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1. ]_le.]'lb n 3aJa491 U3YUYCHUSA TUCHUITINHBI

Henr mucuurmmebl: (opMupoBaHHEe HaOopa oOmEenpodecCHOHANBHBIX KOMIIETCHIIUN
OakanaBpa no HampaieHuto moarotoBku 10.03.01 Uudopmanmonnas 6€301mMacHOCTb.

3amaun OCBOCHUS AUCHUIUIMHBL: (JOPMUPOBAHUE MPEACTABICHUI O POJIU U MECTE MAaTEeMAaTUKH
B COBPEMECHHOM MHUpE, JTalax pa3BUTHS, YHUBEPCAIBLHOCTH €€ TOHITHA W TIPEICTaBJICHHIA,
(dhopMupoBaHHE YMEHUI UCTIOIB30BaTh HEOOXOJUMbIE MaTEMAaTHUYECKHE METObI JUIsl pelleHHs 3a71a4
po¢eCCUOHAIBHON IeATETHHOCTH.

enpio mpoBeaeHUs MPAKTHYECKUX 3aHITHIA MO AUCIUILTUHE SBISETCS PAa3BUTHE JIOTHYECKOTO
Y QITOPUTMHUYECKOTO MBINIICHUS, (POPMUPOBAHUE 3HAHWUN TI0 OCHOBHBIM pa3lieiaM JIUCIUTUIHHEI,
HEOOXOMUMBIM CTYIEHTaM Kak Jii OCBOEHHUS 0a30BBIX M CHEIMATBHBIX TUCIUIUIAH, TaK W I
JTaTbHEHIIIEH caMOCTOSATEILHON paboTHI.

B xome mnpakTHUecKOro 3aHATHs CTYASHT YYUTCS JIOTUYHO, $ICHO, YETKO, TI'PaMOTHBIM
MaTEeMaTHYEeCKHM SI3BIKOM HM3J1araTh CBOM MBICIH, PUBOJUTE JOBOJBI, (DOPMYITHpPOBATH apTyMEHTHI B
3aIUTy CBOEH MO3UIINU.

Ha 3aHATHU CTYJCHT OMHpAeTCs Ha CBOM KOHCIICKTHI, CICJIaHHBIC Ha JICKIIUU, COOCTBCHHBIC
BBINTUCKY U3 YUCOHUKOB M CJIOBAPHO-CIIPABOYHYIO JIUTEPATYPY.

2. O0opynoBaHHMe U MAaTEPHAJIbI

[IpakTrdeckune pabOTHI MO IUCHHILINHE «MaTeMaTHUeCKUi aHaNIM3» MPOBOAATCS B YU4eOHOMH
ayJUTOPUU C MyJIbTUMEMA 000pyIOBaHUEM: IPOEKTOP, KOMITBIOTEP, IKPaH HACTECHHBIH.

3. HammeHOBaHMe NPAKTHYECKHUX PadoT

No HauMeHoBaHMe TeM AUCHUILIMHBI, MX KPAaTKOE CO/iep:KaHue Oo6bem W3 Hux npakTuyeckas
Tembl 4acoB MOAr0TOBKA, YaCOB
JHCIH
TUTHH

bl

1 cemectp

1.Crioco0bI 3a7aHus MOCICIOBATENEHOCTH. BrrarcineHne mpesena 1 1
2 MOCJIEJOBATENLHOCTH C IOMOIIbIO onpeaeneHusi. OrpaHuueHHbIE

Y HEOTPaHWYEHHBIC TIOCTICI0BATEIPHOCTH.
2 2.Bramcnenue npenena nocienopareabHocTH. Yneo e. 1 1
2 3-4 Boeruncnenne npezpena (GyHxknuu. OJHOCTOPOHHHE HpPEIEIbI 1 1

(O YHKIHH.
2 5.3aMeuarenpHbIC Ipeieiibl. DKBUBAJICHTHBIC 0ECKOHEYHO MAJbIE. 1 1
3 6-7.Ilpou3BomHBIE  HEKOTOPBIX  JJEMEHTAPHBIX  (YHKIHUH. 1 1

OcHoBHbIe MpaBuiia AU GepeHIpPOBaHHUS.
3 8-9. IndpepeHnrpoBanme CI0KHOM 1 00paTHOM (DYHKITHIA. 1 1
3 10.'eomeTpruecKuii 1 MEXaHUYCCKUMA CMBICI IPOU3BOJTHOM. 2 2
3 11-12. luddeperurpoBanrie  HESIBHBIX H  HapaMETPHUCCKH 2 2

3amaHHbIX QyHKIMH. Jlorapupmudeckoe auddepeHupoBanme.
[Tpon3BoaHBIE BEICIIMX HOPSAKOB.

4 13.IIpaBmio  JlonmuTanss  PacKpbITHS ~ HEONPEIEICHHOCTEH. 2 2
®opmyna Teinopa ans mHorowieHa. @opmyna Teiopa s
MIPOU3BOJIbHOU (hYHKIIHH.

4 14-15.Bozpactanne u  yOblBanme (QYHKUMHA. DKCTpeMyM 2 2
¢ynknun. Bemmyxiiocts rpaduka ¢yHkimu. Touku neperuoa.
AcumntoTsl rpaduka GyHKIHH.

4 16.MccnenoBanre (yHKUMI TpH IMOMOIIM TPOU3BOJHBIX U 2 2
MIOCTPOEHHE UX I'PaHKOB.

5 17-18. Judpdepentman  pynxuun. ['eomerpudeckuii  cMbICT 2 2
muddepennmana ($yHKIHNH. OcHOBHEIE TEOPEMBI 0
nuddepeHmanax. [Ipumenenne muddepeHmana K
MpUONMKCHHBIM ~ BRIYMCICHUAM. JluddepeHimansr  BBICIIAX
MOPSIIKOB.

Hroro 3a 1 cemectp 18 18




19-20.Tabnuia  OCHOBHBIX  HEOIPEICIICHHBIX  HMHTErPajioB.
[pocretinime CBOMCTBa HEONpeIeICHHOTO UHTErpasa.
HenocpeacTBeHHOE MHTEIPHPOBAHUE.

21.3amena mepeMEeHHOM B  HEONPENEICHHOM  HHTErpaie.
WHTerpupoBaHue 1o 4acTsiM.

22 .VaTerpupoBaHue 3JIeMEHTAapHBIX Jpobeil. MHTerpupoBanue
panMoHAIBHBIX QYHKINH

23.CriocoObl BBIYMCIICHHUS OINpeeNieHHoro nHTerpana. dopmyia
Herorona-JleitOnuma. 3aMeHa TIEepeMEeHHOH B OIpPEICICHHOM
uHTerpane. @opmyna  HMHTETpUPOBAaHUS MO  4YacTAM B
OIIPEJIETICHHOM MHTErpaJe.

24 I'eoMeTpUYecKHe TIPIIOKECHHUS ONpPEICICHHOTO HWHTErpaa.
[Tnomans mmockoit ¢urypsl. O6vem Tena. J[miHA Tyru KPUBOW.
[Tnomaas MOBEpXHOCTH BpAIICHUSI.

10

25.YacTHBle TPOM3BOJHBIE IEpPBOrO  mopsaaka. YacTHbIe
MPOM3BOJIHBIE BBICHIMX MNOpAaKkoB. [lomublid auddepenuman
byHKIMH. Juddepenunans BBICIIINX MOPSIAKOB.
JuddepeHunpoBanue CI0KHBIX M HESBHBIX (DYHKIHH.

10

26.KacarenbHass 1 HopMasib K mnoBepxHocTH. IIpomsBonnas mo
HanpasJeHuo. ['paaueHt.

11

27.0kcTpeMyM (YHKIMH IBYX TepeMeHHBIX. HeoOxomumble U
JIOCTATOYHEIC YCIIOBHSI 3KcTpeMyMa. HanborbIee 1 HanMeHbIIIee
3HaYcHUsA (YHKIMA B 3aMKHYTOH 0OONacTH. Y CIIOBHBIH
JKcTpeMyM. MeTon MHOXHTeIeH Jlarpamka.

12

28.CBoiicTBa W METOJbl BBIYUCIECHUS JBOIHOIO HHTErpana.
3aMeHa IMepeMEeHHBIX B IBOMHOM MHTErpase.

13

29.I1punokeHusi ABOMHOTO HHTErpaa.

14

30.Juddepennmanpaple  YpaBHEHHS € Pa3AeIIIOIIUMIECS
nepeMeHHbIMUA. OTHOpOIHBIE ypaBHEHHMS. JIMHEHHBIE YpaBHEHNS.
YpaBHeHHs1, IPUBOJIMMBIC K THHEHHBIM.

15

31.YpaBHEHHUS BBICIIETO MOPAAKA, JOIMyCKAIOIIHE ITOHIDKEHHE
nopsiaka. JluneitHeie nuddepeHnnanbHble YpaBHEHHUsI BBICIIHX
MTOPSAKOB.

16

32.Cucrembl  qu(QepeHIUATbHbIX  ypaBHCHUH, OCHOBHBIC
moHATHs. VHTerpupoBaHHe HOPMaIbHBIX cHCTEeM. CHCTEMBI
YpaBHCHHH C MMOCTOSTHHBIME K03 uiimeHTaMu.

17

33.CxogumocTh psina. HeoOXomuMeli NpU3HAK CXOIMMOCTH
YUCIOBOrO  psafa. JlocTarouHele  NpPH3HAKHM  CXOJIUMOCTH
3HAKOIIOCTOSTHHBIX ~ PSIIOB:  TPH3HAKM CPAaBHEHMsS, IIPU3HAK
Hamambepa, npusnaku Kormm. OOO0OIIEHHBIH TrapMOHHYECKHN
psi.

17

34.3naKkoyepeyromuecs M 3HaKONepeMeHHble psabl. [lpusHak
JleitOnmma. OOmmi  [OCTaTOYHBIN  MPHU3HAK  CXOAMMOCTH
3HAKOIIEPEMEHHBIX PsIIOB. AOCOIIOTHAS M YCJIOBHAS CXOJUMOCTH
YHCIIOBBIX PSIOB.

Hroro 3a 2 cemectp

32

32

Htoro

50

50

4. Conep:xanne NPaAKTHYECKUX padoT

Pasznen 1. Beenenue B anajaus.
Tema 2. IIpeneJibl M1 HeMPePHIBHOCTb.

MpakTnyeckoe 3ansaTHe 2.1. Crnioco0bl 3ajaHUs MOCJIeA0BATEIBLHOCTH. BboIunc/ieHne npeaesa mocjiaeaoBaTeJJbHOCTH
¢ IOMOIIbI0 onpeaeieHns. OrpaHUYeHHbIe U HEOTPaAaHUYEHHbIE MOCJIe10BATeILHOCTH.
Ecnu mo HekoTOpoMy 3aKOHY Ka)KIOMY HATYpPaJIbHOMY 7 TOCTAaBJICHO B COOTBETCTBHE BIIOJNIHE OIpPENEICHHOE
YHCIIO @,, TO TOBOPSAT, YTO 3a/aHa YUCIIOBAsI MOCICIOBATEIBHOCTD: {a,}: a;, az, ..
a, — 4YJeHBl TOCIEJ0BATEILHOCTH 3aHYMEPOBAaHbl BCEMU HATYPAJbHBIMU UYHCIAMH U PACIOJIOXKEHBI B MOPSIKE

BO3pacTaHnsd HOMEPOB.

HpI/IMepBI YHUCJIIOBBIX HOCHGHOB&TCHBHOCTCﬁZ

TOYHOCTBIO.

Wy ...

Da,a +d, ...,a+(n-1)d, ... - apudmMeTHdeckas mporpeccus.
2)b, bq, ...,bg"", ... - reoMeTpHUECKas IPOTPECCHS.
3)1,4, 1,41, 1,414, 1,4142, ... - mocienoBaTeIbHOCTh AECATUIHBIX MPUOIMHKEHUN K \/5 , CO Bce BO3pacTaromei




WHora nocnenoBaTesIsHOCTD 33/1a€TCSl TEM, YTO YKa3aHO HEITOCPEACTBEHHO BhIpaXKEHUEM s a, (pumep 1, 2). B
JPYTHX CydasX HaM MOXKET OBITh HEM3BECTHO BBIpRKEHME Ul OOIIero wWieHa a,, Kak B mpuMepe 3. Tem He MeHee:
I0CIIEI0BATEIFHOCTh CYMTAETCS 33JaHHOM, €CIM MBI BIIaJieeM INPAaBHIIOM, 10 KOTOPOMY MOJKET OBITh BBIYHCIIEH JIIO00H
YJIEH MOCIIEA0BAaTEIbHOCTH JIMIIb TOJBKO U3BECTEH €r0 HOMED.

IIpenen unciaoBoOM NOCIENOBATEIBHOCTH

1 ¢D'a
Jlana rmocienoBaTeNbHOCTD | 1 + ——2—\7. Boinuuiem ee wieHs
ion b
n=1 n=2 n=3 n=4 n=5 n=6 n=7
3
a;=0 ar=—.23 ayz=—.3 a~=—.23 as=—.23 ac=—.23 a~=—.23
3 4 5 6 7
H300pazum unenvl 3moii nOC1€006amMeNbHOCIU HA YUCTI08011 OCU:
¢ I I A Y % L
0 1

MoxHo 3aMCTUTH, YTO YJICHBI IOCICAOBATCIIBHOCTU d,, C POCTOM n KakK YrOoAHO OIU3KO l'IpI/I6J'H/I)KaIOTC$I K
CANHHUIIC. HpI/I 9TOM abCOJIIOTHAS BEIHYMHA Pa3HOCTH |a,,—1| CTaHOBHTCA BCC MCHBIIIC U MCHBIIIC. HeﬁCTBHTCHLHOZ

la-1]=0-1] = 1 lar-1]=|=-1]= — las-1]=|=-1|= — nr.L
2 3 3

2
(_ 1)" 1
—— - 1=, 1e. ¢ poctoM n |a,-1| Oymer MeHbIe JIOOOTO CKOJNB YTOAHO MAJoro
n n

la,-1] = |L +

TTOJIOKUTEITHHOTO YUCIIA.

Umucno A Ha3pIBaeTCs MPEAETIOM YHCIOBOM MOCIENOBAaTENFHOCTH {@,} €CIH OIS JII0O00TO CKONb YTOJHO Majioro
MOJIOKUTENbHOTO Ymciaa €>0 cymectByer Takoi Homep N (3aBucsumid oT €) N = Ng, 9TO I BCEX UJICHOB
MOCJICIOBATEIBHOCTH C HOMEpaMu #>N BEPHO HEPABEHCTRBO |a,-Al<e

[Ipenen ancinoBoi MOCIENOBATENFHOCTH 0003HAYALTCSA lim a, =4 wm a, ® A4 pu N ® ¥ .
n® ¥

HHornma ToBopsIT, 4TO €cnu A eCTh MpEeJeN YUCIOBOM MOCIeN0BATEIbHOCTH {a” } , TO dTa IOCIEA0BATEIHHOCTD
cxomutcst kK A. CMBICH ompesieNieHus] TMpeJesia YUCIOBOW MOCIeA0BaTEIbHOCTH COCTOUT B TOM, YTO JJISl JIOCTaTOYHO
OOJIBIIKMX N WIEHBI MOCIENOBATENBLHOCTH |, [ KaK yrOJIHO Majlo OTIMYAIOTCS OT 9ucia A. BaKHO OTMETHTE, 9TO HOMED

N, BooO1Ile roBOpsi, HE MOKET OBITh yKa3aH pa3 M HaBCEr[a: OH 3aBUCUT OT Bbibopa uucia € . Ilpu ymenbinenun €,
COOTBETCTBYIOMMIT HOMEp N, BOOOIIE TOBOPSI yBETHIHBACTCS.

Jns  TreoMeTpuyecKOd HMHTEpIpEeTalyd IOHATUS Ipesesia  YHCIOBOM  ITOCIENOBATEIbHOCTH  PaCIHUILIEM
HEPaBEHCTBO:

‘a” - A‘ <e
-e<a,- A<e
A-e<a <A+e
N3o0pa3um umcia A, A + e, A-e u 3HaucHHE A, TouKamu Ha 4MCIOBOW ocu. Ilomydnm warmsamHo

TEOMETPUUICCKOC MCTOJIKOBAHUEC NTpEACIa MOCICA0OBATCIbHOCTH!

A-e A Ate
° ° °

o o ay o
Kaxkoii Obl ManbIi OTPE30K (,HJ'H/IHLI Ze) C OCHTPOM B TOYKE A HE1 B34ATb, BCC TOUYKHU a" Ha4yuHast ¢ HCKOTOPOU H3

HUX JOJIKHBI TOMACTh BHYTPb 3TOr'0 OTPE3Ka (TaK, YTO BHEC €0 MOXKET OCTATHCA JIMIIb KOHCYHOC YHCJIO 3TUX TO‘IGK).

pumep
[Momp3ysich ompeneneHueM mpeerna mocie0BaTeIbHOCTH, T0Ka3aTh, 9TO

lim &, = a.
—r 0o

[Inan pemenns:



1. TTo onpejeseHnIO YUCIO G HA3BIBAETCA MPEOCAOM UUCA0B0T NOCAE-
doeameavrocmu {a, }, ecan

Ve >0 IN(e): n> N(e) = |an — a| <e.

Jto osnadaer, 9ro Ve > ( HepaBeHCTBO |a, — a| < & umeeT pemenue
n > N(g).
2. Hangem, mpy Kakux n COpaBejIMBO HEPABEHCTBO

|an — a| < &,

T.€. PENIMM 3TO HEPABEHCTBO OTHOCHTETLHO 7.

3. Ecan pemenne mmeer Bug n > N(g), TO ¢ — npegenr YHCIOBON
T0CJIeJ0BATEILHOCTH { @y, }.

3AMEYAHUE. Ecam pemenue mepasenctsa |a, — a| < ¢ meanas npex-
CTaBUTH B Buge n > N(£), TO 9HCI0 @ He ABIACTCSA HPEIEIOM MOCIeJ0Ba-
TeabHOCTH {an }.

ITpuMEP. Tloap3yack ONpejeJeHHeM Mpefesa MocaeI0BATeIbHOCTH,

JOKa3aTh, 4TO
, n3
lim ——=2.
n—oeo N3 — 2
PEIIEHHE.

1. Tlo onpegenenuio 4KMcaI0 2 HA3BIBAETCA MPEEIOM YHCIOBOH MOCIe-

2n?
JIOBATETLHOCTH § 3 ¢, ecam

)
Ve >0 IN(e): n> N(e) = gl
£ g n £ n3 _9 E.
2. Hamgem, npm Kakux 1 COPaBeJiInBO HEPABEHCTBO
2n3
— — 2| <g,
nd—2

T.€. PEIINM HTO HEPABEHCTBO OTHOCHTEILHO 7.
3. Hepasernctso mmeer pemenue n>N(g) = 3/4/¢ + 2. Cremorarers-

2n3
HO, 2 — TIPeJe] TUCIOBON MOCIEA0BATEILHOCTH {— .

n3 — 2
Ovser. n > 3/4/c+2.

Bagaun
3a11aqa 1 HOJ'H)3yHCI) OIIpEACIICHUEM ITPEACiIa MOCICAOBATCIbHOCTH, 10KAa3aTh, YTO
lim a, = a.
TL—r 0
2n — 2 2 dn — 2
1. ap = —, = -, 2. ap = ———, .4
m=3m_1 %73 o =omt+3 °
3 4 3n+2 3 i a on + 2 5
e = = b, = 0y a= —.
" on+1 2 " 3n+1 3
5n + 2 4n? +1
U B gy 00 Do e g S5S02
3—nd 6n — 2
7 = —, =-1. 8. = — =3
e 1+ nd iin 2n+1
3 + 8n? 3n
9. =" =9 10. a.. = ; =3
o =1tz ¢ 0 = a1

3anaua 2. HancaTs mociie1oBaTeabHOCTH ¢ OOIMMU YWIEHAMH:



1) £y = gy 2 x,=nl  3) x,=x;
iors - 1, - nt—1
Yty 45 8) %y = gzs  6) Xy =y
sinnm
- ! . 8 .
No=g=nErn &%=

1
— A% N HeYeTHHIX; L+ (—Is
il A N 9eTHBIX; =g
A A X;
3amaua 3. Hamucarps (opmyiay 0O0IIEro 4ieHa mocieA0BaTeIbHOCTH 0 JAHHBIM €€ IEPBBIM YICHAM:

| 1 1 i

l .
By 5T oW W

D37 T6 T8 T
i 4 1 10 13 )
V5 T B &;m oo
3 7 11 19
4)-5' iv ﬁ: I'—l W'v' "
LI T U TR T I
3* 9 27+ BI* 43T TA
1 2 3 4 5
6) 0. ges s R r T sy

Bompocet
1. Maiite onpeesieHue YucIOBOM MOCIEN0BATEILHOCTH.
2. llepeuncaure crocoOb!I 3a1aHMS YUCIOBOH ITOCIEIOBATEIHHOCTH.
3. Kakas mocnenoBaTeNnpHOCTh HA3BIBACTCS OTPAaHMUYEHHOHN; OTpaHHYEHHONW CBEpXy; OTPaHWYCHHOW CHH3Y;
HeorpaHudeHHoU? [IpuBeauTe MpUMeEphI MEPEINUCICHHBIX ITOCISIOBATEILHOCTEH.
4. JlaiiTe onpenienieHne mpeena mociieoBaTeIbHOCTH.
5. Kak Ha3zpiBaeTcs mocneoBaTeIbHOCTh, UMEIOIas KOHEUHbBIN npesen?
6. Kakas mocienoBaTelbHOCTh Ha3bIBA€TCS MOHOTOHHOMN ?
7. [IpuBeCTH IPUMEDPHI:
1) Bo3pacTaromeii orpaHIYCHHON OCIEIOBATEIIEHOCTH;
2) BO3pacTaroIIeii HeOrpaHUIEHHOH ITOCIIeA0BATEIFHOCTH;
3) yOBIBaromiel orpaHUYEeHHOH IMOCIeA0BATEILHOCTH;
4) yOsIBaroIIel HEOTPAaHIMYCHHOH ITOCTIEIOBATEIHHOCTH.

I[IpakTuyeckoe 3anaTue 2.2. Boruucjienue npeaena nocjieaoBarteabHocTH. Yuco e.
[TocrenoBaTenbHOCTh @, UMEOIIass CBOMM MpeneioM O Ha3bIBaeTCs OECKOHEYHO Majoi BEIMYMHOW WIIH, MPOCTO,

OECKOHEYHO MaJIOM.
JlemMMBI 0 GECKOHEUHO MAaJTBIX.
Jlemma 1. Cymma 11000T0 KOHEYHOTO YHCiia OECKOHEUHOTO MAJIBIX €CTh TAKIKE BEJTMUMHA OCCKOHEYHO MaJiasl.

Jlemma 2. IIpoussenienue orpaHMYeHHON NIepeMeHHOl X, Ha GecKoHeuHO Matyto A | €CTh BeIMYMHA OECKOHEYHO Majias.

beckoneuHnass mociaemoBaTeNbLHOCTD {xn} Ha3bIBaETCA OECKOHEYHO OOJIBIION, €Cad OHa II0 a0COJIOTHOM

BEJIMYMHE CTAHOBHTCA M OCTAaeTCs OONbLICH CKOJNb YrogHO OOJNBINEro Hamepesa 3aiaHHoro umcia E>0, HauwmHas c
HEKOTOPOI'0 MecTa ‘xn’ >F (I[JIH n> NE)
Ecnu mocienoBareibHOCTh {x”} SIBIsIETCS. OECKOHEYHO GOJIBIION M COXPAHSET ONpPEIEICHHBIN 3HAK (+ WITH -) TO

B COOTBETCTBUU CO 3HAKOM, TOBOPAT, UTO I10CJIEI0BATEIbHOCTD {xn Jl nMeeT npenelt +¥ wid -¥ U Uiy T

limx, =¥ x, ® ¥

n® ¥

limx, =-¥

n® ¥

Ecmm {xn} ABJIAETCA OECKOHEYHO GONBIIOH, TO ee obparHas BenuunHa (I, ——— OyaeT GECKOHEYHO MAJOH
X

n

(BepHO 1 00paTHO).
TocrnedosamenbHocms MOYeK paAcUUPEeHHOU YUCI080U NPAMOU MOJICEm UMEMb HA MO NPSMOU MOAbKO 0OUH

npeoe.



Teopewmsl 0 nnpenenax. IIpenenbHbIi nEpexo B paBEHCTBAX U HEPABEHCTBAX

1. Ecmm JABC IIOCJICA0OBATCIbHOCTHU .x"Jl n yn IIpU BCCX UX U3MCHCHUAX PABHBI: .xn _yn , IpUIEeM

KaXkaas U3 HUX UMeeT KOHEUHBI! npeaen lim X, =4 lim Y, =B , TO paBHBI U TU Ipeaensl A= B.
n® ¥ n® ¥

o 3
2. Ecmm U IBYX MOCJICA0BATCIIbBHOCTCHU {x”} n {yn} BCCrJa BBIMOJHACTCA HCPABCHCTBO .x" y

n°

MpUYeM Kaxaas U3 HUX UMeeT KOHEUHBbIH Npenen: lim X, =4 lim V., =B , T0 A®B.
n® ¥ n® ¥

5. Ecmm gms  mocnmemoBarenbHOCTEH {xn} u {y”}, {Z "}’ BCETJla BHIMOJNHSAIOTCS HEPaBEHCTBA
X, £ Y, £ Z, mpuieMm X, ® A zZ, ® A4 (T.e. ¥ obmmemMy mpeneny A), TO U MOCICIOBATEIBHOCTh {y”} UMeeT

ToT e npeen, T.e. 11M V., =A.
n®¥

Apudmerndeckre onepaniy Hax I0JICIeI0BaTeIbHOCTIMHA

1. Ecn {x”} " {y” HMMEIOT KOHEYHBIE MPENEIbI lim X, =a lim V., =b , TO ¥ cyMMa (pa3HOCTbh) X
n®¥ n® ¥

TaKyKe NMeeT KOHeUHbli mpezes, 11m (Xn *ty, ) =a *+b

2. Ecin {xn} u {yn} WMEIOT KOHEYHBIE MIPEEIIBL: Iim X, =a lim Y, =b , TO UX IIPOU3BEIECHUE TAKKE
n® ¥ n® ¥

HMMEIOT KOHEYHBIN Mpeen lim X, y, =a >b

3. Ecmm {xn} u {yn} HMEIOT KOHeuHBre mpenesst: 1M X, =a lim V., =b npuuem b0, To ux
n®¥ n®¥

L —

. X
OTHOIICHHE TaKXe UMEET KOHEUHBIH npeaen lim -

yl1

!l

: 1
lim {;ﬁ + —g =e» 2,7 18281 - HUPPALUOHAIBHOE YHUCIIO.
n® ¥ e n Q

IIpumep

Brruucnuts npeaen:



- (2n+1)2 —(n+ 1}2_

R—+00 n?4+n+1

PeEmEHNE. 3gece (2n+1)% — (n+ 1) = 3n” + 2n — ummoroqwen sro-
poil cTeneny (GeckoneHO GOJIbIIAR NOCIEI0BATEIBHOCTL NOPAIKa 11°) 1
n® 4+ n+ 1 — MHOTOWIEH BTOPOH CTeNeHH (GecKOReTHO GOIBINAA TOCTe-
AOBATEILHOCTE NOPIIKA ng].

1. BriHeceM B YHCTHTENE MHOKHTEIS 11°, IOJTY HM

(2n+1)° - (n+1)* =n* (3+ %) 3

2

2. BriHeceM B 3HAMEHATEIE MHOMHTEIb 11°, IOTY9HM

n2+n+l=n2(l+l+-l—).
"

n?
3. Humeem
. (n4+1)2—(n+1)2 : n3(3 +2/n)
1 o ;
o n?+n+1 nroo n?(1+1/n+1/n?)

4. Cokpamaa n® 1 HCTIOILAVA TEOPEMY O NPEIETe TACTHOTO, MOTYIAeM

i 2t P-4 1)?  limaeo(3+2/n)
n—soe mi4mn4+l  lmeoo(l+1/n+1/m2) 7
2 _ 2
Srses YRR (2n4+1)* ~i(n+1) il
iyt n?+n+1

3anaun. BeraucauTs npeaesnsl:
Bamauva 1.

(5—n)?+(5+n)? (4-n)?—-(2-n)?

1. lim 2. lim

n—+aa (5 —n)2 — (5 +n)2’ nooo (1 —n)2 — (2 +n)t

i {3—11)3 - (2—11}:i B (2—11.)2— 1 +11)2
= 8o ey G e —"

. (3+n)P-(2+n)? . (n+2P—(n+2)?
|4
o e T A R B

Bamaua 2.
9 ] 9 4 1i+1

T (i) : 2. lim ( B )

oo A — 1 n—oo W I+ 3

2
; n? +1\" y n®+3
J nh—lsvr'_!-o ( n2 ) 4 ﬂllbngo (Qng + l)
2 i nd

§ i (otBd e i [

neso Am?4n—1 n—o \ 4+ 5
T Em gnd_2n \™HE & i M2 4 n+5\"

naoo A 3n2 — 2n 4+ 5 n—oo A\ 2n2 4+ n 4+ 1

3 n—n" 3n2+1

9. lim ("'3+_3) . 10. lim (”“)

n=—ro0 ] 2 LS 0= =] T - l

3amaua 3.
Dim(Vai+n+1—-Vai—n+1)

i

2) lim{(y(n Fa)(n+8) —n).

3amaua 4.




0l 8 nf—n 1
) R_l'_T Bn? fn-3°'
1
 yEguo 5n ) 2
2 Im(y 5)
Bormpocst
1. [laiiTe ompenenenue OECKOHEYHO MaJIOi MoceI0BaTebHOCTU. [IpHuBeIuTE IpUMED.
2.  CdopmynupyiiTe JIeMMBI 0 OSCKOHEYHO MAaJIbIX.
3. Kakas mocne0BaTeIbHOCTh HA3bIBACTCS OCCKOHEYHO OOJIBINON?
4. OxapakTepu3yiTe B3aUMOCBSI3b MEXTy OCCKOHEYHO OOJBIION U OCCKOHEYHO MAaJIOH MOCIEI0BATCILHOCTSIMH.
5. Kakue apudmerndeckue oneparui MOXKHO BBITOIHATE HAJl TOCIEOBATENEHOCTAMI? OMUIIUTE AITOPHUTM
BEITIOTHEHUS apH(PMETHICCKUX OTIepalnii HaJ| ITOCIIeI0BATCILHOCTSIMU.
6. CodopmynupyliTe OCHOBHBIC TEOPEMBI O TIpeeTax.

I[IpakTtuyeckoe 3anaTue 2.3-2.4. Boruucienne npegena pyHkuuu. OxHocTopoHHUe Mpeaeibl GyHKIHUIA.
Uwucno A HaspiBaeTcs mpenenoM QyHKIUH y=f(X) mpu x cTpemsmemcs K @, eciiu s jpodoro €>0 cymecTByer
gucio d(€)>0, Takoe, uto npu /2x-aV2<d(e) BhImoNHsIEM HepaBeHCTBO Vaf(x)-AVz<e.

B sTOM ciryuae mumryT ll(é’n f (X ) =4.

Yucno A Ha3bIBAaeTCs MPABOCTOPOHHUM TIPEIETOM WITH MpPEeAeioM crpaBa QyHKIuH f(X) B TOUKe X=a eCilu s
"e>0 $ d(e)>0, uro npu 0<x-a<d(€) BEmonHgEeTCA HepaBeHCTBO V2f(x)-AVs<e. IumryT lim f (x ) =4

x® a+

Yucno A HaspIBaeTCs JEBOCTOPOHHUM IPEACIIOM HIIM MpeaesioM ciieBa ¢yHkuuu f(X) B Toukax x=a, ecnu AJs
mo6oro €>0 $ d(e)>0, uto npu 0<a-x<d(€) BbInonHseTCs HepaBeHCTBO Y4f(x)-AY2<e. ITunryT lim f (x ) =4.
x® a-

Ipumep. ITokazats, uyTo lim x ? =].
x®1

IMycts €>0 — npousBoaHoe uucno. Haitnem Takoe umcio d>0 4To Ui BCeX X, yIOBICTBOPSIOUIMX HEPABCHCTBY
0<%2x-1%%<d BBIMONHsIOCH OBl HEPaBEHCTBO  Vox2-1V4<e
Vox2-1Ve=Vo(x-1)(x+1)Vo=Vo(x-1)(x-1+2) Vo=Va(x-1)*+2(x-1) £ Vo(x-1)*Vo+2|x-1|£ d*+2d<e
d* +2d-e<0 d* +2d-e=0

d=1+/1+¢€ d=1*++41+e 1k d>0

T.e. 110 moGomy €=0,3 d=-1++/1,3 .

Oynknus a(x) HazbIBaeTcss OECKOHEUHO Manoi npu x®a, ecnn lima (x ) =0, 1.e. ecnn s "e>0 CYIIECTBYET
x®a

d>0, uro mis Bcex 0<V2x-a%<d, BBINONHAETCS HEPABEHCTBO Ga(X) ¢<€. beckoHeuHo Manyro GyHKIHIO Ga(X) ¢ Ha3bIBAIOT
TaKke OECKOHEYHO MaJIOW BETMYMHOM.
Oyukius f(x) HazsiBaeTcs OeCKOHEYHO OoMbIIoH mpu Xx®a, eciu st M>0 cymectByet Takoe d>0, 4yTo s Beex

X, YJOBIETBOPSIONUX HepaBeHCTRY 0<V2x-a%s<d, o6o3Hauaercs lgl’l f (x) =¥
X a
[IpuMeps! BEIYHUCICHHS PE/Iesa

o

X o
1) lim > =C =
wi]-x" alg
2 s
NRRS W Ya s
x®0 x° - x 600 x®(0 x(x- 1)
. Nx-4-2 _@6_,. (Nx-4-2)(Nx-4+2) _ (x-4-4)
3) lim——— =¢c—+=lim =lim
ws - x- 8 elg *®5 (x-8)(Nx-4+2) w8 (- 8)(Nx-4+2)

(YMHOX€EHHE Ha COTIPSDKEHHE).

- 3 (pasnoskeHHe Ha MHOXKHTEIH).

=1
4

1+ 5.1
2 4 3x- T3
4 lim>X *3x- 1 =lim—X X :i (menenue Ha CTApINYIO CTETIEHD).
x® ¥ 3x2 +x X® ¥ 1
3+=
X

3agaun. Beraucnute npenen QyHKInu:
3amava 1.



, Byd—Ty? 4 Sr—4
D I mrmg
s (XN H(x+5),
2):[_',111 e =11 .
Xt x 42
3} llmm,
s 3% — 2t x|
L T s ok
Tt 4 200 = 14
FeFofx—1"

e

5) lim )

X = o

3amaya 2.

. 2z + 11z + 15 . 3 +2r-8
1. lim - = -1. 2. lim =
r—r—3 T T 3 z——2 T+ 2

—10.

622 + bz — 1 922 + 12z + 3
B B, RS B Ho  Buyp 2o ubool g
x—s—1/2 x+1/2 r—-1/3  r+1/3
3 42— 2 2 _x—
5 lim L = —h. G lim hialeise b
r——1 r+1 =3 -3
6x° — 9z + 3 4z — 15z + 9
7 lim T 3 3. lim A— =8,
=1 r—1 r—3 T—3
e 4 20 bz — 3z -2
9. lim w = —16. 10.  lim i =
z==3 r+3 1 r—1
3agauya 3.
: 6—3 . VEfx—2
1 hml'—/-x—i-—-—-; 2) lim —L—u—;
) X3 r=3 ) feb—2 r-'_2
VA2 =5 . YE—_d—2
Bormpocst

1. [laiiTe ompenenenue npenena GyHKIUH, pe/eia GyHKIUHU cieBa (Cripasa).

Haiite onpenenenue pynkiun y=f(x) npu x®¥.

Cdhopmymupyiite onpeneneHine 6€CKOHEUYHO Maoi (0eCKOHEYHO OOIBIINO#) (hYyHKIINH.
[lepeuncnure cBolicTBa OECKOHEYHO MabIX (PYyHKIHUI.

OxapakTepH3yiTe CBSI3b MEXIY OECKOHEYHO OOJBIINMU M OECKOHEYHO MAJIBIMU ()yHKIHSMH.
CopmynupyiiTe OCHOBHBIE TEOPEMBI O Mpe/Ieax.

