 1283 .
(2-iY-6+9i
1.17. 3/-8i. 1183\/1 2i)° 1+2|3
6
1o oLV B0+ 21 1203\/2 2i) +72+4I.
(2-i) -6+9i 1-2i) +5i
6
. 4\/(1(+\/—I))‘°’ 60+2i- ™ 6(2+3' . 2 3') |
2—i) —6+9i +i)
6
Ly oLV —B0+ 21 124\/2 2i) _+72+4I.
(2—|)3—6+9| 1-2i)" +5i
1.25__ 12(Si/1+\/§| 60+ 2i
2 2—i) -6+9i
1.27.6(2+3i)2_(2;3i)2. . .2¢.
48-(1+i) (-1+i)

4 M300pa3ute HalZICHHBIC YMCIIAa HA KOMIUIEKCHOM TUIOCKOCTH:

) i/(1+ Jaif — 60+ 2i
(2-i)-6+9

12



(2-2i) +72+4i
(1-2i)" +5i
(2+3i) - (2-3i)

48-(1+i)°

6) 3

6

Ilpakmuueckoe 3anamue 4. /lelicmeusn nad mampuyamu.

IJeny: BbIpaOOTaTh yMEHUE HPUMEHATH AJITOPUTM BBIINOJIHEHUS JEHCTBUH Haj MaTpUllaMHd Ha
IIPaKTUKE

Cooepicanue:

MOHSTHUE MATPUIIBI, BUJIbI MATPHII,

QITOPUTMBI CIIOKEHHSI MATPUL], YMHOKEHHUS MAaTPUIBI HA YHCIIO, YMHOXKEHHS MATPHII.
Teopemuueckaa yacmo:

[psimoyrospHas Tabnuia U3 M * N 9ucel, coaepikamas M — CTPOK M N CTOJIOIOB HAa3bIBACTCS
Mampuyeti © 0003HAYACTCS

a, a, - 4, a, a4, - 4,
a, a, -- a a, a, -- a
A — 21 22 2n WIN A — 21 22 2n
- N - e R -
WA KOPOTKO MaTpuily obo3naqaor 4 = || ajj ||, 1=1,2,...,m; j=1,2,..., n.

CroxeHne MaTpHilL.

[TycTth nanel 1Be MaTpuilbl A U B oguHakoBoro crpoeHus. MIx cymmoit Ha3wsiBaeTcst Mmarpunia C =
A + B TOrO %€ CTPOEHHUs], SJIEMEHThI KOTOPOI paBHbI CyMMaM COOTBETCTBYIOLIUX 3JIEMEHTOB MaTpull A
u B, 1.e. ecut A = ||aij||, B = ||bij||, To 4 + B = C = ||cij]|-

. Al -28) g (2 1 -3
pumep: A= 4 1 3 = 1 _2 a4 , TOTIa

142 -2+1 5-3) (3 -1 2
A+B=C= - .
[4+1 1-2 3+4) (5 -1 7}

OTmeTnM, 4YTO CKJIaJbIBaThb MOYKHO TOJIBKO MATpPUIBl C OAMHAKOBBIM YHCIOM CTPOK U C
OJIMHAKOBBIM 4YMCJIOM CTOJNOLOB. JleficTBHE CIIOKEHHS MaTpUl] MOXKET OBbIThb pPacIpOCTPaHEHO Ha
ciryyail 1060ro KOHEYHOI0 YUCIIa ClIaraéMblX OJMHAKOBBIX CTPOEHHIH.

Pa3nocteio B - A matpun B 1 A (0AMHAKOBBIX CTPOEHUI) Ha3bIBaETCS Takasi MaTpuua X, 4To

A+X=B.
; A (2 14 S (35 7
anpumep, A = 2 3 1) 1o 1 . Torna

3 5 7 2 1 4 1 4 3
X=B-A= — = .
2 -1 4 -2 31 4 -4 3
Martpuna O, Bce 31eMeHThl KOTOPOU paBHBI HYJIFO Ha3bIBAETCS HYJIEBOM MaTpuuei. OueBuaHo, 4
+0=4, A-4=0.
Paznocts O — A o603Hauaercs uepes —4. Marpuiia —A4 Ha3bIBACTCSA NPOMUBONONONCHOU MATPHUIIE
A.
YMHOXEHHE MaTpHIL.
a) YMHOXXEHHE MaTpHULbl HAa YUCI0. YTOOB! YMHOXKHUTH MAaTPUIy HA YHUCIIO 0, HAJ0 YMHOXHTDH Ha
3TO YMCJIO KaXK/IbIM AIIEMEHT MATPHULIBL:

13



allaij|l = || aai|

2 -1 2 - 6 -3
[pumep. A= ( } a=3 aA=3 = .
3 5 3 5 9 15

0) YMHOKEHHE IBYX MATPHII.

YMHOXeHHe MaTpullbl B Ha MaTpuily 4 BO3MOXKHO TOJIBKO B TOM Clly4yae, KOTJla YACIIO CTOJIOIOB
B MaTpullie B paBHO YKCITY CTPOK B MaTpulie A.

Onement Matpuiiel C = B + A, pacnojioXeHHbIH B 1-0i cTpoke u | —oM ctosoie (T.e. Cij) paBeH
CyMMe HPOM3BEJCHUIN 3JIEMEHTOB | — Ol CTPOKM MATpHIlbl B HAa COOTBETCTBYIOIINE JIEMEHTHI | — I'O
CTOJIOIA MAaTPUIIBI A.

Crenyer OTMETUTh, YTO YMHOXKEHHE MaTPHUIl HE KOMMYTaTUBHO, T.€. AB # BA.

1 2 -2 1
Hanpumep A = nu B= :
-1 3 3 5

HNmeem

ap 1 22 1_(1(D+23 114253 (4 1
' _(—1 3](3 5)_[—1-(—2)+3-3 1.(—1)+3-5)_(—11 14j

aoa ("2 11 2)_(-21-11 2:(-9+18)_(-3 -
(3 5)-1 3) (3.1+5:(-) 3.2+53 ) (-2 21
AB # BA

Bonpocwt u 3a0auu:
3anava 1. Jlanbl KBajipaTHBIE MaTPULIBI 2—OT0 MOPSAIKA

a<los) v m-(13)

Beruucnute cienyronme BbIpaXeHus:
a) A+B;

6) A-B.

3anava 2. JlaHel MaTpUILIbI

5-21 2 23 1-12 -2
A= 1 04| B=|-1 41| Cc5 0 14| D:(—123), F=| 3/|.
-3 72 5-30 -5 36 1

Berunciute cieayromiye MaTpu4HbIe BhIpaKEHU (€ Kakas—HUOY/Ib onepaliys He ONpe/elicHa,
O0BSICHUTE, ITOYEMY):

a) A+B;

6) B-D;

B) A+B-C;

r) AT+B;
1) DT+F;

) FT+A,
3anada 3. JlaHbI KBaipaTHBIE MATPULIBI 2—O0T0 MOPsIKa

a=(os) v om=(13)

Boruucnure crneayronie BhIpaXKeHUs:
a) A-2B;

0) 3A+2B;

B) 2A-4B.

3anaua 4. JlaHbl MaTpUIIbI

14



521 2 23 1-12 2
A=| 1 04| B=|-1 41| c=| 0 14| D=(-1,23), X=| 3|
3 72 530 5 36 1

Brruucnure cnenyronme MaTpU4HbIE BBIpAXKEHUS (€CiiM Kakas—HHOYIb Omepamnus He OmperelieHa,
00BsCHHTE, TTOYEMY):

a) 2A+B,;

0) 2B-D;

B) A+2B-3C;

r)3AT+B:

1) DT+2X:;

e) 2X-D.

3anava 5. [laHbl KBajipaTHbIE MaTPUIBl 2— OT0 MOPsAKA

A= o3) n m=(5 3

Brrunciure AB, B'A u A‘-B-B-A.
3anava 6. [laHbl MaTpuULIbI
5-21 2 23 1-12 1923 -2
A= 104,B: -1 41|, C= 014, D:(045), F= 3
-3 72 5-30 -5 36 1
3amaua 7. Bpluumcnure crienyroliMe MaTpUUYHbIE BBIpOKEHHUs (€clid Kakas—HUOyAb omepanus He
orpeesieHa, OObSICHUTE, TIOYEMY):
a) A'‘B u B-A;
6) D-C u C-D;
B) A'F u F-A;
r)D-F u F-D;
n) F-A;

&) FTA.

Ilpakmuueckoe 3anamue 5. Boiuucnenue onpedenumeneii paznodHceHuem no rj1emMeHmam cmpoKu
(cmonoua).
I[ens: BeIpaOOTATh YMEHHUE PUMEHSTH AJITOPUTM BBIYHCIICHUS ONPEACTUTEIS N-TO MOPSIKa
Cooeporcanue:
MUHOp, aJIreOpandecKkoe JOMOTHEHUE dJIeMEHTa
QJIITOPUTM BBIYUCIICHUS OTPEAENUTENs N-TO MOpsIAKa
Teopemuueckas uacmp:

Brruncnenue onpenenureneit

Ecin B MaTpuIle YHCII0 CTPOK PaBHSAETCS YUCITY CTOJIOIOB, T.e. M = N, TO MaTPHUIla Ha3bIBACTCS
K8AOPAMHOU.

a, a, - a,

A=| 2 2 2n

a a

Onpenenurens, COCTAaBICHHBIH W3 DJIEMEHTOB KBagpaTHOM MaTpulbl (0e3 mepecTaHOBOK)
Ha3bIBAETCS ONPENEIUTENIEM MaTPULIBL A.

a

nl n2 o nn

15



a, a, - a,

a a coe a
A(A) — 21 22 2n

an1 a'n2 T ann

3aMeTI/IM, 4YTO HC KBaJApaTHasA MaTpula HEC UMCCT OIMPCACIIUTEIIA.
Hucno a1 azz - az21 a12 Ha3bIBaeTCA OIIPCACIIUTCIICM BTOPOI'0O MopAaKa 1 0003Ha4YaeTCss CHMBOJIOM

a a
11 12
A= =a; 8y —a5,a, .
ay ay
Onpez[eJmT CJICM TPETHErO NOpAaAKa Ha3bIBACTCA YUCIIO:
a; a;,; a;

A = aZl a22 a23 = alla22 a33 + a21a32 a13 + alZ a23 aSl - a31a22 a13 - all a32 a23 - a21a12 a‘33
83 8z Ay
Cxemarnuecku GopMyIa [UT st BBIYMCIICHHUS OMIPEISIUTENSI TPETHETO MOPSIIKA BBITIISIIAT TaK:

a;, 4, 4adg; a;
Ay Ay Ayl= Aps| —
ay Az Ag 1 3

Onpeznenurensb TPETHETO MOPSAIKA TAKKE PABEH CyMME IPOU3BEJCHUN JIEMEHTOB HEKOTOPOM
cTpokH (cTondIa) Ha anredpandecKue TOTOIHEHUS STUX DIIEMEHTOB, T.€.

A= a11A11 +a;, A12 +a13A13; A= a11A11 +a21A21 +a31A31
A= ay A21 +ay Azz +ay Aza , A= a,, A12 +ay Azz +ag, Asz

A= a31A31 +ag Asz +8-33A33; A= a13A13 +a23A23 +"5‘33'6‘33
Hanpumep, pasnoxxeHue onpeacauTens o JJIEMEHTaM IIEPBOM CTPOKU:

8y 8y Ay Ay w3 8
+ay; - (-1) =

A= a;, '(_1) . +ay, - (_1) 2

a31 a‘32

32 33 31 33

=4y, (azz Az —dy a23) —ap; (a21a33 —dyay ) +a;, (a21a32 —dzdy ) =
=818, 853 73,85 8,; +81385 85 —8185 853 — 8,853 — 813853y
PaznoxxeHueM mo 3jieMeHTaM CTPOKH MJIA CTOJIOIA MOYKHO BBEIYKCINUTH ONPEACIINTEIIb JIF000r0

nopsaka. B xadectse mpumepa pacCMOTPUM OIPEAEIUTENb YETBEPTOrO MOPAIKA U PA3JIOKUM €ro I
3JIEMEHTaM IEePBON CTPOKHU:

1 -1 2 3
L1 14 1 -1 4 1 -1 4

- —1-(=D*3 1 3+(-D)-(-D*2]2 1 3+
A (-D-(-D

1 0 5 3 0 5

3 1 0 5

1 1 4 1 1 —
+2-(-D"%2 3 3+3-(-D™*]2 3 1|=1(5+0-3-4-0+15)+

315 31 0

+1(5+0-9-12-0+10)+2(15+8+9-36—-3-10)—3(0—2+3+9—0-1) =

=13-6+2-(-17)-3-9=13-6-34—27 = -54
PaccMoTpeHHBIN OMpenennTenb MOXKHO BBIYMCIUTH APYTUM CHOCOOOM. A HMMEHHO, YMHOXXUM
3J€MEHTHI TEepBOM CTPOKH Ha (-1) M CIOXHUM C 3JIEMEHTaMH BTOPON CTPOKH, 3aT€M YMHOXXHM
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3JIEMEHTHI NEPBOM CTPOKHU Ha (-2) U CIOKHUM C COOTBETCTBYIOIIMMHM 3JIEMEHTAMH TPETHEH CTPOKH H,
HaKOHELl, YMHOXHM 3JIEMEHTHI IEPBON CTPOKH Ha (-3) U CJIOKUM C COOTBETCTBYIOIIUMHU C HJIEMEHTaMHU
4eTBEpTOil CTpoKu. Toraa moiydyum onpeaeanTenasb 4-ro MopsIka, B IEPBOM CTOJIOIE KOTOPOTO CTOST
HYJIH, KpOME IEPBOH CTPOKH, T.€. UMEEM OIPEIEIUTENb:

1 -1 2 3 e

0 2 -3 1

0 5 _3 _g-dnAu=1{5 -3 -3=24-30+36+12-36-60=-54
4 -6 -4

0 4 -6 -4

Bonpocul u 3a0auu:
21 1 0
3agava 1. [laHbl KBajgpaTHbIE MAaTPUIIbI 2— Or0 TopsiAKa A = 03) 1" B= 1 2 )

Beruncaure cienyromye BoIpaKeHHs:

a) detA;

0) detB

B) det(A-B).

ITposepbre, uro det(A-B)= detA-detB.

3anava 2. [lanbl KBaJpaTHbIE MaTPUILbl 3— IO MOPsAIKa

5-21 2 23
A=| 1 04 n B=|-1 41
-3 72 5-30

Breraucnure CJICAYIOIIUC BbIPAKCHUA:

a) detA;
0) detB
B) det(A-B).
[TposepswTe, uto det(A-B)= detA-detB.
2 3 5 1 1 1 1 1 1
3amaya 3. Berumcoute ompenmenutenu: a) (1 4 -2/;6) |[x y z|;B) 1 1+a 1 ]|; )
-10 1 x> y* z° 1 1 1+b
1 -1 2 3 -2
-5 1 -4 1
1 1 -1 2 1
Pt Sl 103 22 1
41 -8 -1
3 2 1 -2 3
3 2 6 2
-2 1 3 4 5

Ilpakmuueckoe 3anamue 6. Oopamnas mampuua.

I]ens: BoIpaboTaTh YMEHHE IPUMEHATH AITOPUTM MTOMCKA 00PATHONW MaTPHUIIBI

Cooepotcanue:

oOpaTHass MaTpulla, BBIPOXKACHHAs MaTpUIA, NPHCOSAWHEHHAs MaTpulla, TPAHCIIOHUPOBAHHAS
MaTpHULIa;

JITOPUTM TIOMCKA OOPaTHON MaTPHIIBI.

Teopemuueckan wacmp:

ITycTh 3a1aHO HEKOTOPOE YUCIIO a U IYCTh CYIIECTBYET TaKOE€ YUCI0 m, yTo am = 1. Yucno m B
3TOM ciy4yae Ha3blBaeTcs oOpaTHBIM JUIs a. Eciu, Ternepb, pacCMOTPUM KBaApaTHYIO MaTpHUIly N-TO
nopsiika, To efuHUYHas MaTpuna E Oyner urpatb ponb eAuHUIBL. ECTeCTBEHHO MOCTaBUTH BOIPOC O
CYLIECTBOBAaHMM OOpPaTHOM MATpHIlbl, T.€. TAKOM MATpPHUIIbI, KOTOPasi B MPOU3BEIEHUU C JaHHOH naeT
eAMHUYHYIO MaTpuny E.

ITycts A — kBazpaTHasi MaTpuia n-ro nopsaka. KsampatHas marpuna X (TOro e Mmopsiaka n)
Ha3bIBaeTcs 0OpaTHOM st A, ecin AX = XA =E.
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KBagpaTHas marpuia n-ro mopsAKa Ha3bIBAaeTCd OCOOCHHOW (BBIPOXKAEHHOMW), eclu ee

onpenenuTenb paBeH Hymo. Ecim ke A (A) # 0, To A Ha3bIBaeTCsl HECOOCTBEHHOM (HEBBIPOKICHHOM )
MaTpULEH.

JIi1st HaX OXKJICHUS] 0OPATHON MATPHIIBI, PACCMOTPHM MATPHUILY TPETHEro MOpsaKa
a, a, a; a, @&, a3

A=la, a, a, A(A)=la, @, a,|#0
da, 4, a, da, 4, 4,

U IIyCTh
OG6parHoii MaTpuneit A 6yneT MaTpua;

Ar Ay Ay

A A A
A—l — A12 A22 A32 l All AZl ASl

A A A = K A, A, A,
A, A, A, As Ay Ay
A A A

rae Aij ecTb anreOpanmueckoe IOTOTHEHHUE dIeMeHTa aij onpeaenutens A = A (A).

[pumep. Haiitu o6parnyto matpuny AL, ecnn

2 2 3
A=l1 -1 0

-1 2 1
Pemrenue: Haiinem onpenenurtenb MaTpUIlbl

2 2 3
A=|1 -1 0=-2+6+0-3-0-2=-1=#0

-1 2 1
Haxoauwm anreGpanueckue AOMOIHEHUS
N N :_‘1 o‘:_l N :‘1 _1122
21 ? -1 1 -1 2
A2=—‘2 3 oeey-a :‘2 3‘:5 \ :_‘2 2‘2_6
' 2 1 -1 1 ? -1 2
N \ :_‘2 3‘:3 \ :‘2 ZJJ:_4
-1 0 S -
CrnenoBaTeiabHO,

A, A, A -1 4 3 1 -4 -3

%AQAZZA& _i—15 3|=|1 -5 -3

At= Ay Ay A, ) _ 1 -6 -4 -1 6 4

ITposepka: A A-1 =E
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2 2 31 -4 -3 2+2-3 -8-10+18 -6-6+12
1 -1 041 -5 -3|=|1-1+40 -4+5+0 -3+3+0 |=

-1 2 1)-1 6 4 -1+2-1 4-10+6 3-6+4
1 00

=0 1 0|=E
0 01

Bonpocwut u 3a0auu:
1.3anmana kBagpatHas MaTpuiia 3— ro MopsiaKa, HAUTH OOPATHYIO MaTPHILY.

231) (430)(001)(123
342(,/110/|,|281||456].
112) loo1)\142)\7809

2.MoXeT JIn MaTpulla UMETh JIBE 0OpaTHBIX?

8 6 41 93
3. Pemnth MaTpUvIHOC YPpAaBHCHHUC . X - = .
1 2 48 155

i _21))(_(1[;):@2'
o 0o

Ilpakmuueckoe 3anamue 7. Panz mampuuyut.

Iens: BoIpabOTATh YMEHHUE IPUMEHSTH AITOPUTMBI BEIYMCIICHUS PaHTa MaTPUIIbI

Cooeporcanue:

MUHOp MaTpHUIIbI, paHT MaTPUIIbI, SJIEeMEHTapHbIe TPe0Opa30BaHusl MaTPUII, CTyIIEHYaTass MaTpUILIa;

METO/]T OKaMJISIOIIMX MUHOPOB, METO/I 3JIEMEHTapHBIX TPeoOpa30BaHU.
Teopemuueckaa wacmeo:

PaccMOTPHM HEKOTOPYIO, He obszamensio keadpamuyio Matpuity A. Beibepem kakie-HHOYIb
S HOMepoB cTpoK il, i2,...,is U S HOMEpOB CTOJIOIOB jl! j2,..., js.

Ompenenenue. Munopom nopaoka S marpunsl A (COOTBETCTBYIOIMM BHIGPAHHBIM CTPOKAM H

cToNIOIIaM) Ha3bIBACTCSA OMNpEACTUTENh MOpsSaAKa S, 00pa30BaHHBIA DIIEMEHTAMH, CTOSIIAMH Ha
MepeceyeHNH BBIOPAHHBIX CTPOK U CTOJIOIIOB, T.€. YHUCIIO

Qi j, &, 8, j,
M i_1---i5_ _ aizjl aizjz PY
JiJs '
Qi j,  Aij, a;_j,
Kaquaﬂ ManI/II_[a HUMECT CTOJIBKO MHHOpOB JIaHHOFO nops[m(a S, CKOJIBKUMU CHOCO6aMI/I
MOHO BBIOpaTh HOMEpa CTPOK il, i2,...,is H CTOJIOIIOB jl! jz,..., js.

Omnpenenenre. B marpune A pasmepo M XN muHOp mopsimka S Ha3eBACTCS 6A3UCHBLM,

€CJIM OH OTJIMYCH OT HYJIS, @ BCe MUHOPHI Iopsika S + 1 PaBHBI HYJIIO WM MHHOPOB TOpsiika S + 1 y
MaTpPHIIbI A BOOOII[E HET.
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SIcHO, YTO B MaTpHULIe MOXKET ObITh HECKOJBKO pPa3HBIX 0a3MCHBIX MHHOPOB, HO BCE OAa3HCHBIC
MUHODBI HMEIOT OJIMH H TOT e TOpsIoK. JIeiCTBUTEIbHO, eciii Bce MUHOPHI mopsaaka S+ 1 pasubr

HYJIIO, TO PaBHBI HYJIIO U BCE MHHOPBI TIopsiaka S + 2 , 4, CJICIOBATEIIbHO, M BCEX OOJBIIMX MOPSIKOB.
Onpenenenue. Paneom mampuysbl Ha3bIBACTCS TOPSAIOK O0a3MCHOrO MHUHOpa, WJIM, HWHAYe,

caMblii OOJIBIIION TOPSJIOK, JJII KOTOPOTO CYIIECTBYIOT OTJIMYHBIC OT HYIS MuHOpHL. Eciom Bce

3JI€MEHThI MATPHULIBI PABHBI HYJIIO, TO PAHT TAKOW MATPUIIbI, IO OMPEACICHUI0, CYUTAIOT HYJIEM.

