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Meroandeckue yka3zaHUs IS TMPAKTHYECKUX paldOT Mo auchuIuinHe «Marematukay
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obyuarontuxcs no crnenuanbHocTh 38.02.08 Toprosoe aeno.



Hosacnumenvnasn 3anucka

Mertoanyeckre peKOMEHAAlMU MPU3BaHbl OKa3blBaTh IOMOIIL CTYAECHTaM B HM3Y4YEHUHU
OCHOBHBIX MOHSATHH, WJEH, TEOPUI U MOJIOKEHUN NUCUMIUIMHBI «MaTeMaTuka», U3y4aemMblX B
X0JIe KOHKPETHOI'O 3aHATHSA, CIOCOOCTBOBAaTh Pa3BUTHUIO HUX YMEHMH, HAaBBIKOB M SBIIAIOTCA
OJIHUM U3 CIIOCOOOB NMPOBEPKH 3HAHUMN CTYAEHTOB.

BoinonHenue ygamuMucs IpakTUUYECKUX padOT HalpaBiIeHHO Ha:

- 000011eHHEe, CHCTEMAaTH3alMI0, YIITyOJIeHHe, 3aKPETJICHHE MOTYYSHHBIX TEOPETUIECKUX
3HaHMUN 110 KOHKPETHBIM TEMaM;

- (popmupoBaHue yMEHHI MPUMEHSTH MOJyUYCHHbIC 3HAHUS HA MPAKTHKE W PEaTU3alIHIo
€/IMHCTBA UHTEIJIEKTYaJIbHOW U MPaKTHUECKON AEATEIbHOCTH;

- pa3BUTHE HHTEIUIEKTYQJIbHBIX YMEHMH y OyAyIluMX CHElUaJUCTOB: aHAJUTHYECKHX,
IPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX U JIp.;

- BBIPAOOTKY IpPU PELIEHUH MOCTABJICHHBIX 3aJay TaKUX MPO(ecCHOHANbHBIX KayecTB,
KaK CaMOCTOSATEIbHOCTh, OTBETCTBEHHOCTb, TOUHOCTb, TBOPUYECKAsi HHULMATHBA.

Ocoboe 3HaueHHWe IUCHUIUIMHA WMEET MpH (OPMHUPOBAHUM M PA3BUTHH OOIIUX
komneTeHui B coorserctBun ¢ ®I'OC:

OK 01. Bsibupats cmocoObl pemeHus 3anad MNpo(ecCHOHAIBHOW esTeILHOCTH
IPUMEHUTEIBHO K Pa3IMUHbIM KOHTEKCTaM.

OK 02. Hcnonb3oBaTb COBPEMEHHBIE CpEACTBA IOMCKA, aHAJIM3a W HMHTEPIPETALUH
uHpopMaLry, 1 UHPOPMALMOHHBIE TEXHOJIOTMU JJIS BBINOJHEHUS 3a7ad IpogecCHOHATbLHON
NEeSITEIbHOCTH.

OK 03. [TnanupoBaTh 1 peain30BbIBaTh COOCTBEHHOE NPO(PECCHOHATBHOE U INYHOCTHOE
pa3BUTHE, MPEIIPUHIMATENBCKYIO IEITEIbHOCTh B MPO(ECCHOHATBHON cdepe, HCIOIb30BaTh
3HaHUS 110 PUHAHCOBOI IPAMOTHOCTHU B PA3JIMYHBIX KU3HEHHBIX CUTYALIUAX.

OK 04. O¢pdexTrBHO B3aMMOIEHCTBOBATh U padOTaTh B KOJUIEKTUBE U KOMaH/E.

Ocoboe 3HaueHWe JUCHUILUIMHA HUMeeT TMpu  (OPMUPOBAHMM U  PA3BUTUHU
npodeccuoHaIbHBIX KOMIETeHINH B cooTBeTcTBUU ¢ PI'OC:

IIK 4.1 CoOmronate mpaBuiia SKCIUTyaTallud KOHTposibHO-kaccoBoi TexHuku (KKT) u
BBINOJIHATH PACUETHBIE ONEPAIMH C TTOKYIaTEISIMU.

B pamkax nporpammsl 0011e00pa3oBaTebHON JUCIUIUIMHBI OCBAUBAIOTCS IMYHOCTHBIE,
MeTanpeIMETHbIE U MPEAMETHBIE pe3yIbTaThl B cOOTBETCTBUHU ¢ TpeboBanusimu ®I'OC cpennero
o01ero o6pa3oBaHusI.

IInanupyemblie  pe3yabTaTbl OCBOCHMSI  AUCHHUILUIMHBI:  JU4YHOCTHBIEe  (JIP),
metarnpeameTHsie (MP), mpenmernsie st 6a3oBoro yposHs nzyuenus (I1P).

Jluunocmmuvie xarouaiom:

JIP 05. ChopMHpOBaHHOCTh OCHOB CAMOPA3BUTHUSI M CAMOBOCIIUTAHHS B COOTBETCTBHH C
00I11eYeNTOBEYECKUMH [IEHHOCTSIMH W HJA€aJaMU TPa)<IaHCKOro OOIIEeCTBa; TOTOBHOCTh U
CHOCOOHOCTh K CAMOCTOSITEIIbHOM, TBOPYECKOH M OTBETCTBEHHOM EATEITLHOCTH.

JIP 07. HaBblkM COTpyZHMYECTBA CO CBEPCTHUKAaMH, IETbMHM MIIAJIIET0 BO3pacTa,
B3pOCIBIMH B 00pa3oBaTeIbHOM, OOIIECTBEHHO TMOJE3HOW, Y4eOHO-MCCIIeI0BATEIbCKOM,
MPOEKTHOM U IPYruX BUAAX AEATEIbHOCTH.

JIP 08. HpaBcTBEHHOE CO3HAHHE U MOBEACHHE HAa OCHOBE YCBOECHMSI 0OIEUETIOBEUECKUX
LIEHHOCTEMN.

JIP 09. T'0TOBHOCTB M CIIOCOOHOCTH K 00pa30BaHMUIO, B TOM YHMCIIE CaMO0OOpa30BaHUIO, Ha



IPOTSDKEHUM BCEH JKU3HHU; CO3HATEIbHOE OTHOIIEHHE K HENpPEepbIBHOMY OOpAa30BaHUIO Kak
YCIIOBHIO yCTEITHOW MPpodecCHOHANBHON 1 00IIECTBEHHOM e TEIIEHOCTH.

JIP 13. Oco3nanHblii BBIOOp Oyaymieli mpodeccuu M BO3MOXKHOCTEH pealli3aiuu
COOCTBEHHBIX JKM3HEHHBIX IIJJAHOB; OTHOLICHHE K NPOPECCHOHATIBHON JEATEIIbHOCTH Kak
BO3MOXXHOCTH  Y4acTHsl B  pEIICHUH  JMYHBIX, OOLIECTBEHHBIX, T'OCYJapCTBEHHBIX,
00LIeHAIIMOHAIBHBIX MTPOOJIEM.

JIP 14. CdopMUPOBAaHHOCTh JKOJOTHYECKOTO MBIIUICHHUS, TTOHUMAHHS —BIIUSHHS
COLMAJIbHO-9KOHOMHYECKUX IPOLECCOB HAa COCTOSHUE INPUPOAHOM U COLMAIBHOW Cpeibl;
IproOpeTEHNE ONbITa FKOJIOTO-HAIPABICHHON JeITEIbHOCTH.

Memanpeomemnvie:

MP 01. CamocrosTensHo  (QOpPMyIHpPOBaTH M aKTYaJIM3HpPOBAaTh  MpodieMy,
paccMaTpuBaTh €€ BCECTOPOHHE.

MP 02. VYcranaBnuBaTh CyIIECTBEHHBIM NPU3HAK WM OCHOBAaHUS Ul CpPaBHEHUS,
Kiaccuukanuu u 0000IICHUSI.

MP 03. Ompenenars Lenu AesITEIbHOCTH, 3aJaBaTh MapaMeTpbl U KPUTEPUU HX
JOCTHKEHHUSL.

MP 04. BbIBIIATS 3aKOHOMEPHOCTH U IPOTUBOPEUHS B paCCMaTPUBAEMBIX SBJICHHSIX.

MP 06. Bnagerp HaBbIKaMH Y4eOHO-HCCIIEIOBATEILCKOW M MPOEKTHOW IESTEIbHOCTH,
HaBbIKaMU pa3pelieHus MpooeM.

MP 07. CnocoOHOCTb U TOTOBHOCTb K CaMOCTOSITEIbBHOMY IIOMCKY METOJOB pEIICHUS
IPAKTUYECKUX 3aja4, IPUMEHEHUIO Pa3IMYHbIX METOI0B [TO3HAHUS.

MP 08. OsnageHue BUAAMHU JEATENbHOCTH IO IIOJYYEHHUIO HOBOTO 3HAHMS, €ro
UHTEpIpeTaln, NpeoOpa3oBaHNUI0 U NMPUMEHEHHUIO B pa3IMYHBIX YUEOHBIX CUTyallUsiX, B TOM
YuCIIe IPU CO3/1aHUM YUEOHBIX U COLMATILHBIX IIPOCKTOB.

MP 09. ®opmupoBaHue HAyYHOI'O TUIIA MBILIUIEHUS, BJIaJICHUE HAYYHOW TEPMUHOJIOTHEH,
KJIFOUEBBIMU MOHATUSIMA U METOJIAMHU.

MP 11. BpisBIATH NPUYMHHO-CIEACTBEHHBIE CBSI3U U aKTyaJU3UpOBaTh 3ajaayy,
BBIIBUTAaTh TUIIOTE3y €€ pEelIeHUs, HaXOJUTb apryMEHThl JUIsl J0Ka3aTelbCTBAa CBOMX
YTBEPKACHUM, 3a/1aBaTh apaMeTpbl U KPUTEPUH PEIICHUS.

Ilpeomemnvie:

IIP 0l. Bnamers MeromaMM JOKa3aTENIbCTB, AJTOPUTMAMM DPEILIEHUS 3a7ad; yYMEHHE
(bopMyIMpOBATH OIpEIENIEHUs], aKCHOMBI M TEOPEMBI, TPUMEHSATh UX, IPOBOUTH J10Ka3aTebHbIE
paccyXJIeHHUs B XOJI€ PELICHUsI 3a/1a4.

ITP 02. YmeTh omepupoBaTh MOHATHUAMHU: CTENEHb YHCIA, JOTapudM 4YuciIa; yMEHUE
BBIMIOJHATh BBIUMCJIEHHE 3HAUYEHUH U TpeoOpa3oBaHMsI BBIPAKEHUM CO CTEHNEHSIMU U
norapudmamu, mpeodpa3oBaHus APOOHO-PAITMOHATHHBIX BEIPAKCHUM.

I[IP 03. VYwmersp onepupoBaTh NOHATUSMU: paALUOHAIbHBIE, HPPALNOHAIBHEIE,
MOKa3aTelbHblE, CTENEHHbIe, JIOTapU(PMHUUYECKHE, TPUTOHOMETPUUYECKUE YPAaBHEHUS U
HEPABEHCTBA, UX CUCTEMBI.

IIP 04. VYwmerp omepupoBaTh TMOHATUAMHU: (YHKIMSA, HEOpepbIBHAs (QYyHKLUS,
NPOM3BOJIHAS, TEpPBOOOpa3Hasi, OIpEJeIEHHBI WHTErpaj; yMEHHWE HaXOJIUTh MPOU3BOJHBIE
AIIEMEHTApHBIX (DYHKIMHA, UCIONb3Yysl CHpPaBOYHBbIE MaTepHajbl; MCCIEA0BAaTh B NMPOCTEHIINX
cily4asix B (YHKIMM Ha MOHOTOHHOCTb, HAaXOJUTh HaWOOJbIIME W HAaWMEHBIINE 3HAYCHUS
¢byuknuii; Ctpouth rpadukyd MHOTOUYJIEHOB C MCIIOJNIB30BAaHMEM armapaTa MaTeMaTH4ecKoro
aHaJIM3a; MPUMEHATh NPOU3BOJHYIO NPHU PELICHUH 33Jay Ha JBW)KEHHUE; peuiaTb MpPaKTHUKO-



OpPUEHTHUPOBAHHBIE 33/1a4l Ha HauOOJIbIIME M HAaUMEHbIINE 3HAYCHMs, HA HAXOXJIEHUE IYyTH,
CKOPOCTH U YCKOPEHUS.

I[P 05. YmeHnue omnepupoBaThb MOHATHUSAMH: palMOHANbHAs (DYHKIMS, MOKa3aTelbHas
dyHKIMsA, cTeneHHas (QyHKUuWs, Jorapupmudeckas GpyHKIUs, TPUTOHOMETpUYECKHE (YHKIINH,
oOparHble (DYHKIIMHM;, YMEHHE CTPOUTH Ipa(UKu M3YYEHHBIX (DYHKIHMA, UCTIONB30BaTh TpaduKu
IIPY U3yYEHHUH MIPOLIECCOB U 3aBUCUMOCTEH, IPU PELICHNH 33434 U3 IPYTUX YUeOHBIX IPEIMETOB
Y 33/1a4 U3 peaJbHOM JKU3HU; BBIpaXKaTh (OpMyJIaMH 3aBUCHMOCTH MEXAY BEITUYUHAMM.

I[IP 06. Ymenue pemiatb TEKCTOBBIE 3aJaud PA3IMYHBIX THUIOB (B TOM 4YHCIEC Ha
IPOLIEHTHI, J10JIM U YaCTH, HA JBHKEHUE, pabOTy, CTOUMOCTh TOBAPOB U YCIIyT, HAJIOTH, 3a7auyd
U3 O0JIaCTH YIpaBICHHUS JHUYHBIMH W CEMEHHBIMH (MHAHCAMH); COCTABIIATH BBIPAKCHHUS,
YpaBHEHHUs, HEpPaBEHCTBA M HUX CHCTEMbl IO YCJIOBHUIO 3ajaud, HCCIIEIOBaTh IIOJy4YEHHBIE
pELICHHS U OLIEHUBATh MPABON0I00HOCT PE3yIbTAaTOB.

IIP 07. VYmenue omepupoBaTh MOHATHIMU: CpeAHee apupMETHYECKoe, MeIHaHa,
HauOoJplllee M HaWMEHbIlIEe 3HAYEHUs, pa3Max, JAUCHEPCHUsi, CTAHJAPTHOE OTKJIOHEHHE
YUCIOBOro Habopa; yMEHHE H3BIIEKaTh, UHTEPIPETUPOBATh WH(OPMALIMIO, NPEICTABICHHYIO B
TabauIax, Ha JuarpamMmax, rpadukax, OTPa)Karollyl0 CBOWCTBA peaJbHbIX IPOLIECCOB HU
SBJICHUH; NPEACTaBIATh HHPOPMALHUIO C MOMOIIBIO TaOJaMIl M JuarpaMM; HcCCIeI0BaTh
CTaTHUCTUYECKUE JIaHHbIE, B TOM YMCJIE C IPUMEHEHHEM I'pa)UueCKUX METO/I0B U 3JIEKTPOHHBIX
CpPEICTB.

[P 08. YmeHnue omnepupoBaTh MOHATUSMU: CIyYalHBIM ONBIT U CllydallHOE COOBITHE,
BEPOATHOCTb CIy4YallHOTO COOBITUS; YMEHME BBIYUCIATH BEPOSTHOCTH C HCIOJB30BAaHUEM
rpadu4ecKux METOJIOB; HIPUMEHSTh (QOPMYJIbI CIOXKEHHS M YMHOXKEHHS BEpOSTHOCTEH,
KOMOUHATOpHbIE (akThl U (OPMYJIbI IPU PEIICHUH 33a/a4; OLIEHUBATh BEPOSITHOCTb PEAbHBIX
COOBITHI; 3HAKOMCTBO CO CITy4ailHBIMHM BEIMUMHAMH; YMEHHE IPUBOJUTH IPUMEPHI IPOSBICHUS
3aKOHa OOJIBIINX YUCET B IPUPOJIHBIX U OOIIECTBEHHBIX SBICHUSX.

ITIP 09. YMmenue onepupoBaTh NOHIATUAMM: TOUYKA, IIPsIMasi, MJIOCKOCTh, B IPOCTPAHCTBO,
JBYTPaHHBIA YIroJl, CKpEIIMBAIOIIMecs NpsMble, MapaJJIeIbHOCTh WU NEPIEHIUKYISPHOCTD
OPSIMBIX U IUIOCKOCTEM, Yrojl MeXIy MPsIMBIMU, YIoJdl MEXIY HpSIMOH M IJIOCKOCTBIO, YTOJl
MEXJly IUIOCKOCTSIMH, PacCTOSHME OT TOYKH JI0 TUIOCKOCTH, PACCTOSIHUE MEXAY HpsIMbIMHU,
paccTOsiHUE MEXIYy IUIOCKOCTSIMH; YMEHHUE HCIIONIb30BaTh NP PEIICHUU 337a4 HU3y4YeHHbIE
(bakThl 1 TEOpEMBI INIAHUMETPUHN; YMEHHUE OLIEHUBATh pa3Mepbl 00BEKTOB OKPYKAIOLIET0 MUPA.

IIP 10. YMmenue omepupoBaTh NOHSATUSAMM: MHOTOTPAaHHHMK, CEUYEHHUE MHOIOIDAaHHUKA,
KyO, mapaienenunes1, Npu3Ma, mupamusia, Gurypa u mNOBEpXHOCTh BPALICHUs, IWINH/P, KOHYC,
map, cdepa, cedeHus (Urypbl BpallleHHs, IIOCKOCTh, Kacaromasics chepbl, HUINHAPA, KOHYCA;
IUIONIA/lb TMOBEPXHOCTH MHPaMUbl, MPU3MBbI, KOHYCa, IWIMHIpPA, 1Iapa; YMEHUE H300paxaThb
MHOTOTPaHHUKU M TOBEPXHOCTHU BpAIICHUS, UX CEUYEHUS OT PYKH, C MOMOIIBIO UYEPTEKHBIX
MHCTPYMEHTOB U 3JIEKTPOHHBIX CPEJCTB; YMEHHE pacrno3HaBaTh CUMMETPHUIO B MPOCTPAHCTBE;
yMEHHE pacro3HaBaTh NPaBUIIbHbIE MHOTOTPAHHUKH.

IIP 11. YmeHue omepupoBaTh MHOHATUSAMM: JIBUKEHHE B IPOCTPAHCTBE, MOJOOHBIE
¢Gurypsl B NPOCTPAHCTBE; HCIOJIB30BaTh OTHOLICHHE IUIONIAJEH IMOBEpXHOCTEH M OOBEMOB
NoJ00HBIX (PUTYp MPU PELIeHNH 3a/1a4.

I1P 12. YMeHHe BBIYUCIATH T€OMETPUYECKHE BETMUMHBI (JUIMHA, YOI, IJIO0MIA/lb, 00bEM,
IUIOIA/Ib TOBEPXHOCTH ), UCIIOJIb3YS U3YYEHHbIE (JOPMYJIIBI U METOIBI.

I[IP 13. Ymenue omnepupoBaTh NOHATHAMHU: HPSAMOYTOJIbHAs CHCTEMAa KOOpIWHAT,
KOOpJMHATBl TOYKH, BEKTOP, KOOPJIMHATHI BEKTOPA, CKAJSPHOE IMPOU3BENEHUE, Yrojl MEeXIy



BEKTOPAMH, CyMMa BEKTOPOB, IPOM3BEICHHE BEKTOpPa HAa YHCIO; HAXOOUTh C IIOMOIIBIO
U3yYEHHBIX (DOPMYJT KOOPIAMHATHI CEPEIMHBI OTPE3Ka, PACCTOSHUE MEXKTY IBYMS TOUKAMHU.

I[P 14. YMeHue BbIOMpATh MOAXONAIINN HM3YYCHHBIA METOH JUIsl PEIICHUsS 3aTadu,
pacrio3HaBaTb MareMaruyeckue (akThl W MaTeMaTHYeCKUE MOJENM B NPUPOAHBIX U
OOLIECTBEHHBIX SIBJICHUSX, B HCKYCCTBE; YMEHHE IPHUBOJIUTH IPUMEPHl MaTEMaTHYECKHUX
OTKpbITHIA Poccuiickoil 1 MUPOBOI MaTeMaTUYECKOM HAYKH.

IIpu npoBeneHNN MPAKTUYECKUX pabOT yueOHas IpyIia MOXKET JEIUThCS Ha MOATPYIIIbI
YHUCJIEHHOCTBIO HE MEHBLIE § YEIOBEK.

Kaxnas npaktuyeckas pabora cocTaBieHa ¢ BeAylled AnIaKTUUECKOHN 1IeIbIo -
(dbopMHpOBaHUE PAKTHUECKUX YMEHUH.

ConepxaHue MPaKTHYECKHX pPAa0OT HAIEIeHO M Ha pa3BUTHE MPO(ECCHOHATBHBIX
YMEHUH W HaBBIKOB. BBINIOJIHEHHE pacy€ToB, 4YepTeKEH, MHCTPYKTUBHBIMU MaTEPHUAIAMU,
CIIPaBOYHHKAMU, yMEHHE 10JIb30BATHCS COBPEMEHHBIMU MH(POPMAIMOHHO-
KOMMYHHUKAIIMOHHBIMU TexHosorusiMu. Hapsny, ¢ ¢gopmupoBaHueM yMeHUH M HaBBIKOB, B
npoliecce BBIIOJHEHUS MPAaKTUYECKUX paboT 0000Iat0TCs, CUCTEMATU3UPYIOTCS, YIIyOuIstoTcs
U KOHKPETH3UPYIOTCS TEOpPETUYECKHE 3HaHUs, BbIPAOaThIBaeTCs CHOCOOHOCTh UM TOTOBHOCTh
MCII0JIb30BaTh TEOPETUUECKNE 3HAHUS Ha MPAKTUKE, PA3BUBAIOTCS NHTEIUIEKTyaJIbHBIE YMEHUS.

B 1aHHBIX METOAMYECKMX YKa3aHUSAX B Haudaje KaKJIOM TeMbl KpaTKO H3JIararoTcs
OCHOBHBIE TEOPETUYECKHE CBEIACHHS (OompeaeneHus, (popMyIbl), HEOOXOAUMBIEC JUISI PELICHUS
nocieayomux 3aaad. [lpuBoasaTcs peleHns TUIIOBBIX IPUMEPOB U 3a/1ad. JlaroTcs ynpakHeHus
JUISL 3aKpeTICHUsI MaTepuaa.



IIpakTuyeckas padora Nel

Tema 1.1 Llenu u 3agaun MaTEMAaTUKU IPU OCBOEHUU ClielMaIbHOCTU. Hucna u
BBIUNCIICHUS

Iean: Onpenenenne OCHOBHBIX LI€J€H U 3a1a4 U3YYEHUsI MATEMaTUKH IIPY OCBOEHUU
npodeccuu; aKTyalnu3anus ¥ CUCTEMaTH3aIsl OCHOBHBIX 3HAHUH M3 IIKOJILHOTO Kypca
MaTeMaTHKU

TeopeTnyeckas 4acTh:

I'maBHast 0COOEHHOCTh 00pPa30BaTEIbHON CHCTEMBbI 3aKJIHOYAETCS B TOM, YTO OCHOBHOM
LENbI0, CTOSIIeH mepea y4eOHBIMH 3aBEICHUSIMH CHUCTEMBI CpPEIHEro MpogecCHOHATHLHOTO
o0pa3oBaHus, SBIAETCS IOArOTOBKA BBICOKOKBAIM(DULIMPOBAHHOIO CHEIMATIMCTAa B JIAHHOM
obnacTH.

Iesnb n3ydeHuss MaTeMaTHKH B CPEHUX CHELHATIbHBIX YUYEOHBIX 3aBEJCHUAX COCTOUT B
TOM, YTOOBI YIIyOHTH 3HAHMA 10 W3YYEHHBIM B CPEIHEH LIKOJIE pa3/ieliaM U O3HAKOMHTBHCS C
HEKOTOPbIMH HOBBIMH pasjielaMM MaTeMaTHKU (aHaJUTUYECKOW TreoMeTpueil, Teopuei
Qg epeHnaIbHbIX ypaBHEHUN, TEOPUEH BEPOSTHOCTEH, U JIp.), KOTOpPBIE 000TramaT 00UIyIo
KYJIbTYpY, Pa3BUBAIOT JIOTMYECKOE MBILIUIEHHE M IIUPOKO HCIOJIB3YIOTCS B MaTEeMAaTHYECKOM
MOJICJIMPOBAaHUM 33Ja4, C KOTOPBIMH BCTPEUYAETCS COBPEMEHHBIM CHELMATUCT B CBOEH
NeSITeIbHOCTH. [ 1aBHas Lieb U3yYeHHUsl MaTeMaTHKH CTYACHTaMH CPEeAHUX MPOpECCHOHATBHBIX
y4eOHBIX 3aBE/ICHUI COCTOMT B TOM, YTOOBI MAaTEMAaTUKy MOKHO OBUIO MPUMEHATH. VIMeroTCs B
BUAY NPUMEHEHHs] B CaMOM IIMPOKOM IUIaHE: HE TOJBKO Ha MPOU3BOJACTBE, HO U B JAPYIHX
JUCLUIUINHAX, NP YTEHUM CHELMAIbHOW M TOIYJIAPHOW JIMTEPATypbl, B OBITY; KPOME TOIO,
OCHOBHBIC MaT€MaTHUYECKUE MOHATHS MO3BOJISIIOT IIIy0’Ke€ OCMBICIMBATh pa3ivuHble (DAKTHI,
BUJETh UX OOIIME YePThI; HABBIKK Pa3yMHOW TOYHOCTH MOTYT IIOMOYb (POPMYJIMPOBATH MBICIH
u. T. 1.

- OOyueHusi mMareMaTWKe JOJDKHO OO0JIafaTh CBOWCTBaM (yHIAMEeHTanbHOCTH. Llenb
oOecnieyeHus (pyHIaMEHTAIbHON MaTeMaTH4YeCKOil MOArOTOBKH B CpeJHEM IPOGECCHOHATILHOM
00pa30BaHUM U CHELUAIN3AINN, IO KOTOPOH MPOUCXOTUT 00yUEHHE, COCTOUT B TOM, YTO KypC
MaTEMAaTUKH [JOJDKEH O3HAKOMHUTbh CTYJIEHTOB C OCHOBOIOJIATAOIIMMU MaTeMaTUYeCKUMU
HNOHATUSMHM U (PakTamH, 0OECIeYUTh YPOBEHb MAaTEMaTHYECKUX 3HAHWWA, YMEHUW U HaBBIKOB,
rapaHTUPYIOLINX OBJIa/ieHUe (PyHIaMEHTOM CIIeIHATbHBIX JUCLIUIUINH.

- Bropas uenp - opueHTanus MaTeMaTUYECKOM TMOATOTOBKM Ha CHEHHAIbHYIO
HOJrOTOBKY CTYJEHTa, TO €CTh HEOOXOAMMOCThb B Ipollecce OOy4eHHUs OpUEHTHPOBATHCS Ha
IyOOKO€ M IOJIHOE YCBOGHHWE CTYJEHTaMM pa3AesioB MAaTeMaTHKH, SBJSIOMIMXCS Oa30d ams
OCBOCHMS psla CHEUUAIbHBIX TUCHMIUIMH. [Ipy 3TOM 3HaHUS CTYAEHTOB IO OCTaJbHBIM
paszenaM Kypca JOJKHBI OBITh JOCTATOYHBIMU JJIi OCBOEHHS NMPOQPECCHOHANIBHO 3HAYMMBbIX
3HAHUM.

- TpeTb4 11€71b MaTeEMaTUYeCKOro 00pa3oBaHusl B CPEIHUX MPO(ECCUOHATBHBIX YUeOHBIX
3aBEJICHUSX - [TOJITOTOBKA CTYJIEHTOB K UX MPO(GECCHOHATBHON AEATENbHOCTH, HAlIPaBIEHHON Ha
yMeHHe OyQyluX CHEHHAJTUCTOB NPHUMEHATh MaTeMaTH4YecKue 3HaHUS B CBOEH
npodecCHuOHAIBHON esTeabHOCTH. [l ee peanu3anuu cieayeT HaloJHUTh NpoecCHOHATbHO
Ba)XKHbIE paszfensl Kypca «Marematuka» 3agadyaMu IpodeccuoHanabHOro cozepxkanus. Kypc
MaTeMaTHKH B CpeAHeM IpodeccHoHaTbHOM 00pa30BaHUU HECET ABOMHYIO Harpy3ky — Kak
CaMOCTOSITENIbHBIN y4eOHbII MpeaMeT, B KOTOPOM JIOJDKHA COONIOAAThCs CTpOrasi JJorndeckas
MIOCJIEI0BATEIbHOCTD M3JI0KEHUSI MaTepuana, U Kak anmapar JJs IIHPOKOro MPUMEHEHHUS ero B
CHEeIUalIbHbIX JMCUMIUIMHAX. VI3yueHue wmareMaTHKU B CpeJHEM MNpOoQecCHOHAIbHOM
0o0pa30BaHUM HampaBeHO Ha (QOpPMHUpPOBaHUE OOIIEYUYEeOHBIX KOMIETEHIUH IO 4YeThIpeM
0JI0KaM: caMOOpraHu3aluu, caMooOydeHus, THPOPMAIMOHHOMY, KOMMYHUKaTUBHOMY, a Ha UX
ocHoBe 0o0mmx kommnereHuuit. O6mue komnerenuu (OK) hopmupytorcst B nporecce yueOHOM
U BHEAyJUTOPHOM CaMOCTOATEIbHOW JESATENIbHOCTH CTYJEHTOB NpPU H3YYEHHH IpeAMETa.
[Iporpamma yuyeOHOro mpenMeTa OpPUEHTHPOBAHA HA JIOCTH)KEHHE CIEIYIOUMX Lenel: —



obecrieuenrne chopMUPOBAHHOCTH MPECTABICHUN O COIIMATIBHBIX, KYJIbTYPHBIX M HICTOPUUECKUX
dakTopax CTAaHOBIEHUS MaTeMaTHKH; — o0ecredeHrne C(HOPMHUPOBAHHOCTH JIOTHYECKOTO,
AITOPUTMUYECKOTO M MAaTeMaTHYECKOrO0 MBIIUICHUS; — obecrneueHue CchOpMHUPOBAHHOCTH
YMEHUU MPUMEHSTH TOJYYCHHbIC 3HAHUS IMPU PEHICHUH pPa3IUYHBIX 3a]a4; — oOecreueHue
c(hOpMUPOBAHHOCTH TPEACTABICHUN O MaTeMaTHKE KaK YacTh OOIIEeYETIOBEUYECKOW KYJBTYPHI,
YHUBEPCAIBHOM SI3bIKE€ HAYKH, MO3BOJIAIONIEM ONUCHIBATH M M3ydaTh peaJibHbIE MPOLECCHl U
spieHus. [maBHOM 3amavei oOpazoBanusi B cucreme CIIO sBisieTcss MOATOTOBKA
BBICOKOKBTM(DUIIMPOBAHHBIX ~ CIEIHAIMCTOB, KOTOPBIC JOJDKHBI 3aHITh CBOE MECTO Ha
KOHKYPEHTHOM PBIHKE Tpy/a.

Bonpocsbi:
1) HazoBuTe 1enps N3y4eHUs MATEMATHKHU B CPEIHUX CHEIUATBHBIX YUSOHBIX 3aBEICHUSIX
2) B yem cocTouT riaBHas 3ajada oopazoBanus B cucteme CI10?
3) IlpuBenuTe MpUMEpHl UCTIOIL30BAHUSI MATEMATHUKH B Balel Oyayiieit mpodeccun

Pemienue 3aganuii:

B1. [Tokazanus cuetunka 3jekTposHeprun 1 mas coctaBisn 37192 kBt /4, a 1 urons — 37 292
KBT /4. CKOJBKO HY)KHO 3aIUTaTUTh 32 JIEKTPOIHEPTHUIO 3a Maid, ecinu 1 KBT /4 anekTposHepruu
crout 4 py6. 17 xorm.?

B2. Ha pucyHke >XUpPHBIMU TOYKaMHU IOKa3aHO CYyTOYHOE KOJIMYECTBO OCAJKOB, BBINAJABIINUX B
Kazanu ¢ 3 mo 15 depans 1909 roga. Ilo ropuzoHTanu ykKas3bIBarOTCSA YHCIA Mecsia, IO
BEPTUKAJIM — KOJIMYECTBO OCAJKOB, BBINABIIMX B COOTBETCTBYIOUIUI J€Hb, B MUJUIUMETpaX.
JIis HarSAHOCTH JKUPHBIE TOYKM HA PUCYHKE COEAMHEHBbI JuHUEH. Omnpenenure mo pucyHky,
CKOJIBKO JTHEH M3 JJAHHOTO MEPHOo/Ia BBINAAaI0 Ooee 3 MIJUTUMETPOB OCAIKOB.
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B3.Haiiaute 3HaueHUe BHIPAKECHUS ab npu = 0, 8; b=1 aS; c=0,84

B4. J1511 TpaHCIOPTUPOBKY 3 TOHH Ipy3a Ha 50 KM MO>KHO BOCHOJIB30BAThCs YCIYTaMU OJTHOW U3
Tpex ¢upm-nepeBo3unkoB. CTOMMOCTh MEPEBO3KH U TPY30M0JABEMHOCTh ABTOMOOWIEH MaJist
KaXJI0Or0 NepeBo3urKa yka3aHa B Tabnune. Ckoiabko pyOned mpuiercs 3amjiaTuTh 3a camylo
JISIIEBYIO TIEPEBO3KY?

ITepeBo3unk | CtommocTh MepeBO3KHU oanuM | I'py3onoabeMHOCTD
aBTOMOOWJIeM aBTOMOOUIIel
(py0. Ha 10 km) (TOHH)

A 110 2,2

b 140 2,8

B 160 3,2

BS5. Ha kneruaroii 6ymare ¢ pazmMepom kietku 1% 1 uzoOpaxén yros. Haiiaure TaHreHC 3TOrO
yria.




B6 HaiiznTe KOpeHb ypaBHeHHA 2x +31 =9,

B7.B copeBHOBaHUSAX IO TOJKAHUIO fApa ydacTByroT 4 crnoprcMeHa u3 @PuuiasHauu, 7
crioprcMeHoB u3 Jlanuu, 9 cnopremenoB u3 lBenuu u 5 — u3 Hopseruu. [lopsinok, B koTopom
BBICTYTIAIOT CHOPTCMEHBI, orpeiesnsercs xxpeduem. Haiinnre BEposITHOCTD TOTO, YTO CIIOPTCMEH,
KOTOPBI BBICTYIAET MOCIEeIHNUM, OKaxkeTcs u3 LlIBenuu.

B Tpeyroasauke ABC yrox C paseH 90°, sin A = % Haiingure cos B.

B

A Oc

BS.

B9.. MoTtopHast 7noaka mpoluia MPOTUB TedyeHus peku 112 kM U BepHylack B IYyHKT
OTIIpaBJICHMs], 3aTPaTUB HAa OOpaTHBIN MyTh Ha 6 yacoB MeHblue. Halinure cKOpocTh TeueHHMs,
€CIIM CKOPOCTH JIOJIKM B HETIOABIKHOHN BoJie paBHa 11 km/4. OTBeT naiite B KM/4.

3aBucHMOCTE 00BéMa cnpoca ¢ (TeiC. py0.) Ha IPOAYKIMNIO HPEAIIpU-
ATHUSI-MOHOIIOJMCTA OT HeHwl p (Teic. py0.) 3agaérca dopmyaon
g = 160 — 10p. Beipyuyxka npeanpudaTusi 3a mecan r (B Teic. pyb.)
BbIYHCHseTcA 10 dopmyie r (p) = q - p. Onpegennrte neHy p, NpHU Ko-
TOpO# MecsA4YHasa Beipyuka r (p) cocraBur 280 Toic. py6. OTBeT HmpuBe-

B10. JUTE B ThHIC. pYO.

IIpakTnueckas padora Ne2
Tema 1.2 Bripaxxenuss u npeoOpa3oBanusi. IIpolnieHTHbIE BBIYMCICHUS. YPAaBHEHHS U
HEepaBEHCTBA
Heanb: OO6GoOumeHMEe W cUcTeMaTH3alMs 3HAaHWN, YMEHHWH, HABBIKOB YYaIIUXCS IpHU
BBITIOJITHCHUH apU(METHUECKUX ACHCTBUU HaJ OOBIKHOBEHHBIMH W JICCATHYHBIMU JPOOSIMU;
NOBTOPUTH TPOLIEHTHHIE BBIUYMCIEHUS; OOOOIIUTH M CHUCTEMATH3UPOBATh 3HAHUS, YMEHHUS
YYaIIUXCS IPU PEIICHNH JTUHEHHBIX U KBAaJAPATUUHBIX YPABHEHUN U HEPABEHCTB

TeopeTnyeckast 4acThb:

HatypanbHble uncia, moxydaeMble TpU €CTECTBEHHOM CYETE; MHOKECTBO HATYPaJIbHBIX
gucen obo3naygaercs N; N= {0, 1,2, 3, ...}.

llenple dncna, mMmody4aemble OOBEIMHEHHEM HATYpalbHBIX YHCEN C MHOXECTBOM
OTPUIATEIIBHBIX YHCEI ¥ HYJIEM, 0003HAYAFOTCS

Z={2-1,0,1,2,...}.



PanmonansHbIe yncna — 4Yucia, MPeACTaBICHHBIC B BHae Apodu m/n (n # 0), rme m —
IEJIOE YHCIIO0, @ N — HATYyPaJIbHOE YUCIIO.

JUis palMOHATIBHBIX YHCEN OINpPENEICHbl YEThIpE «KIACCHYECKHe» apudMeTHuecKue
NeMCTBUS: CIIOKEHNE, BEBIYUTAHNE, YMHOXKECHHUE U JieTIeHHE (KpoMe JeJIeHUs Ha HOJIb).

Jist 0003HaYeHUS paLMOHAIBHBIX qucen UCIOJIb3YyETCs 3HaK
n Lol
Q:{—:nEL,mEN}
m
JlelicTBUTENbHBIE (BELIECTBEHHBIE) YMCIIA IPEACTABIISIOT COO0H paciinpeHne MHOXKECTBA
palMOHATBHBIX YKcel. MHOXECTBO BELIECTBEHHBIX YKcea 00o3HavaeTcs R.

KpoMe panuoHanbHbIX uuces, R BK/IIOYAaeT MHOKECTBO HPPALMOHAIBHBIX YHMCEN, HE
NpPEJCTaBUMBIX B BHJE OTHOIICHUS LeibiX. Kpome moapasieneHuss Ha palUOHAIbHBIE U
UppalMoHaJIbHbIE, ACHCTBUTEIbHBIC 4YHCIA TAaKXKe MOAPA3JENAIOTCS Ha anredpanyeckue u
TpaHCIeHJeHTHbIEe. [Ipr 3TOM Ka)j0e TPaHCIEHICHTHOE YHCIO SIBISETCS HPPALUOHATBHBIM,
KaX/10€ PallMOHAIBLHOE YUCIIO — AIreOpanyecKuM.

HppaumroHnanbHble YnciIa.

1) nr060€e panroHaIbHOE YUCIIO N300pakaeTcss OECKOHEUHOU JECATUUHOMN TIPOObIO;

2) BCSIKOE MPpaIMOHAIBHOE YHCIIO U300paxaeTcsi 0ECKOHEYHOM eCATUYHON ApO0bIo;

3) mo0oe NeHCTBUTENFHOE YHCIO MOXKET OBITH IMPEJICTaBICHO B BHIEC OCCKOHEYHOM
NECATUYHOM 1poou;

4) Bcskas OeckOHEYHas JAECATHYHAS JApOOb TPEACTABISET JCHCTBUTEIBHOE YHCIIO
(oOpaTHOE yTBEPKICHHE).

Q.

O06o3HayeHn Yro 03HaYaeT UM
e (umsn)

N MHOXECTBO  HaTypallbHbIX
qyucel

Z MHO€eCTBO LIEIBIX YUCET

Q MHOXECTBO palMOHATBHBIX
qucen

R MHOK€ECTBO
JEHCTBUTEIBHBIX YHCEN

JdelicTBusA ¢ 1podAMu:
1. Cnoowcenue. Cymmoni apoOeil ¢ OJHUM W TE€M K€ 3HaMEeHaTeJIeM Ha3bIBalOT JIPoOb,
MUMEIOIIYIO TOT K€ 3HAMEHATENb, a YACIUTENh PABEH CyMMe YHCIHUTENeH TaHHBIX Apo0eH, T.e.

aba+b

noH Ly

OTO omnpeneneHne MOXKHO c(hOopMyIMpOBaTh TAKKE B BUJE CIEIYIOLIETO IPaBUIIa.

YToOBbI CIOXUTH IpOOU C OJIMHAKOBBIMHM 3HaMEHATEISIMU, HAJI0 CIOKUTh UX YUCIUTENH,
a 3HaMEHaTeJlb OCTaBUTh TOT XK.

ITpumep. T 7 7 7

YroObI CIIOKUTH APOOH C PA3HBIMH 3HAMCHATEIIIMHU, HAJIO TIPUBECTH X K HAUMCHBIIIEMY
o0IIeMy 3HaMEHATENI0, a 3aTeM CJOXHTh MOJIYYEHHBbIC YUCIUTEIN M TOJ CyMMOW MOJIIHCAThH
001 3HAMEHATEb.

5 7 15 14 15+14 29 _5
A R P, Pl

Mpuvep. 8 12 24 24 24 24 24

5 7 15+14 129 3
=" - = =1-

Kopoue 3anuchiBator Tak: 8 12 24 24 24
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UToObl CIOXKHUTH CMEUIaHHBIE YMCIIA, HY)KHO OTIEIBbHO HAMTH CyMMYy LENBIX U CyMMY
IpoOHBIX yacTeil. JleiicTBHe 3amiChIBaeTCs TaK:

4l 1 g8 132 11H 20,0 1332 147
15 45 o 45 45

2. Buiuumanue. Berautanue 1po0Oeld MOXHO OINpENSINTh KakK ACHCTBHE, 0OpaTHOE
CIIOXKCHHIO Jpo0Oeil. Beraecth M3 OAHOTO IPOOHOTO YMCIa BTOPOE 3TO 3HAYUT HAUTH TpEThe
YHUCJI0, KOTOPOE B CyMME CO BTOPBIM J1aeT nepBoe. M3 3Toro onpeaeneHus cieayeT mpaBuiio:

Uto0bl BBIYECTH JPOOW C OAMHAKOBBIMU 3HAMECHATEISIMHU, HY)KHO BBIUECTh UYHCIIUTENb
BBIYMTAEMOTO W3 YHCIUTEIS yMEHBIIAEMOTO W OCTaBUTh NPEKHUM 3HaMeHarenb. JleicTBue
3alMCHIBAIOT TaK:

YTtoOBI BBHIYECTH I[pO6I/I C pa3HbIMU 3HAMCHATCIIIMU, HYXHO CHaydajla IIPUBECTH HUX K
HaNMMCHBIICMY 06meMy 3HaAMCHATCIIIO0, 3aTCM U3 YUCIIUTECIA YMCHBIIAEMOT'O BbIYCCTh YU CIUTCIIb
BBIYUTACMOI'O U IIOA HMX PA3HOCTbIO IIOAIIUCATb 06IHHﬁ 3HaMCHAaTCJIIb. HeﬁCTBHe 3aIIMChIBAOT
TakK:

11 5 22-15 7

12 8 24 24

Ecnu Hy>XHO BBIYECTh OJJHO CMEUIAHHOE YMCJIO U3 APYTOro CMEIIaHHOTO YUCIIa, TO, €CIIU
MOYKHO, BBIYMTAIOT IPOOb U3 Ipodu, a 1esnoe u3 1enoro. JledcTBre 3amuchiBaoT TaK:

9 3 36-33 9
8 —-5—=3—=3—
11 4 44 44
Ecnu sxe apo0p BeruuTaeMoro 0oJjbine ApoOM YMEHBIIAEMOTO, TO OepyT OAHY €IUHHILY
U3 LEJIOT0 YMCIIa YMEHBIIIAEMOr0, pa3Ipo0IsAIOT ee B Ha uIeXkallie 10U U NPUOaBISAIOT K ApoOH

YMEHBIIIAEMOT0, TIOCIIE YeT0 MOCTYIIAI0T, KaK OMUCAHO BhIlIe. J[eCTBUE 3aMUChIBAIOT TAK:

4 11 le-33 _52-33 19

g 12 36 36 36
AHAJIOTMYHO NMOCTYNAIOT, KOTAa Ha/10 BBIYECTh U3 11E€JI0T0 YnCIa ApoOHOE.
3_23_37 53 2
ITpumep. 3 3 33,

3. Pacnpocmpanenue ceoticme cnodicenus u 8bluumaHusi Ha OpobHvle yucia. Bee 3aKoHBI
U CBOWCTBA CIIOKEHUS U BBIYUTAHMS HATypaTbHBIX YHCEI CIPaBEUIUBBI M ISl IPOOHBIX YHCEIL.
Hx mpumeHeHrne BO MHOTUX CIIyYasX 3HAYUTEIHHO YIPOIIAET MPOIECC BEIYUCICHHUS.

4E+11+Zi+sg+l+3£= :!I2+3l + 13+5E +
4 9 12 9 4 4 4 9 9

+ Ei+1 =8+7+3=18
12

[Ipumep 1. 12
3)1601) HCII0JIb30BaHbI HepeMeCTHTeHBHBIfI M COUETATEIILHBIA 3aKOHBI CIIOKEHHS.
7 31 53 7 53 31
+13 + =|2—+—|+3—=
720 144 720 720 720 144
¢
98 4 3l =512+31=5 43
TTpumep 2. 72 144 144 144

3,[[CCB HCIIOJIb30BAHO ITPABUJIO HpI/I6aBJ'IeHI/I$I CYMMBI K YHUCITY.
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2 36

1?3—[2§+53]=[17-'3—53]—2§=11—2§=aE
Mprniep 4. 5 8 8 8) 5 5 05

371ech UCTIOJIb30BaHbI MMPABUJIa BEIYUTAHKS U3 YUCIIA PA3HOCTH U CYyMMBI.
4. Ymmuooicenue. YMHOKEHHE NPOOU HA IEJOE YUCIO MOXHO TOHMMATh TaK K€, KaK U
YMHOXKCHHE IIEJIOr0 YUCIIa Ha 1IeJI0e, T.€. KaK CIIOKEHUE OJIMHAKOBBIX ciiaraeMbix. Hampumep,

2 2 2 2 2 2
—S=—t -+ —+—+—

3 3 3 3 3 3

Ho A1 YMHOXCHHS Ha ,[[p06b TaKO€ TOJKOBAaHHUE HE IIOAXOAMUT. HaHpI/IMep,

3 2 3 2

Ll STLLIPES ) PSR TLEA LS PP
36 36, 2 2 2

[Tpumep 3.

YMHOXast 7 a3 , HeJIb34 CKa3aTh, YTO 371eCh " 7 nano B3t 2 pa3za ciaraemMbiM".

3nech HEOOXOAMMO J1aTh HOBOE OIpE/IeIICHHE.

[IpousBenenueM apoOell Ha3bIBAIOT Takyl JApoOb, YHUCIUTENb KOTOPOH paBeH
IIPOM3BEICHUIO 4YMCIUTENEHd JaHHBIX JpoOeil, a 3HaMeHareldb - [POU3BEICHUI0 MX

a b _ab

smamenareneit, T.e. 1 1 1M yro6el ymHOMXUTH Opobb Ha APOOb, HYKHO YMHOMKHUTB
YHUCIIUTENb HA YHCIMTENb, a 3HAMEHATENh HA 3HAMEHATENb M NEPBOE IIPOM3BEIEHHUE CIIENIaTh

a C _ac

YUCIUTCIIEM, a BTOPOC - 3BHAMCHATCIICM! b d bd .
HpI/I YMHOKCHHU CIICAYCT ACIaTh (ecnn BOSMO)KHO) COKpaliCHue.

12 19 1219 2

Tpumep. 19 30 19-30 5

Ecam yyecTh, 4TO 1€70€ YMCIO TPEACTaBISIET cO00M ApoOh co 3HameHateneMm 1, TO
YMHOKEHHUE PoOH Ha IEI0€ YUCIO U LEJIOro YKcia Ha JpoObh MOKHO BBHITIONHSATH TOITOMY K€
MIPaBIITY.

5.5 _ 65 _30_,1
Mpuweper, 12 112 12 2

5. Vmmnoorcenue cmewannvix uucen. YTo0bl NMEPEMHOKUTh CMEIIAHHBIE YHUCIIA, HYXKHO
IpeBaApUTENIbHO 00OpaTUTh MX B HEMpPaBUIIbHBIE JPOOM U MOTOM IEPEMHOXkATh IO MPaBUILY
YMHOXEHUs ApoOeii.

1 ,1 516 80
2—3_—=——=_—=8

Mpuvep. 2 5 2 5 10

Ecnn ke nepeMHOXarT CMEIIaHHOE YUCIO Ha LEJI0€, TO MPOLIE MHOXHUTb OTAEIBHO
LENIYI0 YacTh U APOOHYIO YaCTh.

ﬁ-a:ﬁ::rg

[Tpumep. 3 3

6. Pacnpocmpanenue ceolicme ymMHodceHus: Ha OpooHvle uucna. CBOMCTBA YMHOXKEHUS
HATYpaJIbHBIX YMCEJ CIpaBeJIUBBI U A jApoOel. VX ucmonb3oBaHHE YNPOIIAET YCTHBIE U
[IACbMEHHBIEC BBIYUCIICHUS.
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T£-3ﬂ=['?+i]-33=213+4=214
ITpumep 1. 15 15
7 7
0_-8=9-8+_—-8=T2+7=T70
[Ipumep 2. 8

E.(qi.ll;;]:[E.E].qizl.qizqi
Mpmep3. 4 L 31 37 L43) 31 31 31

[125.431].22[E.i}.q:«;i;g.qgi;gﬁg
Tpevep 4. 5 17 } 31 5 3] 17 17 1'?.

7. Henenue opobeii. [Ins nenenus qpoOeil COXpaHsSETCs TO K€ OMpeesieHre, 9To U s
JIENICHUsSI TIeTIBIX YUCEI: ATO - JICHCTBHE MOCPEJACTBOM KOTOPOTO IO JaHHOMY IPOU3BEICHHIO
ABYX COMHOKUTEIIEH U OHOMY M3 3THX COMHOXKHUTEJIEH OTBICKUBAETCS BTOpOI>'I COMHOKUTCIIb.
PaznenuTh OMHO YHCIIO HA BTOPOE - 3HAYMT HAWTH TAaKOE TPEThE YHCIO, KOTOpPOE MpHU
YMHO)XEHUH Ha BTOPOE JIaeT repBoe. BRIMOMHSAIOT neneHue qpooei mo clieayoneMy mpaBmiy.

YroObl pasznenuTh OpoOb Ha JIPpoOb, HY)KHO YHCIUTEIb MEPBOM JAPOOM YMHOXXUTH Ha
3HAMEHATEeIh BTOPOMW, a 3HAMCHATEh TEPBOM HA YHCIUTEIh BTOPOW M IEPBOC MPOU3BEACHHE

ad
be

a.
34l CaTh YUCIUTCIEM, 4 BTOPOC - BHAMCHATCIICM: b d

6 9 610 60 20

ITo 3TOMy ke IIpaBUIy MOXKHO BBINOJIHATH JEJIEHHE APOOH Ha LEJI0E€ YUCIIO U LIEJI0ro Ha
IpoOb, ecI MPeJICTaBUTh LeJI0e YUCIIO0 B BUIE APOOH cO 3HaMeHaTeneM 1.

[Ipumepsl.
lj:izg:ézﬂz E: 21,
7 17 1.5 1
8 . 82 81 4
137 131 13.2 13
O,Z[HaI(O B IIOCJIICAHEM anMepe Hpome YUCIUTCIIb paB,[[eJ'II/ITB Ha 1ej10€ 4uciio:
8§ ,_8:2_4

13 13 13
8. Henenue cmewannvix uucen. YToObI BBIIOJHUTH ACICHHE CMEMIAHHBIX YHCEN, HX
MpeIBapuTeNbHO OOpallaloT B HEMpaBWIbHBIE OPOOM M 3aTeM MAENAT [0 MPaBHIy AEICHUS
JpoOeH.
3 1 63 21 63-20
12—:1—=—:—=— =12
TIpumep. 5 20 5 10 5.21
OpnHako MpH JIeJIeHUH CMEIIAHHOTO YKciia Ha 1ejoe ObIBaeT yJo0Hel AeTUTh OTIAEIBHO
IEJTYIO YacTh U OTJICTBHO JPOOHYIO YaCcTh CMEIIAHHOTO YHCIIA.

3112'!5:5=5l

[Tpumep. 7 7
9. 3amena oOenenus ymuoxcenuem. Ecim B KakoH-HUOYIb ApOOH IMOMEHATH MECTaMHU
YHCIUTEIh W 3HAMEHATeNlb, TOJYYHTCS HOBas JIpoOb, oOpaTHas naHHOW. Hampumep, mis

8 7

npodu 7 oOpatHast 1pooOb Oyner L
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O4eBUIHO, YTO MPOU3BEACHHE IBYX B3aMHO OOPaTHBIX IpoOeii paBHO 1.

2.0
7 8 )
VYuuteiBas 3T0, MOKHO JI€JIEHUE BBIMOJIHATH 110 CIEAYIOLIEMY ITPABUILY.

YroObl pa3ieiuTh OJHO YMCIO Ha JIPYroe, HYKHO JIEIUMOE YMHOXHTh Ha YHCIIO,
00paTHOE JIETUTEIIO.

2_5_2_'? 11
Mpuvep1, 3 7 3 5 15
[Tpumep 2 8 7 7

4 51 416 _4 3 3

Mpuvep3. 7 3 7 3 7 16 28

10. Ilpumepwvl na 6ce Oelicmaus ¢ 06blKH06€HHblMu Opobsimu. Pemenne nmpumMepoB Ha BCe
JIEHCTBUS C APOOSIMH BBIMOJHSIOT C TIOMOIIBIO 3allMCU MO OTJCJIBbHBIM JACUCTBUAM WU 3alUCU
LEITOYKOM.

[Ipumep. BeranucaunTs:

3 5 15 5 1 1
——t—:— 2:—+4+3:-
521 288, 2 3 1 16
1 1 1
55410 —:24-:3 3% 33
2 3
Pemeﬂne 10 YaCTsIM.
3.5 1 1 1
]— —=—=—; 3= +9=9=;
5 21 5-21 7 7 7
15 5 15-84 1
2)—:—=—=9;, 4)5: - =10,
28 8 28.5 2
5)10+10 =20,
1 64 16 1 1
6)9—:20=——=—; 11)—:3=—;
7 7:20 335 3
1 1 1 13,
7)2:—=4; 12) —
2 4 9 3ﬁ
8)3:1=9; 13)13: E—H—Bﬁ
3 34 13
4+9=13; 14]36-l=1;
36
1 1 16 16
10)—:2=—; 15y —+1-—~=1
2 4 a5 a5

Ortser. 1.
IIpuMep BBEIUMCIIEHUS [IETTOYKOM:
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1 3Y.1 (.1 .7Y.7
g——2132 [as_1l]af L1.,1 ;1,3
4 4 2 & 8 __2 2.4 5_
3 5 1
s—42l0 f2-12)al 20 2:32
5 8)°8 5 38
152 58 15
_ 27,45 _17 2 . 250 _
"3 175 8 3 1 2777 7107
510 8 25 50 5
352 110-45°
7 7

IIpoueHTHbIE BHIYUCIEHHUS.

Korma ™Mbl onuceiBaeM pa3Hble YacTH IIE€JIOT0, MBI HCIOJNb3yeM TaKHe IMOHSATHS, Kak
nosoBuHa (1/2), tpets (1/3), yerBepth (1/4). D10 YIOOHO: OTPE3aTh MOJIOBHHY IUPOTA, IPOUTH
TPETh MyTH, 3aKOHYUTH MEPBYIO YETBEPTH B IIKOJIE.

YroObl Ha3bIBAaTH COTHIC JOJH, puayMain mpoueHT (1/100): ¢ maTHHCKOTO S3BIKa — «3a

CTOM.
[IporieHT — 3TO O/IHA COTast YacTh OT Jitoboro yncia. Obo3HavaeTcs BOT Tak: %o.
1%=1/100=0,01

Kak mepeBecTu mpoueHThl B JecaTU4HyI0 1poob? HyxHo yOpaTh 3HaK % M pa3lenuTh
yucio Ha 100. Hampumep, 18% — »t1o 18 : 100 = 0,18.

A ecny Hy’>XHO IepPEeBECTH JIECATUYHYIO ApoOb B MPOLIEHTHl — yMHOXaeM Apo0s Ha 100 u
nobasmnsem 3HaK %. Hampumep:

0,18=0,18 - 100% = 18%.

A BOT, KaK TIEpEeBECTH MPOIIEHTHI B ICCATHUHYIO TPOOb — OOpaTHBIM JIeHCTBHEM:

18% : 100% = 0,18.

Boipasute gpoOb B mporeHTax mnpocto. Jlyis mepeBoja CHauyalda IpEeBpaTUM €€ B
JECATUYHYIO JpoOb, a TMOTOM MCIIONB3yeM MpelblIylliee MPaBWIoO M MEepeBeieM JeCATUUYHYIO
JIpo0Ob B MPOLIEHTHI:

2/5=0,4

0,4-100%=40%

8/25=0,32

0,32-100%=32%

Tunel 3a1a4 Ha IMPOLCHTELI

Tun 1. HaxoxxneHue npoueHTa ot yucia

UToO6b! HATH MPOLIEHT OT YKCIIA, HYKHO YHCIIO YMHOXUTH HA MPOLIEHT.

3anava. bnorep 3anucan 500 Buaeo 118 TUKTOKA, HO €ro mpoarocep ckaszan, uro 20% u3
HUX — OTCTON. CKOJIBKO POJIMKOB MPUJIETCS TIepe3anucarh oaorepy?

Kak pemaem: Hy>kHO HaiiTu 20% OT 00I1Iero KoJuuecTBa CHATHIX poiukoB (500).

20% =10,2

500 * 0,2 =100

OTBeT: U3 00IIEro KOJMYECTBA CHATHIX POJIUKOB Mpoarocep 3adpakoBan 100 mTyxk.

Tun 2. Haxox1eHne yucna 1o ero NpoueHTy

UToOBI HAHTH YMCIIO IO €ro MMPONCHTY, HYXKHO €ro M3BCCTHYIO YaCTh pa3JACIIMTh Ha TO,
CKOJIBKO ITPOLCHTOB OHA COCTABJISACT OT YUCIIA.
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3aa4yu Mo MOMCKY MPOIIEHTA MO YHUCIY U YHUCIIA [0 €ro MPOLEHTY O4Y€Hb MOX0XH. UTOObI
HE TMepemyTaTh — BHUMATEIbHO YHTA€M YCJOBHS, WHAade 3aiiieM B TYNHK WM PEIIUM
HenpaBwibHO. Eciu B 3aJjaHUM €CTh CJIOBa «KOTOPBI», «UYTO COCTaBISET» M «KOTOPBIN
COCTaBJISIET» — NEPE] HaMM 33/1a4a 10 HaX0XKIEHUIO YHUCJIa 110 €ro IPOLEHTY.

3anava. IllkonpHuk permmn 40 3amad u3 ydeOHHKA. Yto cocraBiser 16% uucma Bcex
3aga4 B kHUre. CKOJIBKO BCErO 3a/1a4 cOOpaHo B 3TOM y4ueOHUKe?

Kak permraem: Mbl He 3HaeM, CKOJIBKO BCEro 3a/1au B yueOnuke. Ho Ham nu3BecTHO, uTo 40
3ama4y cocTaBisAoT 16% or obmero xommuectsa. 3anumeM 16% B Buae apoou: 0,16. Jlamee
M3BECTHYIO HaM 4YacTh LIEJIOT0 pPa3feiMM Ha Ty JIOJII0, KOTOPYIO OHA COCTABJISIET OT BCETO
LEJIOTO.

40:0,16=40-100:16 =250

Otsert: 250 3amau coOpaHO B 3TOM y4eOHHUKE.

Tun 3. HaxoxaeHue NpoleHTHOTO OTHOLIEHUS IBYX YUCEI

UT0oOBI HAITH, CKOJIBKO MPOIEHTOB OJHO YHCJIO COCTABJISIET OT APYroro, HY>KHO Ty 4acTh,
0 KOTOpOH crpamBaeTcs, pa3AeauTh Ha 001ee KOMUYecTBO U YMHOKUTH Ha 100%.

3anaya. B cexperHom uatuke 25 yenoBek. 10 u3 HUX — neBouku. CKOJIBKO ITPOLIEHTOB
IEBOYEK B yate?

Kak pemaem: mogenum 10 Ha 25, moydeHHYIO ApOOb TIEPEBEIEM B TIPOIICHTEHI.

10/25 * 100% = 2/5 * 100% = 2 * 100/5 = 40%

Otser: B uatuke 40% neBOYCK.

Tun 4. YBenuueHnue 4uciia Ha MPOLICHT

YroObl YBEIMUYUTH YUCIO HA HEKOTOPOE KOJIMYECTBO IMPOLIEHTOB, MOXKHO HAMTH 4HCIIO,
KOTOPOE€ BBIPAXKAECT HYKHOE KOJIMYECTBO IIPOLEHTOB OT JAHHOTO YHUCIA, W CIOXHUTb €ro C
JIAHHBIM YHCIIOM.

A MOXHO BOCIOJIb30BaThCs (POPMYIION:

a=b- (1 +c:100),

IJI€ @ — YUCJI0, KOTOPOE HY>KHO HaWTH,

b — mepBoHauanbHOE 3HAYCHHUE,

C — IIPOLCHTHI.

3amaua. B mpomom Mmecsiie ctukeprak crown 110 py6neit. A B atom mecsitie Ha 12%
6onbire. CKOJIBKO CTOUT CTUKEP-TaK?

Kak pemaem: moxxno Haiiti 12% ot 110:

0,12 - 110=13,2.

[IprOaBUTH K HCXOHOMY UHCIY:

110+ 13,2 =123,2 py6as.

Wi MoxHO BOCIOIb30BaThCs OPMYJIIOif, TOraa:

110 - (1 +12:100)=110- 1,12 =123,2.

OTBeT: CTOMMOCTh CTHKEpIIaka B 3TOM Mecsitie — 123 py6ss 20 komeexk.

Tun 5. YMeHblIeHHe yncia Ha MPOLEHT

YroObl yMEHBIIUTh YUCIO Ha HECKOJBKO MPOIEHTOB, MOXHO HaWTH YHCIO, KOTOpPOE
BbIpaXaeT Hy>KHOE KOJINYECTBO MPOLEHTOB JaHHOTO YKCIIA, U BBIYECTh €r0 OT JAaHHOTO YHUCIIA.

A MOXHO BOCIIOJIb30BaThCsl (OPMYIIO:

a=b-(1-c:100),

IJI€ @ — YUCII0, KOTOPOE HY’KHO HalTH,

b — mepBoHavanbpHOE 3HAYCHHE,

C — INPOLIEHTHI.
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3amaua. B nmponutom roxy mkoiy 3akoHunin 100 pedsaT. A B 3TOM IOy BBIITYCKHUKOB Ha
25% menbuie. CKOJIBKO BBIITYCKHUKOB B 3TOM rojy?

Kak pemraem: moxHo Haiiti 25% ot 100:

0,25 - 100 = 25.

Brruects u3 ucxomuoro uucia 100 — 25 = 75 yenoBexk.

Wnu MOKHO BOCTIONB30BaThCs (DOPMYJIION, TOTIA!

100 - (1 —25:100) =75/p>

OtBeT: 75 BBIITYCKHUKOB B 3TOM TOAY.

Tun 6. 3agaun Ha TPOCTHIE MPOLIEHTHI

[IpocThie MPOIEHTBI — METOJA pacyeTa TMPOICHTOB, IPH KOTOPOM HAYUCIICHHUS
MIPOUCXOIAT HA IEPBOHAYAIBHYIO CYMMY BKJIaJa UJIU JIOJITA.

dopmyna pacyeTa BBITJISIUT TaK:

S=a-(l+y-x:100),

IJIe @ — MCXOJIHAs CYMMa,

S — cymmMma, KoTopasi HapaluBaeTCs,

X — IPOILICHTHAs CTaBKa,

Y — KOJIMYECTBO NIEPHUOI0B HAUHUCIICHHS ITPOIICHTA.

3amgava. Mapuu cpouHO MOHAIOOWINCH IEHBIU M OHA B3syia HA oauH roj B noiar 70 000
pyOueii moxa 8% exxeMecsiyHO. CKOJIBKO JIEHET OHa BEepHET uepes roa?

Kak pemaem: mojcraBuM B GopMyITy JaHHBIE U3 YCIOBHMA 3a/1a9H.

70000 - (1 +12-8:100)=137200

Otget: 137 200 pyOneii BepHeT Mapus dyepes roj.

Tun 7. 3agaun Ha CIOKHBIE TPOLEHTHI

Cno>kHBIC TPOIEHTBI — 3TO METOJ pacyeTa IPOILEHTOB, KOTJa MPOIEHTH IMPHOBLIH
MpUOABIISIOT K CYMME Ha OCTaTKe KaXIbld MecsIl. B crnemayromuii pa3 mpoleHThl HAUUCTSIOT Ha
3Ty HOBYIO CYMMY.

dopMya pacyeTa BHITISIUT TaK:

S=a- (1 +x:100),

rje S — HapaiMBaemas CymMma,

a — UCXOoJHas,

X — TIPOLICHTHAs CTaBKa,

Y — KOJMYECTBO MEPUOIOB HAUMCIICHHUS MIPOLICHTA.

3anada. AHTOH xo4eT opopmuth Bkiax 10 000 py6neit Ha 5 neT B GaHKe, KOTOPBIHA 1aeT
10% ronosbix. Kakyro cymmy cHuMeT AHTOH depe3 S JIeT XpaHEeHHUs JIeHeT B 3TOM OaHKe?

Kak pemraem: mpocTo noacTaBuM B popMyIly TaHHbBIE U3 YCIOBHH 3aauu:

10000 - (1 +10:100)3 =13 310

Otger: 13 310 py0Oseii cHUMET AHTOH Yepe3 TOI.

CriocoObl HaX0XACHUS MTPOLIEHTA

- Jenenue uncna Ha 100

I[Ipu nenennu wa 100 momywaercss 1% oOT d3TOro umcia. DTO MPaBHIO MOXKHO
UCIIONIL30BaTh MO-pazHoMy. Hampumep, 4TOOBI y3HATH IPOIEHT OT CYMMBI, HY’KHO YMHOXHUTH HX
Ha pa3Mep 1%. A 4T0OBI TepeBecTH N3BECTHOE 3HAYCHUE, CIIEYET pa3aeuTh ero Ha pasmep 1%.
OTOT METOJ OTJINYHO IOMOTAET B BOIPOCE, KaK MIEPEBECTH 1IEJIOE YUCIIO B IPOLIEHTBHI.

[IpencraBbTe, 4TO BBI MPUILLIM B Mara3yH 3a mokoaagoM. O6sr4Ho oH ctouT 250 pyouei,
HO ceronHs ckuaka 15%. Ecnaum y Bac ecTh JUCKOHTHAs KapTa Mara3uHa, MIOKOJaa o0oWaeTcs
BaM B 225 pyOneit. Uem OyeT BHITOIHEE BOCIIOIB30BATHCS: CKUIKOW MM KapTOit?

Kak pemaem:
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[Tepeenem 15% B pyOmnu:

250 :100 = 2,5 — 510 1% OT CTOMMOCTH LIOKOIALA,
3HauuT 2,5 X 15 =37,5 — 310 15%.

250 - 37,5 =212,5.

2125 < 225.

OTBeT: BEIFOAHEE BOCIIOIB30BAThCA CKUAKOM 15%.

- CocraBieHue nponopuuu
[Iponopuus — onpezenieHHOe COOTHOIIEHUE YacTel MEeK Iy COOOH.

C momouIp10 METoJa MPOMOPIIMKA MOKHO PACCUUTATD JTH00bIE %. BRIrIsauT 310 Tak:

a:b=c:d.

Yuraercs: a oTHOCHTCA K b Tak, kak ¢ oTHocuTcs K d. Takke BaXHO MOMHHUTH, YTO
MPOM3BEICHNE KPalHUX YJICHOB PABHO MPOM3BEACHHUIO CpeIHUX. UTOOBI Y3HATH HEM3BECTHOE W3
ATOTO PaBEHCTBA, HYXKHO PEIIUTh MPOCTEHIIee YpaBHEHUE.

Paccmorpum mpumep. Ha CKOJBKO BBITOJTHO TOKYIIATh CHOPTUBHYIO (yTOONKY 32 1390
pyOieii pH yCIOBUM, YTO B Mara3uHe B 4e€CTh JHs BCEX BIIOOJIEHHBIX JAeUCTBYET ckuaka 14%?

Kak pemraem:

Y3HaeM CKOJIBKO cToHT (hyTOOINKA ceituac B % COOTHOIICHHH:

100 - 14 = 86,

3Hauut 1390 py6ueit aTo 86%.

CocraBUM MPONOPIHUIO:

1390 : 100 =x : 86,

x =86 * (1390 : 100),

x =1195.4.

1390 - 1195,4 = 194,6.

OTBeT: KynuTh CHOPTUBHYIO (PyTOOJIKY BhIroAHEE Ha 194,6 pyOus.

- COOTHOIIICHHUS YHCEI

Ectp ciywamn, korja HalTH MPOIEHT OT YMCIA MPOIIE, €CIH MPEACTaBUTh MPOLIEHTH B
BUJIE MMPOCTHIX Apobeii. B Takom ciydae Oyzem uckaTh 4acTh YMCIa.

10% — pmecsaras 4acTth menoro. UrtoOsl HaWTH necsATh %, MMOHAZOOHUTCS H3BECTHOE
paznenuts Ha 10.

20% — nsTas yacTh 1mesoro. YToOsl BEIYUCIIATE IBAIIATh % OT U3BECTHOTO, €r0 HYKHO
pa3aenTh Ha S.

25% — yeTBepTh 11eN0r0. YTOOBI BRIYUCIUTD ABAANATH MATh %, MOHAI0OUTCS U3BECTHOE
pas3nenuTh Ha 4.

50% — mnonoBuHA 11en0r0. YTOOB! BHIYMCIUTE MOJOBHHY, HY)KHO M3BECTHOE Pa3AelUTh
Ha 2.

75% — Tpu YeTBepTH 1ENOT0. UTOOBI BEIYUCIUTH CEMBAECAT MATh %, HY’)KHO U3BECTHOE
3HAYEHHE Pa3/IeIUTh Ha 4 1 YMHOXKHTH HA 3.

3agava 11 TPEHUPOBKHU. B 4yepHYyI0 MATHUILY Bbl HAUIM OTIWYHBINA MUHKAK CO CKUIKOU
25%. B o0brunblii geHb oH crout 8500 pyOneit, HO ceifuac ¢ coOoii ectb Toabko 6400 pyOIeii.
XBaTUT JIA CPEACTB NI TOKYIIKH?

Kak pemaem:

100 - 25 =75,

3HAUUT HYXHO 3a1IaTuTh 75% OT epBOHaYaIbHON LIEHBI.

Hcnonb3yeM npaBuiio COOTHOIICHUS YHCEI:

8500 : 4 * 3 =6375.

OTBeT: CpeACTB XBaTHUT, TaK KaK MUKAK CTOUT 6375 pyOsteid.

18



JIuHeitHbie ypaBHEHUS

JInHEeNHBIM ypaBHEHUEM OTHOCUTEIILHO IIEPEMEHHOM X HAa3bIBAETCs yPaBHEHUE IIEPBOMI
crenean kx + b =0 (1), tne K u b —npousBosbHbIC BelleCTBEHHBIC YNCIIA.

B caywae k # 0 ypaBHeHue (1) wuMeeT eOUHCTBEHHOE pELICHHE TMpPH JTIOOOM
3HayeHUu b :

b
TR

B cnyuae, korna k = 0,b # 0 ypaBuenue (1) pemienuii He HUMeeT.

B cnyuae, korma k= 0, b= 0, pemuenuem ypaBHenus (1) sBisiercs Jit000€ YHCIO
XE(—w; + w),

Ecnu m3HauanpHO 3alaHO ypaBHEHHUE, COJAEpIKallee IEPEeMEHHYI0 B 3HAMEHATese, TO
nepes peleHrueM HeOoOXOAMMO YKa3aTh 00JIaCTh OMpPECNICHHsI, UCKIIYNUTh M3 OTBETa KOPHH,
IPU KOTOPBIX BBIPAKEHHE HE MMEET CMBICTIA.

Hpiamep 1
Sx=6 ITpunep 4
=8y 52415 _,
3 x+4
x=2 Doxz-4
Hpaep 2
PuMED 5x+15-[x+4):4-[x+4)
3x=-2 x+4
-2 Sx+15=4x+16
r=—
x=-1
x:—g (e x=-1
3
Hptiatep 5
Hptiastep 3
5x+15_4
8[x—1)+2x:2[4—2x) 13
Bx—b+2x=8-4x D orz-32
Brx+ex+4dx=84+8
rexya 2D 3= 4 (2 43)
Bx+2x+4x=8+8 x+4
1dx =16 Sx+15=4x+12
168 x=-3
14 7 Chepegrn . Hewm kopueil

JInHelHbIC HEPABEHCTBA

JIuHEeHBIM HEpPaBEHCTBOM OTHOCHUTEIBHO IMEPEMEHHOM X Ha3bIBAE€TCS HEPABEHCTBO,
MIPUHAJIEKAILEE K OTHOMY U3 CIEAYIOLIMX THUIIOB:

kx+b =0,
kx+b >0,
kx+b <0,
kx+b <0,

rae k ub — MPOU3BOJIbHBIE BEIIECTBEHHBIC YHCIIA.

Pemras nuHeliHble, 1a U HE TOJBKO JIMHEHHBIE, HEPABEHCTBA, CIEAYET MOMHHUTH, YTO MIPU
YMHOK€HUM WIM JICJICHUM HEPABEHCTBA HA IIOJIOKHUTEIBHOE YHCIO 3HAK HEPAaBEHCTBA
COXpAaHSIETCs, a MPU YMHOKCHUW WJIM JCJICHUM HEPABEHCTBA HA OTPHUIATENBHOE YHCIO 3HAK
HEPABEHCTBA MEHSETCS HA MTPOTUBOIIOJIOKHBIM.
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B cooTBeTcTBUUM C 3TUM pelICHHUE JIMHEHHBIX HEPABEHCTB, B 3aBUCHUMOCTH OT 3HAYEHUU

ko3h¢punmentoB K u b, mpexacraneno B cnenyromeit Tabmure 1.
Tabnuma 1. — Perienne HepaBeHCTB MEPBO CTEIEHU

kx+b20 [kx+b>0 | kx+b=0 [ kx+b<0
k>0 3HaK HEPaBEHCTBA COXPAHSETCS
xE—E x}—g xi—g x{—E
k k k k
=0, b<0| & (J xe(—w;+w). | XxXe(-w;+ w©).
=0, b= XeE(—w; +w). | & xXe(—w;+ew). | &
=0, b>0| xe(-w;+w). | xe(—w;+e). | & ()
k < 3HAaK HEPABEHCTBA MEHSIETCSI HA IPOTUBONOJIOKHBIN
xi—E x{—E xE—E x}—E
k k k K

CucreMpl TMHENHBIX HEPABEHCTB
PaccMmoTpuM pelieHne cucTeM JIMHEWHBIX HEPABEHCTB Ha IPUMEPAX.

