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BBEJIEHUE
1. lesan u 32124 U3yYeHUSs TUCHUTLIHHBI

Henp nucuurmumebl: GopMupoBaHue Habopa oOmenpodeccnoHaTbHBIX KOMIETEHITHIMA
OakanaBpa 1o HanpapiieHut0 ToaAroToBku 13.03.02 DjieKTpo3HepreTHKa M 3J1eKTPOTEXHUKA.

3amaun OCBOCHHS NUCHUIUIMHBL  (OPMUPOBAHUE NPEIACTABICHUNA O POJIU M MECTe
MaTe€MaTHKd B COBPEMEHHOM MHpE, 3Tanax pa3BUTHUS, YHUBEPCAJbHOCTH €€ IOHATUU U
npelCcTaBiICHut; (QOopMHUpOBAHUE YMEHUN KOHCTPYMPOBAHHS M aHaIN3a MaTeMATHYECKUX
Mojiesiel 00BEKTOB, CUCTEM U IMPOLIECCOB MPH PELIEHUH 3aJ1ad, CBSI3aHHBIX co cepoii Oyayieit
po(heCcCHOHANTLHOM JIEATEIILHOCTH; OBJIQJICHUE HABBIKAMH TOYHOTO M CXKAaTOTO BBIPAKEHUS
MaTE€MaTU4eCKOW MBICIM B YCTHOM U IIMUCBMEHHOM H3JI0KE€HHH, C HCIHOJIb30BAaHUEM
COOTBETCTBYIOLIEH CUMBOJIMKHU.

B pe3yjabTaTe 0OCBOCHUA ITUCHUIIVIMHBI CTYACHTBI JOJKHbI:

3HaTh: OCHOBHble MOHATHUS AHAJUTUYECKOM TeOMeTpUH, JIMHEMHOU anrebpsl,
audpdepeHIMaIbHOTO W MHTErpajbHOT0 HCYUCIeHUs (QYHKLUMU OJHON IepeMeHHOH,
TeOpur (PYHKIMH HECKOJIBKHX IMEPEMEHHBIX, TEOPUU (PYHKUUNA KOMILIEKCHOTO MEPEMEHHOTrO,
TEOpUU  PSAJIOB, Teopud JUPPEpEeHIIMATBHBIX YpPAaBHEHUW, TEOPHH BEPOSTHOCTEH U
MaTeMaTHUYeCKON CTaTUCTUKU, YUCICHHBIX METO/I0B.

Ymerb: >PQPEKTUBHO HCMONB30BAaTh METOABl AHAJUTHUYECKOU TeOMeTpUH, JUHEWHOU
anre6pbl, audpdepeHUUANTBHOTO U HHTETPAJIbHOTO MCYUCAEHUS QYHKIHMU OJHOU
nepeMeHHOW, TeOpuu (DYHKIUU HECKOJIbKUX IMEPEeMEHHBIX, TCOPHUH (DYHKUUNH KOMILIEKCHOTO
MIEPEMEHHOT0, TEOPHH PAJIOB, TEOpHH AU PepeHInaNbHBIX YPaBHEHHUM, TEOPUU BEPOSITHOCTEHN U
MaTEeMaTHYECKON CTATUCTUKH, YHCICHHBIX METOJIOB. IIPU PEIICHUH 3a/1a4, CBSI3aHHBIX CO chepoi
npodhecCuoHaNBHOM NeSTeNbHOCTH.

Baanerb: HaBbIKaMM HCHOJIB30BAHUS METOJOB AHAJUTUYECKOW TeOMETPUH, JIMHEUHOU
anre6pnl, AuddepeHUUAJbHOTO U HMHTErpPaJibHOTO MCYUCAEHUS QYHKIMU OJHOU
nepeMeHHOW, TeOpUH (DYHKIMU HECKOJbKUX IMEPEMEHHBIX, TEOPUH (YHKIUN KOMILJIEKCHOTO
MIEPEMEHHOTO, TCOPHH PSJIOB, TCOPHH JU(PPEepeHITNATHHBIX YPaBHEHUH, TCOPUH BEPOSTHOCTEH 1
MaTeMaTHYeCKON CTaTHCTUKH, YACICHHBIX METOOB MPHU PEIICHUH 3a/1a4, CBI3aHHBIX cO chepoit
npohecCuOHATLHON NeSTENbHOCTH.

2. O6opynoBaHne U MATEPHUAJIBI

HpaKTI/I‘IGCKI/Ie pa6OTBI IO JUCHUIIIINHE «Matematuka IMpOBOAATCA B KOMIIBIOTCPHOM
KJIacC€ C MyJIbTUMEIHA O6OPYJIOB3HI/ICM: MMPOCKTOP, KOMIIBIKOTCP, SKpaH HACTECHHBI.

3. HauMeHOBaHNe NPAKTHYECKUX PadoT

Ne HanmeHoBaHMe TeM IMCUHMILIMHBI, HX KPaTKOe Oobem N3 Hux
Tem cojiep:kaHue 4acoB NpaKTHYecKast
bl MOJAr0TOBKA, YaCOB
AancH
UILIH
HBI
1 cemecTp
1 HevictBust Hanm wmaTpuramu. BeruucieHue padra 2 2
MaTpHIlbl. Beraucienue onpenenuTeneil pa3iokeHueM
1o dJIeMeHTaM CTpoku (cronbia). OOpaTHas MaTpuIa.
2 Pemenne  HEBBIPOXKIEHHBIX  CHCTEM  JIMHEHHBIX 2 2
ypaBHeHUW MeTofoM Kpamepa, MeTromom oOpaTHOM
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Matpuilbl. PelieHue cucreM JHMHEHHBIX YpaBHEHUM
MeroqoM ["aycca.

Jluneitnple omepanuu Haj BekTopamu. Paznmoxkenue
BEKTOpa MO OpTaM KOOpJIMHATHBIX ocel. [lelicTBus
HaJl BEKTOpaMH, 3aJJaHHbIMU NpoeKiusiMu. CrasapHoe,
BEKTOPHOE M CMEIIAHHOE MPOU3BE/ICHUSI BEKTOPOB.

[Ipsimast TMHUSA Ha TUIOCKOCTH: ypaBHEHHE MPSIMON C
VIIOBBIM KO3 UIMEeHToM;  oflmiee  ypaBHEHUE
NpsSMOM; ypaBHEHHE MPSIMOM, NPOXOIALIECH Yepe3
JAHHYI0 TOYKY B JaHHOM HANpaBJICHUH; ypaBHEHHE
OpsIMOM, TMPOXOASIIEH uepe3 JBe JaHHbIE TOYKH;
YpaBHEHHUE MPAMOU B OTpE3KaX. YTOJ MEXKAY ABYMS
PSIMBIMHU. YcnoBus napasuieIbHOCTH u
NEePHEHANKYJIIPHOCTH JIBYX MNpsMbIX. Paccrosinue ot
TOYKH JI0 TIPSMOM.

OxpyxHocTb. Dmurc. ['unep6ona. [Tapadona. Obmiee
ypaBHEHHUE JIMHUN BTOPOTO MOPSI/IKA.

OO0miee ypaBHEHHUE TIOCKOCTH. Y PaBHEHHE TIJIOCKOCTH
B oOTpe3kax. HopmaibHOE ypaBHEHHE IUIOCKOCTH.
Paccrositame OT TOYKM 10 IJIOCKOCTH. YTON MEXIy
JIBYMsI TUIOCKOCTSIMH. YCJIOBHS NapajieIbHOCTH U
NEPIEHIUKYISIPHOCTH ABYX IIJIOCKOCTEM.

ITpsimast nmuaus B npoctpanctBe. [lapamerpudeckue u
KAHOHMYECKHE ypaBHEHMS IPSAMOH.  YpaBHEHUs
npsAMoOM, mnpoxoasme dveped aBe Touku. OOumue
YpaBHEHUS MNPSAMOM. YTOI MEXIYy ABYMS IPSIMBIMH.
Paccrosnue ot Toukum a0 mnpsmor. Kpargaiimee
paccTositHue MEXAYy ABYMsS NPAMBIMHA. YTOJ MEXIY
IIPSIMOM M INIOCKOCTBIO.

[Tpon3BOgHBIE HEKOTOPBIX 3JIEMEHTAPHBIX (DYHKLUH.
OcHoBHbIE IpaBuia T hepeHIMpPOBaHNUS.
HuddepenurpoBanre  ClIOXHOW W 0OpaTHOM

GyHKLIUH.

Bospactanue u yObiBaHMe QYHKUIUH. OKCTpeMyM
¢byukuu. Beimykiocts rpaguka ¢yHkuuu. Touku
nepern6a. AcCUMOTOTHI rpaduka QyHKIIH.

10

Tabnuita OCHOBHBIX HEOIPEJEICHHBIX HWHTETPAJIOB.
IIpocrerinne CBOMCTBA HEOINPEAEIECHHOTO UHTErpalia.
HenocpenctBeHHOE HHTETPUPOBAHKE.

11

3aMeHa NEPEMEHHOW B HEOIPENEICHHOM HHTETpalle.
WHrerpupoBanne 1o d4actaM. VHTerpupoBaHue
JJIIEMEHTAPHBIX npo0ei. HNHurerpuposanue
paloHaNbHbIX (PYHKINN

12

CrocoObl BBIYHMCICHUS OMPEIEICHHOTO HWHTErpaa.
®opmyna Herotona-Jleitbauia. 3aMmeHa nepeMeHHON B
omnpenieIeHHOM uHTerpaine. GopMmyna UHTErPUPOBAHUS
10 YaCTsM B ONIPEACIICHHOM WHTErpae.

13

['eomeTpuueckue IIPUIIOKEHHUS OIIPEAEIEHHOTO
uHTerpana. [lnomans mmockoit ¢purypel. O0beM Tena.
Jmuuaa nyru  kpuBou. Ilmomans moBepxHOCTH
BpallleHus.




15

YacTHble MpOU3BOJHBIE MEPBOTO MOpsiAka. YacTHbIE
NIPOU3BOIHBIE BBICIIINX TOPSIAKOB. [TonubriA
muddepennman Gynakuu. JuddepeHnnansl BhICIIAX
nopsinkoB.  JludpdepeHumpoBaHue  CIOKHBIX U
HESBHBIX ()YHKIIHA.

16

KacarenbHass u  HOpMaidb K  IIOBEPXHOCTH.
[Iponm3BosHass 1O  HaNpaBJICHUIO. I'panueHr.
OKkcTpeMyM  (DYHKIIMM ~ HECKOJIBKUX IE€PEMEHHBIX.
HauOonpiiee ¥ HauMeHblIee 3HAYEHUS (QYHKIUH.
Y CII0BHBIN 3KCTPEMYM.

17

CBoiicTBA W METOOBLI  BBLIYKUCIEHUS  JIBOHHOIO
WHTErpajia. 3aMeHa T[EePEMEHHbBIX B  JBOMHOM
WHTEerpae.

18

JuddepeHnnanbaple ypaBHEHHS C Pa3IeISIOIIAMUCS
nepeMeHHbIMU. OHOpOJHbIE ypaBHeHUA. JIMHEiHbIe
ypaBHEHUs. Y paBHEHHUs], IPUBOAUMBIE K JIMHEUHBIM.

19

YpaBHEHUs  BBICHIIETO  TOPSZIKA,  JIOMYCKAFOIIUE
MOHIDKEHUE Topsiika. JInneinsie nuddepeHmaibape
yYpaBHEHHMSI BBICIITHX TOPSIJIKOB.

Hroro 3a 1 cemecTp

36

36

2 cemecTp

21

Cxomumocth  psima.  HeoOxomumblii  mpu3HaK
CXOJMMOCTH YUCIIOBOTO psija. JloctaTouHble MPU3HAKA
CXOIUMOCTH 3HAKOIOCTOSIHHBIX ~PSJOB: TIPH3HAKU
cpaBHeHus, npuszHak JlamamOepa, mpusHaku Korm.
OO60011eHHBII rapMOHUYECKUHN P,

22

3HaKOYEepEYIONINECS W 3HAKONEPEMEHHBIE PSIbI.
[Tpuznak JlelOHuma. OOmuUNA AOCTATOYHBIA MPU3HAK
CXOJIMMOCTH 3HAKOIEPEMEHHBIX PsAI0B. AOCOMIOTHAS
Y YCJIIOBHAsl CXOJAMMOCTH YHCIJIOBBIX PSAIOB.

23

Borunicnenne BeposiTHOCTH COOBITHS

24

Bapuanmonnele  psapl W HMX  Tpaduueckoe
n3o0paxenue. BeIOOpOUHBIN METO.

25

Toueunble  oueHku. lloHsaTHEe  MHTEPBAJIBLHOIO
olieHUBaHMs.  JloBepuTenbHas ~ BEpPOSTHOCTb U
npeaeibHas omnoka BBIOOPKHU. Onenka
XapaKTEPUCTUK I'€HEPATbHOW COBOKYITHOCTH 10 MaJIOU
BEIOODKE.

26

Craructudeckas IPOBCPKaA Ir'MIoTEs.

HToro 3a 2 cemecTp

16

16

Hroro:

52

52

mampuuybl.

4. Conep:kanue NPpaKTHYECKUX padoT

(cmonoya). Obpamnasa mampuya.

Ilpakmuueckana paooma Ne 1. Jleiicmeua nao mampuyamu. Bviuucnenue panza
Buiuucnenue onpedenumeneii  paznoscenuem noO I1eMeHMam  CMPOKU




Ilenv: BbipaboTaTh yMEHHE MPUMEHATH AITOPUTM BBIMOJIHCHUS JCHCTBHH HaJ MaTpHIAMH U
BBIUMCJICHHUS paHTa MaTPHIGI M TPUMEHSATh YMEHHUS JUIS PEIICHUS MPAKTUYCCKUX 3ajad; BhIpabOTaTh

YMCHHMEC IIPUMCHATHh AJITOPUTMbl BBIYMCICHHS OIPEACIUTEIIA N-TO MOopsaKa M 06paTHOI>'I MaTpulbl U
IPUMCHATD YMCHUEC JId PCIICHUS IPAKTUICCKUX 3a1a4.

Teopemuqecmm uacmo

[IpsimoyronbpHas Tabnuma W3 M - N 4YuceN, coaepkamas M — CTPOK ¥ N CTOJOLOB
Ha3bIBAaCTCS Mampuyeli 1 0003Ha4YaeTCs

a, a;, - 4, a, a, - 3,
a a ... a a a ... a
A= 21 22 2n o A = 21 22 2n
aml amz t amn aml amZ T amn
WA KOPOTKO MaTpuily o6o3navaor 4 = || aijj ||, 1= 1,2,...,m; j=1,2,..., n.

CroxeHne MaTpHIL.

Ilyctp manbl nBe matpuiusl A U B oguHakoBoro crtpoeHus. X cyMMo#l Ha3blBaeTcs
matpuna C = 4 + B TOro ke CTpOEHHs, JIEMEHTbI KOTOPO paBHbI CyMMaM COOTBETCTBYIOIIHMX
a5ieMeHTOB Matpuil A u B, T.e. eciu A = ||aij||, B = ||bij||, To 4 + B = C = ||cij]|-

- A 1 -2 5 B 2 1 -3

pumep: = , = , TOrJaa
4 1 3 1 -2 4

142 —2+41 5-3) (3 -1 2
A+B=C= =

4+1 1-2 3+4 5 -1 7)

OTMeTUM, YTO CKJIAJIbIBATh MOXKHO TOJIBKO MaTPHIIbI C OJJMHAKOBBIM YHCIIOM CTPOK U C
OJIMHAKOBBIM YHCIIOM CTOJIOIOB. J{eliCTBHE CIIOKEHUST MATPHI] MOKET OBITh PaCIpOCTPAHEHO
Ha clydyail 1T 060ro KOHEUHOTO YMCIa CIaraéMbIX OJIMHAKOBBIX CTPOCHHIM.

Pa3znocteio B - 4 matpuil B u A (0IMHAKOBBIX CTPOEHUI) Ha3bIBAETCS Takas Marpuia X,
4TO

A+X=B.
o Ao 2 1 4 B - 3 5 7 T
ampumep, A = 9 3 1) “lo 1 a4l oraa

3 5 7\ (2 1 4 (1 4 3

X =B-A= =

2 -1 4) \-2 3 1) (4 -4 3)
Marpuna O, Bce 3I€MEHTbl KOTOPOM paBHbI HYJIO HA3bIBAETCS HYJIEBOM MaTpHIEH.
OueBunHo, A+ O =4, A—-A4=0.

Paznocts O — A oGo3Hauaetcst yepe3 —A4. Matpuina —4 HaA3BIBACTCS NPOMUBONONONCHOU
MaTpuue 4.

YMHOXEHNE MATPHIL

a) YMHOXKEHHE MaTpulbl Ha 9YUCJIO. YUTo0bI YMHOKHUTb MaTpuny Ha 4ucCJIO O, HaJ0 YMHOXHUTH
Ha 3TO 4YHUCJIO Ka)KJIBIﬁ OJICMCHT MaTpPHIIbI:

allaij|| =1 aaill
- A 2 -1 3 A= 2 -1 6 -3
nmep. A= , a=23 = =
puMep 3 5 3 5) (9 15

6) YMHOXeHHEe ABYX MaTPHII.

VMHOXK€EHHE MaTpuIlbl B Ha Matpuiy 4 BO3MOXHO TOJBKO B TOM CJIydae, KOr/a Ykcio CTOJIOIOB B
MaTpule B paBHO YUCITY CTPOK B MaTpHIIE A.



Onement marpuiibl C = B - A, pacrnojoXeHHbIi B i-oi cTpoke u | —om crouiboie (T.e. Cij)
paBeH CyMMe MPOU3BEACHUI SJIEMEHTOB | — O CTPOKHM MAaTpuilbl B Ha COOTBETCTBYIOIINE
3JIEMEHTBHI | — TO CTOJI0IA MATPHIIBI 4.

Crenyer OTMETUTh, YTO YMHOXXEHHE MaTPHUIl HE KOMMYTAaTUBHO, T.€. AB # BA.

1 2 -2 1
Hampumep A = u B=
-1 3 3 5
Nmeem
apol 2Y-2 N)_(1(2+2:3 11425 (4 11
(-1 3\ 3 5) (-1:(-2+3-3 1-(-)+3-5) |-11 14
aoa_[2 1)1 2)_(-21-11 2:(-2+1:3) (-3 -1
(3 5)-1 3) (31+5-(-1) 32453 ) -2 21
AB # BA

PaccMoTpuM HEKOTOPYIO, He 00513amenbHO K8aOpAmHyo MaTpUILy A. Bri6epem kakue-
HUOYIb S HOMEPOB CTPOK Il, I2, ., 1. 1 S HOMepoB cTONOLOB jl, j2, o Js-
Onpenenenue. Munopom nopﬂdm S marpuup A (COOTBETCTBYIOIIMM BBIOPAHHBIM

CTpOKaM H CTOJ'I6I_I8.M) Ha3bIBACTCA OIPCACIUTCIIb IIOpsAAKa S , O6pa30BaHHLIﬁ 3JICMCHTAaMU,
CTOAIIMMHA Ha IICPCCCUCHUU BbI6paHHBIX CTPOK U CTOJ'I6I_IOB, T.C. HUCJIO

% j, A, &, j,

M i_l...is_ _ aizjl aizjz aizjs
Ji-Js '

Qg Xgj, o Qg

Kask1as MaTpuIla MMEET CTOJILKO MHUHOPOB JAHHOTO MOPSIKA S, CKOJBKMUMH CIIOCOOaMH

MO>KHO BBIOpATh HOMEpa CTPOK Il, |2, . is U CTOJI0I0B jl, J2, " Js-

Onpenenenune. B marpuie A pasmepoB M XN munop mopsaka S naswiBaercs
6a3UCHbIM, SCITA OH OTIHYEH OT HyJIs, a BCe MUHOPBI mopsiaka S + 1 paBHbI Hyimo uim MEHOpPOB

nopsiaka S + 1 y marpusr A Boobue Her.
SIcHO, YTO B MaTpHIe MOXET OBITh HECKOJBKO Pa3HbIX Oa3MCHBIX MHHOPOB, HO BCE
0a3KMCHBIC MUHOPBI IMEIOT OJIMH U TOT K€ MOPSAA0K. JIefCTBUTENBHO, €CIIM BCe MUHOPBI TOPSIKA

S + 1 paBusI Hy/TI0, TO paBHBI HYJIO H BCE MUHODHI ITOpsAKa S + 2, a, ClIeI0BATENBHO, H BCEX
O0IBIINX TOPSAKOB.

Onpenenenue. Paneom mampuysl Ha3bIBa€TCs NMOPAJOK OA3MCHOTO MUHODA, UM, HHAYE,
caMblii OOJIBIION TOPSIIOK, JJIsT KOTOPOTO CYIIECTBYIOT OTJIMYHBIC OT HyJst MHHOpHL. Eciu Bce
HJIEMEHTBI MAaTPUIIbl PABHBI HYJIIO, TO PAHT TAKOW MAaTPHIIbI, 110 ONPEACTICHUIO, CYUTAIOT HYJIEM.

Panr wmarpuisl A Oynem o00o03Ha4YaTh CHMBOJIOM I’(A). W3 ompenenenust panra
clefyeT, uTO JUISI  MAaTpHIIbI A pasmepor M XN  cropasenmmBo  cooTHOmIEHHE
0<r(A) <min(m,n).

PaccmoTpuM criocoObl BEIYMCICHHSI paHTa MaTPULIBL:

a) Memoo okaumnsiowux MuHopo8

[TycTh B MaTpulle HailieH MUHOP M K-ro MOpsiiKa, OTIUYHBIA OT HyNs. PaccmoTrpum
JUIIb T€ MUHOPBI (k +l) -T0 TIOPsAKA, KOTOPBIE cofiepKaT B cede (OKalMIISIOT) MUHOP M :

€CIIM BCE OHU pPaBHBl HYJIO, TO paHr MaTpUIbl pPaBEH k. B IIPOTUBHOM CJIy4ae CpeIu
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OKalMJIIOIIMX MUHOPOB HaWJETCs HEHYJIEBOM MHHOP (k +1) -T0 MOpsAJKa, U BCS HMpouLeaypa

HIOBTOPSIETCS.
IIpumep. Haiitu panr maTpuis A Metonom okaiimimsrommx MHHOPOB.

-1 2 3
A=|-2 5 4|
-3 7 7
12

BribepemM MHHOpP BTOPOTO HOpsiAKa M 9 = #0. Cy1iecTByeT TOJIBKO OJUH MUHOP

TPETHETO MOPsI/IKA, OKAHMIISIFOIINI BHIOPAHHBI MUHOP M o . Beramcium ero.

-1 2 3
My=|-2 5 4/=(-1)-5-7+2-4-(-3)+3-7-(-2) -
37 7

~3.5-(=3)=4-7-(-1)=2-(=2)-7=—-35-24—42+ 45+ 28+ 28 =0.
3HAYUT, MUHOD M o 0a3KMCHBIA, a paHT MaTPHLBI PABEH €TI0 HOPSIKY, T.€. I’(A) =2.

SIcHo, 4TO IepeOupaTh TAKMM CIIOCOOOM MHHOPBI B IIOMCKaX 0a3MCHOTO — 33/1a4a,
CBsI3aHHAA C OOJIBITUMU BBIYHCJIICHUAMU, €CJIN PA3MEPLI MaTPpULIbl HC OUCHb MaJIbl. CYHICCTByeT,
0JIHaKo, 6oJsiee MPOCTOM croco0 HAXOKACHUS PaHTa MaTPHIIBI — IPU OMOIIH 3JI€MEHTapHBIX
npeoOpa3oBaHUM.

0) Memoo snemenmapnsix npeobpazosanuti
Omnpenenenne. DremeHmapHuiMu npeoopaz08anuamu Mampuybl Ha3bIBAIOT CIEAYIOIINE
npeoOpa3oBaHus:
1) yMHOXXEHHE CTPOKH Ha YUCIIO, OTIIMYHOE OT HYJIS,
2) mnpubaBieHHE K OIHOI CTPOKE APYroii CTPOKH;
3) mepecTaHOBKY CTpOK;
4) Takue ke npeodpa3oBaHUs CTOIOIIOB.
[IpeoOpazoBanusi 1 1 2 BRIMOTHSAIOTCS MOAJIEMEHTHO.
KomOunupys npeodpa3zoBaHus IEpBOro ¥ BTOPOrO BU/IA, MBI MOXKEM K JII000H CTpoke
npuOaBUTh JIMHEWHYI0 KOMOWHAIIUIO OCTAJIBHBIX CTPOK.

Teopema. Dnemenmapnuvle npeobpazoeanus He MeHAOM PaHea MAMPUYbL.
Wnes mpakTuueckoro MeTo/1a BEIYMCIICHUS paHTa MaTPUIIBI

A 8 ... Q

a a oo a
A _ 21 22 2N

aml am2 amn

3aKJII0YacTCd B TOM, YTO C IMMOMOIIBIO 3JICMCHTAPHBIX Hp606pa3OBaHI/II7I JaHHYIO MaTpuny A
MMPUBOJAT K BUAY



by b .. by by . by
O b22 e bzr b2,r+1 e b2n
B=| 0 0 .. b, b,s .. b,
0 0 0O o
O 0 .. 0 0 .. O
B KOTOpOM <«IHaroHaJlbHBIC» J3JICMCHTBL bll y b22 yuasny brr OTJIMYHBI OT HYJISA, a 3JIEMCHTHI,

PACIIONIOKEHHBIE HHMXKE «JIHArOHAJIBHBIX)», PaBHbI HYJIO. YCJIOBUMCS Ha3blBaTh MaTPHULLY B
Takoro BHJA TPEYroJibHOW (MHAYe, €€ Ha3bIBAIOT JAMArOHAIBHOM, TpPaNeIUeBUIHON WK

nectHU4HOM). [Tocne nmpuBeneHUsT MAaTPHIIBI A x TPEYroJbHOMY BHJy MOXHO Cpa3y 3alucaTh,
4TO F(A) =Tr.
B camom nerne, I'(A) = I’(B) (T.K. BIIeMEHTapHbBIE Peodpa30BaHUs HE MCHSIOT PaHTa).

Ho y marpunsl B CYIIECTBYET OTIMYHBIN OT HyJIsI MUHOp mopsaka [ :

by B By
0 by, .. Db

22 Ml =byy by, b, 20,
0O 0 .. b,

a ;mo6oit munop nopsika I+ 1 COJIEP’KUT HYJIEBYIO CTPOKY U ITO3TOMY PaBEH HYIIIO.
Chopmynupyem Tenepb NPAKTUUYECKOE MPABUNO GbIUUCTEHUS paHea MaTpPULbI A ¢

MOMOIUIBIO AJIEMEHTApHBIX NMPEoOpa30oBaHMM: NIl HAXOXKJIEHUS paHra MaTpUIIbI A ClIeZlyeT ¢

MOMOIIbIO 3JIEMEHTAPHBIX TPE0OpPa30BaHUM MIPUBECTU €€ K TPEYrOJIbHOMY BUIY B . Torza paHr

MaTpHILIbI A OyZieT paBeH YUCITy HEHYJIEBBIX CTPOK B IMOJYyY€HHON MaTpHIle B

ITpumep: HaiiTu paHr MaTpuiis! Aneronom 3JIEMEHTAPHBIX TPe0Opa30oBaHUI:

2 -5 8 5
1 -2 3 4
|1 2-3-4
3 -7 11 9

Pemenue: IlomMeHsieM MecTaMu NEPBYIO U BTOPYIO CTPOKY (T.K. IIEPBBIM 3JIEMEHT BTOPOM CTPOKHU
—1 u c Hell Oyner ynoOHO BBINONHATH IpeoOpa3oBaHusi). B pesynbraTe MOiIydYuM MaTpully,
SKBUBAJICHTHYIO TAaHHOM.

1 -2 3 4

2 -5 8 5
A=

1 2-3-4

3 -7 11 9

O6o03naunM | -Tyr0 cTpoKy Marpuisl — Ci' HaMm HeEoO0X0auMO MPUBECTH HCXOIAHYIO

MaTpuIily K TpeyroipHoMy Bumy. IlepByio cTpoky Oynem cuuTarh Beaylued, oHa Oyner
y4acTBOBaTh BO BCEX IPe0oOpa30BaHUsX, HO CaMa OCTaeTcsi 0€3 N3MEHEHHH.
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Ha mepBoM 3Tame BBHIMOTHUM MPeoOpa3oBaHMsl, MO3BOJISIONINE MOTYYUTh B MEPBOM CTOJIOIE
HYJIU, KpOME MEepBOTo 3eMeHTa. JlJis 3TOro U3 BTOPOI CTPOKHU BBIYTEM IMEPBYIO, YMHOKEHHYIO

Ha 2 (C2 - 2C1) , K TpeThel CTpOKe MpHOaBUM IEPBYIO (C3 + Cl) , @ U3 TPEThEHl BBIUTEM
NEPBYI0, YMHOXKEHHYIO Ha 3 (C3 —3C1). [Tonyyaem maTpuily, paHI' KOTOpOIl COBNAJaeT ¢

paHroM JaHHOM MaTpuIlbl. O003HAYMM €€ TOU ke OYKBOM A:

1 -2 3 4

0 -1 2-3
A= .

0O 0 0 O

0 -1 2-3

Brerurem u3 uerBepToii CTpoku BTOpyHO. [Ipn 3TOM nmeem:
1 -2 3 4
0O -1 2-3
A=

O 0 O O
O 0 0 O

Honyqua MaTpuna TpeyrojabHOTroO BUaa, U MOXXHO CACJIATh BBIBOJ, YTO I’(A) - 2 , T. €. HUCITY
HCHYJICBBIX CTPOK. KOpOTKO pCeHICHUC 3a1a41 MOKHO 3alicaThb CJICAYIOIIUM o6pa30M:

2 -5 8 5 1 -2 3 4
A= 1 _2 3 4 CyxCy 2 _5 8 5 Cy,-2C;,C3+C1,C3-3C1
-1 2-3-4 -1 2-3-4 ’
3 -7 11 9 3 -7 11 9
1 -2 3 4 1 -2 3 4
0 -1 2-3| ¢, |0 -1 2-3
_—> .
0 0 00 0 0 00
0 -1 2-3 0 0 00

Brluncaenue onpeaeauTenc

Ecnu B MaTpulie 4MCo CTPOK paBHSAETCS YUCITY CTOJOLOB, T.€. M = N, TO MaTpHIla
Ha3BIBACTCS KBAOPAMHOLL.

a, a4, - a,
A= A, dy Ay,
a'nl anZ e ann

Onpenenuresnb, COCTaBIEHHBIA U3 3JEMEHTOB KBaJpaTHOW MaTpulbl (6€3 MepecTaHOBOK)
Ha3bIBACTCA ONPCACIUTCICM MATPHUILIbI A.
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a, 4, - 4,

a a cee a
A(A) — 21 22 2n

a'nl a'n2 o a'nn

3amMeTuM, 4TO He KBaJjpaTHas MaTpUlla HE UMEET OIpeaeTUTENs.

Yucno a1 aze - a1 aiz Ha3bIBAETCA ONPEIECIUTEIEM BTOPOro MOpsiaka U 0003Havaercs
a'11 a‘lZ
a'21 a22

CHUMBOJIOM A = =a,,8,, —8;,8,,-

OnpeieuTesieM TPETHETO MOPSIIKA HA3BIBACTCA YUCIIO:
all alZ a13

A= a‘21 a22 a23 = alla22a33 + a21a32al3 + a12a23a31 - a31a22al3 - a11a32a23 - a21a12a33
a31 a32 a'33

CxeMarnyecku (bopMyna AJ1 A BBIYUCIICHUA ONPECACIUTCIIL TPECTHEro NopsaaKa BbITJIAAUT

TakK:
a ap A a3
Ay 8y A= Ag3|—
Ay 85 Ag 1 3

Onpenenurens TPETbEro MOPAIKA TAaKXKE pPABEH CyMME IPOU3BEIEHUN 3IIEMEHTOB
HEKOTOPOi cTpokH (cTos011a) Ha anredpanyecKue JOMOTHEHHUS 3TUX DIIEMEHTOB, T.€.

A=ay Ay +a, A, +aAg; A=ay A, +ay, Ay, +ay Ay
A=a, A +ay,A, +a3A;;, A=a, A, +a,A, +a5,A,
A =ay Ay +a5A, Hag Ay, A=aAs+a,A, +aghAy,
Hanpuwmep, pa3ioxeHne onpeaenuTes 10 YIEMEHTaM TIePBOW CTPOKH:
Ay Ay ay Ay
ay Ay

a21 a23

A= a;; '(_1)1+1 +a; - (_1)l+2 +a;- (_1)1+3

a32 33 31 33

=ay, (3-22 Agz — a32a23) —a, (a21a33 - a31a23) +a;, (a21a32 - a31a22) =
= 8,,8,,853 +8,85,8y; + 838,83, —8;,83,8,3 — 81,8833 — 813858y,
PaznoxenneM mo »jeMeHTaM CTPOKH HIIH CTOJIOIAa MOYKHO BBIYMCIIUTH OIIPEACIINTEIIb

1000ro0 nopsajaka. B kaudectBe InpuMepa pacCMOTPUM OIPCACIIUTECIIb YCTBEPTOIO IMOPAdKa U
Pa3JI0KUM €T0 I10 JICMCHTaM nepBoﬁ CTPOKHU:

1 -1 2 3
L1 14 1 -1 4 1 -1 4
- =1.(-D"3 1 3[+(=D-(-D*?2 1 3+
s 3 1 3 (-1 -D--D
1 0 5 3 0 5
3 1 0 5
1 1 4 1 1 -
+2-(-D*"%2 3 3/+3-(-D**2 3 1|=15+0-3-4-0+15)+
315 31 0

+1(5+0-9-12-0+10)+2(15+8+9-36-3-10)—3(0-2+3+9-0-1) =

=13-6+2-(-17)-3-9=13-6-34—27 =54
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PaccMoTpeHHBIN ompenenuTenh MOXKHO BBIYHCIUTH JAPYIMM CIIOCOOOM. A HMMEHHO,
YMHOXXHUM 3JIEMEHTBI IIEPBOM CTPOKHU Ha (-1) M CIOXHM € 311€eMEHTaMHU BTOPOH CTPOKH, 3aTeM
YMHOXHUM 3JIEMEHTBHI NEPBOW CTPOKU Ha (-2) U CIOXHUM C COOTBETCTBYIOLIMMH 3JIEMEHTAMU
TpeTbell CTPOKM M, HAKOHEIl, YMHOXXUM 3JIEMEHThl INEpPBOM CTPOKM Ha (-3) U CIOXKUM C
COOTBETCTBYIOILIMMHU C 3JEMEHTaMU 4YETBEPTOW CTpOKU. Torza moiaydyum ompenenurens 4-ro
HOpsiIKa, B IEPBOM CTOJOLE KOTOPOrO CTOAT HYJIM, KpOME IE€pBOM CTPOKH, T.. HUMEEM

OMNpCACIIMTECIIb:
1 -1 2 3 s 3 1
0 2 -3 1
0 5 _3 _g=@uAu=1{5 -3 -3=24-30+36+12-36-60=-54
4 -6 -4
0 4 -6 -4

[IycTh 3a1aHO HEKOTOPOE YKCIIO a ¥ MYCTh CYHIECTBYET TaKoe Yyuciio m, 4yto am = 1. Yucno
m B 3TOM ciy4yae Ha3blBaeTcs oOpaTHbIM Mg a. Eciu, Temeph, paccMOTpUM KBaJIpaTHYIO
MaTpUIly Nn—TO MOpsiKa, TO enuHUYHas Matpuna E Oyner urpate ponb eaunuibl. EcTecTBeHHO
MIOCTaBUTHh BOMPOC O CYIIECTBOBAHMM OOPAaTHOW MATPHIBI, T.€. TaKOW MAaTpPHUIBI, KOTOpas B
MPOU3BE/ICHUU C IaHHOM JJaeT equHUYHYI0 MaTpuly E.

Ilycts A — kBagpaTHas MaTpula n-ro nopsaka. Ksagparnas marpuna X (Toro ke nopsika
n) Ha3bIBaeTcst oOpaTHo# ms A, ecimn AX = XA =E.

KBanpartHast marpuina n-ro nopsiika Ha3bIBaeTCsi OCOOEHHOM (BBIPOXKIEHHOI), ecnu ee
ompenenuTenb paBeH Hymo. Ecim ke A (A) # 0, To A Ha3piBaeTcs HECOOCTBEHHOMN
(HEBBIPOXKAECHHOMN ) MaTPUIIEH.

Jliig HaxoXAeHHus 00paTHOW MaTPUIIbI, PACCMOTPUM MAaTPHILY TPETHEro MopsaKa

a, a4, 3a; a, 4a, a;
A= a, a, ay A(A) =8y Ay A, F 0
a; ad; adg W TyCTh d; ad; dg

O6patHoit Matpuneit A 6ymer Matpuna:

All AZl A31

A A A
el A A afh s
A A A Al B Z 2
A, A, A, A, Ay A,
A A A

rae Ailj ecTh aredpandecKkoe JOTOJTHEHHE dJIeMeHTa aij onpenenutens A = A (A).
[pumep. Haittu o6pathyio Matpuny A, ecin

2 2 3
A=1 -1 0
-1 2 1
Pemenue: Halinem onpenenuTens MaTpULIbI
2 2 3
A=|1 -1 0=-2+6+0-3-0-2=-1%0
-1 2 1

Haxomuwm anrebpandeckue JOMOTHEHUS
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S S P e P
1201 2 -1 1 -1 2
N :_‘2 3 64 A :‘2 3‘:5 N :_‘2 2‘2_6
. 2 1 2ol-1 1 ’ -1 2
N \ :_‘2 3‘:3 \ :‘2 z]J:_4
k100 1o L -
CrnenmoBartensHO,
A, A, A -1 4 3 1 -4 -3
%Alz A, A, —il -1 5 3|1=1 -5 -3
At Ay A AL 1 -6 -4 -1 6 4

[IpoBepka: A A-1=E
2 2 31 -4 -3 2+2-3 -8-10+18 -6-6+12
1 -1 01 -5 -3|=|1-1+0 -4+5+0 -3+3+0 |=

-1 2 1/-1 6 4 -1+2-1 4-10+6 3-6+4
1 00

=10 1 0|=E
0 01

Bonpocel u 3a0auu k cobecedosanuio:
3anayva 1. Jlanbl kBaspaTHBIE MAaTPULIBI 2—OT0 MOPSAIKA

2 (1Y)

Brrancnute cnenyrone BhIpaKeHUs:
a) A+B;
0) A-B.
3amaua 2. Jlanbl MaTpuiibl
5-21 2 23 1-12 -2
Az{ 10 4} B:[—l 4 1} C:[ 0 1 4}, D:(—l 2 3), F:[ 3}.
-3 72 5-30 -5 36 1

Brruncnute crneayroiue MaTpUYHbIE BRIPAXKEHUS (€CIIU Kakas—HUOYIb omepalus He
orpeenieHa, 00ObSICHATE, TI0YEMY):
a) A+B,;
6) B-D;
B) A+B-C;

r) AT+B;
1) DT+F;

¢) FT+A.
Bamaua 3. JlaHbl KBapaTHbIE MATPUIIBI 2—OT0 TTOPSIIKA

() e (1Y)

Brraucnure CICOYIOIIUEC BBIPAKCHUS:
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a) A-2B,;

0) 3A+2B;

B) 2A—4B.

3anayva 4. /lanbl MaTpuilbl

521 2 23 1-12 2
A=| 1 04| B=|-1 41| c=| 0 14| D=(-1,23), X=| 3|
3 72 530 5 36 1

Breruncnute crnemyoomuye MaTpUYHBIC BBIpRXKCHHS (€ClIM  Kakas—HUOYIb OIepamus He
ompeeneHa, 00bICHUTE, TTOUEMY):

a) 2A+B,;

0) 2B-D;

B) A+2B-3C;

r)3AT+B;

1) D1 +2X:
e) 2X-D.
3anaua 5. Jlanbl KBaJpaTHbIE MATPHUIBI 2— OTO MOPsIIKa

A= (o5) w m=[13)

Berunciute A'B, B-A u A-B-B-A.
3anava 6. JlaHbl MaTpULIbI
5-21 2 23 1-12 1923 -2
A= 1041B: -1 41,(:: 014, D:(045), F= 3
-3 72 5-30 -5 36 1
3anmava 7. Beruncnute crnemyrolue MaTpUyHbIe BBIpaKEHUS (eciu Kakas—HHOyIb omepaius He
orpeenieHa, 00ObSICHATE, TIOYEMY):
a) A'‘B u B-A;
0)D-C u C-D;
B) A‘F u F-A;
r)D-F u F-D;
n) F-A;

T
e)F -A.

3aga4a 8. BeIYHCINTB paHT MAaTPHIIBI JBYMS CIIOCOOAMHU: C MTOMOIIBIO SJIEMEHTapHBIX
npeoOpa3oBaHUil U METOIOM OKAWMIICHHUSI MUHOPOB.

1 -6 2 4 8 1 2 -7 13 0
A=|-3 18 -6 -12 -24|;A=| 7 /7 -6 3 12
0O 6 7 23 11 -16 -11 -17 56 -36

21 10
3amaua 9. [laHbI KBaJipaTHBIE MAaTPHUIIEI 2— OTO TOpsIKa A = ( 0 3) n B= (_1 D) )

Brruncnute cnenyronye BoIpaxKeHUs:

a) detA,;

0) detB

B) det(A-B).

[TpoBepbre, uro det(A-B)= detA-detB.

3anava 2. [laHbl KBaJpaTHbIE MaTPULBl 3— IO MOPsAIKA
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521 2 23
A=| 1 04| uw B=|-1 41
3 72 530

Brruncaute CIICAYIOIIUC BBIPAKCHUA:

a) detA;
0) detB
B) det(A-B).
[Tposepbre, uro det(A-B)= detA-detB.
2 3 5 1 1 1 1 1 1
3angaua 10. Berumcauts onpenenurenu: a) (1 4 —-2(;6)|x 'y z|;B)[1 1+a 1 |;r)
-1 0 1 x> y? z? 1 1 1+b
1 -1 2 3 -2
-5 1 -4 1
1 1 -1 2 1
L4153 m|2 1 3 -2 1
4 1 -8 " |
3 2 1 -2 3
3 2 6 2
-2 1 3 4 5
3amaua 11.
8 6 41 93
Pemmte MaTpruHOE ypaBHEHUE - X = = .
1 2 48 155
3 -1 4 19
X =0
1 2 19 15

2 6 1 7
Xl =]
-3 1 0 14
Ilpakmuueckaa paboma Ne 2. Pewienue HeEBbIPOMHCOCHHBIX CUCHIEM JUHEHHBIX

ypasnenuii memooom Kpamepa, memooom ooépamnou mampuyvli. Pewenue cucmem
JAUHEnbIX ypasHenuil memooom I'aycca.

ILlens: BripabotaTh yMeHHE pemiaTh HeBbIpoxkaeHHBbIE CJIY MaTpuyHbIM MeTonoM, MetonoM Kpamepa,
METOAOM Faycca U MPUMCHATH YMCHUSA JJI PCIICHUA NPAKTUICCKUX 3a/1ay.
Teopemuueckaa uacmso

IlycTte nana cucrema Il IrHEWHBIX ypaBHEHHM ¢ 1 HEW3BECTHBIMMU:

A-X =B,
rac
d;p A ... Qqp X1 by
a a .. a X b
A 21 22 2n’X= 2’ B — 2
an1 an 2 an n Xn bn
bynem [Ipeanojarars, qTO OCHOBHas MaTtpuia A HEBBIPOXKIECHHA.

-1
Torza cymecTByeT obparnas matpuna A . ITomuoxuHB MaTpraroe ypasuenne A- X = B na
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MaTpHILy A_l clieBa, MOJydyuM (popMyily, Ha KOTOPOH OCHOBAaH MAaTPUUYHBIA METOJ pEIIECHUs
CUCTEM JIMHEHHBIX YPaBHCHUM:
X=A".B.

3ameuyanue. OTMETUM, YTO MAaTPUUYHBIM METOJl PELICHMs] CUCTEM JIMHEHHBIX YpPaBHEHUU B
oTIMuYue OT MeToa ['aycca mMMmeeT OrpaHHYeHHOE NMPUMEHEHHUE: 3TUM METOJOM MOTYT OBITh
pelIeHBl TOJIBKO TAaKHWE CUCTEMbl JIMHEWHBIX YPAaBHEHMH, Y KOTOPBIX, BO-IIEPBBIX, YHCIIO
HEU3BECTHBIX PABHO YMCIy YPAaBHEHUH, @ BO-BTOPBIX, OCHOBHASI MaTPULIA HEBBIPOKICHHAS.

IIpumep. Pemmts cucteMy JTUHEHHBIX YPABHEHUN MaTPUYHBIM METOOM.

X1 +2X, +3X3 =14,
4X1+3X, + 2X3 =16.

3aL[aHa CHUCTEMa TpéX JIMHEHHBIX ypaBHeHI/Iﬁ C TpEMs HEU3BCCTHBIMU A . X = B, rac

5 -1 -1 X 0
A=|1 2 3| X=[x,| B=]14]
4 3 2 X3 16

OcHOBHasl MaTpulla CUCTEMbl ypaBHEHUIN HEBBIPOXKJIEHHAs, MOCKOJIbKY €€ OIpeleauTelNb
OTJIMYEH OT HYJIA:

5 -1 -
detA=|1 2 3|=-30.
4 3 2
OOpaTHyt0 MaTpHILy A_l COCTaBUM OJHHUM M3 METOJOB, ONTMCAHHBIX B MYHKTE 3.
11
6 30 30
AL = 178
3 15 15
1 1 1
6 30 30
HO Q)opMyJIe ManI/I‘lHOl"O METOAa peIJ_IeHI/ISI CUCTCM HHHCﬁHBIX ypaBHeHI/Iﬁ HOJ'IyLII/IM
i1 1
5 -1 -1 6 30 30 1
X:123-—E—l g:2.
3 15 15
4 3 2 1 Q ~ E 3
6 30 30

TeopeMa (HpaBI/IJ'IO KpaMepa). Eciu ONpCACIIMTCIIb MAaTPULbl CUCTEMbI OTJIWYCH OT HYJA, TO

CUCTEMa MMEET pelIeHHe U MIPUTOM TOJIBKO OJJHO. DTO pelIeHre onpeaensercs GopMyaaMu:
A
Xy :Xk’ rae A — omnpeaenuTenb MaTpPUIbl CUCTEMbl M Ak — ONpPEAEIUTENb MaTPHIIbL,

MIOJIy4aeMOM U3 MaTPHUIBI CHCTEMBI 3aMEHOM K—0oro cTosbiia cToa01oM cBOOOIHBIX YICHOB.
IIpumep. Pemnth cucremy ypaBHeHuU#, ucnomib3ys Gopmynsl Kpamepa.
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X+2y—-3z2=5

2X—-3y+z2=3
4x+y—-2z=10
Pemenue: HaiineM OCHOBHOM M IOTIOJTHUTENIbHbBIC ONPEACTUTENH.
1 2 -3
A=2 -3 1|=6-6+8-36-1+8=-21
4 1 -2
5 2 -3
A, =3 -3 1|=30-9+20-90-5+12=-42
10 1 -2
1 5 -3
A,=12 3 1|=-6-60+20+36-10+20=0
4 10 -2
1 2 5
A, =12 -3 3|=-30+10+24+60-3-40=21
4 1 10
[To popmynam Kpamepa umeem
A4, A0 A A
A =21 A =21 A =21

OtBer: x=2,y=0,z=-1.
[IpakTUuecku 175 pelIeHHs CUCTEM JIMHEWHBIX YPaBHEHUM Yallle BCEro MPUMEHSETCA
MetoJ ["aycca, coCTOSIIIMI B MOCIEI0BATEIBHOM UCKIIFOYEHUHA HEU3BECTHBIX.

HYCTI) 3aJaHa CUCTEMa HHHCIZHLIX aJ'Ire6paI/I‘leCKI/IX ypaBHeHHﬁ:
Ay Xy + Xy +o00+ a4y, X, =6
6121x1 + azzxz +--t+ aznxn = 62

a, X, +a,,x, +---+a, x, =8,

mn--"n

BYI[GM IMPOU3BOAUTDH HAJ CHCTEMOM CJICAYIOIUC DJICMCHTAPHBIC HpeO6pa30BaHI/IHZ

1. BrraepkuBanne ypasaenus suga 0-x; +0-x, +---+0-x, =0.

2. [IpnbaBneHne K OJHOMY YpPaBHEHHIO JPYroro ypaBHEHHS, YMHOXXEHHOTO Ha
IPOU3BOJIBHOE YHCIIO.

3. [lepemena MectamMy IByX ypaBHEHHIH.

ITycts Teneps a,, #0.(Ecnu a;; =0,T0 MBI MOMEHSIEM MECTaMU NIEPBOE YPaBHEHHE C TEM
ypaBHEHHUEM, rie Ko3(GGHUIUEHT IpU X; OTIMYEH OT HyJsl). MIcKiIrounum Tenepb x; U3 Beex
YpaBHEHUU CUCTEMBI, HAUMHAS CO BTOPOTO. /{7151 3TOro Ko BTOpOMY ypaBHEHUIO IPUOABUM

a
MEPpBOC YPAaBHCHUC, YMHOKCHHOC Ha (— 4 ), 3aTEM HpI/I6aBI/IM K TPE€TbEMY YPaBHCHHIO IICPBOC,
a
11

a
YMHOKEHHOE Ha (——1 ) U T.J. K HOCJIeJHEMY YPABHEHUIO NPUGABUM MEpBOE, YMHOKEHHOE Ha (
a
11

a
— "L, TIpx 3TOM TOJTy4HM CHCTEMY
a
11
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CpXy +CpX, +o 0 X+t X, =a
CopXp T2 HCopp X+ 46, X, =y

C X, +tc, X, +--+cC, X =a

mn-"n m

Jlanee, npuMEeHUB TeE K€ pacCyKJIEHHUs K MOJIyUEHHOM cucTeMe, HCKITIOUUM U3
YPAaBHEHHUH, HAYMHAs C TPETHETO X, U T.J.

[Tpomomxkast 3TOT MPOIIECC, MBI MIPHUJIEM K OJHOMY U3 JABYX CIIy4aes:

1. JIubo mocne OIpenesieHHOro Imara TOJYYUThCS CHCTEMa, CoJeprKalas
ypaBHenue Buzna 0-x,+0-x, +---+0-x, =6 u 6#0. Torga Hama cucremMa He UMEET PEIICHUii,

T.€. HECOBMECTHA.
2. aubo cuctema He conepxut ypaBHenue Buga 0-x, +0-x, +---+0-x, =6 u ¢#0.

Torz{a PaHO WJIMK NO3AHO MbI IPUACM K CUCTEME
C11 Xy + CipXy +eee Ci Xy R C, X, =aq

CypXy 02+ Cyh X, +---+02nxn =a,

Cl’l’xl’ +oet Crnxn :al’
Bo3MoxkHEI 11Ba ciyyast:
a) r=n. Toraa nociuenHee ypaBHEHHUE MOCIEIHEN CUCTEMbl HIMECT BHI: C, X, =d,,

a
oTKyaa X, =——. W3 npeanocieaHero ypaBHeHUs: HaXOAUM X, ; U T.J. U3 NIEPBOrO ypaBHEHUs

nn
CUCTEMBI HAXOAUM X, .
b) r<n. Toraa cucrema MMeeT OECUNCIEHHOE MHOXKECTBO PEIICHHH.
3ameuyanue. C MpakTUYECKON TOUKH 3pEHHUS MTPOLIECC PELICHHS] CUCTEMbI MOKHO
00JIerYnTh, €CIIM BMECTO MpeoOdpa3oBaHMii Ha/l caMOM CUCTEMOM MPOU3BOJUTH IPeoOpa3oBaHUs
HaJl COOTBETCTBYIOIIEH paCIIMPEHHOW MATPULIEH CUCTEMBI.

