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IMosicHuTENLHAA 3aNIHCKA

JImst MHOTHX CTYIACHTOB 3HAYUTENBHYIO TPYAHOCTH TMPEACTABISET pEIICHUE 3ajad.
[ToaTOMY B TaHHBIX METOJUYECKUX YKAa3aHUSX TJIABHOE BHUMAHUE YJIEJICHO PEIICHUIO THITOBBIX
NpPUMEPOB U 3aJa4, MOSICHSIOIIUX TeopeTHdyeckuid martepuan. OJHAKO MPEXAEC YeM HayaTh
peliath 3TH MPUMEPHl HAIO MOOUTHCS MOJHOW SCHOCTH B MOHUMAaHUHM COOTBETCTBYIOIIMX
MMOHSTHH.

B Hawane kaxaod TeMbl KpaTKO U3JIAralOTCd OCHOBHBIE TEOPETUUYECKHE CBEICHUS
(ompenenenusi, GopMysbl), HEOOXOIUMBIC ISl pEHICHUs MociaeAyrmmx 3anad. [IpuBomsTcs
pEIICHUS TUITOBBIX MTPUMEPOB U 3a1a4. J[aroTcs ynpakKHEHHS Ha 3aKpeTlJICHUS TEMBI.

BrinonnHeHHE CTyIeHTaMu MPAaKTHYECKUX paOdoT HAIIPaBJIECHHO Ha:

- 000011IeHHEe, CHCTEeMATH3AIINIO, YIITYOJICHHE, 3aKPEIICHNE MOTYyYEHHBIX TEOPETHIECKUX
3HAHHWI MO0 KOHKPETHBIM TEMaM;

- popMuUpOBaHUE YMEHUN MPUMEHSITH MOJTYYCHHBIC 3HAHUS HA MPAKTHKE W PeaTH3alI[iio
€IMHCTBA MHTEJUICKTYAJIbHOW U MPAKTUYECKON JESATEIHHOCTH;

- pa3BUTHE HMHTEIUICKTYaJIbHBIX YMEHUU Yy OyIyIIMX CHEHUATUCTOB: AHATUTHUUYECKUX,
MIPOEKTUPOBOYHBIX, KOHCTPYKTUBHBIX H JIP.;

- BBIPaOOTKY MpH PEHICHHH IOCTABIEHHBIX 3a7au TaKuX MPOPECCHOHANBHBIX KAauecTB,
KaK CaMOCTOSTEIIbHOCTh, OTBETCTBEHHOCTh, TOUHOCTh, TBOPUYECKAS MHUITHATHBA.

B pe3ynbrate ocBoeHUS y4eOHOM TUCIUTUIMHBI O0YYAIOIIHICS JOIKEH YMETh:

® [PUMEHATH COBPEMEHHBIM  MAaTEMaTU4YECKUW  HMHCTPYMEHTapuil i1  peuieHus
IIPAKTUYECKUX 3a7ad;

® [IPUMEHATh METOAUKY MOCTPOCHHS M aHaJM3a MATEMAaTUYECKUX MOJEIEH JJIsI OLEHKH
COCTOSIHHSI SIBJICHMM M TPOLIECCOB B YAaCTH MAaTEMAaTHYECKOrO aHajau3a, JIMHEHHOU
anreOpsl.
B pesynbprare ocBoeHHs yu4eOHOM MUCIUILIMHBI O0YyYarOIIHICS T0KEH 3HATh:
® OCHOBBI JINHEHHOW anreOpbl M aHATUTHYECKON T€OMETpUn
e OCHOBBHI TU(epeHIINaTbFHOTO U HHTETPAIIBHOTO UCUUCIICHHUS;
® OCHOBBI TEOPUH KOMIIJIEKCHBIX YHCEN.



IpakTnyeckas padora Ne 1

Tema: Onepauuu Hag MATPULIAMU

Heab: HayunThes BEIYUCTATH ONEpAIK HAJl MATPUIIAMH.

Teopernueckunii 670k Onpenenenue. MaTpuiieii U3 m CTPOK, N CTOJOIOB HA3BIBACTCS
NPSIMOYTOJIbHAST TaONMUIla YHCEN ; - DJIIEMEHT MATPHIIBL; 1-HOMEp CTPOKH; i=1,...,m; j-HOMEp
cronbua, j=1,...,n; m, n — mopsiaku Matpuisl. [Ipy m=n - kBagpaTHas MaTpHLa.

Onpenenenue. OnpeaenuTesieM n-ro MOpsAaKa, COOTBETCTBYIOUIMM MaTpHUIIE, Ha3bIBAETCS
YHCIIO.

Jj1s BBIYHMCIICHUST OIPEEIUTENS MOKHO UCIIOIb30BaTh 3JIEMEHThI IPOU3BOIBHONU CTPOKH
WM CTOJIOIA.

Omnpenenenue. AnredpandeckiM JOMOJIHEHHE JIEMEHTa Ha3bIBAETCS YHUCIIO, PABHOE .

Omnpenenenue. JIOMONHUTENBHBIM  MHUHOPOM  3JIEMEHTa  MAaTPUIBl  HA3bIBAETCS
OTIpeNeNIUTEeNb MAaTPHULBI N-1-rO MOpsaKa, MOJYYSHHBIM M3 MaTpPUIBl BBHIYEPKHUBAHHEM 1-OM
CTPOKH U j-TO CTOJOIA.

TpancroHrpoBaHNE MaTPHUIBI — TAKOE MPEOOPA30BAHUE MATPHIIBI, IPU KOTOPOM CTPOKH
CTaHOBSITCS CTOJIOIIAMH C COXPAHEHHUEM TMOPSAIKA CIECTOBAHMSL.

CBolicTBa OnpeenuTeNeH.

[Ipu TpaHCOHUPOBAHUU MATPULIBI OMIPEICTUTENh HE MEHSAETCS.

[Ipu nepecTaHoBKe TOOBIX ABYX CTPOK (CTOJOIIOB) ONMPEAECTUTENb MEHSET TOJIbKO 3HAK.

[Ipn ymHOXEHUM CTPOKHU (CTOJIOIA) HA HEKOTOPOE YMCIIO ONPEAETUTENh YMHOKAETCS Ha
3TO YHUCIIO.

Bennumna omnpexenuTenss HE HU3MEHSETCSA, €CIM K DJIEMEHTaM HEKOTOPOW CTPOKHU
(cronmbua) mprubaBUTh COOTBETCTBYIOIINE JIEMEHTHI APYrol CTPOKH (CTONIONA), YMHOKEHHON Ha
HEKOTOPOE YHCIIO.

Omnpenenuresnb paBeH HYJIIO, €CIIU

- BCE JIEMEHTHI HEKOTOPOil CTPOKH (cTOJI011a) paBHBI HYIIO.

- IB€ CTPOKH (CcTONOIa) OJMHAKOBBI.

- JIB€ CTPOKH (CTOJIOIA) ONPESTUTEIS MPOTIOPIIHOHATBHBI.

MeTobl BBIYHCIICHHUS OTIPEISIIUTENCH.

1). Paznosxenue 1o CTpoke Uik CTOJIOIY.

2). Mertox oOparieHust B HyJIb BCE€X, KPOME OJHOIO, 3JEMEHTOB CTPOKHM WM CTOJOLA.
MeTox COCTOMT B TOM, YTO C YYETOM CBOWCTB ONPEACIHTENs] TPU IMOMOIIM KaKOTo-TH00
cronbua (CTpoKH) MyTEM YMHOXKEHHMS €ro Ha COOTBETCTBYIOIIME YHCIA M BBIYUTAHHUS U3
OCTaJIbHBIX CTONIOIOB (CTPOK), 3aHYJSIOTCSA BCE AJIEMEHTHI BEIOpaHHOW CTPOKH (CTONO1A) Kpome
OJTHOTO, TIPUHAJIIEXKAILETO BBIYUTAEMOMY CTOJIOIY (CTpOKeE).

3). Meron mnpuBeneHUss K TPEYroJIbHOMY BHAY. AJTOPUTM, THPEAJIOKEHHBIH B
OpeIbIAYIIeM TYHKTE, WCIIONB3YeTCs IS TOCIEIOBATEIBHOTO 3aHYJICHHS BCEX DIIEMEHTOB
MepBOI CTPOKH (CTONOIA) KPOME OJTHOTO, BTOPOU CTPOKH (CTOI0IIa) — BCEX KPOME JBYX U T.1. B
UTOTE OIPENENUTENb peoOpazyeTcs K TPEYrodbHOMY BHIY. BennumHa Takoro OmpenenTels
paBHA IPOM3BEACHUIO DJIEMEHTOB TJIABHOW TUArOHAJIH.

4). BeluucneHue ¢ HUCHOJb30BaHHMEM TeopeMbl Jlamimaca, coryiacHO KOTOpoOH
OTIpeNieNIUTeNb - IO TOpPSJIKa PaBeH CyMME NPOU3BEICHUN BCEX €ro MHUHOPOB -TO IMOpsiKa,
CTOSIIIMX B BBIAEJICHHBIX CTPOKAX (CTOJ01AX), HAa UX alre0pandeckue JONOTHEHHUS.

Martpuiibl, onepanyy HaJl MaTpULlaMu

Omnpenenenne. CyMMOI MaTpHIl OJHOTO MOPSAKA HA3bIBACTCS MATpUIA C DIIEMEHTaMHU
, Te

Onpenenenue. [lpousBenenueM MaTpuipl Ha YUCJIO HAa3bIBAETCS MAaTpUlla TOTO Ke
MOPSAJKA C DJIEMEHTAMH .



Onpenenenue. IIpousBeaeHueM MaTpullbl  Ha MATPHUILY
3JIEeMEHTaMHU , TJe
3agaHus /15 pellieHUs HA 3aHATHH

HA3bIBACTCA MaTpuia
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IIpakTyeckas padora Ne2

Tema: Boruuciaenue onpeaenureneid. Haxoxaenue o6paTHoii MaTpuubl

Ieab:  HAYYUTHCS BBIUYMCICHHUIO OMpEIEIUTENeH, BBIYHCIATH OOpaTHYIO
MaTpuIly

Teopernueckunii 0J10K Onpenenenue. Omnpenenurenem n-ro Hopsi/Ka,
COOTBETCTBYIOIIMM MAaTpPHUIIE , HA3bIBAETCS YHUCIIO .

JU1s BBIYMCIIEHUS OIPEAEIUTENS MOKHO UCIIOIb30BaTh AIEMEHTHI IPOU3BOJIBHON CTPOKH
WX CTOJOIA.

Onpenenenue. AnredpandeckiM JTOMOJHEHHE 3JIEMEHTa Ha3bIBAETCS YHUCIIO, PABHOE .

Onpenenenue. [loMONMHUTETPHBIM MHHOPOM  3JIEMEHTa  MATpPUIBI  Ha3bIBAETCS
OTpeAeNuTeNb MaTPULlbl N-1-r0 MOpsAIKa, MOTYYEHHBIH M3 MATPHUIBl BBIYCPKUBAHHEM 1-OU
CTPOKH U j-TO CTONONA.

TpancnoHupoBaHHEe MaTPULIBI — TAKOE IPEOOpPa30BaHUE MATPUILIBI, IPU KOTOPOM CTPOKHU
CTaHOBSITCS CTOJOIAMU C COXPAaHEHUEM MOPSAIKA CIEJOBAHMSL.

CBoiicTBa omnpeaenuTesneu.

[Tpu TpaHCTIOHUPOBAHUN MATPHIIBI ONPEACTUTETh HE MEHSETCSI.

[Ipu nepecTanoBKe THOOBIX ABYX CTPOK (CTOJIOIIOB) ONMPEAECTUTENb MEHSET TOJIbKO 3HAK.

[Ipu ymHOXEHHH CTPOKHU (CTONIOIa) HA HEKOTOPOE YKCIO ONpeAeTUTeNlb YMHOKAETCS Ha
3TO YHCIIO.

Ecnmu Bce COOTBETCTBYIOLIME 3JE€MEHTBl KBAaJpPaTHBIX MATPUIl OJHOTO IOpsIKa
OJIMHAKOBBI, 32 UCKITFOUEHHUEM AJIEMEHTOB OJTHOM 1-0i CTPOKH, TO

BenuuuHa onpenenutenss HE HM3MEHSETCS, €CIM K D3JEMEHTaM HEKOTOPOH CTpOKHU
(cronbua) nprbaBUTH COOTBETCTBYIOIINE 3JIEMEHTHI JPYTOl CTPOKU (CTOJI0Ia), YMHOKEHHOM Ha
HEKOTOPOE YHCJIO.

Onpenenurtens paBeH HYIIO, €CIIN

- BCE JIEMEHTBI HEKOTOPOil CTPOKH (cTOI011a) paBHBI HYIIO.

- IB€ CTPOKH (cTO011a) OJMHAKOBBI.

- JIB€ CTPOKH (cTOI011a) ONpeeTUTeNs MPOOPLUOHANIBHBI.

MeTobl BBIYHCIIEHUS OIpeIeInTeNeH.

1). Paznosxenue 1o CTpoKe Uil CTOJIOITY.

2). Metoxa obparnieHusi B HyJIb BCE€X, KPOME OJHOIO, 3JIEMEHTOB CTPOKU WJIM CTOJOIIA.
MeTon coCTOMT B TOM, YTO C YYE€TOM CBOMCTB ONpPENENUTENS MPH MOMOIIM KaKoro-iudo
crosiora (CTpOKH) MYyTEM YMHOXEHHS €ro Ha COOTBETCTBYIOIIME YHCIA W BBIYUTAHHS W3
OCTaJIbHBIX CTOJIOLOB (CTPOK), 3aHYJSIOTCS BCE AJIEMEHTHI BEIOPAHHOM CTPOKH (cTOJ01a) KpoMe
OJTHOTO, TIPUHA/IIEKAILETO BBIYUTAEMOMY CTOJIOIY (CTpOKE).

3). Meton mnpuBeneHUss K TPEYroJIbHOMY BHAY. AJTOPUTM, THPEAJIOKEHHBIH B
OpeIbIAYIIeM NYHKTE, HCIOJIb3YyeTCs Ui MOCIEeNOBATEIbHOTO 3aHYJIEHHs BCEX JIIEMEHTOB
MepBOi CTPOKH (CTONIOIA) KPOME OJTHOTO, BTOPOU CTPOKH (CTOJI0IIa) — BCEX KPpOME JBYX U T.1. B
UTOTE OIpeNeInTeNs npeodpa3yercss K TpeyrojibHOMYy BHAY. BennduHa Takoro omnpeaenuTens
paBHa MPOU3BECHHUIO JIEMEHTOB [NIABHOM JMOTOHAIH.

4). BplumcieHne C HCMOJAL30BaHMEM Teopembl Jlamjmaca, COTJIaCHO  KOTOPOit
OTIpeNIeNIUTENb - IO TOPsIKa PaBeH CyMME IPOU3BEICHUN BCEX €ro MHUHOPOB -TO MOpsiKa,
CTOSIIIMX B BBIAEJICHHBIX CTPOKaX (CTOa01aX), HAa X alre0pandeckue JOMOTHEHUS.

3aganus QUi pelieHrsi HA 3aHATHU

TpaHCIOHUPOBATH MATPHULIBL:
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|I n -2 I| -1 -1 0
Boraucants 00paTHyI0 MaTPHILy, BBITOIHATH TPOBEPKY:
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IpakTnyeckas padora Ne3
Tema:Pemenne cucreM JTUHEHHBIX YPABHEHHU I
Heab: mnpuobpereHne 0a30BbIX 3HAHWM B 00JacTH (PyHIAMEHTAIBHBIX pa3/ieoB
MaremaTuku. IIpoBepka ycBOEHMS 3HAHMH 1O CUCTEM N JMHEWHBIX YPAaBHEHHUH C n
nepeMeHHbIMH 110 popmynaM Kpamepa. IloBroputh u cuctemMarusupoBaTh 3HAHUS 1O JaHHOU
TEME.
3anaun:
* pa3BUTHE TBOPUECKOTO MPO(HECCHOHATBHOTO MBIIICHHS;
* [I03HaBaTeIbHAs! MOTUBALUS;
* OBJIQJICHUE SI3bIKOM HAYKH, HABBIKU ONIEPUPOBAHUS MOHATUSAMU;
* OBJIQJICHNE YMEHUSMHU U HaBbIKaMM ITIOCTAHOBKH U PELLICHUS 3aa4;
* yrayOsieHre TeOpeTHYEeCKON U IPAKTUUECKOM MOATOTOBKH;
* pa3BUTHE MHUIMATUBBI U CAMOCTOSITEILHOCTU CTYJ€HTOB.
X0/ MPaKTUYECKOIO 3aHATHUS.
1.@opMynupoBaHHUE TEMBI 3aHATHUS, TOSICHEHUE CBSI3U TEMBI C IPYTUMH TeMaMH yuyeOHON
JUCIUIINHBI,
2.1IpoBepka rOTOBHOCTH CTYJIEHTOB K 3aHATHIO;
3.IlpoBeneHne HEMOCPENCTBEHHO 3aHATHS COIJIACHO TEMAaTHUKE M B COOTBETCTBUHM C
paboueil mporpaMMoi TUCIUITUHBL:
» U3yunth Teopernueckuil marepuas no teMe «CUCTEMBI N JIMHEHHBIX YPaBHEHHUH C n
MEPEMEHHBIMU.
» PaccmoTpeTs mpuMepsI pereHns TANOBBIX 3a/1aHAMN.
» BeimorHUTE camocTosATenbHyto padboty no pemenuto CJIAY.
> OTBETUTH Ha KOHTPOJIbHBIE BOMPOCHI.
TeopeTnueckne cBEACHUSI U METOINYECKUE PEKOMEHIALINN
10 PELIEHUIO 3aa4.
Meroa Kpamepa.
(Fabpuens Kpamep (1704-1752) mBeitiapckuii MaTeMaTHK )
JlaHHBIA METOJ Tak)Ke€ MPUMEHUM TOJIBKO B CIydae CUCTEM JIMHEHHBIX YpaBHEHUM,
I/Ie YUCIIO NEPEMEHHBIX COBMAJAeT C YHCIOM ypaBHeHUH. Kpome Toro, HeoOXoAMMO BBECTU



orpaHnyeHus Ha Ko3hdunueHTs cuctembl. HeoOXxoammo, 9To0bl BCe ypaBHEHUS ObUTH JIMHEHHO
HE3aBHCHMBI, T.€. HU OJIHO YPaBHEHHE HE SBJISUIOCH Obl IMHEHHOM KOMOMHAIIMENH OCTATbHBIX.
J51s 5TOr0 HEOOX0IMMO, YTOOBI ONPEACTUTENh MAaTPHUIIBI CUCTEMBI He paBHsuICs 0.
det A=0;

JleiicTBUTENHHO, €CITU Kakoe- 00 ypaBHEHHE CHUCTEMbl €CTh JUHEHHas KOMOWHAIUS
OCTaJIbHBIX, TO €CIM K DJEeMEHTaM Kakoil- Ju00 CTPOKM NPUOABUTH 3SJIEMEHTHI JPYIroOu,
YMHOXEHHbIE Ha KaKoe- TMO0 YHCII0, C TOMOIIbIO JIMHEHHBIX MpeoOpa3oBaHU MOKHO MOIY4YUTh
HYJIEBYIO CTPOKY. OIpenenanTeb B 3TOM ciiydae OyJaeT paBeH HYJIIO.

Teopema. (ITpaBuno Kpamepa):

Teopema. Cuctema 3 n ypaBHEHUM ¢ N HEU3BECTHBIMU

B CJIy4ae, €Clii ONpPEICIUTENIb MATPHUIBI CUCTEMbI HE PABEH HYJII0, UMEET €IMHCTBEHHOE
pelleHre U 3TO PEIICHHE HaXOUTCs 10 hopMyiam:

X1 = Ai, roeA/

A =det A, a Ai— onpenenurtenb MaTPHIIb, TOTY4aeMON U3 MATPHUIIBI CUCTEMBI 3aMEHOM
cTobna i cToad1oM cBOOOIHBIX YIEHOB bi.

Al =

ITpumep.

AA=; 1A=; 2A=; 3=;

x1A = 1/detA; X2A = 2/detA; X3A = 3/detA,;

[Ipumep. Haiitu pemienune cuctemMbl ypaBHEHUI:
==54-9)+2-12)-(3-8)=-25-10+5=-30;A

Al = =(28-48)—(42-32)=-20—-10=-30.

xIA=1=1;A/

A2 = =5(28 —48) — (16 — 56) = -100 + 40 = -60.
X2A =2 =2;A/

A3 = =5(32-42)+ (16— 56) = -50 — 40 = -90.
x3A=3=3.A/

Eciu cucrema onHoposana, T.e. bi0 cucrema MMeeT €IMHCTBEHHOE HYJIEBOE
pemenne x2A =0, Tonpu 1 =x2=...=xn=0.
= 0 cucreMa umeeT OECKOHEUHOE MHOXKeCTBO pereHuil. Allpu
JU1st CaMOCTOSITENTFHOTO PEIICHUS:
OtBer: x=0;y=0; z=-2.

»KOHTpOIBHEIE BOIIPOCHL:

1.Cuctema u3 “m” IMHENHBIX YPaBHEHUM € “n” HEU3BECTHBIMMU.
BekropHo-MaTpuyuHas ¢popma 3arucH.

2.PacimimpeHHas MaTpHIla CUCTEMBI.

3.01HOpOIHBIE U HEOTHOPOIHBIE CUCTEMBI YPAaBHEHUH.

IIpakTHyeckas: padora Ned

Tema:Pemenue cucreM JMHelHbIX ypaBHeHuid o ¢popmynam Kpamepa

Heab: npuobpereHne 6a30BbIX 3HaHMM B 00JIaCTH (PYHIAMEHTAJIbHBIX pa3JeoB
MatemaTuku. [IpoBepka ycBOeHMs 3HAaHUM 10 CHCTEM N JIMHEHHBIX YPAaBHEHMH C n
nepeMeHHbIMH 110 popmynam Kpamepa. IToBTOpuTs M cUCTEMaTH3UPOBATh 3HAHUS MO JaHHOU
TEME.

3agaun:

* pa3BUTHE TBOPUECKOTO NMPO(ECCHOHATBHOTO MBIIIICHMUS;

* [I03HaBaTeIbHAsl MOTUBALIYS;

* OBJIAZICHUE SI3bIKOM HAaYKHU, HABBIKM ONEPUPOBAHMSI TOHITUAMUY;



* OBJIQJICHUE YMEHUSIMHU U HaBbIKaMM IIOCTAHOBKU M PEILCHUS 33/1a4;

* yri1yOJIeHHE TEOPETUYECKON U MTPAKTUYECKOM MOATOTOBKHY;

* pa3BUTHE UHUIMATHUBBI U CAMOCTOATEIBHOCTHU CTYACHTOB.

Xo0/1 MPaKTUYECKOTO 3aHATHUA.

BBIMONTHATE cCaMOCTOATENBHYIO PadOTY 1O PEIICHUI0 CUCTEM N IMHEWHBIX YPaBHEHUH C n
nepeMeHHbIMHE 110 hopmynam Kpamepa.

Bapuanrt 1 Bapuant 2

1. 1.
{e+y+z=4a+2y+32=Ta+y+52=20+y—22=1x—-y+32=43z+y+2z:

2 2.

{3x—2y—2z=0x+4+3y—22=04c+y+2:2{z+y—22=02x—-3y+2=02zx—-2y—2

»KOHTpOIBHBIE BOIIPOCHL:

1.Pemiennie 0JHOPOHOM U HEOAHOPOAHOU cucTeM MeToaoM ["aycca.
2.0OAHOpPOIHBIE CUCTEMBI 1 KX CBOMCTBA.

3.DKBUBAaJICHTHBIC CUCTEMEL.

IIpakTnyeckoe 3ansaTue Ne 5

Tema: Onepauuu HaJ BEeKTOPaAMH

Heasb: HayuuTe cTyaeHTa MCIONB30BaThb CBOWCTBA JIMHEHHBIX —omepauuil ¢
F€OMETPUUECKUMU BEKTOpPaMM, CKaJSPHOIO IPOU3BENEHUS BEKTOPOB JMJIs pELIEHUS 3ajay
BEKTOPHOM anreopsl

Teopernueckmnii 6,10k

B ¢usuke, mexaHuke, XUMHUH BCTPEYAIOTCS BEJIUYMHBI, KOTOpBIE IOJIHOCTHIO
XapakTepU3yloTcsd TOJIBKO YHMCIOBBIM 3HadeHHeM (ckaimspoMm). Hampumep, Mmacca Tena,
KOHIIEHTpAlUsl pacTBOpa, JaBJIEHUE ra3a, TEMIeparypa U T. A. Takue BEINYMHBI HA3bIBAKOTCS
CKalsgpHbIMU. BMecTe ¢ TeM, A7 3a1aHusl CKOPOCTH, CHUJIbI, YCKOPEHHsI HE0OXO0AUMO 3aJaTh He
TOJIBKO UX YHMCIIOBOE 3HAUYECHUE, HO Y HAIPABJICHUE ACUCTBUS B IPOCTPAHCTBE. Takue BETNUMHBI
Ha3bIBAIOTCS BEKTOPHBIMHU.

BEKTOPHAS AJITEBPA — pa3ngen BEKTOpPHOTO HMCYHUCIEHHUS, B KOTOPOM H3ydaroTcs
npocTeiine onepanuu HaJl (CBOOOIHBIMH) BEKTOPAMH.

Onpenenenue 1. T'eomeTpuyeckuM BEKTOPOM HAa3bIBAETCS HAIPABIECHHBIM OTpPE30K

OpAMOM, T. €. OTPE30K, A KOTOPOrO YKa3aHbl OrPAHWYMBAIOLIUE €r0 TOYKAa Hadajla M TOYKa
KOHIIa BEKTOpA.
Ecnu Touka A — Hadano BeKTOpa, a Touka B — KoHel BekTopa, TO BEKTOp 0003HaYaeTcs
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Puc. 1.
Omnpenenenue 2. Ynucno, paBHOE AITUHE BEKTOPA, HA3BIBAETCS €r0 MOJTYIIEM.
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Monyns Bektopa A8 0603HagaeTcs cumBonoM .



BekTop, MOAy/Ib KOTOPOTO PaBeH HYIIIO, HA3bIBAETCS HYJIEBBIM BEKTOPOM U 0003HAYAETCS

1 —
cuMBOJioM 2 ( F,| _l]). HyneBomy BekTOpy MOXXKHO TpumHcaTh JIt000e HampaBieHue. Bce
HYJIEBbIE BEKTOPBI PaBHBI APYT APYTY.
Onpenenenue 3. BeKTopbl Ha3bIBAIOTCS KOJUTMHEAPHBIMH, €CJIM OHM MapaJuIeIbHbI OJHON
npsimoii (puc.2).

B D B C Puc. 2.a Puc. 2.0

Ecmm JABa BCKTOpa AB u D

KOJUIMHEAPHbI,  TO  3TO 0003HaYaeTCs
A C LT 1§ LT 1§
A D 48| |CD

ClenyrmuM 00pa3oMm: . BekTops,

L1} L1 1}
M300paKEHHbIC HA PHC. 2.4, HA3BIBAIOTCS COHAIPABICHHBIMHU, 0603Hauaercs Tak A8 N CD 4
BEKTOPHI, W300pakeHHbIE Ha puc 2.0, HA3BIBAIOTCA MPOTHUBOIOJIOKHO HANPABICHHBIMH.

L1 1T} L1 1 1§
CHMBOJIMYECKH JTO 3amuchiBaercs Tak 48 T Cb .
3ameuyanue. CoHalpaBJIEHHBIMH U TPOTUBOMOJIOXKHO HAIMPaBICHHBIMH MOTYT OBITh
TOJIBKO KOJUIUHEAPHBIE BEKTOPHI.
Tak Kak HyJIEBOM BEKTOp JICKHUT Ha JIFOOOU MPSIMOM, TO, TIO ONPECICHUIO, OH CUUTACTCS
KOJUIMHEAPHBIM JIF00OMY BEKTOPY U NEPIEHAUKYISPHBIM JIFOOOMY BEKTODY.
OHDG[[GJIGHI/IG 4 BCKTOpI)I Ha3bIBAKOTCA KOMHJIaHapHI)IMI/I, €CJIM OHU HapaJIJIGJIBHBI OIIHOﬁ

IIJIOCKOCTH.

—— LT}
OHDGI[GJ'IGHI/IG 5. [[Ba BCKTOpa ABI/ICD Ha3bIBAOTCS PABHBIMH, CCJIMU BbIIIOJIHCHBI
CJICAYIOIIUC YCIIOBUS:
1. MOAYJH 3TUX BEKTOPOB PABHBI;

2. BEKTOPbI COHAIIPABJICHBI.
CHMBOJIMYECKHU 3TO ONPEAEICHHE MOKHO 3alIUCATh CIEAYIOIIUM 00pa3oM:
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Ecan CUNUTaThb, YTO HA PUCYHKE 1 BCKTOPHI JICKAT B OJIHOM IIIIOCKOCTH, TO F=c , TO €CTh

i i i .

2y €. pa3Hble 0003HAYEHUSI OJHOTO U TOTO )K€ BeKTopa. BekTopsl by AB r1py paBHBIX JUTHHAX
HE PaBHBI IpYT YTy, TaK KaK UMEIOT pa3HbIe HAIIPABIICHUS.

Takum oOpasom, ans 3ajaHus 10000 BEKTOpA JOCTATOYHO yKa3aThb €ro MOAYJIb U
HamnpaBlieHue, He (UKCHpPYS TOUKY MNPUIOKEHHsS (Hayalo BEKTOpa MOXET HaXOAMTbCA TIe
yroaHo). Hcronb3ys omnpeneieHre paBEeHCTBA BEKTOPOB, TaKOM BEKTOp BCErAa MOXKHO
MEePEMECTUTh IOCTYIATENbHO, C IMOMOIIBI0 MapaieIbHOr0 MepeHoca, B TpPeOyeMylo TOUKY
MIPOCTPAHCTBA.

3ameuanue. MHora cBo60/1a BEKTOpa OTpaHUYMBAETCSl, HAIIPUMED:

a) €CIIM KpoMe BEKTOpa 3a/laHa €ro TOYKa MPUJIOKEHHUs, TO OH Ha3bIBAETCS CBA3aHHBIM
(pannyc-BekTop);

0) ecnu KpoMe BEKTOpa 3ajlaHa €ro TOYKa HalpaBJIEHHUs, TO OH Ha3bIBACTCS CKOJIb3SIIUM
(BEKTOp YTJIOBOW CKOPOCTHU PACIOI0KEH MO OCH BPALICHHUS);

B) CBOOOJIHBIN BEKTOP HE OTPAaHUYEH HUYEM.

B nanpHeimeM, ecid 3TO HE OrOBOPEHO CHEIUAIBbHO, Mbl OyJIeM IMO0JIb30BATHCA
MOHSTHEM CBOOOJIHOTO BEKTOPA.

L
Jlns mo6Goro Bektopa A8 onpenenmM MpoTHBOMONOKHEIH eMy BEeKTOp, 0603HAYAEMBIi

M, TaKOﬁ, 4TO MOAYJIM 3THUX BCKTOPOB pPABHbI, OHU KOJUIMHCAPHBI, HO HIPOTUBOIIOJJIOKHO
1 1

HanpaslieHbl. BekTop, MpoTHBOMONOXKHEIN BekTOopy @, 0003Ha4atoT — = .



Puc. 3

i i
Eci B IPOCTPAHCTBE 3a/aHb! 1Ba BekTopa @u ¥ 1o, mcrons3ys onpesencHue paeHcTBa

BEKTOPOB, UX MOKHO IPUBECTU K OJIHOMY Haudamy (puc. 3).
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Torma yrnmom Mexay BeKTopamu 2y & HaspiBaeTCS HAMMEHbIIHIL yron j (jI[0,p]), Ha
1 3 1 3

KOTOPBIA HY>KHO ITOBEPHYTh BEKTOP & J10 COBIAJACHHS C BEKTOPOM &

I'eomeTpruueckne BEKTOPHI SBISIOTCS MPEAMETOM TaK HAa3bIBAEMOTO BEKTOPHOTO
UCUHUCIICHUS, MOJOOHO TOMY, KaK YHCIA SBISAIOTCA MPEIMETOM apu(pMeTHKd. B BeKTOpHOM
HUCYUCICHUHN HaIa BeKTOpaMI/I HpOI/I?;BOI[?ITC?[ HeKOTOPBIC OHGpaHI/II/I, KOTOpLIe ABIIAKOTCA
MAaTCMATHYCCKUMHU a6CTpaKIII/If{MI/I AHAJIOTHUYHBIX onepaum‘/’l, HpOI/I3BOIII/IMI)IX C pa3JII/I‘-IHI)IMI/I
KOHerTHI)IMI/I BGKTOpHLIMI/I BCIIMUYMHAMU B (1)I/I3I/IK€.

JIuHeHHbIe Onepaly Hajl BEKTOpaMu

JIMHEHHBIMU OIEPAlMIMU HA3bIBAIOT OINEPAIMIO CIIOKCHHUS BEKTOPOB M  OIEPALIHIO
YMHOXKEHUSI BEKTOpa Ha 4Mcio (cKasip). B OCHOBY HX ompelesieHus MOJI0KEeHbI U3BECTHBIC U3
MEXaHHMKH 3aKOHBI B3aMMOICHCTBHS BEKTOPHBIX BEJIMYUH — CHJI, CKOPOCTEH U T. II.

1. CnokeHne BEKTOPOB.

i ) i

Eciu naHs! 18a BekTopa @n ¥, 1o pacromaraior ux Tak, 4To0bI HAYATO BTOPOrO BEKTOPA
i i

COBIIAJIO C KOHIIOM IEPBOro BeKTopa. Torga cymMmmon BEKTOpoB #u & aspiBaeTcst Takoi BEKTOD,
KOTODPBII COeNMHSAET Hayajo MEepBOTO BEKTOpa ¢ KOHIIOM BToporo (puc.4). Takoe mpaBuio
CJI0’KE€HHUsI BEKTOPOB HA3bIBACTCS IIPABUIIOM TPEYTOJIbHUKA.

AHaNOTMYHOE NPaBUIO CIOXKEHHUsS (TMPaBHJIO MHOTOYTOJbHUKA) ACUCTBYET M M
HECKOJBKHX BEKTOPOB (pHcC. 5).
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Puc.4 Puc.5
Ecnu nBa BekTOopa mpuBENEHb K OJHOMY Hayaly, TO HUX CyMMOH OYyIeT BEKTOp,
00pa30oBaHHBIA JIMAroHalbl0 MapajjiesiorpaMma, MOCTPOEHHOTO Ha STHUX BEKTOpax Kak Ha
CTOPOHAX, W BBIXOJAIIMA M3 00miero Hayama (puc. 6). DTO MPaBUIO CIOKEHUS BEKTOPOB

HAa3bIBACTCA MMPAaBHUJIOM IIapaJuICiiorpamMmma.
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Puc. 6
W3 BBEAEHHBIX BBILIE MTPABUII CIIOKEHHSI BEKTOPOB BBITEKAIOT CIEAYIOLIUE CBOMCTBA 3TOU
omnepauuu:

1. +d-5+8 CBOMCTBO KOMMYTaTHBHOCTH ONEPALMH CIIOKECHHS;


http://pandia.ru/text/category/abstraktciya/

BB B 8D |
. — CBOUCTBO aCCOIMMATHUBHOCTU OIICpAllUN CIIOKCHUS
-
$1(5-b .
3. — HAJIMYHUEC IIPOTUBOIIOJIOKHOTI'O 3JICMCHTA,

4. 3 + H = g — HAJIM4KE HYJIEBOTO 3JIEMEHTA.
2. BelunuTanne BEKTOPOB.

i i i

PasHOCTBIO IBYX BEKTOpPOB Zu P uaspiBaeTcst BekTOp, PaBHBIA CymMMe BEKTOpa Zu
1 1

BekTopa (- &), mpoTuBomONOKHOrO BekTOpY & :

2-5-8-( %)

Ecnu BekTopbl mpuBefieHbl K OOIIEMYy Hayaily, TO BEKTOp, PaBHBIA pPa3HOCTU £ _g ,
i § 1

ABIIACTCA BTOpOﬁ AWaroHajiblo ImapajuicjiorpamMma, InmOoCTpOCHHOI'O Ha BCKTOpax ay 'E'KaK Ha

1 A
croponax. [Ipr 9TOM Ha4anoM TOro BEKTOpa SBISETCS KOHEI BekTopa & (puc. 7).

Puc.7
3. YMHOKEHME BEKTOpA Ha CKAJLIP.

I §

Onpenenenue 6. IlponsBeneHuem BekTopa @Ha NEHCTBUTEILHOE YMCIO | Ha3pIBaeTCs
1 3 a

HOBBIA BEKTOp, 0003Hayaemblii | @, Takoil, 4TO €ro MOAYJIb PaBEH MOJYJIO BekTopa =,

I I
= || anle
YMHOXXEHHOMY Ha MOJyJb yucina l, T. e. , 1 BeKTopel &1 | & conamnpasiensl npu >0
U TIPOTUBOIIOJIOKHO HampasieHsl mpu 1<0.

IIpousBeneHne BEKTOpa Ha 4YUCIO OONAJaeT CBOWCTBAMM, KOTOpBIE JIETKO J0Ka3aTh
1 3 1 3

reomerpiaecki. Jist TIOOBIX JeHCTBHTENbHBIX uncen 4 u Vi mo6bix BekTopo Zu &

1. 1- E=4_ YMHOXEHHE Ha €IUHUILY,
2. 4 {Vglz {j'v]'l;- CBOMCTBO aCCOIIMAaTHBHOCTH IT0 OTHOIIIEHUIO K YHCJIaM,

3. {1 -|-].F}¢l; =4 'l;-l- I.-"’g_ CBOMCTBO I[I/ICTpI/I6YTI/IBHOCTI/I OTHOCHUTCIIBHO CJIOKCHUA YHUCCII,
, AEeE)=aB+ab

BCKTOPOB.

CBOMCTBO JUCTPUOYTUBHOCTH OTHOCHUTEJIBHO CIIOKCHUS

) OIIPCACIICHUA U CBOMCTB BBITEKAIOT CJICAYIOMIUC TTOJIC3HBIC HJI ITPAKTUKU PABCHCTBA

i i a L1 § a L}
(-Da=—x0-a=0; 2-0=0
Enuanunenii  BekTOp. BekTop, MOayns KOTOpPOrOo paBeH €IWHUIE, HAa3bIBaeTCS
€AMHUYHBIM BEKTOPOM.

BCKTOp, PIMCIOIJ.II/IfI HaIlpaBJICHHUEC BCKTOpPaA iy MOAYJIb, paBHLIfI CAUHUIIC, HA3bIBACTCA
m
1 1}

OpTOM HampasieHus Bektopa & . OpT 0603HAYAETCS CHMBOJIOM 2
1 3

Jlnst mo6oro 3agaHHOTO BEKTOpa ZJEerKo MoJayduTh ero opt. [ns sToro HeoO6Xoaumo
L}
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BEKTOp @ paz/ienuTh Ha €ro MOJYJIb!
Pasnoxxenue BekTopa o 6azucy
Onpenenenne 7. MHOXKECTBO BEKTOPOB Ha MPSAMOW HA30BEM OJIHOMEPHBIM BEKTOPHBIM

MIPOCTPAHCTBOM, MHOXECTBO BEKTOPOB Ha IUIOCKOCTM  — JIBYMEPHBIM  BEKTOPHBIM
IIPOCTPAHCTBOM, B IPOCTPAHCTBE — TPEXMEPHBIM BEKTOPHBIM IIPOCTPAHCTBOM.
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Onpenenenue 8. JIuneitHON KoMOMHAIMEl BEKTOPOB ¢ KodpdunreHTamMu
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AP — Bsyaspiactes sexrop AA+ Frm 4+ frie

Ha pucynke 8 npuBeeHbl IpUMeEpPH! JIMHEHHBIX KOMOUHAIIHA:
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Bekroper 4 =
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FOBOpHT, 4TO BCKTOp 'E'paCKJ'Ia,I[BIBaeTCH 10 BCKTOpaM , €CIIN 'E'SIBJ'IHGTCH

1 i L1 § LT 1§
JTUHEWHON KOMOMHAIIMEN ATUX BEKTOPOB, T. €. MPEJCTABUM B BUJIC b-Aatphot tRa .
3ameuanue.
i 8 i 8

1 3 1 3
1) Ecnu ##F© 10 110001 BEKTOP E', KOJUIMHEApHbIM @ MpejCcTaBuUM, U NPUYEM

i ! i
€IMHCTBEHHBIM 00pa30M, B BH/JIC b=Aa , TIIe A _ yucno
1 | 1

2) Hycts @n & 18a nexommmueapubix BekTopa. Torna mo60it BeKTOp €, KOMITTAHAPHBIN
a 1 [ § [ L3
C BEKTO ay b , c=adt 6
pamu Zu £ packiagblBaeTCs M0 HUM: , IPUYEM €JMHCTBEHHBIM 00pa3oM.

i i i L}
3) Ilycts =, by e HEKOMILJIaHapHbIe BeKTOphl. Torna mo60i BeKTOp "IpaCKnanHBa—

- 2 a2 a
€TCd 110 OTUM BEKTOpaM: d =aat fb+yc , IPUYEM €JMHCTBEHHBIM 00pa3oM.

Takum 00pa3zom, B JTFOOOM BEKTOPHOM MPOCTPAHCTBE JIFOOOW Pa3MEPHOCTH €CTh CHCTEMA
BEKTOPOB, 110 KOTOPOH pacKJIabIBACTCS KaKIBIH BEKTOP MPOCTPAHCTBA, IPUYEM EAMHCTBEHHBIM
obOpazom.

Onpenenenrie 9.  Basucom  BekTOopHOro mpoctpancTBa L Gymem  HaswiBath

YIOPAJOYCHHYI0 CHUCTEMY BEKTOPOB IPOCTPAHCTBA, COCTOSILYIO: M3 OJHOIO HEHYJIEBOIO
BEKTOpa, €CJIM IPOCTPAHCTBO OJHOMEPHOE; M3 JIBYX HEKOJUIMHEAPHBIX BEKTOPOB, €CIIU
IPOCTPAHCTBO JBYMEPHOE; W3 TPEeX HEKOMIUIAHAPHBIX BEKTOPOB, €CIH IPOCTPAHCTBO
TPEXMEPHOE.

OueBuAHO, 4TO B JFOOOM BEKTOPHOM IPOCTPAHCTBE MOXHO BHIOpaTh OECKOHEYHO MHOTO

6a3I/ICOB, YHCJIO BEKTOPOB B KAXKIOM U3 HUX PABHO Pa3MCPHOCTH IIPOCTPAHCTBA.
[l

Omnpenenenue 10. Koopaunaramu (Wi KOMIOHEHTaMH) BekTopa @B Oa3uce
i m - L8
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Ha3pBalOTC Kod(huiments Mo@2—a s oyenng @ = @A +&e + 4 & @ gegropa E1o

BEKTOpaM Oa3zuca.
1 3

I[J'IH YKa3zaHud, 4TO BCKTOP Z yiMeeT KOOPAWHATLL

::(m,aa,_,m) _

A.0. &, HCIIOJIB3YCTCA 3allMCh

OuyeBuaHO, YTO B (PUKCUPOBAHHOM 0a3nce KaKIbIil BEKTOP UMEET CBOM, €IMHCTBEHHBIMH,
Habop KoopauHaT. Eciu ke B3sTh Ipyroi 6a3uc, TO KOOPAMHATHI BEKTOPA, B OOIIEM, U3MEHSTCS.



CroxeHue BEKTOPOB M YMHOKEHHE WX HA YUCIIO CBS3aHBI C AaHAIOTHYHBIMU JIEUCTBHAMHU C HX
KOOPJIMHATAMH.

JIuHeiiHbIe onepanyy HaJl BEKTOpaMu

B KOOpJIWHATHOU opMme

B8, 6k

HyCTB B BEKTOPHOM npOCTpaHCTBe LBBI6paH 6a3zuc U 33/1aHbl KOOPJIUHATHI
-

a

BEKTOPOB a bELB 3TOM Oasuce: &= @at@et_ +a:,& B=Ba+phat_+pe .

