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Hosacnumenvnan 3anucka

Metouueckre peKOMEHJalMK MPU3BaHbl OKa3blBaTh MOMOILL CTYJEHTaM B H3Yy4EHUU
OCHOBHBIX IOHSATHM, UICH, TEOPUM U IOJIOKEHUM IUCHUILIMHBL «MaTtemaTuka», U3yd4aeMbIX B
X0/1€ KOHKPETHOTO 3aHATHS, CIOCOOCTBOBATh PA3BUTHIO UX YMEHUMN, HABBIKOB U SIBJISIFOTCSI OJHUM
13 CIOCOOOB MPOBEPKU 3HAHUM CTYJECHTOB.

BoinosnHeHue yyamumucs IpakTHUeCKUX padoT HapaBiIeHHO Ha:

- 00001IeHme, CHCTeMaTH3aIIMIo, YrITyOIeHne, 3aKperyIeHne MOTYyIeHHBIX TEOPETHIECKUX
3HAHUN IO KOHKPETHBIM TEMaM;

- (popMUpOBaHNE YMEHUN MPUMEHSTH NOJIYYEHHbIE 3HAHUS Ha MPAKTHKE U peaTn3aluio
€IMHCTBA MHTEJUIEKTYyaJIbHOM U MPaKTUUECKON AEATEIbHOCTH;

- Pa3BUTHE HMHTEJUIEKTYAJIbHbIX YMEHHH y OyIylIMX CHEIHAIMCTOB: aHAJIUTUYECKHX,
MIPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX U JIP.;

- BBIpaOOTKY IPU PELIEHUH [TOCTABJIEHHBIX 33/1a4 TAKUX MPO(EeCCHOHATBHBIX KauecTB, KaK
CaMOCTOSITEIIbBHOCTb, OTBETCTBEHHOCTh, TOYHOCTh, TBOPUECKask NHUIIMATHBA.

Oco0oe 3HaueHHWe MAMCHUIIMHA HMeeT Npu (OPMHUPOBAHMM W PA3BUTHUU OOIIKX
KomneTeHui B cootsercTBum ¢ ®I'OC:

OK O01. Beibupats cnocoObl pelmieHus 3aaad MNpo(eccCHOHANbHON JesITeNbHOCTH
MPUMEHHUTENBHO K Pa3JIMUYHBIM KOHTEKCTaM.

OK 02. HMcnomp30BaThb COBPEMEHHBIE CpPEJCTBA IIOMCKA, AHAIW3a W WHTEPHPETALHH
uHboOpMalKY, U MHPOPMALMOHHBIE TEXHOJIOTUU AJIS BBIMOJHEHUS 3a7ad Mpo(decCHOHATbHOU
JESITEIBHOCTH.

OK 03. IlmannpoBath ¥ peain30BBIBATH COOCTBEHHOE MPOPECCHOHATHHOE M JTMIHOCTHOE
pa3BUTHE, MPEIIPUHUMATENBCKYIO JEATENbHOCTh B MPOQECCHOHATIBHON cdepe, NCIOIb30BATh
3HaHUsA N0 (PMHAHCOBOM IPaMOTHOCTHU B Pa3IMUHBIX )KM3HEHHBIX CUTYaIUX.

OK 04. D¢ddexTnBHO B3aUMOACHCTBOBATH U PabOTaTh B KOJUICKTHBE U KOMAH/IC.

B pamxkax nporpaMmsel 0011e00pa3oBaTenbHON TUCUUIUIMHBI OCBAUBAIOTCS JINYHOCTHBIE,
MeTalnpeIMeTHbIE U IPEMETHBIE Pe3ysbTaThl B COOTBETCTBHU ¢ TpeboBanusiMu OI'OC cpennero
o01rero oOpa3oBaHUsI.

Ilnanupyemsble  pe3yibTaTbl  OCBOCGHHMSl  JUCHMILUIMHBI:  JU4YHOCTHbIE  (JIP),
MetanpenmetHsie (MP), npenmeTHsie s 6a3oBoro ypoBHs uzydenus (I1P).

Jluunocmuvie exniouarom:

JIP 05. ChopMHpPOBAHHOCTh OCHOB CaMOPA3BUTUS M CAMOBOCIIMTAHHS B COOTBETCTBUH C
0O0I11eYeIOBEeYECKUMH IIEHHOCTSIMU W HUJeajaMy TIPa)XJIaHCKOro OOIecTBa; TOTOBHOCTb U
CIOCOOHOCTh K CAMOCTOSITEIIbHOM, TBOPYECKOM M OTBETCTBEHHOM J€SITEIbHOCTH.

JIP 07. HaBblkM COTpPYAHHYECTBA CO CBEPCTHUKAMM, NETbMU MIIAJIIErO BO3pacTa,
B3pOCIBIMH B 00pa3oBaTeNbHOM, OOIIECTBEHHO MOJE3HOW, Y4eOHO-HCCIIE0BATENbCKOM,
MIPOEKTHON M JPYTUX BUAAX NESATEITbHOCTH.

JIP 08. HpaBcTBEeHHOE CO3HAHME U MOBEJIEHHE HA OCHOBE YCBOEHUS OOIIEYETIOBEYECKUX
LIEHHOCTEMN.

JIP 09. 'oToBHOCTB M CHIOCOOHOCTH K 00pa30BaHMUIO, B TOM YHCIIE CaMOOOpa30BaHUIO, Ha
NPOTSHKEHUU BCEH JKU3HU; CO3HATEIbHOE OTHOIIEHHE K HEMpepbIBHOMY OOpa30BaHUIO Kak
YCJIOBHIO YCIIEHIHOM MpodeccHoHaNbHOM U 00IECTBEHHOH NesITeTbHOCTH.

JIP 13. Oco3nanHblii BbIOOp Oynymiell mnpodeccud M BO3MOXKHOCTEH pean3aluu



COOCTBEHHBIX JKM3HEHHBIX IUIAHOB; OTHOLICHHWE K TNPOQECCHOHATBHON NEATETbHOCTH Kak
BO3MOKHOCTH  Y4acTHsl B  PEIICHWH  JIMYHBIX, OOIIECTBEHHBIX, TOCYJapCTBEHHBIX,
0O0IIeHAIIMOHANIBHBIX MTPOOIIEM.

JIP 14. CdopMUPOBAHHOCTh OSKOJOTHYECKOTO MBIIIJICHUS, TOHUMAHUSI BIMSHUS
COLIMAJIBHO-3KOHOMMYECKUX IPOIIECCOB HA COCTOSHUE MPUPOJHOW U COLMAIBHOM Cpeapbl;
prOOpETEHUE OTBITA SKOJIOTO-HAIIPABICHHOH JIESTETHHOCTH.

Memanpeomemmnuie:

MP 01. CamocTosTennsHO (OPMYIIMPOBATE U aKTYaJIM3UPOBATH MPOOIIEMY, pacCCMaTPUBATh
€€ BCECTOPOHHE.

MP 02. VYcraHaBnuBaTh CYIIECTBEHHBIM NpPHU3HAK WJIM OCHOBAaHUS [UIsl CPaBHEHUS,
KJaccuukanuu u 0000IIeHuS.

MP 03. OmnpenensiTe LEIH AEATEIbHOCTH, 3aJaBaTh MapaMeTpbl M KPUTEPUH HX
JOCTHKEHHUSI.

MP 04. BbIsSBiSITh 3aKOHOMEPHOCTH U IPOTUBOPEYUS B PACCMAaTPUBAEMBIX SIBICHUSX.

MP 06. Bnagerp HaBbIKaMH y4eOHO-HCCIIEIOBATEIHCKOW M MPOEKTHOM ACSTEIBHOCTH,
HaBbIKaMU pa3peuieHus mpooIeMm.

MP 07. CnocoOHOCTh M TOTOBHOCTb K CaMOCTOSITEIbHOMY IOHMCKY METOJOB pEIIeHHS
MPaKTUYECKUX 337a4, IPUMEHEHHUIO Pa3IMUHbIX METOJO0B MTO3HAHUSI.

MP 08. OBnageHue BHAAMHU JACSITEIBHOCTA MO TMOJYYEHHIO HOBOTO 3HAHHUS, €ro
MHTEpIIpEeTAINH, MPeoOpa3oBaHUI0 U NMPUMEHEHHUIO B Pa3IMUHBIX YYEOHBIX CHUTYal[UsX, B TOM
YHClie IPU CO3JJaHUH YYEOHBIX U COIIMAIbHBIX TTPOEKTOB.

MP 09. ®opMupoBaHUE HAYYHOTO THUIA MBIIUICHUS, BJIaJICHUE HAYYHOW TEPMUHOJIOTHEH,
KITFOYEBBIMH MOHATUSAMH U METO/IaMU.

MP 11. BbIABAST, TPUYUHHO-CICICTBEHHBIE CBA3M UM AaKTyaJIUM3UpPOBATh 3a/ady,
BBIJIBUTaTh THUIOTE3y €€ pEIIeHUs, HaxOJUThb AapryMeHThl [UIsl JI0Ka3aTeIbCTBA CBOUX
YTBEPKICHUM, 3a/1aBaTh apaMeTPbl U KPUTEPUU PEIICHHUS.

Ilpeomemmuuvie:

I[TP 01. Bnagerp MeTogaMM [0Ka3aTeNIbCTB, aJrOPUTMaMHU pEUICHUS 3aJa4; yMEHHUE
(bopMynupoBaTh OIMPEIEICHUs, AaKCHOMBI U TEOPEMBI, IPUMEHSATH UX, IPOBOAUTDH JOKAa3aTEeJIbHbBIE
paccyXJeHUs B X0JI¢ PELIeHHs 3a/1au.

ITP 02. YmeTh omepupoBaTh MOHITHSMHU: CTENEHb YHCIA, JorapudM 4YuciIa, YMEHHUE
BBITIOJIHATh BBIYMCIICHHE 3HAYEHUW H mpeoOpa3oBaHUs BBIPAXKEHUM CO CTENEHSMU U
norapudmamu, Mpeodpa3oBaHus JPOOHO-PALIMOHAIBHBIX BEIPAYKEHUIA.

I[P 03. VYwmerp omepupoBaTh TMOHATUSAMHU: palOHAJbHBIE, HPPALUOHAIBHEIE,
MoKa3zaTejbHble, CTEMEHHbIe, JIOTapU(PMUUYECKHE, TPUTOHOMETPUYECKUE YpaBHEHUS U
HEPaBEHCTBA, UX CUCTEMBI.

ITP 04. YMeTb onepupoBaTh MOHATUSAMU: (DYHKITHS, HENpepbIBHAS (PYHKIIMS, TPOU3BOIHAS,
nepBooOpa3Has, ONpEeICICHHbI HHTErpaj; yMEHHE HaXOAWTh IPOM3BOJHBIE 3JIEMEHTAPHBIX
(GYHKIHH, UCTIONB3YS CIIPABOYHBIE MAaTEpUaJIbl; UCCIEAOBATh B MPOCTEHIINX CITydasix B GyHKIIMH
Ha MOHOTOHHOCTh, HAXOAUTh HAUOOIIBIIINE U HANMEHbITHE 3HaueHus (yHKIuii; CTpoUTh rpaguku
MHOTOWJIEHOB C HCIOJB30BaHHWEM ammapaTa MaTeMaTH4ecKOro aHajn3a; MPUMEHSTh
MIPOM3BOJIHYIO TIPHU PEIICHUU 3a/1ad Ha JIBIDKEHUE; pPellaTh MPAKTUKO-OPUEHTUPOBAHHBIC 3aaun
Ha HauOOJbIINE U HAMMEHBIINE 3HAUEHHs, HAa HaX0XKJIEHHE ITyTH, CKOPOCTU U YCKOPEHHS.

IIP 05. YMmeHnue omepupoBaThb NOHATHAMM: palMOHANbHas (YHKLHUS, MOKa3aTeIbHas
¢byHkuus, creneHHas (yHKUus, Jorapupmuueckas (QyHKIHs, TPUTOHOMETpUUYECKHe (DYyHKLUH,



oOparHble (PYHKIMH; YMEHHUE CTPOUTH rpaduKu M3y4eHHBIX (YHKUUH, UCHOIB30BATH TpaduKU
IIPU U3YYSHHUH MTPOLECCOB M 3aBHCUMOCTEH, MPH PELICHNUH 3a7a4 U3 IPYTUX YUEOHBIX IPEAMETOB
W 337124 U3 peaibHON JKU3HU; BBIpAKaTh (POPMYyJIaMH 3aBUCUMOCTU MEXIY BETUYNHAMH.

I1P 06. YMeHue pemarh TEKCTOBBIE 33a4 PA3JIMYHbIX TUIOB (B TOM YUCIIE HA IPOLIEHTHI,
JIOJIM ¥ 4acTH, Ha JIBIDKEHUE, paboOTy, CTOMMOCTb TOBApPOB M YCIIYT, HAJIOTH, 33/1a4d U3 00JacTh
VIpaBJICHUS! JIMYHBIMH M CEMEHHBIMH (DMHAHCAMHM); COCTABJIATH BBIPAKEHUS, YpaBHEHHS,
HEpPAaBEHCTBA M HX CHCTEMbl IO YCIOBHUIO 3a/lauM, MCCIEJ0BaTh IOJyYEHHbIE PEIIECHUS U
OILICHUBATH MIPaBAOIOI00HOCTh PE3yJIbTaTOB.

I[P 07. YmeHue omnepupoBaTh IOHATUSAMHU: CpeaHee apupMETHUYECKOe, MeEIAHaHa,
HauOoJbIlIee U HAaUMEHbIIIee 3HAUEHUs, pa3Max, IUCIEepCHs, CTAHJAPTHOE OTKJIIOHEHHE YHCIIOBOTO
Habopa; yMeHHe U3BJIEKaTh, MHTEPIPETUPOBATh HH(OPMALIMIO, IIPEJICTABICHHYIO B TabIMIaX, Ha
auarpammax, rpaukax, OTpa)xaroliyto CBOMCTBA peaJIbHbBIX MPOIIECCOB U SIBJICHUM; IPEICTABIATh
nH(pOPMaLIMIO C TIOMOIIbIO TAaOIUI] U JUarpamm; MCCIeA0BaTh CTATHUCTUYECKHUE JTaHHBIE, B TOM
qyclie C MPUMEHEHUEM rpapuecKUX METOJIOB U AIEKTPOHHBIX CPEJICTB.

[P 08. YMeHue omnepupoBaTh MOHATHUSIMHU: CIyYalHBII ONBIT U CIydallHOE COOBITHE,
BEPOSITHOCTh CIIy4allHOTO COOBITUSI; YMEHHE BBIUUCIATH BEPOSTHOCTH C HCIIOJIb30BAHUEM
rpaduyecKkux METOJ0B; MPUMEHSTh (OPMYJbl CIOXKEHHS M YMHOXEHHS BEpOSTHOCTEH,
KOMOMHaTOpHbIE (PAaKTBhl U (OPMYIBI IPU PELIEHUU 3a/a4; OI[EHUBATh BEPOSITHOCTh PealIbHBIX
COOBITHI{; 3HAKOMCTBO CO CITy4alHBIMH BEIMUYMHAMH; YMEHUE IPUBOAUTD IPUMEPHI MPOSBICHUS
3aKOHA OOJIBIIMX YKCEN B MPUPOIHBIX U OOLIECTBEHHBIX SBJICHUSX.

ITP 09. YMmenue onepupoBaTh NOHATUAMU: TOUKA, IpsiMasi, TIIOCKOCTh, B MPOCTPAHCTBO,
JBYTPAaHHBIN YroJ1, CKPEIIUBAIOIIHUECS IPSIMBIE, TAPALIEIBHOCTD U IEPIIEHIUKYISIPHOCTD IPSIMBIX
U IUIOCKOCTEH, YroJd MEXAy NPSAMBbIMHM, YroJd MEXAYy NPSIMOM M IJIOCKOCTBIO, YrOJd MEXIY
IJIOCKOCTSIMHU, PACCTOSIHUE OT TOYKH JI0 IJIOCKOCTH, PACCTOSTHUE MEXAY MPSIMBIMH, PACCTOSTHUE
MEXAY IUIOCKOCTSIMU; YMEHHUE UCIOB30BaTh MIPH PEILICHUH 33a/1a4 U3yYeHHbIE (DaKThl U TEOPEMBbI
IUTAHUMETPUU; YMEHHUE OLIEHUBATh Pa3MeEPbl 00bEKTOB OKPYKAIOIIEr0 MUPA.

ITP 10. YMenue onepupoBaTh MOHATHSIMH: MHOTOTPAaHHUK, CEYCHUE MHOTOTpaHHUKA, KYO,
napajuiefienunes, npusmMa, nupamuaa, Gurypa u moBepXHOCTh BpalleHUs, HUIHHIP, KOHYC, II1ap,
chepa, ceyeHus (GUIyphl BpalleHUs, IUIOCKOCTb, Kacawmascs chepbl, HWIMHIPA, KOHYCa;
IUIOLIa/Ib TIOBEPXHOCTH MUPAMUJBI, MPU3MBI, KOHYCa, IJIMHJIpA, 1Iapa; YMEHUE H300paxarhb
MHOTOTPaHHUKH U TMOBEPXHOCTU BpAIICHUS, UX CEYEHHUS OT PYKH, C HNOMOIIBIO UYEPTEKHBIX
WHCTPYMEHTOB M 3JIEKTPOHHBIX CPEJICTB; YMEHUE PACIO3HAaBAThb CUMMETPUIO B MPOCTPAHCTBE;
YMEHUE PACO3HABATh MPABUIIBHBIE MHOTOI'PAHHHKH.

I1P 11. YMenue onepupoBaTh NOHATUSMU: IBKEHHE B IIPOCTPAHCTBE, OI0OHBIE (PUTYPBI
B MPOCTPAHCTBE; MCIOJB30BaTh OTHOIICHHE IUIOMIAACH MOBEPXHOCTEH M 00BEMOB MOAOOHBIX
buryp npu peuieHuH 3aaa4.

I1P 12. YMeHue BBIYUCIATh T€OMETPUYECKUE BETMUMHBI (JUIMHA, YTOJI, MJIO0IIA/lb, 00bEM,
IUIOIIA/Ib IOBEPXHOCTH), UCIIOJIb3Ysl U3YUYEHHbIE (POPMYIIBI U METO/IbI.

IIP 13. YmMmeHue omnepupoBaTb MNOHATUSAMU: TPAMOYIOJbHAs CHCTEMa KOOpIMHAT,
KOOpJIMHATBhl TOYKH, BEKTOP, KOOPIMHATBI BEKTOPA, CKAIIPHOE IIPOU3BENEHUE, YIOJ MEXIY
BEKTOpaMH, CyMMa BEKTOPOB, IIPOM3BEIECHUE BEKTOpAa HAa YHUCIIO; HAXOIUTh C IOMOUIBIO
U3yUYEHHBIX (POPMYIT KOOPIUHATHI CEPEMHBI OTPE3Ka, PACCTOSHUE MEXKTY JBYMS TOUKAMHU.

I[P 14. YmeHnue BbIOMpaTh MOAXOISANINN HM3YYCHHBIH METOJ ISl PEIICHUs 3aaadu,
pacmo3HaBaTh MaTeMaTH4eckue (akThl W MaTeMaTH4YecKhe MOJETH B MPUPOJIHBIX U
OOIIIECTBEHHBIX SBJIECHHUSIX, B MCKYCCTBE; YMEHHME MPHUBOJUTH INPUMEPHl MaTEeMaTUYEeCKUX



OTKpBITHM PoccriicKkOM 1 MUPOBOM MaTEMaTUYECKON HAYKH.

[Ipu npoBeeHNH NPAKTUYECKUX padOT yueOHas IpyIIa MOXKET ACIUTHCS Ha MOArPYIIIIbI
YHUCICHHOCTBIO HE MEHBLIE § UEIIOBEK.

Kaxnpas npaktuueckas paboTa cocTaBlieHa C BEAyIEH TUIaKTUIECKOH LEIbIO -
(dbopMupoBaHHE TPAKTUIECKUX YMEHUH.

Coneprxanue MpakTUYECKUX pabOT HAIEJICHO M HA pa3BUTHE MPO(PECCUOHATBHBIX YMEHHIHA
U  HaBblKOB. BblnonmHeHue  pacu€roB, uepTexed, MHCTPYKTUBHBIMU  MaTepuaIami,
CIPaBOYHHKAMU, yYMEHHE 10JIb30BAThCS COBPEMEHHBIMU MH(OpPMaLMOHHO-
KOMMYHMKAIIMOHHBIMU TexHoJorusimMu. Hapsay, ¢ ¢opmupoBaHueM yMEHUH U HAaBBIKOB, B
IIPOLIECCE BBIMIOJIHEHUS MPAKTUYECKUX pabOT 00001Iat0TCsl, CUCTEMATU3UPYIOTCSI, YIITYOIsSI0TCA U
KOHKPETH3UPYIOTCS TEOPETUYECKUE 3HAHUS, BbIpa0ATHIBAETCS CIIOCOOHOCTh U T'OTOBHOCTH
HCI0JIb30BATh TEOPETUUECKNUE 3HAHUS Ha MPAKTHUKE, Pa3BUBAIOTCS UHTEIEKTYyaJIbHbIE YMEHMSL.

B nmaHHBIX METOOMYECKHMX YKa3aHHUSAX B Hauaje KaKJI0M TeMbl KpaTKO H3Jaraircs
OCHOBHBIE TEOpETHUYECKUE CBeAEHHUA (ompeneneHus, GopMyibl), HEOOXOAUMBIE Ul PELIECHUS
nocienyomux 3aaad. [IpuBoasTcs peieHus: TUIIOBBIX IPUMEPOB U 3a/ad. JlaloTcs ynpaxHEeHUs
IUIs 3aKpeTICHUs MaTepuaa.



IIpakTnueckas padora Nel

Tema 1.1 [enu n 3agaun MaTeEMaTHKU [P OCBOEHUM crielMagbHOCTU. Yucna u
BBIYUCIICHUS

Heas: Onpenenenne OCHOBHBIX IIeJICH 1 3aa4 U3yYE€HUS] MATEMATHKH ITPH OCBOCHUH
npodeccun; aKTyalln3anus ¥ CUCTeMaTU3aIisl OCHOBHBIX 3HAHUH M3 IIKOJBHOTO Kypca
MaTeMaTUKU

Teopernyeckasi 4acThb:

I'maBHast 0COOEHHOCTH 00pPa30BATENFHON CHCTEMBI 3aKJIIOYAeTCS B TOM, YTO OCHOBHOM
LeNbl0, CTOALIEH nepel y4eOHbIMU 3aBEJICHUSIMU CUCTEMBI CPEIHEro IMpoQecCcrOHAIbHOTO
o0Opa3oBaHus, SBISAETCS MOArOTOBKA BBHICOKOKBATH(DHUIMPOBAHHOTO CHEIHAINCTAa B JAHHON
obnacTH.

Lenp n3ydeHs] MaTEeMaTHKH B CPEIHUX CIICIUATBHBIX YUEOHBIX 3aBEJICHUAX COCTOUT B
TOM, YTOOBI YIIyOWTh 3HAHUS 10 W3YYEHHBIM B CpPEIHEH MIKOJIE pa3/ielaM M O3HAKOMHTHCS C
HEKOTOPbIMM HOBBIMU pa3jielaMHd MaT€MaTUKU (aHAJTUTHYECKOM TreomeTpuel, Teopuein
T depeHInanbHbIX YpaBHEHUM, TeOpuel BEpOATHOCTEH, U JIp.), KOTOpble 000ramatoT 00IIyIo
KYJIBTYPY, Pa3BUBAIOT JIOTMYECKOE MBINUICHHE M MIMPOKO HCIIOJB3YIOTCS B MaTEeMaTHYECKOM
MOJICTUPOBAHUM 33/1a4, C KOTOPBHIMH BCTPEYACTCS COBPEMEHHBIH CIEIHAIMCT B CBOEH
JeATeNbHOCTH. [ TaBHAs 11eb M3YYEeHUsI MaTEeMATHKU CTYJIEHTaMU CPEAHUX NPO(PeCCHOHATBHBIX
YUeOHBIX 3aBEJICHUI COCTOUT B TOM, YTOOBI MaTEMAaTHKy MOKHO OBUIO MPHUMEHATH. VIMEroTCs B
BHJly TIPUMEHEHHsI B CaMOM HIMPOKOM IUTaHE: HE TOJBKO Ha MPOU3BOJICTBE, HO W B JIPYTHUX
IMCUIUIUIAHAX, TIPH YTCHWW CHEIHaIbHONH W TOMYJSIPHOW JIMTEpaTyphl, B OBITY; KPOME TOTO,
OCHOBHBIE MaT€MaTHYECKUE IOHATHS IO3BOJISIOT IIy0)XKEe OCMBICIMBATH pa3lIUyHble (aKThl,
BUJIETh UX OOIME YePThl; HABBIKM Pa3yMHON TOYHOCTH MOTYT IOMOYb (JOPMYJIUPOBATH MBICIIH H.
T. I

- OOyyeHuss MareMaTwke JODKHO 00JamaTh cBoWcTBaM (yHmameHTanbHOCTH. llenb
obecrieueHust pyHIaMEHTATILHON MaTEMaTHYECKON TOATOTOBKH B CPEIHEM Mpo(deccHoHaTbHOM
00pa30BaHUM U CIELUAIN3ALUY, IO KOTOPOH MPOUCXOAUT 00y4YE€HHUE, COCTOUT B TOM, YTO KypC
MaTeMaTUKU JOJDKEH O3HAKOMUTh CTYAEHTOB C OCHOBOIOJAraroIllMMU MaTeMaTH4YEeCKUMU
HNOHATUAMHM M (pakTaMu, 00eCHeunTh YpOBEHb MATEMAaTHYECKUX 3HAHWM, YMEHHH M HaBBIKOB,
rapaHTUPYIOIIMX OBJIa/ieHNe (PyHIaMEHTOM CIIeLHaIbHbIX JUCLUIUINH.

- Bropas nens - opueHTanys MaTeMaTu4eckoil oArOTOBKH Ha CIIEUANIbHYIO IIOJITOTOBKY
CTYZIEHTa, TO €CTh HEO0OXOAMMOCTh B Ipolecce oOydyeHHs OpPHUEHTHPOBATHCS Ha INIyOOKoe U
II0JIHO€ YCBOCHUE CTYAEHTAMM pa3/ieloB MaTEeMaTHKH, SBISAIOIIMXCS 0a30# Uil OCBOEHHMs psija
CHeLUAbHBIX TUCHUMIIIMH. [Ipy 3TOM 3HaHUS CTYJEHTOB 10 OCTAJIbHBIM pa3JieliaM Kypca J0JIKHbI
OBITh TOCTATOYHBIMHU Il OCBOCHHUS IPOPECCUOHATBHO 3HAUUMBIX 3HAHU .

- TpeTbs Lesb MaTeMaTUYECKOro 00pa30BaHUs B CPEIHUX MPOPECCHOHATBHBIX YUeOHbIX
3aBEJICHUSX - [IOJIFOTOBKA CTYJJEHTOB K UX MPO(ECCHOHAIBHOMN AeATeIbHOCTH, HAIIPABJICHHOHN Ha
yMeHue Oyaylux CHelUaJUCTOB  INPUMEHATb MaTeMaTHYecKue 3HaHUA B CBOEH
npoeccuoHanbHON esTeNnbHOCTH. [l ee peanu3anuu cieayeT HarnoJIHUTh Mpo(dhecCHOHaIbHO
BaXKHbIE pa3liesibl Kypca «MaremaTuka» 3ajadaMu IpodeccuoHaabHOro conepxanus. Kypc
MaTeMaTUKU B CpeJHEeM Mpo(ecCHOHAIbHOM 00pa30BaHMU HECET JBOWHYIO Harpy3ky — Kak
CaMOCTOSITENIbHBIA y4eOHBIH IpeaAMET, B KOTOPOM JOJDKHA COOJIIOJAaThCs CTporasi JIoThdeckas
MIOCIIeI0BATEIbHOCTh M3JI0KEHUS MaTepHaia, U Kak ammapar A IUPOKOro MPUMEHEHUs ero B
CIELUANbHBIX JUCHMIUIMHAX. VI3ydeHne MareMaTuku B CpelHeM Mpo¢ecCHOHAILHOM
00pa30BaHUM HAMPaBJIEHO Ha GOPMHUPOBAHUE OOIIEYIEOHBIX KOMIIETCHIIUH 110 YeThIpeM OJI0KaM:
CaMOOpraHu3aluK, caMo00ydeHus, NHPOPMAIIMOHHOMY, KOMMYHHKaTUBHOMY, @ Ha UX OCHOBE
oOmux kommnereHiumit. OOmume xommnerenuuu (OK) cdopmupyrorcs B mpouecce ydeOHOM u
BHEAYJAUTOPHOM CaMOCTOSITEIbHOM JEATENbHOCTH CTYAEHTOB TIPU HU3YyYCHHUU IIpeIMeTa.
IIporpamma y4yeOHOTO mpeaMeTa OpPUEHTHPOBAHA HA JOCTIDKEHHE CIEAYIOUIMX MLeei: —
oOecrieyeHrne cOPMHUPOBAHHOCTH MPEICTABICHUN O COLMATBHBIX, KYIbTYPHBIX U HCTOPUUYECKUX



(dakTopax CTaHOBJICHUS MaTeMaTHKW; — obecrneueHue CcHOPMHUPOBAHHOCTH JIOTHUECKOTO,
AITOPUTMUYECKOTO M MATEMAaTHUECKOTO MBIIIIJICHUS; — 00ecriedeHrne chOpMUPOBAHHOCTH YMEHU I
OPUMEHATh TOJYYCHHBIC 3HAHHWS TPH pEIIeHUH pa3IuyHbBIX 3a7a4; — oOecredyeHue
c(OPMHUPOBAHHOCTHU TPEACTABICHUI O MaTeMaTHKE KaK YacTH OOLICUeIOBEYECKON KyIbTYpHI,
YHUBEPCAJIHHOM SI3bIKE HAayKH, TO3BOJISIOIIEM ONHCHIBATh M M3y4aTh pPEAJIbHbIE MPOLECCHl H
apieHusa. [nmaBHOM 3amauelt oOpasoBanuss B cucreMe CIIO sBiseTrcs mNOArOTOBKA
BBICOKOKBATM(DUIIMPOBAHHBIX CIIEIIMATUCTOB, KOTOPHIE MJOJDKHBI 3aHATH CBOE MECTO Ha
KOHKYPEHTHOM PBIHKE Tpy/a.

Bomnpocsr:
1) HazoBwure 11e11p M3y4eHUs] MATEMATHKH B CPETHUX CIEIUATBHBIX YIEOHBIX 3aBEICHHSIX
2) B uem cocrourt riaBHas 3aaua oopazoBanus B cucreme CII0?
3) [IpuBeauTte mpuMepsl CIOJIB30BaHUS MaTEMATUKU B Balllel Oyayiel npodeccun

Pemenue 3aganmii:

B1. IToka3anus cueTunka >nekTposHeprun 1 Mast cocraBisut 37192 kBt /4, a 1 utons — 37 292 kBt
/4. CKOJBKO HYXKHO 3aIUIaTUTh 3a 3JIEKTPOIHEPTHUIO 3a Mail, ecinu 1 kBT /4 anekTposHepruu cTout
4 py6. 17 xom.?

B2. Ha pucyHke XUpHBIMH TOYKAMH [MOKA3aHO CYTOYHOE KOJIMYECTBO OCAJKOB, BBIMAJABIINX B
Kazanu ¢ 3 mo 15 despans 1909 roma. Ilo ropmsoHTanu ykasplBarOTCS uyuciIa Mecsla, MO
BEPTHKAIN — KOJIMYECTBO OCA/IKOB, BHINABIIMX B COOTBETCTBYIOUINI IeHb, B MIJUITUMeETpax. Jlis
HarJIJHOCTH KUPHBIE TOUKU Ha PUCYHKE COEAMHEHBI TUHUEH. OnpeennuTe no pucyHKy, CKOJIbKO
JHEeHW U3 JaHHOTO MepHo/a BhIMagano 6osee 3 MUJUIUMETPOB OCAIKOB.

7
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B3.Haiiniute 3HaueHHE BBIPAKEHUS ab npu = 0, 8; b= ]:5; c=0,84

B4. J{n1a TpanciopTUPOBKY 3 TOHH I'py3a Ha 50 KM MO>KHO BOCIIOJIb30BaThCS YCIyraMu OJTHOM W3
Tpex ¢upM-nepeBo3dnKkoB. CTOMMOCTh NEPEBO3KH U TPY30MOABEMHOCTh aBTOMOOWIEH s
KaXXJOro TepeBOo3uyrKa ykazaHa B Tabmuie. CKOIbKO pyOsied MpHAETCS 3aliaTHTh 3a CaMylo
JICIIEBYIO IEPEBO3KY?

IlepeBo3uuk | CTommMocTh IepeBO3KH oaHuMm | I'py3onogpreMHoOCTH
aBTOMOOMJIEeM aBTOMOOMIICH
(pyo0. Ha 10 km) (TOHH)
A 110 2,2
b 140 2,8
B 160 3,2
BS. Ha kneruaroit Oymare ¢ pasmepom kietku 1% 1 nzobpaxén yros. Haiinute TaHreHc 3TOTO
yria.
B A
0



B6 HaiianuTe KOpeHb ypaBHEHHA +2x +31 =9,

B7.B copeBHOBaHMSIX IO TOJIKAHMIO fA]pa ydacTByoT 4 cnoprcmeHa u3 Ounnsnauu, 7
crnoprcmeHoB u3 Jlanuu, 9 cnopremenos u3 llIBeunn u 5 — u3 Hopseruu. Ilopsaok, B koTopoM
BBICTYNAIOT CIIOPTCMEHBI, onpeaensercs xkpeduem. Haliaure BeposITHOCTh TOrO, YTO CHOPTCMEH,
KOTOPBIM BBICTYIIAET MOCIEAHUM, OKaxkeTcs u3 LlIBenuu.

B Tpeyronsauke ABC yron C pasen 90°, sin A = % Haiipure cos B.

B

A ¢

BS.

B9.. MoTopHas no/1ka rmpoiia NpoTUB TeYeHUsI peku 112 KM 1 BepHyIach B IyHKT OTIPABIICHNUS,
3aTpaTHB Ha OOpaTHBIM MyTh Ha 6 YacoB MeHblIe. Haliaure cKOpOCTh TEUEHHUs, €CIIU CKOPOCTh
JIOJKW B HETIOJBMKHOM Bosie paBHa 11 km/4. OTBeT naiite B KM/4.

3aBucuMOCTb 00BEMa cnpoca ¢ (Teic. py0.) Ha IPOAYKIHIO TIPEHIIpH-
SATHA-MOHOMOJIMCTA OT HeHH p (Teic. py0.) 3amaércs dopmMyaoit
g = 160 — 10p. Beipyuka npeanpuaTusi 3a mecan r (B Teic. py6.)
BbIYHCJIseTCa 1o dopmyae r (p) = ¢q - p. Oupenennre HeHy p, mpu Ko-
TOpO# MecA4YHada Beipyuka r (p) cocraBur 280 Thic. pyb. OTBeT HpHBe-

B10. JuTEe B ThIC. Py0.

IIpakTnyeckas padbora Ne2
Tema 1.2 Breipaxkenus u npeoOpazoBaHus. [IpolieHTHBIC BBIYHMCIICHHs. YpaBHEHUS H
HEpaBEHCTBA
Heans: OO6oOmEeHne W cUCTeMaTH3alusl 3HAHWKM, YMEHWM, HABBIKOB YYaIlMXCS TIPH
BBITIOJIHEHUH apU(PMETHUECKUX ACUCTBUM HaJ OOBIKHOBEHHBIMHU U JECATUYHBIMU JIPOOSMU;
MOBTOPUTH MPOIEHTHBIE BBIYMCICHUS; OOOOIMIUTH W CHUCTEMATU3UPOBATh 3HAHUS, YMEHHS
yUYaIIUXCsl IPU PEIICHUN JTUHEWHBIX U KBaJJPaTUYHBIX YPaBHEHHUI 1 HEPABEHCTB

Teopernyeckasi 4acTh:

HartypanbHble yuciia, mojxydyaeMble TIPU €CTECTBEHHOM CUETE; MHOXKECTBO HATYpPaTbHBIX
gyucen obo3navaercs N; N= {0, 1,2, 3, ...}.

lenple uncna, modydaeMble OOBEAWHEHHWEM HATYPaTbHBIX YHCET C MHOXKECTBOM
OTpHUIATENbHBIX YHCEN U HylIEM, 0003HAYAIOTCS

Z={-2,-1,0,1,2,...}.

PanmonaneHble yncia — 4YKcia, NpeAcTaBleHHbIe B BUAe qpoou m/n (n # 0), rae m —
1[EI0€ YHUCTI0, & N — HATypallbHOE YKCIIO.

Jlis palnMOHANBHBIX YHCEN OMNpeAeNeHbl YeThIpe «KIACCHUYECKHEe» apu(pMeTHUECKue
JEUCTBUS: CIIOKEHHE, BEIUNTAHHE, YMHOXKEHHE U JielieHUue (KpoMe JIeJICHHs Ha HOJIb).

Jns 0003HaYCHHS paroHaTbHBIX qHUCel UCIIOJIB3YeTCS 3HaK

@:{E:HEE,WJEN}.

e

Q.



JleiicTBUTENBHBIC (BEIIECTBEHHBIE) YHCIIA MPEACTABISIOT COO0H pacIIupeHne MHOKECTBA
panroHanbHBIX Yrced. MHOXKECTBO BEIIECTBEHHBIX YKcen o0o3Havaercs R.

Kpome panmoHanbHbIX uucel, R BKIIOYaeT MHOKECTBO HPPALMOHAIBHBIX YHCEN, HE
NpPEICTaBUMBIX B BHJAE OTHOLICHHA ILenbiX. Kpome mnoapasneneHuss Ha palUdOHAJIbHBIE U
UppalnroHabHbIE, JCHCTBUTENbHBIE YHCIA TaKXkKe MOJPa3JeNAIoTCs Ha anreOpandeckue Hu
TpaHCUEeHIeHTHbIe. [Ipu 3TOM KakJ0e TPaHCUEHICHTHOE YHCIO SBIISETCS HPPALUOHAIBHBIM,
KaXKJI0€ pallMOHaJIbHOE YHUCII0 — alIreOpandecKum.

HppaumnonaibHble YnciIa.

1) mroboe panmoHaIbHOE YUCIO N300paXkaeTcs OECKOHEYHOM AECATUIHOM JPOOBIO;

2) BCSIKO€ MPPALMOHAILHOE YUCIIO U300pakaeTcsi 0ECKOHEUHOU JeCATUYHON APOOBIO;

3) nroboe NEHCTBUTENBHOE YHCIO MOKET OBITh MPEACTAaBICHO B BUAE OCCKOHEYHOM
JECSITUYHOM 1pooH;

4) Bcsikasg OeckOHeuHas JecCSATHYHAs JpoOb NpEACTaBIsSET IEHCTBUTENBHOE YHCIIO
(oOpaTHOE YyTBEpKJICHHE).

O6o3HaueHue (Mms) Uto 03HauaeT uMms
MHOKECTBO HATYpPAIIbHBIX YUCEI
MHO0X€eCTBO LENBIX YHCEI
MHOECTBO paIrliOHAILHBIX YHCET
MHO0kecTBO JeHCTBUTENBHBIX YHCET

TONZ

HeiicTBuSA ¢ ApoOAMHU:

1. Cnoorcenue. CyMMOi ApoOeil ¢ OHUM M TEM JK€ 3HaMEHATEeJeM Ha3bIBalOT JIPOOBb,
MMEIOIIYIO TOT K€ 3HAMEHATEIb, 4 YACIUTEh PABEH CYMME YHCIIUTENICH JaHHBIX ApoOei, T.e.

a b a+b

—F — =

nooH by

OT0 ompeieeHne MOKHO COPMYIHUPOBATH TAKXKeE B BUE CIIEIYIOIIEro MpaBuia.

UTOOBI CIOXKUTH IPOOH ¢ OIMHAKOBBIMH 3HAMEHATESIMHU, HAJI0 CJIOKUTh UX YUCIUTEIH, a
3HaMEHAaTeNIb OCTaBUTh TOT KE.

YUT0oOBI CIOKHUTH APOOH C pa3HBIMU 3HAMEHATEIISIMH, HAJI0 IPUBECTH MX K HAUMCHBIIIEMY
001eMy 3HaMEHATEeN0, a 3aTeM CJIOXKUTh IMOJIYYCHHBIC YUCIHUTEIN M TI0JI CYMMOW TOJIKCAThH
oO01uMil 3HaMeHaTENb.

5 7 158 14 15414 29 5
TIpumep. 8 12 24 24 24 24 24

5 7 153+14 29 5
Kopoue 3anuceiBaroT Tak: § 12 24 24 24
UTOoOBI CIOXKUTH CMELIAHHBIC YHCIIA, HY)KHO OTIEIBHO HANTH CyMMY IIENIBIX U CyMMY
IpoOHBIX yacTeil. [leiicTBe 3anmiChIBaeTCs TaK:

PRSI LR T bbbV R Y Lo P
15 45 9 45 45

2. Bwiuumanue. Beruutanue apo0Oeli MOXKHO ONpeAenuTh Kak JeiicTBue, oOpaTHoOe
CJIO’KEHUI0 JpoOeil. BeiuecTs U3 0JHOr0 JpOOHOTO YUcia BTOPOE 3TO 3HAUUT HAMTH TPeThe YHCIIO,
KOTOPOE€ B CyMME CO BTOPBIM JaeT nepsoe. M3 atoro onpenenenus cienyer npaBuio:

UroObl BhIYECTh IpOoOM € OJMHAKOBHIMH 3HAMEHATENSIMH, HY)KHO BBIUECTbh UYUCIHUTENb
BBIYUTAEMOI0 W3 YMCIUTEIS YMEHBIIAEMOIO M OCTAaBUTh IIPEKHUM 3HaMeHarenb. [lencrTBue
3aIUCBIBAIOT TaK:
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UToOBl BBIUECTH OPOOHM C pa3HBIMU 3HAMEHATEISIMH, HY)KHO CHadajga MPUBECTH UX K
HaWMEHbIIEMY 00IIeMYy 3HAMEHATENIO, 3aTEM U3 YUCIUTENS] YMEHbBIIAEMOTO BHIYECTh YHCIIUTE b
BBIYUTAEMOTO U I1OJ] KX Pa3HOCTHIO MOANKUCATH 00N 3HaMeHaTeNb. [{eficTBHE 3aMiChIBAIOT TaK:

11 5 22-15_ 7

12 8 24 24

Eciu HyXHO BBIYECTh OJIHO CMEIIAHHOE YMCIIO U3 APYrOro CMEIIAHHOIO YHUCIIA, TO, €CIIU
MO>KHO, BBIYUTAIOT Ipo0b U3 ApoOu, a 11e10e u3 1enoro. JlelicTBre 3annchlBatoT TaK:

i 3 36-33 9
8 ——5—=3——=3—
11 4 44 44
Ecnu xe 1poOb BeIuuTaeMoro 60Jbiiie ApoOr yMEHbIIAEMOT0, TO OEpYyT OJIHY €AUHUILY U3
L[EJIOr0 YMCJIa YMEHBIIAeMOro, pa3apoOiisioT ee B HaJUIeKallue J0JIM U NpuOaBisItoT K ApoOu

YMCHBIIACMOTI 0, IMOCJIC Y€r0 MOCTYIIAr0T, KaK OIMMCAaHO BBIIIC. ﬂeﬁCTBHC 3aIllMChIBAIOT TaK:

4 11 16-33 _52-33 19

512" = =13 S Ykl
9 12 36 36 36
AHaNOrn4yHO NOCTYMNa0T, KOTJA HAJ0 BBIUECTh U3 LIEJI0r0 YHuciaa JpoOHOE.
3_33-27 532
[Tpumep. 3 3 35

3. Pacnpocmpanenue ceoticms cnodcenus u 8bluumanusi Ha OpobHvle yucia. Bee 3aKoHBI
U CBOMCTBA CJIOKEHHS U BHIUMTAHUS HATypaJIbHBIX YHCEJ CIPABEUIUBBI U IS JPOOHBIX YHCEI.
Wx npumeHeHne BO MHOTUX CIydasiX 3HAYUTEJIHO YIPOLIAET MPOLIECC BHIUUCICHHUSL.

4E+11+Zi+ﬁg+l+3£= 43+3l + 13+5E +
4 9% 12 4 4 4 9 9

+[21+1]=8+?+3=18
[Tpumep 1. 1212

3,Z[CCB HCIIOJIb30BAaHbI HCpCMCCTI/ITCHBHHﬁ M COYETATCIbHBIA 3aKOHBI CIIOKECHHS.

720 144 720 720 720 144
31 12+3|1_5 43

6
=2—+3° =35
Mpumep2. 72 144 144 144

3,Z[CCL HCIIOJIb30BAHO IIPpaBUJIO HpI/I6aBJ'IeHI/I$I CYMMBI K YHUCITY.

132 (151041 (4322 5100 41 g5l 4l g
6 2 36 36, 2 2 2

177 (226l ]=(177 61 ] 22-11-22-382
5 8 8 5 5

[Tpumep 4. 8 5

31ech UCIOJIB30BaHBI NTPaBUJIa BBIYUTAHUS U3 YMCIIA PA3HOCTH U CYMMBI.

4. Vmnoowcenue. YMHOXKEHUE TpOoOU HA II€JI0€ YMCIIO MOKHO NOHUMATh TaK e, KaK M
YMHO>KEHHE 11€JI0T0 YKCIIa Ha LeNoe, T.€. KaK CJI0’KEHHE OJIMHAKOBBIX ciaraeMbix. Hampumep,

2 2 2 2 2 12

— =t 4+ —+ —+—

3 3 3 3 3 3

ITpumep 3.
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Ho pns ymHOXeHMss Ha JpoOb Takoe TOJIKOBaHME He noaxoaur. Hampumep,

3 2 3 2

YMHOXast 7 a3 , HEeJIb3s CKa3aTh, YTO 371eCh " 7 HAaJ0 B3STh 3 pasa ciaraemMbiM".

3nech HEOOXOMMO J1aTh HOBOE OIpeIesICHHE.

[IpousBenenueM papoOell Ha3pIBalOT TaKyl JApoOb, YHMCIUTENb KOTOPOH paBeH
IIPOU3BEACHUIO YUCINUTEIEH JTaHHBIX IpO0eii, a 3HaMEHATelb - IPOU3BEICHUIO UX 3HAMEHATENEH,

Te. I M HI-H | qroGel ymHOXHTH Ap0Ob Ha Ipo0b, HYKHO YMHOXKHUTH YHCJIUTENb Ha
YHUCIIUTENb, & 3HAMEHATENIb Ha 3HAMCHATEIb M IIEPBOC NPOU3BEACHUE CAEIATh YUCIHUTEIEM, a

a ¢ _ac

BTOPOE - 3HAMEHATEJIEM: b d bd,
[Ipu ymMHOX€eHUU clieyeT AenaTh (€CiM BO3MOXHO) COKpalleHHE.

12 19 _12-1% 2

Ecnu ydecth, 4TO 1enoe 4YMCiIo MPEeACTaBISIET co0O0i apoOb co 3HaMmeHaTeneMm 1, TO
YMHOXEHHUE JAPOOH Ha IEJI0€ YKCIIO U IEJIOT0 YKCia Ha IPoOb MOXKHO BBITOIHATH TIOITOMY XKe
MpaBUITY.

2, 27 14

13 131 1 13
5 6 5 30 21

12 12 2

5. Vmnoowcenue cmewannvix uucen YtoObl MEPEMHOKUTH CMEIIAHHBIE YHCIIA, HYKHO
MpeIBAPUTENIbHO 0OpaTUTh UX B HEMpPaBHJIbHBIE APOOHM M MOTOM IMEPEMHOXATh IO TMPaBUILY
YMHOXEHUS JpoOei.

1 .1 516 80
2—3_=—_—=__=8

IIpumep. 2 5 2 35 10 :

Ecnu ’xe mepeMHOXkalOT CMENIAaHHOE YHCIO Ha IIeJI0€, TO MPOIIe MHOXKUTh OTIEIbHO
LETYIO YacTh U APOOHYIO 4acCTh.

23.3=52=q§

ITpumep. 5 3

6. Pacnpocmpanenue ceoticmeé ymHOdCeHUss Ha OpoOHble yucia. CBONCTBA YMHOKEHUS
HATypaJIbHBIX YHCEN CIpaBeUIMBBI M uid JOpobeii. X ucrnonp3oBaHuE YHPOIIAET YCTHBIE U
MMCbMEHHBIEC BEIYUCIICHHUSI.

T£-3U=[T+i]-33=210+4=214
ITpumep 1. 15 15
7 7
Q_-8=9-8+ —-8=T72+7=79
[Tpumep 2. 8 .
E.[qi.ll;;]:[E.ij.qizl.qiz?i
Tpumep 3. 4 31 13 4 3 31 31 31_
[125.43i].i:[E.i].gmi:z.z_mi:gﬁE
Tpumep 4. 5 17 ) 31 5 131 17 17 1'?.
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7. llenenue opobeii. Jlns nenenus QpoOeil CoXpaHSETCsl TO K€ ONpeesieHrue, 9To U s
JICJICHUS 1IeJIBIX YUCEI: 3TO - IEUCTBHE MOCPEACTBOM KOTOPOIO 10 JAHHOMY MPOU3BEACHUIO ABYX
COMHOXHUTEIIEM U OJHOMY H3 OITUX COMHOXKHUTEIEH OTBICKUBAETCA BTOPOH COMHOMXHUTEIIb.
Pazgenuth 01HO YMCIIO HA BTOPOE - 3HAUUT HAWTH TAKOE TPEThE YUCIIO, KOTOPOE MPU YMHOKEHUU
Ha BTOPOE JIaeT MepBoe. BRITIOIHAIOT fesieHre Apo0eii Mo ClIeyomeMy npaBuiy.

UroObl pazmenuts IpoOb Ha APoOb, HY)KHO YHCIHTEIb MEPBOM APOOM YMHOXHUTH Ha
3HaMeHaTelb BTOPOM, a 3HaMEHATeIb NMEPBOM HA YUCIUTENb BTOPOM M MEpPBOE MPOU3BEICHUE

a ¢ ad

3aIucaTb YUCIIUTECIICM, 4@ BTOPOC - 3BHAMCHATCJICM! b od be .

6 9 610 60 20

pumep. 710 79 63 121
[To aTOMY € MpaBUITy MOXHO BBINOJHSTH AeJIEHHE ApOoOU Ha LIEJ0€ YUCIIO U IEJIOr0 Ha
Ipo0b, €CIM NMPEACTABUTD LIEJI0€ YHUCIIO B BUJE IpOOH cO 3HaMeHaTeseM 1.

[Ipumepsl.
lj:izg:ézﬁz E: 2]_=|
7 17 1.5 1
3 z_a_z_aq 4
130 131 13-2 13
O)IHaKO B IIOCJICITHEM anMepe npome YUCINUTCIIb pa3)1en1/m; Ha IICJI0C YUCJIO:
8 8:2 4
13 13 13

8. Hdenenue cmewannvix uucen. YToObl BBIOJHUTH JEJICHHE CMEIIAHHBIX YHCEN, HX
MpeIBApUTENILHO 00paIIaloT B HEMPaBUIIbHBIE JPOOU U 3aTe€M JIEJIST MO MPaBUITy JIeeHUs ApoOe.

12—:1—=—:—=— =12
Tpumep. 5 20 5 10 35-21
OnHako Mpu ACJIICHUH CMEIIAaHHOTO YMCia Ha I1esoe ObIBaeT ylmoOHEH NeNUTh OTICIHHO
LIETYIO YaCTh U OTACIBHO JIPOOHYIO YacTh CMEIIAaHHOTO YHCIIA.

BJII\IE:5=IEl
7

[Tpumep.
9. 3amena oOenenusi ymuooicenuem. Ecim B KakoW-HUOyIb JpoOM TMOMEHSTH MECTaMH
YUCIUTENb M 3HAMEHAaTeNb, IOJYYUTCS HOBasg JpoOb, oOpartHas npanHoil. Hampumep, nms

3 7

npoou 7 obOpatHas 1poOb OyneT g

O4eBHUIHO, UYTO MPOU3BEACHUE ABYX B3aUMHO 00paTHBIX Apobeit paBHO 1.

a8 7

2.0

7T 8

Y4uTBIBast 3TO, MOXKHO JIEIEHNE BBITIOIHSTH O CIEAYIONIEMY IPABHITY.

UT0oOB!I pa3enuTh OJJHO YKCIIO HA IPYroe, HY>)KHO JeTMMOE YMHOKHUTh Ha YHCII0, 00paTHOE
EIUTEITIO.

2_5_2_?_11
HpI/IMepl.3 7 35 13
ITpumep 2. 3 7 7

13



4_51 41643 3

Mpuvep3.7 3 7 3 7 16 28

10. IIpumepwl na 6ce deticmausi ¢ 06blKH06€HHblMM Opobsimu. PerieHre mpuMepoB Ha Bce
JCUCTBUS C APOOSMH BBIMOJHSIOT C MIOMOIIBIO 3AIMCH [0 OTACIBbHBIM JECHCTBHSIM WJIM 3aluCH
LETTOYKOM.

[Ipumep. Beruncints:

35 155 1

'1+3
5 21 28 g4 2 3 1 16
5%+1n 1., 1,436 35
PGHIGHI/IC IO YacCTsM.
3.5 1 1 1
]— —=—=—; 3)-+9=9-;
5 21 &5.21 7 7 7
15 5 15.-84 1
2) —1—=—=9;, 4)5: - =10,
28 8 28-5 2
5)10+10=20;
1 64 lﬁ 1 1
6)9-:20= —— 11)-:3=—;
7 7-20 35 3 o
1 1 13
7)2:—=4; 12) +o=—
2 4 9 3§
3)3:1=9; 13)13: 13 _13-36 _ 46,
3 g 13
0)4+9=13 14)36. 1 -1,
g
1 1 16
10)=:2=—; 15)_+1___
2 4 as
Ortser. 1.

[Ipumep BbIYMCIIEHUS LIETOYKOM:
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Kornma Mbl onuchiBaeM pa3Hble YacTH LEJIOT0, MBI HCIHOJb3yeM TAaKHE IMOHSITHUS, Kak
nosioBuHa (1/2), tpets (1/3), uerBepth (1/4). D10 YNOOHO: OTpE3aTh MOJIOBUHY MUPOTa, MPOUTH
TPETh IYTH, 3aKOHYUTH MEPBYIO YETBEPTH B IIKOJIE.

YroObl Ha3bIBATH COTHIEC NOJH, npuayManu npoueHT (1/100): ¢ JaTHHCKOTO SA3bIKa — «3a
CTOY.

[IporieHT — 3TO O/IHA COTast YacTh OT Jiro0oro yrcia. Ob6o3HavaeTcs BOT Tak: %o.
1%=1/100=0,01

Kak mepeBectu mpoueHTHl B necstuyHyio ApoOs? HyxHo yOpaTh 3HaK % W pa3nenuTh
yucio Ha 100. Hampumep, 18% — 310 18 : 100 = 0,18.

A ecnu Hy)KHO MEepPEeBECTH JIECATUYHYIO IPOOb B MPOLIEHTH — YMHOXaeM Jpo0s Ha 100 u
no6asisiem 3HaK %. Hanmpumep:

0,18 = 0,18 - 100% = 18%.

A BOT, KaK TIEpEBECTH MPOIICHTHI B ACCATHUHYIO APOOb — O0OpaTHBIM JICHCTBHEM:

18% : 100% = 0,18.

Boipasute 1pobb B mpoueHTax mpocro. [l mepeBoja cHayaia NpeBpaTHM €€ B
JECSITUYHYIO Ap0o0b, a MOTOM HCIOJIb3YEM MpPEIbIAyIee MPaBUIO U MEPEBEIEM JECSITUUHYIO
Ipo0Ob B MPOIIEHTHI:

2/5=0,4

0,4-100%=40%

8/25=0,32

0,32-100%=32%

Twumer 3a1a4 Ha MPOLCHTHL

Tun 1. HaxoxxaeHue npoueHra ot yucia

UToOB! HAWTH MPOLIEHT OT YKCIIA, HY)KHO YHCIIO YMHOKUTh Ha MPOIICHT.

3agada. briorep 3amucan 500 Bumeo sl TUKTOKA, HO €ro mpojrocep ckaszani, uyto 20% u3
HUX — OTCTOU. CKOJIbKO POJIMKOB MPHUIETCSA Mepe3anucarh oaorepy?

Kak pemaem: ny:xno Haiitu 20% 0T 00111€T0 KOJIMYECTBA CHATHIX poJukoB (500).

20% =0,2

500 * 0,2 =100

OTBeT: u3 0011ero KOJUYECTBA CHATBIX POJIMKOB Mpoatocep 3a0pakoBan 100 mTyk.

Tun 2. HaxoxxaeHue yucia mno ero npoueHTy

UToOBl HATH YKCIIO MO €ro MPOLEHTY, HY)KHO €ro M3BECTHYIO YacTh pa3leliuTh Ha TO,
CKOJIBKO ITPOIICHTOB OHA COCTABJISIET OT YHUCIIA.

3amauu 1Mo MOKMCKY MPOIIEHTA MO YUCTY U YKCIIA MO €ro MPOILEHTY OUeHb MOX0XKH. YTOObI
HE MepenyraTb — BHHUMATEIbHO YHUTAeM YCJIOBHs, WHaue 3aiiieM B TYNHUK WU PEIIUM
HenpaBWIbHO. Eciu B 3a/aHMM €CTh CJIOBA «KOTOPBIM», «4TO COCTABISAET» W «KOTOPBIH
COCTaBIISI€TY» — Mepel HaMU 3aj[aua M0 HAX0XKACHUIO YKCIIa TI0 €ro MPOIEHTY.

3anaua. lllkonbHuk pemmin 40 3anau u3 yuebHuka. Uto cocrasisier 16% yncna Becex 3a1a4
B KHUre. CKOJIBKO BCETO 3aJjau COOpaHO B 3TOM yueOHUKe?

Kak pemraem: Mbl He 3HaeM, CKOJIbKO BCero 3ajau B yueOHuke. Ho Ham u3BecTHO, uto 40
3ama4 cocTaBisaloT 16% oT obmero xonuwdectBa. 3amumeM 16% B Buae apoou: 0,16. Hamee
M3BECTHYIO HAM YacTh LIEJIOTO Pa3/eMM Ha Ty J0JI0, KOTOPYIO OHAa COCTAaBJISIET OT BCETO LIEJIOTO.

40:0,16 =40 - 100 : 16 = 250

Otger: 250 3aa4 coOpaHO B 3TOM yueOHUKE.

Tun 3. Haxoxnenue MPOUCHTHOT'O OTHOIICHUSA ABYX YUCCII
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YroObl HAWTH, CKOJILKO MPOLIEHTOB OJTHO YHCJIO COCTABISIET OT IPYTOT0, HYXKHO Ty 4acTh,
0 KOTOPOH CIIpammBaeTcs, pa3aeuTh Ha 0011ee KOJTMUECTBO U YMHOXUTH Ha 100%.

3anava. B cexperHom uyatuke 25 yenoBek. 10 u3 HUX — neBoukH. CKOJIBKO MPOLIEHTOB
IEBOYEK B uaTe?

Kak permmaem: mogenum 10 Ha 25, mosydeHHYI0 IpOOb TIEpeBEIeM B IPOIICHTHI.

10/25 * 100% = 2/5 * 100% = 2 * 100/5 = 40%

Ortger: B uatuke 40% eBOYEK.

Tun 4. YBenuueHnue 4ucia Ha MpoIeHT

UYroObl yBETMYUTH YHCIO HA HEKOTOPOE KOJMYECTBO IMPOLEHTOB, MOYKHO HAWTH YHMCIIO,
KOTOPOE BBIPAYKAET HY’KHOE KOJIMYECTBO MPOLIEHTOB OT JAaHHOT'O YKMCJIA, U CIIOKUThH €r0 C JaHHBIM
YHCIIOM.

A MOKHO BOCIIOJIb30BaThCs (POPMYIION:

a=b- (1 +c:100),

IIe @ — YHCII0, KOTOPOE HY)KHO HaWTH,

b — nmepBoHavagbHOE 3HAUCHHE,

C — OPOLICHTHI.

3amaya. B mpommom mecsine crukepnak cromwn 110 pybneit. A B aTtom mecsie Ha 12%
6ombi1e. CKOJIBKO CTOUT CTUKep-Tak?

Kak pemaem: moxHo Haiiti 12% ot 110:

0,12 - 110 = 13,2.

[IpubaBUTH K UICXOTHOMY YHCITY:

110 + 13,2 =123,2 py0uns.

Nnu MO>XHO BOCIIONTB30BaThCS (POPMYIION, TOTIA!

110 - (1 +12:100) =110 - 1,12 =123,2.

OTBeT: CTOUMOCTH CTHKEpIIaka B 3TOM Mecsre — 123 py6ms 20 komeexk.

Tun 5. YMeHbIIeHUE Ynciia Ha MPOLEHT

UToObl YMEHBIIUTHh YHCJIO HA HECKOJBKO MPOIICHTOB, MOXXHO HAWTH YHUCIIO, KOTOPOE
BBIpAKAeT HY)KHOE KOJIMYECTBO MPOIICHTOB JIAHHOTO YHMCJIA, U BBIYECTh €r0 OT JAHHOTO YHCIIA.

A MOXHO BOCTIOJIb30BaThCs (POPMYIION:

a=b- (1 —c:100),

I a — YHCII0, KOTOPOE HY)KHO HaWTH,

b — mepBoHavagbHOE 3HAUCHHE,

C — TPOIICHTHI.

3anaya. B npouutom roay nikosy 3akoHuuan 100 peGsT. A B 3TOM rojly BHIITYCKHUKOB Ha
25% menbiie. CKOJIBKO BBITYCKHUKOB B 3TOM roty?

Kak pemaem: moxxno Haiitu 25% ot 100:

0,25 - 100 = 25.

Beruects n3 nexognoro uucna 100 — 25 = 75 yenosek.

Wnu MoKHO BOCTIONIB30BaThCsl (POpMyYIIOH, TOT1a:

100 - (1 —25:100) =75/p>

OtBeT: 75 BBITYCKHUKOB B 9TOM TOJY.

Tun 6. 3agaun Ha IPOCTHIE MPOLIEHTHI

IIpocTble IpOLEHTHl — METO/I pacdyeTa MPOLEHTOB, TPH KOTOPOM HAYHCICHUS TPOUCXOISAT
Ha MEepPBOHAYATILHYIO CYMMY BKJIaJla MJTH JI0JITa.

dopmyna pacueTa BBITJISANUT TaK:

S=a-(1+y-x:100),

IJle a — UCXO/HAs CyMMa,
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S — cymMa, KoTopasi HapaluBaeTcs,
X— IMPOLCHTHAA CTaBKa,
y — KOJIMYECTBO MECPHUOAOB HAYUCIICHHUA ITPOLCHTA.

3agaua. Mapuu cpoyHO NMOHAJAOOMINCH JIEHBIM M OHA B3suia Ha oauH roj B goar 70 000
pyouteii o 8% exxemecssaHO. CKOJIBKO JICHET OHA BEPHET Yepe3 Toj?

Kak perraem: moacraBum B pOpMyYITy JaHHBIE U3 YCIOBHH 3a/1a4H.

70000 - (1+12-8:100) =137 200

Otger: 137 200 pybneit Bepaer Mapus yepes ro/I.

Tun 7. 3agaun Ha CIOKHBIE TTPOIIEHTHI

CrnosxHple NMPOLIEHTHI — 3TO METOJ pacdera IMPOLEHTOB, KOI/a IMPOLEHThl MPUObUIN
MpUOaBISAIOT K CyMME Ha OCTaTKe Kaablil Mecsl. B cienyromuii pa3 npoLeHThl HAUUCISIIOT Ha
9Ty HOBYIO CYMMY.

dopmyna pacueTa BBITISINAT TaK:
S=a-(1+x:100),

rae S — HapaluBaemas Cymma,

a — HUCXOOHad,

X — TIPOIICHTHAs CTaBKa,

Yy — KOJIMYECTBO MEPHO0B HAYUCIICHHS TTPOIEHTA.

3amaua. AHTOH XoueT odopmuth BKiax 10 000 pybneit Ha 5 et B 6aHKe, KOTOPBINA JaeT
10% ronossix. Kakyto cymmy cHuMeT AHTOH 4epe3 5 JIeT XpaHeHHUs JeHeTr B ’TOM OaHke?

Kak pemaem: npocTo nojctaBuM B GOpMyIly JaHHbBIE U3 YCIOBHH 3aJauu:

10000 - (1 +10:100)3 =13 310

Otsert: 13 310 pyOneit cHuMeT AHTOH Yepe3 rojl.

CriocoObl HAXOXKAEHUSI IPOLIEHTA

- Henenune uncna na 100

[Ipu nenennu Ha 100 nosrydaercst 1% oT 3T0oro0 Yncnaa. ITO MPaBUIIO MOKHO UCIIOJIB30BATh
no-pazHomy. Hanpumep, 4To0bI y3HaTh IPOLIEHT OT CYMMBbI, HY?)KHO YMHOHTb UX Ha pazmep 1%.
A 4TOOBI MEepeBECTH U3BECTHOE 3HAYCHHE, CIENyeT pa3[esiuTh ero Ha pasmep 1%. DToT meTon
OTJIMYHO TIOMOTAET B BOMPOCE, KaK MEPEBECTH 1IeJI0€ YUCIIO B MPOIICHTHI.

[IpencraBpTe, 4TO BBI MPHUIILUIA B Mara3uH 3a mokonaaoM. O0b9HO OH cTouT 250 pyoOIiei,
HO cerofHs ckuaka 15%. Ecnu y Bac ecTh JUCKOHTHAS KapTa MarasuHa, okoJiaj 00oiaercs Bam
B 225 pyOmneii. Uem OyaeT BBITO/IHEE BOCIIONIb30BAThCS: CKUAKON MIIH KapTOii?

Kak pemraem:

[Tepeenem 15% B pyOuu:

250:100=2,5—310 1% OT CTOMMOCTH LIOKOJa/a,

3HauuT 2,5 X 15=37,5 — 310 15%.

250 - 37,5 =212,5.

2125 < 225.

OTBeT: BBIFOAHEE BOCIIOIB30BATHCS CKUAKON 15%.

- CocraBneHnue nponopuun
[Iponopiyst — ornpeieieHHOe COOTHOILIIEHHE YacTel MexX Ly COOOM.

C MIOMOIIIBIO METOAa IMMPOIMMOPHIUH MOKHO PACCHUTATDh JIIO6LIC %. BLIFJ'I}I,[[I/IT 9TO TaK:

a:b=c:d.

YuraeTca: a OTHOCUTCA K b TaK, KaK C OTHOCHUTCA K d Takxe BaxHO IIOMHHTB, YTO
IMPOU3BCACHUC KpaﬁHHX YJICHOB PABHO MPOU3BCACHUIO CPECAHUX. qTO6BI Y3HAaTb HCU3BECTHOC U3
9TOI'0 paBCHCTBA, HYKHO PCIINTDH HpOCTGfII.LICG YpaBHCHUC.
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PaccmoTpum mpumep. Ha ckonbKO BBITOJHO MOKYNaTh CHOPTUBHYIO GyTOonKy 3a 1390
pyOIelt mpu YCIOBHH, YTO B Mara3uHe B YECTh JHS BCEX BIIIOOJICHHBIX ACHCTBYET ckuaka 14%?

Kak pemraem:

Y3HaeM ckoibKo cTouT (pyrOosika ceiiyac B % COOTHOIICHHH:

100 - 14 = 86,

3rHaguT 1390 pyOieit ato 86%.

CocTtaBuM MPOIOPIHIO:

1390 : 100 =x : 86,

x =86 * (1390 : 100),

x=1195.4.

1390 - 1195,4 = 194,6.

OTBeT: KynuTh CIOPTUBHYIO PyTOOJIKY BeIrOAHEE HA 194,6 pyOss.

— CooTHoOIIeHHS YnCel

EcTh cimywan, kor/1a HAWTH IPOIIEHT OT YHCIa MPOIIIE, €CIIU MPEACTABUTH MPOTIICHTHI B BUJIC
MpocThIX ApoOeit. B Takom ciydae OyzneM uCKaTh 4acTh YUCIA.

10% — pgecaras dacTte menoro. YrtoOwBl HaWTH necsaTbh %, MOHAZOOHUTCS H3BECTHOE
pazaenuTs Ha 10.

20% — maTas 9acTh 1eoro. YToOBI BRIUMCIIHTD JABAIATh % OT M3BECTHOTO, €r0 HY)KHO
pa3AenuTh Ha S.

25% — geTBepTh 1enoro. UToOBI BEIYUCIUTD IBANATH MATHh %0, IOHATOOUTCS U3BECTHOE
pa3aenuTh Ha 4.

50% — monoBuHa 11e710T0. YTOOBI BEIYMCIUTD MOJIOBUHY, HY’)KHO U3BECTHOE Pa3/IeIUTh HA
2.

75% — Tpu 4yeTBepTH 1ENOT0. YTOOBI BHIYMCIUTDH CEMBAECAT MATh %, HY)KHO U3BECTHOE
3HAYEHHUE pa3JACIUTh HAa 4 1 YMHOXKHUTH Ha 3.

3agada Jyisi TPEHUPOBKHU. B 4epHyI0 MATHUILY Bbl HAIUTM OTJIMYHBIN MHUIKAK CO CKUIKOU
25%. B o6brunblii nens on crout 8500 pybreil, HO ceituac ¢ coboit ectb Tosibko 6400 pyOeil.
XBaTUT JIA CPEJCTB JIs MOKYIKHU?

Kak pemraem:

100 - 25 =75,

3HAYUT HYKHO 3a11aTUuTh 75% OT NepBOHAYATIBHOM LIEHBI.

Hcnonp3yem mpaBuUiio COOTHOIICHUSI YUCE:

8500 : 4 * 3 =6375.

OTBeT: CpeaCTB XBATUT, TaK KaK MUKaK cTOUT 6375 pyoOrnei.
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JIuneliHbIE ypaBHEHHUS

JInHENHBIM ypaBHEHMEM OTHOCHUTEIIBHO IIEPEMEHHOM X Ha3bIBACTCs YpaBHEHUE NIEPBOM
creiean kx +b =0 (1), rnie K u b — npousBosbHBIC BEIIECTBCHHBIC YKCIA.

B ciyqae k # 0 ypaBHenue (1) iMeeT eIMHCTBEHHOE PEIICHUE ITPU JIFOOOM 3HaYCHUU D :

X=—E

B cnygae, korna k = 0, b # 0 ypaBHenue (1) pernieHuii He UMEeT.

B cunydae, korma k= 0, b= 0, pemienuem ypaBuenus (1) siBiseTcs Jr000Oe YHCIO
xe(—w; + w),

Eciu n3HaganbHO 3371aH0 ypaBHEHHE, COACpIKAIIee IIEPEMEHHYIO B 3HAMCHATEIIE, TO TIEPe/T
peleHreM HeoOXO0AUMO yKa3aTh 00JacTh OMNpECICHHs, HCKIIOYNTh M3 OTBETAa KOPHH, IPHU
KOTOPBIX BBIPAKCHUEC HC UMECT CMBICJIA.

Iouasep 1
3x=6 Mpumep 4
=80 5x+15_,
3 x+4
x=2 D:oxz-4
Ipuisep 2
Py 2XHLY )= (2 4)
ix=-2 x+4
-2 Sx+15=4x+16
i=—
r=-1
x:—g Chimgeim: x=-1
3
Ipuiaep 5
Hpumep 3 5x+15
8(x—1)+2x = 2(4- 2x) —s
Bx—8+2x=8-4x 0 xz-—2
Bx+2x+dxr=8+%
254D (3= (x+3)
Br+2zx+dx=8+0 x+4
14x =16 Sx+15=4x+12
168 x==3
4 7 Oramern . Hem Kophet

JInHeliHbIE HEpaBEHCTBA

JIuHEelHbBIM HEpPaBEHCTBOM OTHOCHUTENIBHO IMEPEMEHHOM X Ha3bIBA€TCs HEPABEHCTBO,
MIPUHAJUIeKAIIEE K OJHOMY U3 CIEAYIOIIUX TUIIOB:

kx+b=0,
kx+b>0,
kx+b<O,
kx+b <0,

rae k ub — mPOU3BOJIbHBIC BEIIECTBEHHBIE YHCIIA.

Pemas nunelinble, 1a ¥ HE TOJIBKO JIMHEHHBIE, HEPABEHCTBA, CIEAYET IOMHUTh, YTO IIPU
YMHOXEHUM WIM JIeJICHUM HEPABEHCTBA HA IOJIOKUTEIBHOE YHCIO 3HAK HEPaBEHCTBA
COXpAaHSETCsA, a IPU YMHOKCHUM WM JCIICHUM HEPABEHCTBA HA OTPULIATENIBHOE YHMCIO 3HAK
HEPABEHCTBA MEHSIETCS HA MPOTUBOIIOJIOKHBIM.

B cooTBeTCTBUMM C 3TUM pELICHUE JTUHEHWHBIX HEPABEHCTB, B 3aBUCUMOCTU OT 3HAYEHUU
koapdunuentoB K wu b, mpencrasneno B cnenyromiei Tabnume 1.
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Tabmuna 1. — Perennie HepaBeHCTB NMEPBOM CTENEHU

kx+Bb20 [kx+b>0 | kx+B=0 [kx+b<0
k>0 3HaK HEPaBEHCTBA COXPAHSETCS
b b b b
Xz—— X>—— X=—— X<——
k k k k
=0, b<0]| () Xe(—w;+w). | xE(—w0;+ ).
=0, b=0 | xe(—w;+w). | & Xe(—w;+w). | &
=0, b>0| xe(-w;+w). | xe(-w;+0). | (2
<0 3HaK HEpPABEHCTBA MEHSIETCS] HA TPOTUBOMNOJIOKHBIN
b b b b
X<—— X <—— X2—— X»r——
k k k k
CucreMbl TUHEIHBIX HEPABEHCTB
PaccmoTtpuM penienre cucTeM JINHEWHBIX HEPABEHCTB HA IPUMEPAX.
2x-320,
-3x+11=0
[Ipumep 1. Pemmnth cucteMy HEpaBeHCTB
Pemrenne. PemnMm kaxioe u3 HEPaBEHCTB CHUCTEMBI:
xéz
2x-320, 2x 23, 2°
-3x+11>0, -3x>-11, 11
X< —.

N3o6pasuB Ha omHO#M KoopauHaTHOM mpsmou (Puc. 1) oba ToOueyHBIX MHOXKECTBA,

COCTaBJIAIOMIUX ITOCICAHIOO CUCTEMY, ITOJIy4acM OTBET IIPUMCEPaA.