{2x—3éﬂ,

-3x+11=0
[Ipumep 1. Pemuth cucteMy HEpaBEeHCTB

Pemenue. Pemum kaxkaoe u3 HCPABCHCTB CHUCTCMBI:

3
.

2x-320, 2x23, t=3
3x+11>0, 3x > 11, 11
X< —.

N300pa3uB Ha oxHON koopauHaTHOW mpsimoi (Puc. 1) oba TOueyHBIX MHOXKECTBA,
COCTaBJIAIOIIUX MOCIEAHIOI CUCTEMY, MIOJIy4YacM OTBET IIpUMeEpa.

.z/HZLHH:H’:J,JHZXH‘\KFWW \\\ -\
o 3 11
3

¥
2

Puc.1

[3 11]
Xe|l——
OtBeT: 23
dx+4<0,

{Qx—TE&
[Ipumep 2. PemuTh cucteMy HEPABEHCTB
Pemenue. Pemmm kaxioe n3 HEPAaBEHCTB CUCTEMBI:

4
Sx+4<0, Sx<—4, -y
2x-720. 2x327, 7

Xs——.
2

N300pa3uB Ha omHON KoopauHaTHOW mpsimoii (Puc. 2) o06a TOUYEYHBIX MHOXKECTBA,
COCTABJISIFOIIUX TOCIEAHIO0 CUCTEMY, ITOJIy4aeM OTBET PHUMeEpA.
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N3o0pasuB Ha omHO#M kKoopauHaTHOW mpsmon (Puc. 1) oba TOYeYHBIX MHOXKECTBA,
COCTAaBJIAIOMIUX ITOCICAHIOKO CUCTEMY, IOJIy4acM OTBCT IIPpUMCpA.

7 40
2 2
Puc.2
7
XeE| -0 ——
Ortser:
[Tpumep 3. Pemuth cucteMy HEPaBEHCTB
o6x-7 >0,
4x+13<0.
Pemenue. Pemum kaxoe U3 HEPaBEHCTB CUCTEMBI:
X > !
6x—7 >0, 6x>7, 6’
o o
4x+13 <0, 4x <-13, e 13

N300pa3uB Ha omHON KoopauHaTHOW mpsmoi (Puc. 3) 00a TOYECYHBIX MHOXKECTBA,
COCTaBIISIOLIUX MTOCIEIHIOI CUCTEMY, TIOJy4aeM OTBET IpUMepa

T

=" My
,
Y,
AN

13 0

o] =)

Puc.3

Orger: &

Omnpenenenue

Keaopamnoe  ypasnenue — 3TO ypaBHEHUE Bua ax® + bx + ¢ =0, rae
k03 durMeHTs! a, b u ¢ — nmpou3BosbHbIC UKca, npudeM a # 0.

IIpexxne, yeM M3ydarb KOHKPETHBIE METOIBI PEIICHHs, 3aMETHM, YTO BCE KBaJpaTHBIE
YpaBHEHHUS MO>KHO YCJIOBHO pa3/IeIUTh Ha TPU KJlacca:

He nmerot xopHei;

HMeroT poBHO OJIMH KOPEHB;

WmeroT aBa pa3au4HbIX KOPHS.

JIuckprMHUHAHT

Omnpenenenue

[lycTh 1aHO KBajpaTHOEe ypaBHeHHe ax’+bx +c=0. Torma ouckpumumnanm — 3T0
npocto umcno D = b? — 4ac.

Oty ¢Qopmyny Hamo 3HaTh Hau3ycTh. OTKyga oHa Oepercs — ceifuac HEBaXKHO.

BaxxHo npyroe: 10 3HaKy JIHCKPHUMHHAHTa MOXKHO OIPEACITUTh, CKOJBKO KOpPHEH HMeeT
KBaJIpaTHOE YpaBHEHUE. A UMEHHO:

Ecnu D < 0, kopHeii HeT;

Ecmu D = 0, ecTh pOBHO OJIMH KOPEHb;

Ecmu D > 0, kopneit Oynet iBa.
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OO6parute BHUMAaHHME: JUCKPUMHUHAHT YKa3bIBaeT Ha KOJMYECTBO KOPHEH, a BOBCE
HE HA UX 3HAKW, Kak [MOYeMy-TO MHOTHE CUMTAloT. B3IIsSHUTE Ha IpPUMEpPhl — H CaMu
BCE MOMMETE:
3amaua
CKOJIBKO KOpHEH UMEIOT KBaJIpaTHBIC YPABHEHUS:
X>—8x+12=0;
5x2+3x+7=0;
x> —6x+9=0.
Pemenne
Beimumem  K03(QQUIMEHTH  JUIsS IEPBOTO  yPaBHEHUs W HAWIEM JTUCKPUMHHAHT:
1,b=-8,c=12;
(—8)%>—4-1-12=64—-48=16
Ntak, AUCKPUMHUHAHT IIOJOKUTEIbHBIM, MOATOMY YpPaBHCHHE HMMEET JBa Pa3IUYHBIX
KOpHsI. AHAJIOTHYHO pa3OupaeM BTOpOE YpaBHEHUE:
a=5b=3;c=7,
D=3?-4-5-7=9-140=-131.
JIMCKpUMHHAHT OTPUIIATENbHBIN, KOpHEH HeT. OcTanoch MocieqHee ypaBHEHHE:
a=1,b=-6;c=9;
D=(-6)—-4-1-9=36-36=0.
JIMCKpUMHHAHT PaBeH HYJIIO — KOPEHb OYICT OJIHH.
OtBeT
1) 2 kopHsi; 2) HET KOpPHEIA; 3) OIUH KOPEHb.
Kopnu kBagpaTHOTO ypaBHEHUS

" —b+yD _ —b—+D

a
D

*1 2a *2 2a

Korma D =0, MOXHO HCHOIB30BaTh OOy U3 3TUX (OPMYN — TIOJIYYHUTCS OJHO
M TO )K€ 4YHCIo, KoTtopoe u Oynmer orBeroM. Hakonem, ecim D <0, kopHel HET — HHYEro
cCyuTaTh HE HAA0.

3amaua

PCHH/ITB KBa)IpaTHBIC ypaBHeHI/IHZ

X>—2x—3=0;

15-2x—x°=0;

X%+ 12x + 36 = 0.

Pemienue

[IepBoe ypaBHEHuUE:
X*—-2x—3=0=a=1b=-2;c=-3;
D=(-2)2-4-1-(-3)=16.

D > 0 = ypaBHeHue umeer aBa kopHs. Haiinem ux:

2 +4/16 2 —+/16 .
1T 2T
Bropoe ypaBHeHue:
15-2x—-x*=0=>a=-1;b=-2;c=15;
D=(-2)2-4-(-1)-15=64.
D > 0 = ypaBHeHHe cHOBa UMeeT J1Ba KopHs. Halinem ux:

2 ++/64 2 —+/64

Y2 (-1 2 2-(-1D)
HaKOHCI_I, TpeTBC ypaBHeHI/ICI
X +12x+36=0= a=1; b=12; c =36;

D=122-4-1-36=0.
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D =0 = ypaBHeHue uMeeT OJIWH KOpPeHb. MOXHO HCIIONB30BaTh JIOOYIO (GopMmyy.
Hanpumep, nepByto:

—12+Jﬁ_
2-1

X =

Otser

Dx1=3;x2=-1;2)x1=-5;x2=3; 3) x=—6.

Henonxele kBapaTHbIe ypaBHEHUS

bbiBaeT, uyTO KBaJApaTHOE YpaBHEHUE HECKOJBKO OTJIMYAETCA OT TOrO, 4YTO JIaHO
B onpenesnenun. Hanpumep:

X?>+9x =0;

x?—-16=0.

HecnoxHo 3aMeTUTh, UTO B 3TUX YpPaBHEHHUSIX OTCYTCTBYET OJHO U3 cllaraeMbiX. Takue
KBaJ[paTHbIC YPAaBHEHMs PEIIAIOTCS Jake Jerdye, YeM CTaHJapTHhIE: B HUX Ja)ke He oTpedyercs
CUMUTATh AUCKPUMUHAHT.

Onpenenenue

Vpauenne ax? + bX + C=0  Ha3BIBACTCA HENONHLIM  KEAOPAMHIM — YPAGHEHUEM,
ecnb=0 wmc=0, T1e. KodpUIHMEHT NPHU NEPEMEHHOMN X MM CBOOOIHBIA  AJIEMEHT
paBeH HYJIIO.

Pazymeercs, BO3MOXKEH COBCEM TSDKEIBbIN cilydail, Koraa 06a 3TuX Ko3p@uiineHTa paBHbI
Hymo: b=c=0. Borom ciyuae ypaBHenme mnpuHEMaeT BuAax>=0. OueBHIHO, TaKoe
yYpaBHEHHE UMEET €IMHCTBEHHBIH KopeHb: X = 0.

Paccmorpum ocranpabie ciydan. [Tycts b =0, Torna mojy4um HEMOJIHOE KBaJpaTHOE

ypaBHeHHe Bua ax’ + ¢ = 0. HemHoro npeo6pasyem ero:
2 5 C C
ax“+tc=0=2x"=——=2x=% |——
a vl

[Tockonbky  apudmeTHUeCKUil  KBaApaTHBIA  KOpPEHb  CYIIECTBYET  TOJIBKO
U3 HEOTPUIATEPHOTO  YHWCNIA, TIIOCIIEAHEeE PAaBEHCTBO HMEET CMBICH  HCKIIOYHTEIHHO
npu (—c/a) > 0. Beiso:

Ecnu B HENMOTHOM KBAaJpPAaTHOM YPaBHEHHH BHA ax> + C =0 BBITIONHEHO HEPABEHCTBO
(—c/a) > 0, xopueit Oyaet nBa. Popmyiia gaHa BBIIIC,

Ecnu xe (—c/a) < 0, kopHeii HeT.

Kak BuanTe, TUCKPUMUHAHT HE MOTPEOOBAJICS — B HETIOJTHBIX KBAJAPATHBIX YPaBHEHUSIX
BOOOIE HET CIOXKHBIX BblUMCIeHW. Hacamom pgene pgaxke HeoOs3aTeNbHO TIOMHHUTH
HepaBeHCTBO (—C/a) > 0. JIoCTaTOUHO BBIPA3UTh BEIHUMHY X° M IOCMOTPETH, UTO CTOMT C JAPYTOif
CTOPOHBI OT 3HaKa paBEHCTBA. EciaM TaMm MONOXHUTENbHOE YUCIO — KOpHed Oyner nBa. Ecnu
OTpHUIIATEeIbHOE — KOpHEH He OyaeT BooOIIe.

Teneps pa3bepeMcsl ¢ ypaBHEHHAMH BUIA ax> + bX = 0, B KOTOPEIX CBOOOMHBIN dIEMEHT
paBeH Hymto. TyT Bce mpocTo: KopHe# Bcerga Oyaer aBa. JlocTaToyHO pa3iokUTh MHOTOUYJICH
HA MHOXKUTEIIN: Y

ax?+bx=0=x-(ax+b)=0=x,=0; x, = ——
vl
[IpousBenenre paBHO HYJIIO, KOT/1a XOTs Obl OJTUH U3 MHOXKUTEJEeH paBeH Hymo. OTcroaa

HaxXoOdATCd KOPpHHU. B 3akmnrouenue pa36epeM HCCKOJIBKO TAKHX ypaBHCHI/Iﬁ:
3agaua
Pemnute KBaJApPATHBIC YPABHCHU:
X2 —7x=0;
5x2 + 30 =0;
4x>-9=0.
Pemenue
X—Tx=0=2Xx-(X—-7)=0>x1=0;x2=—(-7)/1 =T7.

23



5x2 +30 =0 = 5x?=-30 = x> = —6. KopHeii HeT, T.K. KBaZpaT HE MOXKET ObITh PaBEH
OTPHIIATENEHOMY YHCITY.

4 -9=0=24°=9=>x>=9/4=>x=3/2=15;x, =—1,5.

OtBer

X1 = 0; x2 = 7; 2) xopHeii Het; 3) X1 = 1,5; xo = 1,5.

Pemenue 3anav:
2

1. Boma 3anumaer 3 moBepxHOCcTH 3emid. [loaTomy 3emilto Ha3bIBAIOT «TOJyOOM
1

naHeToi». Kakyro gacTh 3eMHOi IoBepXHOCTH 3aHMMaeT cyma? OTBeT: 3 cymia.
2
2. Oty 42 roga, a BO3pacT CblHA cOCTaBisieT 7 Bo3pacTa oTuHa. CKOJBKO JIET ChIHY?

OrtBerT: 12 JIET.
3

3. TlpemenwHbIii BO3pacT Oenku 6 JeT, YTO COCTaBISIET S MPEAEIbHOrO BO3pacTa 3aiIia.

CKombKoO JIeT MOKeT NpoxxuTh 3as1? Otser: 10 ner.
5 25

4. Jlnuna cropoHs! kBaaparta © am. Kakosa ero miomans? Otser: 81 am?,

5.Pabounii MOKeT BBIIOJIHUTH IPOU3BOICTBEHHOE 33/1aHUE 3a 5 4acOB, a €r0 YUYEHUK — 3a
13

8 wacoB. Kakyroo yacth pabOThl OHU BBIIOJIHAT BMECTe Tocie daca paborei? Oteer: 40 4,

2 1
6. B mepBbIii yac aBTOOYyC mpomien S5 BCEro MyTH, BO BTOPOH 3 IyTH, a B TPETUH —
octaibHble 28 kM.  Kakoe  paccrosnme  mpomen — aBTroOyc 3a  Tpu  yaca?

2 1 11
1)5 + 3 = 15 (y)—3aaBa yaca.
14
2)1- 15 = 15 (4)— mporien B TpeTuii yac. 4
4
3) 28 : 15 =105 (kM) — 3a TpH 4aca.
Ortser: 105 KM IIpoLIes aBTOOYC 3a TpHU yaca.
=)
7. Kakoe paccrossHue yiauTka 3a 6 yaca, eciu oOHa OyneT MON3TH €O
3 _ 1
cKopocThio 250 km/u? OTBeT: 100 kM.
2
8. U3 Ooukm ¢ OEH3MHOM BHAYalle OTIMIA 28 BCEro HMEIOIIErOoCs TaM O€H3MHa,

2
noToM 7 Bcero OEeH3MHa U Mocie 3TOro B 60uke ocTanock 99 nutpos 6eHznHa. CKOIBKO JIUTPOB
OeH3uHa ObLIO B OOYKeE MEPBOHAYATHHO?

2 2 17
1) 28 + 7 = 28 (4)— OTJIIIH.
1711
2)1- 28 = 28 (4)-— 0CTaJIOCH.

11
3)99: 28 =252 (1) — ObUIO MEPBOHAYATIBLHO.
Otgert: 252 1 Gen3uHa ObUI0 B OOUKE IEPBOHAYAIIBHO.
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3amaua 1. Opranusm B3pocioro yenoBeka Ha 70% coctouT u3 Boabl. KakoBa Macca BOJIbI
B T€JI€ YEJI0BEKa, KOTOPHIM BeCUT 76 Kr?

Kak pemraem:

76 - 0,7=53,2 kr

OrtBer: Macca BOJBI 53,2 kT

3anayva 2. Ilena ToBapa nonusuiacek Ha 40%, 3atem eme Ha 25%. Ha ckonbko nporieHToB
MMOHU3MJIACH 1I€Ha TOBapa M0 CPAaBHEHUIO C MEPBOHAYAIBHOM IIEHON?

Kak pemraem:

O6o03HaunM MepBOHAYANBHYIO IIEHY ToBapa depe3 x. [locie mepBoro moHMXKEHHS IIEHA
CTaHET PaBHOM.

x - 0,4x =0,6x

Btopoe mnonmxkenue ueHbl cocraBisier 25% or HOBOM 1eHbl 0,6X, MO3TOMY MOCie
BTOPOTO MOHM)KEHUS MMOJTYUYHUM:

0,6x - 0,25 * 0,6x = 0,45x

[Tocne 1ByX NOHM>KEHHUI U3MEHEHUE LIEHBI COCTABUT:

x - 0,45x = 0,55x

Tak kak BenmuuHa 0,55x coctaBigeT 55% OT BeJIMYMHBI X, TO II€HA TOBapa MOHU3UIIACH
Ha 55%.

OtBeT: 55%.

3anaua 3. YeTblpe napsl OpIOK JeleBie oJHOro naibro Ha 8%. Ha ckoiabko IpOIEHTOB
ISTH Map OPIOK CTOSIT JOPOKE, YEM OFHO MaIbTO?

Kak pemaem:

1o ycnoBusaM 3a1au CTOMMOCTB YEThIpEX map Oprok — 310 92% OT CTOMMOCTH NaIbTO

100-8 =92

[TomyuaeTcsi, 4TO CTOMMOCTH OJTHOM Mapbl OproK — 3TO 23% CTOMMOCTH MABTO.

92:4=23

Tenepp yMHOXKMM CTOMMOCTb OJJHOM Hapbl OPIOK Ha MATh U Y3HAEM, YTO IATh Map Oprok
oboitnytcs B 115% crommocTu nanbsTo.

23*5=115

OtBert: nsaTh nap Oprok Ha 15% noporxke, 4em 0JTHO MaNbTO.

3amaua 4. CeMbsi COCTOMT M3 TpeX 4YeNOBEK: MYX, *E€Ha M J0Yb-CTyJeHTKa. Ecmu
3apIuiaTta My’ka BBIPACTET B JIBa pasza, OOIIMI 10X0J ceMbu Bo3pacTeT Ha 67%. Ecnu modepu B
TPU pa3a ypeXyT CTUIEHIUIO, OOIIMH J0XOA 3TOH ceMbH YMEHbIIUTCS Ha 4%. Bprauciauts,
KaKOH MPOIEHT B OOIIHIA T0XO0/1 CEMBbH MTPHUHOCHT 3apa0O0TOK JKEHBI.

Kak pemaem:

[To ycrmoBusiM 3amaum OOUIMIA TOXOJ CEMBbH HANPSMYIO 3aBHCHT OT JIOXOJOB MYy’Ka.
bnaronaps yBenuueHuio 3apruiatel OOIIMI J0XOA CEMbH BhIpacTeT Ha 67%. 3HAuuT, 3aprJara
MYy’Ka COCTaBIseT Kak pa3 67% ot ob1ero goxoza.

Ecnu ctunennus nouepu yMEHbIIUTCS B TpU pasa (T.e. Ha 1/3), octanercs 2/3 — 310 U
ecthb 4%, Ha KOTOpPbIE YMEHBIIUJIICS ObI CEMEMHBIX JTOXO/I.

MOHO COCTaBUTb MPOCTYIO MPOMOPLHUIO U BBIICHUTb, YTO pa3 2/3 cruneHanu — 310 4%
10X0/1a, TO BCA cTUIEHAUS — 3T0 6%.

A Temepb OTHUMEM OT BCETrO J0XOJa BKJIAJ MYy)Xa U JOYEPH U y3HAeM, KaKOH MpPOLEHT
COCTaBJISIET 3apabOTOK KEeHBI B 001IeM jtoxoae ceMbr: 100 — 67 — 6 = 27.

OtBert: 3apabOTOK >keHBI cocTaBisieT 27%.

3amaga 5. B cBexux abpukocax 90% Bmaru, a B cyxodpykTe Kypare TOIbKO 5%.
CKOJIbKO KMJIOTPaMMOB aOpUKOCOB HYKHO, UTOOBI MOTY4YUTh 20 KMJIOTpaMMOB Kyparu?
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Kak pemraem:

Hcxons u3 ycnoBus, B abpukocax 10% mnuTaTenbHOro BelIecTBa, a B Kypare B
KOHIICHTpUpOBaHHOM BHujae — 95%.

[Tostomy B 20 kunorpammax kyparu 20 * 0,95 = 19 xr nuTaTeapbHOTO BELIECTBA.

3HauuT, 19 KuIOrpaMMOB MUTATENLHOIO BemlecTBa B abpukocax — 310 10% Beca
CBeXMX abpukocoB. Haliem 4nciio mo mpoueHTy.

19:0,1 =190

Otgert: 190 kr cBexxux aOpuUKOCOB MOTpedyeTcs it u3rotoineHus 20 Kr Kypar.

Pemenue KBaJIpaTUYHLIX CUCTEM ypaBHeHI/Iﬁ

.| x=y=1
IIpumep 1. Pemnts cucremy ypaBHEeHUMH
x*+y%=41.
Pemenne. BeipasuB X W3 MEpPBOro ypaBHEHUS CUCTEMBI W IIOJCTaBHB BO BTOPOE,
X=y+1
2y*+2y—-40=0.
MOJIYYUM PABHOCHIIBHYIO CHCTEMY  “ ° 7 it i eieeieeeeeeaeenaes (1)

Pemas BTOpoe ypaBHeHue cucteMbl (1), HaxoauM JBa 3HAYEHUS MEPEMEHHOH y:
—4 vy =-5
i=%Y, , TIOAICTABIIsAs TU 3HAYEHMs B MEpPBOE ypaBHEHHE cucTeMbl (1), momydaeM aBa

3HAYEHUS MIEPEMEHHOH X: X =5, = _4.
Otser: (5; 4),(-4; -5).
2X—-3y—-xy=4
3X+y+3xy=3
Pemenne. Cpa3y BbIpa3suTh OJIHYy NEPEMEHHYKO 4Yepe3 APYryld B JaHHOM Ciyyae
3aTpyIHUTENBHO, MEIaeT ciaraemoe Xy. UTtoObl M30aBUTHCS OT ATOrO CIAraéMoro yYMHOXKHUM
NEPBOE YpPaBHEHUE CHUCTEMBI Ha 3 M CIOXHM CO BTOpPHIM ypaBHeHHEeM. llpu sTom momyuum

o [2x=3y—xy =4,
PaBHOCUJIBHYIO CUCTEMY YpaBHeHHM ¢~~~ ... (2)

9x -8y =15.

IIpumep 2. Pemuth cucteMy ypaBHEHUN

15+8y
13 BTOPOI'0 YpaBHCHUA IIOJTy4YacM: XZT. HOI[CTaBI/IB 9TO BBIPAKCHHUC B IICPBOC

ypaBHEHHE CHCTEMBI (2) MOIyYuM ypaBHEHUE 2%—3y— y @ =4 . Ilpeobpa3oBas ero,
TIOJTyYNM KBaJpaTHOE ypaBHeHHe oTHocHTenbHO y: 4y® +13y+3=0. Kopuu 3Toro ypaBHeHHus
1 13
y,=-3,y, = e HOJCTaBUM B OPMyYITy AJIS X, U MMOJTy4UM X, =—1, X, = 9
Ortser: (-1; -3),(13/9; -1/4).
x*(x+y) =80,
x*(2x—3y) =80.
Pemenne. B 7neBbIX dacTAX ypaBHEHHH CHCTEMBI CTOSIT TPOU3BEACHUS JBYX

COMHOXMHTENEH, a clpaBa 4YHUCIO OTJIIMYHOE OT HYyJS, MOITOMY, OYEBUAHO, HH OJUH U3
COMHOJKUTENECH JIeBbIX yacTell ypaBHEHHH He MOXET ObITh paBeH Hymo. Takum obOpazom,

x#0 3
nmojaydyacM, 4YTO u 2X —3 #* O > X#*EF—=Y. Pa3,£[CJ'II/IM IICPBOC ABHCHUC CHUCTEMBI Ha
5 p yp

IIpumep 3. Pemute cucreMy ypaBHEHHM

BTOpPOC IOYWICHHO, B CUJIy CACIIAHHOI'O BBIINIC 3aMCYaHUA, IMOJYYUM PABHOCHIIBHYIO CHUCTEMY
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X+Yy
2x-3y . BrIpazuMm U3 niepBoro ypaBHEHHsI MMOJIyYEHHON CHCTEMBI BBIPa3UM X: X =4y .
x*(x+Y) =80.
[ToncraBuM 5TO 3HAuUeHHE BO BTOPOE YpPaBHEHHWE CHUCTEMBI M HaWjgem Yy =1, torma X=4.

Ortsert: (4; 1).

KBangpaTtHOoe HEpaBeHCTBO — 3TO HEPABEHCTBO, B JICBOW YacCTH KOTOPOTO CTOUT
KBaJPAaTHBIN TPEXWICH, B JIEBOM — HYJIb.

To ectb, KBajipaTHBIC HEPABEHCTBA OBIBAIOT CICAYIONIMX BUJIOB:

ax?+bx+c>0, ax+bx+c>0, ax®+bx+c<0, ax’+bx+c<O0.

Pemmts kBasipaTHOE YpaBHEHHE MOKHO C TIOMOIIBIO0 METO/1a MHTEPBAJIOB.

Jnist 5TOro HeoOX0AMMO CHavajia HaliTH KOPHU KBaJIpaTHOTO HEPABEHCTBA (BMECTO 3HAKA
HEPaBEHCTBA TTOCTABUTH «=» M PEIINTh ypaBHeHHe ax’ + bx + ¢ = 0). Kopueii MoxkeT GBITH 1160
JBa, TMOO OJIMH, JINOO0 HEe OBITh BoOOIE. JlanpHelne 1elicTBUS 3aBUCST OT KOJMYECTBA KOPHEH:

1. Eciin ypaBHeHHe nMeeT IBa KOPHs, HCOOXOAMMO HAaHECTH X Ha YMCIIOBYIO MPSAMYIO.
OHu pa3oObloT e€e Ha Tpu TIpoMmexyTrka. HyxnHo Oyzaer omnpeaenuTs 3HaKU
BEIpaKEHHS ax’ + DX + C Ha KaXJIOM M3 NPOMEKYTKOB (KOHKPETHBIH HpUMEp pEIICHHS BbI
MO’KeTe MOCMOTPETh, BBEA B (JOPMY BBINIE KaKOe-THOO HEPABEHCTBO, HAPUMED 5X% + 2X — 7>
0):

- ecma> 0, T0 3Hakm Oymyr +, —, +  (cimeBa  Hampamo);
- ecu @ < 0, TO 3HaKM OynyT —, +, — (CIeBa HaMpaBo).

B ciydae, ecnu 3HaK HEpaBEHCTBA > WIIH >, OTBETOM OYIYT IPOMEKYTKH CO 3HAKOM ).
Ecnu ke 3HaK < MiH <, TO OTBETOM OyIyT OTPHUIIATEIbHBIE TPOMEKYTKH.

Ecnu 3Hak HepaBeHCTBA > WM <, TO TOYKHU-TPAHHIIBI POMEKYTKOB 3aIUCBIBAIOTCS B
KpyriibIx ckoOkax. Ecmm ke 3Hak > wiM <, TO TpaHUIBl MPOMEKYTKOB 3alHCHIBAIOTCA B
KBaJIpaTHBIX CKOOKaXx.

2. Eciiu ypaBHeHHe HMeeT OJJMH KOPeHb, TO HYy)KHO TaK)Ke HAaHECTH €ro Ha YHCIIOBYIO
TMPAMYIO U ONpPEIEUTh 3HAKM BHIPAKEHHS ax® + DX + C Ha KakJIOM U3 MPOMEKYTKoB. KopeHb
pa3fenuT MpsSMYIo Ha JIBa IPOMEXKYTKA, 3HAKU B KOTOPBIX OyIyT OAMHAKOBBIMH (B 3aBUCHMOCTH
oT koabduIneHTa a):

- eciim @ > 0, To 3HaKkM OynyT +, +. B 9TOM Cityuae, ecim 3HaK HEpaBEHCTBA >, TO OTBETOM
OyZIeT BCsl YUCIOBas MpsiMasi, KpOME TOUKU-TPaHUIIBI TPOMEXKyTKa. Eciu ske 3HaK HepaBeHCTBa
>, TO OTBET — BCsI UMCiIOBas mpsiMast. Eciin 3HaK HepaBEeHCTBA <, TO OTBET — ITyCTOE MHOXECTBO.
Ecnu 3Hak HepaBeHCTBa <, TO OTBET — OJHA TOYKa — TIpaHMIA MEXIY NPOMEKYTKaAMH.
- ecm a < 0, To 3HaKu OynyT —, — B 9TOM ciydae, eciin 3HaK HEpaBeHCTBA >, TO OTBETOM OyAeT
nycroe MHOXecTBO. Ecim ke 3HaK HepaBeHCTBa >, TO OTBET — OJHAa TOYKAa — TIpaHHIA
npoMexyTka. Ecim 3HaK HepaBeHCTBA <, TO OTBET — BCS UYUCIIOBas MpsMasi, KPOME TOYKH-
IpaHUIbl MpoMexyTKa. Eciin 3Hak HepaBeHCTBa <, TO OTBET — BCS YMCIIOBas IpsMasi.

3. Eciiu ypaBHeHHe KOPHell He HMeeT, TO HUYEro Ha KOOPAMHATHYIO OCh M HE HYXHO
HAHOCHUTb: HaJI0 MPOCTO ONpPENETHTh 3HAK BBIPAKEHHs ax® + bX + C Ha Bceil UMCIIOBOM MPAMOii:

- ecmi a > 0, To 3HaKk Oyzaer +. B aToM cimydae: ecnu 3HaK HEpPaBEHCTBA > WIIU >, TO
OTBETOM OYyJET BCs YMCIIOBas MpsiMas. B mpoTHBHOM ciyyae — eciM 3HaK < WIH < — OTBETOM
OyJzleT myCTOo€ MHOXECTBO.

- eciim a < 0, To 3HaK Oyzxer — B 3TOoM ciydae: ecinu 3HaK HEpPaBEHCTBA < WIH <, TO
OTBETOM OYJEeT BCS YHCIIOBas MpsiMas. B MPOTHBHOM ciiydae — €Clii 3HaK > WM > — OTBETOM
OyZeT myCcToe MHOXECTBO.

Ipumep 1. PemuTts HepaBEHCTBO 2x2 +4x — 6> 0.

KBagpartuslii TpexuneH 2X? + 4X — 6 uMeeT JBa JAeHCTBUTENbHBIX KOpHs X1 = —3, X2 =1.
[Tostomy mapaGonay = 2x? + 4X — 6 TiepecekaeT OChX B JBYX TOUKaX, abCIMCCHI KOTOPHIX
paBusl —3 u 1. TTockonbky kodbdumuent npu X2 Gonplne Hyns, mapabonay = 2X% + 4X —
6 HampaBiieHa BBEpX
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U3 pucyHKa BUHO, 4TO TpexuneH 2X% + 4X — 6 mojokuTenen npu X < — 3 u 1mpu x >1.

IIpumep 2. Pemuth HEpaBEHCTBO

—x?+x—1>0.

JIMCKpUMHHAHT KBaJpaTHOTO Tpexunena — X> + X — 1 orpunarenen: D = —3. [Tostomy
TIpM BeeX X 3HaYeHHs GYHKIHU y = — X2 + X — 1 UMEIOT OfMH M TOT e 3HaK, & UMEHHO 3HAK
kod(durmenta npu X?, To ecth Munyc. CieI0BaTeNbHO, HEPABEHCTBO — X2+ X — 1> 0 He
BBINOJIHACTCS HU MPU KaKUX 3HAYEHUSX X.

[Ipumep 3. BbIsICHUTB, IPU KAKUX 3HAYEHUSIX X JIpoOb

24 3x—3

2 — x®

IMOJIOKUTCIIbHA MW IIPU KaKUX — OTpHULATCIIbHA.

CHavana yka3aHHBIM BBIIIE CIHOCOOOM OTpENETNM 3HAKH YHCIUTEIs] W 3HAMEHATels
JTAaHHOM IpoOH, a 3aTeM CpaBHUM HUX.

Yucmutens X2 + 2X? — 3 monmouTeNneH Mpu X < —3 M Ipu x> 1, a oTpHIaTeneH npu
—3 <x <1 (puc. BepxHss YUCIOBas OCh).

4-3-2-1 0 1.2 3

i ki
e
0 2

3Hamenatens 2x — X? monoxuTenen mpu 0 < x < 2 ¥ oTpuuarened npu x < 0 u mpu x >2
(puc. , HXKHSS YUCIoBast och). M3 pucyHka BUJHO, 4TO JaHHas ApoOb OyeT MONI0KUTEIbHA TPU
— 3 <x< 0 (B 9oTOM cny4yae 4YHCIHTENb ¥ 3HAMEHATENbh OTPHULATENFHBI) W TIPH
1< X <2 (B 3TOM cilyyae YMCIUTENb U 3HAMEHATENb MOJOKUTEIbHBI); OTPULIATEIbHON OHA OyleT
npu x <. —3 (YUCIUTEIH MOJOKUTENIECH, 3HAMEHATEe b oTpuIaresieH), npu 0 <x < 1 (yuciurens
OTpHIIATENIEH, 3HAMEHATEIb MOJIOKUTEJICH) U TpU X > 2 (YUCIUTEIb MOJI0XKUTENEH, 3HaMEeHaTelb
OTpHUIIATEIIEH).

Pemienue 3aganmii:

Nel. Pemuth HepaBeHCTBa:
(2x+3)(2—2x) > 0.
(2—m) (2x—15) (x +4) > 0.
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x >%,

ax =40, x> 4, i 6 4
Gr-)Sx+6) >0 [PFFO70 L (1726 x>_§;¢> 73

3x-4<0, 3x < 4, >x<i L5

Sx+6<0; Sx (-6 ) 3’ 5

&
xa-=
L 5

Ne2. Pemuth ypaBHEHHUS:
1. x*—8x*-9=0
2. x®-15x*-16=0
3.(x* —2x-5)* —2(x* —2x—3)-4=0
No3. Pemiuth JaHHBIC HEPABEHCTBA:
1. x> —4x+3>0. 5. x> +x+1<0.
2. X>—6x+5<0. 6.x2 —x+1>0.
3. —5x°+3x+2>0. 7.x>—6x+10<0.
4, x(1—x)>0. 8. —3x% +2x+1>0.
Ne4. BBITIOJTHUTD 3aIaHUA:
1. Pemuth HEpaBEHCTBO:
8x°-6x+1>0
2. HaliTn HanMeHbIIIee MOIOKHUTEILHOE IIeJI0e PelIeHue HipaBeHCTRA:
X2+ 2x>-3

3. Pemuth HepaBEeHCTBO:

x> +3x+8>0

4. PemmuTh HEPaBEHCTBO:

X2-4x+4>0

5. Pemuth HepaBEeHCTBO:

X°-4x+4>0

6. HaiiTi Bce 3HaUeHUs X, HE SBJISIONINECS PEIICHUEM HEPABCHCTBA:
x*>16

IIpakTnyeckas padora Ne4
Tema 1.4 BxogHast KOHTpoJibHas paboTa
Heasn: IIpoBeputh ypoBeHb ycBOeHHs MaTepuana mo paszzneny | «IloBTopeHue kypca
MaTeMaTHUKU OCHOBHOM IIKOJIBI»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yembvlpex
npeoI1oIHCceHHbIX.

1. (1 6amm) Packpoiite GOpMYITy COKpaIEHHOTO YMHOXKEHHS a2-b?:

A) a%-2ab+b?; B) (a-b)(a+b); B) a’+2ab-b?; I) (a-b)(a-b)

2. (1 6amn) [Tnomaap TpeyrodbHUKA BEIYUCISAETCS 1O opMyIIe:

A) S=a*b; B) S=(a*b)/2; B) S=2a*b; I') S=(a*b)/3.

3. (1 6amr) Kakoe u3 caeayrommx 9uce 3aKII0UeHO MEXTYy YHCIIaMU 1—(7) " g?

A)0,4;5)0,5;B)0,6; 1) 0,7
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4. (1 6amn) Jansl rpaduku pynkuuid. Kakas gpopmyna coorBercTByert rpaduky 3):
1) 2) 3)

| [¥ Y | I By [ ]

| \ | / |
EEE N :\_ EEE |

O B !

| o[ 1 \ | ______9_1___7 R 1 1 A A

| Ny FEEEHE A P

! N e

| L b [T TPt ek

A)y =%x—6;B)y:x2—8x+11; B)y = _z;r)y:,ﬁs.
Ilpu evinoanenuu 3a0anuii 5-8 3anuwiume x00 peuieHuA U NOYYEHH LI OMmeem.
5. (2 6amna) Beruuciaure % + %

6. (2 6amna) Pemmure ypaBHenue x° - 7x + 10 = 0. Eciu ypaBHeHHe nMeeT 6071ee OHOTO
KOPHSI, B OTBET 3alUIIATE MCHBIIIHIA U3 KOPHEH.

7. (2 Gamna) Ilmomaab 3eMeNb KPECThSIHCKOTO XO3SMCTBA, OTBEIEHHAS O] IOCAIKY
KYCTapHUKOB U IIBETHHKOB, COCTaBISIeT 24 Ta M paclpeieicHa MeXIy HUMH B OTHOIICHHH 5:3.
CKOJIbKO TeKTapOB 3aHUMAIOT [IBETHUKH?

8. (2 6amma) Beicota BH mapamrenorpamma ABCD nenut ero ctoporny AD Ha oTpe3ku
AH = 2 u HD = 32. Jluaronanp mnapamienorpamma BD pasuna 40. Haiigure momans

HapaﬂﬂeﬂorpaMMa.
3ma.710Hbt omeemoes
Howmep 1 2 3 4 5 6 7 8
3aJaHuA
OtBeTr b b B A 2,7 2 9 816

IIpakTnyeckas padora NeS

Tema 2.2 OCHOBHBIE TPUTOHOMETPUYECKHE TOXKAECTBA. DPOPMYIIBI IPUBEICHUS
Heas: Hayunts ucrnonb3oBaTh OCHOBHBIE TPUTOHOMETPUYECKHE TOXKJIECTBA U (HOPMYJIbI
MPUBEIEHUS TP NPEOoOPa30BaHUU BBIPAKEHUH.

Teopernyeckast 4acTh:

Dopmynbl npuseoeHus

Cpa3y mepevnciuM OCHOBHBIC TPHUTOHOMETPHUYECKHE TOXJIECTBA, KOTOpBIC pa3depeM B
9TOM cTaThe. 3amuiieM WX B TaONMUIly, a HIDKE AWM BBIBOJ STUX (OPMYNI U TpHUBEIEM
HEOOXOIUMEIC ITOSICHEHMS.
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sin‘a+cos’ a=1

Sin o COS
et =———. cCloa=———o
COSeY sin ¢

tgc-ctear =1

2 1 2 1
e +l=——— l+cig o=—7F

cCos™ o Sin o

Ces3b MEXKIY CMHYCOM H KOCMHYCOM OJIHOI'O yrJjia
HNuorpa TOBOPAT HE 00 OCHOBHBIX TPUT'OHOMETPUYICCKUX TOXKIACCTBAX, IICPCUNCIICHHLIX B
Ta6JII/III€ BBIIIIC, a 00 OJHOM CIANHCTBECHHOM OCHOBHOM TPUTOHOMETPUIECCKOM

sin” o +cos’ a=1

TOK/IeCTBE BUIA . OObsicHenue 5TOMy (aKTy JOCTATOYHO HPOCTOE:
2 1 2 1
g a+l=———, l+ctgoa=———
paBeHCTBa cos o Sl & ponyuarorcs 3 OCHOBHOTO
TPUTOHOMETPHYECKOTO TOXKJIECTBA nocie Jesenust 0benx ero gacreif
~ - ol
COs” @ sm o
Ha u COOTBETCTBEHHO, a

COosd

S X
tea = . clga=— ; ; |
paBeHCTBA cosa sma I8 x-Cigd = CIIEYIOT 13 OTPECIICHHUM
CHUHYycCa, KOCHHYyCa, TaHTeHca W KoTaHreHca. [logpoOHee 00 3TOM MOTOBOPUM B CIETYIOIIMX
MyHKTAaX.

. 2 2
To ecTh, 0cOOBIi HHTEpEC MpEACTaBISET UMEHHO PABEHCTBO SI- &P {2'21,
KOTOpPOMY U J1aJli Ha3BaHUE OCHOBHOI'O TPUTOHOMETPUUYECKOTO TOXKIECTBA.
[Ipesxxne ueM [0Ka3aTb OCHOBHOE TPUTOHOMETPHUYECKOE TOXKIECTBO, HaJUM €ro
(GOopMyIMpPOBKY: CyMMa KBaJpaToOB CHHyCa M KOCHHYCa OJIHOTO yIja TOXXJIECTBEHHO paBHa
enuuuie. Tenepp JOKaKEM €ro.

OGpatumest K eTUHUYHOM OKpy)kHOCTH. [lycTh HauanbHas Touka A(1, 0) mocie moBopoTa
Ha yToJ a nepexoauT B Touky A1. B cuiy onpenenenuil cuHyca M KocuHyca Touka A; UMeeT

(cos e, sin ) 3
KOOpAWHATHI . bonee TOro, TOYKa A1 nexur Ha CANHUYIHOU OKPYKHOCTH,

CJIEI0BATEIIBHO, €€ KOOPAWHATHI JIOJDKHBI YJIOBJIETBOPSTh YPAaBHEHUIO €IMHUYHON OKPYKHOCTH,
KOTOpOE€ uMeeT Bua X>+y?=1. To €CTb, JIOJKHO OBITDH CIIPaBEUIMBO

5l r 5l
cos  +sm =1
paBeHCTBO . 3TI/IM JOKa3aHO OCHOBHOC TpI/IFOHOMeTpI/I'-IeCKoe TOXKICCTBO

IS J'IIO6BIX yTJ'IOB HOBOpOTa o .
- N 1
sin“+ecos  ag=1 .
PaBencTBO 4acTo Ha3bIBAIOT TEOPEMOU [Tudaropa B
TpUroHoMeTpuu. [10sICHUM 3TOT MOMEHT.
Bo3pmeM enuHHYHYIO OKpYXKHOCTH. IloBepHem HauampHyto TOuKy A(l, 0) Bokpyr

toukn O Ha yron a [Tycth TOYKa A mocje 3TOro MOBOPOTa MepexoauT B TOYKy Ai(X, Y).
Onyctum u3 Touku A nepnenukyisip AiH Ha npsmyro OX.
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PaccmorpuMm mipssMoyronbHbIi TpeyroiabHuk OA1H. Xopoiro BHIHO, YTO B HEM JUTHHBI
kateToB A1H 1 OH paBHBI COOTBETCTBEHHO MOJYJIIO OPAMHATHI M a0CHUCCHI TOYKH A1, TO
ectb, |[AtH|=|y| u |OH|=|X|, a nnuna runoreny3sr OA1 paBHA paanyCy €IUHUYHON OKPYKHOCTH,
10 ectTh, |OA1|=1. Teopema ITughazopa mo3onser 3ammcath paseHctBo |AiH|>+|OH|?=|OA1[?,
KOTOpOE MBI MOKEM nepenucarhb KaK |y|?+|x|>=12% mm y?+x2>=1. Ho 10

sin@=y cosa=x
u

OIIPENIEIIEHUIO , TOTIa OT paBeHCTBA Y>+X*=1 Mbl MOXkeM HepeiTH K

= 2 2
sin~a+cos =1
paBeHCTBY .
OCHOBHOG TpI/IFOHOMeTpI/I‘IeCKOC TOXACCTBO 3a1a€T CBA3b MC)KI[y CI/IHYCOM nu KOCI/IHYCOM
OJHOTO yrﬂa. STO II0O3BOJISICT BBIYUCIIATH CI/IHYC erIa, Koraga n3BCCTCH KOCI/IHyC 9TOIro yrna, Hu

BBIYUCIISTH KOCI/IHYC yrna, Koraga N3BCCTCH CI/IHyc yrna. I[J'IFI 3TOI'0 JA0CTATOYHO
- 2 2
smm - a+cos  ag=1

paBeHCTBO pa3peHII/ITI) OTHOCHUTCIIBHO CI/IHyca H KOCI/IHyca
smea=x41-cos ¢ cosag==x41-5n" &
COOTBETCTBCHHO: n . 3HaK nepezl KOpHeM

3aBUCHUT OT BEJIMYMHBI yria a. ITonpobHee 06 3TOM MBI MOTOBOPUM B pa3jiesie BEIYUCICHHE
CUHYCa, KOCHYCA, TAHI€HCA U KOTAHT€HCa C UCII0JIb30BAaHUEM TPUTOHOMETPUUECKUX POpPMYII.

OCHOBHOE  TPUTOHOMETPHYECKOE  TOXKIECTBO  OYEHb  4acTO  HCIOJIb3YETCs
IIPU npeodpazoeanuu mpueoHomempudeckux evipaxcenuti. OHO TIO3BOJSIET CyMMY KBaJpaToB
CMHyca M KOCHHyCa OJHOTO Yyrja 3aMeHATh eauHuued. He MeHee yacTo OCHOBHOE
TPUTOHOMETPUUECKOE TOKJIECTBO HMCIOJIb3YEeTCSI M B OOpaTHOM NOpPSJKE: €IUHUIA 3aMEHSETCs
CYMMOM KBaJpaTOB CHHYCa U KOCHHYCa Kakoro-inbo yria.

TaHreHc u KOTaHreHc Yyepe3 CHHYC M KOCHHYC

ToxzaecTBa, CBA3BIBAIOIINE TAHTEHC M KOTAHI'€HC ¢ CUHYCOM M KOCHHYCOM OJHOTO yria

S X COscE
tcag=—— cltgo=—"
BHJIA COSI y SIL & cpa3y crnemylOT W3 ONpEENCHUN CHHYCa, KOCHHYCA,
TaHTeHCa M KOTaHreHca. JIEHCTBUTENBHO, 110 ONPEIEIEHUI0 CHHYC €CTh OpAMHATa Y, KOCHHYC
Y sina
toat == =——
ecTh abcImcca X, TAHT€HC €CTh OTHOIIEHHE OPAMHATHI K a0bCIrcce, TO eCTh, X COsd,

X cosa
clgag=—=——

a KOTAHTEHC €CTh OTHOIIEHHE abCIMCChI K OpJIMHATE, TO €CTh, vy osma

sin o CosSc
lea=—— clgag=——

bnaromapss Takoi  OYEBHAHOCTH  TOXKICCTB COSL gy s & gacro
OTpeJIeJICHNs] TaHT€HCAa M KOTAHTEHCAa Mal0T HE Yepe3 OTHOIIEHHE aOCIUCCHI M OpMHATHI, a
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yepe3 OTHOIICHHWE CHHYCa W KOCHHYyca. Tak TaHIMe€HCOM YIJia Ha3bIBalOT OTHOLIEHHE CHUHYCa K
KOCHUHYCY 3TOr0 yTIJia, @ KOTAHT€HCOM — OTHOLIEHUE KOCUHYCA K CUHYCY.

B 3aKIIIOUEHHUE 3TOro IyHKTA creayer OTMETUTD, 4TO
sin & cosa
tea=—— clgo=—0 o
TOXIECTBA COSd ¢ S € yMeroT MeCTO IS BCEX TaKUX YIJIOB — , IpHU
KOTOPBIX BXOJMINME B HUX TPUTOHOMETPUYECKHME (QYHKIMH HMMEIOT CMBICA. Tak
sin o 7
teor=—— o —+T-z

hopmya COSC chpaBequmiBa Ui JOOBIX &, oTiMuHBIX OT 2 (uHaye B

COs0x

clgat=——
3HaMeHaTese Oy/eT HyJlb, a JeJIeHHe Ha HyJIb Mbl HE ONpeaeisiin), a popmyiia sm e -

s Beex & , OTIMYHBIX OT 7~ Z | rjie 7 - mo6oe Lenoe YucIo.

CBs3b MEXKIY TAHI'CHCOM M KOTAHT€HCOM
Eme Ooiee OYCBUAHBIM TPUT'OHOMCTPHUYCCKUM TOXIACCTBOM, YCM JIBa IMPCAbIAYIINUX,

ABJIACTCA TOXKIACCTBO, CBA3ZBIBAOIICEC TAHI'CHC W KOTAHI'CHC OJHOI'O yrjla BHUA fg{l’-cfg - 1

T
o L
[ToHATHO, YTO OHO MMEET MECTO AJisi JIOOBIX YIJOB — , OTJIMYHBIX OT 2 , B TIPOTUBHOM
ciydae 100 TaHTeHC, THOO0 KOTAaHTeHC HE OMPEICIICHEI.
Jloka3aTenbCcTBO (hopMyITBI iga-ciga=1 OYEHb MpOCTO. ITo
' X ;X

;gg._-:l ctgal = — rga'-cfgtle-—zl

OIpeeICHUIO Xn ¥ , OTKyJna oy MoxHo  OBUIO

sin o cosa
lea=—— clgog=——

JIOKa3aTEIbCTBO IPOBECTH M HEMHOro HHave. Tak Kak COScE y s o

sing cosa _1

lea -clga = .
o cosa sina
I/ITaK, TAHI'CHC W KOTAaHI'CHC OJHOro Yyrja, HOpu KOTOPOM OHHU HMCIOT CMBbICI,
€CTh B3aUMHO O6paTHBI€ qucla.
TaHrenc n KOCHHYC, KOTAHT'¢HC U CUHYC

HaKOHGH, MBI MPUIOUIA K ABYM TIIOCICAHHMM M3 OCHOBHBIX TPHTIOHOMETPHUYCCKUX

- 1 -. 1
tga+l=——5—, l+cigra=———
TOKJIECTB cos « SHl1 €&  Owuu cBA3BIBAIOT TAHTEHC U KOCHHYC, A

TaK)K€ KOTAHI€HC U CUHYC OJIHOTO yIJa.

[IpuBenem ux GopMynMpoOBKU: cyMMa KBaJlpaTa TaHI€HCa YIJla U €IUHULIbl paBHA YUCITY,
o0paTHOMY KBaJipaTy KOCHHYCa 3TOrO yIJa, a CyMMa €IUHMIIBI U KBajjpaTa KOTaHIeHca yriia
paBHa 4uCITy, 0OpaTHOMY KBaJpaTy CHHYca 3TOro yrija.

BbiBog  ykazaHHBIX  (OpMYyN MOXHO TPOBECTH, OTTAIKHBAasChb OT OCHOBHOT'O

sin® o +cos” =1

TPUTOHOMETPUUYECKOTO TOXKAECTBA BHJA . Ecnu pazgenuth 06e wactu
ol "
cos” o cos o
3TOr0 paBEHCTBA Ha (Ipu 3TOM, KOHEYHO, JIOJDKEH OBITh OTJIMYEH OT HYJIS), TO
3 1
gra+l=s——s—
MBI MOy YUM bopmyny cos o Ecimmn xKe o0e 4acTu
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sin”“ +cos =1 s o sm” o

paBeHcTBa pasnenuts  Ha (mpu s3TOM JOJKEH  OBITh
2 1
l+ctg o =—
M
OTJIMYEH OT HYJIS), TO MBI IPUJEM K TOKIECTBY .
2 1
g a+l=——5—
Wtak, TOXIECTBO COS & yveer mecro ams moGbIX %, ormmunBIX
T 201
Tz l+cigia=— o
or 2 , @ TOXKIECTBO s IIpH JIIOOBIX — , OTJINYHBIX OT T-z
®opMyJibl IPUBEICHUS:
Onpeoenenue. DopmynamMu TpHUBEICHHUS HA3bIBAIOT (POPMYIIBI, KOTOpPHIE MO3BOJISIOT
nepenTH oT TPUTOHOMETPUUYECKHX GbyHKUnR
T g an < T X T /
sm(— = ): cos(\—)~ =a). tg(= = a) ctg(= = a)
y < L £ oL
BHUA K ¢(yskmusm aprymenta . C ux

MIOMOIIIBI0 CHHYC, KOCHHYC, TAaHT€HC W KOTaHIeHC MPOHM3BOJBHOIO YIJa MOYKHO TPUBECTH K
CHUHYCY, KOCHHYCY, TAHT€HCY M KOTaHTeHCy yria u3 uHTepBasia oT 0 go 90 rpamycoB (OT

0 10 2 panuan). Takum oOpazoM, GopMyITbl MPUBEACHHS TIO3BOJISIOT HAM TIEPEXOIUTh K padoTe
¢ yriiamu B mipenenax 90 rpaaycoB, 4TO, HECCOMHEHHO, OUY€Hb yJI00HO.
Dopmynvl npueedenu:

sin(90° —a) = cosa c0s(90°— a) = sina

sin(90°+ a) = cos o cos(90°+ a) = — sina

sin(180°— a) = sina cos(180°—a) = —cosa
sin(180°+ a) = —sina cos(180°+ a) = —cosa
sin(270°— a) = —cosa cos(270°—a) = —sina
sin(270°+ a) = —cosa cos(270°+ a) = sina
sin(360°— a) = —sina cos(360°—a) = cosa

sin(360°+ a) = sina cos(360°+ a) = cosa

/lna ucnonv3zosanusn popmyn npugedenusn cyuiecmeyem 06a npaguia.

1. Ecnmu yron MOXHO mpeAcTaBuTh B Buae (m/2 +a) wim (3*m/2 +a), To Ha3BaHue
(¢pyHkiuM MeHsieTcsl Sin Ha cOS, cOS Ha sin, tg Ha ctg, ctg Ha tg. Ecam ke yrom MokHO
MpeCTaBUTh B BUE (T +a) win (2% +a), To Ha3BaHUe PYHKIIUM OCTaeTcsl 6e3 M3MeHEeHMI.

HOCMOTpI/ITe Ha pUCYHOK HMXEC, TaM CXEMATUYHO H3o6pa>1<eHo, Koraa CJICAyCT MCHATH
3HaK, a KOraa HET
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H3BMEHSEM

PyHKLIMIO

HE MBMEeHSEeM

PyHKIMIO

2. 3naKk npueedennoil ynkyuu ocraercs npexxHuM. Ecim ucxonHas (QyHKUUsS uMena
3HAK «IUTIOC», TO W TNpHUBEACHHas (QYHKIHMS MMeEeT 3HaK «Iuioc». Ecnm ucxomnas ¢yHKuums
HMEJIa 3HAK «KMHUHYC», TO U IIPUBCACHHAsA (bYHKIII/Iﬂ HMECT 3HAK «KMUHYC».

Ha pucyHke H¥Ke NpeacTaBieHbl 3HAKHM OCHOBHBIX TPHUTOHOMETPHUYECKHX (DYHKIHMH B
3aBUCHMOCTH OT YETBCPTHU.

AN AN AN AN
NN 2N AN D

2TU (X) Gcoz (X) £A(x) ced (x)

Pemienue 3axanmii:
Nel.HaitauTe sin @, €ciii U3BECTHO CIEAYIOIICE:

coscx=—3:g_1; cxeg;n)

Pemenue

Ham wu3BecTeH KOCHHYC, HO Hem3BecTeH cuHYC. (OCHOBHOE TPHUTOHOMETPHUYECKOE
TOKAECTBO (B «YUCTOM» BHJE) CBA3BIBACT Kak pa3 3TH QyHKIUH, MO3TOMYy OyneM paboTaTh
¢ HuM. lmeem:

sina +cos? o =1 = sin® a + 99/100 = 1 = sin? « = 1/100 =sin a = +1/10 = +0,1.

Jing  pemieHMs  3agadd OCTAOCh ~ HAaWTM  3HaK  cuHyca.  llockosbky
yron a €(n/2; 7),T0 B rpagycHO Mepe 3TO 3anuchiBaetcs Tak: a € (90°; 180°).

CrnemoBaTeibHO, YTOJ 0 JIGKUT BO || KOOpAMHATHONH 4YETBEpPTH — BCE CHHYCBHI TaM
nojoxurteabHbl. [Toatomy Sin a = 0,1.
Otser: 0,1

No2.Haitaute cos a, €ciau U3BECTHO CIEAYIOIIEE:

. V3 31

sina = —?; a e (H;?)

Pemienne

Wrak, HaMm U3BECTCH CHHYC, a HaJI0 HaiiTh kocuHyc. O0e 3TH (QYHKIIMU €CTh B OCHOBHOM
TPUTOHOMETPHUYECKOM TOX1ecTBe. [ToacTaBmsem:

sinfo+cos?a=1=3/4+cos?a=1=cos?a=1/4=cosa==+1/2==0,5.

Ocranochk pa3zo0parhbCcsi CO 3HAKOM Tiepea apoObto. UTo BBEIOpATh: IUIOC WU MUHYC?
[To ycnoButo, yroi o NpUHAICKUT TPOMexyTKy (7 37/2). IlepeBeneM yriabl U3 paJIuaHHOM
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MepbI B rpaaycHyo — noiydum: o € (180°; 270°). OueBunno, to Il koopauHaTHAst YeTBEPTb,

rJIe BCe KOCUHYCHI oTpuriaTenabHbl. [ToaTomy €os a = —0,5.
OtBet:—0,5
No3.HaiinuTe tg a, €ciii U3BECTHO CIEAYIOLIEE:

1 3
cosa=—; @ € (—;Zn)

v10 2

Pewenune

Tanrenc 1 KOCHUHYC CBSI3aHBI ypaBHEHUEM, CJIEYIOIIUM 13 OCHOBHOTO
TPUTOHOMETPHUECKOTO TOXKAECTBA:

tgla+l=——=1tg2a=10—-1=9

COs~ &

ITonyuaem: tg o = +£3. 3HaK TaHreHca ompejaeaseM mo yriay a. 3sectHo,uro o € (37/2;

2r). IlepeBeieM yIiibl W3 paJdaHHON Mepbl B rpaaycHyro — moiaydum a € (270°; 360°).

OueBunHO, 310 IV KOOpIKMHATHAS YETBEPTH, IJI€ BCE TAHIE€HCHI OTpuLarenbHbl. [loatomy tg o =
-3.

OtBeT: —3

Ne4 . Haiinute cos a, eciu U3BECTHO CleIyIolIee:

) 3
sinae=—-0,8; a € (?, 2?’[)

Pemenne

CHOBa  WM3BECTEH  CHHYC W HCU3BECTCH  KOCHMHYC.  3alHIIeM  OCHOBHOE
TPUTOHOMETPUYECKOE TOXKIECTBO:

sina+cos’a=1= 0,64+ cos’>a=1=cos®>a=0,36 = cos o ==+0,6.

3Hak omnpezernsieM 1o yriy. Umeem: o € (37/2; 2x). [lepeBeneM yribl U3 rpaayCHOR MepbI

B pamuaHHymo: a € (270° 360°) —o710 IV KkoopauHaTHAasT YeTBEpTh, KOCHHYCHI TaM
noJIoKuTeNbHbL. CaemoBaTensHo, oS o = 0,6.
Ortget:0,6

No5.HaitauTe sin @, eciii U3BECTHO CIEAYIOIIee:

Ctgat=2v',g; HE(U;g)

Pemenue:
3anumeM Gopmyiy, KoTopas cleAyeT U3 OCHOBHOT'O TPUTOHOMETPHUYECKOTO TOXKIECTBA
W HaIpPsIMYIO CBSI3BIBAET CUHYC U KOTAHI'€HC:

1 1
a+1= =24+4+1=25
ctg” a sin? @ = ginzrx

Orcrona nmomyyaem, 4to sin® o = 1/25, T.e. sin a = £1/5 = £0,2. V3BecTHO, 4TO Yo o €
(0; #/2). B rpagycHoii Mepe 310 3anuckiBaeTcs Tak: o € (0°; 90°) —I kooparHATHAS YETBEPTb.

Urtak, yron wnaxoautcs B | KOOpAWHATHOW YETBEPTH — BCE TPUTOHOMETPHUYECKHE
(GYHKIIMH TaM TOJIOKUTENBHBI, T03TOMY Sin o = 0,2.
Ortser: 0,2
. . 5
No6.Haiinute sina u tga, ecnu cosa = 3
. . 5
No7.Haitnure cosa v tga, ecnusin a = n
N , 4
Ne8.Haitaute sina u tga, ecnu cosa = — =
o . 8 3
Ne9. Haiinute cosa u tga, ecnusin a = —;uT <a< >
v . 3
NelO.Haiinure cosa usin a,ecnitga = —1lun < a < >

Nell. YmpoctuTts BeIpakeHue:

- l] -c.ﬁgzcx

1. [c:-::-sj a
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Pemrenue:

2

1
[ —l]icf.gzcr:[1+£ggﬁr—1)-c£g2cr:1
cos® &

2 fgaeoiod— [r.g.::E Ll H] -::E]I2

Pemenue:

gy e g — [ﬁgcxicos .::E}I2 =l-sin‘@=cos’a
l-sn 8  cosd

3 vosd l+sn g

Pewenue:

l—sin 4 cos§ 1—sin® 8- cos? g 0
cos 3 1+sin,-:3_ cosﬁ[1+sin ,-:3} -
Nel2. YopocTtute BhlpakeHne
1. l-cos® @
cos” -::r+(1—sin2 .::1’)
2.

3 [cos .::r—l) |[1+|:c::s -::L’)

4 cost @ — (1— Zsin® cl’)
5_sin &-cosdociga—1
cos @

6. cos® -1
l-cos* @

7. 1-sin’ &

8_sin2 a+cos® atigia
st &y

9. {EX

Sif Y- Cos o

1—
10 ciooy
Nel3. IIpeobOpa3oBaTh, UCTIONB3YsI POPMYIIBI TPUBEICHUS:

. 137 ) T . m 3
sin— = sm(Z -2 +—) =sin—-=—
3 3 3 2

131 T . T 1
cos— = cos(2-2n+—) =sin—-=-
3 3 3 2

13w T b4

th—tg(Z'ZTE-I‘g) = tg;—\/g

13w T s 1
cth = ctg(2 2T +§) = ctg; =5
Nel4., Breruucnure:
a) cos1059; 6)sin105%;,  B)cos75%°;  r)sin75° n) tg75°;
Nel5. Halinute 3Hau€HHE BBIPAKECHUS,
a)sin240°; 6)cos300°; B) tg(—225%); 1) ctgT
Nel6. ITpeoOpa3yiiTe BoIpaXKeHUE:
cos (—a)-cos(180%+a)
sin (—a)-sin (909+a)
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IIpakTuyeckas padora Ne6

Tema 2.6 Onncanue Mpou3BOJCTBEHHBIX MPOIIECCOB C MOMOIIBIO IPaGUKOB PYHKIIMIA
Henab: HayunThes npuMeHaTh PyHKIMU B pelIEeHUH NMPOPECCUOHANBHBIX 3a/1a4

Teopernyeckas 4acThb:

IIyTe K MOSBIEHUIO NOHATUS (QYHKUMU 3a]10XUId B 17 Beke (paHIly3CKHE ydeHbIe
@pancya Buer u Pene Jlekapr; oHM pa3paboTanu enuHyl0 OYKBEHHYIO MaTeMaTHYECKYIO
CHUMBOJIMKY, KOTOpas BCKOpe Iojydyuia BceoOllee npu3HaHue. BpeneHo Obulo eauHOe
0003HauEHNE: HEU3BECTHBIX - IMOCIEAHUMHU OYKBaMHU JJATUHCKOTO andaBuTa - X, y, Z, U3BECTHBIX
- HaYaJIbHBIMU OyKBaMHU TOro ke aindaBuTta - a, b, ¢, ... u T.a4. [lox kaxmon OykBO# cTano
BO3MOXKHBIM ITOHMMAaTh HE TOJBKO KOHKPETHBIE JIaHHbIE, HO U MHOTHE APYTUE; B MAaTEMaTHKY
IpULLIA UJIes U3MEHEHUs. TeM caMbIM MOsSBUIACh BO3MOXKHOCTh 3alMChIBATh 00IIKE (POPMYIIbI.

Kpome toro, y [exapra u @epma (1601-1665) B reomerpudecknx paboTax MOSBISETCS
OTUYETVINBOE MPEACTABICHUE IEPEMEHHON BEJIMUUHBI U NPSMOYTOJBHOW CUCTEMBI KOOpAMHAT. B
cBoeit «I'eomerpumn» B 1637 roxy JekapTt maer moHatue (yHKIHMH, KaK U3MEHEHUE OPAWHATHI
TOYKU B 3aBUCUMOCTH OT U3MEHEHUs €€ a0CLUCChI; OH CUCTEMAaTHUECKH pacCMaTpUBall JIUIIb T
KpUBbIE, KOTOpPbIE MOYKHO TOYHO IPEACTaBUTh C I[IOMOIIBIO YpPaBHEHUH, MPUTOM
IpeuMyIIecTBeHHO airedpanyeckux. [locreneHHO MoHATHE (QYHKIUM CTAl0 OTOXKIECTBISATHCS,
TaKUM 00pa3zoM, ¢ IIOHATHEM aHAJTUTHYECKOTO BBIPKEHHS (POPMYIIBL.

Yro takoe ¢yHk1Ms? PazHble ydeHble BbIIBUTAIN pa3Hble MbIcau. HO Mbl ocTaHOBUMCS
Ha onpeneneHun DyHKUMEH Ha3bIBalOT COOTBETCTBUE, NMPH KOTOPOM KAXKIOMY D3JIEMEHTY W3
MHOK€CTBa X COOTBETCTBYET €AMHCTBEHHOE 3HaUCHHE U3 MHOKecTBa Y. [Ipu 3TOM 2nemMeHT u3
MHOXeCTBa X Ha3bIBAlOT apryMEHTOM, a JJIEMEHT W3 MHOKECTBAa Y HAa3bIBAlOT 3aBHUCHUMOU
IIEPEMEHHOM. @DyHKIUSA - OJHO U3 OCHOBHBIX MAaT€MaTHUECKUX M OOIEHAYYHbIX MMOHSATHUH.
OHO chITpajio ¥ TOHBIHE UTPAET OOJIBIIYIO POJIb B MO3HAHUH peasibHOro Mupa. OyHKIMS 3TO HE
TOJIbKO MAaTe€MaTU4YecKoe IOHATHE, HO M: (yHKUUS 3TO paboTa, MPOU3BOAMMAS OPIraHOM,
OpraHU3MOM; pOJIb, 3HAYEHHE uero-nu0o; (yHKIUS B MaTeMaTHKE 3TO 3aKOH 3aBUCHUMOCTHU
OJTHOW BEJMYMHBI OT APYrod; (QYHKUHUS 3TO BO3MOXKHOCTb, OINLMS, YMEHHE HPOTrpaMMbl WU
npubopa; QyHKUMS 3TO O0OS3aHHOCTh, KpYyr JEeATENbHOCTH; (QYHKIUS MEepcoHaxa B
JUTEPATypHOM MPOU3BEACHUH; QYHKIHUS 3TO BUJ NOANPOrpaMMbl B HH(POpPMATHKE COLMAIbHAs
byHKIHS.

Kaxnas oOnacte 3HaHMii: pu3uka, XUMuUs, OUOJIOTHS, COLIMOJIOTHUS, IMHTBUCTHKA UMEET
CBOM OOBEKTHI U3YUEHHS], yCTAHABIMBAET CBOMCTBA M, YTO OCOOEHHO Ba)KHO, B3aWMOCBSI3H ATHX
00BEKTOB.

B pa3nmuuHbIX Haykax W OOJIaCTSIX UEJIOBEYECKOH JIeTENTbHOCTH BO3HUKAIOT
KOJIMYECTBEHHBIE COOTHOILLIEHUS, U MaTEMaTHKa U3y4aeT UX B BUJIE CBOMCTB YHCEI.

Marematuka co34a€eT yCIOBHA ISl Pa3BUTUSL YMEHHS IPUMEHATh TEOPETUYECKUE 3HAHUS
JUISL pelIeHUs MPaKTUYECKUX 3a/1ad, OPUEHTUPOBATHCSA B OKPY’KAIOUIeH HAC JeHCTBUTEIBbHOCTH.
Ham kaxercs, 4To (hyHKIIMOHAJIbHBIE 3aBUCMMOCTH MOTYT KacaTbCsi CaMbIX Pa3HOOOpAa3HBIX
ABJICHUM TPUPOABI M OKpyXaromen cpenbl. Kaxaomy dYenoBeKy B €ro IOBCEJHEBHOMU
IIPAKTUYECKON AEATEIbHOCTU IPUXOIUTCS MPUMEHATh MPAKTUUECKUE TIPUEMBI TEOMETPUUECKHUX
M3MEpPEHHUI U OCTPOEHUH, YuTaTh HH(OPMAIINIO, TPEJICTABICHHYIO B BUAE TaOJIUI, TUarpamwm,
rpa¢ukoB. be3 KOHKpPETHBIX MaTeMaTW4YeCKHX 3HaHWW 3aTPyJHEHO NMOHUMAaHHWE M BOCIPHUSTHE
HAay4yHBIX 3HAHWM, pa3HOOOpa3HOM  COLMAIbHOW, OSKOHOMHYECKOH, TEXHOJIOIMYECKON
UHpOpMaLINH.

CB00OOHOE BiIaJIeHUE TEXHUKON MOCTPOEHUSI TPapUKOB YaCTO MOMOTAET peuiaTb MHOTHE
3a/a4, a TOpPOM SBIISIETCS €CTECTBEHHBIM CpPEICTBOM MX peElIeHHd. MaremaTuka sBIISETCS
A3BIKOM PA3JIMYHBIX 00JIacTel HAYKH U HaIlIel KU3HU.

DKoJoTH4YecKre MpooOaeMbl SIBIAIOTCSA TNIO0AIBHBIMU IPOOJIeMaMu 4eI0BEYeCTBa, BCEX
CTpaH HE3aBHCHUMO OT pa3MEpOB TEPPUTOPUH, UHUCICHHOCTH HACEJIEHHUS, YpPOBHS
AKOHOMHUECKOTo pa3BUTHA. C QyHKIMEH MbI BcTpeyaeMcs Kaxiblii feHb. [Ipumep:
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[] exeAHEBHasl TemIiepaTypa Ha YJHIle ecTb (QYHKIMsS OT BpeMeHH. B onHO u TO xke
BpeMsl TeMIIepaTypa He MOKET MPUHUMATh 00Jiee OJJTHOTO 3HAUYEHUs U OBITh OJJHOBpeMeHHO -30 1
-45.

[J TToxon B mara3uH. CTOMMOCTb MOKYIIKH BO3PACTAET C POCTOM KOJIMYECTBA TOBAPOB.

CrniocoObl 3amanus GyHKIINAH.

[0 AHAIUTHYCCKUI,

[J I'padmyeckuid,

(] TaONMUYHBIH,

[J CHOBECHBIH.

Anamutrdeckuii. CaMblii pacripoCTpaHEHHBIN CIIOCO0, MPU KOTOPOM (PYHKIIHS 3a7acTCs
dbopMyIoii, ycTaHaBIMBAIOUICH, Kakhe BBIYUCIUTEIbHBIC ONEPallMd HAJ0 MPOU3BECTH HAI X,
9TOOBI HAUTH Y.

I'paduueckuii. I'paduyeckuii crnocod COCTOMT B MPOBEACHWU JIMHUHM, Y KOTOPOM
abcumcchl M300paKAIOT 3HAYCHHSI apTyMEHTa, a OPJAMHATBI — COOTBETCTBYIOIIUE 3HAYCHUS
byHKIUH. DTOT c1oco0 MO3BOJIAET HATJISAHO MPEACTAaBUTh (PYHKIIMOHAIBHYIO 3aBUCUMOCTh

Tabnuunerii. [Ipu TabmmaHoM criocoOe 3amanus QYHKIHS 337aeTcsl B BHJIIE TAOJUII, B
KOTOPOM ISl KaKJIOTO 3HAYECHUS apryMEHTa YKa3bIBaeTCsi COOTBETCTBYIOIEE €My 3HAuCHUE
byHKIMHA

CnoBecHblil. C TOMOIIBIO CIOBECHOTO OMUCAHUSI.

Pemenue 3ananuii:

Nel. IMpousBoacTBeHHas ¢yHkmus ¢upmbl umeer Bua: Q=5 XY. Ilena enuHUIBI
pecypca X= 10 py6., emununsl pecypca Y = 20 py6. Pdupma pacrnonaraeT ACHEKHBIMU
cpenctBamMu B pasmepe 40 Tteic. py0. Omnpenenure MaKCHMalbHO BO3MOXKHBEINM 00BEM
MIPOU3BOJICTBA.

Pemenune: MakcuMu3upoBaTh BBIIYCK HpPHU JAHHBIX M3IEPHKKaX IO3BOJIAET MpsMas
paBHBIX u3aepxkek, win u3okocra C = PxX X+ Pyx Y. IloacraBnas HCXOAHBIE AaHHEIE,
nosyunM ypaBHeHue: 10X+20Y=40000. Haxonum u3 ypaBHenuss X=4000-2Y. IloxcraBum 310
3HaueHHe B 3a7aHHOe ypaBHeHue Q = 5XY. IMomyyaem Q= 20000y-10y?* DyHKIHSA COBOKYITHOTO
MPOAYKTa JTIOCTUraeT MakCUMyMa, Korjaa (pyHKUUs MpeleabHOro MpoIyKTa paBHa Hym0 MPx =
0. IIpenenbHbIl IPOAYKT €CTh MepBas MPOU3BOJAHAS COBOKYIHOIO NMPOJIYKTa MO MEPEMEHHOMY
daxTopy. MPx = Q’ (X). MPx = 20000-20Y= 0. Otcroma Y=1 000, X=2 000.

Torma makcuManbHO BO3MOXKHBIM 00beM mpom3BoactBa Q = 5 XY =10 muH. en.
IPOIYKIIUH.

Ne2.  IlpennpuHuMMaTrenb  OCYLIECTBISET  NPOMBIIUIEHHOE  IPOM3BOACTBO  Ha
KOHKYPEHTHOM DBIHKE B pailoHe, I/leé JIOCTUTHyTa IOJHas 3aHATOCThb. llpu 3ToM umerorcs
CIIEIyIOIINE JaHHbIE!

Umcno paboTaromux CTAaHKOB 112 |3 |4 |5 |6 |7 |8

BrInyck npoayKuuu B ThIC. INT. 6|15 |23 |30 |36 |42 |46 |48

[Ipn kakoil crenmeHW 3arpy3Kd CTaHOYHOIO Mapka OyJIeT NOCTUTHYT C TOYKH 3pEHHUs
IpeNpUHUMATEINS ONTUMANIBHBIA 00BbeM MPOU3BOACTBA? ByeT a1 OH TakuM e ¢ TOUKH 3pEeHUs
oOmectBa?

Ne3. TToagcuuraiite cpetHUi U IpeaeNbHbINA TPOIYKT (GUPMBI.