Torna
- IPM YMHOXEHUH BEKTOpPA HA YMCIIO BCE €r0 KOOPJAUHATHI YMHOKAKOTCA HA 3TO YHCIIO:

Aa(Aa, Ad.__Ad) ,

- [IpH CJIOKCHUHN BCKTOPOB CKJIAABIBAOTCA UX COOTBCTCTBYIOIIHNEC KOOPANHATHI:

f 5 f 5 i i

c=atd = clmtA. 5, _atf)

3ameuanue. Bee KoopAMHATEL HYJIEBOTO BEKTOPA B JIF0OOM 6a3uce PaBHBI HYIIIO.

3ameuanue. ba3ucHblil BEKTOp ¢ HOMEpOM & MMeeT KOOPIUHATY C HoMepoM ¥, paBHYIO 1,
a BCe OCTaJIbHbIE KOOPIMHATHI — HYJIEBBIE.

3ameuanue. Y KOJUIMHEAPHBIX BEKTOPOB KOOPAUHATHI IPOIOPILIHOHAIBHEL

r r iX
adlp & -2 &

A 5 A
Cucrema KOOpAMHAT.
KoopauHaTsl BeKTOpa B OpPTOHOPMUPOBAHHOM 0azuce
PaccMoTpuMm ciydali TpeXMEpHOrO BEKTOPHOTO IPOCTPAHCTBAa (HA IUIOCKOCTH BCE
HOCTPOCHMSI aHAJIOTHYHBI). PUKCUPYeM HEKOTOpYIO TOUKy O M BO3bMEM NPOU3BOJIbHYIO TOUKY
1naE

M. Pa,Z[I/ch—BeKTOpOM TOYKH M 110 OTHOIIEHUIO K Touke O Ha3bIBaeTCs BCKTOD oM .
(1l |

Ecu B npocTpaHcTBe BhIOpaH 6a3uc, To Bektop OM packnansiBaercs mo sromy Gasucy.
TakuM o06pa3oM, Touke M MOMKHO CONOCTaBUThH YHOPSAOUYEHHYIO TPOHKY uucen (X, y, z) —
KOOpJMHATHI €€ paJinyC-BEKTOpa.

Onpenenenue 11. JlekapTOoBOM cHCTEMOW KOOpPAMHAT B IPOCTPAHCTBE HAa3bIBAETCS

COBOKYITHOCTh TOYKH U 0a3uca.

Touka O HOcUT Ha3BaHWe Havana koopauHat; npsmeie X/X , Y/Y , Z/Z, npoxoasiue
yepe3 Havyajio KOOPJWHAT B HAIPaBICHUH 0a3MCHBIX BEKTOPOB, HA3bIBAIOTCS OCSIMU KOOPIMHAT.
[TepBass X/X — ocbto aOcuucc, Bropas Y/Y — OCblO OpJIMHAT, TPEThbsl Z/Z — OCBhIO amlIUIUKaT.
[TnockocTH, MPOXOAIINE Yepe3 OCU KOOPIMHAT, HA3bIBAIOT KOOPAUHATHBIMH TUIOCKOCTSMH.

Ompenenenue 12. Koopaunate! (X, y, Z) paauyc — BEKTOpa TOYKH M MO OTHOIICHHUIO K

Hayajgy KOOPAMHAT Ha3bIBAIOTCA KOOpAMHAaTaMM TOYKM M B paccMaTpuBacMol CHCTEME
KOOpJUHAT.

IlepBass koopauHaTa X Ha3bIBaeTcs aOCIUCCOM, BTOpas y — OpAMHATOW, TPEThs Z —
aIIUIMKaTOM.

AHaJOTMYHO ONPENENSIOTCS JEKapTOBbl KOOPJIMHAThl HAa IJIOCKOCTH: TOYKAa HMMEET
TOJIBKO JIB€ KOOPJAMHATHI X U y— abcuuccy U OpIuHAaTYy.

Onpenenenne 13. JlekapToBa cucTeMa KOOPJIWHAT HA3bIBACTCS IMPSAMOYTOJIBHOW, €CIIH

0a3uc 3a/1aeTcsl eIMHUYHBIMU U TIOMIapHO OPTOrOHATEHEIMH (mepneHAUKYISIPHBIMU) APYT APYTY

PGk (L0

BEKTOpamMH — 0a3UCHBIMU OpPTaMHU i.J.k opt ocu OX;
L

F(0:1:0)_ opt ocu OY;
E(O0:1)_ o1 ocn OZ.

Basuc (*=F - ) Ha3BIBAETCS OPTOHOPMHUPOBAHHBIM.



B nanpHeiimem OyeT NCIOIh30BATHCS IEKapTOBA MPSIMOYTOJIbHAS CHCTEMAa KOOPAWHAT.
Ha puc. 9 mokazan cmoco6 wuzoOpaxkenus touku A(-1;2;3) mo ee koopawmHaTam

A W W

OTHOCHTEJILHO OPTOHOPMHUPOBAHHOTO Gasuca = X

=k
A1
cl !
¥ 2 E'F
v F
I
Puc. 9

VrBepxxknenne. Ecim  Toukm A 0w B 3amaHbl cBoMMHM  KOOpJMHATaMH
—

A pn:a). Bl vz z) |, ABOe—x - w7 —2)

T. e. s onpeneseHUs KOOPAUMHAT BEKTOpa HYKHO M3 KOOPJMHAT €ro KOHIIA BBIYECThb
KOOPJMHATHI Havyaja.

[Ipoexunu BexkTOpa

[TycTh B mpocTpaHCTBE 3a7aHa HEKOTOpask OCh 1, TO ecTh mpsiMasi, Ha KOTOPOH OTMEYeHA
¢bukcupoBanHas Touka O U 3a7aHbl HANIpaBJICHUE M €IUHMIIA JUTMHBL. Toraa KaxaouW TOUYKEe OCH
COOTBETCTBYET HEKOTOPOE YHUCJIO.

Omnpenenenue 14. ITlpoexiueit Touku A Ha och | Ha3bIBAETCS YMCIIO, COOTBETCTBYIOIIECE

OCHOBAHMUIO IICPIICHAUKYIIAPA AB, OIIYHICHHOI'O Ha OCb | u3 Touku A.

.
Onpenenenue 15. TIpoekuueit Bekropa 4Bpa och | HaspiBaeTCs pasHOCTH NPOEKIUIA

KOHIIa BEKTOpPa U €T0 Ha4daJ1a.

I[Tpoexnus 0603Ha9aETCS Up A8 puc. 10 IpdB=-f-a
B
L4 B B ]

Puc. 10. IIpoekius BekTopa Ha OCh
fE— fE— L L
- Hp AB=Hp D
Jlerko mpoBeputh, uto eciu AB=CD 1o &P PC , TO €CThb HpPOEKLHs He
3aBUCHUT OT IOJIO’KEHHSI Hadala BEKTOpa, a 3aBUCUT TOJBKO OT CaMOTr0 BEKTOpa.
[ §
Vreepxnenne. Ilycte ®— yrom, o6pasoBammeii BekTopoM @c ockio 1. Torma
I I
1{0,a=|a|msp
Takum o00pa3oM, HpOEKIMs BEKTOpa Ha OCh €CTh YHCIO, KOTOPOE MOXET ObITh
MOJIO’KUTEIBHBIM, OTPULIATEIbHBIM U HyJeM (puc 11).

LN S [ "t
Hp,::= —
1 [



Lr

o 7 K] [ a
Hpa=0

Puc. 11
VTBepxa[eHHe HpOGKHI/I}I Ha ocr, CYMMBI BeKTOpOB paBHa CyMMe WX TPOCSKIIH:

le(a+b+ +r:) Hp,a+Hprb+ +Hp,c

VYr1Bepxkaenue. Ilpoekuuss Ha OChb BEKTOpa, YMHOXXEHHOIO Ha YHCJIO, paBHA
L1 Y L1 Y
IHpda=Allp
MPOM3BEJACHUIO NPOCKUMM BEKTOpa HA 3TO  YHCIO: P @ .Onpenenenue
L L [ 8 [ 8 [ 3

16. TIpoexmmeii Bektopa PHa Bektop @, @#% paspaercs mpoekius Bektopa #Ha mo0yro
L

0Ch, MapaljICJIbHYHO BCKTOPY B 7| HMCIOIIYIO HaIIPpaBJICHUE, COBIIAAAIOIICE C HAIIpaBJICHUEM
L

BeKkTOpa @ .
L L m - b
[Ipoekmust BekTopa #Ha BekTop @ 0G03HAYAETCS - OdyeBugHO, YTO
- -
p &= }b cos @ "
- ,rae ®— yron mexny Bextopamu @u ¥
i.7.k

Koopaunatel BekTOpa SBISIOTCSA KOAPGUIMEHTAMH €ro Pa3jioKEHHUs 0 OpTaM
KOOPAWHATHBIX OCEH:
a

ala, 2, .2 ) =] a=a, i+a, j+a, k,

yTBep)K,I[eHI/IC HpOCKL{I/II/I BCKTOpa Ha KOOPAWMHATHBIC OCH PaBHbI KOOPpAMWHATAM BCKTOpPA:

@ﬂﬂx@mﬂﬂr@mﬂﬂx

L
[Tomectum BekTop @B Hayalo KOOpAMHAT M 0003HAYMM Yepes3 x.f.y YTIIBI,
[

o0Opa3oBaHHBIE BEKTOpoM @ ¢ mosioxkuTenbHbIM HampasiaeHueM oceit OX, OY, OZ. Otu yrisl
[

HAa3bIBAIOTCA HAIIPABJIAIOINIMMHU yIJIaMH BCKTOpa ad,
Ompenenenne 17. KocuHychl yriioB, 0Opa3oBaHHBIX BEKTOPOM C OCSIMHU KOOPIMHAT,

HAa3bIBAOTCA HAIIPABJIAIOIIMMU KOCUHYCAMH BCKTOPA.
Z

Puc. 12

B cootBerctBuM ¢ puc. 12, HanpapisAOIMIMMH KOCHUHYCaMU BeKTOpa @ sSBIsIOTCS
cosx . cosf  osy

OTMETHM Ba)KHOE CBOWCTBO HampaBJIAIOINUX KOCUHYCOB!

cos® &+ st ﬁ+|:nsz r=1

VYTBepxkaenue. KoopauHaTel BeKTOpa pPaBHBI €ro0  HANpPaBISAIOLIMM  KOCHHYCaM,
YMHOKCHHBIM Ha JUIMHY BEKTOpA:



Ecnu BeKTOp eIMHUYHBIN, TO €r0 KOOpIAWHATAMH CITY>KaT HANPaBJISIONINEe KOCUHYCHI:

CkansipHO€ MPOU3BEICHNE BEKTOPOB U €r0 NMPUIIOKEHHE

Kpome omepanuii cinokeHuss M YMHOXEHHS Ha YHCIO HAa MHOXECTBE BEKTOPOB
ONpeNeNieHbl €Ille HEeCKOoJbko omepanuid. OpHa U3 HUX — CKaJspHOE TPOU3BEICHHUE,
MO3BOJISIIONIEE HAXOAWTHh JJIUHBI BEKTOPOB M YIVIBI MEXKIY BEKTOpaMH IO KOOpIWHATAM
BEKTOPOB.

Omnpenenenne 18. CkalspHbIM HPOU3BEACHUEM BEKTOpoB @y ¥ maspiBaercs umcio,
: F’

a
® _ yron mexy Bektopamu @pu ¥

Cos @

paBHOC , TAC

3ameuanne. Eciu ofMH W3 BEKTOPOB HyneBoil, To yron ¥ He ompenmenen. CkanspHoe
MIPOU3BE/ICHUE B 3TOM CIIy4yae CUUTACTCS PaBHBIM HYIIIO.

IIPOM3BE/ICHUE BEKTOpa Ha ceOs1 @ -3 ;= &

CkansipHOe mpousBesieHne BekTopoB #u & o6o3nauaerca @-¥ ) ywm (a.5) CkansipHoe
I I
a-bh=

Lo L
foee. o (g1)
Takum 06pa3om, COTIIaCHO ONPENEIICHHIO, roe $~&2),
CkansipHoe mpowu3BeneHre 001agaeT CBOMCTBAMH, KOTOpbIe OyayT chopMylInpoBaHbl B

BUJC TCOPCMBI.

Teopema. [ mo6bIX BeKTOpoB @ 1 # BLINOTHEHBI CleIyIOINE COOTHONICHHUS:
L [ §

| § |
1. &-b=b-a_ cpojicTBoO KOMMYTaTUBHOCTH;
L i i A A& A &
2 @ (b+c)=a-bra-c_ CBOMCTBO AUCTPUOYTUBHOCTH;

a i a

3. (1a)-b=4 (ﬂ'b], rae A= YHUCJIO;

6. Ecmn ®— yron mexy Bektopamu Zu ? | 1o

a-b
COSQP=

IH(I)

7. @-8=01orna u Toneko TOrNA, KOra BeKTOpEl 2 ¥ OpTOrOHANTBHEL

Ilp;b ] L

a-b=|a
, ecou F+ o

8. 'eoMeTpUYECKN CMBICI:

9. MexaHUYEeCKUI CMBICI: CKaJIApHOC MPOU3BCACHUEC CUJIbI Fya BCKTOp SpaBHO pa60Te
- LT

A 5TOii CHITBI TIPH TIepeMeIeHHN MaTepHaIbHOI TOUKH 110 BekTopy &, 1. ¢, A=F-§
W3 onpeneneHus CKaIspHOTO MPOU3BEICHHS BHITEKAET Ceyromas Tabauia yMHOKEHUS

opros *=f -k KOOPJIMHATHBIX OCEH:
4 A a & i 1 4 A a a a

b
P-i=j- j=k-k=1_

=g-§=0.F-k=k-i=0, j-k=k-j=0,



Ecmu Bextopsl @u ¥ opronopmupoBanHOM 6asuce 3aJaHBI CBOMMH KOODAMHATAMIL

a(@ &, @s). B o 5) , TO hopMyIia JiJIsl BBIYMCIEHUS CKAJIIPHOTO MPOU3BEIEHUS BEKTOPOB

@y Bro KOOpPJAMHATAM COMHOUTEJIEH UMEET BU/L

f 5 f 5
a-b=oq § +oy £, +"-'sﬂ_=., Q)
T. €. CKaJsIPHOE TPOU3BEJACHHE BEKTOPOB PAaBHO CyMME MPOW3BEACHUN OJHOUMEHHBIX
MIPOEKITUH.
rz _
a -
Taxk kak , TO, IPUMEHSSI PABEHCTBO (2), moaydum GopMyIty Iist
| §

OIIPCACIICHUA JJIMHBI BCKTOPa d.
2z
o v
.G) .

Bripakas uncnurens u 3HameHatelb Gopmyisl (1) mocpeacTBoM KOOPAMHAT BEKTOpOB &

T
[+

u ¥ npumenss dopmyimsl (2) u (3), HaxoauM

o By oy By gy
Vo vl v B ] B

Ilyctb B OPOCTPAaHCTBE  3aJaHbl  TOYKH Ao pm;a), B(o;w;z2) Torna

COS P=

(11§
AB(e - y2— .22 —A) Juya sextopa 4B Gyner pasna |JB| u 13 Gopmynsl (3) ciemyer,
9TO

[4B|= = —n) +(n — 9 +(z -2

CBeieM OCHOBHBIE PE3yJIbTAThl B TAOJIHILY:

Tabmumna 1
CkaJsipHOE IPOM3BEICHHE BEKTOPOB
Bu npoussenenust @ m)
LRSS
O603HaueHnE £.4
[MousTHe |- mm.(ﬂ_ £)
IIpencraBnenue B KOOpANHATAX L YN LY.
[y
J—
. FH
Ef-nofil
IIpunoxenue ey
fip b=
L]
3) 4=F.§

KoHTponbHBIE BOITPOCHI

1) Omnpenenenue BekTOpa. JIMHEWHBIE omepanyy HaJ BEKTOpAMH, CBOWCTBA ATHX
onepanui.

2) [Ipoekuuu BekTOpa Ha ochb. CBOWCTBA MPOEKIINH.

3) PaznosxeHue BekTopa 1o KOOpaAuHATHBIM opTaM. KoopauHaTs! BekTopa.

4) Paguyc-BekTop Touku. Monyib BekTopa. PaccrosiHue Mexay AByMs TOUKaMH.

IIpakTnyeckoe 3ansaTue Ne 6
Tema: CkasnsipHoe npou3Be/ieHHe BEKTOPOB



Heab: HayuuTh cTyneHTa UCHNOIb30BaTh CBOMCTBA JIMHEHWHBIX ONEpanuid C
F€OMETPUUECKUMU BEKTOpPaMH, CKaJSPHOTO MPOU3BENEHUS BEKTOPOB JMJIs pELIeHUs 3ajad
BEKTOPHOM anreOpsl

IIpakTnyeckmnii 6,10k

Pemrenue THIOBEBIX IIpuMCpoOB

- a a a a a

p=ba-258 g="Fa+h

IIpumep Ne 1. KomnuHeapHbl 1M BEKTOPBI *rae

a[l;E;Elb{E;—l;ﬂ].

Permrenue.

1) Haiinem xoopaunatsl Bektopos #u % momp3ysce Tem, 4to mpu clo’keHnH BEKTOPOB
UX KOOPAMHATHI CKJIAJBIBAIOTCS, a MPU YMHOXKEHHH BEKTOpa Ha YHCIO €ro KOOpAWHATHI
YMHOAIOTCS Ha 3TO YUCJIO:

;( 6-1-2.2:6-2-2-(-1)6-3-2-0) ;(—3i1+1;—1 2-1:-3-340)

P ML) g(1:-7:-9) 2) Tak Kax
2 14 18
1 7 9

TO KOOpAWHATBI BEKTOPOB ‘pI/I quOHOpHI/IOHaJII)HLI. CHGI{OBaTeHBHO, BCKTOPLbI ‘pI/I 7
KOJUIMHCApPHBI.

Otser. Bextopsr £ u ¥ xonmuneapssr.
[Ipumep No 2. JlaHb1 BEPLINHBI TPEYroJIbHUKA:

A(-1-2:4)B(4:-2:0)C(3:-2:1 }‘HaﬁnHTe nmuHy croponsl A8y £LBAC

Pemenne.

1) Beramcnsiem koopuHaThl Bektopos A8y 4C

AB[A—[m-3I-[2%x0—4] AC ([ Ll (2):1-4)
AB[-3:0;4) £0(4:0;-3)

2) Ilo ¢popmynam 1is ATUHBI BEKTOPA U CKAISIPHOTO MPOU3BEIEHHS BEKTOPOB UMEEM

“A-E=E‘=J{—3}1 +¥ +(4) =5ed_ -
AB - AC=—3-4+0-0+(—4)-(3)=0 & AB1 AC,

T o £BAC=90°

OtBetr. AB=5 en. m‘c:g"ﬂ.
[Tpumep Ne 3. OnpenenuTs yroa MexIy TuaroHaIsIMH MapajijiesiorpaMma, TOCTPOSHHOTO

Ha BeKTOpax @=2M—Ry I=m+2 R ;e M.®_ oupyunplie BEKTOPHI, YOI MEKTY KOTOPBIMH

0
pasen o
Pemrenue. CnenaB cxeMaTUYECKUM PUCYHOK,

o~
Puc. 13.

yOexmaemMcsi, 9T0 BEKTOP ! , COOTBETCTBYIOIIUI OIHOW JMAroHallM IapajuiejiorpaMmma,
HaxoJuTcs 1Mo hopmyse
LT 1§ i i

d =a+h

3

a aApyrou —



Do
Otcrona
s,
dz =—m+3 n_(4)

B cuny cBoiicta 50 (Teopema 1) ckaiasipHOTo HpOI/IBBeI[eHI/IH MOJTYy4YUM
L L L W T Ty

F‘zqu =(3min) =9m +6m-min —9F‘ +5H
—9+511ﬁ+1 136 = m Jl'_aga "

T2

t:ud,'ll n']-l-

AmHanornyso,
2 - - T L) T T3 |I.'2 o T

|d2 —d, =(-mi3m)’=m —6mms9nm = |-|
4

—1-61-1-cepld +9=7 &% = |a=«ﬁ.a_ . .
-1

Haiinem  ckanspHoe

[IPOU3BEAECHUE BEKTOPOB ! u dy . YuutpiBas cBoicTBO 10 KOMMYTAaTMBHOCTH CKaJSPHOIO
npousBenieHus u (4), umeeM

T r T T wy T WI Iy

d -dy=(3min)(—miin)=-7S3m - mn+9m-niin =
o oI EW T

=—3-‘m’1 +B‘m ncos{ 2. m )3 =—3-14+-8-1-1-1/24+-3-1=4_

TO
o O o U
cos(d, .4, )= s0,419 © (d ,d, )—acces(0,419)
\[1_3\'{'; OTBeT.
o U

(d .4, )=axccos(0,419 )
ITpumep Ne 4. Ilon nelictBueMm cuiel B 20 H MarepuanpHas TOYKa MEPEMECTHIIACH IO
npsMoif Ha 2 M. Haiftu paboTy, coBepumiaemyro 3TOW CHJIOH, €CIM Yroid MEXIy CWIOH U

Harl 30°
paBIIEHUEM paBEH .
Pemenue. Pabota A Beiuucnsiercs mo gpopmyse
oTw T u
A—F.S— PPHS‘.M[F 5),
rne ¥ — Bexrop neiicTByromeit cunbl, $— Bextop myTw. ITomyunm

A=20-2-cos30° =20 \/Egh

Orser. 4=20 V31

3ana4u U1 perieHus
I f T T T of
Lo a—2&, —&—3a, —a+—b._
1. TTo nannbM BekTopaM @1 # mocTpouts BeKTOPHI 2 4 4

2. Jlanbl BekTOphl 2 (2:-1:0).5(2:3:1 )'BBI‘II/ICJ'II/ITE
Iy

a) & ;



6) (3 ﬂ—Zlb]-[ a+:5]_
Otser. a) 14; 6) -12.

a a L a L a L a

3. OnpeneauTh mpU KakoM 3HaucHun & pexropyr A= XI-3F+2k, b=i+1j-ok

OpPTOTOHAJILHBI.
Oreer. &=—4.
L1}
4. BbIYMCIUTH Kakyld pa0oTy IPOM3BOAUT CHIIA F (31 ’5}’1(01“,[[3 ee Touka
i A(2:3:4)
HpI/IHO)KeHI/IH, OBUTadACh 110 HpﬂMOI/I, HepeMeCTI/IHaCB N3 TOYKH B TO'—IKy

B(3:-2:1)
Otser. 27 ex. pao.
5. Bektop @ cocTraBisieT ¢ OCIMU KOOPIUHAT OCTPHIC YIJIbI ..y * IpUYEM “=45u,

B=6° =3

. Halitu ero xoopauHaTthl, eciu

Orer. @ (342 33/2:3/2)

F

6. Bextopsl @u ¥ o6pasytor yron ¥ . 3uas, uto

c=3a+25

-3

I
-+
HaWTU MJIMHY BCKTOpa

F; =14 .73
OT1BeT. el.

3amauu 1)1 CaMOCTOSATEILHON pabOThI

1. BBIYHCIUTB CKANAPHOE TIPOU3BeeHNE BeKTopos @u ¥ ecrm
I I I I

a—4. b=4i-3 7, v e

yron mexy Bektopamu @ u ¥ pasen 600;

a)
6) a=2i+ij-3k, &(1:0;4)
Ortger. a) 10; 0) 14.

2. KonuHeapHs! i BeKTOpsl = 3a+6b.g=—a+l b, rae 2 (1:2:-3), 2(120:-1)
Ortsert. Her.

3. Haiitu yros Mexay AMaroHaJsIMU IapajuleJorpaMma, MOCTPOCHHOIO Ha BEKTOPAX
i i

L a i a

a=2i+j  b=—j+2 i:.
Orser. ('gj]:u

4. JlaHbl BEKTOPBI

a4 a a a a L a a

a=21-3 j+6k, b——1+2 -2 ‘t, MPUJIOKEHHBIE K OOIIel TOUKe.

Haiitn opT GHCCeKTpHCH yria Mexay Fu &
Ip
Orger. © {—lhfa ;51‘«,/5 ;4542 )

5. Iloctpouts TOYKH A4(4:1).B(3:3).C(-1:4).D(0:0) . Ecom Touku moctpoeHsl
MIPaBUJIBHO, TO TOJIy4eH KBajpaT. Uemy paBHa JyIMHA CTOpPOHBI 3TOro keaaparta? KakoBa ero
mromaas? HailTu KoopAMHATHI CEpEeIMHBI CTOPOH KBapaTa.

Orser. 2= “Jl_? en., §=17gp en.,
Mg (3.53)0 Mg, (1:4.5)Mg (—0.5:2)0M 5 (2:0,5)



L L oL b = =

6. Haiitu Bektop X, NepHCHAMKYIAPHBIN BekTopam Z=i+&y b=2 K. ooy
i i i i
W3BECTHO, UTO ero mpoekis Ha sextop E=T+ZSH2 R nn 1.
L

Otser. X(-3/2; 3/4; 3/2).

KoHnTponbHbie BOIpoCh

1) CkanspHoe mpou3BeieHHE BEKTOPOB, ero ¢pusndeckoe TojlkoBanue. CBoiicTBa

CKaJISIPHOTO MPOU3BEICHHUSI.

2) [Ilpoekumsi BEKTOpa Ha BEKTOp. YTOI MeEXIy BekTopamu. HeobOxomumoe wu
JIOCTaTOYHOE YCJIOBUE NIEPIIEHIUKYIIIPHOCTU BEKTOPOB.

3) CkansipHO€ IPOU3BEICHUE BEKTOPOB B KOOPJMHATHON (opMme.

IIpakTuyeckasi pabora Ne 7

Tema: CocTraBiieHre ypaBHEHU NPAMON

Heab: oTpaboTaTh yMEHHE COCTaBIATH ypaBHEHHE MPAMOM, 3aJaHHON pPa3IUYHBIMU
croco6aMu; MepexoaAuTh OT OJHOIO BUJA YPABHEHUSI IPSMOM K IpyroMy

Teoperuyeckre OCHOBBI: HOPMAJbHBIM BEKTOP NPSIMOW, HANPABIAIOIIMN BEKTOP
IPSMOM, CIIOCOOBI 3a7]aHUsI IPSIMOMA, BU/IBI YPaBHEHHUS MIPSIMOH.

B nexaptoBoii mpsimoyrosibHOM cucteMme koopauHaT OXY Ha mIIoCKOCTH Jro0as npsaMas
MOYET OBITh 33/1aHa YPAaBHEHUEM B BUIC

Ax+By+ C=0

rae kodpdumuentst n = ( AJB ) - KoopauHaThl BEKTOpa MEPHEHAUKYISIPHOTO K
3alaHHOM IPSAMOM. DTOT BEKTOpP HA3bIBAIOT HOPMalbHBIM BEKTOpoM mpsimoil. Ecium B , TO
YPaBHEHHE NPSIMOM Ha MNIOCKOCTH MOKHO TIPEACTABUTH B BUJE

y=kx+b (k=1tg)
DTO ypaBHEHHE HA3bIBAETCSl YPaBHEHHEM IMPSIMOM C TJIaBHBIM KO3 (OUIIEHTOM.
PaccmoTpuM cityyan B3aMMHO pacIioyIOKEHUE JBYX HMPSMBIX HA INIOCKOCTH
1. Ecnu ipsimbie 3aaHHBIE OOIMMH YpaBHEHUSIMHU
Ax+By+ Ci=0 u A2x+By+C2=0,
2. Ecnu ypaBHeHUE 3a/1aHbl C YTIIOBBIMH KO3 GUIIMEHTaMU
y=kix+br u y =kx+b;,

IIpumep 1. Haiitm ypaBHeHMEe NpAMOM, MPOXOASIIEH 4YEpe3 TOUKY Mo(4,-3) u
00pa3yromuii ¢ 0CSIMUA KOOPAMHAT TPEYTrOJIbHUK IJIOMIA B0 3.

Tak kak 3agaHHas TOYka JEXUT B [V ueTBepTH TO MCKoMas mpsmas JOJKEH OTCEKATh
oTpunarenbHyto yacte ocu OY m monoxutensHyro 4acth ocu OX. Hanmmem ypaBHeHue Ha
OTpE3KaxX NPOXOIAILYIO YEPE3 TAHHYIO TOUKY.

Ecnu Mbl mogbepeM a=2 u 6=-3, TO MOJy4YUM TMPSMYIO YAOBJIETBOPSIONIEH yciIoBUE
3azaun. Takas mpsimasi HE OJIHA.

IIpumep 2 . 3anucaTh ypaBHEHHME NPSMOW, MPOXOIAILIEH Yepe3 Hadajao KOOPAMHAT U
obpaszyromuii yron 45° ¢ mpsivoit y=2x+5.

Tak kak yroj Mexay npambiMu 45° | To 3anmmchiBaeM [Ba ypaBHEHHUs ¢ HEU3BECTHBIMH Ki
u ko.

Torma ypaBHEHHS NPAMON MPOXOIAIICH 4Yepe3 Hadalo KOOPIAWHAT W YIJIOBBIMHU
kodpunmentamu ko=-3 u ki= OyayT COOTBETCTBEHHO

IInockocth

OcHoBHasi TeopeMa. B Odexkapmogvix NpAMOY20bHLIX KOOPOUHAMAX YPAGHEHUe
000U NIOCKOCIU NPUBOOUMBCS K BUOY



VYpaBHeHHe HazbIBaeTcs oOwum ypasnenuem niaockocmu . KodxpOUIMEHTH SBISAIOTCA
KOOpJMHAaTaMU BEKTOpa K, NEPIEHAMKYJISIPHOIO K IJIOCKOCTH, 33JaHHOW ypaBHeHHeM. OH
Ha3bIBACTCSI HOPMANLHLIM 8EKMOPOM ITOM INIOCKOCTU U ONPEAEISeT OPUEHTALMIO IUIOCKOCTH B
IIPOCTPAHCTBE OTHOCUTEIBHO CUCTEMBI KOOPAUHAT.

Cyl1ecTBYIOT pa3iMuHble CIIOCOOBI 33JaHMsI INIOCKOCTU U COOTBETCTBYIOIIME UM BHJIbI
YpaBHEHUS .

1. Vpasnenue nnockocmu no mouxe u HopmarbHomy 6exmopy. Eciu miockocTs
IPOXOJUT Yepe3 TOUKY | MEPHEeHAUKYISIpHA K BEKTOPY

2. Ypaenenue nnockocmu 6 «ompeskaxy . Eciyu II0CKOCTh IiepecekaeT 0CH KOOPAMHAT
B TOUKaX COOTBETCTBEHHO

3. Vpasunenue nnockocmu no mpem mouxam. EcCiu IUIOCKOCTh MPOXOJUT Y€pe3 TOUKH
HE JIeXKal[ue Ha OJTHOM MPSAMO

[pumep 1 CocTtaBuUTh ypaBHEHHUE IIJIOCKOCTH, IMAPAIEIbHON BEKTOPY

s = (2,1,-1) u orcexaromux Ha ocsix OX u OY oTpe3ku a =3, b= -2.
(OtBer:  2x-3y+z-6=0)

Hckomoe ypaBHEHHE IUIOCKOCTM HaxXxOJWM M3 YCIOBHUS KOMIUIAHAPHOCTU TpeX
BeKTOpoB MM, MiM3 s , a Touku umeer koopauHarel M(x,y,3), Mi(a,0,0), M>(0,6,0) . 110
YCIIOBHIO 33J1auu a=2, 6= -3. Toraa

U OKOHYATEJIbHO nojiyuaem 2x -3y +z=0.

ITpumep 2. BbIUUCINTB pacCTOSIHUE MEXY MapajljieIbHbIMU IJIOCKOCTSIMU

3x+3y+2z—-15=0 wu 3x+3y+2z+13=0.

Jlnis perieHuy 3aauyd HaXOIUM JIFOOYIO TOYKY NPHHAUISKAIIYI0 HAa OAHOH W3
IUIOCKOCTH, HanmpuMmep cuutas y = z= (0 U3 ypaBHEHHUS NEPBOMl IVIOCKOCTH HaXOAUM , YTO X=3
Torma mo ¢opmysne HaxOXIEHHUS PAcCTOSHHUS OT MaHHOH Touku  My(5,0,0) 10 BTOpOIA
IUIOCKOCTH HaxomuM d= 4

Ayoumopnuvie 3anamun:

1. [To naHHBIM ypaBHEHHSIM IOCTPOUTH MPSMbIE, HAUTHU UX YIIIOBBIE KOA(PPHUIUEHTH U
OTPE3KH OTCEKAEMBbIE MU Ha OCSAX KOOPJIUHAT.

2.3anucatb YypaBHEHUs MpPSAMBIX, Ha KOTOPBIX JieXkKaT CTOPOHBI PAaBHOOEIPEHHOMN
Tpaneuuu, 3Hasl, YTo OCHOBaHUA ee paBHbI 10 u 6, a OOKOBBIE CTOPOHBI 00Pa3yIOT C OONBIINM
OocHOBaHueM yroi .bosbliee ocCHOBaHUE JIEKUT Ha OCH a0CIMCC, @ OCh CUMMETPUU Tpaneruu —
Ha OCH OpAMHAT

3. Cuyma 1npuoKeHa K TOYKE . 3alucaTh ypaBHEHUE NPSAMOM, BAOJIb KOTOPOH
HaIpaBJIEHa 3Ta CUJIA.

4. 3anucaTh ypaBHEHHE MPSIMbBIX, KOTOPbIE IPOXOJAAT Yepe3 TOUKY U MapajjiesibHBL: a)
ocu abcuucc; 0) OocM OpaMHAT; B) OHMCCEKTpHUCE MEPBOrO0 KOOPIAMHATHOIO YIJIA; T) MPsIMOM
y=3x+9. 5.3anucarb ypaBHEHHE IPSIMOMN, IPOXOASAIIEH YEPE3 TOUKH

6. JIyd cBera HanpasiieH 110 mpssMoil HaliTh KOOpIMHATHI TOUKM BCTPEUH Jyda C OCBIO
U ypaBHEHHE OTPAKEHHOTO JyyYa.

7. Touka A(-2,3) AeXUT Ha NPAMON, MEPHEHAUKYISAPHOH K mpsMoil 2x-3y+8=0.
3anucarb ypaBHEHUE 3TOU MPSAMOM.
8. Touka A(2,-5) sBnseTCs BEPLIIMHON KBajpaTa, OJHA U3 CTOPOH KOTOPOI'O JIEKUT Ha
npsiMoit x-2y-7=0. Berarcauts miomane kBagpara. (Omeem: S)
9. 3amnucaTh ypaBHEHHE U TIOCTPOUTD MJIOCKOCTH!
a) napaiensHyro iockoct OXZ u npoxoasiyto yepe3 Touky Mo(7,-3,5)
0) nmpoxozsmryto uepes ock OZ u touky A(-3,1,-2)
B) mapayuienabHyro oc OX u mpoxoasiyro yepes ape Touku M(4,0,-2),
M>(5,1,7)
T') MPOXOJANTYI0 uepe3 Touky B(2,1,-1) 1 nMeroIIyto HOpMaIbHBIA BEKTOP
n=(1,-2,3)



1) mpoxosmtyio yepe3 Touky C(3,4,-5) mapamienbHO ABYM BEKTOpamM
a=3,1,-1)u 6=(1,-2,1)

Otger: a) y+3=0; 6) x+3y=0; 6)9y-z-2=0; 2) x-2y+37+3=0; 0) x+4y+77+16=0.

10. CocraBuTh ypaBHEHHE OJHON W3 TIpaHEl TEeTpas’fpa, 3aJaHHOTO BEPIIMHAMMU.
A(5,4,3), B(2,3,-2), C(3,4,2),/A(-1,2,1). [IpoBepuTh NpaBUILHOCTb MOTYYEHHOTO YPABHECHHUSI.

11. CocTtaBuTh ypaBHEHHE IUIOCKOCTH:

a) npoxondaueit uepes rouku Mi(1,1,1), M2(2,3,4) nepneHaukymnsipHo K

IJIOCKOCTH. 2x-7y+57+9=0),

0) mpoxopsmiel yepe3 Touky Mo(7,-5,1) 1 oTcekarome Ha ocIX KOOpAMHAT PaBHBIC
MOJIOKUTEIbHBIE OTpe3ku. (OtBer : a) 3lx+y-11z7—21 =0

0)x+y+z-3=0)

12. BBIUUCIHUTE YTOJd MEXIY TUIOCKOCTIMU X - 2y +27—3=0 u 3x -4y +5=0

(OtBer : )

13. 3anucaTh ypaBHEHME IUIOCKOCTEW, MAENMALIMX JBYXI'PAHHBIE YIJIbl MEXIY
IJI0CKOCTAMU 3X-y+72-4=0 u 5x+3y-5z+2=0 ( OtBert: x+2y-6z=0,

4x+y+z-1=0)

Homawnue 3a0anun:

1.Haiitu ypaBHeHue mpsiMoii, npoxonsiieil yepe3 Touky Mo( -2,3) u oOpasyromuii ¢
OCSMHU KOOPJMHAT TPEYroJbHUK IJIOLIA/IbIO 4.

2.3anucaTh ypaBHEHHE MPSIMOM, MPOXOJAIIEH Yepe3 Hayajao KOOpAUHAT U 00pa3yroIui
yron 30° ¢ mpsimoii y= - 3x+1.

3.3anucarh ypaBHEHHE NpsIMOM Ipoxosiien yepes Touky P(5, 2) u orcekaroliel paBHble
OTpE3KHU Ha ocsiX koopauHat. (Omeem: x +y -7=0.)

4.Haiitu ypaBHEHHE MPSMOM, NapaieabHOU IpsaMoi 12x+5y-52=0 u orcrosiuel ot Hee
Ha pacctosHue 2. (Omsem: 12x+5y-26=0 unu 12x+5y-78=0.)

5.BblUHMCINTG BEIMYMHY MEHBLIETO yriia Mexay npsameiMu  3x+4y-2=0 u 8x+6y+5=0.
Jloka3atk, 4TO TOYKA JICKUT Ha OMCCEKTPUCE 3TOTO YIIIa, U CAeNaTh PUCYHOK.

6. CocrtaBuTh YypaBHeHHE IUIOCKOcTH dYepe3 Touky P(1,0,2) mnepneHIuKyIspHO
K JBYM IUIOCKOCTSIM 2X-y+3z-1=0 u 3x+6y+3z=0.

7. CocTaBUTh YpaBHEHUE IUIOCKOCTH, MEPIEHIUKYISIPHON K MIOCKOCTH 2X-2y+4z-5=0 u
otcekaromeid Ha ocsix OX u OY oTpesku  a=-2, 6= COOTBETCTBEHHO.

8. CocTaBUTh YpaBHEHHE IIJIOCKOCTH, MapaienbHoi BekTopy s = (5,0,-2) u oTcekarommx
Haocix OX wu OY orpesku a=-4, b=1.

9. BelUHCIUTh PacCTOSHUE MEXY MapalIeIbHBIMU INIOCKOCTSMHU

x-2p+4z-1=0 wu 2x-5y+2z+12=0.

IIpakTnyeckas padora Ne 8

Tema: CocTaBiieHUe ypaBHEHUIl NJIOCKOCTH

Hean: oTpaboTaTh yMEHHE COCTAaBJIATh YpPaBHEHUE MPSAMOW, 3aJaHHOU Pa3IUYHBIMHU
crocob6aMu; MepexoaAuTh OT OJHOTO BUJa YPaBHEHHUS IPSMOM K IpyroMy

Teopernyeckue 0OCHOBBI:

IIpsimasi ¥ I0CKOCTH

B 3aBucumocTH OT crocoba 3agaHus MPsIMOM B MPOCTPAHCTBE MOXKHO paccMaTpUBaTh
pa3IMYHbIE €€ YPABHEHUS.

1. BexmopHo-napamempuueckoe ypasHenue npsamou. llycTe npsimas IpoOXOOUT 4depes
TOYKY IapajuieIbHO BEKTOPY, a JIFoOasi TOYKa dTON MPSIMO .

KOTOPO€ MOJy4daeTcs MO MPABWIY CIOXKEHHS BEKTOPOB. YPAaBHEHHME  Ha3bIBACTCS
BEKMOPHO-NAPAMEMPULECKUM VYPAGHEHUEM NPAMOU, —HANPABIISIONIMM BEKTOPOM MPSIMOU 2.
Ilapamempuueckue ypasnenus npsamou.



3. Kanonuueckue ypasnenus npsamou. Pa3zpemiasg ypaBHEHUS B CUCTEME OTHOCUTEIBHO
{ ¥ IpUpaBHUBAs MOJyYEHHbIE OTHOIICHHUS, TPUXOIUM K KOHEUHbIM YPAGHEHUAM NPAMOLL.

4. Ypasnenus npamoii 6 npocmpancmee, npoxoosawell uepes3 08e mouxu.

5.06wue ypasnenus npamoii 6 npocmpancmee.

Tenepp MOXKHO 3amucarb yCIOBHE NEPHEHAMKYJAPHOCTH  HPSMBIX a yciaoBue

NapajuIeIbHOCTH , @ YCJIOBUS WX coBHaaeHus , rae Mi(xnyizi) , M2(x2y222) , a  S1,82 —
HaIPaBJISIOIINE BEKTOPHI.
Yenom mesncoy npamou u nnockocmoio Ha3bIBa€TCA YrOJl MEXAY NPAMOI

Y OPTOTOHAJILHOM MPOEKIMEN Ha MIIOCKOCTb.

[Ipumep 1. CoctaBuTh YypaBHEHHUE IJIOCKOCTH, MPOXOAAIIEH YEPE3 TOUKY

P(1,0,2) meprieHIUKyYASIPHO K ABYM IJIOCKOCTSIM

2x—-y+3z—-1=0 u 3x+6y+37-5=0

Tak xak K03(pPUIMEHTHI TIOCKOCTEH HE MPOMOPIMOHAIBHBI, TO OHHU TMEPECEKAIOTCS,
TOTJIa HANpPABJISIIONIMN BEKTOp JIMHUWM TMEPECEUEHUs HAXOJIUM M3 BEKTOPHOI'O IPOU3BEICHUS
HOpMAaJIEH JBYX IIJIOCKOCTEH T.€.

Torna 3ToT BekTOp OyaeT HOPMajabl0 UCKOMOM IJIOCKOCTH U 10 (Gopmyiie (2) HaxoauM
7x—y-5z=0.

IIpumep 2. 3anucath ypaBHEHHE INIOCKOCTH, IPOXOAALIEH Yepe3 NpIMyto

MEePIEHIUKYISIPHO K INIOCKOCTH X+4y-37+7=0.

Hckomast 1UIIOCKOCTH MPOXOAUTH Uepe3 TOYKKM Tmpsimoil Mo(2,3,-1) U yepes
HaIpaBJIAOLUN BeKTOp npsiMoil §(5,1,2) u uepe3 HopMaiu aaHHOM miockoctu n(1,4,-3). Torna
13 YCJIIOBHS KOMILJIAHAPHOCTH TpeX BEKTOpoB MoM, S M N Haxoaum

u IIx-17y-197+10=0.

3aganusn

1.Haiitu ypaBHeHue npsimoii, mpoxoasuiei uepe3 Touky Mo( -2,3) u oOpasyromuii ¢
OCSIMM KOOPJIMHAT TPEYrOJbHUK IJIOLIAABI0 4.

2.3anucaTh ypaBHEHHE MPSIMOM, MPOXOJAIIEH Yepe3 Hayajao KOOpAUHAT U 00pa3yroIui
yron 30° ¢ mpsimoii y= - 3x+1.

3.3anucarh ypaBHEHHE NPSIMON poxosiien yepes Touky P(5, 2) u oTcekaroliel paBHble
OTpEe3KH Ha ocsiX KoopauHat. (Omeem: x +y -7=0.)

4.Haiitu ypaBHEHHE MPSMOMN, NapamienbHO IpsaMoi 12x+5y-52=0 u orcrosiel ot Hee
Ha paccrostHue 2. (Omeem: 12x+5y-26=0 nnu 12x+5y-78=0.)

5.BbluMcauTh BEMMYMHY MEHBLIETO yriaa Mexay npsMbiMH  3x+4y-2=0 u 8x+6y+5=0.
Jloka3atk, 4TO TOUKA JISKUT Ha OMCCEKTPUCE 3TOTO yIIIa, U CAeNnaTh pUCyHOK. (Omeem: .)