IIpumep. Pemuts cucremy meronom Iaycca.
2x, +x,—x;+x, =1
3x, —2x, +2x,—3x, =2
Sx,+x, —x;+2x, =-1
2x, — X, +x;,—3x, =4
Pemenne. PaccMoTpuM pacmpeHHy0 MaTpHILy
2 1 -1 1 1
3 -2 2 -3 2
5 1 -1 2 -1
2 -1 1 -3 4

B=

YMHOXKUB NEpBYIO CTPOKY HA — E , 3aTEM YMHOXUB IICPBYIO CTPOKY Ha — E , HAKOHETI,

YMHOKHUB TIEPBYIO CTPOKY Ha —1, CII0HM TIEpBYIO CTPOKY MOCIIEI0BATEIHHO CO BTOPOH, €
TPEThEU U C 4eTBEPTOM CcTpoKo. [Tomyunum
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-1 1
N A R
- 2 2 2 2| |0-7T 7 -9 1
o .3 3 1 71 o -3 3 -1 -7

2 2 2 2
0 -2 2 -4 3) \0-2 2 -43

B mocnenneit matpuiie Mbl yMHOXKHJIU BTOPYIO U TPETHIO CTPOKY Ha 2. Jlamee 1 u 2
CTPOKHU OcTaBiisieM O0e3 n3MeHeHus. CriepBa YMHOXKUM BTOPYIO CTPOKY Ha — 7 U CJIOKUM C

2
TPETbEU CTPOKOM, 3aTEM YMHOKUM BTOPYIO CTPOKY Ha — 7 U CJIOKMM C YETBEPTOU CTPOKOM.

[Tonyunm

N
[N
|
=
=
[any
N

1 -1 1 1
0 -7 7 -9 1
B~lo 0o 0o = -2£|-

— 7 |7lo 0 0 20 -5

10 19
00 o X B rjoo o -— =

o
|
~
~
|
(o)
[uny

~

1 -1 1 1 2 1 -1 1 1
77 -9 1 0 -7 7 -9 1

0 0 20 -52| |0 0 0 20 -52
0 0 -10 19) (0 0 0 0 -7

O O o N

1
HOCJ’IGI[HIOI-O MaTpuly Mbl INOJTYYUJIU, YMHOXHUB TPETHIO CTPOKY Ha E " CJIOKHUB C

4yeTBEepTOU cTpoKOH. Ilocmenusis yeTsepras CTpoKa 03Ha4aeT, YTO Mbl UMEEM YpABHEHUE:!
0-x+0-x,+0-x,+0-x, =—7
CJIEI0BATEIILHO, 10 CKA3aHHOMY BBIIIIE CUCTEMA HECOBMECTHA.
[Tpumep. Pemmte MeTosioM ["aycca cucremy ypaBHEHU.
X, +2x, —3x;+5x, =1
x, +3x, —13x, +22x, =1
3x, +5x, +x;—2x, =5
2x,+3x, +4x, —Tx, =4
Pemenne. PaccMOTpUM pacimpeHHY0 MaTPUILy CHCTEMBI
1 2 -3 5 1
1 3 -13 22 -1
35 1 -2 5
2 3 4 -7 4

VMHOXHM criepBa IEePBYIO CTPoKy Ha (—1) 1 cl1ouM co BTOPOI CTPOKOIA, 3aTeM
YMHOXKUM TIEPBYIO CTPOKY Ha (—3) U CIIOKUM C TPETheil CTPOKOM U, HAKOHEII, YMHOKUM
IIEPBYIO CTPOKY Ha (—2) M CJIOKHMM € YETBEPTOM CTPOKOi. [Tomyunm
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1 2 -3 5 1 12 -3 5 1
B - c 1 -10 1 -2 |0 1 -10 17 -2
0 -1 10 -17 2 00 0O 0 O
0 -1 10 -17 2 00 0O 0 O

Bropyro MaTpuily Mbl IOJIy4UM CJIOKHUB CIIEPBA BTOPYIO CTPOYKY C TPEThEH, 3aTEM
CJIOHB BTOPYIO CTPOUKY C ueTBepToil. Hynesbie cTpouku BeiOpackiBaeM. OcTaeTcs cucrema
ypaBHEHUI

{xl +2x,-3x,+5x, = 1 )
x, —10x, +17x, = -2

Bynem cuntate x; u x, CBOOOAHBIMH HEH3BECTHBIMH, 0003HAYAS HX: X; =, X, = f3

13 BTOpOro ypaBHEHHUs CUCTEMBI (*) HallieM X,

x, =10 =174 -2

IToacTaBuB X, B IEPBOC YPABHEHHUE, [TOIYIHM:

x, +2(10c -17-2) -3 +54 =1 unn

x,+200—-34-4-3a+50 =1 nnn

x =—17a+295+5.

Taxum 00pa3om, JaHHAsI CHCTEMA UMEeT OECUMCIICHHOE MHOYKECTBO PEIICHHIA:

x, =—17a+294+5
a <(R)
x, =10 =173 -2

Bonpocwt u 3a0auu k codecedosanuio:
Pemnte CJIY MatpuunbsiM MeTogoM U MetoaoM Kpamepa:

3X, +2X, +X; =5 X, —2X, +3X, =6 2X, —X, =X, =4
a) 12X, +3X, +X; =1 ;0) 12X, +3X, —4xX, =20; B) <3X, +4X, —2X, =11

2%, +X, +3X, =11 3X; —2X, —5X; =6 3X, —2X, +4x, =11

2% — Xy +3x%3 =—4, 8% +3X, —6X3 =—4, 3x; —2X, +4X5 =12,
DX +3X— Xg =11 i DI x + X, — X3 =2, +© 3%y + 4%y, —2X3 =6,

Xg —2Xy + 2X3 =—7 4%, + X5 —3X3 =-5 2% — Xo— X3 =-9
Pemnts cucremsl TMHENHBIX ypaBHEHUN MeTonoM ['aycca:

3X, +2X, +X; =5 X; —2X, +3X, =6 2X, =X, =Xy =4
a) 12X, +3X, +X; =1 ;0) 12X, +3X, —4X, =20; B) <3X, +4X, —2X; =11

2%, +X, +3%, =11 3X, —2X, —5X; =6 3X, —2X, +4x, =11

2X, +4X, +4x, +6x, =18
4%, +2X, +5X; +7X, =24
3X, +2X, +8X%, +5x, =13
2X; +8X, +7X; +3X, =6
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Ilpakmuueckasn paooma Ne 3. /luneiinvie onepayuu nao eexkmopamu. Paznoscenue eexmopa
no opmam Koopounamuwix oceil. /lelicmeus HA0 GeKMOpamu, 3A0AHHLIMU NPOCKYUAMU.
Ckanapuoe, 6eKmopHoe u cMeuanHoe nPoU38e0eHUs 6eKmopoa.

lleﬂb.' BBIpa6OTaTB YMCHHE BBIIIOJHATH JIMHEWHBIE one€panrvi HaJd BCKTOpaMU; ,Z[CﬁCTBPIH Haj
BCKTOpaMH, 3aJaHHBIMU IIPOCKUUAMH, NPUMCHATL IIPpU PCHICHUU 3a4a4 CKAJKIPHOC, BCKTOPHOC U
CMCIHIAHHOC IMPOU3BECACHN BEKTOPOB.

Teopemuueckasn yacmeo
Hanpasnennsliif oTpe3ok 0yemM Ha3pIBaTh BEKTOPOM U 0003Ha4yath AB, CDwiu a, s, ...

BCKTOp HAa3bIBACTCA HYJEBBIM, €CJIM €I'0 Ha4aJl0o U KOHECIL[ COBIIAAAar0T U 0003HAYaIoT o .

HyneBoii BekTOp HE UMEET ONPEIEIIEHHOr0 HANIPABJICHNUS U UMEET JUIMHY PaBHYIO HYJIIO.
BekTopsl Ha3bIBarOTCS KOJUIMHEAPHBIMHU, €CIU OHU JIeXKaT Ha OJHOW HpsAMOH, TUO0 Ha

napajuleJIbHBIX IPSIMbIX. J[Ba BEKTOpa Ha3bIBaIOTCS! PAaBHBIMU, €CJIM BBIITOJIHEHBI CIEAYIOLINE TPU

ycioBusi: 1) ATUHBI BEKTOPOB PaBHBI, 2) BEKTOPHI MapaljiesibHbl (KOJUIMHEAPHBI), 3) BEKTOPHI

HaIPaBJICHBI B O/IHY U TY K€ CTOPOHY.
1. CnoxxeHue BEKTOpOB

CYMMOﬁ a+B ABYX BCKTOPOB d U B Ha3bIBaeTCsI BEKTOD, HI[yn.[Hﬁ M3 Haydajla BCKTOpa

a B KOHELl BEKTOpa D Ipu yCIOBUM, YTO BEKTOP D HpHIIOKEH K KOHILy BeKTopa a (IpaBHIO

TPEYrobHUKA) U 3alUChIBAIOT C=a + b.

b

C

CroxxeHue BEeKTOPOB 00J1a/1a€T CASAYIOIIMMH OCHOBHBIMU CBOMCTBAMH:

1. KoMMyTaTuBHOCTB: a+b=b+a

2. ACCOHI/IaTI/IBHOCTBI JJISL JIFOOBIX BCKTOPOB 5, B u 6 BBIITOJHACTCA PABCHCTBO
a+(b+c)=(a+b)+c

3. IlpubGaBneHue HyJeBOrO BEKTOpa K JIIOOOMY BEKTOPY a He MeHser MOCJIETHETO:
a+0=a.

4. CymMa BeKTopa au IPOTHBOIOJIOXKHOTO BEKTOpa al paBHa HYJIEBOMY BEKTOPY, T. €.
a+al=0

U3 BTOpPOTO CBOMCTBaA CJICAYCT, UTO €CJIN JaHbl BEKTOPLI al 5 a2 5 e an » PacCIIOJIOKCHHBIC
TaK, UYTO KOHCL IMPCABIAYIICTO BCKTOpa ABJIACTCA HaYaJIOM MOCICAYOIIEro, TO CyMMa

a, +a, +...+a,, Oyner mpeacrapiaiATh coOOH BEKTOp, MAYHIMH W3 Hadaja BeKTopa a1 B

KOHEI BEKTOpa a n.
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a+a,+a,+...+a,

2. Boluntanue BCKTODOB

PasHocThIO ABYX BCKTOPOB au b Ha3bIBACTCS TAKOM TPETUM BEKTOP C 410 a b + C

U 0003HavaeT a-b = C. YtoOBl U3 OHOTO BEKTOpa BBIYECTb APYTOil, HY’)KHO UX OTHECTH K
o011eMy Hadaixy M IPOBECTH BEKTOP M3 KOHEUHOM TOYKM BEKTOPA — BBIUUTAEMOI0 B KOHEUHYIO
TOYKY BEKTOpa — YMCHBIIIAEMOTIO.

3ameuanue. Hapsay ¢ npaBuiiom TpeyroabHIKa 4aCTO HONMB3YIOTCS (PaBHOCHIIBHBIM EMY)
TMPABUJIOM MapajlIeNiorpaMma: eClii BEKTOPs! & 1 b

IPUBEJCHBI K 00IeMy Haualy M Ha HUX IOCTPOEH HapajjiesiorpaMm, TO cyMMa a + b
€CTb BEKTOP, COBHNAJAIOUIMA C AMAarOHAJIBIO 3TOrO
napajjenorpaMma, uaymed w3 oOmero Hayaia

BEKTOpPOB A H b, a BTOpasA AuaroHajib, UAYyHIAsad H3
KOHIIa BEKTOpa b B KOHEII BEKTOpa A €CTh Pa3HOCTh A

-b.

3. HDOI/ISBGZ[CHI/IG BCKTODa Ha I{I/IC.]'IO

IIpoussenennem o a (M @) BEKTOpa @ HA BELIECTPEHHOE YHCIO OL HA3bIBACTCH
BEKTOD b KOJIJIMHEApHBIN BEKTOpPY @, (MIpUYeM BEKTOP b umeer JUIHY, PaBHYIO | o | | a |)

U UMEIOIIUN HalpapJICHHE, COBIIQJAIONICEC C HAIPaBJICHHMEM BCEKTOpa dB ciiydae OL)> (U7}
IIPOTHUBOIIOJIOKHOC HAIIPABJICHUE B Cllydae Ol < 0.
FCOMeTpI/IquKHﬁ CMBICJT OIl€pallui YMHOXKXCHUS BCKTOPA HAa YUCJIO MOJKHO BBIPA3UTH TaK:

MPY YMHOXKEHUH BEKTOpAa & Ha YHUCIO Ol BEKTOp & pacTATrUBaeTcs (C:KUMaeTcs) B Ol pas.
[Ipu sTom, eciu OL> 1, To @ pactsaruBaercs, ecinu 0< O <l, TO BEKTOp & CXKUMAETCS U
BEKTOp 0. @ COXPAaHSET TO ke HAIpaBJICHHUE, YTO U BEKTOP a .

Ecin xe O <0, ToO BEKTOp @ pacTsaruBaercs Npu | (0 | » 1 u cxxumaercs mpu | o | <1
U NIPU 3TOM IPOMCXOJUT U3MEHEHHE HalpaBJIEHUsS Ha IPOTUBOIOI0XKHOE.
Omnepatyst yMHOXKEHHUSI BEKTOpa Ha YUCIIO 00JalaeT CIEAYIONIMMU CBOWCTBAMHU:
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1. o(a+b)= o a + o b (pacnpenenurenbHOE CBOWCTBO YUCIOBOTO COMHOKHTENS
OTHOCUTCIIbHO CYMMbI BeKTOpOB).

2. (o +P) a=aa + pa (pacupeaeauTeIbHOEC CBOWCTBO BEKTOPHOTO COMHOMXHTEIIS
OTHOCHTEJIBHO CYMMBI YHCE).

3. a(fa)=(af) a (couerareapbHOE CBONCTBO YHCIOBBIX COMHOXHTEIEH).

Tak Kak 10 ONpEAEIEHHI0 BEKTOP €CTh HAMpABICHHBIM OTPE30K, a MPOCKIMH
HAMpPaBJICHHOIO OTPE3Ka Ha OCH KOOPIMHAT HAXOAAT KaK Pa3HOCTH OJHOMMEHHBIX KOOPIMHAT
KOHIIA W Hayaja HalpaBJIEHHOI0 OTPE3Ka, TO TOYHO TAK)KE HAXOMAT MPOEKIIMH BEKTOpa Ha
KOOPJIMHATHBIC OCH. DTHU MPOCKIIMU ¥ HA3bIBAIOTCS KOOPAMHATAMH BEKTOpA.

Hanpumep, nycts nansl Touku A(3, -2, 5) u B( 1, 2, 3). Torna xoopauHaTaMu BEKTOpa

AB6yI[yT -1-3=-4; 2-(-2)=4, 3-5= -2 1 0bosHauaior AB ={-4, 4, -2}.

B manpHelimem, kKoopauHaThl (POSKIIUK HAa OCH) MBI OyaeM o0o3Hadaty a ={X, Y, Z}.
Ormernm, 9T ACHCTBHS Ha/l BEKTOPAMH MOXKHO TIPOU3BECTH B KOOPIHHATAX.

ITycTs 1aHEl BEKTOPBI B KOOP/MHATAX: @ {X1, Y1, Z1} U b = {X2, 2, 22}.
Torma: a + b {X1+ X2, Y1 +VY2; Z1+ 22}, a - b {X1-X2, Y1-VY2; 71-22}, @ a = {axy,

a yi, O Z1}.
CkansipHOE PON3BEJICHHE BEKTOPOB

HyCTb JAaHBI IBA BEKTOpa 4 U b CKaJISIpHI)IMI/I MMPOU3BCACHUSAMU JIBYX BCKTOPOB a )41 b
HAa3bIBACTCA YHCJIIO, pABHOC IMPOU3BCACHUIO AJIMH 3TUX BCKTOPOB, YMHOXCHHOMY Ha KOCHHYC
yria MCXAy HUMU!

(ab) = ‘5‘ . ‘B‘cos 9, rme 9 — yroa MexIy BeKTOpamu

MOXHO [arth ApYyroe ONpPEACIICHUE CKAJAPHOIO IPOU3BENCHHUS JBYX BEKTOpPOB. I3
TEOpUH HpoeKuHﬁ W3BECTHO, YTO

np;a ‘a‘coss anb ‘b‘cos&

T.0. ckamsipHOE MPOU3BEICHUE IABYX BEKTOPOB €CTh YHCIJIO, PAaBHOE MPOU3BEICHUIO
JUTMHBI OJJHOTO U3 3TUX BEKTOPOB HA MPOEKIUIO APYroro BEKTOpa Ha MEPBBIA BEKTOP.

(ab) = \b\an a ww (ab)= \a\np5 b.
CKaﬂflpHOC IMPOU3BCACHUC BEKTOPOB 06J1a,uaeT CJICAYIOIMNMHU OCHOBHBIMHA CBOICTBAMU:
1 CKaJ'ISIpHOC IMPOU3BCACHUC NBYX BCKTOPOB au b 06pau1aeTc;1 B HYJIb B TOM CJIy4ac, Koraa
10 KpaI/IHGI/I Mepe OIUH U3 BCKTOpOB SABJIACTCA HYJ'IGBI)IM NJIIN €CIIN BGKTOpBI HepHCH}II/IKy.]'ISIpHI)I

2. CkamsipHOE TPOM3BEACHUE JABYX BEKTOPOB a M b PaBHO TIPOM3BCIACHHUIO MIJIMH JOTHX
BCKTOPOB, €CJIN JaHHBIC BEKTOPBI IAPAJUJICIIBHEL, T. €. ¢ = 0.
(ab)=alb]cos0 =] o
Orcrona CJICAYCT, YTO CKAJIAPHOC MPOU3BCACHUC BEKTOPA HA CaMOIro cebst PaBHO KBaApaTy

JJIMHBI 3TOTO BEKTOpPA, T. €. (a a) ‘ ‘

3. CkamsipHOE TPOW3BEICHUE JIBYX BEKTOPOB OO0JIaJJaeT MEPEMECTUTENBHBIM CBOHCTBOM

YMHOXCHUS: (a b) (ba)

4. CkanspHoe NPOH3BE/ICHHE obnazaeT pacnpeneIuTeTbHBIM CBOMCTBOM OTHOCUTEIEHO CYyMMBI

sexropon: (a.+b)- o= (ac -+ be)

IlycTh naHsl [Ba BEKTOpa B KOOPAMHATAX: 5 = {Xl, Yis Zl} u 6 = {X2 y Yo, 2, }

CkansgpHoe Mpou3BeIeHNE ITUX BEKTOPOB PABHO CyMMe IIPOU3BEIEHUI UX OJTHOMMEHHBIX
KOOpJMHAT.
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BekTopHoe npour3BecHNE BEKTOPOB

BexkTopHbIM npou3BEACHUEM BYX BEKTOPOB U b maseBaercs Takoit TPETUN BEKTOP

C KOTOprI/I o6ﬂaﬂaeT CIIEYIOIIUMHU CBOI/ICTBaMI/I

1)c Llauc Ll b TO €CTh BEKTOP C MEePIECHIUKYISAPEH K TUIOCKOCTH, TJE JIeKAT BEKTOpa

aub:

2) JlivHa BekTOpa C 4YMCIEHHO paBHA IUIOUIA/IX MapaijiesiorpaMmma, IOCTPOSHHOTO Ha BEKTOPax

aub, re. ‘C‘ ‘a‘ ‘b‘sm @, TIE @ — YFOJIMG)KILYBGKTopaMI/IaI/Ib

3) BexTOp C HaIpPaBJIEH B TAaKyl0 CTOPOHY, qT06H KpaT4yallInil HIOBOPOT OT IIEPBOTO BEKTOpa (I
K BTOPOMY BEKTOPY b BOKPYI' BEKTOpa C IPEJCTABIUICA MPOUCXOJAIIUM MPOTUB YaCOBOM
CTPEJIKH, €CITM CMOTPETh U3 KOHIIA BEKTOpa C .

BekropHoe mpou3sBezieHrne 0003Ha4ar0T CUMBOJIOM C = ab] unuC=axb.
a) OCHOBHBIC CBOWCTBa BEKTOPHOIO IIPOU3BE/ICHUSI:

1. BekTopHOE HpoM3BeicHHE ABYX BekTopoB AU D paBmo mynesomy BekTopy B TOM M

TOJILKO B TOM CJIydae, KOT/ia 3TH BEKTOPHI MapaJlICIIbHBI.
W13 3TOro cBOiicTBa ClielyeT, YTO BEKTOPHOE MPOU3BEACHKUE JHOOOTr0 BEKTOpa Ha CaMoro ceos,

[aa =0.
2. BektopHOe€ Mpon3BeACHUE IBYX BEKTOPOB aHTHKOMMYTAaTHBHO, & UMEHHO:
ab] =— [ba]
3. BekTtopHOoe mpousBeacHHE O00TagaeT CBOWCTBAMH COYETATEIBHOCTH OTHOCHTEIBHO
YUCIIOBOI'0 MHOKHUTENS: O ab] = [0! a- b] uiu [a . Olb].
4. BekropHOE TIpOHM3BEICHHE BEKTOPOB 00JaNaeT pPacHpee/IMTeIbHBIM CBOWCTBOM

OTHOCHUTCIJIbHO BEKTOPOB.
BekTopHOE Ipou3BEaCHNE BEKTOPOB B KOOPAUHATAX

[lycte BekTOpBl A U b zanans B KOOpJAMHATaX 5. = {Xl, Vi Zl}, 6 = {X2 'y Yo, 22}.

1 izl |z ]
Tor):[a[ab =C ! l; ! 1;
YoZo| |22 X5| X2 Y2

IIpumep. [IycTh naHbl BEKTOPHI 5. = {2, —1, 4} u 5 = {3,1, 0}
L1 1

[56 =2-14{=0+2l,+12l, +3l, — 4l, =41, +12l, +5I,.
310

re. [ab|=c = {-4,12,5),
Tlycth faHbl Tpu Bektopa @, b, C. Beau us TpeX BEKTOPOB JII0GBIC JBa BEKTOpA

YMHOXHUTbh BEKTOPHO, & 3aTE€M IOJTYYEHHBIN BEKTOP d= [a b] YMHOXXUTh Ha TPETHH BEeKTOp C
CKaJsIpHO, TO B PE3yAbTaTe Mbl IOJIYYMM YHCIO, KOTOPOE U HAa3bIBAETCSI CMEIIAHHBIM

IPOM3BEEHUEM TPEX BEKTOPOB M 0603HauaroT: 6o a b ¢, mbo ([a b]c).

CMeIIaHHOEe MPOM3BEICHHE HEKOMIUIAHAPHBIX BEKTOpoB &, D m C mo Momymo paBHO
o0bemMy napasuiesienunesia, HIOCTPOCHHOTO Ha 3TUX BEKTOpax.
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CMelIaHHOE MPOM3BEICHHE BEKTOPOB & b c PaBHO HYIIIO TOT/Ia U TOJBKO TOT/IA, KOT/Ia
9TH BEKTOPBI KOMILIAHAPHBI.

CMeIIaHHOe POU3BEICHUE BEKTOPOB B KOOPIMHATAX.

[TycTh naHbl TpU BEKTOpa B KOOPAMHATAX

a={x, v, z2,},b={x,,Y,,2,}c={X;,¥;,2;}. Torma cmemanHoe NPOU3BEIEHUE DTUX
BEKTOPOB MOKHO BBIUHCIIUTH 110 (OpMYJIe:

o T S
([ab]c) =X, Y, Z,l.
X Ys

MHuorue 3agaud TreoMeTpud, (U3MKH, MEXAHWKU PEHIaloTCS METOJAAMH BEKTOPHOU
anreopsol.

[Ipumep. Borumcnuts, Kakyro pabory mpousBoaut cuna F = {3, -5, -2} xorma ee Touka
IPHUIIOKCHHS, IBUTASCH MPSIMOIUHEIHO, epemeraetcs u3 nonoxenus A (2, 5, -3) B mosnoxenue
B (3, -1, -2).

Pewenne. Halinem xoopinHaThI BEKTOpa S = AB

S ={3-2;-1-5; -2+3} = {1; -6; 1}

Torna BennurHa KCKOMOM paboTa paBHA CKAISIPHOMY MPOU3BEACHUIO (E .S ), T.€.

W=(F S)=31+(-5)(-6) - 2.1 = 31.

[pumep. Haiitn yromn, o0pa3oBaHHBIA BEKTOPAMH: a ={3,0,-4} u b ={-1,1,-2}.
3.(-1)+0-1+(4)-(-2) 5 1

\/32 +0+4° -\/(—1)2 +1+(-2)> 5J6 /6
[pumep. Jlanbr koopauHaThl BepiuH Tpeyronbauka A(1,2,0), B(3,0,-3) u C(5,2,6). Haiitu

IUIOMIA/Ib ATOTO TPEYTOIbHHKA.

Pewmenue. COS@p =

Pewenue. HalineM KOOpIMHATEI BEKTOPOB AB u AC .
AB ={3-1,0-2,-3-0} = {2, -2, -3}
AC ={5-1, 2-0,6-0} = {4, 0, 6}

Haiizem BEKTOPHOE MPOM3BEIEHHUE BEKTOPOB AB u AC : [AB-AC] =

= —12e, —12e, +8e, —12e, = —12e, — 24e, + 8¢,
Urax, [AB-AC1=d ={-12, -24, 8}.

Haiinem MOAYJIb BEKTOPHOT'O IIPOU3BCACHU A

|[AB-AC]|H d |= /(-12)% + (—24)? + 8% =144 + 576 + 64 = /784 = 28,

VIckoMast IO TPEYTOIbHAKA: O, = %‘[E : A_C]‘ = % -28 =14 k8. en.

[Ipumep. Beruncants 00beM TeTpaspa, BEPIIUHBI KOTOpOro HaxoasaTes B Toukax O(1,1,2),
A(2,3,-1), B(2,-2,4), C(-1,1,3).

Pemenue. Terpasap mocrpoen Ha Bektopax OA, OB u OC Haiinem koopaMHaTel 5TUX

BEKTOPOB! OA = {1,2,-3}, OB = {1,-3,2}, OoC = {-2,0,1}. Torna uckomslii 06beM:
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1 2 -3
-*|fon-0B]-0C) =31 -3 2 =—\—3 8+18 - 2\—— 52
6 6 6
2 0 1
\% > 0.¢
= — KYO. .
6 YO. €1

[pumep. Berurcants Moayb BEKTOpa a= {6,3,-2}.
Pemenue. Ecnu man BekTop a= {x, y, z}, To0 |£| = X'+ y2 +2z° . CienoBarensHo,

uMeeM

la|= /6% +3" +(-2)" =49 =7.

[Ipumep. Beruncianth HampaBisioOme KOCUHYChI BEKTOpa a= {12,-15,-16}.

Pewenue. |a | = \/].22 + (—:|.5)2 +(-16)* = /625 =

cosq = = = 12. 0sf =2 _15:—§;cos;/=i:_—l6.

|a| 25’ |a| 25 5 la] 25

[Ipumep. Bektopsl anb o6pazytot yron ¢ = 60°, mpuuem |5| =5u |b| = 8. Onpenenuth

la+blula-bl.

Pemenue. Paccmorpum ckansproe nponssenenue (2 + b)u(a + b) re.

(a+b)2=(aa)+2(ab)+(bb)=|aP+2/al|blcos60®+ b= 25+2-5~8-% +64 = 129,
CJIeZIOBATENLHO \5 + b| = 129
AHAJIOTHYHO, PACCMOTPHUM (5 - 6)2

(a-b)=|a-2(ab)+|bp :25-2-5~8-%+64:49. la-bl=/49=7.

Bonpocwi u 3a0auu k covecedosanuio:

> o . => 5 >
3anaua 1. Ilo nannbIM BekTopam @ U b mocmpoume eekmopsl a + b, a—b, b—
> >

-a-b / \E‘
3anaga 2. [lo naHHBIM BEKTOpam E) u b) IIOCTPOWUTE BEKTOPHI 35), —1/2? u 25)+ 1/3b>.

T —

%
3a)1aqa 3. Kakomy ycloBHIO JOJKHBI YAOBJIETBOPSATH BEKTOPHI a u b 9TOOBI BEKTOPHI & + b
u a - b ObUTH KOJUTMHEapHBI. Kakoil reoMeTpuIecKuii CMBICT UMEET 3TO yCIIOBHE?

%
3anaua 4. OmnpenenuTe KOOpAWHATHI Havaida BekTopa a = {3;1;—2}, eciiu ero KOHeI[ COBMaacT
¢ roukoit M(1;-1;2).
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3amaga 5. Ilycts B HEKOTOpOM Oazmce E): {2,-1;3} u B)Z {1,-2;-4}. Haiigute KOOpAMHATHI

> >
BekTopa a + 2 b B aTOoM Gasuce.

3amava 6. OnpenenuTs, MPU KaKUX 3HAYCHHUSX O U [3 BEKTOPHI 52{-2, 3, B} m 5={oc, -6, 2}
KOJUIMHEAPHBI.

3amava 7. [laHbl TpU BEKTOpa E = {3,-2,1}, a = {-1,1,-2}, r= {2,1,-3}. Haiitu paznoxxenue
BEKTOpa c = {11,-6,5} o Gasucy B, a, F

3amaua 8. BekTopsl aub 00pa3yroT yrosi ¢ = —. 3Hasl, 4TO |5| = \/§ : |6| = 1, BBIYUCIUTH

T
6
yroa a Mexay Bektopamu P =a+bug=a-b.

3anava 9. BIUUCIUTH TPOEKIIHIO BEKTOPA a= {5,2,5} Ha och BeKkTOpa b = {2,-1,2}.
3amgaya 10. Jlanbr Bepmunbl Tetpasdapa: A(2,3,1), B(4,1,-2), C(6,3,7), D(-5,-4,8). Haiitu anuny
€r0 BBICOTBI, OIYIICHHON 13 BepIinHbl D.

3amaya 11. Haiitu opt BekTOpa a= 3e, +4e, —12e,.

3amaua 12. HaiiTi BenmmuuHy 10U TapajlIesiorpaMmMa, CTOPOHAMH KOTOPOTO SBIISTFOTCS
sektopsl @ ={1,-3,1} u b ={2,-1,3}.

3amava 13. Berauciuth BHYTPEHHHUE YIJIbI TpeyronbHuka ¢ Bepumuaamu A(1;2;1), B(3;-1;7)
u C(7;4;-2). YoemuTbcsi, 94TO STOT TPEYroJbHUK paBHOOCApeHHBIH. C1enaTh 4epTex.

3amava 14. 3Has oaHy u3 BepiiuH TpeyroibHuka A(2;-5;3) U BEKTOPHI, COBIAIAIOIINE C

JIBYMsI €r0 CTOpPOHaMU AB = {4;1;2} n BC = {3;-2;5}. Haiitu ocrajbHbIC BEPIIUHBI U

koopauHatel Bektopa CA .

Ilpakmuueckan paboma Ne 4. Ilpamana nunus na naocKkocmu: ypagHeHue npamoil ¢

Y2noevim KoIhpuyuenmom; oduiee ypasnenue npamoii; ypasHenue npamoil, npoxooauiei
uepe3 OaHHYI0 MOUKY 6 OAGHHOM HANPAGIEHUU; YPAGHEHUE NPAMOU, NPOX00AWell Yepe3 06e
OanHbvle MOUKU; YPAGHEHUE NPAMOU 6 OMPE3KaAX. Y2071 MeHcOy 08yMA NPAMbIMU. YCA08UA
napannenvHocmu u NnepneHouKynapHocmu 06yx npamwvix. Paccmoanue om mouku 00
npamou.
Ilens: copMupOBaTH MpPEACTaBIEHHE O BO3MOXKHBIX CIIOCO0aX 3aJaHMs HOpSIMOM Ha
IUIOCKOCTH, BBIPa0OTaTh yMEHHE BbIOMpaTh COOTBETCTBYIOIIEE YpaBHEHUE AJIi KOHKPETHOMN
3a/1a4d; HAXOOUTh BEIMYMHY YIJIa MEXAY IBYMs MNPAMBIMA M PACCTOSHUE OT TOYKH [0
IPSAMOH.

Teopemuuecxaﬂ yacmo
B nmexapToBoii cucTeMe KOOPAMHAT Ha TUIOCKOCTH KaXk/1as IpsMasi OnpeersieTcs ypaBHeHneM 1—ii creneHn

u, 00pPaTHO, KaXJ10€ ypaBHEHHE |1—ii CTETICHN ONPEAeIISIeT MPSIMYIO.

VpaBHeHue TpsAMON ¢ yrioBbIM Kodhduimentom: Y=kx+b, rme Kk - yriosoi
k03¢ urmeHT npssimMoi, b — HavanbHas OpJMHATA.

[pumep: Hanmwcath ypaBHEHHE MpsIMOW, Npoxoxasmied uepe3 Touky Mo(-2;1) wu
oOpazytomieii ¢ npsimoit 3X —Y + 2 = 0 yron B 45°.

Pewrenue.

VYpaBHeHue MpsiMoid, mpoxoasmiel uepe3 Touky Mo(Xo,Yo) UMeET BHI:

Yy —Yo =ki(X —Xo), T.e. y — 1 = ki(X + 2)

B paBeHcTBe HE00X0mMMO ompenenuTh yrinoBod kodddumment ki dns  atoro
BOCIIOJIB3YEMCS YCIIOBHEM, YTO UCKOMasl TpsiMasi oOpa3yeT ¢ naHHOHU npsiMoit 3x—y+2=0 yron B
45°. YrioBoit koaddurmeHT nanHou npsmoii k1 = 3. Toraa umeem:

27



k, —k 3-k
t4502 2 1 — 1
J 1+k,k, . 1+3k,

1

orkyna 1 + 3ky = 3 — kq, mm kg :E . [MoncraBus k1 = E , momyanm: y — 1 = E (X + 2) mmm X —

2y + 4 = 0 — uckoMoe ypaBHEHHE MPSMOM.
O6mee ypaBuenue npsmoii: AX+By+C=0, rae A, B, C — mpou3BosIbHbIE YUCIA.
OueBunHo, A 1 B HE MOryT OBITH OTHOBPEMEHHO PaBHBI HYITIO.

. X
VYpaBHeHue npsiMOi B OTpe3Kax: — + % =1, rae a, b — BeIMYMHBI OTPE3KOB,
a

OTCCKACMbIX HpHMOI;'I Ha KOOPpAWMHATHBIX OCAX.

3ameuanue. pr[MaH JIMHHA B OTPE3KaX OTCEKACT OT KOOPAUHATHOI'O yIjia

. . 1
TIPSIMOYTONEHBIH TPEYTOIbHUK, ILIOMA s KOTOPOro onpeensercs Gopmynoi S, = E|a”b| .

[Ipumep. Jlana npsamas 5X-3y-30=0. Haiitu miomans TpeyroibHUKa, OTCEKaeMOTo
MPSAMON OT KOOPJAUHATHBIX OCEH.

Pemenne. 3anumem YpaBHCHUC HpHMOﬁ B OTPE3Kax, pa3acinB BCC YJICHBI JaHHOT'O

y

X
ypaBHeHwust Ha 30: 5 10 =1. U3 ypaBHeHus BUaHO, uTo a=6;b=-10. CiiegoBarenbHO,
1
S, = §|6||— 10| =30 xB.ex.

HopmanbHoe ypaBHeHHE MpsiMoOii: XCOSH + ysind - P =0, rae 6 - yroiu, KOTOpbIii
oOpa3zyer mpsmasi ¢ MoJIOKHUTENbHBIM HarlpaBieHueM ocu OX.

[Mpumep. Jlano ypaBHeHHE TipsiMoii SX — 12y + 26 = 0. [IpuBecTtn K HOpMaJIHLHOMY BUY.

Pemenue. Jlns mepexona oT 00IIEro ypaBHEHUs NPSAMON K HOpMaJIbHOMY HE00X0aumMo o0e

1
+A? +B?

3Hak BbIOMpaeTcsi NpOTUBOMNOIOKHBIM 3Haky C. B nannom ypaBuenun A=5, B=-12, C=26.
Tak xak C>0, To HOpMHPYIOIIHI MHOKHTETH O€peM CO 3HAKOM MHHYC, T.€.

qacTu o61uer0 YpPaBHCHUS YMHOXKHUTDH Ha HOpMI/IpyIOH_[I/Iﬁ MHOHUTEIb M =

1 1 1
=————— =——_ VMHOKUB Ha M = —— J[aHHO€E YpaBHEHHUE, TOTYIHM:
+/25+144 13 13
5 12 5 . 12
——X+—Y—2=0 - sopmansHOe ypaBHEHHE MpAMOii: COSH= ——, sinf= — , P =2,
13 13 13 13
y= klx + bl
IIycTh faHbI IBE IPSMBbIE .Yron Mexy AByMs OPSAMBIMU Ha IIOCKOCTH
y=Kk,x+D,
kz — k1

MOJKET OBITh BBIYHUCIIEH IO popmyre: tgp = ——.
1+ kK,

Heo0xo1uMbIM U JOCTaTOYHBIM YCIOBUEM MMAPAIIEIBHOCTH JIBYX MPSMBIX SIBISETCS
paBeHCTBO UX yrioBbIX Kod(h¢urmeHToB: ki=k2, Heobxoaumoe 1 1ocTaToyHoe yCIoBHEM
NEePIEeHIUKYISIPHOCTH ABYX MPSMBIX 3aKJII0YAETCS B TOM, UTO MPOU3BEIECHUE UX YIIIOBBIX
k03¢ purmentoB pasuo (-1): Kiko=-1.
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3ameuanue. Eciu ypaBHeHUs ABYX MPSIMbIX 3a7aHbl B o0mieM Buae Aix+Bi1y+Ci1=0 u

Aox+B2y+C>=0, T0 yrioBbie KO3(GPHUIMEHTHI STUX MPSAMBIX OyIyT UMETh BUA: K, = —% :
1
R
BZ
_ A_A
1) Ilycte npsimbie mapamienbhbl. Toraa Ki=Ko i — = —=, T.e. €Clid B ypaBHEHHSAX IBYX

1 2
IPSMBIX COOTBETCTBYIOIINE KOA(PPHUIMEHTHI TP TEKYIIUX KOOPAWHATAX MPONOPIHOHAIBHBI, TO

B C
npsMble TapajuienbHbl. Eciau mpu 3TOM HMeeM OTHOILIEHHE ﬁz—lz—l, TO TpAMbIE
BZ C2
COBMAJIAIOT.
2) Ilycts npsiMble mepneHANKYspHBL Toraa Beimonnsercs paBerctBo K, -K, = —1 wm

=—1 mm A1A2 + BiB2 = 0 - 510 ecThb HEOOXOAUMOE M IOCTATOYHOE YCJIOBHUE
Bl BZ
HEPIEHINKYIIIPHOCTH JBYX MPSIMBIX, YPABHEHHUSI KOTOPBIX 3a/1aHbI B 00IIEM BHUJIC.
[Ipumep. Jlanbl ypaBHEHHSI IBYX MPSIMBIX: 2X — Y +3 =0wu 4X — 2y + 5 = 0. Kaxk
pacnionoxensl 3T npsimeie? 3aech Ay =2, B1=-1,C1 =3, A2=4,B,=-2, C2 = 5. 3nech
2 -1 3
BBIMOJIHSFOTCSI COOTHOIICHHS: — = —2 # —, T.e. IPSIMbIE MMapaJUICIbHBbI.
[pumep. Jlanbl ypaBHEHHSI IBYX TPsIMBIX 3X — 2y + 1 =0 u 2X + 3y + 4 = 0. Kak
PAacIIONIOKEHBI 3TU TPsSIMBbIe?

Pemenune. Bemmumem ko3 GUIeHTs TpH IepeMeHHbIX X 1 y: A1 = 3 By = -2, C1=1, Az
=2, B2=3, C2=4. PaccMOTpuM BBINIOJIHEHUE YCIIOBHE NepreHANKyIsspHOCTH. Umeem: A1A2
+ B1B2 = 3:2 - 2.3 = 0. Ycnowue BoinosiHeHO0. Clie/10BaTeIbHO, JAHHBIE TPSIMBIC
NepIEHINKYIISPHBI.

YroObl HaiiTH paccTostHue OT TOYKH Mo(Xo,Yo) 70 mpsiMoii, HeoOXoaumo: 1)ypaBHeHHE
JTAHHOU TIPSIMO# MTPUBECTH K HOPMAIILHOMY BHY; 2)IOJACTABUTh BMECTO TEKYIIIMX KOOPIMHAT,
KoopauHaThl Toukd Mo(Xo,Yo).

|d| = | xoC0S &+ yosSing - P|

[pumep. Haiitu paccrosinue ot Touku Mo(-2,3) no mpsimoit 3x — 4y — 2 = 0.
Pemenue. IlpuBomuM [maHHOE ypaBHEHHWE K HOPMAJIbHOMY BHJIy, YyMHOXas €ro Ha
HOPMHUPYIOIUN MHOXKHUTEIb

m=_ 1 1
3¥+4* 5
ITonyynm HOpMalIbHOE ypaBHEHUE 3 X — 4 y _2_ 0-
5 5 5
Torga oTkio”enue d = §.(_2)_ﬂ.3_g=_§_g_gz_§:_
5 5 5 5 5 5 5

AY
OTtpunareiabHOe 3HAYCHHWE IS OTKIOHEHHUS d,

YKa3bIBAET HA TO, YTO JAHHAs TOUYKa Mo( -2,3)
JIEKUT OT IAaHHOW MPSIMOM € TOM K€ CTOPOHBI, YTO
Hayajio koopauHat. lckomoe paccrosiHue

|d| = [-4] = 4.

§'<V
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Bonpocwt u 3a0auu k covecedosanuro:

3amaga 1. Jlano oOmiee ypaBHenme mpsmoit 3X — 2y + 12=0. CocraBbTe ypaBHEHHE ATOU
IPSIMOM € YTIIOBBIM KOA()(DUITMECHTOM U ypaBHEHUE B OTPE3KaX.

3agaya 2. CocraBbTe ypaBHEHHE MpPSIMOW C YIJIoBbIM Koddduimentom K =2, mpoxomsiiei
yepe3 Touxy M(—1;2).

3amava 3. CocTaBbTe ypaBHEHUE MPSMOH, IPOXOIAIICH Yepe3 TOUKU M1(2;1) u M2(1;—3).

3amaua 4. [lano o6miee ypaBHenue npsimoi 12x — Sy — 60 = 0. Hanucats:

1) ypaBHEHUE C YIIOBBIM KOIPPHUIUECHTOM;

2) ypaBHEHHE B OTpE3Kax;

3) HOpManbHOE YpaBHEHHE.
3amaga 5. [IpsMas Ha IUTOCKOCTH OTCEKAaeT Ha OCSAX KOOPAMHAT DPaBHBIC MOJOKUTEIbHBIC
orpe3ku. CocTaBUTh ypaBHEHHUE MPSMOH, €CIIH IUIOUIAb TPEYroJbHUKa, 00Pa30BaHHOTO MPSIMOM
C OCSIMU KOOp/IMHAT, paBHA 8 KB.e/I.
3anaHus:
1. TIlpoBectn wuepe3 TOUKy rmepeceueHusi npsambix x—y—3=0, 2x+3y—11=0, mnpsamyro,
napajuieNbHyo nmpsMoit Sx — 4y — 17 = 0.
2. JIyua cBeta, npoxoasimii yepe3 Touky Mi(3;—1), oTpakaercs ot mpsimoit  2X-y-1=0 u mocie
3TOro MpoxoauT Yepe3 Touky M2(5;3). Hamucars ypaBHEHHUS Maat0MIEro U OTPAXKSHHOTO JIy4YCH.
3. Haiitu npoekiuto Touku M(3;2) Ha npsimyro 3X — 2y + 1 = 0.
4. Nanwl BepumHbl Tpeyronbauka: A(3;1), B(-5; -5), C(-1;4). Haiitu ypaBHEHHs OHCCEKTPHC €ro
BHYTPEHHETO M BHEIITHETO YIJIOB IpH BepunHe A.
5. Jaubr BepmmHbl TpeyrompHuka: A(1;-1), B(-2;1) m C(3;5). CocraBuTh ypaBHEHHUE
NEepPIEeHANKYIISPA, OMYIIEHHOTO U3 BEPIIMHBI A Ha MeIMaHy, IPOBEACHHYIO U3 BEpILIUHEI B.
6. He BblUMCIAS KOOpPOWHATHI BEPIIMH TPEYTOJBHUKA, HAMUCATh YpPaBHEHUS MPSIMBIX,
NPOBE/IEHHBIX Yepe3 O5TH BEPIIMHBI MapajuleIbHO IMPOTUBOJSKAIIUM CTOpOoHaM. CTOPOHBI
TPEYroJibHUKA 33/1aHbl ypaBHEHUAMU: SX—2Y+6=0; 4x—y+3=0 un x+3y—7=0.
7. CocTaBUTh ypaBHEHHE MNpSAMOil, KOTOpas HpOXOoauT uepe3 Touky P(8;6) m orcekaer ot
KOOPJIMHATHOT'O yIJla TPEYTOJIbHUK C IUIOIIA/bI0, paBHOM 12 KB.ej.
8. CocraBuTh ypaBHEHHE MpPsSIMOHW, mpoxozsuieil uepes Touky P(-2;3) Ha OXMHAKOBBIX
paccrosiHusx oT Touek A(5; -1) u B(3; 7).
9. Beruncnuth paccrosiaue d Mexay napauienbHbIMU mpsiMbivu: 3X — 4y — 10 = 0; 6x — 8y+5=0.
Bomnpocsr:
1. [laiite ompezneneHue yria MexIy AByMs NpsMbiMU. Kak ompenensercss KOCHHYC —yria
MEXy ABYMS PSIMBIMHU Ha TUIOCKOCTH?
2. CdopmynupyiiTe Npu3HAKd NapaIeNbHOCTH U NMEPHEHIUKYIIPHOCTH MPSAMBIX, 33aHHBIX
a) 00IIMMHU ypaBHEHUSIMU; 0) YpaBHEHUSIMU C YTTIOBBIM KO3 (HULIUEHTOM.
3. Kax ompenenuTh paccTosiHHEe MEXIy a) TOUYKOW M MpsMod; 0) ABYMs HapaisielbHbIMU
IpsIMBbIMU?

B C
4, MOHO JIM CUHTATh YCIOBUE — = —- = — [IPU3HAKOM NAPAIIENLHOCTH MPSAMBIX?
BZ C2
5. Uto Takoe yrioBoil ko3(h(dUIMEHT MpsIMOil HA MIIOCKOCTU? 3alUIINTe YpaBHEHUE MPSIMOU C
YII0BBIM KO3 (UIIUEHTOM.
6. J1i1st KakuX IpSMBIX YTI0BOM KO3 GUIMEHT HE orpeiensercs?
7. UccnenoBanue o0IIero ypaBHEHUs IPSIMOI Ha TNIOCKOCTH.
8. Kakoii Bug nMeeT ypaBHEHHE IPSIMOI1 B OTpe3kax?

Ilpakmuueckasa paooma Ne 5. Oxpyscnocms. Inaunc. I'unepoona. Ilapadona. Oouiee
YpasHeHue TUHUIL 6MOPO20 NOPAOKA.
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Ienv: chopmupoBaTh mpeicTaBicHHE 00 YpaBHEHHWH KpPUBOH BTOPOrO MOPSIAKA, YpPaBHEHHSIX
OKPYKHOCTH, JJIIUIICA, TUIIEPOOJIbI U TapadoIibl, HAYYUTHCS OMPENENIITh OCHOBHBIC TapaMETPhl KPUBBIX
T0 33JJaHHOMY YPaBHEHHUIO.

Teopemuueckaa uacmp
OKpy»XHOCTBIO HAa3bIBAETCSI FTEOMETPUUECKOE MECTO TOUYEK, PABHOYAAICHHBIX OT OJIHOM U
TOW K€ TOYKHM, Has3plBaeMOW ILEHTpoM. KaHOHMYECKOE ypaBHEHHE  OKPYKHOCTH

(X—X%,)>+(y—Y,)* =R?. Eciu Xo = Yo = 0, To LEHTP OKPYKHOCTH HAXOAUTCS B Hayale

KOOPJIHMHAT U ypaBHEHHE UMeeT BU: X + y? = R?

[pumep. OnpenenuTb NHEHTP U paadyC OKPYKHOCTH, JaHHOW ypaBHEHHEM:

x*+y?—8x+6y+21=0

Pemenue. /lanHHoe ypaBHEHHE MpPENCTaBISIET OKPY>KHOCTb, TaK KaK OTCYTCTBYET WJEH C
NPOM3BEACHNUEM KOOpAMHAT M KO3(p(PUIIMEHTHI pU KBajapaTax KOOPAMHAT PaBHBI MEXIY COOOM.
[IpuBoguM naHHOE ypaBHEHHE K KaHOHMYECKOMY BuAy. Jlius 3Toro mepenuiieM JaHHOE
ypaBHEHHE B BUJIE:

(x> =8x)+(y*+6y)+21=0 wm

(x> —=8x+16) +(y? +6y+9)+21-16-9=0 wmm

(x=4)+(y+3)* =4

OTkyna 3aKjt049aeM, 9To HEHTP OKPYKHOCTH uMeeT koopaunatel C(4,-3) u R = 2.

DNIUIICOM Ha3bIBAETCSl TEOMETPHUUYECKOE MECTO TOYEK, CyMMa PAaCCTOSHUN KOTOPBIX 10

,I[BYX JaHHBIX TOYCK, Ha3bIBACMbIX Q)OKycaMI/I, CCTb BCJIIMYMHA IIOCTOAHHAsA, pPaBHAA 23..
2 2

KaHOHI/I‘ICCKOG ypaBHeHHe SJIJIUIICA: 7+L2:1. Ecom a = b, TO JOJIJIHUIIC CTAHOBUTCA
a b

OKPYKHOCTBIO.

c
Bennunna — HasbIBaeTCs 9KCHCHTPUCUTECTOM IJUIHIICA U 0003HauaeTcs qepes3 6YKBy & .
a

a o
[Ipsmble X = + —, neprneHAuKyJIspHble K (POKATbHOM OCH 3JUIMIICA W OTCTOSIIIME Ha
g

a
PACCTOSAHMM — OT €ro HCHTPA, HA3BIBAIOTCA AJUPCKTpHUCAMU OJJIJIUIICA. I[I/IpeKTpI/ICI)I SJIJIUIICA
&

O6J'Ia,Z[aI-OT CBOMCTBOM: OTHOIIIEHHUE paCCTOHHI/Iﬁ M000M TOYKH DIUINAICA A0 (I)OKyca u
COOTBGTCTByIOHIGfI JUPECKTPUCHI €CTh BCIIMUMHA ITIOCTOAHHAs, paBHAsA SKCLUCHTPUCUTETY.

\ 4

A2
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[Tpumep. Ctopona pomba paBHa 5 u BbicoTa 4,8. Uepe3 aBe BEpPIIMHBI IMPOXOAUT DJUIHIIC,
(GOKyChl KOTOPOTO COBMAJAIOT C JBYMS OPYTMMH BepmuHamu pomOa. COCTaBUTH ypaBHCHHE
AJUTUIICA, IPUHSB AUArOHAIU poMOa 3a OCH KOOPIUHAT.