Yucno CoBokynnsiii | Cpennnii | [IpenenbHsbiin
pabouux | IpOAYKT MIPOAYKT | MPOAYKT

L TP AP MP

1 30

2 70
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3 100

4 120

5 130

Ne4. 3amomHuTe MPOIYCKH B TAOMUIE, OTpPaKAIOIIME 3aBUCHUMOCTh PE3yJIbTaTUBHOCTH
MIPOU3BOJICTBA OT 00BEMA UCIIOJIB3YEMOTO TPy Ia.

O6wem | O6beM E}I)) S;L;:EEHHIX 1(1:15) SE;III;ITIZ

TLPYIla gﬂnyCKa py1a pyaa
MPL APL

1 1000

2 1000

3 2790

4 610

5 770

Neo5. IlpenenbHast HOpMa TEXHUYECKOTO 3aMEIlleHUs TpyAa KamurtajaoM pasHa 2. g
obecrieueHus MPEKHEr0o 00beMa MPOU3BOJCTBA MPOAYKIMH MPH COKPAIICHUH HCIOJIb30BaHUS
TpyZa Ha 4 eIUHUIIBI HA CKOJIBKO €AMHUI] HEOOXOIMMO YBEJIMUUTh KarmuTai?

No6. 3anonauTte TabIUIly MPOU3BOICTBEHHBIX OKA3aTENICH:

Koi-Bo equnuig TP | MP | AP
pecypcea, L

1 4

2 7

3 8

4 1

5 3,2

Ne7. 3amonHuTe IPpOIMYCKHU B Ta6J'II/II_[e, 0Tpa>1<a10mel71 3aBUCUMOCTDb PE3YJILTATOB
IMPONU3BOJACTBA OT obobneMa HCITOJIB3YCMOTI'O KaluTaja:

gon-so eAMHUIL PECYPCA, | +5 | \ip | AP
1 10
2 22

3 36

4 11,5
5 55
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6 63

Ne8. IlycTh TEXHOJIOTHSI HEKOTOPOTO MPOHM3BOJICTBEHHOTO Ipolecca 3aaaHa (pyHKIuen
Q=10KL. Ha npousBojicTBe 3aHATO 5 yenoBek. TpeOyeTcss OleHUTh HOPMY 3aMEIICHUsT OJTHOTO
pabOTHUKA TOMOIHUTEIBHBIM KOJIMYECTBOM 000PYAOBaHUS, YTOOBI 00BEM BBIITYCKA COXPAHSIICS
Ha ypoBHe Q = 500 ef. IpOYKIMHU B JICHb.

Ne9. TMpousBonctBennas ¢pynkuus upmsl umeet Bua: Q=5 XY. Llena eaunuisl pecypca
X = 10 py6., equaunel pecypca Y= 4 py6. Kakoe coueranue pecypcoB obecrneuut dupme
MaKCHMaJbHBIA 00BEM BBITYCKA, €CIIU 3aTpaThl Ha pHOOpeTacMbie (PaKTOPHI MPOU3BOACTBA HE
noJpkHbI ipeBbimath 5000 py6. B cMeHy?

Nel0. Hmxenepnoit mMepoil 3¢(eKTHBHOCTH MAIIMHBI SIBJISETCS OTHOIICHUE BBIMYCKa
SHepruu K ee 3arparam. [Ipennonoxum, UMeOTCs J1Be MallUHbI, IepBas — ¢ 3 (HEKTUBHOCTHIO
10%, Bropast — 20%. MoXeT 11, C SKOHOMHUYECKON TOYKH 3PEHHs, TIepBasi MalIMHA OBITH OoJiee
s dexTuBHOM, YeM BTOpas?

Nell. TexHonorust HEKOTOPOH (GHUPMBI TaKOBa, YTO COOTHOIICHHWE MEXAY 3aTpaTaMu
TpyJa U Kamuraja JOJKHO ObITh CcTporo (puxkcupoBaHHBIM: 1 craHOK - 3 paboTtHHKa. Pecypchl
IIPOM3BOJICTBA HE SIBIISIOTCS B3aMMO3aMEHSEMBIMHU, TOITOMY H30BITOYHOE KOJIUYECTBO JIHOOOTO
U3 pPecypcoB HE MOBHIMIAET BhIMycK. JlomycTtuMm, urto ¢upma apengoBania Ha Mecsll 4 CTaHKa.
Mecsunas craBka 3apruiatel 900 en., mecsyHas apeHaHas 1iata 3a craHok 300 ex., 1eHa
eMHUIIBI MPOAYKIMK (UKCUpPOBaHA U paBHA 15 en. 3a JIeHb C OJAHOTO CTaHKa CHUMaeTcs 15
eAWHMI] TpoAykmuu, a B Mecsamne 20 paboumx mHed. Omnpenenute o0OBEM IMPOU3BOJICTBA,
(UHAHCOBBIN pe3ysbTaT (MPUOBLIL WIIH YOBITKH) B IAHHOM MECSAIIEC Y (DUPMBI.

Nel2. [Burasice co ckopocTbio V=3 M/c, TpakTtop TamuT canu c cuinoid F=50 xH,
HANpPaBIEHHOW IIOJ OCTPHIM YIJIOM o0 K TOPU30HTY. MOIIHOCTb, pa3BUBaeMasi TPaKTOPOM,
Beraucisiercs mo gopmyne N=Fvcosa. Haiinute, nmpu kakom yrie o (B Tpaaycax) 3Ta MOITHOCTb
Oynet 75 kBT.

IIpakTHyeckast padora Ne7
Tema 2.6 Onrcanue nponu3BOACTBEHHBIX MTPOLIECCOB ¢ MOMOIIBIO TpapUKOB (yHKIHIHA
Henb: Hayuutbes ucnonp3oBaTh rpaduku (QyHKUUN B pELICHUM TNPUKIAJHBIX 3a]ad

Teopernyeckasi 4acTh:

ITpumeHeHMe TMHENHHON (PYHKIMHU NPOCIISKUBACTCSA MPAKTUYECKH BO BCeX cpepax Hareit
#u3HU. [IpuMeps! TMHEWHON QYHKIMY B KU3HU:

[1Pacyer B MarasuHe 3a KyIUICHHblE TOBapbl. Bce Mbl coBepuiaeM IMOKYNKH, YTOObI
YAOBJIETBOPUTH CBOM NMOTpeOHOCTU. UeM Oosbllie Mbl KyIUM BEIIeH, TeM OO0JbIlle Mbl 3aIIaTUM
3a MOKYIIKY.

[(TloTrpebneHne 3IEKTPOIHEPTHH. AOCOIIOTHO BCE TMOJB3YIOTCS SJIEKTPONpUOOpaMH.
Onu noTtpeOusitoT sHepruto. UeMm JoJbIIe MBI HCIOJB3YEM 3JIEKTPONPUOOpHI, TeM OoJblie
notpebnseM 3Heprud. COOTBETCTBEHHO M IJIaTUM OoJbllle. DTa 3aBUCHUMOCTb BBIPAYKAETCS
dopmyoit [I=k*N, rie k- CTOUMOCTh OHOTO KHJIOBATT-yaca, N- KOJIMYECTBO YacoB.)

(/B DxoHomuke. PaboTHHKYM MOTy4aroT 3apIuiaTy U elle OHU IUIAaTAT IOI0XOIHbII HaJlor.
1 gem Gosnbliie HaYMCICHHAs 3apIuiaTa, TeM OOJIbIIe BEIMYMHA MOJOXOJHOTO Hayora. JlaHHble
BEJIMUMHBI CBsi3aHbl cienyromei popmyrnoit: [TH=0,13*D (ITH- BennuynHa moJ0X0IHOTO HAJIOTA,
D- BenmnuuHa 10x0/1a).

) TTorpebnenue nuuy. Bcem HE0OX0AUMO €CTh, YTOOBI Y HAC ObUIH CUJIBI U SHEPTHS IS
paboThl. DTy 3HEPrUI0 MBI MOJdy4daeM U3 eabl. UeM OoJbllie Mbl ChbeUM, TEM OOJIbIIEe YHEPIUU
MOJTyYHM.

(1 ITpoBepka 3Hanuil. Korga Mel yuumcsi, Mbl y3HaeM 4TO- TO HoBoe. Ho HeoOxoaumo
NePUOANYECKH MPOBOJUTH MPOBEPKY TOrO, KaK MbI BBIYUWIM MaTepuai. 3a 3TH IPOBEpPOUYHbIE
paboThI HaM CTaBAT OLeHKU. UeM Ooubliie omnboK B paboTe, TEM HUXKE OLICHKA.
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[ JIBmwxeHne (pU3NUECKOTrOo Tena ¢ MOCTOSTHHOM CKOpPOCThIO. BceM HaM mepuoanydecku
NPUXOJUTCS OBITh YYaCTHUKAMHU JBIDKEHHsS. PaccTosHue mnpu JBMKEHHH C TOCTOSHHOM
CKOPOCTBIO 3aBUCHUT OT BPEMEHU JIBUXKEHHUS, YEM JO0JIbLIE Mbl HAXOJUMCS B IIyTH, TeM OoJIbIlIee
paccrostHue npoiinem. JlaHHbIe BEIMYMHBI CBSI3aHbI Cleayromel Gpopmynoit: S=vt (v- cKopocTh
JBYDKEHUS, t- BpeMsl JABHIKCHMUS).

Bo Bcex mnpuBeneHHBIX NpuMepax Mbl HaONrogaeM JHHEHHYIo QyHKIuo. MHorue
pEaIbHBIE  CUTyallUM OIMCBIBAIOTCSA MAaTEMaTUYECKMMM MOJEISAMH, IPEACTABIAIOIIUMU
JUHEHHYIO0 QYHKIHIO.

KBagpatuunas ¢yHkuMs sBisercs HauOosiee XOpOLIO H3Y4YeHHOW (yHKIMEH, oHa
JIOBOJIBHO 4acTO BCTpedaeTcs Ha HpakThuke. OHa HAXOAWUT IIMPOKOE IPUMEHEHUE B Pa3HBIX
pas3zenax MaTeMaTUKM, M APYyrux oOnacTsax Hayku. lVmeeT TeopeTH4ecKyr M IPaKTUYECKYIO
3HaYMMOCTb. Belb MOUTH BCe, YTO OKPY’KACT YeNIOBEKa TaK WIIM MHAUYE CBSA3aHO C MapaboIIoi.

XOopouo M3BECTHO, YTO TPACKTOPUS KaMHs, OpOIIEHHOIO IOJ YIJIOM K TOPHU30HTY,
aersuiero (GyTOONBHOTO MsA4Ya, CTPYHd BOJBI, BBINYIIEHHOW W3 MUIAHTA, NapallloTUCTA,
BBINPBITHYBIIETO M3 TOPU30HTAIBHO JIETALIEr0 caMmoJeTa, apTUIUIEPUHCKOro cHapsia, Oynaer
napaboJioil (Mpu OTCYTCTBUM COIPOTUBIICHUS BO3Ayxa). MI3BECTHO TakKe, YTO MHOTME 3aKOHBI
IIPUPOJIBI BBIPAXKAIOTCS B BUJIE KBAPATUYHON 3aBUCUMOCTH.

[1 3ameuaTenbHOE CBOWCTBO MapaloJibl IIUPOKO HCIIONB3YETCS B HAyKE M TEXHUKE,
Harpumep, napadojaudeckasi apka; CBOJ MOCTA.

CBOMCTBO MapaboJHMYecKuX 3epKal MCIONb3YIOT NPH KOHCTPYMPOBAHMH COJHEYHBIX
Teyeil, COMHEYHBIX DIEKTPOCTAHIINM, OTPAKATENBHBIX TEIECKOIOB - PE(IEKTOPOB.

Pemienue 3aganui:

Nel. Ha pucynke wu3o0paxeH TrpaduK 3aBUCHMOCTH KOOPAMHATHI OT BPEMEHHU
KOJIEOIIOIIErOCs TEA.
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A £33

2
ITo rpaduky onpenenurte: 1) ammutyay KosneOaHuii; 2) nepuo Kojaebanuii; 3) 4acToTy
KosieOaHui; 4) 3aNHIINTE ypaBHEHUE KOOPIUHATEI.
No2. 'apmoHHMUYecKoe KoJieOaHHE OTTMCHIBACTCS YPAaBHECHHEM

9 i . ] T
x=2smsn(st+— . .
= 4 quy PaBHbI HHUKIMYCCKAsA YaCTOTa KOH66aHI/II/I, JIMHCHUHAas

4acToTa KoJIeOaHuii, HadaimbHas (aza KojaeOaHuii?
Ne3. Ectb MraosenHas potorpadusi BOJHbI B pE3UHOBOM LIHYPE.
Onpenenure: 1) [uiMHY BOJIHBL; 2) aMIUIMTYAY KoJeOaHUM YaCTHUEK LIHYpa.

Ned4. Tlo mpeacraBieHHOMY TrpaduKy ONpeneIuTe aMIUIUTYy M Hepuo] KosieOaHui
HUTSHOTO MasiTHUKA.

x,cm 4

— N\
z\t'c

-1

Ne5. Tlo ypaBHEHMIO TapMOHHMYECKHX KOJICOAHUI ONpenenuTh aMIUIMTYy, YIJIOBYIO
CKOpOCTB, TIEPHOA 1 4acTOTy. HauepTuTh rpadmk JaHHOTO TApMOHUYECKOTO KOJIeOaHMsI.

1) x =15 sin 3xt

2) x = 8 sin w/3t

3)x =10 sin 7t

Ne6. HekoTopas TOYka ABHKETCS BIONH OCH X IO 3aKOHY X = a sin? (ot - w/4).
Haiitu: ammuntyny u nepuoa konebanuit; n300pa3uth rpaduxk x (t).

Ne7. Hamummre ypaBHEHHE rapMOHHUYECKUX KojebaHuid, eciau dactora paBHa 0,5 I,

ammutyaa 80 cm. HauanbHas ¢a3za xoneOaHMii paBHA HYJIIO.
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IpakTnyeckas padora Nell
Tema 2.9 Ilpocreiimuye TpPUrOHOMETPUUYECKHIE HEPABEHCTBA
Heas: Hayuntbes pemaTe NpoCcTEUIINE TPUTOHOMETPUUECKUE HEPABEHCTBA

TeopeTnyeckast 4acThb: ]
MNpocTefWHMMK TPMIOHOMETPHMYSCKMMK HEP3BSHCTEAMM HAZLIE3KTCA HED3ESHCTES BMAS
sinx W a,
cosT N (,
tgxr \ a,
ctgr V' a,

roe Vv — OOWH M3 3HaKos <, =, =, =, a & [1.

1. [puMepbl peLleHna NpPoCTenLLInX
TPUrOHOMETPUYECKMX HepaBeHCTB

C MOMOLLbIO rpacrKoB

C MOMOLLbIO eANHUYHOWN

OKPY>XHOCTH
y
y _1 bS
1 o Yy=- P s e
n_%=% % N\ | I\ /
o 0x 5
0 3 y=sinx
sinx>l E+21tlaz<x<5—n+27tliz,keZ
2 6 6
Y
po o Yy=Ccosx
\ 3 /"\ 3 /-\
o / 0 AN o N
N - N R 4 kR
2 y=—r>
t
cosx>—% —2?"+21tk<x<-23£+2nk,keZ
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y=tgx

tgx > —1 —%+nk<x<%+nk,kez
Y
=ctg x
il WY
0| & n *
ctgx<x/§ %+nk<x<n+nk,keZ

Cnocobbl peLlleHnd Bonee CNOXHbIX TPUTrOHOMETPUYHEeCKNX HepaBeHCTB

a)

0)

Hemonn3oBaHMe paBHOCHIBHBIX IIpeoOpa3oBaHWil W, B YacTHOCTH,

ceedeHUue MPUZOHOMEMPUYECKO020 HepaseHcmea kK aJazebpauyveckomy Hepa-

eeHcmaey no cxeme: 1) k o0Homy apeymenmy, 2) Kk 00HOl QyHKUUU, 3) 3a-

MeHa nepemeHHOU (aHAJIOTUYHO CXeMe pemIeHHsA TPUTOHOMETPUYECKHUX

ypaBHEHUIl, IpuBegeHHOH Ha c. 249) u nocaedyroujee peuieHue NOJYYCHHbBLX

npocmetluiux mpuzoHOMENPUYCCKUX HEPABCHCME.

Hecmoap3oBaHue MeTOla MHTEPBAJIOB

(nocae ceederus HepaseHemea k eudy f (x) < 0) no cxeme:

1) Haiitu O/I3 HepaBeHcTBA.

2) HaiiTu obmiuii mepuos (ecyid OH CYIIeCTBYET) AJIsA BceX (DYHKIIUIT, BXOMI -
mUX B HEPaBEHCTBO, TO ecTh mepuoa pyHEKIuu f (x).

3) Haiitu mynu pysxmun: f(x) = 0.

4) Ormeruts Hyau ¢pyakmuum Ha O/[3 Ha ogHOM mepHoae M HAWTH 3HAK
¢yaxrnuu f(x) B KakaoM U3 IMPOMEKYTKOB, HAa KOTOpbIe pa30uBaercd
O/I3 (Ea ogHOM mepHoOe).

5) 3amucaTh OTBeT, YYWTHIBaAsg 3HAK 3aJaHHOTO HEpaBEeHCTBA W IIEPHO/
dyaRIUT [ (X).
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PelleHune ﬂpOCTeVILLMX TPUTroOHOMEeTPUHEeCKUX HePaBeHCTB B O6U_l,eM Buae

3HayeHus a PeleHne
1. HepaBeHcTBO sin x > a
-1<a<1 arcsin a + 21k < x < W — arcsin a + 2nk,
rae B — maroboe mernoe uncio (k € Z).
a=> Pemenuii Her.
a<-1 x — Jr0boe JedcTBUTEIbHOE YHCIIO.
2. HepaBeHcTBoO sin x = a
-1<axl1 arcsin a + 2nk < x < T — arcsin a + 2nk, k€ Z.
a>1 Pemteruit mer.
a=1 x:%+27rk,keZ.
a< -1 x — Jar0boe IefcTBUTENbHOE UHCJIO.
3. HepaBeHcTBO sin x < a
-1<a<x1 —m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
@ =] Pemnrtenuii Her.
a>1 x — Jr000€e JeHCTBUTEIbHOE YHCJIO.
4. HepaBeHCTBO sin x < a
-1<axl1 —m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
a<-1 Permtenuit HeT.
a=-1 x:—-’2£+2nk,ke Z.
a=>1 X — J1000€ JeHCTBUTEIbHOE YHCJIIO.
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5. HepaBeHCTBO cos x > a
-1<a<1 — arccos a + 2nk < x < arccos a + 27k, k € Z.
a>1 Permteruii Her.
a<-1 x — J0boe JelcTBUTEIbHOE YHCJIIO.
6. HepaBeHCTBO cos x = a
-1<ax<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Pemenuii =Her.
a= x=2nk,ke Z.
a< -1 x — noboe JeliCcTBUTEJIbHOE YHCJIO.
7. HepaBeHCTBO cos x < a
-1<ax1 arccos a + 2nk < x < 2n — arccos a + 2nk, k€ Z.
a>A x — Jr000e AedCTBUTETbHOE YUCIO.
a< -1 Pemmenuii HET.
8. HepaBeHCTBO €0Ss x < a
-l1<axl1 arccos a + 2nk < x < 2 — arccos a + 2nk, k € Z.
a<-1 Pemrenuit HeT.
a=-1 x=m+2nk, kc Z.
a>1 x — nboe IeiiCTBUTEIbHOE YHCJIO.

9. HepaBeHncTBo tg x > a

a — n1000e NeCTBUTEb-
Hoe uucyo (a € R)

arctga+7tk<x<g+nk, ke 2

10. HepaBencTBo tg x = a

ac R arctga+7tk<x<%+nk, ke Z.
11. HepaBenctBo tg x < @
ace R -%+nk<x<arctga+nk,ke Z.
12. Hepasencrso tg x < a
ac R —%+nk<x<arctga+nk,kez.
13. HepaBeHcTBO ctg x > a
a€ R nk < x < arcctga + Tk, ke Z.
14. HepaseHcTBo ctg x > a
ac R mk < x < arcctg a + 7k, ke Z.
15. HepaBeHrcTBo ctg x < a
a€e R arcctga+nk<x<mn+ 7k, ke Z.
16. HepaBencTBo ctg x < a
ac R arcctga + k< x <mn+ nk, ke Z.
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Pemenue 3ananui:
Nel. BBIIOIHUTE 3a0aHUA:

1. PeWwWTb HEPABEHCTBO: SINT < —%.
OTeeT!:

(—3% +27n; —% +27n), n€ Z
2. PeWwnTb HEPABEHCTBO: COST > — %
OTBerT:

(--2—;- + 27n; %’: +2mn), n€ Z
3. PewuTb HepaseHcTBo: sine > —1.
OTeer:

(—o0; +00)

4. PewwTb HepaseHcTso: sinT = (.
OTeeT:

[2mn; 7 + 2mn, n € Z)

5. PewwnTb HepasencTeo: cost < (0, 2.
OTser:

larccos0, 2 + 27n; 27 — arecos0,2 + 2mn, n € Z)
No2. BBITIOJTHUTE 3aIaHUA:
1. PewwuTb HepaseHcTeo: Lgr > —1.

OTBeT:
-3 +m™; 5 +mn), n€Z

2. PewunTb HepaseHcTso: Clgr < — 71=3

OTBerT:

[5,: +mn;w+7n), n€ Z

3. PewnTb HEepaBeHCTBO!: I,g.'l.' Z 3.
OTBerT:

(=3 +mn;arctg3 +mn), n € Z
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IIpakTuyeckas padora Ne9
Tema 2.10 KoutponmpHas pabotra mno pasgeny 2 «OCHOBBI TPUTOHOMETPHH.
Tpuronomerpuueckue GyHKIUN
Heasn: IIpoBepuTh ypOBEHb YCBOCHMS IAaHHOTO Marepuana mo pasaeny 2 «OCHOBBI
Tpuronomerpuu. Tpuronomerpuueckue GyHKIUIY

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yembvlpex
nPeOI0HCEHHBIX.
1. (1 6amn) B AABC sinC = %. Kaxkas u3 cropos siBisiercst runorenyzoi AABC?
A) AB; b) AC; B) BC; T') CB.
2. (1 6amn) Yriom kakoi 4eTBepTH siBisieTcst yron oa=400°?
A)LB) I B)ILT) IV.
3. (1 6amn) Kakue u3 QyHKIMHA SBISIOTCS YETHBIMU ?
A) y=sin x; B) y=cos x; B) y=tg x; I') y= ctg x.
4. (1 6ann) Kakue u3 uncen sBISIFOTCS KOPHEM YpaBHEHUS COS X = %’?
I = —T —2r
A)X—6,E)X 3,B)X 2,1"))( -
Ilpu évinonnenuu 3a0anuit 5-8 3anuwiume xo00 pewienus u nOJAYYEHHbLI OMeEem.

5. (2 6amna) Beraucnure: sin % + COS %

. V2 . V2
6. (2 6amna) Haiinute 3Ha4eHHE BBIPAKEHUS 4arccos7 - 4arcsm(—7)

7. (2 6amma) Yopocrure: 2sin(mw/2+a)+ cos(m — o).
8. (2 6anna) Pemmte ypaBHenue: sin’x - 4 sinx + 3 =0.

IDmanonvr omeemos:

Homep 1 2 3 4 5 6 7 8
3aaHUS
T
OtBer b A B b 1 21 coso. 5 + 2wk, keZ

IIpakTnyeckas padora Nel0
Tema 3.2 IIpeoOpa3oBaHue UPPALMOHAIBHBIX BBIPAKEHUN
Heasn: Hayuntbes ynpomare BeIpakeHUs, CoJieprKaliue KOpHH

Teopernyeckas 4acThb:
Yro Takoe HPPALMOHAIbHBIC BHIPAKEHUA?

HppauunoHaibHble BBIPaKEHUs HAYMHAIOT BCTPEYaThCs HA JTalle 3HAKOMCTBA C KOPHEM
U3 4YHUCla, YTO OOBIYHO NPOMCXOJUT Ha Yypokax anreOpbl B 8 Kiacce. 37ech HMHTYHLUS
MIOJICKA3bIBAECT, YTO HUPPALMOHAIBHBIE BBIPAXKEHUS KaK-TO CBSA3aHbl C KOpPHAMM, MU 3ITO
JneicTBUTENBHO Tak. Clieayrolee oNpeieaeHue NOATBEPAKAAET HAIlly TOTaKY:

HppannoHajJbHbIMH BbIPA’KEHHUSIMU HA3BIBAIOT BBIPAKEHUS, COACPKALIUE ONEPALHNIO
W3BJICYCHHS] KOpHSA. JlpyrMMH ClIOBaMH, MpPpPALMOHAIbHBIE BBIPAXKEHUS — 3TO BBIPAXKEHUS C
panukanamMu (BbIpake€HHUs, COJIEprKalllie B CBOEH 3alluCu 3HAKU KOPHS).
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x—1
Ha ero ocHoBe MBI MOXEM IPUBECTH MPUMEPHI UPPALMOHAIBHBIX BBIPAKCHUMN:

4-a* .l d’

3 & 1
B ) Va e

o U T.II.

S

UtoObl B JajpbHEWIIEM HE BO3HUKAJIO IYTAHHUIBI, JaBaiTe OOCYIMM OJMH MOMEHT.

x-(x—ﬁ]-(x+«ﬁ]
338
X¥—|-x——
PaccmoTpum BeIpakeHue 2 3 u3 kuuru [1, c. 19]. VI3 KOHTEKCTa OHSTHO,

YTO 3TO PallOHAJIBHOE BBIPAKEHUE, OHO MOAXOAUT IO/l COOTBETCTBYMOIIEE onpeaeneHue. Ho B
9TOM BBIPQKEHUU IPHUCYTCTBYIOT KOPHHU, 3HAUUT, COIJIACHO BBEJCHHOMY B 3TOM IIyHKTE
OIpEeNIeIEHUI0 OHO UppalroHaIbHOe. Tak Kakoe 3TO BhIpa)KEHUE Ha CaMOM JIeJie: palliOHaIbHOe
WIN UppalioHaIbHOE?

OTO He CyThb BaXHO. DTUM MbI XOTHUM CKa3aTh, YTO HE CTOUT (PaHATUYHO MOAXOJUTH
K pa3OMeHHIO BBIPAKCHHWI Ha BUABI, TaK KaK 3Ta KIACCU(HUKAIMSI HE JOCTAaTOYHO cTporas (B
OTIIMYME OT KJIACCU(PUKALMU YHuCel, BEeAb HaTypalbHble, LENble, pallOHaIbHbIE,
UppalMOHATIbHbIE, JCUCTBUTENbHBIE YHCIA ONPEJEJIEHbl CTPOro, U €CIU JIaHHOE YHUCIIO
palnroHaIBFHOE, TO OHO YK TOYHO HE HPPAMOHAIBHOE U HA000pOT). BhIpaxeHus moipa3aensor
Ha paluOHaIbHbIE, UPPALIMOHAIBHBIE U T.II. IO OOJIBIIEH YacTu Ui yA00CTBa MpeICTaBICHUS U
onucanus Matepuaia. Harmpumep, Mbl UMeeM €10 ¢ pallMOHAIbHBIMU BBIPQXKEHUSIMHU BCE BPEM,
[OKa yyuMcs paboTaTh ¢ MHOTOUICHAMHU U aireOpandeckuMu Ipo0sMH. A K UppaliOHAIbHBIM
BBIP)KEHUSIM MBI IIEPEXOJIUM TOT/A, KOI'/la CTAIKMUBAEMCS ¢ HEOOXOAMMOCTBIO IIPOBECTU KaKHe-
TO omepanuuu ¢ KopHsAMU. HauHeMm u3ydaTh jorapuM — CTOJKHEMCS C .J102apupmMuyecKumu
svipadcenuamu. U tak panee. BooOie, ecnu HET TBEpAOM YBEPEHHOCTH B TOM, KaKoro BHJA
BbIp@XEHHE HAXOAMUTCA IEpe] HaMM, TO Jydllle CKa3aThb IPOCTO BBIpAXXKEHHE, HE N00aBiss
YTOYHSIIOLIEE ONPEIEICHHUE.

3aBepmias MHGOpPMALMIO 3TOr0 IYHKTa, 3aMEeTUM, 4YTO B IIKOJE TEPMHUH
«MPPALMOHAIbHBIE BBIPAKEHUS» HUCMONB3YIOT Majlo, OOoJibllle TOBOPAT O BBIPAKEHUSX,
coJiepKalX KOPHU (BO3MOXKHO, TO JAeJaeTcsi BO U30€KaHUE CTOJIKHOBEHMS C OTOBOPEHHBIMU
BBIIIIE HIOAHCAMHU).

OcHoBHBIC BHbI NPEe0OPA30BAHUI HPPANMOHAJIBLHBIX BbIPAKECHHU I

KaKk M IpU IpeoOpa3oBaHUU JIIOOBIX JPYTUX BBIpAXKEHWHM, HaJ0 YYHUTHIBATh 00JacTb
nonyctumbix 3HaueHui (O/[3) u He nomycKarth ee CyKeHHs.

C uppanoHaJbHBIMU BBIPRKEHUSMU, KaK U C BBIPAXKEHUSIMH JPYTUX BHUJIOB, MOXKHO
MIPOBOJIUTH JIFOOBIE M3 OCHOBHBIX TOXKIECTBEHHBIX ITPeoOpa3oBaHuii, Oyab TO PACKPHITHE CKOOOK,
IpYNIHAPOBKA M MPUBEJCHUE MOJO0OHBIX claraeMbIX M T.II. DTO U MOHITHO, TaK KaK B OCHOBE
TUX NpeoOpa3oBaHUIl Jie)KaT TaKkuWe CBOWCTBA ACWCTBUI C YHCIAMH, KOTOpbIE SBIAIOTCS
OOIMMMHU JJISl YMCeNl pa3sHbIX BHUJOB. Takke MOHATHO, YTO NMPHU MPOBEIECHUM MpeoOpa3oBaHUit
VPPALMOHATIBHBIX BBIPAKECHUM COXPAHAETCS NPUHATHIN MOPSAAOK BBIIOJHEHUS JCUCTBUM.
[ToxakeM pelieHns HECKOJIbKUX TPUMEPOB.

Ilpumep.
0+33-2+4-33+1-2-33

[IpeoOpasyiiTe uppalioHaibHOE BbIpaKeHHEe
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Pewenue.

Jns Havama 3aMeHUM KopeHb u3 81 ero 3HadeHueM 9 (mpu HE0OXOAUMOCTH
CMOTPUTE U3BJICUECHUE KOpHEM), nMeeM

J81+i3-2+4.331-2.43=
=90:+33 _2443f3:1-2.3f3

OLIGBI/I,I[HO, B IIOJIYYEHHOM BBIPAXCHHUU IMPUCYTCTBYIOT HOI[O6HLIC cj1ara€ManI€, IO3TOMY
uenecooGpa3Ho BBIIIOJTHUTD ux IIPUBCACHUC!:

0+33-2+4.43+1-2-33=
=(9—2+1}+{{E+4-%—2-%E]=
=8+3-13

Omeem:

0+33-2+4.43+1-2.33=-8+3.43
Ilpumep.
I/ICHOHLSYH q)OpMy.HBI COKpaH_[eHHOFO YMHO)KeHI/IH, HPCHCTaBBTe I/IppaHI/IOHaHBHOC

(Gl

BbIpaKEHHE B BUJE MPOMU3BEJICHUS ABYX HPPALMOHAIBHBIX
BBIPAKCHU.
Pewenue.

O‘IeBI/I,I[HO, HPppallMOHAJIBHOC BBLIPAKCHUC B CKOOKax npeaACTaBJIACT coOoi KBajpar

fxz3-1)

-
Pa3HOCTH, TO CCTh, €ro MOXXHO 3aMCHHUTDb Ha

Um]z—lﬁﬂj—g:
=(i/m—1}2—9

A TCIICPb JACBATKY MOXKHO IICPCIINCATHL KaK 32, IIOCJIC 4Y€Tr0 BOCIIOJIB30BATHCA (1)0pMy.TIOI>i

, II03TOMY

Pa3HOCTb KBaApaToOB:

Brs3-1] —o=(x=+3-1] —32=
=(ﬁ-1-3)-(§/ﬁ-1+3]=
=(¥r+3-4) {3 +2)

B pesynbpTaTe mpoaenaHHBIX TOXIACCTBEHHBIX MTPeOoOpa30BaHU MBI MPUIIUTH K HY>KHOMY
HaM TIPOM3BENICHUIO IBYX UPPAMOHATHHBIX BEIPAKCHUM.
Omeem:

((mf—Z-M+1]—g=
={ﬁ—4]-(ﬁ+z]

CymectByeT erie psija mpeoOpa3oBaHUM, OTHOCANIMXCS HUMEHHO K HMPPAMOHAIBHBIM
BBIPAKEHUSIM. PacCMOTpUM OCHOBHBIE U3 HUX.
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IIpeoOpa3oBaHme MOJAKOPEHHOI 0 BbIPAKEHUS

OpHo M3 BaXHEHIIMX MpPeoOpa3OBaHUN MPPALMOHAIBHBIX BBIPAXKEHUM COCTOUT B
CIIEYIOIIEM: BBIPRKEHHE 1107 3HAKOM KOPHS MOYKHO 3aMEHUTh TOXIECTBEHHO DPAaBHBIM
BbIpaxkeHHeM. CHauasa pUuBEAEM NIPUMEPHI €r0 BBIIOJIHEHHUS], IIOCIIE YETO MOSICHUM, Ha YEM OHO
Oazupyercs.

OTO yTBEp)KACHHE JaeT BO3MOXHOCTb pPAadOTaTh C IOJAKOPEHHBIMU BbIPAXKEHUSIMHU.

N1+ 6

Hanpumep, 0HO 103BOJISIET CYMMY I0Jl KOPHEM B BBIPAKEHUH 3aMCHUTH €¢ 3HAYCHUEM,
TO €CTbh, nepenT K KOPHIO . Hpyroii npumep: HppanyoHaIbHOE
4 3
2=a —6
BBIpa)KeHI/Ie MOXHO 3aMCHUTH TOXICCTBCHHO PaBHbBIM cMy

V2-at-a-6
BBIPAXKCHUCM .

[Touemy manHoe mpeoOpa3oBaHue umeer mecto? J[eno B TOM, YTO KOTJa MBI J1aBaliu
orpezieNieHue KOPHS U3 YUCIIa a, TO MBI CKa3aJid O €r0 €IMHCTBEHHOCTH. T0 €CTh, HE CYIIECTBYET
qrcia a1, OTJIMYHOTO OT &, JUIsl KOTOPOTrO CIPaBEAIUBO PaBEHCTBO , 9TO PaBEHCTBO
BO3MOJXHO JIMIIb IIpH a=aj. Taxxxe MbI 3HAaCM, 4YTO 3HAUCHHUA TOXICCTBCHHO pPaBHBIX
BeIpakeHUI A 11 A1 paBHBI TP JIIOOBIX JTOMYCTUMBIX 3HAUYEHUSIX NepeMeHHbIX. M3 3Tux dakton
clenyeT pa3oupaeMoe yTBEpKICHHE.

Hcnonb3oBanue cBOMCTB KOPHeH

Jlis  TOXAECTBEHHBIX MpeoOpa3oBaHUN  HUPPALMOHAIBHBIX BBIPAKEHUNW  IIUPOKO

Vab=da-b

HCIIONIB3YIOTCSA CBOWCTBA KOpHeW. Hampumep, wHcnons3ys CBOMCTBO

]+«J/§-Jﬁ

rae a>0, b>0, 0T  UPpPALMOHAIBHOIO  BBIPAXKECHUS MOKHO  IEpEUTH K

1++/3:12 g =g

TOXKJIECTBEHHO PABHOMY BBIPAXKEHUIO . A cBOHCTBO :

2 304
X+ 4 2
V4 o A
rac a20, ITIO3BOJISACT BBIpa)KeHI/IC HepeHI/IcaTB KakK .

Hpeo6pa30BaHHe I/IppaI_[I/IOHaJ'IBHLIX BLIpa)KeHPIfI, conepmamnx 104 3HaKaMHu KOpHCfI

OTpULATCIIBHBIC YHUCIIa W BBIPAXKCHUA C TIMNCEPEMCHHBIMHU, COIPAKCHO C PAAOM HIOAHCOB.
—7 W=7
-81 481

HaHpHMep, MBI HE€ HMCEM HpaBa 3ar1icarb paBeHCTBO Ha OCHOBAaHHHU
o Aia

Hl— =
) ) ) /b
CBOICTBa KOpHEH, BEIpaKEHHOTO (HOpMYIIOit . Jlemo B ToM, uTO ykazaHHas Gopmyrna
JaHa IS HEOTPHIATEIIFHOTO YHCIIa & U MOJIOKUTELHOrO D, a —7 u —81 — oTpuIaTebHbIC

yucia. Ho ecnu mpenBapuTenbHO 3aMEHUTH ApOOb 1MOJ] 3HAKOM KOPHS paBHOMU eit npoObio 7/81,
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TO JaJIbIIIE MOYXHO MPUMEHATH YINOMSHYTOE€ CBOMCTBO KOPHEH M MEPEXOAUTH K BBIPAKEHUIO
1)

781

BHJA

[TogoOHBIE TOHKOCTH B JIETaIsAX Pa300paHbl B CTaThe MPEOOPa30BaHNE UPPAITMOHATBHBIX
BBIPAXKEHUM C UCIIOJIb30BAHUEM CBOMCTB KOPHEA.

CBolicTBa KOpHEH J€XaT B OCHOBE JBYX CJIEAYIOUIMX IpeoOpa3oBaHUll, Ha3bIBAEMbIX
BHECEHHMEM I10/1 3HAK KOPHS M BHIHECEHUEM M3-T10]] 3HaKa KOPHS, K PACCMOTPEHHUIO KOTOPBIX MbI
U TIEPEXOIUM.

BHeceHne MHOXKHMTEJIS MOl 3HAK KOPHA

B-§C
Buecenne MHOXUTENS NOJX 3HAK IOAPA3yMEBACT 3aMEHY BBIPAKEHUS :
rae B u C — HekoTopble yKcaa UM BBIPaXEHHUs, a N — HAaTypaJbHOE YUCIIO, OOJbIlee eIUHHIIbI,

H H F H
VB -C —AlBs O
TOXJICCTBEHHO PaBHBIM BBIPOKCHHUEM, UMCIOLIIMM BH]T WA .

2.3%

Hamnpumep, uppanmoHalbHOE BBIPAKEHHE 1I0CJIE BHECEHUS MHOXHUTENS 2 TOJ
V2 oy
3HAK KOPHA IIPHUHUMACT BUJL
Brinecenne MHOKHTEIS H3-110/1 3BHAKA KOPHSH
[IpeoOpa3oBanreM, B M3BECTHOM CMBICIIC OOpAaTHBIM BHECCHHIO MHOXHUTEIS IO 3HAK
KOpH?[, SABJIACTCA BBIHCCCHUEC MHOXXUTCIIA HU3-11014 3HAKa KOpHSI. OHO COCTOHUT B HpeILCTaBJIGHI/II/I

e BAC

KOpHA B BUIC IMPOU3BCACHUSA n HEYETHBIX N WiIn B BUIC
1B-%lc
IMMPON3BCACHUA IMPpU YCTHBIX N, rae BuC- HCEKOTOPLIC YK CJIa NI BBIPAKCHU.
3a  mpuMepoM  BepHEMCS B NPEABAYNIMA  IIYHKT:  HMPPalMOHAIBHOE
3f43
N
BBIPpAXKCHUEC MMOCJIC BBIHCCCHUA MHOXUTCIIA H3-1I0J 3HAaKa KOPHA IIPHUHUMACT
3
2-3/x 5
BH/ . Jlpyroit mpuMep: BBIHECEHWE MHOXKHUTENS M3-TIOJ 3HAKA KOPHS B
l
(x=1) -7 b+ 1)<, 1]7]
BBIPAKEHUH Ja€T TPOU3BEICHHE , KOTOPOE MOYHO IEPENUCcaTh B

|x+1|-vq

BUJE

Pemienue 3aganui:
Nel.
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Mpumep 1: Ynpocmume ebipaxeHue:

a) Naib* =\ \b* = ab’;
oy (e’ _ﬁfm__ia_
o

Mpumep 2: Bbmecmu MHOXUMEeNs U3-nod 3Haka
K8adpamHo20 KOPHA.

a) 8la=~81-Ja=9a:
6) 32a°=\16-a* 2 =\16 @ V2 = 4a\l2:

&) Joa'b'=+9-a*-a-b*-b =

5 a5 B
No2.
¥YNpoCTHTE BbIPANKEHHA:

a) 42 + 50 - /18 ; a) 7V/3 - /48 + V27 ;

6) V3 (248 + V12); ) V3(VB +442);

5) (V5-2)'; 5) (V3+5) ;

0 (J‘ f)(@hr) ) (V5 +V8) (5 - 3).
Ne3. Brr

» &4
? | 7] 75
7 N2-i0] +[Vio—
Y WS- vis-3
R R ]
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IpakTnyeckas padora Nell
Tema 3.2 [IpeoOpa3oBaHue UPPATMOHATBHBIX BBIPAKCHUN
Heas: Hayuntbes npeoOpa3oBbIBaTh APOOHBIC HPPALMOHATIBHbIE BEIPAKESHUS

Teoperuyeckasi 4acTh:
IIpeoOpa3oBanme apodeii, cogepKAIMX KOPHHU

WppaimoHaibHble BBIPAKECHHS MOTYT COAEpXKaTh APOOH, B YHUCIUTENC W 3HAMEHATENe
KOTOPBIX MNPUCYTCTBYIOT KOpHH. C TakuMH JApOOSMH MOXKHO TPOBOJAUTH JIIOOBIE U3
OCHOBHBIX M0JICOeCMEeHHbIX NPeodpazoseanuti Opooeil.

Bo-nepBbix, HUYTO HE MeIIaeT paboTaTh C BHIPAKCHUSIMHU B YHCIIMTENIC U 3HAMEHaTele. B

(2+3)-4x
VVxT+5 _

5-4/x

KauecTBe TMpUMepa pPacCMOTPUM ApoOb HppanmonansHoe BBIpa)KEHUE B

YUCIIUTENE, OYEBUIHO, TOXKIAECTBEHHO PaBHO , a4, OOpaTUBIIKCh K CBOWCTBaM KOpHEH,
& 2
Ny T+ 5

BLIpa)KeHI/Ie B 3BHAMCHATCJIC MOXKHO 3aMCHUTH KOpHeM . B pe3yJILTaTe HNCXOJHadA I[p06b

5.4/x

6f..2
npeobpasyercs K BULy V-© +35

Bo-BTOpbIX, MOXKHO M3MEHHUTb 3HaK Iepel] ApoObl0, M3MEHUB 3HAK UYUCIMUTENS WM
3HaMmeHarens. Hanpumep, wuMelOT MecTo Takue IpeoOpa3oBaHMsl HPPalMOHAIBHOIO

3 x+2-ﬁ _ x+2-ﬁ _x+2-ﬁ
—3-x:+iﬁ —(—3~x2+J{EJ 3-:{2—%

BBIPAKCHHUS: .
B-Tpetbux, MHOrAa BO3MOXHO M I€JIecOOOpa3HO MPOBECTH cokparieHue apodu. K

3.(3x=a—1)Jx
{a/m_J
3eafx

Vr+d-1 (3«.!‘f+4—1]
MPPALHOHAILHOE BHIPAKEHHE , B pe3yJIbTare moyyyaem ¥~ ;

HOHHTHO, 4TO BO MHOTHX ClIy4asX, MpEKIAC YCM BbIIIOJIHUTH COKPAINICHUC I[pO6I/I,

npuMepy, Kak oOTKa3aTb ce0e B YJIOBOJBCTBUU COKPATUTh JpoOb Ha

=
i

BBIPAKECHMS B €€ YHUCIUTENE U 3HAMEHATENE MPUXOANUTCS PACKIAAbIBATE HA MHOXHTEIH, YETO B
MPOCTBIX CIydasix TIO3BOJSIOT AOOUTHCS (POPMYJIbI COKPALIEHHOTO YMHOXEHHS. A HHOTIa
COKpaTUTh ApOoOb IOMOraeT 3aMeHa IEepPeMEHHOM, MO3BOJSIONIas OT HMCXOAHOM Japoldu c
HUPPAMOHATEHOCTRIO TIEPEUTH K palMOHAIBHOW ApoOm, paboTaTh ¢ KOTOpod KOoMGpOpTHEE U

IIPUBBIYHEE.
X—v
g
NI+ ¥
Jlst npuMepa BO3bMEM BEBIpAXKEHUE . Bsenem HOBBIE
U=Aalx V= -vq
IIEPEMEHHEIE " , B DJTHUX IEPEMEHHBLIX UCXOAHOE BLIpAXKECHUE UMEET
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BU =1 . BrimonmsuB B yucimuTene Pa3I0KECHUE MHOI'owIiCHa Ha MHOXHUTEIIHN I10

dopMylie pa3HOCTh KBaJpaTOB, TOJIy4aeM BO3MOXKHOCTh COKpPaTUTh JApoOb Ha U+YV,
H:—".'z H—=V}-\U+V
5 oy lumhlusy) o

uMeeM =+ H= . BpmonHuB  oOpaTHyro  3aMeHy,

2 (G2 d5)

NpuxoaAuM K BbIPAKCHUIO ’ ,  KOTOpPO€ TOXACCTBCHHO pPaBHO HCXOJHOMY

UppaLMOHaIbHOMY BblpaxkeHHto Ha O/13.
B-ueTBepThIX, IpoOM C HMPPAMOHATBHOCTBIO MOXKHO MPHUBOIUTH K HOBOMY
3HAMEHATEeNI0, YMHOXAas €€ YWCIUTEIb WM 3HaMEHATeldb Ha JOMOJHUTEIbHBIA MHOXXHTEIb.

-1
0.5-v1

Hampumep, npuseaem apo0b K HOBOMY 3HaMeHarento X. [l 9Toro ee 4uciuTelb U

2%

3HAMCHATCJIb CJICOycCT YMHOKHTDb Ha HppauOHAIBHOC BBIPAXKCHUC
-1 24k (Wa-1) 24k RA-)
0.5-4x  05-x-2:4x x

MMEEM
HamomHa#MM, 9TO BBITIOJHSTH COKpANICHHWE IPOOCH WM TpHUBEICHUE NPoOEH K HOBOMY

3HaMeHarero Heooxoaumo Ha O/]3 mepeMeHHBIX 11 KICXOIHOHU Ipo0Hu.

YMHOXKEHUE YHCIMTENs M 3HaMEHaTells JApoOM Ha HEKOTOpOE HPPALMOHAIBHOE
BBIpQXEHHE YaCTO HCIOIb3yeTCs JIUIs IPOBEJeHHsI MpeoOpa3oBaHusl, HA3bIBAEMOr0 N30aBIeHUEM
OT UPPALIMOHAILHOCTH B 3HaMeHaTene. PazbepeM, kak OHO MPOBOIUTCS.

N306aBiieHue 0T HPPALMOHAJIBLHOCTH B 3HAMeHAaTeJ1e

N30aBneHnemM OT MppaIoOHAIHLHOCTH B 3HAMEHATENle Ha3bIBAIOT MpeoOpa3oBaHue, MpU
KOTOPOM JpOOb 3aMEHSIETCSl TOXKJIECTBEHHO PaBHOM ApOOBIO, HE COJAEpKaIllel B 3HaMEHATele

o .x

3HAaKOB KOpHEH.

g
)

3
Hanpuwmep, 3aMeHa npodu IpoObI0 €CTb 0CBOOOXKICHHE oT
UPPalMOHATILHOCTH B 3HAMEHATEIE.
Ilepexox oT KOpHEH K CTeNEeHAM

Ilepexon OT KOpHEW K cTeHeHSAM IpHU MPeoOpa30BaHUU MPPALMOHATIBHBIX BhIPaKEHUI

IpoOBOIUTCA Ha 0a3ze paBeHCTBA , C TIOMOIIBI0 KOTOPOTO JaeTcs OIpe]esICHUE
CTETIEHU C paIMOHAIBHBIM MokKa3aTeneM. VM 0e30053HEHHO MOXHO MOJb30BaThCs, KOTJa @ —
32
5
HOJIOKHUTEIBHOE YHCIIO0, M — [IeJ0€e YMco, a N - HaTypaibHoe. Hanpumep, kopeHb MOKHO

)

| pa

3aMCHHUTDH CTCIICHBIO C )IpO6HI)IM IIOKa3aTeJIEM BHUAa
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Ecmu  xe moa KOpPHEM HaxXxOoAWUTCA OTPULOATCIIBHOC 4YHCIO HWJIHW BBIPAXCHUE C
FH

ni _m "

i =a”
NEPEMEHHBIMH, TO (OPMYJIOi HaJ0 II0JIb30BaThC akKypaTHO. Hampumep, Mbl He
3 2
Jesy 46y (=8): (<16):
u ,

MMeeM TMpaBa cpa3y 3aMEHUTh KOPHU u CTETNEHAMH BUJIA
P

TaK Kak opmyia HE UMEET CMBICIA JJIsl OTPULIATENBHBIX a.

Pemnenue 3ananuii:
Nel. ITpeoOpasoBatk qpoob:

) I;'.i"l"."l"k,llll..'l-'
wfﬁilzéﬁm-ﬁ}.

) afa+33=(Va) +(\) = (V= B)|(Va) a5 +(Bf |-
=|{\,G+ﬁ]{fr~~4"3:+_‘~:‘.]; H |

2) (Va3 +Ba= [{@]'uz\fﬁ-ﬁuf(qﬁ}']@@:
= -3 +3+Sa=

Ne2. [Tpeobpa3zoBath BbIpaKeHHE:

a) x -10Jx + 25 2Jx -10
3Jr +12 ~ x-16 "~

0) 1-a u+l-.|l'ab+4b_

4Ja +8J6b 3-3Ja

B) ¢-25  3Jc+18,
c+12Jc + 36 2Jc +10

r)5Jm -10Jn _4n - 4Jmn + m

Jm-5 = 15-3/m

No3. BuITIOJTHUTE 3aIaHU:
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® 1. YupocTHTe BhIpa)keHHe:
a) 6V3+V27-3V75;  6) (V50 —-2V2)V2;  B) (2-V3)2
@ 2. CpaBHHuTe %vﬁ " %UZE

3. Coxkparure Apobb:
V3-3 . 6 a-2Va

V5-V1s5 "’ 3Va-6
4. OcBoboguTe Apo6k OT 3HaKa KOpHA B 3HaMeHaTeJe:
5 8
a) ; 6) ——.
3V10 V6 +V2

5. IloxayxuTe, 4T0 3HAYeHHEe BBIPpaKeHHUHA
1 1

2V7T-1  2V7T+1
ecTeE HHUCJIO pEl]J,HDH&JIhHDE-

Ve -V7
7

6. IIpu Kakux 3HaYeHMAX X Apobb ::_ NpHHIMAaeT

HaubonblIee 3HAUeHHe?

IIpakTnyeckas padora Nel2
Tema 3.3 Pemienne nuppaiinoHajJbHbIX YpaBHEHUI
Heas: Hayuntbes pemate uppanroHaabHbIE YPaBHEHUS

Teopernyeckas 4acThb:

Onpenenenne. MppannoHajJbHBIM Ha3bIBAeTCH YPAaBHEHHE, B KOTOPOM HEH3BECTHOE
(mepemMeHHas1) COAEPKUTCH MOJ 3HAKOM KOPHSI MJIM IO/ 3HAKOM OIlepalii¥ BO3BEACHHUS B
PALHMOHAJIBLHYIO (IPOOHYIO) CTENEeHb.

Jig perieHuss HMppalMoOHANIbHBIX YpPaBHEHUH OOBIUHO MCHOJB3YIOTCS CIEIyIOIIHNe
IIPUEMBI:

1)BO3BeIEHNE B COOTBETCTBYIOIIYIO CTENEHb 00€ YaCTH YPaBHECHHS;

2) BBeJleHUE HOBOM MEpEeMEHHOI;

3) cBeieHME K cUCTEME YpaBHEHUM;

4) npuMeHeHre CBOMCTB (PYHKIUI, BXOAIMX B ypaBHEHHUE.

[Tpu pemieHnn MppanoHaIbHBIX YpaBHEHHH HeoOXoauMa MpoBEpKa BCEX HailJIeHHBIX
KOpHEW IyTeEM HMX INOACTaHOBKH B MCXOJHOE ypaBHeHHE win HaxoxzaeHue O/[3 u cnemyromuin
aHaJIN3 KOpHEW (IIpU pEelIeHMH METOJO0M IPHUBEACHUS K PAaBHOCUJIBHOW CMEIIAHHOM CUCTEME
YpaBHEHMI U HEPABEHCTB HEOOXOIUMOCTH B 3TOM OTIA/IAET).

[Ipocreimmm nppanmoHaIbHBIM YPABHEHUEM SIBIIIETCS] YPAaBHEHHE BHUJIA:

<[76) - £)

IIPU PEIIEHUHA KOTOPOTO BaXKHYIO POJIb UTPAET YETHOCTh MJIM HEYETHOCTH .
Ecan n- HeueTHOE, TO JAHHOE YpaBHEHUE PAaBHOCUIIBHO YPaBHEHUIO

) =(g)"

Eciam n - wetHoe, TO, Tak Kak KOpEHb CYHUTAETCS apuPMETHUYECKUM, HEOOXOIUMO

< x)=>0 af =
yunutbiBaTh O/I3 (001acTh JOMYCTUMBIX 3HAYEHUIN): f . YpaBHeHHE 7@)=2(x) 4 3TOM
Cllydae paBHOCUIIBHO CUCTEME:
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{f ®)= (=)
g(x)=0
Ipumep 1.

Pemmte ypaBHeHme vx — 3 = 5.
Pemenue. Tak kak N=2 - yeTHOE, TO 00€ YacCTH YpaBHEHHUS BO3BOJAUM BO 210 CTCIICHB!

(Vx—3)2=5%2e x—-3=25 ©x=128

OTtBert: 28
Ipumep 2.

3/ 3
Pemmts ypapnenne ¥X —2X+1=1

Pemenue. Tax kak B JaHHOM IIPpHUMEPEC n=3 - HEYCTHOC, TO IIOCJIC BO3BCIACHUS obenx
yacTei YpPaBHCHUA B TPETHIO CTCIICHDb MOJIy4Ynum
PaBHOCHUIIBHOC JaHHOMY YPaBHCHHUC!

x=10 x=10
©-kx+rl=Por -u-0o =
x°=-2=0

2 X= i‘\E
Orser: X1~ _""E‘-' xy=0,x;3 = 2
IMpumep 3.

Pewmts ypasHeHue ™% +l=2-x
Pemenne. Tak kak N=2 - 4YETHOE, TO UCXOHOE YPABHEHHE PABHOCHIILHO CHCTEME:

=i{7—_ x+l=4—4x+x? 2-5x+3=0
x+1=(2-x) . .
2—-x=20 x<2 =2

<> =,
x<2

x=(5—-+13)/2

g 5t13 __5-B
—

OTtBerT:

[ )= n x
YpaBHECHHS BUIA “'/f( ) "';‘g( ) , PEIIAIOTCsI CIETYIOIUM 00pa3oM:
N — HeueTHOE = f(X) = g(X)

R 7S e

IIpumep 4.
Peumnts ypaBnenne: V5 —x = Vax + 2

5-x=0 X<5

{4x+220 z{xZ—QSﬁ
S5—x=4x+2 x =06

OrtBer: 0,6

IIpumep S.

Pewts ypasHenue: V2x+6 —vVx+1 =0

Pemenue. 3anunieM IaHHOE ypaBHEHHME B Buie: V2x + 6 = vx + 1. Bossoma o6e
x+1 =0
2x+6 =0

YacTH B KBaJpaT U YUUTHIBAs, YTO { MOJIyYUM ypaBHeHHE 2x+6=x+], peueHue
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KOTOPOT'O €CTh X = -5 — HE YJOBJIETBOPSAET BBIIMCAHHOMY YCIOBHIO. 3HAUMT, JaHHOE ypaBHEHHE
HE UMEET PELICHUM.

OTBeT: HET peleHui

Ecnu nppanuoHanbHOe ypaBHEHHE COJIEPKUT HECKOJIBKO pajuKaioB. B atom ciyuae nis
n30aBJIeHUs] OT PAJAMKAJIOB ypaBHEHHE IPUXOJUTCS BO3BOIUTH B COOTBETCTBYIOLIYIO CTEIEHb
HECKOJIbKO pa3. IIpu 3TOM mpenBapUTENbHO YEOUHSIOT OAMH M3 PaJMKalOB TakK, YTOOBl 00e
YacTU YypaBHEHMsI CTajau HeoTpuuartenpHbiMH. Ocoboe BHUMaHME clenyeT oOpaTHTh Ha
npaBwibHOE HaxoxaeHue O/13.

IIpumep 6.

J25-9—+x-3=1

Pemnts ypaBHeHue

Pemenue. 3anumiemM ypaBHeHHE B BHjE: * 2x-9=1++x-3 . Tak kak Temepsr 00e
YaCTH MOJyYEHHOTO YPaBHEHUS HEOTPUIIATEIbHBI, TO BO3BEJIEM HX B KBaJpar:

2x—-9=1+x-3+2/x-3 = x-T7=-x-3

[Tonyuennoe ypaBHEHHE pPaBHOCHJIBHO UCXOAHOMY. [l €ro pemeHus paccMOTPUM
CUCTEMY:

x-720 x=27 x=27

= =
(x—7) =4(x-3) x’ —14x +49 = 4x—12 x*-18x+61=0
x=7

Lo x=9+xf2_ﬂ

ngi@

OTBeT: x=9+-20

BBenenue HOBOM IEPEMEHHOM B PsI€ CIIy4aeB IO3BOJISIET IEPEUTH OT UPPALUOHATIBHOTO
YPaBHEHHUS K pallUOHAIbHOMY YPABHEHMIO.
Ipumep 7.

2 2
Pemmts ypasuenne * T Ix+4x"+3x-5=10

Pemenne. Bo3BeneHne naHHOrO ypaBHEHHUS B KBaJpaT MpPHUBEIO Obl K YpPaBHEHHUIO
YeTBEPTOM  CTENEHHM, 4YTO  HepanuoHanbHO. IlosTOMy — 3amumemM  ypaBHEHHE B

2 2
Buge ¥ T 3x—5+4x" +3x-5=5 U BBEJIEM «HOBYIO» MEPEMEHHYIO:

y= xt+3x-5 y=0

=1
y1 +4y-5=0 <= [y
[Tonyuum J-'=—5.

f.2 _ f.2 _
BepHeMcsi K «CTapeIM»  TIepeMeHHEIM ¥ % +3x-5=1 Y% +3x-5=-5

BTOpOC N3 TIOJYYCHHBIX ypaBHCHI/Iﬁ pCI_HeHI/Iﬁ HC HMCECT, a PpCHICHUA IICPBOIr0 CCThb
—3+433
rxr=——-.

qyupcia 2
—3-./33 ~3+./33
N=—"T"h="—"

OTtBerT: 2 2 .

Nuorna mpu pemieHHH HPPANMOHATBHOTO YPaBHEHHUS BO3HUKAET HEOOXOJUMOCTh
BBECTH HE OJHY, a HECKOJIbKO «HOBBIX» MEPEMEHHBIX. Takas CUTyalusi BO3HUKAET, HAIPUMeEp,
MIPU PEIICHUN YpaBHEHUH, COIePIKAIIUX PAJUKAIIBI PA3HBIX CTETICHEH.

[Tpumep 8.
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3 —
PeluTs ypaBHEHHE Jx-2+311-x = 1
_ ! _ 3
Pemenmue. [Tycrs ¥ = x-220,v=3N1-X qou+v=1 Apyroit

2
cropoust ¥+ vV =x—2+11-x=9 . Tlonyuaem cucremy

ut+v=1 u=1-v u=1-v
L <~
u v =9 (1—v)1+v3:9 v v —2v-8=0

Pemmum IMMOCJICAHEC YPAaBHCHUE CUCTEMBEI:
Vivi-2v-8-0 < (¥ -8)+v(v-2)-0c

v=2
v—2 v1+2v+4+v =0 o ow=12
G-2) ) ?  3vi4=0

[Monyuum, uro ¥ = 2 4 qormal#=l-v=-1<0_ g ycnopuo M =20
CJIEIOBATEIILHO UCXOTHOC YPABHCHHUE PCIICHUHN HE NMEET.

OTBer: HET penieHui.

[Ipn pemieHUM HEKOTOPBIX HWPPAIMOHATBHBIX YPAaBHCHHM HAXOXJICHHWE O001acTh
JIOITyCTUMBIX 3HAYCHHU BXOJSIINX B YPABHEHUE HEU3BECTHBIX MOXKET CYIIECTBEHHO OOJICTYHUTH
pelIeHne ypaBHEHUS.

[lpu pemeHun UppaNMOHAIBHBIX YpPaBHEHHWH OBIBACT IOJIE3HO BOCIOJIb30BATHCS
MOHOTOHHOCTBIO (DYHKITHH.

[Tpumep 10.

x+6)=6-3x1+6

Pemenne. Oq1H KOPEHb JAHHOTO ypaBHeHUs * = 2 jerko maiiT noabopoM. [lokaxewm,

JAx+6)+3x+6=6

Pemnte ypaBHeHue

YTO JPYTUX KopHeﬁ HeT. 3amnuilieM ypaBHEHUE B BUIE

CBOI/ICTBy CTETIEHHBIX byHKIHI

GyHKIHM Fivx 1( ) v [ ] n 2 (I) ABIISIOTCS BO3PACTAIONIUMH Ha
oD

MIPOMEKYTKE [_6“ ), rae OHU o0e ONPECIICHBI. [TosTomy ux

y(x)= J2(x+ﬁ)+?{.f'x+
cyMMa Ha 9TOM IIPOMEKYTKE TaKK€ BO3PACTaET, CIEI0BATEIBHO,
OHa MPUHHUMAET KaXKI0€ CBOE 3HaueHue (B TOM uucie U 6) Toabko oauH pas. [loatomy npyrux
KOpHEH HeT.

Oreer: X =2

Pemienue 3aganuii:
Nel. Pemuth ypaBHEeHHUS:

1) x-’x—2='l,

Z)w’x—1=—3’

3 o1=-3,
[ _1

4) 5-2= 3

Ne2. Pemnth ypaBHEHHUS:
1) V=72 —-17x = —x
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2) x-"x2+?x—2=5—x’

3) Vit—x—6=+/-2x

No3. Pemiuth ypaBHEHHUS:
1) Vi+2+43x—2=4

2) Yxr—14+4/x+2 =*q"'l'l—x.

No4. Pemiuth ypaBHEHHUS:
4 Vi3 5
1) V2 5
2) Vx—2+23x—-2=3
f—x  [x+3 10

+ =
3) Axt3d 4l2-x 3

No5. Pemnth ypaBHEHUS:
1) (x?—4x +3Wox—2-2x2 =0,

2) Vvi—1Iyx —2¢x—3 =0.

IIpakTnyeckas padora Nel3
Tema 3.4 [loka3zarenpHas GyHKIHS, €€ CBOMCTBA. PemeHne moka3aTeabHbIX ypaBHEHHNA U
HEPaBEHCTB
Hean: Hayuntbcs pemars nokazaTeabHbIC ypaBHEHHS

Teopernyeckas 4acThb:

Onpeoenenue YpaBHEHNE, B KOTOPOM NEPEMEHHAsi COAEPKUTCS B IOKa3aTelle CTEIEHH,
Ha3bIBACTCS I0KA3aTEIbHBIM.

[IpuMepsl moka3aTenbHbIX YPAaBHEHUMN:

1. 2=4.
1y .
2. |=| =16:
vy,
337" 3" 41=0
4. 3 4+4¥ =55

5. 4% 425 4+1=0,
6 5_)x+1_43‘:2x+3+63—r :{_-'.
BBI6CpI/ITG IMOKa3aTCIIbHLIC YPABHCHU:
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§)3 7 -5 =48,

Croco0bl penieHus MOKa3aTeJbHbIX YPABHEHHUI

Brigenstor qse rpymnmnsl cioco0oB: TpadudecKuil 1 aHaTUTHYECKUE.

BcenmomuuM cyTh rpadudeckoro crocoda pemeHns ypaBHEHHIA:

1. ITocTpouts rpaduku AByx GyHKIHM (JIe€Bask U IIpaBas YaCTH YPaBHEHHS ),

2. Haiitu abcucehbl Touek nepeceueHust rpauKoB;

3. 3ammcarb OTBET.

PaccmotpuMm rpadmueckuii criocod pemrenus Ha npumepe ypaBruenus 2* = 4 Tloctponm
rpaduku pyHkuuii y = 2%,y = 4 u HaiizeM aOCIUCCY TOUKH IepecedeHus rpapukos: X = 2.

i 5/
o R ]
/
/ .
-
— [1] 1 1 I.'

OtBet: X =2

I'padnueckuit cnocod MOXHO NPUMEHUTH HE BCErjaa, MO3TOMY paccMOTpuM Ooiiee
YHHMBEpCaJIbHbIE OCHOBHbIE aHATUTHUECKUE CITOCOOBI pelIeHHsI I0KA3aTEIbHBIX YPABHEHUH.

AHanuTHYeCcCKre CoCcOObI:

1. IlpupaBHUBaHME MTOKa3aTeNCH;

2. BriHeceHune 0011Iero MHOXKHUTEIIS 32 CKOOKH;

3. BBeneHue HOBOI MepeMeHHOMH;

4. Vicnonp30BaHUE OJTHOPOTHOCTH.

Paccmotpum kax bt ciocob moapoOHee u pa3depeM Ha mpuMepe.

1. IlpupaBHHBaHUE TIOKA3aTEIEH.

CyTtb MeTOza:

1. Yeaunuts ciiaraemoe, coaepkaniee nepeMeHHyo;

2. IIpuBecTH cTeneHu K 0JHOMY OCHOBaHUIO;

3. [IpupaBHATH NOKA3aTENH;
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4. PemnTh NOJIy4EHHOE YPABHEHHUE;
5. 3anucaTh OTBET.
[Tpumep:
3F-27=0
3" =27,
3 =3,
x=3
OtBet: X =3

2. BeiHecenue 00I1Iero MHOKHUTEIS 38 CKOOKH
[IpuMeyanue: BBIHOCUM 3a CKOOKM MHOXKUTEJb C MEHBIINM OKa3aTeIeM.

[Tpumep:

3 -3 =78

3{1-3)=-78
3" (1-27)=-78,
3 (- 26)= -78;

3" =3

=1

OtBeT: X=1

3. BBeneHue HOBOM NepeMEeHHON

Kak npaBuio, ypaBHEHUs, periaeMbple 3TUM CIIOCOOOM, CBOJIATCS K KBAJIPATHBIM.

Tpumep: 4% 5.4 44=10

ITycTs 4* = a Torma ypaBHEHHE MOKHO 3aIHCaTh B BHJIC:

a® —Sa+4=0,

D=25-16=9%,

_5+3

===
S-3

@, =——=1.

2
Cnenaem oOpaTHYIO 3aMEHY:
=4 ym 4*=1;
x=1mwmx=0
OmBer: x=1mmx=0
4. Ucnonb30BaHNUE OTHOPOJAHOCTH

4,

&y

PRGNS (C)
Onpeoenenue Tloka3arenbHble YPaBHEHHSA BUJA Ha3bIBAIOTCS
OTHOPOJHBIMHU.

Cytb Merona: Tak kak nokaszaTenbHas (GYHKIUS HE MOXKET IPUHUMATh 3HAUEHUE, PaBHOE

HYJIIO0, U 00e yacTu YPaBHCHHUA MOXHO ACJINTbL HAa OAHO M TO K€ HEC paBHOC HYJIIO 4YHUCIIO,

Fix)
paszzaenumM o0e YacTH ypaBHEHHMs, HAlpUMep, Ha B

[Mpumep: 2* = 3*

¥ .
Paznenum 06e yactu ypaBHEHUs Ha 30
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I3

g

=10
Otger: X=0

Pemnenue 3ananuid:
Nel. Pemuth ypaBHEHHUS:
12" =16,
x 1

S o ime .
205" =0125 )5 Tk
e 1 =
I = — g2l -4
16 2x+3
RN - 9)3% = | 1 |
I:':—l = 36. ik 3
Vi _ | -
.......... A d0=8 gy X
0% = Y100, 10)6°7* = 2167,

1. 1

000 ; i Y N

603 = 1000, 113 V3=
- 2

Ne2.Pemute ypaBHeHue:

(1)2—3}{ 25
= — x+1 LTX . 9E+5 L OX
2) 5 ; r)?’““+3?_2++32;
6)4"4-2"—2{]:0; H)S"—2=—2x+3.
X H—2 _
p 5 —7-52=90.
Ne3.Pemute ypaBHeHue:
» (0177 =10, 3 437 = 524 —17. 2%,

x—2
(3) — 2x+1
3 .

6)9"—?-3"—18={]; 0
| 4 —3-472=52
Ne4. Pemnth ypaBHEeHHUE:
(027 =25. L4 -12.2432-0
X—y=4,

5*+Y = 25.

1)

Ne5. Pemutsb cucteMy ypaBHEHUH
Ne6.Pemts ypaBHEHHE

17" +5.7" =588
2) 3% 1+ 4.3* =279

IIpakTnyeckas padora Nel4
Tema 3.4 [loka3zarenbHas GyHKIMS, ee CBOICTBA. Pemenne nmoka3aTeabHbIX YpaBHEHHH 1

HCPAaBCHCTB
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Ieab: HayuuThbcs pemiats moka3aTesibHbIE HEPABEHCTBA

Teoperuyeckasi 4acTh:
[Ipocreliliee moka3areibHOE HEPABEHCTBO UMEET BU/I:
e gz ]
f VAL , e V - O4uH U3 3HAKOB: <,>,<, HJIK >.
Uro0bl pemuTh NOKa3aTeJlbHOe HEPABEHCTBO, HAM HYKHO OT CpPaBHEHHUS CTEIEHEH
IIEPEUTH K CPAaBHEHHUIO II0Ka3aTeleH.
fix)

=
Kak MBI TOMHUM, TOKa3arenbHas (QYHKIUSA y=a BO3pacTaeT Ipu BCEX

NeHCTBUTENBHBIX 3HAYCHUAX * , eclI =1 90 3HAYUT, YTO OOJBIIEMY 3HAYCHHUIO apryMEHTa

COOTBETCTBYET OoJbIee 3HaueHNe PyHKIMH. To eCTh U3 HEpAaBEHCTBA
0y =) >a? ) flz)=g(x)
CIIEAYEeT HEPABEHCTBO © + +~ = &/

AHaNOrMYHO, TaK KakK MoKa3aTesbHas (YyHKIUsS YOBIBAaeT, €CIu U<a {1, u OoJbIIEMY
3HAYEHUIO apTyMEHTa COOTBETCTBYET MEHbIIIee 3HaUeHHe (PYHKIIMU, U3 HEPaBEHCTBA

Iz g9(x T (e

o st CJIe/lyeT HEpPaBEeHCTBO Flz)<g(z)

To ecTh mpH pemIeHHMH NPOCTEHINHUX IOKA3aTeJIbHBIX HEPaBEHCTB IMpexae 4YeM
CPAaBHUBATH BbIPA:KeHMSs, CTOSIIIINE B MOKAa3aTeje CTeNEeHU, HY>KHO CPABHUTDH € eMHUIel
OCHOBAHHE CTEIeHeH.

Emg pa3, 310 Ba:xkHO:

€CJIM OCHOBAHHE CTeleHW O0Jible eJIMHHUIbI, TO IMPU IEPEXOJe K BBIPAKECHUSIM,
CTOSIIIIM B TIOKa3aTesie, 3HaAK HEPABEHCTBA COXPaHsIeTCs

€CJIM OCHOBAHHME CTeleHU 0oJiblle HYJs, HO MeHbIlIe eJUHHIbI, TO [P MIEPEexXoae K
BBIPAKEHUSIM, CTOAIIMM B ITOKa3aTesie, 3HAK HEPAaBEHCTBA MEHSIeTCS HA MPOTUBOMOJI0KHBIH.

Bce moxazarenbHble HepaBEeHCTBA JIIOOOTO YPOBHS CIIOKHOCTH, B KOHEYHOM HTOTeE,
CBOJISITCSL K PEIICHUIO MMPOCTEUINNX TTOKA3aTeIbHBIX HEPABEHCTB.

PaccMoTpuM HECKOIBKO MPUMEPOB.

1. PemuM HepaBeHCTBO:
x fi

(0.3)77% <(0.3)""

Tak Kak OCHOBaHUE CTEIICHEU [],.3;-::1’ IIpU IEPEXOAE K BBIPAKECHUAM, CTOSIIMM B

IIOKa3aTcCJIC, 3HAaK HepaBeHCTBa MCHJCTCS Ha HpOTHBOHOHO)KHBIﬁ:
N

)

-2 -1

HepeHeceM BCC BJICBO, 1 IIPUBCACM K 06meMy 3HAMCHATCIHO:
T i

S —11

-2 x-1

afa-1-60 (-2

=]

(-1 ){x-2)

o]
r -Tx+12
e
(#-1){x-2)
KopHun uncnurens:
r =3 x_=4

1 2
(=3 (-4
_— A ) =)
[a-1){x-2)
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PemmMm HEPaBCHCTBO MCTOAOM HHTCPBAJIOB: HAHCCEM KOPHH YUCIIUTEIA U 3HAMCHATCIIA
Ha YUCJIOBYIO OCh U paCCTaBUM 3HAKU:

-+ - + - +

._.
N
w
NG

OTtsert:
2. Pemmim HepaBEHCTBO:
T R S

20 <bxh -0

[lepeneceM Bce cnaraemble BJIEBO U pa3jOKUM OCHOBAHUS CTENEHEH Ha IIPOCTHIE
MHO>KUTEJIH:

e _x

o -lxh 40 <l

Eciu Ob1 3T0 OBLIO ypaBHEHHE, MBI peliajid Obl €r0 C TIOMOIIBIO 3aMEHBI TIEPEMEHHOM.
[Toctynum Takxe.

Boo01ie, mokasarenpHble HEPABEHCTBA JIEISATCS HA T€ KE THUIIBI, YTO W IMOKA3aTEIbHBIC
YpaBHEHHUS, U PEUIAIOTCS TEMHU KeE CIIOCO0aMHU.