-~ -~

-

-~ -~ -~ - "
- _,;-"'f _,,-"';_,x"’ _,x”*\i’iw.\ S

Puc.1

3

2

0 11

3

o

[3 11]
Xe| — —
OtBerT: 23
dx+4<0,

{—Zx -7 20
[Tpumep 2. Pemuth cucteMy HepaBeHCTB
Pemenue. Pemum kaxaoe U3 HEPaBEHCTB CUCTEMBI:

4

Sx+4<0, Sx<—4, -y
=

2x-720. 2x27, 7

Xs——.

2

N300pa3uB Ha omHO¥N KoopauHaTHOW mpsimoi (Puc. 2) ob6a TOUYEUHBIX MHOKECTBA,
COCTaBJISIIOIUX TOCJIEAHIOK CUCTEMY, IOJy4YaeM OTBET IPUMEDPA.

N300pa3uB Ha omHON KoopauHaTHOW mpsimoii (Puc. 1) oba TOYeYHBIX MHOXKECTBA,
COCTaBJISIIOLIUX TOCJIEAHIOK CUCTEMY, IOJy4YaeM OTBET IPUMEDPA.
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5,
\"\.
-h\\
-
.
x

7 40
2 2
Puc.2
7
XeE| -0 ——
Otsert:
[Ipumep 3. Pemnts cucreMy HEpaBEHCTB
o6x-7 >0,
4x+13<0.

Pemenue. Pemmm kaxxaoe U3 HEPaBEHCTB CHCTEMBI:

6x—7 >0, 6x>7, skt
L

o
4x+13 <0, 4x <-13, 13
X<——.

N3obpasuB Ha omHO#M KoopauHaTHOW mpsmou (Puc. 3) 00a TOYEUHBIX MHOMKECTBA,
COCTaBJISAIOLIUX MOCIIEHIOI0 CUCTEMY, ITOJy4aeM OTBET IpuMepa

: ; \-;-"-,. M .-'{ .-ff}f .-"'Hz }{
_13 07
a3 6
Puc.3
OrTBerT: £
Onpenenenue
Keaopammnoe ypasHeHue — 3TO ypaBHEHHE Buma ax’> + bx +c =0, rmue

koa(dunreHTs! a, b u ¢ — npousBosbHBIE yKca, npuyeM a # 0.

[Ipexxne, yem M3ydaTh KOHKPETHBIE METObl PEIICHUs, 3aMETHM, YTO BCE KBaJpaTHBIC
YpaBHEHHUS MOKHO YCIOBHO Pa3/IeIUTh HAa TPU Kiacca:

He umerot kopHei;

HmeroT poBHO OJIUH KOPEHB;

Nmerot 1Ba pa3nuyHbIX KOPHSL.

JMCKpUMUHAHT

Onpenenenue

IlycTs 1gaHO KBajgpaTHOe ypaBHeHHe ax’ + bx + ¢ =0. Torma ouckpumunanm — 3T0
npocro uncio D = b? — 4ac.

Oty ¢dopMmyny Hajno 3HaTh HauzycTh. OTKyaa oHa Oepercs — ceiiuac HEBaXKHO.

Baxxno npyroe: 1Mo 3HaKy JAMCKpPUMHUHAHTa MOXKHO OIpPEAETUTh, CKOJIBKO KOpHEW HMeeT
KBaJIpaTHOE ypaBHEHHE. A UMEHHO:

Ecmu D < 0, kopHeii HeT;

Ecmu D =0, ecTh pOBHO OJMH KOPEHb;

Ecmu D > 0, kopHeit Oynert 1Ba.

OO0paTuTe BHUMaHUE: JUCKPUMHUHAHT YKa3bIBAET HA KOJMYECTBO KOPHEH, a BOBCE HE HA UX
3HAKH, KaK IOYEMY-TO MHOTHE CUYMTAIOT. B3TIIsIHUTE HAa IPUMEPHI — U caMU BCe TIoMMeTe:

3ajgaua

CKOIbKO KOpHEH UMEIOT KBapaTHbIC YPABHEHUS:
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a
D

KOpHS.

YUCIIO0,

X>—8x+12=0;

5x? +3x+7=0;

X>—6x+9=0.

Pemenue

Bomumem k03 dUIMEHTH 171 IEpBOTO  ypaBHEHHsS M HalfJeM JUCKPUMUHAHT:

1,b=-8, c=12;
(—8)?—4-1-12=64-48=16

Wrak, AMCKPUMHUHAHT IIOJOKUTEIBHBIM, IO3TOMY YPaBHEHHE HMMEET JBa Pa3JIMYHBIX
AmnanoruyHo pazOupaeM BTOpO€ YpaBHEHHE:

a=5b=3;c=7;

D=32-4.5.7=9-140=-131.

JIMCKpUMHMHAHT OTPULATENIbHBIN, KopHEH HeT. OcTanoch NocieHee ypaBHEHUE:
a=1,b=-6;c=09;

D=(-6)>-4-1-9=36-36=0.

JIMCKpUMHMHAHT paBeH HYJI0 — KOPEHb Oy/eT OJIMH.

OtBer

1) 2 kopHs; 2) HET KOpHEH; 3) OJIMH KOPEHb.

KopHu kBagpaTHOrO ypaBHEeHUS

" —b+yD  —b—+D

1 2a ' 2 2a

Korzaa D = 0, MO’kHO HCTIOJIH30BaTh JIFOO0YIO U3 3TUX (POPMYIT — MOIYYUTCS OJHO U TO K€
koTopoe u Oynet orBeToM. Hakoner, ecniu D < 0, kopHelt HET — HUYEro CUUTATh HE HAJIO.
3agaya

Pemute kBagpaTHbIC YpaBHEHMSL:

x> —2x—3=0;

15-2x-x*=0;

x>+ 12x +36 = 0.

Pemrenne

ITepBoe ypaBHEHUE:

X*—2x—3=0=a=1;b=-2;c=-3;

D=(2)*-4-1-(-3)=16.

D > 0 = ypaBHeHnue umeer asa kopHs. Haiinem ux:

2 ++/16 5 2 —4/16 .
1T T o
BTOpO@ ypaBHeHHe:
15-2x—-x*=0=>a=-1;b=-2;c=15;
D=(2)2-4-(-1)-15=64.
D > 0 = ypaBHeHue cHOBa UMeeT JABa KopHs. Haiinem ux:

2+464 _2-64
=T D= % 2T D"

HaKOHeH, TpeTBe ypaBHeHHe:
X*+12x+36=0= a=1: b=12; c = 36;

Xy

D=122-4.1-36=0.

D =0 = ypaBHeHHEe uMeeT OAWH KOpPeHb. MOXXHO HCIONB30BaTh JIOOYIO (GopMymy.

Hanpuwmep, nepyro:

—12+\fﬁ_
2-1

X =

OtBeT
Dxi=3;x2=-1;2) X1 =-5; X2 =3; 3) Xx=—6.
Hemnountble KBaipaTHBIC ypaBHEHHS
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beiBaeT, 4YTO KBaJpaTHOE YpPAaBHEHUE HECKOJIBKO OTJIMYAETCS OT TOr0, 4YTO JIaHO
B onpenenennu. Hampumep:

X2+ 9x =0;

x2—16 =0.

Hecnoxuo 3aMCTUTh, YTO B 3THUX YPABHCHUAX OTCYTCTBYCT OAHO M3 ClIaracMbIX. Takue
KBAaApPAaTHBIC YPAaBHCHUA PCIIAIOTCA AAKC JICTUC, UCM CTAHAAPTHLIC: B HUX JAXKC HC HOTp€6yeTC$[
CUNTaTb AMCKPUMHHAHT.

Omnpenenenue

Vpasuenue ax? + bx + ¢ = 0 HA3BIBACTCS HENOTHBIM KEAOPAMHBIM ypasHeHuem, ecan b = 0
i € = 0, T.e. KOAXQPHUIHUEHT MPH MIEPEMEHHON X HIIM CBOOOIHBIN AJIEMEHT PaBEH HYIIO.

Pazymeercs, BO3MOXKEH COBCEM TSDKEIBIN CiTydaid, Koraa 00a 3TuX Kod(pHUIIMEeHTa paBHBI
Hymo: b = ¢ = 0. B 5ToM ciTyuae ypaBHeHHe NTpUHEMAeT B ax’ = 0. OUeBHIHO, TAKOE yPABHEHNE
UMeeT eMHCTBEHHBIN KopeHn: X = 0.

PaccmotpuMm octanbhbie ciydau. [Tyctb b =0, Toraa mojyduM HEMOJHOE KBaJpaTHOE
ypaBHeHHe BHa ax> + ¢ = 0. HemHoro npeoGpaszyeM ero:

2 2 C [
ax“+c=0=2x"=—=2x=+% [——
a a

[lockonbky  apudmeTHuecKuit KBaJIpaTHBIH  KOPEHb CYLIECTBYET  TOJBKO
U3 HEOTPULIATEIIbHOTO  YHCJla, TOCJIEeIHEe pPABEHCTBO HMEET CMBICH  HCKIIOYUTENIHHO
npu (—c/a) > 0. BeiBo:

Ecimm B HEmoaHOM KBaApaTHOM YpPaBHCHHUU BHUIA aX2 + ¢ = 0 BBITTOJTHEHO HEPaBCHCTBO
(—c/a) > 0, kopuei Oyaer aBa. Popmyiia gaHa BBIIIC,

Ecmu xe (—c/a) < 0, kopHe# HeT.

Kak Buaute, TMCKpUMUHAHT HE MOTPEOOBAJICS — B HEMOJHBIX KBAJAPATHBIX YpaBHEHUSX
BOOOIIlE HET CIOXKHBIX BblYKMciIeHU. Ha camoM genme paxke He0Os3aTeIbHO TOMHHUTH
HepaBeHCTBO (—C/a) > 0. JIoCcTaTOYHO BBHIPA3HTh BEINUMHY X° M TOCMOTPETh, UYTO CTOUT C JIPYrOif
CTOPOHBI OT 3HaKa paBeHCTBAa. Eciam TaM TOJIOKHUTENBHOE YUCIO — KOpHEH Oyaer nBa. Ecnu
OTpHIIaTEeIILHOE — KOpHEH He OyAeT BooOIIIe.

Teneps pazbepeMcs ¢ ypaBHEHHAMH BHAA ax> + bX = 0, B KOTOPBIX CBOGOJHBIN IEMEHT
paBeH Hym0. TyT Bce MpocTo: KOpHeH Bcerna OyneT aBa. [loctaTouHO pas3ioKUTh MHOTOUIEH
HA MHOXUTEIIHU: b

ax* +bx=0=x-(ax+b)=0=x,=0; x, = ——
a
HpOI/I:’)BeHeHI/Ie PaBHO HYJIIO, KOT'Zld XOTs OBI OJIMH H3 MHOKHTEIIeH PaBEH HYIIIO. OTCIOI[a

HaxXoJATCs KOpHU. B 3akimoueHre pazdoepeM HECKOJIBKO TaKUX YPABHCHHIA:

3agaua

Pemmth kBagpaTHBIC YpAaBHCHHS:

X2 —7x=0;

5x% + 30 =0;

4x>—9=0.

Pemienne

X=Tx=0=2x-X—-7)=0=>x1=0;%=—(-7)/1=1.

5x% + 30 =0 = 5x*>=—-30 = x*> = —6. KopHeii HeT, T.K. KBagpaT HE MOXET ObITh paBeH
OTPHIIATEIILHOMY YHCITY.

4 -9=0=24°=9=x2=9/4>x1=3/2=1,5x, =—1,5.

OtBet

X1 = 0; X2 = 7; 2) kopueii Het; 3) X1 = 1,5; X2 = 1,5.

Pemrenne 3agav:
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2
1. Boma 3anmmaer 3 moBepxHOcTH 3emid. [losTomy 3eMiro Ha3bIBalOT «roiTy0oid

1
m1aHeToit». Kakyro yacTh 3eMHOM nmoBepxHOCTH 3aHMMaeT cyma? OTBeT: 3 cylia.
2
2. Oty 42 rona, a BO3pacT ChlHA COCTaBJSIET 7 Bo3pacTa oTma. CKOJIBKO JIET ChIHY?
Otser: 12 JIET.

3
3. [IpenenbHblii BO3pacT 6enku 6 JIET, 4TO COCTABIIET S MpeAebHOTO Bo3pacTa 3aiia. CKOJIbKO

JeT MOXeT NnpoxkuTh 3as1? Otset: 10 nerT.
5 25

4. Jlnuna ctopoHsl kBagpara 9 am. Kakosa ero miomaas? Oteer: 81 M2,

5.Pabounii MOKeT BBINOIHUTH MPOU3BOICTBEHHOE 33/IaHKE 3a 5 4acoB, a €ro Y4eHUK — 3a
13

8 uacoB. Kakyro 4YacTb paboThl OHU BBITIOJIHAT BMeEcCTe Tociie 4yaca pabotei? OtBeT: 40 4,

2 1
6. B mepBbIii yac aBTOOYC Ipomien S BCEro MyTH, BO BTOPOW 3 IMyTH, a B TPETUH —
octabHple 28 kM. Kakoe  paccrosHme  mpomen — aBToOyc 3a  Tpu  daca?

2 1 11
1)5 + 3 = 15 (4)—3aaBa yaca.
i1 4
2)1- 15 = 15 (4)— mporea B TpeTUi yac. 4
4
3)28: 15 =105 (xm) — 3a Tpu Yaca.
OtBer: 105 KM MpOIIIE aBTOOYC 3a TpU yaca.
S
7. Kakoe paccrosHue yiauTka 3a 6 yaca, ecnum OHa OyaeT IOJ3TH  CO
3 .
ckopocThio 250 kM/4? OTBer: 100 KM.
2
8. U3 Ooukm ¢ OeH3MHOM BHayaje OTIMIM 28 BCero HMEIOIIErocs TaM OeH3MHA,

2
IMOTOM 7 Bcero O€H3MHA M IOCJIE 9TOro B 00UYKe 0CTaIoch 99 JIUTPOB 6ensuHa. CKOJIBKO JIUTPOB

OcH3MHA OBLIO B OOYKE IMepBOHAYAIBHO?

2 =2 17
1) 28 + 7 = 28 (4)— OTIWIN.
1711
2) 1- 28 = 28 (4)—0CTaJIOCH.
11

3)99: 28 =252 (1) — GBUIO MEPBOHAYATBHO.
Otger: 252 1 GeH3uHa ObUIO B OOUKE EPBOHAYAIIBHO.

3anaya 1. Opranusm B3pocioro yenoBeka Ha 70% coctouT u3 Bojbl. KakoBa macca BOJbI
B TeJIE YeJIOBEKa, KOTOPBIM BECUT 76 Kr?

Kak pemaem:

76 - 0,7 =53,2 kxr

OrtBer: Macca BoJbI 53,2 kr
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3anaua 2. [lena ToBapa nonusuiack Ha 40%, 3atem eie Ha 25%. Ha cKoJIbKO MPOLIEHTOB
MMOHU3WIACH 1I€HA TOBapa M0 CPAaBHEHHIO C MIEPBOHAYAIBHOM IIEHOM?

Kak pemraem:

O0603HauMM TMEepBOHAYAIBHYIO IIEHY TOBapa depe3 X. [locie mepBoro MOHIKEHUsS ICHA
CTaHET PaBHOM.

x - 0,4x = 0,6x

Bropoe nonmwkenue 1ensl coctabiset 25% ot HOBo# 1eHbl 0,6X, MOATOMY MOCIIE BTOPOTO
TTOHMKEHUS TTOTYIHUM:

0,6x - 0,25 * 0,6x = 0,45x

[Tociie 1ByX NOHWKEHUN U3MEHEHHE LIEHBI COCTaBUT:

x - 0,45x = 0,55x

Tak kak BenumunHa 0,55x cocraBinset 55% OT BEMYUHBI X, TO IIeHA TOBapa MOHU3UIIACh HA
95%.

OtBert: 55%.

3amaua 3. YeTsipe mapsl Oprok jemieBiie oHOro naiabTo Ha 8§%. Ha ckonbko mporieHToB
IATh Nap OPIOK CTOAT AOPOXKE, YEM OJIHO MaIbTO?

Kak pemraem:

[To ycrnoBusiM 3a1a4 CTOMMOCTB YEThIpeX map Oprok — 310 92% OT CTOMMOCTH NaJIbTO

100 -8 =92

[TonmygaeTcsi, 4TO CTOUMOCTH OJTHOM Mapbl OproK — 3T0 23% CTOMMOCTH MAJIBTO.

92:4=23

Teneps YMHOKHUM CTOMMOCTH OJTHOM Taphl OPIOK Ha ISTh U Y3HAEM, YTO MATH Map Oprok
oboiriayres B 115% cTtommocTn manmbTo.

23*5=115

Otger: nsaTh nap Oprok Ha 15% nopoke, 4eM OJTHO MajbTo.

3agada 4. CeMbs COCTOUT U3 TPEX YETOBEK: MYXK, )K€Ha U 10Ub-CTyAeHTKA. Ecnu 3apmiara
My’Ka BBIpAacTeT B JBa pasa, 0OIIMi JOX0J ceMbH Bo3pacTeT Ha 67%. Eciu gouepu B Tpu pasza
YPEXKYT CTUIEHIHMIO, OOIINI TI0XO 3TOM CeMbU YMEHbIIUTCS Ha 4%. BBIaucinTh, Kakoi MpoIeHT
B 001U 10XOJ CEMbU MPUHOCUT 3apa0OTOK KEHBI.

Kak pemraem:

[lo ycnoBusiM 3amaud OOWIMH JOXOJ CEMbU HANpPSMYIO 3aBUCHUT OT JOXOJIOB MYXKa.
brnaronaps yBenuueHuto 3apriiaTel OOIIMKA T0XOJ CEMbH BhIpacTeT Ha 67%. 3HauuT, 3apruiaTa
MY)XKa COCTaBJISIET Kak pa3 67% ot o01iero 10xo/a.

Ecnu ctunenaus nouepu yMeHbIIUTCS B TpH pasa (T.e. Ha 1/3), ocranercs 2/3 — 310 H
ecTb 4%, Ha KOTOPbIE YMEHBIIHIICS Obl CEMEHHBIX JOXO/I.

MO3KHO COCTaBUTH MPOCTYIO MPOMOPIIMIO U BBIACHUTSH, 4TO pa3 2/3 crunenauu — 310 4%
JI0X0J1a, TO BCA CTUNEHAUS — 3T0 6%.

A Temepb OTHUMEM OT BCEro JI0XOJa BKJIAJ MY)Ka M JI0UEepPH U y3HAeM, KaKoil MpOILEHT
COCTaBJISET 3apabOTOK XKeHBI B 0011eM aoxoae cembu: 100 — 67 — 6 = 27.

OtBert: 3apabOTOK >keHbI cocTaBisteT 27%.

3anaua 5. B cBexux abpuxocax 90% Bnaru, a B cyxo(pykre Kypare Toibko 5%. CKoJIbKo
KHAJIOTPaMMOB a0pHKOCOB HYKHO, YTOOBI 10JTy4uTh 20 KUIOrpaMMOB Kyparu?

Kak pemaem:

Hcxons u3 ycnoBus, B abpukocax 10% mnuTarensHOro BellecTBa, a B Kypare B
KOHIICHTPUPOBAHHOM Buje — 95%.

IToatomy B 20 kunorpammax kyparu 20 * 0,95 = 19 kr nuTaTeIbHOTO BEIIECTBa.

3HayuT, 19 KUIOrpaMMOB MUTATEIBHOTO BelecTBa B abpukocax — 310 10% Beca cBexHX
abpuxocoB. HaiiieM 4nciio mo npoueHTy.

19:0,1 =190
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Otsert: 190 Kr cBexxux aOpUKOCOB MOTPeOyeTCs AJist U3roToBieHus 20 Kr Kyparu.

Pemenue KBaJIpaTUIHLIX CUCTEM ypaBHeHI/Iﬁ

. |X=y=1
Ipumep 1. Peuts cucreMy ypaBHEHUN .,
X°+y° =41
Pemenue. Bpipa3uB X U3 epBOro ypaBHEHUs CUCTEMBI U MOJICTABUB BO BTOPOE, MOJIyYUM
X=y+1
2y> +2y—-40=0.
PaBHOCUJIBHYIO CHCTEMY 7 = =0 e (1)

Pemass BTOpoe ypaBHeHue cucteMbl (1), HaxoAWM JBa 3HAYEHHUS MEPEMEHHON Y:

Y1=4.Y, :_5, MOJICTaBJIsAS TH 3HAUYEHHs B MEPBOE ypaBHEHHE cucTemsbl (1), mosydaem jaBa

X, =5X,=—4

3HA4YEHMS IEPEMEHHOH X: .
Otser: (5; 4),(-4; -5).
2X—-3y—-xy=4
3X+Yy+3xy=3
Pemrenne. Cpa3y BbIpa3uTh OJIHY NEPEMEHHYHO 4Yepe3 APYryl0 B JaHHOM Cllydae
3aTpyJHUTENBHO, MEIIaeT ciaraemMoe Xy. YToObl M30aBUTHCSA OT ATOTO CIAraeéMoro YMHOXXUM
IIEPBOE YPABHEHUE CUCTEMBI Ha 3 W CIOKUM CO BTOpPbIM ypaBHeHHeM. lIpu sTtom mnomydunm

2X—-3y—xy=4,
PaBHOCWUJIBHYIO CUCTEMY YpaBHEHUM ¢~ ~ ... (2)
9x -8y =15.

IIpumep 2. Pemuts cucteMy ypaBHEHUN

15+8
W3 BTOpOrO ypaBHEHHS MOJy4yaem: X =Ty. [ToacTaBUB 3TO BhIpaKE€HHE B IMEPBOE

15+8x

ypaBHEHUE CHCTEMBI (2) MOJIyYlUM ypaBHEHUE 2 3y— y@ =4 . [IpeoOpa3oBas ero,

TIOJTyYHM KBaJpaTHOE ypaBHeHHe OoTHOCHTeNnbHO y: 4y® +13y+3=0. KopHu 31010 ypaBHeHHs

1 13
y,=-3,Y¥, = L HOJCTaBUM B OPMYITy JUIA X, M OIy4uM X, =—1, X, = 3

Ortser: (-1; -3),(13/9; -1/4).
x*(x+Yy) =80,
x(2x —3y) = 80.
Pemenne. B 1neBrIX 4YacTix ypaBHeHI/Iﬁ CUCTCMbI CTOAT IIPOU3BCACHHUA JBYX

COMHO)KHTCHCﬁ, a clpaBa YUCIO OTIWYHOC OT HYI, HIO2TOMY, OYCBUHO, HU OAHMH H3
COMHOXKUTEJICH JIEBBIX YacTeH ypaBHeHI/Iﬁ HE MOXET OBITh paBCH HYIIIO. Takum 06p830M,

Ipumep 3. Pemnth cucreMy ypaBHEHHUI

x#0 3
[I0JIy4aeM, YTO u2X-3y#0=x=# 5 y . Paznienum nepeoe ypaBHEHUE CUCTEMBI HA BTOPOE

INOWICHHO, B CHIY COCIAHHOTO BbBIIIC 3aMCYaHUs, TOJYYUM PaBHOCUIIBHYIO CUCTEMY
X+Yy

2x -3y T BbIpazum U3 miepBOoro ypaBHEHHs MOJYYCHHON CHCTEMBI BBIpa3uM X: X =4Y.
x?(x+Y) =80.
[ToxcTaBuM 3TO 3HAYEHWE BO BTOPOE YpaBHEHHME CHUCTeMbl M Haimem Y =1, torma X=4.
Otser: (4; 1).

KBa,I[paTHOC HEPAaBCHCTBO — 3TO HEPABCHCTBO, B JIEBOM YacTH KOTOPOIro CTOUT KBaI[paTHBIfI
TPECXYJICH, B JIEBOM — HYIJIb.
To €CTb, KBaJIpaTHbIC HCPABCHCTBA OBIBAIOT CJICAYIOIIUX BUJOB!
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ax?+bx+c>0, ax?*+bx+c>0, ax’+bx+c<0, ax’*+bx+c<0.

PemuTh KBagpaTHOE YpaBHEHHE MOYKHO C TTOMOIIIBIO METO/Ia HHTEPBAJIOB.

Jyist 3TOTO0 HEOOXOIMMO CHAyYaja HAMTH KOPHU KBAJIPATHOTO HEPABEHCTBA (BMECTO 3HAKa
HEpaBEHCTBA TIOCTABHUTh «=» U PEIINTh ypaBHeHHe ax> + bx + ¢ = 0). Kopueii MoxkeT 6bITh 1160
JBa, TM00 OJIMH, TM00 HE OBITH BOOOIIE. [laNbHEHIIINE ISHCTBHS 3aBUCAT OT KOJIMUSCTBA KOPHEH:

1. Eciiu ypaBHeHHe MMeeT JIBa KOPHsI, HCOOXOMMO HAaHECTH UX Ha YHCIIOBYIO MTPSIMYIO.
OHu pazo0bIOT e€e Ha TpU MHpoMexyrka. HykHO OyneT oOmpenenuTh  3HAKH
BBIpOKEHHS ax? + DX + C Ha KakKIOM M3 IPOMEKYTKOB (KOHKDETHBI TPUMEp PELICHHS BB
MOYETe IOCMOTPETh, BB/ B (hOpPMy BBINIE KaKoe-Tu60 HEPABEHCTBO, HANPUMEP SX° + 2X — 7>
0):

- ecma> 0, T0 3Hakm Oymyr +, —, ~+  (cimeBa  Hampamo);
- eciu @ < 0, To 3HaKu OynyT —, +, — (ClieBa HAIPaBo).

B ciyuae, ecniu 3HaK HEpaBEHCTBA > HITH >, OTBETOM OYIYT MPOMEKYTKH CO 3HAKOM «+».
Ecnu xe 3HaK < wiw <, TO OTBETOM OYAYT OTPHUIIATEIbHBIC TPOMEKYTKH.

Ecnm 3Hak HepaBeHCTBA > WM <, TO TOYKH-TPAHUIIBI MMPOMEKYTKOB 3aIMCHIBAIOTCS B
KpYIJIbIX CKOOKaxX. Ecim ke 3Hak > miu <, TO TpaHMIBI MMPOMEKYTKOB 3aIHCHIBAIOTCS B
KBaJIpaTHBIX CKOOKax.

2. Eciin ypaBHeHHe MMeeT OJHH KOPeHb, TO HY)KHO TaK)Ke HAHECTH €ro Ha YHCIIOBYIO
NPAMYIO M OTIPEJIETUTh 3HAKM BBIpAKEeHUS ax’ + bX + C Ha KaXkIOM M3 MpoMeKyTKoB. KopeHs
pa3IeNuT MPSAMYIO Ha JiBa IPOMEXKYTKA, 3HAKU B KOTOPBHIX OYIyT OJMHAKOBBIMHU (B 3aBUCUMOCTH
ot k03 durnenra a):

- ecnm @ > 0, To 3HaKkM OynyT +, +. B 3TOM Citydae, eciii 3HaK HEpaBEHCTBA >, TO OTBETOM
OyZeT BCs YMCIIOBAs IPsIMas, KPOME TOUKH-TPAHUIIBI TPOMEXyTKa. EcIi jke 3HaK HepaBeHCTBA >,
TO OTBET — BCs UncioBast mpsimasi. Eciiu 3HaK HepaBeHCTBa <, TO OTBET — IIyCTO€ MHOXeCTBO. Eciu
3HaK HEepaBeHCTBa <, TO OTBET — OJIHA TOYKAa — TpaHUIA MEXIYy HPOMEKYTKaMU.
- ecnu a < 0, To 3Haku OynyT —, — B 3TOM ciydae, ecnu 3HaK HEPaBEHCTBA >, TO OTBETOM OyJeT
IyCTO€ MHOKECTBO. Eciu e 3HaK HepaBeHCTBa >, TO OTBET — OJIHA TOYKA — FPAHUIIA IPOMEKYTKA.
Ecnu 3nak HepaBeHCTBa <, TO OTBET — BCS YMCIIOBAsI IpsiMasi, KPOME TOUKU-TPaAHUIIBI TPOMEXKYTKA.
Ecnu 3nak HepaBeHCTBA <, TO OTBET — BCS UMUCJIOBAs MpsiMasi.

3. Eciu ypaBHeHHe KOpPHeii He HMeeT, TO HUYEer0 Ha KOOPJUHATHYIO OCb U HE HYKHO
HAHOCHUTB: HAJI0 MPOCTO ONPENEIUTh 3HAK BhIpaXKeHUs ax? + bX + C Ha Beell UMCI0BOM MPAMOi:

- ecniu a > 0, To 3Hak Oyzer +. B aToM ciydae: eciii 3HaK HEpaBEHCTBA > WK >, TO OTBETOM
OyzeT Bcs yucioBas mpsAMas. B mpoTUBHOM citydae — eciiy 3HaK < UM < — OTBETOM OyZeT ImycToe
MHO>KECTBO.

- eciim a <0, To 3HaK OyneT — B 3ToM citydae: eciiu 3HaK HEPaBEHCTBA < WU <, TO OTBETOM
Oyzet Bcs yrcioBas npsiMasi. B mpoTUBHOM citydae — eCJiM 3HaK > WU > — OTBETOM OyJIeT IMycToe
MHO>KECTBO.

[Ipumep 1. PemmuTh HEpaBEHCTBO 2X2 + 4x —6 > 0.

KBanparHplii TpexuieH 2%% + 4X — 6 uMeeT ABa JAeHCTBUTEIBHBIX KOpHsA X1 = —3, X2 =1.
[Mostomy mapabosa y = 2x* + 4X — 6 mepecekaer och X B IBYX TOUKAX, A0CLHCCHI KOTOPBIX PABHBI
—3 u 1. ITockonbKy K03 UIMEHT Ipu X* GoMblIe HyIs, Tapabona y = 2X% + 4X — 6 HarpaBieHa
BBEPX
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U3 pucyHKa BUJIHO, YTO TpexuiaeH 2X2 + 4X — 6 MoIoKuTeTeH Ipu X < — 3 u mpu x >1.

[pumep 2. Pemuth HEpaBEHCTBO

—Xx>+x—1>0.

JIMCKpUMHHAHT KBaJPaTHOTO TpexuneHa — X2 + X — 1 orpumnarenen: D = —3. TTootomy
TIPH BCEX X 3HAUEHHs (YHKIHH y = — X° + X — 1 MMeIOT OJMH M TOT K& 3HaK, a IMEHHO 3HAK
kodddurmenta npu X%, T0 ecth Muuyc. CleI0BaTeNbHO, HEPABEHCTBO — X2+ X — 1> 0 He
BBITIOJIHSETCS] HU MTPH KaKUX 3HAYEHUSX X.

[Ipumep 3. BeIsICHUTB, TPU KaKUX 3HAYCHUSAX X JAPOOH

24 3x—3

2 — x®

IOJIOKUTECIIbHA W IIPH KaKUX — OTpUIATCIIbHA.

CHayana yka3aHHBIM BBIIIE CHOCOOOM OIpEAEINM 3HAaKU YHUCIUTENs M 3HaMeHaTess
JTaHHOU ApoOH, a 3aTeM CPAaBHUM HX.

Yucnurens X2 + 2X>— 3 MOJOKUTENIEH NIPH X < —3 U IpH X > 1, a OTpHIaTeNeH IpH
—3 <x <1 (puc. BepXHsIs YHCIIOBAS OCh).

4-3-2-1 0 1.2 3

i ki
e
0 2

3uamenaresb 2x — X2 nonoxkutenes npu 0 < x < 2 u oTpunaTenes npu x < 0 u npu x >2
(puc. , HIDKHSS YHCToBas ochb). M3 prcyHKa BUHO, YTO AaHHAs JpoOb Oy/eT MOJ0KUTEIbHA IPU
— 3 <x< 0 (B oTOM ciy4yae YHCIUTEIb W 3HAMEHATENb OTPHUIATEIbHBI) W MPH
1< X <2 (B 3TOM ciy4yae YMCIUTENb U 3HAMEHATElb MOJI0KHUTENbHBI); OTPUILIATEeIbHON OHA Oy/eT
mpu x <. —3 (YUCIUTEINb MOJO0XKHUTENEH, 3HaMeHaTellb oTpunareneH), npu 0 <x < 1 (yucnutens
OTpUIaTeNIeH, 3HaAMEHATENb MOJIO0KHUTENEH) U MPU X > 2 (YUCIUTENb MMOJI0XKHUTENeH, 3HaMeHaTelb
OTpHUIATEIICH).

Pemenue 3aganui:

Nel. Pemuts HepaBeHCTBa:
(2x+3) (2—2x) >0.
(2—m) (2x—15) (x+4)>0.
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x >%,

2x—4 >0, 3x >4, 3 6 4
Gr-4) (524650 e [VFFO70 L |26 x>_§;<:» 73

3x-4<0, 7 |[3x<a, T[4 T 8

Sx+ 60, Sx £ 6, ) 3’ 5

&
xa-=
L 5

No2. Peminth ypaBHEHUS:
1. x*—8x*-9=0
2. x¥-15x*-16=0
3.(x* —=2x—5)*—2(x* —=2x-3)-4=0
Ne3. Pemnth naHHbIE HEPABEHCTBA:
1. x> —4x+3>0. 5 x> +x+1<0.
2. x> —6x+5<0. 6.x> —x+1>0.
3. —5x?+3x+2>0. 7.x*—6x+10<0.
4. x (1—x)>0. 8. —3x? +2x +1>0.
Ne4. BuIToJIHUTE 3aJJaHAS:
1. Pemuth HEpaBEHCTBO:
8x°-6x+1>0
2. HaiiTn HamMeHbIIIee MOJIOKUTEIILHOE [IeJI0e PelIeHUe HipaBeHCTBRA:
X2+ 2x>-3

3. Pemuth HEpaBEHCTRBO:

X2+ 3x+8>0

4. PemmnTh HEPABEHCTBO:

X2-4x+4>0

5. Pemnth HEpaBeHCTBO:

X2-4x+4>0

6. Haiftu Bce 3HaUCHHS X, HE SBIISIONIMECS PEIICHUEM HEPaBCHCTBA!
x*>16

IIpakTnyeckas padora Ned
Tema 1.4 BxoaHast KOHTpoJIbHas paboTa
Heasn: I[IpoBepuTh ypOBEHb yCBOGHHUsI Marepuana mno paszaeny | «lloBTopeHme Kypca
MaTEeMAaTUKU OCHOBHOM IIKOJIBI»

Ilpu pewenuu 3adanuii 1-4 3anuwiume npasuIbHLIL OMEem U3 Uemblpex
nPeooHCeHHbIX.

1. (1 6amn) Packpoiite popMyTy COKpalIeHHOTo yMHOKeHHUs a’-b?:

A) a2-2ab+b?; B) (a-b)(a+b); B) a?+2ab-b?; T) (a-b)(a-b)

2. (1 6ann) Ilnomane TpeyroiabHUKA BEIYUCIAETCS 1O hopmyrte:

A) S=a*b; B) S=(a*b)/2; B) S=2a*b; I') S=(a*b)/3.

3. (1 6amn) Kakoe 13 cneayromux 4uces 3aKII0YeHO MEXAY YUCIaMU % u g?

A)0,4;5)0,5;B)0,6; ) 0,7
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4. (1 6amn) Jansl rpaduxu pynkumii. Kakas ¢popmyna cootBeTcTByeT rpaduky 3):
1) 2) 3)

—HH ik ”‘ :
| —
: 1 \“I | ) 1 1

' I o 1 o] 1
{ o \\ | L
| |y
| N\ [} — — == LA
| N A AT
| ke L1 ] bederd It I I =

A)y=-x—6B)y=x-8x+11;B)y = =% T) y=x+5.
Ilpu eévinonnenuu 3a0anuit 5-8 3anumwume x00 peuwieHus U nNOJIy4eHHbLI OMeEem.
5. (2 6amna) Beruncnoure % + 15—1

6. (2 6amna) Pemmre ypaBHenue X° - 7x + 10 = 0. Eciiu ypaBHEeHHe MMeeT 6ojiee 0IHOTO
KOPHS, B OTBET 3aIlIUIINATE MEHBIINNA U3 KOPHEU.

7. (2 6anna) Ilmomanp 3emMenb KPECTHIHCKOTO XO3SMCTBA, OTBEICHHAS IOJ TOCAIKY
KYCTapHUKOB W I[BETHHKOB, COCTABIIACT 24 ra W pacrpeieicHa My HUMH B OTHOIICHHH 5:3.
CKOJIBKO T€KTapOB 3aHUMAIOT IIBETHUKHU?

8. (2 6amma) Beicota BH mapannenorpamma ABCD nenut ero croporny AD Ha oTpes3ku
AH = 2 u HD = 32. [Imaronans mnapawienorpamma BD pasna 40. Haiinute mmomanb
napajuiesiorpamma.

Amanonvt omeemos

Howmep 1 2 3 4 5 6 7 8
3aJaHUS
OtBeTr b b B A 2,7 2 9 816

IIpakTuyeckas padora NeS

Tema 2.2 OcHOBHbBIE TPUTOHOMETPUYECKHE TOXAeCTBA. DOPMYITBI PUBEICHUS
Heab: Hayunth ucronp3oBaTh OCHOBHBIE TPUTOHOMETPUUECKHE TOXKAECTBA U (DOPMYIIBI
MIPUBEACHUS MPH MPeoOpa30BaHUU BHIPAKEHUI.

Teopernyeckasi 4acTh:

@ODMVJZbl I’ll)u6€0€HZ/l}l

Cpa3y nepeuuciuM OCHOBHBIE TPUTOHOMETPUUYECKHE TOXKAECTBA, KOTOpbIE pa3bepeM B
9TOM cTaThbe. 3amuiieM HX B TaOMUIly, a HI)KEe JaJuM BBIBOJA JTUX (OPMYI M MpHUBEAEM
HEO0OXO0IUMBIE MOSICHEHHSL.
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sin‘a+cos’ a=1

Sin o COS
et =———. cCloa=———o
COSeY sin ¢

tgc-ctear =1

2 1 2 1
e +l=——— l+cig o=—7F

cCos™ o Sin o

CBs3b MEXKIAY CHHYCOM M KOCMHYCOM OIHOI'0 yrJja
I/IHOFILa TOBOPAT HE 00 OCHOBHBIX TPUTOHOMECTPUUCCKUX TOXICCTBAX, NMEPCUNCICHHBIX B
Ta6J'II/IIIC BBIIIC, a 00 OJHOM CIANHCTBECHHOM OCHOBHOM TPUTOHOMETPUIECCKOM

sin” o +cos’ a=1

TOK/IeCTBe BUA . OObsicHenue HTOMYy (aKTy JTOCTATOYHO TMPOCTOE:
5 ]- 2 ]'
g a+l=———, l+ctgoa=———
paBeHCTBa cos o Sl & pomywarorcs u3 OCHOBHOT'O
TPUTOHOMETPHUYECKOTO TOXIECTBA nocie TCTICHHST obenx ero qacrei
cos" @ sin" &

Ha n COOTBETCTBCHHO, a

sin o cosa
lea = . clga=

paBeHCTBa cosa Sma , fga-ciga=1 CIEyIOT U3 ONpeeIeHNu N
CHUHYyCa, KOCHHYyca, TaHreHca W KoTaHreHca. [logpoGHee 00 3TOM MOTOBOPUM B CIEAYIOIIMX
MTyHKTax.

. sin“ o +cos  a=1
TO €CTh, OCO6I)II/I I/IHTepeC HpeI[CTaBJ'IHCT NUMEHHO paBeHCTBO y

KOTOpPOMY U J1ajli Ha3BaHUE OCHOBHOT'O TPUTOHOMETPUUYECKOTO TOXKIECTBA.

[Ipexxne uyeM JoKa3aTb OCHOBHOE TPUTOHOMETPHYECKOE TOXKAECTBO, JaJUM €ro
(GbOopMyIUPOBKY: CyMMa KBaJpaTOB CHHYCAa M KOCHHYCAa OJHOTO yIJIa TOXIECTBEHHO paBHA
enunuie. Teneps J0KaxeM ero.

OOpaTtuMcs K eIMHHUYHON OKpY:KHOCTH. [lycTh HauanmbHas Touka A(1, 0) mocse moBopoTta

Ha yroJ1 a NnNepexoauT B TOUYKY Ai1. B CUuily onpeneneHHﬁ CHHYCa N KOCHHYCa TOYKa A1 umeet

(cos e, sin ) y
KOOPAUHATBI . bonee TOro, TOYKa A1 TexuTr Ha CANHUYIHOU OKPYKXHOCTH,

CJIeIOBATENIbHO, €€ KOOPAWHATHI JODKHBI YIOBIETBOPATh YPABHEHUIO €AMHUYHON OKPYKHOCTH,
KOTOpPOE AMEET BHI X>+Yy?=1. To €CTh, JIOJDKHO OBITh CITpaBEJIUBO

5l r 2
cos  +sm =1
paBeHCTBO . 9TI/IM JOKa3aHO OCHOBHOC TpI/IFOHOMeTpI/I‘{eCKoe TOXACCTBO

HJIA JIFOOBIX YIJIOB ITOBOPOTa o .

p sin“ & +eos a=1 .
ABCHCTBO qacTo Ha3bIBAKOT TeOpeMOI/I HI/I(I)aropa B

TpUroHoMeTpuu. [10sSICHUM 3TOT MOMEHT.
Bo3pmeM enuHMYHYIO OKpy:KHOCTh. [loBepHem HauanbHylo TOYKYy A(l, 0) Bokpyr

touku O Ha yron a. [Tycte TOYKa A mocie 3TOro MOBOpPOTa MepexoauT B TOYKY Ar(X, Y).
Onyctum u3 Touku Ax nepnerukyssip AiH Ha npsmyro OX.
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Paccmorpum mpsimoyrosbHbiid TpeyroabHuk OAiH. Xopomio BUAHO, 4TO B HEM JUTMHBI
kateToB A1H n OH paBHBI COOTBETCTBEHHO MOJIYJIIO OPAMHATHI M a0CHMCCHI TOYKH A1, TO
ectb, |A1H|=|y| u |OH|=|X|, a nuna rumoteny3sr OA1 paBHA pajnyCy €IMHUYHON OKPY)KHOCTH,
10 ecTh, |OA1|=1. Teopema Iughazopa nos3sonser 3ammcath paseHcTBO |AiH|?+|OH|?=|0A1[?,
KOTOpOe MBI MOXKEM nepenucarb Kkak |y|?+|x|?=1% umm y?+x?=1. Ho 1o

sing =y [ COsa=x

OIpEIEeIIEHUI0 , TOTAa OT paBeHCTBA Y>+X’=1 MBI MOXKeM mepeiiTn K

= 2 2
sin~a+cos =1
paBEHCTBY .
OCHOBHOG TpI/IFOHOMeTpI/I‘—IeCKOC TOXKICCTBO 3a1a€T CBS3b MG)K,ZIy CI/IHyCOM %1 KOCI/IHyCOM
OOHOTO er'Ia. 3TO IIO3BOJISICT BBIYHUCIIATH CI/IHYC erIa, Koraga HU3BCCTCH KOCI/IHYC 3TOTO yrna, "

BBIYUCIIATH KOCI/IHYC yrna, Koraa N3BCCTCH CI/IHyc er'Ia. ﬂJ’IH 3TOI'0 JOCTATOYHO
- 2 2
smm - a+cos  ag=1

PaBEHCTBO pa3pennThb OTHOCHTEJILHO CUHYyca " KOCHHYyCa
smea=x41-cos ¢ cosag==x41-5n" &
COOTBETCTBEHHO: u . 3Hak Tmepen KOpHEM

3aBUCHUT OT BEJIMYUHBI yIJia a. [TonpoGHee 00 3TOM MBI MOTOBOPUM B pasielie BHIYHCICHHE
CHUHYCa, KOCHHYCA, TAHT'€HCA U KOTAHI€HCa C MCIIOJIb30BAaHUEM TPUTOHOMETPUUYECKUX (PopMyIt.

OCHOBHOE  TPUTOHOMETPHUYECKOE  TOXKJIECTBO  OYEHb  YacTO  HCIOJIb3YeTCs
[P npeobpazosanuy mpucoHomempuyeckux evipaxceruii. OHO TO3BOJISIET CYMMY KBaJpaToB
CMHyca M KOCHHYCa OJHOIO yIrja 3aMeHsTh enuHuieil. He Menee uacTto OCHOBHOE
TPUTOHOMETPUYECKOE TOXKJIECTBO HCHOJB3YEeTCS M B OOpaTHOM MOPSIKE: €IUHUIA 3aMEHSIETCS
CYMMOH KBaJIpaTOB CUHYCa M KOCHHYCA KaKOro-J110o0 yria.

TaHreHc u KOTaHreHC Yepe3 CHHYC M KOCHHYC

ToxxnecTBa, CBS3BIBAIOIINE TAHTEHC M KOTAHT'€HC C CHHYCOM M KOCHHYCOM OJHOTO yrja

sin o cosa
tea=—— clgo=——

BHUJIA COSL ¢ SML & cpasy cneayloT W3 OMNpeeieHHd CHHyca, KOCHHYCA,
TaHI'€HCa M KOTaHreHca. JIedCTBUTENBHO, 110 ONPEICIICHUIO CHHYC €CTh OPJIMHATA Y, KOCHHYC €CTh
Vv o sina
oo =% =——
a0ciycca X, TAHTCHC €CTh OTHOIICHHWE OPJIUHATHI K aOCIucce, TO €CTh, X QO3 g

X cosa
clga=—=——

KOTaHT'€HC €CTh OTHOIIIEHUE a0CIIUCCHI K OPJIMHATE, TO €CTh, yooosmao

sin o CosSc
lea=—— clgag=——

bnaromapst TakoW OYEBHIHOCTH TOXJICCTB COSLE py Sl & yacro
OTIpeIeJICHUs TAHT€HCA M KOTAHIeHCA IA0T HE Yepe3 OTHOIIEHHE aOCIMCChl M OPIMHATHI, a yepe3
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OTHOIICHHEC CUHYCAa U KOCHUHYCA. Tak TaHrencom yrijia Ha3bIBalOT OTHOIICHUE CUHYCA K KOCUHYCY
9TOr0 yrja, a KOTAaH'€HCOM — OTHOIICHHUEC KOCHMHYCa K CUHYCY.

B 3aKJIFOUCHUE 3TOTO MyHKTa CleIyeT OTMETHTH, 9TO
sin & cosa
tea=—— clgd=——0 o
TOXKIECTBA COSLE y Sl € pmeror MeCTO IS BCEX TaKUX YIJIOB -, TIPH
KOTOPBIX BXOJSIIME B HHX TPUTOHOMETPUYECKME (DYHKIMH HMEIOT CMbIca. Tak
sin o 7
toar=—— o —3+ Tz

dopmyna COSC crnpaBequmiBa uisi moObIX &, orTamuHBIX OT 2 (vHaue B

COs0x

clgot=——
3HaMeHarese OyIeT Hylb, a JeJICHHe Ha HYJIb MBI HE ONPEIeIsiin), a (opMyIia s e -

ms Beex | ormuumpix ot ¥ Z e 7 - moboe esoe Jucio.

CBsi3b MeK1y TAHT€HCOM M KOTAHTe€HCOM
Eme Oonee o4yeBUAHBIM TPUTOHOMETPUUECKHUM TOXKJIECTBOM, YE€M JIBa MPEAbIAYIIHX,

ABJISICTCA TOXACCTBO, CBA3BIBAIOIICC TAHI'CHC WM KOTAHI'CHC OJHOIO YyIrjia BHad fg{l’-cfg - ]'

T
o L

HOHSITHO, 9YTO OHO UMECT MECTO IJIs1 J'IIO6I)IX yFJIOB , OTJIMYHBIX OT 2 , B HpOTI/IBHOM cnyqae
00 TaHTeHC, MO0 KOTAaHTEHC HE ONPEICIICHEI.

Jloka3atenbCcTBO hopmysl fga-ciga=1 OYEHb MPOCTO. ITo

' X X
;gg._-:l cigar = — rga'-cfgtle-—_zl

OTIPEIEIICHUIO Xmn ¥ , OTKyda oy Moxxuo  ObLIO

sin o cosa
lea=—— clgog=——

JI0KA3aTeIbCTBO IPOBECTH M HEMHOrO HHave. Tak Kak COSLL g s &

sing cosa _1

tea -clga = .
TO COsCf sm ol )
Wrak, TaHreHC ¥ KOTAaHT'€HC OJIHOTO yria, IPH KOTOPOM OHU UMEIOT CMBICII, €CTh B3aUMHO
oOpaTHble uncia.
TaHreHc 1 KOCHHYC, KOTAHI'€HC U CHHYC

HaKOHeH, MBI MPpUIIIIM K ABYM IIOCIIEAHHMM HN3 OCHOBHBIX TPHIOHOMETPHUYCCKUX

- 1 . 1
tga+l=——5—, l+cigra=———
TOKJICCTB Cos & SHl1 €&  Ouu CBA3BIBAIOT TAHI'€HC U KOCHHYC, 4

TaKXe KOTAaHI€HC U CUHYC OJIHOTO yIJIa.
[IpuBenem ux GopMyIMPOBKHU: CyMMa KBaJipaTa TaHI'€HCa yrila U eIMHUIIbI PaBHA YHCITY,
0o0paTHOMY KBa/ipaTy KOCHHYCa 3TOTO YIjla, a CyMMa €IMHMIIbI M KBaJpaTa KOTaHI'€HCa yIJla paBHA
quciy, 0OpaTHOMY KBaJpaTy CHHYCa 3TOIO yIiia.
BeiBon  ykazaHHBIX (OpPMYT MOXKHO IPOBECTH, OTTAJKHMBasSChb OT OCHOBHOTO

sin” o +cos” =1

TPUTOHOMETPHUYECKOTO TOXK/IECTBA BUIA . Ecnn paznenuts 00e yactu 3Toro
ol "
COs™ & COs” &
paBeHCTBa Ha (Ipu 3TOM, KOHEYHO, JIOJDKEH OBITh OTJIMYEH OT HYJNA), TO MbI
3 1
g aHl=——5—
MOJIy4UM bopmymny cos a, Ecin xKe o0e qacTu
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A " =

sin“a+cos  a=1 s o sm” o
paBeHCTBA pa3ienuTs Ha (mpu 3TOM JIOJIKEH  OBIThH
2 1
l+ctg o =—
OTJIMYEH OT H sm” o
yiIs1), TO MBI IIPUJIEM K TOKIECTBY .
p 1
e a+l=——5—
Wrak, TOX1€CTBO COS & pveer mecto  juist  THOOBIX o , OTJIMYHBIX
T 1 2 'Na 1
Tames +clgie=— o
or 2 , @ TOXKIECTBO s IpU JHOOBIX ~ , OTJIMYHBIX OT T-z
@OopMyIIbl IPUBEICHUS:
Onpeoenenue. DopMynaMu TpPUBENECHUS HAa3bIBAIOT (POPMYINBI, KOTOpPBHIE IO3BOJISIOT
IepenTn oT TPUTOHOMETPUUYECKUX byHKIUI
T g N < TR : T /
sin(— xa). cos(5 xa) tg(5 ta) cig(o £a)
BHJIA - N K (ynakupsM aprymenta . C HX

IMOMOIIBIO CHHYC, KOCHMHYC, TAHI'CHC W KOTAHI'CHC IIPOU3BOJIBHOT'O YIrjla MOXHO IIPUBECTU K
CHUHYCY, KOCHHYCY, TaHT€HCY W KOTaHTeHCy yria u3 uHTepBasia oT 0 g0 90 rpamycoB (OT

0 1o > pagman). Takum 06pazoM, GOpPMYIBI IPUBEAEHNS HO3BOJISIOT HAM TIEPEXOIUTE K paboTe

¢ yrinamu B nmpenenax 90 rpaaycoB, 4To, HECOMHEHHO, OYEHb YA0OHO.

Dopmynvl npugedenu:
sin(90° —a) = cosa

sin(90° 4+ a) = cosa

sin(180°—a) = sina
sin(180°+ a) = —sina
sin(270°—a) = —cosa
sin(270°+ a) = —cosa
sin(360°—a) = —sina

sin(360°+ a) = sina

cos(90°— a) = sina
cos(90°+ a) = — sina
cos(180°— a) = —cos«a
cos(180°+ a) = —cosa
cos(270°— a) = —sina
cos(270°+ a) = sina
cos(360°—a) = cosa

cos(360°+ a) = cosa

/Jnsa ucnonvzosanus popmyn npugedenus cywecmeyem 06a npasuid.

1. Ecnu yros MOXHO mpeAcTaBUTh B Bujie (1/2 +a) unu (3*n/2 +a), To Ha3BaHHe PYHKIMH
MeHsieTcsl Sin Ha cos, cOs Ha sin, tg Ha ctg, ctg Ha tg. Eciu jxe yroi MO)HO MpeACTaBUTh B BUEC
(m +a) nnu (2% £a), To Ha3BaHUe PYHKUMHU ocTaeTcs 0e3 M3MeHeHH .

[TocMoTpHTE Ha PUCYHOK HUXKE, TAM CXEMAaTUYHO M300pa’keHO, KOTJa ClIelyeT MEHSITh

3HaK, a Koraa HET



HBMEHSEM

PyHKLIMIO

HE MBMEeHSEeM

PyHKIMIO

2. 3nak npueedennoil pynkuuu ocraetcs NpexHUM. Ecmu ucxomHas (QYHKIUS HMeTa
3HAK «IUTFOCY, TO M MPUBEICHHAs (QYHKIIUS UMEET 3HaK «Tutrocy. Ecnu ucxoanas GyHKuus nmena
3HaK «MUHYC», TO U NIPUBEJIEHHAs (PYHKIINSI UMEET 3HAK «MHUHYCY.

Ha pucynke Hmke mpencTaBiieHbl 3HAKH OCHOBHBIX TPUTOHOMETPHUYECKHX (PYHKIUN B
3aBUCHMOCTH OT YETBEPTH.

AN AN AN AN
NN 2N AN D

2TU (X) Gcoz (X) £A(x) ced (x)

Pemenne 3aganmii:
Nel.Haitaure sin o, eciivi ©3BECTHO CIIEAYIONIEe:

coscx=—3:g_1; cxeg;n)

Pewrenne

Ham w3BecTeH KOCHHYC, HO HeW3BeCTeH cHHYC. OCHOBHOE TPHUTOHOMETPHUYECKOE
TOKJIECTBO (B «9MCTOM» BHJIC) CBSI3bIBACT KaK pa3 3TH (PyHKIIMHU, TOITOMY Oy/ieM paboTaTh C HAM.
HNmeem:

sin® @ + cos? a = 1 = sin? o + 99/100 = 1 = sin? « = 1/100 =sin o = +1/10 = 0,1.

Jus  pemeHds — 3aadd  OCTAJOCh ~ HAWTH  3HAK  CHHyca.  [lOCKOJIBKY
yroi o €(zn/2; ), T0 B rpaaycHOii Mepe 3To 3anuchiBaercs Tak: a € (90°; 180°).

CrnenoBarenbHO, yroi o JekuT BoO |l koopauHaTHON YeTBEpPTH — BCE CUHYCHI TaM
nojoxutensHbl. [Tosromy sin a = 0,1.
Ortser: 0,1

Ne2.Haitaute cos o, €ciu U3BECTHO CIEIYIOLIEE:

. V3 31

sina = —?; a e (H;?)

Pemenue

Wtak, HaMm U3BECTEH CHHYC, a HaJl0 HalTH KocuHyc. O6e 3TN (PyHKIHMU €CTh B OCHOBHOM
TpUTOHOMETpUUYECKOM ToxaecTBe. [loncraBnsem:

sin® o + cos? a = 1 = 3/4 + cos? o = 1 = ¢c0s? o = 1/4 = cos o = £1/2 = +0,5.

Ocranock pazo0Oparbcsi co 3HAKOM Tepen ApoObro. YTo BBIOpaTh: IUIIOC MM MUHYC?
[To ycrnoBuro, yroy o IpUHAUICKHUT TPOMeXyYTKY (7 37/2). [lepeBenemM yriabl W3 paJuaHHON
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Mepbl B IrpagycHyto — noayduM: a € (180°; 270°). OueBuaHo, 310 11l KOOpIUHATHAS UETBEPTS,
I'/iIe BCe KOCUHYCBI oTpuuarenbsl. [loatomy €os a = —0,5.

OtBet:—0,5

Ne3.Haitaure tg o, eciu U3BECTHO ClIEyIOIIee:

1 3
cosa=—; @ € (—;Zn)

Pewrenne
Tanrenc U KOCHUHYC CBA3aHbI YpPaBHCHHEM, CJICOYHOIINM N3 OCHOBHOI'O
TPUTOHOMCTPHYCCKOI'O TOXKACCTBA:
tgcca+l=——=2tg“"0d=10—-1=9
COS* @

[Monyuaem: tg o = +3. 3HaK TaHTeHCa ONpeaessieM o yriay a. M3sectHo,uro o € (37/2;
2r). IlepeBezieM yriibl W3 paJlaHHONW Mepbl B TpagaycHyro — mnonyuum o € (270° 360°).
OueBunHO, 310 [V KOOpAMHATHAS YETBEPTh, TJIe BCE TAHTCHCHI OTPHIATENbHEL. [losToMy tg o =
-3.

OtBert: —3

Ne4 Haiinute cos o, €Clu U3BECTHO CIEAYIONIEE:

) 3
sinae=—-0,8; a € (?, 2?’[)

Pemienne

CHOBa U3BECTEH CHHYC M HEM3BECTEH KOCHHYC. 3aIMIIIEM OCHOBHOE TPHTOHOMETPHUECKOE
TOXKIECTBO:

sin® o + cos? a =1 = 0,64 + cos? a = 1 = cos? a = 0,36 = cos a = +0,6.

3Hak onpeaesseM mo yriay. Umeem: o € (37/2; 2x). TlepeBeneM yribl U3 rpagycHON MEphI

B pamuannyio: a € (270° 360°) — oro IV koopauHaTHAsT YETBEPTh, KOCHHYCHI — TaM
oJIOKUTEIbHEL. CiiemoBaTesIbHO, CO0S a = 0,6.
OtBeT:0,6

Neo5.Haitaute sin o, €ciivi ©3BECTHO CIIEAYIOIIEE:

Ctgat=2v',g; aE(U;%)

Pemrenue:
3anumem Gopmyiny, KOTopas ClIeayeT W3 OCHOBHOTO TPHUTOHOMETPHYECKOTO TOXKJIECTBA
1 HaIpsIMYIO CBSI3bIBACT CHHYC M KOTAHTCHC:

1 1
cagla+l=—"—=——=24+1=25
SIn- SINn- o
Otcroza monydaem, uto sin® a = 1/25, T.e. sin a = £1/5 = £0,2. 3BecTHO, uTO yroi o €
(0; #/2). B rpamycHoit Mepe 310 3amuckiBaetcs Tak: o € (0°; 90°) —I koopauHaTHAS YE€TBEPTb.
Wrak, yron wHaxomutcs B | KOOpIMHATHOW YETBEPTH — BCE TPUTOHOMETPUUYECCKHE
GYHKIMA TaM TOJI0KUTEIbHBI, TT03TOMY Sin o = 0,2.
Ortser: 0,2
. . 5
Ne6.Haitgure sina u tga, ecnu cosa = o
. ) 5
Ne7.Haitgute cosa u tga, ecnusin a = 1
. . 4
Ne8.Haitaure sina u tga, ecnu cosa = — -
. . 8 3
Ne9.Haitgute cosa u tga, ecnusin a = — AT <a< 7”
. . 3
Nel0.Haiinute cosa usina,ecnatga = —1lun<a < 7”

Nell. Ynpoctuts BelpaxkeHue:

- l] -c.ﬁgzcx

1. [c:-::-sj a
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Pemenue:

1
[ = —l]icf.gzcr:[1+£ggﬁr—1)-c£g2cr:1
cos® &

2. fgaeoiod— [r.g.::E Ll H] -::E]I2

Pemenue:

zg&-cﬁgﬁr—{zg&-cosﬁr}j =l-sin‘@=cos’a

l-sn 8  cosd
3 cosd l+sm 8
Pewrenue:

1-sin & cos 8 _1—Si112,5—'3052a5_0
cos 8 1+sin,-:3_ cosﬁ[l+sin,-:5’} -

Nel2. Ynpoctute BeipaxkeHue
1. 1= cos® @

cogt ¢:E+[1— sin® .::1’)
2.

3 [cos .::r—l) |[1+|:c::s -::L’)

4 cost @ — (1— Zsin® cl’)
5_sin &-cosdociga—1
cos @

6. cos® -1
l-cos* @

7. 1-sin’ &

8'sin2 a+cos® atigia
st &y

9. f8&

Sif Y- Cos o

1—
10 ciooy
Nel3. [IpeobpazoBath, HCIIOIB3YS HOPMYIITBI IPHUBEICHHUS:

. 13m . 3 . T 3
sin— = sin (2 - 21 +—) =sin—=—
3 3 3 2

cos =E = cos (2 - 2T +E) =sinZ=2

3 3 3 2
131 s s
thztg(Z '27T+§) = tg§= \/§
131 s s

ctg—- = ctg(Z 2T +§) =ctg; =5

Nel4. Beruucnure:

a) cos1059; 6)sin105%  B)cos75%;  1)sin75% ) tg75°;

Nel5. HaiinuTe 3HaUe€HNE BBIPAXKECHHUS,

a)sin240°; 6)cos300°; B)tg(—225%); r)ctgT

Nel6. IIpeoOpa3syiite BbipaxkeHue:

cos(—a)-cos(180%+a)
sin(—a)-sin(90%+a)
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IIpakTnueckas padora Ne6

Tema 2.6 Onucanue Npou3BOACTBEHHBIX MPOIECCOB C MOMOIIBIO I'PaUKOB (PYHKIIHIA
Heab: HayauThest npUMEHATH (GYHKIIUH B pEIICHUH MTPO(PECCUOHATBHBIX 3a/1a4

Teopernyeckas 4acThb:

[IyTe K MOSBICHUIO TOHATUS (QYHKIUH 3I0XKWIH B 17 Beke (paHIy3CKHE YyUCHBIC
@pancya Buer u Pene [lexapr; oHM pa3paboTany equHyr0 OyKBEHHYIO MaTeMaTHUYECKYIO
CUMBOJIMKY, KOTOpasi BCKOpE Moiydusa BceoOlliee Mpu3HaHue. BpeneHo Obul0 enuHOE
0003HaueHHE: HEM3BECTHHIX - OCIETHIMU OYKBaMH JIJATHHCKOTO al(aBHTa - X, Y, Z, H3BECTHBIX -
HayabHBIMU OyKBamu TOro ke andasurta - a, b, ¢, ... u T.4. [log xaxnoit OykBOW cTajo
BO3MOXHBIM ITOHUMAaTh HE TOJIbKO KOHKPETHBIE JIaHHbIE, HO U MHOTHE JpPYrue; B MaTeMaTHKy
MpHILIIA Ujies U3MeHeHus. TeM caMbIM MOSBUIIaCh BOZMOHOCTD 3alIMCHIBATH 00IINE (POPMYIIBI.

Kpome Toro, y [lexkapra u ®@epma (1601-1665) B reomerpuueckux paboTax MOSIBISIETCS
OTUYETJIMBOE MPEACTABICHUE NIEPEMEHHON BEIMUMHBI U MPSMOYTOJbHOM CUCTEMBI KOOpAUHAT. B
cBoeil «I'eomerpun» B 1637 rony Jlekapt naeT moHsATHE (YHKIMH, KaK U3MEHEHUE OpIUHATHI
TOYKH B 3aBUCHMOCTU OT U3MEHEHHMsI €€ aOCIUCCh; OH CUCTEMAaTUYECKH paccMaTpUBall JIMIIb T€
KpUBbIE, KOTOpbIE MOKHO TOYHO TMPEACTaBUTH C TIOMOIIBIO ypaBHEHHWH, MPUTOM
MIPEeUMYILECTBEHHO airedpanyeckux. [locTeneHHO MOHATHE (YHKIHMU CTAJO OTOKIECTBIATHCS,
TakKUM 00pazoM, C MOHATHEM aHATUTHUECKOTO BhIPAXKEHUS (POPMYIIBI.

Uro takoe pyHkuua? PazHblie yueHble BbIIBUTAIN pa3Hble MbIciIU. Ho MBI ocTaHOBHUMCS Ha
onpenenenun @OyHKIMEW HaA3bIBAIOT COOTBETCTBUE, MPH KOTOPOM KaXIOMYy OJJIEMEHTY U3
MHO>ecTBa X COOTBETCTBYET €IMHCTBEHHOE 3HaUeHHE U3 MHOXKecTBa Y. [lpu 3TOM 31eMeHT u3
MHOKeCTBa X HA3bIBAIOT apryMEHTOM, a JJEMEHT M3 MHOXKECTBA Y HAa3bIBalOT 3aBHCHUMOH
nepeMeHHON. DyHKIHS - OJTHO W3 OCHOBHBIX MaTeMAaTHYECKUX U 0OIIEHAYIHBIX TOHATHH. OHO
CBII'PAJIO U MOHBIHE UTPaeT OOJIBIIYIO POJIb B MO3HAHUM PEaIbHOTO MUpa. DYHKIIHS 3TO HE TOJIBKO
MaTeMaTU4eCKOe MOHATHE, HO U: (PyHKLHUs 3TO paboTa, NPOU3BOJUMAsT OPraHOM, OPraHU3MOM;
POJIb, 3HaYE€HUE Yero-a10o; GyHKIU B MATEMaTUKE 3TO 3aKOH 3aBUCUMOCTHU OJHOM BEIMUYHHBI OT
Apyroi; GyHKIUS 3TO BO3MOXKHOCTb, ONILKSA, YMEHHE MPOrpaMMbl WK MpUOOopa; PYHKIUS 3TO
00513aHHOCTb, KPYI JEATEIBHOCTH; (PYHKIMsS NEpCcOHaXka B JIUTEPaTypHOM IIPOM3BEICHHM;
GyHKLUMSA 3TO BUJ HOANPOrpaMMBbl B MHPOPMATHKE cOLMaIbHAast (PyHKLUS.

Kaxnas oOnacte 3HaHMM: QU3MKa, XUMUs, OUOJIOTUS, COLMOJIOTHS, JIMHIBUCTUKA UMEET
CBOM OOBEKThl U3yYEHHUs, YCTAaHABIMBAET CBONCTBA U, YTO OCOOCHHO BaXKHO, B3aUMOCBSI3H ITUX
00BEKTOB.

B pasnnuHbIX HaykaXx UM OOJIACTSIX UEJIOBEYECKOM  JEATEIbHOCTH  BO3HUKAIOT
KOJIMYECTBEHHBIE COOTHOLLIEHUS, 1 MAaTEMAaTHKa U3y4aeT UX B BUJIE CBOMCTB YHUCEIL.

Matemaruka co3gaeT yCIOBHUs IJIsl pa3BUTUSL YMEHMS IPUMEHATH TEOPETUYECKUE 3HAHUS
JUI PELIECHUs NPAKTUYECKUX 3a]a4, OPUEHTUPOBATLCSA B OKPYXKAIOIIEH HAC JEHCTBUTEIBHOCTH.
Ham xaxxercsi, 4To (QyHKIMOHAJIbHBIE 3aBUCUMOCTH MOTYT KacaTbCsi CaMbIX Pa3HOOOPa3HBIX
SABJIICHUH NIPUPOABI M OKpyXkaromed cpeabl. KaxnaoMy uyenoBeKy B €ro IOBCEAHEBHOU
IIPAKTUYECKON AEATEIbHOCTH IIPUXOIUTCS IPUMEHATh IPAKTUUECKNE IIPUEMbI N€OMETPHUECKUX
U3MEpEeHUH U TOCTPOCHUH, YUTaTh UH(OPMAINIO, IPECTABICHHYIO B BUJIE TaOJMIl, AUarpamm,
rpa¢ukoB. be3 KOHKpPETHBIX MaTeMaTH4YeCKMX 3HAaHWN 3aTPpyJHEHO NMOHUMAaHHWE M BOCIPHUSITHE
Hay4YHbIX 3HaHUH, PpPa3HOOOpPa3HOM  COIMANbHOM, HKOHOMMYECKOH, TEXHOJIOTMYECKOH
uHpOpMalnu.

CB0060iHOE BIIaJIeHHE TEXHUKOM MOCTPOEHUS IrpaMKOB YacTO MOMOTAeT peuiaTb MHOTHE
3aJ1a4M, a IOPOH ABJIAETCS €CTECTBEHHBIM CPEACTBOM UX pelIeHUs. MaTeMaTHKa sIBJIIETCS SA3bIKOM
pa3nuyHbIX 00JacTell HaAyKH U Hallel KU3HU.

DKoJlorn4yeckue MmpoodaeMbl SBISIOTCA TNOOATBHBIMU IpoOJIeMaMu YeloBEYeCTBa, BCEX
CTpaH HE3aBUCUMO OT Pa3MEPOB TEPPUTOPHUH, YNCIEHHOCTH HACEIEHHUS, YPOBHS SJKOHOMUYECKOTO
pa3Butus. C pyHKuMell Mbl BcTpedaemcest Kaxkapli 1eHb. [Ipumep:
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[} exxeTHEBHAs TEMIIEpaTypa Ha yiuIle ecTh (yHKIHS OT BpeMeHHU. B 0/1HO U TO e Bpemst
TeMIIepaTypa He MOKET IPUHUMATh 0oJiee OJHOTO 3HaYeHHUS U OBITh O JHOBpeMeHHO -30 u -45.

] TToxox B marazuH. CTOMMOCTb IOKYIIKH BO3PAcCTAa€T ¢ POCTOM KOJIMUYECTBA TOBAPOB.

CrniocoObI 3a1aHus PyHKIHH.

00 AHaTUTHYCCKUI,

) I'paduueckuii,

[ TaOnuYHbBIH,

] CnoBecHBIN.

Anamutruecknii. CaMblii pacpoOCTpaHEHHBI CIOCO0, PU KOTOPOM (DYHKIIHS 331aeTCsI
(dbopmynoi, ycTaHaBIMBAIOIIEH, KAKHE BBIYMCIMTEIBHBIC ONEPAaldy HAJ0 NPOM3BECTH HAJ X,
9TOOBI HAUTH Y.

I'padmueckuii. ['padmyeckuii cnocod cOCTOUT B NPOBEACHUHN JIMHUH, Y KOTOPOK aOCIUCCHI
n300paxkatoT 3HAUYEHUsl apryMeHTa, a OPJMHATHl — COOTBETCTBYIOLME 3HAUYE€HUS QYHKIHUU. DTOT
Croco0 MO3BOJISIET HATJIAIHO MPEICTAaBUTh (DYHKIIMOHAIBHYIO 3aBUCUMOCTD

Tabnuunbiii. [Ipu TabnuunoM criocobe 3amaHus QyHKLIMS 3aaeTcs B BHUJE TaONUIIbI, B
KOTOpPO# JUIsl KaXKJ0TO 3HA4YeHMsI apryMEHTa YKa3bIBA€TCS COOTBETCTBYIOILEE €My 3HaueHUe
byHKIIUN

Crnosecnslii. C IOMOIIBIO CIIOBECHOTO ONHACAHUS.

Pemenne 3apanmii:

Nel. IIpomsBoacTBenHas ¢ynknus ¢upmer uveer Bua: Q=5 XY. Ilena eauHUIBI
pecypca X= 10 py6., emuHunbsl pecypca Y = 20 pyo. dupma pacrosaraeT IeHEKHBIMH
cpenctBamu B pasmepe 40 Teic. py0. OmnpenenuTe MaKCHMadbHO BO3MOXKHBIA 0O0BEM
MIPOU3BO/ICTBA.

Pemenne: MakcuMu3upoBaTh BBIMYCK MpPU JAHHBIX H3JEPKKaX MO3BOJISIET MpsMas
paBHBIX u3aepkeK, mim n3okocta C = Px X X+ Py x Y. [loacTaBisist MCXOIHBIE TaHHBIC, TIOTYYUM
ypaBHenue: 10X+20Y=40000. Haxoaum u3 ypaBHeHust X=4000-2Y. [loacTtaBum 3TO 3Ha4YCHHE B
3amanHOoe ypaBHeHne Q = 5XY. IMomygaem Q= 20000y-10y* OyHKIHMS COBOKYITHOTO TPOIYKTA
JOCTUTAaeT MaKCHUMyMa, Korja (YHKUHSA TMpeAesabHOro Mpojaykra paBHa Hymo MPx = 0.
[IpenenbHBIA TPOAYKT €CTh IEpBas IMPOU3BOJHAS COBOKYITHOTO IMPOJYKTa MO IMEPEMEHHOMY
dakropy. MPx = Q’ (X). MPx = 20000-20Y= 0. Orcroga Y=1 000, X=2 000.

Torma makcMMallbHO BO3MOXHBIM 00beM mpom3BojctBa Q = 5 XY =10 muH. en.
MIPOTYKIIUH.

Ne2. TlpennpruHuMaTeNb OCYIIECTBISIET IPOMBIIIJIEHHOE MPOU3BOICTBO Ha KOHKYPEHTHOM
pBIHKE B palioHe, T/ie JOCTUTHYTA MOJIHAS 3aHATOCTb. [Ipy 3TOM UMEIOTCs Ccaeyrolne JaHHbIe:

Yucno paboTaromux CTaHKOB 112 |3 |4 |5 (6 (7 |8

Brinyck npoayKiuu B ThIC. IIIT. 615123130 |36 |42 |46 |48

IIpu kakoil cTemeHu 3arpy3kd CTaHOYHOIO Iapka OyIeT JOCTUTHYT C TOYKU 3PEHUS
IpeaIpUHUMATENs ONTUMANbHBIA 00BbeM MPOU3BOACTBA? ByeT 1 OH TakUM ke ¢ TOYKU 3pEeHus
o0mecrsa?

Ne3. Tlogcuuraiite cpetHuil U IpeAeabHbIN NPOAYKT (DUPMBL.

Yucno CoBoxkynnsbiii | Cpennuii | IIpenensHblin
pabouux | MPOAYKT MPOAYKT | IPOAYKT

L TP AP MP

1 30

2 70

3 100
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4 120

5 130

Ne4. 3anosnute npomycku B TaliMile, OTPAa’KAIOIIME 3aBUCUMOCTb PE3YIbTATUBHOCTU
IIPOU3BOICTBA OT 00BEMA HCIOIB3YEMOTO TPY/a.

O6bem | OGhem E}fjﬁgﬁ‘“"ﬁ ggsg‘ff

TprILa g:lnycxa pyma Tpyma
MPL APL

1 1000

2 1000

3 2790

4 610

5 770

Ne5. TlpenenbHas HOpMa TEXHMYECKOTO 3aMEIIEHUs Tpylda KamutaaoM paBHa 2. Jlns
obecrnieyeHus MPEeXHEro o0beMa MPOU3BOJACTBA MPOAYKIMHU MPU COKPALLEHUU HCIIOIb30BaHUS
TpyJa Ha 4 eIMHUIBI HAa CKOJIBKO €JMHUI] HEOOXO0IMMO YBEJIUYUTh KanuTan?