Panr marpuisl A Gyaem 0603HAYATH CHMBOIOM r(A) . I3 onpenenenus panra ciemyer, 4To
qurst Matpursl A pasmepos M X N cpasemigo coorromenne 0 < I’(A) < mln( m, n) .

PaccMoTpuM criocoObI BEIYMCIICHUS PaHTa MaTPUIIBL:
a) Memoo okatmMaaowux MUHOpPO8

Ilycts B MaTpuie HalJieH MUHOP M K-ro MOPsIIKa, OTJIMYHBIN OT HyJsA. PaccMoTpuM nuib
T€ MUHOPBI (k +1) -TO TIOpsiKa, KOTOpbIe coaepxar B cebe (oxaitvmsior) munop M : eciu Bce onm

pPaBHBI HYJIO, TO PaHI MaTPHIbl pPaBEeH k.B MPOTUBHOM CJIy4ae Cpeau OKAMMIISIIOUIMX MHUHOpPOB
HAWIETCS HEHYJIEBOW MUHOD (k +1) -TO MOPSIAKA, U BCS MPOLEAYPa TOBTOPSETCS.

IIpumep. Haittu panr maTpuiisl A merooM okaiiMIsIOLITIX MHHOPOB.

-1 2 3
A=|-2 5 4|
-3 7 7
-1 2

BribepeM MUHOp BTOpPOro mOpsijaKa M2 = #0. CyliiecTByeT TOJBKO OAMH MHUHOP

TPETHETO MOPsI/IKA, OKaUMIISIIOIIHNI BBIOpaHHBIM MUHOP M o . BeI4ucimm ero.

-1 2 3
My=-2 5 4=(-1)-5-7+2-4-(-3)+3-7-(-2) -
37 7

~3.5.(=3)=4-7-(-1)—2-(~2)-7=-35-24—42 + 45+ 28 + 28 = 0.
3uaunt, muaop M o OA3MCHBIN, a paHT' MATPHIIBI PABEH €TO MOPSIIKY, T.€. r(A) =2.

SIcHo, 4TO mepeOupaTh TaKUM CIIOCOOOM MUHOPBI B MOMCKaX 0a3MCHOIO — 3ajjaya, CBsI3aHHAs C
0OJIBIIMMHU BBIUMCICHUSIMH, €CJIM pa3Mepbl MAaTPUIbl HE O4YeHb Majbl. CyllecTByeT, OJHaKo, Ooyee
MPOCTOH CIIOCOO HAXOXKJICHUS PaHTa MAaTPUIBI — IIPU MTOMOILU 3JIEMEHTAPHBIX MPe0oOpa30OBaHHA.

0) Memoo snemenmapnvix npeobpazosanuii

Onpenenenue. OnemeHmaphviMu NpeodpaA308aAHUAMU MAMpPuybl HA3BIBAIOT  CJIETYIONINe
peoOpa3oBaHus:
1) yMHOXXEHHE CTPOKU Ha YHCIIO, OTIIMYHOE OT HYJIS;
2) npubaBIeHUE K OJJHOI CTPOKE JAPYTrOil CTPOKH;
3) mepecTaHOBKY CTPOK;
4) Takue ke mpeodpa3oBaHus CTOJIOIIOB.

IIpeoOpaszoBanust 1 ¥ 2 BBIMOTHAIOTCS MMO3JIEMEHTHO.

KomMOuHupyst mpeobpa3oBaHus MEPBOTO U BTOPOTO BUAA, MBI MOXKEM K JTI0O00H CTpOKe MpUOaBUTH

JMHEWHYI0O KOMOMHAIMIO OCTAJIbHBIX CTPOK.
Teopema. DnemenmapHuvle npeobpazosanus He MeHAM paHea Mampuybl.
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I/IIIGH MPAKTUYCCKOr0o METOJa BEIYHUCIICHUA paHTr'a MaTPUIIbL

A1 9 dy
dy; Ay dyn,
A=
aml am2 amn
3aKJTI0YAETCS B TOM, UTO C MIOMOIIBIO YIEMEHTAPHBIX IPE0OPA30BAHMIA JaHHYI0 MaTpuity A mpuBomsaT
K BUJLY
bll b12 blr bl,r+1 b1n
0 by .. by by .. by
B={ 0 0 .. b, b,y .. b,
0 o .. 0O 0 ... 0O
0 o .. 0O 0 ... 0O
B KOTOpOM «aAuaroHaJIbHBIC)» DJBJICMCHTHI bl.l’ b22 yuuny brr OTJIMYHBI OT Hyn?[, a DJJICMCHTHI,

PaCIIOJIOKEHHBIE HWXKE «IMArOHaJIbHBIX)», PaBHBI HYJIO. YCIOBHMCS Ha3bIBaThb MATpPULLY B raxoro
BUJIa TPEYroJIbHOHN (MHaYe, ee Ha3bIBAIOT JUArOHaAJbHOM, TpaneuueBUIHON UK JiecTHU4HON). [locne

pUBEICHAS MaTPHIEl A K TPEyroIbHOMY BHLY MOKHO Cpa3y 3aIlicaTh, 9TO F(A) =r.
B camowm pere, r(A) = I’(B) (T.K. 2JIeMEeHTapHBIC TTPeOOPa30BaHUS HE MEHSIOT panra). Ho y

matpuisl B cymecrByer otiuumsiii o Hymst MuHOp mopsiaka I

b, by, .. by
0O b, .. Db

22 2r =y, -byy-..ob, #0,
0 0 .. b,

a moGoii musop nopsaka I +1 conepxur Hynesyro ctpoky i mostomy pasen Hyso.

CdopMymupyeM Terepb NPaKTHICCKOE NPAGUIO GbIYUCTEHUs panea MATPUIIB A ¢ TOMOIIBIO
SNIEMEHTAapHBIX MPEOOPA3OBaHMil: U HAXOXKICHHS paHra Matpuibl A Cleayer ¢ IMOMOIIBIO
3IIEMEHTAapHBIX TIPE0OPasoBaHMil PHBECTH ee K TpeyroibHoMy Buay B. Torma panr marpumsr A
Oy/IeT paBeH YHCITy HeHyIIeBBIX CTPOK B IOTy4eHHOI Matpuue B .

Ipumep: Haiiti panr Matpuisl AMEToI0M 37eMEHTapHBIX IPE0bpazoBaHHMil:

2 -5 8 5
1 -2 3 4
A=
~1 2-3-4
3 -7 11 9

Pemenue: ITomeHsieM MecTaMu NEPBYIO U BTOPYIO CTPOKY (T.K. MEPBBIN 3J1€MEHT BTOPOH CTPOKU —1 U
c Hell OyzeT ynoOHO BHIOJIHATE IpeoOpazoBanus). B pesynbTare noimyynum mMaTpuily, SKBUBaJIEHTHYIO
JTAaHHOMH.
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1 -2 3 4

2 -5 8 5
A=
1 2-3-4
3 -7 11 9

O603naunM | -TyI0 CTPOKY MaTpHUIIBI — Ci . HamM HeoOXx01MMO NpUBECTH UCXOAHYIO MaTpUILY K

TpeyroinbHOMYy BHIy. llepByio cTpoky Oyaem cuHWTaTh BeAyllel, oHa OyIeT ydacTBOBaTh BO BCEX
peoOpa3oBaHUAX, HO camMa OCcTaeTcs 0€3 N3MEHEHUH.

Ha nepBom 3Tarie BBIIOJIHUM NpeoOpa3oBaHMsl, MO3BOJISIOLUIME MOJYYUTh B IIEPBOM CTOJIOLE HYJIH,
KpoMe NepBOro sjemMeHTa. [ 3TOoro u3 BTOPOM CTPOKM BBIYTEM IEPBYIO, YMHOXKEHHYIO Ha 2

(C2 —2C1) , K TpeTheil cTpoke MmpudaBUM MEPBYIO (C3 + Cl)’ a U3 TpeThed BBIYTEM IEPBYIO,

YMHOKEHHYIO Ha 3 (C3 —3(:1). [TosyyaeM Matrpuily, paHI KOTOpOI COBHAJaeT ¢ PaHroM JaHHOMN

matpuisl. O603HaUNM ee Toi ke OykBoit A:

1 -2 3 4

0 -1 2-3
A= .

0 0 0O

0 -1 2-3

Brrurem u3 uetBepToil cTpoku BTOpyto. [Ipu sTom nmeem:
1 -2 3 4
0O -1 2-3
A=

O 0 0 O
O 0 O O

Honyqua MaTpuna TpEYTOJbHOI'0O BUJAA, U MOXHO CHCJIATH BBIBOH, YTO r(A) = 2, T. €. HUHUCITY

HEeHYJEBbIX cTpoK. KOopoTko pemienne 3ajaun MOXKHO 3aKcaTh CIEAYIOIHUM 00pa3oM:

2 -5 8 5 1 -2 3 4
A= 1 -2 3 4 C,xC, 2 -5 8 5 C,-2C;,C3+C1,C3-3C;
-1 2-3-4 -1 2-3-4 ’
3 -7 11 9 3 -7 11 9
1 -2 3 4 1 -2 3 4
0 -1 2-3| ¢, |0 -1 2-3
EEE— .
0 0 00 0 0 00
0 -1 2-3 0 0 00

Bonpocwet u 3a0auu:

BbIuucnuTh paHr MaTpHIbl ABYMS CIIOCOOAMHM: C IIOMOUIBIO 3JIEMEHTAPHBIX MPeoOpa3oBaHuil U
METOJIOM OKaWMJICHUSI MUHOPOB.
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1 -6 2 4 8 1 2 -7 13 0
A=-3 18 -6 =12 -24;A=| 7 7 -6 3 12

0O 6 7 23 11 -16 -11 -17 56 -36
3 /7 -5 8 11 3 15 -9 20 7
A=2 -2 -5 1 O0;A=3 -1 -6 1 2
9 41 -10 37 55 6 -18 -9 -17 -1
1 5 -4 13 0 -1 4 -1 10 -7
A=| -2 0 4 1 2|; A= 3 5 -14 2 2
o -10 4 -27 -2 -103 64 -21
3 2 -9 12 0 9
A=|1 2 -5 12 ;A=|-2 4 6 11 8
5 6 -19 20 40 2 29 48 22 43
3 -5 2 4 1 5 -12 3 7
A=| 6 4 1 8 1 ;A= 2 5 6 -9 0
15 =11 7 20 7 5 20 -30 0 21

Ilpakmuueckoe 3anamue 8. Hccnedosanue cucmem JTUHEHbIX YPAGHEHUI HA COBMECIHOCHY.
I]enw: BopaboTaTh yMeHUE uccienoBatsb CJIY Ha COBMECTHOCTh

Cooeporcanue:
coBMmecTHas 1 HecoBMecTHast CJIY, onpenenennas u neonpeaenennas CJIY, onnopoanas CJIIVY;

teopema Kponekepa-Kanennu, reopema o uucie pemenuit CJIY.
Teopemuueckas wacmp:

JIuHelHbIM  (OTHOCHTENBEHO HEU3BECTHBIX  Xq, X5,...,X;) Ha3pIBalOT anredpanvecKoe
YPaBHEHME MEPBOH CTENEHH, T.€. ypaBHeHHMe Buaa WX +aAy,X, +...+a X, = b, rze
d,...,ad,, b - uncna. Cuctema M nuHeliHbIX ypaBHeHU ¢ 1 HEM3BECTHHIMU UMEET BH/T
p1X1 + 8goXp + ...+ By Xy =Dy

Kamlxl + am2X2 +...+ amn Xn = bm
B o01ieM ciryyae 4uciao ypaBHEHHH B CUCTEME HE 00A3aTENHLHO COBIAAAET C YUCIOM HEM3BECTHBIX: 1M

MOXeT ObITh MeHbIIE, paBHO WK Oonpine yncna N . Yucna 4; j (BemecTBEHHBIC WJIM KOMIUIEKCHBIC)

Ha3BIBAIOTCS  KOdduyuenmamu cucmemol, bi —  c60000nbimu unenamu;  Xq, Xoy ooy Xy —

HeUu36eCmHbIMU.
CuctemMy MOXHO 3aIucaTh B MATPUYHOU opMme:

AX=Db,
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X
d1 Ay, 1 by
a a .. a 1 X — | b,
e A —| 92 22 n | x=|"%| b=
a Qnp - & Xp b,
Ecmu bl = b2 =...= bm =0, 10 cucrema HasbIBaeTCs 00HOPOOHOI, B IPOTHBHOM CIIy4ac

OHA HAa3bIBACTCS HeOoOHOpOOHOoU. Marpuily A mnaseBator mampuyeu cucmemvl. Pacwupennoi
Mampuyell cucmembl TAHSHHBIX YPABHEHHH Ha3biBaloT Matpuily A, K KOTopoil moGasieH (crpaBa)

cToj0el; CBOOOMHBIX YJIECHOB b. Takyro matpumy Oymem o0o03HayaTh B JAJbHEHUIIIEM CHMBOJIOM
(Alb).

Onpenenenne. Cucrema NUHEHHBIX YpaBHEHMH, HE HMeEIOWIAs HH OJHOTO PpEUICHHS,
HasbIBaeTcs Hecoemecmuou. Cucrema, oOmajmaromasi XoTs OBl OJHHM PEIICHHEM, Ha3bIBACTCS
COBMECMHOL.

OTHOCHUTEIHHO KAXKJIOM CUCTEMBI TUHEHHBIX YPaBHEHUN MOTYT OBITh ITOCTABJICHBI CIICIYIOIIHEC
BOITPOCHI:

1) CoBMecTHa 3aJjaHHAs CUCTEMA WU HET?
2) B caydae, eciiu cucteMa COBMECTHA, Kak OMPEICIUTh, CKOJIBKO OHA MUMEET PELICHUH — OJHO WIIN
HECKOJIBKO?

Bonpoc 0 COBMECTHOCTH CHUCTEMBI JTMHEHHBIX ypaBHEHHUI MOIHOCTHIO PELIaeTcs Cleayrolen
TEOPEMOH.

Teopema Kponekepa-Kanennu. /[na moeo umobsl cucmema auHelHblX YpagHeHUuti Oblia co8Mecmua,
HEobXo00uUMO U O00CMAMOYHO, YMOObL paHZ MAMpuybl 3MOU cucmemvl Obll pABeH pauey ee

PACUUPEHHOU MaAMPUYbl, M.e. 4moobsl F(A| b) = r(A)

Ecnu cOBMECTHOCTH CUCTEMBI JIMHEMHBIX YPaBHEHUH YCTAHOBJIEHA, TO BO3HHUKAET BOIPOC O
TOM, CKOJIbKO OHa MMeeT peuieHuil. OTBET 0 4ucie pelieHrui CUCTEMbl JIMHEWHBIX YpaBHEHHH Jaer
CleyroLas TeopeMa

Teopema (o umcne pemienuit). Ilycmv ons cucmemwvr M auneiinvix  ypaenenuti ¢ N
Heu38eCmMHbIMU 8bINOJIHEHO Ycaogue coemecmuocmu, m.e. pave I mampuysr cucmemol pasen paney ee
pacuupennot mampuysl. Toeda, eciu pane mampuysl cucmemvl pager uuciy Heuzsecmuvix (I =1N),
mo cucmema umeem eouHcmeenHoe peuwienue. Ecau dice pane mampuyvl cucmemvl MeHbule Yucia
neuzsecmuvix (I <N), mo cucmema umeem beckoneunoe MHONMCECMBO peuwteHull, A UMEHHO:
nexomopvim N — I neuzsecmuvim modicno npudasams npoussonvHLIE 3HAUEHUS, MO20A OCMABUIUECS]
I neuszsecmmuvix onpedenames yoice eOuncmeenHvbiM 0OPA30M.
IIpumep: MccnenoBars cucTeMy JTMHENHBIX YPAaBHEHUN HA COBMECTHOCTD:

2X—Y+27=-2,
X+2y+3z=-1,
X—-3y—-2z=3.
Pemrenue: 3anumem cucTeMy ypaBHEHHUH B BUJIE pAaCIIMPEHHOW MATPHUIIBL:
2 -1 1 -2
1 2 3] -1|
1 -3-2 3

IToMeHsseM MeCTaMU IIEPBYIO U BTOPYIO CTPOKU MaTPULLbIL:
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1

2

1

2 3 -1
-1 1| -2|
-3 -2 3

[TepByro cTpoKy MaTpHIlbl Oy/1eM CUUTATh BeAyIleH (MepBbIii 2JIEMEHT CTPOKH paBeH 1), oHa He
OyZeT MEHAThCS MpH IpeoOpa3oBaHUAX. bylnemM cTpeMUThCs NMPUBECTH MATPULy K TPEyrojlbHOMY
Bugy. g Toro uroObl B TEpBOM CTOJNOIE MATPULBI MOJYYUTHh HYJIH, BBIMIOJIHAM CIEAYIOIINE
peoOpa3oBaHus: U3 BTOPOH CTPOKH BBIYTEM IEPBYIO, YMHOKEHHYIO Ha 2, @ OT TPETbEeH BbIYTEM
nepByto. Iloydum maTpuily, paBHOCWIbHYIO JTaHHOM:

YT1o06BI [MOJIYYUThb MATpuly TpCyrojlbHOTO BHIAQ,

BTOpYI0. OKOHYATEIBHO MOTY4aeM:

1 2 3
0 -5 -5
0 -5 -5
1 2 3
0 -5 -5
0O 0 O

-1
0
4

HCO6XOI[I/IMO BBIYCCTh H3 TpeTbeﬁ CTPOKH

Panr pacmupeHHON MaTpUIIBI CUCTEMBI paBeH 3, paHT OCHOBHOW MaTpPHUIIBI CUCTEMBI PaBeH 2,

T.€. I’(Al b) #* r( A) , CIIEIOBATENILHO, CUCTEMA HECOBMECTHA.

Bonpocwut u 3a0auu:

1.MccnenoBarh CUCTEMY JTMHEMHBIX YPABHEHUI HA COBMECTHOCTb:

2x
a) %

X
Xl
2X,
Xl
Xl

6)

+ X,
+ X -
- 2%, + X
- 3X, + 2X%,
+ X, — 3X,
+ X, — 2X,
+ X, + X
+2X, — 3X; =

+ 3%, =

X, =
+ 5X,
+ 9x, =

-1

= 1
= 3
1.

2. OnpenenuTs KOJINYECTBO PELIEHU OJHOPOJHON CUCTEMBI JIMHEWHBIX YPAaBHEHUM:

3X, + 2X, — TX,

Xy

Xg — X,

—2X%, + 3X, — 2X; + X,

+ X, +3X; — X,

2X,

+ X, + 9%, — X,

-X + X
2) 2X, — X,

2X,

33X, + 2X%,
0) 3%,

4x,

+ 2X, + TX; — 2X,

coo

=0

co0oo0o

Hpakmultecxoe s3anamue 9. Peuwienue HeGbIPOchaeHHblx cucmem JIUHECUHbIX ypaenenuﬁ Memooom

Kpamepa.

IJens: BbIpabOTaTh yMEHHE NPUMEHSATH AJITOPUTM BBINIOJIHEHUS JCHCTBUH Haj MaTpUIlaMHd Ha

MIPaKTUKE

Cooeporcanue:
HeBbIpoxaeHHas CJIY, reopema Kpamepa;

25



JITOPUTM MOUCKA pelieHnii HeBbIpokaeHHoU CITY.
Teopemuueckan uacmo:
Cucrema n TMHEHHBIX aNreOpanyecKuX ypaBHEHUH C N HEM3BECTHBIMU UMEET BUT
[ @11X1 + ai2X2 + ... + ainXn = b1

| azix1 + az2x2 + ... + aznXn = b2
| aniXi + an2X2 + ... ¥+ QnnXn = bn
3mech aik (i=1,...,n, k=1, ..., n) — KO3PPUIUCHTHI CUCTEMBI, X1, X2, ..., Xn — HEU3BECTHHIC
u by, ..., by — CBOOOJHEIE YJICHEI.
Cosokymaocts n umcen x1°, X0, ..., Xn’ Ha3bIBaeTcs peEIIEHHEM CHUCTEMBI, €CIH IIpH

IIOACTAHOBKE HX B KaXI0C ypaBHeHHe BMCCTO HCH3BCCTHBIX BCC ypaBHeHI/IH 06paH_[aIOTC$I B
TOXIOCCTBA.
Cucrema ypaBHEeHH Ha3bIBAETCSI COBMECTHOM, €CITM OHA UMeEET XOTs Obl 01HO pemenue. Ecim
CHUCTCMA pe].HeHI/Iﬁ HC NMCCT, TO OHA HA3bIBACTCs HECOBMECTHOM.
KBanparHast MaTpwuiia mopsjika n
((a11 aiz ... ain )
| az1 azz ... azn |

R
| |
| |

dnl an2 ... Ann
\ )

cocTaBieHHast U3 KOA(POUIIUEHTOB MMPU HEU3BECTHBIX, HA3bIBAETCS OCHOBHOM MaTpHIleil (MM MPOCTO
MaTpHUILIEN) CUCTEMBI.
Martpuna nopsiaka nx(n+1)
(a11 ai2 ... ain | b1
az az2 ... azn | b2

dnl An2 ... aAnn bn

)
|
|
.
| bn |
)

cocTaBJeHHass U3 KOA(PPUIMEHTOB NMpU HEU3BECTHBIX U CTOJOIA CBOOOAHBIX WIEHOB, Ha3bIBAETCS
pacCLIMPEHHOW MAaTPULIEH CUCTEMBI.
PaccMoTpuM cuctemy n IMHEMHBIX anreOpanyecKux ypaBHEHUN € N HEU3BECTHBIMU
[ a11X1 + aizX2 + ... + @inXn = b1
| az2ix1 + az2X2 + ... + @znXn b2

[TTTRURR
3
|
|

bn

aniX1i + an2X2 + ... + annXn

L

Teopema (mpaBuinio Kpamepa). Eciau onpenenuTens MaTpuIlbl CUCTEMBI OTIIMYEH OT HYJIS, TO CHCTEMa
MMEET PelIeHre U MMPUTOM TOJIFKO OHO. DTO peIIeHHe onpeaessieTcs: hopMyTaMu:

A
X, = Xk’ rae A — onpeaenauTenab MaTPUIbl CUCTEMBI U Ak — ONpeAETUTENh MAaTPHUIIbI, TOTy4aeMOil
U3 MaTPUIIBl CUCTEMBI 3aMeHOI k—oro cronbia cToia0110M cBOOOIHBIX YICHOB.