Pemenune: Ilo ycnoBuro 3amaun AF1=5 u AK=48. Torma mnomaap pomba
S=AF1-AK = 4,85 = 24.

y

0

B

C I[perﬁ CTOpPOHBI, KaK HM3BCCTHO, ILIOIIAJb pPaBHA IIOJIOBUHC IIPOU3BCACHUS

nUaroHaieu, T.e. S = % AB-F,F,; no AB=2b, FiF2=2c. Torna S=2bc=24, orkyna

b= 12 Jlanee, AO? + OFl2 = AF12 um b% +¢° =25 . Cnenosarensho, s ompeeneHus C
c

nveem: 144, ¢z _o5 ¢t - 25¢7 +144 =0.
c

0603naunm ¢2 =t . Torna nmeem: t2 — 25t +144 =0 :

. 25++/625-576 25+7
12 — - ;
’ 2 2

Tak xkak ¢>0, To c1 =3, c2=4. Torga b1 =4, b, = 3. U3BecTHO, YTO MId DJUIMIICA
a’ =b? +C2,T0rz[a a’=4%+32 =25,a=5.

t,=16,t,=9.

2 2
X
VIcKOMBIMM ypaBHEHUSIMHU 3JIIHIICA OyIyT: o +i/_6 =1 (ecnu GOKYCHI JEXKaT HA OCH

2 2

OX)m —+ DA (ecm hokycnl aexat Ha ocu OY).
9 25
I'uniepOoIoii  Ha3hIBAETCS T'€OMETPUYECKOE MECTO TOYEK IIIOCKOCTH, JUISI KOTOPBIX
Pa3HOCTh PACCTOSIHUU 10 JABYX TOYEK, Ha3bIBaEMBIX (OKyCaMH, €CTh BEJIMYMHA MOCTOSHHASI,

paBHas 2a. Kanonnueckoe ypaBHeHUE runepOoIbl: Xy _1. Ecnu runep6ona 3amana cBoum
a’ b’

KaHOHMYECKHM YpPaBHEHHEM, TO TJIABHBIMH OCSIMU THUIEPOOJBl SBJSIOTCS OCH KOOpAMHAT, a

LEHTpP TUnepOoIbl HAXOAUTCS B HaYajie KOOPAMHAT.

[MpssMOyTOJBHUK CO CTOpOHaMHU 2a u 2D, pacroIOKEHHbIH CHMMETPUYHO OTHOCHUTEIBHO
oceil runepOONbl U KacalolUiicss ee B BEpIIMHE, HA3bIBACTCS OCHOBHBIM MPSIMOYTOJIbHUKOM
runepoostbl. JlaHHBINH MPSIMOYTOJIBHUK MMEET BEpIIMHBI B Toukax A1 (a, b), A2 (a, -b), Az (-a, -b),
A4 (-a, b). /ImaroHams OCHOBHOTO MpPSMOYTOJbHHKA HA3bIBAIOTCS ACUMIITOTAaMH THIEPOOIIBL.

YpaBHEHHS aCUMIITOT UMCIOT BUJL: y = b XHy= b X -
a

[Ipsimble X = +—, mepHeHIUKYIsipHble K (POKaIbHOM OcH TruUmepOoibl M OTCTOSIIKE Ha

M |

a
pPacCTOSHUU — OT €€ LIEHTPA, Ha3bIBAIOTCS TUPEKTPHCAMU TUIIEPOOITHI.
P
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\ 4

[Tapabonoii Ha3bIBaeTCs TEOMETPUYECKOE MECTO TOYEK IUIOCKOCTH, PAaBHOCTOSIIUX OT
OJIHOM TOYKH, Ha3biBaeMOW (OKycoOM, U JAHHOW TMPSMOM, HA3BIBAEMOW JAUPEKTPUCOM.

Kanonunueckoe ypaBHEeHUE MapadOIIbL: y2 = 2pX.

Bonpocwt u 3a0auu.
3amaua 1. JlaHO ypaBHEHHWE >IUIMIICA! 25X2+169y2:4225. Belyuciante JIMHBI  OCEH,

KOOPAWHATHI (POKYCOB U SKCLIEHTPUCHUTET IUIHIICA.
2 2
X . .
3amaua 2. B owmne X 4+ Y 1 Brucan [IPABWIbHBIN (PaBHOCTOPOHHUI) TPEYrOJbHUK, OJIHA U3
36 9

BEPILKMH KOTOPOTrO COBMAJaeT C MpaBOil BepIIMHON 00ibIIoi ocu. HaliTu KoopauHATBl OBYX

JIPYrUX BEPIIMH TPEYrOJIbHUKA.
2 2

Bagaua 3. B smmmnc X 4Y _1 BromcaH mpAMOYrONBHMK, JBE MPOTHBOIMOIOKHBIE CTOPOHBI
49 24

KOTOPOTO MPOXOAAT upe3 (POKyChl. BEIYUCIUTD MIIOMIAb TOTO MPSIMOYTOJIbHUKA.
2 2

Xy

3anava 4. Ha runep6omne =1 B3ara TOuKa, abcuucca kotopoit pasHa 10 u opauHaTa

25 24

MOJIOKUTEIbHA. BEIYMCIUTE (OKaIbHBIE paANyC-BEKTOPHI 3TON TOUKU U YIOJ MEXKIY HUMHU.
2 2

3amava 5. CocTaBUTh ypaBHEHHE KACATCIILHOHN K 3JUTHIICY 22 + b2 =1 B Touke Mo(Xo,Y0).
3amaua 6. BerumcnuTh mapamerp mapaGoisl Y = 2pX, €clM H3BECTHO, YTO OHA KacaeTcs
npsimont X —2y +5=0.

3amaua 7. MocrtoBas apka uMmeer Gopmy mapaboisl. OnpenenuTs mapameTp dTOoN mapabdoJibl,
3Hasl, YTO MPOJIET apKU paBeH 24 M, a BEICOTa — 6 M.
3amaua 8. Ctpys Boubl, BeIOpackiBaemasi (OHTAaHOM, NMpUHUMaeT GhopMmy mapabosbl, mapameTp
koTopoit p = 0,1 M. OnpenenuTe BBICOTY CTPYH, €CIM M3BECTHO, YTO OHA MajaeT B OacceiH Ha
paccTosiHUE 2 M OT MECTa BBIXOJIa.
Bompocsr.

1. 3anummure olriee ypaBHEHHE KPUBOI BTOPOIO MOPSIKA.

2. Yro Takoe OKpYXHOCTh? 3aluIIMTe KaHOHMYECKOE YpaBHEHUE OKpYXHocTU. Kaxue
O0COOEHHOCTH MMeEET o0l1iee YypaBHEHHUE OKPYKHOCTH?

3. aiite ompeneneHue »uMIca. 3aluiIvTe ero KaHOHWYecKoe ypaBHeHue. [IpoBenurte c
MIOMOIIEI0 KaHOHWYECKOTO YpaBHEHHS HCCIeI0BaHUE (POPMBI dILUTHIICA.

4. Yro Takoe SKCUEHTPUCUTET U AUPEKTPUCHI dIUIHIICA?

5. Kak onpenensitorcs pokaibHBIC PaARyChI dJUTHIICa?
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6. MaiiTe ompeneneHue runepOOibl. 3anHIIUTe KAaHOHHMYECKOE YpPaBHEHHE THIIEpPOOIIBI.
Kaxkas runep6o:1a Ha3bIBaeTCsl CONMPSHKCHHOM TAHHOM ?

7. Cpenaiite yepTex runepOoibl. Hanmummre ypaBHEHUS! aCUMIITOT TUIIEPOOIIHI.

8. [aiite ompenenenue mapaboiipl. 3anuIINTEe KaHOHUYECKOE ypaBHEHHE Mapabosbl. Yto

TaKoe rapameTp napadosibi?

Ilpakmuueckan paooma Ne 6. Qowiee ypasnenue niockocmu. Ypagnenue niockocmu
6 ompeskax. Hopmanvnoe ypagnenue nnockocmu. Paccmosanue om mouxku 00 niockocmu.
Yeon meorcoy 06yma nnockocmamu. Ycnoeusa napannenvnocmu u nepneHOUKyIAPHOCMU

08yX njiocKocmeil.

Ienv: chopmupoBaTh MNpEACTABICHHE O pPa3IUYHBIX CIIOCO0AX 3aaHusl IJIOCKOCTH, HAYYHTHCS
OTIPEIETISATh PACIONIOKEHHE IUTIOCKOCTH B TMPOCTPAHCTBE MO 33aJaHHOMY YPaBHEHHIO, PACCTOSHUE OT
TOYKH J0 TIOCKOCTH, YTOJ MEXKIY ABYMsI ILTOCKOCTSIMHU.

Teopemultecmm yacmo

Ecnu ¢ukcupoBaHa npousBoiibHAS JI€KapTOBa MPSMOYTOJbHAs CHCTEMa KOOPAMUHAT, TO
MJIOCKOCTh (P) ompenensiercs ypaBHEHHEM I€PBOM CTEMEHHM OTHOCHTEIBHO COBOKYITHOCTH

MEePEMEHHBIX X, Y, Z.

Oo6mmee ypaBuenue tiockoct: AX + By + Cz + D =0, rne

A, B, C, D npou3BoJibHbIE IOCTOSIHHBIE, IPUYEM XOTsI ObI OJTHO U3 T (4,B.C)
uncen A, B, C ommuno or myms, sektop N = {A, B, C} |
NEePIEHIUKYJISIPHBIN JTAHHOM IIJIOCKOCTH, HAa3bIBACTCS

HOpMaJIbHBIM BEKTOPOM IIJIOCKOCTH.

YacTtHble cayyan 00IIero ypaBHEHHUs IIOCKOCTH:

1. CB0OOAHBIH WiIeH paBeH HYJIIO, T. €.
D=0: Ax+By+Cz=0

IJIOCKOCTDb MPOXOAUT YCPE3 HAaYaJI0 KOOPAUHAT

2. OnuH n3 k03¢ (HUIIMEHTOB NPH TEKYIIUX KoopAuHaTax paBeH 0 u

a) D # 0, Torna niockocTh napajiesibHa COOTBETCTBYIONIEH KOOPIMHATHON OCH:

, mozcoa By+Cz+D=0

IJIOCKOCTD ITapaJljieJibHa OCU Ox

IJIOCKOCTD ITapaJljieJibHA OCU Oy

A=0
B=0, mozoa Ax+Cz+D=0
C=0, moeoa Ax+By+D=0

IJIOCKOCTD ITapaJlyieJibHA OCU Oz

6) D=0 , TOTIa TNIOCKOCTb NPOXOAUT Y€PEC3 COOTBCTCTBYIOUIYIO KOOPDAMHATHYIO OCh!:

=0, moecoa By+Cz=0

IJIOCKOCTD MPOXOAUT YE€PE3 OCh Ox

MJIOCKOCTh MPOXOJIUT Yepe3 ock Oy

=0, moeoa Ax+By=0

IIJIOCKOCTD MMPOXOJUT YEPE3 OCh Oz

A
B=0, mozoa Ax+Cz=0
C
3

. J1Ba ko3 punmenta npu TeKymux KoopAaruHaTax paBHbl 0 U

a) D # 0, Torna miockocTs napajijielibHa COOTBETCTBYIOIIEH KOOPAMHATHOMN MIIOCKOCTH:

B=0, C=0, mocoa Ax+D=0

IUTOCKOCTh TapajuiesibHa Tiockoctd OyZ (mepreHIuKyIspHa
ocu Ox)

A=0, C=0, mocoa By+D=0

IUTOCKOCTh TapajuienbHa Tiockoctd OXZ (TepreHauKyspHa
ocu Oy)

A=0, B=0, mocoa Cz+D=0

IUIOCKOCTh TMapajienbHa miockoct OXy (mepreHIuKyIspHa
ocu 07)

6) D =0, Torga mnockocTh COBMAAET C COOTBETCTBYIOIIEH KOOPINHATHON TIOCKOCTBIO:

B=0,C=0,moc0a AX=0uwmu x=0

ypaBHeHHe TutockocTr Oyz

A=0,C=0,mocoa By =0umuy=0

ypaBHeHHUE T1ockocTr OXZ

A=0,B=0,mo20a Cz=0um z=0

ypaBHeHHUe T1ockocTr OXy
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PasuyHple BH/IbI YPABHEHHHN [IOCKOCTH

1. VYpaBHeHHE ITIOCKOCTH B OTPE3Kax

ITycTh MJIOCKOCTH HE MPOXOJUT 4Yepe3 Havyano KOOPIAMHAT, a OTCEKaeT OT Ocei
KOOPJMHAT COOTBETCTBEHHO OTpe3KH &, b, C, T. e. miockocTh mpoxomut uepe3 Toukun M(a,0,0),
N(0,b,0) u R(0,0,c).

YpaBHEHHE TaKOU IJIOCKOCTH: g +=+—-=1

2. HopwmanbHoe ypaBHeHHe miockocti: XCOSar + yCcos f+zcosy —P =0,

3. VYpaBHEHHE IUIOCKOCTH, MPOXOAANICH Yepe3 AaHHYI0 TOUKY: A (X - Xo) + B (Y - Yo) +
C(z-2)=0 .

4. YpaBHEHUE IUIOCKOCTH, MPOXOJSINEH dYepe3 Tpu JaHHbie TOukd  Mi(X1,Y1,21),
M2(X2,Y2,22), M3(X3,y3,23), He JIexaIue Ha OJHOM MPSIMON:

X=X Y-y, Z—1
(MM -MM,) MM,)=1x, =% Y,—-Yy, Z,-2|=0
X=X Ys— W 3 — 1y
[Tpumep. CocTaBUTh ypaBHEHHE TUIOCKOCTH, Tpoxoasiieii yepe3 tpu touku A(2,1,3), B(1,0,4) u

C(1,1,5).
Pemenue.

x—2 Y-1 73 |x-2 y-1 z-3
1-2 0-1 4-3=| -1 -1  1=—2x-2)-1(y-1)-1@z-3)+2(—1)=
1-2 1-1 5-3 -1 0 2

=—2X+4-y+1-72+3+2y-2=-2X+y—-2+6=0 wm

2X—Y +2—6=0-wuckomoe ypaBHEHHE TUIOCKOCTH.

[Tycte nansl ae mwiockoctu (P1) u (P2). [lycTh maHbl ux 00IIUe ypaBHEHUS:
Aix+Biy+Ciz+ D1 =0 u AxX+ Bay+ Coz+ D2=0. Yriom mexay IByMst TNIOCKOCTSIMH
OyneM Ha3pIBaTh JHOOOH W3 JBYX CMEXHBIX JBYIPaHHBIX YIJIOB, OOpa30BaHHBIX JTUMH

COS0 — (hn,) AA +BB, +CC,
mnockocTsamu. Mpn stom COSP =7 = —— > > > > > .
M|-|m,|  JAZ +BZ+CZ-\JAZ+BZ+C.
A_B_G

VYcnoBue napaiebHOCTH IIIOCKOCTEM: A2 - B C.-
2 2
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Yenosue neprenaukyspaoct wiockocreit: A A, +B,B, +C,C, =0,
Paccrosane  or  Toukum  Mo(Xo,Yo,Z0)10  miaockoctu  AX+ By +Cz+ D =0:
|AX, + By, +Cz, + D|
JA? +B? +C?

[Tpumep. Beruucnuts paccrostaue ot Touku M(-9,6,6) o miaockoctu 2X — 6y — 3z +9 =0.

d=

2:(-9)-6-6-3-6+9 63
V22 (-6 +(-3)F 7

IIpumep. Haiitu ocTpsli yroa MeXAy IIIOCKOCTIMMU:
Sx-3p+dz-4=0,(1)
3x-dp-22z+5=0.(2)
Pewenue: Tlo popmyie

AA+ BB, + CC,
JA+ B+ A+ B +C
‘1 5+12-8| 19

COSP = ——
¥= 5l

cos@= 04990, @= 60004

—=9.

Pewenue: d =

COs@=

Bonpocul u 3a0auu k cobecedosanuio:
Bagaya 1. Jlauel gse Touku Mi(3;-1;2) u M2(4; -2; -1). CocraBuTh ypaBHEHHE IUIOCKOCTH,

TIPOXOIAIIEH Yepes TouKy neprneHaukyaspHo sektopy MM,

3amagya 2. CocTaBUTh ypaBHEHHE IUIOCKOCTH, KOTOpas TMPOXOIUT 4Yepe3 TOUKYy
Mo(3; -2; -7) mapamutenbHo miockocT 2X —z + 5 =0.

3agaya 3. B myuke tutockocteit 2X—3y+z—-3+ A (X+ 3y +2z+ 1) =0 HalTH TUIOCKOCTS,
KoTOpast: mpoxoauT yepe3 Touky Mi(1l; -2; 3); mapamnensia ocu OX; mapamtenpna ocu Oy,
napayiensHa ocu Oz.

3amaya 4. CocTaBUTh YpaBHGHHE IUIOCKOCTH, mpoxojsmied uepe3 touky M(0;2;1) wu

napawtensuoii Bexkropam @ ={1; 1; 1} u b ={1; 1; -1}.

3amaua 5. CocTaBUTh ypaBHEHHE IUIOCKOCTH, TIPOXOJIIEH dYepe3 JBE ITaHHBIE TOYKH
Mu(X1; Y1; 21) 1 M2(X2; Y2; Z2) IepHICHAMKYIIIPHO JTAHHOM TTOCKOCTH.

3amaua 6. /IBe rpaHm KyOa JieaT Ha TUIOCKOCTAX: 2X — 2y + 2 — 1 = 0 m 2x-2y+z+5= 0.
Boraucnute 06beM 3T0OTO0 Kyoa.

3amaya 7. CocTaBUTh YpaBHEHHUE IJIOCKOCTH, MPOXosiiei yepe3 ock Oy u Touky G(4,2,-5).
3anava 8. BeIUHCIUTH paccTOsTHUE OT TOYKH M 70 Tutockoctd o, ecmu: 1) M (-2,7,1), a: 2x-
6y+3z+1=0;

2)M (1,-3,4), «:2x-6y-3z+27=0.

3anaua 9. HaliTi BenmUUMHY OCTPOro yrila MeXAY MIOCKOCTSIMHU:

11x-8y-7z-15=0, 4x-10y+z-2=0; 2) 2x+3y-4z+4=0, 5x-2y+z-3=0.

3anauva 10. Hamucaths ypaBHEeHHE IIIOCKOCTH, mpoxoasiei uepes3 nse Touka M1 (0,0,2) u M2
(0,1,0) n oOpasyromeii yroi 45 rpaaycos ¢ miockocteio OYZ.

Bormpocsr.

1. 3anumunre n3BecTHBIE BaM ypaBHEHHUS MIIOCKOCTH.
2. Kak HaiiTi paccTosiHue OT TOYKH JI0 TUIOCKOCTH?
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3. Tlokaxure, 4TO BCSAKOE ypaBHEHHE IEPBOM CTEMEHW OTHOCUTEIBHO COBOKYIMHOCTH
HNEpEeMEHHbIX X, Y, Z OmpelenseT IUIOCKOCTh B MPsIMOYroJbHOM CUCTEME KOOpAMHAT B
TPEXMEPHOM IIPOCTPAHCTBE.

4. 1.Kak onpenenuTs BEIUUUHY yIJla MEKAY ABYMsS IJIOCKOCTSIMU?

5. 2.ChopmynupyiiTe ycaoBHs MapauieIbHOCTU U MEPIEHANKYISIPHOCTH JIBYX TUIOCKOCTEH.

A_B _GC _D

6. 3.Mo)XHO 1M CYHTATh YCJIOBHUEC A2 - B - C - D IMPU3HAKOM I1apaJJICJIbHOCTHU
2 2 2

iockocTei? UTo MOKHO cKa3aTh 00 3TUX MJIOCKOCTAX?

7. 4.Kak Bbl nymaere, kakoe U3 IPUBEACHHBIX HUKE YPABHEHUM COOTBETCTBYET INIOCKOCTH,
npoxosiei yepe3 Touku M(0,-3,2) u N(5,4,-1) mapamrtensno ocu Oy: 3x+5z-10 = 0, 3y-
z-10 = 0, 2x-5y+10 =0, 3x-5z+10 = 0?

Ilpakmuueckaa paboma Ne 7. Ilpamaa nunua ¢ npocmpancmee. Ilapamempuueckue
U KAHOHUYeCKUe YPAGHEHUs NPAMOU. YPAGHEHUA NPAMOIL, RPOX0OAuell uepe3 08e MoyKu.
Oowue ypasnenus npamoii. Y2on mexicoy 0gyma npamvimu. Paccmosanue om mouxu 0o
npamoi. Kpamuaitwee paccmoanue medxncoy 08ymsa RpAMbIMU. Y201 Mencoy npAMOU U
nJ10CKOCmBI0.
Llenw: chopMupoBaTh yMEHHE COCTABIATH HEOOXOAMMOE YpaBHEHHE MPSMOU B MPOCTPAHCTBE,
OMpEeNeNsATh MapaMeTphl TPSMOM 1O YPAaBHEHUIO M NPUMEHSATh YMEHUE IJisi pelIeHUs
MPAKTUYECKUX 3a7ad. cHOpMHUpPOBATH YMEHHE BBIUUCISTH Yroll MEXKIY ABYMS HPSIMBIMH B
MPOCTPAHCTBE, PACCTOSHHE OT TOYKH N0 NPSIMOM, KpaTyalilee pacCTOSHUE MEXAY ABYMS
OpSIMBIMU, YTOJd MEXKAY NpSIMOM M IUJIOCKOCTBIO M MPHUMEHSITh YMEHHE IMpH pEIIeHUuU
MPAKTUYECKHX 3a7a49 TPO(HEeCCUOHATLHOM e TSIIEHOCTH.

Teopemuttecxaﬂ yacmo
[Tonoxenue pr[MOfI B TPEXMCPHOM IIPOCTPAHCTBE 6y,I[eT BITIOJIHE OIIPEICIICHO, €CJIN 3aJailuM

Ha TIPAMOIA ONIPeIEIEHHYI0 TOUKY Mo IpH TIOMOIIH €€ PaJryC — BEKTOpa Z, U BEKTOP S0,

KOTOpOMY MpsiMas napajjiesibHa. Bektop S mpu 3ToM Ha3bIBaeTCsl HAMpPaBIISAIOLIEH.

/S(l,vm,n)

X=X, +tl
[TapameTprueckre ypaBHEHH IPSIMOU B IPOCTPAHCTBE: Y = Y, + tM;, KAHOHUYECKHE

z=12,+nt

X=X _ Y=Y _2-%4 . o
| = m = P YpaBHECHUS IIPSAMOU, IPOXOJAIICH YCPE3 IBC 3aJaHHBIC
X=% — Y=Y _2-4

X, =X Yo= W% Z, =4

yYpaBHEHUS:

TOYKMU:
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Jlrobass mpsMass B TPEXMEPHOM IPOCTPAHCTBE MOXKET OBITh BBIpAXKEHA TaKXKe
Ax+B,y+C,z+D, =0,

9
Ax+B,y+C,z+D, =0
yYpaBHEHUE NPSIMOM B IPOCTPAHCTBE, €CIU IJIOCKOCTH, ONPENECISEMbIE 3TUMH YPAaBHEHUSIMH,
Pa3IuYHEbI 1 HE IMapaljICIIbHBI.

YpaBHEHUSIMH JBYX IIJIOCKOCTEH: { KOTOpBIE OIPEAEIAIOT o0Iee

2x—-3y+2-5=0,

[Ipumep. /lano oOuiee ypaBHEHHE MPSIMOIA: .
3X+y—-22-2=0

TpebyeTcst IPUBECTH JAaHHOE ypaBHEHHE K KaHOHHWYeCKoMy Bumy. [ljis 3TOro cHauana
HaitneM Touky Mo(Xo,Yo,20), JISKAIIYIO HA JAHHOM MPSIMOM.
[Monoxxum z=20=0 B 1 peIIuM CUCTEMY JIBYX ypaBHCHHIA:

2x—3y =5,
X+y=2

YMHOKHB BTOpOE ypaBHEHHUE Ha 3 U CIIOKUB C IEPBBIM YpaBHEHHEM, noxyuum 11x=11,
x=1. 13 Broporo ypaBueHus y=2—-3x=2—-3=-1. Utak, Touka Mo(1,—1,0) Haiinena.

Haxomum  HampaBisoOmMA ~ BEKTOP S = [ﬁlﬁz] , TIne n, ={2; -3; l},

n, ={3;1; -2}.

Il |2 |3

§=12 -3 =6l +3,+21,+9l, -1, +4l, =51, +71, +11l,
3 1 2

Uraxk, Touka Mo(1,-1,0) u S ={5; 7; 11} maiinens. Kanorndyeckoe ypaBHEHHE IPSAMOit
MMeeT BUJL:

x-1 y+1 z

Yenom meoxncoy oeymsa npameimu B TpocTpaHcTBe OyJeM Ha3blBaTh JHOOON U3 YIJIOB,
00pa30BaHHBIX JBYMSI TPSMBIMH, NPOBEJACHHBIMH Yepe3 MPOU3BOJIBHYIO TOUKY IMapauleIbHO
naHHbIM. O4YeBHJIHO, 3a Yrol @ MEXIy TMpsAMBIMH MOXHO B3STh Yroidl MEXIy uX

manpasstommvu ekropamu: S, =41, M, N} u S, ={l,,m,, N, }, xocunyc xoroporo
MOKHO HaiiTH 1o opmye:
Cosp = + LI, + mm, +n;n,
2 2 2 2 2 2
\/Il +m; +n; -\/I2 +m; +n,

X=Xo _ Y=Y _2-14
| = m = n U TockocThio AX + By + Cz + D =

0 Oynem Ha3bIBaTh 1000 M3 ABYX CMEXHBIX YIJIOB, 00pa30BaHHBIX MPSAMON U €€ MPOeKIHel Ha
IUIOCKOCTb.

VYrioM Mex1y npsaMou

| Al + Bm+Cn|
+B2+C2- P +mi+n?

Al+Bm+Cn=0 — ycnoBue napauieIbHOCTH MPSIMOH U IIOCKOCTH.
A B C

| m F — YCIIOBHE NEPIEHIUKYIISIPHOCTH MIPSIMOM U TUIOCKOCTH.

cos(f— ) =sSing =
2 VTN TR
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Bonpocel u 3a0auu k cobecedosanuio:
2X+3y—-2-4=0,
3amaua 1. CocTaBUTh TapaMETPUUYECKUE YPABHEHHS MPSIMBIX:
3X+5y+22+1=0,
X+2y+4z-8=0,
6Xx+3y+22-18=0.

. IX+y+z+1=0
3anaya 2. OnpenenauTb KOOPIUHATHI HAIIPABIISAIOLIErO BEKTOpa MpsiMoi 1) ;

2x+y-z =0
) 2X+y-z+5=0 3X-y+7z-1=0
3X+2y+4z2+7=0" " |-Xx+2y+11z+5=0
3amaua 3. BeIUMCIUTh KOCHHYC yIiIa MEXKY TPSIMBIMH:
. . X=5t-4 5 3 X=t-3
1)XL:ﬂ:E uiy=-2t : Z)X;leiﬂ y=>5+1;
2 1 5 -2 3 1
3 . 1 x=2t-1 1 3 L X=—-t+1
1 2 1 5 3 -2
z=-t+4 =35
x-1 y+2 z-1

3anayva 4. Haiitu Touky nepecedeHus npsmoi u Tockoctu X+y-z-3 = 0.

3 4
Bompocsr.
1. 3anumunre u3BecTHhle BaM ypaBHEHUS MPsIMOW JIUHUU B IPOCTPAHCTBE.
2. Yro Takoe HaMpaBJISIOMUI BEKTOP MPIMOii?
3. Kak ompenenmuTs KOOpIMHATHI HANpPaBIIONIETO BEKTOpa MpsMOM 1o oOmeMmy ee
YPaBHEHHUIO?

4. Kak nmpeoOpa3oBath 0011ee YpaBHEHHE MPSIMON K KAHOHUYECKOMY?

5. Kak onpenenuts yroin Mexxay AByMsl IPSIMBIMU B IPOCTPaHCTBE?

6. KakoBbI yclioBHsI MapayuIeNbHOCTH | NEPIICHINKYIISIPHOCTH ABYX MPSMBIX B TPEXMEPHOM
IIPOCTpaHCTBE?

7. Kak HaiiTH TOUKY TIepeceueHUsI MPSIMON U TIJIOCKOCTH B TPEXMEPHOM MPOCTPAHCTBE?

8. CdopMmynupyiiTe YCIOBHS MapaUIeTbHOCTH U TMEPHEHAUKYISIPHOCTH MPSMOH U
MJIOCKOCTH.

Ilpakmuueckan paooma Ne 8. IIpou3eoonvie HeKOmMOpPLIX I1EMEHMAPHBIX PYHKUUIL.
Ocnosnvle npasuna ougpepenyuposanusn. /lughghepenyuposanue cnodxcnuoi u odopammuou
¢dyukuyuii.

Ilens: chopmMupoBaTh YMEHHE BBIYUCIATH MPOU3BOIHBIE dJIEMEHTAPHBIX (DYHKIUH, CIIOXKHON U
oOpaTHOW (YHKIMIA ¥ TPUMEHATh YMEHHE TIPH PEHICHUH MPAKTHISCKUX  3ajad
npohecCHOHATBEHOM NeSTENLHOCTH.
Teopemuueckasn yacmao

[IpaBuia BEIUKCIICHHS POU3BOIHBIX, CBA3aHHBIE C apU(PMETHUECKUMU ACHCTBUSIMH HAJT

GyHKIUSAMU.

|. Ilocmoannvlii MHOMCUMENL MOXHCHO 8bIHECTNU 34 3HAK NPOU380OHOU. MHblMU clogamu,
! %
ecu ynxkyus U= go(x) umeem ¢ mouxke X npouzeoonyio U', mo 6 smoil mouxe

(Cu) =Cu’ (C =const).
[Ipumep
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y=5c0sx, Yy =(5c08x) =5(cosx) =-5sin
Il. IIpouszeoonas om aneebpauueckoii cymmvl 08X (DYHKYUL pasHa alcedpauieckoul
cymme npou3800HbIX OM SMUX PYHKYUIL.
bonee Touno: ecnu pyHkmu U = go(X) uv= w(X) HMEIOT B TOYKE X IPOU3BOAHEIE, TO

(Uxv) =u' =V

[Ipumep
y—x5—3x2+2x—1,
=( ) ( ) (1)':5x4—6x+2.
. Ecau ¢ynxyuu U go() u V= 1//() umerom 6 mouxke X NpPouU3BOOHvlE, MO

cnpageonuea gopmyna

(W) =uv+uv'.

IIpume
y= ( 3x)sin X,
y'= (x —3x)' sin x+(x —3xXS|n x) =(2x—3)sin x+(x —3x)cosx

[Ipumep
y=(x-1){x—2)x-3),
Yy =(x=2)x=3)+(x=1)x=3)+(x-1((x—2)

IV. Ecru ¢ynkyuu U = gp(x) u\Vv= (//(X) umerom 8 mouke X NpOU3800Hble, NPUUEM 8

omoii mouxe N # 0, mo cnpasednusa popmyna
!
ul uv-uv
v vioo
[Tpumep
X+1

y =——. B cooTBercTBUU C popMyII0ii HAXOAUM

y,:(x+1)’(x_1)_(x+1)(x_1)'_ 2

(x-1) (x-1)
[Tpu BeIYKMCIIEHUU TPON3BOAHON (HYHKITMH 11€TI€CO00pPa3HO MOIH30BATHCS CIEAYIOUTUMHU
dbopmynamu:

(x#1).
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a [#] :
y=—; Y =—-3 u’ (@a— NocToAHHAA BelHYHHA);
y=us y =t u

{n — moboe geficTBHTENBHOE 9HCIO)

. —-.-—--1— .
ywﬁl = Eﬁul
y=a4 ¢ =a¥-Ing-u';, y=e% ¢ =e*u'; a=0, as£1;
. ST I o u
Yy = loggu; Y=g u loge = ——!
) e 1o
y=Inu; y =-—u’;
y = sinu; Yy =cosu-u';
Yy = COS U} y'= —sinu - u';
y L] r— “'
y=1gu; Y=oz’ _
. J.___ ¥,
y=ctgu; ¥ == Simat
y = sec i; y =secutgu - u';
Yy = cosec u; -y = —cosecu -ctgu - u';
. , P,
y = arcsin u; ¥= =" |
1 —u?
1
‘i = arctg u; y’nj—_ﬁ?u’;
r i r
y = arcetg u; e

[Tycts naHbl QyHKIUSA f(u) aprymenta U u QyHKUIuSA (p(X) aprymerra X. C ux
MOMOIIBIO MOYXKHO 00pa30BaTh CI0XKHYIO (PYHKIIUIO

f (o(x))

aprymenTa X. B 3Tom ciydae roBopsT, 4TO MbI «B3SUIM (YHKIIMIO OT (PYHKIIMM WM MPOU3BEIU
«CyNepno3uLuio» GyHKIUNA. TOUHBIA CMBICT TAaKOB: MO 3aJJaHHOMY X HaXOAWUTCS YHCIIO go(x);

9TO YHCIO0 Oepercs B KAuecTBE 3HAYEHHUS apryMeHTa s (YHKIIHH f(u); TO, YTO TIPH STOM
TOJIYYUTCS, M €CTh 3HaueHue f (gp(x)) VIS IAHHOTO X .

ToBopsT emie, uTo QYHKIUS f(gp(x)) nonydaercs u3z f (u) C MOMOIIBIO MTOJICTAHOBKH
u=g(x).

[pumep y:u3. Ecmm B3ate U=X° —3X+1, T0 noiyunM cloxHyo (yHKIHIO
y:(x2 —3x+1)3.

[Ipumep yzx/U, U=2—X.Torna Yy=+/2—X.

, U=SINX. Torxa y:;.
U+l sin X+ sin X|

IIpumep Y =
VYcTaHOBUM BaXXHYIO TEOPEMY, MO3BOJISAIOLIYIO BECbMa POCTO BBIUUCIIATH IPOU3BOJHBIE
CJIOKHBIX (PYHKIIHH.

Teopema. Ilycte Yy = f(u), rae U= (p(X). Ecnu s cOOTBETCTBYIOIIMX APYT APYry

3HaueHu U m X CyHIECTBYIOT KOHEYHBIE IPOU3BOJHBIE f'(u) u U', T0 cymectByer u

KOHEYHast POM3BOIHAS OT Y 1o X, mpryeM y' = f'uu, .
e.

dy dydu

dx  dudx’
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5
[Ipumep y:(1+ X2) . ITonoxum y=u’, u=1+ x2.
y'=5u4u’=5(1+ x2)4(1+ x2) =10x(1+ xz)A.
Ipuvep Y =SiN3X, T.e. Y =SiNU, rae U=3x.y’ = cosu u’ = cos3x-(3x) =3cos3x.

B cnyuae cnoxxHO# QyHKIMH, TOTY4EHHOUW B PE3YNIbTATE HECKOAbKUX CYTICPIIO3UIINH,

MIPOM3BOIHAS HAXOUTCS TTOBTOPHBIM IPUMEHEHUEM (OPMYJITBI HECKOJIBKO pas.

Ipumep y = (L+sin 2x)°,
y' =3(1+sin 2x (L+sin 2x) =3(L+sin 2x)’ cos2x(2x) = 6(L+sin 2x) cos 2x.
[Tycts nana Qynkuus y = f(X) (onHo3HauHas), E - ee o6nacts 3amanus, & - obmacts

A3MEHEHHUS.
Bosbmem kakoe-HuOyab 3HaueHue Ywu3 oOmactu usMeHeHuss &. Ecmu  QyHkuus

y= f(x) so3pacmaiowjas (WU yovlearowas), TO B3ITOMY Y OTBedaeT JIMLIb OJHO 3HaYeHHe X
w3 E, mma xoroporo y = f (X), U TeM CaMbIM MbI IIOJIy4aeM HEKOTOPYIO OJHO3HAYHYIO
GyHKIMIO X = g(y), KOTOPYIO Ha3bIBAIOT OOpaTHOM JUIst QyHKIHK Y = f(x). Ona umeer cBoei

00JIACTBIO 3a1aHHsl MHOYKECTBO & , a 001IacThio u3MeHenus E; E u & momensuics ponsmu.
Teopema. Ilycts Y= f(X) n X= g(y) - B3aMMHO oOpaTHble, Bo3pacTaromue (Win
yOBIBAIOILIME) U HENPEPhIBHbIE (PYHKIIMHU, 33/1aHHbIE B HEKOTOPHIX IpoMexyTKax. Eciin B Touke

X CyIecTByeT KoHeuHas npousoaHas f (X) # 0, To B cooTBeTCTBYIOIIEH TOUKE Y QyHKIMSA

g (y) TaKXke UMeeT MPOU3BoHYI0 (1o Y ), mpuuem

4YTO MOKHO 3aIlluCaThb U TaK:

o1
dy dy
dx

Ecnu pyHkuumsa nmeeT HyIeBYyI0 WM OECKOHEUHYIO POU3BOAHYIO, TO 0OpaTHas (pyHKLUS B
COOTBETCTBYIOLIEH TOUKe UMeeT OECKOHEUHYIO MIIM COOTBETCTBEHHO HYJIEBYIO POU3BOIHYIO.

Bonpocel u 3a0auu k cobecedosanuio:
3anayva 1. Haiitu npousBogHyro pyHkuuu B Touke x=0:

I . P .2 . ( _ ( 2 ai i)) oy
. O T . . Inm|1—1g | x* sin s
I flz) = sin (.-L + = sin _-r') LoxFED g flx) = -

0, 5=0. |0, z=0.
[ 1 o ) [ tg (.‘r sin é) , o #ED,
2 fla) = tg | &% cos 5 +2z, *#0, 5 flzr)= o S T

0, z==I.

B ] [ |II P 1 .
3. fz) arcsin (.L COS FJLJ) , ox =0, 6. flz)= \‘I.']. f In (1 } 22 sin ;j I, =#0,
| 0, ==0. |0, =10
3anmava 2. Haiitu mpou3BoHbIC (YHKITHI:
1. 1. y=2x+5x*-7x-4
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2. y=A/x
3. y=—Ctg Xx—X
oyt
: N
5. y=3/x?
6. y=5sin X+ 3co0s X
7. y=5(tg x—x)
1
8. =
y e*+1
9. y=2¢
10. y = x+/x
3anava 3. Haiitu mpou3BOHBIC 3aJaHHBIX (DYHKIIHIA:
1. y=2¥%% 2 y=In(z++1+2%). 3. y=In%(1- cosz).
3*(sinx + cosxInd) sh 2z

4.y

In{arcsin /). 5. 1 . h. .
{ ) Y 1+1n%3 ) ch?2r

1 £ r
7. y = arcsin — . B o y=arctg3¥". U y=In(l++vthz).

10. y

W

o
. cos® T
Insind — ——.
s 0

3ananue 4. BeiunciauTh Npou3BOAHYIO GYyHKIIUU

a) y=

5X+X|nX,BTque X, =1;

6) Y(X)=EX3—EX —4x3 4+5, BTOUKE X, =1;
3 5

B) f(X):Zx\/__% B TOUKE X, = 4:
X

r) f(X)=4x’+6X+3 B Touke X, =1.
3aganue 5. BEIYMCIUTD MPOM3BOHEIE:

a)

1) y=arcsinbx;  2) y=arcsin}) x(x>0) 3) y=arcsinmx;
4) y = arccosbx,  5) y = arccos(l — x®); 6y y z‘arcc'as-ia .
0)

1) y = arctg 5x; 9) y=arctgL;  3) y= arctgds?;

4) y = V arcigx; 5) y = arcctg mx; * 6) arccig T-IE_I"
B)

1) y = In{ax + &) 2) y=Intx; 3) y=Insinx

4) y= Inaretgux, 5) y=xInx, Ejy:lnTx;

N w=In(x+VT1L+ 2, 8) y = In(lnx).
Bomnpocer

1. Cdopmynupyiite 3a1a4u, NPUBOASILIKE K TOHITHIO TPOU3BOIHOM.

2
3.
4.
5

Jaiite onpeneneHre Npon3BOAHON (PYHKIIMU B TOUKE.
ChopmynupyiiTe OCHOBHBIE ITpaBuiia AU GepeHInpoBaHuUS.
Kakast GpyHKIMS Ha3bIBaeTCS CIIOKHON?

OO0BsicauTe ipaBuia TuGEepeHITUPOBAHMS CIOKHON PYHKITUH.
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6. Kakas ¢pyHkums HazpiBaeTcs 0OpaTHON JaHHON?
7. KakoBsl npaBuia auddepeHnrpoBanus oopaTHoit GyHKIUNA?

Ilpakmuueckasa paooma Ne 9. Bo3pacmanue u yoviganue pynxuyuil. Ixcmpemym
dyukyuu. Buinyknocme cpagpuka @ynxkyuu. Touku nepezuba. Acumnmomwl cpaguka

dyukyuu.
Ilenwv: chopMupoBaTh yMEHHE NPHUMEHSATH MPOW3BOAHYIO (YHKIIMHM TPHU €€ UCCICJOBAHUH U

MOCTPOCHUHU Ipaduka.

Teopemuueckas wacmo
Touku, 6 KOMOPbIX (QYHKYUS uMeem JSKCmpeMyMbl, Ciledyem UCKamo cpeou mex
GHYmMpenHux mouek ee obaracmu 3aoanus, 20e auoo '(X) =0, oo f '(X) =00, ubo f '(X)

He cyujecmgyem. Bce 3TH cilyuan peanusyloTcs, Harnpumep, Uit GyHKuui Y = X2 , Y= X2/ 3,

y =|x

, K&KJ1ast B3 KOTOPBIX KIMEET MUHUMYM Tipu x = 0.

Touku yka3zaHHOTO BHJA YCJIIOBUMCS HAa3bIBaTh KPUTHYCCKUMHU TOYKamu. He B kaxmoi

KPUTHYECKON TOouke o0s3arenbHO OymeT skctpemyM. JleiictButensHo, Touka x = (0 Oymer
o o o 3 ’ 2

KPHTUYECKOH Ui Kaxkmoi u3 Qynkmmii Y =X (Y =3X°,y' =0 npu x=0), y=3\/x (

' 1 -2/3
y = §X /
Crenyronyie TeOpeMbl MO3BOJISIOT ONPEACTUTh, UMEETCS B JAHHOW KPUTHYECKOW TOYKE
SKCTPEMYM HIIM HET, U €CIIU UMEETCS, TO MAKCUMYM WM MUHUMYM.
Teopema 1. IIycmv X,—Kpumudeckas mouxka u QynKyus f(X) HenpepvleHa 6 Smoli

, ¥ =00 npu x=0),

mouxe. Eciu 6 Hekomopou okpecmnocmu mouxu X :

I f '(X) >0 npux< Xqu f '(X)< 0 npu x> X,, m. e. npu nepexode uepes mouxy X,
NPOU3BOOHASL MEHSem 3HAK C NIHCA HA MUHYC, UTU

2) f '(X) <0 npu x< Xg u f ’(X) >0 npu x< Xg, m. e. npu nepexooe uepes X,
NPOU3BOOHAS. MEHSem 3HAK C MUHYCA HA NAIOC, UTU

3) npouszeoonas ne mensem sHaxa npu nepexooe yepes X,, mo € cayuae 1) umeem mecmo
Maxkcumym, 8 cuyuae 2)—MuHUMyM, 8 ciyyae 3) IKcmpemyma Hem.

IIpumep. f (X) =x° - 3X+1. ®ynkuus serony mudpdepennupyema. CrenoBarenbHo,
BCE€ KPUTHYECKHE TOUYKH HAXOASTCSA U3 yPaBHEHUS

f'(x)=3x*-3=0.
Orcrona
x> -1=0, x, =-1, X, =1

— JIB€ KPUTHUYECKUE TOUKH.

1) x,=-1. Tlpu x < — 1 umeem: f '(X): 3x* —3>0; npu x>—1 (mo x<I):

f'(x) < 0. Crenoatensio, B Touke X, = —1 UMeeT MecTo Marcumym.

2) X, =1. Tlpu x<1 (wo x> —1): f'(X)=3X2 —3<0; npu x>1 umeem: f'(x)>0.
CrezoBatenbHo, B ToUke X, =1 uMeer MecTo munumym.

TeopeMa 1 mo3BoOIsAET BHICKA3ATh CICAYIOMUC MMPAKTUYCCKHU TOJIC3HBIC COO6pa)KCHI/I}I.
[Tycts peub uaeT 00 OTBHICKAHHH OKCTPEMYMOB (yHKuuu f (X), HEIPEPBIBHONU B
HEKOTOPOM MPOMEKYTKE U UMEIOIIEH B HEM KOHEUHOe MHOXKECTBO KPUTHYECKUX TOYEK.
Haiins Bce KpuTHYECKHE TOUKH, PACTIONIOKUM HX B IOPSIKE BO3pacTaHUs a0CIUCC:
aA<X <X, <...<X, 3 <X, <b (1)
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(am D — xoHIBI paccMaTpHBaeMOro MpoOMexXyTKa). B KaX oM H3 HHTEPBAIOB

() (%0 X s (X1 %0 ) (X0 D) @)

cymiecTByer Koneynas f "(X);t O (mockonbky Bce ToukH, Tae | '(X) =0, f '(X) =00 WM TIE

f'(X) HE CYIECTBYET, BOLLIM B YHCIO TOYCK X;, X5, ... , X, ). Ilpenmonaras f’(X)
HETPEPHIBHON B KaXXJOM M3 YaCTHYHBIX MHTEPBAJOB (2) — Ha MpaKTUKE 3TO OOBIYHO TaK U
OBIBAET, — HETPYIHO NPHUATH K BBIBOAY, uTO | '(X) COXpaHAem 3HAaK BHYTPH KaXXIOI'0 TaKOro

uHTEepBana (eciu Obl f'(X) MeHsla 3HAK BHYTPH KaKOrO-HUOyIb W3 WHTEPBAJIOB (2), TO 1O

CBOWCTBY HENpPEPHIBHBIX (DyHKIMK OHa oOpamianack Obl B HYJIb B HEKOTOPOH 6HympenHell TOUKe
9TOr0 HHTEPBaJia, 4YTO HEBO3MOXKHO). UTOOBI HAWTH 3TOT 3HAK, IOCTATOYHO, HaIpUMeEp,
YCTaHOBUTH €r0 JIJIsl KAKOW-HUOYIb KOHKpemHOL TOYKA COOTBETCTBYIOIIETO HHTEPBAIA.

B pesynbrare unTepBanam (2) OyaeT COOTBETCTBOBAaTh HEKOTOPAs IMOCIIEAOBATCIILHOCTh
3HAKOB IUTIOC © MUHYC, XapaKTep YepeIOBaHUS KOTOPHIX B CHJIY TEOPEMBI | TO3BOJISET CYIUTH O
HAJIMYMU MakCMMyMa (CMEHa IUTIoca Ha MHUHYC), MUHUMYyMa (CMEHa MHHYCa Ha IUIIOC) WA 00
OTCYTCTBHH SKCTpeMyMa (COXpaHCHHE 3HAKA) B COOTBETCTBYIONIUX TOYKAX.

Opumep. f (X) = (X + 1)2 (X - 1)3. ®DyHKIMS 3a1aHa W HENpEpbIBHA BO BCEM

0OECKOHEYHOM IIPOMCEIKYTKEC (— o0, OO) Ee IIpOU3BOAHAA
f/(x)=2(x +1)(x =1)> + 3(x +1)°(x =1)° = (x +1)(x =1)°(5x +1)=5(x +1)x —1)2(x + %j 3)
BCIOJly CYIIECTBYET U KOHeuHa. ClieZ1oBaTeIbHO, KpUTHUECKUMH TOUKaMH OYIyT Juub TE, IS

KOTOPBIX

f'(x)=0,

1
X, ==1, X, =——, X, =1.
1 2 5 3
[TpomexxyTok 3amanus PyHKIIMM TEM caMbIM pa30MBAETCsl HA MHTEPBAJIBI
1 1
(_ 001_1)a _1!__ ) __sl 5 (1,+OO)
5 5

COOTBGTCTBYIOHIaﬂ MMOCJICA0OBATCIIbPHOCTh 3HAKOB HpOHSBOI[HOﬁ HUMECT BUJ

+,—+ +.
CrnenoBarensHo, B Touke X, =—1 dynxmus f (X) HMEET MaKCHUMYM, TIpHYeM
1 1 16 216 3456
f (— 1) =0; B Touke X, = —— - MHHHMYM, IPHYCM fl—=|=—"—- =— , B TOUKE
5 5 25 125 3125

X5 =1 skcrpemyma Her.
Teopema 2. [lycmb 6 kpumuueckoti mouke x ¢pynxyus | (X) n paz ougpgepenyupyema (n

> 1), npuuem f'(XO)Z f"(XO)Z...z f(n_l)(XO)ZO, HO f(n)(Xo)i 0. Ecau n uemnoe, mo

n n
umeem mecmo oxcmpemym, a umenno: npu f ( )(X0)< 0 —wmaxcumym, npu f ( )(X0)> 0—
Munumym. Ecnu dce n newemnoe, mo sakcmpemyma Hem.
OTpickaHrEe HAaUOONIBIINX U HAUMEHBIINX 3HAYeHUN QyHKIUN

[lycte dyHKIMSA f(X) 3aJlaHa U HENpepbIBHA B HEKOTOPOM MpOMexXyTke. Eciau aToT
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IIPOMEXKYTOK HE SIBISIETCSI OTPE3KOM, TO, KaK Mbl 3HAEM, CPEOU 3HAYCHUI f(X) MOXET U HE

OBbITh HAUOOJIBIIIETO WIIM HaMMEHbIero. OHAKO MOXKHO yKa3aTh MPOCTON MPU3HAK, KOT/Ia TaKUe
3HAYCHUS 3aBEIOMO CYIIECTBYIOT.

Teopema 3. Eciu 6 OaHHOM NpoOMediCYmKe UMeemcsi eOUHCMBEHHBLIL IKCIMPEeMyM, Mo
coomgeemcmeayroujee 3HaveHue QyHkyuu oyoem aubo HauboILUWUM, TUOO0 HAUMEHBUUUM, CMOMPS
no momy, 6yoem au 3mom SKCMpemMym MAKCUMYMOM ULU MUHUMYMOM.

Ecnu nHauOomblliee WIM HAaUMEHbIICE 3HAUCHHE JOCTHUTaCTCA BO 6HympeHH€1;l TOYKE
OTpE3Ka, TO OHO Heobxo0UMo 6yz[eT OJHUM M3 MAaKCMMYMOB HWJIM MUHHUMYMOB H, CJICA0BATCIbHO,
6YI[GT JOCTUTAaThCS B OJHOHN H3 KPUTHYCCKUX TOYCK. Ho oHO MOXET mocTUrarbCs U B KOHIIE
OTpE3Ka. OTCIOI[a CICAYCT, 4YTO i1 OTBICKAaHHA HAuOONBIIEr0 WM HAaUMEHBIIETO 3HAYECHUI
f(X) AOCTATOYHO CPABHUTH MCIKAY co00li ee 3HAYEHHST BO BCEX KPUTHYCCKUX TOYKaX U B

Toukax @ u D; mauborvuee w3 Bcex >THX Uucen OyIeT HAUOOLLUUM SHAYCHUEM f(X) Ha

OTpE3KE [a, b]; HauMeHblee U3 STUX YNCENl IACT Haumenbiuee 3navenue | (X)

[pumep. PyHKIUA f (X) = \/ (l— X2 x:l. + 2X2) UMeeT O0JIaCThIO CYIIECTBOBAHUS
orpe3ok [—1,1]. Ee Haubospliee 1 HauMeHblIee 3HAYEHUS, OUEBUIHO, JOCTUTAIOTCS B TeX K€
TOYKaX, 4TO M JUIsl (PYHKLIUU g(x) = (1 —x? Xl + 2X2) (paccmarpuBaeMoil Ha YNOMSHYTOM
orpeske). 3 ypaBHeHus

9'(x)= —2x(1+ 2x° )+ (1— X ) 4x = 2x(1— 4x2): 0
HaxomuM X; =0, X, =—0,5, X3 =0,5. B stux Toukax g(x) YMeeT 3HAYCHUS:
9(0)=1, g(-0,5)=g(0,5)=1,125.
Ecnu comocraBuM 3TH 3Ha4eHUs CO 3HAYCHUSIMU B KOHIAX g(— 1) = g(l) =0, o yBuaMM, YTO

HauOOJIbIINM 3HAYCHUEM IS g(x) Ha otpeske [—1, 1] Oyner 1,125 (mpu x=%0,5), HauMeHbIIUM

oyner 0 (npu x=+ 1). Jlna pyaxuun f (X) HauOOoJIBIIKMM 3HaueHneM Oyzet Torma ~/1,125 (mpu
x=%0,5), HaumeHbIIMM — no-nipexkHemMy 0 (pu x ==+ 1).
[Tycts kpuBas 3amaHa ypaBHeHuem Y = f (X) M B TOYKe C abCIUCCOH X, HMeeT

KacarelbHYI0, He MapajuienbHyo ocu Oy.
Ecnu B HEKOTOPOM OKPECTHOCTH TOYKHM X, KPHBas JIE)KUT HaJl 3TOM KacaTeJbHOM, TO

TOBOPAT, UTO KpUBaA B TOYKEC XO BBIITYKJIa BHUS. Ananocuuno, ecnu 6 H€K0m0p01/7
OKpecmHocmu XO Kpueast iedxtcum oA Kacameﬂbnod, mo coeopsam, 4mo OHA 6 Mou4Ke XO
BBIITYKJIa BBCPX. Ecmu B HeKOTopOI\/'I OKpPCCTHOCTU TOYKH XO CJICBA OT XO KpuBas JICKHUT 110
OIHY CTOPOHY yHOMHHyTOﬁ KacaTCHBHOﬁ, a CIipaBa OT XO — IO APYr'Y10 CTOPOHY, TO

TOBOPAT, YTO X, €CThb MouKka nepe2uba KpUBOu.