6.CoctaBuTh ypaBHEHHE IUIOCKOcTH uepe3 Touky P(1,0,2) mnepnenaukynspHO
K JBYM IUIOCKOCTAM 2x-y+32-1=0 u 3x+6y+3z=0. ( OtBer: 7x-y-5x-z+3=0)

7.CocTaBuUTh ypaBHEHHE IUIOCKOCTH, MEPIEHIUKYISPHON K IUIOCKOCTH 2X-2y+4z-5=0 n
otcekaromied Ha ocsix OX m OY otpe3sku a=-2, g= cootBeTcTBeHHO. (OTBET: X-3Y-
27+2=0)

8.CocTaBuTh ypaBHEHHUE IUIOCKOCTH, MapaielbHON BeKTOpy s = (5,0,-2) u oTcekarommx
Haocix OX u OY orpeskun a=-4, b=1.

9. BbluMCIUTh paccTOSHUE MEXY NapajuIeIbHBIMU IIJIOCKOCTSIMU

x-2y+4z—-1=0 u 2x-5y+2z+12=0.

10. 3anucars ypaBHEHHE IIJIOCKOCTH, IPOXOAIIEH Uyepe3 NPAMYI0 NEPIEHIUKYISIPHO K
IJIOCKOCTH .

11.Beraucnuts paccrosiHue MeXIy npssmMbiMu U ( Omeem: . )

12.ITepecekarorcst i npsimble U ( Omeem: HET. )

Bomnpocsl k Teme:

1. JlaiiTe onpeneneHue HOpMaabHOTO BEKTOpa IIPSIMOA.



Jaiite onpeneneHre HampaBIsAIONIEro BEKTOpa MPSIMOM.
Kakum HaOOpOM 371€MEHTOB MOKHO 33J1aTh MPSMYFO?
Kakoii Bug MOXET UMETh YpaBHEHUE MPSIMOI Ha TJIOCKOCTH?

Nk

Kaxk cocTaBuTh ypaBHEeHUE IPSIMOA:
- TI0 HANpaBIIAIOIIEMY BEKTOPY U TOUKE,
- IO JIBYM TOYKawm,
- 110 HOPMaJIbHOMY BEKTOPY U TOUKE,
- TI0 OTpe3KaM, OTCEKAaeMBbIM MPSIMON Ha OCSX KOOPAMHAT?
6. UTo MOKHO CKa3aTh O MOJIOKEHHUH MPSIMON Ha KOOPJAUHATHOM IIOCKOCTH,
10 €€ YpaBHEHUIO:

- KaHOHUYECKOMY
- MapaMeTpUu4YecKuM
- “Botpeskax”
- C YIJIOBBIM KO3 (UIIMEHTOM
7. Kak nepeiiTu oT 0JHOr0 BUJ1a ypaBHEHUS NPSIMOU K Apyromy BUmy?
8. Uro MOXHO pacckazaTb IO YPaBHEHHMIO O IIOJIO)KEHHH MpsSMOMl Ha
MJIOCKOCTH?
9. Kak onpenenuts B3aMHOE PacioyIOKEHUE TOUKHU U MPSAMOM?
10.  Kak onpenenutb TOUKY NEpeceueHus IByX MPAMbIX ?

IIpakTnueckas padora 9

Tema: HaxosxneHue npenesioB pyHKIMI U TOYEK pa3pbiBa.

Heasb: mnpuobpereHne 0a30BBIX 3HAaHUM B oOmacTH (yHIAMEHTAIBHBIX DPa3EoB
MaTteMaTHKH. [IpoBepka yCBOCHHS 3HAHWU 1O BBIYMCIECHHUIO TpeaenoB GyHkiuil. [ToBTOoputs 1
CUCTEMATHU3UPOBATh 3HAHUSA 110 JAHHOU TEME.

Teopernuecknii 010K
UToOB! BEIUMCIHUTD Npeaea PYHKIIMH B TOUKE, HATO:

1) IloacTaBUTh BMECTO NEPEMEHHOM X TO, K YEMY X CTPEMHUTCH.
5
2) Ecnu nocie BHIIOJHEHUS MyHKTa 1) MOJIyYrMM HEONpEeaeNeHHOCTh Buaa 24, o Hamo
YUCIIUTENb W 3HAMEHATeNlb JpOOM pa3joKUTh HAa MHOXHUTEIM W COKPAaTUTh ApoOb, WU

YUCIUTCIIb U 3HAMCHATCJIb JOMHOXUTH Ha COIPSAKCHHOC M IIOCJIC 3TOTO COKPATHUTHb I[p06b.

—
3ameTuM, 4TO JIpoOb Bcerna OyAeT COKpaIlaThCs, €CIU B BBIPAKEHUU X a4 CTPENKY 3aMEHUTh
Ha MUHYC: (X-a).

= =)

3) Ecnu nmocne BbIMOSHEHUS MyHKTa 1) MOJTyYUM HEONPEEeIEHHOCTh BUa ["C], TO HAJ0
YUCIIUTENb M 3HAMEHaTeldb ApoOM pa3JeNuTh Ha CTapuIyl0 CTENeHb HEW3BECTHOIO, WU
claraeMoe ¢ caMoi OOJbIION CTENneHbI0 B YMUCIUTENE pa3/elMTh Ha cllaraéMoe C caMoil
OO0JIBIION CTETIEHBIO B 3HAMEHATENIE U B3ATh NPEeN OT pe3yJbTaTa AeJIeHHUs.

0
4) Ecnu mocne BBINOJHEHHWS MyHKTa 1) MONy4ydM HEONpEAEIeHHOCTh BHJIA [“],
CBSI3aHHAsl C 3HAYEHUSIMU TPUTOHOMETPUYECKHUX (YHKIMHA, HAJO BOCHOJIB30BATHCS IEPBBIM
3aMeyaTeNbHbIM MPEIETIOM.
Onpenenenue. [lepBbIM 3aMeyaTeNbHBIM NPEAEIOM HA3bIBAECTCS IIPEEI



i

- I

Ilepeuvlil 3ameuamenvhblii npeden paseH
i
fin—=1
= d

-0 ]

5) Onpeoenenue: Bmopvim 3ameyamenbHbiM npeoeiom Ha3bleaemcs npeoei
n

T—oD

ge= lim 1+1
n

Yucno e, 3adannoe >mum npeoeiom, ucpaem OyYeHb OONbLWYIO pOlb KAK 8
MamemMamuyeckom aumanusze, max u 6 opyaux pazoenax mamemamuxu. Hucno eHazvieaiom

log, N =N
).

Teopema. Bmopoii 3ameuamenvuviii npeden cywecmeyem. Eeo 3naueHue -- uucio,

HamypanioHuix 102apugmos (

Jaesxcaujee Me.?fC()y u.
Fonee I’lOde6HO€ usydyenue ducia enokasvleaem, 4mo e-- UppayuoHajlIbHO€e YUCIO,
HECKOJIbKO nepesvlx 0eCAMUYHBIX 3HAKOE Komopo2co makoewsl.

e = 2,7182818285...

IIpakTnueckas padora 10

Tema: YacTHble ciiyyan BIYMCICHUS NMpeesioB (PyHKIMH.

Henab: npuoOpereHue 0a30BbIX 3HAHMKW B o0jacTH (yHIAMEHTAIbHBIX pa3JeiioB
MaTemaTuku. [IpoBepka ycBOeHUs 3HAHMH MO BBIYMCICHHIO IpenenoB GpyHkuuid. [loBToputh U
CUCTEMATHU3UPOBATh 3HAHUS 110 JAHHON TEME.

- 2x° = 3x -5
z
BbramciuTs mpegen T 1+ x+3x

CornacHo Haniemy IpaBHITy MOMBITaEMCS MOJCTaBUTh OECKOHEYHOCTh B QyHKIMIO. UTO y Hac
noJtydaercsi BBepxy? beckoHeuHoCTh. A 4TO noiy4yaercs BHU3Y? Toxke O€CKOHEYHOCTb.
oo

Takum o6pa30M, Y HaC €CThb TaK Ha3bIBacMasd HCOMPCACIICHHOCTb B 1A @ . MOXHO OBLIO OBI

&o
— =00
nmoaymarb, 4TO o , 1 OTBET I'OTOB, HO B O6HIGM CJIy4dac 3TO BOBCE HE TaK, U HY>KHO

MPUMEHUTH HEKOTOPBIN MPUEM PEIICHUS, KOTOPBII MbI CEYac U PaCCMOTPHUM.



CHaqana MBI CMOTPHM Ha YHACIIUTEIb U HAXOAUM * B CcTapIleil CTeeHH:

Av?)- ?\'—5
lim
o |+ x4+ 31

CTapH_IaH CTCIICHb B YHUCJIUTCIIC paBHA ABYM.

Teneps cMOTpPUM Ha 3HAMEHATENb U TOKE HAXOJUM + B CTapICH CTENCHU:

3\.3 —3x—=5
Iim
x>0 |+ x+ \\

CTapma;I CTCIICHb 3HAMCHAaTECJIA paBHa IBYM.

3aTeM Mbl BEIOMpAEM CaMylo CTapIlyl0 CTEIEHb YMCIUTENS U 3HAMEHATEISA: B JAHHOM
IIPUMEPE OHU COBIIAJIAIOT U PABHBI JABOMKE.

Urak, MeTo perieHus CIeyOIHii: AJs TOr0, YTOObI PACKPBHITH
s

HEOIIPEACJICHHOCTb & He00X0IUMO Pa3sae/JIMTh YUCJIUTEIb U 3SHAMCHATEb HA S

cTapiieii CTeneHu.

2x—3x-5 w
-2-

rse 1+ x+3x° o

PazgennM ducianTens U 3HAMEHATENIb Ha x

2x —3x—5 o2x' 3x 5 , 370 520
- I ) - T T o
= lirn X = litn X X = lirn X X - =
(*:I —=w |4+ x4 3y row ] X 37(2 K= ] =0 1_”:' 3
— —+S5+ — +— +3
X x x X X X
[pumep 2

72 #1528 +9x+1
Haiitu npenen *** 5x' +6x" —3x -4
CHOBa B YHCIIMTENE M 3HAMEHATENE HAXOAUM * B CTapIel CTeMeHH :
T H15x7 +9x +1

lim 3
x->® Sy 4632 -3v—4
MaxkcuMaiibHas CTeNEeHb B YUCIUTENE: 3
MaxkcuManbHAas CTENEHD B 3HaMeHarene:; 4
BeiGrpaem HauGoJIbIIee 3HAYEHHE, B JTAHHOM CITydae YE€TBEPKY.
[ 4]

CoriacHO HaIllEMy aJrOPUTMY, JUIsl PACKPBITHS HEOTIPEICICHHOCTH *° euM YiCIuTeNb |
4
3HAMEHATEb Ha

[TonHOE O opMITEHHE 3aaHUST MOXKET BBITJISIIETh TAK:

T2 4+152 +9x+1
=—=(*

e 53t 4620 —3x—4

4
PaznenuM uncnuTenb U 3HaMeHATelb Ha x

T2 +152 +9x+1 770 570 gt g0
oyt mi_ @ e
: = = 3
X e X X
_ 0404040 _0_
54+40-0-0 5

[Ipumep 3



e oxl—3x-5

Haiiti npenen *7*  x+1
MakcuMaabHas CTeIeHb «UKCay B YACIHUTENE: 2

1
MakcumaibHast CTeIIeHb «MKcay» B 3HameHarene: 1 (¥ MoxHO 3amucaTh Kak * )
s

Z[J'Iﬂ PaCKpBITHA HEOIMPEACTICHHOCTH o HCO6XO,I[I/IMO pa3aciuTh YUCIUTEIIb U 3BHAMCHATCIIb

2
Ha * . Yucrosoi BAapHUAHT PCIICHHUA MOXET BBITJIAACTD TaK:

o 2x*—3x-5 m
tim <22

e x4l o0

2
Pa3l[eJII/IM YUCIIMTEINb U 3HAMEHATENb Ha *

2x—3x-35 , 370 520
- I - T3 o
T X — 1 x x _ = _
(*}_EI—I}L x+1 T l"”_l_i‘*” 0 ®
Xz x x2

2

ITox 3amucero 0 MOJIPa3yMeBaCTCs HE JeJICHHE Ha HOJIb (JICIUTh HAa HOJIb HEJIb3s1), & JICJICHUE
Ha OECKOHEYHO MAaJIOE€ YHCIIO.

oo
Takum o6pa30M, IIpH paCKPLITHUU HCOIIPCACICHHOCTH BUIa o Y HaC MOXKET
MOJIYUUTBCA KOHEYHO€e HUC/I0, HOJIb U OECKOHEYHOCT.

0

Hpe[le.]'ll)l C HEOIIPEACJIICHHOCTHIO B/ 0 U METOX UX PEIICHUSA

[Ipumep 4
e 2xt —3x-5
Peumts mpegen 271 x+1
Chauaza nonpo0yeM MoAcTaBuTh -1 B 1poOb:
2-1*-3-(--5 _0
—1+1 "0

= |

B JaHHOM CJIy4dac MMoJiyd€Ha TaK Ha3dblBacMasd HCONIPCACICHHOCTb

Oo01ee MPaBUJIO0: €CJIU B YHUCIUTEIIC U 3HAMCHATCIIC HAXOAATCA MHOTOUJICHBI, 1 UMCCTCS

0

HCOMPCACIICHHOCTU BU 1A 0 , TO IJIA €€ PACKPBITHUA HYKHO Pa3J0KUTh YUCIUTEID U
3HaAMEHATEJb HA MHOKHUTCJIN.

J11g 3TOTO Yallle BCEro Hy)HO PEIIUTh KBaJ[paTHOE ypaBHEHHUE U (WJIN) UCTIOIb30BaTh
(opMyIIBI COKPAILIEHHOTO YMHOXEHHUS.

. 2x'-3x-5 0
i ———————=—={*)

r—-1 r+1 0
Pa3noxuM unciauTenb U 3HaMeHaTeNlb HA MHOKATENN

I[HSI TOT'O I-ITO6I>I paSJIO)KI/ITI: YqUCINTCIIb Ha MHO)KI/ITGJII/I, Hy)KHO peH_II/ITB KBa,Z[paTHOG
YpaBHEHUE:
2xt—3x—5=0

CHauana HaxoJuM OUCKPUMHHAHT:



D=(=3"-4.2 (-5)=9+40=49
W kBanpaTHbI KOPEHB U3 HETO: D= \@ =7,

B ciydae ecnu tucKpUMUHAHT OONbIION, HartpuMep 361, UCTONb3yeM KaJbKYJIATOP,
(GyHKLMS U3BIEUEHHSI KBAJIPATHOTO KOPHS €CTh HAa CaMOM IIPOCTOM KaJIbKYJIATOpE.

! Ecnu kopens He uzenekaemcs Hayeno (noayuaemcs OpooHoe Yucio ¢ 3ansimoil), 04eHs
8EPOAMHO, YMO OUCKPUMUHAHN BbIYUCTIEH HEGEPHO U0 8 3a0aAHUL ONeYaAmKd.

Z[anee HaXO0JIuM KOPpHMU:
—(-3-7 _3-7 -4

= —=-1

2.2 4 4
e BT 347 105
o224 4

Takum ob6pazom:

2xt —3x—5=2{x— (-1} [x—; =2(x+1)- [x—; ={x+1) {2x-5)

Bcé. Hncnurennb Ha MHOXKHUTENN PA3JIOKEH.

3nameHatenb. 3Hamenarens X 11 YK€ ABJISIETCS IPOCTEUIINM MHOXKHUTENIEM, U YIIPOCTUTD €ro
HUKaK HEJb3.

e (x+1). {2x—5)

x=-1 x+1

(9= =

{x+1]

OLIGBI/IIIHO, 4YTO MOKHO COKpAaTUTH Ha

(%) = lim (21— 5)= (¥

Tenepb U IIOACTaBIACM -1B BBIPAXKCHUC, KOTOPOC OCTAJIOCH IOA 3HAKOM IIpCaciia:

=2.(-1)-5=-2-5=—7
B uuncroBoMm BapHUaHTC Oq)OpMJ'IeHI/IC JOJIKHO BBITJIAACTD IIPUMEPHO TaK:

- oxt—3x—5 _
-1 x4

0
a=(*]'

Pa3J'IO)KI/IM YUCINUTCIb HA MHOXXHUTCIIN.
xt —3x—5=0

D=(-3*-4.2 (-5)=9+40=4%
JD=:25=7

_—(=3-7_3-7_-4

xn= —=-1
2.2 4 4

L _—EHT_ 347 1035

o224 42

2xt —3x—5= 2{x+1]-(x—§] ={x+1).[2x-5)

(x+1)-{2x-5)

(%) = lim = = lim (2x-5)=-2-5=-7
[Ipumep 5
8- 2x"

T
Borumcuts npegen *2 X +H4x -1z



CHauana «4iCTOBOI» BapHaHT PEUICHHUS

_n
B—2x 9=(*}

=2yt +dx—12 0
PazmosxuM 4uciuTenb U 3HaMEHaTe b Ha MHOKHUTEH.

Uncmurens: & 2x* = 24— x") =2(2- 1)(2+x)
3HaMEHATCb:
X +4x-12=0
D=16+48 =64
JD =38
_—4-3 -448

D , D
4 dxr—12=(x+61x—-2

(g 22TDEED o @=RQED e~ (G- D@HD)
=2 (x+6)(x—2) 2 (x46)0(x—2) 2 (x+6)(x—2)

_ %%m (2+x) :—E-E:—l
=2 (x+6) 8
Ilpumep 1

. ¥—6  1-8
lim,_.,—

x=1= 2-1— _4

Mbi 6ocnonv3o6anucy npasuiom 1) u noocmaguiu émMecmo x mo, K 4emy X Cmpemumscs,
m. e. x=2.

Ipumep 2
Ii x+x-6 [0 =1 (x—2) (x+3) I x+3 2+3
lmx_;g x—=2 =10 - lmx_:': x—2 = 1mxﬁ2 1 -1 :5
Ilpumep 3
x—5 [D] lim (x-5)(+vZF3+3)  im _35'~x—5}w:r+4+3}
, _=-5 2] = I A+ y -
hmx—?h.m_az 0 F R (JaFE-3) (VETEI) _ If:«,-x+4 —3‘"_} _
lim (z-S) (dd+a) . (2—5) (vETE+3)
F8 T Grrae) ST e _lm, (VA A+3)_3,5 ¢
Ilpumep 4
ax? x & . . .
? = x2 4+__E 4+,.“m_:_..“mﬁ
li W ExE = lim, o 2 7 lim, ... 7% v s S
M, o 2x24+Tx -2 = =] = v2 "2 2 2= ‘+.‘-’ll—:'n;:l&;_xh—:cn;c§:2
Ilpumep 5
51N 6x elim 5in 6x
. . x X0 o
lim Ein B ]'lml} 510 BX 3l 5in 8X E
=0 g 3 ¥ ¥  — My T o —3-)
Ilpumep 6

TR
. 1 . 1. axsm T
a)lim, . (1+ E]?x =lim, .. (1 —I—E:]‘”“x: iy

2

lirm (1+3]x = [1°]= i [1+3]5 Pt

¥=rwo x F—w x

0)



3. 3akpennenue 3HaHul, yMeHUU U HABBIKOS.
Buinonnume camocmosmenvuyto pabomy no 8vluucieHuro npeoeios HyHKyuil.

Bapuant 1

Beruncnure npeaen GyHKIUN:

3_1:2 4x-2
1. = x +6x—35
- 2x’ —5x
7 Yyt _Sxp]
-1
3 Dl 1 6x—T

X

4. H“s'nir.
2x
fm B

IIpakTuyeckas padora 11

Bapuant 2
Beruncnute npenen GyHKIUN:

3 +4x-2

e G’ 4 x—5

22 —5x—8

b —  — =
et 5247

-1

bpm —— =
R R, T

4dx

. I—}ﬂtgir.

cigidx

En

H:zﬁx

Bn :n:—ii)I
i3

En(]+—)

>3

hs’nx

30 IESI

En 5x+4

p]
_x—}ﬂh

xX
- (HE]
10. x»m. X

Tema: Bpluuciaenue mnpegeioB (PYyHKIUM MeTOIOM YMHOMKEHUS YHMCIHTENd H

SHaAMeHaTe/Id HA CONMPAKCHHOE BLIPAYKCHUE.

Heasb: mnpuobperenue 0a30BBIX 3HAHUI B oOmacTH (yHIAMEHTAJIbHBIX pPa3JENoOB

MaTteMaTHKH. [IpoBepka ycBOeHHs 3HAHUHM MO BbIUUCIEHHUIO TpeaenoB GyHkiuil. [ToBToputs U

CUCTEMATU3UPOBATH 3HAHUA T10 }IaHHOfI TEME.

CneaytoLwwmin TMN NpeaenoB NoxXoX Ha npeablayLwmi Tun. EQuHcTBEHHOE, NOMUMO

MHOrou4J1€eHOB, y HacC nobaeatcs KOPHMW.

Mpumep 6



- Jr+b - flox=21
Haittn npegen ** Sx=15

HauuHaem pelwaTb.

CHavana npobyem noacTtaButb 3 B BblpaXXeHue Nnod 3Hakom npeaena

Sre-f0z-21 -9 0

5.3-15 15-15 0

0
lMony4eHa HeonpeaeneHHOCTb BMAa 0
Mr+6-l0x-21 0

rs3 5x—15 5=

, KOTOPYIO HY>XHO YCTPaHSITb.

Korga B uncnutene (3HameHaTene) HaxoauTca pa3HOCTb KOPHEN (MM KOPEHb MUHYC
]

Kakoe-HUBYAb YUCHO), TO AMst PAcKPbITUsS HeonpeaeneHHocT Y 1cnonb3ytoT meroa
YMHOKECHUSA YUCTUTETA U SHAMCHATE/IA HA COMPSI’KCHHOC BLIPAKCHUC.
BcrnoMuHaeMm Hally HeTneHHy dhopMyIy pasHOCTM
_ .2 32
KBaJpaToB: (—b)la+b)=a"-&
YMHOKaeM YHCJIUTE]Ib HA CONMpPAKCHHOE Bblpa)lceHI/IeZ

o (fx+6—J10x=21) (fx+6+J10x-21)
r3 5x—15

O6paT|/|Te BHMMaHue, 410 Nnoag KopHAMU npu aToMn onepaunn Mmbl HU4Ero He TporaeMm.

Xopoluo, (@+&) OpraHM3oBarnu, HO Bblpa)keH1e-To Nnoj 3HakoM npepgena
nameHunock! A ons Toro, YToObl OHO HE MEHSINOCH, HY>KHO €ro pasdenuTb Ha TO Xe

camoe, T.e. Ha latd),

i (fx+6 — 102 =210 (2 +6 ++10x - 213 _

e (5x—=15)- (fx+6 +/102- 217 (*)

(*)

To €CTb, MBI YMHOKHWIA YUCTUTE]Ib U 3HAMCHATE/Ib HA CONMPAYKCHHOE BLIPAYKCHUE.
B n3BecTHOM CTENEHU, 3TO NCKYCCTBEHHbLIN MPUEM.

YMHOXUNN. Tenepb camoe BpeMSA NPUMEHUTb BBEPXY
chopmyny (@~ )@ +E)= a’ —b*.

) = (r+6)° -(10x-21)
P35 (5x =157 (fx+6 ++/10x - 21

. x+6—(10x—21) _

=3 (55 —15). (Jx+6 +10x— 217

. x+6-10x+ 21
:]_1_'[‘_[1 =
=3 (55 —-15) (Wx+6 +10x-21)
—9x427

(*)

firr, =
=3 (5x —15) (x4 6 + 4102 - 21)
0

HeonpegeneHHOCTb LS nponana (nonpobynte NOACTaBUTb TPOWKY), Aa U KOPHU
TOXe He ucyesnn. Ho ¢ cymmoii KOpHEN BCE 3HAYMTENBHO MPOLLE, €€ MOXHO
npeBpaTUTb B MOCTOSAHHOE YNCIO



—Sx+27

:]_'i_'[n =
) 73 (Sx—15) (/346 +./10.3-21)
i —9x+27 T L
=3 (5x—15) (I +49) =3 (5x—15) (3+3)
1. —9x+27
:—]]ﬂl—:

6r+3 5x—15 )

Yuncno, kak y>Ke OTMedanocCb paHee, ny4yle BbIHEeCTU 3a 3Ha4OoK npeaena.

Tenepb ocTanocb pasnoXunTb YACNUTENDb U 3HAMEHATENb Ha MHOXUTENN 1
COKpaTUTb «BUHOBHMKOBY» HeONpeaenéHHOCTU, Hy a Npeaen KOHCTaHTbl — paBeH
caMoW KOHCTaHTe:

(ﬂzlhnm:lmﬂ:l.[ﬂ]:_i
6123 5(x—3) 65 5 6 | 5

[MpuMepHO Tak:

o x4 = Jl0x =21 _0

¥s3 Sx—15 7=

YMHOXUM YncnuTesnb N 3HaMeHaTenb Ha conpsa>XeHHoe BblpaXXeHune.

. (Jx+6—J10x =21 (fx+6+J10x-21) _
x-3 S(x—3) (Jx+6 +/10x—21)

1 x+6—§30x—21) .

D o Wx+6 +410x-21 )

_1 1, xH6-10x421 1. —9x+27

5 6323 (x—3) 3073 (x-3)

Ly 2363 -9 3

3073 (x—3) 30 10

Mpumep 7
i Px-z
Haiitv npegen " 2 Hx +6 -2

2
.o+ x=-2 0
litn ——=—=1(%
=2l +h -2 0

Pas3noxum uncnntenb Ha MHOXUTENU:
P 4x-2=0
D=1+8=4%

Jo=3
x1=—_1_3=—2
2
_—-1+3

Ay = 5

FAr-2=(x+2(x-1

1

YMHOXUM YncnuTenb N 3HaMeHaTenb Ha Cornps’>XeHHO€ BblpaXXeHune



L (x+2x-Dfx+E6+2)
(*}_r]rj—lﬂﬂ (Jr+6 -2(Sx+6+2)
ey B 2)(x—1)(w;‘lx+6_>2+2]=4]jm (x+2(x-1 _
x— -2 r+6—4 R
=4x'_>]11112(x—1}=4-{—3}=—12

IIpakTnueckas padora 12

Tema: Haxo:xneHue npou3sBOAHBIX (PYHKIIHI.

Heab: IIpoBepuTh Ha NpPaKTUKE 3HAHHE MOHATUS MPOM3BOTHON (YHKIMH, YMEHHE
HAXOJUTh TPOM3BOJHBIC IIEMEHTAPHBIX (YHKUUH, CIOKHBIX (YHKIHUHA, OOpaTHBIX (DYHKIIMIA,
MOJIb3YACH TaOMUIEH MPOU3BOAHBIX U MpaBWIaMu AU(PGEPEHINPOBAHUS, TOHITUEM CIOXKHAs U
oOpatHast pyHKLHS, yMEHHE IPUMEHSTh IPOU3BOIHYIO JUIsl HCCIe0BaHUs (DYHKITUH.

1.TeopeTudeckuii MaTepuaJ U NPpUMepPbl HAXO0KAEHUS MPOU3BOTHON (PYHKIMH.

Onpenenenune: IlpousBoguoit gynkumu f(x) (f(x)) B Touke X Ha3bIBaeTCs mMperen
OTHONICHUSI MpupameHuss QyHKIUU K MPHUPALICHUIO apryMeHTa IpH MPUPALICHUH apryMeHTa

CTPEMAILICMCA K HYJIIO!

. Af
lim —
Ax—0
Ax=f(x)
IIpousBoaHbIe 3J1eMEHTAPHbIX (PYHKIM.
e =)
C — const 0
e ot -1
g g
Pl 2 lha
1
[ —
X
log =
4 w2l
Sins COsS 4
COsS — Sinx
1
toy
cos® x

IIpaBuna qgu¢pepeHupoBaHKS.
Eciu y pynkumii f(x) u g(x) cymecTByroT NpOU3BOAHbIE, TO
1.C'=0
2. (utv)=u+v’
3. (uv)=u'v+v'u
4. (C-u)'=C-u', rne C=const
u u v—v'u
v 2
5.( )=
6. [IponsBoHas CIIOKHON PYHKIIMU:
f(g(x))=f(g)-g'(x)
2. lIpumepsl.

v

x% + 2%
1. Haiitu 3HaueHne Ipon3BOAHON QYHKIIMN:y=3 -4x+8.

Pemrenne:
[To mpaBwmTy HaXOXKIEHUS TPOU3BOTHON areOpandeckoi cyMmMbl GyHKIUH (hopmyna 2):



x? + 2% x?)'+ (2%) 2¥ In2 2%

y= (3 -4x+8)'= (3 -(4x)+(8)'=3-2x+ - -4-1+0=6x+
In2-4
x®(sinx
2. HaiiTu 3HaueHNe MPON3BOAHON QYHKIMU: y = +4).
Pemenue:

x® v =sinx

@OyHKIMS IPeICTaBIsET cOO0M MPOU3BEACHHUE IBYX MHOXKHUTENIEH: U= +4.
[To popmyme 3:
(x®(sinx (x®)(sinx x®(sinx x>(sinx  x°® cosx
y'= ) = )+ +4)=6 )+
3x—5
dg¥ -3
3. HaiiTi 3HaueHne NpoU3BOIHON QYHKIHUU: y=
Pewenue:
3x—5v=e"—3
@OyHKUMS NpeACTaBIsieT cO0OM YacTHOE JABYX BBIPAXKEHUU: U= 4
2x—5 (3x—5)-(4¥ -3) (46" -2) -(3x—5) 3(4e¥—3)—4e"(3x-5)
(4‘5!_1'_3 (4e¥—3)2 (4e*—37)2
[To popmyme 5: y'= = =
™
¥ = sin{4 - E:I E TOHKE Ha T 12

Pemienue. Haiinem npousBoaH
cioxxHou ¢pyakuuu (hopmyna 6):

o foferg) o) ol
() seod s o7)- vemsg o3

JMaHHOW (YHKIUU MO npaBuily auddepeHnnpoBanus

4CDE[4>< - E]
&

2.3

y=3o=  ¥=( =3 A =-ix

5. Ecin Jx , TO WA 2

6. y=x3-3x2+5x + 2. Haiinem y '(—1).

y '=3x2 — 6x+ 5. CnenosarensHo, y '(—1) = 14.

7Eciny=Inx-cosx,T0y'=(InXx)'cosx +1Inx (cos x)"'=1/xcos x —Inx - sin x.
x . (x3} cosx—xB[cos x]r 3 3x% cosx+x sn x

8. cos X E052 X E052X

[lycts nana @ynkuwms. s e€ uccneqoBaHus Hy»KHO:

1) Haiitu e€ oGmacte onpeaenenus. Ecau 3To He CIUIIKOM CIIOXKHO, TO TIOJIE3HO HAWTH
Takke o0nacth 3HaueHui. (OHAaKO, BO MHOTHX CIIy4asX, BOIPOC HAXOXKIEHHUS OTKJIAIbIBAETCS
JI0 HaXOXKACHUS SKCTPEMYMOB (DyHKITHH. )

2) BoiacHUTH 0O0mIME CBOICTBA (YHKIIMH, KOTOpHIE TOMOTYT B ONpEIcIeHHH e
MOBEJCHUA: He sBisercs Ju (yHKIUsS 4YETHOM MO0 HEUYETHOW, HE SBISETCS JU OHA
[IEPUOIUYECKON.

3) BrisicHuTh, Kak BenET celsi GYHKIUS MpH MPUOTMKEHUH apTyMEHTa K TPaHHUYHBIM
TOYKaM 00JIACTH OIpeNeIeHHs], €CIM TaKhe IpaHuYHbIe TOYKU uMeroTcs. Ecau GpyHkuus nmeer
TOYKH Pa3pbIBa, TO 3T TOYKU TOXKE MPOBEPUTH HA HATMUHE BEPTUKAIBHBIX aCUMITOT (PYHKIIUU.
Halitn HaKJIOHHBIE ACUMITOTBHI.



4) Haiitu To4kM mepeceueHus rpaguka ¢ OCSIMU KOOPJIWHAT, YTO COCTOUT B MPOCTOM
BBIUMCJICHUH 3HauU€HUs! (YHKIUH NPU YCIOBUHU:

C ocbro OX: y=0;

C ocero OY: x=0.

HaxoxaeHne To4ek MmepeceueHus ¢ OChbI0 MOXKET NMPHUBECTU K HEOOXOJAMMOCTH PEIIUTh
CIIOKHOE anre0panyecKoe ypaBHEHUE, YTO, OBITh MOXKET, YIACTCs CACNATh JTUIIb MPUOIKEHHO.
OTpIcKaB KOpHU (DYHKIIMU U TOYKU Pa3pbiBa, Mbl MOKEM OIPEIECIINTh 3HAK (DYHKIIMH HA KaXKIOM
U3 HMHTEPBAJIOB MEXAY OSTUMHU TOYKaMU. ODTO MOXHO clejaTh JIMOO BBIYMCIWB 3HAUYCHUE
GbyHKIIMM B KaKOi-HUOY b U3 TOUEK UHTEPBaJa, TNOO MPUMEHUB METO/ HHTEPBAJIOB.

5)Haiit npoMexyTKu MOHOTOHHOCTH. [IJisi 3TOro HaXoAsT NMPOU3BOJHYIO U pEIIalOT
HEPaBEHCTBO:

f ()20, Ha npomexyTkax, Iie 3TO HEPaBEHCTBO BBHIIOTHEHO, (DYHKIUS BO3PACTACT.

Tawm, rae BoimonHeno nepasercto | ()0, pyukums y6opiBacr.

Haiinsg uHTEpBajgbl MOHOTOHHOCTH, MBI MOXEM Cpa3y OIPEIEIUTh TOYKU JIOKAJIHHOTO
JKCTpEMyMa: TaM, Tl BO3pacTaHHE CMEHSCTCS YyOBIBAHUEM, pACIIOIAraroTCs JIOKAJIbHBIC
MaKCHUMYMBI, a TaM, IJi¢ YObIBAHUE CMEHSCTCSI BO3PACTAHUEM - JIOKAJIbHBIC MUHUMYMBI.

6) HaxoxjeHue MHTEPBaJIOB BBINTYKJIOCTH U BOTHYTOCTH BEIETCS C MOMOIIBI) BTOPOIA

npoussozuoit. Haiima f (%), mer onpenensiem snaxu [ (%) ua unreppanax:
ecim f (2,0, to kpuBas rpaduka dyHkImK BorHyTa;

ecn f '(%)<0, To kpuBas rpaduKa GyHKIHH BBITYKIAs.

3a01HO ompenensieM TOYKM Ieperuda Kak Te TOYKH, B KOTOPHIX (DYHKLUS MEHseT
HaIlpaBJIeHUE BBIITYKIOCTH (1 HENPEPHIBHA).

7) HaxoxneHue Touek mnepeceyeHus rpauka ¢ aCUMITOTOM U JOMOJHUTEIbHBIX TOYEK.
OTOT MYHKT HE HOCUT 0053aTEJIbHOTO XapaKTepa, OJHAKO HaXOXJEHHE TaKUX TOYEK MpHUIAET
UCCIIEIOBAaHHIO (DYHKITMH U TIOCTPOCHHOMY €€ TpaiKy 3aKOHYEHHOCTh M MOJTHOTY.

3aMeTHM, YTO MOJydaroluecss B MPOIEcce HCCIEAOBaHUS (YHKIMHA TOYKHM HA OCSAX
KOOPJHMHAT M Ha rpadyKe MOJIE3HO Cpa3y k€ HAHOCUTH Ha Y4epTEkK. DTO MOMOTAET M0 XOLy Jera
YSICHSTH BUJ Ipaduka.

3. BbIIOTHUTE CAMOCTOSATEIbHO:

Ne Haiitu NPOHU3BOAHYIO Ne Haiitu NPOU3BOJAHYIO
Ba | pyHkuumy: Bap | pyHKUMHU y:
puaHTa HaHTa
1 35 6 4
1. y=6" - 1. y=-6" -
3cosx+8x—9 Jcosx+x —11
E_-x: Ex—E
2. y=% (5x+7) 2. y= (x+17)
In x 6—2Inx
3. y=sinx 3. y= sin2x
x? 10—x°
4. y=3 4. Fg
5 y:misin 2x 5 F,xsin(ﬁx—S]
3 E]
2 1. y=7%" -1 / 1. =7% 1
3ctgx +x—5 3ctgx +x—5
X X
2. y= ¥ (5x7I0 %) 2. =4 (5x+710 %,
x—19 x—19
3 yzsinx 3. yzsinx
4. y=In(6x-3) 4. y=In(6x-3)




5. -V BX=T)?

5. -V BX=T)?

1.y=4x-3tgx+6x-8

8 l.y=-5x+2ctgx+3x-2

2. y=€".C08X 2. y=8%.cos(—4x)
3x—4 S5x—4

3.y=5-4% 3.y=15-2%

4.y=(6x— 9)11 4.y=(2x— ?jm

5y=+/ (sInx)* 5y=+/ (sinx)?

1. y=7x-9%X%+12 9 1. y=5x-7X°+10

x> - (7cosx —8)

2. y= 7 Fﬁ-(-ﬂlcosx—Sj

tgx ctgx
3. y= sinx+7 3. y= cosx+4
n y:\flng‘L(Sx—S] 4 y= J/sin(2x® — 4)
5,y=:65954x 5.y::153—20055x
1.y=6Inx-3,6COS X + 4 10 1.y=16x-0,6 COS X + 4Inx
2. y=(3x-4)- 1277 2. y=(7x-9) 24x=8

Sctgx 5tgx—3x+5

3.y= &* 3y=  &*

4.y=(X> 7x+5)- COS 4x

5.y=V5x — 4x?

4.y=(—5%% x).cos Bx

5y=V15x—4x*t tgx*

4.BbINOJHUTE CAMOCTOATEJIBLHO:

Bapunant Nel Bapuant Ne2
HccnenoBats GyHKIUIO Ha Hccenenosars GyHKIUIO Ha
MOHOTOHHOCTb M 9KCTPEMYM: MOHOTOHHOCTb U OKCTPEMYM:
3 2 1 1
1 Fx —3x-+4 _xa_x2_3x+_
' 1. y=3 3
3-2x
2 X
2, y=x -4 2. y=x7-1
Bapunant Ne3 Bapnant Ne4
HccnenoBats GyHKIUIO Ha Hccnenosars GyHKIUIO Ha
MOHOTOHHOCTb M 3KCTPEMYM: MOHOTOHHOCTB M 3KCTPEMYM:
— 3 2 _ _ .3 2 _
1 y= x*+3x=—2 1 y= x*+3x° — 2
.'7(-'2 xE-
2. y=x%-1 2. y=x2-1
Bapuant Ne5 Bapuant Ne6
Hccnenosath byHKIMIO Ha Hccnenosatsb (byHKIHIO Ha
MOHOTOHHOCTb M 3KCTPEMYM: MOHOTOHHOCTB M 3KCTPEMYM:
3 _ 3 _ 2
1 y=% 12x+ 6 1 y=X 12%° g, 14
2x 1
2' y=x2+l 2. y=x2+1




Bapuant No7 Bapuant Ne8
Uccnenosars byHKIHIO Ha Uccnenosars byHKIIHIO Ha
MOHOTOHHOCTb M 3KCTPEMYM: MOHOTOHHOCTB M 3KCTPEMYM:
3 _ g2 _ 3 _ 2
], y=X"—6x°+9x—3 1oy=X" —12x% g4y
2x 2
2, y=x7+1 2. y=x2+1
Bapuant Ne9 Bapuant Nel0
HccnenoBats GbyHKIMIO Ha Hccenenosars (byHKIHIO Ha
MOHOTOHHOCTbH U IKCTPEMYM: MOHOTOHHOCTb M SKCTPEMYM:
! y:x3—|—9x2—|—24x—|— 12 1,341,212
' 1. y=3 2 2x-3
.'?(-'2 2
— X
—6x +18
5. KoHTpoOJIbHbIE BOIIPOCHI:
o Brruucnenne
— Xy
Viw = 1+~ 9MO NONYUEHUE U3 BXOOHBIX OAHHBIX HOB020 3HAHUSL
Xy

1. Cdopmynupyiite mnpaBWia HAXO0XACHUS IPOU3BOJHOM CYMMBI, IPOU3BEICHUS,
YaCTHOTO.

2. Kak HaiiTu mpOu3BOJHYIO CIOXKHOM (pyHKIHN?

3. Kak mnpumensiercs mnpousBomHas QYHKIHH I8 WCCICAOBAaHUS (PYHKIHH Ha
MOHOTOHHOCTB, IKCTPEMYM?

IIpakTnyeckas padora 13

Tema: HaxoskaeHne Npou3BOAHBIX CJIO0KHBIX QYHKIMH, BbICIIUX NOPAAKOB.

Heab: HayuuTbcs BBIUMCIATH NMPOU3BOAHBIE (DYHKUIMH, CIOXKHBIX (YHKLHH, BBICHIMX
MOPSIIKOB

Teopernueckmii 6,10k

Ha mnpaktuke ¢ mpou3BOJHOM CIIOKHOM (DYHKIMHM NPUXOJUTCS CTAJIKUBAaTHCS OYEHb
yacTo, korja Bam nanbl 3a1aH1s Ha HaX0X/I€HUE POU3BOAHBIX.

CmMoTpuM B TabIuIly Ha IpaBuiio 1udepeHupoBaHus CI0KHON QYHKIUH:

(V) =a'(y) ¥

Paz6upaemcs. [lpexnae Bcero, oOpaTUM BHHMAaHUE Ha 3alMCh u(v), 3nech y Hac JBe
¢bynkuuu — ¥ u ¥V, npudyem ¢ynkuus ¥, oOpazHO roBops, BilOKeHa B GyHKIMIO ¥ . OyHKIUA
TaKOro BHUJa (KOorja ojHa (GyHKIHUS BIOKEHA B IPYTYI0) U Ha3bIBAETCS CIOXKHON (pyHKUUEH.

Oynkumio ¥  Ha3piBaloT BHellHeW (yHkumei, a QyHKIu0 ¥ — BHYTpPeHHell (Wi
BJIOKEHHOM) pyHKIHEH.

J1st TOro, YTOOBI MPOSICHUTH CUTYAIUIO, PACCMOTPUM:

[pumep 1

Haiitu ipousBoanyio GyHkimu < — smi 35— 3)

To/1 CHHYCOM y HAC HAaXOJMUTCA HE IPOCTO OYKBA «HKC», a IeI0€ BHIpAXKEHHe -X~ 2
MO3TOMY HaliTH MPOU3BOJIHYIO Cpa3y MO Tabnuie He moayyuTces. Takyke Mbl 3aMeyaeM, 4To 3/1eCh
HEBO3MOXXHO MPUMEHHUTH MEPBBIC YETHIPE MpaBUiIa, BpoJe Obl €CTh pa3HOCTh, HO JI€J0 B TOM, UTO

«pa3pbIBaATb Ha qacTu» CHUHYC HCJIb34:

SIGF=S=sm3 ) ==smi




B nganHoM mpumepe yxke U3 MOUX OOBSCHEHHH WHTYUTHUBHO TMOHSATHO, YTO (DYHKIUS

y=si(3%=3) _ 510 cnommas (byHKIHSA, TPHYCM MHOTOWICH %= 3 SBIsCTCS BHYTpEHHCH

GyHKIMEH (BIOKEHUEM), A sinf 3x—3)

— BHeIIHEH (pyHKITHEH.
[TepBbIii m1ar, KOTOPBIA HYKHO BBIIOJHUTH MPU HAXOXKIECHUU MPOU3BOJHONU CIOKHOU
(YHKLIUU COCTOUT B TOM, YTOOBI pa3o0parhbcesi, Kakas (PyHKIUS SBISETCS BHYTPEHHEH, a Kakas —

BHEIIHEH.

st 2x— )

B cinyuyae npocTeIX mpuUMEPOB BpOAE MOHATHO, YTO IIOJ CHHYC BJOXEH

MHOTOuIeH X~ 2 A Kak e ObITh, ecii BcE He oueBMAHO? Kak TOUHO ONpenenuTh, Kakas
byHKUus SBISETCS BHEIIHEH, a Kakas BHyTpeHHeW? J[ist 3Toro s mpeiarairo MCIOJIb30BaTh
CJIEAYIOLINN [TPUEM, KOTOPBI MOKHO IIPOBOJUTE MBICIICHHO WJIM Ha YEPHOBUKE.

IIpencraBuM, 4TO HAM HYKHO BBIYMCIMTh Ha KaJIbKYJIATOPE 3HAYEHUE BBIPAKCHUS

sin( 3x - 3) mpu * =1 (BMecTo equHULBI MOKET GBITH TH0G0E YHCIIO).