[Tpumep. Pemmmmth cucremy ypaBHEHUH, Ucnonb3ys Gopmyisl Kpamepa.
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X+2y-32=5

2X—-3y+2=3

4x+y-2z=10

Pemienue: Haitnem oCHOBHOM U JIONTOJTHUTEIbHbBIC ONIPEACTUTENH.
1 2 -3 5 2 -3

A=2 -3 1|=6-6+8-36-1+8=-21A,=3 -3 1|=30-9+20-90-5+12=-42
4 1 -2 10 1 -2
1 5 -3

A, =2 3 1|=-6-60+20+36-10+20=0
4 10 -2
1 2 5

A, =12 -3 3|=-30+10+24+60-3-40=21
4 1 10

[To popmymnam Kpamepa nmeem

A M2, A0 A2
A =21 A =21 A =21

OtBer: x=2,y=0,z=-1.

Bonpocwt u 3a0auu:

Ucnone3yst dpopmynsl Kpamepa, HaliTH pemieHUs] CIEAYIONUX CUCTEM JMHEHHBIX aireOpandecKux
yYpaBHEHUM:

3X, +2X, + X3 =5 X, —2X, +3X; =6 2X, =X, =X, =4
a) 12X, +3X, +X; =1 ;0) <2X, +3X, —4X; =20; B) 13X, +4X, —2X, =11
2%, +X, +3x, =11 3X; —2X, —5X, =6 3X; —2X, +4x, =11
2% —Xp +3X%3 =—4, 8%, +3X, —6X3 =—4, 3%, — 2%y +4X3 =12,
D% +3X—Xg =1L 1 DI x + Xy — X3 =2, 7€) 3% +4X, —2%; =6,
Xg —2Xy + 2Xg3 =—7 4% + X, —3X3 =-5 2X; — Xo— X3 =—9

Ilpakmuueckoe 3anamue 10. Pewienue HeBbIPONHCOCHHBIX CUCMEM JIUHEUHBIX YPAGHEHUIL
MaAmpuuHvsIM MEMOOOM.
I]ens: BoIpabOTAaTh YMEHHE pelIaTh HEBbIpoXKIeHHBIE CJIY MaTpuyHBIM METOOM
Cooepotcanue:
AITOPUTM pelIeHus: HeBBIPOKIeHHBIX CJIY MaTpuyHBIM METOJIOM.
Teopemuueckan wacmep:
[TycTts mana cucrema N nuHEHHBIX ypaBHeHUH ¢ 1 HEM3BECTHHIMU:

A- X =B,
rae
a;p Q1 ... Ay X1 by
a a ... a X b
A 21 22 2n X = 2 B= 2
an1 an2 ann Xn bn
BYI[GM Hpe,unonaraTL, qToO OCHOBHaiAa ManI/II_[a A HeBI:.IpO)K,Z[eHHaH.

-1
Torma cymectByer obparHas marpuma A . TlomuoxuB Marpuunoe ypauenme A- X =B na
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-1 . .
matpuity A T creBa, momydum (popMyIy, Ha KOTOPOil OCHOBAH MaTPUYHBIA METOJ PEIIEHHsS CHCTEM
JIMHEWHBIX YPABHEHUN:

X=A".B.
3ameuyanue. OTMETHUM, YTO MAaTPUYHBIM METO/I PEIIEHUSI CUCTEM JIMHEWHBIX YPAaBHEHUH B OTIINYUE
oT Meroja I'aycca mmeeT orpaHMYEHHOE NMPUMEHEHHE: 3TUM METOAOM MOTYT OBITh PELIEHBI TOJIbKO
TaKU€ CUCTEMBI JIMHEWHBIX YPaBHEHUM, y KOTOPBIX, BO-IIEPBBIX, YHUCIO HEU3BECTHBIX PaBHO YHCILY
YPaBHEHHUH, @ BO-BTOPBIX, OCHOBHAsI MaTPULIA HEBBIPOXKICHHAS.
IIpumep. Pemmts cucteMy JTMHEHHBIX YPAaBHEHUN MaTPUYHBIM METOAOM.

5X; — X — X3 = 0,
X1 +2X5 +3X3 =14,

3az[aHa CHUCTCMAa TpéX JIMHEMHBIX ypaBHeHI/Iﬁ C TpEMs HCU3BCCTHBIMHA A . X = B, rac

5 -1 -1 X 0
A=|1 2 3| X=|x | B=|14]
4 3 2 X3 16

OcHoBHas Marpuna CUCTCMbI ypaBHeHI/If/'I HEBBIPOXKACHHAA, ITOCKOJIBKY e€ OnpeaACIIMTCIIb OTIIMYCH
OT HYJIA:

5 -1 -
detA=1 2 3|=-30.
4 3 2
OO0patHyo MaTpuIry A_l COCTaBUM OJIHUM U3 METOJIOB, OMTMCAHHBIX B ITYHKTE 3.
1 1 1
30 30
Al _r 8
15 15
19 11
30 30

IIo (I)OpMy.He MaTpUIHOTO METOAa PCUHICHUA CUCTEM JIMHENHBIX ypaBHeHI/Iﬁ NOJIYUYUM

1 1 1
5 -1 -1\| 6 30 30| (1
X=123-—%—%%=2.
4 3 2 1 19 11| \3
6 30 30

Bonpocwt u 3a0auu:
1. Pemnth cucteMy TMHENHBIX YPaBHEHUN MAaTPUYHBIM METOIOM:

3X; +2X, +X3 =5
a) 12X, +3X, +X; =1 ;0)
2%, +X, +3X, =11

X, —2X, +3X; =6 2X, =X, =X, =4
2X, +3X, —4X, = 20; B) {3X; +4X, —2X, =11;
3X; —2X, —5X, =6 3X; —2X, +4x, =11
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2X1_X2 +2X3 :3, 3X1_2X2 +4X3 2121
L 1) 13x, +4x, —2%, =6,
2% — X,— X3 =-9

Xq + Xy +2X3 =4,

Ilpakmuueckoe 3anamue 11. Pewwenue cucmem nuneiinvix ypasuenuit memooom I'aycca.
Ienw: BeIpaboTaTh ymeHue pemarb CJIY merogom ["aycca

Cooepocanue:

METO/I IOCTIEI0BATEIBHOTO UCKITIOYCHHS] HEU3BECTHDIX.

Teopemuueckaa yacmo:

[IpakTruecku 1 peIeHusl CUCTEM JIMHEMHBIX YPAaBHEHUH Yallle BCEro PUMEHSIETCS METO
I"aycca, cocTosmMii B OCIE0BATEIbHOM HCKIIIOUEHUN HEU3BECTHBIX.
[TycTh 3a1aHa cucTeMa TMHEHHBIX adreOpanuecKux ypaBHEHUN:

a; Xy + a;, X, +-ot+ alnxn =6,
a21x1 + a22x2 +-eot aznxn = 82
amlxl + am2x2 oot amn'xn =6m

Bynem npousBoauTh HajJ CUCTEMON CIENYIOIIKE JIEMEHTapHbIE IPE0Opa30BaHU:

1. BeruepkuBanue ypasaenus Buaa 0-x;, +0-x, +---+0-x, =0.

2. [IpnGaBneHne K OAHOMY YpPaBHEHHUIO JpPYroro YypaBHEHMS, YMHOXKCHHOTO Ha
IPOU3BOJIBHOE YHCIIO.

3. [Tepemena MecTaMu IByX ypaBHEHHUH.

ITycts Teneps a;; #0.(Eciu a;; =0,70 MBI IOMEHsleM MecTaMH IIEpBOE ypaBHEHHE C TeM
ypaBHEHHEM, I'7le KOOPQUIHUEHT IpU X, OTIUYEH OT HyJs). MckitounM Teneps X; U3 BCEX ypaBHEHHH

CUCTCMbI, HAYMHAd CO BTOPOTO. I[J'IH 9TOIr0 KO BTOPOMY YpPaBHCHHIO HpI/I6aBI/IM IIEpBOC YpaBHCHUC,

a a
YMHOKEHHOE Ha (——2- ), 3aTeM NprOaBUM K TPETHEMY YPABHEHHIO IIEPBOE, YMHOKEHHOE Ha (— —=) U
a a
11 11

ml

a
T.A. K INOCICAHEMY YPaBHCHHUIO HpI/I6aBI/IM MepBOC, YMHOKCHHOC Ha (——) HpI/I 9TOM NOJYYHUM
a
11

CUCTEMY
CpXy FCpXy +ooo e X, ot X, =a

CopXy oot Cp X+ 40y X, =a,

C, X, +e4c, X, +-+cC, X, =a,
Jlanee, MpUMEHHUB TE K€ PACCYKACHHUS K TOJYYCHHOW CHCTEMe, MCKIIYNM M3 YpaBHEHHH,
HAYMHAS C TPETHETO X, H T..I.
[Tponomxkast 3TOT MPOLECC, MBI IPUIEM K OTHOMY U3 JIBYX CIIy4acB:
1. JIubo mocie OmpeAeNeHHOro Miara MOJIyYHThCS CHUCTEMa, COJEepXKalllas ypaBHEHUE
Buma 0-x; +0-x,+---+0-x, =6 u 6 # 0. Torna Hamra cuctemMa He IMEET PELICHHUH, T.€. HECOBMECTHA.
2. 6o cuctema He coaepkutT ypasHenue Buna 0-x; +0-x,+---+0-x, =6 mw 6 #0. Torna

PaHO WA ITO3JHO MBI IPUAEM K CUCTEMC
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C Xy TCpXy T+ C X, T+ C X, =4

CopXy +oodCy X, +00- 40y, X, =a,

CpX, +oo0t+Cp X, =a,
Bo3moxHBI Ba ciayyasi:
a) r=n. Torma mocieaHee ypaBHCHHE NOCICIHCH CHUCTEMbl HUMEET BHUA: C, X, =d

nn~"n n?

a
oTKyna x, =—". W3 mnpeanocieiHero ypaBHEHHMs HAXOAUM X,;, M T.J. U3 IEPBOrO YPaBHEHUS

nn

CHUCTCMbI HAXOJUM X, .

b) r<n.Torma cucrema umeer OECUMCICHHOE MHOKECTBO PELICHUI.
3ameuanue. C NMpakTUYECKON TOYKM 3pEHHS MPOIECC PEIICHHS] CUCTEMBI MOXHO OOJIETYHTb,

€CliIn BMCECTO Hp606paSOBaHHI>'I Hanqg caMOM CHCTEMOi IIPpOU3BOJNTDH Hp606p330BaHI/I$I Hajg
COOTBGTCTBYI-OH_ICﬁ pacmnpeHHoﬁ ManHHeﬁ CHUCTCMBI.

[Ipumep. Pemuts cucremy meronom ['aycca.
2x;, +x, —x3+x, =1
3x, —2x, +2x, —3x, =2
ox; +x, —x3+2x,=-1
2x, — X, +x;—-3x, =4
Pemenue. PaccMoTpuM paciimpeHHyr0 MaTpuiy
2 1 -1 1 1

3 -2 2 -3 2
B:

5 1 -1 2 -1

2 -1 1 -3 4

2

5
YMHOXHUB NEPBYIO CTPOKY Ha 5 3aT€M YMHOXXMB IIEPBYIO CTPOKY Ha 3 HaKOHEII,

YMHOXXHB TEPBYIO CTPOKY Ha —1, CIIOKUM MEPBYIO CTPOKY MOCIEIOBATEIHHO CO BTOPOH, C TPEThEH U
¢ 4eTBepTOH cTpokoi. ITonyynm

2 1 -1 1 1
o7 7 o1 2 1 -1 1 1
2 - 2 2 2 2| |0 -7 7 -9 1
0 233 1 7 0 -3 3 -1 -7

2 2 2 2

B nocnenneln matpunie Mpl yMHOKHJIM BTOPYIO M TPEThbIO CTpOKy Ha 2. Jlanee 1 u 2 cTpoku

ocraBisgeM 0e3 nu3MeHeHus. CrepBa yMHOXKUM BTOPYIO CTPOKY Ha —— M CIIOKHUM C TPEThEH CTPOKOMH,

2 . .
3aTEM YMHOXHM BTOPYIO CTPOKY Ha ~3 U CIIOKUM € yeTBepTor cTpokoi. [Tomyunm
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2 1 -1 1 1 2 1 -1 1 1
-7 7 -9 1
5 - 0 52| |07 7 9 11 Jo-77 -9 1
0 7 7| |00 0 2 -5 19 g 0 20 -52
10 19 0o o o -0 19
00 0 -7 = - 3 0 0 0 -10 19

1 -1 1 1
-7 7 -9 1
0 0 20 -52
o 0 0 -7

O O o N

IlocneaHro0 MaTpUIly MBI IIOJIyYHJIM, YMHOXKUB TPETBIO CTPOKY Ha E U CIIOKUB C YETBEPTOHN
ctpokoil. [locnenuss yersepras CTpoKa 03HAYAET, YTO Mbl UIMEEM ypaBHEHUE:!
0-x+0-x,+0-x,+0-x, =7
CJIE0OBATEIILHO, IT0 CKA3aHHOMY BBIIIE CUCTEMAa HECOBMECTHA.
[Ipumep. Pemnts meTogom ['aycca cucteMy ypaBHEHHIA.
X, +2x,—3x,+5x, =1
X, +3x, —=13x; +22x, =1
3x, +5x, +x;-2x, =5
2x,+3x, +4x,—7x, =4
Pemenne. PaccMOTpuM paclIMpeHHYIO MATPUILy CUCTEMBI
1 2 -3 5 1
1 3 -13 22 -1
35 1 -2 5
2 3 4 -7 4

YMHOXHM cIiepBa NEpBYIO CTPOKYy Ha (—1) U CIOXKHUM CO BTOPOH CTPOKOH, 3aT€M YMHOXKUM
MEPBYIO CTPOKY Ha (—3) U CIOKHUM C TPETbEeW CTPOKOHN M, HAKOHEI], YMHOXHUM TEPBYIO CTPOKY Ha
(—2) u coxkuM ¢ yeTBepTOi CTPOKOit. [Tomyunm

1 2 -3 5 1 12 -3 5 1
B - o1 -10 17 -2} (01 -10 17 -2
0 -1 10 -17 2 00 0O 0 O
0 -1 10 -17 2 00 0O 0 O

Bropyro maTtpuiy Mbl OJIYy4UM CIIOKHMB CIEpBa BTOPYHO CTPOYKY C TPEThEH, 3aTE€M CIIOKUB
BTOPYIO CTPOUKY ¢ 4eTBepToil. HyneBsle cTpouku BeiOpacsiBaeM. OcTaeTcs cucTeMa ypaBHEHU I

X, +2x,-3x,+5x, = 1 .
x, =10x, +17x, =-2 )

Bynem cuntate x; U X, cBOOOIHBIMH HEM3BECTHBIMH, 0003HAUast UX: X; =&, X, = [

W3 BTOpOro ypaBHEHHUsI CUCTEMBI (*) HalZIEM X,

x, =10 =173 -2

IToacraBuB x, B EPBOE ypaBHEHHE, IOTYUHM:

x, +2(10a 174 —-2) -3 +54 =1 unu

x, +20a-34—-4—-3c+5£ =1 unn

x,=—17Ta+296+5.

Taxum 0Opa3oM, 1aHHast CUCTEMa UMEET OeCUHCIEHHOE MHOYKECTBO PEeIICHUI:
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x, ==17a+295+5
x, =10a 174 -2

Bonpocwul u 3a0auu:
1.Pemuth cucteMbl TMHEWHBIX ypaBHEeHUN MeTo0oM ["aycca:

ae(R)

3X, +2X, +X; =5 X, —2X, +3X; =6 2%, —X, =X, =4
a) 12X, +3X, +X; =1 ;0) 12X, +3X, —4X; =20; B) 13X, +4X, —2X, =11
2%, +X, +3%; =11 3X, —2X, —=5X; =6 3X, —2X, +4x, =11

2%, +4x, +4x, +6x, =18
4%, +2X, +5X, +7X, =24
3X, +2X, +8%; +5%, =13
2X; +8X, +7X; +3X, =6

2 SIBNISIIOTCSL TM CUCTEMBI YpaBHEHHH, COOTBETCTBYIOILIME MaTpHUIAM, MOJTYYAIONIUMCS B PE3yJbTaTe
AJIEMEHTAPHBIX MPEeoO0pa30BaHUN CTPOK PACHIMPEHHOM MaTpullbl, SKBUBaTeHTHBIMU? OOOCHYyiiTE
OTBET.

Ilpakmuueckoe  3anamue 12. Cucmemvl  JTUHEHHLIX  OOHOPOOHBLIX  YPAGHEHUIL.
DynoameHmaibHas cucmema peuieHuil.

I[ens: BoIpabOTAaTh YMEHHE HAXOAUTH GyHIAMEHTANbHYIO cucTeMy perenuit CJIY
Cooeporcanue:

CUCTEeMa JTMHEHHBIX OJHOPOIHBINA ypaBHEHUH, PyHIaMEHTaIbHAS CUCTEMa PEIICHUH.
Teopemuueckaa yacmo:

Cucrema M JUHEWHBIX YpaBHEHUH C N TEPEeMEHHBIMU HA3bIBACTCS CHUCTEMOW JIMHEHMHBIX
OJIHOPOJHBIX YpaBHEHUH, €CJIM BCE UX CBOOOIHBIE UJIEHbI paBHBI HYJ0. Takas cuctema uMeeT BUJ:

A Xy +apXy +...+ X, =0;
81 X| +BppXo + ...+ Axp Xy =0; *)
A X + AmaXo +..+ Ay Xy =0.

Cucrema NMHEHHBIX OAHOPOAHBIX YpPaBHEHUM BCETJla COBMECTHA, TaK KaK OHA BCErJla MMEET,
1o KpaiiHeit Mepe, HysneBoe (i TpuBnanbHoe) pemenue (0; 0; ...; 0).

Ecou B8 CJIV m = n , a ee onpenenurens OTIMYEH OT HYJS, TO TaKash CUCTEMa UMEET TOJIBKO
HyJIeBO€ pelleHue, Kak 3To cienyer u3 gopmyn Kpamepa. HenyneBwle perieHus, cienoBaTelbHO,
BO3MOJKHBI JIMIIb JJISI TAKUX CHCTEM JIMHEHHBIX OJHOPOJHBIX YpPaBHEHUH, B KOTOPBIX YHCIO
YPaBHEHHMI MEHBIIE YKCJIa NEPEMEHHBIX, WIM IPU HUX PABEHCTBE, KOTJa ONPEIEIUTENb CUCTEMBI
paBeH HYJIIO.

Wnaue: cucmema nuneliHbix 0OHOPOOHBIX YPAGHEHUU UMeem HeH)lesble PeuleHus mo20d U MoabKO
moaoa, K020a paHe ee mMampuybl KOIDHUYUEHMO8 Npu NepemMeHHbIX MeHbUe YUCTA NEPEMEHHBIX, m.e. NpU
rang(A) <n.

O06o03HaynM pereHne CUCTeMbl uepes X1 = K1, X2 = Ko,....,Xn = Kn B BHJIE CTPOKH er =
(k1 ka,....kn).

Pemenus cucteMbl JIMHEHHBIX OAHOPOIHBIX YPaBHEHHUM 00J1aJal0T CIeIyIOUIMMH CBOMCTBAMU:

1. Ecm crpoka e1 = (kiko,...,kn) —  pemenme cucrempr  (¥), TO
u ctpoka Ae1 = (AKy, AKz,..., AKn )— Takxke perieHne 3TOit CHCTEMBI.

2. Ecmu ctpoku e1 = (kiko,...,kn ) u €2 = (I l2,...,In ) —pemenus cucremsr (*), To npu

MOOBIX €1 U C2 MX JUHEWHass KoMOMHAIuUs
certere=(Ciki+coli,cika+cala,....,cikntC2ln)
TaKKe PEIICHUE TAHHOW CCTEMBI.
YOenuThcs B CIPaBEAJIMBOCTH YKa3aHHBIX CBOMCTB PEIICHUH CUCTEMbI JIMHEHHBIX OTHOPOIHBIX
YPaBHEHUN MOXHO HEMIOCPEACTBEHHOM NOJACTAaHOBKOM UX B YPABHEHUS CUCTEMBI.
N3 chopMynupoBaHHBIX CBOWMCTB CIEIYEeT, YTO BCsKas JMHEWHAs KOMOWHAIUSA PEIICHUM
CUCTEMBI JIMHEHHBIX OJHOPOJHBIX YPAaBHEHUHN TAKXKE SBJIAETCA PELICHUEM 3TOM cuctemsbl. [loaromy
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MpeICTaBIsieT MHTEpeC HaWTH Takue JUHEHHO He3aBUCHUMBbIE peIIeHUs cucteMbl (*), uepes
KOTOpBIE JIMHENHHO BBIpaXaauch Obl BCE OCTAIbHbBIE €€ PEIICHMUS.

Pemtenus e, e, ..., ek Ha3BIBAIOTCI JUHEHHO HE3aBMCHUMBIMH, €CIH HX JUHEHHAs KOMOMHAIIMS
Ae1+ Azez +...+ A€« paBHA HYJIIO, TOJBKO MPHU YCIOBUU YTO A1= A2 =....= A« = 0.
Onpenenenue. Cucrema JUHEMHO HE3aBUCUMBIX PELICHUNA €1, €, ..., €  Ha3bIBaeTCs

(byHIaMEHTAIBHOM, €CITH KaXI0€ PEIICHUe CHCTeMBI (*) SIBIsETCS TIMHEHHON KOMOMHALIUEH PELIEHHI €1,
€2, ..., €k .

Teopema. Ecmu panr r wmatpuibl KO(QQUIMEHTOB NpHU MEPEMEHHBIX CUCTEMbl JIMHEHHBIX
OZIHOPOJHBIX ypaBHeHWid (*) MeHbIIe YKclia MepeMEHHBIX N, TO Beskas (yHIAMEHTAIbHAs CUCTEMa
pereHuii cuctemsl (*) cOCTOUT U3 N— I peIICHHH.

OO0umM pemeHneM cucteMsbl (*) JIMHEHHBIX OJHOPOJHBIX YPaBHEHHUU HA3BIBACTCS MHOMXECTBO
BCEX €€ PEIICHM, 3allMCaHHbIX B BHAE: Ci1€1+cCe2 + ... +Cckek, TIaAe ei1, €2, ..., ek — Jirodas
(dyHIaMeHTalbHAsl CUCTEMa PELICHUH, C1, C2, ... , Ck — IMPOU3BOJIBbHBIC yncnau K =n—r.