Teopema 4. Ecuu 6 mouxe X, cywecmeyem koneunas npouseoonas 1"(X,), npuuem
f"(Xo)> 0, mo 6 mouxe X, xpusas evinyraa enus, ecnu ace t"(Xy)<0, mo xpueas evinyxia

88€epx.
Teopema 5. ITycmo f "(X) cywecmeyem u KOHeYHa 8 HEeKOMOPOU OKPECMHOCMU MOYKU

Xo. Ecnu f"(X) MeHsiem 3HAK Npu nepexooe X uepes MmouKy Xg, mo Xo—MmouKa nepeauoa.

Ecnu oce f "(X) 6 OKpecmHocmu X, COXpansem 3HaK, mo 6 mouke X, nepeubda nHem.
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Ipumep. Haiitn Touku nepernba u uccaenoBaTh XapakTep BBITYKIOCTH KPUBOM
y = x> —3x* +1. Borncusiem: Y’ =3%x* —6X, y" =6X — 6. VpasHenue
y"=6X—6=0 naer X=1.TIpu X <1, ouesunno, y" <0 (kpusas BIIyKIa BBEPX), ECIIH

xe X>1, 10 y" >0 (xpupas Beimykia Buu3). Touka X =1 sBnsercsa Toukoii neperu6a.

OTbICKaHHE AaCUMIITOT

Ilycts kpuBas 3ajaHa ypaBHEHUEM Y = f(X). MoXeT CIy4uThesi, 94To Tpu X —> +00

WM 1mpu X —>—00 KpHUBas HEOTPAHUYEHHO NPUONIMKAETCS K HEKOTOPOH (QUKCHPOBAHHOMN
npamoii Y =KX + b, maseiBaemoit acumnmomoii ans nanmoit kpusoii. TouHee ropops, npsamas

Y =KX +b wuasvieaemca acumnmomoii ona xpueoii 'y = f(X) npu X —> +0 (WM npu

X ——0), ecmn lim [f(x)—kx—b]=0.

X—>+00
W3 BrickazanHOro OmnpeaciiCHus CICAYCT, YTO KpUBasi y = f (X) HUMECT cOPpU3OHMATIbHYTIO
ACUMIITOTY y = b TOorga M TOJIBKO TOrga, Koriga I|m f (X) = b (I/IJ'II/I COOTBCTCTBCHHO IIpU

X—>+00
X —> —00),
Jlns cymecTBoBaHHs HakimoHHo# acumntothl Y = KX +D meobxomumo u mocrarouno,
. f(x) .
4TOOBI CYIIECTBOBATH KOHEUHble mpexensl M =ku lim [f (x)— kX] =b. (Ilpu

X—>+o X X—>+00

k = O oJiy4acMm OITATb TOPU30OHTAJIbHYIO aCI/IMHTOTy.)

3 X? +3x+5
[Tpumep. Haiitu acumntoTs! rpaduka GyHKIUU Yy = —l .
X+
 f(x X2 +3x+5
k= lim ()=|Im—=1
X—+0o X X—>+00 X+1
2
) ] X°+3x+5
b= lim [f(x)—kx]= lim | =——""=—x|=2
X—>+00 X—>+00 X+1

CrenoBaTenbHo, MMeeTcs acumnTora (1 mpu X —> +00 mnpu X —> —o0): Y = X+ 2.

Ipumep.  Omnpenenmum  HauOoibllee M HaWMEHbINEE  3HAYEHUs  (QyHKIUH
f(X)=x* —2x? + 3 na orpeske [-2:1].

Pemenne. ®ynukuus f(x) HempepbiBHa Ha 3amaHHOM oOTpe3ke [-2;1], Kak MHOTOYJIECH.

[Toatomy mo Teopeme BeiliepmiTpacca oHa JOCTHUTaeT Ha ASTOM OTpe3Ke HaubOojbllee u
HauMEHbIIIEE 3HAYCHUS.

Haiinem kpuTndeckue TOUKH, U1 yero npoauddepeHunpyeM GyHKIUIO.
f'(x) =4x% —4x = 4x(x* -1)
Torma f'(X)=0,ecmux=0wnm x=-1mmx=1.

[lonyunnum nBe kputuueckue Touku X = 0 m X = -1 mnpuHamIexamue IaHHOMY
npoMexyTky [-2;1]. Touka X = 1 He siBisieTcs BHyTpEeHHEH U MOATOMY HE KpUTHYECKasl.

Bbruucnum 3HaueHus pyHKIUN Ha KOHLIAX TPOMEKYTKA U B KPUTHUECKUX TOUKAX U
BbIOEpEM U3 HUX HauOoJIbllIee U HauMEHbLIEe.

f(=2)=(-2)* - 2(-2)* +3=16-8+3=11
f()=1-2+3=2
f(0)=3
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f(-)=1-2+3=2
Cnenosarensio, mMin f(X) = (W) =2, max f (x) = f(-2) =11.

[-21] [-21]

Bonpocwt u 3a0auu k covecedosanuro:

Banaua 1. Haiity 3Hauenus X, mpu KoTopbix GyHkuus | ( X ) =4X + — uMeer SKCTPEMYMBE.
X

3anaua 2. Haittu 3Hauenns X , npu koropsix ¢pynxmus f(X)= 3X2 + — HMMeEeT IKCTPEMYMBI.
X

3agaua 3. HaliTu MHTEpBaIbl MOHOTOHHOTO YObIBaHUS (QYHKIMU Y = X3 + :I.,5X2 +2.

3

X
3anava 4. HaiiTu uHTEpBaibl MOHOTOHHOIO yObIBaHUS QYHKIUU Y = ? — 2X2

+3x+1.

3agava 5. HaliTu nHTEpBaIbl MOHOTOHHOI'O yObIBaHUSA QYHKIMU Y = X—63 + é - X.
~3x% _5x—4
X+1 '
X +3x—12
X+5

3aznaua 6. HaiiTu ypaBHEHHE HAKJIOHHON acCUMOTOTHI Ipaduka QyHKIUN Y =

3aznaua 7. HaiiTu ypaBHEeHHE HAKJIOHHON aCUMOTOTHI Tpaduka GyHKIul Y =

3aznaua 8. Haiitu Bce kputuueckue Touku Gpynknun T (X) = 2X2 — 6‘X +Iu +9.

3amaua 9. Haiitu Bce kpuTudeckue Touku X ¢pyakmun T (X)= x2 — 5‘X‘ +6.

Bonpocsr

1.Copmynupyiite ycaoBus MOHOTOHHOCTH (DYHKITHH.

2. Kakue To4ku Ha3bpIBalOTCS CTAllMOHAPHBIMU; KPUTUUECKMMH; TOUKAaMH dKcTpeMyma?
3. ChopmynupyiiTe HEOOXOIUMBIE YCIOBHE IKCTPEMYyMa.

4. Kakas ¢pyHKIMS Ha3bIBaeTCs BBITYKJION BBEpX (BBIMYKJIOW BHU3)?

5. Uto Takoe Touka neperuoda?

6. CopmynupyiiTe 10CTaTOUHOE YCIOBHE BBIMTYKJIOCTH BBEPX (BHU3).

7. ChopmynupyiiTe HEOOXOIUMOE YCIIOBHE TOUKU Ieperuoa.

8. Uto Takoe acumnroTa rpaduka pynkuun? Kakue Buabl acumntoT Bel 3Haere?

9. Kak onpenenuts Haluuue BEPTUKAIBHON aCUMIITOTHI?

10. B xakoMm ciydae npsimast Y = KX + D siBnstercs maxmonnoit acummnroroit rpaduka ¢pysxmm?

Ilpakmuueckaa padoma 10. Tabnuuya o0cHOGHBIX HeoOnpeoeleHHbIX UHMEZPanos.
Ilpocmeitmue ceolicmea HeonpeoeneHHozo unmezpana. Henocpeocmeennoe
unmezpuposanue.

Iens: chopMupoBaTh YMEHHE HEMOCPEACTBEHHOTO HHTETPUPOBAHUS (PYHKIIUHU C UCTIOIb30BaHUE
NPOCTEHIIIMX CBOMCTB HWHTErpaja, MPUMEHATh TIOJYYCHHbIE yMEHHS T[PH  PEIICHUH
NPaKTUYECKHX 3a/1a4.
Teopemuueckas uacms:
[TepBooOpasnas GyHKIIHS.

Oynkuus F(X) HaspiBaeTcs mepBoodpa3noii pynkumeii Gynkuuu f(X) Ha orpeske [a,b],
€CITK B JII000H TOYKE 3TOr0 oTpe3ka BepHO paBeHcTBO:F'(X) = f(X).

Hano ormeruth, 4TO TEepBOOOpA3HBIX IS OJHOM W TOH XKe (YHKIHH MOXET OBITh
6eckoHeuHo MHOTO. OHM OYAYT OTJIMYATHCS IPYT OT Jpyra Ha HEKOTOPOE MOCTOSIHHOE YHCIIO.

48




HeonpeneseHHbIM

Fi(x) = F2(x) + C.
HeonpeneneHuplii HHTErpAI.

HHTErpajiom

byHKIIIN

f(x)

nepBooOpa3HbIX QYHKIUH, KOTOPbIE ONpeIeIeHbl COOTHOLIECHUEM:

F(x) + C.

3anuchIBaIOT: I f(x)dx = F(x)+C.

YciaoBueM CyIIECTBOBAaHUS HEOMPECICHHOTO HWHTErpajia Ha HEKOTOPOM OTpEe3Ke
SIBIISIETCS. HEMPEPBHIBHOCTH (PYHKIIMH HA TOM OTPE3KE.
CsoiicTBa:

1. (j f(x)dx) =(F(x)+C) = f(x);

2. d([ f(0dx)= f(@)dx:

3. [dF(x) = F(x)+C;

Ha3bIBaACTCsA

4. I(u +v—w)dx = Iua’x + Ivdx— dex; rjae U, V, W — HeKOTOpbIe (YHKIIHH OT X.
5. j C- f(x)dx=C- j F(x)dx;

) ) 1
[pumep: J(xz —2sin x +1)dx :szdx—2jsm xdx+jdx =§x3 +2cosx+x+C;

COBOKYITHOCTh

Jlns ymoOCTBa 3HAYCHUS HEONPEICICHHBIX HHTErPajoB OOJBINHHCTBA SJIEMEHTAPHBIX
GbyHkui coOpaHbl B CIEHUANbHBIC TAOJUIBI MHTETPAJIOB, KOTOPhIC OBIBAIOT WHOI/IA BeChMa
00beMHBIMH. B HHUX BKJIIOYCHBI pa3jiMdyHble HauOOJEe YacTO BCTPEUYAIOIIHECS KOMOWHAIUH
dbopMyIsT  SBISIOTCS
CIIEICTBUSIMU JIPYT Apyra, IMOITOMY HH)KE MpPHUBEAEM TaOIHIly OCHOBHBIX HMHTETPAJOB, C
MIOMOIIBI0 KOTOPOH MOXKHO TOJYYHTh 3HAYCHHS HEOMPEACICHHBIX WHTETPAJIOB Pa3IUUHBIX

(GyHKIMIA.

Ho OGonpmmHCTBO NpeACTAaBJICHHBIX B 3JTHUX Ta6111/1uax

byHKLIU.
3HaueHue Wurerpan 3HaueHue
HuTerpan
1| [rguax -In| cosx [ +C 9 | [erar e+ C
2 Ictgxdx Insinx [+ C 10 J-cosxdx sinx + C
3 x x 11 - -cosx + C
J-a dx < L _[ sin xdx
Ina
4 dx 1 x 12 1 tgx + C
 — —arctg—+C dx
J.aZer2 2 ey J.coszx
5 d 13 1 -ctgx + C
J‘sz Llnx+a+C j.zdx 9
X' —a 2a |x—a sm” x
6 J‘ dx |n‘x+\/x2ia2 +c |1 J' dx arcsin = +C
Vx* ta® a’ —x’ a
7 a o+l 15 1
_[x dx al +C,a#—-1 J. dx In|tg LY W
o+l cos x 2 4
8 d. 16 1
dx fnfx|+C LN nlrg |+
X sin x 2
MeTox HENOCPEACTBEHHOTO MHTETPHUPOBAHUS OCHOBAaH HA TPEANOJIOKEHUH O

BO3MOKHOM 3HA4Y€HUU IMEPBOOOpa3HOW (YHKIHMH C JadbHEHIIEH MPOBEPKON ITOTO 3HAYCHUS
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muddepenimpoBanueM. BooOmie, 3ameruM, uTo IU(QPEpeHIIMPOBAHNUE SBISIETCS MOIIHBIM
MHCTPYMEHTOM IIPOBEPKHU PE3yIbTATOB HHTETPUPOBAHNSI.
PaccmoTpuM npuMeHeHne 3Toro MeToa Ha IpuMepe:

dx
TpebOyercs HaiiTh 3HaYEHHE HHTErpaia I— Ha ocHoBe u3BecTHON GOPMYIIBI
X

o1
muddepenpoBaHus (ln x) = — MOYKHO CJI€JIaTh BBIBOJ, YTO UCKOMBIM UHTETPaJl paBEH
x

Inx+C,rne C — HeKOTopoe nocTosiHHOE yKciio. OHAKO, C APYToil CTOPOHBI

!
(]n( —x)) =—— ( 1) = —. TakuMm 0Opa3oM, OKOHYATESIIBHO MOYKHO C/ICJIaTh BBIBO/I:
dx
—= ln|x| +C
X

3ameTuM, 4TO B OTNIMuUe OT MU dHepeHIMpPOBaHUS, TIE I HAXOXKIACHHUS IPOU3BOIHON
MCIIOJIb30BAIMCh YETKHE IMPHUEMbl W METOJbI, MPaBHJIa HAXOXICHUS IPOU3BOJHOM, HAKOHEI]
ompesielieHue TPOU3BOAHOM, JJIi MHTETPHUPOBAHHUS TAaKUE METOABl HEAOCTYNHBI. Ecimm mpu
HAXOXXJCHUU TPOU3BOJAHON MBI TOJIB30BAJIKMCh, TaK CKa3aTh, KOHCTPYKTUBHBIMH METOJIAMH,
KOTOpBIC, 0a3upysCh Ha OIPEACICHHBIX TpaBUiIaX, NPHUBOIMIA K pe3yiabTaTy, TO MPH
HAXOXJCHUH IEePBOOOPA3HON MPUXOAMTCS B OCHOBHOM OIMPAThCA HA 3HAHUS TaOJIHI
MIPOM3BOJIHBIX M IEPBOOOPA3HBIX.

Yro kacaeTcs METOJia HEIMOCPEACTBEHHOr0 MHTEIPUPOBAHHUS, TO OH IMPHUMEHHUM TOJBKO
JUTSI HEKOTOPBIX BEChMa OTPAHMYCHHBIX KJIACCOB (QyHKImA. DYHKIHMA, IS KOTOPBIX MOXHO C
XO0Jly HalTH TepBOOOpa3Hyl0 O4eHb Maio. [103TOMy B OOJNBIIMHCTBE CIy4aeB NMPUMEHSIOTCS
JIpyrue crnocoObl UHTErPUPOBAHUSL.
Bonpocwt u 3a0auu:
3amaua 1.HaiiTu HeonpeneneHHbIe UHTETPAJIBI:

1}‘8' (4% — 33 4 5x —4) dx;
2) [ (3 50t —8) (9 +- 100 dx; 3) [V T6 - 2xdy;

4) S(Ex" + 7)3x dx; 5) j‘i’,fx_ﬂﬂx* dx; 6) j Vat —x® xdx.
3az[aqa 2. Haiitu HCOMPCACIICHHBIC HHTCTPAJIbl:

D[S g (Virgg g 2l X f“—r‘:@"dx-.

sin? x lf|_._ i J YT =
-p" arctgx ; sec*x sin 2x i Zedx
) (R 0 [ ?}jmdx* B [ imgm
!}}jsh*xchxdr; 10) ﬁ'j‘,“i‘
ctgx

3anaua 3. BeruncauTh nHTErpaisl: 1) I
X+ a

2x . sinx - .
2} [ﬂdﬁ, 3} jmdx, 4:] [‘—"—fadr

i dy xt .
5} jlu—-x ﬁjjxlnx' 7) jd—}-ﬂﬂdx'
X 3
8) X%;dx; 9) jlﬁ—_i_e;dx: 10) jx—izd
Bompocsr:

1. Yro Ttakoe mepBooOpazHas GyHKIIHS?

2. Urto Ha3bIBaeTCs HEOMPECIICHHBIM HHTETPaIoM?

3. Ilepeuncnure OCHOBHBIE CBOMCTBA HEONPEIECICHHOTO HHTETpaa.

4. 3anmumwure Mo MaMaTy TabIUIly OCHOBHBIX HEOMPEACIEHHBIX HHTETPAJIOB.
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5. B ueM cocTouT METO HENMOCPEACTBEHHOI'O NHTETPUPOBAHUSA?

Ilpakmuueckaa paooma 11.  3amena nepemennoit 6 HeonpedeneHHOM uUHmezpae.
Humezpuposanue no uacmam. Humezpuposanue inemenmapuvix opooei. Humezpuposanue
PAYUOHATIbHBIX PYHKYUIL.
Ilenwv: chopmupoBaTh yMEHHE BBIUMCIATH HEOMPEIEICHHBIN HHTErpaj C MOMOIIBI0 3aMEHbI
MEPEeMEHHON U TI0 YacTsSM, HHTETPUPOBATH AJIEMEHTApHBIE IPOOM M palMOHAIBHBIC (DYHKIUH,
MPUMEHSTD MOJIyY€HHbIE YMEHHUSI IPU PELIICHUH MPAKTUYECKUX 3a/1a4.
Teopemuueckan uacmp:

3aMeHa epeMEeHHON B HEOIPEIeICHHOM UHTerpaie.

Teopema: Ecnu TpeOyeTcst HAMTH HHTETpa I f(x)dx , HO CJIOKHO OTBICKATh TIEPBOOOPA3HYIO,

TO ¢ TIOMOIIBIO 3aMeHbl X = @(t) u dx = ¢'(t)dt moayuaercs:
[ £Godx = [ flone'(tydr
IIpumep. Haiitu HeonpeneeHHbINA HHTErpall j\/ﬂ cos xdx.
Caenaem 3ameny t = sinx, dt = cosxdt.

j\/;dt='[t”2dt=§t3’2 +C=§sinmx+C.
[Ipumep. J.x(x2 +1)° dx.

dt
Bamena ¢ = x> +1; dt =2xdx; dx= 2—; [Tomrygaem:
x

jtmE:ijtmdt L 200 o P o DT o
2 2 2 5 5 5
HHTerpupoBaHue 1Mo 4acTsm.
Crnioco0 OCHOBaH Ha M3BECTHOM (opMysie MPOU3BOAHOM mpou3BeaeHus: (UV)' = U’V + V'u,
rae U UV — HekoTopsle GyHKImHU oT X. B muddepenmansroit dopme: d(uv) = udv + vdu.

[IpounTerpupoBaB, mOIy4aeM: I duv) = I udv+jva’u, a B COOTBETCTBUU C

MPUBEICHHBIMH BBIIIE CBOMCTBAMHU HEOMPECIIEHHOTO MHTEerpayia. uv = J. udv + _[ vdu HAIIH
judv = uv—Ivdu;

[Tonyunnu GopMmyny HHTETPUpPOBAHMS IO 4YacTSIM, KOTOpas TIO3BOJSET HaXOJIUTh
MHTETpajibl MHOTUX 3JIEMEHTAPHBIX (DYHKIUH.

2 .
u=x"; dv=smnxdx

[pumep. sz sin xdx = =—x?cosx+ .[cosx 2xdx =

du =2xdx, v=-cosx
u=x; dv=cosxdx 5 ] ) s )

= ] =—Xx cosx+2xsmx—jsmxdx:—x cosx+2xsm x+2cosx+C.
du=dx; v=snx

Kak BunHO, mocnenoBaTenbHOE NpUMEHEHHE (OPMYJIbI WHTEIPUPOBAHUSA IO YaCTAM
MO3BOJISIET MOCTENEHHO YIPOCTUTH (PYHKIMIO M IPUBECTH UHTETPAJ K TAOINYHOMY.

2 2
u=e; du=2e"dx

[Tpumep. I e* cosxdx = )
dv=cosxdx, v=sinx

2 . . 2
=e Xsmx—jsmxle “dx =

2x 2x
u=e’; du=2e"dx . 5 ) _
= 3 ’ =exsmx—2—excosx—j—cosx~2exdx=exsmx+
dv=sm xdx; v=-cosx;

2 2
+2e”" cosx—4jcosxe “dx
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BunHo, uTto B pe3ynbTare MOBTOPHOTO INPUMEHEHHS HHTETPUPOBAHMS IO YacTIM
GYHKIMIO HE YJAIOCh YHPOCTUTH K TabmuyHomMy Buay. OJIHAKO, MOCIETHUI MOJIy4EHHBIH
MHTETpaJl HUYEM HE OTIMYaeTcss oT ucxoaHoro. [loaTtomy mepeHeceM ero B JIEBYHO 4acTb
paBEHCTBA.

SIezx cos xdx = e>* (sin x + 2 cos x)

2x
Iez" cos xdx = %(sin x+2cosx)+C.

Takum 00pa3om, HHTETpasl HaiIeH BOOOIIIe 0e3 MpUMEHEHUs Ta0IUI] HHTETPAJIOB.
HuTerpupoBanue dJIeMEHTapHBIX APOOCH.
DJieMeHTAPHBIMHU Ha3bIBAIOTCS IPOOH CIICTYIONUX YEThIPEX THIIOB:

L m, M+ N
“ax+b’ ' ax* +bx+c’

n—L v, N
(ax+b)" (ax” +bx+c)"

M, N — HaTypanbHEle yncia (M > 2, N > 2) u b? — 4ac <0.

[TepBhie ABa THIIA HHTETPAJIOB OT AJIEMEHTAPHBIX APOOEH JOBOJIBHO IPOCTO MIPUBOIATCS
K TaOJWYHBIM ITOACTAHOBKOM t=ax+ b.
dx 1 edtr 1 1
L =[S ="h|f+C=—hlax+b/+C.
ax+b a't a a

m mo m—1+C - m—l+
(ax+b) a’t a(m—1)t a(m—1)(ax +b)
PaccMoTpuM MeTo MHTErpUpOBaHUS dJeMeHTapHbIX Apodeit Buaa l1l.
Wnterpan nqpodu Buaa |1l moxer ObITh IpeCTaBIICH B BUJIE:

(2x+p)+(B—Apjd y

J' dx _ 1 ﬂ_ 1 1

Ax+ B 2 2x+p Ap dx
B e L P
x4 px+gq X"+ px+gq 2x +px+q 2 P x +px+gq
=—]n‘x2+px+q‘+( —ij. de ; ln‘x +px+q‘ ;Ap
? 2] afg-2 Vag-p’

q
2 4
-arctg 2xtp +C

Vaq-p’

3neck B 0011eM BHJIe TOKa3aHO MpuBeAeHNe nHTerpana apoou suna Il x gsym
TaOJIMYHBIM UHTErpaJIaM.
PaccmoTpum npruMeHeHue yka3aHHOM Bblle (OopMyJibl Ha IpUMepax.

IIpumep.
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u=6x-5;, du=06dx

Tx—-2 84x—-24 84x—24
J' T dx:I - dx:I 5 x = u+5 =
3x"—-5x+4 36x° —60x +48 (6x—-5)"+23 X = 5 ;
_ J14u+70 24 :_j udu E 2a’u =z]n(u2+23)+ 23 arctg L
u® +23 W23 334423 6 3723 J23

V23 6x—5

arct,
s

Boo01e roBops, eciu y TpexdieHa ax® + bx + ¢ seipaxkenue b? — 4ac >0, To apo6s 110
OTIPE/IEICHNIO He SIBIIAETCS dIEMEHTAPHOM, OJHAKO, TEM He MEHee e MOKHO MHTErpHpOBAThH
yKa3aHHBIM BBIIIIE CIIOCOOOM.

=%ln‘36x2 —60x+48\+ +C.

IIpumep.

- - =x+3; du=dx; ~15-—
.[ 25x 3 dx=j 5x23 dr — u=x u=dx =j5u215 3du=5j 2udu 3
x° +6x—40 (x+3)"—-49 x=u-3 u-—49 u-—49
—18f zd” =§1n\ 49\——111”_7+C=§1n\x2+6x—4o\—31n x_4‘+c.

u-—-49 2 u+7 2 7 |x+10

[Tpumep.

J- 3x+4 J- 3x+4 {u—x 3 du—dX} J-3u+9+4d :3'[ udu

\/7—x2+6x J16—(x=3)? x=u+3; V16 —u>

+13J‘L=—3\/16—u2 T 13aresin 4+ C = —3v7 — x? — 6x +13aresin *—> + C.
V16— 1> 4 4

PaccmoTpuM Tenepb MeTo bl HHTETPUPOBaHUS TpocTeHmX apobeit 1V tuma.

Cnayvaina paccMoTpuM YacTHbIN ciydyait npu M =0, N = 1.
dx

Torma wuHTerpan Buaa I > — MOYHO ITyTEM BBIJENCHUS B 3HAMEHATEIe
(ax” +bx+c)
du
MOJTHOTO KBaJpaTa MpeJCTaBUTh B BUJIE I(z—)n CnenaeM crnenyroliee mpeodpazoBaHue:
u +s

s+u” —u l¢ u'du
J.(u +s)" __'[ (u® +5s)" u:;J.(u2+s)”_1_;j(u2+s)”'

Bropoii unTerpai, BXoAAMIMA B 3TO paBEHCTBO, OyZeM OpaThb M0 YacTsIM.

dv, :%; u, =u; du, =du;
+
O603HaunM: @ +s)
udu 1 )
1= _[ 2 n == 2 n-172
(u” +s) 2(n—1)(u” +s)
_[ u’du _ u N 1 _[ du
(u’ +5)" Cn=-2)wu>+5)"" 2n-27 W’ +s5)""

J1J1s1 MICXOTHOTO UHTErpaia moayJdaeM:
1 du

J- du :—I n u _ I
W’ +5)" s W+s)"" s@n-2)wu+s5)"" s@n-2)Y W’ +s5)""
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J- du B u N 2n-3 J- du
W +5)"  s@n-2)w’+s)" s2n-2)? W’ +s)""
[Tomydyennass ¢opMyna Ha3biBacTCsl peKyppeHTHOH. Eciu nmpumenuts ee N-1 pas, To

MOJIYYHUTCHA TaOIUYHBIN HHTCIrpal j
I/l + S

BepHeMcs Terepb kK HHTETpaTy OT dJeMeHTapHOU 1pobu Buaa IV B o0miem ciydae.

u=2ax+b; du=2adx;
Mx+ N

Mx+ N
dx = (4 _ =
I(0062+1Dc+c)" ¥ I[(2ax+b) +(4ac-b )] x=”2ab; s =4ac—b*;
M(u b, v
(4a)J- * R CO% %I udu +2aN—MbJ- du
(u +s)"  2a (u® +s)" 2a (u® +s)"

B MOJIYYCHHOM PABCHCTBC HepBLIﬁ HHTCI'pall ¢ IIOMOIIBIO IIOACTAHOBKH t = U2 + S

dt
MPUBOUTCS K TAOIMIHOMY IT , @ KO BTOPOMY HMHTErpajly IPUMEHSETCSI PACCMOTPEHHAsI BBILIE
t

pexyppeHTHas Gpopmyia.
HecMoTpss Ha KaXyIIyrOCS CIOXHOCTh WHTETPHPOBAHUS DJICMEHTAPHOH JpoOu

BuJa |V, Ha IpaKTHUKe ero 10CTaTO4HO JIETKO IPUMEHSTH Ui JpoOeit ¢ HeOOIbIION CTENEHbIO N,
a YHUBEpPCAIbHOCTh U OOLIHOCTh MOAXOJA JEJaeT BO3MOXHBIM OYEHb NPOCTYIO peau3aliio
3TOro Meroja Ha OBM.

[Tpumep:

| 3x+5 o= | 3x+5 d_{u:x—Z; duzdx} J-3u+6+5d

—_— dx =
(x* —4x+7)° (x=2)*+3)° X=u+2; (u® +3)°
_ 2
=3J- 2udu 2+11.[ 2du . t=u"+3; =§ ithrll u2 N 1 J~ 2afu _
(u”+3) (u”+3) dt =2udu;| 2°t 3-2(u”+3) 3-27u"+3
L LRSI & LG ) R L RN el P
2% 6w +3) 63 h 2l —dx+7) 6 —dx+T) 63 T3

HHTerpupoBaHue palioOHAIbHbIX QYHKIUH.
HHTerpupoBaHue panvoHaIbHbIX Jpo0ei.
J1s Toro, yTOOBI MPOUHTErPUPOBATH PALIMOHAIBHYIO Ap0Ob HE0OXO0IUMO
Pa3JIOKUTh €€ Ha dJIeMEHTapHbIE IPOOH.

o)
P(x)
P(X) KoTOpoO¥ MpPEACTaBICH B BHE NMPOU3BEACHUS JMHEHHBIX M KBaJPATUYHBIX MHOKHTEIICH
(otMeTuM, uTO 000N MHOTOWIEH C JEHCTBUTEIBHBIMU KOI(PPUIIMEHTAMU MOXKET ObITh
TpeJcTaBieH B TakoM BHze: P(X) = (X - a)%...(X - b)A(x% + px + q)*...(x%> + rx + S)#), To 9Ta APo6H
MOET OBITh Pa3jI0KeHa Ha DJIEMEHTAPHBIE TI0 CIEAYIOIICH cxeMe:

Teopema: Eciu R(x) = - IpaBUJIbHAS pallMOHAIbHAs IpO0b, 3HAMEHATEINb
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Q(x)= 4, + 4, A, B, + B, BB M x+ N, "

2+...+ a+...+ 2+...+ B+ 5
P(x) x-a (x—a) (x—a) (x=b) (x-b) (x=b)" x"+px+gq
M,x+N, N M,x+N, N Rx+S, N R x+S§, R x+S,

5 2+... 3 7»+"' 3 3 2+...+ 3
(x"+ px+q) (x"+ px+q) X +rx+s (X" +rx+s) (x™ +rx+s5)"

rae Ai, Bi, Mi, Ni, Ri, Si — HekoTOpbIe MOCTOSTHHBIE BETMYHUHBI.
[Ipy wHTErpUpPOBaHUHM paAlMOHATIBHBIX JpoOei NpPUOEraroT K Pa3IoKEHUIO
HCXOJIHOM Apo0u Ha aneMmeHTapHble. [ Haxoxaenus BenuauH Ai, Bi, Mi, Ni, Ri, Si mpumensitor
TaK Ha3bIBaCMbIi METOJ HeomnpeaeJeHHbIX K03(Q(PUIMEHTOB, CyTh KOTOPOTO COCTOUT B TOM,
YTO ISl TOTO, YTOOBI JIBa MHOTOUIEHA OBUIN TOXJIECTBEHHO PaBHBI, HEOOXOMMO U JOCTATOYHO,
4T00BI OBLITH PaBHBI KOA(M(UIIMEHTHI TPU OJTMHAKOBBIX CTETICHSX X.
[TpuMeHeHre 3TOro MeTo/1a pACCMOTPUM Ha KOHKPETHOM TpUMepe.
IIpumep.
9x> —30x” +28x — 88
J. 5 > dx
(x"—6x+8)(x" +4)
Tk (x*—6x+8) (x> +4)=(x—2)(x—4) (x> +4), T0
9x’ —30x” +28x—-88 4 . B Cx+D
(x=2)(x—4)(x*+4) x-2 x-4 x*+4
[TpuBos Kk 001IEMy 3HAMEHATEIO ¥ IIPUPABHUBAS COOTBETCTBYIONINE YHCITUTEIH,
TOJTyYaeM:
A(x—4) (x> +4)+ B(x —2)(x* +4) + (Cx + D)(x*> —6x+8) =9x” —30x> + 28x —88
(A+B+C)x* +(—44-2B—6C + D)x” +(44A+4B +8C —6D)x+(~164—8B +8D) =

=9x° —30x> +28x —88.

A+B+C=9 C=9-4-B

—44-2B-6C+ D =-30 D=-30+44+2B+54-6A4A—-6B
44+4B+8C—-6D =28 2A+2B+4C-3D =14
—164—-8B+8D =-88 2A+B-D=11

C=9-4-B C=9-4-B
D=24-2A4-4B D=24-2A4A-4B
2A+2B+36-44A-4B—-72+6A4A+12B =14 44+10B =50
2A+B-24+24+4B=11 44+ 5B =35
C=9-4-B C=9-4-B A=5
D=24-24-4B D=24-2A4-4B B=3

44+10B =50 44+10B =50 C=1

50-10B+5B =35 B=3 D=2

Uroro:

J. > dx+.[ 3 dx+'[ x2+2 dx:51n|x—2|+3]n|x—4|+j Zx dx+'[ 22 dx =
x=2 x—4 x°+4 x°+4 x°+4

=5ln|x—2|+3ln|x—4|+%1n(x2 +4)+arctg%+C.

Bonpocut u 3a0auu k cobecedosanuio:
3agava 1. BelunCIUTh MHTETpaJIbI:
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[a=]
:

arcsin x dx,

. ][J +1)e* de.

4. / x* sin z dar. 4 [I_:-" + 2r + 3)cosr dr.
. ‘ -
5. / rlnxdr, 6. }1 —— dz,
sin” x
7. / e** cosx dx. 8. f z* arctg x da.
0. j sinln = de. 10. f.:":f’ dr.

3anaya 2. BeIuuCIUTh HHTETpAJIBL:

dx
. =S—— NMoacTaHoBKa x=z7);

2) -’s'—'j?ﬁi—_—ﬂ
3) 1,=J‘ dx

sinxy 4sin®x —9costx

1
(num:‘ra:-mnxa x = —z-) .

(noacranoBka ctgx = z).

3anayva 3. Pa3noxuth Ha mpocTeiiime Apodu ciaenyrolne paiuoHalbHbIe APOOu:
1 1x—4

) T =%

VEazanue 3HAMEHATENB pPAZNIOKHTE Ha MHORHTENH.

gy 2t 4lx—91 3 % 24— 4lx-20

) (x— 1) {x-} 3) (x—4)" ]I (et 2)(x—3)x—2)"

4 Ged— 95k 426 5 Ix4-40

k=10 (x—2)(x—13)" =19

3028w 28

O GFHETHE—D"
3amaua 4.
Beruucnuts:
de dx de | dx dax
1 _L_“_la- 2) jl‘“_m_ax' 3) L: 7t 4 ja_—l 5) jm-
3agauda 5.
Beruncnuts: ]
— dx . N N S — dr
1 —fjm:'m- 9 h= L=+;+: v 8 b= arrs
dx ] _ dx . _ dx
1) hzjﬂx-p—%' 5) Iy "J‘mfﬁ}%—{m-
3amaya 6.
Beruucnuts:
1} j‘ dx . 2} S dl' "
Baf + Ox F 10' Txt—3x+5 '
dx ; dx .
3) Sg,fs+x+1:z v 9 f 6 L 7x-F 15"
5) j dx
M _lx L7
Bomnpocsr:
1. 3anumute popMyny 3aMEeHBI IEPEMEHHON B HEOTPEAeIEHHOM UHTErpae.
2.  OnummTe METOT MHTETPUPOBAHUS 110 YACTSIM.
3. B kakux ciyyasx 1enecoodpa3sHo IpUMEHITh METO HHTETPUPOBAHUS 110 YACTSIM?
4. Kaxkue npoOu Ha3BIBAIOT MPOCTEHIITUMU?
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Kakas 1po0p Ha3bIBaeTCs pallioOHaIbLHON?

Kakas paunoHanbHas ApoOb Ha3bIBAETCsl IPABUIILHOM?

Kak paznoxuTe npaBUIbHYIO Ipo0b Ha pocTene?

B yeMm cymHocTh MeTOa HeonpeIeeHHbIX KO3 GUIMEHTOB?

N o O

Ilpakmuueckaa paooma 12. Cnocoowvl eéviuucienus onpeoenennozo unmezpana. Popmyna
Hbviomona-Jlenionuya. 3amena nepemennoil 6 onpeoenennom unmezpane. Dopmyna
UHMEeZPUPOBAHUA NO YACHAM 8 ONPEOeIeHHOM UHmezpane.

Ilenv: chopmMupoBaTh YMEHHE BBIYUCIATH OMPEICICHHBIM HHTETPall C MOMOIIBIO (OPMYIIBI
Herotona-JIeitbnuna, nucnonb30BaTh METO/1 3aMEHBI IEPEMEHHON U MHTETPUPOBAHHE IO YACTAM,
MPUMEHSTD MMOJTYYEHHBIC YMEHUS [IPU PEIICHUH MPAKTHUYECKUX 3aa4.

Teopemuueckan uacmep:

O0603HaunM M 1 M HaumeHblIee U HanOoIbIIee 3HaYeHUue (QYHKIUHN Ha oTpe3ke [a, b] .

¥
M

0 a X b X

Pa3zo6bem otpe3ok [a, b] Ha yacTu (He 00sA3aTEILHO OJIMHAKOBBIC) N TOUKAMHU.
Xo< X1 <X2<...<Xn
Torma X1 — Xo = AX1, X2 — X1 = AX2, ... Xn— Xn-1 = AXnp;
Ha xax1om 13 molydyeHHBIX OTPE3KOB HaiiieM HauMeHbIllee U Hanboubliee 3HaUeHne (yHKITHH.
[Xo0, X1] = m1, M1 [X1, X2] = m2, M2; ... [Xn-1, Xn] = Ma, Mp.

CocTtaBuUM CyMMBI:

n
Sn=MAXy + M2AXz + ... +MpAXe = Y m,Ax,
i=1

En = MlAXl + MZAXZ + ...+ MnAXn = ZM[A)C[
i=1

Cymma § Ha3bpIBaeTCsl HM:KHeill MHTerpajibHOil cymMMmoii, a cymma § — BepxHeii
HHTErpajibHOM CYyMMOI.

Tk M<M;, 10 Sh< Sn, a Mb-2a)< Sn< Sn<M(b—a)
BHyTpH Ka)X10r0 0Tpe3Ka BhIOEpeM HEKOTOPYIO TOUKY E.

Xo<er<Xi, X1<eg< Xz, ... ,Xnp1<¢€<Xn

Haiinem 3HaueHuss (yHKIMM B O3THUX TOYKAaX M COCTaBUM BBIPAXKECHHE, KOTOPOE
Ha3bIBACTCS MHTErpalibHOI cymmoii 1iis Gpyrkimu f(X) Ha oTpeske [a, b].
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Sn = f(e))Ax1 + f(e2)Ax2 + ... + fen)Axn = Y f(€,)Ax,
i=1
Torma MoxHO 3anucath: MiAX <f(&)AxXi < MiAx;

CrnenoBaresbHo, Zn:miAx[ < Zn:f(ei)Axl. < Zn:M[Axl.

i=l1 i=1 i=1
S, <S,<8,

['eoMeTpuyYeckn 3TO MpelCTaBIsieTcsl cieayrommM oodpazom: rpaduk ¢yakiun f(X)
OTPaHUYEH CBEPXY ONMCAHHOW JIOMaHOW JIMHUEH, @ CHU3Y — BIIMCAHHOM JIOMaHOM.

O603HauM MaxAXi — HaHOOIBIINI OTPE30K pazOreHus, a MINAX; — HauMeHbIHiA. Eciu
maxAxi— 0, To yucio 0Tpe3KoB pazdueHus otpeska [a, b] crpemurcs kK 6eCKOHEYHOCTH.

Eomn S, =) f(e)Ax, ;1o m > f(g,)Ax, = 5.
i=1 i=1

max Ax; -0

Ecnu npu mro0bix pa3OueHusx orpeska [a, b] takux, uto maxAaxi— 0 u npou3BoIbHOM

n

BBIOOpE TOYEK € MHTErpajbHas cymma S, = Z f(g,)Ax; crpemutcs K mpeneny S, KOTOPBIH
i=1

Ha3bIBACTCS ONpeeICHHBIM nHTerpaioM ot f(X) Ha oTpeske [a, b].

b
O06o3HaueHue : I f(x)dx.

a — HWOKHUI 1ipezien, b — BepxHuil nmpenen, X — nepeMeHHasi MHTerpupoBanus, [a, b] — orpesok
UHTEIPUPOBAHUS.

n b
Eciu nmns dyaxmum  f(X) cymectByer mpenen ligl OZ f(e,)Ax; = I f(x)dx, TO
max Ax; —> pay /

(GyHKIMS Ha3bIBACTCSI MHTErPUPYyeEMoOii Ha oTpe3ke [a, b].
" b

Taxoke BepHBI yTBepKACHUA:  hm Zm,Axl. = j f(x)dx,
max Ax; -0 pany ’

n

fim > MAx, = [ f(x)dx

max Ax;—0 Py

CBolicTBa ONpENEIEHHOT0 HHTErpaia.

1) TAf (x)dx = Ai f(x)dx;
D) [(i0)% fulnde= | fi(onde | £,(ods
3) ]{ f(x)dx=0

4) Ecnu f(X) < o(X) Ha otpeske [a, b] a<b, To I f(x)dx < I@(x)dx
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5) Ecim m 1 M — COOTBETCTBEHHO HaMMEHbIlee M HauOoiblnee 3HaYeHus: QpyHkuu f(X) Ha
orpeske [a, b], To:

m(b—a) < j F(x)dx < M(b-a)

6) Teopema o cpeasem. Eciu dynuxmus f(X) mHempepsiBHa Ha orpeske [a, b], To Ha 3TOM
OTpe3Ke CYIIECTBYET TOYKA € TaKasl, 4TO

[fryax=b-a)f(e)

7) Jliist mpou3BOIbHBIX YKcen @, b, C cripaBeInBO paBEHCTBO:
b c b
[ fGo)de = [ fdx+ [ f(x)dx

PaszymeeTtcs, 3T0 paBEHCTBO BBITIOIHSETCS, €CIIH CYIIECTBYET KaX/IbIi U3 BXOISAIINUX B
HEro UHTETPAJIOB.

®) [ rod = oo

Teopema Herorona-JleriOuuia.

Teopema: (Teopema Hrrotona — JleliOnuna)

Ecnu ¢pynkims F(X) — kakas- 1100 nepBooOpasHas oT HenpepbiBHOU GyHKIHH f(X), TO
b
[ f(x)dx = F(b) - F(a)
9TO BhIpaKE€HHE M3BECTHO MO Ha3BaHueM (hopmyibl HeroToHa — JleiOHuIa.

b
Wuorna npumensitot obo3nauenue F(b) — F(a) = F(X)| .

a

®opmyna Heiorona — JleiibHuna mnpexacraBisgeT coOoi oOmMHA MOIXOA K HaXOXKACHUIO
OIPEIETICHHBIX HHTETPAJIOB.

Yro kacaercs NMPUEMOB BBIYMCIICHUs ONPEAEICHHBIX UHTETPAIOB, TO OHU MPAKTUYECKU
HUYEM HE OTJIMYAIOTCA OT BCEX T€X IMPHUEMOB U METO/OB, KOTOPbIE OBLIM PAaCCMOTPEHBI BBIIIE
IIPU HAXO0XICHUU HEONIPEACIICHHBIX HHTEIPAJIOB.

ToyHO Tak e NPUMEHSIOTCS METObl MOJCTAHOBKU (3aMEHbl IEPEMEHHOH), METOA
UHTETPUPOBAHUS IO YacTsAM, T K€ TpUeMbl HAaXOXICHHUS MEpBOOOPA3HBIX IS
TPUTOHOMETPUYECKUX, HPPALMOHAIBHBIX M TPAaHCLUEHJIEHTHBIX (QyHKIUNA. OCOOEHHOCTHIO
ABJISIETCS.  TOJBKO TO, YTO IPU MPUMEHEHUH OTUX [PHUEMOB HAAO0 pacIpoCTPaHATH
npeoOpa3oBaHWe HE TOJIBKO HA MOABIHTErPAlbHYI0 (YHKIHIO, HO W Ha MPEIebl
UHTETPUPOBaHMs.  3aMeHss  TEepEeMEHHYI0  HMHTerpUpOBaHMs, He 3a0bITh  M3MEHUTh

b
COOTBETCTBEHHO IIpeneibl MHTerpupoBaHus. IlycTe 3amaH uHTErpan I f(x)dx, rone f(x) —
a

HenpepbiBHas (GYHKIMS Ha oTpe3ke [a, b]. BBemem HOBYIO MepeMEHHYIO B COOTBETCTBHH C
dopmyoit X = @(t). Torma eciu

1) o) =a, o(B)=Db

2) o(t) u ¢'(t) HenpepbiBHBI HA oTpe3ke [a, B]

3) f(o(t)) onpenenena Ha oTpeske [a, B], TO
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b B
[ fGodx = [ flo®le'()ar

B p
Torna If [o()]'()dt = Flo®)]| = FloP)]- Fle(e)] = F(b) - F(a)

[Tpumep.
1 x:SiIlt; n/2 T[/2
I\/I—xzdx: '[\/ —sin ¢ costdt = jcos tdt——J‘(1+cos2t)dt—
0 a=0;p=m/2
1 1. S A T
=—|t+—smn?2t =—+-—-sSnuT=—.
202 , 4 4 4

[Ipu 3ameHe mepeMEHHOH B ONpENENeHHOM HHTEerpaje CieAyeT INOMHHUTb O TOM, YTO
BBOJMMAsT QYHKIHS (B PACCMOTPEHHOM TpuMepe 3T0 (QyHKIUs SiN) I0JbKHA OBITh HENpEephIBHA
Ha OTpe3Ke HUHTErpupoBaHus. B mpoTHBHOM ciydae (opMasbHOE NpUMEHEHUE (OpMyIIbl
MPUBOAUT K abCypay.

[Tpumep.

T
ja’x =X | =7,C ,I[perfI CTOPOHBI, €CJIN IPUMCHUTb TPUT'OHOMETPHUICCKYHO ITIOACTAHOBKY,
0

=0

dx S dt
=i f7

2

O ey 3

Y Y
Jar=] o -
0 o sin? x +cos” x

T.e. 1Ba cnoco0a HaXOXKJIEHHUs UHTErpaia JAloT pa3IuyHbIe Pe3yNbTaThl. DTO MPOU3OLLIO U3-3a
TOT0, YTO HE OBLI Y4YTeH TOT (aKT, YTO BBEJEHHAas NepeMeHHas {gX HMMeeT Ha OTpe3Ke
MHTETPUPOBaHUS pa3pbiB (B Touke X = 7/2). [loaTOMy B AaHHOM cilydae Takas IOJCTaHOBKa
HenpuMeHnMa. IIpu 3ameHe mepeMeHHOW B OINPENETICHHOM HHTETpalle CIENAYET BHUMATEIBHO
CJIEIUTH 3@ BHIMOJIHEHUEM NIEPEUNCIIEHHBIX BbIIIE YCIOBHM.

cos” x(1+1g°x) 0

HMHTerprupoBaHue 0o 4acTsM.

Eciu ¢ynkimmm U = ¢o(X) u vV = y(X) HempepblBHBI Ha OTpe3ke [a, D], a Takke
HETIPEPHIBHBI Ha 9TOM OTpe3Ke UX MPOHU3BOAHBIC, TO CIIPaBeINBa (OpMyiTa HHTETPUPOBAHUS 110
YaCTSIM:

b p b
Iudv = uv| —Ivdu.
a a a

Bonpocel u 3a0auu k cobecedosanuio:
3anava 1.BeruncianTh onpeaeneHHbIe HHTETPaIbl.

1 'T (X2 +5X + 6) cos 2xdX. 2. T (x* —4)cos3xdx.
_ -2

3 j).(x2 +AX + 3)cos xdx. a T (x+2)° cos3xdx.
-1 -2
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0

5. I(x2 +7x+12)cos xdx. 6. ]E(ZX +4x + 7)) cos 2xdx.
%y 0

7. ]5(9x2 +9x +11)cos 3xdx. 8.
0

T(sz +16X +17)cos4xdx.

0

9, T(sz +5)cos 2xdx. 10. T(sz —15)cos3xdx.
]

11. 2f((%—?xz)c:os 2xdx. 12. 2f(l—8x2)cos4xdx.

0
0

13, j(xz + 2X +1)sin 3xdx.

-1

H
N

O V| N O e W

(x - 3x)sm 2xdX.

Vi

15, _[(x2 —3X + 2)sin Xdx.

0

=
»

(x —5X+ 6)S|n 3xdx.

(x +17, 5)S|n 2XdX.

H
[o0]
O e N[N

17. 'T(xz +BX+ 9)sin 2xdX.
%3

19, j(l—sz)sin xdXx. (3x X )sm 2xdx.
0

b\&i'—;w

3agaua 2.
BI)ILH/ICJ'II/ITI) onpeneneHHHe I/IHTeraJ'IBI.

) e]jl“m(x_l)dx. Z'Jll (x* +1)dx
cn X1 0(X3—|—3X+1)
tdarctg X — X, = xdx

3_! v 4'£x2+4'
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. T X + COS X

X +2sIn X

T

Y2o.
, I8x arctg 2x

dx.
1+ 4x°

0

J8
Xx=1/x
11. j—l/dx.
BVXE+1
B3

13, j >
y 1+X

15. j
0

17. :/[—2

19. j L

Bomnpocsr:

Teopema o cpenHEM.

NoU A wWN R

rctg X + X
[ ACOX X

"4 2c0s X +3sin X
6. I dx

) (23inx—3cosx)3
8. }#(Zﬁ)ildx.
1 (\/;+X)

B

10. j X+—1/de.

BVXE+1

N

dx.

2
5 1+X

14.

16. | ————dx.

PackpoiiTe CMBICII TIOHATHS ONIPEACIIEHHOIO HHTErpaa.
I'eoMeTpuyeCKnA CMBICI ONPEAECICHHOIO HHTETpaIa.
IlepeunciiiTe OCHOBHBIE CBOMCTBA OIPEIECICHHOIO UHTETpaa.

IIpou3BoHast ONPEEICHHOTO HHTErpalia o BepXHEMY Mpe/ey.
®dopmyna Hetotona — JleOHUIIA.

3amMmeHa HCpCMCHHOfI N UHTCTPHUPOBAHUC 110 HaCTAM B OIIPCACIICHHOM MHTCTpAJIC.