Yro MbI BBIYMCIMM B NEPBYIO ouepeqs? B mepByro ouepenb HY)XHO OyJIeT BBIIOJIHHUTH
CIenyIolee JEHUCTBUE: 31-5=-2 IIO3TOMY MHOI'OYJIEH -0y Oyaer BHYTpEHHEU
q)yHKuI/IeI?I v,

"= 81 (f\ 5)

Bo BTOpyl ouepenb HyXHO Oyner HaWTh sinf _2:',
byHKIHEH:

Y= \111(('\ 5D

IO3TOMY CHHYC — OyIeT BHEUIHEH

t_ ot .
[Tocne Toro, npumeHseM npaBuiio 1 depeHIUpOoBaHNs CI0KHOW QYyHKIIMU (Vi)' =u'(v) "
Haunnaem pemars. Mbl MOMHHMM, 4YTO OGOpMIIEHHE peIIeHUs 00 Npou3BOIHON

BCErJja HAUMHAETCS TaK — 3aKJII0YaeM BhIpaK€HHE B CKOOKH 1 CTaBUM CIIpaBa BBEpXY IUTPHUX:
¥ o=(smi 3x—5))

r
CHayaja HAXOAMM TIPOM3BOJHYIO BHEINHEH (yHKIMH ) (cunyca), cMOTpUM Ha
S
TaOJIMIy TPOU3BOJHBIX JJIEMEHTApHbIX (YHKIUMH M 3aMedaeM, 4YTO (sin x)'=cosx  pee
TabinyHble (QOpMyNbl MPUMEHHMMBI W B TOM, CIllydae, €CJIH «HUKC» 3aMEHUTh CIIOXKHBIM

BBIPAKCHUEM, B JaHHOM ciydac:

1) =cos(3x —5)
OOpaTuTe BHUMaHUE, YTO BHYTpEHHSS QYHKIUS Y= 3% =3 He W3MeHMITACH, €8 MBI He

TpOracm.

Hy 1 COBCPIICHHO OYCBUIHO, YTO

vi=(G3x-0)

Pesynbrar npumeHeHus: GOPMYIIBI @ ="V 5 qucroom 0(OpPMIICHUH BBITJISIAT

TakK:
=zt 2x— 0N =cos(Zx—0) Gx -0

Janee mbl 6epeM IPOU3BOAHYIO BHYTpeHHEN (QYHKIUHN, OHA OYEHb [TPOCTas:

=l 3x-00 =cos(3x—0) (Gx -2 =cos(Zx-0)-(5-

[TocTostHHBIM MHOHTEIb 00OBIYHO BBIHOCSIT B HaAYaJo BBIPAKCHHUS:

= 3x— 5" =cos(3x—-5). (B3x -9 =cos(3x-9.(3-01=

= Zcos(3x— )



l'oroBo
Ecnu ocranoce kakoe-mub0 HeJOMOHUMAaHHUE, TEPENUIINTE pElleHre Ha Oymary M eie
pa3 MpoYUTANTE OOBSICHEHUS.

[pumep 2

Haittn npomsBoanyto GpyHkmpn »* — =9% 2x

DTO mpuUMeEp VISl CAMOCTOATEIBLHOTO PEIICHHS (OTBET B KOHIIE YPOKa).

[Ipumep 3
y y=(2x+17
Haiitu npousBonnyto GyHKIHH
Kak BCEraa 3aIlIUChIBACM:

Y= 2z + 1
Pazbupaemcs, rae y Hac BHewmHsisi QyHKUUMsA, a rae BHyTpeHHsAs. [[ns atoro mpobyem

(2x+1)°

(MBICIICHHO WJIM Ha YEPHOBUKE) BBIYMCIUTH 3HAYCHHE BBIPAKCHUS mpu *=1. Yo

HY)KHO BBIIIOJHUTH B IEPBYI0 odepensr? B mepByto ouepenb HYKHO COCUUTAThb YEMY PaBHO

ocrosamme: 2-1+1=3 spaupr, wmorowren ¥

v

U eCTb BHYTPEHHAS (DYHKIUS:

W, TOJIBKO IOTOM BBIIIOJIHSETCS BO3BEACHUE B CTEIICHb ¥ , CJIeIOBATEBbHO, CTENCHHAsT (DYHKIIHS
- 3TO BHEILIHSA byHKIHA:

y=@&+

ulv)

t_ ot . . .
CornacHo Qopmyine (vl =u'lv)-v , CHauaJa HY)XHO HaWTH NPOU3BOAHYIO OT BHEIIHEH
(GyHKLIMU, B JAaHHOM Ciydae, OT cTemeHH. Pas3bickuBaeM B Tabnuie HYXHYK (opMmymy:

1-1

Hut
(x)'=nx"" [ToBTOpsiem emie pa3: Jarodasa Tadju4yHast opmyna cnpaselIuBa He TOJBKO

AJISl «UKC», HO M JUIS CJOKHOTO BbIpaskeHusi. TakuMm o00pa3oM, pe3ysibTaT MPUMEHEHUS
y (@) =u"(v) V' i
npaBuia AudhepeHIpoBaHus CI0KHON HYHKIIMH CHEAYIOIIUN:
F=2r+ =5 Cx+ 0 241

r
CHOBa MOAYEPKMBAIO, UTO KOTa MBI OepeM MPOM3BOAHYIO OT BHEIIHel GyHkmun * ) ,
BHYTpEHHSS byHKIUSA Yy Hac HE MEHSETCS:

5-Cx+D)f
HE M;-i;?:l:::q

Tenepb ocTanoch HAHTH COBCEM IMPOCTYIO MPOU3BOAHYIO OT BHYTpPEHHEH (YHKIMU U HEMHOTO
«TIpHyecaThy pe3yJbTar:

V=(2x ) =5 22+ Dt 2x+D)' =
=5.(2x+ D% 2+ =10 2x+ 10
I'oToBo.

[Tpumep 4

3 1
T

DT0 npuMep ISl CaMOCTOSITEIBHOTO PelIeHHs (OTBET B KOHIIE YPOKa).
JIst 3aKkperieHus MOHUMaHUS MPOU3BOIHON CIIOKHOW (PYHKIIMU TpuBeAy mpumep 0e3
KOMMEHTapUeEB, MOMPOOYyHTe CaMOCTOATEIHLHO pa300paTbes, MOpPacCcy Xk aTh, IJe BHEUIHSASA U 1€

Haiitu npousBoanyto GyHKIHH

BHYTPEHHSS QYHKIHNSA, TIOYEMY 3aJlaHHsI pelICHbl MMEHHO TakK?



[Ipumep 5
a) Haiitu npomBo;[Hy}o GyHKIUM y= czrr:f,gﬁ

P f_ 1 1
¥ = (arctg-{x) (ﬂ (afx) = RN oW

6) Haiitn HpOI/I3BO[[HyIO bynxm ¥ = VETEIEx

nf ¢ 1
= (sfjarcigx areigx) =
B g = a,."c;trc.ﬁgx (arcegx) 201+ 2% farctgx
ITpumep 6
_3
Haiitu npon3Boanyto GyHKINN Y= m

3n1ech y Hac KOpEHb, a JJS TOro, 4yToObl mpoandepeHIupoBaTh KOPEHb, €ro HYKHO

a

[
npencTaBuTh B BuAe cremeHu £ . Takum o0pa3zom, cHayala OpUBOIUM (YHKIHIO B

HaJuIeKamui 11t 1uddepeHITMpOBaHMS BU:
r

¥ =037 igr+15) = {(xg +igx+ 15%}

Ananu3upys (QyHKIUIO, IPUXOJMM K BBIBOAY, YTO CyMMa TpEX CllaraéMblX — 3TO
BHYTPEHHsA (DyHKIMs, a BO3BEJCHME B CTENEHb — BHEUIHsS (QyHKuus. [IpumenseM mpaBuio

T pepeHIIMPOBAHUS CIOKHON PYHKLIUU (v =u'{v)-v :
r

1
¥ =0Gx +igr+15) = ((xz +r.gx+15)§] =
1 2
= 3 (xz +r.gx+15)'3 (x g 415

CreneHb CHOBa TMpejACTaBIseM B BHJAE paaukana (KOpHs), a i IPOU3BOAHOM
BHYTpEHHEH (YHKIIUHU MPUMEHsIEM NPOCToe MpaBuio AuddepeHnpoBaHus CyMMBI:

1 r
=(3x* +gx+15) = ((xz +f,gx+15)§J =

(x +f.gx+15)_ {x +igx+15) =

k.h.'l|i—l

1
3.30(x* +gx+15)

(2 + (egr) + (19)) =

= 1 -[2x+ - ]
3.3J(x? +egx+15) cos’ x

I'otoBo. MoxHO emie B CKOOKax NPUBECTH BBIpAXEHHE K OOMIEMYy 3HAMEHATeIlo M
3anucath Bc€ 01HOM ApoObio. KpacuBo, KOHEUHO, HO KOT'/Ia MOJIYYaroTCsl TPOMO3JIKUE JUTUHHBIE
IPOM3BOJIHBIE — JIy4Ille ATOTO HE AeJaTh (JEeTKO 3almyTaThCs, TOMYCTUTh HEHYXHYIO OIINOKY, 1a
U TIpenojaBareio 0yaeT HeyJOOHO IPOBEPSATh).

[Ipumep 7

5
Haiiti npousBoaHyr0 GyHKINU Artin x
DT0 npuMep ISl CAaMOCTOSITEIBHOTO PeLIeHHs (OTBET B KOHIIE YPOKa).



HNHTepecHO OTMETHUTH, YTO HWHOTJA BMECTO mpaBmia AuddEepeHIUpPOBAaHUS CIOKHON
r

i, v —

v v

(GYHKIMU MOXHO HCIOJIb30BaTh MpaBmwiIo AuddepeHInpoBaHus YaCTHOTO [
TaKoe pereHne OyeT BHITIISACTh kak-H3BpatteHHe HeoObIYHO. BOT XapakTepHblil mpumep:

, HO

IIpumep 8
1
y=-
Haiitu npousBonnyto GyHKIHH COSX

[u] _u'v—w
31eCh MOKHO HMCIIOJIb30BaTh MPaBUIO AU(GEepEeHIMPOBAHUS YaCTHOTO ,

HO TOpa3/l0 BBITOJHEE HAWTH MPOU3BOJHYIO uepe3 mpaBmwio IuddepeHINpOBaHUS CIOXHON
byHKIHH:
f

(-
Y =1-
Cosx

[ToaroraBnuBaem ¢GyHkuuo0 a1 auddepeHIupoBaHus — BBIHOCUM MHHYC 3a 3HaK

HpOHBBOI[HOﬁ, 4 KOCUMHYC ITOAHNMAEM B YHUCIUTCIIb:
t t

o e
Cos X Cos X

Kocunyc — BHyTpeHHSST (QYHKUUS, BO3BEICHHE B CTENEHb — BHEIIHAA (YHKIHAL.

Hcnone3yeM Hallle IPaBHIiIo (@) =u'v) v

oo
cos X cos X

=—(-1) cos " x- (cosx)’

HaxonuMm npou3BoHyI0 BHYTpeHHEH QyHKIMH, KOCUHYC cOpachiBaeM 00paTHO BHU3:

o)) e
CoS X CoSx

:_(—1)-603_2.7(-(cosx}':%.(_sm xX)=——
cos® x cog? x

l'otoBo. B paccMoTpeHHOM TIpuMepe Ba)XHO HE 3amyTaTbCsl B 3Hakax. Kcrarw,
f
u] _uv—w

2

A Vv

nonpoOyiTe PeluTh €ro ¢ MOMOIIBIO MTPaBUIIa (
[Tpumep 9

, OTBCThI JOJI’KHBI COBIIACTbh.

1

Haiitu nponsBoanyto GpyHKIUN 7 arccos” x

D10 npuMep ISl CaMOCTOSITEIBHOTO pPelIeHHs (OTBET B KOHIIE YPOKa).

Jlo cux mop MbI paccMaTpHUBAIIU CITy4daH, KOTJIa y HAC B CJIOKHOW (YHKIIMH ObUIO TOJILKO
OJIHO BJIOKEHHE. B MpakTH4ecKux *e 3aJaHUsIX 4YacTO MOXKHO BCTPETUTH NMPOU3BOIHbIE, TIE, KaK
MaTpEeUIKH, OJTHA B IPYTYIO, BIIOKEHBI cpa3y 3, a To U 4-5 hyHKIui.

IIpumep 10
?urcsm! ¥

Haittu npomssoanyio Gpyskmun + =

arcsin? x
Pas6upaeMcs BO BIOKEHHSX 3TOH (GyHKIH. [IpoGyeM BBIYHCIHTS BHIPAKEHHE '

[TOMOILLBIO TOZOMBITHOTO 3HaueHust X = 1. Kak 6bl MBI CYMTAIH HA KaJbKynsiTope?

Chayana Hy)KHO HaiiTn &rCel 1| 3paunr, apKCUHYC — caMoe TITyOOKOe BIIOJKCHHE:



~ ééﬁif;‘z X

3
3aTeM 3TOT apKCUHYC €AMHUIIBI CIIeAYET BO3BECTH B KBajpar Artsil 1.

(art:sinj2
?msin! 1
n, HaKOHEII, CEMEPKY BO3BOJIUM B CcTeleHb :
GErcsin?a)

To ecTb, B JaHHOM INpPUMEpE y HAC TPU pa3Hble (YHKIMM WU J1BAa BIOXKEHHS, IIPU STOM, CaMOM
BHYTpEeHHEH (yHKIMEH sBIsSETCS apKCHHYC, a caMOil BHEIIHEH (yHKIMeld — mokasareibHas

byHKIMS.
Haunnaem pemars

t ArCsie K-
y=0 J
[ Caaf o
CornacHo npaBuily @v))'=u'lv) v CHayaja HY>KHO B3STb IPOU3BOJHYIO OT BHEIIHEU
¢byakun. CMOTpUM B TaOJMIly MPOU3BOAHBIX W HAXOAUM TPOHM3BOAHYIO IOKa3aTeNbHOM
(") =a"ln a
byHKIMY: EnuHCcTBEHHOE OTIMYME — BMECTO «HMKC» Y HAC CIO0XHOE
. 2 o
BEIpaXeHHEe T & gro HE OTMEHSET CIPaBeUIMBOCTh JaHHOU (opmyibl. Mrtak, pe3ynbrar
f_ ot ol .
MPUMCHEHHUS TTpaBwIa JUQGEpSHIUPOBAHMS CIIOKHON (PyHKIINN (v =u'lv) v CHEAYIOLIUI:
) =2 .
yr — l:?u'csm :r:lr — ?msm ¥ In7. |:E1IES]I1 2 x)r
[Tox mtpuxom y Hac cHoBa cioxHast Gyukius! Ho ona yxe mpome. Jlerko yoeauTses,

4YTO BHYTPEHHSS (QYHKLUUSA — apKCHUHYC, BHEHIHsS (QyHKIUs — creneHb. CoriacHO MpaBUITY
TuQepeHIMPOBaHUS CIOKHON (YHKIIMU CHaYaja Hy>KHO B3SITh IPOM3BO/IHYIO OT CTETEHU:

yr — {?u'csm ?f:lr — ?u'csm! ¥ In 7 I:arcsin 4 x}r —

_ 7“'!51'112 x

2

7 Zarcsin' x - (arcsin x)'

Tenepr Bce TPOCTO, HAXOAUM TIO TaOJUIE NPOU3BOAHYIO apKCHHYCa W HEMHOTO
«MPUYECHIBAEM» BBIPAKEHUE:

= (TR o P gy T (aresin 2 2" =

= T 10 7 D arcsin x (arcsin x)'=

_ ety g oo xo L

NI
277 arcsin x
- \ffl - x
I'oToBo.
[Tpumep 11

Ay 2 _
Haiitu npon3BogHyr0 QyHKIHH y=ln*(Zx=1

OT0 npuMeEp Uil CaMOCTOSATENBHOIO PELIEHUS (OTBET B KOHIIE YPOKA).

Ha mnpaktuke mnpaBuno nuddepeHpoBanus ciaoXKHOM (yHKUMKM MOYTH Bcerjaa
MIPUMEHSETCS B KOMOWHAIIMH C OCTaTbHBIMHU MIPaBMIaMH (P hepeHITPOBAHUSI.

[Ipumep 12

- _ ¥ 2 .
Haittu nipoussoanyio Gynkimu < 27" + (5" = Ax + sin Tx

¥ = (=2xe™ +(x* —dx+ Dsin Tx)'



+ r - I'+ r
Crawana HCTOMb3yeM mpasmio auddepermmposanms cymmp & EV)' =1ty

IIEPBOM CJaraéMOM BBIHOCHUM ITOCTOSIHHBIM MHOXMTEJIb 332 3HAaK IPOU3BOAHOW MO MPABUILY
(Tl =Cu'
r_ er 2 ; r_ er t 2 ; t
¥ =(—2xg +(x" —dx+3oan Tx) =-20xg ) +((x" —dx+3)5mm Tx)

B o00oux ciaraeMbpIx IOJ INTPUXaMH y HAC HAXOIUTCSA TNPOU3BEIACHUE (DYHKIIMM,
v = uv fav'

, 340/IHO B

CJICOOBATCIIbHO, HYXKHO ABaXK/Ibl IPUMCHUTD IIPpaBUIIO
Y= (—2xe +(xt —dx4+3sn T =—2(x ) +((x* —dx + Nsin Tx)' =
= 20X + 2(e™ VN + (x* —dx+ 3 sin Tx+(x° —dx+ Disin Tx)'

3x
3aMeqaeM, 4TO 110 HEKOTOPBIMHU INTpUXaMH Y HAC HAXOAATCS CIOKHBIC (bYHKI_[I/II/I g ,

s 77X KamamOyp, HO 3TO MpOCTEHlINe W3 CIOKHBIX (YHKIMH, U IPH ONPEIETCHHOM OIBITE
peLeHus IPOU3BOIHBIX Ber Oynere JIeTKO HaXOJIUTh ux YCTHO.

A T10Ka 3anuIieM noIpoOHO, COTJIACHO MPaBUITY @) =u'(v) v , IOJIyJaeM:
Y= (—2xe +(xt —dx4+sn T =—2(x Y +((x* —dx +sin T =
= 20X + 2(e™ 1+ (2 —dx + 'sin Tx+(x° —dx + (s T2 =
=-2(l. e +x-&" (3N +(2x—4+0sin Tx+(x* —dx+cosTx (7x) =
= —2(e™ + 3xe™ ) + (2x—Dsin Tx+ 7z —4x +DeosTx

T'oToBo.
[IpuMepsl U1 CaMOCTOSATENBHOIO PELICHUS

N2 44 Inlsin x)

Haiitu npoussoanyto GpyHKIUN Y=

pumep 2: ¥ =250 2x
. 14x
Y =7"7 _1F
Ilpumep 4: =1 Vrasanue: nepeo oughghepenyuposanuem HeobOX0OUMO

1

—_— x
a
nepenecmu cnmenenb Hasepx, CMeHUe8 y nokasameisi 3HaK =Y

. 1 1
pusep 7: d x4+ x0° [H x]

. 2
Hpumep 9: 7= ~..|'r1— = arccostx

= 4lnf 2x—1)
Ilpumep 11: 2x-1

= xlnfsin ) + "me- Cosx

- ~._-'rxj+4 SN X

—a

IIpumep 13:

IIpakTnyeckas padora 14

Tema: IlonsiTHe HeompeJeJeHHOr0 HHTerpaja u ero csoiicrBa. Haxoxaenue
UHTerpanoB ¢yHkuuid. HWHTerpupoBaHue 3aMeHOH IEPEMEHHOM M 1O YacTAM.
HNHTerpupoBanye paMoHAJAbHBIX U HPPAUMOHANBHBIX (PYyHKIUIA

Hesan: Hayuntbcs BEIMUCIATE MHTErpai (pyHKIUM U UHTETPUPOBAHUIO PAllUOHATIBHBIX U
UpPpaLMOHATIBHBIX (DYHKIIMH



Teopernyeckuii 010K

Onpeodenenue. Oynkius F(x) Ha3pIBaeTCs mepBooOpasHo pyHKIMeH GyHKIMU f(x) Ha
oTpeske [a, b], ecnu B 11000# TOYKE STOTO OTPE3Ka BEPHO PAaBEHCTBO F'¢(x) = f(x).

Onpeodenenue. HeonpeneneHHBIM UHTErpAIOM (YHKIUU f{X) HA3bIBAECTCS COBOKYITHOCTb
nepBooOpa3HbIX (YHKIUH, KOTOpPBIE ONpPEIENICHBI cooTHommeHneM F(x) + C. 3ammchIBaIoOT:

[rmdc= F(g+C.

CBoiicTBa:

D {] ﬂ:xid-)' = (F()+C)'= f(x%.

2 ([ r0d)= rdc

3) [ @)= Fm+C

4) I(ﬂ +v—wk =_[ur.i.’r+ _l'ldr—_l'wct,

5) - r@a=cf remdx

rze u, v, w — HeKOTopble (QyHKIUU OT X;

B Tabnuue 2 npencraBieHbl OCHOBHBIE 3HAUEHUS HEOIIPEIEIEHHBIX HHTEIPAJIOB.

Tabnuna 2 — Tabnuua HeonpeenEHHBIX HHTETPAJIOB

Huterpan 3HaueHue Huterpan 3HaueHue
1 _[tgdr -In%cosxVat+C 11 _l'a’at ex+C
2 (B InYssinx%+ C 12 | Jonsxd sinx+ C
3 _l'ar’d’r 2 ic 13 _[sm.m?r -cosx+C
Ina
& 1 x 1 tgx+C
_ _ i g
4 I?Txf —auctg—+C 14 | —
& 1 4+ a 1
—m— & - +
> 'I-;z—_ar Iah I—a+c 15 Ia'_lz._r Ctgx ¢
[Tponomxenne TabauIBI 2
HNurerpan 3HaueHue Hurerpan 3HaueHue
d f 2 2 ﬂ' -]:E-l—
7 Jxar £+c @1 17 ]'Ld, - [f+f
a1 : COST 21
i g 1 x
— In iy 1 S g —|+ LT
8 I x abd 8 I a'n.tdr # 1‘+
9 [sxax chr+C 19 [enx shr+C
I 3 i g
10 Id_l!;dr thr+C 20 Iﬂ_l!;dr —chx+C
Teopema. Ecmu TpeOyercs HaWTH UWHTErpal -[ Sk , HO CIJIO)KHO OTBICKATh

nepBOOOPa3HYIO, TO C MOMOIIBIO 3aMeHbI X = j(f) U dx = j¢(¢)dt momyuum

Jr@de= [ riatowga

MeTo WHTErpupOBaHUS IO YacTSM OCHOBAaH Ha H3BECTHOW (opmysie IpOU3BOIHOU
npousBeaeHus (uv)¢ = u¢v + véu, rae u u v — Hekoropsle GpyHkuu ot x. B nuddepenunanshoit
dopme: d(uv)=udvtvdu.



_[d{m} = ]udn]m
B cooTrBeTcTBHM €O CBOMCTBAMHU HEOIIPEAEIEHHOIO MHTErpajla
I:m'lr= mr—_l-vdl

IIpounTerpupoBas, nojry4aem

[Monyunnu Qopmynay HMHTErpUpOBaHUS IO YACTAM, KOTOpas IO3BOJIAET HAaXOAUTh
MHTETPaIbl MHOTUX 3JIEMEHTAPHBIX ()YHKITHHA.
2.1.2 llpumMepsl pelieHU 3a4a4

l-cosx

Ne 000 [4]. Haiiru ~ (x—smg’

Pemenue

_[ L‘I snr={ I—=—f"+c—— 1_ +C.

(x— m“i cus x)d = dt r—sar  No (000 [4].  Haiitu
[ ik

HeonpeIeIEHHbINA HHTErpal 74l
Pemenue

[TonBenem nop 3Hak quddepeHnmana 3HaMeHaTelNb N0IbIHTErpPaIbHOU Jpodu

% 1 pdct+n _ 1
=] ?15+1 I T 41 _11h|?13+1|+c
&
Ne 000 [4]. Haiitu - © —6x+25
Pemenne
P
I:’—ﬁnn_j(x 3 +1ﬁ_4ldg[ J+c

1= {2 -3

Ne 000 [4]. HaitTi HEeonpeeI€HHBIA UHTETPal
Pemenue

1
__E.I't'll'fd

BBeneM moaCTaHOBKY t=1-30 , OTKyJa dt =15 Toraa . Haxomum

HOJ'IyLIeHHHﬁ TaOJIUYHBIN HHTCErpajl U BO3BpAIacMcCs K CTapOI>’I nepeMeHoﬁ

e e o
I=——jetdt=——_-_ Y€ +o=-— Y- +C
lﬁj 15 5 5 ¢
4
20
. . . 2r+l) dx
Ne 000 [4]. Haiitu Heonpenen€HHbIN UHTETpal -.- (2x+1) .
Pewmenne
20 1 1 1
J(2x21)” de=fore1=¢ ar=28 =1 _a=_-_+cC=
2 2 2
A oy
=—+L= H%ﬂ.
42 42
3amaun 11l CaMOCTOSITETTFHOTO PEIICHUS
I =| ractgxcd
Ne 000 [4]. Haiitu Heonpenen€HHBIA HHTETpa -.- .
]'alr c0S It

Ne 000 [4]. HaiiTi HEonpeieI€HHBIA HHTETPAJT

Ne 000 [4]. Haiitn I dc



j’ {I, ﬂr—l—j I
B HHTCTpaIax BHOA exd , M€ n — HaTypalbHOC YHCIIO, (byHKHI/IH

b _,

PaALMOHATM3UPYETCS ¢ IOMOLIBIO OACTAHOBKH ' ex+d

Ecmu B cocraB mppanuoHanbHONW (YHKIIMK BXOAAT KOPHHU Pa3IMYHBIX CTETNICHEH, TO B
Ka4yecTBE HOBOW MEPEMEHHON pPAallMOHAJIBHO B3ATh KOPEHb CTEIICHU, PAaBHOW HaWMEHbBILIEMY
00111eMy KpaTHOMY CTEIIeHEH KOpHEH, BXOISIINUX B BEIPAKECHUE.

Onpeoenenue. bunomuHanbHBIM nud@epeHmanoM Ha3bIBacTCs BBIpaXXKEeHHE xm(a +
bxn)pdx, Tne m, n, u p — paroHaNbHbIe YKncaa. HTerpan ot OMHOMHHAIBHOTO Auddepennnana
MOYET OBITh BBIPAXKEH Yepe3 dJIEMEHTapHbIe (DYHKIMH B CIEAYIOMIUX TPEX CIIydasx:

1) €CJIM p — LEJIOC YUCIIO0, TO MHTErpal palluOHAIU3UPYETCA C IIOMOIILIO IMOJACTaAaHOBKHA

1 ~
t=4x , e | — o0muit 3HamMeHaTens m U n;
m+1

2) eciu ® — 1en0oe 4YHUCIO, TO HHTErpajg paldOHATU3UPYETCs IMOACTaHOBKOM

X
t="la+ix" rhe s — 3HAMeHATENb IPOOH p;

m+1 x a4 "
3) cClin L — LCJIOC YUCIIO0, TO HUCHOJIB3YCTCA IMOACTAHOBKA , T § —

3HaMeHaTeNb JIpodH p.

J:;"-.'ﬂr1 +ixt ¢ Id’r
NHterpais! Bu1a 'I-E( IIyTE€M BBIJIEJIEHUS [IOJIHOTO KBaJipaTa MOT'YT ObITh

MNPUBCACHLI K OTHOMY M3 CICAYIOIINUX TPEX THUIIOB:

N [ Rtae % — et
2 | RS 4 2%y
3) | Rtae A — m %y
[ RGeS — a2y

UHTETpaly OT pallMOHAIbHONW ()YHKIIMK OTHOCUTENIBHO Sinf WIIK COSE.

IR[:{,"-.IIMI+HI}¢:

MHTETpally OT palllOHAJIbHON (YHKIIMM OTHOCUTENIBHO SInf U COSt.
1 1
2 = — =

J R, 2~ m? e ot 1

Wnterpan Buna MOJICTAaHOBKOM cosf cpoauTes K
UHTETpaly OT pallMOHAIIbHONW (PYHKIIMM OTHOCUTEINILHO Sin{ WK COSL.

WuTerpan Buaa MOJCTAHOBKOW ¥ =msmi yy #=mC0 cpopres K

WuTerpan Buga [MOJCTAaHOBKOM u=migt, m U=mog CBOOUTCA K

[ToncranoBku Ditepa UCIIONB3YIOT IPH CIECIYIOIIUX YCIOBHAX:

]x[x, ot + bxte)dk

1) ecau >0, To uHTErpan BUAA

‘\,"ﬂz-l-h-l-t: = .fir\-'; ;

PAlMOHATIU3UPYCTCAH IMOACTaHOBKO

IR{I,“-.'IGIE +Exte)dk

2) ectm a<0 m >0, TO wMHTerpail Buaa palMOHATU3APYETCS
TOJICTAHOBKOH V@ +Br4e = fr-fz ;

3) eciu a<0, a MIOJIKOPEHHOE BBIPAXEHHE packiapiBa-
eTcs  Ha  JeWCTBUTENbHbIE  MHOXHUTenn a(x — xl)(x — x2), TO  uUHTer-

]x[x, Jax® + bxa ek 5
pas Buaa panMoHAIN3UPYETCS MOACTAaHOBKON

PaccmoTpuM mHTErpasibl CaeayouX TPeX THIIOB:

Vot B+ =I(x—r1).
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I _lqmJ +B+C
|} IHI"'JE:’ +Ix +odc

m | & .
E-o) Je +ix+c
rie P(x) — MHorouineH, n — HaTypainbHoe uuncio. [Ipuuem wunTerpansr Il u

III TunoB MOTYT OBITH PUBEEHBI K BUAY MHTETpasa | Tuma.
Brinonnum crnenytoiiee Hpeo6pasoBaHHe'

Hxjdk N e L
I-.,II ax’ +ix+ e R ket ‘l--.,.' +£:r+c

B TOM BbIpakeHUH (J(X) — HEKOTOPBIA MHOTOUWIEH, CTEHEeHb KOTOPOTO HIKE CTENEeHH
MHOTO4JIeHa P(x) Ha euHHUILY, a | — HeKOTOpasi MOCTOSTHHAS BEJIMYUHA.

JUisi HaXOXKICHHWS HEONPEACICHHBIX KO3(QQHUIMEHTOB MHOrowieHa ((x), CTemeHb
KOTOPOTO HIDKE CTENeHH MHorowieHa P(x), nuddepeHIupyoT o00€ YacTH IOIy4eHHOTO
BBIpQXKEHHUS, 3aT€M YMHOXKAIOT Ha Vo +hr+e U, CpaBHMUBasE KOA(Q(GUIUEHTHI MPU OJIMHAKOBBIX

CTENEHSX X, ONPEACISIIOT BeauurHy | 1 koadurmenTsr MHOTOUIEHA O(X).
[IpuMepsl pelieHuda 3aaa4

[ Pr1+¥x-1
Ne 000 [4]. Haiirn &~ D1+ )
Pemenne

-l"\ll'_l-l--u'l: e {’;‘5’:71 =& x-1= r“}
(x—1) (1+J_) dr=12"cF

"+ oN2 P e F+é 4 £ Y
[ _11[ d‘—ll[]'mdwjmd‘]—

£a+eH £+

=11[j[:-ﬁ)&+[[1-#} ] 12 e 11] +11_[d‘

—llji=E.t’!+11.f—ﬁlt{.t’!+l]—11m:tgf+c=
1+£

=65 14123 1- 65— 1+ D—12actgd T 1 +C.
Ne 000 [4]. Haiiru J V&~
Pemenne
I-.ﬂ'a’—fd:={r= asnf, di= acos it} =
=aj.«.|'|a:—a:a'n!tmﬂ=

= afa cos® tdt= "‘_Jj{n D}d-%+fﬂnh+€-

—?+fwm+c—§m +—a|'a" R ol
IL
Ne 000 [4]. Haiftn = X'Va© +x

Pemenue
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Ne 000 [4]. Haiitu © X" —4H™
Pemenue
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Ne 000 [4]. Haittn = N¥ —2x+3

Ne 000 [4]. Haiizy JE% 62N+ 3k

IIpakTnyeckoe 3anaTue Ne 15
Tema. OnpenesieHHbIH HMHTerpajg. BbluuciieHHe ONpeneIeHHOr0 HWHTerpaJa.

Boruuciienue niomajaei ¢guryp u 00beMoB Te
He.]'lb: 3aKp6HI/ITI) YMCHUA CTYACHTOB p€IIaTh 3aAa4U MO BEIYHUCIICHHUIO HHTCI'PAJIOB

Teopernueckmnii 6,10k

= s
Onpedeﬂenue Ecmu nana ¢ynkiuum f(x) cymecTByer mpemern - , PaBHBIN
im > fie A - I-f"ilimfE
TO (DYHKIIMS HA3bIBAETCS MHTEIPUPYEMOIi Ha OTpe3ke [a, b].

CBOI/ICTBa onpeneneHHoro HUHTCTpaia:

jmﬂdr J]f(l)d’c
1) =

ILﬁ[I)*fz{l)}dr I.ﬁ{ﬂdl‘*lfz{ﬂdr
2) = ;

]fmdr 0
3) = ;
4) ecmu f(x) £ j(x) Ha oTpeske [a, b], Tne a < b, TO
[ ] [ ]
[ i< [ox)dk
5) eciu m 1 M — COOTBETCTBEHHO HaMMEHbIIIee W HauOoJbIee 3HaUeHUsT PyHKITUU f{X)
Ha oTpe3ke [a, b], To



b
m(b—a) ilﬂlidfi M{b—a)
6) meopema o cpednem: ecnu GpyHKIUA f(x) HEMpepbIBHA HA OTpe3ke [a, b], TO HA ATOM

OTpE3KE CYIIECTBYET TOUKA € TaKasl, YTO
]

[ A= @)/ )

5

7) Anis npOU3BOJBHBIX YUCEI @, b, ¢ CIpaBeITIMBO PABEHCTBO

] c . ]
| redc= | r@dc+ [ e

9

B a
[rmdc=—[ rac
8) & & .
Teopema Hviomona—J/lenbnuya. Ecim ¢yHkusa F(x) — xakasg-mubo mepBooOpa3Hasi OT
HenpepsIBHON (QyHKIUH f(x), TO

. ]
| r@ac- Aoy - F(a

[Iprembl BbIYMCIIEHUS ONPEICIEHHBIX UHTEIPAJIOB IPAKTUUECKHU HE OTIMYAIOTCSA OT BCEX
TEX MPUEMOB M METOJOB, KOTOPbIE OBUIM PAaCCMOTPEHBI MPU HAXOXKIACHUHM HEOIPEIeICHHBIX
WHTETPAJIOB.

TouHo Tak e HPUMEHSIOTCS METOAbl MOACTAHOBKHM (3aMEHbI MEPEMEHHOMN), MEeTO
UHTETPUPOBAaHUS IO YacTsAM, Te€ JK€ IpUeMbl HaXOXKIEHHUS HEpBOOOpPA3HBIX IS
TPUTOHOMETPUUYECKUX, HPPALMOHAIBHBIX M TPAaHCHEHACHTHbIX (yHKIMH. OcoOeHHOCThIO
ABJIIETCS TOJBKO TO, 4YTO HpPHU MPUMEHEHUM OSTUX [PUEMOB HAJO0 pPacCHpOCTPAHATh
npeoOpa3oBaHWe HE TOJIbKO Ha MOABIHTETPAJIbHYI0 (YHKIMIO, HO M Ha Mpedesl
MHTETPUPOBAHUS.

b
[ reax
[lycTts 3aman uHTETpaN = , Tie f(x) — HenpepwiBHass GyHKIMS Ha oTpeske [a, b].
BBeneM HOBYIO TEpeMEHHYIO B COOTBETCTBUU C Gpopmyroii x=j(¢). Ecau:
1) j(a) = a, j(b) = b;
2) j(t) u j¢(¢) HenmpephIBHBI HA OTpe3Ke [a, b];
3) f(j(¢)) onipenenena Ha oTpe3ke [a, b],
TO

b B
[ rmeac= [ rmol @
[/} LI

NJIIn

B B
Iﬂv{ﬂh'[f}ﬂ? = Flo(0l| = Flo{P)]— Fle{a)] = FE) - F(a
@ [1 9

5
EE IJ"' (x)dc
Onpeodenenue. Ecnn cyliecTByeT KOHEUHBIH Ipenen o , TO JTOT Tpenen
Ha3bIBACTCSI HECOOCTBEHHBIM MHTErpajioM OT (GyHKIMH f{x) HAa uHTEpBaie [a, ¥). OO03HaueHue:

] m
,:_J Sde= [ fix)d

Ecnu 3TOT mpenen cymiecTByeT U KOHEUEH, TO TOBOPAT, YTO HECOOCTBEHHBIN WHTETpa
CXOIUTCS, €CIH TIpeled HE CYIECTBYeT WIM OECKOHEUeH, TO HECOOCTBEHHBIH HHTETpall
pacxoauTcsa. AHAJIOTHYHBIE PACCYKICHHS MOXHO MPUBECTH AJII HECOOCTBEHHBIX WHTErPAOB
BHJIA



] ] m e m
Jr@d- m [ [r@d- | fDds [ fDd

< <
Teopema. Ecmm pys Bcex x (xa) BBITIONHSETCS YCIOBHE 02 )<, HUHTETpall

[ o= J e

a CXOJIUTCS, TO & TaKXKe CXOIAUTCSI.
< gx)<
Teopema. Ecnm pist Bcex x (xa) BBIMOJHSETCS YCIOBHE =)= f(x) HHTErpa
- m
[etmax | rex
x pacxoauTcs, TO TaK)Ke PACXOUTCS.
Ecmu B Touke x = ¢ ¢pyHKIMs 1100 HE onpeeneHa, Moo pa3phiBHA, TO

e ]
[rodc— = | f5d

] c
Jrmac Jrmac
Ecau unTerpan = CYLIECTBYET, TO HHTETpal o CXOIUTCS, €CIIH HHTETpall
] ]
Jrmex [rme
o HE CYWIECTBYET, TO & pacxoauTcs.

Ecnu B TOuke X = @ (yHKIUS TEPIUT Pa3phIB, TO
£ £
[riodc= fm e
o)
o a
Ecmu  ¢ynkums f(x) wmmeer paspelB B TOYKe b Ha HTPOMEXKyTKe [a, c], TO

£ & £
[remdc= | foydes [ £
a a B . Takux TOYeK BHYTPH OTpe3Ka MOXKeT ObITh Heckosbko. Eciu
CXOJATCS BCE MHTETPAJIbl, BXOJAIINE B CYMMY, TO CXOJUTCSI U CyMMapHbIi HHTErpaJl.

[IpuMepsl peleHus 3aAa4

3 sy —snx
Ne 000 [4]. Beruucinuth onpeaeneHHbld HHTErpan o @+sinx)
Pewenue

g

mr_mdr= f=.t';umr=1_!:'dr= Iﬂ_s_n_t: 2f _
[ Tramg =23 Tyt St v
1-£ 2
_[Lf_1af at _[-u-F)
\[ LS T 14F a+5*
[*m’J

12— £)
Paznoxum po0b a+dy g, IpocTenme
1—“‘—H1=i+ 3 ¢ D _
a+gt 1+ Q4+ @+ Qe+t
_ A0+ + B+ P+ Q15+ D
a+4* )
K+ e B+ 2+ CQ+H+ D=2 22
D=4 A=0, B=-21 =0
Nmeem

1

1
4_1 |- 4+1
!ﬂm‘ a+e ) | 30+8° 1+£

4 4
=——+l+--2= l
3 6



No 000 [4]. BeruucnuThb onpeaeaeHHbld HHTErpal
amig3

]- x

2, BtgrtS)snlx

Pemenue

T P aekeh
iy ¥ Gigx+3)sn2x ﬁt:m;

T " 1} dt

@ ey BGED)

1 _4 B _ABte5)eBe
045 35 365

A5+ Bf=1.
A= l; B=—i

5 5
HNmeem

1
ml[: 3:+5J ——uhkl—ht"fﬂﬂ ——gnz—hu D4+Ing)—
1M 1,12
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3

i 8
I oyt
Ne 000 [4]. Beruncinuth onpeneneHHbI HHTErpail 0 @+x) .
Pemenue

=L=3;§ =:.r4 3 _
@+1) i O+ ) e £
3 w4
e, 3 3 = .0
37 | o= g | cossit=gmd =12
1
[
Ne 000 [4]. Beruncnuth onpeaesieHHblil nHTerpan @

Pemenue

I“"rl_‘z‘* { —0; B :ﬂ} Tmmﬂ:

= j cos? st — 1 ] L+ cos2fck =
LI} 2 1}

=2
=1[:+1m'11:]| e lanam
20 2 o 4 4

_l-ms_lﬁ_
Ne 000 [4]. UccnenoBaTh Ha CXOAUMOCTh ®
Pemenne

b [
!mﬁr=ﬂnmﬂ=gm|u= 1im (sin 5 sin0)= Fm sin:

Tax xak mpezesn He CyIIEeCTBYET, TO HECOOCTBEHHBIN MHTErpall pacXoAUTCs

Ne 000 [4]. UccnenoBaTh Ha CXOJIUMOCTh m .
Pemenue

&  Fa& 1T 1
L?—E_ﬂ!?— &[‘;]1‘:&1[“;]“

— UHTErpal CXO0-AUTCA.



1
i
Ne 000 [4]. UccnenoBaTh HAa CXOJIUMOCTD 0

Pewmenne
Touka *=1gpnsercs 0co6ON TOYKOM, TAK KaK MOABIHTErPaIbHAsS QYHKIHSA UMEET B HEH

_J=

OeckoHeUHBIH pa3phiB. [ToaTomy

1=
I=tm [ % —tim| a5 "= [ smin| =
01— 302 |lax 2|50 [2—z

= l[—m—ﬂ]:—m_

2
Tak xak npemen 0eCKOHEYHBIN, TO TaHHBIH HHTETPAJ PACXOIUTCA.
3 i3
F=___
Noe 000 [4]. 3amaHO KOMILJIEKCHOE YHCIIO B+ | Haittn anreOpanvecKyro,

TPUTOHOMETPHUECKYIO M TIOKa3aTeNIbHYIO ()OPMBI 3aIHCH.

Pewuts ypaBHeHue W' #2=0

Pemenue
1) JIOMHOXKHMM YHUCIIMTENIb U 3HAMEHATENIh Ha CONPSKEHHOE 3HAMEHATEII0 KOMILICKCHOE

qucno ¥3—fy poBeJieM anredpandeckue mpeodpa3oBaHUs

B3 +Blv3—i 3+853-r34+3 6+2243 3 3
lB+ala-1 341 T 177
(3 BRI 1 — anrebpaudeckas Gopma.

Monyib uncia
ApPryMeHT HaxOJUTCs B IEPBOU YETBEPTH

wv-mn{ ) (5) ¢

Tpuconomempuueckas gopma uucna

- B{omid)

Ilokaszamenvuas ¢popma uucna

-

2) nus peueHus ypaBHEHUs W' +2=0 1e06X0MMO  BBIIHCATD TPU 3HAUEHHsS KOPHS

KyOMYEeCKOro 13 4ucia.

X X { l] 7

= = = i
SN AN AN ol SN
[TonydeHHBIN apryMeHT 4yucia HE SIBJIAETCS TJIaBHBIM 3HAYEHHEM, MO3TOMY, MOJIb3YSCh
Py 5P MoxeM MEPEUTH K JPYrOMy apryMeHTy,
e Bt %

HNEPUOJIMYHOCTBIO  (PYHKITHIA

YIOBJIETBOPSIOLIEMY YCIOBHUIO

ke g

—-—-l? 20
3 1, —5+11]l
=364 1%

= ﬁﬂ

Tpu pemieHuss KICXOHOTO YpaBHEHUS moxydatorcs npu k=0, 1, 2:

1":3%1{—5—1:]’ 'z=3é-ﬂ{%]. ﬁ=3é-a{%].



BbINUCaHHbI apryMeHT ™3 He SABJISETCS I[JIaBHBIM 3HAYEHHEM apryMmenTa (Gosbiie T ),

MO3TOMY bopmy qucia s HeoOxoaUMO npeoOpa3oBaTh:
1 1 1 { D
w3=33-e{%] —30 -e{%ﬂ] =33-e{ = ]

Ne 000 [4]. HaiiTu Bce 3Ha4€HUSI KOPHS Yare

]
Ne 000 [4]. Hatitu #

IIpakTuyeckasi pa6ora Ne 16

Tema: Bolunc/ieHHE YaCTHBIX MPOU3BOIHBIX.