Ne6. 3anmoauTe TaOIUIYy TPOU3BOICTBEHHBIX ITOKA3aTENICH:

KoJ-Bo eqnHuL TP | MP | AP
pecypca, L

1 4

2 7

3 8

4 1

5 3,2

Ne7. 3anomnnute MNpoOIyCKHu B Ta6J'II/II_Ie, OTpa)KaIOH_[eﬁ 3aBUCUMOCTDb PE3YyJIbTATOB
IIpOU3BOACTBA OT o0beMa HCIIOJIB3YEMOI'O KalluTajla:

EOH_BO eIMHUI] pecypca, T |™mP | AP
1 10
2 22

3 36

4 11,5
5 55

6 63
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Ne8. IlycTh TEXHOJIOTHS HEKOTOPOTrO MPOM3BOJCTBEHHOTO Ipollecca 3ajaHa (yHKUIUEH
Q=10KL. Ha mpousBojcTBe 3aHATO 5 4enoBeK. TpedyeTcsl OleHUTh HOPMY 3aMEIICHUS OJTHOTO
pabOTHHKA JTOTIOJIHUTEIIFHBIM KOJIMYECTBOM 000PYIOBaHHS, YTOOBI 0OBEM BBIITYCKA COXPaHSIICS
Ha ypoBHe Q = 500 ex1. mpOIyKIINU B JICHb.

Ne9. IMpousBoacreennas ¢pynkuus pupmsl umeer Bua: Q=5 XY. Llena eaunuisl pecypca
X = 10 py06., emununsl pecypca Y= 4 py0. Kakoe codueranme pecypcoB oOecmeuuT Qupme
MaKCUMAaJIbHBIA 00BbEM BBITYCKa, €CIIHM 3aTpaThl HA MpHOOpeTaeMble (PaKTOPBI IPOU3BOJICTBA HE
noJjxHbl npeBbimats 5000 py6. B cmeny?

Nel0. MnxenepHoit mMepol 3(QQPEKTUBHOCTH MAILIUHBI SBJSETCS OTHOILIEHUE BBITYCKa
SHepruu K ee 3arparam. [Ipeanonoxum, UMeTCs JBE MAIIMHBI, NepBasi — ¢ 3PPEKTUBHOCTHIO
10%, BTopas — 20%. MoeT 1H, ¢ SKOHOMHYECKOW TOYKH 3PCHHS, TIepBasi MalllMHa OBITh OoJiee
s¢deKTUBHOMN, UeM BTOpas?

Nell. Texnonorust HEKOTOpPOU (GUPMBI TAKOBA, YTO COOTHOIIEHNE MEXK Ty 3aTpaTaMu Tpyaa
U Kamurtajga JOJDKHO OBbITh CTpOoro (uKCUpoBaHHBIM: 1 craHOk - 3 paboTHuka. Pecypcsbl
IIPOM3BOJICTBA HE SABJISIIOTCS B3aUMO3aMEHIEMbIMU, T0O3TOMY U30BITOYHOE KOJIHMUYECTBO JHO0T0 U3
pecypcoB He NOBBIINIAET BbIMYCK. JlomycTum, uro ¢upma apeHioBajga Ha Mecsl 4 CTaHKa.
Mecsiunas craBka 3aprathl 900 ef., MmecsiuHast apeHHas miarta 3a ctanok 300 efn., ieHa e TMHUIIBI
npoaykiuu (UKCHpOBaHa W paBHa 15 en. 3a JeHb C OJHOTO CTaHKAa CHUMAaeTcs 15 eauHuIl
npoaykiuu, a B Mecsme 20 pabouux nmuei. Ompenenutre oObeM MPOU3BOICTBA, (DMHAHCOBBIN
pe3ynbTaT (MpUObLTh UK YOBITKN) B TAHHOM MECSIIE Y (PUPMEL.

Nel2. JIBurasice co ckopocTbio V=3 M/c, TpakTtop TamuT caHu ¢ cwmioi F=50 kH,
HaIpaBJICHHOM TMOJ OCTPbIM YIJIOM o K TOPU30HTY. MOIIHOCTh, pa3BUBaeMasl TPaKTOPOM,
BeIuucisieTcs mo popmyne N=Fvcosa. Haiiaute, mpu kakoMm yrie o (B rpagaycax) 3Ta MOIIHOCTh
Ooynet 75 kBT.

IIpakTnyeckasi padora Ne7
Tema 2.6 Onmcanue MPOU3BOJICTBEHHBIX ITPOIIECCOB € MIOMOIILIO TPaGUKOB (HYHKITHI
Hean: Hayuutbest wicmosib3oBaTh Tpagukd (QyHKIHE B PEIICHUH MPUKIATHBIX 3a1a4

Teopernyeckasi 4acTh:

[IpumeneHune MMHENHON QYHKIMH NIPOCIIEKUBACTCS IPAKTUYECKU BO BCeX chepax HaleH
)u3HU. [IpuMepsl TMHEHHON QYHKIIUU B )KU3HU:

[JPacyer B MarasuHe 3a KyIUUICHHble TOBapbl. Bce MbI coBepliaeM MOKYIKH, YTOOBI
YIIOBJIETBOPUTH CBOU MOTpeOHOCTU. UeM Ooibllle MbI KylIUM Bellleld, TeM O0JIblIe Mbl 3aIlJIaTUM
3a MOKYIIKY.

CTloTpebaeHue 3eKTpo3Hepruu. AGCOIIOTHO BCE MOJIb3YIOTCS neKTporprudopamu. OHU
NOTPEOISAIOT SHEPTUI0. YeM JI0JIbIIIe MBI UCIIOJIb3YEM AIEKTPONIPUOOPHI, TEM O0JIblIe HOTpedIIsieM
sHepruu. COOTBETCTBEHHO U IJIATUM OoJibliIe. DTa 3aBUCUMOCTh BbIpaxkaeTcst popmyioit IT=k*N,
IJie K- CTOMMOCTb OJTHOTO KMJIOBaTT-4yaca, N- KOJIM4EeCTBO 4acoB.)

[1B DxoHomuke. PaGOTHUKM MMOJIy4aroT 3apIuiaTy U €lle OHM IUIATAT MOAO0XOAHbIH HAJOT.
W gyem Gonblle HauMCIIEHHAs 3apIuiaTa, TeM OOJIblle BeIMYMHA MOJ0XOAHOro Hajora. JlaHHble
BEJIMUYUHBI CBsA3aHbI cienyrouiei popmynoit: [TH=0,13*D (ITH- BenuunHa MOA0XO0AHOTO HAJIOTra,
D- BenmuuuHa noxona).

[J Tlotpebnenue nuuu. BceM He00X0AUMO €CTh, UTOOBI y HAC OBIIIM CHJIBI U SHEPTHUS JUIS
paloThl. DTy 3HEPrUI0 MBI MOJy4yaeM U3 efbl. YeM Oojblie Mbl ChEIUM, T€M OOJIbIIE SHEPIUU
MIOJIYYUM.

[J ITpoBepka 3Hanuil. Korga Mbel yuuMcs, Mbl y3HaeM 4TO- TO HOBoe. Ho HeoOxoaumo
MEPUOINYECKH IIPOBOAUTH MPOBEPKY TOTO, KAK MbI BBIYUYWJIM MaTepuai. 3a 3TH IPOBEPOYHbBIE
palboThI HaM CTaBAT olleHKU. UeM OoJiblie omuboK B padoTe, TeM HIXKE OICHKA.

[ IBuxkeHue (PU3NYECKOTO Tela C MOCTOSIHHOM CKOpocThio. BceM HaM mepuoauyuecku
NPUXOJUTCS OBITh yYaCTHUKAMHU JBIDKEHUsS. PaccTossHME TpHM JBWKEHUH C TOCTOSHHOM
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CKOPOCTBIO 3aBUCHT OT BPEMEHHU JIBWKECHHUS, YeM JIOJIbIIE Mbl HAXOJUMCS B ITyTH, TEM OOJIbIIEe
paccrosiaue npoiinem. /laHHble BeTMUYMHBI CBSI3aHbI cleayromeil popmymnoit: S=vt (V- CKOpocTh
JBUKEHMUSL, t- BpEMsI IBUKEHUS).

Bo Bcex mpuBeneHHBIX NpUMepax Mbl HaOMOJaeM JIMHEHHYI ¢(yHKuuoo. MHorHe
peaJIbHbIE CHUTyallUM OIIMCBIBAIOTCSI MAaTEMaTHYECKMMM  MOJENSMH, IPEICTABJISIOIIUMU
JTUHEHHYIO (QYHKITUIO.

KBangpatnunas ¢yHKuust sBIseTcss HamOoJiee XOpOWIO H3ydeHHOW (yHKIMeH, oHa
JIOBOJIPHO 4acTO BCTpedaercs Ha mpakThuke. OHa HAXOAWUT IIMPOKOE IPUMEHEHUE B Pa3sHBIX
paszenax MaTeMaTUKH, U JAPYruxX o0jacTsaX Hayku. VMeeT TeopeTHdecKylo U MPaKTHYECKYIO
3HAYUMOCTb. Beslb IOUTH BCe, UTO OKpPY’KAeT YeJ0BEKa TaK WM HHAYE CBSI3aHO C MapaboJIon.

XOpoIIo M3BECTHO, YTO TPAEKTOPUsI KaMHs, OpOIIEHHOIO IOJ YIJIOM K TOPU30HTY,
netsimero  ¢yrOOJBHOTO Ms4ya, CTPYW BOJBI, BBINYLIEHHOM U3 ULUIaHra, NapallloTUCTa,
BBIIIPBITHYBIIETO U3 TOPU3OHTAIBHO JIETSIIET0 caMoJieTa, apTHIIIEPUNHCKOTO CHapsja, OyneT
napa0oJioil (mpu OTCYTCTBUHM CONPOTHUBIIEHUS BO3Ayxa). VMI3BECTHO TakKe, YTO MHOTHE 3aKOHbI
MIPUPO/IbI BBIPAXKAIOTCS B BUJIE KBAIPATUYHOM 3aBUCUMOCTH.

(] 3ameuaTelbHOE CBOMCTBO Mapa®osibl HIMPOKO HCIOJB3YEeTCd B HAayKe U TEXHHKE,
Hanpumep, napadoyimyeckas apka; CBOJ MOCTA.

CBONCTBO Hapa60JII/IquKI/IX 3CpKaJl HCIOJB3YIOT IIPU KOHCTPYHPOBAHHUU COJIHCUHBIX
Heqef/'l, COJIHCYHBIX aﬂeKTpOCTaHuHﬁ, OTPAKATCIBHBIX TCJICCKOIIOB - pe(bﬂeKTOpOB.

Pemenue 3aganuii:

Nel. Ha pucyHke wu3o0pakeH rpaduk 3aBHCUMOCTH KOOPJMHATBI OT BPEMEHHU
KOJIEOJIFOLIIErOCcs Teia.
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A £33

2
[To rpaduky onpenenute: 1) aMmIuTyay KojieOaHUM; 2) IepHOT KoJaebaHuil; 3) 4acToTy
KojeOaHuil; 4) 3anUIIUTe ypaBHEHNUE KOOPIUHATHI.
Ne2. 'apmoHnueckoe KojiebaHne ONMUCHIBAETCS YpaBHEHUEM

‘ . . w w
x = 2sin sin (%t +—

Uemy paBHBI LUKIMYECKas YacTOTa KoJeOaHUM, JHMHEWHas

gacToTa KoJieOaHWM, HadasibHas (aza KojieOaHui?
Ne3. Ectb MraoBenHast potorpadust BOJHBI B PE3UHOBOM IIIHYPE.
Onpenenure: 1) IMHY BOJIHBL, 2) aMIUTUTYAY KojeOaHUIN 4acTUYEK IIHYypa.

Ne4. Tlo mpencraBneHHOMY TpauKy ONPEACIUTE aMIUIUTYIy M TEPHOJa KOoJeOaHi
HUTSHOTO MasiITHUKA.

x,cm 4

— N\
z\t'c

-1

Ne5. Tlo ypaBHEHHIO TapMOHUYECKUX KOJIE€OAHUI OMpPENENUTh aMIUIUTYIY, YIJIOBYIO
CKOPOCTb, MEPUOJI ¥ YacToTy. HauepTuTs rpadmk JaHHOTO rapMOHHYECKOT0 KOJeOaHusl.

1) x =15 sin 3xt

2) x = 8 sin /3t

3) x=10 sin t

Ne6. HekoTopas TOuka JIBMKETCS BIONL OCH X MO 3aKOHy X = a sin’ (ot - m/4).
Haiitu: ammumutyay u nepuoa kosedanuit; u300pazuth rpaduxk x (t).

Ne7. Hamummrte ypaBHeHHE TapMOHUYECKUX KoliebaHui, ecnu vactoTta paBHa 0,5 I,

ammutyaa 80 cm. HavanbHas ¢a3za xonebanuil paBHa HYIIO.

43



IIpakTnueckas padora Nell
Tema 2.9 IIpocreiinye TPUrOHOMETPHUSCKHE HEPABCHCTBA
Hean: Hayuntbces pemars NpocTetiine TPUTOHOMETPUYECKUE HEPABEHCTBA

Teoperuyeckas 4acTh: ]
MNpocTefWHMMK TPMIOHOMETPHMYSCKMMK HEP3BSHCTEAMM HAZLIE3KTCA HED3ESHCTES BMAS
sinx W a,
cosT N (,
tgxr \ a,
ctgr V' a,

roe Vv — OOWH M3 3HaKos <, =, =, =, a & [1.

1. [puMepbl peLleHna NpPoCTenLLInX
TPUrOHOMETPUYECKMX HepaBeHCTB

C MOMOLLbIO rpacrKoB

C MOMOLLbIO eANHUYHOWN

OKPY>XHOCTH
y
y _1 bS
1 o Yy=- P s e
n_%=% % N\ | I\ /
o 0x 5
0 3 y=sinx
sinx>l E+21tlaz<x<5—n+27tliz,keZ
2 6 6
Y
po o Yy=Ccosx
\ 3 /"\ 3 /-\
o / 0 AN o N
N - N R 4 kR
2 y=—r>
t
cosx>—% —2?"+21tk<x<-23£+2nk,keZ
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y=tgx

tgx > —1 —%+nk<x<%+nk,kez
Y
=ctg x
il WY
0| & n *
ctgx<x/§ %+nk<x<n+nk,keZ

Cnocobbl peLlleHnd Bonee CNOXHbIX TPUTrOHOMETPUYHEeCKNX HepaBeHCTB

a)

0)

Hemonn3oBaHMe paBHOCHIBHBIX IIpeoOpa3oBaHWil W, B YacTHOCTH,

ceedeHUue MPUZOHOMEMPUYECKO020 HepaseHcmea kK aJazebpauyveckomy Hepa-

eeHcmaey no cxeme: 1) k o0Homy apeymenmy, 2) Kk 00HOl QyHKUUU, 3) 3a-

MeHa nepemeHHOU (aHAJIOTUYHO CXeMe pemIeHHsA TPUTOHOMETPUYECKHUX

ypaBHEHUIl, IpuBegeHHOH Ha c. 249) u nocaedyroujee peuieHue NOJYYCHHbBLX

npocmetluiux mpuzoHOMENPUYCCKUX HEPABCHCME.

Hecmoap3oBaHue MeTOla MHTEPBAJIOB

(nocae ceederus HepaseHemea k eudy f (x) < 0) no cxeme:

1) Haiitu O/I3 HepaBeHcTBA.

2) HaiiTu obmiuii mepuos (ecyid OH CYIIeCTBYET) AJIsA BceX (DYHKIIUIT, BXOMI -
mUX B HEPaBEHCTBO, TO ecTh mepuoa pyHEKIuu f (x).

3) Haiitu mynu pysxmun: f(x) = 0.

4) Ormeruts Hyau ¢pyakmuum Ha O/[3 Ha ogHOM mepHoae M HAWTH 3HAK
¢yaxrnuu f(x) B KakaoM U3 IMPOMEKYTKOB, HAa KOTOpbIe pa30uBaercd
O/I3 (Ea ogHOM mepHoOe).

5) 3amucaTh OTBeT, YYWTHIBaAsg 3HAK 3aJaHHOTO HEpaBEeHCTBA W IIEPHO/
dyaRIUT [ (X).
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PelleHune ﬂpOCTeVILLMX TPUTroOHOMEeTPUHEeCKUX HePaBeHCTB B O6U_l,eM Buae

3HayeHus a PeleHne
1. HepaBeHcTBO sin x > a
-1<a<1 arcsin a + 21k < x < W — arcsin a + 2nk,
rae B — maroboe mernoe uncio (k € Z).
a=> Pemenuii Her.
a<-1 x — Jr0boe JedcTBUTEIbHOE YHCIIO.
2. HepaBeHcTBoO sin x = a
-1<axl1 arcsin a + 2nk < x < T — arcsin a + 2nk, k€ Z.
a>1 Pemteruit mer.
a=1 x:%+27rk,keZ.
a< -1 x — Jar0boe IefcTBUTENbHOE UHCJIO.
3. HepaBeHcTBO sin x < a
-1<a<x1 —m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
@ =] Pemnrtenuii Her.
a>1 x — Jr000€e JeHCTBUTEIbHOE YHCJIO.
4. HepaBeHCTBO sin x < a
-1<axl1 —m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
a<-1 Permtenuit HeT.
a=-1 x:—-’2£+2nk,ke Z.
a=>1 X — J1000€ JeHCTBUTEIbHOE YHCJIIO.
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5. HepaBeHCTBO cos x > a
-1<a<1 — arccos a + 2nk < x < arccos a + 27k, k € Z.
a>1 Permteruii Her.
a<-1 x — J0boe JelcTBUTEIbHOE YHCJIIO.
6. HepaBeHCTBO cos x = a
-1<ax<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Pemenuii =Her.
a= x=2nk,ke Z.
a< -1 x — noboe JeliCcTBUTEJIbHOE YHCJIO.
7. HepaBeHCTBO cos x < a
-1<ax1 arccos a + 2nk < x < 2n — arccos a + 2nk, k€ Z.
a>A x — Jr000e AedCTBUTETbHOE YUCIO.
a< -1 Pemmenuii HET.
8. HepaBeHCTBO €0Ss x < a
-l1<axl1 arccos a + 2nk < x < 2 — arccos a + 2nk, k € Z.
a<-1 Pemrenuit HeT.
a=-1 x=m+2nk, kc Z.
a>1 x — nboe IeiiCTBUTEIbHOE YHCJIO.

9. HepaBeHncTBo tg x > a

a — n1000e NeCTBUTEb-
Hoe uucyo (a € R)

arctga+7tk<x<g+nk, ke 2

10. HepaBencTBo tg x = a

ac R arctga+7tk<x<%+nk, ke Z.
11. HepaBenctBo tg x < @
ace R -%+nk<x<arctga+nk,ke Z.
12. Hepasencrso tg x < a
ac R —%+nk<x<arctga+nk,kez.
13. HepaBeHcTBO ctg x > a
a€ R nk < x < arcctga + Tk, ke Z.
14. HepaseHcTBo ctg x > a
ac R mk < x < arcctg a + 7k, ke Z.
15. HepaBeHcTBO ctg x < a
a€ R arcctga+nk<x<mn+ 7k, ke Z.
16. HepaBencTso ctg x < a
ac R arcctga + k< x <mn+nk, ke Z.
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Pemenue 3aganuii:
Nel. BeIrmosHuTh 3a1aHU:

1. PeWwWTb HEPABEHCTBO: SINT < —%.
OTeeT!:

(—3% +27n; —% +27n), n€ Z
2. PeWwnTb HEPABEHCTBO: COST > — %
OTBerT:

(--2—;- + 27n; %’: +2mn), n€ Z
3. PewuTb HepaseHcTBo: sine > —1.
OTeer:

(—o0; +00)

4. PewwTb HepaseHcTso: sinT = (.
OTeeT:

[2mn; 7 + 2mn, n € Z)

5. PewwnTb HepasencTeo: cost < (0, 2.
OTser:

larccos0, 2 + 27n; 27 — arecos0,2 + 2mn, n € Z)
No2. BLIITOTHUTE 3a1aHUS:
1. PewwuTb HepaseHcTeo: Lgr > —1.

OTBeT:
-3 +mn:5+7n),neZ

2. PewunTb HepaseHcTso: Clgr < — 71=3

OTBerT:

[5,: +mn;w+7n), n€ Z

3. PewnTb HEepaBeHCTBO!: I,g.'l.' Z 3.
OTBerT:

(=3 +mn;arctg3 +mn), n € Z
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IIpakTnueckas padora Ne9
Tema 2.10 Konutpompnas pabora mno pasgeny 2 «OCHOBBI TPUTOHOMETPHH.
Tpuronomerpudeckue GyHKITN»
Heas: IlpoBepuTh ypoBEHb YCBOCHHS NAaHHOTO MarepHuaia 1o pasaeny 2 «OCHOBBI
TpUTrOHOMETpHH. TpUroHOMETpUYECKUE (PYHKITUI)

Ilpu pewenuu 3a0anuini 1-4 3anuwiume npaguUILHLIIL OmMEem U3 UYemvlpex
npeo10IHCeHHBIX.

1. (1 6aymm) B AABC sinC = 2—2 Kaxas u3 cropon sBisiercst runoreny3oit AABC?
A) AB; b) AC; B) BC; T') CB.

2. (1 6ann) Yriom kakoi yeTBepTH siBisiercs yroy a=400°?

AL B) I B) I T) IV.

3. (1 6amn) Kakue u3 GpyHKIUH SABIAIOTCS YETHHIMU?

A) y=sin x; b) y=cos x; B) y=tg x; I') y= ctg x.

4. (1 6ann) Kakue u3 ynicen sSBISIFOTCSI KOPHEM YpaBHEHUS COS X = %?

A)ng; B)ng;B)ng;F)xzz?n.

Ilpu evinoanenuu 3a0anuil 5-8 3anuniume xo00 peuwieHus u nOJaY4eHHblil Omeem.
5. (2 6amra) Beraucaue: sin % + C0S g

N V2 . W2
6. (2 6amna) Haiinure 3Ha4YeHUE BHIPAKCHUS 4arccos7 - 4arcsm(—7)

7. (2 6anmna) Yopoctute: 2sin(m/2+0)+ cos(m — a).
8. (2 6amna) Pemure ypaBHenue: sin’x - 4 sinx + 3 =0.

Omanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aJaHusA
OtBeTr b A B b 1 21 cosa. g + 2rk, keZ

IIpakTuyeckas padora Nel(
Tema 3.2 [IpeoOpa3oBaHne HPPATMOHAIBHBIX BBIPAKEHUN
Hean: Hayunthest ynpoIiars BRIpOKEHUS, COJICPIKAIIUE KOPHH

Teopernyeckasi 4acrThb:
Yro Takoe HPPALMOHAIbHBIEC BbIPAKEHUS ?

I/IppaHI/IOHaJ'ILHHe BBIPpAXKCHUS HAYNHAIOT BCTPEUATHCA HA OTAIIC 3HAKOMCTBA C KOPHEM U3
qucia, 4To 0OBIYHO MMPOUCXOOUT HA YPOKax anre6pbl B 8 KI1acce. 3,[[60]5 HUHTYUIHUA ITOJACKA3bIBACT,
4TO HUPPALUOHAIBHBIC BBIPAKCHHA KAK-TO CBsA3daHBI C KOPHAMH, U 3TO JEHCTBUTEIILHO TaK.
CJ'ICI[YIOH_ICC OMpCACIICHUC TOATBECPKAACT HAITY NOTAAKY:

I/IppaIIHOHa.TIbeIMI/I BBIPAKCHUSAMM HA3BIBAIOT BBIPAXCHUSA, COJACPKAIIUE OIICPALHIO
H3BJICYCHHUA KOPH:. I[pyrI/IMI/I CJIOBaMH, HUPPALNUOHAJTIBHBIC BBIPAKCHHUA — 3TO BBIPAKCHUSA C
paauKaIiaMu (BBIpa)KCHI/I}I, COZACpIKaIIUC B CBOEH 3amrCcH 3HAKH KOpHH).
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L owa—1
Ha ero ocHoBe MBI MOKEM NPUBECTH IPHUMEPHI UPPALUOHAIBHBIX BBIPAXKECHUM:

4-a2_ d’

3 & 1
B ) Va e

. " T.II.

S

k)

UroObl B fmanbHEHIIEM HE BO3HUKAJO ITyTaHUIIBI, JaBaliTe OOCYAMM OJIUH MOMEHT.

x-(x—ﬁ]-(x+«ﬁ]
338
X¥—|-x——
PaccmoTtpuMm BeIpakeHue 2 3 u3 kuuru [1, ¢. 19]. VI3 KOHTEeKCTa TIOHSATHO,

YTO 3TO pallMOHAIIbHOE BBIPAKEHHE, OHO MOJXOAUT I0J COOTBETCTBYMOIIEe onpenenenue. Ho B
9TOM BBIPAKEHUU TMPUCYTCTBYIOT KOPHH, 3HAYMUT, COTJACHO BBEIACHHOMY B 3TOM ITYHKTE
OTIPEJIENIEHUIO OHO HppallMOHaNbHOE. Tak Kakoe 3TO BhIpaKEHUE HA CaMOM JIeNie: PallMOHAIbHOE
WJIY UPpalMOHAIbHOE?

DTO HE CYTh BAXHO. DTUM MBI XOTHM CKa3aTh, YTO HE CTOUT (PAHATHYHO IOIXOIUTH
K pa30MEeHHIO BBIpAKEHUI Ha BUJABI, TaK KaK 3Ta KIacCHU(UKaIuUs HE JOCTaTOYHO cTporas (B
OTIIMYME OT KJIAacCHU(PHUKAIMU 4YHUCEN, BeAb HATypajibHble, Leible, palloHaIbHbIE,
UppaluoHalibHble, JCWCTBUTEIbHbIE YMCIA OMNPENENIEHbl CTPOro, W €ClIM JAaHHOE YHCIO
paloHaIbHOE, TO OHO YK TOYHO HE UppallMOHAILHOE U HA000poT). BeipaxeHus noapas3aeistor
Ha paluoHaJbHbIE, HPPAaLMOHANIbHBIE U T.I. O OOJIbIIEH YacTu AJis yIoOCTBa MPEICTaBICHUS U
onucaHus Marepuana. Harpumep, Mbl IMeeM €TI0 ¢ pallMOHATbHBIMU BBIPKEHUSIMU BCE BpeMs,
MoKa y4uMcsi paboTaTh C MHOTOWJICHAMH U alreOpandyeckuMu Jpo0siMu. A K UpparioHaIbHbIM
BBIPAKEHUSAM MBI IIEPEXOAUM TOT/A, KOTJa CTAIKUBAeMCsl ¢ HEOOXOIMMOCTBIO NMMPOBECTU KaKue-
TO omepauuu ¢ KopHsMmu. Haunem wu3ydarb jorapudm — CTOJNKHEMCS C J102apugpmuieckumu
svipadicenuamu. VI tak nanee. BooOie, eciin HET TBepJOW yBEpEHHOCTH B TOM, KAaKOro BHJIA
BBIpOKEHUE HAXOAMUTCA TMepel HaMmH, TO Jydllle cKa3aThb MPOCTO BBIpAXKEHHE, HE N00aBisis
YTOYHSIIOLIEE OIpe/IeIICHNUE.

3aBepiias HHGOPMALIKIO 3TOTO MTyHKTA, 3aMETUM, YTO B IIIKOJIE TEPMUH «HPPALIMOHATbHbBIE
BBIPOKEHUS» UCHOJB3YIOT Majo, OOJIbIIE TOBOPSAT O BBIPAKEHUSX, COAEPKALIUX KOPHU
(BO3MOKHO, 3TO JIeN1aeTCsl BO U30eKaHUE CTOJIKHOBEHHUS C OTOBOPEHHBIMU BBIIIIE HIOAHCAMH).

OcHoBHBIE BHBI IPe00Pa30BaHUIl HPPALMOHAIBHBIX BbIPAKeHUI

KaKk U TpH TpeoOpa3oBaHUU IIOOBIX JPYTMX BBIPAKEHHM, HAIO YYUTHIBATH 00JacTh
nomyctuMbix 3HaueHu#t (O/]3) u He momycKaTh ee CyKeHHS.

C uppaioHaIbHBIMU BBIPQKCHUSIMH, KaK U C BBIPAKCHHSIMH JPYTUX BUIOB, MOXKHO
MIPOBOJHUTH JIFOOBIE U3 OCHOBHBIX TOXKIECTBEHHBIX MPe0OpazoBaHuii, Oyab TO PaCKPHITHE CKOOOK,
TPYNIUPOBKA U MPUBECHUE MMOJOOHBIX ClIaraeMbIX U T.I. ITO U MOHATHO, TaK KaK B OCHOBE 3THUX
peoOpa3oBaHMii Jie)KaT TaKKe CBOMCTBA JIEUCTBUIN C YUCIIaMU, KOTOPBIE SBJSIOTCS OOIIUMHU ISt
qrcell pa3HbIX BUAOB. Takxke MOHATHO, YTO MPU MPOBEACHUH MPE0Opa30BaHU HPPATMOHATBEHBIX
BBIPAXKEHUN COXPAHSIETCS NPUHATHIA MOPSAOK BBINOJHEHUS JedcTBUi. [lokaxkem pemieHus
HECKOJIBKMX ITPUMEPOB.

Ipumep.
0+33-2+4-33+1-2-33

[IpeoOpasyiiTe upparoHaIbHOE BEIpAKECHHE .
Pewenue.
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Jis Havama 3amMeHUM KOopeHb w3 81 ero 3HaueHueM 9 (mpu HEOOXOIUMOCTH
CMOTpPUTE U3BJICUCHUE KOpHE), nMeeM

V8143324433 +1-2.43=
=9+33-2+4.3341-2.33

OueBHUIHO, B TOJYYEHHOM BBIPKEHUM MPUCYTCTBYIOT MIOJOOHBIE CllaraeMble, O3TOMY
1es1ecooopa3Ho BBIIIOJIHATH ux IIPUBEJICHNUE:!

0+33-2+4.33+1-2-33=
=(9—2+1}+{-°{E+4-%@—2-{E]=
=8+3-13

Omeem:
0+33 24433412243 =8+3.43
Ilpumep.
Hcnons3ys GopMysbl  COKpPAIIEHHOTO YMHOMXCHHUsS, TMPEACTaBbTE€ HPpAIMOHAIBLHOE

(G

BBIpaKEHUE B BHUJIE MPOU3BENICHUS JBYX HPPAIIMOHATBHBIX
BBIPAKEHUII.
Pewenue.

OueBHIHO, UPPALMOHATIBLHOE BBIPAKEHHE B CKOOKax IMpejacTaBisieT coOOM KBaapaT

fxs3-1)

-
o

Pa3HOCTH, TO €CTh, €ro MOKHO 3aMCHHUTDH Ha
-

Umf—lmﬂj—g:
~{x=3-1) -9

A Tenepb JEBATKY MOKHO MepenucaTh Kak 32, ocjie 4ero BOCHONIb30BaThes (hopMyIoit

, MO3TOMY

Pa3HOCTb KBaapaToB:

(ﬁ—lf—9=(ﬁ x+3—]]2—33=
=(ﬁ-1-3)-(§/ﬁ—1+3]=
=(ﬁ-4}-[{/m+2]

B pesynbraTe mpojenaHHbIX TOXIECTBEHHBIX MPEOOpA30BaHUN MBI NMPHUIILUTA K HY)KHOMY
HaM MPOMU3BEJICHUIO ABYX UPPALMOHATBHBIX BBIPAKEHUH.
Omeem:

((mf—E-M+lj—g=
:(M—4](m+2]

CymectByer eme psa npeoOpa3oBaHUil, OTHOCAIIMXCS HUMEHHO K HpPpalMOHAIbHBIM
BbIpaXKEHUsIM. PaccMOTpPUM OCHOBHBIE U3 HUX.
IIpeoOpa3oBaHue NOAKOPEHHOI0 BbIPAKeHUSI
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OpHo U3 BaXHEHIMMX MpeoOpa3oBaHUN HUPPALMOHAIBHBIX BBIPAXKEHUN COCTOUT B
CIICNYIOLIEM: BBIPDQKCHHE II0J 3HAKOM KOPHS MOXHO 3aMEHUTH TOKJIECTBEHHO PpPaBHBIM
BbIpakeHueM. CHavasa IpuBeIeM IPUMEpPBI €r0 BBIIIOJHEHUS, I10CJIE YETO MOACHUM, HAa YEM OHO
0azupyercs.

OTO yTBEpXKICHHUE JaeT BO3MOXKHOCTh paboOTaTh C MOJKOPEHHBIMU BBIPAKEHUSMHU.

146

Hanpumep, oHO M03BOJISIET CyMMY MO KOPHEM B BBIPAKCHUU 3aMEHHTh €€ 3HAYEHUEM,
TO €CTb, MepenTn K KOPHIO . Hpyrou pumep: HAPPALUOHAIBHOE
4 5
2-a -6
BBIPAKECHUE MOKHO 3aMEHHUTh TOXJECTBEHHO paBHBIM eMy

4 4
2-a -a—=6
BBIpa)KeHI/IeM .

[Touemy mannoe mpeoOpa3zoBaHue umeeT Mecto? [leno B TOM, 4TO KOTAAa MBI JaBajiu
oTpeJieNieHUe KOPHS U3 YUCIIa a, TO MBI CKa3aJIk O €ro €AMHCTBEHHOCTU. TO eCTh, HE CYIIECTBYET
yycia a1, OTIUYHOTO OT @, /Il KOTOPOro CIPaBEeAIUBO PABEHCTBO , OTO PaBEHCTBO
BO3MOXHO JIMIIb Mpu a=a;. Takke Mbl 3HAEM, YTO 3HAYEHHSA TOXKJIECTBEHHO paBHBIX
BbIpakeHUH A 1 A1 paBHBI IIPH JIIOOBIX JOMYCTUMBIX 3HAYEHUSX MepeMeHHbIX. M3 3Tux ¢axton
cleryeT pa3doupaemMoe yTBepxkKaeHUE.

Hcnoab30BaHne CBOMCTB KOPHe

JInst  TOXICCTBEHHBIX MPeoOpa3OBaHW HUPPANMOHATBHBIX  BBIPAKEHUN  IIHPOKO

Jab=Ha~b

HCTOJIB3YIOTCS CBOMCTBA  KOpHeW. Hampumep, ucnosb3yss CBOMCTBO

]+\E--JIE

rae a>0, b>0, oT uppaMOHAIEHOTO BBIPAKCHUS MOYKHO TIEPEUTHU K TOKJIECTBEHHO
mimf o Fyry o
e = el
1++43-12 .
PaBHOMY BBIPKCHHIO . A cBoIicTBO , TIe a>0, mo3BoJsgeT

2 3la
i+ 4 2 ir{_
'\./_ 1o+ 2 4
BHpa}KeHI/Ie nepelmcaTb KakK .

[IpeoOpazoBaHue HppaIMOHAIBHBIX BBIPAXCHUH, COACpIKAIIUX 0] 3HAKaMHU KOPHEH

OTpI/II_laTeJ'ILHbIe quciia u Bpra)KeHI/I}I C HepeMeHHLIMI/I, COHp}DI(eHO C pH,Z[OM HIOAHCOB. HaHpHMep,
=7
481

MBI HC UMECCM npaBa 3arcartb paBeHCTBO Ha OCHOBAHHH CBOfICTBa KOpHeﬁ,
o Ria

R =
y Nb
BBIPQXKEHHOTO (hOpMyIoi . Mleno B ToMm, uTO yKa3aHHas QopMmyna JgaHa Ui
HEOTPHIATEIIFHOTO YKCIIa & ¥ MOJIOKHUTENbHOTO D, a —7 1 —87 — otpunarenshbie yncna. Ho ecnu

IIPeBApUTENILHO 3aMEHHTH IPOOb O] 3HAKOM KOPHS paBHOM eif ApoOkio 7/81, To nasnbiiie MOXKHO

%

.
&)
—

MPUMCHATH YIIOMSHYTOC CBOMCTBO KOpHeﬁ " IEPEXOJUTH K BBIPAKCHUTIO BUJId
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[TotoOHBIE TOHKOCTH B JIETaNsIX pa30OpaHbl B CTaThe MpeoOpa3oBaHNe UPPALUOHATIBHBIX
BBIPA)KEHUH C UCIOJIb30BAHUEM CBOMCTB KOPHEM.

CBoiicTBa KOpHEH JIe)KaT B OCHOBE JBYX CIEAYIOIIMX NpeoOpa3oBaHUM, Ha3bIBAEMBIX
BHECEHUEM I10]] 3HAK KOPHS Y BBIHECEHHEM U3-110/1 3HaKa KOPHSI, K PACCMOTPEHHUIO KOTOPBIX MBI U
HEPEXOAUM.

BHecenune MHOXKHUTEIS O] 3HAK KOPHS

B-iC

Buecenne MHOXUTENS 1OA 3HAaK IMOJIPa3yMEBAaeT 3aMEHY BBIPAKECHUS ,
rae B u C — HexoTophlie yKcna WM BBIPAXEHHS, a N — HATYpaIbHOE YMCIO, OOJIbIIEe €TUHHIIbI,

F H F L
vB -C —alBs O
TOX/IECTBEHHO PaBHBIM BhIPOKECHHEM, UMEIOLIIMM BH T WITH :

2-3x

Hanpumep, uppanvoHanbHOE BBIpa)KEHUE MOCJIe BHECEHUST MHOMKHUTEIS 2 TI0]]
V27
3HAaK KOPHA NPUHUMACT BU
BriHecenne MHOKUTEISI U3-10/1 3BHAKA KOPHSA
[IpeoOpazoBaHueM, B M3BECTHOM CMBICIE OOpAaTHBIM BHECEHHIO MHOMHUTENS TOJ 3HaK
KOpHA, ABJISICTCA BBIHCCECHUC MHOXUTCIIA MU3-I1I0J] 3HAKAa KOPH:. OHO cOCTOHT B MMpEaACTaBJICHUN

rtll'Bn_C B-’{/{E

KOpHA B BHUIC IMPOU3BCACHUA npu HEYETHBIX N UIn B BUC

1B1-c
MIPOU3BEACHUS npH yeTHBIX N, rae B u C — HekoTophle Yncia uin BEIPAXKEHUSI.
3a IpUMEpPOM BEpHEMCSI B IIPEIBITYIIHIA MYHKT: HppaliOHAIbHOE

2Pk 2-3fx

BBIPAXKCHHUC IIOCJIC BEIHCCCHUS MHOXUTEIIA U3-1101 3HAKa KOPHA MPUHUMACT BU/]

«.lf(x Sl 1)2 -7

. ,prrOﬁ IIPUMEP: BEBIHCCECHUEC MHOXHUTEIIA U3-T10/] 3HaKa KOPHs B BEIPAXKCHUN JacT

|x+]|- |T| |x+1|-ﬁ

IIPOU3BEACHUC , KOTOPOE€ MOKHO IIEPCIINCATh B BUIC

Pernenue 3ananmid:

Nel.

Mpumep 1. Ynpocmume ebipaxeHue:
: 244
a) Ja'b

\/u_\/h_x =ab’:
'I ()(]‘ I ()Hl = 4(7:

Vo Jopt  3b’

lMpumep 2: BoiHecmu MHOXUMENL U3-Nod 3Haka
K8adpamHo20 KOPHSA.

a) \/xm:\/?l-\/ﬁzo\/;;
6) V32a°=16-a* -2 =16 Na® 2 = 4a2:

é) \/9(1./)(: \,v’(‘)-a" ca-b'-b=

=\o-a* Na-b* b

-
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No2.
¥YIpocTHTE BhIPAMKEHHA:

a)4\/§+\/55-~/f§; a)7\/§—~/Z§+\/§7:
6) V3-(2V3 +V12); 6) V2 (V8 +42);

5) (V5-2)'; 5) (V8 +5) ;

r) (V8-v2)(v3 +42). r) (V5 +v8)(v5-43).

Ne3. Berunciu

-] 74
2| -7 +viz-s
> N2-vio] +[vio-4]
Y| Vis—4f +|[i5-3
MR R )
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IIpakTnueckas padora Nell
Tema 3.2 [IpeoOpa3oBanne UppaMOHATBHBIX BBIPAKEHHUH
Heas: Hayuntbcst npeoOpa3oBbIBaTh JpoOHBIE UPPALMOHATIBHBIC BEIPAKECHUS

Teopernyeckasi 4acThb:
IIpeoGpa3oBanue apodeii, comepxraIux KOPHHA

HpparnmoHaibHbIE BBIPAKCHUS MOTYT COJIEpXKaTh APOOH, B YMCIHTENC M 3HAMEHATEIIe
KOTOPBIX TPHUCYTCTBYIOT KopHU. C TakuMu JpoOSIMH MOXHO TPOBOJUTH JIIOOBIC U3
OCHOBHBIX MO}COeCMBEHHbIX NPeodpa308anull Opooel.

Bo-miepBbIX, HUYTO HE MemIaeT paboTaTh ¢ BEIPAKCHUSIMU B YHCIUTEIIC U 3HaMeHaTele. B

(2+3)-4x

; ‘15

KayecTBe pUMepa pacCMOTPHUM JIpoOb . UppannonaibHOE BBIpaKEHUE B YUCIIATEIIE,

5.4y
OYEBUJIHO, TOXKJECTBEHHO PAaBHO , 4, OOpaTUBIINCH K CBOMCTBAM KOpPHEH, BbIpAXKEHUE B

3HaMEHaTes e MOYKHO 3aMEHUTh KOPHEM . B pesynbrare ucxonHas 1po0s peodpaszyercs

5.4/%
K BUZlY IE"--':"72"'5.

Bo-BTOpBIX, MOKHO W3MEHHTH 3HAK Mepel] APoObI0, W3MEHUB 3HAK YHCIHUTENS WU
3HaMeHaresds. Hampumep, UWMEOT MeECTO TaKWe MpeoOpa3oBaHHs  HPPAIMOHAIBHOTO

3 x+2-ﬁ _ x+2-ﬁ _x+2-ﬁ
—3-x:+iﬁ —(—3~x2+J{EJ 3-:{2—%

BbBIPpAKCHUS: .

B-Tperbux, mHOTIA BO3MOXXKHO M II€JIECOOOpa3HO IMPOBECTH COKpamieHue apodu. K
3.(3x=a—1)Jx
Grra-1f

3-afx

Vr+d-1 (3«.!‘f+4—1]
HppalOHaJIbHOC BBIPAXKCHUC , B pE€3YJIbTAaTC NOJTyH4acM : !

HOHSITHO, 4TO BO MHOTHX ClIydadX, IPEKIAC YCM BbIIIOJTHUTHL COKpAIICHHUC ,Z[pO6I/I,

npuMepy, Kak OTKa3aTb cebe B YIOBOJILCTBUM COKpPATUTh JApOOb Ha

=
i

BBIPQXKECHHUS B €€ YUCIINTENIe U 3HaMEHAaTeNe MPUXOAUTCS pacKiaJblBaTh HA MHOKUTEIH, YEro B
IPOCTBIX CIIydasX MO3BOJSIOT JOOUTHbCS (DOPMYNBI COKpAIIEHHOTO YMHOXEHMA. A HHorzaa
COKpaTHTh JApoOb IMOMOraeT 3aMeHa MEepeMEHHOM, MO3BOJSIOMas OT HCXOJHOW JApodu c
UPPalMOHAILHOCTRIO MEPEeUTH K palMoOHaIbHON ApoOu, paboTaTh ¢ KOTOpOH KoMQopTHee U

IIPUBBIYHEE.
X—v
g
NI+ ¥
Jlst npuMepa BO3bMEM BEIpQXKEHUE . Beegem HOBBIE
U=Aalx V= -vq
MIEPEMEHHEIE " , B DJTHUX TMEPEMEHHBIX HCXOJHOE BBIPAXKEHHUE HMEET
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BU/]I U=V Bpmonaus B unciurene pa3noKeHNue MHOTOWIEHA Ha MHOXUTEIH 110 (hopmyIie
pa3HOCTh KBaJIpaToB, MOJTy4aeM BO3MOXHOCTb COKpATHUTh IpoOb Ha U+v,

ol ol
i

2.“ —v° —2-@_“)‘(“4_1‘):2-(14—1*}

nMeeM u=v H=Vv . BomonnuB  oOpatHyro  3ameRy,

2- (7 4y)

OPUXOJUM K BBIPAKEHUIO , KOTOpO€ TOXXJIECTBEHHO pPAaBHO HCXOJHOMY
UppaluoHabHOMY BbIpaxkeHuto Ha O/13.

B-4eTBepThIX, IpOOH ¢ MPPANMOHATHHOCTHIO MOKHO MTPUBOANUTH K HOBOMY 3HAMEHATEITIO,
YMHOXasl €€ YHCIUTENbh U 3HAMEHATeNb Ha JOTIOJHUTENbHBIN MHOKUTENh. Hanmpumep, npuBenem

V-1

S.a
)IpO6I) []:" X K HOBOMY 3HAMCHATEIIIO X. ,Z[J'ISI OTOIr0 €€ YUCIIMTCIb W 3HAMCHATCIIb CICAYCT

2%

YMHO)KI/ITI) Ha I/IppaHI/IOHaJ'H)HOG BI)Ipa)KeHI/Ie
-1 24x(r-1) 207 R
0.5-4r  05-4x-2:+/x x

HMeeM
HamoMHMM, 9TO BBINIOJHATH COKpalleHHue ApoOel WM MpUBEACHHE NPOOEH K HOBOMY

3HameHaTeno Heooxoaumo Ha OJ13 mepeMeHHBIX IS UCXOTHOM APOOH.

YMHOXEHHWE YHCIUTENss W 3HaAMEHATels JApoOM Ha HEKOTOpOEe HppaIMOHAIBHOE
BBIpAKEHUE YaCTO MCTOJB3YETCS IS TPOBEIACHUS MTpeoOpa3oBaHmsl, HA3bIBAEMOT0 M30aBIEeHUEM
OT UPPAIMOHAIBHOCTY B 3HamMeHaTese. Pazbepem, Kak OHO MPOBOAMTCS.

HN306aBeHHE OT HPPANMOHAJIBLHOCTH B 3HAMEHAaTeJIe

N306aBneHremM OoT MpparMOHAIIBHOCTA B 3HAMEHATeJe Has3bIBAIOT IpeoOpa3oBaHue, MpHU
KOTOPOM JIpOoOb 3aMEHSETCS TOXKJICCTBEHHO PaBHOW IpOoOBI0, HE CoAeprKallell B 3HAMEHATele

o .x

3HAKOB KOPHEH.

g
=P

3
Hanpuwmep, 3aMeHa Ipoou IpoObIO ecTh 0CBOOOXKIEHUE oT
UppallMOHAILHOCTH B 3HAMEHATEJIE.
Ilepexoa oT KOpHeii K cTeNeHAM

[lepexon OT KOpHEW K CTEMEHSM IpH MpeoOpa3oBaHUU HPPAIHOHATIBHBIX BBIPAKEHUN

R F

IMpOBOAUTCA Ha Oase paBCHCTBaA , C IIOMOULIBIO KOTOPOT'O HaCTCsA OIPEACICHUC
CTCIICHU C pallMOHAJIBHBIM IIOKA3aTCJICM. MM 6e300s3HEHHO MOKHO II0JIb30BaThCs, KOTrJa a —
Flm=2
Y5
MOJIOKUTECIBHOC YHCJIO, M — IEI0C YMCII0, a N - HAaTypaJIbHOE. HaHpHMep, KOPCHb MOXXHO

)

| pa

3aMCHHUTDH CTCIICHBIO C I[p06HBIM IMoKasaTcjieM Bu1a
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Ecau xe oA KOPHEM HaXOAUTCA OTPULATCIIBHOC YN CJIO WU BBIPAKCHUC C ICPCMCHHBIMH,
mt

M F

a =a”
TO hopMyIoit HAJI0 II0JIb30BaThC akKKypaTHO. Hanpumep, Mbl He IMeeM TpaBa cpasy
3 2
- 7 - —
esy ey (=8F (J6)
3aMCHUTH KOpHH n CTCIICHAMU BUJa u N TakK KakK
Fii
nl_m ™
a =a”
dbopmyna HE UMECT CMBICIIA UL OTPULIATCIILHEIX a.

Pemienue 3axanuii:
Nel. TlpeoGpazoBaTh ApOOk:

) I;'.i"l"."l"k,llll..'l-'
wf£;]1+ﬁ'w"ﬁ}'

) afa+33=(Va) +(\) = (V= B)|(Va) a5 +(Bf |-
=|{\,G+ﬁ]{fr~~4"3:+_‘~:‘.]; H |

2) (Va3 +Ba= [{@]'uz\fﬁ-ﬁuf(qﬁ}']@@:
=a-2 3 +3+ =

Neo2. TIpeoOpa3oBaTh BeIpaKECHHUE:
a) x -10Jx + 25 2Jx -10
3Jx+12 ~ x-16

0) 1-a u+l-.|l'ab+4b_

4Ja +8J6b 3-3Ja

B) ¢-25  3Jc+18,
c+12Jc + 36 2Jc +10

r)5Jm -10Jn _4n - 4Jmn + m

Jm-5 = 15-3/m

Ne3. BLIOJIHUTE 3aaHU:

S7



® 1. YupocTHTe BhIpa)keHHe:

a) 6V3+V27-8V75;  6) (V60 -2V2)V2;  B) (2-V3)2
e 2. CpaBHuUTE %@ u %m

3. Coxkparure Apobb:
3-3 a-2Va
) /= 0) ——.
V5-V15 3Va-6
4. OcBoboguTe Apo6k OT 3HaKa KOpHA B 3HaMeHaTeJe:
5 8
a) ; 6) ——.
3V10 V6 +V2
5. IloxayxuTe, 4T0 3HAYeHHEe BBIPpaKeHHUHA
1 1

2V7T-1 2V7T+1

eCTh YHCIO panmHOoOHaJIBHOE,

V-7

6. IIpu Kakux 3HaYeHMAX X Apobb —xl,‘,— NpHHIMAaeT
HaubonblIee 3HAUeHHe?

IIpakTnyeckas padora Nel2
Tema 3.3 Pelienne nppanyoHaibHbIX YpaBHECHUH
eanb: HayunThcs pemiats uppanuoHalbHbIE YPABHEHUS

Teopernyeckasi 4acThb:

Onpenenenue. UppaunoHajJbHbIM Ha3bIBaeTCs yPAaBHEHUE, B KOTOPOM HeU3BeCTHOE
(mepeMeHHAas1) COAEPKUTCH MO 3HAKOM KOPHSI MJIM MO/ 3HAKOM ONepaluy BO3BeleHUS B
PalMoOHAJILHYIO (IPO0OHYI0) CTeNEeHb.

Jlis perieHus HppalroOHaIbHBIX YpPaBHEHHH OOBIYHO HCHOJB3YIOTCS CJEIYIOIIHE
MIPUEMBL:

1)Bo3BeieHHE B COOTBETCTBYIOLIYIO CTEIIEHb 00€ YacTH ypaBHEHUS;

2) BBEJICHUE HOBOW MEPEMEHHOM;

3) cBeneHHe K cUCTEMe YPaBHEHHIA;

4) npuMeHeHHe CBOMCTB (PYHKIIMIA, BXOISAIINX B YpaBHEHHUE.

[Ipu pemieHuy UppaMOHANBHBIX YpPaBHEHHMI HE0OXOoIuMMa MpOBEpKa BCEX HailJIeHHBIX
KOpHEH IyTeM HX MOJCTAHOBKU B MCXOJHOE ypaBHeHHE WM HaxoxaeHue O/13 u ciemyrouuit
aHaJIM3 KOpHEW (IpH pelIeHHH METOJOM IpPHUBEACHUS K PaBHOCUIILHOW CMENIaHHOW CHUCTEME
ypaBHEHUI U HEPABEHCTB HEOOXOAMMOCTh B 3TOM OTIIAJIACT).

[IpocTeitmmm uppanmoHanbHbIM YPABHEHUEM SIBIISIETCA YPABHEHUE BHUJIA:

<[7 ) -gl)

IIpU PEIICHUHN KOTOPOTO BAXKHYIO POJIb UTPACT YETHOCTH UM HEUYCTHOCTH N.
Ecau n- HCYCTHOC, TO JaHHOC YPABHCHUC PABHOCUJIBHO YPABHCHUIO

f)=(g)"

Ecau n - UCTHOC, TO, TAK KaK KOPCHb CUHUTACTCA apI/I(I)MCTI/I‘-ICCKI/IM, HCO6XOJII/IMO

o x>0 L =
yuutbiBath O/[3 (001acTh MOMYCTUMBIX 3HAYCHHA): f . YpaBHeHUe 7(x)=g(x) B 3TOM
CJIyda€ paBHOCHUJIbHO CUCTCME:
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{f ()= (=)
g(x)=0
IIpumep 1.

Pemmmte ypaBHenue vx — 3 = 5.
Pemenne. Tak kak N=2 - yeTHOE, TO 00€ YaCTU YpaBHEHHUS BO3BOJUM BO 210 CTCIICHb:

(Wx—3)2=52© x—3=25 ©x=28

OrtBer: 28
IIpumep 2.

3/ 3
Pewruts ypapuenue X —2x+1=1

Pemenne. Tak Kak B JaHHOM TpuMepe N=3 - HEUETHOE, TO MOCJIE BO3BEICHHS 00CHX
yactei ypaBHEHUS B TPEThIO CTENEHb MOJTyYUM
PaBHOCHIIBHOE JTaHHOMY ypaBHEHHUE:

x=10 x=10
©-kx+rl=Por -u-0o =
x°=-2=0

2 X= i‘\E
Orser: X1~ _W'E’ Xy =0,x; = 2 :
IIpumep 3.

Pemnts ypasrenne ¥ % +l=2-x
Pemenne. Tak Kak N=2 - YETHOE, TO UCXOHOE YPABHEHHE PABHOCHIILHO CHCTEME:

=i{7—_ x+l=4—4x+x? 2-5x+3=0
x+1=(2-x) . .
2—-x=20 x<2 =2

<> =,
x<2

x=(5-+13)/2
YpaBHeHus Buaa Eff(x) - !{'Jg(x)

N — HeueTHOE = f(X) = g(X)

L{f-s) - ot

g 5t13 __5-B
—

OTtBeT:

, pelIaloTCs CAeIyIoIUM 00pazoM:

x)=0 glx)>0
IMpumep 4.
Peumts ypaBHenue: V5 —x = V4x + 2

5-x=>0 x<5

i4x+220 ﬁ{xZ—Q5$
5—x=4x+2 x =06

Ortser: 0,6

IMpumep S.

Pewuth ypaBHenue: V2x +6 —vVx+1 =0

Pemenue. 3anunieM JaHHOe ypaBHeHHME B Buie: V2x +6 = vx + 1. Bossoas o6e
x+1 =0
2x+6 =0

YacTH B KBAJpaT U YUUTHIBAs, YTO { NOJY4YUM ypaBHeHUe 2x+6=x+1, pemieHue
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KOTOPOTO €CThb X = -D — HE yJIOBJETBOPSET BHIIIUCAHHOMY YCJIOBHIO. 3HaUUT, JTaHHOE ypaBHEHUE
HE UMEET PELICHUM.

OrtBeT: HET pelieHui

Ecnu nppanmonanbHoe ypaBHEHNE COJIEPKUT HECKOJIBKO pajiiKaioB. B aTom ciyuae mis
n30aBJIEHUS] OT PAJMKAJIOB YpAaBHEHHE MPHUXOIUTCS BO3BOJUTH B COOTBETCTBYIOIIYIO CTEIECHb
HECKOJIbKO pa3. [Ipu 3ToM npeaBapuTenbHO YEAUHSIOT OJUH U3 PaJIKalIOB TaK, 4TOObI 00€ YacTu
yYpaBHEHUs CTaJld HeOoTpHlaTeabHbIMU. Oco00€ BHUMaHUE CIEAYyeT OOpaTUTh Ha MPaBHIIbHOE
Haxoxaenue OJ13.

IIpumep 6.

J2x-9—+x-3=1

Pemnts ypaBHeHUE

Pemenue. 3anuiieM ypaBHeHUE B BHjE: ¥ 2x-9=1+x-3 ay xax Tenepbp ooe
4acTH MOJIyYEHHOTO YpaBHEHMsI HEOTPULIATEIbHbI, TO BO3BEJEM HX B KBaJ[part:

2x—-9=1+x-3+2/x-3 = x-T7=-x-3 .

[lonyueHHOEe ypaBHEHHE PAaBHOCWIIBHO UCXOAHOMY. Jljii €ro pemeHus paccMOTpUM
CUCTEMY:

x-720 x=27 x=27

= =
(x—7) =4(x-3) x’ —14x +49 = 4x—12 x*-18x+61=0
x=7

Lo x=9+xf2_ﬂ

ngi@

Orper: X =9+20

BBeneHnrie HOBOU MepeMEHHOM B PSJE CIIydaeB MO3BOJISIET MEPEUTH OT UPPALMOHAITIBHOTO
YpaBHEHHUS K pallMOHATILHOMY YpPaBHEHHUIO.
IMpumep 7.
2 2
Pemnth ypaBHeHne ¥ +3x+4/x" +3x -5 =10 :
Pemenue. Bo3Benenue naHHOrO ypaBHEHHMsI B KBaJpaT HIpHUBEIO Obl K YPaBHEHHIO
YeTBepTOM  CTeMeHW, UTO  HepauuoHanbHO. [loaTOMy  3amuiieM  ypaBHEHHE B

2 2
puge X 3x—-5+4x" +3x-5=5 BBEJIEM «HOBYIO» IIEPEMEHHYIO:

y= xt+3x-5 y=0

=1
y1 +4y-5=0 <= [y
[Tomyunm J-'=—5.

f.2 _ f.2 _
BepHeMcsi K  «CTapbIM» IEPEeMEHHbBIM ¥ % +3x-5=1 wm V% +3x-5=-5 .

BTOpOC U3 TIOJTYYCHHBIX ypaBHeHPIfI pemeHHﬁ HC HMECT, a PpCHICHUA IICPBOIO €CThb
—3+433
rxr=——-.

yupcia 2
—3-./33 ~3+./33
N=—"T"h="—"
OTtBeT: 2 2 .
WHoraa npu penieHnn HpparuoHaAIbHOTO YPaBHEHUS BOSHUKAET HEOOXOIMMOCTh  BBECTH
HE OJIHY, a HECKOJBKO «HOBBIX» TEPEMCHHBIX. Takas CHUTyallusi BO3HUKAET, HANpUMeEp, NpU
pellIeHUH YPaBHEHUM, COJCPIKALIMX PaJUKaJIbl Pa3HbIX CTCIICHEH.
[Ipumep 8.
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3 —
Pemmte ypaBHeHUE V&_ 2 +'\hl —x=1
— . _ 3
Pemenne. [Tycts ¥ = =220 ,v=3N1-x o utv=1_ Apyroi

2
croponsl ¥ +¥ =x—2+11-x= 9 . Honyuaem cucremy
ut+v=1 u=1-v u=1-v
= =
u v =9 (1—v)1+v3:9 Vv —2v-8=0
Pemum IMOCJICAHEC YPABHCHUC CUCTCMBI:
Vivi-2v-8-0 < (¥ -8)+v(v-2)-0c
v=2

v—2 v1+2v+4+v =0 > v=2
-2 ) ?  3vi4=0

Homyanv, uro¥=2, a qorma 8=1-%¥=-1<0_ 110  ycnopuo #210
CJIEIOBATENIEHO UCXOIHOE YPAaBHEHHE PELICHUIN HE UMEET.

OTBeT: HET peleHnH.

[Ipn pemieHHH HEKOTOPHIX UPPALMOHAIBHBIX YpaBHEHUH HaxXoXKJAeHUE 00sacTu
JOTYCTUMBIX 3HAUEHUHN BXOJAIIMX B YpaBHEHHE HEU3BECTHBIX MOYKET CYLIECTBEHHO OOJErdyuTh
penieHue ypaBHEeHHUSL.

[Ipn pemeHun uppalMOHANIBHBIX YpaBHEHHUH OBbIBa€T TIOJE3HO BOCIOJIB30BATHCS
MOHOTOHHOCTBIO (DYHKITHH.

[Tpumep 10.

x+6)=6-3x1+6

Pemienne. OMH KOPEHb JaHHOTO ypaBHEHUS ¥ = 2 jerxo maittn noaoopom. [lokaxem,

JUx+6)+3x+6=6

Pemnte ypaBHeHHE

YTO APYIUX KopHeﬁ HeT. 3anuileM ypaBHEHUE B BUE

CBOI/ICTBy CTETIEHHBIX byHKIui
byHKIIH Filx 1( ) v ( j ¥2 (I) ' SBIIAIOTCS BO3paCTaOIUMU Ha
MIPOMEXKYTKE [-6; ), rjae OHHU obe OTIpE/ICNICHBI. [Toatomy ux

y(x)= J2(x+ﬁ)+?{.f'x+
cymma Ha 3TOM IIPOMEXYTKE TAKXKE BO3PACTAECT, CIEAOBATENIBHO,
OHa MPUHUMAET KaXKJ0e CBOE 3HaueHHue (B TOM 4ucie U 6) Toabko ofauH pa3. [lostomy npyrux
KOpHEU HET.

Oreer: X =2

Pelnenue 3ananui:
Nel. Pemnts ypaBHEHUS:

1) Vi-2=1

2) YJr—1= —31

g Vo1=-3,
(L _1

4) \Ns-2¢ 3

Ne2. Pemnth ypaBHEHUS:
1) V=72 —-17x = —x
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2) Vxi+Tx—2=6—x

3) Vxi-x-—6=+-2x

Ne3. Pemuth ypaBHEHUS:
1) Vi+2+43x—2=4

2) Yxr—14+4/x+2 =x|"'l'l—x_

Ne4. Pemnth ypaBHEHUS:
4 Sx+3
Ex =2
]_) V2 5
2) Vx—2+23x—-2=3
2—x x+3 10

+ =
3) Axt3d 4l2-x 3

Ne5. Pemnts ypaBHeHUS:
1) (G —4x+3n5ox—-2-2x% =0,

2) Vvi—1Iyx —2¢x—3 =0.

IIpakTHyeckas padora Nel3
Tema 3.4 [lokazarenbHas GyHKIUS, €€ CBOMCTBA. PemeHne moka3areabHbIX YpaBHECHUH U
HEPaBEHCTB
eab: HayunThes pemiatsh nmoka3areyibHbIE ypaBHEHUS

Teopernyeckasi 4acThb:

Onpeoenenue YpaBHEHUE, B KOTOPOM IIEpEMEHHasi COACPKUTCS B MOKa3aTesie CTENEHH,
HA3bIBAETCS TOKA3aTEeIIbHBIM.

[Ipumepsl nokazaTeIbHbIX YPAaBHEHUM:

1. 2°=4;

-2

5. 4% 425 4+1=0,
6 5_)x+1_43‘:2x+3+63—r :{_-'.
BLI6epI/ITC IMOKa3aTCJIbHbIC YPABHCHU:
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§)3 7 -5 =48,

Cnoco0bI pemeHnsi MOKA3aTeJbHBIX YPaBHEHHI

Be1ensroT Be rpymiibl crmoco00B: TpapuUuecKiii 1 aHATUTHYECKHE.

BcenoMuuM cyTh rpadudeckoro criocoda penieHust ypaBHEHUH:

1. Tloctpouts rpaduku ABYX QyHKUMIA (1€Basi ¥ MpaBasi YaCTH YpaBHEHMUS);

2. Haiitn abciicchl ToUek nepeceueHus rpaduKoB;

3. 3anucarb OTBET.

PaccmoTrpuM rpadudeckuii criocob perreHus Ha npuMmepe ypaBHeHus 2* = 4 Tloctpoum
rpabuku GyHKiwi y = 2%,y = 4 u HaligeM aOCIUCCY TOUKH IepecedeHus rpagukoB: X = 2.

i 5/
R B A
/i
/
/ .
" - g
— [] 1 2 g

OtBet: X =2

I'padmyeckuii cnoco® MOXKHO MPUMEHHTH HE BCErjaa, MO3TOMY paccMOTpuM Ooliee
YHHUBEPCAITbHbIE OCHOBHBIE aHATUTUYECKUE CIIOCOOBI peIIeH s TOKa3aTeIbHbIX YPaBHEHUN.

AHaNIUTUYECKUE CTIOCOOBI:

1. IlpupaBHUBaHME NOKa3aTeNCH;

2. Brinecenue o011ero MHOKHUTEIS 32 CKOOKH;

3. BBenenue HOBOM IIepeMEHHOT;

4. Vcnonab30BaHue OJHOPOJAHOCTH.

PaccmoTpuM kaxiplii crioco0 noapoOHee U pazdepeM Ha mpumepe.

1. IlpupaBHMBaHKE MTOKA3aTENEH.

Cytb MeTOAa:

1. Yeaunuts cnaraeMoe, cozieprkaliee NepeMEHHYIO;

2. IlpuBecTH CTENEHU K OTHOMY OCHOBAHUIO;

3. IlpupaBHATH OKA3aTENH;
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4. PemuTh NOIY4EHHOE YpaBHEHMUE;
5. 3anucarb OTBET.
IIpumep:
3F-27=0
3 =27,
3 =3,
x=3
OtBetr: X =3

2. Beraecenue o011ero MHOXKHUTEIS 3a CKOOKH
[IpuMeuanue: BHIHOCUM 332 CKOOKM MHOXKUTEJh C MEHBIIINM TI0Ka3aTeJeM.

[Tpumep:

3 3™ =78

3{1-3)=-78
3" (1-27)=-78,
3 (- 26)= -78;

3 =3

=1

OtBer: X =1

3. Beenenne HOBOM EPEMEHHOU

Kax mpaBumno, ypaBHeHUs, pemiaeMplie STUM CIIOCOOOM, CBOJIATCS K KBaJIpaTHBIM.

Tpumep: 4% 5.4 44=10

[Tycts 4* = a Toraa ypaBHEHHE MOXHO 3aIMCaTh B BHJIE:

a® —Sa+4=0,

D=25-16=9%,

_5+3

===
S-3

@, =——=1.

2

CnenaeM 00paTHYIO 3aMEHY:
=4 pymd*=1;

x=1 nwmx=0

OmBer: x=1umx=0

4. Vicrionp30BaHKE OJHOPOIHOCTH

4,

&y

Fix) _ gl
Onpeoenenue TlokazarenbHble ypaBHEHUS Bujia & =& Ha3bIBaIOTCS OJHOPOIHBIMH.

CYTL meToJa: Tak kak moka3aTelnbHas (1)YHKI_II/I${ HC MOXKCT IIPUHHUMATb 3HAYCHHEC, paABHOC

HYIIIO, 1 00e yacTu YpaBHCHUA MOXKHO ACJIUTh HA OJHO U TO K€ HC PABHOC HYIIIO YUCIIO, pa3ACIinM

H{EY
o0e yacTH ypaBHEHHs, HAalpUMep, Ha &

IMpumep: 2 = 3

Paznenum 00e yacTu ypaBHEHUs Ha 3720
2 3

7o

g

=10
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Otset: X =0

Pemenue 3aganuii:
Nel. Pemuts ypaBHEHUS:
1N2° =16,
- |

205" = 0125 7)3 =

3fae
1 Ve
3)4°F = —. )2 = 4.
16 -
' 1-.'( 9 ;}—I—r_| I.-
o] =36 MWT=|3)
By . \ = -
)10 =yiop, 106 =216%
1000 1137 3=

6)0,3" = = 17

N92.PemHTé YpaBHEHHUE:

13 273X

() =25

a) 5 ;
o X __ —

5 4+ 25— 20=0.
X __7.EXx—2 __

p 5 —7-52=90.

No3.Pemmre ypaBHEeHUE:

2x—3 _
a)(O,l) = 10;

74375 = %5 4+3.2%
3*—2= —2x+3

r)
1)

33 4 3% = 5-2%¥** —17- 2%

x—2
(2) "= 2x+1

r)

6)9“—?-3?‘—18:{]; 3

| g4 —3-472=52.

Ne4. Pemiuth ypaBHEHUE:

p(02f =25 4 _12.27432-0
X—y =4,

5% =25,

)

NoS. Pemuth cucteMy ypaBHEHHI
Ne6.Pemuts ypaBHeHHE

1)7X+1 —|—5'7X =588
2) 3 +4.3* =279

IIpakTnuyeckas padora Nel4
Tema 3.4 [loka3zarenbHast pyHKIMS, ee CBOMCTBA. Pelenne nokazaresbHbIX YpaBHEHUH U

HEPaBCHCTB
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Heas: Hayuntses pemrars noka3aTeabHbIE HEPABEHCTBA

Teopernyeckas 4acThb:
[Ipocreiiniee noka3aTeabHOe HEPABEHCTBO UMEET BUI:
flx)  afx)
a - ya , Tne V - oIuH U3 3HaKOB: <,>,<, MJIU >.
UroObl pemuTh NOKa3aTeJbHOEe HEPABEHCTBO, HAM HYXHO OT CPaBHEHHUS CTENEHEH
IIEPENTHU K CPAaBHEHHIO TIOKA3aTEIICH.
fix)

=
/=a BO3pacTaeT ImpU  BCEX

Kak MBI 1nOMHHMM, TIOKa3aTesibHas (DyHKIUA °

NeHCTBUTENBHBIX 3HAYEHHAX © , eciy =1 910 3HAYMT, 4YTO OOJIBIIEMY 3HAUYCHHUIO apryMEHTa
COOTBETCTBYET OoJiblliee 3HaUeHHE PYHKIMHU. TO eCcTh U3 HEpaBEHCTBA
0y =) >a? ) flz)=g(x)
CIIEAyeT HEPABEHCTBO © * /= 4

AHaJOTUYHO, TaK KakK IMOKa3aTesibHast (YHKIUS yOBIBAET, €CIIU U<a {1, u OoJbIIEMY

3HAQYEHHIO apTyMEHTa COOTBETCTBYET MEHbIIIEE 3HaUCHUE (PYHKIINH, U3 HEPABEHCTBA
Iz g9(x T (o

o st ClleTyeT HepaBeHCTBO Flz)<g(=)

To ecTh mpM pelIeHUMH NPOCTEHIIMX MMOKa3aTeJbHbIX HEPABEHCTB IMpekKiae YeM
CPAaBHUBATH BbIPA'KEHHUS, CTOSIIIME B MOKAa3aTesie CTeNeHH, HY’KHO CPAaBHUThL € eJUHHMLIEN
OCHOBAaHHUE CTENeHeH.

Ewmé pa3s, 370 Ba:mxkHo:

€CJIM OCHOBAHHUeE CTeNeHH 00JIb11Ie eAUHUIBI, TO TIPU IIEPEXO0/IE K BBIPAXKEHUSIM, CTOSIIUM
B M0Ka3arese, 3HAK HEPAaBEHCTBA COXPaHSAETCH

€CJIM OCHOBAHHE CTeleHU 0oJible HYJs, HO MEHbIe eAWHHUIbI, TO P NEPEXOAe K
BBIPAXXEHUSIM, CTOSIIIIMM B MOKAa3aTesie, 3HAK HEPaBEHCTBA MEHSETCSl HA MIPOTHBONOJI0KHBIM.

Bce moxkasarenbHble HEpaBEHCTBA JIOOOTO YPOBHSI CIOXKHOCTH, B KOHEUYHOM MWTOTE,
CBOJATCS K PELICHUIO MPOCTEUIINX NTOKA3ATEIbHBIX HEPABEHCTB.

PaccmoTprM HECKOJIBKO TPUMEPOB.

1. Pemium HEPaBCHCTBO:
& G

(0.3)77% <(0.3)""

Tak xak OCHOBaHHE CTEICHEH []“;{1, IIpu 1nepexon€ K BBIPpAXKCHUAM, CTOSAIINM B

IIOKa3aTecJie, 3HaK HCPABCHCTBA MCHSCTCS Ha HpOTPIBOHOJ'IO)KHI—:IfI:
T ]
-

x-2 7 x-1
HepeHeceM BCC BJICBO, U IIPUBCACM K 06H_ICMy 3HAMCHATCJIIIO.

T i
0
-2 x-1

afa-1-60 (-2

=]

(-1 ){x-2)

9
¥ =Tr+12
R e
(#-1){x-2)
KOpHI/I YUCIIUTECIIA:
r =3 x_=4

1 2
(=3 (-4
_— A ) =)
[a-1){x-2)
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Pemum HCPaBCHCTBO MCTOJAOM MHTCPBAJIOB: HAHCCEM KOPHH YUCIIUTECIA U 3BHAMCHATCIIA HA
YHCJIOBYIO OCb U PACCTABUM 3HAKHU:

-+ - + - +

._.
N

w
NG

Otser:
2. PemiuMm HEepaBeHCTBO:

T A

20 <bxh -0

[lepeneceMm Bce ciaraemple BJIEBO M PA3JIOKUM OCHOBAHHSI CTENEHEHW Ha MPOCTHIE
MHOKHUTEIH:

e _x

noo-bxh 4o <=l

Ecnu Ov1 3TO OBLIO ypaBHEHHE, MBI peliajii Obl €ro ¢ TOMOIIBI0 3aMEHBI MTePEMEHHOM.
[Toctynum Takxe.

Boo06mie, mokazaTenbHbIe HEPaBEHCTBA JENSTCS HA T€ YK€ THIIBI, YTO M MOKAa3aTeJbHbIE
YpaBHEHUS, U PEIIAIOTCS TEMHU ke CTI0CO0amHu.

Buumanue! Eciim Mbl pemmaeM HepaBeHCTBO ¢ NMOMOIIbIO 3aMeHbI NePeMEHHbIX, TO
HY’)KHO PpelaTb OTHOCUTEJbHO 3aMeHbl [0 MOJYYEeHHs TMPOCTeiilero HepaBeHCTBA.
[TosicauM Ha 3TOM MpUMeEpE.

—_— -
BBeneM 3aMeHy: =5 =0
TToNy4HM CHCTEMY HEPaBEHCTB:

<]l Y=ox=3 1=d

FE-[H+5 <)
L=
Otcrona:
L=f<h
£ =0
To ectp L=<
3anuiieM JABOMHOE HEPABEHCTBO B BUJE CUCTEMBbI:
(=
L <h

Bot TCIICPb Mbl MOKEM BCPHYTHCS K HCXO)IHOﬁ HepCMCHHOﬁZ

Orcrona: r=l rl

OT1Ber: I i |

Pemenue 3aganui:
Nel. Pemnte HepaBeHCTBO:

)" 2 g2 2 +2x-15
a)(;) :":g; G738 e <1

5) < =
()<

: ﬂ)5-4"—|—2-25"£?’-10".
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(2) =1

B) ;
No2. Pemnte HepaBeHCTBO:
(1 1)X < 5 %2 —Ox+14
a) g & : F) 015 x—3 = 1’
(%)}H_E = E X =+0,5 ke
6) ] . o274 +2550% = 7-10%
2 x° -4
(12) <1
7

B) X

Ne3. Pemnte HepaBeHCTBO:

q) 5% =125

6) 0,01 <10”"* <10000
(E)SX—S <(§)x—3

B) 3 9

n 16" <216

No4 .BEIIIOJTHUTE 3aJaHUsA
A) CpaBauTe uncia M u N, eciu:

1) (9.8]">(9.8)"; 2y (0.6)"<(0,6)".
b) CpaBuute uncna a u b, eciu:
1) (7.6)>(7.6)"; 2) (0.3)<(0,3)".

