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1. OO0mue moJI0KeHUA

CamocTrosTenbHas pabora - IUlaHHpyemas ydeOHas, ydeOHO-HcCClenoBaTelbCcKas, Hay4HO-
UCClieIoBaTeNbCKasi padoTa CTYIEHTOB, BBIMOJIHAEMas BO BHEAYJUTOPHOE (ayIUTOPHOE) BpEMs IO
3aJJaHHIO U TIPU METOJANYECKOM PYKOBOJCTBE MpPENoaBaressi, HO 0€3 €ro HeMmoCPEICTBEHHOTO Y4aCTHs
(mpy YaCTMYHOM HEMOCPEJCTBEHHOM YUYaCTHH IMpernojaBaTelis, OCTaBJISIONIEM BEAYIIYI0O pOJib 3a
paboTol CTYJICHTOB).

CamocrosrenpHas padora cryaentoB (CPC) B BY3e sBisiercs BakKHBIM BHJIOM y4eOHOU U
HAY4YHOH JeATeNIbHOCTH cTyAeHTa. CaMocTosTeNnbHas paboTa CTYyJeHTOB UTPAaeT 3HAYUTEIBHYIO POJIb B
PEUTHHTOBOM TEXHOJIOTHH 00YUECHHUS.

CamocTtosaTenbHas paboTa sBisieTcs BakHeWmiedl ¢dopMoil ycBoeHuss 3HaHuil. B xoxe
CaMOCTOSITENTLHONW Pa0OTHI CTYJACHTHI YSCHSIOT 3HAHMS MO KOHKPETHOW TeMe y4eOHOro marepuala,
3aKpEeIUIIOT M YTOYHSIOT YK€ W3BECTHBIE M OCBAaMBAIOT HOBBIE Kareropuu. CTaaKuBasCh C
HEJOCTATOYHO TOHSATHBIMU JJEMEHTaMU TEMBbI, CTYACHTbl CTPEMSTCS HaXOJUTh OTBETHl WU
(buKkcupoBaTh BOMPOCHI 7Sl TIOCTAHOBKH U YSICHEHUS! UX Ha KOHCYJIBTAIlMU C TPErojiaBaTeieM UiIH BO
BpeMs ITPAKTUYECKOTO 3aHSATHSL.

3a1auy caMOCTOSATENbHON PabOTHI COCTOST B CIEIYIOIIEM:

1. Pa3BUTh TOTHYECKOE U AITOPUTMUYECKOE MBIIUICHHUE.

2. BeipaboTaTh nepBUYHbIE HABBIKM MAaTEMaTHUYECKOTO UCCIIE0BAHUS MPUKIATHBIX BOIPOCOB.

3. BwpaGoTaTh HaBBIKM JOBEICHHS PEIICHHS 3aadd 10 MPHUEMIIEMOTO MPAaKTHYECKOTO
pesyiapTata — 4YHcha, Tpaduka, TOYHOIO KAdyeCTBEHHOTO BBIBOJIA C NPUMEHEHHEM aJeKBaTHBIX
BBIUUCIIUTENIBHBIX CPEJICTB, TAOJIMII, CIPABOUYHUKOB.

4. BeipaboTaTh yYMEHHE CaMOCTOSITENBHO pa30UpaThCsi B MaTeMaTHYECKOM ammapare,
MPUMEHSEMOM B JIUTEPATYPE, CBSI3AHHOH CO CIIEIUATEHOCTBIO CTY/ICHTA.

5. Hayuuth omnepupoBaTb aOCTpPaKTHBIMH OOBEKTaMH M  aJ€KBATHO YHOTPEONSTH
MaTeMaTHYeCKUe TIOHATHS M CUMBOJBI IS BBIPAXKEHHUS KOJMYECTBEHHBIX M KaueCTBEHHBIX
OTHOIIEHUU.

CamocrosiTenpHass paboTa CTyAeHTa MO0 Yy4yeOHOM AWCIHUIUIMHE «AJTeOpa» BKIIOYACT
MOJITOTOBKY K TNPAKTHYECKUM 3aHSATHSIM W BBITIOJHEHHWE NMPAKTUYECKUX 3a/JaHUH, CaMOCTOSTEIEHOE
u3yuyeHue TeM Yy4yeOHOro MaTepuajga I0 PEKOMEHIyeMOW JuTeparype M C HCHOJIb30BaHUEM

MH(OPMALIMOHHBIX PECYPCOB.



CamocrositennbHass paboTra MO AUCHHMIUIMHE «AnreOpa» HampaBieHa Ha (HOpMUPOBaHHUE

CJICOAYIOIIUX KOMIIeTEHIIMMH

[Inanupyemsle pe3yabTaThl
Ko, hopmyTHpoBKa N 00yUYeHHUS MO JUCIUIUINHE
on dopuymponsa IIHKATOPS | sy sapsrpioue s
WHIWKAaTOpPOB
OIIK-3. Cnocoben HN-1 OIIK-3. 3naer HeoOxoaumbie | [IpumMenser HEe0o0X0qUMBIE
HCIIOJIb30BATh MaTeMaTHYCCKHE METO/IbI JUISL | MATEMATUYECKUE METOABI JJIS
HEOOXOIMMEIE perieHus 3a1a4 00ecreueHus 3alTuThl | pereHus 3a1a4
MaTeMaTUYECKHUE METOIbI UH(POPMAITIH. npodecCHoHATBLHOM
JUISL pelieHus 3a1a4 N-2 OIIK-3. YMmeTh: NPUMEHSATH | JeATECILHOCTH.
npodeccnoHaTbLHOMI COBOKYITHOCTb HEO0OXOUMBIX
IEeITEIbHOCTU MaTeMaTHYECKHX METOI0B IS
penieHus 3a1a4 00ecreueHus 3aluThl
uHdopmarum.
NJ-3 OIIK-3 HaneneH HaBbIKaMu
MIPUMEHEHUS COBOKYITHOCTH
HEOOXOIUMBIX MaTeMaTHYECKHUX
METOJIOB Ul pelieHus  3aaad
o0ecrieyeHus 3aIuThl HH()OpMAaIHH.

2. Leab u 33124 CaMOCTOSITEIbHOH PadoTHI

Benymas niens opranuzanuu u ocyiectsienuss CPC coBnaiaer ¢ 1enbio 00y4eHusl CTyIeHTa —
dhopmupoBanre Habopa 00IIeHAYIHBIX, TPO()ECCHOHATIBHBIX U CIEIUATBHBIX KOMIIETEHITUN OyIyIIero
OakasaBpa Mo COOTBETCTBYIOIIEMY HAMPABICHUIO TTOATOTOBKU

[Tpu opranmszanmu CPC BaXHBIM W HEOOXOAMMBIM YCIOBHEM CTaHOBSITCS (OPMUPOBAHUE
YMEHHSI CaMOCTOSITENIbHOM paboThl i TNPUOOpETeHUs 3HAHUM, HABBIKOB W BO3MOXKHOCTHU
OpraHu3aluy y4eOHOW W HaydyHOW naesTenbHOCTH. Llenmpio camocTosiTeIbHOM pabOThl CTYACHTOB
SIBJISIETCS. OBJIa/IeHUE (DyHIaMEHTAIBHBIMHU 3HAHUSIMH, TPO(PECCHOHATILHBIMU YMEHUSIMH U HaBBIKAMHU
NEeSITeNbHOCTH MO0  MPOQWII0, ONBITOM  TBOPUYECKOH, HCCIENOBATENbCKOW  JESTENbHOCTH.
CaMocTosiTenbHast paboTa CTyIEHTOB CLIOCOOCTBYET Pa3BUTHIO CAMOCTOSITENIBHOCTH, OTBETCTBEHHOCTH
¥ OpPraHU30BaHHOCTH, TBOPYECKOTO MOAXOJAa K PEHICHUIO MpobiieM yaeOHOro U mpodhecCHOHaTBLHOTO
YpOBHSI.

3agauamu CPC sBasgioTcs:
- CUCTeMAaTH3alMsl M 3aKpEIUICHHE IMOTYYCHHBIX TEOPETUYECKUX 3HAHUN U MPAKTHUYECKHX
YMEHUH CTY/ICHTOB;
- yTIIyOJICHHE U PaCIIMPEHUE TEOPETHUECKUX 3HAHUM;
- dbopMUpOBaHHE YMEHUH  HWCIONB30BaTh HOPMATHBHYIO, I[IPaBOBYIO, CIIPABOYHYIO
JOKYMEHTAIUIO U CTICIUATIbHYIO JTUTEPATypy;
- pa3BUTHE I[I03HABATENbHBIX CIOCOOHOCTEM M AaKTHUBHOCTU CTYIEHTOB: TBOPYECKOU

HHUIUATHUBBI, CAMOCTOATCIIBHOCTH, OTBETCTBECHHOCTU U OPIraHU30BAHHOCTH,




- (GbopMHpOBaHHE CAMOCTOSITENIBHOCTH  MBILIUIEHUS, CIOCOOHOCTEM K CaMOpa3BUTHIO,
CaMOCOBEPILLIEHCTBOBAHUIO U CAMOpPEaIN3alluu;

- pPa3BUTHUE UCCIIEI0BATEILCKUX YMEHUH;

- UCIOJIb30BaHNE MarepHaia, COOpaHHOrO0 M IMOJIYYEHHOTO B XOJE€ CaMOCTOSITEJIbHBIX
3aHSATUNA Ha CEMUHapax, Ha MPaKTUYECKUX U JTAOOPATOPHBIX 3aHATHUSAX, MPU HAMMCAHUHM KYPCOBBIX U

BBIIYCKHOW KBAIM(UKAMOHHOW paboT, ansi 3((EeKTUBHOW IMOATOTOBKA K HTOTOBBIM 3adeTaM H

9K3aMECHaM.
3. TexHosioruyeckasi KapTa cCaMOCTOSITeIbHOM PadoThI CTYJAeHTA
OObeM 4acoB, B TOM YHCIIE
Kot Bup nestensHoctH (akanm.)
CTY/ICHTOB CpencrtBa u KonTaktH
pean3yeMbIxX
KOMITETeHIi TEXHOJOTHH as pabora
OLICHKH CpPC c Bcero
nperojaBa
TelIeM
1 cemecTp
OIIK-3 ITonroroBka k jnekuusaM | KoMriexT 1,62 0,18 1,8
na-1, ua-2, 3aJlaHui 1
NJI-3) BOIIPOCOB 10
TeMam
JACITUIIIHHBI
OIIK-3 IloaroroBka k Kommiekt
nO-1, UO-2, | npakTHYeCKHM paboTaM | 3adaHuil U
NJ1-3) BOIIPOCOB 10 4,86 0,54 54
TeMaM
JIACITUIIIHHBI
OIIK-3 CamMocTosTeIbHOE Kommrext
na-1, UA-2, | usydeHue IuTeparyps 3aJaHuN 1
NJ1-3) BOIIPOCOB 10 9,72 1,08 10,8
TeMam
JACITUILIAHEI
Hroro 3a 1 cemecTp 16,2 1.8 18
2 cemecTp
OIIK-3 IToaroroska k jexiusaMm | KoMruiekt 1,44 0,16 1,6
na-1, 1J-2, 3aaHuil U
NJ1-3) BOIIPOCOB I10
TeMam
JIACITUTIITAHBI
OIIK-3 ITonroroBska K Komruiext
nAO-1, U-2, | npakTHuecKuM paboTaM | 3a1aHuil U
NJI-3) BOIIPOCOB T10 2,88 0,32 3,2
TeMam
JUACITUILIAHBI
OIIK-3 CaMocTosTeIIbHOE Kommiext
nO-1, U-2, | usydeHue auTepaTyps 3ajaHAl U
NJ1-3) BOIIPOCOB T10 31,68 3,52 35,2
TeMam
JUACIIUILIHHEI
Hroro 3a 2 cemecTp 36 4 40
HToro 52,2 5,8 58




4.11opsA10K BBINOJTHEHUS] CAMOCTOSITEIbHON PadoThI CTYIEHTOM

4.1. Memoouueckue pekxomenoayuu no pabome ¢ y4eoHol 1umepamypou

[Tpu paGote ¢ KHUTOI HEOOXOAUMO MOAOOPATH JTUTEPATYPY, HAYUUTHCS IPABUIILHO €€ YUTATh,
Bectu 3amucu. [lns mombopa swmreparypbl B OMONMOTEKE WCIONB3YIOTCS anaBUTHBIA U
CUCTEMATUYECKUIN KaTaJIOTH.

BaHO NMOMHHTH, YTO pallMOHANbHBIE HABBIKK PabOThl C KHUTOM - 3TO Bceraa OoJbIas
SKOHOMUS BPEMEHHU U CHUJI.

[TpaBuibHBIN MOAOOP YU4EOHMKOB PEKOMEHIYETCS MPEToAaBaTeIeM, YATAIOMIUM JEKIIMOHHBIH
Kypc. HeoOxonmumasi nuTtepaTypa MOKET OBITh TakKe yKa3aHa B METOJUYECKUX pa3padoTKax Iio
JAHHOMY KypCy.

W3yuas matepuan no y4eOHUKY, CeAYyeT MEePEeXOqUTh K CISAYIOIIEMY BOMPOCY TOIBKO MOCIe
IIPaBWJIBHOTO YSICHEHUS MpEeAbIAYLIero, OnuchiBasg Ha Oymare BCE€ BBIKJIAIKU M BBIYUCICHUS (B TOM
4lClie T€, KOTOpPbIE B yUeOHUKE OIYIIEHbI UM Ha JIEKLUU AAHbI Il CAMOCTOSITEILHOTO BHIBOJA).

[Tpu u3ydyeHuu 000N TUCIUILIMHBI OONBIIYIO U BAXKHYIO POJIb UIPAET CaMOCTOSITENbHAs
WHIUBUAYalIbHAs paboTa.

Ocoboe BHHMaHUE CIEayeT OOpaTHTh Ha ONpEAETICHHE OCHOBHBIX MOHATHHA Kypca. CTymeHT
JOJKEH MOJApOOHO pa30uparh MpPUMEPHI, KOTOPbIE MOSICHAIOT TaKUe OINpE/eTeHUs, 1 YMETh CTPOUTH
aHAJIOTHYHBIE TPUMEPBI caMOCTOATENIbHO. HyHO 100MBaThCS TOUYHOTO MPEACTABICHHUS O TOM, YTO
u3ydaemb. [lone3HO COCTaBIATH OMOpHBIE KOHCHEKTHL. [Ipu M3ydeHMHM Marepuana 1o y4eOHUKY
MOJIE3HO B TETpaau (Ha CIEUUANIbHO OTBEIEHHBIX IOJSAX) JONOJHATh KOHCIEKT JeKuui. Tam ke
ClIelyeT OTMEYaTh BOIIPOCHI, BBIJEIEHHBIE CTYIEHTOM JUIsl KOHCYJIbTAIlUU C IIPENO0IaBaTEIIEM.

BbIBOIBI, TONTydYEHHBIE B PE3yJIbTaTe U3YUYEHUs, PEKOMEHYeTCsl B KOHCIIEKTE BBIAEIATh, YTOOBI
OHH IIpH NEPEUNTHIBAHUM 3alMCEN JTydIlle 3alI0OMUHAIINCE.

OnbIT MOKa3bIBAET, YTO MHOTUM CTY/I€HTaM [IOMOTAET COCTaBJICHHE JINCTA OMIOPHBIX CUTHAJIOB,
coJieprKallero BaxkHeimne u Haubosiee yacTo ymoTpebiseMble GopMynbl U MOHATHS. Takoil nucT
MIOMOT@eT 3alOMHUTHh (OPMYJIbI, OCHOBHBIE TIIOJIOKEHMS JIEKIUH, a TaKXKe MOXKET CIYXUTh
IIOCTOSIHHBIM CIIPaBOYHUKOM ]ISl CTY/ICHTA.

UreHrne HayyHOro TEKCTa SIBIISIETCS YacThbiO MO3HABaTeNbHON aestenbHocTH. Ee menp —
U3BJIEYEHHE U3 TeKcTa HeoOxoaumon uHpopmanuu. OT TOro Ha CKOJIBKO OCO3HAHHA YUTAIOIIUM
coOCTBEHHAs! BHYTPEHHss1 YCTaHOBKA IPU OOpallleHNH K NIeYaTHOMY CJIOBY (HAalWTH HY)KHbIE CBEJICHUS,
YCBOUTH MH(OPMAIMIO MOJTHOCTHIO MIIM YACTUYHO, KPUTHUECKU MPOAHATU3UPOBATh MaTepHai U T.II.)
BO MHOT'OM 3aBUCHUT 3()()EKTUBHOCTh OCYILIECTBISIEMOTO JEHCTBUSI.

BoIaenstor uemoipe ochoéHble yCmano6KU 6 UMEHUU HAYYHO20 MEeKCma:

UH(OPMALIMOHHO-TIONCKOBBIH (331a4a — HAWTH, BBIIEIUTH UCKOMYIO HH()OPMAIIHIO)

ycBauBaromias (YCHJIUSI YMTATelNsl HAlpaBJIeHbI Ha TO, YTOObI KaK MOXKHO TOJHEE OCO3HATh U

3aIIOMHUTh KaK CaMU CBEJICHUS U3JIaraéMble aBTOPOM, TaK U BCIO JIOTHKY €r0 PacCyKIECHU)



AHAIUTUKO-KPUTHUYECKas  (UMTaTelNb CTPEMHUTCS KPUTUYECKH  OCMBICIUTH  MaTepua,
IIPOAHAIM3UPOBAB €r0, ONPEAEIUB CBOE OTHOLIEHUE K HEMY)

TBOpYECKask (CO3JaeT y YMUTATENsi TOTOBHOCTh B TOM WMJIM MHOM BHJI€ — KaK OTIPABHOM MYHKT
JUI CBOMX PACCY>KICHH, Kak o0pa3 A JEeWCTBUS MO aHAJOTUU U T.N. — HUCIOJIb30BATh CYXIACHUS
aBTOpa, XOJ €ro MbICiell, pe3yibTaT HaOMIOACHUS, pa3pabOTaHHYI0 METOAMKY, IOMOJHHUTH HX,

MOABEPTHYTH HOBOM MPOBEPKE).

4.2. Memoouueckue pekomeHoayuu no NOO2OMo6Ke K NPAKMUYeCKUM 3aHAMUIM
Jlist Toro 4TOOBl MPAKTUYECKUE 3aHITHS MPUHOCWIM MaKCUMAIBHYIO TOJIB3Y, HEOOXOIUMO

IIOMHUTb, YTO YIPaKHEHHE U pEIlIeHHE 3a/1a4 IPOBOAATCS 110 BHIYUTAHHOMY Ha JIEKLIUAX MaTepUaly u
CBSI3aHbl, KaK MPABUIIO, C JE€TAJIbHBIM pa300pOM OTIENbHBIX BOIPOCOB JIEKLIMOHHOTO Kypca. Cienyer
MIOYEPKHYTh, YTO TOJIBKO IOCJI€ YCBOEHUS JIEKIIMOHHOTO MaTepuasia ¢ ONpeAeICHHON TOYKU 3pEHUs
(a UIMEHHO C TOM, ¢ KOTOPOI OH M3Jaraercsl Ha JIEKIMSIX) OH OyJeT 3aKpeIUIAThCS Ha IMPAKTHUECKUX
3aHATUSAX KaK B pe3ysbTaTe OOCY)KICHMs M aHalM3a JICKIIMOHHOTO MaTepualla, TaK U C IOMOIIBIO
peleHust NpoOJeMHbBIX CUTyalui, 3axad. [Ipu 3TUX yclIOBUSAX CTYIEHT HE TOJbKO XOPOULIO YCBOUT
MaTepuaj, HO U Hay4yuTCs IPUMEHATh €ro Ha MPAKTUKE, a TAK)KE MOJIyUYUT JONOJHUTEIbHbBIN CTUMYI
(¥ 3TO OYEHB BAYKHO) JJII aKTUBHOHN MPOPAOOTKH JICKIIUH.

Crnenyer NHOMHHUTb, 4YTO peIIEHUWE KaXJOW y4eOHOM 3agaud JOJDKHO JOBOJUTHCS 10
OKOHYATEJIbHOTO JIOTHYECKOI'0 OTBETa, KOTOPOro TpeOyeT ycIOBHE, U MO BO3MOXKHOCTH C BBIBOJOM.
[TonydeHHBI OTBET clielyeT NPOBEPUTh CIIOCOOAMH, BBITEKAIOIIMMHU U3 CYIIECTBA JaHHOW 3aJauu.
[Tone3no Takke (eciu BO3MOXKHO) pellaTh HECKOJBKUMH CHOCOO0aMHU U CpPaBHUThH IOJyYEHHBIE
pe3yabTathl. Pemenue 3a1a4 1aHHOTO TUIIA HYXHO MPOJOJKATh A0 MPUOOPETEHUS TBEPIbIX HABBIKOB

B UX PCUICHUU.

4.3. Memoouueckue pekomenoayuu no camonposepke 3HaHui

[Tocne u3yueHus onpeaeseHHON TEMBI 110 3aIIUCSAM B KOHCIIEKTE U YUEOHHKY, & TaKXKe peIIeHUs
JIOCTATOYHOT'O KOJIMYECTBA COOTBETCTBYIOIIMX 3a/1a4 HA NMPAKTUYECKHUX 3aHATHUAX U CaMOCTOATEIBHO
CTYJIEHTY PEKOMEHAYETCs, IPOBECTH CaMOIPOBEPKY YCBOCHHBIX 3HAHHWM, OTBETUB HA KOHTPOJIbHBIC
BOIIPOCHI 110 U3Y4YEHHOU TEME.

B ciiyyae He0OX0IMMOCTH HYKHO €llle pa3 BHUMATEIbHO pa300paThCsl B MaTepHale.

WNHorna HemIOCTaTOYHOCTh YCBOEHUS TOTO WM HWHOIO BONPOCA BBIICHAETCS TOJBKO IpPH
M3y4YEHUU JalbHEHIIEro marepuana. B 3Tom cilydae Hano BEpHYTbCS Ha3al U IOBTOPUTH ILIOXO
YCBOCHHBIM Marepuan. BakHbII KpUTEpUN YCBOEHHs TEOPETHYECKOI0 Marepuana - yMEHHUE peliaTh
3a/1a4d WIM IPOWTH TECTUPOBAHHUE IO MPOMJAEHHOMY Marepuany. OIHAKO claeAyeT NOMHHUTh, 4YTO
IIPaBWIBHOE PEIICHUE 3aJa4d MOXET IIOJYyYUThCS B PpE3yNbTare IPUMEHEHUS MEXaHWYECKU

3aydeHHBIX (popMys O0e3 MOHUMaHHS CYITHOCTH TEOPETHUECKUX MOJIOKCHUH.



5.KoHTpoab caMocTOATE/IbHOM Pa0OTHI CTYACHTOB

B paMkax pedTHHIOBOM CHCTEMBI yCIIEBAEMOCTb CTYACHTOB 110 KaXIO0H ITUCLUIUIMHE
OLICHUBAETCS B XOJI€ TEKYLIEr0 KOHTPOJIA U IPOMEKYTOUHOM aTTECTALUU.
Tekymmii KOHTPOJIb

PeiiTuHroBas OlleHKAa 3HAHUI CTy€HTA

Ne Bup nestenbHOCTH CTYJEHTOB Cpoku KonnuectBo
n/m BBITNIOJIHEHHS 0annoB
IIpakTrueckoe 3aHsITHE 5 5 Henmens 15
[IpakTuyeckoe 3anstue 10 10 Henens 20
ITpakTrueckoe 3ansTue 15 15 Henens 20
HTroro 3a 1 cemectp 55
Hroro 55

MakcuMaabHO BO3MOXKHBIM 0Oayl 3a BeCh TEKYIIMA KOHTPOJb YCTAHABIIMBACTCS PaBHBIM 55.
Teky1iee KOHTPOJIBHOE MEPOTIPUSITHE CUUTACTCS CIAHHBIM, €CIIU CTYJCHT TOJYYHJI 32 HEr0 HE MEHee
60% OT YCTAaHOBJIEHHOTO JJIi O3TOTO KOHTPOJIA MaKCUMajlbHOro Oamia. PelTuHroBbrii Oai,
BBICTABJISIEMBI  CTYJIGHTY 3a TEKYIIee KOHTPOJIHOE MEPOIPHATHE, CIAHHOE CTYJACHTOM B
YCTaHOBJICHHBIC TPAUKOM KOHTPOJIBHBIX MEPOIIPHSTHIA CPOKH, OTIPECIIICTCS CICTYIOINUM 00pa3oMm:

Ypoeens eévinonnenus xonmponwvnozo | Peiimunzoswtit 6ann (6 % om maxcumanbHozo
3a0anus oanna 3a KOHmMpoOAbHOE 3a0anue)
Omauynulii 100
Xopowuii 80
Yooenemeopumenwvhuiii 60
Heyoosenemseopumenvnuiii 0

HpOME)KyTO'-IHaH aTrrecranus

[Tpomexxyrounass arrtectanuss B (GopMe 3IK3aMeHa IpeIyCMaTpUBAeT MpPOBEIECHUE
00s13aTeIbHON HK3aMEHAIMOHHON Tipouienypbl u oreHuBaerca 40 Oamramu u3 100. B cioyuae
€CIIM pEHTHHIOBBIM Oayl CTyJeHTa NO AMCLUUIUIMHE [0 HMTOraM ceMmecTpa paseH 60, To
MIPOrpaMMOil aBTOMaTU4eCcKu ao0aBisgercs 32 MpeMHalbHBIX Oajljja M BBICTABISIETCS OLIEHKa
«OTIUYHO». IlONOKUTENbHBIM OTBET CTyAEHTa Ha 3K3aMEHE OICHMBAETCS PEHTHHIOBBIMH
6amtamu B auamazone ot 20 mo 40 (20 [J Sok3 [ 40), onerka MeHbIne 20 6autoB CYUTAETCS
HEYJIOBJIETBOPUTEIIBHOM.