Heas: DopmupoBaHME NPAKTHUYECKUX HABBIKOB HAXOXJICHUS SKCTPEMYMOB
(YHKITUM MHOTHX HE3aBHCUMBIX ITEPEMECHHBIX.

Teopernueckmnii 6,10k

Yactaple mnpousBoaHbie. Jluddepenmman, ero cBA3b €  YaCTHBIMH
MIPOU3BOIHBIMU. [ €OMETPUIECKHI CMBICIT YaCTHBIX MPOU3BOHBIX U nuddepeHnnana.
Jlocrarounoe ycinoBue auddepeHnupyemMoctd. ['pagueHT W MPOU3BOJHAS IIO
HarmpaBliecHHI0. HeoOXoauMple W JOCTaTOYHBIE YCIOBHS DJKCTpeMyMa (DYHKITUN

HCCKOJIbKUX IICPCMCHHBIX.

[Ipupamenue, koropoe noiayyaet GyHkius Z=f(x, y), Korjaa u3MeHsIeTcs TOJIbKO OJHa U3
IEPEMEHHBIX, HA3bIBACTCA YAaCTHBIM MpHUpalleHueM (YHKIMM 10 COOTBETCTBYIOLIEH
nepeMeHHol: AxZ=f(x+Ax,y)-f(x,y), AyZ=t(x,y+Ay)-f(X,y).

OINPEAEJIEHUE: YactueiMm muddepenmmanom no x ¢ynkuuu Z=f(X, y) Ha3bIBaeTCs
IJIaBHAs 4acTh YacTHOTO npupaiueHus AxZ=f(x+Ax,y)-f(X,y), mponopruoHagbHasi IpUPaLCHHUIO
AX HE3aBUCHUMOM NIEPEMEHHOM X. AHAJIOTUYHO OMPEEISIETCS YaCTHBIN TudQepeHiuan mno y, T.e.
AyZ=f(y+Ay,x)-f(x,y).

Juddepernnansl He3aBUCUMBIX MEPEMEHHBIX X M Y MPOCTO PaBHBI UX NPUPALICHHUSIM,
T.e. dx=Ax, dy=Ay. Yactueie nuddepernuansr oOo3HayaroTCs Tak: dxZ -4acTHBIN
muddepernman no X, dyZ - yactuslii Auddepenunan mno y. Ipu stom:

dz=% @ d.z =i—z -dy

o~

CxX cy

Taxum oOpa3om, yacTHbI AuddepeHnnan GyHKIUN JIBYX HE3aBUCHUMBIX NEPEMEHHBIX
paBEeH TMPOM3BEICHUIO COOTBETCTBYIONIEH YacCTHOM MPOM3BOAHON Ha muddepeHnman 3Toi
[IEPEMEHHOM.

Takum e o0pa3zom, Kak JUIsl (PYHKIUHM JIBYX HEPEMEHHBIX, ONpPEEINISIOTCS YacTHbIE
NpUpPALEHHUS U YaCTHbIE JU(depeHIansl GyHKIUH TI000r0 Yncia He3aBUCUMbIX TEPEMEHHBIX.

[Tpupamenue, kotopoe noiyuaer ¢yHkuus Z=f(x,y) npu HNpOU3BOJIBHBIX COBMECTHBIX
M3MEHEHHUAX ee 000MX apryMEHTOB Ha3bIBAETCS MOJTHBIM PUPAIIEHUEM:

AZ={(x+Ax,y+Ay)-{(X,y)

OINPEAEJIEHUE: IlonueiM nuddepennmanom QpyHKINN IBYX MEPEMEHHBIX HA3bIBAETCS
[JIaBHAasg 4YacThb I[IOJIHOIO TpupalieHus (YyHKUWW, JWHEHHasT OTHOCHUTEIbHO MpHUpaIleHu
HE3aBHCHUMBIX [TEPEMEHHBIX.

Teopema. Ilonubiit auddepennnan GyHKIUU IBYX HE3aBUCHUMBIX IEPEMEHHBIX paBeH
CyMMe MPOU3BEIEHUI YaCTHBIX NPOU3BOIHBIX (PYHKIMH Ha AuddepeHInanbl COOTBETCTBYIOMINX
HE3aBHCHMBIX [IEPEMEHHBIX.

o o
dZ = i—za’x+f—zaﬁ-_
dZ=f«(x,y)dx+{y(x,y)dy nim cx cy



o | -

dz dz

Tak xak ©xdx=dZ u €Y dy=dyZ, To dZ=dxZ+d,Z, T.e. quddpepertman QyHKIME ABYX
HE3aBHCHUMBIX TIEPEMEHHBIX PaBEH CyMME €€ YacTHbBIX Tu(depeHITHanoB.

Omnpenenenue auddepeHnmana nepeHoCuTCs Ha QYHKIIUHU JIF0O0TO YHcia HE3aBUCUMBIX

IIEPEMEHHBIX.

[pumep 7. €= In(y + /X" + ¥ Majiru dz

Haitnem yacTHbie TPOU3BOIHBIC

A O e IS SR N rcv) I
o .ln':f\"" XT+Y :' }’+m}+ Xy

- -,

II. bt .II

| % .
= " _\I{x: N }__; '-_‘_\(X: N }__; J-'I N ﬁ‘Il':!{l N }_.l |I:._- _"Jx; N }__: | :

[ M
ey )y [N S A N S
d.z=a—zcb: dv— xdx dy
CrnenosarensHo, 2 &y qfx +¥y° [v+~er +v° ] \fx‘+§,r‘

IIpakTnueckas padora Ne 17

Tema: Boruuciienue nuddepeHuunanos.

Heanb: dopMupoBaHre MPAKTUYECKHX HABBHIKOB HAXOXICHHUS SKCTPEMyMOB (YHKIUU
MHOI'UX HE3aBUCUMBIX IICPEMCHHBIX.

IIpakTH4eckuii 0,10k

3aoanue 1

HaiiTi yacTHbIe TPOU3BOIHBIEC OT (DYHKIIUM.
1' 1=z~ 3wy -ty —da +2yt5 .

Pewienue

Cuntas = pyHKIMEH TOJBKO OJHOTO apryMeHTa * M IPH 3TOM Iojlaras ¥ =tnt  HaxoJIuM

o ¢popmynam

AHaNOru4Ho, cuutas * QyHKUIUEH TOIbKO ¥ U rmoJsiaras * =cormst  [10JIy4UM

L T
F™

- 2w G -4

¥

T =arct
B .

Pewenue
Cuuras Z QyHKIHEH TOJIHKO OJHOTO apryMeHTa X W TIPH TOM IOoJIarasl ¥ ==n*  HaXOJUM

o ¢popmynam

"
dE _ 1 v e 2y
ekt _1+ ¥ 42 |_1+=" | - A+x71 w - (14297 +y
Pl f+x%)

AHANOTUYHO, cYuTasl  GYHKUUN TOIBKO ¥ M mojaras * =cemt [OJy4uM
ik 1 v 1 1+x?
- | ¥ = -

¥ v Fler) Tty =
11+x° ) B+l
w=" ¥ T
3_ I X
Pewienue

Cuurtas U@QyHKIOHEH TONBKO * M Toiaras Y:=cmst 3areM — (YHKIHEH TOJBKO ¥ W Toyaras

x2=tmd g TOJBKO I, TIOJIArasl *.¥=tms  IO0JTyYUM



a1 = u x
oy --'; oy ;
3aoanue 2

Beruuciuth 3HavYeHHWE YACTHBIX TPOW3BOJHBIX JAaHHBIX (YHKIUHA TpU yKa3aHHBIX

S3HAYCHUAX apTYMCHTOB:
1) £|m, ) =coslmx oy “om . ¥=0 .

Pewenue

[To hopmynam auddepeHIIMPOBaHNS HAXOAUM YaCTHBIE IPOU3BOIHbIE
t =-msnmx-ny . f,=nshimx-my
; .

m

[Monaras * zm; ¥= [IOJy4UM
N S NI
f~|.2m,lll.|- m; f,|.2m,1ll.|=n‘

2 z=lofu’ —p'l. y 0.y i
. N N .

Pewenue
Haxoaum npousBoiHbIE, 3aTEM BBIYHCIISIEM UX YaCTHBIC 3HAYCHUS B YKA3aHHOM TOYKE:
. . . Lt
I, =— ~a Ty T —
- "r" o '!r"
izt =t iz
3
3aoanue 3
lce 1ck_z
ek oy oy

1. ITokasaTk, 4T0 QyHKIMsA *=¥¥* ~¥|yqOBIETBOPSET YPABHEHHIO
' x 1 1
2. IToka3aTk, 4TO GyHKIMA = 2¥ 2 = ¥

adz 2 lI
- .

VIIOBJICTBOPSICT YPaBHEHHUIO ~ * = & ¥
Beruuciienue npousBoAHbIX U 1U(GHEepeHanoB CI0KHbIX (YHKIMN
PaccmoTpuM unciioByro QyHKIHMIO 1BYX MEPEMEHHBIX
2=2my)
3aJaHHYIO CIEAYIOIIUM 00pa3oM:
T=EUV) e UsUkyl ;) V=V (1)
I'oBopsrt, uto (1) onpenensieT cnoxHy0 QYHKIUIO ABYX NEPEMEHHBIX.
B cootBercTBUM ¢ opMyTamMu IPeAbIAYIINX MaparpadoB MOXKEM 3aIUCATh:

az=lau i avog . 6= JAT AT )

Haiinem yacTHble TpupanieHus

E=E%.rrlr = = =
] __,E.yr—ﬂ,an TOM ) .IJ.,U; M=0V

L _ 8z 8z . .
beZ=gmlaUr av“'v’n'*']’ 5:=xl'lﬂ-.=U'+ﬁ.:v-.(3)

e [}
&) — ecTh 0.M. O0OJIE€ BBICOKOTO MOPSIKA, YEM O , IPEJICTaBUM €€ B BUJIC Ox ,TIe @—0.M.

Ulﬁx] '51 l[leU 2+|l[|u:1i'ir]2
Torna bx B

I bx ] bx * | orkyma BHAHO, YTO 3Ta BENMYMHA CTPEMHTCS K HYIIO
a, U AU a Vo av
pu ‘!""'[';TaKKaK |:|+I:I’a Lx - ﬂ)‘.; Live - ﬂx_
Paznenum (3) Ha 2x y mepeléM K npeaeny npu b =0 :
MxE_ 020U 02 AT
b=t bx Umep By 8V g Ax
4z _@Z au Az av ’
ax AU ax 8V ax 4)

AHQJIOTMYHO TOAY4YUM (opMyny JUIsi YAaCTHOM MPOM3BOJHON CIOXKHOM (YHKIHMU IO
apryMeHry y:

BT _ 88U Az av
ay U ay AV ay (5)

C moMoripio 3TuX GopMyI1 3anuIneM noJHbli quddepenuman aas Gyaxmmun (1)



a

as SESTJ+SESV SES'LT“SESV

4= = du + - du + -
. a,-ﬂ" Yavrae *avas (aua,- aw a,-m’
JES AU AU AR AV AV T . B
L& - B EL - 2 atr w du

[TonydeHHOE paBEHCTBO BBIPAKAET CBOMCTBO MHBAPUMAHTHOCTH (popMmbl nuddepeHnuaa.
OHO COCTOUT B TOM, YTO MOJHBIN U depeHran oJMHaKOBO 3aMChIBACTCA B CiIydasx, korga U
U V — He3aBUCHMBIC IEPEMEHHBIE WU SBISIOTCS (QYHKIHSMH OT X U Y.

[To ananorum ¢ ¢popmymnamu (4) u (5) MokHO 3amucatb u Gopmynbl auddepeHnrpoBaHus
CJIOXKHBIX (PYHKIIMIA JPYTroTo BUAA.

HaHpHMep: UV, W, U= Uy, V=VEyl, W= Wy

92 _8Z 8T a4z av  az aw

ax AU dx AV am AW dx ;(6)

aZ _aZ alJ aZav a4 aw

By AU ay AV 3y AW dy (7

Paccmotpum apyroit npumep. Ilycts nana ¢pyHkuus

24UV, me Us Uk, V=Viny.

PacnipocTpanuB npenpiayniue pe3yiabTaThl Ha 3TOT Cllydai, MOJy4dM, HAaIlpUMeEp, 4aCTHYIO

IIPOU3BOOHYIO 110 Y:
DI _ 8z aU 3z av  az
Dy 8l ay av ay 35:_(8)

3ammck B hopme (7) Obuta ObI HEKOPPEKTHA, TIOITOMY H3MEHUM 0003HAYCHUSI.
o=

3nech: T¥ — 03HAYaeT BBIUMCIICHUE YACTHOM MPOU3BOAHOM Mpy * = ot ;

az

8y — 03HAYACT BBIYMCIICHUE YACTHOM MPOM3BOIHOM MpY U= rarst V= carst

PaccmotpumM Teneps Takou mpumep.
PaccmarpuBaercsi  crmoxkHas  (QyHKIMS ~OAHOWM TepeMeHHOW ==& omnpenenéHHAs

CJIEAYIOIIUM 00pa3oM:
F=HUNVY  U=U, V=V (9)
d=
B sTom cj1ydac p€4yb AOJDKHA MATH O BBIYMCIICHHU MPOU3BOAHOU <= , KOTOpasd HA3bIBACTCA

MOJTHOI mpou3BoaHOI. PopMyiy A5 €€ BEIYUCIEHUS MOIydyuM U3 (4)
dZ _aZ du az dv
& Ua ava, (10)

Emé onun nmpumep:

-

[TycTp ==V, ra U=Uix, V=Vl Torga uMeeM CIEAYIONIY0 (G YHKIIMIO OJHON TepEeMEHHOMN
d:_a:dU+a:dV+a:
& ua avar ax, (11)

OueBuaHO, a8 cieayromend (YyHKIMH OJHOM IEepeMEHHON CBOWCTBO HMHBAPHAHTHOCTH
dbopmel nuddepeHirana Takke UMeeT MecTo.

JeiictButenbHo, yMHOXkas Ha 4x (10), mosryunM BelpaxkeHue Buaa (6).

3aoanue 4

Haiitn nonusle nuddepenmans GyHKIIH.

g —EtF
x -y,

Pewienue

a) HaxXoJuM YaCTHBIC IIPONU3BOJHBLIC JTaHHOM (I)YHKI_II/II/II

& EyL Ry lE-yL 5y x-y-lkiy Iy
che |x-yr B —-w % -y

»

I e Rt -
;

by |-y [x—yF fx —
6) YMHOXasi 4aCTHBIC IIPOU3BOJHLIE Ha ,Z[I/I(I)(I)epeHI_II/IaJIBI COOTBETCTBYIOIIUX apryMEHTOB,

MOJIy4UM YacTHbIe TuddepeHmransl QyHKINN:
d.z= &y de dz= = -
| —y* . |x =yl .
9 2

B) UCKOMBIM moOnHBIN auddepenunan ¢GyHKIMM HalgeM Kak CyMMY €€ YacTHBIX

g hepeHInanos:
dr= Zudy - 2pdn _ 2udy -y
1% _y.-l 1% _y.-l



2, = =sinlay)

Pewenue
Crnenyst yka3aHHOMY TUIaHY, HAXOJUM

) 'j =cosuy/ ‘.".ili: =cosuy!

a) ¢ chy ;

6) dz=y cosxyds . dz=x coduyidy.
b b

B) & = yoos|uy de +xcosxyide =cosey pde +udy)

x+y
3, T Ry
Pewenue
Crnenys ykazaHHOMY IUIaHY, HAXOJUM
o 1 |I-:,"|'_[].r:.']-:.-x-:,' L —xp” _
- 14| ey I 11 —my [ =gl +lx 4
a) 1L -y
_ 1+y" 1+y*
1-Zxy+x'y’ +x' + 2o+ 1 +xy® +x -:,.'"-
o 1 LR AR e Rt A -xy” _
""' 1-|x-sf'|"'1 =, [ —=pF B—x leyl® 143 14w
11 —xy 1-Zxy+xyp x4 2ap+y®  l+xpi+xd 4y’
1+y* 1+m*
d dx dz-= dv
6) * 1+xfyt+x? +9° ; # T+ +u? +y° ;
& _'1|1_.-'"'|i 1+ e
B) Ly +xi 4y’
3aoanue 5

Boraucnute 3Ha4eHus moHoro auddepeHnuana GyHKIuu

n
z =arccty
YHpH;g:i;y 3;.1: Uﬁi;dy np5.

Pewienue
Haxonmum dYacTHbIE TIPOM3BOJAHBIC, 3aTeM dYacTHbie auddepeHnuasbl M TOJHBIN
mubdepeHIan JaHHON QYHKINU:

i ¥ e X wdw — pdy
—= i — T3 - dz = —
ke 5+ e m x4+

[ToncraBnsisi 3amaHHbIe 3HAYEHMUs] HE3aBHUCHUMBIX TNMEpPEeMEHHBIX X, ¥, dx  dy  (yHKIUEH
KOTOPBIX SBJISIETCS MOMHBIN quddepeHnnan 4z , moryaum

dz< LZ05I-3 001 0,008
148 .
3aoanue 6

Boerauciauts HpI/I6JII/I)I(eHHOC 3HA4YCHHUC!
sl 49 arctg0 07
1) Los*" 2) 2.

Pewenue
Ecnu TpeOyeTcsl BBIUMCIUThL 3HAaueHHE (QYHKIMH (=¥t B Touke MEF-tl (g npu
TOM NPONIE paccyuTaTb 3HAUEHUS 3TOM (PYHKIMM M €€ YaCTHBIX IPOU3BOJHBIX B TOYKE

Moleo¥o--atal) 1o mpu mocraTouHo Manbix Mo abGCONMIOTHON BENMYMHE 3HAYEHMSX pPa3HOCTEN
=k VVosd L , b=t =% MOXXHO 3aMEHHTH TIOJHOE TpHUpAIICHUE QYHKITUU €€ TOTHBIM
TuddepeHImaIom

EI M) —F | )= B e+ (M + . +E] B,

U 0mcro0a Hatmu nPUOIUNCEHHOE 3HAYeHUe UCKOMOU 8eIUYUHbL N0 (hopmye
M) = (M My My 42V G ()

1. Tonaras, 4To 198“** eCTh YACTHOE 3HAYCHHME (QYHKIMM v =x'B Touke L0358 y yro
BcrioMorarenbHas Touka 6yaer Mot momyunm

f'M.:'=1"=1~ M =" =4, £ =x'hxi ., _,=0.

b 2 b
dx =108-1-0,08 : dy=3,% 4= 004
[Toacrasmsis B hopmyny (1), Halinem
LOBYS £ [ ) +£°| L e +£°| B ldp=1+4 0,08=132

511,49 -arctg0 b7

2. Ilyctp e €CTh YaCTHOE 3HaueHUE (PYHKLIUU TPEX NEPEMEHHBIX Ty, 2)=2"sny arcigz

. - M.;[—E;f;lil]
M, (=235L990.57) 4 mycTe BcmomorarenbHas Todka OyaeT 27,

TOYKC



—_ 705 _j_Tj= . — — 157 = . —aa7 -
Torma #x=-285-(-3)=005 ; dr=149-157=-0p8 ; dz =007 ;
WM, =2 sn Tarctgl =0 g (M, )= 2 In2siny - ardg/),, =0 .

- b b

g, =2 BV g

., [M, =2 cosy - awtgzs,, =':'; 1+z°

[Toacrasmsis B hopmyay (1), momyunm
sin 148 arctgh, 07

Jam =2 0a7=00l
3aoanue 7
(3 dz (3
Haiitu npou3Bo/iHbIE dt CIIOKHOW QYHKIMHU = =flxyl | % =@t -y =)
1. =
n—

I= =
1. 2 }:)x:!gt, y=ogit

Pewienue

371ech Z ecTh clIokHas GYHKIIMS OJTHOM He3aBUCHMOU repeMeHHol t . [Tomyuum
r]:_11=1 [ 1|'_i'|=-1

i _Ely 2 W x| v
¥ > ¥ ;
B _np, 1 0 L1
=Digt — =Itgt| - ——
i 4 g-:-3\'5"t; d g|_ sin't |-
dr

1 gt 1 Zerg tgt chgt .
= + = + =
& I ocos't 2F STt ggipees t CHEOLSDCE
1 1 1 1
= .+ = + . =
tgteos t  ctgtsin® t shitcost  smtcost
2 _ 4

sntcost  snlt

=e* ¥  x =sint . t
2 z=e L

Pewienue

= —g * :;‘-ZE . =cast | dy=3t'
k b b b dt

dz

i =e" Teost - 2" R =™ Vst - Bt =" st - 67

3. ::u‘l::i.ru:.-y" x:Et, w=det

Pewienue

& 1 & 1

e ; T o R

- A=l =pr . e Sl=m =yl . at < at =
b b b

& 3127

# a-(moal

3aoanue 8
d=
Haiitu 2=, ecim ==t=¥l rgae v = ozl
z= = -y
1. 1.-'-1-1.,-’1—1[61_,’:311-1‘

Pewenue

e lxt tyl-Zxlxt -yl dmy | o _-lT iyl =7

w 2 2 T2 24 a 2 2 “ T2 i v =3
‘ e+l g% g W &+l kvl g :
dz _ dmy | 2xf 3_4:':.--5::" _2x2y -3x) _

de gty :.-'-. e+ :.-'-. e + :.-'-. e+ :.-'-.

=2:lE: +2 -3:'= 2ulie +2)

le® +3m+1  fx¥+3x 1-1"..
Q. ===y , TIIe ¥=rosx
Pewenue

& Zry —u” sin = 2ucesx — XSO

3. z=x" Qe ¥=1Ix
3aoanue 9
HaiiTu yacTHBIE TPOU3BOIHBIC CIOXKHONU (DYHKITUH
==ty pre x=winl, ¥=uwiinl,
1. ===v-=" e x=temn y=tsinn
E

R ol v CE R R



IIpakTnyeckas padora 18

Tema: BbluucieHue MOBTOPHBIX MHTErpajoB. CBeleHUe JABOWHBLIX MHTErpPajioB K

IIOBTOPHBIM. Boruncienne IBOIHBIX HHTErpajaoB

He.]'lb: Hay‘-H/ITLCSI BBIYUCIIATh MOBTOPHBIC MHTCTPAJIBI U CBOJAUTH ,Z[BOI‘/JIHBIG HUHTCTpAJIbl K

MOBTOPHBIM
Teopernueckmnii 6,10k
Boruuciaenne ABOMHBIX HHTETrPajioB O0azupyercs HA
MOHSITUM OBTOPHOI'0 HHTErpaJja
yp ¥l
, b p=afx)
: L~ :
3 B
;r-: // j =
a L" J’r:l/; P 7 I
: [lycTs ; {5y -} paccMaTpuBaeTCsli Ha  IJIOCKOM

obnactu J';—_""LI/I OHa IIpaBUJIbHAA B HAIIPABJIICHHUU OCHU

<, T.e. BCAKas MpsMasi, apajieibHas Ocu

on
| nmepecekaer rpanuiy odmactu L2 me Gonee uem B aByX Toukax. Torma obnacts L yno6Ho

CIIPOCKTHPOBATL HA OCb O . HYCTB IIpOoCKI A J'i—-_:’LHEI O C€CThb {H= b; .

4

[ p—

Gix .
ECJ'II/I “( }— ypaBHeHHe HHNXXHCHU FpaHI/IHH, a

&, (%)

F— ypaBHEHHUE BEpXHEW

xsia,b] D (x, 1)
TPaHUIIBI, TO JIFOOOMY *“lobmactn &/ mpuHamTeKRar Te TOYKH < 7 BepTHKAIBbHOTO
OTpe3Ka, KOTOpBIE YIOBJICTBOPSIFOT
HEPaBEHCTBAM
{aixi&
gz rse(x).,
*)
B &ix
fae | Fimp)ds
Beipaxxenue BUjIA € A Ha3bIBACTCS NOBTOPHBIM
Fix vy I
HHTErpajioMm oT  (QYyHKIUHU - ‘1o oOnactu . OH  BblUMCIsAETCS

CJIEIYIOIIUM 00pa3oMm:

o k3
CHayajga HAaXOJWTCS BHYTPEHHWH HHTerpan (+ — NMepeMeHHas HMHTErPUPOBAHUS, L —

a.b
(uKcHpoBaHHas), a 3aTeM MOMYYEHHYIO (DyHKIMIO apryMEHTa “t HHTETPUPYEM Ha { : 1 .

3unavenue noemopHoO2o urmezpaia — 4uciuo.

¥ =2
4
—:—I-
< 0 x
=
IIpumep 1. Beruncnurs
5= J a;‘LJ {x+2p v
T xH ,
BOCCTAHOBHB 00macTh L7 .
(0=x<l,

-

Pemenue. MHTErpas BBIYUCIIAETCS 110 L. i

O A A

MTOBTOPHBIN MHTETpall

(cM. pUCYHOK).



H
i
-

}d‘lf=.!|:2:l§ sd-x{x+l)- (I+£_\)2}d‘{ =

& i G

% n T — -
X = dx+1y o P 1 8 i
= I‘—i—it———x——{ } i Erd —————— — ——z
2 3 | 3 02 311 3]
_gl 3.9 8 1o gl
2 3 1 3 & '
AHaJIOTMYHO:

eclii 00J1acTh L npasujibHAasA B HAIIpaBJICHUHU OCHU (i , TO €€ YI[O6HO IMPOCKTUPOBATH

Oy o ic.d N

Ha och - . ITycts mpoekimst obmactn £ ma och “ ecth oTpesok L 1, ypaBHEHHE JIeBOIl
L=ty N x=wr iy

FpaHHHBI O6HaCTI/I {f{i " ? , a HpaBOI/I FpaHI/IIILI — {f"‘ {-" \3 TOFZIa IJIsI  BCSIKOT' O

Lelc.d Tt . =1
J ® { ’ ]3HaquHe A TOYCK E i }HpﬂMOI/I ; é}, IMpUHAJICKAIITUX obiractu ) ,

AN EE T

YAOBJICTBOPACT HCPABCHCTBAM T EA HOBTOMy 0051acThb DMO)KHO

3a1aTh B BUJIE

r=wyfy) _d =)

(cM. pUCYHOK).

g iy

b | Fley)as

TakoMmy 3a1aHUI0 00JaCTH COOTBETCTBYET NO6MOPHbIL UHTETpan ©  F&i:

JUis  ero BBIYMCIEHUS HAXOIUTCS CHayajda BHYTPEHHMH MHTErpay, a 3aTeéM BHEIIHUI.
Pe3ynbrar — uncno!

Ipumep 2. 3amaaum oOnacTh DHpI/IMepa 1, mpoekTtupyss €€ Ha 0OChb {:if;r’
1= y=2,
'iﬁgxgy—l.

BbluncnuTh NOBTOPHBIN UHTETPaA

J=[l==25x dr=
i 2 i o=
Pemenue. e & L -
1Y 2 O 33 i
= %‘TE}‘S—}’“ == gL?—i;—{E—iizg—’-‘ngiﬁ_ _Z;.
;- R 6 6
3aMeqaeM, qToO 3HAUYCHUA pa3HI/ILIHLIX HOBTOpHBIX HHTeraHOB

(GbyHKIMY O 00JIACTH OKA3aJIMCh PaBHBIMHU.
Joxkazano (cm. [1]) yrBep:kaenne:



' ‘_T.-- '1.1 : =1
eciu ! (v HENpepplBHA  Ha L, DC R, o6nacts L} gpnstercs
NMpPaBWIbHOM B HANpaBJICHHWM OCEH KOOpPJAWMHAT, TO 3HAYECHHE JABOMHOIO HMHTErpaia

Jffﬁx:j:}fixa}‘
& COBIMaAacT CO 3HAYCHHUCM COOTBCTCTBYIOIICTO IIOBTOPHOI'O HHTCrpaJa,

pU4eM pe3ynbTaT He 3a8ucum om nopsioka
uHmezpupoeaHuﬂ, T.C.
i 4 e

& S A
|7 e syavay =fax | flasyde=fde | flxz)de

o @ iz S

IIpumepsbr:

Buiuucnume unmezpaiosl.

JotdxJo1(x+y)dy.J01dx[01(x-+y)dy.

Pemenue.

Jordxfo1(x+y)dy=lo1((ey+y22) 1 10)dx=Jo1(x+12—0)dx=(x22+12x)||[10=12+12—-0=1.]01dx]
01(x+y)dy=J01((xy+y22)[01)dx=J01(x+12-0)dx=(x22+12x)|01=12+12—0=1.

OTtBer: 1.

Pemienue.

fozndgofoamsinzgodrzfozn/ \l Ioarzsinzqodr\/ |dgo=f02n(sin2gor33|||a0)d¢=foznsin2¢(a33—

)do=

=a33]| 0271 —cos2p2dp=a33(12¢—14sin2¢)|||220=a33(1227—14sin4p—0)=a373.=a33]02x1

H3menump nopaook unmezpupoganus 6 c1edyiouux UHmezpanax:
fozdxfxzxf(x,y)dy.f 02dx[x2xf(x,y)dy.

Pemenue.

CnenaeM pUCYHOK MHTETPUPYEMOU 001acTu:

i_."r’

OOnacTe HWHTETPUPOBAHUS OrPaHUYEHA MPSAMBIMU V=X, )=2Xy=X,y=2X U X=2.X=2.
3ameTuM, 4TO B 3TOW obnactu ecnu yy Mensierca ot 00 mo 2,2, ToO KOOpAMHATA XX MEHSETCS OT
opaMoit y=2xy=2x (wm x=2x=y2) no y=x.y=x. Ecmu xe yy mensercsa or 22 no 4,4, to
KOOPJMHATA XX MEHSETCS OT MPSIMO y=2xy=2X (x=y2x=y2) no x=2.x=2. Takum 00pazom,

fozdxfxzxf(x,y)dy=f02dyfyzxdx+fz4dyfy22dx.IOZdxfoxf(x,y)deOZdyfy2xdx+f24dyfy22dx.



Otser: | Ozdxfxz)g‘(x,y)dyZI Ozdyf Joxdxt] 24dyf \22dx.[02dx[x2xf(x,y)dy=]02dyly2xdx+]24dy]
y22dx.

1. J12dx)2-x20-Vf(x,)dy J12dx[2—x2x—x2f(x, y)dy.

2. BprumcauTh uHTErpan f f oxy2dxdy, [[Qxy2dxdy, ecmu obmacte QQ orpaHnyeHa
napabonoi 2=2pxy2=2px u npsmou x=p/2(p>0).x=p/2(p>0).

3. B nsoitnom wmmrerpane [[ofix,y)dxdy [[Qf(x,y)dxdy mepeiitn K HONAPHBIM

CIICTYIOIIEM HHTETpaJie: Jordx] =1V, dy JO1dx[1-x 1—x21(x,y)dy.

5. Ilpenmnonaras, 4ro 7ru @,p, - TOJSPHBIE KOOPAMHATHI, W3MEHUTH MOPSIOK
UHTETPHUPOBAHHUS B CIIETYFOILIUX UHTEerpajax:

6. Ilepexons K TOJNAPHBIM  KOOpAMHATAM, BBIUMCIUTH JBOMHONM  HMHTErpaj
[ x2ty2<axatyr————— Ndxdy.[[ x2+y2<a2x2+y2dxdy.

7. BMectro XX W Yy BBECTM HOBBIC IEPEMECHHBICE UU W VV OIPEICIUTh IPEICIIbl
UHTETPHUPOBAHHUS B CJICYIOIIUX JIBOMHBIX UHTETpajiax
Jo2dx|1-x2-x,p)dy,[02dx[1-x2—x1(x,y)dy, ecnu u=x+y,y=x—y.u=x+y,v=x-y.

8. [IpousBeast COOTBETCTBYIOLIME 3aMEHBI TIEPEMEHHBIX, CBECTH JBOMHBIC MHTErPaIbl K
onuokpatHeiM: [ of(xy)dxdy, [[Qf(xy)dxdy, rme obmacte QQ orpaHHdyeHa KPUBBIMH
xy=1,xy=2,y=x,y=4x(x>0,y>0).xy=1,xy=2,y=X,y=4x(x>0,y>0).

IIpakTnyeckas padora Ne 19

Tema: Bpruucienue TpOMHBLIX HMHTerpanoB. Pemenue 3agay Ha NPUIIOKEHUE
ABOMHBIX, TPOMHBIX HHTEIPAJIOB

Ieab: HaydnThbCs BEIYUCIATH TPOMHBIE HHTETPAJIBI

Teopernuecknii 060Kk 0TpaboTaeM TEXHUKY pELIEHUS MPOU3BOJIBHBIX TPOWHBIX

[[[ 7 x: ». 2)dxayaz

UHTErpasioB T , Y KOTOpbIX MOJBIHTErpajgbHas (QyHKUIUS TPEX NMEPEMEHHBIX
u=flxyz) g o0IIeM clydae OTJIMYHA OT KOHCTAHTHI M HENpephIBHA B 00MacTH £ ; a Takke
MO3HAKOMHUMCS ¢ PU3NUECKUMU NMPHIIOKEHUSMH TPOMHOTO MHTETpasia

w=j{xyz)

IIpumep 13
Beruucnurs TPOMHOU UHTETpal

”115@2 + 28V dxdlydz

T
Tiz=x+yz+y=Lz=0y=0,z=0

Ha mpaktuke Teno Takxke 0003Ha4aroT OYKBOI ¥, HO 3TO BCE-TAKM HE OUYCHD XOPOIINI
BapHaHT, BBUIY TOTO, OHA «3ape3epBUPOBaHAY 1MOJ] 0003HaUeHHE 00bEMA.

He HY)KHO MIPEACTABISITH WHTErpaj B BHJIC
”j 1500% + %) dxdydz = 15]” yidxdydz +1 5[” Pdxdydz

T T T . XOTsl eclid 0YeHb XO4YETCs, TO MOXKHO.

B koHIIE KOHIIOB, €CTh U HEOONBIION IUTIOC — 3aMUCh OyJIET XOTh W JJIMHHOW, HO 3aTO MEHEe
3arpoMoKXIEHHON. Ho Takoi 1oaxos BCE-Taku HE CTaHJAPTEH.

B anroputme pemeHusi HOBU3HBI OymeT HemHoro. CHadana HYKHO pa3oOpaThCs ¢

0671aCThIO HHTErpHpoBaHusi. [[POEKIMS Tella Ha IIOCKOCTh <4 mpeacraBisier co6oil 1o 6o


http://www.mathprofi.ru/chastnye_proizvodnye_funkcii_treh_peremennyh.html

3HAKOMBII TPEYTrOJIbHUK:

Caepxy Tello OrpaHHYeHo TLIOCKOCThI0 2 — % oy, KOTOpasi IPOXOAUT Yepe3 Hayajao KOOPIUHAT.
[IpenBapuTensHO, K CIOBY, HY)KHO 00513aTeJIbHO NPOBEPUTDH (MbICIEHHO AUOO HA YepHOBUKE),
HE «Cpe3aeT» JM JTa IUIOCKOCTh YacTh TpEeyroyibHUKa. [l 3Toro Haxomum e€ JHHUIO

IEPECeUeHrs C KOOPAMHATHONW IUIOCKOCTBIO <24 | T.e. peliaeM MpOCTEHIIYI0 CHCTEMY:

g=x+y¥
=Zrxt+y=0=y=—x
z=10

— HeT, JaHHas MpsAMas (Ha uepmedice OmMCymcmeyem)
«IPOXOIUT MEMOY, H TIPOSKIS TeJIa Ha IIOCKOCTh <  1eifiCTBHTENBHO MPEICTABISIET COBOIT
TPEYTroJIbHUK.

He CIIOKEH 371eCh u MIPOCTPAHCTBEHHBIH 4epTéxK:

B neicTBUTENIBHOCTH MOKHO OBLIO OrpaHU4YUTLCA TOJIBKO WM, IIOCKOJIbKY IPOCKOHA OYCHDb
mnpocras. Hy, HJIX TOJIBKO YCPTCIKOM IIPOCKIUHU, TAK KaK TCJIO TOKEC IIPOCTOC :) O,Z[HaKO
COBCEM HHUYCTO HC UCPTUTDH, HAIIOMUHAKO — ILUIOXOM BLI60p.

Bri6epem [ (1 4% {11050 MOPSATIOK o0xoma Tela:
Iz x+w
D=Zx=l—y
D=y=1

" nepenaem K [IOBTOPHBIM HMHTETpAaJIaM:

1 1-»  x+p

J[[150% +2"drdyaiz=15[dy [ax [ + %)z
]

r 1] 1]
AKTyaJIM3upyeM cjeayoniee dJieMeHTapHOe MPaBHJIo:

Korna ¢ynkums u=fixy z) MHTETPUPYETCS] MO KaKOH-IMOO MepeMeHHOW, TO JBa
JPYTrUX apryMeHTa CUMTAIOTCS KOHCTaHTaMH. TO ecTh MPUHIMI TOYHO TAKOH K€, KaK M MpU
HAXO0XKJCHUU YaCTHBIX MTPOU3BOIHBIX OT (PYHKIIUH TPEX MEPEMEHHBIX, UTO €CTECTBEHHO.

Paz0upaemcst ¢ uHTErpanaMu:


http://www.mathprofi.ru/uravnenie_ploskosti.html
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1)
_[(y +z ).:iz”(yzz+23J

(1) Ilpu uHTErpUpOBaHMH TI0 «3eT» % U <+ CcuMTarOTCS KOHCTAHTaMH. B maHHOM cirydae

rep x+y) 0’ x+y)’
7= e+ B2 —[f-mg]:f(xww%

IPUCYTCTBYET TOJBKO «UTPEK», HO 3TO HEe MeHseT aena. COBETYyIO Bcerja MBICICHHO JIMOO Ha
YEpPHOBHUKE  BBINOJIHATH  NIpOBepKy. Haiaém  4acTHyr0  NpPOM3BOAHYIO IO «3€T»:
f
3
z 1 1
(y22+?Jx=y2- (z];+§-(z3]; =y -1+§-32j =y* 42
, 4TO U TpeOOBAJIOCH IPOBEPUTD.
(2) Temepr wucnons3yem ¢Gopmyny Hprotona-JleitOnuma: cunavana BMECTO ««er»

IIOZICTABIISIEM BEPXHUM Npelen UHTETPUPOBAHUS (x+y) , 3aTeM — HIDKHUN npenen (Hoab). B
pe3ynbTaTe OYKBBI «3€T» OCTaThCS HE JTOJIKHO!

Craocum Tpodeit B cienyronuii uHTerpain. [lo cymecTBy, pelieHHe CBEJIOCh K JIBYM
MIEPEMEHHBIM U K ABOMHOMY UHTEIrpaiy:

1-» 3 in ¥ -y (2]
2 I (y%x+y}+@}dx = yz I(x+y)dx +% I(x+y}3cfx =
i i

i

vy 1% {3} 1 e 101 iy
=y I(x+y}d(x+y}+ J(x+y:| dixty) =yt x4y + o )’ =
.J" 2 2 4 4 __}’2 2 1 4,
= (1= y+ ) = (0+) :|+E|:|:1—y+y:| —(0+)") = (1= + (-4 =
Y 1y 1

2 2 12 12 12 2z 12

(1) Ucnonb3yem cBOiCTBa JTUHEWHOCTH WHTErpajia, MPUHUMAas BO BHUMaHHE TOT (hakT,
4TO «HUIPEeK» CuuTaeTrcs KOHCTaHTOH. CreayeT OTMETHTb, YTO HE BO30paHSETCsl OCTaBUTh
UHTETpal €IUHBIM, PAcCKpbITh CKOOKM W NPUBECTH IOJO0OHBIE cjaraeMmble, HO 3TO MEHee
palMOHAIbHBINA c1I0CO0 (MOKETe MOMPOOOBAaTh).

(2) Ucnonwszyem meron moaBeacHUs moja 3Hak auddepennuana. Eciu paccyxnenus
BOCIIPUHUMAKOTCA COBCEM TSXKCJIO, MBICJICHHO 3aMCHUTC «UI'PECK» KaKI/IM-HI/I6YI[I> KOHKPCTHBIM
YUCJIOM, HaIlpUMED, «IIATEPKOI.

3) WuTerpupyem o «HKC» u BBINOJIHSIEM HPOBEPKY:
f

] 2
[%(xwf +%tx+m“} = %((Hrf); +%((x+y)*); =

2 3
=2 k) (ko AT ) = A0+ P4 0= )+ T

(4) Ucnonb3yem ¢opmyny Herorona-Jleitonuna. CHavaga BMECTO «UKC» (nepemeHHOU, no

KOMOpOU NpoBOOULOCHL UHMe2pUposarue) TOJCTABISIEM 1=y , 3areM — HoJb. Ilocne
MOJICTAHOBOK OYKBBI «HKC)» OCTAaThCS HE JIOJKHO!
[IpuuécriBaem pe3ynbTaT U CHOCUM €T0 B TIOCIICTHUNA HHTETPAN, HE TP HAXOMSIIYIOCS

TaM KOHCTaHTY:
2

tf 1 7y ’ 7
15[ | = +2- - =2y =15 2+ 2 |— [— - _(0+0- m)]
22 12 12" 23125 12 6 12.5
~ 5[1_ 7 ] 15 7 8
“ld 125 T4 44

”jlﬁrﬁ + 2 dxdydz = 2
OtBer: T
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Pe3ynbrar 6e3pazmepeH — mpocTo YUCIIO U BCE.
Crenyromuii mpuMep JJisi CaMOCTOSITEILHOTO PEIICHUS:
[Ipumep 14

Beruucnurs TPOMHOU UHTETpal
”j (3x+ dy)dxdvdz
T
T:y=my=0zx=lz=5x+)y"z=0
[TpumepHsIif 0Opasen opopMICHHS 3a1a41 B KOHLIE YPOKa.
Jlo cux TmOp MBI paccMaTpUBaIM JIBa CIIOCOOA pEIIeHUs — 3TO MPOCHUPOBAHHE HA

mrockocth A4 u BeIGOp MopsiaKka 06xoxa npoekiuy. Ho Ha camoM fene koMOuHaruii GobIire
— TEJI0 MOXHO CHpPOCIHPOBATh Ha JIOOYI0 W3 3-X KOOPAMHATHBIX IUIOCKOCTEH M Ka)XIyro
npoeknuio oboiitu 2-ms myTsamu. Takum oOpas3om, mosydaercs 6 cnocoOoB pemeHus. U
JIOTHYHO TIPEATOJIOKUTh, YTO B OOIIEM CiIyd4ae HEKOTOpBIE M3 HHUX IPOLIE, a HEKOTOPbIE —
TpyJHEe.

Hagephsika MHorue obpatuinu BHUMaHue, uyto B [Ipumepe Nel3 s BbiOpan Oonee peakuit
HOPSIOK 00X0/la NMPOEKLUH, XOTS HUYTO HE MEMIAJo MOHTH «OObIYHBIM» HyTéM. DTO He
CIIy4alHOCTb.