OOmiee perieHUe HEOJHOPOJHONW CHUCTEMbl M JIMHEWHBIX YpaBHEHHWH C N MEPEMEHHbIMH PaBHO
CyMMe OOIIEro pemeHusi COOTBETCTBYIOLIECH €l CHCTEMBI OIHOPOIHBIX JMHEWHBIX YPaBHEHHH W TIPO-
M3BOJIBHOTO YAaCTHOTO PELLEHNUS 3TON CUCTEMBI.

[Tpumep. Pemmth 0AHOPOIHYIO CUCTEMY JIMHEMHBIX alreOpandyeckux ypaBHEHHM

2% —4Xy +5%3 =0,
Xq +2Xy —3X3 =0,
3X1 — X9 +2X%3 =0.

2 -4 5
Pemenne: Omnpenenurens cuctemsr A=1 2 —-3=11=#0, MO3TOMY CHCTEMa HMeEET
3 -1 2

€IMHCTBEHHOE HYyJIeBOe pemienne: X =y =2z = 0.
[Tpumep. Haiitu oOuiee pemieHne CUCTEMbl JMHEHHBIX anreOpanyeckux ypaBHEHMH U 3amucaTh
(GbyHIaMEHTaJIbHYIO CUCTEMY PELLIEHUM:

3X1 +4X2 — X3 =0,
X1 —3Xp +5%3 =0,
4X1 + X5 +4X3 =0.

3 4 -
Pemenue: Omnpenemurens cuctemsl A=|1 —3 5|=0, mnosromy cucrema umeer
OECKOHEUHOE MHOKECTBO pelleHui. Tak Kak onpeaenuTens 13 Ko3hQUIHEHTOB NP HEM3BECTHBIX X1
3 4
¥ X2 HE PaBeH HYIIO =—-9-4=-13#0, To 3TOT MHHOP MOHO HPUHATH 32 OAZHCHBIIA.

ITockonbky rang A = 2, n = 3, BO3bMEM IIepBble /IBa YPaBHEHUS CHUCTEMBI U HaiiieM ee oOlee
peleHue.

3% +4Xy — X3 =0,
X1—3X2 +5X3 =0.

B kauecTBe 0a3MCHBIX HEU3BECTHBIX BO3bMEM X1 M X2 M IIEPEMECTHM UJICHBI C X3 B IIPABbIE YACTH
YpaBHEHHI:

3% +4X, = X3,
X1 — 3X2 = —5)(3.
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Pemas sty cucremy no gopmynam Kpamepa u 3a1aB cBOOOIHOW NMEPEMEHHOM X3 3HAUEHUE X3 =
C1 (C1 — IPOU3BOJIBLHOE YHCIIO), MTOJTydaeM

A=l Y 3 1200 =170 Ay = D |15 16
= =-3c c, =17¢; = =— —c1 =-16¢;.
1= 5., -3 praa=liaife=) 5. 1-C1 1
OTcroia Hax0AUM, UTO
—17¢; 17 —16c; 16
Xp = 1 Xy = X3 =0q.
-13 13 -13¢ 13
%1 X L C X 16 c Xq =C o
Tak X9 = —0qy, =—q, =y - obliee pelieHue.
1 13 1 2 13 1 3 1 1ee p
IT 1 X L7 X 16 Xz =1
onarasi ¢1 = 1, HOJIy4MM YacTHOE pelieHne Xy = —, =—, =1.
1 y p 1 13 2 13 3
17/13-¢; 17/13
WU B wmarpuunom  supe X =[16/13-¢; [=C;-|16/13|. Takum  o6pasom,
C 1
17/13
dyHIamMeHTaNbHAS CHCTEMA PELIEHUH COCTOUT U3 eIMHCTBEHHOTO BekTopa € =| 16/13
1
O 0 X 17 c X 16 C Xq=¢C
TBET: 00IIee peleHne X1 = — Cq, =—cy, =0,
mee p 1 13 1 2 13 3 1
17 16 5
r/1€ C1 - IPOM3BOJIBHOE YHMCIO. €] = E E - GpyHIaMeHTaTbHAS CHCTEMA PEIIEHHUIA.

Bonpocwt u 3a0auu:
Haiitu oOmiee pemieHne cucTeMbl JIMHEWHBIX anreOpaldeckuxX YypaBHEHMH M 3amucaTh
(byHIaMEeHTaJIbHYIO CUCTEMY PEIICHUH:

2%, — X, + 3%3 =0, 2% — X, + 3X3 =0, 2¥% — X + 3x3 =0,
D) x + 2%, — 6xg =09 ¢ x4 2x, — 6x3 =0,B) 3 X+ 2X; — 6x3 =0,
—18)(1 +5X2 —15)(3 = O —12)(1 +5X2 —15)(3 = 0 _13)(1 +5X2 —15)(3 == 0

IIpakTuuyeckoe 3ausatTue 13. Jluneitnvie onepayuu nao eekmopamu. Paznoycenue eekmopa no
opmam Koopounamuwix oceil. /lelicmeus Hao 6eKMopamu, 3a0aHHbIMU RPOEKYUAMU.

Ilens: BBIpAOOTATH YMEHHE BBITIONHATH JIMHEHHBIE OINEpali HaJl BEKTOpPaMH; JCUCTBUS HaJ
BCKTOpPaMH, 3aJaHHBIMU IPOCKIUAMU

Cooeporcanue:

BEKTOp, HYJIEBOW BEKTOP, KOJUIMHEAPHBIE BEKTOPBI, PABHBIE BEKTOPBHI;

CII0)KEHHE BEKTOPOB IO MPABUITY TPEYTOJbHHUKA, CI0KEHUE BEKTOPOB M0 MPABHITY Mapaljieiorpamma,
BBIYUTAHUEC BECKTOPOB, YMHOXKXCHHUEC BEKTOPA HA YHCJIO.

Teopemuueckan uacmo:

HanpapneHHbIi 0Tpe30k Oy/ieM Ha3bIBaTh BEKTOpOM u 0003Ha4dath AB, CD wiu a, s, ...

BGKTOp Ha3bIBACTCA HYJICBBIM, C€CJIM €ro Ha4dYajlOo MW KOHCI COBIAAAOT U 0003HAYaT o0 .

HyieBolt BEKTOp HE MMEET ONPECIICHHOTO HANIPABICHNS U UMEET JUIMHY PaBHYIO HYIIIO.
BekTopbl Ha3bIBAIOTCS KOJUIMHEAPHBIMM, €CIIM OHM JIS)KAaT Ha OJHOM mpsAMoi, 100 Ha
MapaJuIeIbHBIX NPAMBIX. J[Ba BEKTOpa HA3BIBAIOTCS PABHBIMM, €CJIM BBIIIOJHEHBI CIELYIOIINE TPU
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ycioBus: 1) JJIMHBI BEKTOPOB paBHBI, 2) BEKTOPBl MapajuieNbHbl (KOJUIMHEApHbI), 3) BEKTOPHI

HaIlpaBJICHbI B OJTHY M TY € CTOPOHY.
1. CrnoxeHne BEKTOPOB

Cymmoli @ +B JBYX BEKTOPOB a U B Ha3bIBae€TCsA BEKTOp, MAYILMH M3 Hayaja BEKTOpa a B

KOHEIl BEKTOpa D IIpu yCIOBUM, YTO BEKTOP D NpHIOKEH K KOHIY BekTopa a (IIPaBUIIO

TPEYroNbHUKA) U 3aIlChIBAIOT C=2a + b.

a -
C

Crnoxxenue BCKTOPOB 06J1a1[aeT CJICAYIOIUMHU OCHOBHBIMHA CBOMCTBaAMM:

1. KommyrartusHOCTh: A+ b =b + a

2. ACCOI_II/IEITI/IBHOCTLZ JJIsA JIFOOBIX BCKTOpPOB a, b U C BBIIOJHACTCA PaBC€HCTBO
a+(b+c)=(a+b)+c
3. IIpubapieHue HyJIEBOTO BEKTOPA K JII0OOMY BEKTOPY @ He MeHseT nocieanero: a + 0 =a.

4. CymMmMa BEKTOpa @ ¥ HPOTUBOIIOJNOKHOTO BEKTOpA 4 1 paBHA HYIEBOMY BEKTODY, T. €. & +

W3 BTOpPOro CBOMCTBA CIIEIYET, YTO €CIIM JaHBl BEKTOPHI a,a,, ... &, , PACIOIO0KEHHBIE TaK,
YTO  KOHELl TMpEeAbLAYIIEr0  BEKTOpa  SBJSETCd  HAyaJoM  IOCIEAYIOIIEro, TO  CyMMa

a,+a, +...+a,, Oyner mpeacTaBIATL COOOM BEKTOp, MAYIIUK M3 Hadajda BEKTOpa a1 B KOHEIl

BEKTOpa 4 n.

B8, B . tE

2. BelunTaHue BEKTOPOB

Pa3HOCTBIO IBYX BEKTOpOB a U D HaspBaeTcs Takoif TpeTuil BekTop C, uto @ =b + C u

o6o3Hauaer a-b= C. UToObl U3 OJHOrO BEKTOpA BHIYECTh APYTOM, HY’KHO X OTHECTH K OOIIEMY
HayaJly 4 IPOBECTH BEKTOP U3 KOHEYHOM TOYKU BEKTOpPA — BBIUUTAEMOI'O B KOHEYHYIO TOUKY BEKTOpa

— YMEHBIIIAEMOTO.
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3ameuanue. Hapsny ¢ mpaBUiIOM TpeyrojbHHKAa 4YacTO IMOJb3YHOTCS (pPaBHOCWIBHBIM €MY)

NPaBUIOM MapajieorpaMMa: €cjld BEKTOpsl a4 U b
NpUBEJCHBI K OOIIEMy Hayaly ¥ Ha HHX IIOCTPOCH

napajuienorpaMMm, TO cymMMa a + b €CTb BEKTOD,
COBMAJAIOLIMI € JMaroHajbl 3TOr0 IapajuleIorpaMma,

uaylmeld u3 o0liero Hayajga BEKTOpPOB & W D, a Bropas
JMaroHalb, UAyIas M3 KOHIA BEKTOpa D B KOHeI BEKTOpa

a eCTh pa3HOCTh A- b .

3. HDOI/I?;BGILCHI/IC BCKTODa Ha LII/ICHO

[IpousBenenuem o a(I/IJII/I aa) BEKTOpa & Ha BEIIECTPEHHOE YHCIIO Ol Ha3hIBACTCSA BEKTOP b
KOJUIMHEApHbI BEKTOPY a, (IpUYEM BEKTOP b umeer JUIMHY, PaBHYIO | o | | a |) U HUMEIoLIUI

HAlpaBJICHNE, COBIAJAIONICEe C HANPABIEHHEM BEKTOpa aB ciaydae O > 0 ¥ IPOTHUBONOIOXKHOE
HampaslieHue B ciiydyae O < 0.
FGOMCTpI/ILIGCKI/Iﬁ CMBLICJT OII€pallM YMHOKCHHA BCKTOpPA HA YMUCJIO MOKHO BBIPA3UTH TaK: IIPH

YMHOKE€HUH BEKTOpa & Ha YUCJIO OL BEKTOp A pacTAruBaercs (CKUMaercs) B Ol pas.
[Ipu stom, ecmu o> 1, To a pacraruBaercs, eciau 0< O <I, TO BEeKTOp & CXKUMAaETCA U
BEKTOP 0L @ COXpPAHSET TO )K€ HAIPABICHHE, YTO U BEKTOp 4 .

Ecnu xxe Ol <0, To BEKTOp @ pacTsaruBaercs npu | (0 | » 1 1 cxxumMaercs npu | o | <1 nnpn
3TOM NMPOUCXOAUT U3MEHEHUE HANIPABIECHHS HAa IPOTUBOIMOI0XKHOE.
Omnepanys yMHOKEHUS BEKTOPA Ha YUCIIO 001aJaeT CIIEAYIOIMMHU CBONCTBAMMU:

1. o(a+b) = aa + o b (pacnpemenurensHoe CBOHCTBO YHMCIOBOTO COMHOMKUTENS
OTHOCHTEJIEHO CYMMBI BEKTOPOB).

2. (o + B) a= aa + Pa (pacmpenenUTeNbHOE CBOMCTBO BEKTOPHOI'O COMHOXKHTEIS
OTHOCUTEITEHO CYMMBI YHCEII).

3. o(pa)=(of) a (couerarenbHOE CBOMCTBO YHCIOBBIX COMHOKUTEIICH).

Tak kak Mo ONpENeNICHUI0 BEKTOP €CTh HalpaBJICHHBIH OTPE30K, a MPOCKIIMU HAIPaBICHHOTO
OTpe3Ka Ha OCH KOOPIMHAT HAXOISAT KaK pPa3HOCTH OJHOWMEHHBIX KOOPIWHAT KOHIA W Hadvaja
HAIPAaBJICHHOTO OTPE3Ka, TO TOYHO TAK)KE HAaXOIAT MPOCKIMH BEKTOpa Ha KOOPJAWHATHBIE OCHU. DTH
MIPOEKITUH U Ha3BIBAIOTCS] KOOPIMHATAMH BEKTOPA.

Hanpumep, mycts manbl Touku A(3, -2, 5) u B( 1, 2, 3). Torna xoopAMHAaTaMu BEKTOpa

AB6y)1yT -1-3=-4; 2-(-2)=4, 3-5=-2 u o6o3naqaror AB ={-4, 4, -2}.

B nanpHeiimem, koopauHaThI (TPOSKIIUK HAa OCH) MbI OyzneM o0o3Havate a ={X, Y, Z}.
OTMeETHM, YTO JEHCTBUS HAL BEKTOPaMHU MOXKHO TIPOM3BECTH B KOOPMHATAX.

ITycTs aHBI BEKTOPBI B KOOpAMHATAX: & {X1, Y1, 21} U b = {x2, y2, 22}.

Torpa: a + b = {X1+ X2, Y1 +VY2; 21+ 22}, a - b = {X1-X2, Yy1-VY2; 21-22}, O a = = {ox1, oy,
ol 21}
Bonpocwl u 3a0auu:

- - . T
3anaua 1. Ilo nanHbM BekTopam @ U b mocmpolme eekmopbl a + b, a—
a —
/ x
> — - o -
3anaya 2. Ilo manHbIM BekTOpaM & U b moctpoiite BekTopet 3a, —1/2b u2a +1/3b.



> - -> o
3amava 3. KakoMy yCIIOBHIO JIOJIXKHBI YIOBJICTBOPATH BEKTOPBI @ U b, uroObl BekTopel @ + b U
- > o o
a—b 0w KOJUTMHEapHbI. Kakoil reOMeTpHYECKHiA CMBICT UMEET 3TO YCIOBHE?

_)
3amaua 4. Omnpenenure KoopauHaThl Hayana BekTopa a = {3;1,—2}, ecnu ero KoHeI COBMAgacT C
toukoit M(1;-1;2).

- —
3amgaya 5. I[lycth B HekoTopoM Oasuce a = {2;—1;3} u b = {1,—2;—4}. Haiinure koopauHATHI BEKTOpA

5)+ 2? B 9TOM 0asuce.

Bompocsr:

Yro Ha3BIBACTCS TEOMETPHUYECKUM BEKTOPOM?
Kakwne BeKTOpBI CUNTAIOTCS PABHBIMH?

Kaxk ompeznensiercs ;ymmHa BeKTopa?

UYro Takoe opt Bektopa AB?

Kaxk ompeznensiercst yroia Mexy BeKTOpamu?
Kakwue BeKTOpBI Ha3bIBAIOTCSI OPTOTOHAIEHBIMU?
Kakue BeKTOpBI Ha3bIBAIOTCS KOJTHHEAPHBIMH?

Kakue BexTopsl Ha3biBatoTCa KoMiutaHapHeIMU? Kak onpenensiercs cymma BekTopoB AB u
BC*

©Vo~NOOAWNE

Kak onpenensiercst cymma BektopoB AB u AC?

10. Kaxk omnpenensercst npousBeieHHE BEKTOpa U JeHCTBUTENBLHOIO Yncia?

11. Kak onpenensiercst pazHoctb BekTopoB AB u AC?

12. Kakumu cBOMCTBaM 00J1aJ1al0T JIMHEWHBIE ONepalliy ¢ BEKTopaMu?

13. Yro Takoe KOOpAWHATHI BEKTOPa B (GUKCUPOBAHHOM Oazuce?

14. Kak c10XUTh BEKTOPBI, €CIIM 33JaHbl UX KOOPJMHATHI B HEKOTOpOM Oa3uce?

15. Kak yMHOXXHTb BEKTOP Ha YHCJIO, €CIIM 3a/1aHbl €r0 KOOPIAUHATHI B HEKOTOPOM Oaszuce?

IIpakTuyeckoe 3ansaTne 14. CrajJsipHOe, BEKTOPHOE M CMEIIAHHOE NMPOU3Be/IeHNsI BEKTOPOB.
Ilens: BbIpabOTaTh yMEHHE MPHUMEHATh HA TMPAKTUKE CKAlIpHOE, BEKTOPHOE U CMEIIaHHOE
IMPOU3BCACHUS BEKTOPOB B COOTBCTCTBHUU C TCOMCTPHUICCKUMU, (1)I/I3I/IT-I€CKI/IMI/I MPUITOKCHUAMU
Cooeporcanue:
CKaJISIPHOE, BEKTOPHOE U CMEIIIaHHOE MMPOU3BEACHHSI BEKTOPOB, CBOMCTBA TIPOU3BEICHUI BEKTOPOB
BBIp2)KEHUE MPOU3BEICHUI BEKTOPOB Uepe3 KOOPAUHATHI
MIPUIIOKEHNUS IPOU3BEIECHUN BEKTOPOB
Teopemuueckan uacmo:

CkansipHOE ITPOU3BEICHUE BEKTOPOB

[lycTh naHbl ABa BekTopa @ U D . CKalspHBIMH IPOM3BEICHHSAMM JBYX BEKTOPOB 4 H b
Ha3bIBACTCS YMCIIO, PABHOE IPOU3BEIACHUIO JJIMH JTUX BEKTOPOB, YMHOXXEHHOMY Ha KOCHUHYC yrja
MEXy HUMH:

(QB) = H : “B‘ cosd, Tae 9 — yroi Mexmy BEKTOpaMu

MoxHO naTh Apyroe ONpelesIeHHe CKAISPHOTO IMPOW3BEACHUS ABYX BEKTOpoB. M3 teopun
IIPOEKIMI N3BECTHO, UYTO

np;a = ‘a‘cos& unp-b= ‘b‘cos&
T.o. CKaJIApHOC NPOU3BEACHHUE ABYX BCKTOPOB €CTh YHCJIO, PaBHOC HNPOU3ZBCACHHUIO JJIMHBI
OIHOT'O U3 3THUX BCKTOPOB Ha IIPOCKIUIO JPpYroro BEKTOpa Ha HepBLIﬁ BCKTOp.

(55) = ‘B‘npga unu (ab_) = ‘a‘npg b.

CkansgpHoe Mpou3BeIeHHE BEKTOPOB 001a/1aeT CIEAYIOIIMMU OCHOBHBIMH CBONCTBaMHU:
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1. CxansipHOoe TIPOM3BENEHHE JBYX BEKTOPOB & M D oOpaliaercss B HylIb B TOM CIydYae, KOT/a 10
KpaiiHell Mepe OJIMH U3 BEKTOPOB SIBJISIETCS HYJIEBBIM WIIH €CJIM BEKTOPBI NEPIIEHIUKYJISPHBI.

2. CkanspHoe IIPOU3BEIEHHUE IBYX BEKTOPOB d I D paBHO NMpOM3BENIEHMIO JIMH STHX BEKTOPOB, ECIH
JAaHHBIE BEKTOPHI apaJUIebHBbI, T. €. @ = 0.
(5 E)= ‘QHB‘ cos0= ‘5‘ . ‘B‘

Orcroga ciefyer, 4To CKaJSIPHOE MPOM3BEICHHE BEKTOpa Ha camoro cedsi paBHO KBajapaTy
JUIMHBI 9TOTO BEKTOPA, T. €. (2_1 5): ‘2_1‘2
3. CkansipHoe Mpou3BeJCHHUE ABYX BEKTOPOB 00JIaZaeT MEePEeMECTUTEIbHBIM CBOWCTBOM YMHOKEHHUS:
(ab)(ba).
4. CkanspHoe mnpou3Be[cHHEe 00JalaeT pacHpeleUTeIbHbIM CBOWCTBOM OTHOCHUTEIBHO CYMMBbI
BEKTOPOB: (5. + l_)) E = (2_16)+ (l_)(_:)

IlycTte maHbl nBa BEKTOpa B KOOpAHMHATAX: 5. = {Xl, Vi, Zl}u 6 = {XZ, Yy, 2, } CkansipHoe

MMPOU3BCACHUC DTUX BEKTOPOB PAaBHO CYMMC HpOI/ISBe,I[eHI/Iﬁ HUX OJJHOMMCHHBIX KOOPpAMWHAT.
BekTopHOE Mpon3BEACHNE BEKTOPOB

BekTopHBIM IIPOM3BENCHUEM [IBYX BEKTOpOB ( U D nassiBacres Taxoit tperuit Bektop C,
KOTOPBIN 00J1a/1a€T CIeIyIOIUMH CBOMCTBaMU:

nc Laucl b, 10 ectn BekTop C meprneHauKy/IsIpeH K IIIOCKOCTH, T/Ie JISKAT BeKTopa d U b;

2) JdnuHa BekTopa C YMCICHHO PaBHA IUIOUIAJM HapajuleJorpaMMa, IMOCTPOCHHOI'O Ha BEKTOpax

aub , T.. ‘6‘ = ‘5‘ : ‘B‘Sin @, TIE @ — YrOJIMEXKITy BEeKTopamMua n b ;

3) BekTOp C HampaBjeH B TaKyl0 CTOPOHY, YTOOBI KpaTyaiIiuii HOBOPOT OT MEPBOro BeKTOpa ( K
BTOPOMY BEKTOPY b BOKpYr BekTopa C mpeacTaBisicsi MPOUCXOASIINM MPOTHB YaCOBOHW CTPEJKH,
€CJI CMOTPETh U3 KoHIa BekTopa C .