ANl

[pakTuyeckoe 3anaTue 2.5. 3amMmeyarte/ibHbIe Mpeaebl. JKBHBAJEHTHbIE 0€CKOHEYHO MaJible.
IlepBblii 3ameyaTenbHbIN IPEIe:

Sinx 0

lim—— =1 (PacKphbIBaeT HEONPEJEIEHHOCT THIIA - ).
®0 0

Bropoii 3aMeuaTenbHblil Ipenen:

1 X
lim (1 e _) —e
X = o x ¢
Bo03M0OXHO Takke IPUMEHEHUE CICTYImuX HopMy:

L
lin (1 4% =¢;

£ =0
x
lim (l-|——k-) = g%
X =~ oo x

1

Sty g ) e

& - 0

Yro0bI CpaBHUTL [IBC OCCKOHEUYHO MaJlble (byHKIII/II/I HYKHO HailT! npeaei ux OTHOUICHUs, T.C.



i0 Ttorma a(x) Oosee BBICOKOTO mopsaka, uemb (x);

alx _J[¥ - b(x) Oomee BbICOKOTO TmOpsiaKa, dYeM a (x);

lim =

|
xwablx) jconst-a(x)ub(x) omHoro mopsaKa MalOCTH;

f1- a(x)u b(x) >xBuBaneHTHBIE GECKOHEUHO MAaJIbIE.

DKBUBAJICHTHBIE OECKOHEYHO MaJible 0003HaYarTCs a (x) ~ b (x) .

Teopema. Ilycts a(x) ~ a¢(x) u b(x) ~ be¢(x). Ecnu cymiecTByeT mpeaen OTHOIIEHHS JIBYX OECKOHEYHO
Maieix a(x) u b(x), To OH paBeH npejeNTy OTHOIIEHHS COOTBETCTBYIOIINX UM YKBHBAJIEHTHBIX OECKOHEYHO MAJTBIX,

T.C.

sin a(x) ~ a(x)

tg a(x) ~ a(x)
arcsin a(x) ~ a(x)
arctg a(x) ~ a(x)
e2™_1 ~ a(x)

In (1+a(x)) ~ a(x)

. arcsin7x . Tx 7 )
Opumep. lim——— =lim — =— Equation.3 .
x® 0 x®0 3x 3
3agauu. Beraucnute npenen:
Bamayva 1.
v Y In(l + :siu!d.'r;:l_ 5 e 3a? + 6z

z—+101 sin da
=1

3 lim ——.

a—+0 Infl + @)

. 1 —cos2r
5. lim ——m——
r—+0 g=r" — ]

; teg 2
7. lim ,JE i
r—0 g=* — ]
gin 2r
9. lim ———————.
a—0 Inf1 — 2}
3anmava 2.
-1
1. lim
r—1 Ingx
1+ cos2mx

Caosly2 tgilnx

o
B s
E
=

lim — .
#—+1 gin T

tg ha

=

lim ——.
r—w &in da

3amaya 3.

lim @) i 24

x®a b(x) x®ab x)

Tabnuia S>KBUBAJICHTHBIX OCCKOHEYHO MaJIbIX.

x—0 sindx

4,  lim Lirogny

z—0 cos ba — cos 3z

.94+ r—3

6. lim —.
x—0 Jarctg 2
Jeos T

o 1l—y
&  lim —
=0 sIn° T

. arcsin 2x
10. lim

e=0In{e —22) — 1"

(]

=g
=g
-

sin 3w

e

m —.
z—+2 5in 8w

by S

. lim ’
z—m 2 LE 3T

8. lim -
r—1  sinwe

e
10, lim — .
r—2 SIN T

2—vh—=x



14237\ M _ 1 4 gige L'
1. lim ( I_ ) 3 2. lim ( ]., ) :
x—) _1 + I']'.‘ZI | l 4+ red=

4 . ; 1/ ain® ®
]l +sinxrcosde ™’ |
3. lim : . . 4. lim (1l — Incos ) sin® z.
|l +sinxcos2n =)

=)

5. lim(2 — gein® e }”'ri. 6. lim (cos .L'J]"'.’_
x =] =)
Bonpocst

1. CdopmymupyiiTe epBEIi 3aMe9YaTeNbHBIA IPeae.
ChopmynupyiiTe BTOpoii 3aMedaTeTbHbIA Ipeaed.
Kak cpaBHHBaOT OECKOHEYHO Majbie?
Kakne 6eckoHeTHO Masble Ha3bIBAIOT SKBUBAJICHTHBIMU?

CoopmynupyiiTe TeopeMy O 3aMeHe IKBUBAJICHTHBIMU OECKOHEYHO MAJIBIMH.

bl

Paznen 2. {ludgdepennuanbHoe ucuncjieHne PyHKIMA OJHON epeMeHHOI

Tema 3. IuddepennnanbHoe ucuucjieHue GyHKuuii 0HOH nmepeMeHHOi.
IIpaktnuyeckoe 3ansaTue 3.1-3.2. IIpouM3BoAHBIE HEKOTOPLIX 3JeMeHTapHbIX (yHKknUA. OCHOBHbIE NpaBHJIa

augdepeHIMPOBAHNS.
[IpaBuia BEIYMCICHUS TPOU3BO/IHBIX, CBA3aHHBIE C apU(METHIECKIMU JICHCTBUAMH Ha/l (DYHKIHSIMH.

1. Ilocmosinublil MHOMCUMETIL MONCHO 8bIHECHU 3d 3HAK np0u360c)H0d. Hnvimu cloeamu, eciau d)yHKl/[uﬂ u :J (x)
umeem ¢ mouxe X NPOU3BOOHYIO U<, mo 6 smoii mouxe
(Cu)¢ =Cu¢ (C =c0nst).
IIpumep
y =5cosx, y¢=(5cosx)¢=5(cosx)¢=-SSinx.
1I. Ilpouszsoouas om aneebpauseckoi cymmol 08YX YHKYUL pasHa aneedpauieckol Cymme npou3e00HbIX On IMUX

@yHryuil.
Bonee Touno: ecnu ¢pyHkuuu U :j (x ) uy =y (x ) HMECIOT B TOYKe X MPOU3BOJIHBIC, TO

(u iv)¢ =u¢+v¢.

[Ipumep
—x -3x2+2x-1,

re=le’}- (3x7 (- (F=sat- 6xe2.

I Ecnu gpynxyuu u =) (X )u v —y X ) umerom ¢ mouxke X npou3gooHvle, Mo cnpageoiusa Gopmyna

(uv)¢ =u® +uv.

1IpuMEp

y= Qv - 3x%1nx
y¢=(x2 - 3x)tsinx+ <x2 - 3stinx)$:(2x- 3)sinx+ Gz - 3x)cosx.

IIpumep

y Z(x- 1)(x- 2)(x- 3)

y¢=(x- 2)(x- 3)+ (x- 1)(x- 3)+ (x- 1)(x- 2)

1V. Ecau pynryuu U :j X ) u V=Y \X ) umerom ¢ mouxe X npouzsoouvie, npuuem ¢ 3mou mouxe V 1 0,

mo cnpasednusa opmyna

aaiizq::uﬁtv- uve

: Equation.3 .
evg %
[Ipumep
x+1
Y =—— . B cooTrBercTBHU ¢ POPMYIION HAXOAUM

x-1



el ) e )x-1f -2 1
y¢‘_ (x_ 1)2 —(x- 1)2 (x 1)
IIpu BEIYMCIIEHUH TPOU3BOTHON (DYHKIINH IIETIECO00Pa3HO MOIB30BATHCS CIEAYIOMNMHI (POPMYIIaMu:
gy=-: y' = — ;:‘; 1" (@ — NOCTOAHHAA BeJqHYHHA);

y=us ¢ =t o
n— JACHCTBH HHCJT
Jiofoe el TeNbHOE THCA0

y=Vu; ¢ = 211/;“"
y=a0% ¢ =a*-lna-u'"; y=¢%, ¢y =e*u'; a>0 a+1;
. = Ly i
y = logau; V=g loge =opers
[
y=Inu; y =—u;
y = sinu; Yy =cosu-u';
y = CcOS ; y' = —sinu - u';
1 ’
y=1tgu; Y = a4’
L .
y=clgu; ¥ == gt
y = sec u; y =secutgu - u’;
{ = COSec i; -y = —cosecu -ctgu - u’;

y = arcsin u; y’=—1?—-_l_{—_-__~;‘-;u;

y = arccos u; y = — u';
l —ut
1
-y = arctg u; y = m?u’;
¥ ‘ r
y=artctgu_; Yy =—mﬂ_-

Bamgaun
3anaua 1. Haiiti npon3BonHyto GpyHKIMHU B Touke X=0:

_ . r . 1
i f ogh gies - ; In (l —tg (a:2 sin —)) . #0,
B il sin (.r +z blllr). c#F0, 4 flx)= N . =
| 0, £=0. Ky SES
-t =] i + 2 20 -Lg. (x‘sini), a0,
% fa)=| WAFEREg TERGETR B Ml o e
| 0, z=0. Lo R
[ i r £ 0 "Ifl tIn (1 F 22 f-inl 1, z#0
3. f(z) arcsin | x (035? , ¢#0, 6. f(z)= v R » TFU,
0. 2=10. | 0, =0,

3anaua 2. Haiitu mpon3BoHbIe (HYHKIHHA:

1. 1.y =2x"+5x"-Tx- 4

2 y=ix
3

y=-clg x-Xx
A 1
Ly e

s y=x?
6. y =5sinx+3cosx
7.y =5(tgx- x)
1
e’ +1
9. y =2

10. y =x\/;

& y=



Bonpocst
1. Cdopmynupyiite 3agaum, TIPUBOASIINE K MOHATHIO IIPOU3BOJHOM.
2. [laiiTe onpezeneHue Npon3BOIHON (QyHKIIUH B TOUKE.
3. CdopmynupyiiTe OCHOBHBIE NTpaBuiIa TUPPEPEHIMPOBAHNS.

[IpaxkTtuyeckoe 3anaTue 3.3-3.4. luddepeHunpoBanue cJ0KHOI U 00paTHOIl PyHKIMIi.

[Mycts nmanmel QyHKINSA f U ) aprymenta U u QyHKOHA J X | aprymenta X . C HX TOMOIIBIO MOKHO

/i)

aprymeHTa X . B 3TOM ciydae roBOpST, 4TO MBI «B3UIM (DYHKIHIO OT (DYHKIMHM» MM IPOU3BEIHN «CYMEPHO3UIHIO

00pa30oBaTh CIOKHYIO (PYHKIUIO

¢ynxuuii. ToUHBIH CMBICT TakoB: 1O 3aaHHOMy X HaxomuTcs uucio | (X |; 9To umcno Gepercst B KayecTBe 3HAUYCHHS
apryMeHTa Iiisi yHKINH f (u ); TO, YTO MPH STOM TOIYIUTCS, U €CTh 3HAUCHHE f (j (x )) UL TaHHOTO X .

ToBopsr emte, uto GyHKINSA f (j (x )) MOJTy4aeTCs U3 f (u ) C MOMOIIBIO MOJICTAHOBKU U :j (x )

-3 — .2 — 1.2 3
Hpumep ¥ =U . Ecam B3ate U =X = 3x + I,ro0 HOJIyYUM CJIOXKHYIO QYHKIMIO ) = -3x+1).
Ilpumep ¥y =~U , U =2 - X.Torma y=d2-x.
1

, U =SINn X . Torxa y=——.
Sin x + |s1n X|

Hpumep Yy =——
U+ |u

YcTaHOBUM Ba)KHYIO TEOPEMY, TIO3BOJIIONIYIO BECEMa MPOCTO BHIYUCISATH HPON3BOIHBIE CIOKHBIX (QYHKIIHH.

Teopema. Ilyctes y = f Uu), roe U :j (x) Ecmu s cooTBeTCTBYIOMMX ApYT ApYry 3HaueHuid U u X

CyHIECTBYIOT KOHCYHBIC MMPOU3BOAHBIC fq(u) u u¢, TO CYHICCTBYCT U KOHCYHAs IMPOU3BOAHAsA OT y no X , IpU4eM

»e =f¢(u )u¢, T. €.

dv _dy du
dx dudx
Ipumep y :Q +x° ) [Tonoxum y=u’, u =1+ x>

y¢=5u4u¢=5(1 +x° )' (1 +x° } =10x<1 +x7 )‘ :

Ipumep ¥ =Sin3x,t.e. y =sinu, e u =3x.y¢=cosu u¢=cos 3x ><3x)¢=3 cos3x.

B cnydae cnoxxHOM (GyHKIHUHM, TONYYCHHOM B PE3yNbTaTe HECKOAbKUX CYTIEPIIO3UIINH,
MIPOU3BOIHAS HAXOJUTCS IOBTOPHBIM MPUMEHEHUEM (POPMYJIIBI HECKOIBKO pa3s.

Ipumep y=(1+sin2x)3,
y¢=3(1 +sin 2)()z (1 +sin 2x)¢ :3(1 +sin Zx)z cos 2):(2x)¢ 26(1 +sin 2x)z cos2x.
[IycTs nana pynkuus y = f X | (onno3naunas), £ - ee o6nacts 3ananus, € - 061acTh H3MEHEHHS,
Bo3bmem Kakoe-HUOY b 3HaYCHHE y u3 obnactu W3MCHCHHUS e. Ecnu byHKIUS

y=f (x) sospacmarowas (WM yobieaiowast), TO B3ATOMY )/ OTBEYAET JHUIIb OJHO 3HaYeHHe X U3 E', nns xoroporo
y = f (x ), 1 TEM CaMbIM MBI [IOJIy4aeM HEKOTOPYIO OJTHO3HAUHYIO (YHKIHIO X = g(y), KOTOPYIO Ha3bIBalOT 0OpaTHON

s Gynkuun Yy = f (x) OHa HMeeT CBOeH 06MACThIO 3aMaHHs MHOXeECTBO €, a obmactbio msmenenns F; E u €
MIOMEHSUTHCH POJIIMH.

Teopema. Ilycte y =f (x) u X = g(y) - B3auMHO oOpaTHBIe, Bo3pacTaromue (Wid yObIBaromne) u
HenpepsIBHbIe (DYHKIMH, 3a4aHHBIE B HEKOTOPHIX NPOMEXYyTKax. Eciu B Touke X CymiecTByeT KOHEYHasl IPOM3BOIHAS

f (x ) 10,108 COOTBETCTBYIOMIEH TOuKe ) QyHKIMa & (y) TaKKE MMEET NPOM3BOIHYIO (10 ) ), IpHIEM

g'(Y>=71(;)a

YTO MOXXHO 3a11ucaTthb U TaK:



a1
dy dy
dx

Ecnu dyHKIMS MMeeT HyIeBYIO WM OSCKOHEYHYIO MPOHU3BOAHYIO, TO 0oOpaTHas (YHKIHMS B COOTBETCTBYIOIICH
TOYKE MUMEET OECKOHEYHYIO MJIH COOTBETCTBEHHO HYJIEBYIO IIPOM3BOIHYIO.
Bamaun
3amaya 1. HaiiTi mpon3BOIHBIEC 3a1aHHBIX (QYHKITHH:

1. y= ovigz 9 y=In{z+ V1+22). 3. y= lu?(l —cosx),

3%(sinx +cosxIn3) sh 2z

1+1n%3

4. y = In(arcsin/z). 5. 1y

P »
ch*2x

7. y = arcsin —. 8 y=arctgd¥®. 9. y=In(l+ vthz).
Ve

10. y = Insin3 — i i

sinx
3amanue 2. BeraucnuTh mpou3BOAHYIO GYHKITUU

a) y =5 +xlnx,BTque X, =1;

) y(x) :gx3_ 1. 43 +5.B10Ke X, =1
3 5
B)f(x) :2x\/_- %BTO‘IKC X, =4,
X

r) f(x) =4x> + 6x +3 B TouKe X =1.

3amanue 3. BeIYucauTh MPOU3BOIHbIE:

a)
1) y=arcsinby;  2) y=arcsin}) x(x>0) 3) y=arcsinmx,
4) y = arceosbx;  5) y = arccos (1 — x®); 6) y =‘arcr:'as—:7 r
0)
1} y = arctg 5x; ) y= arctg-;— : 3) y= arclg 3x%;
4) y = Varclgx; ) y = arcctg mx; * 6) arcclg T?I-Tl
B)
1) y = In{ax 4 b); 2) y=In®x; 3) y = Insiny;
4) y=Inarctgx, 5) y=xInx, E'Jy:]%x;
TV y=Inx+ VT L), 8) y = In(lnx).
Bormpocet

1. Kakas ¢pyHKUns Ha3bIBaeTCS CIOXKHOM?

2. O0ObsicHuTE TIpaBuIIa TUPPEepeHIIMPOBAHNUS CI0KHON QYHKINH.
3. Kakas ¢pyHKIMs Ha3bIBaeTCS 0OpaTHOW TaHHOW?

4. KaxoBsl npaBuia quddepeHnnpoBanust 00paTHOH GyHKIHN?

IIpakTnueckoe 3anaTue 3.5. 'eoMeTpuueckuii 1 MeXaHHYeCKUIH CMBbIC IPOU3BOAHOI.
Crkopocts N Touku M , nBmxymielics o MPsAMOH, €CTh MPOU3BOHAS OT PaccTosHUs S No Bpemenu I, T. €.

_ds
dt’

VrioBoit ko3Q@HIMEHT KacaTelbHOW K HENMpephIBHOM KpuBoi ) = f (x) ecTh mpousBoAHas or ) mo X (B

n

COOTBETCTBYIOIICH TOUKE):

tga = y'
NI
dy
fea =—.
& dx

ITpu 3TOM ecnu cyIecTBYeT KacaTelbHasl, TO CYIIECTBYET U MPOU3BOJHAS, B HA000poT. Ciryyaro KacaTelbHOHU, HE
napamuiensHoil ocu (), OTBeyaeT KOHEYHas NMPOM3BOAHAN; CIyYal0 KacaTelbHOMH, mapautesnsHoit ocu Oy, oTBevaer

OecKOHeYHast Ipou3BoaHAA.



o —43
[pumep Touka ABMKETCS 1O TPAMOI 1o 3akoHy S =~ (myTh § U3MepseTcs B METpax, BpeMst £ - B ceKyHIax).

Haiitn ee ckopocTb B MoMeHT | =3 .

. ds 2
Pemenue. CkopocTs B J1060i MomenT I paBHa: V :d_ =3¢".
t

Tostomy V|, =367 =75 m/cex.

pumep Touka, ocTapasch Ha HPAMOIL, COBEpIIAET KoneOaTelbHOe ABMKEHHE MO 3aKoHy § =Sin7. B kaxue
MOMEHTBI BPEMEHH CKOPOCTh 00paIaercsi B HyJ1b?
Pemenne. CkopocTh B 10001 MOMEHT UMEET 3HAUCHHE

A)
YV =— =COS ¢

Hosromy V =0 npu ¢ 2(211 + 1)%,11 =0,1,2,...

1 16
ITpumep HamucaTh ypaBHEHHs KacaTeIbHON M HOPMAIIU K KDUBOK )/ —— B TOYKe (jﬁ, — -
a2

X e
Pemrenue. YTi0Boit Ko pHUIEHT KacaTeTsHON B TI000H ToUke gaeTcs popMyItoi
1
X
2 16 1 y y
[ostomy st TOUKM C ,E+k =- Z Kak u3BeCTHO W3 aHAJIMTHYECKOH T€OMETPHH, ypaBHEHHE NPSMOH,
e 7}

V=¥, =k(x- xo).

B nHamrem ciydae Mbl osryyaem

1 1
y- —=- —(x- 2),
2 4
nim
x+4y-4=0.
OTO ¥ ecTh ypaBHEHHE HCKOMOH KacaTeJIbHOW, H300paKeHHOI Ha PHCYHKE.
y
—~
@ ®
0 1 / 2 3 X
. . 2 16
VrioBoit KOS(b(l)I/II_[I/IeHT HOpMaJId K KPpUBOW B TOYKE 9 ’ 5 - UMCCT 3HAaYCHHC
e a
1
HOpM =" :4
Kac
(B crTy yCIIOBUS MEPIICHANKYISIPHOCTH OBYX MPsAMBIX). Clle1oBaTeIbHO, YpaBHEHIE HYKHOH HaM HOPMaJIl UMEET BUJ
1
y- o =4lx-2)
2
N
8x-2y-15=0.

3amaun



L]
o = 5% _ 32
3amaua 1. Touka JBMXKETCS MO NPSAMOH IO 3aKOHY S = 5t 3® + 4, rae myTb S u3MepsieTcd B
CaHTHMETpax, a BpemMa t — B CEKyHZaX. HalTH cpegHIOID CKOPOCTh 3a IPOMEXKYTOK BPEMEHH OT

tv=1 no te= (1 + AN, canras At =0,5; 0,3; 0,1. Onpeenuth TakKe UCTUHHYIO CKOPOCTh B MOMEHT t = 1

CeK.
Yxasaune. 1) Haitrn AS; 2) l’.:,:%?.
3amada 2. CocTaBUTh ypaBHEHHE KacaTeIbHOW W HOpMaIH K TpapuKy (QyHKIHHU ) B TOUKE:
l. y=z-2°, a=1 2. y=x*+x+1, a=-1
3. y=m3+;?:, a=1 4. y=+T-2, a=4
5. y=z+Vva®, a=1. 6. y= Va2-90, a=-27.
2+ \_-’ll.T- = z — 2
7. ¥ = —  a=09. B, y=32%4x-2, a=16.
oerlh 2/ ¢ v #
z
4 s —2r 42
9. y=z"—z—1, a=1. luy———?yiﬂ a=2
3amaya 3. CocTaBHTh ypaBHEHHS KacaTeIbHOW U HOPMAaIHU K rpadukaM QyHKIHH, 3aJaHHBIM TTapaMeTPHYCCKH:
1 r=t—sint, 5 x =2+ 2,
' y=1-cost, ig=m/2 ' y=2-12, =1

x = /3cost, A T =1ttt
y =sint, tp=x/6. ; y=t—3% fo=l,

=]

- r = tcost, 6 2= ooat ¥,
i y=tsint, iy=m/ 2 . y=sin"t, o=/ 4.

r=+1—12 g { x =In(1 + ¢%),
1 L.

y = arcsint, fp= y = arctgit, 5= 1.

9 x=Intgt, 10 o= tsint + cost,
: y=1/sin’t, to=n/4. "1 y=sint - tcost, tp=mn/4

Bormpocet
1. KaxoB reoMeTprueCKUil CMBICI TPONU3BOTHON?
2. KakoB MeXxaHW9YEeCKHI CMBICI TIPOU3BOTHON?
3. 3anmmmTe ypaBHEHHE KacaTeNbHON K TpaduKy QyHKIHUU B OOIIEM BHIE.

IpakTtnuyeckoe 3aHaTHe 3.6-3.7. duddepeHuupoBaHue HeSIBHBIX W NapaMeTpHMYecKH 3aJaHHBIX (YHKIUIA.
Jorapupmuueckoe nuppepenuuposanue. Ilpon3soaHbie BLICIINX NOPSIAKOB.
[TycTh HEOOXOAMMO BBIYMCIUTH MPOU3BOAHYIO (YHKIHMH, 3aJaHHOW ITapaMEeTPHUYECKH, €CIIM 3aBUCUMOCTh ) OT X
3aJjaHa OCPEJCTBOM Iapamerpa t:
{ z = f(t),

y = glt),
TO 3ABMCHMOCTE I OT T 33 48T NOCPeICTEOM napaMeTpa b popMyTamm
=31,
il (t) (1)
fr(t)
Brramcasen f'(t) u g'(t), mogerasmrem B dopuyay (1) n sanncnsaes
OTBET.
IIpumep

Haira npowasogayio y),, ecan

z=In(t+ v1+#%),
y=+v1+t

: 2
7z lnl+\f;l+f.




PEMEHWE. Buramcages:

rJf;J:_ 1 (] t )_ 1
a4+ 1R Vi+t) 1+
{2 Iy .
— (14 1+¢
dy t t 7 i }

VE F1
dt VT+8 1+v1+8 = t

Moacrapiag noayEeHHRE PEaYIRTATE B opayay (1], nooyaaes

@ = In(t + 1+ 2),
144
el

Ecim He3aBucmMas mepeMeHHas x W (QYHKOMA ) CBA3aHBI ypaBHEHHEeM Buaa f(x,y)=0, KoTopoe HE
Pa3peIeH0 OTHOCHUTENBHO ), TO y Has3blBaeTcsl HesBHOM (yHkuueil x. HecmoTpst Ha To, uro ypaBHeHue f(x,y)=0 He
pa3pelieH0 OTHOCUTEIIBHO ), OKa3bIBAECTCSl BOZMOXHBIM HAalTH IIPOU3BOAHYIO OT ¥ 110 x. IIpuem BrluncCieHUs IPOU3BOIHOM
HesIBHOW ()YHKI[MM COCTOUT B TOM, 4TO 00e 4acTu ypaBHeHHA f(X,y)=0 nuddepeHunpyroTcs Mo X ¢ y4eToM, YTO ) €CTh
{ynxums x. U3 nonyuensoro ypasaenus onpenensercst )¢.

¥

¥

[pumep Haiitu npon3BogHy 0 OT HesiBHOH pyHKINH SX+3y-7=0.
Hnddepenuupys no x 00e 4acTH paBeHCTBA U YYUTHIBad, 4TO: 1) y €cTh yHKIHMS X M YTO 2) NPOM3BOJIHAS MTPABOM

- . 5
£ M f o e B (Y =2 ——
4acTU paBeHCTBa paBHa (), moydaem v 3.'-’ = 0, 3.” - 5' 2 )
[lycte ¢ynkmusa ) = f (x ) HMEET KOHCYHYIO IIPOM3BOIHYIO y¢: f ¢(x ) B K&XJOH TOYKE HEKOTOPOTo
MIPOMEXYTKA. DTa IPOU3BOJHASI caMma sIBJIIeTCS @yuxyued oT X W, MOXKET OBITh, B CBOIO O4€peab UMEET MPOU3BOIHYIO.

[TponsBoaHyto OT QyHKIUH y¢ = f x) Ha3BIBAIOT 6MOpOll MPOU3BOAHON (WIIM MPOM3BOAHOU 6MOp020 NOpsAOKA) OT
Gynxuun ) = f (x ) 1 0003HaYaIOT OJJHUM M3 CHMBOJIOB
d*y flx) &
& , fex) ———, —flx).
dx2 d l de dx2 ( )

MoseT CIy4yuThCsl, YTO W BTOpas MPOW3BOJHAS B CBOIO OuUepelb HMEET MPOM3BOAHYIO; 3Ty IMPOU3BOIHYIO

Ha3BIBAIOT mpemyetl MPOM3BOTHON (MU MPOM3BOJHON mpembeeo nopsoka) oT GyHKuuM ) = f X | u obo3HayarOT

3 3 3
d’y en( ) d'f (X) d ( )
e —, S®x) 3 > 33 Slx).
dx dx dx
AHANOTUYHO BBOIUTCS uemeepmas, namas W IPyTHe TPOW3BOIHBIC - MPOU3BOIHBIC JI0OOTO mopsaka. s
0003HaYCHHS IPOM3BOTHON N-TO MOPAIKA YIOTPEOIISIOTCS CUMBOIIBL:

dny dn f x dn

() ( ) )
dx x dx

I/IHOF)]a JUISL yKa3aHI/IH TOf/i HepeMeHHOﬁ, 1o KOTOpOﬁ 6ep€TCH HpOI/I?)BO,Z[HaSI, HI/IHIyT

e, e,

&, v,

KaKUM-I1100 U3 CUMBOJIOB

nJu, bonee KOpPOTKO,

IIpumep
y=2x%, ye=6x?, ye=12x, yet=12, y*¥ =, =_=0.
IIpumep
p=2x'- 52 +1, p¢=6x>- 10x, y¢=12x- 10, yee=12, ") =8 = =0.
IIpumep
y =sinx, y¢=cosx, y€&=-sinx, py&=- cosx, y(4) =SiNnX, 3HAUEHMS IOCTEAYIOUINX HPOU3BOIHBIX
YepeyIOTCS B TOM K€ TIOPSIIKE. )
n

YToOBI MMETO CMBICII TOBOPUTH O KOHEYHOM HIIH OECKOHEYHOM 3HAYeHHWH )"~ B TOYKE X(), HYKHO, 9TOOBI

1)

O6p330M, Korjga roBopAT, YTO B TOYKE xo HMEETCS KOHEYHass WM OCCKOHEYHas n-s IpoOUu3BOAHAA, TO TEM CaMbIM

kaK Qynkuus or X Obula ONpE/EsieHa U KOHEYHA B HEKOTOPOM MPOMEXYTKE, COIEPKAIIEM TOUKY X(. Takum

MOJPa3yMeBaOT CyIIECTBOBAHNE KOHEYHON (n - 1)—171 TPOU3BOAHONM B HEKOTOPOM NIPOMEXKYTKE, CONEPIKAIIEM TOUKY X .

Bamgaun
3agaua 1. BerauciuTh Nponu3BOIHYIO QYHKINU:



a)
I 14+ xV 24 o
Dy= 42 (ln 1—xV24m

+ 2 arctg ﬂ/?)

1 I “'IVE-FX' .1']/2
= n = +- 2 arct
3 y= 4—[§(V3|ﬂl+x+xi+23rctg VS)
0)
1. y= (sinz)v 2. y=a"3ve,
h y= ll:s’.' ;T_':II'“' r 6. y= _,17\"'? gl
- e Sy 5, e
1, y l:_'1111 “,llnf.lu h- 10. y J:.:r_,- 3J_‘

3ananue 2. HaiiTu mpou3BOIHBIC N-TO MOPSIIKA 3aaHHBIX (YHKITUI:

1. y=sin2z +cosdz. 2.y =sin(3x+1) +cos2z. 3. y = 2%,

4. y=In(2zx + 4). hoy = : 6.y = i ;
Z i : T+1 v 2x+3

7.y = 3=+, 8. y=In(3z+1). 0. y = 52,

10.y = /.

Bormpocet

1. Kakas ¢pyHKIHS cauTaeTcs 3aJaHHOH HESIBHO?

2. 3anmmute Gopmyrsl quddepeHnrpoBaHus (yHKINH, 3a1aHHON HESIBHO.

3. Jna muddepeHmupoBaHns KakuxX ~(QYHKOUH —1enecooOpa3sHO IMPUMEHEHWEe MeTola  JIOTaphu(pMHYECKOTro
muddepeHIpoBaHUs?

4. laiiTe onpeeacHue MPOU3BOAHOM mopsaka n. Kak 0003Hauar0TCst MPOU3BOIHBIC BBICIINX MTOPSIAKOB?

5. Omumure ocobenHoctn muddepennrpoBanus GpyHKINI, 3a1aHHBIX TAPAMETPUIECKH.

Tema 4. IIpuiio:keHnss NPOM3BOAHOIA.
IIpaktnueckoe 3anatue 4.1. IpaBwio Jlomuranss packpeiTusi HeompepaejdeHHocreil. @opmyna Teisiopa s
MHorouiena. ®@opmyJia Teilnopa 1151 Npou3BoOJILHON (PYHKIMH.

Pedp moiiner o BEIMHMCIEHUH TIpeiesia OTHOMICHHUS JIBYX OSCKOHEYHO MaJIbIX WJIM JIByX OCCKOHEYHO Oonpmmx. B

IEPBOM CJIy4ae TOBOPAT, YTO UMEIOT JIEJIO C «HEOMPEAEICHHOCTLIO TUIIA 6 », BO BTOPOM CJIy4a€ — C «HEOIPEAEIIEHHOCTLIO
tuna — ». KoHewHo, camu 1o ce0e CHMBOJIBI — W —— JTUIIEHBI CMBICINIA, M HX MCIIONB3YIOT JIUIIE i 0003HAYCHHUS THITA
HEONPEICICHHOCTH.
. sinpx 0
Ipumep. lim — HEOIPEAECIECHHOCTh TUIIA —.
@l Inx
2
. X" +5x-1 ¥
HQI/IMCQ. Iim——FMM— — HCONPEICICHHOCTh THIIA —— .

®¥ 2y’ +3
CJICI[yIOH.IaH TE€OpEMa OCHOBBIBACTCA Ha TCOPEME Komm n JacT II0JIC3HOC 06]1[66 TpaBUJIO IJIA PACKPBITHA

0 ¥

HEOIlpeIeIeHHOCTeH BUAa — M —— , B JINTepaType OOBIYHO Ha3bIBAIOIIeeCs npasuiom Jlonumans:

Iyemo npu X ® A gynxyuu f (x ) odHoepemeHHO cmpemamcest K Hyaio unu k beckoneunocmu. Toeda

llm —lim Y ,
x®a g\x x®a g0x

ecITi BTOpOU mpenen (KOHEUHBIH nin OeCKOHEUYHbIH) cymecTByeT. [Ipu sToM mpenmonaraercs,
YTO B HEKOTOPOW OKPECTHOCTH TOYKH a (3@ MCKIIIOUEHHEM, ObITh MOXKET, CaMoii 3ToM Touku) f (x) U
g(x) nuddepeHIpyeMsl 1 g¢(x)1 Ompu x' a.
Ipaesuno coxpansem cury u mozoa, kozda paccmampuéaiomcst b suavenus X < A um X > A , a maxoce 6
coyuae A =¥ , +¥ ww - ¥ .
IIpumep.



sinSx ScosSx _

lim :limi2 =5.

x® 0 tgx x® 0 sec’x
Ipumep.

. sinpx . cospx

lim P =11mp Px _.

x®1 lnx x®1 1

X

IIpumep.

l?-3) x
lim — =lim{——— =4
2 x? - 3x+2 w92 [y - 3[2x- 3)
Moxet CJIIYYUTBHCS, YTO OTHOMICHHWEC MPOU3BOAHBIX OIIATH MPHUBOAWUT K HCEONPCIACICHHOCTH. Ho x oTtHomeHuio
MNPOU3BOAHBIX MOKHO CHOBa IMPHUMCHUTH YCTAHOBJIICHHOC IIPaBUIIO (GCJ’II/I, KOHCYHO, BBIIIOJHCHbBI YCJIOBUA €TO
HpI/IMeHI/IMOCTI/I), T.C. Hepef/'ITI/I K OTHOLICHWUIO BTOPBIX IPOWU3BOIHBIX. Ecimm n 31€CH IIOJY4acTCA HEONPEACICHHOCTH, TO
NEePEXOAUM K TPEThUM NPOU3BOAHBIM, U T. A. KoJb CKOpO Ha KaKOM-TO LIAre Mbl IOJYyYUM MpEAes, KOTOPbII CMOXEM
BBIYMCIINTH, TO HAMIEHHOE €ro 3Ha4eHue U OyIeT HCKOMBIM IIPEIEIOM OTHOIICHUS (PYHKITHIA.

IIpumep.
. 1-cos3x . 3sin3x .. 9cos3x 9
lim > =lim =lim =—.
x® 0 X x®0 Dy x® 0 2 2
IIpumep.
. x-sinx . l-cosx . sinx . cosx 1
lim 3 =lim > =lim =lim =
x®0 X x®0 3y x®0 Hx ®0 6 6
HMCCTCX [S11(§ pH,H OCO6BIX cnyqaeB BBIYHUCIICHUA HpeHeHOB, OAHAKO BCE€ OHHU JICTKO CBOIOATCA K cnyqa;{M
0 ¥
HEOIIPEACIEHHOCTE! TUlla — U g :

a) 1_i®m( f (x))g(x)),me f (X)® ¥,¢ (x)® ¥ — coyuait neonpenenennocty trma () D
6) lim(/(x)- glx)). e /(x)® ¥, glx)® ¥ —cayuait ¥ - ¥ ;
B) lién(f(x))g(x),ruenﬂ% f(x)® 0wu g(x)® 0 — ciyuait OO,J'II/I60 f(x)® ¥u g(x)® 0 - cmyqaii

¥ w60 f(x)® lu g(x)@ ¥ — cyuait ¥,

1

. . Inx . .
Opumep. lim{x Mn x ) =lim =lim =- limx =0

x®0 @0 ] X®0 1 X®0

X X2

: . . Insinx . cosxin®x . .
Ipuwmep. hm(tg x nsin x) =lim— =- lm—F— =- hm(cos X $1n x) =0

x® 0 x® 0 Ctg X x®0 Sin x x®0

®opmyna Teitnopa aas MHOTOYIEHA
PaccMoTpuM MHOTOUJIEH 11-11 cTENEHU

f(x)zco tex+e,x’ +ex +.+c,x” (1)
(Cp, €15 Cy ... C, —mocTostHHBIE). [Ipomuddepenuupyem o1y GyHKuMIO 1 pas:
f¢(x) =c, +2¢,x +3cx” +.. +ne, x",

f@(x)ZI e, +28cx+... + (n- l)ncnx"'z,
fafx)=128c, +...+ (n- 2)n- he,x">,

F™(x)=12 8 %..>c,.
Ecmu BO Bcex 3THX (QopmMmynax MOJIOXKHTE X :O, TO IOJIYYUM f(O) :CO, f¢(0) :Cl, f‘a(()) :2!02,

180)=31c,..... £(0)=nle,.

OTKyJ1a
o :f(O), o :$,O)’ ¢ :fg())’ ¢

3 =

/&) . _100)
3!