NoS. Haiinute MHOKECTBO pElIEHUI HEPABEHCTBA

| [T 13x-5
o
1) | 1] 111
I'z'.|6'c I'z'.|.'c+3
2) I\,3_. _I\,3_.
Ne6. Pemnite HepaBeHCTBO:
2 =24
1) 02 ** <0,0016; p) 2% —5-2"42=0 .
K415

3) 03 " =0,027; 4) 5'-2-5"-7520

IIpakTnuyeckas padora NelS
Tema 3.5 Jlorapudm uucna. CoiicTa jorapupmMoB
Heanb: HayuuTbcst BBIUMCIATH JOTapu(QMBI W YIPOLIaTh BBIPAKEHMS, COJEpIKallue
norapupm

Teopernyeckasi 4acThb:

Jlorapudm uncna b mo ocHoBanmIo @ onpeenseTcs Kak MoKa3aTelb CTETEHH, B KOTOPYIO
HAJ0 BO3BECTH WYHCIIO 1, UYTOOBI mMOMyuuTh umcio b (Jlorapudm cymecTByeT TOmBKO Y
MOJIOKUTEIBHBIX YHCEIT).
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Jlorapupm B TmepeBoje C TpeYecKoro OyKBaJbHO O3HAYaeT '4MCllo, W3MEHSIOIIee
OTHOIIEHHE".

CrnennanbHble 0003HAYCHMA:

1. HarypanbHslit norapudm 111 a - norapudm no ocrosanmio €,

2. JlecsTuuHbli orapudm lga . aorapudm o ocaoBanuio 10.

CaoiicTBa 10rapumMoB:

° log, b b
1° a = D - ocHOBHOE NIOTapuU(MUUECKOE TOKIAECTBO.

20 log,a=1a=0a+#l

30 log,1=0.a=0a+#1

Jlorapugm eTuHHIBI IO TF0O0MY TOJIOKHUTEIHLHOMY, OTIHYHOMY OT |, OCHOBaHHIO paBeH
HYJI0. DTO BO3MOXKHO MOTOMY, YTO M3 JIFOOOTO JEHCTBUTENBHOIO YHUCJIAa MOYKHO MOIYYMTH 1
TOJIBKO BO3BE/ISl €r0 B HYJIEBYIO CTEIIEHb.

4e log, (be) =log, b+ log, ¢

Jlorapudm npousBeAeHNs paBeH CyMMe JIOTapu(MOB COMHOKUTENIEH.

5o log, e log, b—log, ¢

Jlorapudwm gactHOTO (JIpoOM) paBeH Pa3HOCTH JIOTAPHU(PMOB COMHOKUTEIIEH.

P

g log, b =p-log, b.

Jlorapudm cTeneHH paBeH MPOW3BEIEHUIO TMOKa3aTess CTENeHH Ha Jiorapupm ee
OCHOBAaHHUSI.

1
log,. b= —-log, b

0

1
log, b=
g° log, a
log b
log, b= B
9° log.a - 1epexo1 K HOBOMY OCHOBAHHMIO.

Pernenue 3axanmii:
Neol. Haitnute 3HaueHNE BbIpaKEHUS:

6 * lﬂg? 3*\-'{?

— 1 1 1
6-log- V7 =6-log,73 =6-§~lng?? =6~§~1=

Hcnonp3oBanu:
m

an = yam

mo__ .
log, b™ =m-log_ b

Ortger: 2
No2. Haitmure 3nauenue Boipaxkenust 10gog 3 - 10g31,25
log, 1,25
log,o3+log, 1,25 = log 0,8 -log, 1,25 = 02,08 =
5 5
=10g,41,25 = ID%E = lﬂgg]—i -1 luggg =—-1-1=-1

Hcnonp3oBanu:
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log. b =
= log,a
log. b
=~ =log, b
log.a
1
log_xb =E~lnmb
Ortger: —1
Ne3.Haiinute 3HaueHue BbIpaKEHUS:

510g25 49

5]og2549 — 5]cg25?2 — 52-]cg25? — ('52}]og25? —

— 25legzs7 = 7
OtserT: 7
Ne4. Haiinute 3HaUeHNE BBIPAKEHUS:
g2 logg 3

gZ-loge3 _ (B]GES3J2 =32 =g

Otser: 9
No5.Haiinute 3HaUeHNE BBIPAXKECHHUS:

6410g9 NE)

g4log:3 _ (8- g)lﬂgs V3 _ glog:3 , gloge3 _ V3:4/3=3

Otser: 3
No6. Haitnute 3HaueHNE BbIpaKEHUS:
24
3 logs 2
24 24 1
3legzs2 2
Otser: 12

No7. Haitnute 3HaueHUE BbIpaKEHUS:

log1 V13

13
_ ) 1 i
log1 V13 =logy3- 13%% = —logy3 137 = ~1-0,5 = —0,5
13 —
OtBet: — 0,5

No8 . Haiiaute 3nauenue Boipakenus 1093 8,1 + l0gsl0.
log,8,1+1log;10 =log4(8,1-10) =log,81 =4
Otser: 4

Ne9. Haiinute 3HaueHuE BBIpaKECHHUSA:
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log, 13
LDgﬁ- \'ﬁ _ 1 1
D8\ _ log.s VT3 = logiy 137 =3 =05
Ortger: 0,5

Nel0. Beruncnure 3HaueHHE BbIPAKEHUS:

(glcug2 3)10g3 2

(S]GEE EJ]OEEZ — (3].::522)]“523 — ologz3 _ 3

Otser: 3
Nel1. Haitnure 3Hauenue Boipaxenus 10ga(ab®), ecrm logs a = 1/7.
[IpeobpazyeM naHHOE BBIPAKEHUE:

log_(ab®) =log a+log, b®=1+3log b

Onpenennm 3HaucHKe BoIpakenus 10gab. Ham usBectHo, 9yTO

| 1
o, = —
ob :I,r
Hcnonb3zyem CBOMCTBO:
1
logpa =
=27 log,b
1 1
7 log.b

Crnenosarenpao logab=7.
Takum oOGpazom:

1+3log,hb=1+3:7=22

Otger: 22
Nel2. Haiimure loga(a:b?), ecm loga b = 5.
a
lngaﬁ =log.a —log, b*=1—-3log b=
=1—-3:-5=-14
Ortger: 14

Nel3. Haiinure loga(ab®), ecu loga b = 2.
log, (a*b?) =log,a* +log, b* =2log,a +3log, b =

=2+1+3log,b=2+3-(-2)=—4
OtBert: 4
Nel4. Haitnure 3Hauenue Boipakenus loga(a*b®), eciu logy a = 1/3.
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1
log,a = 3
1 ! - L log.b=3
9524 =155 3 log.b 98a? =
4.1+9log b=4+9-3=31
Ortser: 31
Nel5. Haitmmre loga(a”:b®), ecmu loga b = 10.
a’
lngaﬁ =log,a” —log, b* =7log,a —3log, b =
=7-1-3-10 = —23
Otser: —23

Nel6. Haitmmre loga(ab™), ecmu loga b =7.
log (ab'®) =log a+log b"=1+10log b =

=1+10-7=71
Otser: 71

IIpakTnyeckas padbora Nel6
Tema 3.6 Jlorapudmuyeckas Gpynkmnus, ee cBoiicTBa. Jlorapupmudeckue ypaBHEHHUS U
HEpaBeHCTBA

Heab: Hayuntbes pemares gorapuMuueckie ypaBHEHUS 1 HEPAaBEHCTBA

Teopernyeckasi 4acThb:

Teopema 1.Ecmu f(x) > 0 ug(x) > 0, to sorapudmuveckoe ypaBHenue logaf(x) =
log a 9(X) (roe a >0, a # 1) paBHOCHIBHO ypaBHEeHUIO f(X) = g(X).

IIpumep 1. Pemure ypaBHeHue:
2 — =
lg(x® — 6) = lg(8 + Hx).
Pemenue. B o0macte JOMyCTUMBIX 3HAYEHUH BXOIAT TONBKO T€ X, MPU KOTOPBIX

BBIpaKEHHE, HAXOIIIeecs 0 3HAKOM Jorapudma, 0oJble Hylss. DTH 3HAUCHUS ONPEACIISIOTCS
CIeYIONeH CUCTEMON HEPaBEeHCTB!

2 —6>0, x? > 6,
—
8+ hr =10 r > —1.6.

x € (—00; —v6) U (V6; +00),
r e (—1,6;4+00).
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C ydetoM TOTO, 4TO
—1,6 = —/2,56 > —V/6,

MOJIy4aeM TPOMEXKYTOK, ONPEICISIOMUNA 00IacTh JOMYyCTUMBIX 3HAYCHHNA JAHHOTO
JorapuMUIECKOTO YPaBHEHHUS:

r € (V6; +).

Ha ocHoBanum Teopemsbl 1, Bce yClIOBUS KOTOpPOM 3/1€Ch BBINOJHEHBI, NEPEXOIUM K
CJIEIYIOLIEMY PaBHOCWIBHOMY KBaJIpaTUYHOMY YPABHEHUIO:

- 6=8+breat —br-14=0%s

1 =17, 19 = —2.

B o6nacTh 10myCTUMBIX 3HAYEHUN BXOJUT TOJIBKO MEPBBIH KOPEHbD.

OtBer: X=7.
IIpumep 2. Pemmire ypaBHeHue:

logg o(—a% + 4z 4 5) = logg o (—a — 31).

Pemenne. O0nactp JOMYCTMMBIX 3HAUE€HUN YpaBHEHMsI OIpENENsieTcs CUCTEMOM
HEPABCHCTB:

— 2 dr+5>0, - 1<z <5,
—r—31 =10 r < —31.

OdeBHIHO, YTO ATH JIBA YCJIOBHUS NMPOTHBOpPEYAT JAPYr APYry. To €cTh HET HH OJHOTO
TaKOro 3HaYEHUS X, TP KOTOPOM OJHOBPEMEHHO BBINOIHSUIUCH Obl 00a HepaBeHcTBa. OOnacTh
JOIYCTUMBIX 3HAYCHHUI YpaBHEHHUSI SIBIISIETCS ITyCTHIM MHOYKECTBOM, & 3HAYUT PEIICHUH Y TAHHOTO
Jorapu(MUIECKOTO YpaBHEHHS HET.

OTBeT: KOpPHEH HET.

OOpatuTe BHUMaHHE, YTO B ATOM 33JaHUU HAaM BOOOIE HE MPHIIOCH UCKATh KOPHH
ypaBHeHHs. JIOCTaTOYHO OKa3alloch OMPENENUTh, YTO €ro O0NaCTh IOIYCTUMBIX 3HAYCHHN HE
COIECPKUT HU OJHOrO JEHCTBUTEIBHO YHCIA. OJTO OAHO M3 TPEUMYIIECTB TaKOU
MOCIIEIOBATEIILHOCTH PEIICHUS JIOTapU(PMHUUYSCKHX ypaBHCHMH WM HEPAaBEHCTB (HAYMHATH C
ompeneNeHus O0JacTH JIOMYCTUMBIX 3HAYCHWH YpaBHEHUWsS, a 3aTeM pemarbh ero myTeMm
PaBHOCUJIBHBIX MPE0Opa30BaHMIA).

IMpumer 3. Pemute ypaBHEHHE:

SIGgEi:r.—i—Erlog%:r—Q:ﬂ.
2

Pemenne. O0nacThb AOIIYCTUMBIX 3HA4YCHH I YPaBHECHUS ONIPECACIIACTCS 30ECh JIETKO: X > 0.
HCHOJ’ILSY@M MMOACTAHOBKY:

t = lﬂg% T.
ypaBHeHI/Ie HpI/IHHMaeT BUO:
1
1 = 5.
32 4 ht—2=0e | 1%
th = —2.
OOpatHas oJICTaHOBKA:
lO‘I‘I Tr= 5, i 1_
53 7 o £ "E
logi o = -2 r = 4.
]

O06a oTBeTa BXOJAT B 00JIACTh AOMYCTUMBIX 3HAYEHUH YpaBHEHUS, HOCKOJIBKY SBIISIOTCS
IIOJIOKUTEIbHBIMU YHACIIAMU.
IIpumep 4. Pemre ypaBHeHue:

logp 4(@ + 2) + logg 4(x + 3) = logy 4(1 — x).
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Pemenne. BHOBb HauHeM pelieHuE ¢ onpezesneHuss 00JacTH JOMYCTHMbBIX 3HAYEHMH
ypaBHeHUs1. OHa ompeiessieTcs CAeAyIOIeH CUCTEMON HEPaBEHCTB:

r+2 =0, —
r+3>0 e{r>-3 <xc(-2;1).
1—ax>=0 r <1

Bocnonp30BaBIIMCHE IPABUIIOM CIIOXKEHUS JIOTapUPMOB, IIEPEXOTUM K PaBHOCUIHHOMY B
00J1aCTH IOTTYCTUMBIX 3HAYCHHUI YPAaBHEHHIO:

logy 4(x + 2)(x 4 3) = logp4(1 —x) =
OcHoBaHus T0rapu(PMOB 0JIMHAKOBBI, I03TOMY B 00JIACTH I0ITYCTUMBIX 3HAYEHUH MOKHO
MIEPENTH K CIEAYIOIEMY KBaIpaTHOMY YPaBHEHUIO:
(z+2)(z+3)=(1-a)=2’+6z+5=0<«
r] = —0,
ry = —1.
[lepBrIii KOpeHb HE BXOJIUT B 00JIACTh JONMYCTHUMBIX 3HAUEHWN ypaBHEHHS, BTOPOH —
BXO/JIUT.
OtBet: X = -1.
IIpumep S. Pemnre ypaBHeHue:
08T = 81,
Pemenne. bBynem uckarp pemenus B mpomexyrke X > 0, x#1. [IpeoOpa3yem ypaBHEHHE K
PaBHOCHJIBHOMY:
4
T_lﬂg;; T _ TlﬂgrEl = T_lﬂg;; T _ plogzz o
loggx =2 T = Ell

Lo
loggx = -2 = 3.

2
logher =4 <
O6a oTBeTa BXOJAT B 00J1aCTh JOMYCTUMBIX 3HAUEHUIN YpaBHEHHSI.
IIpumep 6. Petnte ypaBHeHuUe:
logy(x 4+ 12) -log,. 2 = 1.
Pemenue. CrictTeMa HEpaBEHCTB, ONpENENAIOmas o00JacTh JOMYCTHUMBIX 3HAYEHUI
ypaBHEHHUS, UMEET Ha 3TOT pa3 BU:

r+12 =0,
x =0, x>0, x# 1.
xF# 1

Hcnonb3ys cBoiicTBa norapudma, mpeodpazyemM ypaBHEHHE K PABHOCHIBHOMY B 00JIacTH
JOMYCTUMBIX 3HAUECHUHN YpaBHEHUIO:

logy(x+ 12)

=1.
2logy x
Hcnons3ys popMmyiny nepexoaa K HOBOMY OCHOBAHUIO JIOTapu(ma, IoTydaeMm:
rp = 4,
log,(r +12)=2=2’ —2-12=0= T‘ F
= —a.

B 001acTh OMYCTUMBIX 3HAUEHHUH BXOIUT TOJBKO OJMH OTBET: X = 4.

[lepeiinem Temepb K.10capugpmuueckum Hepagencmeam. ITO KaK pa3 TO, C YeM BaM
npunercs uMmeth neno Ha EI'D mo maremarmke. s perieHus AadbHEWIIMX MPUMEPOB HaM
noTpedyeTcst CieyIomas Teopema:
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Teopema 2.

Ecnu f(x) > 0 u g(x) > 0, To:

npu @a> 1 norapupmuueckoe HepaBeHCTBO logaf(X) > logag(X) paBHOCHIBHO
HEpaBEHCTBY TOro ke cMbicia: f(X) > g(X);

npu 0 <a< 1norapupmuueckoe HepaBeHCTBO log af(X) > logag(X) paBHOCHIBHO
HEpPaBEHCTBY MPOTUBOIOJI0KHOTO cMbicia: f(X) < g(x).

IIpumep 7. Pemnre HEpaBeHCTBO:
logy 5(a? + & — 6) = logg5(x + 4).

Pemenne. Haunem c¢ ompenenenus o0nacTé JOMYCTHMBIX 3HAYCHUH HEPABCHCTBA.
Beipaxkenue, crosiiee Mmoja 3HAKOM JorapupMuyeckod (PyHKIMH, TOJKHO MPUHUMATH TOJIBKO
MOJOKUTEIbHBIE 3HAYEHHSI. ITO 3HA4YUT, 4YTO MHCKOMas o0Oiacte AOITYCTUMBIX 3Ha4YCHUHU
ONIPEIEINSETCA CIEYIOLEe CUCTEMO HEPABEHCTB:

2?2 +x—6>0, x € (—00; —3) U (2; +00),
—
r+4=10 x> —4
S e (-4, -3)U(2;+00).
TaK KaK B OCHOBAHHUHU norapmbMa CTOMUT 4YHUCJIO, MCHBIICC CIAWHUIIBI, COOTBeTCTByIOHIaSI

norapudmudeckas GyHKus OyaeT yObIBaOIIEH, a TOTOMY PaBHOCUIIBHBIM TI0 Teopeme 2 OyneT
Mepexo/1 K CelyrolleMy KBaJpaTHYHOMY HEPAaBEHCTBY:

iy —6<r+4e 2l QIO@IE[—M;\/E].
OkoHYaTenbHO, C Y4€TOM 00JacTH JOMYCTUMBIX 3HAYEHUI MOJTy4aeM OTBeT:
T € [—\/1_;—3}U [Q;x/ﬁ].
IIpumep 8. Pemmte HepaBEeHCTBO:
{T . 9}11
r—3

Pemenue. BHOBE HauHEM ¢ OIIpCACIICHHUA oOiactu JA0ITYCTUMBIX 3HAUCHUH:

2 120 +27 >0,

Ha wMHOXecTBe [OMyCTUMBIX 3HAYEHUIl HEpaBEHCTBA MPOBOJUM PAaBHOCHUJILHBIC
npeoOpa3oBaHUs:

11 -logg(x — 9)(x — 3) — logg

11 - logg (2% — 122 + 27) < 12 + logg

S re(—ood)U (9 +00).

(z — 9)!1

r—3

(x — 9!
r—3

< 12

logg [(x — 9)! (z — 3)1] —logy <12

(z — 9l
Ilocne COKpalICHUSA U NEpeXoda K paBHOCUJIBHOMY II0 TCOPEMEC 2 HCPABCHCTBY MTOJTy4acM:
(z-3)2 <9< 9<r-3<9< xe|[-612.
C y4€TOM O6J'IaCTI/I JOITYCTUMBIX 3HaYeHU N IoJjiydacm OKOHYATEJILHBIA OTBET:
xr € [—6;3) U(9;12].
IIpumep 9. I':CIJ_II/ITC JorapupmMHUECKOe HEPaBEHCTBO:

log,. 1 (a® + 32° + 2x) < 2.

logy < logg 9'2.
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Pemenne. O0GnacTe MOMYCTHUMBIX 3HAYCHHWI HEPABEHCTBA OTMPEICISICTCS CIEIyromen
CUCTEMOM:

r+1 =0,
r+1+#1, = x e (0;400).
rlx+1)(x+2) >0

BumHo, 4uT0 B 00JIaCTH JONMYCTUMBIX 3HAYCHHWI BBIPAKCHHE, CTOSIICC B OCHOBAHUU
norapudma, Bceraa O0JIbIIe ¢AUHUIBI, 2 TOTOMY PAaBHOCHIIBHBIM 10 TeopeMe 2 OyIeT mepexo K
CIEAYIOUIEMY HEPABEHCTBY:

:1“.3—|—3:r.2—|—2:r.{:112—|—2:11—|—1-#:r.3—|—2:112—1{0-#
(z+ (2 +z-1) <0<

1+5 Vb -1
)Y\

C ydeTroMm 00y1acTH TOTYCTUMBIX 3HAYEHUH T0JTydaeM OKOHUYATEIbHBIN OTBET:

Vo —1
2

IIpumep 10. Pemure HEpaBEeHCTBO:

2logy(2? — 4x)

T e | —oxo,

x e |0

< 1.
logg 2 A
Pemenne.
OO6acTh TOMYCTUMBIX 3HAaYEHUN HEPABEHCTBA OIPEICIIACTCS CUCTEMOM HEPABEHCTB:
22— dx >0,
22 > 0, sre(—oco;—1)U(—1;0)U (4; +00).

x? £ 1
I cmoco6. Bocrnosibdyemcst popMysioi mepexoja K HOBOMY OCHOBaHHIO Jjiorapudma u
nepeiiieM K paBHOCUIBHOMY B 00JIACTH JIOMYCTUMBIX 3HaYCHHUI HEPaBEHCTBY:

log,» (22 — 4a)? < 1.

0,
HepasenctBo Oynet paBHOCHIBHO IBYM cucteMaM. [1epBoii:

x e (—1;0), r e (—1:0),
(22 — 42)% = 22 22z —5)(z—3) =0
x e (—1;0).
U Bropoii:

r € (—o0;—1)U (4; +00),
2 (x—5)(x—3) <0
Hrak, oKOHUYATEIbHBIN OTBET:
xr e (—1;0) U (4;5].
II cioco6. Pemaem merogom unTepBanos. [IpeoOpazyem HEpaBEHCTBO K BUY:
2 lr::aggl[:r.2 — dx) — logy 22
2

& x € (4;9].

<0«
logg -
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BerureM u3 3HamMeHaTeNsA IOgE 1. OTO HUYEr0 HE U3MEHUT, IOCKOJIBKY lﬂgS 1=0.
logs (z2 — 4:1:)2 — logg ° <0
logg 12 — logy 1 A
C ywyetoM TOro, 4YTO BBIPAXKEHUS ngS f— l‘:’gEQ uf—9— OJIHOTO  3HaKa

pu f g > D: B 00JaCTH JOMYCTHMBIX 3HAYEHHWH MMEET MECTO CIEAYIOIIMHA PaBHOCHIbHBIN
HEPEXO I

(2% — 4x)? — 22

< 0
z —1 =
2 2
(% — ba)(x* — 3x) <0.
2 — 1
1 o . > a4 5

MHO0%€eCTBO peIIeHNI JaHHOTO HEPABEHCTBA
Urak, € {_1! 1) U [3! 5] 'a ¢ y4yeToM o0JacT AOMYCTUMBIX 3HAUEHUU MOJIydaem

re (—1;0) U (4;5].

TOT XK€ pe3yJbTar.

Pemienue 3aganmii:
Nel. Pemnts ypaBHEHUS:

log,(2x + 1) = log, 3 + 1:
log,2—1= —log,(5—x):
%ngE{Sx— 2) = 3;

logp=(3x —1) = —3;

2log; 2 —logg(x— 1) =14 log; 5;

(=

 log.(x —1) =log,; 2 +log- 3;
. logi(2x — 1) — log: 16 = 5;

[d
=]

o]

Cg(5x+ 2) = %lgEﬁ +1g 2;

k=]

 logix —5logsx +4=0:
10.lg°x=3—2lgx.

LA s Lad

No2. Pemiuth ypaBHEHUS:

Dig(x+4)-lg (x — 3) = lg 8;
Dlg(x+2)-1gbh=1g (x — 6);
DNig(x—-2)+1gx=1g 8;

4)lg Jx — 7 +1g J3x — 8 = 1:
5) log. (x + 10) = 2;

6)log, 2 + log, 3 - %

Ne3. Pemnts HepaBeHCTBa:
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1. log,(2x—-6)<log, x

] 3

2. lgl2x-5)>1

; 1+ X
3. log, > Y
X

4. log. {18x-2}20

Eed

log,, x +log,,(x—-19) <1

x;)']

IIpakTnueckas padora Nel7
Tema 3.7 Jlorapumsl B Ipupojie U TEXHUKE
Henab: Hayuntbes BBIABIATH IPOSBICHHUE JIOTAPU(PMHUUECKON CIIUPATIH B IPUPOJIE.

Teopernueckasi 4acThb:

Ha npotspkenun 16 Beka ObICTpO BO3pacTaio KOJIMYECTBO MPUOIMKEHHBIX BBHIYMCICHUH,
MIPEK/IE BCETO, B ACTPOHOMHU. MHOTHE paboThl TpeOOBaIM KOJIOCCAIbHBIX, HHOT/1a MHOTOJIETHHX,
pacdyeToB. ACTpOHOMaM IpO3WJIa peajbHas OMACHOCTh YTOHYTh B HEBBINOJIHEHHBIX pacyeTax.
Torma MmaTeMaTuku AJ1 00IeTYeHus BRIYUCICHUH mpuaymanu Jiorapudmsel. U B 1614 romy Op11m
OMyOJMKOBaHbl  MepBble  JjorapudmMuueckue  TaOMMIBI, COCTaBJICHHbIE  MIOTIAHACKUM
marematukoMm Jlxonom Hemepom (1550—1617), orun Bepoit U mpaBaol CIYXUJIM aCTpOHOMaM M
HMH)KEHEpaM, T€0Ie3UCTaM U MOPSIKaM, COKpalasi BpeMsl Ha BBIYMCIICHHUSL.

Psn siBnenuit mpupo/ibl MOMOTaeT ONKcaTh UMEHHO Jorapu@muueckas 3aBUCUMOCTh. J1iis
COCTaBJICHUS MaTeMaTUYECKOM MOJeNu TOro WIM HMHOTO SBJICHHS YacTo o0OpaliamTcs K
norapupmuueckor ¢pynkuuu. OgHUM U3 HauOoJiee HATJISIAHBIX MPUMEPOB TAKOro oOpaleHus
sBIseTcs Jorapudmuueckas crnupaib. Jlorapudmudeckas cupaib — 3TO MIOCKask KpUBas JTMHUS
MHOTOKpaTHO 00XOs111ast OAHY U3 TOYEK Ha MIIOCKOCTH.

I'ne ke npumensiroTcs Jorapupmnbi?

IIpuMeHeHuEe B ACTPOHOMMH.

B actponomuu nmorapudmsl UIMEIOT O4YeHb OOLIMPHOE pacrpocTpaHeHue. B »Toil Hayke
3aJleiCTBOBaHbl O4eHb Ooupive MacmTadbl. [lo norapudmmuueckuMm crupansiM 3aKpydeHbI
MHOTME TaJIAaKTHKW, B YAacCTHOCTH l'ajakThka, KOTOPON HPHUHAAJEKHUT COJIHEYHAs CUCTEMA.
ACTpPOHOMBI pACIpPENENSAIOT 3B€3Abl IO CTENEHSM BUIUMON SPKOCTM Ha CBETUJIA IEPBOMU
BEJIMYMHBI, BTOPOM BEJIMYMHBI, TpeTbeil u T.A. llocienoBaTenbHble 3BE3JHBIE BEIMYHUHBI
BOCIPHHHMAIOTCS I1a30M, KaK WieHbl apupmeTrnueckoit nporpeccun. Ho ¢pusndeckas sspkocTb ux
U3MEHSETCS 10 HWHOMY 3aKOHY: OOBEKTUBHBIE SPKOCTH COCTaBISIOT T'€OMETPUUYECKYIO
IIPOTrpeCCUIo o 3HamMeHareneM 2,5. JIerko NoHATh, YTO «BETMYUHA» 3BE3/Ibl IIPEACTaBIIIET COO0M
HE YTO MHOE, Kak jorapudm ee gusnueckoit sipkoctu. [Ipaktnyeckn kaxaas BTopas ¢popmyna B
aCTPOHOMMH, acTpo(U3UKe U IPYTUX MEPEKPECTHBIX HayKax He 00xoaaTcs 6e3 Jorapudma.

IIpumenenne B OHOJIOTHH.

PakoBMHBI MHOIMX MOJUIIOCKOB, YJIHWTOK, a TakK€ pora apxapoB (IOpHBIE KO3IIBI),
3aKpy4eHsl 1o orapudmudeckoit cnupainu. [1o norapupmudeckoil ciupany ouepyeHbl He TOIBKO
pakoBuHbl. Ilayk omeiipa, cmuetas nayTuHy, 3aKpyduMBaeT HHUTH BOKpPYr LIEHTpa IO
Jorapu(pMUUECKUM CIIUPAJISM.

IIpuMeneHnne B My3bIKe
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Korna My3bIkaHT UTrpaeT Ha posuie, COOCTBEHHO TOBOPs, OH UrpaeT Ha jorapudmax. Tak
HA3bIBAEMBIC «CTYIICHH» TEMIICPUPOBAHHONH XPOMATHYECKOW TaMMbl MPEICTABISIIOT COOOM
norapu@mbl ITHX BEJTTUYHH. OcHoBaHue ITUX aorapumMoB paBHO 2.
Homepa «knaBumieid posuis TPEACTABISIOT cOo00W  Jorapudmbl  9ucen — KoJeOaHui
COOTBETCTBYIOIINX 3BYKOB (YMHOXEHHbIE Ha 12). MBI faxke MOXKEM CKa3aTb, YTO HOMEP OKTaBbI
MIPEJICTaBIISIET COOOM ey YacTh (XapaKTEPUCTUKY) Joraprudma grcia KojieOaHuii 3TOro ToHa,
a HOMEp 3ByKa B JIaHHOW OKTaBe, JEJNEHHbIM Ha 12 — ApoOHYI0 YacTh (MAaHTHCCY) 3TOTO
norapudma.

IIpumeHeHne B MCUXOJIOTHH.

I'poMKOCTh 3ByKa HM3MEpSIOT B JenuOenax, KOTOpPbIE MPOTOPIHOHAIBHBI JOTApHPMy
MOIITHOCTH 3BYKa, BO3JCHCTBYIOIIErO0 Ha yx0. YmnorpeOieHue JorapuMHUYECKHX IIKajl
MIPOMKTOBAHO OCOOCHHOCTSMH HAIIUX OPTaHOB YYBCTB: 3pSHHUS, CITyXa U T.J1. YelToBe4eCKuii MO3T
BOCIIPUHHUMAET Pa3[paXeHHsi OT OPraHOB YYBCTB HE MPOMOPLIHUOHAIBHO CHIIE Pa3Ipa)KHTENs, a
JIUIIB MPOMOPIMOHANIBHO ee Jorapudmy. IMEHHO TOATOMY yXO OJIMHAKOBO CIOCOOHO CIIBIIIATH
IIOPOX JIMCTHEB U HE OTJIOXHYTHh OT TPOMKOTO yJapa CTaHKa Ha 3aBojie. A Tia3 MOXKET 3aMETHTb,
KakK OJIECTHT CHET Ha CBETYy U HE OCIIEIHYTb, €CIIU MOCMOTpUT Ha COJIHIIE, KOTOPOE B MUILTHAP/IBI
pa3 sipue. OTFICaHHBIC BBINIE CBEJCHUS O0BEIUHSIOTCS 3aKOHOM TICHXO(U3UKH, YCTAHOBICHHBIM
dexHEepOM, KOTOPBIF TOBOPHUT, UTO Mepa ONIYIIICHHS TPOMOPITUOHATBHAS JTOTapu(My BEITHIUHBI
pasapakeHusl.

IIpuMeHeHune B ceIbCKOM X0351iiCTBe

Kak okazanoch, u B ceIbCKOM XO35HCTBE HE oOomuioch 0e3 morapudmos. Hampumep,
WCCIIEZIOBAB POXKICHHUE TEIST, OKA3aJoCh, YTO HMX BEC MOXKHO BBIUMCISATE M C TIOMOIIBIO
sorapudmos.

Ob6nacTh mnpuMeHeHHs] Jorapu@MOB HE OrPaHUYMBACTCS JMIIb PACCMOTPEHHBIMU
HayKaMH, TaKKe OHA UTPaeT BaKHYIO POJjb B JIUTEpaType, HHGOpMaTUKe, UCTOPUH, PUCOBAHUU U
MHOTHUX JApyrux. Jlorapupmuyeckas GyHKIMS Ja€T HAM BO3MOKHOCTh MO-IPYroMY B3IJISHYTh Ha
MacIITaOHBIE MPOLIECCHI, MPOUCXOSAIINE B OTPOMHBIX MPOCTPAHCTBAX U BPEMEHHBIX MHTEpBAIax
JUIS IOHUMAaHUS U OCMBICTICHHSI 0011Iel KapTHHBI.

Pernenue 3ananmii:
Nel. TlpuBenaute mpuUMephbl MPOSBICHUS JOTapUDMUUECKONW CIHUPATH B OKPYKAIOIIEM
MHUpE.

"

\
.

Ne2. B nauanpHblii MOMEHT BpeMeHH ObLI0 8 OakTepuii. Uepes 2 vaca mociie moMemeHus
0akTepuil B MUTATENBbHYIO Cpedy, UX 4yucyo Bo3pocio 10 100. Yepes CKOIbKO BpeMEHH C MOMEHTa
pa3MelieHus B MUTATEIbHYIO Cpey CleayeT 0xKuaath nossienus S00 6akrepuii?

Pemenue.

Jlns penieHus JaHHOM 3a7aud, HEOOXOAUMO BCIIOMHUTD MOHSITHSI CKOPOCTH M YCKOPEHHUS.
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. Brino -8
MSMEHEHWE. ~ . 4o } ==8*=100==> x= Iggsloﬂ

=> IGQSIOO — KOHEYHOE 3HaYeHWe CKOpPOCTH pacnpoCTpaHeHWA ﬁEK"EpHE] Nnpu NEPEOM U3MEHEHWM -
VKD[—(.l.

. Beino -8
ZUSMEHEHUME. . =nn } =2 8Y = 500 == y= Iog85OU

== logy 100 —koHeyHoe sHaYEHWE CKOPOCTI pacnpocTpaHeHns GakTepuit Npi BTOPOM M3MEHEHWM -

V,

KOH.2.

[lepeiinem Kk HaTypalbHOMY OCHOBAHHUIO JOrapu@moB, IJii TOT0, YTOOBI MOYKHO OBLIO
BOCIIOJIb30BAThHCS TAOJMYHBIMU 3HAUEHUSMU:
In100—In8 In500—-In8

2«In8 t*In8
. 2 * (In500—In 8)
1= 100

In (75~

OrtBet: npubnu3nuTenabHo 3 yaca 15 MUHYT.

IIpakTnyeckas padbora Nel8
Tema 3.7 Jlorapudgmsl B mpUpoie U TEXHUKE
Heab: Hayuntbes ncnonb3oBath Jorapu@mbl B peLICHUH MTPUKIAIHBIX 3a1a4.

Teopernyeckasi 4acThb:

Jlorapudmudeckue GyHKIIUN pacIpOCTpaHEHBI YPE3BBIYAHO MTUPOKO KaK B MaTEMAaTHKE,
TaK U B €CTECTBEHHBIX HaykaxX. [IpuBenéM HECKOJIBKO MPUMEPOB MCIOJIL30BaHUS JIOTapru(PMOB B
Pa3HOOOpa3HBIX HAYKaX.

B craTuctuke m Teopuu BEpOSATHOCTEH jorapud™M BXOIUT B PSI MPAKTUYECKU BaKHBIX
BEpPOSTHOCTHBIX pacnpeseneHuii. Hanpumep, norapudmudeckoe pacipeeieHlue UCIoIb3yeTCs B
reHeTuke U ¢usuke. JIorHopMaabHOE pacIpeaesieHne 4acTO BCTPEYACTCS B CHTYaIUsAX, KOTa
uccienyeMas BeNMYMHA €CTh MPOU3BEICHHE HECKOJIbKUX HE3aBUCHUMBIX TOJO0XKHUTEIbHBIX
CIIy4aifHbIX NTEPEMEHHBIX.

3akoH bendopaa («3akoH TmepBoi IMQPBI») OMHCHIBAET BEPOSATHOCTH IOSBIICHUS
onpeneaEHHOM nMepBoii 3Havael Mu(pbl TPH U3MEPEHUH PEaTbHBIX BEJIMYUH.

JIsi OIlEeHKM HEW3BECTHOTO IapaMmeTpa IIMPOKO MPUMEHSIOTCS METOJ MaKCHMaJIbHOTO
MPaBAOINOA00US U CBA3aHHAS ¢ HUM JIoTapudmMudeckas GyHKIIHUS MpaBIonoa00usl.

OnyKTyanuu Mpy ciydaifHoM ONy>KJaHHH ONMMCHIBAeT 3aK0H XHUH4YMHA-KoiMoroposa.

B undopmaruke: enununa nzmepenus unpopmanuu (6ut). Hanpumep, ans xpaHeHus B
KOMIIbloTepe HaTtypanbHOro yucia N (B OOBIYHOM Ui KOMIBIOTEpPA IBOMYHOM (Qopmarte)
nonanoburcs logoN + 1 6utos.

HNudopmanronHas sHTponus — Mepa KoJudecTBa HHGOpMaIum.

OneHka acHUMNTOTHYECKON CJOXKHOCTH PEKYPCHUBHBIX AITOPUTMOB, OCHOBAaHHBIX Ha
MIPUHIIAIIE «pa3Aemsiii U BIACTBYI» — TaKUX Kak ObICTpasi COPTUPOBKA, OBICTpOE MpeoOpa3oBaHme
dyppe U T. 1.

OOBIYHO  YHCIIOBBIE  3HAUEHUS  XpaHATCA B  MaMsiITH  KOMIIBIOTEpa  WIU
CHENHaTM3UPOBAHHOTO TIpoIleccopa B opmaTe ¢ TiaBarolei 3amsaroii. Eciu, oqHako, cioxeHue
Y BBIYMTAHUE JJISl TPYIIIBI JAHHBIX BBIMOIHIIOTCS PEIKO, a YMHOKEHUE, JAeTICHUE, BO3BEIACHHUE B
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CTENEHb U U3BJIEUEHUE KOPHS — ropasJio yaule, TOIr1a UMEET CMbICI PaCCMOTPETh BO3MOXHOCTh
XpaHEHUs TAKUX JAHHBIX B Jorapu@muueckoM popmare. B 3ToM cirydae BMECTO 4nciaa XpaHUTCS
jmorapudM ero MOIyas W 3HAaK, U CKOPOCTh BBIYUCIICHWN Ojaromapsi cBOWCTBaM Jorapudma
3HAYUTENbHO TOBbImaeTca. Jlorapupmuueckuii ¢dopmar XpaHeHHs ObUI HCHOJB30BaH B
HECKOJIBKUX CUCTEMaX, TJIE T0Ka3al CBOIO 3((EKTUBHOCTh

[Tpuanun bosbuMaHa B CTaTUCTUYECKOW TEPMOAMHAMHMKE — OJIHA M3 BAKHEWILNX
(GyHKIMH  COCTOSIHMS —~TE€PMOAWHAMHYECKOW CHCTEMBI, XapaKTepU3YIOIlas CTelneHb &
Xa0TUYHOCTH.

®opmyna L{noaKoBCKOro NpUMEHsETCs 1Jis pacuéra CKOPOCTU PAKETHI.

VYpaBHenue HepHcra CBSI3bIBA€T OKUCIUTENIBHO-BOCCTAHOBUTEIbHBIN OTEHIIMA)I CUCTEMBI
C AKTUBHOCTSIMHM BEILECTB, BXOJAUIMX B 3JIEKTPOXMMHMUYECKOE YpaBHEHHE, a TaKkKe CO
CTaHJIaPTHBIMU JIEKTPOIHBIMH MTOTEHIIMATIAMH OKHUCIUTENbHO-BOCCTAHOBUTENIBHBIX Tap.

Jlorapudm Hcnonb3yeTcss B ONpPENeIeHHUsIX TaKUX BEIUYMH, KaK IMOKa3aTellb KOHCTAHThI
aBTONMPOTONM3a (CAaMOMOHHM3ALIMM MOJIEKYJbl) W BOJOPOAHBIN MOKa3aTreiab (KUCIOTHOCTH
pacTtBopa).

Jlorapudmuueckas ciupanb NepeceKaeT CBOM paiuyc-BEKTOPHI MO OCTOSSHHBIM YTJIOM.
Ha ocHoBaHuuM 3TOTO €€ Ha3bIBAIOT PAaBHOYIOJBHOW. JTO CBOMCTBO HAXOJUT CBOE IPUMEHEHHUE B
TexHuke. Jleno B ToM, 4TO B TEXHUKE YAaCTO MPUMEHSIOTCS Bpaliaromuecs Hoxku. Cuiia ¢ KOTOpoit
OHM JIaBAT Ha pa3pe3aeMblil MaTepHall, 3aBUCUT OT yIJIa pe3aHus, T.€. yIrila MeXy Je3BUEeM HOXa
Y HaIpaBJIEHUEM CKOPOCTH BpallleHus. /{151 MOCTOSHHOTO JaBleHUsl HY)KHO, YTOOBI YTOJI pe3aHus
COXpPaHsJI TIOCTOSTHHOE 3HA4Y€HHUE, a 3TO Oy/leT B TOM Cilydae, €cCliv JIE3BUSl HOXKEeH O4epUeHbI 10
nyre norapudmuueckoi cnupanu. BenuumHa yria pe3aHuss 3aBHCHT OT 00OpabaThIBaeMOro
Marepuana.

B runporexnuke mo jgorapuMUUECKOW CIIUpaIH U3THOAOT TPyOy, MPOBOISIIYIO ITOTOK
BOJIbI K JIomacTsM TypOuHbl. biaronmapst Takoit ¢popme TpyObl MOTEpU SHEPTrUH Ha W3MEHEHUE
HaIpaBJIEHUs TeUEHUs! B TpyOe OKa3bIBAIOTCSI MUHUMAIBHBIMU U HAIoOp BOJIbI MUCHOJB3YETCS C
MaKCHUMaJIbHOM MPOU3BOIUTEIBHOCTBIO.

Haxumas Ha KIaBUIIM COBPEMEHHOIO pOSUIsl, MBI, MOHO CKa3aTh, HMIpaeM Ha
nmorapudmax.

Pernenue 3ananmid:

Nel. Jlns oGorpeBa moMelIeHHMs, TemriepaTypa B KoTopoM paBHa Tn= 20°C, uepes
pagMaTop OTOIUIEHHs, MHPOINYCKAIOT TopAdyio Boxy Temmepatypoir Ts,= 100°C. Pacxon
npoxojsmieit uepe3 Tpyoy Boasl m = 0,2 kr/c. Ilpoxoas mo TpyOe paccrosiHue X (M), Boaa
oXmaxaaercs 10 Temneparypsl T°C, mpu uém

cm l T. — T,
_ o

X=a y 0g- T_T,

rae ¢ = 4200/x/kr*C — TemI0eMKOCTh BOIBI

v =42 Br/™m “°C— ko> durment tennoodmena

a=1,4 — nocrosHHas.

Jlo xakoii TemmepaTypsl (B rpaaycax Llenbcust) oximaauTes BoJia, €Cu JUIMHA TPYOsI 28 M?

(OtBert: 60°)

Ne2. Omnpenenuts mHpOpMaNKIO, KOTOPYIO HECET B ce0e OJUH CHMBOJ B KOJAHWPOBKAX
ASCII u Unicode.

Pemennue.

1) B andasure ASCII npenycMoTpeHo 256 pa3nudHbIX CHMBOJIOB, T.€.

M =256, al=log> 256 =8 our = 1 OaiiT

Ortger: 1 Gaifr.

2) B coBpemenHoit koaupoBke Unicode 3anmoxeHo ropa3go Oojbliee KOJIHYECTBO
CHUMBOJIOB. B Hell onpenenieHo 256 andaBUTHBIX CTpaHUI] 110 256 CUMBOJIOB B KaXKI0H.
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Takum obpazom:
| = log2 (256 * 256) = 8 + 8 = 16 6ut = 2 Oaiita
Ortger: 2 Gaiira.

IIpakTnuyeckas padora Nel9
Tema 3.8 KourponpHas pabora mo pasgeny 3 «Crenenm u kopHH. CTemeHHas,
nokaszaTenpHas U jorapudmudeckas QyHKIUN»
Heas: [IpoBeputs ypoBEHb YCBOCHHUS JAHHOTO Marepuana mo pazzaeny 3 «CreneHu u
kopHu. CTenenHasi, mokasareiabHas U JJorapumMudeckas GyHKITU»

Ilpu pewenuu 3adanuii 1-4 3anuwiume npasuIbHLIL OMmMEeM U3 Uemblpex
npeo1oIHCeHHbIX.
3
1. Mexay KakuM# IByMsI HaTypaJbHBIMHU YMCIIaMH HAXOAUTCS uuciio V197

a) 19 u 20; B) 18 u 19;
0) 2 u 3; r)3u4.
2. OnpesienuTe KOpeHb ypaBHeHus x> = 125.
a) 3; B) —5;
0) -3; r) 5.
3. Pacnosnoxute B MOpsAJIKE BO3pACTaHUs yucha: 2; §/§; V17.
a) 2; V5; V17; B) ¥5;2; V17;
0) 2; V17; 3/5; T) V17;2; /5.
4. YMHOXKas 9rciia ¢ OJJMHAKOBBIM OCHOBAaHHUEM, HX CTCTICHU:
a) JIeTIAT; B) CKJIJIbIBAIOT;
0) YMHOXaIOT; T') BBIYUTAIOT.

Ilpu évinonnenuu 3a0anuii 5-8 3anuwiume x00 pewieHus u NOJIYUEHHbLIL OMEen.
5. Haiinute kopeHb ypaBHeHus: 3¥72 — 5 3% = 12.

6. OnpesienuTe 3HAYEHNE BRIpaXKeHHs logg 2 + log 3 + 210824,
7. YkaxxuTe HaMMEHbIIIee 11eJI0e pellieHue HepaBeHeTBa: log;(6x — 4) > 2.
8. Haitmure Touky Mmakcumyma ¢yuknun y = 81In(x + 7) — 8x + 3.

Imanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3aJaHuA
OtBeT b T B B 1 5 x> 2%
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IpakTuyeckas padora Ne20
Tema 4.1 PaBHOCHIBHOCTD ypaBHEHUN U HepaBeHCTB. OOIIMe METOBI peIIeHHs
Heas: Hayuutscs onpenensaTe paBHOCUIBHOCTh YPABHEHUN.

Teopernyeckas 4acThb:

Onpenenenue. /[Ba ypaBHeHus ¢ oiHOU niepeMeHHOH f(X) = g(x) u p(x) = h(X) Ha3bIBatOT
PaBHOCHJIBHBIMM, €CJIM MHOKECTBA UX KOPHEH COBIA/NAIOT.

WHpiMu crioBaMu, JBa ypaBHEHHMS HA3bIBAIOT PaBHOCUJIBHBIMM, €CIM OHU HMEIOT
OJINHAKOBbIE KOPHU UJIU €clii 00a YpaBHEHUsI HE UMEIOT KOPHEH.

IIpumepsl

1) Ypapaenus 4% — 3 = 2X+ 3M 2X = 6 papHOCHIBHBL, T.K. K&XKI0€ U3 HUX HMEET TOJBKO
OJINH KOPEHb X=3.

2) Ypasuenns (X~ 2)(x+5)=0mn x* + 3% — 10 = 0 rappee PaBHOCHJIBHBI, T.K. Y HUX OJIHU
¥ Te e KOpHH ¥1 = 2,Xz = —5,

3) A BOT ypaBHEHHs % = 6 H 4x’ =16 ye PaBHOCUJIBHBI, IIOTOMY 4YTO Yy IE€pBOIO
YpaBHEHHsI KOPEHb X=2, a y BTOPOTO YPaBHEHUS JBa KOPHS X=2 U X=-2.

W3 ompenenenus paBHOCHUIBHOCTH CIEAYET, YTO JBa YPaBHEHHS PaBHOCWJIBHBI, €CIIU
KaXK/Ibli KOPEHb MEPBOTO YPABHEHUS SABIIIETCS KOPHEM BTOPOTO ypaBHEHUS, © HA000POT.

Perenue ypaBHeHMsl ocylllecTBJIsieTcs B TPH dTarna.

[TepBrrit aTan — TexHuveckuii. Ha 3ToM 3Tame ocymecTBIsiOT mpeoOpa3oBaHus MO CXeMe
(1) = (2) - 3)— (4) — ... ¥ HAXOJAT KOPHHU MOCIEIHEr0 (CaMOro MpOCTOro) YpaBHEHHUS
YKa3aHHOM LEMOYKH.

Bropoit sran — aHamu3 pemeHus. Ha »Tom »dTame, aHaiIM3upys MPOBEICHHBIE
npeoOpa3oBaHusl, OTBEUAIOT HA BOMPOC, BCE JIU OHU OBLITN PaBHOCUIIBHBIMHU.

Tpetuii 3ran — npoBepka. Eciau aHanus, NpoBEJECHHBIA HA BTOPOM 3Talne, MOKA3bIBACT,
YTO HEKOTOpbIe MPeoOpa3oBaHUsl MOIJIM MPHUBECTH K YPaBHEHHIO-CIEACTBHIO, TO 0Os3areiabHa
MPOBEpPKa BCEX HAMICHHBIX KOPHEN UX MOJICTAHOBKOM B MCXO/IHOE YpaBHEHHE.

Peanm3anus 3T0ro njiaHa ¢Bsi3aHa ¢ IOMCKAMHU OTBETOB HA YeThIpe BOIPOCa.

o Kak y3Hath, sBIsSETCA JU NEPEXo] OT OJAHOIO YpPaBHEHHUS K JPYTOMY PaBHOCHIIbHBIM
npeoOpazoBaHrem?

o Kakue npeoOpa3oBaHus MOTYT NEPEBECTH JAaHHOE YpaBHEHUE B ypaBHEHHE-CIIEACTBHE?

e Ecnu Mbl B KOHEYHOM UTOTE PELIMIIM YPAaBHEHUE-CIIEICTBUE, TO KAK CIETIATh IIPOBEPKY
B cllydae, KOrja OHa CONpshKeHa CO 3HAYUTEIbHBIMH BbIUYMCIUTEIbHBIMU TPYIHOCTAMHU?

e B kakux cinydasx npu nepexojie OT OJHOTO YPaBHEHHUS K IPYrOMY MOKET IIPOU30UTH
MoTepsl KOPHEH M KaK 3TOr0 HE JAOMYCTUTH?

W3 xypca cpeaHell MIKOJIbI Mbl 3HAEM, YTO MOKHO C/AEaTh CIEAyIoIInue mpeodpa3oBaHus
ypaBHEHUI: 000 YieH ypaBHEHUSI MOKHO MEPEHECTH U3 OJIHOM YacTH B APYTI'yI0, U3BMEHUB €r0
3HaK Ha MPOTUBOIOJIOKHBIN.

OO0e yacTu ypaBHEHUS MOKHO YMHOXKMTh WJIH PA3JEIUTh HA OJHOM M TO K€ 4YMCIO, He
PaBHOE HYIIIO.

Ecnu npu nepexozne oT 0JHOrO ypaBHEHUS K APYrOMY ITOTEPU KOPHEN HE MPOUCXOJNUT, TO
BTOPOE ypaBHEHUE HA3bIBAET CJIEJICTBUEM IIEPBOTO ypaBHEHUs. MHave, eciim Bce KOPHU MEPBOTO
YPaBHEHUS SBJISIIOTCS KOPHSAMHM BTOPOTO YpPaBHEHHs, TO BTOPOE YpPaBHEHUS Ha3bIBAETCS
CJIECTBUEM IIEPBOTO YPABHEHMUSL.

W3 aToro onpeneneHus U onpeaeaeHusl paBHOCUIBHOCTH YPAaBHEHHUH CIIENYET, YTO:

1. ecnu Ba ypaBHEHUS! pPaBHOCUJIbHBI, TO KaXKI0€ U3 HUX SBJISIETCS CIIEACTBUEM JIPYroro;

2. ecny KakJ0€ U3 JBYX YPaBHEHHH SIBJIETCS CIEICTBHEM JPYroro, TO 3TH ypaBHEHHUS
PaBHOCHJIBHBI.

[Ipu pemiennn ypaBHEHHI I1aBHOE- HE NOTEPATh KOPHU, a HAJIMYUE TIOCTOPOHHUX KOPHEH
MO’KHO YCTaHOBUTH NMpoBepKoil. [loaToMy BakHO cleuTh 3a TeM, 4TOOBI IpU NMpeoOpa3oBaHUU
YpaBHEHHUS KaX/10€ cielytoliee ypaBHEHHE ObLIO CIeICTBUEM MTPEJIbITYIIETO.
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CToHUT OTMETUTH, YTO MOCTOPOHHHE KOPHH MOTYT HOJYYUTHCS MPU YMHOXKEHHU 00EUX
yacTell YpaBHEHMsI Ha BBIPAKEHUE, COJEpIKalllee HEU3BECTHOE; a BOT IMOTEPs. KOPHEH MOXKET
IIPOU30MTH IPHU ACJIECHUN 00eUX YacTell ypaBHEHMS Ha BbIPAKEHUE, COJepKalllee HEU3BECTHOE.

Wrak, chopmynupyeM OCHOBHBIE TEOPEMBI, KOTOPHIC HCIIOJIB3YIOTCS IPH PELICHUU
PaBHOCHIIBHBIX YPaBHEHHIMA:

Onpenenenune. O6nacteio onpeneneHus ypaBHeHus f(x) = g(x) wuiam  o0sacThio
JTOMYCTUMBIX ~ 3HaueHuW nepemenHoil (OJI3) Ha3bpIBalOT MHOXKECTBO TEX 3HAYCHUU
MIEPEMEHHOM X, IIPU KOTOPBIX OJHOBPEMEHHO UMEIOT CMbICH BhIpakenus f(x) u g(x).

Teopema 1. Ecnu kakoii-1m100 4ieH ypaBHEHHS IEPEHECTH U3 OJJHOM YacTU YpaBHEHMSI B
JPYTYIO C IPOTUBOIOJIOXKHBIM 3HAKOM, TO MOJYYUTCS ypaBHEHHE, PpAaBHOCUIILHOE JAHHOMY.

Teopema 2. Ecnu 00e yacTu ypaBHEHHs BO3BECTH B OJHY M TY)K€ HEUETHYIO CTEIIEHb, TO
MOJIYYUTCS] ypaBHEHUE, PABHOCUIIBHOE TAHHOMY.

Teopema 3. [Tokasarenshoe ypasrenue @ ) = a9} (pre 4 > 0, a1)

PaBHOCHIIbHO ypaBHeHHMIO f(X) = g(x).

Teopema 4. Ecniu o0e yactu ypaBHeHus f(X) = g(X) YMHOXHTb Ha OJHO M TO XKe
BbIpakeHue h(x), kotopoe:

a) UMeeT CMBICI BCIOJly B oOnactu ompeneseHus (B o0jgacTH JOMYCTHMBIX 3HAUEHUM)
ypaBHeHus f(x) = g(x)

0) Hurae B 3TOM 06s1acTu He oOpaiaercs B 0, To monyuutces ypaBHenue f(x)h(x) = g(x)h(x),
paBHOCHIIBHOE JaHHOMY B ero O/[3.

CaencrBueM Teopembl 4: eciii 00€ YaCTH YpaBHEHUS YMHOXKHUTH WM Pa3JeNIUTh Ha OJTHO
U TO € OTIIMYHOE OT HYJISl YUCIIO, TO MOJIYYUTCS YpaBHEHHE, PABHOCUIIBHOE IaHHOMY.

Teopema 5. Ecniu 06e wactu ypaBHenus f(x)=g(x) neotpunarensusl B O[3 ypaBHeHus, TO
Mocjie BO3BEACHUA OOEuX ero yacred B OJHY M Ty K€ UYETHYIO CTENEeHb N MOJyYUTCS

ypasrenne ()™ = (8(X)" papnocunbroe nannomy B ero OJ13.
Kpartkas 3anucs Teopem 4, S.
4. f(x) = g(x) ©h(x)f(x) = h(x)g(x), rae h(x) #0
u h(x) umeet cmbica B O/I3 naHHOTO ypaBHEHUS.
5. f(x) = g(x) & TED™ = (EED" | e f(x)>0, g(x)=0
u n=2k (u€THOE unco).
Hanpumep, x—1=3;x=4
YMHOkHM 00€ yacTH Ha (X — 2):
x=2)(x—-1)=3(x—2); x=4 1 x =2 — IOCTOPOHHUI KOPCHL=> MpOBepKa!
PaBHOCHJIBHOCTH HEPABEHCTB C HEU3BECTHBIM ONPEACIISICTCS aHAJIOTUYHO.
HepaBeHcTBa, IMEIOIIIE OJJHO U TO K€ MHOYKECTBO PEUICHHI, HA3bIBAIOT PABHOCHIIbHBIMH.
HepaBeHcTBa, HE UMEIONIHME PEUICHUH, TAKXKE SIBIISFOTCS PABHOCHIIbHBIMU.

Pernenue 3axanmii:
MMpumep 1.
[ = % —
Pewny ypaBHenue: V=%~ 2
Bo3Benem B kBaapat 00e 4acTH ypaBHEHUsI, TIOIYIUM:

_ _ 2
x=(x-2)° KOTOpoe He OyAeT paBHOCHJIBHO HCXOJHOMY YPaBHEHHIO, TIOTOMY YTO Y

3TOTO ypaBHEeHHs ABa KopHa ¥1 = L Xz = 4 3 y nepBoHayanbHOro ypaBHEHHs TOIBKO OJHH KOPEHD
x=4.
IIpumep 2.
x—3
2— .:::
1. HepaBencta ¥~ + 1 u X-3<0 paBHOCWIIBHBI, TaK KaK HMMEIOT OJHO M TO XK€
MHO>KECTBO peLIEHUH X<3.
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2x
2. HepaBenctBa x — 1 n 2x>X-1 He paBHOCWIBHBI, TaK KakK PEIICHUSIMM IEPBOTO
SBISIIOTCA uncia x<-1 m x>1, a pemenusmMu Broporo- yucia x>-1. [Ipu penienun HepaBeHCTB
0OBIYHO TaHHOE HEPAaBEHCTBO MPEOOpaszyeTcsi B eMy paBHOCUIIBHOE.

Nel.
Euifiepy pARHOCHNLHLIE YPABHEHWA,
a dr=0G=9n7-1,2x=1
T 1

6§ —l=r=du—==—=
[ i

B (r—1)z+2)=0ujz+1)z—2)=0
r (2r—18)(4,2+40,7z) = 0w (dz + 30)(54 —6z) =0

T
A (2z—1)—(z+3)=zu _1=E]
I
T
e l{?r—lj—{;{:—ﬁj=:-:—*1ﬁ£1 =1

Ne2. Haiitr (pyHKIIIO, 06paTHYIO K JaHHO#: a) y = — 3X +2;6) y =2 — X°
Ne3. BpIsICHUTE PABHOCWIIBHBI JIM YPABHEHUS:
a)2x*-9x—-5=0ux(6x —13) = 14x +15
0)5x*+4x—1=0mx(2x+11)=-6- x?
Ne4. Pemnts ypaBHEeHHE:!
3 4x-1_x'+5

a)x-1 x+1  x*-1

x+2 3+4x _2(x-2)

6)X-2 x'-4  x+2

IIpakTuyeckas padora Ne21
Tema 4.2 YpaBHEeHUs U HEPABEHCTBA C MOYJIEM
Henanb: Hayuntbes pemats ypaBHEHUSI U HEPABEHCTBA, COJEPKAIINE 3HAK MOIYIIS.

Teopernyeckasi 4acThb:

[‘I. Pewenune ypagHeHui u HE‘paBEHCI’Bj

COAEPKALLMX 3HAK MOY A

€ MCIOALI0BAHREN no obmei cxeme

0 OIPETe.

reomMmerTp Li]

|a|=10, ecima=0,
—a, ecama <0,

1. | (x)] =a.
2.7 (=) =g =]
3.|f(x)| >a.
4.|f ()| <a.

o CMBICHA MO/LyH 1. Haiira OJ13.
| a| — pacemosnue na 2. HajiTh ByaHm Bcex
HUCADE0I NPAMOIL Om ODOAMOLYALHLX
a, eca a > 0, maoyuru O do moyku a. ymupmii,

3. OrmeTHTE HyAH Ha

013 m paztuars 013
HA NPpOMEeYTHH.

. Hajith pemenme B

KAMIOM HPOMEKYTES
(W NpoBEPHTH, BXOIHT
AH 3T0 pemeHHEe B
paccMaTpHBaeM bk
OPOMERYTOR).

C HCNOJALIOBAHKEM
CIEIHANLHLIX COOTHOMSHNI
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2. Ucnonk3oBaHme reoMeTpuHeckoro cveicna mogyna (npua = 0)

|[t|=a |[t|=ua
|f|-ul |t] < a llrl-:;
-a 0 a i
1. |,|F(-.] a & Filx) = a wom F(x) a.
2. | fix) | g (x) | &= Fix) = g(x) mam fix) £ (x).
3,|,|Ffl.] i &= Fx) < —a mau F(x)>a.
[ F(x) i1,
4. X} <as—a X)<a e
“{ }l A | f(x)<a.
OtoblueHme

T [g(x)=0,
5. 11N =8@) &) o) wam 1(2)--g(®).

6. |fix)|> g(x) = fx)<—g(x) wan f(x) > g (x).
[f(x)>—g(x),

T |f(x)<g@es-g@<fo)<gx)= “{;){g[x).

3. Mcnonk3oBaHue cneumansHLIX CooTHOLEHMA

1. |u|=u=uz0.

2. |lu|=—u=us<o.

3. |u|=|v|eu=1.

4. |u|>|v|e=2 u?>v’. Torga |u|- |v|>0 < u® - v*>0;

FHak pasHocmu modynell deyx swpameHull cosnadaem co FHAKOM pas-
HOCMU UX KEA0pAmos.

:H}'}!
5. |u|+|u|=u+u<=1--;y;ﬂ‘
[us (),
6. |u,|+|u|=—u—v=rclug“.
7. Ju|+|v|=|lut+v|euv 0.
8. |u|l+|v|=lu-v|=2ur<o.
9. |x-a|+|x-b|=b-—a=2axx<braea<h.

OObsAcHeHNE U 000CHOBAHUE

Pemrate mo6oe ypaBHEHHE WM HEPABEHCTBO, COJEpIKaIlee 3HAK MOJYJIs, MOYKHO OJHHUM
U3 TPEX OCHOBHBIX CIIOCOOOB: MO OMPEICICHUIO MOIYJIS, UCXOS M3 T€OMETPHUECKOTO CMBICTIA
MOJTyJIsl MUK 110 o01iei cxeme. HekoTopeie ypaBHEHHS MM HEPABEHCTBA C MOIYJIEM MOTYT OBITh
TAKXKe PEIICHBI C UCIIOJIb30BAaHUEM CIEIMAIBHBIX COOTHOIIICHHH.

B 3aBHCHMOCTH OT BBIOPAHHOTO CIOCO0A PEIICHHSI MTOJTydaeM pa3HbIe 3aliCH PEIICHUS.

IIpumep 1. Pemunte ypaBuenue | 2X — 4 | = 6.

| crtoco6 (1o onpeaeacHuI0 MOIYIIs)
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Pemenne KomMeHTapmid

1) Eciim 2x—4=0, (1) | Y1oObl pacKphiTh 3HAK MOIYIA IO

ONpelleleHHD,  PacCMOTPHM  [IBa
TO MOTy4YaeM ypaBHeHHe 2X — 4 = 0. | ciyyas:

Torma X = 5, 9TO0 VIOBISTBOPHAET I
VCIIOBHIO (1). 2x—4>0 H 2x—4<0

2) Ecnn 2x—-4<0, (2) |IIo OIpeIeIeHHID MOJIYIIEM
TOJIOAIITENIBHOTO (HeOTPHIATEIBHOIO )
TO TONy4aeM ypaBHeHHe —(2X —4) = 6. | qiicna sBAfeTcA caMo 3T0 9ICIO, 2
Torma x = —1, 9TO YIOBNETBOPAST H | MomyleM  OTPHIATENBHOIO  9IHCIA
VCIOBHIO (2). ABIAETICH  IPOTHBOIOINOXKHOE — €MY
qicno. IToatomy

OteeT: 5; —1.
npu2x—-4>0, [2x—4|=2x-4,a

mpu 2x— 4 <|0, [2x—4|=—(2x—4).

B KazI0M cIIydae pelaeM IoTydeHHoe
YpaBHEHIIE I BEIACHAEM,
VIOBNETBOpAET M  KaXKIBIH I3
HallIeHHEIX KOpHell TOMY VCIIOBHIO,
IIPH KOTOPOM MBI €70 HaXO0 IILIIL

1l ctoco0 (MCI0abp30BaHKUE TEOMETPHUECKOTO CMBICIA MOJIYIIS)

Pemenne KomMmeHTapHid

2x—4=6 umum 2x—-4=-06, C reomeTpidecKkoil TOYKH 3peHHA
|2x — 4| — 3T0 paccTosHHe OT TOUKI 0
110 TOYKH 2X — 4.

2x=10 mwm 2x=-2, Ilo ycrnoBIro ypaBHEeHIA OHO PaBHO 6,
HO paccTofHHe 6 MOXKeT OBITh
OTJIO:KeHO oT 0 Kak BIPaBO (IIOIydIaem
X=35 wm x=-1. 4HCI0 6), TaK I BIEBO (IIOTyIasM JICIo
—6).

Taxum oOpazom, paBeHCTBO

OteeT: 5; 1. | 2x — 4 | = 6 BO3MOKHO TOT/1a I TOJIEKO
TOrHa, korga 2x—4=6mm2x 4=
—6.

3ameuanne. [Ipy pelieHdd ypaBHEHHs C HCIOJIb30BAHHEM TI'E€OMETPHYECKOTO CMBICIA
MOJIyJIsl 3HAK MOJIYJIS PacKphIBAETCs HESIBHO, TO €CTh OINpEIEIICHHE MOMIYJIS B SIBHOM BHJE HE
PUMEHSETCS.

OOGmast cxeMa pelnieHus ypaBHEHHH M HEPABEHCTB, COAEPIKAIIUX 3HAK MOMIYJIS — 3TO
(aKTUYECKH HEMHOIO M3MEHEHHBIH METOJ MHTEPBAIOB. II0SCHUM COIEpIKAHUE DTOM CXEMBI HA
pUMepe YpaBHEHHsI C ABYMsI MOIY/ISIMH BH1a

If () +1g ()| =a (a>0).

YroObl pEeINTh 3TO ypaBHEHHE, HEOOXOJUMO PACKPBITh 3HAKH MOJIYJIEH, a Ui 3TOTO
HeoOxoqumo 3Hath, rTae QyHkmuu f (X) m g (X) OyayT MONOXKHUTEIbHBIMH, a TAe —
oTpHIaTeNbHBIMU. TO €CTh PAKTHUECKH MBI JOJKHBI PEIIUTH HEPABEHCTBA

f (X) > num <0, (1)

g (X) > mmm <0. (2

Kaxmoe n3 3TMX HEpPaBEHCTB MbI YMEEM peIIaTh METOJOM HHTepBaioB. IlepecTponm
NPUEM pEIIEHUs] HEPAaBCHCTB METOJOM HWHTEPBAIOB TakKUM o00Opa3oM, dYToObl OH JaBajl
BO3MOXKHOCTh OJIHOBPEMEHHO pellaTh KakJA0e W3 TOCISIHUX HEpaBeHCTB. Kak W3BeCTHO,
penieHne HepaBeHcTBa (1) METOIOM MHTEPBAIOB HAuYMHAETCS ¢ HaxoxaeHus ero O3 (To ectsb
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obmactu onpenenenus ¢pyukiuu T (X)), a perenne HepaBeHncTBa (2) — ¢ HaxoxaeHus ero O/13
(To ectb obmactu ompeneneHus GyHkiuu ¢ (X)). YToObl HauaTh OJHOBPEMEHHO peliaTh 00a
HEpaBEHCTBA, HEOOXOIMMO HAUTH 0OIIyI0 00sacTh onpeneseHus i ¢pyukiuii T (X) u g (X), To
ectb HaliTH O3 NaHHOrO YypaBHeHHs (3TO W €CTb Nepablll U3 OpUEeHMUPO8 HEOOXOTUMON
CXEMBI).

Yrobbl mpoposnkuth petienue HepaBeHCTB T (X) >umu<0 u g (X) >mwm< 0 Metomom
MHTEpBAJIOB, HeoOXoauMo HaWth Hynmu QyHkumid f (X) u g (X), TO ecTh HAWTH HYJIH Bcex
NOAMOAYJIbHBIX QYHKIHUH (3TO U €CTh 8MOPOL OPUEHMUD).

Ecnu nanee mpuMeHHTH CXeMy METO/Ia HHTEPBAJIOB OTHOBPEMEHHO JUTSI IBYX HEPABEHCTB,
HeoOxomumo Ha OJI3 oTMeTHTH HYJIH NOAMOAYJbHBLIX (yHkuuii u pa3outs OJ/I3 Ha
MPOMEXKYTKH (3TO mpemuii opuenmup).

B kaxaoM W3 MOJy4YeHHBIX NPOMEXYTKOB 3Haku ¢(ynkuuit f (X) u g (X) He Moryr
U3MEHUThCA. Torma Mbl MOMXKEM HAWTH 3HAKM MOAMOAYJbHBIX (PYHKUMHA Ha KaXKIOM
NPOMe:KyTKe (B JIF00OM TOYKE 3TOr0 INMPOMEXKYTKA), PACKPBLITh 3HAKH MOAYJeil W HaWTH
pelieHHe JAHHOTO YPaBHEHHSl B KaKIOM M3 ITHX NMPOMEKYTKOB (3TO U €CTb uemeepmuyiil
opueHmup odwel cxemo).

ObocHOBaHUE BO3MOXXHOCTH PUMEHEHHUS IPUBEICHHON CXEMBI K PEIICHUIO0 HEPaBEHCTB
C MOAYJISIMU TIPOBOJIUTCS aHAJIOTHYHO.

3agaua 2° Pewrnre ypassenne |x — 5+ |2x + 5| = 3x.
Pemenne KomMmmenrapnit

P IMockoaery 3x =(x — 5) + (2x + 5), Bemnt obosmHaunmTs x — & = u o
TO JaHHOe YVDPABHEHNe HMeeT Bug | 2x + D =v, Tou + v = 3x n ganHOES
|uw|+ |v|= u + v, Ho s10 pamenmcTBOo | ypasmemme mmeer Bug |u| + |v]| =
MOMET BRINOMHATHCA TOTOA M TOMBKO | = i + U, A& OO0 COOTHOLIEHII D TAKOSe
TOTHA, KOTOA YHMCTA U ¥ U — oba HeoT- | YpABHEHNE  DABHOCHILHO  CHCTEME
pHnaresabie. CaegopaTe bio, JaHHOES (=0,
YpABHeHNE — DABHOCHIBHGO  CHOTEME 1;3;“}
f E x=h
{.-1'—-13'“. Orciona ! JaMeTHM, HTO JAHHOE YDADHEHIE
9% + 520, 1.1‘ -5 MOMHO pelmaTs i oo obueft oxeme, HMo
- ‘ L)

2 Torga petmenme 6yvaer Goaee rpoMozd-
Taxmum cbpasom, x # 0. KITM.
Omaeent: [5: +99). <]

dagaua 3 Pemrnre mepaseserso | 2x — 5|5 7.
Femersne Komumesrtapmit
P VunThIBAA TeoMETDHUeCHHH CMBICT HepaseHeTED BHOA |f{x} | % a (rge
MOOVIA, DOIVYaeM, 9T0 SAJAHHOE He- a > () voobHO pelIaTs, HCOoIbSYHE Ieo-
PABEHCTBO PABHOCIHIBHO HEPABEHCTEY mMerTpHuYecknil cmecn mogyvaa. Ilo-
-7 2x -5 T. (1) CHOTBKY SAJAHHOE HEPABEHCTBO — 3TO
Torma -2« 2x = 12, TakuM obpasoM, HepaseHeTEo Buza |t| € 7, a mogyme
-1 x= 6. 9HCIA — 8T0 PACCTOAHNE HE HKOODIH-

HaTHOR npamoil or Touwm, msobpasxa-
wmelf gaEHECE YHeT0, Do ToukHm 0, To
SAMAHHOMY HEDABEHCTEY VIOBIETBODH-
0T BCE TOUKH, HAXOOAINECA B ODOME-
myTtwe [-7; 7). Tammm obpasom,
-7 % t = 7. Econ BOSHHNKAIOT SATDYVI-
HEHHA ¢ PEIIEeHNEeM ABORHOTO HEDABEH-
crea (1), To ero saMEeHANT HE PABHO-

[2x-53 -7,

CHILHYIO CHCTEMY N
121‘ =BT,

Omeem: [-1; 6]. <]
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Pernrenue 3aganuii:

Perre ypaBHEHUs: M HEPaBEHCTBA, coeprkainue 3HaK Moayis (1-15).

1. 1) |3x-5|=T;

2. 1) |2x - 8|>b:
3. 1)|x=-2 =-2x-1=10;

D]x—1]|+|x—3|=2;

B x+5|+|x—-8|=13.

5 1) |x+ 3|<x - 2;
H|x+3|+|x—-1|<|6-3x|

6. 1) Jx'-2e+1+|x-2|=1;
7. 1) JrP—dx+4+x? =8
a P
—dx|+3
8. 1) I—’; x[+3_y,

4| x5

9. 1) ||lx-1|-2|=1;
10. 1) | x® — 4x | < 5;

11. 1) 3 |x -1 |+ 25— T>0;
1].&}1.

r+2 *

12,

13. D ||x-1|-5|< 2Z;
14. 1) |x - 2£°|> 22° — x;
15. 1) ——3|x+2[;

|x+3]-1

2) |8 - 4x|=86;

2 |8-5x|=<T;

3) |x® - 5x|=6.

3) ﬂ‘}i’.:

x+1
2+ 3x+ |x+ 3| =0.

2x-3
e <1,

X ==k

4)

2}|x+ 1|+|x—5|=2ﬂ;
2 |x+1|+|x—-2|= 2x—1;

2) Jx'+dx+4+|x|=x+5.

2 V16-8x+x? +/x*+2x+1=5.
4
) |[z=1]|-2
2)||2x-4|-5]|=3.
2| xF-x—-6|=>4.
2)|x-6|22"-5x+9.
1 1
} |I'|—::|{E.
2 |x=-1]+|x+2]|-|x-3|>4.
2)[x*+x-20|< 25+ x— 20.

=|x+1|.

4

s

IIpakTnyeckas padbora Ne22

Tema 4.3 YpaBHEHUS U HEpPABEHCTBA

C mapaMeTpamMu

Henanb: Hayuntbes pemats ypaBHEHUSI U HEPABEHCTBA, COJEpKAIINE TapaMeTp.

Teopernyeckasi 4acThb:

HamoMaMM cMEBICT BBIPAXKCHUSA «PCHIUTH C IMapaMCTPOM» — MOKHO pPC€IIaTbh YpPaBHCHM:I,

HCpaBCHCTBA, CUCTEMBI C ITIapaMETPOM.

