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Mertoanyeckre ykazaHusl Ui NMPAKTHUYECKUX paboT Mo JUCHMIUIMHE «MaremaTuka»
cocraBieHbl B cooTBercTBUU ¢ TpeboBanuamMu PI'OC CIIO, npenHazHauyeHbl 17 CTYACHTOB,

oOydaromuxcs mo cnernuanbHocTd 38.02.01 DkoHOMHKA M OyXTaNTepCKui ydeT (TI0 OTPaciisiM).



Hosacnumenvnasn 3anucka

Mertoanuyeckre peKOMEHAAlMU MPU3BaHbl OKa3blBaTh IOMOIIL CTYAEHTaM B HM3Y4YE€HUU
OCHOBHBIX TOHATHH, MJEH, TEOPUN U MOJOKEHUH AUCHUIUIMHBI «MaremaTuka», U3y4yaeMbIX B
X0Jle KOHKPETHOI'O 3aHATHSA, CIHOCOOCTBOBAaTh PAa3BUTHUIO HUX YMEHMH, HABBIKOB M SBIIIOTCA
OJIHUM U3 CIIOCOOOB NMPOBEPKU 3HAHUMN CTYIEHTOB.

BrimonHenue ydammMucs MpakTHYeCKUX paboT HAmpaBJIeHHO Ha!

- 000011eHHe, CHCTEMAaTH3alHI0, YIITyOJIeHne, 3aKPETICHHE MOTyYeHHBIX TEOPETUIECKUX
3HaHUM 110 KOHKPETHBIM TEMaM;

- (popmupoBaHue yMEHUN MPUMEHSTH MOJIyYCHHbIC 3HAHUS HA MPAKTHKE W PeaTU3alHIo
€/IMHCTBA UHTEIJIEKTYaJIbHOM U MPAKTUUECKOH JeITeNbHOCTH;

- pa3BUTHE HHTEIUIEKTYaJbHBIX YMEHMH y OyIylIMX CHELHaTUCTOB: aHAIUTHYECKHX,
IPOEKTUPOBOYHBIX, KOHCTPYKTHBHBIX U JIp.;

- BBIpAOOTKY IpPU PELIEHUH MOCTABJICHHBIX 3aJay TaKUX MPO(ECCHOHANBHBIX KauecTB,
KaK CaMOCTOSATEIbHOCTh, OTBETCTBEHHOCTb, TOUHOCTb, TBOPUYECKAasi MHUIMATHUBA.

Ocoboe 3HaueHHWe IUCHUIUIMHA WMEET MpH (HOPMUPOBAHMHM U PA3BUTHH OOIIMX
komneTeHui B coorserctBun ¢ ®I'OC:

OK 01. BeiOupats cmocoObl pemeHus 3anad MNpo(ecCHOHAIBHOW IesTeIHbHOCTH
PUMEHUTEIBHO K Pa3IMUHbIM KOHTEKCTaM.

OK 02. Hcnonb3oBaTb COBPEMEHHBIE CpEACTBA IOMCKA, aHAJIM3a W HMHTEPIPETALUH
uHpopMaLuy, 1 UHPOPMALMOHHBIE TEXHOJIOTMHU JJI BBINOJHEHUS 3a7ad MpoecCHOHATbHON
NeSITEIbHOCTH.

OK 03. [TnanupoBaTh U pean30BbIBaTh COOCTBEHHOE MPO(PECCHOHATBHOE U INYHOCTHOE
pa3BUTHE, MPENNPUHUMATEIBCKYIO JEITEIbHOCTh B NMPOQPECCHOHANBHON cdepe, MCIO0Ib30BaTh
3HaHMS 110 PUHAHCOBOM IPaMOTHOCTH B Pa3IMUHBIX )KM3HEHHBIX CUTYALIUSIX.

OK 04. O¢pdexTnBHO B3aMMOIEHCTBOBATh U padOTaTh B KOJUIEKTUBE U KOMaH/E.

Ocoboe 3HaueHWe JUCHUILUIMHA HUMeeT Mpu  (OPMUPOBAHUHM U  PA3BUTUU
npodeccroHaIbHBIX KOMIEeTeHIH B cooTBeTcTBUU ¢ PI'OC:

IIK 1.3 IIpoBoaMTh y4yeT IEHEKHBIX CPEACTB, O(GOPMIATH JEHEXKHBIE M KacCOBBIE
JIOKYMEHTHI.

B pamkax nporpammsl 0011e00pa3oBaTeIbHOM JUCIUIUIMHBI OCBAUBAIOTCS IMYHOCTHBIE,
MeTanpeMETHbIE U MPEAMETHBIE pe3yNbTaThl B cOOTBETCTBUHU ¢ TpeboBanusiMu ®I'OC cpennero
o01ero o6pa3oBaHusI.

Ilnanupyemble  pe3yabTaTbl  OCBOEHMS] JMCUMIUIMHBI:  JuYHOCTHBIE  (JIP),
metanpeameTasie (MP), mpenmernsie 1ist 6a3oBoro yposHs uzydenus (I1P).

Jluunocmmuvie sxarouaiom:

JIP 05. ChopMHpPOBaHHOCTh OCHOB CAMOPA3BUTHUSI M CAMOBOCIIUTAHHS B COOTBETCTBHH C
00I11eYeNTOBEYECKUMH IIEHHOCTSIMH M HJ€aJaMU TPaXJaHCKOTO OOIIecTBa; TOTOBHOCTh U
CHOCOOHOCTh K CAMOCTOSITEIIbHOM, TBOPYECKON M OTBETCTBEHHOM JEATETLHOCTH.

JIP 07. HaBblkM COTpYJHMYECTBA CO CBEPCTHUKAaMH, IETbMHM MIIAJIIET0 BO3pacTa,
B3pOCIBIMH B 00pa3oBaTeIbHOM, OOIIECTBEHHO TMOJE3HOW, Y4eOHO-MCCIIEI0BATEIbCKOM,
MPOEKTHOM U IPYTUX BUAAX AESITEIbHOCTH.

JIP 08. HpaBcTBEHHOE CO3HAHHE U MOBEACHUE HAa OCHOBE YCBOCHMSI OOIEUETIOBEUECKUX
I[IEHHOCTEM.

JIP 09. T'0TOBHOCTB M CIIOCOOHOCTH K 00pa30BaHMUIO, B TOM YHKCIIE CaMO0OOpa30BaHMUIO, HA



NPOTSDKEHUM BCEH JKU3HU; CO3HATEIbHOE OTHOIIEHHE K HENpPEpPHIBHOMY OOpa30BAaHUIO Kak
YCIIOBUIO YCIICITHOM MPOo(ecCHOHANBHOMN 1 00IIECTBEHHOW e TSIIEHOCTH.

JIP 13. Oco3nanHblii BBIOOp Oynymiedl mpodecCMd M BO3MOMKHOCTEH pealln3aluu
COOCTBEHHBIX JKM3HEHHBIX IUTAHOB; OTHOLICHHE K NPOPECCHOHATBHON JEATEIILHOCTH Kak
BO3MOXKHOCTM  y4yacCTMsl B PEIIEHUU  JIMYHBIX, OOILIECTBEHHBIX, TI'OCYJapCTBEHHBIX,
00LIeHAIIMOHAIBHBIX TPOOJIEM.

JIP 14. CdopMUPOBAaHHOCTh JKOJOTHYECKOTO MBIIUICHHUS, TTOHUMAHHS —BIIASHHS
COLMAJIbHO-9KOHOMHYECKUX IPOLECCOB HAa COCTOSHUE NPUPOAHOM U COLMAIBHOW Cpeibl;
prOOpETEHUE OIbITA FKOJIOTO-HAIIPABICHHOMN NEeSITEIbHOCTH.

Memanpeomemnvie:

MP 01. CamocrosTensHo  (GOpMYNIHpPOBaTh W aKTyalM3HpOBaTh  IMpoOiiemy,
paccMaTpuBaTh €€ BCECTOPOHHE.

MP 02. VYcranaBnuBaTh CYIIECTBEHHBIM NPU3HAK WJIM OCHOBAaHMUS [yl CpPaBHEHUS,
Kiaccuukanuu u 0000IICHUSI.

MP 03. Ompenenars Lenu AesITEIbHOCTH, 3ajaBaTh IapaMeTpbl M KPUTEPUU UX
JOCTHKEHHUSL.

MP 04. BbISIBIIATS 32aKOHOMEPHOCTH U IPOTUBOPEUHSI B PACCMaTPUBAEMBbIX SIBJICHUSX.

MP 06. Bnanetp HaBbIKAaMH Y4eOHO-HCCIIETOBATEIBCKOW M MPOEKTHOW IESTEIbHOCTH,
HaBbIKaMU pa3perieHust MpooieMm.

MP 07. CnocoOHOCTh U TOTOBHOCTb K CaMOCTOSITEJIBHOMY ITOMCKY METOJIOB PELICHMUS
IPAKTUYECKUX 3aja4, IPUMEHEHUIO Pa3IMYHbIX METOI0B [TO3HAHUS.

MP 08. OsnageHue BUAAMHU JEATENbHOCTH IO IOJYYEHHIO HOBOTO 3HAHMS, €ro
UHTEpHpeTaln, NpeoOdpa3oBaHNUI0 U NMPUMEHEHHUIO B Pa3IMYHBIX Y4EOHBIX CUTYyalUsiX, B TOM
quciIe IPU CO3/1aHUM YUEOHBIX U COL[MATIbHBIX TPOEKTOB.

MP 09. ®opmupoBaHue HAy4HOTO THUIIA MBILIUIEHUS, BIaICHUE HAYYHONU TEPMUHOJIOTHEN,
KJIFOUEBBIMU MTOHATUSIMU U METOJIAMHU.

MP 11. BpiBIATH NPUYMHHO-CIEICTBEHHBIE CBSI3U W aKTyalM3UpOBaTh 3ajaayy,
BBIIBUTaTh THUIIOTE3y €€ pElIeHUs, HaXOJUTh apryMEHThl JUIsl JI0Ka3aTeIbCTBAa CBOMX
YTBEPXKACHUM, 3a/1aBaTh apaMeTpPbl U KPUTEPUH PEIICHUS.

Ilpeomemnvie:

IIP 0l. Bmagets MeTomaMM JOKa3aTENIbCTB, AJTOPUTMAMM PEIIECHUS 3a7ad; yMEHHE
(bopMyIHpOBaTh OINPEIEIIEHUS, aKCHOMBI U TEOPEMBI, TPUMEHSATh UX, IPOBOJIUTH JI0Ka3aTebHbIE
paccyXJIeHHs B XOJI€ PELICHUsI 3a/1ay.

[P 02. Ymerp omepupoBaTh MOHATHUAMHU: CTENEHb YHCIA, JOTapudM 4YucCIa; yMEHUE
BBIMIOJHATh BBIUMCIEHHE 3HAUeHUW U 1peoOpa3oBaHMsl BBIPAXKEHHM CO CTENEHSIMU U
norapudmMamu, mpeodpa3oBaHus APOOHO-PAITMOHATHHBIX BEIPAKCHUM.

I[IP 03. VYwmersp onepupoBaTh IOHATUSAMH: pAlHUOHAIbHBIE, HPPALMOHAIBHEIE,
MoKa3aTelbHblE, CTENEHHbIe, JIOTapu(pMUUECKHE, TPUTOHOMETPUUYECKHE YpaBHEHUS U
HEPABEHCTBA, UX CUCTEMBI.

IIP 04. VYwmerp omepupoBaTh MOHATUAMU: (YHKIMSA, HEOpepbIBHas (QYHKIUA,
NPOM3BOJIHAS, TEpBOOOpa3Hasi, OIpEJeIeHHbI WHTErpaj; YMEHHE HaXOAWUTh MPOU3BOJHBIC
AIIEMEHTApHBIX (DYHKIMHA, UCIONB3YS CIPaBOYHBIE MaTepHaibl; MCCIEN0BaTh B IMPOCTEHUIIMX
cly4asix B (YHKIMM Ha MOHOTOHHOCTb, HAaXOJUTh HaWOOJbIIME M HAaWMEHBIINE 3HAYCHUS
¢ynkuuii; CtpouTh rpaukd MHOTOWIEHOB C HCIHOJIB30BAHMEM allapara MaTeMaTH4ecKOro
aHalu3a; NPUMEHITh MPOM3BOJHYIO IPHM PELICHUM 3aJad Ha JBU)KEHHUE, pellaTh MPaKTHKO-



OpPUEHTHPOBAHHbIE 33/1a4M Ha HauOOJbIINE M HAaUMEHbIINE 3HAYCHMs, Ha HAaXOXJEHHUE IyTH,
CKOPOCTH M YCKOPEHHUSI.

I[P 05. Ymenue omnepupoBaTh HMOHATHAMH: palOHANbHAs (DYHKIHS, MOKa3aTelbHas
dyHKuus, creneHHas (QyHKUus, Jorapupmuueckas (QpyHKIUsSA, TPUTOHOMETpUYEeCKHe (yHKIINH,
oOparHble (DYHKIMH;, YMEHHE CTPOUTH Ipa(puKu M3y4eHHBIX (DYHKIMH, UCTIONB30BaTh TpapuKu
IPY U3yYEHUH IIPOLIECCOB U 3aBUCUMOCTEH, IPU PELICHUH 3a/1a4 U3 IPYTUX y4eOHbIX IPEIMETOB
Y 33/1a4 U3 peaJbHOM JKU3HU; BBIpaXKaTh (HOpMyIaMH 3aBUCUMOCTH MEXAY BETUYNHAMH.

I[IP 06. Ymenue pemiatb TEKCTOBBIE 3aJa4d PA3IMYHBIX THIOB (B TOM YHCIE Ha
IPOLIEHTHI, 10JIM U 4aCTH, HA JBHKEHUE, paboTy, CTOUMOCTh TOBAPOB U YCIIYT, HAJIOTH, 3a7aul
U3 00JIaCTH YNpPABICHHS JIMYHBIMH W CEMEHHBIMH ()MHAHCAMH); COCTAaBJIATH BBIPAKCHHUS,
YPaBHEHHUs, HEpPaBEHCTBA M HUX CHCTEMbI IO YCJIOBHUIO 3aJjaud, HCCIIENOBAaTh IIOJy4YEHHbBIE
pELICHHS U OLIEHUBATh MPABION0I00HOCTh PE3yJIbTATOB.

I[P 07. VYmenue omnepupoBaTh TMOHATHIMHU: CpeAHEee apupMETHYECKoe, MeIHaHa,
HauOoJplllee M HaWMEHbIlEE 3HAYEHUs, pa3Max, AUCIEpCUs, CTaHJApTHOE OTKJIOHEHHE
YUCIOBOro Habopa; yMEHHE MU3BIIEKaTh, HHTEPIPETUPOBATH UH(OPMALIHIO, MPEACTABICHHYIO B
TabIMIaxX, Ha JuarpamMmax, rpaukax, OTPa)Karollyl0 CBONCTBA peaJbHBIX IPOLIECCOB U
SBJICHUH; NPEACTaBIATh HHGPOpPMALMIO C IOMOIIbIO TabMUIl W JuarpaMM; HcCCIel0BaTh
CTaTHUCTUYECKHUE JIaHHbIE, B TOM YMCJIE C IPUMEHEHUEM I'pa)UUECKUX METOJIOB U 3JIEKTPOHHBIX
CPEJICTB.

[P 08. YmeHnue omepupoBaTh MOHATUSMU: CIIyYallHBIM ONBIT U CllydyallHOE COOBITHE,
BEPOATHOCTb CIIy4allHOTO COOBITHS; YMEHHUE BBIYUCIATH BEPOSTHOCTh C HCIOJB30BaHUEM
rpadu4ecKux METO/OB; NPUMEHATh (QOPMYJbl CIOXKEHHS M YMHOXEHHUS BEpOSTHOCTEH,
KOMOUHATOpHbIE (akThl U (OPMYJIBI MPU PELICHUM 33/1a4; OLIEHUBATh BEPOSITHOCTb PEAbHBIX
COOBITHI; 3HAKOMCTBO CO CIIy4yaifHBIMHU BEIMYMHAMH; YMEHHE MPUBOIUTH MPUMEPHI POSBICHUS
3aKOHa OOJIBIINMX YUCEN B IPUPOJIHBIX U OOIIECTBEHHBIX SBICHUSX.

I1IP 09. YMmenue onepupoBaTh NOHATUAMM: TOUYKA, IPsIMasi, MJIOCKOCTh, B POCTPAHCTBO,
JIBYTpaHHBIA Yroj, CKpeIlMBaroIIMecs NpsMble, MapaJlIeIbHOCTh WU NEePIEeHIUKYISIPHOCTh
OPSIMBIX U TUIOCKOCTEH, Yrojl MEXIy NPSIMBIMH, YroJl MEXAY HpSMOM M IJIOCKOCTBIO, YIroj
MEXJy IUIOCKOCTSIMH, PacCTOSHME OT TOYKHU JI0 TUIOCKOCTH, PACCTOSIHUE MEXAY HpSIMbIMHU,
paccTosiHUE MEXIy IUIOCKOCTSIMH; YMEHHUE HCIIONIb30BaTh MpPHU PELICHUU 33/1a4 HU3y4YCHHbIE
(bakThl 1 TEOpEMBI INIAHUMETPUHN; YMEHHE OLIEHUBATh pa3Mepbl 00BEKTOB OKPYKAIOLIET0 MUPA.

IIP 10. YMmenue omepupoBaTh NOHSATUSIMHM: MHOTOTPAaHHHUK, CEUYEHHUE MHOIOIDAaHHUKA,
KyO, mapainienenurnes, Npu3Ma, mupamuia, Gurypa v moBepXHOCTh BPaIeHUs, LIMITUH/IP, KOHYC,
map, cdepa, cedyeHus (GUrypbl BpalleHHs, IUIOCKOCTh, Kacatomasics chepsl, IUIMHIPA, KOHYCA;
IUIONIA/lb MOBEPXHOCTH MHPaMUbl, MPU3MBI, KOHYCa, IWIMHIpPA, 1Iapa; YMEHUE H300paxarhb
MHOTOTPaHHUKU M TOBEPXHOCTHU BpAIlEHUS, MX CEUYEHUS OT PYKH, C TOMOILIBIO UYEPTEKHBIX
UHCTPYMEHTOB U 3JIEKTPOHHBIX CPEICTB; YMEHHUE pacro3HaBaThb CUMMETPHIO B MPOCTPAHCTBE;
YMEHHE paclo3HaBaTh NPaBUIIbHbIE MHOTOTPAHHUKH.

IIP 11. YmeHue omepupoBaTh HOHATUSAMM: JIBUKEHHE B IPOCTPAHCTBE, MOJOOHBIE
¢GuUrypel B MpOCTPAHCTBE; HCIOJIB30BaTh OTHOLICHHE IUIONIA/EH IMOBEPXHOCTEH M OOBEMOB
NoJ00HBIX (PUTYp NPU PELICHUH 3a/1a4.

I1P 12. YMeHHe BBIYUCIATH T€OMETPUYECKHE BETUUNHBI (IVIMHA, YTOJI, TUIO0IIa/lb, 00bEM,
IUIOIA/Ib TOBEPXHOCTH), UCIIOJIb3YSl U3YUYEHHbIE (POPMYJIIBI U METO/IBI.

I[TP 13. VYmenue omnepupoBaTh NOHATUSAMHU: MPSIMOYrojibHasg CHUCTEMA KOOpPIMHAT,
KOOpAMHATBl TOYKH, BEKTOP, KOOPAWUHATBHI BEKTOPA, CKAISAPHOE IPOU3BEIEHUE, YIOJI MEXAY



BEKTOPAMH, CyYMMa BEKTOPOB, IPOM3BEICHHE BEKTOpPa HA YHCJIO; HAXOJUTh C IIOMOIIBIO
U3y4EHHBIX (DOPMYJ KOOPAMHATHI CEPEAMHBI OTPE3Ka, PACCTOSHUE MEXKY IBYMS TOUKAMH.

I[P 14. YMeHue BbIOMpATh MOAXOMSAIINN HM3YYCHHBIA METOH JUIsl PEIICHUS 3aaadu,
pacrio3HaBaTb MareMaTHyeckue (akThl M MaTEeMAaTUYECKUEe MOJEIH B MPUPOJHBIX H
OOLIECTBEHHBIX SIBJICHUSX, B HCKYCCTBE;, YMEHHE IPUBOJIUTH IPUMEPbl MaTEMaTHUECKHUX
OTKpbITUIA POoCCUICKON 1 MUPOBOM MaTeMaTUYECKON HAYKH.

IIpu npoBefeHNN MPAKTUYECKUX PA0OT ydeOHas IpyIia MOXKET JEIUThCS Ha MOATPYIIIbI
YHUCJIEHHOCTHIO HE MEHBLIE § YEIOBEK.

Kaxnas npaktuyeckas pabora cocTaBieHa ¢ BeAylleH AUIaKTUUECKOHN 1IEeIIbIO -
(dbopMHpOBaHUE TPAKTHUECKUX YMEHUI.

ConepxaHue MPaKTHYECKHX pPa0OT HAIEIeHO M Ha pa3BUTHE MPO(ECCHOHATBHBIX
YMEHUI W HaBBIKOB. BBINOJIHEHHE pacdy€ToB, YEpTEKEH, MHCTPYKTUBHBIMU MaTEpPUAIAMU,
CIIPaBOYHHKAMU, yMEHHE 10JIb30BATHCS COBPEMEHHBIMU MH(}OpPMaLIMOHHO-
KOMMYHHUKAIIMOHHBIMU TexHoslorusiMu. Hapsny, ¢ ¢gopmupoBaHueM yMEHUH M HaBBIKOB, B
npoliecce BBIIOIHEHUS NPAaKTUYECKUX paboT 0000IIat0TCs, CUCTEMATU3UPYIOTCS, YIITyOIAI0TCS
U KOHKPETH3UPYIOTCS TEOPETUYECKHE 3HaHUs, BbIPAOAThIBA€TCs CHOCOOHOCTh UM TOTOBHOCTh
MCII0JIb30BaTh TEOPETUUECKNE 3HAHUS HA IIPAKTUKE, PA3BUBAIOTCS UHTEIUIEKTYaJIbHBIE YMEHUS.

B 1aHHBIX METOAMYECKMX YyKa3aHUSAX B Haudale KaKJIOM TeMbl KpaTKO H3JIararoTcs
OCHOBHBIE TEOPETUYECKHE CBEICHHS (OompeaeneHus, (pOopMyiibl), HECOOXOAUMBIC Ul PEHICHUS
nocieayomux 3aaad. [lpuBoasgTcs peleHns TUIOBBIX MPUMEPOB U 3aaad. J[atoTcs ynpakHeHus
JUISL 3aKpeTICHUsl MaTepuaa.



IIpakTuyeckas padora Nel

Tema 1.1 lenu u 3a1aun MaTEMaTUKU NPU OCBOCHUU CIIEIMATBHOCTH. Yucia u
BBIYUCIIEHUSA

Heas: Onpenenenne OCHOBHBIX IEJICH U 33124 U3YUYEHUSI MATEMaTHKH ITPH OCBOCHUH
npodeccuu; akTyaau3alus U CUCTEeMaTU3allisg OCHOBHBIX 3HAHUN U3 HIKOJILHOTO Kypca
MaTeMaTHKH

TeopeTnyeckas 4acTh:

I'maBHast 0COOEHHOCTH 00pPa30BATEIBHON CHCTEMBI 3aKJIIOYACTCS B TOM, YTO OCHOBHOM
LeNblo, CTOALIeH mepes y4eOHBIMH 3aBECHUSIMU CUCTEMBbl CpEIHEro MnpodeccruoHalIbHOTO
0o0pa3oBaHus, SBIAETCS MOArOTOBKA BBICOKOKBATH(HIMPOBAHHOIO CIEIMATNCTa B JaHHOU
o0nacTu.

Lenp n3ydeHUs: MaTeMaTHKH B CPEIHUX CIEIHAIbHBIX YUEOHBIX 3aBEJCHUAX COCTOHUT B
TOM, 4TOOBI YIIyOUTh 3HAHUS O M3YYEHHBIM B CPEIHEH IIKOJIe pas/ienaM M O3HAKOMHUTHCS C
HEKOTOPbIMH HOBBIMU pa3jiejlaMM MaTeMaTHUKU (aHAJIUTHUYECKOHM TIeoMeTpHueil, Teopuei
muddepeHIMaNbHBIX YpaBHEHUH, Teoprell BEPOATHOCTEH, U JIp.), KOTOpbIe 000ranaroT O0IIyI0
KYJIBTYpY, Pa3BUBAIOT JIOTUYECKOE MBIIUICHHE M IIMPOKO HCIOIB3YIOTCS B MaTEMaTHYECKOM
MOJICJIMPOBAHUHU 3aJa4, C KOTOPBIMH BCTPEUAETCS COBPEMEHHBIM CIENHATUCT B CBOEH
JeSITeIbHOCTH. | JTaBHAs 11eNb U3y4YeHHsI MAaTEMAaTHKH CTYICHTaMH CPEJIHUX NMPOQeCcCHOHATBHBIX
yueOHBIX 3aBEJCHHUI COCTOUT B TOM, YTOOBI MaTEeMAaTUKy MOKHO ObLIO MpuUMeHATh. MeroTes B
BUAY NPUMEHEHHS B CAMOM IIMPOKOM IUIaHE: HE TOJBKO Ha MPOM3BOJCTBE, HO U B JIPYIHX
TUCIUIUINHAX, TP YTCHUH CHEMaIbHOW WM TOIMYISIPHOW JUTEpaTyphbl, B OBITY; KPOME TOTO,
OCHOBHBIE MaTEMaTHUECKUE TOHATHS TO3BOJISIIOT TIIyOXKE OCMBICIHMBATH pa3iIUYHBIC (DAKTHI,
BUJIETh UX OOIIME YePThl; HABBIKM PA3yMHON TOYHOCTH MOTYT MOMOYb (POPMYIUPOBATH MBICIU
U.T. 1.

- OOyueHuss MaremMaTHKe AOJDKHO o0JsiafaTh CBOWCTBaM (yHIaMeHTanbHOCTH. Llenb
obecrieueHns (yHIAMEHTAIBHON MaTeMaTHYEeCKOH MOATOTOBKH B CpeIHEM MPOGECCHOHATHEHOM
00pa30BaHUM U CIELUANN3ALUY, [0 KOTOPOH MPOUCXOAUT O0YUEHHE, COCTOMT B TOM, YTO KypcC
MaTeMaTHKH JODKEH O3HAKOMHUTH CTYACHTOB C OCHOBOIOJATalOIIMMH MaTeMaTHYeCKUMHU
MNOHATUSIMH U (PakTamu, 0OeCleynTh YPOBEHb MAaTeMaTHYEeCKHX 3HAHWW, YMEHUU U HaBBHIKOB,
rapaHTHPYIOUINX OBJaieHUe (PYHIaMEHTOM CIEIHATbHBIX JUCIUTUINH.

- Bropas wnenp - opueHTanMs MaTeMaTHYECKOW TNOJATOTOBKM Ha CIELUAIbHYIO
MOJTOTOBKY CTYJEHTa, TO €CTh HEOOXOIMMOCTh B MpoIlecce OOYyYeHHUs OpUEHTHPOBATHCS Ha
rJyOOKO€ M TOJHOE YCBOEHHE CTYIACHTAaMH pa3/ieloB MaTeMaTHKH, SBIAIOIIMXCS 0a30d JUIs
OCBOCHHS psila CHENUANBHBIX TUCHMIUIMH. [Ipy 3TOM 3HAHHS CTYAEHTOB IO OCTaJbHBIM
paszienaM Kypca JOJDKHBI ObITh JAOCTaTOYHBIMU JUISI OCBOCHMS MPO(PECCHOHATIBHO 3HAYMMBIX
3HAHUM.

- TpeTbst 1enp MaTeMaTU4eckoro oopa3oBaHus B CPEAHUX MPOPECCHOHATBHBIX YIeOHBIX
3aBEJICHUSX - TTOJITOTOBKA CTYJCHTOB K MX MPO(ECCHOHATBHON esATeIbHOCTH, HallPaBJICHHON Ha
yMeHue OyAylmMX CHEHUAIUCTOB TNPUMEHATh MaTeMaTHYecKue 3HaHUS B CBOEH
npodeccuoHanbHOM JesTenbHOCTU. J{JIs ee peanu3anuu clieyeT HaloJIHUTh MpodeccnoHabHO
Ba)XKHbIe pa3zensl Kypca «MaremaTuka» 3agadyaMu IpodeccuoHaiabHOro cojepxkanus. Kypc
MaTeMaTHKH B CpeIHEM Mpo(ecCHOHATLHOM 00pa30BaHWU HECET IBOWHYIO Harpy3Ky — Kak
CaMOCTOSITENIbHBIA y4eOHBIH MpeaMeT, B KOTOPOM JOJKHA COOMIOAAThCs CTporasi JIOTHUecKas
MIOCJIETOBATEIFHOCTD U3JI0KEHUSI MaTepHaia, ¥ Kak amnmapar IJisi ITAPOKOTO IPUMEHEHHUs ero B
CHeUMaNbHbIX JUCHMIUIMHAX. V3ydyeHne MareMaTuku B cpelHeM MNpoecCHOHATHLHOM
00pa3oBaHWM HampaBlieHO Ha (QopMUpOBaHHE OOMICYYECOHBIX KOMIIETEHIIUA TIO YEThIpEM
OJI0KaM: caMOOpraHU3aluH, caMooOyueHusl, THPOPMALIMOHHOMY, KOMMYHUKATHBHOMY, a Ha UX
ocHoBe o0mux komnereHuud. Ooume komnereHuu (OK) dbopmupyrores B mpornecce yueOHOM
U BHEAyIUTOPHOM CAMOCTOSITEILHON JEATENIbHOCTH CTYIEHTOB NpU HM3YyYCHHH MpEIMETa.
[IporpamMmma yueOHOro mpeAMETa OpPUEHTHUPOBAaHA HAa JOCTH)KCHHE CIEOYIOIIUX Ienen: —



oOecrieyeHre cOPMUPOBAHHOCTHU MPEACTABICHUH O COLUABHBIX, KYJIBTYPHBIX U UCTOPUYECKHUX
dakTopax CTAaHOBJICHHS MAaTEMAaTHKH; — o0ecredeHue CcHOpMUPOBAHHOCTH JIOTHYECKOTO,
QITOPUTMUYECKOTO W MaTEeMaTHYECKOTO MBIIUICHHUS; — obOecredeHue cGOpMHPOBAHHOCTH
YMEHHM NPUMEHSTh MOJYyYEHHBbIC 3HAHHS MPU PELICHUU DPA3IUYHBIX 3a7ady; — olecredeHue
c(OPMHUPOBAHHOCTHU TIPEACTABICHUI O MaTeMaTUKE KaK YacTH OOLICYEIOBEUECKOW KYJIbTYpHI,
YHHUBEpPCAIbHOM SI3bIKE€ HAyKH, MO3BOJISIOUIEM OMNHUCHIBATh M M3y4aTh peajbHbIe MPOIECCH U
apineHus. ['nmaBHOM 3amauelt oOpaszoBanuss B cucreme CIIO sBisercs MOATOTOBKA
BBICOKOKBJIM(DUIIMPOBAHHBIX ~ CIEIHAIMCTOB, KOTOpBHIE JOJDKHBI 3aHSITh CBOE MECTO Ha
KOHKYPEHTHOM PBIHKE TpyZa.

Bonpocsr:
1) HazoBuTe 1enp n3ydyeHus MaTEMaTHKU B CPEIHHUX CHEIHMATBbHBIX YYEOHBIX 3aBEACHUSIX
2) B yem cocTout rnaBHas 3agava oopazoBanus B cucteme CI10?
3) IlpuBenuTe mpuMepsl UCIOIL30BAHUSI MATEMATHKH B Balllel Oyayiiei npodeccun

Pemenue 3ananuii:

B1. [Toka3anust cyeTynka 3iekTposHeprun 1 mas coctasist 37192 kBt /4, a 1 utons — 37 292
KBT /4. CKOJIBKO HY)XHO 3aIUIaTUTh 3@ JIEKTPOIHEPIHUIO 3a Mal, eciu 1 kBT /4 anekrposnepruu
crout 4 py6. 17 xom.?

B2. Ha pucyHke >KUpHBIMM TOYKAaMHU IOKa3aHO CyTOYHOE KOJIMYECTBO OCA/IKOB, BBINA/JABLIMX B
Kazanu ¢ 3 nmo 15 ¢despans 1909 ronma. Ilo ropusoHTanu ykasbpIBalOTCSl 4YUCia MecsUa, IO
BEPTUKAJIM — KOJMYECTBO OCAJKOB, BBINABIIUX B COOTBETCTBYIOIIMN JE€Hb, B MHJUIMMETpPaX.
JUsis HarJAHOCTH JKUPHBIE TOYKH HA PUCYHKE COEAMHEHBI JUHHEH. OnpeaenuTe Mo pUCyHKY,
CKOJIBKO JTHEH M3 JaHHOTO MepHo/ia BhINaaaio 6onee 3 MILIMMETPOB OCaIKOB.
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B3.Haiinure 3HaueHNE BHIPAKEHUS ab npu 4 = 0, 8; b=1 ,5; c=0,84,

B4. /s TpaHCcOpTHPOBKH 3 TOHH Ipy3a Ha 50 KM MOYKHO BOCITIOJIb30BAaThCS YCIIyTaMU OJHOM U3
Tpex (upm-nepeBo3uukoB. CTOMMOCTh MEPEBO3KM M TPY30MOBEMHOCTh aBTOMOOMIIEH IS
KaXJIOTO TMepeBOo3urKa ykazaHa B TaOmuie. CKoIbKO pyOlsiel mpuiercs 3arjiaTHUTh 3a CaMyro
JIEIIEBYIO IEPEBO3KY?

IlepeBo3uuxk | CtommocTh NepeBo3KH oauuM | I'py3onoabeMHOCTH
aBTOMOOMJIEM aBTOMOOM el
(pyo0. Ha 10 km) (TOHH)

A 110 2,2

b 140 2,8

B 160 3,2

BS. Ha kiieruaroit 6ymare ¢ pazmepoM kieTku 1x 1 nzobpaxkén yron. Haiinure TaHreHc sToro
yria.




B6 HaiiznTe KOpeHb ypaBHeHHA 2x +31 =9,

B7.B copeBHOBaHMSX MO TOJKAHUIO fAjpa ydactByroT 4 cnoprcmeHa w3 Dunnsuauu, 7
cnoprcMeHoB U3 Jlanuu, 9 cnoprecmenoB u3 lBenun u 5 — u3 Hopseruu. Ilopsinok, B koTopom
BBICTYNAIOT CIOPTCMEHBI, onpeaenseTcs xpedrem. Haliqute BEposSTHOCTh TOTO, YTO CIIOPTCMEH,
KOTOPBIN BBICTYIIAET MOCIEAHUM, OKaxkeTcs u3 LlBernun.

B Tpeyroasauke ABC yrox C paseH 90°, sin A = % Haiingure cos B.

B

A Oc

BS.

B9.. MotopHass Jiogka mnpouuia MNpPOTHB TedyeHUs peku 112 kM U BepHyJach B MYHKT
OTMPABJICHHS], 3aTPATUB HA OOpAaTHBIA MyTh Ha 6 yacoB MeHbIe. HaliuTe CKOpOCTh TeUeHUS,
€CJIM CKOPOCTH JIOAKHU B HEMOABMKHOMN Bojie paBHa 11 km/4. OTBeT naiite B KM/4.

3aBucHMOCTE 00BéMa cnpoca ¢ (TeiC. py0.) Ha IPOAYKIMNIO HPEAIIpU-
ATHUSI-MOHOIIOJMCTA OT HeHwl p (Teic. py0.) 3agaérca dopmyaon
g = 160 — 10p. Beipyuyxka npeanpudaTusi 3a mecan r (B Teic. pyb.)
BbIYHCHseTcA 10 dopmyie r (p) = q - p. Onpegennrte neHy p, NpHU Ko-
TOpO# MecsA4YHasa Beipyuka r (p) cocraBur 280 Toic. py6. OTBeT HmpuBe-

B10. JUTE B ThHIC. pYO.

IIpakTnyeckas padora Ne2
Tema 1.2 Beipaxenuss u npeoOpa3oBanus. IIponeHTHbIE BBIYUCIEHUSA. YPaBHEHUS U
HEPABEHCTBA
Heab: OOoOmeHne W cuctemMarusalus 3HAHUN, YMEHMH, HAaBBIKOB Yy4allUXcs MpU
BBITOJIHEHUH apU(METHUYECKUX NEHCTBUN HaJ OOBIKHOBEHHBIMM M JECATHUYHBIMU JpOOSMHU;
MOBTOPUTH TPOIEHTHbIE BBIYMCIEHUS; OOOOIIMTh W CHUCTEMATU3UPOBATh 3HAHUS, YMEHUS
y4dalmxcs Mpy pelieHnH JTMHEWHBIX U KBaIPaTUUHBIX YPaBHEHUI U HEPABEHCTB

Teopernyeckas 4acThb:

HarypanbHble yucia, moydaeMbie TIPH €CTECTBEHHOM CUYETE; MHOXKECTBO HATYpaIbHBIX
yrcen obo3Havaercs N; N = {0, 1, 2, 3, ...}.

Lenbie uymciaa, ToOdy4aeMble OOBEIUHCHHEM HATYpPAIbHBIX YHCET C MHOYKECTBOM
OTPHIIATENIBHBIX YUCEI M HYJIEM, 0003HAYAIOTCS

7Z=1{2,-1,0,1,2,...}.



PanmonansHbie ynciia — 4Kca, MpeACTaBICHHBIE B BUAE apoou m/n (n # 0), Tme m —
IEJI0€ YKCIIO, & N — HATypaJIbHOE YHCIIO.

Jis pallMOHATIBHBIX YHUCEN OINPENENICHbl YeTBhIPE «KIACCUYECKHe» apu(MeTHUECKUe
JEHCTBUS: CIIOKEHHE, BRIYUTAHUE, YMHOXKEHHE U JielieHue (KpoMe JIeJICHHs Ha HOJIb).

Hns 0003HaueHUs palMOHAIBHBIX yuCel HCIIOJIb3YETCS 3HaK
n Lol
Q:{—:nEL,mEN}
m
JleiicTBuTENbHBIC (BEIICCTBCHHBIE) YMCIIA MPEACTABIISIOT COO0H paclIupeHne MHOKECTBA
paloHaIbHBIX Yucesl. MHOXKECTBO BEIIECTBEHHBIX Uncel 00o3Hayaercs R.

Kpome pammoHanbHBIX uucesl, R BKIIOYAaeT MHOKECTBO HPPALMOHAIBHBIX YHCEN, HE
IPEJCTaBUMBIX B BHJE OTHOIIEHHUs IenbiXx. Kpome mnoapasneneHuss Ha paluoOHAIbHBIE U
UppalnMoHaJIbHbIE, JCUCTBUTEIbHBIC YHCIA TAaKKe MOAPA3ICIAIOTCS Ha anredpanyecKkue u
TpaHcueHeHTHbIE. [Ipy 3TOM Ka)kaoe TPaHCIEHAEHTHOE YHCIO SIBISETCS HPpPaldOHAIIbHBIM,
KaX/10€ PallMOHAILHOE YUCIIO — ANreOpanyecKuM.

HppatnmonansHblie yucia.

1) nmr060€ panroHaIbHOE YUCIIO N300pakaeTcss OECKOHEUHOU JECATUUHON TIPpOObIO;

2) BCAKOE MPPALMOHATIBHOE YU CIIO U300pakaeTcsi 0ECKOHEUHON AECITUYHON JIPOOBIO;

3) moboe NEHCTBUTENBHOE YUCIO MOXET OBbITh MPEACTAaBICHO B BUIEC OECKOHEYHOMN
JECATUIHOMN Tpoou;

4) Bcskas OeckoHeYHas JecsITHUYHAs JpoOb MPEACTaBIsAET ICHCTBUTEIBHOE YHUCIIO
(oOpaTtHOE yTBEpIKJICHHUE).

Q.

O06o3HaueHu Uto 03HayaeT UMs
e (ums)

N MHOXECTBO  HaTypaJbHBIX
YHCcen

Z MHO€eCTBO IEJIBIX YHCET

Q MHOX€ECTBO palMOHAIbHBIX
qHCen

R MHOXECTBO
JIEHUCTBUTEIIBHBIX YHCET

JlelicTBHSA € IPOOAMMU:
1. Cnoowcenue. Cymmoint apobeii ¢ OJHUM U TE€M K€ 3HAMEHATelleM Ha3bIBaloT APOOb,
MMEIOIIIYIO TOT K€ 3HAMEHATeNb, @ YUCITUTEh PABEH CYMME YHCIIUTENICH TaHHBIX ApOOei, T.e.

aba+b

noH Ly

910 OIpeaACIICHUEC MOXKHO C(l)OpMy'J'II/IpOBaTL TAK¥XKXE B BUAC CIICAYIOIICTO IMpaBHJIA.

YTOOBI CIHOKHUTH leO6I/I C OAMHAKOBBIMH 3HAMCHATCIsIMU, HAJJO CIOXUTH UX YHCIIHUTCIIH,
a 3HAaMCHAaTCJIb OCTaBUTh TOT XKC.

ITpumep. T 7 7 7.

UTO0OBI CIOKUTH APOOH C pa3HBIMU 3HAMEHATEIISIMH, HAJI0 IPUBECTH UX K HAUMEHBIIIEMY
o0mieMy 3HaMEHATelo, a 3aTeM CJIOXKHUTh IMOJYYCHHbIE YUCIUTENH U MOJ CYMMOMW MOJIUCAThH
0o0IIMH 3HAMEHATEIb.

5 7 15 14 15+14 29 _5
A R P, Pl

Mpuvep, 8 12 24 24 24 24 24

5 7 15+14 129 3
=" - = =1-

Kopoue 3anuchiBaior Tak: 8 12 24 24 24
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YroObl CIOXKHUTH CMELIAHHbIE YHCIA, HY)KHO OTIECNBHO HANTH CyMMY HENbIX U CYMMY
JIpoOHBIX yacTel. JlelicTBUe 3aruchIBaeTCs TakK:

a7 2l gd qp21HlIv20,5 4902 4,7
15 45 Q 45 45

2. Buviuumanue. Berantanue apoOeld MOXXHO OIpeNeNuTh Kak JeHCTBUE, 00paTHOE
CIIOKEHHIO Jpobeil. BriuecTh M3 OAHOrO IPOOHOrO YMCiIa BTOPOE 3TO 3HAYUT HANTH TpeThe
4HCII0, KOTOPOE B CyMME CO BTOPBIM JaeT nepsoe. M3 3Toro onpenenenus cienyer npaBuiio:

Uto0Obl BbIYECTH APOOM C OAMHAKOBHIMU 3HAMEHATEISIMHU, HY)KHO BBIUECTh YHCIUTENb
BbIUUTACMOI'0 M3 YHUCIUTCIIA YMCHBIIACMOTO M OCTaBHUTb Hpe)KHI/Iﬁ 3HaAaMCHAaTCIIb. I[eﬁCTBHe
3aMKCHIBAIOT TaK:

Uro0Obl BBIYECTh APOOM C pa3HbIMM 3HAMEHATENISIMM, HYXHO CHauyajga HPUBECTH UX K
HalMEHbLIEMY O0IIeMy 3HaMEHATeNI0, 3aTEM U3 YHCIUTENS YMEHbIIAEMOI'0 BEIUECTh YUCIUTEND
BBIUMUTAEMOT0 W TIOJ] MX PA3HOCTHIO MOJNKMCATh OOIIMI 3HaAMeHaTelb. J[eficTBHe 3amuChIBAIOT
TaK:

11 5 22-15 7

12 8 24 24

Ecmu HYXHO BBIYCCTb OAHO CMCIIAHHOC YHCJIO U3 APYTrOoro CMCIIaHHOTo 4ucia, To, €CJIn
MOKHO, BBIYUTAIOT ,I[pO6L u3 I[p06I/I, a [eJI0€ U3 LCJI0ro. HeﬁCTBHe 3aIIMCBIBAIOT TAK:

8 3 A6-33 4
g——5—-=3—_ =3
11 4 44 44
Ecnu e apoOb BeIYMTaeMOro 0osbliie Apodu YMEHBIIAEMOTo, TO OepyT OJHY EAMHHILY
U3 1IEJIOT0 YKCIIa YMEHBIIIAEMOT0, Pa3ApOo0IISIIOT €€ B Ha/JIeXKaIie JOJIU U MPUOABISIOT K IpoOH

YMCHBIIACMOTI'O, ITOCJIC YE€TO MOCTYIIAKT, KaK OITMCAHO BBIIIC. I[eﬁCTBHe 3allMChIBAIOT TAK:

4 11 le-33 _52-33 19

g 12 36 36 36
AHaNOrMYHO MOCTYMAKOT, KOTJ1a Ha/l0 BBIYECTh U3 LIEJIOT0 YUCIIa JPOOHOE.
3_23_37 53 2
[Tpumep. 3 3 35

3. Pacnpocmpanenue c80Ucme C104CeHUs U 8bIYUMAanUs Ha OpobHbie yucaa. Bee 3akoHbI
Y CBOWCTBA CJIOKEHUS U BBIYMTAHMSI HATypaJIbHBIX YKCEJ CIIPABEIMBBI U JUIsl IPOOHBIX YHUCEIL.
WX npruMeHeHne BO MHOTUX CIIy4asX 3HAYUTEJIBHO YIPOIIAET IIPOLECC BEIYUCICHHUS.

4E+11+Zi+sg+l+3£= :!I2+3l + 13+5E +
4 9 12 9 4 4 4 9 9

+ Ei+1 =8+7+3=18
12

ITpumep 1. 12
3,[[CCB HUCITOJIb30BAaHbI HepeMeCTHTeHLHLIﬁ U cOUYeTaTeIbHBIN 3aKOHBI CI0KECHHU.
7 31 53 7 53 31
+13 + =|2—+—|+3—=
720 144 720 720 720 144
G 31 12 +31 43
_g gt gt g
TTprmep 2. 72 144 144 144

3/1ech UCIIOIB30BAaHO MPABUIIO TPUOABICHHS CYMMBI K YHCITY.
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2 36

1?3— [2§+53]= [1?3—53]—2§=11—2§= SE
[Tpumep 4. 3 8 8 8 3 3 5.

3I[€Cb HCIIOJIb30BAHBI ITpaBHJia BBIYUTAHWA U3 YHUCJIa pa3HOCTU U CYMMBI.
4. Ymnoowcenue. YMHOXKECHUE I[pO6I/I Ha LEJI0€ YHUCIIO MOXXHO IIOHUMATh TaK XK€, KaK H
YMHOKCHHE LCJIOro 4ucjia Ha LEJIO0C, T.C. KaK CJIOXKCHUC OAMHAKOBLIX CJIaracMbIX. HaHpI/IMep,

2 2 2 2 2 2
— =t —t —+ =+

37 3 3 3 3 3
Ho nns yMmHOXeHus Ha JpoOb Takoe TOJIKOBaHME He mnoxaxoauT. Hampuwmep,

3 2 3 2

Ll STLLIPES ) PSR TLEA LS PP
36 6, 2 2 2

[Tpumep 3.

YMHOXast 7 a3 , HEeJIb3s CKa3aTh, 4TO 371eCh " 7 HaJ0 B3ATh 3 pasa cinaraembiM".

31ech He0OXOAUMO aTh HOBOE OIpeCICHHE.

[IpousBenennemM npoOeil HA3BIBAIOT TaKyl JApOOb, YHCIHTENb KOTOPOW paBeH
IOPOM3BEACHUIO UHUCIUTENCH JaHHBIX JpoOell, a 3HamMeHaTeslb - TPOM3BEIEHUIO UX

a b _ab

sgamenarene, t.e. I 1 M gro6p1 yMHOXKMTE OpoOb Ha ApOOb, HYKHO YMHOKHTE
YKMCIINTEb HAa YHCIMTENb, 4 3HAMEHATE]Ib Ha 3HaMEHATENb M INEPBOE MPOU3BEICHUE CJIETIaTh

a C _ac

YUCIIUTEIIEM, a BTOPOE - 3HAMCHATEIIEM: b d bd
[Ipu ymHO€eHuUU cieayeT AenaTh (€CIu BO3MOYXKHO) COKpaIeHHE.

12 19 1219 2

Ecmu YUCCTh, UYTO HECJIOC YHCIO NPCACTABIIACT coboit ):[p06b CO 3HaAMCHATCIIEM 1, TO
YMHOKCHHE )IpO6I/I Ha [ESJI0€ YUCIIO U LICJIOr0 4Yuciia Ha I[pO6I) MOKHO BBITIOJIHATH ITO3TOMY K€
IpaBUITY.

5_6.5_30_,1
Mpuvepwr, 12 112 12 2

5. Ymmnoowcenue cmewanmnvix uucen. YtoObl MEpEeMHOXHUTH CMEIIAHHBIE YHCIIA, HYKHO
MpeIBapUTEeNIbHO OOpaTUTh UX B HEMPaBUIbHBIC JPOOHM M TOTOM IMEPEMHOXATh IO MPABUILY
YMHOXKEHHS IPOOCH.

1.1 516 80
2—3_=——=—=8

pumep. 2 5 2 5 10

Ecnm ke mepeMHOXarOT CMEIIaHHOE YWCJIO Ha IEJ0€, TO MPOIIE MHOXHTH OTAEIHHO
HENYIO YacTh U APOOHYIO YaCTh.

ﬁ-a:ﬁ::rg

ITpumep. 3 3

6. Pacnpocmpanenue c8olicme ymHodceHuss Ha OpodHble uucaa. CBOUCTBA YMHOKECHHS
HATYpaJIbHBIX YHCEN CIpaBeJIMBBI U s ApoOeild. VX ucmonp3oBaHWE YIPOINAeT YCTHBIE U
MUCbMEHHBIE BHIUHCIICHHUS.
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T£-3ﬂ=['?+i]-33=213+4=214
[Tpumep 1. 15 15
7 7
Q_-8=9-8+—--8=T2+7=79
[Tpumep 2. 8 8

E.(qi.ll;;]:[E.E].qizl.qizqi
Momep3. 4 & 31 °37) W4 3) 31 7 31 31

[125.431].22[E.i}.q:«;i;g.qgi;gﬁg
Mpimep 4. 5 17 } 31 5 3] 17 17 1'?.

7. llenenue opobeti. Ins nenenust qpodei coXpaHseTcsl TO K€ ONPEACIICHHE, YTO U IS
JIeJICHUST LENbIX YMCE: 3TO - JACHCTBUE MOCPEACTBOM KOTOPOIO IO JIAHHOMY IIPOU3BEICHUIO
JIBYX COMHOXKHUTEJEH U OJHOMY U3 3TUX COMHOXKHUTEJCH OTHICKUBAETCS BTOPON COMHOMXHUTEIb.
Paznenuth OAHO 4YHMCIIO HA BTOPOE - 3HAYUT HAWTH TaKO€ TPEThE YUCIO, KOTOPOE MpH
YMHOXXEHUH Ha BTOPOE JaeT MepBoe. BIMONHSIOT enenue qpobeii 1o cneayonemMy mpaBuy.

YroObl paznenuTs OpoOb Ha JpoOb, HY)KHO YHCIUTEIh MEPBOM APOOM yMHOXUTH Ha
3HaAMEHATEJIb BTOPOHM, a 3HAMEHATEeb NEPBOM HAa YUCIUTEIh BTOPOH M TEPBOE NMPOM3BEICHHE

ad
be

a.
34l CaTh YUCJIUTCIEM, 4 BTOPOC - BHAMCHATCIICM: b d

6 9 610 60 20

[To 3TOMY € TIpaBUITy MOKHO BBIIOJIHATH JICJICHUE JAPOOH Ha IEJI0C YMCIIO U [EJI0ro Ha
Jpo0b, €CITH MPEICTABUTD 11€TI0€ YMCIIO B BUAE IpoOU cO 3HaMeHareneM 1.

IIpumepsl.
lj:izg:ézﬂz E: 21,
7 17 1.5 1
8 . 82 81 4
137 131 13.2 13
OI[HaKO B IIOCJICAHEM HpHMepe npome YUCIIUTCIIb pa3I[€J'II/ITI> Ha 1IeJI0€ 4YUuCJIo:
8§ ,_8:2_4

1377 13 13

8. Henenue cmewannvix yucen. YToObl BBINOJHUTH ACIEHHE CMEMIAHHBIX YHCEN, HX
npeIBapuTEeIbHO 00palaT B HEMpaBHIIbHBIE APOOM W 3aTEM JENAT IO TMPaBHIIy ICIICHUS
Ipooeii.

3.1 63 21 63-20
12—:1—=—:—=— =12

OnHaKo MpH JEIEHUH CMEIIaHHOTO YKCiIa Ha Iej0e ObIBaeT ya00HEH JIeTUTh OTAEIBHO

IENTYIO YacTh U OTACIbHO IPOOHYIO YaCTh CMEIIAHHOTO YHCIIA.

31!]15:5:5l
7

ITpumep.
9. 3amena oenenusi ymuoxcenuem. Ecnu B KakoH-HHOyAb NpoOM MOMEHSTh MECTaMu
YUCIUTENb M 3HAMEHaTelb, MOJYYHUTCS HOBas JpoOb, oOparHas naHHOW. Hampumep, mis

8 7

Ipoou 7 oOparHas 1po0s Oynmer 8
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OdeBHIHO, YTO MIPOU3BENCHUE ABYX B3aUMHO 0OpaTHBIX Jpo0eit paBHO 1.

2.0

T 8

YYHUTBIBas 3TO, MOYKHO JICJICHUE BBIMOIHATH 10 CICAYIOMEMY ITPaBUITY.

Uro0bl pa3enuTh OJHO YHCIO Ha APYroe, HYKHO JEIMMOE yMHOXHUTh Ha YHCIIO,
00paTHOE JIEeITUTEIIO.

2_5_2_'? 11
[Tpumep 1. 37 35 15
[Tpumep 2. 8 7 7
4 .1 416 4 3 3

T e P
Mpuvep3. 7 3 7 3 716 28

10. Ilpumepol Ha 6ce Oelicmaus ¢ O6blKH06€HHbZMu Opobsimu. Permenne npuMepoB Ha BCE
JIEUCTBUS C APOOSIMH BBIOJHSIOT C TIOMOIIBIO 3aITMCH IO OTJCIBHBIM JACUCTBUSM HIIU 3aIHCH
LEIOYKOH.

[Ipumep. Beruncnuts:

3 5 15 5 1 1
——t—— 2:—+3:-
521 288, 2 3 1 16
1 1 1
5-410 —:2+-:3 3% 3
2 3
PemeHHe 1O YaCTSIM.
3.5 1 1 1
]— —=—=—; 3= +9=9=;
521 5:21 7 7 7
15 5 15-84 1
2)—:—=—=9; 4)5: - =10;
28 8 285 2
5)10+10 =20,
1 64 16 1 1
6)9—:20=——=—; 11)—:3=—;
7 7:20 35 3
1 1 1 13,
T)2:—=4; 12) —
2 4 9 3'5
8)3:1=9; 13)13: E—H—Bﬁ
3 36 13
4+9=13; 14]36-l=1;
36
1 1 16 16
10)—:2=—; 15y —+1-—~=1
2 4 35 35

Ortser. 1.
[Tpumep BBIUUCIICHHS TIETTOYKOM:
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1 3Y.1 (.1 .7Y.7
g——2132 [as_1l]af L1.,1 ;1,3
4 4 2 & 8 __2 2.4 5_
3 5 1
s—42l0 f2-12)al 20 2:32
5 8)°8 5 38
152 58 15
_ 27,45 _17 2 . 250 _
"3 175 8 3 1 2777 7107
510 8 25 50 5
352 110-45°
7 7

IIpouieHTHbIE BHIYUCIEHHUS.

Korma ™Mbl omuceiBaeM pa3HbIC YacTH IIEJIOTO, MBI HCIIONB3yeM TaKHE IOHSTHS, Kak
nonoBuHa (1/2), Tpets (1/3), yerBepth (1/4). DTO yNOOHO: OTpe3aTh MOJOBUHY MUPOra, MPOUTH
TPETh IYTH, 3aKOHYUTH TICPBYIO YETBEPTH B IIIKOJIC.

YroObl Ha3bIBATh COTHIC JNOJIH, MpuayMain mpoueHT (1/100): ¢ 1aTHHCKOTO sI3bIKa — «3a

CTO».
IIporieHT — 3T0 0/1HA cOTast YacTh OT JitoOoro yuciaa. Ob6o3HavaeTcst BOT Tak: Y.
1%=1/100=0,01

Kak mepeBectu mpoleHTsl B AecaTu4dHyl0 qpo0b? HyxHo yOpaTh 3HaK % W pa3fenuTb
yucio Ha 100. Hanpumep, 18% — 310 18 : 100 =0,18.

A eclii HY’KHO NEepEeBECTH JIECATUYHYIO ApOoOb B MPOLIEHTH — YMHOXaeM Jpoob Ha 100 u
nobasiisieM 3HaK %. Hanpumep:

0,18=0,18 - 100% = 18%.

A BOT, KaK MepeBeCTH MPOLEHTHI B AECATHUHYIO AP0Ob — O0OpaTHBIM JIeHCTBHEM:

18% : 100% = 0,18.

Beipazute npoOb B mpomeHTtax mnpocrto. [lis mepeBoda cHawana HpeBpaTHUM €€ B
JNECATUYHYIO Jpo0b, a MOTOM HCIOJIb3YEM MpeNblAyIllee MPaBUiIO U MEPEeBENEM ACCITHUHYIO
IpoOb B MPOIICHTHI:

2/5=0,4

0,4-100%=40%

8/25=0,32

0,32-100%=32%

Tursr 3aaa4 Ha IMPOLCHTHI

Tun 1. HaxoxneHne npoueHTa ot yucia

UToOb! HATH MPOLIEHT OT YKCIa, HY’)KHO YHCIIO YMHOXUTH HA MPOLICHT.

3amaua. bnorep 3anucan 500 Buaeo i TUKTOKA, HO €ro mporocep ckazai, uto 20% u3
HUX — OTCTOH. CKOJBKO POJIMKOB MPUAETCS Mepe3anucath 0iorepy?

Kak pemraem: my»xHo HaiiTi 20% 0T 00111eT0 KOTMYECTBa CHATHIX posukoB (500).

20%=0,2

500 * 0,2 =100

OTBeT: u3 00I11er0 KOJIMYECTBA CHATBIX POJIUKOB Npo/tocep 3adbpakosai 100 mTyk.

Tun 2. Haxox1eHre yucina 1no ero mpoueHTy
UToOBI HAWTH YUCIIO TIO €ro MPOIEHTY, HYXXKHO €ro M3BECTHYIO YacTh pa3/eluTh Ha TO,

CKOJIBKO ITPOLCHTOB OHA COCTABJIACT OT YUCIIA.
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3amaun 1o MOMCKY MPOIIEHTA 0 YHCITY M YKCIIA MO €ro MPOLEHTY OYEeHb MOXO0KHU. UTOObI
HE IepelnyTaTb — BHUMATCIBHO YHMTAEM YCJIOBMs, MHA4€ 3aiiicM B TYNHK WM PELIUM
HelpaBuiIbHO. Eciau B 3aaHMM €CTh CJIOBA «KOTOPBIM», «4TO COCTABISAET» U «KOTOPBIN
COCTaBJISICT» — II€pEe] HaMU 3aJ1aya 110 HaX0XKICHHUIO YKCIIA 110 €70 IPOLEHTY.

3amaua. lllxonmpHuk permmn 40 3amau w3 yuyeOHuKa. Uto cocraBiser 16% uyucna Bcex
3ana4 B kHUTE. CKOJBKO BCETO 3a/1a4 COOPAHO B 3TOM yueOHHKE?

Kak pemraem: Mbl He 3HaeM, CKOJIbKO BCero 3ajad B yueOHuke. Ho Ham u3BectHo, uto 40
3ama4d cocTaBisaoT 16% oT obmero xomuwdectBa. 3amumeM 16% B Buae npodu: 0,16. [lanee
M3BECTHYI0 HaM YacTh LEJIOTr0 pa3ieluM Ha Ty JOJI0, KOTOPYIO OHa COCTaBIISIET OT BCEro
LEJI0TO.

40:0,16=40-100:16 =250

Otget: 250 3ama4 coOpaHO B 3TOM y4eOHUKE.

Tun 3. HaxoxeHue NpoLeHTHOTO OTHOLLIEHUS IBYX YHUCEIl

Uto0Obl HAlTH, CKOJIBKO MPOLIEHTOB OJTHO YUCIIO COCTABISET OT APYroro, Hy>KHO Ty 4acThb,
0 KOTOpOH cIipaliuBaeTcs, pa3AeauTh Ha 001ee KOJINYECTBO U YMHOXKUTD Ha 100%.

3agada. B cekpetHoM yatuke 25 4denoBek. 10 u3 HUX — JneBoYKU. CKOJIBKO MPOIEHTOB
JIEBOYEK B 4yaTe?

Kak permaem: nogenum 10 Ha 25, monydeHHYIO IpoOb EPEBEEM B MPOIICHTHI.

10/25 * 100% = 2/5 * 100% = 2 * 100/5 = 40%

OrtBer: B uatuke 40% neBoUex.

Tumn 4. YBenuueHue yucia Ha IpoLeHT

UTOoOBI yBEIMYUTHh YUCIIO HAa HEKOTOPOE KOJMYECTBO MPOIEHTOB, MOKHO HAWTH YHUCIIO,
KOTOPOE€ BBIPAXKAET HYKHOE KOJMYECTBO IPOLEHTOB OT JAHHOTO YHUCIA, U CIOXUTb €ro ¢
JIAaHHBIM YHICJIOM.

A MOHO BOCITIOJIb30BaThCs (HOPMYIIOH:

a=b-(1+c:100),

I71e @ — YUCI0, KOTOPOE HY>KHO HalTH,

b — mepBoHavaIbHOE 3HAUEHUE,

C — IIPOLICHTBHI.

3angava. B mponuom mecsine crukepnak ctomn 110 py6reit. A B aTtom Mecsiie Ha 12%
6ombiie. CKOJIBKO CTOUT CTUKEp-Tak?

Kak pemaem: Mmoxxso Haiith 12% ot 110:

0,12 - 110=13,2.

[TpuGaBUTH K HCXOHOMY YHUCITY:

110 + 13,2 =123,2 pyOas.

Wnu MOKHO BOCTIONB30BaThCs (hOPMYIIOHN, TOTaa:

110 - (1+12:100)=110- 1,12 =123,2.

OTBeT: CTOUMOCTD CTUKEpIaKa B 3TOM Mecsitie — 123 py6mns 20 xomeexk.

Tum 5. YMeHb1IeHME Yncia Ha IPOLEHT

Uto0bl YMEHBUINTH YHUCIO HAa HECKOJBKO MPOIEHTOB, MOXHO HAWTH YHCIIO, KOTOpPOE
BBIPAKAET HY>KHOE KOJIMYECTBO IIPOLEHTOB JaHHOI'O YKCJIA, U BBIUYECTH €r0 OT JAHHOI'O YHCIIA.

A MOHO BOCIT0JIb30BaThcs (HOPMYIIOH:

a=b-(1—c:100),

7l @ — YUCJ0, KOTOPOE HY>KHO HalTH,

b — nepBoHayabHOE 3HAYEHUE,

C — IPOLICHTHI.
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3amada. B nponuiom roay mikony 3akoHunian 100 pedar. A B 3TOM roay BBIITYCKHHKOB Ha
25% wmensbuie. CKOJIbKO BBITYCKHUKOB B 3TOM rojy?

Kak pemaem: MmoxxHo Haiith 25% ot 100:

0,25 - 100 = 25.

Boruects u3 ucxognoro ymucia 100 — 25 = 75 yenosek.

Wi MoxkHO BOCTIOIB30BaThCS (OPMYIIOi, Toraa:

100 - (1 —25:100) =75/p>

OtBeT: 75 BBIIYCKHUKOB B 3TOM TOJY.

Tun 6. 3axaun Ha TPOCTHIE TPOLEHTHI

[IpocTeie MpOLEHTHI — METOA pacdyeTa MPOLEHTOB, IPU KOTOPOM HAUYUCIECHHUS
MIPOUCXOAT HAa IEPBOHAYAILHYIO CYMMY BKJIa/1a UJIH JI0JITa.

dopMyita pacyeTa BBITIAIUT TaK:

S=a-(l1+y-x:100),

I7le @ — MCXOJIHAsl CyMMa,

S — cymma, KOTOpasi HapaluBaeTcs,

X — IPOLIEHTHAs CTABKa,

y — KOJIMYECTBO MEPUOJIOB HAUMCIICHHUS MTPOLICHTA.

3amava. Mapuu CpoYHO MOHAIOOMIIMCH JEHBIM M OHA B3sla Ha oauH roj B goar 70 000
py0:eit mox 8% exemecssuHo. CKOJILKO JICHET OHA BEPHET Yepe3 Toj?

Kak pemaem: nmoacraBum B popmyity JaHHbBIE U3 YCIOBHIA 3a/1a4H.

70000 - (1 +12-8:100)=137200

Otget: 137 200 py0:eit BepueT Mapus uepes rof.

Tun 7. 3agaun Ha CIOKHBIE IPOLIEHTHI

CrnoxHble MPOLEHTHl — 3TO METOJ pacueTa MPOLEHTOB, KOrja MpPOLEHTbl NpUOBLIN
npuOaBIIAIOT K CyMME Ha OCTaTKe KaKIbli Mecsll. B cienyromuil pa3 npoleHTsl HAYUCIAIOT Ha
3TY HOBYIO CYMMY.

®dopmyna pacdyeTa BBITIIAIUT TaK:

S=a-(1+x:100),

rae S — HapaiBaemasi CyMMma,

a — HMCXOJIHas,

X — INPOLIEHTHAs CTABKa,

y — KOJIMYECTBO MEPUO/I0B HAUUCIICHHS MPOIIEHTA.

3anavya. AHTOH XoueT opopmuth Bkiaa 10 000 py6Ouseit Ha 5 et B 6aHKe, KOTOPBINA JaeT
10% ronossix. Kakyro cymmy cHUMET AHTOH 4epe3 5 JIeT XpaHEHUs JIeHeT B 3ToM OaHke?

Kak pemaem: npocto nojcraBum B popMysTy JaHHBIE U3 YCIOBHM 3a1a4H:

10000 - (1 +10:100)3 =13 310

Otsert: 13 310 pyOneit cHuMeT AHTOH Yepe3 rojl.

CriocoObl HaX0XAEHUS MTPOLIEHTA

- Jenenue uncna Ha 100

IIpu pnenenun nHa 100 momywaercst 1% oT 3Toro uymcina. OTO MNpPaBUWIO MOXKHO
HCIIOJIb30BaTh No-pazHoMy. Hampumep, 4ToObI y3HATh IPOLUEHT OT CYMMBI, HY’)KHO YMHOXHTb UX
Ha pa3mep 1%. A uyToOBI IepeBeCTH U3BECTHOE 3HAUEHUE, CIIEAYeT pa3fenuTh ero Ha pasmep 1%.
OTOT METO/1 OTJIMYHO TOMOTAaeT B BOMPOCE, KaK MEPEBECTH 1I€JI0€ YUCIIO B IPOLEHTHI.

IIpencraBbre, YTO BBI MPHUIIUIM B Mara3uH 3a mokosaaoM. OO0bIYHO OH cTouT 250 pyOneH,
HO ceromus ckunaka 15%. Eciu y Bac ecTh AUCKOHTHAs KapTa MaraswHa, IIOKoJazd 000WaeTcs
BaM B 225 pyOuneit. Uem OyzieT BBIroJHEE BOCTIONB30BATHCS: CKUIKOM UITH KapTOi?

Kak pemraem:
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[TepeBenem 15% B pyOmu:

250: 100 =2,5—»93T10 1% OT CTOMMOCTH IIIOKOJIa]1a,
3Hayut 2,5 x 15=37,5 — s10 15%.
250-37,5=212,5.

212,5 <225.

OTBeT: BEITOJIHEE BOCHOIb30BaThCI CKUIAKON 15%.

- CocrapneHue nponopuun
[Tponopuust — omnpeaesieHHOe COOTHOIIEHUE YacTeH MEX Ty COOOM.

C moMoIIpI0 METO/1a TTPOTIOPITUH MOKHO PACCUUTATH JHOOBIEC %. BRITISIUT 3TO Tak:

a:b=c:d.

Yuraerca: a oTHOCUTCA K b Tak, kKak ¢ oTHocuTcs K d. Taxke BaXXHO MOMHHUTH, YTO
IPOM3BEACHUE KPalHUX YJIEHOB PABHO MIPOU3BEACHUIO cpeHUX. UTOOBI y3HAaTh HEM3BECTHOE U3
ATOTO PAaBEHCTBA, HY)KHO PEIINTH MPOCTEiIee ypaBHEHHE.

PaccmoTpum npumep. Ha ckoibko BBIFOAHO HOKyNaTh CHOPTHBHYHO (yTOo0aKy 32 1390
pyOJieit mpu YCIIOBHH, YTO B Mara3uHe B YECTh JTHS BCEX BIIOOJICHHBIX JeicTByeT ckuaka 14%?

Kak pemaem:

Y3HaeM CKoJIbKO cTouT (hyTOOIKa ceiiyac B % COOTHOIICHUH:

100 - 14 = 86,

3Hayut 1390 py6uieit 3to 86%.

CocTraBuM IPOIOPIIHIO:

1390 : 100 =x : 86,

x =86 * (1390 : 100),

x =1195.4.

1390 - 1195,4 = 194,6.

OTBeT: KynuTh CIOPTUBHYIO (yTOOJKY BeIro/IHEE Ha 194,6 pyOss.

- CooTHo1IeHUs yucel

Ectp cinyyan, korna HalTH NPOLIEHT OT YMCJIa MPOLIE, €CIM IPEICTaBUTh MPOLIEHTHI B
BU/JIE MPOCTHIX Apo0Oeil. B TakoM citydae OyJieM HCcKaTh 4acTh YncIa.

10% — necstast vacth wnenoro. YroObl HAWTH AecATh %, MOHAJOOUTCS H3BECTHOE
pasznenuts Ha 10.

20% — mnATas yacTh 1es0ro. UToObl BEIYMCIUTD ABAAIATh % OT U3BECTHOIO, €r0 HYXKHO
pa3aenuTh Ha S.

25% — 4deTBepTh 11en0r0. YTOOB! BEIYUCIUTH J1BAATh NATh %, TOHAT00UTCS N3BECTHOE
pazzienuTh Ha 4.

50% — mnonoBuHa 1enoro. YtoObl BEIYUCIUTE MOJOBHHY, HYKHO W3BECTHOE Pa3AeluTh
Ha 2.

75% — Tpu "yeTBepTH 11e70T0. YTOOBI BRIUUCIUTH CEMBACCIT MATh %, HY)KHO U3BECTHOE
3HAUEHUE Pa3/IenTh Ha 4 1 YMHOXUTb Ha 3.

3aznava A1 TPEHUPOBKU. B UepHYyIO MATHUILY BBl HAllUIM OTJIMYHBIA MHUKAK CO CKUJIKON
25%. B oObrunbiii 1eHb oH cTouT 8500 pyOnelt, HO celiuac ¢ co0oit ecth Toapko 6400 pyodrei.
XBaTUT JIM CPENICTB AJIs TOKYIIKHU?

Kak pemraem:

100 - 25 =75,

3HAYUT HYXKHO 3a1IaTuTh 75% OT nepBOHavYaIbHON LEHBI.

Hcnonp3yeM npaBUiI0 COOTHOLIEHUS YU CEIL:

8500 : 4 * 3 =6375.

OTBeT: CpeACTB XBATUT, TaK KaK MUKAK CTOUT 6375 pyOueii.
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JIuneliHble ypaBHEHUS

JIMHEeHBIM ypaBHEHHEM OTHOCUTEIIBHO MEPEMEHHON X HA3bIBAETCA YPAaBHEHHUE MEPBOM
crenean kx + b =0 (1), rne k u b — npousBoibHBIE BEIIECTBEHHBIE YHCIIA.

B cnywae k # 0 ypaBHenue (1) wuMeeT eOUHCTBEHHOE pELICHHE TMPH JIOOOM

3HaYeHuu b :

b
YTk

B ciyuyae, korna k = 0,b # 0 ypaBuenue (1) pemieHuii He UMeeT.

B cnyuae, korma k= 0, b= 0, pemennem ypaBHeHus (1) sBisercs mo0oe YHCIIO
XE(—w; + w),

Ecnu w3HavanbHO 3aJaHO ypaBHEHHE, COJepiKallee MEPEeMEHHYI0 B 3HAMEHATele, TO
nepes pemeHrueM HeoOXOAMMO YKaszaTh O0JIACTh ONpEeNICHHsI, UCKIIOUYUTh M3 OTBETa KOPHH,
IIPU KOTOPBIX BhIPAKEHUE HE HMEET CMBICTIA.

Hpiamep 1
Sx=6 ITpunep 4
=8y 52415 _,
3 x+4
x=2 D x4
Hpaep 2
PuMED 5x+15-[x+4):4-[x+4)
3x=-2 x+4
-2 Sx+15=4x+16
r=—
x=-1
xz_E Cmearn. x=—1
3
Hptiatep 5
Hptiastep 3
5x+15_4
8[x—1)+2x:2[4—2x) 13
Bx—b+2x=8-4x D orz-32
Brx+ex+4dx=84+8
rexya 2D 3= 4 (2 43)
Bx+2x+4x=8+8 x+4
1dx =16 Sx+15=4x+12
168 x=-3
14 7 Chepegrn . Hewm kopueil

JIuneliHbIE HEPABEHCTBA

JIMHEMHBIM HEPaBEHCTBOM OTHOCHUTEJIBHO IEPEMEHHONW X HA3bIBA€TCSI HEPABEHCTBO,
MIPUHAJIeKALIEE K OJHOMY U3 CIEAYIOIINUX TUIIOB!

kx+b =0,
kx+b >0,
kx+b <0,
kx+b <0,

rnek ub — npousBOJIbHBIE BEIIECTBEHHBIE YUCIIA.

Pemas nuHeiiHble, 1a U HE TOJBKO JIMHEHHBIE, HEPABEHCTBA, CIEAYET TIOMHUTbD, YTO MIPH
YMHOKCHUM WM JEJICHWH HEPaBEHCTBA HA MOJOXXKHUTEIBHOE YHCIIO 3HAaK HEpPaBEHCTBA
COXpaHsieTcs, a IpU YMHOXKEHUM WIN JCJICHUM HEPABEHCTBA HAa OTPHULATEIBHOE YHCIIO 3HAK
HEPABEHCTBA MEHAETCS Ha IPOTHBOIIOJIOKHBIH.
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kodddurmentoB k um b, mpexacrarneHo B cneayromiei Tadmure 1.

Tabnuna 1. — Penienne HepaBeHCTB NEPBOM CTENEHU

B cootBercTBUUM € 3TUM peLICHHE JIMHEWHBIX HEPABEHCTB, B 3aBUCHUMOCTH OT 3HAYEHUU

kx+b>0 [kx +b>0 | kx+Bb=0 [kx +b<0
k>0 3HaK HEPaBEHCTBA COXPAHSAETCS
b b b
X2—— Xor—— XE—— X<——
k k k k
=0, () (2 xXe(—w;+w). | xe(—0;+ ).
k=0, X € (o +w). | & xe(—w;+e0) |
=0, b>0 | xe(—e0;+ ). | XxXE(—w0;+ ). | & (i
k< 3HaK HEPaBEHCTBA MEHSETCSI HA TPOTUBOIIOIOKHBIN
b b b b
XE—— X<l—— X2—— X>——
k k k k

Cucrembl TMHEHHBIX HEPABEHCTB

PaccmoTpuM penieHue cucTeM JUHEUHBIX HEPABEHCTB HA IPUMEpax.
2x-3=0,
-3x+11>=0

[Ipumep 1. Pemutsb cuctemy HEpaBeHCTB

Pemenue. Pemnm kaxioe u3 HEPABEHCTB CUCTEMBI:

3

.