[IIkana cOOTBETCTBUS pEHTUHTIOBOTO Oasia sK3aMeHa S5-0aibHOM cucTeMe

PeiiTMHIrOBBIN 0aJ171 IO TUCHHUILINHE Ounenka 1o 5-60a/LUIbHOM cUCTEMe
35-40 Otinuyao
28 -34 Xoporo
20-27 VY 10BIETBOPUTETHEHO

HroroBas oreHka mo JUCIUILIAHE, U3y9aeMOW B OJHOM CEMECTpE, OIpeneisieTcs Mo
cymme 0auioB, HAOpaHHBIX 32 pabOTy B TEYCHUE ceMecTpa, U 0ayuIoB, TOJYUYCHHBIX MPHU clladue
DK3aMEHa:



Lllxana nepecuema peumuneo6020 6ania no OUCYUNIUHe
8 OYeHKY no 5-6alnvbHol cucmeme

Peitmunzoewtii 6ann no oucuuniune Ouenka no 5-oannivHoil cucmeme
88-100 Omauuno
72-87 Xopouto
53-71 Yooenemeopumenvro
<53 Heyoosenemseopumenvho

6. Cnincox mureparypsl

6.1. [lepeyeHb OCHOBHOIi JTUTEPATYPHI:

Hogak, E. B. Briciias matemaruka. Anrebpa: yueOnoe nocodue / E. B. HoBak, T. B. Psa3anosa, U. B.
Hogak; mox penakuumeit T. B. PsizanoBa. — ExatepunOypr: Ypanbsckuii denepanbHblii YHUBEPCUTET,

OBbC ACB, 2015. — 116 c. - Pexxum poctyna: http://www.iprbookshop.ru/69589.html

6.2. [lepeyeHsb 1ONOTHUTETbHOM JIUTEPATYPbI:

Beicias marematuka. Tom 1. JIuneiinas anre6pa. BekropHas anreOpa. AHaJIMTHYECKas T€OMETPUS:
yaeonuk/ A. I1. l'ocionapukos, E. A. Kapnosa, O. E. Kapnyxuna, C. E. MancypoBa; moJ| peakiuei
A. II. T'ocnonapukoB. — Cankr-IlerepOypr: HanuoHanbHblli MHHEpPaNIbHO-CHIPHEBON YHHUBEPCUTET

«[opubriiy, 2015. — 105 ¢. — Pexum nocryna: http://www.iprbookshop.ru/71687.html
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BBEJIEHUE

1. Heap 1 3aga4n U3y4eHH s TUCUMIIMHBI

Llens gucnumuuebl:  (OpMHpPOBaHME HaboOpa 00HIETPOpECCHOHATBHBIX  KOMIICTEHIIMN
OakanaBpa no HanpasieHuto noAroroBku 10.03.01 Muadopmarmonnas 6e30macHOCTb.

3aga4n OCBOCHUS AMCHUILIMHBL (OPMUPOBAHUE NPEACTABICHUN O POJIM U MECTE€ MAaTEeMaTHKH
B COBPCMCHHOM MHPC, OTallaX pa3BUTUA, YHUBCPCAJIIbBHOCTU €C MOHATHH | HpeIICTaBJIeHI/IfI;
¢dbopMupoBaHUE YMEHUH HCIIOIB30BAaTh HEOOXOIUMbIE MaTeMaTHYeCKUE METOJbI ISl PeIICHNs 3a1ad
poeCCUOHATTLHON IEATEIEHOCTH.

2. O0opyaoBaHHe U MaTePHAJIBI

[TpakTrueckue pabOTHl MO JUCHUILIUHE «AJreOpay» MPOBOIATCS B y4eOHOM ayAUTOpPUH C
MyJIbTUMEANA 000PYAOBaHUEM: IIPOEKTOP, KOMIIBIOTEP, SKpPAaH HACTEHHBIM.

3. HamMeHoBaHMe NPAKTHYECKUX PadoOT

Ne HaunmeHnoBaHue TeM AUCHMILIMHBI, HX KPAaTKO€ COAECPKAHUEC Oobem W3 uux NpaKkTuIeCKas
TeMbl JacoB nmoaroroBka, 4acoB
AUCHHA
IVIMH

bl

1 cemecTp
OcHoBHBIC anreOpandeckue CTPyKTypsl. Omnepanuu u 1 1
1

anredpsl. Mopdusmbl. AnreOpsl ¢ OJHOM omeparuei:
MOJTYTPYIITBI, MOHOUJIBI, TPYIIIBI. ANreOpbl ¢ IBYMS
oTrepaIusIMu: KOJIblia, MO

2 [Tone  KOMIUIGKCHBIX  umcen.  JIeHcTBUS  Han 1 1
KOMILICKCHBIMHU YUCIIAMH

2 DOopMBI ITPEICTABICHIS] KOMIUIEKCHBIX YHCETT 2 2

3 JleiicTBus Hal MaTpULIaMU 2 2

3 BbiuniciieHne  ompenenuTenei  pa3loKEHHEM 0 2 2
AIIEMEHTaM CTPOKHU (cTonbIa)

3 OO6patHas mMaTpula 2 2

3 Panr maTpuiis! 2 2

4 HccnenoBanre CHCTEM JIMHCWHBIX YpaBHEHHWH Ha 2 2
COBMECTHOCTb

4 PerieHne  HEBBIPOXKJICHHBIX ~ CHUCTEM  JIMHEWHBIX 2 2
ypaBHeHul MetonoM Kpamepa

4 PerieHne  HEBBIPOXKICHHBIX ~ CHUCTEM  JIMHEWHBIX 2 2
ypaBHEHHI MATPUIHBIM METOOM

HTtoro 3a 1 cemectp 18 18
2 ceMecTp

4 Pemienue cucrem JIMHEHWHBIX YpPaBHEHUW METOJOM 2 2
I"aycca

4 CuctemMbl  JIMHCHHBIX  OJHOPOJHBIX  YPaBHCHUH. 2 2
DyHIaMeHTaIbHAS CUCTEMA PENICHUI

5 JluHeiiHbIe oOmepalnuy Haj BeKTopamu. PasnoxkeHue 2 2

BEKTOpa MO OpTaM KOOpJIMWHATHBIX ocel. [lericTBus
HaJd BCKTOpaMHu, 3aJaHHBIMU ITPOCKIHUAMUA

5 CkanspHOE, BEKTOPHOE M CMEIIaHHOE MPOU3BEACHHS 2 2
BEKTOPOB




6 BekTopHble IPOCTPaHCTBA M UX MPOCTEHIIIE CBOMCTBA 2 2

6 JluHEeWHO 3aBUCHMbIC M JIMHEHHO HE3aBUCHMBIC 2 2
CHCTEMbI BEKTOPOB BEKTOPHOTO MPOCTPAHCTBA

6 Pa3mepHOCTh 1 6a31C BEKTOPHOTO POCTPAHCTBA 2 2

7 CoOCTBEHHBIC BEKTOPHI W COOCTBEHHBIC 3HAYCHHS 2 2

JIMHEMHBIX OIEPaTOPOB
Hroro 3a 2 cemectp 16 16
Hroro 34 34

4. Conep:xaHue NPpaKTHYECKHX padoT

Ilpakmuueckoe 3anamue 1. Ocnosenvie anzeopauueckue cmpykmypwl. Onepauuu u anzeopbl.
Mopdghuzmobt. Ancedpvl ¢ 00HOI onepayueil: NOYZpynnvl, MOHOUObL, 2pynnuvl. Anzedpvl ¢ 08ymsa
onepayuaMu: Koavyd, nousi.

I]ens: BeIpaOOTATH MIpEICTABICHUE 00 OCHOBHBIX alreOpandecKuX CTPYKTYpax U UX CBOMCTBAX
Cooeporcanue:

OuWHapHas orepanus;

MOJIyTpYIINa, rpyIia, abenaesa rpyIa, KoJIblo, MoJe.

Teopemuueckaa yacmo:

B MaremaTHke M pa3nUYHBIX €€ MPUIIOKEHUSX BAXKHYIO POJIb UTPAIOT TaKUe MaTeMaTUYECKHE
OOBEKTHI, KOTOpPHIE HA3bIBAIOTCA alreOpanyecKuMu CTPYKTypamMH. B IIHpOKOM cMbIcie TOJ
anreOpanveckoll CTPYKTYpOill MOHHMMAIOT BCAKOE MHOXECTBO, Ha KOTOPOM 3a/JaHbl HEKOTOPHIE
orepanuu (T.e. 3aKOHBI, CTaBSIIHE B COOTBETCTBUE OJHOMY WJIM Mape 3JEMEHTOB IO OINpPEIeIEHHOMY
MIPaBHILY IPYTOU AJIEMEHT), 00JIajaroIIre ONpeeIEHHBIMU CBOHCTBAMH.

BoNbIIMHCTBO CBOMCTB W pE3ylbTaTOB 00 3TUX MHOXKECTBaX IOJYYalOT, OINUPAsCh Ha
KOHKPETHYIO MPHUPOAY IJIEMEHTOB 3TUX MHOXECTB U HA KOHKPETHBIN CMBICH omepanuii Haa HuMu. B
TO K€ BpEMs MHOTHE pPE3yJbTaThl MOXHO TOJYYUTh HE3aBUCHUMO OT MPHUPOIBI ITUX MHOXKECTB H
KOHKPETHOTO CMBICTIA OTepaInii, a HICXO/AsI TOJILKO U3 CBOMCTB 3TUX OMEpPAIIU.

Cpemu Takux CBOWCTB ONEpalyii paccCMaTpUBAIOTCS: aCCOLMATHBHOCTh, KOMMYTAaTHBHOCTH,
TUCTPUOYTUBHOCTD, HAIMYUE CIEIUAIBHBIX 3JIEMEHTOB, OOJAJAIONINX OMpeAeNEHHBIMA CBOMCTBAMHU
(HyneBoM, eTMHUYHBIN (HEUTpaNbHbIN), 0OpaTHBIN 3JIEMEHT K TaHHOMY U T.11.).

B 3aBHcHMOCTH OT KOJMYECTBA OMEpalliii U CBOWCTB, KOTOPHIMU OHHM OOJNAAIOT, Pa3iHyaroT
CJIeIYIOIINE aNre0OpanvdecKue CTPYKTYPHI.

Ilonyepynnoii Ha3pIBaeTCs MHOKeCTBO G, Ha KOTOPOM 3a7iaHa OUHapHas omeparus * (4acto eé
Ha3bIBAIOT YMHO)KEHHEM M 0003HAYAIOT * ), JJIST KOTOPOH BBIMOJHSIETCS CBOWCTBO aCCOLMATHBHOCTH,
T.e. 1 M00bX a,b,c € G (axb) *c = a*(b*c) . Ecnu B momyrpymmne uMeercsl HeUTpaTbHBIN
JJIEMEHT e (HyJIeBOM, eIMHUYHBIN), T.€. TaKOH, 4To a*e=e*a=a mus aoboro a€G, To momyrpymnmna G
Ha3bIBaeTCs yHumapHot (MOJYTPyNno ¢ HynéM; MONMyrpymnmnon ¢ enunuieit). Ecmu B momyrpymme
BBIMOJIHSACTCS. KOMMYTATHUBHBIM 3aKOH, T.€. €ClM JUIs JIoObIX a,0eG a*b = b*a, To momyrpynma
Ha3bIBACTCS KoMMymamuerot (AN abenesoll).

YHUTapHAs MONXYTpyIa Ha3bIBACTCS epynnou, €ci s modoro a€G cymecTByeT 00paTHBINA
aemeHT b € G, T.e. Takoi, 4ro a*b = b*a = e. Ecnu MOMONHUTEILHO BBIMOJIHICTCS CBOMCTBO
KOMMYTAaTHBHOCTH, TO TpYIIa Ha3bIBaCTCS KommymamusHou (WIH abenesoll), U B ITOM Cllydae
OOBIYHO TIPUMEHSETCS aJINTUBHAS CHUMBOJIHKA, T.€. OmNepanus oOo3Hayaercs +, HEWTpaTbHBIN
anemeHT 0, 0OpaTHBIN 2NIEMEHT K 8 Ha3bIBAIOT MPOTHBOIIOIOKHBIM U 0003HAYAETCS: -d.

Ecoun B abGeneBoit rpymme (K , +) Hapsgy c omepamueil CIoKeHHs + 3ajaHa emé OJHa
orepauusi: NpousBeneHHe * (MIu ), KOTopas cCBsi3aHa C + JUCTPUOYTUBHBIMH 3aKOHAMU:
(a+b)xc=(axc)+(b*c), a* (b+c)=(axb)+(axc) miam00bIx a,b,c € Ku 0*a=a*0=0 mus
moboro a € K, to K HaswiBaetrcs konvyom. Ecim B kombre (K , +, *) IOMOSHHUTENBHO ISt
MIPOU3BE/ICHUS * BBITIOJIHSACTCS aCCOIMATUBHBIN 3aKOH, T.C. €CIU

(a* b) *c=a*(b*c) mma moodbIx a,b,c € K,

TO KOJIBLIO HAa3bIBACTCS aCCOyUamugHbimM. A eciii KpOME TOTrO CYIIECTBYET €AUHUYHBIN dJIeMeHT 1, T.e.
Takol, uro 1*a = a*l=a mis moboro a€ K, To KONbIO Ha3bIBACTCS YHUmMapHovim (WA KOJIBIIOM C 1).



Ecin B KOJBIEC  BbIINMOJIHACTCA KOMMYTaTHBHBIﬁ 3aKOH JJId *, TO KOJIBLIO HAa3bIBACTCH

KOMMYMAmMuHbIM.
AcCCOLIMaTUBHOE YHUTAPHOE KOJBLO, B KOTOPOM KaX/Iblii HEHYJEBOW JJIEMEHT a HUMEET
oOpaTHBII a'l, T.€. TaKOM, YTO a*al = a*a = 1 waswBaercs menom. KomMmyTaTuBHOE TENIO

Ha3bIBACTCS NOTEM.
Bonpocwt u 3a0auu:
1.5IBngercs U cneayroee MHOXKECTBO IPYIIIOM, KOJIBLIOM, MTOJIEM OTHOCUTEIBHO CIIOKEHUS YHCET U
YMHOKEHHSI YACEIL:

- MHOKECTBO JICMCTBUTEIbHBIX YUCEIL,

- MHOKECTBO PALIMOHAJIBHBIX YUCE;

-MHO’K€ECTBO LIEJIbIX YUCEIL,

-MHO’K€CTBO HEOTPULIATEIIbHBIX PALIMOHATIBHBIX YUCEIT,

-MHO’K€CTBO HaTypaJIbHbIX YHCEN;

-MHO’K€CTBO HEOTPHULIATEIIbHBIX ICUCTBUTEIBHBIX YHCEIT;

-MHO’K€CTBO YETHBIX LEIbIX YHCEIL;

-MHO’K€CTBO HEOTPHULIATEIIbHBIX LIEJIBIX YNCEI;

-MHO’K€CTBO IIPOCTBIX YUCE;

-MHO>X€CTBO KOMIUIEKCHBIX uncen?

2.Yto Takoe OmHapHas orepanus?

3.[aiiTe onpeneneHue rpymnmona.

4.Kaxkast OuHapHas orneparys Ha3bIBaeTCsl KOMMYTAaTUBHOM; aCCOIMATUBHOMN?

5.Yto Takoe HEUTpaIbHBINA AIEMEHT; CAMMETPUYHBIN 3JIEMEHT?

6.Kak Ha3pIBaeTCS CUMMETPUYHBII; HEUTPATIBHBINA JIEMEHT AJs ciokenus? s yMHOXKeHUs?

7.MaiiTe onpeeseHus NOayrpyibl, Tpynnbl ¥ NoArpymnmsl. [IpuBeaure npumepsl.

8.Kombma. Tena. [Tons. Jlaiite onpenenenue. [IpuBeaute mpumepsl.

Ilpakmuueckoe 3anamue 2. Ilone komnnekcnovix yucen. /leiicmeusn Had KOMNIEKCHbIMU YUCTIAMU.
Ileny: chopmupoBaTh MPEACTABICHHUE TOJI€ KOMIUIEKCHBIX YHCEN, BbIpaOOTaTh YMEHHUE BBHITIOJIHATH
JEUCTBUS HAJl KOMILJIEKCHBIMU YUCIIaMHU

Cooeporcanue:

KOMIUIEKCHOE YMCJI0, MHUMAasl €AMHHIIA, PaBHbIE KOMIUJIEKCHBIC YMCIA, COMPSKEHHbIE KOMITJIEKCHBIC
YyuCa;

M300pakeHNe KOMILJIEKCHOTO Yucia Ha tuiockoctu XOY;

CIIO)KCHHE, BEIUNTAHUE, YMHOKEHUE, JISTICHHE KOMIUICKCHBIX YHCE.

Teopemuueckasn uacmo:
VYnopsodeHHas napa JByX JEHCTBUTENbHBIX YHUCEN (X, )) Ha3bIBACTCS KOMNJIEKCHbIM YUCTIOM

7= (X, y). MHOXkeCcTBO KOMIUIEKCHBIX ynces obo3Havaercs C .

Yucna Buga (x, 0) — 370 neiicTBUTENbHBIC YKCIIa, YKCIa BHIA (0, y), rne Y #0 ects uncro
MHHUMBIE 4YHUCJIA, YHUCIO (O,l) MHHMAs eIMHMIA ©  obO3Hauaercs | = (0,1), TOT/1a
(0,¥) =y(0,)) =1y, uncno (0,0) ecrs neiicrBuTensHOE YKCIO HYIB.

Uucno X =ReZ wuasbBaercsa oOericmeumenvroii (BEUECTBEHHOH) YacThI0 KOMIUIEKCHOTO
yucna Z = (X, y) ,augucio Y = IM Z muumori vacTero KOMIITEKCHOTO UKCIA.

JIBa KOMIUIEKCHBIX YHucaa Z1 = (Xl, yl) uly= (XZ, Yo ), Ha3bIBAIOTCS pasHbiMU, CCITU PABHBI
HX JEHUCTBUTEIBHBIE U MHUMBIE YaCTH, T.€.

Ly =12 & X=X, Y1=Y2.
CootHotieHre 60bIle-MeHbIIIe I KOMITJIEKCHBIX YHCET He BBOAUTCS.
KommiekcHoe uucno Z = (X, y) =X+ iy nzobpaxaercst B 1uiockoct XOY Toukoit M ¢

KoopauHaTam (X,Y), THOO BEKTOPOM, HaYaJl0 KOTOPOro HaxoAuTcs B Touke O(0,0), a KOHEIl B TOUKE
M(x.y).
Heticmeus Hao KOMNIEKCHLIMU YUCIAMU

ITycte nanel Z) = (Xl, yl) ulily= (XZ’ Y, ), Toraa



Zp+2, =(X £ X5, y1 £ Y5),
Zy -2y = (X Xo = Y1Y2, X1 Yo +X5¥1),

41 _| XaXotYiYo XoVim XYoo | L
7. 2 2 2 2 152 :
2 Xy Y2 Xo +Y7

Z =X+ 1y — anrebpanveckas (popma 3armucu KOMILIEKCHOTO YMCIIa, TOTIa
21t7y; = (Xl |Y1) (Xz + 'Y2): (Xl X2)+ '(Y1 Y2)
Zy-Zy = (Xl 'Y1)'(X2 + |Y2): X Xp +1% Y, +

- -2 -
+iX Yy +i%Y1Y5 = (XX = Y12 ) +i(xy2 + %o Y1)
KommiekcHple uucna Z = (X, y) =X+ly u Z= (x,—y) =X—=1y, y KOTOpBIX

ﬂeﬁCTBHTCHLHbIe 4aCTU paBHbBI, a MHHMBIC OTIHMYAIOTCA 3HAKOM, HAa3bIBAKOTCA 63AdUMHO
CONPANCEHHBIMU NIIN KOMNJIEKCHO CONPANCEHHbIMU .

Herpyano Buzners, uro ‘Z‘ = ‘Z‘ =4/ X2 + y2 ,argz=-argZ (xpome uncen Z=X<0; a1
HUX Af§Z=argzZ =r).
JleneHnue KOMILJIEKCHBIX YHCEJ B alredpandeckoi popme
L _ %l XX tYaiYo LiXei=XYa
22 2272 X3 +Y3 X3 + Y3

JleiictBurensHas yacth X =R€Z wu muumas wacts Y =IMZ xommiexkcHoro umcna z

BBIPAXKAIOTCA 4€PEC3 COMPAKCHHBIC KOMIIJICKCHBIC YK CJIa CIICAYIOIINM 06pa30M:

Z+12 Z—71 1-1
Rez=—, Imz =i = —
2 21

IIpumep. [lokasate, uto Zy +Z, =71 + Z5.
Pemenue: /lokaxxem 3TO paBEHCTBO, UCMHOJIb3YS ONIPEAEIICHUE

2y +2p = (% +X) =iy +Y2) = (% —iyp) + (Xp —1yp) =7, + Z,.
ITpumep. Halitn npousBeieHNEe U YaCTHOE YUCEN Z1 = 2-3inz 5 =—4+ i
Pemenne:

2,2, =(2-3iY—4+i)=—-8+2i +12i —3i* = -8+14i +3=-5+14i,
2, 2-8i _ (2-3i)(-4-i) -8-2i+12i+3i® -8+10i-3

z, —4+i (-4+i)-4-i)  (c4P-i2 4+l
~11+10i 11 10i 11 .
= =—— 4+ —=——+12,
5 5 5
7, _—4+i_(-4+i)2+3i)  -8-12i+2i+3i® -8-10i-3
z;  2-3i (2-3i)2+31)  22-(3P  4+9
_-11-10i _ 11 10§
13 13 13
(1- 2i)(2-3i)

IIpumep: BpuuciuTh 3HaUEHUE BBIPAXKCHUS - —.
(3—4i)(4-51)

Pemenue. Vicnonp3ys nmpaBuiia pacKpbIThs CKOOOK U BBITIOJHEHUS IeHCTBUN Hal
KOMIUIEKCHBIMU YHMCIIAMH, TTOTYYHM



@L-2i)(2-3i)  2-3i—4i+6i° 2-7i+6i°  —4-Ti 4+7i

(3-4i)(4-5i) 12-15i—16i+20i2 12-31i+20i® -8-3l  8+3l
_ (4+7i)(8-3%) 32-124i+56i—217i* 249-68i 249  68i
(8 +31i)(8 — 31i) 64 — 9612 1025 1025 1025

Bonpocul u 3a0auu:
1.Beruncnuts:

a) (\/g— i)g;
5) (— \/ﬁf;
B) (-1 +i+/3)2.

2. OnpenenuTb MOAY/Ib KOMIIEKCHOTO YKCIa:

a) 2=2-31;6) z=—7+2i;8) z=3-4i;1) z=13—1; 1) Z=4—2_I;e) Z= ! I_ .
—3—1 1+ 71
Ilpakmuueckoe 3anamue 3. @opmuvt npedcmasieHus KOMNIEKCHbIX YUCEL.
I[ens: BrIpabOTaTh YMEHHE MPEACTABIATH KOMIUIEKCHOC YHCIO B (hopMme, TpeOyeMou ISl pericHUsI
3aJauu
Cooeporcanue:
MOJTyJIb, APT'YMEHT KOMIUIEKCHOTO YHCIIa;
TPUTOHOMETPHUECKAs U TTOKa3aTebHast (POPMBbI 3aITUCH KOMIUIEKCHOTO YHCJIa;
BBINOJIHEHUE JICUCTBUI HAJl KOMIUICKCHBIMH YHCJIaMH B TPUTOHOMETPUYECKOH W IMOKa3aTeIbHON
dbopmax.
Teopemuueckas wacmo:
B monspHO# cHCTeMe KOOpAMHAT TMOJIOKEHHE TOYKH Ha IUIOCKOCTH ONpEIesIeTCs ee

paccrosiHueM p oT nomroca O: ‘OI\/I‘ = p (0 TONApHBIA paguyc — BEKTOP TOYKH) U YIJIOM @,

obpa3oBaHHBIM OTpe3koM OM monspHoll ocbto OX (¢ MOJSIPHBINA Yron TOYKH). YTON ¢ CUMTAaeTCs
ITOJIOKUTEIBHBIM IIPU OTCUETE OT MOJISAPHOU OCH IPOTHUB YACOBOM CTPEIIKH.
Ecnyn Hauano aexapToBOW MPSAMOYTOJIBHOW CUCTEMBI KOOPAUHAT COBMECTUT C IOJIIOCOM, a OCh

OX HAmpaBUTb 10 TOJSAPHON OCH, TO NPAMOYroNnbHble KoopmuHathl x u y Toukn M (X,Y) u ee

TIIOJIAPHBIC KOOPAWHATBI yo, u 0] CBA3aHbI (1)OpMy.]'IaMI/I

X=pCoSp, Y= psing;
[\2 | 2 y
P=X"+Y ,tg(o:;.
Torna KOMIIJICKCHOC YHMCJIO MOZKHO 3aIlluCaTh B BUAC
Z=X+1y = p(cos @ +isin ).

Ota GopmyIia 1aeT TPUrOHOMETPHUECKYI0 (popMy KoMIUIeKCHOTO uncina. [Ipu atom,

‘Z‘ =p= ‘ ,5‘ =4/ X2 + y2 Ha3bIBAETCS MOOYIeM KOMNIIEKCHO20 YUCAd, & YTOI (P = Argz —

apeymenmom Komnaekchozo yucaa. yron @ = AIQZ onpenensercs HEOTHO3HAYHO, a C TOYHOCTHIO JI0
CIIaraeMoro, KpaTHoro 277 '
Argz=argz + 27k, k=0,£1,+2,... .

rae arg(z) ects riaaBHOe 3HaueHHe Arg(z), ompenernsieMoe ycinoBueM — 77 < afg Z < 77, mpuyém:



y

Xl

7r+arctgi, anegx <0,y >0,
X

arctg>, anegx>o0,

arg(z) =4 —r+arctg>,anég x <0, y(0,

HNmeroT MecTo CJICAYIOUEC COOTHOIICHUA

tg(Arg(2)) = y , Sin(Arg(z)) = I , C0s(Arg(2)) = X
,Z[Ba KOMIIJICKCHBIX YHCJIa Z]_I/I 22 PpaBHBI TOrJa U TOJIBKO TOTrAa, KOrjga ux MOAYJIM paBHBI, 4 UX
APTYMCHTBI 100 PaBHELIL, 00 OTJIMYAIOTCS HA BCJIIMYNHY, KPATHYIO 272' .
21| =z,|, Arg(zy) = Arg(z,) +2zn (n=0,£142,...).
Ymnooicenue xomnnexcrvix yucen 6 mpueozwmempu%cxoﬂ qbopMe
2y -2, = P2 (COS@y +1siNgy) - p, (COSP, +ising,) =

= p1 P, (COS@, COSP, +i° Sing, sing, +i(COSp, Sing, +sing, Cose,)) =
= p1P2(COS@, + ¢,) +isin(py + ¢,)).

To ecTs,
|2,2,| =|24|-|2,|, Arg(z12,) = Argz, - Argz,.
OTO NpaBUIIO PACHPOCTPAHAETCS HA JII0O0E YMCI0 COMHOXUTENEH. Ecim Z1 = Z5 =...=Z,, T0

nosxyaum gopmyny Myaepa

z" = p"(cosng +isinng).
To ects, z“‘ =|z|", Argz" = nArgz+ 27k, (k =0,£1,42...).