Buumanue! Eciiu MBI pemmaeM HepaBeHCTBO ¢ MOMOIIbI0 3aMeHbI NMepPeMEHHBIX, TO
HY’KHO pelaTh OTHOCHTEJIbHO 3aMeHbl [0 MOJIyYeHHUsl MpocTeiilllero HepaBeHCTBA.
[ToscauM Ha 3TOM NpUMeEpe.

o
t=5 =

BBezieM 3aMeHy: ' £ =0

[Tosrydanm cucTemMy HEpPaBEHCTB:

<]l Y=ox=3 1=d

a

i -Gi+5 <0
£ =)
Orcrona:
1<t <n
£ =0
To ecth 1<t <o
3anuiieM IBOMHOE HEPAaBEHCTBO B BUJIE CUCTEMBI:
(=
L5

Bor TCIICPb MBI MOKEM BCPHYTHCH K HCXOTHOMU nepeMeHHoﬁ:

Otcrona: r=l rl

OTBeT: I i |

Pemienue 3axanmii:
Nel. Pemnte HEpaBEHCTBO:

() >1; 73 < 1

a) 4 3; r) :

Xx—6 1
6)(\/3) “:g; 5 4 +2:25% = 7-10%
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B) ;
No2. Pemnte HEpaBEeHCTBO

(1 E)K < 5 %2 —Ox+14
a) g 5 , ]") 0,5 x—3 :::' 1’

% x+6 - E i
LA x+0,5 . X
6)( ) 9. H)24+25+ =7 10_
2 x° -4

(1%) <1

) ;

Ne3. Pemnite HepaBeHCTBO:

q) 5% =125

6) 0,01 <10”"* <10000
(E)SX—S <(§)x—3

B) 3 9

n 1<6"" <216

No4 .BBITIOJIHUTD 3aJaHUS
A) CpaBHute ynciia M u N, eciu:

1) (9.8)">(9.8)"; 2) (06)"<(0,6)"
b) CpaBuure yncna a u b, ecru:
1) (7.6)>(7.6)"; 2y (0.3)°<(0,3)".

Ne5. Haiinute MHOKECTBO PEILICHUI HEPABEHCTBA

||'i'.3.'c}|l'i'.3.'c—3
1) 1) 11
f 2 \Bx ) f y) \x+8
2) | 3 _I,E_.
No6. Pemnte HEpaBeHCTBO:
x'—2x—24
1) 02 7 <0,0016; p) 27" —5-2"+2=0
K415

3) 0,3 " =0,027; 4) 5'-2-5"-7520

IIpakTnyeckas padora NelS
Tema 3.5 Jlorapudwm uncna. Coiicta orapudmon
Heab: Hayuutbes BBIMUCHATH JOrapudMbl M YOPOIIATh BBIPAXKEHUS, COAepIKalliue
norapudm

Teopernyeckasi 4acThb:

Jlorapudm uncia b o  ocHoBaHMIO @ onpenenseTcs Kak MOKasaTelb CTENEHH, B
KOTOPYIO HAZO BO3BECTH UHCIIO (1, 4TOOBI HOnydnth 4mcio U (JIorapugm CymecTByeT TOIbKO y
MOJIOKUTEIBHBIX YUCET).
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JlorapudmM B mepeBoJie C TPEUYECKOro OyKBAJIBHO O3HAYaeT '"dMCIio, HW3MEHSIOIICE
OTHOILlIEHHE".

CneununajbHble 0003HAYECHHSA:

1. Hatypanbusiii norapudm lla - morapudm no ocuopanuio €,

2. JlecATHUHBIN JOTapr(PM lga . norapudm mno ocHoBanuto 10.

CaoiicTBa jorapupmos:

log, b
10 a”" = b- ocrosnoe norapupMHIECKOE TOXKIECTBO.

7o log,a=1la=0.a#1

30 log, 1=0.a=0.a#1

Jlorapudm eUHUILIBI 110 JFOOOMY MOJIOKHUTEIBHOMY, OTIMYHOMY OT 1, OCHOBaHHIO paBeH
HYyJIF0. DTO BO3MOYKHO IIOTOMY, YTO M3 JIFOOOTO AEHCTBUTENBHOTO YHCIIA MOXKHO HMONYYHTH |
TOJIBKO BO3BE/IS €TI0 B HYJIECBYIO CTCIICHb.

go log, (be) =log, b+ log, ¢

Jlorapudm npousBeeHs paBeH CyMMe JIOrapu(h)MOB COMHOXKHUTEIICH.

s log, e log, b—log, ¢

Jlorapudgm gactHOTO (IpOOH) paBEH Pa3HOCTHU JOTAPH(PMOB COMHOKHUTEICH.

o log, 0" =p-log,b.

JlorapudmM cTemeHH paBeH NPOM3BEACHUIO IIOKA3aTeNIsi CTENEHW Ha Jorapupm ee
OCHOBaHHSI.

1
log,. b= —-log, b

0

1
log, b=
go log, a
log b
log, b= B
9° log.a - Mepexoji K HOBOMY OCHOBaHHIO.

Pemenue 3ananuii:
Nel. Haiinute 3HaueHUE BbIPAKEHUS:

6 * lﬂg? 3*\-'{?

— 1 1 1
6-log- V7 =6-log,73 =6-§~lng?? =6~§~1=

HMcnons3oBanu:
m

an = yam

mo__ .
log, b™ =m-log_ b

Ortger: 2
Ne2. Havinure 3Hauenue Boipaxkerus 10gog 3 - 10931,25
logys3 +log;1,25 log; 1 1083 1,25
Qg QT . — OO . — —
0.8 o3 l g3 {},8 o3 ].DDE {},8
5 5
=10g,41,25 = ID%E = lﬂgg]—i -1 luggg =—-1-1=-1

Hcnonw3oBanu:
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log. b =
od
log,a
log. b
=log_ b
log.a
1
log Tb==E'1Dnab
Ortser: —1
Ne3.Haiinute 3HaueHue BHpa)KeHI/m:
5 logs s
5]og2_:_¢1-9 5]cg2_j 52-]cg25? — ('52}]og25? —
= 25log2s7 = 7
Ortser: 7
Ne4. Halinute 3Hau€HUE BBIPAXKECHUS:
g2 logg 3

gZ-loge3 _ (B]GES3J2 =32 =g

Ortser: 9
No5.Haiinute 3HaueHUE BbIPAKEHHUS:

6410g9 V3

64103’8\,3 (8 8)103’5\,3 glogsxj glogsyz V343 =3

Ortsert: 3
Ne6. Haiinute 3HaueHNE BBIPAKEHUS:
24
3 logs 2
24 24 12
3legz2 2
Ortser: 12

Ne7. Haninute 3Hau€HUE BBIPAKCHHUS:

log1 V13 =log 3 1395 = - log 4 13%5=—-1.0,6 =-0,5
ﬁ —1

Otser: — 0,5
Ne8 . Haiiaure 3Ha4uenue Boipakenus 109z 8,1 + 1ogsl0.

log,8,1+1log;10 =log4(8,1-10) =log,81 =4

OrtserT: 4
Ne9. Hainute 3HaueHue BbIpaKEHHUS:
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log 13
LDgﬁ- \'ﬁ _ 1 1
D8\ _ log.s VT3 = logiy 137 =3 =05
Orser: 0,5

Ne10. Beruucnure 3Ha4Y€HUE BBIPAKECHUS:
&.
(310g2 EJIGUJ 2

(S]GEE EJ]OEEZ — (3].::522)]“523 — ologz3 _ 3

Otser: 3
Nel1. Haiinure 3Hauenue Boipaxenus 10ga(ab®), ecmm logy a = 1/7.
[IpeoOpaszyem 1aHHOE BBIpaXKCHUE:

log_(ab®) =log a+log, b®=1+3log b

Onpenennm 3HaYeHne BoipakeHust 10gab. Ham n3BectHo, uto

| 1
o, = —
ob :I,r
Hcnonb3yeM CBOKCTBO:
1
logpa =
=27 log,b
1 1
7 log.b

CnenoBarenbho logab =7.
Takum o6pazom:

1+3log,b=1+3+7 =22

Ortgert: 22

Nel2. Haiimure loga(a:b®), ecm loga b = 5.
a

lo =log.a —log, b*=1—-3log b=

Baj3

Otger: 14
Nel3. Haiimure 10ga(a?h®), ecu loga b = —2.

log, (a*b?) =log,a* +log, b* =2log,a +3log, b =

=2+1+3log,b=2+3-(-2)=—4
Otser: —4
Nel4. Haiimmte 3Hauenne Beipaxenus 10ga(a*b®), ecmm logy a = 1/3.
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1
logpa = 3
1 ! - L log.b=3
9524 =155 3 log.b 98a? =
4.1+9log b=4+9-3=31
Ortgert: 31
Nel5. Haitnure loga(a’:b®), ecmu loga b = 10.
o’
lngaﬁ =log,a” —log, b* =7log,a —3log, b =
=7-1-3-10 = —23
OtBer: —23

Nel6. Haitmure loga(ab®®), ecm loga b = 7.
log (ab'®) =log a+log b"=1+10log b =

=1+10-7=71
Ortser: 71

IIpakTnueckas padora Nel6
Tema 3.6 Jlorapupmuyeckas pyHkius, ee cBoiicta. Jlorapudmuueckrue ypaBHeHUs U
HEpPaBEHCTBA

Hean: Hayuutbes pemars gorapuMuyueckie ypaBHEHUS U HEPaBEHCTBA

Teopernyeckasi 4acThb:

Teopema 1. Eciu f(x) > 0 ug(x) > 0, To nmorapudmuueckoe ypaBHenue log af(X) =
log a g(X) (rme @ >0, a # 1) paBaocuibHO ypaBHenuto f(X) = g(x).

IIpumep 1. Pemure ypaBHEeHME:
lg(2? — 6) = 1g(8 + bx).
Pemenne. B o0nacTs JOMyCTHMBIX 3HAa4E€HUM BXOAAT TOJIBKO T€ X, MPU KOTOPBIX

BbIpaXXEHHE, HaxoJdlleecss MO0 3HAKOM Jorapu@ma, Oonblie HylIs. OTH 3HAUYEHUS
OIIPEIEIAIOTCS CIEAYOIIEH CUCTEMO HEPABEHCTB:

2 —6>0, x? > 6,
—
8+ hr =10 r > —1.6.

x € (—00; —v6) U (V6; +00),
r e (—1,6;4+00).
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C yueroM Toro, 4to
—1,6 = —/2,56 > —V/6,

[OJIyyaeM IPOMEXYTOK, OIpelessomuil 001acTh JOMYyCTUMBIX 3HAYEHUH JIaHHOIO
JOTapu(pMHUECKOTO yPAaBHEHHS:

= {\/E +00).
Ha ocHoBanum Teopemsbl 1, Bce yciloBUS KOTOPOM 31€Ch BBIIOJHEHBI, NEPEXOIUM K
CIIEAYIOIEMY PABHOCHIIBHOMY KBaJAPaTUYHOMY YPaBHEHUIO:
2 6=8+5 £ —br—14=0
rr—b=0+0r = I —Or — ==
1 =17, 19 = —2.
B o6nacth AOITyCTHUMBIX 3HAYEHUM BXOJUT TOJBKO HCpBBIfI KOpPCHb.

OTBer: X = 7.
IIpumep 2. Pemnte ypaBHeHue:

logg o(—2% + 4z 4+ 5) = logg 5(—x — 31).

Pemenne. OGnactp JOMYyCTHUMBIX 3HAUEHUN YpaBHEHHsS ONpENENsieTcs CUCTEeMOM
HEPABEHCTB:

— 2 dr+5>0, - 1<z <5,
—r—31 =10 r < —31.

OueBHIHO, YTO ATH JIBa YCJIOBHUS MPOTHBOpeYaT APYr Apyry. To ecTb HET HU OJHOIO
TaKOr0 3Ha4EeHHUs X, IPU KOTOPOM OJHOBPEMEHHO BBINOJIHIIUCH Obl 00a HepaBeHCTBa. OOnacTh
JOIYCTUMBIX 3HAUE€HUN YpaBHEHMS SIBJISIETCA IIyCTHIM MHOXKECTBOM, a 3HAYUT pEIIEHUH Yy
JTAHHOTO JIOrapu(MUUECKOr0 YpaBHEHUSI HET.

OTBeT: KOpHEH HET.

OOparuTe BHHUMaHUE, YTO B ATOM 3a/laHUM HaM BOOOIIE HE MPUIUIOCH UCKATh KOPHH
ypaBHEHHUd. J[OCTaTOYHO OKa3ajoCh ONPEAEIUTb, YTO €ro 00JIACTh JOMYCTUMBIX 3HAYEHUH He
COJEPKUT HHM OJHOTO JECHCTBUTENBHO 4YHCIa. OJTO OJHO M3 MPEUMYLIECTB TakKOH
MOCJIEZI0BATEIbHOCTH PEIIEHUsI JIOTapu(PMUUYECKUX YPAaBHEHMH M HEPAaBEHCTB (HAYMHATH C
onpeneneHuss o0JacTH JOMyCTMMbIX 3HAa4eHUH YpaBHEHHUs, a 3aTeM pelarb €ero IyTem
PaBHOCHJIbHBIX ITPe0Opa3oBaHuil).

IIpumer 3. Pemute ypaBHeHueE:

SIGgEi:r.—i—Erlog%:r—Q:ﬂ.
2

Pemenne. OGnactb AOMYyCTUMBIX 3HAYEHWM ypaBHEHHUsS OIpeAeNsieTcsl 3/1eCh JIErKo: X >

0.
I/ICHOJ'II)?;yeM MMOACTAHOBKY!
t =logi x.
2
ypaBHeHI/IC IMPUHHUMACT BU: 1
i1 = 7,
32 +5t—2=0s | ,} 3
ty = —2.
ObpatHas HOHCTlaHOBKaZ
ogia=1,  [z=L.
2 Y V2
log1 o = -2 = 4.

2

O6a oTBeTa BXOJAT B 00JIaCTh JOIYCTUMBIX 3HaYEHHUM ypaBHEHUS, TOCKOJIBbKY SBJISIOTCS
MIOJIOXKUTEIbHBIMU YHUCIIAMU.
IIpumep 4. Pemure ypaBHEeHMeE:
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logp 4(x + 2) + logy 4(x + 3) = logy 4(1 — x).

Pemenne. BHOBb HauHeM pelieHHe ¢ ONpeneseHHUs O0JIaCTH JOMYCTUMBIX 3HAYEHUN
ypaBHeHUs. OHa onpeensieTcs CAeAyIoIIeld CHCTEeMON HEPaBEHCTB:

r+2>=0, —
r+3>0, e<<r>-3 <exe(-2:1).
1—ax>=>0 r <1

Bocnonp30BaBIINCH MPAaBUIIOM CIIOXKEHUS JIOTapu(pMOB, EPEXOTUM K PaBHOCUIBHOMY B
00J1acTH JOMYCTUMBIX 3HAUEHUHN YpaBHEHUIO:

logy 4(x + 2)(x + 3) = logp 4(1 — z) =
OcHoBanust jorapuMoOB OJUHAKOBBL, TMOSTOMY B OOJACTH JOMYCTHUMBIX 3HAYCHUN
MO>KHO IIEPEUTH K CIEAYIOIIEMY KBaJAPaTHOMY YPaBHEHHUIO:
(x+2)(x+3)=(l—x)=a“+br+dH=0«
r] = —9,
r9g = —1.
[lepBbiii KOpeHb HE BXOJUT B OOJACTh JOMYCTUMBIX 3HAYCHWH ypaBHEHHUS, BTOPOU —
BXOJIMT.
OtBert: X = -1.
IIpumep S. Pemure ypaBHeHuUeE:
08T = 81,
Pemenue. bynem nckath pemenus B mpomexxyTtke X > 0, X£1. [Ipeobpasyem ypaBHEHHE K
PaBHOCHUIIBHOMY:

4
T_lﬂg;; T _ TlﬂgrEl o= T_lﬂg;; T _ plogze o
loggx =2 r =29,
1

—

2 ; !
logar =4 < logs 2 = —2 oy
gq T : _

O0a oTBeTa BXOAAT B 00JIACTh TOMYCTUMBIX 3HAUEHUH ypaBHEHMUS.
IIpumep 6. Pemvite ypaBHeHue:

logy(x +12) -log, 2 = 1.

Pemenne. Cricrema HepaBeHCTB, ONpeAeNsionias o00JacTb JIOMYCTUMBIX 3HaYeHUH
YpaBHEHHUS, UMEET Ha ITOT pa3 BUJ:

r+ 12 > 0,
x>0, S x>0 x#1.
x# 1

Hcnonb3ys cBoiicTBa jgorapudma, mpeodpasyeM ypaBHEHHE K paBHOCHIBHOMY B 00J71acTH
JOTTYCTUMBIX 3HAUEHUN ypaBHEHUIO:

logy(x+ 12)

=1.
2logy x
Hcnonb3ys popMmyiy nepexosia K HOBOMY OCHOBaHMIO Jorapugma, noaydaem:
r1 =4,
log,(r+12)=2 =2’ —2-12=0 < Tl p
= —a.

B obnmacth AOIYCTUMBIX 3HAYEHUN BXOJUT TOJBKO OJMH OTBET: X = 4.
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[lepeiinem Tenepp K.J10capugpmuueckum nepasencmeam. ITO Kak pa3 TO, C YEM BaM
npuzgercs uMeTh neno Ha EI'D mo maremaruke. [[nst pemeHus nanbHEMIIMX IPUMEPOB HaM
noTpedyeTcs cleayomas Teopema:

Teopema 2.

Ecimu f(X) > 0 u g(X) > 0, To:

npu @ > 1 norapupmuyeckoe HepaBeHCTBO logaf(X) > logag(X) paBHOCHIBHO
HEPaBEHCTBY TOro ke cMbicia: f(X) > g(x);

npu 0 <a< 1norapupmuueckoe HepaBeHCTBO logaf(X) > logag(X) paBHOCHIIBHO
HEPaBEHCTBY MPOTUBOMOIOKHOTO cMbicia: f(X) < g(x).

IIpumep 7. Pemmtre HEpaBEeHCTBO:
lﬁgn.ﬁ[f-z +x —6) = logys(x+4).

Pemenue. Haunem c ompenenenus o0acTé JONMYyCTHUMBIX 3HAYEHH HEpaBEHCTBA.
Bripaxenue, crosiee Mo 3HAKOM JIOTapu(PMHUUYECKON (YHKLIWHU, JOHKHO MPUHUMATh TOJBKO
MOJIOKUTEbHBIE 3HAUEHHUs. OJTO 3HAUUT, YTO HCKOMas oOOJIaCTh JOMYCTUMBIX 3HAuYCHUI
ONPEAEISETCA CICAYIOUIEH CUCTEMO HEPABEHCTB:

w24+ x—6>0, - r e (—oo;—3) (2 +00),
r+4>10 x> —4
s e (—4;-3)U(2;+00).

Tak xak B OCHOBaHHH Jiorapu(ma CTOUT YMCIIO, MEHbIIIEE EAMHUIIBI, COOTBETCTBYIOIIAS
norapudmudeckas QyHKIHS OyIeT yObIBAIONICH, a TOTOMY PaBHOCHIIBLHBIM TI0 TeopeMe 2 OyeT
Nepexo K CIeAylIeMy KBaApaTUYHOMY HEPABEHCTBY:

P rr-6<r+4e 22 <10 s e [—v10;V10].
OxoHYaTeNhHO, C YYETOM 00JIaCTH JOIYCTHMBIX 3HAYCHUI [I0Jy4aeM OTBeT:
r e [—v10; =3) U (2; v 10].
IIpumep 8. Pemure HepaBeHCTBO:
11
(z-9)
r—3

Pemenne. BHOBb HauHeM c¢ onpezienieHus: 00JIacT JOMYCTUMbBIX 3HAUEHU !
2
xt — 12x 4+ 27 > 0,
.yt
(z—9)
r—3 >0
Ha MHOXecTBE MONyCTUMBIX 3HAYEHHM HEpPAaBEHCTBA IPOBOJAMM PAaBHOCUIIBHBIE
npeoOpa3oBaHus:

11 -logg(x — 9)(x — 3) — logg

11 - loggy (7% — 122 4 27) < 12 + log

S x e (—oo;3)U (9 +00).

r—3
x—3

< 12

logg [(z — 9)"(z — 3)'] —logg

{T- o 3}12[2__ o 9}11
(z — o)1

Ilocne cokpamieHuss M mepexoia K paBHOCWIBHOMY II0 TEOpeMe€ 2 HEpaBEHCTBY
HOJTy4aeM:

(z-3)2 <9< 9<r-3<9< xe|[-612.

C ydyeToM 00J1acTH JOMYCTUMBIX 3HaYEHUH TTOJTydaeM OKOHUYATEITbHBIN OTBET:

< 12

logg < logg 912,
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€ [—6:3) U (9:12].
I'IpnMep 9. PCH_II/ITC norapHQ)MHqCCKoe HEPABEHCTBO:
log.. [:r + 322 + 2x) < 2.

Pemenne. O0nacTp OMYCTUMBIX 3HAYCHHW HEPABEHCTBA OIPEACTSETCS CIETYIOIIeh
CHUCTEMOI:

r+1>0,
r+1#1, = x € (0;400).
rix+1)(x+2) =0

BunHo, 4To B 00NacTH JOMYCTUMBIX 3HAYEHUH BBIPAXEHHE, CTOSIICe B OCHOBAHHUH

norapudma, Bceraa 0oJblIe eIUHUIBI, 2 TOTOMY PaBHOCHIIBHBIM 110 Teopeme 2 OyJeT nepexos K
CJIGI[yIOH.IeMy HepaBeHCTBy

2 —|—3:r —|—2:r~:?i:r —|—2:r—|—1-<:}:r —|—2:r —-1<0=
(z+1) (2’ +2-1) <0

1++5 vh—1

r€| -0 ——F— U | -1

2 2

C Y4€TOM obnactu AO0ITyCTHUMBbIX 3HAYCHH I [moJydacmM OKOHYATEIbHBIA OTBET:

V5 —1
2

IIpumep 10. Pemnte HEpaBeHCTBO:

2logy(x? — 4x)

x e |0

< 1.
log, x? -
Pemenue.
O6J'I3.CTB ,[[OHYCTI/IMLIX 3Ha‘leHI/II/I HepaBeHCTBa OHpe,[[eHHeTCH CI/ICTCMOI/I HepaBeHCTB
—4x =0,
22 >0, S axe(—oo—1)U(-1;0)U(4; +0).

22 # 1

I cnoco6. Bocnons3yemess gopmyinoil mepexoga K HOBOMY OCHOBAaHHIO jorapupma u
nepenem K paBHOCI/IHBHOMy B 00J1aCTH JOTTYCTUMBIX 3HAUEHUN HEPABEHCTBY:

lnmg{ ——l:r} < 1.
HepaseHnctBo 6YI[CT PAaBHOCUJIBHO IBYM CUCTEMaM. HepBOﬁ:
x e (—1;0), re (—1:0),
2 402< .2 V.2 .
(x° —4dx)” =z x r(x —d){x—3) =0
€ (—1;0).
W Bropoii:
x € (—o0;—1)U (45 +00),

:1“.2{:11—0}{:1“.—3}5;0 & x e (4;5].

Hrak, okoHUYaTEeIbHBII OTBET:

xre (—1;0)u(4;5].
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II cnmoco06. Pemaem merogom natepBaiioB. [IpeoOpa3yem HEPABEHCTBO K BHY:

2logs(z? — 4z) — logs 22

5 el |
logq x
Borarenm 3 snamenarens 1083 1 310 miero ne M3MEHUT, MOCKOJIBKY logg 1= 0.
logg (22 — 4a)? — logg 2 <0
logg r2 — logg 1 A
C y4eToM TOro, 4YTO BBIPAKEHHUS logg f —logz g ul —9— OJTHOTO 3HaKa

npu f g = D.- B 00JacTH JAONMYCTHUMBIX 3HAYCHUH MMEET MECTO CIICAYIOUIMHA PaBHOCHIIbHBIN
NEPEXOLL:

(2% — 4x)? — 22

71 < 0&

I —_—
{:1:2—51:}{:1:2—3:1:}{0

2 —1 o

o 0 - &

-1 0 1 2 3 4 5
MHOX€ECTBO pelIeHUI JaHHOTO HEPABEHCTBA

Wraxk, * € (-1 1) U [3' 5] 'a ¢ y4eToM 00JIaCTH JOMYCTHMBIX 3HAUEHHUH Hoydyaem

x e (—1;0) U (4;5].

TOT K€ pPe3yJbTAaT:

Pemenue 3ananuii:

Nel. Pemuth ypaBHeHHUS:

log,(2x + 1) =log, 3 + 1:
log.2—1= —log,(5— x):
~log;(3x —2) = 3:

logp<(3x — 1) = —3;

2log; 2 —logz(x — 1) =14 log; 5;

=)

. log.(x —1) =log,; 2 +log- 3;
. log:(2x — 1) — log: 16 = 5:

|
=]

L]

Cg(5x+2) = %lgSEr +1g2;

N S |
o

 logix —5logyax +4=0;
10.lg°x =3 —2lgx.

L

Ne2. Pemuth ypaBHEHHUS:

Dig(x+4)-lg (x — 3)=1g 8;
Dlg(x+2)—1gb=1g (x — 6);
Dig(x—-2)+1gx=1g 8&;

A)lg Jx — 7 +1g J3x — 8 = 1;
5) log, (x + 10) = 2;

6)log, 2 + log, 3= 1.

No3. Peminth HEpaBEHCTBA:
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4. log. {18x-2}20

l;)"

log,, x +log,,(x—-19) <1

IpakTnyeckas padora Nel7
Tema 3.7 Jlorapudmsl B mpupo/ie U TEXHUKE
Heab: Hayuntbces BBISBIATH MPOSBICHUE TOTapU(PMUUECKON CIIUPAIN B IPUPOIE.

Teopernyeckasi 4acCTh:

Ha npotspxennn 16 Beka GBICTPO BO3PACTANIO KOJUYECTBO MPUOIMKEHHBIX BBIYHCICHUH,
Opexzae BCero, B acCTPOHOMHMHM. MHorue paboThl TpeOOBalIM KOJOCCAIbHBIX, WHOI/A
MHOTOJIETHUX, pacyeToB. ACTpOHOMaM TIpO3Wjia pealbHas ONAcCHOCTh YTOHYTh B
HEBBINOJIHEHHBIX pacuerax.
Torna MmareMaTHKH JUTst 00JIeTYSHUsT BEIYUCICHUH puyManu Jorapudmel. 1 B 1614 roxy Obutu
ONnyOJMKOBAaHbl ~ IepBble  JiorapudMuyeckue TaOJIMIBl, COCTABICHHbIE  IIOTIAHICKUM
matematukoM Jlxonom Henepom (1550-1617), onu Bepoit u mpaBaoi CIyKUIM aCTpOHOMaM U
WHXXEHEpaM, Ie0JIe3UCTaM U MOPsIKaM, COKpaIllasi BpeMsl Ha BBIYUCIICHUS.

Psn sBneHuit npupo/ipl MOMOTaeT OnucaTh UMEHHO Jorapudmuueckas 3aBUCUMOCTb. Jliis
COCTaBJIGHUS] MaTeMaTH4YeCKOM MOJENN TOTrO0 WJIM HWHOTO SBJIEHUS YacTo oOpamiarTcs K
norapupmuueckoir GyHkiuu. OgHUM U3 HanboJiee HATJISIHBIX MPUMEPOB TAKOTO OOpaleHus
ABJISIETCA JJorapugmuueckas cnupais. Jlorapupmudeckas civpaib — 3TO MI0CKas KpUBast TUHUS
MHOTOKpaTHO 00XO/111ast OIHY U3 TOYEK Ha IJIOCKOCTH.

I'ne :xe npuMensiroTcs aorapupmoi?

IIpumeHeHne B aCTPOHOMMUH.

B actpoHoMuu norapu@msl UMEIOT O4E€Hb OOLIMPHOE pacrpocTpaHeHHue. B 3Toil Hayke
3a/leficTBOBaHbl O4eHb Oouybline MaciTadbl. [lo jmorapudmuueckum crnupansM 3aKpyyeHbI
MHOTME TaJaKTUKH, B 4YacCTHOCTH ['‘ajlakTWKa, KOTOPOH MNPUHAMIEKHUT COJIHEYHAs CHCTEMA.
ACTpPOHOMBI pacHpeneNsitoT 3Be3Abl 0 CTENEHSM BHUIUMOM SPKOCTM Ha CBETWUJIA MEpPBOU
BEJIMYMHBI, BTOPOW BENWYMHBI, TpeTbedl U T.A. IlocienoBarenbHble 3BE3HBIE BEIUYMHBI
BOCIPUHUMAIOTCS TJIa30M, KaK WieHbl apupmerndeckoil nporpeccun. Ho ¢usnueckas spkocTh
UX M3MEHSETCS 10 WHOMY 3aKOHY: OOBEKTHUBHBIE SIPKOCTH COCTABISIOT TE€OMETPUYECKYIO
IIPOTPECCUI0 CO 3HameHareneM 2,5. JIerko MOHATh, YTO «BEIMYHMHA» 3BE3/bl INPEICTaBISAET
coOoif He YTO WHOe, Kak Jorapugm ee Qgusmueckoil spkocTH. [IpakTHuecku Kaxaas BTOpas
dbopMysia B aCTpOHOMHUH, acTpo(pu3uKe M JPYrHMX NEPEeKpecTHBIX Haykax He oOxonsarcs Oe3
Jorapudma.

IIpuMeHeHnne B OMOJI0THH.

PakoBUHBI MHOTMX MOJUTIOCKOB, YJIMTOK, a TakXe pora apxapoB (TOpHbBIE KO3IIbI),
3aKpydYeHbl MO Jorapupmudeckoit cnupanu. [lo morapudmuyeckord crnupaid OdepyeHBI HE
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TONIbKO pakoBuHBL [layk smeiipa, cruieras mayTHHY, 3aKpy4yMBaeT HUTH BOKpPYT LIEHTpa IO
JOTapu(PMHUUECKUM CIIHPATISIM.

IIpumeHeHnune B My3bIKe

Korna My3bIkaHT Urpaer Ha posisie, COOCTBEHHO TOBOpS, OH UrpaeT Ha jorapudmax. Tax
Ha3bIBaEMble «CTYNEHH» TEMIEPUPOBAHHON XPOMATHYECKOW TaMMbl MPEICTABISIOT COOOM
J0rapupMbl ITUX BEJIMYHH. OcHoBaHue ITUX JorapugpmMoB paBHO 2.
Homepa knaBummed posuis MNPEACTaBISAIOT co0o0iM  Jorapudmbl  4yucen — KoyieOaHUM
COOTBETCTBYIOIINX 3BYKOB (YMHOKEHHbIE Ha 12). MbI 1a)ke MOXKEM CKazaTh, YTO HOMEP OKTaBbl
MpeJICTaBIsIeT cOOO0M LeTyt0 YacTh (XapakTepUCTUKY) Jiorapudma ymciia KojaebaHuid 3Toro ToHa,
a HOMEp 3ByKa B JaHHOH OKTaBe, JeNeHHBbIH Ha 12 — apoOHYI0 4acTh (MaHTHCCY) 3TOTO
norapudma.

IIpumeHeHne B ICUXO0JIOTHH.

I'pomMKkoOCTh 3ByKa HM3MEpSAIOT B Jelubenax, KOTOpble MPONOPHUOHAIBHBI JIOTapu(pmy
MOIITHOCTH 3BYyKa, BO3JCHCTBYIOIIETO0 Ha yX0. YMHoTpeOleHue JOorapu(pMUYECKHX IIKall
MPOJUKTOBAHO OCOOCHHOCTSIMU HAILIMX OPraHOB YYBCTB: 3pPEHMs, ClIyXa U T.A. YernoBeueckuit
MO3I' BOCIHPHUHMMAET pa3gpak€HUsT OT OpraHoB UYyBCTB HE MPOINOPLUOHAIBHO CHIIE
pa3apaxuTenid, a JUIIb NPOMOPIHOHANIBHO ee Jorapudmy. MIMEeHHO mo3TOMY yXO OAMHAKOBO
CIIOCOOHO CIIBIIIATh HIOPOX JIMCTHEB U HE OIJIOXHYTh OT IPOMKOIO yjJapa CTaHKa Ha 3aBoje. A
IJ1a3 MOXET 3aMETHTh, KaK OJIECTUT CHET Ha CBETY U HE OCJEMHYTh, €clii TocMOTpUT Ha CouHile,
KOTOpO€ B MHWUIMApIABl pa3 sipye. OmnmcaHHBIC BBHIIIE CBEACHHUS OOBEIUHSIOTCS 3aKOHOM
NCUXO(U3NKH, YCTaHOBICHHbIM MexHepoM, KOTOpBI TOBOPUT, UYTO Mepa OILIYIIEHUs
POTIOPIMOHATIBHAS JOTapU(PMy BEINIHHBI pa3apakeHusl.

IIpumeHeHne B CeJILCKOM XO03sIliCTBe

Kak oka3zanoch, U B CEIBCKOM XO3SHCTBE HE 0OomuIoCh 0e3 yiorapudpmoB. Hampumep,
HCCIIEIOBAB POXKJIEHUE TENAT, OKa3ajioCh, YTO HMX BEC MOXKHO BBIYHCIATH U C MOMOIIBIO
norapudmoB.

Ob6nacTh mHpUMEHEHHs JIOTapU(MOB HE OrPAaHUYHMBACTCS JIUIIb PACCMOTPEHHBIMHU
HayKaMH, TAK)K€ OHAa UTPAET BaXKHYIO pOJib B TUTEpaType, MHPOpMaTHKE, HCTOPUU, PUCOBAHUU U
MHOTUX Apyrux. Jlorapudpmuueckas GyHKIUS TaeT HAM BO3MOXHOCTH MO-APYrOMY B3TJISHYTH
Ha MacIITa0HbIE TPOIIECCHl, MPOMCXOASIIME B OrPOMHBIX IPOCTPAHCTBAX W BPEMEHHBIX
WHTEpBaJiaX JUIsi TIOHUMaHUS U OCMBICTICHHSI 001l KapTHHBI.

Pemenne 3aganmii:
Nel. IlpuBenure mpuMephl MPOSBIEHUS JOrapu(PMUUYECKON CIUpad B OKpPYXKaroIleM
MHUpe.

v

No2. B HawanbHBIF MOMEHT BpeMeHH ObLII0 8 OakTepmii. Uepes 2 yaca mocie moMemneHus
OakTepuil B MUTATENbHYIO Cpeay, MX uucio Bo3pocio 1o 100. Yepe3 CKOIBKO BpEeMEHH C
MOMEHTa pa3MEIIEeHUs B MUTATEIbHYIO Cpey ciaeayeT oxuaarh nosisienus 500 Oakrepuii?

Pemenue.

Jlist penieHust TaHHOW 3aa49H, HE0OXOAUMO BCIIOMHHUTH TMIOHSTHS CKOPOCTH M YCKOPEHHUS.
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. Brino -8
MSMEHEHWE. ~ . 4o } ==8*=100==> x= Iggsloﬂ

=> IGQSIOO — KOHEYHOE 3HaYeHWe CKOpPOCTH pacnpoCTpaHeHWA ﬁEK"EpHE] Nnpu NEPEOM U3MEHEHWM -
VKD[—(.l.

. Beino -8
ZUSMEHEHUME. . =nn } =2 8Y = 500 == y= Iog85OU

== logy 100 —koHeyHoe sHaYEHWE CKOPOCTI pacnpocTpaHeHns GakTepuit Npi BTOPOM M3MEHEHWM -

V,

KOH.2.

[lepeiinem k HaTypaiabHOMY OCHOBAHHIO JIOrapu(MOB, AJs TOrO, YTOOBI MOKHO OBLIO
BOCTIOJIb30BAThCS TAOIMYHBIME 3HAYCHUSIMHU:
In100—n8 I[n500—-In8

2«In8 t*In8
. 2 * (In500—In 8)
1= 100

In (75~

OrtBeT: npubau3uTenbHO 3 yaca 15 MUHYT.

IIpakTnyeckas padora Nel8
Tema 3.7 Jlorapudmbl B mpUpo/ie U TEXHUKE
Heab: Hayuntbes ucnonb3oBath Jorapu@mbl B peICHUH MPUKIAJAHBIX 3a/1a4.

Teopernyeckas 4acThb:

Jlorapumuueckne (GYHKIUU  pacHpOCTPaHEHbl YPE3BbIYAHO HIMPOKO Kak B
MaTEMaTHKE, TAK U B €CTECTBEHHBIX HayKax. IIpuBenéM HECKOIBKO NPUMEPOB MCIOIb30BAHUS
norapu(MoB B pa3HOOOPA3HBIX HAYKaX.

B craTucTuke U TeOpUM BEpOATHOCTEH JIOrapu(mM BXOIUT B PsJl MPAKTUYECKH Ba’KHBIX
BEPOATHOCTHBIX pacmpeneneHuil. Hanmpumep, norapudmuueckoe pacnpezesneHue HUCIob3yeTcs
B reHeTuke U (usuke. JIorHopManbHOE pacnpesieIeHne YacTo BCTpEeYaeTcs B CUTyalUsaX, Korjia
ucciieyeMas BEIMYMHA €CThb IPOU3BEICHHE HECKOJbKUX HE3aBUCHUMBIX IOJIOKHTEIbHbIX
CIIy4alHbIX IEPEMEHHBIX.

3akon bendopna («3akoH mnepBod UHUPPBD) OMUCHIBAET BEPOSTHOCTH IOSBIICHUS
orpeieN€HHON NepBoil 3Havalel Hupbl NPU U3MEPEHUN PEATbHBIX BEJIMYHH.

JUis OLEHKHM HEW3BECTHOIO IMapamerpa IIMPOKO MPUMEHSIOTCS METOJ MaKCUMaJbHOIO
NPaBJOII0100Us M CBA3aHHAs C HUM JiorapudmMudeckas QyHKIHS IPaBIONOI00us.

QOuyKTyaluy Mpy ciay4yailHoM OJ1y>K/1aHUU ONKChIBaeT 3akoH XuH4YMHa-Koamoroposa.

B undopmaruke: eaununa usmepenus uHpopmanuu (6ut). Hampumep, 11 xpaHeHus B
KOMIIbIOTEpe HaTypaibHOro yucia N (B 0ObBIYHOM il KOMIIbIOTEpA ABOMYHOM (opmare)
nonanoourcs 10g2N + 1 6urtos.

WNudopmanionHas S3HTpOIUs — Mepa KoJIrudecTBa HHPOpMaInu.

OneHka acHMITOTHYECKON CIOXHOCTU PEKYPCUBHBIX QJITOPUTMOB, OCHOBAaHHBIX Ha
NPUHIMIIE «pa3feNsii W BIACTBYH» — TaKUX Kak ObICTpass COpPTHUPOBKA, OBICTpOE
npeoOpa3oBanue ypwe U T. II.

OOBIYHO ~ YMCIIOBBIE  3HAYEHUS  XpaHATCS B MaMsITH  KOMIIbIOTepa WU
CHeLMaIU3UpPOBAHHOrO TMpoleccopa B (opmaTe ¢ MUaBaromiedt 3amsroil. Ecmu, onnako,
CJIO)KEHHE W BbIUWTAHUE JJISl TPYMIBI JaHHBIX BBIMOJIHIIOTCS PEIKO, a YMHOXEHHE, JeJIEHUE,
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BO3BEJCHHUE B CTEIIEHb M U3BJIEYEHUE KOPHS — rOpa3Jo 4Yalle, TOrJa UMEET CMBICT PACCMOTPETh
BO3MOXXHOCTh XpPaHCHHsI TAKHX JAaHHBIX B jorapudmuyeckom gopmare. B aTom ciaydae BMecTo
YHClla XpaHUTCA JIorapudM ero MOIyJsl U 3HaK, U CKOPOCTh BBIUMCICHUM OJarogapsi cBOMCTBaM
jgorapupmMa 3HAYUTEIBHO TOBbImaercs. Jlorapudmuueckuid ¢dopmar XpaHeHHS  ObLI
UCIIOJIb30BaH B HECKOJIBKMX CHUCTEMaX, Iie JoKa3aj cBO () (PeKTUBHOCTD

[Ipuaiun bosibiiMaHa B CTaTHCTUYECKOW TEPMOJAMHAMHUKE — OJHA W3 BAXKHEHIIUX
GyHKIUI  COCTOSHUS TEpPMOAMHAMMYECKON CHCTEMbI, XapaKTepHU3ylollas CTEleHb ¢
XAOTHUYHOCTH.

®opmyna LIMOIKOBCKOro NpuUMEHSETCs JUIsl pacyéTa CKOPOCTU PAKETHI.

VpaBuenue HepHcra CBS3bIBa€T  OKHUCIUTEIbHO-BOCCTAHOBUTENBHBIA — MMOTEHIIMAI
CHUCTEMBI C aKTUBHOCTSIMHU BEILIECTB, BXOJAIIUX B 3JEKTPOXMMHYECKOE YPAaBHEHHE, a TaKXKE CO
CTaHJAPTHBIMU 3JIEKTPOIHBIMU MOTEHIIMATIAMH OKHCIUTEIbHO-BOCCTAHOBUTEIBHBIX Tap.

Jlorapudm ucnonb3yercs B ONpeleieHUsIX TaKUX BEIMYMH, KaK MOKa3aTellb KOHCTAHThI
aBTONPOTONM3a (CAMOMOHHU3ALUKM MOJIEKYJB) W BOJOPOAHBIA IOKa3aTelb (KUCIOTHOCTU
pacTBoOpa).

Jlorapugmuyeckasi ciupaiib MepPeceKaeT CBOM PauyC-BEKTOPHI MO/ IOCTOSHHBIM YTIJIOM.
Ha ocHOBaHuU 3TOT0 €€ Ha3bIBalOT PaBHOYTOJIbHOM. DTO CBOMCTBO HAXOAUT CBOE IPUMEHEHHUE B
TeXHHUKE. Jle10 B TOM, YTO B TEXHUKE YacTO NPHUMEHSIOTCS Bpawarouiecss Hoxu. Cuna c
KOTOpPOW OHHM JaBAT Ha pa3pe3aeMblil MaTepual, 3aBUCUT OT yIJla Pe3aHus, T.. YIJIa MEXAY
JIe3BUEM HOKa M HANpaBICHUEM CKOPOCTH BpalleHHUs. /(s MOCTOSIHHOrO AaBJIEHUS HYKHO,
YTOOBI YIOJl pe3aHusl COXPAHSI MOCTOSIHHOE 3HAUYEHUE, a 3TO OyAeT B TOM Cllydae, eclii JIe3BHUs
HOXKEM OuYepueHbl MO Ayre JiorapupMuyecKkol cnupanu. BennuunHa yriia pe3aHusi 3aBUCHUT OT
o0pabaTeIBaEMOT0 MaTepHaa.

B rupporexnuke mo norapuMUUECKOl crimpanu U3ruOarT TPyOy, MPOBOIAIIYIO MTOTOK
BOJBI K JiomacTsM TypOunbsl. brnaromaps takoit ¢popme TpyObl mOTEpH SHEPTrUU HA U3MEHEHHUE
HaIlpaBJICHUsI TEUCHUSI B TPyOE OKA3bIBAIOTCS MUHUMAJIBHBIMUA M HAIOp BOJABI HCHOJB3YETCS C
MaKCUMaJlbHOU MPOU3BOJUTEIBHOCTHIO.

Haxxumass Ha KJIaBUIIM COBPEMEHHOTO pOSUIs, MBI, MOXHO CKaszaTh, WrpaeM Ha
Jorapugpmax.

Pemienue 3axanmii:

Nel. Jlns oGorpeBa moMemeHMs, TemiepaTypa B KoTopom paBHa Tn= 20°C, uepes
pazMaTop OTONJIEHHMS, TIPONYCKAIOT TOpAYyl0 Boxy Temmeparypoii Ts= 100°C. Pacxon
npoxojsmiei yepe3 TpyOy Boael m = 0,2 kr/c. [Ipoxoas mo TpyOGe paccrosiHue X (M), Boaa
oXJaxxaaercs 10 Temmepatypsl T°C, mpu uém

cm l T. — T,
- -

X=a y 0g- T_T,

rae ¢ = 4200/ x/kr*C — TemI0eMKOCTh BOIBI

y =42 Br/m “°C— koodduuuent Tennoobmena

a=1,4 — mocrosiHHAsL.

Jlo kakoii Temmeparypbl (B rpamycax Llenbcusi) oxymaautcs BOAa, €CM JJIMHA TPYOBI

28 m?
(OtBert: 60°)

Ne2. Omnpenenutp mHpOpMalHIO, KOTOPYIO HeceT B ceOe OJUH CHMBOJI B KOAMPOBKax
ASCII u Unicode.

Pemenue.

1) B andasute ASCII npenycmotpeHo 256 pa3nTu4HbIX CHMBOJIOB, T.€.

M =256, al=10g> 256 = 8 6ur = 1 GaiiT

Ortger: 1 Gaiir.
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2) B coBpemennoii komupoBke Unicode 3amokeHO Topaszmo OojbIlee KOJIUYECTBO
CHUMBOJIOB. B Hell onpeneneno 256 angaBUTHBIX CTpaHULL IO 256 CUMBOJIOB B KXKIOM.

Takum o6pazom:

| =log2 (256 * 256) = 8 + 8 = 16 Out = 2 Gaiita

Ortger: 2 Gaiira.

IIpakTnyeckas padora Nel9
Tema 3.8 KontpompHas pabora mo pasgeny 3 «CreneHu u kopHH. CTemeHHas,
nokaszaresbHas U JorapupmMudeckas GyHKIUN
Heas: [IpoBepuTh ypoBEeHb YCBOEHHS JAHHOTO Marepuana mo pasueny 3 «CreneHu u
kopHH. CTeneHHas, mokasareyibHast 1 Jjorapumuaeckast QyHKIAN

Ilpu pewenuu 3adanun 1-4 3anuwiume npaguibHbLIL OmeEem U3 uyemplpex
npeo10HCceHHbIX.

1. Meskay KaKAMH JIBYMs HATyPalbHBIMH YHCIAMH HAXOXUTCS dncio v/19?
a) 19 u 20; B) 18 u 19;
0)2u3; r) 3 u 4.
2. OnpezienuTe KOpeHb ypaBHeHus x> = 125.
a) 3; B) —5;
0) —-3; r)5.

3 4
3. Pacnionoxxure B mopsijike BO3pacTaHus yucia: 2; V5 ; V17,

a) 2; V5; V17, B) V5;2; V17,

6) 2; V17; V5; r) V17;2; 5.
4. YMHOXas yMcia ¢ OJMHAKOBBIM OCHOBAaHMEM, X CTEIICHM:

a) JIeJIAT; B) CKJIaJIbIBAIOT;

0) YMHOXXAIOT; I') BBIYUTAIOT.

Ilpu e¢vinonnenuu 3ad0anuii 5-8 3anuuwiume x00 peuwieHusA u NOJIY4EeHHbLIL Omeent.
5. Haiinute xopeHb ypaBHenus: 372 — 5- 3% = 12,

6. OnpenenuTe 3HaUeHNE BRIpaxeHns logg 2 + logg 3 + 210824,
7. YKaKuTe HauMEHBIIEE [eNI0€ PelleHre HepaBeHcTsa: logs (6x — 4) > 2.
8. Haiinute Touky makcumyma pyuknuu y = 81In(x + 7) — 8x + 3.

Idmanonvt omeemoes:

Howmep 1 2 3 4 5 6 7 8
3aIaHHS
OtBeT b T B B 1 5 x > 2%
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IIpakTuyeckasi pa6ora Ne20
Tema 4.1 PaBHOCMIIBHOCTD ypaBHEHUN U HepaBeHCTB. OOIME METO/IbI PEIICHUS
Hean: HayuuTscs onpenensaTs paBHOCUIBHOCTh YPAaBHEHUN.

TeopeTnyeckast 4acThb:

Onpenenenue. /[Ba ypaBHeHHs ¢ 0 HON niepeMeHHOi f(X) = g(X) u p(x) = h(X) Ha3bIBaIOT
PaBHOCUJIIbHBIMHU, €CJIM MHOKECTBA UX KOPHEH COBIAJAOT.

WHpiMu crioBamM, /1Ba YpaBHEHHMS Ha3bIBAlOT PAaBHOCUJIBHBIMU, €CIM OHU HMEIOT
OJINHAKOBbIE KOPHU WJIM €clii 00a ypaBHEHHUS HE UMEIOT KOPHEH.

IIpumepsl

1) VpaBuenms ¥ — 3 = 2x+ 3M 2X =6 pagHocHibHBL, T.K. KaKIOE M3 HHUX HMEET
TOJIBKO OJINH KOPEHb X=3.

2) Vpasuenus (X~ 2)(x+5)=0 ux'+3x—10=0

TAaK)K€ PaBHOCHIBHBI, T.K. Yy HHX
OJIHU U T€ k€ KOPHU *1 = 2,3 =5

3) A BOT ypaBHeHus 3X=6H 4x* =16 pe PAaBHOCUIIBHBI, IIOTOMY 4YTO Yy II€PBOIO
YPaBHEHMsI KOPEHb X=2, a Y BTOPOI'0 YPaBHEHUs B KOPHA X=2 U X=-2.

W3 onpenenenuss paBHOCUJIBHOCTH CIEAYET, YTO JBa YPABHEHMsI PaBHOCUJIbHBI, €CIIU
KaX/1blii KOPEHb MIEPBOT0 YPaBHEHHUS SIBJISIETCS KOPHEM BTOPOr0 ypaBHEHHs, 1 HA000POT.

Pemrenne ypaBHeHusl ocylecTBJIsieTcsl B TPH 3Tamna.

IlepBblif 3Tam — TexHuueckuil. Ha 3ToM sTame ocylecTBiAOT IpeoOpa3oBaHUs MO
cxeme (1) = (2) — (3)— (4) — ... ¥ HAXOAAT KOPHU MOCIEAHETO (CaMOTr0 MPOCTOI0) YpaBHEHUS
YKa3aHHOH LIETIOYKH.

Bropoii sran — ananu3 pemenus. Ha 3Tom 3Tame, aHaiM3upys MNPOBEICHHBIE
npeoOpa3oBaHus, OTBEUAOT Ha BONPOC, BCE JIM OHU ObUIM PABHOCUIIbHBIMHU.

Tperunii 3Tran — nposepka. Eciau ananu3s, npoBEeICHHBI HA BTOPOM JTalle, IT0Ka3bIBaCT,
4YTO HEKOTOpPble MPeoOpa30oBaHUsl MOIJIM MPHUBECTU K YPABHEHUIO-CIIEACTBUIO, TO 00s3aTenbHa
IIPOBEPKA BCEX HANIECHHBIX KOPHEHN MX ITOACTAHOBKOM B UCXOJHOE YPAaBHEHHUE.

Peasmm3anms 3T0ro mjiaHa cBsi3aHa ¢ MOMCKAMHU OTBETOB HA YeThIpe BONPOCca.

o Kak y3Harb, sBIs€TCS M MEPEX0] OT OJHOTO YpPaBHEHMS K APYroMy PaBHOCHUIIBHBIM
npeoOpazoBaHrueM?

o Kakue mnpeoOpa3oBaHMsi MOTyT TI€pEBECTHM JAHHOE YpaBHEHHE B YypaBHEHHE-
ciencreue?

e Eciiu MBI B KOHEUHOM WTOI€ pEIIWIM YpaBHEHHE-CIEACTBHE, TO KaK CHelaTh
IIPOBEPKY B Cilyyae, KOIZla OHA CONPSDKEHA CO 3HAUUTEJIBHBIMU  BBIYMCIUTEIBHBIMU
TpyaHOCTAMU?

e B kakux ciydasx npu nepexojie OT OJAHOIO YpaBHEHMS K APYTOMY MOKET IPOU30UTH
1oTepsi KOpHEN U KaK 3TOro He I0IMYCTUTh?

W3 xypca cpenHelt HIKOIbl MbI 3HA€M, YTO MOXKHO C/IeJaTh cleayrolue nmpeodpa3oBaHus
YpaBHEHUM: JTIO00W WIEH ypaBHEHUS MOKHO NIEPEHECTH U3 OJIHOM YacTH B APYTYIO, U3BMEHUB €ro
3HAK Ha MIPOTHUBOMOJIOKHBIMH.

O0e yacTu ypaBHEHHsI MOKHO YMHOXXHTH WJIM Pa3/ieMTh HA OJHOM M TO K€ YHCIO, He
paBHOE HYIIIO.

Ecnu pu nepexozne oT OAHOIO ypaBHEHUS K IPyroMy NOTEpU KOPHEW HE IPOUCXOAUT, TO
BTOpPOE ypaBHEHUE HA3bIBAET CIIEJICTBUEM MEPBOro ypaBHeHUs. lHaue, eciu Bce KOPHU MEPBOTO
YPaBHEHHUs SBISIIOTCS KOPHSAMHM BTOPOTO YpaBHEHHs, TO BTOPOE YpPAaBHEHUS Ha3bIBAETCS
CJIEJICTBUEM TIEPBOT0 YpaBHEHUSI.

W3 aToro onpenenenus u onpeaeacHus paBHOCWIBHOCTH YPAaBHEHUH CIIEly€eT, 4TO:

1. ecnu Ba ypaBHEHUS PaBHOCUJIbHBI, TO KaX10€ U3 HUX SBIISETCS CIEIACTBUEM JIPYrOro;

2. eciy KaXJ0€ U3 JIBYX YPaBHEHUIl SIBJISETCS CIEICTBHEM JPYroro, TO 3TH YPaBHEHUS
PaBHOCUJIbHBI.
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[Ipn pemieHun ypaBHEHHMIl IJIaBHOE- HE TMOTEPSATh KOPHHU, a HAJM4YHe MOCTOPOHHUX
KOpHEH MOXHO YCTaHOBHUTb MpoBepkol. I[loaTomMy BaXHO CJEIUTH 3a TEM, YTOOBI TNpHU
peoOpa3oBaHNU yPAaBHEHUS KaXI0¢€ Cleylollee ypaBHEeHHE ObLIO CIEACTBUEM MPEABLIYIIETO.

CTOUT OTMETUTH, YTO TMIOCTOPOHHHUE KOPHU MOTYT MOJIYYUTHCS TMPU YMHOKEHUU 00X
yacTell ypaBHEHHsI Ha BbIpaXCHHE, cojeprkalllee HEeHW3BECTHOE; a BOT IOTepsi KOpHEHl MoKeT
MIPOU30UTH MPH JICTICHUH 00€UX YacTell ypaBHEHHSI Ha BRIpKEHHE, COIepIKAIEe HEU3BECTHOE.

Utak, chopmynrpyeM OCHOBHBIE TEOPEMbI, KOTOPbIE MCIOJNB3YIOTCS MpPU PEIHICHUU
PaBHOCUIIBHBIX YPaBHEHHIA:

Onpenenenne. O6nacteio onpenenenus ypaBHenus f(x) = g(x) wuiam 00JacThiO
JOMYCTUMBIX 3HaueHud tniepemenHodt (OJ13) Ha3bIBalOT MHOXKECTBO TEX 3HAYCHUU
MIEPEMEHHOM X, IPU KOTOPBIX OJJHOBPEMEHHO UMEIOT CMbICH BbIpaxkeHus f(X) u g(x).

Teopema 1. Eciiu kakoi-1100 uieH ypaBHEHUS MIEPEHECTH U3 OJIHOM YacTH ypaBHEHUS B
JIPYTYIO C TPOTUBOMOIOKHBIM 3HAKOM, TO MOJIYYUTCSl ypaBHEHUE, PABHOCUIIbHOE TAHHOMY .

Teopema 2. Ecnu 00e yacTi ypaBHEHUSI BO3BECTH B OJIHY U TYKE HEUETHYIO CTCIICHbB, TO
MOJIYYUTCSl ypaBHEHUE, PABHOCUILHOE JAHHOMY.

Teopema 3. [Tokasarenshoe ypashenue @ % = a?™) (rre 2 > 0, a1)

paBHOCUIIBHO ypaBHEeHHMIO f(X) = g(x).

Teopema 4. Ecnmu o6e yactu ypaBHeHus f(x) = g(X) YMHOXHUTh Ha OJHO M TO K€
BeIpakeHue h(x), koTopoe:

a) UMEET CMBICII BCIOJy B 00JIacTH ompejaesieHus (B 00JacTH JOMYCTUMBIX 3HAYCHHI )
ypaBHeHus f(x) = g(x)

0) HurAe B ATOM oOyacth He obOpamaercs B 0, To mosydutcs ypaBHeHue f(x)h(x) =
g(x)h(x), paBHocwibHOE 1aHHOMY B ero O/13.

CaencrBueMm Teopembl 4: eciu 00e YacTU ypaBHEHHs] YMHOXUTh WJIM Pa3AeIUTh Ha
OJIHO | TO K€ OTIIMYHOE OT HYJIS YHUCJI0, TO TIOIYUUTCS YPaBHEHUE, PABHOCHILHOE TAHHOMY .

Teopema 5. Eciiu 06e wactu ypaBHenus f(x)=g(x) neorpunareiabusl B O/3 ypaBHeHus,
TO TIOCTIE BO3BEICHHS OOEUX €ro 4YacTedl B OAHY M Ty K€ UYETHYIO CTEICHb N TMOJyYIHTCS

ypaBHEHUE (fG))™ = (g(x))™ paBHOCWIIBHOE TaHHOMY B ero O/13.
Kparkas 3anuce Teopem 4, 5.
4. f(xX) = g(x) ©h(x)f(x) = h(x)g(x), rae h(x) £0
u h(x) umeet cmbicn B O/I3 naHHOTO ypaBHEHHUS.
5. f(x) = g(x) & EEN" =" | e f(x)>0, g(x)>0
u n=2k (u€THOE uncmno).
Hanpumep, x —1=3;x=4
VYMHOKUM 00€ YacTH Ha (X — 2):
(x—=2)(x—-1)=3(x—-2); x=4u X =2 — IOCTOPOHHUI KOPEHb= NMPOBepKa!
PaBHOCHJIBHOCTH HEPABEHCTB C HEU3BECTHBIM OIPEEIISETCS aHAIOTUIHO.
HepaBenctBa, wuMeromme OJHO M TO JK€ MHOXECTBO pEUICHHUH, Ha3bIBAIOT
paBHOCWIBHBIMU. HepaBeHCTBa, HE MMEIOIIUE PEIICHHUH, TAK)KEe SBISIFOTCS PABHOCHIBHBIMHU.

Pemenne 3aganmii:
IIpumep 1.
o=y —
Pemmm ypaBHenue: V¥ =X~ 2
Bo3sBeneM B kBasipaT 00€ yaCTH ypaBHEHHUS, TOTYyUUM:
— _ 2
x={x—-2)° KOTOpo€ He OyJeT PaBHOCUJIBHO HMCXOJHOMY YpPaBHEHHIO, MOTOMY 4YTO Y
3TOTO ypaBHeHHMs gBa KopHsa ¥1 = L,X2 =4 a3 y mepBoHaYanbHOTO ypaBHEHHS TONBKO OJHH
KOpEHb X=4.
Ipumep 2.
x—3
—— =<0
1. HepaBencra ¥~ + 1 n x-3<0 paBHOCHJIBHBI, TaK KaK HMEIOT OJHO H TO K€
MHOECTBO pelIeHui X<3.
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2x
2. HepaBenctBa x — 1 n 2x>X-1 He paBHOCWIBHBI, TaK KaK PELICHUSIMH IEPBOTO
ABJISIIOTCA uncna Xx<-1 m x>1, a pemenusamMu BToporo- uucia x>-1. [Ipu pemieHnn HepaBeHCTB
0OBIYHO JIaHHOE HEPaBEHCTBO MPEeoOpa3yeTcs B eMy PaBHOCUIIBHOE.

Nel.
Euifiepy pARHOCHNLHLIE YPABHEHWA,
a dr=0G=9n7-1,2x=1
T 1

6§ —l=r=du—==—=
[ i

B (r—1)z+2)=0ujz+1)z—2)=0
r (2r—18)(4,2+40,7z) = 0w (dz + 30)(54 —6z) =0

T
A (2z—1)—(z+3)=zu _1=E]
I
T
e l{?r—lj—{;{:—ﬁj=:-:—*1ﬁ£1 =1

Ne2. Haiiti yHKIMIO, 0OpaTHYIO K JaHHO#: a) y =—3Xx +2;6) y =2 — x°
Ne3. BbIsICHUTH paBHOCWIIBHBI JIU YPAaBHEHUS:
a)2x?-9x-5=0ux(6x —13)=14x +15
0)5x*+4x—-1=0umx(2x +11)=-6-x%x2
Ne4. Pemnth ypaBHEHHUE:
3 4x-1_x'+5
a)x-1 x+1 x*-1
x+2 3+4x _2(x-2)

6) X~ 2 XP- 4 x+2

IIpakTyeckas padora Ne2l
Tema 4.2 YpaBHEHUS 1 HEPABEHCTBA C MOJTyJIEM
Heanb: Hayuntbes pemats ypaBHEHUS U HEPABEHCTBA, COJEPIKAIIME 3HAK MOTYJIS.

TeopeTnyeckasi 4acTh:

[‘I. Pewenune ypagHeHui u HE‘paBEHCI’Bj

COAEPKALLMX 3HAK MOY A

€ MCIOALI0BAHREN no obmei cxeme

0 OIPETe.

reomMmerTp Li]

|a|=10, ecima=0,
—a, ecama <0,

1. | (x)] =a.
2.7 (=) =g =]
3.|f(x)| >a.
4.|f ()| <a.

o CMBICHA MO/LyH 1. Haiira OJ13.
| a| — pacemosnue na 2. HajiTh ByaHm Bcex
HUCADE0I NPAMOIL Om ODOAMOLYALHLX
a, eca a > 0, maoyuru O do moyku a. ymupmii,

3. OrmeTHTE HyAH Ha

013 m paztuars 013
HA NPpOMEeYTHH.

. Hajith pemenme B

KAMIOM HPOMEKYTES
(W NpoBEPHTH, BXOIHT
AH 3T0 pemeHHEe B
paccMaTpHBaeM bk
OPOMERYTOR).

C HCNOJALIOBAHKEM
CIEIHANLHLIX COOTHOMSHNI
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2. Ucnonk3oBaHme reoMeTpuHeckoro cveicna mogyna (npua = 0)

|[t|=a |[t|=ua
| ¢ -ul |t] < a llrl - a
-a 0 a P
1.|,|F(-.] a & Filx) = a wom F(x) a.
2. | fix) | g (x) | &= Fix) = g(x) mam fix) £ (x).
3,|,|Ffl.] i &= Fx) < —a mau F(x)>a.
4. |f(x)| f(x) 1(0>~4,
B X i = —i X il =
[f(x)<a.
OBobujeHue

T [g(x)=0,
5. 11N =8@) &) o) wam 1(2)--g(®).

6. |fix)|> g(x) = fx)<—g(x) wan f(x) > g (x).
[f(x)>—g(x),

T |f(x)<g@es-g@<fo)<gx)= “{;){g[x).

3. Mcnonk3oBaHue cneumansHLIX CooTHOLEHMA

1. |u|=u=uz0.

2. |lu|=—u=us<o.

3. |u|=|v|eu=1.

4. |u|>|v|e=2 u?>v’. Torga |u|- |v|>0 < u® - v*>0;

FHak pasHocmu modynell deyx swpameHull cosnadaem co FHAKOM pas-
HOCMU UX KEA0pAmos.

:H}'}!
5. |u|+|u|=u+u<=1--;y}ﬂ‘
[us (),
6. |u,|+|u|=—u—v=rclug“.
7. Ju|+|v|=|lut+v|euv 0.
8. |u|l+|v|=lu-v|=2ur<o.
9. |x-a|+|x-b|=b-—a=2axx<braea<h.

OOBsacHEHNE U 000CHOBAHUE

Perrats m1000€ ypaBHEHHE WIIM HEPABEHCTBO, COJIEPIKAIllee 3HAK MOJYJISl, MOYKHO OJHUM
U3 TPEX OCHOBHBIX CITOCOOOB: IO OMPEACICHHUIO MOIYJISA, HCXOS M3 T€OMETPUUYCCKOTO CMBICIIA
MOJTYJIsl MUK TI0 0011eli cxeme. HekoTopbie ypaBHEHHUS WM HEPABEHCTBA C MOJIYJIEM MOTYT OBbITh
TaK)e PEIICHBI C UCIOJIb30BAHUEM CIIEIIHATBHBIX COOTHOIICHHH.

B 3aBHCHMOCTH OT BBIOPAHHOTO CIIOCO0A PELICHHS MOJyYaeM Pa3HbIC 3aIMCH PEIICHUS.

IIpumep 1. Pemnte ypaBaenue | 2x — 4 | = 6.

| crtoco6 (1o onpeeaIcHUI0 MOTYJIS)
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Pemenne KomMeHTapmid

1) Eciim 2x—4=0, (1) | Y1oObl pacKphiTh 3HAK MOIYIA IO

ONpelleleHHD,  PacCMOTPHM  [IBa
TO MOTy4YaeM ypaBHeHHe 2X — 4 = 0. | ciyyas:

Torma X = 5, 9TO0 VIOBISTBOPHAET I
VCIIOBHIO (1). 2x—4>0 H 2x—4<0

2) Ecnn 2x—-4<0, (2) |IIo OIpeIeIeHHID MOJIYIIEM
TOJIOAIITENIBHOTO (HeOTPHIATEIBHOIO )
TO TONy4aeM ypaBHeHHe —(2X —4) = 6. | qiicna sBAfeTcA caMo 3T0 9ICIO, 2
Torma x = —1, 9TO YIOBNETBOPAST H | MomyleM  OTPHIATENBHOIO  9IHCIA
VCIOBHIO (2). ABIAETICH  IPOTHBOIOINOXKHOE — €MY
qicno. IToatomy

OteeT: 5; —1.
npu2x—-4>0, [2x—4|=2x-4,a

mpu 2x— 4 <|0, [2x—4|=—(2x—4).

B KazI0M cIIydae pelaeM IoTydeHHoe
YpaBHEHIIE I BEIACHAEM,
VIOBNETBOpAET M  KaXKIBIH I3
HallIeHHEIX KOpHell TOMY VCIIOBHIO,
IIPH KOTOPOM MBI €70 HaXO0 IILIIL

Il cnoco6 (MCcmoap30BaHUE FreOMETPUYECKOIO CMBICIIA MOAYIIS)

Pemenne KomMmeHTapHid

2x—4=6 umum 2x—-4=-06, C reomeTpidecKkoil TOYKH 3peHHA
|2x — 4| — 3T0 paccTosHHe OT TOUKI 0
110 TOYKH 2X — 4.

2x=10 mwm 2x=-2, Ilo ycrnoBIro ypaBHEeHIA OHO PaBHO 6,
HO paccTofHHe 6 MOXKeT OBITh
OTJIO:KeHO oT 0 Kak BIPaBO (IIOIydIaem
X=35 wm x=-1. 4HCI0 6), TaK I BIEBO (IIOTyIasM JICIo
—6).

Taxum oOpazom, paBeHCTBO

OteeT: 5; 1. | 2x — 4 | = 6 BO3MOKHO TOT/1a I TOJIEKO
TOrHa, korga 2x—4=6mm2x 4=
—6.

3ameuanmue. [Ipu penicHUU ypaBHEHUSI C HCIOJIb30BAHUEM T'€OMETPUYECKOTO CMbICIIA
MOZYJISI 3HaK MOJYJIS PacKphIBAETCSl HESBHO, TO €CTh ONpEeliCHHe MOIYJS B SBHOM BUJE HE
PUMCHSIETCS.

OOmias cxema peleHHs: YpaBHEHHH M HEpPaBEHCTB, COAEPIKAIINX 3HAK MOIYIS — 3TO
(akTUYECKH HEMHOTO M3MEHEHHBIH METO]] MHTepPBaJIOB. [I0SICHUM coliepKaHue STON CXeMbl Ha
npuMepe ypaBHEHUs C IByMsI MOAYJISIMH BHA

[f I +1g ) =a (a>0).

YroOBl pemuTh 3TO ypaBHEHHE, HEOOXOIUMO PACKPHITh 3HAKH MOJIYJEH, a Ui 3TOTO
HeoOxoauMo 3HaTh, rhae Gyakmuu f (X) m g (X) OyAyT MONOXKHUTEIBbHBIMH, a TAC —
oTpuuaTenbHbIMU. TO ecTh (PaKTUUECKH MBI JIOJKHBI PEIINTh HEPAaBEHCTBA

f (X) > wm <0, (1)

g (X) > mmm <0. (2)

Kaxmoe u3 3THX HEpaBEHCTB Mbl YMEEM pelIaTh METOJOM HHTepBajioB. [lepectponm
NpUEeM peIIeHHs HEPaBeHCTB METOJOM HMHTEPBAJIIOB TAaKHMM 00pa3oM, 4YTOObI OH JaBaj
BO3MOXKHOCTh OJTHOBPEMEHHO peIIaTh KaXI0€ M3 MOCICIHUX HepaBeHCTB. Kak W3BecTHO,
peurenue HepaBeHcTBa (1) METOOM MHTEPBAJOB HauMHaeTcs ¢ HaxoxaeHus ero O3 (To ecth
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obmactu onpenenenus Gyukiuu f (X)), a pemrenue HepaBenctsa (2) — ¢ Haxoxaenus ero O/13
(To ecth obmactu ompeaencHus Gynkiuu ¢ (X)). UToObl HauaTh OJHOBPEMEHHO pemiaTh 00a
HEPaBEHCTBA, HEOOXOAMMO HalTH 00IIyI0 001acTh onpeaenenus s Gyukuii T (X) u g (X), To
ecth HailiTH O/I3 naHHOTO ypaBHeHHsS (3TO W €CTh NEpPSblll U3 OPUEHMUPO8 HEOOXOIUMON
CXEMBI).

YroObl mpomoinkuTh petenue HepaBeHCTB f (X) >mmmu<0 u g (X) >mwmu< 0 meromom
UHTEPBAIOB, HeoOXxoaumo Haitu Hymu ¢yHkmmid f (X) u g (X), To ecThb HAWTH HYJIH Bcex
MOAMOIYJIBHBIX PYHKIHUH (3TO U €CTh 6MOPOLl OpUeHMUp).

Ecnu panee mnpuMEHHTh CXEMy METOJa WHTEPBAJIOB OIHOBPEMEHHO JJISl JBYX
HepaBeHCTB, HeoOxoaumo Ha O3 oTMETHTH HYJHM NOAMOAYJIbHBIX (YHKIMii W Pa3ouTh
O/13 Ha npomMeKyTKH (3TO mpemuti opuenmup).

B kaxaom H3 moiydeHHBIX HPOMEXYTKOB 3Haku ¢yHkumit f (X) m g (X) HEe Moryr
W3MEHUTHCA. Torga Mbl MOXKEM HAWTH 3HAKM MOAMOAYJbHBIX (PYHKIHHA HAa KaKIOM
NnpoMekyTKe (B JIF000 TOYKE 3TOTO MPOMEKYTKA), PACKPBHITH 3HAKH MOAYJeld W HAWTH
pellleHre JAaHHOTO YPaBHEHHsI B KaKIOM M3 ITHUX NMPOMEXKYTKOB (3TO U €CTb uemeepmyill
opueHmup oowell cxemo).

OO00CHOBaHHE BO3MOYKHOCTH MPUMEHEHHUS MIPUBEICHHON CXEMbI K PEIICHUIO HEPABEHCTB
C MOJYJISIMHU TIPOBOJUTCS AHAJIOTUYHO.

3agaua 2° Pewrnre ypassenne |x — 5+ |2x + 5| = 3x.
Pemenne KomMmmenrapnit
P IMockoaery 3x =(x — 5) + (2x + 5), Bemnt obosmHaunmTs x — & = u o

TO JAHHOE VDPABHEHNE HMeeT BHI 2x+ b=v, T0Uu + v = 3x U gaHHOE
|uw|+ |v|= u + v, Ho s10 pamenmcTBOo | ypasmemme mmeer Bug |u| + |v]| =

MOMET BRINOTHATHCA TOTIA M TOMBKO | = & + U, & 00 COOTHOLIEHNID D TaKoe

TOTgA, KOTOA UMeTa U 1 v — oba HeoT- | YpABHeHNe pDABHOCHILHO  CHOTEME

pHnaresabie. CaegopaTe bio, JaHHOES (=0,

VpaBHeHIe pEBHD'EHJIbHrD cHeTEME 1{: 0.

4:1__5}{]. Oretona x 29, BameriM, uTO JAHHOE YDABHeHe

|2x +530. 1.1‘. -5 MOMHO pelmaTs i oo obueft oxeme, HMo
2 Torga peimenme Gymer Gomee rpomMosg-

Taxmum cbpasom, x # 0. KITM.

Omaeent: [5: +99). <]

dagaua 3 Pemrnre mepaseserso | 2x — 5|5 7.
Femersne Komumesrtapmit
P VunThIBAA TeoMETDHUeCHHH CMBICT HepaseHeTED BHOA |f{x} | % a (rge
MOOVIA, DOIVYaeM, 9T0 SAJAHHOE He- a > () voobHO pelIaTs, HCOoIbSYHE Ieo-
PABEHCTED PABHOCIIIBHD HEDABEHCTEY mMerTpHuYecknil cmecn mogyvaa. Ilo-
-7 2x -5 T. (1) CHOTBKY SAJAHHOE HEPABEHCTBO — 3TO
Torma -2« 2x = 12, TakuM obpasoM, HepaseHeTEo Buza |t| € 7, a mogyme
-1 x= 6. 9HCIA — 8T0 PACCTOAHNE HE HKOODIH-

HaTHOR npamoil or Touwm, msobpasxa-
wmelf gaEHECE YHeT0, Do ToukHm 0, To
SAMAHHOMY HEDABEHCTEY VIOBIETBODH-
0T BCE TOUKH, HAXOOAINECA B ODOME-
myTtwe [-7; 7). Tammm obpasom,
-7 % t = 7. Econ BOSHHNKAIOT SATDYVI-
HEHHA ¢ PEIIEeHNEeM ABORHOTO HEDABEH-
crea (1), To ero saMEeHANT HE PABHO-

[2x-53 -7,

CHILHYIO CHCTEMY N
121‘ =BT,

Omeem: [-1; 6]. <]
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Pemenue 3ananuii:

Pemmte ypaBHEHUS M HEPABEHCTBA, coeprxKanue 3HaK Moays (1-15).

1. 1) |3x-5|=T;

2. 1) |2x - 8|>b:
3. 1)|x=-2 =-2x-1=10;

D]x—1]|+|x—3|=2;

B x+5|+|x—-8|=13.

5 1) |x+ 3|<x - 2;
H|x+3|+|x—-1|<|6-3x|
1) Jx?-2r+1+|x-2|=1;

1) Ve —dx+4+4x" =8

I.rﬂ—dx|—3_
.:rg-l-lJ:—E-l_
9. 1) ||x-1|-2
10. 1) | x® — 4x | < 5;

11. 1) 3 [x -1 |+ - T=0;
1) lx3lex o

r+2 *

1
=1-

»

8. 1)

12,

13. D ||x-1|-5|< 2Z;
14. 1) |x - 2£°|> 22° — x;
15. 1) ——3|x+2[;

|x+3]-1

2) |8 - 4x|=86;

2 |8-5x|=<T;

3) |x® - 5x|=6.