BekropHoe npou3sseeHne 0603HauaT cuMBosiom C = [ab] um c=axb.
a) OCHOBHbBIE CBOWCTBA BEKTOPHOI'O MPOU3BE/ICHHSL:

1. BexTopHoe TIpom3Be[eHHE ABYX BEKTOpoB A U D paBHO HyZeBOMy BEKTOPY B TOM U TOIHKO B
TOM CJTydae, KOT/1a 3TH BEKTOPHI TapajljIeIbHBIL.
W3 oaroro  cBoicTBa  CleQyeT, 4YTO  BEKTOPHOE
MPOM3BEICHUE JTFOOOTO BEKTOpa Ha caMoro ceosl, T.e. aa] =0.
2. BektopHOE Mpon3BeICHNE IBYX BEKTOPOB aHTHKOMMYTATHBHO, @ UMEHHO:

3. BekropHoe mpousBeseHre 00aaeT CBOMCTBAMU COYETATENBHOCTH OTHOCHTEIBHO YHCIIOBOTO
MHOXXUTEIIS; a[ab] = [aa . b] unu [a . ab]
4. BeKTOpHOE MPOU3BEICHHE BEKTOPOB 00JIaaeT pacipeaeTuTeIbHBIM CBOMCTBOM OTHOCHTEIILHO

BEKTOPOB.
BekropHoe npon3Be/ieHre BEKTOPOB B KOOPAMHATAX

[Tycts BexkTOpBl A U b sanansr B KOOpAMHATax 5. = {Xl, Vi Zl}, 6 = {X2 y Yo, 2, } Torna
—1 V4l laX Xh
[ab =C ; :
Yala| |22 X5 X2 Y2
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IIpumep. ITycTh 1aHbI BEKTOPBI 5. = {2, -1, 4} u 6 = {3,1, 0}
IlIZ |3

lab|=[2 -14) = 0+ 21, +121, + 31, - 41, = -1, +121, +5I,.
310

re. [ab|=c = {-4,12 5}

IlycTs mauel Tpu BekTopa &, D, C. Eciu u3 Tpex BEKTOPOB JOOBIE 1B BEKTOPA YMHOMKHUTD

BEKTOPHO, a 3aTeM monydeHHslil Bektop d = [@ D] ymuOoXuTE Ha Tpernii BexkTop C CKalApHO, TO B
pe3yiabTaTe Mbl MOJYYUM YHUCIIO, KOTOPOE W HA3bIBAETCS CMEIIAaHHBIM MTPOU3BEICHUEM TPEX BEKTOPOB

1 0603HayaroT: 6o a b ¢, mu6o ([a b]cC).

CwMmenranHoe IMPOU3BCACHNEC HCKOMILJIAHAPHBIX BCKTOPOB a, b u C 1o MOIYJIO paBHO 06’beMy
mapaiiCICItIIiCia, IIOCTPOCHHOI'O HAa 3TUX BCKTOpaAX.

CMelaHHoe IPOU3BEICHHE BEKTOPOB & b, C paBHO HymO TOrZa M TOJNBKO TOTJA, KOIAA 3TH
BEKTOPBI KOMIIJIAaHAPHBI.

CMelmaHHOe IPOU3BEICHNE BEKTOPOB B KOOPAMHATAX.

IlycTs maHbl TpU BEKTOPA B KOOpAUHATAX

a={x,y,,.1b={X,,Y,,2,}.c ={X;,¥;,2;}. Torna cmemanHoe Npou3Be€HUE ITUX BEKTOPOB
MO’KHO BBIYMCIIMTE 110 (OpMyIIE:

X Yy %
([55]6) =X, Y, Z,].
X3 Ys Z4

MHorue 3aga4u reoMeTpuu, (I)I/I3I/IKI/I, MCXAaHUKH PCIIAOTCA METOAAMU BeKTOpHOﬁ anre6pbl.

[pumep. Berumcants, Kakyro pabory npomssomut cuma F = {3, -5, -2} xorma ee Touka

NPUIIOKEHHS, IBUTAsCh NPSMOIUHEIHO, mepemeriaercst u3 mojoxenus A (2, 5, -3) B nonoxxkenne B
(3,-1,-2).

Pewenne. Haliem koopinHATHI BEKTOpA S=AB

S ={3-2; -1-5; -2+3} = {1; -6; 1}

Torna BennunHa NCKOMOI paboOTa paBHA CKAISPHOMY MTPOU3BEICHHIO (E S ), T.€.

W=(F S)=31+(-5)(6) - 2.1 = 31.

[Mpumep. Haiitu yromx, o6pa3oBaHHBIN BEKTOPAMHU: a ={3,0,-4} u B={-1,1,-2}.
3.(-)+0-1+(-4)(-2) 5 1

3 H0+47 - [P +17 +(-2)* 5V6 /6
[pumep. [aubl koopauHatel BepmnH Tpeyroibhuka A(1,2,0), B(3,0,-3) u C(5,2,6). Haiitu

TUIOIIA/Tb 3TOTO TPEYTOJIBHHKA.

Pemenne. COS@ =

Pemenne. Haiinem KkoopiMHATHI BEKTOPOB E u E )
AB ={3-1,0-2,-3-0}={2,-2, -3}
AC ={5-1,2-0,6-0}={4,0, 6}
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HaiizeM BEKTOPHOE NMPOM3BEIEHHE BEKTOPOB AB u AC: [A_ _C] =12 -2 -3 =

—12e, —12e, + 8¢, —12e, = —12e, — 24e, +8e,
Wrak, [AB-AC 1= d ={-12, -24, 8}.

Haiinem Moaysib BEKTOPHOTO TTPOU3BEIACHUS

I[AB- AC]H d |= /(-12)? + (—24)® + 8> =144+ 576 + 64 = /784 = 28.

1, — — 1
VIcKOMast IUIOMIaab TPEYTONBHAKA: O o = E‘[AB . AC]‘ = E .28 =14 «s. en.

[Tpumep. Beraucnuts 00beM TeTpadapa, BEpUIMHBI KOTOpOTo Haxoasarcs B Toukax O(1,1,2),
A(2,3,-1), B(2,-2,4), C(-1,1,3).

Pemenune. Terpasap moctpoen na Bekropax OA, OB 1 OC Haiinem koopaunatel 3THX

sextopos: OA ={1,2,—3}, OB = {1,—3,2}, OC ={-2,0,1}. Tora nckomsiit 06seMm:

1 2 -3
:—\([OA 0oB|. &}:% 1 -3 2 =—\ 3-8+18—2 = 3 =g
2 0 1

Vv > 0
= — KyO. en.
6

[Mpumep. Beraucauts MOJLyJIb BEKTOPa a-= {6,3,-2}.
Pemenue. Ecnu 1aH BeKTOp a-= {x,y, 2}, T0 ya| X2+ y2 +2° . CrenioBaTelnbHO, HMeeM

|a|= /6% +3%+(-2)* =49 =7.
[pumep. BeraucinTe HaNpaBIisAoONe KOCHHYCH BEKTOPA a-= {12,-15,-16}.
Pemenye. |a| = /122 + (—15)? + (-16)? = /625 = 25.
cosa =X =12 cosp= Y 10 3.0, - 2 =16
2| 25" la| 25 5 jal 25
ﬂmp BexTops! aub o6pasyrotr yron ¢ = 60°, mpuaem |a| S5u |6| = 8. Onpenenutsb |5 +
nla- bl

Pemrenme. PaccMoTpuM ckanspHOe npomspenenue (A + D)u(a + b) re.

(a+b)=(aa)+2(ab)+(bb)=|ap+2/al|b|cos60® + b} = 25+2~5-8~% +64 = 129,
crrenosatensio [a + b|= +/129.
AHayorudHo, paceMoTpim (@ - b )2
= 1
(a-b)2:|a|2-2(ab)+|b|2:25-2-5~8-§+64:49. la-b|=/49=7.

Bonpocwt u 3a0auu:

3amaua 1. OnpenenuTs, MPH KaKUX 3HAYCHUAX OL U [3 BEKTOPHI 5={-2, 3, B} u B={OL, -6, 2}
KOJUIMHCApPHBI.
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3amgaua 2. JlaHbl TpU BEKTOpa _p = {3,-2,1}, a ={-1,1,-2}, F = {2,1,-3}. Haiitu pasnoxenue
BEKTOpa 6 ={11,-6,5} no 6a3ucy _p, a, F

— — 72' f—
3amaua 3. Bextoper @ u D obpasyror yron ¢ = E 3Has, uro |a| = \/\7’), |b| =1, BerunciuTs

Yrojl a MKy BEKTOpaMu _p = 5 + 6 u a = 5 - B

3amaua 4. BeIUUCIUTh MPOCKITHIO BEKTOPA a-= {5,2,5} Ha och BeKkTOpa b= {2,-1,2}.
3anaua 5. Jlansl Bepmunasl TeTpasapa: A(2,3,1), B(4,1,-2), C(6,3,7), D(-5,-4,8). Haiitu nauny ero
BBICOTHI, OMYIICHHOM U3 BepiirHbI D.

3anaua 6. Haiitu opt Bexktopa @ = 3e, +4e, —12e,.
3amaya 7. Hailtu BenuuMHY IUIOIIAJM NapajuIeJOrpaMMa, CTOPOHAMU KOTOPOIO SIBISIOTCS

sexktopel @ ={1,-3,1} u b ={2,-1,3}.

3agaya 8. BerumciuTh BHYTpEeHHHE yriibl TpeyroipHuka ¢ BepimmuHamu A(1;2;1), B(3;-1;7) u
C(7;4;-2). YoenuThcs, 4TO 3TOT TPEYTOJIbHUK paBHOOEIpEeHHbII. Caenars 4epTex.

3amaya 9. 3Has OHYy W3 BeplIMH TpeyroiabHuka A(2;-5;3) u BEKTOPBI, COBIAIAIOIINE C IBYMS €T0

CTOpPOHAMU AB = {4;1;2} n BC = {3;-2;5}. HaiiTi ocTaibHbIe BEPUIMHBI U KOOPJUHATHI BEKTOPA

CA.

Bompocsr:
1. Yro Ha3bIBaeTCs CKAISIPHBIM IPOU3BEACHHUEM JABYX BEKTOpoB? Dusnueckuii cMbICa
CKaJISIPHOTO IIPOU3BEJICHUS BEKTOPOB.
OcHOBHBIE CBOMCTBA CKAJIIPHOTO MTPOU3BEIEHUS BEKTOPOB.
Kak omnpenensiercs ckalsipHOE IPOU3BEIEHUE IBYX BEKTOPOB B KOOpAUHATaX?

Kak Ha#{TH yron Mex 1y JAByMs JaHHBIMU BekTopamu a u D ?
UTto Ha3bIBaeTCsl BEKTOPHBIM ITPOU3BEAECHUEM JBYX BEKTOPOB?
['eomeTpuueckuii  GU3NUECKUl CMBICT BEKTOPHOTO POU3BEIECHUS JIBYX BEKTOPOB.
Kak MOXXHO HaWTH IUIOIAAb TPEYTOJIBHUKA, B TPEXMEPHOM IPOCTPAHCTBE, €CIU H3BECTHBI
BEPILMHBI JaHHOT'O TPEYroJIbHUKA?
8. Kak HaifTu BEKTOpHOE MPOU3BENICHHE IBYX BEKTOPOB B KOOpMHATAX ?

Nookk wn

9. Kak Haiitu opt Bektopa a = {X, Y, 2}?

10. OcHOBHEBIE CBOMCTBA BEKTOPHOTO TIPOU3BEIEHUS BEKTOPOB

11. CmemanHoe NMPOU3BECHUE TPEX BEKTOPOB. ['eomeTprueckuil cMbICi.
12. OcHOBHBIE CBOWCTBA CMEIIAHHOTO MPOU3BEICHUS BEKTOPOB.

13. CmenranHoe NMPOU3BEICHUE TPEX BEKTOPOB B KOOPAMHATAX.

IIpakTuyeckoe 3ansitue 15. BekTopHbIEe NPOCTPAHCTBA U UX NMpOCTeiilMe CBOCTBA.
Ilens: chopmupoBaTh MpeACTaBIEHUE O BEKTOPHBIX MPOCTPAHCTBAX U UX CBOMCTBAX
Cooeporcanue:

BEKTOPHOE IIPOCTPAHCTBO HaJ MOJIEM BEHIECTBEHHBIX YHCEN; MPOCTEUIINE CBOMCTBA BEKTOPHBIX
IIPOCTPAHCTB.

Teopemuueckaa wacmo:

Onpenenenue. I1ycTb V - MpOU3BOIBHOE HEITYCTOE MHOXKECTBO, 3JIEMEHTHI KOTOPOTO MBI OyJ1eM
Ha3bIBaTh BeKkTOpamu, K — moje, 3JeMeHTbl KOTOpOoro Mbl OyneM Ha3biBaTh ckaispamu. Ilycte Ha
MHOXECTBE V ONpezesieHa BHYTPEHHss OWHapHas anreOpandeckas orepalus, KOTOPYIO Mbl OyneM
o003HayaTh 3HAKOM + U Ha3bIBaTh CJOKEHUEM BeKTOpoB. IlycTh Takke Ha MHOXKeCTBe V
orpejieieHa BHEIIHSAs OWHapHas anredpanueckas oIepanus, KOTOpYyl0 Mbl OyJeM Ha3bIBaTh
YMHO>KEHHEM BEKTOpa Ha CKaJsip U 0003HAa4aTh 3HAKOM YMHOXEHHMA. [[pyrumMu cinoBamu onpeieseHsbl
JIBa OTOOpaKeHUS:

VxV >V, ¥Xx,yeV,(X,y) >X+yeV;
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KxV -V, VieK vxeV,(Lx)>Ar-xeV.
MHOKeCTBO V BMECTE C ATHMH JIBYMS alreOpandecKuMH OTepaIiusiMi Ha3bIBACTCS BEKTOPHBIM
MPOCTPAHCTBOM HaJ mojieM K, eciii BBITIOJIHSIFOTCS CASAYIOIINE aKCHOMBI:
1. CnosxeHue accolMaTUBHO, T.€.
vxy.zeV, (x+y)+z=x+(y+2).
2. CymiecTByeT HyJlIE€BOW BEKTOD, T.€.
eV:VXxeV, x+0=0+x=X.

3. Ayt m000ro BEKTOpa CyIIECTBYET MPOTUBOMOIOXKHBINA eMY:
vxeV,dyeV:x+y=y+x=0.
BekTop y, IpOTHBOIONIOKHBIA BEKTOPY X, OOBIYHO 0003HAYAETCSI —X, TaK YTO
vx eV, 3(-x)e V: x+(-x)=(-x)+x=0.
4. CrioxeHue KOMMYTaTUBHO, T.€. VX,y €V, X+y=y+X.

5. YMHOXKeHHUE BEKTOpa Ha CKaJIAp MOJYHUHAETCS 3aKOHY aCCOLIMATUBHOCTH, T.€.
Va, eK, Vx eV, ((XB)X = (x(BX) )

/i€ IPOU3BEICHUE af €CTh IIPOU3BEACHUE CKAISPOB, onpeaeracHHoe B noje K.

6. vxeV, 1.x=x, rae 1 - ato equnuia nous K.

7. YMHOXEHHE BEKTOpa Ha CKaJIIp IUCTPUOYTUBHO OTHOCUTENIBHO CII0KEHUS BEKTOPOB:

Vi eK, ¥Xy eV, AX+y)=AX+Ly.

8. YMHOXEHHE BEKTOpa HA CKAJISP TUCTPUOYTUBHO OTHOCUTEIBHO CIIOKEHUS CKaJSIPOB:
Vi p eK VX eV, (A+p)x=AX+px.

Onpenenenue. BekropHoe NpocTpaHCTBO V HaJl MOJEM BEIIECTBEHHBIX YHCEI R Ha3blBaeTcs
BELICCTBEHHBIM BEKTOPHBIM IIPOCTPAHCTBOM.

Teopema. (ITpocTeiimne cBoiicTBa BEKTOPHBIX MPOCTPAHCTB. )

1. B BEKTOPHOM IIPOCTPAHCTBE CYLIECTBYET €AMHCTBEHHBIN HYJIEBOW BEKTOP.

2. B BEKTOPHOM MPOCTpPAHCTBE JIO00N BEKTOP MMEET €IMHCTBEHHBIN MPOTHBOMOIOKHBIN

emy.

3. VAeK,VxeV,Ax=0<1=0 UIH x=0.

4. vxeV, (-)x=-x.

[TprimMepbl BEKTOPHBIX MPOCTPAHCTB.

1) MHOXeCTBO YMCJIOBBIX BELIECTBEHHBIX (YHKIMH OJHOM NMEpeMEHHOW, HENpephIBHBIX Ha
untepsaiie (0; 1) oTHOCUTENBHO OOBIYHBIX ONEPALUNA CIIOKEHUS PYHKIMM U YMHOXKEHUS QYHKIUU Ha
YHCIIO.

2) MHO€eCTBO MHOTOYJIEHOB OT OJHOW OYKBBI C KO3(ppuirienTaMu u3 noiasi K oTHOCUTENBHO
CJIO’KEHHSI MHOTOWIEHOB M YMHOXXEHHUSI MHOIOWIEHOB Ha CKaJIsAp.

3) MHOXeCTBO KOMIUIEKCHBIX YHCEI OTHOCHUTEIBHO CIIOKEHUS KOMIUIEKCHBIX 4YHCENl H
YMHOXEHHMSI Ha JEHCTBUTEIBHOE YUCIIO.

4) MHOXecTBO MaTpHI] OJHOTO M TOTO XK€ pazMepa ¢ 3neMeHTaMu u3 noiiss K oTHocuTenbHo
CJIOKEHMSI MaTPUI] U YMHOXEHUS MaTpPHUL] HAa CKAJIAP.

Crnenyromuii npuMep sBIIETCS BaXKHBIM YaCTHBIM CIIy4aeM IpumMepa 4.

5) Ilycte neN - mpou3BoOJbHOE HaTypaidbHOE unciio. O603HaUMM depe3 K" MHOXKECTBO BCEX
CTOJIOLIOB BBICOTHI N, T.€. MHOXKECTBO MaTpull Haj roseM K pasmepa nxl.

MHoxecTBO K" sBIs€TCS BEKTOPHBIM IpOCTpaHCTBOM Haja mnojieM K u Ha3bpiBaeTcs
apu(pMETHYECKUM BEKTOPHBIM IIPOCTPAHCTBOM CTOJIOLIOB BHICOTHI N Haj nosieM K.

B yactHOCTH, eciu BMeCTO IPOU3BOILHOIO 1o K B3STh MoJe NeHCTBUTENBHBIX YHCEN R, TO
BEKTOPHOE TMPOCTPAHCTBO R"  Ha3bpIBa€TCS  BELIECTBEHHBIM apU(PMETHUYECKUM  BEKTOPHBIM
MIPOCTPAHCTBOM CTOJIOLIOB BBICOTHI N.

AHaJOrMYHO, BEKTOPHBIM IMPOCTPAHCTBOM SIBJISIETCS M MHOXKECTBO MaTpuil Haja mnojem K
pa3smepa 1xn WM, HHade, CTPOK JIMHBI N. OHO 0003Ha4yaeTcs Takke uepe3 K" U TakKe Ha3bIBaeTCs
apu(pMETHYECKUM BEKTOPHBIM IIPOCTPAHCTBOM CTPOK AJUHBI N Haj nonem K.

CucreMbl BEKTOPOB BEKTOPHOTO NTPOCTPAHCTBA.
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Omnpenenenne. CuUCTeMON BEKTOPOB BEKTOPHOTO MPOCTPAHCTBA HA3BIBAIOT JFOO0E KOHEYHOE
HEITYCTOE€ MHOYKECTBO BEKTOPOB 3TOr0 MPOCTPAHCTBA.

O6o3HaueHue: {e1,es,....en}.

Onpenenenue. Beipaxenue

01181 + 0B +..+0L,Ep

TAC a4,0p,...,0p € K - CKAAPHI MO K, eq.e5,....,6, €V — BEKTOPBI BEKTOPHOTO MPOCTpaHCTBA V,
HA3bIBACTCS JIMHCWHON KOMOWHAIMEH CHUCTEMBI BEKTOPOB {er,es,...en}. CKaIAPBL  ay,a5,...,0,
Ha3BIBAIOTCS KOA(P(DUIIMEHTAMH 3TOW TUHEHHONH KOMOMHAIINY.

Onpenenenue. Ecnu Bce kodhPuIMEeHTH TUHEHHON KOMOWHAIMU pPaBHBI HYIO, TO TaKylO
JTUHEWHYI0 KOMOWHAIMIO HAa3bIBAIOT TPUBUAIBHOMN, B TPOTUBHOM CITy4ae — HETPUBHAIBHOM.

[pumep. ITycth {e1,e,,e3} cucrema U3 TpexX BEKTOPOB BEKTOpHOTO mpoctpanctea V. Torna

O~e1 +0'62 +0~e3
— TpUBHUAJIbHAS JTUHEHHAS KOMOWHAIINS IaHHOW CUCTEMBI BEKTOPOB;
—1+0-e2+0-e3

— HeTpUBHMANbHAS JIMHEWHAs KOMOWHAIMA JaHHOW CHUCTEMbl BEKTOPOB, T.K. TIEpPBbIi
KO2(pPUIIMEHT 3TOM KOMOUHAIIMK g =-1%0.

Onpenenenue. Ecan kakoi-mub0 BEKTOp X  BEKTOPHOTO MpoOCTpaHcTBa V' MOXKET OBbITh
MPEJICTABJIEH B BUJIE:

X = 01481 + Olo€o+...+0L,€

TO TOBOPST, YTO BEKTOP X JIMHEMHO BBIPAXKAETCs Yepe3 BEKTOPhI CUCTEMBI {eg, €5, ....en}. B aTOM

CJIy4ae TOBOPST TaKXKe, UTO CUCTEMA {eq, ey, ....en} JIMHEWHO MPEICTABIIAECT BEKTOD X.