CBOﬁCTBa MOAYJIA KOMIIJICKCHBIX YHUCEIT
L|z=|2, 2. 77 =, 3. |242,] =\21H22‘,
2 |z"=|2", al_lal, o 6. [Rez <[7], |Imz| <[
Z,| |z,

7. |2, + 24| <|2,|+|z4], 8. |z, —|zy] <]z, — 4]

enenue KoMnieKcHuIX Yucesl 8 mpuecoHOMempuieckou opme
z, p(cosp +ising) p, (cose, +ising,)(cosp, —ising,)
2, p,(cosp, +ising,) p, (Cos@,+ising,)(cosp, —ising,)
_ p, (cose, cose, +sin g, sin,)+i(sin ¢, cose, —sin ¢, Cose,)
TP, cos’ ¢, +sin’ ¢,

=L (coslp, — ,) +isin(g, —¢,).

P2



To ecTb

Z
4 :M, Argi = Argz; — Argz,.

25| Zy
H36ﬂ€1{€Hl/[ﬂ U3 KOMNJiIeKCcHo20 yucia KOpHﬂ n‘Oﬁ cmeneHu

otcosp +ising) =g cosTOLT 2K i FOZ 2,

n n
rie k=012,...,n-1.

Ora popmyna gaet poHO N pasnmuuHbx kopreid npu K =0,1,2,...,n—1.

n
Touku, COOTBETCTBYIOIIME 3HAUCHUSIM Vz , ABJISIFOTCSI BEPIIMHAMM [TPABUIILHOTIO N-yrojbHUKA,
BIIMCAHHOTO B OKPYXKHOCTh paauyca R = ‘Z‘ C LICHTPOM B Hayajie KOOpAHUHAT.

,Z[OKaBaHO, 4YTO Ha KOMIUICKCHBIC CTCIICHU ITOJIOKHUTCIbHBIX YHCCI PaCIPOCTPAHAIOTCS BCC
IIpaBujia ﬂeﬁCTBHﬁ CO CTCIICHAMU U

e’ ="V =e*.e% =e"(cosy +isiny).

Eciu X =0, To umeer mecto gpopmyna Diinepa:
e’ =cosy +isiny.
Hcnone3ys popmyny Ditepa, moiydum eme oaHy (GopMmy 3almuch KOMILIEKCHOTO YHcia —

IMOKa3aTCJIbHYIO.

iArgz _ iargz

=|z|(cos p + isin @) =|2e'? =|2]e"M"® =|zle
OnepauHH Had 4YHuCJiaMU B IOKa3aTeJILHON (1)opMe
_ ip ip, oL Ay i(pr+po) _ i(argz;+argz,)
22, = p1€' 7 - py€'72 = pip, €' 71e'72 = pp, €TV =z [z, | ORI,
ip
A _PeT _ P i) _ \Zl\ei(argzl—argzz)

Zy pze"” P2 2]
(pel(p) mgo H margz
P+27K arg z+27K

Uz =0 =t/p.e 0 = \z\.ef,mek:o,1,2,...,n—1.

z o
IokasartenbHas GpyHKIMs KoMIiekcHoro nepemennoro z f(z) =e° apnserca nepuomuueckoit

¢ epuoioM 2 7Ki, Tak KaK
f(z+ 27ki) =22 —e? . o2 =7 (cOS27K +isin27K) =€?,
re. T(z+27Ki)=f (Z)
Ecm 2 =0, 0 €2 =1y 2% =1

Ipumep: Kommnekcroe uncno Z =—2 + 2~/3l npeacTaBuTh B TPHTOHOMETPUYECKOi (hopMe.

Pemrenue: 3mech x = -2, Y = 2+/3. Tlo popmyne I = ‘Z‘ =4/ X% + y2 :

MoJIy4yaem

r= \/( —2)? +(243)? =4 +12
ITo hbopmynam

coswzfz—x 'singo:X— y

r x2+y2 r /X2+y2



MOJy4aemM

COS ——g——l'sin _3
P T Ty

Tak xak COS @ = —%, TO P = iaI’CCO{— %) + 27K, T.e.

2
§0=i§72'+2ﬂk, keZ
rae Z — MHOKeCTBO menbix uncen (0, £1, £2, ...).
[Mockonbky ¢ npunamiexur |l gyetBepru, T0 @ = Argz = §ﬂ + 27K, a riaBHOE 3HAuUCHUE

2

aprymeHra @ = 5” .
[TosTOMY YMCIIO Z B TPUTOHOMETPUYECKOH (OopMe UMEET BUJL
2r . 27
Z =4(cos — +sin —).
3 3
Mo’kHO HCTI0Ib30BaTh U Apyrue 3HaueHust Argz:

:4@D{%;+2dq+iﬂ{%§+2dq}k:OiiiZm

Hpumep: [IpeacraButs uncna Z; =—1+ i\/f_?) , Z, =1—1+/3 B Tpuronomerpuueckoit hopme.

Pemenue: Tak kxak I’lz\/(—l)2+(\/§) =2, tg¢1——£ \/_ wo Yy >0, x<0, 10
ecth @ :gﬂ, TO 21:2(C0327r+isin§72'), a =1+ ( \/é) =2,

tg(pzz—é V3,10 y<0, x>0, ToeCTL(pZZ—% TO ZZ—Z(COS( §)+I8In —%J

7

H[ZI/IMG[Z: Haiitu , IPEABAPUTCIILHO 3allMCaB KOMIIJICKCHBIC YU CJIa B

L13
TPUTOHOMETPUUECKOH (hopme, ecnu Z = 1+1, Ly = \/§ +in i3 = 1+ \/§i .
Pemenue: YuutsiBas uto, — 77 < (0 < 77, HailieM MOJIeNIb U apT'YMEHT KaXXJJOr'0 KOMILIEKCHOTO
YHuCiIa:

JJIA Zl rl = V12 +12 :\/5, gpl :arctgl:%,

s Zy Ty = @@Y+f 2n¢2_magJ_ 6

ISt Z3ZI‘3=\/12+ \/§ :anog:arctg\/_zg.

Torma 3agaHHbIC YKCIa B Tle"OHOMCTpH‘-ICCKOﬁ (bOpMC HUMCIOT B

2. =+/2(cos = +isin 2), 7, = 2(cos = +isin =), 7, = 2(COS = +isin =) .
1 ( 1 4) » = 2( : 6) 3=2( 2 3)

CrnenmoBarenabsHO,



T . . T T . . T T . . T
Zo -2, =2(COS—+1SIN—)-2(coS— +1SIn—) = 4(coS(— + —) +1SIn(— + —)) =
223 = 2(C05°. 2) - 2(cos” 3>((g3) (+3)

= 4(cos£+ isinz).
2 2
Torna

7T ... T
_ﬁ(cos4+|3|n4) \/5-

Zy TN ... T T

= = (cos(—r——)+|sm(———)):

223 pcos” +isin”) 2 4 2 4 2
2 2

V2

Ty . . T
:T.(Cos(_z)ﬂsm(—z))-

[Ipumep. Haiitn %/1 .

+27Kk .. 0+ 27K
+isin )

— 0
Pemenue. 3/1=3/cos0 +isin 0 = cos

Ipu k =0,1,2 nonyuarorcs kopuu

oy =Cc0s0+isin0 =1,

alzcosz—”+isin2—”:l(—l+i 3),
3 3 2

oy :cos4—”+isin4—7[ =1(—1—i\/§).
3 3 2

IMpu k=3 a3 =0c0S27 +1SiN 27 =1, uto cosmamaer ¢ av. Bce mociemyronne KOpHH

OyZAyT MOBTOPATHCS, TaK YTO PA3IMUHBIX KOPHEH OyeT TOJIBKO TpH.
Bonpocwut u 3a0auu:
1. HaiiTi neficTBUTENbHYIO U MHUMYIO YacTH YKcCiIa
N3 \5
1-i (L+1)
a) o . D 6) A3
1+1 (]_ —i )

2. Haiiti MOZyJb M apryMEeHT KOMIUIEKCHOTO YHCITa

2) 1+i'% 6) —cos%+ i sin ?,B) @+i)-a-iva)".

3. Brlnoanure apI/I(bMeTI/ILIeCKI/IC JEUCTBUS Had KOMILJIEKCHBEIMH YHCIIaMHU. I/I306pa3I/ITC HaliIeHHbIE
YHCIa Ha KOMIIIEKCHOM IIIOCKOCTH.

L+ V3if —60+2i J2-2i) +72+4i
1'1'\/ (2-i)f —6+9i 1'2'\/ @-2i)+5i
(2+3i)° —(2-3i)° (2-i)° -3

1.3.6\/ 48-(1+i)10 . 1.4.2 (—]_+i)8 .

e 3\/(1—2i)3+(1+ 2i) s 3\/33-(2+2i)5

44-(1+i) (1+3i)°14



1.7. 4/-128 + 1284/3 . L+ i\/_

R (e
~8+i843. S
1.10. 4 5
111, 4/-128 - 1283 . 112, 48— |8\/§
(1+J§|6 60+ 2i -
- (2-if-6+9 2
15 \/(1+J§|6 60+ 2i 1.16. 4/-128 —128+/3 .
(2-iY-6+9i
117 Y-8i. 1183\/1 2i )’ 1+2|3
6
Lm.d@zJj; 60+ 21 120i/2122+7i:43
2—i) —6+9i i) + 5i
6
Lol i/(lz_\/—l))i% 60+2i L9 6(2+3| . 2 3|) |
2—i) —-6+9i i)
6
1.23. \/(1(+f'))3 60+21 124\/212'2”2;4'.
2—i) —-6+9i i) + 5i
1.25.. 126i/1+\/§| — 60+ 2i
’ 2—i)-6+9i
1.27.6(2+3i)2_(2;3i)2. 12 _2#.
48-(1+1) (-1+i)

4 V300pa3ute HaliZICHHBIC YMCIIa HA KOMIUIEKCHOM TIOCKOCTH:

\/(1+J§|) — 60+ 2i

1 (2-i)-6+9i
(2-2i) +72+4i

6)3\/ (1—2i) +5i

) fi/(2+3i)2 —(2-3if

48-(1+1i)°

Ilpakmuueckoe 3anamue 4. /leiicmeusn nao mampuyamu.

Ilens: BbIpabOTaTh yMEHHE NPUMEHSATH AJNTOPUTM BBHIMOJIHEHUS JCHCTBUM HajJ MaTpuUllaMd Ha
MIPaKTUKE

Cooepicanue:
MOHSTUE MATPUIIBI, BUJIbI MaTPHLI,



AJITOPUTMBI CIIOKEHUSI MAaTPHLI, YMHOKEHUS MAaTPHUIIBl HA YHCII0, YMHOXKCHHS MaTPHII.
Teopemuueckan uacmo:

[TpsamoyronbHas Tabauma U3 M - N Yucen, coxepkamas M — CTPOK U N CTOIOIOB Ha3bIBACTCS
mampuyeti 1 0003HaYaeTCA

a, a, a, a, a, - 4,
a a cee a a a ces a
A=l 2 anll o A=| O 2 2n
a'm1 a'm2 U a‘mn aml amZ e amn
WJIK KOPOTKO Matpuily o6o3nauarot 4 = || aij ||, 1= 1,2,..., m; j=1,2,..., n.

Crio)xeHue MaTpHUIL
IlycTe nansl ABe MaTpullbl 4 U1 B 0quHaKoBOro ctpoeHus. Mx cymmon Ha3piBaercst matpuna C =
A + B TOTO0 %€ CTPOCHHUsI, JIEMEHTHI KOTOPOU paBHBI CyMMaM COOTBETCTBYIOIIUX 3JIEMEHTOB MaTpHI A
u B, 1.e. ecu A = ||aij||, B = ||bij||, To 4 + B = C = ||cij|-
1 -2 5 2 1 -3

I1 . A = y B = ’
pumep 4 1 3 1 — 2 4 TOTrga

1+2 -2+1 5-3 3 -1 2
A+B=C= = )
4+1 1-2 3+4 5 -1 7

OTMmeTHM, 4YTO CKJIaJbIBaThb MOXKHO TOJBKO MATPHUIBl C OJMHAKOBBIM YHCIOM CTPOK U C
OJIMHAKOBBIM YHCIIOM CTOJOLOB. JleiicTBHE CIIOKEHUS MATpHUI] MOKET OBITh PacHpOCTPAHEHO Ha
cirydait 1000ro KOHEYHOTO YUCIIa CIIaraeMbIX OJIMHAKOBBIX CTPOCHH.

Pasnocteio B - A matpunl B u A (0AMHAKOBBIX CTPOEHUI) Ha3bIBAETCS TaKasi MaTpuia X, 4To

A+ X=B.
- A 2 1 4 B - 3 5 7 T
arpumep, A = 2 3 1) “lo _1 4) orja

3 5 7 2 1 4 1 4 3
X=B-A= — = .
2 -1 4 -2 31 4 -4 3
Martpuna O, Bce 31eMEHTBI KOTOPOU paBHBI HYJIIO Ha3bIBacTCs HyJIeBOM MaTpuueid. OueBuHO, 4
+0=4, A-4=0.
Pa3znocth O — 4 o003Hauaercs yepe3 —A4. MaTpuna —A4 Ha3bIBACTCS NPOMUBONON0NHCHOU MATPULIE
A.
YMHOKEHHE MaTpUIL.
a) YMHOXEHHE MaTpUIbl Ha YnciI0. YTOObI yMHOXKHUTH MaTPUILy HA YUCIO O, HAJ0 YMHOXKHUTh Ha
9TO YHMCIIO KaXKJIbI 3JIEMEHT MaTpPHULIbL:

ol aij || = eai |
2 -1 2 -1 6 -3
[Ipumep. Az( ] a=3, adA=3 =
3 5 3 5 9 15

06) YMHOXX€EHUE ABYX MaTpHII.

YMHOXeHHe MaTpullbl B Ha MaTpuily 4 BO3MOXKHO TOJIBKO B TOM Clly4yae, KOTJla YUCIIO CTOJIOIOB
B MaTpule B paBHO YUCIYy CTPOK B MaTpule A.

Onement matpuiisl C = B - A, pacrionoXeHHbIH B i-0# cTpoke u j —oM crtoibie (1.e. Cij) paBeH
CyMMe TPOM3BEJICHUI 3JIEMEHTOB | — Oif CTPOKM MATpHIlbl B Ha COOTBETCTBYIOIINE 3JIEMEHTHI | — T'O
CTOJIOIA MAaTPUIIBI A.

Crnenyer OTMETUTh, YTO YMHOXXEHHE MaTPUIl HE KOMMYTAaTUBHO, T.€. AB # BA.

1 2 -2 1

arpuMeEp _ 1 3 n 3 5

HNmeem



ap 1 22 1_(1(D+23 114253 (4 1
' _(—1 3][3 5]_[—1-(—2)+3-3 1.(—1)+3-5)_[—11 14}

aoa ("2 11 2)_(-21-11 2:(-9+18)_(-3 -
(3 5)-1 3) (3.1+5:(-) 3.2+53 ) (-2 21
AB # BA

Bonpocwl u 3a0auu:
3anava 1. JlaHbl KBajipaTHBIE MaTPULIBI 2—OT0 OPSAIKA

a=(os) w m-(13)

Beruncaure cienyromuye BoIpaKeHUS:
a) A+B;

0) A-B.

3anayva 2. JlaHbl MaTpUILIbI

5-21 2 23 1-12 -2
A= 1 04| B=|-1 41| Cc5 0 14| D:(—123), F=| 3].
-3 72 5-30 -5 36 1

Berunciure cienyromuye MaTpu4HbIe BRIpaKEHUS (€cH Kakas—HUOYIb onepalus He Oonpe/erieHa,
OOBSICHUTE, TTOYEMY):

a) A+B;

0) B-D;

B) A+B-C;

r) AT+B;
J) DT+F;

¢) FT+A,
3aymaya 3. JlaHbl KBapaTHBIE MATPUIIBI 2—OT0 TTOPSIIKA

2 a2y

Breruucnure crnenyroniye BhIpaKeHUs:
a) A-2B;

0) 3A+2B;

B) 2A-4B.

3anaua 4. JlaHbl MaTpUIbl

521 2 23 1-12 2
A=| 1 04| B=[-1 41| c=| 0 14| D=(-1,23), X=| 3|
3 72 530 5 36 1

Boruncnute cneayroniye MaTpuUuHble BbIpakeHUs (€ciau Kakas—HUOYIb oIepalusi He OIpejesieHa,
OOBSICHUTE, ITOYEMY):

a) 2A+B;

6) 2B-D;

B) A+2B-3C;

r)3AT+B:

1) D1 +2X;

e) 2X-D.

3amada 5. [laHbl KBagpaTHBIE MATPULIBI 2— OT0 MOPSIKA

21 1 0
A= (o 3) m B= (—1 —2)
Bremaucioure A'B, B-A u A-B-B-A.
3agava 6. [laHbl MaTpuUIbl



5-21 2 23 1-12 123 -2
A= 104,B: —141,C: 014,D:(045), F= 3
-3 72 5-30 -5 36 1
3amaua 7. BeruucnuTe cieayrompe MaTpUYHBIE BBIPXKEHHsS (€CIu Kakas—HHOyIb omepaius He
ompesieneHa, 00bsICHUTE, TIOYEMY):
a)A'‘B u B-A;
6) D-C u C-D;
B) A'F u F-A;
r)D-F u F-D;
n) F-A;

Q) FTA.

Ilpakmuueckoe 3anamue 5. Bviuucnenue onpedenumeneii paznoxceHuem no 31emMeHmam cmpoKu
(cmonouya).
I[ens: BoIpabOTATH YMEHHE IPUMEHSTH aJITOPUTM BBIUYUCIICHHS ONIPEACTUTENS N-TO MOPsIKa
Cooeporcanue:
MUHOD, aIredpandeckoe JONOTHEHUE dJICMEHTA
QJIITOPUTM BBIYUCIICHUS OTPEACIUTENSI N-TO MOPSIIKA
Teopemuueckan uacmo:

Brrurciienue onpeaenuTenei

Ecnu B MaTpuIle 4MCIIO CTPOK PaBHSCTCS YHUCITY CTOJOIOB, T.€. M = N, TO MaTpUIla HAa3bIBACTCS
K8aOpamHol.

a, a, - a,

A=| 2 2 2n

d a

OHpeI[eJ'II/ITeJ'IL, COCTaBJICHHBIM M3 DJIEMEHTOB KBaHpaTHOﬁ MaTpUuIbl (663 HepeCTaHOBOK)
Ha3bIBACTCA ONPCACITUTCIIEM MAaTPHUIIbL A.

nl n2 7 nn

all alZ aln

a a a
A(A) — 21 22 2n

a, 4a, - a,

BaMeTI/IM, 4YTO HC KBaJApaTHasA MaTpula HC UMCCT OIMPCACIIUTEIIA.
Yucno ai1 a2 - az1 a1z Ha3bIBAETCS OIPECACIIUTECIICM BTOPOI'O MOpAAKA U 0003HaYaeTCss CHMBOJIOM

a;,

A= =385 —a3,3, .

a, ady

OnpenenuresieM TPETHEro MOPSIKa Ha3bIBAETCS YUCIIO:

a, a4, ag

A=l|a, a, ay|=2a;8,85; +8y858;3 +8,8,85 —838,8;3 —8;;858,; —8,8,383
Ay Qdzp Ay

Cxemarnuecku ¢hopMyIta 1 51 BRIMUCICHUS OMPEACIUTENS TPETHETO MOPSIKA BBITJISIUT TaK:
a;; 8 4
Ay 8p Ay|=
Ay Qdp agm 1

Onpenenuresib TPETHETO MOPSAKA TAKKE PAaBEH CyMME IMPOU3BEACHUN 3JIEMEHTOB HEKOTOPOM
cTpokH (cTondIa) Ha anredpanyecKue JOMOIHEHHS STHX AJIEMEHTOB, T.€.



A= anAu +a,, A12 +313A13; A= anAu +a21A21 +a31A31
A= ay A21 +ay A22 +ay A23 ; A=a, A12 +ay A22 +ag A32

A= a31A31 +asj A32 +a33A33; A= a13A13 +3-23'6‘23 +a33A33
Hanpumep, paznoxxeHue onpeaenuTens 1o 3JIEMEHTaM IEPBOM CTPOKH:

a'22 a'23 a‘Zl a'23 aZl a22

A=ay, '(_1) o +ay, - (_1) 2 +a; '(_1) e

32 33 a31 a32

=4y, (3-22 Az —dy azs) —ap; (a21a33 —dzdy ) +a;, (a21a32 —dzdy ) =

=818, 853 72,85 85; +81385 85, — 8185853 — 8,85 853 — 843853y
PasnoxxeHueM mo 3jeMeHTaM CTPOKH MJIA CTOJIOIA MOYKHO BBEIYHCIINTH OIIPEACIINTECIIb JIF000r0
nopsiaka. B xauectBe IIpuMepa pacCMOTPUM OIPEACIUTCIIb YCTBEPTOTO HOPsAKA U PA3I0XKHUM €ro 1mo

3JIEMEHTaM IEPBON CTPOKHU:
1 -1 2 3

31 33

L1 14 1 -1 4 1 -1 4
- —1-(=D)*3 1 3+(-D)-(-D*2]2 1 3+
A (--(-D
1 0 5 3 0 5
3 1 0 5
1 1 4 1 1 —
+2.(=D™%2 3 3+3-(-D™*]2 3 1|=1(5+0-3-4-0+15)+
315 31 0

+1(5+0-9-12-0+10)+2(15+8+9-36—-3-10)—3(0—2+3+9—0-1) =

=13-6+2-(-17)-3-9=13-6-34-27=-54

PaccMoTpeHHBIN onpeenuTens MOKHO BBIYUCINUTH IPYTMM CIIOCOOOM. A MMEHHO, YMHOXKUM
3JIEMEHTHI TMEpBOH CTPOKM Ha (-1) W CIOXKHUM C 3JIEMEHTaMU BTOPOH CTPOKH, 3aTe€M YMHOXXUM
3JIEMEHTHI MEPBOIl CTPOKHU Ha (-2) U CIOKHUM C COOTBETCTBYIOIIMMHM 3JIEMEHTAMU TPEThEH CTPOKH H,
HaKOHELl, YMHOXHM 3JIEMEHTHI IEPBON CTPOKH Ha (-3) U CIOKUM C COOTBETCTBYIOIIUMHU C AJIEMEHTaMHU
yeTBepToi cTpoku. Torna noayyum onpenenuTeiasb 4-ro nopsjika, B MIepBOM CTOJIOIE KOTOPOIrO CTOST
HYJIA, KpOME NIEPBOM CTPOKH, T.€. UMEEM OIPEIEIUTEIND:

1 -1 2 3 e 4

0 2 -3 1

0o & _3 _g - nAu=1[5 -3 -3=24-30+36+12-36-60=-54
4 -6 -4

0 4 -6 -4

Bonpocwet u 3a0auu:
21 1 0
3anava 1. [lanbl KBazpaTHBIE MaTPULBI 2— OT0 NopsiAKa A = 03)H B= 1 _92)

Beruucnute ciaenyronue BoIpaXeHus:

a) detA;

0) detB

B) det(A-B).

[Tposepsbte, uro det(A-B)= detA-detB.

3anada 2. [laHbl KBagpaTHbIE MAaTPULBI 3— IO OPsIKa

5-21 2 23
A= 1 04 u B=|-1 41
-3 72 5-30
Brruncnure CJICAYIOIUC BbIPAKCHUA:
a) detA;
0) detB

8) det(A-B).



[Tposepsbre, uro det(A-B)= detA-detB.

2 3 5 1 1 1 1 1 1
3amaua 3. Berumcaumte ompemenurenun: a) (1 4 —-2(; 6) |[x y z|;B) [l 1+a 1 /|; 1)
-10 1 x> y? z° 1 1 1+b
1 -1 2 3 =2
-5 1 -4 1
1 1 -1 2 1
14 - 5-)2 1 3 -2 1
41 -8 -1
3 2 1 -2 3
3 2 6 2
-2 1 3 4 5

Ilpakmuueckoe 3anamue 6. Oopamnas mampuua.

Ilens: BbIpaOoTaTh YMEHHNE IPUMEHSTH AITOPUTM ITOMCKA OOPATHOI MaTpULIbI

Cooeporcanue:

oOpaTHasi MaTpuIla, BBIPOXKICHHAS MaTpHIa, NPHUCOCIUHEHHAs MaTpulla, TPAHCIIOHMPOBAHHAS
MaTpHUIIa;

QJIITOPUTM MOUCKA 0OpaTHON MaTpPHULIBI.

Teopemuueckasn yacmao:

[TycTh 3a1aHO HEKOTOPOE YKCIIO a U MYCTh CYIIECTBYET TaKO€ Yuciao m, yTo am = 1. Yucno m B
3TOM ciy4yae Ha3bIBaeTcs O0OpaTHBIM IS a. Ecnu, Temneps, pacCMOTPUM KBaJIpaTHYIO MaTpHIly N-TO
nopsAJKa, To enuHUYHas Marpuua E Oyner urparb posb ennHuibl. EcTeCTBEHHO MOCTaBUTH BOIIPOC O
CYLIECTBOBAHUM OOpPaTHOW MATPHIIbI, T.€. TAKOW MATPHUIIBI, KOTOPasi B MPOU3BEICHUU C JaHHOH HaeT
eAMHUYHYIO MaTpuny E.

[Tycte A — xBagpaTHas MaTpuia n-ro nopsnaka. KBaapatHas matpuna X (TOro ke mopsaka n)
Ha3bIBaeTcs oOpaTHoit s A, ecniu AX = XA =E.

KBagpaTHas marpuiia n-ro mnopsjaka Ha3bIBaeTCsd OCOOCHHOM (BBIPOXKAEHHOMN), eciau ee
onpenenuTenb paBeH Hymo. Ecim ke A (A) # 0, To A Ha3pIBaeTCsi HECOOCTBEHHON (HEBBIPOKICHHOM )
MaTpULEH.