[MoncraBuB 3TH 3Ha4YeHus B paBeHCTBO (1), Halinem
d0) , 140) ., relo) ")
f(x):f(0)+f x+f x2+f x3+...+f4x"- @)
I! 2! 3! n!
3neck K03 UIMEHTH MHOTOUICHA BBIPAXKCHBI YePE3 €ro 3HAUCHUE M 3HAUCHHS ero npon3Bonkx B Touke X =0

OxkasbIBaeTcs CIpaBeUTHBoil 1 Oosee obmiast Gopmysa. Ilycrs a — kakoe-HUOY b uncio. [lonoxum X = d =1,
? — noBas nepemennas. Toraa

f(x)Zf(t+a)=co +cl(t+cz)+cz(t+c1)2 +c3(t+a)3 +...+cn(t+a)';
9TO — MHOI'OYJICH CTCIIE€HU 77 OTHOCUTEIBHO . PaCKpI)IB CKOOKU U CrpynrnuvpoBaB 4JICHBI, TOJTYyYUM
flx)=C, +Ct+Cr +Cf +..+Ct"

(CO , Cl , C2 , C3 ..C ,, — HOBBIE KOO(Q(QHIMEHTBI) UK, BEPHYBIIMCH K IEPEMEHHOM X,

f(x):CO +Cl(x- a)+C2(x- a)z +C3(x- a)3 +...+C”(x- a)’. 3)
Takum 00pa3oM, Kakoeo Obl HU OLLIO A, MHO2OHICH CIMeNneHu N 6ce20a MOJNCHO 3anucams 6 sude (3). Ita hopmysa HOCUT
Ha3BaHue ¢opmyavl Teinopa 1ji MHOTOWICHA U COICPXKUT (opMyIty (2) Kak YaCTHBIN cirydait (mpu A =0 ); popmymy (2)
Ha3BIBAIOT 4acTo ¢opmynou Maxiopena.
®opmya Tetinopa as mo0Ooi n pas quddepeHnnpyemMoit QyHKITUH:

f(b):f(a)+fi(!a)(b-a>+f‘;(!a)(b- a)z+ ...... I(M—(T)(b a)’ f(n)( )(b a)’

Qopmyna Teinopa uMeeT BaKHbIC NPUMEHEHHs BO MHOTHX BOIPOCaX MAaTeMaTHYECKOrO aHalli3a U €ro
NPUIOKEHNI. B YacTHOCTH, BO MHOTHX CIydYasx OHa ITO3BOJISICT (YHKIHMIO CIOXHOIH MPUPOABI ¢ OONBIION CTENEHBIO
TOYHOCTH 3aMEHHTh MHOTOYIICHOM, T.€. (GyHKIHEH Ooilee POCTOH, JaeT MPOCTOi CIoco0 MPUOIIKEHHOTO BBIYUCICHHS
3HaYeHUH (PYHKINH.

Bamgaun
3amaya 1. BeIuucauTh npeaess:
1

i 2
1) i!__n: (—f—arctgx) (0°%)
2) tim (2 aretgx] ()
X 0 T )
i
3) lim(cosax)* (1%)
=0
3anaya 2. BerauCIUTh Mpeiens:
1) lim (cos gx)eosec®bx (] =);

9 tim(14+4) "
3) lim {tgx)te 2 (1%,

4) lim (—Inx)* (=)
- X4 a
5) lim (tg xppin 2 (ac®).
ml‘;.
3amava 3. BeIYMCIIUTG IIPENEIbL:

S _ P=BA Ty — 10
1) LL_I:E pe g e g Py o 2) I'“;ru Gt —oxf L Ix—5"'
3 lim tsbend lim et e sl

g Xt Jxt— 4 H,__?,t"' da?— 47

k=2
L Xy _Br4 ]2 v Vata—Vig
4 tim L 5) lim atr=boe .
) o X —4x? L x4 6 ) r=gV o+ 3r— ¥ 3a
] L 4
a2, 7y limE ;
x--.ﬂ:."rf—ﬂ } x-=0 ¥
T RS _
8) Im =t Ir_Va_—art s, . 9) Jim——%
x=0 Vﬁ'—f“lfrﬂ—-r xh{}l_r_'_l'n‘r

3anaua 4. BeIUMCIUTD NIpeaesbL:

1 1 % . ' . mo
D i {2 ) e 3.
! g



3aada 5. PaznokuTh MHOTOYWIEH 110 CTEMEHAM X = X, , €CJIU:
3 2

a) P(x) =x"+4x" - 6x-8, x,=-1;
5 4

6) P(x) =x"-3x" +7x+2, x,=2.

1
3agaua 6. Pasnoxuts 1o popmyse Teitnopa pynkuuo f(x) =— B touke x, =l.

3anaua 7. Paznoxuts no gpopmyse Teiinopa pyuxumio f(x) =2" B Touke x, =log, 3.

Bormpocet
1. Cdopmymupyiite mpaBuiio JlonmuTtas A pacKpEITHS HEONPEAESICHHOCTEH.
2. HeompeneneHHOCTH KaKOTO BH/Ia MOKHO «PacKpbIBaTh» MPH MOMOIIH npasmia Jlomuransa?
3. 3anmcats Gopmyiry Teitmopa mis MHOTOWIeHa. [IpuBecTn mpuMep MpakTHIECKOTO MPHUIIOKESHUS (POPMYITHL.
4. Banumute Gopmyny MaxkimopeHa. O0bscHUTE B3aUMOCB:3b (opmyi1 Teittopa u MakiiopeHa i MHOTOY/ICHA.
5. 3amumute Gopmyny Teitnopa mist moboii quddepeHnupyeMoi n pa3 GyHKIHH.

IIpakTnueckoe 3anstne 4.2-4.3. Bospacranue n yobiBanne GpyHknmii. JxkcrpeMyM GpyHKuuH. Beinmykiaocts rpagpuka
¢ynknuu. Toukn neperndéa. AcuMnToThl rpaguka GQyHKIHUN.
Touxu, 6 komopbix QYHKYUs umeem KCmpemymbl, credyem UCKamy cpeou mex GHYMpeHHUX moyex ee obaacmu

3a0anus, 20e aubo f (l(x ) =0, aubo f Q(X ) =¥ , wbo f Q(X) He cywecmseyem. Bce 3TH cllydal peau3yroTcs,
2/3 —
> y _‘x

Touku YKazaHHOI'o0 BHUAa YCIIOBUMCS Ha3bIBaTb KPUTUYCCKHUMHU TOYKaAMU. He B Ka)K,HOﬁ KpHTHqCCKOﬁ TOYKEC

oo — g2 —
Hanpumep, 1 Gy Y =X, Y =X , Kaykaas U3 KOTOPBIX UIMEET MUHUMYM IIpH x = 0.

. . . . —.3
00s13aTeNBHO OyIeT SKCTpeMyM. JleHCTBUTENbHO, TouKa X = 0 OyIeT KpUTHYECKOH M KXo n3 QyHkmmid ) =X~ (

2 _ 1 . 2/3 _
y¢=3x ,y¢:O npu x=0), Y :3\/)(? (y¢—§x / ,y¢—¥ ipu x=0),
Crenyromine TeopeMbl MO3BOJISIOT OMPEACIUTh, UMEETCSl B JaHHOH KPUTHYECKOW TOYKE IKCTPEMYM HJIHM HET, U

€CJIN UMECTCs, TO MAKCUMYM WA MUHUMYM.

Teopema 1. Ilycmo X y—kpumuueckas mouxa u Qynkyus f (x ) HenpepbvieHa 6 smotl mouke. Eciu ¢ nekomopotu
oKkpecmuocmu mouku X :

1) f(l(x)> 0 npu x< Xo u f(l(x)< 0 npu x> X, m. e. npu nepexode uepes mouky X NpoOU3B0OHAs
MeHsAem 3HAK C NICA HA MUHYC, UIU

2) f¢(x)< 0 npu x< X u f(l(x)> 0 npu x< Xq, m. e. npu nepexooe uepes Xo npouU3800HAsL MeHsem
3HAK C MUHYCA HA NTIOC, WU

3) npouszeoonas ne mensem snaka npu nepexooe uepes X, mo 6 ciyuae 1) umeem mMecmo Makcumym, 6 ciyuae

2)—munumym, 6 cayuae 3) skcmpemyma Hem.
IIpumep. f X =x3 - 3x + 1. ®Oynkuus Bciony muddepenmpyema. ClenoBaTenbHO, BCe KPUTHUECKHE
TOYKH HAXOIATCS U3 ypaBHEHUS
fdx)=3x* - 3=0.
Orcrona
x*-1=0,x =-1,x, =1
— IIB€ KPUTHYCCKHE TOUKH.

D X =-1. IIpu x < — 1 umeem: f¢(x)=3x2 - 3>0; npu -1 (HO Xx<1): f¢(x)<0.

CrenoBarenbHo, B TOUKE X; —= I umeer mecro MAKCUMYM.

2) X, =]. IIpu x<1 (1o x> = 1): f(I(x) :3x2 - 3<0; mpu x>1 umeem: fd(x)> 0. CnenosarensHo, B

TOYKe X, =] umeer mecro MUHUMYM.
Teopema 1 O3BOJISIET BBICKA3aTh CIIEAYIOIINE MPAKTHYECKH TTOJIE3HBIE COOOPaKEHHSI.
ITycte peusr maer o0 OTBICKAHUHM SKCTPEMYMOB (YHKIIUH f (x), HEIIPEPBIBHOW B HEKOTOPOM MPOMEXYTKE U

UMeEIOIIei B HEM KOHeuHoe MHOYKECTBO KPUTUIECKUX TOUEK.
Haiinst Bce KpUTHYECKHE TOUKH, PACIIONI0KUM UX B IOPSIJIKE BO3PACTaHUS abCIHcC:

a<x <x,<..<x,,<x,<b (1

(am b — xonupt paccMaTpUBaeMOro MPOMEXyTKa). B KakjoM U3 HHTEpBAaJIOB



(a”xl )’(XI’XZ l’ (xn-l’xn)’(xn’b) @)
CYLIECTBYCT KOHEYHas f @(x) 0 (TTIOCKOJIBKY BCE TOYKH, TIJIE f Q(x ) =0 , f (I(x ) =¥ wm rge f d(x ) HE
CYLIECTBYET, BOLLIM B YHUCIO TOYEK X|, X5, ... , X, ). lIpeanonaras f X | HENpPepBIBHON B Ka)KJOM M3 YaCTHYHBIX
WHTEPBAIOB (2) — Ha MPAKTHKE 3TO OOBIYHO TaK M OBIBACT, — HETPY/HO IMPHHTH K BBIBOJY, UTO f (I(x ) coxpawsem 3HaK

BHYTPHU KaXJIOTO TaKOro MHTEpBaja (eciu Obl f (l(x) MeHsla 3HAK BHYTPU KaKOTO-HHOY/b W3 MHTEPBAJOB (2), TO IO

CBOMCTBY HENPEpPHIBHBIX (YHKIMH OHa oOpamanachk Obl B HyJb B HEKOTOPOH GHympeHHell TOUKE 3TOr0 MHTEpBaja, 4YTo
HEBO3MOXHO). UT0OBI HAHTH ATOT 3HAK, JOCTATOYHO, HAPUMEp, YCTAHOBHUTH €0 Ul KaKOW-HUOYIb KOHKPEmHOU TOUYKA
COOTBETCTBYIOILIETO HHTEPBAJIA.

B pesynbrare nHTepBaiaMm (2) OyaeT cOOTBETCTBOBAaTh HEKOTOPAs IIOCIEAOBATEILHOCTh 3HAKOB IUIIOC U MHUHYC,
XapakTep YepeloBaHMs KOTOPBIX B CHILY TEOPEMBI 1 MMO3BOISET CYIUTh O HAIMYMU MakCHMyMa (CMeHa IUIIoca Ha MHHYC),
MUHUMyMa (CMEHa MIHYCa Ha IIIIOC) WIIM 00 OTCYTCTBHH 3KCTpeMyMa (COXpaHEeHHE 3HaKa) B COOTBETCTBYIOIMINX TOUKAX.

IIpumep. f (x ) :(x + 1)2 (x - 1)3. @OyHKuuMs 3aaHa U HENpepbIBHA BO BCEM OECKOHEYHOM IMPOMEXYTKE
(— ¥ ,¥ ) Ee npoussoanas

Fd)=20c+1)0e- 1P +3(c+1P (- 1P =(c+1)(x- 1P (5x+1)=5(c+1)(x - 1)Z§c+£(3>

BCIOZLy CYLIECTBYET U KoHe4uHa. Clie10BaTeIbHO, KPUTHIECKUMH TOUKaMH OYAYyT utus T€, U1 KOTOPBIX

fdx)=0.
1

xl - 1, X2 =- — X3 :1
5
[IpomexxyTok 3amaHus PyHKIIMH TEM CaMbIM pa30MBAETCsl HA MHTEPBAJIBI
& 16l 0
(— ¥ .- 1), ¢ L-—=¢ .15 (1,+¥).
e Soe 5 o

COOTBGTCTByIOH.IaH IOCJICA0OBATCIBbHOCTh 3HAKOB HpOPISBO,HHOﬁ HMECT BUJ
+,-,+ +.

CnenoBarenbHo, B TOYKE X =-1 ¢ynxuus f (x ) UMEEeT MAaKCHUMyM, IpUYEM f (— 1):(); B TOYKE

1 2 16 16 216 _ 3456 B
X, == g - MUHAMYM, TIpUYeM f (o == — - , B TOUKE X3 =1 skcrpemyma Her.

50 25 125 3125
Teopema 2. Ilycmb 6 kpumuueckol mouxe X QyHKyus f (x ) n pas oupgepenyupyema (n > 1), npuuem

f¢(x0 ) :f@(x() ) —... =f("'1)(xo ) =0, no f(")(xo )1 0. Ecau n vemnoe, mo umeem mecmo oKCmMpemym, a

UMEHHO: npu f (”)(xo )< 0 —MaKkcumym, npu f (”)(xo )> O—MuHuMyM. Ecnu oce n neuemnoe, mo sxcmpemyma

Hem.
OrtbIckaHe HaNOOBIINX ¥ HANMEHBIINX 3HAUYCHNH (DyHKIIUH

[Myctp dyHKIMA f (x ) 3aJjaHa W HENpephIBHA B HEKOTOPOM ITPOMEXYTKE. ECII 3TOT IpoMeXyTOK He sBIseTCS

OTPE3KOM, TO, KaK MbI 3Ha€M, Cpean 3HAYCHUI f(X) MOKET U He OBITh HAMOOJIBIIETO UM HAUMEHBIIIETO. OﬂHaKO MOXHO

yKa3aTb IPOCTOM MPU3HAK, KOI/Ia TAKKUE 3HAYCHUS 3aBEZIOMO CYILECTBYIOT.

Teopema 3. Eciu 6 OaHHOM npomedxCcymiKe umeemcs eOUHCMBEHHbLL SKCMpPeMyM, MO COOMEEmCcmeyouyee
3HaueHue QyHKyuu Oyoem aubO HAUOOALWUM, AUOO HAUMEHBUUM, CMOMPS NO momy, OyOem U 2MOM IKCMPEeMym
MAKCUMYMOM UTU MUHUMYMOM.

Ecnu HanOosblliee WM HaMMEHbIIIee 3HAUEHHE NOCTUTAETCS BO 6HYMpeHHell TOUKE OTPe3Ka, TO OHO HeoOX00UMO
OyZeT OJHUM U3 MAKCUMYMOB WJIA MHHAMYMOB H, CJICJIOBATEIILHO, OyICT TOCTUTAThCS B OJHOM U3 KPUTUYECKUX ToueK. Ho
OHO MOXKET JIOCTUTAThCS M B KOHIC OTpe3ka. OTCIO[a CIEIyeT, YTO JJIsl OTHICKAHUS HAaWOOJBIICTO WM HAMMEHBIIETO

3HAYEHUN f (x ) JIOCTAaTOYHO CPaBHHUTH MEXTY cOOOW ee 3HA4eHHUs BO BCEX KPUTHUECKHX TOYKaX U B Toukax ( H b;

Haubobuiee U3 BCEX ITUX YUCEI 6yaeT HAUOONILUUM 3HAYCHUECM f(X) Ha OTPE3KE la, bJ, HaumeHvuiee N3 dTUX YHUCCIT



NaCT HauMeHbuiee 3Ha4eHue f (x )

— 2 2
IIpumep. PyHKUMS f (x )—\/ (l - X }1+2x ) uMeeT oO0NacThio cymecTBoBaHUS oTpe3ok [-1,1]. Ee
HaI/I6OJ'H)IHee U HaUMCHBIICC 3HAYCHHUA, OUYCBHAHO, JOCTHUIakOTCd B TCEX XKC TOUKaX, YTO U A (byHKHI/II/I

g (X ) = Q - X 2 ﬁ +2x 2 )' (paccmarpuBaemoiil Ha ynoMsiHyTOM OTpe3ke). 113 ypaBHeHHs
g(I(x) =- 2xQ +2x° )+ Q - x° )>4x :2x(1 - 4x° ):O

HaxoouMm X =0 > Xy == 0,5, X3 :O,S . B otux Toukax @\ X | umeeT 3HaueHus:
glo)=1, g(- 0,5)=¢g(0,5)=1,125.
Eciam comocraBuM 3TW 3Ha4eHHMs CO 3HAYCHUSAMH B KoHmax & (- 1): g(l):(), TO YBUAUM, YTO HaWOOJIBLIINM

3HAYCHUEM s & (X) Ha otpeske [-1, 1] Oyzer 1,125 (npu x=%0,5), naumenpinm Oyaer 0 (npu x== 1). g dyskun

f (x) HanOOJBIINM 3Ha4eHHeM OyJIeT Toraa 1,1 25 (upu x=+0,5), Hanmensimm — no-npexaemy 0 (mpu x =+ 1).

ITyctes xpuBas 3amaHa ypaBHEHHEM ) — f (X ) U B TOYKE C abcuuccoi X( HUMeeT KacaTeJbHYIO, HE
napajiensHyo ocu Oy.

Ecnu B HEKOTOPOH OKPECTHOCTU TOUKU X, KpHMBas JIEXKHUT HaJ OTON KacaTEIbHOM, TO TOBODAT,
YTO KPHUBas B TOUKE X, BBINYKIA BHW3. AHalo2uunO, ecu 6 HeKOMOpou OKpecmHocmu X, Kpueas
Jiedcum ToJ Kacamenvbholl, mo 2060pam, 4mo OoHa 6 mouke X, BblIyKia BBepX. Ecnm B HexoTopoin
OKPECTHOCTH TOYKH X, CII€Ba OT X, KPHBas JIEXHT II0 OJHY CTOPOHY YIOMSHYTOH KacaTeIbHOM, a
CIIpaBa OT X, — I10 JIPyTYI0 CTOPOHY, TO TOBOPAT, YTO X, ECTb MOYKA nepe2uba KpUBOM.

Teopema 4. Eciu 6 mouke Xy cywecmeyem KOHeuHas NpouU360OHAs f @(XO ) npuuem f Q(xo )> 0, mo 6
mouxe Xy Kpuedas 6bINYKId 6HU3, eCu Jice f @(xo )<0, Mo Kpueas 6biNyKid 66epXx.

Teopema 5. Ilycmyo f @(x ) cywjecmeyem u KOHeYHA 6 HeKomopou okpecmuocmu mouku X. Ecau f @(X )
Mensem 3HAK npu nepexode x uepes mouxky X, mo Xy—mouxa nepeauba. Ecmu orce f QI(X ) 6 okpecmuocmu X
coxpansent 3HdK, mo 6 mouke xo nepeeu6a Hem.

[Ipumep. Haiitm Toukm mepernba W HCCIENOBATh XapaKTEP BBIMYKIOCTH KPHUBOM
y =x’ - 3x* +1. Bouncmsem: y¢=3x> - 6x, y&=6x- 6. Vpasueune y§=6x- 6 =0 naer
x =I.pu x <1, oueBumno, y§< 0 (xpusas BbmykiIa BBEpX), ecm ke X >1, to y€>0 (kpusas

BBINyKIa BHK3). Touka X =I sBisercs Toukoii neperuba.
OTpIcKaHKME aCUMIITOT

ITycts KpuBas 3ajlaHa ypaBHEHUEM ) — f (x) Mosxer ciyuuTbes, 4To npu X ® +¥ wm npu X ® -¥
KpHBas HEOTPAHUYEHHO NPUOIMKAECTCA K HEKOTOPOH (PMKCHPOBAHHOM MpsAMOH ) =kx + b, nazsiBaemoii acumnmomoii

Ui TaHHOW KpuBoi. Tounee rosops, npsamas ) =kx + b nasvieaemes acumnmomoii ons Kpusoi Y = f (x ) npu

X® +¥ (wmnopu X ® -¥ ), ecin 1@1)m¥[f(x)- kx - bJZO

W3 BBICKA3aHHOTO ONpEJENIEHHUs CIEAYyeT, 4TO KpuBas ) — f (x) UMEET 20pU3OHMANbHYIO ACUMITTOTY ) =b

TOTJ1a U TOJIBKO TOrJIa, KOTraa 111’1’1 f (x ) :b (W11 COOTBETCTBEHHO MpU X ® -¥ ).
x® +¥

Jnst CymecTBOBaHMs HAaKIIOHHOW aCHMMITOTBI ) =kx+b HEOOXOAMMO U JIOCTATOYHO, YTOOBI CYIIECTBOBAIIH
f@ _,
X

KOHEYHBIE MPEeIbl lim

u lim [ f (x) - /OCJ =b. (TTpn k =0 IIOJIy4aeM OIISITh FOPU30HTAIBHYIO
X® +¥ x® +¥

ACHMIITOTY.)

x2+3x+5

Ipumep. Haiitu acumMnroTe! rpaduka Gyskiuu ) = 1
X+



VACY)

x?+3x+5

k = lim = lim 1
x®+¥  x x® +¥ x+1
éx? +3x+5 U
b = lim X)- kx|=1lim g~ x3=2
x®+¥|:f( ) ] x®+¥é x +1 H

CrnenoBaTenbHO, IMEETCS] aCUMITOTA (M Ipu X ® +¥ u mpu X ® -¥ ) y=x+ 2.

4 2
Hpumep. Onpenenum HanOONbIICe U HAUMEHBIIICE 3HAYCHUS (HYHKIIUU f (x) =x"=-2x"+3 na OTpe3ke |[-

2;1].

Pemenne. @yHknms f{x) HempepblBHa Ha 3aJaHHOM oTpeske [-2;1], xak MHorowreH. IlosTromy mo Tteopeme
BeiiepmTpacca oHa gocTUraeT Ha 3TOM OTpe3Ke HanOoJIbIIee 1 HAaNMEHBIIIee 3HAYCHHS.

Haiinem kpuTHueckne TOUKH, A7t 4ero npoanddepenupyem QyHKIuio.

fax) =4x> - 4x =4x(x* - 1)
Torma fd(x) :O,QCJII/I)C:OI/IJII/IX:-l wmx=1.

[omyunnu aBe kpuTHYecKue Toukn x = 0 u x = -1 mpuHaATeKaIINe JAHHOMY TPOMexXyTKy [-2;1]. Touka x = 1 He
SBJIACTCS] BHYTPEHHEH U IOATOMY HE KPUTHYECKas.

Beruncinm 3Hadenust QyHKIUH Ha KOHLAX MPOMEXKYTKA U B KPUTHUECKUX TOYKAX M BbIOEPEM M3 HUX HauOoJblee
U HAMMCHBIICC.

f(-2)=(-2)*- 2(-2)* +3=16- 8+3 =11
f)=1-2+3=2
f(0)=3
) =1-2+3=2
CaesosatebHo, i?f (x) =/(1) =2, ax f(x)=f(-2) =11.
-2 -2

3amaun

3agava 1. Haiitu 3HaueHust X , Ipu KOTOPBIX (QYHKIMS f ( X ) =4x + — umeer SKCTPEMYMBL.
X

7 48

3agava 2. Haiitu 3HaueHust X , Ipu KOTOPBIX (QYHKIMS f ( X ) =3x° + — umeer OKCTPEMYMBL.

3anada 3. Halitu unTEpBansl MOHOTOHHOIO yObIBanus GyHKIMKM ) =X 3 +1,5x 2 +2.

3
2
3anaya 4. Haiith MHTEpBaibl MOHOTOHHOTO yObIBaHUA QYyHKIMH ) ——— = 2x° +3x+1.
2
X 3 X
3azmaua 5. HaiiTi HHTEpBaIbl MOHOTOHHOTO yObIBanus Qynkimn ) ——— + ——= X
6 4
2
-3x"-5x-4
3anaqa 6. Haiitn ypaBHeHHEe HAKIIOHHON acCHMIITOTHI rpaduka GyHKIMH ) = .
x+1
x? +3x- 12
3azmaua 7. Haiitn ypaBHeHHEe HAKITOHHON acCUMITOTHI rpaduka GyHKIwmiA ) :—5.
X+

3amaya 8. HaiiTu Bce KpuTHUECKHE TOUKH (PYHKIIUN f(x) :2)(?2 - 6‘)(? + 1‘ +5.

2
3anaua 9. Haiiti Bce KpUTHYECKHE TOUKH X (PYyHKITHH f(x) =X - S‘X‘ +6.

Bomnpocst

1.Cchopmynupyiite ycaoBUsi MOHOTOHHOCTH (PYHKIIWH.

2. Kakue TOUYKH Ha3pIBaIOTCS CTALlMOHAPHBIMU; KPUTHYECKUMH; TOUKAMHU 3KCTpeMyma?
3. Chopmynupyiite HeOOXOIUMBIE YCIOBHE IKCTPEMYMA.

4. Kaxast ()yHKIMsI Ha3bIBACTCS BBITYKIJIOW BBEPX (BBITYKIJION BHU3)?

5. Uro Takoe Touka neperuda?



6. ChopmynupyiiTe 10CTaTOYHOE yCIOBHE BBITYKIOCTH BBEPX (BHH3).

7. ChopmynupyiiTe HEOOXOIMMOE YCIOBHE TOUKH Meperuoa.

8. Uro Takoe acumnrora rpaduka pynkuun? Kakue Buns acumnror Bel 3Haete?
9. Kak onpenenuts Hamu4ue BEPTUKAIbHON aCUMITOTHI?

10. B kakom ciyyae nipsimast - ) =kx + b sBnsiercs HAKIOHHO aCUMIITOTOI rpaduka GpyHKIINA?

I[Ipaktuyeckoe 3anatue 4.4. UccienoBanne GyHKIMiA MPU MOMOIIHM MPOU3BOAHBIX M MOCTPOeHHE UX TPaHKOB.
Cxema uccnenoBanus GyHKIUH

1. Haiit ob6nacts onpeneneHus QyHKIMU, TOYKH Pa3pbIBa U HHTEPBAJIBI HEMPEPHIBHOCTH.

2. UccnenoBath GYHKIMIO HA Y€THOCTh, HEUETHOCTh U TIEPUOJAUIHOCTSD (TJI€ BO3MOIKHO).

3. Haiitu Touku nepeceyenus rpapuka GyHKIHN C OCIMH KOOPJMHAT U MHTEPBAJIbI 3HAKOIIOCTOSHCTBA (DYHKIINH.

4, Onpe):[eJme HUHTCpBAJIbl MOHOTOHHOCTH, TOYKH JIOKAJBbHBIX JKCTPEMYMOB, OKCTPEMAJIbHBIC 3HAUYCHUA
(byHKIHH.

5. Haiitu toukm mnepernba rpaduka (QyHKUMH, BBIYUCIUTH 3HAYCHUS (QYHKIUU STHX TOYKAaX, yCTAHOBHUTHh
WHTEPBAJIBI BBITYKJIOCTH ¥ BOTHYTOCTH rpadyka QyHKIHIH.

6. HccnenoBare moBesneHue (YHKIMM Ha TpaHHWIaxXx ee oOmacT ompezeneHus. Haiitm acumnroTsl Trpaduka
(GyHKIHN.

7. Beraucaute Mo HeOOXOAMMOCTH 3HaUCHUS (PYHKIIMH B HEKOTOPBIX JOMOJTHUTEIBHBIX TOUKAX.

8. Hcrionp3ys Bce MOMYYCHHBIE CBOWCTBA B ITyHKTaX 1-7, MOCTPOUTH TpaduK QYHKITHS.

DTOT NMOPSIIOK IPHU UCCIEI0BAHUN (QYHKIIMU MOKHO H3MEHSITh.

[Tpumep. IocTpoiite rpadux GyHKIHN:

3
X
1.y = —
x°-9
I/ICCJ'IG,Z[(E\BEIHI/IG.
1) dyskuus onpenenacHa U HEPEPbIBHA IIPH BCeX X | ('¥ 3 3) U (' 3,3) U (3;+¥ )

(_ x)3 3 x3

Coroe T e (- x) =- f(x).

CrenoBaTensHo, rpaduk (QyHKIMH CHMMETPUYCH OTHOCHTEIHFHO Hadala KOOPAWHAT, MO3TOMY IOCTaTOYHO
HCCIIeIOBaTh PYHKIHIO Ha MpoMexxyTke [0;+o0), Jlerko 3ameTuts , uro Touka O(0;0) - eqMHCTBEHHAS TOYKA MEPECeUeHHS C
OCSIMH KOOPAMHAT.

3) Haiinem acUMITTOTHI.

2) ®yHKIYS HeYeTHas, T.K.

: X : X
lm —— =¥ |, lim —— =+¥.
x®3-0 3% - Q x®3+0 2 - Q

[Toatomy npsimast x=3 sIBJIIeTCSL BEPTUKAIBHON aCUMIITOTOM.
Haiinem Teneps HAKIIOHHYIO aCUMITOTY ) =kx+b:

k = lim <) x° =1

=lim —— =
X®+¥ x ®+¥ 2. Q
: . @y o 9x
A N - TR

ITonyuunu HaAKIOHHYIO ACUMIITOTY )=X.
4) HaitneM uHTEpBaibl MOHOTOHHOCTH (DYHKI[UH U TOYKH SKCTPEMYMa, I 4ero npoaudGhepeHIpyeM ee:

¢_% x’ (Zq:_f’sxz(x2 -9)- 2xx®  3x*-27x%- 2x*  x*-27x7  xP(x-27)
A T (- 9)’ (x>- 9)’ -97  (x-9)

Torma y¢ =0 , ecin x=0 i X :3\/§ u y¢ HE CYILECTBYET, eciau X =3 . Ho X :3T D(y) . IlosTomy
KPUTUYECKUMHU TOYKAMH ABJIIOTCA X =0ux :3\/§ . CoctaBuM TabnuIry.
X 0 (0:3) (3;:343) 3.3 (3+/3;+¥)
y 0 - - 0 +
9v3

Y 0 - - min =—— _




6) Brruuciaum 3nadeHue (byHKHI/II/I B HECKOTOPBIX JOTTOJIHUTCIIBHBIX TOYKAX.

8 8 3 4’ 64 1
D) =—— = —=-1—, d)=———  =—_ =0_
f()4-9 5 5 f()42-9 7 7

7) HWcmone3ys pe3ynbTaThl HCCIENOBAHMSA, CTPOMM TpaduK:

Y

X

<
Il

Tema 5. {uddepenunan pynkuum.

[pakTtuyeckoe 3anatue 5.1-5.2. Iudpdepenuuan ¢pynxkuun. Ieomerpuyeckuii cmbica guddepennnaia GpyHKuum.
OcHoBHble Teopembl 0 auddepennuanax. Ilpumenenue auddepeHunasa K NPHOIHKEHHBIM BBIYHCIEHUSIM.
JAunddepenunanbl BbICHIMX MOPSTKOB.

[Ipupamenue pynkuun ) = f (x ), HMEIOILEN B TOUKE X KOHEYHYIO TPOU3BOIHYIO, IPEACTaBUMO B BUJIE
Dy =/fdx )Dx +aDx
r7ie a - 0eCKOHEYHO Maasi Ipu Dx ® 0.
IlepBoe cnaraemoe f G(x )Dx B IIPaBOH yacTu (OPMyIBI MPOMOPIIHOHATBFHO BEIUUIHHE Dx (xoaddurenTOM

MPOTIOPIHOHATIBHOCTH CIIYKUT YUCIIO f ¢(x )). Ecmn f ¢(x) 10 , TO

: Dy
tim Lo =)o

a 3TO O3HAYaeT, YTO 3a MCKIIOYCHHEM CiIydas, Korja f Q(x) =0 , YIOMSHYTOC cJlaracMoe f (I(x )Dx SIBIISICTCSL MIPH
Dx ® 0 6eckoneuno masnoit mozo sce MOpsAKA, 9TO U Dx.

ITomaraem dy = f ¢(x )Dx Y HAa30BEM 3Ty Belu4uHy auddepenuuanom Gyskuun ) = f (x ) B Touke x. J[ist
muddepernnana ymoTpedisercs Takke 0003HaueHIe df (x ) Juddepennmanom He3aBHCUMON TEPEMEHHOM X Ha3BIBAIOT

ee MpHpalleHue, T. €. no1a2arm dx :Dx .
CrenoBarenbHO, MOXKEM IIUCATh dy = f (I(x )dx .

Takum 00pazoM, Jugpgepenyuanrom GyHKyuu 8 Mouke X HA3bIBAENC NPOU3BEOeHUe NPOUIBOOHOU 6 MO MOUKe
Ha oughpepenyuan neszasucumot nepemenHol (m. e. Ha NpUpaweHue He3aBUCUMOIL NePEMEHHOT).

2 . o
Hampumep, n1g dpysknun Y =X auddepeHnuan B moboi TouKe x JaeTcs GopMyInoi

dy =2xdx .



OO0byHO CcTpyKTypa muddepeHnnana GyHKIUM 3HAYUTEIBHO NPOLIE CTPYKTYpHl €€ HPUPAIICHUS, K MOITOMY
(opMyJIOH IIMPOKO MOJB3YIOTCS B IPHOJIMKEHHBIX BEIYMCICHUSX.

Hampumep, nig pyskuumn Y =X 3
Dy :(x+Dx)3 - x? =3x7 >Dx +3x >Dx* + Dx?,
B TO BpeMs Kak
dy =3x* >Dx.
Ecnu B34Th x=2, Dx =0,01 , TO
Dy=3><4><0,01+3><2><0,0001 +0,000001 =0,120601,

dy=3%4x0,01=0,12.
Taxum obpa3om, abcoMrOTHAS ONTHOKa

‘dy - Dy‘ =0,000601,
OTHOCHUTEIIbHAS OIINOKA

dv - Dy| _0.000601 058 0,2

| Dy | 0120601 & g
Korga XoTAT BBIYMCINTH 3HAYEHUE f (x + Dx), 3Has f (x), TO 4YacTO MOCTYHAIOT TaK: MOYHOe PABEHCTBO
f (x + Dx) =f (x)+ Dy samensior npu6IMKeHHBIM PaBEHCTBOM f (x + Dx) » f (x)+ dy U 3TUM YIOPOILAIOT
BBIKJIQJKH.

Tax, Bo3Bpamascek onsarh K GyHKuuM ) =x3 , IIoJry4aem (x + D)C)3 » X o+ % él@x
dy

U, B 9acTHOCTH, (2,01)3=(2+0,01)*»23+0,12=8,12.

Ecm y = \/; to Vx +Dx »

x+—

{43

Dx
u, B wactaoctu, V1 + Dx » 1 + 7 — JIOBOJILHO U3BECTHAS MpUOIKeHHas popMya.

I'eomerpuuecknii cMeicn auddepennnana: 3HadeHue audepeHnnana (GyHKOUM, OTBEYAIOIee HEKOTOPOMY
NPUPANICHHIO HE3aBHCHMOW IIEPEMEHHOW, COBNAJAaeT C COOTBETCTBYIOLIMM IPUPAIICHHEM OpAWHATHI KacaTeNbHOU K
rpaduKy QyHKIHH.