-1

1
IIpumep. Ilycts {61=[_ZJ,62 :[3} — cucreMa M3 JIBYX CTOJIOIOB apH(PMETHIECKOTO

5 .
BCIICCTBCHHOI'O BCKTOPHOI'O IIPOCTPAHCTBA CTOJ'I6I_[OB BBICOTHI 2. Torma CTOJ'I6CI_I X—( l3j JJUHCUHO

BBIpa)KAaeTCsl 4Yepe3 CTOJIOIBI CHCTEMbl WJIM JaHHAs CHCTEMa CTOJIOIOB JIMHEHHO MpEeCTaBiseT
cronber X. JlelCcTBUTEIBHO,

o e G

Bonpocwt u 3a0auu:
1. O6o3HauuM OYKBOH A MHOXECTBO OECKOHEUHBIX MOCIEAOBATEIHHOCTEH BEIIECTBEHHBIX
qucell, uMeromue npeaen: A={(ax), keN|(lim akx)eR}.
k—0

OmnpenenuM Ha MHOXKECTBE A TMOKOMIIOHEHTHOE CIIOXKEHHE TMOCIEA0BAaTeIbHOCTEH |
MMOKOMITOHEHTHOE YMHOXXEHHE TIOCJIeIOBATEIbHOCTH Ha 4Hcio. Jlokaxkure, 4Tro A sBISETCS
BEKTOPHBIM MTPOCTPAHCTBOM.

2. O6o3HaunM OyKBOW A MHOXECTBO OCCKOHEYHBIX ITOCIIEIOBATEIHLHOCTEH BEIIECTBEHHBIX
Yyucell, UMEIOIME OJMHAKOBBIN mpeaen acR :A={(ay) ke N| I(Iim ay =a}. Onpeaenum CloKeHue Ha A u

—>0

YMHOKE€HHE Ha YUCJIO KakK B 3a7aye 1.

a) Jlokaxxurte, 4TO €ClIM a=0, TO MHOXKECTBO A He SIBJISETCS BEKTOPHBIM MPOCTPAHCTBOM.
Kaxkas akcmoma BEKTOPHOTO MPOCTPAHCTBA HE BHIIPOHSETCS?

0) JlokaxxuTe, 4TO €CIH a=0, TO MHOXECTBO A SIBIISIETCS BEKTOPHBIM MTPOCTPAHCTBOM.

IIpakTnuyeckoe 3ansitue 16. JIuHeiiHo 3aBucHMBIe M JINHEHHO He3aBUCHUMbIE CHCTeMbI BEKTOPOB
BEKTOPHOI'0 IPOCTPAHCTBA.

IJens: chopMupoBaTh MPEACTABICHHUS O JIMHEHHONW HE3aBUCUMOCTH CHUCTEM BEKTOPOB BEKTOPHOTO
MIPOCTPAHCTBA U acleKTaxX MPUMEHEHUs JUHEHHOHN 3aBUCUMOCTH (HE3aBUCUMOCTH)

Cooeporcanue:

TPUBHAJIBHOE (HETPUBUAIILHOE) NPE/ICTaBIEHUE HYJIEBOIO BEKTOPA;

JIMHEWHO 3aBUcUMast (HE3aBUCHMas) CHCTEMbI BEKTOPOB;
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HCO6XO,Z[I/IMO€ " JOCTATOYHOC YCJIOBHUC JIMHENHOM 3aBUCUMOCTH CUCTEMBI BCKTOPOB.
Teopemuqecmm uacmo.:

Tak kak MpoOU3BEJICHUE HYJIEBOTO CKaIspa Ha JIFOOOW BEKTOp €CTh HYJIEBOM BEKTOP U CyMMa
HYJICBBIX BCKTOPOB pPaBHA HYJICBOMY BCKTOPY, TO JIA JIIO00H CHCTEMBI BCKTOPOB BBbIIIOJIHACTCA
paBEHCTBO

0-e9+0-e9+...4+40-e, =0.
OTcroza cieayer, 4To HyJeBOW BEKTOP JIMHEHHO BBIPAYKACTCS Yepe3 BEKTOPHI JIIOO0H CHCTEMBI
BCKTOPOB HJIM, 'OBOPS MHAYE, JIr00as cucrema BEKTOPOB JIMHENHO MMpEaACTABIIACT HyneBoﬁ BEKTOP.

1 -1 o 0 .
[Tpumep. Ilycth {91 :(_ 2}62 =( 2]} B sToM ciydyae HyneBoil cronbery [OJ MO>KHO JIUHEIHO

BBIPA3UTh Yepe3 CTOJIOIBI CUCTEMBI HE OJTHUM CIIOCOOOM:

oes-oes o L)oo 1-{1)

nJIn

v {2

WU Vo eR

e (LY
-2 2 —2a 20 0

YT1o06BI pasiiniyatb O9TH CIocoObl JIMHEHHOTO MNpEACTABJICHUA HYJIICBOI'O BCKTOPAa BBCIACM
CJICOAYIOHICC OIMMPCACIICHUC.

OHQGQGJ’IGHI/IC. Ecau BeImonusercs PaBCHCTBO

a1€1 +og€py +...+apep =0

U IIpu 3TOM BCC KOSq)(l)I/H_H/IeHTBI a1 =ap =..=ap =0, TO TOBOPAT, YTO CHUCTECMa {e1.e2,....en}
MpEACTABJIACT Hy.]'ICBOfI BCKTOP TPHUBHUAJIBHO. Ecau xe B PaBCHCTBE XOTA OBl OIHH H3 KOB(I)q)I/II_[I/ICHTOB
aq,02,....0n HC PABCH HYIIO, TOrJa TOBOPAT, YTO CHUCTEMa BCKTOPOB {e1.e2,....en} MNpeaACTaBJISACT
HYJICBOI‘;I BCKTOP HETPUBHUAJIBHO.

43 MOCJICOHEr0 IMpuMEpa Mbl BUJUM, YTO CYIICCTBYIOT CHUCTEMBbI BCKTOPOB, KOTOPBLIC MOI'YT
MpEACTABIATD HYHCBOﬁ BCKTOP HCETPHUBUAJIIBLHO. 13 cieayromero mnpuMepa Mbl YBUIAUM, YTO
CYIICCTBYIOT CUCTEMbI BEKTOPOB, KOTOPBIC HC MOT'YT IPEACTABJIATH Hy1'[eBOI7[ BCKTOP HCTPUBHUAJIBHO.

1) (0
[Tpumep. Ilycts {(OJ[J} — cHCTeMa JIByX CTONOIOB W3 BEKTOPHOTO TMPOCTpaHCTBa RZ.

1 0 0
fo)ofs)-(o)
I7e o,feR HEW3BECTHBIC MOKa KodduimeHTsl. Mcnons3ys npaBuia yMHOKEHUS CTONIOIA HA
CKaJsip (YHUCII0) M CIIOKEHHUS CTONOIOB, TOy4aeM PaBEHCTBO:

o 0
0o

W3 onpezenenyst paBeHCTBA MaTPHULL CIEAYET, YTO a=0 U B=0.

Takum oOpa3om, JaHHAsI cCHCTEMa HE MOXKET MPEJICTaBISATh HYJIEBON CTOJI0E1 HEeTPUBHAIIBHO.

W3 npuBeNEHHBIX NMPUMEPOB CIEAYET, YTO CYIIECTBYET [Ba BUAA CUCTEM BEKTOpoB. OnHHU
CUCTEMBI IPEJICTABISIIOT HYJIEBOW BEKTOP HETPUBUANIBHO, a Ipyrue HeT. OTMETHM elle pa3, uTo Jrodas
CUCTEMA BEKTOPOB IIPEACTABIIAECT HYJIEBOM BEKTOP TPUBUAJILHO.

Onpenenenne. CucreMa BEKTOPOB BEKTOPHOTO ITPOCTPAHCTBA, KOTOPAs MIPEACTABISAET HYJIEBOU
BekTop TOJIBKO TpuBHaibHO Ha3bIBa€TCS TMHEMHO HE3ABUCUMOM.

Onpenenenne. CucreMa BEKTOPOB BEKTOPHOTO MPOCTPAHCTBA, KOTOPAsk MOXKET MPEICTABUTH
HYJIEBOM BEKTOP HETPUBHUAIILHO HA3bIBACTCS JIMHEHHO 3aBUCUMOM.

[TocnenHee onpeneneHrne MOXKHO 1aTh B 0oJiee pa3BEPHYTOM BUJIE.

PaccmoTrpum paBeHCTBO:
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Onpenenenne. CucremMa BEKTOPOB {er,e,...en} BEKTOPHOTO MPOCTpaHCTBa V Ha3bIBaeTCs

JIMHEIHO 3aBUCUMOM, €CIIM HalIeTCsl TAKOW HEHYJIeBOM Habop ckansipoB nois K
(ag,09,...,0p)=(0,0,...,0) ,
4TO
a1€1 +0ag€p +...+apep =0.

Ho sToro nHepocrarouHo, 4ToObI BBISICHUTH JTUHEHHO 3aBHUCHMAs WM )K€ JIMHEWHO He3aBUCHUMAs
JlaHHasl cucTeMa BeKTOpoB. M3 omnpezeneHus cieayer, 4YTo JUHEHHO He3aBHUCHMas CUCTEMa BEKTOPOB
HE MOXET MPEJCTABIATh HYJICBOM BEKTOP HETPUBHAIBHO, & TOJBKO TpUBHUAIBHO. [loaTOMy nist ToOTO,
4TOOBl YOEOUTHCS B JIMHEWHOM HE3aBUCUMOCTH JAHHOM CHCTEMbI BEKTOPOB, HYXHO PacCMOTPETh
MIPEJICTABJICHHUE HYJIS TPOU3BOJIBHON TMHEHHON KOMOWHAIIMEH 3TOM CHCTEMBI BEKTOPOB:

0:0L161+(x262 +...+apenp.

Ecnu 5T0 paBeHCTBO HEBO3MOXKHO NPH YCIOBHH, YTOOBI XOTS Obl OJUH KOA((UIMEHT 3TOH
JTUHEHOW KoMOMHaIMK ObUI HEHYJIEBOM, TOT/Ia 3Ta CHUCTEMa SIBJSETCS IO ONpEeAeNCHUIO JHMHEHHO
HE3aBUCHUMOM.

Crnenyroniye TeopeMsbl Jat0T HECKOJIBKO KPUTEPHUEB JIMHEHHOM 3aBUCUMOCTHA U COOTBETCTBEHHO
JIMHEWHON HE3aBUCUMOCTH CUCTEM BEKTOPOB.

Teopema. (HeoOxomumoe W JOCTATOYHOE YCIOBUE JIMHEHHOW 3aBHCHMOCTH CHCTEMBI
BEKTOPOB.)

Cucrtema BEKTOPOB BEKTOPHOTO MPOCTPAHCTBA SIBISETCSA JTUHEHHO 3aBUCHUMOW TOTZIa U TOJBKO
TOI'/1a, KOTa OJJMH U3 BEKTOPOB CUCTEMBI JIMHEMHO BBIPAXKAETCSI Uepe3 IPyrue BEKTOpa ITOU CUCTEMBI.

Crnencrsue.

1. Cucrema BEKTOPOB BEKTOPHOI'O MPOCTPAHCTBA SIBJIAETCA JIMHEMHO HE3aBUCUMOW TOrjga u
TOJIBKO TOT/Ia, KOT/Ia HU OJUH M3 BEKTOPOB CUCTEMBI JIMHEWHO HE BBHIPAKACTCS YEpe3 JIPpyrue BEKTopa
3TOM CUCTEMBI.

2. CuctemMa BEKTOPOB, COJEprKalllas HYJICBOW BEKTOP WJIM JBa PABHBIX BEKTOpA, SIBISETCS
JINHEMHO 3aBUCUMOM.

Teopema (O nuHEHHOW 3aBUCUMOCTH CHCTEMBI U3 OJTHOTO BEKTOPA).

Cucrema, cocrosiiasi U3 OJJHOTO BEKTOpA SIBJIAETCS JIMHEMHO 3aBUCMMOM TOTJa U TOJIBKO TOT/a,
KOTJIa 3TOT BEKTOP HYJIEBOM.

CrnenctBue. Cuctema, CoCTOsAIIAs U3 OJTHOTO BEKTOpA ABJISIETCS JIMHEMHO HE3aBUCUMOM TOTIa U
TOJIBKO TOTJIa, KOTJIa TOT BEKTOP HEHYJICBOM.

Bonpocwt u 3a0auu:

1 1 1
1. Jlokaxkute, 9TO cUcTeMa {f; =|1|,fy =| 1| f3=|2 |} SABISETCS JUHEHHO HE3AaBUCUMOM. SBseTCs
1 2 3
JIM 3Ta CUCTEMa MOPOKIaroIen?
3 4 1
2. JIoKa)XxuTe, 4TO CUCTEMA <01 =| 5[0y =|14| g3 =|9 |} ABJIAETCS JIMHEHNHO 3aBUCUMON. fIBIIseTCs
8 10 2

JIM Ta CHCTEMA HOPOKIAFOIIEH?
3. O6o3HAauMM Rj[x]— MHOXECTBO MHOTOYIICHOB OT OYyKBBI X C JEHCTBHTEILHBIMU
K03 PHUIMEHTAMH, CTENEHb KOTOPHIX HE MPEBBILAET 2: R[x]={ax? +bx+c|a,b,ceR} .
a) Jlokaxure, 4yTO CHCTEMBI {Lx,x’} M {Ix-1 (x-1)%} SBIAIOTCS JUHEHHO HE3aBHCHMBIMH.
SIBIIsieTCS M HTa CHCTEMA TIOPOKIAIOIIEH?
0) Jlokaxure, 4YTO CHCTEMBI {Lx+12x,x°} U {x+1Lx% x2—-x+1} SBJIAIOTCA JIMHEHHO
3aBUCHUMBIMH. SIBIISIOTCS JIX 3TH CUCTEMBI TIOPOK TAIOIIHMH?

1 1 1
4 JIokaxxuTte, 4To cucTema f;=|1|,f, =|1|f3 =|2|} SABISICTCS JMHEHHO HE3aBUCUMOU. SIBIsieTCs
1 2 3

JIM 3Ta CUCTEMA MOPOKIAArOIIEH?
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3 4 1
5. Jlokakute, 4TO CUCTEMA <91 =|5| 9, =|14| 93 =|9 |} SBISETCSA JMHEHHO 3aBUCUMOM. SBiseTcs
8 10 2

JIM 3Ta CUCTEMA MOPOKAAroIIen?
6. OO0o03HauYUM R,[x]— MHOXECTBO MHOTOYJIECHOB OT OYKBBI X C JI€HCTBHUTEIbHBIMU

k0> PUIMEHTAMH, CTENIEHb KOTOPHIX HE MPEBBILAET 2: R[x]={ax? +bx +c|a,b,ceR} .

a) JlokakuTe, 4TO CHUCTEMBI {Lx,x%’} M {l x-1 (x—1)°} SIBIAIOTCS JHHEHHO HE3aBUCHMBIMH.
SIBnsieTcst 1m 3Ta cucTeMa MOPOKIAIOIICH?

0) JloKaxkuTe, 4YTO CHCTEMBI {L x+12x,x°} M {x+1x° x?-x+1} SBIAIOTCA JMHEHHO
3aBUCHMBIMU. SIBJISIOTCS JIK 3TH CUCTEMBI TTOPOKIAIOITIMU?

IIpakTuyeckoe 3ausitue 17. Pazmepnocms u 6azuc 6eKmoprozo npocmpancmea.

Ilenv: cdopmupoBaTh MpEACTABIEHUE O pa3sMEpHOCTH U 0aszuce BEKTOPHOTO MPOCTPAHCTBA,
BO3MOYXHOCTSIX IMPAKTUIECKOTO TPUMEHCHHSI U3YICHHOTO

Cooeporcanue:

N-MepHOE JINHEHHOE MPOCTPAHCTBO; Pa3MEPHOCTH MTPOCTPAHCTBA;

pas3ioKeHue BeKTopa no 6a3ucy;

repexo/i K HOBOMY 0a3ucy.

Teopemuueckasn yacmo:

Bekrop &, Ha3piBaeTcs JMHEWHOW KOMOHMHAIMEH BEKTOPOB a,,a,,...,8,,,; BEKTOPHOTO

npoctpaHcTBa R, eciiu OH paBeH cieayroliel cymme:

a,=Aa,+4a, +..+4,,8a, ,, rae A,...,A, , —IPOU3BOJIbHBIE AEHCTBUTEIIbHbBIE YUCIIA.

BGKTOpBI d;,...,d, BCKTOPHOI'O0 HPOCTPAaHCTBA R naswIBarorcs Jiumerino 3asucumobimu, CCiIiu

m
CYHIECTBYIOT Takue uymcina A, A,,...,A,, He paBHbIE OJHOBPEMEHHO HYJIO, YTO WX JMHEWHas

KOMOWHAIIMsI paBHA HYJIEBOMY BEKTOPY:
Aa, + 4,8, +..+4,a,=0

B nportuBHOM ciyyae (T.e. KOTJa Hy/Ib-BEKTOp Moiy4aercss Tonbko mpu A =0, Vi :]?l)

BEKTOPHI @;,4,,...,d,, Ha3bIBAIOTCA JIUHEUHO HE3A8UCUMbBIMU.

JluneliHoe mpocTpaHCTBO R HaspIBaeTcss N-MEpHBIM, €CIM B HEM CYLIECTBYeT N JMHENWHO
HE3aBHCHMBIX BEKTOpOB, a Jio0ble (N+1) BEKTOpPOB YyXke SBISAIOTCA JIMHEHHO 3aBHCHMBIMHU.
Pazmepnocms npocmpancmea — 5TO MaKCUMalbHOE YHCIO COJEP)KAIIMXCS B HEM JIMHEWHO
HE3aBUCHMBIX BeKTOpoB. O003HauaeTcst pasmepHocTh dim ®.

CoBOKYMHOCTb N IMHEHHO HE3aBUCUMBIX BEKTOPOB N-MEPHOI0 pocTpaHcTBa R Ha3bIBaeTcs dazucom.
Teopema. Kaxnapiii BekTop X € R MOXXHO MpencTaBUTh U MPUTOM EAMHCTBEHHBIM 00pa3oM B BHJIE
TUHEHHON KOMOMHAIINY BEKTOPOB Oa3uca.

Taxkas nuHeHast KOMOHUHAIHS

X=X6 +X,& +...+X,€,

HA3bIBACTCA pa3jioxcenuem eekmopa X 110 6a3I/ICY €,€6,,...,6,,agnucma X, X,,...,X, —KOOpAMHATAMH

BEKTOpa X OTHOCUTEINILHO 3TOro 0asuca.
Teopema. Ecmu e, e,,...,6, —cucTeMa JUHEHHO HE3aBUCHUMBIX BEKTOPOB MPOCTpAaHCTBAa R u moboi

BEKTOp a B HEM JIMHEHHO BBIpaXaeTcs yepes €,,€,,...,€,, TO MPOCTPaHCTBO R sABIgeTCS N-MEpHBIM, a
BEKTODHI €,,€,,...,8, —ero 0azucom.

Ilepexoa k HOBOMY 0Ga3ucy
[Tycts B mpocTpancTBe R nmeroTcs 2 6a3uca:

Crapsiii €,€,,...,6, W HOBbIH €'1,€2,...,6 n. KaxIplil ©3 BEKTOPOB HOBOTO 6a3uca MOKHO BBIPA3HUTH B

BH/IE INHEHHOW KOMOMHAIIMKA BEKTOPOB CTaporo 6asuca:
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In~n?

e'1=a,e, +...+a,;e
.

€2 =a,e, +...+a,,e

2n>~n?

Jorr (*)

e'n=2a,6 +..+a,e,.

\OTa cuCTeMa O3HAYaeT, YTO MEPEeXOJ OT CTAporo Oa3uca K HOBOMY 3aJAeTCsl MATpHUICH Mepexona
A=(a;)(i, j=1n).Ora mMaTpuua HeocoOeHHas (T.€. HEBHIPOXKACHHAsA), T.K. B IPOTHBHOM CIly4ae €e

CTpoKH ( a 3HAYUT, U OA3UCHBIC BEKTOPbI) OKA3aJIUCh OBl TMHEHHO 3aBUCUMBIMU. OOpaTHBII Mepexos

OT HOBOT'O 6a3Kca K CTapoOMy OCYIIECTBIISAETCS C MOMOIBIO 0OpaTHOM MaTpuIbl A~
Haiinem 3aBUCHMOCTB MEXy KOOpAMHATAMH BEKTOpA B Pa3HBIX 0a3ucax.
[TycTh X UMEeT KOOPANHATHI:

X=X"1€"1+...+ X n€'n =X€ +...+ X,&,.

[MoxcraBuM 3HayeHus €°1,€°2,...,6°n. U3 cUCTEMBbI (*) B JIEBYIO 4YacTh IOCIEAHErO PaBEHCTBA,
HOJYYHM:
( * * 5

X, =apX1+ayX2+...+a,;X n,

X, =8,X1 +8uX 2+ 8,X"n,

Xy =8, X14+8,,X"2 +.ccc 8., X n
\

WM B MAaTPUYHOM opme:
X=AX",
X =(AM)'X

X=(X{y..0s X =
CKaJIIpHBIM TIPOU3BENCHHUEM JIByX BEKTOpPOB (XpeeeiX) u Y (Y1r1¥n) Ha3bIBACTCS
YHCJIO:

(X Y) =X Y, + XY, ok XY, :Zl:xi Y,
i
CBolicTBa CKAISIPHOTO NPOU3BEAEHHS.
1. (X, y)=(Y, X) — KOMMYTaTHBHOCTb;
2. (X, y+2)=(XY)+(X,2) — tucTpuOyTHBHOCTb;
3. (ex;y) =a(X, y),Va —0omHOpOaHOCTE;
4. (X, x))0, ecmu Xx#0,(X,X)=0, eciu X =0.
JIunelinoe (BEKTOPHOE) MPOCTPAHCTBO, B KOTOPOM 3aJ1aHO CKaJISPHOE IPOU3BEIEHHE BEKTOPOB,

YIOBJIETBOPSIOIIEE YKAa3aHHBIM YEThIPEM CBOMCTBaM ( paccMaTpHUBAEMbIM KaK aKCHOMBI), HAa3bIBACTCS
€BKJIMJIOBBIM IIPOCTPAHCTBOM.

I[HHHOﬁ ( HOpMOI\/'I) BEKTOpa X B €BKJIMIOBOM IIPOCTPAHCTBE HA3BIBACTCS KOPCHB KBa,Z[paTHBIfI nu3 €ro

CKaIsIPHOro KBaapata: |X =+/(X, X) =\/X12 X, At X
CBoiicTBa JUTMHBI BEKTOpA:
1 [{=0<x=0;

2. |/1X| = |ﬂ,| . |X|, A —IeHCTBUTENLHOE YHCIIO;

3. |(X, y)| < |X| |y| — (uepaBenctBo Komm-ByHsIKOBCKOT0);

4, |X + y| < |X| + |y| -( HEpaBEHCTBO TPEYTOJIbHHUKA).