¥+ 3
[ +2haz Pty S
B pesynbrare HaxoxXaeHHs UHTerpana noJlyueHa cymma , B
KOTOPOW YyTh BBITOJIHEE CYHTATh KOHCTAHTOW HMMEHHO «UTPEK», YTO MPH TPOUYMX PaBHBIX
YCIIOBUSIX (U3 VPAGHEHUs. NPAMOLL ¥ =1 hounaroso nezro goipazume ¥ -z x=1-y )
yIOpoIIaeT pelieHrue. A B HEKOTOPBIX 3ajadyax BBIOOp MOpsSAKAa HHTETPUPOBAHUS M BOBCE
cranoButcsa OUEHD BaxkHbIM:
[Ipumep 15
Beruucnurs TPOMHOU MHTETpAll
I” 8y ze ™ dx vz
T
T:x=—1, y=0, z=10
x=0, w=2 z=1
Pemenne: 001acTh HHTETPUPOBAHMSI OTPAHUYCHA MECTHIO TUIOCKOCTSIMH U TIPEJICTABIISCT
coboit NPAMOY20JIbHbLU napannenenuneo:

Ay

2=

Y He3aMBICTIOBATHIX 00JIacTEl MOXKHO He 00paliaTh BHUMaHUs Ha MPOCKIUIO U TPUIEPKUBATHCS
CJIEYIOIEro paBuia: 00X0/ TeJia OCYILIeCTB/sIeTCSl B HANPABJEHUSIX KOOPIAMHATHBIX OCeH.
[Ipenenst WHTErPUPOBAHUSA 371eCh OYEBUIHEI
N=z=1, O=zy=2 —-1=x=0

Ho Bot ¢ mopsnkom o6xona He Bc€ Tak mpocTto. Ecnu BeIOpaTh TPaaUIIMOHHBIN MYTh U
CHayaJla  MHTETpUpOBaTh MO  «3€T», ~ TO  TMOJYy4YaeTcss  HENpUATHBIA  HHTErpal



1 1
41 2 2
_[8;1; ze gz =8y _[ze Wiz
0 o , KOTOPBII HYXHO OpaTh MO yacTsIM. AHaJIOrM4YHas UCTOPHUS, €CIH

2 2
ISyzzezmdy = Sz_l-ygegmdy
UHTEIPUPOBATH 110 «UTPEK»: o 0 , TYT Ja)Xe JBaXKJbI I10 YaCTSAM.
HauOonee BBITOAHBIM IYTEM SBISETCS NEPBOOUYEPEAHOE MHTETPUPOBAHUE IO «HKC», B
Syiz

9TOM CJIy4ac NCpCMCHHBIC Y , 4 3HAYUT, U MHOXHTCJIb CUHUTAIOTCA KOHCTaHTaMM:

o o o
1
]-Sygzegmcfx = Syzz_l-egmdx =8y'z. — Iezmd(EXﬁ} = 4y(e2m}|21 ="
a1 | 2yz )
Ilepen TeMm, Kak MOJACTABMTL Ipeebl MHTETPUPOBAHMSA, HE IOMENIAET IPOBEPKA:

dnEat dnEae _ ine r_ ne ] r_ 2 dne
(4.}@ :Ix —4}3(&' :I:r _4.}@ (EX_}E)x 4.}@ 2.)‘? (x}x 8}’? 28 _ Honyqua HUCXOaHASA

HOJBIHTErpajibHast (PYHKIIMSL.
()= Ay (™ =) = dy(1— )
BbykBa «ukcy» ucnapuiiach, Kak OHO U JIOJKHO OBITb.

<z=l0<y= .
Ocramoch 2 HampaBieHHs 00Xoaa 0=z=10=y —2, U CIEAYIOUIMH HWHTerpal

pallHOHAJIbHEC B3ATh I10 «3C€T» YTOOBI MHOKHTEIIb 4;,; CUHTAJICS KOHCTAHTOM:
1

1
[ay(1-e™dz = ay[(1- ™)z = 4y 2 LI b=
0 2y

1]
[Ipomexxyrounas IIpOBEpKa:

[4;{2 +ie‘2’“B 5= 4.:1{(2)2 + L(e‘”“)}} = 4.:{1+ L pom. (—EJE)LJ =
2y 2y 2y

= 4;{1+ie-2-‘“ : (—2;:.1)] =dy(1-a)
2y
I'yn.

(*) = 4y[1+ 1 (D + LE'EMB = 4y[1+ L LJ =4y +2:77 -2
2y 2y 2y 2y

B kadectBe JOMOJIHUTCIIBHOI'O KOHTPOJIA CHOBAa CMOTPHUM, HCUC3JIa JIM T1I0CJIC

MOJICTAHOBKH MIEPEMEHHAs, IO KOTOPOU MHTETPUPOBAIIU («3ET).

D=p=?2

W, nakoHer1, octaBieecs: HalrpaBiIeHUE 00X0/1a Y OCTaBIIMICA UHTETPAIL:

2
[ay+2:™ —2ay = (2" - -2 = (9
i}

[IpoBepka: (20" —e™ —2y), =22y —e ™ (-2y), - 2=4y+ 227 -2

(F=2. 22— 2. 2-(0-&"-0)=8-et-4+1=5-¢"

le/l MNOACTAHOBKAX CJEAyeT NMPOABJIATL NOBLINICHHOC BHUMAaHHE, TaK, HAIIPpUMED,

IPH TIOJICTAHOBKE HYJIS B BHIpaKeHWE > P -2y BTOpOE CJIAraeMOe MOYKHO MalIMHAIBHO
CUECTh 32 HOJIb.

Ha uncTOBHKe, KOHEUHO e, He HY)KHO BCE PaCIMCHIBATh TaK HOAPOOHO, aHAIIM3 HOPS/IKA
MHTETPUPOBAHUS M IIPOMEXKYTOUHBIE HPOBEPKM OCYLIECTBIAIOTCS MBICIEHHO IHMOO Ha

YCPHOBHKE. Pemenue O(bOpMJI}ICTCH CTaHOAapTHO B 3 ITYHKTA, HO YUTATCJIU C XOPOIIUM YPOBHCM


http://www.mathprofi.ru/integrirovanie_po_chastyam.html

IIOJATOTOBKH MoryT 3aImcarTh €ro u «OJTHOH CTPOKOW»:

I” By 2" dx dlyclz = BI chy-l- z.:i'zI E g = Sjyzdyj. EL : zdziezmd{zx}g) =
0 o “VE a

2 1

~i] @l a- 4chfyjﬂ—e“}dz 4]}{ 2t 55 EH]| d =

4i -}{” 55 - 0- i}fy = [ty +2e™ -2y = (2* -~ - 2y)ff =
0 2y 0

=8-e¢t-4-(0-1-=5-¢"*
I” Byize P drdydz =5 -
OtBer: T
HaBepHoe, 5T0 TOHATHO, HO Ha BCIKUH CcIy4ail 3aKOMMEHTUDPYIO: OyKBEHHBIC
MHOXHTEIN-KOHCTAHThl CIelyeT IepeMelaTh CIpaBa HaJeBO I0OCIEAO0BaTeIbHO U 0e3

«TIEPECKOKOB» — 10 TeX IOp, MOoKa Kaxkaas OyKBa «HE BCTPETUT CBOM MHTErpam». Y CIOBHBIN
npumMep:

L] LLL] L] LLL Ll L1l

I”xe cos Zdxdydz = J-cix_l-cfy_l-xe”coszdz Icixlxeyciyj-cosz.:iz Ixcfxl ydy_l-cosz.:iz

AmnanormyHoe 3ajaHue ISl CAMOCTOSTEILHOTO pelicHusd:

[Ipumep 16
Beruucnuts TPOWHOUN WHTErpan

”_[ xzsinl xyz)drdydz

T
=0 y=0 z=0
i
x=2 y=m z=1
®u3nYecKre NPUI0KEHUS TPOMHOTO NHTETpalia
PaccMOTpPUM HEOIHOPOXHOE (nepemennoii niommocmu) Tteno L . Ecimu m3BecTHa
werpepbiuas B oomacti I dymkimms  ©% Y Z) nnotmoctH Tema, To ero Macca paBHa
CIEeNYIOLIEMY TPOMHOMY MHTErpay:

= [|[ o(x. »: 2)dxdydz

Bo3MokHO, HE BCeM MOHSATEH CMBICH (YHKIUW TUTIOTHOCTH. [IOSICHSIO: €ciu B3ATh
(% Yo: Zg) T
MPOU3BOJBHYIO TOYKY , TpUHAUISKANIYIO Temy , TO 3HaueHue (QyHKIUU

- ofr v = .
£y = O(%: Yol Z) OyZeT paBHO MJIOTHOCTH TeJa B JaHHOW TOUKE.

ITpumep 17

Bpunciute  Maccy = HEOJAHOPOAHOTO  Tella,  OrPAHUYEHHOTO  MOBEPXHOCTSIMHU

2 2 2 2
= | = ; = B ::- 3 :?
XAy =Lx 4y =2z2=0x20520 oony yspectna  dyHKIMS  ero  MIIOTHOCTH

olx v z)=10x
4yt=1
Pemenue: MCKOMOE TEJIO OTPaHUYEHO LMJIMHIPOM Y =1 cOOKy, >IIUNTHYECKHM
1
z==(x"+y%
napaboIon10M 2 — cBepxy u miockoctsio Z=U — cmmsy. JlomommnrensHsre
x20y=0 o

yCIOBUS «3aroHsOT Hac» B 1-M OKTaHT, W MpPOEKIMs Tejla Ha IUIOCKOCTb

AOY npencramser  co6Oi  COOTBETCTBYIOUIYIO — «UETBEPTHHKY»  CIHHHYHOTO  KpYTa:
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AHanuTHYeCKUM MCTOJZIOM YTOYHHUM BBICOTY, Ha KOTOpOfI napa60n01/m NEPECEKACT ITUIIHMHAP:

2 2
X4y =2z 1
{2 }32 :‘>22:1:‘>z:5
x4yt =1 u BBIIIOJIHUM IIPOCTPAHCTBEHHBIN 4epTEK:
}\
'S S
-
- [+] N — i g
> 3 N *

[Ipoekius cpa3y k€ HABOJUT HA MBICIIb O MEPEXOAE K IUIMHIPUYECKON CUCTEME KOOPIAWHAT:
X=rcosd

Y=rFsin @

ZT==ZF

x2+.}’2=1=‘r~r2c052¢9+r25ﬁ12¢9=1:~r2=1:>r=1
1.2 2 P

Z=—(x 4+ ==

2( ¥l 5

Slxyzi=10x = glrcos @, ramn @, z) = 10rcos @

[Topsmox obxona Tena OUYEBU/JICH:
2
0=zzl
2
D=pr=1
DE@EE
2
Taxkum obpazom:
2

x ta

B = _”_[ 2lx v, Zidrdvdz = ”Imr cos g rodrd gelz = llﬁcos Q?d(;?j..?‘gdr' i..:iz
T T 0 0 0
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Brrancnenus OJICMCHTAPHBI:

3 oo ol
) !dz=(z)&=——0=5

1 2 1

r a 1 11 5.1 1 1
2 - fi = — ,:f = — . — :—1—[:] = —
:'!2?"3" 2!’“? 250 h=550-0=1

I

3
)] lﬂ-l_l-cos.:;:?dg?: (sin @2 =sin ——sin 0=1-0=1
0

ro |

10

Otger: = led. aacoe

Crnenyromuii mpuMep JUisl CaMOCTOSATEILHOTO PEIICHHUS:
[Ipumep 18
Beruuciute MacCy  HEOJHOPOAHOTO  Tella, OrPAHUYCHHOTO  IMOBEPXHOCTSIMH

2 24 4 4
=4 +_}? - Z x+ Foy= 0 , €CJIM U3BCCTHA q)yHKHI/Iﬂ €ro IJIOTHOCTHU "G(x’ s Z:| ?D‘}E .

Kpatkoe perienue B KOHIIE ypoKa

U crapast nmecHs 0 TJIaBHOM:

[eHTp TAKECTH TejIa

[Tomo6HO TOMy, Kak 3ajaya O BBIYMCICHHUU IIEHTPA TSDKECTH IUIOCKOH (UTYypBI
BBIYHCIISIACH C TOMOIIBIO JIBOMHOTO MHTETpalla, 3a/1a4a 00 OTBICKAHUH YeHMpa maxicecmuy Tena
penraeTcs aHaJIOrMYHBIM CIIOCOOOM C TIOMOIIBI0 TPOHHOTO HHTETpaa.

Yro Takoe IEHTP THKECTH Teja, JOBOJIBHO yaauHo oObsicHWI emé Apxumen. Ecmu temo
NOJBECUTh HA HUTh 3@ LEHTP TSDKECTH, TO OHO OyJeT COXpaHATh pPaBHOBECHE B JHOOOM
HOJOKEHNH (Kak OBl MBI €ro INpeaBapUTEIbHO HH IOBEPHYNIH). B M3BecTHOH cremeHm He
peann3yeMo (Taku IEHTpP TSHKECTH BHYTPH Tesa), HO 3aTO O4YeHb NOHATHO. ! BIoJHE B cTHIie
JPEBHETPEUECKOT0 Y4EHOTro, KOTOPBI MPOCHI JaTh €My TOUYKY OIOPBI, YTOOBI C MOMOIIBIO
ppluara nepeBepHyTh 3eMIIIO.

LlenTp TsxecTn M (%3, o3 Z,) HEOIHOPOHOIO TeJia T paccumThIBaeTCs Mo (popmyiam:

[ zotx. y. z)dxdyez [[[»etxy. ydndyaz— [[[z0(x y. 2)dndydz
£ . =L . zy=
Lo Lo b

m = [[[ oz, », 2)dxdydz

M =

rae olxy. z) _ GyHKIUS TUIOTHOCTH TeTa, a — Macca TCiia.

Ecnu Teno omHoponmHo (3050TO€, cepeOpsHOE, IMIATHHOBOE M T.A.), TO (QOPMYJIbI

ynpomaorcs. Tak kak wiotHocTs = PP pocrosmma, uw macca =A% _ ecms
NIPOM3BEICHUE TUIOTHOCTH Ha 00BEM, MOJTyJaeM:
”_[ xexavadz ”_[ Y xahvedz ”I zdxdvdz
xﬂ = T ? yl:l = T ? Zl:l = T .. ..
v v v , a 00BEM Tena paccUMThIBACTCS (ewyé
V= j” dxdvdz
He 3a0blau? =)) ¢ TOMOIIBIO TPOWHOTO WHTErpaja T

J1y1st IeHTpa TSHKECTH OJIHOPOJIHOTO Tejla CIPABEIUBHI CIEIYIONINE YTBEPIKICHUS

— €CJIM y TeJla €CTh LIEHTP CUMMETPHUH, TO OH SIBJISIETCSI HEHTPOM TSKECTH (Mpocmenuiull
npumep — yeHmp wapa);

— €CIu Yy Tela CYIIECTBYET IMHUS CHMMETPHUH, TO LEHTP TSHKECTH O0s3aTeNbHO
MPUHAJICKUT JAaHHOU JIMHUY;
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— €CJIM Yy T€J1a €CTh IIJIOCKOCTh CUMMETPUHU, TO HEHTP TAXKECTU HEIIPEMECHHO JIC)KUT B JTOM
IIJIOCKOCTH.

Kak BuuTe, NpakTHUECKH MOJHAs aHAJIOTHsl ¢ IEHTPOM TSKECTH IIOCKOW (UTYPHI.
Hy u, camo co0oii, He MOTYy He MOpPaJI0BaTh Bac 3aKJIIOYUTEIBHOM 3a/1a4ei:

[Ipumep 19
Haiith 1eHTp TSOKECTH OJHOPOTHOTO Tella, OrPAHUYCHHOTO IMOBEPXHOCTSIMH

xtytz=ala=0) , = 0.y=0.2=0 pyrommurs YEPTEKH JAHHOIO Tejla U €ro MPOEKIUH

Ha IIJIOCKOCTb XOF

Pemenue: nckomoe Teno OIrpaHU4YC€HO KOOPAHWHATHBIMHU IIJIOCKOCTAMH M IINIOCKOCTBIO

IXY+Z=2 woropylo B LENSX MOCIEAYIOLIEr0 IOCTPOCHUS YI00HO IPEACTABUTH B OTPE3KAX:
X =z

@ a d BreibepeM «a» 3a eawHMIy MaciiTada ¥ BBIIOTHUM TPEXMEPHBIN UYepTEK:

A

z

X,/ 4
Ha qepTexce y>1<e IIOCTAaBJICHA I'OTOBAasa TOUYKa I_ICHTpa TAXKCCTH, OAHAKO, IIOKAa MbI eé HC 3HACM.

HpOGKI_II/ISI TCJIa Ha IIJIOCKOCTb AUY Oo4yCBHAHA, HO, TCM HC MCHCC, HAIIOMHIO, KaK e€
HAlTH aHAJUTUYECKH — BEIb TaKHE IMPOCTBIC CIydYanu BCTPCHANOTCA HAJICKO HE BCEraa. YUTo05I

HAliTH TpsMylo, 10 KOTOpOii mepecekaiorcs miockoctn * 7Y 1Z=a. A0Y (z=0)

HY>XHO
pemuTs CUCTEMY:
rtytz=a
z=0

Toxcrasmsiem 3Hauenne Z =0 B 1-oe ypaBHeHHE: tyt+l=ay, [I0JIy4aeM ypaBHEHUE

THY=2 qockoii» TIPSAMOIA:

1Y
la

9% a-\ Y

Ko V)
Koopaunats! 0- Y- %0 pentpa Tkectn M tena T mprumcnmum  mo  dopmynam

dxdvelz cdxdvidz dxdvelz
4 v v , TIe T — 00BéM Tea.
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Bri6epem «KJIIaCCUYECKHUIN» TTOPSII0K oOxoma:
l=z=a—-x—-¥
l=y=ag—x
l=x=a

1) CrHavana BerumciauM o0bEM Tena. Ero, kcratu, MOKHO y3HaTh 3apaHee, IMOJIb3YSCh
M3BECTHOM 3amaveit reomeTpuu 00 00béMe TeTpadapa. OO0BEM TeTpadapa paBeH 1/6-oif 00bEMa
OPSAMOYTOJIBHOTO TNapajiesienunesa, MOCTPOCHHOT0 Ha ero 3-X CMeXHBIX pEéOpax. B Hamem
cllyyae Mapajulelienunesl TNpeAcTaBiIsieT coboil kyd ¢ pebpoM «a», M COOTBETCTBEHHO:

1.:;:3

r

mempadpe g

Ocranoch ~ akKypaTHO IIPOBECTM YHUCTOBBIE  BBIUMCIEHMSI  (KEJIAIOIUE  MOTYT
NOTPEHUPOBATbCA U  BBIIOJHUTH HX CaMOCTOSITENBbHO). B mpumepax ¢ IpoMO3AKUMU
IpeoOpa3OBaHUAMU PEKOMEH/YI0 3allMChIBaTh PELIEHUE CTOJIOMKOM — MEHbIIE NIAaHCOB
3amyTaTbCs:

V= IH.::’x.::Ey.:iz T.:x’x_!cx‘;l-

odx I(a—x—y}dy:
0

Il
O Ny F1 D Re— O R—

.}? a-¥
oy — Xy — — ,;fx_
{}’ " 5
2
= [a(a—xj—x(a—xj (a—7) adx =
:al(a—x)dx _I-(czx—xgjcfx——_l-(a X dx =
0 D D
e lax® . 1 2
=—Z(a-x) - - 3 u+g( —xr|y =
3
= f - L% o]+ l0-a=
2 2 3 &

Jleno 3a TpeMsi TPOWHBIMU MHTErpajiaMu. ...A Bbl, HABEpPHOE, HE TaK JaBHO U MIPEJCTaBUTh
ce0e He MOTJIM, YTO OKa)KETECh B AMHUIIEHTPE TAKOTO KOIIMapa =)
2) BeIuuciuM «MKCOBBII» HHTErpa:
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-3

0=

agxz Saxr i
R _—_+_
2 3 4

“__1£_2_ﬂ“+£_
2 4) 202 3z 4]

6 12 24 24
Taxum o6pa30M, «MUKCOBas» KOOpAHWHATA LICHTPA TAXKCCTHU!
m xdxdydz &
[ a 4
6

Hy 4to ke, BBITISAUT NpaBAONo 00HO, IO KpalfHE Mepe, Mbl «I10TIaJIH BHYTPb TeJa.

BBuay cummerpun teTpasipa JBe Apyrue KOOpAWHATHI JOJKHBI OTYYUTHCS TAKUMU KeE.
Tenepp oIMOOYHBIN OTBET MPAKTUUECKH UCKITIOUEH!

3) Cnenyromiast «impOCThIHS»:

[[[ yexaveiz= [ ax [ va 'j;z _
¥ 1] 1]

dz [ y(a-x=y)dy =
0

=K

dx [(ay - xy—y*)dy =

)

: B xla— x)* B (a_xf}ix:

a-x _
o dx=

] 2]
= M|Hu:'
0o |2

et

D — fr D — D — 0 R— F

N
by
e

2 3

& 3la ax 2ar MY, 1 sla
=——(a- - - — — il —x =
6( Flo 2(2 3 4]” 12( o

4 4 4
TP R AN PR SR
6 ol 3 4] 12
_at_dat_d
T 24 12 24



B pe3yJbTare:
4

m ydxdvdz @
_r _2d_2
70 v 44
&
4) U 3akimtounTeIbHbIN, 00JIe€ KOPOTKUNA HHTETPal:

Jax I(a—x »dy=
0

a-x§ a-¥-}

”Izdxdydz I.::t’x I.:fy Iz.:iz _Idxj(z;.

a 1]

a-— ’”’dy—

[\_-,||._.

1 1¢ - 1% . 11 1 o oal
.= dr=——[t0—ta— 0 dr=—c.— - (D-aY =
32!'&1 x=yYp " dx 5!( @-xy)dx =23 g ma)=og
”Izdxdyciz a4
g = T _2d _ @
oy &4
3

OtMmeuaeM Ha YCPTECIKEC HaﬁHeHHyIO TOYKY HLOCHTpa TsIKECTU U e€ JKe 3aluchiBacM B

M[E;E;Ej
OTBET: 4 4 4

B cdeprueckux koopAMHATAX TOJOKEHUE OO0 TOYKH TPOCTPAHCTBA OJHO3HAYHO
OTpENENISIeTCS OJHHM PACcCTOSHUEM W AByMsi yriamu. bosee moapoOHyro uHGOpMAIUo U
COOTBETCTBYIOIINE IPUMEPHI MOKHO HAWTH B yUeOHOU JIHTEpaTypeE.

Pemenust 1 OTBETHI:

Ipumep 14: Pewenue: uzo6pasum npoekyuio 0annozo mena na niockocmy <Y

Y
9=X
-+
o 14 $
A=1 A
Csepxy mejino 02PaHUYEeHO IIUNMUYECKUM napabonoudom 225&2+yﬁ.
Buvibepem cnedyrouwull NOpsi00K obxooa:
0=z=5(x"+39)
D=y=x
D=x=1
Taxum obpazom:

3 5|:x +,v i 1 5|:x +J-' i

”I(Ex+4y].:1‘xdydz I.:ixl.:iy I(3x+4y).:£z Idxl(3x+4y}ciy I.::Ez

i

(Bx+4y)

Hpumeltanue: 6 «(3emo6oM)» uHnmeepaie Cymma cuumaenicA KOHCmaHI’I’ZOIZ, noosmomy

€€ YOOOHO cpa3y 8viHeCcmu 8 C1e0YIWUll UHMe2pai.



SI:?:'! +,}'!:|
p Ja=e)
i}

o = 50 4 ) - 0= 50" + )

x—
0=

2) 5] (Gx+4y)(x* + 3y dy = 5](3:& +ayxt + 307 +4570)dy = 5035y + 207 + 07 +0h)
1] 1]

=503 x+2x xS 0+ 0 P 0P 0ty =
St ettt =5 7 = 35

1
2) 35]x*afx= 35%(;:5;4; =71 -0 =7
0

j” (3x +4y)dxdydz =7
Omeem.: T

Ilpumep 16: Pewenue: 8bINOJIHUM uepmeic:
i
/ |
|
| /‘l
0
| /
)
>< 2
Buvibepem cnedyrouwuil NOps00K 00x00a mena:
O=v=sT
D=z=1
D=x=2
Taxum obpazom:

”_[ x’zsin{ xy2)dxdvdz = j.xj .:;t’xi zdzf sin xyz)dy
0

r a 1]

1) _Tsin( xuldy = i]I-sin( xvd (xvz) = —icos(xﬂj n= —i(cos(mz) -Ni= l(1 —cos(rmz))
0 xzy xz xz xz

1

1
2} Iz : iI,fl —cos(yz))ds = l_[ (1-cos(rmz))dz = l[z - lsin( mz)]ﬁ -
xz R * =

0

:l(l—ism(ﬂx}—(D—D)]:l(l—ism(ﬂx}]

x Fioy x -

3) i-xg-l[l—lsm(m)]dx=T(x—lsm(m)]dx= x—2+icos(m) |2=
A . T 2o ’

1 1 1 1
—2+Fc052ﬁ—[U+FcosD]—2+F—F—2
_”_I- xzsinl xvz)drdydz = 2
Omeem: T

Ilpumep 18: Pewienue: uckomoe meno OSPAHUYEHO DIIUNMUYECKUM NAPAOOIOUOOM

2 2

F= xg +.}?2 o z=4X +}-’ .
CHU3)Y U KOHUYEeCKOU Nno6ePXHOCMbIO — ceepxy, I’lClpCl60JZOM@ U KOHYC

T, .0
nepecexaromcs 6 niockocmu £ =1 no oxpyscnocmu * +y7 =1 (8bIKNIAOKU U YEePMENC — CM. 8



Ipumepe Ne9 Iockonvky < = U, mo peyb uoém o npasom (OMHOCUMENbHO NIOCKOCMU AQZ )

noynpocmpancmee, u npoexyueii meia Ha NIOCKocms A sensemcs éepxnuii nomykpye
€OUHUYHO20 paouyca:

Maccy mena evluucium ¢ NOMOWBIO MPOUHO20 UHMEZPANd, UCNOAb3YS YUTUHOPUUECKYIO
cucmemy KOOpPOUHAam:
x=rcosg

¥=rsm g

z==z

Payi=l=r=1

z:;c2+y2 =z =p

z=f\|';r2+;u‘2 :‘>z=ﬂ.l'{r_2=r

o v z)="T0vz = plrcosg ran g z) = Flrzan o

Tlopsaoox 06x00a mena:
rPez<r

D=r=l

OD=g=m

Taxum obpazom:

x ¥

m = [[| otz y: 2)dxdydz = [[[ 7072 sin. - rdrd iz =70 sin .:;a.:f.s;airﬂdr[zdz

T T i 0 2

( _1 zr_lrz_rzz_lrz_r-t
1) I!chz—gtz),g-zt: ()7 == )

¥

1t 2 woa. 1,4 & 1~ Y 1{1 1 1 2 1
2) El(r —rtyr cz’r=§_!(r B e R e (R

Fa

3 70 -3—15_[51'11 od@=—2(cos .:;:)|; = —2fcosT—cos0)=—2(-1-1)= -2 . (-2)= 4
1]

Omeem.: ™ =4 g aszocel

IIpakTuyeckoe 3ansaTue Ne 20

Tema: UcciienoBanne cCX0AUMOCTH PSI/I0B

Henab: 3akpenuTh y CTYA€HTOB YMEHHUS HaXOIUTh CXOJAUMOCTb PSJI0B

Teopernuecknii 010k

Yucnoewie psaowl.

Onpenenenne. BplpaxkeHHME Ha3bIBa€TCS YHUCIOBBIM DSIOM WM IPOCTO  PSAAOM,
SJICMEHTBI HA3bIBAIOTCA YICHAMU JAHHOTO psaa.

Onpenenenne. CymMmma KOHEYHOIO 4HCIa MEPBBIX WICHOB psla Has3blBaeTcsi Ol
YaCTUYHOU cyMMOit psia. O603HaYUM

PaccmoTpuM nocs1e10BaTeIbHOCTD YACTUHYHBIX CYMM

Onpeuene}me. PSIII Ha3bIBACTCA CXOAAINIMMCA, €CIM CXOAUTCA ITOCICAOBATCIBHOCTD
YaCTUYHBIX CYMM 3TOT'0 psAa, T.C. €CJIU CYHICCTBYCT KOHEUHBIN npeaci nocjaca0oBaTCIIbHOCTU



YacTUYHBIX CyMM. [Ipu 3TOM mpenen (KOHEUYHBIM WM OECKOHEYHBIN) IMOCIIEOBATEILHOCTU
YaCTUYHBIX CYMM Ha3bIBaeTCsl CYMMOM psija.

IIpumepsbl.

3ananue 1.1. YucnoBsle psabl 3ajaHbl CBOMMM NEPBBIMH IAThO uieHamMH. COCTaBUTH
dopmMyiTy o01LIeTo WieHa AT KaXI0ro psa.
a) 142-3+4-5+_,

B) —1+4—9+16—25-I-_’;
1+ il 1
o V2 32 .5,
n 1+ 4+7410+13+_,
¢) 246412420430+
3anmanue 1.2. Yucnosbie psabl 3a1aHbl popMynamMu CBOMX OOMMX WieHOB. JlJis KaxIoro

. S,
pAaa HauTHu NCPBLIC IIATh YJICHOB U YaCTUIHYIO CYMMY 3,

_ n
¢ 21,
2 2
oG
6) 3/
—gn
B)aﬂ 2,
n, ., »
r)ﬂ.—( l)tg4;
™
)1) B 2!—3 '

3a,Z[aHI/IC 1.3. I[J'ISI JAaHHBIX PSAJA0B TPOBCPUTH BBIIIOJIHCHUC HCO6XOZ[I/IMOFO IIprU3HaKa
CXOOAUMOCTH.

=1
a) '-'?;

= ntl
5) sil2n-3,

-nl

r) ‘_121 .

2.-0*-06"
a) =4
3aaHue Ha IOM.

1. YucnoBele psabl 3aJaHbl CBOMMHU IEPBBIMHU MAThIO wieHaMH. COCTaBUTH (GOpMyIy
o0I111ero ujaeHa s KaxJ0ro psja.

a) —3+5-T+9-114_.

l+3+2+2+3+_
6 2 2 ;

B) -1+2-6+24-1204_
2. YucnoBsie psabl 3a1aHbl GOpMYyIaMu CBOMX OOIIUX WICHOB. [[Jist KaXKI0ro psija HAuTH

S
NEepBbIE MATh YWICHOB U YACTUYHYIO CYMMY 2.



o=l

Surt?
a) = B
o ni3
6) E*\.Zﬂ‘l‘l

3ansitue 2. [lpu3HaKH CXOAMMOCTH 3HAKOMOJIOKUTEJIbHbIX paaoB. Ilpuznakm
cpaBHenus. [Ipusnak danamobepa. Ilpuznak Kommu.
3apanue 2.1. MccnenoBaTh pslibl HA CXOAUMOCTb.

e, n—4
a) élﬂ-l'ﬁ.
=1
5 2.
2 _4n41
B) é 2n’ tn
o 1

r) Eﬁ

i:a\,u'nz —nt3

3ananue 2.2. UccnenoBaTh psjibl Ha CXOJUMOCTb.

2) é(z:’r_ll]l :

- n—4 -
3) g[(ﬂ"'mﬂ*z)] X

3aaHue Ha IOM.

HccnenoBaTh psabl Ha CXOIUMOCTb.
= n 43

) BE D,



- ul

6) §2l+l;

= n? 15

[

B) =2 FOST
1
r) =in’

[

A

"

[

e) -_lll-l-:‘!;
1
) §34n+2 )

3ansaTue 3. 3nakonepemennsblie psaabl. [Ipusnak JleiiOunna. JlocTaTouHbIii NPU3HAK

CXOAMMOCTH. AOCOJIIOTHASI M YCJIOBHASI CXOAUMOCTb.
3ananue 3.1. MccnenoBars qaHHbIE 3HAKONEPEMEHHBIE PSbI HA CXOAMMOCTb. B ciydae
CXO/IMMOCTH psAJia BBISICHUTB €€ XapakTep.

- (_l)n-l-l

2

6) =1 r(n+])
- e n!

B) é( ]J llz +1 :
PN

F) Bl n +l;
- . n

) g(_l) 4,
- a l

e) E(—l) _F;
- 1
G\

xK) = =
o pe D

) é( 1)) — |
- A l!(l! _3)

o §( 1)) - |
D™ 09"

K) = ;
D™ o1

) s .

3ajlanye Ha JIOM.

HCCJ’IC}IOB&TB Ha CXOJAUMOCTD 3HAKOIICPEMCHHBIC PAABI.

> D" -05"
a) =4 ;

2

>D™-03"
6) =

2



>
B) =1 T
>

3

r) =1 l) ~rt3

3anarne 4. Crenennnle psiabl. Paamyc, uHTepBan, M 00JaCThb CXOAUMOCTH
CTENEeHHOro psia.
3ananue 4.1. Haiitu paguyc, mHTepBai u 00JaCTh CXOJAUMOCTH CTEIIEHHBIX PSIOB.

-,
a) ‘_ll'l-ﬁl_
E—_

6) =
- n—llxzn
Z( IJ'H

Bl

B

§ n-2"
i:(—l)‘(x+3)h"_

3aanue Ha JIOM.

Haiitu paguyc, uHTepBai u 00JacTb CXOAMMOCTH CTEIEHHBIX PAOB.

6= "

3ansaTue S. Pasioxkenne dsieMeHTapHbIX GyHKuni B psaabl Teitsiopa u Makiopena.
Padoune popmysbr:

®opmyina Tennopa:

f'()

n)
f‘;(a) (x— a)z +_+ %(x— 2" +

F=fa+
g
D!

] v
rre (2Dl - OCTaTOYHBIN WwieH B ¢popme Jlarpanxa.

(x—a)+

-2 s a

®opmyna Maknopena:

f(x):f(ﬂ)+f‘m) f"(ﬂ)xz,r +f( @ -, Fe= ©) sa
] n (D)

3amanue 5.1. Pasnoxuth nanHble GyHKuuMu B psan Teinopa mo cremensm *—& (no

IIATOIrO YICHA pa3IOKCHUA BKJ'IIO‘-H/ITCJ'H)HO).

f(x)=nusx,a=—n_
a) 3

6) F)=hxt+2) a=1
5) £ = a=2

3amanue 5.2. Pa3noxute naHHple (QyHKIMU B psax MakiopeHa (10 TSATOTO WiIeHA
pa3I0XKEeHUS BKIIOYUTEIHHO).



a) F{x)=snx
5) FO)= g™
g) S = AL

IMpakTnyeckas padora Ne 21

Tema: Haxo:xxnenue 00J1aCTH CXOAMMOCTH CTENEHHBIX PSi/I0B

Heuan: HayunThcst HAXOOUTH 001aCTh CXOIUMOCTH CTENICHHBIX PSIOB

Teopernuecknii 6,10k

Cremyer XOpoIIO MOHUMATh, YTO TAKOE PsiJl, yMETh MPUMEHATh PU3HAKU CPABHEHUS JUIS
UCCIIEIOBAaHMS psAa Ha CXOAMMOCTh. Takum 00pa3zoM, eciu Bbl TOJIBKO-TONBKO HMPUCTYIHIN K
U3YYEHHUIO TEMbl WM SIBISeTeCh UYaWHUKOM B BBICIIEH MaTeMaTHKe, HEoO0XOIUMO
MocleI0BaTeNbHO MpopaboTaTh Tpu Yypoka: Psanel nns vaitnuko, Ilpusnak [lamambGepa.
[Ipuznakn Komm wu 3nHakouepenyrommecss psaasl. [Ipusnak JleiOnumna. OOs3aTeabHO BCe
Tpu! Ecnu ecTh 3meMeHTapHbIe 3HAHMS W HABBIKH PEIICHUS 3a7ad C YUCIOBBIMU DsiiaMH, TO
CHpPaBUTHCS C (YHKIHMOHAIBHBIMU psiiaMd OyJeT IOBOJBHO TMPOCTO, IMOCKOJIBKY HOBOTO
MaTepuaia He OY€Hb U MHOTO.

Ha nanHOM ypoke MBI pacCMOTPUM MOHATHE (DYHKIIMOHAIBHOTO psiia (4TO 3TO BOOOIIE
TaKoe), I03HAKOMUMCS CO CTENIEHHBIMU psAaMH, KOTOpbIEe BcTpedatoTes B 99%-X npakTuyecKux
3aJjaHUl, 1 Hay4YUMCsl peliaTh PaclpoOCTPAaHEHHYIO THIOBYIO 3a7adyy Ha HAXOXKJEHHUE paauyca
CXOJMMOCTH, UHTEPBAIa CXOJUMOCTH U 00JaCTH CXOAMMOCTH CTEIEHHOTO psna. [lanee MoxHO
OyZIeT paccMOTpETh MaTepHall 0 CyMME CTETIEHHOTO Psijia M Pa3ioKeHUH (PYHKIMI B CTEIICHHBIC
PSIBL

Touamue ¢hyHKyuoHanbHo20 pada u cmeneHHo20 psoa
OOBbIYHBIN YHUCIOBOH PsiJl, BCHOMUHAEM, COCTOUT U3 YUCEIL:

w
Zﬂ?!:ﬂ1+ﬂg+ﬂ3+ﬂ4+ﬂj+...
Hel
@y, Gy, Gy, By g
Bcee unensl paga 1R E 5 — 910 YUCIIA.

DyHKIMOHATBHBIH ke paj cocTont u3 OYHKINN:

iux(xj =t (x) Faa(X) Fra(x) Fug () Fug () +

H=l

. 1, x
B oOumit unen psnga (%) [IOMHUMO MHOTOYJIEHOB, ()aKTOPUAJIOB U JAPYrUX MOJApPKOB

2‘”; Sl X

]
HENIPEMEHHO BXOJUT OYKOBKa «UKC». BBITTISAWT 3TO, Hampumep, Tak: ==l (r+1)-2 . Kak un
YHCIOBOW psiA, J000W (DYHKIMOHAIBHBIA Pl MOXKHO pacmucaTh B Pa3BEPHYTOM BHJIE:

0w

sin X Sin X SN X SMX SN X S X
> —E ettt —— t—— + ...
2+ 12 2.2 327 4.2 5.2 6.2

Kak BuuTE, BCe WIeHb QYHKIMOHANBHOTO psiga 1 (), 24 (), 23(%), g (), 5 (2 3TO
byHKIHN.

Haubonee momynspHOl pa3HOBUAHOCTHIO (DYHKIIMOHAIBHOTO Psijia SIBIISIETCS CTEMEHHOM
ps.

Onpenenenue:

CreneHHOW psAx — OTO psAd, B OOMMA HIieH 14, (%) KOTOPOTO BXOJAT LEJIbIe

MOJIOKUTEIbHBIE CTENEHHM HE3aBUCUMOM IMEepeMeHHOM + . VYIpoIIeHHO CTENeHHOM psl BO

o
Zc,,x“

i
MHOI'UX y‘ICGHI/IKaX 3alUChIBAIOT TaK:. #*-1 , IAc ® — 3TO CTapas 3HAaKOMas «Ha4YuHKa»
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YUCJIOBBIX PANOB (MHOTOYJICHBI, CTENEHHU, (PaKTOpHANIbI, 3aBUCAIINE TOJBKO OT <OHY).
[Ipocrenimmii
w x:'e xz 3 x4 xj
Z— =r+—+—+—+—+
~ 2 3 4 3
HOCMOTpI/IM Ha 3TO Pa3JIOKCHUC U €UIC pa3 OCMBICIIUM ONPCACICHUC: YJICHBI CTCIICHHOI'O

psga  colepXKaT  «UKChl» B YenvblX — NON0AHCUMENbHbIX  (HamypanbHblX) — CTETCHSX.

puMep:

OdyeHpr YacTO CTEIEHHOH paa MOXHO BCTPETHTh B CICAYIOHIUX «MO,Z[I/I(l)I/IKaI_II/IHX»I

Zcx{x—a}” Zcm (x+a)”
#-1 15810 #-1 , rae @ KOHCTaHTAa. Hanpuwmep:
= Px+2)" 2x+2* | 2°(x+27° 2+t P(x+2)
Z—(2)=2(x+2j+{2)+{2)+(2}+(2}+...
— M 2 3 4 5
Zc,!x” Zcm (x—a)”
Crporo roBops, YHpOILEHHBIE 3allUCH CTENEHHOrO psga *-l , =l 7001
- ]
Zcm (x+a)
#-1 HE COBCEM KOpPpEKTHHI. B moka3zartene cTeneHd BMECTO OJMHOKOW OYKBBI <«QH»
MOXET pacnoJiaratbcs Oonee CJI0)KHOE BbIpa)XEHUE, HalpuMmep:
P I I
Y — =ttt —+—+
w1 3 40 Al
N TaKoMn CTEIEHHOMN pan:
N e DN (T S L I ey L R T
>, . = + . + . + - + - +..
el 3 3 3 3 3 3

JIumb OBl TOKa3aTen CTEIeHEH IIpU «KUKCaAX» ObLIH HaTypaJbHbIMHU.

Cxo0umocmuv cmenenHo2o psaoa.
HUnmepsan cxooumocmu, paouyc cxooumocmu u 0o61acms cXxo0umocmu
He Hy»XHO myraThCsi TaKOro OOWJIHSI TEPMHHOB, OHU HJIYT «PSIOM APYT C APYrOM» H HE
MPEJICTABISIIOT OCOOBIX CIIOKHOCTEH Misi moHuMaHusl. Jlydie BpiOepeM Kakoi-HUOYIb MPOCTON
MOJIOTIBITHBIN PSI/I U Cpa3y HAauHEM pa3oHpaThCs.
w x?é
2.
[Ipoury I0OKUTE U KaI0BaTh CTENEHHOMN psij -1 7
[lepemennas #* MoXeT NPUHUMATH JIO0O€ JEUCTBUTEIBHOE 3HAYEHHE OT «MHUHYC
OECKOHEUHOCTH» JI0 «IUTIOC OeckoHeduHOoCTW». [lojcTaBuM B OOmMMI WiI€H psia HECKOIBKO
MPOU3BOJBHBIX 3HAUCHUHN «HKCH:

w l?é [~ 1
Ecmm =1 10 EHE Hz-:llnj
i(—l}”
Ecim #=—1 10 w1 %
0w 3?!

2.3

Ecm ¥=3 1o al¥

1
r=—=
Eciu 5 , TO =l

[1] i’
o w X 0w _1 )
PIRELEES A W

5
2l

U Tak nanee.



x?!

OuyeBuHO, 4YTO, MOJACTABISS B 7' To wmm mEoe 3Hauemue «HUKC», MBI TOJIy4aem
pa3iuuHble 4ucIoBbIe psAbl. HekoTopble unciaoBble psAbl OyAyT CXOAUTHCS, a HEKOTOphIE
pacxoautbes. U Hala 3a7aua HalTH MHOKECTBO 3HAYCHHM «HKC», IPU KOTOPOM CTETIEHHOM Psift
2.7
»-1% Gyner cxomurhbes. Takoe MHOKECTBO M Ha3bIBAETCSA 00JACTHIO CXOAMMOCTH PA/IA.

Jnst mo00ro CTeneHHOro psjaa (BPEMEHHO OTBJIEKAaeMCsl OT KOHKPETHOTO MpUMepa)
BO3MOYKHBI TPU CITy4as:

1) CreneHHo#l psan cxooumcsa abconomuHo HAa HEKOTOPOM HHTEpBaje @ 5) e

CJIOBaMH, €CJIN MBI BBI6I/IpaeM 11000€ 3HAUEHUE «HUKC» U3 HHTCpBAJIa {ﬂ; b} " 1oaCTaBJIACM €Io

B OOIIMI YJI€H CTENEHHOTO Psijia, TO Y HAC MOJIY4aeTCsl abCconOmMHO CXOOAWULICSA YUCIOBOM PI.

Takoit mHTEepBaI (@, &) Y Ha3bIBACTCS MHTEPBAJIIOM CXOJUMOCTH CTEIIEHHOTO psija.
Paguyc cxomumocTH, €ClM COBCEM MPOCTO, O3TO TIOJIOBMHA JUIMHBI HHTEpBaia
CXOJUMOCTH:
b—ua
2
['eomeTprueCcKH CUTYaIUs BBITIISIUT TaK:

A=

[Py NFOBOM IHAYESHMN X
GHHOMO WHTEpPBana

i) Lo (i i,
Py N — P o~ SN\
st \/ /—‘f Nt v N

X

WHuTepBan
CXOAUMOCTH
CTENEHHOro pRaa

B . (_4, - 2} .

JaHHOM cCily4ae, MHTepBajJl CXOJUMOCTH psla: , paguyc CXOAUMOCTH psia:
—2—(-4) -2+44
2 2

[IIupoko pacnpoCTpaHEeH TPUBUAIBHBIN Clydad, KOIJAa MHTEPBAal CXOJUMOCTH
CUMMETPUYEH OTHOCUTENIBHO HYJIS:

Ha aToM uHTepBane PAL CXOANTCA
a ITUX HHTepBana d0CONKOTHO - pa
4"/\';—'H-_/_\,_I\ /ﬂ; N T g ‘*_‘— Pl N— At \,ﬁ'_'\_,. R
-3 0 3 X .