OcHOBHBIC TIpaBWIIa BEIYHCICHUS Auddeperinana QyHKITIm:

1. dC =0(C =const). 1. d(Cu ) =Cdu(C =const).
m. dlu +v)=du +dv. v. duv) =du >0 +u >dv.

a0 _ du Y- u v d6_ dv
= > : VL dg—+=-—
ev Q ev @ 1%
VIL d(u ) au®'du . d( ):d_”
v, d Wu W
IX. d%z” ):a” Ina >du X. d(g” ):e”du.
(a=const>0,a’ 1)
du du
XL d(lga u ) =—Ilg,e XIL. d(lnu) =
u u
XII1. d(sinu)zcosu Xlu . XIV. d(cosu) =- sinu Xdu .
XV. d(tgu)zLZ. XVI. d(ctgu) =- .dlzl :
cos“ u sin” u
XVIL d(arcsinu): du . XVIIL d(arccosu):- diu
1-u’ 1-u’



du du
XIX. d (arctgu) = > XX. d (arcctgu) =- 5
1+u l+u
XXI. d (shu) =chu Xdu. XXIL d (chu ) =shu >du .
du du
XXII. d (thu) =— XX1v. d (cthu) == —
ch u shu
Bcerony 3nece U u V. — npousBonbHbIC AuddepeHnupyembie QyHKIMH OT X.
IIpumep.
(/7): X’ - 1 xdx
2«/ X \/ x*-1
IIpumep.
d (ln sin x ) dsinx CO_S xx =ctgxdx .
sin x sin x
IIpumep.
dshe” )=che*d ¢ )=che™ 5" xdx.
3amaun
3anava 1. Haiitu nuddepennmanst GyHKIuM:
a) y :L;6)y =In(ax’ +bx +c); B) y _3cigx y=e'tgx;n y _tgix; e) y =In’x; %)
In®x e -1 sinx +2
2x _ - 2x x?
Y =arccos(x2 } 1); 3 y =S5 y =Insin 2x+4 .y, =€ .y _l+xarcter

. y . s
e +e x+1 e +e” m

3ajava 2. BerauciuTh NpuOIMKeHHO ¢ TOMOILbI0 tuddepeHirana 3HadeHue QyHKIUH B JaHHOW TOYKe:

Loyp=a3 a="=2000L 2, y=+4r—-3, x=0,98

3. y=va3, r=1,02 4. y=2° x=2,999,

5 y= ¥, x=1,03 6. y= T, =3, 09,

7. y=+1+snzx, x=002 8. y=+2x +cosx, x=0,01

9 y= {I.'FE.I' — sin I)l r=1,03. 10.y=+4r+1, ==1,97.
Bormpocet

1. Yro Takoe nuddepeHman GyHKIun?

2. KakoB reomerprdeckuii cMpIch auddepeHnuana?

3. IlpuBeaute Gopmyiry i BeraucieHus auddepennnana GyHKINH.
4. Kaxk onpeaenstorcs auddepeHnnaibl BRICIIUX MOPSIIKOB?

5. IlpuBeauTe mpuMepbl MPAKTUUECKOTO MPUIIOKeHUs TuddepeHimana.

Pa3znesn 3. UHTerpanbHoe ucuncjieHne PyHKUMid OJHOM nepeMeHHOI
Tema 6. HeonpeaeneHnHblii mHTErpa.
IIpakTnuyeckoe 3aHaTHe 6.1-6.2. Tadiuma OCHOBHBIX HeompeneJdeHHbIX HHTerpanoB. IIpocreiimme cBoiicTBa
Heomnpe/eJleHHOro HHTerpaja. HemocpeacrBenHoe MHHTerpUpOBaHue.
Ileproobpasnas QyHKIMS.

Oynxnus F(x) HazpiBaeTcs mepBoodpasHoii pynkuueii ¢ynkunn f(x) Ha otpeske [a,b], ecin B moboii Touke
ATOTO OTpe3Ka BepHO paBeHCTBO:F¢(X) = f(x).

Hapmo ormeTnTs, 94TO MepBOOOpPa3HEIX ISl OJHOHN U TOH ke (YHKIHUH MOXeET OBITh OeckoHedHO MHOTO. OHU OyOyT
OTJINYATHCS APYT OT JIpyTa Ha HEKOTOPOE MOCTOSHHOE YHCIIO.

Fi(x) =Fy(x) + C.
Heomnpenenennpiii uHTErpa.

HeonpenenennsiM nHTerpajgom ¢ynkuuu f(X) HazpiBaeTCs COBOKYITHOCThH IEPBOOOPA3HBIX (YHKIMH, KOTOPbIE

OIPeJIeNICHBl COOTHOIICHUEM:!
Fx)+C.

anncwsaror: () (x)dx =F(x) + C. Equation.3

VYchoBueM CyIIECTBOBaHHMS HEOIPEICICHHOIO HHTErpajla Ha HEKOTOPOM OTpe3Ke SBISICTCS HEMPEepbIBHOCTH
(yHKIMU Ha 5TOM OTpe3Ke.



CBoiicTBa:
1. Q)f(x)a’x)t =(F(x) + C)¢= f(x); Equation.3
2. d |\ (x)dx )= £ (x)dx; Equation 3
3. JIF (x) =F (x) + C; Equation 3
4. Qu +v- wydx =ydx + (ydx - yvdx;Equation.3 Tie u, v, W — HEKOTOpbIe DYHKIIH OT X.

5.0C X (0)dx =C>0f (x)dx;

by

. Ny \ 1
Hpumep: ‘dxz - 2sin x + 1)dx =0¥2a’x - 2(yin xdx + (ylx =§x3 +2cosx + x + C; Equation.3

Jns ynoGcTBa 3HaueHWsI HEONpPEICNCHHBIX HHTETPAOB OONBIIMHCTBA 3JIEMEHTAPHBIX (YHKIUH cOOpaHBl B
CrelManbHble TaOJIMIBl MHTErPaloB, KOTOpble OBIBAIOT MHOrZA BeChbMa OOBEMHBIMH. B HHUX BKJIIOUCHBI Pa3IMYHbBIC
Hanbouiee yacTo BCTpeuarompecss komOuHanuu ¢Gynkuuii. Ho OONBIIMHCTBO NpeCTaBICHHBIX B 3TUX Tabnuiax gopmyn
ABJIAIOTCA CICACTBUAMHU JPYT Apyra, HO3TOMY HHKE ITPUBCIAEM Ta6HI/IHy OCHOBHbBIX MHTEIpajioB, ¢ MOMOLIbLIO KOTOpOﬁ
MOYKHO IOJIYYHUTh 3HAUEHHsI HEONIPEICTICHHBIX HHTETPAIOB Pa3IMUHbIX (QYHKIIHH.

Wurerpan 3HaueHue Wurerpan 3HaueHue
(‘jgx dx -InY2cosxV2+C 9 (\yx dx e+ C
Gtgxdx InVasinxVz+ C 10 c\yos xdx sinx + C
Oy “dx a* +C 1 Cyin xdx -cosx +C
Ina
4 . dx 1 y X + C 12 . 1 d tgx +C
O = —arctg— O 5 4«
a’ +x’ a a cos’ x
5 . dx 1 | x+a c 13 1 J -ctgx + C
05— —1In + O
x> - a’ 2a |x-a sin” x
6 dx 2 2 14 dx X
A Injx +4x° xa” |+ C . in—
Oﬁ Oﬁ arcsin— + C
x° *a a“ - x a
7 by ad a+l 15 1 .
X X N
o +C,a'-1 O ——dx lntg{‘;ﬂ_q.g +C
a+l cos x &2 4
P tnfx] +C | ol Injig 2|+ C
X sin x & 2

Meton HEMOCPEICTBEHHOTO HMHTETPUPOBAHHUS OCHOBaH Ha MPEINOJOXKEHHH O BO3MOXKHOM 3HA4YCHHH
nepBooOpazHoi (YHKIMM ¢ JalbHEHIIeH MpoBepKoil 3Toro 3HadeHms anddepeHmpoBanneM. Boobme, 3ametnm, 4to
i depeHnnpoBaHue SBIIETCS MOIIHBIM HHCTPYMEHTOM IIPOBEPKH PE3YJIbTATOB HHTETPUPOBAHUSL.

PaccMoTpyM npuMEHEHHE 3TOr0 METOAa Ha IPHUMEpE:

\ax |
Tpebyercs naiitn 3uavenue uaTerpana ()— . Ha ocHose n3BecTHO# Qopmyss! i depeHumpoBars (ln x)¢ =—
X

MOXHO CZIeTIaTh BEIBOJ, UTO HCKOMEIH uHTerpan pases In x + C , roe C — HEKOTOPOE ITOCTOSHHOE YHCcI0. OHAKO, C

1
APYTOii CTOPOHBI (ln(- x))¢ =- — X- 1) =—. Takum 0Gpa3om, OKOHYATEILHO MOXKHO C/ENIATh BHIBOL:
X X
Jdx
O— =Injx|+C
X

3aMeTuM, 4To B OTJIMUUE OT AU(BPEPSHIIMPOBAHHMS, T/Ie U HAXOXKJICHUS MTPOU3BOJAHON HCHOIB30BAINCH YETKHE
MpUeMbl U METOABI, NPaBUIa HAXOXAEHUS MPOU3BOJHON, HAKOHEL ONpeAeleHHE NPOU3BOAHOM, IS MHTErPUPOBAHUA
TaKue METOJbl HEJOCTYNHBI. Ecin mpu HaX0XXIEHWU NMPOU3BOAHOM MBI MOJIB30BANIUCH, TaK CKa3aTb, KOHCTPYKTHUBHBIMU
METO/aMH, KOTOpble, 0a3upysichb Ha OINpEJENCHHBIX IPaBWIaX, NPHUBOAWIN K pE3yiabTaTy, TO IPH HaXOXICHUU
epBO0OPa3HON MPUXOANTCS B OCHOBHOM OMHMPATHCS Ha 3HAHWS TAOJHII IPON3BOIHBIX M MEPBOOOPA3ZHBIX.

Uro kxacaeTcssi METO/Ia HETOCPEICTBEHHOTO MHTEIPHUPOBAHMSA, TO OH IPUMEHHM TOJBKO Ul HEKOTOPBIX BEChMa
OTpaHUYEHHBIX KJIacCOB GyHKIMH. OYHKINH, I KOTOPBIX MOXKHO C X0y HaiTH mepBo0Opa3Hyro oueHb Majo. [loaTtomy B
OOJIBIIMHCTBE CITy4acB MPUMEHSIOTCS IpyTUe CIIOCOOBI MHTETPUPOBAHUS.



3amaun:
3anaua 1.HaliTu HeonpeeneHHbIe HHTETPajIbl:

1)5(x’-3x’+5x~4) dx;

2) {3 522 —8) (92 4 10x)dx; 3) [V 76 - 2cdx;
8 f@a 4+ 72xdx 5) [V F8adr; 6) [V —rxdr.
3anmaya 2. Hatitn HEOIIPE/IC/ICHHBIC HHTETPAJIBL:

R e R e bt

E)IWL&:: 6)}—5“—‘.’.‘:&; 7) jvrsm__i_x__._dx; E)‘[V"‘”"

T4 ot 7— cos® Tl

9) (sh?xchxdy; 10) [ %2 gy
Vetgx
dx
3anava 3. Beraucauts nHTErpaisl: 1) O—
xX+a

2) [f’ 5 dx; 3) jij—lr::;sx. % 4 ( T—xt
5) j'r:——x- ﬁ} I‘x;i:x' T] j‘d x;xadx;
8) 5.—%—: de; 9) I%dx 10) 5

Bompocsr:
1. Yro Takoe nmepBooOpa3Has QyHKIMs?
Uro Ha3bIBaeTCsl HEONPEIEICHHBIM HHTETpaIoM?
[epeuncnure OCHOBHEIE CBOICTBA HEONPE/ICIEHHOTO HHTETpAIa.

3anummTe 1o IaMsITH Ta6m/1uy OCHOBHBIX HEOIPCACIICHHBIX NHTCTPAJIOB.
B geMm cocrout MCTOZA HCTIOCPEACTBECHHOI'O I/IHTel"pI/IpOBaHI/IH?

A

Tema 7. MeToabI 4 €NOCOObLI HHTETPUPOBAHMS.
IIpakTuyeckoe 3ansTHe 7.1. 3aMeHa nepeMeHHOI B HeonpeaeJIeHHOM HHTerpajie. MHTerpupoBanme 1o 4acrsim.
3amMeHa IepeMeHHON B HeoNpe1eIeHHOM UHTETrpae.

Teopema: Eciu Tpebyercs HaiiT nHTErpan (‘)f (x)dx , HO cOKHO OTHICKATH MEPBOOOPA3HYIO, TO € MOMOIIBIO 3aMEHBI X
= j(t) u dx = j¢(t)dt monyuaercs:
Of (X)dx =¢f (j (t))j «¢)dt Equation.3 .
Hpumep. Haiitn Heonpeaenennbii naTerpan () Sin x cos xdx .

Cnenaem 3ameny ¢ = sinx, dt = cosxdt.

OVtdt =¢y'"*dt = i £ +C —gsin3/2x+C.
[pumep. c‘)v(xz +1)*?dx.

Samena t =x +1; dt =2xdx; dx :j—t; [omnyuaem:
b
N 3/2@2163/26# =l>£t5/2+C:ﬁ+C:(x2+l)5/2
2 2 25 5 5

+C.

HHTerpupoBanue mo yactsam.
Crioco6 ocHOBaH Ha W3BECTHOH (hopMyIie TPOU3BOIHON Mpon3BeAeHuUs: (uv)¢ = u¢v + v¢u, rie U U v — HeKOTOphIe

¢byukuum ot x. B inddepenupansroii popme: d(uv) = udv + vdu.

[IpOMHTErpUPOBAB, TIONYYAEM: c‘y’ (uv) = (‘)tdv + (‘J/du Equation.3 , a B COOTBETCTBMH C PUBEIEHHBIMYU BBIIIE

CBOJCTBAMH HEONpesienenHoro uurerpana: UV = (ydv + Cydu Equation.3 I Odv =uv- (ydu;

[Monyuwmn  ¢opMylly HMHTETPHPOBAaHHMS 10 4YacTsAM, KOTOpas TIIO3BOJISAET HAaXOAWTh HHTETPANbl MHOTHX
3JIEMEHTAPHBIX (PyHKIMH.



Y 2 . ..

.o lu =x"; dv =sinxdx; U 5 .

pumep. ()¢~ sin xdx =j y =- X" cosx + (yosx 2xdx =
fdu =2xdx; v =- cosx

u =x; dv =cosxdx;{ 5 . .. 2 .
) 7 =-x"cosx+2[xsinx- Gmxdx =-x"cosx+2xsinx+2cosx+C.
du =dx; v =sinx kl)
Kaxk BHUIHO, IOCJICIOBATCIBHOC NPHUMCHCHUEC d)OpMyJ'ILI HUHTCTPUPOBAHUA IO YaCTAM IIO3BOJIACT ITOCTCIICHHO
YOPOCTUTH (PYHKIUIO U IPUBECTH UHTETPaN K TaOIMIHOMY.

Tu =e™; du=2e"dx; U

Tpumep. (y** cos xdx =j ’ 7y =e*sinx- ¢yinx Re*dx =
tdv =cosxdx; v =sinx

lu=e*; du=2e"dx; U , . 2 . 2 2
i 7 =e " sinx- 2 e'cosx-o—cosx>Qe'dx =e““sinx +

fdv =sinxdx; v =-cosx;

+2e* cosx - 4¢yos xe*“dx

Buano, 4To B pe3ynpTaTe HOBTOPHOTO IIPUMEHEHHUSI HHTEIPUPOBAHMS 110 JacTsIM (DYHKIIUIO HE YAAI0Ch YIIPOCTUTh
K TabmumuHoMmy Buay. OIHAKo, IMOCIEOHWI IOJNyYEHHBIH HHTETpal HAYEM HE OTJIM4YaeTcss oT ucxogHoro. ITostomy

MEPEHECeM €ro B JIEBYIO YaCTh PAaBEHCTBA.
N 2 2 :
5¢ " cosxdx =e™" (sinx +2cos x)

2x
\ e’ .
cyzx cos xdx :?(smx +2cosx)+C.

Takum 00pa3oM, HHTETpall HaliZeH BooOIIe 60e3 MPUMEHEHHS TaOJIUIl HHTETPAJIOB.

Bamaun:
3anava 1. BEIYMCIUTD HHTETPABL:

1. /I.r + 1)e” d. - /.‘tri'ﬁ'in.nf.r'.

3 j x? sinz de. 4. ju'j + 2z + 3) cos r dx.

. o

3. /.r In x d. 6. / — dx.
sin”

/ e cosx dx. 8. j x* arctg r dr.

9. jbiulnw{hr. 10. [:"lf"fhr.

3agaua 2. BEIYuCIUTh MHTETPAIIBL:
" dx

1) dy == S e T

Vh=aTnve

dx
) h={7a=

dx
3 [g= —_————— (NOACTAHOBKA Cclgx = 2).
) Is jsinx{4sin’x-——9cns*x{ Jlr g )

(nopcTanoBKa x—=2%);

]
(nnm:'raﬂnsxa = —z-) .

Bonpocsr:
1. 3anummure popMyiTy 3aMeHBI IEPEMEHHOI B HEONIPEIeICHHOM HHTETpaJe.
2. Onumwure METOJ MHTETPUPOBAHUSA 110 YACTSIM.
3. B kakux ciydasx 1eiaecoo0pa3Ho IPUMEHSITh METO/] HHTETPHPOBAHHMS 110 JacTsIM?

[pakTtuyeckoe 3anaTue 7.2. UHTerpupoBanue 31eMeHTaAPHbBIX Ipodeii. UHTerpupoBaHue panMoHAIbHBIX (yHKIMIA.

HnTerpupoBanme AIeMEHTAPHBIX APOOEH.

DJiIeMEeHTAPHBIMHU Ha3bIBAIOTCS JPOOH CIIETYIOLIUX YETHIPEX THIIOB:

1 ) Mx+ N .
I. ———; Equation.3 III. ~ ——————;Equation.3
ax+b ax” +bx+c



) Mx+ N .
I[I. —; Equation.3 Iv. Equation.3

(ax +b)" (ax® +bx +c¢)"
m, n — HaTypanbHeIe uucna (m 2 2, n 3 2) u b — 4ac <0.

[epBbie 1Ba TUIA HHTETPAIOB OT 3JIEMEHTAPHBIX APOOEH TOBOIBHO MPOCTO MPUBOAATCS K TAOIUIHBIM
MOACTAaHOBKOH t=ax+ b.

dx 1
L ~ —lnt +C =—In|ax + b+ C.
O =, 0— i —lnjax +2]
I s _Ladt 1 +C = ! + C; Equation.3
_ - =- =- ; Equation.
O+ a9 = am- e a(m- Dax+b)"" 1

PaccMoTpuM MeTO HHTEIPUPOBAHUS dJIEMEHTapHBIX Ipodeit Buaa I11.
Wnrerpan npobu Buaa I11 moxer ObITH pEACTaBIICH B BUIE:

Lexep) e PO

Ax+ B 5 A 2 Ap 6 d
o a dx=(‘) € 2 By =2 ¢ xtp dx+(}% po—:oi‘ 5 al =
X"+ px+gq x? +px+gq 2 Y2 +px+gq e 2 g°x" +px+gq
A Ap 6. d A ) 2B- Ap
:—lnx2+px+q+ =" Inlx? + px +¢g| + ——= X
2 ’ ‘ g 2 _oae p('jz ® p20 2 ’ ‘ /4q_p2
X —++§q =
e 29 4 )

2x +
Xarctg TP ¢
2
\N4q- p
3nech B 001IEeM BHJIE NTOKa3aHO NMpHUBeAeHHEe HHTerpaia apoou Bua I1I k 1ByM TaONMYHBIM HHTETpaAJIaM.
PaccMoTpuM npuMeHeHHe yKa3aHHOM BbIlIe GOpMYJIbI Ha ITpUMepax.
IIpumep.

ju =6x-15; du =6dx;
. TIx-2 . 84x-24 . 84x-24 |

|
dx = dx =i =
O3 sxva Box?- 60x+48 (6x- 5)* +23 b2k, Y

X = s
t 6 b
1 14u+70-24 y 7 . udu +23 . du 7ln(u2 +23)+ 23 aret u +C
:_O—d :_07 —07 = =
6 2423 3Mut+23 03 2423 6 34/23 g\/23

u u

6x-5+C.

V23

Boo0I1e ToBOpsI, €CIIH y TpeXWIeHa ax> + bx + ¢ BeIpaxkenune b? — 4ac >0, To IpoOk MO ONPEIENECHHIO HE SBISAETCS
9JIEMEHTapHOU, OJTHAKO, TEM HE MEHee €€ MO)KHO HHTETrPUPOBATh YKa3aHHBIM BBIIIE CIIOCOOOM.

=%ln‘36x2 - 60x + 48‘ + arctg

IIpumep.
. 5x-3 e =p 5x-3 . fu=x+3;, du=dxQ  5u-15- 3du P udu
O = :O—d = _ =
2+ 6x- 40 (x+3)7 - 49 x=u-3; EO ST
1892 =2l - 49)- ST € =2 Infy? + 6x - 40)- 21n il Y]

u’- 49 2 u+7 2 7 |x+10

IIpumep.
. 3x+4 . 3x+4 _du=x-3; du=dai_ 3u+9+4

dx = x

O—— = du —307+
N7 - x* +6x J16- (x- 3)? %x =u +3; gV> «/ V16

du u X-
+13— =-3V16- u® +13arcsin—+ C =-34/7- x* - 6x +13arcsin
N16- u? 4

PaccMmoTpuM Temepb METOABI HHTETPUPOBAHUS MPOCTEHITNX Apobdeii [V tuma.
CHavaya paccMOTpHUM YacTHBIHN caydaid mipu M =0, N = 1.

+C.




MOXHO IYTEM BBIACJICHUA B 3HAMCHATECJIC IIOJTHOI'O KBaJpaTa

- dx
orma WHTErpajg BHAa 0
(ax* + bx +c¢)"

du
MPEJICTABUTH B BHJIE 0(7) Crnenaem cieyroliee mpeoOpa3oBaHue:
u-+s
. du 1 s+u -u2d 1 du 1 . u’du Eauation.3
O > -0, 7 au=-— — - — quation.3 .
Ww? +s)" s’ +s)" s u?+s)" s ut +5)”
Bropoii naTerpai, BXoasiurii B 3T0 paBeHCTBO, Oy1eM OpaTh 10 4acTsIM.
i udu U
i dv, =———— u, =u; du, =du; j
1 n 1 1 1
I (u® +s) |
O6o3HaunM: | y
1 - _1 9
1 O(uZ +S)n 2(1’1' 1)(1/12 +S)n 1 b
. udu u 1 . du

O(u2 +5)" 2n- 2)Wu* +s)"" * 2n-2 0(u2 +S)"'1;

Z[J'If[ HCXOJHOT'0 MHTETpaIa MoJIydaeM:

. du 1, du N u i 1 . du
:(u2 +5)" s w+s)" s@n-2)w +s5)"" s2n- 2) 0(u2 +5)"!
. du u 2n-3  du

O 2 n = 2 n-1 + 0 2 n-1"°
(u” +s) s2n- 2)(u” +s) s2n-2)(u” +5s)
Ionyuennass popmMysia Ha3pIBacTCsl peKyppeHTHOi. Eciau npumeHuTh ee n-1 pa3, TO MOTYYUTCS TaOIUUHBINA

. du
HHTETpan 02— .

u-+s
BepHeMmcst Teneph kK HHTErpajly OT JIeMEHTapHO# Apobu Buna [V B obmem ciydae.
1 u =2ax+b; du =2adx;J)
|

S Mx+ N dx =(4a)" & Mx+ N dx 5
3 | —I u- . y
(ax” +bx +c)" C’[(Zax+b) +(4ac- b )f . s =4ac- b’ P
M(u-b)+N
_(4a)" . 24 du = (4a)" eM udu 2aN-Mb ., du U
24 O vy 2w ©a9%+9 24 Qui+s)H

B NoJly4eHHOM PaBEHCTBE MEPBBIA HHTErPal C MOMOMLIBIO MOJACTAHOBKU ¢ = u° + § NPUBOJAMTCS K TaOIMYHOMY

dt

O— a KO BTOPOMY MHTETpajly IPUMEHSETCS] pACCMOTPEHHAs BBIIIE PEeKyppeHTHas GopMya.

HecmoTps Ha KaxyIIyIocs CIIO)KHOCTh HHTETPHUPOBAHUS IEMEHTapHOi 1pobu Buja IV, Ha nmpakTHKe ero
JIOCTaTOYHO JIETKO IPUMEHSTh JUIsl APOOed ¢ HeOOJBIION CTENEeHBIO /1, @ YHUBEPCAIBHOCTh U OOLIHOCTH MOJXO0JA JeNaeT
BO3MOHBIM OUEHB MPOCTYIO PEAIM3aluI0 3TOro MeToaa Ha DBM.

Ipumep:
N 3x+5 . 3x+5 fu=x-2; du=dx 3u+6+5
O(xz-4x+7)2dx:0((x-2)2+3)2d Iz, . =0Ty =
_ udu I du it =u’+3;0 30@_‘_11{3‘ u R du l‘;I:
30,743 (u2+3) Lt 2udu§ 2 S0’ +3) 3207 +34
3 1l 3 H(x-2) 11 x-2
% T +3) 6[“ th_ T dne ) 6 - axeT) e TC

UnTerpupoBanne panuoHaIbHbBIX GYHKIINHA.
UuTerpupoBanue panyuoHaIbHBIX IPOOCH.

st Toro, 4TOOBI IPOMHTErPUPOBATH PALIMOHAIBHYIO IpOOb HEOOXOIMMO PA3JIOKUTh €€ Ha

DJICMCHTAPHBIC ,HpO6I/I.



_0)
P(x)
MIPEJICTaBIICH B BHJC NPOW3BEICHHUA JHHEHHBIX W KBAaIPAaTHUYHBIX MHOXHTENEH (OTMETHM, YTO I000H MHOTOWICH C

NeHCTBUTENLHBIMU KO3 (HUIMEHTAMI MOYXKET ObITh IPEICTABIEH B TaKoM Buie: P(x) = (x - a)?...(x - b)P(x> + px + q)'... (X
+7x +.5)™), To 3Ta APOOH MOXKET OBITH Pa3IOKeHa Ha DIIEMEHTAPHBIE 110 CIEAYIOIIEH cXeme:

O(x) _ 4, 4, A, B, B, B, Mx+N,

= + +...+—+ .+ + +..+ +

P(x) x-a (x-a) (x- a)® (x-b) (x-b)? (x-b)> x*+px+gq

M,x+ N, +..+ M, x+ N +..+ Rx+S, ,_Rx+5 +...+—R”’X+Sm

(x* + px+q)° (x> + px +q)' X Hr+s  (x7 +rx+s)’ (x> +rx+s)"
rae A;, Bi, Mj, N;, R, S; — HEeKoTOpbIe TOCTOSTHHBIC BETUUHHBI.

[Ipy WHTETPUPOBAHWUHU PAIMOHAIBHBIX ApPOOCH NPHOEraroT K Pa3IOKCHUIO WCXOMHOW Opodu Ha
aneMeHTapHbie. [l HaxoxnaeHus: BeauuuH A;, B;, M;, Ni, R;, S; npumMeHsIOT Tak Ha3bIBaeMbli MeTO/ Heompe/eeHHbIX
K03 (PUIIHEHTOB, CyTh KOTOPOTO COCTOUT B TOM, YTO JUIS TOTO, YTOOBI JJBA MHOTOYICHA OBUIA TOXKICCTBEHHO DPAaBHBI,
HE00XOUMO U IOCTATOYHO, YTOOBI OBLTH paBHBI KOA((HUIIMESHTHI IPU OJMHAKOBBIX CTCTICHAX X.

[IpumeHeHue 3TOro MeTo1a pacCMOTPUM HAa KOHKPETHOM MPUMEPE.
[pumep.

9x% - 30x? +28x- 88

O - 6x+8)x +4)

Tx (x° - 6x+8)(x> +4) =(x- 2)(x - 4)(x* +4), 10

9x* - 30x” +28x- 88 _ 4 L, B Cx+D

(x- 2)(x- 4)(x*+4) x-2 x-4 x*+4

HpI/IBOI[ﬂ K 061_ueMy 3HAMCHATCJIIO U IPUPABHUBAS COOTBCTCTBYIOIINEC YUCIUTCIIN, ITOJTyYacM:

A(x - 4)(x* +4) + B(x - 2)(x* +4) +(Cx + D)(x* - 6x+8) =9x° - 30x” +28x - 88
(A+B+C)x’ +(-44- 2B- 6C+D)x> +(44+4B +8C - 6D)x +(-164- 8B +8D) =
=9x° - 30x” +28x - 88.

Teopema: Ecnu R(x) - TpaBUIbHAs palMOHANbHAs ApoOb, 3HaMeHaTenb P(X) KoTopoii

A+ B+C =9 iC=9- 4- B

k- 44-2B- 6C+D =-30 LD =-30+44+2B+54- 64- 6B
44 +4B+8C- 6D =28 {24 +2B+4C- 3D =14
f-164- 8B +8D =-88 f24+B- D =11

iC=9-4- B 1C=9-4- B
bD =24-24- 4B YD =24-24- 4B
[24+2B+36- 44- 4B- T2+6A4+12B =14 ;44+10B =50
f24+B-24+24+4B =11 fad+58 =35
iC=9- 4- B iC=9-4- B i4=5

kD =24-24- 4B tD=24-24-48 1B =3
444108 =50 44 +10B =50 LC =1

§50- 10B+5B =35 {B =3 {D =2

Hroro:

5 3 x+2 X 2
~ dx + ¢ dx + ¢ dx =5Inlx - 2|+ 3In|x - 4| + ¢ dx + ¢ dx =
Ox- B Ox- 4 0x2+4 ‘ | ‘ | 0x2+4 Oxz +4

=5In

x= 2| +31n|x- 4‘+%ln(x2 +4)+arctg%+C.

3amaun:
3anaua 1. Pa3noxuTh Ha mpocTeiiinme Ipoou CICAYIONINE PaIHOHAIBHBIC POOH:



1 1l1x—4
) b 2x 8"
YEKazaHHe 3HAMEHATENE pazioHEHTE Ha MHOBHTEMH.

2:. 2x’+41x—9L__ 3) dx? — 242 — 4lx - 20 .
(x— 1) {x -} 3) (x—4) (et 2)(x—3)x—2)"
4:. Gt — 2041 26 . 5] 1lx 440

F=NE—r—3' Yy
6) _ - 23428

FFDEFH—a
3amava 2.
Breraucante:

dx dx

D SJ:——-—IB' 2) Ls—ax' 3) L—"r'x‘ 4)_" & 5]5,“__9-
3agaua 3.
Breruucnuts:

x| _ dx . — d .
) h=f ot @ b= a9 h={aphe

dx d d.
0 L= [ a—firg: ® ’s=j;i:—7§:m=5”o=gﬁrﬁ‘nz-

3amaua 4.
Breruucnaurs:

l}j‘ dx 5 2) g dx Z
BT FOx 10" | T

dx ) dx .
3) S';‘Ix*+x+12 v 9 j 6x 4 7x - I5"

dx
5}jm-

3amaya 5.
Brruncnuts:
dz dx dx
A R N N Iy
Y= )m=z: 2 Lh=)are 3 1= )aT
Bompocsr:
1. Kakue npoOu Ha3bIBAIOT NpOCTEUIINME?
2. Kakas 1poOb Ha3pIBaeTCs pallOHAIBLHOM?
3. Kaxkas pannoHanbHas 1poOb Ha3bIBa€TCs IPABUITLHON?
4. Kak paznoxuTb NpaBUIbHYIO Jpo0b Ha IpocTeiinie?
5. B dem cynHocTs MeTOa HEONpEIeICHHBIX KO PHUIIMEHTOB?

Tema 8. OnpenesieHHbI HHTErpaJ.
[paktuyeckoe 3ansatue 8.1. Cnoco0bl BHIYNCIECHUS ONMpedeleHHOro UHTerpaja. ®opmyna Heiorona-Jleiionnua.
3aMeHa mnepeMeHHOHl B omnpeaeleHHOM HHTerpajie. dopMmy/ia HHTerPHPOBAHUS IO YACTAM B ONpeAeTeHHOM
HHTerpaie.

O003HaunM m 1 M HauMeHblIee U HanboJIbllee 3HaUeHne (pyHKIMHU Ha oTpe3ke [a, b] .

¥
M

D .a Xi b X

PazobpeM oTpe3ok [a, b] Ha wacTu (He 00s3aTEIEHO OMHAKOBEIC) N TOUYKAMH.

Xo<X;<Xp;<...<Xp



Torma x; — Xo = Dxy, Xo — X1 = DXy, ... ,Xp — Xp.1 = Dxyp;
Ha xa)10M 13 MOJy4eHHBIX OTPE3KOB HaliIeM HauMEHbIIIee ¥ HanOOJIbIIIee 3HAYeHHE (QYHKIIHH.
[X0, X1] ® my, My; [X4, Xo] ® my, My; ... [Xp.1, Xg] ® my, M,

CocraBuM CYMMBI:

o
§ Equation.3 n — mlel + mZDXZ + .. +mnDXn = a mi Dxi
i

En:Mlel + M,Dx, + ... + M,Dx, = é M,.Dx,.

i=

Cymma § Equation3 HAa3bIBACTCA HMKHEH MHTErpajJbHOM CyMMOi, a cymma S Equation3 — BEPXHeH MHTErpajibHoi
CYMMOM.

Tx. mEM,T0 S,£ En, a mb-af §,£ E,,EM(bfa)

BHYTpH Ka’kJ0ro 0Tpe3Ka BEIOepeM HEKOTOPYIO TOUKY €.
Xo<€; <X, X;<e< Xy ...,Xp<e<X,

Haiinem 3HaueHust QyHKIMM B 3THX TOYKaxX M COCTaBHM BBIPQKEHHE, KOTOPOE Ha3bIBACTCS MHTErPajbHOM
cymmoii juia pynknuu f(x) Ha otpeske [a, b].

S, = fle)Dx, + f(e;)Dx, + ... + f(e,)Dx, = g f(€,)Dx,
i=
Torma moxHo 3amucats: m;Dx; £ f(e;)Dx; £ M;Dx;

CrejloBaTenbHo, é m,Dx, £ é f(e)Dx, £ é M Dx,

i i= i=
S,£8,£58,

'eomMeTpryecKy 3TO MPEICTABISACTCS CIECAYIONIM 00pa3oM: rpaduk GyHKIHH f(X) OTpaHUYEH CBEPXY ONMUCAHHOMN
JIOMaHOM JIMHUEH, a CHU3Y — BIIMCAHHOM JIOMaHOM.

0603naunM maxDx; — nHaubonpimil 0Tpe3ok pazoueHus, a minDx; — Hanmenbimnit. Eciu maxDx;® 0, 1o yucio
OTPE3KOB pa3dueHus oTpe3ka [a, b] cTpeMuTCst K 0ECKOHETHOCTH.

Ecmu S, Zé f(e)Dx, ,1o lgll®0é f(e,)Dx, =S.Equation.3
ig max Dy, =

Ecnu mpu mo0bix pazOueHusix orpeska [a, b] Takux, uro maxDx;® () u TpPOM3BOIBHOM BBIOOpPE TOUYCK €;

o .

unterpanbhas cymma S, =g f (€, )Dxi CTpEeMUTCSA K Mpeely S, KOTOPBIH Ha3BIBACTCA OMPEACICHHBIM HHTETPATIOM OT
i=

f(x) Ha oTpeske [a, b].

b
O6osnauenne : ) (x)dx. Equation.3

a

a — HWOKHUI TIpenielt, b — BepXHHUH Mpezien, X — IepeMeHHasi HHTErPUPOBaHus, [a, b] — OTPE30K HHTETPUPOBAHUSL.

n b
Ecnu ansa ¢ysxuun f(x) cyliecTByeT mpeje lgn é f(e,)Dx, =Equation.3 (‘)f (x)dx, To Qynkumsa
max Dx,® 0
®0 7 )
Ha3bIBACTCSI HHTETPHPYEMOii Ha oTpe3ke [a, b].

n b

. o by

Taxoke Beprbl yrBepxaenms:  lim g m,Dx;, =Of(x)dx,
max Dy; ® 0 i

- a

n b
lim g M Dx, =0 (x)dx

max Dx; ® 0 i



CRoiicTBa onpeIeIeHHOr0 MHTErpaa.

D OAf (x)dx = A (x)dx;
2) gNi(x) 1 (x))dx =0, (x)dx £f; (x)dx

3) Of (x)dx =0

b b
4) Ecmu f(x) £ j(x) Ha otpeske [a, b] a<b, 10 (‘)f(x)dx £ (‘) (x)dx

a

5) Ecmumu M — cOOTBETCTBEHHO HaMMeHbIIIee U HanOosIblee 3HaYeHus ¢pynknuu f(x) Ha orpeske [a, b], To:

m(b- a)£ of (x)dx £ M (b- a)

6) Teopema o cpennem. Ecmu ¢yaxmms f(x) HempepsiBHA Ha oTpe3ke [a, b], To Ha ITOM OTpe3Ke CYIIECTBYET TOUKa €

TaKas, 4To
b

Of (x)dx =(b- a)f(€)

a

7) 11 Ipou3BONIBHBIX YHCeN a, b, ¢ CIipaBeATIBO PaBEHCTBO:
b c b
Of (X)dx =f (x)dx + Of (x)dx
a a C

Pa3yMe€TCfI, 9TO PABCHCTBO BBIINIOJIHACTCS, €CJIU CYHIECTBYCT Ka)KHLIﬁ 13 BXOIAMIMNX B HEI'O UHTEIrPaJioB.
b a
Y Y
8) Of (X)dx =- Of (x)dx
a b

Teopema Herorona-JlelibHuIa.
Teopema: (Teopema Hptorona — JleliOHu1a)

Ecmu ¢pynkius F(x) — kakas- 1mbo nepBooOpasHast oT HenpepblBHOHW QyHKIMH f(X), TO
b
Of (X)dx =F(b)- F(a)

3TO BBIPAKEHHUE U3BECTHO MO Ha3BaHHeM (opmyJisl HeroToHa — JleiOHumIIa.

b
Wnorna npumensror obo3uauenne F(b) — F(a) = F(x)‘ Equation.3 .

a
®opmyna HeroToHa — JleiiOHmITa peacTaBisgeT coboit oOmIwii MoIX01 K HaX0KACHUIO OMPEIeIICHHBIX HHTETPAIOB.