Pemmte 3anauy,

HaIpUMep ypaBHEHUE

flx,a) =10

HJIX HCPABCHCTBO

flx,a) <0 c

mapaMeTpoM a — O3Ha4acT «nepe6paTL» BCC 3HAYCHMU MMapaMeTpa U UL KAXKA0TO U3 HUX YKa3aTb

OTBCT.

1. Peurenue ypaBHeHuU# ¢ mapameTpomM
[TosicHuM Ha MpoCTENIINX TPpUMEpPaX.

[Ipumep | — peminth ypaBHEHHE C HAPAMETPOM:
ax=1

d
33,&3‘13 COCTOHUT B TOM, YTOOBI AT KaKJA0TO 3HAUCHUS MMapaMEeTpa PpCUIUTb YPABHCHUC

X
OTHOCHUTCIIBHO .

a=2 . o
[TycTe , TOTJ1a UIMEEM MPOCTENIIEE IMHEWHOE YPaBHEHUE:
1

2x=1ox=—
2
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B o0miem ciydae B JaHHOM ypaBHEHUH BO3MOXKHBI JIBa BapUaHTa PEIICHUS — KOT'1a MOKHO

JEeTUTh Ha KOA((UIMEHT a U KOTJa Hellb3s, He00X0AMMO 1epedpaTh Bce JOMyCTUMbIE 3HAYCHUS
aER

napameTpa a ( )

a=~a0
Paccmorpum nBa ciyuas. Ilpu Mbl HE MMEEM IIpaBa pa3JeiauTh CIAUHULY Ha

K03()(PUIMEHT a, TOATOMY HOJICTABIIEM 3HAUEHUE HOJb B 33JaHHOE YPaBHEHHE U U3y4aeM €ro.
[Tpu 1r00BIX IPYrUX 3HAUCHHSIX @ UMEEM MPABO BBIOJHUTH JCTICHHE:

a= { a==~0 {El:l] {EI=IJ
{ax=1 D=x=1 0=1 xED

{aiﬂf_} a0 “|lmaz0® a=10

- 1 1 1
a a a
1
a=0 ! a0x=
Otger: npu peuIeHui HeT, pu 2

PaccmoTtpuM penienre npocTeniero HepaBeHCTBA ¢ NapaMeETPOM.
2. Penienne HepaBeHCTBA C TApaMETPOM

PaccmoTtpuM penienre npocTeniero HepaBeHCTBA ¢ NapaMeETPOM.
[Ipumep 2 — pemInTh HEPABEHCTBO € TAPaAMETPOM:

ax =1

Ecmm a — KOHKPETHOC YHCJIO, MBI MOXEM JICTKO PCHINTH 3aAaHHOC HCPaBCHCTBO,
HanpuMep:

1 1
a=2:2x=>= 1<—rx}i;a=—2: —Zx}le}c:‘:—i

y Hac ke ecTb Kod3(duiueHT a B odmem Bune. PaccMmotpum tpu ciydas:

- a=~0n0 {3:'] a=0
{ax::l ﬂz% i%
{aac‘:l]e a 1<—> a 1
x=1 X< = X< =
a=0 2 2
{a i ax=0 ax=0
Llax

x}l x?l
L a L a

1 1

— X = - = -

OtBer: HpI/IEI upemeHI/Iﬁ HET; npna:: 0 E';HpI/IEI:: 0 2

[Ipumep 3 — pemuTh ypaBHEHUE C TAPaMETPOM:

Xx—5

JpoOb paBHa HYJIIO TOTJa M TOJBKO TOTJA, KOTJA YHUCIUTENh €€ PaBeH HYJI0, a
3HaMEeHAaTeNb HE paBEH HYJIIO:

{x —a=20 {x = a

s
Xx—5+#0 X+5
3HaueHue mapameTpa MoKeT ObITh JII0OBIM. PaccMoTpuM ABa ciydast:
a=>5
Xx—5
x—5 0
a#bh
X—a
—5 =0

o X a
HpI/I OTOM IIOJIy4acM B IICPBOM ClIydac: X ¢ OAHOU CTOPOHBI paBCH IIATH, T. K. ,acC
,Z[perfI CTOPOHBI HC paBCH IIATHU, T. K. 3HAMCHATCIIb I[p06I/I HE MOXET OBIThH PaBCH HYJII0, KpOME
]
_—— ':I
TOI'O IIOJIy4acM BBIPpAKCHUC e , @ TAKOT'O BBIPAKKCHUA HC CYILICCTBYCT.
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YHUCJIIO.

a*bx—=a

Korpma , IPOTUBOPEYNN HE BOZHUKAET

Orger: pu = > pemrenuii Her, pu = #5x=a

[Ipumep 4 — pENIUTH YpaBHEHHE C APAMETPOM:
\."E =a

3HaueHue a MOXKET ObITh JIFOOBIM, HO KBaJAPaTHBI KOPEHb — 3TO CTPOr0 HEOTPULIATEIBHOE

CrnenoBaTebHO, pacCMaTPUBAEM JIBA CIIydast:
{ a=0 { a=0

VE=a x = a’

a=10 a=10

{\."E=EI {XEE'
OTBeT:anE'Eux:a:;npna'{ﬂxem

3. Pemienuie nppannoHaqIbHOTO YpaBHEHHUS C TapaMEeTPOM
Pemnm nppanmonaibHOE HEPABEHCTBO € apAMETPOM.
[Ipumep 5 — pemInTh HEPABEHCTBO € ITAPaMETPOM:

YEX = a

I/ICCJ'IG,ZIyeM JaHHOC HEPAaBCHCTBO.

X CTOUT IOJ 3HAKOM KBaApPaTHOI'O0 KOPHsA, 3HAYWUT AONYCTUMBIC 3HAUYCHUA IO X - BCC
HCOTPHUIATCIIBHBIC 3HAYCHUA. 4 MOXKET IIPUHUMATD JIFOOBIE 3HAYEHMA. paccMOTpHUM TpPU ClIydasd.

a a=2~0 o
Ecmu  meHbIne Hylst 1 KOPEHB CYIIECTBYET, TO HEPABEHCTBO BHITIONHsIETCS. Ecim , O00H

. a
HEOTPULATENIbHBIM X YAOBIETBOPSIET HepaBeHCTBY. Ecnu ke © Ooibplie Hy/s, UMEEM IpaBo
BO3BECTHU B KBaJpar:

o - ¥ =X
ctpouM rpaduk (YHKIIHUH, CTOSIICH B JIEBOW 4YaCTH:
x=0 o
byakun © ~ . PaccekaeM moyiydeHHYIO KPUBYIO CEMEHCTBOM MPSIMBIX
MEPECCUCHUS.

_’Eld:u -{Eld:ﬂ
M'IEEEI XES
r a =
a==0 =>0
Wx=a ‘”X—ﬂ
- X=
a'_:::l] a=0
Liyx=a [ 1% = 52
0 . a=0x=0 a>0x=a’
TBET: IIPU ; IpA

PaCCMOTpI/IM PEIICHUE JAaHHOI'O HEPABCHCTBA Fpa(l)I/ILICCKI/IM METOJOM. Z[J'Iﬂ 9TOI'0 CHaydajia

X—
1 0 1 2 2 4 5 g 7 2 9 10

, 001acTh ompeaeNeHus TaHHOU

y—a
Y HaXOJIMM TOYKHU

a=10 .
[Io pucyHKy O4Y€BUIHO, YTO KOTJAA , KpUBasg HaXOIWUTCA HaJd IPAMOU IIPU BCEX
JIOIYCTUMBIX X, TO €CTh IIPX BCEX JOMYCTUMBIX X HEPABEHCTBO BBIINOJIHAETCH.
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Ecnn a monokurenbHO, KpUBasi UMEET €IUHCTBEHHYIO TOUKY IIEPECEYECHUs C NPAMOU U
KpuBas HaxXOAMTCA BbIIIE NpPsIMON IpaBee TOYKU IIepecedyeHus, adcuucca TOUYKU

x=a’ X>=a“
nepeceueHus , TO3TOMY PEILICHHEM HepaBEHCTBA ABJISICTCS ~

O‘-IGBI/II[HO, YTO OTBCT COBNAAACT C OTBCTOM IIpHU PCIICHHUU aHAJIMTUYCCKUM CcIocooom.

HpI/IMep 6— PEIINTHL YPABHCHHUC C TapaMETPOM:

Eh,,"; =0

HpOH?;BGI[GHHG ABYX MHOKHUTENEN PaBHO HYJIIO TOTAA U TOJIBKO TOrAa, KOraa XoTsa OBl OJUH
U3 MHOXKUTEIIEH PaBCH HYIIIO, a BTOpOﬁ IIpU 5TOM CYIICCTBYCT.

a=1>0
PaccmaTtpuBaem 1Ba BapuaHTa — 1100 , HO KOPEHb IIPU 9TOM JIOJDKEH CYIIECTBOBATb,
x=10
60 , B TAaKOM CJIydae a — J000€ Ynco:

a==>0

=0

Cer

ER

a=0xe|[0;+c0 azx=0x=20
Ortser: nipn [0:+ :]; pu =

Pemenne 3apanmii:

Nel. Pemuth ypaBHEHUE € MAPAMETPOM:
ax + 2 = -5,

a) ;

B) ayjx— 5= III;
2xta __

r) x—4 o ,
No2. Peminth HEpaBEHCTBO C apaMETPOM:
2) —dax =< 5,
=2
5) ayx > 7.
axtl ~ 0
B) =3 = ,
r) 2 +Vx=1

IIpakTnyeckas padora Ne23
Tema 4.4 KontponbHas paboTa 1o pazzaeny 4 «YpaBHEHHUS U HEPABEHCTBA»

Heab: [IpoBeputh ypoBeHb YCBOCHHS JAaHHOTO MaTepuania o pasieny 6 «YpaBHEHUS U
HEPaBEHCTBa»

Ilpu pewenuu 3adanuii 1-4 3anuwiume npasunIbHLIL OMEemM U3 Uemblpex
NPeo1oHCeHHbIX:

1. (1 6amm) Kakoe u3 uucen siBisieTcss KOpHEM ypaBHeHus log,(x +1) = 1

A)-1;b5)2;B) 1;1) 0.

2. (1 6ann) Kakue U3 ypaBHeHUI UMEIOT Oojiee OJTHOTO KOPHs?

A) x2-6x+5=0; B) 3¥2=9; B) (x-4)(x+3)(x-8)=0; I) 2x-7=0.

3. (1 6amm) Omnpenenute BUJ ypaBHEHHUS V—32 — X = 2

A) nuneitnoe; b) kBaapaTtHoe; B) uppanmonansHoe; ') paninoHansHoe.

4. (1 6amn) OnpenennTe HaMMEHbILEE 1IEJ0E PEIIEHHE HEpaBeHCTBa 5 2<1?

A)-3;5)0;B) 3;T) -4.
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Ilpu eévinonnenuu 3a0anuii 5-8 3anuwiume x00 pewieHusA U NOJIYUEHHbLIL OMEen.
5. (2 6anna) Haiinure KopeHb ypaBHEHUS | x-3 | =2

. (x—y=8,
6. (2 6anna) Pemmure cucremy ypaBHEHUI {2"‘33’ — 16,
2_

7. (2 6aina) Pemure HEpaBEHCTBO 2 - <x

8. (2 6amna) Pemmre ypasuenue (2x — 3)V3x2 —5x—2 =10

Omanonvt omeemos:
Homep - 2 3 4 5 6 7 8
3aJ1aHus
OtBer B B B A 1,5 | (10;2) (-o0; 0]; [2; 3) -1;6

IpakTuueckas padora Ne24
Tema 5.2 [lonstue nponsBogHON. DopMmyssl U TpaBUiIa AUPPepeHIupoBaHNs PYHKIUU
Henab: OnpenenuTs CyHHOCTh MOHSATHS TMPOM3BOJHAS, HAYYUTHCS BBIYUCIATH
MIPOU3BO/IHYIO, UCIIOJIb3Ys MTPEIEIbI.

Teopernyeckasi 4acThb:

[MpousBoHas - TIaBHEHIIee MOHATHE MaTeMaTHYeCKOTO aHayim3a. OHa XapakTepusyeT
n3MeHeHne (PyHKIIUM apryMeHTa X B HEKOTOpo# Touke. [Ipu 5ToM 1 cama mpou3BOAHAS SBIISETCS
(dbyHKIIEEH OT aprymMeHTa X

o = X
Ipouseodnoii Gymxyuu ~ S :IB TouKke * Ha3pIBaeTCs mpeen (eciau OH CYIIECTBYET U
KOHEYEH) OTHOIIEHUS MpHpanieHuss QyHKIMHM K MPUPAIICHUI0 apryMeHTa IpH YCIOBHH, YTO
MOCJIETHEE CTPEMUTCS K HYIIIO.

To ecTs,
My +Ax)—
P =tlim Y ligg L HAx) - Flx)
ax—=0 A ﬂx—}lil B
HauOonee y1'IOTpe6I/ITCJ'IbHI>I CICOYIOIIUEC 00031aYenUA npou3300noﬁ:

o dy  dfix)
Yo Flxodx’ dx
AJ'IFODI/ITM HaAXO0XKXJACHUA HDOHSBOI[HOﬁ

f(xo)

J151s Toro 4TOOBI HAUTHU HY)KHO:

1) 3apmate mpupaileHue Ax _ 9TO  MpUpAlIeHHE apryMeHTa BBIUHCIIHUTD

COOTBCTCTBYIOLICC ITPUPALICHUC (1)YHKI_II/II/I ”I nin &f f(l(] + &lj f(lﬂj

i

2) HaiiTu pa3sHOCTHOE COOTHOIIEHHE 2%, yIpOCTHTE €r0 U COKPATUTH Ha

Af
Ax =0

3) Ecim otHomenue 4% mpu CTPEMHUTCS K KaKOMY-TO YHCIY, TO 3TO YHUCIO

fl(xu)_

Oyner

Pemenue 3aganuii:
IIpumep 1. [Tons3ysce onpeneseHueM NPOM3BOAHOM, HAUTH MPOU3BOAHYIO QYHKIIMH

y=afx+1

Pemenne. 13 OIMPCACIICHUS HpOHSBOI{HOﬁ BBITCKACT CJICAYIOIIasa CXeMa €€ BBIUMCIICHUS.
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https://interneturok.ru/lesson/algebra/10-klass/proizvodnaya/opredelenie-proizvodnoy-eyo-fizicheskiy-i-geometricheskiy-smysl-algoritm-nahozhdeniya-proizvodnoy#mediaplayer

Jlanum apryMeHTy npupamienue (enbra) 1 Haiaém npupaiieHue QpyHKuuu:
Ay =afx+hx+1—ofx+1
Haiiném otHOmeHne npuparieHns GyHKIUN K TPUPAIICHUIO apryMEHTa!

Ly N'rx+ﬂx+1—\.'rx+1 _

Jiks Fiks
_ (\f‘x+ﬂx+1—Jx+1)(~,fx+ﬁx+1+~,:‘rx+l) _
B ﬂx(\u’x+ﬂx+1+«fx+1) -

_ A+ix+1-(x+1)
ﬁx(-qfx+ﬁ.x+1 +\'JX+1)

_ Az
- ﬂx(ﬂ’x+ﬂx+1 +qfx+1)

|
Jx+ﬂx+1+\.'rx+1 -
Bpruncium mpenen 3TOrO0 OTHOIIEHUS MPU YCIOBHHM, YTO MPHUPAIICHUE apTyMEHTa
CTPEMUTCS K HYIIIO, TO €CTh TPEOYEeMYIO B YCIIOBUH 33JIa4H TIPOU3BOIHYIO:

: 1
litn =
i~ Jx+1&x+1 +\."x+%

NS N s N

IIpumep 2. Haiitu npou3BogHy0 GHyHKITUN

y= fix)=2x"+1.

Pemienne. W3 omnpeneneHuss NPOU3BOJHOM BBITEKACT CIEAylomlas cxemMa s e
BBLIYHCJICHUS.

[lar 1. Jagum aprymeHTy OpupaiieHue A%y naiiném
y+iy=f(x+ixn)=20x+0)" +1=

= 2x* +4xehn 4+ 20An)° +1.

[ar 2. Haitném npupamieane GyHKIAN:

My = f[x+ﬂx:l—f|':x:l=

=[2x® +4xeax+2(ax)’ +1]- (227 +1)=

= dxehx+2(Ax)"

[lar 3. Haiiném oTHOIIEHUE pUpalieHus GYHKIHH K TPUPAIEHUIO apryMeHTa:
by dxehx+2(Ax)  Ax(dx+24x)
Ax Ax  Ax
=dx+2Ax

[ar 4. Beruncaum npenen 3TOro OTHOIIEHUS TPU Lx —0 , TO €CTb ITPOU3BOIHYIO:
y = f(x)= lim (4x+242) = 4x

v =g X v o
Npumep 3. Haiitn nponssoauyio  pyHKimn U 3HAuY€HUE D3TOM NPOU3BOJHOU

mpu =4
Pemenne. Bocnonb3yemcs cxemoil, nmpuBen€HHOM B ipumepe 1.
[Har 1.
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y+iyv=Fflx+hn=Jx+ix

Ilar 2.

Ay = Flx+Ax) — F(x) =[x+ ix -7
Iar 3.

by «.,l'x+&x—ﬁ

E_ %y '

Ilar 4.

ax—0

3= £ = lim Y = lim —”“‘E_‘E.

BrIpakeHne 1oJ1 3HAKOM TIpesieNia He OINPEJENIEHO MPH hx=0 (HeompenenEHHOCTh BUA
0/0), moaTomy mpeoOpaszyem ero, M30aBUBIINCH OT WUPPAMOHATHLHOCTH B YUCIHUTENE U 3aTEM

COKpaTHUB JpO0b:

¥'=lim

(w\f'x+ﬁx—u"';) («u'x+ﬁx+~u';;_:) _

Mx

5 [t hr 4 45)

= lim !

1
ﬂ**”\frx+ﬂx+\.'; - E\E-

W Ny e )

Haiiném 3nadenue nmpousBoaHoOM mpu * = 9.

yoo=F (@ =1/(240)=1/6,

IIpakTuyeckasi padora Ne25
Tema 5.2 [Tonstue npousBoaHoi. @opMyiibl U ipaBuia tuddepeHnupoBanus GyHKIUN
Heab: HayunThcs BBIUMCIATH TPOU3BOAHYIO (QYHKIIMH, UCHIONB3YS (POPMYIBI U MpaBuiia

muddepeHupoBaHUsL.

Teopernyeckasi 4acTh:

dopmyibl guddepeHInpOBaHUS

1. ¢" =0, ¢ = const
) (x”) — sx” L
] (ax) =a”-lna

2
3
4. (ex)' =e"
5 1

xlna
6. (h’lx)r _1
X
7. (sinx) = cosx
8. (cosx) = —sinx
' 1
9. (Wx) =
(/) 2+/x
10. (tgx) =~
cos” x
11. (ctgx)' =— — 1,
ST x

12.

13.

14.

15.

16.
17.

18.

19.

(arcsin x)' =
w1 —x™
(arccosx)' = — 1 —
1—x~
(arctgx) =
1+ x=
(arcctgx)' _ ! -
1+ x=
(shx) =chx
(ch x)' = sh x
’ 1
(thx) =
ch?x
’ 1
(thx) ———L
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[Ipu BBIYMCIICHUU MIPOU3BOAHOMN HCTIOJIB3YIOTCSA CIIEIYIOLIE MpaBUJIa
middepenunpoBanus. IlpaBuio nudpgepeHUHPOBAHUA CYMMBI IBYX ()YHKIIHIA.

[IpousBoanas cymMmMbl paBHa cymMMme mpou3BoaHbIX: (f(x) + g(x))' = f'(x) + g'(x).

[Monpo6GHO 3TO CBOICTBO TpoM3BOAHON (opmynupyercs Tak: Eciam kaxngas u3
¢ynkimu f(X) 1 g(X) uMeeT NPOM3BOIHYIO, TO MX CyMMa TaKXKe HMEET IPOHM3BOJHYI0 M
crnpaBeuIrBa GopMmyIa.

[IponsBoaHast CyMMBI HECKOJIBKUX (DYHKIIUM paBHA CyMME IPOM3BOIHBIX ATHX (YHKIIUH:

(f(x) +...+ gx))' = f'(x) +...+ g'(x).

[TpousBoaHas pa3HOCTH paBHA pa3sHOCTH Mpou3BoAHBIX: (f(X) - g(X))' = F'(X) - g'(X).

A Tenepp pacCMOTpUM MPUMEP IPUMEHEHUS JAHHOTO IpaBuiia AUPpPepeHInPOBAHMUSL.

PaccmoTpuM BTOpOe mpaBuJio guddepeHmpoBanus:

[TocTOAAHHBIN MHOXKMTETh MOYKHO BBIHECTH 3a 3HAK MPOU3BOAHOM:

(cf(x))'=cf" (x)

[lepexonuM k TpeTbemy mnpaBuiy quddepenunpoBanus. [IpousBonHas MpousBeneHUs
pPaBHA IPOU3BEACHUIO IIEPBOIO MHOXKUTENSA HA BTOPOU ILIIOC IEPBBIA MHOXKHUTEb, YMHOKEHHBIN
Ha Ipou3BoAHYI0 Broporo. (f(x) g(x)) =f' (x)-g(x)+{(x)-g' (x)

Yereproe mnpaBmio auddepeHpoBaHus: IPOU3BOJHAsT  YAaCTHOIO  paBHa
MIPOM3BOJIHOM YMCIHUTENS] YMHOKEHHOTO Ha 3HAMEHATelb MHHYC YHCIUTENb YMHOXXEHHBIH Ha
MIPOM3BOJIHYIO 3HAMEHATENSI U BCE 3TO JIEJICHHOE Ha KBaJpaT 3HaMeHaTels.

(f(x} ) g — Fx)g'(x)
glx)) g°(x)

Pemenue 3aganmii:

IIpumep 1.

Haifzem nponssosmyio dyrkimn: f(X) = 2x% +4x

Pewrenne:

MPOM3BOJHAS CYMMBI paBHa CyMME MNpPOW3BOIHBIX. HaiieM NpOM3BOAHYIO KaKIOTO
CJIaraeMoro

Fiix)=02x2+4x)" = (2x%)" + (4x)’

filx)=4x+4

Orser: f'(x) = 4x +4

IMpumep 2.

Haiitn npoussoanyto dynximn f(X)=8x3+3x2-X.

Pewenue:

f(x)=8x3+3x2-x

£(x)=(8x%)+(3x%)-x

PaccMOTpHM KaXk/IbIil YWieH MHOTOUJIEHA 110 OTIACIBHOCTH

(8x3) '=8(x3) '=8-3x?=24x>

(3x?) '=3(x?) '=3-x=6x

(-x) '=-(x) = -1

' (X)=(8x3) +(3x?) -x'=24x%+6x-1.

Otser: f (x)=24x%+6X-1.

Ipumep 3.

Haiitu npoussoanyro pyukunu f(x)=(3x-4)(4-5x).

Pemenue:

Bocmons3yemcst hopMyItoii poU3BOAHON TPOU3BEICHHS:

f (x)=(3x-4) ' (4-5x) + (3x-4)(4-5x) '=3(4-5x)-5(3x-4)=12-15x-15x+20= 32

Ortger: f' (x)=32

IIpumep 4.

Ix— 2
Haiitu npousBoanyto GpyHkunu 8 x+3
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Pemenue:
Bocnonb3yemcst popmyinoit mpon3BoAHOM YaCTHOTO:
() = (GBx —2)"(x+ 3}—(3x—2}(x+3}’_3(x+3}—(3x+ 2) 3x+9-3x—-2 7
= (x +3)2 = (x +3)2 T x+3)? (x+3)2
7
f'(x) =——=
OtserT: (x + 3)°

IpakTuyeckas padora Ne26
Tema 5.4 ®uznyeckuii U reOMETPUUECKUNA CMBICIT IPOU3BOJHON
Heas: Onpenenuts GU3NUECKUN M TCOMETPUIESCKUN CMBICI MPOU3BOIHON, HAYYUTHCS
pemarth 3a/1la4d Ha IpUMeHeHne (PU3NYECKOro U FeOMETPUUYECKOTO CMbICIA.

Teopernyeckas 4acThb:
I'eomeTpuyecknii CMbICJ IPOU3BOIHOM

——————— ¢ B
Af

Al lc
A x
. af

ECnu Mbl pacCMOTPUM MPAMOYToNbHbIA TpeyronsHuk ABC, To sametum, uto A ecTb tgBAC.

A npu cTpemnennn AT K Hynio, Touka B 6yaet npubnnxatecs k Touke A u cexywan AB «npespatutcas B
KacaTenbHyo K rpaduky dynkunn f(x) 8 Touke A(zg; Fzo)).

MosToMY reoMeTpHYSCKHi CMBICN NPOM3BOAHOW TaKoB:

MpouseodHas B TOUKE X PAEHA TAHTEHCY YINa HAKMNOHA KacaTenbHOMA K rpapuky dyHkuwm f(x) B 570
TOuKeE!

f'(zo) = tgo,

rAe (x — Yrofl HaKknoHa KacaTenbHoi (Nposeaennoi K f(x} B T. Zp)

KacarcibHas
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DuU3MYeCKHd CMBbICJ POU3BOAHOMI

EcnwW ToYKa ABMMETCH BAOME OCHM ' M €€ KOOPAWHATLI M3MEHAKTCH MO 383KOHY ;I-'{:f), TO MrHOBEHH&A CKOpPOCThE

TOYKK!

{'{f'] = ,n"Jl(l'\J,

d YCROpEHKWE!

a(t) =v'(t) = x"(t)

Mpumep. MaTepuanbHas TOYKa ABMKETCH NpAMOAMHERHO no sakoHy X (1) = 612 — 48t + 17, rae ax(t) —
PACCTORHWE OT TOMKM OTCYETA B MeTpax, | — BPEMA B CEKYHAAX, M3MEPEHHOE C HAYaNa ABMKEHUA. HalauTe
ge CKOpOCTh (B METpax B CeKyHAy) B MOMeHT epemenn T = 9,

v(t) = 2/(f) = 12t — 48;
v(9) =129 — 48 = 60 m/c

OTeeT: 6l

Penrenue 3aganuni:

Nel. Haiigure yrioBoit ko3ppuIMEHT KacaTelnbHOH, MPOBEAEHHOM K rpaguKy pyHKUINN

f(x) = 14x - x2 + 5 B Touke ¢ abcmuccoi x0 = 3.

Ne2. Haiigure TaHreHc yriia HakJoHa KacaTtelnbHOU K rpaduky pyHkuuuf(x) =+ 12x -3 B
TOYKE ¢ abCIHccoi Xo = 2.

Ne3. Tlpu nBmXEeHUU Teja Mo MPsIMOI paccTostHre S (B METpax) OT HAYaIbHOW TOYKH
M3MeHsieTcs 110 3akoHy S(t) = - 4t? + 15t + 2 (t - BpeMs ABIKeHNS B ceKyHax). HaiiTi ckopocTs
(m/c) Tena uepe3 3 CeKyHIbI TIOCIIC Havyaia IBIKCHHUS.

Ne 4. BBIITOJTHUTE 3a0aHus

BapuaHT Ne 1

1. Haiinure  yrioBoit  kod3dduiveHt
KacaTelbHOW, TIPOBEICHHOH K rpaduky
dynkumn fix) = 5x3- 3x2- 7 B Touke C
abcrmccon xo = - 1.

2. HaiiguTte TaHreHc yrija — HakJOHa
KacaTenpHOU K rpaduky ¢yukuuu f(x) = 4
- Sin X Touke ¢ abcruccoit Xo = 6.

3. Ilpu pgBMKEHMM Telna 1O MPSIMOM
paccrosiHue S (B MeTpax) OT HadaJbHOM
TOYKH U3MeHseTcs 1o 3akoHy S(t) =t - 3t +
1 (t - Bpems aBrOKeHHs B CeKyHnaax). Haiitu
CKOpOCTh (M/C) Tena 4yepe3 6 cekyH[ mocie
Hayasa JBMKEHUS.

BapuaHT No 2

1. Haiiaure  yrmoBodt — ko3hdUIEEHT
KacaTelbHOW, TMPOBEACHHOW K Tpaduxy
ysxmmu fix) = 2x*+3x%-5 B Touke c
a0bcruccon xo = -2.

2. Halimute TaHreHc yrja HakJIOHa

KacareiapHOU K rpaduky dyrkiuun f(X) = 10
- COS X B TOYKE C aOCIUCCOM X0 = .

3. Ilpm JBWXKEHUM Tela IO MNPAMOU
paccTossHue S (B MeTpax) OT HavaJbHOU
TOYKH M3MeHseTcs 110 3akony S(t) =t + 15t +
2 (t - Bpems ABWXEHUS B CekyHIax). Haitu
CKOpOCTh (M/C) Tena uepe3 8 CeKyH[ Mocie
Hayvasa JBWKEHUSI.

Ne5. Haiinure aberuccy Touku rpaduka QyHKImMHE y = X2 + 7X - 9, B KOTOpOii KacaTenbHas,
MIPOBEICHHAs K 3TOMY rpaduKy, napaienbHa IpsaMont y = -5x.

Ne6. Touka JBHKETCS MO KOOPAMHATHOM TIPsAMOI cormacHo 3akoHy x(t) = 1,5t + 7t -11,
rze x(t) - KoopauHaTa TOYKHM B MOMEHT BpeMeHHU t. B kakolf MOMEHT BpeMEHU CKOpPOCTh TOUKU
Oyner paBHa 13?

Ne7. BriOpaTh BepHBIi OTBET:

Bapuant Ne 1
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1. Touka mBuKeTCS HpsAMOJHMHeiHO Mo 3akomy S(t) =t° - 2t° BriGepure, kakoii u3
(bopmyI 3a1aeTcsi CKOPOCTD JABMXKEHHS 9TOM TOUKH B MOMEHT BpeMeHH .

1) 3t2 - 2 2) t? -4t 3) - 4) 3t -4t

2. HaiinuTe TaHreHc yriia HaKJIOHA KacaTelbHOHU K rpaduKy GyHKIMH y = X(X - 2) B
TOUKE ¢ abcumccoi Xo =4.

1)82)63)44)0

3. Ilpu npsMosiMHEHHOM JBMXKEHMM Tena MyTh S(t) (B MeTpax) H3MEHseTcs II0
3akoHy S(t) = 5t2 - 15t? +12. B xaKkoif MOMEHT BpeMEHH yCKOPEHHE Tesa Oy/ieT PaBHO HYI0?

1) 1c 2) Oc 3) 2c 4) 0,5¢

4. Tlox KakuM YIJIOM K TOJOXHTEIHHOMY HAIpaBJICHUIO OCH aOCIHCC HaKJIOHEHA
KacaTeJbHas, IPOBEIEHHAs B 000 TouKe KpHBOH y = -2X° - X° - 4x +1000?

1) ocTpbiM 2) TynbIM

3) npsimbiM 4) napauiensHa ocu Ox

IIpakTuueckas padora Ne27
Tema 5.5 VpaBHeHnue kacatenbHOU K rpaduKy QyHKIUU
Heanb: HayuuThcs cocTaBisTh ypaBHEHHE KacaTeNbHON K rpaduKy PyHKINN U TPUMEHSTh
hopmyy s TPUOTUKEHHBIX BRIYUCICHUN 3HAYCHUN BBIPAKESHUH .

Teopernyeckasi 4acThb:

Bcnnomuum reomerpuueckui CMBICJI NPOM3BOJAHOM: eCciu K rpaduky
y=f|z| Ty

byHKIIMN /B TOUKe MpoBEelCHA KacareiabHas, TO Kod((HUIIMEHT HaKIOHA
KacaTeJbHOW (paBHBIA TAaHTEHCY YIjla MEXKIy KacaTelIbHOM U MOJIOXKHUTEJbHBIM HaIlpaBlIEHUEM

- T

OX . 0
ocH ) paBeH MPOU3BOAHON (PYHKIIUU B TOUKE :
o1 /4

xX)®-—-—- .
£ i
L |
sl \
— I :x= —
y=fx)/| ’
21 k:tga:f .I:

0

| T3 |

Bo3bmem Ha kacaTenbHOM IIPOM3BOJIBHYIO TOYKY C KOOpAHMHATramMu ' !
7 /

=) |
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ABC.

N paccMOTpUM IPSAMOYTOJIBHBIN TPEYTrOJIbHUK

] _f .l'”
o BC s
94 = 2z 1 |T0
B atom Tpeyronsauke v

y-f (J:[] ) :fr(:r:[] ) (:r:—:r:[] )
Otcrona

%0505

) f($0)+f ‘(%)(‘”"BU)

DTO W eCTh ypaBHEHHE KacaTeJIbHOM, MPOBEACHHOW K rpaduky (QyHKIUU
T
0

TOYKE
AJTOPUTM MOCTPOEHUS KacaTeIbHOU

y=r|z]|
| ) B

War 1. HaiiTh 3HaueHKne (yHKUMK B TOUKE KacaHua f(azg)

Lar 2. Haittu obiyee ypaBHeHKe nponssofHoi f'(z)

Lar 3. HaitTu 3HaueHKe NPOU3BOAHON B ToUKe Kacanma f'(axq)

War 4. 3anucaTs ypaeskeHue KacatensHol y = f'(zg)(z — zq) + flzo), npusecTy ero k euay
y=kxr+b

Ha Bbixope: ypaBHeHKWe KacaTensHol B Buaey = kx + b
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Mycts f(x) = 2% + 3.
Halioem KacaTenbHyk K 3ToM napabone & Touke zg = 1.
(1,4
flmo) =12+3=4
fl(z) =2z
fllzg)=2-1=2
VpaBHeHWe KacaTelbHow:
y=2(zx—1)+4=22—-24+4=2z+2

Orger:y =2z + 2

n cf(z) =22 — 2z 3,
Anroputm pumep: f (2) *

Iy = 3
1. Belumcaum f(xp) flz)=f(3)=32-2.3+3=6
2. Haligém dopmyny nponssogHom , (9 r
sycun £ (z) f'(z)=(2*—2z+3) =2z —2
3. Boiuncm f' () ff(®)=f(B3)=2-3—-2=4
4. Mogcrasum g, f(xg) n f' (zo) B y=1F (zo) (x—x)+ f(zg) =
bopmyny ypaBHeHUs KacaTenbHO =4(z—-3)+6=4z—-12+6 =
y=1f (x0)- (z—z0)+ f(w0) =4z —6

Pernenue 3ananmid:
Nel. BeITTOTHUTE 3a/1aHue

1 Bapnaunt | 2 Bapuant
1. Cocrasbre ypasuenue Kacare1bnoii K rpaguky pyukunn f(x) B rouxe rpaduxa ¢ x.
a)fix)=x xg=1 a)f(x) =x* x,=2
6)f(x)=i—z—-x: Xo =2 6)f(x)=%2—2x: xp =—1
B) f(x) =Vadx —x%; x, =2 B) f(x) =VxZ +3x; xp =1

2
Ne2. CocraBbTe ypaBHEHHME KacaTeJbHOM K rpaduKy (QyHKIUU flxI=x"=2X g rouke ¢
aberuccoit X0 =3,
2
Ne3. CocraBbTe ypaBHeHHE KacaTelbHON K rpaduky QyHKIMH flxI=x"=3X g touxe ¢

aberuccoit Xo =4,
Ne4 3anumure ypaBHeHUE KacaTenbHOM Kk rpadguky ¢pyHkuuu f(x) = sin X -3x + 2 B Touke

xo=0.

v 3 2
Ne5.Hanucats ypaBHeHHe KacaTelnbHOM K rpaduky pynkuuu f(x) =x = +2x = + 3 B Touke

X0=2.
) 3 2
Ne6.Hanmcats ypaBHeHHe KacaTenbHOM K rpaduky pynkmmu f(x) =x =~ +4x = — 6X B TOUKe

X0=-2.
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Ne7. Haiigure abcuuccy Touku rpaduka (yHKIUU flxl=x"—xV3, KOTOPOH

NpOBEAEHHAS K HEMY KacaTelbHasi 00pa3yeT ¢ M0JI0KUTEIbHBIM HAIPaBJICHHEM O0CH aOCIIUCC yroul
30°.

— 4 7 o

Ne8. Haiimute abcuuccy TOYKM Tpaduka QyHKIHH fixl=x"+4xv3, g KOTOPOH

NpOBeAEHHAS K HEMY KacaTellbHasi 00pa3yeT ¢ IMOJI0KUTEIbHBIM HAIIPABJICHUEM OCH a0CIIHCC YroJ
60°.

.2
Ne9. Haiinure ypaBHeHHE KacaTeabHOU K rpaduky QyHKIHH flxI=x"+3x—=8, ccnu o1a
KacaTe/IbHAs MapauienbHa mpsvoii Y =2 X+1

.2
Nel0. Haitnure ypaBHeHHE KacaTedbHON K TpaduKy QyHKIUN fIX|=X"=4x+6, ecim o1a
KacaTellbHasl apaiulenbHa npsivoil ¥ =2X—8

- 3 2
Nel1.Haiinure Touku rpaduxa pynkuuu f(x)=x = - 4X = , B KOTOPBIX KacaTeibHasi K HEMY
napajuiesibHa ocu abcuuce.

IpakTuueckas padora Ne28
Tema 5.6 MoHoToHHOCTD QyHKIIMHU. TOUKH SKCTpeMyMa
Heas: Hayuntbes uccnenoBath (pyHKIIMH HA MOHOTOHHOCTB M 9KCTPEMYMBEI.

Teopernyeckasi 4acThb:

Onpenenenve «MOHOTOHHBIE (DYHKITI

MonoTOHHO Bo3pacTaromasi GyHKIUS — 3TO (PYHKIHSA, Y KOTOPOU OOJIbIIEMY 3HAYCHHUIO
aprymMeHTa COOTBETCTBYET 0OOJIbIliee 3HAUCHHUE (PYHKITUH.

MonoToHHO yObIBarommias (pyHKIuUS — 3T0 (QPYHKIHS, y KOTOpOH OOJbIIEeMY 3HAYCHHIO
apryMeHTa COOTBETCTBYET MEHbIIIee 3HaueHue QYHKIIUH.

CBs13b IPOU3BOTHON U MPOMEXKYTKOB MOHOTOHHOCTU (DYHKIIUU

Ax >0 Ay - Xy
, TO 3HAK IPHUPAIIECHUS -~ W 3HAaK IMPOM3BOJHOM B TOYKE ~ ? COBIIAZACT CO

Ecnu
) )
f(xg) T £ (x5) o 6 Ay >0
3HAKOM . To ecTh ecnu mpousBoHAS B OTOM TOYKE OOJIBIIE HYJISA, TO u

IIOHATHO, 4YTO (byHKHI/IH B OKPECTHOCTHU 9TON TOYKHU 6y,Z[eT BO3pPacCTaThb. A ecim IMPpOU3BOJHAA

Av =20
MEHBIIE HYJS, 3HAYUT, -

yOBbIBaTh.

U TOHSTHO, YTO B OKPECTHOCTH A3TOM TOYKU (PyHKIuUs Oyaer

X o
Z[anee, IIpOMU3BOAHAA B TOYKE U ecTh TAaHT€HC yrja HaKJIOHa KaCaTCJIbHOU. KacarenpHas

OTHCHIBAaeTCS NUHEHHON ¢yHKUMeH. B okpecTHOCTH TOYKH *0 xpuBas u nuHeiiHAs GbyHKIHSA
MOYTH COBMAJAOT. Eciu yroia HakiIoHa OCTpBIM, TaHTeHC OyAeT MOJOXKUTENIbHBIM, YriIOBON
KO3 (GUIIMEHT — BEJIMYUHA TOJIOKUTENbHAs, W JUHEHHas (QYyHKIMsS BO3pacTaer, a 3HA4YHT, B
OKPECTHOCTH 3TOM TOUKH U cama (PYHKIIHS BO3PACTACT:

Filag) =0 = f(x)7

N nHaobopot, ecnu nuHelHas (yHKIus yObIBaeT, Yroia TYIOH, TaHI€HC — BEJIWYHHA

y = F(x)

OTpHILIaTENIbHAS, 3HAYUT, JTUHEHHast pyHKIMs yObIBaeT, a ¢ Hel yObIBaeT (pyHKIUSA

fllx) <0 =flx)!l

y
y = f(x)
fix, + Ax) ,
it Ay
fix —R—!
: Ax |
: !
b i, xi\xx
P
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o x
VYros HaKIIOHa KacaTedabHOM B TOuke = ¢

x
Tak coOBITHS Pa3BUBAIOTCS B OKPECTHOCTSX TOYKU =~ 2. DTHU COOBITUS IMOMYUHSIOTCS
r€OMETPUUECKOMY CMBICITY MPOU3BOJHOM (ee buznueckomy CMBICITY,

g ¥ .
cooraomermo 3 © f (%0) Axy

HccnenoBanue mpoMeKyTKOB MOHOTOHHOCTH (DYHKIIMH C IOMOIIBIO MTPOU3BOTHOM
Paccmorpum ¢ynknuio u ee nmoseaenue Ha Beeit O/13. Ilpeamnonoxum, 94to 310 Tpadux
uccieyeMon (hyHKIIHH.

y=flx) /

v =flx
I'paduk pynkimy - f(x)
X4 1
Ectp Touka “!. KacarenpHas HakJIOHEHa II0J OCTPbIM YoM '. 3HaAuuT, B

*1
ToYKe = 1 yHKIHMS BO3pacTaer.

1

o x
VroJ1 HaKJIOHa KacaTeJbHOH B TOUke = 1

X4 Ox X4
B touke "% kacarenbHas napasuiesibHa OCH , 3HAYMT TOYKa = ¢ — To4Ka IKcTpemyma. 00
3TOM MBI IIOTOBOPUM OTHEJIBHO.

Xa
< — TOYKa 3KCTpEMyMa

X s o~ o~
B Touke "3 yroia 3 HakJIOHA KacaTeIbHOM 6y,£[eT TYIBIM, TAHI'CHC 6yz[eT BCIIMYNHOH
OTpHI.[ElTCJ'ILHOfI, 3HA4YUT, IPOU3BOJHAA OTPULIATCIIbHAA U (I)YHKI_II/ISI 34€Ch Y6I:>IBaeT.

o3
=
Eo b et
»
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o x
VYTos HaKJIOHA KacaTeabHOI B TOUKE = 3

x
W, nakonel, B TOUKe = # MPOU3BOIHAS PABHO HYIIO M Jaiblie (PYHKIUS BO3pacTaeT.

YT0JI HAKIIOHA KAacaTeIbHOM B TOUKE % — TOUKe JKCTpeMyMa

BerlsicHsieTcs1, 4To QyHKIMS BO3pacTaeT Ha MHTEpPBalax, e MPOU3BOAHAs OOJIbLIE HYIIS:

filx)=tga; =0 = flx,) 7

Ecnu xe 3HaueHne nponu3BOJHON OTPULIATENIbHOE, TO (PYHKIMS YOBIBAET:

fllxg) =tga; <0 = f(xz) L

Bes OJI3 coctouT w3 OTAENBHBIX TOYEK, 3HAYUT, HAJIO BBIJICIUTH T€ WHTEPBAIbI, Ha
KOTOPBIX TIPOM3BO/IHASI MEHBIIIE HYJISI, HA KOTOPHIX MPOU3BOIHAS OOJIBIIIE HYJISI, 1 OHU OTIPEIEISAT
te ydactku O/[3, Ha KOTOPBIX QyHKIMA JTUOO BO3pacTaeTt, MO0 yOBIBAET. DTOT K€ BHIBOJ MBI

Ay & f'(x,) - Ax
MOJIy4UM, PacCMaTpuBasi COOTHOIIEHHE - .

ff[xuj Ay <0

MEHBIIE HYIIA,
Ay =

I
x 0
obmactsax O/13, rae mpou3BogHAs f'(x0) OoJbIIie HYMS, - (GyYHKIIHS BO3pacTaerT.
Tenepb MbI TOTOBBI HAaNUCAaTh, Iie YOBIBAET, a I/ie BO3pacTaeT AaHHAs HaM (YHKITHS:

Y= F T oy x € (—o05x], x + 00)

Ha Tex oOnacTsix, Ha KOTOPBIX

MIPOU3BOIHAS ¢bynkuust yOpiBaeT. COOTBETCTBEHHO, Ha Te€X

L0y

S
Rad
>

X

X jracsvasssa

y=f(x)

[TpomexyTku Bo3pacTaHus GyHKINUN

Teneps BbIsICHUM, T/ie JaHHAs! PYHKIUs yObIBAET:

y=FO) L, % € [i,]

X4aoaonaoaon -
o

= f(x)

[IpomexxyTku yObIBaHUS (YHKLIUU ¥
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o . Xy U Xyn
ToHKUIT MOMEHT: BKJIIOUATh JIX 3HAUYCHUS B TOYKAX ~ < /

Flix) < 0,x € (xy,x,)
Xy U X,
“ HC BKHIOLIaeM, HOTOMy qTO B HUX HpOI/I3BOI[HaSI paBHa Hy.HIO, a MBI paCCManI/IBaeM
o x
TOT CIy4ail, KOTJa Ipou3BOIHAst MeHblne Hyns. Ho QyHKnms yObIBaeT, Koraa = NpUHAIICKUT

XarX
OTpPE3KY [x2: 4].
HpI/I OTOM 3THU TOYKH BKIIIOYCHBI TAKXKC B HHTCPBAJIbI, KOI'la (bYHKIII/I?I BO3pacTacrt.

'
x
HpI/IXOILI/IM K BaXHOMY BBIBOJAY: HWHTCPBAJIbI 3HaKOHOCTO$IHCTBaf ( j$[BJ'I$IIOTC$I

MHTEpBaJlaMd MOHOTOHHOCTH f (xj_

Lenb ypoka: HayuuThCs HAaXOJUTh MPOMEXYTKH BO3pacTaHus M yObIBaHUS (PYHKLIHUU C
MTOMOIIBIO TPOU3BOIHON. BhIsAcHs€TCS, UTO HA/l0 HAMTHU MPOU3BOIHYIO, BBIJIEIUTh €€ UHTEPBAJIbI
3HAKOIMOCTOSIHCTBA M TEM CAMbIM MBI Y3HaeM, re 3Ta (PyHKIUS MOHOTOHHO YOBIBaeT U IJe OHa
MOHOTOHHO BO3pPacTaer.

Jlanee Hac UHTEPECYIOT TOUKH SKCTPEMYMOB (pyHKIIMU. MBI paccMOTpenu ciiyyau, KOorjaa
MIPOM3BOJIHASL MEHbIIE HY/s, KOIJa OHa OoJblle HYyNs, TakXke BaXHbIH ciydail, korna
IIPOU3BO/IHAS PaBHA HYIIIO.

BcenoMHuM, 4TO Takoe ToUka MaKCUMyMa U TOUYKa MUHUMYyMa (DyHKITUH.

X, X, X X X

] E]

y = f(x)

Touku skcTpeMyMOB (QYHKITUH -
X4
Paccmotpum pucynok. Touka 2 — Touka MakcumMyMa GYHKIMH (Max), €CJIA CYIIECTBYET

OKPECTHOCTh TOUKH 2 i fle2) = f(x) 7
P , U1l KOTOPO# , TO €CTh €CIIi 3Ha4YeHHe (PyHKIHMH B ITOU
TOYKe OoJIbIlle, YeM 3HaUeHUE (YHKITUHU B JIF0O00H TOUKE €€ OKPECTHOCTH.

x
Amnanoruynoe onpeaAcICHUEC i1 TOYKHM MHUHHMYMa. Touka “# — TOYKa MHUHHUMYMa

i Flxg) < fx)

¢dbyHKIIMK (Min), €CIM CYIIECTBYET OKPECTHOCTh TOYKH *e s KOTOpOH , TO €CTh
ecii 3HaueHHe (YHKIMU B OTOW TOYKE MEHbINE, YeM 3Ha4eHHWEe (QYHKIMH B JFO00H TOYKE ee
OKPECTHOCTH.

[Ipu noucke HanOOMBIIETO U HAUMEHBIIETro 3HadeHus QyHkiuu Ha Beeid O/13, To ecTh ee
rJI00AIBHBIX SKCTPEMYMOB, CIIEIYET IOHUMATh, YTO OHH MOTYT HE COBIAJATh C €€ JIOKAIbHBIMU
IKCTPEMYMaMH, TOUYKAMHU, IJIe TPOU3BOIHAS MCHSIET 3HAK.

[Tpumep NOKaTBHOTO M TJI00ATEHOTO SKCTPEMyMa

PaccMoTpuM GyHKIHO © 2x%(x* - 1),x € [-2;2]

x=0
31ech TOUKa — TOYKA JIOKAIBbHOr0 MakcumyMa. DyHKIKS 3/1eCh paBHA HYJIIO.

x=x2
— TOYKa T100aNbHOTO MaKCUMyMa, B HUX (DyHKIUS paBHSETCS 24.

2x*(x*-1);x€ [-2; 2]

Touka

Y

N|—=
(NTE
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Ppaduk dymagan ¥ = 2% (7 = D, x € [=22]

Ha nanHoM ypoke, koraa roBoputcsi 00 3KCTpeMyMax, MOJpa3yMEBalOTCs JIOKAJIbHBIE
9KCTPEMYMBI.
Kak y3nartb, rae Touka MakcuMyMma, a IJi€ TOUKa MUHUMYMa, MOJCKaXXET POU3BO/IHAS.

Xq o
BepHeMCﬂ Kk Touke ~ 2. Ha PUCYHKEC HArjidaHo mokKka3aHo, YTO JO0 3TOU TOYKHU Q)YHKHHSI BO3pacTacTt,

' '
HpOH?;BOIIHa?If (x) > ﬂ, a mocie 3TOM Touku (pyHKUMs yObIBaeT, MPOHM3BOTHAS flla) < 0 A

v
. Xa. X, ) =10 o
3HAYECHUE IIPOU3BOJHOM B TOYKE ™ 2. Fi( *:] . MBI monmyunnu JOCTATOYHBIA IPHU3HAK
MaKCHUMyMa: MPOU3BOJIHASI PAaBHA HYJIO U IPHU 3TOM 3HAK MPOU3BOJHON MEHSIETCS C IUIIOCa HA

xﬂ
MHHYC IIPH NIEPEX0JIe apr'yMEHTa Yyepe3 TOUKy ~ 2.

x o x.) =10

Paccmotpum Touky ¢, TlponsBoaHast B 3TON TOUKE flxs) . Ho sBnsgercs nu nanHas
TOYKa TO4YKOH 3kcTpemyMma? IlpousBosiHas cieBa OT 3TOM TOYKM OTpHUIATENIbHA, KacaTellbHas
HAaKJIOHEHA MOJ TynbIM yriaom. IIpowsBogHas crpaBa MOJIOKHUTENBbHAS, 3HAYUT, ITPOU3BOHAS

MEHSIET 3HaK C MMHYCa Ha IUIIOC IIPU NEPEXOJ]E 4epe3 TOUYKY *4 3paunt, Touka ¢ — TOUKA
MHHUMYMA.

Wtak, MBI pacCMOTpENM TOYKY MUHUMYMa M TOYKY MaKCUMyMa M JOCTATOYHBIM IPU3HAK
TOYKA MHUHHMYMa U TOYKH MaKCUMyMa.

Kak y3HaTp, sABiIsSIeTCS JIM TOYKAa TOYKOM MHUHHMyMa WIM TOYKOM MakcumyMma? HyxHO

o X, X
B35Th IPOU3BOAHYIO M MPHUPABHATH €€ K Hyao. Torja Mbl HaiiieM TOYkH = 2, " # U T. I. OTO
BHYTPEHHHUE TOUYKU 00JIacTH ONpeesieHus, B KOTOPHIX TPOU3BO/IHASL PaBHA HYJIIO.
Kputnueckast Touka pyHKIUN — 3TO BHYTPEHHSS TOUKa 00J1aCTH ONpeAeTIeHHs], B KOTOPO

X, X
MIPOM3BO/IHASL PaBHA HYJIIO WJIM HE CYyHIECTBYET. TO €CTh TOUKU ~ 2 U~ # — KPUTUYECKUE TOUKH.

*2 _ 1. max.

x .
2 — 7. min.

Ho tak mpoucxoaur He Bceraa.
Touka nepernba
Paccmotpum ciepyromnryro GyHKIHIO:

y = f(x)

Nnmroctpanus Touku neperunda

F') =0 ox

X
HpOI/ISBOI[HaH B TOuke = 2 paBHa HYJIIO: , KaCcaTCJIbHas ITIapaljyiCjibHa OCHU

7 ? 2 *o
SIBasgeTcs 1M OHA TOYKOMH 9KCTpEMYyMa ! Her. Hoquy. HOTOMy 4YTO JO TOYKH MMpOn3BOAHASA
ITOJIOXKHUTCIIbHA, q)YHKI_II/I}I BO3pPAacCTacT:

y=f(x)
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Bospacranue QpyHKIMM 10 TOUYKH neperunoda
[Tocne 3TO¥ TOYKH MPOU3BOAHAS TAKKE TOJI0KUTENbHA!

Bo3spacranue QpyHkiuu nocie Touku neperuda

X o
CDYHKIII/H[ BO3pacTacT MW CJjiEBa, W ClipaBa OT TOYKH, 3HAYMT, U He sBISIETCAd TOYKOM
JKCTpEMyMa.
Jlemma @epma

Ecnu dynkuus f(x) MIMEeT MPOM3BOJHYIO H B TOUKE 0 HMEET SKCTPEMYM, TO 3HAUCHHE
ITPOU3BOIHOM B 3TOM TOUKe paBHO 0.

3T0 HeOOXOIUMBIM MOILIHBIA MPU3HAK, U3 HETO MbI BBISCHSIEM, KaKue TOYKH HaM HY)KHbI
Ui “ccreioBaHus. Bee ocTanbHble OTMETaeM.

Emie pa3 noguepkHem, 4To HaM WILTIOCTPUPYET JaHHBIA PUCYHOK: PABEHCTBO HYIIO — 3TO
JIUIIb HEOOXOIUMBIH MPU3HAK SKCTpEMyMa, HO HE IOCTaTOYHbIH.

Touka nepern6a, TOKaIbHBIA XapaKkTep TOYEK IKCTpEMyMa

PaccmoTpuM B KadecTBe nmpumepa QyHKIUIO, TpaduK KOTOPOH H300pakeH Ha PUCYHKE.

4

y

I'paduk QyHKIIMU C HECKOJIBKUMHU JIOKAIbHBIMH SKCTPEMyMaMu
x X5 x
1 — ToYKaMUHUMYMA,” ¢ — TOYKAMAaKCUMyMa, = 3 — TAKKETOUYKaAMUHUMYMa.

Xx
1_ TOUYKAMHWHUMYMaA, 3HAYUT, CYHIECTBYCT HCKAsA OKPECTHOCTD, I'’IC 3HAYCHUC Q)YHKL{I/II/I
SABJISICTCS HAMMCHBIINM, HO CYIICCTBYCT TAKIKE BTOPAs TOUKa MUHUMYMaA.

}F(xlj = }F(xﬂl 6 6 2
TaKHM 00pa3oM, I1I00aJIbHO, HAMMCHBIIINM 3HAYCHUCM (I)YHKI_II/II/I Ha BCCU

x
O/13 sBnsieTcs 3HaueHue QYHKIMH B TOUKE ~ 3.
A o
2 — TOYKaMaKCUMyMa, HO HauOOJBIIETr0 3HAYCHHS JAaHHOW (PYHKUIUU HE CYLIECTBYET,

Xa
MMOTOMY YTO €CTh TOYKHU, B KOTOPHIX 3HaUe€HUE (PYHKIIMH 3HAUYUTENHHO OOJIbIIE, YeM B TOUKE ~ 2.
Takum o00Opa3om, JaHHBIM PUCYHKOM MBI MOJYEPKHBAEM JIOKAIBHBIN XapaKTep TOYEK
sKcTpeMyma. MoskeM 3anucarh:

Vi = V(%305 ¥(x4) < v(x)

To ecTb 3HaUeHNE QYHKINHU B TOUKE *3 Membiue 1160 PaBHO 3HAYEHUIO (PYHKIMHU B 1000
npyro# Touke O/13.

Anroputm

MBpI 3HaeM, Kak Mo 3HaKy MPOU3BOJHON HATH HHTEPBAJIbl MOHOTOHHOTO BO3pACTaHUS TN
yObIBaHUS (PYHKIIMH, 3HAEM, KAKUM 00pa3oM ONPEAEIUTh TOYKM MAKCUMyMa U TOYKH MUHUMYMa
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¢yukuuu. [TycTs Teneps ecTh 3aa4a uccae10BaTh (PyHKIMIO Ha SKCTPEMYMBI 1 HA MOHOTOHHOCTh
C IOMOIIBIO IIPOU3BOIHOM.
AJNTOpPUTM TaKOB:

!
. x
1. Haitt Fi( j
f'(x)
2. BelzenuTtb MHTEpBaibl 3HAKOMOCTOSHCTBA . OHM ompenensaT HHTEPBAIbI
fx)
MOHOTOHHOCTH .
. f'=0
3. Haiitu xputuyeckue Touku (BHyTpeHHUe Touku OJI3, B KOTOpPBIX WM HE
CYIIIECTBYET).
4. BblaenuTh U3 KpUTUYECKUX TOUYEK U KOHIIOB OTpe3Ka TOUKH SKCTPEMYMa U UCCIIEI0BATh
UX.
3anaua
y = x? v
HaiiTi uaTepBaIbl MOHOTOHHOCTH M TOUYKHU SKCTpeMyMa (QYHKIIMH - C IOMOMUIBIO -
Haiinem nmpou3sBoHyto:
y' =2x
[IpupaBHUBaeM ee K HYJIIO U HAXO/UM €MHCTBEHHOE PEIICHHE:
y' =0
2x=10
x=0
x=0
— €/IMHCTBEHHAs! KPUTHYECKAasl TOUKa.
Ha pucynke B HIKHEH 4acTH M300pakeH rpaduk MpOU3BOHOM.
L
y' <0
y=x% vy =2x
I'paduku pynkImii - u-
Ha unrepBane neBee mpou3BoiHas OTpULATEIbHA, GYHKIUS YObIBAET.
: y =X
yl y'(x)=2x y
y'<0 y'>0 /
) i
y\ y/ \ A
0 X" S N .
0 X
JleBblil HHTEPBAJ POU3BOIHON JleBblit MHTEpBAT QPYHKIIMH

Ha HUHTCPBAJIC MPAaBCC NPOU3BOJHAA IMMOJIOKUTCIIbHA , (I)YHKI_II/ISI BO3pPacCTacrT.
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yl ¥ (X)=2x WX

Y
y'<0 y' >0
y \ . y/ .I-I. IIII'I
/10 7 ol LP 1
0 X

[IpaBerit naTEpBaN Mpou3BoaHOW | [IpaBbiii MHTEpBAN QYHKITUH

Otser:
2 v=x>T npux e [0; +m)
3. x=l]_T.min'}r(lJ]=lJ

Wrak, Mbl penmum 3amady, UCCICIOBAIA (PYHKIIHIO C TIOMOIIBIO MMPOU3BOTHOM, HO MBI
3HAJIM CBOWMCTBA 3TOM ()YHKIIMH, 3HAIHU, TJC OHA BO3pAcTacT, INe YObIBACT, W 3HAIU TOYKY
IKCTpEMyMa.

BumuM, 9T0 pe3ynbTaThl, KOTOPHIC TIOJIYYCHBI C TOMOIIBIO IMPOW3BOJIHOM, COBIIAIAIOT C
pe3yiibTaTaMu, HalICHHBIMH PaHee.

3aoaua.

HaiiTi skcTpeMymbl pynkmun y = X3-(X — 1).

Pewenue.

DKcTpeMyMbl GYHKIMH - 3TO €€ MaKCUMyMbl 1 MUHUMYMBI. [Ipex e ueM HaxoauTh
SKCTpEeMaJIbHbIEC 3HaUeHUsl (DYHKIIMH, HY>)KHO HalTH 3HaYEHUS apryMeHTa, B KOTOPhIX OHU
JOCTUTAIOTCS, T.€. TOYKH SKCTPEMYMOB.

B Touke sxcTpemyma nmpousBoiHas GYHKIMH paBHA HYIIO.

HaxonuMm npownsBoaHyIo:

1) mo mpaBuny auddepeHITnpoBaHUs TPOU3BEICHUS
y' = 0¢) (x = 1) + X3 (x — 1)}

2) mo TabynIle MPOU3BOIHBIX:

(x3)' = 3%,
x-1)=1-0;
3) npeobpazyem:

Y =3x%(x—1) +x3(1-0) = 3x% - 3x% + x> = 4x3 - 3%°,

[IpupaBHHUBaeM NPOU3BOIHYIO K HYJIIO U PEILIAEM YPAaBHEHUE OTHOCUTEIIBHO X:
4x3 - 3x%=0;
x2-(4x —3) = 0.
3/1ech KOPHHU JIETKO OINPEAEIIAIOTCS Pa3ioKEHUEM Ha MHOXKHUTEH - IPOU3BEICHHUE PABHO HYJIIO,
€CJIM XOTs OBl OJTUH U3 COMHOXKHTENEH paBeH HYIIO.

X1=0wux2=3/4=0,75.

Ha gyucnoBoit mpsiMoii oTMe4UaeM HalJICHHbIEC 3HAYEHUST apTyMeHTa X. B 3Tux Toukax
Mpou3BoIHAs (PYHKIIMH paBHA HYII0. MexX Iy HUMU (Ha MHTEpBajax) OHAa COXpaHseT 3HaK "+"
iy "—". UToOBI ONIpeAeIUTh MOJIOKUTEIbHA UK OTPHUIATEIbHA TIPOU3BOIHAS (DYHKIIMH Ha
KOHKpPETHOM HMHTEpBaJie, MOoACTaBIsieM B (GopMyny AJs MPOU3BOAHOMN MPOU3BOJIIBHOE 3HAUCHUE
W3 DTOTO MHTEpBaJA.

y' = 4x3 - 3x%;

y' (1) =4(-1)°*-3(-1)?=-4-3<0;

y' (0,5) = 4-(0,5)®-3:(0,5)2=0,5-0,75<0;
y' (1)=413-3.12=4-3>0.
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Takum 0Opa3om, TOUKH, B KOTOPBIX MPOU3BOIHAS PABHAETCS HYIIO, Pa30IIA YUCIOBYIO
IIPSIMYIO Ha TPU UHTEpBaJIA. B mepBOM M BTOPOM U3 HUX ITPOU3BOIHAS OTPULIATEIIbHA, B TPETHEM
1oJIokuTenpHa. OTMEYaeM 3TO Ha YUCIOBOM IPSIMOM.

@yHKIMA BO3PACTAECT HA HHTEPBAJIE, €CIINA €€ IPOU3BOAHAS HA 3TOM MHTEPBaje
IIOJIOKUTEIIbHA, U YOBIBAET, €CJIM MTPOU3BOIHAS OTpULIaTeabHa. OTMETUM 3TO CTPEIOYKAMHU C
COOTBETCTBYIOIIMM HAaKJIOHOM, COOTHOCS HX CO 3HAKAMU ITPOU3BOJHOM.

[Tosryuniiu clienyromyro cxemy:

f N\ N o/
A R R -

X 0 0,75

[To cxeme BuAHO, 4TO B Touke X1 = () 3KCTpeMyMa HeT, pyHKIus yObIBaeT U Mpasee, u
neBee 3Toi Touku. B Touke X2 = 0,75 QpyHKIMA MEHSET XapakTep MOHOTOHHOCTH C YObIBaHUS Ha
BO3pacTaHMe, 3HAYUT 3Ta TOUKA SBJSAETCS TOUKOW MUHUMYyMa.

OnpenensieM MUHUMaJIbHOE 3HaYCHUE PYHKIUU:

y =x3(x - 1);
y(0,75) = (0,75)%-(0,75 — 1) = —0,10546875 ~—0,11.

OTtBeT: Ymin = —0,11.

)

Peumrenue 3aganue:

. y=1n(xj—6x+1l:l:l
Nel. Haiitu skcTpemMyMbl QyHKINUN :

x B
y=—+—=
Ne2. Haiitu sxkcTpeMymbl HyHKITUN 2 x
y= r_ 2x* +3x+1
Ne3. Haiitu skcTpeMyMbl GyHKITUN 3
T . )
Ned. Haiiti sxcTpeMyMsl GyHKUuM < — 1-x :
3
¥= [x - 1)

NeS, Haiitu skcTpeMyMbl PyHKITHH

_ L fa_ 3
Ne6. Haiit sxcTpemyMs! GyHKupd < — * 2-x :
2
+1
7(x)=~

Ne7. Haiitu npomexxyTku Bo3pacTaHus U YObIBaHUS (DYHKLIUN x=1,

f[xj: 2x*=Inx

- 2
Ne9. Haiitu mpoMexXyTKH BO3pacTaHUsI U yObIBaHUS (PYHKIIUU J [x) = +6x" +9x
Nel0. I/ICCJIG,HOBaTEﬂHa MOHOTOHHOCTb U SKCTPEMYMBI ClIeayIoHe QyHKINU:
Df(szzx-Fx =
o) F0) =27
3 fG) =% +x2 4 16
4) f(-’;] = x% — 8x?

Ne8. Haiitu mpoMexxXyTKy BO3pacTaHus U yObIBaHUS (PYHKIIUU

IIpakTuyeckas padora Ne29
Tema 5.7 UccnenoBanue GpyHKIMIA U TOCTPOCHUE UX IpadUKOB
Heas: Hayuntbcs uccnenoBarh GyHKIMK U CTPOUTH UX IpaduKu.
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Teopernueckasi 4acThb:

HccnenoBanue GpyHKIMN 3aHUMAET HEMAJIO BPEMEHU TPHU PEIICHUH KOHTPOJIbHBIX,
JOMAIIHUX 33JaHUN U YTOOBI HAYUYUTHCS OBICTPO peIlaTh Hy)KHA HHCTPYKIUS OObICHSIONIAs
MOPSAZIOK ACUCTBUI U JJIS 4ero 3To HyxHO. Takas HHCTpyKIus pa3paboTaHa MaTeMaTHKaMH U
0000111eHa Ha Bce TUTIBI (DYHKIUH yXKe TaBHO, a MbI €€ Ha3bIBaeM — 00IIasi CXeMa UCCIIeIOBaHMS

(byHKIHH.
y=7(x)
UTo05I uccienoBaTh (PyHKITHUIO Y TIOCTPOUTH €€ rpaduk HEOOXO0MMO:
1) naiitu o6nacte onpeaeneHust GyHKIMH, TO €CTh MHOXKECTBO BCEX TOUYCK Ul KOTOPBIX
CYIIECTBYET 3Ha4eHUE (PyHKIINH;
2) HaiiTH (eciM OHU CYIIECTBYIOT) TOUYKH MepecedeHus rpaduka ¢ KOOpAUHATHBIMU
y=1(x)

oCsIMHU. JlJI1 3TOTO HYKHO B ypaBHEHHE TO/ICTABUTH ApTYMEHT ** — 0 2 rawke

Fx)=0
pELINTh YpaBHEHHE JUISL OTBICKAHHUSI TOYEK ITEPECEUEHHUS C OCBIO Ox ;
3) uccienoBarh QYHKIMIO HAa IEPUOJMYHOCTD, YETHOCTh M HEUETHOCTh. B HEKOTOPBIX
CIIydasix 3TO MOKHO CJIeJIaTh BU3YaJIbHO IO caMOMy BUAY QYHKIIMH, €CJIH HET, TO IPOBECTU

MIPOBEPKY:
1. f(_x) - f(x) — (GyHKIMS YeTHas;
2. f(_x) =-7 (x) — (yHKIIMS HEYEeTHas,
2 f(.x-l—f’):f(.x)

— (yHKIIUSA TTepUOaMIEcKas, T_ nepuo 1 QyHKIH.

Taxkum oOpa3om, eciii UMeeM MapHyr (YHKIIHIO J f (x) TO AOCTATOYHO MOCTPOUTH
ee JUTSl TTOJIOKUTEITBHBIX 3HAYCHHH ~* = 0 , TIOCJIE YETO OTPA3UTh €€ CUMMETPUYHO
OTHOCHTEIILHO OCH a0CITMCC Ha APYTYIO YacTh. B ciyuae HedeTHO# GyHKIMU rpaduk Oyaet
CUMMETpPUYEH OTHOCUTEIBHO Havajaa KoopauHaT. Hampumep, eciiv uMeeT He4eTHYI0 (PyHKIUIO
rpauk KOTOPOH MPUHAIICKUT IIEPBOM YETBEPTH BTOPYIO MOJOBUHY IMOJIYYHM TOBOPOTOM
nepBoi yetBepTH Ha 180 rpamycoB (TPEThs YETBEPTH).

[leproaguueckuMH SIBJISIOTCS MPEUMYIIIECTBEHHO (DYHKIIMHM COCTAaBJICHHBIE U3 MPOCTHIX
TPUTOHOMETPUYECKUX M HEKOTOPbIEC MapaMeTPUUECKH 3aJaHHbIe (DYHKIIHH.

4) HaliTH TOYKH Pa3pbiBa M UCCIIEI0BATh UX (TAKUMH TOYKAMH SIBIISIOTCS Kpast
WHTEPBAJIOB OINpeAeTIeHUs (PYHKIINN);

5) HaliTH UHTEPBAJIbI MOHOTOHHOCTH, TOYKH 3KCTPEMYMOB U 3HaYCHUs (DYHKIHH B ITHX
TOYKaX;

6) HaliTK UHTEPBAIbI BBIMYKIOCTH, BMSITHHBI U TOYKH MIeperuoa;

7) HalTH aCUMIITOTHI KPUBOIA;

8) moctpouTts rpaduk GyHKIHH.

BonpmMHCTBO U3 3TUX MYHKTOB OBLIO PACCMOTPEHO HA MPAKTHKE B MPEIBITYIIIHX
CTaThsIX, HOITOMY MOJIPOOHO pacluChIBaTh Mbl UX He Oynem. Taxke He epexuBanTe, eciu
HaljieTe TIaH B TUTEpAType WU UHTEPHETE, KOTOPHIN COAEPKUT OoJiee WM MeHee MyHKTOB.
[TomHUTE, YTO 1ENb WX BCEX - MOMOYB IpU NOCcTpoeHuu rpaduka pyakun. [lepeitnem k
MPAKTUYECKON YacTH U UCCIEAyeM MO cxeMe (QYHKITHUIO.

IIpumep.
HccnenoBath (GyHKIUIO U HOCTPOUTDH €€ rpadHk
¥ 2
y=—_.
2(x-1)
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Pewenue:
1) ®yHkuus onpeeneHa no BCoAy KpOMe TOUKH B KOTOPOM 3HaMEHATe b IPEBPaILaeTCs

B HOJB (& = 1 ). OGacTh onpeeneHus: COCTOUT U3 IBYX WHTEPBAJIOB
D(y): (=, 1)U (1 +e0).

2) Illpn HO)JCTaHOBKe snaverms & = 0 MOJIY4MM
7(0)=
x=0

Taxyto ke TOUKy MOJy4rM €clii IpupaBHsieM (QYHKIHIO K HyTt0. Touka -
€IMHCTBEHHAsl TOUKA [IEPECEUEHHS C OCIMU KOOPANHAT.
3) [IpoBepsieM QyHKIMIO HA YETHOCTh

2(0 1)

T I

2(-x-1) 2(.x+1);

y(=x)2 (=), y(-x)#-y(x).
I/ITaK (bYHKI_[I/Iﬂ HU '—IeTHaH, HU HequHaH, HenepnogmquKaﬂ.

4) B nanHOM Cyuae MMeeM OJHY TOUKY pa3phiBa * 1 . Beruncnaum rpaHune! ciieBa u
CIipaBa OT 3TOW TOYKH
2
. o
lm ——=-
x—1-02 (x - 1)

.3.'2

inII}-DZ(.x 1) -

Mrak * =1 _1ouxa pa3pbiBa BTOPOTO poja.
5) lnst oThICKaHUSI MHTEPBAJIOB MOHOTOHHOCTHU BBIYHCIIIEM MIEPBYIO TPOU3BOIHYIO

byHKIIUN

F

5 :Zx{}—dj—xz__x(x—Z).

2x-1F  2(x-1)

HpI/IpaBHI/IBaﬂ €€ K HYJIIO TOJTYYUM TOYKHU IMOJO3PUTCIIbHBIC HA

x=0x=2

9KCTPEMYM . Onn p336I/IBaIOT 0051acTh OIPCACJICHU Ha CICAYHOIINC NHTCPBAJIbL
MOHOTOHHOCTH

(—e0; 03U (0, 1)U (1:2) U (2, +0).

I/ICCJ'IGI[yeM IIOBCACHHUC HpOI/I3BOI[HOI71 CJICBA U CIIpaBa OT Haﬁ,[[eHHHX TOYCK pa36I/IeHI/I}I
-1(-1-2) _

v ———

2(-1-1)° 4"

0,5(0,5-2)

2{0,5-1)°

.?

—-15<0;

y'(0.5)=
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15(L5-2)
—————=-15<0;
2(L5-1)
, 3(3-2) 3
¥'(3)= (—)2 ==>0.
2(3-1)° 8
Fpa(bnqeafn WHTEPBaJIbl MOHOTOHHOCTU OYJIyT UMETh BU/T

y
|- - N+

0 >
Uccnenyemast pyHKIMS BO3pacTaeT Ha MHTEpBalaX

(0:1).(1:2)

Touxa * = 0 _ touka noxansHoro MaKCUMyMa, = — 2 _ jokanbHOTO MUHUMYMa.
Haiinem 3Hauenue pyHKIMH

y'(15)=

(-0:0).(2:40) |

yObIBaeT

22
= IjJ S — 2
J”mm 2 (2 _ 1)
6) [lnst oThICKaHMSI MHTEPBAJIOB BBITTYKJIOCTH HAMIEM BTOPYIO MPOU3BOIHYIO
L (- (E-1Y -2 (z-2)(x-1) 1
¥o= = .
2(x-1)" (x-1)°

Takux UHTEpBaJIOB HET, MOCKOJIbKY BTOpasi MIPOU3BOIHAS HE IPUHUMAET HYJIEBBIX
3HaYeHUH B 00JIaCTH OINpeeIeHHUS.

Yz

7) Touka * = 1_ BEpPTUKAJIbHASI aCUMNTOTA (PYHKIIMK. Y paBHCHHE HAKIIOHHON
ACUMITOTHI UMEET BUJ]

y=kx+h

rome 7 - I'PAHULIBI KOTOPBIC BBIYUCIIAIOTCA 110 IIPpAaBUILY

f=)

= lim R
r—tom X
H= 1 —kx .
Jim (7))
HaXOI[I/IM HY)KHBIC I'paHUIbI
2 2
F= lim — — lim 5—1:_;
xaimz.x(.x—l) x—wteo 2:{2[1——] 2
x
2 2 .
b= lim (———12)= lim = *(x=1)_
r—tcomo Z(X—l) 2 X—stoo Z(X—l)
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— fim =1
_xeimZ(x—l)_Z'

Koneunblii BUI IPAMOI CJIeTYIOLIHIA
R
2 2

8) Ha ocHOBe MpOBECHHOTO aHAJIN3a BBITIOJHSAEM MTOCTpOeHHE Tpaduka GyHKmn. s
9TOr0 CHa4daJia CTPOMM BCPTUKAJIBHBIC 1 HAKIIOHHBIC ACUMIITOTHI, 3aTCM HAXOJUM 3HAUYCHUC
(bYHKIII/II/I B HCCKOJIBKHUX TOYKax 1 M0 HUX IMPOBOJUM IMOCTPOCHUC.