3 . (-33) :

JIECb ~ WUHTEpPBaJl  CXOAWUMOCTH  psja: , pammyc CXOIHMOCTH psjla:
3-0=3 &

R = L = —= 3

2 2

A dro Oyner NPOUCXOIUTh Ha KOHIAX HWHTEpBaia ':a’b:'? B Toukax A=

x=% crenennoii PSAI MOXET, KaK CXOAMUTHCSA, TaK M PACXOAMUTCS, U JJIA BBIICHEHHS 3TOTO
HE0OXOIUMO TIPOBOJIUTE JOMOJIHUTEIBHOE HCcienoBanue. [lociae Takoro MCCIieOBaHHS pPedb
uaET yxke 00 00J1acT CXOIUMOCTH psija:

— Ecnu ycTaHOBIIEHO, YTO CTENEHHON PSII PACXOIUTCS Ha 000MX KOHIIaXx MHTEpBaia, TO

001acTh CXOOUMOCTH psizia COBNAAACT C MHTCPBAJIOM CXOANMOCTHU: (a’ b}

— Ecim yCTaHOBJIEHO, YTO CTENEHHOW psAJ CXOAUTCS HAa OJHOM KOHLIE MHTEpBajga M
pacxoauTcs Ha JAPYroM, TO 00JacTh CXOAMMOCTU psifa MPEACTaBIsieT COOOH MOTyWHTEpBaI:

[.:;:;E:n) _— (.:;t;f:l]'



— Ecnm ycTaHOBI€HO, YTO CTENMEHHOW s CXOAWTCS Ha OOOMX KOHIIAX WHTEpBajia, TO

00J1aCTh CXOJIUMOCTH Psijia MPEJCTABISAET COO0H OTPE30K: [ﬂ’ b]

TepMuHBI OYEeHb TOXO0XH, 00JAacTh CXOIMMOCTH psga — O3TO 4YyTh Ooinee
JIeTaIM3UPOBAHHBIN UHTEPBAJI CXOAUMOCTH psija.

C nByMsl OCTaBIIMMHUCA CIy4asiMU BCE KOpOU€ U MPOILE:

2) CreneHHOMN Pl cxooumcsa abcoaromuo npu ModoM 3HaueHun * . To ecTh, Kakoe Obl
3HAYEHUE «HMKC» MbI HE MOACTABMWIIM B OOLIMI YJIeH CTENIEHHOIro psja — B JI0OOM cilydae y Hac
HOJYYUTCA  aOCONIOMHO cxo0sawuticsi 4UcIoBOM psa. WHTepBan cxonauMmMocTd U 00jacTh

CXOJMMOCTH B JIaHHOM CJIy4ae COBIIAJalOT: (-03, +00) Pamuyc cxomumoctu: & =40, PucyHok
NPUBOJIUTH HE OYyAy, TyMaio, HET HEOOXOIUMOCTH.

w
]
A
3) CreneHHOM psiji CXOAUTCA B €AMHCTBEHHOM Touke. Eciu psin umeer Bupg #=1 , TO
OH GyIeT CXOMTBCSA B CAMHCTBEHHOH Touke % =Y. B oToM ciydae MHTEpBAN CXOAMMOCTH H

001acTh CXOOUMOCTH psAa TOKC COBIAAAKOT W paBHbI CAUMHCTBCHHOMY YHCIY — HYJIO: x=0 .

o
Z ey (x—a)”
Ecnu psn umeer Bug -1 , TO OH OyJeT CXOAUTHCA B €IMHCTBEHHON Touke &= & eciu
w
®
Z e (x +a)
pSAI UMEET BUJ *-1 , TO, IOHSTHO, — B TOYKE «MHUHYC a». Paguyc cxonuMocTu psia BO

BCEX ClIy4asax, CCTCCTBCHHO, HYHGBOﬁZ R=0 .
prrI/IX BApUAHTOB HCT. Oo0nacTe CXOOUMOCTH CTCIICHHOI'O psda — 3TO BCCria 1100

€MHCTBEHHAs TO4YKa, JHUOO0 J000e «WKC», JHUO0 HWHTEpBal (. b) (BO3MOXHO TOJYWHTEpPBA,
orpe3ok). [ToquepkuBaro, 4To naHHAs KIACCU(PUKAIMS CIIPABEINBA JUIS CTEIICHHBIX PsIoB. Jlis
IIPOU3BOJIBLHOTO (PYHKIIMOHAILHOTO PsAJia OHA B OOIIEM Cilydae sBJIETCS HEBEPHOM.

Hccneoosanue cmenennozo psaoa Ha cxooumocms
[Tocre HEOOMBIION MOPIIMH TEOPETUUYECKOTO MaTephaia TMEePEeXOJUM K PacCMOTPEHUIO
TUTIOBOTO 3aJlaHUs, KOTOpOE MPaKTUYECKH BCETJa BCTpEeuUaeTcss Ha 3adeTax M dK3aMeHax Io
BBICIIIEI MaTEMAaTHKE.
ITpumep 1
w x?é
2T
Haiiti 061aCcTh CXOJMMOCTH CTEMEHHOrO psga -1 %
3amanue 9acto GopMyIUPYIOT SKBUBAICHTHO: HallTh HHTEpBAJI CXOIUMOCTH CTETICHHOTO
psia ¥ UCCIIeIOBATh €r0 CXOUMOCTh Ha KOHIIAX HAWICHHOTO HHTEPBAJIA.
ANTOpPHUTM pellieHus JOBOJIBHO IPO3padeH U TpadapereH.
Ha mepBom 3Tame HaxoIWM HMHTEpPBAI CXOAMMOCTH psiia. B OONbINIMHCTBE 3adaHMIA
UCTIONB3YETCSl CXeMa, OCHOBaHHas Ha mnpusHake JlamamOepa. TeXHUYECKM HaM HYXHO
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4l (x:'

M= o
BBIYUCIIUTH MPEIeI 14 (%) , 1 ¢ (GOpMaITbHOU TEXHUKOW €r0 PEIICHUS BbI Y)KE 3HAKOMBI:
x:'¢+1
] 22 ER— A ] ER——— 4]
o e x . +1 . nlex . R
fim Pt g, [ DT :hm|g x|”
wsvo () wsvo|(n + 2+ 1) x
2
2 15 =
: b o : ” : 1
=|x|]nn 7 =——|x|]1m 7 =|x|]1m =0 _}D=|x|-1=|x|
et + P4l o Rt gt 4+ P+ Rt b 2 1
—_— +2 +—
A # ke

(1) CocraBinsieM OTHOIIEHHE CIEAYIOIIETO YeHa psifa K IpeablayleMy.

(2) N36aBnsieMcs OT YETHIPEXITAKHOCTU TPOOH.

(3) B uncnurene mno npaBwiy ACHCTBHN CO CTETICHSIMH «OTIIUIIBIBAEMY» OIMH «HKC». B
3HaMEHaTeJIe BO3BOMM JIBYYJICH B KBaJpar.

(4) BeiHOCHM OCTaBIIMMCS «UMKC» 3a 3HAK npeacia, nmpuicM, BbIHOCUM €TI0 BMECTC CO

2
A

2
3HaKOM Moxyns. IToyemy co 3HaKoM moxyasa? Jleno B ToM, uto Ham mpegen **#" +2z+1 g
Tak OygeT HEOTPHIATEIbHBIM, & BOT «HKC» BIIOJIHC MOXKET NPHHHMATh OTPHIATEIIHLHBIC
3HaueHus1. [103TOMy MOJTYJTb OTHOCHUTCSI HMEHHO K HEMY.

Kcratu, nouemy |x| MOKHO BoOOIIe BbIHECTHM 3a 3HaK npeaena? Iloromy uro
«IMHAMUYECKOW» MEPEMEHHOMN B IIpEJIeNie y HaC SBISETCS «3H», U OT 3TOr0 HAIEMY «UKCY» HU
KapKO HU XOJIOHO.

o]

(5) Ycrpansiem HeompeeeHHOCTh @ cTaHIapTHBIM CIIOCOOOM.

Ilocne Toro, kak mpenes HalIeH, HY)KHO NpOaHAJIW3UpOBaTh, YTO Yy HAC IOIYYHIIOCH.
Buumanue! BeruucneHHsId npeien U MHTEPIPETALuIo ero pe3ynbratoB (cm. Huowe) HEJIB3S
CUMTaTh WM Ha3bIBaTh «mpusHakoMm JlanamOepay». Iloguepkny emé pa3, 4To paccMarpuBaemas
cXema JIMIIb OCHOBaHa (He 80arch 68 nodpodoHocmu) Ha TipuzHake JlamamOepa Il YUCIOBBIX
PAIOB.

Wrak:

Ecnu B npezene mosyyaercs HOMb, TO aJTOPUTM PELIEHUs 3aKaHYMBAET CBOIO paldoTy, U
Mbl JaéM OKOHYATeNbHBIM OTBeT 3afaHus: «OO0JacTh CXOJUMOCTH CTEHEHHOro psija:
—O0 < X <400, (mp000e MEHCTBUTENBLHOE YMCIO — ciydail Ne2 mpeasiaymero maparpaga). To
€CTb, CTENEHHOM psAJ CXOIUTCA NpU JTHOOOM 3HaYeHUH «HUKC». OTBET MOXKHO 3alucaTh

—00; 400
SKBUBAJIEHTHO: «Psn cxomurca mnpu x € (oo, + :'» (3Hayok € B MaTemMaTuKe 00O3HAYaeT
MIPUHA]IEKHOCTD ).

Ecnu B npenene nomyyaetrcs OECKOHEYHOCTb, TO QJITOPUTM PELICHHS TAK)KE 3aKaHYMBAET
CBOIO paloOTy, U MbI JaéM OKOHYATENIbHBII OTBET 3a1aHus: «Psa cxonures mpu & = 0y (nwu npu
=4 ubo *¥= ~@y). Cmotpute ciaydait Ne3 npeapiaymiero naparpada.

Ecnmu B mpenene monydaeTcss He HOMb M HE OECKOHEYHOCTb, TO y HAc caMbli
pacrpoCTpaHeHHbIH Ha npakTHKe ciaydae Nel — psji cXoIUTCsl HAa HEKOTOPOM HHTEpBaJe.

x .
B nmanHOM ciyuyae mpenen paBeH | | Kak HailTu uHTEpBan CXOAMMOCTH psija?
CocrassieM HEPaBEHCTBO:

|x| <]
B JIKOBOM 3ajanuu 1aHHOTO TUIA B JIEBOM YacTU HEPABEHCTBA JIOJDKEH HAXOAUTHCS
pe3ynbTaT BBIYKMCICHUS TIpenesia, a B MPaBOi YacTH HEpaBEHCTBA — CTporo enuHuia. He Oymy
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OOBACHATH, MTOYEMY WMEHHO TaKO€ HEPAaBCHCTBO M IMOYEMY CIIpaBa €IUWHHIA. YPOKH HOCST
NPaKTHYECKYIO HAIPaBIEHHOCTh, U YK€ OYEHb XOPOIIO, YTO OT MOMX PAaCCKa30B He-HOBECHHEH
Hpodeccopeko-HpeHoAaBaTeAbCKHIF-COETaB CTAIM TOHATHEE HEKOTOPHIE TEOPEMBI.

Texnuka paboTbl € MOAyJIEM M pEUICHUS JBOHHBIX HEPAaBEHCTB MOJPOOHO
paccmaTpuBaach Ha MepBOM Kypce B ctatbe OOnacTh onpeaesneHus: GyHKIUU, HO sl yI00CTBa
s TIOCTaparoCch MaKCHMaJbHO NOAPOOHO 3aKOMMEHTHUPOBaTh Bce JeHCTBHA. PackpbiBaem

|x|-::cz=>—cz < X<

HEPABCHCTBO C MOAYJIEM I10 IIKOJbHOMY IIpaBUIly .B JaHHOM cJiIy4ae:

—T<x <1 _ ypreppan cxomMMOCTH HCCIIETyeMOro CTEEHHOTO PSIA.

ITonoBuna nmytu no3aau.

Ha BTOpOM 3Tamne He0OXO0AMMO HCCIEN0BAaTh CXOAMMOCTD psifa Ha KOHIAX HAalJIEHHOTO
UHTEpBaa.

Cuauana O6epéM JIeBBIM KOHEI] HHTEpBaIa * = —1 y noxcrasnsem ero B Ham cTeneHHON

X
2T
pan nal® .
N
[Ipu -l

[TonydeH uncIOBOM psifl, 1 HAM HY)KHO HCCJIEIOBATh €ro Ha CXOAUMOCTH (YK€ 3HAKOMast
U3 MPEAbIAYIINX YPOKOB 3a/1a4a).

Hcnonb3yem MIPU3HAK Jleitbnuua:
1) Psan SIBJISICTCS 3HAKOYEPEAYIOLIUMCS.
: o1
HIWPA:M]EHW_E:D ~ v
2) 2 — 4JIeHbl psAaa yObIBAIOT MO MOAyt0. Kakplil ciaenyromumii 4ieH psaa

o MOAYJItO MCHbBIIEC, UYEM HpeI[LIIIy'IJ_II/If/’I, 3HA4YUT, Y6]':>IB8.HI/IC MOHOTOHHO.
BriBog: pAa CXOOUTCH.

Hccnenyem psn Ha a0COJIOTHYIO CXOJIMMOCTB!
w w 1
Shal= X U
%=1 x=l™  — cxomuTcs (ciydail 0000IIEHHOTO TAPMOHUYECKOTO Psa).

Taxum 06pa3oM, OTyUYEHHBIH YUCIOBOU P CXOIUTCS a0COIIIOTHO.
Jlanee paccMaTpHBaeM MpaBbIii KOHEN HHTepBama X =1 [ojcTaBIseM 9TO 3HAYCHHE B
2T
HaIll CTENEHHOM psig 17
w 1?4 w
=123 o=
IIpu %=1 #=1"* — cxomuTcs.
w

Takum o06pa3om, cTemeHHOM psn  #1%  cxomaurcs Ha 006OMX KOHIAX HAHIEHHOTO

x?!
3

MHTEpBaa.

OtBet: O0nacTh CXOJMMOCTH UCCICAYEMOI'0 CTCIICHHOI'O psaa: ~— l=x=1

ViMeeT IpaBo Ha KU3Hb U Apyroe ohopMieHHe oTBeTa: Psii cxomutes, ecim - © [_ L 1]

MHorna B yCIOBHHM 3aaud TPeOYIOT yKa3aTh PaaMyC CXOAMMOCTH. OUEBHIHO, YTO B
paccMoTpeHHOM mpumepe & =1 .
[Tpumep 2

[~ )

X

Lo
Haiit 06;1acTh CXOAMMOCTH CTEIIEHHOTO psifa *=0 3 oalnt]
Pemienue: uHTEpBaN CXOAMMOCTH PsiJia HAMAEM ¢ moMoIIbio pu3Haka Jlanambepa (1o He
110 npusnaxy! — onsa yHKyuoHanbHblx ps008 mako2o NPUHAKA He CYWecmeyem,):


http://www.mathprofi.ru/oblast_opredeleniya.html
http://www.mathprofi.ru/goryachie_formuly.pdf

xx+1

L | T e Ty | R - R
re| g (x) B o i Bt 3’“’1 . "-."["9+2 ot

EL |
i |x-x”-3”-ﬂm+l

Tasselr 3.3 Jut2

R = I S R e
Jn

Jr+1 (Hl*”
_|x|]jm Jn _|x|]jm_n_H

=0 3

142
2

CocraBisiem CTaHIApTHOC HEPABCHCTBO!

H =1
Psapg cxonurces nmpu

x
CneBa HaM HY)KHO OCTaBUTb TOJIBKO | | , IO3TOMY YMHOXaeM 00€ 4acTH HEpaBEHCTBA Ha

3:
|x| =
|x| Lol g B A S

N packppiBaeM HEpPABEHCTBO C MOJYJEM [0 IPaBUILY :
-J<xal HWHTEPBaJ CXOJIMMOCTH MCCIIEAYEMOr0 CTEIIEHHOTO Psa.

Hccnenyem cXoauMOCTh CTENIEHHOTO PsiJa HAa KOHIIAX HAUJEHHOrO HHTEPBAJa.

= =30 e Vi
x=-3= Z * ] = Z ] = N
1)HpI/I wen 5 oAde+l w3 a4l soAr+l
O6parure BHHUMaHHE, YTO MPU TOJICTAHOBKE 3HAYECHHUS & = —3 B cTeneHHOI pan
w x?é

2

L] M o
w03 nt] Y HAC COKPATHJIACH CTENEHb > . DTO BEPHbIH MPU3HAK TOTO, YTO MbI IPABHIILHO

HalllJTAM UHTEpBAJI CXOAUMOCTH pAaa.
I/IccnenyeM HOHy‘ICHHBIﬁ YK CIOBOM pAA Ha CXOAUMOCTD.

Hcnonszyem IIPU3HAK JleiiOHuna.
- Pan SIBIISIETCSI 3HAKOYEPETYIOIUMCS.
. . 1
lin |cz:,d |: lirn =0
T o Heebo | g +1 o o
- — 4YIIeHBI psAfa yObIBarOT Mo Moaymoo. Kaxnelii crnemyromuil dneH
pAna TO MOAYTI0 MEHbIE, YeM TMPEeAbIAyIIUA, 3HAuYUT, YyObIBAaHHE MOHOTOHHO.
BriBoa: Psan cxogurces.
Uccnenyem pan Ha aOCOIOTHYIO CXOJIUMOCTb:
L=] Li=] 1
2pal= L
n=0 a1 it 1
Z‘”‘.‘ 1
CpaBHUM JaHHBIN P C PACXOIAIIUMCS PAIOM  *=1 Jr .
Hcnonp3yem MpEAEIbHbIN MPU3HAK CpaBHEHMUS:
- =0
I DY/ IR S S I O S I
m o B 4 1 Hs » N n

Ha+l

w

2

Honyquo KOHCYHOC 4YHUCJIO, OTIIMYHOC OT HYJA, 3HAYUT, PAA x=0 pacxoguTcsa BMECTC C
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e, (1"

Takum oOpazom, psig =0 +% +1 cxomutes Tonbko YCIIOBHO.

r=3= Z Z
2) [Ipu s+l e+ — pacxoauTcs (110 IOKa3aHHOMY ).
OtBer: O06macTh CXOAMMOCTH MCCIEAYEMOTO CTEICHHOTO psga: J=xad, [Ipu

==3 psiJ| CXOAUTCS TOIBKO YCIOBHO.
B paccmorpenHoM mnpumepe 00JIaCTBIO CXOAMMOCTH CTEIEHHOTO psiia SBISETCS

(=3, 3)

IIOJIYUHTEPBAJI, IPpHUYEM BO BCEX TOYKaX MHTEpPBala CTEIIEHHOM pAaa cxooumcst

abconomno (em. Ipenpinymuii maparpad), a B Todke X=—2 KaK BBIICHHIOCh — CXOOUMC

MOJILKO YCIIOBHO.
[Tpumep 3
Haiitu uHTEpBal CXOIMMOCTH CTENEHHOTO psja M MCCIENOBaTh €ro CXOAUMOCTh Ha
w ?32 x:u
Z 7 n+D

KOHI[aX HAaUJEHHOrO MHTEpBaja *-1
DTO IpUMED VIS CAMOCTOATEILHOTO PEIICHHS.
PaccmoTpuM napy npuMepoB, KOTOpPbIE BCTPEUAIOTCS PEJIKO, HO BCTPEYAOTCS.
[Tpumep 4

w ?23 ] (x+4)2x+1

2 (2 + 1)

Haiit 06s1acTh CXOMMOCTH psifa: »-1
Pemenue: ¢ nomouipto npusHaka JlanmamOepa HaiiieM MHTEpBaJl CXOJUMOCTU JAHHOIO

psana:
(e +17 - (x +4;F"+3
thy (0| (n+1+1)! |(n+1} (x P (DI
oo gy (x) | 4o w i(x +4:|2”+1 ?d—>+m| e (x +4:|2H+1 {4+ 20
{n+1)
_ n+1]3 (x+d x+H™ 12,3 nn+ Y
e (x+H™ 123 nin+Din+2)
1—>IZI 3 1 1 =0
= (x+49 lim || 1+= =(z+H lim —— =(x+4* 0=0
e b # ( +2) L R
(1) CocraBmnsieM OTHOIIIEHHE CIEAYIOMIETO YieHa psifa K IPeAbIayleMy.
(2) M36aBnsieMcst OT YETHIPEXITAKHOCTH APOOH.
3
(3) Ky6mr (e +1) u n’® [0 TIPaBHIIy JEHUCTBUM CO CTENEHSMM MOABOJMM MOJ €IUHYIO
CTETEHb. B YUCITUTEIIS XUTPO packiaapIBaeM CTETNeHb
(x+4:|3?¢+3 — {x+4)2?é+1+2 — (x+4:|2 ] (x+4:|3?e+1

, T.e. PackimanpiBaeM Takum oOpa3oM, 4TOOBI Ha

du+l
CJICAYIOMIEM HIare COKpaTuThb IIpO6B Ha I:X+4:I

. q)aKTOpI/IaHLI pacucCbiBacM HOIlpO6HO.
1 =0

(4) ITox xyOOM TIOWICHHO JIeJMM YHUCIUTENIh HAa 3HAMEHATENb, yKa3biBas, uro # . B

2
Ipobu cokpaiaeM BCE, UTO MOKHO COKPAaTUTh. MHOXKHUTEh (+4)" prmocum 3a 3Hax npezena,
€ro MOXHO BBIHECTH, IOCKOJbKY B HEM HET HHYEro, 3aBUCAILIETO OT <«IUHAMUYECKOW)

nepeMeHHol «aH». OOpaTuTe BHUMaHHUE, YTO 3HAK MOAYJS HE HApUCOBAaH — IO TOW MpHYUHE,

(x+4)*

4qTo MNPUHUMACT HCOTPULATCIIbHBIC 3HAUYCHUS TIPHU JIIO00M «HKCY.

B mpeaciic nojay4dcH HOJIb, @ 3HAYUT, MOKHO JaBaTb OKOHYATECIHHBINA OTBET:



Ortser: Psiy cxomures mpu ~ = (~0; +00)

A CHauaja-To Ka3aJioCh, YTO ITOT PSAJ CO «CTPAITHON HAYWHKOW» OyNEeT TPYAHO PEUIUTh.
Honb nnu 6ecCKOHEUHOCTD B Mpejiesie — HOYTH MOJapoK, BeAb PEIIeHNe 3aMETHO CoKparaeTcs!

[Tpumep 5

i (2a)h(x — 2™

Haiitu o6nacts cxoaumocTtu psiga =1 10°

DOTO mpumep Uil CaMOCTOSATENbHOTO pemieHus. bynpre BHuUMartenbHbl ;-) IlomHoe
pelIeHUE OTBET B KOHIE YPOKa.

PaccmoTpuMm elie HECKOJIIBKO MPUMEPOB, COJAEPXKAIIMX 3JIEMEHT HOBU3HBI B IUIaHE
HCIIO0JIb30BAaHUS TEXHUYECKUX ITPUEMOB.

[Tpumep 6

Haiitu wuHTEpBa) CXOAMMOCTH psiia M HCCIENOBATh €ro CXOAMMOCTh Ha KOHIAX

w {_1}?&—1 ] (x_l_zjlx

Z‘.' (Z—1). 5"

HAaWJICHHOTO MHTEpBaia *-1

»-1
Pemenue: B oOmuii 4jgeH CTENEHHOTO psiia BXOJUT MHOXKHTEIb -1 ,
oOecreunBaroOINii 3HAKOYEpEJOBaHHE. AJTOPUTM PELICHHUS MOJHOCTHIO COXPaHSETCs, HO MPHU

My +1(x:|

=t | x
COCTaBJIEHUU IIpeneina x (%) MBI UTHOPHPYEM (HE MUIIEM) 3TOT MHOXXHTEIb, IOCKOJIBKY
MOAYJIb YHUYTOXKACT BCC «KMHUHYCED.

HNHTepBanm cXOoOMMOCTH psiia HaaéMm ¢ momomiblo  mpu3Haka JlamamOGepa:

(x+2:|?d+l
g @|_ (Bt D-1) 5 [(r+2)(x+2)" - 5 (32 1)|_
wiol g (x) | we (x+ 27" vl (2420055 (3n+2)
(321} 5"

2n—1 1
B e e el T P, e
4 w4 Ep42 oo 5 mode S+ 2 5 madw 2 5
M

H
CocraBisieM CTaHAapTHOE HEPABEHCTBO:

|x+2|
<]

Pan CXOIUTCS pH 5
CrneBa HaM HY)KHO OCTaBUTb TOJBKO MOJYJTb, TIO9TOMY YMHOKa€M 00€ 4acTH HepaBeHCTBA Ha 5:
|x + 2| <5
Teneps pacKphIBaeM MOJYTTb yKe 3HAKOMBIM CIOCOOOM:
—Sax+dah

B cepenuHe JBOMHOTO HEPABEHCTBA HYXKHO OCTABUTH TOJBKO «HMKC», B ATHX HENAX H3
KaXK10H 4acTH HEpaBEHCTBA BEIYHTAEM 2:
—S-2Cx+2-25-2

-7 <% <3 _ yrTepBaN CXOMMMOCTH HCCIIELYEMOTO CTETIEHHOTO PAJIA.

HccnemyeM cXOAUMOCTh Psijla Ha KOHIAX HAMEHHOr0 MHTepBaa:
w I:_-D?d—l_ I:X+ 2)?4
2 Gr-1). 5

1) Iloncrasnsiem 3HaueHue * = —7 B Ham cTeneHHO pan ==l




e Y o ) L o Ve ) LA oy ) L o VL L

E (3n-1). 5" _E (3n-1). 5" _E (3n-1).5
w l:_-D?e—lHe _ w (_1)2:!—1 o w 1

L G- SGe-1 xz.ien—n

-1
Byl[BTe npeaciibHO BHHUMATCJIBHBI, MHOXUTCIIb ( 1} HE o0ecrieunBaer

S
3HaKO4YCpECAOBAHUE, IIpHU JIr000M HaTypaJlbHOM <«3H» ( D - 1 HOJ’Iy‘IeHHBII/I MHHYC
BBIHOCHUM 3a HNpCAC/Ibl psAaa U 3a0BIBaEM IIpoO HETO, IMOCKOJIBKY OH (KaK # J1r00asi KOHCTaHTa-
MHO)KI/ITG.HB) HHUKAaK HEC BJIMACT HA CXOAUMOCTDH WUJIN PACXOAUMOCTh YUCIIOBOI'O psaa.

Eme pa3 3ameThTe, YTO B XOA€ TOJCTAHOBKH 3HAYCHUS x=-7 g o6uwmii unen

td
CTENEHHOTO PS/Ia y HAC COKPATHIICS MHOXKHTENb - . ECTH GBI 5TOTO HE MPOM30MILIO, TO 3TO ObI
3HAYHUJIO, YTO MBI JTMOO HEBEPHO BBIUMCIIMIIM MIPEJIEI, JINOO HEPABHILHO PACKPBLIH MOJTYJIb.
= 1

Urak, Tpebyercs uccneqoBaTh Ha CXOIUMOCTh YUCIOBOM psj =1 Gn-1) 3nech mpoiie
BCEIO0 MWCHOJB30BaTh MPEICIbHBIM INPHU3HAK CPAaBHEHHs M CPaBHUTh JAHHBIA Dpsg €
pacxoAsIUMCsl TapMOHUYECKUM psigoM. Ho, ecnu yecTHO, peesibHbIN MPU3HAK CPABHEHUS JI0
y)Kaca MHE HaJl0ell, TO3TOMY BHECY HEKOTOpPO€E pa3HOOO0pa3ue B pelICHUE.

I/Icr{om,?.yeM HHTeraHBHLIﬁ IIPpHU3HAK.
T dx
1 3x—1
HOI[LIHTeraJ'ILHa}I byHKIIUS HeTMpepbIBHA Ha [l;m} .
_1FaGx-n_ 1, »_ 1 e g oY
(=5 [ = i (G- D)f = i (38 - 07~ 2=

1
Taxkum 06pa30M, HOJ'Iy‘IGHHLIfI YHCI0BOM pax pacxoauTcCss BMECTC C COOTBETCTBYHOIIUM
HECOOCTBEHHBIM HHTCTrpajIOM.

2) Hccnenyem BTOPOM KOHeI[ WHTEpBaja CXOJIUMOCTH.
e =D (342 1“
NP e\l ) Z'( )

Tpu el em=1-5

Hcnonb3yem MIPU3HAK Jleitbuuna:
- Pan SIBIISIETCS 3HAKOYEPETYIOIUMCS.

1
lim |c1 |= tim =10

— R S — 1 — WieHbl psjfa yObIBaroT mo Moayito. Kaxaplil creayrommid uieH

pioa MO MOIYIK MEHBbINE, 4YeM NPeAbIAyIuid, 3HAaYuT, YOBIBAHHE MOHOTOHHO.
BeiBoa: psin cxoaurtces
PaCCManMBaeMLIﬁ YUCJIOBOM  psA  HE  SABISETCA  AOCOMIOTHO — CXOJSIIUMCS
1

Shal-3 5k

IIOCKOJIbKY =l

— pacxoauTcs (10 JOKa3aHHOMY).
OtBer: ~ /< %*%3 _ ofmacTh CXOMMMOCTH HCCIEIyeMOro CTENEHHOTO psaa, TpH
X =13 pgy cCXOAUTCS TONBKO YCIOBHO.
ITpumep 7
Halitn wHTEepBanm CXOAMMOCTH psiila W HCCIENOBaTh €ro CXOAMMOCTh Ha KOHIIAX
i 2 (x4 3"
HaMIEHHOTO HHTEpBaia *=1 Non+1

OTO0 npuMep Ui CaMOCTOSATENBHOIO PEIICHUS.
KTto yromuics, MOXET CXOAUTh NOKYPHUTh, & Mbl PACCMOTPHUM €LIE JIBa IPUMEpA.



[Tpumep 8
Haiitu wHTEpBaJ CXOAMMOCTH Ppsiia M MCCIENOBAaTh €ro CXOJAMMOCTh Ha KOHIAX
© oalx— 1%
] 5
HaNJICHHOTO HHTEepBaja R
Pemenue: Haitnem WHTEPBAIL CXOIUMOCTH psna:
sl
(r 4+ D x— 1A

o P 9**1.,j(m+12)5+3 i+ -1 90" o 43|
A= 40 ux(x) A=+ nlx—1) * """“D|,;g|(x 1}2?!- e+l qj( +1:| +3|

9"t 43

I ]{x D2 (x-D™ . 9% ' 43|

(x—1™ 99" Jin+1)° +3

— bm (x— 1) «.-';z +3 | (x— l:l 'I?ﬂ5+_3 _}l_ﬂ

LR »

oo foa 43| 9 = Joernie3z) 9
o | 23|

retel 17 43 .
Hpe)len II10 TOHU HpI/IIII/IHe, YTO YUCIUTCIIb U 3HAMCHATCJIb OC)HOZO

nopsioka pocma. bonee moapoOHO 00 TOM MOMEHTE U «TypOO»-METOJEe pEelIeHUs YUTalTe B
cratwbe [Ipusnak Jlanam6epa. [Ipuznaku Komm.

2
G-
Urak, psa cxonurcs npu 9

YMHOXaeM obe JacTu HepaBEHCTBA Ha 9:
(x—1% <9

W3Brekaem u3 00enx 4acTeil KOpeHb, IPU ITOM MOMHHUM CTapbIil MIKOJBHBIN MTPUKOI
Jx-1F <o

|x - 1| <3

PackpsiBaem

—dax-1<3

MOJyJIb:

41 npubaBsieM KO BCEM 4acTsIM E€IMHHALLY:
-3+lex—-1+1<3+1

— 2 <X <4 _ yHTepBan cXOIMMOCTH HCCIETYEMOTO CTEIEHHOTO PAa.

Hccnegyem cXxoaMMOCTh CTETIEHHOTO psiJla HAa KOHIAX HAalIGCHHOTO UHTEpBaa:
1) Ecim %= —2 | 7o mony4aeTcs CleyIONIUii YHCIOBON PSII:
w P@(—E—l)h _ @ ?EI:—BIIM M- ( 1)2:! ] (3}2?@ _
éza”-ﬁfnjw =N Zl o o +3
GO 1 LSO . N

S Stz Dot S +3 S 43

n
MHoXuTenb -1 OeccleIHO Mpomal, MOCKOJIBKY MPHU TI000M HaTypallbHOM 3HAUYE€HUU
o
«OH» (=07 =1 .
U B Tpetwii pa3 oOpararo BHUMaHUE Ha TO, YTO B PE3yJbTATE MOJCTAHOBKH COKPATUIIHCH

]
CTCIICHU 9 , 4 3HAYUT, UHTCPBAJI CXOAUMOCTHU HAUJICH MTPAaBHUJILHO.
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w

M

[
ITo BceM IpHU3HAKAM /ISl TIONYYEHHOTO HCIOBOTO psiga *-1 ¥4~ + 3 clieTyeT MPUMEHUTD
npeAeNbHBIA Tpu3HaKk cpaBHeHUs. Kakoit psg mogoOpath mist cpaBHeHUs? OO 3TOM METOAMKE 5

y’Ke pacckasbiBai Ha ypoke Psnbl niig yaitHukos. [loBropum.
OmnpenensieM cTapilyl CTENEHb 3HaMEHATeNs, A1 TOTO0 MBICIIEHHO WJIM Ha YEPHOBHKE
5
. III — 3qad
oTOpachiBaeM IOJ KOpPHEM BCE, KpOME caMoro crapuiero ciaraemoro: Y# =% Takum
5

06p330M, crapmias CTCIICHb 3HAMCHATCJ/IA paBHaA 2 . CTapma}I CTCIICHDb YMCIIMTCIIA, OYCBUAHO,
5 3
1

paBHa 1. U3 CTapmeﬁ CTCIICHU 3HAMCHATECJI BbIYUTACM CTAPIIYHO CTCIICHDb YU CIUTCIIA: 2

= 1 = 1
LTl
#=l _ 7 #=l "y}

Takum oOpa3om, Hall psJ HY)KHO CPaBHHUTb CO CXOMASIILIUMCS DPSIOM #

Hcnonb3yem npenenbHbli IPU3HAK CPAaBHEHMUS:

1
T ."5 ." [ -0
*{f_E = lim = tim T e el =1
43

fim 2% = fim

M= ‘E’-"x

.'— .'— 3 5
M= M- » H—=rm n

N

=

3
[TonyueHO KOHEYHOE, OTIMYHOE OT HYJS YUCIO, 3HAYMT, psjy =i ¥4 +3 cxomures BMecTe ¢

w

psIOM H=1 \j?z_

2) UYro MIPOUCXOTUT Ha IpyromM KOHIIE uHTEepBana?
w _ an m 2 m =) . ® w
. 4:2 ald-1) #(3) _ xn-9 _ #
o Jo 13 SO frid DT Jrt3 Al —

A BOT U BO3HarpaxJeHue 3a My4eHus B npeabiayuieM nynkre! [loayuwmica TouHO Takon

JK€ YHCIOBOM pAA, CXOOAUMOCTE KOTOPOT'O MBI TOJIBKO YTO TOKAa3aJIu.

IIpu

OTBeT: 06J1aCTh CXOJMMOCTH HCCIIETyeMOr0 CTEIIEHHOro psifa; — & = X = 4

UyTh MEHEe CI0KHBIN TPUMED IS CAMOCTOATEIBHOIO PEIICHMS:
Ilpumep 3: Pewenue: unmepean cxooumMocmu psoa HAUOEM C NOMOWbIO NPUSHAKA

Hanambepa:
l:?g_'_ljﬂx?ul
| [T | xR TR 2 D+ D)
=2 B I S P R S =
| gy (X:I B o .’32?{” ?é—>+m| P I L '.-.32 . (';3+ 2) |
e+
0 0 rtl 1+—_}IJ
i 270 17 T | n _H

X
i 142 +2 | . _
T as+w B H a+2 T orw 2 7

P50 cxooumces npu
d
=1

7

Cresa HysCHO OCMABUMb MOJILKO MOOYIb, NOIMOMY YMHONCAEM 0be Yacmu HepageHcmeda Ha 7

|x| <7
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-7 <x <7 _yumepean cxooumocmu uccriedyemozo cmenenno2o paoa.
Hccnedyem cxooumocms psoa Ha KOHYAX HAUOEHHO20 UHMEPB8ad.

w4 E]
=7yl ) =1

]) Hpu H=l ('}2 +1:|
2) Hcnonvsyem npusnax Jleiibnuya.
3) — Pso SA6AAemcs 3HAKOUEPeOYIOUUMCSL.
32
_ nt nt 1 _ 1
Eﬂmh |_x—>+m;g+1_m_?¢—}+vl:*?2+1_?é—}+w 1—}0 1_}0_ =0
2 - t—=
i # # —  unemvi paoa He
yoviearom
1o MOOYTIO.
Bui600: Pso pacxooumcs
o 2
r=7= "
2) Hpu Ml ("3 + 1:'

P50 pacxooumcs, max kax He 8blnonHeH HeOOX0OUMBLU NPUSHAK CXOOUMOCTU PAOA.

Omeem: ~ 7 <X <7 _ o6nacmu cxooumocmu uccnedyemo2o cmenennozo psoa
Ilpumep 5: Pewenue: ¢ nomowwto npuznaxa /lanambepa Hauoém unmepean cxooumocmu

paoa:
(20 4+ 10k (x — 2y

iy ()] 10 ot -2t el

ol g (x) | wwe|  (2a)l(x— 2" ‘"x++w| 1000 (= 2 (2l |
107

e 10° (- 2(x-2"11.2.3 . 2n-1)-2n-(2n+D- (20 +2)|
T 10.10% (=231 1.2.3. . (Zn—11-2n B
- tim '(x_gj"'(g"’:;t'@HE}I: |x1_02|]jm (4n3+6n+2)‘”"°=¥.(+m):+m

Omeem: Psid cxooumes npu X = 2
Ilouemy nonyuunace O0eotika, a He Hoav? Ilepeuumatime karaccuguxayuro obaacmu

CXOOUMOCHU CINENEeHHO20 pﬂda. Xoms, HABEpHOoe, MHO2Ue yaotce NOHUMAarom, nodemy.

Ilpumep 7:  PeweHnue: HatidemM  UHMEPBAN  CXOOUMOCMU  OAHHO20  pAOA:

2?¢+1 ] (x+ 3:|:u+1

@[ WD |G+ 2 2" 2|
|y (x) | e (k43" | (x43F.2% 32043
o +1
= 2 +3ltim 32 P o4 3km = O+ 3 lim | —2
rade 2w 42 oo roml| 2843 23 0
M
Pso cxooumcsi npu 2|x + 3| <1

1
Cnesa HYJCHO ocmasunmbsv nojlbKo MOdleb, YMHOSHCAEM obe uacmu HepaeeHcmea Ha 2

o+ 3 <
2



1 1
——r4+5a—
2 2
B cepeoune nyscno ocmagume moavko «uKcy», @plyumaem U3 Kaxicoou 4acmu HepaseHcmea 3:

—1—3-::x+3—3 -:1—3
2 2

7 5
——wxE—=
2 — uHmepsall CX00UMOCmu uccneoyemozco CMeneHHo20 paoa.
Hccnedyem CX00UMOCHb paoa Ha KOHYax HAUOEHHO20 uHmepeana:
r=——= =
1) Ipu 2 Z& Won +1 Z;' ifz,-»z+1 Zi#zﬁ

B
Cmenenb 2" cokpamunacw, 3Havum, Mol Ha 6ePHOM HYNIL.
Hcnonvzyem npusnax Jletionuya.
Pso A611emcs 3HAKO4epedyrOUUMCHL.

li = i e =0

3
N=3+0 % %
en+1 — ujneHvl paoda yowiearom no mooymo. Kadxcowli credyowutl uieH
PAOa no MOOYIO MeHblUde, Yem npeobloVuull, 3Hayum, yYovléanue MOHOMOHHO.
P50 cxooumcs no npusnaxy Jletibnuya.

Hcczzedyejw pao Ha abconommuyro CX00UMOCMb!
|‘1| 23
:u-l
Hcnonvzyem UHMe2panbHblll NPU3HAK.
T' dx
1 W2x+1
[1;+m]
IloovinmezpanvHas Qyuryus Henpepvlena Ha .

(*}—_[2x+1 Sdaan =g i (YCar P =2 tim (4IP30 =4

w
X o

Takum  obpazom, pao  *1  pacxooumcs emecme C  COOMBEMCMEYIOUWUM

Z“:I (=1)
HecoOCmMEeHHbIM UHMEZPATIOM. Ps0 i N2+ 1 exooumen MONbLKO  YCIOBHO.
. . 2”(—%+3] ) 2”-(1]
=—_= =
2 Ipu 2 xz.:f on+1 xz.:f A2 +1 Z 3‘-' Zn+1 pacxooumca  (no
O0OKA3aHHOMY).
7 5
—— X E—=
Omeem: O6racmy cx0OUMOCIU UCCTEOYEMO20 CMENEHHO20 pAdd: & 2 npu
r=-3 l
2 PAO CXOOUMCSL MOALKO YCI0BHO.
1 1
—i—=x<-2—
Obnacmb cx00UMOCMU OKOHYAMENbHO MOJNCHO 3ANUcamv MmMak: 2 unu
-35=x<-25

oaorce max:



- 1

Y]
Ilpumeuanue: Psao ==l ent1 yooeno 60 uccredosams na cxodumocme ¢ NOMOWbIO
npeoeibH020 NPUSHAKA CPAGHEHUSL.

Ilpumep 9: Pewenue: Haiioem uHmepsaJ cxooumocmu paoa:
2?¢+1 ] xz(?ﬁl]
H:HII:X:I _ n+2 —_ 1 |x3_x3?4_2_2?4_{n+1}_
| g {X:l CE LS xh :'!—}+m-| xh L {';3 + 2]
x+1
n+1 17°
1+—
= 2x° lim —2—=2x" I 2 __=2x°
it B+ 2 B 4 o2 -
7 #
P50 cxooumcs npu
2x* <1
K
2
o <
2
1
W2 N2 uHmepeal cxooumocmu ucciedyemozo CMeneHHo2o paoa.
Hccnedyem CX00UMOCHb paoa Ha KOHYax HAUOEHHO20 unmepsaa.
n Rt »
1 ] n 1 1
|- 2 =07 [—J ot | 2
3 1 w ( ’\E] 3 L] '\E 3 L] 2 3 w 1
TR T L 1 "L 2
]) Hpu n=l n+ 2l »n+ nal X+ nal 2 +

= 1
Cpasnum 0anblil psid ¢ pACXOOAWUMCA 2aPMOHUYEcKUM padom =1 7% . Hcnonvszyem npedenvhviil
NPU3HaK CPABHEHUsL.

1
—_ —=0
LTI B =]j_mn+1=]jm[1+l J=1

M ‘E’-"x M= 1 b to m M+ M

n+1

HOﬂylleHO KOHeYHoe Yucio, omiudHoe om H)Jis, 3Ha4uni, nOﬂylleHHblﬁ YUC0BOU p;u) pacxodumcg
emecme C CaAPMOHUYECKUM pﬂdom.

e C

2) Iipu f Z n+1 ; n+1 E ntl E”"'l— pacxooumcsi
(10 00KA3aHHOMY).
1 1
—— X
Omeem: obaacms cX00UMOCMU UCCAEOYEMO20 CIMENEHHO20 PAOA.: W2 2

IIpakTnyeckas padora Ne 22

Tema: Pemenne n1ugdepeHuaJIbHbIX YPABHEHH EPBOIo NOPAIKA

Iean paGorsr: [IpoBepuTh HA MPAKTUKE 3HAHUE TOHATHUS AU PEPEHITNATLHOTO
YpaBHEHUS, BU/IbI b depeHnaibHbIX YpaBHEHHI, YMEHUE peuiarn
muddepennmanbHbie ypaBHeHUS | mopsiaka, HAXOAUTH 00IIee U YaCTHOE PEIICHHUE.



Teopernueckas uactb 1. JuddepeHunanbHoe  ypaBHEHHUE nEPE8O2O
nopsi0Ka, COEPHKUT:

1) HE3aBHCUMYIO IEPEMEHHYIO ¥ ;

2) 3aBHCUMYIO TIEpEMEHHYIO ¥ ((DYHKIHIO);

3) mepByIo MPOU3BOAHYI0 QyHKIMH: .

Pemute nuddepenunanbHoe ypaBHEHHE — 3TO 3HAYUT, HANTH MHOKeCTBO
dyuxumii ¥ =7 H+C koropsie ynosnerBopstor nanHoMy ypasaenmio. Takoe

MHOKECTBO (PYHKUMH Ha3bIBaeTCs 00IIMM  pelieHHeM Aud¢epeHHATbLHOIO
YPABHEHHS.

Ipumep 1

Pewnts auddepeHupuansHoe ypasaenue 2 =Y

X ==
% Y

B paccMaTpuBacMOM npuMepe NEPEMCHHBIC JICTKO PasaciIAaroTCsA

NEPEKHUIbIBAHUEM MHOXHUTEJCH 1o TIPABHITY TIPOTIOPITHH:
dy dx

» X

HepeMCHHBIe Pa3aciICHBI. B neBoii yacTtu — TOJIBKO «UI'PCKN», B npaBoﬁ qaCTH
— TOJIBKO <«MKCBD».