Jlns HaxoXaeHust 0OpaTHOW MaTpPHUILIbI, PACCMOTPUM MAaTpPUILY TPETHEro MopsaKa

a, a, a; a, a, a;,
A=|a, a, a, A(A)=la, a, a,/ =0
a, a, a; 1 nyeTh a, a, a,;

O6parHoii MaTpuneit A 6yer MaTpua:
Ar A Ay

i} AAQ AAZZ AAQ B A A

Sl T Y R
A, A, A, A, Ay Ay
A A A

rjae Aij ecTh aredpandecKkoe JOTOHEHHE dIeMeHTa aij onpenenutens A = A (A).
[pumep. Haittu o6pathyto Matpuiy A, eciu

2 2 3
A=|1 -1 0
-1 2 1

Pewenne: Haiinem onpenenurens MaTpULIbI



2 2 3
A=l1 -1 0=-2+6+0-3-0-2=-1#0

-1 2 1
Haxonuwm anrebpanveckue JOTOTHEHUS
21 ? -1 1 S )
A :_‘2 3=—(2—6):4 A :‘2 3‘:5 :_‘2 2‘:—6
' 2 1 -1 1 ? -1 2
a |2 3.3 A :_‘2 3‘:3 A :‘2 2]J:_4
-1 0 ? 10 ol -
CnenoBaTeibHO,
A, A, A -1 4 3 1 -4 -3
% A, A, A, —il -1 5 3|=/1 -5 -3
At= Ay Ay Ay 1 -6 -4 -1 6 4

[Tposepka: A A-1=E
2 2 3Y1 -4 -3 2+2-3 -8-10+18 -6-6+12
1 -1 0|1 -5 -3|=| 1-1+0 -4+5+0 -3+3+0 |=

-1 2 1)-1 6 4 -1+2-1 4-10+6 3-6+4
1 00

=0 1 0|=E
0 01

Bonpocwet u 3a0auu:
1.3angana kBagpaTHas MaTpHIla 3— TO MOPsIIKA, HAUTH OOPaTHYIO MaTpUILy.

231) (430 (001)(123
342(,/110/(,/281||456
112) loo1)\142)\7809

2.MoseT 11 MaTpHIla UMETh JIBE OOpaTHBIX?

8 6 41 93
3. Pemiuth MaTpuyHOE ypaBHEHUE - X = = .
1 2 48 155

i —le.x_il‘;j:ﬁ?
o 0ol

Ilpakmuueckoe 3anamue (. Panz mampuyol.

I[ens: BeIpabOTATh YMEHHUE IPUMEHSTH AITOPUTMBI BEIYMUCIICHHUS PaHTa MaTPHUILIBI

Cooepicanue:

MUHOP MaTPHUIIbI, pAaHT MaTPHUIIbI, SJIEMEHTapHBIE IPE0Opa30BaHUs MATPUII, CTYIIEHYATass MAaTPHUILIA;
METO/]T OKaMJIIOIIUX MUHOPOB, METO/T 3JIEMEHTapHBIX TPeoOpa30BaHUH.

Teopemuueckaa yacmo:




PaccMOTPHM HEKOTOPYIO, He ofsazamensHo kéadpamuyio Matpuity A. BeibepeM Kakue-HHOYIb
S HOMEpOB CTPOK |1, |2, | U S HOMEpOB CTOJIOIOB Jl’ j2, ,js.
Omnpenenenue. Munopom nopsioka S MaTpHIIbI A (COOTBETCTBYIOLIMM BBIOPAHHBIM CTPOKaM U

cToyI0IlaM) Ha3bIBACTCSA ONPEACIUTEIb HOpsaAKa S, 00pa30BaHHBIA JIIEMCHTAMH, CTOSIIAMH Ha
repeceyeHnH BhIOPAHHBIX CTPOK U CTOJIOLIOB, T.€. YHUCIIO

Qj, Xy, o Qi

M i_1---i3_ _ aizjl aizjz PY
JiJs

Agj, A, A, j,

Kaxmas MaTpuiia MMeeT CTOJbKO MHHOPOB JaHHOTO IMOPSAKA S, CKOJBKMMH CIIOCOOaMHU
MOJKHO BBIOpPAaTh HOMEpa CTPOK |1, |2, ,Is M CTOJ0II0B jl, J2, Js-

Ompenenenne. B marpue A pasmepo M X N murOp mopsiaka S HA3BIBACTCS OA3UCHBIM,
€CIIM OH OTJIMYCH OT HYJIsL, @ Bce MUHOPBI opsiaka S + 1 pasmsr mystro mmm MurOpoB mopsaka S+1 y

MaTpulbl A B006H_[e HCT.
HCHO, 4YTO B MAaTpuuc MOKCT OBITH HECKOJIBKO Pa3HBIX 0a3UCHBIX MHUHOPOB, HO BCC 0a3uCHBIE

MHHOpPBI HMEIOT OJIMH U TOT e TOPSI0K. JlefiCTBUTEIBHO, eCTi Bce MUHOPE! opsiaka S+ 1 pasmsr

HYJIIO, TO PaBHBI HYJIIO U BCE MUHOPHBI Iopsiika S + 2., a, CIIeN0BATEIBHO, U BCEX OOMBIINX MTOPSIIKOB.
Onpenenenue. Paneom mampuysl Ha3bIBaeTCs MNOPSINOK O0a3MCHOrO MHUHOpPA, WJIM, HHAue,

camblii OOJIBILION MOPSAJOK, JUIsI KOTOPOrO CYIIECTBYIOT OTJIMYHBIE OT HYJs MHHOpPBL. Eciau Bce

3JIEMEHTBI MAaTPUIIBI PABHBI HYJIIO, TO PAHT TAKOW MaTPHULIBI, 110 ONPEAEICHUIO, CYUTAIOT HYJIEM.

Panr matpuisr A Gyaem 0603HAYATH CHMBOJIOM r(A) . VI3 onpenenenus panra cieayer, 4To

st matpuisl A pasmepos M X N cripasenmieo coorromenne 0 < I"(A) < min( m, n) .

PaccmoTpum criocoObl BBIYMCIIEHUST PAaHTa MATPHUIIBL:
a) Memoo okatmaaowux MUHOpo8

ITycts B MaTpuue Haiinen murop M K -ro nopsijika, OTJIMYHBIN OoT Hyns. PaccMoTpuM nuiib

T€ MUHOPBI (k —I—l) -TO TIOpSIAKA, KOTOPBIE cofepxkar B cebe (okaitmsror) Murop M : eciu Bce onm

paBHBI HYNIO, TO PaHI MaTpPUIbl paBEH k.B MIPOTUBHOM CIIy4ae Cpeu OKaiMIISIOIIMX MUHOPOB
HalJeTCs HEHYJIEBOM MUHOD (k —I—l) -I'o MOpsiZIKa, U BCS NPOLEAYPA TOBTOPSAETCS.

[Ipumep. Haittu panr maTpuibl A METOJIOM OKAMMIISIOIIUX MUHOPOB.

-1 2 3
A=|-2 5 4

-3 7 7
-1 2

BribepeM MUHOp BTOpOro mopsijaka M2 = #0. CymiecTByeT TOJIBKO OAMH MHUHOP

TPETHETO MOPAIKA, OKAHMIISIONINI BEIOPaHHBIH MUHOD M o . Beraucnum ero.

-1 2 3
My=-2 5 4=(-1)-57+2-4-(-3)+3-7-(-2) -
-3 7 7

~3.5.(=3)—4-7-(=1)—2-(-2)-7=-35-24—42 + 45+ 28 + 28 = 0.



3naunt, munop M o OA3HCHBIN, a paHT MATPHIIBI PABEH €TO MOPSIIKY, T.€. r(A) =2.

ScHo, yTO MepedupaTh TAaKUM CIIOCOOOM MHHOPBI B TOUCKaxX 0a3MCHOTO — 3ajaya, CBsI3aHHAas C
OOJNBIIMMH BBIYUCIICHUSIMU, €CIIM pa3Mepbl MaTpuilbl He oyeHb Maibl. CymiecTByer, ogHako, Ooiee
MIPOCTOM CITOCOO HAXOKJICHHS paHTa MAaTPUILIbl — IIPH MIOMOILU 3JIEMEHTAPHBIX TPE0Opa30BaHU.

0) Memoo snemenmapnvix npeodpaz0earHull

Onpenenenue. JreMeHMAapHbIMU NPeodpA306AHUAMY MAamMpuysbl HA3BIBAIOT CIEAYIOLINE
npeoOpa3oBaHus:
1) yMHOXXEHHE CTPOKH Ha YHCII0, OTIMYHOE OT HYJIS,
2) npubaBJICHUE K OJJHOI CTPOKE APYTOil CTPOKH;
3) mepecTtaHOBKY CTPOK;
4) Ttakue xe mpeoOpa3oBaHuUs CTOJIOIIOB.

[IpeobpazoBanus 1 U 2 BRIMOJHSAIOTCS MOJIEMEHTHO.

KomMOunupyst mpeobpa3oBaHus MEPBOro U BTOPOTO BUAA, MBI MOXKEM K JIFO00H CTpOKE MpUOaBUTh

TUHENHYI0 KOMOMHAIINIO OCTAIbHBIX CTPOK.
Teopema. Dnemenmapnuvle npeobpazosanus He MeHAIMm paHea Mampuybl.

Hnes MMPAKTUYCCKOIo MCTOJa BBIYHMCICHHUA paHIra MaTpHUIbI

A 9 A
dy Ay ayn
A=
aml a-m2 amn
3aKITFOYAETCS B TOM, UTO C TOMOIIBIO DIEMEHTAPHBIX Pe0OpasoBaHmil TAHHYI0 MaTpHIly A MPHBOIAT
K BULY
bll b_LZ b1r b1,r+1 bln
O b22 'R b2r b2,r+1 ' b2n
B=| 0 0 brr br,r+1 brn
0] 0] 0] 0] 0
0] O .. O 0 ... 0O
B KOTOPOM «IMATOHAILHBIE» DJIEMEHTHI bllf b22 N brr OTJAMYHBEI OT HyJs, a DJIEMEHTEL,

PACIIOJIOKCHHBIC HMWIKE «AUarOHaJIbHBIX), PaBHbBI HYIIIO. VcaoBuMcs Ha3bIBATh Marpuny B TaKoIo
BHUaa TpeyFOHBHOﬁ (I/IHa‘-IC, €€ Ha3bIBArOT I[HaFOHaHBHOﬁ, TpaHeHHCBHﬂHOﬁ nin JICCTHPI‘IHOI\/'I). ITocne

IpUBEICHAS MaTPHIEl A K TPEyroabHOMY BHILY MOYKHO Cpa3y 3aIlicaTh, 9TO r(A) =r.

B camowm gere, r(A) = I"(B) (T.K. PJIeMeHTapHbIe TPeoOpa3oBaHUs HE MEHSIOT panra). Ho y

matpuisl B cymectByer oTnmamsiit ot Hyms MurOp mopsaka I

by by o by

0 by .. b
= 1=byy by .. -by =0,

0 0 ..hb,

a mo6oit muHop mopsiaka I' +1 conepsxur myneByro crpoky 1 mostomy paBen Hysmo.



CdopMyTHpyeM Tereph MPAKTHUCCKOE Npasuio ebluucienus panea MaTpunsl A ¢ moMonisio
SJIEMEHTAPHBIX MPEOOPa3OBaHMA: JUI HAXOXKICHHS paHra Martpumbl A cleayeT ¢ MOMOIIBIO
3JIeMEHTAPHBIX TIPE0OPA30BAHHil MPUBECTH ¢e K TpeyroasHoMy Buxy B. Torma panr marpumsr A
OyJIeT paBeH UHCITY HEHYJIEBBIX CTPOK B MONy4eHHON MaTpuie B .

[Ipumep: HaliTu panr MaTpuubl Awmeronom AIIEMEHTAPHBIX IPEOOPA30BAHMIA:

2 -5 8 5
1 -2 3 4
A=
~1 2-3-4
3 -7 11 9

Pemenue: [TomeHsieM MecTamMu MEpBYIO U BTOPYIO CTPOKY (T.K. IIEPBBIN 3JIEMEHT BTOPOM CTPOKU —1 U
Cc Hell OyzeT ynoOHO BEITIOIHATE IpeoOpazoBanus). B pe3ynbpTare moxydnM MaTpuily, SKBHBAJICHTHYIO
JTAHHOH.

1 -2 3 4
2 -5 8 5
A=
1 2-3-4
3 -7 11 9

O003HaUNM i -TYIO CTPOKY MaTpulbl — Ci . Ham HCO6XOI[I/IMO IMPUBCCTU UCXOAHYIO MaTpuly K

TpeyrojabHoMy Buay. llepByro cTpoky Oynem cuuTarth Beayllel, oHa OyaeT ydyacTBOBaThb BO BCEX
peoOpa3oBaHUAX, HO cama OCTaeTcs 0€3 N3MEHEHUH.

Ha nepBom 3Tarie BbIIOJIHUM NpeoOpa3oBaHMsl, MO3BOJISIOLIME MOJYYUTh B IIEPBOM CTOJIOLE HYJIH,
KpoMe mnepBoro snemeHTa. [[ns 3Toro u3 BTOPOM CTPOKHM BBIUTEM NEPBYH), YMHOXEHHYIO Ha 2

(CZ —2C1) , K TpeTbeil CTpoke MpuOaBUM MEPBYIO (C3 + Cl), a U3 TpeThel BBIUTEM NEPBYIO,
noxennyto Ha 3 (C; —3C,). Tonyuaem mar HITy, paHT KOTOPOM COBIIaJaeT ¢ PaHIOM HaHHOM
ym Yo 3 1 y4 puly, p P p

Matpuibl. OG03HaunM ee Toit xe 6yksoit A:

1 -2 3 4

0 -1 2-3
A= .

0O 0 0O

0 -1 2-3

Brrurem u3 uerBepToii cTpoku BTOpyro. IIpu aToM nmeem:
1 -2 3 4
0O -1 2-3
A=

O 0 O O
O 0 O O

Honyqua MaTpuna TpEYToOJbHOI'O BHUJA, U MOXHO CHCJIATH BBIBOH, 4YTO r(A) = 2, T. €. HUCITY
HCHYJICBBIX CTPOK. KOpOTKO PCeHICHUC 3a1a41 MOXKHO 3alliuCaTh CICAYIOIIUM 06pa30M:



2 -5 8 5 1 -2 3 4
1 -2 3 4 C;xCy 2 -5 8 5 C2-2C1,C3+4C4,C3-3C,

~1 2-3-4 ~1 2-3-4
3 -7 11 9 3 -7 11 9
1 -2 3 4 1 -2 3 4
0 -1 2-3| ¢, |0 -1 2-3
EE— .
0 0 00 0 0 00
0 -1 2-3 0 0 00

Bonpocwt u 3a0auu:
Bb4ucauTh paHr MaTpULbl ABYMS CIIOCOOaMU: C MIOMOIIBIO 3JIEMEHTAPHBIX MPEOOPa30BaHUA U
METOJ0M OKAMMIICHHS] MUHOPOB.

1 -6 2 4 8 1 2 -7 13 0
A=|-3 18 -6 =12 -24;A=| 7 7 -6 3 12
0O 6 7 23 11 -16 -11 -17 56 -36
3 /7 -5 8 11 3 15 -9 20 7
A=2 -2 -5 1 O0;A=|3 -1 -6 1 2
9 41 -10 37 55 6 -18 -9 -17 -1
1 5 -4 13 0 -1 4 -1 10 -7
A=| -2 0 4 1 2, A=| 3 5 -14 2 2
0O -10 4 -27 -2 -103 64 -21
3 2 -9 12 0 9
A=|1 2 -5 12 ;A=|-2 4 6 11 8
5 6 -19 20 40 2 29 48 22 43
3 -5 2 4 1 5 -12 3 7
A=| 6 4 1 8 1;A=|2 5 6 -9 0
15 =11 7 20 7 520 -30 0 21

Ilpakmuueckoe 3anamue 8. Hccnedosanue cucmem JTuHEHbIX YPAGHEHUN HA COBMECIHOCHY.
Ilenw: BeIpaboTaTh yMeHUE uccienoBatb CJIY Ha COBMECTHOCTh

Cooeporcanue:

coBMmecTHas u HecoBMecTHast CJIY, onpenenennas u neonpenenennas CJIY, onnopoanas CIIY;
teopema Kponekepa-Kanennu, reopema o uncie pemenuiit CJIY.

Teopemuueckan wacmp:



JluHeHHBIM  (OTHOCHTENBHO HEM3BECTHBIX X, Xp,..., X)) Ha3pIBalOT anredpanvecKkoe
YPaBHEHHE TIEPBOH CTENEHM, T.€. ypaBHeHHe Buaa 4X; +ayXy +...+a X, = b, rne
dq,...,a,, b — uucna. Cuctema M nuHeliHbIX ypaBHeHH ¢ 1 HEM3BECTHBIMU UMEET BH/T
1% + 8%y +..F 8 Xy =By
2

QX + 8o X .o+ B X,y = b,
B 06H_I€M cnyqae qUucCcJo ypaBHeHI/Iﬁ B CUCTEMEC HEC 06}133TCJ'II)HO COBIIAAACT C YUCIIOM HECHU3BCCTHBIX: m

MOXeET ObITh MeHbIIlE, paBHO UK Gonbine yncia N . Yucna 4; j (BeIIeCTBEHHBIE MJIM KOMIUIEKCHBIEC)

HA3BIBAIOTCSA KO @uyuenmamu cucmemt, bi —  c60000nbiMu unenamu;  Xq, Xoy ooy Xy —

HeUu38eCmHbIMU.
CucreMy MOXKHO 3alucaTh B MAaTpUYHON (opMme:

AX=Db
X
A1 Ay 1 o,
a a ... a X _ | b,
e A—| 221 22 n | x=|"%| p=
aml am2 a-mn Xn bm
Ecmu bl = b2 =..= bm =0, 1o cucrema Ha3bIBaCTCA 0OHOPOOHON, B IPOTUBHOM CIIydae

OHa HAa3bIBACTCA HEO0OHOpOoOHoU. Matpuily A nassBator mampuyeu cucmemvl. Pacuupennot
Mampuyeii cucmemvl THHEHHBIX ypaBHEHHil Ha3bIBaloT Matpuily A, K KOTOpoil 100aBeH (crpasa)

cronGer cBOGOAHBIX WieHOB D . Takyro maTpuily Oyaem o0003HauaTh B JaJbHEWUIIIEM CHUMBOJIOM
(Alb).

Onpenenenne. Cucrema NUHEHHBIX YpaBHEHMI, HE UMeEIONIas HH OJHOTO PpEUICHHS,
HasbIBaeTcs Hecoemecmuou. Cuctema, oOmajmaromasi XoTs OBl OJHHM pEIICHWEM, Ha3bIBACTCS
COBMeCmHOU.

OTHOCUTEIHHO KAKI0W CHCTEMBI TUHEHHBIX YPABHEHUI MOTYT OBITh TTOCTABJICHBI CIICTYIOIINE
BOIIPOCHI:

1) CoBMecTHa 3aJaHHAs CUCTEMA WU HET?
2) B cnyuae, ecim cucteMa COBMECTHA, KaK OINMPEICIIUTh, CKOJIBKO OHA MMEET PEIICHUN — OJTHO WU
HECKOJIBKO?

Bormpoc 0 COBMECTHOCTH CHUCTEMBI TUHEHHBIX YPaBHEHUU MOJHOCTHIO PEIIAeTCs CIENYIOIIeH
TEOPEMOU.

Teopema Kponekepa-Kanennu. /[ns moeo umobsl cucmema auHelHblX yYpagHeHUutl Oblid co8Mecmuda,
HE0OX00UMO U OOCMAMOYHO, YMOObl paHe MaAmMpuybl SMOU cucmemvl Obll paseH pauey ee

PACUUPEHHOU MaAMPUYbL, M.e. Ymoobl r(A| b) = F(A)

Ecnu coBMECTHOCTH CHUCTEMBI JIMHEHMHBIX YPAaBHEHHH YCTAaHOBJIEHA, TO BO3HUKAET BOIPOC O
TOM, CKOJIbKO OHa MMeeT perieHuil. OTBET O Yucie PeleHU CUCTEMBbl JIMHEHHBIX YPaBHEHUN JaeT
clenymolas Teopema

Teopema (o uwmcne pernenuit). Ilycms onsn cucmemwvr M auneinvix ypasnenuti ¢ N
Heu38eCmMHbIMU 8bINOJIHEHO YCa08ue cosmecmuocmu, m.e. pave 1 mampuysr cucmemvl pasen paney ee
pacwupennot mampuysl. Tozoa, eciu pane mampuysl cucmemvl pager yuciy Heuzeecmuvix (I =1),
mo cucmema umeem eouHcmeeHHoe peuieHue. Ecnu owce pane mampuysl cucmemvl MeHvbuie 4ucia




neuzsecmuvix (F <N), mo cucmema umeem bOeckoneunoe MHOINCECMBO peuteHUl, A UMEHHO:

nexomopoim N — I neuzsecmuvim modicHo npudasams npou38oIbHLIE 3HAUEHUSL, MO20A OCMABUUECS
I neussecmmuvix onpedensmes yoxce eOuncmeenHviM 00PA30M.

IIpumep: MccnenoBars cuCTEMY JIMHENHBIX YPAaBHEHUN HA COBMECTHOCTD!

2X—Y+27=-2,
X+2y+3z=-1,
X—-3y—-2z=3.
Pemienue: 3anuiinemM cucteMy ypaBHEHUH B BUJIE PAaCIIMPEHHON MAaTPUIIbI:
2 -1 1 -2
1 2 3] -1|
1 -3-2/ 3
[Tomensem MecTamMu IEPBYIO ¥ BTOPYIO CTPOKU MATPHUIIBI:
1 2 3 -1
2 -1 1| -2|
1 -3 -2 3

[TepByto cTpoky MaTpHIbl OyJ1eM CUUTATh BeAylleH (MepBblil 3JIEMEHT CTPOKH paBeH 1), OHa He
OyleT MEHAThCS MpH MpeoOpa3oBaHUAX. BynemM CTPeMHUTHCS MPHUBECTH MATPUIy K TPEyroIbHOMY
Buay. /lig Toro uroObl B mHEepBOM CTOJNOLE MATPULbl MOJYYUTh HYJHM, BBIIOJIHUM CIEAYIOIINe
npeoOpa3oBaHus: U3 BTOPOH CTPOKH BBIUTEM IEPBYIO, YMHOKCHHYIO Ha 2, a OT TPEThEW BBIYTEM
nepByto. [lonyunm MaTpuily, paBHOCWIBHYIO JaHHOM:

1 2 3| -1
0 -5 -5 0
0 -5 -5| 4

UToObI MOMYyYUTH MATPHUILy TPEYroJIHLHOTO BHA, HEOOXOAMMO BBIYECTh M3 TPEThEM CTPOKHU
BTOPYI0. OKOHYATENbHO MOJIyYaeM:

1 2 3| -1
0 -5 -5 0
O 0 0] 4

PaHr pacmmpeHHON MaTpHIbl CHCTEMBI PABEH 3, paHI OCHOBHOM MaTpHIIBI CUCTEMBI PaBEH 2,
T.€. r(A| b) * r(A) , CIIEIOBATENIHLHO, CHCTEMA HECOBMECTHA.
Bonpocwel u 3a0auu:
1.MccnenoBaTh cUCTEMY JIMHEWHBIX YpaBHEHUI HA COBMECTHOCTD!
2%, + X, +3x, = 1

X+ X - X, = -1

a)

- 2X, + X + 5% = 3
X, — 3X, + 2% + 9%, = 5

X, + X, = 3, = -1
2%, + X, — 2X; =
X, + X, + X3 =
X, +2X, — 3X; =

6)

W



2. OnpenenuTs KOJINYECTBO PELIEHU OJHOPOIHON CUCTEMBI JIMHEWHBIX YPAaBHEHUM:

3X, + 2x, — 7X, =0,
X + X, - X, =0,
3) 2X, — X, — X3 — X, =0,
—2X, + 3X, — 2%, + X, =0
2X, + X, + 3X; — X, =0,
) 33X, + 2X, - 2x, =0,
33X, + X, + 9%, — x, =0,
4%, + 2X, + 71Xy — 2x, = 0.

Ilpakmuueckoe 3anamue 9. Peuienue HegblpoHCOEHHBIX CUCHEM TUHEHHBIX YPAGHEHUII MENOO0OM
Kpamepa.
IJens: BBIpabOTaTH yMEHHE NPUMEHSATH AITOPUTM BBITIOJHEHUS [CHCTBUH HajJ MaTpUIlaMHd Ha
MIPaKTUKE
Cooeporcanue:
HeBbIpoxkienHast CJIY, reopema Kpamepa;
JIFOPUTM MOUCKA pelieHni HeBbIpokaeHHo CJIY.
Teopemuueckasn yacmo:

CucremMa n JMHEMHBIX alredpandeckux ypaBHEHUN C N HEU3BECTHBIMU UMEET BUJ

[ @11X1 + @i2X2 + ... + ainXn = b1

| azix1 + azexz + ... + aznXn = b2
| AniX1 + an2X2 + ... ¥+ annXn = bn
3nech aik (i=1,...,n, k=1, ..., n) — KOOPPUINUEHTHI CUCTEMBI, X1, X2, ..., Xn — HEU3BECTHHIE
u by, ..., bn — CBOOOIHEIE YJIEHEL.
CosokynHocth n umcen x1°, X2¥, ..., Xn' Ha3bIBAaeTCS pEIIEHHEM CHCTEMBI, €CH TIpH

MOJICTAHOBKE HX B KaX/J0€ YypaBHEHHUE BMECTO HEH3BECTHBIX BCE YpaBHEHMsI OOpalalOTCs B
TOKJECTBA.
Cucrema ypaBHEHUI1 Ha3bIBAETCS COBMECTHOM, €CIIM OHA UMEET XO0Ts Obl 0JIHO perienue. Eciu
CHCTEMA PELIEHUI HE UMEET, TO OHA HA3bIBAETCSI HECOBMECTHOM.
KBanparnast MaTpuiia nopsjaka n
(a1l ai2 ... ain )
| a2 az ... az |

U
| |
| |

K dnl an2 ... ann )
cocTaBjeHHast U3 KO3(PPUIMEHTOB MPH HEU3BECTHBIX, HA3bIBAETCSI OCHOBHOM MaTpHIle (MM MPOCTO
MaTpPHUILIEN) CUCTEMBI.
Martpuua nopsiaka nx(n+1)
b1
b2

| b1 )
| b2 |
|
I
| bn |
)

... aAiln
a1 adz2 ... aA2n

dnn bn

cocTaBieHHass U3 KOA(D(PUIMEHTOB MPU HEU3BECTHBIX U CTOJOIA CBOOOJHBIX YIIEHOB, HA3BIBACTCS
pacIIUPEHHON MaTPULIEH CUCTEMBI.
PaccmoTpuM cuctemMy n TMHEHHBIX adreOpandecKux ypaBHEHUN C N HEU3BECTHBIMU



[ @11X1 + aiz2X2 + ... + @inXn = b1

| azix1 + azexz + ... + @znXn = b2

| e

3

| = b
- n

| aniX1 + an2X2 + ... ¥ annXn

L

Teopema (npasmiio Kpamepa). Ecnu onpenenuTenib MaTpuibl CUCTEMbI OTIMYEH OT HYJISL, TO CHUCTEMa
MMEET PEIICHHE U IPUTOM TOJIBKO OJHO. DTO PEIIeHUe onpeaeseTcs: Gopmyaamu:

A y
X, = Xk’ rac A — OIIPECACIIUTEIIb MaTPHUILIbl CUCTEMBI 1 Ak — OIpeACIIMTECIIb MAaTPHIIbI, ITOJIy4aCMOU

13 MaTpHIIbl CUCTEMBI 3aMeHOM k—oro cTonbia cToa010M cBOOOAHBIX YJIEHOB.
[Tpumep. Pemmts cucremy ypaBHEHUH, HCmonib3ys Gopmyiel Kpamepa.