4.

y=(x+1)/2

x=1

Pernenue 3axanmii:

1.Mccnenyiite GyHKIHMIO 1 TOCTpoiiTe eé rpaduk: y = x? (x — 2)(x + 2).
2. Uccnenyiite GyHKIMIO M ocTpoiite eé rpaduk: y = x* — 2x° — 1.

. Uccnenyiite pynkimio u moctpoiite eé rpaduk: y = (x2 + 1),

. Uccnenyiite gynkimio u moctpoiite eé rpadux: y = 0,125(x3 — 12x).
. Uccnenyiite gynkimio u moctpoiite eé rpaduk: y = (x2 + 4x — 3)%

. Uccnenyiite pynkmuio u nmoctpoire e€ rpaduk: y = sin (2x + 3).

. Uccnenyiite gynkimio u moctpoiite eé rpaduk: y = 3x% + 5x — 2.
. Uccnenyitre gpynkuuio u nocrpoiite eé rpaduk: y = x + x2.

. Uiccnenyiite gpynkuuio u nocrpoiite eé rpadux: y = 8x? - 2x + 1.
10. Uccnenyiite GpyHKIMIO U HOCTpoiiTe eé rpaduk: y = 2x° - 6x + 3.

O 00 3 N L AW
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IpakTuyeckas padora Ne30
Tema 5.8 Haubonbiiee u HaumeHblee 3HaYCHUS QYHKIUU
Heanb: HayunThcs HaxoauTh HanOOJIbIIICe M HAUMEHBIIICE 3HaYCHUs (DYHKIIMH Ha OTPE3Ke.

TeopeTnyeckas 4acThb:

Haxo:xnenne Han6o0J1b1Iero 1 HAUMEHbINEr0 3HAYeHUH GYHKIMH HA OTpe3Ke.

1. Ecnmu QyHKIMS HempepblBHA HAa OTPE3Ke, TO OHA JIOCTUTAeT HAa HEM CBOETO
HanOOJIBIIETO U CBOEr0 HAMMEHBIIETO 3HAYCHHUS.

2. HaunGomnpiiero 1 HaMMEHBIIETO 3HAYCHUI HENpepbhIBHAS (YHKIHS MOXKET JOCTHIaTh
KaK Ha KOHLIaX OTPE3Ka, TaK U BHYTPHU HETO.

3. Ecnu naunbospiiee (HanMeHbIee) 3Ha4CHUE (YHKIMH JOCTUTACTCSI BHYTPU OTPE3Ka, TO
TOJIBKO B CTAllMOHAPHOW MJIM KPUTUYECKON TOUKE.

ANropuT™M HaxoXAEHHUsS HauOOJIBIIET0 U HaWMEHbIIEro 3HaueHud ¢yHkuuu y = f(x) Ha
oTpeske [a; b]:

1. Haiitu obnactes onpenenenus Gpyakuuu D(f).

2. Haiitn mpousBoanyio f* (x).

3. Haiitn cTanmoHapHbIe ¥ KPUTHUECKHE TOYKH (DYHKIMH, MPUHAIISKAIINE WHTEPBATY
(a; b).

4. Haiitu f(a), f(b) u 3Hauenus QyHKIMM B CTAalMOHAPHBIX TOYKAX, MPHUHAIEKAIINX
WHTEpBaly (a; b).

5. Cpenu nmostydeHHbIX 3HaYeHHUH BbIOpaTh HauboJIbllee U HauMEHbIIIee.

IIpuMepsI 1 pa30op pemieHUs 3aJaHUI TPEHUPOBOYHOI0 MOIYJIsA

Nel.Haitt Hambonbliee 1 HanMeHbIIee 3Hadenns Gyakmun f(x) = 2x3 — 9x? + 12X — 2 Ha
otpeske [0; 3]

Pemenue. JleficTByeM B COOTBETCTBUU C aJITOPUTMOM.

1) D(f) = (-o0; +o0).

2) f (x) = 6x% — 18x + 12

3) CrarmoHapHble TOUKH: X = 1; X = 2.

1e€(0;3); 2 € (0; 3)

4) f(0) = -2
f(3)=7
f(1) =3
f(2) =2

5) fuamn.=f(0) = -2

Frane.=f(3) = 7.

OtBerT: fhanu= -2

fHan6.: 7.

Ne2.Haiiiure 7Ba MOJOXHUTEIBHBIX YUCIA, CyMMa KOTOPBIX paBHa 16, a Mpou3BelCHUE
HauOoJIbIICe.

Pemennue.

ITycTh nepBoe umciio paHo x, X = 0

Torma BTopoe 4uco - (16 — x),16-x>0

CrnemoBarensho, 0 < x < 16

[IpousBenenue >Tux uncen paBHo X(16 — x).

CoctaBuM QYHKIHIO:

f(x) = x(16 — x)

flx)=—2x+16

X = 8 — equHCTBEHHAs CTallMOHapHas Touka Ha uHTepBaie (0; 16), oHa ABIsETCS TOUKOU
MaKCHUMyMa.

CnenoBarenbHO, B 3TOM Touke ¢yHkums F(x) = x(16 — X) nmpuHHUMaeT HauOOIbIIEe
3HAauYCHUE.
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CrenoBatesbHO, /1Ba MOJIOKUTEIBHBIX YUCIIA, CYMMa KOTOPBIX paBHa 16, a IpOU3BEICHUE
HauOoablIee, 3TO 8 U 8.
OTtBeT: 81U 8

Penrenue 3aganmni:

R S
Ne 1. Haiitu HauMeHbllee M HamboOnblIee 3HAUCHUS (GYHKIMH © bx”+9 Ha

orpeske [-1, 2].

_ 4 _ ol
Ne 2. HaiiTu HamMmeHbIIee M HamboOJIbIIce 3HAYECHUS (GyHKIMH » 8" 43 Ha

orpeske [-3, 3].

Ne 3. Haifth HamMmeHbIlee ¥ HamOOIbIIGe 3HAYCHMS (YHKIUH © :’H_"'E Ha
otpeske [0, 4].

4—x*
. Y= 3
Ne 4. Haiit HanMeHblllee W HAHOOJIbIIIEE 3HAYCHUS (DYHKITUH 4+x" ma orpeske [-
1, 3].
N y=x 343
Ne 5. Haiitu HammeHbIiee U HanOOJbIIee 3HAYCHUS (QYHKIIUN Ha OTpe3Ke
3
2
l-x+ x

Y= 7
Ne 6. Haiitu HaumeHblllee U HauOoJblllee 3HA4YEHUS (DYHKIUU l+x-x" ma

[0 11

OTpe3Ke
. =x— 2 Jx
Ne 7. Haiith HaumeHbliee W HawOoOJbIIee 3HAYCHHS (PYHKIIHH Y "'II'_ Ha
[0, 4]
OTpe3Ke .
=x'lnx
Ne 8. Haiitu HauMeHblIee W HauOoNblIee 3HAYCHHS (GYHKUHH * Ha
orpeske [1, €].
Ne9. Haiiti HanMeHbIee 1 HanOObIIEe 3HAUYCHNS BYHKIMH © 2x+ros2x Ha OTpEe3Ke

£t

IIpakTnyeckas padora Ne3l
Tema 5.9 HaxosxieHHE ONITUMAIILHOTO PE3yJIbTaTa ¢ IOMOIIBIO TIPOU3BOTHOM
Hean: HayunThcs HAXOUTH ONITUMANIBHBIN PE3yJIbTAaT B IPOU3BOJICTBEHHBIX MTPOIIECCaX C
MTOMOIIIBIO TTPOU3BOTHOM.

Teopernyeckas 4acThb:

Kaxxnp1ii yenoBek BpeMsi OT BPEMEHHM OKa3bIBa€TCsl B CUTyallMd, KOT/Ia HAJ0 OTBICKAaTh
HAaWTYYIIUH CHOCOO pelieHus KakoW-muOo 3adadd, W MaTeMaThKa CTAaHOBHUTCS CPEACTBOM
pelieHus mpoOiieM OpraHu3alliy MPOU3BOJICTBA, MOUCKOB ONTHUMANBHBIX pelieHui. BaxHbIM
YCIOBUEM TOBBIMIEHUs Y(PPEKTUBHOCTH TMPOU3BOJCTBA M YAYUIICHHs] KauecTBa MPOAYKIIUU
SIBJISIETCS] IIMPOKOE BHEJIPEHUE MAaTEMATUUECKUX METOJIOB B TeXHUKY. Cpeau 3a/1ay MaTeMaThuKu
OOJBIIYIO POJIb OTBOJAT 3a7jauaM Ha SKCTPEMYMBI, T. €. 3aJja4aM Ha OThICKaHHE HAUOOJIBIIEro U
HAaWMEHBIIIETO 3HAYCHHU S, HAWTYUIIIero, HanboJee BBIr0IHOTO, Hanboiee SKOHOMHOTO. C TaKuMu
3a/layaMy  MPUXOJUTHCS UMETh [I€JI0 MPEICTAaBUTEISIM CaMbIX PAa3HBIX CIEIHAIbHOCTEH:
WHXEHEPHI-TEXHOJIOTH CTaparoTCsl TaK OPraHW30BaTh MPOU3BOJCTBO, YTOOBI MOITYYHUIIOCH KaK
MO>KHO OOJIbIIIE MPOIYKIIMH, KOHCTPYKTOPHI XOTAT TaK CILIAHUPOBATh MPUOOP HA KOCMUYECKOM
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Kopabiie, 4ToObl Macca mpubopa Oblla HaMMEHBINIEH, SKOHOMHUCTBI CTapalOTCs CILUIAHHUPOBATH
MIPUKPEIUICHUE 3aBOJIOB K UCTOYHHKAM CBHIPbS TaK, YTOOBI TPAHCTIOPTHBIC PACXO/IbI OKA3bIBAINCH
MUHUMAJbHBIMU. MOXHO CKa3aTh, YTO 3a/1a4ll HAa OTHICKAHME HAWMEHBINETO W HAWOOJBIIETO
3HAYEHUS, IMCIOT OOJIBIIIOE TPAKTHYECKOE MPUMEHEHHE.

3ajaya Ha U3rOTOBJIEHUE OaKa HaMOOJbIIET0 0ObEMa

[IpencraBbre cebe, YTO BaM MOCTYHIII 3aKa3: M3 KBaJpaTHOTO JIMCTA KeJe3a He00X0AUMO
U3rOTOBUTH 0aK B (popMe IPSIMOYTOJIBHOTO Mapajiesienumesa ¢ Hanboapmum oobeMoM. JlaBaiite
MPAKTUYECKUM ITyTeM OIPEICITHM, KaKHe TapaMeTPhI TOJKEH HMETh 3TOT 0aK?

Ha kaorcovui cmon (2 cmyodenma) evioan OymMaxcHulll K6aopam co cmopoHou 24x24 cm u
PAa3U4HOU pazmemKou (8vlpeska no Kpasim keaopamos co cmopounamu Ix1, 2x2, 3x3, 4x4x, 5x35,
6x6, 7x7, 8x8, 9x9, 10x10, 11x11cm). Heobxooumo ckieumv «b6axky u noocuumams e20 00vem
amnupudeckum nymem. Omeem guxcupyemcs Ha 00cKe U 8bloupaemcs HauboOIbUWULL 00veM.

Hrak, Hanbospmmii 00beM nMeeT Oak BICOTOM 4 ¢cM U ocHoBaHHeM 16x16 cm. [{ns Toro,
9TOOBI MPUHTH K 3TOMY pe3yiabTaTy, HaM IMPHIUIOCh MPAKTUYCCKHM ITYyTeM BBIMIOJHUTH
noctpoenue 12 «b6akoB». B XHM3HU 3TO — HEMO3BOJIMTENbHAs pPOCKoib. T.e. HE0OX0AMMO
npobieMy  pemuTh  JApyruM  myreMm.  Jlig  3TOro MBI TPUMEHUM  3HAHWS U
MIPUHIIAIT MATEMATHYECKOT0 MOIeTHPOBAHUSA

3ajaun  HA  ONTHUMHU3AINMIO  PEIIAIOT, WCIONB3ysd MNPHHIMII ~ MaTEeMaTHYECKOTO
MOJICITUPOBAHUS, KOTOPBIH COCTOMT U3 TPEX ITAIIOB:

1. CocraBienne MaTeMaTHYECKON MOIEIIH

2. Pabora ¢ cocTaBiIeHHON MOJIENIBIO

3. OtBet Ha BOIPOC 331291

Hcnostb3yst MPUHITUI MAaTEMATHYSCKOTO MOJISITHPOBAHMSI, PEIINM 33729y Ha U3TOTOBJICHHE
6aka HauOoJIbIIETO 00bEMA.

1 stam: CocraBieHyue MaTeMaTUUYECKOH MOJIENIN:

1) Tlpoananu3upoBaB YCIOBUS 3a/adyM, BBIACIUM ONTUMU3HPYEMYIO BEIUYHHY, T.€.
BEJMYMHY, HauOOJbIllee WM HauMEHbIllee 3HAaUeHHe KOTOpod HeoOxoAaumo Haiitu. B panHOM
ciydae 3To 00beM Oaka, 0003Ha4UM ero V

2) OnHy U3 y4acTBYIOIIMX B 3a/1a4y€ BEJIMYUH 0003HAUUThH 32 HE3aBUCHMYIO TIEPEMEHHYIO
x. IlocTapaTbcsi BhIpa3uTh uepe3 3Ty MEPEMEHHYIO OcCTajbHble BeIMYMHBL. B Hamiell 3amaue
JIOTUYHO 32 HE3aBUCHUMYIO TEPEMEHHYIO X MPHUHATH BBICOTY 0aka, TOrja OCHOBaHHe Oaka —
KBaJpaT co CTOpOoHOU (24-2x). Onpenenum peanbHbIC TPAHUIIBI MepeMeHHON X. JlormuHo, 4TO
BbICOTA 0aKa —T10JI0KUTETIbHAS BEJIMYMHA, MEHbIIast 12.

3) Ucxoas u3 ycinoBus 3aj1a4, BeIpazuM V depes X:

V(x)=(24-2X)?X, 0<x<12. MaTemaTHyeckas MOieJb IOCTPOEHA

2 sran. PaboTa ¢ cocTaBlieHHOI MOJIEIBIO

Haiinem nauGonpiee 3HaueHue ¢pynkuuu V(x) Ha uarepsaie (0;12)

V(X)=576x-96x>+4x3

Haxoaum npou3BoAHYIO U CTallMOHAPHBIE TOUKU

V'(X)=576-192x+12x?, 576-192x+12x>=0, x1=12,x,=4.

Tonpko oaHa Touka x=4 npuHaanexut unrepsaty (0;12), npuuem npu 0<x<4 V'(x)>0, a
npu 4<x<12 V'(x)<0, T.e. x=4 TOYka MaKCUMyMa, a 3HA4UT, B 3TOH Touke GYyHKIUI V(X)
MPUHUMAET HauboJIbIllee 3HaYCHHE.

3 sran. OTBET Ha BOMPOC 33JaUH.

X —9T0 BBICOTA 0aKa, T.€. BBICOTA paBHa 4, CTOPOHBI OCHOBaHHUs Oaka — 16.

Wrak, 6ak ¢ HanboIbIIUM 00beMOM UMeeT napamerpbl: 16x16x4.

3ajmaya 2.

Jlan Oak 0e3 KpwlIkd B (opMe NPSIMOYrOJILHOTO Tapaiieienuresa, B OCHOBAHUU
KOTOPOTO JIEXKHUT KBaJpaT u 00beM KoToporo pasen 108 am>. IIpu xakux pasmepax 6aka Ha ero
M3TOTOBJICHUE MOIIET HAUMEHbIIIee KOJTHMUECTBO MaTepuana?

1. CocraBnsiem MaTEMaTU4ICCKYIO MOJICJIb
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Bomnpoc OtBer
UYro sBrseTCst Ilnowaow demaneit, uz
ONTHUMH3UPYEMON BETUYUHON? KOMOPbIX c8apeH 6ax
CKOJBKO TaKuX AeTaneii? Oono ocnosanue u 4 bokogvLx
epaHu
Uro mpencrasisier co00¥ THO Keaopam
Oaka?
Ero mromans? X, NPUHAE CIOPOHY OCHOBAHUS
3a X
UTo mpencTaBiIsitoT co00M 4 pasuvix NPAMOY20IbHUKA
OOKOBbIE I'paHu?
Hx mmommans? 4xh, 20e h — sbicoma 6axa
CKOJIBKO HEU3BECTHBIX Cmopona ocnosanus 6aka u
BEJIUYHH, OT KOTOPBIX 3aBUCUT svicoma
OTNITUMH3HMpYyeMast BeTUIHHA?
MOYKHO JIU CBECTH K OJTHOM ?
Bripasum BeicoTy huepes x | V=hx?  108=hx?>  h=108/x
Bripazum mromaap gepes X S(X)=x>+4x
KaxoBbl napamerps! x? 0<x<108
Hrak, MaTemaTryeckast MOJIENb S(X)=x2+4x 0<x<108
3aJ1a9n

2. PabGoTa ¢ matemarnueckoit Moaenbto. Halitn HauMmensbIee 3HaueHne pyakmuu S(X) Ha
untepsate (0;108) mo anroputmy

Bompoc Omeem
Haiitu cranmoHapHbie TOYKH S'(x)=2x-4
2x-4 =0
2x3=432
x3=216 X=6
CrannoHapHas TOYKa SBISETCS Ha, x=6 mouxa munumyma

TOYKOM FKCTpemMyMa? (TOUKOM
MaKCUMyMa MJIU MUHIUMYMa)

Haumenbiiee 3HaueHne GyHKIIUN Ha, m.x. na unmepeae
S(X) mocTuraercs B TOUKe (0;108) pynryus
MUHHUMYMa? HenpepuleHa

3. OTBeT Ha BOIPOC 3a1a4H.

Bompoc Omeem
B mannoii 3a7a4e Kakoil CMBICH
HMeeT HaliJleHHasl BeJIMYrHA X?

Kaxue enie napameTpsl umeer
aK? Bovicoma

Cmopona ocrosanus baka

KaxkxoBo ee 3nauenune? H=3
Haumenvuee konuuecmeo
Mamepuana Ha u3eomosieHue
baka npu wupuHe 0CHOBAHUs
6 Om u evicome 3 Om

OrtBer Ha BOIIPOC 3a1a49A

Penrenne 3aganuni:
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Nel. CBapIuKy MOCTYHMII 3aKa3 BBIIOJTHHMTH OTPaKJAEHHE ydacTKa miomaasio 2400m2,
pa3duB ero Ha JBa y4acTKa HPSAMOYroJbHONH (OpPMBI Tak, 4TOOBI JJIMHA OTPaXACHUS Oblia
HauMeHble. Halitu pasmepsl y4acTKOB.

Ne2. Tpebyercsi CBapuTh SMIUK C KPBIIIKOH 00bEMOM 576 M3, CTOPOHBI OCHOBAHUS SIIUKA
JOJDKHBI OTHOCHTHCS Kak 1:2. Kakoil nomkHa OBITH BEIMYMHA €r0 CTOPOH, YTOOBI MOJHAs
MIOBEPXHOCThH ObljIa HAUMEHBLIEH?

Ne3. Vwuacrok mnpsamoyronpHO# (OpMBI OJHOM CTOPOHOM MpuUJieraeT K 3JaHui0. Y
cBapiuka ectb 20 meTpoB uzropoau. Hazmo oropoauts y4acTok Tak, 4ToObl IJIOLIa1b €ro Oblia
HanOoJIbIIas

Ned. TpeOyercsi M3rOTOBHTH OTKPBITHIA KECTAHOW KOpPOO B (popMe MpsIMOYTOIBHOTO
napajuleJienunesa ¢ KBaJpaTHbIM OCHOBAaHMEM, C HaUMEHbIIMM OOBEMOM, €CIU Ha €ro
M3rOTOBJIEHHE MOKHO MOTPATUTH skecTr 300cM?

IpakTuyeckas padora Ne32
Tema 5.9 HaxoxeHre onTHMaIbHOTO pe3yibTaTa ¢ MOMOLIBI0 TPOU3BOIHON
Heasb: HayunTbecss HaxoaWTh ONTHMAJIBHBIA PE3YJIbTAT B NPAKTUYECKUX 3aJadax C
ITOMOIIIBIO TPOU3BOAHOM.

Teopernyeckasi 4acThb:

[Ipexxne uem pemath Kakyro - JU0O KM3HEHHYIO 3a/lady, YeJIOBEK CTapaercs B3BECHUTh
HUMEIOIIYIOCsl y Hero nHpopmainuio, BEIOpaTh U3 Hee CyllecTBeHHYI0. W Toibko moToMm, Korja
cTaHeT OoJjiee WM MEHee SICHO, W3 Yero MCXOJUTh U Ha Kakoil pe3ylbTaT pacCUUThIBATh, OH
MPHUCTYNAaeT K pelleHHIo 3afadu. YacTo omMcaHHBIM MpOLecC Ha3bIBAIOT YCIOBUEM 3aJayH,
(hakTHYEeCKH K€ 3TO 3aMEHa HCXOJHOW >KW3HEHHOW 3a/Jauyd ee MOJenblo. B ocMbicieHun
MPOCTEHIIEH KUZHECHHON CUTYaIlX IPUCYTCTBYET MOICTBHBIH IMOXO0/I, XOTS YEJIOBEK OOBIYHO HE
3aMeyaeT CBOEH JeATeIbHOCTH MO CO3JaHMI0 MOJEJEH - HaCTOJNbKO OHA JJIsl HETO €CTECTBEHHA.
WNnoe neno, ecnu BO3HMKAIOIIAsl 3a/ada 3aTparuBaeT KIIOYEBBIE MOMEHTHI JKU3HHM OJHOTO
YeJI0BEeKa MM KaKoro - 0o coolmecTBa moaei. Paznoobpasue nHGOpPMaAIMOHHBIX aClIeKTOB B
KOKIOW TakoW 3aJaye HACTOJbKO BEJIMKO, YTO OBIBaeT CJIO0XKHO M3 BCEro MHOrooOpasus
nHpopManuu 00 U3ydaeMoM SIBJICHUH WM 0OBEKTE BHIOpATh HanboJIee CyeCTBeHHbIC. B Takux
cllydasx HeoOXOJMMO cJeNlaTh YIPOUIArollee MPEANoIoXKeH!e, YTOObl BBIACIUTh HCXOJHBIE
JaHHbIC, OMPENENIUTh, YTO OYIET CIYXHUTh PE3YyJbTaTOM M KAaKOBa CBSI3b MEXIY HUCXOIHBIMU
JAaHHBIMU M Pe3ylbTaToM. Bce 3TO - MmpearnosioxkeHus, UCXOJHbIE JaHHbIE, PE3yIbTaThl, CBSI3U
MEXYy HUMH - UX Ha3bIBAIOT MOJIEJBIO 3a/]a4H.

Ecnu moctpoeHHas Mojzienb JaeT yAOBJIETBOPHUTEIbHBIE PE3YNbTaThl MPH PEIICHUU
KU3HEHHBIX 3aJ1a4, TO TOBOPST, YTO MOJIENb aJeKBaTHA paccMaTpUBaeMOMY OOBEKTY, IPOIECCY
win  sBieHu0. Hepenko anms  pemieHuss MOJENbHOM 3aauu  TpeOyeTcss HEKOTOPBIN
MHCTPYMEHTapuil. DTOT HHCTPYMEHTapuil OOBIYHO OPraHu3yeTcs B BUJIE €AMHOTO OOBEKTa,
Ha3bIBAEMOTro UCHOJIHHUTENEM. YTOOB!I UCIIOHUTENb MOT TIOJYYUTh OTBET, €My HY)KHBI YKa3aHUs,
YTO M Kak Jenarh. Takue yka3zaHUs 4acTO MPEICTAaBISIIOTCS B BHUJIE aNTOPUTMa, B KOTOPOM
33JIal0TCSl MATEMAaTHYECKNE COOTHOILLEHUS, CBSA3bIBAIOIINE UCXOHbIE JAHHBIE U PE3YJIbTaT.

B aToMm ciyyae roBopAT 0 MOCTPOEHUHM MAaTEMATUUECKON MOJIENN 3aJauH.

PaccMoTpuM nmprMepsl MCHIOIB30BaHUS MAaTEMATUYECKUX MOJEIEN B ONTUMHU3AaMOHHBIX
MIPAKTUYECKUX 3a/1a4ax, pelIeHNe KOTOPBIX TpeOyeT Hax0xkAeHUE MPOU3BOIHON (DyHKIINY.

3amaua 1. PaccrosHue Mexnay nByms maxtamu A u B no mocceitHoi gopore 60 km. Ha
maxre A noOeiBaercst 200 T pyasl B cyrku, Ha maxte B - 100 T B cyrku. ['ne HyxHO
MOCTPOUTH 3aBOJ| MO TMepepaboTKe pynabl, YTOOBI Ui €€ MEePEeBO3KH KOJIWYECTBO TOHHO-
KAJIOMETPOB OBIJIO HaWMEHbIIUM?

Pemenne. BprsicHsieMm, 4TO CyMMapHOE€ KOJMUYECTBO TOHHO-KMUJIIOMETPOB H3MEHSETCS B
3aBHMCHUMOCTH OT MECTa HaX0>K/IEHUS 3aBO/1a, BBIYHMCIIUB €T0, HAIIPUMED, IS CIy4aeB, KOI1a 3aBOJ
HaxoauTcs oT myHKTa A Ha paccrossHun 30 kM, 20 kM, 10 kM.
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Jlanee nmpucTymaeM K pelieHuro 3aj1aqi, 0003HauYuB paccTosiHue oT 3aBoja C 10 mIaxThl
A uepe3 x: AC=xu BC=60-X.

KonnuecTBo TOHHO-KUIIOMETPOB, IPONUACHHBIX TpaHcmopToM oT A g0 C 3a KakIblid
neHsb, coctaBisier 200 x 1/kM, ot B o C - 100 (60 - x) 1/kM. CymMMapHOE KOJMYECTBO TOHHO-
KAJIOMETpPOB BbIpazutcs pynkuueit y = 200x + 100 (60 - x) = 100x + 6000, koTopast omnpezeneHa
Ha cermente [0; 60].

SIcHO, UTO 3TO ypaBHEHHE MOXKET HMETh OECKOHEYHO MHOTo permieHuil. Bompoc -
HaWTH ICUIEBbI BApHUAHT IIEPEBO3OK.

Uccnenys pyakuuro y = 100x + 6000 Ha cermente [0; 60], momydum Ymin = 6000. DTa
TuHeHas QyHKIUA OyJAeT UMeTh  MHUHHMalbHOEe  3HadeHHe nmpu X = 0, Ymin = 6000 1/kM.
3aBoJ HA/I0 CTPOUTH BO3JIE MIAXThl  A.

Jnst mydinero TMOHMMAaHHUS 9TOM 3a/layd  11eJIeCO00pa3HO JIOMOJHUTEIHHO BBISICHUTH
BOIIPOC, ]I HY’)KHO Obl IOCTPOUTH 3aBOJI, €CIIU OBl

a) B maxre A npooeBanock 100 T, a B maxre B -200T pynusi;

0) Bmraxte A-200T, a B maxre B-190T;

B) Bmaxte A u maxre B - mo 200 T pyzasl;

UToOB!I pemuTh 3TOT BOIIPOC, HYKHO HallTH Ha cermenTe [0; 60] MUHUMYM QyHKINHU:

a) y = 100x + 200(60 - x) = - 100x + 12000;

6) y=200x + 190(60 - x) = 10x + 11400;

B) y = 200x + 200(60 - x) = 12000.

OtBer: 13 Bcero 3Toro MOXHO cZefaTh TAKOW BBIBOJ: €CJIH B IIaxTe A J0OBIBaeTCs pyabl
OoJbIIe, 4eM B 1maxte B, To 3aBoj HaJ0 CTPOUTH BO3JIE IAXThI A; €CIU K€ KOJIMYECTBO PYAbl B
3TUX LIaXTaxX OJMHAKOBOE, TO 3aBOJl MOKHO CTPOHMTH B JOOOM MecTe BOJU3M  IIOCCEHHOMN
JOporu Mexay Imaxramu A wu B.

3amaua 2. Ha konxo3HoW ¢epMe HYKHO MPOBECTH BOJOIMPOBOA AIUHON 167 M.
Nmerotcst Tpyobr mmuHONM S M M 7 M. CKOJIBKO HY)XKHO HCHOJIb30BaTh TEX U APYTUX TPYO,
9TOOBI C/IeNaTh HAaUMEHBIIEe KOJIMYECTBO COCAMHEHHH TPYOBI HE pe3arh)?

Pemenue. YuuTpiBas, YTO KOJIMYECTBO KakK OJIHUX, TaK M APYrUX TPyO  MOXKET
U3MEHSThCS,

KOJIMYECTBO 7 - METPOBBIX TPyO 00O3HAUMM uepe3 X,

KOJIMYECTBO 5 - METPOBBIX — uUepe3 'V,

Tornma 7X - JUIMHA 7 - METPOBBIX TPYO,

Sy - mmmHa 5 - METPOBBIX TPYO.

[Tonygaem ypaBHenue 7x + Sy = 167. Tak kak X,y € Z, T0 MeTogoM mepebdopa
JIETKO HaWTH  COOTBETCTBYIOLME TMaphbl 3HAUEHUH X M Yy, KOTOpblE  yIOBJIETBOPSIOT
ypaBHeHue 7x + Sy = 167.

(1;32), (6;25), (11;18), (16;11), (21;4).

OtBer: M3 »sTux pemeHuil Haubosjee BBITOAHOE TMocieanee, T.e. x=21,y=4.

Pernenue 3axanmid:

Nel. Tpebyercst oropoAUTh NPSIMOYTOJIbHBIM YUaCTOK 3€MJIU, UCIIOJIb3Ysl B KAUECTBE OJHOM
U3 CTOPOH 3a00pa 4acTh CTEHBI JOMAa. YYacTOK JIOJDKEH MMETh ONpeAeieHHY0 Iuomap. Kak
clleflyeT BbIOpaTh COOTHOIIEHWE MEXIY JIMHAMM €ro CTOPOH, YTOObI Ha MOCTPOMKY 3abopa
IIOILIJIO HAUMEHBIIIEE KOJIMYECTBO MaTepuana’?

Oter: CtopoHa 3abopa, mapajulelbHas CTEHE JOMa, JOJDKHA OBbITh B JIBA pa3a JUIMHHEe
OOKOBOM CTOPOHBI.

Ne2. Tpebyercss oropoauTh ceTkoi umHOH 600 M 30HY OTABIXa NPAMOYTOJIBHOMN
¢dopmbl, mpuieraromyo kK pexe. Onpenenure, KaKoBbI JODKHBI ObITh UIMHA U MIMPUHA YYacTKa,
YTOOBI OH MMEJ HauOOJIBIIYIO IIOIIAIb.

OtBet: HanboJIbIIAS TUIOMIAAb YYacTKa, eciu mupuHalS0 m, amuHa 300 M.
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Ne 3. OnpesenuTh pa3Mepsl OTKPHITOTO GacceifHa 00beMoM 256 M, HMEONIero JHO B
BUJIE KBaJpara, TaK YTOObI Ha OOJHMIIOBKY €ro CTeH M JHA OBbUIO M3PAacX0J0BAaHO HaMMEHBIIIEE
KOJIMYECTBO MaTepHaa.

OtBer: 8 M. 8 M, 4 M.

Ne 4. Tlpuneraromyro K A0My MPsIMOYTOJbHYIO IUIOIIAIKY HYKHO OTPaJHUTh PEIIETKON
mmHon 120 M. Ompenenuth pa3Mepbl IUIOIIAJKU, TaK 4YTOOBI OHa MMeNa HauOOJIBLIYIO
IJI0LIA/b.

Otset: 30 M, 60 M.

IIpakTnueckas padora Ne33

Tema 5.10 IlepBooOpa3znas pynkius. [IpaBuiia Hax0XIeHUS TEPBOOOPA3HBIX

Heab: Hayunts HaxoauTh epBOOOpa3HbIE

Teopernyeckas 4acThb:

ITonsiTue nepBooOpa3HoO

Jlerko  pmorajmaThCcs, YTO TEPMHUH  “‘mepBooOpa3Has’”  MPOMCXOJUT OT  JBYX
CJIOB: nepeswiil U 00pas. IlepBbiM 00pa3om y aBTOMOOMIISI ObLIa TOBO3Ka, a Y MOpe — KapTodersb.

Bepremcs k Maremaruke.

Jlapaiite OBICTPO BCTIOMHUM, 49TO HaXO0XJICHUE MPOU3BOJHOM
i ¢ gepeHIIpoBaHNe — 3TO COBEpUICHHE MaTeMaTu4yeckoi onepanuu Haa ¢pyHkuuen. To
€CTb, CIIeJIys OINpe/AeIeHHBIM MpaBuiIaMm, Jito0as QyHKIMsS MOXKET ObITh IpeoOpa3oBaHa B HOBYIO
GbyHKIMIO0, KOTOpasi U OyJIeT MPOU3BOJHOM.

B 00b14HO# XM3HU, COBepIlIas HECKOJIBKO ACUCTBUN, MBI MOXEM MPeoOpa3oBaTh MyKy B
TECTO, a 3aTeM U B MUPOKKU. Ho pa3o0paTh roTOBbIN MUPOKOK HA MYKY Y HAaC YK€ HE MOTY4UTCS.
3aTo B MaTeMaTHKe BCerja MO’KHO BEPHYTHCS Ha Iar Ha3aj: CIOXIJIM JBAa YUCJIa — BBIYTEM
0o0paTHO, BO3BEJIH B CTEIIEHb — M3BJIEYEM KOPEHb.

[ToxoxxuM 00pa3oM MBI MOKEM TIOCTYIHUTH C (YHKITHEH.

Bo3bMeM o0y (pyHKIMIO, HapuMep, f{X) = X2 1 HaiiieM Ul Hee TpoM3BoaHYo f(X) =
2X — noxyduiach HoBas pyHKius. Tenepsb A Toro, 4ToObl BEPHYTHCS Ha IIar Ha3a/l, HaM HYKHO
HaWTH 1epBooOpaszHyro oT HOBO# ¢yHKIMH (f'(x) = 2X).

IlepBooOpa3noii 1 Gyaknun f(X) HaspiBaeTcss Takas (yHkmus F(X), mist koTopoit
BhINONTHsIETCs paBeHcTBO: F'(X) = f(X).

To ectp, eciu B35Th IPOU3BOJHYIO OT EPBOOOPA3HON KaKON-1100 HYHKIINUHU, TOTYIUTCS

cama 3Ta GbyHKIMS. [Tpouecc HAXO0XKJIEHUs MHO’KECTBa MepBOOOPaA3HBIX
HA3bIBAETCS HHTETPUPOBAHHEM.
F'(x) = f(x)

Jl1s HaXOKAeHUsl IepBOOOpa3HBIX CYLIECTBYET ClelraibHast Tabnuna. B Heil mpuBeneHb!
nepBooOpasHble 11 KaKA0H GyHKIMU. A 4T0OBl yOEIUTHCS B 3TOM, MO>KHO HAlTH MPOU3BOHYIO
OT IepBOOOPA3HOM U CpaBHUTH ¢ (yHKIMEH. OHU OyIyT OJTMHAKOBBIE.

Tadaunna nepBoodOpa3HbIX

Tabauua nepBoodpa3HbIX:

®yuknus f(x){Ileppoodpaznas F(x)

0 C = const

1 X+ C
xn+1

x®*n¥ -1 +C
n+1

1

—,x >0 Inlnx+C

X

COS X sinx+ C

sin X -cosx+ C

g% e* +C
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I'ne C — npou3BOIBbHOE YHCIIO

Pemenue 3aganmii:

Nel.MatepuaiibHasi TOYKa JBHXKETCS HPSIMOJIMHEHHO co ckopocThio V(1)=8t—4. Haiigute
3aKOH JIBMKEHUSI TOYKH, €CJTM B MOMEHT BPEMEHH t=2C MPOWICHHBIN MyTh COCTABIII 4 M.

Pewrenue:

Bocnons3yemcs OnpesieieHneM IepBoodpasHoii, T.K. S(t)=vot+at?/2

S’(t) = v(t).

Haiiziem Bce mepBoobpasusie S(t)= -4t+4t? +c.

[ToacraBum t=2c u npoiiieHHbINH yTh S=4 M.

4= -8+16+c

C=-4.

CrnenoBaTenbHO, 3aKOH JABW)KEHUS OYAET BBHITJISICTH CICIYIOIIUM 00pa3oM:

s(t)=4t>—4t—4

Otser: S(t)=4t>-4t—4

Ne2. Tlo rpaduxy nepBoobpa3Hoii pyHkuu y = F(x) onpenenure KOJU4ecTBO TOYEK, B
KOTOpbIX (QyHKIMS y = f(X) paBHa HYIIO.
¥

AN
é

l.I,.,.lli
Py,

Pewenue:

Tak kak F'(x) = f(X) -mo onpeaeneHnro nepBooOpa3HOil, TO TOUKH, B KOTOPBIX (YHKITUS
f(x) (mpousBoanas Gpynkuuu F(X)) — 3T0 Touku 3kcTpemyMa pyHknuu F(X). A Takux TOYeK Ha
rpaduxke 4.

Orser: 4.

Ne3. ITo rpaduky nmepBooOpazHoit pyHkuu y = F(X) onpenenuTe 4ucaoBbie TPOMEKYTKH,

Ha KOTOPBIX QPyHKIHUA Yy = f(X) UMeeT oTpHUIIaTeIbHBIN 3HAK.
¥,

/\
/

\

£ Fix)

Pemenue:
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Tak xak F’(x) = f(x)- mo onpeneneHuo nepBooOpa3HOi, TO YUCIOBBIE MPOMEXKYTKH, Ha
KoTopbiX ¢ynkuus f(x) (mpouwsBogHast ¢yHkumu F(X)) MMeeT oTpuIaTeNbHBI 3HAK — 3TO
npoMexyTku yobiBanus Gyakiuu F(x). Takux npoMexyTkoB Ha gaHHoM rpaduke 2. O1o (-2; 1)
u(2;5).

Otsert: (-2; 1); (2; 5).

Ned. Jlokaxwure, uto (pyHKuus y = F(X) saBnsercs nepBooOpa3Hoit s Gpynkuuu y = f(x).

F(x) = x?— ™+ 2,f(x) = 2x — 2%

Pewrenue:

JlokazarenbCcTBO.

F'(X)=(x?-e**+2)'=2x-2¢e**

[To ompenenenuto mnepBoobpazno, F'(x)=f(x), cuemoBarensHo, F'(X) u ecTh
nepBooOpasHas it pyHkuuu f(x)

NeS. Jlnsa dysxuuu f(X) = x 2 HaiiTu nepBoo6pasHyo, TpaguK KOTOPOH MPOXOIUT Uepe3
Touky (-3; 10).

Pemenue:
3

x
Haiinem Bce mepBooOpasubie GpyHkimu f(X) : Fx) = 3 T

Haiinem uncno C, Takoe, uto6sl rpadmk dyrkmun f(X) = x2  mpoxoamn gepes Touky (-3;
10). [ToacraBum x = — 3, y = 10, mosxy4nm:
10 = (-3)%/3 +c

C=19
3
X
CieqoBarteipHO, F(x) = 3 +19
3
x
OTger: F(x) = 3 +19

IIpakTnyeckas padbora Ne34
Tema 5.11 Inomanp kpuBosmHEHHOU Tpanenuu. ®opmyna Herotona-JleiiOHuia
Hean: Hayuuts permate HHTErpalibl, HCTIONB3Ys hopmyny HeroTona-JIeiionuia
Teopernyeckasi 4acTb

Dopmyna Heromona-Jlenonuya
ITycTs ¢bynknus f (X) HenmpepbiBHA Ha 3aMKHYTOM uHTEpBae [a,
b]. Eciu F (X) - mepBooOpasnas pyukuuu f (X) Ha[a, b], To

}f[xjai‘x=F[xj|i - F(B)-F(a).

Pelnenue 3aganuii:
[Tpumep 1

j‘(f—xg)dx

0
Brerauciauts HHTCrpal

Pewenue.
[Tpumensis popmyny Herorona-JleitOnuma, nomyuaem

. + 2\ (16 8 4
‘[[f—xf*).:fﬁ[———] =[———]—0=—.
. 4 3 L4 3 3
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[Tpumep 2

[(4F )

BprunciuTe uHTErpan o

Pewenue.
1 1
w4l 2% o
23 3 2 1
- df— ff Adﬁ— — =l-—=z|"V==
I[”r J) /+1 /+1] 3 ] [4 3] 12
0
[Ipumep 3
§ 5 y=x y=dx
Hatitu tutomans Gurypsl, orpaHiIeHHON KPUBBIMU u )
Pewenue.

CHauana onpeieM TOUKH MepecedeHus IBYX KPUBBIX (PUCYHOK 3).
* =,
= x'- «,.'r =10,
= «J"; ( x4 - 1) =

= =0 x=1

Takum oOpa3om, nanHbIe KpuBbIe iepecekatorcs B Toukax (0,0) u (1,1). CnemoBaTensHo,

JI01a s (PUTyphl paBHA
1

A

1 2 1 :_ s
S (S Freva 1 1y

y=2x-x?

Puc.3 Puc.4
ITpumep 4

y=2x-x" x4 y=0
Haiitu muiomans Gurypsl, orpaHndeHHyro rpadukaMu QyHKITHI u .
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Pewenue.
Haiinem koopanHaThl TOUEK NEPECEUEHUST KPUBBIX (PUCYHOK 4).

2x-x =-x
= x*-3x=0,
= x[x—3j=0,

= x =0 x =3

_ _ .2
JlanHast 06acTs orpaHHuHBACTCS CBEpXY Mapadooi ¥~ 2% T | a cumsy - npsMoit

L, oy =—x o
JIMHUEH . CnenoBarenpHO, IUIONIA b STOM 00IacTH paBHA
3 3 3 _ayf 2 3
3xt0x ]
S=(l2x-x-[-x\1dx=[[2x-x* +x)dx = xz—x—+x— == - == -
Jlox- == [l ie=( -5 |

2 3

J 2 3

0

IIpumeHeHune onpeaeJJéHHOr0 HHTErpaJa:
1. HaxoxneHue nJiomaan KPUBOJIUHEHHON Tpaneuuu

¥ : y=ftx) ITnomaxs GHrypel, orpaHIIEeHHO
. THHIAMH: X=a; x=b; y=0 u y=f(x)
3
=0 S=£ﬁx|dx
| i xX=a x= x
y=Ax)

ITnomage GUrypsl, orpaHHYEHHOM MHHIAMI: ¥ =f{x) 1 y=g(x).
Haifri TouxH nepeceuern X 1 X, 3 yenosmi: ffx)=gfx)
S= _[l'f(x]l— glx)kx

2. HaxoskaeHne BeJWYHUHBI CKOPOCTH V 1O 3aJaHHOMY 3aKOHY yckopeHus a(t) 3a
2.
npoMexyToK Bpemenn [t1;t2], T.e Iy 2(E)dE
Ipumep: Touka aBuKeTcsl MO 3aKkoHy yckopenusi a(t)=t+1l. HaiiTu Ben4yuny ee

CKOPOCTH 32 MPOMEKYTOK BpeMenu [2;4] cekyHu.

~4 (4+1)2 (2+1)?
v(t) = t+1)dt=————"—=8M/c
Pemnennue: ® "2( ) 2 2 /

3. HaxoxaeHue mMyTH S MO 3aKOHY H3MeHeHHsi ckopoctu V(I) 3a mpoMekyTok

2 .
S = v(t)dt
Bpemenn [t1;t2], T.e. Ja v®
IIpumep: Haiitu  myTh,  KOTOpPBIM  I@poAeiajla  MaTepuaJbHas  TOYKa  3a
IIPOMEXYTOK BpeMeHu [2;4], ABUTasch CO CKOPOCTBIO, KOTOpas W3MEHSIAch IO 3aKOHY:
v(t)=2t+2.

4. . )
Pemenme: © — 12 (26 +2)dt =22 (eA annnsi)
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IIpakTuyeckas padora Ne35

Tema 5.12 OnpenenenHbli HHTErpall B )KU3HU

Hean: HayauThes UCIIOJIB30BATh MHTETPAN U HAXOKACHUS (PU3NYECKUX BETUYNH

Teopernyeckas 4acThb:

WuTerpan — 310 MareMaTHYeCKHi OOBEKT, KOTOPHIH BO3HHK MCTOPUYECKH Ha OCHOBE
MOTPEOHOCTH PEIICHHs Pa3IMYHBIX NPUKIANHBIX 3a71ad (U3MKH U TeXHUKH. Te ¢undeckue
BEJIMYMHBI, KOTOpPbIE OIPEIENSIOTCS C IMOMOLIBI0 HHTErpajla — Kak IPaBWIO, HAa3bIBAIOTCS
UHTErpajbHbIMU, a T€ BEJIUYUHBI, YEPE3 KOTOPHIE BBIPAKAIOTCS WHTErPAJIbHBIE BEJIMYUHBI —
mddepeHnnanbHbBIMHA.

WHTerpansl HalluIM CBOE€ IPUMEHEHNE B aCTPOHOMUHU (MHTErpajbl SHEPTUU U IUIOIIAJIEH;
JBUKCHHEC 3BE3/1); METUITMHE (KOMITbIOTepHAst ToMorpadust); Onooruu (yCTaHABIUBAIOT IPUPOCT
YUCJIEHHOCTH MOMyJslui; Ouomaccy MNOMYNISIIMM M CpPelHIO JIUHY NyTH (THojera) mpu
MIPOXOKJEHUH HEKOTOPOTo (PMKCUPOBAHHOTO Y4aCTKa).

Ha ceronHs HEBO3MOXKHO M3y4eHHE T€MOJUHAMUKU — JBHKEHUSI KPOBH IO cocylam 0e3
MPUMEHEHHs] UHTETpaioB. B TeueHue JUINTENbHOIO0 BPEMEHM KaTeTepu3allsl MpaBbIX OTJIEIOB
cep/ia sBJsIach €IMHCTBEHHBIM METOJIOM HMCCIIEI0OBaHUS, TIO3BOJISBILIUM OLICHUBATH COCTOSIHUS
MIpaBBIX OT/AEJIOB cep/lla U JeroyHoi aprepur. C MoMoIbl0 HHTETPAJIOB B METUIIUHE BHIYUCIISIOT
UHTErpabHYI0 CKOPOCTh UIS LEJIOTO cocyla (apTepuu WM BEHbI), 3Has JIMHEHHYIO CKOPOCTh
KPOBOTOKA; TaK K€ PACCUUTHIBACTCS YAApHBIA 00beM (00HEM KPOBH).

[IpencraBnennsie Bbllle (AaKThl IEMOHCTPUPYIOT IIMPOKOE MPUMEHEHHE UHTETpajlioB B
Pa3IMYHBIX HAYYHBIX 00JIACTSIX, YTO JI0Ka3bIBAET HEOTHEMIIEMYIO Ba)KHOCTh MHTErPAJIOB B Halllel
xu3HU. [IprMeHeHune onpeaeneHHOro HHTerpajia BO MHOIOM 00JieryaeT peuieHue MpUuKIaJaHbIX
3a/1a4 reOMeTpuH, PU3UKU U APYTHX HAYK.

Pernenne 3anaq:

1. 3agava o EbIYUCNEHWH NYTH
CormacHo QU3MYECKOMY CMEICTY NEPBOA NPOM3BOAHON, NPON3BOAHAR DYHKLMK B TOYKE eCTh

. d
MFHOBEHHAR CKODOCTL TOMKM, TE. v(f) = &'(f) = f OTcHoaa, ds = viE)dt . VIHTETpMPYA NoMy4YeHHoe
£

PABEHCTEO B Npefenax oT tq Ao t, nonydaem

H

Ia?s = ‘I‘v(r.)cx‘r.

1,

Torga nyTe, NPOAAEHHBIA TOYKOH NPY HEPABHOMEPHOM OEWKEHWK N0 NPAMON C NEPEMEHHON
CKOPOCTBIO L(€) 33 OTPE30K BPEMEHH [ £, £, |BbIPAXAETCA MHTErPaNoM

t
S=J Lit)dt. n
t
Mpumep 1. CKOPOCTh NPAMONMHEAHOTO NEMKEHNA TENA BLIPAKASTCA OPMYNON 13 = 2t+3t2(M/C).
HaiTi NyTe, NPOROEHHLIA TENOM 33 5 CEKYHL, OT Ha4Yana ABWAEHNA.

PelleHne.
5 5

S=1(2tH3t Hyde= (41| =150(m).

i 1]

Mpumep 2. [Ba TeNa HaYanu ABMIATbCR OOHOBPEMEHHO W3 OQHON TOYKW B OOHOM HANPaBNEHWM NO
NpAMON. MEPBOE TENO ABMKETCA CO CKOPOCTLID v =(6t2+21) M/C, BTOPOE — CO CKOPOCTLH Vo=(41+5) MiC.
Ha Kakom paccTOAHWA APYT OT ApPYTa OHW OKaKyTCA Yepes & .7
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2. 3agaya O BeIYHMCNEHWH PaGoTel NepeMeHHON CHNkI

MycTb mMaTepUansHas To4Ka nod AelCTEMEN CHMbI F ABMAETCA No NpAMOR. ECNK AsACTEYIOWARA cuna
NOCTOAHA, A NPOMASHHBIA NYTh PABEH S, TO KaK M3BECTHO U3 Kypca U3KKKM, padoTa A 3ToH F
BbIMMCNASTCA NO DOpMYyNE:

A= F7s

PafoTy NnepeMeHHOR cknbl T(X) NP NEpeMEeLLesn No ock OX MaTepuansHol TONKK OT ¥=a 0o x=b,
HaxogumM no popuyne (3)

3
A= If(x)dx (2)

PellieHHM 33134 HA BbIYMCNEHUE paGoThl CUNbI YNIPYTOCTH, CEA3AHHBIX C PACTAKEHWEM W CHATHEM
MpY#UH, OCHOBLIBAETCA Ha 3akoHe Myka Mo 3akoHy Myka cuna F, pacTAMMBAILIAR UMW CRUMAILLAR
MPYHUHY, MPONOPLUMOHATBHAR 3TOMY DACTIHEHWH UMK CRATHIO, TE. F=kx, Me X — BenW4uHa
DACTAKEHWA UMK CRATAA, K — KoadhWLMEHT NDONOPLUMOHANBHOCTH.

Mpumep 1. C1Na ynpyrocTd F Npy#MHLl, pACcTAHYTOH Ha 11=0,05m, paBHa 3H. Kakyw paboTy Hago
NPOW3BECTH, YToObl PACTRHYTE NPYHMUHY Ha 12 =01 m?

PelweHue. MoACTABKE JaHHEE B DOPMYNY 33K0Ha TyKa, nonyvumM: 3=k*0.05, Te. k=60, cneqosatensHo,
CHMa YNPYroCcTH BhIpE#AETCA COOTHOLWEHKWEM F=60x. Haiaem padoTy nepeMeHHOl CHNbl No dopMyne
(2), nonarag, 41o a=0; b=0,1:

0.l 1
A= J60xdx= 3ox2r =031

1]

3. 3agaya o cuJjie JaBJICHUS KUAKOCTH

CornacHo 3akony Ilackans BenuumHa P nmaBieHUs KUJIKOCTH Ha TOPU3OHTAIBHYIO
IJIOMIAIKY BhImcisgercs o popmyne P=gphS, (4)

I'me g — yckopeHue cBOOOIHOTO TIaZICHUS B m/c?;

P— TIOTHOCTB XKHAKOCTH B KI/M°,

h — riyOuHa norpyXeHus MJIOIIAAKH B M;

S — mIomIak MIOMAAKU B M2,

[To aTo¥t popmyne Henmb3sl UCKATh JABJICHUE KUJIKOCTH HAa BEPTUKAIBHO MOTPY:KEHHYIO
IUIACTUHKY, TaK KaK €€ pa3Hble TOUKH JIeKAT Ha pPa3HbIX IITyOHMHaX.

[IycTh B KUAKOCTH MOTPYKEHA BEPTUKAIBHO IJIACTHHA, OTPaHUYEHHAS JIUHUIMH X = a, X
=Db, yl = fl(x) u y2=f2(x); cucrema KkoopAnHAT BbIOpaHa TaK, KaK yKa3aHO Ha PUCYHKE.

o y

N\ v =fa(2)
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[Ong pelweHud 3aga4y pasodbem NNacTMHY HA N YacTel (ManbiX ropU30HT anbHBIX NONOCOK) NPAMBIMMK,
napannentHeMK NOBEPXHOCTH #HMOKOCTH (T.€. NapannentHbiMK oci OY). Ha ryOuHe X BbigenvmM ogHy
W3 HUX W 0603HA4YKMM Yepes T(X) ee ANUHY, a Yepes Ax €€ LUMPMHY. NPUHAB NONOCKY 38 NPAMOYTONLHWK,
HaxodumM ee nnowans S = f{x) Ax.

F=gafix) b x
Haigem gudppepeHuman dp 3ol MyHKUMK.
dp = gof (X)) xdx

Torga no 3akoHy MNackana MHTErpUPYA NonyYeHHoe paBeHcTBo B Npefenax oT X = a 40 X = b, Nony4um

A
P=QIPIf (x)ex (3)
Mpumep

AKBAPMYM WMEET hopMy NPAMOYTONBHOM Napannenenuneia. Hamgem cuny AaBneHWa Boabl
(MNOTHOCT BoAbl 1000 Kr/M?), HANOMHAIOLLEH AKBAPUYM, Ha OIHY W3 €0 BEPTUKANBHLIX CTEHOK,
pa3mepbl KoTopoid 0,4 M x 0.7 M.

PelleHwe. Brifepenm CUCTEMY KOOPAWHAT TaK, 4To0bl oM Oy M OX COOTEETCTEEHHO COOE[HANnU
BEpXHee OCHOBAHWE W DOKOBYI0 CTOPOHY BEPTHMKANLHON CTEHKW AKEaPMyMA. [NA HAXOHOEHWA CUILI
OABMNeHUA BOALI HA CTEHKY BOCNONL3yeMCA opmynoi (3). CTeHKa uMeeT hopMy NPAMOYTONbHWES,
noatomy fi{x=0 7= =x<[0,0.4] TaK KaK npeagenbl MHTErpUpoBaHKA a=0 1 b=0,4, TO Nony4Mm:

0.4 2.4
P=g Jlﬂﬂﬂ*ﬂ,?*xd}:= 700 %rﬂ =56g ~ S49H

IIpakTnyeckas padbora Ne36
Tema 5.12 OnpeneneHHbIN HHTETPAT B )KU3HU
Heab: HayunThcs MCHONIB30BaTh UHTETPAJ AJIsl HAX0XKIeHUSI 00BEMOB
Teopernyeckasi 4acThb:
[ToMrMO HaXOKIeHUSI ILUIOIIAAM IJIOCKOH (UIYpbl ¢ NOMOIILIO ONpPeEAeTeHHOI0
HHTerpaJja BaXHEHIINUM MPUIOKEHUEM TEMBI SIBIIICTCS] BbIYUC/IeHUe 00beMa Tesla BpalleHus.

O0bem Tena BpaiieHHst BbIYHCISETCS 10
OJIHOH H3 popmy:

b :
v=x[[f(x)]
i a , €CJIH BpallCHUE

KPUBOJIMHEHHOH Tpaneniy BOKpYr ocH OX.

8

o

2.V =7[lP) ¥ ecnyu BpameHue
KPUBOJMHEHHOH Tpaneuud BOKpYr ocu OY.
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Pemenue 3aganmii:
Mpumep 1. Haiitn 00bEéM Tena, 0Opa3oBaHHOTO BparieHueM BOKpyr ocu aodciuce (OX)

4
(burypsl, orpaHU4eHHON TUIIEPOOTION X , 0cbI0 abcIuce U npsaMeiMp X =1, T=4
Y A
}
'|
' 8
} %
i i
| |
|
|
|
E,'
|l
4
x)=—
Pemenne. O0npEM Tenma Bpamenus Haiiném mo Qopmyne (1), B KoTOpoit X, a

npenaensl wHTErpupoBanus a =1, b =4. TlpumenseMm TabJuuHblii WHTerpai. I[loCTOSHHBIMI
MHOXHTENb 42=16 BRIHOCUM 3a 3HaK WHTEerpaia. [lomydaem:

4 2 4 4
y= ﬁj[i] dx =167 % mn[—l] _
1 R 1 X X 1
=127 uyben.
Ipumep 2. Haiitn 06béM mapa pamuyca R.

Pemenne. PaccMoTpuM 1map kak Teno, moJiyyalieecs Mpy BpalleHuH BOKPYT ocu abcuuce
noJIykpyra paguyca R ¢ neHTpom B Havane koopauHat. Torna B ¢popmyse (1) moabiHTerpaibHas

1_p2_ 2
(yHKUMS 3anmmercs B BHAE 2 =& -x , a TpeAenamMu HUHTerpupoBanus ciayxaT -Ru R. B

BBIYHMCIICHUSX paauyc R cuntaercs KOHCTaHTOM (BMECTO HEro MOKHO TMOJCTaBUTH JH000E
3HauYEHUE JUIS [1apa ¢ Jr0bIM paauycoMm). [lpumensiem Tadauunblii uHTerpas . CienoBaTensHoO,

T 22 .. X .
v=.?T_L(R - )cfx:ﬂ{f?. x—?J

AR
3

IMpumep 3. Haiitu 06béM Tena, 0Opa3oBaHHOTO BpaileHneM BOKpyr ocu abcrmcc (OX)

-B

oI _
GUrYpBI, 3aKTIOUEHHOM Mex Ty mapabomamu » 3-x" py=x+l
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Pemenne. IlpeacraBuMm HCKOMBIM 00BEM KaK pa3HOCTh OOBEMOB Tel, MOJYyYEHHBIX
BpalleHHEeM BOKPYr ocu adciuce kpuBoiauHeHbIX Tparnenuii ABCDE n ABFDE. O0béMbl 3THX
Ten HaiinéM no Qopmyne (1). B Hell mpenenbl MHTErpUpOBAaHUS pPABHBI 7 =-1 m T L
abcuuccam Touek B u D nepeceuenust mapabon. ITH TOUKM U UX aOCIMCCHl BUJIHBI Ha rpaduke.
TouHo Takxke - Ha rpaduKe - MOKHO ONpPEAETUTh KOOPAUHATHI TOUEK NEepecedeHMs JIUHUN U3
BaluX 3a7a4. TOJIBKO Ui 3TOTO HYXKHO MOCTPOUTH rpaduk. Tenepb MoxeM HallTH 00BbEM Tena,
MpUMEHsIS BCE TOT ke TaOIMYHbIN uHTErpai 7:

1 2 1 2
V= ;?TI (3—;{2) c:t’x—;?TI (xj +'l:l dx =

-1 -1

_ ﬁ_jl[(g_ 2) (7 +1f Jae=

1
= 7[(8-8x")dx= Bﬂ{x—iJ -
-1 3 -1
= %J‘TKFE.EI{.

Ipumep 4. Berunicnute 00bEM TOpa (TOpPOM HA3bIBACTCS TEJO, MOJIydYarolieecs IpH
BpAIIICHUH Kpyra paauyca a BOKPYT OCH, JISKAIIEH B €ro IIOCKOCTH Ha pacCTOsSHKUU D oT 1ieHTpa
Kpyra (’EJ Za) @opMy Topa HMEeT, HapuMmep, GapaHKa).

¥

C

Pemenune. Ilycts kpyr Bpamaercss Bokpyr ocu OX (puc. 20). O0bEM Topa MOXHO
NpPEICTaBUTh KaK pPa3HOCTH OOBEMOB TeJ, MOJYYEHHBIX OT BpAIICHUS KPUBOJIMHEHHBIX
tpanenuiit ABCDE u ABLDE Bokpyr ocu OX.

VYpaBuenue okpyxknoctu LBCD umeet Bux

P Hy-b7 =4,
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npuuéM ypaBHeHue kpusoir BCD

y:yl(x}:b+~.,|l|ag —xj,

a ypaBHeHue kpuBoi BLD
y=x(x) =b—nla’—x"

Hcnonb3ys pa3HOCTh OOBEMOB Tei, MoJsiydyaeM Juisi o0bEMa TOpa V BBIpAXKEHHUE WU
BBIYUCIISIEM UHTETPAJL:
a

v= 27| yidx - 27| yidx = 27 (5 — y})dx =
i} i} 1]

- EFTT|:(EJ+ o —xf*)z—(b—m)z} dx =
T

IMpumep 5. Haiitn 00béM Tenra, 00pa30BaHHOTO BpailieHueM BOKpYyr ocu opaunat (Oy)

2 _ —
(UTYpBI, OTPAaHUYEHHOMN IMHUAMHA © Iy y= 3‘7‘-.
¥

Pemienune. IlpencraBuM HCKOMBIN 00BEM Kak pa3HOCTh OOBEMOB TeN, TOIYYECHHBIX
BpallleHHeM BOKpYr ocu opauHar TpeyrojipHuka OBA u kpuBonmHeiHOW Tpamnenun OnBA.

w=U0_w»=3
[IpenenamMu WHTETPUPOBAHUS CIYKAT u - opauHatel Touyek O u B mepeceueHus
11apaboJIbl U IPSIMOM, YTO BUIHO Ha rpaduke K 3ToMy nmpuMepy. TakuM 00pazom, mojrydaem 00bEM

TCIAa.
3}32 3}?22
= | = | dyv—m|| — | dv=
=rf(3) ][5 ) @

n n

3 3
T 4 AT 4
I iy [ty =
Q_ID-.}" L 81_!;.? 33
3 3
T 5 T 2
277 |, 4057 |75

IIpakTnuyeckas padora Ne37
Tema 5.13 KoutposnbHas pabGota mo pasgeny S5 «IIpousBonnas u mepBooOpasHas
byHKIAI»
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Ieas: [IpoBepuTh YpOBEHDb YCBOCHHS JaHHOTIO MaTepuaiia 1o pasneiny S5 «lIpousBoaHas u
nepBooOpa3Has GyHKIUU»

Ilpu pewenuu 3adanuit 1-4 3anuwiume npPAGUNbHBII OMmMEemM U3 Yembipex
NPeO10HCEHHDIX.

1. Yemy paBHa npousBoaHas GyHKIUH Y = COS2x?

a)y' = —sin’x; B)y' = —2sinxcosx;

0) y' = —2sin?x; r)y’ = 2cosx.
2. o xakoi#t u3 GopMyJT BEIYUCIISETCS IPON3BOIHAS TIPOU3BEICHHS?

o I u\" _ uv-uv’,

a)(u+v) =u +v; B)(;)— vz

0) (uv)’ = u'v+uv’; N (Fg®)) = £ (9@)-g'Go).
3. Pemure ypasuenue f'(x) = 0, ecmu f(x) = 3x% — 6x + 4.

a) 1; B) 4;

6) -1; r) -4,

4. Ha pucynke m3o0Opaxed rpaduk npousBogHoi (yukuum f(x), onpeneneHHON Ha

unrepsaine (—10; 8). Haiiaute konuuecTBo Touek Makcumyma Gyakiuu f(x) Ha oTpeske
[-9:6].

YA \
INZANAY ML ALy = e
-/ \ SN /f

| |
ANENANN
-10 ol 1 /718 [
7 VT T/ 1
Vil
VAR
a) 5; B) 2;
6) 4: r) 3.

Ilpu evinonnenuu 3adanuii 5-8 3anuuwiume Xx00 pewieHus U NOJIYYEHHbUL OmMeem
(6epnutit omeem — 2 oanna)

5. MaTepuanbHasi To4Ka JABMKETCS NPAMOIMHENRHO 110 3akoHy x(t) = —t* + 6t3 — 4t2 +
5t — 5 (rme X — paccrosiHHe OT TOUKHM OTCYETa B METpax, t — BpeMs B CEKyHJax,
M3MEPEHHOE ¢ Havasa ABWwkeHus). Haiinute ee ckopocTs (B M/C) B MOMEHT BpeMeHH t = 3
c.

6. Ha pucynke uso0Opaxén rpaguk Gynkuuu y = f(x) u xacarenbHas K HEMY B

TOUKe ¢ abcuuccon x,. Haliure 3Hauenne nponsBoaHoit pyukuuu f(x) B TOUKE X,
[ [ | LY [ |

[

}_
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7. SIsnsercs ma F(x) = x3 — 3x + 1 nepBoo6pasnoit mist pyakuuu f(x) = 3(x? — 1)?
8. 3amaiite nepsooOpasuyro F(x) nna ¢ymxumu f(x) = 3x2 — 2x, ecam W3BECTHEI
koopaunarel Touku M (1; 4) rpaduxka F(x).

Omanonvt omeemos

Howep 1 2 3 4 5 6 7 8
3aaHuA
OtBer B b A r 83 -3 na X—x2+4

IIpakTnueckas padora Ne38
Tema 6.2 BeposiTHOCTH B Mpo(hecCHOHATBHBIX 3a/1a4ax
Heab: Hayunthes pemarh NpakTHYECKUE 3aa4U HA BEPOSTHOCTh

Teopernyeckas 4acThb:

1. Teopusi BeposiTHOCTEH — pa3fen MaTEeMaTHUKH, W3Y4YaIOMIUA CIIydailHble COOBITHS,
CITyJaiiHbIe BEJTMYHHBI, UX CBOMCTBA M OTEpaIliy HAJl HUMH. PacCMOTpUM HEKOTOPBIE KITFOYEBBIE
TIOHSATHS, KOTOPHIE UCTIOJIB3YIOTCS B TEOPUH BEPOSTHOCTEH.

Onpenesienue.

HMcenbiTaHMEM HA3bIBAETCA OCYIIECTBICHHE ONPEICIICHHBIX JEHCTBUM.

[Ton coObITHEM TOHUMAIOT JIFOO0OU (HaKT, KOTOPBIA MOXKET MPOW3OUTH B PE3yJIbTATe
UCIBITAHUS.

JIxo00i1 pe3yabTaT UCTIBITAHUSI HA3BIBACTCS MCXOAO0M.

JlocToBepHBIM HA3bIBAIOT COOBITHE, KOTOPOE B pE3ybTaTe HUCIBITAHUS 00513aTeJIbHO
MPOU30MIET.

HeB03M0KHBIM Ha3bIBAIOT COOBITHE, KOTOPOE 3aBeIOMO He TMPOU30HIET B pe3ysIbTaTe
UCIBITAHUS.

CoOpITHs 006IYHO 0003HAYAIOTCS 3arjaBHBIMU OyKBaMH JaTHHCKOTO andasuta (A, B, C,
D,...).

PaccmarpuBas npuBeneHHBI NpuUMeEp, MBI MOXKeM CHOPMYIUPOBATh CIEIYIOLIUE
3aKJIFOUEHUSI.

1. Ilpouecc nocraBanus nmpeaMera U3 KOPOOKH SIBISIETCS UCIIBITAHUEM.

2. Pesynbrar qoctaBaHus mpeaMeTa U3 KOpP3UHbI SBISIETCS COOBITHEM.

3. CoObITHE «BBIHYTBIN MPEAMET OKAXKETCS KITyOKOM) SIBISIETCS JOCTOBEPHBIM COOBITHEM.

4. CoObITUS «BBIHYTBIN MpPEIMET HE OKAXKETCA KIyOKOM» WM «BBIHYTBHIA MpeaMeT
OKa)KeTCs KPAaCHBIM KITyOKOM» SIBJISIFOTCSI HEBO3MOKHBIMU COOBITHSIMH.

5. CoObITHE «BBIHYTBIH MPEAMET OKAXKETCS 3€JCHBIM KIYOKOM» SIBIISIETCS BEPOSITHBIM
COOBITHEM.

A = {BBIHYTHII MPEAMET 0KA3aJICI KITYOKOM }.

B = {BbIHYTHIIl IpeIMET HE OKa3aJCs KIyOKOM.

C = {BBIHYTBII NIpeIMET 0Ka3aJCs 3eJCHBIM KIIyOKOM }.

D = {BBIHYTHIIf IpeaAMET OKa3aJICs KPACHBIM KITYOKOM }.

2. Omnpenenum ele HECKOJIbKO BaKHBIX MOHATHI TEOPUN BEPOSATHOCTEH

Omnpenesnenune

IIpocTpaHcTBO 3J1eMEHTAPHBIX COOBITHI 2— MHOXXECTBO BCEX Pa3IUYHBIX MCXOJOB
MIPOU3BOJILHOTO UCIIBITAHUS.

Hanpumep, npu Opocke 0HOM UTPATBHON KOCTH MPOCTPAHCTBO IEMEHTAPHBIX COOBITUI
Q= {wW 1, W2, W3, W4, Ws, We}, TJIe Wi- BEITIQICHUE 1 OYKOB.

Ecnmu coObITHs HEe MOTYT MPOU30UTH OJHOBPEMEHHO B OJHOM HUCHBITAHUH, TO COOBITUS
HA3bIBAIOTCS HECOBMECTHBIMM.
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Hanpumep, mpu Opocannu MOHETBI HE MOT'YT OJTHOBPEMEHHO BBITIACTh «Op&m» u «Perikay.

IIpocrenmmm IIPUMEPOM HECOBMECTHBIX COOBITHIA SABJISACTCS
rnapa MpOTHBOMOJIOKHBIX COOBITHIA.

IIpoTuBOMOJIO)KHOE  COOBITHE IPOUCXOJAUT  TOTJA, KOT/JA  HMCXOAHOE  COOBITHE
A He IPOUCXONHUT.

Co0bITHE, IPOTUBOIIOJIOKHOE TAHHOMY, OOBIYHO 0003HAYASTCS TOM XK€ TATHHCKOM OYKBOH
¢ 4EPTOYKOM CBEPXY.

Hamnpuwmep:

o A — c1aj dK3aMeH 10 MaTEMAaTHKE;

e A — He cIall 5K3aMEH [0 MaTEMATHKE.

Onpenesienue.

IMosHoil rpynmoii coObITHI HAa3bIBAETCS TaKas CHUCTEMa COOBITUH, YTO B pe3yJIbTaTe
WCTIBITAaHUS HETIPEMEHHO TIPOU30UIET OJTHO M TOJIBKO OJHO W3 HHX.

IIpumep .

Momnety noaOpoCciin ABaXbl. YKAKUTE BCE DJIEMEHTApPHBIE COOBITUS TOJIHOW TPYIIIIBI
COOBITHH.

DNIeMEHTAPHBIMU COOBITUSMU SBIISTFOTCSI:

- Beimasio nBa «opia»

- Beimasio qBe «pemkm»

- Briman oquH «opem» 1 0JJHa «penKa.

3. UToOBI BBISCHUTH, HACKOJBKO BEPOSTHO TO WJIM WHOE CIIydaliHOEe COOBITHE, HYXHO
MOJICYMTATh, KAK YACTO OHO TIPOUCXOIUT.

Onpenesienue.

Uwucno ucneITaHuii, B KOTOPHIX COOBITHE HACTYIHIIO, HA30BEM a0COJTIOTHOM 4acTOTOH U
0003Ha4uM n. OO0I1Iee YMCIIO0 MPOU3BEACHHBIX UCTIBITaHUI 0003HaunM N.

OtHomieHue  aOCONMIOTHOM  4YacTOTBI K  4YMCAy  HUchbITaHuid n/N  Ha3bIBaeTcsi
OTHOCHTEJIbHOM YaCTOTOM COOBITHS.

OTHocuTeNnbHAs 4YacTOTa IOKa3bIBA€T, Kakas [J0JIsI MCHBITAHMA  3aBEpIINIIACH
HACTYIUICHMEM JTaHHOTO COOBITHs. DTa OTHOCUTENbHAs 4acTOTa U OINpeesisieT BEPOATHOCTH
cay4daiiHoro codobiTus. Ee erie Ha3bIBaIOT CTATUCTUYECKOM BEPOSITHOCTHIO COOBITHSL.

CratucTtryeckas BepOSITHOCTh COOBITHS PACCUUTHIBACTCS OMBITHBIM ITyTEM.

IMpumep.

Eme co Bpemen [pesHero Kutas 3a 2238 ner 0 Hamieil spbl HAa OCHOBAaHUU METPHUK
nemorpadbl 0OHAPYKHIIIH, YTO HA KAXKIYIO THICSYY HOBOPOKICHHBIX IPUXOIUTCS 514 ManbunKOB.

DTO 03Ha4aeT, uTo BeposTHOCTh pokaeHus Maiburka coctasisier 0,514,

1. Knaccuueckoe ompeneneHne BEpOATHOCTH MPUMEHSETCS Jis PABHOBO3MOMKHBIX
coObITHI.

K paBHOBO3MOXKHBIM (PaBHOBEPOSITHOCTHBIM) OTHOCSTCS Takue COOBITHSI, AT KOTOPBIX
HET HUKAKUX OOBEKTUBHBIX OCHOBAHUM CUHMTATh, YTO OJHO fBIAETCS Oojiee BOSMOXKHBIM, YeM
Ipyrue.

Hanpumep, npu 6pocanuu UrpaabHOro KyOWKa COOBITHS BBINAJCHHS JIOOOTO U3 OYKOB
PaBHO BO3MOJKHBI.

PaccmoTpuM pon3BOJIBHBIN 3KCEPUMEHT.

ITycTh N- 4YnciIO BCeX MCXOMOB HSKCIEPUMEHTa, KOTOPbIe 00pa3yloT MOJIHYIO TPYIIY
MOTIAPHO HECOBMECTHBIX U PABHOBO3MOXKHBIX COOBITUH, M — YKCIIO OIAaronpusiTHBIX COOBITHIO A

P(a) ==
ncx0/10B. Torja BepoOSITHOCTBIO COOBITHSI A HA3bIBAETCS YUCIIO n

CornacHo onpeneneHnu0 BEPOSITHOCTH HAMMEHbIIIEe 3HAaYECHUE BEPOSITHOCTH MPUHUMAET
HEBO3MOXKHOE COOBITHE, TaK KaK OHO HE MOXKET HACTYIHTH U [ Hero m=(, 3HaYHT U BEPOSTHOCTh
paBHa 0.

HauGonpinee 3HaueHHe MNPUHUMAET TOCTOBEpPHOE coObITHE. B cuimy TOro, 4to OHO
rapaHTUPOBAHHO MPOM3OUJET, A Hero m=n, P=m/n=n/n=1.
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2 .Cymmoii coObitrii A u B Ha3wsiBaeTcs coObiTHe A+B, KOTOpOE COCTOMT B TOM, YTO
HACTYIUT WJIM COObITHE A, WM coObITHE B, miau 06a cOOBITHS 0JHOBPEMEHHO.