3) ﬂ‘}i’.:

x+1
2+ 3x+ |x+ 3| =0.

4)

2x-3
e <1,

X =ip
2}|x+ 1|+|x—5|=2ﬂ;
2 |x+1|+|x—-2|= 2x—1;

2) Jx'+dx+4+|x|=x+5.

2) J16—-8x+x? +/x?+2¢+1=5.

4

2 |[z=1]|-2
2)||2x—-4|-5]|=3.
2| xF-x—-6|=>4.
2)|x-6|22"-5x+9.
}lrlj_ﬂ-zzé.
2 |x=-1]+|x+2]|-|x-3|>4.
2)[x*+x-20|< 25+ x— 20.

=|x+1|.

4

s

IIpakTuyeckas padora Ne22

Tema 4.3 YpaBHeHUs U HEpaBEHCTBA

C MmapaMeTpaMu

Heas: HayunTscs pemars ypaBHEHHsI U HEPABEHCTBA, COAEPIKAIME TapaMeTp.

Teopernyeckast 4acTh:

HamoMHuM cMBICT BBIPpAKCHUSA «PCHIUTHL C MapaMETpOM» — MOXHO PCIIaTb YPAaBHCHUA,

HEPABCHCTBA, CUCTCMBI C MapaMCTPOM.

Pemmmte 3amauy, Hampumep ypaBHEHUE

flx,a) =10

WM HEPABCHCTBO

flx,a) <0 c

napaMeTpoM a — O3HayaeT «mepedpaTh» BCE 3HAUCHHS HapaMeTpa M JJIs KaXIOro U3 HUX

YKa3aTb OTBCT.

1. Pemienne ypaBHeHUl ¢ mapameTpoM
[TosicHMM Ha NMPOCTEUINX TPUMEPAX.

[Ipumep 1 — pemnTe ypaBHEHUE C TAPAMETPOM:
ax=1

d
3aaya COCTOUT B TOM, YTOOBI JIUISl KaX/I0r0 3HAYEHHS MapaMeTpa ~ peuIdTbh ypaBHEHHE

X
OTHOCHUTCIIBHO .

a=2 . o
[Iyctb , TOTJ]a UMEEM MPOCTEMIIEE JIMHENHOE YPaBHEHHE:
1

2x=1ox=—
2
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B ofmewm cinydae B JaHHOM YpaBHEHUHM BO3MOXHBI J[Ba BapHaHTa PELICHUS — KOI/a
MOYKHO JeNIUTh Ha KO((UIIMEHT a U KOrja Helb3s, Heo0X0AuMO repedparh Bce AOMyCTUMbIE
aER

3Ha4yeHus napamerpa a ( )

a==~0
PaccmoTpum nBa ciyuas. Ilpu Mbl HE€ HMMEEM IIpaBa pa3JeiuTh EIUHUILY Ha
KOX((UITMEHT a, OATOMY IMOJCTABIIsIEM 3HAYCHUE HOJIb B 33JIaHHOE YPAaBHEHUE M U3Yy4aeM €ro.
[Tpu Mr0OBIX APYTHX 3HAYCHUSX & UMEEM ITPaBO BBIMIOJHUTD JCIICHHE:

a= { a==~0 {El:l] {EI=IJ
{ax=1 D=x=1 0=1 xED

{aiﬂf_} a0 “|lmaz0® a=10

— 1 1 1
a a a
1
a=0 . ax+x0lx=-
OtBer: npu pelIeHuN HET, IpU .

PaccmoTpuM penienre npocTeniinero HEpaBeHCTBA € MapaMeTPOM.
2. Pemiennie HepaBeHCTBA C MApPaMETPOM

PaccmoTpuM penienre npocTeniinero HEpaBeHCTBA € MapaMeTPOM.
[Ipumep 2 — pemuTh HEPABEHCTBO C TAPAMETPOM:

ax =1

Ecim a — KOHKpPETHOE YHMCIIO, MBI MOXEM JIETKO PELIUTh 3aJaHHOE€ HEPaBEHCTBO,
HaIpUMep:

1 1
a=2:2x=>= 1<—rx}i;a=—2: —Zx}le}c:‘:—i

y Hac ke ecTb KodpuuueHT a B o0mem Bue. PaccMorpum Tpu ciryyast:

-E|=l:l {3:'] a=0
{ax::l ﬂz% i%
{aac‘:l]e a 1<—> a 1
x=1 X = X =
a=0 2 a
{a i a=0 a=0
Llax

{x}l x?l

L a L a

1 1

Orger: a=0 . a< 00X a=0%~
TBET: TIPU pELIeHnN HET; IPU ; TIpH

IIpumep 3 — pemuTh ypaBHEHHE C TAPaMETPOM:
Xx—a

x—5
JlpoOb paBHa HYIIO TOrJa M TOJBKO TOTJA, KOTJA YWCIHTENh €€ pPaBeH HYIo, a
3HAMEHATENb HE PABEH HYJIO:

{x —a=20 o {x =a
x—5#0 X#5
3HaueHue napameTpa MoKeT ObITh JIIoObIM. PaccMoTpuM ABa ciyyasi:
a=>5
Xx—5
x—5 0
a+s
XxX—a
-5 0

. XxX=a
IIpu 3TOM 1noOJIy4aem B IIEpBOM Cllydae: X C OJHOM CTOPOHBI PAaBEH IIATH, T. K. ,ac
JIpYyroil CTOPOHBI HE paBeH IATH, T. K. 3HAMEHATENb APOOU HE MOXKET ObITh paBeH HYIII0, KpOMe
o
_—— ':I
TOTO TOJIy4aeM BhipakeHue ° , @ TAKOT'O BBIPAKEHUS HE CYILECTBYET.
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a*5hSx—=a

Korna , IPOTUBOPEYHT HE BOBHUKACT
OtBeT: ipu a=>s pEeLIECHUI HET, TPU a#>5x=a
[Ipumep 4 — pemuTh ypaBHEHUE C TAPAMETPOM:
\."E =a

3HaLIeHI/IC a MOXCET 6BITI> .]'IIO6BIM, HO KBaI[paTHBIfI KOpCHI)
HGOTpI/ILIaTeJIBHOC qUucCJo. CJICIIOB&TCJIBHO, paCCManI/IBaeM aBa cnyqaa:
{ a=0 { a=0

VE=a x = a’

a=10 a=10

{\."E=EI {XEE'
OTBeT:HpHaEDx=az;npﬂac:l3x5@

3. Pemennie nppaninoHaqIbHOTO YpaBHEHUS C MapaMeTpoOM
Pemnm uppaimonanbHOE HEPABEHCTBO C MAPAMETPOM.
[Ipumep 5 — pemuTh HEPABEHCTBO C MAPaMETPOM:

—

YEX = a

I/ICCJIGZ[YGM AaHHOC HECPABCHCTBO.

CTpOTo

X CTOHUT IIOA 3HAKOM KBAaJApPaTHOI'O KOPH:A, 3HAYHUT AJOIIYCTUMBIC 3HAYCHHA IO X - BCC
HCOTPpUIATCIIBHBIC 3HAUYCHUA. @ MOXCT IIPUHHUMATDh JIFOOBIC 3HAYCHHUS. pacCMOTpHUM TpH Cliydas.

d a =
Ecau ™ MmeHbie HYJII 1 KOPCHb CYIICCTBYCT, TO HCPABCHCTBO BLIIIOJIHACTCH. Ecau

0 .
, TIOOOH

. a
HEOTPULATENbHBIM X YJOBJIETBOpPSAET HEpaBEHCTBY. Eciu e = Oojblie Hyss, UMEEM IpPaBo

BO3BCCTH B KBaapar:

_’Eld:u -{Eld:ﬂ

Wx=a ng

r a =

a==0 =0

Wx=a ‘”X_ﬂ

- X =

a'_:::l] 2= 0
Liyx=a [ 1% = 52

. a=0x=0 a>0x=a’

Ortser: npu ; TIpU

PaCCMOTpI/IM pemICHUC JAaHHOI'O HCEPAaBCHCTBA Fpa(I)I/I‘-IeCKI/IM METOJA0OM. I[J'IH 9TOro

o . =X
CHayvajga cTpouM rpaduk (yHKIUU, CTOAILIEH B JIEBOM 4YacTu: y=v

N X
JaHHOW (YHKIIUU

HaxXOJUuM TOYKHU NICPECCUCHUS.
-1 0 1 2 3 4 5 6 7 8 3 10

X—
-1 0 1 2 3 4 5 & 7 g 9 0

Paccekaem MOJIYYCHHYIO KPHBYIO CEMENCTBOM MpAMBIX

, 00J1acTh OIpeesIeHHs

y=a,

a=10 o
[To pucyHky O4Y€BUIHO, YTO KOTIA , KpuBasg HAXOJWTCA HAJA TPSIMOU TIPH BCEX

JOIMYCTHMBIX X, TO €CTh IMPH BCEX JOMYCTHUMBIX X HEPABCHCTBO BBITIOJIHACTCH.
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Ecnamn a monoxurenbHO, KpUBass UMEET €AUHCTBEHHYIO TOUKY IEPECEYEHUs] C MPSIMOU U
KpUBas HAXOJUTCS BBIIE NPSAMOM TMpaBee TOYKM IE€pecedeHus, adcuucca TOUYKHU
¥ :: 3"1

j— r =

X a X
MEpECCUYCHUA , HOOTOMY PEIICHUEM HEPABCHCTBA SABJISCTCA
O‘leBI/I,I[HO, YTO OTBET COBIAAACT C OTBETOM IIPHU PCIICHUHN aHATUTUYCCKUM CII0co0OM.

HpHMep 6— PEIINUTh YpaBHCHHUE C IIapaMETPOM:

Eh,,"; =0

HpOI/IBBeI[eHI/IC ABYX MHOXKUTEIICH PaBHO HYJIIO TOr'JJa WU TOJIBKO TOrga, Korjga XoTAa OBl
OIUH U3 MHOYKUTEIEH PaBE€H HYIIIO, a BTOpOfI IIpH 3TOM CYHIECTBYCT.

PaccmatpuBaem nBa BapuaHta — JM00 = IZI’ HO KOpEHb IPH 3TOM JIOJKEH
CYIIIECTBOBATE, THOO D, B TAKOM CJIy4yae a — Jr000€e YUCIIo:
a==>0
=0
Cer
ER
= . o0 =
Otser: mpu 0xe[0;+ :]; mpu 2 =0x=0

Pemenue 3ananuii:
Nel. Pemnth ypaBHEHHE ¢ TapaMeTPOM:
2) ax+ 2 = —5;
6) —3ax = 4,
ay/x—5=0,.
2xta __ ’
r) n—4 .
No2. Peminth HEPaBEHCTBO C MMAPAMETPOM:
—dax =< 5,

a) X
EI\,,"E ==

0) 7
ax+1 ~ 0

B) =3 = ,

r)a-l- Vx=1.

IIpakTuyeckas padora Ne23
Tema 4.4 KontponbHas padota o pasneny 4 «YpaBHEHUS U HEPaBEHCTBa»

Hean: [IpoBepuTh ypoBEeHHb YCBOCHHS JaHHOTO MaTepuania Mo pasaeny 6 «YpaBHEHUS U
HEPaBEHCTBA»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yembvlpex
NPeONOHCEHHBIX:

1. (1 6amm) Kakoe u3 uncen siBisieTcst KopHeM ypaBHeHHs log, (x + 1) = 1

A)-1;b)2;B) I;T) 0.

2. (1 6amn) Kakue u3 ypaBHEHHI HMEIOT O0JIee OJTHOTO KOPHs?

A) x?-6x+5=0; B) 3¥"?=9; B) (x-4)(x+3)(x-8)=0; I') 2x-7=0.

3. (1 6amr) Onpenenure BUA ypaBHeHUst V—32 — x = 2

A) nuneiinoe; b) kBaapaTtHoe; B) uppanmonansHoe; [') pannonaibHoe.

4. (1 6am) OnpenenuTe HAUMEHBIIIEE 1IEI0€ PENIEHIE HepaBeHcTBa 5%2<1?

A)-3;b5)0;B)3;T) -4.
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Ilpu évinonnenuu 3ad0anuil 5-8 3anumiume x00 peuwieHus u NOJYUeHHbLIL Omeem.
5. (2 6anna) Haiinute KOpeHb ypaBHEHUS | x-3 | =2

x—y=2_§,

2%73Y = 16.

“<x

6. (2 6anna) Pemute cuctemy ypaBHEHUIH {

2

7. (2 6anna) Pemmte HepaBeHCTBO 2x —
8. (2 6ayuta) Pemnte ypaBuenune (2x — 3)V3x?2 —5x—2 =10

Omanonvl omeemos:

Howmep 1 2 3 4 5 6 7 8
3adaHUuA
Otger B B B A 1;5 | (10; 2) (-o0; 0]; [2; 3) -1;6

IIpakTuyeckas padora Ne24
Tema 5.2 [onstue nponsBoanoil. @opmysl u mpaBuia AudepeHIpoBanus GyHKIUN
Heas: Omnpeaenuts CyYUIHOCTb MOHATUS IPOU3BOJAHAS, HAYUYUThCS BBIYUCIATH
IIPOU3BOJHYIO, UCIIOJIBb3YS IIPEIEIbI.

Teopernyeckast 4acTh:

[Ipou3BogHas - riiaBHeilllee MOHATHE MAaTeMaTH4ecKoro aHanu3a. OHa XapakTepu3yeT
n3MeHeHue (PYHKIMHU apryMEHTa X B HEKOTopoit Touke. [Ipy 3ToM 1 cama mpou3BOAHAS SIBISETCS
byHKIMEHN OT apryMenTa X

. = f(x
IIpoussoonoii ghynkyuu y=J( :IB TOYKE * Ha3bIBACTCS Mpee (eClii OH CyHIeCTBYET U
KOHEYEH) OTHOLICHHS MpupaiieHus (yHKIUU K MPUPAIICHUI0 apryMeHTa MpH yCIOBUH, YTO
MOCJIEIHEE CTPEMUTCS K HYJIIO.

To ects,
Ay +Ax0—
£ = tim 2 = fim Jlx+hx)— fx)
ax—=0 A ﬂx—}lil B
HaubGonee ynotpeOuTEIbHBI CIEAYIONINE 0003HAYEHUA RPOU3BOOHOIL:

o dy  dfix)
Yo Flxodx’ dx
AJ'IFODI/ITM HAaXO0KACHU A HDOHSBOHHOP’I

f(xo)

J171s TOrO 4TOOBI HAWTHU HY>XHO:

1) 3a,Z[aTB IMpUpaIcHnue Ax - 9TO IIpHUpaIICHnue ApryMCHTAa BBIYHCIINTD

COOTBETCTBYIOIIIEE pUparieHne GyHKIuu Ay WIH Af =f(xg+Ax)—f [:10]

i

2) Haiitu pa3sHOCTHOE COOTHOIIEHHE 4%, yIPOCTHTH €ro U COKPATHTh Ha

Af
Ax =0

3) Ecou otHomenue 4% mpu CTPEMUTCSI K KaKOMY-TO YHCIy, TO 3TO YHCIIO

fl(xu)'

Oyner

Pemenue 3aqanuii:
IIpumep 1. [Tonb3ysick onpeaeneHneM NPOU3BOAHOM, HAWTH POU3BOAHYIO QYHKIIUU

y=afx+1

Pemenne. U3 OIIPECACIICHUA HpOH3BOI[HOI>i BBITCKACT CIICAYIOIIas CXeMa ©€ BBIUMCIICHUA.
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Jagum aprymMeHTy npupainieHue (1e1bTa) U HalaéM npuparieHue GyHKIIAN:
Ay =afx+hx+1—ofx+1
Haiiném oTHOIeHNE npupaieHus GyHKINH K PUPALICHUIO apTyMEHTa!

Ly N'rx+ﬂx+1—\.'rx+1 _

Az A

(\f‘x+ﬂx+1—Jx+1)(~,fx+ﬁx+1+~,:‘rx+l) _

B ﬂx(\u’x+ﬂx+1+«fx+1)

_ A+ix+1-(x+1)
ﬁx(-qfx+ﬁ.x+1 +\'JX+1)

_ Az
- ﬂx(ﬂ’x+ﬂx+1 +qfx+1)

1

Jx+ﬂx+1+\.'rx+1 -
Bprunciiim mpenesnn 3TOro OTHOIIEHUS NPU YCIOBHHM, YTO MPHUPALICHUE apryMEHTa
CTPEMUTCS K HYJIIO, TO €CTh TPEOYEeMYI0 B YCIOBUH 33J1a4l TIPOU3BOIHYIO:

: 1
litn =
i~ Jx+1&x+1 +\."x+%

Y 7o Y o W o

IMpumep 2. Haiitu npou3BoAHYO (QYyHKIIUHA

y= fix)=2x"+1.

Pemienne. M3 omnpeneneHuss NpoOW3BOJHOM BBITEKAECT CHEAYyIOIIAas cxemMa s €€
BBIYHCIICHUS.

ar 1. Jlagum apryMeHTy npHUpamnicHue Ax y HanJEéM

y+hy= flx+ix) =20x+hx)’ +1=

= 2x* +4xehn 4+ 20An)° +1.

Hlar 2. Haiiném npupaiieHue QyHKIUN:

My = f[x+ﬂx:l—f|':x:l=

=[2x® +4xeax+2(ax)’ +1]- (227 +1)=

= dxehx+2(Ax)"

Hlar 3. Haiiném oTHOIIEHUE pUpalieHus QyHKIUH K PUPAIIEHUI0 apryMeHTa:
by dxehx+2(Ax)  Ax(dx+24x)
Ax Ax  Ax
=dx+2Ax

[ar 4. Berauciaum npenen 3Toro OTHOLIECHUS IpU Lx —0 , TO €CTh IIPOU3BO/IHYIO:
y = (x)=lim (4x+24x) = 4x

v =g X v o
IIpumep 3. HaifTu npou3BOAHYIO (QYHKIMH Y \II{_I/I 3HAYEHUE HTOM IMPOU3BOJHOMU

npu ¥= 7
Pemenue. BocnosibzyemMcs cxemoii, mpuBeAEHHON B ipuMepe 1.
[Har 1.
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y+iyv=Fflx+hn=Jx+ix

Iar 2.

Ay = Flx+Ax) — F(x) =[x+ ix -7
Iar 3.

by «.,l'x+&x—ﬁ

E_ %y '

Ilar 4.

y = £ (x)=lim A —W

a0 A ax—0

Bripaxkenue moja 3HakoM mpejiena He ONpe/iesIeHO MpU bx=0 (Heonpeien€HHOCTh BUJA

0/0), mosToMy mpeoOpazyeMm ero, M30aBUBIIMCH OT UPPAIMOHAIBLHOCTH B YHCIUTEIE U 3aTEM
COKpaTHUB JpO0b:

- (wfx+ﬁx—«f;)(xn'x+ﬁx+-f?_r)_
S IR v - R

Mx

ir=0 ﬁx(«,-'x+ﬁx +n,|'{;)

. 1 1
:]_ = .
PHECON sy vy N

Haiiném 3HaueHne Npon3BOIHON IpH

yoo=F (@ =1/(240)=1/6,

x:9:

IIpakTnyeckas padora Ne25
Tema 5.2 [Tonstue nponsBoaHoil. @opmysisl ¥ mpaBuia AU pepeHIpoBaHus GyHKIUN
Heanb: Hayuntbes BRIMUCIATH TPOU3BOAHYIO (QYHKIIUH, UCHIOIB3YS (POPMYJIBI U IIpaBHIIa

T depeHIpoBaHus.

Teopernyeckast 4acTh:
®opmynsl quddhepeHIHpoBaHUS

1. "= = in x)
¢’ =0, ¢ = const 12. (arcsinx) =

2. (J:”)' = n_xn_l .'l_x_?
' ‘ 1
3. (ax) —a*-lna 13. (arccosx) = — -
\ 1—x
X _ X ,
+ (e J - € 14. (arctgx) = ! -
. 1 1+ x=
5. (log, x) = N ’ .
.o, e 15. (arcctgx) = ————
6. (Inx) =— ' 1+x
, 16. (shx) =chx
7. (sinx) =cosx 17. (ch x)' .
8. (cos,:c) :1—s1nx 18. (th x)' _ 17
9. (&) = ch“x
2+/x : 1
10. (tgx) = 5 sh?2-
cos” x
11. (ctgx) = — . 17
ST x
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[Tpu BBIYHCIICHUH MIPOU3BOTHOM UCIOJIB3YIOTCS CIIeyIoIINe npaBuIIa
muddepentmposanus. [lpaBuio nuddepeHuHpoBaHus CyMMBI IBYX (QyHKIIHUI.

[IpousBogHas cymMMBI paBHa cyMMe TTpou3BOaHBIX: (f(X) + g(x))' =f'(x) + g'(x).

[TonpobHO 3TO cCBOICTBO mpom3BOAHON (opmynupyercs Tak: Ecim kaxngas u3
byukum f(X) 1 g(x) uMeeT MPOM3BOAHYIO, TO HX CyMMa TaKKe HMEET IPOU3BOAHYIO H
crpaBeIiBa popmyIa.

[IpousBoHasi CyMMbI HECKOJIBKUX (DYHKIIMH paBHA CyMMeE MPOU3BOAHBIX 3TUX (DYHKIUU:

(fx) +...+ gx)) = f'(x) +...+ g'(x).

[TpousBoaHas pa3HOCTH paBHa pasHoCTH mpou3BoaHbIX: (f(X) - g(x))' = f'(X) - g'(X).

A Tenepb pacCMOTPHUM MPUMEP MPUMEHEHHS TaHHOTO MpaBuiia auddepeHunpoBaHusl.

Paccmotpum BTOpOe npaBuio nuddepeHmpoBaHus:

[TocTOAHHBIN MHOXKHUTEIb MOYKHO BBIHECTH 32 3HAK IIPOU3BOIHOM:

(cf(x))=cf " (x)

[lepexonum k TpeTrbemy mpaBuiay auddepenunpoBanus. [IponsBoanas mpou3BeACHUs
paBHa POU3BE/ICHUIO IIEPBOTO MHOXHUTEIIS Ha BTOPOH IUIIOC MEPBbIIl MHOKUTENb, YMHOKEHHBIN
Ha npou3BoAHyt0 BToporo. (f(x)-g(x)) '=f (x) g(x)H(x) g' (x)

YerBeproe mnpaBuao AuddepeHunpoBaHNs: IPOU3BOAHAS  YAacTHOTO  paBHA
NPOM3BOIHON YHCIHMTENS YMHOXEHHOTO HA 3HAMEHATENhb MHHYC YHUCIUTENh YMHOKECHHBIH Ha
MIPOM3BOIHYIO 3HAMEHATENIS M BCE ATO JEJICHHOE Ha KBaipaT 3HaMeHaTeJsl.

(f(x} ) g — Fx)g'(x)
glx)) g°(x)

Pemienue 3aganuii:

Ipumep 1.

Haiiznem nponssonuyio pyaxuun: | () = 2x% + 4x

Pewenne:

MPOU3BOJIHAS CYMMBI paBHa CyMMe MPOHM3BOJHBIX. HaiiieM NpOU3BOAHYIO KaXKIOTO
CJIaraeMoro

Fiix) =(2x% +4x)" = (2x%) + (4x)’

filx)=4x+4

Orper: ['(x) = 4x +4

IIpumep 2.

Haittu npowmssonyio ¢yaxrmn f(X)=8x3+3x2-X.

Pewrenue:

f(X)=8x3+3x2-x

£ (x)=(8x%)’+(3x%)’-x’

PaccMoTpuM Kakaplil 4I€H MHOTOWIEHA MO OTIEIbHOCTH

(8x3) '=8(x%) '=8-3x=24x?

(3x?) '=3(x?) '=3-x=6x

(-x) '=-(x) =-1

' (x)=(8x3) '+(3x?) '-x'=24x?+6x-1.

Otser: f (x)=24x?+6x-1.

Ipumep 3.

Haiitu npousBonnyro dynkimu f(x)=(3x-4)(4-5x).

Pemrenne:

Bocnonb3yemcst popmyIioit mponu3BOIHOM MTPOU3BEACHUS:

f (x)=(3x-4) ' (4-5x) + (3x-4)(4-5x) '=3(4-5x)-5(3x-4)=12-15x-15x+20= 32

Ortgert: f' (x)=32

IIpumep 4.

Ix— 2
Haiitu nponsBoanyto GpyHKIuM SRR
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Pemenue:

BocnonbszyeMes GpopMyIion Ipou3BOAHON YaCTHOTO:

() = (3x —2)"(x+ 3 —(3x—2}(x+3}’_3(x+3}—(3x+ 2) 3x+9-3x—-2 7
= (x +3)2 = (x +3)2 T x+3)? (x+3)2

7

F () = ——
OTBeT: ® (x+3)°

IIpakTuyeckasi pa6ora Ne26
Tema 5.4 Ousnyeckuii 1 reOMETPUUECKUN CMBICIT IIPOU3BOJHON
Hean: Onpenenuts (U3NYECKUA W TE€OMETPUYECCKUN CMBICI MPOU3BOIHON, HAYYUTHCS
pemath 3aJa4u Ha MpUMEHEHHE (PU3NYECKOTO U TEOMETPHUECKOTO CMBICIIA.

TeopeaneCRaﬂ 4acCThb:

T'eomer PI/I'—IBCKI/IifI CMBICJI IPOU3BOIHOM
——————— ¢ B
Af
A C
A X
ECAW Mbl paCCMOTPUM NPAMOYTONbHbIA TpeyronsHuk A B, To sameTum, uto %i- ecte tgBAC.

A npu cTpemneHun AT K Hynto, Touka B Byaer npununkatsca k Touke A n cekywan AB «npeepaTutcas g
KacaTenbHyio K rpacduiy dynkumn f(x) 8 Touke A(zo; f(20)).

MosToMY reoMeTpHYSCKHi CMBICN NPOM3BOAHOW TaKoB:

MpouseodHas B TOUKE X PAEHA TAHTEHCY YINa HAKMNOHA KacaTenbHOMA K rpapuky dyHkuwm f(x) B 570
TOuKeE!

f'(zo) = tgo,

rAe (x — Yrofl HaKknoHa KacaTenbHoi (Nposeaennoi K f(x} B T. Zp)

KacarcibHas
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Du3nYeCKHl CMbICJ POU3BOIHOMI

EcnwW ToYKa ABMMETCH BAOME OCHM ' M €€ KOOPAWHATLI M3MEHAKTCH MO 383KOHY ;I-'{:f), TO MrHOBEHH&A CKOpPOCThE

TOYKK!

{'{f'] = ,n"Jl(l'\J,

d YCROpEHKWE!

a(t) =v'(t) = x"(t)

Mpumep. MaTepuanbHas TOYKa ABMKETCH NpAMOAMHERHO no sakoHy X (1) = 612 — 48t + 17, rae ax(t) —
PACCTORHWE OT TOMKM OTCYETA B MeTpax, | — BPEMA B CEKYHAAX, M3MEPEHHOE C HAYaNa ABMKEHUA. HalauTe
ge CKOpOCTh (B METpax B CeKyHAy) B MOMeHT epemenn T = 9,

v(t) = 2/(f) = 12t — 48;
v(9) =129 — 48 = 60 m/c

OTeeT: 6l

Pelenne 3ananui:

Nel. Haiiaure yrioBoit KodQUIIMEHT KacaTeabHOU, IPOBEACHHOMN K rpaduKy QyHKIIUN
f(x) = 14x - x2 + 5 B Touke ¢ abcuuccoit x0 = 3.

Ne2. Haiigure TaHreHC yriia HaKJIOHA KacaTelbHOU K rpaduky ¢pyHkmmuuf(x) =+ 12x -3 B

TOYKe ¢ adcrmccon Xo = 2.

Ne3. Ipu nBUkeHNH Tena 1o NpsMOi paccTosiHUE S (B METpax) OT HAYaIbHOM TOYKH
u3MeHseTcs 1o 3akony S(t) = - 4t2+ 15t + 2 (t - Bpems ABMKeHHUs B ceKyHax). Haiitu ckopocTs
(M/c) Tena yepe3 3 CEKyH/IbI IOCIIC HAYaIa TBIKCHUSL.

Ne 4. BLITIOTHUTE 3a1aHUSA

BapuaHT Ne |

1. Haiinure  yrioBol KO3 QPUIIHMEHT
KacaTeJlbHOM, TPOBENEHHONH K rpaduky
dynkmun f(x) = 5x3- 3x?- 7 B Touke c
aOcmuccoit xo = - 1.

2. Haiigute TaHreHc ymia  HakJIOHA
KacarenbHoOU K rpaduky QyHkimu f(X) = 4 -
Sin X Touke ¢ abcruccoi Xo = 6.

3. llpm [nBwXeHuMM Texa 1O NPSIMOH
paccrosiHue S (B MeTpax) OT HaYaJbHOU
TOYKH M3MeHseTCs 110 3akoHy S(t) = t? - 3t +
1 (t - Bpemst aBwKeHus B cekyHaax). Haiitu
CKOpOCTh (M/c) Tena depe3 6 CeKyHJ Imocie
Havaya JBYKEHHUS.

NeS. Haiinure aGcumccy Touku rpaduka (yEkmuM y = x2+ 7x - 9, B KOTOpOif

BapuaHT Ne 2

1. Haiinure  yrmoBoil ko3¢ duuueHT
KacaTeJIbHOM, TMPOBEJCHHONH K Tpaduky
pysxmmm f(x) = 2x*+3x%-5 B Touke c
abcruccoit xo = -2.

2. HaiimuTte TaHreHc yriga — HakJOHA

KacarenbHOU K rpaduky ¢yukiun f(x) = 10
- COS X B TOYKE ¢ a0CILICCOi X0 = .

3. llpu pABWKEHHMHM Tela MO NPAMOHR
paccrostHue S (B MeTpax) OT HavaJbHOU
TOUKM wM3MeHseTcs mo 3akoHy S(t) =t?+
15t + 2 (t- BpeMs IBWXKEHHS B CEKyHJIax).
Haiitu cxopocth (M/c) Tena uyepe3 8 cekyHA
Mocyie Havasa JBYKECHUSI.

KacartesibHasl, MPOBEACHHAs K 3TOMY rpaduKy, mapajjieabHa IpsMon y = -5X.

Ne6. Touka JBHXKETCA TI0 KOOPAMHATHOH MpAMOi cormacHo 3akoHy x(t) = 1,5t2 + 7t -11,
rae x(t) - KoopiMHaTa TOYKH B MOMEHT BpeMeHu t. B kakoif MOMEHT BpeMEeHH CKOPOCTh TOUYKU

Oyzer paBHa 13?
Ne7. BoiOpaTh BEpHBII OTBET:

Bapunant Ne 1
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1. Touka ABIKETCS MPAMONHMHEHHO 10 3akoHy S(t) =3 - 2t? BeibepuTe, Kakoi u3
dbopMyII 3a1a€TCsI CKOPOCTh JBUKCHHSI STOW TOUYKH B MOMEHT BpeMeHH t.

1) 3t% - 2 2) t2 -4t 3) - 4) 3t% -4t

2. HaiimuTe TaHreHC yriia HaKJIOHA KacaTeldbHOH K rpaduky GyHKIMH y = X(X - 2) B
TOYKe ¢ abcuucco xo =4.

1)82)63)44)0

3. Ilpu mpsMoNMHEHHOM IBMXKCHHMHM Tena MyTh S(t) (B MeTpax) H3MEHSETCs 10
3akony S(t) = 5t - 15t? +12. B xakoif MOMEHT BpeMEHH YCKOpEHHeE Telia OyeT paBHO HyT0?

1) 1c 2) Oc 3) 2c 4) 0,5¢

4. Tlox KakuUM YTJIOM K TOJOXHTEIHHOMY HAIpPABICHUIO OCH aOCIHCC HaKJIOHEHa
KacaTeJbHas, IIPOBEICHHAS B JTI000H TOUKe KPHBOH y = -2X° - X° - 4x +1000?

1) octpeiM 2) TynibIM

3) npsimbim 4) napaiuiensHa ocu Ox

IIpakTnyeckas padora Ne27
Tema 5.5 YpaBHeHue kacaTeslbHOUN K TpaduKy QyHKIIUN
Hean: HayunTbcs COCTaBIATH YpaBHEHHE KacaTelnbHOW K rpaduky QyHKIUM Hu
NPUMEHSTH HOPMYITY AJisi MPUOIMKEHHBIX BEIUMCICHUN 3HAYEHUI BBIPAKEHUH .

Teopernyeckasi 4acTh:

BcnomHuMm reomerpu4eckui CMBICJI NPOM3BO/HOI: eciu K rpapuKy

y=f|z| Ty

byHKIUN /' B TOuUkKe MpoBe/IeHA KacarenbHas, TO KOX(PQUIMEHT HAKIOHA

KacaTeJbHOM (PaBHBIM TaHT€HCY yIJla MEXy KacaTeJbHON U IOJIOKUTENIBHBIM HAaIlPaBICHUEM
- T

OX ) 0

ocH paBeH NPOU3BOAHON (QYHKIMHU B TOUKE
o T /4

y=flx)/|

v ,’{:fg(l{:f .BU

EXAY

Bo3pMeM Ha kacaTenbHON TPOU3BOJIBHYIO TOUKY C KOOPJAWHATAMH ' '
7 /

IS B

-

=

So---------

=) |
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ABC.

M paccMOTpUM IIPAMOYTOJILHBIA TPEYTOIBHUK

t L= = =
I°=1B x-x
B oTOM TpeyroibHuKe v

RIOHO®

t(x) (o))

u u y=1c)
DTO U eCTh ypaBHEHHME KacaTelbHOU, MPOBEACHHON K Tpaduky (QyHKUIUU B
T
0
TOYKE .

AJII‘OpI/ITM IIOCTPOCHHUA KacaTellbHOM

War 1. HaiiTh 3HaueHKne (yHKUMK B TOUKE KacaHua f(azg)

Lar 2. Haittu obiyee ypaBHeHKe nponssofHoi f'(z)

Lar 3. HaitTu 3HaueHKe NPOU3BOAHON B ToUKe Kacanma f'(axq)

War 4. 3anucaTs ypaeskeHue KacatensHol y = f'(zg)(z — zq) + flzo), npusecTy ero k euay
y=kxr+b

Ha Bbixope: ypaBHeHKWe KacaTensHol B Buaey = kx + b
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Mycts f(x) = 2% + 3.
Halioem KacaTenbHyk K 3ToM napabone & Touke zg = 1.
(1,4
flmo) =12+3=4
fl(z) =2z
fllzg)=2-1=2
VpaBHeHWe KacaTelbHow:
y=2(zx—1)+4=22—-24+4=2z+2

Orger:y =2z + 2

n cf(z) =22 — 2z 3,
Anroputm pumep: f (2) *

Iy = 3
1. Belumcaum f(xp) flz)=f(3)=32-2.3+3=6
2. Haligém dopmyny nponssogHom , (9 r
sycun £ (z) f'(z)=(2*—2z+3) =2z —2
3. Boiuncm f' () ff(®)=f(B3)=2-3—-2=4
4. Mogcrasum g, f(xg) n f' (zo) B y=1F (zo) (x—x)+ f(zg) =
bopmyny ypaBHeHUs KacaTenbHO =4(z—-3)+6=4z—-12+6 =
y=1f (x0)- (z—z0)+ f(w0) =4z —6

Pemenue 3ananuii:
Nel. BuIIOJTHUTE 3aaHue

1 Bapnaunt | 2 Bapuant
1. Cocrasbre ypasuenue Kacare1bnoii K rpaguky pyukunn f(x) B rouxe rpaduxa ¢ x.
a)fix)=x xg=1 a)f(x) =x* x,=2
6)f(x)=i—z—-x: Xo =2 6)f(x)=%2—2x: xp =—1
B) f(x) =Vadx —x%; x, =2 B) f(x) =VxZ +3x; xp =1

2
Ne2. CocTaBbTe ypaBHeHHe KacaTelnbHOIl K rpaduxy dynxmun [ X=X —2X g rouke ¢
aberuccoit o =3,
2
Ne3. CocraBbTe ypaBHEHHE KacaTeldbHOM K rpaduKy (yHKLIUU fixI=X"=3X g touke ¢

abermccoit X0 =4,
No4 3anumvte ypaBHEHHE KacaTelbHOU K Tpaduky dyHkuun f(X) = sin X -3x + 2 B TOUKe

xo=0.

Ne5.Hanucath ypaBHeHHe KacaTesnbHOM K rpaduky ¢yHkumu f(x) = x S+ 2x’+3s

TOYKE X © = 2.

Ne6.Hanucath ypaBHeHHE KacaTelbHOW K rpaduky ¢yHkuuu f(x) = X ® +4x” - 6x B

TOYKE X 0 = -2.
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— oyl B) .

Ne7. Haiimure aGemmecy toukn rpapuka  ymkumm [ X/=X—XV3, g koropoit

npoBei€HHAs K HEMY KacaTelbHas 00pa3yeT C IOJIOKHTEIbHBIM HAIpaBiICHHEM OCH a0CIyce
yrona 30°.

— 4 7 .

Ne8. Haiinure abeumecy toukd rpaduxa  Qynxumm [ X=X +4XV3, 5 goropoit

npoBei€HHAs K HEMY KacaTelbHas 00pa3yeT C IOJIOKHTEIbHBIM HAIpaBiICHHEM OCH a0CIyce
yromu 60°.

-
Ne9. Haiizute ypaBHenne kacatenbHoil k rpaduky gpyaxuma [ X=X +3X—8, ccpy o1a
KacaTelbHasi mapauielbaa npamoii Y=o X+1

2
Nel0. Haiizute ypaBHeHue KacaTenbHOil k rpaduxy dynxiun [ X=X —4X+6, ey ora
KacaTe/bHasl apauie/bha npsamoil Y =2X—8

-~ 3 2
Nell.Haiinure Touku rpaduka pynkmmu f(x)=x - 4X~ , B KOTOPBIX KacaTreiabHas K HEMY
napaJuienbHa ocH adcIucc.

IIpakTnyeckas padora Ne28
Tema 5.6 MoHoTOHHOCTH pyHKIIMU. TOUKH IKCTpeMyMa
Heasn: Hayuntbes uccnenoBath GyHKIMM HA MOHOTOHHOCTb M 3KCTPEMYMBI.

Teopernyeckasi 4acTh:

Omnpenenenne « MOHOTOHHBIE (PYHKITAM

MonoToHHO Bo3pacTtaromas GyHKIUsS — 3T0 PYHKIHS, y KOTOpOi O0bleMy 3HAUECHUIO
apryMeHTa COOTBETCTBYET OOJIbIIICE 3HAUCHUE (PYHKIIHH.

MounoTtonHo yObiBatomas GyHKIUS — 3TO (PyHKUHSA, Y KOTOPOW OOJbLIEMYy 3HAUYEHUIO
apryMeHTa COOTBETCTBYET MEHBIIICE 3HAUCHUE (PYHKITHH.

CBsi3b TPOU3BOTHON U POMEKYTKOB MOHOTOHHOCTH (DYyHKIIUU

Ax =0 Ay . Xy
, TO 3HaK NpUpalIeHUs - W 3HAaK MPOU3BOJHOM B TOYKE COBIAJIacT CO

Ecnn
f(xg) £ (x5) o Ay =0
3HAKOM . To ectb eciu mpou3BOAHAS B OTOM TOYKE OOJbINE HYJS, TO - u

INOHATHO, 4YTO (I)YHKLII/IH B OKpPCCTHOCTHU 3TON TOYKH 6yz[eT BO3pacTaThb. A ecnu IMPpOU3BOAHAs

Av =20 o
MEHBIIIE HYJIS, 3HAYUT, - Y TIOHSTHO, YTO B OKPECTHOCTH 3TOW TOUKH (yHKIHMsS OyaeT

yOBIBaTh.
x .
Jlanee, mpou3BOJHAS B TOYKE ~ ° €CTh TAHTEHC yIiia HAaKJIOHA KacaTenpHoW. KacaTenmpHas

OMHUCBIBAaETCs JMHEHHOU (yHKIUMeH. B okpecTHOCTH TOYKH *o KpUBas U JUHEWHass (QyHKIUS
MOYTH COBMAJAIOT. ECaM yroja HakJIoHa OCTpbIM, TaHreHC OyJeT MOJOXKHUTEIbHBIM, YIJIOBON
KO3 QUIMEHT — BeJMYHMHA TOJIOKUTENbHAS, U JUHEHHass (DYyHKIHMS BO3pacTaeT, a 3HA4YuT, B
OKPECTHOCTH 3TOM TOUKH U cama (PyHKIIMs BO3PACTaeT:

Filag) =0 = f(x)7

W naobopoT, ecnu nuHeWHHass (QyHKUUs yOBIBaeT, yroyl TYIOH, TaHr€HC — BEJIWYHHA

y = F(x)

OoTpulaTeNlbHasA, 3HAYNT, JIMHEWHas (yHKIUs yObIBaeT, a ¢ Hell yObIBaeT pyHKIUS

flx) <0 =f(x)!
y

fix, + Ax){
X )1
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o Xx
VroJj HaKJIOHA KacaTeJbHOH B TOUke = ¢

x
Taxk coObITHS pa3BUBAIOTCA B OKPECTHOCTSX TOUYKU ~ 7. DTH COOBITUS MOIYMHSIOTCA
FEOMETPUUECKOMY CMBICITY IIPOU3BOIHOM (ee dusnueckomy CMBICILY,

g ¥ .
coorromermio 2 N fx) &x)'

HccnenoBanue mpoMeKyTKOB MOHOTOHHOCTH (DYHKIIMHU C TIOMOIIBIO POU3BOTHOM
Paccmorpum ¢dynkmuio u ee nosenenue Ha Beeit O/13. [Ipeanonoxkum, 4to 3T0 rpaduk
UCCIIeTyeMOH (YHKITUH.

y=flx) /

I'paduk dyskIM y =f(x)

251

x
Ectb Touka ~!. KacarenpHas HakJIOHEHa TMOJ OCTPbIM YIJIOM 3HauuT, B

Ay
Touke ~ 1 pyHKIIHS BO3pacTaer.

1

o x
V1o HakJIOHA KacaTeJIbHOM B TOYke ~ 1

Xq Ox X
B Touke T2 kacarenpHas napajuieigbHa OCH , 3HAYUT TOYKA < — TOYKA DKCTPEMYMA.
OO0 3TOM MBI IOTOBOPUM OT/AEIBHO.

B
2 — TOYKa IKCTpEMyMa

x a . .
B Touke "2 yron 2 HakioOHa KacaTenbHOW OyAeT TYIbIM, TaHTE€HC OyJeT BEIMYUHOMN
OTpHULATENIbHOM, 3HAUUT, IPOU3BO/IHAS OTpULaTeNIbHAs U QYHKIIUS 37€Ch YObIBaET.

o3
=
Eo b et
»
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o Xx
VroJj1 HaKJIOHA KacaTeJbHOH B TOUKE ~ 3

x
W, nakone1, B Touke = # MPOU3BOJIHASL PABHO HYJIIO U Jajblie (yHKIUS BO3pacTaeT.

Yroi1 HAKIIOHA KACATEIIBbHOI B TOUKE ~ % — TOUKe JKCTpEMyMa

BersicHsiercs, yTo GyHKIMS BO3pacTaeT Ha HHTEpBaiax, I/ie IPOU3BOHAs OOJIbILE HYJIS:

i) =tgay, >0 = flx)T

Ecnu xe 3HaueHne MPOU3BOIHON OTPHUIIATENBHOE, TO (PYHKINS yOBIBACT:

fil) =tga; <0 = fxz) !

Bes O3 cocTouT M3 OTAENBHBIX TOYEK, 3HAYMT, HAJIO BBIACIUTh T€ HMHTEpPBajbl, Ha
KOTOPbIX NPOM3BOJHAs MEHbILE HYJs, HAa KOTOPbIX NPOM3BOJHAs OOible HYJsA, U OHHU

onpexaenar te ydactku O/13, Ha koTopbix QyHKIHS TUOO0 BO3pacTaeT, JIM0O yObIBaeT. DTOT ke

Ay % f'(x,) - Ax
BBIBOJI MBI IOJYYHM, PacCMaTrpuBas COOTHOLIEHHE - :

(%)

f(x, Ay =0
tex obnactax OJ]3, rae npousBoaHas OoutbIe HYJIS, - (YHKIIHS BO3pacTaer.
Teneps MbI TOTOBBI HAaIKCATh, I/I€ YOBIBAET, a IJi€ BO3pACTAET JaHHas HaM (QYHKIUS:

y=FET % € (—oix], [x + 00)

Ha Tex oOmactsx, Ha

Av =0
KOTOPBIX ITPOU3BOJHAS MEHBIIE HYJA, - ¢dynkus yoeiBaeT. COOTBETCTBEHHO, Ha

L0y

S
Rad
>

X

X jracsvasssa

y=f(x)

[IpomexyTku Bo3pacTaHusi GyHKIIUH

Tenepsb BbIsICHUM, Iie JaHHAs GYHKIUS yObIBaeT:

pu

x € [xy;x,]

y=Ff@1

X4aoaonaoaon -
o

= f(x)

ITpomexxyTku yObIBaHUS (QYHKIIMU ¥
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. . Xy U Xyn
TOHKHIT MOMEHT: BKJIFOYATh JIM 3HAYCHHS B TOUKAX ~ 2 /

fi(x) < 0,x € (x5x,)

X, MX
27 7% He BKIIOYAEM, IIOTOMY UYTO B HHUX I[IPOM3BOJHAS paBHA HYJIIO, a MBI

paccMaTpuBaeM TOT Ciydyail, Korja mOpou3BojHass MeHblie Hynd. Ho ¢yHkuus yObiBaer,

Koraa MIPUHAIJICKUAT OTPE3KY [x:;x‘}].
ITpu 3TOM 3TH TOYKM BKJIFOYEHBI TAKXKE B HHTEPBAJIbI, KOr1a (PyHKIUS BO3pacTaerT.
'
[IpuxoauM K BaXHOMY BBIBOJY: MHTEpBaIbl 3HAKOIIOCTOSHCTBA f1)
MHTEpPBaJIaMd MOHOTOHHOCTHU f (x]_

Iesnp ypoka: Hay4HUThCSl HAXOAUTh MPOMEXKYTKH BO3pAacCTaHUs M yObIBaHUSA (YHKLIUH C
IIOMOLIbIO TPOU3BOJHON. BBIsICHAETCS, UTO HAa/10 HAMTHU IPOU3BOIHYIO, BBIIEIUTh €€ UHTEPBAJIbI
3HAKOIIOCTOSHCTBA U TEM CaMbIM MbI y3HAaeM, Iie 3Ta (yHKLUS MOHOTOHHO yOBIBAa€T U IJe OHa
MOHOTOHHO BO3pacTaerT.

Jlanee HaC MHTEPECYIOT TOUKU SKCTPEMYyMOB (pyHKIIMH. MBI paccMOTpenu ciy4au, Korjaa
NPOM3BOJHAS MEHbIIE HYyJsI, KOrja OHa OoJblle HyJs, TakKe BaXKHBIM Clydail, Korua
IPOM3BOJIHAS paBHA HYJIIO.

BcromHMM, 9TO Takoe TOYKa MAaKCUMyMa M TOYKa MUHHMYMa (OyHKITHH.

SABJIAKOTCA

X, X, X X X

-} Bl

y = f(x)

Touku sKCTpeMyMOB (PYHKIIUH -

x5
PaccmoTpum pucyHok. Touka =2 — Touka MakcuMyMa (yHKIMHU (max), €cii CyIIeCTBYET

i ) = f(x)

Xaq o
OKpPECTHOCTb TOYKHU <, IJII KOTOPOU , TO €CTh €CJIM 3HAUYCHHC q)YHKIII/II/I B OTOH
TOYKC 6OJ'IBI_HG, YCM 3HAUCHUC (bYHKI_II/II/I B JIFO0O0OM TOYKE €€ OKpPCCTHOCTH.

x
Amnanoruunoe OmnmpeaciICHUC il TOYKU MHUHHMYyMaA. Touka “# — TOuKa MHUHUMYMa

¢yHKIMU (min), €Clii CYIIECTBYET OKPECTHOCTh TOUKH *4 s KOTOpOM flx) <f [x:]’ TO €CTh
ecii 3HaueHne (YHKIHMU B STOW TOYKE MEHbINE, YeM 3HaueHue (QyHKIUH B JIFOOOW TOUKe ee
OKPECTHOCTH.

[Tpu moucke HanbGoMBIIETO U HAUMEHBIIIET0 3HaYeHUs QyHKIMU Ha Beer OJ3, To ecThb ee
rJ100aIbHBIX S3KCTPEMYMOB, CII€AyeT NOHUMAaTh, YTO OHU MOTYT HE COBMAJaTh C €€ JIOKAIbHBIMU
IKCTPEMYMaMH, TOUYKaMH, T/Ie TIPOM3BOTHASI MEHSET 3HAK.

[Tpumep 1OKaNBbHOTO U INT00ATBHOTO SKCTPEMYyMa

Paccemorpum dyrxmo Y 2 (x*—1),x € [-2;2]

x=0
31eck ToUka — TOYKa JIOKAJIbHOTO MakcuMyma. DyHKIHS 3/1€Ch paBHA HYJIIO.

r= =12
— TOYKa r1100aIbHOr0 MaKCUMyMa, B HUX (DYHKITUS paBHsIeTCs 24.

2x*x*-1);x€[-2; 2]

Touxka

y

N|—

e
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Tpadux dysum Y — 2x*(x*—1),x € [—2;2]
Ha manHOM ypoke, KOTja TOBOPHUTCS 00 3KCTpEMyMax, IMOAPa3yMEBAIOTCS JIOKAIbHBIE
SKCTPEMYMBI.

Kax Y3HaTh, I'’I€ TOYKAa MakKCUMyMa, a I'A€ TOUKa MUHUMYMaA, IMOJCKAXXCT IMPONU3BOAHA.

Xq .
Bepuemcsi k Touke “?¢. Ha puCyHKE HariIsgHO TOKa3aHO, YTO 1O 3TOH TOYKH (QYHKIUS

flix)=0

BO3pacTaer, IPOU3BOJHAS a mocine JTOW TOUkM  GYHKIUS  yOBIBaer,
flix)<0

. Xq. fx,) =0
POM3BOIHAS . A 3Ha4YeHHE MPOM3BOIHOM B TOYKeE ~ 2. z . MBI mony4yuiu
JOCTATOYHBIM NPU3HAK MAKCHMyMa: IPOM3BOIHAS PaBHA HYJIIO M IIPU 3TOM 3HAK IPOU3BOIHOM

xﬂ
MEHSETC C IIJIK0CAa Ha MUHYC IIPU IIEPEX0/IE apIryMEHTa Yepe3 TOUKY = =.

x o x,) =10

PaccmoTpum touky . IIponsBoaHas B 3TOH Touke flxe) . Ho sBnserca nu nannas
TOYKa TOYKOM skcTpemyMa? IIpomsBojgHas ciieBa OT 3TOM TOYKM OTpHULATENIbHA, KacaTelbHas
HAKJIOHEHA IoJ TynbIM yrioMm. IIpom3BogHas cnpaBa MOJOKWTENBbHAs, 3HAYUT, IIPOM3BOJLHAS

MEHsET 3HAK C MHHYCa Ha IUIIOC IIPU IEpEeXOoJe 4Yepe3 TOUKY *4 spaunr, Touka * — TOuKa
MUHUMYMa.

Nrak, Mbl paccMOTpenIr TOYUKY MUHUMYMa M TOYKY MaKCUMyMa M JOCTaTOYHBIM IIPU3HAK
TOYKM MUHMMYyMa 1 TOYKH MaKCUMyMa.

Kak y3Hatp, sBAsSE€TCS JOM TOYKAa TOYKOW MHUHUMYMa WIM TOUkKod Mmakcumyma? HyxHo

. X, X
B3STh MPOHM3BOAHYIO U IMPHUPABHATH €€ K HyJNto. Toraa Mbl HaiineM Touku = 2, " #u 1. 1. OTO
BHYTPEHHHUE TOUYKH 00JIaCTH ONPEACIICHUS], B KOTOPBIX TPOU3BOAHAS paBHA HYJIIO.

Kputnueckass Touka (QyHKIMM — 3TO BHYTPEHHSS TOUYKa OONACTH OMNpENEIICHHUS, B

o Xy X
KOTOPOM MPOM3BOJIHAS PaBHA HYJIIO WJIA HE CyIIECTBYET. TO €CTh TOUKU ~ 2 U~ # — KPUTUUYECKUE
TOYKH.

Xaq
< —T. max.

*4 _ 1 min.

Ho tak npoucxonut He Bceraa.
Touka nepern6a

Paccmotpum crenyronryto GyHKIUIO:

y = fix)

Wnmoctpanus Touku neperuda

f(xg) =0 ox

Xx
HpOI/I3BOI[Ha$I B TOYKe ~ ¢ paBHaA HYJIIO: , KaCcaTCjibHas IMnapauiCiibHa OCHU

i ? ? *o
SBnsiercs nmu oHa Toukoi 3kctpemyma? Her. [Touemy? IloTomy 4to 10 ToukH ~ ¢ mpou3BOgHAS
MOJIOKUTENbHA, (PYHKIIMS BO3pACTaET:
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y= flx)

BospacTtanue QpyHkuuu 10 TOUKH riepernda
[Tocne 3To¥ TOUKM MPOU3BOJIHAS TAKXKE MOJOKUTEIbHA:

y=f(x)

Bospacranue GyHKIMH 1ocae TOYKU epernda

Xx o
OyHKIMS BO3pacTaeT M CJeBa, M CIpaBa OT TOYKH, 3HAYUT, ° HE SBISIETCS TOUYKOU
JKCTpEMyMa.
Jlemma depma

Ecmu dynkims fx) MMEET MPOU3BOJIHYIO U B TOUKE *0 pmeer AKCTPEMYM, TO 3HAUEHUE
MIPOU3BOAHOM B 3TOM Touke paBHO 0.

3T0 HEOOXOMMBII MOUTHBIN MPU3HAK, U3 HETO MBI BBISICHAEM, KaKHe TOUYKH HaM HY>KHBI
JU1s MccnieioBaHus. Bee ocTanbHble OTMETaeM.

Eme pa3 moguepkHeM, 4TO HaM WJUTFOCTPUPYET JaHHBIA PUCYHOK: PABEHCTBO HYJIIO — 3TO
JMIIB HEOOXOJUMBIH MPHU3HAK SKCTPEMYyMa, HO HE JJOCTATOYHBIMH.

Touka nepern6a, JTOKaJbHBIN XapaKkTep TOYEK SKCTpeMyMa

PaccmoTpuM B kauecTBe puMepa QpyHKIHIO, TpauK KOTOPOH N300paKeH Ha PUCYHKE.

I'paduk GyHKIMHU C HECKOIBKUMH JIOKAJIBHBIMH SKCTPEMYMaMHU
x X5 x
1 — ToukaMUHUMYyMa, % — TOYKAMaKCUMyMa, = * — TAK)KETOUKAMIUHUMYMaA.

Xx
1 — TOYKaMMHHMYMa, 3HAYUT, CYLIECTBYET HEKasi OKPECTHOCTh, I'/ie 3HauUeHHe (QyHKIINU
ABJIIETCS HAUMEHBILINM, HO CYIIECTBYET Tak)Ke BTOpasi TOUKa MUHUMYMa.
v(xy) = ylxs), o
TakuM 00pa3oM, TI00aTbHO, HAUMEHBIINM 3HaYeHHeM (QyHKIMU Ha Beei
x
O/13 siBnsieTcs 3HaueHUEe (PYHKIMHU B TOUKE ~ 2.
Xq o
2 — TOUKaAMaKCUMYMa, HO HauOOJIBIIETO 3HAUeHHs JaHHOW (YHKUUH HE CYIIECTBYET,

X4
IMOTOMY 4YTO €CTh TOYKH, B KOTOPBIX 3HAUYCHUC (bYHKIII/II/I 3HA4YUTCIIBHO 60.]'H)Hle, YEM B TOUKE =.
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Takum 00pa3oM, JAaHHBIM PUCYHKOM Mbl MOJYEPKHBAEM JIOKAJIBbHBIN XapaKTep TOYeK
KCTpemMyma. MoeM 3anucars:
Yuzum — }F(xﬂj:}rtxﬂj = }F(xj

To ecth 3HaueHHWe (YHKIHH B TOYKE *3 Menpue 1160 paBHO 3Ha4YeHUIO (DYHKIWH B
mroboii apyroit Touke O/13.

AJroput™m

MBI 3HaeM, Kak 10 3HaKy IPOU3BOJHOM HAWTU MHTEPBAJIBI MOHOTOHHOI'O BO3PACTAHMS
Wik yObIBaHUA (PYHKIIMH, 3HAeM, KaKUM OOpa3oM ONpPENeNIUTh TOYKH MAaKCUMyMa U TOYKH
MuHEMyMa QyHKIuH. [1ycTh Tenepps ecTh 3ajada MccieqoBaTh (QYHKIHIO HA SKCTPEMYMBI U Ha
MOHOTOHHOCTH C IIOMOIIBIO TPOU3BOTHOM.

AJITOpUTM TaKOB:

I
o Xx
1. HaI/ITI/If ( j
fix)
2. Bplgenuts HHTEpBaJIbl 3HAKOIOCTOSHCTBA . OHu ompenenar HHTEpBaJIbI
fx)
MOHOTOHHOCTH .
. ff==0
3. Haiitu xputmyeckue Touku (BHyTpeHHue Touku OJI3, B KOTOpBIX WIN He
CYIIIECTBYET).

4. BpLIeIuTh W3 KPUTHYECKMX TOYEK M KOHIIOB OTpe3Ka TOYKH OJKCTpeMyMmMa H
HCCIIENOBATh HUX.
3amaua

2 !

=x v
C ITIOMOUIBIO -

o v
Haiitu nHTEpBaNbl MOHOTOHHOCTH M TOYKH SKCTpeMyMa (DyHKITUH -

Haiinem nmpou3sBoaHy1o:
v =2x

[IpupaBHUBaeM €€ K HyJIXO U HAXOJHUM €IMHCTBEHHOE PEILICHHUE:

vi=0
2x =10
x=10
x=10

— €IMHCTBEHHAs! KPUTHUYECKAs TOUKA.
Ha pucynke B HU>KHeH yacTu n300paxeH rpaduk NpoU3BOIHOM.

=X

v ¥V
I'padukn pyskmMii - u-
Ha unTtepBane neBee mpousBoHAs OTpHUIATENIbHA, (PYHKIUS yOBIBACT.
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y=x;

yl y'(x)=2x y
y'<0 y'>0
Y\ y/ | i
i o x o AP .
0 X
JleBb1i1 MHTEPBAI IPOU3BOIHON JleBblil MHTEpBAT PYHKIUU

Ha unTepBane npasee Npou3BoJHAs NOJNOKUTENIbHA , QyHKIMSA BO3pACTAET.

vt y'(x)=2x FJ}'“ .
y' <0 y'>0
y\ i/ A /
' V4 i o\ ,{\B 1
0 X

[TpaBsiii mHTEpBaN pon3BoaHoN | [IpaBblil mHTEpBAT QYyHKIIUN

Otser:
Ly =x ‘annx € (—oo; 0]
5 ¥ =x2T npux € [0; +o0)

3 x=0 y(0)=0

— T. min.

Wrak, Mbl pemwin 3agady, UCCIEAOBAIN (PYHKIMIO C MOMOILIBIO MIPOU3BOJHOM, HO MbI
3HAIM CBOWCTBA 3TOM (DYHKLUH, 3HAIM, TJ€ OHA BO3PACTAET, /i€ YOBIBAeT, U 3HAIU TOUKY
DKCTpEMyMa.

BunnM, 9to pe3ynbTaThl, KOTOPBIE MOITYYEHBI C TOMOIIBIO POU3BOJHOM, COBNANAIOT C
pe3ynbTataMu, HailJIEeHHbIMU paHEe.

3aoaua.

HaiiT 3xcTpeMymbl yHKnun y = X3+(X — 1).

Pewenue.

DKCcTpeMyMbl QYHKIUH - 3TO €€ MaKCUMYMbI 1 MUHUMYMBI. [Ipexe uem HaxoauTh
HKCTpeMalibHbIE 3HAUE€HUs (PYHKIIUH, HY>)KHO HAlTH 3HAYEHUS apI'yMEHTa, B KOTOPBIX OHU
JOCTUTAIOTCS, T.€. TOYKU 3KCTPEMYMOB.

B Touke skcTpemMyma npousBoAHas GYHKIUK PaBHA HYIIO.

Haxoaum npounsBoanyto:

1) no npaBuity nuddepeHpoBaHNs TPOU3BEICHUS:
Y = (08)(x - 1) + 5 (x - 1)

2) no Tabnuiie TPOU3BOTHBIX:

(x3)' = 3x?,
x-1)=1-0;
3) mpeoOpa3zyem:

y' =3x%(x—1) + x3(1 - 0) = 33— 3x% + x3 = 4x3 - 3x°.
[TpupaBHUBaEeM TPOU3BOHYIO K HYJIIO M pelllaeM yPaBHEHUE OTHOCUTEIILHO X:
4x3 — 3x2 = 0;
x2-(4x - 3) =0.
31ech KOPHHU JIETKO OMPEAETSIOTCS PA3I0KEHHEM Ha MHOKHUTENHN - TIPOM3BEICHIE PABHO HYIIIO,
€CJIM XOTs1 OBl OJIMH W3 COMHOXKUTEJIEH paBeH HYJIIO.

Xx1=0ux2=3/4=0,75.
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Ha uucnoBoii npsimoit oTMe4aeM HailIeHHbIE 3HAaUeHUs aprymMeHTa X. B aTux Toukax
pou3BOIHAS (PYHKIMH paBHA HYJI0. Mex 1y HUMH (Ha HHTEpBajax) oHa COXpaHseT 3Hak "+"
nian "—". UToOBI OnpeAesuTh MOIOKUTEIbHA WIIM OTPHIIATEIbHA MPOU3BOIHAS (DYHKITUN Ha
KOHKPETHOM MHTEpBaJie, MOJICTAaBIIsIeM B (POPMYITy JUIsl POU3BOIHOM MPOU3BOJILHOE 3HAUECHUE
U3 3TOT0 MHTEpBaa.

y' = 4x3 - 3x%;

y (1) =4(-1)°-3(-1)*=-4-3<0;

y' (0,5) =4-(0,5)* - 3-(0,5?=0,5-0,75<0;
Yy (1)=413-3-12=4-3>0.

Taxum 00pa3oM, TOUKH, B KOTOPHIX IPOU3BOHAS PABHAETCS HYIIO, Pa30MIN YHCIOBYIO
NpsIMYIO Ha TpU MHTEpBaJia. B mepBoM 1 BTOPOM U3 HUX NMPOU3BOJIHAS OTPHUIIATENbHA, B TPETHEM
10JIOKUTENbHA. OTMEYaeM 3TO Ha YHCIOBOM IPSAMOM.

OyHKIMS BO3pacTaeT Ha UHTEpPBaJe, eciu €€ MPOU3BOJHAS Ha STOM UHTEpBaJe
MOJIOKHUTEIIbHA, M YOBIBAET, €CIIHM MPOU3BOIHAS OTpULlaTeIbHA. OTMETHUM 3TO CTPEIOYKAMH C
COOTBETCTBYIOIIUM HAKJIOHOM, COOTHOCSI UX CO 3HAKaMU MPOU3BOJHOM.

[Tonyunnu crieaymouyto cxemy:

fOON N
J('F_I_I+

X 0 0,75

ITo cxeme BUIHO, 4TO B Touke X1 = 0 SKCTpeMyMa HeT, GyHKLHUs yObIBaeT U Ipasee, U
neBee 3Toi Touku. B Touke X2 = 0,75 QpyHKUMS MEHsIET XapaKTep MOHOTOHHOCTH C yObIBaHUS Ha
BO3paCTaHMe, 3HAUUT 3Ta TOUKA ABJSETCA TOUKOW MUHUMYMA.

OmnpenensieM MUHIMAaJIbHOE 3HaUCHUE (DYHKIHH:

y =x%(x—1);
y(0,75) = (0,75)3:(0,75 — 1) = -0,10546875 =~ -0,11.

OTBeT: Ymin ~—0,11.

)

Pemienne 3aganmne:

. yzln(xg—6x+1[]:l
Nel. Haiitu skcTpemyMbl pyHKIMN .

8
y=—+—=
Ne2. Haiitu sxcTpeMyMbl (pyHKITUH 2 x
y= ®_ 27 +3x+1
Ne3. Haiitu sxcTpeMmyMbl pyHKINN 3
_q_ 4
Ned. Haiitu skcTpeMyMs! GpyHKIMM © 1-x .
3
y=(x-1)

NeS. Haiitu sxcTpeMyMbl (pyHKITUH

_ ez
Ne6. Haiitu skcTpemMyms! Gyukiun » ~ & 2-x

2
f[x):x +1

Ne7. Haiitu mpomMexyTKH Bo3pacTaHus U yObIBaHUS (PYHKLIUU x=1,

fl':x:l: 2x% —lnx
fl[x:l =x +6x° +9x

Ne8. Haiitu mpoMexyTKH Bo3pacTaHus ¥ yObIBaHUS (YHKIIUU

Ne9. Haiitu mpoMexyTKH Bo3pacTaHHs U yObIBaHUS (YHKIIUU
Nel0. MccnenoBaTe Ha MOHOTOHHOCTB M 9KCTPEMYMBI CieTyromue pyHKIUH:
1) flx)=2x+x"°
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) F() =73
3) flx)=x3+x%+ 16
a) f(x) = x* — 8x°

IIpakTnyeckas padora Ne29
Tema 5.7 VccrnenoBanue GpyHKIUN U TOCTPOSHUE MX IPAPUKOB
Heas: Hayuntbes uccnenoBath GyHKIMHA U CTPOUTH UX TpadUKH.

Teopernyeckas yacThb:

HccnenoBanune GpyHKIMIA 3aHMMAeT HEMAJIO BPEMEHU IIPU PEILICHUN KOHTPOJIbHBIX,
JOMAIIIHUX 3aJJaHUH U YTOOBI HAYYUTHCS OBICTPO peIIaTh HyXKHA HHCTPYKIUS O0BSICHSIIOMIAS
MOPSAIOK NEUCTBUHN U JIJISl UEro 3TO HYKHO. Takas MHCTPYKLHUA pa3padoTaHa MaTeMaTUKaMH U
00o011eHa Ha BCe TUTIBI (DYHKIIHIA y>Ke TaBHO, @ MbI €€ Ha3bIBaeM — 00IIas cXemMa UCCIe0BaHus

GbyHKIMN.
y=7)
YtoObl uccnenoBath GyHKIIHIO U TIOCTPOUTH €€ TpaduK HEOOXOUMO:
1) HaiiTi 00JacTh OrnpeIeieHust PYHKIIUHU, TO €CTh MHOYKECTBO BCEX TOUEK /IS KOTOPHIX
CYIIECTBYET 3HaYCHUE (PYHKIINU;
2) HaWTH (eCJIM OHHU CYIIECTBYIOT) TOUKH IEepeceueHus rpaduka ¢ KOOPAUHATHBIMU

y=f(x) x=0

OCsIMMU. I[.Hﬂ 3TOTO Hy)KHO B ypaBHeHI/Ie IIOACTAaBUTH aprMeHT a TaK¥Xe
i (x ) =0 Ox .
peHII/ITI) ypaBHeHHe IJIA OTBICKAHUS TOYCK HepecequI/ISI C OCBhHO y
3) HCCIICA0BATH q)yHKHI/HO Ha ICPUOANYIHOCTh, YCTHOCTb U HCYCTHOCTD. B HCKOTOPLBIX
CIIy4asX 9TO MOYKHO CIENIaTh BU3YaIbHO 110 CaMOMY BUY (DYHKIIMH, ECIIH HET, TO IPOBECTH

IPOBEPKY:
1. f(_x) - f(x) — QyHKLUS YeTHas;
2. 7 (_I) =7 (I) — (yHKLUS HEUeTHAs;
, TE+T)= 1 ()

— (QyHKLUS TeproyUecKast, T nepuoJ GyHKIH.

y=f(x)

Takum 06pa3om, eciii uMeeM MapHyro QYHKIHIO TO JOCTATOYHO MOCTPOUTH

€€ AJIA IOJOKHUTCIBbHBIX 3HAYCHHI x U , IIOCJIC Y€TO OTPa3uTh €€ CUMMCECTPUIHO

OTHOCHUTEJIBHO OCH abCLuCC Ha Jpyryko yacTh. B ciayuyae HeueTHoU (yHKIMU rpaduk OyaeT
CUMMETPUYEH OTHOCUTEIBHO Havyaja KoopAuHat. Hampumep, eciiu uMeeT HEYeTHYIO (PYHKIIUIO
rpaduk KOTOPOH MPUHAUIEKUT NEPBOIl UETBEPTH BTOPYIO MOJOBUHY MOJyYUM OBOPOTOM
nepBoii yerBepTu Ha 180 rpaaycoB (TpeThs UETBEPTH).

[leproanueckuMHu SBISIOTCS MIPEUMYIIECTBEHHO (YHKIIUH COCTaBICHHbIE U3 MPOCTHIX
TPUTOHOMETPUUYECKHX M HEKOTOPbIE MTapaMeTPUUECKU 3aJJaHHbIe (DYHKIIUH.

4) HaliTH TOYKH Pa3pbiBa U UCCIIEOBATh UX (TAKUMH TOYKAMH SIBIISIOTCS Kpast
MHTEPBAJIOB oNpeeeHus QyHKINN);

5) HaliTH MHTEPBAJIbI MOHOTOHHOCTH, TOYKH 3KCTPEMYMOB U 3HAYCHUS (DYHKIIMU B dTHX
TOYKaXx;

6) HaliTH MHTEPBAIBI BBITYKIOCTH, BMSITHHBI i TOUYKH MIeperuoa;

7) HAWTH aCUMIITOTHI KPUBOIA;

8) moctpouth rpaduK GYHKIHH.

BoJIbIIIMHCTBO U3 ATUX IMMyHKTOB OBLIO PACCMOTPEHO Ha MPAaKTHKE B MPEIbLIYIIHNX
CTaThsIX, IO3TOMY MOJIPOOHO pacluChIBaTh Mbl UX He OyJeM. Takke He nepexuBaiite, eciu
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Haii/ieTe IIaH B JINTepaType WIK UHTEPHETE, KOTOPBIN COAEPKUT O0JIee UM MEHEe ITyHKTOB.
[TomMHuUTE, YTO LIETH UX BCEX - IOMOYb MPH MOCTpOoeHNH rpaduka pynkuuu. [lepeiiaem k
NPAaKTUYECKON YacTH U MCCIIELyeM IO cXeMe (PyHKIUIO.

IMpumep.
HccnenoBaTh QYHKIMIO U IOCTPOUTH €€ Tpaduk

.,»".'2

EICEN)

Pewrenue:

1) @yHK1MS onpeiesieHa Mo BCIOAY KpOME TOUKH B KOTOPOI 3HaMEHaTelb IIPEBpaIaeTcs
B HONIb (* — 1 ). ObnacTp onpeeeHus: COCTOUT U3 IBYX HHTEPBAJIOB

D(y): (=, 1)U (1 +e0).

2) [Ipn HOI[CTaHOBKe snauenns * — O IOJIyYUM

7(0)=

Taxy¥o e TOUKy HOJTYYHM eCITH IpUpaBHsAeM (yHKIHIO K Hymo. Touka * = 0.
€MHCTBEHHAsI TOYKA [IEPECEUECHUS C OCAMH KOOPAUHAT.

3) [IpoBepsieM QYHKIIMIO HA YETHOCTh

2(0 1)

C2(-x-1) 2(.x+1);

y(x)2y(x), y(-x)2-y(x).

Wtak (pyHKLMSA HU YeTHAs,, HU HEYETHAs, HEepUOANYECKasl.

T I

4) B naHHOM cily4yae UMeeM OJIHy TOUKY pa3pblBa x=1 . Beruncnum rpaHunel ciieBa u
CIipaBa OT 3TOW TOYKH

. .,»".'2
lim ——=-
x—=1-0 Z(K —1)

.3.'2

inII}-DZ(.x 1) -

Urax * =1 _1ouxa pa3pbiBa BTOPOTO poja.

5) J1st OThICKaHHsI UHTEPBAJIOB MOHOTOHHOCTH BBIYHMCIISIEM MIEPBYIO IPOU3BOIHYIO
byHKIMHA

yt_ZX-Qx—l)—xz__x(x—Z)
2(x-17  2(x-1)*
[pupaBHUBas €€ K HYJIO MOJyYMM TOYKH MO03PUTEIBHBIE Ha
x=0x=2

AKCTPEMYM . OHH pa30uBaOT 00J1aCTh ONPEETICHHS Ha CIeAYIOLINEe HHTEPBAJIbI
MOHOTOHHOCTH

(~0: 0) U (0:1) U (1:2) U (2:4+<0).

Hccnegyem moBeneHne MpoM3BOIHOM ClIeBa U CTIpaBa OT HAACHHBIX TOUEK pa3OneHUS
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-1(-1-2) _
. )_2(1 1)° 4’
0,5(0,5-2)
2(0,5-1)°
, L5(15-2)
y13)- 2(1,5-1)
oo 36-2) 3
j;(3)_2(3—1) _§ ’

I'padmyecku nHTEpBATIBI MOHOTOHHOCTH OYIyT UMETh BUJ
Y
+- - N+
'
0 ]2
Hccnenyemas GyHKIMS BO3pacTaeT Ha HHTEPBajIax
(0:1).(12)

Touka * = 0_ TOYKA JIOKAIBHOTO MAKCUMYyMa, x=2_ JIOKaJIbHOTO MUHUMYMa.
Hatinem 3HaueHne QpyHKIUN

-15<0;

y'(0.5)=

-1L5=0;

(-0:0).(2:4) |

yOBIBaeT

22
= UJ = =
.j” i 2 (2 _ 1)
6) Jlns oThICKaHUs I/IHTepBaJ'IOB BBIITYKJIOCTH HaiIeM BTOPYIO IPOU3BOJHYIO
_(2x-2)(x- 1)’ - 25 (5 —2)(x— )_ 1
2(x-1)" (x—1)°

Takmx HHTCPBAJIOB HCT, ITOCKOJIBKY BTOpaA MPOU3BOAHAA HC MPUHUMACT HYJICBBIX
3HAYCHHUH B 00J1aCTH OIIPECACIICHUS.