Ilpakmuueckas paboma 13. I'eomempuueckue npunosicenus onpeoenennozo unmezpana.
ITnowaow nnockoii guzypel. Qovem mena. /[nuna oyzu kpueoi. Ilnowads nosepxnocmu

epauienun.

IJens: chopmupoBaTh yMEHHE BBIYMCIATH IUIOLIANM IJIOCKUX (UTYp, NIUHY IYrd KPHUBOM,
o0beM Tena, 00beM Tena BpallEHHUs, IUIOMIAJb MOBEPXHOCTU Tejla BpallleHHs IMpH MOMOIIU
OINPEACIEHHOI0 MHTETpajla U MPUMEHATH IOJYYEHHbIE YMEHMS IPHU PEUICHHHM IPAKTHUYECKHUX

3a1ad.
Teopemuueckan uacmep:

Brruncienue mwiomaaen miockux GUryp.




0 la - b ot

W3BecTHO, 4TO ONpeAeNeHHBIH WHTErpal Ha OTpPe3Ke MpelCTaBisieT coOOW IJIOadb
KPHUBOJIMHEWHOM Tparneiuu, orpaHndeHHor rpagukom Gyukimu f(X). Ecmu rpaduk pacnonoxen
Hiwke ocu Ox, T.e. f(X) < 0, TO mioImaaP UMeeT 3HaK “-*, ecau rpaduK PaCIONIOKEH BBIIIE OCH
Ox, 1.e. f(X) > 0, To momaas UMeeT 3HaK “+.

b
Jis HaXOKACHUST CYMMAapHOM TUIOIIAAN UCTIONb3yeTcst hopmyna S = I f(x)dx|.
a
[Tnomanp Qurypsl, OrpaHMYEHHON HEKOTOPHIMH JIMHUSMU MOXET OBITh HalJeHa ¢
MTOMOUIBIO ONPEICIICHHBIX HHTETPAJIOB, €CJIM U3BECTHBI YPABHEHUS STUX JIMHUM.
[Tpumep. Haiitu miomans GUrypsl, OrpaHUYeHHON JTMHUAMHU Y = X, Y = X2, X=2.

N

Hckomas miiomass (3alTpuXoBaHa Ha PUCYHKE) MOXKET ObITh HalifieHa 1o ¢popMmyIe:

2 3 2 12

dex: r X | _8_4 1.1 :é(eHZ)

1 3 2, 3 2 3 2 6
HaxoxieHue miioniain KpHBOJIMHEWHOTO CEKTOPA.

Jns HaxXOXKIEHWS IUIOMAAM KPUBOJMHEMHOTO CEKTOpa BBEAEM IMOJSAPHYIO CHCTEMY
KOOpJMHAT. YpaBHEHUE KPUBOW, OTPAHUYMBAIOIICH CEKTOP B ATOH CHCTEME KOOpAWHAT, HMEET
Bua p = f(p), re p - AnuHA pagryc — BEKTOPA, COSAUHSIONIETO TMOJIFOC C TIPOU3BOJILHON TOUKOM
KPHBOH, a ( - YTOJI HAKJIOHA ATOTO PaINyC — BEKTOpa K MOJISIPHON OCH.

[Tomaap KPUBOJIMHEHHOTO CEKTOpA MOKET OBITh HaiiJieHa 1o Gopmyoe:

1%,
S=5£f ()dep

S = j.xzdx—
1
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BrruncineHue JUIMHBL IYTH KPUBOM.

7 1 7=t

A5 Ty
A L

a b i

S :j,/1+(f'(x))2dx

Ecnu ypaBHeHME KpUBOHM 3aJaHO MapaMEeTPUYECKH, TO C yYETOM IMPAaBUJ BBIUUCICHUS
IPOM3BOIHON NapaMeTPUUECKH 33/1aHHON (DYHKIIUHU TOTydaeM:

¢ 2 2
s =[O +lv'®] d,

rae x = @(t) my = y(t).
Ecnu 3anana npocrpancrBeHHasi KpuBasi, u X = ¢(t), y = y(t) u z = Z(t), To

B
§ = [VloOF +lv'®F +[z' )] ar
ECJ'II/I KpI/IBaﬂ 3a1aHa B HOJ]ﬂprlX KOOpI[I/IHaTaX, TO

B
S=[p"” +p*de, p=Te)
. 2

Hpumep: HaiiTi nHY OKpYKHOCTH, 3aJaHHOM ypaBHEHHEM X° + Y2 = I,

1 cmoco6. BrIpa3suM U3 ypaBHEHHS HepeMeHHyIo y. y =+/7" —x’ . HaiineM npous3BoaHyio

, X

Yy =
/rz_xz
1 . x? , r x, T

Torma —S=|,/1+——dx=|——dx=r-arcsin —| =r—. Torma S = 2nr. [Toayunnn
4 '([ l”z—xz '([1[r2_x2 l"o 2 yq

001en3BecTHYIO (HOPMYITY ITTUHBI OKPYKHOCTH.
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2 cmoco06. Eciu mpenctaBuTh 3aJaHHOE ypaBHEHUE B IOJSPHONW CUCTEME KOOpPAMHAT, TO

df (9)
de

2

nonyynMm: r2cos’e + r’sine = r’, te. ¢ynxmua p = flp) = r, p'= =0 Torma

2n 2n
S = I\/O+r2d(p:rjd(p:2nr.
0 0

BrlunciaeHne 00bEMOB TEJI.

Brluncienue o0beMa Tejia 10 M3BECTHELIM IUIOIIA M €0 HapaJIEIbLHBIX CCUCHHUA.

o e O

[Tycte mmeercs teno obobema V. Ilmomans r000ro momepeyHoro cedeHus tema Q,
u3BeCTHA Kak HempepbiBHas ¢QyHKIms Q = Q(X). Pa3oObem Temo Ha “ciiou” MOMEPEYHBIMH
CCUCHUSMH, MPOXOIAIIMMH Yepe3 TOYKH Xi pazoueHus orpeska [a, b]. T.x. Ha kakom- nm60
POMEKYTOUYHOM OTpe3ke pasouenus [Xi1, Xi] dyHkuus Q(X) HempephiBHA, TO MPUHUMAET Ha
HeM HanOoJIblllee U HanMeHblIee 3HaueHusa. O003HaYnuM UX cOOTBETCTBEHHO Mi 1 mi.

Ecniu nHa »Tux HamOoiblleM M HAMMEHbBIIEM CEYEHHSIX IOCTPOUTh UUIHHIPHL C
00pa3yroIUMH, MapaUICTFHBIMA OCH X, TO 00BEMBI 3THUX IWJIHHJIPOB OyIyT COOTBETCTBEHHO
paBHBl MiAXi 1 MiAXj 31ech AXj = Xi - Xi-1.

[TpousBens Takue MOCTPOCHHS IJIsl BCEX OTPE3KOB pa3OWeHus, MOTYyYUM IHIUHIPHI,

n n
00BEMBI KOTOPBIX PaBHBI COOTBETCTBEHHO ZM Ax, m Z m,Ax; .
i=1 i=1

[Ipu cTpemiiennu K HyJtO 11ara pa3oueHus A, ’TH CyMMbl UMEIOT OOIIMI Mpenen:

A0

n n b
lim > M,Ax, = lim > m,Ax, = [ox)dx.
i=1 ] g

TakuMm oOpa3om, 00beM Tenla MOXKET ObITh HalIeH 1o hopMyIie:
b
V= [0(x)dx.

Henocratkom 3toii hopMyIbl SIBISETCS TO, YTO Ul HAXOXKACHHS 00beMa HEOOXOIMMO
3HaTh (QyHKIMIO Q(X), 4TO BechbMa MPOOIEMATHYHO JIJISl CIIOKHBIX TEll.
[pumep: Haiitn 006bem mapa paanyca R.
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B nomnepeuHbIX cedeHHAX MIapa MOJYyYaloTCs OKPY)KHOCTH IEPEMEHHOro paauyca y. B

3aBUCUMOCTH OT TEKYIIEH KOOPIWHATHI X 3TOT PaJUyC BBIpaKaeTcs 1Mo ¢Gopmyiie VR —x*.
Torna ¢pyHkuus miomaaei ceyenuii umeet Bua: Q(X) = n(R2 —x? )
[Toryuaem o0beM miapa:
R 3 R 3 3 3
R R 47R
V:In(Rz—xz)dx:n(sz—x—)| —m R -1 | - R+ = T
R 37 3 3 3

OO0neMm Ten BpaleHusl.
PaccmotpuMm kpuBYyro, 3amannyo ypaBHeHueM Y = f(X). Ilpeamonoxum, 4to GyHKIUS
f(x) menpepbiBHa Ha otpe3ke [a, b]. Ecmu cooTBeTCTBYIOMIYIO €if KPUBOJIMHEWHYIO TPAICIHIO C
OCHOBaHMsIMU a U b Bpamars Bokpyr ocu OX, TO OJIY4UM TaK Ha3bIBAEMOE TeJI0 BpPaLleHHs .

y =f(x)

T.k. KaxI0€e cedeHue Tena TUIOCKOCThI0 X = CONSt mpejcTaBiseT co0oi Kpyr paguyca
R:| f(x)|, To oObeM Tena BpalleHHUs MOXXET OBITh JIETKO HalieH MO MOJY4YEHHOH BBIIIE

dbopmyre:

V= nj £2(x)dx .

ILnom1aap MOBEPXHOCTH TeJla BPAIICHMS.
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IInomanb0 MoBepxHOCTH BpamleHMs KpuBold AB BOKpYr IJaHHOH OCH Ha3bIBarOT
npezaell, K KOTOpoOMy CTPEeMATCs IUIOLAAM IOBEPXHOCTEH BpALICHUs JIOMAaHbIX, BIIMCAHHBIX B
KpHUBYIO0 AB, pH cTpeMJIeHUHN K HYIIO HAaUOOJIBIINX U3 JAJIUH 3BEHbEB ITUX JIOMAHbBIX.

[Inomane MOBEpXHOCTH, ONIMCAHHOW JIOMaHOW paBHA!

n
2
Po=m) (f(x )+ fOONI+ £ (A, .
i=1
9Ta CyMMa HC ABJISICTCA HHTerpaﬂbHOﬁ, HO MOXKHO IIOKa3aTb, 4YTO

Pl m(FO)+ fEINIH @A, = T 727 ()14 77 (A,

max Ax; —

b
Torma P = 2nJ~ FOON1+ £ (x)dx - hopMyna BEIYMCIIEHHS MIOMIAAH TIOBEPXHOCTH

a
TeJla BpallleHMs.
Bonpocel u 3a0auu k cobecedosanuio:
3anava 1. Beruucnute miomanu o0iaacteld, OrpaHUYEHHBIX IpapuKaMu 3aJaHHbIX (PYHKIINN:

1. y =32 - x?, y = —4x.

2. y = 3/, y =3/, r=4.

3. x=>5—1y° r = —4y.

4. y=+e* -1, y=0, z = Ind.

5. y = sinx, Yy = cos T, =0 (x>0).

6. y =, y=1/x, z = 16.
[l r=27-4%, = Gy.
8. y = sin T, Y = CO8T, =0 (z<0).
9, y=+0—z% 4=, =0 x*=23/2

0. yw=2/x, y = He', y=2, y=05

3agayva 2. BeIUMCIUTE JUIMHBI IYT 3aJJaHHBIX KPUBBIX.
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l. y=Inz, ‘JV'"'_ cr< Ex'fﬁ.

2, y=Incosz, 0<zr<n/6.

3. y=¢", Inv3 <z <Inva

4. y=Insinz, rfd<z<nfl
5 y=2T, 1/3<x<1/8.

6. y= chz, 0<e<1.

7. y=x/2, 0<x<l.

8 y=1-Inr, V3 < T <8

9 y=1- cheg, 0<z<J

10. y = +/'1 — 22 + arcsin r, 0<xr<1/2

3anava 3. BIYMCIUTE JUIMHBI YT 33JJaHHBIX KPUBbIX.

\ r=1t—s=sint, 0<t< 9
¥y=1-cost,
r= 2cost,
92 . <t<m/3
2 { ¥y = 2sinf, 0<t<=/3
3 T = cos® t, 0<t<x
' y = sin’ ¢, -
= 2cost — cos 24, i e
l. { y = 2sint — sin 24, 0=<tx2x
— il
5 { .r—zft.w:-f. n<t<l,
¥ = sint,

3a11aqa 4 Brrauciautb 06”I)GMBI TCJI, OTPaHUYCHHBIX 3aJaHHBIMU ITOBEPXHOCTSAMMU.
1. z=4a? 4 9y?, z =6.

2. z=9x%+4y°, 2 =6.
3. z =2z + 8y°, z=4.
2 22
4 $2+%+I—1 z=0, =z2z=2
2 2
5. T—6+y2+%:1 z=0, =z2=3
z2
6. ?+y2 322=1 z=10 z=1
y?
7. x2+§—232:1, z=0, z=1

3amavya 5. BeruncnuTh 00beMBI Tell, 0Opa3OBaHHBIX BpaimleHHeM BOKpyr ocu OX olOmacred,
OTpaHWYEHHBIX TpaduKaMu 3aTaHHBIX (YHKIIAN.
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1. y=-2*4+1, y=0. 2. y=sin(rz/2), y=r=.

3 y=rz, ¥ = /L. 4. y=zrx°, y=72z

S COSs T, L] sin r, £ i |_|::| ~=r=mw 1).
6. y=sin’r, =10, r=x/2 ([(0=<z<x/2).
T. y=t y=1 a |
= y In ., 1} i 1 i

2
9 y . o 1 d 1

L
10. y = cos® r, y=10 (=w/2<x<m/f2)
Bomnpocsr.

1. 3anummure u3BecTHBIE BaM (OPMYJIbI BBIYUCICHUS TUIOMAAEH TNIOCKUX QUTYp.

2. Kak Bpraucsercs mionaapb IIockon GUrypsl Ipy IOMOIIU ONPEeIEHHOTO HHTErpaa?

3. Uro Takoe KpUBOJIMHEHHAs Tpaneuus?

4. Kak BbIYHMCIUTH IUIOIIAb KPUBOJMHEHHON Tpanenuu, OrpaHu4eHHOIN CBEpXY KPUBOIA,
3aJJaHHOW ITapaMeTpUYECKH?

5. Uro Takoe KpUBOJIMHENHBIN cekTop? Kak BBIUMCIUTD IJI01Ia/1b KPUBOIMHEHHOTO
cekTopa?

6. Kak BBIUMCINTG AIMHY TyT'H KPUBOM?

7. Kak BbIUMCINUTE 00BEM TeJa MPH [TOMOILHU OIPEIeIEHHOI0 UHTerpaa’?

8. Kak HaiiTi momniaas moBEpXHOCTH BpaIEeHHs?

9. Kakue ¢pusndeckue (MEXaHUYECKHE) MPUIIOKEHUS OIPEICIEHHOI0 MHTErpajia Bbl
3HaeTe?

Ilpakmuueckaa paooma 14. Yacmusie npou3zeoonvie nepeo2o nopaoka. Yacmmuwvie
npou3eoonvie evicuiux nopaoxkoe. Ilonnwviii ougpepenyuan @yukyuu. /Jughpgpepenyuannve
svicuiux nopaokos. /lugpgpepenyuposanue cnoxcnvix u HeagHwvIX GyHKYuil.
Ilenw: chopMupoBaTh yMEHHUE BBIYUCIATH YaCTHBIE MPOM3BOAHBIE U nuddepeHman GyHKIuu
HECKOJIBKUX IePEeMECHHBIX M TMPUMEHSATH TOJyYCHHBIC YMEHHS MPH PEIICHUU TPAKTHUSCKUX
3a/ad.
Teopemuueckan wacmp:

[Tycte B HekoTOpo# obOmactu 3amaHa GyHkiwms Z = f(X, y). Bo3smeM mpou3BosibHYIO
Touky M(X, y) 1 3aaaumM npupaiieHre Ax k nepeMeHHoit x. Torna Beimuunna Axz = f( X + AX, Y)
—f(X, y) Ha3bIBaeTCS YACTHBIM NMpHUpanieHneM (PYHKIHH MO X.

MoHO 3anucarb

Az _ fr+Axy) - f(x,)
Ax Ax '

. Az . .
Torma hm Axx Ha3bIBACTCS YACTHOI mpou3BoaHoi Qpynkunu Z = f(X, y) no x.
Ax—0

O0o3HaueHue:

[/ A 75 ) N
ax’ Zx’ ax > f‘c(x’y)'

AHaJIOTHYHO OTIPEENseTCs YaCTHAs MPOU3BOIHASI PYHKITUH T10 Y.

0z _ i S,y +A) - f(x,) .
ay Ay—0 Ay
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0z
T'eoMeTpUYECKHM CMBICJIOM YaCTHOM MPOM3BOAHON (IOMYCTHM 8_) SIBJISIETCS] TAHTEHC
X

yrjla HakjIoHa KacarelbHOH, mpoBeneHHOW B Touke No(Xo, Yo, Zo) K CEUYEHHIO MOBEPXHOCTH

TUIOCKOCTBIO Y = Yo.
AP PEPeHLUPOEAHIE KOAMIO UL

1. Benn £ f(x, y), x:x(r), )f'=}’(f),~ro

C R

z Bext Gy di
2.ECJIHZZf(x= }’)s sz(f S) y=y(£ S)TO

dz_of ds & dy

z  droxt Gy dt

E_Fx oy

Moaubim nuddepenuuanom dyukuun z = f(X, y) HaspiBaeTcs rnaBHas JHMHEHHAs
OTHOCHUTENIbHO AX U Ay npupaiieHust QyHKIuu Az B Touke (X, y):

dz = f(x, y)dx + f(x, y)dy .

I[J'ISI (I)YHKI_[I/II/I IIPOU3BOJIBHOT'O YHClIa IICPEMCHHBIX |

df (x,,2,...,t) = @dx +@dy +...+ gdt .
Ox oy ot

[Tpumep. Haiitu nonusiii quddepenunan GyHkuuu u = x” N

1%} 1%} 1%}
du = —udx+—udy+—udz
ox oy 0z
8_1/! :yZnyzz—]; a_u
ox oy
du = yzzxyzz_ldx + 2xyzzyz]n xdy + yzxyzz In xdz
YacTHbIe NPOU3BOAHBIE BHICIIUX MOPSIKOB:

L 202 a1+,
s ()
F 2w ()

N AR

JuddepeHunanbl BLICIIUX NOPAAKOB:

:xyzzlnx-2yz; a—uzxyzzln)nyz;
oz
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axz ayz
anr=y et L grger oo™
ﬁ Maxkaym_k E » kl(m—k)',

& ]
roe CEe a"jx + 5 dy . ooeparep HQPepeHIHP CBAHHA

Bonpocul u 3a0auu k cobecedosanuio:

3agaua 1.

HaiiTu yacTHBIC TPOU3BOIHBIC O BTOPOTO MOPSAKA BKIOYUTEIHHO 3aIaHHBIX () YHKITU:
1. z=¢"", 2. z==zln(z/y).
3. z = sin(xy). 4. z = €e"cosy.
5. z2=x2 +y2 6. z=In(z®+1y).

7. z=+/2zy + y>. 8.

9. z=wxcosy+ysinz. 10.

o

= In /xy.
=(1+z)2(1+y)"

(]

3amaua 2.

Haiitu npousBoaubie hyHkuuu z=2(U,V):

2l u ,:';, u=u(z,y) uv=ov(zvy).
)

1. z=u’+v% u=z+y, v=z—y.

2. z=In(u?+v?), u=azy v=zx/y.

3. =z u", = sinr, U= CO8 .

i. = u= + 24, i - .J,I“. U = g*V

5. z=arctg{u/v), u = Isiny, U= [ Cos Y.

. z=Inlu f"!:l. u=x'+y, U=y,

7. z=u"+ 0% w=Inyz*+y* v=arctg(y/z).

B. == ,/uv, u=In(z? +¢*), v=ay*

9. z=e" u=Inr, v = Iny.

10, = In(u/v), 7 gin (z/y), i "u"'.:'r.":.'”-
3agaua 3.
Haiitu npon3Boanbie QyHKIIHA, 3aJaHHBIX HESIBHO:

1. v = =¥, 2. y=14+yp".

3 y=x+Iny. 4 s+y=e"7Y,

5. rfe®™ — et =0, . r—y+arctgy=10.

7. ysinr — cos(x —y) = . 8. sin(ry) —e™ —ry=10

9, 14+ ry—In(e* 4+ e *) =0, 10.2* - 2zy+9* 4+ 2+ y-—2=0.

Bomnpocstr:

1.laiiTe onpeneneHrne 4acTHOTO NpupaieHus: GyHKIUH 110 HE3aBUCUMON MTEPEMEHHOM.

2.Yro Takoe MojHoe npupalieHne GyHKIuu?

3.Uro Takoe uyacTHas TNPOU3BOAHAs (PYHKUMM HECKOJIbKMX TmepeMeHHbIX? Kak
0003HauaeTcs 4acTHasi IPOU3BOIHAA?

4.IlosicCHUTE TEOMETPUYECKHUI CMBICI YaCTHOM MTPOU3BOIHOM.
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5.Yto Takoe nuddepernunan GyHKIMHU HECKOIBKUX MEPEMEHHBIX ?

6.Yto Takoe muHeapu3anus QyHKIun?

7 IlosiauTe npaBuia qudGepeHIIMPOBaHNS CIIOKHBIX U HESIBHBIX () YHKITHIA.

8. Kak HailTu yacTHbIE TPOU3BOAHBIE BTOPOTO, TPETHETO,..., N-T0 TOpsiaAKa?

9. anumute Gopmyny s BEIMUCICHHS U depeHIraia BToporo nopsaka Gy
JIBYX NI€PEMEHHBIX.

Ilpakmuueckaa paooma 15. Kacamenvnaa u nopmanv k nosepxnocmu. Ilpouzeoonas no
nanpagnenuio. I padouenm. Ixcmpemym ynkyuu Heckorvkux nepemennvix. Hauobonvuee u
HaumeHbuiee 3HaUeHus YyHKyuu. Ycinoenulii Ikcmpemym.

Ilenw: chopMupoBaTh yMEHUE HAXOAWTH MPOU3BOIHYIO MO HAMPABICHUIO U TPATUCHT (YHKIIHH,
yYpaBHEHHUS KacaTeIbHOW W HOPMaIM K IOBEPXHOCTH, HCCIENOBATh (PYHKIIHIO HECKOJIBKHX
MEPEMEHHBIX U IPUMEHATD MMOJTYyYEHHBIE YMEHHUSI PU PEIICHUH MPAKTUYECKUX 3a/1a4.
Teopemuueckan uacmep:

FACATENEHAA IINQEKOCTE

[Tyctb N u No — Touku mannoit moepxHocTu. IIpoBegem mpsmyio NNo. ITmockocts,
KOTOpast MpoXoIuT 4epe3 Touky No, Ha3bIBaeTCs KacaTeJbHOH MJIOCKOCTHIO K TTOBEPXHOCTH,
ecnu yroi mexnay cekymeid NNo u 3Tol MIoCKOCThIO CTpEMUTCS K HYIIO, KOTJla CTPEMHUTCS K
Hymo paccrosiuue NNo.

Hopmaabio x noBepxHocTH B Touke No Ha3bIBaeTcs mpsiMasi, IpOXOAsiias Yepe3 TOUKY
No neprneHuKyaspHO KacaTelbHON INIOCKOCTH K 3TOM MOBEPXHOCTH.

B kaxoif — 1160 TouKe MOBEPXHOCTh UMEET, TMOO TOJIBKO OJIHY KacaTelbHYI0 TIOCKOCTD,
1100 HEe UMEET €€ BOBCE.

Eciu moBepxHocTh 3amaHa ypaBHenuem 2z = f(x, y), rme f(x, y) — dynkuus,
nuddepenippyemas B Touke Mo(Xo, yo), KacarenbHas IIockocTh B Touke No(Xo,Yo,(Xo0,Y0))
CYIIIECTBYET U UMEET YpaBHEHHE:

z—= f(x0,0) = fx,(xo’yo)(x_xo)+f}f(x09y0)(y_y0) .
YpaBHeHrE HOPMAJIA K TOBEPXHOCTH B ATOM TOYKE:

X=X _ Y=Yy _Z7%
S (xe¥0) fy’(x()’y(]) -1

I'eoMeTpHYeCKHM CMBICJIOM TIOJHOTO JuddepeHnrana QyHKIUN IBYX MEPEMEHHBIX
f(X, y) B Touke (Xo, yo) SIBISICTCS MpHUpAIICHHE AaNIUIUKaThl (KOOPIUHATHI Z) KacaTelbHON
TUTOCKOCTH K TMIOBEPXHOCTH TIPH MEPEX0/Ie OT TOUYKH (X0, Yo) K ToUKe (Xo+AX, yot+Ay). Kaxk
BUJIHO, TEOMETPUYECKUN CMBICT MOJHOTO auddepeHnnana (yHKIUH JBYX MEPEMEHHBIX
SIBJISIETCSI TIPOCTPAHCTBEHHBIM aHAJIOTOM I€OMETPHUYECKOro cmbicia auddepennmana GyHKIuN
OJHOI MEPEMEHHOM.

[pumep. Haiiti ypaBHEHUS KacaTeIbHOM INIOCKOCTH M HOPMAJIU K IIOBEPXHOCTH

z=x"=2xy+y> —x+2y
B Touke M(1, 1, 1).
oz oz
—=2x-2y-1;, —=-2x+4+2y+2
ox oy
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oz
ox|,,

VYpaBHeHUE KacaTeIbHOU IJIOCKOCTH:
z—1l=—(x-1)+2(y—1); x—-2y+z=0;

VYpaBHEHHE HOpMAJIH:

x-1_y-1_ z-1

-1 2 -1
I'paaueHT QYHKIUH BEIYUCISCTCS IO (GOpMyIie:
N
grad = —1+— T
&

Hpumep. Haiitu rpaaueHT QpyHKIHH
u=xz" — arctg (y + z

B Touke M (2,1,1).

1. Haxogum gacTHbIe Mpou3Bo AuLIe dbyukmmn u = 2 — arctg (y + 2):
af 92 af 1 df 1
or Ty 1+ (y+2)? 0z 1+(y+2)%

2. Brrumcisem 9acTHEIE NPOU3BOARLIE byHKIMM u = x° —arctg (y+ 2

B Touke M(2,1,1):

f1(2,1,1) = —=

5

[0 B
.

[22,1,1) =4, [1(2,1,1) = -

¥ 2
3. Buramcasem rpagueHT QYHKUAR U r® — arctg (y + z) B Touke

M(2,1,1):

o =
——

{fi(2,1,1), f1(2,1,1), f1(2,1,1)} {1. —1 -

J
1
== {"]. ;}
(2,1,1) 9

HpOI/I?oBO)IHaﬂ MO0 HANMMPABJICHUIO, OIIPEACTIAEMOMY BEKTOPOM:
[=cosa-i+sina-;

grad j|
(2,1,1)

OTeet. grad f

Q| =

OMpECACIIACTCA KaK:

o fsmc:r ?=gmdf-f.

cosa+ -
&l

Ecmu ans dyskmmm z = f(x, Y), OIpeneNeHHOW B HEKOTOpOW 00JacTh, B HEKOTOPOM
OKpecTHOCTH TOYKH Mo(X0, Yo) BEPHO HEPABEHCTBO

S (x5 20) > f(x,p),
TO TOYKa Mo Ha3bIBa€TCs TOYKOM MaKCMMYyMa.
Ecmu mns yskumm z = f(X, y), onpeneneHHONW B HEKOTOPOM 00JIacTH, B HEKOTOPOW
OKPECTHOCTH TOUYKH Mo(Xo, Yo) BEpHO HEPABEHCTBO

S(x0,0) < f(x, ),

TO TOYKa Mo Ha3bIBaeTCs TOYKOM MHHHUMYMaA.

Teopema. (Heo0xoauMmble yCJI0BHS IKCTPEMYMA).

Ecmu gynkius f(X,y) B Touke (Xo, yo) UIMEET SKCTPEMyM, TO B 3TOM Touke OO 00e ee
YAaCTHBIE MPOM3BOJIHBIE MEPBOrO MOPSIKA PaBHBI HYIIO f)(X,,¥,) =0, f/(xy,y,)=0, 1ubo

XOTs ObI O/IHA U3 HUX HE CYIIECTBYET.
OTy TOUKY (X0, yo) OyzieM Ha3bIBaTh KPUTHYECKOIl TOUKOM.
Teopema. (JlocTaTo4HbIe YCI0BHS IKCTPEMYMA).
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[TycTh B OKpECTHOCTH KPUTUYECKON TOUKH (X0, Yo) pyHKIHA (X, Y) MMeeT HerpephIBHbIC

YacTHBIC TIPOU3BOJIHBIC JI0 BTOPOTO MOPSIKA BKIFOUUTENILHO. PacCMOTpUM BhIpaKeHHUE:
D(x.y) = £ @y) [y = [l n]

1) Ecmu D(Xo, Yo) > 0, T0o B TOukKe (X0, Yo) pynkums f(X, y) uMeer skcTpemymM, eciiu
S (x0,0) <0 - Makcumym, ecid £, (x,,,) > 0 - MUHUMYM.

2) Ecmu D(Xo, Yo) <0, T0 B TOUKE (X0, Yo) hyHKIHs f(X, Y) HE MMeeT sKcTpeMyMa.

B cnydae, ecnu D = (0, BBIBOJI 0 HAJIMYUU SKCTPEMYyMa C/I€NIaTh HEIb3s.

Yca0BHBIH IKCTPEMYM HAaXOJUTCS, KOT/Ia IEPEMEHHBIC X U Y, BXOSIIUE B PYHKIUIO U
= f( X, Y), He SBIAIOTCS HE3aBUCHMBIMH, T.€. CYIIECTBYET HEKOTOPOE COOTHOIIeHHE P(X,y)=0,
KOTOPOE Ha3bIBACTCS YPABHEHHEM CBSI3H.

Torna u3 nmepeMeHHBIX X U Y TOJIBKO OfHA OyJIeT He3aBHCUMOM, T.K. Apyrasi MOXET OBITh
BBIpa)KEHA Yepe3 Hee U3 YPAaBHEHHS CBS3H.

Torpa u = f(X, y(x)).

du _of o &y
dx Ox Oydx
B Toukax skcTpemyma:

du _ o  ddy_

1)
dx Ox Oydx
Kpowme Toro:
Ox Oy dx

YMHOXHUM PaBEHCTBO (2) Ha YHUCIIO A M CIIOKHUM C paBeHCTBOM (1).

g+gd_y +7\’ a_(p_i_a_(pﬂ =0
ox Oy dx ox Oy dx

(g+ka—(pj+ g%a_(p @=0
ox ox oy oy ) dx

J71s1 BBIMOJTHEHUS 3TOTO YCIOBUA BO BCEX TOUKaX HalJeM HEONpeeeHHbII
KO3 PuIMEeHT A Tak, YTOOBI BHINOJIHSIACH CUCTEMA TPEX YPABHEHHIA:

g+ka—q):0
ox ox
@Ma—q’:o
oy oy
o(x,y) =0

[MonyueHHass cucTeMa YpaBHEHHU SBISETCS HEOOXOIMMBIMH YCIOBHSMH YCIOBHOTO
skcTpeMyMa. OJHAaKO 3TO YCIOBHE HE SBIISETCS JOCTATOYHBIM. [109TOMY TpU HaXOXICHUH
KPUTHUYECKHX TOUCK TPEOYeTCs X JIOMOTHUTEILHOE UCCIICIOBAHUE HA SKCTPEMYM.

Beipaxenue U = f(X, y) + Ao(X, Y) Ha3biBaeTcs pynkuueii Jlarpanaxka.

[Mpumep. Haiiti sxctpemym dyukuuu f(X, y) = Xy, eciniu ypaBHEHHE CBSI3H:

2Xx+3y—-5=0
u=xy+Ar2x+3y-95)

8—u=y+27u; 6—u:x+37u;

ox oy
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x+31=0
2x+3y-5=0
:_i; x:é, yzéa
12 4 6

Takum oOpa3om, GyHKIUS UMEET IKCTPEMYM B TOUKE (Z,gj

Hcnonw3oBanue ¢yHkuuu Jlarpamka sl HaXOXKJIEHUS TOUEK JKCTpeMyMma (PYHKIIMH
Ha3bIBACTCS TAKXKE METOI0M MHOKUTe el Jlarpan:ka.

Bonpocul u 3a0auu k cobecedosanuio:
3anmauva 1.
Haiitn ypaBHeHus KacaTeJIbHON IIJIOCKOCTH U HOPMAJIM K TIOBEPXHOCTH B 33JJaHHOM TOUKe M.

1. z=z?+y% M(1,-2,5).

3_.2 "')'2 il
2, + 2 =0, M(4,3.4).
16 9 8 (4,3,4)

3. z=sinzcosy, M (r/4,7/4,1/2).

4. z=e v, M(1,m 1/e).

=ytgx, M(w/4,1,1).

= arctg (z/y), M (1,1,7/4).
2(y+2)(z —ay) =8, M(2,1,3).
2%/z L ovlz =8 M(2,2,1).

2yt +22-16=0, M(2,2,2V2).
10. 2% + 9% — 22 = -1, M(2,2,3).

3agaua 2.
Haiitu rpaauenTt GyHKIIUM B TOUKE.
1. u=2a+In(2*+y?), M(2,1,1).

2. u=ax?y—Jry+22, M(1,5-2).

3. u=sin(z +2y) +2/xyz, M(xn/2,37/2,3).
4. u=2a%+y? +22, M(1,1,0).
uw=zy+v9-22, M(1,1,0).

6. u=1In(3—a?) +ay®z, M(1,3,2).

7. u=2azy’z—In(z2-1), M(1,1,2).
8
9

on
I8 ] t2

e e -~ o

(%]

o

u=In(z? +y%), M(1,-1,2).
Cu=gxy—x/z, M(-4,3,-1).
10. u = In(z + /22 +9y2), M(1,-3,4).

3amaua 3.
Haiitu npon3Boanyto ¢yHKIMHU U B TOUKE A IO HaIllpaBJICHUIO K TOUke B.
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1. u=2x+1In(z? +3?), A(2,1,1), B(0,2,0).

2. u=aly—/ry+ 22, A(1,5,-2), B(1,7,-4).

3. u = sin(z + 2y) + 2,/ZVZ, 4(%3;3) 3(2—4.3’7‘”‘—3.3).
4. u=z*+/y? + 22, A(1,1,0), B(1,2,-1).

5. u= /Ty +V9- 22 A(1,1,0), B(3,3,-1).

6. u=In(3 — )+ 2y, A(1,3,2), B(0,5,0).

7. u=zx%22 —In(z - 1), A(1,1,2), B(6,-5,2v/5 + 2).
8. u=In(z*+9°), A(1,-1,2), B(2,-2.3).

9. u=In(z+ /22 +32), A(1,-3,4), B(-1,-4,5).

10 u = zy — £, A(-4,3,-1), B(1,4,-2).

3anada 4 Haiitn AKCTpeMyM (YHKIUH:

1. 2z = 2% —zy + ¢°. 2.2 =2 - xy — 9>

3. z=a - 2xy + 2y2 +2z. 4.z=2*+y* —a* - 2zy — ¥ .
5.z =a% = 2y® — 3z + 6y. 6. 2 = 4z + 2y — 2% — 2.

7.2 =a° +y° — 15ay. 8. z=a%+xy+y* - 3z - 6y.

9.
3anaua 5. HaliTu yciioBHBIN 3KCTpeMyM (pyHKIuIA:

DNz=x"+y> —xy+Xx+y+3=0mpu x+y+3=0;
2) u=xy’z’npu x+2y+3z=12(x>0,y >0,z > 0);

e

z? + dy? — 2y + 4. 10 z=z/y+1/z +y.

3) z=x+2y npu x* +y’ =5.

Bompocstr:

1.laiiTe onpenenenne JOKaJIbHOr0 MaKCUMyMa (MMHMMYMa) (PYHKIIMH B TOUYKE.
2.Chopmynupyiite HEOOXOAUMBIE YCIOBUS IKCTPEMYMa.

3. ChopmynupyiTe JOCTaTOYHBIE YCIOBHS IKCTpEMyMa.

4. OObsACHUTE MOHATHE SKCTPeMyMa (YHKIIMU B OOJIACTH.

5.Yto Takoe kacaTenbHasl MJIO0CKOCTh K MOBEPXHOCTHU?

6.Y1o Takoe HopMaIb?

7.Kak cocTaBuTh ypaBHEHHE KacaTeJIbHOM MJIOCKOCTH U HOpMaJu?

8. [laiite onpenenenue rpagueHTa QyHKIUH.

9. Maiite onpeneneHye Mporu3BOIHON O HAIIPABIEHUIO ISl (PYHKIIMHM HECKOJIbKUX MEPEMEHHBIX.
3anummTe COOTBETCTBYIONINE (POPMYIIBI.

Ilpakmuueckaa paboma 16. Ceoiicmeéa u memoovl 6viMUCIEHUA O6OUHO20 UHMEZPANA.
3amena nepemennvix é 060itHOM unmMezpae.

Ilens: chopmMupoBaTh yMEHHE BBIUYMCIATH JBOWHOM HMHTErpal M NPUMEHSTH IOJy4YeHHbIE
YMEHUS TIPU PEIICHUH MPAKTHYECKUX 3a1a4.

Teopemuueckas yacmo:

PaccmoTpuM Ha IIIOCKOCTH HEKOTOPYIO 3aMKHYTYIO KPUBYIO, YPaBHEHHE KOTOPOU
f(x,y)=0.
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COBOKYIHOCTb BCEX TOUEK, JIEKAIIMX BHYTPU KPUBOM U HA CaMO KPUBOM HAa30BEM
3aMKHYTOI 001acTeio A. Eciin BbIOpaTh TOUKM 001acTu 0€3 yueTa ToUeK, JIeKaIUX Ha KPUBOH,
o0nactb OyneT Ha3pIBaeTCA HE3aMKHYTOM 00sacTh A. C reoMeTpru4ecKoi TOUKU 3peHus A -
I0IaAb (GUrypbl, OTPAHUYEHHON KOHTYPOM.

Pa3o6bpem 06macTh A Ha N YaCTUYHBIX 00JIACTEH CETKON MPSIMBIX, OTCTOSIIUX APYT OT
JIpyra 1Mo OCH X Ha paccTosinue AXi, a 1o ocu y — Ha Ayi. BooO1ie roBopsi, Takoil mopsiiox
pa30ueHus HeoOs13aTeNIeH, BO3MOXKHO pa30ueHne 00J1acTH Ha YaCTUYHBIC YUaCTKU
MIPOU3BOJILHON (DOPMEI M pa3Mepa.

[Tomrygaem, 94To IIOMAAb S IEIUTCS HA DJIEMEHTAPHBIC MPSIMOYTOJIBLHUKH, TUTOIIA TN
KOTOPBIX paBHBI Si = AX; - AYi .

B kaxx 1011 yacTMUHOM 00J1aCTH BO3bMEM MPOU3BOJIbHYIO TOUKY P(Xi, Yi) U cocTaBUM
UHTETPaIbHYIO CYMMY

if(xiayi)'si;
i=1

rae T — QyHkus HenpepbIBHAs U 0JTHO3HAYHAS /T BCEX TOYEK 00yacTu A.

Ecnmn 6eckoHedHO yBeIMUMUBATh KOJIMYECTBO YACTUYHBIX 00JacTeit Aj, Toraa, 04eBUIHO,
TUIOMIA/Ib KaXKJOTO YACTUYHOTO Y4acTKa Sij CTPEMUTCS K HYIIO.

Ecnu npu cTpemiieHuu K HyIIo 1mara pa3oueHus ooiactu A HHTETpaIbHbIE CyMMBbI
i=n
Z S (x;,»,)+ S, NMEIOT KOHEUHBIH IIPeJIelI, TO TOT MPEAENT Ha3bIBACTCS ABOHHBIM HHTErPAIOM

i=1

ot ¢pyukuuu f(X, y) mo obmactu A:
i 35508, = [[ £y
i= A
C ygetom TOTO, 9TO Si = AXj - AYj MOIy9IaeM:
IERITED W WIERDRES

i=l i=1

B npuBeeHHOI BBIIIE 3alIMCH UMEIOTCA JIBa 3HAKA X, T.K. CYMMHPOBAHUE MPOU3BOIUTCS
110 JBYM MEPEMEHHBIM X U .

T.k. neneHne o6IaCTH MHTETPUPOBAHUS ITPOU3BOIBHO, TAKXKE TPOU3BOJICH U BHIOOD
Touek Pj, To, cunTas Bce turomaay Si 0IMHAKOBBIMHE, TTOJTydaeM (GopMyITy:

[ £Cepydydx = lim 3737 f(x, y)AvAK.

Cdopmynupyem 10CTaTOUHbIE YCIOBUS CYILIECTBOBAHUS IBOMHOTO UHTErpaa.
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1. Ecin gpynkuus f(X, y) HenpepbIBHA B 3aMKHYTOM 0611aCcTH A, TO JABOMHOI HHTETpa
” f(x,y)dA  cymecrsyer.

A

2. Ecinu ynkus f(X, y) orpannueHa B 3aMKHYTO# 00J1acTH A M HEPEPHIBHA B HEH BCIOAY,

KpOME KOHEYHOI'0 YKClia KYCOYHO — IIaJIKUX JIMHUNA, TO JBOMHON HHTETpal ﬂ f(x,y)dA
A
CYILECTBYET.

CBoiicTBa IBOWHOrO MHTErPAIA.

1) [[[AGe2)+ f2e )= fix ) vdx = [[ £ G )y + [[ £,(x, p)dyee = [[ £, Cx, p)dyex

a[Mﬂ%w@w=@”ﬂ%w@w.

3) Ecmu A = A1 + Az, TO
JI.7 Geoyydydx = [[ £ Ceyydva+ [[ £ e, )y

4) Teopema o cpenneM. J[BoiiHoi uHTerpai ot ¢pyHkiwu f(X, Y) paBeH NpoU3BEICHNIO 3HAYCHUS
3TON (PYHKIIMU B HEKOTOPOM TOUYKE 00J1aCTH MHTETPUPOBAHUS Ha IIOMIAAb 00JIaCTH
UHTETPUPOBAHUSI.

[[ £ Ceyydvdx = f(x,, )-8

5) Ecau f(x, y) > 0 B obmactu A, T0 ” f(x,y)dydx>0.
A

@RmhMWSMKWﬂ)Hﬁ@ﬂ@ﬂsﬂﬁ@ﬁ@ﬁ.

7)

[[ £ Ge.ydvan| < [[| £ Gx. pldyax

Brluncienne 1BOMHOI0 MHTETpaIA.

Teopema. Eciu ¢hynxyus 1(X, y) nenpepwisna 6 samxnymoii obracmu A, oepanudennou
aunusmu x = a, X =b, (@<b),y = o(X), Yy = w(X), 20e @ u y - nenpepoiénvie pynryuu u

@ < W, mozoa

b w(x) b y(x)
ﬂﬂnww@=ﬂjﬂnw@%w{wjﬂmw@.

a \_o(x) a ¢(x)
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Fis

¥ = ¢(x)

i
-
L

[Tpumep. Berauciuth HHTETpa H (x — y)dxdy, ecim obnactb A orpannvena muHusMu: Y = 0, y
A

=x%,Xx=2
¥
4_
| /a
of T2 %

PR 2 32 y=x* 2 . xt RN
Hf(x,y)dxdyZIdXJ(x—y)dyzf(xy——)| :j(x —_)dxzi___} =
A 0 0 0 2 y=0 0 2 4 10 0
=4-32=08

Teopema. Ecau ¢pynxyus f(X, y) nenpepuvisna 6 samxmnymoti oonacmu A, oepanuuennoil
aunamuy = ¢,y = d (¢ <d), x = &y), x = Hy) (D) < HY)), mo

d Y

[[ £ Geoyydxdy = [y [ f(x,y)d

c @)

[Tpumep. Beruncnuth naTerpan J-J‘ (x* + y*)dxdy, ecim 061acTh A OTpaHHYEHA TNHHSIMI

y=x,x=0,y=1,y=2.

1

0 ‘X

2 X 2 3 y 2 2
> ) Vdvdy = = ([ i [ = [y =g 244
J;J.(x +y )dxdy—_l[dy.([(x +y )dx—!( 3 +y xJ|Ody !3)/ dy 12y TR 5
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[pumep. Brruucnute nunTerpai I I (3x* —2xy+ y)dxdy, ecnu 06nacTh HHTETPUPOBAHHS
A

A orpannuena nuHuAME X = 0, X = y%, y = 2.

2 y2 2 2
”(3)(2 —2xy+ y)dxdyZJ.dyIze —2xy+ y)dx = I(x3 -’ +yx)|y dy =
A 0 0 0 0

2 7 6 4\ 2

244
- 6_ 5+ 3d:y__y_+y_ = —
!(;v yoAydy =T 4|0 1

Bonpocul u 3a0auu k cobecedosanuio:

3az[aqa 1. I/I3M6HI/ITB MOPSIOK UHTETPUPOBAHUS:
2 2/x

/dr/fmydy+/dr/fmy

2. /dy]f(.ryd.r—l—/dy/fmy
/4 1/y
—3 /36—y 0o V-¥r-12y
3. /dy / flz,y)dz + /dy / flz,y)dy.
6 0 =3 0
16 0 32 0
4. /dy/flydl+/dy/f1y(ll
0 ~y/4
Ve Vea? 2v/3  ViZ-z?
5. /d;r. / f(;r.y)dy+/d;r / f(z,y)dy.
0 0 NG 0
0
/(11//)"11/(11+/ / fla,y) de.
1 —\/-’v y?

3a/:[aqa 2. BBILII/ICJ'II/ITB JBOMHEIE HHTErpajbl II0 o0macTsaM D, OTpaHUYCHHBIM 3aJlaHHBIMU
JIMHUAMMU

1. //(Q:r: —y) dx dy, y =z, y=+/T.
D

2. [/(ar—y)(f;r(fy, y=2-2° y=2x-1.
.

//(yln:t:)dwdy. yzl, y =+, r=2.
H
D
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4, //{c()s 2z + siny) dz dy, Yy =

D
. m
. // sin(z + y) dz dy, y=z y=5, T= 0.
%
72 1
. //%dmrriy. y=—, y=x, v=20
JJy &
D

' /[U"”’er) dedy, y=12°, y= .
D

Bomnpocsr:

1.JlaiiTe onpenesieHre ABOMHOIO MHTErpaIa.

2. IlosicHuTe reoOMeTpUUECKU CMBICIT ABOMHOTO UHTETpaIa.

3.Ilepeuncnure cBOMCTBA JBOIHOIO NHTETpaa.

4.Yt0 Takoe MOBTOPHBIN HHTErpan?

5.0nummuTe npouecc BBIYUCIECHUS JBOMHOIO UHTErpajla B I€KapTOBBIX KOOPAUHATAX.

(=2} o
|

-]

Ilpakmuueckaa paboma 17. Jluppepenyuanvuvie ypasnenus c pazoenaiOUUMUcC
nepemennvimu. O0nopoonsie ypaguenus. Jluneiinovie ypasnenus. Ypaeuenus, npugooumeple K
JIUHEHbIM.

Ilenwv: chpopmupoBaTh yMEHHME ONpPENENATh U pemath Y ¢ pasznenstomumMucs nepeMeHHbIMH,
onHoponusle J1Y, nuHedHble Y M DOpuUMEHATh MOJY4YEHHBIE YMEHHUS IIpU pPELICHUU
IPAKTUYECKUX 3ajau.

Teopemuueckas wacmp:

JuddepeHunanbHblM  ypaBHeHHEeM  Ha3blBacTCSd  ypaBHEHHUE,  CBS3bIBAlOLICE
HE3aBUCHMBbIE IEepeMEHHble, UX (YHKIUM M TMPOU3BOAHbIE (MM JAuddepeHransl) 3Toi
¢yuknun. Econ nuddepennuanbHoe ypaBHEHHE MUMEET OJIHY HE3aBUCHUMYIO MEPEMEHHYIO, TO
OHO Ha3bIBAETCS 00BIKHOBEHHBIM M (¢ epeHIIHATbHBIM YPABHEHHEM, €CIIH K€ HE3aBUCUMBIX
NEepPEeMEHHbIX JBe WM Oonee, TO Takoe [up(depeHIMaTbHOE YpaBHEHUE Ha3bIBAETCS
aupdepeHIHANbHBIM YPAaBHEHHEM B YAaCTHBIX MPOM3BOAHBIX. HauBbICIIMI MOPSAIOK
IPOU3BOJHBIX, BXOJSAIIMX B YypaBHEHUE, Ha3bpIBaeTcsd MNMOpsiAKOoM auddepeHINaIbHOTO
YPABHECHHH.

[Tpumep.
X’y +8y—x+5=0 - oObikHOBeHHOe mupdepeHnnansHoe ypaBHeHHe 1 — To mopsaka. B

obmieM Bujie 3anuceiBaercs F(x,y,y" ) =0.
2

d d
xd—fjtxyd—erx2 =y - OOBIKHOBEHHOE MU(epeHIaIbHOe YpaBHEHUE 2 — ro nopsjaka. B
X X
oOmiem Bujie 3amuckiBaetcs F(x,y,y’,y")=0

oz oz
Y=+ xya— =0 - muddepeHnmarbHOE ypaBHEHUE B YaCTHBIX MPOU3BOIHBIX IEPBOTO MOPSIKA.
v

Ox
O0muM pemiennem auddepeHInanbHOr0 ypaBHEHHUs HaszbIBaeTcs Takas JuddepeHiupyemas
byukius Y = (X, C), KoTopas npu MoJCTaHOBKE B UCXOJHOEC YpaBHEHHE BMECTO HEW3BECTHOM
GbyHKIIMM oOpalaeT ypaBHEHHUE B TOKIECTBO.
JuddepennmanbHble ypaBHEHHs IEPBOTO MOPSJIKA.

JupdepeHunaNbHBIM YPAaBHEHHEM IE€PBOr0 IOPSAAKA HA3bIBACTCAd COOTHOIICHHUE,
CBs3bIBatOIIee (DYHKIIMIO, €€ TEepBYIO MPOM3BOAHYI0 M HE3aBUCHMYIO IEPEMEHHYIO, T.€.
COOTHOIIICHHUEC BUA.:

F(x,y,y")=0
ypaBHeHI/IH C pa3uenmomnMncsl l'[epeMeHHBIMI/I
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Juddepernmansaoe ypaBHeHue )’ = f(x,y) Ha3plBacTCS ypPaBHEHHEM C Pa3aesIsiioIIAMUCS
nepeMeHHBIMH, €CITM €r0 MOKHO 3aIucaTh B BUJIC

y'=a(x)By).