2x-320, 2x23, t=3
e e

3x+11>0, 3x > 11, 11

X< —.

N300pa3uB Ha omHOl koopauHaTHOW mpsimod (Puc. 1) oba TOYEYHBIX MHOXKECTBA,

COCTaBJIAIOMINX MOCICAHIOO CUCTEMY, IMOJIy4a€M OTBET IIPpUMCEPaA.

-~ -~

J/,-’ J-'_,..-" JH?_:;{,H;{;‘\KFWW \\\ -\
o 3 11

2 3

o

Puc.1

[3 11]
Xe|— —
OTtBeT: 23
dx+4<0,

{—Zx -7 20.
[Tpumep 2. Pemuth cucteMy HEpaBEeHCTB
Pemenue. Pemmm kaxioe U3 HEpaBEHCTB CUCTEMBI:

4
‘fx+4{D, _fx{—4, re-g
= =

—2x-7z20. —-2x=27, 7
X5 ——

=5

N300pa3uB Ha oaHON koopauHaTHOW mpsimod (Puc. 2) 06a TOueUYHBIX MHOXKECTBA,

COCTAaBJIAIOMIUX MOCICAHIOKO CUCTEMY, ITOJIY4aCM OTBET IIpUMCpaA.
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N300pa3uB Ha omHON KoopmuHaTHOW mpsimor (Puc. 1) 06a TOUEHYHBIX MHOXKECTBA,
COCTABIISIIONINX TIOCIICIHIOI0 CHCTEMY, ITOJIy4aeM OTBET MPUMEPA.

" ~ - = - - -

P e S N
_/4 _40
2 5
Puc.2
7
XeE| -0 ——
OrTBer:
[Tpumep 3. Pemnth cucteMy HEpaBEHCTB
6x-7 >0,
4x+13<0.
Pemenue. Pemnm kaxioe u3 HEPAaBEHCTB CUCTEMBI:
X o= 7
6x-7 >0, 6x =7, 5’
L L
4x+13 <0, 4x <-13, y 13

N3o0pa3uB Ha omHON KoopauHaTHOM mpsmoin (Puc. 3) oba TOueYHBIX MHOXKECTBA,
COCTABIISIIONINX MOCIETHIOI CHCTEMY, ITOJIy9aeM OTBET MPUMeEpa

\_.. ; \-; _l"'u. M .-"{ .-f'-} .-"'H }{
13 07
4 6
Puc.3
Orser: 7
Onpenenenue
Keaopamnoe  ypaenenue — 3TO ypaBHEHUE Buga ax’ + bx+c=0, rje

K03 pULMEHTH! a, b 1 ¢ — NPOU3BOJIbHBIE YHCa, TpudeM a # 0.

[Ipexne, yeM U3ydaTh KOHKPETHBIE METOJbI PEIICHHs, 3aMETHUM, YTO BCE KBaJpaTHBIE
YpaBHEHMsI MOKHO YCJIOBHO pa3fiefIuTh Ha TPH Kiacca:

He nmerot xopHei;

VImeroT poBHO OIMH KOPEHb;

HmeroT 1Ba pa3iimyHBIX KOPHSL.

JIuCcKpUMHUHAHT

Onpenenenue

[lycTs maHoO KBaapaTHoe ypaBHeHue ax’ + bx +c=0. Torna ouckpumunanm — 3T0
npocto uucno D = b* — 4ac.

Oty dopMmyny Haao 3HaTh Hau3ycTh. OTKyda oHa Oepercs — ceiuac HEBaXKHO.

BaxkHo npyroe: 1o 3HaKy JAMCKPUMHMHAHTAa MOKHO OIPEAEIUTh, CKOJIBKO KOpHEH HMEeT
KBaJIpaTHOE ypaBHEHUE. A UMEHHO:

Ecmu D <0, kopHel HeT;

Ecmu D = 0, ecTh pOBHO OZIMH KOPEHb;

Ecnu D > 0, xopHeit Oynert aBa.
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OOparuTe BHHMaHHE: TUCKPUMUHAHT YKa3blBaeT Ha KOJIMYECTBO KOPHEW, a BOBCE

BCE IIOMMETE:

HE Ha UX 3HAKH, KaK IOYEMY-TO MHOTHME CYHUTAIOT. B3risgHUTE Ha IpUMEpbl — U CaMH
3amava
CKoJIbKO KOpHEW UMEIOT KBaJIpaTHBIC YPABHEHUS:
xX2—8x+12=0;
5+ 3x+7=0;
xX2—6x+9=0.
Pemenue

Bommumem k03 QUIMEHTH Ui IEPBOTO  ypaBHEHUs W HAWIEeM JUCKPUMHHAHT:

a=1,b=-8,¢c=12;
D=(-8—-4-1-12=64—-48=16

I/ITaK, AUCKPUMHUHAHT HOHO)KHTGHBHBIﬁ, MMO3TOMY YpPAaBHCHUC HMCCT JABa pPa3JIMYHbIX

KOpHs. AHaJIOTHYHO pa30upaeM BTOPOE YpaBHEHHE:

a=5b=3;,¢c=17,

D=32-4-5-7=9-140=-131.

JIMCKpUMHMHAHT OTpULIATENbHBIN, KOpHEN HeT. OcTanoch MOCIeHEE YpaBHEHUE:

a=1;b=-6;c=09;

D=(-6)-4-1-9=36-36=0.

JIMCKpUMHHAHT paBeH HYIII0 — KOPEHb OyJeT OJIUH.

OTtser

1) 2 KOpHS; 2) HET KOPHEH; 3) OIMH KOPEHb.

KopHu kBasipaTHOTO YpaBHCHHUS

“b++yD “b-+D

1 2a @ 2a

Korma D=0, MOXHO HCIOJB30BaTh JIOOYI0 W3 3THUX (HOPMYIT— TOIYIUTCS OJTHO
U TO )K€ 4YHCIIOo, KOoTopoe u Oyaer orBeroM. Hakonen, ecnu D <0, KOpHEil HET — HHYETO
CUHTATh HE HAJIO.

3agaua

PemmuTh KBagpaTHBIC YPABHCHHUS:

xX2=2x—-3=0;

15-2x—x*=0;

X2+ 12x+36=0.

Pemenue

IIepBoe ypaBHEHuUE:
X-2x-3=0=2a=1;b=-2;c=-3;
D=(-2?-4-1-(-3)=16.

D > 0 = ypaBHeHue umeer Ba KopHs. Halinem ux:

2 ++/16 5 2 —+/16 .
TR T T T
Bropoe ypaBHeHue:
15-2x—x*=0=>a=-1;b=-2;c=15
D=(2—-4-(-1)-15=64.
D >0 = ypaBHeHHE CHOBa UMeeT JiBa KopHs. Haiinem ux:

2+464 _2-464
=T D= % 2T -

Hakonen, TpeTse ypaBHEHMUE:
XH+12x+36=0=> a=1; b=12; c=36;

Xy

D=122-4-1-36=0.
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D =0= ypaBHeHHE HMEET OIWH KOPEHb. MOXXHO HCIIOJIB30BaTh JIIOOYI0 (opmyiy.
Hanpumep, nepsyro:

—12+Jﬁ_
2-1

X =

OTtser

Dxi=3;x=-1;2)x1=-5;x=3;3)x=-6.

HemnonHble KBagpaTHBIC ypaBHEHHUS

bBeiBaer, uYTO KBaJgpaTHOE YpaBHEHHUE HECKOJIBKO OTJIMYAETCS OT TOro, 4YTO JIaHO
B onpenenenun. Hanpumep:

x>+ 9x=0;

¥ —16=0.

HecnoxHO 3aMeTUTh, 4TO B 3TUX YPaBHEHUSAX OTCYTCTBYET OJIHO W3 CllaraeMbiX. Takue
KBaJIpaTHBIC YPaBHEHUsI PEIIAIOTCS JaXKe JIerde, 4eM CTaHAapPTHBIC: B HUX JaXe HE MOTpeOyeTcs
CUUTATh JUCKPUMHUHAHT.

Omnpenenenue

VpaBuenue ax> +bx+c=0  Ha3bIBAETCA HENOMHBIM — KEAOPAMHBIM — YDAGHEHUEM,
ecmub=0 wmmc=0, T1.e. KOIDOUIMEHT TPU MEPEMEHHON X WIK CBOOOJIHBIA DIIEMEHT
PaBEH HYJIIO.

Pa3ymeercsi, BOSMOXKEH COBCEM TSDKEIBIN Cllydaid, Korjia 00a 3THX K03 PHUIUEHTa PaBHBI
Hymo: b=c=0. Borom cnyuae ypaBHeHue mnpuHHMaeT Bujiax®=0. OuYeBUAHO, TaKoOe
ypaBHEHUE UMEET €JMHCTBEHHBIN KOpeHb: X = 0.

PaccmoTtpum octanbhbie citydau. [lycth b =0, Torja MOJIyduM HETOJIHOE KBaJpaTHOE

ypaBHeHue Buja ax> + ¢ = 0. HemHoro npeo6pasyem ero:
2 2 C C
ax“+c=0=2x"=——=2x=% [—
a (vl

[Tockonpky  apudmernueckuit KBQJIpaTHBII  KOpEHb CYILIECTBYET  TOJBKO
U3 HEOTPULATEIIBHOTO  4YHCJA, IIOCIEJHEE PaBEHCTBO HMMEET CMBICI  HCKIIOUUTEIBHO
npu (—c/a) > 0. Beisox:

Eciiv B HEMONHOM KBAJPaTHOM YPaBHEHMH BMA ax’ + ¢ =0 BBINOIHEHO HEPABEHCTBO
(—c/a) > 0, xopueit Oyzaer nBa. @opmyria 1aHa BBIIIE;

Ecmm xe (—c/a) < 0, kopHEii HeT.

Kak Bugure, TMCKpUMHUHAHT HE MOTPeOOBaICsS — B HEMOJHBIX KBAaJPATHBIX YpPaBHEHUX
BOOOIIE HET CJOXHBIX BbluMciaeHuil. Hacamom pene pgaxe HeoOs3aTeIbHO IOMHUTH
HepaBeHCTBO (—¢/a) > 0. JIoCTaTOuHO BBIPA3UTh BEJMUMHY X> M OCMOTPETH, YTO CTOMT C JPYroii
CTOPOHBI OT 3HaKa paBeHCTBA. Eciu TaMm MONOXKHUTENbHOE 4Yuciio — KopHel Oyzaer nBa. Ecmu
OTpHIIATEIbHOE — KOpHEH He OyneT BooOIe.

Teneps pazbepeMcs ¢ ypaBHEHHUAMHU BUA ax> + bx = 0, B KOTOPBIX CBOOOJHBIH I€MEHT
paBeH Hyr0. TyT Bce mpocTo: KopHe# Bcerja Oyzaer aBa. JocTaTOYHO pa3iokUTh MHOTOYJICH
Ha MHOYKUTEIIN: b

ax?+bx=0=2x-(ax+b)=0=2x,=0; x, = ——
a
HpOI/IBBeILeHI/Ie PaBHO HYJIIO, KOraa XOTA 6]91 OJUH U3 MHOKUTEIENH PaBCH HYIIIO. OTCIOI[a

HaxXoJATcs KopHU. B 3akimoueHne pazdepeM HECKOJIBKO TaKUX YPaBHEHMIA:
3agaua
Pemnte KkBagpaTHBIE ypaBHEHUS:
x> —Tx=0;
5x% +30=0;
4x* —9=0.
Pemenne
X=Tx=0=>x-(x—7)=0=>x1=0;x2=—(-7)/1=17.
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5x+30=0= 5x*=-30 = x*> =—6. KopHeii HeT, T.K. KBaJgpaT He MOXET ObITh PaBEH

OTPULIATEILHOMY YHUCIY.
4’ -9=0=>4"=9=>x*=9/4=>x1=312=15x=-1,5.
OtBeT
x1=0; x2 =7; 2) kopue#t HeT; 3) x1 = 1,5; x2 = 1,5.

Penrenue 3agau:
2

1. Boga 3anmmaer 3 moBepxHocTH 3emid. [loaTomy 3eMii0 Ha3bIBaOT «TOIYOOH
1

naaHeToi». Kakyro 4acTh 3eMHOI oBepXHOCTH 3aHuMaeT cyma? OtseT: 3 cyma.
2

2. Oty 42 ronma, a BO3pacT ChlHA COCTaBisAeT 7 Bo3pacTa oTHa. CKOJBKO JIET ChIHY?
12 JIeT.

3
3. IlpenenvHbIit BoO3pacT Oelkud 6 JE€T, YTO COCTABJISIET S MPEACIIBHOIO BO3pacTa 3auIa.

CKOJIBKO JIET MOKET MpoxkuTh 3as1? Oteet: 10 jerT.
5 25

Ortser:

4. Jlnuna ctopoHbl kBagpata © am. Kakosa ero miomanb? Oteer: 81 M.
5.Pabouwnit MOKET BBITOJTHUTH IPOU3BOACTBEHHOE 3aJJaHUE 32 5 YacCOB, a €r0 YYCHHK — 32
13
8 wacoB. Kakyio yacTb pabOThl OHU BBINOJHAT BMecCTe mocie yaca paborel? OtBer: 40 4.
2 1

6. B mepsblii yac aBTOOyC mpoiesn 5 Bcero MyTH, BO BTOPOW 3 MyTH, a B TPETUH —
ocranbHble 28 kM. Kakoe  paccrossHue — mpomen — aBToOyc 32 Tpu  yaca?

2 1 11
1)S + 3 = 15 (4) —3a /Ba 4aca.
1 4
2) 1 - 15 = 15 (y4)— mporen B TpETHii yac. 4
4
3)28: 15 =105 (kM) — 3a Tpu yaca.
Otser: 105 KM MpoIIes aBTOOYC 3a TpHU yaca.
3
7. Kakoe paccrosHne ynuTka 3a 6 yaca, eciM OHa OygeT TOM3TH €O
3 1
CKOpOCThIO 250 km/u? OTBer: 100 KM.
2
8. 13 Oouku ¢ OEH3MHOM BHAyaje OTIWIM 28 BCEro HMEIOIIErocs TaM OCH3UHA,

2
OoTOM 7 Bcero OeH3MHA U MOcJIe 3TOro B 60uke ocTtanock 99 nutpos 6eH3uHa. CKOIBKO JIUTPOB

OeH3nHa ObLIO B OOUYKE IMepBOHAYAITHHO?

2 2 17
1) 28 + 7 = 28 (4)— OTJIWIN.
1711
2) 1 - 28 = 28 (4)-— 0OCTaJNOCH.
11

3)99: 28 =252 (;1) — OBLIO IEPBOHAYAIBHO.
OtBert: 252 1 6eH3MHa OBITO B O0YKE MTEPBOHAYAIIBHO.
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3agayva 1. Opranusm B3pociioro yenoBeka Ha 70% cocTtouT u3 Bojbl. KakoBa Macca BObI
B TEJIC YEJIOBEKA, KOTOPBINA BECUT 76 KI?

Kak pemraem:

76 - 0,7=153,2 kr

OTBeT: Macca BobI 53,2 Kr

3anayva 2. [{ena ToBapa nonusunack Ha 40%, 3arem enie Ha 25%. Ha ckoJIbKO MPOIIEHTOB
IIOHM3WIACh 1IeHa TOBapa 10 CPAaBHEHUIO C IIEPBOHAYAIbHON LIEHOM?

Kak pemraem:

O0603HaunM TMEPBOHAYAIBHYIO IICHY TOBapa depe3 X. llocie mepBoro MOHMKEHUS IeHA
CTaHET paBHOIA.

x - 0,4x =0,6x

Bropoe mnonwmkenne ueHsl cocraBisier 25% ot HOBOM meHsl 0,6X, mosTomy mocie
BTOPOT'O MOHWKEHHUS TTOTYIUM:

0,6x - 0,25 * 0,6x = 0,45x

[Tocne nByX NOHMKEHHUI U3MEHEHUE LIEHBI COCTABUT:

X - 0,45x = 0,55x

Tak kak BenmumHa 0,55x cocraBnsger 55% OT BEIMUYUHBI X, TO 1I€HA TOBapa MOHU3WIACH
Ha 55%.

Otget: 55%.

3amaua 3. Yersipe mapbl OproK JelieByie 0QHOro najabTo Ha 8%. Ha ckoJIbKO MpoIeHTOB
ST Tap OPIOK CTOSAT AOPOXKE, YEM OAHO MAIBTO?

Kak pemraem:

[To ycnoBusaM 3a1auu CTOMMOCTB YeThIpex map Oprok — 370 92% 0T CTOMMOCTH MaJIbTO

100 -8 =92

[Tomy4aercsi, 4TO CTOUMOCTB OAHOM Mapbl OproK — 3T0 23% CTOMMOCTH MaNbTO.

92:4=23

Tenepb yMHOXKUM CTOMMOCTB OJIHOM Mapbl OPIOK Ha IMATh U Y3HAeM, UTO MSATh Map Oprok
oboriayres B 115% cTommocTH maibTo.

23 *#5=115

Otgert: naTh nap Oprok Ha 15% noporxke, yeM 0JJHO MajbTO.

3anaga 4. CeMbsl COCTOMT W3 TPEX YEJIOBEK: MYX, JK€Ha M J04Yb-CTyJeHTKa. Ecnm
3apIuiaTa My»ka BBIPACTET B JIBa pa3a, 00U JT0X0J ceMbu Bo3pacTeT Ha 67%. Eciu nouepu B
TPU pa3a ypeKyT CTHIEHJIMIO0, OOIMH JO0XOA 3TOW ceMbH yMeHbIIHUTCS Ha 4%. Bprunciurs,
KaKOH MpOLEHT B 00N J0X0/ CEMbH MPUHOCUT 3apa0O0TOK JKEHBI.

Kak pemraem:

ITo ycnoBusiM 3amaud OOLIMI JTOXOJ CEeMbU HANpsAMYIO 3aBHCUT OT JOXOJOB MY’Ka.
bnaromapsi yBenuueHuto 3apriiaThl oOIMN T0XOA ceMbU BbIpacTeT Ha 67%. 3HauuT, 3apmiiarta
My»Xa COCTaBJIsIeT Kak pa3 67% oT ob1ero 1oxosa.

Ecnu ctunennus noyepu yMeHbIIUTCS B TpH pasa (T.e. Ha 1/3), octanercss 2/3 — 310 U
ecTb 4%, Ha KOTOpbIe YMEHBIIUJICS OBl CEMEHHBIX TOXO/I.

MOo’KHO COCTaBUTh MPOCTYIO MPOMOPIIUIO U BBIICHUTH, UTO pa3 2/3 crunenauu — 310 4%
JI0X0J1a, TO BCA CTHIIEHAUSI — 3TO 6%.

A Tenepb OTHUMEM OT BCEro JI0XOJa BKJIAJ MYy)Ka U IOUYEPH U y3HAEM, KaKOW MPOILIEHT
COCTaBJISIET 3apabOTOK KeHbI B 001eM noxoe ceMbu: 100 — 67 — 6 = 27.

OTBeT: 3apaboTOK eHbI cocTaBiseT 27%.

3amaga 5. B cBexux abOpukocax 90% Bnaru, a B cyxopykTe Kypare TOibKo 5%.
CKOJIBKO KWJIOTPaMMOB a0pHKOCOB HYKHO, YTOOBI MONYy4UTh 20 KHIOIPaMMOB Kyparu?
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Kak pemaem:

Ucxons u3 ycnoBus, B abOpukocax 10% mnurarenbHOro BellecTBa, a B Kypare B
KOHLIEHTPUPOBaHHOM Buae — 95%.

[ToaTomy B 20 kunorpammax kyparu 20 * 0,95 = 19 kr nutaTenIbHOTO BEIIEeCTBA.

3nauynt, 19 KWIOrpaMMOB NHTATENBHOrO BemlecTBa B abpukocax — 310 10% Beca
cBexHX abpukocoB. Haiifem 4ncio mo npoueHry.

19:0,1 =190

OtBet: 190 Kr cBe)XUX aOpPUKOCOB MOTPeOyeTCs sl U3roToBiieHus 20 KT Kypary.

Pemenne KBaipaTHYHBIX CHCTEM YPABHEHHH

o X=)Y= la
IIpumep 1. Pemnts cucremy ypaBHeHUM , o,
x“+y =41.
Pemenne. BpipazuB X W3 MEpBOro ypaBHEHUS CHUCTEMbl H IOJCTaBUB BO BTOPOE,
x=y+I,
2y° +2y—40=0.
MOJIYYHM PaBHOCHIIBHYIO CUCTEMY \ © 7 i (1)

Pemas BTOpoe ypaBHeHue cucreMbl (1), HaxoauMm JBa 3HAYEHUS IEPEMEHHON y:

y=4, :_5, MIOJICTaBJIsAs 3TH 3HAUEHUS B NEPBOE ypaBHEHHE cucTemsl (1), moiaydaem nBa

3HAYCHHS TIEPEMEHHOI X: 1 5%, =—4

Ortger: (5; 4),(-4; -5).
o 2x-3y—xy=4
IIpumep 2. Pemuts cucteMy ypaBHEHUN
3x+y+3xy=3
Pemenne. Cpa3zy BbIpa3uTh OJHY IEPEMEHHYIO uepe3 JApPYryl0 B JAaHHOM cllydae
3aTpyJHUTENBHO, MEIAeT ciaraeMoe Xy. UToObl M30aBUTHCS OT ATOTO CIAraeMoro YMHOXKHUM
MepBOE ypaBHEHHWE CHUCTEMBI Ha 3 W CIOXHM CO BTOPHIM ypaBHeHHEM. [Ipu sToM momydum
2x-3y—xy=4,

PaBHOCUJIBHYIO CHCTEMY YpaBHeHHM § =~ ... (2)
9x -8y =15.

15+8
I/IS BTOpOFO ypaBHeHI/IH HonyqaeM: X=Ty. HOI[CTaBI/IB 3TO BLIpa)KeHI/Ie B HepBoe

ypaBHEHUE CUCTEMBI (2) MOTyYrM ypaBHEHUE 2% —-3y— y@ =4 . Ilpeobpa3oBas ero,

TOJNYYUM KBaJpaTHOE YpaBHEHHE OTHOCHTENBHO y: 4)° +13y+3=0. KopHu 5Toro ypaBHeHus

1 13
y=-3y,= e HOJCTaBUM B (OPMYITy AJS X, U IOTYyYUM x, =—l,x, =—.

Otser: (-1; -3),(13/9; -1/4).
x> (x+y) =80,
x*(2x—3y)=80.
Pemrenne. B 15eBBIX 4YacTSAX ypaBHEHHHM CHCTEMBI CTOST IIPOMU3BEINECHUS [JIBYX

COMHOXUTEJIEH, a CIpaBa YUCJIO OTJIMYHOE OT HYJA, MO3TOMY, OYEBUIHO, HHU OJHUH U3
COMHOKHTEJIEH JIEBBIX YacTel ypaBHEHH HE MOXKET OBITh paBeH Hy0. Takum o0Opaszom,

x#0 3
[IOJIy4aeM, 4TO n 2x-3y#0=>x# 5 y. Pasznenum mepBoe ypaBHEHHE CHUCTEMBI Ha

IIpumep 3. Pemuts cucrtemy ypaBHEHUH

BTOpPOC NOWICHHO, B CUJIY CACIIAHHOI'O BBIINIC 3aMCUAHUA, MOJIYYUM PABHOCHUIIBHYIO CUCTEMY
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XY
2x=3y . BeIpazum U3 1epBOro ypaBHEHUs IOIYYEHHOM CUCTEMBI BBIpA3UM X: x =4y .
x*(x+y)=80.

[TonctaBuM 3TO 3HAaYEHHE BO BTOPOE ypaBHEHUE cHUCTEMBl M HaiiaeM y =1, torma x=4.

Otser: (4; 1).

KBanpaTtHoe HEpaBEeHCTBO — 3TO HEPABEHCTBO, B JIEBOW YacTU KOTOPOrO CTOUT
KBaJIpaTHBIN TPEXUJICH, B JI€BOW — HYIIb.

To ectb, KBaipaTHBIC HEPABEHCTBA OBIBAIOT CIEAYIOIINX BHJIOB:

ax* +bx+c¢>0, a’+bx+c>0, ax>+bx+c<0, ax’+bx+c<0.

Pemmnth kBagpaTHOE ypaBHEHNE MOKHO € IIOMOLIbIO METOJ]a MHTEPBAJIOB.

Jy1s 3T0r0 HEeoOX0IMMO CHayalla HAWTH KOPHU KBaJIPaTHOT'O HEPaBEHCTBA (BMECTO 3HaKa
HEPaBEHCTBA NOCTABUTH «=» M PENIUTh ypaBHeHue ax’ + bx + ¢ = 0). Kopueit MoxkeT GbITh 1160
IBa, MO0 o/1MH, 100 He ObITh BoOOIIE. JlanpHeilne 1eicTBUS 3aBUCST OT KOJTMYECTBA KOPHEH:

1. Eciu ypaBHeHHMe MMeeT 1Ba KOPHS, HEOOXOAMMO HAaHECTU UX HA YHUCIIOBYIO MPSMYIO.
OnHu pa3oOblOT e€e HAa Tpu MpoMmexyrka. HyxkHo Oymer omnpeaenuTb  3HAKU
BBIp@XKEHMS ax’ + bx + ¢ HA KaXIOM M3 HPOMEKYTKOB (KOHKPETHBI IIpMMep pELICHHS BbI
MO’KeTe TI0CMOTpETh, BBe/iA B (JOPMY BBILIE KaKoe-Tu00 HepaBeHCTBO, Hampumep Sx> + 2x — 7>
0):

- eciia a > 0, TO 3HAKU oynytr  +, -, + (cmeBa  HampaBo);
- ecnu a < 0, To 3Haku OynyT —, +, — (cIeBa Hampaso).

B cnyuae, ecnu 3HaK HEpaBEHCTBA > UJIM >, OTBETOM OYIyT MPOMEXKYTKU CO 3HAKOM «+).
Ecnu xe 3HaK < win <, TO OTBETOM OyAyT OTpULIATEIbHbIE IPOMEXKYTKH.

Ecnu 3Hak HepaBeHCTBAa > WM <, TO TOYKU-TPAHUIBl IPOMEXKYTKOB 3allMCHIBAIOTCS B
KpyriibiX ckoOkax. Ecnmu ske 3Hak > unm <, TO TpaHMIBI MPOMEKYTKOB 3alUCHIBAIOTCS B
KBaJIpaTHBIX CKOOKax.

2. Eciin ypaBHeHHe MeeT OMH KOPEeHb, TO HY)KHO TaK)K€ HAaHECTH €ro Ha YUCIIOBYIO
NpSAMYIO U ONpeNeNuTh 3HAKM BBIpAKEHHUs ax’ + bx + ¢ Ha KaXkIOM U3 IPOMEKyTKOB. KopeHsb
pa3fenuT MpsAMYIO Ha JIBa MPOMEXYTKA, 3HaKH B KOTOPBIX OyIyT OAMHAKOBBIMU (B 3aBUCHMOCTH
oT K03 dUlIMeHTA a):

- ecnu a > 0, To 3HakM OynyT +, +. B 3TOM cityuae, ecim 3HaK HEpaBEHCTBA >, TO OTBETOM
OyZIeT Bcsl yuCIOBas IpsiMasi, KpoMe TOUKU-TPaHUIIbl IpOMeXyTKa. Eciu jke 3HaK HepaBeHCTBa
>, TO OTBET — BCS UMCIIOBas npsAMas. Eciu 3HaK HEpaBEHCTBA <, TO OTBET — IIyCTOE MHOKECTBO.
Ecnin 3Hak HepaBeHCTBa <, TO OTBET — OJHA TOYKAa — TpaHUIA MEXIYy MNPOMEXYTKaMHU.
- eciu a < 0, To 3HaKM OynayT —, — B 3TOM citydae, eciiu 3HaK HEpaBeHCTBA >, TO OTBETOM OyneT
mycroe MHOXecTBO. EciM ’ke 3HaK HepaBeHCTBAa >, TO OTBET — OJHA TOYKa — TIpaHULA
IpoMeXyTka. Ecinu 3HaK HepaBeHCTBa <, TO OTBET — BCS UYMCIIOBas IpsMas, KpOME TOUYKH-
rpaHuLbl MpoMexyTKa. Eciiy 3HaK HepaBeHCTBA <, TO OTBET — BCS UMCIIOBas MpsiMasl.

3. Ecin ypaBHeHHe KOpPHeil He MMeeT, TO HUYEro Ha KOOPAMHATHYIO OCh U HE HY)KHO
HAHOCHUTB: HaJI0 IPOCTO OMPEEIUTh 3HAK BRIpAKEeHUs ax> + bx + ¢ Ha Bceli YuncI0Boi NPAMOIi:

- ecim a> 0, To 3HaK Oymer +. B aToM ciydae: eciu 3HaK HEpPaBEHCTBA > WJIM >, TO
OTBETOM OyJeT BCs yucioBas npsiMas. B mpoTuBHOM ciyyae — eciu 3HaK < MJIM < — OTBETOM
OyzeT MycToe MHOXECTBO.

- ecmi a < 0, To 3HaK Oyaer — B aTOoM ciyuae: ecnu 3HAK HEpaBEHCTBA < WU <, TO
OoTBETOM OYJIeT Bcs 4MCIIOBas mpsiMas. B mpoTHBHOM ciydae — €Clii 3HaK > WM > — OTBETOM
OyzIeT mycToe MHOXKECTBO.

IIpumep 1. PemuTs HEpaBEHCTBO 22 +4x — 6> 0.

KBanpatHblii TpexuneH 2x? + 4x — 6 uMeeT 1Ba JACHCTBUTEIBHBIX KOpHS X1 = —3, x2 =1.
[MosTomy mapaGona y = 2x*>+ 4x — 6 mHepecekaeT OCh X B JBYX TOYKaX, abCIHCCHI KOTOPHIX
paBHsl —3 u 1. Tlockoneky Kkod(pdHIMEHT npu X° Gonbiue Hyns, mapadonay= 2x° + 4x —
6 HampaBJieHa BBEPX
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U3 pucyHKa BUHO, YTO TpeXuleH 2x° + 4x — 6 HOI0kKHUTeNeH IpU X < — 3 1 11pu X >1.
[Ipumep 2. Pemuth HEPAaBEHCTBO

—x*+x—1>0.
JIMCKPUMMHAHT KBaJApaTHOTO TpexuieHa — x> + x — 1 orpunarenen: D = —3. [Tostomy
TIpY BCeX X 3HaYeHUs QYHKIUU p = — x* + X — | UMEIOT OMH M TOT K€ 3HaK, a HIMEHHO 3HAK

koo uuuenta npu x>, To ecth MuHyc. Cle0BaTeNbHO, HEPABEHCTBO — x> +x — 1> 0 He
BBITIOJTHSCTCS] HA TP KaKUX 3HAUCHUSX X.
IIpumep 3. BEIACHUTE, IPY KaKMX 3HAYEHUAX X APOOb
¥ J-2x =3
2 — x®

IMOJIOKUTCIIBHA W TIpU KaKUX — OTPULATCIIbHA.

CHayvana yka3aHHBIM BBIIIE CHOCOOOM ONpEAEIMM 3HAKM YHCIUTENs] U 3HAMEHaTels
JAaHHOM ApoOH, a 3aTeM CpaBHUM HX.

Yucmutensb x* + 2x° — 3 MONoXKUTeNeH TpH X < —3 M npu x > 1, a oTpuuareneH npu
—3 <x <1 (puc. BEepXHssI YUCIIOBas OCb).

4-3-2-1 0 1.2 3

i ki
e
0 2

3HamMeHaTenb 2x — X° mojoxuTeneH npu 0 < x < 2 ¥ oTpuuareneH npu x < 0 u npu x >2
(puc. , HWXKHSA YUCIOBast och). V3 pucyHka BUIHO, YTO TaHHAS APOOH OyAET MOJOKHUTENIbHA TPU
— 3 <x< 0 (B dPTOM cCiIy4Yae YHCITUTEIb U 3HAMEHATeIhb OTPUIIATEIbHBI) WU TIPH
I1<x <2 (B 3TOM CiIy4ae YUCIHUTENIb U 3HAMEHATENh TTOJIOKUTEIBHBI); OTPUIIATEIHFHOM OHA OYyAEeT
npu X <. —3 (YUCIUTENH MOJOKHUTENEH, 3HaMeHaTeNb oTpuIareneH), npu 0 <x < 1 (uucioutens
OTpHUIIATEJICH, 3HAMEHATENh TTOJIOKHUTENICH) U TIPU X > 2 (YUCITUTENh TTOJIOKUTENICH, 3HAMEHATEITh
OTPHULIATEIIEH).

Pemrenue 3axanuii:

Nel. Peminth HEpaBEeHCTBA:
2x+3)(2—2x)>0.
2—m)(2x—15)(x+4)>0.
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x >%,

ax =40, x> 4, i 6 4
Gr-)Sx+6) >0 [PFFO70 L (1726 x>_§;¢> 73

3x-4<0, 7 |[3x<a, T[4 T 8

Sx+ 6L, ax < -6, ) 3 5

&
xa-=
L 5

No2. Pemiuth ypaBHEHUS:
1. x*—8x*-9=0
2. x*-15x*-16=0
3.(x* —2x—5)" —2(x* —=2x-3)—4=0
Ne3. Pemuth 1aHHbIC HEPABEHCTBA!
1. x> —4x+3>0. 5.x% +x+1<0.
2. XX —6x+5<0. 6.x> —x+1>0.
3. —5x2+3x+2>0. 7. —6x+10<0.
4. x(1—x)>0. 8. —3x? +2x+1>0.
Ned. BoinonHUTh 3a1aHUs:
1. Pemuth HEpaBeHCTBO:
8’ -6x+1>0
2. HaiiTu HanMeHbI1Iee TOJI0KUTEIBHOE 1IeTI0€ pellleHne HtPaBeHCTBRA:
X2+ 2x>-3

3. Pemnth HEpaBEHCTBO:

¥+ 3x+820

4. PemunTh HEPaBEHCTBO:

X -dx+4>0

5. Pemuth HEpaBEHCTBO:

X -dx+4>0

6. HaiiTu Bce 3HaueHUs X, HE SBJISIIOIIMECS PEILIEHUEM HEPABEHCTBA!
¥>16

IIpakTnyeckas padora Ned
Tema 1.4 BxoaHast KOHTpoJibHas paboTa
Hean: IIpoBepuTs ypoBeHb ycBoeHHs Marepuana mno pasuaeny 1 «lloBTopeHue kypca
MaTEMaTUKU OCHOBHOM LIKOJIBI»

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yemblpex
npeo1oIHCceHHbIX.

1. (1 6amn) Packpoiite (hopMyTy COKpAIIEHHOTO YMHOXKEHHS a2-b’:

A) a>-2ab+b%; B) (a-b)(a+b); B) a’+2ab-b%; I') (a-b)(a-b)

2. (1 6amn) [Tnomaap TpeyrodbHUKA BEIYUCISIETCS 11O hOopMyIie:

A) S=a*b; b) S=(a*b)/2; B) S=2a*b; I') S=(a*b)/3.

3. (1 6amr) Kakoe u3 caeayromumx 9ucet 3aKITI0UeHO MEXTy YUCITIaMU 1—(7) " Z?

A)0,4;b5)0,5;B)0,6;T) 0,7
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4. (1 6amn) Jans rpadbuku pyaknuii. Kakas ¢popmyna coorBeTcTBYeT rpaduky 3):

1) 2) 3)

: )\ /}‘ ¥ :
| ;\ | ‘
| | —
: 1 \“I | — 1 1
] ol 1 o 1
: '0 J_ \\ | T
| J
| [/ = + L
R EREEEFEaEE

A)y=;x-6B)y=x’~8x+11;B)y = -1 T)y=x+5.

Ilpu évinonnenuu 3a0anuit 5-8 3anuwiume xo00 pewienus u nOJIYYEHHbLI OMEem.

5. (2 6anna) Beraucnure % + %

6. (2 6ama) Pemure ypaBHenue x° - 7x + 10 = 0. Eciu ypaBHeHue umeeT 6oj1ee 0HOTO
KOPHSI, B OTBET 3alUIINTE MCHBIIIHIA U3 KOPHEH.

7. (2 Gamna) Ilmomaab 3eMeNnb KPECThSIHCKOTO XO3SIMCTBA, OTBEIEHHAS MOJ MOCAIKY
KYCTapHUKOB U IIBETHHKOB, COCTaBISIET 24 Ta U pacrpeneicHa MeX1y HUMH B OTHOIICHHUH 5:3.
CKOJIbKO TeKTapOB 3aHUMAIOT [IBETHUKU?

8. (2 6amra) Beicota BH mnapamrenorpamma ABCD nenut ero cropony AD Ha oTpe3ku
AH = 2 u HD = 32. Jluaronanp mnapamienorpamma BD pasuna 40. Haiigute momans
napajiesiorpaMmma.

Amanonvt omeemos

Howmep 1 2 3 4 5 6 7 8
3aJaHuA
OtBer b b B A 2,7 2 9 816

IIpakTnyeckas padora NeS

Tema 2.2 OcCHOBHBIE TPUTOHOMETPUYECKHE TOKIeCTBA. DOpMYIIBI IpUBEIEHUS
Henanb: Hayunts ncrnonb3oBaTh OCHOBHBIE TPUTOHOMETPHUYECKHE TOXKIECTBA U (OPMYJIBI
NpUBEJCHNS IPU IPeoOpa30BaHUM BbIPAXKEHUI.

Teopernyeckas 4acThb:

Dopmynvl npusedenus

Cpa3y mepedncinM OCHOBHBbIE TPUTOHOMETPUUYECKHE TOXAECTBA, KOTOphIE pa3dbepeM B
9TOM cTaTbe. 3amuileM HMX B TaONMuUIly, a HIKE JIaJuM BBIBOJ 3TUX (OPMYNI U TpHUBEIEM
HE0O0XOIUMbIC TIOSICHEHUS.
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sin‘a+cos’ a=1

Sin o COS
et =———. cCloa=———o
COSeY sin ¢

tgc-ctear =1

2 1 2 1
e +l=——— l+cig o=—7F

cCos™ o Sin o

CBs13b MeKIy CHHYCOM M KOCHHYCOM O/IHOI'0 YIJIa
WNHoraa roBopsT He 00 OCHOBHBIX TPUTOHOMETPUUECKUX TOKIECTBAaX, EPEUNCICHHbBIX B
Tabauie  Bblle, a 00 OAHOM  E€JMHCTBEHHOM OCHOBHOM  TPHIOHOMETPHYECKOM

sin” o +cos’ a=1

TOKIECTBE BU/Ia . OObsacHenwe 5TOMy (PaKTy JTOCTATOYHO MPOCTOE:
2 1 2 1
g a+l=———, l+ctgoa=———
paBeHCTBa cos o sl & ponywarores u3 OCHOBHOTO
TPUTOHOMETPUYECKOTO TOXKECTBA nocine JeNeHus 06enx ero yacrei
~ - 2
cCos" @ sm o
Ha u COOTBETCTBEHHO, a

sin o cosa
lea = . clga=

PaBCHCTBA cosa sma y fga-ciga=1 CIIEIYIOT U3 OIIpEACIICHUN
CHHYCa, KOCHHYCa, TaHIreHca M KoTaHreHca. IlogpoOHee 00 3TOM MOroBOpHM B CIELYIOLIUX
ITyHKTaXx.

= 2 2
. smm-ag+cos  a=1
To ecth, 0COOBII WHTEpPEC NPEICTABIAET HMEHHO PABEHCTBO ,

KOTOPOMY H J1aJii Ha3BaHHWE OCHOBHOT'O TPUTOHOMETPUYECKOTO TOXKJIECTBA.

[Ipexne ueM [Joka3aTb OCHOBHOE TPUTOHOMETPUYECKOE TOXKIECTBO, MAAJUM €O
(GOopMyIUpPOBKY: CyMMa KBaJpaTOB CHHYCa M KOCHHYCa OJHOTO YIJIa TOXJECTBEHHO pPaBHA
equnuue. Tenepb TOKaXeM €ro.

ObpaTtumcs kK eqTMHUYHOM okpyXHOCTH. IlycTh HavanbHas Touka A (7, () nociae moBopoTta

Ha yroi @ NEPEXOIUT B TOUKY 4;. B cuy onpenenenuil cuHyca U KOCHHYCa TOYKa 4; UMEET

(cos e, sin ) y
KOOPIMHATEI . Bomee Toro, Touka A; NIEXUT HAa €IMHUYHON OKDPYKHOCTH,
CJIe/I0BaTeNIbHO, €e KOOPAMHATHI JOJKHBI YIOBIETBOPATh YPABHEHUIO €IMHUYHON OKPYKHOCTH,
KOTOpOE uMeer Bua x°+)°=1. To ecTh, JIOJDKHO OBITH CIIPaBeUTBO

5l r 2
cos  +sm =1
paBeHCTBO . 3TI/IM JOKa3aHO OCHOBHOC TpI/IFOHOMeTpI/I'-IeCKoe TOXKICCTBO

JUIS1 JTFOOBIX YTJIOB IIOBOPOTA a

p sin“ & +eos a=1 .
aABCHCTBO qacTo Ha3bIBAOT TeOpeMOI/I Hn(baropa B

TpUroHOMETpHUH. [I0CHUM 3TOT MOMEHT.
Bo3sbmeMm enuHuuHyl0 OKpykHOCTb. [loBepHem HauanbHyl TOUKYy A(1, () BOKpyT

Touku O Ha yroiu @ [Tycth Touka A mocie 3TOTO MOBOPOTa MEPEXOIUT B TOUKY A;(X, V).
OnycTtum U3 TOUKU A; nepneHaukynsap A;H Ha npsmyto Ox.
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Paccmotpum npsimMoyroinbHbIil TpeyroabHUK OA;H. Xopomo BUAHO, YTO B HEM JJIMHBI
KaTeToB A;H 1 OH paBHbl COOTBETCTBEHHO MOJYJIIO OPIAMHATBl M aOCLUCCHI TOYKU A7, TO
ectb, |A1H|=|y| n |OH|=|x|, a nnuHa runoteny3sl OA; paBHA panyCy €IUHHYHONW OKPYKHOCTH,
T0 ecTh, |OA;|=1. Teopema ITughazopa no3BosseT 3anucath paBeHCTBO |AH|’+|OH|’=|0Al|?,
KOTOpoe MBI~ MOXeM  Hepenucatb  Kak |[y|°+|x|*=1° um y’+x’=1. Ho  mo

sing =y , COs@=x

OIIPEIETIEHUIO , TOTJ]a OT PaBEHCTBA )’ +x°=] MBI MOKeM HepelTH K

= 2 2
sin~a+cos =1
PaBEHCTBY .
OCHOBHOG TpI/IFOHOMeTpI/ILIGCKOC TOXIOCCTBO 3a1a€T CBA3b MG)KIIy CI/IHyCOM nu KOCI/IHyCOM
OJHOT'O yrna. 3T0 ITO3BOJISICT BBIYUCIIATH CI/IHyc yrna, Koraga M3BCCTCH KOCI/IHyc 3TOTI'O yrna, Hu

BBIYUCIIATH KOCI/IHyC yrna, Koraga N3BCCTCH CI/IHYC erIa. ,Z[JI?I 9TOro OOCTATOYHO
- 2 2
smm - a+cos  ag=1

paBeHCTBO pa3peH_II/ITB OTHOCHUTCIIBHO CI/IHyca n KOCI/IHYCa
smea=x41-cos ¢ cosag==x41-5n" &
COOTBETCTBEHHO: u . 3HaK 1mepel KOpHEM

3aBUCHUT OT BEJIMYMHBI yria a. ITonpobHee 06 3TOM MBI MOTOBOPUM B pa3jiesie BEIYUCICHHE
CHHYCa, KOCUHYCa, TAHI€HCA U KOTAaHT€HCa C MCI0JIb30BAaHUEM TPUTOHOMETPUYECKUX (OPMYII.

OCHOBHOE  TPUTOHOMETPUUYECKOE  TOXKIECTBO  OYEHb  YacTO  HCIOJIb3YeTCs
pU npeobpazosanuu mpuzoHomempudeckux evipadxcenuii. OHO TO3BOJSIET CyMMY KBaJpaToB
CMHyca M KOCHHYyCa OJHOr0o yrjia 3aMeHsTh enuHuneil. He MeHee yacTo OCHOBHOE
TPUTOHOMETPUUYECKOE TOXKAECTBO HMCIIOJIb3YeTCSd M B OOpPaTHOM IMOPSAJKE: €AMHUIA 3aMEeHseTCs
CYMMOMH KBaJpaToOB CUHYCa U KOCHHYCa KaKoTro-JI10o yria.

TaHrenc u KOTaHreHc Yepe3 CHHYC M KOCHHYC

ToxnaecTBa, CBA3BIBAIONINE TAHTEHC M KOTAHI'€HC C CUHYCOM U KOCMHYCOM OJHOTO yrja

S O COscx
tea=—— cloot=——
BUA COS y Sl & cpasy chnenyroT W3 ONpENEeHHH CHHYyca, KOCHHYCa,
TaHTeHCa U KOTaHreHca. J[eHCTBUTENBHO, IO ONPEACICHUIO CHHYC €CTh OpAHMHATA Y, KOCHHYC
Vo sina
toar ==—=——
ecTh abciucca X, TAHT€HC €CTh OTHOIIIEHHE OPAWHATHI K a0cIucce, TO €CTh, X Qo3

X cosa
clgag=—=——

a KOTAHTE€HC €CTh OTHOIICHUE a0CIHCChI K OpJIMHATE, TO €CTh, ¥y osmda

sin o CosSc
lea=—— clgag=——

brnarogapss Takoil OYEBHIHOCTH  TOXIECTB COS y» 1M & ygacrto
OMpeeNIeHUs] TaHreHca M KOTaHTreHcCa JAl0T HE Yepe3 OTHOIICHHWE aOCIUCChl M OPIMHATHI, a
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Yyepe3 OTHOIICHHE CHHYCa M KOCHHYCA. TaKk TaHT€HCOM YIJIa Ha3bIBAIOT OTHOIIEHHE CHUHYCA K
KOCHHYCY 3TOT0 YIJia, 8 KOTAHT€HCOM — OTHOIIIEHHE KOCHHYCA K CUHYCY.

B 3aKIJIFOUYCHHE 3TOro MyHKTa ClieayeT OTMETHTD, 4TO
sin & cos
tea=—— clgd=——0 o
TOXKIECTBA COS y Sl & pmeroT MecTo IS BCEX TaKWUX YIVIOB ~ , TpH
KOTOPBIX BXOMASAIIME B HHUX TPUTOHOMETPUYECKHE (QYHKIMH HMMEIOT CcMbIca. Tak
sin o T
toor=—— o —+ 7Tz

dbopmyia COS cnpaBemmmBa s JTHOOBIX ', OTAMYHBIX OT 2 (vHaue B

COs0x

clgot=——
3HaAMeHaTesie Oy/IeT HyJlb, a JIeJIeHHe Ha HyJIb Mbl HE ONpE/IeNsiin), a popmyra smoce -

s Beex & , OLIMYHBIX 0T %~ Z | rjie z - M1060e LeIoe YHCIIo.

Ca3b MEKAY TAHTCHCOM H KOTAHT€HCOM
EHIG Ooitee OYCBUAHBIM TPUT'OHOMCTPHUYCCKUM TOXIACCTBOM, 4YCM JIBa IMPCALIAYIINX,

ABJIACTCA TOXIACCTBO, CBA3ZBIBAIOIICC TAHI'CHC M KOTAHI'CHC OJHOI'O YyIjia BHUAd fg{f‘ﬂfg - ]'

T
o L
[ToHSATHO, YTO OHO MMEET MECTO AJisi JIOOBIX YIJOB ~ , OTJIMYHBIX OT 2 , B TIPOTUBHOM
ciydae 100 TaHTeHC, THO0 KOTAHT€HC HE OMpPE/ICICHBI.
JlokazaTenbCcTBO bopMyIibI Iga-ctgo = 1 OY€eHb MpOCTO. ITo
' X X

;gg._-:l ctgal = — rga'-cfgtle-—zl

OIPEICIICHUIO Xn y , OTKyZHa ¥ MoxHo  OBUIO

sin o cosa
lea=—— clgog=——

JIOKA3aTeIbCTBO MMPOBECTH W HEMHOTO WHade. Tak Kak COS y sl & |

sing cosa _1

lea -clga = .
0 cosa sina
I/ITaK, TAaHICHC W KOTAHI¢HC OAHOI0 Yyrja, HOpd KOTOPOM OHHM HMECIOT CMBICI,
€CTb B3aUMHO 06paTHI>Ie quciia.
Tanrenc u KOCHHYC, KOTAHI'CHC 1 CHUHYC

HaKOHeI_I, Mbl IIPpUINUIA K ABYM TIIOCICAHUM U3 OCHOBHBIX TPHUTIOHOMETPHUYCCKUX

5 1 5 1
tga+l=——5—, l+cigra=———
TOKJIECTB cos « SH1 €& | Ouu CBA3BLIBAIOT TAHTE€HC U KOCUHYC, &

TaKk)k€ KOTAaHI€HC ¥ CUHYC OJHOIO yrJa.

[TpuBenem ux GopMyIMpPOBKH: CyMMa KBajipaTa TaHT€HCa YIJla U €IMHUIIBI pPaBHA YHCIY,
o0paTHOMY KBaJpaTy KOCHMHYCa 3TOrO yria, a CyMMa €IMHMIIBI M KBaJpara KOTaHIeHca yria
paBHa 4yMCITy, 0OpaTHOMY KBaJpaTy CHHYCa 3TOrO yrIia.

BeiBon  ykazaHHbIX (OpPMYN MOXHO IPOBECTH, OTTAJIKUBAsACh OT OCHOBHOI'O

sin® o +cos” =1

TPUTOHOMETPUYECKOTO TOXKAECTBA BHA . Ecnu pazgenuth 06e wactu
ol "
cos” o cos o
3TOr0 PaBEHCTBA Ha (TIpu 3TOM, KOHEYHO, JIOJDKEH OBITh OTJIMYEH OT HYJIS), TO
2
lgra+l=———
MBI MOJIy4YUM bopmymy cos & Ecmn xKe o0e qacTu
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) R,

in’ ‘o= sin” o sin” o
paBeHCTBa sin” o +eos” o =1 pa3nenuTh Ha (mpu  3TOM JIOJDKEH  OBITH
2 1
l+ctg o =—
OTJIMYCH OT H Sl ) o
yiIs1), TO MBI IPUJIEM K TOKIECTBY .
3 1
e a+l=——5—
Wrak, TOXIECTBO COS & yyeer mecro st mHOGBIX a, OTIIMYHBIX
T 2 1
— ¥ T-F ]+lf'ilg o= 3
or 2 , @ TOXKJIECTBO S & ppy mr06BIx x , oTuHbIX oT 7 " Z .

@opMyIIbI IPUBEACHUSA:
Onpeoenenue. DopMmynaMu IpHUBEICHHUS Ha3bIBAlOT (POPMYJIbI, KOTOpbIE MO3BOJISIOT
IepenuTH 0T TPUTOHOMETPUYECKUX byHKuni

T g N < TR X iy} 4
sm(— = ): cos(\—)~ = o). tgl zo) ctg(=— = a)

N

2 o.
BHJIA K ¢(yskmusm aprymenta . C ux

IIOMOUIbI0 CHHYC, KOCUHYC, TAHT€HC U KOTAHI€HC IPOU3BOJILHOTO YIJa MOXKHO IPUBECTU K
CHUHYCY, KOCHHYCY, TAaHT'€HCY U KOTaHIreHCy yria u3 uHTepBana or 0 no 90 rpamycoB (oT

0 1o > pamuan). Takum 06pa3oM, GOPMYIIBI IIPUBENEHHUS MO3BOISAIOT HAM IIEPEXOIUTH K paboTe

¢ yriiamu B nipenienax 90 rpaaycos, 4TO, HECOMHEHHO, O4Y€Hb y/100HO.

@ODMWlbl npueedenu}l:
sin(90° —a) = cosa

sin(90° 4+ a) = cosa

sin(180°— a) = sina
sin(180°+ a) = —sina
sin(270°—a) = —cosa
sin(270°+ a) = —cosa
sin(360°—a) = —sina

sin(360°+ a) = sina

cos(90°— a) = sina
cos(90°+ a) = — sina
cos(180°— a) = —cos«a
cos(180°+ a) = —cosa
cos(270°— a) = —sina
cos(270°+ a) = sina
cos(360°—a) = cosa

cos(360°+ a) = cosa

na ucnonvioeanusn popmyn npueedenusn cyuiecmeyem 06a npaguia.

1. Ecnu yronm MOXHO TpencTtaBuTh B Buae (w/2 +a) wmm (3*m/2 +a), TO Ha3BaHHe
(GyHKUIMM MeHsieTCsl Sin Ha COS, COS Ha sin, tg Ha ctg, ctg Ha tg. Ecim e yrom MOXHO
MIPEACTaBUTH B BUJIE (T +a) uu (2*7 +a), To Ha3BaHue PyHKIHUHU OCTaeTcsA 0e3 H3MeHeHM .

[TocmoTpuTe Ha PUCYHOK HUXKE, TaM CXEeMAaTUYHO M300pakeHo, KOrja cleayeT MEHSTh

3HAaK, a KOrJa HET



HBMEHSEM

PyHKLIMIO

HE MBMEeHSEeM

PyHKIMIO

2. 3nax npueedennoii ¢pynkyuu ocraerca npexxkHuM. Ecin ucxonnas ¢yHKuus umena
3HAaK «IUTFOC», TO W TpHUBEICHHAs (YHKLIUS MMEET 3HAaK «wuroc». Ecim mcxomHas (yHKIus
uMesia 3HaK «MHHYC», TO U IIpUBeJIeHHAs (PYHKIHS UMEET 3HAK «MUHYC».

Ha pucyHke Huxe mpeicTaBlieHbl 3HAKW OCHOBHBIX TPUTOHOMETPUUYECKHUX (YHKIUI B
3aBHCHUMOCTH OT YE€TBEPTH.

= = = + + - + =
+ + = + = + - +
2TU (X) Gcoz (X) £A(x) ced (x)

Pemienue 3axanmii:
Nel.HaiiguTe sin o, ecu U3BECTHO CIeAYyIOIIee:

cnscx=—31—\%_1;cxeg;n)

Pemenue

Ham wu3BecTeH KOCHHYC, HO HEU3BECT€H CHUHYC. (OCHOBHOE€ TPUTOHOMETPUYECKOE
TOXJIECTBO (B «IMCTOM)» BHJE) CBS3BIBACT Kak pa3 ATH QYHKIHMH, MOITOMY Oynaem paborarh
¢ HuM. Mmeem:

sina+cos?a=1=sin>a+99/100 =1 = sin? a = 1/100 =sin o =+1/10 = +0,1.

Jns  pemieHus — 3aadyd  OCTajloCch  HaWTH  3HaK  cuHyca.  [loCKONBKY
yrou o. €(7/2; ),T0 B TpajyCHON Mepe 3TO 3anuchiBaeTcs Tak: a € (90°; 180°).

CrnemoBaTellbHO, YTOJI 0, JIGKUT BO Il KOOpAMHATHONH YETBEPTH — BCE CHHYCHI TaM
noyioxuTenbHBL. [ToaToMy sin o = 0,1.
Ortser: 0,1

No2 Haiinute cos o, €Ciu U3BECTHO CIIEYIOIIEE:

. V3 31

sina = —?; a e (H;?)

Pemenue

Ntak, HaM U3BECTEH CHHYC, a HaJl0 HaWTU KocuHyc. O6e 3TH PyHKIIMU €CTh B OCHOBHOM
TPUTOHOMETPHYECKOM ToxaecTBe. [loncraisiem:

sina+cos’a=1=3/4+cos’a=1=cos>a=1/4= cosa==%1/2==0,5.

Ocranoce pa3o0parbcsi co 3HAKOM Tepen ApoObio. UTo BBIOpaTh: IUIIOC WM MUHYC?
[To ycnoButo, yromi o MpuHAISKAT TPOMEXKYTKY (7 37/2). IlepeBeaem yriibl W3 pajuaHHON
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MepBI B rpaaycHyo — noiyuum: o € (180°; 270°). OueBunHo, 1o 11l koOopaAuHATHASI YETBEPTD,
I/ie Bce KOCUHYChI oTpunarenbHsl. [loaTomy cos o = —0,5.

OtBet:—0,5

No3.Haitaute tg o, eciii U3BECTHO ClIeAYyIOIIEE:

1 3
cosa=—; @ € (—;Zn)

Pemenue
Tanrenc 1 KOCUHYC CBSI3aHbI YpaBHEHUEM, CIEAYIOUIUM U3 OCHOBHOTI'O

TPUTOHOMCTPUYCCKOI'O TOKACCTBA:

tgla+l=——=1tg2a=10—-1=9
COs“ &

[Tomygaem: tg a = +3. 3HaK TaHreHca ompenensieM mo yriy a. U3Bectno,uro a € (37/2;
2m). llepeBegemM yriabl W3 pajMaHHOW MeEpbl B IpaaycHyr0 — moiyduM a € (270°; 360°).
OueBuaHo, 310 IV KOOpAMHATHAS YETBEPTh, IJIe BCE TAHT€HCHI OTpULlaTeabHbL. [loaTomy tg o =
—3.

OtBeT: —3

No4 . Haitaute cos a, €ciu U3BECTHO CIISAYIOIIEE:

) 3
sinae=—-0,8; a € (?, 2?’[)

Pemenue

CHoBa  W3BECTEH  CHHYC W HEM3BECTEH  KOCHHYC.  3alUlIeM  OCHOBHOE
TPUTOHOMETPHUYECKOE TOXKJIECTBO:

sin?a+cos’>a=1=0,64+cos’>a=1= cos® a=0,36 = cos a = +0,6.

3nak onpexaensiem o yriuy. Umeem: o € (37/2; 2x). IlepeBenem yrisl U3 rpaJyCHON MephI

B pamuaHHywo: a € (270° 360°) —o10 IV KkoOopMHaTHAs YeTBepTh, KOCHHYCHI TaM
MOJIOXKUTEIbHEL. ClaeaoBaTeabHo, cos o = 0,6.
OtBeT:0,6

No5.HaiiauTe sin o, ecu H3BECTHO CIEAYIOIIee:

T
ctga = 2v6; a € (D; E)
Pemienue:
3anumem Qopmyiy, KoTopas cleAyeT U3 OCHOBHOTO TPUTOHOMETPHUYECKOTO TOXKIECTBA

" HalIpsAMYIO CBA3BIBACT CUHYC U KOTAHI'CHC!:

1 1
2
ctgca+ 1 =— = — =24+1=25
8 sinfa sin‘a
Otcrofa momydaem, uto sin® a = 1/25, T.e. sin a = £1/5 = £0,2. U3BecTHO, UTO yron a €
(0; 7/2). B rpamycHoit mepe 310 3anuchiBaeTcs Tak: o € (0°; 90°) —I xoopuHATHASI YETBEPTH.

Wrak, yron Haxomurcs B IKOOpIAWHATHOM YETBEPTH — BCE TPUTOHOMETPUYECKHUE
(GYHKLIMU TaM HNOJOXKHUTEIbHBI, T03TOMY sin a = 0,2.
Otser: 0,2
. . 5
Ne6.Haiinute sina u tga, ecnu cosa = 5
. . 5
No7.Haitnute cosa v tga, ecnusin a = n
N . 4
Ne8.Haitaure sina u tga, ecnu cosa = — -
< . 8 3
Ne9.Haitpure cosa v tga, ecnusin a = —SUT <a< >
o . 3
NelO.Haiinure cosa usin a,ecnmntga = —1lun < a < ~

Nell. Ynpoctuts BelpaxeHHe:

1
[cosj = —l] -c.ﬁgzcx
1.
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Pemenue:

EOS2 o

1
[ —l]icf.gzcr:[1+£ggﬁr—1)-c£g2cr:1
2. fgaeoiod— [r.g.::E Ll H] -::E]I2
Pemenue:

zg&-cﬁgﬁr—{zg&-cosﬁr}j =l-sin‘@=cos’a

l-sn 8  cosd
3 cosd  l+sm 8
Pemenue:

1-sin & cos 8 _1—Si112,5—'3052a5_0
cos 8 1+sin,-:3_ cosﬁ[l+sin,-:5’} -

Nel2. Ympocrute BolpakeHue
1. 1= cos? &
5 cos® ¢:E+[1— sin’ .::1’)
3 [cos a— 1) |[1+ Cos -::L’)
4 cos® a— (1— Dain? cl’)
5 SN & cosd-ciga—1
cos® &
6. cos® a—1
1-cos @
7.1- sin’ e
8 sin® @+ cos® at+igia
s G
9 fga
SN COS &

1—
10 ciooy
Nel3. IIpeoGpa3oBatrhb, UCHONB3Ys GOPMYIIbI IPUBEICHHUS:

. 137 ] T . m 3
sin— = sm(Z - 21 +—> =sin—-=—
3 3 3 2

13m T . T 1
coS — = cos(2-2n+—) =Ssin—=-
3 3 3 2

tglz—n=tg(2-2ﬂ+§)=tg§=\/§

Nel4. Beruucnure:

a) cos1059; 6)sin105%  B)cos75%;  r)sin75° n) tg75°;
Nel5. HaiinuTe 3HaueHHE BBIPAXKCHUS;

a)sin240°; 6)cos300°; B) tg(—225%); 1) ctgT
Nel6. TIpeoOpa3yiite BbIpaykeHUE:

cos(—a)-cos(180°+a)

sin(—a)-sin(90%+a)
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IIpakTuyeckas padora Ne6

Tema 2.6 Onucanue Mpou3BOACTBEHHBIX MPOIIECCOB C MOMOIIIBIO TpauKOB (HyHKIIHI
Henab: HayunThes npuMeHsTh PyHKUIMU B pellIEeHUH NMPOPEeCcCCUOHANBHBIX 3a/1a4

TeopeTnyeckas 4acThb:

[Iyte k mosBICHHUIO TOHATUSA (DYHKIMU 3a0Kuiau B 17 Beke (paHIy3CKHE YYCHBIC
®pancya Buer um Pene [lekapt; oHm paspaboranu eauHyr0 OYKBEHHYIO MAaTeMaTHYECKYHO
CUMBOJIMKY, KOTOpas BCKOpE IMOJy4miia BceoOllee mnpu3HaHue. BBemeHo ObUIO eaMHOE
0003HaYeHHE: HEM3BECTHBIX - MOCIEAHUMH OyKBaMU JJATUHCKOTO andaBuTa - X, Y, Z, U3BECTHBIX
- HaualbHBIMU OyKBaMHU TOTrO ke andaBurta - a, b, ¢, ... u T.4. [log kaxaol OyKBOW cTayo
BO3MOJKHBIM IIOHUMATh HE TOJIBKO KOHKPETHBIE JAHHBIC, HO U MHOTME APYrH€; B MATEMATHKYy
MpHILIA Ues N3MEeHEHUs. TeM caMbIM TOSIBUJIACH BOZMOYKHOCTh 3aITUCBHIBATh 00ITHE OPMYIIBL.

Kpome toro, y [ekapra u @epma (1601-1665) B reomerprueckux paboTax MOSIBISIETCS
OTUYETIUBOE MPEICTABIICHUE TIEPEMEHHON BEIIMUYMHBI U MPSMOYTOJIbHOM CUCTEMBbI KoopAuHaT. B
cBoeit «['eomerpun» B 1637 roay Jlekapt naer moHsTHEe (HYHKIUU, KaK U3MEHEHUE OPJIUHATHI
TOYKH B 3aBUCHMOCTH OT U3MEHEHHUS €€ a0CIIMCChI; OH CUCTEMAaTHYE€CKH pacCMaTpUBall JUIIb T
KpUBBIE, KOTOpbIE MOKHO TOYHO TPEICTaBUTh C IOMOIIbIO ypPaBHEHUH, MPUTOM
MIPEUMYIIECTBEHHO anreOpandeckux. [[oCTeneHHO MOHATHE (YHKIIMH CTAJO0 OTOXKICCTBIIATHCS,
TaKUM 00pa3zoM, ¢ MOHITHEM aHATUTUYECKOTO BBIPAXKEHUS (DOPMYIIBI.

Uro Ttakoe ¢yHKIUA? PazHbIe yUeHbIC BBIABUTAIN pa3HbIe MBICIIA. HO MBI OCTaHOBHUMCS
Ha omnpeneneHu DyHKIMEN Ha3bpIBalOT COOTBETCTBHUE, MPU KOTOPOM KaXKIOMY 3JIEMEHTY H3
MHO€ECTBa X COOTBETCTBYET €IMHCTBEHHOE 3HaueHHEe U3 MHOXecTBa Y. [lpu aToM ayiemMeHT u3
MHOXkeCTBa X Ha3bIBAlOT apryMEHTOM, a 3JIEMEHT W3 MHOXECTBa Y Ha3bIBalOT 3aBUCHUMOM
MepEMEHHOI. OYHKIUA - OJJHO U3 OCHOBHBIX MATEMAaTHYECKUX M OOIIEHAYUHBIX MOHSATHMN.
OHO CBITPao U MOHBIHE UTPAET OOJNBIIYIO POJIbH B MO3HAHUU peaibHOro Mupa. DyHKIUS 3TO HE
TOJIBKO MAaTeMaTUYeCKOe TMOHSTHE, HO H: (PyHKIUs 5TO padoTa, MPOU3BOIMMAS OPraHOM,
OpPraHU3MOM; PpOJIb, 3HaYEHHE Yero-nubo; (GyHKIUS B MaTeMaTHKE 3TO 3aKOH 3aBHUCHMOCTH
OJIHOW BEJIMYMHBI OT APYro; (QYHKIHS 3TO BO3MOXKHOCTH, OIIIUS, YMEHHE MPOTPaMMBbI WU
npubopa; QyHKIHMS 3TO OOS3aHHOCTh, KpYr JEATENbHOCTH; (QYHKIUS TMEpcoHaxa B
JUTEPATYPHOM MPOU3BEACHUH; (DYHKIMS 3TO BHUJ MOIIPOTrpaMMbl B HHHOPMATHKE COIMaTbHAs
byHKLHS.

Kaxnas ob6nacts 3HaHmii: ¢pu3MKa, XUMUs, OMOJIOTHS, COIIMOJIOTHS, TUHTBUCTUKA UMEET
CBOM OOBEKTHI U3yUYCHHsI, yCTAHABIMBAET CBOMCTBA M, YTO OCOOEHHO Ba)KHO, B3aHUMOCBSI3U ITHUX
00OBEKTOB.

B pazmuusbix Haykax W 00JIaCTAX  YENOBEUECKOW JIEATENbHOCTH  BO3HHUKAIOT
KOJIMYECTBEHHBIE COOTHOILICHHUSI, U MATEMATHKA U3Y4aeT UX B BUJE CBOMCTB YHCEIL.

MaremMatrka co3/1a€T YCIOBHS ISl PA3BUTHS YMEHUS MPUMEHSTh TEOPETUUECKUE 3HAHUS
JUISL PEIlIeHUs] MPAKTUYECKUX 3a]1ad, OPUEHTUPOBATHCS B OKPYKAIOIIEH HAC JAEMCTBUTEIBHOCTH.
Ham kaxertcs, uTo (yHKIMOHATIBHBIE 3aBUCHMOCTH MOTYT KacaThCsl CaMbIX Pa3HOOOpa3HBIX
ABICHUM TpUPOABI U OKpyXaromiedl cpenbl. Kaxaomy uenoBeKy B €ro MOBCEIHEBHOM
MPaKTUYECKOU JEATETPHOCTH MPUXOJUTCS MPUMEHSATh MPAKTHYECKUE TTPUEMBbI TEOMETPUUECKHUX
U3MEpPEHUI U TIOCTPOCHUH, YUTaTh UH(OPMAIINIO, IPEICTABICHHYIO B BHJIE TaOIUII, TUarpamMm,
rpa¢ukoB. be3 KOHKPETHBIX MaTEMaTHYECKUX 3HAHWM 3aTPYAHEHO TMOHWMAHHE W BOCIPHUATHE
HAy4YHBIX 3HAHWH, pa3sHOOOpa3HOW  COLMAIBHOW, OSKOHOMHYECKOH, TEXHOJIOTHYECKON
uH(pOpMaLUH.

CBo0OoHOE BiIaJIeHUE TEXHUKOW MOCTPOCHHS TPAPUKOB YaCTO MOMOTAET peuiaTh MHOTHE
3a/lauu, a TOPOM SIBIIIETCS €CTECTBEHHBIM CPEJICTBOM HX peIIeHHs. MartemaThka SBISETCS
SI3BIKOM PA3IMYHBIX 00JIacTel HAYKU U HAIlIeH KU3HU.

DKojoruueckre mnpoOiaeMbl SBISIOTCSA TNI0OATBHBIMU MPOOJIeMaMH YE€IOBEYECTBA, BCEX
CTpaH HE3aBUCUMO OT pa3MEpPOB TEPPUTOPUM, UHUCICHHOCTH HACEJICHUs, YPOBHS
SKOHOMHUYECKOTO pa3BuTus. C QyHKIMEH MBI BCTpedaeMcsl KKl 1eHb. [Ipumep:
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[J eXxeHEBHasl TemIiepaTypa Ha yJIUIlEe €CTh (YHKIUS OT BpeMeHH. B oaHO U TO ke
BpeMsl TeMIiepaTypa He MOKET MPUHUMATh 0oJiee OJJHOTO 3HaUEHUs U ObITh OJHOBpeMeHHO -30 1
-45.

) IToxox B marazuH. CTOMMOCTh MOKYIIKH BO3PACTaeT ¢ POCTOM KOJIMYECTBA TOBAPOB.

CriocoOb1 3a1aHus PYHKITUH.

[0 AHAJIMTHYECKUMH,

1 I'paduueckuii,

00 TabauuHbIH,

[ CJ10BECHBIH.

Ananmutuyecknii. CaMbIii pacipOCTpaHEHHBIH CIIOCO0, TPU KOTOPOM (DYHKITUS 3a1aeTCst
dbopMyIoi, ycTaHABIMBAIOIICH, KaKUe BBIYUCIUTEIBHBIC ONMEPAIMH HAIO0 MPOU3BECTH HAI X,
yTOOBI HANTH Y.

I'padpuueckuii. I'padpuyeckuit cnoco® cOCTOMT B MPOBEACHUU JIMHUHM, Y KOTOPOIi
abcuucchl M300paKalOT 3HAYEHHs] apryMEHTa, a OpJAMHATBl — COOTBETCTBYIOUIME 3HAUCHUS
byHKIHU. DTOT crTOcOO MO3BOJSAET HATIISIHO MPEACTABUTH (PYHKIMOHAIBHYIO 3aBUCHMOCTD

Tabnuunerii. [lpu Tabnuunom crnocoOe 3amanus QyHKIMS 3a7aeTcs B BHUJIE TAaONUIbI, B
KOTOPOW JUIsl KaKJIOTO 3HAYCHHS apTyMEHTA YKa3bIBaeTCSl COOTBETCTBYIOIIEE €My 3HAUCHUE

byHKIIUN
CioBecHbiii. C ITIOMOIIBIO CJIOBECHOIO OIIMCAHUA.

Pemenue 3aganmii:

Nel. ITpousBonctBenHass ¢yHknus ¢upmbl umeer Bua: Q=5 XY. Llena enuHUIbI
pecypca X = 10 py6., emununsl pecypca Y = 20 pyo. dupma pacrnonaraer IeHEKHBIMH
cpeactBaMu B pasmepe 40 Thic. pyO0. Omnpeaenure MakCUMalbHO BO3MOXKHBIM 00beM
IIPOU3BO/ICTBA.

Pemenne: MakcuMu3upoBaTh BBIIYCK IPH JaHHBIX HM3JEP/KKAX IO3BOJISIET IpAMas
paBHBIX u3nepkek, uiam u3okocta C = Pyx X+ Pyx Y. IloacraBmsisi ucxomHble NaHHEBIE,
nosyunM ypasHeHue: 10X+20Y=40000. Haxonum n3 ypaBHenuss X=4000-2Y. IloxcraBum 310
3HaueHue B 3a7aHHoe ypasHeHue Q = 5XY. [Momyuaem Q= 20000y-10y* DyHKIHUSA COBOKYIIHOTO
IPOAYKTa JIOCTUTaeT MaKCUMyMa, Korjaa (pyHKUUS NpeAeabHOro NpoayKTa paBHa Hymo MPx =
0. IlpenenbHbIl TPOAYKT €CTh MepBasi MPOU3BOJIHAS COBOKYITHOI'O MPOJIYKTa MO MEPEMEHHOMY
daxTopy. MPx = Q’ (X). MPx =20000-20Y= 0. Otcrona Y=1 000, X=2 000.

Torma makcuManbHO BO3MOXKHBIM 00beM mpou3BoactBa Q = 5 XY =10 muH. en.
IPOYKIIMH.

Ne2.  IlpeanpuHuMarenb  OCYIIECTBISET  NPOMBIIUIEHHOE  IPOU3BOACTBO  Ha
KOHKYPEHTHOM pBIHKE B paliOHE, IZle JOCTUTHYyTa IIOJIHAs 3aHATOCTh. [Ipm 3ToM mMeroTcs
CIIeIyIoIINe JaHHbIE:

Yucno paboTaromux CTaHKOB 1(2 |3 (4 |5 |6 |7 |8

BelTyCK MpOYKIIMM B THIC. IIIT. 6 |15 (23 |30 (36 |42 [46 |48

IIpu kakoil cTemeHu 3arpy3ku CTaHOYHOTO Tapka OyJIeT JOCTUTHYT C TOYKU 3PEHUS
IpeIpUHUMATENS ONITUMANIBHBINA 00BEM MPON3BOACTBA? ByJeT u OH TaKUM K€ C TOUKHU 3pEHUS
obmecTBa?

Ne3. [Toncunraiite cpeTHUN U IPEAENbHBIN NPOYKT GUPMBIL.

Yucino CoBoxkynnsbiii | Cpennuii | IIpenensHblit
pabouux | IpPOAYKT MPOAYKT | MPOIYKT

L TP AP MP

1 30

2 70
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3 100

4 120

5 130

Ne4. 3amonHuTe IIpOIIYCKHN B Ta6n1/1ue, OTpaKaromuye 3aBUCUMOCTb PE3YJIbTATUBHOCTHU
IMPOU3BOACTBA OT o0BeMa HCITOJIB3YCMOI'O TpyJa.

O6mem | O6Bem Epjﬂeﬂ;Hmn gpsﬂHHTH

Tpyna | Bbiycka | - DorYK poayxk

L Q Tpyaa Tpyaa
MPL APL

! 1000

2 1000

3 2790

4 610

> 770

Ne5. TlpenenbHas HOpMa TEXHMUYECKOTO 3aMEIllEHUs TpyAa KamuTajaoM paBHa 2. Jlns
o0ecrieyeHns MPex)HEro o0bemMa MPOU3BOJACTBA MPOIYKIUU NPU COKPAIICHHH HCIOIb30BAHUS
TpyZa Ha 4 eJMHUIBI Ha CKOJIBKO €JHHUI] HEOOXOMMO YBEIHYHUTh KaIuTa?