Yro kacaeTcs MMPUEMOB BbIYHCIICHUA OMPCACICHHBIX UHTCTPAJIOB, TO OHU HNPAKTUYCCKHW HUYCM HC OTJINYAIOTCA OT
BCEX TEX NIPUEMOB U METOI0B, KOTOPHIE ObLIH PacCMOTPEHBI BBIIIE ITPU HAXOXKIACHUHN HEOTTPEACICHHBIX NHTETPAJIOB.

TOYHO TaK e MPUMEHAKTCA METO/bI MOACTAHOBKU (3aMEHbI IEPEMEHHOM), METO HHTEIPUPOBAHUSA 10 YACTAM,

T K€ MPUEMbI HAXOXKIEHUS IEPBOOOPA3HBIX VIS TPUTOHOMETPHYECKUX, HPPALMOHAIBHBIX M TPAHCIEHIEHTHBIX ()YHKIHIA.

OCOOEHHOCTBIO SBISAETCS TOJNBKO TO, YTO MPU TMPUMEHCHHH 3THX MPUEMOB HAJ0 PACIPOCTPAHATH MpPeoOpa3oBaHHE HE

TOJIEKO HA TOJHUHTETPAbHYI0 (QYHKIIMIO, HO M Ha MpPeIebl HHTCTPHPOBAHUS. 3aMEHsIsI IIEPEMEHHYI0 HHTETPUPOBAHUS, HE
b

3a0BITh HM3MCHHTH COOTBETCTBCHHO Ipeleibl HHTErpupoBaHus. IlycTh 3ajaH HHTErpal ‘Of (x)dx, tne f(x) -

a

HenpepbiBHAas GYHKIMS Ha oTpe3ke [a, b]. BBegeM HOBYIO IIEpEeMEHHYIO B COOTBETCTBUU ¢ hopmyJoit x = j(t). Toraa ecnu

Dj@) =a, j(b)=b



2) j(t) u jé(t) HenmpepbIBHBI Ha oTpe3ke [a, b]

3) f{j(t)) onpenenena Ha otpeske [a, b], To

Of (dx =i (O] «)dr

Toraa O)fTj (01 «0)dr =F[i (01| =F[i (b)]- F[j (@)] =F(b)- F(a)

IIpumep.
! jx =sinz; 1"/2
ovl- x ®dx —| 0/1- sin’ ¢ costdt = O:os *tdt = (‘jl+cos2t)dt =
¢ =0;b = p/zg ¢
p/2
:l§+lsin2to+ :B+lsinp ZE.
2¢ 2 g0 4 4 4

[Tpu 3ameHe HepeMEeHHOW B ONpENeICHHOM HHTErpaje clielyeT MOMHUTh O TOM, YTO BBoAuMas (GyHKUus (B
PAaCCMOTPEHHOM MpuUMepe 3T0 (YHKIHUSA Sin) JO/DKHA OBITh HEMpEephIBHA HAa OTPE3Ke HHTEIPUPOBAaHUSA. B NpOTHBHOM
ciydae GpopMaibHOE IpUMEHEHHE (OPMYIIBI PUBOINT K adCypay.

[pumep.
P P
(‘ylx =X ‘ =P, ¢ ApYroi CTOPOHBI, ECIIN IPUMEHUTh TPUTOHOMETPHUYECKYIO IOJCTAHOBKY,
0 0

p‘ . dx P dx {tgx —t} _0‘ dt —0
9s1n x+cos’x cos’ x(l+1g’x) Ooi + 12

T.e. nBa crocoba HaXOXKICHUS MHTErpaja JAl0T pasiIMYHble Pe3yabTaThl. DTO MPOHM3OLUIO H3-3a TOrO, YTO He OBUI yUTEeH
TOT (akT, 9TO BBEJCHHAS IEepeMEHHas tgX MMeeT Ha OTpe3Ke MHTETPHPOBAHUS pa3phiB (B Touke X = p/2). [lostomy B
JaHHOM CIIy4ae Takas IIOJICTAaHOBKAa HeNpHMeHuMa. [Ipu 3aMeHe NepeMEHHOH B ONpPEACIICHHOM HHTETpalie CIeAyeT

BHUMATEJIBHO CJIEUTH 32 BHIMIOJHEHUEM MEPEUUCIIEHHBIX BBIIIE YCIOBUMN.
HHTerpupopaHue no 4actam.

Ecnu dyHkuum u = j(X) U v = Y(X) HENpepbIBHBI Ha OTpe3Ke [a, b], a Takke HEMPEPHIBHBI HA 3TOM OTpPE3KE HX
MPOU3BOJIHBIC, TO CIIPABEUINBA (POPMYIIa HHTETPUPOBAHHUS IO YACTSIM:

’

(=]
(=}

b p b
(‘ydv Zuv| - ‘O/du.
a a a

Bamaun:

3anava 1.BeraucnuTh onpeneieHHbIe HHTErPaIbL.
0

0

1. (‘sz +5x + 6)cos 2xdx. 2. (‘)(xz - 4 )cos 3xdx.
-2 -2
0 0 5

3 dxz +4x+3 )cos xdx. 4 (‘fx + 2) cos 3xdx.
-1 -2

5. Z‘)(xz +7x+12 )cos xdx. 6. asz +4x+7 )cos 2xdx.
0

-4



p
7 d9x2 +9x+1 l)cos 3xdx.
0

9. E <3x2 +5 )cos 2 xdx.
0
2

©

11.

04

(3 - 7x° )cos 2xdXx.

Xt 4+2x+ l)sm 3xdx.

_
w2

1

fQec -

p
5. (Y x? - 3x+2)sinxdx.

[e)

XX +6x+9 )sin 2xdx.

_
~
1
© eQee

19.

°Q;“

1- 5x° )sinxdx.

3amava 2.
Bbr4uciuTh onpesiesicHHbIC HHTETPAaTbL.

) eé’;l+ln (xl- 1)dx.

e+l X=

‘4arctgx X
? 1+x7

dx.

2
P x+cosx

5. dx.
9x2 +2sinx

1/2

. 8x- arctg?2
N archdx.

o l+4x

1
< xdx

9. 0471

O'X+

p
8. (‘{sz +16x +17 )cos Axdx.

—_
=

(3] 3]
QY et

(2x - 15)cos3xdx

_
N

(1 - 8x7 )cos 4xdx.

_
b
jolNg

x* - 3x )sin 2 xdx.

- 5x+6 )sin 3xdx.

._.
&

oAy o LA

=

oo
=

2417 5)sm2xdx

W

s

20. (\3x - x* )Sin 2xdx.

»|T

L (x2 +1)dx
’ ?<x3 +3x+1>2.

2
X dx

4. 07
0x2+4

4 .
p/‘ 2cosx +3sinx
6. 0 3 dx.
0 251nx 3cosx>




NG NE)

x-1l/x Larctgx + x
1. O—/a’x. 12. Og—zdx.

ANxT+1 o I+x

Lo i) -

X~ |arctgx W X
3. O > dx. 14, 02—dx.

0 1+ x o X+l

sinl

; " (arcsinx)2+1 ! y *1-x

\/f dx ‘l+Inx

7. O F— 18. Oidx.
Hxvx® +1

2
L dx ‘x* +Inx

19. m 20. Oidx

Bompocsr:
1. PackpoiiTe cMBICII TOHATHS OTPEJEIICHHOTO HHTErpaa.
T'eomeTpuueckuii CMbICH ONPEAEIIEHHOTO0 UHTErpaa.
IlepeuncnanTe OCHOBHBIE CBOMCTBA ONPEIECICHHOTO HHTErpaja.
Teopema o cpenHeM.
IIpousBoaHas OonpeneIeHHOro0 HHTErpaa o BEPXHEMY MPENEIy.
®opmyna Hetorona — JlefiOnuna.
3ameHa epeMeHHON U UHTETPUPOBAHKE 10 YACTSIM B ONPEAEICHHOM UHTErpae.

Nownkwh

Tema 9. IIpuiio:keHus onpeaeleHHOr0 HHTErpasa.
IIpakTuyeckoe 3anaTHE 9.1. 'eoMeTpUUecKHe NPHIIOKEHHS oNpesieJleHHOro HHTerpaJa. Iliomanb miockoi
¢urypsl. O0bem Tena. IimHa 1yru kpusoii. Ilnomans moBepXHOCTH BpallleHHsI.

Brluncrienne mionane miockux Guryp.

0 la v b b

HW3BEeCTHO, YTO ONpPEACIICHHBII HHTErpall HAa OTPe3Ke NPEACTABIsIeT COOOU IUIOMa s KPUBOIMHEHHON TpaneLyy,
orpanndeHHOH rpadurom Ppyukmun f(x). Ecim rpaduk pacmonoxen amxe ocu OX, T.e. f(x) < 0, To miomaas mMeeT 3HaK “-
“, ecnu TpaduK pacronoxeH Boime ocu Ox, T.e. f(x) > 0, To miomaas uMeeT 3HaK “+.

b

JInist HaxOXIEHNS CyMMApHOH TIOMAAN UCIIoNb3yeres popmyna S = (‘)f (x)dx|.
a

HJ'IOHIaI[I: (bPIprI)I, OI’paHH‘IeHHOﬁ HCEKOTOPBIMU JIMHUAMU MOXKCT OBITE HaﬁaeHa C IMOMOLIBIO OINPCACIICHHBIX
HUHTETPAJIOB, €CJIN U3BECCTHBI YPABHCHUA DTUX JIMHUH.,

[puwmep. Haiity niormaaes GUrypsl, OrpaHUdEHHON JIMHUAMU Y = X, y = X2, X = 2.



S,

Hckomast muomans (3alITpUXoBaHa Ha PUCYHKE) MOXKET OBITh HalieHa 1o (opmyIie:
S_iz &7 X0 8 4 1 1.5 , ,
=0t dx- Qudx =g—- —g =5 5~ 5+ = Equation3 (er’)
1 1 g3 2§ 3 2 3 2 6
Haxoxnenvie niomany KpMBOIHHENHOI0 CEKTOpA.

Jig HaxoXIeHHs IUIOIAAM KPUBOJIMHEMHOIO CEKTOpa BBEIEM MOSPHYI0 CHCTEMY KOOpPAMHAT. YpaBHEHHE
KPHBOH, OrpaHMYMBAIONICH CEKTOP B ITOH CHCTEeMe KOOpAMHAT, uMeeT BUA I = f(j), rae r - mmHa paguyc — BEKTOpa,
COCIMHSIONIEro MOJOC ¢ MMPOU3BOJIBHOI TOUKOW KPHBO, a j - YToJI HAKJIOHA 9TOTO PaliyC — BEKTOpa K MOJISPHOI OCH.

[Tomans KpUBOIMHEHHOTO CEKTOPa MOXET OBITh HaiiieHa 1mo Gopmyie:

1% .
S =2/ ()

Brruuciienye AIUHBL YT KPUBOM.

¥ y=f)

A5y

by

a b X

s =1+ (rax) P

a




Ecnmu ypaBHeHMe KpUBOM 3aJaHO TapaMeTpPUYECKH, TO C Y4YeTOM IIPaBUI BBIUUCICHUS IPOU3BOIHOMN
rapaMeTpUIecKy 3a1aHHOHN (DYHKIIUH MOTydaeM:

s=olli o +lyafa,

rae x = j(t) my = y(t).
Ecnu 3a1aHa mpocTpaHcTBeHHas KpuBasi, ¥ X = j(t), y = Y(t) u z = Z(t), To

s =l ] +ly ] +[zanFar

Ecmun KpuBasd 3aJiaHa B MOJSAPHBIX KOOpAUHATAX, TO
b

S =0 r¢ +r’dj , r=xj.

a
[pumep: Haliti mIuHy OKpYKHOCTH, 3aJ1aHHOM ypaBHEHHEM X + y° = 12,

X
1 cmoco6. BripasuM U3 ypaBHEHHS IEPEMEHHYIO y. ) =/ rt-xt. Haiinem npoussoanyto y¢=-
RN
2 r r
T ! S =1+ al dx =¢ 4 dx =r »arcsin x‘ =r P Torna S 2pr.  Ilomyunmu
orma —O = S AdX = /—=ax = —| =r—. = .
r* - x? - x3? r 2 Y
0 ovVr X 0

00IEen3BECTHYIO (DOPMYITY JIIMHBI OKPYKHOCTH.

2 cnoco6. Ecim npencTaBuTh 3a0aHHOE YPaBHEHHE B IIOJIAPHOM CHCTEME KOOPIMHAT, TO IOIydInM: r’cos’j + 1’sin%j = %, T.e.

. 2p 2p
dynxmms r=f(G)=r, r ¢=% =0 Equation.3 torma § = V0 + ridj =r ol =2pr.
J 0

0

Brruncienne 00beMOB Tell.

Briunciienre o6beMa Telia [0 U3BECTHBIM IUIOIIAISAM €0 MapaieIbHbIX CCUYCHUN.

e /E{i-l P [ !

[Tycte umeercs Teno odbema V. Ilnomans odoro momnepeyHoro cedeHus Tena Q, M3BECTHA KaK HelpephIBHAS
¢yaxkmua Q = Q(x). Pa3zobbem Temo Ha “cion’” MONEPEYHBIMH CEUCHHSMH, HMPOXOIIIIMMHU Yepe3 TOUKH X; pa3OneHHs
orpe3ka [a, b]. T.x. Ha kakoM- MO0 MPOMEXKYTOUHOM OTpe3Ke pasdueHus [Xi;, Xi| QyHkuus Q(x) HenmpepsiBHA, TO
MPpUHUMACT HA HEM HaI/I6OHBLHee ¥ HanMeHblee 3HadeHus. O003HaAYNM UX COOTBETCTBEHHO Mi nm;.

Ecam Ha »THX HaI/I6OJ'H)IHeM U HAUMCHBIIEM CCYCHHUAX MOCTPOUTH HUIMHIAPLI C 06p33yIOHII/IMI/I, napajijieJIbHbIMU
OCH X, TO 00BEMBI 3TUX [IUJIMHAPOB OyIyT cOoTBETCTBEHHO paBHbl M;Dx; u m;Dx; 31eck Dx; = x; - Xi..

[TpousBenst Takue IMOCTPOCHUS Ul BCEX OTPE3KOB pa3OMEHMs, MOJIYYUM LIMIIMHIPHL, 0OBEMbI KOTOPBIX PaBHBI

n n
[} [+
coorsercteenro g M Dy, u g m,Dx;, .
i= i=
Tpu cTpeMyIeHHH K HYJTIO Iara pa30ueHus |, 5TH CyMMbl HMEIOT OOLIHiT Ipee:

I ®0

n n b
limg M,Dx, :Iliér(}é m,Dx; =P(x)dx Equation.3 .
=1 i a



Takum oOpa3om, 00beM Tea MOKET OBITh HAlICH O (opMyJIe:

b

V= (‘Q(x)dx Equation.3 .

BE€ChbMa HpO6J’IeMaTH‘IHO JJIA CJIOXKHBIX TCII.

HenocratkoM 3T0it popMyIibl sIBISIETCS TO, YTO JUI HAXOXKIEHHsT 00beMa HeoOX0JuMO 3HaTh GpyHKIUIO Q(X), 4TO
Hpumep: Haiitu 06beM 1rapa paguyca R.

B nonepedHbIX cedeHMSX IIapa MOMydaloTcss OKPYKHOCTH NIEPEMEHHOTO pajnyca y. B 3aBucuMocTH OT TeKymer
[p2 2 . .

KOOPJIMHATHI X 9TOT Pajiryc Bbipaxaercs o popmyne VR - x” . Torga gyHkums mwionaneii cedennii umeer Bua: Q(x)
2 2 .

= p(g? - X )Equat10n.3 .

IMomy4aem o6beM mapa:

R 3 R 3 s 3 3

. X 2, R0 & RO _4pR

V = P(R® - x*)dx =p(R*x- )| :p§R3 "SI PE R+ 2="P
-R 3 -R 3 g 3 g

Equation.3 .
OO0BeM Ted BpaleHus.

PaccmoTpuM kpuBYyIO, 3a1aHAYI0 YpaBHEeHHEeM y = f(X). [Ipeamonoxum, uto GpyHkus f(X) HellpeprIBHA HAa OTPE3KE
[a, b]. Ecmi cOOTBETCTBYIOIIYIO €if KPHBOJMHEHWHYIO TPaleLHI0 ¢ OCHOBaHHMSAMH a M b Bpamiath BOKpyr ocu OX, TO
MOJTyYHM TaK Ha3bIBAEMOE TeJIO BPALLEHHUS.

y=fx)

1\
1

T.K. K&KI0€ CEYEeHHe Tela IIOCKOCTBIO X = const MpeJcTaBiseT co6oit kpyr pammyca R Z‘ f(x)
TeJa BPaLICHUs] MOXKET OBITh JIETKO HAWAEH 110 MOJTyYEeHHOH BBIIIE opMyIIe:

, TO 00BEM

b
V ZpC‘)fz(x)dx.

Hnomagu) TTOBEPXHOCTHU TECJId BPAIIICHUSA.



Inomans0 MOBEePXHOCTH BpalleHUs: KpuBod AB BOKpyr maHHOH OCH HAa3BIBAIOT Mpenel, K KOTOPOMY
CTpEMATCA TIIOMIaan HOBerHOCTeﬁ BpallCHUA JIOMaHbIX, BIIMCAHHBIX B KPUBYIO AB, npu CTPEMJICHUU K HYIIIO
HaI/I6OJ'IBIHI/IX W3 IJIMH 3BE€HLEB 3THUX JIOMAHBbIX.

[Inomans NOBEPXHOCTH, ONIMCAHHON JIOMAHOH paBHA:

P, :pén (f(x,,_l)+f(xi)),/1+f¢2(el.)Dxl. Equation.3 .

OTta CyMMa HE SABJIACTCS HHTCI‘paHLHOﬁ, HO MOXXHO IMOKa3aTh, 4YTO

P=lim pg (f(x.)+/()N1+/¢(€)Dx, = lim pd 2/(e )1+ /¢ (e)Dx,.

b
Torna P =2pQf (x)y/1+ f ¢ (x)dx - hopMyna BEIHCICHNS NIOMIAM TOBEPXHOCTH TeIa BPAIIEHHUSI.
a

Samaun:
3anmava 1. BeraucouTh miomaan o0nacTei, OrpaHNueHHBIX TpapuKaMy 3aJaHHBIX (PYHKITHIHA:

y=32-2% y=-4z.

2. y=3/x, y=3/z, z =4

3. z=5-1y% T = —4y.

4. =+vet-1, y=0, Tz =In4.

5. y = sinz, y=cosz, x=0 (z>0).

6. y=+T, y=1/z, x = 16.
7 r=27T—-9%, z=-6y.
8. y =Sinz, Y = COBZ, z=0 (x<0)
9. y=v9-2% y=0, r=0, ==3/2
10. y=2/x, y = Se”, v=2, y=5

3anmava 2. BEIYUCITUTD JITUHBI IYT 33JaHHBIX KPUBBIX.

l. y=Inz, 272 < < 2V/6. 6. y= chr, 0<r<l.

2, y=Incosz, 0<z<=/6. 7. y=2xz3/2, 0<zx<1.

3. y=¢*, Inv3 <z <Ilnys. 8. y=1—In=x, V3 <z <8

4. y=Insinz, T/f3<z<w/2 9. y=1- chz, 0<z<3

8. y=27, 1/3< < 1/8. 10. y = V1 — 2?7 + aresin r, 0<2<1/2

3anmava 3. BEIYUCIUTD ITUHBI IYT 33aHHBIX KPUBBIX.



r=t—sint,
y=1- cost,

2cosi,

2sint,

r = cos” ¢,
L
y=sm t,

r= 2cost — cos 21,

L3
.
—— p—— p—— ——

= H
~
P

=
'

¥ = 2sini — sin 2¢,

= r=¢' cost,
> { y = e'sint, Ost<l
3amaua 4. BEIYUCIHTE 00BEMBI TEJT, OTPAHUUYEHHBIX 3a1aHHBIMU TTOBEPXHOCTSIMH.
1. z=4z%+9y?, Z=
2. z=9z2+ 492, z=06.
3. z=2z+8y?, z=4.
,UE 2
4. 2+ +Z=1 2= #=2
9 4
'1"2 ol
5. —+y*+ =1 =0, z=3
16 Y "9
1.?
6. —+y2-322=1 z2=10 z=1
9 Y
o
92 P 2 "
7. ¢4+ =—-=-2z"=1, z =0, =1
9

3anauya 5. Beruncauts 00beMbl Tell, 00pa30BaHHBIX BpalieHHeM BOKpyr ocu OX oOnacTeil, orpaHMYEHHBIX rpapuKaMu
3aJ[aHHbIX (QYHKIMH.

1. y==a*+1, wy=0. 2, y=sin(rz/2), y=1=z.
3. p==z, Yy =./z. 4, y=z*, y=2r.
J. Yy =0C05T, y=s6inz, x=0 (0<zx<Tm/4)
6 y= sin? r, y=10, z=n/2 (0<=z<x/2).
T. y=¢ y=1 d 1,
8. y=Ina, y=0 I f
2
9 y p u 1 a 1
- 5
10. y = cos®z, y=20 (=x/2<x<m/2)
Bomnpocsl.

1. 3anummre n3BecTHHIE BaM (HOPMYJIbI BBIYUCICHHS IUIOMIael INIOCKUX (QUryp.
2. Kak BeramcisieTcs mIoMaab IIOCKOW (UTypbl TPU MOMOIIH ONIPE/IeTICHHOr0 HHTerpana?
3. UYro Takoe KpUBOJIUHEHWHAs Tparewus?
4. Kax BbIUMCIHTD TUIOUIAIb KPUBOJIMHEHHON Tpamnenuu, OrpaHuueHHON CBEPXY KPUBOM, 3aJJaHHON
napaMeTpudecku?
5. UYro Takoe KpUBOIUHENHBIN cexTop? Kak BBRIUMCIUTH IUIOMAAb KPUBOIMHEHHOTO ceKTopa’?
Kak BbIYMCIUTD AIMHY TyTH KpUBOU?
Kak BerancinTh 006€M Tella MY IOMOIIH OIIPEIeNICHHOT0 HHTerpaia?
Kax HaiiTu momaap moBEpXHOCTH BpalleHus?
Kakwne ¢pusndeckne (MexaHUIECKHE) IPUIIOKCHHUS OIIPEISIICHHOTO HHTETpajia BbI 3HaeTe?

S Y

Pasznen 4. DyHKUIMH HECKOJIbKHUX NEPEMEHHbIX

Tema 10. IIpousBoanbie u fuddepeHunannl GyHKIMU HECKOJBKUX NlepeMEeHHbIX.

Ipaktuyeckoe 3ansitue 10.1. YacTHble NpPOU3BOJAHBIE MEPBOro mnopsinka. YacTHble NMPOM3BOAHbIE BBICHINX
nopsiakoB. Iouanbiii aupdepenuuan Pyuxkuuu. JAuddepenuuansl Bopicliux nopsiakos. luddepenunpoBanue
CJI0KHBIX U HeIBHBIX (DYHKIMIA.



[Tyctp B HexoTopo# obnacty 3amana ¢yHkuust z = f(x, y). BosbMem npounsBonbHyro Touky M(X, y) U 3a1aqum
npupanieHne Dx k mepemenHoit Xx. Toraa Benmnunna Dz = f( x + DX, y) — f(X, y) Ha3bIiBaeTCs YaCTHBIM MPHpPALIEHHEM
¢ynkuuu no x.

MoxHo 3amnucaTth

D,z _f(x+Dr.)- f(x.y)
Dx Dx ’

X

Torma lim

Dr Ha3bIBACTCS YACTHOW Mpou3BoaHOI QyHKIMK Z = f(X, y) mo X. O0o3HaueHue:
Dx® 0

E; z¢; M; fAx, y).Equation.3
T T
AHATOTHYHO OTPEAEIAETCS YaCTHAS NPOM3BOHAS QYHKIHH 110 Y.
Ty [y +Dy)- f(xy)
ﬂy D®0 Dy ’

I'eoMeTpHUYeCKHM CMBICJIOM YacTHOH TNPOM3BOJHOM (HOMyCTUM ——) SBIAETCA TAHICHC YIJla HAKIOHA

KacaTelbHOMU, IPOBEACHHOM B TOUKE No(Xo, Yo, Zo) K CEUSHHIO IOBEPXHOCTHU TIOCKOCTBIO ¥ = V.
i epenyuposaniie KomroIuyuL

1. Ecnm 25 f(x: }’): x:x(r), )"=}’(f)”ro

e _God ody
7t Bt Oyd

2. Ecnn z =f(x’ y)’ x= X(ﬁ, S)? W= y(t’ S): TO!

BBy By B g OBy
P o

Moaubim puddepenumanom ¢yuxiuu z = f(xX, y) HaspiBaeTcs TiaBHas JMHEHHas oTHocuTeiapHOo Dx u Dy

npupanienus Gpyuakiu Dz B Touke (X, y):
dz = fd(x,y)dx + [ ¥x,y)dy.

,Z[J'I)I (l)yHKHI/II/I MPOU3BOJIBHOI'O YUCJIa TICPCMCHHBIX!

df (x,9,2,...,1) :%dx + Ka’y +...+ %dt Equation.3 .

Hpumep. Haittn nonusiit muddepenuuan Gpynximn 1 =x” N Equation.3 .
u u u
du :ﬂ_dx -+ Tl._dy + ﬂ_dz
™ W

:yzzxyzz"; }L—u =x"7Inx X yz; T =x"Inx T

2 _ izl 2 2 _y*z
du =y“zx” " dx +2x" “yzInxdy + y"x” “ Inxdz
YacTHble MPOU3BOJHbIC BLICHIUX MMOPA/IKOB:

e
T



2,
.,

P

| =[]
L8 i,

T &{ﬁx_f] HITH f;m & (J:zn )x',

;é; &y [Z;{] HIH f,ﬁ,m = (J‘;z");,

JAuddepenunansl BbICIIMX NOPSIAKOB:

2
d*f= afcix2+2a;;dxdy+ Ly,

g’:.)
2w

o
o

\?’|‘-\

@,
"-._“

g

ay?
L S wil
a" Y1C”“—c:3f>c dy ™ k C't o
1= pary axt oyt k!(m—fc:l!

3 .Y
d*f=|Z ey Zg 3
! [@c " J .
d=—dx+—dy _
roe . 5 Y - oneparop guddepeHEpoBaHAA

3anaun:
3anaya 1.
Haiit yacTHBIC POU3BOAHEIE IO BTOPOTO MOPSIKA BKIFOUYUTEIHHO 33JaHHBIX (DYHKITHIA:

1. z2=1e"Y, 2. z==zlIn(z/y).
3. z =sin(zy). 4. z=e€"cosy.
5. z=+/z2+12. 6. z=In(z%+y).

7. 2= +/2zy + y2. 8 z=I ¥zy.

9. z=xcosy+ysinz. 10.2z=(1+x)%(1 +y)’

3anaua 2.

Haiitu npousBoanble pyHKINHU Z=7(U,V):
-w’ 1 -

Zp U2y u=u(z,y) uv=1r(z,y).

1. z=u?+v%, u=z+y, v=z-—9.

2. z=In(u?+v?), u=uazyp, v=gx/y.

& z=u" u=sinzr, U= Ccos Y.

4. z=u?+ 209, u =z —y? U= eV,

B. z=arctg(u/v), u=xzsiny, U= I COs .

6. z=In(u-v?), u =z +y°, U=y,

T. z=u? 42 u=Inr*+y?* v=arctg(y/z).
8. z v ur, u = In{z? + y"]. v .r.r,rz.

B z=e", t=Inx, v =Iny.

10. z = In (u/v), u = sin (z/y), v= /2y
3amaya 3.

Haiitu nmpou3sBoaHble GpyHKINH, 3a1aHHBIX HESBHO:



1. y* =2V, 2. y=14+y~.

3 y=z+nyp 4. z+yg=e"V.

5. zle™ —yle’® =0, 6. r—y+arctgy= 0.

7. ysinr —cos(zx—y) = 0. 8. sin(ry) —e™ — rly = 0.

9. 142y —In{e™ +e2)=0, 10.2° -2zxp+p*+2x+y-2=0.
Bompocsr:

1. aiiTe onpeaencHre YaCTHOTO MpHpaIieHus QYHKIIMH 10 He3aBICUMOW NIEPEMEHHOM.

2.Uro Takoe MmoHOe IpupamieHne GpyHKm?

3.Yro Takoe dYacTHas TPOW3BOAHAS (YHKIMH HECKOJIBKMX mepeMeHHBIX? Kak oOo3Hawaercss dYacTHas
MIPOU3BOIHAS?

4.TlosicCHUTE TEOMETPUIESCKUI CMBICIT YACTHON TIPONU3BOIHOH.

5.Yro takoe auddepeninan GyHKINNA HECKOJIBKUX TEPEMEHHBIX?

6.Yro Takoe nuHeapu3aus GyHKIHi?

7 Iosiaute mpaBuiia quddepeHIrpoBaHus CI0XKHBIX U HESIBHBIX (yHKLUIL.

8. Kak HaiiTi 4acTHbBIE IPOU3BOJHBIC BTOPOT'O, TPETHETO,. .., N-T0 HOpsaKa?

9. 3anmmmTe popMyiTy At BEIMUCIEHHS Aud depeHiinana BToOporo nopsaKa GyHKIUH ABYX IIEPEMEHHBIX.

IpakTnueckoe 3ansaTue 10.2. KacarenbHass u HopMaJib K noBepxHocTu. [Ipon3BoaHasi o HanpaBJIeHUIO.
I'paauenr.

KacaTelNEHAA NIQEKOCTE

ITycte N u Ny — Touku ganHoi moBepxHocTH. [IpoBeaem mpsmyro NNj. IlnockocTs, koTopast MPOXOAUT depes
TOYKY No, Ha3bIBaeTCsl KacaTeIbHON MJIOCKOCTBIO K TIOBEPXHOCTH, €CIIH Yroy Mexay cekymield NNy 1 3Tol IIOCKOCTBIO
CTPEMUTCS K HYJTI0, KOTIa CTPEMUTCS K HYJII0 paccTostane NNj.

Hopmajibio kK TOBepXHOCTH B TO4Ke Ny Ha3bIBACTCS HpsAMas, MPOXOZsiias dyepe3 ToUKy Ny MepIEeHANKYIISPHO
KacaTeJbHOU IJIIOCKOCTH K 3TOH MOBEPXHOCTH.

B xaxkoif — 1100 TOYKE MOBEPXHOCTH UMEET, JINOO TOIBKO OHY KacaTelbHYIO INIOCKOCTh, TH00 HE MIMEET €€ BOBCE.

Ecnmu moBepxHOCTH 3agaHa ypaBHeHHeM z = {(X, y), rae f(x, y) — dyaxmms, auddepenmupyemas B Touke Mo(Xo,
¥o0), KacaTelnbHas II0CKOCTh B TOUke No(Xo,Yo,(X0,Y0)) CYILIECTBYET U IMEET yPaBHEHHUE:

z= f(x0, 1) =S Hxy, yo)(x = X))+ fy¢(x07y0)(y - o) Equation.3 .
YpaBHeHHE HOPMAJIU K TIOBEPXHOCTH B 3TOM TOUKE:

X=X - z=-z
0o V") = 0 Equation.3 .

JAx0yo)  [Hxg, ) -1
I'eomeTpuyeckuM cmbiciaoM monHoro auddepennmana GyHKIMM ABYX mepeMeHHBIX f(x, y) B Touke (Xo, Yo)
ABJISICTCA TMPHUPAIICHUE aNIUTUKAThl (KOOPAWHATHI Z) KacaTeIbHOM IUIOCKOCTH K MOBEPXHOCTH MPU MEpexojie 0T TOUKH (X,

yo) K Touke (Xo+Dx, yot+Dy). Kak BuHOHO, TeoMeTpHYeCKHil CMbICH MOJHOro auddepeHnurana (GpyHKIUU IBYX
MIEPEMEHHBIX SIBISIETCS MPOCTPAHCTBEHHBIM aHAIOTOM TI'€OMETPHYECKOTro cMbicia auddepeHipana (yHKIUH OJIHOMN
NIepEeMEHHOMH.

H[!I/IMC[!. Hatitn YpaBHCHUA KacaTelIbHOH IIJIOCKOCTH U HOpMaJikd K NOBEPXHOCTHU

z=x"-2xy+y’ - x+2y

=2x-2y-1; k=-2x+2y+2
v

B Touke M(1, 1, 1).

==

YpaBHeHHUE KacaTelbHON MIIOCKOCTH:
z=1l=-(x-1)+2(y-1) x-2y+z=0;

ypaBHeHI/Ie HOpMaJn:



x-1_y-1_z-1
-1 2 -1’

I'paamenT QyHkuum BerauciseTcs no Gpopmyoie:

grad [ = i;+g}
Z
Hpumep. Haiiti rpanuent GpyHkunm
u = x> — arctg (y + 2)

B Touke M (2,1,1).
1. HaxoguM 9acTHBIE TPOU3BOfHbIE (DYHKIHHM U = 2% — arctg (y + z):
of 5. 0f _ 1 of 1
or 77 8y 1+(y+2)? 9 1+ (y+2)*

2. Beraucasem gacTHbie nponssogusie Gynkmmn u = r? —arctg (y+ z)
B Touke M(2,1,1):

AL =4 fL)=-3 feL1)=-;.

3. Boramcagem rpagaeHT (QYHKIMH U = x? — arctg (y + z) B Touke
M(2,1,1):
1 1
grad f = {fu(2,1,1), f}(2,1,1), fi(2,1,1)} = {4. -=, -;}.
(2,1,1) ] 0
11
OTser. grad f = {4,——,——}.
(2,1,1) 5 5

TIpou3BoHAS 10 HATIPABJIEHHIO, OTIPEIENIEMOMY BEKTOPOM:
[=cosa-i+sina-j
OIIpEJIENSETCS KaK:

o _F a &

= =acosa+§sina, E=gmdf-£_.

3amaun:
3amauva 1.
Halitu ypaBHEHHS KacaTeIbHOM IIOCKOCTH M HOPMAJTH K MIOBEPXHOCTHU B 3aIaHHON TOUke M.

1. z=z2+y%, M(1,-2,5).
i%-’r— % - % =0, M(4,3,4).
=sinzcosy, M (w/4,7/4,1/2).
=e*cny. M(l,x;1/e).

=ytgze, M(n/4,1,1).

> = arctg (z/y), M (1,1,7/4).
z(y+z)(z—zy) =8, M(21,3).
2=/ L v/z =8, M(2,2,1).

2+ +22-16=0, M(2,22V2).

10. 2?2 + 2 - 22 =-1, M(2,2,3).

Bagaua 2.
Haiitu rpasueHT QpyHKIUHU B TOUKE.
1. u=z+In(22+y%), M(2,1,1).

2. u=2z’y—/zy+22, M(1,5, -2).

3. u=sin(z +2y) +2/xyz, M(xn/2,37/2,3).

18] o
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v

4. w=a3+/y* +22, M(1,1,0).
=Ty +v9—22, M(1,1,0).
v =In(3 — z?) + zy?z, M(1,3,2).

6
7. u=z*y’z—In(z-1), M(1,1,2).
8
9

o

v =In(z® +92%), M(Q,-1,2).
u=zy—x/z, M(-4,3,-1).

10. u = In(z + /22 + y?), M(1,-3,4).

3anaua 3.

Haiitu npou3BoaHY0 GYHKIMK U B TOYKE A 110 HAMPABJIEHUIO K Touke B.
1. u=z+In(z22+y?), A(2,1,1), B(0,2,0).

2. u=2z%y— \xy+ 22, A(1,5,-2), B(1,7,—4).

» . 0 == ™ 3T | 7 37

3. u=sin(z+2y)+2,/Tyz, A 55 3)> B 3—4. 3 +3,3
4. u=z3+/y? + 22, A(1,1,0), B(1,2,-1)

5 u= Ty +V9— 22, A(1,1,0), B(3,3,-1)

6. u=In(3 — z?) + zy’z, A(1,3,2), B(0,5,0).