. —-2x
[pumep. Haiitu obmiee pemenue qudhepeHnanbHOro ypaBHeHus: yy' =

cosy

ycosy-ﬂ =-2x
dx

ycos ydy = —2xdx
jycos ydy = —2_[xdx

u=y; dv=cosydy,

chosydyz :ysmy—jsmydyzysmy+cosy

du=dy, v=siny
ysin y+cosy=-x"+C
ysin y+cosy+x>+C=0
- 3TO eCcTh OOUMI WHTErpajg UCXOAHOTO JU(HEPEHINATBHOIO ypaBHEHHS, T.K. MCKOMas

GYHKIMS ¥ HEe BBIpAXECHA Yepe3 HE3aBHCHMYIO INEpPeMEeHHYI. B 3ToM m 3akimodaercs
OTJIM4YMe 001Iero (4YacTHOr0) MHTErpasa ot o0mIero (YacTHOro) peleHusl.

d 2
[Ipumep. Pemnts ypaBHeHue y' = y% . d_y = yé
x
y_%dy =dx
J.yf%dy = Idx
3y% =x+C

27y = (x+ C)’ - o6muii uaTErpan
1
y= >7 (x+C)’ - oburee pemenue

JIuHelHbIe YpaBHEHUS.
HuddepeHnnanbHoe ypaBHEHUE Ha3bIBa€TCS JIMHEHMHBIM OTHOCHUTEIBHO HEU3BECTHOU
(GYHKLUU U ee TPOU3BOJHOM, €CJI OHO MOXKET OBITh 3aIIMCAHO B BUJIE:
Y+ P(x)y = 0(x),
IPH 3TOM, €CIIU IpaBas 4acTh Q(X) paBHa HYJIO, TO TAaKOE YPaBHEHHE HA3bIBACTCS JUHEHHBIM
OAHOPOIHBIM U GepeHINATLHBIM YPaBHCHUEM, €CITH MpaBas 4acTh Q(X) He paBHA HYIIIO, TO
TaKO€ ypaBHEHHE Ha3bIBACTCS JIMHEHHBIM HEOJHOPOAHBIM T PepeHIINaTbHBIM YPaBHEHHEM.
JInst MHTErpUpOBaHKs JTMHEHHBIX HEOAHOPOIHBIX ypaBHeHui (Q(X)=0) mpumeHstoTCs B
OCHOBHOM J1Ba MeToja: meron bepuysum u meroz Jlarpanxa.
Meroa beprymm.
CyTp MeTola 3aKJIloyaeTcs B TOM, YTO HCKOMas (DYHKIMS TpPEACTaBIseTCs B BUJE
IPOM3BEACHUS IBYX QYHKIMHA Y = UV,

, dv du
[Tpu 5TOM OYEBHIIHO, YTO ) =U o +v- e muddepeHIpOBaHUE 110 YaCTIM.
X X
[ToxcTaBisis B HICXOAHOE YpaBHEHHE, MTOTydaeM:
dv  du
U—+v—+ P(x)uv = Q(x)
dx  dx

u dv + v(@ + P(x)u] =0(x)
dx

dx
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Janee cnenyer BaKHOE 3aMeUaHue — T.K. IEpBOHavYallbHas (GyHKIMS ObLIa MpecTaBieHa
HaMHU B BUJE IIPOU3BEACHHUS, TO KaXKIbI U3 COMHOXMTENEH, BXOAAIIUX B 3TO NPOU3BEACHHUE,
MOYET OBITh MPOU3BOJIBHBIM, BEIOPAHHBIM TI0 HAILIEMY YCMOTPEHHUIO.

Hanpumep, GyHkius y =2x° MOXKeT ObITh HpejcTaBieHa kak y=1-2x%; y=2-x7;
Yy =2Xx-X; M T.IL
TakuM 00pa3oM, MOKHO OJHY M3 COCTaBIISIONIUX MPOU3BEACHNE PYHKIHNI BBIOPATH TaK,

du
YTO BBIpAKEHUE d—+P(x)u=O. Takum 00pa3oM, BO3MOKHO IOJAYYHTh (DYHKIHIO U,
X

MPOMHTETPUPOBAB, MTOJIYICHHOE COOTHOIICHHE KaK OAHOpoIHOE nuddepeHanisHoe ypaBHEHHE
10 ONMCAHHOM BBIIIE CXEME:

M _ p(xydsx: du_ [Pedx;  Infu|= [ P(x)dx;

u u
In|C,|+ Inju| = [ P(x)ax; u=ce "% c-vc,;

JIist HaXOXKJIEHUST BTOPOI HEW3BECTHOW (YHKIIMH V TOJICTABUM IMOYYCHHOE BBIPAKECHUE
dv du

Uist GyHKIMM U B HCXOJHOE YpaBHEHHUE ud—+v d—+P(x)u =(Q(x) ¢ yd4eToM TOro, 4TO
X X

BBIpaXXEHHE, CTOSIIIEE B CKOOKaX, PaBHO HYJIIO.

Ce_jp(x)dx ? = Q0(x); Cdv = Q(x)ejp(x)dxdx;
x
WuTterpupys, Mo>xeM HaUTH QYHKLHUIO V:
X)ax 1 X)ax
Cv=J.Q(x)ejP( et Vzng(x)ejP()ddx+C2;

T.e. Obura IOJIy4Y€Ha BTOpas COCTABJIANOIIAsA MPOU3BCACHUA ) =UV, KOTOpPOC H

onpeacirsicT UCKOMYHO (I)YHKI_II/II-O
HOI[CT&BJ'IS[H IOJIYYCHHBIC 3HAUCHUS, IOJIy4YacM:

y=uv= CeiI e é(f Q(x)ej PO e+ Cz)

OKOHYATENHHO TIONydaeM GOpMYITy:
y= oo U Q(JC)eI R el j, C2 - IPOM3BONBHEIH KO (PUIIHEHT.

OTO COOTHOLIEHHE MOXKET CYMTAThCAd PEUICHHMEM HEOJHOPOJHOTO JIMHEWHOIO
muddepeHIMaTBbHOTO YpaBHEHHs B 0011eM BHjIe 1o crioco0y beprysim.
Bonpocel u 3a0auu k cobecedosanuio:
3anayva 1. Haiitu unTerpanbHble KpuBble nudpepeHnanbHbIX YpaBHEHU:
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9
B,

ydz + (1 + %) dy = 0.

ha

y =tgrtgy.

¥y =—2rsecy. 4, y +sin(x+y) = sin({x — y).

yl
yl‘

P

i

1+z?)y +2(1+9*)=0. 6. edr—(1+e*)ydy=0.
= 2% cos . 8. v =ylny.

2r !
= . 10. i =

1+ a2 Jri—1

3anaua 2. Haiitu obuee pemeHuii qudepeHnnanbHOro ypaBHEHUS:

: .1 o o
1.y =e¥* 4 v 2.y Y¥_ 1 3 iy = xy + yie” T,
z E
1 1 .
. zrcos? dy 4 (J’.‘ 1 C0S J) dr=0. 5. (224 2zy)dz + zydy=0.
T T
6. ry'ln (EJ =r+yln (E) . T.yde + (2,79 —z)dy = 0.
- I
- 3 ey P 1 - 1
B (dy*+x)y = xy. 9.y sin ( IJ b=y sin ( ;J .
H ] F
10. zy+ ¢ = (222 4+ zy) v/
3anauva 3. Haiitu pemenus 3agau Komm mist nuddepeHnanbHbIX ypaBHEHHUI:
l. zy +y—e*=0, y(l)=0.
1
2. ¥ —ytgzx= . y(0) = 0.
Cos
3. yceosPr+y=tgx, y(0)=0.
y —ythr = ch? r y(0) = 0.
i y 2
5.1 =xlnx, yle)= —.
L g yle) 5
6. y'sinr—ycosr=1, il J—?'I =1.
7. ¥ —ytgz =cosr, y(0)=0.
Bompocstr:
1. Jlaiite onpenenenue auddepeHnaaTbHOro ypaBHEHUSI.

2
3.
4.
5
6.

7.
8.
9

Kak onpenensiercs nopsiok auddepeHnaibHoro ypaBHeH s ?

Uto Ha3pIBaIOT OOMIUM (YaCTHBIM) pemieHreM auddepeHIuaib-HOr0 ypaBHeHUS?

B uem cymnocts 3agaun Kommn?

[IpuBeaure mnpumep audQepeHInanbHOrO0  ypaBHEHHS € pa3AesSIOUUMUCS
NIEPEMEHHBIMH.

Onummre xon pemeHus AuQepeHnuanbHOro ypaBHEHUS C  pa3JessoUIIMUCS
NIEPEMEHHBIMH.

Kakoe auddepennnanbHoe ypaBHEHUE Ha3bIBAIOT OJHOPOIHBIM?

Kakoe nu¢depennmansHoe ypaBHEHHE Ha3bIBAIOT TUHEHHBIM?

Onummre Meton bepHyin pemeHus JIMHEHHbIX AU} PepeHInanbHbIX YpaBHEHUH.

Ilpakmuueckan padoma 18. Ypasuenusn evicuieco nopsaodka, OOnycKawouiue HOHUNCCHUE
nopsaoka. Jluneiinvle oughghepenyuanvrvie ypagnenusn 6blCUIUX NOPAOKOE.

Ienw: chopmupoBath ymeHue onpenensats Bua JY u BeiOupath ciocod pemenus Y Bwicmiero
MOPsIKA, TPUMEHSThH TOJTyYeHHBIC YMEHUS MIPH PEIICHUN MTPAKTUYECKHUX 3a7ad.

Teopemuuecxaﬂ yacms:

JAudpepeHnnaibHBIM YPaBHEHHEM MOPAAKA N HA3bIBACTCA YPABHEHUE BUIA:
F(x’y’y'D""y(n)) = 0
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B HEKOTOPBIX CIIydasX 3TO ypaBHEHHE MOXKHO pa3pemuts oTHocutensHo Y

(n) _ ' (n-1)
Y _f(xayay seees Y )
Tak ke KaKk ¥ ypaBHEHHE [IEPBOI0 MOPSIKA, YPABHEHUS BBICIINX MTOPSAIKOB UMEIOT
0ECKOHEYHOE KOJIMUYECTBO PEIIECHU.

JubdepeHnransHple YpaBHEHNS BBICIIMX TIOPSAKOB, PEIICHHE KOTOPBIX MOXKET OBITH

HalJICHO aHAJTMTHIECKH, MOXKHO Pa3/Ie/IiTh Ha HECKOJIBKO OCHOBHBIX THITOB.
VpaBHEeHH, TOMYCKAIOIINE TOHMKEHHE TTOPSJIKA.

IMonmwkenne mopsiaka AuddepeHIranbHOr0 ypaBHEHHS — OCHOBHOM METOJ DPEIICHHS
YPaBHEHUH BBICIIMX MOPSAAKOB. DTOT METOJ Jae€T BO3MOXKHOCTH CPaBHHUTEIILHO JIETKO HAXOAUTh
pelieHne, OHaK0, OH MPUMEHHUM JIAJIEKO HEe KO BCEM ypaBHEHHSM. PaccMOTpHM Ciiydau, KOria
BO3MOYKHO MOHIYKEHHE TTOPS/IKA.

Vpasuenus suaa Y = f(x).

Ecmu f(X) — dyHKIMs HenpepbIBHAsS HAa HEKOTOPOM MPOMEKYTKe a < X < D, To pemrenue

MOXET OBITh HalIEHO TOCIIEI0BATEILHBIM HHTETPUPOBAHUEM.

Y = [ fr)dx+C;
v = [([ £+ € e+ €, = [ x| £+ Cx+ s

X
y :Iabc_[abc....jf(x)abc+Cl n 1) +C, "2 + ...

[pumep. Pemuts ypaBHenue y” = e’ ¢ HauanbHbIMK ycaoBHsAMHU Xo = 0; Yo = 1;

yo=-1 y;=0.

+C ;

no

y" :J.e“abc+C1 :%ez" +C,;

! 1 X 1 X
y =I(Ee2 +Cljdx=ze2 +Cx+C,;

I 1, 1
y:J.(Zez +C1)C+C2j:§e2 +5Clx2+C2x+C3;

IToacTaBuM HavyalbHBIE YCIIOBHA.

1=1+C3; —1=1+C2; O=1+C1;
8 4 2

1 5
C N C =—— C =,
1 2 2 4 3 8
1 o » S 7
HonyqaeM YaCTHOC pCUHICHUC (peIlICHI/Ie 3aJauynu KO]_HI/I): y= ge - ZX — ZX + g .

YpaBHEHMS, HE COAEPIKAIINE SBHO MCKOMOM (DVHKIINY U €€ MPON3BOIHBIX A0 IMopsiaka K —
1 BKIIIFOYUTEIIBHO.

DTO ypaBHEHMS BUJA! F(x,y(k) ,y(k”) ,...,y(")) =0.
B ypaBHEHHSX TaKOro THIAa BO3MOXHO MOHMKeHHE mopsiaka Ha K exuuui. Jlns storo

MIPOU3BOIAIT 3aMEHY TIEPEMEHHOM:

ky _ _. (k+1) _ _r.
y( =z, )y =z, .. Yy

Torna nomyuaem: F(x,z,z',...,z" ") =0.

(0 _ k)

Teneps nomycTuM, 4To NOIy4eHHOE MU PepeHINaIbHOE YpaBHEHHE TPOUHTETPUPOBAHO
1 COBOKYITHOCTB €0 PEHICHUH BBIPAKAETCSI COOTHOLICHUEM
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z=vy(x,C,,C,,....C ).
Jenast oOpaTHYIO MTOICTAHOBKY, UMEEM:
y(k) =y(x,C,,C,,....C, )
WHTerpupyss IMOJydeHHOE COOTHOIICHHE IOCieaoBareibHo K  pas3, mmoiaydaem
OKOHYATEJIbHEIM OTBET:

y=0(x,C,,C,,...,.C,).

14

[Ipumep. Haiiti obliee pemenue ypasaenus )" = y
x

[TpumeHsiem mojacTaHoBKy z = y"; z' =",
, z dz z. dz dx dz dx
Z:—’ —:—, —:—’ e —’
X dx x z X z X

1n|z| =ln|x|+lnC1; z=Cx;
IIpoussens 0OpaTHYIO 3aMEHY, OJIy4aeM:

C
y'=Cx; y':J.Cdex:sz +C,;

C C
y= J‘(?lxz +C2jdx =?1x3 +Cyx+Cy;

Obmee pemenne uCXoaHOro AuQPepeHINaTbHOTO YpaBHEHUS:
y=Cx"+C,x+Cj;
OTMeTuM, YTO 3TO COOTHOILIEHHE SBISETCS PEIICHUEM I BCeX 3HaYEHUN IIepEMEHHOM X
Kpome 3HaueHus x =0.

YpaBHeHMs, HE coaep Kallie SBHO HE3aBUCUMOM IEPEMEHHOM.

Aro ypasHeHus uga F(y,y,...,y")=0.
[TopsiIoK TaKWX ypaBHEHHM MOXKET OBITh IMOHMKEH Ha €JIWHHIY C MOMOIIBIO 3aMEHBI
NEepEeMEeHHBIX )’ = p.
A dy_dp
i dy e @l

p_ 2p+

d,
" " 4 dﬁp 2 ?
oAy D) dp s (A
de dy dx dy dy dy o

[Toacrasisist 3TH 3HAaYEHUS B CX0HOE A dhepeHInaIbHOoe YpaBHEHHE, TTOJIyYaeM:

d dnfl
F{y,p,—p,..., "€j:0
dy dy

Ecnu sTt0 ypaBHeHHMe mpouHTerpupoBath, u @(y, p,C,,C,,...,C, ) =0- COBOKYHIHOCTbH

€ro peIICHUH, TO ISl pelieHHs TaHHOTO MU((EPeHIIHATBHOTO YPaBHEHHS OCTACTCs PEIIUTh
ypaBHEHHUE MIEPBOTO MOPSIKA:
D(y,y,C,,C,,...,C, ) =0.
[pumep. Haiitu o6imee pemenne ypasuenus yy" —(y")* —4yy' = 0.
. d,
3ameHa nepeMeHHol: p = )'; y'= & 2

dy
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u+@y=4+u; du =4 dy
dy v’

pm=4j@§ u=4I|y+4nC;  u=4h|C
y

p:4yln|C

dy
C y4eToM TOro, 4to p = I MOJy4aeMm:
X

dy _ S

dx —4y]n|C J‘4yln|Cly| Idx,
1 dm|CpH) 1
j nlCo —meﬂhcp

OOmuit MHTETpa UMEET BU: ln‘ln|C, y” =4x+ C;

2) p=0;  y'=0; y=G
Taxum 00pa3oM, NOTYUHIH JBA OOLIUX PELICHHUS.
JInneitHbiM 1M depeHIHATBLHBIM YPaBHEHHEM N — ro MOPsiAKAa Ha3bIBaeTCs J1000e

ypaBHEHHME MepBOii CTETNEHH OTHOCHTENTBHO (QDYHKIUH Y U €€ TIpou3BoanbX ', y",..., y" Buja:

Py +py "+ py" P+ 4 p, Y+ Dy = f(X)

rae Po, P1, ...,Pn — QYHKIIUHU OT X WM IOCTOSTHHBIC BEIUYUHBIL, TprueM Po = 0.

OTMeTHM OJHO Ba)XHOE CBOWMCTBO JMHEWHBIX YPaBHEHUU BBICIIUX TOPSIKOB, KOTOPOE
OTJINYAET UX OT HEIMHEHHBIX. |11 HeNMHENHBIX ypaBHEHUN YACTHBIM MHTErpaj HaXxOAUTCS W3
oO1ero, a sl JIMHEMHBIX — HA000POT, OOIIMI MHTETPal COCTABISETCA U3 YacTHBIX. JIMHEHbIE
ypaBHEHHUS MPEJCTaBISIOT co00l Hambosee 3y4eHHbIN kinace auddepeHinanbHbpIX YpaBHEHUN
BBICIHINX MOPSAKOB. ITO OOBSICHSAETCS CPAaBHUTEIHLHON MPOCTOTONW HAaXOXJeHUs pemienus. Ecnu
OpU  pelIeHHH KakuX — JU00 TMpaKTUYECKHX 3aJad TpeOyeTcs peluTh HeJIUHEeHHoe
nuddepeHaIbHOe  ypaBHEHHE, TO YacTO TMPUMEHSIOTCS  MPHOJMKEHHBIE  METO/IBI,
MO3BOJIAIONINE 3aMEHUTh TAKOE YpaBHEHHUE “OMU3KUM’’ K HEMY JIMHEHHBIM.

Bonpocwt u 3a0auu:

3anaga 1. Haiitu obutue pemenus nuddepeHnanbHbIX YpaBHEHHH:

Ly =1-y" 2. xy"+y =0.
3.1+ 4y +1=0. 4. 2%y +xy =1
S.xy" +y" =1+ 6. v +yt=1.
Ty (1 +y®) =" 8. y'=-z/y.
ey +y +x=0. 10. y,.,z = 4y",
3amaua 2. Haiitu pemenus 3amnay Komm ms muddepeHnnanbHbpIX ypaBHEHUN:
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L. y"y* =1, y({1/2)=1, y¥(1/2)=1.

2. yy'+y? =1, y(0) =1, y'(0) =1

3.y -y +yy-1=0, »0)=2, y'(0)=2.

1. ¥ +y" - 2yy" =0, y(0) =1, y'(0)= 1.

5. 3y =y+yR 41, y(0)= -2,  y(0)=0.
3anaua 3. Haiitu obmue pemenus nuddepeHraabHbpIX ypaBHEeHUH]:

l. 4" +y=cosz. 2. y" 4+ 4y - 2y = Sgin 2.

3 4" -2y +hy=eTcos2e. 4. y"+y=3sinx

5 4" +y=4dxcosx. B. 3" — 9y =™ cosz.

7. " — 4y = ¢* sin 2z, 8 3" — 2 =2zxe(cosx —sinzx),

9 y" —y=2sinr—4cosr. 10. y" — 6y" + 25y = 2sinx + Jcos .
Bomnpocsr:

1. Kaxue Bunbl nuddepeHInanbHbIX YpaBHEHUN, TOMYCKAIOMIUX MOHMKEHUE MOPSIKa
Bbl 3HaeTe?

2. Kakyro 3ameHy nepeMeHHOH He0oOXOIMMO IMPOBECTH, €CIM B YpAaBHEHUU SIBHO HE
COJEPXKHUTCS UCKOMasi GYHKIIWS; He3aBUCHMAasi TIEpEMEHHas1 ?

3. Kakoe ypaBHeHHE Ha3bIBAIOT JTMHEWHBIM C MOCTOSSHHBIMH K03 puiinentamu?

4. Kak crtpoutcsi oO0Iiee pelieHue OJHOPOIHOTO JIMHEHHOTO YpaBHEHUSI BTOPOTO
MOPSAJIKA C TOCTOSIHHBIMU KO3 puriieHTamMu?

5. Kak mnHaiiTu oOmiee pelieHue JUHEHHOTO HEOJHOPOJHOIO YpaBHEHHUS BTOPOIO
MOPSAJIKA C OCTOSIHHBIMU KO3 puiirieHTamMu?

Ilpakmuueckasa padoma 19. Cxooumocmv paoda. Heobdxooumwvlii npuznHax cxooumocmu
yucnoeozo paoa. Jlocmamounvie RNPUHAKU CXOOUMOCHU 3HAKONOCHMOAHHBIX PAO0E:
npusnaxu cpaenenus, npusnak Janamoepa, npusnaxu Kowu. Qdoouwennoiii 2apmonuyieckuil
pAo.
Ilens: chopmupoBaTh YMEHHE JI€1aTh BBIBOJ O CXOJUMOCTH psifia HA OCHOBAaHMHM HEOOXOJMMOT0
N OO0CTAaTOYHBIX IMPU3HAKOB CXOJHMMOCTH 3HAKOIMMOCTOAHHBIX PAA0B, HNPUMCHATH IMOJTYYCHHBIC
YMEHUS MPH PelIeHUH MPaKTUYECKUX 3a1a4.
Teopemuueckas uacmo:

CyMMa usieHOB GECKOHEYHOM YHMCIIOBOM MOCIEN0BATENbHOCTU U, U, ,..., U, ,... HA3BIBACTCS

YHCJIOBBIM PSIIOM.
0
Uy ot U, =D U,
n=1
IpU 3TOM YUCIA U,,U,,... OYZ€M Ha3bIBATh WIEHAMH PAJA, a Un — OOLIUM YICHOM pPsja.
n
Cymmer S, =u, +u, +...+u, :Z”k , n = 1, 2, ... Ha3pIBalOTCS YaCTHBIMH
k=1
(4acTHYHBIMH) CYMMAaMH DsIJia.
0
Pan  w +u,+...tu, +..= Zun Ha3blBAETCSl  CXOASIIMMCH, €CIM  CXOJAUTCS
n=1

MMOCJICAOBATCIIBHOCTE €ro 4YacCTHBIX CYMM. CyMMa cxoasimerocss psaaa —  Opeacia
MOCJICAOBATCIIBHOCTU €T0 YaCTHBIX CYMM.

imS, =S, S=Yu,
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Ecnu nocnenoBaTeIbHOCTh YaCTHBIX CYMM psifia pACXOAUTCH, T.€. HE UMEET Ipeea, Uil
uMeeT OECKOHEUHBIH Mpenen, TO psl HA3bIBACTCS PaCcXOASIIMMCA M €My HE CTaBsT B
COOTBETCTBUE HUKAKON CYMMBI.

IIpy wn3y4eHMHM 3HAKONOCTOSHHBIX PANOB OIPAaHUYMMCS PACCMOTPEHHEM DSOB C
HEOTPULATEJIbHBIMY WJIEHAMH, T.K. IIPU MPOCTOM YMHOXEHUM Ha —1 M3 3TUX PSIOB MOXKHO
IOJIYYUTH PSZIbI C OTPULIATEIIEHBIMU YJICHAMM.

IIpu3Hak cpaBHEHHUs PSAOB C HEOTPULIATEIbHBIMU YJIECHAMU.

ITycTh manbl ABa psiga Zun " Z\zn mpu Un, Vn = 0.

Teopema. Ecmi Un < Vo mpu mo6OM N, TO M3 CXOZMMOCTH psifia » v, CIEIyer
CXOIMMOCTb PAIA Y u, ,d U3 PACXOIMMOCTH PAla » u, CIEyeT PACXOAMMOCTb Pila » v, .

11 1
H HNMCED. HCCHGHOBaTB Ha CXOAUMOCTb pAd —— +—4 . F—+...
- PHNED: P2 T3 Inn

1

. 1
T.x. ]n_ > —, a TapMOHHNYECKHH PsI z — PaCXOoOdUTCA, TO PACXOAUTCA U PAL Z]n_ .
n n

n n

1
IIpumep. MccienoBaTh Ha CXOAUMOCTD PsJL Z Y
n=1 1

1
<

T.x. ,
n2]1 2]1

1
a psn Z o cxoauTces ( Kak yObIBarolas reoMeTpuuecKkas nporpeccus), To pss

o |
Z T TOXKEC CXOAUTCA.
n=1 n2
Taxoxe HCIIOJIB3YCTCA CJICII}’IOHII/Iﬁ IMPpHU3HAK CXOAUMOCTHU:

. u
Teopema. Eciu u, >0, v, >0 u cywecmeyem npeden lim —=h, 20e h — uucno,

n—0 vn
OMAUYHOE OMm HYJs, MO Psobl Zun u Zvﬂ 6€0ym 0OUHAKOBO 8 CMbLCIE CXOOUMOCHIU.

[pusnak Jlanam6Gepa.
(OKawn Jlepon danam6ep (1717 — 1783) — dpaHIry3cKuit MaTeMaTHK)

Ecnu ona pﬂda Zun C NOJNOACUMENIBHbIMU YleHaAMU Ccyuiecmeyem nmaxKoe 4ucio q<1,

ymo 0Js 6cex 00CMamoyro 6oabuux N 6bINOAHAEMCA HepaeeHcmeo

u
+1
n_gq’

u

n

mo ps0 Zu” cxo0umcst, eciu dHce 0Jisi cex 00CMamoyHo 60bUUX N BbINOIHAEMCA YCI08Ue

u
n+l > 1,
un

mo psio Zun pacxooumcs.

[Ipenenpublil npusHak JanamoOepa.

[TpenenvHblii mpusHak J[lanambOepa sBIsieTcs CIEIACTBUEM W3 TPHUBEIECHHOIO BBIIIE
npusHaka Jlanmambepa.

un+1

Ecnu cywecmseyem npeden m =p, mo npu p < I psao cxooumcs, a npu p > 1 —

n—x0 un
pacxodumc;z. Ecau P = ], mo Ha eonpoc o CXOOUMOCHIU OMEEMUNMb Helb3sl.
0
n

H[!HMC[! OHpe,Z[CJ'II/ITB CXOOUMOCTD psAaa 2_n .
n=1
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1 . ) 1)2" 1 1
un:n; un+1:n+1; hInun_H:hm(n_FI) :n+ = n:_<1
2" 2" noe oy o onoe Mg 2n 2 2
BreiBog: psig cxoauTcs.
1 1 1
[Tpumep. OnpeneauTs CXOTUMOCTh psiga 1+ E + 5 +...+ - +...
1 1 . ) ! . 1
U, =—; im 2 = fm —"" = fm —— =0<]1

e (n41)l m 41

BreiBo: psix cxoauTcs.
ITpusuak Ko, (pagukaiabHbIA IPU3HAK)

Ecnu ona paoa Z”n C HeOMpUuyamenbHbIMU 4leHamu cywecmseyem marxoe uucio <1,

un+l = ’
n! (n+D! ooy

ymo 0is 6cex 0OCMAMOYHO 0ONbUUX N BLINOTHSAEMCS HepaeeHcmeo

nV un S q’
mo  pso Zun cxooumces, eciu xce O 6cex OOCMAMOYHO Ooavuwux N GbINOAHACINCA

HepageHcmeo
fu, =1,

mo psio Zun pacxooumcs.
Caencreue. Ecnu cymectByer npenen lm 4/u, =p, To npu p<l psnx cxoxutcd, a mpu
n—
p>1 psix pacxoanTCs.

n

= 2n +1
HQI/IMGQ OHpeI[eJ'II/ITB CXOOUMOCTD psAaa Z —3 2 5
n=1 n-+
) 2+—
tim gfu, =lim 222 L i 1 2y
n—w n—o 3 4+ 5§ n—o 3 5 3
Ty
n

BriBog: pAa CXOOUTCH.

[Ipumep. OnpenennTs CXOAUMOCTh psiia Z(l + lj .
n

n=1

m%:m(n%a.
n

n—>0 n—>0

T.e. mpu3nak Komm He naer oTBera Ha BONPOC O cXoauMocTu psaa. [Ipoepum
BBINIOJIHEHHE HEOOXOIUMBIX yCIOBUH cxoaumocTd. Kak ObIJIO CcKa3aHO BBIIIE, €CIHU PAL
CXOJUTCSI, TO OOLIUH YJIeH psiZia CTPEMUTCS K HYIIIO.

fim :]jm(1+lj =e=0,
n—x0 n—x0 n

TakuM 00pa3oM, HEOOXOIMMOE YCIIOBHUE CXOAMMOCTH HE BBITIONHSETCS, 3HAUUT, PSAJ PACXOTUTCS.
MuTterpanpueiii npusgak Komm.

Ecnu ¢(x) — Henpepvignas nonodcumenvHas yHKyus, yowvieaowjas Ha NPOMeNCYymKe

[1;00), mo pso (1) + ¢2) + ...+ o(n) + ... = Z(p(n) U HecoOCMBEeHHbII UHMeSPAl I(p(x)dx

n=l1 1
OOUHAKOBbL 8 CMBICIIE CXOOUMOCIU.
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1 1
IIpumep. Pan 1+2—a+—a+...+—a+... cxogurcd npu o>1 m pacxoaurcs o<l T.K.
n

o0
o . dx
COOTBETCTBYIOIIHI HECOOCTBEHHBIM HHTETPA I—a cxoautcs npu o>1 u pacxoaures o<l.
X
1

21
Pan ZT Ha3bIBA€TCS 0000 IEHHBIM TAPMOHUYECKUM PSIJIOM.

n=1

CaencrBue. Ecimu f(X) u ¢(x) — HenpepsiBHble (yHKIMH Ha wuHTepBaje (a, b] wu

b b
. X
hmo% =h, h#0, To UHTErpaJbl I f(x)dx n J@(x)dx BEAYT ce0si OIMHAKOBO B CMBICIIE
x—a+ (p x
CXO/IMMOCTH.
Bonpocwt u 3a0auu k covecedosanuro:
3anmaua 1. Haittu cymmy psina:

o0

(i 3
. —_—_— 2. —:
Z nt+on+6 Z ns — on+ 6

na=l n=G

- 30 ~ 4
3. S 4, B
l‘ 25m* +5n—6 l' in? — 1

. i 18 p — 90
3. - . s I E——
‘ n? 4+ In ‘ in* 4+ 8n -5
_ i{ 3 8 = 16
" ‘ On? —3n -2 ) | 16n? — 8n - 3
= 8 & 60
9. Z — 10 : __
nin n+2 2n 4 n+3)(2n+5
‘n(n+1)(n+2) < (2n + 1)(2n + 3)(2n + 5)

3az[aqa 2. HccnenoBaTh CXOOUMOCTh pPAAOB:

==

= arctg (n?) 4 — 2sinn
1. . . 2, .
Z nin + 2)(n+3) z Inn

L
n=1 n=1
o

) = 24 cosn . n%lnn
3. Z nt+a 4. Z nd —2°

n re=2

=

==

= g = I A
~ Z-J-!Cﬂﬁn 6 Z 24+ s85n0n
3. —_— : ———s

n{n? +3)
n

503
— v =

W

- Z Inn q EL: Cos®
I O "
v n?+1

'_,-_QI
n=1 ¥ 7

o

-~  Inn -~ Inn
Qu  —_—— In. | —
L vnll +1 ] Vn+3

=] n

3amaua 3. MccnenoBaTh CXOIMMOCTH PSIIOB:
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-5“ 9

(= =
. pl 1
1. . 2, —,
Z‘Q“[n—l]! Z:i:r:‘.l‘5

) . (3n+2)! ~ 2%(nf — 1)

0. —. 10. il
_.':':Ilr +1 HZ;

Bomnpocsr:

Yrto Takoe YMCIoBOM psia?

Kaxkoit psig Ha3pIBaIOT 3HAKOTIOCTOSIHHBIM?

Yro Takoe cymma psana?

Kaxkoit psig Ha3bIBAIOT CXOIAIIAMCS?

CdopmynupyiiTe HeOOXOIUMBII MPU3HAK CXOTUMOCTH PsAa.

ChopmynupyiiTe u3BecTHbie Bam 1ocTaTouHble TPU3HAKU CXOIUMOCTH PSIJIOB.

ouhkwnE

Ilpakmuueckan padvoma 20. 3naxouepedyrowuecs u 3naxonepemenuvle psaowt. Ilpusznax
Jeiionuya. Ob6wuii 0ocmamoynvlili. NPUZHAK CXOOUMOCHU 3HAKONEPEMEHHBIX pPAO00s.
Abconromnasn u ycnosnasa cxooumocmu 4ucjio6vlx paooe.
Ilenv: chopMupoBaTh yMEHHE [elaTh BBIBOJ 00 aOCONIOTHOW WM YCIOBHOW CXOAMMOCTH
YHUCJIOBBIX PSIIOB, TPUMEHSTD MOTYYECHHBIC YMEHUS MPU PEIICHUH MPAKTHYECKUX 3a1a4.
Teopemuueckan uacmp:

3HaKOYEPETYIOITUICS PsiJl MOYKHO 3aliCaTh B BUJIC:

u, —uy +uy —uy +o+ (D" u, +

rne u, >0, n=123,..

ITpusnak JlelGHuna.
Ecnu y sunaxouepedyiowe2ocs paoa u, —u, +u, —u, +...+(=1)""u, +... abcomomusie

genuuunvl Ui yoviearom u, >u, >y > ... U 00wuu uien cmpemumcsa K wyao u, — 0, mo psao
CX00UMCH.
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AOCOIIOTHAS U YCIOBHAS CXOJIMMOCTh PSIOB.
PaccMoTpuM HEKOTOPBIN 3HAKOMIEPEMEHHBIH P (C WieHaMH MPOU3BOJIBHBIX 3HAKOB).

u1+u2+...+un+...=2un 1)
n=1

U PSJl, COCTaBJICHHBIN 13 a0COFOTHBIX BEIMYUH WieHOB psina (1):

o0
+o= D Ju,
n=1

Teopema. /3 cxooumocmu psoa (2) credyem cxooumocms psoa (1).
Onpenenenue. Psin Z”n Ha3bIBACTCSI a0COJTIOTHO CXOASILIUMCS, €CIIU CXOAUTCS Pl

| + |y |+ +

)

ul’l

u

2. Juw |-
O‘ICBI/II[HO, 4TO 1A 3HAKOIIOCTOAHHBIX PAAOB IIOHATHUA CXOAHUMOCTH H a0COJIIOTHOM
CXOAUMOCTH COBIIAJAarOT.

Onpenesaenue. Psan Z”n HAa3bIBACTCS YCJAOBHO CXOASALIMMCS, €CIIM OH CXOIUTCS, a Pl
[Tpusznaku JlamamOepa 1 Ko a1 3HaKOIIEpEMEHHBIX PSAIOB.

HYCTB Zun - 3HAaKOIICPECMCHHBIN PAMO.

u,| pacxoauTcs.

. u
Ipusnak Janambepa. Eciu cymectsyer npenen lim [~ = p, To npu p<l psx Zun

n—»0 u
n

Oyner abCONIOTHO cXomsimuMcs, a pu p>1 psn Oymet pacxomsmumcs. [Ipu p=1 npusHak He
JTa€T OTBETa O CXOAUMOCTH pAJa.

Ipusznak Komu. Ecnu cymectByer npeaen lim 4/ un| =p, 1O 1ipu p<1 psix Zun Oyzner

abcomoTHO cxomsmmmMes, a npu p>1 psag Oynmer pacxonmsummcs. [Ipu p=1 npusHak He naer
OTBETA O CXOJIUMOCTH Psifia.
CBolicTBa a0COIIOTHO CXOISAIINXCS DIOB.

1) Teopema. /[na abconromuou cxooumocmu psaoa Zun HeobxXo0uMo u 00CMamo4Ho,

umooObl €20 MOJHCHO Obll0 NPeoCmasums 6 6ude pPA3HOCMU O08YX CXOOAWUXCS PAO08 C
HeompuyamenbHbIMU YIeHAMU.

CaeacTBue. YCIOBHO CXOJSIIANCS P SIBIISIETCS] Pa3HOCTHIO ABYX PACXOSAIINXCS PSIOB
C HEOTPHUILATEIbHBIMH CTPEMSIIUMUCS K HYIIIO YWICHAMH.

2) B cxopsmemces psae to0as rpynIupoBKa YiIEHOB psija, HE U3MEHSIONas UX Mopsijika,

COXPAHACT CXOAUMOCTL U BCJIMYHHY pAda.
3) Eciu psin cxoxnTest abCOMOTHO, TO PsAA, TTOMYYESHHBIH U3 HETO JIF000H IIepecTaHOBKOM WIEHOB, TAKXKE
a0COJFOTHO CXOZMTCS U UMEET TY KE CyMMY.

[TepecTaHOBKOW UJICHOB YCJIOBHO CXOJMSIIETOCS psa MOXHO TIONYYHTH YCIOBHO
CXOJSIIMNACS PSi/I, UMEIOINI TI00YI0 HaMepe1 3aIaHHYI0 CYMMY, U JaKe PACXOJISIIHICS s,

4) Teopema. [Ipu 110601l 2pynnupoeke uieHo8 adCoNOMHO CX005Ue20Cst psod (npu SMom
YuCN0 2pynn Moodicem Oblmb KAK KOHEUHbIM, MAK U OECKOHeUHbIM U YUCNO Yl1eHO8 8 Zpynne
Modicem Oblmb KAK KOHEUHbIM, MAK U OECKOHEeUHbIM) NOAYHUAemcs CXOOAWULCS PO, CYMMA
KOMOPO20 PasHa CYMMe UCXOOHO20 PAOd.

0 o0
5) Ecau psiabr Zun u Zvn CXOJATCSI a0COTIOTHO M UX CYMMBbI PaBHBI COOTBETCTBEHHO

n=1 n=1

S M o, TO psAA, COCTAaBIECHHBIN N3 BCEX NMPOM3BENCHUN BUAA U,V,, i,k =12,... B3ATBIX B KAaKOM

YTOJTHO TIOPSIZIKE, TAK)KE CXOAUTCS abCOJIOTHO M €r0 CyMMa paBHA S-0 - MPOW3BEICHUIO CYMM
NIEPEMHO’KAEMBIX PSI0B.

Ecnyn ke nmpou3BOAMTH NEPEMHOXKEHUE YCIOBHO CXOMAALIMXCS PAAOB, TO B pe3ybTare
MO’KHO MOJTYYUTh PACXOASIIUNCS P
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Bonpocwt u 3a0auu k covecedosanuro:
3anauva 1. MccnenoBaTh CXOAUMMOCTD PSIOB:

1

> an 4 . In?
1. —1y 2. -1
Li ! n(n + 2) L{ ) n?+nd4+1

= | =1

X 5

. - ¥ r

n* +1 sin(n*/n)

300N () e 4 Y ()
e v n? 4+ 3n® 4+ 2 nomn

n=1

3

2n? . = ant
5. Y (-1) 35 6. > (-1)"—=.
’ n=1

\'”.n

_ o llrl.-l ” n - ., .:.i_l'] +Q T
7Y (-1 (Hrr_]) .8 Y (-1 ( o .

e |

e .

5 T COS TN

Q. (—1)"sin® —. m N .

; ! Jn ‘I/—']' vn+2
Bompocsr:

1. Kakoil psa Ha3pIBaeTCs 3HAKOUEPEAYIOIIUMCS (3HAKOIIEPEMEHHbBIM)?

2. Cdopmynupyiite npusHak JleOHuIa.

3. Kakoli psan Ha3bIBaeTca aOCOIOTHO CXOASIMMCS (YCIOBHO CXOASIIUMCS)?

4. Cdopmynupyiite npusHaku [lamambepa n Ko s 3HaKONIEpEMEHHBIX PS/IOB.
5. Ilepeuncnure cBoiicTBa a0COIOTHO CXOJAIIMXCS PSIOB.

Ilpakmuueckan paboma 21. Boiuucnenue seposmuocmu coovimus.
Ilens: popmMupoBaHUE OCHOBHBIX MOHATUN TEOPUH BEPOSITHOCTEM.
Teopemuueckan yacmep:

Bce coOwiThs, mpoucxoasiiue B OKPYXAloIIeM Hac MHUpE, MOKHO pas[eNuTh Ha JBE
pe3Ko OoTIMYarIuecss APYr OT JApyra TPYNNbl: B OTHOUIEHWH OJHUX COOBITHH MOXHO
JIOCTaTOYHO TOYHO NPEABUIIETh, HACTYIAT OHU WJIM HET, B OTHOLIEHUWU JAPYIMX — TaKoe
MpeABUCHUE HEBO3MOXKHO; HACTYIUIEHME WJIM HEHACTYIUICHHE TaKUX COOBITUH HOCUT Tak
Ha3bIBAEMBIN «CIIyYalHBIIN» XapaKTep.

Teopust BeposATHOCTEM — MaTeMaTU4YecKas HayKa, u3ydallas 3aKOHOMEpPHOCTH
ciaydaHbIX sBiaeHud. [loa ciydaliHbIMU SBJICHUSMU IIOHUMAIOTCS SIBJICHUS C HEOIPEAEIEHHBIM
HCXOJ0M, MPOUCXOAIINE MPH HEOJHOKPATHOM BOCIPOU3BEICHUU OMPENCIICHHOTO KOMIUIEKCA
YCJIOBUM.

CylecTByIOT /IBa MOJAXO0/Aa K U3YYEHHUIO 3TUX sBIEHUU. OIUH U3 HUX — KJIACCUYECKHIA,
COCTOMT B TOM, YTO BBIJIEISIFOTCS OCHOBHBIC (DAKTOPBI, OMpEAENsIONINe JaHHOE SBICHHE, a
BIIMSIHUEM MHOYXECTBAa OCTAJIbHBIX, BTOPOCTETEHHBIX, ()aKTOPOB, MPUBOISAIIMX K CIydaHBIM
OTKJIOHEHHUSIM €ro pe3ylbrara, mpeHeOperaior. Takum oOpa3oM, BBIAENSIETCS OCHOBHAs
3aKOHOMEPHOCTb, CBOWCTBEHHAs] JAHHOMY SIBJICHHIO, MO3BOJSIONIAS OJHO3HAYHO MPEACKA3aTh
pe3ynbTaT MO 3aJaHHBIM YCJIOBHSM. OTOT MOAXOJ YacCTO HCIOJb3YETCd B E€CTECTBEHHBIX
(«TOYHBIX») HayKax.

[Ipu wuccrnenoBaHuM MHOTMX SIBIICHMM M, NPEXKIE BCETO, COLUMAIBHBIX, TAKOW IMOIXOJ
HerpuemsieM. B 9THUX sSBIEHUSX HEOOXOJUMO yYWUTHIBATH HE TOJIHKO OCHOBHBIE (pAaKTOPHI, HO U
MHOKECTBO BTOPOCTEIIEHHBIX, IPUBOIAIIMX K CIy4YallHbIM HCKaKCHUSM pE3yibTara, T.c.
BHOCSIIIIUX B HETO 3JIEMEHT HeomnpeneseHHOCTH. [1oaToMy Ipyroi moaxo/l K U3yYEHUIO SIBICHUMN
COCTOMT B TOM, YTO JJIEMEHT HEOIPEACIECHHOCTH, CBOWCTBEHHBIA CIyYalHbIM SIBICHUAM U
00YCIIOBIICHHBI BTOPOCTEIIEHHBIMU (haKTOpaMu, TPeOyeT CIeMATIbHBIX METOJ0B MX U3YYCHHUSI.
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Pa3paboTkoii TakMX METO/I0B, U3yUEHUEM CIEHU(PUIECKUX 3aKOHOMEPHOCTEH, HAOII01aeMbIX B
CJIydaliHBIX SBJICHUSIX, U 3aHUMAETCS TEOPUS BEPOSITHOCTEH.

OCHOBHBIMU MOHSTHSIMU TEOPUU BEPOSITHOCTEN SBIAIOTCS UCTIBITAHUE U COOBITHE.

ITon ucnpiTaHKeM (OIBITOM, SKCIEPUMEHTOM) IIOHMMAETCS! BBINOJIHEHUE OIIPEICIIEHHOIO
KOMIIJIEKCA YCJIOBHI, B KOTOPBIX HAOJIIOJAETCsS TO WJIM MHOE SIBJICHUE, (PUKCUPYETCS TOT HIIN
WHOW pe3yJbTar.

CrnyyaitHeIM COOBITHEM (MM MPOCTO COOBITHEM) Ha3bIBaeTCs JII000H (DakT, KOTOPBINA B
pe3yibTaTe UCHBITAHUS MOXKET NIPOU30MTH WK He npou3oiTH. Takum oOpa3oM, coObiTHE OyaeT
paccMaTpUBaThCS KaK pe3yabTaT UCTIBITAHUS.

CoObITHe Ha3bIBAaeTCS JOCTOBEPHBIM, €CIM B PE3YJIbTaTe UCHBITAHUS OHO 0053aTENIbHO
JOJDKHO TpousoiiTu. Hampumep, Bbimagenue ot 1 1o 6 0YkoB mpu OpOCaHWUU HUTPaATBLHOTO
KyOuKa.

CoObiTHe Ha3bIBaCTCS HEBO3MOXHBIM, €CIM OHO 3aBEIOMO He HacTynurt. Hampumep,
U3BJICUEHHE TPEX YEPHBIX TY30B U3 KOJIOABI KapT.

CoObITHsI HA3bIBAIOTCS HECOBMECTUMBIMU (HECOBMECTHBIMU ), €CJIH BO3MOYKHO MOSIBIICHHE
TOJILKO OJIHOTO COOBITHS U3 3TOM IpyHImbl COObITHHA. B mpoTHBHOM ciydae cOOBITUSI Ha3bIBAIOT
COBMECTUMBIMH (COBMECTHBIMHU). Hampumep, moiyueHue CTYIACHTOM Ha JK3aMEHE IO OJHOM
JUCLUIUIMHE OLEHOK  «OTJIMYHO», «XOPOIIO» U  «YyJOBIETBOPUTEIBHO» -  COOBITHS
HECOBMECTHBIE, a MOJIyYeHHE TeX K€ OIEHOK Ha HK3aMeHaX IO TPeM IUCIHUILIMHAM — COOBITHS
COBMECTHBIE.

CoObITHSI HA3BIBAIOTCS PAaBHOBO3MOKHBIMH, €CIT B PE3yJIbTATE UCIBITAHHSA 110 YCIOBUSAM
CUMMETPUHU HU OJIHO M3 3TUX COOBITUH HE sABIsAETCA 00BEKTUBHO Oosiee BO3MOKHBIM. Hanpumep,
U3BJICUCHHE TYy3a, KOPOJIsA, JaMbl WM BaJieTa M3 KOJIOABI KapT, JHOO TOsBICHHE repda Wim
pELIKU IpU MOAOPACKIBAHUN MOHETHI — COOBITHS PABHOBO3MOXHBIE.

JU1st IpaKTUYECKOH NeATeTbHOCTH BaXKHO YMETh CPABHUBATH COOBITHS 110 CTETICHU
BO3MOYKHOCTH UX HACTYIUICHUS.

[Tycte ®WCXOOBI HEKOTOPOTO WCHBITAHUA OOPa3yIOT TMOJHYIO TPYIILY COOBITHIA |
PaBHOBO3MOXHBI, T.€. E€IMHCTBEHHO BO3MOXHbBI, HECOBMECTHbl M PAaBHOBO3MOXHBI. Takue
MCXO/IbI HAa3bIBAIOTCS DIIEMEHTAPHBIMH UCXOAAMHU WU CITyYasiMH.

Crayuait Ha3pIBaeTcs OJaronpusATCTBYIOIIUM (OJIAarONpUsATHBIM) COOBITHIO A, eciH
MOSIBJIEHUE ATOTO CIIy4asi BICUET 32 COOOM MOSBICHHE COOBITHS A.

Knaccndeckoe omnpeneneHue BEpOSTHOCTU: €CIIM CHCTEMa COCTOMT M3 KOHEYHOro yucia
€/IMHCTBEHHO BO3MOKHBIX, HECOBMECTHMBIX COOBITHI, TO BEPOSTHOCTHIO COOBITHSI A Ha3bIBAIOT
OTHOILIEHHE YHUCJIa M HCXOJOB MCIBITAaHUHM, NMPHUBOJAIMX K COOBITHIO A, K 4HMCIy N Bcex
HUCIIBITAHHMH, T.C.

P(A)= %

Jlnia mro6oro coObiTHst A cripaBennuBo HepaBeHCTBO: 0 < P(A) <I1.
IIpumep 1:

Jlorepest coctout u3 1000 6uneros, cpenu Hux 200 BeIUrpbIIIHbIX. Hayraa BelHUMaeTCs
onuH Omier u3 1000. Yemy paBHA BEpOATHOCTB TOTO, YTO ATOT OMJIET BHIUTPHILIHbII?

Pemenue: paznuyabix ucxo10B B 3ToMm nmpumepe 1000 (n=1000). B uaTepecyromee Hac
cobbite A BxoaaT 200 ucxomos (m=200). Takum oOpazom,

200
Ay=——=10,2
p(&) 1000

ITIpumep 2:

B xopo6xke nexar 200 6enbix, 100 kpacHbix u 50 3eneHbIX mapoB. Haygaday BerHUMaeTcs
onuH map. Yemy paBHBI BEpOSITHOCTH MOJTYUYHTD IIap O€JI0T0, KPACHOTO MJIH 3€JICHOTO IBeTa?
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Pemenne: PaccmorpuMm coObiTus: A={BeIHYIHU Oenblii map }, B={BbIHYyIM KpacHbIi map},
C={BbIHYnH 3eeHbIi map}. n=350, Toraa

_200_4

PlA)y=—=—,
&) 35007

_100 _2

P(B) 50

'}
350 7
YacTo asst perieHus 3a1a4 TeOPUH BEPOATHOCTEH MPUMEHSIOT KOMOMHATOPUKY.
Ipumep 3:
W3 xononpl B 36 KapT BHITACKUBAIOT TpU. KakoBa BEPOATHOCTH TOT0, UTO CPEAU BBIHYTHIX
KapT HET JECATOK?
Pemenue: B 3ToM npumMepe 35ieMEHTapHBIM UCXOJIOM SIBJISIETCA CIy4allHBIA Ha0Op U3 TPEX KaprT.