Ne6. 3anonaauTe TaOIHITy TPON3BOICTBEHHBIX TOKA3aTEIICH:

Koa-Bo eqmHnIx TP | MP | AP
pecypca, L

1 4

2 7

3 8

4 1

5 3,2

Ne7. 3anonmnuTe mnpomycku B Tabnuile, OTpa)karolled 3aBUCHMOCTb pe3yJIbTaTOB
IPOM3BOJICTBA OT 00BbEMA HCIOIH3yEMOT0 KaluTaa:

Eon-no CAMHUIL PECYPCA, | oop | nrp | AP
| 10
) 22

3 36

4 11,5
5 55
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6 63

Ne8. Ilycth TexHONOTUSI HEKOTOPOTO MPOU3BOJACTBEHHOrO Mpoliecca 3aaaHa (yHKIHeH
Q=10KL. Ha npousBojcTBe 3aHATO 5 4enoBeK. Tpedyercss OLEHUTh HOPMY 3aMEIICHUsI OJJHOTO
paboTHUKA JOTOIHUTEIBHBIM KOJIMYECTBOM 000PYA0BaHUsI, YTOOBI 00BEM BBIITyCKa COXPaHSIICS
Ha ypoBHe Q = 500 ez. mpoAyKIMU B ACHb.

Ne9. TlpousBoactBenHas pynkius Gupmsl umeet Bua: Q=5 XY. llena equHuIer pecypca
X = 10 py06., enununbsl pecypca Y= 4 py0. Kakoe coueranme pecypcoB obecrmeuuT Qupme
MaKCHMaJbHBIA 00BEM BBIITYCKa, €CIHM 3aTpaThl Ha mpuodpeTacmbie (HAaKTOPHI MPOU3BOACTBA HE
noJpkHBI ipeBbimaTh S000 py6. B cmeny?

Nel0. HMmxenepHoit mepoil 3(pGEeKTUBHOCTH MAIIMHBI SBJISIETCSI OTHOIICHHE BBIMyCKa
PHEpPruu K ee 3arpaTtam. [Ipeamonoxum, UMEIOTCs ABE MAaIIMHBI, NepBas — ¢ 3(pPEeKTUBHOCTHIO
10%, Btopast — 20%. MoxeT 11, C 5KOHOMUYECKON TOYKH 3pEHHsI, IEpBasi MallIMHA ObITH OoJiee
3 PEeKTUBHOM, yeM BTOpas?

Nell. Texnomorus HEKOTOpoW (PUPMBI TaKOBa, YTO COOTHOULICHHE MEXAY 3aTpaTaMu
TPy/Aa U KamuTana JOJKHO OBITH CTPOro (MKCUPOBAHHBIM: 1 cTaHOK - 3 paboTHuKa. Pecypchr
MIPOU3BOJICTBA HE SIBIISIOTCS B3aUMO3aMEHSIEMBIMU, MMO3TOMY M30BITOUYHOE KOJIUYECTBO JFOOOTO
U3 PEeCcypcoB HE MOBBIIIAET BHIMYCK. JlomycTuM, 4To upMa apeHaoBajia Ha Mecsl 4 CTaHKa.
Mecsiunas craBka 3apmiarel 900 en., MecsiuHasi apeHjaHas 1iata 3a craHok 300 en., 1eHa
€AMHMLIBI MPOAYKIMU (UKCUpOBaHAa U paBHa 15 en. 3a IeHb C OAHOrO CTaHKa CHHUMaercs 15
eAVHMIl TpoAyKuuu, a B Mmecaue 20 paboumx nuedd. Ompenenute o0BEM MPOU3BOJICTBA,
(uHaHCOBBIN pe3yabTat (IPUOBLIL WIIM YOBITKH) B IAHHOM MECSIIE Y (UPMBI.

Nel2. JlBurasch €O CKOPOCTBIO V=3 M/C, TpakTOp TaumT canu c cuinoil F=50 kH,
HAIPaBJIEHHOM M0 OCTPhIM YIJIOM 0. K TOPU30HTY. MoOIIHOCTh, pa3BHUBaeMas TPAKTOPOM,
BbIuncisiercs no gopmyne N=Fvcosa. Haiigute, mpu kakom yrie o (B rpajaycax) 3Ta MOIIHOCTb
oyner 75 kBT.

IIpakTnyeckas padora Ne7
Tema 2.6 Onucanue mpou3BOACTBEHHBIX MPOIIECCOB € MOMOIIBIO TpauKOB (HyHKITHI
Heab: Hayuuthes ucnonbp3oBaTh Tpaduku (QYHKIUH B peUICHUHM MPHUKIATHBIX 3a7ad

Teopernyeckas 4acThb:

[IpumeneHne TMHEMHON (QYHKIIMH MPOCIEKUBAETCS MPAKTUYECKH BO BCEX cepax Haien
xu3HU. [IpuMepbl TuHEHHON (PYHKIMU B )KU3HU:

[JPacyer B MarazuHe 3a KyIUJICHHblE TOBapbl. Bce MBI coBepliaeM IMOKYNKH, 4YTOOBI
yJIOBJIETBOPUTH CBOU MOTpeOHOCTU. UeM Oosibllle MBI KyIHM Belllel, TeM OOJbIe Mbl 3ajIaTUM
3a MOKYIIKY.

[lloTpeOneHne 31eKTPOIHEPrUuu. AOCOIIOTHO BCE IOJIB3YIOTCS BIIEKTPOIPUOOpaMHU.
OHu noTpeOusiIoT PHepruto. YeMm [osblie MBI HCHOJB3YEM AJIEKTPONpPUOOpHI, TeM Oosblle
notpebinseM sHepruv. COOTBETCTBEHHO W IIATUM OoJbIle. JTa 3aBUCUMOCTh BBIPAXKAaeTCs
dopmymoit [I=k*N, re K- CTOMMOCTh OJTHOTO KMJIOBATT-4aca, N- KOJIMYECTBO YacOB. )

(1B Dxonomuke. PaGOTHUKH MOJIy4yaroT 3apIljiaTy U eIie OHU IUIATAT M00XOAHBIA HAJIOT.
W yem Oosbllie HauMCIeHHAas 3apIuiaTa, TeM OoJiblle BeJIMYMHA MOJOXOJHOT0 Hayora. JlanHbie
BEJIMYMHBI CBsI3aHbI cienytouiei gpopmymnoii: [TH=0,13*D (ITH- BennunHa mMog0X0AHOT0 HAjIora,
D- BenuumHA 10X0/2).

(1 [lorpebnenue numy. BeceM He00X0AUMO €CTh, YTOOBI y HAC OBLTH CHUJIBI U DHEPTUS IS
paboTHl. DTy PHEPTUI0 MBI MOJTydaeM U3 ebl. Uem OOJbIie MbI CheIUM, TEM OOJIbIIE YHEPTUU
MOJIyYHUM.

[J IIpoBepka 3nanuii. Korjma Mbl yuumcs, Mbl y3HaeM 4TO- TO HoBoe. Ho HeoOxoamumo
NEPUOANYECKH IPOBOJIUTH MPOBEPKY TOTO, KAK MbI BBIYUWIM MaTepuai. 3a 3TH IPOBEPOUYHbBIE
paboTHI HAM CTaBAT OIleHKH. Yem OosbIle OomrOoK B paboTe, TEM HIDKE OIEHKA.
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[ JIBmkeHue (PU3MUECKOTO Tella ¢ MOCTOSHHOM CKOPOCThIO. BceM HaM mepuoaMyYecKu
NPUXOAUTCSA OBITh Yy4YaCTHMKaMH JABM)KEeHHs. PaccrossHMe mnpHu JABMKEHUU C TOCTOSHHOMU
CKOPOCTBIO 3aBUCUT OT BPEMCHHU ABWIKCHUSA, YCM HOJIBIIC Mbl HAXOJAUMCH B ITIYTHU, TCM 60JIBLHCG
paccTostHue TpoiaeM. JlaHHbIe BEIMUMHBI CBSA3aHBI CleAyrolen GopmMynoii: S=vt (V- CKOpOCTh
JIBUKEHUSI, t- BpEMs IBUKEHUS ).

Bo Bcex mnpuBeneHHBIX MpUMEpax Mbl HaOmOAaeM JUHEHHYH ¢GyHKIH. MHorue
PCATIBHBIC CHUTyallUM  OIHUCBIBAOTCA MATCMATUYCCKHUMU MOACIAMH, HNPCACTABIAIOIINMU
JUHEHHYIO () YHKIIHIO.

KBagpatuunast ¢yHkuus sBisiercs Hauboliee XOpOIIO H3Yy4eHHOW (yHKIMEH, OHa
JIOBOJILHO YacTO BCTpedaercs Ha mpakTuke. OHa HaXOAWT IMIMPOKOE MPUMEHEHHE B Pa3HbIX
paszenax MaTeMaTUKH, U JPYruxX 0o0JacTsX Hayku. KMeeT TeopeTHYecKyro U MPAKTHYECKYIO
3HaYUMOCTb. Belb moYTH BCe, 4TO OKpY’KaeT YeJI0BeKa TaK WJIM HHAUe CBA3aHO C Mapadoion.

XopoIo HW3BECTHO, YTO TPACKTOpHsI KaMHs, OpOIICHHOrO TOJ YIJIOM K TOPH30HTY,
aersimero (QyrOéOIbHOTO Msi4a, CTPYHM BOJbIL, BBIMYIIEHHOM U3 IUIaHra, MapallloTHCTa,
BBINPBITHYBIIETO M3 TOPU30OHTAIBHO JIETALIETO CaMoOJIeTa, apTUUICPUHCKOTO cHapsaa, Oyxaer
napabooil (Mpu OTCYTCTBUH COINPOTUBICHUS BO3Ayxa). VI3BECTHO TakyKe, YTO MHOTHE 3aKOHBI
IIPUPOJIbI BBIPAXKAKOTCA B BUAE KBAIPAaTUYHON 3aBUCUMOCTH.

[] 3ameyarenpHOE CBOWMCTBO MapaloJibl HIMPOKO HCHOJB3YETCsl B HayKe M TEXHUKE,
Harpumep, mapadoIudecKkas apka; CBOJ MOCTA.

-~

AK:‘. N ; 3
CBolicTBO MapaboNMUecKuX 3epKall UCHOJb3YIOT NpU KOHCTPYMPOBAHUHM COJHEYHBIX
neyei, COTHEUHBIX 3JIEKTPOCTAHIINH, OTpaXKaTeIbHBIX TEJIECKOMOB - Pe(IEKTOPOB.

Penrenne 3agannii:

Nel. Ha pucyHke wu3o0pakeH rpaduK 3aBUCUMOCTH KOOPJIWHATHI OT BPEMEHH
KOJIEOTIOIIerocs Tena.
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A £33

2
[To rpaduky onpexnenure: 1) ammauTyny kojeGaHuif; 2) nmepuosa Koiebdanui; 3) 4acToTy
KosieOaHmii; 4) 3aNUIIUTE YpaBHEHUE KOOPAUHATEI.
Ne2. Tapmonnyeckoe KojiebaHue ONMCHIBACTCS yPaBHEHUEM

‘ . . w w
x = 2sin sin (%t +—

YeMmy paBHBI LUKIMYECKas 4acToTa KojeOaHUM, JMHEHHas

4acToTa KoJiebaHui, HayasibHast (a3za KojJeOaHu?
Ne3. Ects MraoBenHas portorpadusi BOJHBI B pE3UHOBOM LIHYPE.
Omnpenenure: 1) iMHY BOJTHBL; 2) aMIUTMTYAY KOeOaHUI YacTHYEK LIHYpa.

Ne4. Tlo mpencraBieHHOMY TpauKy OINpEACIUTEe aMIUIUTYIy W TEpUoja KoJeOaHuit
HUTSHOT'O MasITHUKA.

x,cm 4

— N\
z\t'c

-1
Neo5. Tlo ypaBHEHHIO TapMOHHUYECKUX KOJ€OaHUN ONpEeNeNuTh aMIUIUTYIy, YTJIOBYIO
CKOPOCTB, MIEPUOJI ¥ YacToTy. HauepTuTh rpadmk JaHHOTO TapMOHUYECKOTO KoJIeOaHusl.
1) x =15 sin 3nt
2) x = 8 sin 7/3t
3)x =10 sin zt
Ne6. HekoTopas Touka ABHKETCS BAONb OCH X IO 3aKOHY X = a sin’ (ot - m/4).

Haiiti: ammnutyny u nepuop koiedanuii; n300pa3uth rpaduk x (t).
Neo7. Hamummte ypaBHEHHE TapMOHHUYECKHX KoyieOaHHH, ecnu vactoTa paBHa 0,5 I,

amrmutyna 80 cMm. HauanpHas asza xonebanuii paBHa HYIIIO.
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IIpakTnyeckas padora Nell
Tema 2.9 [IpocTeiiime TPUrOHOMETPUIECKHE HEPABEHCTBA
Hean: Hayunthces pemaTs IpoCTEUIINE TPUTOHOMETPUUECKUE HEPABEHCTBA

Teoperuyeckast 4acThb: ]
MNpocTefWHMMK TPMIOHOMETPHMYSCKMMK HEP3BSHCTEAMM HAZLIE3KTCA HED3ESHCTES BMAS
sinx W a,
cosT N (,
tgxr \ a,
ctgr V' a,

roe Vv — OOWH M3 3HaKos <, =, =, =, a & [1.

1. [puMepbl peLleHna NpPoCTenLLInX
TPUrOHOMETPUYECKMX HepaBeHCTB

C MOMOLLbIO rpacrKoB

C MOMOLLbIO eANHUYHOWN

OKPY>XHOCTH
y
y _1 bS
1 o Yy=- P s e
n_%=% % N\ | I\ /
o 0x 5
0 3 y=sinx
sinx>l E+21tlaz<x<5—n+27tliz,keZ
2 6 6
Y
po o Yy=Ccosx
\ 3 /"\ 3 /-\
o / 0 AN o N
N - N R 4 kR
2 y=—r>
t
cosx>—% —2?"+21tk<x<-23£+2nk,keZ
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y=tgx

tgx > —1 —%+nk<x<%+nk,kez
Y
=ctg x
|\l [\ ew
0| & n *
ctgx<x/§ %+nk<x<n+nk,keZ

Cnocobbl peLlleHnd bonee CNOXHbIX TPUTrOHOMETPUYHEeCKNX HepaBeHCTB

a)

0)

Hemonn3oBaHMe paBHOCHIBHBIX IIpeoOpa3oBaHWil #W, B YacTHOCTH,

ceedeHUue MPUZOHOMEMPUYECKO020 HepaseHcmea kK aJgzebpauyveckomy Hepa-

eeHcmaey no cxeme: 1) k o0Homy apeymenmy, 2) Kk 00HOl QyHKUUU, 3) 3a-

MeHa nepemeHHOU (aHAJIOTUYHO CXeMe pemIeHHs TPUTOHOMETPUYECKHUX

ypaBHEHUIl, IpuBegeHHOH Ha c. 249) u nocaedyoujee peuieHue NOJYYCHHbBLX

npocmetluiux mpuzoHOMENPUYCCKUX HEPABCHCME.

Hecmoap3oBaHue MeTOla MHTEPBAJIOB

(nocae ceederus HepaseHemea k eudy f (x) < 0) no cxeme:

1) Haiitu O/I3 HepaBeHCTBA.

2) HaiiTu obmiuii mepuos (ecsid OH CYIIeCTBYET) AJIsA BceX (DYHKIIUIT, BXOMI -
MUX B HEPaBEHCTBO, TO ecTh mepuoa pyHKmuu f (x).

3) Haiitu mynu pysxmun: f(x) = 0.

4) Ormeruts Hyau ¢pyakmuum Ha O/[3 Ha ogHOM mepHoae M HAWTH 3HAK
¢yaxrnuu f(x) B KakaAoM U3 MPOMEKYTKOB, HAa KOTOpbIe pa30uBaercd
O/I3 (Ea ogHOM mepHoOe).

5) 3amucaTh OTBeT, YUYWTHIBaAsg 3HAK 3aJaHHOTO HEpPaBEeHCTBA W IIEPHO/I
dyaRIIUT [ (X).

45




PelleHune ﬂpOCTeVILLMX TPUroHOMeTpU4HeCKNX HepPaBeHCTB B O6U_l,eM Bunae

3HayeHus a PeleHne
1. HepaBeHcTBO sin x > a
-1<a<1 arcsin a + 2nk < x < W — arcsin a + 2nk,
rae k — maroboe mernoe uncio (k € Z).
a=> Pemenuii Her.
a<-1 x — JIr00oe JedcTBUTEIbHOE YHCIIO.
2. HepaBeHcTBO sin x = a
-1<axl1 arcsin a + 2nk < x < T — arcsin a + 2nk, k€ Z.
a>1 Pemteruit wer.
a=1 x:%+27rk,keZ.
a< -1 x — Jar0boe IeficTBUTENbHOE UHCJIO.
3. HepaBeHcTBO sin x < a
-1<a<x1 —m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
@ =] Pemnrtenuii Her.
a>1 x — Jr000€e JeHCTBUTEIbHOE YHCJIO.
4. HepaBeHCTBO sin x < a
-1<axl1 —m — arcsin a + 2nk < x < arcsin a + 2nk, k € Z.
a<-1 Permtenuit HeT.
a=-1 x:—-’2£+2nk,ke Z.
a=>1 X — J1000€ JeHCTBUTEIbHOE YHCJIIO.
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5. HepaBeHCTBO cos x > a
-1<a<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Permteruii HerT.
a<-1 x — J0boe JelcTBUTENbHOE YHCJIIO.
6. HepaBeHCTBO cos X = a
-1<ax<1 — arccos a + 2nk < x < arccos a + 2nk, k € Z.
a>1 Pemmenuii Her.
a= x=2nk,ke Z.
a< -1 x — noboe JeliCcTBUTEJIbHOE YHCJIO.
7. HepaBeHCTBO cos x < a
-1<ax1 arccos a + 2nk < x < 2n — arccos a + 2nk, k€ Z.
a>A x — Jr000e AedCTBUTETbHOE YUCIO.
a< -1 Pemmenuii HET.
8. HepaBeHCTBO €0Ss x < a
-l1<axl1 arccos a + 2nk < x < 2 — arccos a + 2nk, k € Z.
a<-1 Pemrenuit HeT.
a=-1 x=m+2nk, kc Z.
a>1 x — nboe IeiiCTBUTEIbHOE YHCJIO.

9. HepaBeHncTBo tg x > a

a — n1000e NeCTBUTEb-
Hoe uucyo (a € R)

arctga+7tk<x<g+nk, ke 2

10. HepaBencTBo tg x = a

ac R arctga+7tk<x<%+nk, ke Z.
11. HepaBenctBo tg x < @
ace R -%+nk<x<arctga+nk,ke Z.
12. Hepasencrso tg x < a
ac R —%+nk<x<arctga+nk,kez.
13. HepaBencTBO ctg x > a
a€ R nk < x < arcctga + Tk, ke Z.
14. HepaseHcTBo ctg x > a
ac R mk < x < arcctg a + 7k, ke Z.
15. HepaBeHrcTBo ctg x < a
a€ R arcctga+nk<x<mn+ 7k, ke Z.
16. HepaBencTBo ctg x < a
ac R arcctga + k< x <mn+ nk, ke Z.
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Pemnenue 3aganuid:
Nel. BEIIOJHUTE 3a0aHUS:

1. PeWwWTb HEPABEHCTBO: SINT < —%.
OTeeT!:

(—3% +27n; —% +27n), n€ Z
2. PeWwnTb HEPABEHCTBO: COST > — %
OTBerT:

(--2—;- + 27n; %’: +2mn), n€ Z
3. PewuTb HepaseHcTBo: sine > —1.
OTeer:

(—o0; +00)

4. PewwTb HepaseHcTso: sinT = (.
OTeeT:

[2mn; 7 + 2mn, n € Z)

5. PewwnTb HepasencTeo: cost < (0, 2.
OTser:

larccos0, 2 + 27n; 27 — arecos0,2 + 2mn, n € Z)
Ne2. BLIITOJIHUTE 3aaHus:
1. PewwuTb HepaseHcTeo: Lgr > —1.

OTBeT:
-3 +mn:5+7n),neZ

2. PewunTb HepaseHcTso: Clgr < — 71=3

OTBerT:

[5,: +mn;w+7n), n€ Z

3. PewnTb HEepaBeHCTBO!: I,g.'l.' Z 3.
OTBerT:

(=3 +mn;arctg3 +mn), n € Z
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IIpakTuyeckas padora Ne9
Tema 2.10 KoutponpHas pabota mo pasgeny 2 «OCHOBBI TpPUTOHOMETpPHUHU.
Tpuronomerpudeckue GyHKIUN
Hean: [IpoBepuTh ypoBEHb YCBOEHMs AAHHOIO Marepuana 1o pasneiny 2 «OCHOBBI
Tpuronomerpuu. Tpuronomerpuueckue GyHKIUIY

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL OmMeem U3 Yemblpex
nPeOI0HCEHHBIX.
AB

1. (1 6a;m) B AABC sinC = o

A) AB; b) AC; B) BC; I') CB.

2. (1 6amn) Yriom kakoi 4eTBepTH sBisieTcst yrou oa=400°?

A)LB)ILB)ILT) IV.

3. (1 6amn) Kakue u3 GyHKIU SIBISIFOTCS] YETHBIMUA?

A) y=sin x; B) y=cos x; B) y=tg x; I') y= ctg x.

4. (1 6ann) Kakue u3 yncen sBISIFOTCS KOPHEM YPaBHEHUS COS X = %?
_T. I _I. =2r

A)X—6,E)X 3,B)X 2,1"))( S

Ilpu évinonnenuu 3a0anuit 5-8 3anuwiume xo00 pewienus u NOJIYYEHHbLI OMEeEm.

Kakas u3 cTropoH siBisiercst runorenysoit AABC?

. T Vs
5. (2 6amna) Beramcnure: sin S Tcosz.

. V2 .2
6. (2 6amna) Halinure 3HaYeHNE BRIPAKCHUS 4arccos7 - 4arcs1n(—7)

7. (2 6amna) Yopocture: 2sin(mw/2+a)+ cos(m — o).
8. (2 6anna) Pemmte ypaBHenue: sin’x - 4 sinx + 3 =0.

IDmanonvt omeemos:

H
OMEP | 2 3 4 5 6 7 8
3a1aHUsA
IS
OTtBeT b A B b 1 2n cosa, > + 2wk, keZ

IIpakTnyeckas padora Nel(
Tema 3.2 IIpeoOpa3oBaHue UPPATMOHAIBHBIX BBIPAXKECHUN
Henanb: Hayuntsest ynpomath BeIpaKe€HUs, COAEPIKAINE KOPHU

Teopernyeckas 4acThb:
Yro Takoe HPPALMOHAIbHBIC BbIPAKEHUA?

HppaimonanbHble BbIpaXEHUsI HaYMHAIOT BCTPEYAThCs Ha JTAale 3HAKOMCTBA C KOPHEM
U3 4YHUCla, YTO OOBIYHO NPOMCXOTUT Ha Yypokax aireOpsl B 8§ Kkiacce. 31eCh HHTYMLHUS
MIOJICKA3bIBAET, 4YTO HUPPALMOHAIBHBIE BBIPAKEHUS KaK-TO CBA3aHbBl C KOPHAMM, U ITO
JIeicTBUTENBHO Tak. ClieAyrolee onpeieieHue MOATBEPKIAaeT Hallly TOTaKYy:

HppauuonaibHbIMU BbIPAa:KeHUSIMU HA3bIBAIOT BBIPAKEHUS, COJEpPIKAIINE OINEpalHIo
U3BJIEYeHUS] KOpHA. JlpyrMMu cloBaMM, HUppalMOHAIbHBIE BBIPAKEHHS — 3TO BBIPAKEHUS C
panukanaMu (BbIpaXKEeHHUs, COAEpKalIe B CBOEH 3alIUCH 3HAKU KOPHS).
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. ovwa—1
Ha ero ocHoBe MBI MOKE€M MPUBECTH MPUMEPHI UPPALMOHAIBHBIX BBIPAKCHUMN:

4-a* | d°

3 & 1
B ) Va e

o, U T.II.

S

b

UtoObl B JajgpbHEWIIEM HE BO3HUKAJIO IYTAaHUIBI, JaBaiiTe OOCYyIMM OJMH MOMEHT.

x-(x—ﬁ]-(x+«ﬁ]
338
X¥—|-x——
PaccmoTpum BhIpakeHue 2 3 u3 kauru [1, c¢. 19]. I3 KOHTeKCcTa OHATHO,

YTO 3TO PallMOHAJIBHOE BBIPAKEHUE, OHO MOAXOAMT IO/l COOTBETCTBYMOIIEE onpezeneHue. Ho B
9TOM BBIPQKEHUU IPHUCYTCTBYIOT KOPHH, 3HAUUT, COIJIACHO BBEJCHHOMY B 3TOM ITyHKTE
OIpeIeIEHUI0 OHO UppalroHaIbHOe. Tak Kakoe 3TO BhIpa)KEHUE Ha CaMOM JieJie: PalliOHaIbHOe
WIN UppalioHaIbHOE?

OTO He CyThb BaXKHO. DTUM MbI XOTHM CKa3aTh, YTO HE CTOMT (paHATMYHO MOJIXOAUTH
K pa30MeHHIO BBIPAKCHHWI HA BUABI, TaK KaK 3Ta KJIACCU(HUKAIMSA HE JOCTAaTOYHO cTporas (B
OTIIMYME OT KJIAcCU(PUKALMU YHUCeN, BEeAb HATypaJlbHble, ILeNble, pallOHaJIbHbIE,
UppalMOHATIbHBIE, JCUCTBUTENbHBIE YHCIA ONPENEJIEHbl CTPOro, U €CIU JIaHHOE YHUCIIO
palnroHaIbHOE, TO OHO YK TOYHO HE HPPAMOHAIBHOE U HA000pOT). BeIpaxeHus moapa3aensor
Ha paluOHalbHbIE, UPPALIMOHAIBHBIE U T.II. IO OOJIbIIEN YacTu i yA00CTBa MpeJICTaBIECHUS U
onucaHus Matepuaia. Harmpumep, Mbl UMeeM €10 € pallMiOHAIbHBIMU BBIPQXKEHUSIMHU BCE BpEMs,
[OKa yyuMcs paboTaTh ¢ MHOTOYJIEHAMHU U aIreOpandeckuMu Jpo0siMH. A K UppalMOHAIbHBIM
BBIPQKEHUSIM MBI IIEPEXOJIUM TOT/A, KOT/Ia CTAIKMBAEMCsl ¢ HEOOXOJMMOCThIO IPOBECTU KaKue-
TO omepanuu ¢ KopHsAMmu. HauHeMm u3yuaTh jorapuM — CTOJKHEMCS C .J102apupmMuyecKumu
svipadcenusmu. W Tak panee. BooOie, eciu HET TBEpAOW YBEPEHHOCTH B TOM, KAaKOro BHJA
BBIp@XEHHE HAXOAMUTCA IEpe] HaMM, TO Jydllle CKa3aThb IPOCTO BBIpAXKEHHE, HE N00aBiss
YTOYHSIIOIIEE ONPEEIICHHUE.

3aBepmias WMH(OpPMAIMIO ATOTO MYHKTa, 3aMETUM, UYTO B IIKOJE€ TEPMHUH
«UppALMOHAIbHBIE BBIPAKEHUS» HCIONB3YIOT Majlo, OOJIble TOBOPAT O BBIPAKEHUSX,
coJiepKalX KOPHU (BO3MOXKHO, TO JeJaeTcsi BO U30€KaHUE CTOJIKHOBEHMS C OTOBOPEHHBIMHU
BBIILIE HIOAHCAMHU).

OcHoBHbBIC BHbI NPe0OPA30BaAHUI HPPALMOHAIBbHBIX BbIPAKEHHI

Kak M TpU TpeoOpa3oBaHUU JIOOBIX JPYrMX BBIPAKEHWM, HAJ0 YYUTHIBATH 00JacTb
nomyctumbix 3HaueHui (O/[3) u He nomyckath ee CyKeHHs.

C uppaiioHaJbHBIMU BBIPRKEHUSMHU, KaK M C BBIPQKEHUSIMU APYTUX BHUJIOB, MOXKHO
MIPOBOJIUTH JIFOOBIE U3 OCHOBHBIX TOXKJIECTBEHHBIX ITPeoOpa3oBaHmii, Oy/Ib TO PACKPHITHE CKOOOK,
IPYNIMPOBKA M MPUBEJCHUE MOJ0OHBIX claraeMbIX M T.N. DTO U MOHITHO, TaK KaK B OCHOBE
TUX TpeoOpa3oBaHUIl Jie)KaT TaKkue CBOWCTBA JCWCTBUI C YHCIAMH, KOTOpbIE SBIAIOTCS
OOIMIMMHU JJISl YKCeN pa3HbIX BHJOB. Takxke MOHATHO, YTO MPU MPOBEAEHUH IMpeoOpa3zoBaHUN
VPPALMOHAIBHBIX BBIPAKEHUM COXPAHAETCS NPUHATHIN MOPSAOK BBIIOJHEHUS JEMCTBHUM.
[ToxaxkeM pelieHns HECKOJIbKUX MTPUMEPOB.

Ilpumep.
0+33-2+4-33+1-2-33

[IpeoOpasyiiTe upparoHaNIbHOE BhIPAXKEHUE
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Pewenue.

Jns Havama 3aMeHUM KopeHb u3 81 ero 3HadeHueM 9 (mpu HEOOXOAUMOCTH
CMOTPUTE U3BJICUECHUE KOpHEi), nMeeM

J81+i3-2+4.331-2.43=
=90:+33 _2443f3:1-2.3f3

OLIGBI/I,I[HO, B IIOJIYUYEHHOM BBIPAXKCHHU IPHUCYTCTBYIOT HO,Z[O6HLIC cjara€MbI€, I1I0OTOMY
uenecooGpa3Ho BBIIIOJTHUTD ux IIPUBCACHUC!

0+33-2+4-33+1-2-33=
=(9—2+1}+{{E+4-%@—2-{E]=
=8+3-13

Omeem.:

0+33-2+4.43+1-2.33=-8+3.43
Ilpumep.
I/ICHOHLSYH q)OpMy.HBI COKpaH_[eHHOFO YMHO)I(CHI/UI, HpeI[CTaBBTe I/IppaHI/IOHaHBHOC

s - )

BBIPKECHUE B BHUJIC MIPOM3BENICHUS JABYX HPPAIMOHAIBHBIX
BBIPAKCHU.
Pewenue.

OquI/II[HO, HPppaliMOHAJIbHOC BBIPAXKCHUC B cKkoOKax MMpEACTaBJIIACT coboit KBaapar

fxz3-1)

R
pa3HoCTH, TO €CTb, €ero MOKHO 3aMEHUTD Ha

Um]z—lﬁﬂj—g:
=(i/m—1}2—9

A TCIICPb ACBATKY MOXKHO IIEPCIINCATh KaK 32, IIOCJIC 4Y€T0 BOCIIOJIb30BATHCA (I)OpMy.]IOﬁ

, MIOATOMY

Pa3HOCTb KBaApaToOB:

Brs3-1] —o=(x=+3-1] —32=
=(ﬁ-1-3)-(§/ﬁ-1+3]=
=(¥r+3-4) {3 +2)

B pesynpTaTe mpojenaHHBIX TOXIACCTBEHHBIX MPEOOpa30BaHU MBI MPUIILTH K HYKHOMY
HaM MTPOM3BEJICHUIO IBYX UPPAMOHATHHBIX BBIPAKCHUI.
Omeem:

((mf—Z-M+1]—g=
={ﬁ—4]-(ﬁ+z]

CymecTByeT emie psii IpeoOpa3oBaHUi, OTHOCANIMXCS HUMEHHO K HMPPANMOHATBHBIM
BBIPXKEHUSIM. PacCMOTpUM OCHOBHBIE U3 HUX.
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IIpeoOpa3oBaHne MOJAKOPEHHOT0 BbIPAKEHUS

OpHo M3 BaxHEHIIMX MpPeoOpa3OBaHUN MPPALMOHAIBHBIX BBIPAKEHUM COCTOUT B
CIIEYIOIIEM: BBIPRKEHHUE 1107 3HAKOM KOPHS MOYKHO 3aMEHUTh TOXKIECTBEHHO pPaBHBIM
BbIpaxkeHHeM. CHauasa pUBEAEM IIPUMEPHI €r0 BBIOJIHEHHUS], IIOCIIE YETO MOSICHUM, Ha YEM OHO
Oazupyercs.

OTO yTBEpXKAECHUE [aeT BO3MOXHOCTb pPAadOTaTh C IOJAKOPEHHBIMU BbIPAXKECHUSIMHU.

N1+ 6

Hamnpumep, 0HO 1O3BOJISIET CyMMY I10J KOPHEM B BBIPAKEHUU 3aMEHUTh €€ 3HAUYCHUEM,
TO €CTb, MepenTH K KOPHIO . Hpyrou puMep: HpPpALMOHAIIBHOE
4 5
2-a -6
BBIPAXXCHUC MOXHO 3aMCHUTH TOXIACCTBCHHO PaBHBIM cMy

4 4
2-a -a—=6
BLIpa)KeHI/IeM .

[Touemy manHoe mpeoOpa3oBaHue umeer Mecto? Jleno B TOM, YTO KOTJa MBI J1aBaliu
orpezieNieHue KOPHS U3 YUCIIa a, TO MbI CKa3aJId O €r0 €IMHCTBEHHOCTH. T0 €CTh, HE CYIIECTBYET
YyHclia @, OTIIMYHOTO OT @, JUJIsl KOTOPOro CIIPaBeAJIMBO PABEHCTBO , 3TO PaBEHCTBO
BO3MOJXHO JIMIIb IIpU a=daj. Taxxe MBI 3HACM, UYTO 3HAYCHUA TOXICCTBCHHO paBHBIX
BBIpaKEHUI A M A; paBHBI TP JIIOOBIX JOMYCTUMBIX 3HAUYEHUSIX NMEpeMeHHbIX. M3 3tux dakton
clenyeT pa3doupaeMoe yTBEpKICHHE.

Hcnoab3oBanue CBOMCTB KOPHeH

Jlis  TOXAECTBEHHBIX MpeoOpa3oBaHUN  HUPPALUOHAIBHBIX  BBIPAXKCHHH  IIHPOKO

Va-b=da-b

UCIIOJIB3YIOTCS CBOMCTBA  KOpHeW. Hampumep, HcCmons3ys  CBONCTBO

]+«J/§-Jﬁ

rae a>0, b>0), oT UPPAUMOHATBLHOTO  BBIPAKEHUS MOXXHO  TIEpEeUTH K

1++/3:12 g =g

TOXIACCTBCHHO PpPAaBHOMY BbIPAKCHUIO . A cBoiicTBO ,

x? +aalifa 2 Yy
rac aEO, IIO3BOJISICT Bpra>KeHI/Ie HepenHCﬁTB KaK o .

Hpeo6paSOBaHI/Ie I/IppaI_[I/IOHaJIbHLIX BLIpa)KeHHﬁ, COL[Gp)KaI_uI/IX 104 3HaKaMHu KOpHCP’I
OTpI/II_[aTeJIBHLIe yuciia Hu BBIpa)KeHI/IH C HepeMeHHBIMI/I, COHpiDKCHO C pHHOM HIOAHCOB.

-7 W A-T
-81 431

Haan/IMep, MBI HE HMCEEM npaBa 3alInucaTtb paBeHCTBO HAa OCHOBAaHHNU
o Aia

Hl— =
/b
. Jlemo B ToM, 4TO yKkazaHHas ¢opmyna
JaHa IS HEOTPHIATEIIPHOTO 4YHCIa @ U TOJIOKHUTENBHOTO b, a —7 M —81 — oTpHUIIaTeTbHbIE

CBOICTBa KOpHEH, BBIPaKEHHOTO (OpMYJIIOi

yucia. Ho ecnu mpenBaputenbHO 3aMEHUTH ApOOb 1MOJ] 3HAKOM KOPHS paBHOMU eit npoObro 7/81,
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TO Jajibllleé MOKHO MPHUMEHATH YMOMSHYTOE CBOMCTBO KOpPHEH W NMEPEXOAUTh K BBIPAKEHUIO
Y7

481.

BHJA

[TogoOHBIE TOHKOCTH B JIETaIsAX pa3o0paHbl B CTaThe MPEeoOpa30BaHUE UPPAITMOHATBHBIX
BBIPAXKEHUM C UCIIOJIb30BAHUEM CBOMCTB KOPHEA.

CBolicTBa KOpHEH J€KaT B OCHOBE JIBYX CJIEAYIOLUIMX IpeoOpa3oBaHUil, Ha3bIBAEMbIX
BHECEHHMEM I10J1 3HAK KOPHS M BHIHECEHUEM M3-T10]] 3HaKa KOPHS, K PACCMOTPEHHUIO KOTOPBIX MbI
U TIEPEXOIUM.

BHeceHne MHOKUTEJISA MO/ 3HAK KOPHA

B-yC
BHecenne MHOXUTENA moa 3HaK IIOApasyMEeBACT 3aMCHY BBIPpaXCHUSA ,
rae Bu C- HCKOTOPBIC YUCJIa WJIN BBIPAKCHUS, a 1 — HATYPAJIIbHOC YUCIIO, Ooubliee CAMHUIIBI,

H H F H
VB -C —AlBs O
TOXJECTBEHHO PABHBIM BBIPAXKCHHEM, UMCIOIIUM BH]{ WITH .

2.3%

HaanMep, HPppallMOHAJIbHOC BBbIPAKCHUC II0CJIC BHCCCHHUA MHOXUTCIIA 2 non
31~ 3
27 -x
3HaK KOpHH HpI/IHI/IMaeT BUI
BbIHeceHHe MHOKHATEIISA HU3-110JA 3HAKAa KOpHH
[IpeoOpa3oBaHreM, B M3BECTHOM CMBICIIC OOpAaTHBIM BHECCHHIO MHOXHUTEIS IO 3HAK
KOpH?[, SABJIACTCA BBIHCCCHUEC MHOXXUTECIIA HU3-11014 3HAKa KOpHH. OHO COCTOMUT B HpeIlCTaBJIeHI/II/I
¥ H
NBT-C B-3C
KOpHH B BHUJIC HpOI/I3BeI[eHI/I$I HpI/I HCUYCTHLIX n NJIN B BHUJC
1B 5/Ic]
HpOI/ISBeI[eHI/IH HpI/I YCTHBIX 711, TAC Bu C — HCKOTOpLIe quciia njin BBIpa)KeHI/ISI.
3a MIpUMEPOM BEepHEMCH B MIPEABITYIIHAN ITyHKT: AppanoHaIbHOS

S\JEE X
BLIpa)KeHI/Ie I1I0CJIC BBIHCCCHUA MHOXHUTCIIA HN3-11014 3HAKa KOpHSI HpI/IHI/IMaeT

2.3

B Jpyroii npuMep: BBIHECEHHE MHOXMWTENS U3-NI0J 3HaKa KOpHA B

(x=1) -7 b+ 1)<, 1]7]

BBIPpAXKCHUU Aac€T MPOU3BCIACHHUC , KOTOpPOC MOXHO ICPCIIUCATL B

|x+1|-vq

BUIE

Penienue 3aganni:
Nel.
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Mpumep 1: Ynpocmume ebipaxeHue:

a) Naib* =\ \b* = ab’;
oy (e’ _ﬁfm__ia_
o

Mpumep 2: Bbmecmu MHOXUMEeNs U3-nod 3Haka
K8adpamHo20 KOPHA.

a) 8la=~81-Ja=9a:
6) 32a°=\16-a* 2 =\16 @ V2 = 4a\l2:

&) Joa'b'=+9-a*-a-b*-b =

5 a5 B
No2.
¥YNpoCTHTE BbIPANKEHHA:

a) 42 + /50 - /18 ; a) 7V/3 - /48 + V27 ;

6) V3 (248 + V12); ) V3(VB +442);

5) (V5-2)'; 5) (V3+5) ;

0 (J‘ f)(@hr) ) (V5 +V8) (V5 - B).
Ne3. Brr

» 5] d
? | 7] 7]
' N2-i0] +[Vio—]
" WS- Vis-3
R R ]
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IpakTnyeckas padora Nell
Tema 3.2 [IpeoOpa3oBanue UPPATMOHATBHBIX BBIPAXKCHUN
Henab: Hayuutbcest npeoOpa3oBbIBaTh ApOOHbBIE HPPALIMOHAIBHBIE BBIPAXKEHHUS

Teopernyeckasi 4acTh:
IIpeoOpa3oBanme aqpodeid, cogepKraMX KOPHU

WppainoHaibHble BBIPAKEHHS MOTYT COIEpXaTh JAPOOU, B YHCIHUTENC U 3HAMEHATEIe
KOTOPBIX MHPUCYTCTBYIOT KOpHH. C TakuMH JApOOSIMH MOXKHO TPOBOJAUTH JIIOOBIE W3
OCHOBHBIX MONCOeCMEEeHHbIX NPeobpazoeanull Opooell.

Bo-miepBbix, HUYTO HE MelIaeT paboTaTh C BRIPAKCHUSIMHU B YHCIIMTENIC U 3HAMEHaTele. B

(2+3)-4x
VVxT+5 .

KauecTBe MpHUMEpPa PacCMOTPUM JIpoOb UppannonansHoe BBIpOKEHHE B

YUCIIUTENE, OYEBUIHO, TOXKIAECTBEHHO PaBHO , 4, OOpaTUBIIKCH K CBOMCTBAM KOpHEH,
& 2
Ny T+ 5

BBIP@KEHUE B 3HAMEHATEJIEC MOXKHO 3aMEHUTh KOPHEM . B pe3ynbTare ucxoanas 1po0p

5.4/x

6f,.2
npeobpasyercsa k Bugy v T 5,

Bo-BTOpBIX, MOXKHO M3MEHHUTb 3HaK Iepel] ApoObl0, M3MEHUB 3HAK YHUCIUTENS WM
3HaMeHarens. Hanpumep, uMeOT MeCcTO Takue IpeoOpa3oBaHUs  UPPALMOHAIBHOIO

3 x+2-ﬁ _ x+2-ﬁ _x+2-ﬁ
—3-x:+iﬁ —(—3~x2+J{EJ 3-:{2—%

BBIPpAXKCHUA: .

B-TpeTrbux, mMHOrAa BO3MOXHO M I€JIecOOOpa3HO MPOBECTH CcokparieHue apodu. K
3.(3x=a—1) V%
3
(ifx +4 —]]

3eafx
Vr+d4-1 {3x+4—]]2_

HPPpaluOHAIIEHOC BBIPAKCHUC , B pC3YJIbTATC MMOJTy4acM
HOHHTHO, 4TO BO MHOTHX CIyYasaXx, HOpCKAC YCM BbIIIOJHUTL COKpAICHHUC I[pOGI/I,

npuMepy, Kak OTKa3aTb cebe B YyJIOBOJBCTBUU COKpPAaTUTh JIpOOb Ha

BBIPAKEHMS B €€ YUCIIHUTENEC U 3HAMEHATeNIe MIPUXOJUTCS PACKIaJAblBaTh HA MHOXKHUTENH, YETO B
MPOCTHIX CIIyYastX TO3BOJISAIOT JOOUTHCA (DOPMYIBI COKPAIIEHHOTO YMHOXEHHS. A HWHOTIA
COKpaTUTh ApOoOb TOMOTaeT 3aMeHa TEPEeMEHHOM, IO3BOJIAIONIAsl OT HCXOJHOW Ipodu ¢
HUPPAMOHATFHOCTRIO TIEPEUTH K palMOHAIBHOW Apodm, paboTaTh ¢ KOTOpod KOoMGpOpTHEE U

MIPUBBIYHEE.
Xx—y
g
NI+ LY
Hns npumepa BO3bMEM BBIPAKECHHUE . Brenem HOBBIE
U=4lx V= '\J{;
IIEpEMEHHBIE 51 , B OJTUX TIEPEMEHHBIX HCXOAHOE BBIPAKECHUE HMEET
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BU =1 . BrimomauB B umcimTene Pa3I0KECHUE MHOIoOwIiCHa Ha MHOXHUTEIIHN I10

dopMyne pa3HOCTH KBaIpaTOB, IOJly4aeéM BO3MOXKHOCTb COKPAaTUTh JApoOb Ha u+tv,

2.“2_1‘: =2I(H—U}'(H+1')_2I(u_r}

uMeeM =1 H=1 . BpimonHuB  oOpaTHyr0  3aMeHY,

2 (G2 d5)

NpuxoaAuM K BbIPAKCHUIO o, KOTOPOC TOXKACCTBCHHO PABHO HCXOIHOMY

UppaLMOHaIbHOMY BhIpaxkeHuto Ha O/13.
B-uetBepThIX, [OpoOM C HMPPANMOHATBHOCTBIO MOXXHO MPHUBOIUTH K HOBOMY
3HAMEHATEeNI0, YMHOXas €€ YUCIUTEIb WM 3HaMEHATeldb Ha JOIOJIHUTEIbHBIH MHOXXHTEIb.

-1
0.5-v1

HaHpHMep, IIpUBCICM I[p06]5 K HOBOMY 3HAMCHATCIIIO X. I[JI?I 9TOro €€ 4MCJIMUTCIb U

2eaix

3HAMCHATCJ/1b CJICAYCT YMHOXUTDH Ha HUppalioOHaJIbHOC BBIPAXKCHHUC
-1 24k (Wa-1) 24k RA-)
0.5-4x  05-x-2:4x x

MMEEM
HamomuamMM, 9TO BBITIOJHSTH COKpAIICHHWE IPOOCH WM TpHBeIeHUE JpoOell K HOBOMY

3HaMeHarero Heooxoaumo Ha O/]3 mepeMeHHBIX 11 KCXOMHOHN Ipo0Hu.

YMHOKEHHE YHCIUTENs W 3HaMeHaredss ApoOM Ha HEKOTOpPOe HppaIoOHAIBHOE
BBIpaXEHHE YaCTO MCIOIb3YeTCs sl IPpOBEAeHHsI TpeoOpa3oBaHusl, HA3bIBAEMOT0 N30aBIeHUEM
OT UPPALIMOHAILHOCTH B 3HaMeHaTene. PazdepeM, kak OHO MPOBOIUTCS.

N306aBiieHue 0T HPPANMOHAIBLHOCTH B 3HAMeHAaTeJIe

N30aBneHnemM OT MppaIroHAIBLHOCTH B 3HAMEHATENE Ha3bIBAlOT MPEoOpa3oBaHHE, MPH
KOTOPOM JpOOb 3aMEHSIETCSl TOXKJIECTBEHHO PaBHOM ApOOBIO, HE COJEpaIllel B 3HaMEHATele

o .x

3HAaKOB KOpHEH.

g
)

3
Hanpuwmep, 3aMeHa Ipobu IpoObIO ecTb 0CBOOOKICHHE oT
UPPaLMOHATILHOCTH B 3HAMEHATEIE.
Ilepexoa oT KOpHEH K CTeNEHAM

Ilepexoa OT KOpHEH K cTemeHsM IpH MPeoOpa30BaHUU HPPALMOHAIBHBIX BBIPAKEHUH

R F

MMPpOBOAUTCA Ha 0aze PaBCHCTBA , C TIOMOIIBIO KOTOPOro HAacTCsd OIPCACICHUC
CTCIICHU C PAlMOHAJIbHBIM ITOKA3aTCJICM. MM 6e3003HEHHO MOXKHO IIOJIB30BaThHCA, KOIrJa a —
Flm=2
Y5
MOJIOKUTECIIBHOC YHUCJIO, m — LCJI0C YUCIIO, a4 1 - HATYPAaJIbHOC. HaHpI/IMCp, KOpPCHb MOXHO

g

| ka

3aMCHHUTDH CTCIICHBIO C ):[pO6HBIM IIOKa3aTcJIEM BHU A
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Ecmn  xe moag KOpPHEM HaxXOAUTCA OTpULOATCIIBHOC 4YHCIO HWJIHW BBIPAXCHUE C
FH

ni _m "

a =a”
HEPEMEHHBIMH, TO (BOpMyII0i HaJ0 MO0Jb30BaThCA akKyparHo. Hampumep, Mbl He
3 2
JE8) 416y (=8)F (<16)3
H b

HNMEECM IIpaBa Cpa3y 3aMCHUTH KOPHU u CTCIICHAMHA BHa
i

TaK KaK (bOpMy.]'Ia HC UMCET CMBICJIa I OTPHULATCIBHBIX A.

Pemenue 3aganuii:
Nel. ITpeoOpa3oBathk qpoob:

) I;'.i"l"."l"k,llll..'l-'
w@;f;ﬁm-ﬁ}.

) afa+33=(Va) +(\) = (V= B)|(Va) a5 +(Bf |-
={w":_r+-ﬁ]{a~xﬁ+-‘f]; H |
2) {,,,G_ﬁ}“ 4B = [{@]_ -.~.'f;r-u"§+[ Jﬂ_]eﬂ.@;:

=2 3-:*.-+3+~.Ir§.-:":=

Ne2. [Tpeobpa3zoBatrh BbIpaKeHHE:
a) x - 10yx +25 2Jx-10
3x+12 ~ x-16 '

0) 1-a u+l-.|l'ab+4b_

aJa +8J6 3-8Ja

B) ¢-25  3Jc+18,
c+12Jc + 36 2Jc +10

r)5Jm -10Jn _4n - 4Jmn + m

Jm -5 15 - 3Jm

No3. BBITTOJIHATE 3aIaHU:
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® 1. YupocTHTe BhIpa)keHHe:
a) 6V3+V27-3V75;  6) (V50 —-2V2)V2;  B) (2-V3)2
@ 2. CpaBHHuTe %vﬁ " %UZE

3. Coxkparure Apobb:
V3-3 . 6 a-2Va

V5-V1s5 "’ 3Va-6
4. OcBoboguTe Apo6k OT 3HaKa KOpHA B 3HaMeHaTeJe:
5 8
a) ; 6) ——.
3V10 V6 +V2

5. IloxayxuTe, 4T0 3HAYeHHEe BBIPpaKeHHUHA
1 1

2V7T-1  2V7T+1
ecTeE HHUCJIO pEl]J,HDH&JIhHDE-

Ve -V7
7

6. IIpu Kakux 3HaYeHMAX X Apobb ::_ NpHHIMAaeT

HaubonblIee 3HAUeHHe?

IIpakTnyeckas padora Nel2
Tema 3.3 Perenue uppaiuoHaibHbIX YPaBHEHUI
Heas: Hayuntbes pemats uppanroHaabHbIE YpaBHEHUS

Teopernyeckas 4acThb:

Onpenenenue. UppauuoHaJbHbIM HA3bIBaeTCs yPaBHEHUE, B KOTOPOM HeH3BeCTHOE
(mepemMeHHAas1) COAEPKUTCH MO 3HAKOM KOPHSI MJIM IO/ 3HAKOM OIlepaliiu BO3BeACHHUS B
pPauMoHAJbLHYIO (IPO0HYI0) CTENEHb.

Jlns  perieHus HMppalMoHANbHBIX ypPaBHEHHH OOBIUHO MCIOJB3YIOTCS CIEIYIOIINE
MIPUEMBI:

1)Bo3BeIcHNE B COOTBETCTBYIOIIYIO CTEIIEHb 00€ YaCTH YpaBHEHUS;

2) BBeJIeHUE HOBOM IIEPEMEHHOI;

3) cBeieHHE K cUCTEME ypaBHEHUM;

4) mpuMeHeHHe CBOICTB (YHKIIMM, BXOIALINX B YpaBHEHUE.

[Ipu permenun uppanMoOHATBHBIX YpaBHEHHH HEOOXOAMMa MpPOBEpKa BCEX HaNICHHBIX
KOpHEW MyTeM HX MOJCTAHOBKHM B MCXOJHOE ypaBHeHHE WM HaxoxzaeHue OJ[3 u ciaemgyroniuii
aHaJIu3 KOpHEW (Mpu pelIeHuH METOJOM NPHUBEACHUS K PAaBHOCHIBHOM CMEIIAHHOM CHUCTEME
YpaBHEHU U HEPABEHCTB HEOOXOMMOCTh B ’TOM OTIIAIAET).

[Ipocreitimnum uppanuoHaIbHBIM YPABHEHUEM SIBIIIETCS YpaBHEHUE BUIA:

7@ - £(x)

IIPH PELIEHUN KOTOPOTO BaKHYIO POJIb UTPAET YETHOCTh UM HEUETHOCTD .
Ecnu n- HeueTHoe, TO JaHHOE ypaBHEHHE PABHOCHIIBHO YPABHEHUIO

f&)=(gl)

Eciu n = 4€THOC, TO, TAK KaK KOPCHb CYHUTACTCA apI/I(i)MCTI/I‘-IeCKI/IM, HCO6XOI[I/IMO

o x)=0 af =
yuntbiBath OJ[3 (061acTh TOMYCTUMBIX 3HAYEHUN): f . YpaBHeHUe T(x)=2(x) 5 5rom
CIIy4ae paBHOCHIILHO CHCTEME:
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{f ()= (=)
g(x)=0
IIpumep 1.

Pemmmte ypaBHenue vx — 3 = 5.
Pemienne. Tak kak n=2 - 4eTHOE, TO 00€ YACTU YPaBHEHHS BO3BOAMM BO 210 CTCICHB!

(Vx—3)2=52e x—3=25 ©x=128

Ortser: 28
IIpumep 2.

3/ 3
Peumuts ypasrernne ¥ —2X+1=1

Pemenune. Tak kak B JaHHOM IpuMepe n=3 - HEUETHOE, TO TOCIE BO3BEICHUS O0EUX
yacten ypaBHEHUS B TPEThIO CTENeHb HOJIy4YUM
PaBHOCHJIBHOE JTAHHOMY ypaBHEHHUE:!

x=10 x=10
©-kx+rl=Por -u-0o =
x°=-2=0

2 X = i‘\E
Otser: 1~ —/2, Xy =0,x; = 2 :
IIpumep 3.

Pemmte ypaBHeHue X+l=2-x
Pemenne. Tak kak n=2 - 4eTHOE, TO UCXOJIHOE YPAaBHEHHUE PABHOCUIBHO CUCTEME:

=i{7—_ x+l=4—4x+x? 2-5x+3=0
x+1=(2-x) . .
2—-x=20 x<2 =2

<> =,
x<2

x=(5-13)/2

g 5t13 __5-B
—

OTtBer:

" —_n
YpaBHECHHS BUIA “'/f(x) Jg(x) , PEIIAIOTCsl CIETYIONM 00pa3oM:
n — He4YeTHoe = f(x) = g(x)

I S e

IIpumep 4.
Pemmnts ypapuenne: V5 —x = Vdx + 2

5—-x2>20 x<5
{ 4x+2=20 = {xZ—O,S =
5—x=4x+2 x=0,6

OtserT: 0,6

IIpumep 5.

Pewmts ypaBHenue: V2x+6 —vVx+1 =0

Pemenne. 3anunieM JaHHOEe ypaBHeHHME B Buje: V2x + 6 = vx + 1. Bossoas obe
x+1=0
2x+6 =20

4acTU B KBaJpaT U y4UTHIBAsA, YTO { [I0JIy4UM ypaBHeHue 2x+6=x+/, penieHue
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KOTOPOI'0 €CTh X = -5 — HE Y/IOBJIETBOPSIET BBHIIIMCAHHOMY YCIIOBUIO. 3HAYUT, JAHHOE YpaBHEHUE
HE UMEET PEIICHUH.

OrtBet: HET pelieHni

Ecnu uppanmonanbHOE ypaBHEHUE COJIEPKUT HECKOIBKO paJuKanoB. B aToMm ciaydae s
130aBJICHHS] OT PAJUKAJIOB YpaBHEHUE MPHUXOJIUTCS BO3BOJUTH B COOTBETCTBYIOIIYIO CTEIEHB
HECKOJIbKO pa3. [Ipu 3TOM mpeaBapUTENIbHO YEIWHSIOT OJAWH W3 PAJUKAIOB TakK, 4TOOBI 00e
YacTH ypaBHEHHUS CTanu HeoTpunarenbHbiMu. Oco0oe BHUMaHUE cieayer oOpaTHTh Ha
npaBwibHOE HaxoxaeHue O/13.

IIpumep 6.

J2x-9—+x-3=1

Pemts ypaBHeHue

Pemenue. 3anuiieM ypaBHEHUE B BUAE: * 2x-9=1++x-3 . Tak kak Tenepp o0e
YacTH MOJIYYEHHOTO YpaBHEHHS HEOTPULIATEIbHBI, TO BO3BEJIEM HX B KBaJIpar:

2x—-9=1+x-3+2/x-3 = x-T7=-x-3 '

[TonyyeHHOEe ypaBHEHHE PaBHOCWIBHO HCXOMHOMY. [l €ro pemeHus paccMOTPUM
CHCTEMY:

x-720 x=27 x=27

= =
(x—7) =4(x-3) x’ —14x +49 = 4x—12 x*-18x+61=0
x=7

Lo x=9+xf2_ﬂ

ngi@

Orper: X =9++20

BBeneHne HOBOM NIEPEMEHHON B PsI/IE CIy4aeB MO3BOJISAET EPEUTH OT UPPALMOHAIBHOIO
YpaBHEHHSA K pallMOHAILHOMY YPaBHEHHIO.
Ipumep 7.
2 2
Pemnth ypasuenne * Tt 3x+4Vx" +3x-5=10
Pemenne. Bo3eneHre NaHHOrO ypaBHEHUsI B KBaJpaT MNpPUBEIO Obl K YpaBHEHHIO
YETBEPTOM  CTENEHW, 4YTO  HepauuoHanbHO. [losTOMy  3ammmiemM  ypaBHEHHME B

2 2
pige X FIX—5+ANXT+3X-5=5 | pponen wonyion nepemenyio:

y= xt+3x-5 y=0

=1
y1 +4y-5=0 <= [y
[Tonyuum J-'=—5_

f.2 _ f.2 _
BepHeMcs K «CTaphM» TEpEMEHHBIM * % +3x-5=1 i +3x—-5=-5 .

BTtopoe w3 mMoJydeHHBIX YpaBHEHUW pENICHHWM HE HWMEeT, a pPEHIeHUus IEepBOro €cTh
—3+./33
x=———.

quciia 2

_-3-.33 . _-3+.33

X 2
OTtBer: 2 2

NHorma mpw pemeHur WPpalMOHAIBLHOTO YPaBHEHUS BO3HHMKAET HEOOXOIUMOCTh
BBECTH HE OJIHY, a HECKOJIbKO «HOBBIX» MEepeMeHHbIX. Takas cUTyalusi BOZHUKAET, HAIpUMeED,
IpY PEIICHUN YPAaBHEHUH, COACPIKAIINX PAAUKAJIbl Pa3HbIX CTEIICHEH.

ITpumep 8.
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3 _
Pewuth ypaBHEeHHE Jx-24311-x =1
_ _ 3
Pemenue. [Tycrs ¥ = x-220,v=31-X qoypu+v=1 ¢ Apyroi

2
cToponsl ¥ +v =x—2+11-x= 9 Honyuaem cucremy
utv=1 u=1-v u=1-v
o <
u v =9 (1—v)1+v3:9 Vv —2v-8=0

PemmMm mocieanee ypaBHCHUE CHCTEMBI:
Vivi-2v-8-0 < (¥ -8)+v(v-2)-0c

v=2
v—2 v1+2v+4+v =0 o ow=12
G-2) ) ?  3vi4=0

Monyaum, uro¥=2, a rorma#=1-¥v=-1<0_ 156  ycnosmo ¥=0
CJIEOBATEJIbHO UCXOIHOE YPABHEHHUE PEILICHUI HE NMEET.

OTBeT: HET peleHuN.

IIpu pemieHUHM HEKOTOPHIX MPPALUOHAIBHBIX YpaBHEHMH HaxoXaAeHue o001acTu
JOIYCTUMBIX 3HAUEHUN BXOJAIIMX B ypaBHEHHE HEU3BECTHBIX MOXKET CYILIECTBEHHO OOJIEIYUTh
pelleHue ypaBHEHUS.

[Ipn pemenun HppaLMOHAIBHBIX YpaBHEHHUH OBIBAE€T II0JIE3HO BOCIOJIb30BATHCA
MOHOTOHHOCTbBIO (DYHKITHI.

[Tpumep 10.

x+6)=6-%x+6
Pemenne. OMH KOPEHb JaHHOTO ypaBHEHUs ¥ = 2 jterko Haiitn nonoopom. Ilokaxem,

JUx+6)+3x+6=6

Pemntes ypaBHEHHE

YTO JPYTUX KopHeﬁ HeT. 3amnuileM ypaBHEHHUE B BUJIE

CBOI/ICTBy CTETIEHHBIX GyHKIMI
GyHKIUH Filx 1( ) v ( j ¥2 (I) ) SABJIAIOTCS BO3PACTAIOIUMH Ha
IPOMEXKYTKE [-6; ), e OHH o0e OTIPEIENEHEL. [TosTomy ux

y(x)= J2(x+ﬁ)+¥x+ﬁ
cymMMa Ha 5TOM IPOMEXYTKE TaKK€ BO3pPACTacT, CIIEJ0BATENBHO,
OHA MPHUHUMAET KaX10€ CBOE 3Ha4eHUe (B TOM uuciie U 6) Toabko oguH pa3. [lostomy npyrux
KOpHEH HeT.

Otser: X =2

Pemenue 3aqanui:
Nel. Pemmts ypaBHEHHS:

1 VE-2=1

2)~\.’x—1 = —3’

3 Vr-1=73,
N

4) V523

Ne2. Pemith ypaBHEHHUS:
1) *-,‘-"—?2 —17x = —x

b
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2) Vit+Tx—2=6-x

3) Vai—x—6=+-2x

Ne3. Pemuth ypaBHEHUS:
1) Vi+2+43x—2=4

2) Yxr—14+4/x+2 =*\|"'l'l—x.

Ne4. Pemnth ypaBHEHUS:
4 Vz+3 5
1) SE+z 5
2) Vx—2+23x—-2=3
-x  [x+3 10

+ =
3) Axt3d 4l2-x 3

Ne5. Pemnts ypaBHEHHS:
1) (x? —4x +3)v5x—2 —2x2 =0,
2) Vvi—1Iyx —2¢x—3 =0.

IIpakTuyeckas padora Nel3
Tema 3.4 Tloka3arenbHas GyHKIHS, €€ CBOKWCTBA. PernieHne mokazareabHbIX YPAaBHCHUH U
HEPaBEHCTB
Henab: Hayunthes pemats nmokasarenbHble ypaBHEHUS

Teopernyeckas 4acThb:

Onpeoenenue YpaBHEeHUE, B KOTOPOM TIEPEMEHHAsl COICPKUTCS B TMOKa3aTelie CTETEHH,
Ha3bIBACTCA ITOKA3aTCIIbHBIM.

[Ipumepsl noka3aTeabHbIX YPaBHEHUM:

1 2°=4;

-2

5. 4% 425 4+1=0,
6 5_)x+1_43‘:2x+3+63—r :{_-'.
BBI6epI/ITe IMMOKAa3aTCJIbHBIC YPABHCHUA:
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-

D2 —x+3=0,

23 =27 =10

§)5 7~ 57 =48,

Crnoco0b! penieHus MOKa3aTeJIbHbIX YPABHEHH

Beiensror aBe rpynibl cnoco00B: TpaguuecKuil 1 aHATUTHYECKHE.

BcenomuuM cyTh rpaguieckoro crnocoba peieHus ypaBHEHH:

1. IMoctpouts rpaduku AByX (HyHKIMHU (JIeBast ¥ IpaBasi YacTH YPaBHEHHS);

2. Haiitu abcuuccsl Touek nepeceueHus rpaukos;

3. 3anucarb OTBET.

PaccmoTpuM rpaduueckuii cnoco6 pemieHust Ha npumepe ypaBHeHus 2 = 4 Iloctpoum
rpaduku pyHkuui y = 2%, y = 4 u HaiiieM abCIUCCY TOUKH IepecedeHus rpagukos: x = 2.

i 5/
R B A
/i
/
/ .
" - g
— [] 1 2 g

OtBeT: x =2

I'paduueckuii cnoco® MOXXHO TNPUMEHUTh HE BCErJa, MOITOMY paccMOTpuM Ooiee
YHHUBEpCaIbHbIE OCHOBHBIE aHATUTUYECKHE CIIOCOOBI pEHIeHUsI TOKa3aTeIbHbIX YPAaBHEHUH.

AHaIUTHYECKHE CTIOCOOBI:

1. IlpupaBHMBaHUME OKA3ATENEH;

2. BriHeceHue 00IIero MHOXKHUTES 32 CKOOKH;

3. BBeneHne HOBOHM IEPEMEHHO;

4. Vcnonp30BaHUE OTHOPOAHOCTH.

PaccmoTpuM kax bl ciocod moapoOHee U pazdepeM Ha mpumMepe.

1. IlpupaBHUBaHNE OKA3aTENEH.

Cytb MeTOna:

1. Yeaunuts cnaraemoe, cozepskaliee NepeMEHHYIO;

2. [TpuBecTH CTENEHU K OJHOMY OCHOBAHUIO;

3. IIpupaBHATH OKA3aTENH;
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4. PemnTh MOJYy4YEHHOE YPAaBHEHHE;
5. 3amucaTb OTBET.
IIpumep:
F_27=0
=27
3 =3,
x=3
OtBeT: x =3

2. Brinecenue O6H.[€I‘O MHOJKHTEIIS 32 CKOOKHU
HpI/IMe‘laHI/ICZ BBIHOCHM 3a CKOOKH MHOXKUTEJh ¢ MEHBIIINM ITOKa3aTEIEM.

IIpumep:
33" =78
3{1-3)=-78
F1-27)=-78,
3 (- 26)= -78;
3 =3

x=1

Otser: x =1

3. BBeneHue HOBOM IepeMEeHHOM

Kak nmpaBuiio, ypaBHEHUs, peliaeMble 3TUM CIIOCOOOM, CBOJATCS K KBAJAPATHBIM.

Tpumep: 4% 5.4 44=10

ITycth 4* = a Torna ypaBHEHHE MOXHO 3aIMCaTh B BUJIE:

a® —Sa+4=0,

D=25-16=9,

_5+3

===
5-3

@, =——=1.

2
Cnenaem oOpaTHYIO 3aMEHY:
4 =4um 4 =1,
x=1nmx=0
OtmBer: x=1mmx=0
4. Vicnionb30BaHue OAHOPOJIHOCTH

4,

&y

PRGNS (C)
Onpeodenenue Iloka3arenbHble ypaBHEHUs BHJA = Ha3bIBAIOTCS
OJIHOPOJHBIMHU.

Cytb Metoga: Tak kak nmokaszaTenbHas QyHKIUS HE MOXKET IPUHUMATh 3HAUE€HUE, PaBHOE

HYJIHO, U 00e yactu YpaBHCHHA MOKHO ACIUTb HAa OJHO W TO K€ HC PAaBHOC HYJIKO 4YHUCIIO,

ity
pasaciimm 00e Jactu YpaBHCHM, HAlIpUMCEP, Ha b .

IIpumep: 2* = 3*

¥ .
Paznenum o6e yactu ypaBHEHUs Ha 3= 0
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2" 3
ELEC L

g~

=10
OtBeT: x =0

Pelnenne 3axanui:
Nel. Pemuth ypaBHEHUS:
1)2° =16, 1

MO AT = () 75 _:I:" - ‘
20> ILL.}, %’E
N4 = —- g2 = 4
-(-].h | x4+
. 1 i - _I_r pu— P
9= | =36 93 =13
O
.......... oy = Y .
$310° = Y100 106 = 716"
AP-45 3 _ |
f‘i}ﬂ,?ﬁt :w‘ 11)3 "IF] —?.

Ne2.Pemute ypaBHeHuUeE:

1 2—3x
a)(E) _25; r)?"+1+3-?"= 2x+5+3-2x;
¥ +2*—20=0 3*—2= —2x+3
B)S"—?-S"‘Ezgﬂ;

No3.Pemmte ypaBHEHUE:

2x—3 _
2) (0,1) = 1{];

)

3x+3 _|_3x= 5_2x+4_1?_2x'

x—2
(3) — 2x+1

r)

6)9"—?-3"—18={]; o) 3
X x—2 __

L g4 —3- 472 =52
Ne4. Pemnth ypaBHEHHE:

p(02)7 =25 4 _12.27432-0,
x—y=4,

577 =25.

b

Ne5. Pemmtsb cuctemy ypaBHEHUMH
Ne6.Pemnts ypaBHeHue

n7 " +5-7" =588
2) 3" +4.3* =279

IIpakTnyeckas padora Nel4
Tema 3.4 [loka3zarenbHas (QyHKIHS, €€ CBOICTBA. Pemenne nmoka3zaTenbHbIX YpaBHEHHH U

HEPABEHCTB
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Ieab: HayuuThbcs pemiats moka3arejibHbIE HEPABEHCTBA

TeopeTnyeckas 4acThb:
[Ipocreiiiiee mokasaTeJbHOe HEPABEHCTBO UMEET BHI:
e gz ]
f A ,Tae V - OJIMH U3 3HAKOB: <,>,<, HJIH >.
UToOBI peuuTh NOKa3aTeJbHOE HEPABEHCTBO, HAM HYKHO OT CpPaBHEHHUSI CTENeHen
MEPEUTH K CPABHEHUIO MOKa3aTeleH.
fix)

=
/=a BO3pacTacT IIpU  BCEX

Kak wBI IIOMHHUM, IIOKa3aTcJibHaA (bYHKHI/Iﬂ !

neftcTeuTeNbHbIX 3Havenmax © , ecmn @~ 1. Dro sHaumT, wro GoMbIIEMY 3HAYEHUIO aprymeHTa
COOTBETCTBYET Golblee 3HaueHue GyHKIMU. To ecTh U3 HepaBeHCTBa
f= g(r F f o

ol 5a" ) CIIeyeT HEPABEHCTBO flz)=g(z)

AHANOTHYHO, TaK Kak MokasaTelbHas Gymkius yosmsaer, ecmn © =4 <1y Gonpmemy
3HAYEHMIO apTyMEHTa COOTBETCTBYET MEHbIIee 3HaUeHHE (ByHKIIUHU, U3 HEPaBEHCTRA

flz)_ gfx N

o st CIIe/TyeT HEPaBEHCTBO Flz)<g(=)

To ecTh mpH pelleHHH NPOCTEHINMX NOKA3aTeJbHbLIX HEPABEHCTB INpexkIe uYeM
CPAaBHMBATL BLIPAKEHMs, CTOSIIME B IOKA3aTe/le CTeNeHH, HY)KHO CPAaBHUTL ¢ eHHHUIeH
OCHOBaHMeE CTeIeHei.

Emé pa3, 310 BaKkHO:

ecil OCHOBAHHE CTelleHH 00Jblle eIMHHIbI, TO TP IepeXojie K BHIPAKECHHUAM,
CTOSIMM B I10Ka3aTelle, 3HAK HepaBeHCTBA COXPaHseTCs

ecil OCHOBAHHE CTeNeHH 00JbIle HYJsl, HO MeHbIIe eIMHHIbI, TO IIPH Hepexone K
BBIPAKEHUSAM, CTOSILIMM B TI0Ka3aTesle, 3HAK HePAaBEeHCTBA MEHsIeTCsl HA MPOTHBONOJIOKHBIH.

Bce moka3aTenbHBIE HEPABEHCTBA JTIOOOTO YPOBHS CIOKHOCTH, B KOHEYHOM HTOTE,
CBOJATCA K PELICHUIO MPOCTEMIIMX MOKa3aTebHBIX HEPABEHCTB.

PaccMOTpHM HECKOJIBKO IPUMEPOB.

1. Pemium HCPAaBCHCTBO:
& G

(0.3)77% <(0.3)""

Tak kak OCHOBaHHE CTEICHEH []":;{1, Inpru Hnepexoa€ K BBIPAXKCHUAM, CTOSAIIUM B

IMMOKa3aTeji€, 3HaK HCPABCHCTBA MCHACTCA Ha HpOTHBOHOJ’IO)KHI:IfIZ
T ]
-~

s Ty T 1
E=i A
[lepeneceM Bce BiI€BO, U IPUBEIEM K O0LIIEMY 3HAMEHATEINIO:

T i
0
-2 x-1

afa-1-60 (-2

=]

(1) (5-2)
o]
reTa412
e
(1) (5-2)
Kopnu yucnurens:
r =3 x_=4
1 2
(=3 (-4
# =)
(1) (z2)
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PemmMm HCPAaBCHCTBO MCTOAOM HHTCPBAJIOB: HAHCCCM KOPHHU YUCIUTCIIA U 3HAMCHATCIIA
Ha YUCJIOBYIO OCh U paCCTaBUM 3HAKU:

+ - + - +

._.
N

w
NG

Orser:
2. Pemium HepaBeHCTBO:

xT A

25 <b6xhH -9

IlepeneceM Bce ciaraemsble BJIIEBO M Pa3jlOKMM OCHOBAHMS CTEIIEHEW Ha IIPOCTHIE
MHOXUTEIHN:

e _x

5 -hxd +o <0

Ecnu 6b1 3T0 ObUIO ypaBHEHHUE, MbI periaan Obl €ro ¢ MOMOIIBIO 3aMEHbI EPEMEHHOM.
ITocTynum Taxxe.

Boo061e, noka3aTenbHble HEPABEHCTBA JENATCS HA T€ XK€ THUIBI, YTO U IOKa3aTelIbHbIE
YPaBHEHHSI, U PEIIAIOTCS] TEMH JK€ CIIOCOOaMHU.

Buumanue! Ecian MBI pemiaeM HepaBeHCTBO € IOMOIIBIO 3aMEHbI IIEPEMEHHBIX, TO
HY’KHO peliaTb OTHOCHTEJIbHO 3aMeHbl /[0 IOJYYECHUs MNPOCTEHINero HepaBeHCTBA.
ITosicHUM Ha 3TOM IpUMeEpe.

=5 t=0

<]l Y=ox=3 1=d

>

t
Beenem 3ameny:
[Tonyuyum cucteMy HEpaBEHCTB:

FE-[H+5 <)
£ =0
Orcropa:
1<t <n
£ =0
To ectp L=<
3anuiieM IBOMHOE HEPAaBEHCTBO B BUJIE CUCTEMBI:
[ =1
L5

Bort Tenepps Mbl MOXEM BEPHYTBCS K HCXOJTHON NIEPEMEHHOM:

Orcrona: r=l rl

OTBeT: I i |

Pemenue 3axanmii:
Nel. Pemnte HepaBeHCTBO:

)" 2 g2 2 +2x-15
a)(;) ?:;; G783 e <1
H— 1
6 (V8) "< c

: H)5-4"—|—2-25"£T-1D".
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() =1

B) ;

No2. Pemnte HEpaBeHCTBO:
(1 E)K < 5 x% —9x+14

a) [ 5 : r) 0,5 x—3 :-:’ 1’
(%)X+E - E o

6) 5. P24 +25%05 = 7-10%

2 x°—4

(12) <1

B 7 ;

No3. Pemnite HEpaBeHCTBO:

q) 5% =125

6) 0,01 <10”"* <10000
(E)SX—S <(§)x—3

B) 3 9

n 1<6"" <216

No4.BbINOTHUTD 3a1aHUsT
A) CpaBHuTE yHnCla m U 1, €CIU:

1) (9,8)">(9,8)"; 2) (0,6)"<(0,6]".
b) CpaBnaute uncna a u b, eciu:
1) (7.61°>(7,6)"; 2) (0,3]°<(0,3]".