Vron ¢ Mexay AByMs BEKTOpaMU XH Y OMPEACISETCS PABEHCTBOM:
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(x,y)
X[yl

JIBa BEKTOpa Ha3bIBAIOTCA OPTOTOHAIBHBIMM, €CJIM X CKaJISPHOE MPOU3BEICHUE PABHO HYIIIO.
Od4eBuHO, YTO HYJIEBOM BEKTOpP OPTOTOHAJCH JIFOOOMY ApyroMy BekTtopy. Ecim nBa HEHyIeBBIX
BEKTOpa OPTOTOHAIIBHBL, TO @ =77/ 2.

CosSQp = ,rae O(p(r.

Bekropel €,€,....,6, N-MEPHOr0 €BKJIUAOBAa IPOCTPAHCTBA 00Pa3ylOT OPTOHOPMUPOBAHHBIN
0asuc, eciu (e, ,ej)=0,i # j,|ei| =1i=1n.
PaccmoTrpuM j1Ba TuHEHHBIX ipocTpancTBa: R" pasmeprnoctr Nu R™pasmeproctu m.

Ecnu 3aman 3akoH (IIpaBWIIO), MO KOTOPOMY KaXIOMy BEKTOpy X € R" craBuTcs B COOTBETCTBHE
eIIMHCTBEHHbINH BekTOp Y € R™, T0 roBopsT, uTO 331aH onepatop ( mpeoOpasoBanue, 0ToOpakeHue) A
(x), meiictByronmii u3 R"B R™, u 3anmceiBaror y=A( x).

Oneparop Ha3bIBAETCS JIMHEHHBIM, €CIM JUIA JIF0ObIX BekTopoB a,b e R", VA BoimosnnswoTes
COOTHOLICHHUSL:

1. E\(a +b)= ,&(a) + ,&(b) — CBOMCTBO aJZIATHBHOCTH;
2. ,Z\(/la) = /L&(a) — CBOMCTBO OJHOPOHOCTH OTIepaTopa.
Bekrop y = ;\(x) Ha3bIBACTCS 00Pa30M BEKTOpa X, & CaM BEKTOP X- MPOOOPa30M BEKTOpa Y.

Eciau mpocrpancra R" u R™ coBmamaror, To oneparop A orobpaxkaer mpoctpanctso R" B
ce0s1. PaccMOTpUM MMEHHO JTOT CITydaii.

BriGepem B R" Gasuc e,,€,,...,e, , 3alHIIeM Pa3IoKeHHE IIPOM3BOIBHOIO BEKTOPA X IO STOMY
0asucy:

X=X8 +X,8, +...+X,€,.

[TprMeHUM K 5TOMY BBIPAKESHHIO IMHEHHBIN omnepaTop A, B CHITy €ro JHHEHHOCTH MOTyJYaeM:
A(X) =X, AE) + X, A(E,) +...+ X, Ale,).

[Mockoneky A(g;),i =1 n-rtakxe Bektop uW3 R",T0 €ro MOXKXHO pasIOKHUTH IO Gasucy
€,€5,0.,6,
A(g)=a,e, +a,e, +...+a,e,,(i=Ln)

Torma
AX)=x,(a,8 +...+a,€,) +X,(a,e +...+a,,e,) +...+ X, (a,& +...+a,¢€,)

[leperpynmupyeM COMHOXHUTENN B TMPaBOl YacTH, BBIHOCA 32 CKOOKH Oa3HCHBIE BEKTOPBI
€,,€,,...,65, MOIY4nM:

AX) =, X, +a,X, +.t 3, X, )8 + (8 X +8,X, +ot 85X, )8+ @y X, 85X, +. 8, X, )E, (%)

C npyroit croponsl, BekTop Y = A(X), uMeromuii B ToMm xe Oasuce €,,€,,...,6, KOOPJAUHATHI
Y1, Yo,y Y, MOXKHO 3aIHCaTh TaK:

A(X) = ylel + y2e2 tot ynen' (**)

Pasznoxxenue BekTopa mo 0azucy €AMHCTBEHHO, CJEIOBATENbHO, MpaBble dactu (*) u (**) paBHBI,
M03TOMY:

Y =a X tapX, +...+a,,X,,

Yo =@y X, +a,X, .43, X,

Yo = aanl +an2x2 +...+ annx
WM B MaTpuuHoii opme: Y = AX.
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Marpuua A=(a;), (i, j =1 n), kaxaplit cronben KOTopoi cocTouT u3 KoopauHat obpasa A(e,;)
COOTBETCTBYIOIIEro 0Oa3MCHOrO BEKTOpa €, B TOM e Oasuce €,€,,...,e,, Ha3bIBACTCs MaTpHLEH

oneparopa A B 6a3uce €,,€,,...,6,, a paHr I MaTpuLbl A paHrom omneparopa A.

Takum 00pa3oM, KaKIOMY JIMHEHHOMY OIEpaTopy COOTBETCTBYET MAaTpHIlA B JaHHOM Oasuce.
HaoOopoT, Bcsakoli MmaTpuiie N-ro Mopsiika COOTBETCTBYET JIMHEWHBIM  omeparop N-MepHOro
IIPOCTPAHCTBA.

BekTtop x u ero obpa3 y = A(X) CBS3aHbl MATPUYHBIM YPAaBHEHUEM:
Y = AX,

rae A- MaTpuna guHeiHoro omepartopa X = (X, Xy,..0 X, ),Y = (Y, Y00, ) -

3 2 4
[Ipumep: JIuHelHbIl onepaTop ;\ B R® B Gasuce e,,e,,e, 3aman marpuned A=|-1 5 6| Haiitu
1 8 6

obpa3 y = /&(X) BeKTOpa X=4e, —3e, +e,.
A 3 2 4\ 4 10
Pemenue: [Ipumensem popmyrny nepexona: |y, |=| -1 5 6| -3|=|-13
A 1 8 6)\1 —-18
O6pa3 BekTopa x umeet Bua: Yy =10e, —13e, —18e;.

Ilpakmuueckoe 3anamue 18. Codcmeennvie eekmopvl u coocmeenHvle 3HAYEHUA JTUHEHHBIX
onepamopos.
Ileny: chopmupoBaTh TpPEACTABICHHE O COOCTBEHHBIX BEKTOpPaX W COOCTBEHHBIX 3HAYECHHSIX
JIMHENHBIX ONEPATOPOB U UX IMPUIIOKEHUAX
Cooeporcanue:
COOCTBEHHBIN BEKTOp, COOCTBEHHOE 3HAUCHHE JIMHEIHOTO ONepaTopa;
ONpPEIETICHUE XAPAKTEPUCTUYECKOIO YPABHEHUS MATPHULIBI;
QJITOPUTM BBIYMCIICHHUSI COOCTBEHHBIX 3HAUEHUI U COOCTBEHHBIX BEKTOPOB KBAJPAaTHON MAaTPUILIBI A.
Teopemuueckaa uacmo:

PaccMoTpuM JIMHEWHBIN OIIEpaTop A, JeMCTBYIOIUI U3 HEKOTOPOro mpocTpaHcTBa L B TO xke
pocTpaHcTBo L.

JIro0oit HEHYIEBOM BEKTOP X, YAOBIETBOPSIONMIUNA YPAaBHEHUIO:

Ax =)x |

HA3BIBACTCA COOCTBEHHBIM BEKTOPOM IIMHEHHOTO omepatopa A, NpH 3TOM YHCIO A Ha3bIBaeTCS
COGCTBEHHBIM 3HAYEHHEM JTHHEIHOTO OrepaTtopa A, COOTBETCTBYIOIINM COOCTBEHHOMY BEKTOPY X.

Ecnu 3aau 6asuc TuHeHHOro mpoctpanctsa L u B 9ToM Gasuce muHeiibli onepatop A nmeer
MaTpuly A, TO IPUBEIEHHOE BBILLIE YPAaBHEHUE MOXKHO IIPEICTAaBUTh B MATPUYHOM BUJIE!

Ax=lx
(A-2E)x=86.
[Tpu 3TOM BEKTOp X Ha3bIBAETCS COOCTBEHHBIM BEKTOPOM MATPHIIBI A, a YHCIO A Ha3bIBACTCS
COOCTBEHHBIM 3HAYEHUEM MATPHIIBI A, COOTBETCTBYIOLUM COOCTBEHHOMY BEKTOPY X.
TeopeMa. MHO)KCCTBO CO6CTBCHHBIX 3Ha‘-IeHPII>i HHHGP'IHOFO onepaTopa A COBIIAAacT CO MHOKECTBOM
KOpHCfI XapaKTCpI/ICTI/I‘-ICCKOFO ypaBHeHI/IH 3TOT' O onepaTopa BHC 3aBUCHUMOCTH OT TOI'O, B KaKOM
Gasice 3a1aHa MaTpuLa oneparopa A. VpasHeHue
det(A —AE)=0
HAa3bIBAETCS XapAKTEPUCTUUYECKUM YPABHEHHEM MAaTPHUILIbI A.
B pa3BepHyTOM BHJE XapaKTEPUCTHUECKOE YPABHEHHE 3AMTUIIETCS CIEeIyIOIUM 00pa3oMm:

49



a,-~ a, - a

In

-A - ay,
det = |=0.

. — A

na nn

JIsst BBIYMCIICHUS] COOCTBEHHBIX 3HAYCHHH M COOCTBEHHBIX BEKTOPOB KBaJPAaTHOW MATPHIBI A
nopsiika N HeoOXOAMMO:

1. CocraButh XapaKTCPUCTHYECKOEC YPABHCHUC U HaAWTH BCE €ro Ppa3InYHEBIC I[@ﬁCTBPITCJ'IBHI)IC
Poyy # /
13 v

KOpHU "k, KOTOpBIE U OyIyT COOCTBEHHBIMU 3HAYEHUSIMH MATPUIIBL.

2. Jlas Kakmoro COOCTBEHHOro 3HaueHms ' ’zr o’
JTUHEHHBIX aNnreOpanyecKux YpaBHCHHIA:

HaliTH oOlee peleHue CUCTEMBbI

(A-»E)x=0,
OHO U 6y,Z[CT 3a4aBaTb CO6CTBCHHBIC BCKTOPBI, KOTOPbIM COOTBETCTBYCT CO6CTBCHHOC 3HAUYCHUC A’i .

H[!I/IMC[!. Haiitn coOCTBEHHBIE 3HAYEHUS U COOTBCTCTBYIOIINEC UM COOCTBEHHEIE BCKTOPBI MaTpUIbI:

0 2
A=4 0
3 -1 1
Tax kawr
0-%-1 1-A-0 2-A-0 -2 1 2
det|A-AE|=detj4—1-0 0-A-1 1-A-0|=det|4d -A 1 |=
3-+-0 -1-x-0 1-2-1 3 -1 1-X

= (-2 (1-A)+1-1-3+2-4-(-1)—2-(—A)-3-1-4-(1— 1) —(-h)-1-(-]) =
=0 A 43846 —d+4h—A=—2"+21"+9)0 -9,
TO XapPaKTepPHCTUYeCKOe YpaBHeHMNe MMeeT BHUO
A 4+AE 490 -9=0.

Onue 13 KOpHelt 5TOro ypaBHeHUA HaXoauTes MeTofoM nonbopa. IIpoBepum, ABadeTca
JIM UUCJIO A =1 KOpHEM 5TOT0 ypaBHEHUA:

1’ +1°+9-1-9=0 —
BepHO. BelHeceM B JIeBOH YacTy YpaBHEHUA MHOXKNUTENb (A —1) 3a ckoDRy:
AP HAT IR0 =AY (A -1+ -1)=(9-A)(A-D=B+A)B-A)(r-D=—(A+3)(r—1)(r—3).
XapaKTepHcTHIeCKOe YPaBHEHHe, TAKUM 00paz0M, IPUHUMAEeT BUT

- +3)A-DA-3=0, greyrad =-3, A=l A,=3.
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COOTBeTCTBy[’OLU;aH OOHOPOOHaA CHMCTeMa JIMHeHbIX ypaBHeHHﬁ

- 1 2 x, 0
4 X 1 x, (=0
3 -1 1-2)\x,, 0,
11 cODCTBEHHOTO 3HaUeHNs A, =—3 MMeeT BI]
3 1 2 ';1:1 0
4 3 1) x, |=0
3 -1 4)lx,) 0
WIIN

3x, +ax, +2x, =0,
4x, +3x, +x, =0,
3x, —x, +4x, =0.

BEHHOMY 3Ha4eHMIO A, = —3, B KOOPAMHATHOI hopMe MIMeeT BUL:
e
¢ |,

\ Cl b,

Ly

x,
W3

o
Takum 06pa30M, MHOKEeCTBO BceX coOCTBEHHBIX BeKTOPOB, COOTBETCTBYIOIIMX cober-

rge ¢, — IIpOM3BOJIBHOE IeliCTBUTEJBHOE HMCJIIO,He PpaBHOEe HY.JH.

CucreMa NMHMHENHBIX ypaBHeHmﬁ OJ1d olipeleJIeHMA cobCcTBEeHHOTO BeKTOpa, COOTBeTCT-

BYIOIIero coDCTBEHHOMY 3Ha4eHUIO A, =1, MMeeT BUJ|

-1 1 2\a) (0
4 -1 1jjx,|=/0].
3 -1 0fx;) 10

‘2 (B

x, |=|-3p|, Pek.

\Zs) \ B

MHuoxkecTBO Bcex coDCTBEHHBIX BeKTOPOB, COOTBETCTBYROIINX COﬁCTBE‘HHOMy 3Ha4YeHMK

A, =1, B KOOpAMHATHOI popMe MMeeT BU]:

AHAJOTMYHBEIM 06pa30M OoIpengeJAdeTcAd MHOMKeCTBO BCeX coOCTBEHHEBIX BEKTOpOB, COOT-

BETCTBYIOUIMX COOCTBEHHOMY 3HAaUeHUIO A, =3

Te,

11c, |, ¢, =0.

5C3 A

.

Bonpocwl u 3a0auu:

1. HafiTH coOcTBeHHEI2 3HAUeHHA H coOCTReHHERIe BEKTOPEL IIPHEECTH K JHATOHATEHOMY BHIY MATPHITY

THHeHHOTO omepaTopa:

(4 -2 -1} (3 -2 2 (4 1 -1} (3
Ll-1 3 -1/.2./0 3 0. 3[2 3 -2 40
1 -2 2 0 2 1 1 -1 2 o
(2 -1 0) (2 1.0y (3 0 0 (5
s0-1 2 0. 6|1 2 0[ 7.1 2 -1 0
1 -1 1) -1 02/ |1 -1 2 L0

-1
2
-1
-1
4
-1

_1‘\'
_1;
2
-1
-1
4

2.0mnpenenuTte, ABISETCS I MEKIyHApOIHAS TOPTOBIS ABYX CTpaH A u b cOanaHcupoBaHHOM, eciii

BEKTOP HALIMOHAJIBHBIX JOXOJIOB X U CTPYKTYpHasi MaTpuia A 3TUX CTpaH
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12000000000 A ['0,3 0,9
X = = .
7000000000 0,7

Bompocstr:

1. Yro Takoe coOCTBEHHOE 3HAUYEHUE MATPUIIbI?

2. UYto Takoe COOCTBEHHBIN BEKTOP MATPHUIIBI?

3. Urto Takoe XxapakTepUCTUUYECKUI MHOTOWJIECH MaTPHUIIbI?

4. CKONBKO pa3IMYHBIX COOCTBEHHBIX 3HAUCHUI MOXKET UMETh MaTpuLa?

5. CKOJIBKO pa3iNuHbIX COOCTBEHHBIX BEKTOPOB MOTYT COOTBETCTBOBATH OJHOMY COOCTBEHHOMY
3HAYEHUIO MaTpULIbI?

6. Kak naliTu Bce cCOOCTBEHHBIC 3HAUCHUS MATPHIIBI?

5. llepeveHnb JauTEPATYPbI, HEOOXOAMMO¥ 111 OCBOEHUSI TN CUMILIMHBI

OcHoBHas1 JIuTepaTypa:

Hogak, E. B. Briciias matemaruka. Anrebpa: yuebnoe nocodue / E. B. HoBak, T. B. Psa3anosa, U. B.
Hogak; mox penakuueit T. B. PsizanoBa. — ExatepunOypr: Ypanbsckuii denepanbHblii YHUBEPCUTET,
OBC ACB, 2015. — 116 c. - Pexxum gocrtyma: http://www.iprbookshop.ru/69589.html
JlonoJHUTe/IbHASA JINTepaTypa:

Bricmias maremaruka. Tom 1. Jluneiinas anre6pa. BextopHas anreOpa. AHaqUTHUECKas T€OMETPUS:
yuebnuk/ A. I1. I'ocionapukos, E. A. Kapriosa, O. E. Kapnyxuna, C. E. MancypoBa; nmox pegakiuen
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1. OO0mue moJI0KeHUA

CamocrosrtenbHas paboTa - miuaHupyeMmas ydeOHas, ydyeOHO-HccienoBaTeNbcKas, Hay4dHO-
UCClieIoBaTeNbCKasi padoTa CTYIEHTOB, BBIMOJIHAEMas BO BHEAYJUTOPHOE (ayIUTOPHOE) BpEMs IO
3aJJaHHIO U TIPU METOJANYECKOM PYKOBOJCTBE MpPENoaBaressi, HO 0€3 €ro HeMmoCPEICTBEHHOTO Y4aCTHs
(Ipy 4aCTMYHOM HEMOCPEICTBEHHOM Y4YacTHUH IPENoJaBaTelis, OCTaBJISIOIIEM BEAYILYIO POJIb 3a
paboTol CTYJICHTOB).

CamocrosrenpHas padora cryaentoB (CPC) B BY3e sBisiercs BakKHBIM BHJIOM y4eOHOU U
HAY4YHOH JeATeNIbHOCTH cTyAeHTa. CaMocTosTeNnbHas paboTa CTYyJeHTOB UTPAaeT 3HAYUTEIBHYIO POJIb B
PEUTHHIOBOM TEXHOJIOTHH OOyUESHHUS.

CamocrosTenbHas pabora sBisercs BaxHeWmed ¢opMoil ycBoeHus 3HaHuid. B xoze
CaMOCTOSITENTLHONW Pa0OTHI CTYJACHTHI YSCHSIOT 3HAHMS MO KOHKPETHOW TeMe y4eOHOro marepuala,
3aKpEeIUIIOT W YTOYHSIOT YK€ W3BECTHBIE M OCBaMBAIOT HOBBIE Kareropuu. CTajaKuBasCh ¢
HE/JIOCTaTOYHO IOHATHBIMU 3JIEMEHTAMH TEMbl, CTYIEHTbl CTPEMATCS HAaXOIUTb OTBETHl WU
(uKcupoBaTh BOIPOCHI /ISl IOCTAHOBKH M YSACHEHHs UX HAa KOHCYJbTALUU C MPENOAaBaTEeNIeEM UIH BO
BpeMs ITPAKTUYECKOTO 3aHSATHSL.

3a1auy caMOCTOSATENbHON PabOTHI COCTOST B CIEIYIOIIEM:

1. Pa3BUTh TOTHYECKOE U AITOPUTMUYECKOE MBIIIUIEHUE.

2. BeipaboTaTh nepBUYHbIE HABBIKM MAaTEMaTHUYECKOTO UCCIIE0BAHUS MPUKIATHBIX BOIPOCOB.

3. BwpaGoTaTh HaBBIKM JOBEICHHS PEIICHHS 3aadd 10 MPHUEMIIEMOTO MPAaKTHYECKOTO
pesyiapTata — 4YHcha, Tpaduka, TOYHOTO KAdyeCTBEHHOTO BBIBOAA C MPHUMEHEHHEM aJeKBaTHBIX
BBIUUCIIUTENIBHBIX CPEJICTB, TAOJIMII, CIPABOUYHUKOB.

4. BeipaboTaTh yYMEHHE CaMOCTOSITENBHO pa30UpaThCsi B MaTeMaTHYECKOM ammapare,
MPUMEHSEMOM B JIUTEPATYPE, CBSI3AHHOH CO CIIEIUATEHOCTBIO CTY/ICHTA.

5. Hayuuth omepupoBaTb aOCTpPaKTHBIMH OOBEKTaMH M  aJIeKBaTHO YIOTPEOJATh
MaTeMaTHYeCKUe TIOHATHS M CUMBOJBI IS BBIPAXKEHHUS KOJMYECTBEHHBIX M KaueCTBEHHBIX
OTHOIIEHUU.

CamocrosiTenpHass paboTa CTyAeHTa MO0 Yy4yeOHOM AWCIHUIUIMHE «AJTeOpa» BKIIOYACT
MOJITOTOBKY K TNPAKTHYECKUM 3aHSATHSIM W BBITIOJHEHHWE NMPAKTUYECKUX 3aJaHHUN, CaMOCTOSTEIEHOE
u3yuyeHue TeM Yy4yeOHOro MaTepuajga I0 PEKOMEHIyeMOW JuTeparype M C HCHOJIb30BaHUEM
MH(POPMAIIMOHHBIX PECYPCOB.