X+2y-32=5

2X—-3y+2=3

4x+y-2z=10

Pemienue: Haiiiem OCHOBHOM | JJOTIOJTHUTEIIBHBIC OTPEACTUTEIIH.
1 2 -3 5 2 -3

A=2 -3 1|=6-6+8-36-1+8=-21 A, =3 -3 1|=30-9+20-90-5+12=-42
4 1 -2 10 1 -2
1 5 -3

A, =2 3 1|=-6-60+20+36-10+20=0
4 10 -2
1 2 5

A, =12 -3 3|=-30+10+24+60-3-40=21
4 1 10

ITo dopmynam Kpamepa umeem

A2, A0 oA A
A =21 A =21 A =21

OtBer:x=2,y=0,z=-1.

Bonpocwt u 3a0auu:

Ucnons3ys dopmynsr Kpamepa, HallTH pelnieHus CIEAYIOMUX CHCTEM JMHEWHBIX ajareOpandecKux
YPaBHEHUM:

3X; +2X, +X3 =5 X, —2X, +3X; =6 2X, =X, =X, =4
a) 12X, +3X, +X; =1 ;0) 12X, +3X, —4X; =20; B) 13X, +4X, —2x, =11
2%, +X, +3X, =11 3X; —2X, —5X, =6 3X; —2X, +4x, =11
2% =Xy +3%X3 =—4, 8x; +3x, —6X5 =—4, 3%, —2X, +4x;3 =12,
DX+ 3% —Xg =11 i WLy + x, — X3 =2, 19 {3x +4%, —2X3 =6,
Xy —2Xy + 2Xg3 =—T7 4% + X, —3X3 =-5 2X; — X9 — X3 =—-9

Ilpakmuueckoe 3anamue 10. Pewienue HegvIPONCOCHHBIX cuUCmeEM JUHEHUHLIX YPAGHEHUI
MAMPUYHBIM MEMOOOM.

IJens: BrIpaboTaTh YMEHHE pelIaTh HEBBIpOXKAeHHBIE CJIY MaTpHUHBIM METOI0M

Cooepicanue:

QJITOPUTM pelIeHHsI HEBBIPOKAEHHBIX CJIY MaTpu4HBIM METOAOM.

Teopemuueckasn wacmp:



[TycTh nana cucrtema Il TMHEWHBIX ypaBHEHHH ¢ N HEM3BECTHBIMH:

A- X =B,
rae
d;p A aqn X1 by
a a a X b
A 21 22 2n X = 2 B= 2
an1 an2 ann Xn bn
By,I[CM npeﬂnonaraTb, qTo OCHOBHai ManI/II_[a A HCBBIpO)KI[eHHaH.

-1
Torma cymecTByer obparHas marpunma A . TlomHoxus Mmarpuunoe ypasaenme A- X =B ma

) o .
matpury A T cnesa, moiyuum (GopMmyily, Ha KOTOPOH OCHOBAH MATPHUHBIA METOJ PELICHHsS CHCTEM
JIMHEWHBIX YPABHEHUN:

X=A".B.
3ameuyanue. OTMETHUM, YTO MAaTPUYHBIA METO/I PEILIEHUSI CUCTEM JINHEWHBIX YPAaBHEHUN B OTIIMYNE
oT Meroja I'aycca nMeeT orpaHMYEHHOE NMPUMEHEHHE: 3TUM METOAOM MOTYT OBITh PELIEHBI TOJIbKO
TaKue CUCTEMBbI JIMHEHMHBIX YPAaBHEHUH, y KOTOPBIX, BO-IIEPBBIX, YHCIO HEU3BECTHBIX PABHO YHUCILY
YPaBHEHUI, a BO-BTOPBIX, OCHOBHAsI MaTpUlla HEBBIPOKACHHAS.
IIpumep. Pemmts cucteMy JTMHENHBIX YPABHEHUN MAaTPUYHBIM METOAOM.

5X; — Xy — X3 = 0,
X1 +2X, +3X3 =14,

3amana cuctema TpEX JIMHEWHBIX YPaBHEHUN C TPeMsI HEM3BECTHBIMU A-X = B, rae

5 -1 -1 X 0
A=[1 2 3| X=|x,| B=[14]
4 3 2 X3 16

OcHoBHas Marpuna CUCTCMbI ypaBHeHI/II\/'I HEBBIPOXKICHHAA, ITOCKOJBKY e€ ONpeaACIIMTEIIb OTIINYCH
OT HYJIA:

5 -1 -
detA=1 2 3|=-30.
4 3 2
OO6patHyro MaTpuIly A_l COCTaBUM OJIHUM M3 METOJIOB, ONIMCAHHBIX B MyHKTE 3.
1 1 1
6 30 30
Al _|_ 17 8
3 15 15
1 19 11
6 30 30

[To hopmysie MaTPUYHOTO METOJIA PEIIEHUS CUCTEM JIMHEWHBIX YpaBHEHUH MOIy4YUM



1 1 1
5 -1 -1\| 6 30 30| (1
X=123—%—%%=2
4 3 2 1 19 11| \3
6 30 30

Bonpocut u 3a0auu:

1. Pemuth cucteMy JIMHEHHBIX YPaBHEHU MAaTPUYHBIM METOJOM:

3X, +2X, +X; =5 X, —2X, +3X; =6 2X, —X, =X, =4
a) 12X, +3X, +X; =1 ;0) 12X, +3X, —4X; =20; B) 13X, +4X, —2X, =11;

2%, +X, +3%; =11 3X, —2X, —5X; =6 3X, —2X, +4x, =11

2X; — Xo +2X3 =3, 3X, —2X, +4X, =12,

X, + Xg + 2Xg :_4,;H) 3%, + 4%, —2X; =6,

A%y + Xy +4Xg =3 2% = %= X =9

Ilpakmuueckoe 3anamue 11. Peuwienue cucmem nuneitnvix ypasnenuit memooom I'aycca.
Ienw: BopaboTaTh ymenue pemarb CJIY metogom ["aycca
Cooeporcanue:

METO/J IMOCJICA0OBATCIIbPHOI'O UCKIIIOUYCHU A HCU3BCCTHBIX.
Teopemuqecmm uacmos.:

[IpakTHuecku AJis pelieHus: CUCTEM JIMHEMHBIX YPAaBHEHMI Yalle BCEro MPUMEHSIETCS] METOT
l"aycca, cocTosinuii B MOCJI€I0BATEIbHOM UCKJIFOUYEHUH HEU3BECTHBIX.

HYCTB 3aJaHa CUCTEMaA HI/IHeI\/’IHLIX aﬂre6pqueCKI/IX ypaBHeHHﬁ:
Xy +apXx, +-+a,x, =6,
Ay Xy tApX; +-+a,,x, =6,

A0 X, +a,,X, +-+a, X, =6

mn--n m

Ey,[[eM MMPONU3BOJAUTH HAZl CHUCTEMOM CJICAYIOMUC 3JICMCHTAPHBIC HpeO6p8.30BaHI/I5{I

1. BeruepkuBanne ypaBHenus suga 0-x; +0-x, +---+0-x, =0.

2. [MpubaBienne K OJHOMY YpPaBHEHHUIO JPYroro ypaBHEHHS, YMHOXEHHOTO Ha
MIPOU3BOJILHOE YHCIIO.

3. [lepemeHa MecTaMu IBYX ypaBHEHHIA.

ITycts teneps a;; #0.(Ecmm a;; =0,70 MBI OMEHsIeM MecTaMH TIEPBOE ypaBHEHHE C TEM
ypaBHEHHEM, TJe KOOQPULIUEHT IpU X; OTJIIMYEH OT Hyis). MICKIrouuM Teneps Xx; U3 BCEX ypaBHEHUH

CUCTEMBbI, HaulHasi co BTOporo. Jljis 3TOro KO BTOPOMY YpaBHEHHIO MpUOaBUM IMEpBOE YpaBHEHHE,

a a
YMHOKEHHOE Ha (——2-), 3aTeM NpHOaBUM K TPETHEMY YPABHEHHMIO TIEPBOE, YMHOKEHHOE Ha (——=) U

ap; ayy

a
T.JA. K MOCIEAHEMY YPAaBHEHUIO NpHOaBMM mepBoe, yMHOkeHHOe Ha (——21). [Ipu 3TOM TOIy4HM

ayy
CUCTEMY



Ci Xy TCpXy +oot+Cp X+ +C X, =

CypXyt+ oo+ Co X, +--+Cp, X, =0a,

C,pXy +oo 4, X, +-+cC, X, =a,

Jlanee, IPUMEHUB T€ )K€ PAcCyXKICHUS K INOIYYEHHOW CHCTEMe, MCKIIOUMM M3 YpaBHEHHH,
HAauuHas C TPETbEro X, U T.1I.

[Tponomkast 3TOT MPOLECC, MBI IIPUIEM K OJTHOMY U3 JIBYX CIIy4acB:

1. JInGo mocne OmpeeNeHHOro Iara MOJY4UTbCS CHCTEMA, COJEpiKalllas ypaBHEHHE
Bupa 0-x;+0-x,+---+0-x, =6 u 6 # 0. Torza Hama cucteMa He UIMEET PELICHUH, T.€. HECOBMECTHA.

2. 6o cucrema He conepkut ypasHenue Buzna 0-x; +0-x,+---+0-x, =¢ u 6 #0. Torna

PaHO WM MO3HO MBI IIPUJIEM K CHCTEME

Cy Xy FCpXy +od ey X+ o, X, = ay

CopXy +---+02rxr +-~-+c2nxn =4a,

Cpe X, +oo-+cC,, X, =a,
Bo3MoxHBI 1Ba cityvas:
a) r=n. Torma mocjeaHee ypaBHCHHE IOCIACIHEW CHCTEMbl HUMEET BUA: C, X, =d

nn”"n n!

n

OTKyda Xx,6 = . N3 IpeanocCjIeaAHeTO ypaBHCHUA HaxoAuM X, ; W T.A. U3 IIEPBOI'O YpPaBHCHUSA

nn

CUCTCMbI HAXOUM X, .

b) r<n.Toraa cucrema umMeeT OECUUCICHHOE MHOKECTBO PEIICHUIA.
3ameuanue. C MpakTUYECKOM TOYKHU 3PEHHUS MPOIECC PELIEHUS CHUCTEMbI MOXKHO OOJIETYMTb,
€CIi  BMECTO IpeoOpa3oBaHMil HajJ caMOW CHCTEMOWM IPOM3BOAWUTH MpeoOpa3oBaHUS HaJ
COOTBETCTBYIOIIEH paCIIMPEHHON MATPULIEW CHCTEMBI.

[Ipumep. Pemuth cucremy meroaom ['aycca.
2x, +x, —x3+x, =1
3x; —2x, +2x,—3x, =2
Sx, +x, —x;+2x,=-1
2x, — X, +x;—-3x, =4
Pemenue. PaccMoTpum pacmmpeHHy0 MaTpHILy
2 1 -1 1 1

3 -2 2 -3 2
B=

5 1 -1 2 -1

2 -1 1 -3 4

5
YMHOXNB NEPBYIO CTPOKY Ha — 3aTeéM YMHOXXHMB IIE€pPBYIO CTPOKY Ha 3 HaKOHell,

YMHOJKUB TIEPBYIO CTPOKY Ha —1, CIIO’KUM NEPBYIO CTPOKY MOCIEA0BATENFHO CO BTOPOM, C TpeThel U
¢ yeTBepToM cTpokoi. [Tomyunm

2 1 -1 1 1
77 e 1| (2111
3 2 2 2 2 o -7 7 -9 1
g .3 3 1 71 ]lo -3 3 -1 -7
2 2 2 2



B nocnenHell MaTpuiie Mbl YMHOKUJIM BTOPYIO U TPEThbIO CTpOoKy Ha 2. Jlanee 1 u 2 cTpoku

3 . .
ocTaBisieM 0e3 U3MEHEHHS. CnepBa YMHOXHM BTOPYIO CTPOKY Ha —7 " CJIOKHUM C TPETHEU CTPOKOU,

2 y y
3aTEM YMHOXHUM BTOPYIO CTPOKY Ha -3 U CIIOKUM C yeTBepTor cTpokoi. [lomyunm

2 1 -1 1 1 T 1 1 1

o7 e 1 2 2 1 -1 1 1
2-lo o 0 B2 (077 -9 1 0 -7 7 -9 1
7 7] |00 0 20 =521 19 o o 20 -52
10 19 0o o o -0 19
0 0 = = - 5 0 0 0 -10 19
7 7
1 -1 1 1
-7 7 -9 1

0 0 20 -52
o 0 0 -7

O O o N

[TocneaHio0 MaTpUIly MbI MTOJIYYWJIH, YMHOXKHUB TPETHIO CTPOKY Ha % U CJIOKUB C YETBEPTOI
ctpokoil. [locnenuss yuerBepTas CTpoKa 03HAYaET, YTO Mbl UMEEM ypaBHEHUE:!
0-x+0-x,+0-x,+0-x, =7
CJIe/I0BATEbHO, 10 CKA3aHHOMY BBIILIE CUCTEMA HECOBMECTHA.
[Ipumep. Pemute MeTosioM ["aycca cucremy ypaBHEHUM.
X, +2x,—3x,+5x, =1
X, +3x, —=13x; +22x, =1
3x, +5x, +x; —2x, =5
2x,+3x, +4x,—7x, =4
Pemenue. PaccMoTpuM paciipeHHy0 MaTpUIly CUCTEMBI
1 2 -3 5 1
1 3 -13 22 -1
35 1 -2 5
2 3 4 -7 4

YMHOXHMM cIiepBa MEpBYI0 CTPOKY Ha (—1) M ClI0XHUM €O BTOPOI CTPOKOH, 3aT€M YMHOXXHUM
MEPBYIO CTPOKY Ha (—3) M CIOXHUM C TPeTbe CTPOKOH U, HAKOHEL, YMHOXXHUM IE€PBYIO CTPOKY Ha
(—2) u cnoxuM ¢ yeTBepToil CTpoKoit. [Tomyunm

1 2 -8 5 1 12 -3 65 1
B~ o1 -10 17 -2} (01 -10 17 -2
0 -1 10 -17 2 00 0O 0 O
0 -1 10 -17 2 00 0O 0 O

Bropyro maTpuily Mbl IOJYy4HM CIIOXKHB CIIEPBA BTOPYHO CTPOUKY C TPETHEM, 3aTEM CJI0KUB
BTOPYIO CTPOUKY C ueTBepToil. HyneBbie cTpouku BeiOpackiBaeM. OcTaeTcsi cucTeMa ypaBHEHHN

x,+2x,-3x,+5x, = 1 .
{ x, =10x, +17x, =-2 )

Bbynem cuntath X, U X, CBOOOIHBIMH HEM3BECTHBIMU, 0003HAUAs UX: X; =&, X, = [}
W3 BTOpOro ypaBHEHHUsI CUCTEMBI (*) HAlIEM X,

x, =10 =173 -2

IloncraBuB X, B IEPBOE yPABHEHUE, ITOTYYHM:



x, +2(10a 174 —-2) -3 +54 =1 unu
x, +20a-34—-4—-3c+5£ =1 um
x,=—17a+296+5.
Taxum oOpa3oM, 1aHHas cUCTEMa UMEET OeCUUCIEHHOE MHOKECTBO PEIIECHUI:
x,=-17a+294+5
x, =10a =174 -2
Bonpocwut u 3a0auu:
1.Pemuth cucTteMbl TMHEWHBIX ypaBHEeHUN MeTo0oM ["aycca:

ae(R)

3X, +2X, +X; =5 X, —2X, +3X; =6 2%, —X, =X, =4
a) 12X, +3X, +X; =1 ;0) 12X, +3X, —4X; =20; B) 13X, +4X, —2X, =11
2X; +X, +3%; =11 3X, —2X, —5X; =6 3X, —2X, +4x, =11

2%, +4x, +4x, +6x, =18
4%, +2X, +5X, +7X, =24
3X, +2X, +8%; +5%, =13
2X; +8X, +7X; +3X, =6

2 SIBNSIIOTCSL TM CUCTEMBI YpaBHEHH, COOTBETCTBYIOILIME MaTpHUIAM, MOJTYYAIONIUMCS B PE3yJbTaTe
AJIEMEHTAPHBIX MPeoO0pa30BaHUN CTPOK PACHIMPEHHON MaTpullbl, SKBUBaJIEHTHBIMU? OOOCHYIiTE
OTBET.

Ilpakmuueckoe  3anamue 12. Cucmemvl  TUHEHHBLIX  OOHOPOOHBLIX  YPAGHEHUIL.
DynoameHmanbHas cucmema peuieHuil.

I[ens: BoIpaOOTATh YMEHHE HAXOAUThH GyHIAMEHTANbHYIO cucTeMy pernenuit CJIY
Cooeporcanue:

cucTeMa JJMHEHHbIX OJHOPOAHBIN ypaBHEHUH, GyHIaMEHTalIbHAs CUCTEMA PEILeHHH.
Teopemuueckasn wacmp:

Cucrema M JMHEHWHBIX YpaBHEHUN C N TIEPEMEHHBIMH Ha3bIBAETCS CHUCTEMOM JIMHEWHBIX
OJIHOPOJHBIX YpaBHEHUH, €CJIM BCE UX CBOOOIHBIE UJIEHbI paBHBI HYJI0. Takas cuctema uMeeT BUJI:

A Xy +apXy +...+ X, =0;
81 X| +BppXo + ...+ Bpp Xy =0; *)
A X + 8maXo + .+ Ay Xy =0.

Cucrema NMHEHHBIX OJHOPOAHBIX YpaBHEHUIN BCEr/la COBMECTHA, TaK KaK OHA BCErJla MMEET,
1o KpaiiHeit Mepe, HysneBoe (i TpunainbHoe) pemenue (0; 0; ...; 0).

Ecou 8 CJIV m = n, a ee onpenenuTens OTIMYEH OT HYJS, TO TaKas CUCTEMa MUMEET TOJIBKO
HyJIEeBO€ pellIeHue, Kak 3To cienyer u3 ¢opmyn Kpamepa. HenyneBwle perieHusi, cienoBaTenbHO,
BO3MOJKHBI JIMIIb JJISI TAKUX CHCTEM JIMHEHHBIX OJHOPOJHBIX YypaBHEHUH, B KOTOPBIX YHCIO
YPaBHEHMH MEHBIIE YKCIIa NEPEMEHHBIX, WIM NP HUX PABEHCTBE, KOTJa ONPEIEIUTENb CUCTEMBI
paBeH HYJIIO.

Wnaue: cucmema nuneliHbix 0OHOPOOHBIX YPAGHEHUU UMeem HeHyNesble PeuleHus moeod U MoabKO
moaoa, Ko20a paHe ee Mampuybl KOIDHUYUEHMO8 NpuU NepemMeHHbIX MeHbUe YUCTA NEPEMEHHBIX, M.e. Npu
rang(A) <n.

O06o03HaynM pereHne CUCTeMbl uepes X1 = Ki, X2 = Ko,....,Xn = Kn B BHJI€ CTPOKH er =
(k1 ka,...,kn).

Pemenus cucteMbl JIMHEWHBIX OAHOPOIHBIX YPAaBHEHUN 00J1aAat0T CIEIYIOLUIMMHI CBOMCTBAMU:

1. Ecm crpoka e1 = (kiko,...,kn) —  pemenue cucrempr  (¥), TO
u ctpoka Ae1 = (AKy, AKz,..., AKn )— Takke perieHne 3TOit CHCTEMBI.

2. Ecmu ctpoku e1 = (kiko,....,kn ) u e2 = (I l2,...,In ) —pemenus cucremsr (*), To npu

JIIOOBIX C1 W C2 HX JIMHEWHass KOMOMHAIIUS
certcre=(ctki+coli,cika+cala,....,cikntC2In)
TaK)Ke PEIICHNE TaHHOW CUCTEMBL.



Y6enuThest B CIIPaBeUIMBOCTH YKa3aHHBIX CBOMCTB PELICHUIH CHCTEMbI JIMHEHHBIX OTHOPOJHBIX
YPaBHEHHMM MOXHO HEIOCPEICTBEHHOM MOICTAHOBKOW UX B YPABHEHUSI CUCTEMBI.

W3 chopMynrpoBaHHBIX CBOWCTB CJIEAYET, YTO BCsAKas JUHEHHAs KOMOWHAIUS pEIIeHUN
CUCTEMBI JTMHEHHBIX OJHOPOAHBIX YPABHEHUMN TAK)XKE SIBISAETCSA PELICHUEM 3TOW cucTeMbl. [loaTomy
MpeICTaBIsieT MHTEpeC HaWTH Takue JUHEHHO HE3aBUCHMBbIE pelieHus cucteMbl (*), uepes
KOTOpBIE JIMHENHHO BBIpaXaauch Obl BCE OCTAIbHbBIE €€ PEIICHMUS.

Pemtenus e, e, ..., ek Ha3BIBAIOTCI JUHEHHO HE3aBMCHUMBIMH, €CIH HX JUHEHHAs KOMOMHAIIMS
Ae1+ hoez +...+ A€« paBHA HYJIIO, TOJBKO MPHU YCIOBUU YTO A1= A2 =....= A« = 0.
Onpenenenue. Cucrema JUHEMHO HE3aBUCHUMBIX PELICHUN €1, €, ..., €  Ha3bIBaeTCs

(byHIaMEHTAIBHOM, €CITH KaXI0€ PeIIeHHe CHCTeMBI (*) SIBIsSETCS TMHEHHON KOMOMHALIUEH PEIIEHHI €1,
€2, ..., €k .

Teopema. Ecmu panr r wmartpuubl KO3(Q@UIMEHTOB NpPH IEPEMEHHBIX CUCTEMbl JIMHEHHBIX
OZIHOPOJHBIX ypaBHeHMid (*) MeHbIIe YKcia MepeMEHHBIX N, TO Beskas (yHIAMEHTAIbHAs CHUCTEMa
perenuii cuctemsl (*) cOCTOUT U3 N— I peIICHHH.

OO0muM pemieHueM cucTeMbl (*) JTMHEHHBIX OJHOPOJHBIX YpaBHEHUMN Ha3bIBAETCS MHOYKECTBO
BCEX €€ pelICHUH, 3alMcaHHbIX B BUJE: c1e1 +ce2 +...+ckek, IAe ei, €2, ..., ek — Jiobas
(byHIaMeHTalbHAsI CUCTEMa PEUICHUH, C1, C2, ... , Ck — HMPOU3BOJIbHBIC yncnau K =n—r.

OOmiee perieHUe HEOJHOPOIHOW CHUCTEMbl M JIMHEWHBIX YpaBHEHHWH C N MEPEMEHHbIMH PaBHO
CyMMe OOIIEro pemeHusi COOTBETCTBYIOLIECH €l CHCTEMBI OIHOPOIHBIX JMHEWHBIX YPaBHEHHH W TIPO-
M3BOJIBHOTO YaCTHOTO PELLEHNUS 3TON CUCTEMBI.

[Tpumep. Pemuth 0AHOPOIHYIO CUCTEMY JIMHEMHBIX alreOpandyeckux ypaBHEHHUM

2% —4Xy +5%3 =0,
X1 +2X9 —3X3 =0,
3X1 — X9 +2X3 =0.

2 -4 5
Pemenue: Omnpenenutens cuctemsl A=|1 2 —3=11+#0, nosromy cucrema nmeer
3 -1 2

€IMHCTBEHHOE HYyJIeBOe pemienne: X =y =2z = 0.
[Tpumep. Haiitu oOuiee pemieHne cUCTEMbl JMHEHHBIX anreOpanyeckux ypaBHEHHMH U 3amucaTh
(GbyHIaMEeHTaIbHYIO CUCTEMY PELLIEHUM:

3X1 +4X2 — X3 =0,
X —3Xp +5%3 =0,
4X1 + X5 +4X3 =0.

3 4 -
Pemenue: Omnpenenurens cucremsl A =1 —3 5|=0, nosromy cucrema wumeer
OECKOHEUHOE MHOKECTBO pelleHui. Tak Kak onpeaenuTens 13 Ko3hQUIHEHTOB NPY HEM3BECTHBIX X1
3 4
¥ X2 HE PaBeH HYIIO =—-9-4=-13#0, To 3TOT MHHOP MOHO HPUHATH 32 OA3HCHBIIA.

ITockoabky rang A = 2, n = 3, BO3bMEM IIEpBbIe JIBa YpaBHEHHs CHUCTEMBl W HaiiieM ee oOiiee
peleHue.

3% +4Xy — X3 =0,
X1—3X2 +5X3 =0.

B kaudectBe 633I/ICHBIX HCU3BCCTHBIX BO3BMEM X1 U X2 U NEpCMECTUM YJICHEI C X3 B IIPABBIC YaCTU
YpaBHEHUI:



3)(1 + 4)(2 = X3,
X| —3Xy =—5X3.

Pemas sty cucremy no gopmynam Kpamepa u 3agaB cB0OOIHOM MEPEMEHHOMN X3 3HAUEHUE X3 =
C1 (C1 — IPOU3BOJIBLHOE YKCIIO), MOJydaeM

A= D 3¢ +20e, <17c: Ay = U | =15 16
= =-3c c, =17¢; = =— —c1 =-16¢;.
1= 5., -3 ir2a=lia 8= 5. 1-C 1
OTcroia HaXx0AUM, UTO
—17c1 17 —1601 16
Xp = Xo = X3 =0C1.
-13 13 -13¢ 13
n X L X 16 c Xq =C o
Tak X9 = —0qy, =—q, =y - obliee peleHue.
1 13 1 2 13 3 1 ee p
IT 1, X 17 X 16 Xz =1
ojaras ¢1 = 1, MOJIYYUM YaCTHOE pelieHne X = =—, =1.
1 y p 1= 13 2 13 3
17/13-¢; 17/13
WU B wmarpuuanom  Buge X =[16/13-¢; [=C;-|16/13|. Takum  o6pasom,
C 1
17/13
dyHIamMeHTaNTbHAS CHCTEMA PELIEHUH COCTOUT U3 eIMHCTBEHHOTO BekTopa € =| 16/13
1
0] 0 X C X 16 C Xo =c
TBET: oblee perieHne X| = — Cq, =—q, =q,
miee p 1 13 1 2 13 3 1
17 16 5
rJIe C1 - IPOM3BONILHOE YHCIO. € = E 13 ;1 |- pyHIaMenTANBEHAS CHCTEMA PEIICHMH.