Cnenyroomuii 3tann — HHTerpupoBanue auddepeHINAIBLHOIO ypPaBHEHHUS.

HuTerpupyem obe YacTH:
dy E

LS

In|y|=ln|x+C

Pemenue nudepeHITnaILHOTO ypaBHEHHUS B HESIBHOM BHJIC
Ha3bIBaeTCa 00IMM  HMHTerpajsom  auddepeHunaibHOr0 ypaBHenusi. To

In|y|= ][+ C y
€CTb, — 3TO 00K UHTETpaJl.

Bumecto samacn PPI= R C 060000 mamyT b= tnfx]+1n |C]

B JTAaHHOM ciyyae:
In |y =ln |Z]

y=0Cx

@DyHKIUS MPEACTaBlICHA B SIBHOM BHJIE. ITO U €CTh 00I1I€e PEIICHHUE.

o y=Cx, roe O'=const
MHoxecTBO  pyHKIMH - 1A ABJISETCSI  OOUIMM  pEIICHHEM

L
muddepeHIanbHOro ypaBueHus ~ ~ Y,

HpnnaBaﬂ KOHCTAHTC C Ppa3JIMYHBIC 3HAYCHUS, MOKHO ITOJIYYHUTH OCCKOHEYHO

MHOTO YACTHBIX peleHuii 11U pepeHInanbHOro ypaBHEHHS.
Ipumep 2

fF_
Haiftu wactHoe pewenne auddepeHUUanbHOro  ypasHeHus ¥ = 2¥

yIOBJIETBOPSIOIIEE HAYATHHOMY YCIOBUIO 0=z



[Io ycnoButo TpeOyercs HaWTH 4yacTHoe pewieHue /1Y, ynoBieTBopsrolice
HavyaJbHOMY YCJOBHIO. Takas NOCTAaHOBKa BOIPOCAa TaKXe Ha3bIBACTCS 3a0auell
Kowu.

CHauazna HaxoAuM 00I1Iee pEeIICHHE.

)

odx

d

& _odx

¥

HNuTerpupyem YpaBHEHHUE:
dy
— =-2]dx
&
In|y|=-2x+C"

I T
y=

'

y=eg _6—2?4

L ¥= Cé'_gx, roe O = consi
Hrak, obmee pemieHwue: .

Ha 3aBepmaromem stare
HY)KHO HAWTH 4YacTHOE pEIIeHHE, YAOBJICTBOPSIONICE 3aJaHHOMY HAaYaJlbHOMY
yenosuto Y0 =2

Heo6xoaumo nomo0parh TaKoe 3HAYeHHEe KOHCTAHTBI — , 4TOOBI BBIIOIHAIOCH

3a/IaHHOC HAYaJIbHOC YCJIIOBUC y=2 .

B oOmiee pemieHue BMECTO «MKCa» TOJICTABIsIEM HOJb, & BMECTO «UTPEKa»
JIBOMKY:

=== = =2

_ —ax o
B ob6mee pemenne *= % noxcraBnseM  HaiiieHHOe  3HaueHHe

KOHCTAHTBI & = £:
=¥
— 3TO U €CTh HY)KHOE HaM YaCTHOE PellleHHE.

Ipumep 3

v=2e

f —
Pemmts nuddepennuansaoe ypasaerne ¥ Ly +heigr=10
Pemenne: [lepenmceiBaeM  MPOM3BOMHYIO B HY)XKHOM  HaM  BHJE:

d—y + {2y +licfgr =10
ax

HepeHOCI/IM BTOpPOC cillaracMo¢ B IIpaByr0O 4YaCTb CO CMCHOM 3HakKa:

d_y =—(2v+Ticigx
dx
P = —ctgxdx
2y +1
[TepemenHbIC paszeieHbl, UHTETPUPYEM obe JaCTH:

)
_[ 2;:_ " = —I ctgxax



v Cos Xadx
JZy+1__I

st X
lld(2y+1j__]-d(sﬁ1 x)
29 2v+1 st X

Sy +1= ~lafin a]+1a ]
Pemenne pacnuiry

1
In[2y +1F =In|sin 2" +1n |C|
1
mJﬁw-_mE;ﬂ+mm
C
mew-_mh;;
SJey+l= _C

X

OT1Ber: 00LMIi MHTErpal: Jey+1-sm x=C, rae U = const

O4YCHb

MOAPOOHO:

Ilpumeuanue: o0 HWHTETpasl JIFOOOTO ypaBHEHHS MOXKHO 3aIlucaTh He
€MHCTBEHHBIM criocoOoM. Takum o0Opa3oMm, €ciau y Bac HE COBIAJ pPE3yJbTaT C
3apaHee U3BECTHBIM OTBETOM, TO 3TO €Il HE 3HAYUT, YTO Bbl HEMPABUIHLHO PEIIMIH

ypaBHEHHUE.
IIpumep 4

Haiitn wactHoe pemenue aud@epeHuaibHOro ypaBHEHUs

-E""x!.:fy — Zxdx=10

yIOBJICTBOPSIOIIEE HAYAILHOMY YCIOBHIO =2 Bynomuurs IPOBEPKY.
Pemenne: CHauana Haifnem oOiee penieHue. JlaHHoe ypaBHEHHE —YKe

COJIEPKUT roTOBbIe MU hepeHIrabI 4 y dx a 3Hauwr, pelIeHne yrpoIaercs.

Paznensem
g” -E'”Edy— 2xdx=10
g’ -e"‘zdy = Zxdx
2xdx

etdy = "
E—?{

g¥dy = Dxe® dx
HNurerpupyem
_l-e}'r:fy: 2[}:2"2{1’;{
J-eydy = J-é'x!cf{xg}
e’ =" +C
Ine =lnfe” + )
y=lnfe" +C
obmiee

y= ]Il(é‘x! + 1, roe O = const

TIepEMEHHBIE:

ypaBHEHUE:

pelieHue:



Haiinem 4yacTHOE€ pelieHHE, COOTBETCTBYIOIIEE 3aJaHHOMY HA4YaJIbHOMY
yerosuio Y =2
In 2=1In(e" +
I 2={1+C) = C=1

O =hie"+ N =1+ =h2=0C=1

ITojcTaBiseM HalijieHHOE 3HaUeHue KOHCTaHThl ~ =1 B obIee perienue.

_ x?
OT1Ber: yacTHOE penienue: ¥ = Infe” +1)

3amnucaTh BLIBOJ

IpakTuyeckasi padora Ne 23

Pemienue nudpepeHnuaJIbHbIX YPABHEHHI BTOPOI0 NMOPSAAKA

Ilesas padorer: [IpoBepuTh HA TIPaKTHKE 3HAHUE MOHATUSA TUDPEpeHITNATHEHOTO
YpaBHEHUS, BU/IBI mudepeHITaTbHBIX YPaBHECHUM, YMEHUE peuarb
muddepennmanpabie  ypaBHeHus Il -ro mopsaka, HaXoauTh oOIIee W YaCTHOE
peueHue.

Teopernyeckas 4acTb

B Teopun u mpakTuke pas3inyaroT Ba TUMNA TAKUX YPAaBHEHUW — OJTHOPOJHOE
YpaBHEHHUE U HEOTHOPOJIHOE YPABHEHUE.

Opnnopoanoe /Y BTOporo mopsijika ¢ MOCTOSSHHBIMH KO3 (UIIMEHTAMU UMEET
CHEYIOLINMI BUI:

¥+py' tgy=1U

CTPOro HOJIb.

, rme ¥ u9 — xoHCTaHTHI (YUCla), a B MPABON 4acTH —

HeomgHnopoanoe JY BTOPOTO OOopsaKa C OCTOSHHBIMH
K0odbbUIIMEeHTAMH UMEET BUJI:

Yrpy'+ay=Jx) e 7 u ¢ — xoHcraHThl, a ¥ *) — QyHKLMS, 3aBUCALLIAS MOTLKO
om «uxcy. B mpocrelitiem ciiydae QyHKIMs J (&) Moxker GBITH YUCJIOM, OMJIUYHbIM
om HYJiAl.

Kakass Mpicibp mpuxoauT B rojoBy mnocie Oeroro B3rmsga? HeomHopomHoe
ypaBHEHHE KaxeTcs clokHee. Ha 3ToT pa3 nepBoe BlieyaTieHUue HE OABOAMT!

Kpome TOTO, 9TOOBI Hay4YUTHCS peliarth HEOJTHOPOJHBIE
ypaBHEHHS HEO0OXOAMMO YMETh pelllaTh OAHOPOAHBIC ypaBHeHHUs. [1o 3Tol mpuunHe
CHayajga pPAcCMOTPUM QJITOPUTM PEIIEHUS JUHEWHOrO0 OJIHOPOJHOIO YPaBHEHUS
BTOPOTO MOpsJIKA:
Yit+py'tgr=10

Hns  Ttoro 49ToObl pemmTh gaHHoe J[Y, HyXHO COCTaBUTh TakK
HA3bIBAEMOE XapaKmepucmuieckoe ypagHeHue:
F+pltg=0

[To kakoMy TIpUHIMITY COCTABJICHO XapaKTEPUCTUUECKOE YpPaBHEHUE,
OTYETIIMBO BU/IHO:

o o 2
BMCCTO BTOpPOH IIPOU3BOJHOH 3aI1iMCbhIBaCM A )


http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html
http://infourok.ru/go.html?href=http%3A%2F%2Fwww.mathprofi.ru%2Fkak_reshit_neodnorodnoe_uravnenie_vtorogo_poryadka.html

BMECTO NEpBOM IIPOU3BOTHOM 3alUChIBaEM IIPOCTO «IAMOTY »;
BMECTO (DYHKIIMH + HHYETO HE 3aITUCHIBACM.

2 —
A+pi+e=0 _ 516 06brunoe KBA/IpaTHOE ypPaBHEHHE, KOTOPOE MPEJICTOUT
pEeUIUTh.
CyuiecTByroT TpH BapUaHTa pa3BUTHS COOBITUH.

Onu AO0Ka3aHbl B KYpCC MATCMATHYCCKOI'O aHalln3a, U Ha IPAKTHUKC MbI 6YI[CT
HCIIOJIB30BaTh I'OTOBLIC (bOpMYJ'II:»I.

XapakTepucTHYECKOE ypaBHeHHe nMeer nBa Pa3IMYHBIX
NedCTBUTEILHBIX KOPHS
A+pltg=0
Ecmu XapaKTePUCTUICCKOE ypaBHCHHE £ATE=Y umeer

J1Ba Pa3JIM4YHbIX JCUCTBUTEIIBHBIX KOPHS Al, %! (T.e., ecau auckpumubanT &= 0) 1o
oO1ee pelieHue OJHOPOJIHOTO YPaBHEHUS BBITJISIIAT TaK:

»y= Clé'jlx + Cgéjzx , rue C . Cﬂ

B ClIydac €CJIM OOUH U3 KOpHeﬁ PaBCH HYJIIO, pCUHICHNUC OYCBUIHBIM O6p330M

— KOHCTAHTHhI.

yIPOLIAETCS; MyCTb, HanpuMmep, =0 Toraa ob1ee

_ O-x Aa¥ _ Aok
petenue: ¥ = Qe + 0™ =0+

IMpumep 5

Pemmts nuddepennuansaoe ypaserue * TV 2y =0

Pemienne: coctaBUM W PEIIAM  XapaKTEPUCTHYECKOE  ypaBHECHHE:
A+i-2=0
D=1+8=%./D =73

-1-3 -1+3
:_:—2 = =
A

1

y=Ce" 4+ e’

= Clg™ + 0", ade ), C, —const

OTBeT: 00IIEe pElICHHUE:
XapaKTepHCTH‘leCKoe YPpAaBHEHHE MMEET ABa KPaTHbLIX HeﬁCTBHTeﬂBHbIX

KOpHS

F+pltg=0

Ecmn XapaKTepUCTUYECKOE ypaBHEHHE uMeeT

JIBa KPATHBIX (COBIMABIINX) JEHCTBUTEIBHBIX KOPHS A=A (muckpumunant L'=10),
TO olmiee  perieHue OJHOPOJHOTO  ypaBHEHHS OpUHUMAET  BUJ:

y=Ce™ + Cyxe™ CLCy _

) rac KOHCTAHTBHI.

Bwmecto 4 B (dbopMyJIie MOKHO OBIJIO HAPHCOBAThH A KOPHU BCE PaBHO OJVHAKOBBI.

Ecnu oba koOpHS paBHBI HYJIIO A=H=0" 10 oGwee pelIeHre OISITh JKe

3 0% _ —
+Cxe " =0 +0ox Kcrarn, ¥ = C1+C5% gppgercs  oOmuM

W
pEIICHHEM TOTO CaMOT0 MPUMUTUBHOTO ypaBHEHUS ' ~ 0 , 0 KOTOPOM 51 YIIOMUHAJI B

_ et
yrpowaercst; ¥ = ©1f

2
Hauase ypoka. Ilouemy? CocCTaBUM XapakTEPHCTUYECKOE ypaBHeHme: 4 =0 —
JCHCTBUTEIBHO, JIAHHOE YpaBHEHHE KaK pa3 W HMEET COBIABIINE HYJIEBbIC

KOpHH h=dy=0



IIpumep 6
Fr=6y'+9y =0

Pemutes quddepenimanbHoe ypaBHEHHE

Pemienme: coctaBuM M PEIIUM  XapaKTEPUCTUYECKOEC  YpaBHECHHE:
A-61+9=0
3/1ech MOKHO BBIYMCIUTH AUCKPUMUHAHT, MOJYYUTh HOJb U HAWTHU KpaTHbIE KOPHH.
Ho MoXHO HEBO30paHHO TNPUMEHUTh W3BECTHYK MIKOJIBHYIO  (opmyry
COKpAIICHHOT O YMHOXEHHUSI:

(1-3* =0

o =3
HOJ’Iy‘{eHLI ABa KPAaTHBIX ACUCTBUTCIBbHBLIX KOPH Au

OTBeT: 0o0I1Iee peLICHHE: y =0 +Chxe”, ade C),C, - const

XapakTepucTHYecKoe YpPaBHEHHE WMeeT CONpsiKeHHble KOMILJIEKCHbIE
KOpHHI
Ecmu XapaKTepPUCTUIECKOE

F+pltg=0

ypaBHEHHE MMEET CONPSIZKeHHbIe KOMITJIEKCHBIE KOpHHU h=a- 8

, 2=+ & (quckpumunant 2 <0) 10 ofuee pelIeHHe OJHOPOIHOTO ypABHEHUS
IPMHUMAET BUL;
y=2e" (Cicos &+ sin ﬁf), rme “1Ca KOHCTAHTEI.

HpuMeanue: COI’lp}ZOfceHHble KOMNJIEKCHblEe KOpPpHU nodymu gce20a 3anuUcvl8aOm

KPAMKO C1e0youum oopasom: ha=atl

Ecmn MMOJIy4aroTCa Yucmo MHUMbLE COIIPSKCHHBIC KOMIIJICKCHBIC
Ay =x8
KODHH: , TO obmee peleHue YIPOILAETCS:
y=a"" 0 cos G+ Cysin &)= Coos &+ Cysin G
Mpumep 7

Pemmute omHopomnoe nuddepeHIMan HOe ypaBHEHHWE BTOPOTO IMOPSAIKA
y=2y"+10y =0

Pemienue: COCTaBI/IM u peuimm XapaKTCPUCTHICCKOC YPaBHCHHUC:
A-21+10=0
D=4-40=-3¢

e
%j=25&=1iﬁ

— HOJIYYCHBI CONPSAKCHHBIC KOMIIJICKCHBIC KOPHHU

=" [ ein 3x 4+ cos3x), ade O,0, — counst
OTBeT: 0buIce pemenue: * © : ) b

IIpumep 8
Haiitn yactHoe pemenne nudpepeHmanTsHOT0 ypaBHEHHS, YI0BICTBOPSIOIIEE

HayaIbHBIM yenopusam Y =1 (0 =2
yi—dy=10

PemieHue: COCTaBUM M PEIIUM  XapaKTEPUCTUYECKOE  YPaBHEHHE:
AF-4=0

(A+20(A-2)=0
A=-2 A,=2



[TosydyeHsl JBa pasMYHBIX JICHCTBUTEIBHBIX KOPHs, II03TOMY OOIlee pelieHue:
¥ = C’le_h +C’222x, zde (),C, —const

AJITOpUTM HAXO0XJIEHHMS YACTHOTO PELICHHMS CIIEMYFOIIMIA:

Cuauana UCIIOJIB3YEM HavaJIbHOE yenosue YO =1

¥ = et + 0™ = 0+ O

CornacHo Ha4YaJIbHOMY YCJIOBUIO, ITOJIy4acM IECPBOC YPABHCHHUC! _JII:U:I = Cl +C2 =1 niin
O+, =1

IPOCTO

™ + e

Jlanee  Oepém  wHame oOmee  perreHue » = U HaxXoauM

IIPOU3BOIHYIO:
¥ = (O™ + O™ = —20e ™ + 20 ™

Hcnonb3zyem BTOpOE Ha4vaJIbHOE yciaoBue ¥ =2,
YO =20 +20,2*" =20 + 20

CornacHo BTOPOMY Ha4YaJIbHOMY YCJIOBHIO, II0JIy4aeM BTOPOE
YpaBHEHHE: YO =-2G+20=2 ypy IpocTo 2Cy+ by =2

CocraBuM H pelMM CUCTEMY W3 JABYX HAWJEHHBIX YpPaBHEHUM:

O+, =1
— 20,420, =2
C+C, =1 C 40, =1
= =20, =2
S0, 420, =2 -0 40, =1
C,=1C =0

ITongctaBuM  HaWgeHHBIE  3HAYEHUS  KOHCTAHT C1=0,C;=1

Ce ™ + ™

B oOmree

pemienne ¥ =
y= D-E_2x+1-£'2x:£'2x

_ 2%
OrtBer: yactHoe pemienue: + = ¢

Ilpakmuueckoe 3a0anue:
Bapuanr 1
1. Haiitu obmiee pemenue nuddepeHmanbHOr0 ypaBHEHUS K pa3aesOIMUCS

HepEMEHHBIMHU.

xy —y =0

2. Haiitu yactHOe pemienue nuddepeHInanbHOro ypaBHEeHU ¢ pas3AeIsIoIUMUCS
HIepEMEHHBIMHU.

tgx*y =1+7y, ecw

I7 1

X=6'Y =73

3.Haiitu pemenue oaHopogHOro auddepeHMaNbHOIO YpaBHEHUS TEPBOIo
HOpsIIKA.

yy =2y—x

4. Haiitu obmee perienne nuddepeHnanbHOro ypaBHEHUs 2-To TOpsKa.
y —4y +13y=0

5. Haiitu wactHOe pemeHne qudGepeHnaIbHOT0 YPaBHEHUS 2-T0 MOPSIKA.



y +y —2y=0

eciu x=0;y=1;y =3

Bapuanr 2

1. Haiitn obmee pemenue nud@epeHInansHOr0 ypaBHEHUS ¢ pasaeIsSiomuMUcs
NEPCMCHHBIMU.

xy +y =0

2. Haiitu yacTHOe pemenre qudpepeHIranbHOr0 ypaBHEHNUS ¢ pa3aesaioIMHCS
NEPpCMCHHBIMU.

N 0y —
(1 x]d +xy=0,eciux=0,y=4
:}.l'

3.Haiitm pemenne OAHOPOAHOTO UGGEPCHIUATBHOTO YpPaBHEHUS MEPBOTO
HOpsi/IKA.

x2+y2—2xy=y =0

4. Haiitu oOmiee penrenue nuddepeHnaiIbHOro ypaBHEHHsI 2-TO MOPSIIKA.

y —4y +4y=0

5. Haiitn yactHoe pemienue qudpepeHnuanbHOro ypaBHeHHs 2-ro Mopsiika.

y +4y —5y=0

ectu x=0;y=4;y =2

Bapuanr 3

1. Haiitu obmee pemienne auddepeHInaIbHOT0 YpaBHEHUS C Pa3AesIOMIUMUCS
nepeMEHHBIMHU.

yy +x=0

2. Haiitn yactHOe pemienue nuddepeHnnaab-HOro ypaBHEHUS ¢ pa3AeisIFOIIUMUCS
nIepeMEHHBIMHU.

dy +ydyxdx=0,eciux=0,y=1

3.Haiitu pemenue OAHOPOAHOTO U(GEPEHIUATBHOTO YpPAaBHEHUS MEPBOTO
Nopsi/IKa.

X’y =y*+xy

4. Haiitu oOmiee pemenue nudepeHnnansHoro ypaBHeHuUs 2-10 MOpsaKa.

y —4y=0

5. Haiitn yactHOe pemieHre quddepeHIIMaIbHOTO YPaBHEHUS 2-T0 MOPSIKA.

Y -4y =0x=0y=2y =8

Bapmuanr 4

1. Haiitu obmee pemenre auddepeHInanbHOT0 YpaBHEHUS C Pa3aesSOMIUMUCS
nepeMeHHBIMHU.

x2y' +y =0

2. Haiitu yactHoe penieHue TudPepeHnrai-HOr0 YpaBHEHHUS ¢ pasIesIsioIHMHICS
NEPEMCHHBIMU.

2x—1 dx

de—y,emux:&y:{]

3.Haiitu pemenne omHOpOAHOTO U(GEPEHINATBHOTO YpPAaBHEHUS MEPBOTO
HOPSIIIKA.



x2y2y' +yxd =1

4. Haittu oOuiee peuenue auddepeHinanbHOro ypaBHeHHs 2-ro mopsiKa.

y +3y —4y=0

5. Haiitn yactHOe pemieHue qudGepeHIIaIbHOTO YPaBHEHUS 2-T0 MOPSIKA.

Yy =2y +y=0x=0y=3y =7

Bapuanrt 5

1. Haiitu obOmee pemerne qudGepeHIIMaIbHOTO YPaBHEHHS K Pa3IeIsIFOIIIUMUCS
HIePEMECHHBIMHU.

y =y

2. Haiitn yactHoe pemenue nuddepeHnnan-HOro ypaBHEHUS ¢ pa3aeIsOIIMECS
HIepPEMECHHBIMH.

(1+y)dx—(1—x)=0,ecrux=0,y=1

3.Haiitu pemenue oaHOPOAHOTO U(GEPEHIUATBHOTO YpPAaBHEHHUS MEPBOTO
Hopsi/IKA.

xy?dy = (x* + y*)dx

4. Haittu oOmiee pemenue nuddepeHnnaibHoro ypaBHEeHHs 2-T0 MOPsIIKa.

y +4y =0

5. Haiiti yactHoe pemienue qudpepeHnnuanbHOro ypaBHEHHUs 2-ro Mopsiika.

y +3y +2y=0,x=0;y=1;y =4

Bapuanr 6

1. Haittu obmiee pemenue nuddepeHInaaibHOr0 YPaBHEHHUS K pa3aesIOIUMUCS
MepEMEHHBIMHU.

x2y' +y =0

2. Haiitu yactHOe pemieHue nudGepeHInatbHOr0 YpaBHEHHS C Pa3AeISTFOIIMHUCS
HICPEMECHHBIMHU.

2y =yectux=0;y=1

3.Haiitn pemieHue OJHOPOAHOTO TU(PQPEPEHINATEHOTO YpPaBHEHHS IEPBOTO
HOPSIIIKA.

(x? —2yH)dx + 2xydy =0

4. Haiitu obmiee pemenue nudepeHnnansHOro ypaBHEHUs 2-10 MOPsAKa.

y +4y=0

5. Haiitu yactHoe pemienue auddepeHInantbsHOro ypaBHEHUs 2-T0 MOPsIKa.

Y -2y =0x=0y=2y =6

3anucaTth BEIBOJI.

IIpakTnueckas padora Ne 24

Tema: Aaredpanmueckasi, TPHTOHOMETpPHYECKAs M NMOKa3aTeJlbHas (popmbl 3anmucu
KOMILJIEKCHOI'0 YHCJIA.

Leab padoThl: HAYYUTH CTYACHTOB IIPAaBUIIaM PaOOTHI C KOMIJIEKCHBIMH YUCIIaAMU
Teopernyeckas 4acTb

Uwucno Buaa: z = o + i Ha3bIBAIOT KOMIUIEKCHBIMHU, TIE i=n-1_ MHHMas €IUHULA, TPU

2
yrom & =1,



0 — ACHCTBHUTEILHAS YaCTh KOMIIEKCHOTO yncia z. Ee o0o3Hauaror: o = ReZ;

B — KOMMYEeCTBO MHUMBIX €IMHUII, HJIA MHUMAs 9aCTh KOMIUIEKCHOTO YHCIIa:

Bf=ImZ

I[Ba KOMIIJICKCHBIX 4YHCJIa CUHTAKOTCA paBHBIMI/I, cClin paBHLI B OTACJIBHOCTH HX
I[CﬁCTBHTGJIBHBIC U MHUMBIC 4aCTH, T.C.

zy =0y + P zy =0, + B,
7, =0, ecq @y =0, ¥ By =B,

KomrmiekcHoe unciio OyneT paBHBIM HYJIIO TOT/Ia U TOJIBKO Toraa, korga o =0 u = 0.

=g+l Zoa—i,
KommiekcHble 4ucia “OTIIMYAIOMMECA  TOJIBKO  3HAaKOM
MHHMOH 9aCTH, Ha3bIBAIOT CONPANCEHHBIMU.

=0 +if

3anuch KOMIICKCHOI'O YKCJIa B BUIC MIPHUHATO CUUTATH €TI0 anre6panquK0171

(dhopMOii.

5
Puc. 1.1.1

KomiiekcHele anciia reoOMCTpHUICCKHU H306pa)I(aIOTC$I TOYKaMHM Ha ITIJIOCKOCTH.

OTnoXuM Ha OcH Ox OTPE30K, paBHLIﬁ ﬂeﬁCTBHTCHBHOﬁ YaCTH KOMIIJICKCHOI'O 4YHuCJIa —

El

h .
o. Ha ocu « - OTPE30K, PAaBHBIM YHCIIY MHHUMBIX CIUHHAIL B Touka Ha INIOCKOCTHU xOy C
KOoOpAuHaTaMunu ((I,B) ABJICTCA  TCOMETPUUCCKUM I/I306pa)KGHI/IeM KOMIIJICKCHOI'O 4ucCjia

Z=0+1B pue 1.1.1),

[Ipu sTOM OCBH OX HaspiBatoT AEiCTBUTENBHON OCBIO, TaK KaK TOUYKH, JIeXKalllle Ha HEeW,
COOTBETCTBYIOT JACHCTBUTENBHBIM uHciaM. [lociaeaHue MOXKHO paccMaTpuBaTh Kak 4YacTh
KOMILJIEKCHBIX, Y KOTOPBIX 3 = 0.

{hy =i
TO‘-IKI/I, JeXKalue Ha OCHu «“ , COOTBCTCTBYIOT YHUCTO MHHMBIM 4YHCJIaM z Igy

H

Ch .
kotopbIx o = 0. [ToaToMy ocb ~« mosyudnia Ha3BaHUE MHUMOM OCH.

CoenrHUM Hayaio KOOPAMHAT Ha KOMIUIEKCHOW MJIOCKOCTH C TOYKOU I=U+ iEﬁ(pﬂc.

1.1.1). Honyunm panmyc-BeKTOp {}E{u*ﬁ}. Monaynb panuyc-BeKTOpa WM OIUHA OmpesKd,

r=u+ip

COCAUHAIOMICTO HavYaJlo KOOPpAHWHAT C TOYKOM , Ha3bIBAIOT MOAYJIEM KOMILICKCHOT'O

yucia. OH paBeH:
|z|= o =B,
Moyb KOMIUIEKCHOTO YHCIIA SIBIISICTCS OelCMBUMenbHbIM YUCTIOM.
VYo, Ha KOTOPBIA HY)KHO IIOBEPHYTh OCh Ox B TIOJIOXKUTEIILHOM HamlpaBJICHUH (TIPOTUB

4acOBOM CTPEJIKM) JI0 COBHAACHHUS C PpPaguyc-BEKTOPOM U7 | naspiBator apeymenmom

KOMIIJICKCHOI'O 4YHucja, 0003HAYAIOT:
argzZ =9



O4eBUIHO, YTO Y OJHOTO M TOTO >X€ KOMIUIEKCHOTO Yuciaa Oynmer OecuucieHHOe

MHO’KECTBO apryMeHTOB. B camom Jiene, ecnu K yriy ¢ npuOaBUTh LIE€JI0€ YUCIO 000POTOB, TO
MOJIO)KEHWE TOYKM HAa KOMILJIEKCHOM IJIOCKOCTHM HE M3MEHMTCA. YTOJ ¢ TMONy4usl Ha3BaHUE
2N1a8HO20 3HAYeHUs APTYMEHTA KOMIUIEKCHOTO yucia. Ero 0603Ha4aioT ¢ MajJeHbKON OYKBBI:

a .
Bce 3nauenus ApryMEHTa KOMIIZIEKCHOI'O YuCjia 0003HAYaIOT ¢ OOIBIION 6YKBBIZ

ArgZ=0+275, k=0, 1,2...

argz = o= arelg

BeIpazuMm ACUCTBUTEIBHYI0O U MHUMYK) 4YacTH 4HCIA z=o+if yepe3 ero Moayllb U

apryMEHT

o = |z|eos(p + 2ak)
B = |z|sinfe + 2rk)
[MoacTaBssa 3HAYEHHS 0. U B B anrebpanyeckyro GopMy KOMILIEKCHOTO YHCIIA, TOTYYHM:
z=|z[[cos{op + 2=k} + isin{g + 2ak)]
[Mocnennss popMyina sABJISETCS TPUTOHOMETPUUECKOH (OPMOI KOMIIIEKCHOTO YUCIIa

Bripaxxenue Buga
Hotdzny

z=|z| &€

Ha3bIBAIOT MTOKA3aTeIbHON (POPMOM KOMIUIEKCHOTO YHCTIA.

WTak, KOMIUIEKCHOE YHCII0O MOKHO TIPEJICTABUTh B TpeX (hopmax:

anreGpanyeckoii £~ 7 i

prronoMeTpreckoi £ = |z[[cos{e + 27k} + isin{o + 27k)|
L z= |Z| gi{s‘;:n-é—ﬁﬁk}

IIOKa3aTCJIIbHOU

IIpumep 1. [IpeacraButh B anredpanyeckoil hopMe KOMIUIEKCHOE YU CIIO

2
F=g%

Pewenue. KoMmiekcHoe 4Mcio JaHO B IOKa3zareiabHOW (opme, ero Moayib | |

T

apryMeHT 4 Haiinem JNENUCTBUTEIBHYIO U MHUMYIO YacCTH:

a_2

o=|z|cos o= cos—=

: .
{3—|z|3§n§)—smg—

Taxum oOpazom
Ipumep 2. Ilepeiitu ot anredpandeckoit K MokazaTeabHONW (popMe KOMIUIEKCHOTO YHUCIia



(D
(e

Puc. 1.1.2

Pewenue. [1ia nannoro gncna o =0; B = —1, HalieMm ero MOAYJb U apTyMEHT:

|z|=\ffr;: oy :\/{*: S -1° =1

3
¢=_—%
2 (puc. 1.1.2)

_j=g?
Cnenoparensuo —1 =€
3agauu 1719 CaMOCTOSITEILHOIO PeleHHs .
[IpencraButs B anredpanveckoil popMe KOMILIEKCHBIE YUCIIa:

[epetitu ot anredpanyeckoil K TPHHOTOMETPUYECKOM U MOKa3aTeNbHON popmam:
2 z=-2+23i 1y z2=-33-3i

1 A3

=]

27 2

i
— _'?,V"'_ = TP
8. i 203 £ 2 11.
o 2=3-33i 1y 7=-3_4i
1.1.2. Jle¥icTBus HaJ KOMILJISKCHBIMH YHCIIAMHU
CnoxxeHne ¥ BBIUMTAHUE KOMIUJICKCHBIX 4YHCENl Yya00Hee MpPOBOJAUTH, KOTJAa OHH
3amucaHbl B anreOpanueckod ¢opme, MpuU ITOM HUX JEHCTBUTENBHBIE W MHHUMBIC YacTH

CKJIaAbIBAKOTCA WUJIM BBIYUTAKOTCA.

Z=3+58 =z

£y T 23 ;
<, ecnu ; 2

IIpumep 3. Haiitn

5 —Z, =3 -5+ A5 {3 =1+ 8&
PaccMoTpuM yMHOKEHHE KOMIUIEKCHBIX YHCEI B alrebpandeckoi hopme.
JlaHbl ABa yucna:

z, =0y + 1
3= 1P

o \

. s Z. = -+ .
Hy:xHo HaiiTn nponssegenne “: <2 {og + 1B oy + ) .
[TepeMHOXHM JBYXICHBI [0 TPABIIAM AlreOpsi:

Ei - f:;_ = {5{,;{5{.2 -+ f{iiﬁl -+ 333;&2_ + Eﬂ?’iﬁ? .

=1y = ~Loo TOJTYYHM:

C€CJIM y4CCTb, YTO



zp =oyuy — BB, - {o B, + B, )
Takum o0pa3oM, YMHOXXEHHE KOMIUIEKCHBIX dYHCENl B anreOpamueckoit ¢opme
IPOBOJUTCS IO OOBIYHBIM aNTreOpandeckuM MpaBUIaM.

Cnez[yeT OTMCTUTL, YTO HNPOU3ZBCACHHUC CONPSIKCHHBIX KOMIUICKCHBIX YHUCCII ABJISACTCA
HeﬁCTBHTeHBHBIM YHCJIOM, B cCaMOM J€JIC

o+ f)a—P=a’ - =a’ £

HYCTB KOMIIJICKCHBIC YK CJia JaHbl B IMoKa3aTeJIbHOM (I)OpMe

i)

z=|z| e® z=|z e

Za
Haitnem ux npousseneHue

- Hapro)}
Z;‘fz—|z;|‘|zz|€ ,

Pesynbrar mepeMHOXXEHHA JABYX KOMIUIEKCHBIX YHCENl MOXHO 3amucarb B
TPUTOHOMETpHUYECKOH opMe:

[cos(o, +@,) +isin(o, + 0,)]

Z; -+ Iy =|z;|

Za

Wtak, npy yMHOXKE€HUU KOMIUIEKCHBIX YMCEJ B MOKA3aTE€IbHOM U TPUTOHOMETPUUYECKOMN
dbopMax MOAYIH MEPEMHOKAIOTCS, @ APTYMEHTBI CKJIaIbIBAIOTCSI.

Jlenenrie KOMIUIEKCHBIX YMCEN, TaK K€ KaK U yMHOXKEHHE, yJ00HEe MPOBOAUTH, KOT/A
OHM 3aITMCAHbI B IIOKA3aTEILHOW UM TPUTOHOMETPUIECKON (hopMax.

Haiinem yactHOE OT esieHUsT JBYX KOMIUIEKCHBIX YHCEN:

7y _ |22 |e™ _ 22|

Hpi—pai

i = _ €

zZ |z |€® |z W

4 E[CGS{C:}; — @ )+ 1sin{@; — o, }1
g Fig}

Taxkum 06pa30M, npu JCJICHUHU KOMIIICKCHBIX YHCCI UX MOAYJIH ACIIATCA, a apIryMCHThBI
BbIYUTAIOTCA.

HeHeHI/Ie KOMIUJICKCHBIX YUCCII MOXKXHO IMPOBOAUTDL U B anre6pa1/1qem<0171 cbopMe.
PaCCMOTpI/IM OTO Ha IMpUMEpe.

i

IIpumep 4. Boruncnuthb b+1

Pewenue. YMHOXUM YHCIATEIb U 3HAMEHATEIIh Ha COIIPAKEHHOC YHCJIO 3HAMCHATCIIIO 1

1—1  (1-1Y 1-2i<i A _

P+ {L=ii—i)y (2 _¢ 2
Takoii sxe pe3ynbTaT Mnojryyaercs npu nepexoje K nokasareiabHoi Gpopme
im’ &
i 3 —z
1-i _ J2e T

P+i =

Jﬁ%

3
g2 =cosl70 +isin2T0 =—i

IIpakTnueckas padora Ne 25
Tema: JleiicTBHUSI HAl KOMILUIEKCHBIMH YHCJIAMU.



Leab padoThl: HAYYUTH CTYACHTOB IIPaBHJIaM PaOOTHI C KOMIJIEKCHBIMH YUCIIaMU
Teopernyeckas 4acTb
3agauu A9 CaMOCTOSITEILHOIO peleHusi. BeraucianTs:

1. (2 +3i) (3 - 5i);
2.(1+37)2+10);
3.3+50)(3-5i);

2+

4, 3—351.

HpI/I BO3BCACHHHU KOMIIJICKCHOTO 4YHCIa B LCIYIO IIOJTOXUTCIBHYKO CTCIICHb B

MOKAa3aTeIbHON WM TPUTOHOMETPUYECKON (opMax €ro MoIyjb BO3BOJIUTCS B ATy CTENEHb, a
apryMEHT YMHOKaeTCs Ha JJAHHYIO CTEIEHb.

AT

z= |z|~ej{
TOTr1a

Ilycts

S =|:|2| ) 2:‘{%3:!;?;}_{3’* _ |E|Pf | plmetdnioy
- 01041

2P = |Z|ﬁ ‘eé{rﬁ;:-i-'i:':?;}

3anuuieM pe3ynbTaT BO3BEICHHS B IO CTETEHb B TPUTOHOMETPHYECKOH hopme

"= |.Z|PT fcos(no + 27k} + isin{no + 2xk )]

Oty popmyny HazeBaroT hopmyoit Myaspa.

Hpumep 1. Berunciuts ~ 4 . -
Pewenue. llepeiinem K moka3arenbHOM Qopme. HaiineM Moayns U aprymMeHT

13

KOMIIJICKCHOI'O YHUCJIa 2‘ E

Cw 3 - \k:
f1t 3

|z|: — = — =L ;3_ \1{5*3
7 | 7 G=arcig = = weig
" -~ ’i\_ _,-" {:{ I
. . ®

o=arcigfi =607 =2

' 3
Pl

FF"=(€J}3=€"'“=c=}sn+£sinn=—1.

33[{3‘[“ AJIl CaMOCTOATECJIBHOI'0 PCIICHUSA. Brerauciauth

1. {1 _i\l@)j;

(1 +7y
o 00,

RN
3 (1+iy

(1—iy
, A=



W3BneucHne KOpHs 7-OM CTEIIEHH M3 KOMIIJICKCHOI'O YHCJIa MOXXHO paccMarpuBaTh Kak

1 H

i wf _ _m
OIEPALIMIO BO3BEICHHUS KOMIUIEKCHOTO YKCIIa B IPOOHYIO CTENEHD 2 T.€. \'E =7
Ecnu KOMITIEKCHOE YHCIIO B TPUTOHOMETPUYECKOH hopMme, TO

: ; - N . ..
= ) ! g ; i T S
- — - -ﬂ:;: H _— -+ _ﬂ:-ﬂ'l.-]{. 1
37 = 2= =z} - ces{cﬁ— !+;5131§ G Rr |
no L L
IIpunasas k — 3Hauenus ot 0 10 n — 1 MOJIy4UM 7 — Pa3IUYHBIX KOMIIEKCHBIX YUCEIN, Y
KOTOPBIX MOJIyJIM OJJUHAKOBBIE, @ APIYMEHTHI pa3HbIE:

aratfz = 27T 0_©

Ipu k=0 1 H
271 o Im
&rg%@=—{§) =T 2t
Ipu k=1 i1 iwon
+ 272 2
pu k=2 i ¥ 7t

+2In-dn— ; oo
argii/gz{%}' =-An I}:E+2"-{}2—1}
Ipuk=n-1 il nH

LY
i
yg.’@r:@—z_'_g_zf;
Tpu k= n s »

T
IocnenHee 3HaYeHKe apryMeHTa ynciaa ¥ £ coBmamaer ¢ nepBsiM mpu k = 0.

I/ITaK, KOpPCHb n-OM CTENEHH U3 KOMILJIEKCHOI'O YHClIa UMEEM N — PAa3JINIHBIX 3HAYCHUH.

P
IIpu BEIUHCIEHNH 3HaYeHHH ¥ £ MONB3yl0TCs QOPMYIIaMy IPUBEICHHS:

sin (90° +x) =cos x; | SIS0z x}=zsinx, sin (270° & x) = = cos
> |Ix;
cos (90° + x) =—sin x; cos{180°z x)= —cosx O (270° £ x) = & sin
’|lx;
¥ TaOJINIEN:
Tabmauia
Panuan i i T T
6 4 3 2
I'panyc 30° 45° 60° 90°
3
sin x i £ ﬁ
2 2 2
coS X £ _2 E
2 Jhé 2




ctgx JE

> |G

&y
IIpumep 2. HaiiTu Bce 3HaueHUs KOPHSA -1

JleficTBUTEeIbHOE YHCIO —] MOXHO paccMaTpuBaTh KaK KOMIUIEKCHOE, Y KOTOPOTO
JIEHCTBUTENIbHAS YacTh: o0 = —1, a MHUMas 3 = 0, T.e.:

i=—l=-1+1-0

3anuiieM 3TO YHUCIO B TPUTOHOMETpU4Yeckor ¢opme. it 3TOro HaiaeM ero MOAynb U
apryMeHT.

lz|=+for < B°; |-t|= -ty <07 =t

0
g = arctgﬁ; argf-l1=0= arctg—l = arcted
{1’_ f—

-1
i
Puc. 1.1.3

Tax kak tge = 0 npu ¢ = 0 U @ = 7, HOCTPOUM UYHUCIIO «—1)» HAa KOMIUIEKCHON IJIOCKOCTU
(puc. 1.1.3), ero apryMeHT paBeH

arg(-1)=¢ =mn=180°
CIIeZIOBATEIILHO, TPUTOHOMETPUYIECKas popMa drciia «—1» cieayromiast:

—1=1{cos(180% + 2ak) + i sin(180% + 2RA)]

CormacHo (1)opMyJIe BBIUUCIICHUSA KOPHI UMCEM!
i

s s 180%s2mE . 180°+2mE
N-t=1"lcos—M+isn———
& 6 ]
KOpeHB IIECTON CTEIlEHW HMeEEeT IIeCTh 3Ha‘IeHI/II71, KOTOPBIC MOXKHO HaﬁTPI, €CIIn
NoJIOXKUTh K paBHbM 0, 1,2, 3,4, 5.

81 = trcos30° < isin30%) = V3 ris

Ipu k=0 2 2
Tpu k = 1 §—1 = Hcos(307 + 607) + isin(30° < 60°Y) =

§—1 = 1(cos(30°+ 1207 + {sin (30° + 1207 = _£ sid
— —— 2 2
HpI/I k=2 A3 EEER
&1 =1(cos(30° +180%) + isin(30° + 186 =—£— i1
Tpu k=3 — cos38° — sin 50° 2
81 = 1(cos(30°+ 240% + i sin (30° + 240%)) = —i
Ipu k=4 I T

§-1=1(cos(30°+ 300%) + isin (30° + 300%) = —§+ i1

S o
Ipu k=5 2FFERAGE 27805 2



Bce miecth 3HaueHui KOpHS 5\‘(__1 MMEIOT OJIMHAKOBBIE MOAYJIH U OTJIMYAIOTCS APYT OT
JIpyra TOJIbKO 3HAu€HHEM aprymeHTa. Ha KOMIUIEKCHOM IUIOCKOCTH OHHU pACIOJIONKEHBI B
BEpIIMHAX MPABUJILHOTO MECTUYTOJIbHUKA C IIEHTPOM B Hadajie KOOpIWHAT.

3agaum 1Sl CAMOCTOSITEJILHOTO pelneHuss. HaliTu Bce 3HaYEHUSI KOPHSI.

e

2. A-1-i

3 Y1+if3

(¥,
Jor
[ ]
o
-..I..-
by

o

8+ 83

o0
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EpmakoBa, M. M. Muxanesa [u np.] ; nox penakiueid b. M. BeperennukoBa. — 2-e U3, —
Capatos, ExarepunOypr : IIpodoOpazoBanue, Ypanbckuil Gpenepaibubliili yausepcurer, 2019. —
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2. Anexcees, I'. B. Boicias matematuka. Teopus u mpakTuka [DIeKTpOHHBIN pecypc] :
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http://www.iprbookshop.ru/87794.html
http://www.iprbookshop.ru/81274.html
http://www.iprbookshop.ru/72486.html
http://www.iprbookshop.ru/91864.html