CamocTrosTenbHas paboTa MO AUCHUIUIMHE «AureOpa» HampasieHa Ha (HOpMHUpOBaHHE

CHEAYIOUIUX KOMIIeTEeHIIUIi:

Kon, dopmymuporka | Kog, dbopmynupoBka | [Imanupyemsie pe3yabTaThl OOYYEHHS IO
KOMIIETEHITUU VMHJIUKaTopa JUCIUATUINHE (Monymnio),
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XapaKTepU3yIoIIne 3Tarbl GOpMUPOBAHUS
KOMIIETECHIIMI, HHIUKATOPOB
OIIK-1: Ciocoben N/I-lonk-1 3HakoM ¢ ocHoBamu | [IpriMeHsieT  ecTeCTBEHHOHAy4dHble |
MIPUMEHSATD MaTeMaTHKH, (bu3nKy, | OOIEUHKEHEPHBIE ~ 3HAHUSA,  METOIBI
€CTECTBEHHOHAYYHbIC U | BBIUACIUTEIBHON TEXHUKHM U | MATEMaTHYECKOTO  MOJIECIUMPOBAHHUS B
OOIICHH)KEHEPHBIE MIPOrpaMMHUPOBAHUS. npodeccnoHATEHOM IS TEIIEHOCTH.
3HAHUS, METOJIBI N-20nk-1 Pemaer
MaTeMaTUu4eCcKoro CTaHJapTHbHIC
aHanu3a u npodeccuoHanbHble 33JaYd C
MOJCIIUPOBAHUS, MIPUMEHEHUEM
TEOPETUYECKOTO U €CTECTBEHHOHAYYHbIX u
SKCIEPUMEHTAIBHOTO | OOIIEHH>KEHEPHBIX 3HAHUH,
HCCIEA0BaHUs B METO/I0B MAaTeMaTUYECKOTO
npodeccnoHaTbHOM aHajn3a U MOJACIIUPOBAHUS.
NEeSATEIbHOCTH

2. Leab u 3a1a4M CaMOCTOSITEIbHOH PadoThI

Benymas nens opranuzanuu u ocymectsienus CPC coBnanaet ¢ uenpio 00y4eHus CTyIeHTa —
(dbopMupoBanre Habopa OOIICHAYYHBIX, MPOPECCHOHATBHBIX M CIICIIHATBHBIX KOMIETCHIIMNA Oy TyIIero
OakajiaBpa 1o COOTBETCTBYIOIIEMY HAIPABICHHUIO MTOJATOTOBKU

[Tpu opranmzanuu CPC BaxkHBIM U HEOOXOAMMBIM YCIOBHUEM CTaHOBSTCS (HOpMHUpOBaHHE
YMEHHSI CaMOCTOSITENIbHOM paboThl i NPUOOpPETeHHs 3HAHUM, HABBIKOB W BO3MOXKHOCTHU
OpraHu3aly y4eOHOM W HaydyHOW naesTenbHOCTH. Llenpio camocTosiTeIbHOM pabOThl CTYACHTOB
SIBJISIETCSL OBJIaJicHNE (DyHIaMEHTAIbHBIMU 3HAHHUSIMU, TPOPECCHOHAIIBHBIMA YMEHUSIMUA U HaBbIKAMU
NEeSTeNbHOCTH 1O  MPOQII0, ONBITOM  TBOPUYECKOH, HCCIENOBATENBCKONW  JESITENbHOCTH.
CaMocTosiTenbHast paboTa CTyIEHTOB CLIOCOOCTBYET Pa3BUTHIO CAMOCTOSITENIBHOCTH, OTBETCTBEHHOCTH
Y OpPraHU30BaHHOCTH, TBOPYECKOTO MOAXOJAa K PEHICHHUIO MpobiieM ydeOHOro U npodeccHoHaTbHOTO
YpOBHSI.

3agauamu CPC sBasgioTcs:
- CUCTeMAaTH3alMsl M 3aKpEeIUICHHE IMOTYYCHHBIX TEOPETUYECKUX 3HAHUN U MPAKTHUYECKHX
YMEHUH CTYJICHTOB;
- yIIIyOJICHHE U PaCIIMPEHUE TEOPETHUCCKUX 3HAHUM;
- dbopMUpOBaHHE YMEHUH  HWCIONB30BaTh HOPMATHBHYIO, IIPaBOBYIO, CIIPABOYHYIO
JOKYMEHTAIUIO U CTIeUaIbHYIO JTUTEpPaTypy;
- pa3BUTHE TIO3HABATENBHBIX CIIOCOOHOCTEH W AaKTUBHOCTH CTYJEHTOB: TBOPYECKOMH
WHUIIMATUBBI, CAMOCTOSITEIIBHOCTH, OTBETCTBEHHOCTH ¥ OPTaHU30BAaHHOCTH;
- (GhopMUpOBaHHE CAMOCTOSITEIBHOCTH  MBIIUICHUS, CIOCOOHOCTE K CaMOpa3BUTHIO,
CaMOCOBEPILIEHCTBOBAHUIO U CaMOpealin3alluu;

- pa3BUTHE UCCIIEOBATEILCKUX YMEHUM;
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- UCIOJIb30BaHUE MaTepHuanga, COOpaHHOTO U IOJYYEHHOTO B XOJI€ CaMOCTOSTENIbHBIX
3aHATUI Ha ceMUHapax, Ha NPAKTUYECKUX M JIAOOPATOPHBIX 3aHATHSAX, MPH HAMKMCAHUH KYPCOBBIX U

BBIITYCKHON KBIM(UKAMOHHOW paboT, misi 3((HEeKTUBHONW MOATOTOBKM K HTOTOBBIM 3adeTaM M

JK3aMEHaM.
3. TexHosioruveckasi KapTa cCaMOCTOSITEIbHOM PadoThI CTYAeHTA
O6beM yacoB, B TOM YHCIIe
Kot Bun nesrensHocTH (axan.)
CTY/ICHTOB CpencrBa u KonTaktH
pean3yeMbIxX
OO— TEXHOJIOTUHI as pabota
OLIEHKU CPC c Bcero
penojana
TEJIeM
1 cemecTp
OIIK-1 ITonroroBka k jnekuusaM | KoMriekT 44 55 4,95 495
na-1,2,3) 3aJaHul 1
BOIIPOCOB T10
TeMaM
JICITUTLIIAHBI
OIIK-1 [ToaroroBka k Kommnekr
(UO-1,2,3) | mpakTHyecKuM paboTaM | 3aJaHHii U
BOIIPOCOB I10 3,24 0,36 3,6
TeMaMm
JICITUTUTAHBI
OIIK-1 CamocrosiTennbHOe Komrmext
(UO-1,2,3) | u3ydeHHUe JIUTEPATyphI 1O | 33TaHUIH U
Temam 1-7 BOITPOCOB T10 17,01 1,89 18,9
TeMaM
JUCITUTLIAHBI
Hroro 3a 1 cemecTp 64,8 7,2 72
OIIK-1 IloaroroBka Kk Bomnpocs! k 32.4 3.6 36
(MO-1,2,3) | sx3ameny IK3aAMEHY

4 TlopsiioK BBINMOJTHEHHUSI CAMOCTOSITEILHON PadoThI CTYIEHTOM

4.1. Memoouueckue pexomernoayuu no pabome ¢ y4eOHOU Tumepamypou

[Tpu pabote ¢ KHUTOW HEOOXOAUMO MOA0OPATH TUTEPATYPY, HAYUUTHCS MPABUIBHO €€ YHTATh,
Bectn 3amucu. Jlug mombopa smTepaTyphl B OMOJMOTEKE HCMOJB3YIOTCS andaBUTHBIA U
CHUCTEMAaTUYECKUHN KaTaJIOTrH.

BaxxHo MOMHHTH, YTO palliOHaJIbHBIE HABBIKM PA0OTHI C KHUTOW - 3TO BCerjga Ooiblias
SKOHOMHUS BPEMEHHU U CHUJI.

[TpaBuibHBI TOA00P Y4EeOHUKOB PEKOMEHAYETCS MPEeroaaBaTeieM, YNTAIOIINM JIEKIIMOHHBIN

kypc. Heobxonumas nmuteparypa MOXKeT OBITh TaKKe yKa3aHa B METOJIMYECKHX pa3paboTKax IO

JAHHOMY KypCy.
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N3yuas maTepuan no y4eOHUKY, CleAYyeT MEPEXOIUTh K CIEAYIOIIEMY BOIPOCY TOJIBKO MOCIe
IIPaBWJIBHOTO YSICHEHUS MPEIbIAYyLIEro, ONUChIBasg Ha Oymare BCE€ BBIKJIAJAKU M BBIYUCICHUS (B TOM
4lClie T€, KOTOPbIE B yUeOHUKE OIYIIEHbI MM Ha JIEKLUU JAHbI Il CAMOCTOSITEIILHOTO BBIBOJA).

[Tpu u3yyeHuu 000N TUCIUIUIMHBI OOJIBIIYIO U BaXKHYIO POJIb UIPAET CaMOCTOSITENIbHAs
UHIUBUAYalIbHAs paboTa.

Ocoboe BHMMaHUE CleayeT OOpaTHTh Ha ONPE/IEICHHUE OCHOBHBIX MOHATUN Kypca. CTyneHT
JOJDKEH TOApoOHO pazOupaTh MpUMEPHI, KOTOPBIE MOSCHSIOT TAaKUE OINPEICIICHUsl, 1 YMETh CTPOUTh
aHAJIOTUYHBIE MPHUMEPBI CaMOCTOSATENbHO. HyXHO JO0OMBAThCS TOYHOTO MPEACTABICHHUS O TOM, YTO
u3ydaemb. [lone3Ho cocTaBisATh OmMoOpHBbIE KOHCHEKTHI. [Ipu u3ydeHunm marepuana mno y4eOHUKY
MI0JIE3HO B TETpaau (Ha CIEUUaNbHO OTBEIEHHBIX IOJISIX) JOMOJHATH KOHCIEKT jekuuil. Tam ke
ClIelyeT OTMEYaTh BOIIPOCHI, BBIJEJIEHHBIE CTYIEHTOM JUIsl KOHCYJIbTALlUU C IIPENOJaBaTEIIEM.

BbIBOIBI, TOTYYEHHBIE B PE3YyIbTaTe U3YUCHHS, PEKOMEHAYETCS] B KOHCIIEKTE BBIICNIATH, YTOOBI
OHH TIPH NEPEUNUTHIBAHUH 3aMHUCE JTydIlle 3alI0MUHAIIUCE.

OnbIT NMOKa3bIBAET, YTO MHOTUM CTY/I€HTaM [IOMOTAEeT COCTaBJICHHE JINCTA OMIOPHBIX CUTHAJIOB,
coJiep Kaliero BakHeimue W Hambosiee 4yacto ynorpedmseMbie (GpopMynbl ¥ TOHSATHS. Takoil JmcT
MOMOTaeT 3alOMHHUTH (OPMYJIbl, OCHOBHBIC TMOJIOKEHUS JIEKIIMH, a TaKKe MOXKET CIY)XHUTb
MOCTOSIHHBIM CITPABOYHUKOM JIJISl CTY/ICHTA.

UreHne Hay4YHOTrO TEKCTa SBIIAETCS YacTblO II03HABAaTENbHOW JesTeNbHOCTH. Ee nenp —
U3BJIEYEHHE U3 TEeKCTa HeoOxoaumon uHpopmanuu. OT TOro Ha CKOJIBKO OCO3HAaHHA YHUTAIOIIUM
COOCTBEHHAs! BHYTPEHHSIs YCTaHOBKA MPH OOpaIlleHUH K TIeYaTHOMY CJIOBY (HalTH HY»XHBIE CBEJICHUS,
YCBOUTH WH(OPMALIMIO MOJHOCTHIO MJIM YaCTUYHO, KPUTHUECKH MPOaHATU3UPOBATh MaTepual U T.I1.)
BO MHOTI'OM 3aBUCHT 3()()EKTUBHOCTh OCYILECTBISIEMOTO JEHCTBUS.

Boigenstor uemuipe ocnoenbvle ycmanoeKku ¢ Ymenuu HAYYHO20 MEKCMA.

WH(OPMaIIMOHHO-TIOUCKOBBIH (3a/1a4a — HATH, BBIIETUTH HCKOMYIO HH(GOPMAITUIO)

ycBauBaromias (yCUJIMs YUTaTessl HalpaBlIeHbl Ha TO, YTOOBI KaK MOKHO TOJTHEE OCO3HATh U
3alIOMHUTH KaK CaMU CBEJICHUS HU3JIaraeéMble aBTOPOM, TaK U BCIO JIOTHKY €r0 PacCyXIeHUH)

QHAINTUKO-KpUTHUYECKas  (UMTaTedb CTPEMHUTCS KPUTUYECKHM  OCMBICIUTh  MaTepual,
MIPOaHAIM3UPOBAB €r0, ONPEIEINB CBOE OTHOLLICHHE K HEMY)

TBOpUECKasi (CO3/1aeT y UMTaTeNisi TOTOBHOCTh B TOM WJIM MHOM BHJIE€ — KaK OTIPABHOU MYHKT
JUIL CBOMX PAacCyKIEHHH, Kak o0pa3 A JeWCTBUS MO aHAJOTUU MU T.I. — HUCIIOJIb30BATh CYXICHUS
aBTOpa, XOJ €ro MbIciell, pe3yibTaT HaOMIOACHUS, pa3pabOTaHHYIO METOAMKY, IOMOJHHUTH HX,

MOJIBEPTHYTh HOBOW MIPOBEPKE).

4.2. Memoouueckue pekomeHoayuu no n0020Mo6Ke K NPAKMUYeCKUM 3aHAMUIM

I[JISI TOTO YTOOBI MPAKTUYCCKUC 3aHATHUA NPHUHOCUIIN MAKCUMAJIBbHYIO I10JIb3Y, HCOGXOIII/IMO

IIOMHUTD, YTO YIIPAXKHCHUC U PCHICHUC 3a/a4 IIPOBOAATCS 110 BBIYMTAHHOMY Ha JICKIHUAX MaTCpHUaly U
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CBSI3aHBbl, KaK MPaBUIIO, C JETAJbHBIM Pa300pOM OTIENIBHBIX BOIPOCOB JIEKIIMOHHOTO Kypca. CienyeT
IIOIYEPKHYTh, YTO TOJIKO I10CJIE YCBOEHUS JIEKIIMOHHOI'O MaTepuasa ¢ ONpPEeIEHHON TOUKH 3pEHHUs
(a UMEHHO ¢ TOH, C KOTOPOW OH HM3JIaraercs Ha JIEKIUsAX) OH OyJeT 3aKpeIuIaThCsi Ha MPAKTUUYECKUX
3aHATUSAX KaK B pe3ysbTaTe OOCYXKICHMsI M aHaliM3a JIEKIMOHHOIO MaTepuasa, TaKk M C IOMOIIbIO
peleHust NpoOJeMHbIX CUTyalMi, 3axad. [Ipyu 3TUX ycIOBHAX CTYIEHT HE TOJIBKO XOPOILIO YCBOMT
MaTepuas, HO U Hay4yuTCsl NIPUMEHATh €ro Ha MPAKTUKE, a TAK)KE MOJIYyUYUT JONOJHUTENIBHBIN CTUMYII
(¥ 5TO OYEHb BAYKHO) JJII aKTUBHOHN MPOPAOOTKH JICKIIUH.

Crnenyer NIOMHHUTb, 4YTO peEIIEHHWE KaXJOW Yy4eOHOM 3ajaud JOJDKHO JOBOAUTHCA [0
OKOHYATEJIbHOTO JIOTHYECKOI'0 OTBETA, KOTOPOro TpeOyeT ycIOBHE, U 1O BO3MOYKHOCTH C BBIBOJOM.
[Tonmy4eHHBI OTBET CIIEAYET MPOBEPHUTH CHOCOOAMH, BHITEKAIONIMMH W3 CYIIECTBA JAHHOW 3aauu.
[Tone3no Takke (€ciu BO3MOXKHO) pEIIaTh HECKOJbKMMM CIOCO0aMU W CpPaBHUTHh IOJyYEHHBIE
pe3yabTathl. Penienue 3a1au 1aHHOTO THUIIA HYXHO MIPOAOIIKATh 0 NPUOOPETEHUs TBEP/bIX HABBIKOB

B UX PCIICHHMU.

4.3. Memoouueckue pekomeHoayuu no camonposepke 3HaHull

[Tocne u3yueHus onpeaeaeHHON TEMBI 10 3aIIMCSIM B KOHCIIEKTE U YYEOHUKY, a TAK)KE PEILEeHUs
JIOCTaTOYHOT0 KOJIMYECTBA COOTBETCTBYIOIIMX 3a/lad Ha MPAKTUYECKUX 3aHITUSIX U CAMOCTOATEIbHO
CTYIECHTY PEKOMEHIYETCsl, IIPOBECTH CAMOIIPOBEPKY YCBOCHHBIX 3HAHWM, OTBETHB HAa KOHTPOJIbHBIE
BOIIPOCHI 10 U3yYEHHOU TEME.

B cnyuae He06X0AMMOCTH HYXKHO €I11€ pa3 BHUMATEJIbHO pa300paTbcs B MaTEpHale.

WNHorna HEOCTAaTOYHOCTh YCBOEHHUS TOTO MM HHOTO BOIIPOCAa BBICHSETCS TOJBKO IpU
U3Y4YEHMH JAJIBHEHIIEr0 Marepuana. B 3Tom cilydyae Hamo BEpHYTBCS Has3aJ U IOBTOPUTH ILIIOXO
YCBOEHHBIM MaTepuasn. BakHbll KpuTepuil yCBOEHHUS TEOPETUYECKOTO0 MaTepuaa - YMEHHUE pellaTh
3a/la4d WM TPOWTH TECTHUPOBAHUE IO MpoWIeHHOMY MaTtepuany. OnHaKo cieayeT NMOMHUTb, YTO
MpaBWJIbHOE pEIIEHUE 3aJaud MOXET IIOJYyYUThCS B pe3yibTaTe IMPUMEHEHUS MEXaHUYECKU

3aYUYCHHBIX (I)OpMYJ'I 0e3 MOHUMaHHUS CYIITHOCTHU TCOPETUYCCKUX MOJOKEHHUH.

5.KoHTpoab camocTosiTe/IbHOM padoThI CTYAeHTOB

B pamMkax peMTMHIOBOM CHUCTEMBI YCIIEBAEMOCTb CTYIEHTOB 110 KaKI0W AUCLUIUIMHE
OLICHUBAETCA B X0JI€ TEKYLIEr0 KOHTPOJIA U MPOMEKYTOUYHON aTTECTALUH.
Tekymmii KOHTPOJIb

PeiiTuHroBas OlleHKAa 3HAHUI CTyIEHTA

Ne Bup nestenbHOCTH CTYJEHTOB Cpoku KonnuectBo

n/m BBITIOJTHEHUS 0aIoB
[TpakTrueckoe 3aHsITHE 5 5 Hemens 15
[Ipaktuueckoe 3ansitue 10 10 Henens 20
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IIpakTnueckoe 3anarue 15

15 Henens 20

HTroro 3a 1 cemectp 55

HUroro 55

MakcuMaabHO BO3MOXKHBIM Oaml 3a BECh TEKYIIMA KOHTPOJb YCTAHABIIMBACTCS PaBHBIM 55.
Teky1iee KOHTPOIBHOE MEPOTIPUSITHE CUUTACTCS CIAHHBIM, €CIIU CTYJCHT TOJIYYHJI 32 HEr0 HE MEHee
60% OT YCTAaHOBJIEHHOTO JJIi O3TOTO KOHTPOJIA MaKCHMajdbHOro Oamia. PelTuHroBbrii Oai,

BBICTaBJISICMBI CTYACHTY 3a TCKYHUICC KOHTPOJIIbHOC MCPOIPUATHL,

CAaHHOC CTYICHTOM B

YCTaHOBJICHHBIE TPa()UKOM KOHTPOJIBHBIX MEPOIIPUATUH CPOKH, OIIPEIEIISETCS CICSIYIOIUM 00pa3oM:

Ypoeens eévinonnenus xonmponwvnozo | Peiimunzoswtit 6ann (6 % om maxcumanbHoz2o
3a0anus oanna 3a KOHMpoOAbLHOE 3a0anue)
Omauynulii 100
Xopowuii 80
Yooenemeopumenwvhuiii 60
Heyoosnemeopumenvnuiii 0

HpOME)KyTO'-IHaH aTrrecranus

[IpomexyrouHass arrectauus B (¢GopMe 3IK3aMeHa IPEIyCMaTpPUBAET IPOBEJIECHUE
00s13aTeNIbHON 9K3aMEHAIMOHHON mpoueaypsl u oueHuBaercs 40 Gamnamu u3 100. B ciyuae
€CIIM pEHTHHIOBBIM Oayl CTyJeHTa NO AMCLUUIUIMHE [0 HMTOoraM ceMmecTpa paseH 60, To
MIPOrpaMMOil aBTOMaTH4eCKH ao00aBisercs 32 MpeMHalbHBIX Oajljja M BBICTABISIETCS OLEHKa
«OTIUYHO». [lONOXKUTENBHBIM OTBET CTyJEHTa Ha 3K3aMEHE OLICHMBAETCS PEUTHHTOBBIMHU
0amtamu B auamazone ot 20 mo 40 (20 [J Sok3 [ 40), ornerka MeHblne 20 6auIoB CYUTAETCS

HCYHOBHCTBOPHTCHBHOﬁ.

[[Ixama cOOTBETCTBUSI PEUTUHTOBOTO OaJlia IK3aMeHa 5S-0a/TbHON cUcTeMe

PeiiTMHIrOBBIN 0aJ1J1 IO TUCHHUILJINHE Ounenka 1o 5-60a/LUIbHOM cUCTEMe
35-40 Otinmyno
28 -34 Xoporto
20-27 VY 10BI€TBOPUTETHEHO

HroroBas oreHka mo JUCIUILIAHE, U3y4aeMOW B OJHOM CEMECTpE, OIpeneisieTcs Mo
cymme 0aioB, HAOpaHHBIX 32 pabOTy B TEYCHUE ceMecTpa, U 0ayuIoB, TOJYUYCHHBIX MPHU clladue

OK3aMCHa:
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Ilxana nepecuema peimuneo6020 6auia no OUCYUnIuHe
8 OYEeHKY no 5-6alnbHOU cucmeme

Peitmunzoewtii 6ann no oucuyuniune Ouenka no 5-oannvnoii cucmeme
88-100 Omauuno
72-87 Xopouio
53-71 Yooenemeopumenvrno
<53 Heyooenemsopumenvro

6. Cnincok iuTeparypbl

6.1. [lepeueHb OCHOBHOI1 JIUTEPATYPHI:

Hogak, E. B. Bricias matemarnka. Anredpa: yueonoe nocooue / E. B. HoBak, T. B. Ps3anoga, U. B.
Hogak; nox penaxuueit T. B. Ps3anoBa. — ExatepunOypr: Ypanbckuil deaepanbHblii yHUBEPCUTET,
OBC ACB, 2015. — 116 c. - Pexxum gocryma: http://www.iprbookshop.ru/69589.html

6.2. [lepeyeHb JOMOJHUTEIbHOM JIUTEPATYPbI:

Bricirass maremaruka. Tom 1. Jluneiinas anreOpa. BekTopHast anreOpa. AHaIUTHYECKAs T€OMETPUS:
yuebnuk/ A. I1. l'ocnogapukos, E. A. Kapnosa, O. E. Kapnyxuna, C. E. MancypoBa; noa penakiueit
A. II. T'ocnonapukoB. — Cankr-IlerepOypr: HanuoHanbHbli MHHEpPaNIbHO-CHIPHEBOM YHHUBEPCUTET
«[opubriiy, 2015. — 105 ¢. — Pexwum nocryna: http://www.iprbookshop.ru/71687.html
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