Ne5. Halinute MHOKECTBO pELICHUI HEPABEHCTBA

f 5 13x-5
[ 6 2|£
D! 11 | 11
||' 2'.6:( ,lll 2'.:&3
2) 13 13
Ne6. Pemite HepaBeHCTBO:
-2x-M4
1) 0,2 ** <0,0016; 2) 271 —5-2"42=0,
¥ex—15

3) 0,3 7 =0,027; 4) 5 '-2-5"-7520

IIpakTnyeckas padora NelS
Tema 3.5 Jlorapudwm uncna. Coiicta orapudmoB
Henab: HayunTbes BBIMUCHATH JOrapudMbl U YIOPOIIATh BBIPAXKEHHUS, COAepkKallne
norapudm

Teopernyeckas 4acThb:

Jlorapudm uncna b o ocHoBaHMIO @ ompenenseTcs Kak MOKasaTelb CTENEHH, B
KOTOPYIO HaJ0 BO3BECTH YHUCIIO €, YTOOBI MOTYyYUTh YUCIIO b(ﬂorapmbM CYLIECTBYET TOJIBKO Yy
MOJIOKUTEIBHBIX YUCEIT).
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Jlorapudm B mepeBojie C TPEUECKOTo OYKBaIbHO O3HA4YaeT 'dMCIo, W3MEHSIOIIee
OTHOLLIEHHE".

CrnenuajabHble 0003HAYEHHS:

1. Harypanensrit norapudm Il a - norapudm no ocHosanmio €,

2. JlecatuuHbIi orapudm lga _ norapudm mo ocHoBaHuto 10.

CBoiicTBa 1orapumMoB:

log b
1° @ = b- ocnosuoe jorapupMuUecKoe TOXKIECTBO.

20 log,a=1a=0a+#1

30 log,1=0.a=0a+#1

Jlorapudm enuHUIBI 10 THOOOMY MOJOKUTEIBHOMY, OTIIMYHOMY OT 1, OCHOBAaHHUIO paBeH
HYJTI0. DTO BO3MOXXHO NOTOMY, YTO W3 JIOOOTO JEHCTBUTENBHOTO YHCIAa MOXXHO TOJYYUTH |
TOJIBKO BO3BEJISl €r0 B HYJIEBYIO CTEIICHb.

go log, (be) =log, b+ log, ¢

Jlorapugm npou3BeeHNsI PaBEH CyMMe JIorapu(MOB COMHOKUTEIIECH.

50 log, e log, b—log, ¢

Jlorapudm yacTHOTO (IpoOM) paBeH Pa3HOCTH JIOTapU(PMOB COMHOKHUTEIICH.

6o log, b =p-log, b._

Jlorapugm CcTerneHu paBeH NPOM3BEACHUIO IIOKa3aTelsl CTENeHW Ha Jorapudm ee
OCHOBaHHUSI.

1
log,. b= —-log, b

0

1
log, b=
go log, a
log b
log, b= B
9° log.a . Mepexo/i K HOBOMY OCHOBAHHUIO.

Pemenue 3aqanmii:
Nel. Haiinure 3Ha4eHHE BBIPAKEHUS:

6 * lﬂg? 3*\-'{?

— 1 1 1
6-log- V7 =6-log,73 =6-§~lng?? =6~§~1=

Wcnons3oBanu:
m

an = yam
log, b™ =m-log_ b

Ortser: 2
Neo2. Haiinure 3Hauenue BoipaskeHus logos 3 - logz1,25

log;1,25
log,o3+log, 1,25 = log 0,8 -log, 1,25 = 02,08 =
5 5
=10g,41,25 = ID%E = lﬂgg]—i -1 lnggg =-1-1=-1

Ucnons3oBanu:
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log_b =
oa
log,a
log. b
= =log,b
log.a
1
log kb = T log_ b
Ortser: —1
Neo3 Haiinute 3HaueHUE BBIpa}KeHI/ISI:
SIGbZJ
5]og2_:_¢1-9 5]cg2_j 52-]cg25? — ('52}]og25? —
= 25108227 = 7
OtseT: 7
No4., Haiinute 3HaU€HUE BbIpaKEHUS:
Bz-mgg 3

gZ-loge3 _ (B]GES3J2 =32 =g

Ortser: 9
Ne5.Haiaure 3HaueHuE BBIPAKEHHUS:

6410g9 V3

64103’8\,3 (8 8)103’5\,3 glogsxj glogsyz V343 =3

Ortser: 3
Ne6. Halinute 3HaueHuE BBIpAXKEHUS:
24
3log; 2
24 24 1
3legzs2 2
Ortsert: 12

Ne7. Haiinute 3Ha4eHUE BBIPAKEHUS:

log1 V13
13

.1 _
log 1 V13 = log g1 1395 = —.log;313%5 = —1.0,5 = —0,5
233 -1
Ortser: - 0,5

Neo8 . Haitnure 3Hauenue Boipakenus logs 8,1 + logs10.

log,8,1+1log;10 =log4(8,1-10) =log,81 =4

Otser: 4

No9. Haiinnte 3HaueHUE BBIPAKEHUS:
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log 13
LDgﬁ- \'ﬁ _ 1 1
e = 10g.; VT3 = logi, 137 =5 = 05
OtserT: 0,5

Nel0. Beruncnure 3Hau€HUE BBIPAKEHUS:

(31032 3)10@:3 2

(S]GEE EJ]OEEZ — (3].::522)]“523 — ologz3 _ 3

Ortser: 3
Nell. Haiinure 3HaueHue Beipaxkenus loga(ab?), eciu log, a = 1/7.
[IpeoOpasyem naHHOE BBIpasKEHHE:

log_(ab®) =log a+log, b®=1+3log b

OHpeI[eJ'II/IM 3HAUYCHUC BbIPAKCHUA IOga b. Ham HU3BCCTHO, YTO

| 1
o, = —
ob :I,r
Hcnons3zyeM CBOMCTBO:
1 1
Q. =
=27 log,b
1 1
7 log.b

CrnenoBatenbHo log. b =7.
Taxum oOpazom:

1+3log,hb=1+3:7=22

Ortser: 22
Nel2. Haiinure loga(a:b*), ecrm loga b = 5.
a
lngaﬁ =log.a —log, b*=1—-3log b=
=1—-3-5=-14
Otser: —14

Nel3. Haiinure loga(a’b?), eciu loga b = 2.
log, (a*b?) =log,a* +log, b* =2log,a +3log, b =

—2.1+3log hb=2+3-(-2) =4
Otser: 4
Nel4. Haiinure 3HaueHue BoIpakeHus loga(a*b’), ecu logy, a = 1/3.
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=4.1+9log_ b
1
log,a = 3
l = . = log. b =3
0. — —_ = —
05p @ log, b 3 log.b 93a
4:1+9log,b=4+9-3=231
Otser: 31
Nel5. Haiigure loga(a’:b?), ecm loga b = 10.
{1?
lngaﬁ =log,a” —log, b* =7log,a —3log, b =
=7:1-3+10= —23
Otser: —23

Nel6. Haiinure loga(ab'®), eciu loga b= 7.
log (ab'®) =log a+log b"=1+10log b =

=1+10-7=71
OtBert: 71

IIpakTuyeckas padora Nel6
Tema 3.6 Jlorapupmuyeckas pyHkius, ee cBoiicTa. Jlorapudmuueckrue ypaBHeHuUs U
HEpPaBEHCTBA

Henan: Hayuntbes pemars gorapuMuyueckie ypaBHEHUS U HEPaBEHCTBA

Teopernyeckas 4acThb:

Teopema 1. Eciu fix) > 0 ug(x) > 0, To norapudmudeckoe ypaBHeHue log ., fx) =
log 4 g(x) (rme a > 0, a # 1) paBHOCHIIEHO YpaBHEHHIO f(x) = g(x).

IIpumep 1. Pemvte ypaBHeHue:
lg(2? — 6) = 1g(8 + bx).
Pemienne. B oOnacte 1ONMyCTUMBIX 3HAYEHMH BXOAAT TOJBKO TE X, IPU KOTOPBIX

BBIpQXXEHHE, HaXOMAsIIeecs TMOA 3HakoM Jorapudma, Oonpiie HymIs. OTH 3HAUYCHUS
ONPEAEIISIOTCS CIEAYIONIENH CUCTEMOI HEPABEHCTB:

2 —6>0, x? > 6,
—
8+ hr =10 r > —1.6.

x € (—00; —v6) U (V6; +00),
r e (—1,6;4+00).
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C ydetoM TOTO, 4TO
—1,6 = —/2,56 > —V/6,

MOJIy4aeM TPOMEKYTOK, OMPEICNIOMUNA 001acTh JOMYCTUMBIX 3HAYCHWH JaHHOTO
Jgorapu(pMUUECKOTr0 ypaBHEHUSI:

x € (V6; +00).

Ha ocHoBanum teopemsl 1, Bce yCIIOBUS KOTOPOM 34€CH BBIIOJHEHBI, IEPEXOIUM K
CJIEYIOLIEMY PABHOCWIBHOMY KBaJPaTUYHOMY YPaBHEHHUIO:

P —6=84brert —br—14=0%s

ry =1, 19 = -2

B 00nacTh 101yCTUMBIX 3HaYEHUM BXOAUT TOJBKO IEPBbII KOPEHB.

OtBer: x = 7.
IIpumep 2. Pemvre ypaBHeHue:

logg o(—a% + 4z 4 5) = logg 5 (—a — 31).

Pemenne. O0nactp JONMYyCTUMBIX 3HAUEHUM YpaBHEHMSI ONpPENENSIETCd CUCTEMOM
HEPABEHCTB:

— 2 dr+5>0, - 1<z <5,
—r—31 =10 r < —31.

OueBuAHO, YTO 3TU JIBa YCJIOBUS NPOTHUBOpEYAT APYr Ipyry. To ecTb HET HU OJHOTO
TaKOIro 3HA4eHMs X, IPU KOTOPOM OJIHOBPEMEHHO BBINOJIHIINCH Obl 00a HepaBeHcTBa. O0sacTh
JIONYCTUMBIX 3HAYEHUN YpaBHEHMs SIBISETCA IYCTBIM MHOXKECTBOM, a 3HAUUT pPELICHUH Y
JTAHHOTO JIOTapu(MUIECKOTO YPAaBHEHHS HET.

OTBer: KOpHEIl HET.

OOpatuTe BHUMaHHE, YTO B 3TOM 33JaHUM HaM BOOOIIE HE MPUILIOCh UCKAThb KOPHU
ypaBHeHMs. J[0CTaTOYHO OKa3ajoch ONpPEENUTh, YTO €ro 00JacTh AOMYCTUMBIX 3HAYEHUN He
CONEpXUT HH OJHOTO JCHCTBUTEIHHO 4YHCIA. OTO OJHO W3 MPEUMYIIECTB TaKOH
MOCJIEI0BATEIbHOCTH pElIeHHs JIOTapu(MUYECKUX YypaBHEHHMH W HEpaBEHCTB (HAYMHATh C
ompeneNieHusi O0JIACTH JIOIMYCTHMBIX 3HAa4eHWH YpaBHEHHWS, a 3aTeéM pemiarb ero IyTemM
PaBHOCHJIBHBIX NPE0Opa30BaHUM).

IIpumer 3. Pemute ypaBHeHue:

SIGgEi:r.—i—Erlog%:r—Q:ﬂ.
2

Pemenne. O06mactb AO0IIYCTUMBIX 3HAYCHHUH YpaBHCHUA OIPCACIIACTCA 34CCh JICTKO: X >

0.
HCHOJ’IIBYCM HO)ICTB.HOBKy:
t =logi x.
2
YpaBHEHHE IPUHUMAET BUJIL:
1
= 5,
32 L5t 2=0e | '3
ty = —2.
OOpaTHast MOJCTaHOBKA:
ogrz=1, [2=L
3 Y V2
logi x = -2 r = 4.

2

O0a oTBeTa BXOAT B 00JIaCTh TOIMMYCTUMBIX 3HAYEHUN ypaBHEHHUS, TOCKOJIBKY SIBISIOTCS
IIOJIOKUTCIIBHBIMU YHCIIAMU.
IIpumep 4. Pemvite ypaBHeHue:
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logg 4(x + 2) + logg 4(x + 3) = logy 4(1 — ).

Pemienue. BHOBp HauHeM pelieHHE C OmpeaeieHHus 00JacTh JOMYCTHMBIX 3HAYCHUH
ypaBHeHusA. OHa onpenesseTcs caeayone CHCTEMOM HEPaBEHCTB:

r+2>=0, —
r+3>0, e<{xr>-3 <xec(-21).
1—ax>=>0 r <1

Bocnonp30BaBuIMch NpaBUIIOM CIIOKEHUS JIOrapu(pMOB, IEPEXOIUM K PaBHOCUIBHOMY B
00JacTH JOMYCTUMBIX 3HAUEHUIN YpaBHEHUIO:

logg 4(x + 2)(x + 3) = logp 4(1 — z) =

OcHoBanust JTOrapu(MOB OAMHAKOBBIL, MO3TOMY B OO0JIACTH JONYCTHMBIX 3HAYEHUI
MOKHO TIEPEHTH K CIeIyIoneMy KBaIpaTHOMY yPaBHEHHIO:

(z+2)(z+3)=(1-a)=2’+62+5=0<«
r] = —9,
r9g = —1.
[lepBbiii KOpeHb HE BXOAMUT B 00JACTh JOMYCTHUMBIX 3HAUEHUW ypaBHEHUS, BTOPOU —
BXOJIUT.
Orger: x =-1.
Hpumep S. Pemuure ypaBHeHue:
1083 T = 81,
Pemenne. bynem nckats pemenust B mpomexytke x > 0, x#1. [IpeoGpasyem ypaBHEeHHE K
PaBHOCHUIIBHOMY:

4
T_lﬂg;; T _ TlﬂgrEl o= T_lﬂg;; T _ plogze o
loggx =2 r =29,
1

—

2 ; !
logar =4 < logs 2 = —2 -y
gq T : _

O6a oTBeTa BXOJAT B 00J1aCTh JOMYCTUMbIX 3HAUEHUIN ypaBHEHHUS.
IIpumep 6. Pemvite ypaBHeHue:

logy(x +12) -log, 2 = 1.

Pemenue. CuctemMa HEpaBEHCTB, OMNpeACNAmOnNias o00JacTh JOMYCTUMBIX 3HAYCHHI
YpaBHEHUs, UMEET Ha 3TOT pa3 BUJ:

r+ 12 > 0,
x>0, S x>0 x#1.
x# 1

Hcnonb3ys cBoiicTBa norapugma, npeodbpazyemM ypaBHEHUE K paBHOCHIIBHOMY B 00J1acTH
JIOMTYCTUMBIX 3HAYCHUH ypaBHEHUIO:

logy(x+ 12)

= 1.
2logy x
Ucnonb3ys popMyily nepexojia K HOBOMY OCHOBAHHUIO JIoTapr(ma, MojrydaeM:
r1 =4,
log,(r+12)=2 =2’ —2-12=0 < Tl p
= —a.

B 06macth momyCTUMBIX 3HAYEHU BXOJIUT TOJIBKO OJMH OTBET: X = 4.
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IlepeiineM Tenepsb K .102apughmuueckum HepageHcmeam. IDTO KaK pa3 TO, C YEM BaM
npuaercss uMmeTh aeno Ha EI'D mo marematuke. [[ns pemieHus AanbHEWIIMX MPUMEPOB HaM
noTpedyeTcs cieayrolas Teopema:

Teopema 2.

Ecmu f(x) > 0 u g(x) > 0, To:

npu @ > 1 norapudMuyeckoe HEpaBEHCTBO logaflx) > logag(x) paBHOCHIBLHO
HEPABEHCTBY TOT'O e CMBICHA: f{x) > g(X);

mpu 0 <a< 1 norapupmuueckoe HeEpaBeHCTBO loga f{x) > loga g(x) paBHOCHIBHO
HEPaBEHCTBY ITPOTHUBOIIOIOKHOTO CMBICHTA: f{x) < g(X).

IIpumep 7. Pemnre HEpaBEeHCTBO:
lﬁgn.ﬁ[f-z +x —6) = logys(x+4).

Pemenue. Haunem c ompezaenenus 00JacTH JONYCTHUMBIX 3HAYECHUW HEPABEHCTBA.
Bripaxkenue, crosiiee Mo 3HAKOM JIOTapuMU4YecKord (YHKIUHU, TOJKHO MPUHUMATH TOJIBKO
MOJIOKUTEIbHBIC 3HAYEHHUs. OJTO 3HAYUT, YTO HCKOMas OOJIACTh JOIMYCTHUMBIX 3HAUYCHUI
OTIpeIeIIIeTCs CIeAYIOIel CUCTEMON HEPaBEHCTB:

o —6>0, x € (—o0;—3) U (2;+00),
-
r+4>=10 T > —4
s e (—4;-3)U(2;+00).
Tak xak B OCHOBaHUU ﬂorapn(bMa CTOUT YUCII0, MCHbIICC CANHUIBI, COOTBCTCTBYIOIAsA

aorapudpmuueckas GyHKIMs OyneT yObIBarolLlel, a IOTOMY paBHOCHIIBHBIM 110 TeopeMe 2 Oyaer
nepexo/l K CeylolIeMy KBaIpaTUYHOMY HEPABEHCTBY:

P rr-6<r+4e <10 s e [—v10;V10].
OxoHYaTENBHO, C YY€TOM 00JIaCTH JOIYCTUMBIX 3Ha4E€HUH MOIy4acM OTBeT:
x € [—V10; =3) U (2; V10].
IIpumep 8. Pemnite HEpaBeHCTBO:
r—3

Pemenne. BHOBb HauHeM ¢ orpejiesieHus 00J1aCTH JOMYCTUMBIX 3HaYeHUH:
2
xt — 12z 4+ 27 = 0,
g1l
(z—9)
r—3 >0
Ha MHOXecTBe [OMyCTMMBIX 3HAYeHMH HEpPaBEHCTBA IPOBOJUM PaBHOCHIIBHBIE
npeoOpa3oBaHus:

11 -logg(x — 9)(x — 3) — logg

11 - loggy (7% — 122 4 27) < 12 + log

S x e (—oo;3)U (9 +00).

r—3
xr— 3

< logg 912,

< 12

logg [(z — 9)"(z — 3)'] —logg

{T- o 3}12[2__ o 9}11
(z — o)1

Ilocne cokpameHus M Iepexoja K pPABHOCWIBHOMY II0 TeOpeMe 2 HEpaBeHCTBY
MOJIy4aeM:

(z-3)2 <9< 9<r-3<9< xe|[-612.

C yueTom 00J1aCTH TOMYCTUMBIX 3HAYCHHI MTOJTydaeM OKOHUYATEIIbHBII OTBET:

< 12

logg
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€ [-6;3) U (9;12].
HpnMep 9. Pemme norapnq)MquCKoe HEPABEHCTBO:
log.. [:r + 322 + 2x) < 2.

Pemenue. O61acTh JOMYCTUMBIX 3HAYEHWN HEPABEHCTBA OMPEIEIACTCS CICTYIOIICH
CUCTEMOM:

r+1>0,
r+1#1, = x € (0;400).
rix+1)(x+2) =0

BunHo, 4ro B o0nacTu JONMYCTUMBIX 3HAUYEHUM BBIpAKEHHE, CTOALIEE B OCHOBAHUU
norapudma, Bceraa 0oJblIe eAMHULBL, @ IOTOMY PaBHOCHIIBHBIM IO Teopeme 2 OyleT mepexon K
cnez[yfomeMy HepaBeHCTBy

2 —|—3:r —|—2:r~:?i:r —|—2:r—|—1-<:}:r —|—2:r —-1<0=
(z+1) (2’ +2-1) <0

1++5 vh—1

r€| -0 ——F— U | -1

2 2

C ydyeTroM 00J1aCTU JOMYCTUMBIX 3HAYEHUH MTOJTy4aeM OKOHYATEIbHBIN OTBET:

V5 —1
2

IMpumep 10. Pemure HEpaBEHCTBO:

2logy(z? — 4x)

x e |0

< 1.
logs x? -
Pemrenne.
O065acTh 10MyCTUMBIX 3HaYEHHUI HEPABEHCTBA OIPEIEISIETCSl CUCTEMOM HEPaBEHCTB:
22— Adx > (.
22 >0, s re(—oo;—1)U(—1:0)U (4; +00).

22 # 1

I cmoco6. Bocrionb3yemcst popMyioii mepexoja K HOBOMY OCHOBAaHHIO Jiorapudpma u
nepeueM K paBHOCI/IJ'IBHOMy B 0071aCTH JOMYCTUMBIX 3HAYEHUI HEPABEHCTBY:

log,2 (2% — 42)? < 1.
HepasenctBo OyzeT paBHOCHIIBHO JIBYM cucteMaM. llepBoii:
x e (—1;0), re (—1:0),
2 42w .2 T2 .
(x° —4dx)” =z x r(x —d){x—3) =0
e (—1;0).
U Bropoii:
x € (—o0;—1)U (45 +00),

:1“.2{:11—0}{:1“.—3}5;0 & x e (4;5].

Hrak, okOHUYATEIIHbHBIM OTBET:

x e (—1;0) U (4;5].
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I cnoco6. Pemmaem meronom uHTEepBanoB. [IpeoOpasyeM HEpaBEHCTBO K BUY:

2logs(z? — 4z) — logs 22

5 el |
logq x
Berarem u3 3HameHarens logs 1. OTO HUYETO HE U3MEHUT, IOCKOJIbKY logg1 = 0.
logg (22 — 4a)? — logg 2 <0
logg r2 — logg 1 h
C y4YeToM TOro, 4YTO BBIPAKCHHUS ngE f— lﬂgSg ul —9— OJTHOTO 3HaKa

npu f g > Ds B 00JacTH AONYCTHUMBIX 3HAYCHUH MMEET MECTO CIIEAYIONIMHA PaBHOCHIILHBIN
HEPEXOLI:

(2% — 4x)? — 22

71 < 0&

I —_—
{:1:2—51:}{:1:2—3:1:}{0

2 —1 o

o 0 - &

-1 [u] 1 2 3 4 5
MHOX€eCTBO pCI_HeHI/Iﬁ JaHHOI'O HCPABCHCTBA

Urak, € (-1 1) U [3' 5] ’a C yd4eToM O0JIaCTH JONYCTHMbIX 3HAUYEHHUH IojaydaeMm

x e (—1;0) U (4;5].

TOT XK€ pe3yJbTart:

Pemenue 3aganmii:

Nel. Pemnth ypaBHEHHUS:

log,(2x + 1) =log, 3 + 1:
log.2—1= —log,(5— x):
~log;(3x —2) = 3:

logp<(3x — 1) = —3;

2log; 2 —logz(x — 1) =14 log; 5;

=)

. log.(x —1) =log,; 2 +log- 3;
. log:(2x — 1) — log: 16 = 5:

|
=]

L]

Cg(5x+2) = %lgSEr +1g2;

N S |
o

 logix —5logyax +4=0;
10.lg°x =3 —2lgx.

L

Ne2. Pemth ypaBHEHUS:

Dig(x+4)-lg (x — 3)=1g 8;
Dlg(x+2)—1gb=1g (x — 6);
Dig(x—-2)+1gx=1g 8&;

A)lg Jx — 7 +1g J3x — 8 = 1;
5) log, (x + 10) = 2;

6)log, 2 + log, 3= 1.

Ne3. Pemnth HepaBeHCTBa:
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4. log. {18x-2}20

l;)"

log,, x +log,,(x—-19) <1

IpakTnyeckas padora Nel7
Tema 3.7 Jlorapudmsl B mpupo/ie U TEXHUKE
Henab: Hayuutbcest BBIABIATH MPOSBICHUE TOTapU(PMUUECKON CIIUPATIN B PUPOJIE.

Teopernyeckasi 4acTh:

Ha npotsxenun 16 Beka GbICTPO BO3PACTaIO KOJUYECTBO MPUOIMIKEHHBIX BBIYMCICHUH,
OpeXae BCEro, B AaCTPOHOMHH. MHOrHe paboThl TpPeOOBAIM KOJOCCAIBHBIX, WHOT/A
MHOTOJIETHUX, pPacueToB. ACTpOHOMAaM TIpO3MJa pealbHas ONAacHOCTb yTOHYTbH B
HEBBIINOJIHEHHBIX pacyerax.
Torna MmareMaTHKH JUIsl 00JerYeHns BEIYMCIeHUH mpuryManu jgorapudmsl. 1 B 1614 roay Obuiu
ONMyOJIMKOBaHbl ~ IEpBble  Jorapumuueckue TaOMUIBL, COCTaBICHHbIE  IIOTJIAHICKUM
matemaTnkoM J[xonom Hemepom (1550—-1617), onu Bepoii u mpaBaoi CIy>KHWJIM acCTpOHOMaM H
MHXXEHepaM, reoJIe3ucTaM U MOpsikaM, COKpaliasi BpeMsi Ha BBIYUCIICHUS.

Psin siBneHuit nmpupoipl MoMoraeT onucarb UMEHHO Jlorapudmuyeckas 3aBUCUMOCTb. J{ist
COCTaBJICHUS MaTeMaTUYeCKOM MOJENW TOro WM HMHOrO SIBIEHUS YacTo oOpaijaroTcs K
norapupmuueckoi ¢pyHkuuu. OIHUM K3 HauOoJiee HArJSAHBIX MPUMEPOB TAaKOro OOpalleHHs
ABIIIE€TCS JorapupmMuyeckas cnupais. Jlorapupmudeckas cnupanb — 3TO MJI0CKask KpUBasi JIMHUA
MHOT'OKpPaTHO 00X0/IA111asi OJJTHY U3 TOUYEK Ha MIOCKOCTH.

I'ne ke npumensirorcs gorapugmpi?

IIpyMeHeHne B aCTPOHOMHUM.

B actpoHomMuu sorapudmel ©UMEIOT OY€Hb OOIIMPHOE pacrpocTpaHeHue. B 3Toil Hayke
3aJeiicTBOBaHbl O4YeHb Oojbiine MacmrTadbl. Ilo norapugmuyeckuM CHupazsM 3aKpydeHb
MHOTHE TaJaKkTUKHU, B YacTHOCTH [alakTuka, KOTOPOHl NPUHAMIEKHUT COJIHEYHAs CHCTEMa.
ACTpPOHOMBI pacHpeleNsIoT 3BE3Abl 0 CTENEHSM BHUIUMOW SPKOCTM Ha CBETWUJIA MEPBOU
BEJIMYMHBI, BTOPOW BeNWYMHBI, TpeThbed u T.A. [locrmenoBarenbHble 3BE3HBIE BETUUHHBI
BOCIIPMHUMAIOTCS TJ1a30M, KaK wieHbl apudmerndeckoil nporpeccun. Ho gusuueckas spkocTh
UX HU3MEHSETCSd 10 WHOMY 3aKOHY: OOBEKTHUBHBIE SPKOCTH COCTABISIOT TE€OMETPHYECKYIO
IIPOIPECCUI0 €O 3HaMeHaTeneM 2,5. JIerko NoHATh, 4TO «BEJIWYMHA» 3BE3/bl NPEACTABIAET
co0oil He 4yTO MHOe, Kak jorapudm ee ¢uznueckoil spkocTtH. IIpakTHueckn kaxnuas BTOpas
dopmyna B acTpOHOMHUH, acTpOPHU3MKE U JAPYIMX IEPEKPECTHhIX HayKax He o0xonsarcs 0e3
norapudma.

IIpumenenne B OuoJIOTHH.

PakoBUHBI MHOTMX MOJUIIOCKOB, YJIMTOK, a TakKKe pora apxapoB (TOpHBbIE KO3JIbI),
3aKpydyeHsl 1Mo Jorapudmuueckoi crnupanu. Ilo morapupmuyeckoil cnupanu odepueHbl He
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TOJILKO pakoBHHBI. [layk smeiipa, cruieTas NMayTHHY, 3aKpydMBaeT HUTH BOKPYT IIGHTPA IO
JOTapUPMHUUECKUM CITAPATISIM.

Ipumenenune B My3bike

Korna my3bIkaHT Urpaet Ha posiie, COOCTBEHHO TOBOpsI, OH UrpaeT Ha jorapudpmax. Tak
Ha3bIBACMbBIC «CTYIECHH» TEMIIEPUPOBAHHONW XPOMATHYECKONW TaMMbl TPEICTABISIOT COOOM
J0TapuPpMbI ITHX BEJIMYHH. OcHoBaHme ITHX J0rapupmMoB paBHO 2.
Homepa xnaBuImieid posis TPEACTABISIOT COO0H JyiorapudMbl  4ucel — KoJeOaHMIA
COOTBETCTBYIOIIUX 3BYKOB (YMHOKEHHBIE Ha 12). MBI Jake MOXKEM CKa3aTh, YTO HOMEP OKTaBbI
MPEJICTaBISIET COOOM LETYI0 YacTh (XapaKTEepPUCTUKY) JiorapudMa guciia KoJaebaHui 3TOro TOHa,
a HOMEp 3ByKa B JAaHHOH OKTaBe, JCNeHHbIH Ha 12 — ApoOHYH dYacTh (MaHTHCCY) 3TOTO
norapudma.

IIpuMeHeHne B MCUXOJIOTHH.

I'pOMKOCTh 3ByKa HM3MEpSIOT B JelrOenax, KOTOpbIC MPONOPIHOHAILHBI JIOrapu(my
MOIITHOCTH 3BYKa, BO3JCHCTBYIOIIErO Ha yXO0. YMHOTpeOJeHHEe JOrapupMHUECKUX IIKaT
NPOJUKTOBAHO OCOOCHHOCTSIMU HAIlIMX OPraHOB YYBCTB: 3PCHUs, ClAyXa U T.A. YenoBedeckuit
MO3T BOCIPHHHMMAET pa3JApakeHUs] OT OpPraHoB YYBCTB HE MNPONOPIHOHAIBHO CHIIC
pasapakuTelis, a JHIIb MPOMOPIMOHAIBHO ee Jiorapudmy. IMEHHO MO3TOMY YXO OIMHAKOBO
CHOCOOHO CIIBIIIATH IMOPOX JIMCTHEB U HE OTJIOXHYTh OT 'POMKOTrO yjaapa CTaHKa Ha 3aBoje. A
rJia3 MOXKET 3aMETHTh, KaK OJIECTHT CHET Ha CBETY U HE OCJICIHYTb, ecii mocMoTpuT Ha ColHile,
KOTOpO€ B MHWUIMApAbl pa3 sipye. OnucaHHBbIC BBIINIE CBEICHHUS OOBECIUHSIOTCS 3aKOHOM
nCUXO(PHU3UKH, YCTaHOBJICHHBIM DexHEpOM, KOTOPbIi TOBOPUT, YTO Mepa OLIYIICHUS
IPOTIOPIIMOHATILHAS JIOTAPU(PMY BEIIMUUHBI Pa3IpasKCHUSL.

IpumMeHeHune B ceJIbLCKOM X035IiiCTBE

Kak okazajnoce, 1 B CEIICKOM XO3siiicTBe He obormuiock 0e3 norapudmon. Hampumep,
UCCIICIOBAB POXKIACHHUE TEJAT, OKAa3ajloCh, YTO HMX BEC MOXKHO BBIUHCIATH M C IOMOIIBIO
Jorapu(MoB.

OOnacte mpuMeHEHHsS Jiorapu(MOB HE OrPAaHHUYMBACTCS JIUIIb PACCMOTPCHHBIMH
HayKaMU, TAaK)KE OHA UTPAET BAKHYIO POJIb B IUTEpaAType, MHPOPMATUKE, HICTOPHH, PUCOBAHUU U
MHOTHX JapyruX. Jlorapupmudeckas GyHKIUS Ja€T HaAM BO3MOYKHOCTH MO-JPYIOMY B3IUIAHYTh
Ha MacHITa0HbIE TPOIECCHI, MPOMCXOJAIIMNE B OTPOMHBIX MPOCTPAHCTBAX M BPEMEHHBIX
UHTEpBaJIaxX /I TOHUMAHKS U OCMBICIICHHUS OOIIEH KapTHHBI.

Penrenue 3aganuni:
Nel. TlpuBenute mpuUMEpHl MPOSBIEHUS JOTapU(PMUYECKON CIUpAd B OKPYKAIOIIEM
MHUpE.

}'h"(“'\,mg‘ j

v

Ne2. B HavyanbHBII MOMEHT BpeMeHH Obl1o 8 GakTepuil. Uepes 2 yaca mociie moMemnieHus
OakTepuil B MUTATENIbHYIO Cpely, UX 4ucio Bo3pocio a0 100. YUepe3 CKOIbKO BpEMEHH C
MOMEHTa pa3MelleHHsI B TUTATEIbHYIO Cpely cielyeT oxuaaTh nossienus 500 6akrepuii?

Pemenue.

Jlnst perieHust JaHHOU 3a1a4i, HE0OXOAUMO BCIIOMHUTH MOHSATHS CKOPOCTU M YCKOPEHHS.
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) Bbino -8
usmenerme: - .00 }=>8¥=100=> x=1og,100

=> IGQSIOO — KOHEYHOE 3HaYeHWe CKOpPOCTH pacnpoCTpaHeHWA ﬁEK"EpHE] Nnpu NEPEOM U3MEHEHWM -
VKD[—(.l.

. Beino -8
ZUSMEHEHUME. . =nn } =2 8Y = 500 == y= Iog85OU

== logy 100 —koHeyHoe sHaYEHWE CKOPOCTI pacnpocTpaHeHns GakTepuit Npi BTOPOM M3MEHEHWM -

V,

KOH.2.

[epeiineM K HATYpaJbHOMY OCHOBaHMIO JIOTApU(PMOB, JJISI TOTO, YTOOBI MOXHO OBLIO
BOCII0JIb30BaThCsl TAOJMYHBIMU 3HAUCHUSIMHU:
In100—In8 In500—-In8

2«In8 t*In8
. 2 * (In500—In 8)
1= 100

In (g7

OTBer: pubOIM3UTEIBHO 3 Yaca 15 MUHYT.

IIpakTnyeckas padora Nel8
Tema 3.7 Jlorapudmsl B mpupo/ie U TEXHUKE
Henab: Hayuntbes ucmnonb3oBath Jorapu@mbsl B pelIeHUH MPUKIAAHBIX 3a/1a4.

Teopernyeckas 4acThb:

Jlorapudgmuueckne (YHKIMHM pPacCHpOCTPaHEHbl UYpE3BBIYAMHO MIMPOKO Kak B
MaTeMaTHUKe, TaK U B €CTECTBEHHBIX HayKax. IIpuBenéM HECKOIbKO MPHUMEPOB MCIOJIb30BaHUS
Jorapu(pmMoB B pa3HOOOPA3HBIX HAyKaX.

B crartuctuke u Teopuu BEpOSTHOCTEN Jorapu(m BXOIUT B P MPAKTHUYECKU BAXKHBIX
BEPOSTHOCTHBIX pacnpenenenuii. Hampumep, norapudmMuyeckoe pacupeesneHre HCIoIb3yeTcs
B TeHeTuKe U pusuke. JIorHopManbHOE pacipesieIeHHe YacTO BCTpeYaeTcsl B CUTyalusaxX, Korjaa
UCClleyeMas BEIMYHMHA €CThb IPOM3BEIACHHE HECKOIBKUX HE3aBUCHUMBIX IOJIOKUTEIBHBIX
CIIy4alHBIX IEPEMEHHBIX.

3akon bendopna («3akoH mnepBod LUGPHD) ONUCHIBAET BEPOATHOCTH IMOSIBICHUS
ornpeaenéHHON nepBoii 3Havamen nudpsl MpU U3MEPEHUHN PEATbHBIX BEIUYUH.

JUIs OLEHKHM HEW3BECTHOIO IapameTpa LIMPOKO NPUMEHSIOTCS METOJ MaKCUMaJIbHOIO
MpaBI0N0100Us U CBA3aHHAS C HUM JIorapudMudeckas: QyHKIIHS MPaBIONoA00Hs .

dnyKTyanuu npu cirydyaitHoM Oy>KJaHUM ONUCHIBAET 3aKOH XuHUKMHa-Koamoroposa.

B undopmaruke: enununa uzmepenust uupopmanuu (6ur). Hanpumep, s xpaneHus B
KOMITbIOTEpPE HaTypajbHOro uucia N (B OOBIYHOM Ui KOMIIBIOTEPa JABOMYHOM (hopmare)
noHaaooutcs logoN + 1 6uToB.

WHudopmanroHHas SHTPONUS — Mepa KOJIMYecTBa HHPOPMAIUH.

OneHka acHMIITOTHMYECKON CIIOXKHOCTU PEKYPCHUBHBIX QJITOPUTMOB, OCHOBAaHHBIX Ha
OPUHIUIE «pa3fensiii M BIAacCTBYW» — TakuX Kak ObICTpas COPTHUPOBKA, ObICTpoe
npeobpazoBanue Oypbe U T. 1.

OObIYHO  YMCJIOBBIE  3HAYEHUS  XpaHATCS B HaMiITH  KOMIIBIOTEpa  HIIH
CIIENMATM3UPOBAHHOTO TIporieccopa B (opmate ¢ TutaBaromed 3amstoi. Ecmum, omHaxo,
CIIOKEHHME U BBIUMTAHUE JJISl TPYIIIbI JaHHBIX BBIMOJIHIIOTCS PEIKO, a YMHOXEHHE, JEJICHUE,
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BO3BCJICHUC B CTCIICHL U U3BJICUCHUC KOPHA — ropa3ao damie, Torga MMECT CMBICIT paCCMOTPETh
BO3MOXKHOCTh XpaHEHHsI TaKUX JaHHBIX B Jiorapupmudeckom popmare. B aToM ciydae BMecTo
YHCIia XPAHUTCS JIOTapudM ero MOAYJs U 3HAK, U CKOPOCTh BBIYUCIICHUHN Oiaromapsi CBOHCTBaM
jJorapupmMa 3HAYUTEIBHO TOBbImaercs. Jlorapudmuveckuid ¢dopmar XpaHeHHS ObLI
UCIIOJIb30BaH B HECKOJILKHX CHUCTEMaX, TJe I0Ka3al CBOK (M (PEeKTUBHOCTH

[Mpunanun BonbliMaHa B CTaTHCTUYECKOW TEPMOJMHAMHKE — OJIHA W3 BaKHEHIIUX
GYHKIMI  COCTOSHUST TEPMOAMHAMHYECKON CHUCTEMBI, XapaKTePU3YIOIIas CTEIEeHb ¢
Xa0THYHOCTH.

®opmyna LIH0IKOBCKOTO IPUMEHSETCS I pacyéTa CKOPOCTH PAKETHI.

VYpaBuenne HepHCTa CBSI3BIBACT  OKHCIMTEIHHO-BOCCTAHOBUTEIBHBIA  IMOTCHIUAI
CUCTCMbI C aKTUBHOCTAMH BCUICCTB, BXOIAIIUX B 3JICKTPOXUMHUUYCCKOC YPAaBHCHHUC, a TAKIKC CO
CTaHJAPTHBIMU 3JICKTPOIHBIMHU MTOTCHIIMAIAMHU OKUCITUTEIBHO-BOCCTAHOBUTEIBHBIX TIap.

Jlorapudm HCMONB3yeTcs B ONMPEICICHHUSIX TAaKUX BEJIMYMH, KaK MOKa3aTellb KOHCTAHTHI
aBTOIPOTOJIM3a (CAMOMOHU3AIMM MOJICKYJIbl) W BOJOPOIHBINH TMOKa3areidb (KUCIOTHOCTH
pactBopa).

Jlorapudmuueckas ciupalib MEPeceKacT CBOM PaauyC-BEKTOPHI MOJI MTOCTOSIHHBIM YTIIOM.
Ha ocHOBaHMHM 3TOT0 €€ HAa3BIBAIOT PABHOYIOJHHOW. ITO CBOWCTBO HAXOJUT CBOE IPUMEHEHHUE B
TexHHKe. Je10 B TOM, YTO B TEXHUKE YacTO MPHUMEHSIOTCS Bpamarouiuecss Hoxu. Cuma c
KOTOPOH OHH JaBAT Ha pa3pe3aeMblii MaTepual, 3aBUCUT OT yIjla pe3aHus, T.C. yria MExIy
JIC3BUEM HOXKAa M HAMPABJICHUEM CKOPOCTU BpamieHUs. s MOCTOSHHOTO IaBJICHUS HYXKHO,
YTOOBI YTOJI pe3aHusl COXPAHSJ IMOCTOSHHOE 3HAYCHUE, a 3TO OYAET B TOM CIIydae, €CIIU JIE3BHS
HOXEH odYepueHbl 10 Jayre Jiorapumuyeckor crmpaiu. BenuunmHa yria pe3aHusi 3aBUCHT OT
o0pabaTpIBaEMOro MaTepHara.

B rugpoTexHuke 1o jorapupMHUUECKON CIUPATA U3THOAIOT TPYOY, MPOBOISIILYIO MOTOK
BOJbI K JiomactsaM TypOuHbl. biarogapst Takoit ¢opme TpyObl OTEpU SHEPIUU HA HW3MEHEHHE
HAIpaBJICHUS] TEYCHUSI B TPYOE OKa3bIBAIOTCS MUHHMAJIbHBIMH M HAIOpP BOJBI MCIOJIB3YETCS C
MaKCUMaJTbHOU MTPOU3BOJUTEIIEHOCTHIO.

Haxumass Ha KIaBUIIM COBPEMEHHOTO pOSUIS, MbI, MOXXHO CKa3aTh, HIpaeM Ha
norapudmax.

Pemienue 3aganmii:

Nel. JIns oGorpesa moMelleHHUs, TemmepaTypa B koTopoM pasHa Tn= 20°C, uepes
pajuaTop OTOIUIEHHs, MPOINYCKAIOT TropsAuylo Boxy TemmepaTypoit Tp= 100°C. Pacxon
npoxonsauie yepe3 Tpyoy Boasl m = 0,2 kr/c. IIpoxoas mo TpyOe paccrosiHHe x (M), BOja
oxnaxaaercs 10 Temneparypbl T°C, npu uém

cm l T, — T,
_ o

X=a y 0g- T_T,

rae ¢ = 4200/ x/kr*C — TemI0eMKOCTh BOIbBI

v =42 Br/™m * °C— ko> punuent tennoobmena

a = 1,4 — mocrosiHHAA.

Jlo xakoit TtemmepaTypbl (B Trpamycax llenbcusi) oxmanurcs Boda, €ClH JUIMHA TPYObI

28 m?
(OTtBer: 60°)

No2. Omnpenenuth uHGOpPMAILIUIO, KOTOPYIO HECET B ce0e OJMH CHMBOJ B KOJHUPOBKAX
ASCII u Unicode.

Pemenne.

1) B andaBute ASCII npenxycMoTpeHo 256 pa3nuuHbIX CUMBOJIOB, T.€.

M =256,al=1log; 256 = 8 6ur = 1 OaiiT

Ortger: 1 Gaifr.
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2) B coBpemennoii komupoBke Unicode 3amoxkeHO ropa3fo Ooiblnee KOJIHYECTBO
CUMBOJIOB. B Helt onpeneneHo 256 andaBUTHBIX CTPaHMUIL 110 256 CUMBOJIOB B KaXIOM.

Takum o6pazom:

I =1log> (256 * 256) = 8 + 8 = 16 6ut = 2 Oaiita

Orser: 2 Oaiira.

IIpakTnyeckas padora Nel9
Tema 3.8 KontpombHas pabora mo pasgeny 3 «Crenenum u kopHH. CTemneHHas,
nokaszaresbHas U jorapupmudeckas GyHKIUN»
Heas: [IpoBepuTh ypoBEHb YCBOEHHS JAHHOTO Marepuana mo pasueny 3 «CreneHu u
kopHH. CTeneHHas, mokasareybHast u JJorapumuaeckast QyHKIIN»

Ilpu pewenuu 3adanuini 1-4 3anuwiume npasuibHBLIL Omeem U3 UYemblpex
nPeo10IHCceHHbIX.

1. Mex/1y KaKUMH AByMSI HATYPAIbHBIMH YHCIAMH HAXOAUTCS dncao v 19?
a) 19 u 20; B) 18u 19;
0)2u3; r) 3 u 4.
2. OnpenenuTe KopeHb ypaBHeHus x> = 125.
a) 3; B) —5;
0) —3; r) 5.

3 4
3. Pacnionoxure B mopsiKe BO3pacTaHus yucia: 2; V5 s V17,

a) 2; V5; V17, B) V5;2; V17,

6) 2; Y17, V5; r) V17; 2; /5.
4. YMHOXasl 9HClIa C OTUHAKOBBIM OCHOBAHUEM, X CTEIICHU:

a) JIeJIAT; B) CKJIa/IbIBAIOT;

0) YMHOXKAIOT; T') BBIYUTAIOT.

Ilpu evinonnenuu 3ad0anuil 5-8 3anumiume xo00 peuwieHus U NOJYUEeHHbLIL OMmeem.
5. Haiinute xopeHb ypaBHenus: 372 — 5- 3% = 12,

6. OnpenenuTe 3HaUeHNE BhIpakeHns logg 2 + logg 3 + 210824,
7. YKaxxuTe HauMeHbIIIee 1eJIoe penieHne HepaBeHcTna: logs (6x — 4) > 2.
8. Haiinute Touky makcumyma pyrakuun y = 8In(x + 7) — 8x + 3.

Smanonvt omeemos:

Homep 1 2 3 4 5 6 7 8
3aJaHUusA
OTtBer b T B B 1 5 x > 2%
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IpakTnyeckas padora Ne2(
Tema 4.1 PaBHOCMIIBHOCTD ypaBHEHUN U HepaBeHCTB. OOIME METO/IbI PEIICHUS
Hean: HayuuTscs onpenensaTs paBHOCUIBHOCTh YPaBHEHUH.

TeopeTnueckast 4acTh:

Omnpenesenue. /[Ba ypaBHeHHsI ¢ 0JHOM niepeMeHHoM f(x) = g(x) u p(x) = h(X) Ha3bIBaIOT
PaBHOCHJIHBIMH, €CJTH MHOYKECTBA UX KOPHEH COBIAIAIOT.

WNupiMu  croBamm, [Ba YpaBHEHHS HA3bIBAlOT PABHOCUJIBHBIMU, €CIM OHU HMEIOT
OJIMHAKOBBIE KOPHU WJIM €CIM 00a ypaBHEHHUSI HE UMEIOT KOPHEH.

IIpumepsl

1) VYpauenns #x— 3 =2x+ 3u2x =6 pappocunpHBl, T.K. KaKI0E M3 HHUX MMeEET
TOJIbKO OJIMH KOPEHb X=3.

2) Vpasueuns (¥~ 2)(x+5)=0wu x* + 35— 10 = 0 ape PaBHOCHJIBHBI, T.K. y HHX
OJTHU U TE K€ KOPHU ¥1 = 2,%3 = =5,

3) A BOT ypaBHeHHs % = 6 H 4x’ =16 ye PaBHOCUIIBHBI, IIOTOMY 4YTO Yy IIEpBOIO
YpaBHEHHUS KOPEHb X=2, a y BTOPOI'0 ypaBHEHUS JiBa KOPHS X=2 U X=-2.

W3 ompenenenus paBHOCHUIBHOCTH CIEAYET, YTO JBa YPAaBHEHMsI PaBHOCUIIBHBI, €CIIU
KKl KOPESHB MIEPBOTO YPABHEHUS SIBIISICTCSI KOPHEM BTOPOTO YpaBHEHHUS, © HA000POT.

Peienne ypaBHeHHs ocylleCcTBJIsSIEeTCS B TPH JTama.

[TepBeiii dTanm — TexHUYeCKwWit. Ha 3TOM 3Tame OCyHIECTBISIFOT TpeoOpa3oBaHUs IO
cxeme (1) — (2) — (3)— (4) — ... ¥ HAXOAAT KOPHU MOCIEAHETO (CAMOT0 MPOCTOT0) YPaBHEHHS
YKa3aHHOM LIENIOYKH.

Bropoit sram — ananmu3 pemenus. Ha sTom srtame, aHanu3upys MpOBEICHHBIC
peoOpa3oBaHys, OTBEUAIOT Ha BOIIPOC, BCE JIM OHU OBLIN PaBHOCHIIEHBIMH.

Tperuit atan — nposepka. Ecnu ananus, npoBeeHHBIN Ha BTOPOM 3Tarle, MOKa3bIBAeT,
YTO HEKOTOpbIE MpeoOpa3oBaHUsi MOIJIM MPHUBECTH K YPaBHEHUIO-CIEACTBHUIO, TO O0s3aTelbHA
MPOBEpKa BCeX HAWEHHBIX KOPHEH MX MOJCTAHOBKOW B UCXOJHOE ypaBHEHUE.

Peasm3anms 3T0ro njiaHa cBsi3aHa ¢ NOMCKaMHU OTBETOB HA YeThbIpe BOIpoca.

o Kak y3Hath, sBIs€TCS M MEepPexoa OT OJHOTO YPaBHEHHUS K JIPYTOMY PaBHOCUIbHBIM
npeobpazoBaHuemM?

o Kakue mnpeoOpa3oBaHus MOTYT TEepeBECTH JJaHHOE YypaBHEHHE B YypaBHEHHE-
ciencraue?

e Eciu MBI B KOHEUHOM HWTOT€ pEIIUIN YypaBHEHHE-CIEACTBHE, TO KaK CHAeNlaTh
NPOBEPKY B Cllydae, KOTJa OHa CONpPSHKEHAa CO 3HAYUTEIHHBIMH  BBIYHCIUTEIEHBIMU
TPYAHOCTAMU?

e B xakux ciygasx mpu mepexojie OT OJHOTO YPaBHEHHS K APYroMYy MOXKET MPOHU30UTH
noTepsi KOpHEH U KakK 3TOro He JI0MYCTUTh?

W3 xypca cpeaneil MKOIbl Mbl 3HA€M, UTO MOKHO CIeJIaTh CIeAYIoUIe Ipeodpa3oBaHus
ypaBHEHUM: THO00U 4JieH ypaBHEHHUSI MOKHO TIEPEHECTH U3 OJTHOM YacTH B APYTYIO, U3MEHUB €0
3HAK Ha MPOTUBOITOJIOKHBIN.

OO0e vacTi ypaBHEHHSI MOYKHO YMHOXXHTBH WJIM Pa3/IeIUTh HA OJHON M TO K€ YHCIO, HE
paBHOE HYIIIO.

Ecnu mpu mepexojie OT OHOTO ypaBHEHHS K IPYTOMY TIOTEpH KOPHEH HE TIPOUCXOIHT, TO
BTOPOE ypaBHEHUE HA3BIBACT CIICJICTBHUEM MEPBOro ypaBHEeHHs. MHaue, eciiu Bce KOPHH MEPBOTO
YPaBHEHHUS SIBJISIOTCS KOPHSAMH BTOPOTO YPaBHEHHS, TO BTOPOE YpPaBHEHHUS HAa3bIBACTCS
CJIEJICTBUEM TIEPBOTO YPABHEHUSI.

W3 sToro onpenenenus u onpeaeacHus paBHOCHIBHOCTH YPaBHEHUH CIIEyeT, UTo:

1. ecnu Ba ypaBHEHHUS PaBHOCHUIIBHBI, TO KaXKJ0€ U3 HUX SIBJISETCS CIEICTBUEM JIPYTOTO0;

2. eclli KaXJ0e W3 JIByX yYpaBHEHHU SIBISICTCS CIIEACTBHUEM JIPYTOTO, TO 3TH ypaBHEHUS
PaBHOCUJIBHBI.
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[Ipu pemieHnn ypaBHEHHH TJIaBHOE- HE TOTEPSATh KOPHHU, a HAIUYHE MOCTOPOHHUX
KOpHEH MOXHO YCTaHOBUTH MNpOBepKor. I[lodTOMy BakHO cleAWTh 3a TEM, YTOOBI TpHU
IpeoOpa30BaHNU ypaBHEHUS KaXk10€ CIEAYIOLee ypaBHEHUE ObLIO CIEACTBUEM IIPEIBIYILETO.

CTOUT OTMETUTH, YTO MOCTOPOHHUE KOPHU MOTYT MOJYUYUTHCS MPU YMHOKEHUU 00X
yacTell ypaBHEHMsI Ha BBIpAXKEHME, COJAEp)Kalllee HEU3BECTHOE; a BOT IOTEpPs KOPHEH MOKET
MIPOM30MTH MPH JETICHUH 00€UX YacTell ypaBHEHHs Ha BRIpaXKEHHUE, CoeprKallee HEM3BECTHOE.

Wtak, cpopMmynupyeM OCHOBHBIE TEOPEMBbI, KOTOPHIE HCIIOJIB3YIOTCS TPH PELICHUU
PaBHOCUJIBHBIX YpaBHEHHI:

Onpenenenue. O6macteio onpeneneHus ypaBHeHus f(x) = g(x) wuiam  00JIACTBIO
JOMYCTUMBIX  3HaueHud tmiepemenHoit (OJ[3) Ha3pIBalOT MHOXKECTBO TEX 3HAYCHUU
MEPEMEHHOM X, TPU KOTOPHIX OJHOBPEMEHHO UMEIOT CMbICT BhIpaxkeHus f(x) u g(x).

Teopema 1. Eciiu kakoi-1100 4ieH ypaBHEHHS MIEPEHECTH W3 OJTHON YacTH ypaBHEHUS B
JPYTYIO C IPOTUBOIOJIO0AKHBIM 3HAKOM, TO IIOJYYUTCS] YpaBHEHUE, PABHOCUIIbHOE JTAaHHOMY.

Teopema 2. Ecnu 00e yacTu ypaBHEHHUS! BO3BECTU B OJHY U TYK€ HEUETHYIO CTEIEeHb, TO
MOJIyYUTCS] ypaBHEHUE, PABHOCUIIbHOE JTAHHOMY.

Teopema 3. [oxasarensroe ypasuenne @ % = a?™*) (rre a > 0, a#l)

paBHOCHIILHO ypaBHEeHHIO f(X) = g(X).

Teopema 4. Eciiu 00e wactu ypaBHenus f(X) = g(X) yMHOXHTh Ha OJHO U TO XK€
BBIpakeHue h(x), koTopoe:

a) UMEET CMBICI BCIOQY B oOiactu ompezeieHus (B o01acTv JOMYCTHMbBIX 3HAUECHUM)
ypaBHenus f(x) = g(x)

0) Hurzme B 2TOM oOmactu He oOpamraercs B 0, To momyuutcst ypaBHenume f(x)h(x) =
g(x)h(x), paBHocuibHOE nanHOMY B ero O/13.

CaencrBueM TeopeMbl 4: eciii 00€ 4acTH YPAaBHEHHUS YMHOXKHTH WJIM Pa3JelUTh Ha
OJIHO U TO K€ OTIMYHOE OT HYJISI YUCIIO, TO TIOJTYYUTCS YpaBHEHHE, PABHOCUIIBHOE JAHHOMY.

Teopema 5. Eciiu 06e wactu ypaBHenus f(x)=g(x) neorpuuarenabusl B O3 ypaBHeHus,
TO TIOCJIe BO3BEIEHHUS OOEMX €ro 4acTel B OAHY M Ty K€ YETHYIO CTENEeHb N MOJyYUTCS

ypaBHEHHE (fG))™ = (g™ paBHOCHIIBHOE JaHHOMY B ero O/13.
Kparkas 3anmuce Teopem 4, S.
4. f(x) = g(x) ©h(x)f(x) = h(x)g(x), e h(x) #0
u h(x) umeet cmbica B O/I3 naHHOTO ypaBHEHUSI.
5. f(x) = g(x) & TEN™ = (D" | e f(x)>0, g(x)=0
u n=2k (4€THO€ unco).
Hanpumep, x —1=3;x=4
YMHOxkUM 00€ yacT Ha (X — 2):
(x—2)(x—1)=3(x—-2); x =4 u X =2 — NIOCTOPOHHUI KOPEHb= MpPOBepKa!
PaBHOCHIBHOCTH HEPABEHCTB C HEM3BECTHBIM OIPE/EIAETCS] aHAIOTUYHO.
HepaBenctBa, wMmeromme OIHO H TO JK€ MHOXECTBO pEIICHWH, HAa3bIBAIOT
paBHOCHJIbHBIMU. HepaBeHCTBa, HE MMEIOLIHNE PELICHUH, TAKKE SBISAIOTCS PaBHOCUIBHBIMH.

Pemenue 3aganmii:
IIpumep 1.
o=y —
PeurnM ypaBHenue: VX=X~ 2
Bo3Beznem B kBagpaT 00e 4yacTu ypaBHEHUS, IOJIYUUM:
— _ 2
x=(x—2)" koropoe He GyaeT PaBHOCHIBHO HCXONHOMY YpAaBHEHHIO, IOTOMY H4TO Y
3TOro ypaBHeHHs nBa KopHs ¥1 = LX2 =4 3 y mepBoHAYanbHOTO ypaBHEHHS TONHEKO OJWMH
KOpEeHb X=4.
IIpumep 2.
x—3
— =10
1. HepaBencrpa ¥< + 1 u X-3<0 paBHOCHJIBHBI, TaK KaK HMEIOT OJHO M TO K€
MHO’KECTBO pelIeHnH X<3.
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2x
=1
2. HepaBenctBa x — 1 n 2x>Xx-1 He paBHOCWIIBHBI, TaK KaK PELICHUSIMH IEPBOTO
ABIAIOTCA uncna X<-1 m x>1, a pemeHussMu BTOporo- unucia x>-1. IIpu pemienun HepaBeHCTB
OOBIYHO JJTAHHOE HEPABEHCTBO IIPE00Pa3yeTcsl B €My paBHOCHIBHOE.

Nel.
Euifiepy pARHOCHNLHLIE YPABHEHWA,
a dr=0G=9n7-1,2x=1
T 1

6§ —l=r=du—==—=
[ i

B (r—1)z+2)=0ujz+1)z—2)=0
r (2r—18)(4,2+40,7z) = 0w (dz + 30)(54 —6z) =0

T
A (2z—1)—(z+3)=zu _1=E]
I
T
e l{?r—lj—{;{:—ﬁj=:-:—*1ﬁ£1 =1

Ne2. Haiitu QpyHKIMIO, 0OpaTHYIO K JIaHHOM: a) y = —3X +2;6) y =2 — x°
Ne3. BbISICHUTD PaBHOCHIIBHBI JIN YPAaBHEHUS:
a)2x?-9x - 5=0wux(6x — 13) = 14x +15
0)5x*+4x—-1=0ux(2x +11)=-6-x2
Ne4. Pemnth ypaBHEHHE:
3 4x-1_x'+5
a)x-1 x+1  x*-1
x+2 3+4x _2(x-2)

6)X-2 x'-4  x+2

IIpakTnueckas padora Ne2l
Tema 4.2 YpaBHeHUsI 1 HEPABEHCTBA C MOAYJIEM
Heas: Hayuntbes pemarh ypaBHEHUST M HEPABEHCTBA, COJIEPIKAIINE 3HAK MOJYIISL.

Teoperndeckasi 4acTh:

[‘I. Pewenune ypagHeHui u HE‘paBEHCI’Bj

COAEPKALLMX 3HAK MOY A

€ MCIOALI0BAHREN no obmei cxeme

0 OIPETe.

reomMmerTp Li]

|a|=10, ecima=0,
—a, ecama <0,

1. | (x)] =a.
2.7 (=) =g =]
3.|f(x)| >a.
4.|f ()| <a.

o CMBICHA MO/LyH 1. Haiira OJ13.
| a| — pacemosnue na 2. HajiTh ByaHm Bcex
HUCADE0I NPAMOIL Om ODOAMOLYALHLX
a, eca a > 0, maoyuru O do moyku a. ymupmii,

3. OrmeTHTE HyAH Ha

013 m paztuars 013
HA NPpOMEeYTHH.

. Hajith pemenme B

KAMIOM HPOMEKYTES
(W NpoBEPHTH, BXOIHT
AH 3T0 pemeHHEe B
paccMaTpHBaeM bk
OPOMERYTOR).

C HCNOJALIOBAHKEM
CIEIHANLHLIX COOTHOMSHNI
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2. Ucnonk3oBaHme reoMeTpuHeckoro cveicna mogyna (npua = 0)

|[t|=a |[t|=ua
| ¢ -ul |t] < a llrl - a
-a 0 a P
1.|,|F(-.] a & Filx) = a wom F(x) a.
2. | fix) | g (x) | &= Fix) = g(x) mam fix) £ (x).
3,|,|Ffl.] i &= Fx) < —a mau F(x)>a.
4. |f(x)| f(x) 1(0>~4,
B X i = —i X il =
[f(x)<a.
OBobujeHue

T [g(x)=0,
5. 11N =8@) &) o) wam 1(2)--g(®).

6. |fix)|> g(x) = fx)<—g(x) wan f(x) > g (x).
[f(x)>—g(x),

T |f(x)<g@es-g@<fo)<gx)= “{;){g[x).

3. Mcnonk3oBaHue cneumansHLIX CooTHOLEHMA

1. |u|=u=uz0.

2. |lu|=—u=us<o.

3. |u|=|v|eu=1.

4. |u|>|v|e=2 u?>v’. Torga |u|- |v|>0 < u® - v*>0;

FHak pasHocmu modynell deyx swpameHull cosnadaem co FHAKOM pas-
HOCMU UX KEA0pAmos.

:H}'}!
5. |u|+|u|=u+u<=1--;y}ﬂ‘
[us (),
6. |u,|+|u|=—u—v=rclug“.
7. Ju|+|v|=|lut+v|euv 0.
8. |u|l+|v|=lu-v|=2ur<o.
9. |x-a|+|x-b|=b-—a=2axx<braea<h.

OObsicHeHHE 1 000CHOBaHHE

Pemrats mo60e ypaBHEHHE WM HEPABEHCTBO, COJIEpIKaIlee 3HAK MO, MOYKHO OTHHUM
U3 TPEX OCHOBHBIX CIIOCOOOB: MO OMPEAETICHUI0 MOIYJIS, HCXOS M3 T€OMETPUUYECKOIO CMbICIIA
MOJyJis WU o o01elt cxeme. HekoTopeie ypaBHEHMsI MJIM HEPABEHCTBA C MOAYJIEM MOTYT OBITh
TaKXe PEeleHbI C CII0JIb30BAHNEM CIIEIIUAIBHBIX COOTHOLICHUH.

B 3aBrcuMOCTH OT BRIOPAHHOTO CITOCO0A PENICHHS MOTyYaeM Pa3HbIE 3aIHCH PEIICHUSI.

Ilpumep 1. Pemute ypaBHenue | 2x — 4 | = 6.

I crioco0 (1o onpeneneHnto Moy )
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Pemenne KomMeHTapmid

1) Eciim 2x—4=0, (1) | Y1oObl pacKphiTh 3HAK MOIYIA IO

ONpelleleHHD,  PacCMOTPHM  [IBa
TO MOTy4YaeM ypaBHeHHe 2X — 4 = 0. | ciyyas:

Torma X = 5, 9TO0 VIOBISTBOPHAET I
VCIIOBHIO (1). 2x—4>0 H 2x—4<0

2) Ecnn 2x—-4<0, (2) |IIo OIpeIeIeHHID MOJIYIIEM
TOJIOAIITENIBHOTO (HeOTPHIATEIBHOIO )
TO TONy4aeM ypaBHeHHe —(2X —4) = 6. | qiicna sBAfeTcA caMo 3T0 9ICIO, 2
Torma x = —1, 9TO YIOBNETBOPAST H | MomyleM  OTPHIATENBHOIO  9IHCIA
VCIOBHIO (2). ABIAETICH  IPOTHBOIOINOXKHOE — €MY
qicno. IToatomy

OteeT: 5; —1.
npu2x—-4>0, [2x—4|=2x-4,a

mpu 2x— 4 <|0, [2x—4|=—(2x—4).

B KazI0M cIIydae pelaeM IoTydeHHoe
YpaBHEHIIE I BEIACHAEM,
VIOBNETBOpAET M  KaXKIBIH I3
HallIeHHEIX KOpHell TOMY VCIIOBHIO,
IIPH KOTOPOM MBI €70 HaXO0 IILIIL

1l cnoco0 (MCI0ab30BaHNE TEOMETPUUECKOTO CMBICIA MOIYIIA)

Pemenne KomMmeHTapHid

2x—4=6 umum 2x—-4=-06, C reomeTpidecKkoil TOYKH 3peHHA
|2x — 4| — 3T0 paccTosHHe OT TOUKI 0
110 TOYKH 2X — 4.

2x=10 mwm 2x=-2, Ilo ycrnoBIro ypaBHEeHIA OHO PaBHO 6,
HO paccTofHHe 6 MOXKeT OBITh
OTJIO:KeHO oT 0 Kak BIPaBO (IIOIydIaem
X=35 wm x=-1. 4HCI0 6), TaK I BIEBO (IIOTyIasM JICIo
—6).

Taxum oOpazom, paBeHCTBO

OteeT: 5; 1. | 2x — 4 | = 6 BO3MOKHO TOT/1a I TOJIEKO
TOrHa, korga 2x—4=6mm2x 4=
—6.

3ameuanme. [Ipu perieHnn ypaBHEHHs C MCIIOJB30BAaHHMEM I'€OMETPUUYECKOI'O CMBICIA
MOJTYJIsl 3HaK MOJYJSI PACKpPBIBAETCSI HESIBHO, TO €CTh OINpEIesIeHHEe MOJYJsl B SIBHOM BHJE He
MPUMEHSIETCS.

OOmiast cxema pemieHus] ypaBHEHUH W HEPaBEHCTB, COJEPXANIUX 3HAK MOIYJSl — 3TO
(akTHUECKH HEMHOTO M3MEHEHHBIH MeToJl MHTepBasoB. [losicHUM cozep:kaHue 3TOM cXxeMbl Ha
pUMepe YpaBHEHUS C IByMsI MOJIYJISIMU BHJIA

fX)+lg®)]=a (a>0).

UTo0Obl pemuTh 3TO ypaBHEHHE, HEOOXOJIUMO PACKPBITh 3HAKU MOJYJEH, a JJii 3TOro
HeoOxoaumo 3HaTh, rae ¢yHkmuu f (X) m g (X) OyAyT NOJNOXWUTENbHBIMH, a TAEe —
OTpHIATENEHBIMA. TO €CTh (PaKTHUECKH MBI TOJDKHBI PEIIUTh HEPABEHCTBA

f (x) > nnm <0, (1)

g (x) = <0. (2)

Kaxmoe u3 3THX HEpPaBEHCTB Mbl YMEEM pellaTh METOJ0oM HHTepBaioB. Ilepectpoum
IpUEM pelIeHUs] HEPaBeHCTB METOJIOM HWHTEPBAIOB TaKUM OOpa3oM, YTOOBI OH JaBall
BO3MOXXHOCTh OJHOBPEMEHHO peIIaTh KaXJ0€ M3 TOCIEIHHX HepaBeHCTB. Kak H3BecCTHO,
perieHre HepaBeHCTBA (1) METO0M MHTEpBAJIOB HaunWHaeTcs ¢ HaxoxaeHus ero O/13 (To ecth
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oOmactu onpenenenus Gynkuun f (X)), a pemenue HepaBeHCTBa (2) — ¢ HaxoxaeHus ero O/13
(To ectb obmactu ompeneneHus GyHKIEH g (x)). UToOBI HayaTh OJHOBPEMEHHO peIIaTh 00a
HEPAaBEHCTBA, HEOOXOAMMO HAWTH OOIIYI0 00nacTh onpeaeneHus s Gyakuuii f (x) u g (x), TO
ects HaliTH O/[3 nanHOro ypaBHeHMs (3TO M €CTb nep@vlll U3 OpueHmupos HeoOXOaUMON
CXEMBI).

UtoObl mpoaomkuTh pemenne HepaBeHCTB f (x) >mm<0 u g (X) >nm< 0 MeroaoMm
UHTEPBAJIOB, HEOOX0onMMO Hatu Hynmu ¢QyHkuui f (x) u g (X), TO eCThb HAWTH HYJHM BcCeX
MOAMOAYJIbHBIX PYHKIUIA (3TO U €CTh 8MOPOL OpUeHmuUp).

Ecin panee npuUMEHHTh CXEMYy METOJAa MHTEPBAJIOB OJHOBPEMEHHO [UIsl JIBYX
HepaBeHCTB, HeoOxoaumo Ha OJ/I3 oTMeTuTh HYJM NMOAMOAYJbHBIX (PYHKIHUIA W Pa3douTh
O/13 Ha npoMe:xXyTKH (3TO mpemuti opuenmup).

B kaxaoMm Hu3 MONMy4YEeHHBIX MPOMEXKYTKOB 3HaKW (yHkmuil f (X) m g (X) HE MOTyT
U3MEHUTHCA. Torga Mbpl MOXKEM HAWTH 3HAKH MNOAMOAYJIbHBIX (YHKUMI Ha KaMKIAOM
NMPOMeKyTKe (B JII0O0OM TOYKE 3TOT0 MPOMEKYTKA), PACKPBHITH 3HAKH MOJYyJell W HaHTH
pellieHre JAaHHOI0 YPABHEHHS] B KayKAOM M3 I3THX NPOMEKYTKOB (3TO U €CTb Yemeepmulii
opuermup ooweli cxemwt).

ObocHOBaHME BO3MOXHOCTH IPUMEHEHHUS PUBEICHHON CXEMbI K PEIICHUIO0 HEPABEHCTB
C MOJYJISIMU TIPOBOJAUTCS AHAIIOTMYHO.

3agaua 2° Pewrnre ypassenne |x — 5+ |2x + 5| = 3x.
Pemenne KomMmmenrapnit

P IMockoaery 3x =(x — 5) + (2x + 5), Bemnt obosmHaunmTs x — & = u o
TO JAHHOE VDPABHEHNE HMeeT BHI 2x+ b=v, T0Uu + v = 3x U gaHHOE
|uw|+ |v|= u + v, Ho s10 pamenmcTBOo | ypasmemme mmeer Bug |u| + |v]| =
MOMET BRINOMHATHCA TOTIA M TOABKO =u + v, A 00 COOTHOLIEHMIO D TaKOe
TOTHA, KOTOA YHMCTA U ¥ U — oba HeoT- | YpABHEHNE  DABHOCHILHO  CHCTEME
pHnaresabie. CaegopaTe bio, JaHHOES (=0,
YpABHeHNE — DABHOCHIBHGO  CHOTEME 1{: 30
f E x=h
4.-1'—-13'“. Oretona ' JaMeTnM, YTO JAHHOS VDABHeHmE
By +520, 1.1‘ _E_ MOMHO DELIATE I o obirefl cxeme, HO
- ‘ L)

2 Torga petmenme 6yvaer Goaee rpoMozd-
Taxmum cbpasom, x # 0. KITM.
Omaeent: [5: +99). <]

dagaua 3 Pemrnre mepaseserso | 2x — 5|5 7.
Femersne Komumesrtapmit
P VunThIBAA TeoMETDHUeCHHH CMBICT HepaseHeTED BHOA |f{x} | % a (rge
MOOVIA, DOIVYaeM, 9T0 SAJAHHOE He- a > () voobHO pelIaTs, HCOoIbSYHE Ieo-
PABEHCTED PABHOCIIIBHD HEDABEHCTEY mMerTpHuYecknil cmecn mogyvaa. Ilo-
-7 2x -5 T. (1) CHOTBKY SAJAHHOE HEPABEHCTBO — 3TO
Torma -2« 2x = 12, TakuM obpasoM, HepaseHeTEo Buza |t| € 7, a mogyme
-1 x= 6. 9HCIA — 8T0 PACCTOAHNE HE HKOODIH-

HaTHOR npamoil or Touwm, msobpasxa-
wmelf gaEHECE YHeT0, Do ToukHm 0, To
SAMAHHOMY HEDABEHCTEY VIOBIETBODH-
0T BCE TOUKH, HAXOOAINECA B ODOME-
myTtwe [-7; 7). Tammm obpasom,
-7 % t = 7. Econ BOSHHNKAIOT SATDYVI-
HEHHA ¢ PEIIEeHNEeM ABORHOTO HEDABEH-
crea (1), To ero saMEeHANT HE PABHO-

[2x-53 -7,

CHILHYIO CHCTEMY N
121‘ =BT,

Omeem: [-1; 6]. <]
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Penrenne 3aganunii:

Pemire ypaBHeHUST 1 HEpaBEHCTBA, cojaep KaIiie 3Hak moays (1-15).

1. 1) |3x-5|=T;

2. 1) |2x - 8|>b:
3. 1)|x=-2 =-2x-1=10;

D]x-—1]|+|x—3|=2;
H|x+5|+|x—-8|=13.

5. 1) |x+3|<x-2;
H|x+3|+|x—-1|<|6- 3x|
1) Vx?-2x+1+|x-2|=1;

1) V' —dx+4+x =8

I.rﬂ—dx|—3_
.:rg-l-lJ:—E-l_
9. 1) ||x-1|-2
10. 1) | x® — 4x | < 5;

11. 1) 3 [x -1 |+ - T=0;
1) lx3lex o

+

1
=1-

»

8. 1)

12,
r+2

Dx-1|-5|= 2:

1) |x — 2x%|> 2x° — x;
4
|x+3]|-1

13.
14.

15. 1) #|x+2);

2) |8 - 4x|=86;

2 |8-5x|=<T;

3) |x® - 5x|=6.

3) ﬂ‘}i’.:

x+1
2+ 3x+ |x+ 3| =0.

4)

2.r-fi|
=—_———l<1.
x=-h

2}|x+ 1|+|x—5|=2ﬂ;
|x+1|+|x-2|s 2x-1;

2) Jx'+dx+4+|x|=x+5.

2) V16-8r+x? +Jx?+2¢x+1=5.

4
) i
2)||2cx—4|-5]|=3.
2| xF-x—-6|=>4.
2)|x-6|22"-5x+9.
1 1
}lrl—ﬂ{ﬁ'
-1+ |x+2|-|x—3|>4.
2 [x*+x—-20|< £+ x— 20.
1

mkll’-ll

=|x+1|.

2)

IIpakTyeckas padora Ne22

Tema 4.3 YpaBHeHUs U HEpPAaBEHCTBA

C ImapaMeTpaMu

Hean: Hayunutbes pemars ypaBHEHUs U HEPABEHCTBA, COJEpIKaIlINe apaMeTp.

Teopernyeckas 4acThb:

HarmoMHHM CMBICTT BBIpaXKEHHUS «PELINTH C MApaAMETPOM» — MOKHO peliaTh YpPAaBHEHUS,

HEPAaBCHCTBA, CUCTCMEI C MIApaMCTPOM.

Pemmmte 3amauy, Hampumep ypaBHEHUE

flx,a) =10

WM  HEPABCHCTBO

flx,a) =0 c

napameTpoM a — O3HA4YacT «r[epe6paTL» BCC 3HAYCHUA IapaMeTpa U Ui KaXIOro M3 HHUX

YKa3aTb OTBCT.