P(C)

3
OOuiee 4ncno >raeMEHTAPHBIX MCXOMOB paBHO N=(T, ., OIIEMEHTAapHBIE HCXO/bI CUYMTAEM
PaBHOBO3MOXHBIMH. BIIaronpusTHIX UCXOI0B (KOJIHMYECTBO BO3MOKHBIX HAOOPOB 110 TPU KapThI
> 3
U3 TOH Ke Konomel, HO 6e3 mecatok) m= (T, . Takum 00pa3oM, BEPOSTHOCTH COOBITHA A

{BbiyTo 3 KapThl U3 36 U cpear HUX HET JAECSTOK }:

PrA) = C—zﬂ S

Cl 357

Bonpocewl u 3a0auu k cobecedosanuio:
1.Ctpenox npousBen 3 BbICTpesa 0 MUILIEHH, A1 — TONaJJaHue PU IEPBOM BBICTpeIie, Az — MpH
BTOpPOM, A3 — 1pH TpeTheM. Bripazuts yepe3 A1, A2, A3 U UX OTPULIAHHS CIIEAYIOIINE COOBITHS:
a) OJTHO TIOTIaJIaHue; 0) TpU MpoMaxa; B) TPH MOMAIAHUS; T) XOTs ObI OJUH MPOMax.
2.Moneta nogOpaceiBaeTcs 4 pasza. PaccmarpuBaroTcst COOBITHSI — MOSIBIIEHUE TepOa mpu i-om
noxopaceiBanuu (i=1,2,3,4). IlpencraButh B BUAE CyMM, IIPOU3BEICHUI H CYMM MPOU3BEICHUI
coObITH Aj crieayronie coopThs: A — MosIBUINCH Bee 4 repba; B — nossunuck Bee 4 mudpsr; C
— mosiBUIICA XOTsI Obl oquH rep6d; D — mosBuiace xoTs Ob1 onHa 1udpa; E — mosBuics TonbKo
oauH repo; F — mosiBuiiack TobKO o1HA 1Udpa.
3.bpomiensr 3 MoHeTbl. CocCTaBUTh COOBITHS, OOpasyloie MOAHYH Tpymmy. CKOJbKO
PaBHOBO3MOJKHBIX MCXOJ0B O0pa3yroT MOJIHYIO TpYHIy COOBITUH? YKaXuTe 3J€MEHTapHbIe
COOBITHS, HE 00pa3yroIIUe MOJIHOM IPYIIIIbI.
4. IlpuBeauTte NpuMepsbI:
A) Tpex coObITHIA, 00pa3yroIIUX MOJHYIO TPYIIY;
b) Tpex coObITui, paBHOBO3MOKHBIX M1 HECOBMECTHBIX, HO HE 00pa3yIOIIMX MOJHOW IPYIMIIbL;
B) naByx coObITHI, HECOBMECTHBIX M OOpa3yloOIIMX TMOJHYI TpyHIy COOBITHH, HO He
PaBHOBO3MOYHBIX.
5. bpocarorcs OJHOBPEMEHHO JBE WrpajbHbIe KOCTH. HaWTH BEpOSTHOCTH CIEAYIOIINX
coOBITHIT: A-CyMMa BBINIABIIMX OYKOB paBHA 8; B-nipon3BeieHne BHIIABIINX OUYKOB PAaBHO 8.
6. B xomBepre cpemu 100 ¢doTokapTouek HAXOIUTCS OJHA pa3bickMBacMas. M3 KoHBepTa
Haynauy wusBieueHbl 10 kaprodyek. HallTu BepOSITHOCTH TOrO, YTO CpPEAM HHUX OKaKeTcs
pa3bICKUBaeMasl.
7. Habupas Homep TenedoHa, abOHEHT 3a0buT TOCIEIHUE TPU LUU(PBI U, TOMHS JIUIb, YTO 3TH
nupsl pa3nuuHbl, HaOpan uX Haygady. HailTu BeposITHOCTH TOro, 4ro HoMmep HaOpaH
NPaBUIBHO.
8. 13 oyxB cioBa YPABHEHUE BreiOupaercst Hayran ogHa Oyksa. KakoBa BEpOsSITHOCTB, UTO 3Ta
OykBa OyzerT: a) r1acHoi, 0) cornacHoii, B) OykBoit 11]?
9. U3 xopomio TacoBaHHOW KOJOBI, COAEpKalieid 52 kapThl, HayraJ BbEIOMpaeTcs OaHa KapTa.
HaiiTu BeposTHOCTH TOTO, YTO: a) OHA OKaXkeTcss OyOHOBOI MacTH; 0) OHA OKAXETCs TY30M; B)
OHAa OK&XKETCS YEPHOW MAacCTH; T) 3Ta KapTa Jubo Ty3, 1MOO0 KOpoJb, MO0 nama, 0o BaJeT,
100 necsaTka.
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10. Pebenoxk urpaer ¢ 10 OykBamu pazpesHoii a3oyku A, A, A, E, U, K, M, M, T, T. KakoBa
BEPOATHOCTb, 4YTO TMpU CIy4alHOM pacHojoKeHUu OyKB B psil, OH TOJYyYUT CIOBO
MATEMATUKA?

11. B crapunHo#t uHaelckoi urpe "ToHr" aBa UTPOKa OJTHOBPEMEHHO MOKA3bIBAIOT APYT JIPYTy
nnbo onauH, nuOO0 1ABa, NMMOO TPU TaNblla HA MPaBOW pyke. Ecim st Kaxaoro urpoka
pPaBHO3HAYHO MMOKAa3aTh OJMH, JABa WIM TPU Majblla, TO YEMy paBHa BEPOSTHOCTb TOTO, YTO
olIiee YMCiIo MOKA3aHHBIX MANBIEB: a) YETHO; 0) HEUETHO; B) OOJBINE YETHIPEX; I') MCHBIIE
JIBYX; 1) IpocToe?

Ilpakmuueckasa paboma 22. Bapuayuonnsle paovl u ux zpaguueckoe uzoopasricenue.
Ilenv: popMupoBaHUE OCHOBHBIX TOHATHH MAaTEeMAaTUYECKOW CTATUCTHKHU.
Teopemuueckan uacmp:

MartemaTtuueckasi CTaTUCTHKA 3aHUMAETCSl YCTaHOBJICHHEM 3aKOHOMEPHOCTEH, KOTOPBHIM
MOJYMHEHBl MACCOBBIC CIIydaiiHBIC SIBJICHUS, HA OCHOBE OOpaOOTKH CTATHCTUYECKHUX JAaHHBIX,
MOJIyUYEHHBIX B pe3ylnbrare HaOmrofeHuil. J[ByMs OCHOBHBIMHM 33aJjadyaMH MaTE€MaTH4YeCKOU
CTaTUCTUKHU SIBJISIOTCSL:

- OmpeeNieHrne cCocoboB cOopa U rPYNIUPOBKH STUX CTATUCTHUECKUX JTaHHBIX;
- pa3paboTKa METOJI0B aHAJIN3a MOJIYYEHHBIX IaHHBIX B 3aBUCUMOCTH OT LI€JI€H Hcce10BaHus, K
KOTOPBIM OTHOCSTCS:

a) OICHKAa HEW3BECTHOM BEPOSITHOCTH COOBITHS; OLEHKAa HEW3BECTHOW (YHKIHU
pacmpeieieHus; OICHKa MapaMeTpOB pacHpeleleHus, BHJA KOTOPOTO U3BECTEH; OICHKA
3aBUCUMOCTH OT APYTUX CIy4yalHBIX BEJIMYUH U T.1.;

0) mpoBepka CTAaTUCTUYECKHX THIOTE3 O BUJE HEU3BECTHOTO DACIpPENCTCHHS WIH O
3HAUEHUSX [1apaMETPOB U3BECTHOTO PACIPEIEICHHUS.

Jlnsa  pemieHus S3TUX 3adad  HeoOXoIuMO BbIOpaTh M3 OOJBIIONH COBOKYIMHOCTH
OJIHOPOJHBIX OOBEKTOB OrPaHMUYEHHOE KOJIMYECTBO OOBEKTOB, MO pe3yJbTaTaM H3y4eHUs
KOTOPBIX MOKHO CJI€1aTh MPOTHO3 OTHOCUTEIBHO MCCIIEyeMOro MPU3HAKA ITUX 0OBEKTOB.

OmnpenenyM OCHOBHbIE MOHATUS MaTEMaTHUECKON CTaTUCTUKU.

I'enepanvuas co8oKynHocms — BCe MHOKECTBO UMEIOIINXCSI 0OBEKTOB.

Buvibopka — Habop 00BEKTOB, CIy4ailHO OTOOpaHHBIX U3 T€HEPAIbHON COBOKYITHOCTH.

Obvem eenepanvrou cogoxynHocmu N U o0b6vem 6bi00pKu N — 4YUCIO0 OOBEKTOB B
paccMaTpuBaeMO COBOKYITHOCTH.

Bunsr Be16OpKU:

[ToBTOpHAsT — K@Kl OTOOPAHHBIA OOBEKT Mepe] BHIOOPOM CIIEIYIONIET0 BO3BPAIIAETCS
B F€HEPAJIBHYIO0 COBOKYITHOCTb;

becrioBTOpHas — 0TOOpaHHBII OOBEKT B reHepaIbHYI0 COBOKYITHOCTh HE BO3BpAIAETCA.

Jns Toro, ytoOBl MO HCCIEAOBAHUIO BHIOOPKM MOXHO OBLIO cIenaTh BBIBOABI O
MOBE/ICHUN MHTEPECYIONIEr0 Hac IpHU3HAKa TEHEPaJbHOM COBOKYIMHOCTH, HYXHO, YTOOBI
BbIOOpKA MPABUIIBHO MPEJCTaBIsIa MPOMOPIMHM T'€HEPaJbHOM COBOKYIHOCTH, TO €CTh Oblia
penpesenmamuenoli  (IPEACTAaBUTENBHOM). YUYHUTBIBas 3aKOH OOJBIIMX YHCENT, MOXKHO
YTBEPXKJaTh, YTO ITO YCJIOBHUE BBIMOIHAETCS, €CIIM KaXKIbI 00BEKT BBIOpaH ClIy4ailHO, IpUYeM
JUISL TI000T0 00BbEKTA BEPOSITHOCTH MONACTh B BBIOOPKY OJJMHAKOBA.

[Tycts uHTEpecyromas Hac ciydyailHas BeIMYMHA X MPUHUMAET B BHIOOpKE 3HAYCHUE X1

k
N1 pas, X2 — N2 pas, ..., Xk — Nk pa3, IpuYeM an =N, rae N — ooseM BbIOOpKU. Torma
i=1
HaOJIr0JaeMbIe 3HAYCHUS CITyYalHON BETUYMHBI X1, X2,..., Xx HA3bIBAIOT BapHaHTaMHu, a Ny, N,...,
Nk — yacToTamMu. Ecnu pa3fenuTh KaxAyl0 4YacTOTy Ha 0O0beM BBIOOPKH, TO MOJIYYUM
OMHOCUMENbHbLE YACTOMbL O, =1,
n
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[TocnenoBarenbHOCTh BapUaHT, 3alUCAaHHBIX B TOPSJAKE BO3pacTaHUsl, Ha3bIBAIOT
BapUAIlMOHHBIM PSAJIOM, a TIEPEUYCHb BApUAHT W COOTBETCTBYIOIIUX MM YacTOT WIIH
OTHOCHUTEJIbHBIX YACTOT — CTATUCTUYECKUM PSIOM.

Ipumep 1:

[Tpu mpoBenenuu 20 cepuii u3 10 OPOCKOB UTrpabHONH KOCTH YMCIIO BBINAJACHUHN MIECTH
OYKOB OKa3ajioch paBueim 1, 1,4,0,1,2,1,2,2,0,5,3,3,1,0,2,2,3,4, 1.

CocraBum BapumanmonHubii psa: 0,1,2,3,4,5. Cratuctudeckuil psij ansi aOCOMIOTHBIX U
OTHOCHUTEJIbHBIX YaCTOT MMEET BHI:

X, 0 1 2 3 4 5
. 3 B 5 3 2 1
W, 014 0,3 0,25 015 0.1 0,05

Ecnu uccnenyercst HEKOTOpPbIM HENpepbIBHBIN MPU3HAK, TO BapUAllMOHHBIN PsIi MOXKET
COCTOATh W3 OYEHb OOJBIIOTO KOJMYECTBA YHceld. B 3ToM ciydae ymoOHee HCIOIb30BaTh
IpyNIUPOBAaHHYIO BbIOOpKY. /[l ee moiydeHus HHTEpBaJ, B KOTOPOM 3aKJIIOUYEHBl BCe
HaOJro1aeMble 3HAUYCHUS TPU3HAKA, pa30MBAIOT HA HECKOJIBKO PABHBIX YaCTHYHBIX MHTEPBAJIOB
JUIMHOM h, a 3aTeM HaxoIAT IJIs KaKJOro 4aCTUYHOIO MHTEpBaJa Nj — CYMMY YacTOT BapuaHT,
nomaBmMx B i-ii wHTepBan. CocTaBieHHass MO ATHM pe3yjibTaraM Ta0JiHIa Ha3bIBAeTCS
2PYRNUPOBAHHBIM CIMAMUCTIUYECKUM PAOOM.

JIsi HarJIAIHOTO MPEJCTaBICHUS O IOBEICHHM MCCIIEIYEMOW CIIy4yallHOM BEIMYUHBI B
BbIOOPKE MOYKHO CTPOUTH pa3iinuHble rpaduku. OJUH U3 HUX — IOJUIOH YacTOT: JOMaHasd,
OTPE3KH KOTOPOH COCTUHSIOT TOYKHM C KoopawHatamu (X1, N1), (X2, N2),..., (Xk, Nk), A€ Xi
OTKJIa/IbIBAIOTCS Ha OCH a0CLIMCC, a Nj — Ha OCH opauHaT. Eciin Ha ocu opAMHAT OTKJIa/bIBaTh HE
abcomoTHbIe (Nj), @ OTHOCUTEIbHBIE (Wi) YaCTOTHI, TO TMOJYYHUM IIOJIMTOH OTHOCHUTEIBHBIX
4acToT.

Oransl epBUYHON 00pabOTKU BBIOOPKHU:

1.PanxupoBaHue ONBITHBIX JAHHBIX (Pacroyio’KeHHe 3HaYeHUH MpPU3HAKa 10 YOBIBAaHHIO
WM BO3PACTaHHUIO).

2.YacToTHbII aHaIM3 (MOCTPOEHHE CTATUCTUYECKOTO Psijia, ONpeieNieHe OTHOCUTEIbHBIX
4acToT).

3.I'pynnupoBka (4acToTHas TaOysIMsI BHIOOPKH).

Bonpocwi u 3a0auu:

1. Hmerorcs crenymoomue AaHHble 00 ycneBaemMocTd 20 CTYAEHTOB TPYIIBI IO
CTaTUCTHUKE B JIETHIOIO ceccuto: 4,4, 3,5,2,2,5,3,3,3,5,3,2,4,3,2,3,5,5, 4. llocrpoiite:
pAI pacrpenenaeHus CTYAEHTOB 10 0alljlaM OLIEHOK; Psii pacipelelieHNs CTYIEHTOB MOJI YPOBHIO
yCIIEBAEMOCTH, BBIJIEIMB B HEM JBE TIPYIIBl CTYAECHTOB: HEYCIIEBAIOIIME U YCIIEBAIOIIKE.
N3006pa3ute Kaxaplid U3 psiioB rpaduyecKy.

2.IlocTpouTh KPUBYIO M THCTOIPaMMy CYMMBI HaJOTOBBIX HEYIUIAT, 3a(UKCHPOBAHHBIX
10 YCIIOBHBIM PETMOHAM CTpaHbl, JaHHbIE 110 KOTOPHIM MPUBEJEHBI B TabauIle (B MIIH. pyo0.):

21 43 72 84
22 54 75 32
26 49 77 45
27 53 78 65
28 54 81 12
32 58 83 34
34 61 84 54
37 65 84 34
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39 68 88 41

3.Jlana rcxoHasi BHIOOPKA MO POCTY M BECY CTYECHTOB IPYIIIBL:
Focr | 160 | 168 | 175 | 169 | 1v0 | 169 | 162 | 166 | 163 | 160 | 138 | 173 | 162 | 173 | 1%
Bec | 48 | 5% | 69 | 64 | 69 | 70 | 51 | 60 | 67 | 54 | 48 | 38 | 44 | 50 | 36

Omnpenenure 00beM BbIOOPKH. COCTaBbTE PAHKUPOBAHHBIM M BapHALMOHHBIA PAIBI IO
Ka)KIOMY U3 MPU3HAKOB.

4.IlocTpouTh TUCTOTPaMMYy Harpy3Kd Ha OJHOIO CJEIOBAaTeNsd 10 PacCiIeIOBAaHHBIM
YTOJIOBHBIM JI€JIaM IO TAHHBIM TaOJIUIIbI:

Tonbl 1995 | 1996 | 1997 [ 1998 | 1999 | 2000 | 2001 | 2001 | 2003
Mo ommmn| 632 | 49,6 41 315 | 323 | 324 | 379 | 342 | 362
MBI

Ilo  nuuum | 17,2 16,9 15,5 151 16 17,7 18,2 18,3 19,7
IIPOKYPATyphI

5.Tpu BapwaHTa HWCXOAHBIX JAHHBIX TaOJMIBI HUXKE — PE3yNbTaThl Tele()OHHBIX
IIEPEroBOPOB B MHUHYTaX COTPYIHUKOB TpPEX OTAEIbHBIX CIyXkO B TedueHHE pPabOYero Hs.
Tpebyercs cocTaBUTh MHTEPBAIBHBIN Psi/I paciipeesICHUs!.

Ne 1 2 3 4 5 6 7 8 9
BBIOOPKH

Cryxb6a 1 1,9 2,6 3,1 3,3 2,1 2,0 4,7 0,9 2,8

Cayx0a 2 6,9 11 3,6 1,0 7,0 2,1 8,7 1,0 8,0

Cayx0a 3 4,7 6,8 3,8 3,1 1,8 7,1 9,2 8,1 4,0

6. Jlana BwiOopka 7,3,3,6,4,3,5,1,2,1,3. Tloctpouts BapuanmoHHBIA psia. OnpenenuThb
pa3max BBIOOPKH.

Ilpakmuueckaa paboma 23-24. Toueunvie ouenku. Ilonamue unmepeanvHozo
ouenueanus. Jlogepumenvnaa 6epoAmMHOCb U npeldenbHas owiudka evloopku. Ouenka
XapaKmepucmukK 2eHepaibHoil CO6OKYRHOCIU RO MAJl0ll 8blOOPKe.

Ileny: popMupoBaHHE OCHOBHBIX MOHATHI MaTeMaTUYECKOW CTATUCTHKHU MPU 00paboTKe
pe3yabTaTOB SKCIEPUMEHTA.

Teopemuueckaa yacmo:

YucnoBble MOKa3aTeNH, XapaKTEePU3YIOIIUE TeHEePaJbHYI0 COBOKYMHOCTb, HA3bIBAIOT
napamempamy, a YUCIOBBIE TIOKA3aTelld, XapaKTepH3YIOUME BBIOOPKY,—  8b100pPOUHBIMU
Xapakmepucmukamy WA cmamucmukamy. — BbIOOpOYHBIE — XapaKTEepUCTUKH  SBISIOTCS
NPUOJIMDKCHHBIMHA ~ OIIGHKaMU  Te€HEPAIBbHBIX TapamMeTpoB. OTO BEIMYMHBI  CIIyJaifHBIC,
BaphUpYIOIIME BOKPYr CBOMX mnapameTpoB. OILIEHKHM T'€HEpaJbHBIX MapaMeTpoB IO
BBIOOPOYHBIM XapaKTEPUCTHKAM MOTYT OBITh TOUSYHBIMHA U HHTEPBAJIHHBIMH.

I'eHepanbHble XapaKTEPUCTHKH, WJIM TapaMmeTpbl, HPUHATO 0003Ha4yaTh OyKBaMHU

rpedeckoro andaBuTa, a BHIGOPOUHBIE XapaKTePUCTUKH - TATHHCKOT0. BeiGopouHas cpemnss X
SABIISIETCS OIEHKOH TeHepaTbHOH CpeHel a, BIOOpOUHAs JHCIIEPCHs S—OIEHKOH TeHepaTbHOi
aucnepcun O %, a cpeiHee KBajpaTHUYECKOE OTKIOHEHHE Sx — OIEHKOH CTaHAapTHOTO
orkimonenuss O ,, XapaKTEPHU3YIOIIErO0 TEHEPAIBHYIO COBOKYITHOCT. JTO MOueuHble OUCHKU,
npeAcTaBsAomue coO00i He HWHTEpBajbl, a yuciaa («TOYKH»), BBIYUCISEMBbIE MO CIydailHON
BEIOODKE.
Tpebosanus, npeovasnaemoie K moYeYHbIM OUYECHKAM.

Bri0opouHble XapaKTEPUCTHKH KaK BEIWYUHBI CIy4allHbIE, BapbUPYIOIIHE BOKPYT

CBOUX TI€HEpajJbHbIX IMapaMeTpPOB, B OCHOBHOM HE COBMHAJAalOT C HUMHU MO aOCOIIOTHOU
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BenuuuHe. JlJis TOro 4yToObl CTATUCTHUYECKHE OICHKM [ABalld «XOPOLIUE» MPHUOIMKECHHS
OLICHUBAEMBIX IAapaMETPOB, OHM JIOJDKHBI YAOBIIETBOPSATH OIPEAEIEHHBIM TpPeOOBaHUIM.
OneHKy JOJDKHBI YAOBIETBOPATH MO MEHBIIEH Mepe CIEAYIOIUM TpeOOBaHUAM: OBITH
COCTOSITEIbHBIMHU, 3()(HEKTUBHBIMU U HECMEILIEHHBIMH.

ToueyHass OLIEHKA CTAaTUCTHKU HA3bIBACTCA COCMOAMENbHOU, €CIU IPU YBEINYEHUU
o0beMa BBIOOPKM OHAa CTPEMUTCS K BEIMYMHE MeHEepalbHOro napamerpa. Tak, Uisl TeHepaibHOU
CpeIHel COCTOSTENbHOM OIEHKOM SIBISICTCS BHIOOPOYHAS CPEHSs, IS TeHEpAIbHON JUCIIEPCUU
COCTOSITENIBHOM OLIeHKOM OyneT BbIOOpOUHas AUCHIepCHsl.

Toueuynas oueHKa Ha3BIBACTCS dPheKkmueHoll, €C OHA UMEET HAUMEHBIIYIO UCIEPCUI0
BBIOOPOYHOTO PACIpPEEICHUs 10 CPaBHEHUIO C JPYIrMMH AaHAJOTMYHBIMM OLIEHKAMH, T. €.
00HapyKMBaeT HAMMEHBIIYIO CITyYalHYyIO BapHAIIHIO.

OuneHka Ha3bpIBae€TCs HeCcMeWweHHOU, €CIM MaTeMaTU4eCKoe OXHUAaHue €€
BBIOOPOYHOTO paclpeeeHHsl COBIAIAaeT CO 3HAUEHUEM I€HEPAIbHOIO IIapaMeTpa.

Bbi0opounas cpeansis

Ilyctp s m3ydeHUs TeHEpaJbHOW COBOKYIHOCTH OTHOCHUTEIBHO KOJUYECTBEHHOI'O
npu3Haka X u3BjIeYeHa BbIOOpKa 00bEMa N.

Bri6opoynoii cpenneil X, Ha3plBalOT CpeHee apu(pMETHYECKOE 3HAUYeHHE IPU3HAKa
BbIOOPOYHOM COBOKYITHOCTH.

Ecmu Bce 3mauenus X, X,,...,X

X, + Xy + ot X,

n
Ecnu sxe 3HaueHUs npusHaka X, , X, ,..., X, HIMEIOT COOTBeTCTBeHHO dacTothl f,, f,,...T,

Zk:xi f.
— i=1

n

3ameuanue. BreibopouHast cpenHsis, HaiifieHHass MO JaHHBIM OJHOW BBIOOPKH, €CTh,
OUYEBHJIHO, onpenenénHoe yrcio. Ecnu jxe n3Bnekatsh Jpyrue BEIOOPKU TOro ke 00bEéMa 13 Toi
€ TeHepalbHOW COBOKYITHOCTH, TO BBIOOpOYHAsl cpefHssi OyAeT M3MEHATbCS OT BBIOOPKU K
BbIOOpKe. TakuM 00pa3oM, BBIOOPOUHYIO CPEIHIO MOXKHO paccMaTpHBaTh Kak CIydaiHyro
BEJIMYMHY, a, CJIEJJOBAaTEIbHO, MOYKHO TOBOPUTH O pacHpeesieHUusIX BHIOOPOYHON CpedaHel U o
YHCJIOBBIX XapaKTEPUCTUKAX ATOTO pacHpeaeseHns (€ro Ha3blBaloT BEIOOPOUHBIM), B YACTHOCTH,
0 MaTeMaTH4YE€CKOM OKUJAaHUH U JUCTIEPCUU BEIOOPOYHOTO pacIpe/ieIeHHUs.

, Tpu3HaKa BbIOODKM 00BEMA N pasIMYHBI, TO

8

,To X,

Bbi0opounasi iucnepcus
Jns  Toro, 4YToObI  OXapaKTepU30BaTh  paccessHue  HaOMIOJAaeMbIX  3HAYEeHUH
KOJMYECTBEHHOI0 IPU3HAKa BHIOOPKH BOKPYT CBOETO CPEIHETO 3HAYEHUs X, , BBOJAT CBOAHYIO
XapaKTEPUCTHKY — BBIOOPOUHYIO AUCIIEPCHIO.

Beibopounoii aucnepcueit D, HaspBatoT cpennee apudMeTHyeckoe KBaIpaToB

OTKJIOHCHUA Ha6n}0)1aeme 3H3‘-ICHPII>1 an/I3Ha1<a OT UX cpegIHero 3HAYCHUA )_(6 .
Ecnnm Bce 3Hauenus X, X, ,..., X,, IpU3HaKa BEIOOPKU 00bEMA N Pa3INYHBI, TO
4 2
Z (Xi - )_(6)
D — i=1

8

n
Ecnu 3Hauenust npusHaka Xq, X, ,..., X, HMEIOT cooTBeTcTBeHHO dacToThl f,, f,,..., f ,

npuuém f, + f, +..+ f, =n, 1o
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JIerko «WCHpaBUTH» BBIOOPOYHYIO JUCHEPCHIO TaK, YTOOBI €€ MaTeMaTh4ecKoe
OXHIaHUE ObLIO PaBHO I'eHEPANbHOW JucrepcHy. JlOCTaTOYHO IS 3TOr0 yMHOXHUTh D, Ha

apodb ——. CpemaB 3TO, TOJIYYMM HCHPABICHHYIO JUCHEPCHIO, KOTOPYIO OOBIYHO

2
0003HavaroT uepe3 S

, n n ;(Xi_xe)z fi _iz_l:(xi_)_(g)z fi

n-1 ° n-1 n n—-1
I/ICHpaBHeHHaﬂ I[I/ICHepCI/IH SABJIACTCA, HeCMeHléHHOﬁ OHCHKOﬁ reHepaanoﬁ ,Z[I/ICHepCI/II/I.

I/ITaK, B Kad€CTBC OICHKHU FeHepaJIBHOﬁ AUCTICPCHUU  TIPUHUMAIOT HCIIPABJICHHYIO
K

Z(Xi _)_(k)z fi

i=1

S

JAUCIICPCUTIO S2 =

n-1
Kpome nucriepcuu i1 XapaKTEpUCTUKH pacCesHUs 3HAYCHUH IMPU3HAKa BBIOOPOYHOM
COBOKYITHOCTH BOKPYI' CBOEIrO CPEIHEr0 3HAYEHHMS MOJB3YKOTCA CBOAHOM XapaKTEPUCTUKOU —
CPCAHUM KBAAPATUICCKUM OTKIOHCHHCM.
BbIOOpOYHBIM  CpETHUM KBaJpaTUYECKUM OTKJIOHEHHEM (CTaHJApTHBIM) Ha3bIBAIOT

KBaJIPaTHBIN KOPEHb M3 BEIOOpOUHON nucnepcun: o, =+/D, .

I[J'Ifi ONCHKHU XK€ CPCAHCTO KBAAPATHYCCKOTI'O OTKIOHCHHA reHepanLHoﬁ COBOKYITHOCTH
HUCIOJIB3YIOT «HUCIHPABJIICHHOC» CPEAHEC KBAAPATHYCCKOC OTKIIOHCHUC, KOTOpPOC pPABHO
Kk

Z(Xi _)_(3)2 fi

i=1

KBaApAaTHOMY KOPHIO U3 HCHpaBHeHHOﬁ AUCTICPCUHN: S= n_1
K K

Z(Xi_)_(g)z fi Z(Xi_)_(k)z fi

3ameuanne. CpasHuBas gopmyisl D, == s’ =12 , BHJIUM,

n n-1

YTO OHHU OTIIMNYAKOTCA JINIIIb 3HAMCHATCIISIMU. O‘IGBI/II[HO, HpI/I J0CTAaTOYHO 60J'II>HII/IX 3HAYCHHUAX N
06’LéMa BBI60pKI/I BH60pO‘IHaH N UCIIpaBJICHHAsA AUCIICPCHU PA3JINYAOTCA MAJIO. Ha IIPaKTUKE
MOJIB3YIOTCSI UCTIPABIIEHHON AMcCTiepcueit, ecim mpumepHo N<30.

IIpumep. Cpean cBUHOMATOK XO3siicTBa ObIIO BbIOpaHO 64 CBUHOMATKH, JAAHHBIE IO
OIOpPOCaM CPEIA KOTOPBIX CICAYIOIIHE:

8;10; 6;10;8;5;11;7;10;6;9;7;8;7;9;11; 8;9;10; 8; 7; 8; 11; 8; 7; 10; 8; 8; 5; 11; 8§;
10;12;7;5;7;9;7;10;5;8;9;7;12;8;9;6;7;8;7;,11; 8;6; 7; 9; 10.

OnpenenuM cpeqHee BBHIOOPOYHOE YHUCIO IMOPOCAT B MoMeTax 64 CBUHOMAaToOK M
BBIYMCIIUM TOKA3aTeNd BapUaIlUK I STOH BHIOOPKH.

Pemienne:

Bri6opouHas cpeHsis uncia nopocsT B OIopocax:

— in f
X == _528/64=825

2t -

BLI60pO‘-IHa$I AUCTICPCHUA YHCJIa ITIOPOCAT:
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D =+ =218/64 = 3,41

BrIG0opo4HOE cpeHee KBaApaTHUECKOE OTKIIOHEHUE YHCIIA TOPOCAT B OIOPOCAX:
O, = \/Dg = \/3,41 =185 HOPOCHT.
HcnpapiieHHas BEIOOPOUHAs AUCIIEPCHUS YHCIIA IOPOCHT:
n
s?=——D, =64/63*218=3,46.

n-1
I/ICHpaBJ'IeHHOC cpez[Hee KBa,Z[paTI/I‘IeCKoe OTKJIOHCHHC YHCJIa IMOPOCAT B OIIOPOCAX:

S= \/S>2 = /3,46 =186 HOPOCHT.

Wrak, Hamu HalIeHbI CIEaYIONMe TOYCYHbIE OIEHKH M0 JaHHOW BBIOOPKE:

TOYEYHas OIlIEHKa CpeJHero 4ucjiaa IMOpocsAT B OMNOpocax s TeHepalbHOU
COBOKYIHOCTH (TO €CTh IO BCEMY XO3sIHCTBY): 8,25 mopocsT;

TOUEUYHAsi OIEHKAa CPEJHEro KBaJApPaTUUYECKOTO OTKJIOHEHUS 4YHClIa TMOPOCIT B
reHepatbHOU COBOKYNHOCTH: 1,86 mopocsT.

[Ipu BBIOOpKE Manmoro oObEMa TOUEUYHAs OLICHKA MOXET 3HAYMTENIBHO OTIMYATHhCS OT
OIICHMBAEMOI'0 MapameTpa, T. €. NPUBOAUTH K TpyObiM ommuOkaM. [lo sToil mpuumHe npu
HEOONMBIIOM 00bEME  BBIOOPKM  CIEAyeT IOJb30BAThCSI  MHTEPBAIBHBIMH  OILICHKAMHU.
WuTepBanbHO HA3bIBAIOT OLIGHKY, KOTOpas OINpeAensieTcss OByMS UWCIaMH — KOHIIAMHU
WHTEpBaja.

*
HYCTB HauaCHHas1 110 JaHHBIM BLI60pKI/I CTaTUCTHUYCCKAA XapaKTCPUCTHUKA ® CIIYKUT
OLICHKOM HEM3BECTHOT'O ImapamMeTpa ® . BYI[GM CUNTAaTh @ MMOCTOAHHBIM YHCIIOM (@ MOXKET

*
OBITH M CIOydaitHOH BenmmumHOM). ScHo, uto ® TeMm Tounee ompenenser mapamerp ©, uem

*
MeHbIIIe a0COJIIOTHAs BENWYMHA PA3HOCTH ‘@—@ ‘ Jpyrumu cnoBamu, ecmn O >0 n

*
‘@ -0 ‘< O, To 4eM MeHbIle O, TeM OIEHKAa TouHee. TakuM 0Opa3oM, MOJOKHTEIbHOE

R 15(Q1(0) 5 XapaKTCPpU3yCT TOYHOCTb OLCHKH.
OI[HaKO CTaTUCTUYCCKUC MCTOALI HE IO3BOJIAOT KAaTCTOPUUYCCKU YTBCPXKIAAThb, UYTO

* *
omeHka ©  ymOBIETBOPSET HEPABEHCTBY ‘@ -0 ‘ <O0; MOXHO JHIIb TOBOPUTH O
BEPOSATHOCTH }/ , C KOTOPOM 3TO HEPABEHCTBO OCYLIECTBIIACTCS.
*
HanéxHOoCThIO (JOBEPHTENBHOW BEpOATHOCTHIO) omeHkM ® mno ©  HaswBarooT
* X3
BEPOATHOCTh ¥, C KOTOPOU OCYHIECTBIIAECTCS HEPABEHCTBO ‘@ -0 ‘ < O . O6BIYHO HATEKHOCTD

OLIEHKH 3a1aéTcs Hamepén, NpuuéM B KadecTBe Y OepyT umcio, 6iauskoe k exunune. HanGonee
4acTo 33/IaI0T HAIEKHOCTh, paBHYO 0,95; 0,99 u 0,999.

®—®*‘<5,paBHa V. Ph®—®*‘<5J=]/.

HYCTB BEPOATHOCTH TOT'O, UTO

*
3aMEHUB HEPABEHCTBO ‘@ -0 ‘ < 0 PaBHOCHIIEHBIM €My JBOMHBIM HEPaBEHCTBOM

—5<@-0 <74, W O -56<O®<O® +76, UMeEEM
Plo"—5<0<0 +5|=y.
DTO COOTHOINEHUE CIEAYET IIOHUMATh TaK: BEPOATHOCTH TOIO, YTO HHTEpPBAI

* *
(@ —9,0 + ) samouaer B cebe (MOKpHIBAeT) HeusBecTHbIM mapamerp ©, paBna 7.
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* *
JloBepuTenbHbIM HaszbiBatoT uHTepBal (@ — 0,0 + J), KOTOpHIA NOKPLIBAET HEM3BECTHABIIA
napaMmeTp C 3aJaHHOU HaJEKHOCTBIO .

JloBepuTe/IbHbIE  HHTEPBAJAbI UII  OLEHKH MATEeMATHYeCKOro  OKMIAHUS
HOPMAJILHOI'0 paclpe/ie/ieHusi IPH U3BECTHOM O .

IIycte KxOnu4ecTBEHHBbIM MNpuU3HAaK X TEHEPAIbHOW COBOKYIHOCTH PpacCHpeeiICH
HOpPMAJIbHO, IPUYEM CpeHEE KBAIPaTUUECKOE OTKIOHEHUE O 3TOr0 paclpeesieHus] U3BECTHO.
TpebyeTcst OIEHUTh HEW3BECTHOE MATEMATHYECKOE OXKHIAHHE A MO BBHIOOPOYHOU cpemHed X .
[ToctaBuM cBoeil 3amadell HAlTH JOBEPUTEIbHBIE MHTEPBANbI, IMOKPHIBAIOIIME HapamMeTp a ¢
HaIEKHOCTRIO )/ .

Ecnu cnyuaiiHas Benmunba X pacnpeseneHa HOpMalbHO, TO BbIOOpouHas cpemuss X ,
HalileHHast 10 HE3aBUCHUMBIM HAONIONEHUSAM, TaKXKe pacrpeneneHa HOpMaibHO. [lapamerpbl

pacnpeaciCHus X TAaKOBBI:
o o o
M(X)=a, o(X)=-2.
vn

[IpyHAB BO BHMMAaHHUE, YTO IO YCIOBHIO HaM 3aJlaHa BEPOATHOCTb J, IOJIydaeM
cnenyomyo Gopmyny (4Tobbl MOMyduTh padouyio (opMyiy, BRIOOPOYHYIO CPEIHIO) BHOBB
0603HaunM uepe3 X )

to to
Pl X——=<a<X+—=|=20,(t)=y.
Jn Jn °

CMBICH IMMOJIYYCHHOI'O COOTHOILICHU TAKOB: C HaJIEKHOCTBIO ]/ MOKHO YTBCPIKAATh, UTO

to

t_O-)_(+_
Jn' n

JIOBEPHUTEIbHBIN HMHTEpBaN | X — IIOKPBIBACT HEHU3BECTHBIN IapaMerp a;

to
TOYHOCTH OIEHKH O = —— .

Jn

VkakeM ewg, uto uncio t onpenensercs u3 pasencrsa 2&, (t) =y, mm D, (t) =

7.
X

no Ttabmune ¢yHkuuu Jlarlaca HaXomAT apryMeHT t, KOTOpOMY COOTBETCTBYET 3HAaUCHHE
Y
¢bynkuuu Jlamaca, paBHoe — .

Hanéxnocts ¥ =0,95 ykasbIBaeT, 4TO €CIM MPOM3BEIEHO JOCTATOYHO OOJIBIIOE YHCIIO
BBIOOPOK, TO 95% M3 HUX ONpeneNsieT Takue JOBEepUTEIbHbIE HHTEPBANIbI, B KOTOPBIX MapaMeTp
JEMCTBUTENIBHO 3aK/IIOUEH; JIMIIb B 5 % CIIydaeB OH MOKET BBIUTH 3a I'PaHMIIbI TOBEPUTEIHLHOTO
UHTEpBaa.

JoBepuTeabHbIE  HMHTEPBAIbI A OLEHKHM MAaTeMAaTHYeCKOro  OKUAAHHUA
HOPMAJILHOI'0 pacnpeneJaeHus NPU HEU3BECTHOM O

IIycte KOnMYeCTBEHHBIM MNpuU3HAaK X TEHEPAIbHOW COBOKYIHOCTH PpaCIpeeiICH
HOpPMaJIbHO, PUUEM Cpe/IHee KBAIpaTUUECKOe OTKIIOHEHHEe O Heus3BecTHO. Tpedyercss OLEHHUTH
HEU3BECTHOE MATEMaTU4YeCKOe OXHUAAaHUE & C IOMOIIBIO JOBEPUTEIBHBIX HWHTEPBAJIOB.
Pazymeercsi, HEBO3MOXKHO BOCIOJIB30BaThCS pe3ylbTaTaMM IMpeAbLayliero mnaparpaga, B
KOTOPOM O IPEAINOJIArajloch U3BECTHBIM.

Oxka3bIBaeTcsi, 4TO MO JaHHBIM BBIOOPKM MOXHO IOCTPOUTH CIy4YallHYIO BEITUUYHHY

_X-a

&

T

, kotopast umeet pacrpesnencaue CteiofeHta ¢ K = n-1 crenensiMu cBo0OIbI; 3/1€Ch
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X - BBIOOpOUHAs CpelHss, S — «UCIPABIEHHOE» CPENHEE KBAAPATUUECKOE OTKJIOHEHHE, N —
00BbEM BBIOOPKH.
[Monw3ysich pacnpenenenueM CTbIOEHTA, HAXOIHM:
S _ tS

_t
Pl X -Z-<a<X+21-|=vy.
Jn )

ts o ts
3HAYMUT, JOBEPUTEIbHBIM HHTEpBan | X —T, X +T , TIOKpBIBACT HEU3BECTHBII
n

napamerp d C HagEXHOCTBIO ) .

Ipumep. CiyuaiiHas BennunHa X — BEC IOJIYTOJ0BAJIOr0 MOPOCEHKA B XO34HCTBE (TO
€CTh B T€HEpaJIbHON COBOKYITHOCTH) - pacipejesieHa HopMainbHO. [lo BeIOOpKe 00béMa N = 16
HaieHsl BBIOOpOYHast cpemusas X=20,2 KI W «HUCIPABICHHOE» CpEIHEe KBaJpPaTHUECKOE
orkioneHue S$=0,8 kr. OICHUTh HEHM3BECTHOE MATEMAaTHYECKOE OXHIAHHE MPH IOMOIIU
JIOBEpUTENIBHOIO UHTEpBaja ¢ Haa&xHoCThIo 0,95.

Pemenne: Haiiném t y- [Tonb3ysce Tabnuueit, no ¥ =0,95 u n = 16 Haxoaum t7 =2,13.

Haitném noBepuTenbHbIC TPAaHULIBL:

ts .
x> 02 21308 197740,
Jn V16
ts .
47> 2024 28398 _ o6 626k

Jn V16

Urak, ¢ HagéxHocThio 0,95 HeusBecTHBIN MapameTp A 3aKiIO4€H B JIOBEPUTEIHLHOM
untepBaie 19,774<a <20,626 (kr).

JloBepuTebHbIe HHTEPBAJIBI I OLCHKH CPEeJHEro KBagpaTu4ecKoro OTKJIOHEHH
O HOPMAJILHOTO pacnpeaejJeHus

[Iyctp KONMM4YECTBEHHBIM MNpHU3HAK X TEHEPAIBHOW COBOKYINHOCTH pacCIpeesIeH
HopManibHO. TpeOyeTcss OLIEHUTh HEU3BECTHOE TEHEpalbHOE CpellHee KBaJpaThyecKoe
OTKJIOHEHUE O M0 «UCIPABICHHOMY» BBIOOPOUHOMY CPEJHEMY KBaJPaTHUYECKOMY OTKJIOHEHUIO
S.

JloBEpUTENBHBIM MHTEPBA, MOKPBIBAIOIINN MTapaMeTp O C 3aJaHHOM HaJIE&KHOCTBIO
HaXOJIAT IO CJIenyromiei hopmyre:

sl-qg)<o<s(l+q).

31ech nmapaMeTp J ONpeAesstoT, MOIb3YI0TCs TabauIeld NPUIoXKeHUs 2, a S HaXOAT 10
BBIOOpPKE.

IIpumep. Cinyuaiinas BenuuuHa X — BEC MOJIYTOJOBAJIOT0 MOPOCEHKA B XO3SUCTBE — (TO
€CThb B TEHEpaJbHOH COBOKYITHOCTH) pacmpenenéH HopMmaimbHO. [lo BeIOOpKE 00BEMa N=25
HallICHO «HCIIPaBICHHOE» CpedHee KBajpartuyeckoe OTkiIoHeHne S=0,8 kr. Haiitu
JIOBEpUTENIbHBIA UHTEPBAJ, MOKPHIBAIOLININ T€HEpPAIbHOE CpeIHEe KBaJIpaTHUeCKOe OTKIOHEHHE
O ¢ HagéxHOCTRIO 0,95.

Pemenne: [1o tabnuue no nanueiM ¥ =0,95 u n=25 naiiném q=0,32.

HckoMblil 1OBEpUTENbHBIM HHTEPBAJ TAKOB:

0,8 (1-0,32)< 0<0,8 1(1+0,32), wiu

0,544< 0 <1,056 (xr).

3ameuanue. Ecnu g>1, TO HEpaBEHCTBO IPUMET BUJ
0<o <s(1+q).

Bonpocel u 3a0auu k cobecedosanuio:
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3apaya 1. ITo naHHBIM BEIOOPKH, YAOBIETBOPSIONICH HOPMAIbHOMY 3aKOHY paclpeleNeHus], BEIYUCINTD:
1) noBepUTENBHBIN HHTEPBAJ TSI MATEMAaTHYECKOTO OKUIAHUS MIPH JOBEPUTEIEHON BEPOSTHOCTH Y,
2) NOBEpUTENBHBIN HHTEPBAJ I CPESIHETO KBAAPATHIECKOTO OTKIOHSHHS IS TOTO JKe 3HAYCHHUS ).

A) y=0.999
8.0 -1.1 135 100 2.4 4.1 20.0 12.4 134 48 7.8 0.0 109 13.7 6.6

B)y=0.95
31.6 34.9 46.9 42.8 36.0 26.2 28.6 48.5 27.7 45.8 32.0 41.2 39.8 33.1 36.3 53.5 43.9 35.8 32.9 34.4

B) y=0.999
25.4 31.1 13.2 23.0 19.1 26.5 23.2 29.2 24.8 26.6 29.3 21.4 28.2 38.2 19.9 30.6 24.5 23.2.

3amaya 2. [lo naHHBIM BBIOOPKH, YAOBICTBOPSIOMIEH HOPMAaJbHOMY 3aKOHY PpAacHpENeNiCHHS CO CPEIHUM
KBaJIpaTUYECKUM OTKJIOHEHHEM S , BBIYMCIUTH JIOBEPUTEIBHBIH MHTEPBAJ Ui MaTEMaTHYECKOTO OXHIAHUS MPH
JIOBEPUTEIBHON BEPOSITHOCTH .

s=7,7=0.99

134 86 221 23 146 13.0 11.1 29.4 233 17 136 2.1 21.6 6.1 86 6.6 16.0 11.6 166 1.6 158
18.9 106 11.9 0.1 10.7 3.8 -3.6 15.4 7.9

45 17.7 10.8 19.6 185 155 9.3 21.7 6.6 105 104 8.2 16.0 22.6 20.5 11.6 232 23.0 9.5 11.3 14.9
19.9 13.4 13.9 19.5 19.8 21.0 3.2 14.0 19.1

17.9 86 112 16.2 13.9 162 17.1 7.7 12.5 2.7 165 20.2 155 145 56 165 12.3 9.9 11.9 17.6 6.6
203 9.7 13.2 17.4 51 130 233 6.8 9.8

155 162 184 9.2 57 109 88 7.4 162 9.9

Ilpakmuueckaa paboma 25-26. Cmamucmuueckas npogepka unomes.

Ileny: chopMupoBaTh IpeJCTaBI€HHME O MeToAax M HIPUHIMUIAX I[POBEPKH
CTaTUCTUYECKHUX TMIIOTE3.

Teopemuuecmm uacmo:

CraTtucT4eckoi Ha3bIBAalOT TUIIOTE3Yy O BHJIE HEU3BECTHOI'O PACHpPENEICHHs, WIH O
rapamMeTpax M3BECTHBIX pacnpenencHui. Hapsaay ¢ BBIABUHYTOW TMIIOTE30M pacCMaTpUBAIOT U
IpoTHBOpeYallyto el runoresy. Eciu BeIgBUHYTas runore3a OyeT OTBEprHyTa, TO UMEET MECTO
npoTuBOpeyanas runoresa. [1o 3Toi npuyrHe 3TH THIIOTE3bI LIENECO00PA3HO Pa3INYaTh.

HyeBoii (0CHOBHOI) Ha3bIBAIOT BBIABHHYTYIO THIIOTE3y H .

Konkypupyromeii (anbTepHaTHBHOI) Ha3bIBalOT rumoredy H,, KoTopas mpoTHBOpEUYHT

HYJIEBOU.

BoiaBuHyTass rumore3a MOXKET ObITh MpPaBWJIBHOM WM HENPaBWIBHOH, IO3TOMY
BO3HHUKAeT HEOOXO0AUMOCTh €€ MpoBepkH. [10CKOIbKY MPOBEPKY MPOU3BOJIAT CTATUCTUYECKUMU
METO/AaMHM, €€ Ha3bIBAIOT CTATUCTUYECKOM. B NTOre CTaTHCTUYECKOW MPOBEPKH THIIOTE3BI B IBYX
CJIydasix MOKET OBITh MPUHATO HENPaBUILHOE PEIICHUE, T. €. MOT'YT OBITh JOMYIIEHbI OIINOKU
JIBYX POJOB.

Ommbka mepBoro pojaa COCTOMT B TOM, 4TO OyJeT OTBEpPrHyTa MpaBHIIbHAS THUIOTE3a.
OmOka BTOPOro pojia COCTOUT B TOM, 4YTO Oy/eT MPUHSTA HENMPaBUIIbHAS THIIOTE3A.

Jlnist IpoBepKU HYJIEBOM THITOTE3bI MCIIONB3YIOT CIEHUATBHO MOJI00PaHHYIO0 CIy4ailHYIo
BEJIMYMHY, TOYHOE WM MPUOIMKEHHOE pacupeneneHne KoTopoi u3BecTHO. OO003HAUMM 3Ty
BEIMYHMHY B lleax obmuoctu yepes K .

Cmamucmuyeckum Kpumepuem (MIX TPOCTO KPUTEPHEM) HA3bIBAIOT CIy4alHYIO
semunny K , KoTopas ciry:KuT JUIsl IIPOBEPKH HYJIEBOM THIIOTE3HL.

ITocne BbIOOpa OMpeAEeNEHHOrO KPUTEPUsT MHOXKECTBO BCEX €r0 BO3MOXKHBIX 3HAYCHUH
pa3OMBalOT Ha JBa HENEPECEKAIOUIMXCS MOJMHOXKECTBA: OJHO W3 HUX COAEPXKUT 3HAYECHUs
KpUTEpPHUs, NMPU KOTOPHIX HYyJEBas TUIIOTE3a OTBEPraercs, a Jpyras — IMpU KOTOPHIX OHA
MPUHUMAETCS.

Kputnueckoii 001acThi0 Ha3bIBAIOT COBOKYIMHOCTh 3HAUYEHUH KpUTEpUs, MPU KOTOPBIX
HYJIEBYIO THIIOTE3Y OTBEPraloT.
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OOnacTpl0 TPHUHATHUS THIOTE3bl (0OJMACTHIO JOMYCTUMBIX 3HAYCHH) HA3bIBAIOT
COBOKYITHOCTb 3HAUEHUHN KPUTEPUS, IPU KOTOPBIX TUIIOTE3Y MPUHHUMAIOT.

OCHOBHOU MPHUHIIMIT TPOBEPKU CTATHCTUYECKUX THUIIOTE3 MOXKHO CHOPMYJIHPOBATH TaK:
ecnyu HaOio/aeMoe 3HaueHUE KpPUTEepus MPHUHAUICKUT KPUTHUECKON 00JacTh — TUIOTE3y
OTBEPraroT, €CIM HAOII0AaeMOe 3HAUCHUE KPUTEPUS IPUHATIC)KUT 00JIaCTH MIPUHATHS TUTIOTE3bI
— TUINOTE3y MPUHUMAIOT.

B obnactu cratucTuku ¥ OMOMETPUM B YaCTHOCTH MPUMEHSIOT JIBa BUJA CTATUCTUYECKUX
KPUTEPHEB: napamempuieckue, TOCTPOCHHbIE HA OCHOBAHUU MapaMEeTPOB JIaHHON COBOKYIHOCTHU

(manmpumep, X M S%) ¥ mpejcTaBisIomMe (YHKIMH THX MapaMeTpoB, U Henapamempuyeckue,
npencTaBisonme co0oi  (YHKIMM, 3aBUCSIIME HEMOCPEACTBEHHO OT BapHaHT JaHHOU
COBOKYIMHOCTH ¢ HMX YacToTaMu. [lepBhie ciykaT A1 MPOBEPKU TUIIOTE3 O IMapamerpax
COBOKYITHOCTEH, pacrpeenseMbIX M0 HOPMAILHOMY 3aKOHY, BTOpbIE — IS POBEPKH pabOvnX
TUIIOTE3 HE3aBUCUMO OT (OPMbI paclpelesieHuss COBOKYIHOCTEH, U3 KOTOPBIX  B3ATHI
cpaBHHMBaeMbIe BBIOOPKH. [IpuMeHeHne mapameTpuueckux KPUTEPHEB CBSI3aHO ¢ HEOOXOJMMOCTHIO
BBIYHCIICHUS] BBIOOPOUHBIX XapaKTePUCTUK — CPEIHEH BEJIMYMHBI U MTOKa3aTeNeil Bapualum, Toraa
KaK IIpHu UCIIOJIb30BAHUH HCIIAPAMCTPUYCCKUX KPUTCPUCB TaKasd HCO6X0[[I/IMOCTI> OTIHagacT.
t-kpurepunit Crbroaenra (t-pacnpenenenme). AnHrnumiickuii marematuk B. Toccer
(nevaraBmumiics nox nceBroHuMoM CterozieHT), B 1908 r. Hamien 3akoH pacrnpeneiaeHus

BENUYUHBI T = B KOTOPOU TeHEepabHBI MapaMeTp ¢ 3aMEHEH Ha €ro BHIOOPOYHYIO

X—u
T 9
oln
XapaKTEPUCTHUKY Sx, T. €. HAIICI 3aKOH pacCnpedeleHust 3HaA4eHull
t=2H

_s/ﬁ'

OtkpeiThlii  CTBIOIEGHTOM M TEOpPETUYECKH 00ocHOBaHHbIM P. ®umepom 3akon t-
pacnpeoenenus CIYy>)KUT OCHOBOM Tak Ha3bIBa€MOW TeOpUHM Mailoil BBIOOPKH, KOTOpas
XapaKTepU3yeT paclpesielieHue BBHIOOPOUYHBIX CPEJHHX B HOPMAIBLHO PaCHpeAesromeics
COBOKYITHOCTH B 3aBUCHMOCTH OT OoOBbeMa BBIOOpKH. t-pacmpe/eneHHe 3aBUCHT TOJIBKO OT
YrciIa cTeneHeil cBo0o sl K = N—1, mpudem ¢ yBenuueHreM o0beMa BBIOOPKH 7 t-pacrpeieneHue
ObIcTpO MpUOIMXKaeTCsT K HOpMalbHOMY ¢ nmapameTrpamMu 4 = 0 u o = 1 u yxe npu n>30
HE OTJIMYAETCS OT HEero. DTO BUAHO U3 TAaOIHUIIBI HUKE, B KOTOPOU TMPUBEACHBI Ta0YIHPOBAaHHEIE
3HaveHus t-pacrpeiesieHnss 1 HOpMaJIbHOTO pacipeAeeHus 1Isl pa3HbIX 3HaueHUH t.