7. u=z%y?z-In(z - 1), A(1,1,2) B(6,-5,2v/5 +2).
8. u=In(z? + y?), A(1,-1,2), B(2,-2,3).

9. u=In(z+ /22 +y?), A(l1,-3.4), B(-1,-4,5).

10. u =zy — %, A(—4,3,-1), B(1.4,-2).
Bompocsr:

1.Uro Takoe KacaTenbHast INIOCKOCTH K TIOBEPXHOCTH?

2.Yt0 Takoe HOpMaIIb?

3.Kak coctaBuTh ypaBHEHHE KacaTeIbHOM MIIOCKOCTH M HOpMAau?

4. aiiTe onpejiesicHre TpaaueHTa GyHKINH.

5. Jaiite omnpexaeneHHe MNPOU3BOJAHOW II0 HANpaBICHUIO s (QYHKIMHM HECKOJBKMX IEPEMEHHBIX. 3alHIInTe
COOTBETCTBYIOIINE (POPMYIIBL.

Tema 11. UccienoBanne pyHKIUH HECKOIBKUX IIepeMEHHBIX.

IIpakTnuyeckoe 3ansaTue 11.1. Ixcrpemym ¢yHKnuM ABYX nepemeHHbIX. Heo0xoaumbie M JOCTATOYHBIC YCIOBHA
skcTtpemyma. HauGoJibliee M HauMeHbIlee 3HAYeHUs] PYHKUMH B 3aMKHYTOH 00J1acTH. YCJIOBHBIH IKCTpeMyM.
Metoa MHoxkuTe el Jlarpanaka.

Ecmu mna pynkuum z = (X, y), onpeneneHHoN B HEKOTOPOi 001acTH, B HEKOTOPOIl OKPECTHOCTH TOUKH M (X, Yo)

BEPHO HEPABEHCTBO
F(xg50) > f(x,9),

TO TO4Ka M, Ha3bIBacTCs TOYKOH MaKCUMyMa.
Ecnu nnist pynkumm z = f(x, y), onpeneneHHONW B HEKOTOPOH 00J1aCTH, B HEKOTOPOH OKPECTHOCTH TOUKH Mo(Xo, Yo)

BEPHO HEPaBEHCTBO
S (x> 30) < f(x,9),
TO TOYKa My Ha3bIBAETCsl TOUKOH MHHHMYMa.

Teopema. (Heo0xoaumble yCI10BHS IKCTPEMYMA).

Ecmn ¢ynknms f(x,y) B Touke (Xo, yo) IMEET 3KCTPEMYM, TO B 3TOH TOYKE JIMOO 00e ee YacTHBIE MPOU3BOJHbIC
nepsoro nopsiaka pasust nymo f #(x,,y,) =0, f V¢(x0 »¥o) =0, 1160 x0Ts GBI 0O1HA U3 HUX HE CYLIECTBYET.

3Ty TOUKY (X0, Yo) OyZieM Ha3bIBaTb KPUTHYECKOH TOUKOM.

Teopema. (JlocTaTo4YHbIe YCI0BUS IKCTPEMYMA).

ITycTh B OKPECTHOCTH KPHTHYECKOH TOUKH (X0, Yo) QyHKIHS f(X, y) HMeeT HenpephIBHBIC YaCTHBIC TPOU3BOAHBIC
JI0 BTOPOTO MOPSIAKa BKIIOYUTEIBHO. PacCMOTPUM BBIpaKeHUeE:

D(x,y) =f¢(x, ) 5 &(x.3) - |[$(r. ) f
1) Ecmu D(xo, yo) > 0, T0 B Touke (Xo, Yo) byHKuus f(X, y) MMeeT 3KCTpeMyM, €Clu f r({1)()60, V) <0 -

MakcuMyM, eciu f X@(xo , Vo) > 0 - MuHEMYM.



2) Ecmu D(Xo, yo) <0, TO B TOUKE (X0, Yo) PyHKIHS f(X, y) HE UMEET IKCTpEMyMa.

B cnyuae, eciiu D = 0, BBIBOJT O HAMYNH SKCTPEMyMa CJIeIaTh HENb3S.
YcaoBHBINH IKCTPEeMyM HAaxXOAWTCS, KOIJa HepeMeHHble X M Yy, Bxojsmme B ¢yHkumio u = f( X, y), HE SBISIOTCS
HE3aBUCHUMBIMH, T.€. CYLECTBYET HEKOTOPOE COOTHOLICHHE j(X,y)=0, KOTOpOe Ha3hIBAacTCsl ypaBHEHHEM CBSI3H.

Torna U3 MepeMeHHBIX X U Y TOJBKO OJHA OYZET HE3aBUCHMOM, T.K. pyTras MOKET OBITh BBIpa)KEHA Yepe3 Hee U3
YPaBHEHHUS CBSI3H.

Torma u = f(x, y(x)).
du Y W dy
dx ﬂx T[y dx
. Y

- =0 (1)
dx ﬂx T[ydx

B Toukax OKCTpEeMyMa:

Kpowme Toro:
—+— o =0 Equation.3 )

YMHOXUM paBeHCTBO (2) Ha yncio | u cnoxxum ¢ paBeHCTBOM (1).
Vo, o T &0
T Tl e

e‘lIx 'ﬂxa g'ﬂy v gdx

J171st BBITIOJTHEHHS 3TOTO YCJIOBHUS BO BCEX TOUKax HaiileM HeonpeneleHHbIH KodddumueHT | Tak, 4To0bl
BBINOJIHAJTIACH CUCTEMA TPEX YPaBHEHUI:

adlf (o, Tod_,

iﬂ.|.| Tﬂ_:o
:::ﬂx %
:'KH W_:o
X T

11 (x,) =0

|

[MTonydeHHast cucTeMa ypaBHEHUH SBISIETCSI HEOOXOAMMBIMH YCIOBHSIMH YCIOBHOTO SKcTpeMyma. OJHaKo 3TO
YCIIOBUE HE SIBJISIETCS JOCTATOYHBIM. [103TOMY NpW HaxOXJIEHWM KPUTHYECKUX TOYEK TpeOyeTcsi MX JOIOJIHUTEILHOE
HCCIIeIOBaHUE HA SKCTPEMYM.

Breipaxkenue u = f(x, y) + lj(x, y) Ha3biBaeTcs dpyHkuueii JIarpanxka.

pumep. Haiitu sxctpemym pyakmmm (X, y) = Xy, €ClId ypaBHEHUE CBS3H:

2x+3y-5=0
u=xy+l 2x+3y-5)

1T—u:y+2l; 1T—u=)c+3|;
T )%

iy+2l =0
:’x+3| =0
L2x+3y-5=0
—_ _5. _5.
~n TR T
@ 50

Taxum 06pazoM, GYHKIHS UMEET SKCTPEMYM B TOUKE 9—
6g

HUcnonp3oBanue ¢yHkuun Jlarpanxka Juist HAX0XKJICHUS TOUEK SKCTpeMyMa (QYHKIIMU Ha3bIBACTCS TaKKEe METOA0M
MHOxHUTeseil Jlarpan:ka.

3amaun:
1.Haiitn sxcTpemMmym QyHKITHH:



1. 2 =a° — ay + y% 2. z=z%-ay -~

3.2=22-22y+2°+2x. 4. z=23+1° — 2% — 2zy — 2.
5. 2 = z° — 2y® — 3z + 6y. 6. z=4x 4+ 2y — 22 - ¢
7.2 =2° 4+ y® — 15zy. 8. z2=2z%+zy + y* — 3z — 6y.

9. z = z% + 4y® - 2zy + 4. 10. z =z/y+1/z+y.
2. Haiitu ycnoBHBIN 3KCTpeMyM (QYHKITHIA:

Dz =x>+y"- xy+x+y+3=0 mpu x+y+3 =0;
2)u =xy’z’ mpu x +2y +3z =12(x >0,y > 0,z > 0);
3) z =x + 2y Equation.3 mpu x° + y* =5.

Bonpocsr:

1./laiiTe onmpenencHue JTOKAIbHOTO MakKCUMyMa (MUHUMYMa) GYHKIIUH B TOUKE.
2.ChopmynupyiiTe HCOOXOIUMBIC YCIOBHUS KCTPEMyMa.

3. ChopMynupyiiTe TOCTATOYHBIC YCIOBHS DKCTPEMyMa.

4. OObsicHUTE MOHATHE KCTpeMyMa (DYHKLUH B 00JIaCTH.

Tema 12. /IBoiiHOI1 HHTErpaJ.
[pakTtuyeckoe 3ansatue 12.1. CBoiicTBa M MeTOabl BHIYMCJIEHUS ABOWHOr0 HMHTerpajia. 3amMeHa mepeMeHHBIX B
JIBOHOM MHTerpaie.

PaccMmoTpuM Ha TTOCKOCTH HEKOTOPYIO 3aMKHYTYIO KPHBYIO, ypaBHEeHHE KOoTopo# f(X,y)=0.

¥ 1

T )
\

Iy
— ] /l/

COBOKYIHOCTh BCEX TOYEK, JICKAIIUX BHYTPH KPUBOI U HA CaMO KPHBOW Ha30BeM 3aMKHYTO# obmacteio D. Ecnu
BBIOpATh TOYKH 00NAcTH €3 yueTa TOUeK, JeKAIIUX Ha KPHBOH, 00JacTh OyIeT Ha3bIBaeTCsl He3aMKHYTO#H 001acte D. C
reoMeTpuyieckoii Touku 3peHus D - miomans Gurypsl, orpaHuueHHO KOHTYPOM.

Pa3o06bem 06acTe D Ha n yacTHYHBIX 00OMAcTeH CETKOI NPSMBIX, OTCTOSMIMX APYT OT JApyra N0 OCH X Ha
paccrosiHue Dx;, a mo ocu y — Ha Dy;. BooOG1e roBopsi, Takoi mopsiioK pa3oreHns: HeoOs3aTeNeH, BO3SMOYKHO pa3OnueHUe
00J1acTH Ha YaCTUYHBIE YYaCTKH NMMPOM3BOIBGHON (GOpMBI B pazMmepa.

[Tosrygaem, 9To IIIOIAAE S ISTUTCS HA 3JI€MEHTapHBIE IPSMOYTONBHHUKH, INIOIAIH KOTOPBEIX paBHEL S; = Dx; X
Dyi .
B xaxnoit yacTu4YHO# 00J1aCTH BO3bMEM MPOU3BOJIBHYIO TOUKY P(X;, Y¥;) U COCTABUM MHTETPAIBHYIO CyMMY

i=n

é f(x:"yi) >Si;
i=

rae f— (byHKIII/IH HEIPCPBhIBHAA U OJHO3HAYHAA IJI1 BCEX TOYUCK obnactu D.

Ecin 6eckoHeuHO YBCJINYMBATH KOJINYICCTBO YaCTUIHBIX obOacreit Di, TOTraa, OYCBHUAHO, IIOIAAb KaXXa10I'0
YaCTUYHOT'O Y1acCTKa Si CTPEMUTCA K HYJIIO.
i o:n
Ecnn Ipyu CTPEMJICHUU K HYJIIO Iara p336I/IeHI/I${ o0JacTu D HUHTETrpaJIbHbIC CYMMBbI a f(xi N yl) >Si HUMCHOT KOHCYHbIN
i=
peaci, To 3TOT NPEACT HAa3bIBACTCA HBOfIHbIM HHTErpajaom oT Q)yHKHI/II/I f(X, y) o odactu D:

i=n

lim@ /(x,.»,)S, =OCr»)dxdy.
i= D



C yuerom toro, uto S; = Dx; X Dy; nonyuaem:

I:I I—ll I—Jl

a [(x,)S, =@ @ f(x,,7,)Dy,Dx,

i= =

B mpuBeieHHOIA BBIIIIE 3aIIMCH UMEIOTCS JBa 3HAKA S, T.K. CyMMHPOBAHHE IPOM3BOUTCS MO IBYM IIEPEMEHHBIM X
ny.

T.k. feneHure 006JaCTH HHTEIPUPOBAHMUS IPOU3BOJIBHO, TAKXKE POU3BOJICH U BRIOOD TOUek P;, To, cumTast Bce
IUIOIIATH S; OTMHAKOBBIMH, TIOJIy4aeM (GopmMyIry:

Oé(x y)dydx = lim § a f(x,y)DyDx Equation.3 .
Dy®0

CopmynupyeM 10CTaTOYHbIEC YCIOBHS CYIECTBOBAHUS JBOIHOTO HHTETpaa.

1. Ecnu ynkuus f(x, y) HempepbiBHA B 3aMKHYTO# obnactu D, To 1BOMHOI nHTErpan (‘)6()( ,)dD

D
CYIIEeCTBYET.

2. Ecnut dyukumst (X, y) orpaHudeHa B 3aMmkHyToi obnactu D 1 HenpepbiBHA B Heil BCIOLY, KpOME KOHEYHOTO YHCIa

KyCOUHO — IIaJIKUX JIMHHH, TO 18oitHol urrerpan ()@(X,)dD cymecrsyer.
D

CgoiicTBa IBOMHOIO MHTErpaa.

1) (‘)Bl (%2)+ f060) = f(x, ) Hvdx =00Q (x, »)dydx + Q. (x, y)dydx - O (x, y)dydx .
D D D D

2) O (x,y)dydx =kQ@(x,y)dydx .
D D
3) Ecimu D =D, + Dy, o

Oé(x y)dydx =Q@(x, y)dydx + O g)(x, y)dydx .

D] D'7

4) Teopema o cpennem. J[BoiiHol uHTerpan ot GyHkuuu f(X, y) paBeH NpoU3BEeICHUIO 3HAYCHUsSI ATOH QYHKIHH B
HEKOTOPO TOYKE 00JIACTH MHTETPHUPOBAHUS Ha TUIOIIAb 00JaCTH HHTETPUPOBAHUSI.

OQ(x, y)dydx = f (x4, ) X
D
5) Ecam f(x,y) 0 B o6nactn D, 10 (X, y)dydx * 0.
D
6) Ecn fi(x, y) £ f(x, y), 10 @) (%, ¥)dydx £ O (x, y)dydx .
D D

OB, »)dvdx| £ §(x, y)|dvdx .
D D

Boluncnienue 1BOWHOrO MHTErpaa.

Teopema. Ecnu ¢hynxyus f(x, y) Henpepwisna 6 samknymou ooaacmu D, oepanuuennou nunusmu x = =b, (a<
b),y =j(x), y = Y(x), 20e ju y - nenpepwiguvie ynkyuu u
Jj £y, moeoa
b g8 by

6(x y)dxdy =g Of (x, y)dy dx =0l Of (x,»)dy.

j (x) o a j(x)



A

¥ =@z

R
o
2]

[pumep. Beraucnuts uHTErpan OG - y)dxdy , ecnu o6nacte D orpannuena munusmu: y = 0, y = x2, x = 2.
D

[

2 X 2 2 y= 4 552

(‘)QS(x,y)dxdy :(‘jlx(‘jx- y)dy :dxy- ) ‘ dx ) =S

)dx _§7 - ic— jo Equation.3 =

=4 - 3,2 =0,8 Equation.3

Teopema. Ecnu ¢hynxyus f(x, y) nenpepoisna 6 samxrymoii ooracmu D, oepanuuennoti iunusimuy = ¢, y =d (¢ <
d),x =F@),x =Yy (F) £Y(). mo
d Y

oé(x vdxdy =yly Of (x, y)dx

c F(y)

Ipumep. Beraucmuts unrerpan (VY- + v° )dxd , ecii obnacte D orpanunyena nuausimu y = x, x =0,y =1,y
Hpuvep. pan ) y*)dxdy p
D

1

2
Opumep. Boruncnts unrerpan OEJx~ - 2xy + y)dxdy , ecnu o6macts unrerpuposanms D orpanuuena

D
muauAME X = 0, X = y2, y = 2.



2 y2

2 yz
c‘)@xz - 2xy + y)dxdy = (yly C‘j3x2 - 2xy + y)dx =dx3 -’ +yx)| dy =
D 0 0 0

0

2 7 6 4 2

67 _244
_ A 6_ 5+3d:a}_y y
Ejy Y +yi)dy MR

3agaun:
3anauva 1. I3MeHUTh NOPSOK UHTETPUPOBAHUS:

/]drjrf(;-:,y)dy : jdr 71“{(,,’.9.)@_ [ / flz,y)dx +/dy / flz,y)dz.
0

~y/4 -v32—y
y a ve Vo2 2v3  J12=z?
/.dy/ flz,y d.r—l—/dy/fx y)d 5. /ﬂfr ] f(z,y)dy + / dx / f(z,y)dy.
1/4 1/y 0 0 VB 0
—3 /36—y V—vi—13y 1 0 2 0

/dy / flz,y d:c+/dy / J_f(l- y) dy. 6. / dy / f(-‘luy)d:r+/dy / f(z,y) dz.

0 2 1 . A
6 v —\/2y—?

3&2{3‘1 BLI‘-II/ICJII/ITL ,HBOI/IHBIC HWHTETPAJIBI 1O o0mactam D OIr'paHNYCHHBIM 3aTaHHBIMHU JINHUAMM:

1 //(2.1' — y) dz dy, y=z°, y=7.
D

2 //(.r —y) dz dy, y=2-z%, y=2z-1.

5
. 1 .
3. (yInz)dx dy, y== Yy=+2, 2=2.

o ‘l.

D
4. //((‘m 2z + siny) dz dy, y = E -z, y=0, z=0.
5. //sin(:r+y)drdy, y=z, y= g, z=0.

D

2
6. /fx—odardy, yzl,yzs:,a:?
y? z
D

9

f/(x2+y)dxdy, y=z> y=
D

Bompocsr:

1.JlaliTe onpeneneHne TBOMHOTO HHTETpaa.

2. IlosicHuTE reoMeTpHUECKUI CMBICIT JBOWHOTO HHTErpaa.

3.Ilepeuncaure cBONCTBA ABOWHOIO HHTErpaa.

4.Yto Takoe MOBTOPHBINA HHTErpan?

5.0numuTe npoece BhIYMCICHUS ABOMHOIO UHTErpaa B JeKapTOBbIX KOOpAUHATAX.

Tema 13. IIpuiioxenus ABOHOr0 MHTErpaJia.
[pakrtuyeckoe 3anaTue 13.1. [lpuiiokeHus IBOITHOr0 MHTErpasa.
1) Beraucnenue miomaael B 1eKapTOBBIX KOOPAWHATAX.

¥
¥ = (%)
)
v =%
a ' v 4

[Tnomazap S, moka3aHHas Ha pUCYHKE, MOYKET ObITh BBIYMCIICHA C TIOMOIIIBIO TBOWHOTO HHTErpaia mo Ghopmyie:



bj(x)

S = O C‘ylydx Equation.3 .
a f(x)

Ipumep. BBMUCIMTE MIOMAAL GHTYPHI, OTPAHMYEHHON TMHUAME Y- = 4X + 4; x +y — 2 = 0.

[MocTponm rpaduky 3agaHHBIX HYHKIIHHA:

Jlunuu nepecekatorcst B 1ByX Toukax — (0, 2) u (8, -6). Takum o0pazom, obacT HHTErPUPOBAHHS OTPaHUYEHA MO

2 -
ocu Ox rpadukamMu KpUBBIX OT X = 4 nox =2—y,amno ocu Oy — ot —6 no 2. Toraa uckomas IIOMAab PaBHA:
2 2-y 2 = 2
40 AB-4y- y +40

$= OOdXdy 33 )" < dy =—0% y -4y+12)7’y_

cg 1) ((:% 4 2 -6

4

=1 Y =18 g0 PO 980 5601 Re. B0y ]
4§ 3 4% 3 2 o 4 e 3g 3

2) Beraucnenue miomaaeii B mOMSPHBIX KOOPIUHATAX.

% (9
S=0firda=peydx = gdrdq
t D q, f(q)

3) Brruucnenue o0beMOB Tell.

[TycTb TENO OrpaHuueHo CHU3Y IIOCKOCTHIO XY, @ CBEPXY— MOBEPXHOCTHIO Z = f(X,y), a ¢ GOKOB —
HUJIUHAPUIECKON TOBEPXHOCTHIO. Takoe Teno Ha3bIBAeTCs UJIMHAPOUI.

X2¥2

V= ég@n a Da zDyDx = Oglydx = ggdydx Equation.3



|
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I
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[IpumMep. BEaucIuTs 00b€M, OrpaHUYEHHBINA TOBEPXHOCTAME: X + Yy = 1; X + y + z =3 u mwiockocTeio XOY.

Ipenensl nuTerpuposanus: mo ocu OX: y; =-+/1- x*; v, =+1- x? ; Equation.3

mo ocu OY: x;=-1; x,=1;

1 vl-x

V=0 ¢3- x- y)dydx =3p;
LJ1-x2

4) BpluucieHue mionajam KpuBoi MOBEPXHOCTH.

Ecnn nmoBepxHOCTh 3a1aHa ypaBHenueM: (X, y, z) = 0, To muromazs ee MoBEPXHOCTH HAXOIUTCS 10 hopMyJie:

ad]fo aé]fo

Go =+ +

S:?Ue‘ﬂxa g;l]]fyg e‘ITZfa v

=

Ecin moBepXHOCTB 3aJjaHa B HESIBHOM BHUJIE, T.C. yPaBHEHHEM Z = j(X, y), TO IUIOLIAAb 3TOil HOBEPXHOCTH
BBIUHCISIETCS IO hopMyIIe:

2 22
N\ 6 O
S=0 l+8§—[z+ +§q—[2idydx
5y eho &g
5)BrranciieHrie MOMEHTOB MHEPINH TUIOIIAACH TUIOCKUX (QUTYP.

[MycTs miomnia s miockoit ¢purypsi (obnacts D) orpannuena nunueit, ypasuenune kotopoii f(x,y) = 0. Torna
MOMEHTBI HHEPIIMH 3TOH (GUTYpBI HAXOAATCSA 10 (hopMyJIaMm:

by

- otHocuTenbHo ocu Ox: [ = (‘)@2 dydx Equation.3
D
— 2 N2 .
- oTHOcHUTeNbHO ocu Oy: [ = o) dydx Equation.3
D

2, .2 .
- otHocHTebHO Havana koopmunar: [, =1 +1, =€y~ + »")dydx Equation.3 - 5T0T MOMEHT HHEPLHH HA3bIBAIOT

D
€IIC MOJAPHBIM MOMEHTOM MHEPIIUHA.

6) Brruncienne neHTpoB TSHKECTH IUIOMAAeH MIOCKUX (Guryp.

KoopauHaTs! IeHTpa THKECTH HaXOAATCS 10 hopMyIIam:



O@ydydx O@dydx
D D
Xe == Ve == >
OOdvdx OQdvdx
D D
3I1eCh W — ITOBEPXHOCTHAS IDIOTHOCTH (dm = wdydx —Macca 311eMeHTa IIIOIIa ).

3amaun:

3anmaua 1. Haiit 06beMBI TET, OTpaHNYCHHBIX 3aJaHHBIMH TTOBEPXHOCTSIMHU:

1. ==,/ T =2,/y, z=1-y, z=10,

2. y=q/m, y = 2y/x, z=6-=z 2= (),

3. y=+z, y=0, z=1, z=z+4+y+1, z=0.

4. y=12 y=1, z =22 + 93, z=0.

5 y=6-—3z/2, y=6-3z, y=0, z=6-xz—-y, 2=0
6. z2+9y% =414, z = zy, z2=0 (z>0,y>0)

7. y=m y=20 z=4—x—2y, z=

8. z?+y?-4y=0, z2=4-23, =0

9. z?+4y?-22=0, 2 =2z +9?, z=0.

10. 2?2 4+ ¢y -2z =0, z = 2x; z =A4z.

3anauva 2. Haiiti momany Gpuryp, orpaHUdeHHBIX 3aJaHHBIMA JINHUSMH:
l. y=2/z, y=4e", y=2, y=4.

2. y=1/z, y=2¢%, y=1, y=2.

3. y=2/z, y=2/z, =4

4. 224y =2, y=-2% (y<0).

5. y=+v=, 9=0, z=4.

6. =2—9% z=—y.

7. y=sinz, y=cosz, =0, z=n/4.

8. y=2z2-1, y==z.

9. z=+4-92 z=9%/3

10. y=Inz, y=¢elz, z=1.

3anaua 3. Haitftu Maccy minactunbsl D ¢ moBEpXHOCTHOM mIoTHOCTRI0 M, T1ie D orpannyena 3alaHHbIMU JTUHUSIMHU:



1. p=2z+y?% r=4, y=0, y=+/z.
2. u=z%+y, & =1, =10, §¥= 2.

3. u==1x%+2y, r=0, y=4, y=z2 (z>0).

4. p==z+1y% 2=0, y=1, y=x%/4 (z>0).
= _r—y s - 22 2,2
= x =0, =0, =z =4, =z 9
9. U 2?1 y2 () +y iy
(>0, y<0)
6 = 2P t=0, y=0, z2+¢y2=3, =z%+; 5
gl I L B e B e =
(x<0, y>0)
y—=x 2 2 2 2
T ol —0, y=0, 22+y*=4, 22+4>—=16
H z2 + 2 € Y r Y € Yy
(z<0, y=>0)

8. wx.y) =y, y=0, y=aVv3, 2°+

Bonpocsr:

1.Ilepeuncanre reoMeTpruueckre 1 HU3NUECKHE IPUI0KEHHS ABOMHOTO HHTETpaa.

2.0nummre, KaKk BBIYUCIUTH IIOMAAb KPUBOH IIOBEPXHOCTH C TOMOMIBIO ABOMHOTO MHTETpAa.
3.Yt0 Takoe moysipHBIf MOMEHT HHepuuH? Kak MOJKHO BBIYMCIHUTH IOJIIPHBIA MOMEHT HHEPLUH?
4. 3anmmuTte GOpMyITy U BEIYUCICHHS IEHTPOB TSHKECTH TUIOIMAACH TIIOCKUX (QUTYD.

Paszpnea S. luddepeHuuanbHbie YypaBHEHUS.
Tema 14. [Inddepenuuanbabie ypaBHeHUs NePBOro Nopsiaka.

IpakTuueckoe 3ansitue 14.1. Iuddepenuuaibubie ypaBHeHHsI ¢ pa3ieJsIIOIIUMHCS NepeMeHHbIMU. OHOpOIHBIE
ypaBHenus. JIuHeiiHbIe ypaBHeHUs1. Y paBHEHUs, MPHBOAMMbIE K JIMHEHHBIM,

JuddepeHunansHbIM ypaBHEHHEM Ha3bIBAaeTCsl ypaBHEHHE, CBS3BIBAOIIEE HE3aBHCHMBIE IEPEMEHHbIC, HX
¢ynkuuu u npousBoaHble (W auddepenunans) stoi pyHkuuu. Ecnm muddepenumansHoe ypaBHEHHE UMEET OAHY
HE3aBHCUMYIO TIEPEMEHHYI0, TO OHO Ha3bIBAacTCS OOBIKHOBEHHBIM AM((depeHInaTLHBIM YPaBHEHHEM, €CIIH K
HE3aBHCUMBIX ITEpEMEHHBIX JIBE WM Ooree, To Takoe nuddepeHnnanb-Hoe ypaBHEeHHE Ha3biBaeTcsl An()depeHnnanbsHbIM
YPaBHeHHeM B YACTHBIX NMPOM3BOAHBIX. HauBbICIINI MOPSIOK NPOM3BOMHBIX, BXOISIIMX B YPaBHEHHE, HA3bIBACTCS
nopsiAkoM AuddepeHuNAIBLHOIO ypaBHEeHUsI.

IIpumep.

X y¢+8y - x+5 =0 - obeikHOBeHHOE MU depeHnranbHoe ypaBHeHne | — ro nopsiaka. B obiiem Buje 3amuchBaeTes

F(x,y,y9 =0.
d’y dy
)Cd—2 +xyd— +X” =y - oOblkHOBeHHOEe mudQepeHInaTbHOE ypaBHEHHE 2 — TO MHOpsaka. B obmeM Buue
X X
sanuceiBaercst F(x, y, y§ y@ =0
2B, Tk
y

ﬂ + xy ﬂ =0 - qupdepennmansHOE ypaBHEHHE B YACTHBIX IPOU3BOIHBIX MEPBOTO MOPSIKA.

O6muM pemenneM auddepeHINANFHOTO YpaBHEHHsT HasbiBaeTcs Takas muddepenuupyemas ¢ynkuus y = j(x, C),
KOTOpasi IIpH ITO/ICTAHOBKE B HCXOTHOE ypaBHEHHE BMECTO HEU3BECTHOH (PyHKIMH 00paIaeT ypaBHEeHNE B TOXKIECTBO.
nddepeHnnanpHple YpaBHEHHS IEPBOTO MOPSIKA.

JuddepeHuuanbHbIM ypaBHeHHEM NePBOro MOPsAKa HAa3bIBACTCA COOTHOIICHHUE, CBS3bIBAIONICE (PYHKINIO, €€
MIEPBYIO IPON3BOIHYIO M HE3aBUCHMYIO IEPEMEHHYIO, T.€. COOTHOLICHHE BU/IA:

F(x,y,y9 =0
YpaBHemm C pa3lIeJIﬂIOHII/lMI/ICﬂ HepeMeHH])IMl/I
Hduddepennmanbaoe ypaBHEHUE y¢ = f (x, y) Ha3bIBACTCS YPABHEHHEM € Pa3Je/IIIOMUMUCA NePeEMEHHBbIMHU, €CIIH €ro
MOKHO 3a11mMcaTthb B BUIAC

ye¢=a(x)b(y).



- 2x

Hpumep. Haiitn o6uiee pemenue muddepenmmansuoro ypasuenns: yy¢ = Equation.3

cosy
yCcosy ﬂ =-2x

dx
ycos ydy =-2xdx

Oy cos ydy =-2(ydx

=y, dv =cosydy;l

i
Oy cos ydy =i y =ysiny- ¢yin ydy =ysiny +cosy
|

u
du =dy; v =siny
ysiny+cosy =-x” +C
ysiny+cosy+x° +C =0

- 3TO ecTb 00U MHTETpa UCXOAHOTO AU PepeHIINaIbHOTO YpaBHEHNUS, T.K. UCKOMast (DYHKIHS U HE BhIpaKeHa Yepes
HE3aBHCUMYIO [IEpEMEHHY0. B 3ToM 1 3akiouaercsa oT.iM4me o0IIero (YacTHOro) MHTerpajia oT oOLIero (4acTHOro)

peleHus.
% dy _ %

[pumep. Petuts ypasuenne y¢=1y p y

X
)

v Ady =dx

Y '%d — Y

o’ “dy =0oix
1

3yé =x+C

27y =(x + C)’ - 06mumit unrerpan
1 3
=—(x+ ()’ - obuiee pemenue
Y= ( ) p

JIuHeliHble ypaBHEHUSI.
JuddepeHnnansHoe ypaBHEHHE HAa3bIBAaeTCS JIMHEHHBIM OTHOCHTEIBHO HEW3BeCTHOW (QyHKIMH # ee
TIPOU3BOIHOM, €CITM OHO MOXKET OBITh 3aITMCaHO B BHJIE:

e+ P(x)y =0(x),
IIpU 3TOM, €ciaM IpaBas yacTh ((x) paBHA HYJII0, TO TaKOe YpPaBHEHHE HA3bIBACTCS JIMHEHHBIM OTHOPOIHBIM

i depeHnnanbHBIM ypaBHEHHEM, €CIH ITpaBas yacTh QJ(x) He paBHA HYIIO, TO TAKOE YPaBHEHUE HA3bIBACTCS JUHEHHBIM
HEOAHOPOAHBIM N PepeHIINATILHEIM YPAaBHEHUEM.

st MHTErpUpOBaHKs JTMHEHHBIX HEOMHOPOJHBIX ypaBHeHHH (Q(x)'(0) mpUMEHSIOTCS B OCHOBHOM JBa METOJA:
meron bepnyinu u meron Jlarpanxa.

Merton beprynu.
CyTp MeTOAa 3aKII0YaeTCs B TOM, YTO MCKOMasi (PYHKIUS TPEICTABISAETCS B BHJIE MPOU3BEACHUS IBYX (QYHKIIHIT
Yy =uv.

dv du
IIpu 5TOM 04eBUIHO, 4T0 V¢ =u X— + vV X— - nuddepeHunpoBaHHe [0 YaCTSM.
dx dx
IToaCTaBIsAs B HCXOHOE YPABHEHHE, TIOIYIaEM:
dv  du
u—+v—+ P(x)uv =Q(x)
dx dx

u v + vgBﬁ + P(x)u 9: O(x)
dx eédx )

Jlanee cremyeT BakHOE 3aMeyaHHMe — T.K. NepBOHadanbHas (yHKIMS ObUla TpEACTaBleHa HAMHM B BHJE
MPOM3BEIEHUS, TO KaX/IbIil U3 COMHOKUTENEH, BXOJANIIUX B 3TO MPOM3BEIEHHE, MOXKET OBITH TIPOM3BOILHBIM, BEIOPAHHBIM
T0 HAIIEMY YCMOTPEHHIO.

Hanpumep, Gyukuus y =2X° mosker Gbitb npeacraiena kak y =1X2x%;  y =2>¢7; y =2X > u .1

Takum 06pa3oM, MOKHO OJHY M3 COCTABISIONIMX TPOU3BEJeHHEe (YHKIHMil BHIOpaTh Tak, YTO BBIPAKECHHE
— + P(x)u =0. Takum 06pa3om, BO3MOKHO MOIY4IUTH YHKIMIO U, IPOUHTETPUPOBAB, TIOIyYEHHOE COOTHOIIEHHE KaK

dx
oHOpOoIHOE (D PepPEeHIMATBHOE YPaBHEHHE 110 OTIMCAHHOI BBIIIE CXEME:



. p(xyds: c‘,d—“:-@P(x)dx; Infu| =- &P(x)dx;
u u

In|C | +Inju =- QPr)dx;  u=Ce’ O C=1/C;

Jlns HaxoKIeHUs BTOPOH HEM3BECTHOH (YHKIMHM V TOJACTABUM TOYYEHHOE BBIpAKEHHE I (QYHKIMH U B
dv u 0

ucxozHoe ypapHenue U — + vg— + P(x)u +=((x) .3 ¢ yueroM TOro, 4T BHIPOXKEHHE, CTOAIICE B CKOOKAX, PABHO
eax 4]

HYJIIO.

Ce T Y o0, Cav =0 dx;

dx
Wurerpupysi, MoxxeM HaliTH QyHKIHUIO V:
R O (x)d. . 1 . () dx _
Cv :(Q(x)eoo T+ C,Equation.3 ; % :E (Q(x)eoo dx + C, Equation.3 ;

T.e. Obl1a MOJTy4eHa BTOpasi COCTABIIAIONIAs IPOU3BEACHHA ) =1V , KOTOPOE U OIpeelsieT HCKOMY0 QyHKIHIO.
[ToxcTaBiiss NOMyYESHHbIE 3HAYCHHMS, MOTydacM:

a1 Y (x)dx ®
y =uv =Ce " %ge&(x)ed’( v+,
[}

OKOHYATETHHO MOTydaeM GopMyITy:
- P (x)dx Y (x)dx O
y =e o >§Q(x)eov dx +C, c—?Equation.3 ,  C, - IpOu3BONBHBIH KO PUIHEHT.
2

3TO0 COOTHOLICHHE MOXKET CUUTATHCS PEIICHHEM HEOJHOPOAHOTO JIMHEHHOTo MU depeHHAIBHOTO ypaBHEHUS B
obrmreM Buze 0 crioco0y bepHymm.

Bamaun:
3anaua 1. Haiiti mHTETpanbHble KpuBble Au(depeHInanbHBIX YpaBHEHHH:
1. ydr+(1+z%)dy=0. 2. Y =tgxtgy.

3. v'y=—2xsecy. 4, ¢ +sin(z+y) = sin(x — y).

5 y(l+a¥)y +2(14+y°)=0. 6. e*dr-(l+e*)ydy=0.

7. ¥ =2e"cosz. 8. ¥ =ylny.
21 1
" [ N 10. 3 = ——— _
1+ a2 et =1
3anaua 2. Haiitu obmee pemennii 1uddepeHnansHoro ypaBHeHHs:
L y=evr+ ¥ 2 y=Y_1 322 =sy+yte
x r
; U ¥ b 2 | a0
1. rcos=dy+ |x— ycos dr=0. b.(z* 4 2ry)dr + zydy=0.
T T
- ' u v - P )
6. zy'ln (—) =r+yln (—) : T.yde+ (2,/xy —x)dy = 0.
¥ T
§i 7 o (1
8. ( 'Iy'ﬁ-l-.r"] ¥ =&y 9. xry’ sin (—j-)-{ r=ysin ( 1) .
I ¥

10. zy + y* = (22* + zy) v/
3anaua 3. Haiitu pemenns 3anad Komm i aud depeHnnanbHbIX ypaBHEHUH:
l. =y +y—e*=0, w(l)=0.