1. Pemenue ypaBHeHUH ¢ TapaMeTpoOM
[TosicHrM Ha pocTeNIMX TpUMEpax.

IIpumep 1 — pemnTh ypaBHEHHE ¢ TApaMETPOM:
ax=1

d
3aaya COCTOUT B TOM, YTOOBI JIJIsl KaX/I0T0 3HAYEHHs MapaMeTpa - peuIuTbh YpaBHEHHE

X
OTHOCHUTCIIBHO .

a=2 . o
[Tycth , TOTJ]a UMEEM IIPOCTEMNIIEE IMHENHOE YPaBHEHUE:
1

2x=1ox=—
2
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B of0mem ciydae B 1aHHOM ypaBHEHHWH BO3MOXHBI JBa BapHaHTa PEUICHUS — KOTAa
MOXXHO JIeNTUTh Ha KOA((HUIIMEHT a 1 Koraa Hellb3sl, He0OX0uMO TepedpaTh BCE JOIMYCTUMBIE
aeER

3HAYCHMsI mapaMeTpa a ( )

a==~0
PaccmoTpum nBa ciyuas. Ilpu Mbl HE€ HMMEEM IIpaBa pa3leiuTh EIUHUIlY Ha

KO3(QULMEHT a, O3TOMY IOJCTABIsIEM 3HaUEHUE HOJIb B 3a/laHHOE YPaBHEHUE U U3Yy4aeM €ro.
[Tpu m00BIX APYrUX 3HAYEHUSAX @ UMEEM IIPABO BBIIIOJIHUTH JCJICHUE:

a= { a==~0 {El:l] {EI=IJ
{ax=1 D=x=1 0=1 xED

{aiﬂf_} a0 “|lmaz0® a=10

- 1 1 1
a a a
1
a=0 ! a0x=
Ortsert: npu peLIeHU! HET, Ipu 2

PaccmoTpuM penienre npocTeniiero HEpaBeHCTBA € MapaMETPOM.
2. PelieHrie HepaBEHCTBA C ITApaMETPOM

PaccmoTpuM penienre npocTeniiero HEpaBeHCTBA € MapaMeTPOM.
[Ipumep 2 — pemiuTh HEPABEHCTBO C MAPAMETPOM:

ax =1

Ecnmn a — KOHKpeTHOE 4YHCIIO, MBI MOXEM JIETKO PEUIMTh 33/JlaHHOE HEPaBEHCTBO,
HarpuMmep:

1 1
a=2:2x=>= 1<—rx}i;a=—2: —Zx}le}c:‘:—i

y Hac e ecTb KodduiueHT a B 001em Bujae. PaccMorpum Tpu citydas:

-E|=l:l {3:'] a=0
{ax::l ﬂz% i%
{aac‘:l]e a 1<—> a 1
x=1 X = X =
a=0 2 a
{a i a=0 a=0
Llax

x}l x?l

L a L a

1 1

Orper: a=0 L a< 0X= a=0%~>
TBET: TIPU pEUIEHNUN HET; IPU ; TIpH

[Ipumep 3 — pemuTh ypaBHEHHE C TAPaMETPOM:

x—5
JlpoOp paBHa HYNIO TOTJa W TOJIBKO TOTJA, KOTJA YHUCIUTENh €€ paBeH HYJ0, a
3HAMEHATENb HE PAaBEH HYIIO:

{x —a=2=0 o {x =a
Xx—5+#0 X+5
3HaueHue mapameTpa MOKeT ObITh II0ObIM. PaccMoTpuM ABa ciyyast:
a=>5
Xx—5
x—5 0
a#bh
X—a
—5 =0

. XxX=a
IIpu 3TOM 1nOJIy4aem B IEPBOM Cllydae: X ¢ OJHOW CTOPOHBI PAaBEH IIATH, T. K. ,ac
JIpYroil CTOpPOHBI HE paBeH IATH, T. K. 3HAMEHATENb APOOU HE MOXKET ObITh paBeH HYJIO, KpoMe
o
_—— ':I
TOTO MOJTy4aeM BeipaxkeHue ° , @ TAKOT'O BBIPAKEHUS HE CYILECTBYET.
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a*bhbx=a

Korna , IPOTUBOPEYHIT HE BOBHUKAET

a=>=5 o a*bx=a
OtBert: npu peuIeHuil HeT, pu *
[Ipumep 4 — pemnTh ypaBHEHUE C TAPAMETPOM:
\."E =a

3HayeHHe a MOXXeT ObIThb JIOOBIM, HO KBaJIpaTHBIA KOpPEHb
HeoTpHIarenpHoe yncio. CieoBaTeIbHO, PACCMaTPUBAEM JBA CITydast:
{ a=0 { az0

VE=a x = a’

a=10 a=10

{\."E=EI {XEE'
OTBeT:HpHaEDx=az;npﬂac:l3x5@

3. Penienue nppalilnoHaIbHOTO YPaBHEHHUS C TApaMETPOM
Pemum nppannoHaibHOE HEPABEHCTBO € IaPaMETPOM.
[Ipumep 5 — pemnTh HEPABEHCTBO € IAPAMETPOM:

YEX = a

I/IccnenyeM JAaHHOC HCPABCHCTBO.

CTpOTO

X CTOUT IIOJ 3HAKOM KBaJApPaTHOI'O0 KOPHA, 3HAYUT AOMYCTUMBLIC 3HAUCHHUA IO X - BCC
HCOTpULIATCIIbHBIC 3HAYCHUSA. 4 MOXKCT IIPHUHUMATH JII00BIE 3HAYEHHS. paccMOTpUM TpU Cirydas.

d a =
Ecau © Mmenbie HYJId U KOPCHb CYIICCTBYCT, TO HCPABCHCTBO BBIINIOJIHACTCA. Ecau

0 .
, TIOOOH

. a
HEOTPULATENbHBIM X YAOBIETBOpPSAET HepaBeHCTBY. Eciu ke = Ooibllie Hyssd, UMEEM IpaBo

BO3BCCTH B KBaJpar:

_’Eld:u -{Eld:ﬂ
Wx=a ng
r a =
a==0 =0
Wx=a ‘”X_ﬂ
- X=
a'_:::l] 2= 0
Liyx=a [ 1% = 52
0 . a=0x=10 a>0x=a’
TBET: IIPU ; TIpA

PaccmoTpuM pemieHne JaHHOrO HEpaBeHCTBAa rpaduueckuM MeTtofoM. Jlns atoro

|

. . = /x
CHaYaga CTPOMM rpaduk (YHKIMHM, CTOSmIEll B JIEBOH wacTh: ) V', 06JACTh ONPENEICHHUs

o x=0
JaHHOW (YHKIIUU .

HaxXO0JUM TOYKHU IICPECCUCHUS.
K 0 1 2 3 i 5 & 7 g 3 10

X—
-1 0 1 2 3 4 5 & 7 g 9 0

Paccekaem IMNOJIYUYCHHYIO KPHBYIO CEMENCTBOM MMpAMBIX

y=a,

a==0 o
[To pucyHKy O4Y€BHIHO, YTO KOTIA , KpuBasg HAaXOJWTCA HAJA TMPSIMOU TIPU BCEX

AOMMYCTHUMBIX X, TO €CTh IMIPHU BCCX JOMYCTHUMBIX X HCPABCHCTBO BBIIIOJIHACTCA.
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Ecnu a nmonoxurenpbHo, KpUBasi UMEET €IMHCTBEHHYIO TOUKY IEPECEUEHMs C IPSIMON U
KpUBas HAaxXOJUTCS BhIIE MpPSAMOM @paBee TOUKM IepecedeHHs, adciucca TOUYKU

X X=Fa
IepeceueHus , IO3TOMY pEIICHHUEM HEPABEHCTBA SABIIACTCA = —

O‘-ICBI/II[HO, 4TO OTBCT COBNAAACT C OTBCTOM IIPHU PCIICHHUUN aHAJIMTUICCKUM CII0COOOM.

j— r

=

[Ipumep 6 — pemuTh ypaBHEHUE C TAPAMETPOM:

Eh,,"; =0

[IpousBeneHne IByX MHOXKHUTENEW paBHO HYIIO TOT/Ia M TOJBKO TOINAa, KOTJa XOTs Obl
OJIMH U3 MHOHUTEJIEH PABEH HYJIIO, @ BTOPOU MPHU 3TOM CYLIECTBYET.

a=2=~0
PaccmatpuBaem nBa BapuaHta — JHOO , HO KOpEHb TMpU 3TOM JIOJKEH
x=10
CYIIECTBOBATh, JTMO0 , B TAKOM ClIy4ae a — J11000€ Yuclio:
a=2=o0
=0
Cer
ER
a=0=xe|[0;+o ax0x=20
OtBert: npu [0;:+ :]; npu *

Pemenue 3ananuii:

Nel. Pemnth ypaBHEHHE € TapaMETPOM:
ax+ 2 =-5,

a) ;

6) —33}{ = 4."
B) ayjx— 5= lZI;
2xta __

r) x—4 B .
No2. PeminTh HEPaBEHCTBO C MAPAMETPOM:

—dax < 5,
a)

2

ayx ==
v 7.

0) ;
ax+1 = 0

B) x+3 ;

r)a-l- V=1

b

IIpakTuyeckas padora Ne23
Tema 4.4 KonrponbHas padota o pazneny 4 «YpaBHEHUS U HEPABEHCTBa»

Heas: IIpoBepuTh ypoBEHb YCBOCHMS AAHHOIO MaTepHaia Mo paszueny 6 «YpaBHEHUS U
HEPABEHCTBA»

Ilpu pewenuu 3adanuii 1-4 3anuwiume npPasUNbLHLII OMEemM U3 Uemblpex
nPeOI0IHCEHHBIX:

1. (1 6aimn) Kakoe 3 gucen sBiseTcss KopHeM ypaBHeHus log,(x+ 1) = 1

A)-1;b5)2;B) 1;1)0.

2. (1 6amn) Kakue u3 ypaBHeHU UMEIOT OoJiee 0JTHOTO KOpHs?

A) x2-6x+5=0; B) 3*2=9; B) (x-4)(x+3)(x-8)=0; I') 2x-7=0.

3. (1 6amn) Onpenenute BUI ypaBHEHUs V—32 — X = 2

A) nuneitHoe; b) kBanpaTHoe; B) uppanuonansHoe; ') pannonansHOe.

4. (1 6amn) OnpesenuTe HaMMEHbIIIEE EJI0e PEelleHHe HepaBeHcTBa 5¥2<1?

A)-3;5)0;B)3;T) -4.

92



Ilpu évinoanenuu 3a0anuil 5-8 3anuwiume x00 peuwienus u nOJIy4eHHbLIL OMeEem.
5. (2 6amna) Halimute KOpeHb ypaBHEHHS | x-3 | =2

—y =38,

6. (2 6anna) Pemute cuctemy ypaBHEHUI {2§_3 3} 16,
2_

7. (2 6anna) Pemute HepaBEeHCTBO 2K <

x—

8. (2 6amna) Pemmre ypaBuenue (2x — 3)V3x2 —5x—2 =0

Smanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3adaHUsA
OtBer B B B A 1;5 (10; 2) (-o0; 0]; [2; 3) -1;6

IIpakTuyeckas padora Ne24
Tema 5.2 Tlonarue npousBogHOM. PopMynsl U paBuia AuddepeHurnpoBanus GyHKIUN
Heab: OmnpenenuTs CyHIHOCTh MOHSTHUSL INPOU3BOJHASA, HAYYUTHCS BBIYUCIATH
MIPOU3BOJHYIO, UCIIOJB3YS MPEIEIIbI.

Teopernyeckasi 4acTh:

[IpousBonHas - riaBHeilllee NOHATHE MaTeMaTHYecKoro aHainsza. OHa XapakTepu3yeT
u3MeHeHue (YHKIUU apryMeHTa X B HeKOTOpo# Touke. [Ipu 3ToM 1 cama npou3BoaHas SABISETCS
(GyHKIMEN OT apryMeHTa x

o = X
IIpoussoonoii ghynkyuu y=J :IB TOYKe * Ha3pIBaeTCs Mpezei (€Ciau OH CYIIECTBYET U
KOHEYEH) OTHOLIEHWS MpUpalleHHus (YHKIUHM K MPUPAIEHUI0 apryMeHTa MpH YCJIOBHH, UYTO
MIOCJIETHEE CTPEMUTCS K HYIIIO.

To ecTs,
. . : +hx)—
Fixr=lim 2 Aim Jlx+hx) f{x}.
ax—=0 Ay Ax—0 B
Haubonee ynorpeOUTenbHbI CIEAYIOIIUE 0003HAYEHUA NPOU3EOOH O

P dWw
yi fxh odx’ dx
AJNTOpUTM HaxO0K/ICHUS TPOU3BOIHOU
LI .
f'(xo)
Ax
1) 3apmate npupalieHue — 9TO NpHUpPALIEHHWE AaApPryMEHTa W  BBIYHUCIUTH
Ay Af =[x+ Ax) — f(Xo)
WIH .
Af
2) Haiitu pa3HOCTHOE COOTHOIIEHHE 4%, yIIPOCTHTH €ro U COKPATHTh Ha

Af
Aa Ax =0

3) Ecam orHomenue 4% mpu CTPEMHUTCSI K KaKOMY-TO YHCIy, TO 3TO YHUCIO

fl(xu)_

J151s TOrO YTOOBI HAUTHU HY)XHO:

COOTBETCTBYIOLIEE MTpHUpaIleHre QyHKIHH

Ax

Oyner

Pemenne 3aganmii:
IIpumep 1. [Tons3ysck onpeaeseHueM NPOU3BOAHOIM, HAUTH IPOU3BOIHYIO (DYHKIMH

y=afx+1

Pemenue. N3 onpenenenust mpou3BOAHON BBITEKAET CICAYIONIAs CXeMa €€ BHIYMCIICHUS.
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https://interneturok.ru/lesson/algebra/10-klass/proizvodnaya/opredelenie-proizvodnoy-eyo-fizicheskiy-i-geometricheskiy-smysl-algoritm-nahozhdeniya-proizvodnoy#mediaplayer

Jlanum apryMeHTy npupalieHue (1enbTa) U Haiiém npupamieHue QyHKIum:
Ay =afx+hx+1—ofx+1
Haiiném oTHomeHue npuparienus GyHKINU K TPUPAIICHUIO apryMEeHTa:

Ly N'rx+ﬂx+1—\.'rx+1 _

fiks Ax

(\f‘x+ﬂx+1—Jx+1)(~,fx+ﬁx+1+~,:‘rx+l) _

B ﬂx(\u’x+ﬂx+1+«fx+1)

_ A+ix+1-(x+1)
ﬁx(-qfx+ﬁ.x+1 +\'JX+1)

_ Az
- ﬂx(ﬂ’x+ﬂx+1 +qfx+1)

1

Jx+ﬂx+1+\.'rx+1-
Bpruucivm mpenen 3TOrO0 OTHOLIEHUS IPU YCIOBHM, YTO MPUPALICHUE aApTyMEHTa

CTPEMHTCS K HYJIIO, TO €CTh TPEOyEeMYIO B YCIOBUH 33Ja4U IIPOU3BOJHYIO:

: 1
litn =
i~ Jx+1&x+1 +\."x+%

NS EN e RN

Ipumep 2. Haiitu npon3BoHYI0 GyHKINN

y= fix)=2x"+1.

Pemenne. I3 ompeneneHus NpOU3BOAHOM BBITEKAET CIEAYIOIIAas cXxema g €€
BBIYMCIICHHUS.

Hlar 1. /lagum aprymeHTy npHupalieHue A%y naiiném
y+hy=F(x+hax)=20x+4x)" +1=

= 2x* +4xehn 4+ 20An)° +1.

ar 2. Haiiném npupaiienue QyHKIUH:

My = f[x+ﬂx:l—f|':x:l=

=[2x® +4xeax+2(ax)’ +1]- (227 +1)=

= dxehx+2(Ax)"

ar 3. Haiiném oTHomIeHNe npupalieHus GyHKIUU K IPUPAIIEHUI0 apryMeHTa:
by dxehx+2(Ax)  Ax(dx+24x)
Ax Ax A
=dx+2hx

[ar 4. BerunciuM npeen 3Toro OTHOLEHUS TIpU Lx =0 10 coms IIPOU3BOJIHYIO:
y = f(x)= lim (4x+242) = 4x

IIpumep 3. Haiftu npou3BoAHYIO (QYHKIHMH Y =\EI/I 3HAQYEHHE HTOW IPOU3BOAHOU

npu = q
Pemenue. Bocnionb3yemcst cxemoit, npuBei€HHOM B ipumepe 1.
Har 1.
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y+iy=Fflx+hn=Jx+ix

[ar 2.

Ay = Flx+Ax) — F(x) =[x+ ix -7
[Iar 3.

by «.,l'x+&x—ﬁ

Ar Mx '

[Iar 4.

ax—0

3= £ = lim Y = lim —”“‘E_‘E.

a0 A

BhIpakeHHe 110/ 3HAKOM Tpezena e ompenenero npu L% = U (weonpenenénnocts Buna
0/0), mosTomMy mpeobOpa3zyem ero, W30aBHBIIKUCH OT MPPAMMOHAILHOCTH B YUCIIHTENE W 3aTEM

COKpPAaTUB JpoOb:

y'=lim

(w\f'x+ﬁx—u"';) («u'x+ﬁx+~u';;_:) _

Mx

5 [t hr 4 45)

= lim !

1
ﬂ**”\frx+ﬂx+\.'; - E\E-

W Ny e )

Haiiném 3HaueHue npou3BoaHOM npu + = 9 :

yoo=F (@ =1/(240)=1/6,

IIpakTnyeckas padora Ne2$S
Tema 5.2 Ilonsrue nponsBogHoi. @opMyisl U IpaBuiia AMPPepeHInpoBaHus PyHKINUN
Hean: HayunThcsi BBIUUCIATH NPOU3BOAHYIO (DYHKIMH, UCTIONB3Ys (GOPMYIIBI U MpaBHiia

mudhepeHIMpOBaHUS.

Teopernyeckas 4acrThb:

®opmysl AU hepeHInpOBaHUS

1. ¢" =0, ¢ = const
) (x”) — sx” L
] (ax) =a”-lna

2
3
4. (ex)' =e"
5 1

xlna
6. (h’lx)r _1
X
7. (sinx) = cosx
8. (cosx) = —sinx
' 1
9. (Wx) =
(/) 2+/x
10. (tgx) =~
cos” x
11. (ctgx)' =— — 1,
ST x

12.

13.

14.

15.

16.
17.

18.

19.

(arcsin x)' =
w1 —x™
(arccosx)' = — 1 —
1—x~
(arctgx) =
1+ x=
(arcctgx)' _ ! -
1+ x=
(shx) =chx
(ch x)' = sh x
’ 1
(thx) =
ch?x
’ 1
(thx) ———L
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[Tpu BBIYUCIICHUH MIPOU3BOIHOM UCTIOJB3YIOTCS CIIEIyIOIIHE IpaBuJIa
nuddepennupoBanus. [lpaBuiio nuddepeHnupoBanusi CcyMmMbl IBYyX (DyHKITHH.

[TpousBoaHas cymMmMBl paBHa cymme pou3BoaHbIX: (f(x) + g(x))' = f'(x) + g'(x).

ITonpobHO »3TO cCBOMCTBO mpou3BOAHON (opmynupyercs Tak: Ecnu kaxnas us
byukuuu f(x) 1 g(X) UMeeT NPOM3BOIHYIO, TO HX CyMMa TaKKe HMEET IpPOU3BOAHYI0 U
crpaBeaauBa Gpopmya.

[Tpon3BoaHasi CyMMBI HECKOJIBKUX (DYHKIIMU paBHA CyMME IIPOM3BOIHBIX 3TUX (YHKIHU:

(f(x) +...+ gx))' =f'(x) +...+ g'(x).

[Tpou3BoaHas pa3HOCTH paBHA pazHOCTH Mpou3BoAHBIX: (f(X) - g(x))' = f'(x) - g'(x).

A Ternepb pacCMOTpPUM IIPUMEpP IPUMEHEHHsI JaHHOTO NpaBuiia AuddepeHunpoBaHmsl.

Paccmotpum BTOpOe mpaBuiio nuddepeHmpoBaHus:

ITocTOSIHHBIM MHOKUTEIh MOXKHO BBIHECTH 32 3HAK MPOU3BOHOM:

(cf(x))'=cf"' (x)

Ilepexoaum k Tperbemy mpaBuiay auddepenunpoanus. [IpousBoanas mpousBeneHus
paBHA NPOU3BEACHUIO IIEPBOI0 MHOKUTEIS Ha BTOPOH ILIIOC IIEPBBIA MHOXKHUTENb, YMHOKEHHBIN
Ha Mpou3BoAHYI0 BToporo. (f(x)-g(x)) '=f' (x)-g(x)+H(x) g' (x)

Yerpeproe mnpaBmio auddepeHUNPOBAHUS: IPOU3BOJHAS  YAaCTHOIO  paBHa
IPOM3BOHON YMCIMTENS] YMHOXKEHHOI'O Ha 3HaMEHATelb MMHYC YHMCIUTEIb YMHOXXEHHBIM Ha
IIPOM3BOJHYIO 3HAMEHATENS U BCE 3TO JIEJICHHOE Ha KBaApaT 3HaMEHaTeJIsl.

(f(x} ) g — Fx)g'(x)
glx)) g°(x)

Pemenue 3ananuii:

Mpumep 1.

Haiinem npou3BoaHy0 GYHKIUH: flx) = 2x* +4x

Pewrenue:

MPOM3BOJIHAS CYMMBI paBHAa CyMME NpPOU3BOIHBIX. HalijieM NpOM3BOMHYIO KaXJIOTO
CJIaraeMoro

Fiix)=02x2+4x)" = (2x%)" + (4x)’

filx)=4x+4

Orper: f'(x) =4x +4

IIpumep 2.

Haiitu npoussoanyio Gpynkimu f(x)=8x>+3x%-x.

Pemenne:

f(x)=8x>+3x2-x

£ (x)=(8x%)’+(3x%)’-x’

PaccMoTpuM KaxpIil 4jeH MHOTOWIEHA 110 OTJEIbHOCTH

(8x3) '=8(x%) '=8-3x°=24x>

(3x?) '=3(x?) '=3-x=6x

(%) '==(x) = -1

' (x)=(8x>) +(3x?) '-x'=24x>+6x-1.

Otser: f' (x)=24x>+6x-1.

IIpumep 3.

Haiitu npousBoanyro ¢pyukmmn f(x)=(3x-4)(4-5x).

Pewrenue:

Bocnonszyemcs popmyiioi mpou3BOgHOM MPOU3BEICHUS

f (x)=(3x-4) ' (4-5x) + (3x-4)(4-5x) '=3(4-5x)-5(3x-4)=12-15x-15x+20= 32

Ortgert: f' (x)=32

IIpumep 4.

Ix— 2
Haiitu npon3BoaHyr0 QyHKIHH * x+3
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Pemenue:

Bocnons3yemcs popmyiioi mpon3BOIHON YaCTHOTO:

() = (GBx —2)"(x+ 3}—(3x—2}(x+3}’_3(x+3}—(3x+ 2) 3x+9-3x—-2 7
= (x +3)2 = (x +3)2 T x+3)? (x+3)2

7

f %) =——
OTBer: ® {(x+ 3)°

IIpakTnyeckas padora Ne26
Tema 5.4 Ouznueckuii 1 reOMETPUUECKU CMBICI IPOU3BOTHOM
Heas: Onpenenuth (U3NUECKUN M TEOMETPUUECKUNA CMBICI MPOU3BOJHOM, HAYUUTHCS
pelaTh 3aJauu Ha IpUMEHEeHHEe (PU3NYECKOI0 U FEOMETPHUECKOTO CMBICIIA.

TeopeTnyeckas 4acThb:

T'eomer Puqeclcm‘i CMBICJI IPOU3BOAHOM
——————— ¢ B
Af
A C
A X
ECAW Mbl paCCMOTPUM NPAMOYTONbHbIA TpeyronsHuk A B, To sameTum, uto %i- ecte tgBAC.

A npu cTpemneHun AT K Hynto, Touka B Byaer npununkatsca k Touke A n cekywan AB «npeepaTutcas g
KacaTenbHyio K rpacduiy dynkumn f(x) 8 Touke A(zo; f(20)).

MosToMY reoMeTpHYSCKHi CMBICN NPOM3BOAHOW TaKoB:

MpouseodHas B TOUKE X PAEHA TAHTEHCY YINa HAKMNOHA KacaTenbHOMA K rpapuky dyHkuwm f(x) B 570
TOuKeE!

f'(zo) = tgo,

rAe (x — Yrofl HaKknoHa KacaTenbHoi (Nposeaennoi K f(x} B T. Zp)

KacarcibHas
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DuU3HYeCKUN CMBICJ POU3BOIHOM

EcnwW ToYKa ABMMETCH BAOME OCHM ' M €€ KOOPAWHATLI M3MEHAKTCH MO 383KOHY ;I-'{:f), TO MrHOBEHH&A CKOpPOCThE

TOYKK!

{'{f'] = ,n"Jl(l'\J,

d YCROpEHKWE!

a(t) =v'(t) = x"(t)

Mpumep. MaTepuanbHas TOYKa ABMKETCH NpAMOAMHERHO no sakoHy X (1) = 612 — 48t + 17, rae ax(t) —
PACCTORHWE OT TOMKM OTCYETA B MeTpax, | — BPEMA B CEKYHAAX, M3MEPEHHOE C HAYaNa ABMKEHUA. HalauTe
ge CKOpOCTh (B METpax B CeKyHAy) B MOMeHT epemenn T = 9,

v(t) = 2/(f) = 12t — 48;
v(9) =129 — 48 = 60 m/c

OTeeT: 6l

Penrenue 3aganuii:

Nel. Haiigure yrioBoi ko3¢ duumeHT kacaTrenbHON, MPOBEACHHOM K rpaduKy QyHKIHHI
f(x) = 14x - x2 + 5 B Touke ¢ abcmuccoit x0 = 3.

No2. Haliaute TaHTeHC yria HakJIOHa KacaTenbHOU K rpaduky pynkuuuf(x) =+ 12x -3 B

TOYKE ¢ abcuuccoun xo = 2.

Ne3. [Tpu nBUXkEHUH Teja 10 NPSAMOM pacCTOSHUE S (B METpax) OT HAYaJIbHON TOUYKU
M3MeHseTCs Mo 3aKoHy S(t) = - 42+ 15t + 2 (t - BpeMs ABMKeHHUs B ceKyHax). HailTu ckopocTs
(m/c) Tena yepes 3 CeKyH/IbI ITOCIIC Havaja JIBHKEHUSI.

Ne 4. BBITOTHATE 3a1aHUS

BapuaHT Ne 1

1.  Haiigure
KacaTelIbHOM,

YIJIOBOH  KOA(PPHUIHUEHT
MPOBEJIEHHOW K Trpauky

dynkmun f(x) = 5x*- 3x*- 7 B Touke c
abcuuccoit xo =- 1.
2. HalimuTte TaHreHc yria HakJIOHa

KacaTenbHOU K rpaduky QyHkiuu f(x) =4 -
sin X Touke ¢ abcIuccon Xo = 6.

3. Ilpm pBwkKeHHMH Tela TO MPSAMOH
paccrosinue S (B MeTpax) OT HayalbHOUN
TOUKH M3MEHseTCs Mo 3aKkoHy S(t) = t? - 3t +
1 (t- Bpems nBmKeHUs B ceKyHaax). Haiftu
CKOPOCTh (M/C) Tena uepe3 6 CeKyH]I Tocie
Hayasa JBIKEHUS.

Ne5. Haiigure abcumccy Toukum rpaduka QyHkuum y = x>+ 7x - 9, B KoTopoii

BapuaHT Ne 2

1. Haiizute  yrnoBoit ko3 duimeHt
KacarelbHOW, MPOBEIEHHOM K TIpaduky
ynkmun f(x) = 2x*+3x*>-5 B Touke ¢
abcuuccoit xo = -2.

2. Haiimute TaHreHc yriia HakJIOHa

KacatenabHOM K rpaduky ¢ynkuuu f(x) = 10
- COS X B TOUYKE C a0CIIMCCON X0 = .

3. Ilpm pgBuwxkeHUHM Tena 1O TPSAMOI
paccrosinue S (B MeTpax) OT HavalbHOU
TOYKM M3MeHseTcss 1Mo 3akoHy S(t) =t>+
15t+ 2 (t- BpeMms IBMXKEHUS B CEKYHAAX).
Haiitu ckopocTh (M/c) Tena depe3 8 cexkyH[
MoCIie Havasa JBUKEHHUS.

KacaTeJbHasl, IpOBeIeHHAas K 3TOMY rpaduKy, napaienbHa IpsaMon y = -5X.

Ne6. Touka aBHMKETCS 110 KOOPAMHATHOMN IPSAMOI cornacHo 3akony x(t) = 1,5t + 7t -11,
rae X(t) - KoopAuHaTa TOYKH B MOMEHT BpeMeHH t. B kakoii MOMEHT BPEMEHU CKOPOCTh TOUKH

Oyner pasHa 137
Ne7. BeiOpaTh BepHBIi OTBET:

BapuanTt Ne 1
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1. Touka ABIKETCS MPAMONHMHEHHO 10 3akoHy S(t) = t’ - 2t> BriGepuTe, Kakoi us3
dbopMyI 3a1a€TCsl CKOPOCTH JBUKEHHSI STOM TOUKH B MOMEHT BPEMEHHU t.

1)3t2-22) t* -4t 3) - 4) 3> -4t

2. Haiinure TaHTeHC yriia HaKJIOHA KacaTeabHOH K rpaduky QyHKIHM y = X(X - 2) B
TOYKE C abcuuccoi Xo =4.

1)82)63)44)0

3. Ilpu mnpsMonuHENHOM JIBIKEHMHM Tela myTh S(t) (B MeTpax) H3MEHSIeTCs IO
3akoHy S(t) = 5t - 15t +12. B kaKkoif MOMEHT BpeMeHH YCKOPEHHe Tena OyIeT paBHO HYIIO?

1) 1c 2) Oc 3) 2c 4) 0,5¢

4. Tlog KakuM yIJIOM K MOJIOKUTEIBHOMY HANpaBICHUIO OCH abclucC HaKJIOHEHA
KacaTeJbHas, IPOBEIEHHAs B 00O TouKe KpHBOH y = -2X° - x> - 4x +1000?

1) ocTpbIM 2) TYIIBIM

3) npsimbim 4) napaiuiensHa ocu Ox

IIpakTuyeckas padbora Ne27
Tema 5.5 YpaBHeHne kacaTenbHON K TpaduKy (yHKIHH
Heanb: HayuuTbcs cOCTaBIATh YpaBHEHHE KacaTellbHOM K Trpaduky (yHKIMH U
OPUMEHATH HOPMYITy ISl TPUOIMKEHHBIX BHIYACICHNH 3HAUEHUH BBIPAKECHUH.

Teopernyeckas 4acThb:
Bcnomuum reomerpuyeckuii CMBICJ NPOU3BO/IHOM: eciu K rpaduky

y: f |' T | xIr
byHKIUN /B TOYKe 0 MpoBe/eHA KacarenbHas, TO KOX(PQUIMEHT HAKIOHA
KacaTeHLHOﬁ (paBHI)If/i TaHreHcy yrna Me)KI[y KacaTeHLHOfI U IIOJOXUTCIbHBIM HaHpaBHeHI/IeM
- I
OX ) 0

ocH paBeH NPON3BOAHON (QYHKIIUU B TOUKE
o T /4

y=flx)/|

v ,’{:fg(l{:f .BU

| T3 |

Bo3pMeM Ha kacaTtenbHON TPOU3BOJIBHYIO TOUKY C KOOPJAWHATAMH ' /e
3 /

IS B

-

=

So---------

y=fx) |
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ABC'.

N paccMOTpUM NPSMOYTOIBHBIN TPEYTOJIbHUK

y-f (-r”)
tg (‘t=‘__B—C —— =f'(a:[])

B stom TpeyronbHuke v

y-f (J:[] ) :fr(:r:[] ) (:r:—:r:[] )
OTtcronga

N

) f($0)+f ‘(%)(‘”"BU)

OTO M ecTh ypaBHEHHME KacaTelbHOM, NMpOoBENeHHOH K rpaduky ¢GyHKIUU
T
0

TOUKE
ANTOpUTM NTOCTPOEHHUS KacaTelbHON

y=r|z]|
| ) B

War 1. HaiiTh 3HaueHKne (yHKUMK B TOUKE KacaHua f(azg)

Lar 2. Haittu obiyee ypaBHeHKe nponssofHoi f'(z)

Lar 3. HaitTu 3HaueHKe NPOU3BOAHON B ToUKe Kacanma f'(axq)

War 4. 3anucaTs ypaeskeHue KacatensHol y = f'(zg)(z — zq) + flzo), npusecTy ero k euay
y=kxr+b

Ha Bbixope: ypaBHeHKWe KacaTensHol B Buaey = kx + b
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Mycte f(x) = 2% + 3.
Halioem KacaTenbHyk K 3ToM napabone & Touke zg = 1.
(1,4
flmo)=12+3=4
fl(z) =2z
fllzg)=2-1=2
VpaBHeHWe KacaTelbHow:
y=2(z—1)+4=22—-244=2z+2

Orger:y =2z + 2

Npumep: f (z) = 2> — 2z + 3,

Anropntm
P Iy = 3

1. Belumcaum f(xp) flz)=f(3)=32-2.3+3=6

2. Haligém dopmyny nponssogHom

fl(z)= (2 —2z+3) =22 -2

yrkunn f' (z)

3. Boiuncm f' () ff(®)=f(B3)=2-3—-2=4

4. Moactasum o, f(zo) n f' (zo)e | y=f (o) - (z —z0) + f(20) =
dopMyny ypaBHeHWs KacaTenbHOoW =4(z—-3)+6=4z—-12+6 =
y=f"(20) - (z —z0) + f (o) =4z —6

Pemrenune 3aganumii:
Nel. BermmosiguTh 3a1anne

1 Bapnaunt | 2 Bapuant
1. Cocrasbre ypasuenue Kacare1bnoii K rpaguky pyukunn f(x) B rouxe rpaduxa ¢ x.
a)fix)=x xg=1 a)f(x) =x* x,=2
6)f(x)=i—z—-x: Xo =2 6)f(x)=%2—2x: xp =—1
B) f(x) =Vadx —x%; x, =2 B) f(x) =VxZ +3x; xp =1

_ .2
Ne2. CocraBbTe ypaBHEHHE KacaTelbHOW K Tpaduky (GyHKIIHU fix|=x"=2X g rouke ¢
abcrmccoit %o =3,
2
Ne3. CocraBbTe ypaBHEHHE KacaTelbHON K rpaduKky QyHKIIUH flxI=x"=3X g touke ¢

aberuccoit X0 =4,
Ned 3anumunTe ypaBHeHUE KacaTenbHOM K rpaduky ¢pyHkuuu f(x) = sin X -3X + 2 B Touke

xo=0.

No5.HanucaTte ypaBHeHHE KacaTelbHOW K Trpaduky dyHkmum f(x) = x +2x°+38

TOYKE X © = 2.

Ne6.Hanucath ypaBHeHHEe KacaTenbHOW K rpaduky QyHkumu f(x) = x Y +4x” - 6x B

TOYKE X o = -2.
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- 3 o

Ne7. Haiigute aOcmuccy Touku Trpaduka (QyHKIUK fixl=x"—xv3, g KOTOpOi

npoBeJEHHAs K HEMY KacaTejbHash 00pa3yeT C IOJIOKUTEIbHBIM HaIllPaBJICHUEM OCH a0CLHUCC
yroa 30°.

— 4 7 o

Ne8. Haiiqute aOcuuccy Touku Trpaduka QYHKIHH fixl=x"+4x73, g KOTOpOH

npoBeiEHHAs K HEMY KacaTellbHasi 00pa3yeT C IOJIOKUTEIBHBIM HAlpaBJICHUEM OCH alcCIHce
yroa 60°.

_ 2
Ne9. Haiinute ypaBHeHUe KacaTeabHOU K rpaduky GyHKIIMH fixl=x"+3x—8, ccru ora
KacaTelIbHas Napauienbaa npsavoit Y =2X+1

_ 2
Nel0. Haiinure ypaBHEeHUE KacaTelbHOH K Tpaduky QyHKIIMI fix|=x"=4x+6, ccim o1a
KacaTelbHasl apaulenba npsimoil Y=2X—8

o 3 2
Nel1.Haitnure Touku rpaduka pyHnkmuu f(x)=x = - 4X = , B KOTOpPBIX KacaTelbHas K HEMY
napaiesibHa OCH abcuucc.

IIpakTuyeckas pabora Ne28
Tema 5.6 MoHoTOHHOCTH pyHKIMHU. TOUKH IKCTpEMyMa
Heas: Hayuntbes uccnenoBars GyHKIIMA HA MOHOTOHHOCTB M 9KCTPEMYMBI.

Teopernyeckas 4acThb:

Onpenenenne «MOHOTOHHBIE PYHKIIUN

MOHOTOHHO BoO3pacTaromas GyHKIUS — 3TO (PYHKIHUS, Y KOTOPOH OOJbIIeMy 3HAUCHUIO
apryMeHTa COOTBETCTBYET OoJiblliee 3HaYeHNUE (PYHKLIMH.

MoHoTOHHO yOBIBatomast GyHKIUS — 3TO (QYHKIUS, Y KOTOPOil OoyblieMy 3HA4YE€HUIO
apryMeHTa COOTBETCTBYET MEHbllIee 3HaUeHNE (PYHKILIUU.

CBs13b MPOM3BOIHOM 1 TIPOMEKYTKOB MOHOTOHHOCTH (DYHKIIUU

Ax =0 Ay . Xy
, TO 3HaK IpUpAIllEHUusd - W 3HaK IIPOM3BOJHOU B TOUYKE ~ % COBIIANAECT CO

Ecmu
) )
f(xg) T £ (x5) - 6 Ay >0
3HAKOM . To ecTh eciam TpoW3BOIHAS B 3TOH TOYKe OOJBINE HYJS, TO u

MOHSTHO, YTO (PYHKIIHS B OKPECTHOCTH 3TOH TOYKM OyAeT Bo3pacTaTb. A €cClid MPOU3BOJIHAS

Av =20
MEHBIIIE HYJISI, 3HAYUT, -

yOBIBaTh.

Y TIOHSTHO, YTO B OKPECTHOCTH 3TOW TOUKH (PyHKIHS OyaeT

X o
I[anee, IMPOMU3BOJHAA B TOYKEC U ecTh TAHI'CHC yrijia HaKJIOHa KaCaTCJIbHOM. KacarenpHas

OMNHUCBIBAaETCs JIMHEHHOU (yHKIMeld. B okxpecTHOCTH TOYKH *o KpHUBas U JUHEWHass (QyHKIMS
NOYTH COBMAaJaroT. Eciu yron HakjOHa OCTpbIM, TaHreHC OyAeT MOJOXKHUTEIbHBIM, YIJIOBOU
KOA(p(UIMEHT — BEJWYMHA MOJIOKUTENbHAS, U JUHEHHass (yHKUMS BO3pacTaeT, a 3HA4YMUT, B
OKPECTHOCTH TOM TOUKH U cama (yHKIIMS BO3PACTACT:

Filag) =0 = f(x)7

W naoOopot, ecnu nuHelHas (yHKIuUs yObIBaeT, Yroji TYIOW, TaHT€HC — BEJIMYHHA
OoTpulaTeNlbHasA, 3HAYNT, JTUHEWHas QyHKIUs yObIBaeT, a ¢ Hell yObIBaeT PyHKIUS y=f£ (x]

fllx) <0 =flx)!l

y

fix, + Ax){
X )1
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o x
VYroJ HaKJIOHa KacaTeJbHOH B TOUKe = ¢

x
Tax coObITHS pa3BUBAIOTCS B OKPECTHOCTAX TOYKH ~ . DTHU COOBITUS TMOAYUHSIOTCS
FEOMETPUUECKOMY CMBICITY MIPOU3BOTHOM (ee buznueckomy CMBICTTY,

g ¥ .
coorromermo *Y N 1 (x) &x)‘

HccnenoBanue NpoMeKyTKOB MOHOTOHHOCTHU (DYHKIIUU C MIOMOIIBIO TPOU3BOHOM
Paccmotpum ¢yrkuio u ee nosenenue Ha Beet O/3. IIpeamonoxum, 4To 310 rpaduk
uccieyeMoil (PyHKIIUH.

y = flx)

v =flx
I'paduk Gynkuuu - f(x)
X4 @y
Ectp Touka “1. KacarenpHas HakIOHEHa TIOJ OCTPHIM YIjoM 1. 3HauuT, B

Xy
Touke ~ 1 pyHKIMSI BO3pacTaer.

1

o x
VYToi1 HaKJIOHA KacaTeabHO B TOUKE = 1

-

X Ox x
B Touke "¢ kacarenbHas mapajieabHa OCH , 3HAUUT TOYKA =~ < — TOYKA JKCTpEMyMa.
OO0 3TOM MBI IIOrOBOPHUM OTAEINLHO.

B
2 — ToYKa IKCTpEMyMa

Xx s o o
B Touke "3 yroia 3 HaKJIOHa KacaTelbHOMU 6y,JICT TYIIBIM, TAHI'CHC 6y,ueT BCIIMYMHOU
OTpHHaTCHBHOﬁ, 3HAYUT, MPOU3BOJHAA OTpHULATCIIbHAA U (I)yHKI_II/I}I 34€Ch y6LIBaCT.

- B,
=
E ol et
»
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o x
VYTroJ HaKJIOHa KacaTelbHOI B TOUKE = 3

x
W, nakone1, B Touke ~ # MPOU3BOJIHAS PABHO HYJIIO U Jajblie (yHKIUS BO3pacTaeT.

YToJI HAKJIOHA KACATe/IBHON B TOUKE * % — TOUKe JKCTpEMyMa

Brisicusiercs, yTo GyHKIMS BO3pACTaeT Ha MHTEPBAIaX, I71€ POU3BOIHAS OOJIbIIIE HYIIS:

i) =tgay, >0 = flx)T

Ecnu jxe 3HaueHue Mpou3BOAHOM OTpHULaTeNbHOE, TO QYHKIHS yObIBAET:

fil) =tga; <0 = fxz) !

Bea O3 cocTOMT M3 OTAENBHBIX TOYEK, 3HAYUT, HANO BBIACIUTH T€ MHTEPBAbI, Ha
KOTOpBIX TPOM3BOAHAs MEHBLIE HYIJs, Ha KOTOPBIX IPOM3BOJAHAs OOJbIIE HYJS, U OHU

onpeaenart te ydactku O/[3, Ha koTopbIX QyHKIMS TUOO BO3pacTaer, 00 yObIBaeT. DTOT ke

Ay & f'(xg)- Ax

BbBIBOZA MbI IIOJYYHUM, paccMaTrpuBasgs COOTHOILICHHUC Ha Ttex O6J'IaCT$IX, Ha

v
X Av =0
KOTOPBIX HpOI/ISBOZIHaﬂf ( “':] MEHbUIE HYJIA, - ¢bynakus yoeBaeT. COOTBETCTBEHHO, Ha

)
tex obnactsax O/13, rme mpousBogHAs f'(xo 0oJIbIIe HYIS, Ay <0 GbyHKIIMS BO3pacTaerT.

Tenepb MBI T'OTOBBI HAITMCATb, I'IC Y6BIBaeT, a rIe BO3pacTacT AaHHasi HaM (I)YHKI_[I/IHZ

y=FG) T % € (—o0ix], x + 00)

L0y

S
Rad
>

X

X jracsvasssa

y=f(x)

[IpomexyTku Bo3pacTaHusl PyHKIIUH

Teneps BbIsICHUM, T'/ie JaHHas! QYHKINS yObIBaeT:

P

y=fG1L_

i X € [x2ix,]

X4aoaonaoaon -
o



. . Xy U Xyo
ToHKHI MOMEHT: BKIIFOUATH JIM 3HAYCHUS B TOUKaxX ~ 2 !

fi(x) < 0,x € (x5x,)

X, MX
27 7% He BKIIOYAEM, IIOTOMYy 4YTO B HHUX IIPOM3BOJHAs paBHA HYIIO, a MBI

paccMaTpuBaeM TOT Ciyd4ail, KOrja Npou3BogHas MeHblie Hyns. Ho ¢ynkums yObIBaer,

Korma - MPUHAJICKUAT OTPE3KY [x:;x‘}].
[Tpu 5TOM 3TH TOYKHM BKIIFOUEHBI TAKXKE B HHTEPBAJIBI, KOTAa (QYHKIIHUS BO3paACTAET.
'
[IpuxonuM K BaXHOMY BBIBOJY: HHTEPBaJbl 3HAKOIIOCTOSHCTBA fi(x)
HHTCpBaJIaMU MOHOTOHHOCTH f(x:] .

Lenp ypoka: HaydUTHCSI HAXOAUTh MPOMEKYTKH BO3PACTaHUSA M yOBIBaHUS (DYHKIMH C
MOMOIUIbIO TPOU3BOIHON. BhIsICHSI€TCS, UTO HA/I0 HAMTHU MPOU3BOIHYIO, BBIJICIUTh €€ HHTEPBAJIbI
3HAKOIMIOCTOAHCTBA U TCM CAMbIM MBI Y3HACM, I'’IC OTa q)yHKLII/ISI MOHOTOHHO y6bIBaeT u rac oHa
MOHOTOHHO BO3pacTaerT.

Jlanee HaC UHTEPECYIOT TOUKH SKCTPEMyMOB (DyHKIMH. MBI paccCMOTpeNnu ciaydau, Koraa
MPOU3BOJHAS MEHBIIE HYJSA, KOrja oHa OoJbllle HYNs, TakkKe BaXHBIH cioy4ail, Korja
IIPOM3BOJIHAS paBHA HYJIIO.

BcenomauM, 4To Takoe TOYKa MaKCUMyMa U TOYKa MUHUMYMa (DYHKIIUU.

SABJIAKOTCA

X, X, X X X

] Bl
v =f(x
Touku 3KcTpeMyMOB (PYHKIIMH - f(x)
x5
PaccmoTpum pucynok. Touka =2 — Touka MakcuMyMa (yHKIUHU (max), eciu CyIIecTBYeT

X i ) = f=) .
OKpPECTHOCTb TOYKH , IJIL KOTOpOU , TO €CTh €CJIN 3HAUYCHUC q)yHKHI/II/I B 3TOHU
TOYKE OOJIBIIIE, UeM 3HaUeHHE (PYHKIIUU B JTHO0O0M TOUKE €€ OKPECTHOCTH.

x
Amnanoruunoe OMnmpeaAcICHUC I TOYKU MHUHHMYMaA. Touka “# — TOYKa MHWHUMYMa

dyHKIHE (Min), €CTH CYIECTBYeT OKPECTHOCTh TOUKH ~ %, JIsi KOTOPOIA fles) < f [x:]’ TO €CTh
ecliu 3HaueHue (YHKIMU B 3TOW TOYKE MEHbILE, YeM 3HadeHHe (QYHKIUHU B 000 Touke ee
OKPECTHOCTH.

ITpu nmoucke HanOOJIBIIETO U HAMMEHBIIIEro 3HaUeHus: GyHkuuu Ha Beeit O[3, To ecTh ee
IJ100aJIbHBIX 9KCTPEMYMOB, CJI€1yeT MOHUMATh, YTO OHU MOTYT HE COBIAJaTh C €€ JIOKATbHBIMU
IKCTpPEMYMaMH, TOUKaMH, € IPOU3BOIHASI MEHSET 3HAK.

[Tpumep J10KaIbHOTO U TII00ATBLHOTO SKCTPEMYMa

PaccMoTpiM QyHKIHIO © 2x*(x"—1),x € [—2:2]'

x=0
31ech ToUKa — TOYKA JIOKAIBHOTO MakcuMyMa. DyHKIHMS 3/1€Ch paBHA HYJIIO.

r= =12
— TOYKa T100aIbHOr0 MaKCUMyMa, B HUX (YHKIIHS paBHsETCS 24.

2x*x*-1);x€[-2; 2]

Touxka

y

N|—

e
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Tpaduk pymxman ¥ = 2% (07— 1),x € [-2;2]

Ha nanHoM ypoke, koraa roBoputcsi o0 SKCTpeMyMax, MOJpa3yMEBaIOTCS JIOKAJIbHBIE
9KCTPEMYMBI.
Kak y3nartb, rae Touka MakcuMmyma, a r€ TOYKa MUHUMYMa, MOJCKaXET MPOU3BOAHAS.

X5 .
Bepuemcsi k Touke “2. Ha pucCyHKe HarisgHO TOKa3aHO, YTO 1O 3TOH TOYKH (DYHKIUS
fl(x)=0 .

, a mociae OTOM TOYKM  (YHKIHUS  yObIBaer,

fl(x)<o0 . X, fx,) =0
POM3BOIHAS . A 3HaYeHWE MPOM3BOIHOM B TOYKE ~ 2: z . MBI monyumiu
JOCTaTOYHBIM MPU3HAK MAKCHMyMa: IPOU3BOIHAS PaBHA HYIIO M IPHU 3TOM 3HAK MPOU3BOIHOM

BO3pacTacrT, IMpOU3BOJHAA

XA
MEHSETCS C IUTI0Ca HA MUHYC TIPU IIEPEXO0/I€ apIryMEHTa Yyepe3 TOUKy = 2.

x o x.) =10

PaccmoTpum Touky “#. IIpousBoaHasi B 3TOM TOYKE Flxg) . Ho sBnsiercst iu nanHas
TOYKa TOYKOM 3kcTpemyma? IIpons3BoaHas cieBa OT 3TOM TOYKM OTpULATENbHA, KacaTelbHas
HaKJIOHEHAa TOJ TynbiM yrioMm. [Ipous3BoaHas cripaBa MOJOXKHUTENbHAs, 3HAYUT, MMPOU3BOIHAS

MEHSIET 3HAK C MUHYCa Ha IUIKOC MPU INEPEXOJE YEPE3 TOUKY %4 3paunt, TouKa ¢ — TOYKA
MHUHUMYMa.

Wrak, Mbl paccMOTpeIN TOUKY MUHUMYMa U TOYKY MaKCUMyMa M JOCTaTOYHBIA IPHU3HAK
TOYKH MUHUMYMAa U TOYKHM MaKCUMYyMa.

Kak y3HaTh, siBiIleTCS M TOYKA TOYKOM MUHUMyMa WIM TOYKOM makcumyMma? HyxHo

. X, X
B35Th NPOM3BOAHYIO M IIPUPABHATH €€ K Hyro. Toraa Mbl HaiineM TOUKHM =2, "4 u T. 4. OTO
BHYTPEHHUE TOYKH 00JIaCTH ONpe/iesIeHHs], B KOTOPbIX IPOU3BOIHAS paBHA HYJIIO.

Kputnueckast Touka (QyHKIMM — 3TO BHYTPEHHSS TOUKa OOJIACTU ONPENEIIECHHUS, B

. Xy X
KOTOPOM MPOW3BOJHAA PaBHA HYJIIO WIM HE CYIIECTBYET. TO €CTh TOUKU ~ 2 U~ # — KDUTHYECKHE
TOYKH.

Xaq
< —T. max.

*4_ 1. min.

Ho Tak mpoucxonur He Bceraa.
Touka neperuda

Paccmotpum crenyromyto QyHKITHIO:

y = fix)

I/IJ'IJ'IIOCTpaI_II/ISI TOYKHU IICPp eruda

f(xg) =0 ox

Xx
HpOI/I3BOI[Ha$I B TOuke = ? paBHa HYJIIO: , KaCcaTCjibHas IMnapauiCiibHa OCHU

i ? 2 *o
SBnsiercs nmu oHa Toukoi skcTpemyma? Her. Ilouemy? Ilotomy uto 10 Touku ~ ¢ mpou3BOgHAS
MOJIOKUTENbHA, QYHKIUS BO3pPACTAET:

106


https://interneturok.ru/lesson/algebra/10-klass/proizvodnaya/primenenie-proizvodnoy-dlya-issledovaniya-funktsiy-na-monotonnost-i-ekstremumy-teoriya#mediaplayer

Y= flx)

Bospacranue ¢pyHKIMM 10 TOUYKH reperuoda
[Tocue 3TOM TOYKM MPON3BOIHAS TAKXKE TTOJIOKUTEIbHA!

y=f(x)

Bospactanue pyHkunu nocne Touku neperuda

Xx o
@OyHKIMSA BO3pacTaeT M CJIE€Ba, M CIpaBa OT TOYKH, 3HAUUT, © HE SBJIAETCS TOYKOH
JKCTpEMyMa.
Jlemma @epma

Ecmu dynxmms fx) AMeeT MPOU3BOJHYIO U B TOUYKE *0 pmeer DKCTPEMYM, TO 3HAYCHUE
IIPOM3BOJIHON B 3TOU Touke paBHO 0.

3T0 HEOOXOJMMBII MOILIHBII NPU3HAK, U3 HETO MBI BBISICHAEM, KaKMe TOUKH HaM HY>KHBI
JUI UCclieloBaHMs. Bce ocTanbHbIE OTMETaeM.

Eme pa3 moguepkHeM, 4TO HaM WIUTFOCTPUPYET AAHHBINA PUCYHOK: PABEHCTBO HYIIIO — 3TO
JIUIIb HEOOXOIUMBIN MPU3HAK AKCTPEMYMa, HO HE JOCTATOYHBIH.

Touxka nepernda, TOKaIbHBIA XapaKTep TOUEK IKCTpEMyMa

PaccmoTpuM B KauecTBe nmpumepa QyHKIUIO, rpaduK KOTOPOH H300paXkeH HA PUCYHKE.

I'paduk QyHKIINM C HECKOJIBKUMU JIOKATHHBIMH SKCTPEMYMaMU
x X x
1 — ToukaMUHUMYMa, 2 — TOUKAMaKCUMYyMa, = 3 — TaK)KETOUYKaMHHUMYyMa.

Xx
1 TOYKaMUHUMYMaA, 3HAYUT, CYHICCTBYCT HCKAAd OKPCCTHOCTDL, I'’/IC 3HAUCHUC (I)YHKI_[I/II/I
SABJIACTCA HAUMCHBIIINM, HO CYIICCTBYCT TAKIKC BTOPAA TOUYKA MUHHUMYMaA.

v(xy) = ylxs), o
TakuM 00pa3oM, TI00abHO, HAMMEHBIINM 3HaYeHHEeM (DYHKIIMM Ha Bcei
x
O/13 sBnsietTcst 3HaueHue QYHKIUU B TOUKE ~ 3.
Xq -~
2 — TOUKAMAaKCUMYyMa, HO HauOOJIbLIETr0 3HAUYEHHUs AAHHOW (YHKLIMU HE CYyLIECTBYET,

Xa
IMOTOMY 4YTO €CTh TOUKH, B KOTOPBIX 3HAUYCHUC (b}’HKHI/II/I 3HAYUTCIIbHO 6OJ'IBH_IG, YEM B TOYKE <.
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Takum 00pa3oMm, JaHHBIM PUCYHKOM MbI MOJYEPKHUBAEM JIOKAJBHBIA XapakTep TOYEK
3KcTpeMyMa. MoXeM 3anucaTh:

Yuzum — }F(xﬂja}r[:xaj = }F(xj

To ecTb 3HaueHHe (QYHKIMH B TOYKE % MEHBIIE JHOO PABHO 3HAYCHHIO DYHKIMH B
mo0oit apyroi Touke O/13.

Anroputm

Mpbl 3HaeM, Kak MO 3HaKy MPOU3BOJIHON HaWTH MHTEPBaJlbl MOHOTOHHOTO BO3PacTaHUs
win yObIBaHWs (DYHKIHMU, 3HAeM, KaKUM O0pa3oM ONpPEISIUTh TOYKHM MAKCUMyMa U TOYKH
mMuHuMyMa GyHKuuu. [IycTs Teneppb ecTh 3a7aua ucciieoBaTh (GYHKIHIO Ha SKCTPEMYMBI U Ha
MOHOTOHHOCTH C IOMOIIBIO TIPOU3BOTHOM.

AJITOPUTM TaKOB:

I
o Xx
1. HaI/ITI/If ( j
f(x)
2. Bpbigenuth HHTEpBaJIbl 3HAKONOCTOSHCTBA . OHu ompenenar HHTEpBaJIbI

MOHOTOHHOCTH f(xj .

v
o =0
3. Haiitu kputmyeckue Touku (BHyTpeHHue Touku OJ13, B KOTOpI)IXf WM He

CYILIECTBYET).

4. BplgenuTh W3 KPUTHYECKUX TOYEK M KOHIIOB OTpe3Ka TOYKH DSKCTPEMyMa H
UCCIIEI0BATh UX.

3ajgaua

2 !

=x v
C ITIOMOUIBIO -

. v
Haiitu nHTEpBabl MOHOTOHHOCTH M TOYKH SKCTpeMyMa (DyHKITHH -

HaiizeM npon3BoIHy0:
v =2x

HpI/IpaBHI/IBaCM €€ K HYJIFO U HAXOAUM €ANHCTBCHHOC PCUICHUC!

vi=0
2x =10
x=10
x=10

— €IMHCTBEHHAsl KpUTHYECKasl TOUKa.
Ha pucynke B HIbkHeH 4acTu n300paxeH rpaguk mpou3BOJHOM.

=X

v ¥V
I'paduku pynkuumii - u-
Ha unrepBase geBee mpon3BoIHAs OTpULIATENbHA, QYHKIINS yOBIBAET.
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=

yl y'(x)=2x y
y'<0 y'>0
y \ y/ 1II'|'| l';'\
i o X AN AP "
0 X
JIeBblil HTHTEpBAI TPOU3BOAHOMN JleBbIit mHTEpBaAT PYHKIIUN

Ha untepBane npaBee npon3BoHast MOJIOKHUTENbHA , PYHKIIHUS BO3pACTAET.

vt y'(x)=2x FJ}'“ .
y' <0 y'>0
y\ i/ A /
' V4 i o\ ,{\B |
0 X

[TpaBsiit uHTepBan npou3BoaHoi | [IpaBblil uHTEepBaN QyHKINUN

Ortger:
Ly =x" LHpHxE (—o0; 0]
) y=x>T npux € [0; +w)

x=10 v(0)=0

3. — T. min.

Wtak, Mbl pemmian 3afady, UCCIEAOBAIM (YHKLHIO C MOMOIIBIO NPOU3BOAHOM, HO MBI
3HaJIM CBOMCTBA ATOM (YHKIMH, 3HAJIW, TJ€ OHA BO3pPACTaeT, IJe yObIBaeT, U 3HAJIM TOUKY
IKCTpEMyMa.

BunuwMm, 4ro pe3ynbTaThl, KOTOpPbIE MOIYYEHBI C MOMOIIBIO MPOU3BOIHOM, COBMAJAOT C
pe3yJipTaTaMu, HaliIEHHBIMU PaHEE.

3aoaua.

Haiitn 3xcTpeMymbl GyHKmuu y = x> (x — 1).

Pewenue.

DKeTpeMyMbl QYHKIUH - 3TO €€ MaKCUMYMBbl 1 MUHUMYMBL. [Ipex/ie ueM HaxouTh
AKCTpPEMAJIbHBIE 3HAYEHUS] (PYHKIIMH, HY>)KHO HallTH 3HaYEHUs apryMEHTa, B KOTOPbIX OHU
JOCTUTAKOTCS, T.€. TOYKH IKCTPEMYMOB.

B Touke skcTpemyMa nmpousBoHas GyHKIIMH paBHA HYIIO.

Haxonum nponsBoaHyro:

1) no mpasuiy nuddepeHupoBaHus TPOU3BEICHUS:
V=)@ =) (- 1)

2) o TabyuIle MPON3BOTHBIX:

() =342,
x-1)=1-0;
3) mpeobpazyem:

Y =3x>(x—1)+x(1-0)=3x" - 3x> + x> = 4x° - 3x°.
[IpupaBHUBaeM MTPOU3BOIHYIO K HYIIO M pEIlIaéM YPaBHEHHE OTHOCUTEIIBHO X:
4x* —3x* =0;
x> (4x—3)=0.
31ech KOPHH JICTKO ONPEACIISIOTCS PA3JIOKSHHEM Ha MHOKHUTEIH - TIPOM3BEICHUE PAaBHO HYIIIO,
€CJIM XOTs1 OBl OJIMH U3 COMHOXKHUTEJIEH paBeH HYIIO.
x1=0ux2=3/4=0,75.
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Ha 4ducnoBoii npsimMoit oTMeYaeM HalICHHbIE 3HAYEHUS apryMeHTa x. B 3Tux Toukax
npon3BoHas (YHKIIMHM paBHA HYITIO. Mexny HUMHU (Ha MHTEpBaJIax) OHA COXpaHseT 3HaK "+
i "-". UToOBI OnpeAeTuTh MOJ0KUTEIbHA WIH OTPUIIATEIbHA TPOU3BOIHAS (PYHKIIMH Ha
KOHKpPETHOM MHTEpBaJje, MoAcTaBisieM B GOpMyIly AJisl IPOU3BOIHON IPOU3BOIHHOE 3HAYCHHE
13 3TOr0 UHTEpBaJja.

Y =4x> - 3x%

VD=4 =3P =43 <0;

' (0,5)=4-(0,5)° - 3-(0,5)*=0,5-0,75 < 0;
Y (1)=413-3-12=4-3>0.

Taxum oOpa3omM, TOUKH, B KOTOPBIX MPOU3BOIHAS PABHICTCS HYIIO, Pa30MIIA YHCIOBYIO
NpsIMYIO Ha TPU UHTEpBaJia. B mepBoM U BTOPOM M3 HUX MPOU3BOIHASL OTPULIATENIbHA, B TPETHEM
nosioxkuTenbHa. OTME4aeM 3TO Ha YUCIOBOM MPSIMOM.

OyHKIMS BO3pACTAET Ha UHTEPBAJIE, €Clid €€ MPOU3BOAHAS HA ITOM UHTEpBaJIe
MOJIOKUTENbHA, U YOBIBAET, €CJIM MTPOU3BOIHAS OTpHIIaTeIbHa. OTMETUM 3TO CTPEIOYKAMHU C
COOTBETCTBYIOIIMM HAaKJIOHOM, COOTHOCSI KX CO 3HAKaMH MPOU3BOJIHOM.

[Tonyunmnm cneayromuy cxemy:

fOON N
J('F_I_I+

X 0 0,75

ITo cxeme BuIHO, 4TO B Touke X1 = () SKCTpeMyMa HeT, GyHKIHUS YOBIBACT U IIpaBee, U
JeBee 3Toi Touku. B Touke x2 = 0,75 QyHKIHA MEHAET XapakTep MOHOTOHHOCTH C YObIBaHHsI Ha
BO3PAaCTaHUC, 3HAYUT 3Ta TOYKA ABJIACTCA TOYKOU MHUHUMYMaA.

OmnpenensieM MUHUMAaIbHOE 3HAUCHUE (DYHKIIHH:
y=x>(x-1)
(0,75) = (0,75)*:(0,75 — 1) = —0,10546875 =~ —0,11.

OtBer: ymin = —0,11.

)

Pemienue 3aganmne:

. yzln(xg—6x+1[]:l
Nel. Haiitu sxcTpemyMbl pyHKUINN .

8
y=—+—=
Ne2. Haiitu sxcTpeMyMbl pyHKIIHH 2 x
y= X o od 34l
Ne3. Haiitu sxcTpeMyMbl pyHKINN 3
_q_ 4
Ned. Haittu sxcTpemMymbl GyHKImm 2 — 1-x .
3
y=(x-1)

NeS. Haiitu sxcTpeMyMbl pyHKITH

o fn_ 3
Ne6. Haitrn sxctpemyMsl GyHKImm @ — =~ 2-x

2
f[x):x +1

Ne7. Haiitu npomMexyTKH Bo3pacTaHusl U yObIBaHUS (PYHKIIUU x=1,

fl':x:l: 2x% —lnx
fl[x:l =x +6x° +9x

Ne8. Haiitu npomexyTku Bo3pacTaHus U yObIBaHUS (PYHKIIUU

Ne9. Haiitu npomexyTKH Bo3pacTaHUs U yObIBaHUS (PYHKLIUU
Nel0. UccrnenoBaTh HA MOHOTOHHOCTB U KCTPEMYMBI ClIeytolne QyHKIUU:
1 flx)=2x+x"°
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) F) =3
3 flx)=x¥+x*+ 16
4) f(x) = x* — 8x°

IpakTnyeckas padora Ne29
Tema 5.7 MccnenoBanue GyHKIMIA U TOCTPOCHUE UX TpaUKOB
Hean: Hayuntbes uccnenoBath GyHKIMM U CTPOUTH UX IPa(UKHU.

TeopeTnyeckas 4acThb:

HccnenoBanue GyHKIMIA 3aHUMAET HEMAJIO BPEMEHH MPH PEIICHHUH KOHTPOJIbHBIX,
JIOMAIIIHUX 33JJaHUH U 4TOOBI HAYYUTHCS OBICTPO peIIaTh HYXKHAa HHCTPYKLIUS OOBSICHSAIOIIAA
HOPSIOK ASUCTBUM U JJIs 4ero 3To HyXHO. Takas HHCTpYKLUs pa3paboTaHa MaTeMaTUKaMU U
0000111eHa Ha Bce TUIIBI (DYHKIMH y>Ke TaBHO, a Mbl €¢ Ha3blBaeM — 00Ilas cXemMa UCCIeJ0BaHus

GbyHKITUY.
y=F(x)
YtoObl uccneaoBath GyHKIIHIO U TIOCTPOUTH €€ TpaduK HEOOXOUMO:
1) naiiTi oGsacTh onpeaeneHus GyHKIMH, TO €CTh MHOXKECTBO BCEX TOUEK JJISi KOTOPBIX
CYILIECTBYET 3HaUCHHE (PYHKIINH;
2) HaWTH (eCH OHU CYIIECTBYIOT) TOUYKH IepecedeHusl rpaduka ¢ KOOpAHNHATHBIMU
y=f(x)

OCsIMHU. I[JI?I 9TOI'0 HY’>KHO B YPaBHCHUC MMoACTaBUTH APTYMCHT A= U a TaKxKeE

Flx)=0
pELIUTh YpPaBHEHUE JUIS OTBICKAHUS TOUYEK MEPECEUECHUS C OChIO Ox ;

3) ucciienoBath GYHKINIO HA IEPUOAMYHOCTD, YETHOCTh M HEYETHOCTh. B HEKOTOPBIX
CIIy4asiX 3TO MOKHO CJIeaTh BU3yalbHO MO caMOMy BUIY (DYHKIIMHU, €CIIU HET, TO MPOBECTU

IPOBEPKY:
1. f(_x) - f(x) — QyHKIIUS YeTHas;
2. f(_x) ==/ (I) — (yHKIUS HEUEeTHAs;
N Flx+T)=f(x)

— QyHKIUS eprorUecKast, T_ nepuoJ GyHKIH.

y=f(x)

Takum 006pa3om, eciii uMeeM MapHyr QYHKIHIO TO JOCTATOYHO MOCTPOUTH

€€ 1S MOJ0KUTEIbHBIX 3HAYCHUH &= U , IIOCJIC Y€TO OTPA3UTh €€ CUMMETPUIHO

OTHOCHTEJIBHO OCH abCLMCC Ha APYTYIO 4acTh. B ciydae HeueTHO# QyHKIMM rpaduk Oyaer
CUMMETpPUYEH OTHOCUTEIBHO Havaja KoopauHat. Hanpumep, eciiv nuMeeT HeUeTHYI0 (PYHKITHIO
rpaduK KOTOPOIl MPUHAUICKUT IIEPBOM YETBEPTHU BTOPYIO MOJIOBUHY MOJYYUM IIOBOPOTOM
nepBoii yeTBepTH Ha 180 rpagycoB (TpeThsi YETBEPTD).

[lepruonnueckuMu SBISIOTCS MPEUMYIIECTBEHHO (PYHKIIMU COCTABICHHBIE U3 MTPOCTHIX
TPUTOHOMETPUUECKUX M HEKOTOphIE MMapaMeTPUUECKH 3aJaHHbIE (PYHKIIUH.

4) HaliTH TOYKM pa3pbIBa U UCCIEA0BATh UX (TAKUMH TOYKAMH SBIISIOTCS Kpas
MHTEPBAJIOB OIpe/ieieHHs] PYHKIINN);

5) HalTH MHTEPBAJIbl MOHOTOHHOCTH, TOUYKH SKCTPEMYMOB M 3Ha4eHUS (QYHKIIMU B ATUX
TOUKaXx;

6) HaliTH MHTEPBAJIBI BBITYKJIOCTH, BMSTUHBI U TOUKH ITEPEruoa;

7) HalITH aCUMIITOTHI KPUBOIA;

8) moctpouTh rpaduk GpyHKIHH.

BosIbIIMHCTBO M3 ATUX MMyHKTOB OBUIO PACCMOTPEHO Ha MPAKTHKE B MPEIbIIYIIINX
CTaThsAX, TO3TOMY MOJIPOOHO pacHHChIBaTh Mbl UX He OyaeM. Taxke He mepexuBaiite, eciu
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Haii/ieTe IIaH B JIMTepaType WK UHTEPHETE, KOTOPBINA COAEPKUT OoJiee TN MEHEe ITyHKTOB.
[TomHUTE, YTO 11ETH MX BCEX - TOMOYB IIPH MocTpoeHnu rpaduka GyHkiuu. [lepeiaem k
MPAKTUYECKON YaCTH U HCCIIEIYeM 10 cXeMe (YHKITHIO.

IIpumep.
HccnenoBaTh PyHKIMIO U TOCTPOUTH €€ Tpaduk

.,»".'2

EICEN)

Pemenue:

1) ®yHKIMS ONpeesieHa 1Mo BCIOAY KpOME TOYKH B KOTOPOM 3HaMEHATEe b IIPEeBPAIacTCs
B HOJB (* — 1 ). ObnacTh onpeneneHus COCTOUT U3 IByX HHTEPBAJIOB

D(y): (=, 1)U (1 +e0).

2) [Ipu HO,Z[CTaHOBKC snauenms * = U HOJy4YUM

7(0)=

Taky1o e TOUYKy HOJTy4HM ecii IIpHpaBHsAeM yHKIHMIO K Hyito. Touka * = 0.
€/IMHCTBEHHAsl TOYKA I1€PECEUYEHUs C OCSIMU KOOPAMHAT.

3) [IpoBepsieM QYHKIHMIO HA YETHOCTh

2(0 1)

C2(-x-1) 2(.x+1);

y(x)2y(x), y(-x)2-y(x).

Hrak (bYHKHHH HU 9€THAs, HU HCUYCTHAA, HCICPUOANYICCKAA.

T I

4) B 1aHHOM cJTy4ae MMeeM OJIHY TOUKY paspbiBa = — 1 Beraucmm IpaHMIIbI CIeBa U
CIpaBa OT ITOM TOYKHU

. .,»".'2
lim ——=-
x—=1-0 Z(K —1)

.3.'2

inII}-DZ(.x 1) -

Urak * =1 _1ouxa pa3pbIBa BTOPOTO poJa.

5) J1st OTBICKaHHSI HHTEPBAJIOB MOHOTOHHOCTH BBIUHUCIISIEM ITEPBYIO TPOU3BOIHYIO
byHKIIUN

yt_ZX-Qx—l)—xz__x(x—Z)
2(x-17  2(x-1)*
HpI/IpaBHI/IBaH €C K HyHIO HOHyLH/IM TOYKH HO[[O3pI/ITeJleBIe Ha
x=0x=2

JKCTPEMYM . OHH pa30uBaOT 00J1aCTh OINPEIETICHHS Ha CIEeIYIOIINe UHTEPBAJIbI
MOHOTOHHOCTH

(~0: 0) U (0:1) U (1:2) U (2:4+<0).

Hccnenyem noBeneHne MpOM3BOIHOM CI€Ba U CIIpaBa OT HAMIGHHBIX TOUEK pa3OueHHs
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(1 )_-4( 1-2)

2(-1-1)° 4’
yias)_ﬂj(ﬂj ). -1,5<0;
2(0,5-1)°
y’(l}j)_M ~1,5<0:;
2(1,5-1)°
y’(g) — M =~ =0
2(3-1)" 8
I'padmyecku mHTEPBATBI MOHOTOHHOCTH OYIyT UMETh BU]T
Y
- _ - ~+-
x >

0 ]2
Hccnenyemas GyHKIHS BO3pacTaeT Ha HHTEpBajax
(0:1).(1:2)

Touxa * = 0 _ rouka noxansroro MakcuMyMma, * — 2 _ joxansHOTO MHHUMYMA.
Haiinem 3nauenue GpyHKmm

(-0:0).(2:4) |

yObIBaeT

22
= UJ = =
_j” i 2 (2 _ 1)
6) Jlnst OTBICKaHUSI MHTEPBAJIOB BBHITYKJIOCTH HAMIEM BTOPYIO MMPOU3BOJIHYIO
_(2x-2)(x- 1)’ - 25 (5 —2)(x— )_ 1

3
2(x— 1) (x—1)
TaKI/IX I/IHTepBaJ'IOB HECT, HOCKOJ‘IBKy BTOpaSI HpOI/I3BO,I[Ha$I HEC HpI/IHI/IMaeT HyJ'IeBLIX
3HauEHUM B 00J1aCTH ONpeaeIeHUs.

Yinax

7) Touka + = 1 BEpPTHUKAJIbHAS aCUMITOTA (QYHKIUHU. Y paBHEHUE HAKIIOHHOM
ACUMIITOTBHI UIMEET BH/]T

y=kx+h
i b
€ - I'paHUIbl KOTOPBIC BEIYUCIAIOTCS O IIPaBUILy
. b4
£= lim f( ) ;
X—=tm X
b= lim x)—kx).
x—teo (f( ) )

Haxoaum HYXXHBIC I'DAHUIIBL
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2 2

F=lim — = lim ——— =~

x—:»imz,x(.x—l) xeimzxg[l_l] 2

X
2 2 _ _

be fim ("~ Lo 2 A

x—sken 2(}:—1) 2 x—skeo Z(I—l)

: x 1
= lim

xeimZ(I—l) B 2
Koneunslit BUs1 NpsAMOi Clie1yoIuii
yol,]

72

8) Ha ocHOBe mpoBeIeHHOT0 aHaIN3a BBIMOIHSAEM MOcTpoeHue rpaduka ¢pyHkun. s
ATOr0 CHayajia CTPOMM BEPTUKAIbHBIC U HAKIIOHHBIC aCUMIITOTHI, 3aTEM HAXOJIUM 3HAUYCHUE
(GYHKIIMY B HECKOJBKUX TOYKAX U MO HUX MPOBOJUM MOCTPOCHUE.

4‘

y=(x+1)/2

Pemenue 3aqanmi:

1.Mccnenyitte GpyHKIMIO U TOCTpOiiTe €8 rpaduk: y = x* (x — 2)(x + 2).
2. Uccnenyiite GyHKIMIO U MOCTpoiite €& rpaduk: y = x* — 2x> — 1.

. Uccnenyiite GpyHkuuio u nocrpoiite eé rpaduk: y = (x> + 1),

. Uccnenyiite GpyHkuuio u nocrpoiite eé rpaduk: y = 0,125(x> — 12x).
. Uccnenyiite GpyHKuuMIO U ocTpoiiTe eé rpaduk: y = (x> + 4x — 3)%.

. Uccnenyiite ¢pyHKIIMIO U IocTpoiTe e€ rpaduk: y = sin (2x + 3).

. Uccnenyitte GpyHKIMIO U TTIOCTpOiiTE €8 rpaduk: y = 3x? + 5x — 2.
. Uccnenyiite GyHKIMIO M MOCTpOiiTE €8 rpaduk: y =X + x!.