HopmupoBaHHoOe OTK/IOHeHue t

P

ACTIpEACTIEHIE 051 10| 15 | 20 | 25 3,0 35
Hopmansnoe 0,383 | 0,683 | 0,866 | 0,955 | 0,988 0,997 0,9995
CreroeHTa npu 0,333 | 0,577 | 0,728 | 0,816 | 0,870 0,905 0,927

n=3

n=20 0,377 | 0,670 | 0,850 | 0,940 | 0,978 0,993 0,998

n =30 0,383 | 0,683 | 0,866 | 0,955 | 0,988 0,997 0,9995

Oyenka paswocmu cpeonux. CpaBHUBas Jpyr C JOPYyroM JIBE€ HE3aBHCHUMBIC
BBIOOPKH, B3ATHIE U3 HOPMAJIbHO PACIpeaeISIIONINXCSl COBOKYITHOCTEH ¢ mapamMeTpaMu U1 u
2. Pa3HOCTB p1- (2 9TUX mapamMeTpoB 0003HaunM uepes D, To ectb u1- u2=D, a nucnepcuro
3TOM Pa3sHOCTH 0°p. 3HAYEHHUS IeHEPANbHBIX HapAMETPOB HEM3BECTHBI, OJHAKO MO BEIOOPKAM
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MBI MOXEM HaWTH BEJINUYHHEBI BI)I60pO‘IHI)IX Cp€AHUX W PA3HOCTH MEKAY HUMHU X, —X, ,

KOTOpyIo 0603HaunM d, To ectp X; — X5, = d.

HyneBas rumore3a CBOOUTCS K NPEANOI0KEHUIO, UYTO u1=u2, To ectb D=0.
Kpurepuem 1u1s npoBepku Ho-rumnoressl C1yKUT OTHOIICHUE

t— d—(m— 1)
Sd
rae t — nepemenHas BenuuuHa, ciaeayomas t-pacnpenenenuto CTbIOJEHTa C YUCIOM
creneHeil cBoboabl K = Ny +n2 — 2, a Sp - ommbKa yKka3aHHOW pa3HOCTH, a N1 U N2 - 00BEMBI
IIEPBOI1 U BTOPOM BBIOOPOK COOTBETCTBEHHO.

Tak kax, cornmacHo Ho-runorese, p1=u2, T0 t-KpuTepuil BelpakaeTcsi B BUAE OTHOLIECHUS
Pa3HOCTH BHIOOPOYHBIX CPEJHUX K CBOEH ommuoKe, T. €.

Ho-rumore3y otBepraior, eciu (aKTHUECKH YCTAHOBJIEHHAs BeJIMUYUHA {-KpuTepus
(oOo3Hayaemast tp) MPEB30OHAET WM OKaXETCs PAaBHON KPUTHYECKOMY 3HAYCHUIO tkp ITOM
BEJIMYMHBI JJIsSI IPUHSTOrO YPOBHS 3HAYMMOCTH . M YMCJIa CTereHel cBo0oabl K = Ny +n2 — 2, T.
€. Ipu yCcIoBHH 1y > tkp.

OwmubKy pa3sHOCTU CPEIHUX Sp OMPEIEIIOT 10 (hopMmyIie:

D6 =%)"+2 (X = %)" (n o+,

n+n,—-2 nn,

Ipumep. M3yuyanu BausiHue KoOaabTa Ha Maccy Tejla KpoJIMKOB. ONBIT IPOBOIMIN Ha
JIBYX TpYINMNax >KUBOTHBIX: OMNBITHOM W KOHTPOJIbHOW. bBBUIM HcclenoBaHbl KPOJHKH B
BO3pacTe OT MOJIyTopa J0 ABYX MecsieB, Maccoil Ttena 500—600 r. OnsIT mpomoiKaics
nonTopa Mecsna. JKUBOTHBIX 00€UX TPYMNI COAEpKald HAa OJHOM U TOM XK€ KOPMOBOM
panuroHe. O)IHaKO OIBITHBIC KPOJHMKH B OTIWYHUEC OT KOHTPOJIBHBIX CKCAHCBHO IIOJYyYaJInd
n00aBKy K palioHy B BUJe BoAHOro pactBopa mo 0,06 r xmopucrtoro kobambta Ha 1 Kr
JKMBOU Macchl Tena. 3a BpEMs OIIbITA JXUBOTHBIC AAJIUW CICAYIOIIUC HpI/I6aBKI/I )KUBOM MAaccC bl
Tena:

[Ipusecsl, r OtkioHeHus ot cpeaneit  |KBagparel oTkiIOHEHUH
apudmernyeckon
OIIBIT KOHTPOJIb OIIBIT KOHTPOJIb OIIBIT KOHTPOJIb
(6 =%) | (% =%,) (5 =x)" | (% =%,)
580 504 58 22 3364 484
692 560 54 34 2916 1156
700 420 62 106 3844 11236
621 600 17 74 289 5476
640 580 2 54 4 2916
561 530 77 4 5929 16
680 490 42 36 1764 1296
630 580 8 54 64 2916
470 56 q 3136
x=5104 X =4734 — — ¥ =18 174 X =28632
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‘ x, =638 ‘ X, =526 ‘ — ‘ — ‘ % =46806

Cpennue apudmeTndecKkue MPUBECOB:

B ombiTe X, = 5104/8=638 r,

B KOHTpoJe X,=4734/9 = 526 r. Pasumma x —Xx,=d = 112 r. Yro6mH

YCTAaHOBUTH, JOCTOBEpPHA WM CiydyailHa 3Ta pa3HUIA, HYXHO OIPEACIUTh OIIUOKY
Pa3sHOCTH CPEIHUX:

5y = |—0006 (8+9)_ 17368 - 2714,
8+9-2 \ 8-9

Ortcrona ty = 112/27,14=4,1.

ITo tabmure miast ypoBHs 3HauunmocTH a = 0,01 u uncna creneneii cBodoap! K = 9+8—2=
15 naxomum tkp = 2,95. Tak kak tp > tkp, HyneBas TumoTe3a ONPOBEPraeTcsi Ha BHICOKOM
ypoBHe 3Hauumoctu (P<0,01). Pasuuma mexnay CpeaHUMH BEIWYMHAMU OIBITa U
KOHTPOJIA OKa3ajlach B BBICUIEH CTENEHU JOCTOBEPHOM.

[IpaBunbHOE NMpUMEHEHHE NapaMETPUUYECKUX KPUTEPUEB JJIsl MPOBEPKU CTATUCTUYECKUX
TUIOTE3 OCHOBAaHO Ha MPEANOJIOKEHMH O HOPMAJbHOM paCIpeleieHUd COBOKYIHOCTEH, W3
KOTOPBIX B3SIThl CpPaBHUBaeMble BbIOOpKHU. OJJHAKO 3TO HE BCErJia UMEET MECTO, TaK KaK HE BCe
Ouoyormyeckrue MPU3HAKU pacupeiensioTcs HopMmaibHO. HeManoBaxHBIM SBISETCS U TO
00CTOATENBCTBO, 4YTO  HCCIEJOBATENII0 MPUXOAUTCS HUMETh JIeJI0 HE TOJbKO C
KOJIMYECTBEHHBIMH, HO U C KAUYECTBEHHBIMU NMPU3HAKAMH, MHOTHE U3 KOTOPBIX BBIPAKAKOTCS
NOPSIIKOBBIMM HOMEpPAaMH, MHAEKCAMU U JIPYTMMU YCJIOBHBIMM 3HakaMu. B Takux ciydasx
HE00XOIMMO UCIOJIB30BATh Henapamempuyeckue Kpumepuu.

W3BecTeH 1enblil psii HemapaMeTpUUECKUX KPUTEpPUEB, CPEAM KOTOPBIX BUIHOE MECTO
3aHUMAKOT TaK Ha3bIBAEMBIE paHeO06ble Kpumepuu, TPUMEHEHHUE KOTOPbIX OCHOBAaHO Ha
paHXUPOBaHUM YIEHOB CpaBHUBaeMbIX Ipynm. Ilpu 3ToM cpaBHuBarOTCS He camMM Mo cele
YJIEHBl PAaHXXUPOBAHHBIX PSIOB, @ UX MOPSAKOBBIE HOMEpa, WK paHId. Jlagee Mbl paccMOTpUM
HEKOTOpbIE€ HeTapaMeTpU4ecKue KpUTEepuu, MpUMEHsIeMbIe JJIsI IPOBEPKH HYJIEBON T'MIOTE3bI
MpU CPAaBHEHUM KaK HE3aBUCUMBIX, TaK U 3aBHCUMBIX BBIOOPOYHBIX TPYIIL.

U- kpurepuii  YwikokcoHa (ManHa—YwutHu). [unoresy o IpHHAMJIERKHOCTH
CpPaBHHUBAEMBIX HE3aBUCUMBIX BHIOOPOK K OJIHOM M TOMH ke reHepaabHON COBOKYITHOCTH WIIH K
COBOKYITHOCTSIM C OJJMHAKOBBIMH ITapaMeTpaMH, T. €. Ho-THIioTe3y, MOXKHO MPOBEPUTH € ITOMOIIBIO
panzogoeo kpumepus Yunkoxcona (Manna—Yummnu).

Jlns pacueta U -KpUTEpHs HEOOXOAUMO:
1. PacnonoxxuTh 4HMCIOBbIE 3HAUYEHHUSI CPAaBHUBAEMbIX BBHIOOPOK B BO3pacTaroLleM
nopsiike B OJMH OOIMHM psig ¥ TpOHYyMepoBaTh ujeHbl obmero psga ot 1 1o

N = N, +N,. (3tu nomepa u 6yayT «paHramMu» 4IEHOB psija.)
2. OtnenpHO 1S KaXJ0W BRIOOPKU HAMTH CyMMBI PAHTOB U ONPEAETUTh BETUUYHHBI,

U, =R, - n,(n, +1)
2
n
DL

KOTOpbIE 0TOOpaXarT CBSI3b MEXKY CYMMaMH PaHTOB MEPBOIl U BTOPO BHIOOPKH.
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3. B xauecrse U -KpUTEpHsI HCIOIb30BaTh MEHBIIYI0 BEIUYHUHY Uqb, KOTOPYIO
CPaBHHUTH C TaOJUYHBIM 3HAUYCHUEM U kp YcnoBueM [yt coxpaHeHus NpuHATOM Ho-rumoress

CILy’)KUT HEPABEHCTBO Uqb >Ukp. Kpurtnueckue touyku U -KpUTEpUs Ukp I ni1, N2 "

NPUHUMAEMOTO YPOBHS 3HAUYMMOCTH a cojaepxkatcs B tadbnuie 3 IlpunoxeHus.

Ipumep. Ha nByx rpymmax aa0OpaTOpHBIX MbIMe — OmbITHOW (n1 = 9) u
KOHTpoJIbHOW (n2 = 11) — wu3yyanu BO3JCHCTBHE Ha OpPraHW3M HOBOIO Iperapara.
HcnpiTanue npooaxkaiock oauH Mecsl. [locie s3Toro Mmacca tena »KMBOTHBIX, BbIpaXKE€HHAs
B TpaMMax, BapbUpOBalia CICAYIOIIUM 00pa3oMm:

B onwiTHOM rpynme 80, 76, 75, 64, 70, 68, 72, 79, 83.

B xonTponsroii rpynme 70,78, 60, 80, 62, 68, 73, 60, 71, 66, 69.

Beraucium no Beibopkam: X, =74,1u X, =68,8.

IIpoBepuM ¢ MOMOLIBIO U -KpUTEpUs, SABISAETCS JIM PAa3HOCTh B MacCe Tela MEXIY
OIIBITHOM M KOHTPOJIbHOW T'PYIIIAMU MBIIIEH CTATUCTUYECKHU JTOCTOBEPHOM.

CyMMHupys paHTU OTAEIBHO JJIs KaXXJOW IPYIIIbl, HAXOIUM:

R1= 4+6+9+12+14+15+17+19+20=112;

R2=1+2+3+5+7+8+10+11+13+16+18=94.

[ToncraBnseMm 3Tu JaHHBIE B GOPMYJIBI:

9.10 11.12

U, =112~ = =67, U,=94- 22

Mensbryto Benmnuuny Uz = 22 cpaBHHBaeM C TaOJUYHBIM U kp 3HaYeHHEM aus n1=9,
n2=11 u ypoBHs 3HauumMocT a=0,01, KOTOpO€E paBHO U kp =19.

ITockonbky Uqb>Ukp, OTBEPrHYTh  IpoBepsiemyro  Ho-rumoresy  Henbss.

CnenoBaTenbHO, pa3nuuus, HaOMIOIaeMble MEXAY OTHUMH BbIOOpDKaMHU, CTaTHUCTUYECKU
HEJIOCTOBEpHBI. BBIOOpKH HE UMEIOT 3HAYMMBIX OTJIUYHMA.

Kpurepunii 3nakoB z. B Tex caydasx, Korja pe3yibTaTbl HaOIIOIEHUN
BBIPA)KAIOTCS HE 4YUCIaMHM, a KAa4e€CTBEHHBIMHM IPHU3HAKAaMHU, NPUHUMAKIIUMHU [Ba
pa3iuuYHBIX 3HAayeHUs (moMedaeM HMX 3HakamMu nawoc (+) u MHHYC (—)), pa3iauuus
MEX]y IMOMapHO CBSI3aHHBIMH YJE€HAMHM CPAaBHHUBAEMBbIX BBIOOPOK OIEHMBAIOT C MOMOIIBIO
Kpumepus 3Haxogé Z. KOHCTpyKIMS 3TOro KpuTepHus Oa3upyeTcs Ha BecbMa MPOCTHIX
COOOpaXEHUSIX: €CIM TONapHO CpaBHMBAaEMble 3HAUCHHS JBYX 3aBHCHMBIX BBIOOpPOK
CYLIECTBEHHO HE OTJIMYAIOTCS APYT OT Jpyra, TO YUCIO IUIFOCOBBIX U MMHYCOBBIX Pa3HOCTEH
OKa)KETCSI COBEPIICHHO OJMHAKOBBIM; €CIIH e 3aMETHO MPe00JIaAatoT MIIFOCH UM MUHYCBI, 3TO
OyzeT ykasbIBaThb Ha IOJIOKUTENBHOE WIM OTPHLATEIbHOE JEHCTBHE M3ydyaeMoro (akTopa Ha
pe3yJIbTAaTUBHBIA IIPU3HAK. boJblllee 4YMCIIO OJHO3HAYHBIX PA3HOCTEW CIIYXKUT B KadyecTBE
(bakTHUeCKH HaWJEHHOW BEIMYUHBI Z-KpuUTepus 3HaKoB. [Ipu 3TOM HyneBble pa3HOCTH, T. €.
cllyyad, He JaBIIME HH TOJIOKUTEIBHOTO, HU OTPHIIATEIBHOr'0 pe3yibTaTa, 0003HauaeMble
nudppoit 0, B pacueTr HE MNPUHUMAIOT U YHUCJIO MAapHBIX HAOMIOJAEHHM COOTBETCTBEHHO
YMEHBIIIAETCS.

Kak wu Bcaxkuil apyroil BbBIOOpOYHBIN IOKa3zaTenb, Z-KpUTEPHUM 3HAKOB SIBISETCS
BEJIMYUHOU CIy4alHOW; OH CIIY’KMT JJIs IpOBepKH Ho-rumoressl, T. €. NPEANOI0KEHUS O
TOM, YTO COBOKYITHOCTH, U3 KOTOPBIX B3AThl CPAaBHHBAaeMble BBIOOPKH, UMEIOT OJAMHAKOBBIE
¢bynkumu pacrpenenenus. Ho-rumore3a oTBepraeTcsi, €ClM Zgp > Zkp JUISL IPHHITOIO YPOBHS
3HAUYUMOCTH 0 M YMCJIA TTAPHBIX HAOIIOACHUHN 71, B3ATHIX 0€3 HyNeBbIX pa3HocTel. Kputnueckue
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TOYKU Zkp IJIS JABYX yPOBHEH 3HAYMMOCTh M YHWCIa MApPHBIX HAOIIONCHUN CcOAepkKaTcs B
TabIuIe.

Bonpocwt u 3a0auu k covecedosanuro:

1.Ans u3ydenuss 3¢PeKTUBHOCTH HOBOTO Ipemapara X ejes3a OblIu BHIOpaHBI JABE
TpyNIbl MaMEeHTOB ¢ aHeMueil. B mepBoil rpynmne malueHTHl B T€UYEHHUE JBYX HeJelb
nojiyyajad HOBBIM mpemnapar, a BO BTOpO#l rpynmne - noiyuanu riamneb6o. Ilocae atoro
ObIJIO MpPOBEAEHO HU3MEpPEHHE YpOBHS remorjoOumHa B mnepudepuueckoil kpoBu. B
MepBOY Tpynme CpeJHU ypoBeHb remoriodbuna coctaun 115,4+1,2 v/, a BO BTOpOH -
103,7+2,3 r/n (maHHBIe TpenacTaBieHbl B popmare M+m), CcpaBHUBaeMbIe
COBOKYIHOCTH HMEIOT HOpMajbHOE pacmnpenaesieHue. [Ipu 3TOM 4YMCIEHHOCTb NMEpBOM
rpynmnel coctaBuia 34, a Bropoil - 40 mammenTtoB. HeoOXxoaumo cpaenath BBIBOJ O
CTAaTUCTUYECKON 3HAYMMOCTH TOJYYCHHBIX pa3auduidi u SPPEKTUBHOCTU HOBOTO

npceiapara Kceje3a.

2. locne mpoBeneHUs] BaKIHHAIIUN OT TPUIIA CPEIH CTYACHTOB MEIHIIMHCKOTO YHHUBEpPCHUTETA OBLIN
moaBeAeHBl pe3ynbTaThl: u3 500 BakOMHUPOBAHHBIX B IMEPHOA dMUAeMHH 3abonenu rpunmom 20
yemoBek, u3 1600 oTkazaBmuxcs OT BaknwHanuu Tpunnom 3abomennm 200 gemoBek. OueHute
3¢ P eKTUBHOCTh BAKIIMHALINU OT T'PHUIIMA.

3. YyeOHOU "acThIO OOHOM H3 Kadeap MEIUIIMHCKOTO YHHBEPCHUTETa OBIIO IMPOBEICHO HCCIEIOBAHUE
yCIEeBaEMOCTH CTYJACHTOB B 3aBHCHMOCTH OT IOCCH[ACMOCTH JICKIHH. s CTYyIEHTOB, MOCETUBIINX
MEHee MOJIOBUHBI JIEKIIMOHHOTO Kypca (n=36), cpenHsAs OleHKa Ha dK3aMeHe cocTtaBuia 3,2, 01=0,2.
Jns ctynenToB, moceTuBmux 6onee 90% nexkuuit mo npenmety (n=150), cpenHsas omeHKa HA dK3aMeHe
cocraBuna 4,5, 62=0,5.Cnenaiite BBHIBOJ O JOCTOBEPHOCTH Pa3lUYUil yCIIEBAEMOCTH CTYJEHTOB B
3aBHCUMOCTH OT MOCEH[AaEMOCTH JICKI[MI 0 MpEeaMeTy.

4. Pesynbratel TecTupoBanus 1o 30-0anbHOM mikane ajs rpynnsl X U Tpynnbl Y MpeacTaBIeHbI
B Ta0nwuie. CpaBHUTH Y3PPEKTUBHOCTH JABYX METOJIOB OOYYCHHS CTYJACHTOB B JBYX TpyIIax JJis

YPOBHS CTaTUCTUYECKOM 3HAUUMOCTH 3 = 5%.

X 18 10 7 15 14 11 13
Y 15 20 10 8 16 10 19 7 15 14 |29

5. YuedHo-MeToAMYecKOe U MH(OPMAIIMOHHOE o0ecriedeHne TUCIUTIMHbI
Ilepeyenb OCHOBHOM JIUTEPATYPbI

1.I'ycak, A. A. Bricias matemaruka. Tom 1: yuebnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c. — Pexxum nocryna: http://www.iprbookshop.ru/28059.html
2T'ycak, A. A. Bricias marematruka. Tom 2: yuebnuk / A. A. I'ycak. — MuHck:

TerpaCuctemc, 2009. — 446 ¢. — Pexwum gocrtymna: http://www.iprbookshop.ru/28060.html

Ilepeyennb 10MOJHUTENBLHO JUTEPATYPHI

1.MlnauBuayansHble 3aaHus Mo Bbiciied Maremaruke. Yacte 1. JIuHeiiHas u BeKTOpHas
anrebpa. Ananmutudeckass reomerpus. [uddepeHuunanpbHoe wucyUcIeHUE QYHKIMM OJHON
nepeMeHHoil: yue6Hoe mocobue / A. II. Pabymxko, B. B. bapxaros, B. B. [lepxasen, U. E.
IOpyTh; mon penakmueit A. I1. PsOymko. — Munck: Bemmitmas mxomna, 2013. — 304 ¢. —
Pexxum noctyna: http://www.iprbookshop.ru/20266.html.

2.lunuBuayalibHBIE 3aJaHusl MO BhIciIier mateMaruke. Yacts 2. KommekcHble uncia.
Heonpenenennsle u omnpeneneHHble MHTErpanbl. @OyHKINMHM HECKOJIBKHX IEPEMEHHBIX.
OO6bikHOBeHHbIE TuddepeHIanbble ypaBHeHUs: yueOHoe mocobue / A. II. PaGymko, B. B.
bapxartos, B. B. Jlepxasen, 1. E. FOpyrs; non penmakmumeir A. II. PaGymxo. — MuHck:
Brimmiinias IKOJIA, 2014. — 397 C. — Pexum JIOCTYyTIA:
http://www.iprbookshop.ru/35481.html.

3.nauBuayaneHble 3ajaHusd 1Mo Bbicuied maremartuke. Yacte 3. Psawl. Kpartneie u
KPUBOJMHEHHBIE HHTETPpaJibl. DJIIEMEHTHI TEOPHH 0N : yuyeObHoe nocobue / A. I1. PsOymixo, B.
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B. bapxaros, B. B. Jlepxasen, U. E. FOpyts ; mon pemakumenr A. I1. PsaOymko. — MuHck:
Beimmitnrast mikona, 2013. — 367 ¢. — Pexxum gocryna: http://www.iprbookshop.ru/20211.html.
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denepanbHOE TOCYAAPCTBEHHOE aBTOHOMHOE 00pa30BaTEIbHOE YUPEIKACHNE
BBICIIIEr0 00pa30BaHUs
«CEBEPO-KABKA3CKUI ®EJIEPAJIbHBI YHUBEPCUTET»
[Isaturopckuit uuctutyt ($punuan) CKOY

MeToanyeckue yKkazaHus
[0 OpraHU3aly 1 MPOBEIECHUIO CAMOCTOSATENBHON pabOThI
no mucuumianae <MATEMATUKA)»
JUISL CTYJIEHTOB HaIlPaBJICHUSI TOATOTOBKH
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COJEPKAHUE

O01Me noJI0KEHUS
Lenb 1 3a1a41 CAaMOCTOSATEIILHOM PabOTHI

TexHoornYecKas KapTa caMOCTOSITEIBHON pabOTHI CTY/ICHTA

Eal S

[TopsiTOK BBHIMOTHEHUS CAMOCTOSITEIIBHON pabOTHI CTYICHTOM
4.1. Memoouueckue pexomenoayuu no pabome ¢ y4eonol iumepamypou
4.2. Memoouueckue pexomeHOayuu no N0O20Mo6Ke K NPAKMUYECKUM 3AHAMUAM
4.3. Memoouueckue pexomeHOayuu no camonposepke 3HaHu
5. KoOHTpOJb cCaMOCTOSATENILHOM PAa0OTHI CTYACHTOB

6. Criucok nuTeparypsl
9
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1. OOume moJI0KeHUSA

CamocrosarenbHass paboTa - IuUlaHUpyeMas YydeOHas, Yy4eOHO-HCClleoBaTeNlbCKasl,
HAYYHO-MCCIIEIOBATENIbCKAsA paboTa CTYIEHTOB, BHINOIHAEMAs BO BHEAYAUTOPHOE (AyAUTOPHOE)
BpeMs [0 3aJaHUI0 M TPH METOJUYECKOM PYKOBOJACTBE IIpernojaBaTensi, HO 0e3 ero
HEMOCPEACTBEHHOIO0 y4acTHsl (IPU YaCTUYHOM HENOCPEJICTBEHHOM YYacTUH IpernoiaBaTels,
OCTaBJISIOIEM BEIYLIYIO POJb 32 PaOOTON CTYAECHTOB).

CamocrositenpHast pabota crynento (CPC) B BY3e sBnsiercss BaXXKHBIM BUAOM Y4eOHOM
U Hay4yHOM JesaTenbHOCTH cTyaeHTa. CamocrosArenbHas paboTa CTYAEHTOB  HUIpaer
3HAYUTENIBHYIO POJIb B PEUTUHIOBOM TEXHOJIOTHH O0yUCHHMSL.

CamocrosrenbHas paboTa sBiseTcsl BaxHeWmed (opmoil ycBoenus 3HaHuil. B xoze
CaMOCTOSITENIFHOW Pa0OThl CTYACHTHI YSACHSIOT 3HAHWA 1O KOHKPETHOH TeMe yd4eOHOro
Marepuaia, 3aKpeIUISIOT W YTOUHSIOT YK€ H3BECTHBIE W OCBAWBAIOT HOBBIE KATETOPHH.
CrankuBasich ¢ HEJOCTaTOYHO MOHATHBIMU 3JIEMEHTAMHU TEMbI, CTYJEHTBI CTPEMSTCS HAaXOAUTh
OTBEThl WM (UKCUPOBATh BONPOCH AJISi MOCTAHOBKM M YSCHEHHS WX Ha KOHCYJbTALlUU C
IPEeIo/IaBaTeIeM WM BO BPEMsI MPAKTHYECKOTO 3aHATHSI.

3aza4n caMOCTOATENbHON PabOThI COCTOSIT B CIAEAYIOLIEM:

1. Pa3BUTh JIOTHYECKOE U AITOPUTMUYECKOE MBIIUICHHUE.

2. BpIpaGoTaTh MNEpBUYHBIE HABBIKM MaTEMaTHYECKOTO HCCIEAOBAaHUS MPUKIIAJIHBIX
BOIIPOCOB.

3. BeIpaboTaTh HaBBIKH JOBEACHUS PEIICHUS 3a[aud JI0 MPUEMIIEMOTO TPAKTUIECKOTO
pesyibTara — yucia, rpaduka, TOYHOTO Ka4eCTBEHHOI'O BBIBOJA C IMPHUMEHEHHEM aJeKBaTHBIX
BBIYUCIIUTENbHBIX CPEJICTB, TAOJIHII, CIPABOYHUKOB.

4. BolpaGoTaThb yMEHHE CaMOCTOSITEIBHO pa30upaTbcs B MAaTeMaTHYECKOM allmapare,
NPUMEHSIEMOM B JIUTEPAType, CBSI3aHHOM CO CIIEINATbHOCTHIO CTY/ICHTA.

5. Hayuute omepupoBaTh aOCTpaKTHBIMH OOBEKTaAMH U aJ€KBAaTHO YNOTPEOIAThH
MaTeMaTHYeCKUe MOHATUS M CHMBOJIBI JJISi BBIPQKEHUS KOJMYECTBEHHBIX M KaueCTBEHHBIX
OTHOILIEHHUH.

CamocrosTenbHas padoTa CTyeHTa 1o y4eOHOW AuciuIuiiHe «MaTemMaTnkay BKITI0YaeT
HOArOTOBKY K TNPAKTHYECKUM 3aHATUSAM W BBIIOJHEHHE MPAKTUYECKHX  3aJlaHHi,
CaMOCTOSITENIbHOE M3yYeHHE TeM Y4eOHOro MaTepuana MO PEeKOMEHJyeMO#l JuTeparype u ¢
UCTIOJTb30BaHUEM WH(OPMAIIMOHHBIX PECYPCOB.

CamocrosTenpHass pabora 1o aucnuiuimHe «MarteMaThka» — HampaBJeHa Ha

(dbopMUPOBaHKE CIETYIONINX KOMIMETEHIIHIA:
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Kona, popmymnupoBka
KOMIECTCHIIH

Kon, popmynupoBka nnaukaropa

IInanupyemslie pe3ysbTaTsl
00y4eHUS 110 JUCIUIIIHE
(Moyiio0),
XapaKTEPU3YIOLIHNE 3TaITbI
dbopmupoBaHus
KOMITETCHIMH, HHIMKATOPOB

OIIK-3: Cniocoben
HIPUMEHSTh
COOTBETCTBYIOIINI
(bu3nKo-MaTEMaTUUECKU I
ammapar, MeTO/Ibl aHAJIN3a
U MOJIETIMPOBAHUA,
TEOPETUYECKOTO U
9KCHEPUMEHTAIBHOTO
HCCIIENOBaHUA IIPU
peleHnH
npohecCuOHANBHBIX 3aa4

N-lonk-3 [Ipumensier
MaTeMaTu4ecKuit ammapar
AHAJIMTUYECKON reOMETPUHU,
JIMHEWHOU anreopswl,
Qg QepeHInaIbHOTO "
MHTErpaIbHOTO WCUYHCIICHUS
(yHKIUU OJTHOHM TTIEPEeMEHHOM.

N-20mnk-3 [Ipumensier
MaTeMaTHYeCKUH amnmapar TEeOpuu
byHKIIH HECKOJIBKUX
MEPEMEHHBIX, TEOpUU (YHKIUH
KOMILIEKCHOT'O HIEPEMEHHOTO,
TEOPHH PsIOB, TEOpPHUH

muddepeHIMaTbHBIX YpaBHEHUI.

N -3onk-3 [Mpumensier
MaTeMaTHYeCKHUl ammapaT TEOpUU
BEPOSATHOCTEM M MaTeMaTH4ECKON
CTaTHCTHUKH.

N -4onk-3
MaTeMaTH4eCKUn
YHCIJICHHBIX METOJIOB.

[Ipumensier
anmnapar

Pemaer mnpodeccruonanbHbIe

3a7a4H, IPUMEHSS
COOTBETCTBYIOLINH (U3UKO-
MaTeMaTUYecKUil  ammapar,
METO/bI aHanm3a u
MOJICTTUPOBAHHUS,
TEOPETHYECKOTO "
AKCTIEPUMEHTAILHOTO
MCCIIEJOBAHMS.

2. Ueab u 3a1a4H caMOCTOATEIbLHON PadOThI

Bez[ymasl LeJb OpraHu3anu U OCYHICCTBJICHUSA CPC COBIagacT C NICJIbIO o6yquI/1;1

CTyleHTa — (QopMupoBaHHUE HaOopa OOIICHAyYHBIX,

MpOECCHOHANIBHBIX U CIEIHaTbHBIX

KOMIETeHINH Oyay1iero 6akaiaBpa o COOTBETCTBYIOIIEMY HANPABICHUIO MOATOTOBKU

HpI/I OopraHu3alnunu CPC BaXHBIM U HCO6XO,Z[I/IMBIM YCIIOBUEM CTAHOBATCA (I)OpMI/IpOBaHI/Ie

YMEHHsI CaMOCTOSITENIbHOM paboThl s MPUOOPETeHUs 3HAHHM, HABBIKOB U BO3MOXKHOCTHU
OpraHu3aIy y94eOHOU U HaydyHOW nesaTenbHOCTH. Llenpro camocTosTeIbHOM paboThl CTYJIEHTOB
SABJISIETCSL OBNAaZeHUE (PYHIAMEHTAIbHBIMH 3HAHUAMH, TPOPECCHOHAIBHBIMA YMEHHUSIMU |

HaBbBIKaMU JACATCIIbHOCTH o HpO(I)I/IJ'IIO , OIIBITOM TBOp‘-ICCKOfI, HCCIIeI0BATEIbCKOM

JACATCIIBHOCTH. CaMocTosTenbHas pa60Ta CTYACHTOB CHOCOﬁCTByeT Pa3BUTHUIO

CaMOCTOSITEIbBHOCTH, OTBETCTBEHHOCTH U OPTaHW30BaHHOCTH, TBOPUYECKOTO MOAXO0A K PEIICHUIO
po0seM yueOHOTO ¥ TPO(HEeCCHOHATFHOTO YPOBHS.

3agauamu CPC saBisroTcs:
- CUCTeMATH3allMsl W  3aKpeIUICHHE 3HAHUH ©

MOJIYYCHHBIX TCOPCTUUCCKHUX

MPAKTUYECKUX YMEHUHN CTYICHTOB;
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- yriayOJieHne U pacuIMpeHne TEOPETUYECKUX 3HAHUI;

- ¢dopmMHupoBaHHE YMEHHH HWCHOJB30BATH HOPMATUBHYIO, MPAaBOBYIO, CIPABOYHYIO
JIOKYMEHTAIMIO U CHELHAIbHYIO JTUTEPATYPY;

- pa3BUTHE TO3HABATENbHBIX CHOCOOHOCTEH M AKTUBHOCTH CTY/IEHTOB: TBOPYECKOMN
WHULUATHUBBI, CAMOCTOATEILHOCTH, OTBETCTBEHHOCTH Y OPTaHU30BAaHHOCTH;

- dbopMHpOBaHHE CaMOCTOSITEIBHOCTH MBIIUICHHUS, CIIOCOOHOCTEH K CaMOpa3BUTHIO,
CaMOCOBEPILIECHCTBOBAHUIO U CaMOPEAIN3ALUH;

- pa3BUTHE UCCIIEI0BATEIbCKUX YMEHUM;

- UCIOJIb30BaHUE MaTepuana, COOPaHHOTO M IOJYYEHHOTO B XOJI€ CaMOCTOSITENIbHBIX
3aHATHM Ha CEeMUHAapax, Ha MPaKTUYECKHMX U J1a0OpaTOpPHBIX 3aHATUSAX, NPU HaANMCAHUU

KYPCOBBIX M BBIIYCKHOW KBaTU(HUKAIMOHHOH pabor, mis 3((EeKTUBHOW TMOATOTOBKU K

HUTOI'OBBIM 3a4€TaM MU 3K3aMCHaM.

3. TexHOJIOTHYECKAs] KAPTA CAMOCTOATEILHOMH PadoThI CTY/AeHTa

Kongsr
peanu3yemMbIxX
KOMIIETEHIIN I

Bun nesrensHocTH
CTYJICHTOB

CpenctBa u
TEXHOJIOTHH
OLIEHKH

OObeM JacoB, B TOM YHCIIC

(axan.)

CPC

KonraktH
ast pabota
c
Mpemnoaana
TeneM

Bcero

1 cemecTp

OIIK-3

IToaroroBka K JEKIHUAM

Kommrext
3aJaHui U
BOITPOCOB T10
paszaenam
JMCIUTUTHHEI

1,62

0,18

1,8

OIIK-3

ITonroroBka K
MIPAKTUYECKUM
3aHATHSIM

Kommnekr
3aJaHuM U
BOIIPOCOB T10
paszaenam
JTUCITATIIMHEI

6,48

0,72

7,2

OIIK-3

CaMocTosATeILHOE
W3yYeHHUE JINTEPaTyphl 0
temam 1-20

Kommmrext
3aJaHui U
BOIIPOCOB I10
pazaenam
JUCITUTUIMHBI

56,7

6,3

63

Hroro 3a 1 cemecTp

64,8

7,2

72

OIIK-3

IMToaroroBka K
JIK3aMEeHY

Bomnpocs! k
IK3aMeHy

48,6

5,4

54

2 cemecTp

OIIK-3

IToaroroBka K JIEKIIHUAM

Kommiext
3aJaHui U
BOITPOCOB T10
paszaenam
JMCLIUTUIHHBI

3,14

0,16

3,3
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OIIK-3 IToaroroBka k Kommnekr 5,18 0,32 5,5
NPAKTUYECKUM 3aJlaHUl U
3aHATUSIM BOITPOCOB I10
pazzenam
JMCILHIIINHBI
OIIK-3 CaMOCTOATCIILHOE Komruiext
W3y4YeHHE JIMTEPATYPHI 110 | 3aAaHUN 1
Temam 21-26 BOIIPOCOB T10 35,58 2,62 38,2
pasnenam
IACIHATIINHEL
Hroro 3a 2 cemecTp 43,9 3,1 47
OIIK-3 IToaroroBka Kk Bomnpocs! k 40,5 45 45
IK3aMEHy IK3aMeHy
Hroro 197,8 20,2 218

4.H0pﬂ[l0K BBLINOJHEHHUS CAMOCTOATEIbHOI paﬁoTbI CTYAE€HTOM

4.1. Memoouueckue pexomenoayuu no pabome ¢ y4eOHOU 1umepamypou

[Ipu pabote ¢ KHUTONH HEOOXOAMMO MOIO00paTh JUTEPATYpy, HAYUHTHCS MPABUIBHO €€
YHUTaTh, BECTH 3anucH. s moxbopa aureparypsl B OMOIMOTEKE UCTIONB3YIOTCS all(haBUTHBIN U
CUCTEMATUYECKUIN KaTaJlIOIH.

Ba)xHOo MOMHUTH, YTO palMOHANbHBIE HABBIKU PA0OTHI C KHUTOW - 3TO BCEraa OOJbIIas
SKOHOMHUS BPEMEHHU U CHUJL.

[IpaBuibHBIE  1O0OP YYEOHMKOB PEKOMEHAYETCS IpernojaBaTesieM, YHTAIOIIUM
JeKUMOHHBIN Kypc. HeoOxomumas nureparypa MOXKET ObITh TaKKe yKa3aHa B METOAMYECKHUX
pa3paboTKax Mo JaHHOMY KypCy.

N3yuas maTtepuan 1o yueOHMKY, CIEAyeT NMEepPEeXOIuTh K CIEAYIOIIEMY BOIIPOCY TOJIBKO
1ocjie TPaBUIBHOTO YSACHEHHUS MpPEIbIIyIero, OMNHUChbIBas Ha Oymare BCE BBIKJIAAKU U
BBIUMCJIEHHS] (B TOM YHUCJIE T€, KOTOpble B y4YEOHMKE OMNYILIEHbl WM Ha JIEKUUU JaHbl JUIS
CaMOCTOSITENIBHOTO BBIBOJIA).

[Tpu u3yueHun 000 AUCHUTUTHHBI OOJBIIYIO U BXXHYIO POJIb UTPAET CaMOCTOSITeNbHAS
WHAMBHUYyallbHas padoTa.

Oco0oe BHHMMaHME CJelyeT OOpaTUTh Ha OIpe/ejeHHe OCHOBHBIX IOHSATHUH Kypca.
CryneHT A0DKeH MoApoOHO pa3duparh MpUMEPHI, KOTOPBIE MOSICHAIOT TaKHE OINpEeesIeHUs, U
YMETh CTPOHWTH AaHAJIOTUYHBIE MPUMEPHI camMoCTosITeNbHO. HyXHO 100UMBAaTbCS TOYHOTO
NpEJCTaBICHUsT O TOM, YTO H3ydaelb. [lone3HO cOCTaBisATH OMNOpHbIE KOHCIHEKTHI. [Ipu
M3y4EeHUW MaTepHaia Mo y4eOHWKY TOJIE3HO B TeTpaau (Ha CHEIHATbHO OTBEJIEHHBIX IMOJISIX)
JIOTIOJIHATh KOHCHEKT JEeKUUi. TaMm ke cliefyeT OTMeuYaThb BOIPOCHI, BBIACICHHBIE CTYIEHTOM

JUIsl KOHCYJIBTALMY C IIPENOAABaTEIEM.
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BEIBO/IBI, MTOJTydeHHBIE B PE3YJIbTATE M3YYCHUS, PEKOMEHIYETCSl B KOHCIICKTE BBIJIEIIATH,
9TOOBI OHM TIPH MEPEUUTHIBAHUH 3AIHCEH JTyUIle 3alIOMUHAINCH.

OneIT MOKAa3bIBAET, YTO MHOTHM CTYICHTaM IOMOTAaeT COCTABJICHHWE JIHCTa OTMOPHBIX
CHUTHAJIOB, COJICPKAIIETO BaKHEUIIME U HanOoJiee 4acTo yrnorpedisieMbie (OpMYIIbl U TOHSITHSL.
Takol JIMCT MOMOTAeT 3allOMHUTH (POPMYJIbI, OCHOBHBIC TMOJIOKEHHS JICKIIUU, & TaK)KE MOXKET
CIIY’)KHTb ITOCTOSIHHBIM CIIPABOYHUKOM JJIsI CTYJCHTA.

UreHrne Hay9HOTO TEKCTa SIBJISICTCS YaCThIO TO3HABATEIBHOU JesrenbHocTH. Ee 1enp —
U3BJICUEHHE U3 TeKCTa HeoOxoauMoi nHdopMaruu. OT TOro Ha CKOJILKO OCO3HAHHA YHTAIOIIAM
COOCTBEHHAs BHYTPEHHSS YCTaHOBKA INPH OOpalleHHH K TICYaTHOMY CIIOBY (HaWTH HY)KHBIC
CBEJICHHMSI, YCBOUTh WH(MOPMAIUIO TIOJHOCTHIO WJIM YaCTHYHO, KPUTHYCCKH MPOAHATH3HPOBATH
MaTepuai U T.I1.) BO MHOI'OM 3aBUCHT 3()(PEKTHBHOCTH OCYIIECTBIISIEMOTO JICHCTBUSI.

BoLiensrotr uemuvipe ochogHble yCmano8Ku 6 YmeHuU HAYyYHO20 MeKCMd.

MH(POPMAIIMOHHO-TIOMCKOBBIH (331a4a — HAWTH, BBIICTIUTH UCKOMYIO HH(OPMAIIHIO)

ycBauBaromas (yCWJIMsS YHTATENsl HAMpaBJICHBI HA TO, YTOOBI KAaK MOXXHO TIOJTHEE
OCO3HATh W 3allOMHUTH KaK CaMW CBEICHHS H3JaraeMbie aBTOPOM, TaK U BCIO JIOTHKY €Tr0
paccyxIeHUiA)

AHAJTUTUKO-KPUTUYECKAss (YUTATENIb CTPEMUTCS KPUTHYECKH OCMBICIUTh MaTepHall,
MIPOAHAJIM3UPOBAB €0, OMPECIIUB CBOE OTHOLICHNUE K HEMY)

TBOpUECKas (CO3[aeT y YMTATEs TOTOBHOCTh B TOM WJIM WHOM BHJE — KaK OTIIPABHOM
MYyHKT 71 CBOMX PAcCyKJEHUM, Kak o0pa3 /i NeHCTBUS MO aHAIOTHH U T.I. — UCIOJIB30BaTh
CY)KICHHS aBTOpa, XOJ €ro MbICIeH, pe3ynbTaT HaONIoAeHUs, pa3pabOTaHHYI0 METOJHUKY,

JIOTIOJTHUTD WX, TIOJIBEPTHYTh HOBOM ITPOBEPKE).

4.2. Memoouueckue pexomeHOayuu no n0O20MoeKe K NPAKMUYeCKuM 3aHAMUAM

I[J'ISI TOTO 4YTOOBI MMPAKTUYCCKUE 3aHATHA T[PUHOCUIM MAKCUMAJIbHYIO IIOJIB3Y,
HE00X0/IMMO MOMHUTb, YTO yNpakKHEHHE U pelleHHe 3ajay MPOBOASTCA MO BBIYMTAHHOMY Ha
JEKIMSIX MaTepuaty U CBS3aHbl, KaK MPaBUIIO, C JETAJbHBIM pa30opoOM OTHAENIbHBIX BOIPOCOB
JEeKIMOHHOro Kypca. CrenyeT NOAYEpKHYTh, 4YTO TOJBKO IIOCIE YCBOEHHS JIEKIMOHHOIO
MaTepuaia ¢ ONpPEJEIICHHON TOUYKH 3peHHs (a MMEHHO C TOW, ¢ KOTOPOW OH M3jaraercs Ha
JEKIHSIX) OH OyZeT 3aKpeIuIAThCs Ha MPAKTHUYECKUX 3aHATHAX KaK B pe3ysbTare 00CYKIACHUS U
aHaiu3a JIEKIIMOHHOTO MaTepHaia, Tak U C MOMOIIBIO PelIeHHus NpOoOJeMHBIX CUTYalluil, 3a1ay.
IIpu >THX yCIIOBUAX CTYIEHT HE TOJBKO XOPOIIO YCBOUT Marepuai, HO U HAYYUTCS IPUMEHSATh
€ro Ha MpakTUKe, a TaKXKe IMOIYYUT JONOJHUTENbHBI CTHUMYN (M 3TO OYEHb BaXHO) AJIs

AKTUBHOU MPOPAOOTKH JICKIUH.
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Crnenyer MOMHHTB, YTO pEIICHHE KaXKIO0M ydeOHOW 3amadd JTOJDKHO JOBOJUTHCS 0
OKOHYATEJIbHOT0 JIOTHYECKOT0 OTBETa, KOTOPOTrO TpeOyeT yCIIOBHE, U IO BO3MOXKHOCTU C
BBIBOZIOM. [lodydeHHBIH OTBET CieayeT MPOBEPUTH CHOCOOAMHM, BBITEKAIOIIMMHU U3 CYyLIECTBa
nanHou 3amaud. [lonme3Ho Takke (€ciM BO3MOXKHO) peIIaTh HECKOJbKUMH CIoco0aMu U
CpPaBHUTH IOJYYEHHBIC pe3yJbTaThl. PelieHue 3aad JaHHOTO THIA HYXHO IMPOAOKAThH JI0O

IPUOOPETEHNUS TBEPIBIX HABBIKOB B UX PELICHUH.

4.3. Memoouueckue pexomenoayuu no camonposepke 3HaHutl
[Tocne u3yuyeHust onpeneseHHOW TEMBbI MO 3aMUCsM B KOHCIEKTE M Y4€OHHKY, a TaKXKe

pELIeHUsT TOCTATOYHOI'O KOJIMYECTBA COOTBETCTBYIOLIMX 3aJad HA NMPAKTUYECKUX 3aHATHIX U
CaMOCTOSITEJIBHO CTYJEHTY PEKOMEHAYETCs, IPOBECTH CaMOIIPOBEPKY YCBOEHHBIX 3HAHUM,
OTBETUB HAa KOHTPOJIbHBIE BOIIPOCHI 110 U3yYEHHOHN TEME.

B citydae HEOOXOIUMOCTH HY’KHO €Ilie pa3 BHUMATEIbHO Pa300paThcs B MaTepHalIe.

WNHorpa HEROCTAaTOYHOCTh YCBOEHHUS TOTO WJIM MHOTO BOIIPOCA BBLICHSETCS TOJIBKO IIPU
W3YYEHUHU JajbHEeIIero Marepuana. B aToM ciydae Hao BEpHYThCSA Ha3a] U MOBTOPUTH IIJIOXO
YCBOEHHBIM Marepuasl. BaXHbIi KPUTEPHUI YCBOCHMs TEOPETUYECKOrO0 MaTepHalla - YMEHHE
pemarh 3ajayd WIK MPOUTH TECTUPOBAHHE IO IPOHAEHHOMY Marepuaiy. OJIHAKO cieayer
IIOMHMUTbH, YTO IPABWIBHOE PEIICHUE 3aJaud MOXET IOJIyYUThCS B pE3yJIbTaTe€ IPUMEHEHUs

MCXAaHUYCCKU 3aYUCHHBIX (I)OpMy.]'I 0e3 MOHUMAaHHMS CYHIHOCTHU TCOPECTUUYCCKUX MOJIOKECHUH.

5.KoHTpo/1b camocTOATEIbHOI Pa0OThI CTY1EHTOB

B pamkax peHTHHIOBOM CHUCTEMBI yCIIEBAEMOCTh CTYACHTOB IO KAKI0M JUCHUIIIINHE
OLICHUBAETCA B XOJ€ TEKYIIEro KOHTPOJISI ¥ IPOMEXKYTOYHOU aTTECTALAH.
Texkymmi KOHTPOJIb

PeliTuHroBasi OeHKa 3HAHUM CTYIEHTA

Ne Bup nesrenpHOCTH CTYAEHTOB Cpoxu Konuuectr
n/n BBITIOJTHEHUSI 6aJI0B
1. [TpakTuyeckas padora 4 4 Henens 15
2. [TpakTdeckas padora 9 9 Henmenst 20
3. [TpakTuyeckas pabora 14 14 nepens 20
Hroro 3a 1 cemecTp 55
1. | IIpakTnueckas pabota 4 8 Henens 25
2. | Ilpaktuueckas pabora 7 14 nepens 30
Hroro 3a 2 cemecTp 55

6. Cniucok imreparypbl

6.1. IlepeyeHb OCHOBHOM JIMTEPATYPhI:
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1.I'ycak, A. A. Bpicmias marematruka. Tom 1: yueOnuk / A. A. I'ycak. — MuHck:
TerpaCucremc, 2009. — 544 c¢. — Pexxum noctyna: http://www.iprbookshop.ru/28059.html

2.I'ycak, A. A. Brpicmmas maremaruka. Tom 2: yueOnuk / A. A. I'ycak. — MuHnck:
TerpaCucremc, 2009. — 446 ¢. — Pexxum noctyma: http:// www.iprbookshop.ru/28060.html
6.2. IlepeyeHb 10NOJTHUTEIBHOM JIUTEPATYPbI:

1.nauBuayanbHbie 3a0aHus 1Mo Bbiciield MaremaTuke. Yacte 1. JIuHeliHas U BEKTOpHas
anreOpa. Amnanmutuyeckas reomerpus. Juddepenumanbnoe ucuucienne (yHKIUNA OJHOM
nepemMeHHoi: ydyeoHoe mocobue / A. IlI. PsOymxko, B. B. bapxaros, B. B. Jlepxasen, U. E.
OpyTh; mon penakuumeit A. I1. PsOymko. — Munck: Bpiitmas mxkomna, 2013. — 304 ¢. —
Pexxum noctyna: http:// www.iprbookshop.ru/20266.html.

2. VnauBuayanbHble 3aaHus 1o Bbiciied matematuke. Yacts 2. KomruiekcHble yucia.
Heomnpenenennsie u omnpeaeneHHble HHTErpaibl. DOYHKIMKM HECKOJIbKHUX MEPEMEHHBIX.
OO6bikHOBeHHBIE AU depeHnnanbupie ypaBHeHus: yuyebnoe mocodue / A. I1. PsOymko, B. B.
bapxaros, B. B. Mepxasen, WU. E. KOpyre; nmon pemakumeit A. Il. PaGymko. — MuHCk:
Brimiimas IKoJa, 2014. — 397 C. — Pexum JIOCTYyTIA:
http://www.iprbookshop.ru/35481.html.

3.MunuBuayanbHble 3anaHus 1no Beicuied martematruke. Yacts 3. Psagwl. Kpathbeie u
KPUBOJIMHEHHBIE WHTETpalibl. DIEMEHTBI TeOpHH Mo : yuyebHoe nmocodue / A. I1. PsOymko, B.
B. bapxaros, B. B. Jlepxkaseu, U. E. FOpytb ; mox penakuueir A. Il. PsOymko. — MuHck:
Brmsiimas mkona, 2013. — 367 ¢. — Pexxum nocrtyna: http://www.iprbookshop.ru/20211.html.
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