2. ¥ —ytgz= . - y(0) =0,

cCoOs.r

3. y'cosPzr+y=tga, y(0)=0.



4. y —ythr= ch? T y (0) = 0.

.

36 y e
= rinx, y el = —.

rinx SR 2

» e T s AR

b. Yy sinx —ycosa 1, i E J 0.

7. ¥ —ytgr=rcosr, y(0)=0.
Bompocsr:

1. [ladite onpenenenue nudhepeHInaIbHOTO YpaBHEHHMS.

Kak onpenensercs nopsiaok 1uddepeHuanbHoro ypaBHeHUs ?

Uro Ha3bIBaIOT OOLIMM (YaCTHBIM) pemieHneM auddepeHInaaIbHOr0 ypaBHeHUs ?

B uem cymnocTs 3agaun Komm?

[Ipusenute npumMep anddepeHnaIbHOr0 YpaBHEHUS C Pa3IeISIFOIMMUCS IepEMEHHBIMU.
OmnummTe X0 pemeHns TuQQepeHnanbHOT0 YPaBHEHUS ¢ pa3AeIONMUICS TIEPEMEHHBIMH.
Kakoe nn¢depenimansaoe ypaBHEHHE HA3bIBAIOT OTHOPOIHBIM?

Kakoe muddepenimansHoe ypaBHEHIE HA3bIBAIOT JINHEHHBIM?

Omummte Meton beprymm pemenns nuHeHHBIX quddepeHnnanrsHbIX ypaBHEHUH.

e

Tema 15. Iudpepenuuabubie ypaBHeHUsI BLICIIHX MOPSIAKOB.
IMpakTnyeckoe 3ansTHe 15.1. YpaBHeHusI BbICIIEro MOPSAKa, J0NycKalolue NMOHU:KeHUe TMopsiaka. JIuHelHbIe
nuddepeHnuaIbHbIe YPABHEHHUS BHICHIUX MOPSIKOB.

AuddepennnanbHbIM ypaBHEeHHEM MOPSIKA # Ha3bIBACTCSl ypaBHEHUE BUJIA:

F(x,y, yQ}...,y(")) =0

B HEKOTOPBIX Clydasx 3TO yPaBHEHHE MOYKHO Pa3PELINTh OTHOCHTENLHO Y™:

(n) _— (n-1)
y _f(x’yayq;---ay )
Tax ke kak u YpaBHCHHUEC NIEPBOTO MOPAAKA, YPABHCHU S BICIINX TOPAAKOB UMCIOT 6€CKOHC‘{HO€ KOJIMYECTBO
peueHui.

JubdepeHunanapHble ypaBHEHHS BBICIINX MOPSAKOB, PELICHHE KOTOPBIX MOXKET OBITh HAMJCHO aHAJMTHYCCKH,
MOYKHO pa3lIeNIuTh Ha HECKOIBKO OCHOBHBIX THIIOB.

YpaBHeHUsI, TOMYCKAIOIINE TOHWKEHNE TOPSIKA.

[Tonmxenne mopsaka IUGQGepeHIHaIbHOIO YpaBHEHHS — OCHOBHOM METOJ PEIICHHS YPaBHEHMI BBICIINX
MOPSAAKOB. DTOT METOJ JaeT BO3MOXKHOCTh CPAaBHUTENIBHO JIETKO HAXOAUTH PEIeHNEe, OAHAKO, OH IPHMMEHUM JaJeKO He KO
BCEM YpaBHEHHUsM. PaccMOTpUM cityyan, KOrjja BO3MOXKHO TIOHHKEHUE TOPSIKA.

Vpasuenus suna v = fix).

Ecnu f(x) — ¢yHKuns HempepbiBHAS Ha HEKOTOPOM IPOMEXYTKe a < X < b, TO pelieHHe MOXeT ObITh HalJeHO

I0CIIEA0BATEIbHBIM HHTEIPUPOBAHUEM.

y" U = (x)dx +C,;
Y =3y (X)dx +C, Jix +C, =gleyf (¥)dx +Cox +Cy:

xn-l xn-2

y dedx....of(x)dx + Cl (n 3 1)' + C2 m +...+ Cn;

X

Hpuwmep. Pemnts ypaBuenune ) =¢’
y¢=-1 yg=0.

C HaYaJIbHBIMHU YCIOBHSMHU X = 0, yg = I;

1
yé=¢y""dx+C, :Ee“ +Cy;

‘ﬁ 2 0 1 2
¢t=cg=—e +C dx=—e"+Cx+C,;
Yy %2 1g 4 1 2

‘ . 1 A 1
e4 o 8 2

[loncraBum HayaabHBIC YCJIOBUA:

1 1
1=—+C;; -1=—+C,; 0==+C;
8 4 2
1 5 7
C,=-— C,=—; C;==;
1 2 2 4 3 8



1 5
2x 2 .
ITomyyaem yacTHOe pemenue (permenue 3agaun Komm): y =—e Y- —x" - —x+—Equation.3 .

4 4
yl!aBHeHI/Iﬂ, HE COACPIKAIUEC ABHO WCKOMOM (l'yHK“HI/I 1 €€ IPOM3BOJIHBIX JI0 MOPAIKA k -1 BKJIIFOUYUTEJIbHO.
. (k) L, (k+1) (n)y — :
310 ypasrenus Buga: F(x, ",y ..., y") =0.Equation.3

B ypaBHeHMSX TaKoro TUIAa BO3MOXKHO INOHM)KEHHE HOpAAKA Ha k eauHUI. [ 3TOro IpOU3BOAAT 3aMEHY
MIEPEMEHHOI:
(k) — . (k+1) _—
yoio=zp oyt =z oy

Torpa nonyuaem: F(x,z,z¢...,z" ") =0. Equation.3

(n) :Z("-k).

Tenepb AOIMYCTUM, YTO IOJYUYCHHOC ,HI/I(I)(l)CpeHIII/IaJ'IBHOC YpaBHCHUC TMPOUHTECTPUPOBAHO U COBOKYITHOCTL €TI0
peH.[eHI/Iﬁ BbIPAKACTCA COOTHOLICHUCM:

2=y (x,C,,CyrsC.,).
Jenast oOpaTHYIO MOCTAHOBKY, UMEEM:
(/f ) —
y(x CI’CZ’ 9 n-k)
I/IHTerpI/Ipyﬂ MOJYYCHHOC COOTHOIICHUEC MMOCICAOBATCIBHO k pas, nojarydacm OKOHYATEJIbHBII OTBET:

y :j (x, C] ,Cz,...,Cn )

¢
Hpumep. Haiitn obuiee pemenue ypapuenus )@ Zy— .
X
[Ipumensiem noacranosky z = y& z¢=yd
¢ z dz =z dz dx Jdz o dx
z¢=—; —=—; —_— = O—:O—;
X dx x z X z X
ln‘z‘ =ln‘x| +InC,; z =Cx;

[pouseest 0OpaTHYIO 3aMEHY, MOIyYaeM:

C
y¢=C,x; y¢=6‘1xdx =71x2 +C,;

y Zd:&C—‘x2 +C, %x ng3 +Cx+Cy;
e 2 o 6

OO1iee penieHue UCXOAHOTO AU HEepeHIINATBHOTO YPaBHEHNUS:
3
y=Cx"+Cx+C;;

OTMeTHUM, YTO 3TO COOTHOILIEHUE SIBISIETCS PEIIEHUEM JIJIsl BCEX 3HAUEHUH MepeMeHHON X KpoMe 3HaueHus x =0.
YpaBHeHuUs, HE coJiepKalllie SBHO HE3aBUCUMOU NepeMeHHON.

ITO ypaBHEHHs BHJA F(y,y([;...,y(")) =0.

HOp?[Z[OK TaKHUX ypaBHCHI/Iﬁ MOJKET OBITh IIOHIKEH Ha CAMHHUIY C IMOMOMIIBIO 3aMCHBI IECPEMCHHBIX y¢ = p

dy¢ _ dy¢ dy dp

ye¢=
dx dy dx dy
s
d dy¢ dy d d d*p &, O
y@:ﬂ—ﬂ)&: y@ 4 Q P

— + _3
dx dy dx dyp dy P= dzp gdy pr

HOI[CT&BJ‘IS[H 9TH 3HAYCHHS B HCXOJHOC IlI/I(l)(l)epeHHI/IaIII)HOC YpaBHCHUEC, TOJy4YaeM:
@ dp d"'po

ng:p: geeey 1 -

dy " g

Ecmn 310 ypasHenue mpomnterpuposats, u D(y, p,C,,C,,...,C

=0

1) =0Equation.3 - coBOKymHOCTE ero

peLIeHuit, TO ISl pelleH s TaHHOTO AU PEepeHIINaIBHOTO YPaBHEHHUS OCTAETCS PEILIUTh YPaBHEHHUE MIEPBOTO MOPSIIKa:

D(y,y¢C,,C,,...,.C, ) =0.
Ipumep. Haiitu o6mee pemenne ypasuenus yy@- (y§)* - 4yy¢=0.



3amena nepemennoii: p = ¢ v Zj—p p; Equation.3
'y

dp & dp 0
w——-p -4p =0, p - p- 4y ==0;
dy gy@ @
1) yd—p- p-4y =0; d—p=4+£;Equation.3
dy dy Y
st penienus noiydeHHoro audGepeHnaabHOro ypaBHeH s IPOU3BEIeM 3aMEeHY IepeMeHHOM: U ZE. Equation.3
Y
u+@y=4+u; du =4d—y;
dy y

Olu 2406%; u =4ln‘y|+4lnC1; u =4ln‘C

p =4y 1n|C
dy
C y4eroM ToOroO, 4TO P :d—, MOJIy4YaeM:
b
L4 =4y ln|C 07 ob;
dx 4y1n|C\)] ’

1, d(In|Cy) 1
=1 =il
In|C, )] nfin|C,y] + Co;

OOyt HHTErpan UMeeT BUJI: ln‘ln’C | yH =4x + C;Equation.3

2) p =0; y¢=0; Equation.3 y =C; Equation.3

Takum 06pa3oM, MOTyYHIIN ABa OOIMINX PEIICHHS.
JinHeiinbiM nuddepeHIMAIBLHBIM YPABHEHHEM 1 — T0 NMOPSIAKA Ha3bIBacTCsS JII00OC YypaBHEHHE IEPBOM

CTeNeHH OTHOCHTEIbHO (GyHKIHH y U ee npoussoaubix ¢ yE..., y(") BUJA!

Py + Py + pyy T Lk p Lyt py = ()
TO€ Po, Py ---,Pn — OYHKIMH OT X WIH IIOCTOSIHHBIC BEJNYUHBI, TIpudeM py ' 0.

OTMeTHM OIHO BaXHOE CBOWCTBO JIMHEHHBIX YPaBHEHUI BBICIIMX MOPSIAKOB, KOTOPOE OTJIMYAeT HX OT
HeNMHEeHHbIX. [ HelMHEeWHBIX YpaBHEHUH YacTHBIM WHTErpajl HaXOIUTCS M3 OOIIero, a Juisd JIMHEWHBIX — HAo0OpoT,
OOIMIT MHTErpal COCTaBISIETCS M3 YacTHBIX. JIMHEHHbIE ypaBHEHHUs MPEACTaBISIOT COO0i HamOosiee U3Y4YEHHBIH Kiacc
nuddepeHInanbHbIX YpaBHEHUH BBICIIHX ITOPSAKOB. DTO 00BICHIETCS CPABHUTENBHON IIPOCTOTON HAXOXKICHHS PEIICHHS.
Ecnu nipu perieHnn kakux — 00 MPaKTHYECKUX 3a7ad TpeOyeTcst pelnTh HennHelHoe nuddepeHunansHoe ypaBHEHHE,
TO YacTO NPHUMEHSIOTCS NPHONMKEHHbIE METOJIBI, II03BOJSIONINE 3aMEHUTh Takoe YpaBHEHHE “‘ONM3KUM~ K HEMY
JIMHEWHBIM.

3amaun.
3amada 1. Hatiti obmme pemenns audepeHInanbHbIX YpaBHESHAN:
I.y"_ l_ytﬁ 2 Jy”—y'—l.i.

3.(1+2)y" 4+ +1=0. 4. 2% +zy =1
5. 2" +y"=1+2z. 6. y’”n f y“: =1.
" 3 "

Ty (1+y?) =y". 8 Y =-zfy.

Qxy" +y +x=0. 10. "* = 4y".
3anaya 2. Haiitu pemenns 3anau Komm i auddepeHnuaibHbIX ypaBHEHHN:
L pTytiasd; y(1/2) =1, ¥ (1/2)=1.

2. yy'+y? =1, y(0) = 1, ¥'(0) = 1.
3. ¥ —-y?+y(y-1=0, y0)=2, y'(0) =2
Ly +y? - 29y =0, y(0) = 1, y'(0) = L.

Wy =y+yi+1, y(0) = -2, y'(0) = 0.

) )



3anaya 3. Haiitu obume pemenus nudQepeHuatbHbIX ypaBHEHHH]:

l. ¢ +y=cosz. 2, y" +4' — 2y = 8sin 2.

3 ¥ -2y +hy=€"cos2x. 4. y" +y=3sinx.

5. y" 49y =4dxrcosz. 6. 3" — 9y = e** cosz.

7. " — 4y = €*® sin 2z, 8 3" — 2y =2zre(cosx —sinx).

0. y'—y=2sinr—4dcosz. 10. 3y’ — 6y" 4+ 256y = 2sinx + 3cos .
Bompocsr:

1. Kaxkwue Bugs! nuddepeHInansHpIX ypaBHEHAN, IOy CKAIOIINX TOHIKEHUE opsiaka Brl 3HaeTe?

2. Kakyro 3aMeHy NEepeMEHHOH HEOOXOAMMO IPOBECTH, €CIM B YPABHEHHM SBHO HE COAEPIKUTCSH HCKOMas
(byHKIMS; He3aBUCHMAs TIepeMeHHas1?

3. Kakoe ypaBHeHHE HA3bIBAIOT JMHEHHBIM C TIOCTOSIHHBIME KO3 dHUIneHTaMu?

4. Kak crpoutcs oOliee peuieHHe OJHOPOJHOTO JIMHEWHOTO ypaBHEHHsI BTOPOTO IOPSKA C IOCTOSHHBIMU
koo dunrenramu?

5. Kak naiiTm ofmee pelieHHe JMHEHHOTO HEOJHOPOJHOTO YpPaBHEHHsI BTOPOTO IMOPSJIKA C IMOCTOSHHBIMHU
koadunmenramu?

Tema 16. Cuctemsl 1updepeHIHAIBLHBIX YPABHEHHU.

[pakTnyeckoe 3ansatue 16.1. Cucrembl au¢depeHIUATBHBIX YypaBHEHHI, OCHOBHbIEe MOHATHS.
HNHuTerpupoBanne HOpMaJIbHBIX cucTeM. CHCTeMbI YPaBHEHMIi ¢ MOCTOSIHHBIMHU K03(duimeHTaMu.

CoOBOKYITHOCTb COOTHOIICHUH BHA:

FTE (XY Y000 Y0 VR VS v$) =0

1 —
:,Fz(x7yl’yz7“‘7yn’yg:9yg:""’y;¢) _0

FE, (6, 0 Y2000 900 Y Vs y§) =0
rie X- He3aBUCUMas NEepeMEHHAs, V;, Vs, ...,V — HUCKOMBIEe (PYHKINH, Ha3bIBacTCs cuUcTeMoii audepeHInaTbHBIX
YPaBHeHMIi IepPBOro MOPSIAKA.
Cucrema nuddepeHInaNbHbIX YpPaBHEHHI IEPBOrO MOPSNKA, Pa3pelIeHHBIX OTHOCHTEIHFHO IMPOU3BONHBIX OT
HEU3BECTHHIX (DYHKIMI HAa3bIBACTCS HOPMAJIBHOM cucTeMoi 1 depeHnanbHbIX YpaBHEHMIA.
Takas cuctema UMeeT BUI:

idy

'|'—1:.f1(x7y1ay2a"'ayn)

i dx

19y, _

:, X fz(xaylayza---ayn)Equation.?’
i

|d .....................................

ray,

by = X, ] s )V p

e S5y,

Jns mpumepa MOXHO CKa3aTh, 4YTO rpadUK pEUICHHS CHCTeMbl IBYX Au((epeHIHaTbHBIX ypaBHEHHN
MPEACTABISIET COOO0M MHTETPANbHYIO KPUBYIO B TPEXMEPHOM MPOCTPAHCTBE.
Teopema. (Teopema Komm). Ecimu 6 nexomopou obaacmu (n-1) —mepnoco npocmpancmea @yHKyuu

10V Vs 1)y S (X Vs Vaseeis V) )y oo [ (X3 Vs Vyseees ¥, ) HENPEPLIBHDL U UMEIOM HENPEPbIBHBIE YACTIHbIE
NPOU3BOOHBIE NO Y, Vs seeey V, » MO 0151 110601 MOUKU (X .Y 105 Vg seees Vo) 2MOU 0BRACMU CYUYECMBYEM €OUHCMBEHHOE
peuienue

=), vy =G0, ey, =), (0
cucmemsl ougpepenyuanvruix ypasuenuii suoa (1), onpedenennoe 6 HeKOMOpPOU OKPECMHOCMU MOYKU X U

ydoeﬂemsop}nomee Ha4aibHouiM YCIL06USIM xo ‘yl() 5 y20 geeey ynO .

O0mmM pemieHueM cucteMbl auddepeHIuanbHbIX ypaBHeHHH Buna (1) OyaeT COBOKYNMHOCTb (YHKIHMNA
» = ,(xC,C,,....C), vy, =) ,(x,C,C,,..,C), oy, =), (x,C,C,,...,C,), xotopsle mpu

NOJACTAaHOBKE B CUCTEMY o6pa1ua10T €€ B TOXKICCTBO.

HopmanbHEBIe CHCTEMBI TUHEWHBIX OTHOPOAHBIX JIH CPCHIINATIbHBIX ABHEHHH C OCTOSHHBIMU KOD UITWUCHTAMU.

ITpu paccmorpennu cucteM auddepeHInanbHbIX YPaBHEHUH OrpaHUYMMCS CIy4aeM CUCTEMbI TPeX ypaBHEHHid (n
= 3). Bce HmKecka3aHHOE CIIPaBEIIMBO TSI CUCTEM IIPOM3BOIBHOTO IMOPSIKA.



Hopmanehas cucrema nud¢epeHIManbHBIX YPaBHCHUH C TOCTOSHHBIME KO3 @HIMCHTAMU HAa3bIBACTCS
JIMHEHOW OIHOPOIHOM, €CIT €€ MOXKHO 3aMucaTh B BUJIE:

idy _

i oo —any tanpztagu

i dx

1dz .

| — =a,,y +a,z+a,,u Equation.3
-I- dx

idu

[ 50 Tanytayztagu
I dx
Pemrenus cucteMsl 06J1a1a10T CIETYIOIIAME CBOMICTBAMHU:
1) Ecimn y, z, u — pemenus cuctemsl, To Cy, Cz, Cu, tne C = const — TOXe SBISIOTCS PEIICHUSIMH 3TONH CHCTEMBI.
2) Eciu yy, z;, u; My, z5, Uy — PEHISHUS CUCTEMBI, TO V; + V5, 27 + 25, U + Uy — TOXKE SIBISIFOTCS PEIICHUSIMHA CHCTEMBI.

k o o .
Pewenus cucteMsl nutyTes B Bufe: Yy =ae ; z =be"; u =ge¢", a,b,gk =constEquation.3
TloaCTaBIIsAs TH 3HAYCHHS B CHCTEMY H IIEPEHECs BCE WICHBI B OIHY CTOPOHY M COKPATHB Ha €X', momyuaem:
i(a,-k)a+a,b+a,9=0
|
iaya+(ay, - kb+ay,g=0
1 - —
[ a3@ +ay,b+(ay; - k)g=0
Jlns Toro, 4TOOBI MONyYeHHAs CHCTEMa HMMela HEHyJEBOE pelleHHe HeOOXOMMMO M JOCTATOYHO, HTOOHI
OTIpE/IeNTUTeh CHCTEMBI OBUT PABEH HYJTIO, T.C.:

a, -k a, a;
a, a, -k a,, | =0
as as, ay - k

B pesynbrare BBIUMCIEHHS ONPEAETHUTENS MOIydaeM YpPaBHEHHE TPEThEH CTEIEHW OTHOCHUTENBHO k. OTO
YpaBHEHHE Ha3bIBACTCA XapaKTePHMCTHYeCKMM yYpaBHEHMeM UM MMeeT TpH KOpHA k;, k, k; Kaxmomy m3 3Tux KopHeH
COOTBETCTBYET HEHYJICBOE PELICHUE CHCTEMBI:

fox kp kyx

» =ae™, z, =be™, u, =ge™,
kyx ko kyx

y, =a,e™, z, =b,e™", u, =g,e ™,
— kyx _ kyx _ kax

y, =ase ", z, =bse™, u; =ge .

JlnneliHass KOMOWHAINS STHX PEIICHUH ¢ IPOU3BOIBHEIME K03 unmeHTaMu OyIeT peleHneM CHCTEMBI:
y=Cae" +C,a,e™ + C,a 3e"}"';
z =C,b,e""” + Czbzek” + C3b3ek-“";
u =C,ge" +C,g,e"" +Cg,e"".

Hpumep. Haiitu o01iee penieHne CUCTEMbl YPaBHEHUI:

ix¢=5x+2y
% y¢=2x+2y
CocTraBuM XapaKTCPUCTUICCKOC YPABHCHUC!
5-k 2
5 o k=0; (5-k)2-k)- 4 =0 10- S5k- 2k +k* - 4 =0;

k*-Tk+6=0, k =1, k, =6;
Pemmum cucremy ypaBHEHHI:

i(ay, - k)a+a,b=0

1aya +(ay - k)b =0
i(5-Da, +2b, =0 i4a, +2b, =0

Hdus ko i Equation.3
i2a,+((2-1)b, =0 i2a,+b, =0

Monaras @, =1 (npunnmaercs moGoe 3Havenue), nonydaem: D, =-2.Equation.3
i(5-6)a, +2b, =0 i-la, +2b, =0

Hdus ky: ( ) ’ ? i ? ? Equation.3

12a,+(2-6b, =0 1{2a,- 4b, =0



Honaras @, =2 (npunumaercs moboe 3nauenue), noydaem: D, =1.Equation.3

ix =Ce' +2C,e" .

OO1mee peneHre CHCTEMBI: | Equation.3
— 1 61

fy=-2Ce +Cie
OTOT mpuMep MOXKET OBITh PeIeH APYTUM CITOCOO0OM:
Hpomuddepentmpyem nepeoe ypasuenue: X¢=5x¢+ 2 y¢ Equation.3
IToxcTaBuM B 3TO BBIpaXKEHUE NMPOU3BOAHYIO y¢ =2x + 2y U3 BTOPOTO ypaBHEHHUS.

x@=5xC¢+4x +4y;

HOZ[CTaBI/IM Cr0/ia ¥, BIPA’)KCHHOC U3 IIEPBOI'0 YPaBHCHUA:

x¢=5x¢+4x +2x¢- 10x
x¢- 7x¢+6x =0
k, =6; k, =1
x =Ae' + Be®; x¢=Ae' +6Be";

2y =x¢- 5x =Ae' +6Be® - 54e' - 5Be”;

1
y =-24e' +5Be(";

1 fx =Ce' +2C,e" .
O6osuaunB A =C|; —B =C,, nomydaem peleHne CUCTEMBIL: | t ., Equation.3 .
2 fy=-2Ce +C,e

3amaun.
Bamaua 1. Haiitu o6miee pemennii cucremMbl AudhepeHHaIbHbIX YPaBHCHUI:

}f: —x+y+ 2sinf —3cost
%::_ﬁx-g-dy-[-hint—?ﬂcosr .

3anayva 2. HaiiTu pemeHus CUCTeM, YIOBIETBOPSIOUINE 3aJaHHBIM YCIOBUAM:

1) x:=y—z x(0) =1;

Y¥=x+yi y(0)=2
=x+2] z(0)=3.

) X =6x—T72y 4 44z x(0)=29;
= —4x - 40y—2221 y(0)=2>5;
2'=—6x+57y—31z] z{0)=T.

Bonpocsr:

1. /[aiite onpenenenue cucrteMsl A hepeHInaTbHBIX YPaBHEHUH NEpBOTo MOPSIIKa.

2. Kaxkas cucrema quddepeHInaNbHBIX YpaBHESHIH HAa3bIBACTCSI HOPMAIIEHON?

3. Yto Ha3pIBaIOT OOIINM pemIeHNEeM CHUCTEMBI AN GepeHIINATBHBIX YPaBHEHHHA?

4. Kaxkas cucrema nud¢epeHINaIbHbIX YpPaBHEHUH C IMOCTOSHHBIMH KOX((HUINEHTaMH Ha3BIBAeTCS JMHEHHOI
OTHOPOIHO¥?

5. Kak cocraBnseTcs XapaKTepHCTHIECKOE YPaBHEHHE CUCTEMBI TU((PEepPEHIINANBHBIX YPABHEHNI?

6. Kakumu cBOMicTBaMH 00J1a1AI0T PEIICHHSI CUCTEMbI TH(PepeHIINATBHBIX YPABHCHHUI?

Pa3znea 6. Paasbl.
Tema 17. YncjioBble psigbl.
IpakTnyeckoe 3ansatue 17.1. Cxogumocthb psina. HeoOxogumblii NPU3HAK CXOAUMOCTH YHCJIOBOIO psija.
JocTaTouHble MPU3HAKHM CXOAUMOCTH 3HAKONOCTOSIHHBIX PS/IOB: NMPU3HAKM CpaBHeHHs, nmpusHak /lamamOepa,
npusHaku Kommn. O0001eHHbI TapMOHMYEeCKH P,
CyMMa unieHOB OECKOHEYHOH YMCIIOBOM NOCIENOBATENLHOCTH Uy, U, ..., U, ,... HA3BIBACTCA YHCIOBLIM PSAIOM.
H
u +tu, +..+u +..=1u,,
n=l
HPH 3TOM YMcna U, ,U,,... OyleM Ha3bIBaTh YIECHAMH PsJa, a U, — OOIIUM YJIEHOM psJa.
oﬂ
CyMMBI Sn =u, tu, +...+tu, =q u,, n = 1, 2, ... Ha3bIBAIOTCS YACTHBIMHU (YACTHYHBIMHU) CYMMAMM
k=
pana.



o
Psan u tu, +..o+tu, +.. =a U, HAa3BIBACTCS CXOASIUIUMCS, €CIIM CXOMWTCS IIOCIENOBATENBbHOCTE €r0
n=l

YaCTHBIX CyMM. CyMMa CXOAAIIErocHd psaa — npeacia NoCICa0BaTCIbHOCTH €0 YaCTHBIX CYyMM.

¥
. o
limS, =8, S=au,
n=l
Ecnu MOCIEA0BATCIIBHOCTh YaCTHBIX CYMM psAda pacXoJUuTcCsd, T.€. HC UMECT Npeacia, Uiin UMECT OECKOHEYHBIH
Mpeaci, TO psJ Ha3bIBACTCA PACXOAAIIIUMCH U EMY HE CTaBAT B COOTBETCTBUC HUKaKOM CYMMBEI.
IIpn m3ydyeHHH 3HAKOIIOCTOSIHHBIX PSIOB OIPAaHUYMMCS PACCMOTPEHUEM PSAJOB C HEOTPULATEIIbHBIMY YICHAMU,
T.K. IpU IPOCTOM YMHOKXCHUU Ha —1 u3 3THX PAA0B MOKHO IMOJYUYUTH pAAbl C OTpULATCIIbHBIMU YWICHAMU.
H[ZI/I?)HaK CpaBHCHUA PAJOB ¢ HCOTPUNLATCILHBIMU YJICHAMMU.

o o
ITycts tanel nBapana @ U, u @ vV, TpH Uy, v, 20.

o o
Teopema. Eciu u, £ v, Ipu 11000M 7, TO U3 CXOAMMOCTH psifia @ V, CIEAYyeT CXOAUMOCTb psina & U, , a U3
o o
PacxouMOCTH psja @ U, CIEoyeT pacXoquMocTh psiga & V,, -
1 1 1
IIpumep. MccnenoBarb Ha CXOAUMOCTb PsiJL + +..+ +
In2 In3 Inn
1 1 e o 1
T.x. > —, a rapMOHMYECKHH Pl @ — PACXOAUTCH, TO PACXOAUTCA U PpAL & — -
Inn n n Inn
¥
1
Ipumep. Mccnenosars Ha CXOAUMOCTD PsJ a -
n=l n2
1 1 o 1 s 1
T.x. X < ;, apan g F cxoautcs ( Kak yOBIBaroImas reoMeTpuYeckas Mporpeccus), To psf a X TOXE
n L n
CXOJUTCS.

Takoke ucronb3yercs CleIyoIi MPU3HAK CXOOUMOCTH:

u
Teopema. Ecnu u, >0, v, >0 u cywecmeyem npeden }g&l— =h, 20e h — uucno, omauunoe om nyas, mo
V

[ []
paovt g U, u g Vv, 6e0ym 00uHaKo60 6 CMblCe CXOOUMOCHIU.

puznak Jlanambepa.
(Kan Jlepon Hamambep (1717 — 1783) — dpaHIy3cKuil MATEMaTHK)

o
Ecruonapaoa @ U, € nonodjcumensHblMy YileHaMu Cyuecmeyem maxoe 4ucino g<I, umo 01s 6cex 00CmamoyHo
OOILUWUX N BLINOIHACMCS HEPABEHCNBO
u
n+l
= fq,
u

n

[«
mopad @ U, cxooumcs, ecnu dice 0ns 6cex 00CHMamouHo OONbULUX N 6bINONHAECMCS YCO6UE

u+13
_ne 1,

u

n

o
mo psad @ U, pacxooumcs.

HpenenpHpiii npusHak Jlamamoepa.
[penensHbIi mpu3HaK Jamambepa sBIsSETCS CIIEACTBUEM U3 MIPUBEICHHOTO BHIIIE Mpr3Haka [Jamambepa.
u,,
Ecnu cywecmeyem npeden 1im—"— =r , mo npu r < 1 psad cxooumcsa, a npu r > 1 — pacxooumcs. Ecau r = 1,
n®¥ gy
n

mo Ha eonpoc o CXOOUMOCIU OMBEMUNMb HEJlb3AL.

y
o N
[pumep. Onpenenurs CXOAUMOCTD pslia a 2—
1
n n+l u (n+12" _n+1 _ o
u, =—; u,, = ; lim—L =lim n—" <«
oo " 2! n®¥ gy ¥ Dty 2n 2 2
n

BeiBoa: psin cxonutces.



I 1 1
[pumep. OnpeaenuTs CXOAUMOCTD psiia l+—+—+.. +—+...

2! n!
1 1 u ) n! )
u, =—, U, =——-—; 2 —lim =lim =0<1
n! (n+1)! ¥ gy n®¥ (p+])! ®¥ p+]

BriBoa: psin cxonutcs.
[puznak Komm. (paaukaabHbId TPU3HAK)

o
Ecnu ona pada @ U, ¢ HeompuyamenbHbIMU YNEHAMU Cyujecmeyem makoe uducno q<l, uwmo ona ecex
00CmMamoyHo OOLUUX N 6bINOAHACTNCA HepaseHcmeo
n
su, £q,

o
mo pﬂ() a u” cxodumm, ecau dce O0Jisl 6cex 00CMAMOUHO OOLUIUX N 8bINOJIHACNICS HepaeeHcmeo

n ’un 3 1’
[]
mo psd g U, pacxooumcs.
Caencreue. Ecin cymectsyer npexen 1im%/u, =r , 1o npu r<l psix cxoautes, a npu r>1 psiz pacxoauTes.
n® ¥
¥ 2 ..
o Xn~ +1 0
IIpumep. OnpenennuTs CXOOUMOCTD piaaa & .
na 8317 +5 g
1
2+ —
. . 2nt+1 n? 2
lim4/u, =lim—— =lim—— =—<1
n® ¥ n®¥ 37’12 +5 n®¥ 5

s
n

BriBon: psig cxoautcs.

14 1 n
o
pumep. OnpenennuTs CXOTUMOCTD psiia a ﬁ +—

o] :
= Equation.3 .
n=l € ng

: : 16
lim4/u, =11m§;af+—g=1.
n® ¥ n®¥e ng

T.e. mpm3nak Komm He maeT oTBeTa Ha BOMPOC O CXOAUMOCTH psima. IIpoBepnM BHIONHEHHE HEOOXOANMBIX
ycnoBuid cxonumocTH. Kak ObUT0 cKa3aHO BBIIIE, €CITH PSIL CXOIUTCS, TO OOl WiIeH psAaa CTPEMHUTCS K HyJIIO.

L0
limu, =lim&+12 =¢" o,
n® ¥ n®¥ e ng
TakKuM 00pazoM, HEOOXOIMMOE YCIOBHE CXOANMOCTH HE BBIITOIHACTCS, 3HAUUT, PSIIT PACXOIUTCS.
UnTerpanpHelil mpusHak Komm.
Ecnu j(x) — nenpepwisnas nonoscumenvuasn gynxyus, yovieaiowas na npomesxcymke [1;¥), mo pao j(1) + j2)

¥ ¥
+.tjm+ .. = q
n=l

j (n) Equation.3 u neco6ecmeennviii unmezpan (‘j (x)dx oounaxoswi 6 cuvicie cxodumocmu.
1

1
pumep. Pag 1+ —+

3—a+...+—a+... cxomurcs mpud a>1 u pacxomurcst afl T.K. COOTBETCTBYIOLIHI
n

', dx

HECOOCTBEHHBII HHTETpal O—a cxoauTest mpu @>1 u pacxoautes aLl.
X
1
s 1
Pan g

——— Ha3bIBACTCA OﬁoﬁmeHHbIM rapMOHHUY€CKHUM DAIOM.
n=l 1

Caeacreue. Ecm f{x) u j(x) — HenpepsiBHble (GyHKIMH Ha uHTepBane (a, bl m lim

JSx)

. , h' 0, to
x®u+0j (X)

a a

unrerpanst () (X)dx u (§ (X)dx Bemyt cebs 0/MHAKOBO B CMBICIIE CXOUMOCTH.
3agaun.

3amaua 1. Haittu cymmy psina:



3. :Z].}.“i-n"iﬂ']"mb % ﬂi—:llué 7 iy
. gigﬁt%;tﬁ- 8. iiﬁﬁfghfﬁ'

n=1 n=1

o

, X 8 60
9, SN . ST
;jnMIIHn-ﬂ

(2n 4+ 1)(2n 4+ 3)(2n 4+ 5)°

agk:

3anaua 2. MccnenoBaTh CXOIUMOCTH PSIOB:

; i arctg (n?) . i 4 —2sinn
) nin+2)(n+3) - n-— ’
o wn+2)(n+3) e B Inn
3 i 2+ cosn 4 i n- ln n
5 n2+3 ° i nd —
nm] I
> 5—2cosn o~ 2+4sinn
— Vi - n{n* + 3)
n=1 n=1
< i: n 8 i cos? n
[ S — . .
n? n? + 1
n=l
oo =0
Inn Inn
!}l Z ?n l"’. Z :h——‘:t.‘
n=1 ¥ T 1 aml VTS

3anaua 3. MccnenoBath CXOIUMOCTH PSOB:

2"t}

( > (53
. . 3nd -1
1) o0 ;o 3 n? tasc n?
5n — n
3. —1 4. m+3)
x on(nb _ Z(Tr1+1) Z'(Q'”'_S)
4 2n+2\" % n+1
(7 ll) E;n (“"3)

et | S
ol
[
n pfl fho
= |
o
]

on
—
) (=
@
[
+ | =
L]
o
= o
(]
=
a

‘ = n o 2 fin —1
2 al(2n £ 2 X gnpl 7 Vn . 8.
7 Z"(" ) 8. Y - (21?—1) Z(Qn—l)
s (3n)! ot (2n)! n=1 n=1
oo ”2,;" o0 i
2 an oo n_i i] - an+l_—n
. X 2 :,i!- 10. -3 :}z.» 4. Z sl 10. z 3 i
e B —~on ] L |
Bonpocsr:

1. Yro Takoe 4ncnoBOM psia?

Kaxoii psig Ha3pIBalOT 3HAKOTIOCTOSIHHBIM ?

Yrto Takoe cymma psaaa?

Kaxkoit psii Ha3bIBarOT CXOAAIIMMCS?

CdopmynupyiiTe HEOOXOIMMBIN MTPU3HAK CXOJAUMOCTH PSA.

Cdopmynupyiite n3BecTHBIC BaM 1ocTaTOYHBIC IPU3HAKH CXOJAUMOCTH PSIOB.