. Uccnenyiite GyHkiuio u nocrpoiite eé rpaduk: y = 8x> - 2x + 1.
10. Uccnenyiite GyHKIUIO ¥ TOCTPOiiTE €€ rpaduk: y = 2x° - 6x + 3.

O 0 3 N Lt AW
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IIpakTnyeckas padora Ne30
Tema 5.8 HaunbGombIiiee 1 HaumMeHblee 3Ha4YeHUS (PYHKITIH
Heas: HayunTbcs HaxoauTh HauWOoOJblIee W HAaUMEHbIIEe 3HAYCHUS (QYHKIUH Ha
OTpe3Ke.

TeopeTnyeckas 4acThb:

Haxo:xnenune HanGo/IbIIEr0 1 HAUMEHbIIEr0 3HAYEeHUH QYHKIIMM HA OTpe3Ke.

1. Ecnu ¢yHKus HempepblBHA Ha OTpe3Ke, TO OHA JOCTUraeT Ha HEM CBOEro
HAuOOJIBIIIETO U CBOETO HAUMEHBIIIETO 3HAUCHUSI.

2. HaubGonpiiero u HauMEHbLIETO 3HAYEHUIN HempepbiBHAS (DYHKIUS MOXET AOCTUTaTh
KaK Ha KOHIIaX OTPe3Ka, TaK U BHYTPHU HETO.

3. Ecnu naubGonbliee (HauMeHbllee) 3HaUeHUE (YHKLIUU JOCTUTAETCA BHYTPH OTpE3Ka,
TO TOJIBKO B CTAIMOHAPHOM WJIM KPUTHYECKOW TOUKE.

AJNTOPUTM HaxOXXJIEHUs HauOOJBIIEr0 ¥ HauMEHbIEro 3HadeHul pyHknun y = f(X) Ha
otpeske [a; b]:

1. Haiitu obnacts onpeaenenus pynkuuu D(f).

2. Haiitu npousBoanyto f* (X).

3. Haiitu crauuroHapHble ¥ KPUTHYECKUE TOYKH (PYHKIIMU, TPUHAJJISKAIINE UHTEPBALY
(a; b).

4. Haiitu f(a), f(b) u 3Hauenuss QyHKUMU B CTalMOHAPHBIX TOYKAX, MPHHAJIEKAIIINX
uHTEepBaIy (a; b).

5. Cpenu moytydeHHBIX 3HaYeHHM BHIOpATh HAaOOJIbIIIEE U HAUMEHBIIIEE.

IpumepsI 1 pa3dop penieHus 3aJaHUH TPEHUPOBOYHOTO MOTYJIs

Nel.Haiitu HanGonbluee ¥ HauMeHblIee 3HadeHus Gpynkmuu f (x) = 2x3 — 9x* + 12x — 2
Ha otpeske [0; 3]

Pemenue. JleiicTByeM B COOTBETCTBUH C aJITOPUTMOM.

1) D(f) = (-00; +00).

2)f (x)=6x>—18x + 12

3) CranmonapHbie TOUKH: X = 1; X = 2.

1€(0;3; 2 € (0; 3)

4) f(0) = -2
f(3)=7
f(1)=3
f(2) =2

5) fuam=1(0) = -2

fuans=f(3) = 7.

OtBeT: fuam= -2

fuane= 7.

Ne2.Haiinure nBa MOJOKUTEIBHBIX YMCIA, CYMMa KOTOPBIX paBHa 16, a mpousBeAeHUE
HauOOoJIbIIEE.

Pemenue.

ITycTs mepBoe unciio pasHo X, * = 0

Torna Bropoe uncno - (16 — x),16 - x>0

CrenoBarenbHo, 0 < x < 16

[TpousBenenue 3tux yncen paBHo X(16 — x).

CocTaBuM QyHKIIHIO:

f(x) = x(16 — x)

fllx)=—-2x+16

X = 8 — €IMHCTBEHHAs cTalMoHapHas Touka Ha uHTepBaie (0; 16), oHa ABISETCS TOUKOM
MaKCHUMyMa.
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CrnenoBarenbHO, B 3TOM Touke QyHkmus F(x) = x(16 — X) nmpuHUMaeT HauOoIbIee
3HaYEHHE.

CrnenoBaTenbHO, J1BA MOJIOKUTEIBHBIX YHCIIA, CyMMa KOTOPBIX paBHA 16, a mpou3BeieHNE
HauOobIIee, 3T0 8 U 8.

OtBet: 8 1 8

Penrenue 3agannii:

I
Ne 1. Haiitn HauMmeHbllee M HauOONbIIEE 3HAYCHUS (QYHKIHH © 62" +9 ja
oTtpeske [-1, 2].
N y=xt 82" 43
No 2. Haititu HauMmeHblllee W HauOOJbINEe 3HAYCHHUS (DYHKIIMH Ha

otpeske [-3, 3].
No 3. Haiitu HauMmeHbIllee W HauOoOJbIIee 3HA4YCHHS (QYHKIUU V= x+—\.'{; Ha
otpeske [0, 4].
_4-x

F= 3
Ne 4. Haiitn HauMeHblee ¥ HauOOJblIee 3HAUCHUS (DYHKIMU 4+x" Ha orpeske [-
1,3].

¥ _3x4+3

Ne 5. Haiitn HanMeHbIee ¥ HaMGONbIIEe 3HAYCHUS QYHKIMM = Ha OTpe3Ke
3
2
1- x+x°
-y, . T
Ne 6. Haiitu HaumeHblllee M HauOoJbllee 3HAYEHUS (PYHKIHUU I+x-x" m
[0 1]
OTpE3Ke .

Ne 7. HaiiTM HamMeHpllee M HauOOJbIIEE 3HAYCHUS (YHKIHH » =x= 2z Ha

[0, 4]
OTpe3Ke .
=x*lnx
Ne 8. Haiftu HawMeHbiee ¥ HamboOJNbIIee 3HAYECHHS (DYHKIHH © Ha
otpeske [1, e].
Ne9. HaiiTi HauMeHblee U HauOOMbIee 3HaYeHUs QYHKIUT » 2x+0082% by OTpe3Ke

£t

IIpakTnyeckas padora Ne31
Tema 5.9 HaxoxaeHue onTUMalIbHOTO pe3yibTaTa ¢ IOMOIIBIO MPOU3BOIHON
Henb: Hayuntbess HaXOOUTh ONTUMANIBHBIN PE3YJIbTAT B MPOU3BOACTBEHHBIX IIPOLIECCAX
C IMTOMOUIBIO TPOU3BOTHOM.

Teopernyeckas 4acThb:

Kaxnp1ii yenoBek BpeMsi OT BPEMEHHM OKAa3bIBa€TCS B CUTYAllMH, KOT/Ia HAJO0 OTBICKATh
HAWIYYIIUH CHOCO0 pelieHHus Kakou-muOo 3ajadr, U MaTeMaTHKa CTaHOBHTCS CPEICTBOM
pemieHus: mpoOJieM OpraHW3aIMK MPOU3BOJICTBA, MOUCKOB ONTHMAIBHBIX pelleHuid. BakHbIM
YCIIOBUEM TMOBBIMIEHUsT d(PGEKTUBHOCTH TMPOU3ZBOJCTBA M YIYUIICHHS] KauecTBa MPOAYKIIUU
SABJIACTCA IIMPOKOC BHECAPCHUC MATCMATHYCCKUX METOJ0B B TEXHHUKY. Cpegm 3aa4 MaTE€MaTuKu
OOJBIIYIO POJIb OTBOMAT 3a7auaM Ha dKCTPEMYMBI, T. €. 3a/ladaM Ha OTHICKaHHWE HauOOIBIIEeTO U
HAaUMEHBIIIETO 3HAUYEHHU s, HAaWIy4llero, Haubosee BHIFOJHOr0, Hanbosee 3KOHOMHOT0. C TakKuMu
3aladyaM  IpUXOAUTHCA HMCThH [JCJIIO0 MPCACTABUTCIIAAM CAaMbBIX Pa3HbIX CHGHHaHBHOCTeﬁI
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MH)KEHEPBI-TEXHOJIOTH CTapalOTCsl TaK OPraHU30BaTh MPOU3BOICTBO, YTOOBI MOJYYHMIIOCH Kak
MOJKHO OOJIBIIE MPOTYKIIUH, KOHCTPYKTOPBI XOTAT TaK CINIAHUPOBATH MPUOOP HA KOCMHUYECKOM
Kopabiie, 4ToObl Macca HpuOOpa OblIa HaUMEHbIIEH, SKOHOMHUCTBI CTAPAOTCS CIIAHUPOBATH
MPHUKPEIICHUE 3aBOJIOB K UICTOYHHKAM CBIPhS TakK, YTOOBI TPAHCIIOPTHBIC PACXO/IbI OKA3bIBAIUCH
MHHHUMAJIbBHBIMUA. MO)KHO CKaszaTb, 4TO 3aJa4M Ha OTbICKAaHHC HAMMCHBLIICIO H HaI/I6OHBH_IeFO
3HAYCHHS, UMCIOT OOJIBIIIOE MPAKTHYECKOE PUMCHECHHE.

3amaua Ha M3rOTOBICHUE O0aKka HAaMOOIBIIEr0 00hLEMA

[IpencraBeTe cebe, YTO BaM TOCTYNHJI 3aka3: M3 KBaapaTHOro JIMCTa JKelie3a
HEO0OXOUMO H3TOTOBHTH Oak B (hopMe MPSMOYTOIBHOIO Mapajiesienuiea ¢ HanOOIbIIUM
o0bemMoM. JlaBaiiTe MpPaKTHYECKUM IyTEM OIPEICIMM, KaKHe MapaMeTphl JODKEH MMETh 3TOT
6ak?

Ha xaosicoviii cmon (2 cmyoenma) vroan Oymadicuwlii keaopam co cmoponou 24x24 cm u
PA3UYHOU pa3ZMemKoU (8blpe3ka no Kpasm keaopamos co cmopounamu I1x1, 2x2, 3x3, 4x4x, 5x35,
6x6, 7x7, 8x8, 9x9, 10x10, 11x11cm). Heobxooumo ckieumsv «0axy» u noocuumams e20 0Ovem
amnupuyeckum nymem. Omeem Quxcupyemcs Ha 00CKe U bloOupaemcst HauboIbLUWULL 00beM.

Hrak, HanGopmmii 00beM uMeeT 0aK BhICOTOM 4 ¢cM 1 ocHOBaHueM 16x16 cm. s Toro,
9TOOBI MPUHTH K 3TOMY pe3yJIbTaTy, HaM MPHILIOCH MPAKTUYCCKHM ITyTEM BBIIOJHHUTH
noctpoeHue 12 «06akoB». B KHM3HM 3TO — HEMO3BOJIUTENbHAs POCKOIIb. T.e. HEOOXOIUMO
npobiieMy — pemuTh  JApyruM  myrem.  Jlusg  3TOro MBI IPUMEHUM  3HAHUS U
MPUHIIUIT MATEMATHY€CKOI0 MO/1eTHPOBAHHUSA

3ajaud Ha ONTUMHU3AIMIO  PEHIalOT, MCHOJb3ysd MPUHIMI ~ MaTeMaTH4YeCKOTO
MOJICTTUPOBAHUS, KOTOPBII COCTOUT U3 TPEX ITAIOB:

1. CocraBieHue MaTeMaTHUYECKON MOJIENH

2. Pabora ¢ cocTaBiIeHHOU MOJIEIIBIO

3. OtBeT Ha BOIIPOC 33J1a4u

Hcnonp3ys MOpUHIMI MaTeMaTHYeCKOTO0  MOJEIMPOBAHMS, pEIIUM 3aJady Ha
U3roTOBJIEHHE Oaka HauboJblIero oobema.

1 stan: CocTaBrneHne MaTeMaTH4eCKO MOJIETIH:

1) Tlpoananu3upoBaB YCJIOBHS 3a/layd, BBIICIUM ONTHUMHU3UPYEMYIO BEJIMYUHY, T.€.
BEJIMUMHY, HauOoJblllee WM HauMEHbIllee 3HAYeHHe KOTOpoW HeoOXoaumo Haiitu. B manHOM
ciydae 3To 00beM 0aka, 0003HauuM ero V

2) OnHy U3 y4acTBYIOIIMX B 3a/1a4€ BEIMYUH 0003HAYHUTH 32 HE3aBUCUMYIO TIEPEMEHHYIO
x. IlocrapaTecs BBIpa3uTh 4epe3 3Ty NEPEMEHHYIO OCTaJbHbIE BEJIMYMHBIL. B Hamen 3amade
JIOTUYHO 32 HE3aBUCHMYIO TEpEMEHHYI0 X MPHUHATH BBICOTY 0aka, TOTJa OCHOBaHHE Oaka —
KBaJpaT co cTopoHOU (24-2x). Onpenenum peajibHble TpaHUIBI epeMeHHoN X. JlormuHo, 4to
BbICOTa 0aKa —TOJIOKUTENbHAs BETMYMHA, MEHbITast 12.

3) Ucxons u3 ycnoBus 3a/1a4, BbIpa3uM V yepes X:

V(x)=(24-2x)*x, 0<x<12. MaTemaTuueckas MoJejb II0CTPOEeHA

2 aran. PaboTa ¢ cocTaBieHHON MOJEIbIO

Haiinem HanGonbinee 3Hauenne pynkunn V(x) Ha uatepsaie (0;12)

V(x)=576x-96x*+4x>

Haxoaum npon3BoAHYIO U CTallMOHAPHBIE TOYKU

V'(x)=576-192x+12x%,  576-192x+12x*=0, x;=12,x,=4.

Tonbko oxHa Touka Xx=4 npuHamIexxuT uaTepBay (0;12), mpuuem npu 0<x<4 V'(x)>0, a
npu 4<x<12 V'(x)<0, T.e. x=4 TOYKa MakCUMyMa, a 3HAYUT, B ATOM Touke PyHKUUA V(X)
MpPUHUMAET HanOoJbIllee 3HAYCHNUE.

3 aramn. OTBET Ha BONPOC 3a7a4H.

X — 9710 BBICOTA 0aKa, T.e. BRICOTa paBHA 4, CTOPOHBI OCHOBaHUS Oaka — 16.

Nrak, 6ak ¢ HanboabIIMM 00BEMOM UMEET apameTpsl: 16x16x4.

3amaua 2.
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Jlan O6ak 0e3 KpbIIKK B (GopMe NPSIMOYTOJILHOTO Mapajiesienuiesa, B OCHOBAHUU
KOTOPOTO JI&KHUT KBaJApaT U 00beM KoToporo paseH 108 mv?. Ilpn kakux pazmepax 06aka Ha ero
M3rOTOBJIEHHE MTOI1ET HAUMEHbIlIEE KOJIMUECTBO MaTepuaa?

1. CocraBisieM MaTeMaTH4ECKYIO MOJIETb

Bompoc OtBet
Yro aBisercs Ilnowaow oemaneii, u3z
ONTHUMH3UPYEMON BETHUUHOMN? KOMOPYBIX c8apeH 6ax
CKOJIBKO TaKHuX JeTajiei? Oo0no ocrosanue u 4 6okoswix
2paHu
Yro npeacraBisieT co0oil THO Keaopam
Oaka?
Ero mnomans? x°, npuHsE cmMopoHy ocHOBaHUS.
3a x
UYrto npeacTaBisoT cooon 4 pasHvIX NPAMOY20IbHUKA
OOKOBbIE rpaHu?
Wx momans? 4xh, 20e h — evicoma baka
CKOJIBKO HEM3BECTHBIX Cmopona ocrosanus 6axa u
BEJIMYMH, OT KOTOPBIX 3aBUCUT svicoma
ONTUMU3UpYeMasl BeTuInHa?
MOKHO JIM CBECTH K OJTHOM?
Bripaszum Beicoty h yepes x V=hx’ 108=hx’  h=108/x’
BhIpa3uM IUI0MAb Yepes X S(x)=x’+4x
KakoBsl mapameTpsi x? 0<x<108
Wrak, MmaTremaTuueckasi MOJIEIb S(x)=x’+4x 0<x<108
3aaun

2. Pabora ¢ maremaruueckoir Mosienbto. HaliTu HaumeHblee 3HaueHre GyHkMu S(X) Ha
untepsaine (0;108) mo anropurmy

Bomnpoc Omeem
Haiitu cranimoHapHble TOUKH S'(x)=2x-4
2x-4 =0
2x’=432
x’=216 x=6
CranuoHapHas TOUYKa SBISAETCS a, x=6 mouxa munumyma

TOYKOM IKCTpeMyMma? (TOUKOM
MaKCHMyMa UM MUHIMYMA)

Haumenbiiee 3HaueHUE PYHKITHH Ja, m.x. na unmepeane
S(x) mocTuraeTcs B TOUKE (0;,108) ¢ynxyus
MHUHUMYyMa? HenpepvlHa

3. OTBeT Ha BONPOC 3aJa4uH.

Bompoc Omeem
B nannoi 3amaue KaKOM CMBICIT
UMeeT HaiiJleHHas BelIUYrHa X?
Kakue emie mapameTpbl uMeeT

Cmopona ocnosanus baka

6aK? Boicoma
KaxkoBo ee 3HaueHue? H=3
Haumenvuee xonuuecmeso
OTBeT Ha BONpoC 3a7a9u mMamepuana Ha u3eomosieHue

baka npu wupuHe OCHO6AHUA
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| | 6 Om u gvicome 3 Om |

Pelnenne 3axanui:

Nel. CBapiuKy MOCTYIHI 3aKa3 BBINOIHHTH OTPakACHHE ydacTKa Iiomanasio 2400m2,
pa3buB ero Ha JBa yd4acTKa MPSMOYrojibHOM (QOpMbI Tak, 4TOOBI IJIMHA OTpaXkIeHus OblLia
HanumeHblen. Hailtu pa3mepsl y4acTKOB.

No2. Tpebyercs cBapuTh SIIHUK C KPBIKOH 00BEMOM 576 nM3, CTOPOHBI OCHOBAHUS
SIUKA JTOJDKHBI OTHOCUTHCS Kak 1:2. Kakoil momkHa OBITh BEIMYMHA €r0 CTOPOH, YTOOBI MOJTHAS
MMOBEPXHOCTh ObllIa HAUMEHBIIICH?

Ne3. Vwyactok npsMOyronbHOM (OpMBI OJHOM CTOPOHOW MpHIEraeT K 3AaHUI0. Y
cBapiuka ectb 20 MeTpoB uzropoau. Hamo oropoauts ydyacTok Tak, 4ToObI IJIOLIAAb €ro Oblia
HauOobILIAs

Ne4. TpeOyeTcsi M3TOTOBHUTH OTKPBITBIM JKECTSHOW KOpoO B (opMe MNpSIMOYTOIBHOTO
napajuiejenunesa ¢ KBaJgpaTHbIM OCHOBAHMEM, C HAaWMEHbIIMM OOBEMOM, €CIUM Ha €ro
M3rOTOBJIEHHE MOKHO IOTPATUTh skecTu 300cm?

IIpakTnyeckas padora Ne32
Tema 5.9 HaxoxxzeHue onTHMaabHOIO pe3yipTaTa ¢ IOMOLIBIO IIPOU3BOIHON
Hean: HayunTbcss HaXOOUTh ONTHUMAJIBHBIM PE3YJBTAT B IPAKTUYECKUX 3aJadax C
IIOMOUIbIO IIPOU3BOAHOM.

Teopernyeckasi 4acTh:

[Ipexne yem pemath Kakyr - Ju00 KM3HEHHYIO 33J1ady, YEJIOBEK CTapaeTcsl B3BECUTh
UMEIOIYIOCS Y Hero nHpopMaluioo, BeIOpaTh U3 Hee CyllecTBeHHYH0. M Tonpko mOTOM, Korna
cTaHeT OoJiee WJIM MEHee SICHO, U3 Yero MCXOJWUTh UM Ha KaKOH pe3ylbTaT pacCUMThIBATh, OH
IIPUCTYNAET K PELICHUI0 3a7add. YacTo ONMMCaHHBIA MPOLECC HA3BIBAIOT YCIOBUEM 3a/auH,
(daKkTHYEeCKH Ke€ ITO 3aMeHa HCXOJIHOM »KWU3HEHHOW 3aJaud ee Moeibio. B ocMbicieHnun
npocTeiiiel KU3HEHHOM CUTyallul NMPUCYTCTBYET MOAEIBHBIN MOAXOJI, XOTSA YeJIOBEK OOBIYHO
HE 3aMeyaeT CBOEH JEATEeNIbHOCTH IO CO3JaHUI0 MOJIEJe - HAacTOJBKO OHa MJis HEro
ecTecTBeHHa. MHOE 1eo, ecau BO3HMKAIOUIas 3a/aya 3aTparuBacT KIIFOUYEBBIE MOMEHTBI XKU3HU
OJIHOTO 4YeJIOBeKa WM Kakoro - jJubo coobmiectBa mrofeil. PaznHooOpasue MHPOpMAIMOHHBIX
aclieKTOB B KaXJOH TakoW 3agaue HACTOJIIBKO BEJIHMKO, 4YTO OBbIBaeT CJIOXKHO U3 BCEro
MHOroo0pasusi HH@OpManuu 00 H3y4aeMOM SBJIEHMM WIM O0O0beKTe BbIOpaTh Haubosee
cyllecTBeHHbIE. B Takux ciaydasx HEOOXOJUMO cIeNaTh YINPOLIarolee Mpeanoa0kKeHne, YTOObI
BBIJICJIUTh HCXOJAHBIE JJAHHBIE, ONpPEIENUTh, YTO OYJET CIY)KUTh PE3yJIbTaTOM M KaKoBa CBS3b
MEX/ly UCXOAHBIMU JaHHBIMU U pe3yiabTaToM. Bce 3To - mpenmnosiokeHus, NCXOHbIE TaHHBIE,
PE3yJIBTaThl, CBA3H MEXAY HUMH - UX HAa3bIBAIOT MOJEIBIO 3a/1a4H.

Ecnu moctpoeHHas Mojenb JaeT yIOBJIETBOPUTENbHBIE pPE3YyJIbTaThl MPU PELICHUH
KU3HEHHBIX 3a/1a4, TO TOBOPAT, YTO MOJEIb aJeKBaTHA pacCMAaTpUBAEMOMY OOBEKTY, MPOLECCY
win  saBieHuto. Hepenko nns  pemeHuss MOAENBHOM  3amayd  TpeOyeTcsi HEKOTOPbI
UHCTPYMEHTApHH. DTOT MHCTPYMEHTapuil OOBIYHO OpPraHU3yeTcss B BUJE €JUHOIO OOBEKTa,
HA3bIBAEMOT0 UCTIONIHUTEIEM. UTOOBI HCIIOTHUTEND MOT MOJTYYUTh OTBET, EMY HYKHBI YKa3aHUS,
4TO M Kak Jenarb. Takue yka3zaHUs 4acTO IPEACTaBISAIOTCA B BHJE aITOPUTMA, B KOTOPOM
3aJJal0TCSl MaTEMAaTUYECKHUE COOTHOLICHMS, CBSI3bIBAIOIINE UCXOAHBIE TaHHBIE U PE3YJIbTaT.

B sTOM ci1yyae roBopsAT 0 NOCTPOEHUH MaTEMaTHUECKON MOJENIN 3aJayH.

PaccmoTpuM npuMepsl UCTIOIB30BaHUSI MAaTEMAaTHYECKUX MOJIEe B ONTUMU3AIIMOHHBIX
NPAaKTUYECKHX 3a/1a4ax, pelICHHE KOTOPhIX TpeOyeT HaX0xkIeHHE TPOU3BOIHON (DYHKIIHH.

3amaua 1. PaccrosHme mMexnay nByms maxtamMmd A u B mo mocceitHoit mopore 60 kwm.
Ha maxte A no6siBaetcs 200 T pyxael B cyTku, Ha maxte B -100T Bcyrku. I'ne HyxHO
IIOCTPOUTh 3aBOJ IO TepepaboTKe pyabl, 4TOOBl A €€ MePEeBO3KU KOJIUYECTBO TOHHO-
KAJIOMETPOB OBUIO HAaUMEHBIINM?
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Pemenue. BprsicHsieM, 4TO CyMMapHOE KOJMYECTBO TOHHO-KHUJIIOMETPOB HM3MEHSETCS B
3aBHCHUMOCTH OT MECTa HaxXOXICHMs 3aBOJA, BBHIYHMCIUB €ro, HampuMmep, AJs ciydaeB, Korja
3aBOJI HAXOAMUTCS OT MyHKTa A Ha paccrosau 30 kM, 20 kM, 10 km.

Jlanee mpucTynaem K pelieHuIo 3a7aun, 0003HauuB paccTosHue oT 3aBoja C 10 MIaXThl
A uepe3 x: AC=xuBC=60-x.

KonnuecTBO TOHHO-KMIJIIOMETPOB, MPOMAEHHBIX TpaHcnopToM OT A 10 C 3a Kaxablid
nenb, coctaBisger 200 x 1/kM, or B mo C - 100 (60 - x) T/kM. CymMMapHOE KOJIHUYECTBO
TOHHO-KHUJIOMETPOB BbIpasutcs ¢yHkuuei y = 200x + 100 (60 - x) = 100x + 6000, xoTopas
onpeneneHa Ha cermente [0; 60].

SIcHO, UTO 3TO ypaBHEHHE MOXET HMETh OECKOHEYHO MHOro peuienuii. Borpoc
- HAWTH JEUICBbI BApHUAaHT IIEPEBO3OK.

Uccnenys dynkmuio y = 100x + 6000 Ha cermente [0; 60], moaydyuM Ymin = 6000.
Orta nuHelHas QyHKUMA OyAeT UMETh  MHHMMalbHOE  3HaueHue npu X = 0, ymin = 6000
T/KM. 3aBOJI HA/I0 CTPOUTDH BO3JIEC IAXThl A.

Jlist aydinero MOHMMAHHMS STOM 3alayd 11eJ1ecO00pa3HO  JIOMOJTHHUTENIBHO BBISICHUTH
BOIPOC, IJI€ HY>)KHO ObI IOCTPOUTH 3aBOJI, €CIIU OBI:

a) B maxrte A poOwBasioch 100 T, a B maxre B -200T pynsi

0) Bmaxte A-200T, a B maxte B-190T;

B) Biaxte A u maxre B- mo 200 T pyasl;

UToOb!I pemuTh 3TOT BOIIPOC, HYKHO HalTH Ha cermente [0; 60] MuHHUMYM GYHKINH:

a) y =100x +200(60 - x) = - 100x + 12000;

6) y =200x + 190(60 - x) = 10x + 11400;

B) y = 200x + 200(60 - x) = 12000.

OtBet: M3 Bcero 3Toro MOXKHO CJelaTh TaKOil BBIBOJ: €clu B IIaxTe A J00bIBaeTcCs
pyZzibl Oonbllie, 4eM B axTe B, To 3aBoj Ha/l0 CTPOUTH BO3JIE HMIAXThl A; €ClIM K€ KOJINYECTBO
pyObl B OTUX IIAXTax OJWHAKOBOE, TO 3aBOJ MOXXHO CTPOUTH B JIIOOOM MecTe  BOIU3U
IIOCCEMHON Jopord Mexay maxtaMmu A wu B.

3amaua 2. Ha konxo3HOH ¢epMe HYXKHO IPOBECTH BOAONPOBOJ AIMHONH 167 M.
Nmerotcst Tpyosl qymuHOM 5 M 7 M. CKOJBKO HY)XHO HCIOJB30BaTh TE€X U JAPYTUX TPYO,
4yTOoOBI C/eNaTh HaWMEHbIlEe KOJIMYECTBO COECJUHEHUH TpyObl He pe3aTh)?

Pemenne.  YuuThiBas, 4TO KOJMYECTBO KaK OJHHUX, TaK U JPYrUX TpyO MOXKET
MU3MEHSTHCS,

KOJIMYECTBO 7 - METPOBBIX TPyO 00O3HAYMM Hepe3 X,

KOJIMYECTBO 5 - METPOBBIX — 4U€pe3 v,

Torga 7X - AnuHA 7 - METPOBBIX TpPYO,

Sy - nanuHa 5 - METpOBBIX TPYO.

[Tonyuyaem ypaBHeHnue 7x + S5y = 167. Tak kak x,y € Z, To Meronom mnepebdopa
JIETKO HAWTH  COOTBETCTBYIOIME IMapbl 3HAYEHUH X M Yy, KOTOpPBIE  YIOBJIETBOPSIOT
ypaBHeHue 7x + Sy =167.

(1; 32), (6;25), (11;18), (16;11), (21;4).

OtBer: U3 »THX pemieHuid HamboJjiee BBITOJHOE TmocheaHee, T.e. X=21,y=4.

Pemienue 3aganmii:

Nel. TpeOyercss oropoauTh NPSMOYTOJbHBIA Y4YacTOK 3€MJIM, HCIIOJIb3Ysl B KauecTBe
OJIHOI M3 CTOPOH 3a00pa YacTh CTEHBI I0Ma. YUYaCTOK JOKEH UMETh ONpeAeNEHHYIO TUIONIA/lb.
Kak cnenyer BbIOpaTh COOTHOLICHHE MEXKY JUITMHAMHU €r0 CTOPOH, YTOOBI HAa MOCTPOIKy 3a00pa
MOIIJI0 HAaUMEHbIIIee KOJIMYECTBO MaTepuaa?

OtBer: Cropona 3abopa, mapaulelbHas CTE€HE JOMa, JOJDKHA ObITh B JIBa pasa
JUTMHHEE OOKOBOM CTOPOHBI.

Ne2. Tpebyercs oropoauth cetkoir mHOW 600 M 30HY OTABIXA MPSMOYTOJIBHON
(bopmbl, pueraroIyo kK pexe. Onpeaenure, KAKOBbI JOJKHBI ObITh JUIMHA U IIMPUHA Y4acTKa,
4TOOBI OH UMeJ HauOOJIBIIYIO TUIOIIA/Ib.

120



OtBer: HanOobIIAs TUIOIIAAb YUacTKa, ecnu mupuHalS0 m, mmuaa 300 m.

Ne 3. Onpenenuts pasMepsl OTKPHITOTO GacceiiHa 00beMoM 256 M>, HMEIOIEro JHO B
BUJE KBaJpaTa, TaK YTOObI Ha OOJIMIIOBKY €ro CTEH W JiHa ObUIO M3PAacXOJI0BAHO HaWMEHbBINEE
KOJINYECTBO MaTepuaa.

OtBer: 8 M. 8 M, 4 M.

Ne 4. Tlpuneraromyo K J0My NPsIMOYTOJbHYIO IUIOIIAJIKY HYXKHO OIpaJHuTh PEIETKON
mmHor 120 M. OmpenenuTs pa3Mepbl IUIOMIAJKHA, TaK YTOOBI OHA HMMeJa HauOOJbIIYIO
IUIOIIAb.

OtseT: 30 M, 60 M.

IpakTnyeckas padora Ne33

Tema 5.10 ITepBooOpa3znas Gpynkmwms. [IpaBuna HaX0XACHUS TEPBOOOPA3HBIX

Iesan: HayunTh Hax0qUTh NEpPBOOOPA3HBIE

Teopernyeckas 4acThb:

ITonsiTe mepBOOOPa3HOM

Jlerko  norajgaTtbCcsi, 4YTO TEPMHH  “mepBooOpa3Has’”  MPOUCXOJUT OT  JBYX
CJIOB: nepswiii U 06pas3. IlepBbiM 00pa3oM y aBTOMOOUIIS ObLiIa MOBO3KA, a Y MIOpe — KapTodeb.

Bepremcs k MaTeMatuke.

JlaBaiite ObICTPO BCIIOMHUM, 4To HaXO0KJECHUE POU3BOIHON
wii Ju¢depeHIHpoBaHNe — 3TO COBEPIICHHE MaTEMAaTHYECKON omnepanuu Haj ¢pyHkuuei. To
€CTb, CJIeys OIpeJe/ICHHBIM IIPaBUiIaM, Jr00as QYHKIUS MOXKET ObITh IpeoOpa3oBaHa B HOBYIO
(GyHKIMIO, KOTOpast U OyeT MPOU3BOAHOM.

B 00bI14HOI HU3HU, COBEpILAsi HECKOJIbKO JEHCTBUI, Mbl MOXKEM NMpeoOpa3oBaTh MYKY B
TECTO, a 3aTeM M B nupoxku. Ho pa3oOparh roToBbli MHPOKOK HAa MYKY y Hac yxe He
HOJY4YHUTCs. 3aTO B MaTEeMaTHKE BCET1a MOKHO BEPHYThCS Ha IIar Ha3aJl: CIOXKWIM JIBA YUCIIAa —
BBIYTEM OOPATHO, BO3BEJIU B CTENIEHb — U3BJIEUYEM KOPEHb.

[Toxoxxum 00pa3oM MBI MOKEM MOCTYIUTH C (YHKITUEH.

BosbMeM m06y10 GpyHKIHMIO, Hapumep, f(x) = X* 1 HaiifieM J1J1g Hee Mpou3BoHYIo f'(X) =
2x — mnony4yuiack HoBasi pyHkuusa. Tenepp nns Toro, yToObl BEpHYTHCA Ha ILAr Ha3ajl, HAM
HYXXHO HaliTu nmepBooOpa3Hyro oT HOBOM QyHKIUH (f'(x) = 2X).

IlepBoo6pa3noii 1ia pynkuuu f(x) HaszpBaeTcst Takas (yHkuusa F(x), ans xortopoi
BbINIOJIHsIETCs paBeHCTBO: F'(X) = f(X).

To ecth, eciu B3STh IPOU3BOJHYIO OT IEPBOOOPA3HOIN KaKOH-TM00 (PYHKIIMH, TOITYYUTCS

cama aTa (I)YHKI_[I/IH. HpOHCCC HaXO0XACHUA MHO>XECTBa HepBOO6pa3HBIX
Ha3bIBACTCA HHTCIPUPOBAHUEM.
F'(x) = f(x)

JI7st HaX 0K ACHUS IEPBOOOPA3HBIX CYIIECTBYET CIIeHaIbHAs TabauIa. B Hel mpuBeeHbI
nepBoOOpa3Hble Uil Kaxaod (QyHKIUM. A 4YTOObI YOEOUThCS B OTOM, MOXHO HalTh
IIPOM3BOJHYIO OT MEPBOOOPA3HOM U CPaBHUTH ¢ (pyHKIMEH. OHU OYIAYyT OJIMHAKOBEHIE.

Tabanna nepoodpasHbIX

Tabauua nepBooOpasHbIX:

@dyuxkuus f(x)[[Iepsoodpaznas F(x)
0 C = const
1 x + C
nt+l

xnx -1 a +C

4+ 1
1
—,x =0 Inlnx+0C
X
oS X sin x + C
sin x -cosx + C
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e* e*+C
I'ne C — npoun3BoIbHOE YKCIIO

Pemenue 3aganuii:

Nel.MarepuanbpHasi TOYKa JBMXKETCS MPSMOJIMHEHHO CO CKOpOCThIO V(t)=8t—4. Haiinure
3aKOH JIBWKCHHS TOUYKH, €CJTH B MOMEHT BPEMEHH t=2C MPOUICHHBIN MyTh COCTABHII 4 M.

Pewrenue:

Bocmonb3yeMcs onpesieieHIeM epBoodpasHoii, T.. S(t)=vot+at>/2

S’(t) = v(t).

Haiiniem Bce mepsooOpasubie S(t)= -4t+4t% +c.

[ToacraBuM t=2c¢ 1 poiiAeHHBIN TyTh S=4 M.

4= -8+16+c

C=-4.

CrenoBarenbHO, 3aKOH JIBHKEHHS OY/IET BBITIISACTD CIEAYIONIMM 00pa3oM:

s(t)=4t>—4t—4

Otger: s(t)=4t>—4t—4

Ne2. Tlo rpaduky nepBooOpaznoit pyHkiuu y = F(X) onpenenuTe KOINYECTBO TOYEK, B
KOTOpPBIX (yHKIHA y = f(X) paBHa HYIIO.
¥

AN
4

l'I,...lli
=)

Pemenue:

Tak kak F'(x) = f(x) -nmo onpenenenuto nepBoodOpazHoOil, TO TOUKH, B KOTOPBIX (DYHKIIHS
f(x) (mpomsBonHas ¢pyHkuM F(X)) — 370 TOukM 3kcTpemyma pyHKuuu F(X). A Takux Touyek Ha
rpaduxe 4.

Ortser: 4.

Ned. [To rpaduky mnepBooOpazHoil ¢yHkuuu y = F(X) ompenenuTe YHCIOBbIE

IIPOMEXKYTKH, HA KOTOPBIX PyHKIMS Yy = f(X) UMeeT OTpHULIaTeIbHbIN 3HAK.
¥,

/\
/

$Fx)
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Pewrenue:

Tak kak F’(x) = f(x)- mo ompeneneHuto nepBooOpasHON, TO YUCIOBBIC MPOMEXKYTKH, HA
KoTopbiX ¢yHkuus f(x) (mpousBomnas ¢yHkumu F(X)) MMeeT OTpUIATENbHBIA 3HAK — 3TO
pOMeXXyTKH yObiBaHus GyHKIMK F(X). Takux mpomexxyTkoB Ha gJaHHOM rpaduke 2. I1o (-2; 1)
u(2;5).

Otser: (-2; 1); (2; 5).

Ne4. Jlokaxwure, uto ¢pyHkus y = F(X) sBisercst mepBooOpa3Hoit st pyHkmn y = f(x).

F(x) = x?—e™ 4+ 2,f(x) = 2x — 2%

Pewrenue:

JlokazaTenbCcTBO.

F'(x)=(x?-e**+2)'=2x-2¢e**

I[To ompenenenuto mepBooOpasznoi, F'(x)=f(x), cnenoarenbro, F'(X) wu ecth
nepBoodOpasHas it pyHkuun f(x)

NeS. insa dynximu f{x) = x 2 HaiiTy HepBoo6GpasHyI0, rpaguK KOTOPOH MPOXOIHUT yepes
Touky (-3; 10).

Pemenue:

%3

Haiinem Bce mepBooOpasubie GyHKIHH f{x) : F(x) = 3 e

Haiiiem uncno C, Takoe, 4To0bl Tpaduk GyHKIUHU f{x) =x2 HPOXOAUI Y4epe3 TouKy (-3;
10). [loacraBum x = — 3, y = 10, noayuum:

10 = (-3)*/3 +c

C=19
3
x
CrnenoBarenbsHO, F(x) = 3 +19
3
X
OrtBer: Fx) = 3 +19

IIpakTuyeckas padora Ne34
Tema 5.11 ITnomanes kpuBonuHeitHo# Tpaneunu. @opmyna Hetotona-Jleitbuuna
Heanb: HayunTs pemaTs HHTETpasibl, UCHOIB3Ys popmyny HeroTona-JIeliOHuna
Teopernyeckas yacrbp

@opmyna Heromona-Jleiionuya
Ilycte  ¢dyHkums f(x) HempepblBHA HAa  3aMKHYTOM  MHTepBaie [a, b]. Eciu F (x) -
nepBooOpasHas ¢pyHkuuu f (x) Hala, b], To

]f(x)dpﬁ(xjﬂ = F(b)-F(a).

Pemenue 3ananuii:
ITpumep 1

j(xz —xg)cfx

1]
Breraucnuts HHTCrpal

Pewenue.
[Tpumenss popmyny Herorona-JleiiOHuna, momxydaem

123



(2 - ")z - [? ?] _

0

[Tpumep 2

f({=R)ar

Breranciaurts HHTErpai; n

Pewenue.

j‘(if—q.&_)dz é—z”‘ﬁ dt =

1 1

1

/+1 /+1

“[2-2)-0-1
43 12

3% o4
4 3

y=x' y=dx

Haiiti nnomans Gurypel, orpaHU4eHHON KPUBBIMU u

0

[Tpumep 3

Pewenue.
CHayana onpeaenuM TOYKU MEPECeUeHHs IBYX KPUBBIX (PHUCYHOK 3).

= x,

= 2-Jx=0,
- JE(x —1)=0
= x=0, z=1

Takum 006pa3om, nanHbie KpuBbie iepecekatorces B Toukax (0,0) u (1,1). CnegoBatenbHo,
ioniaib GUrypsl paBHa

oo 72 -2 -

y=2x-x*

Puc.3 Puc.4
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[Ipumep 4

y=2x-x x4+ vy =0
Haiitu nomans Gurypsl, orpaHndeHHyo rpadpukaMu QyHKIUH u .
Pewenue.
Haiinem koopnHaThl TOUEK [IEPECEUEHUS KPUBBIX (PUCYHOK 4).

2x-x =-x,

= x*-3x=10,

= x [x - 3) =1

= x5 =0 x =3

a2
JlanHas 061acTh OrpaHUUMBAETCS CBEPXY Mapabooi + 2x—x , @ CHU3Y - IpSIMOH

v =—-X o
JIMHHUECHU Y . CJ'IG,I[OBaTeJ'IBHO, iomajab 9TOU obnactu PpaBHa
3

3

3 PR = S 27 27 9
B s G B e

IIpuMeHeHMe onpeaeIEHHOTO HHTErpaJsia:
1. Haxo:kneHue miomaan KpUuBOJIHHEHON Tpaneuuu

y y=fx) | IInomaas GHrypsl, OrpaHIEHHOT
: THHIAMH: X=@; x=D; y=0 u y=f{(x)

»
S=J'ﬂx!dx
a

| x=a x= x

IInowmazae GpUrypbl, orpaHHUEHHOH IMHMAMM: ¥ =[{x ) 1 y=gfx ).
Haifri ToukH nepeceyeri X 1 X, w3 yenopmi:  flx)=gfx)
S= J'(ﬂxb— glx)dx

2. HaxoskaeHne BeJMYHHbI CKOPOCTH V IO 33IJaHHOMY 3aKOHY yCKopeHus a(t) 3a
2 .
v= a(t)dt
MPOMEKYTOK BpeMeHH [t1;t2], T.e Jtl (t)
IIpumep: Touka ABHKETCH MO 3aKOHY yckopenus a(t)=t+1. Haiitm Benuduny ee

CKOPOCTH 32 POMEKYTOK BpeMeHH [2;4] cexyHa.

: 4 (a+1)%2 (2+1)°
v(t) = t+1 dt:———=8MC
Pemenmne: (® "2 ( ) 2 2 /

3. Haxo:xxaeHne myTH S 1O 3aKOHY HM3MEHEHHs CKopocTH V(f) 3a NPOMEKYTOK

t2 ’
S = v(t)dt
BpemeHu [t1;t2], T.e. ftl )
IIpumep: HaiiTu  myTh,  KOTOpPBIM  Opojenaja  MaTepHaJibHas ~ TOYKa  3a
IPOMEXYTOK BpeMEHM [2;4], ABUrasch €O CKOPOCTBbIO, KOTOpass HM3MEHSIACHh 110 3aKOHY:
V(H)=2t+2.

4, : 7
Pemenne: S = [, (2t + 2)dt = 22 (ea. AnuHBI)
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IIpakTuyeckas padora Ne35

Tema 5.12 OnpeneneHHbIN UHTETPaAT B KU3HU

Hesan: HayunThest HCIIONB30BaTh HHTETPANT I HAXOXKJICHUS (PU3NUECKUX BEITMUNH

TeopeTnyeckas 4acThb:

WuTerpan — 3T0 MareMaTHYeCKHil OOBEKT, KOTOPHI BO3HHK HCTOPUYECKH HAa OCHOBE
HOTPEOHOCTH PELIeHUs pa3IMYHBIX NPUKIAJHBIX 3a7ad (QU3MKM M TeXHUKH. Te Qusnueckue
BEJIMYMHBI, KOTOPBIE OMNPENENIAIOTCS C IMOMOUIbI0 HHTErpajla — KakK IIPaBUJIO, HA3bIBAIOTCS
MUHTETPAJIIBHBIMHU, @ T€ BEIUYMHBI, Y€pe3 KOTOPBIC BBIPAKAIOTCS HUHTETPAJIBHBIC BEIUYMHBI —
QG epeHIaIbHBIMHE.

WHTerpassl HalLIM CBOE€ MPUMEHEHUE B ACTPOHOMUU (MHTErpaibl SHEPTUU U IUIOLIa/eH;
JIBUKCHHUE 3BE3M); MeauluHe (KOMIbIOTEpHass Tomorpadus); Ouosoruu (yCTaHABIMBAIOT
IPUPOCT YUCIEHHOCTH IMOMYJIALUH; OMoMaccy MOMYNIALMN M CPEIHIOW JJIMHY IYyTH (I10JeTa)
IPY IPOXOKICHUN HEKOTOPOTO (PMKCUPOBAHHOTO YUACTKA).

Ha cerosHs HEBO3MOXXHO M3yu€HHE I'eéMOJIMHAMHUKHN — JIBUKEHUSI KPOBH 110 cocyam 0e3
IPUMEHEHUs UHTErpajioB. B TeyeHue UIMTENbHOIO BPEMEHU KaTeTepu3allusl MpaBbIX OTIEJIOB
cepua sIBIsAIach €IMHCTBEHHBIM METOJOM MCCIEA0BAHNUS, I03BOJISIBIIMM OLIEHUBATh COCTOSHUSA
IpaBbIX OTHENOB cepaua U JieroyHod aprepuu. C MOMOLIbIO HHTETPaJoB B MEIULIMHE
BBIUUCIIAIOT HHTETPATIbHYIO CKOPOCTb JJIS LIEJIOT0 cocyia (apTepuu WM BEHbI), 3Has JIMHEHHYIO
CKOPOCTbh KPOBOTOKA; TAK K€ PACCUMTHIBAETCS yIapHbIH 00beM (00BEM KPOBH).

IIpencraBneHHble Bbllie (GakTbl IEMOHCTPUPYIOT IIMPOKOE NPUMEHEHHE MHTErpajioB B
pPa3IUYHBIX HAy4YHBIX OOJACTAX, YTO JOKAa3bIBA€T HEOTHEMJIEMYIO BAa)KHOCTb WHTEIPalOB B
Hamedl ku3HHU. [IpuMeHeHue OIpelesIeHHOro0 HHTerpaja BO MHOIOM O0O0Jerdaer peleHue
NPUKJIAJHBIX 33/1a4 TeOMETPUH, (PU3UKH U IPYTHUX HAYK.

Penrenne 3agau:

1. 3agava o EbIYUCNEHWH NYTH
CormacHo QU3MYECKOMY CMEICTY NEPBOA NPOM3BOAHON, NPON3BOAHAR DYHKLMK B TOYKE eCTh

. d
MFHOBEHHAR CKODOCTL TOMKM, TE. v(f) = &'(f) = f OTcHoaa, ds = viE)dt . VIHTETpMPYA NoMy4YeHHoe
£

PABEHCTEO B Npefenax oT tq Ao t, nonydaem

H

Ia?s = ‘I‘v(r.)cx‘r.

1,

Torga nyTe, NPOAAEHHBIA TOYKOH NPY HEPABHOMEPHOM OEWKEHWK N0 NPAMON C NEPEMEHHON
CKOPOCTBIO L(€) 33 OTPE30K BPEMEHH [ £, £, |BbIPAXAETCA MHTErPaNoM

t
S=J Lit)dt. n
t
Mpumep 1. CKOPOCTh NPAMONMHEAHOTO NEMKEHNA TENA BLIPAKASTCA OPMYNON 13 = 2t+3t2(M/C).
HaiTi NyTe, NPOROEHHLIA TENOM 33 5 CEKYHL, OT Ha4Yana ABWAEHNA.

PelleHne.
5 5

S=1(2tH3t Hyde= (41| =150(m).

i 1]

Mpumep 2. [Ba TeNa HaYanu ABMIATbCR OOHOBPEMEHHO W3 OQHON TOYKW B OOHOM HANPaBNEHWM NO
NpAMON. MEPBOE TENO ABMKETCA CO CKOPOCTLID v =(6t2+21) M/C, BTOPOE — CO CKOPOCTLH Vo=(41+5) MiC.
Ha Kakom paccTOAHWA APYT OT ApPYTa OHW OKaKyTCA Yepes & .7

126



2. 3agaya O BeIYHMCNEHWH PaGoTel NepeMeHHON CHNkI

MycTb mMaTepUansHas To4Ka nod AelCTEMEN CHMbI F ABMAETCA No NpAMOR. ECNK AsACTEYIOWARA cuna
NOCTOAHA, A NPOMASHHBIA NYTh PABEH S, TO KaK M3BECTHO U3 Kypca U3KKKM, padoTa A 3ToH F
BbIMMCNASTCA NO DOpMYyNE:

A= F7s

PafoTy NnepeMeHHOR cknbl T(X) NP NEpeMEeLLesn No ock OX MaTepuansHol TONKK OT ¥=a 0o x=b,
HaxogumM no popuyne (3)

3
A= If(x)dx (2)

PellieHHM 33134 HA BbIYMCNEHUE paGoThl CUNbI YNIPYTOCTH, CEA3AHHBIX C PACTAKEHWEM W CHATHEM
MpY#UH, OCHOBLIBAETCA Ha 3akoHe Myka Mo 3akoHy Myka cuna F, pacTAMMBAILIAR UMW CRUMAILLAR
MPYHUHY, MPONOPLUMOHATBHAR 3TOMY DACTIHEHWH UMK CRATHIO, TE. F=kx, Me X — BenW4uHa
DACTAKEHWA UMK CRATAA, K — KoadhWLMEHT NDONOPLUMOHANBHOCTH.

Mpumep 1. C1Na ynpyrocTd F Npy#MHLl, pACcTAHYTOH Ha 11=0,05m, paBHa 3H. Kakyw paboTy Hago
NPOW3BECTH, YToObl PACTRHYTE NPYHMUHY Ha 12 =01 m?

PelweHue. MoACTABKE JaHHEE B DOPMYNY 33K0Ha TyKa, nonyvumM: 3=k*0.05, Te. k=60, cneqosatensHo,
CHMa YNPYroCcTH BhIpE#AETCA COOTHOLWEHKWEM F=60x. Haiaem padoTy nepeMeHHOl CHNbl No dopMyne
(2), nonarag, 41o a=0; b=0,1:

0.l 1
A= J60xdx= 3ox2r =031
1]

3. 3agaua o cuiie JaBJEHHS KUIKOCTH

Cornacno 3akony Ilackans BenmnumHa P maBieHWs] JKUAKOCTH HAa TOPH3OHTAIBHYIO
IUIOINAAKY BeIuUciseTcs o Gopmyne P=gphS, (4)

I'ne g — yckopeHue cBOOOHOTO MajieHus B M/c%;

P— IIOTHOCTb KUJKOCTH B KI/M°;

h — rnmyOuHa norpyxeHust MIoMaaKu B M;

S — momak MWIOMAAKU B M2,

ITo sToii popmyrie HeNmb3st HCKATh JaBJIEHUE JKUAKOCTH HAa BEPTHKAIBHO MOTPYKEHHYIO
IUTACTHHKY, TaK KaK €€ pa3Hble TOUKH JIe)KAT Ha pa3HbIX IyOnHaXx.

[TycTh B ®KHUIKOCTH MOTPYKEHA BEPTUKAIBHO IJIACTHHA, OTPAHWYCHHAS JIMHUSMH X = a, X
=b, yl =f1(x) u y2=f2(x); cucreMa KOOpJJMHAT BbIOpaHa TaK, KaKk yKa3aHO Ha PUCYHKE.

o y

N\ v =fa(@)
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[Ong pelweHud 3aga4y pasodbem NNacTMHY HA N YacTel (ManbiX ropU30HT anbHBIX NONOCOK) NPAMBIMMK,
napannentHeMK NOBEPXHOCTH #HMOKOCTH (T.€. NapannentHbiMK oci OY). Ha ryOuHe X BbigenvmM ogHy
W3 HUX W 0603HA4YKMM Yepes T(X) ee ANUHY, a Yepes Ax €€ LUMPMHY. NPUHAB NONOCKY 38 NPAMOYTONLHWK,
HaxodumM ee nnowans S = f{x) Ax.

F=gafix) b x
Haigem gudppepeHuman dp 3ol MyHKUMK.
dp = gof (X)) xdx

Torga no 3akoHy MNackana MHTErpUPYA NonyYeHHoe paBeHcTBo B Npefenax oT X = a 40 X = b, Nony4um

A
P=QIPIf (x)ex (3)
Mpumep

AKBAPMYM WMEET hopMy NPAMOYTONBHOM Napannenenuneia. Hamgem cuny AaBneHWa Boabl
(MNOTHOCT BoAbl 1000 Kr/M?), HANOMHAIOLLEH AKBAPUYM, Ha OIHY W3 €0 BEPTUKANBHLIX CTEHOK,
pa3mepbl KoTopoid 0,4 M x 0.7 M.

PelleHwe. Brifepenm CUCTEMY KOOPAWHAT TaK, 4To0bl oM Oy M OX COOTEETCTEEHHO COOE[HANnU
BEpXHee OCHOBAHWE W DOKOBYI0 CTOPOHY BEPTHMKANLHON CTEHKW AKEaPMyMA. [NA HAXOHOEHWA CUILI
OABMNeHUA BOALI HA CTEHKY BOCNONL3yeMCA opmynoi (3). CTeHKa uMeeT hopMy NPAMOYTONbHWES,
noatomy fi{x=0 7= =x<[0,0.4] TaK KaK npeagenbl MHTErpUpoBaHKA a=0 1 b=0,4, TO Nony4Mm:

0.4 2.4
P=g Jlﬂﬂﬂ*ﬂ,?*xd}:= 700 %rﬂ =56g ~ S49H

IIpakTnyeckas padora Ne36
Tema 5.12 OnpeneneHHbI UHTETPAJT B KU3HU
Hean: HayunThbes ucnonb30BaTh HHTETPA Ul HAX0KIEHUs 00BEMOB
Teopernyeckas 4acThb:
[TomMrMO HaXO0XKAeHUs] IUIOINAAM ILUIOCKOH (Urypsl ¢ NOMOIILIO OIPeNeTeHHOI0
HHTErpaJja Ba)XHEHIINM NPUIOKEHUEM TEMBI SBIISETCS BbIYUC/IeHHE 00beMa Tesla BpALleHHs .

O0bem Tena BpaiieHHst BBIYHCISETCS 110
OJIHOH H3 popmy:

b :
v=x[[f(x)]
i a , €CJIH BpallCHUE

KPUBOJIMHEHHOH Tpaneniy BOKpYr ocH OX.

8

o

2. V=7l % ecnyu BpameHue
KPUBOJMHEHHOH Tpaneuud BOKpYr ocu OY.
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Pemrenue 3axanmii:
IIpumep 1. Haiitn 00bEM Tena, oOpa3oBaHHOTO BpamieHHEM BOKPYTr ocu abcumcce (Ox)

4
(buUrypsbl, OrpaHUYCHHON THIIEPOOIION X, ocbro abcuuce u npsimpivg =1 x=4
Y A
}
'.
' 8
} x
i i
| |
|
|
|
¥
!
4
x)=—
Pemenne. O0béM Tenma BpamieHus Haném mo dopmyne (1), B KoTopoid X,a

npeaensl uHTerpupoBanus a = 1, b =4. Ilpumensem Tadau4Hblii WHTerpaj. I[locTosHHBIM
MHOXUTENb 4*=16 BbIHOCUM 32 3HaK uHTerpana. [lonydaem:

4 2 4 4
v=;¢j[i] dleﬁﬂ[d—leﬁfr[—l] _
1 X 1:": X 1

=127 uyben.

IIpumep 2. Haiitn 00béM 1mapa paguyca R.
¥

Pemenue. PaccmoTpuM miap kak Teso, Hojydalieecs Ipy BpallleHUH BOKPYT OcH abciuce
MOJIyKpyra pajauyca R ¢ IIeHTpoM B Havajie koopauHat. Toraa B popmyne (1) nmonpiHTErpanpHas

1_ p2_ 2
dyHKIUMS 3amumercs B BuAe ¥ =& -x , a TpeelaMi MHTETpUpOBaHMs ciykaT -Ru R. B

BBIUMCJICHUSX paauyc R cuuTaercss KOHCTAHTOM (BMECTO HEro MOKHO IOACTaBUTH JH000€

3HaueHWe s Iapa ¢ J00bIM  paauycoM). [lpuMeHseM TaOJAMYHBIA HMHTErpaJ
CrnenoBaTeabHO,

_ T 2.2 _ z_i
v-;?TII[R x)cfx—;?r[ﬂx 3}

iy

R

-
_dar
3
IIpumep 3. Haiitn 00bEM Tena, oOpa3oBaHHOTO BparieHHeM BOKpYr ocu abcmmcce (Ox)

_=2_ _ 2
DUTypBI, 3aKTI0UEHHOM Mexk Ty mapaGomamu -~ 3-x" yy=x+l
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s =
[} ;1 S —

Pemenue. IlpencraBuM HCKOMBIM 00BEM Kak pa3sHOCTh OOBEMOB TeJ, IMOJYYEHHBIX

BpallleHueM BOKPYT ocu abcuuce kKpuBosmHEWHbIX Tparneuuid ABCDE n ABFDE. O0bEMBI 3THX
ten HaigéMm mo dopmyne (1). B Helt mpenmenbl MHTErpUpOBAaHUS pPaBHBI %=1 u2= .
abcruccaM Touek B u D nmepecedeHus mapadoi. ITH TOYKU U UX aOCIMCChl BUAHBI Ha rpaduke.
TouHo Takxke - Ha rpaduKe - MOKHO OMPEICIUTh KOOPAUHATHI TOUEK MEpEecedeHUs JTUHUNA U3
BaIux 3a1a4. TOJBKO IS 3TOTO HY)KHO TOCTPOUTh rpaduk. Teneps MokeM HaTH 00BbEM Tela,
MIPUMEHSS BCE TOT e TaOJUYHBIN UHTETpaT 7:

1 2 1 2
V= ;?TI (3—;{2) c:t’x—;?TI (xj +'l:l dx =

-1 -1

_ ﬁ_jl[(g_ 2) (7 +1f Jae=

1
= 7[(8-8x")dx= Bﬂ{x—iJ -
-1 3 -1
= %J‘TKFE.EI{.

IIpumep 4. Beruncants 06bEM TOpa (TOpPOM Ha3bIBaeTCs TeNo, MOJydarolieecs MpU
BpAIlIEHNH Kpyra pajuyca a BOKpYT OCH, JeXkKallel B €ro MIOCKOCTH Ha PACCTOSIHUU b OT IeHTpa
Kpyra (’EJ 2 @) QopMy Topa HMeeT, HaIpuMep, GapaHKa).

¥

C

Pemenue. Ilycts kpyr Bpamaercss Bokpyr ocu Ox (puc. 20). O06bEM TOpa MOXKHO
MPEJICTaBUTh Kak pa3HOCTH OOBEMOB TeJ, IMOJYUYEHHBIX OT BpallleHHUsS KPUBOJIMHEHHBIX
tpaneunit ABCDE w ABLDE Bokpyr ocu Ox.

VYpaBHenue okpyxHoctu LBCD uMeeT BUJ
P Hy-b7 =4,
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npuuéM ypaBHeHue kpuBoid BCD

y:yl(x}:b+~.,|l|ag —xj,

a ypaBHEeHMeE KpuBou BLD
y=y,(x) :b_"\lﬂz— x

Hcnonp3ys pa3HOCTh OOBEMOB Tell, MOdy4aeM i 00bEMa Topa v BBIDAKEHHE W
BBIUKCIISIEM UHTErpat:
a

v= 27| yidx - 27| yidx = 27 (5 — y})dx =
i} i} 1]

- EFTT|:(EJ+ o —xf*)z—(b—m)z} dx =
T

IIpumep 5. Haiitu 06b€M Tena, 00pa30BaHHOTO BpallleHHEM BOKPYT ocu opauHat (Oy)

2 _ —
GHTYpBI, OrpaHMYEHHOM MMHUAME » Iy ¥= 3‘7‘-.
¥

Pemenue. IlpencraBuM HCKOMBIM 00BEM Kak pa3HOCTh OOBEMOB TeJ, MOJYYEHHBIX
BpallleHUEeM BOKPYI OCH OpIMHAT TpeyroidbHuka OBA U KpuBOIMHEWHON Tpaneuuun OnBA.

=0 =3
IlpesienaMi MHTETPUPOBAHHS CITyKaT ° 1 n 2 - opaunHatbl Touek O u B nepeceueHus

napabosibl ¥ TPSMOM, 4TO BHUAHO Ha TpaduKe K 3TOMYy npumepy. Takum oOpa3oM, moxydaem
00BEM Tena:

v= ;:-ri ET dy —ni[§]2 dy =

n n

3 3
T 4 AT 4
I iy [ty =
9_!'-}" LV Bl'l-y LV
ELE] N
277 |, 405" | T30

IIpakTHyeckas padora Ne37
Tema 5.13 Koutponbhas pabora mo pasgeny S5 «lIpousBogHas M mnepBooOpazHas
G YHKITII
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easn: [TpoBepuTh ypoBEHb YCBOCHHS JAaHHOTO Marepuaia 1o pazueny S5 «lIpousBoanas
U IepBoOOpa3Has PyHKIIUN

Ilpu pewenuu 3adanuii 1-4 3anuwiume npaeunbHLLL OmMeem U3 UYemwvlpex
NPeONoHCeHHDIX.

1. Yemy paBHa npou3BoaHas QYHKIMU Y = c0S2x?

a)y' = —sin’x; B) y' = —2sinx cos x;

6)y' = —2sin’x; r)y' = 2cosx.
2. TTo kakoii u3 (OPMYIT BEIYUCISCTCS IPOU3BO/IHAS TPOU3BEICHHS?

I ! I, u ! _ u’v—uv’.

ay(ut+v) =u +v'; B)(;)— e

6) (uv)’ = u'v +uv’; ) (Fle@®)) =f(9t) g'@.
3. Pemmute ypaBuenue f'(x) = 0, eciu f(x) = 3x? — 6x + 4.

a) 1; B) 4;

6)—1; r) 4.

4. Ha pucynke u3oOpaxeH rpaduk npomsBogHoi (yHkumu f(Xx), ompeneacHHONW Ha
unrepsaie (—10; 8). Haiigure xoamyecTBO Touek Makcumyma GyHkiuu f (x) Ha OTpe3ke

[-9:6].
YA | ]
NN MDA =]
i | SN [ ]
\ f] Y | | 1/
IN T VT
-10 ol 1 71 8 [
NS ll / ‘
Vil
VAN
a) 5; B) 2; |
6) 4; r) 3.

IlIpu evinonnenuu 3adanuit 5-8 3anuwiume x00 pewienus u NOJIYYEHHLL OmMEem
(6epubtit omeem — 2 o6anna)
5. MarepuanbHas TOYKa IBHXKETCS MPSIMOJMHEWHO Mo 3akoHy x(t) = —t* + 613 —
4t 4+ 5t — 5 (rme x — paccTosiHHE OT TOYKH OTCUETa B METpax, t — BpeMs B CEKyHIaX,
U3MEpEeHHOe ¢ Havyasa JABwxkeHus ). Haliure ee ckopocTh (B M/C) B MOMEHT BpeMeHH ¢ = 3
C.

6. Ha pucynke n3obpaxén rpaduk ¢pyakimu y = f(x) u KacarenpbHas K HEMy B

TOYKe ¢ abcuuccoii xy. Haiiaure 3HaueHne mpon3BoaHo# (pyHKIMH f(X) B TOUKE X
. 20 AT —

Ir
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7. SIBnsercs mu F(x) = x3 — 3x + 1 nepoobpasnoii ansa pysxmun f(x) = 3(x? — 1)?
8. 3apaiite nepsoobpasnyo F(x) mna ¢ymkumm f(x) = 3x% — 2X, eclld H3BECTHBI
koopauHatel Touku M (1; 4) rpaduka F(x).

Omanonvt omeemos

Howmep 1 2 3 4 5 6 7 8
3aaHusa
OtBeT B b A T 83 -3 na X —x2+4

IIpakTnyeckas padora Ne38
Tema 6.2 BeposTHOCTH B poheCCHOHATBHBIX 3a1auax
Iesan: HayunThcs pemaTh NpakTHUECKUE 3a/1a4l Ha BEPOSATHOCTh

Teopernyeckasi 4acTh:

1. Teopusi BeposiTHOCTe# — pa3jesl MAaTEeMAaTHKU, U3YYaAIOIIUNA CIydailHbIe COOBITHS,
Cly4yaliHbl€ BEJIMYMHBI, UX CBOMCTBA U ONEpallMy HaJl HUMHU. PacCMOTpUM HEKOTOpBIE KIIOUEBbIE
MOHSITUSI, KOTOPBIE UCIIOJIb3YIOTCS B TEOPUU BEPOSTHOCTEH.

Onpenesienne.

HcnbiTaHMeM Ha3bIBAETCS OCYIIECTBICHUE ONPEICIICHHBIX TEUCTBUM.

[Ton coObITHEM MOHUMAIOT JHOOON (hakT, KOTOPBIM MOXKET MPOM30MTH B pe3yibTare
UCIIBITAHUS.

JIroO0# pe3yabTaT UCIBITAHUS HA3BIBAETCS HCXOAO0M.

JlocToBepHBIM Ha3bIBAIOT COOBITHE, KOTOPOE B PE3YJbTAaTE HUCIBITAaHUS 00A3aTEJNbHO
NMPON30MIET.

HeB03M0KHBIM Ha3bIBAIOT COOBITHE, KOTOPOE 3aBeIOMO He MPOU30IAET B pe3ynbTaTe
WCIIBITaHUSI.

CoObITus 00bIYHO 0003HAYAIOTCS 3aryIaBHBIMU OyKBaMu JaTUHCKoro andasura (A, B, C,
D,...).

PaccmaTpuBas mnpuBENEHHBIH MNpuUMEp, Mbl MOXeM Cc(HOPMYIHPOBAaTh CIEAYIOIINE
3aKJIFOYEHUS.

1. Tlpormecc noctaBaHus MpeaIMeTa U3 KOPOOKH SBISIETCS] HCTIBITAHUEM.

2. PesynbTat nO0cTaBaHMs MpeaMeTa U3 KOP3UHBI ABISIETCSA COOBITHEM.

3. CoObiTHE «BBIHYTBII MpenIMeT OKaXeTcss KIyOKOM» SIBISIeTCS JOCTOBEPHBIM
COOBITHEM.

4. CoObITHS «BBIHYTBIH TNpEAMET HE OKaXeTcd KIYyOKOM» WIM «BBIHYTBIH HpeaMeT
OKa)KeTCS KPACHBIM KITyOKOM) SIBJISIFOTCSI HEBO3MOXHBIMU COOBITUSIMH.

5. CoObITHE «BBIHYTBHIA MPEIMET OKaXETCS 3€JCHBIM KIYOKOM» SIBIISETCS BEPOSTHBIM
COOBITHEM.

A = {BBIHYTBI IIpeIMET OKa3acs KIyOKOM }.

B = {BrIHYTBIIl IpeIMET HE OKa3aJcs KIyOKOM.

C = {BBIHYTBII IpeIMET OKa3ajcs 3eJIEHBIM KITyOKOM | .

D = {BbIHYTHII IpeAMET OKa3aJCcs KPACHBIM KIYyOKOM }.

2. Onpenenum ele HECKOJIbKO BaXKHBIX MIOHATHI TEOPUN BEPOATHOCTEN

Onpenesienune

IIpocTpaHcTBO 3JIeMEHTAPHBIX COOBITHI (2— MHO)KECTBO BCEX Pa3IMYHBIX HCXOJOB
MIPOU3BOJIBLHOTO UCIIBITAHUS.

Hanpuwmep, npu 6pocke 01HOM UTpabHOM KOCTH MPOCTPAHCTBO HJIEMEHTAPHBIX COOBITUI
Q= {w 1, W2, W3, W4, W5, W}, TJIC Wi- BBITIQJICHHE 1 OYKOB.
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Ecnu coObITHsI He MOTYT TIPOM30MTH OJHOBPEMEHHO B OJHOM HCIBITAHHM, TO COOBITHS
Ha3bIBAIOTCSI HECOBMECTHBIMH.

Hanpuwmep, npu OpocaHun MOHETHI HE MOTYT OJHOBPEMEHHO BbIMAcTh «Opém» u
«Pemikay.

IIpocreimmm [IPUMEPOM HECOBMECTHBIX coObITHI SABIIACTCS
napa NPpOTHBONOJIOKHBIX COOBITHH.

IIporuBono/siokHOE  COOBITHE IPOMCXOAUT  TOIJA, KOTJa HCXOAHOE  COOBITHE
A He IPOUCXO/HUT.

CoObITHE, TPOTHBOIOIOKHOE TAaHHOMY, OOBIYHO OOO3HAYAETCS TOM e JIATHHCKON
OyKBO# C UEPTOUKOU CBEPXY.

Hanpumep:

e A — czlaj 9K3aMeH 110 MaTEMAaTHKE;

¢ A — He c/1a)1 5K3aMeH 110 MaTEMATHKE.

Onpenesienne.

IMoanoi rpynmoi coObITHIf Ha3pIBaCTCS TaKas CHCTEMa COOBITHH, YTO B pe3yJbTare
VCIIBITaHUS HEIPEMEHHO ITPOU30MJET OJHO U TOJIBKO OHO U3 HUX.

IIpumep .

MoHeTy noa0opocuian ABaKAbl. YKaXXUTE BCE 3JIEMEHTapHbIE COOBITHS MOJHOM I'PYIIIbI
COOBITHH.

DneMeHTapHbIMU COOBITUSIMHU SBIISIFOTCS:

- Beimasno aBa «opia»

- Beinano aBe «pemku»

- Boinan oguH «opem» 1 0JjHa «PEeLKay.

3. YToOb! BBISICHUTH, HACKOJBKO BEPOSITHO TO WJIM MHOE CllydailHOE COOBITHE, HY)KHO
MOJICYUTATh, KAK YACTO OHO IPOUCXOUT.

Onpenesienne.

UYucno ucnplTaHuM, B KOTOPBIX COOBITHE HACTYMHIIO, HA30BEM a0COTIOTHON YaCTOTOH M
0003HaunM n. OO011ee YnCiI0 NPOU3BEIEHHBIX UCTIBITAHUN 0003HaunM N.

OtHomeHne  aOCOJMIOTHOW  4YacTOThl K  4MCIy  HchbITaHuil n/N  Ha3biBaeTcsi
OTHOCHUTEJIbHON YaCTOTOM COOBITHS.

OtHocuTenbHAsE 4YacTOTa IIOKa3blBaeT, Kakas JIoJId HWCIBITAHWW  3aBEpIIMIIACh
HACTYIUJICHMEM JAaHHOTO COOBITHS. DTa OTHOCUTEIbHAs 4acToTa M ONpeNeNsieT BeposiTHOCTh
ciay4daitHoro co0biTus. Ee emie Ha3pIBalOT CTATUCTUYECKON BEPOSITHOCTHIO COOBITHS.

CraTtuctuyeckas BEpOSITHOCTb COOBITUSI PACCUNUTBIBACTCSI OMBITHBIM ITyTEM.

IIpumep.

Eme co Bpemen [lpesnero Kuras 3a 2238 jer 1o Hameil 5psl HA OCHOBAaHUU METPHUK
nemorpadsl OOHapYKWJIM, YTO Ha KaXIyl0 ThICAYY HOBOPOXKAEHHBIX mpuxoaurcs 514
MaJIbUHKOB.

DTO 03HAYaeT, 4To BeposSTHOCTH pokaeHus: Majibunka coctaBiisieT 0,514.

1. Knaccuueckoe omnpeneneHne BEPOATHOCTH MPHUMEHSIETCA I PABHOBO3MOKHBIX
COOBITHIA.

K paBHOBO3MOKHBIM (PaBHOBEPOSITHOCTHBIM) OTHOCSITCS TaKHe COOBITHSA, JUI KOTOPBIX
HET HUKAKUX OOBEKTHUBHBIX OCHOBAHHWM CUMTATh, YTO OJHO SIBJISETCS 0OJiee BO3ZMOXKHBIM, YEM
JIpyTHE.

Hanpumep, npu Opocanuu UrpajgbHOr0 KyOHWKa COOBITHS BBINAJEHUS JIOOOr0 U3 OYKOB
pPaBHO BO3MOXHBI.

PaccMoTpuM npou3BOIBHBIN SKCIIEPUMEHT.

ITycTh n- 4MCIIO BCEX HCXOAOB SKCIEPUMEHTA, KOTOpbIE OOPa3ylOT MOJHYIO TpPYIIY
MOTIAPHO HECOBMECTHBIX M PABHOBO3MOXKHBIX COOBITHI, M — YHCIIO OJaronpUsTHBIX COOBITHIO A

m
Pl4) =—
1UCcX0A0B. Tora BepoOATHOCTHIO COOBITHS A HA3bIBACTCS YHUCIIO n
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CornacHo onpeneneHri0 BEPOSITHOCTH HAUMEHbIIIee 3HaYCHUE BEPOSITHOCTH MPUHUMAET
HEBO3MOXKHOE COOBITHE, TaK KaK OHO HE MOXKET HACTynuTh W i Hero m=0, 3HAYUT U
BEPOATHOCTH paBHa 0.

Haubonpiiee 3HavueHWE NpPUHUMAET JIOCTOBEPHOE coObITHE. B cumiy TOro, 4ro oHO
rapaHTUPOBAHHO MPOU3OUIET, A1 Hero m=n, P=m/n=n/n=1.

2 .Cymmoii coObiTuii A 1 B HaspiBaeTcs coObiTue A+B, KOTOpO€ COCTOMT B TOM, YTO
HACTYIUT WM cOObITHE A, MU coObITHE B, Hi1u 00a COOBITHS OTHOBPEMEHHO.

IIpousBeaenuneM coObiTrii A 1 B Ha3zpiBaeTcsa coObiTHe A*B, cocrosiee B COBMECTHOM
OCYIIECTBIICHUH cOOBITHI A 1 B.

Hanpuwmep:

1. Ilycte A - uaer noxnab, B - uger cHer, Torna A + B — «ueT cHer uim 10K1b»

2. Ilpu 3-x BBICTpENaxX MO MUIICHH COOBITHSA: Ao — «IMONMagaHuid HET», Al — «OJHO
nonaganuey», A — «iBa mnomnagaHusi», toraa A=AotAi+A; - «Ipou3onuio He OOoJbIIe ABYX
MOMaJgaHui)

3. llyctb C - wu3 ypHBl BbIHYAM Oenblii map, D- u3 ypHbl BeIHYnM Oenblii 1Iap,
torga C-D - u3 ypHbI BIHY/IH J1Ba O€JbIX I1apa

4. Tlycts C - u3 ypHBI BEIHYIH Genblit map, D - u3 ypHbI BeIHYIH 6enbiit map, Torga C [
*- U3 YpHBI BBIHYJIH /IBa 11apa: Oelnblif U He OembIi

Teopema ci10:keHUSsI BEPOSITHOCTEI HECOBMECTHBIX COOBLITHI: BEPOSTHOCTh MOSIBICHUS
OJIHOTO U3 JIByX HECOBMECTHBIX cOObITUI A min B paBHa cymme BEpOSTHOCTEN 3TUX COOBITUI:

P(A+B)=P(A)+P(B)

IIpumepsl u pa3dop pelieHus 3aJaHUI TPEHUPOBOYHOI0 MOIYJIA

MMpumep 1.

N3BecTHa ucTtopus 0 TOM, Kak ofgHaxapl K ['. ['anunero gBUICA COJNIAT U MONPOCHII
MOMOYb €MY B PEIICHUU HACYIIHOTO Bompoca: kakas cymma 9 win 10 oukoB mpu OpocaHuu Tpex
KOCTEH BhITagaeT yare”?