Yinax

7) Touka *+ = 1_ BEpTUKaJIbHASA aCUMIITOTA (YHKIHHU. Y paBHEHUE HAKJIOHHON
ACUMIITOTBI UIMEET BUJL

y=kx+h
i b
rae - I'paHUIIbl KOTOPBIC BEIYUCISAIOTCS O IIPaBUILy
. b4

£= lim f( ) ;

X—=tm X
b= lim x)—kx).

x—teo (f( ) )

Haxonnum Hy»XHbIe rpaHULBI

113



2 2

F=lim — = lim ——— =~

x—:»imz,x(.x—l) xeimzxg[l_l] 2

X
2 2 _ _

be fim ("~ Lo 2 A

x—sken 2(}:—1) 2 x—skeo Z(I—l)

: x 1
= lim

xeimZ(x—I) - E

Koneunslil BUI IpsAMON CIIEY O

1 1
y=—x+—.

2 2

8) Ha ocHoOBe mpoBeieHHOTO aHATN3a BBITIOJIHIEM ITOCTpOeHHe rpaduka GyHKuu. Js
3TOTO CHayaja CTPOUM BEPTHKAJIbHBIC M HAKIIOHHBIE aCUMIITOTHI, 3aT€M HaX0/UM 3Ha4EeHUE
q)YHKIII/II/I B HCCKOJIBKHUX TOYKax M 11O HUX IIPOBOJUM IMOCTPOCHHUC.

4‘

y=(x+1)/2

x=1

Pemienue 3aganuii:
1.Mccnenyiite GyHKIHIO B MOCTpOiTE €& rpaduk: y = x2 (X — 2)(x + 2).

2.
. Uccnemyiite hyHKImIo 1 moctpoiite eé rpaduk: y = (x2 + 1)L,

. Uccnenyiite GyHkmio u moctpoiite eé rpaduk: y = 0,125(x3 — 12x).
. Uccnenyiite GyHKIMIO 1 TOCTpO#iTE €€ rpaduk: y = (X2 + 4x — 3)°.

O 0 3 N Lt AW

Uccrenyiite QyHKIMIO 1 OCTpoiiTe eé rpaduk: y = x* — 2x° — 1.

. Uccnenyiite hyHKuuio u moctpoiite e€ rpaduk: y = sin (2x + 3).
. Uccrnenyiite GyHKIMIO U TIOCTpoiiTe €€ rpaduk: y = 3x2 + 5x — 2.
. Uccnenyiite GyHKIMIO M mocTpoiiTe eé rpaduk: y = X + x.,

. Uccrnenyiite GyHKIMIO U IOCTpoiiTe €& rpaduk: y = 8x2 - 2x + 1.

10. UccnenyiiTe GyHKIMIO U TOCTpoiiTe eé rpaduk: y = 2x° - 6x + 3.
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IpakTuyeckasi pa6ora Ne30
Tema 5.8 HauOonbIiee 1 HauMeHblee 3HAYCHUS (QyHKIHN
Hean: Hayunthcs HaxoauTh HauOoJbllee M HaUMEHbIIEe 3HAUYCHHA (YHKIMU Ha
OTpe3Ke.

Teopernyeckasi YacTh:

Haxo:xnenne Han00JIb1I€r0 1 HAUMEHbIIEr0 3HAYeHUH (PYHKIMH HA OTpe3Ke.

1. Ecniu ¢yHKuMs HenmpepblBHA Ha OTpPe3Ke, TO OHAa JOCTHraeT Ha HEM CBOETO
HauOOJIBILIEr0 U CBOETO HAUMEHBIIIETO 3HAUCHUSI.

2. HauGomnpIiiero 1 HaMMEHBIIETO 3HAYEHUH HENpepbIBHAS (YHKLIUS MOXKET JOCTHTaTh
KaK Ha KOHIIaX OTpe3Ka, TaK U BHYTPHU HETO.

3. Ecniu nmauboneinee (HauMeHbIee) 3HaUeHHE (DYHKIUU JOCTUTACTCS BHYTPH OTpE3Ka,
TO TOJIBKO B CTAlMOHAPHOW MJIM KPUTHUYECKOU TOUKE.

AJNTOPUTM HaXOXJIEHHsS HauOOJBIIET0 U HAMMEHBIIEro 3Ha4eHnd QyHkuuu y = f(x) Ha
oTpeske [a; b]:

1. Haiitu o6macts onpenencaus pyakmun D(f).

2. Haiiti nmpousBonnyto f* (x).

3. Haiitu cTannoHapHbIe W KPUTHYECKUE TOYKH (PYHKIMH, MPUHANISKAIINE HHTEPBATY
(a; b).

4. Haittu f(a), f(b) n 3HayeHns QyHKIUMM B CTalMOHAPHBIX TOYKAX, NMPHHAICKALIIX
UHTEpBay (a; b).

5. Cpenu moy4eHHBIX 3HAYCHUH BBIOpATh HANOOJbIIIEe 1 HAMMEHbBIIIEE.

IIpumepsl 1 pa3doop pemeHusi 3aIaHU TPEHUPOBOYHOT0 MOYJIA

Nel.Haiitn Han6onpinee 1 HauMeHbIIee 3Hadenus Gynkmun f (x) = 2x3 — 9x% + 12X — 2
Ha oTpeske [0; 3]

Pemenne. JleiicTByeM B COOTBETCTBUH C AITOPUTMOM.

1) D(f) = (-o0; +o0).

2) f (x) = 6x%— 18x + 12

3) CrauuoHapHble TOUKH: X = 1; X = 2.

1€(0;3; 2 € (0; 3)

4) (0) = -2
f(3)=7
f(1) =3
f(2) =2

5) fuam.=f(0) = -2

fHauﬁ,:f(3) =7,

OtBeT: fuan= -2

fHauﬁ.: 7.

Ne2.Haiinure aBa MOJOKUTEIBHBIX YHCIA, CYMMa KOTOPBIX paBHa 16, a mpou3BeicHUE
HauOobIIee.

Pemenue.

IIycTh HepBOe YncIio paBHo X, * = 0
Torzia BTOpOE 4HCIIO - (16 — x),16-x>0
CnenosatensHo, 0 < x < 16

[TpousBenenne sTux uncen paBHo x(16 — x).

CoctaBuM (QYHKIHIO:

f(x) = x(16 — x)

fllx)=—-2x+16

X = 8 — enmMHCTBEHHAs CTallMOHApHAst Touka Ha wHTepBaje (0; 16), oHa SABISETCS TOUKOH
MakcHUMyMa.
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CrnenoBatenbHO, B 3TOM Touke (yHKuusa F(x) = x(16 — x) nmpuHMMaeT HamOOJbIIEe
3HauCHUE.

CrnenoBatenbHO, /1Ba MOJIOKUTEIBHBIX YKCIa, CyMMa KOTOPBIX paBHa 16, a mpousBeneHue
HauOoJIbllIeE, 3TO 8 U 8.

OtBeTt: 81 8

Pelenue 3ananui:

3 2
9 =x —6x+9
Ne 1. Haiitu HamMeHbllee W HAHOOIbIICE 3HAYCHHUS (GYHKIHH ~ Ha

orpeske [-1, 2].

_ 4l
Ne 2. HaiiTu HaumMmeHpliee W HamOONbIIee 3HAUCHHS (GyHKIUH » A3y

orpeske [-3, 3].

a

o =X+
No 3. Haiitu HauMmeHbIllee W HauOoJbIIee 3HA4YCHHS (DYHKIUHU Y "'I{_ Ha
orpeske [0, 4].

_4-x
= Z
Ne 4. Haiitu HauMeHblIee U HauOoblee 3HAUCHUS (QYHKIUU 4+x" na orpeske [-
1, 3].
N y=x 343
Ne 5. Haiitn HanMeHbIiee 1 HanOoJbIIee 3HAYCHUS (PyHKITUH Ha OTpEe3Ke
3
2
1- x+x°
-y, . T
Ne 6. Haiitu HaumeHblllee M HauOoJbllee 3HAYEHUS (PYHKIHUU l+x-2x" na
[0 1]
OTpe3Ke .
. y=x—2-J%
Ne 7. Haiitu HauMeHbllee W HauOonbluee 3HauYeHUs (QYHKLIUU Ha
[0, 4]
OTpE3Ke .
N y=x‘lnx
Ne 8. Haiith HaumeHbliee M HauOoJbIllee 3HAYEHUS (DYyHKIUH Ha
orpeske [1, €].
Ne9. Haiitn HauMenbIlee ¥ HauGOMbIIee 3HAYCHUS QYHKIHU ¥ 2xFCos2x OTpe3Ke

&%

IIpakTnyeckas padora Ne31
Tema 5.9 HaxoxaeHue onTUManbHOTO pe3yJibTaTa ¢ HOMOIIbBIO MPOU3BOIHON
eanb: HayunTbcst HAaXOIUTh ONTUMAJBHBIA PE3YJIbTAT B MPOU3BOJCTBEHHBIX MpOIEccax
C IOMOIIBIO IIPOU3BOJIHOM.

Teopernyeckast 4acThb:

Kaxnp1ii uenoBek BpeMsi OT BPEMEHHM OKAa3bIBa€TCS B CUTyallUM, KOT/Ia HAJ0 OTBICKATh
HAaWIy4IIMHd Ccrnoco0 pemieHusl Kakoi-nmubo 3anadv, U MaTeMaTHKa CTaHOBHUTCS CPEACTBOM
pelieHus mpobdieM OpraHU3alliu MPOU3BOJICTBA, MOUCKOB ONTHUMANIBHBIX pelleHHd. BaxHbIM
YCJIIOBUEM IIOBBIIICHUA Bq)(i)eKTI/IBHOCTI/I MMPOU3BOACTBA M YJIYUYIICHHUA Kad€CTBa IPOAYKIHUHN
SABJISIETCS] IIUPOKOE BHEAPEHHE MATEMAaTUYECKUX METOJ0B B TeXHUKY. Cpeau 3a/1au MaTeMaTHKU
OO0JIBIIYIO POJIb OTBOJST 3a7jauaM Ha 3KCTPEMYMBI, T. €. 3a/ladaM Ha OTbICKaHHWE HauOOJBIIETr0 U
HAUMEHBIIIETO 3HAUYCHHs, HAWTY4Ilero, HanboJee BRITOJHOr0, Hanbosee 3KoHOMHOTro. C TaKUMU
3aga4aMi  MPUXOAUTHECA HMMCETH [ACJI0 MNPCACTABUTCIIAM CaMbIX PA3HBIX CHeI_H/IaJ'II)HOCTeI\/'II
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WHXCHEPBI-TEXHOJIOTH CTaparoTCsl TaK OPraHW30BaTh MPOU3BOJICTBO, YTOOBI MOJIYYHIOCH Kak
MO>KHO OOJIbIIIE MPOIYKIINH, KOHCTPYKTOPHI XOTAT TaK CINIAHUPOBATH MPUOOP HA KOCMHYECKOM
KopabJe, yToObl Macca mpubopa Oblla HAUMEHbBIIEH, YKOHOMHCTBI CTapaloTCs CIIAHUPOBATH
MPUKPEIICHUE 3aBOJIOB K UICTOYHHKAM CBIPBS TaK, YTOOBI TPAHCIIOPTHBIE PACXO/IbI OKA3BIBATUCH
MHHHUMAaJIbHBIMH. MOKHO CKa3aTh, YTO 3aJa4d Ha OTHICKAHWE HAMMEHBIIETO0 M HaMOOJBIIETO
3HAUEHUS, UMCIOT OOJIBIIIOE TPAKTHYECKOE IIPUMEHEHUE.

3a/1aya Ha U3rOTOBJCHHE 0aKa HAaMOOJBIIEro 00hLeEMA

[IpencraBeTe cebe, YTO BaM TOCTYyNHJI 3aka3: M3 KBagpaTHOTO JHUCTa IKele3a
HEO0OXOJMMO HM3TOTOBHTH Oak B (hopMe MPSAMOYIOJLHOrO Mapajuieienuiesa ¢ HauOOoIbIIIM
o0vemoMm. JlaBaiiTe MpaKTHYECKUM TYTEM OIpPEIeiInM, KaKhe MapaMmeTphl JODKEH UMETh ATOT
bak?

Ha xascovuii cmon (2 cmyoenma) 6vloan Oymadichviil Keaopam co cmoponou 24x24 cm u
PA3UYHOU pazmMemKoll (8vlpeska no Kpasim keaopamos co cmopounamu I1x1, 2x2, 3x3, 4x4x, 5x5,
6x6, 7x7, 8x8, 9x9, 10x10, 11xI1cm). Heobxooumo cxkneumsv «bak» u noocuumams e2o oovem
amnupuveckum nymem. Omeem uxcupyemcs Ha 0ocke u 8bloOUpaemcs HauborbLUWULL 00veM.

Wrak, HanOoapIuii 00beM uMeeT 0aK BBHICOTOM 4 ¢cM U ocHOBaHueM 16x16 cm. Jlis Toro,
4TOOBl NPUUTH K O3TOMY pe3yJbTaTy, HaM IMPUIUIOCh MPAKTHUYECKUM IyTEM BBIIOIHUTH
noctpoeHue 12 «06axoB». B KHM3HM 3TO — HENO3BOJIUTENbHAs POCKOLIb. T.e. HEOOXOAMMO
npobiieMy  pemuTh ApyruM  myteM.  Jlig  3TOro MBI IPUMEHUM  3HAHUS U
IPUHLIUIT MaTeMAaTHYeCKOr0 MO/1e TUPOBAHHUSA

3amaun  HA  ONTUMHU3ALMIO  PEMIAIOT, KCIOJNb3ysl MPUHIMI ~ MaTEeMaTHYeCKOTo
MOJIEJIUPOBAHUS, KOTOPBII COCTOUT U3 TPEX ITAIOB!

1. CocraBieHnue MaTeMaTUYECKON MOenn

2. PaboTa ¢ cocTaBIeHHON MOJIEIBIO

3. OTBeT Ha BOIPOC 33/1a4u

Wcnonp3ys mNpuHIMI  MaTeMaTUYECKOTO0  MOJEJIMPOBAHMS, pEIIMM 3aJady Ha
U3roTOBJICHHE Oaka HanboJbIIEro oobema.

1 saran: CocraBiieHne MaTeMaTUYECKON MOJIETH:

1) IlpoaHanu3upoBaB YyCIOBHs 3a/auM, BBIJEIUM ONTHMHM3HPYEMYIO BEJIHYUHY, T.€.
BEJIMYMHY, HauOoJblllee WIM HauMEHbIllee 3HaUeHHe KOTOpoW HeoOxoaumo HaiiTh. B ganHoMm
ciydae 3To 00beM Oaka, 0003HauUUM ero V

2) OnHy U3 y4acTBYIOIIMX B 33/1a4€ BEIMYMH 0003HAYUTh 32 HE3aBUCHMYIO [IEPEMEHHYIO
x. IlocrapaTbcsi BbIpa3suTh 4Yepe3 3Ty MEPEMEHHYIO OCTAJbHBIE BEIMYMHBL. B Hamel 3agaude
JIOTUYHO 32 HE3aBUCHMYIO IEPEMEHHYI0 X INpPHUHATH BBICOTY Oaka, TOrja OCHOBaHHE Oaka —
KBaJpaT co CTOpoHOH (24-2x). Onpenenum peanbHble IpaHULlBl IepeMeHHOH X. JloruuHo, yTo
BbICOTa 0aKa —I0JIOKUTEIbHAs BEIMYMHA, MEHbIIast 12.

3) Ucxoas u3 ycioBus 3a/1a4, BeIpasuM V yepes X:

V(x)=(24-2x)?X, 0<x<12. MaTemaTidecKas MOJENb OCTPOEHA

2 stan. PaboTa ¢ cocTaBneHHON MOJAEIBIO

Haiinem Hanbonpiee 3Hauenne pyHkiuu V(x) Ha uarepsaie (0;12)

V/(X)=576X-96x2+4x3

Haxoaum npon3BoAHYyIO U CTallMOHAPHBIE TOUKU

V'(X)=576-192x+12x?, 576-192x+12x%=0, x1=12,x,=4.

Tonbko onHa Touka x=4 npuHaanexut uarepsainy (0;12), mpuuem npu 0<x<4 V'(x)>0, a
npu 4<x<12 V'(x)<0, T.e. x=4 TOYKa MakCMMyMa, a 3HA4YUT, B ITOH Touke QyHKuusA V(X)
MPUHUMAET HauboJblliee 3HaUeHHUE.

3 sran. OTBET Ha BOIMPOC 3a7a4H.

X — 9710 BBICOTA 0aka, T.€. BRICOTA paBHA 4, CTOPOHBI OCHOBaHHS Oaka — 16.

Wrak, 6ak ¢ HaubonpmM 00beMOM UMeeT rapaMeTpbl: 16x16x4.

3amaua 2.
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Jlan Oak 0e3 KpbIIIKM B (opmMe TpsIMOYTOJIBHOTO TMapajuiefienuIie/a, B OCHOBAHHH
KOTOPOTO JIEKHUT KBAjpaT u 00beM Kotoporo paseH 108 mmS. ITpu kakux pazmepax 6aka Ha ero
U3rOTOBJICHHE TIOW/ICT HAMMEHBIIIEe KOJIMYECTBO MaTeprasia?

1. CocraBisieM MaTeMaTHYECKYIO MOJIEIb
Bomnpoc
Uro sBusieTcs
ONTUMHU3UPYEMOW BEJTMYMHOMN?
CKoOJIbKO TaKkuXx JieTaneit?

OtBeT
Ilnowaow oemanei, uz
KOMOpbIX céaper Oax
Oono ocnosanue u 4 60Kk06bIX
2panu
Keaopam

UYro npencrasiseT cob0il THO
Oaxa?
Ero muomans?

X?, NPUHAE CIMOPOHY OCHOBAHUS.
3a x
4 pasHvix npsAMOY20IbHUKA

Uro npeacTaBisitoT cooon
OOKOBBIC T'PaHH?
Ux mnomans?
CKOJIBKO HEM3BECTHBIX

4xh, 20e h — svicoma 6axa
Cmopona ochosanus b6axka u

BEJIMYHH, OT KOTOPBIX 3aBUCUT gvicoma
ONITHMH3HUPYEMasi BETNYUHA?
MO’KHO JIU CBECTH K OJIHOU?
Bripasum BeicoTy huepes x| V=hx?  108=hx®>  h=108/x?
BripasuM mromaap yepes X S(X)=x2+4x
KaxoBsl napamerpsl x? 0<x<108

Wrak, MaTeMaTH4ecKas MOJIEIb S(X)=x2+4x 0<x<108

3aJa4du

2. Pabota c maremarnyeckoil mojenpto. Haiitu HaumensbIiee 3HaueHne GyHKuuu S(X) Ha
untepBaiie (0;108) mo anroputmy

Bonpoc Omesem
Haiitu cTanmonapHbie TOUKH S'(x)=2x-4
2x-4 =0
2x3=432
x3=216 X=6

CranuonapHasi TOUKa SIBISIETCSA
TOUKOM skcTpeMyma? (TOUKOH
MaKCHMyMa M MUHUMYMa)
Haumensblee 3HaueHue GpyHKIUH
S(x) mocturaercst B TOUKe

Ja, x=6 mouka munumyma

,ZZa, m.K. Ha uHmepeane

(0;108) pynryus

MUHHUMYyMa? Henpepvlena
3. OTBeT Ha BOIIPOC 3aJauHu.
Bomnpoc Omeem

B nannoM 3agaue KakOM CMBIC]I
nMeeT HalileHHas BeJIMunHa X?
Kakne enie mapamerpsl umeet

Cmopona ocnoganus baxa

0ax?

Bwvicoma

KaxkoBo ee 3gauenue?

H=3

OTBeT Ha BONpOC 3a7aun

Haumenvuee xonuuecmeo
mamepuaia Ha uzeomoejieHue
baxa npu wupune OCHO6aHUA
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‘ ‘ 6 Om u svicome 3 Om ‘

Pemienue 3axanmii:

Nel. CBapIIMKy TOCTYIHII 3aKa3 BBINOIHHTH OTPAKJICHUE YYacTKa IIOIaabio 2400Mm2,
pa30oMB ero Ha JBa y4yacTKa MPSMOYTOJbHOW (POpMBI Tak, 4TOOBI JUIMHA OTPaKICHUS ObLIa
HauMmeHble. Hailtu pazmepsbl y4acTKOB.

No2. Tpebyercsi CBapuUTh SIIIUK C KPBIMIKOW 00BEMOM 576 nM>, CTOPOHBI OCHOBAHHUS
ALIUKA JOJKHBI OTHOCUTHCS Kak 1:2. Kakoil nomkHa ObITh BEIHMUKMHA €r0 CTOPOH, YTOOBI MOJIHAS
MOBEPXHOCTh ObLJIa HANMEHBIIICH?

Ne3. Vuacrok mnpsmMoyrojbHOH (OpPMBI OJHON CTOPOHOW mHpHIIeracT K 37aHui0. Y
cBapumka ectb 20 MeTpoB u3ropoau. Hago oropoauts y4acTok Tak, 4YToObI IUIOIMAAb €ro Obuia
HauOobILIAs

Ned. TpeOyercs HM3rOTOBUTH OTKPBITHIN JKECTSHOH KOopoO B (opMmMe MPSMOYTOJIBLHOTO
napajuieJienunesa ¢ KBaJApaTHBIM OCHOBaHHEM, C HAUMEHbIIUM OOBEMOM, €CIM Ha €ro
M3rOTOBJICHHE MOYKHO TOTPATHTH kecTh 300cMm?

IIpakTnyeckas padora Ne32
Tema 5.9 HaxoxieHue onTuMaibHOIO pe3yJibTaTa ¢ MOMOLIBIO TPOU3BOIHON
Hean: HayuuTbcs HaXxOAMTh ONTUMAJIBHBIA pE3ylbTaT B NPAKTUYECKHUX 3a/adax C
MTOMOUIBIO TPOU3BOIHOM.

Teopernyeckast 4acTh:

[Ipexnae uem pemath Kakyro - JuU0O0 KU3HEHHYIO 3ajJjauy, YeJIOBEK CTapaeTcsl B3BECUTh
UMEIOIYIOCS Y HEro MH(OpMAIHIO, BBIOpaTh U3 Hee CYHIECTBEHHYI0. M TOIBKO MOTOM, KOT/a
cTaHeT OoJjiee MM MEHee SICHO, U3 Yero MCXOAUTh M Ha KaKOH pe3yJbTaT pacCuUThIBaTh, OH
IIPUCTYNAET K PELICHUIO 3aa4d. YacTo ONMMCaHHBIM IPOLECC HA3bIBAIOT YCIOBUEM 3a/1a4H,
(akTHUeCKH >K€ 3TO 3aMeHa MCXOJHOM >KM3HEHHOW 3aJauM ee Mojfenbplo. B ocmbicieHuun
npocTeiel KU3HEHHOW CUTyallul MPUCYTCTBYET MOJEIbHBIN MOAXOJI, XOTS YEJIOBEK OOBIYHO
HE 3aMe4acT CBOCH JEATEIbHOCTH IO CO3JAaHUI0 MOJENECH - HACTOJIBKO OHa Ui HEro
ecTecTBeHHA. VIHOe €10, eciii BO3HUKAIOIIAS 3a7a4a 3aTParuBaeT KIKYEBbIE MOMEHTHI )KM3HU
OJIHOTO YeNloBeKa MJIM Kakoro - jgubo cooOmiectBa sojeil. PasHooOpasue nH(pOpMaoOHHBIX
aCIeKTOB B KaXJOM TakoM 3ajaue HACTOJbKO BEJIMKO, 4YTO OBIBAET CJIOKHO M3 BCETO
MHOrooOpasust uHpopMauuu 00 H3yd4aeMOM SIBJIEHUM WIM OO0bEeKTe BBHIOpaTh Hamboiee
cyllecTBeHHbIE. B Takux ciydasx HEOOXOAMMO cIeNaTh YIPOIIAroIee MpenoI0kKeHUe, YTOObI
BBIIETIUTh HCXOJHBIE JaHHbIE, OMNPEIENINUTh, YTO OyAET CIYyKUTh PE3yJIbTaTOM U KaKOBa CBA3b
MEXIY UCXOAHBIMHU JAHHBIMHU U PE3yNbTAaTOM. Bce 3TO - MpeAnonoKeHus, UCXOAHbIE JaHHbIE,
Pe3yJbTaThl, CBS3M MEK/ly HUMU - UX Ha3bIBAIOT MOJIEIIBIO 3aa4H.

Ecan mocrpoeHHas MoJenb JaeT yAOBIECTBOPUTEIBHBIE DPE3YJbTAThl IIPU PELICHUU
JKU3HEHHBIX 3a7a4, TO TOBOPST, YTO MOJENb a/IeKBaTHA pacCMAaTPpUBAEMOMY OOBEKTY, MpOoIecCcy
wid  sBieHuto. Hepeako s pemieHuss MOJENbHOM 3amaunm  TpeOyeTcss HEKOTOPBIH
MHCTpYMEHTapui. DTOT MHCTPYMEHTapuil OOBIYHO OpraHU3yeTcss B BUIE €IWHOTO OOBEKTa,
Ha3bIBAEMOT0 UCHOJIHUTENEM. YTOOB! HCTIOIHUTENb MOT TIOJTYYUTh OTBET, EMY HYXKHBI yKa3aHHs,
YTO W KaK JenaTe. Takue yKa3aHHs 4acTO MPEACTABISIOTCS B BHJE aIrOPUTMa, B KOTOPOM
3a/1aF0TCS MaTEMAaTUYECKUE COOTHOLLIEHHUS], CBS3bIBAIOIIME UCXOAHbIC JAHHBIE U PE3YIIbTAT.

B 3TOM cityyae roBopsT 0 MOCTPOCHUHM MATEMATHYECKOW MOJENH 3a/1a4H.

PaccMmoTpuM npuMephl UCIIOJIB30BAaHUS MAaTEMAaTUYECKUX MOJEIEH B ONTUMHU3ALMOHHBIX
MIPAKTUYECKHX 3aj[auax, pelleHne KOTOPBIX TpeOyeT HaX0KIEHUE MPOU3BOAHON (QYHKITHH.

3amaya 1. PaccrosHue mexnay nByms maxtamu A u B mo mocceiinoit fopore 60 kM.
Ha maxte A noGeiBaercs 200 T pyabl B cyTku, Ha maxte B -100T B cytku. I'ne Hy*)HO
MOCTPOUTh 3aBOJI IO TepepaboTKe pyJbl, YTOOBl sl €€ MEPeBO3KU KOJIUYECTBO TOHHO-
KHJIOMETPOB ObUIO HAaUMEHBITUM?
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Pemenue. BrrsicHsiem, 4TO cyMMapHO€ KOJMYECTBO TOHHO-KHJIIOMETPOB HM3MEHSETCS B
3aBUCHMOCTH OT MECTa HaXOXJICHHS 3aBOJa, BBIYUCIMB €ro, Hampumep, Ui CIydaeB, KOTIa
3aBOJ] HAXOAUTCS OT MyHKTa A Ha pacctostHud 30 kM, 20 kM, 10 kM.

Jlanee mpucTynaeMm K pemeHHIo 3a7ay, 0003HaYMB paccTosiHue oT 3aBoga C 10 IMaxThl
A uepe3 x: AC=xu BC=60-X.

KonnuecTBo TOHHO-KMIIOMETPOB, IPOHACHHBIX TpaHcHopToM oT A 1o C 3a KaxkIblid
nenb, coctaBimsger 200 x 1/kM, or B go C - 100 (60 - x) 1/kM. CyMMmapHOE€ KOJHUYECTBO
TOHHO-KMJIOMETPOB BbIpazutcs pynkuueit y = 200x + 100 (60 - x) = 100x + 6000, koTopas
onpezneneHa Ha cermente [0; 60].

SIcHO, YTO 3TO ypaBHEHHE MOXKET HMETh OECKOHEYHO MHOTo perieHuil. Borpoc
- HAWTH JeueBbli BapuUaHT IE€PEBO30K.

Uccnenys pynkuuro y = 100x + 6000 ©a cermenre [0; 60], momyuum Ymin = 6000.
Ota nuHelHas QyHKUIus OyJeT UMETh ~ MUHUMajbHOE  3HaudeHue mpu X = 0, Ymin = 6000
T/KM. 3aBOJI HA/IO CTPOUTH BO3JIE IMAXTHl A.

JUig nmydmiero MOHMMAaHMSI 3TOM 3aJlaud 11eJIeCO00pa3HO JOTMOJIHUTEIBHO BBICHUTH
BOIIPOC, I'I€ HY>KHO ObI IOCTPOUTH 3aBOJ, €CIIU OBbI:

a) B maxrte A mgoOwiBasiock 100 T, a B maxte B -200T pynsr;

0) Bmraxte A-200T, a B maxre B-190T;

B) BIaxTe A u maxte B- mo 200 T pynsi

YrtoObI pemuTh STOT BOIIPOC, HY>KHO HaiiTu Ha cermenTe [0; 60] MUHUMYM QyHKINU:

a) y = 100x + 200(60 - X) = - 100x + 12000;

0) y =200x + 190(60 - x) = 10x + 11400;

B) y = 200x + 200(60 - x) = 12000.

OtBet: M3 Bcero 3Toro MoOXKHO C/ellaTh TakOil BBIBOA: €CIM B 1IaxTe A 100bIBaeTCs
pysl Oonblile, 4YeM B I1axte B, TO 3aBOJ HAIO0 CTPOUTH BO3JE IMIAXTHl A; €CIIM K€ KOJTUYECTBO
pyZbl B 3THUX IAXTaX OJMHAKOBOE, TO 3aBOJ MOXHO CTPOUTh B JIIOOOM MecTe  BOIU3U
HIOCCEMHOW Joporu Mexay maxtamu Awu B.

3amaua 2. Ha konxo3Hoil ¢epmMe HYXHO MPOBECTH BOJOIPOBOJ JIWHONH 167 Mm.
Nmerorcs TpyObl anuHOW 5 M u 7 M. CKOJBKO HYXHO HCIIONB30BaTh TEX U IPYTHX TpPYyoO,
yTOOBI ClIeNIaTh HAaUMEHbIee KOJMYECTBO COCIMHEHHH TpPyObl HE pe3arh)?

Pemenue. Y4uThIBas, YTO KOJIMYECTBO KAaK OJHUX, TaK WU JAPYTUX TpyO MOXKeT
WU3MEHSTHCS,

KOJMYECTBO 7 - METPOBBIX TpyO 00O3HAUMM Hepe3 X,

KOJMYECTBO S5 - METPOBBIX — Uepe3 v,

Toraa 7X - JUIMHA 7 - METPOBBIX TpPYO,

Sy - nnouHa 5 - METPOBBIX TpPYO.

ITonmyyaem ypaBHeHue 7x + S5y = 167. Tak kak X,y € Z, To MmeronoMm mnepedopa
JIETKO HAWTH  COOTBETCTBYIOIIME TMaphbl 3HAYEHHH X UM Yy, KOTOpbIE  yJOBJIETBOPSIOT
ypaBHeHHe 7x + 5y =167.

(1; 32), (6;25), (11;18), (16;11), (21;4).

OtBet: M3 »Tux pemeHuil Hambonee BHITOAHOE TmocneaHee, T.e. Xx=21,y=4.

Pemenue 3aganmii:

Nel. TpeOyercst oropoauTh MPSIMOYTOJNbHBIA Y4YacTOK 3€MJIM, HCIIOJIb3YS B KauecTBE
OJTHOW M3 CTOPOH 3a00pa YacTh CTEHBI IOMA. YUYACTOK JIOJDKEH UMETh ONPEIEICHHYIO TUIONIA/Ib.
Kak cnenyer BpIOpaTh COOTHOIIEHHE MEXAY JUTMHAMU €T0 CTOPOH, YTOOBI Ha MOCTPOIKYy 3abopa
MOIJI0 HAUMEHBIIIEE KOJIMUECTBO MaTepraia?

OtBer: CropoHa 3abopa, mapaulelIbHas CTEHE JOMa, JOJKHA ObITh B JIBa pasa
JUITMHHEEe OOKOBOM CTOPOHBI.

No2. TpeOyercst oropoauth cetkoil amuHOoW 600 M 30HY OTABIXA MPSAMOYTOJBHOM
¢dopmbl, npuseraroyio K pexe. Onpeaenure, KaKoBbI JOJDKHBI ObITh JUIMHA U MIMPHHA Y4acTKa,
YTOOBI OH UMEJ HAaMOOJIBLIYIO TIOMIAb.
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OtBet: HanOoOMbIIIAsK TUIOMIAAb yYacTKa, eciu mupuHalS0 M, nouaa 300 M.

Ne 3. Onpenenuth pazMepsl OTKPBITOTO GacceitHa oobeMoM 256 M3, uMmeromero aHO B
BHJIC KBajpara, TaK 4TOOBI Ha OOJIMIIOBKY €ro CTeH M JHAa OBLIO M3pPAacX0JI0BAHO HAaWMEHBIIIEEe
KOJIMYECTBO MaTepuara.

OtBeT: 8 M. 8 M, 4 M.

No 4. Ilpuneramouiyo K JI0My IOpsIMOYTOJIbHYIO IUIOMIAJKY HYKHO OTPauTh PEHIETKOMN
mmuHo 120 M. OmnpenenuTs pa3Mepbl IUIOMIAAKHA, TaK 4YTOOBI OHA HMeJla HauOOJIBIIYIO
IUIOIIAb.

Otset: 30 M, 60 M.

IIpakTnyeckas padora Ne33

Tema 5.10 [TepBooOpaznas ¢pyHkuums. [IpaBuiia HaxoXIeHUS TEPBOOOPA3HBIX

Hean: HayunTh HAXOIUTH IEPBOOOPA3HBIC

Teopernyeckasi 4acTh:

Ilousitue nepBooOpa3HoOi

Jlerko  pmoragatbcs, 4YTO TEPMHH  “TiepBooOpa3Has’”  MPOUCXOAUT OT  JBYX
CJIOB: nepewiii U 00pa3. IlepBbIM 00pa3oM y aBTOMOOMIISI ObLIa MMOBO3KA, a Y MOPEe — KapTOQeb.

Bepnemcs k maremaTHke.

JlaBaiite OBICTPO BCIIOMHUM, qTo HaXxOXXJICHHUE MIPOU3BOAHOMN
win Ju¢gepeHIHPOBaHMe — 3TO COBEPLICHUE MaTeMaTU4YeCcKO onepauuu Haj ¢pyHkuued. To
€CTb, CIIEeIys ONpeeICHHBIM paBUiIaM, Jr00as GyHKIUS MOKET ObITh IIpeoOpa3oBaHa B HOBYIO
(byHKLHIO, KOTOpask U OyJeT IPOU3BOAHOM.

B 00BI4HOI KXM3HH, COBEpIIAsi HECKOIBKO JEHCTBUI, MBI MOXKEM IPEoOpa3oBaTh MyKy B
TECTO, a 3aTeM U B NUpoXku. Ho pa3o0paTh roToBbII MHMPOKOK HAa MYyKy y Hac yxXe He
HOJY4YHUTCs. 3aTO B MaTEeMaTHKE BCETla MOKHO BEPHYThCS Ha IIar Ha3aJl: CIOXKUIM J[BA YUCIIA —
BbIUTEM OOPATHO, BO3BEJIM B CTENIEHb — M3BJICUYEM KOPEHb.

[ToxoxkuM 00pa3oM Mbl MOXKEM MOCTYNHTh C PYHKIUEH.

BossMeM mobyo (yHKIHIO, HapuMep, f(X) = X2 1 HaiifeM 1y1g Hee Mpou3BoaHYo f'(X) =
2X — moiyuuaachk HoBas ¢yHkuusa. Temepb ans TOro, 4roObl BEpPHYThCA Ha IIar HasaJ, HaMm
HY’KHO HaliTH niepBooOpa3Hyto ot HoBoH ¢yHKuu (f'(X) = 2x).

IlepBooOpa3noii 1 pyuxkiuu f(x) HasbpiBaeTcst Takas QyHkuus F(x), 118 koTopoit
BBINIOJIHSIETCSI paBeHCTBO: F'(X) = f(X).

To ectb, eciu B34Th MPOU3BOIHYIO OT IEPBOOOPA3HON KAKON-THO0 (HYHKIMH, TOTYUUTCS

cama aTa byHKIHS. [Tpouecc HAXOXJICHUS MHOKECTBA nepBooOpa3HBIX
Ha3bIBACTCSI HHTETPUPOBAHNEM.
F'(x) = f(x)

Jlist Hax oK AeHUs IEpBOOOPA3HBIX CYILECTBYET clielualibHas Tabnuna. B Heil npuBeneHs
nepBooOpa3Hble Il KakIod (yHKIuU. A 4ToOBl yOEAMTHCS B DTOM, MOXHO HaWTH
IPOM3BOJIHYIO OT EPBOOOPA3HOI U CpaBHUTH ¢ pyHKIMEH. OHU OyIyT OIMHAKOBHIE.

Tadauua nepBoodpasHbIX

Taéanna neppoodpasHbIX:

dynxnus f(x)|llepBoodpaznas F(x)
0 C = const
1 X + C
nt+l

ne-1 il +C

mn+1
1
—,x =0 Inlnx+C
X
COS X sinx+ C
sin X -cosx+ C
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g* e* +
I'ne C — npou3BOJILHOE YKCIIO

Pemenue 3ananuii:

Nel.MatepuasibHasi TOYKa JABMKETCS MPSMOJIMHEHHO co ckopocThio V(1)=8t—4. Haiigute
3aKOH JIBUKEHUSI TOUKH, €CJIM B MOMEHT BPEMEHU t=2C MPOWICHHBIH MyTh COCTaBUII 4 M.

Pewrenue:

Bocronb3yeMcs OIpejielieHneM TIepBo0OpasHoii, T.K. S(t)=vot+at?/2

S’(t) = v(t).

Haiiniem Bce mepBooOpasublie S(t)= -4t+4t2 +c.

[ToacraBum t=2¢ u mpoiiieHHbIN TyTh S=4 M.

4= -8+16+c

C=-4.

CrnenoBatenbHO, 3aKOH JIBKEHUS OYyeT BBITIAACTh CICAYIOLUM 00pa3oM:

s(t)=4t>-4t-4

Ortser: s(t)=4t>—4t—4

Ne2. Tlo rpaduky nepBooOpazHoi pyHKIMU y = F(X) onpenenuTe KOJIUIECTBO TOUYCK, B
KOTOPBIX yHKIIUA Yy = f(X) paBHa HYJIIO.
¥

AN
4

l'I,...lli
=)

Pewrenue:

Tax xak F'(x) = f(x) -no onpenenennto nepBoodpa3HoOi, TO TOUKH, B KOTOPHIX (QYHKIUS
f(x) (mpousBogHas ¢pyHkuu F(x)) — 970 Touku skcTpemyma ¢pyHkuuu F(X). A Takux Toyek Ha
rpaduxke 4.

Ortser: 4.

Ne3. Ilo rpadguky mnepBooOpazHoii ¢yHkuun y = F(X) omnpenenure 4YUCIOBbIE

IPOMEXKYTKH, Ha KOTOPBIX (QyHKIMS y = f(X) UMeeT oTpuIaTenbHbIH 3HaK.
Y,

/\
/

$Fx)
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Pemenue:

Tak kak F’(x) = f(x)- mo onpezneneHuo nepBooOpa3HOM, TO YKCIOBBIE MPOMEXKYTKH, HA
KoTopbIX (yHKIusa f(x) (mpowsBomHas ¢yHknuu F(X)) MMeeT OTpUIIATENBbHBIA 3HAK — ATO
NpoMEeXyTKH yObiBaHus pyHkimu F(x). Takux nmpomexyTkoB Ha gaHHOM rpaduke 2. Ito (-2; 1)
u(2;5).

Otser: (-2; 1); (2; 5).

Ne4. Jlokaxute, uro pyHKuus y = F(x) saBisiercs nepBoodpaznoit aisa Gynkmum y = f(X).

F(x) = x?—e™ 4+ 2,f(x) = 2x — 2%

Pemenue:

JlokazarenbCTBO.

F'(x)=(x2-e¥*+2)'=2x-2e*

Ilo onpenenenuto mnepBooOpasznoii, F'(x)=f(x), cuenoBatensno, F'(X) u ecTh
nepBooOpazHas s GpyHkuun f(X)

NeS. Jlnsa dynxiuu f(X) = x 2 HaiiTu nepBoo6pasnyio, rpadhuKk KOTOPOH IIPOXOIUT Yepes
touky (-3; 10).

Pewenne:

53

Haiinem Bce mepBoobpasubie pyukiuu f(X) : F(x) = ER

Haitnem uncno C, Takoe, uto6s! rpaduk dynkmuu f(X) = x?  mpoxomun gepes Touky (-3;
10). IToxcraBum x = — 3, y = 10, moay4um:

10 =(-3)%3 +c

C=19
3
x
F(x) == +19

CrnenoBareibHO, ) 3
3
X

F(x) = — + 19

OrtBer: ) 3

IIpakTnyeckas padora Ne34
Tema 5.11 [Inomaas kpuBoarHeHOM Tpanenuu. ®opmyna Hetotona-JleltoHuma
Iean: HayunTs pemats HHTErpaiisl, uCnonb3ys ¢popmyiny HeroTona-JIeiiOnumna
Teopernyeckasi 4acThb

@opmyna Heromona-J/Ieiionuya

[Tycte  ¢ynkuus f (X) HempepbiBHa Ha  3aMkHyTOM  uHTepBane [, b]. Ecmu F (X) -
nepBoobpasnas ¢ynkiuu f (X) Hala, b], To

5

[7(x)dx=F(x) = F(5)-F(a).

Pemenue 3aganuii:
ITpumep 1

j(xz —xg)cfx

1]
Brerauciauts HHTCrpal

Pewenue.
[Tpumenss popmyny Herorona-JleiiGHuna, momydaem
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(2 - ")z - [? ?] _

0

[Tpumep 2

f({-F)ax

Brerancants HHTCTpal o

Pewenue.

j‘(if—q.&_)dz é—z”‘ﬁ dt =

1 1

1

/+1 /+1

“[2-2)-0-1
43 12

3% o4
4 3

y=x' y=dx

Hatiti muomans Gurypsl, orpaHUYeHHON KPUBBIMU 51

0

[Tpumep 3

Pewenue.
CHauaja onpeeuM TOYKH MepeceueHus IBYX KPUBBIX (PHCYHOK 3).

= x,

= 2-Jx=0,
- JE(x —1)=0
= x=0, z=1

Takum 006pa3om, nanHbie KpuBbie niepecekatorcs B Toukax (0,0) u (1,1). CnegoBatenbHo,
rIomaas (GUrypel paBHa

oo 72 -2 -

y=2x-x*

Puc.3 Puc.4
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[Ipumep 4

y=2r-x" 4 vy =0
Haiitu niomans purypsl, orpaHudeHHy o rpadukamMu QpyHKIHiA u .
Pewenue.
Haiinem koopanHaThl TOUEK MepeceueHusi KPUBBIX (PUCYHOK 4).

2x-x =-x,

= x*-3x=10,

= x [x - 3) =1

= x5 =0 x =3

a2
5 ¥ 2x-x

JlanHast 0651aCTh OrpaHUYUBACTCS CBEPXY Mapaboio , @ CHU3Y - IpsIMOU

nmuHMed ¢ . CrnenoBaTenbHO, IJIOMIAb ATOW 00IaCTH paBHA
3 3 i 2y 13

S=J‘(2x-xz —[—x))dx = I(Ex—xg +x)dx=[x2 —%+%] =[3i— * ] _ala =%_
0 o o

. 2 3] 2z 3 2

IIpumeHeHnue onpeaeJéHHOr0O HHTErpaJa:
1. HaxoxaeHue mJjiomaau KPpUBOJIUHEHHON Tpaneunu

¥ : y=f1x) ITnomaxs GHrypel, orpaHIgeHHOM
. THHIAMH: X=@; x=D; y=0 u y=f{(x)
3
y=0 S= J' Azxldx
T | ix=a x= % :
y=Azx)

IInowmazae GpUrypbl, orpaHHUEHHOH IMHMAMM: ¥ =[{x ) 1 y=gfx ).
Haifri ToukH nepeceyeri X 1 X, w3 yenopmi:  flx)=gfx)
S= J'(ﬂxb— glx)dx

2. HaxoxneHue BeJIMYHUHBI CKOPOCTH V IO 3aJaHHOMY 3aKOHY yckopeHusi a(t) 3a
2 .
npomexyTok Bpemen [t1;t2], T.e ¥ Jy a(t)dt
IMpumep: Touka aBuKeTcss MO 3akoHy yckopenusi a(t)=t+1l. Haiitu BemumHy ee

CKOPOCTH 32 MPOMEKYTOK BpeMenu [2;4] cekyHu.

: 4 (a+1)%2 (2+1)°
v(t) = t+1 dt:———:8MC
Pemenmne: (® "2 ( ) 2 2 /

3. HaxoxneHne myTu S mo 3aKoHY H3MeHeHHsi ckopocTu V() 3a mpoMexyToOK

t2 ’
S = v(t)dt
Bpemenu [t1;12], T.e. Ju v(®
IIpumep: Haiitu  myTh,  KOTOpPBIM  @pojenaja  MaTepuaJbHas  TOYKa  3a
MPOMEXYTOK BpeMeHH [2;4], ABUrasch €O CKOpPOCTbIO, KOTOpas H3MEHsJIach MO 3aKOHY:
v(t)=2t+2.

4, : 7
Pemenue: S = [, (2t + 2)dt = 22 (ea. AnuHBI)
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IpakTnyeckas padora Ne3S

Tema 5.12 OmnpeneneHHbI HHTETpall B )KU3HU

Henab: HayunThes ucnonp30BaTh HHTETPAI AJIs HAX0XKIEHUS (PU3MUYECKUX BETUYHH

TeopeTnyeckas 4acTh:

WuTerpan — 3170 MaTeMaTH4YeCKU OOBEKT, KOTOPBIH BO3HHK HMCTOPUYECKH HA OCHOBE
MOTPEOHOCTH PEIICHUsT PA3TUYHBIX MPUKIATHBIX 3a/1ad (U3UKH U TEXHUKUA. Te Quandeckue
BEJIMYMHBI, KOTOpbIE OMPENENAIOTCS C MOMOUIbI0 HHTerpajia — KakK IpaBHIIO, HA3bIBAIOTCS
WHTETPAIBHBIMHU, @ T€ BEIUYHMHBI, Yepe3 KOTOPBIC BBIPAXKAIOTCS WHTETPATBHBIC BETUYHHBI —
nuddepeHIaTbHBIMH.

WuTerpansl Hallu CBOE MPUMEHEHHE B aCTPOHOMHUHU (MHTETPabl SHEPTUU U TUIOMIA/ICH;
JIBIDKCHHUE 3Be31); MeAuIuHe (KOMIbIOTepHas Tomorpadmus); Ouonoruu (yCTaHABIMBAIOT
MPUPOCT YUCICHHOCTH TMOMYJISIUI; OroMaccy MOMYJSAIUN W CPEIHIOI JUTUHY IMyTH (I10JIeTa)
IIPU IPOXOKICHUH HEKOTOPOTO (PUKCUPOBAHHOTO YUACTKA).

Ha ceronHs HEBO3MOXXHO M3Y4YCHHE TeMOJMHAMUKHN — ABM)KCHHS KPOBH IO cocyaam 0e3
PUMEHEHUs UHTErpajioB. B TeueHue UIMTEIBHOTO BPEMEHM KaTeTepu3allus MpaBbIX OTACIIOB
Cep/Ia sBISIach SIMHCTBEHHBIM METOJIOM HCCIICAOBAHUS, IO3BOJISIBIIIMM OIEHUBATH COCTOSHUS
MpaBbIX OTIEJIOB cepiaua u JeroyHoi aprepuu. C MOMOIIbI0 HHTETpalioB B MEIUIMHE
BBIYHCIISIOT HHTETPATBHYIO CKOPOCTh IS IISJIOTO COCcyAa (apTepuH WA BEHBI), 3HAS IMHEHHYO
CKOPOCTh KPOBOTOKA; TaK K€ PACCUYMTHIBACTCS YIApHbBIN 00beM (00BeM KPOBH).

[IpencraBnennbpie Bhime (aKThl JEMOHCTPUPYIOT IIMPOKOE MPUMEHEHHE WHTETPAJIOB B
pa3IMYHBIX HAYYHBIX OOJIACTSAX, YTO JOKAa3bIBA€T HEOTHEMJIEMYIO Ba)KHOCTh WHTErpajioB B
Hamedl ku3HH. [IprMeHeHHe OIpeaeNieHHOr0 WHTErpaja BO MHOTOM OOJIerYaeT pelIeHue
MPUKIAIHBIX 337a4 TeOMeTpUn, GU3UKHU U JPYTUX HAYK.

Pemenue 3agau:

1. 3agava o EbIYUCNEHWH NYTH
CormacHo QU3MYECKOMY CMEICTY NEPBOA NPOM3BOAHON, NPON3BOAHAR DYHKLMK B TOYKE eCTh

. d
MFHOBEHHAR CKODOCTL TOMKM, TE. v(f) = &'(f) = f OTcHoaa, ds = viE)dt . VIHTETpMPYA NoMy4YeHHoe
£

PABEHCTEO B Npefenax oT tq Ao t, nonydaem

H

Ia?s = ‘I‘v(r.)cx‘r.

1,

Torga nyTe, NPOAAEHHBIA TOYKOH NPY HEPABHOMEPHOM OEWKEHWK N0 NPAMON C NEPEMEHHON
CKOPOCTBIO L(€) 33 OTPE30K BPEMEHH [ £, £, |BbIPAXAETCA MHTErPaNoM

t
S=J Lit)dt. n
t
Mpumep 1. CKOPOCTh NPAMONMHEAHOTO NEMKEHNA TENA BLIPAKASTCA OPMYNON 13 = 2t+3t2(M/C).
HaiTi NyTe, NPOROEHHLIA TENOM 33 5 CEKYHL, OT Ha4Yana ABWAEHNA.

PelleHne.
5 5

S=1(2tH3t Hyde= (41| =150(m).

i 1]

Mpumep 2. [Ba TeNa HaYanu ABMIATbCR OOHOBPEMEHHO W3 OQHON TOYKW B OOHOM HANPaBNEHWM NO
NpAMON. MEPBOE TENO ABMKETCA CO CKOPOCTLID v =(6t2+21) M/C, BTOPOE — CO CKOPOCTLH Vo=(41+5) MiC.
Ha Kakom paccTOAHWA APYT OT ApPYTa OHW OKaKyTCA Yepes & .7
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2. 3agaya O BeIYHMCNEHWH PaGoTel NepeMeHHON CHNkI

MycTb mMaTepUansHas To4Ka nod AelCTEMEN CHMbI F ABMAETCA No NpAMOR. ECNK AsACTEYIOWARA cuna
NOCTOAHA, A NPOMASHHBIA NYTh PABEH S, TO KaK M3BECTHO U3 Kypca U3KKKM, padoTa A 3ToH F
BbIMMCNASTCA NO DOpMYyNE:

A= F7s

PafoTy NnepeMeHHOR cknbl T(X) NP NEpeMEeLLesn No ock OX MaTepuansHol TONKK OT ¥=a 0o x=b,
HaxogumM no popuyne (3)

3
A= If(x)dx (2)

PellieHHM 33134 HA BbIYMCNEHUE paGoThl CUNbI YNIPYTOCTH, CEA3AHHBIX C PACTAKEHWEM W CHATHEM
MpY#UH, OCHOBLIBAETCA Ha 3akoHe Myka Mo 3akoHy Myka cuna F, pacTAMMBAILIAR UMW CRUMAILLAR
MPYHUHY, MPONOPLUMOHATBHAR 3TOMY DACTIHEHWH UMK CRATHIO, TE. F=kx, Me X — BenW4uHa
DACTAKEHWA UMK CRATAA, K — KoadhWLMEHT NDONOPLUMOHANBHOCTH.

Mpumep 1. C1Na ynpyrocTd F Npy#MHLl, pACcTAHYTOH Ha 11=0,05m, paBHa 3H. Kakyw paboTy Hago
NPOW3BECTH, YToObl PACTRHYTE NPYHMUHY Ha 12 =01 m?

PelweHue. MoACTABKE JaHHEE B DOPMYNY 33K0Ha TyKa, nonyvumM: 3=k*0.05, Te. k=60, cneqosatensHo,
CHMa YNPYroCcTH BhIpE#AETCA COOTHOLWEHKWEM F=60x. Haiaem padoTy nepeMeHHOl CHNbl No dopMyne
(2), nonarag, 41o a=0; b=0,1:

0.l 1
A= J60xdx= 3ox2r =031

1]

3. 3agaua o cuiie 1aBJIEHHS KUIKOCTH

CornacHo 3akony Ilackans BenmuumHa P JaBiieHHs] JKUIAKOCTH HAa TOPHU3OHTAIBHYHO
IUTOMIAIKY BhIumcisiercs mo hopmyie P=gphS, (4)

I'ne g — yckopeHue cBOGOHOTO MaAeHus B M/c;

P— ILIOTHOCTH KHAKOCTH B KI/M°;

h — ryOuHa morpyskKeHus MIOIIAAKH B M;

S — IIOMIAIb TUIOIIAJKH B M>.

I[To »Toit popMysne Henb3s UCKATh JaBICHHE XUAKOCTH HA BEPTHKAIBHO MOTPYKEHHYIO
IUIACTUHKY, TaK KaK €€ Pa3HbIe TOUKH JIC)KAT Ha pa3HbIX TITyOHHAX.

[TycTh B )HUAKOCTh MOTPY)KEHA BEPTUKAIBHO IJIACTUHA, OTPAaHUYCHHAS JIMHUSAMH X = a, X
=b, yl =f1(x) u y2=f2(x); cucrema KOOpJJMHAT BbIOpaHa TaK, KaK yKa3aHO Ha PHUCYHKE.

o y

N\ v =fa(2)
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[Ong pelweHud 3aga4y pasodbem NNacTMHY HA N YacTel (ManbiX ropU30HT anbHBIX NONOCOK) NPAMBIMMK,
napannentHeMK NOBEPXHOCTH #HMOKOCTH (T.€. NapannentHbiMK oci OY). Ha ryOuHe X BbigenvmM ogHy
W3 HUX W 0603HA4YKMM Yepes T(X) ee ANUHY, a Yepes Ax €€ LUMPMHY. NPUHAB NONOCKY 38 NPAMOYTONLHWK,
HaxodumM ee nnowans S = f{x) Ax.

F=gafix) b x
Haigem gudppepeHuman dp 3ol MyHKUMK.
dp = gof (X)) xdx

Torga no 3akoHy MNackana MHTErpUPYA NonyYeHHoe paBeHcTBo B Npefenax oT X = a 40 X = b, Nony4um

A
P=QIPIf (x)ex (3)
Mpumep

AKBAPMYM WMEET hopMy NPAMOYTONBHOM Napannenenuneia. Hamgem cuny AaBneHWa Boabl
(MNOTHOCT BoAbl 1000 Kr/M?), HANOMHAIOLLEH AKBAPUYM, Ha OIHY W3 €0 BEPTUKANBHLIX CTEHOK,
pa3mepbl KoTopoid 0,4 M x 0.7 M.

PelleHwe. Brifepenm CUCTEMY KOOPAWHAT TaK, 4To0bl oM Oy M OX COOTEETCTEEHHO COOE[HANnU
BEpXHee OCHOBAHWE W DOKOBYI0 CTOPOHY BEPTHMKANLHON CTEHKW AKEaPMyMA. [NA HAXOHOEHWA CUILI
OABMNeHUA BOALI HA CTEHKY BOCNONL3yeMCA opmynoi (3). CTeHKa uMeeT hopMy NPAMOYTONbHWES,
noatomy fi{x=0 7= =x<[0,0.4] TaK KaK npeagenbl MHTErpUpoBaHKA a=0 1 b=0,4, TO Nony4Mm:

0.4 2.4
P=g Jlﬂﬂﬂ*ﬂ,?*xd}:= 700 %rﬂ =56g ~ S49H

IIpakTnueckas padora Ne36
Tema 5.12 OmnpeneneHHbli HHTErpall B )KU3HU
Hean: HayunThcst HCIIOMB30BaTh HHTETPANT IS HAXOKICHUS 00HEMOB
Teoperudeckast 4acThb:
[ToMrMO HAXOkKAEHUST TJIOIIAAM IUIOCKOM (UIypbl ¢ MOMOIUBLIO OIPeEAeJIeHHOI0
HHTerpaJja BAKHEHIIUM NPUIIOKEHHEM TEMBI SIBIIIETCS] BbIYMCIeHHe 00beMa TeJ1a BpallleHHUs.

O0bem Tena BpaiieHHst BbIYHCISETCS 10
OJIHOH H3 popmy:

b :
v=x[[f(x)]
i a , €CJIH BpallCHUE

KPUBOJIMHEHHOH Tpaneniy BOKpYr ocH OX.

8

o

2.V =7[lP) ¥ ecnyu BpameHue
KPUBOJMHEHHOH Tpaneuud BOKpYr ocu OY.
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Pelenne 3axanui:
Ipumep 1. Haiitu 00bEéM Tena, 0Opa3oBaHHOTO BpalieHHeM BOKpyr ocu adcimcc (OX)

4
i 601101 x 6 x=1 x=4
(buUrypsl, OrpaHU4EHHON TUTIEPOOITOH , OCBIO a0CIIMCC ¥ MTPSIMBIMH , .
Y a
}
'|
' 8
} x
i i
| |
|
|
|
¥
|l
4
. . )=
Pemenne. O0béM Tenma BpamieHus HanéMm mo dopmyne (1), B KoTopoid X,a

npejaenbl  uHTerpupoBanus @ =1, b = 4. Tlpumensem TaGJu4HbIii HHTerpan. I[locTOSHHBIN
MHOXHUTENb 4*=16 BEIHOCUM 32 3HaK uHTerpana. [lomyqyaem:

4 2 4 4
v=;¢j[i] dleﬁﬂ[d—leﬁfr[—l] _
1 X 1:": X 1

=127 uyben.

IIpumep 2. Haiitn 06b€M mapa paguyca R.
¥

Pemenue. PaccMoTpuM miap kak Teso, moirydaiieecs Ipy BpallleHUH BOKPYT Oocu abcuuce
noJykpyra paauyca R ¢ neHTpom B Hauane koopauHat. Toraa B ¢popmysie (1) moasIHTErpaibHas

T_pi_ 2
HKIWS 3aIUIIeTcss B BUIE =& -x a mpeneramMu MHTErpupoBaHus ciyxar -Ru R. B
y )

BBIUUCIIEHUSX paanyc R cunTaercss KOHCTaHTOM (BMECTO HEro MOXKHO IOJICTaBUTh Jit00Oe
3HaYeHWe Jis Imapa ¢ Jo0bM  paguycoM). [IpuMmeHsieM TaGuM4YHbIE  HHTerpaJ
CrnenoBaTeiabHO,

_ T 2.2 _ 2 _i
v-;?T_LI[R x)cfx—;?r[ﬂx 3}

R

-
~dar
3
Ipumep 3. Haiitu 00bEéM Tena, 0Opa3oBaHHOTO BpalieHHeM BOkpyr ocu adcimcc (OX)

_=2_ _ 2
DUrypbI, 3aKITIOUEHHON MeX /Ty mapadoramu & 3-x ny = +1.
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s =
[}/ S —

Pemenue. IlpencraBuM HMCKOMBI 00BEM Kak pa3HOCTh OOBEMOB TeJd, MOJIYYCHHBIX
BpaIlieHueM BOKpYT ocu abciuce kpuoduHerHbix Tparnennit ABCDE u ABFDE. O6béMmbl X

e o _x1= —]_ _xg =]_
ten HaWgéM mo dopmyne (1). B Hell mpenmenbl MHTETPUPOBAHUS pPaBHBI u -

abcuuccam touek B u D nepeceuenus nmapabon. T TOUKM M UX aOCIHCCHI BUJIHBI Ha rpaduke.
TouHO Takke - Ha TpadUKe - MOKHO OMPEICIIUTh KOOPIUHATHI TOYCK MEPECCUCHUS JTHHHA U3
BalIuX 3a1a4. TOJBKO JUIs 3TOTO HY)KHO MOCTPOUTH rpaduk. Tenepb MokeM HaWTH 00bEM Tena,
MPUMEHSISI BCE TOT K€ TaOIMYHBIA HHTETpa 7:

1 2 1 2
V= ;?TI (3—;{2) c:t’x—;?TI (xj +'l:l dx =

-1 -1

| [(3- 2 (o #1) Jax=
-1
=;?Tj-(8—8x;’).:fx=8;?r x—£ : -
-1 3 -1
=3—?;21TK3FE.E,I[.

IIpumep 4. Beruucnute 00bEM TOpa (TOPOM Ha3bIBA€TCS TEJO, MONydarolieecs Mpu
BpAILICHUH KPyTa pajnyca & BOKPYT OCH, JIeXKallleil B ero IIOCKOCTH Ha PacCTOSIHUM D OT 1eHTpa
Kpyra (’Ej 2a) DopMy Topa HMeeT, HarpuMep, OapanKa).

¥

C

Pemrenune. Ilyctp kpyr Bpammaercss BOkpyr ocu OX (puc. 20). O0BEM TOpa MOXKHO
OpPEJCTaBUTh KaK pa3HOCTH OOBEMOB Tel, MOJYYEHHBIX OT BpAIICHUS KPUBOJIMHEHHBIX
tpamnenuiit ABCDE u ABLDE Bokpyr ocu OX.

VYpaBuenue okpyxuHoctu LBCD umeer Bz

P Hy-b7 =4,
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npudéM ypaBHeHue kpuBoit BCD

y:yl(x}:b+~.,|l|ag —xj,

a ypaBHeH#He KpuBoit BLD
y=yx)=b-~at -2

Ucnonb3ys pazHocTh 00BEMOB Tel, moiiydaeM [Uisi o0bEMa TOpa V BhIpaXKEHHE WU
BBIYHCIISIEM UHTETPa:
a

v= 27| yidx - 27| yidx = 27 (5 — y})dx =
i} i} 1]

- EFTT|:(EJ+ o —xf*)z—(b—m)z} dx =
T

Ipumep 5. Haiit 00b6EM Testa, 00pa30BaHHOTO BpalieHHeM BOKpYr ocu opauHat (Oy)
=9x y=3x
u .

2
DHUTYpBI, OrpaHUYEHHOM THHHAMH
Y

Pemenue. [lpencraBuM HCKOMBIM 00BEM Kak pa3sHOCTh OOBEMOB TeJ, IMOIYYEHHBIX
BpallleHUeM BOKpPYT OCH opauHaT TpeyronbHuka OBA u kpuBonuHeiHoi Tpanemuu OnBA.

[IpenenaMu HMHTETPUPOBAHMS CIIyXKatT »n=0 TR 3 opauHatel Touek O u B mepeceuenus

napaloiibl U MPSIMOM, YTO BHJIHO Ha Tpaduke K dToMy mpumepy. Takum oOpazom, moiydaem
00BEM Tena:

v= ;:-ri ET dy —ni[§]2 dy =

n n

3 3
T 4 AT 4
I iy [ty =
Q_ID-.}" L 81_!;.? 33
3 3
T 5 T 2
277 |, 4057 |75

IIpakTHyeckas padora Ne37

Tema 5.13 KoutponpHas pabota mo pasgeny 5 «lIpousBonnas u mnepBooOpasHas
GYHKITUI
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Heasn: [TpoBepuTh ypoBEHb YCBOCHHSI JAaHHOTO Marepuaiia no pazaeny S5 «lIpousBoanas
U IepBoOOpa3Has PyHKIUN»

Ilpu pewenuu 3aoanuii 1-4 3anuwume npaeunbHLLL OmMEem U3 UYemwvlpex
NPeONoHCEHHDIX.

1. Yemy paBHa npou3BoaHAas QYHKLIUH Y = c0S2x?

a)y' = —sin’x; B) y' = —2sinx cos x;

0)y' = —2sin’x; )y’ =2cosx.
2. Ilo kakoit u3 HopmMyJ1 BEIYHCIAETCS MPOU3BOIHAS TPOU3BEICHHUS?

a)(u+v) =u +v B) (%) =uvv_2uv ;

6) (v)' = u'v +uv’; D (Flg®)) = £ (9() g'@.
3. Pemmute ypasnenue f'(x) = 0, ecmu f(x) = 3x? — 6x + 4.

a) 1, B) 4;

0)-1; r) 4.

4. Ha pucynke m3o0paxkeH rpaduk npousBogHoi (ynkuum f(Xx), OonpenencHHON Ha
unrepsaie (—10; 8). Haiigure xoamyecTBO Touek MakcumyMma GyHkimn f (x) Ha OTpe3ke

[-9:6].
A [ ]
INZANAY ML ALy = e
-/ \ SN [ ]
\ f] Y | ) | 1/
N VI
-10 ol 1 /718 [
Ry ll / ‘
Vil
VAR
a) 5; B) 2;
6) 4; r) 3.

Ilpu evinonnenuu 3adanuit 5-8 3anumume x00 pewieHus u NOJYYEHHHIU OMmMeEem
(6epuvlit omeem — 2 panna)
5. MarepuanpHas TOYKa [BHIKETCS MPSIMOJIMHEWHO MO 3akoHy x(t) = —t* + 613 —
4t% 4+ 5t — 5 (rme X — paccTosiHHE OT TOYKH OTCUETa B METpax, t — BpeMsA B CEKyHIaX,
M3MEpEeHHOe ¢ Havaja JIBrKeHus). Haiimure ee ckopocTh (B M/C) B MOMEHT BpeMeHH t = 3
c.

6. Ha pucynke nzo0paxén rpaduk ¢pyukinuu y = f(x) 1 xacateabHas K HEMY B

TOYKe ¢ abcuuccoii xy. Haiiaure 3HaueHne mpon3BoaHoM GyHKIMH f(x) B TOUKE X
. i AT —

Ir

132



7. SIpnsercsa mu F(x) = x3 — 3x + 1 nepBoobpasuoit a1 pynknuu f(x) = 3(x? — 1)?
8. 3apgaiite nepsoobpaszuyro F(x) nna ¢yukumu f(x) = 3x% — 2x, eclud H3BECTHBI
koopauHatel Touku M (1; 4) rpaduka F (x).

Omanonvt omeemos

Howmep 1 2 3 4 5 6 7 8
3aaHus
OtBer B b A T 83 -3 na x3—x2+4

IIpakTnyeckas padora Ne38
Tema 6.2 BeposTHOCTH B MpoecCHOHATBHBIX 3a/1a4ax
Heanb: HayunThecs pemiaTte NpakTUYECKUE 3a1a4l HA BEPOSTHOCTD

Teopernyeckasi 4acTh:

1. Teopusi BeposiTHOCTEIl — pa3fen MaTeMaTHKH, M3yYalOlUil cilydailHble COOBITHS,
Cily4yaliHbIC BEJIMYHMHBI, UX CBOMCTBA U OIE€paIlMy HaJl HUMH. PacCMOTpUM HEKOTOPBIE KITIOUEBHIE
MOHSITHSI, KOTOPBIE UCIIONIB3YIOTCS B TEOPUU BEPOSTHOCTEH.

Onpenesienne.

HcenbiTanueM Ha3bIBaeTCs OCYILIECTBICHUE ONPEACIEHHBIX NeHCTBUH.

[Tox coObITHEM TOHUMAIOT JTFOOOH (aKT, KOTOPHIM MOXKET MPOU3OUTH B PE3yibTaTe
UCIIBITAHUS.

JIr000i1 pe3ysbTaT UCIIBITAHUS HA3bIBAETCS MCXOA0M.

JlocToBEepHBIM HA3BIBAIOT COOBITHE, KOTOPOE B pPe3yJbTaTe HCIBITAHUS 00S13aTeJIbHO
MPOU30M/IET.

HeB03MO:KHBIM Ha3bIBAIOT COOBITHE, KOTOPOE 3aBEAOMO He MPOM30iAET B pe3yibTare
UCTIBITAHUS.

CoObITust 00bIYHO 0003HAYAIOTCS 3aryIaBHBIMU OykBamu JatuHckoro andasura (A, B, C,
D,...).

PaccmaTtpuBasi mpuBENEHHBI TNpUMEpP, MbI MOXeM C(HOPMYIHPOBATh CIEAYIOIINE
3aKJIFOYEHUS.

1. IIporuecc nocraBanus MpeaMeTa U3 KOPOOKH SBISETCS UCTIBITAHUEM.

2. Pe3ynbTat moctaBaHus mpeaMeTa U3 KOp3UHBI SBISETCS COOBITHEM.

3. CoObITHE «BBIHYTBHIA TIPEIMET OKWKETCS KIyOKOM» SBISIETCS  JIOCTOBEPHBIM
COOBITHEM.

4. CoObITHS «BBIHYTBI TPEIMET HE OKaXeTcs KIyOKOM» MU «BBIHYTHIM INpeaMer
OKaXeTCS KPACHBIM KITyOKOM» SIBIISIFOTCSI HEBO3MOXXHBIMU COOBITHSIMH.

5. CoObITHE «BBIHYTBHIA MPEIMET OKAKETCS 3€JEHBIM KIIYOKOM» SBIISIETCSI BEPOSITHBIM
COOBITHEM.

A = {BBIHYTBII IpeAMET OKa3aJcs KIyOKOM }.

B = {BBIHYTBII IpeIMET HE OKa3aJcs KIyOKOM.

C = {BBIHYTBHIN NIPEAMET OKA3aJICS 3€JICHBIM KITyOKOM }.

D = {BBIHYTBHII IpeaMeET OKa3aJICsd KPACHBIM KIIYOKOM | .

2. OnpeniennM elie HECKOJIbKO BaXKHBIX TOHATHI TEOPHH BEPOSTHOCTEH

Omnpenenenne

IIpocTpaHcTBO J1eMEHTAPHBIX COOBLITHI {2— MHOXECTBO BCEX PA3JIMYHBIX HMCXOJ0B
MIPOU3BOJIHHOTO UCIIBITAHUSI.

Hamnpumep, mpu 6pocke oHOM UTpabHOM KOCTH TPOCTPAHCTBO AIIEMEHTAPHBIX COOBITHI
Q= {w1, W2, W3, W4, Ws, We}, TJI€ Wi- BEITIaJICHUE 1 OYKOB.
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Ecnu coGpiTHs He MOTYT MPOU30UTH OJHOBPEMEHHO B OJHOM HCIBITAHUHU, TO COOBITHS
Ha3bIBAIOTCSI HECOBMECTHBIMU.

Hanpumep, mpu OpocaHuu MOHETBI HE MOTYT OJHOBPEMEHHO BbIMacTb «Opém» u
«Pemkay.

[Ipocreitmum IpUMEPOM HECOBMECTHBIX COOBITHIA SBJIETCS
napa NpoOTHUBOMOJIOKHBIX COOBITHMN.

IIpoTuBono/I0KHOE COOBITHE IPOUCXOAUT  TOTJA, KOTJa HMCXOAHOE  COOBITHE
A He IIpOUCXOUT.

CoObITHE, TPOTHBOIONIOKHOE TAaHHOMY, OOBIYHO OOO3HAYAETCs TOM XKe JIATUHCKOMN
OyKBOI ¢ 4EPTOUKOI CBEPXY.

Hanpuwmep:

o A — c1aJ1 3K3aMeH 110 MAaTEMATHKE;

e A — He cIai 5K3aMeH 10 MaTEMATHKE.

Omnpenesienue.

IMosHoM rpynmnoi coObITHII HA3BpIBACTCA Takas CHCTEMa COOBITHH, YTO B pe3yibTaTe
UCIBITaHUSl HEIPEMEHHO MTPOU30UIET OHO U TOJIBKO OJHO U3 HUX.

IIpumep .

Mosety noaOpocuiau ABaXbl. YKaXHUTE BCE 3JIEMEHTApHbIE COOBITUS MOJHON TPYIIIBI
COOBITHI.

DNeMEHTAPHBIMUA COOBITHSIMU SIBJISTFOTCSL:

- Brimaso aBa «opmna»

- BoImasno aBe «pemkm»

- Boinan ogun «opem» U oHa «perKay.

3. UTOOBI BBIICHUTBH, HAaCKOJBKO BEPOSTHO TO WJIM MHOE CIy4YailHOE COOBITHE, HY)KHO
MOJICYUTATh, KAK YACTO OHO MIPOUCXOMIMT.

Onpenesienne.

Yucno ucnplTaHuM, B KOTOPBIX COOBITHE HACTYIWIIO, HA30BEM a0COTIOTHON 4acTOTOH M
0003HayuM n. OO011Iee YUCIIO MPOU3BEACHHBIX UCTBITaHUI 0003HauuM N.

OtHomieHne  aOCONIOTHOW  YacTOTHl K  YHCIy  HCHObITaHuii n/N  Ha3bpIBaeTcsl
OTHOCHUTEJIbHOM YaCcTOTOM COOBITHS.

OTHOCUTENbHAs 4YacTOTa I[IOKAa3bIBaeT, Kakas JOJisi HCIbITAHUW  3aBEpIIMIIAChH
HACTYIUJICHUEM JaHHOrO COOBITHs. DTa OTHOCHTENbHAs 4acTOTa U OIpE/AEsieT BePOsITHOCTH
cay4daitHoro co0bITus. Ee emie Ha3bIBaIOT CTATUCTUYECKON BEPOSITHOCTHIO COOBITHS.

Craructuueckasi BEpOSITHOCTb COOBITUSI PACCYUTHIBACTCS OMBITHBIM ITYTEM.

IIpumep.

Eme co Bpemen [lpeBnero Kuras 3a 2238 jer no Hamieil apbl HAa OCHOBAaHUM METPHUK
nemorpadpl OOHApPYXKWJIHM, YTO HAa KaXIyl ThICAYY HOBOPOXKACHHBIX mpuxoautrcs 514
MaJbYHKOB.

OT0 03HauaeT, 4To BepoATHOCTH pokaeHus MapunKa cocrasiseT 0,514.

1. Knaccuueckoe omnpeneneHue BEpOATHOCTH MPHUMEHSIETCS Ui PABHOBO3MOKHBIX
cOoOBITHIA.

K paBHOBO3MOXHBIM (PaBHOBEPOSITHOCTHBIM) OTHOCSITCSI TAKHUE COOBITHS, JUISI KOTOPBIX
HET HUKAKUX OOBEKTUBHBIX OCHOBAHHH CUHMTATh, YTO OJHO SIBISETCS 0OJEe BO3MOXKHBIM, YEM
JPyTHE.

Hanpumep, npu 6pocaHuu UrpadbHOTO KyOHMKa COOBITHS BBIMAJCHHS JFOOOTO U3 OYKOB
pPaBHO BO3MOXHBI.

PaccmoTpuM pou3BONIbHBIN SKCIEPUMEHT.

[Tycth N- 4ncIO BCEX HCXOJOB HKCIEPUMEHTA, KOTOpble 00pa3ylioT MOJHYIO TPYIIy
MOTTIAPHO HECOBMECTHBIX M PABHOBO3MOXKHBIX COOBITHI, M — YHCIIO OJaronpusTHBIX COOBITHIO A

m
P(4) =—
ncxon0B. Tora BepoOATHOCTBIO COOBITUA A HA3bIBACTCS YHUCIIO n
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CornacHo OmpeaeNeHni0 BepOsITHOCTH HauMEHbIllee 3HaYeHHE BEpOSTHOCTU MPUHUMAET
HEBO3MOXKHOE COOBITHE, TaK KaK OHO HE MOXET HACTyNUTh U Ay Hero m=0, 3HA4UT U
BEPOATHOCTH paBHa 0.