Bonpocwt u 3a0auu:
Haiitu oOmiee pemieHne cucTeMbl JIMHEWHBIX anreOpandeckuX YypaBHEHHM M 3amucaTh
(byHIaMEeHTaJIbHYIO CUCTEMY PEIICHUM:

2% — X, + 3x3 =0, 2% — X, + 3X3 =0, 2X = X + 3x3 =0,
D) x + 2%, — 6xg =094 x4 2x, — 6x3 =0,B) 3 X+ 2X; — 6x3 =0,
—18x% +5%X, —15%3 =0.  |-12X; +5X, —15x3 =0.  |=13X; +5X, —15X3 =0.

IIpakTuuyeckoe 3ausatTue 13. JIuneitnvie onepayuu nao eekmopamu. Paznosycenue eekmopa no
opmam Koopounamuwix oceil. /lelicmeus Hao 6eKMopamu, 3a0aHHbIMU RPOEKYUAMU.

Ilensb: BBIpaOOTATH yYMEHHE BBITIONHATH JIMHEWHBIE OIEpalli HaJl BEKTOpPaMH; JCUCTBUS HaJ
BCKTOpPaMH, 3aJaHHBIMHU IIPOCKIUAMU

Cooeporcanue:

BEKTOp, HYJIEBOW BEKTOP, KOJUIMHEAPHBIE BEKTOPBI, PABHBIE BEKTOPBHI;

CII0)KEHHE BEKTOPOB IO MPABUITY TPEYTOJbHHUKA, CI0KEHUE BEKTOPOB MO MPABHITY Mapaljieiorpamma,
BBIYUTAHUEC BEKTOPOB, YMHOXKXCHUEC BEKTOPA HA YHUCJIO.

Teopemuueckan uacmo:

Hanpasiennslii 0Tpe3ok 0yeM Ha3bIBaTh BEKTOpoM U o0o3Havyate AB, CD um a, s, ...

BexTop Has3biBaeTcs HYJNEBBIM, €CIIM €0 Hayalo M KOHEI| COBMAJaloT M 0003HA4yaroT o .
HyneBoii BekTOp HE NMEET ONpeeIEHHOr0 HAMIPABJICHUS U UMEET JUIMHY PABHYIO HYIIIO.



BekTopbl Ha3bIBAIOTCS KOJUIMHEAPHBIMU, €CIIM OHM JIeKaT Ha OAHOM mpsMoid, aubo Ha
napajuieJbHbIX NpsMbIX. /[Ba BEKTOpa Ha3bIBAIOTCS PaBHBIMH, €CIIM BBIIOJHEHBI CIEAYIOIIHUE TPHU
ycioBusl: 1) JUIMHBI BEKTOPOB paBHbBI, 2) BEKTOPHI MapauieNbHbl (KOJUIMHEApHbI), 3) BEKTOPHI
HaIlpaBJICHbI B OJIHY U TY € CTOPOHY.

1. CioxeHue BEKTOPOB

Cymmoli @ +B JBYX BEKTOPOB a U B Ha3bIBa€TCsA BEKTOp, MAYILMH M3 Hayaja BEKTOpa a B

KOHEIl BEKTOpa D IIpu yCIOBUM, YTO BEKTOP D NpHIIOKEH K KOHIY BekTopa a (IIPaBUIIO

TPEYroNbHUKA) U 3aIlChIBAIOT C=2a + b.

a -
C

CJ10XeHHE BEKTOPOB 00J1aIaeT CIeAyIOMUMU OCHOBHBIMU CBOMCTBAMU:

1. KommyrartusHoCTh: A+ b = b + a

2. ACCOLMATHBHOCTB: Ui JIFOOBIX BEKTOPOB a, D W C  BBINOJHAETCS PaBEHCTBO
a+(b+c)=(a+b)+c

3. TpubaBienue HyJIEBOTO BEKTOPA K JIOOOMY BEKTOPY & He MeHseT nocieanero: a + 0 =a.

4. Cymma BeKTOpa @ M IIPOTHBOIIONOKHOTO BekTopa a ! paBHa HysneBoMy BekTOpy, T. €. & +
al=0

V3 BTOPOTO CBOMCTBA CIIEYET, YTO €CIIM AaHbl BEKTOPBI d,a,, ..., , PACIOIOKEHHbIE TaK,
YTO  KOHEN MPEABIIYNIEr0  BEKTOpa  SBISETCS  HAYQIOM  MOCHEAYIONET0, TO  CyMMa

a, +a, +...+a,, Oyner mpeacTaBiATL COOOM BEKTOp, MAYIIMK M3 Hadala BEKTOpPa a1 B KOHEIl

BEKTOpa 4 n.

TNy

2. BelunTaHue BEKTOPOB

Pa3HOCTBIO IBYX BEKTOpOB A U D HaspiBaeTcs Takoif TpeTuil BekTop C, uto @ =b + C u

o6o3Hauaer a-b= C. UTo6bl U3 OJHOrO BEKTOpA BHIYECTh APYTOM, HY’KHO X OTHECTH K OOIIEMY
HayaJly 4 IPOBECTH BEKTOP U3 KOHEYHON TOYKU BEKTOPA — BBIUUTAEMOI'O B KOHEYHYIO TOUKY BEKTOpa
— YMEHBIIIAEMOTO.




3ameuanue. Hapsny ¢ mpaBUiIOM TpeyrojbHHKAa 4YacTO IMOJb3YHOTCS (pPaBHOCWIBHBIM €MY)

NPaBUIOM MapajieorpaMMa: €cjld BEKTOpsl a4 U b
NPUBEICHBI K OOIIEMy HAYaly M Ha HHX IIOCTPOCH

napajuienorpaMMm, TO cymMMa a + b €CTb BEKTOD,
COBMAJAIOLIMI € JMaroHajbl 3TOr0 IapajuleIorpaMma,

uaylmeld u3 o0liero Hayajga BEKTOpPOB & W D, a Bropas
JMaroHalb, UAyIas M3 KOHIA BEKTOpa D B KOHeI BEKTOpa

a eCTh pa3HOCTh A- b .

3. HDOI/I?;BGILCHI/IC BCKTODa Ha LII/ICHO

[IpousBenenuem o a(I/IJII/I aa) BEKTOpa & Ha BEIIECTPEHHOE YHCIIO Ol Ha3hIBACTCSA BEKTOP b
KOJUIMHEApHbI BEKTOPY a, (IpUYEM BEKTOP b umeer JUIMHY, PaBHYIO | o | | a |) U HUMEIoLIUI

HAlpaBJICHNE, COBIAJAIONICEe C HANPABIEHHEM BEKTOpa aB ciaydae O > 0 ¥ IPOTHUBONOIOXKHOE
HampaslieHue B ciiydyae O < 0.
FGOMCTpI/ILIGCKI/Iﬁ CMBLICJT OII€pali YMHOKCHHA BCKTOpPA HA YHUCJIO MOYKHO BBIPA3UTh TaK: IIPU

YMHOKE€HUH BEKTOpa & Ha YUCJIO OL BEKTOp A pacTAruBaercs (CKUMaercs) B Ol pas.
[Ipu stom, ecnmu o> 1, To @ pacraruBaercs, eciau 0< O <I, TO BEeKTOp & CXKUMAaETCA U
BEKTOP 0L @ COXpPAHSET TO )K€ HAIPABICHHE, YTO U BEKTOp 4 .

Ecnu xxe Ol <0, To BEKTOp @ pacTsaruBaercs npu | (0 | » 1 1 cxxumMaercs npu | o | <1 nnpn
3TOM NMPOUCXOAUT U3MEHEHUE HANIPABIECHHS HAa IPOTUBOIMOI0XKHOE.
Omneparyst yMHOKEHHUSI BEKTOPA HA YUCIIO O0JIAaeT CIIEAYIOUMMHU CBOHCTBAMHU:

1. o(a+b) = aa + o b (pacnpemenurensHoe CBOMCTBO YHMCIOBOTO COMHOKHTENS
OTHOCHTEJIEHO CYMMBI BEKTOPOB).

2. (o + B) a= aa + Pa (pacmpenenUTeNbHOE CBOMCTBO BEKTOPHOI'O COMHOXKHTEIS
OTHOCUTEITEHO CYMMBI YHCEII).

3. o(pa)=(of) a (couerarenbHOE CBOMCTBO YHCIOBBIX COMHOKUTEIICH).

Tak kak Mo ONpENeNICHUI0 BEKTOP €CTh HalpaBJICHHBIH OTPE30K, a MPOCKIIMU HAIPaBICHHOTO
OTpe3Ka Ha OCH KOOPIMHAT HAXOISAT KaK pPa3HOCTH OJHOWMEHHBIX KOOPIWHAT KOHIA W Hadvaja
HAIPAaBJICHHOTO OTPE3Ka, TO TOYHO TAKXKE HAaXOAT MPOCKIMH BEKTOpPAa Ha KOOPIWHATHBIC OCH. JTH
MIPOEKITUH U Ha3BIBAIOTCS] KOOPIMHATAMH BEKTOPA.

Hanpumep, mycts manbl Touku A(3, -2, 5) u B( 1, 2, 3). Torna xoopAMHAaTaMu BEKTOpa

AB6y)1yT -1-3=-4; 2-(-2)=4, 3-5=-2 u o6o3naqaror AB ={-4, 4, -2}.

B nanpHeiimem, koopauHaThI (TPOSKIIUK HAa OCH) MbI OyzneM o0o3Havate a ={X, Y, Z}.
OTMeETHM, YTO JEHCTBUS HAL BEKTOPaMHU MOXKHO TIPOM3BECTH B KOOPMHATAX.

ITycTs aHBI BEKTOPBI B KOOpAMHATAX: & {X1, Y1, 21} U b = {x2, y2, 22}.

Torpa: a + b = {X1+ X2, Y1 +VY2; 21+ 22}, a - b = {X1-X2, Yy1-VY2; 21-22}, O a = = {ox1, oy,
ol 21}
Bonpocwl u 3a0auu:

- - . T
3anaua 1. Ilo nanHbM BekTopam @ U b mocmpolme eekmopbl a + b, a—
a —
/ x
> — - o -
3anaya 2. Ilo manHbIM BekTOpaM & U b moctpoiite BekTopet 3a, —1/2b u2a +1/3b.



- > > -
3amgaya 3. Kakomy yCJIOBHIO JOJDKHBI YIOBICTBOPATH BEKTOPHl & U D, 4ro0bI BekTOphr @ + b U

- > . .
a—Db ObuM KOJUTMHEapHBI. Kakol reoMeTpHUYeCcK i CMBICT UMEET 3TO YCIIOBHE?

%
3amaua 4. Omnpenenure KOOpAMHATHI Havana BekTopa a = {3;1;—2}, eciu ero KoHel COBIAJAET C
toukoit M(1;-1;2).

— =
3amaua 5. Ilycts B HekoTopoMm Oasuce a = {2;—1;3} u b = {1,—2;—4}. Haiinute KoOpauHATHI BEKTOPA

5)+ 2? B 3TOM 0Oasuce.

Bomnpocksr:

Uro Ha3bpIBaeTCs reOMETPUYECKUM BEKTOPOM?

Kakue BeKTOpBI CUMTAIOTCS] pABHBIMU?

Kak onpenensiercs niuHa Bektopa?

UYto Takoe opT BekTOopa AB?

Kak onpenensiercst yron Mexay BeKTopamu?

Kakue BeKTOpbI Ha3bIBAIOTCS OPTOTOHAIBHBIMU?

Kaxue BeKTOpbI Ha3bIBaIOTCS KOJIMHEAPHBIMU?

Kakue BekTopsl Ha3bIBatoTCa koMiutaHapHeiMu? Kak onpenensiercs cymma BeKTopoB AB u

VNoNo oA wNE

BC*
9. Kak onpenensiercs cymma BektopoB AB u AC?
10. Kak omnpenenseTcsi Mpou3BEACHUE BEKTOPA U JCHCTBUTEIHLHOTO YuCIia?
11. Kak omnpenensieTcst pa3HocTh BekTopoB AB u AC?
12. Kakumu cBOMCTBaM 00JIaIaf0T TUHEHHBIC ONEepaIiy ¢ BEKTOpaMu?
13. Yto Takoe KOOpAMHATHI BEKTOpa B (prKCHpOBaHHOM Oa3uce?
14. Kak CJIOXHTH BEKTOPBI, €CITU 33J]aHbl UX KOOPIUHATH B HEKOTOPOM Oa3uce?
15. Kakx yMHOXXHTH BEKTOP Ha YHCIIO, €CIIH 33/IaHbl €T0 KOOPIAUHATHI B HEKOTOPOM Oaszuce?

IIpakTnyeckoe 3ansaTne 14. CrajsipHoe, BEKTOPHOE M CMEIIAHHOE NPOU3Be/IeHNsI BEKTOPOB.
Ilenv: BBIpaOOTATH yYMEHHWE NPUMEHITh HAa MPAKTUKE CKAIIPHOE, BEKTOPHOE W CMEIIAHHOE
MIPOU3BEICHUS BEKTOPOB B COOTBETCTBUU C T€OMETPUUECKIUMHU, (PU3NUECKUMHU MPHIOKEHUSIMHU
Cooeporcanue:
CKaJIsIpHOE, BEKTOPHOE U CMEIIaHHOE MMPOU3BEACHHS BEKTOPOB, CBOMCTBA MIPOU3BEICHUI BEKTOPOB
BBIpKEHUE MPOU3BEICHHUI BEKTOPOB Uepe3 KOOPIUHATHI
MIPUIIOKEHHUS TPOU3BEIEHUN BEKTOPOB
Teopemuueckas uacmp:

CkansgpHoe Mpou3BeIeHNE BEKTOPOB

[lycTh naHbl 1Ba BekTopa @ W D . CKaaspHBIMH NPOM3BEICHHAMH JBYX BEKTOPOB & H b
HA3bIBAETCSl YMCJIO, PABHOE MPOU3BEACHUIO JIJIMH 3THUX BEKTOPOB, YMHOKEHHOMY Ha KOCHUHYC yrja
MEXy HUMH:

(ab) = ‘5‘ : ‘B‘ cosY, rae 9 — yroia MexIy BEKTOpaMu

MoXHO naTh Apyroe OIpPEACIICHHE CKAIIPHOIO IPOU3BEACHUSA ABYX BEKTOpOB. M3 Teopuu
MIPOEKINN U3BECTHO, YTO

np;a = ‘a‘coss unp-b= ‘b‘cos&.
T.o. CKaJIIpHOC HNPOU3BCACHHUEC IABYX BCKTOPOB C€CTb YHCJIO, PAaBHOC MNPOU3IBCIACHHUIO JIMHBI
OJIHOTO M3 3THX BEKTOPOB Ha IPOEKIUIO APYrOoro BEKTOpa Ha MEePBbINA BEKTOP.
(ab) = \b\npB a ww (ab)= ‘a‘npa b.
CkaysipHO€ MTPOU3BEICHNE BEKTOPOB 00J1a/1a€T CIICTYIOIIUMUA OCHOBHBIMH CBOHCTBAMU:

1. CxkanspHoe TIPOM3BENEHHE JBYX BEKTOPOB & M D obpalaeTcss B HyIb B TOM Clydae, KOrja I10
KpaiiHell Mepe OJIUH 13 BEKTOPOB SBJISIETCS HYJIEBBIM WIIH €CJIM BEKTOPBI NEPIIEHIUKYIISIPHBIL.



2. CkanspHoe IIPOU3BEIECHUE IBYX BEKTOPOB & U D paBHO NpOM3BENEHHIO IJIMH STUX BEKTOPOB, ECIIH
JTaHHBIE BEKTOPHI MapaieNbHbl, T. €. ¢ = 0.

(ab)=alb|cos0 =2 b
Orcrofa ciefyer, 4ToO CKalIspHOE MPOM3BENCHHE BEKTOpa Ha camMoro ceds paBHO KBajapaTy
- =\ -2
JJIMHBI 3TOI0 BEKTOpPAa, T. €. (a- a)z ‘a‘
3. CkaysipHOE MPOU3BEICHUE IBYX BEKTOPOB 00JIa1a€T MEPEMECTHTEIBHBIM CBOMCTBOM YMHOXKEHHUS:
(ab)=(ba).
4. CkansipHoe TMpOU3BEJCHUE O0JaJaeT pacHpeleNUTEIbHBIM CBOWCTBOM OTHOCHUTEIBHO CYMMBI
BEKTOPOB: (a + b)- c= (a c)+ (bc).
[lycTe maHbl ABa BEKTOpa B KOOpJMHATaX: a = {Xl, Vi Zl}u b= {Xz, Yo, 2, } CxkanspHoe

IMPOU3BCACHUC OTUX BEKTOPOB PaBHO CyMMC HpOH?;BGI[GHHﬁ HUX OJHOMMCHHBIX KOOpAWHAT.
BekTopHoe npoMn3BEeCHNE BEKTOPOB

BekTopHbIM Ipou3BeNeHUEM JBYX BEKTOpoB ( U b naseiaercss Taxoit tperuii Bektop C,
KOTOPBII 00J1a/1a€T CIIeIyIOIUMH CBOMCTBAMU:

nc lLaucl b, 10 ects BekTop C meprneHauKysIsIpeH K IIOCKOCTH, T/Ie JIeKAT BeKTopa d U b;

2) Jnuua BekTopa C YMCICHHO paBHA IUIOUIAAM MapajuiesiorpaMma, MOCTPOSHHOTO Ha BEKTOpax
aub,re. ‘C‘ = ‘a‘ : ‘b‘sin @, THIE @ — YrOJIMEeXKIy BeKTopamua ub;
3) BekTOp C HaIpaBJIEH B TaKyl CTOPOHY, YTOOBI KpaTdailliMii MOBOPOT OT MEPBOro BeKTOopa ( K
BTOPOMY BCKTODY b BOKPYI' BEKTOpa CHpeI[CTaBJ'ISIJ'ICH MMPpOUCXOAAIIUM IIPOTHUB 4acoBOM CTPCJIKH,

€CJIM CMOTPETH U3 KOHIIA BEKTOpa C.

BekropHoe npousBeaeHne 0003Ha4a0T cuMBoiiom C = [ab] umc=axb.
a) OCHOBHBIE CBOWCTBA BEKTOPHOTO HPOU3BEICHUSL:

1. BekTopHOe TIpoM3BeNeHNE IBYX BeKTOpoB A U D paBHO HylneBOMY BEKTOpY B TOM U TOILKO B
TOM Clly4ae, KOrjia 3TH BEKTOPbI MapasjieIbHbI.
N3 »sTOro  cmo#cTBa  CIE€NyeT, UYTO  BEKTOPHOE
MIPOU3BEICHNUE JII0OOT0 BEKTOPa Ha CaMoro ceos, T.e. aa] =0.
2. BekTopHOE IMpOU3BEICHHE BYX BEKTOPOB aHTHKOMMYTATHBHO, & HMEHHO:

3. BekTopHoe mpou3BeieHHe 001aJaeT CBONCTBAMU COYETATEIBHOCTH OTHOCHUTEIILHO YHCIIOBOTO
MHOKUTEIA: a[ab] = [aa . b] uiu [a . Otb]
4. BekTOopHOE MPOM3BEICHHE BEKTOPOB 00J1a1a€T PACIIPEACIUTEIEHBIM CBOUCTBOM OTHOCHTEIIBHO

BEKTOPOB.
BekropHoe npon3BeieHne BEKTOPOB B KOOPAMHATAX

[Tycts BexTOpHI A U b 3aJaHbl B KOOpAWHATaxX A = {Xl, Vi Zl}, 6 = {Xz y Yo, 4, } Torna
[—— Al A X X
YaZo| |22 Xo| (X2 Y2

[Ipumep. ITycTh faHBI BEKTOPHI 5. = {2, —1, 4} u 6 = {3, 1, 0}



IlIZ |3
lab|=[2 -14) = 0+ 21, +121, + 31, - 41, = -1, +121, +5I,.
310

re. [ab|=c={-4,12,5),

IlycTs maHel Tpu BekTopa &, D, C. Ecnu u3 TpeX BEKTOPOB JIOObIE JBa BEKTOPa YMHOKHUTH

BEKTOPHO, a 3aT€M IOJyUYEHHBIH BEKTOP d= [a b | yMHOXUTh Ha TpeTuil BeKTop C CKaJsipHO, TO B
pe3yiabTaTe Mbl MOJYYUM YHUCIIO, KOTOPOE YW HA3bIBAETCS CMEIIAaHHBIM MTPOU3BEIEHUEM TPEX BEKTOPOB

1 0603HayaroT: 160 a b ¢, mu6o ([a b]cC).

CMelIaHHOE MPOU3BENEHNE HEKOMILIAHAPHBIX BeKTopoB &, D m C mo mMoxymo paBHO 06BeMy
napajuiesienune/1a, IOCTPOCHHOTO Ha STUX BEKTOpax.

CMelaHHoe IPOU3BEICHHE BEKTOPOB & b, C paBHO HymO TOra M TOJNBKO TOTJA, KOIAA 3TH
BEKTOPBI KOMIIJIAaHAPHBI.

CMelmaHHOe IPOU3BEICHNE BEKTOPOB B KOOPAMHATAX.

HyCTI) JIaHbI TPX BEKTOpa B KOOPAMHATAX

a={x,vY,,.2,} b= {X,,Y,, 2}C {X3, Y3, 2,}. Torna cMmenaHHoe NpoU3BEJICHUE ITUX BEKTOPOB

MO’KHO BBIYUCIIATH 10 popmyie:

o X Y. 7
([ab]c) =X, Y, Z,l.
X, Ys 14

MHorue 3aauu reoMeTpui, (PU3UKH, MEXaHUKU PELIAIOTCS METOAaMHU BEKTOPHOU anreOpsl.

[Tpumep. Boramcnuth, Kakyro paboTy NPOU3BOAUT CHia F = {3, -5, -2} xorma ee Touka

TPUJIOKEHHS, TBUTAsICh TPSMOJIMHEHHO, TepeMeraercs u3 nonoxenus A (2, 5, -3) B monoxenne B
(3,-1, -2).

Penienue. Haiinem KoopauHATBI BEKTOpa S = AB

S ={3-2; -1-5; -2+3} = {1; -6; 1}

Torna BenuunHAa UCKOMO# paboTa paBHA CKASIPHOMY MPOU3BEICHUIO (E S ), T.€.

W=(F S)=3.1+(-5)(-6) - 2.1 = 3L.

[Mpumep. Haiitu yromn, o6pa3oBaHHBIN BEKTOPAMHU: a ={3,0,-4} u B:{-l,l,-Z}.
3.(-)+0-1+(-4)-(-2) 5 1

3 H0+47 [P +17 +(-2)* 5V6 /6
[pumep. [aubl koopauHatel BepiuH Tpeyroibhuka A(1,2,0), B(3,0,-3) u C(5,2,6). Haiitu

IUTOMIA/b 3TOTO TPEYrOJbHHKA.

Pemenne. COS@ =

Pemenne. Haiinem koopiHATHI BEKTOPOB E u E )
AB ={3-1,0-2,-3-0} ={2,-2, -3}
AC ={5-1,2-0,6-0}={4,0, 6}

HaiizleM BEKTOpHOE MPOM3BEIEHUE BEKTOPOB AB u AC: [A_ _C] =12 -2 -3 =

—12e, —12e, +8e, —12e, = —12e, — 24e, +8e,
Wrax, [AB-AC 1= d ={-12, -24, 8}.

Haiinem Moaysib BEKTOPHOTO MPOU3BEACHUS



I[AB-AC]|H d |= /(-12)? + (—24)® + 8> =144+ 576 + 64 = /784 = 28.

1, — — 1
VIcKoMast IUIOMIaab TPEYTONBHAKA: O o = E‘[AB . AC]‘ = E .28 =14 «xs. en.

[Ipumep. Beramcnuts 00beM TeTpadzapa, BEpIIUHBI KOTOporo Haxozsrcs B Toukax O(1,1,2),
A(2,3,-1), B(2,-2,4), C(-1,1,3).

Pemenne. Terpasap mnocrpoer Ha Bektopax OA, OB m OC HaiineM koopaMHaThl 3THX

sextopos: OA ={1,2,—3}, OB = {1,—3,2}, OC ={-2,0,1}. Torza ncxomsiit 06seMm:

1 2 -3
:—\([OA OB/ E}:% 1 -3 2 :%\—3—8+18—2\:%-5:§
2 0 1

\ > 0
= — ky0. en.
6

Ipumep. Beraucants MOIYIIb BEKTOpa a-= {6,3,-2}.

Pemenue. Ecnu nan BexTop a-= {x, Y, 2}, 0 |£| = X2+ y2 + 2% . CiienoBaTelbHO, HMeeM

|a|= /6% +3% +(-2)? =49 =7.

[pumep. BerunucianTh HaNpaBIIsiFOIINEe KOCUHYCHI BEKTOpa a-= {12,-15,-16}.

Pemenne. |a| = /122 + (—15)? + (-16)? = /625 = 25.

CoSQ = ~ = 12, ,B_L:_—B:—g;cos;/:i:ﬁ.

|a| 25 la] 25 3) | al 25

ﬂmp BexTops! aub o6pasyror yroin ¢ = 60°, mpuaem |a| S5u |6| = 8. Onpenenutsb |5 +

b| ula- b|

Pemenne. PaccmoTpum ckanspHoe npomssenenne (& + D)ym(a + b) Te.

(a+b)=(aa)+2(ab)+(bb)=|ap+2/al|b|cos60® + b} = 25+2~5-8~% +64 = 129,

cnenoBatensHo |@ + D] = 4/129.

AHAJIOTUYHO, PACCMOTPHM (5 - 6)2
. 1
(a-by=|ap-2(ab)+|bf =25258. +64=49. la-b|=+/49=7.

Bonpocwt u 3a0auu:

3amava 1. Onpenenuth, MpU KaKuX 3HAYEHUSX OL U [3 BEKTOPBI 5:{-2, 3, B} u B:{oc, -6, 2}
KOJUTHHEAPHBI.

3amaua 2. JlaHBI TpU BEKTOpa _p = {3,-2,1}, a = {-1,1,-2}, r = {2,1,-3}. Haiiti pa3znoxxenue

BEKTOpa C = {11,-6,5} mo Gazucy p, q, .