IIpousBenenuem cobbiTuii A n B Ha3piBaeTcst coObiTe A*B, cocrosiiiee B COBMECTHOM
OCYIIECTBJICHUU cOObITUI A U B.

Hamnpumep:

1. Ilycte A - uner noxnp, B - uger cuer, Torga A + B — «ueT cHEr win J0K1b»

2. Ilpm 3-x BBICTpENax MO MHIICHH COOBITHS: Ag— «IOMaJaHUN HET», Al — «OTHO
nomnajganue», Az — «Ba MomnagaHus», Toraa A=AptAi+Az - «IpoU30LLI0 HE OOJbIIE IBYX
MoTaIaHu

3. Ilycts C - u3 ypHBI BRIHYIH O€mblii map, D - u3 ypHbI BeIHYIH Oenbiii map, Torga C-D -
W3 YpHBI BBIHYIIU JIBa O€JIBIX IIapa

4. Tlycts C - u3 ypHHI BEIHYIH Oenblii map, D - u3 ypHBI BEIHYH Genblit map, Torga C [
*- U3 YpHBI BBIHYJM JBa Iapa: Oenblil U He Oelblil

Teopema c/10:keHUsI BePOSATHOCTEH HECOBMECTHBIX COOBITHI: BEPOSITHOCTD MOSIBICHUS
OJIHOTO M3 /IByX HECOBMECTHBIX cOObITUI A 1 B paBHa cymme BEpOsSTHOCTEN ATUX COOBITUI:

P(A+B)=P(A)+P(B)

I[Ipumeps! 1 pa3oop pelieHHus 3aJaHUI TPEHUPOBOYHOT0 MOIYJIA

IIpumep 1.

N3BecTHa ucTopus 0 TOM, Kak o Hax 16l K ['. ["anuero ssBuiics congaT v OMPOCHI TOMOYb
€My B pellIeHNH HaCyIIHOTo Bompoca: Kakas cymma 9 min 10 oukoB npu OpocaHuM Tpex KOCTel
BBITAIAET yare?

MoskeT nmoka3arbCs, 4YTO MIAHCHI PaBHBI, TAK KaK Kaxjaas cymMmMa U3 9 u 10 04koB MOKET
OBITh IOJTy4eHA OJHUM HX IIECTH CIOCO00B:

9=14+2+6=1+4+3+5=1+4+4=2+2+5=2+3+4=3+3+3;

10=1+3+6=1+4+5=2+2+6=2+3+5=2+4+4=3+3+4.

OnHako ¢ y4eToM MEpEeCTaHOBOK JIA CyMMBbI 9 OYKOB mojydaercss 25 pa3jiuyHbIMU
crioco6amu (110 6 crmoco60B ISl IEPBOTO, BTOPOTO, MSATOTO BAPUAHTOB CYMMBI, TI0 3 crioco0a st
TPETHETO M YETBEPTOTO BAPUAHTOB, | cIOCO0 15 TTOCeaHero BapuaHTa6 +6+3+3+6+ 1), a
utst CyMMBI 10 09KOB — 27 pa3nuaHbIMU criocobamu (6 + 6 + 3 + 6 + 3 + 3). Kak BugHO, IaHCHI
ATUX CIyYalHBIX COOBITHI TOBOJIBHO OJIM3KHA MEKIY COOOM M OTHOCATCS IPYT K APYry Kak 25:27,
YTO U BBI3BAJIO 3aTPYAHEHHMS COJIATA.

Takum oOpa3om, daiie Beinaaaer cymma 10.

IIpumep 2. B cpeanue Beka cpeau ¢GpeoJanbHON 3HATH OBLIM MIMPOKO PacIpOCTPaHEHBI
azapTHbIE UTpbl. bonbminM mobuTenem Takux urpa Opu1 GpaHnily3 meBaise 1e Mepe. CTpacTHOTO
UTPOKa B KOCTH, MPUABOPHOTO (HPaHILy3CKOTO KOPOJIs LIeBaibe Ae Mepe MOKHO OTHECTHU K YUCITY
«OCHOBATeJIel» TEOPUU BEPOSITHOCTEN. 3aciiyra ero COCTOMT B TOM, YTO OH HAaCTOMYMBO 3aCTaBIISLI
MAaT€MAaTHKOB PEIIaTh pa3JIMYHbIE 3aaud, Ha KOTOPbIE HATAJIKMBAJICS CaM BO BpeMsi CBOEH
npakTUKU urpel. OH XoTen pa3zboraTeTb NMPU MOMOIIM UTPhl B KOCTU. /[l 3TOrO IieBalibe
NPUAYMBIBAJl PA3JIMYHbIC YCIOKHEHHbIE NIpaBwia Urpbl. CTPacTHOMY HIPOKY, HO IUIOXOMY
MaTeMaTuky, e Mepe nocyacTiiuBUIOCh UMETh TaKoro Apyra, kak [lackans. B 1654 r. meBanse
ne Mepe oOparuincs k bnesy Ilackanio 3a moMomipio B paspeuieHUH MmpoOiaeM, CBS3aHHBIX C
BEPOSITHOCTHIO ONATOMPUATHBIX PE3YIbTATOB MPU OPOCAHUU UTPATBHBIX KOCTEH.

Onna u3 3a1a4 OblIa MOCTaBJE€HA CleAyroIUM oOpa3zoMm: MrpanbHas KocTb Opocaercs
yeThlpe pa3a. llleBanbe Ouscs o0 3akiiaj, 4To IpU 3TOM XOTs Obl OZMH pa3 BBINAAET IECTh OYKOB.
KakoBa BeposAITHOCTb BBIMTpHILIA IS 1IeBalibe? OTBET OKPYTIUTE A0 JECSTHIX.

Pewmenne:

Tak kak mpu KaxaoM OpOoCaHUM UTPATLHOM KOCTU UMeeTcs 6 Pa3IuyHbIX BO3MOKHOCTEH,
TO MPH YETHIpEeX OPOCAHMUIX KOCTU YHCIIO PA3IMYHBIX BO3MOXKHBIX clydaeB Oyaer 6 -6 -6 -6 =
1296.

Cpenu stux 1296 cmydaeB Oynmet 5 - 5 - 5 - 5 = 625 Takux, T1ie 1ecTepka HE BBINAJCT HUA

pasy.
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B 1296 — 625 = 671 cnaydae xoTs Obl OAWH pa3 U3 YETHIPEX BBIMAIACT IIECTEPKA.
CrnenoBarenbHO, BEPOSTHOCTh BBIMAJCHUS XOTS OBl OJHOM MIECTEPKU MPH YETBIPEX OpOCaHUIX
KocTu paBHa 671/1296, uro uyTth 60mb1IE 0,5.

Pemenue 3aganmii:

1. U3 1000 coOpaHHBIX HA 3aBOjie TEJIEBH30POB S ITYK OpaKOBAHHBIX. JKCIEPT
npoBepsieT OUH HAYraj] BbIOpaHHbI TejeBu3op u3 3toii 1000. Haiinure BepossiTHOCTH
TOI'0, UTO MPOBEPsiEeMbIii TeJIEBU30P OKAKETCHA OPAKOBAHHBIM.

Pewenue. Ilpu svibope menesuzopa nayeao 6o3moxcuvt 1000 ucxooos, coovimuio A
«BbLOPAHHBLI MeNesU30p — OPAKOBAHHILY Oa2onpusmusl 5 ucxo008. I1o onpedenenuio
seposmuocmu P(4) = 5+1000 = 0,005. Omeem. 0,005.

2. B ypHe 9 KpacHBIX, 6 :KE€JTBIX U 5 3eJIéHbIX apoB. U3 ypHBI HAyraja 10CTaoT
oauH map. KakoBa BeposiTHOCTH TOI0, UTO 3TOT IIAP OKAMKETCH HKEIATHIM?

Pewenue. Obwee uucno ucxoooe pasno uucny wapog: 9 + 6 + 5 = 20. Yucno ucxooos,
Onazonpusmcemeayrouux 0aHHomy cobvimuto, pasro 6. Uckomas eeposimnocmo pasna 620 =
0,3. Omeem: 0,3.

3. llers, Buka, Kars, Uropb, AuToH, [loiuHa Gpocuiin :xkpednii — KOMY HAYUHATH
urpy. Haligure BepoSITHOCTH TOI0, YTO HAYUHATH UI'PY AOJAKEH OyaeT MAJIbYUK.

Pewenue. Beposimnocme cobvimus pasHa OMHOWEHUIO KOAuYecmeda O1a20NpUusimHiblx
clyyaes K Koiuuecmsy ecex cuyyaes. brazonpusmusimu cayuaamu A61810mces 3 cuyuas, Ko2oa uzpy
Hauunaem Ilems, Heopv unu Amwmon, a konuuecmeo ecex cnyuaes 6. [losmomy uckomoe
omHnouwenue pasro 3:6=0,5. Omsem: 0,5.

4. B yemnuonare mupa y4actBylwtr 16 komana. C noMombio KpeOUsl MX HYKHO
pa3euTh HAa 4YeThbipe IPyNNbl MO 4YeThbIpe KOMaHIbl B Ka:xX10il. B siuuke BmepeMemky
JieaT KapTouku ¢ Homepamu rpynm: 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4. Kanutanbl
KOMAaH/J TSAHYT IO OJHOM KapTouke. KakoBa BeposiITHOCTHL TOro, 4ro komanaa Poccum
OKa’KeTCsl BO BTOPOii rpynmne?

Pewenue: Oboznauum uepes A coovimue «komarnoa Poccuu 6o emopoiu epynney. Toeoa
KOAUYecmao 01a20npusmuslx coovimuti m = 4 (vemwvipe Kapmouxu ¢ Homepom 2), a obuee yucio
PABHOBO3MONCHBIX cobbimuti n = 16 (16 kapmouek) no onpeoeneHuro 8eposIMHOCU P=4:
16 = 0,25. Omeem:0,25

5. Ha kaxapie 1000 3jieKTpHUYeCKHX JJaMIIOYeK MPUX0AUTC S OpakoBanHbIX. KakoBa
BEPOSITHOCTH KYNIUTh HCIPABHYIO JIAMIIOYKY?

Pewenue. Ha xaoicovie 1000 namnouex npuxooumcs 5 opaxoearHvlx, ececo ux 1005.
Bepoamnocms kynumv ucnpasuyro namnouxy 6Oyoem pasHa 00/e UCHPABHLIX JIAMNOYEK Ha
xaocowvte 1005 namnouex, mo ecmo 1000:1005=0,995.Omeem: (,995.

7. B rpynne Ttypucrtos 8 4esnoBek. C moMo1IbI0 skpedusi OHU BHIOMPAIOT 1LIeCTePbIX
YyeJiOBeK, KOTOpbIe J0JIKHbI HATH B CeJI0 B Mara3uH 3a npoaykramu. Kakosa BeposiTHOCTD
TOr0, 4TO TypucT /I., BXOAALIMIi B cOCTaB rpyninbl, noiiiér B marasun? 6 : 8=0,75.

8. B uyemnuonare mo ¢yréoay ydactByror 16 KOMaHI, KOTOpbIe KepedbeBKOW
pacnpenensiioress Ha 4 rpymnbi: A, B, C nu D. KakoBa BeposiITHOCTH TOro, 4T0 KOMaH/Ja
Poccun He monanaer B rpynmy A?

Pewenue. Kasxcoas komanoa nonadem 6 epynny c¢ gepossmuocmoio 0,25. Takum obpazom,
8EPOAMHOCMb MO20, YMOo Komanoa He nonaoaem 6 2pynny pagua 1-0,25=0,75. Omeem:0,75

9. Ha TypHup no maxmaTam npuobL10 26 yuacTHUKOB B ToM uncie Koas u Toas.
st npoBeeHus skepedbeBKHU NMEPBOro Typa Y4aCTHMKOB C/Iy4aHbIM 00pa3oM pa30onim
Ha aBe rpynnsl no 13 yenosek. Haiitu BepositHocTh TOr0, 4To Kosis u Toast monaxyr B
pa3Hble rpynmbl.

Pewenue. Bceco 26 mecm. I[Iycms Kons 3atimem ciyuaiinoe mecmo 8 1t00otul epynne.
Ocmanemcs 25 mecm, uz Hux 6 opyeoti epynne 13. Hcxooom cuumaem v160p mecma ons Tonu.
Bnazonpusmusix ucxooos 13. P=13/25 = 0,52. Omseem:0,52
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10. B kiacce 16 yyamuxcsi, cpeau Hux asa gpyra —Bagum u Cepreii. Yyammuxcs
cay4aiiHbIM 00pa3oM pa3ouBaloT Ha 4 paBHble rpynnbl. Haiiinre BepoATHOCTH TOr0, YTO
Baaum n Cepreii oka:kyTcsi B OJHOM rpynie.

Pewenue. Ecnu Cepzeto nepgomy docmanoce nekomopoe mecmo, mo Onezy ocmaémcsa 15

mecm. M3 nux 3 — 6 moti gice epynne, 20e Cepeeul. Hckomas éeposmuocmo pasna 3/15. Omeem: 0,2

IIpakTnuyeckas padora Ne39
Tema 6.2 BeposTHocTh B TPo(heCCHOHAIBHBIX 3a/1a4ax
Henab: HayunThbes pemaTh 3aa4u Ha UCHOJIb30BaHUE BEPOATHOCTHU B ITPO(ecCHOHATBHOM
NeSITeIbHOCTH

Teopernyeckas 4acThb:

OCHOBBI TEOpUHU BEPOATHOCTEM HYKHO 3HATh KaKJIOMY 4YeJOBEKY s (OpMHUpPOBAHUS
IMPpaBHUJIIBHOI'O MHPOBO33pPCHUA, i1 OCO3HAHUA TOITO, YTO MblI JKHUBCM B CﬂyqaﬁHOM,
BEPOATHOCTHOM MUPC.

[Icuxomorusi 4yenoBeka TaKOBa, YTO €MY HEYIOTHO cpenu ciaydaiiHocTed. OH KaxaeT
OTIPEIEIEHHOCTH U CIPaBEAJIUBOCTH, HUUIET NPUYMH U 00bsicHeHHH. YacTto Takum oOpa3om
BO3ZHUKAIOT CyeBEpHs: HaIpUMeEp, Cpeau appUKaHCKHUX IJIEMEH pacIpOCTPAHEHO MOBEPHE O TOM,
YTO OBIBAIOT IMPOCTO JIBBBEI M JIbBBI, B KOTOPBLIX NECPECCIUINCH AYIIH YMCPIIUX. HOCJ'IG)IHI/IC Ha
JOJie He HamajarT. JTOo OOBSCHEHHWE HE HEeCceT MOJIe3HOM HH(OpMaluu, MOCKOJBbKY HET
MIPU3HAKOB, 110 KOTOPHIM 3apaHee MOKHO ObLIIO OblI OTIPEIENINTh, U3 KaKOM KaTeropuu JieB, HO OHO
YCIIOKanuBACT MCUXOJIOTHICCKH. TouHO Tak e MOSBIAIOTCS U3BECTHBIE BCEM CyE€BCpuUA Ipu CAadue
sK3aMeHoB. HekoTopele cyeBepusi, KCTaTH, OCHOBAHbI Ha YaCTOTHBIX COBMAJICHUSX (HaIpUMep,
MEJIKMX HEMPHUATHOCTEH M BCTPEU C YEPHOM KOIIKOI). DTO OTHOCHUTCS M K MPUMETaM, KOTOPbhIS
MOpOil MOJMEUYAIOT BEPOSITHOCTHBIE 3aKOHOMEpHOCTH. Tak, moroBopkam «bega Hukorma He
MPUXOAUT oAHa» WK «KHU3Hb, OHA MMOJIOCATasH» COOTBETCTBYET B TEOPHH BEPOSITHOCTEH 3aKOH
CEpHH.

CrnenyeTr MOMHHUTB U TO, YTO MbI )KUBEM B MHpE, TJI€ MPOUCXOIST clydaiiHble COOBITHUS, U
TO, YTO 3aKOHOMEPHOCTHU MIPOOHUBAIOTCS Yepe3 Maccy ciaydaitHocTell. Uem ciiokHee cucteMa, TeM
TpyaHee 0OHAPYKUTh 3aKOHOMEPHOCTH. IMEHHO B 3TUX CIy4yasiX U UCIOJIb3YIOT BEPOSITHOCTHBIE
METO/IbI.

Takum 06pa3zom, TeOpHs BEPOSITHOCTH aKTyalbHa B HAIIU JHU KaK B MAaTEMAaTHKE U TOUHBIX
HayKaX, TaK ¥ B Halllel IOBCEeIHEBHO KU3HH.

Teopust BeposiITHOCTEHM H3y4yaeT OOBEKTUBHBIE 3aKOHOMEPHOCTH MAaCCOBBIX CIy4YailHBIX
coObiTuii. OHa sBIsIeTCS TEOpeTHUecKoil 0a30il Ans MaTeMaTH4ecKOW CTaTUCTHKH,
3aHMMaroIIeNcs pa3paboTKoi METOI0B cOOpa, ONKUCaHUs U 00pabOTKH Pe3yIbTaTOB HAOIIOACHUH.
[Iyrem HabmroneHUi (MCTBITAHUM, DKCIEPUMEHTOB), T.€. OMbITA B IIMPOKOM CMBICIE CIIOBA,
MIPOMCXOIUT MMO3HAHUE SBJICHHUM JEHCTBUTENLHOTO MUPA.

Pernenue 3axanmid:

1. B roctuauue tpu aamunHucrpatopa. Kakablii M3 HHX 3aHAT ¢ KJIMEHTOM C
BepositHOCTBIO 0,3. Halinure BepoOsITHOCTH TOr0, 4TO B CIy4ailHbIi MOMEHT BPEMEHH BCe
TPH aAMHUHHCTPATOPA 3aHATHI OJHOBPEMEHHO.
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Pewenue. Beposmnocms npousseoeHuss He3a8UCUMbBIX COOLIMULL PABHA NPOU3BEOEHUIO
gepoamuocmeli smux coovimuil. [10amomy 6eposmHocms mozo, 4mo 6ce mpu AOMUHUCMPAmMopa
sanamsl pasua (0,3)° = 0,027.  Omeem: 0,027.

2. B rocrunnne «MHTYpPHUCT» CTOAT JBa IUIATEKHBIX aBTOMATa. Kaablid w3 HuHX
MO:KeT ObITh HeMcIPaBeH ¢ BeposATHOCTHIO 0,05 He3aBucuMo ot Apyroro aromara. Haiigure
BE€POSITHOCTH TOI'0, YTO XOTs ObI OJJUH ABTOMAT MCIIPABEH.

Pewenue. Hatidem éeposmnocms moz2o, 4mo HeucnpasHvl oba asmomama. Imu coobimus
He3a8ucUMble, 8EPOAMHOCMb UX NPOU3BEOEHUSl DABHA NPOU3BEOEHUI0 BEPOAMHOCMEl IMUX
coovimuii: 0,05 - 0,05 = 0,0025. Cobvimue, cocmosiyee 6 mom, umo ucnpaser xoms 6vi 00UH
asmomam, NPOMUBONONIONCHOE. CneoosamenvHo, e2o 8epOSIMHOCMb pasna
1 - 0,0025 = 0,9975. Omeem: 0,9975.

3. B ueHTpe Typu3Ma IBa OIMHAKOBBLIX aBTOMATA MPoAAKT Kode. BepossTHOCTH TOTO,
YTO K KOHILYy JHHl B aBTOMAaTe 3aKoH4YUTCS Kode, paBHa (,3. BepossiTHOCTHL TOrO, 4TO0 KO(e
3aKOHYMTCA B 000uX aBTOMaTax, paBua 0,12. Haiigure BeposiITHOCTb TOr0, YTO K KOHILY JHS
Ko(e ocTaHercss B 000MX aBTOMATAX.

Pewenue. Paccmompum coovimueA = xoghe 3akonuumcs 6 nepgom agmomame, B = koghe
3AKOHYUMCSL 80 8MOPOM ABMOMAMe.

Beposmuocms mozo, umo xoghe ocmanemcs 6 nepgom aeémomame paseua I — 0,3 =0,7.
Beposmnocms moeo, umo xoge ocmanemcsi 60 emopom aemomame paena 1 — 0,3=0,7.
Bepoamnocms mozo, umo koghe ocmanemcs 6 nepsom unu 6mMOpOM asmomame pasHa
1-0,12=088. Iockorvky P(A + B)=P(A)+ P(B) — P(A'B), umeem: 0,88=0,7+0,7 —x,
omxyoa uckomas eepossmuocms x = 0,52. Omeem: 0,9975.

4. ]IBe (paOpuKkM BBIMYCKAIOT OJMHAKOBYIO MOCYAY AJsi rocTUHUL YepHOMOpCKOro
noOepexbs. Ileppas ¢padpuxa Beimyckaer 45% 3Toii mocyabl, BTopas — 55%. IlepBas
(padpuka Beimyckaer 3% OpakoBaHHOM mocyabl, a BTopass — 1%. Haiigure BepossTHOCTH
TOr0, YTO CJOYYAHHO KYIJIEHHAs] B MarasuHe nocy/aa OKakeTcsi OpaKoBaHHOM.

Pewenue. Bepoamnocmv moeo, umo nocyda KynieHa Ha nepeoill pabpuke u OHA
opaxosannasn. 0,45 - 0,03 = 0,0135. Beposmnocmes moco, umo nocyoa KynjieHa Ha 6mopou
@ abpuxe u ona opaxosannas: 0,55 - 0,01 = 0,0055. IHosmomy no ¢popmyne noanou eeposmuocmu

BEPOSIMHOCMb MO20, YMO CIYHAUHO KYNIEHHAS 8 Md2dsuHe Nocyod OKaxdcemcss 6paKo8aHHol,
pasna 0,0135 + 0,0055 = 0,019. Omeem: 0,019.

IIpakTnyeckas padora Ned(
Tema 6.4 3agaun MaTEMaTHYECKOU CTATUCTUKU
Henab: HayunThes pemiats 3aa4u MaTeMaTHUECKOM CTaTUCTUKH

Teopernyeckasi 4acTh:

MaremMaTH4ecKOM CTATHCTHMKOW Ha3bIBa€TCAd HAayKa, 3aHUMAIOUIAscsi METOAaMH
00pabOTKM HKCHEPUMEHTAJIbHBIX JaHHBIX, IIOJYYEHHBIX B pe3yjibTaTe HaONIOJEHUN Haj
ciydailHbIMHU siBieHusiMU. [lepBast 3a1aya MaTeMaTH4eCKOW CTaTUCTUKH: YKa3aTh CIOCOObl cOopa
U TPYNIIMPOBKU CTATUCTUYECKUX JAHHBIX, ITOJIYYEHHBIX B PE3yJlbTaTe JKCIEPUMEHTOB. Bropas
3a/laya MaTeMaTHYeCKOW CTaTUCTUKH: pa3paboTaTh METObI aHANTN3a CTATUCTUYECKUX JAHHBIX.

Ko BTOpOI1 3a1a4€ OTHOCATCSA:

1. OteHka HEU3BECTHBIX MApaMETPOB (BEPOSTHOCTU COOBITHS, (PYHKIIMU paclpeleIeHUs
1 e€ mapaMeTpoB U T.JI.) C TOCTPOCHUEM JIOBEPUTEIHHBIX HHTEPBAJIOB (METOIbI OIICHUBAHHS).

2. [IpoBepka CTaTHUCTUYECKMX THUIIOTE3 O BHJAE HEU3BECTHOTO pAaCIpeNeieHus] U
rapaMeTpoB paclpeaesieHus (METOIbl MPOBEPKU THUIIOTES).

[Ipu 3TOM pemaroTcs caeayromue B NOPSAKE CII0KHOCTU U BAXKHOCTH 3aJ1auu:

e OmucaHue SBICHHUH, TO €CThb, YHNOPSJIOYEHUE TMOCTYNUBIIETO CTATUCTUYECKOTO
MaTtepuana, mpeacTaBlieHue ero B Harboee ynoOHOM aiist 0003peHHsl U aHanu3a BUje (TabIuIIbL,

rpaduKm).
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e AHanM3 W MPOTHO3, TO €CTh MPHUONMKEHHAS OLIEHKA XapaKTepPUCTUK HAa OCHOBAHHHU
CTaTUCTHYECKUX JaHHBIX. Hampumep, npuOnmxEéHHAs OLIEHKA MATeMaTHYECKOTO OKUIAHUSA U
JHCTIepCcUu HAOMI0JaeMOH CITy4aiiHO# BETMUMHBI M OTIPEETICHUE OTPEIIHOCTEH 3TUX OIICHOK.

e BripaboTka onTuManbHBIX pemieHuid. Hampumep, ompeneneHue 4Yucia OIMBITOB N,
JOCTaTOYHOTO ISl TOTO, YTOOBI OIIMOKA OT 3aMEHBI TEOPETHYECKIX YUCIOBBIX XapAKTEPUCTUK MX
JKCIIEPUMEHTAJIbHBIMHA OLICHKAMHM HE IIPEBBIIANA 33JaHHOTO 3Ha4YeHUs. B CBsA3M ¢ 3TuUM
BO3HMKAET 3ajjaua IPOBEPKU MPaBJOI0A00Ms FMIIOTE3 O TapaMeTpax pacipeesIeHus U 0 3aKOHaxX
pacrpeneneHusi Cly4alHOW BEJIWYWHBI, PEIICHUEM KOTOPOM SBISAETCS BO3MOKHOCTBH CHENIATh
OJIVH U3 BBIBOJIOB:

— OTOPOCUTH TUNOTE3Y, KaK MPOTHBOPEYAIIYIO OTIBITHBIM JaHHBIM;

— IPUHATH TUNOTE3Y, CYUTATH €€ IPUEMIIEMOM.

Maremaruueckass CTaTUCTHKA ITOMOTAaeT 3KCIEPUMEHTATOpy JIydllle pa3o0paTbcs B
OTBITHBIX JAaHHBIX, MOJYYEHHBIX B pe3yJabTaTe HAOMIOJCHHM HaJ CiydallHbIMH SIBICHUSIMU;

OILICHUTb, 3HAUMMBbI WM HE 3HaYMMBbI HaOJt01aeMble ()aKThl; IPUHSTH WK OTOPOCUTD T€ WIIK UHbIE
TUIIOTE3bI O IPUPOJE CIyJalHBIX SIBJICHUN.

Pemrenue 3agau:
3anaua 1.

Ha »skx3amMeHne 1o uctopuu CTYIAEHTHI TOJTYyYMIA OLEHKU:
344434

343544

552323

344533

545444

[TocTpouTh AMCKPETHBIA BapUAIIMOHHBIN PsII pacmpeneieHus CTYACHTOB IO Oamiam u
M300pa3uTh €ro rpaduIecKu.

Xoj pelieHus 3a1a49u:

OmnpenensieM 3J1€MEHTHI psiJia paclpeieleHNs: BaApUaHThl, YaCTOThI, YaCTOTBHI.

Ornenka, 6amtbKo-BO CTYZICHTOB C TaKO#M OLIEHKOM, YeIOBEK|B MpoIieHTax K UTOTY]
2 2 6,7

3 9 30

4 13 43,3

5 6 20

Toro 30 100

Tenepp rpaduuecku H300pa3uM ITUCKPETHBIM psii paclpeneieHus: B BUJEC IMOMIIOHA
pacnpeeneHusl.

A
Kom-eo cTymeHToE B 47

TIROLEHT &% K HTOTY

] TIQMIITOH xa CcIphe Jer eHi

40 - N\

T »

th o ———— —

X OLEeHE:d, §aTIBI

Mo>xHO cJ€i1aTbh BBIBOJ O TOM, UTO HpeO6HaHaIOH_Iee OOJIBIIIUHCTBO CTYACHTOB IOJIY4YUJIO
«4» (43,3 %).

3amaua 2.
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Bo BpeMs BbIOOpOUYHON MPOBEPKH OBLJIO YCTAHOBJIEHO, YTO MPOJODKUTEIBHOCTh OJJHOM
MOKYIIKM B KOHIUTEPCKOM OT/IeNie Mara3uHa Oblia TaKou: (CEKYH/IbI).

7770828181

8275807180

8189756778

7376787376

82 69 61 66 84

7274828276

[IocTpouTh MHTEpBAJBHBIA BAapUALMOHHBIM P  PACHPENEICHUS IOKYIOK 11O
IIPOJIOJKUTENBHOCTH, CO3/1aB 4 IpyMNIbl C OJUHAKOBBIMU MHTEepBazaMu. O003HAUUTh 3JIEMEHTHI
psina. 300pa3uTh ero rpadmuecku, CenaTh BEIBOI.

Xon pelieHus 321244 M0 CTATUCTHKE:

OmnpenensieM dIE€MEHTBI  psiia  paclpe/ieeHus:
HAaKOIUICHHBIE YaCTOTHI.

Ho npexne paccuntaem rpanuiibl 4 3aJaHHBIX TPYII C OAMHAKOBBIMU UHTEPBATIAMMU:

BapHaHThl, YAaCTOTHI, YaCTOCTH,

Xoer — Kein
s Tmex N
1=

Benmuunny naTEpBaNa onpeaenum mo Gopmyie n
g9-61 _

B namewm ciryuae 4

['paHuLIBI TPYIIT COOTBETCTBEHHO PABHBI:
| 61+7=68 (61-68)

Il 68+7=75 (68-75)

11 75+7=82 (75-82)

IV 82+7=89 (82-89)

[ pyrmmbl MOKYMOK 1O Uucno B npouentax k. [HakomnneHnnsbie
[TPOJIOJKUTEIILHOCTH, CEK. MOKYIIOK UTOTY 4aCTOTBI
61-68 3 10 3

68-75 0 30 12

75-82 16 53,3 28

82-89 2 6,7 30

HTtoro 30 100

Tenepp rpaduyecku 0TOOpa3yM Hall HHTEPBAIbHBIA BapUAllMOHHBIA psJ B BHJIE

TUCTOIrpaMMbl U KyMYIJISTBI.

¥

A

TECTT HAEOIOIeHHEBIR
_______ YACTOTEL
50
404 - N Y MYILATA
30
30 e e B {
- 0 |
U
04— | | |
. 1 1 >
] 0 61 63 7582 29 X
X
0 61 68 7582 89 ecemmocm TPOTOTLE

TIORVIIEH, CEE.

o Tabnuie u rpadguka MOXKHO CliesIaTh BBIBOJI O TOM, YTO Ipeobiagaroniee O0IbIINHCTBO
nokynok (16 unu 53.3%) HaxoAUTCsl BO BpEMEHHOM MHTEpBaje 75-82, cek.
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IIpakTnueckas padora Ne4l
Tema 6.5 KontponbHas pabora mo pasneny 6 «IIEMEHTHI TEOPUH BEPOSTHOCTEH H
MaTEMaTHUYE€CKON CTATUCTUKHU»
Heas: [IpoBepuTh ypoBeHb YCBOEHUS JAaHHOrO Marepuana mno paszaeny 10 «3meMeHTbI
KOMOWHATOPHUKH, CTATUCTUKU U TEOPUU BEPOSITHOCTEID
Ilpu pewenuu 3a0anuini 1-4 3anuwiume npaguIbLHLIL OmMeem U3 UYemvlpex

npPeoIoIHCeHHbIX.

1. (1 6amn) KomOmHaTtopwka - 3TO pa3jien MaTeMaTHKH, OTBCYAIOIIMA Ha BOTIPOCHI
CKOJIBKUMU CII0CO0AMU MOYKHO BBIOPATh 3JIEMEHTHI ...

A) 3aJaHHOTO KOHEYHOIO0 MHOXecTBa, b) OeckoHeuHoro MHOXkecTBa; B) mroboro
MHOeCTBa; [') MppannoHaIbHBIX YHCEIL.

2. (1 6ann) CoenvHeHuUs U3 N 3JIEMEHTOB, OTJIMYAIOIINECS APYT OT APYra TOJIBKO MOPSAKOM
PAcCIIONIOKEHUS B HUX DIIEMEHTOB, Ha3bIBAIOTCS:

A) nepecranoBkamu; b) coueranusamu; B) pazmemenusamu; [') komOuHanusiMu.

3. (1 6amm) Yncno Bcex BO3MOKHBIX pa3MEIICHUH BBIYHCISIETCS TIO (opMyIie:

A A =nn—m);B) A" =n(n—1)..(n—m+ 1);B) A" = DA™ =n(n+

n!

(n-m)?
m)

4. (1 6amn) I'pynmupoBKa — 3T0. ..

A) ymopsioueHHe eAMHMII COBOKYMHOCTH TO TMpH3HaKy; b) pa3OuenHue eauHuIl
COBOKYITHOCTH Ha TPYIIBI 1O Npu3Haky; B) o0oOuienne enunuunbix (aktoB; I') 00oOmeHne
€IMHUYHBIX MPU3HAKOB.

Ilpu evinoanenuu 3a0anuit 5-8 3anuniume x00 peuwieHus u nOJay4eHHblil Omeem.

5. (2 6amna) B cpemnem m3 2000 cagoBBIX HACOCOB, TOCTYMHUBIIHUX B MPOJaxy, 6
noaTekaroT. Halimure BEpOSITHOCT TOTO, YTO OJHMH CIy4ailHO BBIOPAHHBIN IS KOHTPOJISI HACOC
He IoaTeKaeT?

6. CpaBHUTE BCXOXKECTh CEMSH JIIOOBIX TPEX BUIOB OJHOJETHUX IIBETOB 3a MOCJIEIHUE 3
roga. CoctaBpTe quarpaMMy o HalJICHHBIM JaHHBIM. ClienaiiTe BHIBOIBI.
7. (2 6amma) LBeToBOMy IPEAIOKUIN YKPACUTh KIyMOY IIBETaMH, UCIIOJL3Ys 3 BHJA.

CKOJIBKO pa3IMYHbIX BAPHAHTOB €CTh Y IIBETOBOJIA, €CITU €CTh BBIOOD M3 5 BHJIOB pa3HOM paccaipl?
8. (2 6amuta) CKOIBKUMH CITOCOOAMH MOXKHO MOCATUTh 4 KyCTapHUKA B OJIUH P’

Omanonvt omeemos

Howep 1 2 3 4 5 6 7 8
3aJaHusA
OtBeT A A B A 0,997 - 10 24

IIpakTnyeckas padora Ne42
Tema 7.2 [1apamienpsHOCTb MPSIMBIX, IPSMON U IUNIOCKOCTH, IJIOCKOCTEN
Hean: Hayuntbes pemars 3a1a4u, UCIOJIB3Ysl CBOMCTBA MapalICNIbHBIX IUIOCKOCTEH

Teopernyeckas 4acThb:

Onpenenenue. [Ipsmas u MI0CKOCTh HA3bIBAIOTCS MAPAJUIEIbHBIMY, €CIIM OHU HE UMEIOT
o0mmux ToueK (a || o)

IIpu3Hak napa/jie1bHOCTH NPAMOM U IIOCKOCTH.

Teopema. Ecnu npsimasi, He Jiexxarias B JaHHOW IJIOCKOCTH, MapajiesibHa KaKoH-HUOYIb
IIPSIMOM, JIEJKAIEH B 9TOU INIOCKOCTH, TO OHA IapajlIeIbHAa CaMOM IIIOCKOCTH.

141



a0 allb

b= allox
b ag o

puc. 1

3ameuanus.

Ecnm  miockocTe MpOXOAWT dYepe3 JaHHYKH IIPsIMYIO,
NapajuIeIbHYIO IPYrOW INIOCKOCTH, U MEPECEKAET 3Ty INIOCKOCTb, TO
JIMHUSA [IEPECEUEHMS TUIOCKOCTEN MapajuieIbHa JaHHOM IPSIMOM.

Ecnm onHa w3 ABYX NapajuleNbHBIX MPSAMBIX IapajuleibHa
JTAHHOW TIOCKOCTH, a Jpyras npsmMas UMEET ¢ IMIOCKOCThIO OOIIYIO
TOYKY, TO 3Ta NpsAMasi JISKUT B JTAHHOU IIOCKOCTH.

BbiBoabI.

Crny4yau B3aMMHOTO PACIOJIOKEHUS MIPSIMON U TUIOCKOCTH:
a) mpsiMasi JISKUT B INIOCKOCTH;

0) mpsiMasi ¥ TIOCKOCTh UMEIOT TOJIBKO OJIHY OOIIYIO TOUKY;
B) IpsiMasi U MJIOCKOCTh HE UMEIOT HU OJTHOU 001el TOUKH.

= Omnpenenenune. /(e MJIOCKOCTH Ha3bIBAIOTCS
— MapajuleIbHBIMU,  €CJIM  OHM  HE  HWMEIOT  OOIMMX  TOYEK.

= [MapasienbHOCTh TUIOCKOCTEH o M B 0003HaYaeTess Tak: a. || B

A # PaccMoTpuM  mpu3HaK ~ MapayIeIbHOCTH  JBYX  IIJIOCKOCTEH.
Teopema. Eciiu  1Be mnepecekaroniygecss MpsIMble  OJTHOM

IUIOCKOCTH COOTBETCTBEHHO MapajlieNibHbl JIBYM MPSAMBIM JAPYroi

IUIOCKOCTH, TO 3T IUIOCKOCTH MapaiiebHBbI.
Ciy4au B3aMMHOTO PaCIOJIOKEHUS MIIOCKOCTEMH:

IJIOCKOCTH . U f MEPECEKAIOTCA.

puc. 4

/ IJIOCKOCTH o U b IapaJuIeIIbHBbI.
o ;
puc. 5

CsolicTBa nmapajjiICJIbHbIX IUIOCKOCTEH:

é MI /

- TpeTheil, TO JMHUU UX MepecedeHs NapaiesIbHBI.

puc. 6
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;;:_ il £
A5
2. OTpe3ku napauieabHbIX MPSIMbIX, 3aKIIOUEHHBIE MEXTY
/ LA / napajiebHbIMU [UIOCKOCTSIMH, PABHBL
I

puc. 7

Pemienue 3axau:
Han yron AOD u aBe mapauienbHbIe TUIOCKOCTH O U 3.
0

AL

[Tnockocts o mepecekaer cropoHsl yriia OA u OD cooTBeTcTBeHHO B TOoYkax A u D,
IJIOCKOCTH [3 3TH CTOPOHBI ITePECceKaeT COOTBETCTBEHHO B ToUkax B u C.

Hano:

OB=8

AB=6

BC=9

CD=2

Haiitu AD, OD

UYepes Touky O, KOTOpas HAXOIUTCS MEKIY MapaUICIbHBIMH IIJIOCKOCTSAMH O U [3,
IPOBEAEHBI MpsIMbIe C U 0, Tepecekaromue IIOCKOCTH TakK, 4To TO4Ykd A u B Haxomsarcs B
mIockocTH o, a Touku C u D - B mockoctu § AB=18 cm, DO=26 cm u AC=3-A0

Brerucnurs: BD;CD

c d

[MapanienbHbIe TUIOCKOCTH O M [} TepeceyYeHbl MPSIMBIMU C 1 d
Croponst AN mepecekatoT  mapajuienbHble  Mmiockoctd PuoB  Toukax C,D u AB.
Boruncnu amuny otpeska AB, eciiu NA=13 cm, NC=20 cm u CD=55 cm.
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Croponst 4N nepecekaroT napajiiebHbIe TNIOCKOCTH B U o

Hanbl mapamienbHble MIockocTd o M . Touku A u B HaxonsaTcsi B IJIOCKOCTH ¢, a
touku C u D B mutockoctu P. Jlnmnaa otpeska AC=7, nnuna otpeska BD=12.

CyMMa TIpOeKIHi STHX OTPE3KOB B IUNIOCKOCTH [3 paBHa 8.

Haiitu nnmuny npoekunii 000MX OTPE3KOB.

IIpakTuyeckasi padora Ne43
Tema 7.4 [lepnenaukyiisap 1 HakJIOHHAs1. Teopema 0 Tpex MepreHIUKYIIsSIpax
Henab: HayunThes pemats 3aauu, UCHOJIb3Ys TEOPEMY O TPEX MEePIEeHAUKYISIpax

Teopernyeckasi 4acThb:
Nmeem mnockocts o (puc. 1). B mrockoctu o JeKUT npsMas b. AH — nepueHaukyasp K

IJIOCKOCTH o, AM — HakiioHHas1, MH - npoeKiusa HaKIOHHON AM Ha MJIOCKOCTH O.
ITo TeopeMe 0 Tpex MeprEeHANKYIApax, HAKJIOHHAs MEPIECHANKYIAPHA K MPsMoi b Toraa
Y TOJILKO TOT'JIa, KOTJa €€ MPOEKIIKs MEePICHIUKYISIpHa K IpsMoi b.

blAM b |l HM

Puc. 1

B teopeMe uner peus Tpex NepneHAUKyIIsApax. YKaxeM Ux:

AH — 3T0 NepneHUKYISpP K TUIOCKOCTH 0., @ 3HAYUT, K TIPsIMOH .
HM — npoekuusi, nepueHIuKyIsp K npsmoi b.

AM — HakJIOHHAs, NEPISHANKYJISIP K IPSIMO¥ .

YroJ Mexay IpsAMOH U INIOCKOCTBIO
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https://interneturok.ru/lesson/geometry/10-klass/perpendikulyarnost-pryamyh-i-ploskostejb/tipovye-zadachi-na-primenenie-teoremy-o-treh-perpendikulyarah-na-ugol-mezhdu-pryamoy-i-ploskostyu#mediaplayer

PaccmotpuMm miockocth o U npsiMmyto a, a = AM (puc. 2). Ilycte npsimas a nepecekaer
IJIOCKOCTh 0, HO HE MEpHeHIuKyIspHa ed. Torma yriom Mexay MNpsSMOW a U IIOCKOCTBIO O

Ha3bIBAETCS YroJl MeXAy NpsSAMON a U €€ MPOEKUHMEW Ha 3Ty IJIOCKOCTb. To ecTh, yron meny

MPSIMOM @ U TIOCKOCTHIO o - 3T0 yroia AMH. Ilyctb LAMHE = @,

Puc. 2

CBoiicTBO yriia Me;kay NpsMoi U NJI0CKOCTHI0

UYepes Touky M B IIIOCKOCTH 0 IipoBeaAeM npsimyto MB (puc. 2). PaccMoTpum yros mMmexay
npsAMON a u ipsimoit MB, Ha3oBeM ero ¢. Torzaa 1mo CBOMCTBY yrijla MEXIy NMPSIMOM U TJIOCKOCTHIO

=
MOJTy4aeM, 4To Po = ¢

Pernenue 3anau:
3agaya 1

[Ipsimas AK neprieHAUKYspHA K IIOCKOCTH MPaBMWIbHOTO TpeyroiabHuka ABC, Touka M —

cepeauHa ctopoHsl BC.
1) Hoxaxwure, uto MK L BC
2) Haitgure yron mexay npsimoit KM u mtockocteio ABC, ecnu AK = a, BC = 2a.

1) Jano:

AB =BC =CA,

AK 1 ABC,

BM = MC.
JHokazamv. MK 1 BC.

M

B

Puc. 3
Jlokazamenbcmeo:.
AM - st0 mpoekuusa HakiaoHHOW KM Ha miockocts ABC. AM - menuana. 1lo cBOiCTBY

MIPaBUIIBHOTO TPEyroJbHUKA menuaHa AM sBusiercs U BBICOTOH, TO €CTb
npsimele BC n AM neprieHIuKyIspHBI.

I1epBrlit criocob:

[Ipsamas BC nepnenaukynspHa AM - npoexunu HaxioHHoW MK. Ilo Teopeme o Tpéx
NEePIEHANKYIApaxX TMojy4aeM, 4ro mnpsmas BC neprneHAuKylsipHa W HakIoHHOW MK, 4to H
TpeOOBAIOCH JOKA3aTh.

Bropoii cioco6:
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[Ipsmas AK neprieHauKyasipHa IUI0CKOCTH ABC, a 3Hauut, u npsmoi BC, nexaiuell B
miockoctu ABC. NUmeem, BC nepnenaukynspHa AM, BC nepnenauxyispHa AK, 3nauut, BC
NepHneHIKYIspHa MI0CKOCTH MAK, a 3HauuT, u npsmoit MK, nexarnieit B 3TON MIOCKOCTH, YTO U
TpeOOBAIOCH JOKA3aTh.

2) Hano:

AB =BC = (A,

AK 1 ABC,

BC = 2aq,

AK = a,

Haiimu: 2(KM; ABC)

Pewenue:

YoM Mexay NpsMOW M IUIOCKOCTBIO HAa3bIBAETCS YTOJ MEXKIY IPSIMOM U €€ IMPOEKIHen
Ha IUIOCKOCTU. MBI nMeeM HakiIOHHYI0 MK, nMeeM ee mpoekuuio AM. 3HaYuT, yrioM MExXIy
npsimoit MK u nnockocteio ABC siBnsiercs yron AMK.

Tpeyronbuuk ABC — npaBuiIbHbIN. 3HAYUT, Bce ero yribel paBHbl 60°. 3Hauut, £ABC =
60°.

PaccmoTpum TpeyronbHuk AMB. OH npsiMOyroJibHbIH, Tak kak AM 1 BC. Haiinem AM:

V3

AM=AB-sin.iABC=2a-sinED°=2a-?=m@.

PaccmoTpuM npsimoyrosibHbIN TpeyroasHuk AMK. AK = a, AM = ayz.

AK e

M a3 V3

£AMK = 30°

tg LAMK =

Yron AMK — ocTpblii, 3Ha4HUT,

Omeem: 30°.

3agaya 2

N3 Toukm M mpoBeneH nepneHauKyasap MB K TiIockocTH npsMoyroiasauka ABCD (puc.
4).

1) HokaxwuTte, 9to TpeyroabHuku AMD u MCD — npssMOyrojibHbIE.

2) Haitgure yron mexay npsimoit MD u nnockoctbio ABC, ecimu CD = 3cm,

AD =4 cm, MB=5 cm.
M

Puc. 4

1) Jano: npsimoyronsauk ABCD, MB L ABC.

Lokazamv: AAMD u AMCD — npssMOYTrOJIbHBIE

Lokazamenvcmeo:

MB — nepnengukynsp K 1miockoctu ABC. MA — HaknoHHas, B4 - ee npoekuus.
IIpoexuust BA neprneHuKyIspHa npsmoit AD u3 mockocti ABC. 3Hauwur, u
HakinoHHas MA nepnenaukyisipHa DA (o Teopeme o Tpex NeprneHaukyispax). Takum oopaszom,
TpeyYroiabHuK AMD - npsAMOYTOIbHBIN, TaK KakK yroyu MAD - npsMoil.

Ananornuno, MC — HaknoHHas, BC - mnpoekuust HakinoHHOM MC Ha mockocts ABC.
IIpoexuus BC nepnenauxymnspia CD, 3Hauut, u HaxioHHas MC nepnenaukyiasipHa CD(1o
TEOpeMe O TpeX MepneHauKynipax). Yroia MCD npsmoi, TpeyroibHuK MCD npsSMOYTOJIbHBIMN.
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https://interneturok.ru/lesson/geometry/10-klass/perpendikulyarnost-pryamyh-i-ploskostejb/tipovye-zadachi-na-primenenie-teoremy-o-treh-perpendikulyarah-na-ugol-mezhdu-pryamoy-i-ploskostyu#mediaplayer

2) Hano:
ABCD — npsmoyronbauk, MD 1 ABC

CD=3cm, AD =4 cm, MB =5 cwMm.

Havimu: £(DM; ABC).

Pewenue:

Yros Mexay nNpsAMOM M IUIOCKOCTBIO - 3TO yroJ MEXAy NpsSMOM M €€ IPOEKIUed Ha
MJI0CKOCTh. DM - HakinoHHast, DB ee mpoekius Ha iockocTtb ABC, cieaoBaTesibHO, HAM HY)KHO
HaiTh yroa MDB. O6o3HauuM ero 3a o.

PaccmoTpuM  mpsiMOoyrosibHbeIi  TpeyronbHUK BAD. AB=CD= 3 oM  (kak
MIPOTHBOIIOJIOKHBIE CTOPOHBI MpsIMOyroJbHuKa). Haiinem BD no Teopeme Iludaropa.

BD = +/AB? + AD? = /32 + 42 =5 (o),

PaccmotpuMm nipsiMmoyrousibHbIl TpeyrosbHUK MBD. Haiinem yron BDM.
MB 5

. = 45"
Yroa ¢ — oCTpblii, 3HAYUT, ?

IIpakTnueckas padora Ned4
Tema 7.5 IIpsiMble 1 IITIOCKOCTH B TPAKTUYECKUX 3aa4axX
Hean: Hayuntbcsa pewaTth 3a/1auun npodeccuoHaTbHO-OPUEHTHPOBAHHOMN
HaIpPaBJIEHHOCTH

Teopernyeckasi 4acThb:

Ha mmockoctn ABe mpsiMble WM TIEPECEKAIOTCSA, WM TapajUIebHBI APYT JPYTYy.
A B MIPOCTPAaHCTBE BO3MOXKEH €II1e OJMH CIIydaid B3AHMHOTO PACIIOJIOKEHUS TTPSMBIX.

PacnonoxeHune npAMbIX B NpocTPaHCcTBe (TPW cnyyas)

'
a M c :
im
b d '
L ==y | S eweweeew R ’} ------- i
Vil P P
nepeceKawTca napannenbHb CKpeLyMBaIoTCA
aNb=M cl|d m-=p
JlBe mpsiMble B IMPOCTPAHCTBE NAPALIEIbHBI JAPYr APYry, NepPeceKalTcs WIH
CKpeMBaIOTCH.

Ecnu nBe npsmMble mapaienbHbl TPEThEH, TO OHU HapasiedbHbl JPYT APYTY.

CkpemuBarmuecsi NpsiMble HE NEPECEKAIOTCST M HE MapajulebHbl ApYr apyry. Yepes
HUX HEBO3MOXKHO MPOBECTH IUIOCKOCTh. CKpellMBarolIrecs MpsMble JIeKaT B MapaiebHbIX
MJIOCKOCTSIX.

Pemenue 3agaq

1. /IBa rpy30BHKa BbI€XaJH B peiic 0 B3aUMHO-TIEpHEHIUKYIPHBIM Toporam. CKOpOCTb
oJtHOTO — 50 KM/4, CKOPOCTH JIpyroro — 60 KM/, B JaHHBI MOMEHT OHM HaXOJSTCS Ha pACCTOSTHUU
7 kM u 10 kM oT Havana myTH. Yepe3 Kakoe BpeMsl pacCTOSIHUE MeX 1y HUMH Oynet 35 km?

2. Ckonbko moTpedyercss O€TOHaA JUIsl TOrO YTOOBI 3aJUTh LIBEJUIEp C MapauleIbHBIMU
rpansaMu nosiok 1211 nnunoi 10m?
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WBEMNMEP C YKAGHOM WEBENMMNEP C
BH¥TPEHHMX NPAHEW MNONMOK MNAPANNEAbHbLIMKM FPAHAMMWA
12 Y nonok 12 N
I ] 7|

5 4. 8rm

F120 m F120 m

b 52 mm
VR

IIpakTnueckas padora Ne45
Tema 7.6 KonTponbHas paboTa o pazzaeny 7 «lIpsiMmbie ¥ IIIOCKOCTH B IPOCTPAHCTBE»
Heas: [IpoBepuTs ypoOBEHb YCBOEHUS JAHHOrO martepuana no paszeny 11 «IIpsamsie u
MJIOCKOCTHU B IIPOCTPAHCTBEN

Ilpu pewenuu 3ad0anuii 1-4 3anuwiume npasuIvbHLLL OmMeem U3 Yemwvlpex
npPeo10IHCeHHbIX.

1. (1 6amn) PacmmdpyiiTe KpaTKyro 3anuch: aEp.

A) TouKa a MPUHAIICKHUT TJIOCKOCTH [; b) Touka a mpuHaie)kuT npsmoit [; B) mpsimas a
MPUHAUICKUT TIIOCKOCTH [5; ') mpsiMast @ mepecekaeT MmIoCKOoCTh f3.

2. (1 6amn) Ipsimeie AB u CJ1 ckpemuBatorcs. Kakoe pacmnosnoxxenue uMmeroT npsimbie AC
u B/1?

A) nmapannensHsie; b) nepnenauxymnspasie; B) ckpemmuBatores; ') mepecekarorcs.

3. (I Gamr) Ilnockoctu a@ m [ wumeror 1 obmyro Touky. KakoBo uX B3aumHOE
pacrnoJioxeHue?

A) nmapannensHsbl; b) nepecekatorcs mo npsimoit; B) conagarot; I') ckpenuBaroTcs.

4. (1 6amn) Ecnu mpsiMas, mpoBelieHHas Ha TUIOCKOCTU 4Yepe3 OCHOBAaHHE HAKIOHHOM,
MEePIEeHIUKYIIpHA €€ MPOEKIUH, TO OHA...

A) mepneHIUKYJISIpHAa W cCaMO¥W HaKJIOHHOW; b) mapamienbHa um camoil HakJIOHHOMU; B)
CKpEILMBAETCs ¢ HAKJIOHHOM; [') mepneHauKynspHa OCHOBaHUIO HAKIIOHHOM.

Ilpu évinonnenuu 3a0anuii 5-8 3anuwiume x00 pewieHus u NOJIYUEHHbLIL OMEen.

5. (2 6amna) Yepe3 koHisl otpeska AB u ero cepenuny M mpoBeneHbl MapaijiesibHbIe
MpsiIMbIe, TIEPECEKAOIINE HEKOTOPYIO MIIOCKOCTh B ToUKax A1, B1 u Mi. Haiinure miuny otpeska
MM, ecnu oTpe3ok AB He nepecekaeT m1ockocTs U eciu AA1= 6,8cm, BB1= 7,4cm.

6. (2 6amna) [Ipsmeie AC, AB u AJl nonapHo nepnenaukynsapusl. Haiimute otpezok CJI,
ecmt AB=5cm, BC=13 cm, Al =9 cm.

7. (2 6anna) M3 TOYKHM K TUIOCKOCTH MTPOBEICHBI IBE HAKJIOHHBIE. HaliquTe inHbI 0011110
MePIEeHIUKYIISAPA, €CIH MPOEKIINH HAKIIOHHBIX OTHOCSTCS Kak 2:3 ¥ JUIMHBI HAKJIOHHBIX PaBHBI 23
cM u 33 cMm.

8. (2 6anna) Haueptuts ky0 ABC/IA1B1C1/1. [Toctpouts ceuenne AJ11C.

Omanonvt omeemos:

Homep 1 2 3 4 5 6 7 8
3aJaHuA
OtBeT B B b A 7,1 15 9 -
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IIpakTuyeckas padoraNe46
Tema 8.4 [Ipumeps! cummeTpuii B mpodeccun
Iean: PaccmoTpeTs npuMeEpbl CAMMETPUHU BOKPYT Hac

Teopernyeckasi 4acThb:

PaccMoTpuM NOHATHE CUMMETPUN C T€OMETPUYECKON TOUKU 3pEHUSI.

B yueOHuKe Mo reoMeTpuu 3TO MOHITUE BBOJAUTCS cienyromuM oopazoM. Touku A u Al
Ha3bIBAIOTCS CUMMETPUYHBIMU OTHOCUTENIBHO TOUKK O (1IeHTp cummeTpun), eciu O — cepenuna
orpe3ka AAI (puc. 1, a). Touka O cunTaercsi cCHMMETPUYHOM camoil cede.

Touku A u Al Ha3bIBAIOTCSI CHMMETPUYHBIMU OTHOCUTEIBHO MPSIMOM a (OCh CHMMETPHH),
€CJIM MpsAMas a MPOXOIUT Yepe3 cepeauHy orpe3ka AAl U neprneHIuKyIspHa K 3 TOMY OTPE3KY
(puc. 1, 6). Kaxnasa Touka npsiMoi a cuUMTaeTcs CHMMETPUYHON camoii cebe.

Touku A n Al Ha3bpIBarOTCS CHMMETPUYHBIMH OTHOCHUTENBHO IIOCKOCTH  (TJIOCKOCTH
CUMMETPHUH), €CIIU TUIOCKOCTh ~ IPOXOAMT Yepe3 cepeinny oTpe3ka AAl U nmepneHauKymnspHa
K 3TOMY 0Tpe3Ky (puc.l,B). Kaxnas Touka I0CKOCTH  CUMTAETCS CAMMETPUYHOMN caMmoii cede.

Touka (mpsiMasi, MIOCKOCTh) HAa3bIBAETCS LIEHTPOM (OCBIO, IJIOCKOCTHIO) CHUMMETPUU
Gburypsl, eciu Kaxjaas Touka GUrypbl CHMMETPHUYHA OTHOCUTENILHO HEe€ HEKOTOPOH TOUKE TOM ke
¢urypsl. Ecnu ¢urypa umeer (puc. 1) nenrp (och, I0CKOCTh CHMMETPHH), TO TOBOPAT, UTO OHA
o0masiaeT 1eHTpalbHOMN (0CeBOI, 3epKaIbHOM) CUMMETpHUEH.

Brigensis reoMeTpruecKyr0 CHMMETPHIO, TOBOPUM O TOJIOKEHUH, (hopMe, CTPYKTYpe. ITO
Ta CUMMETPHUS, KOTOPYIO MOKHO HEIOCPEJICTBEHHO BUJIETh.

|a

A,

3 A,

—

~
A

-

a_
= B
) 6)

CuMMETpUI0 MOKHO OOHAapY)KHMTh IOYTH BE3Jle, €CIIU 3HaTh, KaK e€e¢ HMCKaTh. MHOTHE
HapOJIbI C IPEBHEHIINX BPEMEH BIIQJICIIH TPEACTABICHUEM O CHMMETPUU B IIUPOKOM CMBICIIE --
Kak 00 ypaBHOBEUICHHOCTH M TapMOHMHU. TBOPYECTBO JIIOACH BO BCEX CBOMX IPOSIBICHHSIX
TATOTEET K CUMMeTpuu. llocpencTBOM CHUMMETpHUM 4YeNIOBEK BCET[a IIBITAICS, IO CIOBaM
HEMeNKoro wmareMaThka [‘epmana Beiuis, «mocTuus © co31aTh MOPSAIOK, KpacoTty U
coBepieHCTBOY. [. Beiinb o cuMMeTpureii NOHUMal «HEU3MEHHOCTh KaKOT0-JIM00 00bEKTa, U
OIPENICIICHHOTO, POoJia MPEoOpa3oBaHMIX; NPEAMET SIBJIICTCS CHMMETPUYHBIM, B TOM cCiydae,
KOT'JIa €r0 MOXXHO TOJBEPTHYTh KaKOW-HUOY/Ib OTepallny, MOCiie KOTOPOU OH OyIEeT BBITJISAACTh
TaK e, Kak ¥ J0 npeoOpa3oBanus». OnpezaencHHyro riaBy ['. Beiinb mocBSATHI OpHAMEHTHOM
CUMMETPHH. YTOPSAJAOYCHHOCTh M IOJYMHEHHOCTh OIPEICICHHOMY HAOOpy TpPaBHI MbI
oOHapyXHBaeM B y30pax U OpHaMeHTax (cM. puc. 16).

Henp3s He yBUIETh CHUMMETPUIO W B OTPAHEHHBIX JAParoleHHBIX KamHsIX. MHorue
TPaHUJIBIIUKKN CTapaloTcs MpuAaTh OpwimuanTam ¢GopMy TeTpalipa, Kyba, OKTadapa WU
uKocadapa. Tak Kak rpaHaT UMEET Te e AJIEMEHThI YTO M KyO, OH BBICOKO I[€HUTCS 3HATOKAMHU
JParolleHHbIX KaMHeW. XyI0’KeCTBEHHBIC U3/eTHs U3 TPaHATOB ObLTH OOHApPY>KEHBI B MOTHIJIAX
Hpesuero Erumnra, oTHOCAIINXCS €llle K JOAMHACTUIECKOMY MEePHOTy (CBBIIIE IBYX THICAYEIETUI
710 H.3.).

B komnekmusx DOpMuTaka OCOOBIM BHHMAaHHEM IOJIB3YIOTCS 30JIOThIE YKpPAIICHUS
npeBHux ckudoB. HeoObIyaitHO TOHKa Xy105KeCTBEHHAs paboTa 30JI0THIX BEHKOB, THAJIEM, JIepeBa
U YKpaIIeHHBIX IParoleHHBIMU KPacHO-()HUOIETOBBIMU TPaHATAMM.

OaHMM W3 caMbIX HArJSAHBIX HCIONB30BAHHM 3aKOHOB CHUMMETPHHM B YKHU3HU CIyXKaT
CTPOEHUSI apXUTEKTYphl. DTO TO, YTO Yallle BCETO MBI MOXEM YyBHUJETh. B apxurekrype ocu
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CUMMETPUHU HCIIOJIB3YIOTCS KAaK CPEACTBA BBIPAKEHHS apXUTEKTYpPHOro 3ambicia. [Ipumepon
WCIIOJIb30BAHUSI CUMMETPUHU B apXUTEKTYpPEe MHOXKECTBO, OJHUM U3 HHUX SIBJISIETCS MPEKPACHBIN
HoBocubupckuii Teatp omnepsl u Oanera.

Eme oHuM mpuMepoM HCTIOIB30BAHMS YEJIOBEKOM CUMMETPHUH B CBOCH MPAKTUKE - 3TO
TeXHHUKa. B TexHuke ocu cuMMeTpuu HanboJsiee 4eTKo 0003HAYAI0TCS TaM, T'ie TpeOyeTcs: OLCHUTh
OTKJIOHEHHUE OT HYJIEBOTO I0JIOKEHHUS, HAIIPUMEp Ha pyJie rPy30BUKa UM HA LITypBajie KOpaosl.
Wnm ogHO W3 BaKHEHIIMX M300PETCHHIA YEIIOBEYECTBA, MMCIOIIUX IIEHTP CUMMETPHUH, SIBIISCTCS
KOJIECO, TAKOKe IIEHTP CHMMETPHUU €CTh y MpoNesuiepa U IPYrux TEXHUYECKUX CPEJICTB.

CUMMETpHIO MOXHO 3aMETHTh JaKe TaM, Ha YTO HUKOTAa He oOpaian BHUMAaHHE.
Hanpumep, ecnu Bel momectute OYKBBI IEPE]] 3€PKATIOM, PACIIOJIOKUB €0 MapajieIbHO CTPOKE,
TO 3aMETUTE, YTO T€ W3 HHUX, Y KOTOPHIX OCh CHMMETPHUHU MPOXOJUT TOPU30HTAIBHO, MOKHO
MIPOYECTh U B 3epKajie. A BOT T€, Y KOTOPBIX OCh PacHoJIO’K€Ha BEPTUKAIBHO WJIM OTCYTCTBYET
BOBCE, CTAHOBSTCS «HEUUTAOCITbHBIMI.

CymiecTBYIOT SI3bIKH, B KOTOPBIX HAaYePTaHUE 3HAKOB OMUPAETCS HA HATMYNE CUMMETPHH.
Taxk, B KuTalickoi MUCbMEHHOCTH UEpOrTH( O3HAYaeT UMEHHO UCTUHHYIO CEpPEINHY.

CummeTpusi TakKke €CThb M B 4YHCIax, Hampumep, v12345678987654321=111111111;
v123454321=11111 u T.4. cuMMeTpHUsl LIEHTpaJIbHasI OCceBasi 3epKalibHasi TEOMETPHUS

3a11a}me: OpUBEANUTE IIPUMCEPBI CUMMETPUH, BCTpG‘I&I—OH.IGfICH B ’)KXM3HHU YCJIOBCKA.
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IIpakTuyeckas padoraNe 47
Tema 8.4 [Ipumeps! cummeTpuii B mpodeccun
ILeas: PaccMoTpeTs npuMepsl CHMMETPUH B ITPO(HECCHOHAIBHON AEATEIbHOCTH

TeopeTnyeckas 4acTh:

[IpumeHeHne mMareMaTuku B Oyaymield mpodeccur — O4YeHb aKTyaldbHas TeMa HaIlero
BPEMEHH.

CummMmeTpus B mpodeccuu aMIHICTPATOPa Mara3nHa 01K Ibl

B marazune onexnabl 00sS3aHHOCTH aMUHHUCTpATopa MarasuHa OyayT 3aKitouaThbCs B
OpraHu3aIy TOPTOBBIX IPONECCOB. J[OMOTHUTEILHO B 00S3aHHOCTH aAMHUHHUCTPATOPa BXOJIHUT
KOHTPOJIb Ha/I pa3MEIICHUEM TOBapa B TOPrOBOM 3ajie MarazuHa. M TyT riiaBHbIMH IPUHIUIIAMEA
CO3/IaHMs OajaHca SBISIOTCS CHMMETPHS U aCHMMETPHS.

Kak wucrnonb3oBath CUMMETpUIO B MarasuHe ojexnapl? Tak ke, kak Habop BECOB
YPaBHOBEIIMBAET JIEBOE M MPABOE Ha Becax, TaK JieBas MOJIOBUHA BUTPHUHBI WU MPOCTPAHCTBA
MarasuHa ypaBHOBEIIUBAETCS MPABOM:

® BEI[M M MAHEKEHBI B JIEBOW CTOPOHE BUTPUHBI OKHA JTOJDKHBI 0a1aHCUPOBATh C 00bEMOM
CrpaBa;

® CTONKH CJIOKCHHBIX (PyTOOJIOK PaBHOMEPHO M CHMMETPHUYHO paCIpENeNeHBI TI0
OT/IETIHHO CTOSIIEMY CTOJIY Y BXOJ/Ia B MarasuH;

® BHCST BEIIW OJJMHAKOBOTO aCCOPTUMEHTA CJIeBa U IIpaBa.

CumMmerpus (oceBasi) 4acTO HCHOJb3yeTcs A OQOpPMIIEHHS Belled B KJIACCMYECKOM
ctusie. CHMMETpHST MPHUAET JJIETAHTHOCTh M (hOPMaIbHOCTh BUTPHUHBI C MYKCKOW OJICK]ION;
obopMmIieHHEe B JAM3aWHEPCKUX Mara3pHax ¢ MHUHUMAQJIUCTUYHBIM JM3aiHOM ; BUTPHUHBI C
MaHEKeHaMH C HeOOBIYHOM qu3aitHepcKoi oaex1o0i. OqHaKO CHMMETPHIHOE O(OPMIICHHUE MOKET
OBITh HEMHOTO CKYYHBIMU JyTsi 00JIee TIOBCETHEBHOM U 0a30BOM OJCIKIbI, KOTOPBIE TPEOYIOT Yero
WHTEPECHOTO.

Acummetpus. [l pa3MenieHns TOBCETHEBHON U 0a30BOM OJICKIbI 0OBIYHO MCTIONB3YIOT
acHMMETPUYHBIC BUTPHHBI. biiaromapss acHMMETpUH MOJIydaeTcs IMPEICTaBUTh 0a30BBIC BEIIH
0oJiee HEOOBIYHBIMU. ACUMMETPUYHBIN TU3aiiH MOYKET BBI3BIBAaTh YYBCTBO JIBIDKCHHS U Ka3aThCs
0oJiee COBPEMEHHBIM, YeM CUMMETPUYHBIN, HO TIPU BCEM 3TOM CO3/IaTh IIPABUJILHBIC POTIOPIIN U
9JIEMEHTOB 37€ECh CIIOJKHEE.

Kax wcnonp3oBaTh acHMMMETpHIO B Mara3uHe ojexapl? B kadecTBe mnpumepa
ACUMMETPUYHOTO OajaHca MOYKHO IMPUBECTH CJICAYIOIIEE OJIMH MaHEKEH B JICBOM YaCTH BUTPHHBI,
YpPaBHOBEIICHHBIA JBYMS MaHEKCHAMHM CIIpaBa, CTOSIIUMH OJH3KO APYyr K Apyry. B memow,
rapMoH#us Oy/ieT JOCTUTHYTA, OCKOJIBKY TPH MaHEKEeHA YJI00HO 3aIOIHSIOT MMPOCTPAHCTBO, XOTS
OHH M pacIpeiesieHbl HEPAaBHOMEPHO

CummeTpus B mpodeccuu BoauTes. Bce aBTOMOOMIIM UMEIOT TTPOJIOJIBHYIO CUMMETPHIO
Ky30Ba. He sSBIISIIOTCS HCKITIOUeHHEM M OOJIbIICIPY3HbIC MalIuHEL. [lepBoe, 4To IPUXOIUT HA YM,
KOTrJia peub UJCT O CUMMETPUH aBTOMOOWIICH, 3TO a’dpojuHaMKKa. Eciu jeBas u npaBas yacTu
MalllMHbl OyayT UMETh pa3Hyl (GOopMy, TPYIHO IpPEayraaarh, KaKk IOBEACT CeOs BO3XYLIHBIN
MMOTOK Ha OOJIBIIION CKOPOCTH. B 3aBUCMMOCTH OT CKOPOCTH BO3IYIIHBIE MACChI 10 00€ CTOPOHBI
Ky30Ba MEHSUTM ObI CBOM YTOJl MU HEHM3BECTHO KaK IEPECEKaNIMCh Obl MEXIy COOOH, co3maBas
muiIHue mpobiemMbl BoauTento. M3-3a ommOOK MpoeKTUpoBaHUS (HOPMBI Ky30Ba aBTOMOOWIH
MOT'YT TePATh YCTOMYMBOCTH Ha OOJIBIIONW CKOPOCTH M JIaXKe MEePEeBOPAYMBATLCS . DTO OCOOCHHO
OTacHO 7Sl OOJbIIErpy3HBIX MaluH. Eciu mocMoTpeTs Ha Gypy ¢ pa3sHBIX CTOPOH, TO MOKHO
3aMETUTh, YTO OHA UMEET Cpa3y HECKOJIbKO ocell cuMMeTpuu. HekoTophlie AeTanu MalliiH UMEIOT
[EHTPATbHYI0 CHMMETPHIO: KOJIECO aBTOMOOWIIS, IIecTepeHKa U Jp. PymeBoe koieco mmeer
0CeBYIO0 cuMMeTpuio. [Ipu MoIeTMpoBaHKM aBTOMOOMIIBHBIX JUCKOB, JJIS PaCYETOB MPUMEHSIOT
MMOBOPOTHYI0 CHMMETPHIO. PerymmpoBKa CXOXACHHUS KOJEC aBTOMOOWIIS TMPOU3BOJAUTCS
OTHOCHUTENILHO MPOJOJIbHOW OCH CHUMMETPUM MalluHbL [[1s Ha3eMHOro BUJa TpaHCHOpPTa B
OOJIbIIICH CTETIEHH BCE OCeBasi CHMMETPHSI.
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3ajaHMe: TpUBEIUTE TNPUMEPHl CHUMMETPUH, BCTpEYAlOUIelcs B Bamlei Oymaymiei
npogeccuu.

IIpakTuyeckas padoraNe48
Tema 8.7, Tema 8.8 O0nem Tema. OTHOLIEHHE 00BEMOB MOJOOHBIX Teld. OOBEMBI U
IJTOUIAX TTOBEPXHOCTEN TE
Heab: PaccMoTpeTs IpUMEphI HAX0XKACHUS 00 BEMOB T€OMETPUICCKIX TEIT
Teopernyeckas 4acThb:
Bce hopmyibl 00eMOB reOMETPUIESCKIX TEIT
1. Pacuer oObema kyba

]

a - cropoHa Kyoa

dopmyna oobema kyoa, (V):

V=a3

2. Haiitu o opmyne, 00beM NpsIMOYTOJIBLHOTO TapasuIiesIeuIe /1a

&

a, b, ¢ - croponsl nmapasenenuneaa
Emie nnorna cropony napajuiefnenumnesna, Ha3bBaroT pedpoMm.

dopmya oobema napaienenumnena, (V):

m

3. ®opmyna JuIs BEIYUCIECHUS 00beMa 1mapa, cepsl
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R - paguyc mapa
n~3.14

ITo popmyne, ecnu gaH paguyc, MOKHO HalTH oObeMa 1rapa, (V):

4. Kak BBIUMCIUTH 00BEM NUIUHApPA 7

h - BeIcOTa IHITHH P
I - painyc OCHOBaHMSI
n=3.14

[To popmyrne HaiiTu 00beMa HUIUHPA, €CIIU U3BECTHHI - €70 PAIUyC OCHOBAHUS U BBICOTA,
(V):

V=mr2h

5. Kak naiitu 00beM KoHyca ?

R - paauyc ocHoBaHUA
H - BeicoTa KOHYCa
n~3.14

dopmyna oObeMa KOHYCa, €CITU U3BECTHBI paanyc U BbicoTa (V):
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7. ®opmyna oObeMa yCEUEHHOTO KOHYyCa

C D

I - paanyC BEPXHErO OCHOBAHHUSA

R - pamuyc HIKHETO OCHOBaHHS

h - BeIcOTa KOHYCa

n~3.14

dopmynna 00beMa YCEYCHHOTO KOHYCA, €CIM M3BECTHBI - PAJUyC HUKHETO OCHOBaHWS,
paaryc BEpXHEro OCHOBaHHs U BbicoTa Konyca (V ):

1
V= Enh(Rz +R-r+1?

8. O0BeM PaBUIILHOTO TETPadApa

[IpaBunbHBIN TeTpadap - mNOHpaMuAa Yy KOTOpPOHM Bce TpaHH, PaBHOCTOPOHHHE
TPEYrOJbHUKH.
a - peOpo TeTpasapa

dopmya, Uit pacueTa 00beMa npaBuiIbHOrO TeTpasapa (V):

9. O6BpeM MpaBUIILHON YETHIPEXYTrOJIbHOMN MUPaMUIbI
[Mupamuza, y KOTOpoil OCHOBaHME KBajJpaT W TpaHH paBHbIE, paBHOOEIPEHHBIE
TPEYroJIbHUKH, Ha3bIBACTCS MPABUIBHOM YEThIPEXyroJIbHOM MUPaMHUI0i.
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a - CTOpOHA OCHOBAHMS
h - BeIcOTa TUpaMKIBI

dopmyra It BEIYUCICHUS 00beMa MPaBUIIbHOM YeThIPEXYroJibHOU mupamMuisl, (V):

1
V = = ha?
7 ha

10. O6beM npaBUIILHOM TPEYTOJIBHOM MUPaMHU/IBI
[Inpamuia, y KOTOpOW OCHOBaHME PABHOCTOPOHHUM TPEYrOJbHUK W TPAHU DPaBHBIE,
paBHOOEIPEHHBIE TPEYrOJbHUKHY, Ha3bIBA€TCS MPABUILHON TPEYTrOJIbHON MUPAMUIOMN.

a - CTOpOHA OCHOBAHU
h - BeicoTa IIMpaMHu bl

dopmyiaa o6beMa PaBUIILHOM TPEYroIbHOM MUPAMUJIBI, €CITH JaHbl - BBICOTa U CTOPOHA
ocuoBanus (V):

11. Haliti 06beM NpaBUIILHON TUPAMHUIBI

HI/IpaMI/I,[[a B OCHOBAaHUWH, KOTOpOfI JIC)KHUT HpaBHJ’ILHLIfI MHOTOYT'OJIbHHUK U I'PAHU PABHBIC
TPEYIrOJIbHUKH, HAa3bIBACTCS HpaBHHBHOﬁ.

h - BeicoTa nrupaMuabl
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d - CTOpOHA OCHOBAHHUS IMMPAMHIbI
N - KOJIMYECTBO CTOPOH MHOIOYroJlbHMKAa B OCHOBAaHUU

dopmyna oObeMa NpPAaBWILHON MHPAaMUMABL, 3Has BBICOTY, CTOPOHY OCHOBAaHUS WU
KOJINYECTBO 3THX cTOpoH (V):

na’h

N 180°
12 tg( = )

12. Pacuer oO6bemMa nupaMuisl

C
B

A E

h - BeIcOTa TpamMuIbI
S - mromanes ocaoBanuss ABCDE

D

®dopmyna s BBIYHCICHHS OObeMa MHPaMHUBI, €CITM JaHbl - BBICOTA M IUIOMIAIb
ocuoBanus (V):

h - BeIcOTa TpaMHEIBI
St - IJIOMAAb HIDKHEro ocHoBanusg, ABCDE
Skepx - IJIOIIAb BEpXHET0 ocHOBaHus, abcde

dopmyna obbema ycedeHHo# mupamusl, (V):

1 —
V = § h(SHH'.ﬂ + \,’:Smm: Ssepx ek Ssepx)

14. OGbeM mapoBoro cerMmenTa, hopmyna
HlapoBeIii cerMeHT- 3TO YacTh IlIapa OTCEYEHHas IJIOCKOCThI0. B paHHOM mpumepe,
miockocteio ABCD.
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R - paguyc mapa
h - BeIcOoTa cermenTa
n~3.14

dopmyrna s pacuera o0beMa mapoBoro cermenra, (V):

1
V= §1t112(3R — h)

15. O0BeM mapoBOTO CEKTOpa

R - panuyc mapa
h - BeIcOTa cermeHnTa
n~3.14

dopmyia o6bema apoBoro cekropa, (V):

h - BbICOTa 111apOBOTO CIIOS

R - paauyc HIKHETO OCHOBAHHS
I - pagnyc BEpXHETO OCHOBAHMUS
n~3.14
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dopmyina oobeMa 1apoBoro cios, (V):

1 1
V=—mh(R*+ 1%+ =h?
211'1( +1 +31)

Pemienne 3amau:
1.CymectByer nu npusma, umerorias 50 pédep? 54 pedpa?