AN o

I[IpakTtuuyeckoe 3ansitue 17.2. 3Hakouepenyomuecss W 3HaKkomepeMmenHble psiabl. Ilpu3nak JleioHuma. OOuuii
JAOCTATOYHBIH MPU3HAK CXOAUMOCTH 3HAKONEPEeMEHHBIX PsA0B. AOCOTIOTHAS M YCJOBHAsI CXOAMMOCTH YHMCJIOBBIX
psi0B.

3HaKouYepeyIOuiics psil MOXKHO 3aIlicaTh B BUJIE:



U - Uy - uy Ao+ (- 1)

e u, >0, n=123,..

Hpusnak JleiibHuna.
1 .
Ecnu 'y snaxouepedyiowezocs psida U, = Uy Uy = U, +...+(- l)”+ u, +...Equation.3 abconommoie
senununbL U; YobI6aiom U, > U, > Uy > ... u 06wl unen cmpemumes K wymo U, ® 0, mo pso cxooumes.

AOGCONIOTHAS U yCIOBHAS CXOAUMOCTD PAJIOB.
PaccMmoTpuM HEKOTOPEIH 3HaKONEpPEMEHHBIN P (C YJI€HaMU POU3BOJIBHBIX 3HAKOB).

o
u +u, .. tu, +..=qu, )
n=
" pana, COCTaBJIEHHBIA M3 a0COIIOTHBIX BEIUYHH YJIEHOB psaaa (1)
¥
2 .
|u1 ‘ + ‘MZ‘ +..+ ‘M” ‘ +... :a |u" ‘ Equation.3 )
n=

Teopema. /13 cxooumocmu psda (2) cnedyem cxooumocms paoa (1).

Onpenenenue. Psn a U, Ha3bIBAETCS a0COIIOTHO CXOAAIMMCS, ECIIU CXOAUTCS PAJL a ‘u

O‘IeBI/IIlHO, YTO IJI 3HAKOTIOCTOSAHHBIX PAAOB IIOHATHSA CXOAUMOCTHU U a0COJIFOTHOM CXOOIUMOCTH COBIIAAArOT.

o [}
Onpenenenne. Pan @ U, Ha3bIBacTCA yCJAOBHO CXOAAIIUMCS, €CJIM OH CXOJMTCA, a Pl & ‘u”

Hpuznaky JJanam6epa v Koy [11s 3HaAKOIEPEMEHHBIX PAIOB.

o
Ilycte g u,, - 3HAKONEPEMEHHBIH Pl

Hpusnak Jlanamoepa. Eciu cymectsyer mpexen lim ] =r , to npu r<l psn a u, Oymer aOCOMIOTHO
n® ¥ u

CXOJSIIUMCSI, a ipu >1 psin Oy et pacxosumcst. [Tpu r=1 npu3Hak He JaeT OTBeTa O CXOIUMOCTH psijia.

. [ o
HQPBH&K Komn. Ecmu CYIIECTBYET IIPEOCII llm” I/ln‘ =r, to Tpu r<l pana a un 6y;(eT abCOIFOTHO
n® ¥

CXOMSAIIMMCH, a Tipu >1 psin OymeT pacxopsamumcst. [Tpu r=1 npu3Hak He JaeT OTBETA O CXOJMMOCTH psja.
CBolicTBa a0COIIOTHO CXONANIUXCSA PAIOB.

[
1) Teopema. /[ns abconomnoii cxooumocmu paoa g U, HeobXo0uMo 1 00CMAmMO4HO, YMobbl €20 MOICHO OblL0

npedcmasums 6 gude pasHoCmu 08yX CXO0AUWUXCA PAOOE ¢ HEOMPUYATNETLHBIMU YTEHAMU.

CaencrBue. YCIOBHO CXOASIIMACS PsiIl SIBISIETCS PA3HOCTBIO JABYX PACXOJSIIMXCS PSJOB C HEOTPUIATENbHBIMU
CTPEMSIIIUMHUCS K HYJIIO YIICHAMH.

2) B cxopsmemest psie aro0ast TpyIIIMPOBKA WICHOB Psijia, HE U3MEHSIONIAs UX MOPSIJIKA, COXPAHIET CXOIUMOCTh
U BEJIMYHMHY psija.

3) Ecnm psim cxoauTes aOCOIOTHO, TO Psifl, TMOTYYEHHBIH U3 HEro JI000i epecTaHOBKOI WIEHOB, Takke abCOIIOTHO

CXOJIUTCS U UIMEET TY K€ CyMMY.

[NepecTaHOBKOI YJICHOB YCJIOBHO CXOZIALIETOCS psia MOXXHO IOJYYHTh YCIOBHO CXOMASIUUHCS PSl, UMEKOIIUI
Tr00YI0 Hamepe]] 3a1aHHYI0 CyMMY, U JIaXKe PacXOIIIHACS psil.

4) Teopema. [Ipu 110601 epynnuposke 4ieHo8 abCOMOMHO CX00AUWe20C pA0d (APU SMOM HYUCTO SPYII MOMCem
ObIMb KaK KOHEYHbIM, MAK U OECKOHEYHbIM U YUCTIO YTIeHO8 8 cpYNne Modicem Oblmb KAK KOHEUHbIM, MaK U OeCKOHeUHbIM)
NOAYYAemca CXO0AUWUUCA PAO, CYMMA KOMOPO2O PABHA CYyMMeE UCXOOHO20 pPAod.

H H
5) Ecnmu psget au,u gV, cxoumircs a0CONIIOTHO M WX CYMMBI paBHBI COOTBETCTBEHHO S W S, TO P,
n= n=

COCTaBJIEHHBIA M3 BCEX NMPOM3BEACHUH BUAA U,V , i,k =1,2,... B3aTBIX B KaKOM YTOJHO MOPSJIKE, TAKKE CXOIUTCS

aOCOJIFOTHO U €ro cyMMa paBHa SXS - IPOU3BEJCHUIO CYMM IIEPEMHOKAEMBIX PSIJIOB.
Ecmu ke npou3BOAUTh NEPEMHOKEHUE YCIOBHO CXOSIIUXCSA PSOB, TO B PE3yJbTaTe MOXKHO IOJIYyYUTh
pacxosmuics ps.

3amaun.
3amada 1. MccnenoBaTs CXOOUMOCTD PSIZIOB:



— ‘+1 —= sin(n®/n)
3. S ( |]h '”71 4. 5 ( ]]“?wii_

T

ny/n

e 2n° -1 = on+3
5 Y (-1)" : 6. Y (-)"——.

Bompocsr:

1. Kakoii psin Ha3bIBa€TCA 3HAKOUEPEAYIOUIUMCS (3HAKOIIEPEMEHHBIM)?
Coopmynupyiite npusHak JlefiOHuna.
Kaxkoii psin Ha3bIBaeTCst aOCOMOTHO CXOISMIIMMCS (YCIOBHO CXOAAIINMES)?
Coopmynupyiite npusHaku JanamOepa n Komm 11st 3HaKONIEpeMEHHBIX PSIIOB.
[epeuncnure cBoiicTBa aOCOTIOTHO CXOASIIUXCS PSIOB.

5. IlepeyeHb OCHOBHOM W [ONOJHHMTEJbHOH JUTEPATYPbl, HEOOXOAMMOM /IJIs1 OCBOCHUS
AUCHMILIMHBI (MOIYJIs1)

5.1. IlepeyeHb OCHOBHOM JIMTEpaTyphI:

I'ycak, A. A. Marematnueckuii anaius u au¢¢depeHnuansible ypaBHeHus. [Ipumepsl u
3amaun: ydeOHoe mocodbme / A. A. I'ycak. — Munck: TerpaCucremc, 2011. — 415 c. - Pexum
nocrtyna: http://www.iprbookshop.ru/28122 html

5.2. IlepeyeHb JONOJHUTEIBHOMN JIUTEPATYPhI:

l.MlnpuBuayaneHble 3aaHusl mo Bbicmied Maremaruke. Yacte 1. JluHeiiHas U BeKTOpHas
anreOpa. Awnamutudeckas reomerpus. [uddepenumanbHoe wucuuciaeHue  QyHKIUNA — OTHOM
nepeMeHHol: yuyeOHoe nocobue / A. I1. PsOymko, B. B. bapxaros, B. B. [lepxasen, U. E. FOpyTs;
non penakuueit A. I1. Pa6ymiko. — Munck: Bermsiimas mkona, 2013. — 304 ¢. — Pexxum goctyna:
http://www.iprbookshop.ru/20266.html.

2.lanuBuayanbHble 3adaHus 0o Bbicuied MartemMatuke. Yacte 2. KoMriuiekcHble yucna.
Heompenenennsie u onpeneneHHbie HHTErpaibl. OyHKIMM HECKOJIBKUX MepeMeHHbIX. OOBIKHOBEHHBIE
muddepeHnanbHble ypaBHeHus: yudeOHoe mocobue / A. II. PsOymko, B. B. bapxaros, B. B.
Hepxagen, . E. FOpyTs; non penakuueit A. I1. PaGymko. — Munck: Beimiimas mkona, 2014, —
397 c. — Pexum pocrtyna: http://www.iprbookshop.ru/35481.html.

3.MnnuBuayansHble 3amaHus 1o Bbiclmied wmaremaruke. Yacts 3. Pappl. KpatHble u
KpUBOJIMHEWHBIE MHTETpasibl. DJIEMEHThl TEOpUH moJid : yuyeObHoe mocodue / A. Il. Pabymko, B. B.
bapxatos, B. B. lepxxasen, 1. E. FOpyTts ; nox penakuueit A. I1. PaOymko. — Munck: Belisiimas
mkona, 2013. — 367 c. — Pexxum nocrtyna: http://www.iprbookshop.ru/20211.html.

A
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1. OO01ue moJI0KeHUA

CamocrosarenbHass pabora - IaHupyemas ydeOHas, y4eOHO-HMCCIeN0BaTelbCcKas, Hay4dHO-
HCCleIoBaTeNbCKass paboTa CTYJIEHTOB, BBINOJIHAEMAas BO BHEAyJAUTOPHOE (ayJIUTOPHOE) BpeMs IO
3aJIaHUIO U TIPU METOJIMYECKOM PYKOBOJICTBE MPEIoaaBaTesi, HO 6€3 ero HermocpeICTBEHHOTO y4acTUs
(mpy YaCTUYHOM HEIMOCPEICTBEHHOM YYacTHH IPernojaBaTelis, OCTaBISIOIEM BEAyIIyI pojib 3a
paboToii cTyIEeHTOB).

CamoctositenpHast padora cryaertoB (CPC) B BY3e sBisiercss BaXHBIM BHIIOM y4eOHOU H
Hay4HOU JleATenbHOCTH CTyJeHTa. CamocTosITenbHas paboTa CTyIEHTOB UTPAeT 3HAUUTEIbHYIO POJIb B
PEUTUHIOBOM TEXHOJIOTHH O0yUEHHUS.

CamocrosaTrenbHass pabora sBiseTcs BaxHeWmend ¢opmoil ycBoeHus 3HaHuil. B xone
CaMOCTOSITENIbHOW PabOThl CTYNEHTHI YSACHSIOT 3HAHHS M0 KOHKPETHOH TeMe y4yeOHOro marepuana,
3aKPEIUISIIOT M YTOYHSIIOT YK€ MW3BECTHbIE M OCBauMBalOT HOBble KaTeropuu. CTalKUBasCh C
HEJOCTAaTOYHO TOHATHBIMH DJIEMEHTAMH TEMBI, CTYACHTBI CTPEMATCS HAaXOOUThb OTBETHl WIH
(uKCUpoOBaTh BOMPOCHI JJIsl TOCTAHOBKH M YSICHEHUS UX Ha KOHCYJIbTAllMM C IpenojaBaTeieM Wi BO
BpeMS IIPAaKTUUYECKOTO 3aHATHSI.

3anaun caMOCTOATEIbHON PabOThI COCTOST B CIAEAYIOLIEM:

1. Pa3BuTh IOrMYECKOE U AITOPUTMHUYECKOE MBILIUICHHUE.

2. BeipaboTaTh nepBUYHbIE HABBIKM MaTEMATUYECKOTO UCCIIEIOBAHUS PUKIIAIHBIX BOIIPOCOB.

3. Bripa®oTaTh HaBBHIKM JOBEIEHHUS pEIIEHHUS 3aJaud A0 MPUEMIIEMOTrO MPaKTHYECKOTo
pe3ynbrata — uucia, rpaduka, TOYHOTO KAayeCTBEHHOIO BbIBOJA C IPUMEHEHHEM a/IeKBAaTHBIX
BBIUMCIIUTENIBHBIX CPEJICTB, TAOJIULI, CIPABOUYHUKOB.

4. BplpaboTaTh yMEHHME CAaMOCTOSITENBHO pa30UpaThCsl B MaTeMaTHYECKOM armrapare,
IIPUMEHSIEMOM B JINTEPATYPE, CBA3aHHON CO CIELUAIBHOCTBIO CTYIEHTA.

5. Hayuutes omnepupoBaTh aOCTpakTHBIMH OOBEKTAMH W  aJE€KBaTHO  YIOTPEOIATH
MaTE€MaTUYECKHE IOHATHS M CHUMBOJIBI JJISl  BBIPAXKCHHMS KOJMYECTBEHHBIX M Ka4€CTBEHHBIX
OTHOIIECHUH.

CamocrosTenbHas paboTa CTyAeHTa MO y4eOHOM IUCHUIUIMHE «MaTeMaTH4ecKuid aHalu3»
BKJIIOYAET IMOATOTOBKY K THPAKTUYECKUM 3aHATUSAM M BBIIOJHEHHE MPAKTUYECKUX 3aJaHM,
CaMOCTOSITEJIbHOE M3y4YeHHE TeM Y4YeOHOro Marepuaga I0 PEKOMEHAYyeMOH JuTeparype Hu ¢
HCIOJIb30BaHUEM UH(OPMAIIMOHHBIX PECYPCOB.

CamocrosarenbHass padoTa MO TUCHMIUIMHE «MaTeMaTW4ecKuii aHalu3» HampaBieHa Ha

(hopMHpOBaHHE CIICIYIONINX KOMIIETEHIIUM:

[TnanupyeMbie pe3yibTaTsl

00y4eHHs [0 TUCLHUILITHHE

Kon, popmymnuposka HHIUKATOPA (MOyIr0), XapaKTEePU3YIOIIHE 3TaIbI

(bopMupOBaHHST KOMIICTEHIIHH,
HWHJIUKATOPOB

Kon, opmymuposka
KOMIICTCHII U




OIIK-3: Criocoben N-1ongs 3maer  HeoOxoammble | [Ipumenser HEOOXOINMBIE
HCIOJIb30BaTh MaTeMaTH4eCKHe METO/IbI JUISL | MAaTeMaTUYeCKUE METOIbl IS
HEO00XO0IUMBIC pelIeHus 3a1a4 00ecTeueHus 3alUThl | PEIICHUs 3aaq
MaTeMaTHYECKUE METOIbI nH(popmaIuu. npo¢ecCHoHATBHOM
JJTA pelieHus 3aaa4 NA-20nk-3 Ymeer NPUMEHATD | AEATEIBHOCTH.
npodeCcCuOHAIbHON COBOKYITHOCTH HEO0OXOAMMBIX
JESITEIIbHOCTH MaTeMaTHYeCKHIX METOJIOB TUTST

pelIeHus 3a1a4 00ecreyeH s 3aluThl

uHpOpMaLUH.

NI-30nk3 Hanenen HaBbIKAMU

MIPUMEHECHUS COBOKYITHOCTH

HE0OXOIUMBIX MaTeMaTHYeCKHX

METOJIOB  JJsi  pelleHwWs  3aaa4

obecneueHns 3aUThl HHPOpMaIuy.

2. eJub 1 321244 CAMOCTOATEIbHOI PadOTHI

Benymas nens opranuzanuu u ocymectsieHuss CPC coBnaaaer ¢ 11en1pi0 00y4eHusl CTyIeHTa —
dbopmupoBanne Habopa oOOImIEHAYYHBIX,  NPOPECCHOHATBHBIX W CHEIHAIbHBIX KOMIIETCHIIUN
Oynyuiero 6axkanaBpa Mo COOTBETCTBYIOIIEMY HAMPABJICHHUIO TTOATOTOBKHU

[Ipu oprammzanmmu CPC BaXHBIM M HEOOXOIMUMBIM YCJIOBHEM CTaHOBATCS (HOPMHUPOBAHHE
YMEHHSI CaMOCTOSITENIbHOM paboThl Ansi NPUOOpPETeHHs 3HAHUM, HABBIKOB U BO3MOXKHOCTH
opraHu3anu y4eOHON M HaydHOH nesTenbHOCTH. Llenpio camocToATeNnbHOM paboThl CTYJICHTOB
SIBJIICTCS OBJaJicHne (DyHIaMEHTaIbHBIMU 3HAHHUSMH, MPOPECCHOHATBHBIMU YMCHHUSIMH W HABBIKAMH
NEeSTeNIbHOCTH [0  MNpPOQMII0, ONBITOM  TBOPYECKOM, HCCIEAOBATENbCKOM  JESTEIBHOCTH.
CamocTtosTenbHast paboTa CTyI€HTOB CIOCOOCTBYET Pa3BUTHIO CAMOCTOSITEIbHOCTH, OTBETCTBEHHOCTH
U OpPraHU30BAaHHOCTH, TBOPUYECKOTO MOJXO0/Aa K PEIICHHIO MpobsieM yuyeOHOro U mpodeccuOHaIbLHOIO
YPOBHSI.

3amauamu CPC gaBisgroTcs:
- CUCTEMAaTH3alusl U 3aKPEIJICHUE IOJYyYEHHbIX TEOPETUYECKHX 3HAHUW M IPAKTUYECKHUX
YMEHUH CTY/ICHTOB;
- yriyOJeHue U paclliupeHne TEOPETUUECKUX 3HAHUM;
- (dbopMUpOBaHME YMEHUH HCIOJB30BaTh HOPMATHUBHYIO, IPaBOBYIO, CIPAaBOYHYIO
JOKYMEHTALMIO U CIIELUAIIBHYIO JIUTEPATypy;
- pa3BUTHE TIO3HABATEIbHBIX CIOCOOHOCTEM ¥ AaKTUBHOCTH CTYACHTOB: TBOPYECKOM
MHULMATUBBI, CAMOCTOSITEIbHOCTH, OTBETCTBEHHOCTH U OPraHU30BAHHOCTH;
- (dbopMHUpOBaHHE CaMOCTOATEILHOCTH MBIIUICHUS, CIIOCOOHOCTEH K CaMOpPa3BHUTHIO,
CaMOCOBEPILIEHCTBOBAHUIO U CaMOpPEAIU3alUu;
- Pa3BUTHUE UCCIIEIOBATENbCKUX YMEHUN;
- UCTIOJIb30BaHUE MaTepHualia, COOpAaHHOrO U TMOJIyYEHHOTO B XOJI€ CaMOCTOSTEIbHBIX

3aHATUNA HAa CEMHMHapax, Ha MPaKTUYECKUX M JIAOOPATOPHBIX 3aHATHUSAX, MPU HAIMCAHUU KYPCOBBIX U



BBIMYCKHOW KBaNU(UKAMOHHOW paboT, ans 3((EeKTUBHOW MOATOTOBKM K HTOTOBBIM 3adyeTaM H

JK3aMCHaM.
3. TexHoJsiorn4ecKasi KapTa CaMoOCTOATEIbHOI padoThI CTy/IeHTa
O0beM 4acoB, B TOM YHCITE
Bun nestensHoCTH
Komgnr (akan.)
CTYICHTOB Cpenctsa u
peanu3yeMbIx KoHTrakTHas
KOMIIETEHITU I TexHonorHH pabota c
OIIEHKH CPC Bcero
TperoiaBaTe
JeM
1 cemecTp
OIIK-3 IToaroToBKa K JEKIUAM Kommnexr 1,62 0.8 1,8
nng-1, -2, 3a7laHui 1
Na-3) BOIIPOCOB O
TeMaMm
JUUCITUTLTHHBI
OIIK-3 [Toxaroroska k Kommekr
na-1, ua-2, MPaKTHYECKUM padoTam 3aJaHui U
na-3) BOIIPOCOB 110 3,24 0,36 3,6
TeMaM
JIACITUTLTHHBI
OIIK-3 CaMOCTOATENBHOE U3YUEHHE Kommnekr
nng-1, na-2, JIATEpaTyphI 110 TeMaM 1-5 3aIaHui U
N-3) BOTIPOCOB TIO 27,54 3,06 30,6
TeMaM
JIUCITUTLTHHBI
HToro 3a 1 cemecTp 32,4 3,6 36
2 cemecTp
OIIK-3 ITonroroBka K JEKIIASIM Kommaekr
nng-1, -2, 3a7aHui 1
Na-3) BOIIPOCOB T10 2,88 0,32 3,2
TeMaM
JUUCITUTLTAHBI
OIIK-3 TloaroroBka x Kommekr
na-1, ua-2, MPaKTHYECKUM padoTam 3aJaHui U
na-3) BOIIPOCOB 10 5,76 0,64 6,4
TeMaM
JIUCITUTLTHHBI
OIIK-3 CaMocTosITeIFHOE H3y9eHHE Kommnekr
nng-1, -2, JIATEpaTyphI 10 TeMaM 6-18 3alaHui U
N-3) BOTIPOCOB TI0 63,36 7,04 70,4
TeMaM
JUCITUTLTHHBI
HToro 3a 2 cemecTp 72 8 80
Hroro 104,4 11,6 116

4.H0pﬂ)10K BBINOJTHEHUS CAMOCTOSITEILHOM paﬁon CTYAEHTOM

4.1. Memoouueckue pexomenoayuu no pabome ¢ y4eOHou iumepamypou

[Tpu paboTe ¢ KHUTOI HEOOXOIUMO 1MOA00paTh IUTEPATypPy, HAYUUTHCS MIPABHIBHO €€ YUTATh,

Bectn 3amucu. Jlis mombopa smTeparypsl B OMONHOTEKE MCHOJB3YIOTCS andaBUTHBIA U
CUCTEeMAaTUYECKUN KaTalorH.
BaxHO MOMHHTH, YTO palMOHATbHBIE HABBIKM PAa0OTHI C KHUTOM - 3TO Bcerda OoJblias

OKOHOMUA BPEMCHH U CUJIL.



[TpaBusbHBIN MOAOOP Y4EOHUKOB PEKOMEHIYETCs MpenojaBaTeieM, YUTAIOMIUM JEKIIMOHHBII
Kypc. HeoOxomumasi nuTepaTypa MOXKET OBITh TakKe yKa3aHa B METOJMUYECKUX pa3paldoTKax Iio
JAHHOMY KypCYy.

N3yuas marepuan no yuyeOHUKY, ClIeyeT MePEeXOqUTh K CIEAYIOIIEMY BOMPOCY TOJIBKO MOCIe
MIPAaBUIIBLHOTO YSICHEHHUS MPEAbIIYIIEro, ONUChiBasg Ha Oymare BCe BBIKJIQJAKH U BBIYMCICHHUS (B TOM
qHcie Te, KOTOpbIEe B Y4YeOHUKE OMYIICHBI MM HA JIEKIUH JTaHBI JJIs1 CAMOCTOSITETIHHOTO BBIBOJIA).

[Ipu u3yuyeHun 000N MUCHUIUIMHBI OOJIBIIYIO M BaXXKHYIO POJIb MIPAET CaMOCTOSITENbHAs
WHAMBHyalbHas pabora.

Ocoboe BHMMaHHE ClIeayeT OOpaTHTh Ha ONpe/eleHUEe OCHOBHBIX MOHATUH Kypca. CTyneHT
JIOJDKEH TOJpOoOHO pa3OupaTh MPUMEPHI, KOTOPBIE MOSCHSIOT TAaKUE OINPENENICHUsl, | YMETh CTPOUTH
aQHAJIOTMYHBIE MPUMEPHI caMOCTOATENbHO. HyKHO N0OMBaThCS TOYHOTO MPEACTABIECHUS O TOM, YTO
n3ydaemib. [lone3HO coOCTaBiATH OMOpHbIE KOHCHEKTHL. [Ipy u3yueHuMM Marepuana Mo y4eOHHMKY
MOJIE3HO B TETpaad (Ha CHElMaIbHO OTBEIEHHBIX MOJSAX) JOMOJIHATH KOHCHEKT Jekiuid. Tam sxe
CJIEIyeT OTMEUYaTh BOIPOCHI, BHIJICJIIEHHBIE CTYIE€HTOM JUIsl KOHCYJIBTALUU C IPENO0IaBaTEIEM.

BbIBO/IBI, TOTyYEHHBIE B PE3YyJIbTaTEe U3yUEHUS, PEKOMEHAYETCSl B KOHCIIEKTE BBIJIEIATh, YTOOBI
OHU TIpY NMEPEUNTHIBAHUM 3aMUCEH JTydIlle 3a1I0OMUHAIIUCH.

OnbIT OKa3bIBAa€T, YTO MHOTUM CTYJIE€HTaM IIOMOTaeT COCTaBJICHHE JINCTA OMIOPHBIX CUTHAJIOB,
coJiepKallero BakHeHImne W Hambosee yacto ynorpeOmiseMbie GopMmysbl M HOHATHS. Takoil nuct
IIOMOTaeT 3allOMHUTHb (OPMYJIbl, OCHOBHBIE IIOJIO)KEHHUS JIEKIIMHM, a TaKKe€ MOXKET CIIy>KUTb
MOCTOSIHHBIM CIIPABOYHUKOM JUIs CTYJICHTA.

UreHne Hay4yHOTO TEKCTa SBIIAETCS YacTblO II03HABATEIBbHOW JEATENBHOCTH. Ee nemp —
U3BJICUYEHUE M3 TEKCTa HeoOxoaumoi mHpopmanuu. OT TOro Ha CKOJBKO OCO3HAaHHA YHTAIOIIUM
COOCTBEHHAs! BHYTPEHHSS YCTAHOBKA MPH OOpaIleHNH K MEYaTHOMY CIIOBY (HAWTH HY>KHBIE CBEICHUS,
YCBOUTb MH(OPMAIMIO MMOJHOCTBIO WIIM YaCTUYHO, KPUTUYECKH NMPOAHAIU3UPOBATh MaTepual U T.I1.)
BO MHOT'OM 3aBUCHUT 3()()eKTUBHOCTh OCYIIECTBISEMOIO AEHCTBHSL.

Be1ienstor uemuvipe 0cHo6HbIE YCMAHOBKU 6 YMEHUU HAYYHO20 MEeKCma:

MH(POPMAIMOHHO-TIONCKOBBIN (331a4a — HAWTH, BBIIEITUTH NICKOMYIO HH()OPMAIIHIO)

ycBauBaomas (yCWIns 4UTaTeNs HallpaBleHbl HA TO, YTOOBI KaK MOXHO IOJHEE OCO3HATh U
3alIOMHUTh KaK CaMU CBE/ICHUS M3JIaraeMble aBTOPOM, TaK U BCIO JIOTHKY €r0 pacCy K JIeHHi)

AHAJINTUKO-KPUTHYECKAss  (YUTATENb CTPEMMUTCA  KPUTUYECKHM  OCMBICIUTH  MaTepuall,
[IPOaHAIU3UPOBAB €r0, ONPEIEIINB CBOE OTHOLIECHHUE K HEMY)

TBOpYECKasl (CO3/1aeT y YuTaTessl TOTOBHOCTh B TOM MJIM MHOM BMJE — KaK OTIPABHOM ITyHKT
JUIl CBOMX PAacCyXJeHHUi, Kak oOpa3 ajs JeMcTBUS 10 aHAJIOTUMU U T.II. — UCIIOJIb30BaTh CYXKACHUSA
aBTOpa, XOJ €ro MbICIEH, pe3ynpTaT HAOMIOJCHUS, DPa3pabOTaHHYI0 METOJAUKY, JOMOJHUTh WHX,

MOABEPTHYTH HOBOU MPOBEPKE).



4.2. Memoouueckue pexomeHOayuu no N0O20MoeKe K NPaKmuyeckum 3aHamum
Jlsiss TOro 4TOOBI MPAKTUYECKUE 3aHITHS MPUHOCWIM MaKCHMAaTbHYIO TOJIB3Y, HEOOXOIUMO

IIOMHUTB, YTO YIIPAKHEHUE U PELICHUE 3a/1a4 IPOBOAATCS 110 BBIYUTAHHOMY Ha JICKIUAX MaTEpHAILy U
CBSI3aHbI, KaK MPaBUJIO, C JAETAJbHBIM Pa300pPOM OTIENbHBIX BOIPOCOB JIEKIIMOHHOTO Kypca. Cremayer
MOJAYEPKHYTh, YTO TOJIBKO IOCJIE YCBOCHHUS JIEKLIMOHHOIO MaTepuaia ¢ ONPEICIIEHHON TOUYKH 3PEHHUS
(a UMEHHO ¢ TOH, C KOTOPOM OH HM3Jaraercsi Ha JIEKLUHUAX) OH OyJeT 3aKpervIsAThCcs Ha MPAaKTUYECKUX
3aHATHUAX KaK B pe3ysbTare OOCY)KIEHHUS M aHajau3a JEKLIMOHHOIO MaTepuaa, TaK U C IOMOIIBIO
pelieHus npoOJIeMHBIX CUTyalui, 3aaad. [Ipu 3TUX yCIOBHSIX CTYJEHT HE TOJBKO XOPOIIO YCBOUT
MaTepHall, HO U Hay4YHUTCs NIPUMEHATH €ro Ha MPAKTUKE, a TAKKE MOJIyYHUT AONOJHUTEIBHBIA CTUMYJI
(¥ 9TO OYEeHb BaXKHO) Ul AKTUBHON MPOPAOOTKH JICKIUH.

Crnenyer TOMHUTH, YTO peIICHHWE KaXJOW Yy4yeOHOW 3amaud JOJDKHO JOBOJAUTHECS 10
OKOHYATEJIbHOTO JIOTUYECKOIO0 OTBETA, KOTOPOTO TPeOyeT YCIOBUE, U MO BO3MOKHOCTH C BBIBOJOM.
[TomyueHHBI OTBET cieqyeT MPOBEPUTH CHOCOOAMH, BBITEKAIOIMMH M3 CYIECTBA JaHHOHM 3a1ayM.
ITone3no Takxe (ecid BO3MOXKHO) peLIaTh HECKOJIbKUMH CIIOCOOAMHU W CpPaBHUTH IOJy4YEHHbIE
pe3ynbTathl. Pemenne 3a1a4 JaHHOTO THMA HY>KHO MPOJOJDKATh 0 MPHOOPETEHUS TBEPABIX HABBIKOB

B UX PCIICHHH.

4.3. Memoouueckue pexomeHoayuu no camonposepke 3HaHull
[Tocne n3ydeHus onpeaeeHHOM TeMBI 110 3aITUCSIM B KOHCIIEKTE U yUeOHHKY, a TaKXKe peIICHUs

JOCTATOYHOI'0 KOJIMYECTBA COOTBETCTBYIOIIMX 3a1a4 HA IMPAKTUYECKHUX 3aHATUAX U CAMOCTOATEIIBHO
CTYZIEHTY PEKOMEHIYETCsl, IIPOBECTU CaMOIIPOBEPKY YCBOCHHBIX 3HAaHUM, OTBETUB Ha KOHTPOJIBHBIE
BOIIPOCHI 110 U3yYEHHOU TEME.

B ciydae HE0OXOJMMOCTH HYKHO €Ilie pa3 BHUMATEIbHO pa3o0paTbcs B MaTepHale.

WNHorna HENOCTaTOYHOCTH YCBOEHHS TOrO WJIM HHOIO BOIIPOCA BBIACHAETCSA TOJIBKO IIPU
M3Y4YEHUU JaJbHEHIIEro marepuana. B 3Tom cilydae Hajgo BEpHYTBbCS Ha3al U MOBTOPUTH ILIOXO
YCBOEHHBIM Marepuan. BakHbli KpUTEpUN YCBOEHHs TEOPETHYECKOr0 Marepuasa - YMEHHUE pelaTh
3aa4d WIM IPOMTH TECTUPOBAHUE IO NMPOWIECHHOMY Marepuaily. OmHAaKO ciefyeT MOMHUTB, YTO
IIPaBWIBHOE PEIIEHUE 33Ja4d MOJXKET IIOJyYHUTbCS B PE3YyJbTaTe IPUMEHEHUS MEXaHUYECKH

3aydeHHBIX (popMyI O6€3 MOHUMaHHS CYITHOCTH TEOPETUYECKUX TOJ0KECHUH.

5.KoHTposb caMocTOATEIbHOI PadOThI CTY1EHTOB

B pamkax peWTHMHIOBOM CHCTEMBI YCIIEBAEMOCTb CTYJEHTOB IO KaKIOH IHCUUILIMH
OLICHUBAETCS B XOJI€ TEKYIIErO KOHTPOJIS U MPOMEKYTOYHOM aTTECTalNH.
Tekymuii KOHTPOJIb

PeiiTuHroBasi oueHka 3HaHHUH CTyIeHTA

No Bup nestenbHOCTH CTYIEHTOB Cpoxu KonnuectBo
/1 BBITIOJTHEHUST OayToB
1. IIpakTuueckoe 3austue 5 5 Hexend 15




2. ITpaktudeckoe 3anstue 10 10 Hepenst 20
3. IIpaktudeckoe 3ansatue 15 15 nepens 20
HToro 3a 1 cemecTp 55

1. IIpakTnueckoe 3ansrue 5 5 Hexend 15
2. ITpaktuyeckoe 3anstue 10 9 Henens 20
3. ITpaktudeckoe 3ansatue 15 13 nepens 20
HToro 3a 2 cemecTp 55

MaxkcuMaabHO BO3MOXKHBIM Oani 3a BeCh TEKYIIMH KOHTPOIb YCTaHABIMBAETCS paBHBIM S5.
Tekyliiee KOHTPOJIBHOE MEPOIPUITUE CUUTAETCS CIAHHBIM, €CJIM CTYJICHT MOJYyYHII 32 HETO HE MEHEE
60% OT yCTaHOBIEHHOTO [UIsi STOTO KOHTPOJNS MaKCcUMaibHOro Oanna. PelTuHroBBIN Oamn,
BBICTABJISIEMBI CTYJIEHTY 3a TEKyllee KOHTPOJIbHOE MEpPONPUATHE, CIAHHOE CTYJIEHTOM B
yCTaHOBJICHHBIE TPAUKOM KOHTPOJIBHBIX MEPOMPUSITHI CPOKH, OTIPEEIIAETCS CIECTYIOINUM 00pa3oMm:

Yposenv svinonnenus xonmponvnozo | Peiimunzoswtit 6ann (6 % om MaKcuManbHozo
3a0anus banna 3a KOHmpoJbHOE 3a0anue)
OmauyHwlti 100
Xopowuii 80
Yooesnemeopumenwvnoiii 60
Heyoosenemeopumenvnuiii 0

HpOMe)KyTO'—IHaﬂ aTTeCTaludA

[Ipomexytounass arrectanus B ¢GopMe 3IK3aMeHa TIPeIyCMAaTPUBACT IPOBEICHUE
00s13aTeIbHOM dK3aMEHAIIMOHHON mporeaypsl W oneHuBaercs 40 6amnamu u3 100. B ciyqae
€CITi PEUTHHTOBBIM Oayll CTyAeHTa MO JUCHUIUIMHE 10 HTOraM cemecTpa paBeH 60, To
MporpaMMoil aBTOMAaTHYECKU 00aBisieTcss 32 MpeMUaibHBIX Oajia M BBICTABJISETCS OICHKA
«OTAUYHOY». [lONOXKUTENBHBIM OTBET CTYAEHTa Ha HK3aMEHE OLIEHHUBACTCS PEHTUHTOBBIMU
Oamnamu B guamazoHe or 20 nmo 40, onenka wmenbme 20 0amuoB  cUMTaeTCA
HEYJ0BJIETBOPUTEIBHOM.

[[Ixana cOOTBETCTBUSI PEUTUHIOBOTO OajljIa 3K3aMeHa 5-0aJTbHON cucTeMe

PeiiTHHIrOBBII 0aJ1J1 IO AUCHMILJINHE Ouenka no 5-0a/UIbHOM cUcTEMeE
35-40 OtinuasO
28 —34 Xopouio
20-27 Y 10BIETBOPUTEIILHO

Wtorosas oueHka MO JUCLUIUIMHE, U3yYaeMOW B OJIHOM CEMECTpE, ONpeAeseTcs IO
cymme 0auioB, HaOpaHHBIX 32 PadOTy B TEUEHUE CEMECTpa, U 0AJIOB, OJYUYEHHBIX MPH Claye
JK3aMeHa:

Llxana nepecuema permuneo6020 6auia no OUCYUnIuUHe



8 OYeHK)y no 5-0OannvHoll cucmeme

Peiimunczoevtit 6ann no oucuyuniune Ouenka no 5-0anivHoul cucmeme
88-100 Omauuno
72-87 Xopouwio
53-71 Yoosenemsopumenvno
<53 Heyoosnemeopumenvho
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