HauGonpiiee 3HaueHWEe MNPUHUMAET JOCTOBEPHOE COOBITHE. B cHily TOro, 4TOo OHO
rapaHTHPOBAHHO MPOU30MUIET, A1 HeTo m=n, P=m/n=n/n=1.

2 .Cymmoii coObiTrii A u B HazwsiBaeTcs coObiTue A+B, KOTOpoe cocToWT B TOM, YTO
HACTyIUT WM coObITHE A, WM coObiTie B, MM 00a COOBITHS OJTHOBPEMEHHO.

IIpousBenenuem codbiTuii A u B Ha3piBaeTcst coObiTe A*B, cocrosiiiee B COBMECTHOM
OCYIIIECTBIICHUU COOBITUI A M B.

Hanpumep:

1. Ilycte A - et noxnp, B - uaet cHer, Torna A + B — «uaeT cHer uim 10X 1b»

2. Ilpun 3-x BBICTpENax MO MHIICHH COOBITHS: Ag— «IONaJaHUNl HEeT», A1l— «OIHO
nonagaHuey, Az — «aBa momafgaHus», Toraa A=AotAi1t+Az - «Ipou30NIUIO0 HE OOJbIIE IBYX
TIOIaTaHUI»

3. Ilycte C - w3 ypHBI BBIHYJIM Oenblii map, D - w3 ypHBI BBIHYJIM Oenblid 1Iap,
toraa C-D - u3 ypHbI BeIHYJIN 1Ba O€IBIX mIapa

4. Tlycts C - U3 ypHHI BeIHYIH Oenbii map, D - u3 ypHE! BeIHYIHM Genblii map, Torga C D
*- U3 YPHBI BbIHYJIM J1Ba L1apa: OeJiblii 1 He Oenblii

Teopema ci10:keHUSsI BePOSTHOCTEl HECOBMECTHBIX COOBITHI: BEPOSITHOCTD MOSIBICHUS
OJTHOTO U3 JIByX HECOBMECTHBIX COOBITHI A min B paBHa cymMe BEpOSTHOCTEH ITUX COOBITHA:

P(A+B)=P(A)+P(B)

IIpumepsl 1 pa3doop pemieHusi 3aIaHU TPEHUPOBOYHOT0 MOYJIA

IIpumep 1.

W3BecTHa ucTOpus O TOM, Kak ofHaxabl K [. I'anunero sBuicd cosijgar ¥ MONPOCHI
IIOMOYb €MY B PEIICHUH HACYyIIHOTO Bompoca: kakas cymma 9 niau 10 oukoB mpu OpocaHuu Tpex
KOCTel BbINajaeT yaie?

MoskeT nokas3aTbCsi, 4YTO LIAHChI PaBHbI, TaK KaKk Kaxkaas cymma u3 9 u 10 0ukoB MOXKET
OBITH MOJTyY€Ha OJIHUM MX LIECTH CIIOCOOOB:

9=1+2+6=1+3+5=1+4+4=2+2+5=2+3+4=3+3+3;

10=1+3+6=1+4+5=2+2+6=2+3+5=2+4+4=3+3+4.

OnHako ¢ y4eToM MEpPEeCTaHOBOK IS CyMMBbI 9 OUYKOB TOJIydaeTcss 25 paziIuyHBIMHU
criocob6amu (1o 6 croco®oB /711 IEPBOr0, BTOPOT'0, MATOTO0 BAPMAHTOB CYMMBI, 0 3 criocoba s
TPETHETO U YETBEPTOTO BapUaHTOB, 1 criocod Juist mocnenHero Bapuanta6 +6+3+3+6+1),a
1utst cyMMBbI 10 oukoB — 27 paznuasbiME ciocobamu (6 + 6 + 3 + 6 + 3 + 3). Kak BugHO, maHcsl
ATUX CIy4YalHBIX COOBITHH JIOBOJIBHO OJIM3KM MEXIy cOOOM M OTHOCSTCS APYT K JPYry Kak
25:27, 4T0 ¥ BBI3BAJIO 3aTPyAHEHHUS COJIIATA.

Takum 06pa3zom, yare Beinaaaet cymma 10.

IIpumep 2. B cpennue Beka cpenu deoJanbHON 3HATH OBLIM IIUPOKO PacIpoCTPaHEHbI
azapTHble Wrpbl. bonbimimM mro0uteneM Takux wurpa Obul ¢paHiy3 meBaibe jae Mepe.
CrpacTHOro Mrpoka B KOCTH, MPUABOPHOTO (hpaHILy3CKOTO KOpOJIs IIeBajibe Jie Mepe MOXKHO
OTHECTU K YHUCIy «OCHOBATelel» TEOpUH BEpOsiTHOCTEH. 3aciiyra ero COCTOMT B TOM, YTO OH
HAaCTOWYMBO 3aCTaBJIs/ MAaTEMAaTHKOB pELIaTh Pa3JIMYHbIE 3a/lay, Ha KOTOpPbIE HAaTAJIKUBAJICS
caM BO BpeMs CBOeW MpakTHKU UTpbl. OH X0Ten pa3dorareTs Mpy MOMOIIM UIPHI B KOocTU. J{ist
ATOrO LIEBAJIbE NMPUAYMBIBAI Pa3INYHbIE YCIOKHEHHBIE TpaBuila Urpbl. CTpacTHOMY UI'POKY, HO
IJIOXOMY MaTeMaTHKy, e Mepe nocyacTIMBUIIOCh UIMETh TAKOro Jpyra, kak [lackans. B 1654 r.
meBaibe Je Mepe oOparmics k brnesy Ilackamio 3a momomipio B paspelieHHH Hpodiem,
CBSI3aHHBIX C BEPOATHOCTHIO OJIATONPUSITHBIX PE3YJIBTATOB IPU OPOCAHUU UTPATIbHBIX KOCTEH.

Onna u3 3a1a4 ObUIa MOCTaBJIEHA CIEAyOIIMM oOpazoMm: MrpanbHas KOCTh OpocaeTcs
yeTbipe paza. llleBanbe Ouscs 00 3akiad, YyTO MPHU STOM XOTsS Obl OAMH pa3 BbIMAJET IIECTh
0ukoB. KakoBa BEpOATHOCTH BBIMIPHIIIA AJis HieBasibe? OTBET OKPYTIUTE 10 JECATHIX.

Pemienue:
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Tak kak nmpu KaxJ10M OpOCaHUHU UTPATTLHON KOCTH UMEETCs 6 Pa3TMYHBIX BO3MOXHOCTEH,
TO MPH YETHIPEeX OPOCAHMIX KOCTU YHCIIO PA3JIMYHBIX BO3MOXKHBIX ciy4yaeB Oyner 6 - 6 - 6 - 6 =
1296.

Cpenu stux 1296 cnyudaeB Oyzer S - 5 - 5 - 5 = 625 Takux, r1ie eCTEepKa HE BBINAJET HU
pasy.

B 1296 — 625 = 671 cmy4ae xoTs Obl OJMH pa3 W3 YETHIPEX BBIMATACT IIECTEPKA.
CrnenoBateibHO, BEPOSITHOCTD BBITAJICHHUSI XOTsI Obl OJTHOW IIECTEPKH IPH YETHIPEX OpOCaHMSIX
KOCTH paBHa 671/1296, uto uyTh O6ombire 0,5.

Pemienue 3aianmii:

1. 3 1000 coOpaHHBIX HA 3aBO/Ie TEJEBU30POB 5 MITYK OpaKOBaAHHBIX. JKCIEPT
NpoBepsieT OAMH Hayraj BoIOpaHHbIi TeseBu3op u3 31oii 1000. Hajinure BepossTHOCTH
TOr0, YTO NMPOBEPSieMbIH TeJIeBU30P OKAKETCS OPAKOBAHHBIM.

Pewenue. Ilpu evibope menesusopa nayead ozmodxcust 1000 ucxooos, coovimuro A
«B8bIOPAHHDLLL MENEBU30P — OPAKOBAHHBIY OlazonpusmHsl 5 ucx0008. Ilo onpedeneruio
seposmuocmu P(4) = 5+1000 = 0,005. Omsem. 0,005.

2. B ypHe 9 KpacHBIX, 6 KE€JTHIX U 5 3eJI€éHbIX apoB. U3 ypHBI HAYrajg 10CTAIOT
oauH map. KakoBa BepoSTHOCTDH TOI0, YTO 3TOT LIAP OKAKETCH KEJITHIM?

Pewenue. Obwee wucno ucxo0o6 pasuo yucny wapos: 9 + 6 + 5 = 20. Hucno ucxooos,
Onazonpuamcmesyrouux 0aHHoMy cobvimuio, pasro 6. Hckomas eeposimuocms pasna 620 =
0,3. Omegem: 0,3.

3. llers, Buka, Karsa, Uropb, AuToH, [loiuHa Opocuiin :xpeduii — KOMY HAYHHATH
urpy. Hajigute BeposiTHOCTb TOr0, YTO HAYUHATH UTPY A0JKeH OyAeT MAJIbYMK.

Pewenue. Beposimnocmos cobvimus pasna omuoweHuro Koauvecmea 0.1a20NnpusimHulx
cyyaes K Koauwecmey cex ciyuaes. brnaconpusmuvimu cnyuasmu aensgiomces 3 cayuas, Koeod
uepy Hauunaem Illems, Heopv unu Aumon, a xoauuecmeo ecex cayuaeg 6. I[looamomy uckomoe
omuouternue pasro 3:6=0,5. Omsem: 0,5.

4. B yuemnuonate mupa y4yacTBywT 16 xkomana. C moMouiblo KpeOusi UX HYKHO
pa3leJuTh HA 4YeThbIpe IPYNNbI MO 4YeThbIpe KOMaHIbI B Kax10ii. B siuke BnepeMeunky
JIeXKaT KapTo4YKu ¢ HomMepamu rpymnm: 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4. KanuTtaHsl
KOMAaH/I TSIHYT MO OAHOH KapTouke. KakoBa BeposiTHOCTH TOro, 4ro komauaa Poccum
OKa:KeTcsl BO BTOPOii rpynme?

Pewenue: Oboznauum uepez A cobvimue «xomanoa Poccuu 6o emopoii epynney. Toeda
KOIUYeCmaeo 0O1a20Npusmusblx coovimuii m = 4 (yemovipe Kapmouku ¢ Homepom 2), a odwee
YUCTIO  PABHOBO3MOJICHBIX  cobbimuu n = 16 (16 kapmouex) no onpedeneHuro
8epOSAMHOCIU P=4:16= 025 Omeem:0,25

5. Ha xaxabie 1000 3jeKTpHYeCKHX JIAMIIOYEK NPHUXOAUTCA S OpaKoOBaHHBIX.
KakoBa BeposITHOCTb KYNUTH HCIPABHYIO JaMIOYKY?

Pewenue. Ha xasicovie 1000 namnouex npuxooumcs 5 o6pakosanHwvlx, ececo ux 1005.
Bepoamuocmv kynume ucnpaguyro aamnouky 6yoem pasHa 001€ UCHPABHBIX JIAMNOYEK HA
kadtcovie 1005 namnouex, mo ecmov 1000:1005=0,995.Omesem: 0,995.

7. B rpynne TtypucrtoB 8 yesioBek. C mnoMouibIo kpedusi OHH BbIOMPAIOT IeCTePbIX
YyeJi0BeK, KOTOPbIe T0JIKHBI HATH B €eJI0 B Mara3uH 3a npoaykramu. KakoBa BeposiTHOCTH
TOro, 4To TypucT /I, BXOAsAIIMIi B cOcTaB rpynnsl, noiaér B marasun? 6 : 8=0,75.

8. B uemnuonare no ¢gyrdoay ydacrBylT 16 KOMaHA, KOTOpbIe KepeObeBKOI
pacnpenenasitoresas Ha 4 rpynnbl: A, B, C u D. KakoBa BeposiITHOCTb TOro, 4T0 KOMaHAa
Poccuu He monagaer B rpynny A?

Pewenue. Kaxcoas komanoa nonadem 6 epynny c¢ eeposmuocmoio 0,25. Takum obpazom,
8EPOSIMHOCMb MO20, YMO KoMaHoa He nonadaem 6 epynny paeua 1-0,25=0,75. Omeem:0,75

9. Ha TypHuMp N0 maxmMaTam npuobLio 26 yuacTHUKOB B ToM uncie Koas u Tous.
JL1s1 npoBeieHus kepedbeBKHU NMEepPBOro Typa Y4aCTHHUKOB CJIy4YaiHbIM 00pa3oM pa30onim
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Ha aBe rpynnbl no 13 yesioBek. HaiiTu BeposiTHOCTB TOT0, 4T0 Kouist u Tousst monmanyrt B
pa3Hble rPynmbl.

Pewenue. Bceeo 26 mecm. [lycmo Kons 3atimem ciyyaiinoe mecmo 6 ito0ot epynne.
Ocmanemcs 25 mecm, u3 Hux 6 opyeou epynne 13. Hcxooom cuumaem 6v160p mecma ons Tonu.
braconpusmuuix ucxooos 13. P=13/25 = 0,52. Omeem:0,52

10. B kiacce 16 yyauuxcsi, cpeau Hux aBa apyra —Bagum u Cepreii. Yuammxcs
cJIydyaiiHbIM 00pa3oM pa30uBalT Ha 4 paBHble rpynnbl. Haiiiure BepoATHOCTH TOI0, YTO
Banum n Cepreii okaskyTcst B OAHOM rpyIIe.

Pewenue. Ecnu Cepeero nepgomy docmanocey Hekomopoe mecmo, mo Oneey ocmaémces 15

mecm. M3 nmux 3 — 6 mou oce epynne, 20e Cepeeii. Hckomas eeposmHocms pasHa
3/15. Omeem:0,2

IIpakTnyeckas padora Ne39
Tema 6.2 BeposiTHOCT B TPOeCcCHOHATBHBIX 3a/1auax
Heas: Hayuuthcst pemars 3agadyd Ha  HCIOJIB30BaHUE  BEPOSTHOCTH B
npodeccHoHaNbHON AEATEIBHOCTH

Teopernyeckasi 4acTh:

OCHOBBI TEOPHH BEPOATHOCTEH HYXHO 3HATh KWKIOMY YeNOBEKY Ui (hOPMHUPOBAHHS
MPaBUJIBHOTO MHUPOBO33pEHUS, MJii OCO3HaHHsI TOrO, YTO MbI JKMBEM B CIy4aiHOM,
BEPOATHOCTHOM MUDE.

[Icuxonorus yejgoBeKa TAaKOBA, YTO €My HEYIOTHO cpeAu ciydaiHocTed. OH KaxaeT
ONpEAEIEHHOCTH U CIPaBEAJUBOCTH, HINET NPUYMH U OOBsicHeHHH. YacTto Takum oOpazom
BO3HHUKAIOT CyeBepHs: HAapUMep, cpean aQpUKaHCKUX IIEMEH PacPOCTPAHEHO TOBEPHE O TOM,
YTO OBIBAIOT MPOCTO JIbBBI M JIbBBI, B KOTOPBIX MEpECeNHInch aymu ymepmux. [locinennue Ha
JI0Jel He HamaJarT. JTO OOBSICHEHHE HEe HeceT MOJe3HOM WHGpOpManuu, MOCKOJIbKY HET
MPU3HAKOB, [0 KOTOPBIM 3apaHee MOXKHO ObLIO Obl ONpPENeNHTh, U3 KAKOW KaTeropuu JieB, HO
OHO YCIIOKauBAaET IICUXOJOTHYECKH. TOUHO Tak k€ MOSABIIAIOTCS U3BECTHBIE BCEM CYEBEpHS IPU
chaaue sk3amMeHoB. HekoTopwle cyeBepusi, KCTaTH, OCHOBAaHbl HA YAaCTOTHBIX COBIAJECHMSIX
(HampuMep, MENKHX HENpUATHOCTEH M BCTped € YEepHOW KOUIKOW). DTO OTHOCHTCA U K
IpUMETaM, KOTOpbIE MOpPOHl MOJAMEYAIOT BEPOSITHOCTHBIE 3aKOHOMEPHOCTU. Tak, MOroBOpKam
«bena Hukorna He mpuUXoIUT oxHa» WM «)Ku3HB, OHa moJsiocatras» COOTBETCTBYET B TEOPUU
BEpPOSITHOCTEN 3aKOH CEpPUH.

Crenyer HOMHUTB M TO, YTO MBI )KUBEM B MHpE, TJie POUCXOAST CaydaiHble COOBITHUS, U
TO, YTO 3aKOHOMEPHOCTH IIPOOUBAIOTCS Yepe3 Maccy ciiydaitHocTel. Uem ciioxkHee cucteMa, TeM
TpyAHEe OOHApPYKUTh 3aKOHOMEPHOCTH. VIMEHHO B 3THX ClIydasiX U UCIOJIb3YIOT BEPOSITHOCTHBIE
METO/IbI.

Takum o0pa3oM, Teopus BEpPOATHOCTH aKTyallbHa B HAIM JTHU KaK B MaTeMaTUKE U
TOYHBIX HayKaX, TaK ¥ B Halllel TOBCETHEBHOM YKU3HU.

Teopust BeposiTHOCTEH HM3y4yaeT OOBEKTHUBHBIE 3aKOHOMEPHOCTH MAaCCOBBIX CIIydailHBIX
coopiTuii. OHa SBISETCS TEOPETHYECKOW 0a3oi JyUIsi MaTeMaTHUYeCKOW CTaTHUCTHKH,
3aHUMaloIIencss pa3paboTKoi MeToqoB cOopa, omucaHus M 00pabOTKM  pPe3ysbTaToOB
HaOmonenuil. [lyrem HaOmioneHud (MCHBITaHWM, AKCIEPUMEHTOB), T.€. OMNbITA B IIUPOKOM
CMBICJIE CJIOBA, TPOUCXOIUT MIO3HAHUE SIBJIEHUH IENCTBUTEIILHOTO MUpA.

Pemenue 3aganmii:

1. B rocrunune tpu aaMuHucTpaTopa. Kakablii M3 HUX 3aHAT € KJIHEHTOM C
BeposiTHOCTBIO 0,3. HalinuTe BeposITHOCTH TOr0, YTO B CJOY4YalHbIi MOMEHT BpPeMEHH Bce
TPH aAMHUHHUCTPATOPA 3aHATHI OJHOBPEMEHHO.
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Pewenue. Beposimnocmes npouzeedeHusi He3a8UCUMBIX COObIMULL PABHA NPOU3EEOEHUIO
sepoamuocmell smux coovimuii. I105momy 6eposmHocms mozo, 4mo éce mpu AOMUHUCIPAMOpa
sanamol pasua (0,3)° = 0,027. Omeem. 0,027.

2. B roctunune «MHTYpUCT» CTOAT ABa IUIATEKHBIX aBTOMaTa. Kamaplii U3 HuUX
MOKeT ObITh HeUCHpaBeH ¢ BeposTHOCTHLIO (0,05 He3aBHCMMO OT JpPYyroro aBTOMATA.
HaiinuTe BepOSITHOCTH TOT0, YTO XOTS ObI O/IMH ABTOMAT HCIPABEH.

Pewenue. Hatioem 6epossmuocmes moeo, 4mo HeucnpasHvl oba asmomama. IOmu
cobvimus He3asucumMble, 8ePOSMHOCIb UX NPOU3EEOEHUS PABHA NPOU3BEOCHUIO 8EPOAMHOCIEN
amux cooermuii: 0,05 - 0,05 = 0,0025. Cobvimue, cocmoswee 6 mom, umo ucnpagen xoms 0wl
ooun  asmomam,  npomugononoxcuoe. CredosamenvHo, €20  GEPOAMHOCMb  PABHA
1 -0,0025 = 0,9975. Omsem: 0,9975.

3. B nmenTpe Typu3Ma 1Ba OJIMHAKOBBIX aBTOMaTa NMpoaanwT Kode. BeposiTHOCTH
TOr0, YTO K KOHIlY JIHl B aBTOMAaTe 3aKOoH4YHUTCHA Ko(de, paBHa (,3. BeposiTHOCTH TOrO, 4TO
Ko(e 3akoHUHMTCS B 000uX aBTOMaTax, paBHa (0,12. Haiiiute BepoSTHOCTH TOr0, YTO K
KOHIY JHA Kode ocTaHeTcsl B 000MX aBTOMATAaX.

Pewenue. Paccmompum cobvimued = koge 3axonuumcs 6 nepgom agmomame, B = koge
3aKOHYUMCSL 80 8MMOPOM agmomame.

Beposmnocms moco, umo xkoge ocmanemcs 6 nepeom aeémomame pasua 1 — 0,3 =0,7.
Beposmnocms moeo, umo xoge ocmanemcs 6o emopom asmomame pasnwa I — 0,3 =0,7.
Beposmnocms moeo, umo koghe ocmamemcs 6 nepeomM UIU GMOPOM ABMOMAMmMe pPaeHa
1-0,12=0,88. Iockorvky P(A + B)=P(A)+ P(B) — P(A‘B), umeem: 0,88=0,7+ 0,7 —x,
omxyoa uckomas geposmuocms x = 0,52. Omeem: 0,9975.

4. ]IBe padpuKM BBIMYCKAOT OJHHAKOBYIO MOCYAY s TOCTHHHI YepHOMOPCKOTO
nodepexbs. Ileppas ¢adpuxa Bbinmyckaer 45% 310l mocyabl, BTopass — 55%. IlepBas
(¢padpuka Bbimyckaer 3% OpakoBaHHOH mocyabl, a BTopas — 1%. Haiiiure BepoATHOCTH
TOI0, YTO CJIYYAliHO KYIUIEHHAs] B Mara3uHe Mocy/Ja OKaKeTcsi O PaKoBaAHHOI.

Pewenue. Bepoamnocms mozco, umo nocyoa Kyniewa Ha nepeou ¢habpuke u oHa
oparxosannas:. 0,45 -0,03 =0,0135. Beposmnocms moeo, umo nocyoa Kyniena HA 6mopou
¢abpuke u ona 6paxosannas:. 0,55-0,01=0,0055. [losmomy no ¢opmyne nonnoi
8EPOSIMHOCMU 8EPOSAMHOCIb MO20, YMO CAVYAUHO KYNIAEHHAS 8 Mda2da3uHe nocyod OKAXCemcs
bpaxosannoi, pasua 0,0135 + 0,0055 = 0,019. Omsem: 0,019.

IIpakTnueckas padora Ne4(
Tema 6.4 3amaun MaTeMaTHYECKON CTATUCTUKHU
Hean: HayunuTtbes pemaTh 3a1a4yu MaTeMaTHYECKONW CTaTUCTUKH

Teopernyeckast 4acTh:

MartemaTH4ecKoil CTATHCTHKOM HAa3bIBACTCA HayKa, 3aHUMAIOLIASCS METOJAMHU
00pabOTKM HKCHEPUMEHTAIbHBIX JIaHHBIX, MOJIYYEHHBIX B pe3yjibTaTe HAOMIOJEHUH Hal
CIyyallHbIMU siBIeHMsIMH. [lepBasi 3amada MaTeMaTHM4eCKOM CTaTUCTHUKH: YKa3aTh CIOCOOBI
cbopa U TPYNIHUPOBKU CTAaTUCTUYECKHX JAHHBIX, MOJYYEHHBIX B Pe3yJbTaTe 3KCIIEPUMEHTOB.
Bropas 3amaua maremMaTuyeckoil CTaTUCTUKU: pa3padoTaTh METO/Abl aHaJIM3a CTAaTUCTHYECKHX
JTAaHHBIX.

Ko BTOpOI1 331a49€ OTHOCATCS:

1. Onenka HEU3BECTHBIX MAPAMETPOB (BEPOSTHOCTU COOBITHSA, PYHKIIMH paclpeneeHHs
U €€ mapaMeTpoB U T.J.) C IOCTPOCHUEM TOBEPUTEIbHBIX HHTEPBAIOB (METObI OLIEHUBAHMUSA).

2. llpoBepka CTaTHCTUYECKHX THIIOT€3 O BHIE HEM3BECTHOTO pacCHpeleNeHus] |
IapaMeTpoB pacnpeaesieHns (METOAbI IPOBEPKU THIIOTES).

[Ipu 3TOM pemarorcs caeAyromue B HOPSAIKE CIOKHOCTU U BaKHOCTH 3aJ1a4H:
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e OmnucaHue sBIEHUH, TO €CTb, YMNOPSJIOYEHHE MOCTYNUBLIETO CTATHCTUYECKOTO
MaTepuaa, peicTaBiIeHe ero B HanOoee y1o0HOM JiyIsi 0003pEHHUs U aHalIM3a BHIE (TaOHIIbI,
rpadukm).

e AHanu3 M MPOTHO3, TO €CTh NPUOJMKEHHAS OLEHKA XapaKTEPUCTUK HAa OCHOBAHHUH
CTaTUCTHUYECKUX JaHHbIX. Hampumep, nmpubnuxEéHHas olleHKa MaTeMaTHYECKOro OXXUIAHUSA U
JHCTIepCUU HaOII01aeMOH CITyJaifHON BETMUMHBI U ONPE/IeNICHHE MOTPEIIHOCTEN 3TUX OICHOK.

o BripaboTka ontumaibHbIX pemieHuid. Hampumep, ompeneneHue 4yuciaa ONBITOB N,
JOCTAaTOYHOTO JUISl TOTO, YTOOBI OMIMOKA OT 3aMEHBI TEOPETUYECKHX YHMCIOBBIX XapaKTEPHUCTUK
UX SKCIEPUMEHTAJIbHBIMU OLCHKAaMHM HE MNpPEBbIIaJa 3aJaHHOrO 3HaueHus. B cBsa3u ¢ stum
BO3HHMKAET 3ajJjauya IMPOBEPKU IMPABAONOAOOMS THIOTE3 O IMapaMmeTpax paclpeieieHus U O
3aKOHAaX paclpe/ielleHusl CIy4alHOM BEJIMYMHBI, pEIIEHUEM KOTOPOMl SBJISIETCS BO3MOKHOCTh
CeNaTh OJJUH U3 BBIBOJOB:

— OTOPOCUTH TMIOTE3Y, KaK IPOTUBOPEYALYIO ONBITHBIM JaHHbIM;

— IPUHATH TUIIOTE3Y, CYUTATD €€ IMPUEMIIEMOM.

MaremaTnueckasi CTaTUCTHKAa IIOMOTaeT HKCIEPUMEHTATOpy Jiydlle pa3o0parbcsi B
ONBITHBIX JaHHBIX, MOJYYEHHBIX B pE3yJibTaTe HAOJIOJECHUN HaJ CIy4alHBIMHU SIBJICHUSIMU;
OLIEHUTb, 3HAUMMBbl WJIM HE 3HAYMMBbl HaOrofaeMble (GakThl; NPUHATh WIK OTOPOCUTH T€ HIIU
WHBIE TUIIOTE3BI O MPUPOJIE CITyYaNHBIX SBJICHUM.

Pemenue 3agau:

3agaua 1.

Ha sx3amMeHe 110 UICTOpUU CTYIEHTHI IOJIY4YWIIN OLICHKH:

344434

343544

552323

344533

545444

[TocTpouTh IUCKpPETHBIN BapUALlMOHHBIA Psiji paclperesieHus: CTYJEHTOB M0 OauiaM U
n300pa3uTh ero rpapuyuecku.

Xox peuieHus 3a1a4m:

OnpenenﬁeM 9JICMCHTEI psAga paCcIpCACICHUSA: BApUAHTBI, YaCTOThI, YaCTOTHI.

Onenka, 6amibKoJ-Bo CTY/IEHTOB C TaKOM OLIEHKOM, 4eJI0BEK|B MpoIeHTax K UTOryl|
2 2 6,7

3 9 30

4 13 43,3

S) 6 20

HToro 30 100

Tenepp rpadguueckn u300pa3uM AMCKPETHBIM psi pacupeleleHHs B BUAE IOMIIOHA
pacupeneneHus.

Komn-eo CTYLEHTOE B v
IIPOIEHT A K MTOTY

A

— TIQMTHTOH ¥ CTIpe TeTIEHITA

04N
£ Y
[ Y
30 s 7\
/ | \
20 71
/ I I
] i | |
LU - Ll i |
| | | -
1 T 1 >
o 1 2 3 4 5 X OIeHK:a, GaTIsI
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MoxHO caenaTh BBIBOJ O TOM, YTO IIpeodiasaromiee O0NbIINHCTBO CTYACHTOB MOIy4UIIO
«4» (43,3 %).

3agaua 2.

Bo Bpemst BEIOOpOYHOH MPOBEPKH OBLIO YCTAHOBIEHO, YTO MPOJOIKUTENILHOCTD OJTHON
HOKYIIKH B KOHJUTEPCKOM OT/eJIe Mara3uHa Obl1a Takou: (CEKyHbI).

7770828181

8275807180

8189756778

7376787376

82 69 61 66 84

7274828276

IlocTponTh MHTEpPBANBHBIA BAapUALMOHHBIM pAX  pacOpelneicHus IOKYIIOK IO
IPOJOJDKUTEIBHOCTH, CO3aB 4 IpyMIbl ¢ OJUHAKOBBIMUA MHTepBajsaMu. O003HAUYNUTh 3JIEMEHTHI
psina. M300pa3utk ero rpaduvecku, ceaTh BHIBOI.

Xo/ pemieHust 3a1a4M 0 CTATHCTHKE:

OmnpenensieM 2JIEMEHTHl psAa paclpeneseHus:
HAKOIUICHHBIE YaCTOTHI.

Ho npexne paccuntaem rpanuiibl 4 3aJaHHBIX TPYII C OAMHAKOBBIMU MHTEPBATIAMMU:

 Haay T K

i=

Benmuuuny nnaTepBana onpeaenum o ¢hopmyie n
. 89-61 _

b

B namewm cinyuae 4

FpaHI/IHI)I rpynin COOTBETCTBECHHO pPaBHBI:
| 61+7=68 (61-68)

I1 68+7=75 (68-75)

Il 75+7=82 (75-82)

IV 82+7=89 (82-89)

BapUaHThl, YaCTOThl, YaCTOCTH,

[ pyIIibl MOKYIIOK 10 Yucio B npouenrax k. [HakomieHHsie
[TPOTOJKUTEIIBHOCTH, CEK. [TOKYIIOK UTOTY YaCTOTHI
61-68 3 10 3

68-75 9 30 12

75-82 16 53,3 28

82-89 2 6,7 30

HToro 30 100

Tenepp rpaduyeckn oTOOpa3sMM Halll HHTEPBAJIbHBIA BapUAlMOHHBIA psAA B BHUE
TUCTOIPAMMBbI U KyMYJISITBI.

10—

TEICTD

y
HAKOIIIeHHBIE
HACT 0TI

A

in
20

KV MFIATA

P
i

T -

: >
0 &l

63 75 82 89 X
IPOTOTTE

68 75 82 89 X 0 6l
IPOOOLERTENEH OCTE

TIORVIIEH, CEE.

[lo Tabnume u rpaduka MOKHO cJAelaThb BBIBOJ O TOM, YTO Ipeolianaroniee
0onpIMHCTBO MOKYTOK (16 nmm 53.3%) HaxoauTcs BO BpeMEHHOM HHTEpBaie 75-82, cek.
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IIpakTuyeckasi pa6ora Ne4l
Tema 6.5 KonrponbHas paboTta mo pazgeny 6 «OIeMEHTHl TEOPHHM BEpPOSTHOCTEH WU
MaTeMaTHYECKON CTAaTUCTUKI
Heas: [IpoBeputh ypoBeHb YCBOEHUS JAHHOTO Marepuana mo pasueny 10 «DmeMeHTbI
KOMOMHATOPUKH, CTATUCTUKU U TEOPUU BEPOSATHOCTEI»
Ilpu pewienuu 3adanuini 1-4 3anuwiume npasUILHBIL Omeem U3 Yemovlpex

nPeOI0IHCEHHDBIX.

1. (1 6amn) KombOunaropuka - 3TO paslien MaTeMaTUKH, OTBEYAIONIMI Ha BOIPOCHI
CKOJIBKUMU CIIOCO0aMU MOYKHO BBIOPATh 3JIEMEHTHI ...

A) 3aJaHHOTO KOHEYHOI0 MHOXECTBa;, b) OeckoHeuHoro MHoOXKecTBa, B) mroboro
MHOXecTBa; ') MppalmoHaIbHBIX YHCEIL.

2. (1 6ammn) CoenuHeHUs W3 N 3JIEMEHTOB, OTIMYAIOIIMECS JPYr OT Jpyra TOJBKO
HOPSIKOM PACIOI0KEHUS B HUX 3JIEMEHTOB, Ha3bIBAIOTCS:

A) nepecranoBkamu; b) coueranusmu; B) pazmemenusivu; [') komOuHanmsmMu.

3. (1 6am) Yucno Bcex BO3MOXKHBIX pa3MeIlleHUH BeIYUCIAETCS o (popmyie:
A) A" =n(n—m); B) A" =n(n—-1)..(n—m+1); B) AT =—"1_ T) A™ =

(n-m)?’

n(n+m)

4. (1 6amn) I'pynnupoBka — 370. ..

A) ymopsmoueHue €AMHMI] COBOKYIMHOCTH IO Npu3HaKy; b) pazOueHue enuHuUIl
COBOKYITHOCTH Ha TPYMIBI 1O Npu3Haky; B) o6obmenue enuuudnabix (axktos; [') 0bobmeHue
eAMHUYHBIX IPU3HAKOB.

Ilpu évinonnenuu 3adanuit 5-8 3anuwiume xo00 pewienus u nOJAY4YEHHbLI OMeEem.

5. (2 6amma) B cpemnem m3 2000 camoBBIX HACOCOB, IMOCTYIHBIIUX B MPOJAXy, 6
noaTekaroT. Haliaure BEpOATHOCTh TOTO, YTO OJMH CIy4YalHO BBIOPAHHBIN JIJIi KOHTPOJIS HACOC
HE MOJTEeKaeT?

6. CpaBHHTE BCXOXKECTh CEMSH JIOOBIX TPEX BUIOB OJHOJETHUX IIBETOB 3a MOCJIEIHUE 3
roga. CoctaBbTe AuarpaMmy Mo HalJJeHHBIM JaHHBIM. CrienaiiTe BHIBOIBI.
7. (2 6amna) 1IBeToBOMY MPEUIOKUIN YKPACUTh KIyMOYy IIBETaMH, HCTONB3Yys 3 BHUIA.

CKOJIBKO DPAa3JIMYHBIX BapuUaHTOB €CTh y IIBETOBOJA, €CIIM €CTh BHIOOp M3 5 BHUJOB pa3HOM
paccapl?
8. (2 6ayna) CkoNbKUMHU CIOCOOAMH MOKHO MOCATUTh 4 KyCTapHHUKa B OJIUH psf?

Omanonvt omeemos

Howep 1 2 3 4 5 6 7 8
3adaHUsA
OTtBer A A B A 0,997 - 10 24

IIpakTnyeckas padora Ned2
Tema 7.2 IlapanmnenbHOCTb NPAMBIX, IPSAMON U IIIOCKOCTH, MJIOCKOCTEN
Henb: HayunThbes pemaTs 3aa4u, UCIOJIb3Ys CBOMCTBA NapajuIEIbHBIX INIOCKOCTEN

Teopernyeckast 4acThb:

Onpenenenue. [Ipsmas 1 MI0CKOCTh HA3BIBAIOTCS MapalljIeIbHBIMK, €CJIM OHU HE UMEIOT
o0IMX ToYeK (a || a)

IIpu3Hak napa/juie1bHOCTH NPAMOM U IVIOCKOCTH.
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Teopema. Ecnu npsimasi, He nekarasi B JaHHOW TUIOCKOCTH, MapajulelibHa KaKo-HUOY b
IIPSIMOM, JIEXKALIEH B 3TOU INIOCKOCTH, TO OHA IapajuleIbHa CaMOM IIJIOCKOCTH.

A allb
b o=
b
ag o
puc. 1
3ameuanus.
' Ecnu miockocTh NpoXOAUT Yepe3 JaHHYIO MPSMYIO, MMapalieIbHYI0
JOPYroM IJIOCKOCTH, U MEPECEKAET 3Ty IIOCKOCTb, TO JIMHUA IEpEeCceYeHUs
IIJIOCKOCTEN MapajuiesibHa JaHHOU IIPSIMOM.
Ecnu onHa W3 ABYX NapajulelbHBIX NMPSMBIX HapajulesibHAa JTaHHOU
IIJIOCKOCTH, a JIpyras mpsMas UMEET C IJIOCKOCThIO OOIIyI0 TOYKY, TO 3Ta
npsiMas JIEKUT B JAHHOU MIJIOCKOCTH.
puc. 2
BrpiBOABI.
Criydan B3aMMHOTO PacIOJIOKEHUS TIPSMOM U TNIOCKOCTH:
a) mpsiMast JISKUT B IIIOCKOCTH;
0) mpsiMasi ¥ MIIOCKOCTh UMEIOT TOJIBKO OJHY OOIIYIO TOUKY;
B) IIpsIMas U TUIOCKOCTh HE UMEIOT HU OJTHOM 001Ieil TOUKH.
>_<35 Onpenesienue. J[Be MIOCKOCTH HAa3bIBAIOTCS MapalUICIbHBIMHU, €CITH
fé — OHU HE UMEIOT o0mmx TOYEK.
/,/ ~_ [TapannenbHOCTH IUIOCKOCTEH o U F 0003HauaeTcs TaK: o || B.
p—"* Paccmotpum MIPU3HAK MapauieTbHOCTH JIBYX IJIOCKOCTEH.
3 Teopema. Eciiu 1Be mnepecekaromuecss NpsMble OJHOW TJIOCKOCTH
uc. .
P COOTBETCTBEHHO NapaJljIebHbl JABYM MPSIMBbIM JAPYTOM IUIOCKOCTH, TO 3TH
MJIOCKOCTH TapasuIeIbHBbI.
Crydan B3aMMHOTO PacIOJIOKEHUS TIIIOCKOCTEH:
IUIOCKOCTH o U f mepece
KaroTCsl.
puc. 4
Y 4
/ / TUIOCKOCTH & U B mapat
€JIbHBI.
puc. 5

CBoiicTBa napaJijiCJIbHBIX ILIOCKOCTEH:
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1. Ecion ABC IMapaljICJIbHBIC IINIOCKOCTU IEPECCUCHEBL TpeTbefI, TO
JIMHUU UX TMICPECCUCHUA MMapaJlJICIIbHBI.

puc. 6
Ao —
Ax
—Fg— 2. Otpe3ku mnapaienbHbIX MPSIMBIX, 3aKIIOUEHHBIE MEXIY
/ B0 MapajuieIbHBIMU TIOCKOCTSIMH, PABHBI.
puc. 7

Pemrenue 3agau:

Han yron AOD u aBe napanienbHble IIIOCKOCTH O U [3.
0

[Tnockocts o mepecekaer croponsl yria OA u OD coorBerctBeHHO B Toukax A u D,
TJIOCKOCTH 3 9TH CTOPOHBI TIepecekaeT COOTBETCTBEHHO B Toukax B u C.

Hano:

OB=8

AB=6

BC=9

CD=2

Haittu AD, OD

Yepe3 Ttouky O, KoTOpas HaXOOUTCA MEXIY NapayIeNbHBIMU IUIOCKOCTSMU O H [3,
NpOBe/ICHbI TIpsiMbIe C 1 0, TIepecekamIue IUIOCKOCTH Tak, 4To To4ykd A u B Haxomsarcs B
utockocTH o, a Touku C u D - B mockoctu B AB=18 cm, DO=26 cm u AC=3-A0

Brrancaunts: BD;CD
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[MapasuienbHbIe IIOCKOCTH O ¥ B IepeceyeHbl npsiMbiMu C 1 d
Croponsl AN nepecekatoT  mapajuienbHble  Mmiockoctd Puo B  Toukax C,D u A,B.
Borancnu anuny orpeska AB, eciiu NA=13 cm, NC=20 cm u CD=55 cm.
N

R,

Croponsl 4N nepecekaroT napauieiabHble JI0CKOCTU B U o

Hanubl mapamnenbHble miaockoctu o v 3. Touku A n B HaxonsaTcss B IUIOCKOCTH ¢, a
touku C u D B mmockoctu PB. Jnmuna orpeska AC=7, nmHa otpeska BD=12.

CyMMa IpOeKIHii STHX OTPE3KOB B INIOCKOCTH [3 paBHa 8.

Haiitu anuny npoexiuii 000uX OTpe3KOoB.

A B

IMpakTnyeckas padora Ned3
Tema 7.4 Ilepnienaukyiisap v HakJIOHHas. TeopemMa o Tpex MepIeHANKYIIsIpax
Iean: Hayunthes pemaTe 3a/1a4u, UCHOJIB3Ys TEOPEMY O TPEX MEPHEHAUKYISIPAX

Teopernyeckasi 4acThb:

Hmeem muockocts o (puc. 1). B mockoctu o nexut npsmas b. AH — nepneHaukysp K
MJIOCKOCTH 0, AM — HakmoHHas, MH - mpoeKkius HaKJIOHHOU AM Ha TIOCKOCTH 0.

[To Teopeme 0 Tpex mepreHIUKYIsIpax, HAKJIOHHAs TIEPIICHANKYIISIpHA K MpsMoit b Torma
Y TOJIBKO TOT/Ia, KOT/Ia €€ MPOSKIIUS MEPICHIUKYIIIPHA K TPsAMOi b.

blAM e b L HM
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Puc. 1

B Tteopeme uzner peub Tpex NepneHANKyJsIpax. Y KakeM UX:

AH — 3T0 NepHeHIMKYJISP K TUIOCKOCTH 0, @ 3HAYUT, K IPSIMOii D.

HM — nipoexuus, mepreHauKyJIsp K IpsaMoii b.

AM — HakiOHHasl, IEPIICHANKYJIISP K TIPSMOit D.

Yron Mexay npsiMoil U MI0CKOCThIO

Paccmotpum mnockocTs o M npsimyro a, a = AM (puc. 2). Ilycts npsimast a nepecekaer
IUIOCKOCTBh 0, HO HE NEpHNEHAMKYJsApHa €. Torma yriaoM Mexay NpsMOM @ U IJIOCKOCTBIO O

HA3bIBACTCSI YroJl MEXIy IpsSMON @ U e€e MPOeKUHEeW Ha 3Ty IMIocKocTh. To ecTh, yroin memy

MPSMOM a U IIIOCKOCTBIO o - 3TO yron AMH. Ilycth LAMH = @y,

Puc. 2

CBoiicTBO yriia Meskay NpPSAMOi M IJIOCKOCTHIO

UYepe3 Touky M B MJIOCKOCTH o IpoBeaeM mpsmyio MB (puc. 2). PaccMmorpum yroiu
MEXAy NpsAMOU a U npsmou MB, HazoBeM ero ¢. Torga mo CBOMCTBY yria MexAy NpsSMON U

Py = P
IJIOCKOCTBIO MOJIy4aeM, 4TO .

Pemenue 3apau:

3anayva 1

[Ipsamas AK nepneHAMKyJIsipHA K  IUIOCKOCTH  TPAaBHJIBHOIO  TpeyrosbHHUKa ABC,
Touka M — cepeanna cropons! BC.

1) Hokaxwute, uto MK L BC
2) Haitnure yron mexay npsimoit KM u mnockoctbio ABC, ecnu AK = a, BC = 2a.

1) [lano:

AB = BC = CA,

AK 1 ABC,

BM = MC.
Jloxkazamv. MK L BC.
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4
C
M
B
Puc. 3
Jlokazamenbcmeo:.
AM - »10 mpoekuusi HakiaoHHOM KM Ha mnockoctb ABC. AM - menuana. [lo cBOHCTBY
[IPaBUJILHOTO TpPEyrojbHUKA Menuana AM sBnsercs U BBICOTOH, TO €CThb

npsimeie BC u AM nepneHaAuKyIJIspHBI.

[lepBslii crioco6:

[Ipsimasa BC nepnennukynspHa AM - npoekuuu HakiaoHHo MK. Ilo Teopeme o Tpéx
NEepIEeHIUKYIsIpax MoiaydaeM, 4yTo mnpsMas BC nepneHauKkyisipHa W HakjIoHHOH MK, 4Tto u
TpeOOoBaJIOCh 10KA3aTh.

Bropoii crioco0:

[Ipsimasa AK neprieHukyiisipHa 1uiockoctu ABC, a 3Hauut, U npsamoi BC, nexamen B
mwiockoctd ABC. Umeem, BC nepnennukyisipia AM, BC nepnenaukynspHa AK, 3nauut, BC
NEPIEHIUKYIISIpHA II0CKOCTH MAK, a 3Ha4uT, U npsaMoil MK, nexaiieid B 3TON INIOCKOCTH, YTO
U TpeOOoBasIOCh J0KA3aTh.

2) [lano:

AB = BC = (4,

AK 1 ABC,

BC = 2aq,

AK = a,

Haiumu: 2(KM; ABC)

Pewenue:

YoM Mexly NpsIMOM U TUIOCKOCTBEO HA3bIBAETCS YTOJI MEXAY MPSIMOU U €€ MPOeKIUei
Ha MJIOCKOCTU. MBI uMeeM HakJIoHHYI0 MK, nMmeeM ee npoekuuto AM. 3Ha4uT, yriioM Mexay
npsimoit MK u rnockoctbio ABC siasiercst yron AMK.

Tpeyronsauk ABC — npaBWIbHBIA. 3HAYUT, Bce €ro yribsl paBHbl 60°. 3Hauut, £4ABC =

60°.
Paccmotpum tpeyronsHuk AMB. OH npsAMoyroibHbli, Tak kKak AM L BC. Haiinem AM.
V3
AM = AB -sin /ABC = 2a - sin 60% = Ea-?= av'3,
Paccmotpum npsimoyronbHelil TpeyronsHuk AMK. AK = a, AM = a3,
AK £
tglAME =—=—F+==—.
AM a3 V3
— Lu]
Yron AMK — ocTpblii, 3HAYHT, LAME = 30%
Omeem: 30°.
3anaya 2
N3 touxku M npoBeneH neprneHaukyssap MB k 1ockocTH npsmoyroiasHuka ABCD (puc.
4).

1) Hokaxwure, uyto TpeyroabHuku AMD u MCD — npsiMOyTroJibHbIE.
2) Haiigure yron mexay npsimoit MD u muiockoctbio ABC, ecniu CD = 3¢,
AD =4 cm, MB=5 cMm.
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Puc. 4
1) /lano: npsimoyronsuuk ABCD, MB L ABC.
Lokazamv: AAMD n AMCD — npsiMOyToJibHbIE

Jlokazamenvcmeo.
MB — nepnenaukyisip K 1miaockoctu ABC. MA — HakioHHas, B4 - ee mnpoekuus.
[Ipoekius BA nepneHAUKyIsIpHa npsamoit AD u3 mockoctu ABC. 3HauuT, u

HakJoHHas MA neprienaukysipHa DA (1o TeopeMe 0 Tpex MepreHauKyspax). Takum oopaszom,
TpeyrojibHUK AMD - IpsAMOYTOJIbHBIH, Tak Kak yroyi MAD - npsMO.

Ananornuno, MC — wnaxionsasi, BC - mnpoekuus HakiIoHHON MC Ha mmockocth ABC.
[Tpoexkuust BC nepnennukynspua CD, 3nHaunt, u HakiaoHHas MC neprnenaukynsapHa CD(1o
TeopeMe O Tpex nepneHauKyispax). Yron MCD npsamoi, TpeyroibHUK MCD npsiMOyTOJIbHBIH.

2) [lano:

ABCD — npsimoyronbauk, MD 1 ABC

CD=3cm, AD =4 cm, MB =5 cM.

Havtimu: £(DM; ABC).

Pewenue:

Yrom Mexay IpsMOM U IIOCKOCTBIO - 3TO yrOJ MEXAY NPsSAMOW M €€ IPOEKIUEeH Ha
IJIOCKOCTh. DM - HakJIOHHas1, DB ee mpoekuus Ha MIocKocTh ABC, cneaoBaTebHO, HaM HYKHO
HaiiTh yroa MDB. O603HauuM €ro 3a o.

PaccmoTpuM  mpsMOyroibHbIE  TpeyroidbHUkK BAD. AB=CD= 3 cm  (kak
IIPOTUBOINOJIOXKHBIE CTOPOHBI psMOyTrosibHUKa). Haiinem BD no teopeme Iludaropa.

BD = +/AB? + AD? = /3% + 42 =5 (cad).
PaccmoTrpum npsimoyrosibHbIN TpeyrosbHUK MBD. Haiinem yron BDM.

. _MB_5
8% gp 5~
— [u]
VToi ¢ — OCTpBIiA, 3HAYMT, @ = 45°
L 452
Omeem:.

IIpakTnyeckas padora Ned44
Tema 7.5 IIpsimble U IIIOCKOCTH B IPAKTUYECKUX 3aa4ax
Heas: Hayuntscsa pemarhb 3a/1a4n npodeccrnoHanTbHO-OPUEHTUPOBAHHON
HaIpaBJIEHHOCTU

Teopernyeckast 4acTh:

Ha mnockocty n1Be mnpsMble WM NEPECEKAIOTCA, WM NapajulesbHbl APYr JPYTy.
A B IPOCTPAaHCTBE BO3MOXKEH €11 OJMH CIydyall B3aHMHOI'O PacCIOJIOKEHUS IPSIMBIX.
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Pacnono)eHne NnpAMbIX B NPOCTPaHCcTBe (TpW cnyyas)

i
a M C :
i
Im
b d '
i o o o b 0 0 s 0 o 0 ? P —— -
s 7
e % P
nepeceKkalwTca napannebHb CKpeWMBaIoTCR
aNb=M c||d m-—=p

/IBe mnpsiMble B MPOCTPAHCTBE MapaslielibHbl APYr [pPYry, IepeceKalTcsi HJIU
CKPelHBAIOTCA.

Ecnu nBe npsMble nmapaiienbHbl TPEeThel, TO OHU MapauIeIbHbl IPYT IPYTY.

CkpemmBaloniuecsi nNpsiMble He IEPECEKAIOTCS W HE NMapaJlieiabHbl Apyr apyry. YUepes
HUX HEBO3MOXXHO MPOBECTH IIOCKOCTh. CKpelIMBaloIIUecs: MpsMbIe JIeKaT B MapauIeNbHBIX
IJIOCKOCTSIX.

Pemienne 3agau

1. JIBa rpy30BuKa BbleXajy B peiic 10 B3aUMHO-TIEPIIEHIUKYIIAPHBIM JoporaM. CKOpoCTb
onHoro — 50 kM/4, CKOpoCTh Apyroro — 60 KM/4, B JaHHBI MOMEHT OHHM HAaXOJATCS Ha
paccrostanu 7 kM 1 10 kM OT Hadana myTt. Yepe3 Kakoe BpeMsi pacCTOSIHHE MEXTy HUMU OyJeT
35 km?

2. Ckonpko moTpedyeTcs 0eTOoHa JUIsi TOrO YTOOBI 3AJIUThH IIBEIUIEP C MapayieTbHBIMU
rpanamu nosiok 1211 gymnoit 10M?

WEBENMNEP C YKANQGHOM WEENMNEPF C
BHY¥TPEHHWX NPAHEF NONOK NAPANNENBHBIMY FPAHAMM
12 Y nonok 12 N

I ] e

- 5 4.8
F120 M F120 mm

T e

b 52 mm

IIpakTnueckas padora Ne45
Tema 7.6 KontponbHas pabota o pazneny 7 «IIpsiMble v MI0OCKOCTH B IPOCTPAHCTBE
Heasn: [TpoBepuTh ypoBEeHb YCBOEHHUS JTaHHOTO Martepuana mno pasueny 11 «lIpsmbie u
IJIOCKOCTH B IIPOCTPAHCTBE)

Ilpu pewenuu 3a0anuii 1-4 3anumwume npasunbHLIL OmMeem U3 Yemvipex
npeoIoIHceHHbIX.

1. (1 6ann) Pacmdpyiite kpaTkyto 3anuch: a€f.

A) Touka a MPUHAIUISKUT TUIOCKOCTH [3; B) Touka a mpuHamiexut npsimoit §; B) mpsimast
a MIPUHAJUIEKUT TUIOCKOCTH [3; I') mpsiMast a mepeceKkaeT MmiIocKoCTh f3.

148



2. (1 6amn) Ilpsmeie AB u C]I ckpemuBarotcs. Kakoe pacmonokeHrne UMEIOT MpsSMbIe
ACu BJI?

A) napannensHbie; b) neprniennukynsapueie; B) ckpemmuBatorces; ') nepecekarorcs.

3. (I 6amn) Ilnockocth @ u [ wumeror 1 obmryro Touky. KakoBo uX B3auMHOE
pacnoyioxeHue?

A) mapannensHbl;, b) mepecekatorcs o npsimoii; B) copnagarot; I') ckpemuBaroTcs.

4. (1 6amrn) Eciu mpsimasi, IpoBeJCHHAS HA IJIOCKOCTU Yepe3 OCHOBAHHME HAKJIOHHOM,
NEPIEeHIUKYIISPHA €€ MPOEKIIUH, TO OHA. ..

A) neprneHIuKyJIsipHAa U CaMOM HaKJIOHHOH; b) mapamnenbHa U caMoil HakIOHHOMW; B)
CKpEIIMBAETCs C HAKIOHHOM; [') mepneHaukyasipHa OCHOBaHUIO HAKJIOHHOM.

Ilpu évinonnenuu 3a0anuil 5-8 3anuwiume x00 peuwienus u noOJIy4eHHbLL OMEem.

5. (2 6amra) Yepe3 koHiel otpe3ka AB u ero cepenuny M mpoBeneHBI Mapajiie/IbHbIC
IpsIMbIE, TIEPECEKAIOIME HEKOTOPYIO IIIOCKOCTh B Toukax A1, B1 u M1. Haiinure nyimny orpeska
MM, ecniu oTpe3ok AB He nepecekaeT miockocTh U ecii AA1= 6,8cm, BB1=7,4cMm.

6. (2 6amna) Ipsameie AC, AB u A/l nonapuo nepnenaukyispusl. Haiinute orpesok C/I,
ecmn AB=5cm, BC=13cm, ALl =9 cm.

7. (2 6amma) M3 TOYKM K TUIOCKOCTH TIPOBEACHBI JBE HAKJIOHHBIC. Halaure ITHHBI
o011ero neprneHIuKyiIspa, eciau MPOSKIIMA HAKIOHHBIX OTHOCATCS Kak 2:3 W JJIMHBI HAKIIOHHBIX
paBHbI 23 cM u 33 cMm.

8. (2 6anna) Haueptuth ky0 ABCJIA1B1C1/11. [TocTpouts ceuenne A/l:C.

Smanonsl omeemos:

Howep 1 2 3 4 5 6 7 8
3adaHuA
OtBetr B B b A 7,1 15 9 -

IIpakTnyeckas padoraNe46
Tema 8.4 IIpumeps! cummeTpuii B mpodeccuun
Iean: PaccMoTpeTh mpuMepbl CHMMETPUH BOKPYT Hac

Teopernyeckast 4acTh:

PaccMoTpuM NoOHATHE CUMMETPUU C T€OMETPUUECKON TOUKU 3PEHUSI.

B yueOHMKe MO reoMeTpHuH 3TO MOHATHE BBOAUTCS cleayromuM odpasoM. Touku A u Al
HAa3BIBAIOTCSI CHMMETPUYHBIMU OTHOCUTENBHO TOUKU O (IeHTp cummeTpun), ecau O — cepennna
orpe3ka AA1 (puc. 1, a). Touka O cuuTaercss CUMMETPUYHON caMoii cede.

Toukm A u Al Ha3bIBaIOTCA CUMMETPUYHBIMH OTHOCHTEIBHO TIpsiMOi a (OCh
CUMMETpHUN), €CIM IpsiMasi a MPOXOJUT uepe3 cepeianHy oTpe3ka AAl M nmepneHIuKyJsipHa K
TOMY OTpe3Ky (puc. 1, 0). Kaxxnas Touka npsMoit a cuutaercss CHMMETPUUYHOM caMoii cele.

Toukn A n Al Ha3pIBatOTCS CUMMETPUYHBIMH OTHOCHUTENBHO IUIOCKOCTH  (IIOCKOCTh
CUMMETPHH), €CJI TUIOCKOCTh  MPOXOJUT Yepe3 cepennny oTpe3ka AAl  u mepneHauKyIsipHa
K 3TOMY 0Tpe3Ky (puc.l,B). Kaxias Touka MjI0CKOCTH  CUMTAETCs CUMMETPUYHOMN caMoii cebe.

Touka (mpsiMasi, MJIOCKOCTH) HAa3bIBAETCS LIEHTPOM (OCBIO, IUIOCKOCTHIO) CHUMMETPUU
burypsl, eciim Kaxaas Touka (GUrypbl CHMMETPUYHA OTHOCHTEIBHO HE€ HEKOTOPOW TOUYKE TOM
xe ¢urypsl. Ecnu purypa umeer (puc. 1) uentp (ocb, miI0CKOCTb CHMMETPHH), TO TOBOPSAT, YTO
OHa 00JaaeT IEeHTPaIbHOU (0CeBOM, 3epKAbHOI ) CHMMETpPUEH.

Boigensis reoMeTpuyecKyl0 CUMMETPHUIO, TOBOPUM O MOJIOKEHUHU, (OopMeE, CTPYKTYpE.
OTO Ta CUMMETPHUS, KOTOPYIO MOXHO HENOCPEACTBEHHO BUETD.
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CumMMeTpuI0 MOKHO OOHapy»XMTh IIOYTH Be3J€, €CIM 3HaTh, KaK ee HcKaTb. MHorue
HapoJIbl C APEBHEUIINX BPEMEH BJIAJICIN MPEICTABICHUEM O CUMMETPUHU B IIIUPOKOM CMBICIIE --
Kak 00 ypaBHOBELIEHHOCTM M TapMOHUHU. TBOpPYECTBO JIOAEH BO BCEX CBOMX MPOSIBICHUSIX
TArOTeeT K CcUMMeTpuu. IlocpencTBOM CHUMMETpUM YEIOBEK BCErAa NBITANCA, 10 CIOBaM
HeMelkoro wmareMmartuka I'epmana Beind, «moctudb M cO34aTh MOPANOK, KpacoTy U
coBepiieHCTBO». ['. Belinp moj cuMmeTpueil moHuMal «HEM3MEHHOCTh KaKoro-immbo oObeKTa,
IpU ONPEAETICHHOI0, poja IpeoOpa3oBaHUAX; NPEAMET SABISETCA CHUMMETPUYHBIM, B TOM
Cllydae, KOIla €ro MOYKHO IOJBEPrHYTh KaKOHM-HMOYIb OIlEepaluu, IOCie KOTOPOH OH Oyner
BBIMVIAJICTh TaK e, Kak U 70 npeoOpa3zoBaHus». OnpexaeneHHyro rinaBy I. Beinbp mocsTuin
OPHAMEHTHOW CHMMETPUHU. YTOPSAJOYCHHOCTh M TOAYMHEHHOCTH OIPEICIIEHHOMY Habopy
IpaBUJ Mbl OOHAPY>KUBaEM B y30pax U OpHAMEHTax (cM. puc. 16).

Henb3s He yBHUIETh CHUMMETPUI0O UM B OIPAaHEHHBIX JpParolEeHHbIX KaMHAX. MHorue
IPAaHWIBLIMKK CTapaloTCs MpHUIaTh OpwiUIMaHTaMm (GopMy TeTpa’jpa, KyOa, OKTa’apa WiH
uKocadipa. Tak Kak rpaHaT UMEET T€ )K€ DJIEMEHTHI YTO U KyO, OH BBICOKO LIEHUTCS 3HAaTOKaMU
JParoleHHbIX KaMHel. Xy10KeCTBEHHbIE U3/eNUs U3 IPAHATOB ObUIM OOHApY>KEHbl B MOTHJIAX
HpeBuero FErumnrta, oTHOCAImMXCS e€l€ K JOAMHACTUYECKOMY Iepuoay (CBBIE JBYX
TBICAYENETUH 10 H.3.).

B komnexknusax OpMmuTaka OCOObIM BHHMAaHHUEM IIOJIb3YIOTCS 30JI0ThIE YKpallleHUs
npeBHUX ckudoB. HeoObuailHO TOHKAa XyIO’KECTBEHHass pabOTa 30J0THIX BEHKOB, AMAJIEM,
JiepeBa M yKPAIICHHBIX IParoleHHbIMU KPacHO-(hMOJIETOBBIMU TPaHATAMH.

OpHMM M3 CcaMbIX HAIVISIAHBIX MCIOJIb30BAaHMM 3aKOHOB CUMMETPHM B KU3HHU CIIy’KaT
CTPOEHHSI apXUTEKTypbl. JTO TO, YTO 4Yallle BCEr0O Mbl MOXXEM YBHJETh. B apxurekrype ocu
CUMMETPUN HCIOJB3YIOTCS KaK CPENCTBAa BBIPAXKEHHUS ApXUTEKTYpHOro 3ambicia. IIpumepos
MCIIOJIb30BAaHUSI CHMMETPUH B apXUTEKTYype MHOXKECTBO, OJTHUM W3 HHUX SBIISETCS MPEKPaCHbBIN
HoBocuOupckuii Teatp onepsl u Oanera.

Eme onHuM npuMepoM MCHOB30BaHUS YEJIOBEKOM CUMMETPUU B CBOEH MPAKTHKE - 3TO
TeXHUKAa. B TexHHKe ocu cuMMeTpuu HauOojiee 4YeTKO 00O03HadalTcs Tam, rae TpelOyercs
OLICHUTH OTKJIOHEHHE OT HYJIEBOTO ITOJIOKEHNUs, HAIIpUMEpP Ha pyJie IPy30BUKa WM Ha IITypBaJle
Kopabsst. i o1HO U3 BaKHEMIINX M300pETEHUI YeloBe4ecTBa, UMEIOIUX LIEHTP CUMMETPHH,
ABJISIETCS] KOJIECO, TAK)KE LIEHTP CUMMETPHUH €CTh Y ITPOIEITIEPA U IPYTUX TEXHUUECKHUX CPEICTB.

CuMMeTpHI0 MOXHO 3aMETHTh Jake€ TaM, Ha 4TO HHMKOI/la He oOpalajg BHUMAaHUE.
Hanpumep, eciiu Bbl momectuTe OyKBBI IIEPE]] 36pKAJIOM, PACIIOJIOKUB €r0 MapauleNbHO CTPOKE,
TO 3aMETHUTE, YTO T€ U3 HUX, Y KOTOPBIX OCb CUMMETPHUHM IPOXOAUT TOPU30HTAIBHO, MOXHO
IIPOYECTh U B 3€pKajie. A BOT T€, Y KOTOPBIX OCh PAaCIIOI0KE€HA BEPTUKAIBHO WM OTCYTCTBYET
BOBCE, CTAHOBSTCS «HEUUTAOCTHbHBIMUY.

Cy11ecTBYIOT S3bIKH, B KOTOPBIX HauepTaHHE 3HAKOB ONUPAETCS Ha HAIMYUE CUMMETPHUHU.
Tak, B KUTalCKOW MTMCHbMEHHOCTH MEpOTnQ 03Ha4aeT MMEHHO UCTUHHYIO CEPEUHY.

CummeTpust Takke €CTh M B 4YMCIax, Hampumep, v12345678987654321=111111111;
v123454321=11111 u T.1. cHMMeTpHUsI LEHTPAJIbHASL OCEBAsl 3€pKAJIbHAS T€OMETPHUS

33]_13]-[1/161 MNpUBCAUTEC MPUMCPBI CUMMCTPHUH, BCTpC‘-IElIOH.ICfICH B XXM3HHU YCIO0BCKA.
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IpakTnyeckas padoraNe 47
Tema 8.4 [Ipumepsl cummeTpHii B mpodeccun
Iean: PaccMoTpeTs mpUMepbl CHMMETPHUH B ITPOGECCUOHATILHON AEATEIbHOCTH

TeopeTnueckasi 4acThb:

[Ipumenenne MaTeMaTUku B Oyaymied mpodeccuu — OueHb akTyalbHas TeMa HaIlIero
BPEMEHU.

Cummerpus B npoheccuu aAMUHUCTPATOPA Mara3uHa OJeKIbl

B marasune onexapl 00s13aHHOCTH aJIMUHUCTpAaTOpa Mara3uHa OyAyT 3aKirodarbcs B
OpraHu3allii TOPTOBBIX MPOLECCOB. J|OMOTHUTEIBHO B OOSI3aHHOCTH aJMHHHUCTPATOpPA BXOAMUT
KOHTPOJIb HaJl pa3MEIICHUEM TOBapa B TOPrOBOM 3ajie MarasuHa. M TyT riaBHbIMM DPUHIUIIAMUA
co3ziaHus OaniaHca SBISIOTCS CHMMETPHS U aCHMMETPUSI.

Kak wucnonp3oBath cuMMeTpHIO B MarasuHe ofexnapl? Tak e, kak HabOp BecoB
YPAaBHOBELIMBAET JIEBOE U IIPABOE HA BECaX, TAK JIEBas II0JOBHHA BUTPUHBI WIM IIPOCTPAHCTBA
Mara3uHa ypaBHOBELIMBAETCS MTPABOM:

® BEIlM M MaHEKEHbl B JIEBOM CTOPOHE BUTPUHBI OKHA JIOJDKHBI OalaHCUPOBATh C
00BEMOM CITpaBa;

® CTOINKH CJOXEHHBIX (yTOOJOK PAaBHOMEPHO W CHUMMETPHYHO paCHpEAETICHBI II0
OTJIEJIbHO CTOSIILIEMY CTOJIy Y BXOJa B MarasuH;

® BICAT BEIIM OJJMHAKOBOI'O ACCOPTUMEHTA CJIEBA U IIPABA.

Cummetpusi (oceBasi) 4acTO MCIONb3yeTcs AN opopmIleHUs Beliel B KIACCHMYECKOM
cruiie. CUMMETpUs TIPUIAET AIIETAHTHOCTh M (OPMATIBLHOCTh BUTPUHBI C MY)KCKOH OJEKIOM;
opopmieHHEe B JU3aWHEPCKUX Mara3uHax ¢ MHUHUMAQJIMCTUYHBIM JTU3alHOM ; BUTPUHBI C
MaHEKEHAaMH C HEOOBIYHOW au3aifHepcKoW onexaoi. OmHAaKO CHMMETpUYHOE OdopmIleHUE
MOKET OBITh HEMHOTO CKYYHBIMHU Jig Ooliee MOBCEAHEBHOW M 0a30BOM OJEXKIbI, KOTOPHIE
TpeOyIOT 4Ero HHTEPECHOTO.

Acummertpus. st pa3menieHus: MOBCEAHEBHON U 0a30BOM OAEKIbI OOBIYHO UCIIOJIB3YIOT
aCUMMETpUYHbIE BUTPHUHBI. biaromaps acUMMETpUU MOJIy4aeTcs MpeICTaBUTh 0a30BbI€ BELIU
0osee HEOOBIYHBIMU. ACUMMETPUYHBIN AU3aifH MOXET BBI3BIBATH YYBCTBO ABM)KCHUS U Ka3aThCS
0ojiee COBPEMEHHBIM, YEM CHMMETPHUUHBIM, HO IPU BCEM 3TOM CO3/1aTh MPAaBUIbHBIE IPOMOPIU
U DJIEMEHTOB 37E€Ch CIIOXKHEE.

Kak wucnomp3oBath acuMMeTpHi0 B Mara3uHe ofexapl? B kauecTBe mnpumepa
ACUMMETPUYHOrO OallaHCca MOXXHO TPUBECTH CIIEAYIollee OJMH MaHEKeH B JIeBOH YacTH
BUTPHUHBI, YPAaBHOBEIICHHBIA JBYMsI MaHEKEHAMHU CIpaBa, CTOSIIMMH OJU3KO APYT K Apyry. B
[eJIoM, TapMOHMS OyAeT [OCTUTHYTa, TOCKOJIbKY TpPHU MaHEKeHa YAOOHO 3amojHSIOT
IIPOCTPAHCTBO, XOTSI OHU U PaCIpEACIICHbl HEPABHOMEPHO

Cummetpus B npodeccun Boautens. Bce aBTOMOOUIN UMEIOT MPOJIOIBHYI0 CUMMETPHIO
Ky30Ba. He gBIAI0TCS HCKIIIOUEHUEM U OOoJIbLIErpy3Hble MalIUHbL. [lepBoe, 4TO NpUXOIUT Ha yM,
KOrJla peub UAET O CHMMETPUM aBTOMOOWIIEH, 3TO a’poanHaMuKka. Eciu neBast U mpaBasi 4acTu
MalIMHbl OyAYT UMETh pa3Hylo (opMmy, TPYIHO Npeayraaarh, Kak MOBEAET ceOsl BO3AYIIHBIN
MOTOK Ha OOJIBIION CKOPOCTH. B 3aBUCMMOCTH OT CKOPOCTH BO3YIIIHBIE MACCHI 110 00€ CTOPOHBI
Ky30Ba MEHSUIM Obl CBOM yroyl U HEU3BECTHO KakK IMepeceKaluch Obl Mexay co0oii, co3gaBas
JUIIHYE TPoOIeMbl BoauTeto. M3-3a ommboK mpoekTupoBaHus (HOPMBI Ky30Ba aBTOMOOHIIN
MOTYT TEPATh YCTONYMBOCTH Ha OOJIBILION CKOPOCTH U JJaXKe MEPEBOPAUYUBATHCSA . ITO OCOOEHHO
OTMAacHO JJisi OOJBIIErPY3HbIX MamMH. Eciu mocMoTpeTs Ha Gypy ¢ pa3HBIX CTOPOH, TO MOXKHO
3aMETHUTh, YTO OHA UMEET Cpa3y HECKOJIBKO ocell cummeTpun. HekoTopele 1eTanu MalivH UMEKOT
LEHTPAJIbHYI0O CHMMETPHIO: KOJIECO aBTOMOOMIIS, ILIecTepeHka W Ap. PyneBoe koieco nMeeT
oceByto cummeTpuio. [Ipu MoaenupoBaHuy aBTOMOOUIIBHBIX JUCKOB, JJIl paCY€TOB MPUMEHSIOT
MOBOPOTHYIO CHUMMETpPUIO. PerynmpoBka CXOXIEHHS KOJeC aBTOMOOWJIS TMPOU3BOJUTCS
OTHOCHUTEJIBHO IPOJOJIBHOM OCH CHMMETPHM MallMHbL J[JIs1 Ha3eMHOro BUJAa TPAHCIOpPTa B
OO0JIbIICH CTENEeHN BCe 0CEBast CUMMETPHSL.
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3ananue: TPUBEIUTE NPUMEPHl CHUMMETPHH, BCTpeUalomielics B Balied Oymyriei
npodeccuu.

IMpakTnyeckas padboraNe4§
Tema 8.7, Tema 8.8 O0Onem Tena. OrTHolIeHHE 00BEMOB IMOAOOHBIX Teld. OOBEMBI M
IUIONIA/IA TOBEPXHOCTEH Tel
Heab: PaccMoTpeTs mpuMepsl HAX0XKICHUST 00bEMOB T€OMETPUIECKUX TEI
TeopeTnyeckast 4acThb:
Bce hopmynbl 00eMOB reOMETPHUYECKHX Tell
1. Pacuer o6bema kyOa

]

a - cTopoHa Kyba

dopmyia oobema KyOa, (V):

V=a3

2. Haiitu no hopmyie, 00beM NpsSMOYTOJIBHOTO Mapalijiesienuneaa

&

a, b, ¢ - cropons! mapasnenenunena
Ete nHOTIa CTOPOHY Mapasie/ienuIie/ia, Ha3bIBAlOT PEOPOM.

dopmyna oobema napamienenunena, (V):

m

3. ®opmyna 1 BBIYMCIIEHUs 00beMa mapa, chepsl
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R - pagnyc mapa
n~3.14

ITo dhopmyiie, ecitu gaH paauyc, MOKHO HaiiTh 00beMa 1rapa, (V):

4. Kak BBIYUCIATH 00BEM IMIIHHIPA ?

h - BeIcOTa IIMUITHHAPA
I - painyc OCHOBaHHS
n~3.14

ITo ¢opmyne HaiiTh 0ObeMa NMJIMHAPA, €COM H3BECTHBI - €r0 PaguyC OCHOBAHUS U
BbIcOTa, (V):

V=mr2h

5. Kax Haiitu o6beM KoHyca ?

R - pagnyc ocHoBaHus
H - BeicoTa KOHYCa
n~3.14

dopmyia oObeMa KOHyCa, eCIi U3BECTHBI paanyc U BbicoTa (V):
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7. ®opmyiia 00beMa yCEUEHHOT0 KOHYCa

C D

I - paanyc BEpXHEro OCHOBAHUS

R - paguyc HUXHETO OCHOBaHHUSI

h - BeicoTa KOHYCa

n~3.14

dopmyna o0beMa yCEUYCHHOTO KOHYCA, €CIM M3BECTHBI - PaJuyC HU)KHETO OCHOBAHMS,
pamuyc BepXHEro OCHOBaHHS U BbicoTa Konyca (V ):

1
V= Enh(Rz +R-r+1?

8. O0BeM IPaBHIILHOTO TETPAdIPA

[IpaBubHBIN TETpadAp - TNHUPaMUAa y KOTOPOW BCe TpaHHW, pPABHOCTOPOHHHE
TPEyrOJIbHUKH.
a - pebpo TeTparapa

dopmyna, 11s pacyera o0beMa npaBuiIbHOrO TeTpasdapa (V):

9. O6beM MpaBMWIIbHOMN YETHIPEXYTOIbHONW MUPAMU/IBI
[Mupamuna, y KOTOpoil OCHOBaHME KBajJpaT W TpaHM paBHbIE, paBHOOEIPEHHBIE
TPEYTOJIbHUKH, HAa3bIBAECTCS PABWIIBHON YETHIPEXYTOJIBHON TUPAMUION.
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a - CTOpOHa OCHOBaHMUS
h - BeicOTa TEpamMu /b1

dopmyria a7l BBIYUCICHUS 00beMa PAaBHIBLHON YeThIPeXyroyibHOM nupamusl, (V):

1
V = = ha?
7 ha

10. O6beM npaBUITBHOM TPEYTOIBEHOW TUPAMUIBI

[lupamuja, y KOTOpO OCHOBaHME PAaBHOCTOPOHHUN TPEYTOJIbHUK U TPaHU paBHBIE,
paBHOOEIPEHHBIE TPEYTOIBLHUKH, HA3bIBACTCS MPABMIILHON TPEYTOJIbHON THPaAMHION.

a - CTOpOHa OCHOBaHMUS
h - BeicOTa TEpamMu b1

®opmyna oObeMa IpaBUIIBHON TPEYTOJILHON MHPAMU/IbI, €CIIU JaHbI - BEICOTA U CTOPOHA
ocHoBanus (V):

11. Haiiti 06beM npaBUiIbHON HPAMHUIBI

[InpamMuia B OCHOBAaHMHU, KOTOPOU JIEKUT IIPaBUIIbHBIM MHOTOYTOJIBHUK U IPaHU PaBHBIE
TPEYTOJIbHUKH, HAa3bIBAECTCS IIPABUIIBHOM.

h - BeicoTa nrupaMuabl

155



ad - CTOpOHA OCHOBaHUs IMUPAMUBI
N - KOIMYECTBO CTOPOH MHOI'OYTOJIbHHKA B OCHOBAaHHUH

@®opmyna o0beMa MNPaBWIBHOW NUPAMUIBI, 3HAs BBICOTY, CTOPOHY OCHOBAHHS H
KOJINYeCTBO 3THX cTOpoH (V):

na’h

B 180°
12 tg(——)

12. PacueT oO0beMa mupamMuIsI

C
B

A E

h - BeIcOTa TTIpAMUTBI
S - mwiomaas ocaosanuss ABCDE

D

dopmyna sl BBIMHCICHHS OObeMa MUPAMHUJBI, €CIH JaHbl - BBICOTA M ILIOLIAMb
ocHoBanus (V):

h - BeIcOTa Tpamu ;b1
Sumx - IIONIANb HIDKHETO ocHoBaHuA, ABCDE
Seepx - TUTOIIAIb BEPXHET0 ocHOBaHus, abcde

dopmyna oobema yceueHHOH nupamusl, (V):

1 —
V = § h(SHH'.ﬂ + \,’:Smm: Ssepx ek Ssepx)

14. O6beM 1mapoBoro cermenTa, hopmyina

[ITapoBbIil CEerMeHT- 3TO 4YacTh IIapa OTCEYEHHas IUIOCKOCThIO. B maHHOM mnpuMmepe,
miockocTsio ABCD.
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R - paguyc mapa
h - BeicoTa cermenTa
nt~314

dopmyiia a5 pacueTa 00beMa apoBoro cermenra, (V):

1
V= §1t112(3R — h)

15. O6bem mapoBoro ceKropa

R - pagnyc mapa
h - BeicOTa cermenTa
n~3.14

dopmyria oobema 1mapoBoro cekropa, (V):

h - BeICOTa 11IapOBOTO CI1OS

R - paauyc HUKHETO OCHOBaHHSI
I - paauyc BEpXHErO OCHOBAHHUS
n~3.14
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dopmyiia oobeMa maposoro cios, (V):

1 1
V=—mh(R*+ 1%+ =h?
211'1( +1 +31)

Pemenne 3agau:

1.CymectByet nu pusma, umeromias 50 pédep? 54 pedpa?