Pemenue: Yncno pedep n — yroapHON MPU3MBI 31, IIOATOMY NPU3MBIL, BMetomiei 50 pedep,
HE CylIecTByeT, a 54 pebpa umeer 18-yroypHas npusma.

2. CTopoHBI OCHOBAaHMS MPSMOYTOJBHOTO TapajUlesienuneaa paBHsl S cM U 12 cm
JUaroOHAJIb MapajuieNienuIie/la COCTaBISET C MIOCKOCThI0 OcHOBaHus yroa 60°. Halaute 00bEM
napajuieNenunesa.

3. OcHOBaHHWEM TPSIMON TPHU3MBI CIYKHT TPEYroJbHHK co cTtopoHamu 10, 10, 12.
JlnaroHasib MeHbIIIeH OOKOBOW TpPaHU COCTABJISET C TUIOCKOCTHIO OCHOBaHMs yroi 60°. Haiimure
00BEM MPU3MBIL.

4. O06beM mNpsSAMOYroJILHOTO Tapajienenunena paBeH 2. Uemy Oynmer paBeH 00beM
napajuleNienunes1a, eciiy KaxxJ0e ero peopo yBeIuduTh B 3 pasa.

Pemenwue. [lycts peOpa maHHOTO mMapaienenunena paBHbl a, b u c. Torma umeem:
V=abc=2.

ITocne yBenmuuenust kaxmoro pedbpa B 3 pasza ero 00sém Oyner paBen V=3a*3b*3c =27
abc=27*2=54.

Otser: 54.

5. AkBapuyM umeeT GopMy MpsSMOYroIbHOTO mapaienenumnena Beicotoit 30 cm. Ecnu B
Hero HaiauTh 30 J1. BOJBI, TO A0 BEpXHEro Kpas octaHeTcs 5 cM. CKOJIBKO JIMTPOB BOJIbI HYXKHO,
YTOOBI HATIOJIHUTB ITYCTOW aKBapUyM JTIOBEPXY?

Pewenue. Ilycts V 1 H cooTBEeTCTBEHHO 00BEM M BBICOTA MapajuieenuIe a.

V=SH . Ilo ycnosuto V=30,H=25, Torma 25*S=30.

[Tocne 3anmonnenus mycroro akBapuyma gosepxy H=30. 3nauut, 30*S=V.

255 30

Haiinem otHomenue 30S = V| V=36 1.

OtBert: 36.

6. Kyouk Becut 10 rp. CkopK0O rpaMMOB OYJET BECHTh KYOHK, peOpo KOTOporo B 3 pasa
6oJb111e, UeM pedpo mepBoro Kyonka, eciu 00a KyOuKka U3roTOBJICHBI U3 OJHMHAKOBOTO MaTepHalla.

Pewenue. Ilyctb V- 00béM nanHoro mapasuienenunena. [locie yBenuueHHs KaxKIoro

pebpa B 3 pa3a, ero 066EM Oyzet paBeH 27 V.

v _10
27V x x=270 rp.
Otset: 270.

7. O0BEM TpSIMOYroJILHOTO Mapauienenunena paseH 32. Yemy Oyaer paBeH 00bEM
napajiesienunesa, eciy Kaxaoe ero pedpo yMeHbIINUTh B 2 pasa.

8. B cocyn, umerormuii popmy MpaBUILHON TPEYTOJILHOM MPU3MBI, HAJHIIU BOAY. Y POBEHb
BObI locTuraet 36 cM. Ha kakoit BeicoTe OyeT HaXOAUThCS YPOBEHb BOJIbL, €CITU €€ MEPEIUTh B
Apyroi cocyn Toi ke (GopMbl, y KOTOPOTO CTOPOHA OCHOBaHUSA B 3 pa3a OoJIbIle, UeM Y IEPBOTO.
OTBeT BrIpazuTe B CAaHTUMETpaAX.

9. 3akpbITHIi cocy]l B BUE MPAMOYTOJIbHOTO Napanienenunena ¢ pedpamu 30, 40 u 45 cm.
CTOUT Ha TOPU3OHTAIBHOM NOBEPXHOCTH TaKUM 00pa3oM, 4YTO HAUMEHbILIAsl TPAHb SIBJISIETCS THOM.
B cocyn nanunu Boxy 10 ypoBHs 36 cM. Ha kakoM ypoBHE OKa)KeTCsl BOJIa, €CJIM COCY I [IOCTaBUTh
Ha HanOoJbIIyI0 TpaHb? OTBET JaiiTe B CAHTUMETpPAX.

10. ano: ABCD - npaBunwsHas nupamuga. AB = 3; AD = 23 (puc. 3).
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Haiitu: a) Soch.; 6) AO; B) DO; ) V.
11. Tano: ABCDF - npaswmibnas nupamuga. £FCO = 45°; FO =2 (puc. 4).
Haiitu: a) Soch.; 6) V.

Puc. 4

Pewrenue:

1) Pacemotpum AFOC: 20 = 90°, £C = 45°, 3naunr, £F = 45°. CnenoBarensHo, AFOC -
paBuoOenpennsrii, OC = FO = 2.

2) AC = 20C = 4.d=AC=AD\2 (o cBoiicTBy amaroHamn kaapata, d2= 2a2).

AC=—1~=2\/£.

AD =
Torna 72! ﬁ

- “t dom
3) ABCD - kBajpar (nupaMuia mpaBHiIbHAs ). Socn =AD" = (2‘[2-) =8
ML TS e L
4) 3 3 3 3
(OtBer: a) 8; 6) 5-1/3.)
12. Jano: ABCDEKF - npaBunbnas mupamuga. FO L (ABC), FM L AK, FO =4, FM =5

(puc. 5).
Haiitu: a) Socw.; 6) V.

Puc. §

Pemenue:
1) Paccmorpum AFOM: 20 = 90° (tak kak FO L (ABC), 3mauut, FO L OM) FO =

4, FM =5 OM= VMF? - FO? (o Teopeme TTudaropa), PM = J25-16 =9 =3. OM=r(r-

pazuyc OKPYXHOCTH, BIIMCAHHOM B IPaBHIIBHBII
AK = zr-tg3=2-3tg5=6-£=zJ§.
IIECTUYTOJIBHUK). 6 6 3

3 See ™= ESiaic SAOK-%AK-OM=%-2\/§-3=3J3. Socn. = 6:343=183.

3 Vo= 2 Soon i V= 3185422445,

(OtBer: a) 18V3, 6) 24v3.)

13. 3agava: Jlana TpeyronbHas ycedeHHass nupamuia. Ee Beicota h = 10 cMm, cTOpoHBI
OJTHOTO M3 OCHOBaHWIl paBHbI @ = 27 cM, b= 29 cm, C= 52 cMm. [lepumerp BTOpOro OCHOBAHHS
paBHsiercss P2=72 cm. Haiinute 06beM nupaMupl.
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h|

|
|

a

Jist pacueTa 06beMa HaM OTpeOyeTCs TUIOIIA b OCHOBAHHUNA. 3Has! JJTMHBI CTOPOH OJJTHOTO
TPEYrOJIbHUKA, MBI MOKEM PacCUUTaTh IuIomanas no Gopmyne ['epona. st aToro morpedyercs
HAWTH MOJIYyIEPUMETP:

P l:i—l? +20 +52 =108cm

Teneps Haiinem S2:

HL: .b,.-“fp {g)-f}. ){p-b ){p-r: )

S =\/54(54-27 ) (54-29 ) (54-52 ) = /5427 x25x2 =/ 72900=270cm

3Has, YTO MHpaMHJa yCEUEHHas, JelaéM BBIBOJl, UYTO TPEYrOJbHUKHU, JIEKAIIUE B
ocHOBaHUAX MOJ00HBI. KoadpdunueHt momoOusi 3THX TPEYroJbHUKOB MOXKHO HaWTH W3
COOTHOIIEHUS mepuMeTpoB. OTHOIIEHUE IUIONIAICH TPEYTOJbHUKOB OyIET paBHO KBaApPaTy 3TOTO

ko3 durmenTa:
2

Spo Py 108 o

Sy p? 1w 4
48

. 1

5?:—!}

. Ax270 2

S, = t}' =120cm

Tenepb, KOoraa Mbl HallJIM IIJIOIIAaJdu OCHOBaHMUI YCG‘ICHHOﬁ mupamMuJibl, MOXKEM JICTKO
pacCuuTaTthb €€ 00BeEM:

v:% x10% (:m}+ J270% 120 +120 ) o 10

= (270+180+120 )= x570 =1900cm.”

Takum 00pa3oM, BBIUUCIHB KO3(PPHUIIMEHT MOA00HMS M pacCYMTaB ILIOIIAh OCHOBAHUH,
MBI HAIILTK 00BbEM 3aJIAHHON YCEUCHHOU MUPaMHU/IBI.

14, Jlano: Al1A2A3A4 -pom06, SALA2A3A4 -nupamuma, AlA4 = a, «SBO =
B, OB L A3A4, LA2A10 = a (puc. 6).

Hatitn: V - ?

Pemenue:
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-
: - :OB= ina = —asina,
1) PaccmoTpum AOA3A, 1 OAy=acosa,  AOAB: OB = acosusing = 5

2) ASOB: SO = -;-asin 2atgp.
3) Soen. = 4Sut301, =4~~;-a-08=2a-%asin2a = a’sin2d

4) Vg, =§Sw,_ -8O, Vo= %-az sin 2uv%asiu 2augp = %a’ sin? 2atgf
1 g’ 20ugP.

(OtBer:

15 .Haitnure o0beM IMIMHAPA C BBICOTOM, paBHOM 3CM M TMaMEeTPOM OCHOBAHUS — OCM.

16. [lnomane OCeBOro ceueHus MIJIMHIpA paBHA 21cm®, mmomans ocHoBaHus - 18m
cm? Haiinure 06beM IHIHHAPA.

17. CeunnoBas Tpy6a (mioTHOCTh cBuHNA 11,4 /cM®) ¢ TommmHO#H cTeHOK 4 MM HMeeT
BHyTpeHHUI nuametp 13 mm. KakoBa Macca TpyOsl, eciu ee AsiMHa paBHa 25 M?

P=114r/em®

R1=6,5MM + 4mMMm = 10,5vMm = 1,05¢M (Hapy»XHBII)

R2=6,5MM = 0,65¢cMm

V=Vi-V,=17 .(1,05)2.2500 - ® - 0,65 -2500 =1700™ = 5338 (cm°)

M=F.-V=114-5338 = 6lkr.

18. Kakoe xonmdecTBo HEPTH (B TOHHAX) BMEIIACT MIIMHAPUYECKAs IUCTEPHA JUaMETpa
18 M ¥ BBICOTOH 7 M, €CJM IIIOTHOCTH HedyT! paBHa 0,85 r/cm>?

H="7m; d = 1M; Puegmu = 0,85 r/em®

m=?

Vi=TR?H =m.92.7 = 5671 (M%)

m=V-F = 1513 T

19. /lmaroHaigb OCEBOTO CEUEHHS IMJIMHJIpA COCTABJISAET C IIOCKOCTHIO OCHOBAHUS
HWINHIpPA Yrol 60°. Haiimute 06bem UWJIUHApPA , €CJIHM IUIOLIAJb OCEBOTO CEYEHHs paBHA

16 “'@ eM’,

20. Ha cxyag B MacTepcKOW IO MOIIMBY OJEKIbl MOCTYIWI PYJIOH JparoBON TKaHU B
¢dopme munmHApa. [Ipu TpaHCIOpTUPOBKE OBLI yTEPSH TOBApPHBIA SPJBIK C yKa3aHUEM JJTUHBI
TKaHU B pyJoHe. HeoOxonumo onpenenuts AIUHY TKaHU B pynoHe. [IponsBenn HeoOXxonumble
U3MEpEHUs, ONIPENEIWIN BBICOTY U AuaMeTp pyioHa: 90cm u 30cM, TommuHa TkaHu 0,2¢cM.

21. Cmody Uit TPOMBILIUIEHHBIX HYXJI COOMPAIOT, MMOABEUINBas KOHMUECKHE BOPOHKHU K
cocHaMm. Ckonbko BOpoHOK auameTpoMm 10cM ¢ oOpasyromieid 13 cM Hyx)HO coOpaTb, YTOOBI

3aIlOJIHUTB JCCATUIIUTPOBOC Be,upo?
R=AC/2, R=5cm, H=V132-52=12(cm), V=1/3*3,14%5%12 =314(cm®) =0,3 1473
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n=10/0,314 =31,8.

Omeem: 32 60pOoHKU.

22. Cror cena uMeeT hopMy IIIUHIPA C KOHUYECKUM BepxoM. Paguyc ero ocHoBanus 2,5
M, BbICOTa 4 M, IpUUYEM LIMJIMHAPUYECKAsl YacTh CTOTa UMEET BbICOTY 2,2 M. [InmoTHoCTh cena 0,03
r/cm®. OnpenenuTs Maccy cTora ceHa.

Pewenue:

R=2,5m

01001 = 4m

0:02=2,2m

P =0,03r/cm®

m=P-V;V,=1-2522= 13,75 m>= 13750000cm®

Vi=1/3m - 25 1,8 =3,75m% = 3750000 T cm®

M =0,03 - 17500000™ = 0,525 T = 1,6 T

O

23. CrakaH4YuK JUIsI MOPOKEHOTO KOHWYECKOW (hOpMBbI UMeeT TIyOuHy 12 cM u muamerp
BepxHel yacTu 5 cM. Ha Hero cBepxXy MOJOXKHUIU JBE JIOKKH MOPOKEHOTO B BUJE MOJTYyIIApUNA
nuaMeTpoMm S cM. [IepenosHUT Jin MOpOKEHOE CTaKaHYUK, €CJIM OHO pacTaeTt?

OA=12cm
BC=d=5cm
[lepenoaHUT 11 MOPOKEHOE CTAKAHYUK?
5
Vu=4/3%R3(55/2°%=125%/6 =206 &
25712
Vi=1/3 TR?H=1/3 T (5/2)*>12= 12 =25%
OtBer: HeT.
24. HaiiTu o0beM mapa paauycom 10 caHTuMETpOB.
Pemenue:
Jlas Toro 4ToOBI BBHIUMCIUTH 00BbEM IIapa GopMylsia UCHOJIb3YETCS CIeAyIoIas:
_4 53
V = 3T R

rae V — uckomblii o6bem mapa, nm — 3,14, R — paguyc.
Takum oOpa3zom, npu paauyce 10 caHTuUMETpoB 00bEM IIapa paBeH:
V= g 3,14 x 10° = 4082 kyOMUECKHX CAHTUMETPOB.

25. Bo ckoabKO pa3 yBECIIMIUTCA 00BeM mrapa, €CJii €ro paJnycC yBCJINYUTDH B IICCTh pa3?
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OObeM mapa HaXOAUTCS 10 POopMyIIe:

V : R?

[Ipu yBenuuenuu paguyca B IECTh pa3 ero o0bEM Oyer:
4 4
V =-mn(6R)* =216 --nR?
3 3
Takum oOpa3om, 00beM 1rapa yBenmuutcs B 216 pas.

Otger: 216
26. O6bemM ojtHOTO TIapa B 216 pa3 Gombire 00bemMa BTOporo. Bo ckoibko pa3 miomnaab

MOBEPXHOCTHU IIEPBOTO 11apa 00JIbIIE IUIOMAAN OBEPXHOCTH BTOPOTo?

S

dopmyna 00bEMa mIapa:

4 4HR3
3
CDOpMyJIa IIomaan IMOBEPXHOCTH 1apa:
S = 47R?
HYCTI) 00BEMBI 1mapoB COOTBECTCTBCHHO paBHEI:
4 3 4 3

13 yCJIoBUs CICAYECT, YTO:

4 3 4 3

R,*=1216+R,"
3

Rl
—5 =216
Rl = r—
— = 5216
R,
Rl
— =5
R
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To ecTh, Mbl YCTAaHOBHJIM, YTO PaIUyC MEPBOr0O OOJIbIIC paauyca Broporo B 6 pas. Ecnu
pamuyc Iapa YMCHbIIUTh B 6 pa3, TO IUIONIA/b MMOBEPXHOCTH IIapa M3MEHHUTCS CJICIYIOLIHNM
obpa3zom:

c—u (’R ')‘ 47 R?

6 36

To ectb ona ymensmuTcs B 36 pas.

IIpakTnuyeckas padora Ne49
Tema 8.9 KonTpoibHas padoTa 1o pazzeiny 8 « MHOTOIpaHHHUKH U TeJIa BPAIL[CHUSDY
Heab: TlpoBepuTh ypOBEHb YCBOCHHS JAHHOTO Marepuayiia 1o pazgeny 12
«MHOFOFpaHHI/IKI/I H TCJIa BpallICHH A

Ilpu pewenuu 3a0anuini 1-4 3anuwiume npaguUILHLIIL OmMEem U3 UYemvlpex
npeo1oIHCeHHbIX.

1. (1 6ayn) B xakux equHUIAX U3MEPSETCS TUIOMIAAb TOBEPXHOCTH MHOTOTpaHHUKA?

A) B rpaaycax; b) B MeTpax; B) B kBagpaTHbIX MeTpax; ) B AByrpaHHBIX rpajaycax.

2. (1 6amn) Inomanps OOKOBOM MOBEPXHOCTH MTPU3MBI BEIYHUCIIACTCS 1O (hOpMyIie:

A) S = Seox + 2 SOCH; B) S6ox = Pocu * H; B) S =Beox+ S SOCH; 1—‘) S6ox = 2Pocu * H.

3. (1 6amn) Yto ABISIETCS OCEBBIM CEYEHUEM YCEUEHHOTO KOHYca?

A) paBHOOeIpeHHBIN TpeyroyibHUK; b) paBHOOeApeHHas Tpaneuus; B) npsimoyronbHuk; )
MPSIMOYTOJIbHASI TPATeIHsL.

4. (1 6amn) Kakas ¢urypa mosydaercs mpu BpalieHUH MPSMOYTOJBHOTO TPEYTroJbHUKA
BOKPYT OJIHOTO M3 CBOMX KaTeTOB?

A) xonyc; b) yceuennsriit konyc; B) nupamuza; ') yceuennas nupamusa.

Ilpu evinoanenuu 3a0anuit 5-8 3anuniume x00 peuwieHus U nOJaY4eHHblil Omeem.

5. (2 6amra) Pe6po ocHOBaHUS NPABUIBHOW TPEYroIbHOM MUpaMuibl 3 M, anodema 6M.
HaiimuTe momaas 60KOBOM MOBEPXHOCTH IMHUPAMUJIBI.

6. (2 6amwta) [uaronans kyba pasra V588, Haiiaure ero o6bem.

7. (2 6amna) IIpsMOYTroOJBHHUK CO CTOPOHaMH 8CcM M 3CM BpariaeTcss BOKPYr OOJbliei
cTtopoHsl. Haiinure o0beMm, miiomaayu O0OKOBOM | IMOJTHON MOBEPXHOCTEH MOJTYYCHHOTO Tea.

8. (2 Oamna) BbIYMCINTH MOBEPXHOCTh KPOHBI KYCTapHHKA, MMEIOLIEro (Gopmy mapa
paauyca 0,5 M. B oTBeT 3anuiuTe 4yncio, AeJIeHHOE Ha TT.
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Imanonvt omeemos

H
OMEP 2 3 4 5 6 7 8
3a1aHus
OtBer B b b A 27 2744 72m; 48m; 64 1t 1

IIpakTHyeckas padoraNe50
Tema 9.1 KoopauHatel 1 BEKTOPHI B pocTpancTse. [IpocTeitme 3a1aun B KOOpAUHATaX
Heas: Hayuntscs pemats NpoCcTeMIMe 3a4a4y B KOOpAUMHATAX

Teopernyeckas 4acTh:
CDOpMy.]'IBI ACTICHUS OTPE3Ka B JAHHOM OTHOIICHWH HaA IJIOCKOCTHU

Ecnin wu3BecTHBI [OB€ TOYKH IUJIOCKOCTH A%, P ), Bxgi ¥ ) TO KOOPIWHATEI
b

Add
M (s, 20) -y
Touku “*VMFMS xotopas  pgenut  otpesok A5 B otmomenmnm  EM | pripakarorcs
dbopmynamu:
X =xﬂ+z1-x3 =y4,1+é1-y3
== =

1+a = 1+ A

Pemrenue 3agau:

[Tpumep 1

Haiitu koopMHATBl TOUKH M , ICJISIIEN OTPE30K AB g otHOmIEHHH 1 3, €CJIN U3BECTHEI
rouxy A5 3, B=3-1)
Ars 1

Pemenue: B manHO# 3amaue B 3 Tlo ¢gopMymnam HeneHHs OTpe3Ka B JAHHOM

o Mir. . .
OTHOIIICHUH, HAUJIEM TOUKY (Xpe: ¥ M}.

|
X =xA+/I.xB=5+§'{_3)=5—1=4_E=3
M a L 4 4
3 3
1 1 &
34— (-1) 3-- 2
y _YatA¥Va +3( )= 3_i=§3=2
T 1oL 4 4 34
3 3 3
OrTBer: M(3.2)

B 3agaue He Tpe6yeTc;I CTPOUTH YCPTCIKA, HO €ro BCCrJa IIOJIC3HO BBIIIOJIHUTL Ha
YCPHOBHUKCE!
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And 1

JleiicTBuTenbHO, cooTHomenne £A 3 ppmonnsercs, To ects orpe3ok AM B Tpu paza
xopode ortpeska £V . Ecnu mpomopuus He OYEBHIHA, TO OTPE3KH BCErJa MOKHO H3MEPHThH
OOBIYHOM TUHEHKO.

Hpumep 2

JlaHBI TOYKH K21 L05-6) | Hajimy:

a) touxy ¥ | nemsyro otpesox £L B orHoureHnn 47
6) Touxy ¥ , nemstyro orpesox XL B otHomenmn 43,

[Ipumep 3
Touka & npunamnexur orpesky £47 . UspectHo, uto orpe3ok L4 B npa pasa miunHEe

D24, P[E; EJ
otpeska 7¥ . Haiitu Touky 7 , ecin i

Pemenne: W3 ycnoBusi criegyer, uro Touka £ memur orpesok D B orHomrennnm 41,

nFE
A=_—=1
cuuTas OT BEPUIMHBI £, TO eCTh, cipaBeIMBa nporopuus: 7 Tlo GpopMynam aeneHus
OTpE3Ka B IJAHHOM OTHOIICHHH:
Iptd- Xy ¥ot+d-¥e
XP = P =
1+ 4 1+ 4
LD SN T JG S Y U S S
3 l+2 3
d+ 2yg
2=T S44 iY==Yy =2 = ¥y =1
+
Otser: HE1
[Ipumep 4

Touka # €45 Otpesox &M B monropa pasa kopode orpeska A . Haiitu Touky 4,

€CITM U3BECTHBI KOOPAWHAT TOUEK BZ0) ML)

Pemenue B xoHie ypoka. OHO, KCTaTH, HE SIUHCTBEHHOE, €CIU TMONAETE OTIIMYHBIM OT
oOpasma myTém, To 3T0 He OyAeT OITMOKOH, rIIaBHOE, YTOOBI COBIATH OTBETHI.

@dopMyIibl JeNeHHs OTpe3Ka B JAHHOM OTHOIIICHHH B IPOCTPAHCTBE

Jli1st IpOCTPaHCTBEHHBIX OTPE3KOB BCE OyIIET TOYHO TaK XKe, TOJBKO T00ABUTCS elIé 0/1Ha
KOOp/IMHATA.

P - W 4
Ecnu u3BeCTHBI JBE€ TOYKH MPOCTPAHCTBA AX P 4:24) BX5 P 3}, TO KOOPIMHATHI

AAd
. . A=""
rouu 2 Fae> Fae Zae) , KoTopas JemuT oTpe3ok A5 B oTHOmeHnu ZA | ppipaxatorcs
dbopmynamu:
X =:er,1+£-;{_E =yﬂ+z1-y3 - =zﬂ+z1-23
e Y e ™M e
IIpumep S

JlaHbl TOYKH A-2-3-4 540 Hagry xoopauHaTel Toukn M | npuHamexameii

otpesky A5, ecm msBectHo, uro AM  EM =42
Pewenue:
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ITo bopmynam KOOpIMHAT CepeNHEI OTpe3Ka:

L _Ti+2 1 , _Cie2H_ 1 -4+20_ 4
My 37 M 1+2 T 3
2 11 4
M[—;——;——J
OtBeT: 3 3 3

[Ipumep 6

JIaHbI TOYKH B(-52,3), 04 2,

h 5:'. Haittn xoopauHaTel TOYKH A | ecnm W3BeCTHO, UYTO

oHa et 0Tpe3ok P B orHowernyn L.
dopmyiibl KOOPIAMHAT CEPEIUHBI OTPE3Ka

A | yacme M | yacme B
2 >3 ®
¥ _Mat X _¥atlVa
S 5 M‘T

JInst IpOoCTpaHCTBEHHOTO Ciyyas COpaBeIMBA OYEBHUIHAS aHAJOTHsS. ECIM aHbl KOHIIBI

T F 42 g Fal
0Tpe3Kan( 4 ¥ 24, B35 F525) , TO KOOPJIMHATBI €r0 CEpEIUHBI M BbIpaxaroTcst GopMyliaMu:

PR _FYatXs o _ZatZs
t o Y= T A=
[Ipumep 7
[MapatenorpamMm ABCD 3aJ1aH KOOpIMHATAMH CBOMX BEPLINH
A(=4, 00, 5 4), C7 20, DL =20 Hajiny TOYKY IIEPECEUEHUS €10 JUArOHaEH.

Pewrenne:
[To wW3BeCTHOMY  CBOWMCTBY, [HMaroHaJld  TmapaieJiorpaMMa CBO€H  TOYKOM

NrA;
MepeCceUCHUs (xg: Fol JEJSITCS TIOTIOJIaM, TIO3TOMY 3a/1a4y MOYKHO PEIINTh IBYMs CIIOCOOaMH.

Croco6 mepBblii: PaccMOTpuM  TTPOTHUBOIIOIOXKHBIE BEPIIWHBI Al-4.0), €7, 2:'. ITo

dbopmMynam AeneHus: oTpeska nonojam Hai1éM cepeiMHy AUaroHanu AL
g+ x. —4+7T 3 Ya+t¥o 0+2
g = = ==, Yp=Fft——F==——=1
Z 2 2 2 Z

O[—;l]
B pesynbTare: 2

Croco06 BTOpO#: PaccMOTpUM TPOTHBOIMOJOKHBIE BEPIIMHbI B4 4), D(_l;_zj. Ilo
dbopmynam JIeTIeHUS OTpe3Ka romnoJjam HalJEéM cepenuny  auaroHamu 5L

3
1)
Taxum o6pazom: 2
3
O[—; 1]
Otser: “2
IIpumep 8
GOEE :
JlaHbl TOUKH 3 4 2 . Haiitu cepenuny & otpeska @,

[Ipumep 9
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Touka M nemur  orpesox A5 nomomam.  Haittm  Touky ¥, ecnm  m3BecTHBI
A(Z0,-3), M5 - 4.1)

TOYKH
Pemenue: McnonbzyeM hopMysbsl KOOPAWHAT CEPEIMHBI OTPE3Ka:
R - _FYat¥s L _ZatZs
M T T 4 MT T 4 ¢ M T 4
2 2 2

Ham HensBecTHBI KOOPAMHATHI *£:¥2: %2 1] cHOBa MOXKHO BHIBECTH o01ryro hopMyIry IS
MX HaXO0KJACHUs, HO TOPa3/I0 JIerye cpa3zy NOACTABUTh yucia. TOJIbKO TPONOpUHSIMUA BEPTH:

5_ 2+ xg

=2+xp=10=x=48

—4=—D+23"3:~y3=—3

IIpakTnuyeckas padoraNe 51
Tema 9.2 Yroa mexay BekTopamu. CkaJsipHO€ TPOU3BEIAECHNE BEKTOPOB
Hean: HayunThcst HAXOIUTH CKAIIPHOE MTPOU3BEICHUE BEKTOPOB

Teopernyeckasi 4acTb
Bexkmop — 310 HanpaBJICHHBIM TPSAMOJUHEUHBIN OTPE30K, TO €CTh OTPE30K, MMEIOIINI
OTIpe/IeNIeHHYI0 JJIMHY M OTpeJelieHHoe HampaBieHue. [lyctb Touka A4 — Hadajgo BeKTopa, a

TOouka B — €ero KOHEII, TOT 1A BEKTOD o0o03Hagaercs cumBojioM 4B wmm ¢ |
BekTop BA yaspsaercs npomueononoxcuvim sextopy 4B 1 Moxer GbITh 0603HAYEH a
Chopmynupyem psig 6a30BBIX OTIPEICTICHUI.
y7] [458

Jlnunoii unmi modynem sexropa 4B HaspiBaercs miuHa oTpe3ka M 00603HAYAETCH
BexTop HyneBoi AMUHBI (€TO CYTh - TOUKA) HA3bIBACTCS H)J1€6bIM 0 4 HAIpPAaBIICHUSI HE UMEET.

Bekrop € eqMHWYHON IIMHBI, Ha3bIBACTCH eOUHUYUHLIM. EIVHWYHBLIA BEKTOP, HaNpaBIICHUE
a

KOTOPOro COBIaaacT C HAIIpaBJICHUEM BEKTOpPaA a , HA3bIBACTCA OpHIOM 6eKmopa
BGKTOpLI HAa3bIBAIOTCA KO/UIUHEAPHbIMU, CCIIM OHHU JIC)KAT Ha OJTHOM HpHMOﬁ WJIN Ha

alb
NapajulebHBIX — TPSMBIX, 3aMUCHIBAIOT | . Konnuueapuble BeKTOpbl MOTYT HMETh
COBITQ/IAIOIIME WM TIPOTHBOTIONIOKHBIE HampaBiieHus. HyneBoil BEKTOp CUMTAIOT KOJLTMHEAPHBIM
T000MY BEKTOPY.

a= b)

BexTopel Ha3bIBalOTCS paBHBIMU ( /, ecd OHHM KOJUIMHEAPHBI, OIHMHAKOBO
HaMpaBJICHbI U UMEIOT OJIMHAKOBBIE JUTUHBI.

Tpu BekTOpa B MPOCTPAHCTBE HA3BIBAIOTCS KOMHJIAHAPHBIMU, €CTV OHH JIEKAT B OJTHOM
IJIOCKOCTH WM Ha TMapajuleNbHBIX MIOCKOCTSX. Eciam cpenu Tpex BEKTOPOB XOTS Obl OJMH
HYJIEBOH WK JBa JIFOObIE KOJUIMHEAPHBI, TO TAKME BEKTOPHI KOMITJIAaHAPHBI.

PaccMoTpuM B mpocCTpaHCTBE MPSMOYTOJBHYIO CUCTeMy koopauHaT OXyz. Beigenum Ha
ocsix  koopmuHaT  0x, Oy, 0z equHMuyHBIE  BEKTOpPHl  (OpThI) W OOO3HAYUM  HX
gepes b J: k COOTBETCTBEHHO. BriOepeM MpOU3BOJIbHBIN BEKTOpP MPOCTPAHCTBA M COBMECTUM
€ro HayaJsio ¢ HadyajaoM KoopauHaT. CpoeKTHpyeM BEKTOp Ha KOOPAMHATHBIE OCH M 0003HAUYUM
MIPOEKIINH Yepe3 8y, dy, 8; COOTBETCTBEHHO. Toraa HeTPYAHO MOKa3aTh, 4TO
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a=a,-i+a,-j+a, -k

Ora popmyria siBIsIeTCS OCHOBHOW B BEKTOPHOM UCUUCIICHUN W HA3BIBACTCS PA3/10MHCEHUEM
6eKmopa no opmam Koopounamuulx oceil. Yucna ay, dy, d; HA3BIBAKOTCA KOOPOUHAMaAmu

sexkmopa ¢ . Taxum 00pa3oM, KOOpAMHATHI BEKTOpA SBISIOTCA €r0 ITIPOEKIHAMH Ha OCH
KoopauHaT. BekTopHOE paBeHCTBO (2.25) 4acTo 3auchIBaIOT B BUE
a='lax;a\.;a:} HITH a=(.ax;a1.;a‘_ ] M
! : . bl OyleM HCHOJIb30BaTh 00O3HAYEHUE
BEKTOpa B (UIypHBIX CKOOKax, 4ToObl BH3yaJIbHO JIET4Ye paziMyaTh KOOPAWHATHI BEKTOpa U
KoopauHaThl ToukH. C UCTonb30BaHUEM (HOPMYIBI JITMHBI OTPE3Ka, W3BECTHOW M3 IIKOJIBHON
TE€OMETPUH, MOYKHO HAMTH BBIpAYKEHHE JJIS1 BBIYMCICHUS MOJTYJIsI BEKTOPA:

‘a|= a, +a, +a;
TO €CTh MOJIyJIb BEKTOpA PaBeH KOPHIO KBAaJIPATHOMY U3 CYMMBI KBaIpaTOB €r0 KOOPIMHAT.
O6o3HauuM  yribl  MEXJAy BEKTOPOM M OCAMU  KOOpAMHAT  d4epe3 a, p,

Y COOTBETCTBCHHO. KOC‘MHbel OTHUX YI'JIOB HA3BIBAKOTCA JId BEKTOPA a HanpaesaArowiumMu, U 1Jis1

2 2 2
o+ B+ Ty =
HMX BBITIOJNHSETCS COOTHOmeHue: — o> & 7 €08 B +cos” 1BepHOCTB JTAHHOTO pPaBEHCTBA

MO>KHO TOKa3aTh C IOMOIIIbIO CBOMCTBA NMPOEKIIMH BEKTOPA HA OCh, KOTOPOE OyJIET pacCMOTPEHO
B HIDKECIIEAYIOIIEM MTYHKTE 4.
[lyctp B TPEXMEPHOM MIPOCTPAHCTBE 3a/1aHbl

a={x:y,:2,} b= {x,:¥232,}, € ={x;3¥5:2;}

BEKTOPBI | CBOMMH KoopAauHatamu. KMmeroT
MECTO CJIEIYIOIINE OTIepalliyd HaJ HUMH: JIMHEHHBIC (CIIOKEHUE, BBIYMTAHHE, YMHOXKEHHE Ha
YHCII0 W MPOCKTUPOBAaHUE BEKTOpa HA OCh WM APYrod BEKTOP); HE JIMHEHHBIE — Pa3JINYHbIC
MPOM3BEICHUS BEKTOPOB (CKAIIPHOE, BEKTOPHOE, CMEIIIaHHOE).
1. Cnoscenue nBYX BEKTOPOB MPOU3BOIUTCS MOKOOPIMHATHO, TO €CTh €CITU
C=a+b,T0 c={x33¥5:z;} = {x:y ;21 }+{X2: 232} = {} + X33 )1 + 232, + 23}

JlaHHas popMyIia UMEET MECTO JIJIsl TPOU3BOJILHOTO KOHEYHOTO YHCIa ClIaraeMbIX.

I'eomeTpuyecky iBa BEKTOpa CKIIAIBIBAIOTCS 110 IBYM IIPaBUJIAM:

a) npasuo mpeyzoibHuUKa — Pe3ylibTUPYIOIINUN BEKTOP CyMMBI IBYX BEKTOPOB COCIIHHSIET
HayYajo TMEepPBOrO0 W3 HUX C KOHIIOM BTOPOTO INPH YCIOBHH, YTO HAYaJ0 BTOPOTO COBIMAIACT C
KOHIIOM MIEPBOTO BEKTOPA; JJIsi CYMMBbI BEKTOPOB — PE3YJIbTHPYIOIIUI BEKTOP CYMMBI COCTUHSIET
HayYajo MepBOro U3 HUX C KOHIIOM TOCIIEIHET0 BEKTOpa-ClIaraeéMoro Ipy YCIOBUH, YTO HAYAJIO
MOCIIEAYIOIIETO CIIAaraéMOro COBIAIAET C KOHIIOM MPEIbIIYIIETro;

0) npasuno napannenozpamma (1751 IByX BEKTOPOB) — IMapajuiejOrpaMM CTPOMTCS Ha
BEKTOpax-cllaraéMbIX KaK Ha CTOpPOHAaX, MPHUBEJICHHBIX K OJHOMY Havajly; JdaroHalb
napauiesiorpaMMa UCXOoIAIIast U3 MX OOIIEro Havaja, siBISIETCS CYMMOW BEKTOPOB.

2. Boluumanue nBYX BEKTOPOB MPOU3BOIUTCS MMOKOOPIMHATHO, aHAJIOTUYHO CJIOKEHUIO,

c=a-b
TO €CTh €CITH TO

3
¢ ={x3:3:23} = {x1§}’: iyt = - n -z -2}

I'eomeTrpuueckn JiBa BEKTOpa CKIQABIBAIOTCA 10 YK€ YHOMSHYTOMY HpaBUILy
napajiesiorpaMMa ¢ y4eTOM TOT0, YTO Pa3HOCTHIO BEKTOPOB SIBJISIETCS AUArOHANb, COEANHSIOIAs
KOHIIbI BEKTOPOB, IPUYEM PE3yIbTHPYIOLIUI BEKTOP HApaBiIeH U3 KOHIIA BBIYMTAEMOT0 B KOHEI]
YMEHBIIIAEMOT0 BEKTOPA.

BaxHbIM ceCTBHEM BBIYMTAHUS BEKTOPOB SABISETCA TOT (DAKT, YTO €CIM H3BECTHBI
KOOpJMHAThl HayaJla U KOHIIA BEKTOPA, TO 014 6bIMUCIEHUA KOOPOUHAM 6€KMOPA He00X00UMo
U3 KOOpOuHam e20 KOHUA 6bl4ecnb KOOPOUHAmbl €20 Hauana. J[[eficTBUTENbHO, 1F000H BEKTOP
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IIpOCTpaHCTBA AB MO>KET OBIThH MMpEACTaBJICH B BUJC PA3HOCTU ABYX BCKTOPOB, UCXOOAIINUX W3
Hauaja KOOPJUHAT: AB=0B-04

Koopmuuartsl Bekropos 94 uOB cosnanator ¢ KOOpAMHATaMU TO4eK A U B, Tak Kak
Havano koopauHat O(0;0;0). Takum o0pa3om, NO MpaBUIy BBIYUTAHUS BEKTOPOB CJEIyeT
IMPOU3BCCTHU BEIYUTAHUC KOOPAUHAT TOYKHU A u3 KOOpAWHAT TOYKH B.

L-a= {in.),l..'l./”z }
3. Ymnoowcenue sexmopa na uucno A IOKOOPIHHATHO: 1579 1
Ipu />0 — Bekrop 4 conampasnen 4 ;<0 — Bektop ¢ IPOTHBOMONOKHO
HarpasnieH < ; |A|>1 — nnmna Bextopa ¢ yBenmumBaercs B A pas; [A|<1 - JUTHA
Bektopa ¢ ymenbmaercs B A pas.
a—AB
4. [TycTh B MPOCTpPAHCTBE 3aJaHa HampapiicHHas npsmas (ock l), BekTop 3aj1aH

KOOpJIMHATAMK KOHIA W Hadana. O0o3HauuM mpoeknuu touek A u B Ha ochk | cooTBeTCTBEHHO
yepe3 A’ uB’.

It

. hp g a a A'B
Hpoelmueu eeKkmopa HAa 0Cob I Ha3bIBACTCA NJIMHA BEKTOpPA , B3sgTasg CO

It

A'B
3HaKOM «ty, €CJIn BCKTOp u OCh I COHAITPAaBJICHEI, u CcO 3HaKOM «—=

ot

AB
», €CJIN ul IIPOTHUBOIIOJIOKHO HAITPAaBJICHBI.

Ecmu B kadectBe ocu | B3Th HEKOTOPBIN APYroil BEKTOP b , TO TOJYyYUM MPOEKIUIO

pextopa & ma Bextop 2 .

PaccMoTpuM HEKOTOpPBIE OCHOBHBIE CBOMCTBA MPOEKIIUM:

1) mpoexims BekTopa ¢ Ha ock | paBHa mpomsBeneHMIo MOy BekTopa ¢ Ha KOCHHYC

np,a = |c_1| “COSQ

yria MeXIy BEKTOPOM U OChIO, TO €CTh ;

2.) MpOEKIMs BEKTOpa Ha OCh MOJIOKHUTENbHA (OTpULIaTelbHAa), €CIH BEKTOp 00pa3yeT ¢
OCBIO OCTpBIH (TYNOMN) Yroj, U paBHa HYJIIO, €CJIH 3TOT YToJl — IPSIMOK;

3) mpoeKIus CyMMbl HECKOJIBKUX BEKTOPOB Ha OJIHY U TY K€ OCh PaBHA CyMMeE MPOEKIIHiA
Ha 3TY OCb.

Chopmynupyem onpeieieHrs U TEOPEMbI O TPOU3BEICHUSIX BEKTOPOB, MPEICTABIISIOIINX
HEJIMHEWHbIE ONePallUU HaJl BEKTOPaMHU.

5. CKanapuvim npouseedeHuem a-b BexTopoB ¢ n b yaseaercs wmcio (ckamsp),

PpaBHOC NPOU3BCACHUIO MJIMH 3TUX BEKTOPOB HA KOCHUHYC yIJla ¢ MCKIY HUMHU, TO €CTh

a-b= |c7|-|b|-coscp
OueBUHO, YTO CKAJAPHBIN KBajpaT J000r0 HEHYJIEBOI'O BEKTOPAa paBeH KBAApaTy ero
JUIMHBI, TaK KaK B OTOM CJIy4ae yroJ @ , T0O3TOMY ero Kocunyc (B 2.27) paBeH 1.

Teopema 2.2. HeoOX0AMMBIM M JOCTaTOYHBIM YCIOBHEM MEPIEHAUKYISIPHOCTH JBYX

BCKTOPOB ABJIICTCSA PaABCHCTBO HYIIIO UX CKAJIIPHOT'O ITPOU3BEACHUA c:

Creocmeue. HOHapHLIe CKaJIIPHBIC TTPOU3BCACHUA CAWHUYHLIX OPT paBHBI HYIIIO, TO

i-j=i-k=j-k=0e

LS |

€CTh
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Teopema 2.3. CkansipHoe IIPOU3BE/ICHUE IBYX BEKTOPOB

a={x:y:z}.b ={x:yuz}
- - B 3aJJaHHbIX CBOUMUA KOOpAMHATaMU, PaBHO

a-b=x;"x,+y,'y,+z,"z,

CyMMC HpOI/ISBeHeHI/Iﬁ HUX OAHOMMCHHBIX KOOPAWHAT, TO CCTh
C IIOMOIIIBIO CKAJIPHOI'O IMPOU3IBCACHHA BCKTOPOB MOXHO BBIYHCIWUTL YIOJ MCXKAY
HHUMHU. Ecau 3aJaHbl JBa HCHYJICBBIX BCKTOpa CBOUMH

a={x;y;z}, b= {x2:¥2:22}

s

KOOPAUHATAMH , TO KOCUHYC YTJIa () MEX]1y HUMU:
a-b
cosp=——. TO €CTh
al- o]
xlxw + J"’l}‘w +2121
cosQ = — - = B

\/xl‘ +y, +z -sz' +y, +2z,

OTcIo/Ia CIIe/TyeT YCIIOBHE TIePIeHIMKYISIPHOCTH HEHYIIEBBIX BEKTOpoB ¢ n b.
X)X + Y1y, +2,2, =0.

HaxosxeHue mpoekiuu Bektopa ¢ Ha HampapieHHe, 3aJaHHOE BEKTOPOM b , MOXET
OCYILIECTBIIATHCS 10 popmyrie

- a-b = XXy + WYyt 22,
np;a=———, TO €CTb : :

|5 £ 2 beg » by ” b‘_:

C  noMompl0  CKANspHOTO  TPOU3BENCHUS  BEKTOPOB  HAxXomsaT  paboTy

SR

nocrosuuoi cuer £ Ha NPSAMOJIMHEHOM y4aCTKE MYTH.

[IpennonoxuM, YTo T1OJ ACHCTBUEM MOCTOSIHHOM CHJIbI /3 MarepuaibHasg TOYKa

MepeMeniaeTcsl MPSMOJMHEHHO W3 TOJIOKEHUs A B 1osiokeHue B. BekTop cumbr F oOpazyer
AB =S
YIoJI ¢ C BEKTOPOM MEpEeMEIICHHUS (puc. 2.14). ®dusumka yTBepKAaeT, 4YTO padoTa

et £ [IpH TIepeMEIlieHIn ©  paBHa A=F:S-cosp,TOCCIb A=F -5

- — -

- P
A B B
CHCI[OBaTeHLHO, pa60Ta HOCTOSSHHOW CHJIBI IIpu HpHMOHHHeﬁHOM MNEPEMCIICHUN TOYKHU €€
MPUIIOKCHUA PABHA CKAJIPHOMY ITPOU3BCACHUTIO BEKTOPA CUJIbI HAa BEKTOP MEPEMCIICHUS.
axb a b ¢
Bexmopnwvim npouseedenuem BeKTOpa “ Ha BekTop ¥ HaspIBaeTcsl BEKTOp -
y,[[OBJ’IeTBOpHIOH_[I/Iﬁ CJICAYIOIIUM YCIIOBUAM:

c b

— © NEepHeHJUKYJISIpEeH BEKTopaM ~“ u ¥ ;

Q

= sn v
— UMeeT JUIMHY, pPaBHYIO : rje ¢ — yroia, 0Opa30BaHHBIN

BCKTOpaMH1 a n b ;
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a.b u¢e .
— BEKTOpBI ~ ° 00pa3yroT MpaByro TPOHKY.

Pemrenue 3agau:

[pumep 1
_ z|=2. [|=5. 4(&;5}:%

Haiitu cKanspHOe MpousBeeHHe BEKTOPOB & 1 b , €CIIU

Th = }:T| |E| cos (@ B

Pemenne: Vcnonszyem  popmymny B nmaHHOM  ciydae:

- - T 3
Zh :}:1|-|b|-cosi(a,bj:2-5-::055:10-?:5'\5

OrBer: zh = 5”‘E
[Ipumep 2

iy ©4 Fl=3 B|=+2 135°
Haiitn , €CIIH , @ YTOJI MEXAy BEKTOPaMH PaBEH
VYroJs1 MeX Iy BEKTOPAMH U 3HAYEHHUE CKAISIPHOTO NMPOU3BENCHUS
B ITpumepe 1 ckansgpHOe Npou3BeACHUE TOIYYHIIOCH MTOJOXKUTEIBHBIM, a B [Ipumepe 2 —
OTPHLIATEIBHBIM. BBISICHMM, OT 4ero 3aBUCUT 3HAK CKAJIIPHOTO Npou3BeaeHus. CMOTpPUM Ha Hally
T b= |§| |5| cos (@, B

bopmyny: JmaHbl HEHYJEBBIX BEKTOPOB BCEraa

7| = 0, |5| =0
TITIOJIOKUTCIIbHBI . FI | , IO3TOMY 3HAK MOKET 3aBUCCTh TOJIBKO OT 3HAYCHHA KOCUHYCA.

< Ala b=
yl"OJ'I Mexmy BCKTOpaMI/I MOXECT U3MCHATHCA B npez[enax D _i(ﬂ,b) =7

BO3MOXHBI CJICAYIOINHUEC ClIydau:

, U TIpU 3TOM

e T
O« 2d b))« —
1) Ecmm yroa mMexay BeKTOpaMHu OCTPBIii: 2 (or 0 mo 90 rpamycos),

TO cos L@ &) = D, U CKAJsIPHOE NpPOM3Be/eHHe OyAeT MOJI0KHTEIbHBIM: & £ >0 Ocobwiit

cnyqaﬁ: €CJIM BEKTOPBI COHanpaesieHsvl, To yrojl MEKAy HUMHU CUHUTACTCs HYJICBbIM ﬁ(ﬂ, b) =0 , 1

CKaIIPHOE NPOM3BEJCHHE TaKke Oyaer monoxurensusM. Iockonbky 950 =1 10 dopmyna
T b=a |£7_|
YIIPOIIAETCS: .

z < AT B <
2) Ecnu yroa mexjy BEKTOpaMU TYNOM: 2 (or 90 nmo 180 rpamycos),

TO EOS&(Q’ b] <0 , H, COOTBCTCTBCHHO, CKAJISAPHOE IIPOM3BEACHHE OTPHULATEIBHO. Zh < [:I
Oco0bIit cnyqaﬁ: €CJIM BCKTOPLI Hanpaesiervl npomueonol04#CHO, TO YroJl MCKAY HUMU CYUTACTCA

PA3BEPHYMBIM. La b)=m (180 rpamycoB). CkansipHOE TPOU3BECHUE TOXKE OTPUIIATEIBHO, TaK

kak Cossm=—1
CripaBeAnTuBEI 1 00paTHBIC YTBEPHKICHUS:

1) Ecin zb >0 o YroJl MeXIy JaHHBIMU BEeKTOpamMH OocTpblii. Kak BapuaHT, BEKTOPEI
COHAIPAaBJICHBI.

2) Ecmn @b <0 1o Yroj MeXJy JAaHHBIMH BeKTopamu Tynol. Kak BapuaHT, BEKTOPBI
HanpaBJIeHbI TPOTHUBOIOJIOKHO.
Ho oco0pblit nHTEpec npeacTaBiseT TPETUH CITydaid:
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- T
S(E b= —
3) Ecnu yroJa mexny BEKTOPAMU NPAMOM: 2 (90 rpajycoB),
T
cos— =0 -
TO 2 U CKAJIsSIpHOE IIPOM3BeJeHHEe PABHO HYJIIO: Zh =0 OOpaTHOE TOXE BEPHO:
T 4@ 5=
ecu &8 = D, TO 2 . KOMIaKTHO yrBepxaeHue (opmymupyercs Ttak: CkajasipHoe

NMPOU3BECACHUE IBYX BEKTOPOB PaBHO HYJ/IIO TOTAAa U TOJBKO TOrjaa, Koraa 1aHHbI€ BEKTOPbI

OPTOrOHAJIbHBI. KOpOTKaﬂ MaTreMaTu4dCCKaa 3aI11ucCh: gb=0=alb

A 4tOo Oyner, eciau BeKTOp ¥ YMHOXUTh Ha camoro ce0s? I[loHSTHO, 4YTO BEKTOp
COHAmNpaBJIeH caM C COOOM, MOITOMY TOJIb3yeMCs BBINIEYKA3aHHOW YMPOIIEHHOW (HOpMYIOi:

aa =[z| ||
Nmn:
- |

Yucno ## HazpiBaeTCs CKaJSIPHBIM KBAaJIPaTOM BekTOpa ¥ | M 0003Ha4yarcs Kak &

— 2
ek = |ﬂ|

Takum 00pa3oM, CKAJSIPHBIH KBaJApaT BeKTOpa ¥ paBeH KBaJpaTy JJIHHBI JaAHHOIO
BEKTOpa:

_1 -
z* =l
W3 nanHOrO paBeHCTBAa MOXHO MOJYYUTh (POPMYIY Ul BBIYMCICHUS JJIUHBI BEKTODA:

l=E

JInsi mpOM3BOJIBHBIX BEKTOPOB T.8.7 4 moGoro wmema A CTPaBEUIUBBI  CIICIYIOIIUC
CBOMCTBA:

1) Zh=ba _ MEPEMECTUTEITLHBIN WM KOMMYTATHBHBII 3aKOH CKaJIIPHOTO
MIPOM3BEICHUSI.

2) @+b)r =ac+br _ pacnpenenuTeIbHbIN WK JMCTPUOYTHUBHBIN 3aKOH CKAISIPHOTO

IIPpOU3BCACHUS.

3) (A7) b =Aah) _ COYETATEIbHbIA  WJIM ACCOMATHUBHBIN 3aKOH  CKAJSIPHOTO
npousBeeHnsa. KOHCTaHTy MOXHO BBIHECTH U3 CKAJISIPHOTO MTPOU3BEICHUSI.

[Ipumep 3
Haiitn ckansipHoe NMpOUM3BEJCHHE BEKTOPOB © =—Za+h yd=a-i , €CJIH H3BECTHO,

F|=42. Bl=8 z@& =2

qTo 4 .
Pemenne:
F.g-

(2@ +5) (@-by="1
—2Z.@+b-a+2z-bh-b.-bh=""
23 +F b +23-b-b =t

2% +3gh -k ="
~2f +3- | [p| cos 2@ B) - [ =
5

—2(4@}2+3-4ﬁ-8-cos§—82=—64+96ﬁ-;—64=—32

IloacraBnsiem BbIPpAKCHUSA BEKTOPOB c d .
PaCKpLIBaCM CKOOKH 110 IMpaBUIy YMHOXKCHHUA MHOTOYJICHOB
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B IEpBOM M TMOCJICAHCM CJIaracMOM KOMIIAKTHO 3aIllMCbIBACM CKAJIAPHBIC KBaApPAaThl

- = =1 § T2
BekTopos: ¥ # T ¢ - bb=b7" g, BTOPOM CJIaraéMOM HCIIOJIb3yeM IEPEeCTaHOBOYHOCTb

CKJIIPHOTO TIPOM3BEICHUS: ba=a-b,
[puBo MM 10106HbIE criaraembie: & - b+oz-b=33b
7 =|af
B nepBoM ciaraeMoM Kcnoib3yeM (popMyily CKaJIpHOTO KBajpara , 0 KOTOpOi
HE TaKk [aBHO yNOMHHaNOCh. B mocieqHem ciaraeMoM, COOTBETCTBEHHO, pabOTaeT Ta ke

o =T
mTyKa: . BTOpOG cliaracmMoc pacKiiaabiBacM 110 CTaHAapTHOUN

dopmyre b= |E| cos £(@. 8) .

— N
g|=442, fBl=8 z@B)==
HOILCT&BJ’I?[GM JAHHBIC yCJ'IOBI/ISI 4 y u HpOBOI[I/IM
OKOHYATCJIIbHBIC BBIYUCIICHUS.

Orger: 74 =—32
OTpuIaTeNbHOE 3HAYEHUE CKATSPHOTO MPOM3BE/IEHUS KOHCTATHPYET TOT (GakT, uTo yroj
r,d

MEXTy BEKTOpaMH -’  SBIJISICTCS TYIIBIM.
Pemrenne ynpaxHeHwmil:
[Ipumep 4
HaiiTi ckanspHOe Ipon3Be/ieHne BEKTopoB & — —& T cb yd =-a+b , €CII U3BECTHO,
F|=4. Pl=243. z@&5=2
4TO 6
[Ipumep 5
o g|=3 Fl=2 z@®=Z
Haittu jumny sexropa £ =~Z 38 ecm 3

Pemnenne

Fl= |-+ 35| (@ 4387 = &7~ 6ab +957 = jil — 6 [a] B cos 2@ 5)+9 ] =
= JBQ ~6.3. 2-c05g+9- 22 :J9—36%+36 =27 =33

H: 3~J§ eg. = 5,20 ex.

OTBeT:
[Ipumep 6

I z|=5[5|=10, 5(&;5}:2—”
Haiitu nymuny BekTopa © =< +4 , ECITH 3

IIpumep 7

5 =4, f[=2+2, ab=8

Haiitu yron mexay Bektopamu ¢ u b , €CIIA U3BECTHO, UTO
Pemenne: VcnonszyeM ¢popmyiny:

2} g 1 'x.IIE _ E

i _',E = — = = ——=
cosL(&, &) |§||b| 4.2z 2 2 2
cosi{&;gjzﬁ i(&;gjzarcmsﬁzf
Hrak, ecinu z , TO: 2 4

27 5y = Z pan = 45°
OTBeT: 4

[Ipumep 7
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_ A3 B) =

i
7|=3 |5]=4 _ =
Jlanb1 M |b| — JUTUHBI BEKTOpOB ¢ | by YroJ MEXJly HUMH 3

. Haiitu

yroJl MeXIY BEKTOpamMu = = —2Z+3b d =4a-3b
3anmanue Taxe HE CTOJIBKO CJIOKHOE, CKOJIBKO MHOTOXO0/I0BOE.
Pazbepém anroputm pemieHus:

1) Io ycnosuio TpebyeTcss HAHTH yronm MeXTy BEKTOpaMH © 1 d , TIOATOMY HYKHO
~. _ &d
coss(E, d )= —
-
HCI0JIb30BATh (POPMYITy :
2) HaxomuM ckajisipHOE MPOU3BEICHHUE ¢d (cm. ITpumepst NeNe3,4).

3) Haxoaum jiiHy BEKTOpa & U JITMHY BEKTOpa d (cm. [Ipumepnr NeNe5,6).

4) KonuoBka pemenusi copnajgaer ¢ [Ipumepom Ne7 — HaM M3BECTHO YHUCIIO , a

_ 5 £d

(T, &)= atcoos [W}
3HAYUT, JIETKO HAWTH U CaM YroJ:

Kpatkoe penienue u 0TBET B KOHIIE YPOKa.
Bropoli pa3nen ypoka MOCBSIIEH TOMY XK€ CKAIIPHOMY Npou3BeneHUI0. KoopanHatsl.
byner nmaxe mpoie, 4em B IEPBO YaCTH.

[Tpumep 8
Haittu CKQJISIPHOE MPOU3BEJCHUE BEKTOPOB:

2 825, B-10)
0) AB y AT ecnu nanbt Touku Al -1.3), 5(0,1,-2), €4, - 4, 0)
a)@h =-2, 8)AR AC=6

OTtBer:

[Ipy HEKOTOPOM OTIBITE CKATSIPHOE MPOU3BEACHIE MOYKHO IIPUHOPOBUTHCS CUUTATH YCTHO.
[Ipumep 9

JlaHb1 YEeThIpe TOYKHU MPOCTPAHCTBA

Al—4 -3 -2), B(2 -2, -3), C(-8 -5 1), D& -3 - 1)

MEePIEeHIUKYISIPHBIMU CJIEIYIOIINE MPsSIMBbIe:
2) AR DT

ngzsﬂt
IIpumep 10

HpI/I KaKOM 3Ha4YCHUH A BCKTOPbI

BersicHuthb Ooyayt M

a3 A =20 524 -13) Gynvr oproronansmer?

Pemenne: [1o yciaoBuro TpeOyeTcs HaillTH Takoe 3HaYeHUE TapaMeTpa A | 4TOGBI NaHHBIC
BEKTOPBI ObLIN OPTOTOHAJIBHBI. [Ba BEKTOpPa
Vi vy, WIWY, Wy,
IIPOCTPAHCTBA ;v W), Wiy, iy, v OPTOTOHAJIBHBI TOr1a u TOJIBKO TOr 14,
Yy 1My s =0
xorga "1V T VaMa TRy )
CocraBuM ypaBHEHHE:

Fh =0

32-D+ A (-D+(-2)-5=0

PaCKpLIBaCM CKO6KI/I " IpUBOJIUM HOI[O6HBIC cj1aracMabI€:
6—324-1-10=10

—4A-4=0
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Pemraem npocreiiiee IMHEHHOE YpaBHEHHUE:

-4i=4

A=-1

OrtBer: pu A=-1

Hpumep 11

[Ipu xakoMm 3HAYCHUH z CKaJIIPHOE TPOU3BEJCHUE BEKTOPOB a(z 4).5(2 -3 Oynet
paBHO —2?

HaiiTu cKaIsIpHOE IpOU3Be/IeHHe BEKTOpoB ¢ u 22 T2 | ecm © 0 =330, d (=4 1.0)
D10 mTpuMep UL CaMOCTOSITEIBHOTO  PEIICHHS. 31eCh MOXKHO  HCIOJIb30BaTh

ACCOIMAaTUBHOCTh OIEPALIUM, TO €CTh HE CYMTATh 3 =30,-35=100,-%15 , 4 Cpa3y BBIHECTH
TPOMKY 3a MpeeNsl CKAISPHOTO MPOU3BEIEHHS M JOMHOXKHUTL Ha HEE B MOCIEIHION OYEPE/b.
Pemienue u 0TBET B KOHIIE YpOKa.

B 3akmouenne naparpada mpoBOKAIIMOHHBIN IIPUMEP HA BHIYUCIIEHHE JUTMHBI BEKTOPA:

[Ipumep 12

JIaHbI TPH BEPUIMHBI TPEYrOJILHUKA A-L0), B(3, 2. CO -4 Yoy L45C (yrou npu

BepmmHe & ).
Pemenue: [1o ycioBuio uepTéx BBITOIHATH HE TPEOyeTCsl, HO BCE-TaKu:
A 3 3 g

Haitném BekTOpHI:

BA(-1-30- 2= BA(—-4. - 2)
BO(5-3%—4-2)=BC(2,-6)
Breruucimnm CKaJIAIPHOC ITPOU3BCACHUC!
BA BD =—4.2-2.(-8)=-8+12=4
" JJIMHBI BCKTOPOB!

|E|= S 42 = [T6+4 =20=2.5
|ﬁ|= J2 -6t = 4136 = 40 = 2./10

Kocunyc yrna:
BA- BC 4 1 1

@|-Bc=2£-2ﬁ=ﬁ=5ﬁ

cosi(ﬁ; E} =
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_ BA.BC —4.2-2 . (—6)

(B4l B 4 (27 2+ (-6
~8+12 4 4 4 1

T 1644 JA136 20 40 800 2042 542

Haitném cam yrou:

cosi(ﬁ; E)

i(ﬁ; E} = arcc@sLss 143 pam. s B2°

542

1
SARC = arccos ——= = 1,43 pan. = 82°
OTBerT: 5\"5

[pumep 13
B MIPOCTPAHCTBE 3a7aH TPEYTOJIBHHUK KOOpJAMHATAMU CBOUX

BEPILUUH ALLD, A3 0:0), 42,37 . Haiitu yron mexay cTopoHamu A4, u A4
[pumep 14
C noMOIIIBIO CKATISIPHOTO MPOM3BEIEHHS] BEKTOPOB HANTH YroJl Py BepiIvHe A apajuiesiorpaMma

AR — fe.9.0 AC={z2_%_1

ABCD, MoCTpOEHHOTO Ha BEKTOpax AB =18:2;0; H AC {3’ 5y
Pewenue. BeranciuM MOy BEKTOPOB M UX CKaJISIPHOE MTPOU3BEIAEHUE IO TEOPEME:
|4B|= /8% +22 +0% = J68;  |AC|=+[3* +(-5) + (1) =+0+25+1 =435;
AB-AC=3-8+2-(-5)+0-(-1)=14.

Orcrona cornacHo dopmyne (2.29) mosryduM KOCUHYC HCKOMOTO yTJia

14
68 -+/35

cos @ = ~0,3. CllefoBaTeNbHO, £ @ = arccos0.3 ~72°

IIpakTnuyeckas padora Ne 77
Tema 13.3: [IpakTuko-opHeHTHPOBAHHEIC 33Ja4l HA KOOPAWHATHOH IIOCKOCTH
Hean: HayunThcs pemarh 3aa4u Ha KOOPAMHATHOM IJIOCKOCTH

Teopernyeckasi 4acThb:
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e TlnocTelnme BEII[EI'-IHB KOODIMHATAEE
1. Koop opmaTei cepemiHET oTpeska

i 2k
2 Ay
H {
r’l{Ip Uis 24} : ;|
O (x:432) : i
| .
Bi-";- Yz 23) : £
........................... ey . Wi A Ay
X y : ﬂ.j T
. i H A.‘
Koopmisn TEI (8D eTIHET TOEKIT L4 X ¥4 s
EeKTOpa A8 : Fx
BEIUMAIIARTC A [0 hOpMT: -
rj Tox, 23?1 e 2122 JIHHA EeR TOpA . y.2;
(\1 Vo T S Bmmmﬂmgumﬁ.

Z Z 2 e = w4 ¥ b x?
Famedas koapdiHama cepetiiHel QIPEINT PasHR
FATTVCVALAE OO0 SS I EVIOTLIY, KOAPALHA R 820
HOHYOE, :
e
3. PaccToAHMe MeEKIV TEVMA TOUKAMIT
zy
M2 lEz Yo Zy)
Myleyy s ol

........................ .
0 y
.l;‘/”.
PatcTomome MEeFTY TEYILA TOYEANIT
H

Pernenne 3anaq:

1. Haiinure koopauHaTsl Bektopa AF, ecim A3 =1 dyy #{2 ~14)

Hano: Peuwienue:
AL -1 & ABtx vz m{z 501y (=Fh A - 21
A ~54y |- i 2) 4 KoopauHaTsl BeKTOpa IO
..... ——— ' JBYM TOYKaM. Haxonnm
be y A‘g KOOPJIMHATHI BEKTOPA: U3 KOHIIA BEKTOPA BHIYUTACM
” 3HaYCHUE KOOPJAMHAT Havajia BEKTOpa.
Omeem: "AB”"" {-1,0;2}
2. Touka M — cepemuna otpe3ka AF. Haiinute KoopauHATHI
ecm Af i —dip
{22, 0},
Hegio: Pereriiie:
(0; 34y | Koopmiers: cepemon sexmops {dopmgas)
B2y 200 My et LTS i G s oo
b 2 2 :
NS I O p e G At d
' Are . - N s
Mixv gy (- A5 -2

Lo J’if:F{ 1 20 =1

3. Haiinute nuHy BekTOpa AB, eclIn
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2. J M eKTona (TI0 eT0 K00p IHHA TaM)

TOYKHA A,



Hano: Pewenune:
Af=1:0:2) B0 DosEOpu 10 Sli KOOI 1Y
- e B o + A A A A AT
B{L 23y [AB] = fx® 4 y? 4 z?
Hisfone s 005035 TRE 0K L
i‘,q{;i a ? ‘:Z;E L J:Ixz ..... .x-j; };'_2 };";; z:.r 2_1}
Thoune 2ulssas 1 Eopar sy USRI S K PODRE

A} - f{t; ----- £ (s (g )

ﬁﬁﬁﬁﬁ

AR {1-—{ 1+ (- .;;mrj} FfB e 2w O U0 1R VO
s |;1w§ | w2

4. Tlamer Bextops #43: - 2: 11, €2 %51} ¢1--3: 2: 1}, Haiture i + b}

ano: Pewenue:

afd -2 1} H _
- aiileM CyMMy COOTBETCTBYIOLIHX KOOPIMHAT BEKTOPOB!
IR I T § o BT+ {2 2y 51 1Y = T 10

cl-3idi 1} Jnuna BCKTOPA M0 €TI0 KOOp/IMHATAM:

R N Y

%Ei + Ivﬂl )

HO)ICTaBI/IM 3HA4YCHUSA KOOPAUHAT:
e
ok Bl 1T 12 27 = 6

Omeem: i‘”" E*E =%
3agauvaN2s5. Hantu naowasb TPeyrosibHUKa,

BEPLUMHbI KOTOPOro HaxXo4ATcA B Toukax A(2;-3),
8(111)/ C('615)

3agadyy OY€Hb MPOCTO PEIIUTh, BOCIIOIH30BABIIHCH

b opmynoi

1
S z_[('xl _x3)(y2 - Y3)_(X2 _x3)(y1 - y3)]
B KOTOPOM HY’KHO B3sTh X; = 2, X, = 1, x5 = -6,

1=-3,y2= 1,y3=5.
[ToacTapnss 5ty yucia B GopMyIly, TIOITyYUM
S =12 kB. €.

6. TToctpouTth Tpeyroabauk ¢ BepimHamu A (— 4; 2), B (0; — 1) u C (3; 3) u onpeaenutsb
€ro IepUMeTp U YIIIbL.

Pewenue. YToObl BBIUUCIUTH MEPUMETP HEOOXOAMMO HAWUTH JJIUHBI CTOPOH
TpeyrosubHuka. Haiinem amunsl cropos o gopmyie (1):

d; =AB =/(0+4)? +(-1- 2)> =16+9 =5

d, =BC =/(3- 0% +(3+1)? =J/9+16 =5

dy =AC =\/(3+4)% +(3- 2)> =V49+1 =50 =52
[Mepumetp BeramcanM 1o Gopmyne p = di + dz + ds, T e.
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p =5+5+5+2 =5(2++/2) =171

BeInonHuMm yeprex.

Taxk kak TpeyroiabHUK paBHOOEAPEHHBIH, TO YIiIbl IPH OCHOBAHUU PaBHBL, T. €. o.="7. Toraa
B=180—-0—a=180-2-a

I1o TeopeMe KOCHHYCOB HalUAEM yroJl o

BC?=AC? + AB?* +2-AC-AB-cos o.

52 =(5\/§)2 +52- 2552 cosa

- 2
25=50+25-50+v2cosa = cosw :iﬁ zﬁ
5042 2
7T
o =—
T. €. 4= 45° 3nayut B = 180° — 90° = 90°. Ciie10BaTENBHO, TPEYTONBHUK ABISAETCS
MPSIMOYT OJIbHBIM.

7. laubr BepumHbl TpeyrossHuka ABC: A (1; 5), B (9; 10); C (10; 3). Omnpenenuthb
KOOPJUHATHI TOUKHU MEPECeUCHHs] MeIMaH TPEyroJIbHUKA.

Pewenue. Crauana HaiiieM KOOpIMHATHI TOUkU D cepeiMHbI OJTHON M3 CTOPOH, HAIIPUMED
cTopoHsl AB. Iyt aToro Bocmosb3dyemcs hopmysoi (3):

1+9 5+10
x=——=5 y=
2 2

Touka M, B KOTOpOH IepecekaroTcss MeauaHbl, Aeaut oTpe3ok CD B otHomenun 2:1,

cuutas ot Touku C. CienoBaTenbHO, KOOPAUHATH TOUKU M omnpeaenstorcs no Gopmynam (2):

=75

L_Xt2xp 10410 20 y3+2yp 3+15

1+2 3 37 YT 14 3 ,
MHE;GH
Omeem: 013 1

8. Uzsectrbl Touku A (—2;5), B (4; 17) — koH1sl oTpe3ka AB. Ha 5ToM 0Tpe3ke HaXOAUTCs
touka C, paccTOSIHUE KOTOPOH OT TOYKH A B JiBa pa3za OOJbIIE PACCTOSIHUS OT TOYKH B.
Onpenenuth KoopaAruHATHI TOUKHU C.
Pewenue. Tak kak |AC| = 2-|CB|, To A = |AC|:|CB| = 2. CnenoarenbHo,
-2+24 6 5+217 39
X=——=—=2; y=——=—2=13
1+2 3 1+2 3
Omesem: C (2; 13).

IIpakTnyeckas padora NeS2
Tema 9.3 KonTponbHas padoTa 1o pazzaeny 9 «KoopanHaThl B BEKTOPBD»

He.]'[bZ HpOBepI/ITL YPOBCHBb YCBOCHUA JAaHHOI'O MaTcpualia 1o pasaciry 13 ((KOOpI[I/IHaTLI
1 BCKTOPBD»

Ilpu pewenuu 3adanuii 1-4 3anuwiume npPasUIbHLIL OMEem U3 Uemblpex
nPeooHCEHHDbIX.
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1. (1 6amn) Jausr Touku A(1,0,5), B(-2,0,4), C(0,-1,0), [1(0,0,2). Kakue u3 HUX nexar Ha
KoopauHaTHOU npsimoit Oy?

A)A;Bb)B; B)C; IN) .

2. (1 6amn) Kakue u3 BexkropoB a(l1,0,-1), c(1/3,2/3,-2/3), B(1,1,1), p(0,0,-2) siBisiroTCst
eAMHUYHBIMU?

A)a;b)c;B)B;I) p.

3. (1 6ayn) Kakue u3 Bekropos a(1,2,-3), c(3,6,-6), B(2,4,-6) KouMHEApHBI?

A) a, B; b) ¢, B; B) a, c; I') KoJutHEapHBIX BEKTOPOB HET.

4. (1 6amn) Hamer toukm A(2,0,5), B(2,4,-2) C(-2,6,3). CepeauHoil Kakoro oTpe3Ka
siBisieTcst Touka M(0,3,4)?

A) AB; b) BC; B) AC; I') CB.

Ilpu g¢vinonnenuu 3a0anuit 5-8 3anumume x00 peuwieHuA u NOJIY4eHHbLI OMEEm.

5. (2 6amna) Jansl Bektopsl a(-6,0,8), B(-3,2,-6). Haiimute ckansipHOE MpOM3BEICHHE
BEKTOPOB.

6. (2 6anna) TIpyu KakuX 3HAYEHUSX 11 BEKTOPHI a (4,11,2), B (1,2,11) neprenuKyIsapHb?)

7. (2 6amma) Hawer Bektopsl a(-6,0,8), B(-3,2,-6). Haiigure kocwHyc yria Mexmy
BEKTOpPaMH.

8. (2 6anna) dausl BekTopsl B{3,1-2}, ¢ {1,4,-3}. Haiitu mnHy BekTopa 2B-C.

Imanonvt omeemos:

Homep 1 2 3 4 5 6 7 8
3aaHUA
OtBer B B A B -30 -1 -3/7 V30
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