—_— —_— 7z' —_— —_—
3amaua 3. Bextops & u D o6pasyior yron ¢ = E 3Has, uro |a| = \/é |b| = 1, BerunciuTs

Yrojl @ MEXJy BEeKTOpaMu _p = 5 + 6 u a = 5 -b.

3anaua 4. BEIYHCIUTH MPOEKIIUIO BEKTOPA a-= {5,2,5} Ha oCch BeKTOpa b= {2,-1,2}.
3anaua 5. Jlansl Bepmuabl TeTpasapa: A(2,3,1), B(4,1,-2), C(6,3,7), D(-5,-4,8). Haiitu nnuny ero
BBICOTHI, OMYIIEHHOM 13 BepiiuHbI D.



3anaua 6. Haiitu opT BexTopa @ = 3e, +4e, —12e,.

3amaya 7. HailTu BenuuMHY IUIOIIAJM NapajuIeJOrpaMMa, CTOPOHAMU KOTOPOIO SIBJISIOTCS
sexktopel @ ={1,-3,1} u b ={2,-1,3}.

3agaua 8. BeUMCIUTE BHYTpPEeHHHE yIiIbl TpeyroiabHuka ¢ BepmuHamu A(1;2;1), B(3;-1;7) u
C(7;4;-2). YoenuThcs, 4TO 3TOT TPEYTOJIbHHUK paBHOOEIpeHHbII. Cenars 4epTex.

3angaua 9. 3Has OJHY M3 BepLIHH Tpeyroabuuka A(2;-5;3) 1 BEKTOPHI, COBIAAIOIINE C IBYMS €TI0

CTOpOHAMU AB = {4;1;2} n BC = {3;-2;5}. HaiiTi ocTaibHbIe BEPUIMHBI U KOOPIUHATHI BEKTOPA

CA.

Bomnpocksr:
1. Yto Ha3bIBaeTCs CKAJISAPHBIM IPOU3BEACHHUEM JABYX BEKTOpoB? Dusnueckuili cMbICT
CKaJISIPHOTO IIPOU3BEICHUS BEKTOPOB.
OcHOBHBIE CBOMCTBA CKAJIIPHOTO MTPOU3BEIECHUS BEKTOPOB.
Kak onpenensiercs ckalsipHOE IPOU3BEIEHUE IBYX BEKTOPOB B KOOpAXHATaX?

Kak HaifT yron Mex Iy AByMs JaHHBIMH BeKTopamu @ u 0 ?
Uto Ha3bIBaETCS BEKTOPHBIM MPOU3BEACHUEM JIBYX BEKTOPOB?
['eomeTpuyeckuit 1 GU3NIECKUIT CMBICII BEKTOPHOTO ITPOU3BEICHHUS IBYX BEKTOPOB.
Kak MOXHO HaWTH IUIOLIA[b TPEYTOJIbHHUKA, B TPEXMEPHOM IPOCTPAHCTBE, €CJIM W3BECTHBI
BEpPUIMHBI JAaHHOT'O TPEYrOJIbHUKA?
8. Kak HaiiTu BEeKTOpHOE MPOU3BEICHUE JIBYX BEKTOPOB B KOOpIMHATAX ?

Nook wb

9. Kak naiitu opt Bekropa a = {X, Y, 2}?

10. OcHoBHBIE CBOICTBAa BEKTOPHOI'O IIPOU3BEIEHUS BEKTOPOB

11. CmemanHOE pOU3BEIEHUE TPEX BEKTOPOB. ['eOMeTpUUYECKUI CMBICI.
12. OcHoBHBIE CBOICTBAa CMELIAHHOT'O POU3BEICHHSI BEKTOPOB.

13. CmemanHOE IPOU3BEICHUE TPEX BEKTOPOB B KOOPMHATAX.

IIpakTuyeckoe 3anaTHe 15. BekTopHbIEe NPOCTPAHCTBA M UX MpOCTelilIue CBOWCTBA.
Ilens: chopmupoBaTh MpeACTaBICHUE O BEKTOPHBIX MPOCTPAHCTBAX U X CBOMCTBAX
Cooeporcanue:

BEKTOPHOE IIPOCTPAHCTBO HAJ MOJIEM BEUIECTBEHHBIX YHCEN; MPOCTEHIINE CBOMCTBA BEKTOPHBIX
MPOCTPAHCTB.

Teopemuueckas uacmap:

Omnpenenenne. [IycTs V - IPOU3BOIBLHOE HEMYCTOE MHOXKECTBO, AJIEMEHTBI KOTOPOTO MBI OyieM
HasbIBaTh BekTOpamu, K — mome, 3MeMeHThl KOTOPOro Mbl OyJaeM Ha3biBaTh ckamspamu. IlycTe Ha
MHOXECTBE V ONpelesicHa BHYTPEHHssI OMHapHas anreOpandeckas omeparusi, KOTOPYI MbI Oyaem
o0o3Ha4YaTh 3HAKOM + U Ha3bIBaTh CJIOXKEHHEM BEKTOpoB. [lycTh Takke Ha MHOXKECTBE V
ompejielieHa BHEIIHsSS OwHapHas anreOpanyeckas omepamus, KOTOPYH MbI OyleM Ha3bIBaTh
YMHOXXEHHEM BEKTOpa Ha CKaJsip U 0003HAYaTh 3HAKOM YMHOXXEHHUS. J[pyruMu CI0BaMU ONpeaeTIeHbI
JIBa OTOOpaKCHHUSI:

VxV -V, ¥Yx,yeV,(X,y) >Xx+yeV,
KxV -V, VieK vxeV,(A,x)>Ar-xeV.
MHO0KeCTBO V BMECTE C ITHUMH JIBYMS alnre0pandecKuMHU OTepaIlusiMU Ha3bIBAETCS] BEKTOPHBIM
MPOCTPAHCTBOM HaJ TosieM K, eciii BBITIOHSIOTCS CIEAYIOIMNE aKCHOMBI:
1. CnoxxeHue accolraTUBHO, T.€.
vxy.zeV, (x+y)+z=x+(y+2).

2. CymiecTByeT HyJIE€BOW BEKTOD, T.€.

0eV:VxeV,x+0=0+x=X.

3. Jlnst mr060r0 BEKTOpa CYIIECTBYET MPOTUBOIOIOKHBIN eMy:

VxeV,dyeVix+y=y+x=0.
BekTop y, IpOTHBOMONIOKHBIA BEKTOPY X, OOBIYHO 0003HAYAETCSI —X, TAK YTO
vx eV, 3(-x)e V: x+(-x)=(-x)+x=0.
4. CrioxeHne KOMMYTaTUBHO, T.€. VX,y €V, X+y=y+X.



5. YMHOXKeHUE BEKTOpa Ha CKaJIAp MOJUUHSIETCS 3aKOHY aCCOLMaTUBHOCTH, T.€.
Vao,B eK, ¥x eV, (ocB)X - a(BX) )

/i€ IPOU3BEACHUE af €CTh IIPOU3BEACHUE CKAISAPOB, onpeaeacHHoe B noje K.

6. vxeV, 1.x=x, rae | - ato equanna nomus K.

7. YMHOXEHHUE BEKTOpa Ha CKaJIp AUCTPUOYTUBHO OTHOCUTENIBHO CIIOKEHUS BEKTOPOB:

Vi eK, ¥Xy eV, AX+y)=AX+Ly.

8. YMHOXEHME BEKTOpA HA CKAJISAP TUCTPUOYTHBHO OTHOCUTEIBHO CIIOKEHUS CKAJISIPOB!
Vi p eK VX eV, (A+p)x=AX+px.

Onpenenenue. BekropHoe NpoCTpaHCTBO V HaJl MOJEM BEIECTBEHHBIX YMCEI R Ha3blBacTCA
BELICCTBCHHBIM BEKTOPHBIM IIPOCTPAHCTBOM.

Teopema. (ITpocTeiimne cBoiicTBa BEKTOPHBIX POCTPAHCTB. )

1. B BEKTOpHOM IIPOCTPAHCTBE CYIIECTBYET €AMHCTBEHHBIN HYJIEBON BEKTOP.

2. B BEKTOPHOM MHPOCTpPaHCTBE JIOO0N BEKTOP MMEET €AMHCTBEHHBIN MPOTHUBOIIOIOKHBIN

emy.

3. VAeK,vxeV,Ax=0<1=0 UM x=0.

4. vxeV, (-)x=-x.

[TpriMepbl BEKTOPHBIX IPOCTPAHCTB.

1) MHOXeCTBO YMCJIOBBIX BELIECTBEHHBIX (YHKLUMN OJHOW NMEPEeMEHHOW, HENpEephIBHBIX Ha
uaTepBaie (0; 1) oTHOCHTENBHO OOBIYHBIX OIEPAIUil CIOKEHUS (GYHKIMNA U YMHOXKECHHUS (QYHKIIUN Ha
YHCIIO.

2) MHOXeCTBO MHOTOWIECHOB OT OJHOW OYKBBI ¢ KO3 dupenTamMu u3 noisi K oTHOCHTEIhHO
CJIO’KEHHSI MHOTOWIEHOB M YMHOXXEHHUSI MHOIOWIECHOB Ha CKaJIsp.

3) MHOXEeCTBO KOMIUIEKCHBIX YHCEI OTHOCHUTEIBHO CIJIOKEHUS KOMIUJIEKCHBIX 4YHCENl U
YMHOXEHHMSI Ha JEMCTBUTEIBHOE YUCIIO.

4) MHOXecTBO MaTpHIl OJHOTO M TOTO K€ pazMepa ¢ 3neMeHTamMu u3 noiisg K oTHocuTensHo
CJIO>KEHMSI MATPUI] U YMHOXEHHS MaTPUL] HA CKAJIAP.

Crnenyrouuii mpumep ABISETCS BaXXKHBIM YaCTHBIM CIydaeM npuMepa 4.

5) Ilycth neN - Ipou3BOJIbHOE HaTypalibHOE uncio. O603HauuM depe3 K" MHOXKECTBO BCEX
CTOJIOLI0B BBICOTHI N, T.€. MHOXKECTBO MaTpull Haj noseM K pasmepa nxl.

MHoxecTBO K" sBIS€TCS BEKTOPHBIM IPOCTpaHCTBOM Haj nosneM K u Has3biBaeTcs
apu(pMeTHYECKUM BEKTOPHBIM IPOCTPAHCTBOM CTOJIOLIOB BHICOTHI N Haj nosieM K.

B yactHOCTH, €ciau BMECTO IPOU3BOILHOIO oI K B3STh MOJI€ 1eHCTBUTENBHBIX YUCEN R, TO
BEKTOPHOE IMPOCTPAHCTBO R"  Ha3bpIBae€TCsd BELIECTBEHHBIM apU(PMETHUYECKUM  BEKTOPHBIM
IIPOCTPAHCTBOM CTOJIOLIOB BBICOTHI N.

AHaJOrM4HO, BEKTOPHBIM IPOCTPAHCTBOM SIBJISIETCS M MHOXKECTBO Marpuil Haja mnoiem K
pasmepa 1xn WM, HHa4e, CTPOK JIMHBI N. OHO 0003Ha4yaeTcs Takke uepe3 K" U TakKe Ha3bIBaeTcs
apu(MeTHYeCKUM BEKTOPHBIM MPOCTPAHCTBOM CTPOK JUTMHBI N Haj nosiem K.

CucreMbl BEKTOPOB BEKTOPHOTO NTPOCTPAHCTBA.

Ompenenenne. CucreMoi BEKTOPOB BEKTOPHOTO IMPOCTPAHCTBA HA3BIBAIOT JIFO00E KOHEYHOE
HEIyCTOE MHOXKECTBO BEKTOPOB ATOT'O MTPOCTPAHCTBA.

OO6o3naueHue: {er,es,....en}.

Onpenenenue. Beipaxenue

01181 + 0Lp€o+.. 40y Ep

TA€ oq,0p,....a, € K - cKaysipel nos K, eqe,,....e, €V — BEKTOpbl BEKTOPHOIO MpocTpaHcTBa V,
Ha3bIBAETCS JIMHEHHON KOMOHMHALMEHl CHUCTEeMBI BEKTOPOB {eg,ep,...en}. CKaIAPBI  oy,az,...,0,
Ha3bIBalOTCS KO3 PHLImeHTaMu 3TOi TMHEHHOW KOMOMHAIINY.

Onpenenenue. Ecnu Bce k03 PUIMEHTH TUHEHHONW KOMOWHAIMU PAaBHBI HYIIO, TO TaKYIO
JUHEWHYI0 KOMOWHAIMIO HAa3bIBAIOT TPUBHAJIBHOM, B TPOTHBHOM ClIy4ae — HETPUBHAIBHOM.

ITpumep. ITycTh {e;,e2,e3} cucTeEMa U3 TpEX BEKTOPOB BEKTOPHOIo npoctpaHcTsa V. Toraa

0-e1+0-ep+0-e3

— TpUBHAJIbHAS TMHEWHAS KOMOMHALIUS TaHHOW CHCTEMBI BEKTOPOB;

—e1+0‘e2 +0-83



— HeTpHUBHMAJbHAs JIMHEHHAass KOMOMHAIMS JaHHOM CHUCTEMbl BEKTOPOB, T.K. TIEPBBIN
KOA((DUIIUEHT 3TON KOMOWHAITUU g =-1#0.
Onpenenenue. Ecnm Kakoi-mub0O BEKTOpP X  BEKTOPHOIO MPOCTpaHCTBA V MOXKET ObITh
IIPEACTABIICH B BUJIC:
X = 0481 + Olo€o+...40n€Y 4
TO TOBOPAT, YTO BEKTOP X JINHEHHO BBIPAYKAETCS YE€PE3 BEKTOPHI CUCTEMBI {e1, €5, ....en}. B 3TOM
CIIy4ae TOBOPSAT TaKXkKe, 4YTO CUCTEMA {ey, €y, ....en} JIMHEWHO IIPEACTABIISIET BEKTOP X.

1 -1
IIpumep. Ilycts {elz[ 2}82:[3]} — CcHUCTeMa H3 JBYX CTOJIOLIOB apu(METHIECKOro

5 .
BCIICCTBECHHOI'0O BEKTOPHOI'O IIPOCTpPAHCTBA CTOJ'I6I_[OB BBICOTHI 2. Torz[a CTOJ'I6€LI Xz( 13j JIJMHCUHO

BBIP@XKAETCSI Yepe3 CTONOIBI CHUCTEMBl WM JaHHas CHCTEMa CTOJIOIIOB JIMHEWHO NPEICTABIISCT
cronber X. JlelcTBUTEIBHO,

o e ()

Bonpocwt u 3a0auu:
1. O6o3HaunM OyKBOW A MHOXECTBO OCCKOHEYHBIX IMOCIEAOBATEIHLHOCTEH BEIIECTBEHHBIX
gyIcelt, UMEIoNIHe Tpene: A={(ayx),keN|(lim ay)<R}.
k—o0

OmpenenuM Ha MHOXECTBE A IMOKOMIIOHEHTHOE CJIOKEHHE IIOCJIEeI0BATEIbHOCTEH U
MMOKOMIIOHEHTHOE YMHOKEHUE IOCJIeIOBAaTeIbHOCTH Ha uwucio. Jlokaxwure, uyto A sBIseTCS
BEKTOPHBIM ITPOCTPAHCTBOM.

2. O603HaunM OYKBOW A MHOKECTBO OECKOHEYHBIX IOCIIEOBATEILHOCTEH BEIIECTBEHHBIX
YHUCel, UMCIOIINE OJMHAKOBBIN Tpenen acR | A={(ax),keN| I(Iim ay =a}. OnpenenuM cioxeHue Ha A u

—0

YMHOXCHUEC Ha YMCJIO KaK B 3a1a4¢ 1.

a) I[OKa)KI/ITe, 4yTo €CJIh a#0, TO MHOXECTBO A He gBusercs BCKTOPHBIM IIPOCTPAHCTBOM.
Kakas akcuoma BCKTOPHOTI'O MTPOCTPAHCTBA HE BBIHpOH}IeTCH?

6) I[OKa)KI/ITC, YTO €CJIM a =0, TO MHOXXECTBO A saBnsercs BCKTOPHBIM IIPOCTPAHCTBOM.

IIpakTnueckoe 3ansitue 16. JIuHeiiHo 3aBUcHMBIE M JINHEHHO He3aBHUCHUMbIE CHCTeMbl BEKTOPOB
BEKTOPHOI'0 IPOCTPAHCTBA.

IJens: chopMupoBaTh MPEACTABICHHUS O JIMHEHHON HE3aBUCUMOCTH CHCTEM BEKTOPOB BEKTOPHOTO
MIPOCTPAHCTBA U acleKTaxX MPUMEHEHUs JUHEHHON 3aBUCUMOCTH (HE3aBUCUMOCTH )

Cooeporcanue:

TPUBUAJIBHOE (HETPUBUAIBHOE) MIPE/ICTABICHHUE HYJIEBOTO BEKTOPA;

JMHEWHO 3aBUCUMast (HE3aBUCHMAas) CUCTEMBI BEKTOPOB;

HE00X0IMMOE U JOCTATOYHOE yCJIOBHE TUHEHHON 3aBUCUMOCTH CUCTEMBI BEKTOPOB.

Teopemuueckasn uacmo:

Tak kak MpoOW3BEICHUE HYJIEBOTO CKaIspa Ha JIFOOOW BEKTOP €CTh HYJIEBOM BEKTOP U CyMMa
HYJIEBBIX BEKTOPOB paBHA HYJIEBOMY BEKTOPY, TO JJs JIH0O0H CHCTEMBI BEKTOPOB BBITIOJIHIETCS
PaBEHCTBO

0-e9+0-e9+...4+40-e, =0.
Orcrona cienyer, 4To HYJEBOM BEKTOp JIMHEHHO BbIpa)kaeTcs 4epe3 BEKTOPHI JIF000H CHCTEMBI
BEKTOPOB WJIM, TOBOPS MHAYe, J1t00asi cucTeMa BEKTOPOB JIMHEHHO MPEICTaBIIsSET HYJIEBOI BEKTOD.

1 o 0 .
ITpumep. Ilycts {el :( ZJ,eg =[ 2]} B sTom ciydae HyneBo#t cronben [Oj MOKHO JIMHEIHO

BBIPA3UTh Yepe3 CTOJIOIBI CUCTEMBI HE OJTHUM CIIOCOOOM:

SRS EAWCIND

N
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HIIU VaeR

capsass=a Sra DL 220

Uto0Bl pa3nmuyaTh STH CIOCOOBI JHMHEWHOTO TPEICTABJICHUS HYJIEBOTO BEKTOpA BBEACM
ClenyIolee omnpeeacHue.

Onpenenenne. Eciiv BBIMOTHSAETCS] pAaBEHCTBO

o8] +ag€o +...+apep =0

U TIpU 3TOM BCE€ KOI(PMUIUEHTHI og=op =..=a, =0, TO TOBOPAT, YTO CHCTEMa {er,eo,...en}
MIPEJICTaBIISIET HYJIEBOW BEKTOp TpUBUAIHHO. Eciy jke B paBEHCTBE XOTS ObI OJUH U3 KOI(PPUIIMEHTOB
01,09,..,0, HE PAaBEH HYIIO, TOTJAa TOBOPST, YTO CUCTEMa BEKTOPOB {ef,e,...en} MPEICTABISAECT
HYJIEBOI BEKTOP HETPUBHAILHO.

W3 mocnegHero mpumMepa Mbl BHJIUM, YTO CYIIECTBYIOT CHUCTEMbI BEKTOPOB, KOTOPHIE MOTYT
MPEJICTABIATh HYJICBOH BEKTOp HETpHBHAIBbHO. M3 clemyromero mpuMepa MbI YBHIUM, YTO
CYUIECTBYIOT CUCTEMBI BEKTOPOB, KOTOPHIE HE MOTYT MPEACTABIATh HYJIEBOW BEKTOP HETPUBUAIBHO.

1) (0
IIpumep. Ilycts {[0][1]} — CHCTeMa JIByX CTOJIOIOB W3 BEKTOPHOIO IPOCTPAHCTBA RZ.

1 5 0) (o
o |+ =
0 1) (o)’
r7e o,peR HEW3BECTHBIC MOKa KOA(PUIHMEHTHI. Vcronb3ys nmpaBuiia yMHOKEHHsI CTOJIONA Ha
CKaJIsIp (YMCII0) U CIOKEHHUSI CTOJIOIIOB, MTOJTy4aeM PaBeHCTBO:

o 0
[B] i [0] |
W3 onpenenennst paBeHCTBA MaTPHUIL CIEAYET, YTO o.=0 U B=0.
Taxum oOpa3oM, 1aHHas CUCTEMa HE MOKET MPE/ICTaBIATh HYJIEBOH cTOIOE] HETPUBUAIIBHO.
W3 npuBeneHHBIX NMPUMEPOB CIEAYET, YTO CYIIECTBYET JBa BUAA CHUCTEM BeKTOpoB. OnHHU
CHCTEMbI IPEJICTABIISAIOT HYJIEBOM BEKTOP HETPUBUANIBHO, a Apyrue HeT. OTMETHM ellle pas3, 4To Jirodas
CUCTEMA BEKTOPOB IIPEJICTABIISECT HYJIIEBOM BEKTOP TPUBHUAJIBHO.
Onpenenenue. CucreMa BEKTOPOB BEKTOPHOTO ITPOCTPAHCTBA, KOTOPAs MPEACTABISAET HYJIEBOU
BekTop TOJIBKO TpuBHaibHO Ha3bIBaeTCS TMHEMHO HE3aBUCUMOM.
Onpenenenue. CucreMa BEKTOPOB BEKTOPHOI'O MPOCTPAHCTBA, KOTOPas MOXET NPEACTaBUTH
HYJIEBOM BEKTOP HETPUBHAIIBHO HA3bIBACTCS JIMHEHHO 3aBUCUMOM.
[TocnenHee onpeneneHrne MOXKHO J1aTh B 0oJiee pa3BEpHYTOM BUJIE.
Omnpenenenue. CucremMa BEKTOPOB {er,e,....en} BEKTOPHOTO MPOCTpaHCTBA V Ha3bIBaeTCs
JMHEWHO 3aBUCUMOM, €CIM Hali1eTCsl Takoi HeHyseBoi Habop ckasipoB moist K
(a1, 02,...,00n) %= (0,0,...,0) ,

PaCCMOTpI/IM PaBC€HCTBO!

4TO
o181 +ageo +...+apep =0.

Ho 3Toro HemocTaToYHo0, YTOOKI BEIICHUTE JUHEHHO 3aBUCHMAas HIH K€ TUHEHHO HE3aBUCUMAs
JaHHasl CMCTeMa BEKTOpOB. M3 ompeneneHus cieayer, YTo JUHEHHO He3aBUCHMas CHCTeMa BEKTOPOB
HE MOXET MPEJCTaBISATh HYJIEBOM BEKTOP HETPUBHAIBHO, & TOJbKO TpUBHUANBHO. [loaTOMy st ToroO,
9TOOBI yOEIUThCS B JIMHEWHOW HE3aBUCUMOCTH JAHHOW CHCTEMBI BEKTOPOB, HYKHO PacCMOTPETHh
MpeJICTaBICHHUE HYJIS TPOU3BOJIBHON JTMHEHHON KOMOWHAIMEN 3TOI CHCTEMBI BEKTOPOB:

0=oaqe1 +agep +...4+0ap€p.

Ecnu 3TO paBeHCTBO HEBO3MOXKHO MPHU YCIOBHH, YTOOBI XOTS OBl OJMWH KOIPPUIIUEHT ITOM
JUHEWHONW KOMOWHAIMM OBLT HEHYJIEBOM, TOT/Ia 3Ta CHUCTEMa SIBJISICTCS IO ONPENCICHUIO JIMHEHHO
HE3aBHUCHUMOI.

Crenyroniye TeOpeMbI Jal0T HECKOJIbKO KPUTEPUEB JIMHEHHON 3aBUCIMOCTH U COOTBETCTBEHHO
JINHEMHON HE3aBUCHUMOCTH CUCTEM BEKTOPOB.



Teopema. (HeoOxomumoe H JOCTAaTOYHOE YCJIOBHUE JIMHEHMHOM 3aBHCHMOCTH CHUCTEMBI
BEKTOPOB.)

CucreMa BEKTOPOB BEKTOPHOI'O IPOCTPAHCTBA SBJISIETCS JTMHEHMHO 3aBUCUMOM TOTJA U TOJIBKO
TOTJa, KOTJa OJIMH U3 BEKTOPOB CUCTEMBI JJMHEHHO BhIpakaeTcs 4epe3 Ipyrue BeKTopa 3TOM CUCTEMBI.

Cuencrtsue.

1. Cucrema BEKTOPOB BEKTOPHOI'O IMPOCTPAHCTBA SIBJSIETCA JIMHEHHO HE3aBUCUMOW Torna u
TOJIKO TOTI'JIa, KOI/1a HU OJIMH U3 BEKTOPOB CUCTEMBI JIMHEHHO HE BBIPAXKAETCS Yepe3 APYrue BEKTopa
3TOU CUCTEMBI.

2. CucreMa BEKTOpPOB, cojepxallias HYJEBOM BEKTOp WM JBa PaBHBIX BEKTOpA, SBIIAETCS
JIMHEWHO 3aBUCUMOII.

Teopema (O nuHEIHOW 3aBUCUMOCTH CHCTEMBI U3 OJJHOTO BEKTOPA).

Cucrema, cocTosIas U3 OAHOTO BEKTOPA SIBJISETCS JIMHEHHO 3aBUCUMOI1 TOT1a U TOJIBKO TOT/IA,
KOTJIa 3TOT BEKTOP HYJIEBOM.

CrnenctBue. CructeMa, COCTOSINIAs U3 OJHOTO BEKTOpA SIBJISIETCS TUHEHHO HE3aBUCUMOM TOT/Ia U
TOJIBKO TOTJ[a, KOT'/1a 3TOT BEKTOP HEHYJIEBOIL.

Bonpocwt u 3a0auu:

1 1 1
1. JlokaxuTe, 9TO cucTema <fy =|1|,f, =|1| f3 =| 2|} ABISICTCSA TUHEHHO HE3aBUCUMOM. SIBseTcs
1 2 3
JIM 9Ta CUCTEMA MOPOKAaronen?
3 4 1
2. JIokaXHTe, 9TO CUCTEMA 191 =|5|, 9o =|14 |93 =| 9 |} SBISETCS JUHCHHO 3aBUCUMOMN. SBsercs
8 10 2

JIM 9Ta CUCTEMA MOPOXKAaronien?
3. OO0o3HauMM R,[x]— MHOXECTBO MHOTOWICHOB OT OYKBBI X C JICHCTBUTEIBHBIMHU
K03 PHUIMEHTAMH, CTENIEHh KOTOPHIX HE MPEBBILAET 2: R[x]={ax? +bx+c|a,b,ceR} .
a) JIOKaxxuTe, 9TO CHUCTEMBI {L X,x°} W {L x-1 (x-1)?} SBJISAIOTCS JINHEWHO HE3aBHCHMBIMH.
SIBnsieTCst JIK 9T CHCTEMa TIOPOKIAIOIIEH?
0) Jlokaxure, 4YTO CHCTEMBI {Lx+12x,x°} M {x+1Lx% x2—-x+1} SBJIAIOTCA JIMHEHHO
3aBUCHMBIMU. SIBJISIFOTCS JIK OTH CHCTEMBI ITOPOXK TAFOIIIAMHE?