Pemenue: Yucmo pebep n — yrojdbHOH NpuU3MbI 3n, MO3TOMY IMPHU3MBI, HMeromeld 50
pebep, He CyIIEeCTBYeT, a 54 pebpa umeer 18-yroyibHas npusma.

2. CTopoHBI OCHOBaHMS MHPSIMOYTOJIBHOTO Mapajuiesienuiesa paBHbl 5 ¢cM U 12 cMm
JIMaroHab MapajliesienuIeia COCTaBIseT C IUIOCKOCThI0 OCHOBaHMA yron 60°. Haiimure 00bEM
napasuiesienumnena.

3. OcHoBaHHEM TMPSIMOM TPHU3MBI CIYXHT TPEYroJbHHK co cropoHamu 10, 10, 12.
Juaronanp MeHblleld OOKOBOM I'paHU COCTABIIAET C IUNIOCKOCTHIO ocHOBaHMs yrou 60°. Haiinure
00BEM MPU3MBIL.

4. O6beM mpsAMOYToONbHOrO mapauienenunena paseHn 2. Yemy Oyaer paBeH 00beM
napajuiesenunesa, €Cim Kaxa0e ero peopo yBeaIuduTs B 3 pasa.

Pemenue. [lycts pebpa manHoro mnapajuienenunena paBHel a, b u c. Torma umeem:
V=abc=2.

ITocne yBenmuuyeHus Kaxaoro pedpa B 3 pasza ero ooném Oymer paBen V=3a*3b*3c =27
abc=27*2=54.

Otser: 54.

5. AkBapuyM umeeT GpopMy MpsMOYTOJILHOTO mapajuienenumneaa eicotoi 30 cm. Ecnu B
Hero HanuTh 30 JI. BOJBI, TO 10 BEpXHEro Kpasi ocTtaHeTcst 5 ¢cM. CKOJIBKO JIUTPOB BOJBI HYXKHO,
4yTOOBI HATIOJIHUTD ITYCTOW aKBapUyM JI0BEPXY?

Pewenue. Ilycts V 1 H cOOTBETCTBEHHO 00bEM M BbICOTA MapasliesIenue 1a.

V=SH . Ilo ycnosuto V=30,H=25, Torna 25*S=30.

[Tocne 3anonuenus mycroro akBapuyma jnosepxy H=30. 3nauur, 30*S=V.
255 30

Haiigem otHomienne 30S = V| V=36 1.

Ortser: 36.

6. Kyouxk Becut 10 rp. Ckoyibko rpaMMoB OyJieT BeCUTh KyOUK, peOpo KoToporo B 3 pasa
Oonblie, yeM pedpo mepBoro KyOuka, eciau o0a KyOMKa W3rOTOBJIEHBI M3 OJMHAKOBOI'O
MaTepuaia.

Pewenue. Ilycte V- 00bEM manHoro mapajuienenumnena. [locime yBenuueHHs KaxIoro

pebpa B 3 pasa, ero 00bém Oyzaet paBen 27 V.

v _10
27v. x  x=270 rp.
Ortser: 270.

7. O06BEM TpsAMOYTOJILHOTO Mapajuienenumnena paseH 32. Yemy Oyaer paBeH 00BEM
napajuiesienumnen1a, eciiv Kaxaoe ero pedpo yMeHbUINTh B 2 pasa.

8. B cocyn, umeromuii (opMy NpaBUIBHOW TPEYroJbHOW MPHU3MBI, HAJIHIN BOJNY.
VYposens Boabl gocturaet 36 cm. Ha kakoi BbicoTe OyneT HaxOIUTHCS YPOBEHBb BOJBI, €CIIU €€
HEepeNnuTh B JPYToil cocys ToH ke (opMBbl, y KOTOPOTO CTOPOHA OCHOBaHMs B 3 pasza Oouiblie,
yeM y niepBoro. OTBeT BbIpa3uTe B CAHTUMETpPaXx.

9. 3akpbIThIN cOCy]l B BHJE€ NPSIMOYTOJIBHOrO napasienenunena ¢ peopamu 30, 40 u 45
CM. CTOMT Ha TOPU3OHTAJILHOM MOBEPXHOCTU TaKUM 00pa3oM, YTO HaMMEHbILasi TpaHb SBIISETCS
nHoM. B cocyn nanunm Bogy a0 ypoBHs 36 cMm. Ha kakoM ypoBHE OKaXXeTcsl BOJa, €CIU COCY ]l
MOCTaBUTh Ha HauOoJbIIYIO rpaHb? OTBET AaiiTe B CAaHTUMETpax.
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10. Jlano: ABCD - nipaBmmbHas mupamuaa. AB = 3; AD = 2V3 (puc. 3).
Haiitu: a) Soch.; 6) AO; B) DO; 1) V.
11. Hano: ABCDF - npaBunbHas nupamuaa. £FCO =45°; FO = 2 (puc. 4).

Haiiru: a)FSOCH.; o) V.

Puc. 4
Pemenue:
1) Paccmorpum AFOC: 20 =90°, £C = 45°, 3nauut, £F = 45°. CnenoBarensno, AFOC -
paBuobenpennsiii, OC =~ FO = 2.
2) AC = 20C = 4.d=AC=AD\2 (0 CBOWCTBY jAuaroHam KBaapara, d2 = 2a2).

AC 4
AD= o = =22
Torna ?22 'JE

e . -
3) ABCD - kBaapar (mupaMua npaBujbHas). Socn, = AD = (2‘5) =8.
V= sSp b V= B2 5],
4) 3 3 3 3

(OtBer: @) 8; 6) 5-1/3.)
12. ano: ABCDEKEF - npasunbnas nupamuaa. FO L (ABC), FM L AK, FO=4,FM =5

(puc. 5).
Haiitu: a) Soch.; 0) V.

Puc. §

Pemenne:
1) Paccmorpum AFOM: £0 = 90° (tak kak FO 1 (ABC), 3uauut, FO L OM)FO =

4,FM =5 OM= VMF? - FO’ (o teopeme Iludaropa), OM= J25-16 =9 =3. OM=r(r-
P P

paanyc OKPY’KHOCTH, BIMCAHHOU B MPaBWIbHBIN

H_[eCTI/IyFOHBHI/IK). 6 6 3

2) Sucw = 6Sason; S,m-%AK-OM=%-2ﬁ3=3J§. Socn. = 6343 =183

3) V= %s“,‘-ﬂ; V= %-18&-4:24«/5.
(Otser: a) 18V3, 6) 24V3.)
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13. 3agaua: Jlana TpeyronpHas ycedeHHas nupamuia. Ee Beicota h= 10 cm, cTOpoHBI
OJTHOTO M3 OCHOBaHWU paBHbI & = 27 cM, b= 29 cm, C = 52 cm. [lepumerp BTOpOro ocHOBaHUS
paBHsercs P2=72 cm. Haiinure 00beM nmupaMuib.

Jns pacuera oObeMa HaM NOTpeOyeTcs IUIOMIAgh OCHOBAaHWNA. 3Has JJIHHBI CTOPOH
OJIHOTO TPEYroJIbHHKAa, Mbl MOXEM paccuMTaTh Iiouiaab mno dopmyne I'epona. [lns atoro
noTpeOyeTcss HAaTH MOJIYIIEPUMETP:

P l:‘,—3?' 420 452 =108cm
1008
P =5 =hdem

Teneps Haitnem S2:

HL: M,-’Ep (p-a)(p-b)(p-c)

S =/ 54 (54-27 ) (54-29 ) (54-52 ) = /5427 x25x2 =/ 72900=270cm *

3Ha$I, 4TO IHpaMuga YCCUCHHad, ACJIaCM BbBIBOJ, 4YTO TPCYTOJbHUKH, JICKAIIUC B
ocHOBaHMAX NOA00HBL Ko3dummenr momoOust 3TUX TPEYroJbHUKOB MOXKHO HAWTH W3
COOTHOIIEHUSI nepuMeTpoB. OTHOILICHHWE IJIONIAJICH TPEYTOJIbHUKOB OyIEeT paBHO KBaapaTy
3TOro K03 duienra:

a

S P - 2

1 1 108 9

~ a2 9 r
S5, p? gt A4

- 2

l LE;I
’ 1
S, =5

4x270 2

S =g = 120~

Tenepb, Koraa Mbl HallJIM ILJIOIIaau OCHOBaHMUM ycequHoﬁ nmupaMuJibl, MOXEM JICTKO
paccuuTaTh €e 00beM:

L’:% x10% (2?u}+ J270% 120 +120 ) o 10

= (270+180+120 )= X570 =1900cm ’

Takum 00pa3zom, BEIYUCIUB KOIPPUIMEHT MOAOOUS U pacCUUTaB IUIOIIA/lb OCHOBAHMIA,
MBI HaITA 00bEeM 3a/TaHHOW YCEYCHHOM MUPAMU/IBI.

14. Nano: Al1A2A3A4 -pomb, SAL1A2A3A4 - mmpamuma, AlA4 = a, «SBO =
B, OB L A3A4, LA2A10 = a (puc. 6).

Haiitu: V - ?
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Puc. 6
Penrenue:

-
‘ = 3 = N = —asin 20,
1) PaccmoTpum AOA3As 1 OAy=acosa,  AOAB: OB = acosasing = 5

2) ASOB: SO = -%asin 2atgP.
3) Seen.™ 4Sas0m, =4--;-a-08=2a-%asin2a = o&’sin2d

1 | . | 1 2
4) Vg, =;S°c,,' -8O, Vo= -i-az sin 2u-Easm 20gP = gaJ sin? 2atgp
1 .
~a’ sin? 2atgp.
(OtBer:
15 .Haiigure 00beM MUIHMHAPA C BBICOTOM, PABHOM 3CM U AMaMETPOM OCHOBAHHS — OCM.
16. Ilmomaas oceBOro cedyeHWs LMUJIMHApPA paBHa 210M3, JIoaab OCHOBaHUA - 181

cm? Haiiaure oobem HUAJIUHAPA.

17. CeunnoBas Tpy6a (mmotHocTs cBuHNA 11,4 r/cM®) ¢ TONIIMHON CTEHOK 4 MM HMeeT

BHyTpeHHU# nuametp 13 mm. KakoBa macca TpyOsl, ecnu ee airHa paBHa 25 m?

P=114r/c™m

R1=6,5vMM + 4mm = 10,5mm = 1,05¢cM (Hapy KHBII)

R2 =6,5MmM = 0,65¢cm

V=Vi-V,=17 - (1,05)?22500 - ™ - 0,65% -2500 =1700™ = 5338 (cm°)

M=F -V=11,4-5338 = 6lxkr.

18. Kakoe xonnyectBo He()TH (B TOHHAX) BMEMIAET HMWIMHIPHUYECKas IUCTEPHA JUaMeTpa

18 M 1 BBICOTOI 7 M, €CIM IIOTHOCTH HedTH paBHa 0,85 r/cm>?

H="7m; d = 1M; Fuepyru = 0,85 r/em®
m =?

Vi =TR?H = 1927 =5671 (M%)
m=V-P = 15131

19. I[I/IaFOHaJ'IB OCCBOT'O CCUYCHUA HUJIIMHAPA COCTAaBJIKICT C IUIOCKOCTBIO OCHOBAHUSA

HWIMHIApPA YToi 60°. Haiimure o6bem HWIMHAPA , €CIW IUIOIIA[b OCEBOIO CEUYEHHS paBHA

oM,
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20. Ha cknag B MacTepCKOW MO MOIIMBY OJI€K]IbI MOCTYMHII PYJIOH IPanoBOM TKaHU B
dopme numuHapa. [Ipu TpaHCOPTUPOBKE OBLT yTEPSH TOBAPHBIN SPIBIK ¢ yKAa3aHUEM JJTHHBI
TKaHU B pyJioHe. HeoOxonumo onpenenuts JUIMHY TKaHU B pyjioHe. [IpousBenu HeoOXoaumbie
M3MEPEHMS, OIIPEJIEINIIN BBICOTY U AuaMeTp pyioHa: 90cm u 30cwm, TonuHa TkaHu 0,2¢M.

21. CMouy asi IPOMBILUIEHHBIX HYKJ COOMPalOT, MOJBEIINBAas KOHMYECKHE BOPOHKHU K
cocHaMm. Ckonpko BOpoHOK auameTpoMm 10cM ¢ obpasyromeit 13 cMm HyXHO coOpaTh, YTOOBI
3aIOJIHUTH JECSITUIUTPOBOE BeIpO?

R=AC/2, R=5cm, H=V132-52=12(cm), V=1/3*3,14*52%12 ~314(cm®) 0,314

n=10/0,314 =31,8.

Omeem: 32 60poHKU.

22. Cror cena umeet ¢opMy HMIUHAPA C KOHUUYECKUM BepxoM. Paguyc ero ocHoBaHUA
2,5 M, BbIcOTa 4 M, IpUYEM LIMJIMHJIPUYECKAsi YACTh CTOra UMEET BbicoTy 2,2 M. IlIOTHOCTH ceHa
0,03 r/cm®. OnpeenuTh Maccy CTora ceHa.

Pemenue:

R=2,5m

01001 = 4m

0:02=2.2m

P =0,03r/cm®

m=P-V; Vy,=1-2,52-2,2 = 13,75 m*= 13750000cm*

V=137 -2,5% 1,8 =3,75m> = 3750000 T cm?

M =0,03 - 17500000 =0,525m = 1,6 T

o

23. CrakaH4MK Ul MOPOXEHOT0 KOHMYECKOU (OpMbI UMeeT TIyOuHy 12 cM u quamerp
BepxHeHl yacth 5 ¢cM. Ha Hero cBepxy moJIOKWIM JIBE JIOKKA MOPOKEHOTO B BUJE MOJYIIAPUIA
auameTpoMm 5 cM. [lepenoaHuT 1M MOpOKEHOE CTaKaH4MK, €CJIM OHO pacTact?

OA=12cm
BC=d=5cMm
[lepenonHUT 11 MOPOKEHOE CTAKAaHUUK?
5

Vu=43%R3(5/2°=125%/6 =206 &

2512
V=13 FR?H=1/3 ® (5/2)%12= 12 =257%
OrtserT: HeT.
24. HaiiTn o0beM mapa panguycom 10 caHTUMETpPOB.
Pewrenue:
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Jns  Toro dYToOBl BBIYMCIUTHE 00BeM mmiapa ¢opMmylia HCIOJIb3yeTCH
cleayoomias:

_4 3
V—SnR

rae V — uckombeli o0beM mapa, m — 3,14, R — paguyc.
Takum o6paszom, nmpu paauyce 10 cantumerpoB o0beM mapa paBeH:

V= g 3,14 x 10° = 4082 xy6HUECKUX CAHTUMETPOB.

25. Bo cKOJIBKO pa3 yBEIMUYUTCS 00BEM 1apa, €CIIU €ro paauyc yBEIUYUTh B IIECTh pa3?

OObeM nrapa HaXOAUTCS 1O GopMyJie:

14 * R?3
=_-T
3

[Ipu yBenuueHnuu paguyca B MIECTh pa3 ero 00bEM OyieT:
4 4
V= EJTI[_E:R}B = 216 *EHRB

Taxum o6pazom, 00beM mapa yBenuuutcs B 216 pas.

Otser: 216

26. O0Bbem oaHoro mapa B 216 pa3 6onbiie oobemMa BToporo. Bo ckoibko pas miomans
MOBEPXHOCTH TIEPBOTO MI1apa OOJIbIIIE TUIONMAN TTOBEPXHOCTH BTOPOTO?

S

dopmyna o0béMa 1apa:

4 3
V = 3 TR
q)OpMYJ'Ia jionazau ImoBEpXHOCTHU HIIapa:
S = 4nR?
HyCTL 06’béMBI mrapoB COOTBETCTBCHHO PABHBI:
4 3 4 3
Vy =§}TR1 V5 =§}TR2

)4 & ycCiioBus CJICAYCT, UTO:
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To ecTh, MBI YCTAaHOBWIIH, YTO PaJHycC MepBoro Ooiblie paauyca BToporo B 6 pa3. Eciu
paaMyc mapa yMEHbBIIUTh B 6 pa3, TO IUIOLIa[h MOBEPXHOCTU LIapa U3MEHHUTCS CIICAYIOLIAM

o0OpazoM:

. (-R-E 4 R?
- .6) ~ T3¢

To ectb oHa ymeHbImuTcs B 36 pas.

IIpakTuyeckas pabora Ne49
Tema 8.9 KontposbHas padota 1o pasneny 8 « MHOrorpaHHUKY U Te€ja BPAIICHUS»
Hean: IlpoBepuTh ypOBEHb YCBOGHHUS JIaHHOI'O Marepuana 1o pasgeny 12

«MHOrOrpaHHUKH U TeJla BPaILCHUS»

Ilpu pewenuu 3adanuit 1-4 3anuwiume npPAGUNbLHLII OMEEmM U3 Yemblpex
npeo10IHCceHHbIX.

1. (1 6an) B xakux equHUIAX U3MEPSAETCS MIIOIIA b TOBEPXHOCTH MHOTOIpaHHUKA?

A) B rpanycax; b) B MmeTpax; B) B kBagpaTHbIX MeTpax; ') B IByrpaHHBIX Tpajaycax.

2. (1 6ann) [Tnomaas OOKOBOM MOBEPXHOCTH MPU3MBI BBIYHUCISIETCS TIO (opMyJIe:

A) S = Seox + 2 SOCH; B) Seox = Pocu * H; B) S =bsox+ S SOCH; F) S6ox = 2Pocu * H.

3. (1 6amm) Yro sBNSETCA OCEBBIM CEYEHUEM YCEUEHHOI0 KoHyca?

A) paBHOOepeHHBINH TpeyroibHuK; b) paBHOOeApeHHas Tpamenus; B) npsaMoyroabHUK;
I') npsimoyrosibHas Tpanenus.

4. (1 6amn) Kakas ¢urypa mosydaercss npu BpallleHUU MPSIMOYTOJBHOIO TPEYrojJbHUKA
BOKPYT OJTHOTO U3 CBOMX KaTeToB?

A) xonyc; b) yceuennsiit konyc; B) nupamuna; ') yceuennas nupamuja.

Ilpu evinonnenuu 3ad0anuil 5-8 3anumiume x00 pewieHus U NOJYUEeHHbLIL OmeEem.

5. (2 6amna) PeOpo ocHOBaHUS MPaBUWIIBHOW TPEyrojabHON MupaMuisl 3 M, anopema 6M.
Haiinure niomians 60K0BOM MOBEPXHOCTH MUPAMUIBI.

6. (2 6amna) Jlnaronans Ky6a pasra V588, Haitaure ero o0bem.

7. (2 6anna) [IpsSMOYroabHUK cO CTOpOHaMU 8cM M 3CcM Bpamaercs BOKPYT OoJblueit
cToponbl. Hailiiure o0beM, miomnam 60KOBON M MOTHON MOBEPXHOCTEH MOTYyYSHHOTO Tea.

8. (2 Gamna) BpruMcnuTh MOBEPXHOCTH KPOHBI KyCTapHHMKa, UMeroniero (opmy mapa
panuyca 0,5 M. B oTBeT 3anumure 4nuciio, AEJIEHHOE Ha T.
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Imanonvt omeemos

Homep 1) 2 3 4 5 6 7 8
3a1aHUs
OtBer B b b A 27 2744 72m; 48m; 64 1t 1

IIpakTuyeckasi pa6oraNe50
Tema 9.1 Koopaunatsl u BEKTOpHI B IpocTpaHcTBe. IIpocTeiine 3aqaun B KoopuHaTax
Henan: Hayuntsces pemars NpocTerinme 3a1a4 B KOOpAUHATax

TeopeTnyeckast 4acThb:
q)OpMYHLI ACJICHUA OTPC3Ka B JAHHOM OTHOIICHWU Ha IJIOCKOCTHU

T Bix,;
Ecnu  wusBecTHBI J1Be TOYKH IUIOCKOCTH A g Pa) Blxgiy 3}, TO  KOOPJMHATHI

A=__"
Mz, =
TOYKH (Xpa: Fag) , KoTopasg JEeImuT OTpPE30K AE g orHoIEHUH Eif ,  BBIpAXarTCA
dbopmynamMu:
g+ A Yo+t A-¥g
Hy=—"———= =L @ v

1+a = 1+ A

Penrenne 3agau:

[pumep 1

Haiitn koopauHaTBI TOUKH M | nensumeit orpezok 45 B oTHOMIEHMH 1'3 ecnu usBecTHbI
A(5,3), B(=3,-1)

TOYKH
A1
Pemenne: B nanHON 3amaue EM 3 Tlo dopMynam jeeHHss OTpe3Ka B JaHHOM
OTHOILICHHUH, HAalJIEM TOUKY M (Xag: Faa) :
1
rrdxg 0T3P s 3
T R R i
* 1+ — —
3 3
1 1 3
4= (1) 3-- =
gy YatA Vs t3h 373 3 i,
M= = = T=T o=
1+ 4 L1 44 34
3 3 3
Otser: M(3:2)

B 3amadge He TpeOyercs CTpPOMTH 4YepTexka, HO €ro BCEerja IOJE3HO BBHIMOJIHUTH Ha
YEPHOBUKE:
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And 1

JeiicTBuTensHO, cootHomenre EA 3 prmonnsercs, To ects orpesok AM B Tpu pasza
kopoue otpeska £ . Eciam mpomopius He O4YeBMHA, TO OTPE3KU BCErJa MOKHO H3MEPUTH

OOBIYHOI JIMHEHKOIA.

[pumep 2
JlaHbl TOUKH 020578 Hajimn:
a) Touxy M | nensmyro orpesok £L B otHomeHnn 4°2;

6) Touxy &, nemsyto orpesox XL B orHowrennn 3

ITpumep 3
Touxa £ npunamnexut orpesky £47. U3pectHo, uTo oTpe3ok L B nBa pasa mMHHEe

D24, P[;; EJ |

orpeska {7, Haiitu Touky 7 , ecin

Pemenune: M3 ycnoBus cieayer, 4ro TOUYKa P nemur OTPE30K DH g ornomenun 21 ,
cunTasi OT BEPIIUHBI L , TO €CTh, CIIPABEIJTUBA TTPOITOPIIHS: HP . ITo popmynam nenenus
OTpE3Ka B IAHHOM OTHOILICHUU:

Iptd- Xy ¥ot+d-¥e
XP -_F— N P = —_— -

1+ 4 1+ 4
LD SN T JG S Y U S S
3 1+ 2 3
d+ 2yg
2=T S44 iY==Yy =2 = ¥y =1
+

OTBerT: (Y
[Ipumep 4

Touka M € A5 Orpesox &M B monropa pasa xopoue orpeska AM . Haittu Touxy 4,

€CJIM U3BECTHBI KOOPJIMHAT TOUEK B(Z0)M(-1 1) .

Pemenue B xoute ypoka. OHO, KCTaTH, HE €AMHCTBEHHOE, €CIIU MOUIETE OTIIMYHBIM OT
oOpasiia myTéM, TO 3TO He OyIeT OLTHOKOM, TTIaBHOE, YTOOBI COBMAIA OTBETHI.

DopMyIIbI JEEHHS OTPE3Ka B JAHHOM OTHOIICHUH B IPOCTPAHCTBE

J171s IpOCTPaHCTBEHHBIX OTPE3KOB BCE OyAET TOUHO TaK )K€, TOIBKO JOOABUTCS €IIé o/IHa
KOOpJMHATA.

Ecnn u3BecTHBI ABE€ TOYKM INPOCTPAHCTBA Axg ¥ 43200 Bg: ¥ s ZB}, TO KOOPJAWUHATHI

Abg
. . A=""
TOYKH M (Xae: ¥t Zaa) , KoTopas nemuT otpe3ok A5 B orHOmEHHH EM | ppipakarorcs
dbopmynamMu:
X =:er,1+£-;{_E =yﬂ+z1-y3 - =zﬂ+z1-23
Mo ea M 1+4 M 14a
[Tpumep 5

JlaHbI TOUKH A-2-3-4 B2 -4 gy xoopauHaTel Toukn M | npuHaTexkameii

otpesky AF, ecim msecto, uro AM EM =42
Pemenue:
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ITo bopmynam KOOpJWHAT CepeINHBI OTpe3Ka:

L _Ti+2 1 , _CielH_ 1 -4+20_ 4
My 37 M 1+2 T 3
2 11 4
M[—;——;——J
OrtBer: 3 3 3

[Ipumep 6

Tlars! ToukH © (-5 2,3 C(4. 2,

-5 o
:I. Haiitu KOOPpAWHATBI TOYKH 4 , €CJIM U3BECTHO, 4YTO

ona nenut otpesok JC B ormomenmn 31
@opMyJibl KOOPAUHAT CEPEAUHBI OTPE3KA

A | yacme M | yacme B
2 >3 ®
¥ _Mat X _¥atlVa
S 5 M‘T

JIns mpOoCTpaHCTBEHHOTO Cily4asl COpaBeJIMBAa OYEBHIHAS aHANOTHUSA. ECiM 1aHbl KOHIbI

PR P Xz FaZ
0Tpe3Kaﬂ( 47 420 HX5, P 525 , TO KOOPJIMHATBI €T0 CEPEIUHBI M BbIpaxaroTcs hopMmynamu:

oo Fat g _Yat¥s , _ZatZs
A s Y= 0 Iy = —(/—
2 2 2
[Ipumep 7
[Tapannenorpamm ABCD 3aJaH KOOpPJIMHATaMU CBOUX BEPIINH

A(-4,0), 5(4,4), C(7,2), D(-1,-2) . Haiiti TOuKky nepecedenust ero quaroHasei.

Pemienue:
[Io wu3BecTHOMY  CBOWCTBY, [JHAaroHajud  [apajiejiorpaMMa  CBO€W  TOYKOU

Ox g,
IIEPECEUCHUS (s Po) JeNIATCS MOoTojaM, O3TOMY 3a/1ady MOKHO PEIIUTh JBYMsI CIIOCOOaMHU.

Crnioco®6 mnepBelii: PaccMOTpUM  HPOTHBOMOJIOXKHbBIE BEPUIMHBI A-40), C(12) Ilo

dbopMynaMm AeneHus: oTpe3ka Mmomnojam HaaEM cepeuHy AuaroHaiu AL
g+ x. —4+7T 3 Ya+t¥o 0+2
g = = ==, Yp=Fft——F==——=1
Z 2 2 2 Z

o[_,lj
B pesynbTare: Z

Cnoco6 Bropoii: PaccMOTpUM MPOTHBOIIONIOKHBIE BEPIIUHBI 5(4.4), D (_1;_2:'. ITo
dbopmynam NEeIeHUs OTpe3Ka oIoJaaM HalaéM cepeuny auaroHamm S

3
1)
Taxum o6pazom: 2
3
)
Oteer; 2
[Tpumep 8
o B :
JlaHbl TOUKHM 3 4 2 . Haiitu cepenuny & otpeska ¢

[Tpumep 9
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Touka M pemur  orpesox 45 momomam.  Haittm  Touky 5, ecnmm  M3BECTHBI
A2 0, -3), M5, -4,1)

TOUYKH
Pemenue: Mcnonszyem hopmyIibl KOOpWHAT CEPEIMHBI OTPE3KA:
x _ gt g _¥atVa - _ZatZs
o= Y= ———: Egy=———
2 2 2

X z
Ham HemsBecTHb KoopuuHaThl *2 ¥ 5 %2 1] CHOBa MOKHO BBIBECTH OOLIYIO (OPMYILY
JUTSL KX HAXOKICHUS, HO Topas/io Jerye cpasy MmojaACTaBuTh drcia. TOoMbKO MPOMOPIHSIMA BEPTH:

5_ 2+ xg

=2+xp=10=x=48

—4=—D+23"3:~y3=—3

IIpakTyeckas padoraNe 51
Tema 9.2 Yron mexny Bekropamu. CKalsipHOE IPOU3BEIEHUE BEKTOPOB
Hean: HayunThcss HaX0IUTh CKAISIPHOE IPOU3BEEHUE BEKTOPOB

Teopernyeckasi 4acTb
Bexmop — 5710 HanpaBlIeHHBIA MPSMOIUHEHHBIA OTPE30K, TO €CTh OTPE30K, MMEIOIINN
OINpe/IeNIEHHYI0 JUIMHY M olpezelieHHoe HampasieHue. [lyctb Touka 4 — Hadaiao BeKTopa, a

Touka B—  ero  koHem, Torma  BekTop  o6o3Hawaercs  cuMBosioM 45w €.
Bekrop BA yaspisaercs npomueononoxcuvim Bexropy 4B 1 moxer 6bITh 0603HaueH 9
ChopmynupyeM psig 0a30BBIX ONPEIETCHHI.
B [43]

Jlnunoii i modynem exktopa A5 naswpiBaeTcs InmHA OTpe3ka U 0003HAYaeTCA
BexTop HyneBo# AMUHBI (€TO CYTh - TOUYKA) HA3BIBACTCS H)J1€6bIM 0y HaIpaBJIEHUS] HE UMEET.

Bekrop € eqMHUYHON IIMHBI, Ha3bIBACTCS eOuHUYHbIM. EIUHUYHBIA BEKTOP, HAIPABICHUE
a

KOTOPOro COBINagacT C HAIIPAaBJICHUEM BCKTOpaA a , HA3bIBACTCA Opmom éeKkmopa
BGKTOPH HAa3bIBAKOTCA KOI/IUHEAPHbBIMU, CCIIA OHU JICIKAT Ha OIHOM HpHMOﬁ UMK Ha

al b
HapaHHeJ'H)HI)IX prIMI)IX, 3aIllMChIBAIOT | ‘ . KOJ'IJ'H/IHeapHI)IC BeKTOpBI MOFYT NUMCTH
COBIIaJAarOIIINEC NN HpOTI/IBOHOHO)KHBIe HaHpaBHCHI/IH. HyneBOﬁ BeKTOp CUHUTAKOT
KOJUTMHEAPHBIM JIF000MY BEKTODY.

a= b)

BekTopel Ha3blBalOTCAd paBHBIMU ( /, €clli OHM KOJUIMHEApHbI, OJMHAKOBO
HAIpPaBJIEHbl U UMEIOT OJJUHAKOBBIE JUIMHBI.

Tpu BekTOpa B IPOCTPAHCTBE HA3BIBAIOTCA KOMNAAHAPHBIMU, €CIIA OHU JIEXKAT B OJTHOU
IUIOCKOCTH WJIM Ha MapajyIeNbHBIX IJIOCKOCTAX. Ecnu cpenu Tpex BEKTOPOB XOTS Obl OAMH
HYJIEBOI WJIK JiBa JIOOBIE KOJUTMHEAPHBI, TO TaKHE BEKTOPBI KOMIUIAHAPHBI.

PaccmoTpuM B IpoCTpaHCTBE MPSAMOYIOJBHYIO cUCTeMY KoopauHar OXyz. Beimenum Ha
ocsix  koopmuHat  OX, Oy, 0z enmHm4HBIE  BeKkTOpbl  (OpTHI) ®W  0003HAYMM WX
aepes '+ J: k COOTBETCTBEHHO. BriOepeM MpOU3BOJIbHBIA BEKTOp MPOCTPAHCTBA M COBMECTHM
€ro Hayajio ¢ HadyajaoM koopauHaT. CipoeKTHpyeM BEKTOp Ha KOOPAMHATHBIE OCH U 0003HAUYUM
IIPOEKILIUU Yepe3 ax, dy, 8z COOTBETCTBEHHO. Toraa HeTpyaHO MOKa3aTh, 4TO
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a=a,-i+a,-j+a, -k

Orta dopmyna  sBIseTCS OCHOBHO B BEKTOPHOM UCYHCIICHUU u
HA3bIBACTCS PA3NONHCEHUEM 6ekmopa no opmam KOOpOUHAmMHbIX oceil.

Yncna ay, ay, 8; HA3EIBAIOTCS Koopounamamu eekmopa ¢ . Taxum  00pa3oM, KOOPIMHATHI
BEKTOpa SBJISIIOTCSA €ro MPOEKIHUsSMU Ha OCH KoopAauHaT. BekTopHoe paBeHcTBO (2.25) uvacto
3aITUCHIBAIOT B BHJIC
a= {ax;ar;a‘_} HIIH a=(_ax;a\.;a‘. ] M
! : . bl OyZleM HCHoOJb30BaTh O0O3HAYCHUE
BEKTOpa B (UTYpHBIX CKOOKax, 4TOOBI BH3yaJbHO JIET4Ye pas3iiMuaTh KOOPAWHATHI BEKTOpa U
KoopauHaThl TOYkd. C HCIOIb30BaHUEM (POPMYIIBI JUIMHBI OTPE3Ka, U3BECTHOW W3 IIKOJBHON
TE€OMETPHUH, MOYKHO HAWTH BBIPAKEHHE SISl BEIYUCICHHS MOJTYJISI BEKTOpA:

|-
TO €CTh MOJYJb BEKTOpa pPaBEH KOPHIO KBAaJPaTHOMY H3 CyMMBI KBaJpaTOB €ro
KOOp/INHAT.

O6o3HauuM  yriapl  MEXIy BEKTOPOM U OCSIMH  KOOpAMHAT  4epe3 o, J,

Y COOTBCTCTBCHHO. KOCtuCbl OTUX YIJIOB HA3BIBAIOTCA JIA BCKTOpPaA a HanpagsaiAlOWumu, 1N

2 2 2
.cos” a+cos” f+cos” y=1
I HHUX BBINOJHSETCS  COOTHOLICHHUE: ‘ BepHocth  aHHOTO

paBEHCTBAa MOXHO TOKa3aTh C MMOMOIIbIO CBOMCTBA MPOEKIMH BEKTOpa Ha OCh, KOTOpOE OyaeT
PacCMOTPEHO B HIKECIIEIYIOIIEM MTYHKTE 4.

[TycTh B TPEXMEPHOM POCTPAHCTBE 3a/1aHbI

a={x;y,:2,}. b ={x,33,:2,}, ¢ ={x;:;:2;}

BEKTOPBI CBOMMH KOOpJMHATaMu. KMeroT
MCCTO CJICAYIOIIUC OIl€pallkui HAJd HUMMU!: JIMHEVHEIE (CJIO)KGHI/IG, BbBIYUTAHUC, YMHOXCHHUC Ha
YUCIIO U TPOEKTHPOBAHKE BEKTOPa HAa OCh WJIM APYTOd BEKTOpP); HE JHMHEHHBIC — pa3UYHbIC
HPOU3BE/ICHUS BEKTOPOB (CKAISIPHOE, BEKTOPHOE, CMEIIIAHHOE).

1. Cnostcenue nByX BEKTOPOB IPOU3BOIUTCS TIOKOOPAMHATHO, TO €CTh €CIIN

€C=a+b,T0 c={x3:y5:z;} = {x:y ;21 }+{X2: 232} = {} + X33 )1 + 232 + 25}

JlanHast popmyIia KIMeeT MECTO JIJIsl TPOM3BOJIBHOTO KOHEYHOTO YHCIIA CIIAraeMbIX.

['eomMeTpHrUEeCKH J1Ba BEKTOPA CKIIAIBIBAKOTCS IO ABYM TPaBUIIaM:

a) NPAGUI0 MPEY20IbHUKA — PE3YJbTHPYIONIMHA BEKTOP CYMMBI JBYX BEKTOPOB
COCJIMHSET HAYajo TEePBOrO M3 HUX C KOHIIOM BTOPOrO TPH YCIOBHH, YTO HAYajJO BTOPOTO
COBIAJIACT C KOHIIOM IEPBOTO BEKTOPA; JJIsi CYMMBI BEKTOPOB — pe3yJbTUPYIOIIUI BEKTOP
CYMMBI COCIIMHSICT Hayallo MEPBOrO W3 HUX C KOHIIOM MOCJEIHEr0 BEKTOpa-cjIaracMoro mpu
YCJIOBUH, YTO HAYAJIO OCIIEAYIOIIETO CIaraeéMoro COBIMAaeT ¢ KOHIIOM TPEIbIYIIero;

0) npasuno napannenozpamma (sl IByX BEKTOPOB) — MapajuieIoTpaMM CTPOUTCS Ha
BCKTOpax-CJlaraCMbeIX KaK Ha CTOpOHAax, MNPUBCACHHBIX K OJHOMY Hadally, JAUaroHallb
napajieiorpaMMa UCXOJISIIast U3 MX OOIEro Havasa, siBISeTCS CyMMOW BEKTOPOB.

2. Bvtuumanue nByX BEeKTOPOB MTPOM3BOUTCS TIOKOOPAMHATHO, aHAIOTHYHO CIIOKCHUIO,

c=a-b
TO €CTh €CIH TO

2
¢ ={x3;)3:23} = {x1§}’: 23—zt ={0 X330 — iz — 2, )

l'eomeTprueckn JBa BEKTOpa CKIAABIBAIOTCS 10 YK€ YIOMSHYTOMY TpaBUILy
napajuleJlorpaMMa €  Y4Y4€TOM TOrO, YTO PpPa3HOCTBIO BEKTOPOB SBISETCS JAMArOHAIb,
COEUHSIONIAs KOHIBI BEKTOPOB, MpPHUYEM pE3YJIbTUPYIOUINII BEKTOp HaIlpaBleH M3 KOHIA
BBIUMTAEMOT0 B KOHELl YMEHBILIAEMOTO BEKTOPA.

BaxxubIM crieicTBUEM BBIYMTAHHUS BEKTOPOB SABISETCS TOT (PAKT, YTO €CIM H3BECTHBI
KOOpJMHAThl Hayajla ¥ KOHIIA BEKTOPA, TO 0/15 6bIYUCIEHUA KOOPOUHAM 6eKMOPA He0OX00UMO
U3 KOOpouHam e2o0 KOHUa évl4ecmp KOOPOUHAmbl €20 Hauana. JIeicTBUTENBHO, 000 BEKTOP
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npoctpanctBa 4B MoxeT OBITH IpEACTaBIEH B BUE PA3HOCTH JBYX BEKTOPOB, MCXOJANIUX M3
Hayaia KOOpAWHAT: AB =0B-04 .

KoopauHaTel BEKTOpOB 04 OB COBIIAJIAIOT C KOOPJMHATAMH TOYEeK A U B, Tak Kak
Hauano koopauHat (0(0;0;0). Takum oOpa3om, MO TPaBUIY BBIYUTAHUS BEKTOPOB CIEAYET
MPOM3BECTH BBIUUTAHUE KOOPIUHAT TOYKU A U3 KOOPIUHAT TOUYKH B.

i-a= {in.),l.fl./”z l}
3. Ymuooswcenue sekmopa na uucno A noKOOPANHATHO: AT
Ipu 1>0 — Bekrop 7“4 conampasiaen 4;1<0 — Bexrop 7“9 HPOTHBOMONOKHO
Hanpasnen ¢ ; |A|>1 — nmuna BexTopa ¢ yBenuumpaercs B A pas; |A|<1 - JUTMHA
BekTopa ¢ yMmenbImaeTcs B A pas.
a—AB
4. Tlycth B MPOCTPAHCTBE 33j1aHa HarpasieHHas mpsiMas (ock I), BekTop 3a1aH

KOOpJMHATaMH KOHIIA ¥ Hadayia. O003HaumM mpoekuuu Touek A u B Ha ochk | cooTBeTCTBEHHO
yepe3 A’ uB’.

— ’ ’
np ,a e A'B
eeKkmopa Ha och | Ha3pIBaeTcs JUIMHAa BCKTOpa , B3dATada CO
P
3HAKOM (("F», €CJIN BCKTOp - u OChb | COHaITpaBJICHbI, u CcO 3HAKOM «—

ot

AB
», €CIIN ul IIPOTHUBOIIOJIOKHO HAITPABJICHBI.

Ilpoexuyueit

Ecnu B kadectBe ocu | B3sTh HEKOTOPBIN JPYrodl BEKTOP b , TO IOJIYYUM IPOEKLHUIO

BekTopa ¢ Ha BekTOp b

PaccMoTpuM HEKOTOpBIE OCHOBHBIE CBOWMCTBA MPOCKIIUNA:

1) npoexuus BekTopa ¢ Ha ock | paBHa npoussenenuio Moayns Bektopa ¢ Ha KOCHHYC

np,a = |c_1| “COSQ

yriaa MexIy BEeKTOPOM U OChIO, TO €CTh ;

2.) mpoeKIHs BEKTOpa Ha OCh MOJIOKUTENbHA (OTpHUIIATEIbHA), €CIIM BEKTOp 00pa3yeT ¢
OCBIO OCTpBIH (TYMOIi) YroJl, U paBHa HYJIO, €CITH 3TOT YOI — IPSIMOH;

3) mpoeKkuMsi CyMMBbl HECKOJIBKUX BEKTOPOB Ha OJJHY U TY K€ OCb paBHa CyMMe€ MPOEKIUIl
Ha 3Ty OCb.

Cdhopmynmupyem  ompeneneHUss W TEOPeMbl O  TPOHM3BENCHUSX  BEKTOPOB,
MPEJICTaBIISIFOIINX HEIMHEHHBIE OTIepaIlii HaJl BEKTOPAMHU.

5. CKanapnvim npouseedeHuem a-b BekTOopoB ¢ m b paspmaerca wmcio (ckainsp),

paBHOC MPOU3BCACHUIO JJIMH 3TUX BEKTOPOB HA KOCHUHYC yIJla ¢ MCXKAY HUMU, TO €CTh

a-b= |c7|-|b|-coscp
OdeBHIHO, YTO CKAJSPHBIN KBaJApaT JIIOOOTO HEHYJIEBOTO BEKTOpa PaBEH KBAJpaTy €ro
JUTMHBI, TaK KaK B 3TOM CJTy4ae yroJ @ , IOATOMY ero KocuHyc (B 2.27) paBeH 1.

Teopema 2.2. Heo0X0AMMBIM M JOCTaTOYHBIM YCIOBHEM NEPHEHIUKYISIPHOCTH JBYX

BCKTOPOB SABJISACTCA PAaBCHCTBO HYJIIO UX CKAJIAPHOI'O IIPOU3BCACHU A ®

Cneocmeue. [lonapHble CKaJspHbIE NPOU3BENEHUS EIUHUYHBIX OPT PaBHBI HYIIO, TO
ectb Y 4
Teopema 2.3. CxkanspHoe IIPOU3BE/ICHHE JIBYX BEKTOpPOB

a={x:y:z}.b ={x:yuz.}
- - - - . 3aJaHHBIX CBONMHA KOOpJWHAaTaMH, paBHO
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CyMMC HpOPI3Be,I[eHPII>'I nux OJHOHMMCHHBIX KOOpAHHAT, TO

a-b=x; X, + Y, Yy +z;-2,0
€CTh = b = = e ~
C IMOMOIIIBIKO CKAJIKIPHOI'O MNPOU3IBCACHHA BCKTOPOB MOXHO BBIYUCIIMTL YI'OJI MCXKAY
HHUMMU. Ecnu 3a4aHbI JABa HCHYJICBBIX BEKTOpa CBOUMHA
a={x;yuz}.b ={x:y2}
KOOpAUHATaMH - - “ , TO KOCHHYC yIJjla ¢ MEXIY HUMU:

a-b
cos@ =———. TO €CTh
|- [

- 1.
COS@: - - 2 2 2
Jxl‘ +y, +z -Jxl‘ +y, +2z,
a,b-.

OTcroza cieayer ycaoBUe IePICHINKYIIPHOCTH HEHYJIEBBIX BEKTOPOB “ H
XX + Y1V, +22, =0

HaxokieHHe TIPOEKIMU BeKTopa & Ha HANpaBIeHMe, 3ajaHHOE BEKTOpoM 2, Mower
OCYILECTBIATHCS 110 hopmyIie
=_ &b —_XX% )Yy, +,2,

, TO €CTb

8| 1)

np;a= |T

. bel +b, +b‘_2

C  mnoMOmbIO  CKAMSIPHOTO  TPOM3BEACHUS ~ BEKTOPOB  HAXOJIT  paboTy

noctosuuoii cnet £ Ha MIPSMOJIMHEMHOM Y4YacTKe Ty TH.

Hpe,[[HOJ'IO)KI/IM, qTO 1104 HeﬁCTBHeM MOCTOSIHHON  CHJIBI F MaTCprajibHasd TOYKa

nepeMenaeTcess NpSIMOJIMHEHHO W3 TOJIOKeHUs1 A B mojoxenue B. Bekrop cuub F obpazyet
AB =8
_(puc. 2.14). ®usumka yTBepXkIaeT, 4ro padora

YIroJl ¢ ¢ BCEKTOPOM ICPEMCIICHUA ;
F A=F-S-cosp,TOCCTb A=F-S

cuner £ IIPU NIEPEMEILICHUH S paBHa

p- P —
A S B

CnenoBarenbHO, paboTa MOCTOSSTHHOW CHJIBI MPU MPSMOJIMHEHHOM MEepEeMEIICHUN TOUYKU
€€ MPUJIOKEHHS paBHA CKAJSIPHOMY ITPOU3BEACHUIO BEKTOPA CUJIbI HA BEKTOP NEPEMEILIEHUS.

2

axb b c
Bexmopuvim npousgedenuem Bektopa ¢ Ha Bextop Y HasmBaercs BexTop © |
YIOBIETBOPSIONIHIA CIIETYIOIUM YCIOBUSM:

c b

— © NEepHeHJUKYJApeH BEKTopaM “* U “ ;

QY

| =[a]-B|-sin ;
— HUMEeT JJUHYy, paBHYIO ", Toe@— yroia, oOpa3OBaHHBIN
Bextopamu 4 u b ;
a,b HHcC o
— BEKTOpBl  ~ 00pa3yIoT MpaByIo TPOHKY.
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Pemenne 3agau:

[pumep 1

_ 7| =2, ﬂ:i.ﬂam=%

Haiitu ckansipHOe MpOM3BEICHUE BEKTOPOB ¥ U b , €CIH

Th = |§| |§| cos (@ B)

Pemenue: Vcrionszyem  dopmyiy B nganHoMm  ciyuae:

EE:}:YHH- cos (@, B)=2.5 cosg:m-g:ﬂxﬁ

OTtBer: ab = 5”‘E
[Ipumep 2

-7 =3 7= 2
Haittu ¢ | ecin Fl=2 |d| 2 , @ YTOJl MeXJly BEKTOPaMH PaBEeH 1357,

Yron Mexay BEKTOpaMH U 3HAYEHUE CKAISIPHOTO TPOU3BEACHUS

B ITpumepe 1 ckanspHOe npou3BeAeHUE NOJIYYHIOCH MOJO0KUTENbHBIM, a B [Ipumepe 2 —
OTPULIATEIIbHBIM. BBISCHHM, OT 4ero 3aBUCUT 3HAK CKaJIspHOro mpousBeieHus. CMOTpUM Ha
T b= |§||5| cos (@ B)

Hamry (1)OpMy'J'Iy2 [[J'II/IHBI HCHYJICBBIX BCKTOpPOB BCCraa

77| = 0, |5| =0
MTOJIOXKUTEIIbHBI: |ﬂ | , IO3TOMY 3HAaK MOET 3aBUCETh TOJIBKO OT 3HAUEHUS KOCHUHYCA.

< SE bk
yFOJI MG)KI[y BGKTOpaMI/I MOXET U3MCHIATHCA B Hpeaenax [:l _i(ﬂ,b] =7

BO3MOJKHBI CJIICAYIOIINEC CIIydan:

, ¥ TIPU OTOM

I
0T b)) <—
1) Ecnu yroa mexay BEKTOpamMHu OCTPBI: z (or 0 mo 90 rpamycos),

0 cos (T, b)) > U, U CKAJSIPHOE TNpou3BedeHUe OyAeT MOJI0KUTEIbHBIM: b >0 Oco0bIi

@ E)1=0

T

cnyqaﬁ: C€CJIM BCKTOPLI COHanpaesiernvl, ToO yrojl MCxKXAay HUMU CHUTACTCA HYJICBBIM

W CKaSIPHOE TPOM3BE/IEHHE Takxke OyaeT monokutesusv. Hockomsky 5980=1 10 gopmyna
z-&=a| p|
yIPOIIAETCS: :

z < LT B <
2) Ecnu yroa mexay BEKTOpamH TYMOM: (ot 90 mo 180 rpamycos),

TO cosL(F, &) {D, U, COOTBETCTBEHHO, CKAJISIPHOE NPOHU3BeJCHHE OTPULATEIbLHO! zh <0
OcoOblif city4ail: eciu BEKTOpPbI HaANpaeieHvl NPOMUBONONO0NHCHO, TO YIrOld MEXIYy HUMU

@ Bi=g

CUUTACTCH  PA3EEPHYMbBIM. (180 rpanycoB). CkansipHOE MpPOU3BEICHUE TOXKE

OTPHULIATENBHO, TaK Kak "3 = -1
CripaBeIsIMBBI M OOpATHBIC YTBEPIKICHUSL:

1) Ecin zh >0 1o yrojl MeXIy JaHHBIMH BEKTOpaMH ocTpblif. Kak BapuaHT, BEKTOPHI
COHAIPAaBJICHBI.

2) Eciu zb <0 1o yroJl MEXJy IaHHBIMHM BEKTOpamM Tymnoi. Kak BapHaHT, BEKTOpPHI
HaIpaBJIEHbI IPOTUBOIOJIOKHO.
Ho ocoOslif nHTEpecC mpencTaBiseT TPeTHl ciayyail:

- 7
(@ b =—
3) Ecnu yroa mexny BEKTOpaMHU NPAMOM: 2 (90 rpajaycoB),
T
cos—=10 -
TO 2 U CKaJISIPHOE TNPOU3BEJeHUE PABHO HYJIIO: @b =0 OOpaTHOE TOXE BEpPHO:
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s@h==

ecm &8 = U, TO 2 . KoMIakTHO yTBepxaeHHe (opMmyimpyercs Tak: CKaisipHoe
Npou3Be/leHNe IBYX BEKTOPOB PABHO HYJIIO TOT1a H TOJbKO TOI/1a, KOI/1a TaHHbIE BEKTOPbI

opToroHajbHbl. KopoTkas MaremaTHueckast 3alucCh: b =0=alk

A uro Oymer, ecmu BekTop ¥ ymMHOXUTH Ha camoro ceOs? IIOHATHO, YTO BEKTOD
COHAIPABJICH CaM C CO0Oii, MOITOMY MOJIB3yeMCs BBINICYKA3aHHOW YIIPOIIECHHON (GopMyJIOii:
za=f| |2

77 =|al

Wnnu:

— - -2
Yucno #*# Ha3piBaCTCS CKAJISAPHBIM KBAaJAPaTOM BeKkTOpa # | n 0003HAUaTCs Kak
Takum 00pa3oM, CKAJIAPHBII KBAaApPaT BeKTOpa ¥ paBeH KBaJApaTy JJIHHbI JAHHOTO

BeKTOpa:

_ _2

z* =a|
W3 [1aHHOTO paBEHCTBA MOXHO MOJYYHTh (POPMYIY JUIsl BHIYMCICHUS JUTMHBI BEKTOpA:

ol

Jlnsi MpOM3BOJILHBIX BEKTOPOB a,b,e
CBOWCTBA:

H JII000ro 4mcia A CIIpaBCAJIMBBI CJICAYIOIINC

1) zh=ba _ MepeMeCcTUTEIbHBIN WM KOMMYTATHBHBIN 3aKOH CKaJISIPHOTO
MIPOU3BEICHUS.
2) (F+5T =ar+k

o

— pacnpeleuTeabHbIA WK AMCTPUOYTUBHBIN 3aKOH CKaISIPHOTO
IPOM3BEACHUS.

3) ()& =Aak) _ coyeTaTebHbIA WA ACCOMUATHBHBIN 3aKOH CKJIIPHOTO
npousBeneHns. KOHCTaHTy MOKHO BBIHECTH U3 CKAJSIPHOTO MPOU3BEICHHUS.
[Ipumep 3

Haiitn ckansipHoe mpom3BeneHHe BekTopos & = eZ t& yd ==&  ecny ussectno,

F|=42. Bl=8. z@& =2
qTOo 4 .
Pemenne:
F. -

(—2F+5) (@-by="
—2Z.@+b-a+2z-bh-b.-bh=""
23 +F b +23-b-b =t

—2F* +3gh —bi=
~2f +3- | [p| cos 2@ B) - [ =
5

—2(4@}2+3-4ﬁ-8-cos§—82=—64+96ﬁ-;—64=—32

TlozcTaBIsieM BHIPAKEHHs BEKTOPOB = *
PackpbiBaeM CKOOKH 110 MPaBUITy YMHOKEHUSI MHOTOYJICHOB
B mepBoM um mocimegHeM cilaraéMoM KOMITAKTHO 3allMChIBAEM CKaJISPHBIE KBaJApPAaThI

- =_ =2 T _r:
BCKTOpOBia E=a, b-b=b . Bo BTOpOoM cnaraemMoM HCHOJB3YyE€M ME€PECTAHOBOYHOCTH

CKaJPHOTO Ipon3Benenus: & E =& &
TIpnBoAMM N010GHSIE Cliaraemble; & & T8 -& =3ah
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—a _2

43 o
B IEPBOM CJiIara€MOM HUCIIOJIB3YyEM (bopMyny CKaJIIpHOr'o KBajapara | | , 0 KOTOpOHU
HC TaK HOaBHO YIIOMHHAJIOCh. B IIocjICAHEM cJjlaracMoM, COOTBETCTBCHHO, pa60TaeT Ta XK€

5 =pf
HITyKa: . Bropoe cilaraeMoe packiiapiBacM 1o CTaHIapTHOMN
T b= |cT| |§| cos (7, &)
bopmye :
— — T
g|=42, B|=8 z@i)==
[loncraBnsieM  naHHBIE — YCIIOBUS 4w upoBomum
OKOHYATEJIbHBIC BHIUNCIICHUSI.

Orger: £¢ =—32
OtpunaTeabHOE 3HAYCHNE CKAISPHOTO MIPOM3BEACHUS KOHCTATUPYET TOT (DAKT, YTO yroj

7F,d
MEXly BEKTOpaMH ~ *~  SBISETCS TYIIbIM.
Pewenne ynpaxHeHuil:

IIpumep 4
Haiitn ckanspHoe npoussezenue Bektopos & = &+ 28 yd =—Z+& ooy ussectno,

F|=4. PFl=243. z@&5=2
4qTo 6

[Ipumep 5

I g|=3 Fl=2 z@®=Z
Haiitu jumny Bektopa £ =% 122 eciy 3
Pemenue

F|= |2+ 35| 2 (-7 +35)7 = a7 eah +957 = Jaf 6 [a] | cos 2@ )+ [ =
- JBE ~6.3. 2-cosg+9- 23 :J9—36%+36 =27 =33

OTBeT: |E|: 3”\'@ en. w520 en.
Lpuwmep 6

— - 2
- Z|=5 [B|=10, Z@F)=
Haiitu nuny BekTopa © =4 t& ecm 3
IIpumep 7
- Zl=4, |B|=242, @b =8
Haiiti yrom Mexy BeKTOpaMu & u b | ecnm mssectno, uto |a| ’ |b| 2, 2 .
Pemenne: Vcnonsszyem popmyny:

@b a8 1 '\.IIE _ E

cos (@, b= — = =——=
@2) B p| 4242 W2 242z
cosi{&;gjzﬁ i(&;gjzmccosﬁzi
Urak, ecnu 2 10: 2 4

_ =
(@, by =—pag = 45°
Orser: 4
IIpumep 7
- T

pl=3. =4 7.5 7T Ha
Janbl — JUTMHBI BEKTOPOB & |, ¥ ¥ yroi MexIy HUMH . Haittu
YroJ MeXJTy BEKTOpaMH © = —ez+3h d=4z-3b

3ananue Jlaxe HE CTOJIBKO CIIOKHOE, CKOJIbKO MHOT'0XO/I0BOE.
Pazbepém anroput™ perieHus:

174



1) Io ycnoBuio TpeGyeTcs HAWTH yron MeXIy BEKTOpaMH © n E, MOATOMY HYXHO
~.  &d
coss(E, d )= —
-
UCTIOJIb30BaTh (POPMYITy .
2) Haxoaum ckaiasipHOE MPOU3BEICHHE td (cm. TIpumepnr NeNe3 4).

3) HaxoauM JUIMHY BEKTOpa © U JUTMHY BEKTOpA d (cm. IIpumepnr NeNe5,6).

4) Konmoka pemenust copnaaaer ¢ I[Ipumepom No7 — HaM M3BECTHO YHCIIO , a

_ = £d

20T, d ) =atcoos [W}
3HAYUT, JIETKO HAlTH U caM yrod:

Kpartkoe penieHue 1 0TBET B KOHIIE YPOKa.
Bropoii pa3nen ypoka HOCBSILEH TOMY K€ CKaJSIpHOMY Ipou3BelneHuto. KoopauHartsl.
byner nmaxe npole, 4eM B IEPBOX YacTH.

[Ipumep 8
Haiitn CKaJISIPHOE MPOU3BENCHHUE BEKTOPOB:

a) (& =9, 2(-1.0)
0) AB u AC , €CIIA JaHbl TOYKHU AL -13), 85(01,-2), O, -4.0)

alab =-2, 6)AR AC=6

OTtBer:

[Ipy HEKOTOPOM OMBITE CKAISIPHOE MPOU3BEICHHUE MOXKHO MPHHOPOBUTHCS CUHUTATH
YCTHO.

[Ipumep 9

JlaHbl YeThIpe TOYKH IIPOCTPAHCTBA

Al-d =3 -2, B2 -2, -3, 08, -5 1), D4, -3, -1)

NEPIEHIUKYIJISIPHBIMU CIIEYIOIINE NPAMBIE:
2) A8, DT

6) AC, D ’
[Ipumep 10

[Ipu xakom 3HaYEHUU A BEKTOPBI

BeracauTs OoyayT m

@is A-d),bd-4,-12) OyIyT OPTOrOHATEHEI?

Pemenue: [Io ycioButo TpeOyeTcss HaWTH TaKoe 3HaYEHUE MapaMeTpa *’1, YTOOBI
JTAaHHBIE BEKTOPBI ObLTH OpPTOTOHAJIbHBI. [Ba BEKTOpa

VIV Vg, WIHY, W
MPOCTPAHCTBA (3 v vl Wy, vy, v OpPTOTOHAJIbHBI TOorIa u TOJIBKO TOT/1a,

L +wuy v =0 .

CocraBuM ypaBHEHHE:

ah =10

2=+ (-D+(-2).5=0

PackpbiBaeM CKOOKH U IPUBOJIUM MOJOOHBIE CllaraeMble:
£-31-1-10=10

-431-4=0

Pemraem npocreiiee nMHEHOE YpaBHEHUE:
-41=4

A=-1

Otser: npu A=-1
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[Mpumep 11

[Ipn kakoM 3HAYCHHUH z CKaJsIpHOE TPOU3BEIACHHUE BEKTOPOB a2 A)b(2-3) Oyzer
paBHO —2?

Haiiti ckamspHoe mpoussenerue BekTopos - u <2 T4 ecm © (0. -3 5).4(-41,0)
DT0 mpuUMep IS CaMOCTOSTENHHOrO pEIleHHs. 371eCh MOXKHO HCIOJIb30BaTh

3 =3(0:- % 5) = (0, - %, 15)
ACCONUMATUBHOCTL OIl€palu, TO €CTb HC CYHUTAThH , 4 Cpa3y BBIHCCTHU

TPOMKY 3a IPEJEbl CKAJIIPHOIO MPOU3BEACHUS U JOMHOKUTH HAa HEE B MOCJIEIHIO OYepellb.
Pemienue u oTBET B KOHILIE YPOKa.
B 3akimouenue naparpada npoBOKallMOHHBIN IPUMEp Ha BBIYUCIICHUE JIMHBI BEKTOpA:

[Ipumep 12
JlaHbl TpU BEPUIMHBI TPEYTOJbHUKA A-L0), B3 2. T3 - 4) . Haittu £45C (yrous mpu
epimne ).

Pemenue: [1o ycnoBuio yepTéx BBIIOIHATH HE TPEOYeTCs, HO BCE-TaKu:
: A 3 : :

Haiiném BekTOpBHI:

BA(-1-30- 2= BA(—-4. - 2)
BC(5-3-4-2)= BC(2,—6)
Breruucimnm CKaJIIpHOC ITPOU3BCIACHUC!:
BA BT =—4.2-2.(-8)=-8+12=4
" JAJIMHBI BEKTOPOB!

|E|= () +(-2)* = . [T6+4 =20 = 2.5
|ﬁ|=,322+(—6 Yo 4136 = Jan =210

Kocunyc yrna:

— —.  BA.BC 4 1 1
coss B, BCNY = — = = =
( ) gdl.[Bc| 245 2410 50 542
cosi(ﬁ;ﬁ):%'gc = —4 -2 Y =
BA|BC|  J(—4P +(=2)* 2"+ (-6)
—8+12 4 4 4 1

T 1644 JA136 20 /40 B00 2042 542

Haiiném cam yrour:

i(ﬁ; E} = arccos

e 1 A5 pan, s B2°

1
542
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1
SZABC = arcoos = 1,43 pag. = B2°
OTtBeT: 5\'5

[Ipumep 13

B IIPOCTPAHCTBE 3aaH TPEYTrOJIbHUK KOOpAUHATaMHU CBOMX
BEPILUUH ALY, 4,(30,0), 4(2,3.7) . Haiitu yron mexny cropoHamu 44, u A4
Ipumep 14

C noMOILIBIO CKATISIPHOTO MPOU3BEIEHNS] BEKTOPOB HANTY YIoJl IPpY BepIIKHE A napasuienorpamMma

AR = 2.0 Ac=f2r_=_ 1
ABCD, nocTpoeHHOr0 Ha BEKTOpax AB =820y H AC {3’ 3.

Pewenue. Beraucnum MOy BEKTOPOB U UX CKAIAPHOE MPOU3BEICHHE 10 TEOPEME:

4B =8 +27 +0> = J68;  |AC|= 3> + (- 5F +(~1) = 0+25+1 =4f35;
AB-AC=3-8+2-(-5)+0-(-1)=14.
Otcrona cornmacHo ¢opmyie (2.29) moayduM KOCHHYC UCKOMOTO yTiia

cosQ =

S T 0,3. ClemoBaTelbHoO, £ @ = arccos0,3 ~72°
A[68-4/35

IIpakTnueckas padora Ne 77

Tema 13.3: IIpakTUKO-OpUEHTUPOBAHHBIE 33]]a4l HA KOOPAMHATHOM IJIOCKOCTH
Heab: HayuuThbces pemars 3a1a4u Ha KOOPAUHATHOM TJIOCKOCTH

Teopernyeckast 4acTh:

&———  TlnocTeHnme BEI[EI'-IHB EOODIMHMHATEE
1. Koop opmaTei cepemiHET oTpeska i

2. J M eKTona (TI0 eT0 K00p IHHA TaM)
Tk

24

;A{Ii: y£: 2i) A
| f Tl 2) :

: k|
Blxy; ys 23) o
........................... —- H W g A.{.
X ¥ ) [
. ) : Ay
KoopaiHI TR (D enIHET TOYKH (5 X Y2} : S
EEKTOpA /18 : Fx
BREIMHCIIAETCAIIO 0 . . Lo
_ % $1F'u1'[5‘&UI’Ez 21122 JIHED Ee Topa ey 2]
Civ yas = — ;

§ ERIUHCILE TCA IO QD@EE
Z Z 2 e = w4 ¥ b x?
Famedas koapdiHama cepetiiHel QIPEINT PasHR
FUOIVCVAMAE © O S8 I HEVIITLYLD, KO POILHA W 820
HOHIE. :
L
3.

Pacc ToAEDIIe MeEIV OB VMA TOMKAMIL
<

MalXs Yo Ty)

PaccToammie MEeFTY TEYILA TOYEANIT
H
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https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/42.jpg?attredirects=0

Pemrenue 3apau:

1. Haityiute koopanHatel BekTopa A#, ecmm AL ~Hidyy & ~1:4)

Mano: Pewenue:
AE 08y | dB vyt wd2 o 3 (e Do (=15 4 2348 Koop
""" fe1;{: 2}  IMHATBI  BEKTOpAa 10 JIBYyM  TOYKaM.
""" Tl e 2} Haxonum xoopauHaTel BEKTOpA: U3 KOHLA
BEKTOpa BBIUMTAEM 3HAYE€HHE KOOpAMHAT Hadajia
AR BCKTOpA.
-7

Omeem: "AB™""~ {—1,0;2}

2.
ecim Af 3 -4y
H{~d12: 03,
Hegia:
A0, T,
B2 200

Touka M —

FoopmeHaTEL ceje MHHEL BeRTOpa (dopmam);

Miv v

cepenuna otpeska AB. Haiimure xoopauHathl TOYKH Af,

Paiasue:

[N | e,
L o

"
Ve f
r e

vk b

2 2 =
N (b e 2% 54 2 fedipil
Moo wy - : O op 2% 54 2 f )
EA I P A AP A jr.l'ri.k\. P’,.(rj { - . . . /I
Mooy {45 -0
Evmgern: M{—1; 2.0, —2)
o —_—
3. Haiinure nmHy BekTopa AB, eciu
Hano: Peuienue:
Af=1;0027 b RS posopi 10 2l ROORBIEIAY

BCE 2030

AB = (x,

AR SN TRE UK LA

95 Yo Vi #y v #)

Tloarevamsias 1Dy IS Sk EOyRE

ERtgem: |;’-tw§ | a3

4,
y/
ano:
afd 2,1}
BEKTOPOB:

B33 1
=321}
i+ b| -

i+ BT TS = VR

Omeem: &+ Bf =%

frrpe———
VI DA T e Ve

JlaHb! BeKTOpBI G453 = 2:1], BE-2:3; 11 f1--3: 22 1}, Haiture 1 + B

Pewenue:

Haiinem  cymMy  COOTBETCTBYIOIIMX  KOOpPJAMHAT

HOI[CTaBI/IM 3HA4YCHUA KOOPpAUHAT:
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3agayaNes. Hantu naowaab TpeyronbHUKA,
BEPLUMHbI KOTOPOro HaxoaATcA B Toukax A(2;-3),
8(111)1 C('615)

3anady O4€Hb MPOCTO PEHIUTH, BOCMOIb30BaBIIMCH

dbopmyrtoit

S :%[(xl —x3)(y2 —y3)—(x2 —x3)(y1 - J’3)]

B KOTOPOM HY’KHO B3SITh X; = 2, X, = 1, x5 = -6,

y1=-3,y,=1,y;=5.
[ToxcTasnss 3Tu yucia B GOpMYITy, TTOJTYIUM

S=12 kB. en.

6. IToctpouts Tpeyroabauk ¢ BepimHamu A (— 4; 2), B (0; — 1) u C (3; 3) u onpeaenuts

€ro MepuMeTp U yIJIbL.

Pewenue. YtoObl BBIYUCIUTH TEPUMETP HEOOXOIMMO HAWTH JJIUHBI CTOPOH

TpeyroiapHuKa. Haiinem qiuHbl cTopoH mo dopmyie (1):

Torna

dy =AB=y/(0+4)% +(- 1- 2)? =/16+9 =5
dy =BC =y/(3- 0)> +(3+1)? =/9+16 =5
dy =AC =\(3+4)* +(3- 2)? =V49+1 =50 =512

[epumeTtp BerurcauM 1Mo Gopmysie p =dy + dz + d3, T. .
p =5+5+5+2 =5(2++/2) =171

BrinosnHum eprex.
Tak kak TpeyroibHUK PaBHOOEAPEHHBINH, TO YIIbl IPU OCHOBAaHUU PaBHBL, T. €. O = Y.

B=180—a—a=180—-2-a

[To TeopeMe KOCHHYCOB HaWEM yTOJ O
BC?= AC?+ AB?*+ 2-AC-AB-cos a.

52 =(5\/§)2 +52 - 25542 cosa

N

0 _v2
5042 2

25:50-1-25-50-\/50)5(1 = cosa =
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T
o =—
T. €. 4= 45° 3paunt B = 180° — 90° = 90°. CrneoBaTeNIbLHO, TPEYTONBHUK ABIISACTCS

MPSIMOYTOJIbHBIM.
7. Jlansl  BepmuHbl Tpeyronbauka ABC: A (1; 5), B (9; 10); C (10; 3). Omnpenenuth
KOOpJMHATHI TOUKH TepeceueHrs MeAaH TPeyroJbHUKA.
Pewenue. Crauana HalijeM KoopauHaTel TOukH D cepennHbl OIHOM U3 CTOpOH,
HarpuMmep cTopoHbsl AB. J{is aToro Bocnoib3yemcst popmynoi (3):
149 5+10
= =§ y=
2
Touka M, B KOTOpOW IepeceKaroTcss MeAuaHbl, AeauT oTpe3ok CD B ortHomenun 2:1,
cuntas ot Touku C. CienoBaTensHO, KOOPAUHATH TOUKU M ompesenstores mo gopmymnam (2):

X =75

X_x3+2xD _10+10 _E_ _y3t+2yp _3+15 —6

1+2 3 37 YT 142 3 ,
Ml22; 6]
Omeem: U3 L

8. M3Bectubl Touku A (— 2; 5), B (4; 17) — xoHusl ortpe3ka AB. Ha stom oTpe3ske
HaxonuTcst Touyka C, paccTOsHUE KOTOPOH OT TOYKH 4 B JBa pas3a OosblIEe pPACCTOSHUS OT
ToukH B. Onpenennuts kKoopauHaThl TOUKU C.

Pewenue. Tak kak [AC| = 2:|CB|, To A = |AC|:|CB| = 2. CnenoBarenbHo,

-2+24 6 5+217 39
X=——=—=2; = = =13
1+2 3 1+2 3

Omesem: C (2; 13).

IIpakTnyeckas padora Ne52
Tema 9.3 KonTposabsHas pabora o pazaeny 9 «KoopauHaTel U1 BEKTOPBD)
Hean: [IpoBepuTh ypoBEeHb YCBOCHHUS TaHHOTO MaTepuaia no pasjeny 13 «KoopauHatsl
Y BEKTOPBD)

Ilpu pewenuu 3a0anuii 1-4 3anuwiume npaguibHLIL OmMEemM U3 UYemblpex
npeo10IHCeHHbIX.

1. (1 6amr) Jdausr Touku A(1,0,5), B(-2,0,4), C(0,-1,0), /1(0,0,2). Kakue u3 HUX jexar Ha
KoopAuHaTHOH npsiMoii Oy?

A)A;B)B; B)C; IN) 1.

2. (1 6amn) Kakue u3z Bexropos a(1,0,-1), c(1/3,2/3,-2/3), B(1,1,1), p(0,0,-2) siBusitoTCSt
€ TUHUYHBIMH?

A)a;b)c;B)B; ') p.

3. (1 6amn) Kakue u3 Bexkropos a(1,2,-3), ¢(3,6,-6), B(2,4,-6) KonmuHeapHbI?

A) a, B; b) c, B; B) a, c; I') koymmHeapHbIX BEKTOPOB HET.

4. (1 6amm) Hamsl Touku A(2,0,5), B(2,4,-2) C(-2,6,3). CepenuHoii Kakoro oTpe3ka
sBisieTcst Touka M(0,3,4)?

A) AB; b) BC; B) AC; T') CB.

Ilpu evinonnenuu 3a0anuil 5-8 3anumiume xo00 pewieHus U NOJYUEeHHbLIL OMmeem.

5. (2 6amna) Jlaner Bektopsl a(-6,0,8), B(-3,2,-6). Haiinute ckamsipHOe MpOU3BEACHUE
BEKTOPOB.

6. (2 6ata) [Tpy KakKMX 3HAYEHUAX 11 BEKTOPHI A (4,11,2), B (1,2,11) nepneHauKyIspHbI?)

7. (2 6amwra) Hamel BekTopsl a(-6,0,8), B(-3,2,-6). Haiinure KOCHHYC yIiIa MEXIy
BEKTOPaMH.

8. (2 6anna) Jlansl Bekropsl B{3,1-2}, ¢ {1,4,-3}. Haiiti ;uinHy BekTopa 2B-C.
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dmanonvt omeemogs:

Homep | 2 5 6 7 8
3aaHuA
OtBer B B B -30 -1 -3/7 V30
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