MoskeT moka3aTbCs, 4TO IIAHCHI PaBHbBI, TAK KaK Kaxnaas cymma u3 9 u 10 oukoB MOXKeT
OBITH IIOJTyY€HA OJHUM HX IIECTH CIOCOOO0B:

9=1+2+6=1+3+5=1+4+4=2+2+5=2+3+4=3+3+3;

10=1+3+6=1+4+5=2+2+6=2+3+5=2+4+4=3+3+4.

OpHako ¢ ydyeToM IEpPECTAHOBOK I CyMMBI 9 OYKOB MOJy4aeTcs 25 pazIudHbIMU
crioco0amu (110 6 crmoco6oB ISl IEPBOTO, BTOPOTO, MSATOTO BAPUAHTOB CYMMBI, 110 3 criocoba st
TPETHETO U YETBEPTOTO BapUAHTOB, 1 criocod /it mocienHero Bapuanta 6 +6+3+3+6+1),a
Juist cyMMbl 10 oukoB — 27 paznuusbiMu ciocobamu (6 +6 + 3 + 6 + 3 + 3). Kak BugHO, maHcsl
ATUX CIIy4yallHBIX COOBITUH JOBOJIBHO OJM3KH MEXAYy COOOW M OTHOCATCA IPYr K JAPYry Kak
25:27, 94T0 ¥ BBI3BAJIO 3aTPYAHEHUS COJIIATA.

Taxum oOpa3om, yaie Beinagaer cymma 10.

IIpumep 2. B cpeanue Beka cpeau ¢eonaibHONW 3HATH OBUIM HMIMPOKO PACHpPOCTPAHEHBI
azapTHele Wrpbl. bonbmum moOutenem Takux urpa Obul (paniy3 meBanbe jae Mepe.
CtpacTHOro Urpoka B KOCTH, MPHABOPHOIO (paHIy3CKOrOo KOpOJs HieBaibe e Mepe MOXKHO
OTHECTU K UYHUCIYy «OCHOBATEJIEH» TEOPUU BEPOSATHOCTEH. 3acilyra €ro COCTOUT B TOM, YTO OH
HAaCTOWYMBO 3aCTaBJIs/ MAaTEMAaTHKOB pelIaTh Pa3JIMYHbIE 3a/layd, Ha KOTOpPbIEe HAaTaJIKUBAJICS
caM BO BpeMs CBOEH MpakTUkH uUrpbl. OH XOTen pa3zdorareTh NMpH MOMOIIX UTPbl B KOCTH. Jlis
ATOrO LIEBaJIbe MPUAYMBIBAI pa3INyuHble YCIOKHEHHBIE MpaBuiia Urpbl. CTpacTHOMY UTPOKY, HO
IUIOXOMY MaTeMaTuKy, Ae Mepe nocyacTauBUiIOCh HMETh TaKOTo Apyra, kak [lackane. B 1654 r.
meBaigbe A¢ Mepe oOparmics k bresy Ilackamio 3a MOMOIIBI0O B pa3pelieHUH MPoOIeM,
CBSI3aHHBIX C BEPOSTHOCTHIO OJIArONpPUATHBIX PE3yIbTATOB MPH OPOCAHUU UTPATBHBIX KOCTEH.

Onna u3 3amad ObUIa TIOCTaBJICHA CleAyronuM oOpasom: MrpampHas KocTh Opocaercs
yeTelpe pasza. llleBanbe Oumiics 00 3akiaj, YTO MPHU 3TOM XOTS Obl OJMH pa3 BHINAJIET IIECTh
oukoB. KakoBa BepOSTHOCTb BBIUTpHIIIA )i 1ieBaibe? OTBET OKPYTIIUTE 0 ECATHIX.

Pemenue:
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Tak kak mpu KaXI0M OpOCaHUU UTPATBLHON KOCTH UMEETCs 6 pa3IMYHBIX BO3MOKHOCTEH,
TO TIPH YETHIpEX OPOCAHUAX KOCTH YHCIIO PA3TUYHBIX BO3MOXKHBIX Clly4aeB Oynmer 6 - 6 - 6 - 6 =
1296.

Cpemu stux 1296 cimydaeB 6yaer S - 5 - 5 - 5 = 625 Takux, r/1¢ mIecTepKa HE BbINAACT HU
pasy.

B 1296 — 625 = 671 cnyuyae XoTs Obl OJMH pa3 M3 YETHIPEX BBINMAJACT IIECTEpPKa.
CrnenoBarenbHO, BEPOSITHOCTD BBIMAJCHHS XOTs OBl OJTHOW HIECTEPKH MPH YETHIPEX OpOCaHMsIX
KocTu paBHa 671/1296, uto uyTh 60mbIe 0,5.

Pelnenne 3ananui:

1. U3 1000 coOpaHHBIX Ha 3aBO/1e TEJIEBU30POB 5 IITYK OPAKOBAHHBIX. JKCIEPT
NMpoBepsieT OAMH HAYraJ BbIOpaHHbIN TesieBU30p u3 310l 1000. HajinnTe BEepOSITHOCTD
TOr0, UTO NIPOBEPsieMbIil TeJIEBU30P OKAKeTCS OPAKOBAHHBIM.

Pewenue. Ilpu evibope menesuzopa nayeao 6o3modichvl 1000 ucxooos, coovimuio A
«8bLOPAHHDLL MenesU30p — OPAKOBAHHBLILY Oaazonpusmusl 5 ucxo0os. Ilo onpedenenuio
seposmrnocmu P(4) = 5+1000 = 0,005. Omsem. 0,005.

2. B ypHe 9 KkpacHBbIX, 6 KEITbIX U 5 3e/1€HBIX 1IapoB. U3 ypHBI HAYraja 10CTal0T
oauH map. Kakopa BeposiTHOCTb TOI'0, YTO 3TOT IIAP OKAMKETCH KEITHIM?

Pewenue. Obwee uucno ucxooos pasno wucny wapog: 9 + 6 + 5 = 20. Yucno ucxooos,
bnazonpusamcmeyiowux 0aHHomy cobvimuio, pasHo 6. Mckomas eeposmnocms pasna 6+20 =
0,3. Omeem: 0,3.

3. llers, Buka, Karsa, Uropb, AuTOH, [los1MHA Opocniin :Kpednii — KOMY HAYHHATH
urpy. Haiigure BepoSITHOCTH TOI0, YTO HAYUHATH UTPY A0JKeH Oy1eT MAJIbYHK.

Pewenue. Beposmnocmos cobvimus pasHa OmMHOWEHUIO Koauvecmea O1a20NnpusimHbix
cyyaes K Koauwecmey cex ciayuaes. braconpusmuvimu ciyuasmu aensiomces 3 cayuas, Koz2od
uepy Hauunaem Illems, Heopv unu Aumon, a xonuuecmeo ecex ciyuaeg 6. Ilosmomy uckomoe
omHoweHue pasno 3:6=0,5. Omsem: 0,5.

4. B yemnuonare mupa y4acrBylwT 16 xomana. C nmoMompbo KpeOus MX HY’KHO
pa3aeJuTh HAa YeThIpe I'PyNNbl MO YeThbIpe KOMaHAbl B Kaxaoil. B simuke Bnepememky
JIe)KaT KapToO4KW ¢ Homepamu rpymnm: 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4. KanuTtansl
KOMaH/ TAHYT MO oAHOH KaprTouke. KakoBa BeposiTHOCTH TOro, 4ro komanaa Poccuu
OKaKeTCs BO BTOpPOM rpymnme?

Pewenue: Oboznauum uepes A coovimue «xomanoa Poccuu 6o emopou epynney. Tocoa
KOIUYeCmeo Ona2onpusmuslx coovimuti m = 4 (uwemvlpe Kapmouxu ¢ Homepom 2), a obujee
YUCIO  PABHOBO3MOJICHBLIX cobbimuti n = 16 (16 kapmouek) no onpeodeneHuro
8€pPOAMHOCMU P=4:16=025 Omeem:0,25

5. Ha xaxabie 1000 sjekTpuuyecKHX JaMIo4yeK HNPHUXOAUTCH S5 OpaKoBaHHBIX.
KakoBa BeposiITHOCTH KYNIUTh HCIPABHYIO JIAMIIOYKY?

Pewenue. Ha xasxcovie 1000 namnouex npuxooumcs 5 Opakosanmuwix, ececo ux 10035.
Beposmuocmo Kynumos uUcnpasHylo iamnouxy 6Oyoem pasHa 00je UCHPAGHbIX JAMNOYEK Ha
kaxcovle 1005 namnouex, mo ecmo 1000:1005=0,995.0Omesem. 0,995.

7. B rpynmne typucroB 8 4yesoBek. C noMoub1o :kpedusi OHM BHIOMPAIOT LIECTEPbIX
YyeJIOBEK, KOTOPbIE J0JIKHBI HTH B CeJI0O B Mara3ut 3a npoaykramu. Kakosa BeposiTHOCTH
TOro0, 4To TypHcT /I, BXOAAIIMII B COCTAB rPyNNbl, NOiHAET B Mmara3un? 6 : 8§=0,75.

8. B uyemnuonare nmo ¢pyrooay ydacTrBywr 16 KoOMaHI, KOTOpbIe KepeObeBKOM
pacnpenensiioress Ha 4 rpynnbl: A, B, C u D. KakoBa BeposITHOCTH TOro, 4T0 KOMaHJIa
Poccun He monaxaer B rpynmy A?

Pewenue. Kaxcoasa komanoa nonaoem 6 epynny c¢ gepoamuocmoio 0,25. Taxum obpazom,
8EPOSAMHOCMb MO20, YMO KOMaHOa He nonadaem 6 epynny pasna 1-0,25=0,75. Omeem:0,75

9. Ha TypHup mo maxmaram npuobLiIo 26 yuacTHUKOB B TOM unciie Kouas u Tous.
it npoBeeHus KepedbeBKH NMEPBOro Typa YYaCTHUKOB CJIy4YailHbIM 00pa3oM pa3ou/iu
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Ha aBe rpynnsl o 13 yenosek. Haiitn BepositHOCTH TOT0, 4TO Ko0J1s1 M Toust monaayr B
pa3Hble rPyNbl.

Pewenue. Bceco 26 mecm. [lIycms Kons 3atimem ciyuatinoe mecmo 8 1000t epynne.
Ocmanemcs 25 mecm, u3 Hux 8 opyeoti epynne 13. Hcxooom cuumaem evioop mecma oas Toau.
brazonpusamusix ucxooos 13. P=13/25 = 0,52. Omeem:0,52

10. B kaacce 16 yuammxcsi, cpeau Hux ABa apyra —Baaum u Cepreid. Yuammuxcst
cJIy4aifHBIM 00pa3oM pa3ouBaloT Ha 4 paBHbIe rpynnbl. Haiiinte BepoATHOCTH TOr0, YTO
Bagum u Cepreii oka:KyTcsi B OJJHOM rpyInie.

Pewenue. Ecnu Cepeero nepsomy oocmanocs Hekomopoe mecmo, mo Onezy ocmaémces 15

mecm. M3 nmux 3 — 6 mou oce epynne, 20e Cepeeii. Hckomas eeposmHocms pasHa
3/15. Omeem:0,2

IIpakTuyeckasi pabora Ne39
Tema 6.2 BeposTHOCTH B TpoheCCHOHATBHBIX 3a1auax
Henab: Hayuutbes  pemats 3agaud  Ha  UCHOJB30BAaHUE  BEPOSITHOCTH B
poeCCHOHAIBHON JEATEIHbHOCTH

Teopernyeckas 4acThb:

OCHOBBI TEOPUU BEPOATHOCTEW HY)KHO 3HATh KaKJIOMY YeNIOBEKY Al (hOpMHpOBaHUS
MPaBUJIBHOTO MHPOBO33PEHHS, JJISI OCO3HAaHUS TOTO, YTO MbI JKHBEM B CIy4allHOM,
BEPOSITHOCTHOM MHMpE.

[lcuxonorusi yemoBeka TaKOBa, YTO €My HEYIOTHO cpeau ciydaiiHocTed. OH >KaxIeT
OTPEACNIEHHOCTH U CIPABEAJIUBOCTH, UINET NPUYMH M OOBscHeHWi. YacTo Takum oOpazom
BO3HUKAIOT CYeBEpHs: HapUMep, cpean aQpUKaHCKUX INIEMEH PacIPOCTPAHCHO TTOBEPHE O TOM,
YTO OBIBAIOT MPOCTO JbBHI U JIbBBI, B KOTOPBIX MEpeceNuwInch Aymu ymepmux. [locnennue Ha
JTIOJIed HE HamajgarT. JTO OOBSICHEHHWE HE HECeT MOJe3HOW HH(POPMAIMH, TOCKOJIBKY HET
MPU3HAKOB, MO KOTOPBIM 3apaHee MOXHO ObLIO OBl OMpPENeNHuTh, U3 KaKOW KaTeropuu JieB, HO
OHO YCTIOKaWBaeT TICUXOJOTUUECKH. TOYHO TaK K€ MOSBIISIOTCS U3BECTHBIC BCEM CYEBEPHS NP
caade sKk3aMeHOB. HekoTopble cyeBepusi, KCTaTH, OCHOBAaHbl Ha YacCTOTHBIX COBIIAJICHUAX
(HampuMep, MEJKUX HENPHUATHOCTEH M BCTPEY C UYEPHOM KOIIKOW). DTO OTHOCUTCS U K
pUMeTaM, KOTOpbIE MOPON MOJMEYAIOT BEPOSITHOCTHBIE 3aKOHOMEPHOCTH. Tak, MOTrOBOpKaM
«benga HUKOrIAa HE MPUXOAUT OAHA» WU «KU3HB, OHA TOJIOCATas» COOTBETCTBYET B TEOPUU
BEPOSATHOCTEMN 3aKOH CEPUU.

Crnenyetr MOMHHUTH U TO, UYTO MBI )KUBEM B MUPE, T/I€ MPOUCXOIAT CIydaliHbIe COOBITHS, U
TO, YTO 3aKOHOMEPHOCTH MPOOUBAIOTCS Uuepe3 Maccy ciydaitHocTeil. Uem crokHee cuctema, TeM
TpyJlHEEe OOHAPYKUTh 3aKOHOMEPHOCTH. IMEHHO B 3THX CITydasX W UCIOJIb3YIOT BEPOSITHOCTHBIC
METO/BI.

Takum 00pa3om, Teopusi BEpOSTHOCTH aKTyaJibHA B HAaIllM JHU KaK B MaTe€MaTHKE U
TOYHBIX HayKaX, TaK U B HaIlIe MOBCETHEBHOM KU3HHU.

Teopus BeposTHOCTEH M3y4aeT OOBEKTHBHBIE 3aKOHOMEPHOCTH MACCOBBIX CIYYalHBIX
coObiTuii. OHa SBISETCS TEOpPeTHUECKOM 0a30i Ajis  MaTreMaTH4ecKOW CTaTUCTUKH,
3aHUMaroleicss pa3paboTkoil MeTonoB cOopa, omucaHus UM 00pabOTKH  pe3ylbTaToB
HaOmonenuit. [lyrem HaOmroneHud (WCTBITAHHMA, YKCIEPUMEHTOB), T.€. OMbBITA B IITUPOKOM
CMBICJIE CI0BA, TPOUCXOAUT MO3HAHUE SIBJICHUI IEMCTBUTEIHLHOTO MUPA.

Pemenne 3aganmii:

1. B rocrunnne Tpu aamMuHucrparopa. Kakablii M3 HHX 3aHAT € KJIHEHTOM C
BepossTHOCTHIO 0,3. Haiinure BepoOSITHOCTH TOr0, 4YTO B CJY4YailHbIii MOMEHT BpPEeMEHHU BcCe
TPH aAMHUHHCTPATOPA 3aHATHI OJHOBPEMEHHO.
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Pewenue. Beposmnocme npousgedenusi He3a8UCUMBIX COOLIMULL PABHA NPOU3EEOEHUIO
seposimHocmetl omux coovimuil. [1oamomy eeposimuocms mozo, ymo 6ce mpu AOMUHUCMPAMOpPa
sanamol pasua (0,3)° = 0,027.  Omeem. 0,027.

2. B roctunune «MHTYpHCT» CTOAT JBa ILVIATEKHBLIX aBTOMara. Kakabli M3 HMX
MOKeT ObITh HeUCNpPaBeH ¢ BeposATHOCTHIO 0,05 He3aBHCMMO OT Jpyroro apToMara.
HajignTe BEepOSITHOCTH TOT0, YTO XOTSl ObI O/IUH ABTOMAT MCIIPABEH.

Pewenue. Hatioem e6eposimuocms mo2o, 4mo HeucnpagHvl o0ba asmomama. Imu
cobbimus He3asucUMble, 8ePOSMHOCMb UX NPOU3BEOEHUS PABHA NPOU3BEOCHUIO 8EPOAMHOCIEl
amux coovimuti: 0,05 - 0,05 = 0,0025. Cobvimue, cocmosiwee 8 mom, Y¥mo UCnpaseH xoms Ovl
o0uH  asmomam,  npomueononodxcuoe. (CredosamenvHo, €20  8EPOAMHOCMb  PABHA
1 —0,0025 = 0,9975. Omgem: 0,9975.

3. B neHTpe Typu3Ma JABa OJMHAKOBBIX aBTOMAaTa npoaarwT kode. BepossiTHOCTH
TOro, YTO K KOHILYy JHSI B aBTOMAaTe 3aKOHYMTCS Kode, paBHa (,3. BeposiTHOCTH TOr0, YTO
kode 3axkoHUMTCH B 00oux aBromarax, paBHa (,12. Haiigure BepOsITHOCTH TOr0, 4TO K
KOHILY JHSI KOo(pe OcTaHeTCsA B 000UX aBTOMATAX.

Pewenue. Paccmompum cobvimueA = koghe saxonuumcs 8 nepgom asmomame, B = koge
3aKOHYUMCSL 80 8MOPOM agmomame.

Beposmuocms moeo, umo xoge ocmanemcs 6 nepsom aemomame pasua 1 — 0,3 =0,7.
Beposmuocms mozo, umo koge ocmanmemcsi 6o emopom aemomame pasua 1 — 0,3 =0,7.
Bepoamunocms moeo, umo koghe ocmanemcs 6 nepsom uiu 6MOPOM A8MOMAmMe pAeHd
1—0,12=0,88. Ilockoavky P(A + B) =P(A) + P(B) — P(A'B), umeem: 0,88 =0,7 +0,7 —x,
omkyoa uckomas eeposmuocmo x = 0,52. Omeem: 0,9975.

4. /IBe (paOpUKHU BBIMYCKAKT OJMHAKOBYIO MOCYAYy IS TOCTUHUI UepHOMOPCKOro
nodepexbs. Ileppas ¢padpuka Beimyckaer 45% 310l mocynbl, BTopasg — 55%. IlepBasi
¢padpuka Bbinyckaetr 3% OpaxkoBaHHOW mocyabl, a BTopas — 1%. Hailininte BeposAiTHOCTH
TOr0, YTO CJOYYailHO KYIUICHHAs B Mara3uHe Mocy/ia 0Kaxercs OpaKoOBaHHOM.

Pewenue. Beposmunocms moco, umo nocyda Kyniewa Ha nepeou ¢habpuke u oHa
opaxosannas: 0,45 - 0,03 = 0,0135. Bepoamnocms mozo, umo nocyoa KynieHa Ha 6mopou
¢abpuke u owma oOpaxosannas: 0,55 0,01 =0,0055. I[loosmomy no ¢opmyre noanou
8EPOSIMHOCMU 8ePOSAMHOCIb MO20, YMO CIVHAUHO KYNIEHHAS 8 MdA2a3uHe nocyod OKAXNCemcs
opakosannot, pasna 0,0135 + 0,0055 = 0,019. Omeem: 0,019.

IIpakTnyeckas padora Ne4(
Tema 6.4 3amayn MaTeMaTHYECKON CTATUCTUKHU
Henab: HayunTthes pemaTh 3aaud MaTeMaTUYECKOM CTaTUCTUKU

Teopernyeckas 4acThb:

MartemaTH4ecKOil CTATHCTHKOM Ha3bIBA€TCA HayKa, 3aHUMAIOLIAsCi METOJAMHU
00paboOTKM HKCINEPUMEHTAIbHBIX JIaHHBIX, IOJIYYEHHBIX B pe3yJbTaTe HaOMIOACHUM HaJ
ciyuyaiiHeIMU siBieHUsIMM. [lepBasi 3aaua MareMaTW4yecKOM CTATUCTHKH: YKa3aTh CIIOCOOBI
c6opa U TPYNIUPOBKHU CTATUCTUYUCCKHUX JAHHBIX, MOJTYYCHHBIX B PE3YJIIBTATC OKCIICPUMCHTOB.
Bropas 3agaua maremaTuyeckod CTaTUCTHKH: pa3paboTaTh METOJbl aHAIN3a CTAaTUCTHYECKUX
JaHHBIX.

Ko BTOpoOIii 3a1aue oTHOCATCA:

1. OneHka HEM3BECTHBIX MAPAMETPOB (BEPOSITHOCTU COOBITHS, (GYHKLIMHU paclpeieieHus
U e€ rmapameTpoB U T.J.) C IOCTPOECHUEM JIOBEPUTEIbHBIX HHTEPBAIOB (METObI OLICHUBAHUS).

2. IlpoBepka CTaTHUCTUYECKUX THIOTE3 O BUAE HEU3BECTHOIO pAcCIpEAcieHUus H
napaMeTpoB pacnpesesieHns (MeTo bl IPOBEPKU THIIOTES).

IIpu aTOM pemaroTes caeayoue B MOPSIKE CI0KHOCTH U BaXXHOCTH 3aauu:
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e Onucanue SBICHUH, TO €CThb, YHOPSAOYEHHE IOCTYNUBIIETO CTATUCTHUUYECKOTO
MaTtepuaa, MpeJCcTaBiIeHue ero B Hanboee ya1oO0HOM st 0003peHUs U aHaIn3a BUjIE (TaOJIHIIbI,
rpadukn).

e AHanmM3 ¥ MPOTHO3, TO €CTh NPUOMIKEHHAS OLIEHKA XapaKTEpUCTUK HAa OCHOBAHHUH
CTaTUCTHYECKUX JaHHbIX. Hampumep, nmpuOmmxEéHHas OLlEHKa MAaTeMaTHYECKOTO OXUIAHUSA U
JUCTIepCcUr HaOI0JaeMOM CITy4aifHOM BEJIMYUHBI U OINpeIeTICHUE MOTPEIIHOCTEH STUX OIL[CHOK.

e BripaGoTka onTuManbHBIX pemeHuid. Hampumep, ompenerneHue dYucia OINBITOB N,
JIOCTaTOYHOTO JJIsi TOTO, YTOOBI OMIMOKa OT 3aMEHbl TEOPETUYECKUX UYHCIOBBIX XapaKTEPUCTHK
UX SKCIIEPUMEHTAJIbHBIMUA OLICHKaMM HE IpeBbIllIaja 3a/JlaHHOTO 3HaueHus. B cBsi3u ¢ atum
BO3HMKAET 3ajJlaya IPOBEPKH IMPaBAONOA0OMS TUIOTE3 O MapaMeTpax paclpeneieHus U O
3aKOHAaX pacCIpeleseHus CIy4allHOM BEJIMYMHBI, PEIICHUEM KOTOPOM SBIIAETCS BO3MOKHOCTh
CENaTh OJUH U3 BBIBOJOB:

— OTOPOCUTH THMOTE3Y, KaK MPOTUBOPEYAIYIO OTIBITHBIM JJAHHBIM;

— IPUHATH TUIOTE3Y, CYUTATh €€ PUEMIIEMOM.

MaremaTrueckasi CTaTUCTHKAa IIOMOTAeT JKCIEPUMEHTATOpy JIydlle pa3o0parhcsi B
OTBITHBIX JAHHBIX, TMOJYYCHHBIX B pe3ysibTaTe HaAONIOJEHUN HaJ CIy4YalHBIMHU SBICHUSMU;
OLICHUTH, 3HAYMMBI WJIM HE 3HAYMMBI HaOJrogaeMbie (akThl; MPUHATH WIA OTOPOCUTH T€ MU
MHBIE TUIIOTE3bI O MPUPOJIE CIYyYAHHBIX SBICHUI.

Penrenne 3agau:

3anauva 1.

Ha sx3aMeHe 1o ucTopuu CTYACHTHI MOTYYMIN OI[CHKU:

344434

343544

552323

344533

545444

[TocTpouTh MUCKpPETHBIA BapHALMOHHBIA Psii pacrlpesieNieHuss CTYyJeHTOB Mo OaiaM u
n300pa3uTh ero rpauyecKu.

Xoa pelueHus 3a1a4m:

OmnpenensieM IEMEHTHI psijia PaCIPe/ICIICHHS: BAPUAHTBI, YaCTOTHI, YACTOTHI.

Onenka, 6amiblKon-Bo CTY/IEHTOB € TAaKOM OLIEHKOM, 4eJI0BEK|B MpoIleHTaxX K UTOTY]
2 2 6,7

3 0 30

4 13 43,3

5 6 20

HToro 30 100

Tenepp Tpaduuecku W300pa3suM JAMCKPETHBIN DSl paclpelesieHus: B BHJC IMOMIIOHA
pacrpeieneHus..

Komn-eo CTYLEHTOE B v
IIPOIEHT A K MTOTY

A

— TIQMTHTOH ¥ CTIpe TeTIEHITA

04N
£ Y
[ Y
30 s 70\
/ | \
20 71
/ I |
] i | |
LU - L i i
| | | -
1 T 1 >
o 1 2 3 4 5 X OIeHK:a, GaTIsI
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Mo:KHO caci1aTh BbIBOJA O TOM, YTO Hpe06nanafomee OOJIBIIIMHCTBO CTYACHTOB IIOJIY4YUJIO

«» (43,3 %).
3anaua 2.

Bo Bpems BbIOOpOYHOI MPOBEPKU OBLIO YCTAHOBIIEHO, YTO MPOJIOJIKUTEIBHOCTH OJTHOM
NOKYIIKY B KOHJUTEPCKOM OTJEJe MarasuHa ObUIa Takou: (CEKyH/IbI).

7770 82 81 81
82758071 80
8189756778
737678 73 76
82 69 61 66 84
7274 82 8276
[Toctpouth

HWHTEPBaJIbHbBIN

BapHAIIMOHHBIM  psii  pacnpeaencHus

IMOKYIIOK  IIO

MPOJOIHKUTEILHOCTH, CO3/1aB 4 TPYIIBI ¢ OJMHAKOBBIMU HHTEepBaTaMu. OO03HAYUTH 3JIEMEHTHI
psaa. M306pa3uts ero rpaduyecku, cenarh BHIBOI.
Xoa pelieHUs1 3a1a4M M0 CTATHCTHKE:

OHp CACIKIEM  3JICMCHTHI
HaKOIIJICHHBIC YaCTOTHI.

psaga pacrnpeneneHus:

BapUaHThI,

4aCTOThbI, 4YaCTOCTH,

Ho MMpCKAC paCCUUTACM I'PaHUIIbI 4 3aJaHHBIX TPYIIIT C OANHAKOBBIMH UHTCPBAJIAMMU:

BenuunHy nHTEpBana onpeaenum mno Gopmyie

b

B namewm cnyuae 4

. 89-61 _

FpaHI/IHH rpyIii COOTBETCTBEHHO paBHBI:

161+7=68 (61-68)
11 68+7=75 (68-75)
III 75+7=82 (75-82)
IV 82+7=89 (82-89)

a7 K

M

[ pynmbl MOKyYIIOK 1O Hucio B nponenrtax k  [HakomieHHble
[TPOOJKUTEIIBHOCTH, CEK. [TOKYIIOK UTOTY 4acTOTHI
61-68 3 10 3

68-75 9 30 12

75-82 16 53,3 28

82-89 2 6,7 30

Hrtoro 30 100

Tenepr rpaduueckun OTOOpa3WM HAIl WHTEPBAJIBHBIN BapUAIMOHHBIA P B BHJEC

TUCTOT'PpAMMEBI U KYMYJISATBI.

y

TFCTT t HAKOIIIeHHEIE t
_______ YACTOTEL
50
404 - ] KV MYIIATA
30
30— e ) :
20| 0
4 ">
W0 | | | _
. | | >
] 0 61 63 7582 %9 X
X
0 616875828 X oen TIpOTOIE

TIORVIIEH, CEE.

ITo Tabmume wu rTpaduka MOXKHO CIEJNaTh BBIBOA O TOM, 4YTO IpeoOiajaroliee

60abpmMHCTBO MOKYMNOK (16 nmu 53.3%) HaxoauTcs BO BpeMEHHOM MHTepBalie 75-82, cek.
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IIpakTuyeckas padora Ne4l

Tema 6.5 KontponbHas paborta mo pazaeny 6 «DJIEMEHTBHl TEOPUU BEPOATHOCTEH M
MaTEMaTUYECKON CTATUCTUKI

Iean: [IpoBepuTh ypoBeHb YCBOEHHUSI TAaHHOrO maTepuana mo paszaeny 10 «DiemeHTbI
KOMOMHATOPHUKH, CTATUCTHKYU ¥ TEOPUU BEPOSITHOCTEH»

Ilpu pewenuu 3adanuii 1-4 3anuwiume npasuIbLHLIL OMEeM U3 UYemblpex
nPeOI0IHCEHHBIX.

1. (1 6amn) KombOunaropuka - 3TO paslien MaTeMaTUKH, OTBEYAIONIMI Ha BOIPOCHI
CKOJIBKUMH CIIOCO0aMU MOYKHO BBIOPATh 3JIEMEHTHI ...

A) 3aJaHHOTO KOHEYHOrOo MHOXecTBa; b) OeckoHeuHoro MHoXecTBa;, B) mroboro
MHO’K€eCTBa; ') uppaliuoHaIbHBIX YHCEN.

2. (1 6amn) CoeauHeHHUS W3 N DJIEMEHTOB, OTIMYAIOIIMECS IPYr OT Jpyra TOJBKO
HOPSIKOM PAcCIOJIOKEHHUS B HUX JIEMEHTOB, Ha3bIBAIOTCS:

A) nepecranoBkamu; b) coueranusmu; B) pazmemenusivu; [') komOuHanmsMu.

3. (1 6amn) Yucno Bcex BO3MOXKHBIX pa3MeIlleHUH BBIYUCIAETCS 10 (popmyie:

A) Am=n(n—-m); B) AT =n(n—1)..(n—m+1); B) AT ==
n(n +m)
4. (1 6amn) I'pynnupoBka — 370. ..

A) ymopsimoueHWe EIMHHUIl COBOKYITHOCTH 10 Tpu3HaKy,; b) pa3OueHue emauHUI
COBOKYITHOCTH Ha TPYIIBI 1O Npu3Haky; B) o0obmenue enunuunbix (aktos; ') 0bobmeHue

I) Ay =

(n-m)?’

€IMHUYHBIX TPU3HAKOB.
Ilpu évinonnenuu 3a0anuit 5-8 3anuwiume xo00 pewienus u nOJIYYEHHbLI OMeEem.
5. (2 6anna) B cpemnem u3 2000 cagoBBIX HACOCOB, MOCTYMUBIIUX B TPOJAXy, 6
noaTekaroT. Haliqure BEpOATHOCTh TOTO, YTO OJMH CIy4yailHO BBIOPAHHBIN 1T KOHTPOJIS HACOC
HE MOoJTeKaeT?

6. CpaBHUTE BCXOXKECTh CEMSH JIOOBIX TPEX BUAOB OJHOJETHHUX IIBETOB 3a MOCIETHUE 3
rona. CoctaBbTe UarpaMMmy 1Mo HalIeHHbIM JaHHBIM. CienaiTe BEIBOIBI.
7. (2 G6amna) 1{BeToBOAY MPEUIOKUIN YKPACUTh KIIyMOYy IIBETaMH, UCIIONL3Yys 3 BHJA.

CKOJIBKO DPAa3JIMYHBIX BapUaHTOB €CTh Y IIBETOBOJA, €CIIM €CTh BHIOOp M3 5 BHUJOB pa3HOM
paccapl?
8. (2 6ayna) CkoNbKMMHU CIOCOOAMH MOKHO MOCAJUTh 4 KyCTapHUKA B OAMH PSI?

Omanonvt omeemos

Howmep 1 2 3 4 5 6 7 8
3amaHus
Otser A A B A 0,997 - 10 24

IIpakTuyeckas padora Ne42
Tema 7.2 [lapamienbHOCTb NPSIMBIX, IPSAMON U INIOCKOCTH, MIJIOCKOCTEHN
Hean: Hayuntbes pemats 3a1a4u, UCHOJIb3Ys CBOMCTBA MapajUIeNIbHBIX IUIOCKOCTEN

Teopernyeckas 4acThb:

Onpenenenue. [Ipsmas 1 MI0CKOCTh HA3BIBAIOTCS NAPAJIIENIBHBIMU, €CJIM OHU HE UMEIOT
o0mux Touek (a || o)

IIpu3Hak napa/jie1bHOCTH NMPAMOM U IVIOCKOCTH.
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Teopema. Eciu npsimasi, He Nexalias B JaHHOW IJIOCKOCTH, MapajlieibHa KaKoH-HHOYIb
MPSMOM, JIeXKaIEH B 3TOM MIIOCKOCTH, TO OHA MapaJijiebHAa CAMOU MJIIOCKOCTH.

s allb
boof=
b
ag o
puc. 1
3ameuanus.
Ecnu nmiaockocTs NpoXoAuT Yepe3 NaHHYI MPSAMYIO, HapaiiedbHYIo
JIPYTOM TJIOCKOCTH, U MEPECEKAET 3TY IUIOCKOCTb, TO JIMHUSA MEPECEUCHUS
IJTIOCKOCTEH napajuielibHa JaHHOW MPSAMO.
Ecnu onna W3 ABYX mapauielbHBIX NMPSMBIX MapajuielibHa JTaHHOU
TJIOCKOCTH, a JApyras mpsMas UMeeT C IUIOCKOCTBhIO OOIIYI0 TOUYKY, TO 3Ta
npsiMas JICKUT B JTAHHOU TJIOCKOCTH.
puc. 2
BoiBoabl.
Cnyyan B3aMMHOTO PacoIOKEHHUS MPSIMON U TUIOCKOCTH:
a) mpsAMasi JISKUT B IJIOCKOCTH;
0) mpsiMasi ¥ MIOCKOCTh UMEIOT TOJIBKO OAHY OOIIYIO TOUKY;
B) IIpsSIMast ¥ TUIOCKOCTh HE UMEIOT HU OJTHOM OOIIEH TOYKH.
>;\E Onpenenenue. /IBe MIOCKOCTH HA3BIBAIOTCS MApaIICIbHBIMH, €CIIU
— OHH HE HMEIOT 00mux TOYEK.
/,/ \>'< [TapamiensHOCTb TUTOCKOCTEH o M B 0003HaYaeTCs TaK: o || B.
— 4 Paccmotpum MPU3HAK napasuieIbHOCTH JBYX MIJIOCKOCTEM.
3 Teopema. Ecnu 1Be nepecekaromuecss MpsMble OJHOW IUIOCKOCTH
uc. .
p COOTBETCTBEHHO TapaJlIEIbHBI JABYM MPSIMBIM JPYTON IJIOCKOCTH, TO 3TH
MJIOCKOCTH TMapasiebHbI.
Cnydan B3aMMHOT'O PacioJIOKEHUs MIIIOCKOCTEM:
IUIOCKOCTH o U | IIEpece
KaroTCHl.
puc. 4
i
/ / IUIOCKOCTH & U f IMapant
€JTbHBI.
puc. 5

CBolicTBa mapayuIeNIbHBIX INIOCKOCTEN:
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1. Eciin nBe mapauienbHble IUNIOCKOCTH IIEPECEUEHBbl TPEThEH, TO
JMHUU UX NIepeCceyeHUsl apajiesIbHBbI.

puc. 6
Tor—
Lt
R 2. OTpeskd TapalIENbHBIX TPAMBIX, 3aKIIOYEHHBIE MEXITY
/ B~ mapamienbHbIMM IUIOCKOCTSIMH, PABHBI.
puc. 7

Penrenne 3agau:
Han yron AOD u n1Be nmapasuiesibHbIe TIOCKOCTH o U 3.
0

Al

[Tnockocth o nepecekaer croponsl yriaa OA u OD coorBerctBeHHO B TOukax A u D,
MJIOCKOCTH 3 9TH CTOPOHBI MEPECceKaeT COOTBETCTBEHHO B Toukax B u C.

Hano:

OB=38

AB=6

BC=9

CD=2

Haiitu AD, OD

Uepes Touky O, KOTOpas HaxXOJUTCS MEXAYy MapaUIeNbHBIMH IIJIOCKOCTSMU O U [3,
MPOBEICHBI TIpsiMbIe ¢ U d, Tepecekarone IUIOCKOCTH Tak, 4TO TOo4Ykd A u B HaxonsTcs B
mockoctH o, a Touku C u D - B utockoctu f AB=18 cm, DO=26 cm u AC=3-A0

Beraucauts: BD;CD
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[TapanienpHble MIOCKOCTH 0O U 3 IepecedeHbl NpsMbIME ¢ U d
Croponsl AN nepecekatoT  mnapajuienbHble  Mmockoctd Bu o B Toukax C,D u A,B.
Boruucnu nnuny otpeska AB, eciiu NA=13 cm, NC=20 cm u CD=55 cm.
N

A

Croponbl 4N nepecekaroT napauieiabHble JI0CKOCTU B U o

Jlansl mapamienbHble MIockocTH o v 3. Touku A u B Haxomsrcss B IUIOCKOCTH 0, a
touku C u D B mockoctu PB. nuna orpeska AC=7, nnuna otpeska BD=12.

CyMMa npoeKIHii STUX OTPE3KOB B IUNIOCKOCTH 3 paBHa 8.

Haiiti nnuny npoekunii 000MX OTPE3KOB.

IIpakTyeckas padora Ne43
Tema 7.4 Ilepnennukyinsap 1 HakJIOHHas. TeopeMa 0 Tpex NepPHeHINKYIIpax
Henb: HayunTthes pemaTs 3a1aun, UCHOIb3YsI TEOPEMY O TPEX MEPIEHAUKYIIAPAX

Teopernyeckas 4acThb:

Nwmeem mnockocts o (puc. 1). B miockoctu o nexut npsamas b. AH — nepneHauKkysp K
MJIOCKOCTH 0., AM — HaknoHHasi, MH - npoeKius HaKJIOHHOU AM Ha IIIOCKOCTH 0.

ITo Teopeme o Tpex mepreHIuKyIspax, HAaKJIOHHAS MEPIICHINKYsApHA K MPSIMOM b Tora
¥ TOJIBKO TOT/Ia, KOTJa €€ MPOSKIIHsI MEePIeHANKYISIPHA K TIPSMOi b.

blAM e b L HM
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Puc. 1

B teopeme uzaer peds Tpex NepHeHANKYIApax. YKaxeM ux:

AH — 570 nepneHANKYSp K IIIOCKOCTH 0, @ 3HAYUT, K MPAMOi b.

HM — nipoexuusi, IEPIEHAUKYISAP K IMPSAMOH b.

AM — HakJIOHHASs, IEPIICHIUKYIISAP K TIPAMOit b.

Yron Mexay npsaMou ¥ III0CKOCThIO

Paccmorpum mitockocTs o U npsamyro a, a = AM (puc. 2). Ilycte npsimast a mepecekaeT
IUIOCKOCTh 0, HO HE NMEpHeHAUKYJsipHa eid. Torga yrioM MexAy NpsSMOM @ U IJIOCKOCTBIO

HAa3bIBACTCA YT'OJI MCKAY HpHMOﬁ an €C HpOGKHHeﬁ Ha 3Ty IJIOCKOCTb. To €CThb, Yrojl Meay

NPsIMOM @ U TIJIOCKOCTBIO 0 - 3T0 yroi AMH. Ilyctb LAMH = @y,

Puc. 2

CBoICTBO yriIa MeKAy NPAMOM U INIOCKOCTHIO

UYepez Touky M B IUIOCKOCTH o mpoBeneM mpsmyto MB (puc. 2). Paccmotpum yron
MEeXIy NpsAMOU a U npsimoii MB, Ha3oBeM €ro ¢. Torga mo CBONCTBY yria MeXAy NPSAMOU H

IUIOCKOCTBIO TIOJTy4a Po =@
y4aeM, 4To .

Pemenne 3agay:

3agaua 1

[Ipsimas AK nepneHAMKYyIsipHA K  IUIOCKOCTH — IPaBWIBHOrO  TpeyronbHuka ABC,
Touka M — cepeaurna ctopons! BC.

1) Hokaxwute, uto MK L BC
2) Haiinute yron mexay npsmoit KM u miockoctbio ABC, ecnn AK = a, BC = 2a.

1) Aano:

AB =BC =CA,

AK 1 ABC,

BM = MC.
Joxazamv: MK 1 BC.
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A
C
M
B
Puc. 3
Jlokazamenvcmeo:
AM - s1o mpoekiusi HakiaoHHOW KM Ha mnockocts ABC. AM - menuana. Ilo cBoiicTBY
MIPaBUIILHOTO TpEeYroJbHUKA Mmennana AM sBisieTcst u BBICOTOH, TO ecThb

npsimble BC u AM niepneHAuKyIsipHBbI.

[TepBrrit cioco0:

[Ipsmas BC nepnenauxynsipua AM - npoexuuu HaxkioHHoW MK. Ilo teopeme o Tpéx
NEPIEHIUKYIIApax MojiaydaeM, 4To mpsaMmas BC nepneHauKkyisspHa ¥ HakiIoHHOM MK, 4TtOo 1
TpeOOBAIOCH JOKA3aTh.

Bropoii crioco6:

[Ipsmas AK nepnenaukyisipHa miockoctd ABC, a 3HauuT, u npsmoi BC, nexaieil B
mockoct ABC. Umeem, BC nepnenaukynsipua AM, BC nepnenaukynspHa AK, 3nauut, BC
NepHEeHAUKYJIIpHA TIockocTh MAK, a 3HaunT, U npsmoil MK, nexaien B 3TON IIJIOCKOCTH, YTO
U TpeOoBasIOCh J0Ka3aTh.

2) /lano:

AB = BC = (A4,

AK 1 ABC,

BC = 2a,

AK = a,

Haimu: 2(KM; ABC)

Pewenue:

VYoM MeXy IpsMON U INIOCKOCTBIO Ha3bIBAETCS YIOJ MEXAY MPSIMOU U €€ IPOEKIHen
Ha MjIockocTu. Mbl uMeeM HakJIoHHYI0 MK, nmeeM ee mpoekuuto AM. 3Ha4uT, YriioM MExXAy
npsimoit MK n nnockoctsio ABC sBnsercs yron AMK.

Tpeyronsauk ABC — npaBWIbHBIN. 3Ha4UT, BCe €ro yribsl paBHbl 60°. 3Hauut, £4ABC =

60°.
Paccmotpum tpeyronsHuk AMB. OH npsMoyroasHeli, Tak kKak AM L BC. Haiinem AM:
V3
AM = AB -5in 2ABC = 2 -5in 60° = 2a - — = av/3.
4
Paccmotpum npsmoyrosnbHblil TpeyroabHuk AMK. AK = a, AM = a3,
AME AK £
tg £ =— =,
AM a3 V3
— Lu]
VYron AMK — ocTpblii, 3HaUUT, LAMEK = 307
Omeem: 30°.
3anaya 2
W3 touku M npoBeneH nepneHaukyisap MB k 1miiockoctu npsimoyronbHuka ABCD (puc.
4).

1) HokaxuTte, uto TpeyroiabHUKu AMD n MCD — npsiMOyTOJIbHbIE.
2) Haiigute yron mexay npsimoit MD u muiockoctbio ABC, ecnu CD = 3¢,
AD =4 cm, MB=5 cm.
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Puc. 4
1) Aano: npamoyronsuuk ABCD, MB 1 ABC.
Jokazamv: AAMD n AMCD — npsiMOyTOJIbHbBIE

Jlokazamenbcmeo:
MB — nepnengukynsp k 1uockoctd ABC. MA — HakioHHasA, BA - ee NpoeKuus.
[Tpoexuust BA nepneHaAUKyIsIpHA npssmMout AD u3 miockoct ABC. 3HayuT, u

HakiIoHHasg MA nepnenukyisipHa DA (1o TeopeMe o Tpex neprneHaukyisapax). Takum odpasom,
TpeyroiabHUK AMD - npsIMOYToibHbIN, TaK Kak yroyi MAD - npsMoil.

Amnanoruuno, MC — naksioHHasi, BC - npoekuusi HakioHHOW MC Ha tuiockocth ABC.
[Tpoexuust BC nepnenaukynspia CD, 3Hauut, u HakioHHas MC nepnenaukynspHa CD(1o
TeopeMe O Tpex nepreHauKyspax). Yron MCD npsmoi, TpeyronbHUK MCD npsiMOyTOJIbHBIN.

2) /lano:

ABCD — npsimoyronbauk, MD 1 ABC

CD=3cm, AD =4 cm, MB =5 cM.

Haimu: 2(DM; ABC).

Pewenue:

Yrom Mexay HpsAMOM U IJIOCKOCTBIO - OTO yroJI MEXAY NPsMOM U €€ MPOEKLUHUEeH Ha
MI0CKOCTh. DM - HakyioHHas1, DB ee npoekius Ha TockocTh ABC, ciaeaoBaTebHO, HAaM HY)KHO
Haiitu yroin MDB. O603Ha4iM €ro 3a ¢.

Paccmorpum  mpsiMoyrosbHbIM  TpeyronbHUK BAD. AB=CD= 3 oM  (Kak
POTHBOIOJIOXKHBIE CTOPOHBI NpsiMOyroibHUKa). Halinem BD no teopeme [Iudaropa.

BD = +/AB? + AD? = /3% + 42 =5 (cad).
PaccMmoTpuM nipssMoyroJibHbIN TpeyroasHUK MBD. Haiinem yron BDM.

.o _MB_5
9 Bp 5
J— o
Yron ¢ — octpsiii, 3HaunT, ¥ 45°
45°

Omeem:

IIpakTnyeckas padora Ned44
Tema 7.5 IIpsimble 1 IITOCKOCTH B IPAKTUYECKUX 33]1a4ax
Hean: Hayuutscs peuiaTth 3a1a4u po¢ecCHOHATBLHO-OPUEHTHPOBAHHOM
HaIlpaBJIEHHOCTH

Teopernyeckas 4acThb:

Ha mmockocty nBe mpsMble WIM IMEPECEKAIOTCA, WU MapajUIesIbHBL APYr JpYry.
A B IIPOCTPAHCTBE BO3MOXKEH €I1I€ OJNH CIIy4ail B3AUMHOTO PACIIOJIOKEHUS MPSAMBIX.
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Pacnono)eHune NnpAMbIX B NPOCTPaHCcTBe (TpK cnyyas)

i
a M C :
i
Im
b d '
i o o b 0 0 e 0 o 0 ? P —— -
s 7
e % P
nepeceKkalnTca napannenbHb CKpeWMBaloTCs
aNb=M c||d m-—=p

/[Be mpsiMble B IPOCTPAHCTBe MNapa/uleJIbHbI JAPYr JpPYry, IHepeceKalTcsi HJIH
CKPeLIUBAKTCS.

Ecnu nBe npsMble napaiienbHbl TPeThe, TO OHU NapajuleabHbl APYT APYTY.

CkpemuBarmuecsi npsiMble He IEPECEKAIOTCST U HE MapajuleabHbl ApYyr apyry. Yepes
HUX HEBO3MOXXHO IMPOBECTU IIOCKOCTh. CKpElIMBAOLIMECs MPSMbIE JIEKAT B MapauIeIbHBIX
IUIOCKOCTSIX.

Pemenue 3axa4

1. JlBa rpy30BHKa BBIEXaJIM B PEUC O B3aUMHO-NIEPIICHANKYIISIPHBIM JIoporamM. CKOpoCTh
omHoro — 50 km/4, ckopocTh npyroro — 60 Km/4, B JaHHBI MOMEHT OHH HaxXOJITCS Ha
paccrosHuu 7 kM 1 10 kM OT Hauana myTu. Yepes3 Kakoe BpeMsl pacCTOSIHUE MEXy HUMU OyaeT
35 km?

2. Ckoapko motpedyeTcst OeToHa Al TOr0 YTOOBI 3aJHMTh IIBEUIEP C MapalieIbHBIMU
rpanamu nosiok 1211 gyunoit 10m?

WEBENMNEP C YKANQGHOM WEENMNEPF C
BHY¥TPEHHWX NPAHEF NONOK NAPANNENBHBIMY FPAHAMM
12 Y nonok 12 N

I ] e

- 5 4.8
F120 M F120 mm

T e

b 52 mm

IIpakTnyeckas padora Ne4S
Tema 7.6 KonTponsHas pabota mo pazaeny 7 «IIpsMbie v IITOCKOCTH B TPOCTPAHCTBEY
Heas: [IpoBeputh ypoBEeHb YCBOEHHS JaHHOrO MaTepuana no pazaeny 11 «lIpsmbie u
MJIOCKOCTH B TIPOCTPAHCTBE

Ilpu pewenuu 3adanuii 1-4 3anuwiume nPasuIbHLIL Omeem U3 Yemblpex
nPeOnoHCeHHbIX.

1. (1 6ann) PacmmdpyiiTe kpaTkyro 3anuck: a€f.

A) TouKa a MPUHAIUICKUT TUIOCKOCTH [3; B) Touka a mpuHamiexut npsmoi §; B) mpsmas
a MPUHAJUISKUT TUIOCKOCTH [3; ') mpsiMast a mepeceKkaeT MmiIoCKoCTh f3.
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2. (1 6amn) Hpsmeie AB u CJI ckpemmBatorcs. Kakoe pacrionoskeHre UMEIOT MpsiMble
ACu BJ1?

A) napamenssslie; b) neprnenaukynsapusie; B) ckpemubatores; [') nepecexarorcs.

3. (I 6amn) Ilnockocth @ u [ wumeror 1 obmyro Touky. KakoBo uX B3auMHOE
pacnosoxeHue?

A) napaensHbl; b) nepecekatorcs no npsimoit; B) coBnanatot; I') ckpemmBarorcs.

4. (1 6amn) Ecnu npsimasi, IpoBeZieHHAsE HA IJIOCKOCTU Yepe3 OCHOBAHHE HAKJIOHHOM,
NEPIEHUKYJIIPHA €€ IPOEKIIMH, TO OHA. ..

A) mepneHAUKYJISIpHAa U CaMOW HAKJIOHHOW; b) mapamienbHa u camoil HakJIOHHOW; B)
CKpEIMBAETCS C HAKIOHHOM; [') nepneHanKynsipHa OCHOBaHUIO HAaKJIOHHOM.

Ilpu evinonnenuu 3a0anuit 5-8 3anumiume xo00 peuieHusA U NOJYUEHHLLIL OMEem.

5. (2 6amna) Yepe3 koHIbl oTpeska AB u ero cepeanny M mpoBeneHbl mapajuieibHbIE
NpsIMbIE, MIEPECEKAIOIME HEKOTOPYIO TJIOCKOCTh B Toukax A1, B1 u Mi. Haitaute nyumny orpeska
MM, ecnu oTpe3ok AB He nepecekaeT miockocTh u eciu AA| = 6,8cm, BB1=7,4cMm.

6. (2 6amna) [Ipsmeie AC, AB u AJl nonapHo nepneHaukyisipusl. Haiinute orpezok C/I,
ecmu AB=5cm, BC=13 cm, AJI =9 cm.

7. (2 Gamna) M3 ToukM K IUIOCKOCTH TPOBEACHBI ABE HaKIOHHBIC. Haiiaute IiauHbBI
o01Iero NnepneHIuKyispa, eciau NPOeKIMY HAKIOHHBIX OTHOCATCS Kak 2:3 W JJIMHBI HAKIIOHHBIX
paBHbI 23 cM 1 33 cMm.

8. (2 6amma) Haueptuth ky0 ABCJIA1B1C1 /1. [Tocrpouts ceuenne AJliC.

Omanonvt omeemos:

Howmep 1 2 3 4 5 6 7 8
3adaHuA
OTtBeT B B b A 7,1 15 9 -

IMpakTuyeckas padboraNe46
Tema 8.4 IIpumepsl cummerpuii B mpodeccun
Iean: PaccMOTpeTs IpUMEPBI CUMMETPUH BOKPYT HAC

Teopernyeckas 4acThb:

PaccMoTpuM NoOHATHE CUMMETPUU C T€OMETPUUECKON TOUKH 3PEHUS.

B y4yeOHuKe o reoMeTpuu 3TO MOHITUE BBOJIUTCS CleAyIOIUM obpazoM. Touku A u Al
Ha3bIBAIOTCS CUMMETPUYHBIMU OTHOCUTENBHO TOUKH O (LeHTp cuMMeTpun), eciu O — cepeaurHa
orpe3ka AA1 (puc. 1, a). Touka O cuuTaercst cCHMMETPUYHOMN camoii cele.

Toukn A wu Al Ha3bIBAalOTCS CHUMMETPUYHBIMH OTHOCHTEIBHO HpsAMOM a (och
CUMMETpHUH), €CIH MpsiMasi a MPOXOJUT uepe3 cepeArHy oTpe3ka AAl U mepneHIuKymIsipHa K
TOMY OTpe3Ky (puc. 1, 6). Kaxnas Touka npsiMoit a cuutaeTcss CHMMETPHUHON camoit cebe.

Toukn A m Al Ha3bpIBaIOTCS CUMMETPUYHBIMU OTHOCHUTENIBHO IMJIOCKOCTH  (TJIOCKOCTH
CUMMETPUN), €CIIU TUIOCKOCTh  IPOXOAMT Yepe3 cepeiuHy oTpe3ka AAl M nepneHaAuKyisipHa
K 3TOMY 0Tpe3Ky (puc.l,B). Kaxknas Touka miIoCKOCTH  CUMTAeTCsl CHMMETPUYHOM camoi cebe.

Touka (mpsiMasi, TJIOCKOCTb) Ha3bIBAETCS IIEHTPOM (OCBIO, IJIOCKOCTBIO) CHMMETPHH
burypsl, eciu Kaxkaas Touka QUIypbl CAMMETPUYHA OTHOCUTEIHLHO HEE€ HEKOTOPOIl TOUKE TOM
xe ¢urypsl. Eciiu purypa umeer (puc. 1) nentp (och, MIOCKOCTh CHMMETPHUH), TO TOBOPSIT, YTO
OHa 00J1a1aeT HEeHTpaIbHOU (0CEeBOM, 3epKaIbHOI) CUMMETpPHUEH.

Bbiensss reoMeTpruecKy0 CUMMETPHIO, TOBOPUM O IOJIOKEHUH, (opMe, CTPYKTYype.
OTO0 Ta CUMMETPUS, KOTOPYIO MOXKHO HEMIOCPEACTBEHHO BUECTD.
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CuMMeTpuI0 MOKHO OOHapY)XHUTh IOYTH B3/, €CIM 3HaTh, KaK e MCKaTh. MHOTrue
HapoJibl C APEBHEMIINX BPEMEH BIIAJIETHU MPEICTABICHUEM O CUMMETPUU B IIUPOKOM CMBICIE --
Kak 00 ypaBHOBEIIEHHOCTH M TapMOHHHU. TBOpPYECTBO JIOEH BO BCEX CBOMX MPOSIBICHUSIX
TAroTeeT K cumMmerpuu. [locpencTBoM cCuUMMETpUM YEIOBEK BCEIr/a NBITAICS, IO CJIOBaM
HEMELKOro wmaremaruka ['epmana Beisd, «nocTMub M CO34aTh MOPSAINOK, KpacoTry H
coBepuieHCcTBOY». ['. Belinb moa cummeTrpueld mOHMMal «HEM3MEHHOCTh KaKoro-imbo oObekTa,
IPU OINpPEAEIEHHOr0, pojAa NpeoOpa3oBaHUAX; NPEIMET SBJAETCS CHUMMETPUUYHBIM, B TOM
ClIy4ae, KOTJla €ero MOXXHO TOJBEPrHYTh KaKONH-HHUOYAb Olepaluu, Mocjie KOTOpoil oH Oyner
BBITJISICTh TaK JKe, KaK W JI0 NpeoOpazoBaHus». OnpenencHHyro riaBy [. Beisb mocBsTHI
OpPHAMEHTHOW CHMMETPUU. YTOPSAJOUYEHHOCTh W MOJYMHEHHOCTh OIpeAeJIeHHOMY Habopy
IpaBUJI MBI OOHAPY)KHMBaeM B y30pax U OpHaMeHTax (cM. puc. 16).

Henp3s He yBUAETh CHUMMETPUI0O M B OIPAaHEHHBIX APArol€HHBIX KaMmHAX. MHorue
TPAaHWIBIIMKK CTapaloTCs MpHIaTh OpwumManTam QopMmy TeTpasapa, Kyba, OKTadapa WiIH
uKocadipa. Tak Kak rpaHaT UMEeT Te K€ DJIEMEHTHI YTO U KyO, OH BBICOKO IIEHUTCS] 3HATOKaMU
JParoleHHbIX KaMHeH. XyJI0KeCTBEHHbIE U3ACTHs U3 TPaHaTOB ObUIM OOHApPY>KEHBI B MOTHJIAX
HpeBuero FErumrta, OTHOCSAMIMXCS e€mle K JOAMHACTUYECKOMY TIepuoay (CBBIIIE ABYX
TBICSYEIICTUM JI0 H.D.).

B komneknusx OpmuTaka 0OCOOBIM BHHUMAaHHUEM TOJB3YIOTCS 30JIOThIE YKpAallleHUS
npeBHUX CKU(OB. HeoObuailHO TOHKAa XyIO0)KECTBEHHass paboTa 30J0TBIX BEHKOB, AHMAJIEM,
JIEpeBa U yKpAaIIEHHBIX IParolieHHbIMU KPacHO-(HUOIETOBBIMU TpaHATAMH.

OaHMM M3 caMbIX HAarJSIAHBIX HCIOJb30BaHUM 3aKOHOB CUMMETPUU B KU3HHU CIyXKaT
CTPOEHHSI apXUTEKTYphl. JTO TO, YTO 4Yallle BCETO MbI MOXEM YBHJIETb. B apxurekrtype ocu
CUMMETPUHU HCIONIB3YIOTCA KaK CpPEACTBA BBIPAKEHMSI ApPXUTEKTYpPHOro 3amsbicia. [Ipumepos
WCIIOJIb30BaHUSI CHUMMETPUH B apXUTEKTYypE MHOKECTBO, OJJHUM W3 HMX SBIIAETCS NMPEKPACHBIN
HoBocubupckuii Teatp ornepsl u 0anera.

Eme onHMM npuMepoOM MCIOJB30BaHUS YEJIOBEKOM CUMMETPHUH B CBOEH MPAKTUKE - ITO
TEXHHKA. B TexHUKe OoCHM CUMMeTpuu Hanmbojiee 4eTKo O00O3HaualTcs TaM, e Tpedyercs
OLICHUTH OTKJIOHEHUE OT HYJIEBOTO NIOJIOKEHNUS, HAIPUMEpP Ha pyJie IPy30BUKA WJIM Ha IUTypBaje
kopaOist. nu o1HO U3 BaKHEHIIMX M300pETEHHH YenoBeuecTBa, MMEIOIINX LIEHTP CUMMETPUH,
ABIIIETCS KOJIECO, TAK)KE LIEHTP CUMMETPUU €CTh Y MPOIMEIJIEPA U IPYIMX TEXHUUECKUX CPEACTB.

CuMMeTpHIO MOXKHO 3aMETUTh Jake TaM, Ha YTO HUKOI/Ia He oOpalial BHHUMaHUE.
Hanpumep, ecnu Bbl momecTuTe OYKBBI IEpe]] 3epKajioM, pacloI0kKHUB €ro MapajuleIbHO CTPOKE,
TO 3aMETHTE, YTO T€ U3 HUX, Y KOTOPBIX OCb CUMMETPHH MPOXOAUT TOPU3OHTAIBHO, MOMXHO
IIPOYECTh U B 3€pKaje. A BOT T€, y KOTOPBIX OCh PaclOJI0KEHA BEPTUKAIBHO WU OTCYTCTBYET
BOBCE, CTAHOBSITCS «HEUUTAOEIbHBIMU.

Cyl1ecTBYIOT SI3bIKH, B KOTOPBIX HauepTaHUE 3HAKOB ONUPAETCS HAa HAIMUUE CUMMETPUH.
Tak, B KHTalCKOW MMCbMEHHOCTH MEpOTn( 03HAYaeT MMEHHO UCTHHHYIO CEpe/IMHY.

CummeTpusi Takke €CTh M B 4YMCIax, Hampumep, v12345678987654321=111111111;
v123454321=11111 u T.1. cuMMETpHS LIEHTPAJIbHAsL OCEBAsl 3€PKaIbHas FEOMETPHUS

3ana}me: MMPUBEINUTE IPUMEPbI CUMMETPHUH, BCTpe‘-IaIOHIGI;’ICSI B )XM3HU YCIOBCKA.
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IIpakTuyeckasi padoraNe 47
Tema 8.4 [Ipumepsl cumMeTpuii B ipodeccuu
ean: PaccMoTpeTh mpUMeEpbl CHMMETPHUH B MTPOGECCUOHATLHON AEATEIIbHOCTH

Teopernyeckasi 4acTh:

[Ipumenenune mareMaTUku B Oyaymiedl mpodeccuu — Oo4YeHb akTyalbHash T€Ma HAaIIero
BpPEMEHU.

CummMetpus B mpodeccuu aIMUHUCTPATOpa Mara3uHa OJ1eX 1bl

B marasune onmexmpl 00sI3aHHOCTH aJIMUHUCTPATOpa Maras3uHa OyayT 3aKiIrodarbcs B
OpraHMU3aIi TOPTOBBIX MPOIEcCOB. [lOMONMHUTENBHO B 00SI3aHHOCTU aJMUHUCTPATOpPa BXOAUT
KOHTPOJIb HaJl pa3MEIICHUEM TOBapa B TOProBOM 3ajie Marazuta. M TyT riiaBHIMH TpUHIIUTIAMUA
co3aHus OanaHca SBJISIOTCS CUMMETPHUS U aCUMMETPHSL.

Kak wucnonp3oBaTh CHMMETPHIO B MaraswHe ofexnabl? Tak ke, Kak HaOOp BecOB
YPaBHOBELIMBAET JIEBOE U IPABOE HA BECaX, TAK JIEBas IOJOBHMHA BUTPUHBI WM IPOCTPAHCTBA
Mara3uHa ypaBHOBEIIMBAETCS MTPaBOMi:

® BCIIM U MAaHEKECHbl B JIEBOW CTOPOHE BUTPUHBI OKHA JIOJDKHBI OallaHCUPOBATh C
00BEMOM CITpaBa;

® CTONKU CIOXEHHBIX (PyTOONIOK pPABHOMEPHO M CHUMMETPUYHO PACHpPEICICHBI I10
OT/IENIbHO CTOSIIIIEMY CTOJIY Y BXOJa B MarasuH;

® BICST BEIIM OJJMHAKOBOT'O ACCOPTUMEHTA CJIEBa U IpaBa.

Cummerpusi (OceBasl) 4acTO HCIONB3yeTCs sl o(OpMIICHHUs BEIeH B KIACCHUECKOM
ctiie. CUMMETpHSl PUIAET DJETaHTHOCTh U (POPMAIBHOCTH BUTPHUHBI C MYXCKOH OJIEXKIOM;
obopmiieHHEe B JAM3aWHEPCKUX Mara3pHax C MUHUMAQJIMCTAYHBIM [U3aiiHOM ; BUTPUHBI C
MaHEKEHAaMU C HEOOBIYHOW Au3aiiHepckoW onexnoil. OgHaKO CHUMMETpHUYHOE OdopmIileHuE
MOKET OBITh HEMHOTO CKYYHBIMHU MJisg OoJiee IMOBCEAHEBHOW M 0a30BOM OJCXKIBI, KOTOPHIE
TpeOyIOT Yero HHTEPECHOTO.

Acummetpus. J{ns pazMenienust TOBCEAHEBHOM U 0a30BOM 0K IbI OOBIYHO HCTIONB3YIOT
ACUMMETpPUYHbIE BUTPHUHBI. biaromaps acHMMETpUU TOJy4aeTcs MPEICTAaBUTh 0a30BbIC BEUIU
0oJiee HEOOBIYHBIMHU. ACUMMETPUYHBIN JTU3aiTH MOKET BBI3BIBATh YYBCTBO JIBHXKCHHS U Ka3aThCs
0oJee COBPEMEHHBIM, Y€M CUMMETPHYHBIIM, HO MPH BCEM ATOM CO3/aTh MPaBHIbHBIE MPOMOPIIU
Y 3JIEMEHTOB 3/1€Ch CIIOXHEE.

Kak wucnonp3oBaTh acuMMETpUIO B MarasuHe ojexasl? B kauectBe mpumepa
acCMMMETpUYHOro OajaHca MOXXHO TPHUBECTH CJEAYIONIee OJUH MaHEKEH B JICBOM 4YacTu
BUTPHHBI, YPABHOBEIICHHBIN IBYMsI MaHEKEHAMH CIIpaBa, CTOAIIUMHU ONM3KO APYr K apyry. B
1eJI0OM, TapMOHHUsI OyAeT JOCTUTHYTa, TOCKOJbKY TpU MaHEKeHa YJO0OHO 3aIoJIHSIOT
MIPOCTPAHCTBO, XOTSI OHU U paclpeesieHbl HEPABHOMEPHO

CummMmetpus B npodeccun Boautens. Bce aBToMoOMIIN UMEIOT NMPOJIOJIBHYI0 CHMMETPUIO
Ky30Ba. He gBIAIOTCS HCKITIOUEHHEM U OOJNbIIErpy3Hble MAIMHEL. [IepBoe, YTO MPUXOAUT Ha YM,
KOrJa pedyb UACT O CHMMETPUU aBTOMOOWIICH, 3TO a’dpoanHaMuKka. Eciu neBas u mpaBas 4yacTu
MaIIMHBI OYAYyT UMETh pa3Hyio (opMy, TPYIHO MpEeAyrajaaTh, Kak MOBEAET ceOsl BO3MYIIHBII
MOTOK Ha OOJIBIIION CKOPOCTH. B 3aBUCHMOCTH OT CKOPOCTH BO3/YIIHBIE MAaCChI IO 00€ CTOPOHBI
Ky30Ba MEHSUTM ObI CBOW yroll M HEM3BECTHO KaK MepeceKaluch Obl MeXay co0oii, co3maBas
JTUITHUE TIpoOJeMbl BoauTeno. M3-3a ommbOok mpoekTupoBaHus (HOpMBI Ky30Ba aBTOMOOWIIH
MOTYT TePATh YCTOMUYMBOCTH Ha OOJBIION CKOPOCTH U JIaXKe MEPEBOPAUUBATHCS . ITO OCOOCHHO
OTacHO JiJIsi OOJNBIIErpy3HBIX MamKH. Eciu mocMoTpeTs Ha Qypy ¢ pa3HBIX CTOPOH, TO MOXKHO
3aMETHUTh, YTO OHA UMEET Cpa3y HECKOJBKO Oceil cumMeTpuu. HekoTopele neTtanu MaiuH UMEI0T
LHEHTPaJbHYI0 CUMMETPUIO: KOJIECO aBTOMOOWIIA, IIecTepeHka u jap. PyneBoe koseco nmeer
oceByto cummeTputo. [Ipu MogenupoBaHUN aBTOMOOUIIBHBIX JUCKOB, AJISI PACYETOB MPUMEHSIOT
MOBOPOTHYIO CHUMMETpHIO. PerymmpoBka CXOXIACHHS KOJIEC aBTOMOOHWIS TMPOW3BOIUTCS
OTHOCHUTEJIbHO TPOJIOJIbHOW OCH CHUMMETPUM MallMHbL. [[1s Ha3eMHOro BUJa TpaHCHOpPTa B
0oJIbIIIeH CTENIEHH BCE OCEBasi CHMMETPHSL.
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3aganme: mnpuUBEOUTE NPUMEpPHl CUMMETpPUH, BCTpeYarolleiics B Bamied Oyaymei
npodeccum.

IIpakTuuyeckas padoraNed8
Tema 8.7, Tema 8.8 O0neM Tema. OTHolIeHHE 00BEMOB IOAOOHBIX Tea. OOBEMBI H
IJIOIIAAN TOBEPXHOCTEMN TEN
Heawb: PaccMoTpeTs mpuMepsl HAX0XICHUS 00bEMOB F'€OMETPUYCCKHX TEIT
TeopeTnueckast 4acTh:
Bce ¢popmynel 00beMOB reOMETPUUECKUX TEI
1. Pacuer o6bema kyba

)

a - cTopoHa Kyba

dopmyna oobema Kyoa, (V):

V=a3

2. Haiitu no ¢opmyse, 00beM NpsIMOYTOJIBHOTO Mapajuiesenumneaa

&

a, b, ¢ - CTOpOHBI apasuIeNenune1a
Ete nHOT 1A CTOPOHY Mapasuieienue/ia, Ha3bIBalT PEOPOM.

®dopmyna oobema napayenenuneaa, (V):

m

3. ®opmyna a5 BEIYUCIEHUs 00beMa I1apa, chepsl
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R - paguyc mapa
n~=3.14

ITo popmyre, ecau 1aH paguyc, MOKHO HallTH oObema mapa, (V):

4. Kak BBIYUCIUTH 00BEM ITUIHMHAPA ?

h - BbIcOTa IUIIHH]Ipa
I - panyC OCHOBaHUS
n~3.14

[To gopmyne HaiiTu oObeMa HHUIWHIpPA, €CIAU U3BECTHHI - €r0 PAJUyC OCHOBAHHS U
BhIcOTAa, (V):

V=mr2h

5. Kak Haiitu 06beM KoHYCa ?

R - pagnyc ocHOBaHUs
H - BbICOTa KOHYCa
n~=3.14

dopmyna oObeMa KOHYyca, eCIIM U3BECTHBI paauyc U BeicoTa (V):
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7. ®opmysa oObeMa yCEUSHHOTO KOHYCa

C D

I - paguyc BEpXHEro OCHOBAHMUS

R - pagnyc HUXKHEro OCHOBaHUS

h - BbICOTa KOHYCA

n=3.14

®opmysna o0beMa yCEYEHHOI0 KOHYCa, €CIM HU3BECTHBI - PAIUyC HUIKHETO OCHOBAHUS,
paznyc BEpXHEro OCHOBaHUS U BbicoTa KoHyca (V ):

1
V= Enh(Rz +R-r+1?

8. O0beM MpaBUIIBHOTO TETPadApa

[IpaBunbHBIN TETPAdAp - NOHUpaMHAA y KOTOPOM BCE TIpaHM, pPaBHOCTOPOHHHUE
TPEYrOJIbHUKH.
a - pebpo Terparapa

dopmyma, 115 pacuera oobema npaBuibHOTO TeTpadapa (V):

9. O0BeM MpaBUIBLHON YETHIPEXYTOJIbHON MUPaMUIbI
[Mupamuna, y KOTOpoil OCHOBaHHME KBagpaT U TpaHU paBHbIe, paBHOOEIPEHHBIE
TPEYrOJIbHUKH, HA3bIBAETCS IPABHIIBHOM YETHIPEXYTOIbHON TUPAMUION.
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a - CTOpOHA OCHOBAHMUS
h - BbIcOTa TUpaMu bl

dopmyiia a7 BBIYUCICHUs 00beMa MPaBUIIBHON YeThIpeXyroibHON nmupamMusbl, (V):

1
V = = ha?
zha

10. O6beM npaBUIBLHON TPEYTOJIBHON MUPAMHU/IBI

[Mupamuna, y KOTOpOil OCHOBaHME DPABHOCTOPOHHMH TPEYroJbHUK U TI'PAaHU paBHBIE,
paBHOOEAPEHHBIE TPEYTOJIbHUKHU, HA3bIBACTCS MTPABUIIBHON TPEYroJIbHON MUpaMUAOH.

a - CTOpOHA OCHOBAHMS
h - BeICOTa TUpamMu el

®opmyna o0beMa MPaBHIILHOW TPEYTOJIbHON MUPaMUJIbI, €CIIN JIaHbI - BBICOTA U CTOPOHA
ocHoBanus (V):

11. Haiitu 06beM paBUIBLHOM MHUpPaMUIbI

[Inpamua B OCHOBaHUU, KOTOPOU JIEKUT IIPABUIbHBIA MHOTOYTOJIBHUK U I'PaHU PaBHBIE
TPEYTOJIbHUKH, HAa3bIBAECTCS NPABUIIBHOM.

NV

h - BbIcOTa TUpaMu bl
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a - CTOpOHA OCHOBAHUSA IMUPAMHUIBI
n - KOJIMYECTBO CTOPOH MHOTOYTOJIbHUKA B OCHOBaHUH

@®opmyna oObemMa MPaBHWILHOW MUPAMUIBI, 3HAs BBICOTY, CTOPOHY OCHOBAHHS H
KOJIMYECTBO 3TUX CTOPOH (V):

na’h

N 180°
12 tg( = )

12. Pacyer oObeMa mupamuIbl

C
B

A E

h - BeICOTa TUPAMHU/IBI
S - mromans ocaoBauuss ABCDE

D

dopmyna s BBEYHCICHUS O0ObeMa MHpPAaMUIBI, €CIU JaHbl - BBICOTA W IUIOMIANb
ocHoBanus (V):

h - BeIcOTa TUpaMHU/IBI
Sunx - TIOIIAAL HIDKHETO ocHOBanus, ABCDE
Ssepx - TUIOLIAL BEPXHETO OCHOBaHMUsI, abede

®opmyna odbema yceueHHOoM nupamusl, (V):

1 —
V = § h(SHH'.ﬂ + \,’:Smm: Ssepx ek Ssepx)

14. O6Bem mapoBOTO cerMeHTa, popmMyna

[ITapoBbI1 CErMEHT- ATO 4YacTh IIapa OTCEYEHHas INIOCKOCThIO. B maHHOM mpumepe,
miockocTeio ABCD.
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R - paguyc mapa
h - BbIcOTa cerMeHTa
n~3.14

®opmyna a1 pacueTa 06bemMa IapoBoOro cerMenra, (V):

1
V= §1t112(3R — h)

15. O6beM 1mapoBoro cekropa

R - pagnyc mapa
h - BeIcOTa cermenTa
n~=3.14

dopmyna odbeMa mapoBoro cexkropa, (V):

h - BbICOTa IapOBOTO CI1OS

R - pagunyc HUXHErO0 OCHOBaHUS
I - paJlnyC BEpXHET0 OCHOBAHUS
n~=3.14
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dopmyna oobema maposoro cios, (V):

1 1
V=—mh(R*+ 1%+ =h?
211'1( +1 +31)

Pemienue 3axau:
1.CymectByet 1 npu3ma, umeromas 50 pédep? 54 pebpa?

Pemenune: Yucno peGep n — yroapHOW NMPU3MBI 3N, MO3TOMY IMPH3MBI, uMmeromei 50
pebep, He cymecTByeT, a 54 pebpa umeet 18-yronpHas mpusma.

2. CTOpOHBI OCHOBaHMsI IMPSIMOYTOJIBHOI'O Mapajulejenunena paBHel 5 ¢cM u 12 cm ,
JMaroHallb NapajulefienuIe a COCTaBIseT C MIOCKOCThI0 ocHOBaHus yroa 60°. Haiiaure 00bEM
napajuiesenumnesa.