1 1 1
4.]JIokaXKHTe, 9TO CHCTeMa <{f; =|1|,f, =|1|f3=|2|} SBISETCS JTMHEHHO HE3aBUCHUMOM. SIBIISETCS
1 2 3
JI 9Ta CHUCTeMa MOPOKIAoIIei?
3 4 1
5. JlokakuTe, 4TO CUCTEMA {91 =|5| g, =|14|, 93 =|9 | SABJISIETCS JIMHEHHO 3aBUCUMOM. SIBIsieTcst
8 10 2

JIM 3Ta CUCTEMA MTOPOKIAOIIEH?
6. OO003HaYUM Rj[x]— MHOXECTBO MHOTOWICHOB OT OYKBBI X C JCHCTBHTEIHHBIMU
k0> (HIMEHTAMH, CTENEHb KOTOPHIX HE MPEBBILAET 2: Ry[x]={ax? +bx+c|a,b,ceR} .
a) JIoKakuTe, 4TO CHUCTEMBI {Ix,x’} M {l x-1 (x—1)°} SBIAIOTCS JHMHEHHO HE3aBUCHMBIMH.
SIBnsieTcst 1M 3Ta cUcTEMa MOPOKIAFOIICH?
0) Jlokaxure, 4YTO CcHCTEMBI {Lx+12x,x°} M {x+1x? x?-x+1} SBIAIOTCA JHMHEHHO
3aBUCUMBIMU. SIBIISIFOTCS JIM 3TU CUCTEMBI TOPOKAAOIIUMU?

IIpakTuyeckoe 3ausitue 17. Pazmepnocms u 6azuc 6eKmoprozo npocmpancmea.

Ilens: chopmupoBaTh TpEACTABIEHUE O pPa3sMEPHOCTH U 0Oa3uce BEKTOPHOTO IPOCTPAHCTBA,
BO3MOKHOCTSIX IPAKTUYECKOTO TPUMEHEHUS NU3y4YEHHOTO

Cooepicanue:

N-MepHOE JTMHEWHOE POCTPAHCTBO; PA3MEPHOCTh MPOCTPAHCTBA;

pas3ioxkeHue BeKTopa no 6asucy;



epexo/1 K HOBOMY 0a3ucy.
Teopemuueckaa yacmo:
Bektop &, Ha3piBaeTcs JMHEWHOW KOMOHMHALMEH BEKTOPOB a,,a,,...,8,, ; BEKTOPHOTO

npoctpaHcTBa R, eciiu oH paBeH cieayroliel cymme:

a,=Aa,+4a, +..+4,,8a,,, rae A,...,A, , —IPOU3BOJIbHBIE ACHCTBUTEIIbLHbBIE YUCIIA.

Bekropsl a,,...,8,, BEKTOPHOIO NPOCTPAHCTBA R HAa3bIBAIOTCS JIUHEHUHO 3A6UCUMbBIMU, €CIIU

m
CYIIECTBYIOT Takue uymciaa A, A,,...,A,, HE paBHbIE OJHOBPEMEHHO HYJIO, YTO HX JMHEWHAs

KOMOMHAIHSI paBHA HYJICBOMY BEKTOPY:
Aa +4,a,+...+4,a,=0

B nportuBHOM ciy4ae (T.e. KOrja Hy/b-BEKTOp Moiy4aercss Toipko mpu A =0, Vi :]71)

BEKTOPHI &,,8,,...,d,, HA3bIBAIOTCS JIUHEHHO He3A8UCUMBIMU.

JluneitHoe mpocTpaHcTBO R HaspiBaeTcs N-MEpHBIM, €CIIM B HEM CYHIECTBYET N JIMHEMHO
HE3aBUCHMBIX BEKTOPOB, a Jo0ble (N+1) BEKTOPOB Yyxke SBIAIOTCA JUHEWHO 3aBUCHUMBIMHU.
Pasmepnocmov npocmpancmeéa — 5TO MAaKCUMAIBHOE YHCIO COIEP)KALIMXCA B HEM JIMHEWHO
HE3aBUCHMbIX BeKTOpoB. O003HauaeTcs pazmepHocTs dim ®.

CoBOKYNHOCTH N JIMHEWHO HE3aBUCUMBIX BEKTOPOB N-MEPHOI0 IPOCTpaHCcTBa R Ha3bIBaeTCs dazucom.
Teopema. Kaxnaplii BeKTOp X € R MOXHO MpencTaBUTh U MPUTOM €AMHCTBEHHBIM 00pa3oM B BHJE
JMHEWHOW KOMOMHAIMK BEKTOPOB Oa3uca.

Takast nuHeliHas KOMOMHAIUS

X=X6 +X,& +...+X,€,
HAa3bIBACTCA pa3jioxicenuem eekmopa X 110 6a3I/Icy el,ez,...,en, a gacna X, X,,...,X, —KOOpAUHATAMH

BEKTOpa X OTHOCUTEIILHO 3TOro 0asuca.
Teopema. Ecnu e, e,,...,6, —cucTeMa JUHEHHO HE3aBUCHUMBIX BEKTOPOB MPOCTpAaHCTBAa R u moboi

BEKTOp a B HEM JIMHEHHO BBIpaxaeTcs uepes €,,€,,...,€,, TO MPOCTPaHCTBO R sABIgeTCs N-MEpHBIM, a
BEKTODHI €,€,,...,8, —ero 0azucom.

Ilepexoa k HOBoMY Ga3ucy
Ilycts B mpocTpancTse R nmeroTcs 2 6a3uca:

Crapslii €,€,,...,6, 1 HOBbIH €'1,€2,...,6 n.KaxIplil 13 BEKTOPOB HOBOTO Ga3nca MOKHO BBIPA3HUTH B

BH/JI€ TUHEHHON KOMOMHAIIMU BEKTOPOB CTaporo Oasuca:

e'1=a,e +..+a,¢e
p

1n~n?

e'2=a,6 +...+a,e

2n~n?

........................ (*)

e'n=2a,6 +..+a,e,.

\DTa cuCTeMa O3Ha4aeT, YTO MEePeXo] OT CTaporo Oa3uca K HOBOMY 3a/IaeTCsl MATpHUIeH mepexona
A=(a;)(i, j=1n).OTa MaTpuna HeocoOeHHas (T.€. HEBBIPOKIIEHHAS), T.K. B POTHBHOM CIly4ae €e

CTpOKH ( a 3HAYMT, U 0a3UCHBIE BEKTOPHI) OKA3aIUCh Obl TUHEWHO 3aBUCUMBIMHU. OOpaTHBIN TIEPexoT

OT HOBOTO 6a3Kca K CTAPOMY OCYILECTBIISETCS C TOMOIILI0 0OpaTHOM MaTpuIbl A~
Haiinem 3aBucMMOCTh MKy KOOpJIMHATAMHU BEKTOpa B pa3HbIX Oazucax.
IIycTh X MMEET KOOPAUHATBI:

X=X"1€"1+...+ X'n€"n =X,€ +...+ X,€,.
IMoxcTaBuMm 3HayeHus €°1,€°2,...,6°n. U3 cuUCTeMbl (*) B JIEBYIO 4YacTh IOCIEIHETO PAaBEHCTBA,
HOJIYYHM:

( * * *
X, =apX1+ayX2+...+a,;X n,




X, =8,X1 +8uX 2 +.c+8,,X n,

HJINX B ManHqHOﬁ (I)OpMC:

X=AX",

X* =(A1)'X

X=(XyeeXe) Y= (VreenYn)

CKaJIIpHBIM IIPOU3BEACHUEM JIByX BEKTOpPOB
4HCIIO:

Ha3bIBACTCsA

(X Y) =X Y; + XY, ok X Yy = DX Y,
i=1

CBolicTBa CKaJSIPHOTO IPOU3BEICHMUS.

1. (X, ¥)=(Y, X) — KOMMYTaTUBHOCTb;

2. (X, y+2)=(XY)+(X,2) — 1ucTpuOyTUBHOCTb;
3. (&x;y) =a(X,Y), V& —0aHOPOJTHOCTS;

4. (X, x))0, ecmu X =0, (X,X)=0, eciiu X =0.

JIuneiHoe (BEKTOPHOE) IPOCTPAHCTBO, B KOTOPOM 3a/1aHO CKAJISIPHOE MPOU3BEEHUE BEKTOPOB,
YJIOBJICTBOPSIIOIIEE YKAa3aHHBIM YETHIPEM CBOMCTBAaM ( pacCMAaTpUBAEMbIM KaK aKCHOMBI), HAa3bIBAETCS
€BKJIUJOBBIM IIPOCTPAHCTBOM.

JlinHo# ( HOpMOI) BEKTOpa X B €BKJIMIOBOM IPOCTPAHCTBE HA3bIBAETCS KOPEHb KBAJIPaTHBIN U3 €ro

CKaJISIPHOTO KBaJpaTa: |X| =./(X,X) =\/X12 X, At X
CBOfICTBa JJINHBI BeKTOpa:
1. |x| =0<=x=0;

2. |/1X| = |/1| . |x|, A — IeCTBUTENIBHOE YHCIIO;
3. |(X, y)| < |X| |y| — (nepaBenctBo Komu-ByHskoBckoro);
4. |X + y| < |X| + |y| -( HEpPaBEHCTBO TPEYTOJIbHUKA).
YTos1 ¢ MEXAy IBYMsI BEKTOPAMHU XU Y OINPEIENISIeTCs pABEHCTBOM:
X,
Cos@p = ﬂ ,rae O(p(r.
X1y

JIBa BeKTOpa HA3BIBAIOTCS OPTOTOHAJIBHBIMH, €CIIH UX CKAISPHOE MPOM3BEICHHE PABHO HYIIIO.
OueBUIHO, YTO HYJIEBOM BEKTOp OPTOTOHAJIEH JHOOOMY JPYroMy BeKTOpy. ECiu 1Ba HEHYJIEBBIX
BEKTOpa OPTOTOHAIIBHBI, TO @ =77/ 2.

Bekrtops! €,€,....,6, N-MEPHOro €BKJIMJOBA MPOCTPAHCTBA 0Opa3yr0T OPTOHOPMHPOBAHHBIN
0asuc, ecu (e, ,ej)=0,i # j,|ei| =1i=1n.
PaccmoTpuM [Ba TMHENHBIX pocTpaHcTBa: R" pasmeproctn nu R™ pasmeprocTta m.

Ecnu 3aman 3akoH (IpaBUiIo), MO KOTOPOMY KakJOMy BekTopy X € R" craButcs B cOOTBETCTBHE
eIMHCTBEHHBINH BekTOp Y € R™, TO roBOpAT, 4TO 33/1aH oneparop ( mpeobpazoBaHue, 0TOOpaXkeHne) A
(x), neiictByronmii u3 R"B R™, 1 3anmceiBaror y=A( x).

Oneparop Ha3bIBAeTCH JIMHEMHBIM, €ClaH I8 T00BIX BekTopoB a,b e R", VA Bemonnsorcs
COOTHOLIECHHUS:

1. K(a +b)= ,&(a) + ;\(b) — CBOMCTBO aJIMTHBHOCTH;
2. ,Z\(la) = /I,Z\(a) — CBOMCTBO OJIHOPOJIHOCTH OTIepaTopa.

Bekrop Yy = A(X) Ha3biBaeTCs 00pa3oM BEKTOpPA X, a CaM BEKTOP X- MPO0Opa3oM BeKTopa Y.



Ecmu mpoctpanctea R" u R™ coBmanaror, To omeparop A oTobpaxaer mpoctpanctso R" B
ce0s1. PaccMoTprM HMEHHO 3TOT CiTydaid.
Bribepem B R" Gasuc e, e,,...,e,, 3aluiieM pa3ioKeHHe IPOU3BOILHOTO BEKTOPA X 110 TOMY

0asucy:
X=X€ + X8, ...+ X, €.

TIpHMEHNM K STOMY BBIPAXKEHUIO JIMHEIHbII onepatop A, B CHIY €ro IMHEHHOCTH MOTydaeM:
AX) =%, A0,) + X,AE,) +...+ X, A, ).

[Tockousbky ,Z\(ei ),i =1, N -TaKxKe BEKTOp M3 R",T0 €ro MOXHO pas3IokKHTh IO Oasucy

€,€;,..,8,

Alg)=a,e, +a,e, +...+a,e,,(i=Ln)
Torna
AX)=x, (a8 +...+a,€,) + X, (a,e +...+a,,e,) +...+ X, (a,& +...+a,¢€,)
[leperpynnupyeM COMHOXHUTENU B MPaBOM 4YacTH, BBHIHOCA 3a CKOOKHM Oa3UCHBIE BEKTOPBI
€,,€,,...,85, TIONYUHM:
AX)=(a,, X, +8,X, +.t 8, X, )8 + (8 X, +8uX, +.t8,,X,)8, +.0 @y X, 85X, +.o 8, X, )E, (%)
C nmpyroii croponsl, Bektop Y = A(X), umerommuii B ToM xe 0Oasuce €,,€,,...,6, KOOpAUHATHI
Y1) Yo,y Y, MOXKHO 3aIHCATh TAK:
A(X) = V1€ + Y28+ Y8, (**)
Pasznoxxenue BekTopa mo 0azucy €AMHCTBEHHO, CJEIOBaTeNIbHO, MpaBbie yactu (*) u (**) paBHBI,
MIOATOMY:
Yi=apX +8,X; +... 48, X,
Yo =8y X tapX, ...+ 8,,X,,
Y, =a8,% +8,X, +...+8,X
WM B MaTpuuHoi opme: Y = AX.
Marpuna A=(a;),(i, j =1, n), kaxpii cTonben KOTOpoii COCTOMT U3 kKoopauHat obpasa A(€;)
COOTBETCTBYIOLIET0 0a3MCHOro BEKTOpa €, B TOM ke Oasuce €,€,,...,6,, Ha3bIBaeTCd MaTpuLei
oneparopa A B 6a3uce €,,€,,...,6,, a paHr I MaTpHIbl A paHrom omneparopa A.

TakuMm oOpa3om, Kaxa0My JMHEHHOMY ONepaTopy COOTBETCTBYET MaTpHIla B JaHHOM OasHce.
HaobGopoT, Bcskoli wmaTpuile N-TO TMOpsiAKa COOTBETCTBYET JMHEWHBIM  omeparop N-MEepHOTro
MIPOCTPAHCTBA.

Bekrop x u ero obpas y = A(X) CBSI3aHBI MATPUYHBIM YpaBHEHHEM:
Y = AX,
rae A- MaTpuna muHeirHoro omepartopa X = (X, Xy,ee X, ),Y = (Y, Y, 0ee0sY, ) -

3 2 4
[pumep: JIuneitnsiii oneparop ,Z\ B R® B Gasuce e,,e,,e, 3aman marpuneir A=|—-1 5 6| Haiitn
1 8 6
obpaz y = A(X) BekTOpa X=4e, —3e, +¢€,.
A 3 2 4 10
Pemenwne: [Ipumensem popmyrny nmepexoma: |y, |=| -1 5 6| -3|=|-13
Y, 1 8 61 -18



O0pa3 BekTopa x umeet Bua: Yy =10e, —13e, —18e,.

Ilpakmuueckoe 3anamue 18. Codcmeennvie eekmopvl u coOCmeeHHble 3HAYEHUA JTUHEUHbIX
onepamopoe.
IJeny: cdopmupoBaTh MNpEACTaBIEHUE O COOCTBEHHBIX BEKTOpaX M COOCTBEHHBIX 3HAYEHUSX
JIMHENHBIX ONIEPATOPOB U UX IPUIIOKEHUAX
Cooepicanue:
COOCTBEHHBIN BEKTOP, COOCTBEHHOE 3HAUCHHE JIMHEHHOTO OIepaTopa;
OIIpEAEIICHUE XapaKTEPUCTUYECKOTO YPABHEHHS MATPULIBL;
QJITOPUTM BBIYMCIICHUS COOCTBEHHBIX 3HAUEHUI U COOCTBEHHBIX BEKTOPOB KBAJAPATHON MaTPULIBI A.
Teopemuueckaa yacmo:

PaccmoTpuM JIMHEMHBINA OIEpaTop A, JEHCTBYIOIMI U3 HEKOTOPOro npocTpaHcTBa L B TO ke
pocTpaHcTBo L.

JIr0001i HEHYIEBOW BEKTOP X, YIOBJICTBOPSIIONINIA YPABHCHHUIO:

Ax =)x |

HA3BIBACTCS COOCTBEHHBIM BEKTOPOM JIMHEHHOrO Omepatopa A, NpH 3TOM UHCIO A HAa3BIBACTCS
COGCTBEHHBIM 3HAYCHHEM JTHHEIHOTO Oneparopa A, COOTBETCTBYIOIINM COOCTBEHHOMY BEKTOPY X.

Eciu 3anan 6asuc nuHeiHOro npoctpanctsa L u B 9ToM Gasuce muueiiHbli onepatop A nmeer
MaTpuny A, TO IPUBEICHHOE BBIILIE YPAaBHEHUE MOXKHO IIPEICTaBUTh B MATPUYHOM BHJE!

Ax =)x ,
(A-2E)x=6.

[Tpu 5TOM BEKTOp X Ha3bIBACTCS COOCTBEHHBIM BEKTOPOM MATPHIIBI A, a YHCIO A Ha3bIBACTCS
COOCTBEHHBIM 3HAYEHUEM MaTpPULbl A, COOTBETCTBYIOIIUM COOCTBEHHOMY BEKTOPY X.
Teopema. MHOKECTBO COOCTBEHHBIX 3HAYCHMIT TMHEHHOrO OmepaTopa A COBIANAET CO MHOKXECTBOM
KOpPHEH XapaKTepHCTUYECKOIO0 YPaBHEHMs 3TOTO oOIlepaTopa BHE 3aBHCHMOCTH OT TOTO, B KaKOM
6asuce 3a1aHa MaTpuua onepatopa A. VpapHeHue

det(A-AE)=0

Ha3bIBAETCS XapaKTEPUCTUUECKUM YPaBHEHHEM MaTpUILIbI A.

B pa3BepHyTOM BHIE XapaKTEPUCTHUECKOE YPaBHEHHE 3aIUILETCS CIEAYIOLUIMM 00pa3oM:

aQ, —aA a a

11

I L ay,
det| ° : : _ =0.

12 In

a.. a.. -oa A

n: ns nmn
Jlns BbIYMCIeHUs] COOCTBEHHBIX 3HAUEHUN M COOCTBEHHBIX BEKTOPOB KBaJpaTHOW MaTpuLbl A
nopsiika N HeoOXOAUMO:
1. CocraBuUTh XapakTEpUCTUYECKOE YpaBHEHHE M HaWTH BCE €ro pa3jinyHble JCHCTBUTEIbHBIE
kopuu “*1» 20 M xoTopEIe M 6YIyT COGCTBEHHBIMY 3HAUEHHSAMHI MATPHUILBL.

2. Jlas Kaxmoro coGcTBeHHOro 3HaweHms ‘72 ™k majith ofmiee pemieHHe CHCTEMbI

TUHEHHBIX anreOpanyecKux ypaBHEHHIA:

(A-3E)x=0,
OHO 1 Oy/IeT 33/1aBaTh COOCTBEHHBIE BEKTOPHI, KOTOPBIM COOTBETCTBYET COOCTBEHHOE 3HAUCHUE A, .
[Ipumep. Haiiti coOCTBEHHBIC 3HAYECHUS U COOTBETCTBYIONIUE MM COOCTBEHHBIE BEKTOPHI MATPHIIHI:



Tak kax

0-x-1 1-2-0 2-%-0 - 1 2
det|A-AE|=det4—%-0 0-A-1 1-A-0|=det|4 A 1 |=
3-%0 -1-2-0 1-x-1 3 -1 1-)

=(-A(1-R)+1-1:342:4-(-1)—2-(-1)-3—-1-4-(1— L) —(-1)-1-(-1) =
=22 +3-84+6R—4+4n-A=-2"+27+90 -0,
TO XapaRTepHCTMHECKOQ yp&BHEHHe VMeeT BUO
P22 400 -0=0.

OnuH 12 KOpHelt 9TOro YPaBHeHNA HAXOOUTCA MeToIoM nonbopa. IlporepumM, ABngeTca
JI11 9MCII0 A =1 KOpPHEM 3TOTO YPaBHEHMA:

~’+1°+9-1-9=0 —
BepHo. BriHeceM B JIeBoii YacTH ypaBHeHNA MHOXKUTENL (A —1) 3a croDKY:
AR HIA-9=-A A -D+IR-1)=(9-2A)-D=@B+1)EB-2)A-D=—A+3)(L -1 —-3).
XapaKTepucTHUecKoe ypaBHeHHMe, TAKUM 06pas3oM, TPUHNMAET BU

“+3-DA=3)=0, greynat,==3, A, =1 A,=3.

COOTBQTCTBy[OLU;aH OOHOPOOHaA CHMCTeMa JIMHeIHBIX y'paBHeHPIﬁ
% 1 2 \x) (0
4 % 1 |x, =0
3 -1 1-a)lay) L0

11 cODCTBEHHOTO 3HaUeHNs A, =—3 MMeeT BIU]
3 1 2)x 0
4 3 1| x, |=|0
3 -1 4 Ty \
WM
3x, +x, +2x, =0, x, —o
4o, +3x, +x, =0, x, |=| a|, oack.
3x, —x, +4x, =0. x, o
Taxum obpasoM, MHOKECTBO BCeX COOCTBEHHLIX BEKTOPOB, COOTBETCTBYIOIIMX coOCT-
BEHHOMY 3Ha4eHMI0 i, = —3, B KOOPAWHATHOM (hopMe MMeeT B
-,
c |,
\ CI’l

rae ¢, — IIpOM3BOJIBHOE IelCTBUTEJIBHOE qMCJIO,He paBHOe HY.JH.

Cucrema JMMHEHBIX YpaBHEeHUI IJIA onpeeseHnsa coOCTBEHHOTO BEKTOPa, COOTBETCT-
BYIOILlero coOCTBEHHOMY 3HaYEHUIO A, =1, MMeeT BIJ

-1 1 2\ x 0
4 -1 1jjx,|=/0].
'3 -1 0jlz,) (O

x B

x, |=|-3p|, Pek.

\'I"H \B_

MHosxecTBO BceX cOOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIIMX COOCTBEHHOMY 3HaueHUIO
A, =1, B KOOpJIMHATHOI (hopMe MMeeT BUT:

—c,
-3¢, |, ¢, =0.

Cy

AHaJIOrMYHBIM 00pa30M OIpe/iesIgeTcsa MHOMKEeCTBO BCeX COOCTBEHHBIX BEKTOPOB, COOT-
BETCTBYIONIMX cOOCTBEHHOMY 3HaYeHUI0 A, =3:



e,
11c, |, ¢, =0.
¢,

a

Bonpocwel u 3a0auu:

1. HafiTH coOcTBeHHEI2 3HAYSHHA H co0OCTBeHHEIe BEKTOPEL IIPHEECTH K JHAIOHAIEHOMY BHIY MaTpPHIY
THHeHHOTO orepaTopa:

(4 -2 -1 (3 -2 2 (4 1 -1} (3 -1 -1
L|-1 3 ~1[.2./0 3 0[.3(2 3 -2.4/0 2 -1
1 -2 2 0o 2 1 1 -1 2) lo -1 2)
(2 -1 0) (2 1 0) (3 0 0 (5 -1 -1
5/-1 2 0, 6|1 2 0, 7./1 2 -1/. 8|0 4 -1
1 -1 1) -1 0 2) 1 -1 2 0 -1 4

2.0npenenute, SBIACTCS JIU MEXKAYHAPOIHAsI TOPTOBIISI IBYX cTpaH A u b cOanancupoBaHHOM, eciu
BEKTOP HALIMOHAJIbHBIX JJOXOJIOB X U CTPYKTYpHasi MaTpuua A 3TuUX cTpaH
(12[}000[}0[}00} 0,3 0_,9]

7000000000 0,7 0,1

Bompockr:

1. Yro Takoe cOOCTBEHHOE 3HAYECHUE MATPHIIBI?

2. Yro Takoe cOOCTBEHHBIH BEKTOP MaTpHIIbI?

3. Uro Takoe XxapaKTEpUCTHYECKUI MHOTOUIEH MATPHIIBI?

4. CKOJBKO pa3IMYHBIX COOCTBEHHBIX 3HAUEHUI MOKET UMEeTh MaTpuLa?

5. CKOJIBKO pa3iauyuHbIX COOCTBEHHBIX BEKTOPOB MOTYT COOTBETCTBOBATh OJHOMY COOCTBEHHOMY
3HAYEHUIO MaTpULbI?

6. Kaxk HaliTi Bce COOCTBEHHBIC 3HAUCHUST MATPHUIIBI?

5. [lepeyeHnb JuTEPATYPbl, HEOOXOAMMOI 1)1 OCBOECHUSI JUCIUTIJIMHBI

OcHoBHasi iMTEpaTypa:

Hogak, E. B. Briciias matemaruka. Anredpa: yueOHnoe nocodue / E. B. HoBak, T. B. Ps3anosa, 1. B.
Hogak; nox penakuueit T. B. PszanoBa. — ExatepunOypr: Ypanbckuil ¢enepaabHblii YHUBEPCUTET,
OBbC ACB, 2015. — 116 c. - Pexxum pocryma: http://www.iprbookshop.ru/69589.html
JlonotHUTEIBHAS JIUTEPATYypa:

Bricmias matematuka. Tom 1. Jlunelinas anre6pa. BekTopHas anreOpa. AHaTUTHYECKAs T€OMETPHSL:
yuebnuk/ A. II. T'ocnonapukos, E. A. Kapnosa, O. E. Kapnyxuna, C. E. MancypoBa; noa peaakuuei
A. II. TociogapukoB. — Cankr-IlerepOypr: HanumonanbHblii MHUHEpPalIbHO-CHIPHEBON YHHUBEPCUTET
«[opusrity, 2015. — 105 ¢. — Pexum nocryna: http://www.iprbookshop.ru/71687.html