3. OcHOBaHMEM MpPsSIMON NIPU3MBI CIY’)KUT TPEYyroibHUK co cropoHamu 10, 10, 12.
JnaroHayib MeHbIIIel OOKOBOW T'paHU COCTABIIACT C TUIOCKOCTHIO OcHOBaHMs yroi 60°. Haitnure
00BEM MPU3MBI.

4. O0peM mHPSIMOYTOJBHOTO TMapajuienenumena paBeH 2. Yemy Oyaer paBeH o0beM
napajuieNienues1a, ecliv Kaxxaoe ero pedpo yBeauuuTh B 3 pasa.

Pemenue. [lycte peOpa nmaHHOTO mapajiesnenurnena paBHel a, b u c. Torma umeem:
V=abc=2.

[Tocne yBenmnueHus kaxaoro pedpa B 3 pasa ero o0béM Oyner paBen V=3a*3b*3c =27
abc=27%*2=54.

OrtgerT: 54.

5. AkBapuyMm umeet (Gpopmy npsMOYyroibHOTo napaienenumneaa seicotoi 30 cm. Ecnu B
Hero HamuTh 30 JI. BOJIBI, TO /10 BEpXHEro Kpas ocTtaHeTcsl 5 ¢cM. CKOJIBKO JIUTPOB BOABI HYKHO,
YTOOBI HATIOTHUTH IMYCTON aKBapUyM JOBEPXY?

Pewenue. Ilycts V 1 H cooTBETCTBEHHO 00BEM U BBICOTA MapajuIeIenUIea.

V=SH . Ilo ycnouto V=30,H=25, Torga 25*S=30.

[Tocne 3anonuenus mycroro akBapuyma gosepxy H=30. 3nauut, 30*S=V.

255 30

Hatigem otHomenune 30S = V| V=36 1.

Ortgert: 36.

6. Ky6uxk Becut 10 rp. Ckoibko rpaMMOB Oy/IeT BeCUTh KyOHK, pedpo KoToporo B 3 pasa
Oospilie, yeM pedbpo TMepBoro KyoOwka, eciiu o0a KyOMKa HW3TOTOBJICHBI M3 OJMHAKOBOTO
MaTepuana.

Pewenue. [lycte V- 00béM ganHOro mapamienenurena. [lociae yBeaudeHUs Kaxaoro
pebpa B 3 paza, ero 006EM OyzeT paBeH 27 V.

v _10
27v. x  x=270 1p.
OrtBer: 270.

7. O06BEéM TPSIMOYTOJBHOTO Mapajuienenumnena paBeH 32. Uemy Oyzaer paBeH 00BEM
napaieNenunea, eciiv Kax0e ero pedpo yMeHbIIUTh B 2 pa3a.

8. B cocyn, umeromuil popmy NpaBUIbHOW TPEYrojbHOW NPU3MbI, HAIUIU BOAY.
VYpoBenb Boabl gocturaet 36 cMm. Ha kakoii BeicoTe OyJeT HaXOAUThCSl YPOBEHb BOJIBI, €CIH €&
NEepeuTh B IPYroi cocys Tou ke (OopMbl, y KOTOPOro CTOpOHA OCHOBaHUS B 3 pasza OoJjblie,
yeM y nepBoro. OTBeT BbIpa3uTe B CAHTUMETPAX.

9. 3akphITHIA cOCyN B BUE MPSIMOYTOJIBHOTO Mapaienenumnena ¢ peopamu 30, 40 u 45
CM. CTOHUT Ha TOPU3OHTAIHLHON MOBEPXHOCTH TaKKUM 00pa3oM, YTO HAMMEHBIIAS TPaHb SBIISETCS
nHoM. B cocyn Hamuiu Boay 10 ypoBHs 36 cMm. Ha kakoM ypoBHE OKaKeTCsl BOJia, €CIIU COCYJ
MOCTaBUTh Ha HAHOONBIIYIO rpanb? OTBET JaiiTe B CAHTUMETPaX.
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10. Jlano: ABCD - npasusHas mupamuaa. AB = 3; AD = 2V3 (puc. 3).
Haiitu: a) Soch.; 6) AO; B) DO; 1) V.

11. dHano: ABCDF - npaBunbHas nupamuaa. ZFCO =45°; FO = 2 (puc. 4).
Haiitu: a) SocH.; 6) V.

Puc. 4

Pemenue:

1) Paccmorpum AFOC: 20 =90°, £C = 45°, 3nauut, £F = 45°. CnenoBarensno, AFOC -
paBHOOeapenHsIit, OC =~ FO = 2.

2) AC = 20C = 4.d=AC=AD\2 (0 CBOWCTBY jamaroHamn Kaapara, d2 = 2a2).

AC 4
AD= o = =22
Torna j‘; ‘JE

- -l 2=
3) ABCD - xBaapar (mupamuja npaBuiIbHAs). Socw, = AD? = (2‘/5) =8.
V= lSml ch. V= —-1--8-2=&=5~l-.
4) 3 3 3 3
(OtBer: a) 8; 6) 5:1/3.)
12. lano: ABCDEKEF - npaBunsnas nupamuga. FO L (ABC), FM L AK, FO=4,FM =5

(puc. 5).
Haiitu: a) Soch.; 6) V.

Puc. §

Pewrenue:
1) Paccmorpum AFOM: 20 = 90° (tak xak FO L (ABC), 3nauut, FO L OM) FO =

4,FM =5 OM= VMF? - FO’ (110 Teopeme Iugparopa), FM= J25-16 =49 =3. OM=r(r-

panuyc OKPYKHOCTH, BITUCAHHOM B IPaBUJIbHBIH

AK = 2,.tgﬂ=2.3.gf=6.£=zﬁ_
IIECTHYTOJBbHUK). 6 6 3

2) Sucw = 6Sason; SAM-%AK-OM=%-2J§-3=3J§. Socn. = 6343 =183

%) V= 133“,,.-1{; V= %-18&-4:24«/5
(OtBer: a) 183, 6) 24V3.)
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13. 3apmaya: Jlana TpeyrosnbHas yceueHHass nupamuzaa. Ee Bbicota A= 10 cMm, cTOpOHBI
OJHOTO M3 OCHOBaHUM paBHBI @ = 27 cM, b = 29 cMm, ¢ = 52 cwm. [lepumeTp BTOPOro OCHOBaHUS
pasusiercst P2=72 cM. Haiigute 00beM mupaMuibl.

s pacyera o0bema HaM noTpeOyeTcs IUIOIIAIb OCHOBaHHWM. 3Has AJIUHBI CTOPOH
OJTHOTO TPEYroJbHHKA, MBI MOXXEM paccuuTarh Iiomanab no Qopmyne I'epona. s 3toro
noTpedyeTCsl HAUTH MONYyIEPUMETP:

P l:‘,—3?' +20 452 =108cm
1008
P =5 =hdem

Tenepp Haitgem S2:

HL: M,-’Ep (p-a)(p-b)(p-c)

S =/ 54 (54-27 ) (54-29 ) (54-52 ) = /5427 x25x2 =/ 72900=270cm *

3Hasg, 4YTO MNUpaMHJla YCEUEHHas, JeaeM BBIBOJ, YTO TPEYrOJIbHUKH, JIekKallue B
OCHOBaHMAX TMONOO0HBL. KodpduuueHT mnomodust 3TUX TpPEyroJbHHUKOB MOXHO HaWTH H3
COOTHOIIIEHUSI MepuMeTpoB. OTHOIIEHHE IUIONIAJIel TPEYroJbHUKOB OyIeT paBHO KBaJpary
sTOro K03 duimrenHTa:

a

S P~ 2

1 1 108 9

~ a2 9 r
S5, p? gt A4

- 2

l LE;I
’ 1
S, =5

4x270 2

S =g = 120~

Teneps, korga Mbl HAlUTM TUIOMIAJM OCHOBAHUM YCEUEHHOM MUpaMHIbI, MOKEM JIETKO
paccumTaTh €€ 00beM:

L’:% x10% (2?u}+ J270% 120 +120 ) o 10

= (270+180+120 )= X570 =1900cm ’

Takum oOpa3zoM, BEIYUCIHB KOIDPHUITUEHT MOAO0US U pacCUMTAB IUIONIA/Ib OCHOBAHHM,
MBI HalllId 00beM 33JJaHHON YCEYSHHON TUPAMU/IBL.
14. lano: A1A2A3A4 -pomO, SAIA2A3A4 -nupamuma, AlA4 = a, 2SBO =
B, OB L A3A4, 2A2A10 = a (puc. 6).
Haiitn: V -?
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Puc. 6
Pemenue:

B
‘ = 3 = N = —asin 20,
1) PaccMoTpum AOA3As 1 OAy=acosa,  AOAB: OB = acosasing = 5

2) ASOB: SO = -%asin 2atgP.
3) Seen.™ 4Sas0m, =4--;-a-08=2a-%asin2a = o&’sin2d

1 | . | 1 2
4) Vg, =;S°c,,' -8O, Vo= -i-az sin 2u-Easm 20gP = gaJ sin’ 2atgp
1 .
~a’ sin? 2atgp.
(OtBer:
15 .HaiiguTe o0beM IUIMHAPA ¢ BRICOTOM, PAaBHOM 3CM U TUaMETPOM OCHOBaHHUS — 6CM.
16. TInomams OceBOro cedeHHs HUIMHApa paBHa 2lcm?®, miomans ocHoBaHus - 18m

cm’ Haiigute 06beM IUIMHApA.

17. Ceunnonas tpy6a (m1otHocTs cBuHna 11,4 r/cm’) ¢ ToMmumHOM cTeHOK 4 MM UMeeT

BHyTpeHHu# nuametp 13 mm. KakoBa macca TpyOsl, eciiu ee ainuHa paBHa 25 m?

P=114r/c™’

Ri1=6,5MM + 4mm = 10,5Mm = 1,05¢cM (HapyKHBIi)

Ry =6,5Mm = 0,65¢cm

V=Vi-Vy,=17 - (1,05?%2500 - © - 0,65% -2500 =1700m = 5338 (cm’)

M=PFP -V=11,4-5338 = 61kr.

18. Kakoe xonnyecTBo He(TH (B TOHHAX) BMEIIAET LHMWIMHIPUYECKas IUCTEPHA JUaMeTpa

18 M 1 BBICOTOI! 7 M, e/ TIO0THOCTS HedyTu paBHa 0,85 r/cm>?

H="7m; d = IM; Pyegn = 0,85 r/cm?
m =?

Vy=TR2H = 1:92-7 = 5677 ()
m=V-P = 15131

19. JlmaroHasib OCEBOr0 CEYEHHsS] HWJIMHAPA COCTABISET C IUIOCKOCThIO OCHOBAHUS

nwmaapa yroa 60°. Haiigure 06beM LUIMHApA , €cM IUIOMAAb OCEBOTO CEUYEHMS paBHA

oM.
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20. Ha ckimag B MacTepCKOW MO MOIIMBY OAEXKAbI MOCTYNWI PYJIOH APANOBOM TKaHU B
dopme nununapa. [Ipu TpancnopTupoBKe ObLT yTEPSH TOBApPHBIM SPIBIK C yKa3aHUEM JTMHBI
TKaHu B pyJioHe. HeoOxonumo onpenenuTs JUIMHY TKaHU B pyJjoHe. [IpousBenn HeoOxoaumbie
W3MEPEHUsI, ONPEICTNUIIN BBICOTY U AuaMeTp pyJsioHa: 90cm u 30cM, TonmuHa Tkanu 0,2cm.

21. Cmomy [uIst IPOMBILIUICHHBIX HYXJ COOMPAIOT, MO/IBEUINBAasi KOHUUYECKUE BOPOHKHU K
cocHaMm. CkoJIbKO BOpPOHOK auameTpoM 10cMm ¢ oOpasyromieid 13 ¢cM Hy»)HO coOpaTh, 4TOOBI
3aM0JIHUTD JECATHINTPOBOE BEIPO?

R=AC/2, R=5cm, H=V132-52=12(cm), V=1/3*3,14*5>*12 ~314(cm’) ~0,314m°

n=10/0,314 =31,8.

Omeem. 32 60poHKU.

22. Cror ceHa umeeT GopMy HNUIUHAPA C KOHUYECKUM BepxoM. Pammyc ero ocHOBaHUS
2,5 M, BbICOTa 4 M, MPUYEM IIUIIMHIPUYECKAsi 4aCTh CTOTa UMEET BBICOTY 2,2 M. [1m1oTHOCTE ceHa
0,03 r/cm®. OnpenenuTh Maccy CTOra CeHa.

Pewrenue:

R=2,5m

01001 = 4m

0102=22Mm

P =0,03r/cm’

m=F-V; Vy=m-2,52-22=13,75 »’= 13750000c™m>

Ve=1/3m - 2,5%-1,8 =3,75m> = 3750000 T cm’

M=0,03 - 17500000 =0,525 m Tt = 1,6 T

o

23. CrakaH4MK 7151 MOPOXKEHOI'0 KOHMYECKON (opMbl UMeeT IiyOouHy 12 cM u auamerp
BepxHel yactu 5 cM. Ha Hero cBepxy MONOXWIN IBE JIOXKKH MOPOKEHOIO B BUAE MOJIYIIAPUI
auaMeTpoM 5 cM. IlepenoaHuT im MOpOoKEHOE CTaKaHYUK, €CIIM OHO pacTaetr?

OA=12cm
BC=d=5cm
[lepenoaHUT 1 MOPOXKEHOE CTAaKAaHUYMK?
5

Vu=43TR3(52P=125%/6 =206 &

25712

«=1/3 FR2H=1/3 ¥ (5/2)*12= 12 =257%

OTBerT: HeT.
24. Haiitu o6beM mapa paguycoMm 10 caHTUMETpPOB.
Pewrenne:
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Has Ttoro 4toObl BBIUMCIUTH 00beM Imapa ¢opmyia HMCHOIb3yeTCs
cireaympouias:
4
V=_nR}
3
rae V — uckoMmelii o0bem mapa, © — 3,14, R — paaunyc.
Takum o6pazomMm, npu paguyce 10 caHTuMeTpoB 00beM LIapa paBeH:

V= ; 3,14 x 10° = 4082 xyOMUeCKUX CAHTHMETPOB.

25. Bo cKkonbKO pa3 yBeIUYHUTCS 00BEM IIapa, €CIIM €ro paJinyc YBEJIMUUTD B IIECTh pa3?

O6beM mapa HaxoaAUTCA 1O QopMmyTie:

14 * R?3
=_-T
3

[Ipu yBenuueHnuu paguyca B IIECTh pa3 ero o0bEM Oyer:
4 4
V= E}T(_ER}B = 216 *EHRB

Taxum o6pa3om, 00beM mapa yBenuuutcs B 216 pas.

Otsert: 216

26. O6bem onHoro mrapa B 216 pa3 6oinbire o0bemMa BToporo. Bo ckonbpko pas miomass
MOBEPXHOCTH TEPBOTO 11apa 0oJbIlIe MOl TOBEPXHOCTH BTOPOTo?

S

®opmyna 00bEéMa 1apa:

1% 4HR3
3

CDOpMYJ'Ia rjionrazay ImoBEpXHOCTHU HIapa:

S = 4nR*?

[TycTh 00BEMBI IIAPOB COOTBETCTBEHHO PABHBI:
4 3 4 3

Vy =§}TR1 V5 =§}TR2

N3 ycnoBus cnenyer, 4ro:
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To €CTb, Mbl YCTAHOBWJIA, YTO pagnyC IICPBOIo OoublIIe paanyca BTOpPOTO B 6 pas. Ecau
paanycC nmiapa yMCHBIIUTL B 6 pa3, TO Mmjiaomaiab MHMOBCPXHOCTH IIapa U3MCHUTCA CICAYHOUIUM

o0OpazoM:

. (-R-E 4 R?
- .6) ~ T3¢

To ectb oHa ymenbmuTCs B 36 pas.

IIpakTuyeckas padora Ne49
Tema 8.9 KontpounbHas paboTa o pasneny 8 «MHOTOrpaHHUKH U TeJa BPALICHUS
Hean: IIpoBepuTh ypoBEHb YCBOEHHS [AHHOTO Marepuaiga Mo pasueny 12

«MHoror PAHHUKHU U TECJIa BPALLICHUA»

Ilpu pewenuu 3adanuit 1-4 3anuwiume npPaAGUNbLHLIL OMEEmM U3 Uemblpex
npeo10IHCeHHbIX.

1. (1 6amn) B kakux equHUIIAX U3MEPSAETCS IIIONIA b TOBEPXHOCTH MHOTOI'paHHUKA?

A) B rpanycax; b) B MmeTpax; B) B kBagpaTHbIX MeTpax; ') B IByrpaHHBIX Tpajaycax.

2. (1 6ann) [Tnomaas OOKOBOM MOBEPXHOCTH MPHU3MBI BBIYHUCISIETCS IO opMyIIe:

A) S = Seox + 2 Socn; B) Seox = Pocu * H; B) S =bsox+ S SOCH; F) S6ox = 2Pocu * H.

3. (1 6amm) Yro siBNsETCA OCEBBIM CEYEHUEM YCEUEHHOIO KOHYyca?

A) paBHOOepeHHBINH TpeyroabHUK; b) paBHOOeaApeHHas Tpamenus; B) npsamMoyroabHUK;
I') npsimoyrosnpHas Tpanenus.

4. (1 6amn) Kakas ¢urypa nmomydaercs npu BpalleHUU MPSMOYTOJIBHOIO TPEYroJbHUKA
BOKPYT OJTHOTO U3 CBOUX KaTeTOB?

A) xonyc; b) yceuennslit konyc; B) nupamuza; I') yceuennas nupamuja.

Ilpu evinonnenuu 3ad0anuil 5-8 3anumiume xo00 peuwieHus U NOJAYUEeHHbLIL OMmeEem.

5. (2 6amna) PeOpo ocHOBaHUS MPaBUWIIBHOW TPEyrojabHON MupaMuisl 3 M, anopema 6M.
Haiinure niomans 60K0BOM MOBEPXHOCTH MUPAMUIBI.

6. (2 6ama) Jlnaronans Ky6a pasua v588. Haitaure ero o6bem.

7. (2 6anna) IIpsMOYroapbHUK cO CTOpOHaMH 8cM M 3cM BpalaeTrcs BOKPYT OOJbIIei
cToponbl. Haliure o0beM, miomna m 60KOBOH U MOJTHON MOBEPXHOCTEH MOTYYEHHOTO Tea.

8. (2 Gamna) BpruMciauTh MOBEPXHOCTh KPOHBI KyCTapHHMKa, MMeloHiero (opmy mapa
panuyca 0,5 M. B oTBeT 3anuiiure 4uciio, AEJIEHHOE Ha T.
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Imanouvt omeemos

7]
oMep 1 2 3 4 5 6 7 8
3adaHUusA

Otser B B B A 27 | 2744 | 727 48m 64 n 1

IIpakTuuyeckas padoraNe50
Tema 9.1 KoopauHaThl 1 BEKTOpbI B MpocTpaHcTBe. [IpocTeiimume 3agaun B KOOpAUHATAX
Hean: HayuuThbcs pewars npocTeime 3a1a4i B KOOpAUHATAX

TeopeTn'{eCKaﬂ 4acTb:
(DOpMYJ'IBI ACJIICHU OTPE3Ka B JaHHOM OTHOIICHHWH Ha IJIOCKOCTHU

T Bix,;
Ecnu  wusBecTHBI J[Be TOYKH IUIOCKOCTHU A% s ¥ Bxgi ¥ 3}, TO KOOPJWHATHI

A=
My -
Touxn ¥ Fae> Fae) , KoTopas jJemur orpesok 4Z B orHOmEHHM BM | pppaxkarorcs
dbopmynamu:
g+ A Yo+t A-¥g
Mgg=—2——= =x2# = 8

1+a = 1+ A

Pemrenue 3agau:

[Ipumep 1

Haiitn koopauHaTBI TOUKH M | nensmeit orpe3ok A5 B oTHOmIEHNH '3 ecim m3BecTHBI
Ang 1

Pemienue: B nannHoi 3anaue EM 3 Tlo dopmynam JeeHus OTpe3Ka B JaHHOM

OTHOILIEHNH, HAUJEM TOUKY M(Xae: P o) :

1
X =xA+/I.xB=5+§'{_3)=5—1=4_E=3
M a L 4 4
3 3
1 1 &
34— (-1) 3-- 2
y _YatA¥Va +3( )= 3_i=§3=2
T 1oL 4 4 34
3 3 3
OTtBer: M(3.2)

B 3agmaue He Tpebyercs CTpouUTh 4YepTeka, HO €ro BCErja IOJIE3HO BBIMOJHUTH Ha
YEpHOBHKE:!
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And 1

JleiictBuTenbHO, cooTHomenne FAL 3 ppmonnsercs, To ects otpe3ok AN B Tpu pasza
xopoue orpeska £ . Eciam mpomopuust He OYEBUIHA, TO OTPE3KH BCEra MOKHO HU3MEPHThH
OOBIYHOM JIMHEUKOM.

[Ipumep 2

JlaHbI TOUKH KL L0 6) | Hagirn:

a) rouxy ¥ | nemsmryro orpesox &% B oTHOuUIeHHH 27
6) Touky ¥, nemsiryro otpesox XL B orHomenmn 43,

[Ipumep 3
Touka & npuHamexur orpesky £47. UssectHo, uro orpesok L% B nBa pasa miuHHee

D2 40, P[E; EJ
otpeska 7F . Haiitu Touky 7 | ecin i/,

Pemenne: 113 yCJIoBUA CIEAYET, YTO TOYKa F JCIUT OTPE30K D B OTHOLICHHNHU 4 1,

DF
A="_"_=1
cunTasi OT BEPIIUHBI L) 10 ecTp, CIIPABEIJIUBA TTPOITOPIIHS: HP . ITo popmynam nenenus
OTpe3Ka B IAHHOM OTHOIIICHUH:
Iptd- Xy ¥ot+d-¥e
XP = _— P = —_— -
1+ 4 1+ 4
L SN N LRI JEO I P SN S
3 1+ 2 3
d+ 2yg
2=T S44 iY==Yy =2 = ¥y =1
+
OTBeT: (Y
[Ipumep 4

Touka M € A5 Orpesok &M B monropa pasa xopoue orpeska A4 . Haiitu Touky 4,

€CJIM U3BECTHHI KOOPAUHAT TOYEK BZ0 ML)

Pemenne B xoHIe ypoka. OHO, KCTaTH, He €UHCTBEHHOE, €CIIU MOUAETE OTIUYHBIM OT
oOpasia myTéM, To 3TO He OyAET OMOKOM, TJIaBHOE, YTOOBI COBITATU OTBETHI.

@DopMyIbl AeNeHrs OTpe3ka B JaHHOM OTHOIIEHHH B MIPOCTPAHCTBE

JIJIs MPOCTPaHCTBEHHBIX OTPE3KOB BCE OYAET TOYHO TAK K€, TOJBKO JOOABUTCS €IIé OJTHA
KOOpJHMHATA.

Ecnn u3BecTHBI AB€ TOYKM INPOCTPAHCTBA Axg: ¥ 45240, BE5 ¥ p ZB:', TO KOOPAUHATHI

AAd
. . A=""
touxn W Faer Fae Zae) , KoTopas JemuT oTpe3ok A5 B orHOmEHMH ZA | pppaxkarorcs
dopmynamu:
X =:er,1+£-;{_E =yﬂ+z1-y3 - =zﬂ+z1-23
Mo ea M 1+4 M 14a
IIpumep 5

JlaHBI TOYKHU A-3-3-4). 5(2-40) . HaiiTu KOOpAMHATBI TOUKH M , IPUHA/IJICKAIICH

otpesky A, ecnu ussectno, uro AM  BM =4:2
Pemenue:
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Ilo dopmymnam KOOpJAUHAT CEpEeIUHBI OTpe3Ka:

L _Ti+2 1 , _CielH_ 1 -4+20_ 4
My 37 M 1+2 T 3
2 11 4
M[—;——;——J
OrtBerT; 3 3 3

[Ipumep 6

JlaHbI TOYKU B(-52,3), 04 2,

h 5:'. Haiiti KoopauHaThl TOYKH 4, eciu M3BECTHO, UYTO

oHa jenuT oTpesok T B otHomernn 1.
DopMysIbl KOOPIUHAT CEPEIUHBI OTPE3Ka

A | yacme M | yacme B
2 >3 ®
¥ _Mat X _¥atlVa
S 5 M‘T

HJ’IH MMPOCTPAHCTBCHHOI'O ClIy4das CIIpaBCIJINBA OYCBUAHAA aHAJIOTUA. Ecau naHesl KOHIIBI

P E XpFaZ
0Tpe3Ka‘q( w7 4 20). BX5. ¥ 525) , TO KOOPJMHATHI €r0 CEPEANHBI M BbIpaxaroTcs hopmynamu:

T y _FYatXs o _ZatZs

X
M 2 M 2 M 2
IIpumep 7
[Mapasnenorpamm ABCD 3a/aH KOOpAMHATAMU CBOUX BEPILUH
A4, 0, B4, 4), C(7, 2), D(-1,-2) . Haiitu Touky mepecedenust ero auaroHajien.
Pemienue:

I[lo wu3BecTHOMY  CBOMCTBY, JWAaroOHajgu  IAapajuleIorpaMMa  CBOEHM  TOYKOM

NrA;
MepeCEeUCHUS (xg: Fol JIEJISITCS TIOTI0JIaM, TI0O9TOMY 3a7[a4y MOXKHO PEIIUTh IBYMS CTIOCOOaMHU.
Cnoco06 mepBbIii: PaccMOTpUM MpPOTHBOIMONOXKHBIE BEPIIHHBI A(-4,0), €7, 2) . Ilo

dbopMynaM aeneHus: oTpe3Ka Mmomnojam HaaEM cepeHy AUaroHaIn AL
Xyt Ee —4+T 3  Yat¥o U+l

?

2 2 7Y a3

i

O[—;l]
B pesynprare: 2

Crnoco6 BTOpoil: PaccMOTpUM NPOTHBOMOJOXKHBIE BEPIIUHBI B4 4), D (_1;_2:'. ITo
bopmynam JIeTICHUS OTpe3Ka IIOII0JIAM HalJéM cepeuHy  jauaroHamu 5L

3
&
Takum o6pazom: 2
3
O[—; 1]
Otser: 2
IIpumep 8
et o) :
JlaHbl TOUKH 7 4 2 . Haiitu cepenmmy R orpeska * €.

[Ipumep 9
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Touka M nemur  orpesox A5 momomam.  Haittu  Touky ¥, ecnum  m3BecTHBI
A2 0, -3), M5, -4,1)

TOYKHU
Pemenue: Mcnonezyem hopMyibl KOOPIMHAT CEPEIMHBI OTPE3Ka:
R - _FYat¥s L _ZatZs
M T T 4 MT T 4 ¢ M T 4
2 2 2

HaM Hem3BecTHBI KOOpAMHATE 2 ¥ 222 1 cHOBAa MOXHO BBIBECTH OOIIyI0 (OpMyIy
JUTS UX HaXOJKJCHHUS, HO TOpa3Jio Jierye cpa3y MoJICTaBUTh Yrcia. TOIbKO MPOHMOPIUSIMU BEPTH:

5_ 2+ xg

=2+xp=10=x=48

—4=—D+23"3:~y3=—3

IIpakTnueckas padoraNe 51
Tema 9.2 Yron mexy Bekropamu. CKasipHOE TPOU3BEIEHUE BEKTOPOB
Henab: Hayuntbcst HAXOIUTH CKAISIPHOE MMPOU3BEACHNUE BEKTOPOB

Teopernyeckasi 4acThb
Bekmop — 510 HanpaBiICHHBI NPSMOJUMHEUHBI OTPE30K, TO €CTh OTPE30K, UMEIOUIUI
ONpENETCHHYIO JUIMHY U OIpejaesieHHoe HampasieHue. [lycte Touka A — Hauyano BeKToOpa, a

Touka B—  ero KOHEII, TOrga  BEKTOp o0o3Hayaercs cumBosiom 4B pum 4

—da

Bekrop BA yaspsacres npomueononodicivim BexTopy 4B 1 MoxkeT ObITH 0603HaAYEH
Cdhopmynupyem psist 6a30BbIX ONpEaSIICHUM.
Jlnunoii una modynem Bextopa 4B HaspiBaeTcs JuMHA OTpe3ka M 0003HAYaETCS ‘ |
BexTop HyneBol AMUHBI (€70 CYTh - TOYKA) HA3BIBACTCS H)J1€6bIM 0y HaIpaBJIEHUsI HE UMEET.

BexTo € CI[I/IHI/I‘IHOP'I JJIMHBI, HA3bIBACTCs COUHUYUHDBIM. EI[I/IHI/I‘IHBII\/’I BCKTO HaIrpaBJICHHUC
3 5
a

KOTOPOro COBNagacT C HAIIPAaBJICHHUEM BEKTOpa a , HA3bIBACTCA OpmMoOM éeKkmopa
BGKTOpI)I Ha3bIBAIOTCA KOJlJ1UHeaprovimMu, CCiid OHU JIC)KAT Ha OI[HOﬁ prIMOI\/'I WJIN Ha

NapaJUIEJIbHBIX  NPSAMBIX, 3aMUCBIBAIOT all b. KommHeapHble  BEKTOppl MOTYT HMETh
COBIIAQJAIOIIME WM  IPOTHBOIOJOXKHBIE  HampaBieHus. HylneBoll  BEKTOp  CUMTAIOT
KOJIJTMHEAPHBIM JTI0OOMY BEKTOPY.

la=b)

BexTopsl HasbIBalOTCA paBHBIMU /, eclli OHMU KOJUIMHEApHbI, OJMHAKOBO
HAIpPAaBJIEHbl U UMEIOT OJJUHAKOBBIE JUIMHBI.

Tpu BekTOpa B IPOCTPAHCTBE HA3bIBAIOTCS KOMHIIAAHAPHBIMU, ECTI OHU JIEXKAT B OJHOU
IUIOCKOCTH WJIM Ha THapajulelbHBIX IUIOCKocTAX. Ecnm cpenu Tpex BEKTOPOB XOTS Obl OJMH
HYJIEBOM HJIU J1Ba JII0OOBIe KOJUTMHEAPHBI, TO TaKHe BEKTOPHI KOMIUIAHAPHHBI.

PaccmoTpuM B mpocTpaHCTBE MPSAMOYTOJIBHYIO cucTeMy koopauHaT Oxyz. Bergennm Ha
ocax  koopauHat  Ox, Oy, Oz enuHUYHBIE  BEKTOpbl  (OpTHI) M 0003HAUUM  HX
uepes b J: k COOTBETCTBEHHO. BbiOepeM NMpou3BOJIbHBIN BEKTOpP MPOCTPAHCTBA U COBMECTUM
€ro HayaJlo ¢ HayaJioM KoopauHatT. CIipOeKTUpyeM BEKTOp Ha KOOPAMHATHBIE OCH U 0003HAYUM
IIPOEKIIUN YEPE3 Ay, dy, d- COOTBETCTBEHHO. Toraa HeTpyAHO NOKa3aTh, 4TO
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a=a,-i+a, - j+a, -k

Ora dopmymna  sBIseTcs OCHOBHOM B BEKTOPHOM HCYUCIICHUHT u
HA3bIBACTCS PA3N0HCEHUEM 6ekmopa no opmam KOOpOUHAMHBIX oceil.

Yucna ax, ay, a- Ha3bIBAIOTCA Koopounamamu eexkmopa ¢ . Taxum 00pa3oM, KOOPAMHATHI
BEKTOPa SIBIISIOTCS €r0 NPOEKUUSMH Ha OCH KOOpAuHAT. BekropHoe paBeHCTBO (2.25) wacto
3aMMChIBAIOT B BUJIE
a= {ax;al.;a.,} HIIH a=(_ax;a‘.;az ] M
! ! . bl OyIeM HCIOIb30BaTh OOO3HAYCHUE
BEKTOpa B (PUIypHBIX CKOOKaxX, 4TOOBI BH3YyaJbHO JIETYE pa3inyaTh KOOPAUHATHI BEKTOpa U
KoOpAuHATHl Touku. C HCIoiab30BaHHEM (OPMYJIBI JUIMHBI OTPE3Ka, M3BECTHOM M3 IIKOJIHHOM
TreOMETPHUH, MOKHO HATH BBIPa)KEHHE ISl BEIYMCICHHSI MOJIYJISl BEKTOpA:

- 2 2 2
al=.,ja; t+a, +a,

TO €CThb MOJAYJIbL BEKTOpa paBeH KOPHIO KBAJAPAaTHOMY H3 CYMMBI KBaJpaToB €ro
KOOpAUHAT.

O0o3HaunM  yrael  MEXIy  BEKTOPOM M OCSAMH  KOoOpauHat  depe3 a, J,
y COOTBeTCTBEHHO. Kocumycwl 5THX YITIOB Ha3pIBalOTCA s Bektopa ¢ manpaenarowumu, v

2 2 2
o+ B+ Ty =
JJISL HHUX BBITIOJIHACTCSA COOTHOLIICHHUC: S cas ’B e £ lBepHOCTL JAaHHOT'O

paBeHCTBAa MOXKHO TTOKAa3aTh C MOMOIIBIO CBOMCTBA MPOEKIIUH BEKTOpPa HAa OCh, KOTOpOE OyaeT
PacCMOTPEHO B HIIKECIICAYIOIIEM ITYHKTE 4.

[Tycth B TPEXMEPHOM IPOCTPAHCTBE 3aJJaHbI

a=1{x:y:2,}, b ={x,35,:2,}, € ={x;3 3552, }

BEKTOPBI e s 777 77 cBomMu koopauHatamu. Mmerort
MECTO CIIEAYIOIINE ONEpaluy HaJ HUMH: JIMHEWHbIC (CIIO)KEHHE, BBIUMTAHHE, YMHOXKCHHE Ha
YHCIIO W TPOEKTUPOBAaHHE BEKTOpa HAa OCh WJIM JPYroi BEKTOp); HE JIMHEHHBIE — Pa3JINUHbIC
NPOM3BECHUS BEKTOPOB (CKaJIipHOE, BEKTOPHOE, CMEIIAHHOE).

1. Cnoscenue nBYX BEKTOPOB MPOU3BOIUTCS MMOKOOPIMHATHO, TO €CTh €CITU

C=a+b,T0 c={x5;y5:2:} = {x3y ;2 3+ {xi0ni 2} = {0 + X000 +3032, + 23}

Jannast popmyra uMeeT MECTO AJIsi MPOU3BOIBLHOTO KOHEYHOTO YHCIIA CIIaraeMbIX.

['eomeTpruecKH J1Ba BEKTOPA CKIIAIBIBAIOTCS MO ABYM TPaBUIIaM:

a) npasuno MpeyoNbHUKa — Pe3yIbTUPYIOIUI BEKTOP CYMMbI JIByX BEKTOpOB
COCIMHSAET HAYajo TEePBOIO M3 HUX C KOHIIOM BTOPOTO TPH YCJIOBHH, YTO HAYajO BTOPOTO
COBMAJIae€T C KOHIIOM MEPBOTO BEKTOpa; JJIi CyMMBbl BEKTOPOB — PE3yIbTUPYIOUIUIl BEKTOP
CYMMBI COEIUHSET Hayajlo MEpPBOrO M3 HUX C KOHIIOM MOCJEIHEro BEKTOpa-cjIaraeMoro mpu
YCIIOBHMH, YTO HAYajIo MOCJIEAYIOIIETO CIaraéMoro COBMaIaeT ¢ KOHILIOM IPeJIbIIyIIero;

0) npasuno napannenozpamma (111 IByX BEKTOPOB) — TapajjieJorpaMM CTPOHUTCS Ha
BEKTOpaxX-CllaraéMbIX KaK Ha CTOPOHAaxX, NPUBEACHHBIX K OJIHOMY Haydaly, JIUaroHaib
napajielorpaMMa UCXOISIIast U3 MX OOIIero Havaja, sBISIeTCS CyMMOW BEKTOPOB.

2. Boiuumanue ByX BEKTOPOB IPOU3BOIUTCS MIOKOOPIUHATHO, AHATOTUYHO CI0KEHHUIO,

c=a-b
TO €CTh €CIIH TO

b
¢ ={x3;)3:23} = {xlé}": 23—zt ={0 X330 — iz — 2, )

I'eomerpuuecku J1Ba BEKTOpa CKIAQJABIBAIOTCS MO YK€ YIOMSHYTOMY TPaBUITY
napajuieiorpaMmMa ¢ y4eToM TOTO, 4YTO pPAa3HOCTBIO BEKTOPOB SIBISIETCS HArOHAIb,
COCJIMHSIONIAS KOHIIBI BEKTOPOB, MpPUYEM pE3yJIbTHPYIOUIMA BEKTOP HAIMpPaBICH W3 KOHIA
BbBIYUTACMOI'0O B KOHCI[ YMCHbBITACMOI'0 BEKTOPA.

Baxxupim CJICACTBUCM BBIYMTAHUA BCKTOPOB ABJIACTCA TOT q)aKT, YTO €CJIN U3BCCTHBI
KOOPJAMHATHI Havala M KOHIIA BEKTOPA, TO 0/1 8bIYUCICHUA KOOPOUHAM 8eKMOPA HEe00X00UMO
U3 KOOpOUHAam e20 KOHUA 8blueCnb KOOPOUHAmMbL €20 Hauana. JIeiicTBUTENbHO, TF0001 BEKTOP
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npoctpancTBa 45 MOxkeT OBITh NPEACTABICH B BUJE PAa3HOCTU JBYX BEKTOPOB, MCXOMAIIMX M3
Hayaa KOOPIHHAT: AB=0B-04

Koopaunatsl BekTOpOB 04 yOB copnanator ¢ KOOpJAMHATaMH TOoYeK 4 U B, Tak Kak
Hayasio koopauHat ((0;0;0). Takum o00pa3om, MO MPaBUIy BBIYMTAHUS BEKTOPOB CIEAYET
MPOU3BECTU BHIYUTAHUE KOOPJMHAT TOUKU A U3 KOOPJUHAT TOUKH B.

i-a= {in.),l..'l./”z }
3. Ymnoscenue 6exkmopa na yucno A NOKOOPANHATHO: A3 b
Ipu >0 — Bextop 9 conanpasinen ¢ ;1<0 — Bektop ¢ NPOTHBONOIOKHO
HarpaBieH < ; IA|>1 — mmnHa Bextopa € yBenmuuBaercs B A pas; [A|<1 — JUTHA
Bextopa ¢ ymenbaercs B A pas.
a—AB
4. [lyctp B MpOCTpaHCTBE 3a/laHa HaNpaBieHHAas mpsiMas (0ch /), BEKTOP 3a/aH

KOOpAWHATaMU KOHIa M Havaia. O003HAYMM MpOEKIHH TO4YeK A U B Ha OCh / COOTBETCTBEHHO
yepez A’ u B’

— ’ ’
np ,a e A'B
eeKkmopa Ha ocb [ Ha3BIBaeTCs JUIMHAa BCKTOpa , B3dTasd CO

It

3HAaKOM «t», €CJIIn BCKTOP - u OCh [ COHaIIpaBJICHBbI, u co 3HaKOM «—

Ilpoexuyueit

ot

AB
», €CIIN ul IIPOTHUBOIIOJIOKHO HAITPABJICHLI.

Ecimu B kauecTBe ocu /[ B3ATh HeKOTOpHﬁ ,Z[perﬁ BCKTOp , TO IIOJIY4YUM IIPOCKIUIO

Bextopa ¢ Ha BekTOp b

PaccMoTpuM HEKOTOpPBIE OCHOBHBIE CBOMCTBA IPOEKIIMIA:

1) npoekuus BekTopa ¢ Ha och / paBHa MpouM3BeIeHHIO MOIyIs BekTopa ¢ Ha KocHHYC

np,a = |c_1| ‘COS Q@

yria MeXay BEKTOPOM H OChIO, TO €CTh ;

2.) IpOEKIMsI BEKTOpa Ha OCh MOJOXKUTENbHA (OTpULIATENIbHA), €CIIH BEKTOp 00pa3yerT C
OCBIO OCTPBIH (TYIIO#) YroJl, ¥ paBHA HYJIIO, €CIIH 3TOT yroJl — IPSIMOif;

3) mpoeKIHsl CyMMbI HECKOJIBKMX BEKTOPOB Ha OJIHY M TY K€ OChb pPaBHA CyMMe MPOEKLUi
Ha 3Ty OCb.

Cohopmynupyem  ompefeneHuss W TEOpeMbl O  IPOM3BEIEHUSX  BEKTOPOB,
MPEJICTaBIISIIOIIMX HEJIMHEHHBIE OTlepalliy HaJl BEKTOPAMHU.

5. Ckanapnoim npouseedenuem a-b BexTopoB ¢ u b nasesaercs o (ckainsp),

paBHOC MPOU3BCACHUIO JJIMH 3TUX BEKTOPOB HaA KOCHHYC yIJia ¢ MCXJIY HUMHU, TO €CTh

a-b= |c7|-|b|-coscp
O4eBHIHO, UTO CKaJSPHBIN KBaJpaT JII0OOro HEHYJEBOTO BEKTOpa paBEeH KBaJpaTy €ro
JUIMHBI, TaK KaK B OTOM CIIy4ae yroil @ , T0O3TOMY ero Kocunyc (B 2.27) paseH 1.

Teopema 2.2. Heo6XoaUMbIM U JOCTAaTOYHBIM YCIOBUEM NEPIEHIUKYISIPHOCTH JBYX

BCKTOPOB SBJISACTCA PaBCHCTBO HYJIIO UX CKAJIAPHOI'O IIPOU3BCACHU A c:

Cneocmsue. HOHapHBIe CKaJIApHBIC TMPOU3BCACHUSA CAWHUYHBIX OPT PABHBI HYJIIO, TO

o, PT=iE=FE=0

Teopema 2.3. CkansipHoe IIPOU3BENICHNE JBYX BEKTOPOB

a={x:y:z}.b ={x:yuz.}
- - - - 5 3aJaHHBIX CBONMHA KOOp,Z[I/IHaTaMI/I, paBHO

170


https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/1.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/18.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/19.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/20.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/21.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/22.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/2.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/22.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/2.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/2.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/2.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/23.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/24.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/2.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/25.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/25.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/25.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/26.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/26.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/2.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/2.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/27.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/28.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/2.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/26.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/29.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/104.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/97.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/105.jpg?attredirects=0
https://sites.google.com/site/vyssaamatem/kupit-ucastok/ii-6-vektory-v-prostranstve-i-dejstvia-nad-nimi/30.jpg?attredirects=0

CyMMC HpOI/ISBGI[eHI/Iﬁ nux OOJHOMMCHHBIX KOOpAUWHAT, TO

a-b=x X, + Y, Yy +z;-2,0
€CTh AN S L SRR S
C IIOMOIIIBIO CKAJIAPHOI'O IPOU3BEACHHS BCKTOPOB MOXXHO BBIYHCIHUTH YI'OJI MEXOY
HUMMU. Ecnn 3aJaHbl JBa HCHYJICBBIX BCKTOpa CBOUMHAU
a={x;yuz}.b ={x:y12}
KOOpAUHATaMH - - - , TO KOCHHYC yIja ¢ MEXIYy HUMU:

a-b
cos@ =———. TO €CTh
|- [

- 1.
COS@ Zx - - 2 2 2
\/xl‘ +y, +z -sz‘ +y, +2z,

Otcroza ciienyeT yclioBHe MEePICHAUKYISIPHOCTH HEHYJICBBIX BEKTOPOB
X)X, + Y1V, +2,2, =0.

a,b.

HaxoxeHne mpoeKnuu BekTopa ¢ Ha HampaBieHMe, 3aJaHHOE BEKTOPOM b , MOXET
OCYILECTBIISATHCS 1O PopMyIie

- _a-b - XX, +Y,Y;+2,2,
np-a=——, TO CCTh = =

. bel +b, +bz2

C IIOMOIIBIO CKAJIAAPHOIO IMPOU3BCACHUA BCKTOpPOB HaxogsiaT pa6 oTy

8| 1)

IMOCTOSIHHOM CHUIIBI g5 Ha HpﬂMOJ’IHHGfIHOM Y4acCTKe IIyTH.

Hpe,[[HOJ'IO)KI/IM, qTO II0A I[CﬁCTBPICM MOCTOSIHHON  CHJIBI F MaTCprajibHad TOYKa

IepeMEIIACTCS NPSIMOJIMHENHO M3 TOJIOKEHUS A B TOJI0XKeHNEe B. BEeKTop Cuiibl F oOpasyer

puc. 2.14). ®usuka yTBEpXKIAeT, 4TO padoTa

YO @ ¢ BEKTOPOM IEPEMEIEHHS - (
F S A=F-S-cosp,TOCCTb A=F-S

cnmer £ IIPU NIEPEMEILICHUH S paBHa

p— F
A S B
CHCI[OBaTCHBHO, pa60Ta MOCTOSIHHOM CHJIBI pu HpHMOHHHCﬁHOM INEPEMCIICHUN TOYKH
€€ MMPHUJIOKCHUSA PaBHA CKAJIIPHOMY MPOU3BECACHUIO BEKTOPA CUJIBI HA BEKTOP MEPEMEIICHUS.

2

B axb b c
eKMOpHBIM NPOU3EeOeHUeM Bektopa 4 Ha Bextop Y HasmBaercs BekTop ©
Y/IOBIIETBOPSIOIIHIA CITETYIOITNM YCIOBHAM:

— ¢ nepnenmukynapes Bektopam ¢ u b,

b

QY

|E| |E| ; |Z|-sin o .
— HUMECT IlJ'II/IHy, paBHYIO ; R rac (p — yTO.TI, O6pa30BaHHLII/I
BEKTOpaMHU ayb ;
a.b uH¢e .
— BEKTOpBl  ° 00pa3yroT MPaByIO TPOUKY.
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Penrenue 3agau:

[Ipumep 1
o =2, Bl=5. ﬂmﬂ:%

Haiitu ckanspHoe npousBeieHHe BEKTOpoB ¢ u b ecmm

Th = |§| |§| cos (@ B)

Pemenne: Vcnonszyem  popmyny B nmaHHOM ciydae:

EE:}:YHH- cos (@, B)=2.5 cosg:m-g:ﬂxﬁ

OTtBer: ab = 5”‘6
[pumep 2

- Fl=3 =42 135°
Haiitu , €CIn , @ YTOJI MEXJly BEKTOpaMH paBeH .
VYo Mexy BEKTOpaMH U 3HAYE€HUE CKAJSIPHOTO IPOU3BEACHUS
B Ilpumepe 1 ckansipHOe MpoU3BEACHUE MOIYUUIIOCH MOJIOXKUTENbHBIM, a B [Ipumepe 2 —
OTpPHULIATENIbHBIM. BBISICHMM, OT 4ero 3aBUCHUT 3HAaK CKaJIpHOTro mnpousBeneHus. CMOTpUM Ha
T b= |§| |5| cos (@ B)

Hamy  popmyiy: JInuHBI  HEHyJNEBBIX  BEKTOPOB  BcCeraa

77| = 0, |5| =0
IIOJIOKUTCIIbHBI: FI | , I0OOTOMY 3HAK MOKET 3aBUCCTDH TOJILKO OT 3HAYCHHA KOCHHYCA.

< SE bk
Yron Mexay BEeKTOpaMH MOXKET M3MEHATHCS B Ipenenax O=llgb)=m

BO3MOJHBI CJICAYIOIHEC ClIydan:

, U IIpH 3TOM

- T
0T b)) <—
1) Ecnu yroa mexay BEKTOpaMu OCTPBIii: 2 (or 0 mo 90 rpamycoB),

To COSLIT B> D, 1 CKaJIsIpHOe mpousBenenue Oyaer momoxutenbubiv: 22 >0 Ocobsit

cilyyail: eciii BEeKTOPbI COHAnpasnensl, TO Yyrol MeXJy HUMH CUMTAETCS HYJIEBbIM L@ b)= D,

U CKaJIIPHOE MPOU3BEICHHUE TaKkKe OYJICeT MOJOKUTEIbHBIM. [locKombKy =78 0=1 1o bopmyna
z-&=a| p|
YIIPOIIAETCS: :

z < LT B <
2) Ecnu yroa mexay BEKTOpamu TYHOM: (ot 90 no 180 rpamycos),

1o COSL(@ 2 <0 1 oormercraento, CKAJISIpHOE MpoM3BeleHHe oTpHuATenbHo: Z2 <0
Oco6blii  ciTydaii: eclli BEKTOPHI HANPAGIEHbl NPOMUBONONOMNCHO, TO Yrol MEXAy HHUMH

CUUTACTCS  pPA3GEPHYMbBIM: Lab)=m (180 rpamycoB). CxkansipHOE€ TPOU3BEICHUE TOXKE

OTPHMLATEIBHO, TaK Kak C95 = -1
CrpaBeanuBEI 1 0OpaTHBIC YTBEPIKICHUS:

1) Ecn zb >0 1o yrojl MeXIy AaHHBIMU BEKTOpaMH ocTphlif. Kak BapuaHT, BEKTOPHI
COHAIIPaBJICHBI.

2) Eciu @b <0 1o yroJl MeXJy JaHHbIMH BEKTOpaMu Tymnoil. Kak BapuaHT, BEKTOpBI
HaIpaBJIEHbl TPOTUBOIOIOKHO.
Ho oco0bl1it nHTEpec npencTaBiseT TPeTUit ciryyait:

Lab==
3) Ecnu yroa mexnay BEKTOpaMHU NPAMOM: , 2 (90 rpajaycoB),
T
cos—=10 -
TO 2 U CKaJSIpHOE MPOU3BeJdeHUE PABHO HYJIIO: zb =0 OOpaTHOE TOXE BEpPHO:
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s@h==

ccmn 2 =0 10 2 . KommakTHO yTBepyacHHe (opMymupyercss Tak: CKaasipHoe
NMpou3BeleHHe IBYX BEKTOPOB PABHO HYJIIO TOT/Ia M TOJBKO TOI/1a, KOI/AA JaHHbIe BEKTOPbI

OPTOrOHAJIbHBI. KOpOTKaSI MareMaTndcCKasa 3a11ucCh: gb=0=alb

A uto Oygner, ecinu BEKTOp ¥ yMHOXUTH Ha camoro ce0s? I[loHATHO, YTO BEKTOp
COHAIPaBJICH caM C COOOH, MO3TOMY IMOJIB3yeMCs BBIMICYKA3aHHOHN YIPOIIEHHOW (HOPMYIIOi:

72 =fal la
WUnn: aa = |E

Yucio #? Ha3piBaeTCs CKAJSPHBIM KBAJPAaTOM BEKTOpa ¥ | M 0003HAYATCS KaK

|2

=2
[

Takum 00pa3om, cKAJNSIPHBIN KBaJpaT BeKTopa ¥ paBeH KBaJApaTy AJIMHBI JAHHOTO
BeKTOpa:

_1 =
z* =l
W3 nanHOro paBeHCTBa MOXXHO MOJYYUTh (OPMYJY Ui BBIYUCICHHS JUIMHBI BEKTOpA:

ol

Jns mpOM3BOJIBHBIX BEKTOPOB z,8,¢
CBOMCTBA:

H JII000ro 4mcia A CIIpaBCAJIMBBI CJICAYIOIINEC

1) gh=ba _ MepEeMECTUTEIbHBIN WM KOMMYTATHBHBIN 3aKOH CKaJIIpHOTO
HpOI/I3B€ZI€HI/I$I.
2) (@+5)F =ac+&

o

— pacnpenenHTeanHﬁ 50058 I[I/ICTpI/IﬁyTI/IBHbIﬁ 3daKOH CKaJIAPHOI'O
IMPOU3BCACHUAA.

3) (Az)-&=AF8) _ Couerarensmmiii acCOUMATHBHBIN 3aKOH  CKaJIIPHOTO
npousBeieHus. KOHCTaHTy MOKHO BBIHECTHU U3 CKAJSIPHOTO IIPOU3BEICHUS.

pumep 3
Haiitn ckansipHOE TpOHM3BEICHUE BEKTOPOB © =—2@+b yd=a-%  ecnn ussectHo,

F|=42. Bl=8. z@& =2

qTOo 4 .
Pemenne:
7=

(—2F+5) (@-by="
—2Z.@+b-a+2z-bh-b.-bh=""
23 +F b +23-b-b =t

—2F* +3gh —bi=
~2f +3- | [p| cos 2@ B) - [ =
5

—2(4@}2+3-4ﬁ-8-cos§—82=—64+96ﬁ-;—64=—32

HO,Z[CTaBHHCM BBIPpAXKCHUS BCKTOPOB s d

PackpbiBaem ckOOKHM IO MPaBUITY YMHOKEHHUSI MHOTOUJIEHOB

B NNEpBOM M MOCICAHCM CJIara€MOM KOMIIAKTHO 3allMChIBACM CKAJIAPHBIC KBAaAPATHI
g=a', b.-b=5"

BGKTOpOBIa' Bo BTOpOM cJlara€MOM HCIIOJIB3YEM IIE€PCCTAHOBOYHOCTDH

=z 5

CKaJIIPHOTO TIPOM3BEICHUS: b-a

[TpuBoMM TOT0OHBIE ClIaraeMble: Z-b+iz-b=33h
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—a _2

43 .
B IMEPBOM CJIaracMOM HUCIIOJIB3YyCM q)OpMyJIy CKaJIApHOTO KBaJpara | | , 0 KOTOpOHu
HE TaK JaBHO YIIOMHWHAJIOCH. B IIOCJICAHEM CcJlaracMoM, COOTBETCTBCHHO, pa60TaeT Ta XK€

52 =pf )
ITyKa: |b . BTOpOC cjJaracmoe pacKiiaablBaCM 110 CTaHAApPTHOH
F-b = | cosLiF@ b
dbopmyie |a| |b| (@ 8) .
~ - T
g|=42, B|=8 z@i)==
HOI[CT&BJ'IHGM JAHHBIC yCJ10BUsA 4 , n IMPpOBOJIHUM
OKOHYATCJIbHBIC BBIYUCIICHUS.

Orger: £d =—32
OTpuraresabHOE 3HAYEHUE CKAISIPHOIO MIPOU3BEACHUS KOHCTATUPYET TOT (haKT, 4TO YroJ

MEXLy BEKTOpaMH "~ * o SIBJISICTCS TYIIBIM.
Pemenue ynpaxuaenuii:

[pumep 4
Haiit ckanspHOe HMpou3BeieHHe BeKTopos & = ~& T eh yd=-+&  ccnu ussectso,

F|=4. PFl=243. z@&5=2
qToO 6

IIpumep 5

o g|=3 Fl=2 z@®=Z
Haiitu nyimny BekTopa © = 7% + 3 , ECITH 3
Pemenune

F|= |-a+35| 2 -z +35)7 = a7~ eah +957 = Jaf 6 [a] | cos 2@ B)+9 [ =
- JBE ~6.3. 2-cosg+9- 23 :J9—36%+36 =27 =33

OTBeT: |E|: 3”\'@ en. = 0,20 ex.
Lpuwmep 6

z|=5 [|=10, Z@ E):z—”
n

Haittu numy Bexktopa © =& T & , €CII 3

[Ipumep 7

=4, p|=2+2, a_=8.

Haiiti yron Mexay BeKTopamu # u b | ecnm m3eectHo, uto |a|
Pemenne: Vcnonb3yem popmyiny:

@b a8 1 '\.IIE _ E

cos (@, b= — = =——=
@2) B p| 4242 W2 242z
cosi{&;gjzﬁ i(&;gjzmccosﬁzi
WTak, eciu 2 ro0: 24

2(F 8y =2 pan. = 45°
OTBerT: 4

[Tpumep 7

_ L@ 5 =

?T
7| = 3, L = 4 —_ .
Jlanb1 |c1| |27| — JUTHHBI BEKTOpOB & , by YroJI MEXIY HUMU 3

. Haiitn

yroJ MEXIY BeKTOpamu & = —eZ +3b d =4a-3b
3anganue Jaxe HE CTOJIBKO CIIOXKHOE, CKOJIBKO MHOT'0X0JI0BOE.
Paz6epém anroputm pemieHus:
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1) TTo ycmoBuro TpeGyeTcsh HAWTH Yrold MEXIy BEKTOPaMH & n d , TTOATOMY HY>KHO
~.  &d
coss(E, d )= —
-
UCTIOJIB30BaTh POpPMYITy .
2) Haxoaum ckansipHOE MPOU3BEICHHE £d (cm. TIpumepbr NeNe3 4).

3) Haxonum JyIMHY BEKTOpa © U JUIMHY BEKTOpa d (cm. IIpumepnr NeNe5,6).

4) Konmoka pemienus copnaaaer ¢ I[Ipumepom Ne7 — HaM M3BECTHO YHCIIO , a

_ = £d

20T, d ) =atcoos [W}
3HAYUT, JIETKO HAWTHU U CaM yTrOJI:

Kpatkoe penienne u 0oTBET B KOHIIE ypOKa.
Bropoit paznen ypoka MOCBSIIIEH TOMY K€ CKaJSIPHOMY Mpou3BeAeHUio. KoopauHatel.
byner paxe mpoiie, 4eMm B MIEPBOIl YACTH.

[Ipumep 8
Haiitu CKaJISIpHOE MIPOU3BEICHUE BEKTOPOB:

2 72-5 , BE10)
6) A8 u AT eenn namt Touxu AL~ 530 B(0,1,-2), T4 -4, 0)
alab =-2, 6)AR AC=6

OTBerT:

[Ipy HEKOTOPOM OIBITE CKAIAPHOE MNPOU3BEACHUE MOKHO IPUHOPOBUTHCS CUUTATh
YCTHO.

[Ipumep 9

Janbr YeThIpe TOYKH MPOCTPAHCTBA

Al-d =3 -2, B2 -2, -3, 08, -5 1), D4, -3, -1)

NEPNEHANKYJISIPHBIMU CIIEAYIOIINE MPSAMbIe:
a) A8, DT

6) Al BD
[Ipumep 10

HpI/I KaKOM 3Ha4YCHHUH A BCKTOPBI

BroisicHUTH OynyT I

i A-abE-4-13) OyayT OPTOTOHAIBHBI?

Pemenue: [Io ycioButo TpeOyeTcss HaWTH TaKoe 3HaUEHHWE TapaMeTpa *’1, YTOOBI
JTaHHEIE BEKTOPBI ObLIH OPTOrOHAJIBHEI. [Ba BEKTOpa

MIPOCTPAHCTBA P vy vl Wy vy, ) OPTOTOHAJIbHBI TOTAa u TOJIBKO TOra,
xorma V1Y TVavz t v = 0
CocraBuM ypaBHEHHE:
ah =10
3.2-D+A-D+(-2)-5=0
PackpbiBaeM ckOOKM U IPUBOAMM MOAOOHBIE CllaraeMble:
6-31-4A-10=0

-4A-4=0

Pemraem npocreiiniee mTMHENHOE ypaBHEHHE:
-4i=4

A=-1

OrtBert: pu A=-1
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[pumep 11

IIpH KaKoM 3HAYCHHH & CKAISPHOE NPOU3BEICHHE BEKTOPOB
paBHO —2?

2@ 5@ gyuer

Haiitu ckansipHoe npousBeieHHe BEKTOPOB ¥ plft+d o © 0 =3 3)d (=4 1.0)
Oro npumep A CaMOCTOSITEIBHOTO pEIICHHsA. 37eCh MOXHO HCIOJb30BaTh

ACCOIMATUBHOCTD OIEPAIIUH, TO €CTh HE CUMTATh 32 =30-32=(0,-%15) , @ Cpa3y BBIHECTU
TPOMKY 3a MpeJelibl CKaJsIPHOTrO MPOU3BEACHUS U JOMHOXUTH Ha HEE B MOCIEIHIO OYepellb.
Pemienue 1 oTBET B KOHIIE YpOKA.

B 3axmrouenue naparpada npoBOKalMOHHBIA IPUMEpP HA BHIYHUCIICHUE JITMHBI BEKTOpA:

[Ipumep 12

JlaHbl TpU BEPUIMHBI TPEYTOJIbHUKA A-L0), 8(3,2). 06 - 4) . Haittu £48C (yros mpu
Bepmmne 5 ).

Pemenne: [1o yciaoBuro uepTéx BBINONHITH HE TpeOyeTcs, HO BCE-TaKuU:
H A 3 : :

Haiiném BexTOpHI:

BA(-1-30- 2= BA(—-4. - 2)
BO(5-3%—4-2)=BC(2,—-6)
Brruncnum ckansipHOe POU3BEACHUE:
BA BT =—4.2-2.(-8)=-8+12=4
W nnvHBI BEKTOPOB:

|E|= () +(-2)* = . [T6+4 =20 = 2.5
|ﬁ|=,322+(—6 Yo 4136 = Jan =210

Kocunyc yrna:

— —.  BA.BC 4 1 1
coss B, BCNY = — = = =
( ) gdl.[Bc| 245 2410 50 542
cosi(ﬁ;ﬁ):%'gc = —4 -2 Y =
BA|BC|  J(—4P +(=2)* 2"+ (-6)
—8+12 4 4 4 1

T 1644 JA136 20 /40 B00 2042 542

Haitném cam yrou:

i(ﬁ; E} = arccos

e 1 A5 pan, s B2°

1
542
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1
SZABC = arcoos = 1,43 pag. = B2°
OTtBerT: 5\'@

[Ipumep 13

B MIPOCTPAHCTBE 3a/1aH TPEYrOJIbHUK KOOpPJAMHATAMHU CBOUX
BEPILINH ALTL D, 430,00, 4(23.7) . Haititu yron mexy cTopoHamMu A4 u A4,
[pumep 14

C NOMOIIBIO CKATIPHOTO MPOM3BEACHHS BEKTOPOB HANTH YroJI IIPU BEPILMHE 4 NapajuiesiorpaMMa
"AB — r ‘f)' 1 AT — oy S 1
ABCD, moCTpOeHHOTr0 Ha BEKTOpax AB =8:2;05 H AC {3’ 3Ly
Pewenue. BerancnuM MoJyiM BEKTOPOB U UX CKaJISIPHOE MPOU3BEIEHUE 110 TEOpEME:
4B =8 +27 +0> = J68;  |AC|= 3> + (- 5F +(~1) = 0+25+1 =4f35;
AB-AC=3-8+2-(-5)+0-(-1)=14.
Ortcrona cornacHo gopmyiie (2.29) noiay4uM KOCUHYC HCKOMOTI'O yriia

cosQ =

S T 0,3. ClemoBaTelbHoO, £ @ = arccos0,3 ~72°
A[68-4/35

IIpakTu4yeckasi padora Ne 77

Tema 13.3: IIpakTHKO-OPHEHTHPOBAHHEIC 3aa4l Ha KOOPAUHATHOM IIIOCKOCTH
Henab: Hayuntbes pemars 3a1a4u Ha KOOPAMHATHOM IMIIOCKOCTH

Teopernyeckasi 4acTh:

&———  TlnocTeHnme BEI[EI'-IHB EOODIMHMHATEE
1. Koop opmaTei cepemiHET oTpeska i

2. J M eKTona (TI0 eT0 K00p IHHA TaM)
Tk

24

;A{Ii: y£: 2i) A
| f Tl 2) :

: k|
Blxy; ys 23) o
........................... —- H W g A.{.
X ¥ ) [
. . : A,
KoopaiHI TR (D enIHET TOYKH (5 X Y2} : S
EEKTOpA /18 : Fx
BREIMHCIIAETCAIIO 0 . . Lo
_ % $1F'u1'[5‘&UI’Ez 21122 JIHED Ee Topa ey 2]
Civ yas = — ;

§ ERIUHCILE TCA IO QD@EE
Z Z 2 e = w4 ¥ b x?
Famedas koapdiHama cepetiiHel QIPEINT PasHR
FUOIVCVAMAE © O S8 I HEVIITLYLD, KO POILHA W 820
HOHIE. :
L
3.

Pacc ToAEDIIe MeEIV OB VMA TOMKAMIL
<

MalXs Yo Ty)

PaccToammie MEeFTY TEYILA TOYEANIT
H
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Penrenne 3agau:

1. Haitiute koopauHathl Bektopa Af, ecmu AL ~hidyy #{2 ~1:4}

Hano: Pewenue:
AE 08y | dB vyt wf2 o 3 (e Do (=15 4 2348 Koop
""" fe1;{h 2} MHATBI BEKTOpAa IO JBYM TOYKaM.
""" Ty 2) HaxoauM KOOpIMHATHEI BEKTOpA: U3 KOHIA
BEKTOpPAa BBIYMTAEM 3HAUYEHHE KOOpAMWHAT Hadvaja
AR BEKTODA.
-9

Omeem: "AB”""~ {—1,0;2}

2.
ec Al 3 —diy
S~ 2,03,
Hegia:
ALE T -
G2 200

Touxa A —

FoopmeHaTEL ceje MHHEL BeRTOpa (dopmam);

Miv v

cepenuHa orpe3ka AH. Haiinure KkoopauHATBl TOYKH Af,

Paiasue:

[N | e,
L o

"
Ve f
r e

vk b

2 2 =
N (b e 2% 54 2 fedipil
Moo wy - : O op 2% 54 2 f )
EA I P A AP A jr.l'ri.k\. P’,.(rj { - . . . /I
Mooy {45 -0
Evmgern: M{—1; 2.0, —2)
o —_—
3. Haiinute niuny BekTopa AB, eciiu
Hano: Peuienue:
Af=1;0027 b RS posopi 10 2l ROORBIEIAY

BCE 2030

AB = (x,

AR SN TRE UK LA

95 Yo Vi #y v #)

Tloarevamsias 1Dy IS Sk EOyRE

ERtgem: |;’-tw§ | a3

4.
y/
ano:
afd 2,1}
BEKTOPOB:
B33 1
=321}

%ﬁvi-gl“?
G BT TR =

Omeem: i‘i + E{E =%

frrpe———
VI DA T e Ve

JlaHbl BeKTOPHI #43: - 2: 4], B3 1 u -3 2 10 Haiinure i+ & 1

Pewenue:

Haiitem  cymMy  COOTBETCTBYIOIIMX  KOOpPJAMHAT

HOJICTaBI/IM S3HAYCHUA KOOpAWHAT:
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3agayaNes. Hantu naowaab TpeyronbHUKA,
BEPLUMHbI KOTOPOro Haxo4ATcA B Toukax A(2;-3),
8(111)1 C('615)

3anady O4€Hb MPOCTO PEHIUTH, BOCHOIb30BaBIIMCH

dbopmyrioit

S :%[(xl —x3)(y2 —y3)—(x2 —x3)(y1 - J’3)]

B KOTOPOM HY’KHO B3SITh X; = 2, X, = 1, x5 = -6,

y1=-3,y,=1,y;=5.
[Toxacrasnss 3Tu yucia B GOpMYITy, TTOJTYIUM

S=12 kB. en.

6. [Toctpouts TpeyrosnbHuk ¢ BepmmHamu 4 (— 4; 2), B(0; — 1) u C (3; 3) u onpenenurs

€TI0 IICPUMCETP U YTJIbI.

Pewenue. YToObl BBIYHCIUTH TEPUMETP HEOOXOAMMO HAWTH JJIMHBI CTOPOH

TpeyroibHuKka. Haiinem anunel cropoH no dopmyne (1):

Torna

dy =AB =y/(0+4)? +(- 1- 2)> =/16+9 =5
dy =BC =y/(3- 0)> +(3+1)? =9+16 =5
dy =AC =\ (3+4)* +(3- 2) =49 +1 =50 =542

[Tepumerp BerurcauMm o popmyne p =di +d» + ds, 1. e.
p =5+5+5+2 =5(2+~/2) =171

Belnonaum uyeprex.
Tak kak TpeyrojibHUK pPaBHOOEAPEHHBIA, TO YIJbl IPU OCHOBAaHUU PaBHBL, T. €. O = Y.

B=180—-a—-a=180—-2-a
ITo TeopeMe KOCUHYCOB HaiiieM yrod o
BC?=AC?+ AB* + 2-AC-AB-cos o.

52 :(5\/5)2 +52 - 2552 cosa

N

0 _v2
5042 2

2

25:50-1-25-50-\/50)5(1 = cosa =
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T
o =—
T. €. 4= 45° 3pauut B = 180° — 90° = 90°. Ciie0BaTENBLHO, TPEYTOILHUK SBJISAETCS

MPSIMOYTOJIbHBIM.
7. Jausl BepmuHbl Tpeyroibauka ABC: A (1; 5), B (9; 10); C (10; 3). Onpenenuth
KOOPJIMHATHI TOUKH MEPECEUEHUsI MEIUaH TPEYrOJIbHUKA.
Pewenue. CrHavasia HailieM KOOpAMHATHI TOYKH D cepelMHbl OJHOM M3 CTOPOH,
HanpuMep cTopoHbl AB. [{ist aToro Bocmonb3yeMes hopmynoit (3):
149 5+10
= =§ y=
2
Touka M, B KOTOpOU MepecekaroTcss MeAuaHbl, AeaUT O0Tpe3oKk CD B oTHomieHuu 2:1,
cuutas oT Touku C. CnenoBaTenbHO, KOOpAUHATH TOUKU M onpezenstores o gopmyinam (2):

X =75

X_x3+2xD _10+10 _E_ _y3t+2yp _3+15 —6
1+2 3 37 Y 142 3 _
ml 226l
Omeem: 03 I

8. M3Bectubl Touku A (— 2; 5),B(4; 17) — xoHmsl otpe3ka AB. Ha 3toM orpeske
HaxoauTcst To4yka C, paccTOsHUE KOTOPOH OT TOYKH 4 B JBa pas3a OoOJbIIe pPAaCCTOSHUS OT
Touku B. Onpeaenutb KoopauHaThl TOUKH C.

Pewenue. Tax xak |AC| = 2-|CB|, to A = |AC|:|CB| = 2. CiegoBaTensHo,

_-2+24 6 _, _5+217 39 _
T o1+2 3 T 1+2 3
Omeem: C (2; 13).

13

b

IIpakTnyeckas padora NeS2
Tema 9.3 KontponbHas padoTa 1o pazaeny 9 «KoopanHaTel 1 BEKTOPBI»
Heab: [IpoBepuTh ypoBEHb YCBOCHHUS TaHHOTO MaTepuana mo paszneny 13 «KoopauHatel
H BCKTOPBD»

Ilpu pewenuu 3a0anuini 1-4 3anuwiume npaguibHLIL OmMeem U3 UYemulpex
npeooIceHHbIX.

1. (1 6amn) Hausl Touku A(1,0,5), B(-2,0,4), C(0,-1,0), [1(0,0,2). Kakue u3 HuX nexar Ha
KoopAuHaTHOH npsiMoit Oy?

A)A;B)B; B)C; IN) L.

2. (1 6amn) Kakue u3 BextopoB a(1,0,-1), c¢(1/3,2/3,-2/3), B(1,1,1), p(0,0,-2) sBnsroTcs
€IMHUYHBIMU?

A)a;b)c; B)B; I') p.

3. (1 6amr) Kakue u3 Bexropos a(1,2,-3), ¢(3,6,-6), B(2,4,-6) korumHEapHBI?

A) a, B; b) ¢, B; B) a, ¢; I') konnmuHeapHbIX BEKTOPOB HET.

4. (1 6amm) Hamer Touku A(2,0,5), B(2,4,-2) C(-2,6,3). CepenuiHOil KaKoro OTpe3Ka
sBisiercs Touka M(0,3,4)?

A) AB; b) BC; B) AC; I') CB.

Ilpu ¢vinonnenuu 3ad0anuii 5-8 3anuuwiume x00 pewieHuA U NOJIYUEHHbLIL Omeent.

5. (2 6amna) Jauel Bexktopsl a(-6,0,8), B(-3,2,-6). Haliaure ckansipHoe mpou3BeaeHUE
BEKTOPOB.

6. (2 6aa) [Tpy KakKMX 3HAYEHUAX 11 BEKTOPHI A (4,11,2), B (1,2,I1) neprneHauKyIspHbI?)

7. (2 6amma) Hanmsl BekTopwl a(-6,0,8), B(-3,2,-6). Haiinure KocMHYyC yria MexAy
BEKTOPaMH.

8. (2 6ayna) lansl Bexktopsl B{3,1-2}, ¢ {1,4,-3}. Haiitu nnuny BekTopa 2B-C.
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Omanonuvt omeemos:

Homep 1 2 5 6 7 8
3aaHuA
OTtBer B B B -30 -1 -3/7 V30

181




Jlurepartypa

OcHoBHbIE eYaTHbIE U3TAHUS

1. Anmumos III.A. MartemaTuka: anreOpa ¥ Hayajia MaTeMaTHUYECKOIO aHaJn3a, T€OMETPHSI.
Anrebpa u Hadanma Maremarndeckoro aHanu3sa. 10-11 kimaccel. ba3oBeiil u yriyOn€HHBIN ypOBHH
/ AmamoB II.A., Komsrua IO.M., Tkauesa M.B. um gpyrue. — M.: H3ngaTenscTBO
«IIpocsemienuer, 2022. — 464 c.

2. Aranacsia JI.C. MaremaTuka: anredpa u Hadajla MaTeMaTHYECKOTO aHAIN3a, TeOMETPHSL.
['eomerpus. 10-11 xmacc. YueOnuk. ba3oBeiii u yriny6néuneiii ypoBuu / Artanacsa JI.C.,
byry3oB B.®., Kagomues C.b. u npyrue. — M.: U3patensctBo «lIpocBemenner, 2024. — 288 c.

OcHoOBHbBIE JIeKTPOHHbIE U3IaAHUSA

1. KeritmanoB A. M. Marematuka: yae6Hoe nocodue s CIIO / A. M. Keitmanos, E. K.
Jleinaptac, C. I'. MbicauBen. — 3-e usa., crep. — Cankr-IletepOypr: Jlanb, 2023. — 288 ¢. —
ISBN 978-5-507-47937-5. — Texkct : snexTpoHHbI // JlaHb : 3MeKTpOHHO-OMOIHMOTEYHAS
cuctema. — URL: https://e.lanbook.com/book/333293

2. Paitiua A. M. DnemenrapHas matematuka / A. M. Paiiuun. — Cankrt-IlerepOypr:
Jlanb, 2024. — 244 c¢. — ISBN 978-5-507-48065-4. — Tekcrt : snexTpoHHblid // Jlanp :
anekTpoHHOo-0nbmnoreuynas cuctema. — URL: https://e.lanbook.com/book/362867

3. https://minobrnauki.gov.ru/ - MuHuctepcTBo oOpa3oBanusi W Hayku Poccuiickoii
®enepanuun

4. http://www.edu.ru/ - penepanbHbIii mopTan «Poccuiickoe 00pa3zoBaHHE»

Jlono/THUTeIbHbIe HCTOYHUKHU

1. A6nynnuna K.P. Matemaruka: yueonuk ans CIIO / AGaynnuna K.P., MyxamerauHoBa
P.I'.. — Caparos: IIpoobpazoBanue, 2021. — 288 c. — ISBN 978-5-4488-0941-5

2. Byaneik I'. M. Maremaruka: yyeOHoe nocobue ais CIIO / I'. M. bynapik. — 2-e u3n.,
crep. — Cankr-IlerepOypr: Jlanp, 2024. — 156 c. — ISBN 978-5-507-48578-9.

3. Boponuna JI. B. Maremaruka: yueOnoe nocodue / JI. B. Boponuna, E. A. YTiomoBa. —
PoctoB-Ha-/lony: ®enukce, 2023. — 300 c. — ISBN 978-5-222-38583-8.

4. Marematuka: ydebHoe mocobue / M.M. UepuenoB [u ap.]. — M.: Poccuiickuit
rOCyIapCTBEHHBIN YHUBEPCUTET npaBocyaus, 2022.— 336 c.

182



